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ABSTRACT: Model reduction is an essential component in the representation and characterization of engi-
neered and natural systems with a view towards assessing specific aspects of their performance and surviv-
ability. While a significant element of model reduction remains entrenched in geometric concepts including
projection and interpolation, new developments have favored goal-oriented adaptations. These developments
have been driven largely by the complexity and precision that are both required and achievable of modern
engineered systems.

KEYWORDS: Stochastic Models, Model Reduction, Karhunen-Loève, Polynomial Chaos, Statistics, Uncer-
tainty Quantification.

1 INTRODUCTION

In recent years both computational resources avail-
able to engineers and the complexity and interaction
among system requirements have increased. While
this has rendered failure mechanisms more obscure
and complicated to assess, it has also provided engi-
neers with the tools to tackle these problems. These
developments have accelerated the need and raised
expectations for a “credible” computational labora-
tory where models and simulations do indeed pro-
vide surrogates to reality. It is quickly realized, how-
ever, that such model-based predictions can only at-
tain a coherent meaning let alone be credible, if their
proximity to reality can be gauged. This realization
has driven recent progress in the field of uncertainty
quantification. Clearly, a probabilistic framework is
the prime contender for “packaging” information in
a manner that is suitable for mathematical analysis,
and it is this perspective on uncertainty quantifica-
tion that we adopt in the present paper.

Models are representations, usually mathemati-
cal, of perceived relations among observables. As
such, all models are reduced models since they re-
place physical reality by a relatively small set of ob-
servables and the postulated dependencies between
them. Probabilistic models are no different, and they
provide a more glaring example of “reduction”. In-
deed, a probabilistic mode “organizes” complexity
and heterogeneity into a mathematical structure that
permits the synthesis of a hierarchy of summaries
about the original information set. This hierarchy
is exemplified by the statistical moments of a ran-
dom variable, or the bins in a histogram, or the co-
efficients in a quantile representation such as poly-
nomial chaos expansions. In spite of its implicit re-

duction mechanisms (e.g. averaging), a probabilistic
framework considers simultaneously, an ensemble of
possible realities, with an attendant increase in anal-
ysis and computational burdens. Traditionally, and
within a Monte Carlo perspective on treating uncer-
tainty in model-based predictions, model reduction
has been carried out independently of the treatment
of uncertainty. However, as computational models
become prohibitively large, uncertainty from paucity
of calibration data, from unmodeled physics and dy-
namics, and the need to characterize the probabil-
ity of rare events conspire to make this traditional
approach infeasible. Thus the ability to carry out
model reduction is paramount, specially when uncer-
tainty is present. Considerations of uncertainty with
regards to underlying physical models, parametriza-
tion of these models, or even data used to calibrate
the parameters, necessitate a new perspective on the
meaning and uses of reduced models. In particu-
lar, suitability of these reductions is now gauged by
their value as decision making tools capable of ap-
proximating, sufficiently well, the likelihood of vari-
ous events of interest. Thus, while the usual task of
model-based simulation and statistical characteriza-
tion of extremes may seem insurmountable, the focus
on specific quantities of interest (e.g. specific deci-
sions) seems to carry within it the seeds for adaptive
reduction.

Recent work at the confluence of projection-based
and goal-oriented reductions via a probabilistic ap-
proaches. We demonstrate the underlying ideas to
a variety of problems in engineering. An impor-
tant concern in model reduction, is the ability to re-
cover the information content (or even the intent) of
degrees-of-freedom that are reduced-out. By leverag-
ing the concept of probabilistic degrees-of-freedom, a
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unified mathematical perspective is developed for the
stochastic and deterministic cases.

We address the loss of information during upscal-
ing through a stochastic approach that parameter-
izes the uncertainty in coarse-scale effective proper-
ties with respect to fine scale uncertainty. The fine
scale parameterization is in terms of uncertainties in
the material properties of each fine scale constituent
and the coupling properties between fine scale pro-
cesses. While such development is clearly desirable
and has long been sought, it has traditionally been
hampered by the necessity of embedding coarse scale
variables in a high dimensional setting thus negating
the benefits of information reduction which motivated
the upscaling process to start with. We address this
challenge with a subspace adaptation procedure that
discovers, at each spatial location, optimal directions
in the subscale from which to synthesize coarse-scale
information. A coarse-scale stochastic process is thus
constructed that is parameterized by fine scale uncer-
tainties.

2 TECHNICAL APPROACH

For simplicity in notation, the following mathemat-
ical description will be for real-valued, scalar input
and output quantities; we note that it can readily be
generalized to the vector-valued case.

Consider

Z = g(W ) (1)

where g( · ) is a scalar-valued, measurable, determin-
istic function and W (x, ω) is assumed to be a square-
integrable random field (r.f.) or stochastic process
defined on the product space T ×Ω. where T denotes
a spatial domain or a time interval, or the product of
the two. The nature of what constitutes a r.f. can be
observed by noticing that at each point x ∈ T , W is
a random variable mapping elements from a sample
space domain, ω ∈ Ω, into the real line. The effect
on the response is clear: Z = Z(x, ω) is a r.f., and
trends in W , along with characteristics of the trans-
formation, g( · ), will determine the trends inherent to
it. Under sufficient, although general, conditions on
g( · ), Z can also be shown to be a square-integrable
random variable. The mathematical description of
Z = Z(x, ω) is the objective of interest in our analy-
sis, for general operators g(.).

2.1 Stochastic Processes

On a number of occasions, whether in dealing with
spatially or temporally varying parameters and ex-
citations, or a solution to a governing equation, the
need will arise to characterize stochastic processes.
We thus consider the replacement of the input r.f.,
W , by its truncated Karhunen-Loève (K-L) expan-
sion:

W (x, ω) =

nkl∑
i=0

√
λiwi(x)ηi(ω) (2)

In Eq 2, {ηi} denotes a set of uncorrelated random
variables while λi and wi(x) are determined via the
K-L eigenproblem:

∫
T ′

R(x, y)wi(y)dy = λiwi(x) (3)

where T ′ is the spatial subdomain of T over which
the random field is defined and

R(x, y) = E[W (x, ω)W (y, ω)] (4)

is the correlation function of the field, W , with E[ · ]
denoting the operation of mathematical expectation.
Under relatively general criteria, Eq 2 has been shown
to converge in the mean-square sense, which is the
direct analogue to weak-sense convergence of deter-
ministic finite elements.

One should note that just as the wi are con-
strained by the K-L eigenproblem, Eq 3, there is a
dual constraint on ηi which is often ignored in prac-
tice by assuming that the r.f. is Gaussian. The sim-
plification is that for Gaussian r.f., these random vari-
ables are independent Gaussian variables, while for
non-Gaussian r.f., full (joint) probabilistic characteri-
zation is difficult to determine and to apply uniformly
to the ηi. But, an alternative exists through a change
of variables to a set of standard normal random vari-
ables, {ξj}, of the same order as ni in Eq 2. The
transformation can be expressed as

ηi =

∞∑
i=0

aiΓi({ξj}) (5)

where Γi are multidimensional Hermite polynomials.
The substitution of Eq 5 into Eq 2 and subsequent
execution of the inner sum yields

W (x, ω) =

ni∑
i=0

ei(x)Γi({ξj}) (6)

where, clearly, the ei(x) are no longer simply related
to the coefficients in the K-L expansion. The benefit
of the transformation is that the issue of dealing di-
rectly with (generally non-Gaussian) ηi has been cir-
cumvented. An additional consequence of the change
of variables is that the ei(x) are no longer orthogo-
nal, which has bearing on various solution schemes,
but for the approach taken in this article is not a
contributing factor. Eq 6 is referred to as the Poly-
nomial Chaos Expansion (PCE) for W , and we note
that for the case where the input r.f. is assumed to
be Gaussian, the two expansions coincide.

The primary reason for pointing out the connec-
tion between the K-L and PCE representations is the
well-developed weak convergence properties of the
former. A secondary, although important reason is
that exploitation of the latter is the path we follow
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for the response; namely, we will represent Z by its
PCE

Z(x, ω) =

no∑
i=0

zi(x)Γi({ξj}) (7)

where it should be observed that no in Eq 7 will gen-
erally differ significantly from ni in Eq 6 (or nkl in
Eq 2, respectively) depending on properties of the
transformation g( · ).

Clearly, the computation of the zi(x) will com-
plete the stated goal of achieving a mathematical de-
scription of the response. To accomplish this, we mul-
tiply both sides of Eq 7 by Γk({ξj}) and exploit their
mutual orthogonality to arrive at the following result

zk =
E[uΓk]

E[Γ2
k]

. (8)

The numerator in equation (8) is a multi-dimensional
integral and is usually evaluated using quadrature.
As a final note, we mention that issues relating to
the convergence rates of all of the above series ex-
pansions represent an area of active research.

2.2 Time Evolution of PDF.

In a first example [8, 5], we consider a complex space
vehicle, with computation model shown in Figure 1
which is the subject of a deterministic impulse-type

Figure 1.FEM Model and Realization of the
elasticity random process.

Figure 2. First and second Karhunen-Loève
Modes of Elasticity.

Figure 3. Time evolution of the PDF of the X-
motion of the radar mount point: Predictions
from linear model.

Figure 4. Time evolution of the PDF of the X-
motion of the radar mount point: Predictions
from non-linear model.

Figure 5. Joint PDF in state space at time in-
crement 35 of the X-motion of the radar mount
point: Predictions from linear (left) and non-
linear (right) models.

shock loading of some milliseconds of duration at a
specific location. We examined several types of re-
sponse, Z; those detailed below include time histories
of displacements and/or velocities at critical points
in the structure. An additional relevant point is that
we considered two distinct mounting scenarios. In
the first, the three-point mounting pedestals were as-
sumed to be connected to a substructural ring via
linear constraints; in the second, this connection was
achieved via a nonlinear Iwan joint [6] using experi-
mentally derived parameters as input.

Our input random field, W , is the elastic modulus
of the three-dimensional continuum material occupy-
ing a subvolume of the structure above the mount-
ing pedestals shown in Figure 1. The PDF of W
is assumed to be that of the exponential of a Gaus-
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sian random field. We first approximate W (x) by its
Karhunen-Loève expansion truncated after 10 terms,
implying a ten-dimensional integration over the as-
sociated (stochastic) space. The structural dynamics
analysis for at each quadrature point in ξ-space the
is carried out using Salinas [9].

Ten terms were retained in the K-L representa-
tion of the process, with the first and second K-L
eigenmodes, wi, shown in Figure 2. In Figure 1, we
show one realization of our W which, typically for
all of these analyses, was synthesized from a 10-term
Karhunen-Loève representation.

Our results are all achieved based on computa-
tionally inexpensive post-processing of the relevant
response random processes. Figure 3 shows the time
evolution of the probability density function (PDF)
of the motion in the X-direction of the point in the
component at which a specified location on interest.
This figure corresponds to the case where linear con-
straints are imposed at the mounting pedestals. Fig-
ure 4 shows a similar plot corresponding to nonlin-
ear constraints that implement the Iwan-joint model
[6]. The effect of this very localized nonlinear ele-
ment on the predictability of the radar’s dynamics is
significant; its presence significantly reduces the pre-
dictability of the response as can be noted by the
increased scatter in the respective PDFs. Figure 5
shows the joint PDF of x and ẋ, that is, in phase
space, at a given time instant, of the X-motion of the
radar support. Here again, the left plot refers to the
linear model while the right plot refers to the model
with nonlinear joints. Such joint PDFs are normally
used in estimating important reliability-style quan-
tities, such as probabilities of exceedance and other
related failure probabilities. It is clear from these two
figures that the nonlinear component, in addition to
increasing the uncertainty as to the behavior of the
system, significantly skews the joint distribution away
from Gaussian. This fact is significant given that
most empirical relations are based on the simplifying
assumption of Gaussian response dynamics.

2.3 Equivalence for Model Reduction

In a second set of examples, we construct reduced
models, that are equivalent in a specified sense to the
original models. In the context of uncertainty quan-
tification, this equivalence will be statistical, and the
purpose of the reduction is to achieve computational
efficiency without sacrificing the accuracy of a specific
quantity of interest (QoI). We describe two examples,
the first one dealing with the dynamics of a built-up
structure [1, 3], the second one dealing with the dy-
namics of trees in a forest [4].

A common problem in engineered systems in-
volves built-up systems, whereby a level of detail is
available for joints and connectors that this not typi-
cally included in the final computational (or analyti-

cal) model. Considering thus the detailed model of a
joint as shown in figure (6) where the top figure shows
a cross section of a stiffened beam highlighting the ge-
ometry of the joints, while the lower figure shows a
perspective view on the full assembly. This built-up
system is mean as a simplified model of an airplane
wing. The stiffeners are joined to the top and bottom
skins of the beam via adhesives and bolts, which are
included in the computational model. Experimental
data is provided for the properties of the adhesives
which exhibits scatter. Detailed numerical simula-
tions were then carried out using Salinas[9]. A re-
duced model, consisting of a simple one-dimensional
Euler-Bernoulli beam, was then developed and cal-
ibrated so that its statistical performance matched,
statistically, that of the detailed 3-dimensional model.
To this end, performance was interpreted to mean the
first three eigenvalues for the dynamics of the system.
The polynomial chaos expansion (described in previ-
ous subsection) was used to characterize the eigenval-
ues of the fine-scale system. Stochastic properties of
the coarse-scale system were then constructed in the
form of a polynomial chaos expansion in such a way
that the difference between the two expansions was
minimized. Figure (6) shows the dominant

Figure 6. Physical Model of Joint and Com-
putational Model of Assembly.
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Figure 7. PDF of Dominant Eigenvalue with
Full and Reduced Models.

eigenvalue as obtained from the full and reduced
models. Similar accuracy was observed with all eigen-
values considered. Figure (7) shows the third eigen-
vectors of the covariance matrix of Young’s modulus
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using the coarse- and fine-scale models.
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Figure 8. Eigenvectors of covariance matrix of
Young’s modulus with Full and Reduced Mod-
els.

The second example in which we define an pursue
specific types of equivalences pertains to the dynam-
ics of forest growth. This is an issue that is gaining
importance as the need for sustainable forest growth,
interfaces between human and natural boundaries,
and the development of forest fire fighting capabil-
ities has grown significantly in recent years [4]. The
dynamics underlying the growth of a forest reflects
an evolutionary process, at the level of trees, whereby
they compete for resources including light and nutri-
ents from the soil. While these processes are typically
understood and scientifically explored at the level of
a tree, it is clearly prohibitive to carry-out a forest-
level analysis that accounts for each tree individually,
and a model is developed that evolve on a coarse spa-
tial scale (that can be assessed based on the need)
in such a way the critical features of the forest dy-
namics are retained. A common model to describe
forest interactions and growth is the marked Markov
process where transition probabilities are synthesized
from experimental measurements of tree-tree interac-
tions. Our objective then, is to develop a coarse scale
Markov model that predicts the same distribution of
tree heights but that does not require a spatial reso-
lution dictated by the needs of a single tree. Figure
(9) depicts the geometry of a canopy and the manner
in which trees compete for light. Figure (10) shows
the probability density function for tree heights ob-
tained from the detailed and the coarse scale models,
respectively. It is clear that, while a split in the mean
peak is missed in the reduced model, the general fea-
tures of the distribution, including the smaller peak
at higher tree height levels, are captured.

Additional recent upscaling methods have consid-
ered Markov chains with random transition probabili-
ties [7] and polynomial chaos expansions with random
coefficients [3, 2].

Figure 9. Model for Forest Canopy.
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Figure 10. PDF for tree height using fine and
reduced Markovian models.

2.4 Embedded Quadrature

As indicated previously, the polynomial chaos formal-
ism requires the evaluation of multi-dimensional inte-
grals. In a number of important cases, these integrals
are associated with multi-physics or multi-scale prob-
lems introducing a functional composition into the in-
tegral. In several of these instances, rather than eval-
uating the integral in the original (high-dimensional)
space, the integral is re-considered as an integral with
respect to the variables induced by the first function
in the composition [2]. In several applications of in-
terest this first component of the composition intro-
duced a smoothing or an averaging process that sig-
nificantly reduces the dimensionality of the problem.
Thus, if the integral in question can be expressed in
the form

I =

∫
Rd

f(ξ)dξ where ξ ∈ R
d, (9)

and f(ξ) can be expressed by a Karhunen-Lov̀e ex-
pansion in ters of η ∈ R

N where N << d, then ex-
pressing I in the form,

I =

∫
RN

f̂(η)dη , (10)

permits significantly more efficient evaluation of the
integral. A key to the successful implementation of
this methodology lies in the efficient evaluation of
quadrature points and weight in a manner that they
can be reused across iterations and time steps. This
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is achieved by identifying the quadrature points (and
their weights) as a small subset of the quadrature
points in ξ space. In our case, the selection of this
subset is controlled by an L∞ minimization that also
constrains the weights to be positive.

We applied the foregoing to a coupled prob-
lem typically used to describe neutron transport
and thermal interactions. Figure (11) depicts the
contours, in the (η1, η2) space, of the joint den-
sity function. This variables are clearly not in-
dependent and non-Gaussian. Figure (12) shows
the quadrature, required to achieve the same ac-
curacy, using the full 10-dimensional integration in
ξ-space and the 2-dimensional integration carried out
with respect to the embedded quadrature approach.

Reduced coordinate η
1
 [−]

R
ed

uc
ed

 c
oo

rd
in

at
e 

η
2 [

−
]

−5 −2.5 0 2.5 5
−5

−2.5

0

2.5

5

Figure 11. Non-Gaussian contours of
2-dimensional joint PDF from in a 10-
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Figure 12. Quadrature points in 10-
dimensional space using standard and embed-
ded quadrature for similar accuracy.

2.5 Adaptation

As alluded to in the introduction, it is expected that
by focusing on a quantity of interest, significant sav-
ings can be accomplished and an efficient model re-
duction ensues. We first notice that, if the quantity
of interest is a scalar, it can be recast using a quan-
tile expansion as a polynomial in a single Gaussian
variable. We also notice that if all the parameters in
a problem are defined in terms of Gaussian random
variables ξ, then a rotation on ξ will not change the
density function of the solution. These rotation, how-
ever, do not commute with the polynomial operation,
and will therefore modify the sparsity structure of the
solution expansion. We construe this rotation as a
control parameter, and evaluate it so as to achieve
a shortest expansion [10]. In this manner we iden-
tify a one-dimensional subspace in which much of the
solution is concentrated. approximations along this
one-dimensional subspace are highly efficient and ac-
curate. Figure (13) shows a quarter model of a plate
with a hole subjected to an internal pressure. Young’s

modulus is assumed to be a spatial stochastic process
described using a 10-term KL expansion. If the quan-
tity of interest is the displacement field over the whole
domain, then it can be expected that a full expansion
would be necessary. If, on the other hand, the quan-
tity of interest is a single random variable, such as for
instance the displacement at a single point within the
domain, then adaptation as described in this section
yields to an approximation of the PDF that is barely
discernible from that obtained with the full model, at
a fraction of the computational effort.

Once the dominant subspace for the QoI has been
identified, it is simple matter to assess, through suit-
able projections, how the QoI sees the material prop-
erties. Figure (14) shows the polynomial chaos ex-
pansion of Young’s modulus projected in this fashion.
It is clear that the PC modes are all localized around
the QoI. This has significant implications for inverse
problems. Specifically, depending on the QoI, cer-
tain spatial locations need to be characterized much
better than others.

[10]
Figure 13. Elasticity Problem with localized
quantity of interest; and PDF of QoI in full and
adapted bases.

Figure 14. Polynomial chaos modes of ran-
dom Young’s modulus in adapted basis exhibit
localization around QoI.

3 CONCLUDING REMARKS

Probabilistic approaches continue to gain popularity
in scientific and engineering applications which pos-
sess underlying uncertainty. However, realistic appli-
cations often require large, complex computer mod-
els that burden computational resources too heavily
to enable traditional sampling approaches to be fol-
lowed.

With the development of efficient simulation and
probabilistic analysis techniques, it has become pos-
sible to explore the significance of various modeling
assumptions on the safety and reliability of complex
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systems and components in a simulation environ-
ment. The results in this paper suggest that prob-
abilistic statements concerning the dynamics and life
of critical components are quite sensitive to the choice
of mechanistic model adopted in the analysis. Fur-
thermore, the task of model reduction in the pres-
ence of uncertainty must be considered as mathe-
matical analysis on the joint space described by the
spatio-temporal domain and the stochastic domain.
In this manner, simultaneous reductions of system,
both with respect to the deterministic ad stochas-
tic operator constituents are possible and have been
shown to yield significant efficiencies.
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ABSTRACT: Vibration-based Structural Identification has become an increasingly popular experimental technique, e.g. for 

model calibration, control of structural behavior during construction, assessment of the efficiency of structural repair, … Main 

breakthrough was the development of operational modal analysis (OMA), avoiding the use of artificial vibration sources. 

Vibration-based Structural Health Monitoring is based on the principle that modal parameters of a structure are stiffness 

dependent. Changes in natural frequencies, damping ratios, mode shapes or combinations can therefore be used as features to 

detect and to identify damage. Challenges for the four levels of damage assessment will be treated. From the measurement side, 

wireless sensors and optimal sensor placement strategies will be addressed. 

KEY WORDS: System identification; Operational modal analysis; Elimination environmental influences; Damage assessment; 

Wireless sensor networks; Optimal sensor placement. 

1 INTRODUCTION 

Vibration-based damage identification is based on the 

principle that modal parameters of a structure are stiffness 

dependent. Changes in natural frequencies, damping ratios, 

and mode shapes can therefore be used as features to detect 

and to identify damage. Compared to other approaches for 

structural damage identification, vibration-based damage 

identification has the advantages of (1) being nondestructive, 

(2) being able to identify damage that is invisible at the 

surface, (3) being ‘global’ because no a priori location of the 

damage needs to be assumed as opposed to local methods 

such as ultrasonic testing. A good overview of recent trends is 

given in [18]. 

Output-only or operational modal analysis became very 

popular as no artificial vibration source is needed which is 

anyhow impossible in many cases. Powerful time domain 

system identification algorithms like Stochastic Subspace 

Iteration (SSI) have replaced the obsolete “peak-picking” 

method [1], [2]. Although theoretically a white noise 

(unmeasured) excitation is assumed, in practice these 

algorithms provide accurate lower modes and good damping 

estimates, even in case of (moderately) “colored” excitation. 

Moreover, operational modal analysis can be used for a 

permanent monitoring installation. In this case automated 

system identification (i.e. automatic treatment of response 

data with minimum or zero user intervention) is mandatory, 

while it is highly advisable for periodic monitoring [6]. 

To cope with the quite distinct vibration levels during 

operational and ambient loading, a large dynamic range of the 

sensors is required and a 24 bits resolution for the A/D 

conversion is advised. Main disadvantage is the dependence 

on the temporal and spatial characteristics of the unmeasured 

ambient loads, exciting a limited number of the lowest modes. 

A possible to circumvent this drawback is to supplement the 

present ambient excitation with a relatively small artificial 

excitation. System identification algorithms to deal with this 

hybrid stochastic-deterministic loading have been developed 

successfully [3], [4]. 

Results can be used for calibration of numerical FE-models 

inherently containing uncertainties especially related to 

boundary conditions, joint stiffnesses, structural contribution 

of non-bearing parts, material parameters, damping, … 

Subsequently, properly calibrated FE-models can be used to 

derive from response measurements the actual excitation like 

moving loads on road or railway bridges and wind forces on 

tall structures. Moreover, these models can be used to obtain 

from the response measurements in a limited number of 

sensors information in otherwise difficult to assess points, like 

strains close to weldings or forces in bolts [5]. 

Other interesting applications relate to the follow-up of 

critical phases during erection of constructions. 

However, one of the main applications remains vibration-

based damage identification. In general four levels are 

discriminated in damage assessment. Challenges for each of 

these levels will be addressed. 

The first level, damage detection (also called the “alarm 

level”) is mainly situated in the context of permanent 

monitoring. A damage related dynamic feature is permanently 

registered and a statistically relevant deviation is considered 

as a sign of possibly occurred damage. Probably this warning 

will then be followed by a more thorough inspection. 

Although a lot of potential damage features have been 

proposed, natural frequencies and mode shapes are still the 

most appealing. They are rather insensitive to the influence of 

unknown excitation, easy to extract by applying state-of-the-

art system identification algorithms and many other features 

(like strain energies) can just be derived from them. 

Unfortunately, natural frequencies are not only sensitive to 

damage, but also to changing environmental conditions such 

as temperature variations, and moreover, their estimation from 

vibration response data is also prone to experimental errors 

[7],[8],[9]. So far the influence of the environment on mode 
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shapes and modal strains is less understood. Challenge is to 

eliminate the environmental influences by prediction models 

that rely just on estimated modal properties (i.e. output-only 

models) or on the measured environment as input and the 

estimated modal parameters as output (i.e. input-output 

models). These models are trained by using data gathered in 

undamaged condition. 

Concerning levels two and three, localization and 

quantification of damage, the most powerful methodology is 

based on FE-model updating. It means that, by an 

optimization process, differences between measured and 

calculated modal parameters are minimized, taking 

parameterized damage patterns as updating variables. A 

probabilistic approach is necessary to account not only for the 

remaining uncertainty after filtering the environmental 

influence, but also the imperfections of the assumed numerical 

model. So far, mostly quasi-linear behavior of the damaged 

structure under small vibrations is assumed. Another 

challenge for the future is updating of nonlinear models of the 

damaged structure, which might be a step closer to level four. 

To localize and to quantify damage can be an objective of a 

permanent monitoring system interrogating a relatively low 

number of sensors or the goal of a periodic inspection making 

use of a more or less dense network of sensors. In the latter 

case, the use of wireless sensors can greatly reduce the cost of 

the measurement campaign. 

Level four, prediction of the remaining life time, is still an 

unresolved issue as changes in the dynamic behavior are 

basically related to stiffness degradation and not directly to 

strength reduction. Anyhow, in many cases there is at least 

some relation between the two. In fatigue assessment, 

vibration monitoring can deliver the true fatigue load. This 

load can be introduced in a (calibrated) FE-model to predict 

the remaining capacity by applying standard procedures for 

fatigue analysis. This is of growing importance for bridges 

because the dynamic loading due to traffic has increased 

severely during the past decades. 

A particular challenge for all four levels is the discovery of 

small local damage. Not only natural frequencies and mode 

shapes will hardly be affected but also its influence hidden in 

the uncertainty blur. Therefore, the development of a 

distributed strain sensor network able to cope with the very 

low strain intensities during ambient excitation is a challenge 

for future developments. Optical fiber sensors with Bragg 

grating technology permanently attached to the structure could 

be a good choice in this respect. Interrogation units are still 

quite expensive but can be coupled and uncoupled when 

adopting a periodic monitoring maintenance strategy. An 

additional advantage of the measured strain field is that it can 

be directly related to the stress field. Such a system will also 

be able to measure quasi-static deformation as occurs in case 

of shrinkage, creep, thermal expansion and very slowly 

applied dynamic loads. 

This paper will focus on some advances linked to the 

previously mentioned challenges: the elimination of 

environmental influences, the use of wireless sensors and the 

design of an optimal sensor placement strategy. 

2 FILTERING OF ENVIRONMENTAL INFLUENCES 

It is well known that environmental changes like temperature 

variations may have an important influence on features of the 

dynamic characteristics such as natural frequencies [7],[8]. So 

they may mask the influence of damage completely. A second 

cause of inherent variance is due to estimation errors while 

applying system identification algorithms to the measured 

response data [9]. 

When monitored over a short period of time, in which the 

rather slowly varying environmental influences remain 

constant, a structure behaves like a linear time-invariant 

system. However, over longer time spans, the dynamic 

features change in a nonlinear way because of the nonlinear 

relationships between environmental parameters (like 

temperature) and stiffness of structural materials or boundary 

conditions. Moreover, due to the large thermal inertia of most 

structures, there can be a time delay between environmental 

changes and adaptation of dynamic features. To connect 

changes of dynamic features, e.g. natural frequencies, mode 

shapes and/or modal strains, to damage, it is of paramount 

importance to account for this environmental variability. 

Therefore, global prediction models should be derived from 

measurements over a long time span, preferentially covering 

the complete range of possible environmental parameter 

values. 

A possible approach for constructing the global prediction 

model is measuring the environmental factors that influence 

the damage-sensitive features, and identifying a black-box 

input model with these environmental factors as inputs and the 

corresponding features as outputs. However, a major difficulty 

with this input-output approach is to determine which 

environmental (or even operational) influences should be 

measured, and where the corresponding sensors should be 

placed. This can be overcome by employing output-only 

system identification methods, for which measurement of the 

environmental parameters is not necessary. 

2.1 Output-only prediction model [10],[11] 

An output-only technique that has been applied for 

eliminating environmental influences on features such as 

natural frequencies is linear static principal component 

analysis (PCA), estimating a static linear relationship between 

the modal parameters and the unknown environmental 

parameters. However, in practice, this relationship may be 

strongly nonlinear. A very promising method for SHM in 

changing environmental conditions is kernel principal 

component analysis. This is a nonlinear version of PCA for 

which the type of nonlinearity does not need to be defined 

explicitly. Moreover, it is easy to implement and 

computationally very robust and efficient. In [10], an 

improved output-only technique for constructing a nonlinear 

prediction model is developed and validated on real-life 

monitoring data. It is based on Gaussian kernel PCA, where 

the two parameters of the model are automatically determined.  

The first parameter, which represents the standard deviation of 

the Gaussian (or radial basis function) kernel is chosen in such 

a way that the matrix of mapped output correlations is 

maximally informative, as measured by Shannon’s 

information entropy. The second parameter, which equals the 

number of principal components in the mapped feature space, 
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is chosen in such a way that the retained principal components 

amount for nearly all normal environmental and operational 

variability. 

In a first (training) step the available data are split in time 

sequences that are short compared to the parameter variations, 

and damage-sensitive features are estimated for each 

individual sequence. 

Then the second step consists in identifying a nonlinear 

prediction model, where the time-varying features of the first 

step are considered as outputs. The validity of this model can 

be checked by applying it to new data of the still intact 

structure. 

After that, the structure can be monitored by continuously 

repeating the first step. The features found in this way are 

compared with the ones predicted by the model of the second 

step. When the discrepancy becomes large, the model alone 

insufficiently explains the evolution of the features, so the 

structure may be damaged. 

This methodology is illustrated by application to the data set 

of the Z24, a bridge monitored for almost a year before 

realistic damage patterns where introduced in a controlled 

way. These tests were performed in the framework of the 

Brite-EuRam project CT96 0277 SIMCES. 

 

 

Figure 1. Z24 bridge. 

The Z24 bridge was part of the road connection between the 

villages of Koppigen and Utzenstorf, Switzerland, 

overpassing the A1 highway between Bern and Zürich (Figure 

1). It was a classical post-tensioned concrete two-cell box-

girder bridge with a main span of 30m and two side spans of 

14m. The bridge, which dated from 1963, was demolished at 

the end of 1998, because a new railway adjacent to the 

highway required a new bridge with a larger side span. Before 

complete demolition, the bridge was subjected to a short-term 

progressive damage test, in which 17 different damage 

scenarios were applied.  

During the year before demolition, a long-term continuous 

monitoring test took place to quantify the environmental 

variability of the bridge dynamics. Every hour, 65536 

acceleration samples from 16 sensors at different points and in 

different directions were collected. The continuous monitoring 

system was still running during the damage tests preceding the 

demolition. 

In [10] the Z24 data are used for to apply both linear and 

kernel PCA. Selection of the modal parameters from the 

stabilization diagram was done in an automated way. The first 

four natural frequencies are taken as damage-sensitive 

features. They correspond with a vertical bending mode 

around 4 Hz, a lateral bending mode around 5 Hz, and two 

modes combining vertical bending and torsion around 10 and 

11 Hz.  

A total of nt = 3000 data points, which amounts to about 

50% of the number of data points available, are used for 

training the model. The other data points are used for 

monitoring. Figure 2 shows the result of the misfit ek when 

applying linear PCA: as can be seen only part of the 

environmental variation is covered by the training data. 

 

Figure 2. Z24 bridge, misfit of the linear output-only model 

constructed with 3000 data points. Blue: training data. Green: 

monitoring data in undamaged condition. Red: monitoring 

data in damaged condition. 

For the application of the kernel PCA again a total of nt = 

3000 data points are used for training the model. The 

parameter in the radial basis function kernel is determined by 

maximizing the information entropy.  Next, the number of 

retained principal components nu is determined based on the 

criterion that nu should account for at least a certain fraction F 

(e.g. 99%) of the normal variability. 

 
Figure 3. Z24 bridge, misfit of the nonlinear output-only 

model constructed with 3000 data points. Blue: training data. 

Green: monitoring data in undamaged condition. Red: 

monitoring data in damaged condition. 

 

The evolution of the misfit is shown in Figure 3. In the 

validation phase, the prediction error is not higher than during 

the training phase when the bridge is still in undamaged 

condition, except that there is a slight increase after 25 May, 

when the undamaged bridge is subjected to environmental 

conditions that are not covered by the training data. As soon 

as progressive damage is applied to the structure, the 

prediction error grows very significantly, so these unwanted 
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system changes can be clearly detected, either visually or with 

a novelty detection algorithm. 

It can be concluded that, when monitoring the misfit 

between the model predictions and the observed natural 

frequency data with linear PCA, it was difficult to 

discriminate the damaged from the undamaged condition. On 

the other hand, the nonlinear PCA approach allowed a clear 

detection of the onset of damage. 

2.2 Input-output prediction model [12] 

As an alternative to eliminate the environmental influence, a 

nonlinear prediction model, that takes the measured 

temperatures as inputs and the estimated modal characteristics 

(e.g. the natural frequencies) as outputs, can be constructed. 

This influence is in general nonlinear and it affects different 

modal characteristics in a different way, so nonlinear system 

identification techniques are required. The nonlinear system 

model is identified using modal characteristics that have been 

obtained during a reference period in which the structure is 

undamaged. During the subsequent monitoring period, the 

values that are predicted by this model (using the measured 

environmental variables such as temperatures as inputs) are 

compared with the modal characteristics that are actually 

observed. If this difference is small, then the variations in 

measured modal characteristics can be well explained by 

environmental variations. If on the other hand this difference 

is large, then the observed variations in modal characteristics 

are caused by other factors, possibly structural damage. It is 

possible to account for uncertainty on both the predicted and 

the measured modal characteristics. It is then possible to apply 

robust decision rules for deciding whether or not the structure 

may be damaged and should be inspected. 

An efficient method for the identification of a nonlinear 

input-output environmental model is proposed. The output of 

the model is a sequence of vectors mk ∈ Rnm containing modal 

characteristics that have been estimated from short-term 

acceleration data. The input is a vector sequence of 

corresponding environmental variables uk ∈ Rnu. Only the first 

nt input-output samples (out of a total of ns samples) are used 

as training data for identifying the model. After removal of the 

DC input component, this model reads 

 

 mk = WTφ(uk) + b + ek (1) 

 

where uk ∈ Rnu is the vector with known inputs and ek an error 

term that accounts for the misfit between the data and the 

model. The term b is the DC component of the output. φ 

represents a nonlinear mapping of (uk) onto a possibly very 

high-dimensional or even infinite-dimensional mapped feature 

space G: 

 

 φ : Rnu → G,  uk → φ(uk) (2) 

In LS-SVM, the model (1) is identified in a least-squares 

sense under the additional constraint that the regression 

should be smooth. 

Further, the uncertainties of the experimentally determined 

modal characteristics can be quantified.  The environmental 

variables such as temperature are directly measured with high 

accuracy, so their uncertainty is negligible with respect to that 

of the modal characteristics. Next, propagating these 

uncertainties through the SVM model delivers the probability 

distribution of the normalized modal characteristics. 

Once an environmental model is identified, the considered 

structure can be monitored by regular experimental 

determination of a modal characteristics vector mk and 

comparing it with the corresponding environmental model 

prediction ḿk An unwanted change causes the system to 

behave differently as in the period during which the 

environmental model was trained, so that the misfit ek grows. 

In a stochastic analysis, the misfit is a random variable. Since 

both mk and ḿk are normally distributed, the misfit, which is 

the difference between both, is also normally distributed. A 

probabilistic damage indicator can now be adopted. One 

possibility is to use the Mahalanobis distance between the 

misfit and zero as damage indicator. 

 

 

Figure 4. Cross section of the Z24 showing the temperature 

sensors. 

The data of the Z24 bridge are used to investigate the 

performance of LS-SVM in solving the monitoring problem. 

The lowest two monitored natural frequencies, corresponding 

to the first vertical and first lateral mode, are taken as outputs 

and a subset of nine measured temperatures (Figure 4) as 

inputs for the environmental model. A total of nt = 2664 data 

points were used for training the model; in this way a large 

portion of the temperature range is covered by the training 

data. The other data points were used for monitoring. There 

are approximately as many monitoring data in undamaged 

condition as there are monitoring data in damaged condition. 

The evolution of the misfit between the predictions of the 

environmental model and the observed natural frequencies, as 

measured by the Mahalanobis distance is shown in Figure 5. 

In the validation phase, the prediction error is not significantly 

higher than during the training phase when the bridge is still 

in undamaged condition. As soon as progressive damage is 

applied to the structure however, the prediction error grows 

very significantly, so these unwanted system changes can be 

clearly detected, either visually or with a novelty detection 

algorithm. 

The computational effort is largely reduced by changing the 

objective function in the Support Vector Machines (SVM) 

approach, so that a linear least squares problem needs to be 

solved for identifying  a nonlinear system model instead of a 

quadratic programming one. The robustness issue is tackled 

by quantifying the uncertainty on the modal characteristics 

that are used as output data, and by propagating these through 

the SVM model, so that the probability distribution of the 

normalized modal characteristics is obtained. 
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Figure 5. Z24 bridge, Mahalanobis distance of the prediction 

error from zero. Blue: training data. Green: monitoring data in 

undamaged condition. Red: monitoring data in damaged 

condition. 

3 WIRELESS SENSOR NETWORKS 

Because of the omission of cables, wireless networks (WNs) 

have a lot of evident advantages, like the ease of system setup, 

the largely reduced installation time, the possibility of local 

data processing, data interpretation and anomaly detection.  

Nevertheless, there is still a need for improvements of the 

current WNs: 

1)  Reliability:  packet collisions can occur in WNs because a 

share transmission medium is used. Moreover, when the 

distance between the nodes is too far, packets may not reach 

the destination. 

2)  Scalability: to characterize the state of the structure, a lot 

of raw data have to be sent over the air. This poses the 

problem of the scalability for an increasing number of modes. 

3)  Synchronization: time-synchronization errors can cause 

inaccuracy in the extracted mode shapes.  Each sensor has its 

own local clock, which is not initially synchronized with the 

other sensor nodes. Synchronization errors affect the process 

of obtaining mode shapes. There are two primary sources of 

jitter: temporal jitter and spatial jitter. Temporal jitter takes 

place inside a node, and spatial jitter occurs between different 

nodes due to variation in node oscillator crystals and 

imperfect time synchronization. 

In a recent project a wireless measurement with high time-

synchronization accuracy was developed [13]. Spatial jitter 

was reduced to 125 ns, far below the 120 µs required for high-

precision acquisition systems and much better than the 10-µs 

current solutions, without adding complexity. Moreover, the 

system is scalable to a large number of nodes to allow for 

dense sensor coverage of real-world structures 

The system has two components: a host laptop (server) and 

boxes or nodes (clients). The architecture of a box is shown in 

Figure 6. The acquisition module contains a signal 

conditioning circuit, two low-noise ADCs with a sample rate 

between 1 and 192 kHz and a 24-bit resolution, and a PIC32 

microcontroller. The ADC has two differential inputs that 

provide up to four channels in each box, allowing connection 

of 4 piezoelectric ICP accelerometers. From the acceleration 

measurements, the modal parameters of the bridge structure 

can be extracted. The ADC includes a high-performance, 

linear-phase, digital and antialiasing filter; a high-pass 

integrated filter; and digital control of the sample rate. The 

signal conditioning circuit adapts common signals from the 

ICP sensors to differential, filters the noise, and supplies the 

necessary current for the ADCs. 

The Zigbee protocol, defined in IEEE standard 802.15.4, is 

used for the wireless synchronization module. This 

synchronization module provides an initial reference to the 

system, with less than 125-ns difference between all boxes. 

The next pulses to the boxes are used to fix derivations in the 

frequency clock. 

For communications between the boxes and 

transmission/reception of data the 802.11 protocol, also 

known as Wi-Fi, is exploited. It is possible to add as many 

clients as there are boxes, and they are automatically assigned 

an IP address. This feature provides a scalable architecture. 

Measurements are stored temporarily on a 2-GB SD card. 

This system has been tested successfully on a number of 

bridges (Figure 7). 

 

 

Figure 6. Block diagram of a wireless box. 

 

Figure 7. Wireless boxes in use for a bridge test. 

4 OPTIMAL SENSOR PLACEMENT 

In most of modal testing campaigns, there are more degrees-

of-freedom (DOFs) to be measured than sensors available. 

The whole measurement grid then needs to be covered in 

several phases by different measurement setups. A number of 

reference locations is then selected and transducers at these 

points are often kept fixed in all setups. The ideal location for 

a reference sensor is a position where all modes have 
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relatively large modal amplitudes. However, there exists no 

guidelines or general principles for evaluating whether a 

chosen number of reference sensors leads to sufficiently 

accurate mode shape estimates. In practice, even when 

measuring large structures, often a very limited number of 

reference sensors is allocated.  The other transducers are 

roved in successive setups, hence these transducers are often 

termed `roving' sensors, so that by the end of the last setup, 

vibration responses at all grid points will have been recorded.  

So for any measurement campaign, the following  questions 

have to be answered: (i) the location of the reference sensors, 

(ii) their number, (iii) the location of the roving sensors in the 

different setups. 

Answers can be given by applying Optimal sensor location 

(OSL) approaches. Their practical applicability will be 

illustrated on a large-scale operational modal test of a five-

span steel truss railway bridge [15]. The measurement layout 

was designed according to intuitive reasoning, based on the 

modal results of a preliminary Finite Element analysis. 

Afterwards, this test design is reviewed using OSL. 

4.1 The Guadalquivir railway bridge 

The Guadalquivir railway bridge in Andalusia, Spain, is a 

five-span continuous twin steel truss with one track in each 

direction (Figure 8). The spans have almost equal length: 

50.48 + 50.94 + 50.94 + 50.94 + 50.61 (m). The abutments 

are labeled as E-1 and E-2 and the four piers as P-1, P-2, P-3, 

P-4 (Figure 9). The fixed bearings of the bridge are located on 

top of pier P-2. 

 

 
 

Figure 8. The Guadalquivir railway bridge. 

 

 
 

Figure 9. Structural overview of the Guadalquivir bridge. 

4.2 Test setup 

The bridge was extensively tested by making use of twelve 

wireless sensor units (GeoSIG GMS-18) which are connected 

by a time-synchronous wifi network. Each unit is equipped 

with a triaxial accelerometer. Due to safety reasons, the 

measurement could only be performed on the bottom chord 

nodes, except a limited number of nodes in the upper chords 

at the end portal frames. 

 

 

Figure 10. Measurement layout: grid and position of reference 

sensors. 

The design of the measurement layout (Figure 10) was 

based on the modal results of a preliminary Finite Element 

analysis. To cover all measurement points, twenty-seven test 

setups were needed. Four fixed reference sensors were placed 

on the right main truss at bay numbers 9, 27, 43 and 63. These 

reference sensors were positioned at the locations of 

significant modal displacements of many lower modes. The 

fifth fixed reference sensor was placed at node 63 on the left 

main truss to provide comparison signals between the two 

main trusses. 

The remaining seven ‘roving’ sensors were distributed in a 

way that, at each particular setup, there is at least one sensor 

in each of the five spans. The last setup (27) was designed to 

measure the vibration of the transversal portal frame and also 

helped in distinguishing the global torsion modes. In this 

setup, four sensors were installed on a few accessible upper 

chord nodes at the end portal frames 0, 86 and 90. The 

sampling frequency was 200 Hz and the measurement 

duration was about fifteen minutes per setup. On average it 

took about 30 minutes to complete one setup including the 

time to relocate the roving sensors. Rail traffic was operating 

normally, with up to 5 train passages during rush hours. 

4.3 Modal analysis results 

After the test operational modal analysis was performed using 

the Matlab toolbox MACEC 3.2 [17]. Thirty-seven modes 

have been identified within the frequency range from 2.78 Hz 

to 14.21 Hz. The identified modal characteristics are given in 

Table 3. The identified modes are all characterized by a low 

damping ratio. Most of them have a mode shape that is almost 

purely real, as evidenced by high MPC and low mean phase 

deviation (MPD) values, thus indicating a high estimation 

accuracy. 

All modes with a natural frequency between 2.78 and 3.36 

Hz are transverse modes. In the frequency range from 4.36 to 

7.37 Hz, seven vertical modes are identified. The other six 

modes in this frequency range are either transverse modes or 

modes with coupled transverse and vertical displacements. 

Mode 11 (5.16 Hz) and mode 12 (5.22 Hz) are closely spaced. 

The quality of the higher transverse mode shapes 19 and 20 is 

not as good as for the other four transverse modes of the same 

frequency range. The first two modes in the frequency range 

from 8.46 to 14.21 Hz also belong to the transverse mode type 

combined with vertical modal deformation. Almost all modes 

from 23 onward are torsional modes of increasing frequency 

(from 8.90 Hz to 14.21 Hz) and modal order, in both vertical 

and transverse directions. Modes 31 and 32 can also be 

considered as transverse/combination modes. 
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Table 1. Summary of identified modes (transverse ; vertical 

 ; torsional/combined  ). 

No. Type f ξ MPC MP MPD

[Hz] [%] [-] [

⁰

] [

⁰

]

1  2.78 0.73 0.976 2.2 5.7

2  2.90 0.65 0.985 0.9 5.1

3  2.99 0.64 0.876 14.3 13

4  3.13 0.72 0.962 1.7 6.5

5  3.24 0.45 0.972 0.1 5.7

6  3.36 0.59 0.912 1.5 12.9

7  4.36 0.55 0.984 0.6 3.5

8  4.48 0.37 0.980 2.4 3.8

9  4.65 0.67 0.878 9.8 10.6

10  4.78 0.90 0.890 9.5 10.4

11  5.16 0.40 0.907 4.6 12.7

12  5.22 0.24 0.953 0.4 9.8

13  5.36 0.63 0.961 5 6.4

14  5.51 0.23 0.936 0.1 9.1

15  5.59 0.94 0.842 3.7 12.9

16  6.06 0.45 0.961 5.6 6.8

17  6.70 0.72 0.935 5.9 8.5

18  7.04 0.63 0.759 11 16.3

19  7.19 0.71 0.811 3.6 13.4

20  7.37 0.73 0.791 7.2 15.2

21  8.46 0.60 0.854 5.1 12.5

22  8.52 0.67 0.847 6.1 12.1

23  8.90 0.31 0.945 1.1 6.7

24  9.11 0.24 0.950 3 6.4

25  9.33 0.25 0.933 0.5 7.8

26  9.44 0.29 0.951 1 7.3

27  9.65 0.35 0.936 3.7 7.5

28  9.87 0.43 0.835 0.9 13.9

29  10.02 0.29 0.837 12.4 12.6

30  10.48 0.21 0.926 0.2 8.2

31  10.55 0.38 0.878 9.2 11.1

32  10.79 0.41 0.935 8 7.9

33  11.09 0.37 0.947 0.7 7.1

34  11.61 0.43 0.914 4.4 7.6

35  12.02 0.40 0.905 8 8.2

36  12.59 0.26 0.841 2.1 13

37  14.21 0.28 0.843 9.6 11.7  
 

4.4 Comparison measured and calculated modes 

In Figures 11 and 12 the vertical and the transverse modes are 

compared. Some modes didn’t appear in the FE calculation. 

The longitudinal displacements of the nodes at the lower 

chords are relatively small compared to those in other 

directions. Especially at the supports, the almost zero 

longitudinal displacements indicate that they behave as 

practically fixed in the longitudinal direction. It seems that the 

rollers allow free longitudinal displacement for static loading 

and thermal expansion but behave as fixed under small 

amplitude vibration. 

4.5 Review of the test design using optimal sensor 

placement 

After the field test, the original design of the test setups is 

reviewed by using an optimal sensor location (OSL) 

algorithm, which was recently developed [14]. Papadimitriou 

and Lombaert have proposed to choose the sensor locations so 

that the uncertainty of the identified modal coordinates, as 

measured by their information entropy, is minimized. When 

yk denotes the measured response, Φ  the matrix with mode 

shapes computed from the preliminary finite element model, 

ξk the modal coordinates corresponding to this model and ek 

the prediction error due to both modeling inaccuracies and 

measurement errors, the relationship between the measured 

response and the modal coordinates of the finite element 

model is 

 

 

Figure 11. The identified vertical modes and the 

corresponding modes computed with the finite element model. 

 

 yk = L[Φ ξk + ek] (3) 

where L denotes the observation matrix. This matrix is 

comprised of ones and zeros and maps, for a given 

configuration, the measured DOFs to the DOFs of the finite 

element model. Determining the optimal sensor configuration 

is equivalent to choosing the observation matrix L in such a 

way that the information entropy of the estimated modal 

coordinates ξk is minimized. This is equivalent to maximizing 

the determinant of the Fisher information matrix of ξk (as a 

function of L), which reads 

 Q(L; Σ) = (L Φ)T (LΣL
T)-1(L Φ) (4) 

where Σ denotes the covariance matrix of the prediction error 

ek. 

Since the objective function det Q(L; Σ) depends on the 

covariance of the prediction error ek,, the same holds for the 

optimal sensor configuration. The following model for the 

prediction error covariance was proposed in [14]: 

  (5) Σ =E[e e ]= Σ Σ exp(-δ /λ)
ij k,i k,j ii jj ij
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where δij denotes the distance between DOFs i and j, and λ is a 

scalar defining the degree of spatial correlation, called the 

correlation length. A value of λ = 0 means there is no 

correlation in the prediction error between any two 

measurement DOFs. 

 
 

Figure 12. The identified transverse modes and the 

corresponding modes computed with the FE model. 

 

An information entropy index (IEI) was also introduced as a 

normalized value to compare the difference between any 

configuration to the full configuration where all possible 

measurement locations are equipped with sensors: 

   

               (6) 

 

IEI is a function of three variables that are unknown in the 

design stage. It depends on the number of sensors employed, 

their configuration and the prediction error correlation matrix 

among different channels. A large value of IEI means that the 

information content is small in relation to the full 

configuration. IEI should go down to unity as the number of 

sensors deployed approaches the full mesh. 

Two heuristic sequential sensor placement (SSP) 

algorithms, the forward (FSSP) and the backward (BSSP), 

were proposed for solving the optimal sensor configuration 

problem as formulated in Equation (4).  

FSSP starts without any sensor. The positions of sensors are 

computed sequentially by placing one sensor at a time in the 

structure at a position that results in the highest reduction in 

information entropy. Specifically, at each iteration, 

combinations with an additional sensor to the previous 

configuration are considered, and the information entropy of 

all new sensor configurations are evaluated. The one that 

minimizes the information entropy is selected. On the 

contrary, BSSP is accomplished in a reverse order, starting 

with sensors placed at all measurable nodes on the structure 

and removing successively one sensor at a time from the 

position that results in the smallest increase in the information 

entropy. 

The actual test was very extensive with all truss nodal joints 

measured. Now, we retrospect whether we can coarsen the 

measurement grid and reduce the number of fixed reference 

sensors to make more sensors available for roving, in this way 

reducing the number of setups and so to speed up the test. 

Since upper chord access is prohibited, therefore 2 × 91 = 

182 measurable locations have to be considered. In the 

transverse Y-direction it is expected that a sensor gives the 

same response whether put on the left main truss node or the 

right one of the same portal frame (section). Moreover, taken 

into account the longitudinal plane of the bridge, measuring 

on one truss plane is enough to characterize the dynamic 

properties of the bridge. So, the problem of finding several 

optimal locations for the fixed reference sensors is restricted 

to one measurement line along the lower chord of either truss 

plane, with 91 nodes from the section 0 to section 90. The 

OSL problem is run considering seven FE vertical modes. 

As the 91 measurable locations form a relatively dense grid, 

it can already be anticipated that taking into account 

correlation between sensors is important to maximize the 

quality of the data. It is assumed that the prediction errors 

between measurement channels are mutually correlated 

depending on their relative distance. The correlation length is 

chosen as   = 0.001 (m), corresponding to the uncorrelated 

scenario and   = 2d = 5.66 (m), with d the typical length of 

the truss bay and also the minimum distance between the two 

consecutive nodes of the mesh, corresponding to the 

correlated scenario. 

The IEI for the correlated scenario is shown in Figure 13. 

The change in IEI indices is significant when the number of 

sensors is less than 4. When there are more than five sensors, 

they are distributed over all spans. If the number of sensors is 

further increased, there is a tendency of a spread-out over the 

measurement line. If we position 4 reference sensors, 

according to the correlated scenario and BSSP, the 

configuration would be L = {9, 27, 44, 63} (Figure 14). This 

setting has a fairly low IEI and is actually very close to the 

choice L = {9, 27, 43, 63} based on intuition and experience 

(see Figure 13 □). 

Next, the method is employed again for one measurement 

line but using all 19 FE mode shapes up to a frequency of 7.70 

Hz (the first 7 vertical modes, the first 11 lateral ones and one 

torsion mode) instead of the 7 vertical modes that were used 

before. Question is now to choose the optimal position of the 

triaxial sensors. It is assumed that there is no correlation 
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among the vertical, transverse and longitudinal directions. The 

correlation length in any fixed direction is taken the same as 

before. Figure 15 suggests that at least 10 or 11 sensors have 

to be used. In Figure 15 IEIs of the correlated one with 7 

vertical modes using BSSP are superimposed. Figure 16 

shows the arrangement of triaxial sensors for the correlated 

scenario (from 6 to 20 sensors) when using 19 modes. 

 

 

 

Figure 13. IEI for the correlated scenario when using 7 

vertical modes. 

 

Figure 14. OSL for the correlated scenario when using 7 

vertical modes (× FSSP; ● BSSP; □ actual test). 

 

 

Figure15. IEI for the correlated scenario when using 19 

modes. 

 

Figure 16. Optimal sensor location for the correlated scenario 

when using 19 modes (× FSSP; ● BSSP). 

The previous analysis is not conclusive, however, on the 

number of fixed reference sensors that is actually needed. In 

[16] the effect of the number of reference sensors on the 

identification results is studied by considering three cases. 

Case 1 is with only one reference sensor and its optimal 

location is L = {43} (Figure 14, BSSP). Case 2 is with two 

reference sensors at L = {27, 43}. Finally, case 3 is with three 

reference sensors in configuration L = {9, 27, 43}. Then we 

compare the identification results with the previous case of 

four reference sensors L = {9, 27, 43, 63} (Figure 10). From 

this study [16] it can be concluded  that, with optimal sensor 

placement techniques, the number of references employed 

(four in the present case) can be reduced to three or even to 

two without a significant loss of quality of the modal 

estimates and without losing the ability to detect most modes 

of interest. A single reference however does not result in 

estimates of acceptable quality for most modes, even when 

placed at an optimal position. 

4.6 Roving strategy 

The OSL methodology is used next to verify the strategy for 

the positions of roving sensors in successive test setups. Two 

roving strategies are often used in practice. One is to “rove in 

modules" or RIM (distributed roving) and the other is “rove in 

groups" or RIG (concentrated roving). 

 

 

Figure 17. Roving configurations: in modules (top: RIM) or in 

groups (bottom: RIG). 

The RIM case has been implemented in the actual test with 

7 sensors in 13 setups to cover 91 bottom nodes in one 

measurement line. In the RIM case the first setup would be L 

= {0, 13, 26, 39, 52, 65, 78}. The next setup is built by 

advancing every sensor in setup 1 by one truss bay to L = {1, 

14, 27, 40, 53, 66, 79}. Following setups proceed successively 

after one another. Finally, the last one - setup 13 - will have a 

configuration of L = {12, 25, 38, 51, 64, 77, 90}. 

In the RIG case, the first seven nodes L = {1, 2, 3, 4, 5, 6, 

7} will be measured in the first setup. Then, the next seven 

nodes are measured at configuration L = {7, 8, 9, 10, 11, 12, 

13} in setup 2. In this roving strategy, the experiment finishes 

at setup 13 where the last seven nodes are measured L = {84, 

85, 86, 87, 88, 89, 90}. 

The information entropy (IEI) values are computed directly 

considering 19 FE mode shapes (7 vertical modes, 11 lateral 
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and one torsional mode up to a frequency of 7.70 Hz). In 

general, the IEI values for setups in RIM case are significantly 

lower – consequently much richer information content – than 

those calculated for the RIG case, except for setup 12 (Figure 

18). 

 

 

Figure 18. IEI values for the RIG and RIM strategies. 

5 CONCLUSIONS 

A crucial aspect for a correct diagnosis from vibration-based 

structural health monitoring is the elimination of 

environmental influences. Powerful output-only or input-

output methods allow to reduce the remaining variance 

significantly. The influence of environmental influences on 

mode shapes and modal strains is less studied but could help 

to discriminate structural changes, e.g. due to damage, from 

environmental effects. 

Wireless systems can reduce the measurement time for an 

operational modal analysis drastically, certainly in the case of 

large structures, and so contribute to an even more widespread 

use of it. To keep the same performance as a wired system, 

data synchronization, scalability and robustness are critical 

issues. 

A substantial improvement of the diagnosis capability to 

discover also small local damages is possible if the rather 

small dynamic strains during operation can be measured 

accurately. 

Optimal sensor placement methodologies, where the effect 

of spatial correlation of sensors into the prediction error is 

considered in order to avoid redundant information, provide 

very valuable insights into important choices in the test 

designing stage such as, an adequate measurement grid, 

locations of reference sensors and a suitable roving scheme. 

They are also very useful to decide upon the sensor positions 

in case of a permanent monitoring system, usually based on a 

limited number of sensors. 
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ABSTRACT: Offshore wind provides an important source of renewable energy and new opportunities for marine technology. 
Offshore wind turbines with a monopile support structure fixed to the sea bed in shallow water, have already been industrialized, 
while fixed turbines in deeper water are emerging and floating wind turbines are still at an early stage of development. Various 
floating concepts have been proposed for offshore wind application. For design purposes, design criteria and methods to predict 
the dynamic behavior of these concepts under wind and wave action for turbines in intact and fault conditions, are required. This 
paper deals with recent developments of concepts, design criteria and integrated methods of dynamic analysis, as well as 
illustrates typical features of their behavior through numerical studies. 

KEY WORDS: Offshore wind turbines; Stochastic dynamic analysis; Reliability. 

1 INTRODUCTION 
Increased focus on renewable energy is needed in view of the 
climate challenges (IEA2012 [1], IPPC2011 [2]). Globally, 
there is a significant potential for offshore wind energy. Wind 
power is produced offshore by wind turbines that consist of a 
rotor, a drivetrain and an electric generator, supported on a 
tower and a bottom fixed or floating structure  [3]. The rotor 
could have a horizontal or vertical axis, but commonly the 
former. The drivetrain is commonly a mechanical 
transmission with a gear but a hydraulic transmission or direct 
drive is also an alternative. 

Wind turbines are exposed to a variety of load conditions 
during their 20-year service life. After being installed, 
turbines experience operational, shutdown, and parked 
conditions. Although wind turbines are unmanned, it is always 
important to improve their reliability and to lower the costs 
and make the wind-generated power more competitive. 
International design standards provide a number of design 
load cases, but those related to fault conditions are currently 
not well-defined.  

 For traditional wind turbines with gear transmissions, the 
gearbox is among the most expensive components. However, 
gearbox failure rates are high. One possible cause is the lack 
of understanding of the dynamic loads in wind turbine 
gearboxes. Components, such as the bearings, are designed by 
manufacturers using their in-house design codes. Therefore, it 
is necessary to develop methods to better understand the 
effects of the dynamic load conditions in the drivetrain 
components. Since the load effect in the drivetrain is a result 
of the global performance of the wind turbine system, 
integrated analysis becomes crucial. 

Up to now, fixed foundations, such as monopile, gravity-
base and tripod, are used in offshore wind farms in relatively 
shallow water, i.e.  10-30 m. Jacket wind turbines have been 
installed in water depths up to 45 m and will play an 
important role in the near-future development. In deeper 
water, say, beyond 80 m, it may be more cost-effective to 

exploit this energy potential by using floating wind turbines – 
see Figure 1. This is because the foundation cost of a fixed 
wind turbine will increase significantly when the water depth 
increases, while the cost of a floater is less sensitive to the 
water depth  [4]. The relevant design standards are still under 
development. There is a need for insights into the dynamic 
response characteristics of floating wind turbines under 
various design situations. 

 
Figure 1. Selected wind turbine concepts. 

In the last few years, research work about floating wind 
turbines has been intensified. Proposed concepts mainly have 
a spar  [7],  [8],  [11]- [15], semi-submersible  [5],  [8], [9], [15], or 
barge type  [11] hull, with a catenary  [5],  [7]- [9],  [11]- [14], 
taut or tension leg  [5],  [6],  [10]- [12] mooring system.  

Design standards for bottom-fixed offshore wind turbines 
have been issued  [16]- [19] while only general design 
guidance (e.g.  [20]) for floating turbines exists and needs to 
be further developed. However, in general wind turbines need 
to fulfil functionality and safety requirements. The main 
functionality requirement is the production of power with 
limited variability. Safety requirements are based on a set of 
design conditions and load cases at a relevant probability of 
occurrence and refer to ultimate, fatigue and accidental 
collapse limit states. The high cyclic loads on wind turbines 
make fatigue and wear an important consideration especially 
for the drivetrain – a geared drivetrain is shown in Figure 2. 
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Figure 2. Wind turbine drivetrain (design by the National 

Renewable Energy Laboratory (NREL)).  

 The load cases which are used to verify the structural 
integrity of an offshore wind turbine, should include both 
operational (power production) and non-operational design 
situations such as parked and fault conditions, as well as start-
up and shut-down transient conditions. 

Current design approaches, especially for the drivetrain, is 
semi-empirical and based on allowable stress approaches even 
with respect to fatigue  [21]- [24]. For proper design of the 
wind turbine rotor, tower, floater and mooring system, 
dynamic response analysis of the wind turbine to 
simultaneous action of wind and wave loads needs to be 
addressed. Different concepts have different dynamic 
performance, which may influence wind power generation, 
system design and eventually the cost of power. 

As mentioned above, industrial developments with bottom 
fixed wind turbines have been made using monopile support 
structures; Figure 3. Alternatives in deeper water are tri-pods 
or especially jackets. For water depths beyond, say 80m, 
floating support structures are expected to be competitive.  

Jonkman and Matha  [11] compared three floating concepts 
with a 5 MW wind turbine, supported by spar floater, tension-
leg floater and barge, respectively. Dynamic responses under 
combined wind and wave loads were predicted by coupled 
analysis. Blade element momentum theory was used for wind 
turbine aerodynamics, and linear hydrodynamics and mooring 
spring models were considered. It was found that the barge 
concept gives significant dynamic responses, but the 
difference between the spar and the tension-leg concepts is 
small. 

 
Figure 3. Alternative support structures for wind turbines in 

relative shallow water. 

Gao et al.  [12] compared a semi-submersible, spar and 
tension-leg wind turbine, and studied especially the effect of 
water depth, misaligned wave and wind loads and sum 
frequency excitation for the tension-leg turbine.  

While the spar and tension-leg floaters are intended 
primarily for relatively deep water, a semi-submersible 
foundation would have a wider range of application with 
respect to water depth. However, Karimirad and Moan  [13] 
indicates that the spar concept with a draft of 80 m is feasible 
for a water depth of 150 m. Muliawan et al.  [14] improved the 
performance of a spar wind turbine by extracting wave energy 
and damping the pitch motions of the spar wind turbine by a 
torus-shaped wave energy converter. 

In a recent paper by Robertson and Jonkman  [15], the 
dynamic behavior of a semi-submersible concept with wind 
turbine on a central column with the spar and tension-leg 
concepts is compared. 

The development of floating wind turbines is still at an early 
stage and further studies are required to demonstrate which of 
the concepts is the best one for certain site conditions, i.e. 
water depth and metocean conditions. 

The purpose of this paper is to highlight recent 
developments regarding dynamic analysis with respect to the 
bottom-fixed or floating structure, tower, drivetrain and rotor 
design. 

2 DESIGN 

2.1 Criteria 
The overall design requirements for wind turbine systems are 
set to make them stable and for floaters limit steady drift-off 
or tilt as well as motions in view of the performance of the 
power cable and a stable power production as well as the 
strength of the components of the wind turbine. While rotor 
blades, tower and hull structure are designed based on explicit 
ultimate and fatigue strength criteria and predicted response 
for the different load cases, the requirement for the drivetrain 
has often been said to correspond to an acceleration limit of 
0.3 – 0.6 g (g being the acceleration of gravity) for the nacelle. 
Even fatigue design checks have been based on simplified 
empirical safety criteria. 

There is clearly a need for further development of design 
criteria based on first principle of criteria for different failure 
modes and load effect analysis. 

2.2 Dynamic analysis for design 
Offshore wind turbines are subjected to dynamic wind and 
wave loads as well as rotor loads with a wide range of 
frequencies.  

A wind turbine experiences loads at the rotation frequency 
of the rotor, denoted 1P (typically 0.12 – 0.2 Hz) and the 
blade passing frequency of N (number of blades) times the 
frequency P.   

From the aerodynamics point of view, all of the 6-DOF 
(degrees of freedom) resonant rigid-body motions might be 
excited, due to a wide range of wind force excitation 
frequencies. Moreover, the wind turbine loads might excite 
flexible modes of the tower and blades with natural 
frequencies of 0.3-1.0 Hz. This is important to consider for 
structural design of the tower and blades, but does not affect 
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the motions of floating wind turbines. On the other hand, the 
motions might affect the magnitude of the aerodynamic loads.  

First order wave excitation corresponds to frequencies in the 
range of 0.04 - 0.3 Hz. Moreover, second-order difference-
frequency wave forces can excite the resonance of horizontal 
rigid-body motions (surge, sway and yaw) with typical natural 
frequencies of 0.005 - 0.02 Hz. Second-order sum-frequency 
wave forces may excite flexural modes of bottom fixed wind 
turbines as well as   heave, roll and pitch modes with typical 
natural frequency above 0.2 Hz of tension-leg turbines. For a 
spar with a single tension-leg excitations occur due to a 
nonlinear coupling between heave, pitch/roll, surge/sway 
motions, which leads to excitation at several frequencies  [22]. 

The design parameters for achieving an optimal design of 
the floater and its mooring system would be the geometrical 
shape and dimensions, the displacement, mass distribution, 
including added mass as well as mooring line stiffness. For a 
tension-leg turbine the choice of pretension level to ensure 
low extreme loads, yet avoiding slack in tendons is 
particularly challenging. 

While the stability, pitch/roll restoring stiffness of a spar 
with deep draft is ensured by the distance between the centers 
of gravity and buoyancy, the stability of semi-submersibles 
and barges depend upon the second moment of the water-
plane area. These features are also detrimental for ensuring 
adequately low natural frequencies for the pitch/roll motions. 
For the spar and the semi-submersible a deep draft and a large 
distance between the columns, respectively, are remedies to 
achieve the desired features, however at the expense of 
increased structural steel. 

It is noted that for a spar WT, the natural frequencies of 
heave and pitch (or roll) motions could be close, and the so-
called Mathieu instability  [26] might occur. Hence, the design 
should aim at differentiating the natural frequencies in heave 
and pitch (or roll). The unsymmetrical aerodynamic forces on 
the rotor may lead to a large yaw moment. 

With a conventional mooring system with radial lines 
through the center of the spar, the yaw stiffness will be small. 
However, a delta-configuration adjacent to the spar hull 
ensures an adequate yaw stiffness and yaw natural frequency. 

The pitch natural frequency of a tension-leg WT with a rigid 
tower may be of the order 0.3 – 0.5 Hz which is usually close 
to the lowest natural frequency of a flexible tower fixed at the 
transition to the floater  [12],  [27]. This fact would imply a 
coupled pitch and flexible tower mode. In such a case it is 
important to model the tower as a flexible structure. 

The natural frequencies of the mechanical drivetrain 
between the rotor and generator, are much higher than the 
rigid and flexible structure and blade modes which allows the 
drivetrain responses to be determined in an uncoupled 
manner. 

It is important to consider wind and wave misalignment.  
For instance resonant yaw motions may occur due to the yaw 
moment induced by the thrust force when the floater rolls 
under the wave loads. The dynamic yaw motions of the spar 
in such conditions are significant. Modelling of   aerodynamic 
damping becomes important in this connection. 

2.3 Considerations about different concepts of support 
structures 

Figure 4a shows a “conventional” spar in deep and moderate 
water depths. Figure 4b shows a spar equipped with a torus 
wave energy converter and a spar with a truss structure 
replacing the cylindrical floater to improve hydrodynamic 
performance. A spar supporting a 5 MW turbine would 
typically have a displacement in the range of 6000 – 8000 
tons. 

 
(a)                                                             (b) 

Figure 4. Alternative spar designs  [15],  [16]. (a)  Spar in deep 
and moderate water depth; (b) Spar with a torus wave energy 

converter. 

Semi-submersible wind turbines have so far been based on 
three columns connected by braces. Typically they are 
designed to support one central turbine or 1-3 turbines located 
on the top of columns.  Figure 10 shows a three column semi-
submersible with tower on top of one column. Clearly, if 2 or 
3 turbines are used, a weather-vaning mooring system is 
needed to reduce the aerodynamic wake interaction between 
them. Current single 5 MW turbine concepts show a large 
scatter of displacement – between 4500 and 14000 tons. 

Tension-leg concepts would normally require a 
displacement larger than a semi-submersible to ensure the 
necessary pretension of the tendons and hence the 
performance that implies limited heave, pitch and roll 
motions. The main challenge in tension-leg design is to satisfy 
the no slack and limited maximum tension criteria for the 
tendons with a minimum displacement, e.g.  [27],  [28]. 

2.4 Tow-out and installation 
Besides design requirements for the wind turbine operating on 
site, transport to and installation at the offshore site, are 
important considerations in the design. Semi-submersibles are 
expected to be completed at a sheltered in-shore site and 
towed to the site where the mooring system is deployed and 
the cable hooked up. Bottom fixed wind turbines as well as 
spar and tension-leg floating turbines need to be installed by 
sequential marine operations.  

3 AERODYNAMIC, HYDRODYNAMIC & MOORING 
MODELLING AND ANALYSIS 

3.1 General 
Due to the facts described above, it is important to analyze the 
dynamic responses of a floating wind turbine by taking into 
account the wind and wave loads simultaneously. In other 
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words, a coupled analysis tool is needed, considering 
aerodynamic and hydrodynamic loads, as well as models of 
the structure, mooring and drive drain in an integrated 
analysis.  Moreover, automatic control is needed to ensure 
maximum power at low (below rated) wind speeds; stable 
power and limited structural responses in the operational 
conditions.  

There are limited industry experiences with floating wind 
turbines. Design based on first principles is therefore crucial 
and time-domain analysis tools are required. 

Currently, many computer codes are under development to 
extend their capability from land-based to offshore fixed wind 
turbines and to floating ones. Under the auspices of the IEA 
(International Energy Agency), Offshore Code Comparison 
Collaboration  [28]- [30] has compared methods for jackets, 
spar-type and semi-submersible wind turbines.    

The response analysis needs to be carried out for different 
design load cases  [17] which include a variety of design 
situations such as power production, power production plus 
occurrence of fault, normal shutdown and parked condition. 
Some of load cases come from ‘abnormal’ events of the wind 
turbine such as shutdown, loss of electrical network 
connection, faults in control system, faults in protection 
system and so forth  [18],  [19]. Metocean conditions such as 
gusts, turbulence and shift in wind direction are also 
important. Some of these loads imply transient events. The 
load conditions specified for bottom-fixed wind turbines are 
taken to be relevant for floating turbines also, but the time-
domain analysis for floating wind turbines is much more 
demanding because of the low frequency excitations and 
responses require much longer samples to limit the statistical 
uncertainty in the simulation.  

The response needs to be determined in terms of extreme 
values for ultimate strength check and response histories for 
fatigue and wear assessment. 

3.2 Equations of motion 
The equations of motion in the time domain for a linear 
structural system supported on the seabed, with constant 
coefficients, may be stated as: 

 Mr + Cr + Kr = R   (1) 

In the frequency domain the equation reads as: 
         ( ) ( )2 iω ω ω ω − + M C + K r = R                 (2) 

The choice of formulation especially depends on: 
• The nature of the loading; i.e., whether it is steady 

state or transient (which often involves response in a 
wide frequency band). 

• Frequency dependence of the dynamic properties 
(mass, damping, stiffness). 

• Nonlinear features of the loading or dynamic 
properties. 

By assuming a linear frequency-domain model, it can be 
shown that the equations of motion of a rigid floating system 
(6 DOF) with zero forward speed in sea waves are described 
by the vector equation: 

 ( )[ ] ( ) ( ) ( ) ( ) ( )2 iω ω ω ω ω ω ω ω− + + +M A r B r Kr = R  (3) 

where ω  is the wave frequency; M  is the rigid-body mass 
matrix; ( )ωA  is the added mass matrix; ( )ωB  is the 
potential damping matrix; Κ  is the restoring coefficient 
matrix; and ( )ωR  denotes the Fourier transform of the 6D 

wave loading vector, while ( )ωr  denotes the Fourier 
transform of the 6D response vector. The solution of these 
equations is obtained easily and efficiently for the desired 
frequency resolution. 

To model the dynamic behavior of flexible floating bodies, 
generalized modes for the system may be applied  [31],  [32]. 
Hydrodynamic loads corresponding to the radiation are 
evaluated for unit modal response and are then integrated into 
the equations of motion where the wave exciting forces are 
included. Alternatively, the so-called direct method  [33],  [34] 
where the hydrodynamic boundary value problem (pressure 
distribution) and the elastic response are solved 
simultaneously. Therefore, although the direct method avoids 
the incorporation of any modes into the solution of response, 
the method is computationally expensive and requires 
interfacing between the hydrodynamic and structural 
numerical techniques such as the boundary element method 
(BEM) and the FEM. 

In case of a deformable body with a mode expansion 
approach, one can one can rewrite the equations of motion in 
Eq. (3) in a generalized form  [31]: 

( )[ ] ( )[ ] [ ] ( ) ( )2 iω ω ω ω ω ω− + + + +M A B D K + G r = R (4) 

Now, the matrices and vectors are correspondingly 
( ) ( )6 6N N+ × +  and ( )6 1N+ × . N  is the number of 
flexible modes defined in addition to the six rigid-body 
modes. G  and D  are the generalized structural stiffness and 
the generalized structural damping matrices, respectively. The 
other coefficients also assume a meaning in a generalized 
sense. 

The equations of motion (e.g., Eq. (4)) are based on linear 
theory. Nonlinear effects are most conveniently incorporated 
by proper time-domain models. One approach may be to 
formulate the governing equations directly in the time domain. 
A difficulty then is the accommodation of frequency-
dependent properties of e.g. hydrodynamic added mass and 
potential damping. An alternative approach is to establish the 
linear frequency-domain model of the equations of motion 
(Eq. (3) or (4)), and then transform this model into the time 
domain and add nonlinear features. Such a model is referred 
to as a hybrid frequency- and time-domain model in this 
context and was initially introduced by  [35]. To date, it has 
been used successfully in different motion analysis 
applications, see, e.g.  [32],  [36],  [37].  The resulting equation 
for a stationary rigid structure may be written as: 

 ( ) ( ) ( ) ( ) ( )
0

memt

t t d t tτ τ τ∞+ + − +   ∫M A r k r Kr = R   (5) 

where 

 ( ) ( ) ( )
0

2
cost t dω ω ω

π

∞
∞= −  ∫k B B  (6) 
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where ,∞ ∞A B  denote the high-frequency limit of added mass 
and potential damping, respectively. It is noted that Eq. (5) 
can be reformulated by a set of first order differential equation 
– and hence reduce the effort in evaluating the convolution 
integral in the step by step solution of  the dynamic equations 
of motion, e.g.  [38]. Since the retardation kernel ( )tk  in the 
integral in Eq. (5) vanish for times passing a certain value, 

memt , the integration may be taken to memt  instead of infinity.  
 One can now add nonlinearities such as viscous drag 

forces,”exact body” hydrostatic or Froude-Krylov force, etc., 
to the rhs of Eq. (5).  

Wind turbines are also subjected to aerodynamic loads 
which normally are treated in the time domain, and depend on 
the relative velocity of the components subjected to 
aerodynamic loads. Since the velocities of structural parts 
depend on both the wave and wind loads – there is an 
interaction between the corresponding load effects. See 
further discussion in Section 3.7. 

The mass, damping and stiffness matrices for a bottom fixed 
structure in Eqs.(1,2) are made up by contributions from the 
structure (st), water (w) and soil (s). Damping is also 
contributed from the air. 

The possible frequency dependence of soil damping and 
stiffness are approximated by constant values in this case. The 
contribution to the stiffness from the water is due to 
hydrostatic effects. 

For rigid floating structures, the bouncy and mooring lines 
provide stiffness (restoring), while the water provides added 
mass, and the water, air and mooring contribute to damping. 

3.3 Structural, foundation and mooring modelling and 
drivetrain modelling 

Bottom fixed wind turbines the foundation, support structure, 
tower, blades and the drivetrain need to be modelled with their 
stiffness properties  [34]. For global analysis a possible pile 
foundation and other parts- except tubular joints in a jacket 
support structure and the drivetrain - are modelled as beams. 
Tubular joints in a jacket support structure may be modelled 
by equivalent springs established by shell FE models. The 
simplest elastic model of the drivetrain is a torsional spring 
while more accurate models involve elastic multi-bodies 
(Peeters et al  [40], Oyague  [41], Xing  [42]). The large 
deflections of blades should be modelled. 

Structural dynamic effects would normally be present and 
need to be accounted for. 

Floating wind turbines moored with (soft) catenary mooring 
lines exhibit rigid body modes of behavior. The mooring 
system primarily prevent drift off due to steady wind, wave 
and current loads and also affect the low frequency excitation 
due to wind and wave loads. The mooring system does not 
influence the magnitude of the first order wave induced 
motions (which however cause mooring tension). 

Mooring lines could be modelled as nonlinear springs when 
global responses are determined. More proper FE models of 
mooring lines including the line dynamics (drag due to lateral 
forces) should be used when the line tension is estimated. 

Otherwise the elastic behavior of floating structures is 
modelled in a similar way as the bottom fixed wind turbine. In 
particular it is noted that the tower on various floaters (semi-
submersible, tension-leg) wind turbines is flexible enough to 

imply structural dynamic effects. Moreover, structural 
damping needs to be based on empirical data. 

The drivetrain is obviously a crucial component in a wind 
turbine system. 

When the aerodynamic and hydrodynamic loads are given, 
the dynamic responses are obtained in the time domain. 
Coupled mooring analysis might be applied, where the floater 
motions and the mooring line tension are solved 
simultaneously. 

In response analysis of wind turbines subjected to 
simultaneous wind and wave loads, conditions with 
misaligned wind and wave, should be especially considered, 
partly because such excitations might involve conditions with 
limited damping. 

3.4 Aerodynamics 
Aerodynamic analysis is especially carried out to determine 
the wind loads acting on the rotor blades, which is strongly 
related to both the inflow wind velocity and the induced 
velocity due to the presence of the rotor. Numerical methods 
have been developed with different levels of detail, such as 
Blade Element Momentum (BEM) method, vortex method, 
panel method and Navier-Stokes solver  [43].  
   Refined methods are particularly relevant to establish or 
validate simplified methods and partly develop fast simplified 
methods for design analyses. Examples of the former type of 
analyses are a) a study of the effect of icing on rotor blades by 
combining using a CFD and BEM method  [44],  [45]; b) effect 
of the large motions of a floater on the dynamic inflow and 
the rotor aerodynamics by using an actuator disk/CFD  
method, e.g.  [45],  [46]. 

Due to its simplicity and computational efficiency, the BEM 
method, normally with some engineering corrections, is still 
widely used and often combined with structural analysis tools, 
e.g. the Finite Element Method (FEM), to obtain the dynamic 
responses of wind turbine tower and blades, by accounting for 
aero-elasticity  [47]- [51]. 

For a floating wind turbine, it is also suitable to apply the 
BEM method. The BEM method gives the detailed 
aerodynamic loads along the rotor blades as well as the 
resulting integrated forces and moments. 

The aerodynamic forces on the turbine blades depend on the 
relative velocity the airfoil experiences. For illustration, the 
thrust force can be expressed as a function of the relative 
velocity, 

relU at the hub: 

 ( ) 21
2T rel T relF U AC U=  (7) 

Adequate performance of a wind turbine depends upon 
automatic control, especially of the blade pitch (rotor speed) 
and the generator torque. The objectives of the control system 
is to ensure efficient and safe operation by controlling the 
torque to maximize the power at below rated speed and to 
ensure that the power is close to the rated power for the wind 
speed above the rated one - up to the cut-out wind speed, and 
limit the structural loads, as illustrated in Figure 5a. 

Other supervisory systems are associated with the control of 
the yaw motion of the rotor and nacelle.  

It should be noted that for wind speeds below 3 m/s or 
above 25 m/s, the rotor is parked or idling at a very low 
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rotational speed with the chord of the blade having the same 
direction as the main wind speed. The ‘thrust’ force represents 
the total drag force acting on the three blades. Moreover, the 
wind force acting on the tower is important in extreme wind 
conditions. 

 
 (5.a) Power curve. 

 
(5.b) Thrust curve. 

Figure 5. Power and thrust curve of the NREL 5 MW wind 
turbine. 

In turbulent wind, the time-varying thrust force is 
commonly obtained quasi-statically as a function of relative 
wind speed at the nacelle, taking into account the velocity 
induced by floater motions. As shown in Figure 5b, for wind 
speeds above the rated one, the slope of thrust force with 
respect to the relative wind speed is negative, which gives a 
‘negative damping’ effect on floater motions, especially in 
pitch. For a real wind turbine, a different controller for blade 
pitch angle as compared to that of a land-based wind turbine 
can be designed to avoid this effect, see e.g.  [25]. 

Coupled analysis of floating wind turbines is time 
consuming. A simplified method, proposed by Statoil  [52], is 
convenient to apply to model the integrated rotor loads (i.e. 
the thrust) as a point force on the tower top. The ideal thrust 
curve of the NREL 5 MW wind turbine can be used  [53], 
which is obtained by the BEM method  [47] for various 
constant and uniform wind speeds, see Figure 4b. In this 
simplified method a notch filter is applied on the motion-
induced velocity to mimic a controller to avoid the above-
mentioned “negative-damping” problem. It is found  [12] that 
for operational conditions, the spar motions contribute to the 
relative wind speed while for the semi-submersible and 
tension-leg concepts, the relative wind speed is not very 
different from the inflow wind speed. Hence, the notch filter 

has more effect for the spar concept than the other two 
concepts. 

It is important to notice that the simplified wind force model 
involves approximations that limit its use  [12]. For instance, 
only the thrust force among the 3 force and 3 moment 
components is considered. The integrated aerodynamic forces 
along the rotor plane are small and neglected, so are the 
resulting moments. Dynamic effects, e.g. dynamic inflow and 
dynamic stall, and those associated with the dynamic 
responses of the blades, are not considered. However, these 
dynamic effects are mainly related to the flexible modes of 
blades at high frequencies, which will not have a significant 
influence on global floater motions.  Aerodynamic damping is 
only considered for the transitional motions perpendicular to 
the rotor plane, but not for yaw which could be important for 
misaligned wave and wind loads. 

It has been shown that this simplified model gives global 
responses within 10% accuracy compared with the model 
using the BEM method  [54]. 

The gyro-moment due to a rotating rotor is also included. 
However, the contribution is small. 

3.5 Hydrodynamics 
Hydrodynamic loads for bottom fixed structures can normally 
be modelled by using the Morison formula: 

 21 1
2 4d mF DC v v D C aρ ρ= +  (8) 

This formula expresses the lateral force on a slender member 
with a diameter D. Cd and Cm are drag and inertia coefficients, 
respectively and ρ is the water density. The wave kinematics 
(particle velocities, v and accelerations, a) are obtained by a 
modified linear theory or second order theory  [55]. It is noted 
that the drag term in Eq.(8) can be linearized in a stochastic 
wave field as follows, e.g.  [38]:  

 1 2
2d d d vF DC v v DC vρ ρ σ

π
= ≈  (9) 

where vσ  is the standard deviation of the velocity v . If this 
expression is applied with the relative velocity between the 
wave particle velocities and structural velocities in a response 
analysis, iteration during the analysis need to be applied since 
the structural velocities are unknown.   
   The loads on large volume structures should be estimated by 
potential theory, considering the incoming and diffracted 
wave pattern. The hydrodynamic loads on floating structures 
need to be estimated by simultaneously calculating the 
motions of the structures.   In general potential theory is 
applied. When using the potential theory, numerical codes 
with the panel method, such as WAMIT  [56], are normally 
applied to solve the hydrodynamic problem in the frequency 
domain. The floater is usually assumed to be rigid and the 
integrated forces and moments are obtained and used in the 
subsequent time-domain motion analysis. 

Both the first-order wave loads and the second-order wave 
loads due to the difference- and sum-frequency effects need to 
be considered. In the linear analysis, both the diffraction and 
radiation effects are addressed, which results in the wave 
excitation forces and the added mass and potential damping 
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forces, respectively. Second-order difference-frequency wave 
loads might be calculated using a full quadratic transfer 
function or based on the Newman’s approximation, while a 
fully quadratic transfer function is normally used for sum-
frequency loads. 

Moreover, wave forces on the floater are in general 
frequency-dependent and in the time-domain simulation, they 
are generated based on a given wave time series. In particular, 
the radiation force results into a convolution integral with 
respect to the floater velocity, Eqs. (5-6). 

Viscous effects are not included in the potential theory, but 
they can be modelled as drag forces. This effect is explicitly 
included when using the Morison’s formula. For example, the 
non-dimensional drag coefficient for the heaving plates in the 
semi-submersible concept is considered to be 7.5, see  [57]. 

3.6 Computational strategy 
In the design of wind turbines many load conditions need to 
be considered to account for the variation in the combined 
wave and wind conditions, operational versus parked 
(survival) condition. It is noted that operational conditions 
include start up and shut down, fault occurrence and 
emergency shutdown. Hence, the reference is a so-called 
long-term analysis, in which results from a set of short term 
analyses in which the metocean conditions are assumed to be 
stationary, are combined based on the probability of 
occurrence of the various short term metocean conditions, e.g.  
Li et al.  [58]. Moreover, accomplishment of a structural 
reliability analysis would add another dimension to the load 
effect analysis in the way that the effect of data and model 
uncertainties on the load effects needs to be analyzed. 

Analyses of extremes for ultimate strength design checks 
and cyclic load histories for fatigue (and possibly wear) 
design checks need to be carried out. 

Analyses also need to be carried out for conceptual or 
detailed design requiring different degree of refinement. 

 A variety of methods – refined and simplified – is hence 
desirable. In general highly efficient methods are required to 
accomplish analysis in the early design stages when 
alternative designs need to be assumed. Hence, simplified 
mechanics models need to be pursued. Examples of such 
approaches include: 

• Replacing a full analysis of aerodynamic loads on the 
rotor by using the thrust force only (e.g. like the one 
in Figure 5b for the 5 MW turbine. Obviously this 
approach is relevant for global response analysis – 
see also Section 4.2. 

• Using Morison equation to model loads on floating 
wind turbines (yielding reasonable load effect 
estimates for long waves – see also Section 4.3). 

The analysis can be carried out in the time or frequency 
domain. In general, a time domain analysis is the main 
reference because automatic control is facilitated and 
nonlinear effects can be accounted for. This analysis is 
however, very time consuming especially when dealing with 
integrated analysis of a floating wind turbine. Since some 
natural frequencies may be as small as 0.02 Hz a long sample 
may be needed to capture the load effects (motions) due to 
wind and low frequency hydrodynamic loads. On the other 
hand the time step needs to be small to capture all phenomena 

– including high frequency features associated with e.g. a 
mechanical or hydraulic drivetrain. Jiang et al.  [59] found that 
a stable analysis of a hydraulic drivetrain for a 5 MW wind 
turbine required time steps of the order of 10-4 s to yield stable 
numerical solution. In such a case it is clear that uncoupled 
analysis is necessary. As discussed in Section 3.7 other types 
of uncoupled analysis could be used to reduce computational 
efforts. 

An important issue in connection with the time domain 
analysis is the discretization of the metocean parameter space 
which determines the number of simulations that need to be 
carried out – to determine extremes or fatigue load effects. 
Another issue is the sampling time needed to achieve a given 
accuracy. The sampling time is intimately linked to the 
approach used to determine extreme values; i.e. whether a 
limited number of metocean conditions can be selected or a 
full long-term analysis is needed and how extremes in short 
term conditions are determined.  

Frequency domain analysis is an alternative to time domain 
analysis, as indicated in Section 4.4. 

3.7 Integrated aero-hydro-elastic-servo analysis 

3.7.1 General 
Since there is an interaction between the response due to 
waves and wind, an integrated analysis of wind and wave load 
effects is in principle desirable, considering simultaneously 
the two loads in the time domain, with due account of the 
wind turbine controller. The main benefits of this method are 
that the phases between the wind and wave excitations and the 
structural responses are reasonably considered, and various 
damping, e.g. the aerodynamic, hydrodynamic, soil and 
structural damping, are included correctly. In addition, the 
variation of wind turbine loads due to the change of rotor 
speed or blade pitch angle through the controller is also 
properly considered. 

However, various types of uncoupled analysis are useful in 
view of the computational efforts involved in a full long term 
coupled analysis. Thus the following uncoupled analyses are 
envisaged: 

• Analysis of load effects for waves and wind 
separately and superimposing them. 

• Separate analysis of rotor/tower and the substructure 
– motivated by the confidentiality desired by the 
owner of the rotor/drivetrain and their control – 
implying separate analyses by the turbine and 
substructure providers – with exchange of 
information. 

• Global analysis of the system followed by 
substructure analysis based on input from the global 
analysis.    

Even when uncoupled analyses are applied possible account 
of coupling effects should be assessed. 

3.7.2 Separate wave and wind analysis 
Regarding the first type of uncoupled analysis it is obvious 

that the computational efforts could be significantly reduced if 
the wave and wind induced load effects could be calculated 
separately and then combined. If we need to consider say n1 
wave heights; n2 wave periods and n3 wind speeds to cover the 
joint variability of metocean conditions, the computational 
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effort will be reduced from a factor of (n1 n2 n3)  to a factor of 
(n1 n2 +n3 ) since the main effort is the dynamic time domain 
simulation. However it should be noted that the time series of 
wave and wind induced load effects should be combined in 
the time domain before the extremes or fatigue cycles are 
determined. A possible coupling to observe in this connection 
is wave and wind damping.  

Kuhn (2001)  [60] developed a simplified method for long-
term fatigue analysis of a monopile wind turbine, where the 
aerodynamic responses are obtained in time domain, and 
hydrodynamic responses are obtained in frequency domain. 
The combined fatigue damage is obtained through a quadratic 
superposition of individual wind- and wave-induced damages 
 [61]. The super-position of wind- and wave-induced responses 
calculated separately, resulted in an acceptable estimate of the 
fatigue damage. In most cases by neglecting local joint 
flexibility, the fatigue damage is overestimated. 

3.7.3 Separate analysis of substructures 
Seidel and coworkers  [62]- [64] pursued the second aspect 

of uncoupled analysis considering three different 
substructures and concluded that turbine and substructure 
must always be treated as an integrated system due to the 
significant interaction, e.g. in terms of natural modes of 
vibration.   

Gao et al.  [65],  [66] simplified the jacket substructure of an 
offshore wind turbine with several vertical beams to obtain the 
equivalence in mass, stiffness and hydrodynamic loading, as 
well as the first and third bending modes. This sequential 
method was applied to analyze the dynamic response due to 
wind and wave loads, and resulted in a good agreement (i.e. 
the shear force and bending moment at the sea bed) for the 
jacket substructure and the equivalent model. 

3.7.4 Modeling of damping in uncoupled analysis 
For a bottom fixed turbine, Van der Tempel  [67] addressed 

aerodynamic damping by applying different linearization 
methods with success. Bachynski and Moan performed linear 
analyses of a TLP wind turbine in  [27], and followed-up this 
study using the change in thrust force for a fixed turbine due 
to a change in the wind speed, without changing blade pitch 
angles. The damping matrix for the degrees of freedom surge, 
heave and pitch was taken as shown in Eq. 10. The damping 
ratio typically was 4-5%. The curve of change in thrust force 
could be applied in the aerodynamic damping matrix, aeroB . 
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B =  (10) 

In addition to the rotor damping on wave induced motion, 
another coupling effect can occur. In the coupled nonlinear 
time domain analyses performed in  [68],  [69], damping of low 
frequent wind induced motion due to the presence of wave 
frequency motion was observed. The reason for this is most 
likely second order terms involving both wave and wind 
frequency velocity in the thrust force. 

3.7.5 Sequential global – local uncoupled analysis 
For the traditional design of wind turbines, the mechanical 

loads on the wind turbine components caused by external 
forces, i.e. the wind, the electricity grid and sea waves 
(offshore application), are calculated based on the output from 
global analyses.  The model of the drivetrain in such analyses 
is simplified to only a few degrees of freedom. In this way the 
dynamic loads on the individual components, i.e. gears and 
bearings, are obtained by further processing the simulated 
load time series obtained from the dynamic analysis of the 
overall wind turbine model, using application factors 
according to  [22]- [24]. Although this approach seems to be 
acceptable that when internal drivetrain dynamics are in a 
frequency range well above the overall wind turbine 
dynamics, it does not cover the complete range of phenomena 
that can occur in the drivetrain (Peeters, et al.  [40]). Both 
external low-frequency excitation and internal higher-
frequency excitation of the drivetrain exist, which might 
introduce energy in the range of the internal eigenfrequencies. 
This addresses the importance of more refined numerical 
simulation methods for the drivetrain to get further insight 
into the dynamics of the drivetrain. The multibody simulation 
technique, as a well-established method, can be used to 
perform the detailed analysis of the loads on internal 
components of drivetrains. Peeters et al.  [40] performed a 
comprehensive study on the internal dynamics of a drivetrain 
in a wind turbine using three types of multibody models (1) 
torsional vibration model (2) rigid multibody model (3) 
flexible multibody model. Xing et al.  [42] performed a 
comprehensive study on the gearbox planet carrier of the 
National Renewable Energy Laboratory’s 750 kW land-based 
Gearbox Reliability Collaborative wind turbine. 

4 CASE STUDIES 

4.1 Wind and wave-induced load effects in a jacket wind 
turbine 

Wind turbines must be designed in such a way that they can 
survive in extreme environmental conditions and endure the 
cyclic loads. Methods for estimating load effects for ultimate 
and fatigue strength have been investigated with reference to 
the concept shown in Figure 6. Both the jacket substructure 
and the mechanical drivetrain have been studied. In this 
section the jacket is addressed and in Section 4.6 the 
drivetrain is considered.   
  The 5 MW NREL wind turbine is mounted on a jacket 
structure (92 m high) at a water depth of 70 m at an offshore 
site in the North Sea. The hub height is 67 m above tower 
base or top of the jacket, i.e. 89 m above mean water level. 
The turbine response is numerically obtained by using the 
aerodynamic software HAWC2 and the hydrodynamics 
software USFOS.  
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Figure 6. Jacket wind turbine in 70 m of water depth. 

  Load effect analysis for fatigue design check of tubular joints 
in the jacket was addressed in  [70],  [71]. The stress ranges for 
fatigue analysis of four different tubular joints were described 
by use of raw data, a 2-parameter Weibull function and a 
generalized gamma function. Both analytical fits were found 
to be reasonable. The former one is simpler, and the latter one 
gives slightly better fit. Such an analytical representation is 
advantageous for computational efficiency in reliability 
analyses. The contribution to cumulative fatigue damage of 
joints in this jacket at an exposed site in the North Sea is 
dominated by wind loads more than 60%, the interaction 
effects of wind and wave loads are also important, as shown 
in Figure 8. It should be noted that start-up, shut downs, also 
for emergency situations, are not included in this study.  

 
Figure 7. Locations and types of tubular joints considered 

(wind and wave directions are both along the positive 
direction of y axis). 

 
 

 
Figure 8. Relative contribution to fatigue damage for tubular 

joints shown in Figure 7. 

Methods for predicting extreme responses for the ULS 
design check was studied by considering the base shear force 
and the bending moment at the bottom of the jacket in Ref. 
 [72]. The extreme structural responses are considered for 
wave- and wind-induced loads, separately and combined,  for 
a 100 year return-period harsh metocean condition with a 14.0 
m significant wave height, a 16 s peak spectral period, a 50 
m/s (10 min average) wind speed (at the hub) and a turbulence 
intensity of 0.1 for a parked wind turbine. 10 min nonlinear 
dynamic simulations are performed, using from 20 to 396 
samples to study the sensitivity to the sample size. Three 
methods, namely a Weibull tail (WTM), global maxima 
(GMM) and a recently proposed extrapolation method 
(ACER) based on the mean upcrossing rates is used for 
obtaining the extreme values of those responses over a period 
of 3 hours. It is found that the different methods predicted 
extremes with best accuracy for the responses that are close to 
Gaussian, whereas for non-Gaussian responses, these methods 
predict less accurate extremes. The upcrossing method 
performs better not only for the case of Gaussian responses 
but also for the case of non-Gaussian responses in comparison 
with the other methods. The GMM seems to give reasonable 
estimates of extreme values. The WTM with threshold equal 
to the mean value always over-estimates the 3 h extreme 
value. The WTMs with higher thresholds than the mean value 
predict a more accurate 3 h extreme value, than the one with 
the threshold of mean value. However, it is not possible to say 
which threshold is the optimum one. The accuracy of the 
methods depends on the goodness of distribution fitting. 

The study in Ref.  [72] refers to a selected short-term 
metocean condition. Li et al.  [73] have extended this approach 
to consider extremes when accounting for the long-term 
variability of metocean conditions.      

4.2 Aerodynamics approaches 
As mentioned above, it is important to use refined methods to 
establish or validate simplified methods for early design 
analyses.  

Examples of the former type of analyses are a) a study of 
the effect of icing on rotor blades by combining using a CFD 
and BEM method  [44],  [45]; b) effect of the large motions of 
a floater on the dynamic inflow and the rotor aerodynamics by 
using an actuator disk/CFD  method  [45],  [46].   
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An example of a simplified aerodynamic model of the rotor 
 [7],  [12],  [54] is based on the thrust curve only. This model 
has been validated by comparing with a comprehensive aero-
hydro-servo-elastic approach for two different spar FWTs 
(Figure 4a)  [54]. A dynamic link library (DLL) called 
“TDHMILL” provides the aerodynamic loads as an external 
input to the SIMO-RIFLEX  [50],  [51]. Two hydrodynamic 
models are considered in SIMO-RIFLEX, namely: (A) 
Morison type loading with kinematics at instantaneous 
position, analogous to that in HAWC2  [49]. (B): linear 
potential theory. A study of the hydrodynamic models in 
SIMO-RIFLEX and HAWC2 codes was done before 
performing the coupled wave-wind-induced analyses. The 
results show that the codes agree for the wave-only as well as 
the wave- and wind-induced cases. The comparison between 
the simplified method (SRT) in SIMO-RIFLEX and the full 
model in HAWC2 codes is satisfactory for both spar WTs 
(Figure 9).  It is noted that the computer time for a 1 hour real 
time simulation is 24 hours and 15 min for the full and the 
simplified models, respectively. 

 
Figure 9. Comparison responses obtained by the simplified 

and the full method. Mean, st.dev. and maximum values of the 
nacelle acceleration and bending moment at the tower-spar 

interface for the operational conditions of the DeepSpar 
characterised by mean wind speed. The corresponding 

significant wave height varies between 2.5 and 4.2 m and the 
wave peak period is about 10 s  [54]. 

4.3 Simplified hydrodynamic approach for a floating wind 
turbine 

The majority of analysis software for floating wind turbines 
(FWTs) use Morison-type forces for the submerged portion of 
the structure. Certain structures, such as the spar-buoy FWT, 
are sufficiently slender to justify the use of Morison’s 
formula. However, large-volume structures, such as barges or 
semi-submersibles, may experience significant diffraction or 
radiation effects, which require potential theory. On the other 
hand, Morison’s equation can easily account for the 
potentially important non-linear effects that arise from 
calculating the wave forces in the instantaneous position of 
the floater up to the instantaneous wave elevation. The 
implications of applying different hydrodynamic theories to a 
semi-submersible wind turbine concept similar to WindFloat 
were studied by applying the SIMO-RIFLEX-AeroDyn code 
 [48],  [50],  [51] which is a new coupled-simulation tool for 
floating wind turbines that was developed in cooperation with 
MARINTEK. Four different variations of the Morison model 
were studied, including pure Morison forces with (1) forces 
integrated up to the mean water level or (2) up to the wave 

elevation; 3) pure Morison forces, including the effect of 
calculating forces at the instantaneous position; and (4) 
Morison forces with a correction for the dynamic pressure 
under the columns.  

The methodology is applied to the semi-submersible wind 
turbine shown in Figure 10  [74].  

 
Figure 10. Semi-submersible wind turbine. 

The results displayed in Figure 11 show that the same 
response amplitudes can be obtained in regular waves for 
periods above 7 seconds by selecting the proper constant 
inertia coefficients in the Morison formula. For wave periods 
below 7 seconds, diffraction effects became important for 
heave motions. Additional research (not shown here) also 
showed that the inertia coefficients directly calculated from 
the added mass coefficient obtained from potential theory do 
not necessarily provide the best agreement between Morison’s 
formula and the potential theory. 

 
Figure 11. Response amplitude operators based on regular 

wave time-domain analyses  [40]. 
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4.4 Frequency domain analysis of fatigue load effects. 
Kvittem and Moan  [69] presented a linear frequency domain 
(FD) approach for floating wind turbines. The method deals 
with the load effects in a rigid floating structure, exemplified 
with a semi-submersible wind turbine, and especially the 
flexural response in the tower also considering structural 
dynamics effects.  The FD approach consists of the following 
steps: 

• Restoring coefficients, added mass, linear potential 
damping and linear wave force transfer function 
obtained from a potential theory solver (Wadam). 

• Linear mooring stiffness added to the surge DOF in 
the restoring matrix. 

• Linearized hydrodynamic damping calculated based 
on response amplitude (using iteration). 

• Linearized aerodynamic damping obtained from 
constant wind analyses on a fixed turbine (in FAST) 
[47]. 

• Linearized wind force transfer function obtained 
from simulations of the floating platform in turbulent 
wind with a specified mean wind speed. 

• Platform complex motion transfer functions found by 
solving Eq. (2). 

• Flexural tower response obtained by using the first 
generalized mode; accounting for motion induced 
inertia and the wind thrust on the rotor.  

• Time series of bending moments were generated by 
an approximate inverse Fourier transform with 
random phase angles. 

The semi-submersible wind turbine in Figure 10, which is 
inspired by the WindFloat concept, is used in a case study. 
Aerodynamic damping from the rotor and hydrodynamic 
damping was included in calculations of the wave motions by 
applying aeroB (Eq. (10)) for the appropriate wind speed, and 
Eq. (9), respectively.  The bending moment histories from the 
wind-only and wave-only FD solutions were added to find the 
total bending moment histories due to the combined wind and 
wave loading. The surge ( 1Y ) and pitch ( 5Y ) motions and 
accelerations are seen to deviate less than 15 % from the TD 
simulation. The difference between the three FDi models is 
due to the way flexural dynamics of the tower is treated. FD1 
represents a rigid model while FD2 includes both wind and 
motion excited dynamics of the tower. FD3 accounts for 
flexural dynamics due to wind induced rotor force as well.  
Low frequent wind induced accelerations was underestimated, 
probably due to linearization of the wind force. Figure 12 
shows the error in standard deviation of tower bending 
moment, motions and accelerations, averaged over 10 seeds, 
when compared to TD simulations. The model FD3 gave the 
best results, slightly better than FD2. The percentage error in 
fatigue damage estimates are about 3-5 times larger than 
uncertainties in the stress level, since fatigue damage is 
proportional to stress to the power 3-5.  

 

 
Figure 12. Combined wind- and wave induced responses. 
Errors in FD estimates compared to TD simulations (mean 

value over 10 samples). Results are shown for FD1-FD3 for 
tower response, in terms of standard deviation (Std) of stress 

and fatigue damage  [69]. 

4.5 Analysis of the wind turbine response experiencing 
fault conditions 

Wind turbines are subjected to faults and failures in their 
lifetime.  A vast number of sensors are installed on a modern 
wind turbine to detect and isolate faults. Faults such as 
bearing wear or gear tooth wear are hard to detect at early 
stages, but they may result in a total breakdown of drivetrain 
 [75]. The EU Reliawind project provided wind turbine 
reliability profiles by analyzing the long-term operational data 
and fault records of 350 onshore wind turbines  [76]. The pitch 
system has the highest failure rate among the components.  
Because of this, the contribution of the pitch system fault to 
downtime is also large.  There exist a suite of techniques for 
fault detection and isolation.   Upon the detection of faults, the 
supervisory controller selects a remedial action based on 
existing protection strategies. If the fault is controllable, it will 
be accommodated by techniques such as signal correction and 
fault tolerant control.   If the situation is severe and the turbine 
is not in a safe state, the supervisory controller brings the 
turbine to stop. In the worst case, if the main control system 
fails to stop the turbine safely, the safety system takes over. It 
normally consists of a hard-wired fail-safe circuit linking a 
number of normally open relay contacts  [3]. If any of the 
contacts is lost, the safety system trips, causing the 
appropriate fail-safe actions to operate. In the present context 
it is assumed that severe faults are detected and actions to get 
the turbine is taken.   Turbine shutdowns can either be normal 
or emergency. For emergency shutdown, the common practice 
is to pitch all blades to feather simultaneously at the 
maximum pitch rate. 

   For land-based and floating wind turbines, the change of 
the aerodynamic loads is the key driver to the dynamic 
responses of turbines in fault and shutdown conditions. Figure 
13 illustrates the aerodynamic loads on a pitching blade and a 
seized blade at two time instants during the shutdown process. 
Here, α  is the angle of attach (AOA), pθ is the pitch angle, 

0V  is the inflow wind velocity, rω  in the Figure 13b is the 
rotor speed, and W is the relative velocity. Figure 13b shows 
that a feathering blade experiences a drop of the AOA due to 
the pitching of the blade. The direction of the lift force and 
torque are also reversed as the rotor slows. Compared to the 
pitching blades, a seized blade experiences an increase of 
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AOA during shutdown. Therefore, the directions of the 
aerodynamic forces do not reverse rapidly. The pitching 
blades create large aerodynamic excitation into the wind, and 
the seized blade leads to imbalanced loads on the rotor plane, 
as shown in Figure 13c (right). 

 
a) Feathered and seized blade 

 
b) Aerodynamic loading on a pitching blade 

 
c) Schematic of the rotor blades during emergency 

shutdown: 3 pitching blades (left), 2 pitching blades 
and 1 seized blade (right). 

Figure 13. Aerodynamic loads in fault conditions  [77]- [79]. 

Design of wind turbines according to  [17] should include 
considerations of the transient responses caused by faults, e.g. 
grid loss and blade blockage due to loss of pitch control.   
Figure 14 shows the bottom moment response in the tower of 
a land based turbine when a blade blockage occurs at the time: 
400s. After a time delay of 0.1dT = s, an emergency shutdown 
takes place. The tower bottom bending moment has a change 
in the mean values during this event. The large negative 
bending moment is caused by the aerodynamic forces acting 
at the tower top during the three-blade shutdown. The first 
tower fore-aft natural bending frequency can be observed in 

the shutdown process. Significant main shaft bending moment 
is caused by the imbalanced load acting on the rotor plane.  If 
one blade is seized and hindered from the normal pitch-to-
feather activity, the transient response for both fault cases is 
seen to be large. Obviously the response would also depend 
on in which instant it occurs in relative to the steady response.     

Figure 15 shows the sensitivity of the moment response as a 
function of the pitch rate during shutdown and compared with 
the response for idling rotor “in survival condition”. 

 
Figure 14. Time series of the structural responses, Uw=17 

m/s, TI=0.2 s, Tf=400 s, Td=0.1 s, Pr=8°/s, land-based wind 
turbine, HAWC2 simulation  [78]. 

 
Figure 15. Effect of shutdown procedures on the tower bottom 

bending moment, Uw=20 m/s, TI=0, Tf=400 s, land-based 
wind turbine, Simo-Riflex-AeroDyn simulation. GS0 means 

that the grid is disconnected, GS1 means that the grid is 
disconnected, but the mechanical braking is used, and GS2 

means that the generator is connected during shutdown. Type 
1 and Type 2 are the one-stage and two-stage shutdown, 

respectively. In this case, the use of grid connection reduce 
the response extremes even at a high pitch rate  [78]. 

In Figure 16 extreme response in the upper part of the 
tower, which corresponds to the shaft bending moment, for 
land-based and floating wind turbines are compared, 
considering extreme environmental and fault conditions. The 
metocean conditions are specified in Table 1 and the fault 
cases A-D are defined as follows: 

A) Fault-free: normal power generation in ECs F1-F5 
and F7, idling in EC F6 (see Table 1). 
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B) Blade seize: the pitch actuator of one blade is 
blocked at time ft  and the turbine continues to 
operate, with the controller trying to maintain the 
desired rotational speed by pitching the other two 
blades. 

C) Blade seize followed by shutdown: the pitch actuator 
of one blade is blocked at time ft , and the controller 
reacts by shutting down after detection time dt . 

D) Grid loss followed by shutdown: the grid is 
disconnected at time ft , and the controller reacts by 
shutting down after detection time dt . 

When shutdown occurs, the grid is disconnected and all 
lades with working actuators are pitched to feather (90º) at the 
pitch rate PR. In the current work, the pitch rate during 
shutdown is chosen to be PR = 8 deg/s, the maximum pitch 
rate suggested in  [29]. The pitch rate can have a significant 
impact on the loads and motions, as studied by Jiang et al. 
 [77]- [79]. 

For fault types B, C, and D, the fault occurred after 400 
seconds of normal operation. An additional 600 seconds after 
fault were simulated in order to capture several subsequent 
cycles of low-frequency events. For fault types C and D 
with 0.1dt = second, which is approximately 10 times the 
sampling frequency of the controller  [80]. 

Table 1: Metocean/Fault conditions. The wind and wave 
direction is in the positive x-direction, and the wind speed is 
reported for the hub height. The NTM and ETM models are 

applied for Class C. 

 

 
Figure 16. Expected maximum tower top side-side bending 

moment for all platforms and conditions. F1-5 are shown with 
bars (A), diamonds (B), open circles (C), and triangles (D). 
The expected maxima for F6 and F7 for each concept are 

shown as horizontal lines for comparison  [80]. 

4.6 Drivetrain responses 
Global response analyses of wind turbines are generally 
carried out with a simple model of the drivetrain.   In order to 
shed light on the effect of global responses on the drivetrain a 

comparative study of the response of a 750 kW drivetrain 
 [41],  [42] on an onshore and a floating spar turbine (in Figure 
17) has been assessed by Xing et al.  [81]. The drivetrain 
studied is a high speed generator, one stage planetary, two 
stage parallel and three-point support type. The response 
analysis is carried out in two steps. First, global aero-hydro-
elastic-servo time domain analyses are performed using 
HAWC2. The main shaft loads are obtained in this integrated 
wind-wave response analysis. These loads are then used as 
inputs for the multibody drivetrain time domain analyses in 
SIMPACK, see e.g.  [42]. 

Figure 18 shows the percentage difference in the standard 
deviations of the shaft loads that have the largest influence on 
the internal drivetrain responses, for the floating and land-
based wind turbines. These differences are largest for the low 
speed planetary stage, but do also propagate to the 
intermediate and high speed stage in some load cases. 
Comparisons of the frequency spectra show that wave-
induced responses appear both in the main shaft loads and 
internal drivetrain response variables. Main shaft non-torque 
loads are very important in the prediction of accurate internal 
drivetrain responses, in particular for the bearing loads and 
gear displacements. 

 
Figure 17. The floating spar support for the 750 kW turbine 

 [43].  

 
Figure 18. Comparison of the standard deviation of the 

response of the main shaft in the floating and land based wind 
turbines  [42],  [43]. 

This drivetrain is further studied using an uncoupled model 
for the drivetrain on a land-based turbine focusing on the 
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contact forces on gear teeth surface  [82]. In this analysis the 
FAST code  [47] was applied for the global analysis 
representing the drivetrain by a spring and damper. The 
results from the global analysis are used as input in the multi-
body model of the drivetrain created in SIMPACK. The multi-
body analysis provides integrated loads and displacements. 
Further treatment is needed e.g. regarding gear teeth and 
bearing load distribution as dealt with in  [82]- [84]. The gear 
contact forces are applied to estimate fatigue damage and 
reliability, e.g. Dong et al.  [82] and Nejad et al.  [84]. Figure 
19 presents the contribution of each wind speed to the long-
term service life fatigue damage of gears in a 5 MW pitch 
controlled wind turbine.  

 
Figure 19. Contribution of each wind speed to the long-term 

20-years gear tooth root damage  [84]. 

The structural reliability has been applied in offshore wind 
turbine gearbox analysis considering load and response 
random variables and model uncertainties. In Table 2, the 
service life probability of failure and reliability index ( β ) of 
the gear tooth root for a 5 MW gearbox is presented  [84]. 

Table 2: Service life reliability index and probability of failure 
of gear tooth root in a 5 MW gearbox. 

Stage Gear β  ( )210fP −×  

1 
Sun gear 2.21 1.35 
Planet gear 2.90 0.19 
Ring gear 3.35 0.01 

2 
Sun gear 2.21 1.35 
Planet gear 2.96 0.15 
Ring gear 3.24 0.06 

3 Pinion 2.21 1.35 
Gear 2.72 0.33 

 
Response Surface Methodology is convenient to deal with 

to parameterize the load effects in conjunction with fatigue 
and reliability analysis. The long-term extreme load analysis 
of gears in operational condition is also investigated, e.g.  [83]. 
Moreover, studies have been performed to assess the bearings 
of the drivetrain  [85] and manufacturing imperfections in 
gears  [86]. 

The load and load response approach in drivetrains has been 
further employed in wind turbine drivetrain maintenance 
planning and condition monitoring. In Ref.  [87] an inspection 
plan is developed based on the gear and bearing fatigue 

damage – see Figure 20 – or in Nejad et al.  [88] a prognostic 
method for fault detection in wind turbine gearboxes is 
presented. 

 
Figure 20. Ranking of wind turbine gearbox components 

according to fatigue damage  [87]. 

The methodology applied for mechanical drivetrains have 
also been extended to hydraulic  [59] and direct drivetrains 
 [89]. 

5 CONCLUSIONS  
This paper deals with dynamic analysis for design of bottom-
fixed and floating wind turbines and especially methods for 
integrated analysis of wind turbine concepts. Some features 
relating to the aerodynamics of rotors with icing and the 
aerodynamics of floating wind turbines have been considered. 

It is important to have a controller to avoid the ‘negative 
damping’ effect from the thrust force for wind speeds larger 
than the rated one and thus limit the pitch motion for the spar 
wind turbine. The effect of such a controller on the pitch 
motions of the semi-submersible or the tension-leg wind 
turbine, is small. 

Some hydrodynamic features relating to sum frequency 
excitation of tension-leg structures and Mathieu instability for 
spars are highlighted but don’t seem to be of concern for the 
concepts considered herein, but should be kept in mind. 

Moreover, the accuracy of simplified hydrodynamic 
modelling based on slender body theory and aerodynamic 
modelling based on the rotor thrust only and a mimic of the 
controller, is addressed. 

A simplified aerodynamic model is validated and shown to 
be two orders of magnitude faster than the full aerodynamic 
analysis and hence suitable for conceptual studies of global 
behavior of the support structure/tower. However its 
limitations regarding assessment of the response of the rotor 
and drivetrain, should be observed. 

However, the need to do a fully coupled analysis especially 
for large turbines is recognized. Uncoupled analysis of global 
behavior and e.g. drivetrain is shown to be necessary to keep 
computational efforts at a reasonable level. 

It is shown that a drivetrain supported by a floating support 
structure will have larger response than the land-based one, 
especially larger standard deviation, and should be further 
pursued. 

Also, the effect of faults in the drivetrain system is 
investigated. Due to the possible significant response caused 
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by faults,  more work needs to be carried out in the future to 
establish relevant fault conditions for floating wind turbines 
and estimate their effect on the response and hence, the 
turbine design.   
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ABSTRACT: Wind turbines are exposed to highly dynamic loads that cause fatigue and extreme load effects which are subject 

to significant uncertainties. Further, reduction of cost of energy for wind turbines are very important in order to make wind 

energy competitive compared to other energy sources. Therefore the turbine components should be designed to have sufficient 

reliability with respect to both extreme and fatigue loads also not be too costly (and safe). This paper presents models for 

uncertainty modeling and reliability assessment of especially the structural components such as tower, blades, substructure and 

foundation considering especially fatigue loads. The function of a wind turbine is highly dependent on many electrical and 

mechanical components as well as a control system also reliability aspects of these components are discussed and it is described 

how there reliability influences the reliability of the structural components. Illustrative examples are presented considering 

uncertainty modeling and reliability assessment for structural wind turbine components exposed to extreme loads and fatigue, 

respectively. 

KEY WORDS: Wind turbines, Reliability, Fatigue. 

1 GENERAL GUIDELINES 

The structural response of wind turbines is highly dependent 

on the wind turbulence, aerodynamics, structural dynamics 

and the control system applied. Wind turbines can be 

considered as structures that are in between civil engineering 

structures and machines since they consist of structural 

elements and a number of electrical and machine components 

together with a control system. Further, a wind turbine is not a 

one-of-a-kind structure but manufactured in series production 

after tests of prototypes and 0-series turbines. These 

characteristic influences the reliability assessment where 

focus in this paper is on the structural elements. However, the 

reliability of the electrical, machine and control components 

also influences the reliability assessment of the structural 

components since failure of these components influences the 

loads on the structural elements through modified dynamics. 

Design of wind turbines is basically done based on the IEC 

61400 series of standards, where IEC 61400 2005, [1] is the 

basic standard specifying the requirements to structural 

reliability. 

Cost Of Energy is very important for wind energy, 

especially when comparing to other renewable energy 

sources. Therefore much focus is on cost reductions and 

improved reliability both for offshore and onshore wind 

turbines. In traditional deterministic design based on design 

standards, the structural costs are among other things 

determined by the value of the partial safety factors, which 

reflects the uncertainty related to the design parameters and 

the reliability level required. Improved design with a 

consistent reliability level for all components can be obtained 

by use of probabilistic design methods with explicit 

accounting for uncertainties connected to loads, strengths and 

calculation methods, incl. dynamics. In probabilistic design 

the single components are designed to a level of reliability, 

which accounts for an optimal balance between failure 

consequences, cost of operation & maintenance, material 

consumption and the probability of failure. Furthermore, using 

a probabilistic design basis it is possible to design wind 

turbines such that site-specific information on climate 

parameters can be used.  

As mentioned above the reliability of the electrical and 

mechanical components are also very important. The 

following references describe statistics and methods for 

reliability assessment of these components, see e.g. [2], [3], 

[4], [5] and [6]. General descriptions on reliability assessment 

of wind turbines concentrating mostly on the structural 

components and application of structural reliability methods 

can be found in e.g. [7], [8], [9], [10] and [11]. 

In section 2 the main design load cases to be considered in 

design of wind turbine components are briefly described. 

Uncertainty modeling of the main uncertainties related to 

structural wind turbine components are considered in section 

3 and section 4 presents reliability modeling and assessment 

of the main design load cases discussed in section 2. 

The target reliability level for wind turbine structural 

components is discussed in section 5. Next, section 6 and 7 

present two examples with uncertainty modeling, reliability 

assessment and calibration of partial safety factors for 

structural components exposed to fatigue and extreme loads, 

respectively. 

2 DESIGN LOAD CASES 

Following e.g. IEC 61400-1 2005, [1] wind turbines are 

generally designed for the following load cases: 

 Failure during normal operation in DLC 1 due to 

o extreme load, or  

o fatigue 

Reliability analysis of wind turbines exposed to dynamic loads 
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 Failure under fault conditions (e.g. failure of electrical / 

mechanical components or loss of grid connection) in 

DLC 2 due to 

o extreme loads, or  

o fatigue 

 Failure during start up, normal shut down or emergency 

shut down, DLC 3, 4 and 5 

 Failure when the wind turbine is idling / parked and does 

not produce electricity. Failure can be by extreme loads 

or by fatigue, DLC 6 

 Failure during transportation and installation, DLC 7 

 Failure during transport, assembly, maintenance and 

repair, DLC 8 

For stochastic modelling of extreme loads in DLC 1 

statistical load extrapolation can be applied. The characteristic 

load is determined as the load that on average occurs once 

every 50 years – corresponding to a return period of 50 years. 

The structural loads on onshore wind turbines during 

operation are dependent on (among other things): 

 Mean wind speed, 

 Turbulence intensity, 

 Aerodynamics, 

 Structural dynamics, and 

 Control system 

Several methods for determining the long-term distribution 

for the load by statistical load extrapolation have been 

proposed. Common for the methods is that they use a limited 

number of 10 minutes simulations of the structural, dynamic 

response for the statistical load extrapolation, see e.g. [12], 

[13], [14] and [15]. 

For reliability modeling a wind turbine can be modeled as a 

system of components. The model can be extended to include 

more wind turbines in a larger system, e.g., a wind farm. The 

components can generally be divided in two groups: 

Electrical and mechanical components where the 

reliability typically is modeled using classical reliability 

models, i.e. the main descriptor is the failure rate,   and the 

Mean Time between Failure, MTBF = 1/  . Further, the bath-

tub model is often used to describe the time dependent 

behavior of the hazard rate. The reliability is typically 

modeled by a Weibull distribution. Using e.g. FMEA (Failure 

Mode and Effect Analysis) or FTA (Failure Tree Analysis), 

system models can be established and the systems reliability 

can be estimated, see e.g. [2].  

Structural elements such as tower, main frame, blades and 

the support structure / foundation are characterized by the 

possibility to formulate limit state equations defining failure 

or unacceptable behavior. Failure of the foundation can e.g. be 

overturning, sliding or excessive deformation. Failure of a 

blade could e.g. be buckling or and delamination of laminates. 

The parameters in the limit state equation  Xg  are assumed 

to be modeled by n stochastic variables  nXX ,...,1X .  

3 UNCERTAINTY MODELING 

The parameters subject to uncertainty are assumed to be 

modeled by stochastic variables and/or stochastic processes / 

stochastic fields. The uncertainties are divided in the 

following groups: 

Physical uncertainty (aleatory uncertainty) is related to the 

natural randomness of a quantity, for example the annual 

maximum mean wind speed or the uncertainty in the yield 

stress due to production variability. 

Measurement uncertainty (epistemic uncertainty) is related 

to imperfect measurements of for example a geometrical 

quantity. 

Statistical uncertainty (epistemic uncertainty) is due to 

limited sample sizes of observed quantities. Data of 

observations are in many cases scarce and limited. Therefore, 

the parameters of the considered random variables cannot be 

determined exactly. They are uncertain themselves and may 

therefore also be modeled as random variables. Are additional 

observations provided then the statistical uncertainty may be 

reduced.  

Model uncertainty (epistemic uncertainty) is the 

uncertainty related to imperfect knowledge or idealizations of 

the mathematical models used or uncertainty related to the 

choice of probability distribution types for the stochastic 

variables. Some of the most important model uncertainties for 

structural reliability assessment of wind turbine components 

are related to site assessment and the aerodynamic models. 

The above types of uncertainty are usually treated by the 

structural reliability methods as mentioned above. Another 

‘type’ of uncertainty which is not covered by these methods is 

gross errors or human errors. These types of errors can be 

defined as deviation of an event or process from acceptable 

engineering practice and is generally handled by quality 

control measures. 

The reference period for the use of the stochastic model is 

important when modeling stochastic variables and processes. 

It is often assumed that ergodic stochastic processes may be 

used. However, the influence of long-term effects (e.g. 

climate change) may also need to be considered.  

4 RELIABILITY MODELING 

For structural components the probability of failure, fP  can 

be estimated using Structural Reliability Methods, e.g., 

FORM/SORM/simulation methods, see e.g. [16], [17] and 

[18]: 

      0XgPPf  (1) 

where   is the reliability index and    is the standard 

Normal distribution  

An important part of a wind turbine is the control system 

which controls the energy output and limits the dynamic load 

effects in the structural wind turbine components. Failure of 

the control system can be very critical for both the 

electrical/mechanical and the structural components since the 

loads on these can increase dramatically e.g., loss of torque 

due to failure in control system may cause problems in blades 

or tower-nacelle motion which again may imply large 

edgewise vibrations in the blades. Therefore the reliability of 

the control system should be included in a reliability 

assessment of the whole wind turbine system.  

In case of fault of e.g. an electrical component an increase of 

the load level of the structural components may occur. The 

probability of failure per year for a structural component 

considering e.g. grid loss can be obtained from: 
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    loss gridloss grid, annualiif PFPP   (2) 

where 

 loss gridiFP  is the probability of failure of component i 

given loss of grid 

 loss gridannualP  is the probability per year of loss of grid 

connection  

The grid loss annual failure rate may alternatively be 

estimated directly based on the observed data resulting in a 

mean annual failure rate of grid loss, loss grid  and the annual 

failure rate obtained from 

   loss gridloss grid
1

 iF FP  (3) 

Considering the load case where the wind turbine is parked, 

loss of the grid occurs and structural failure are modeled by an 

ultimate limit state in DLC 6.2. The annual failure rate for this 

DLC can be estimated from:  

   loss grid, loss grid windextreme
1

 







 

j
jjiF PFP  (4) 

where 

 loss grid windextreme, jiFP  is the probability of failure 

for a specific failure mode, j with extreme wind speed 

and ‘misalignment position’ i at grid loss 

iP  is the probability of at ‘misalignment position’ i at grid 

loss 

 

 loss grid windextreme, jiFP  can be estimated by 

structural reliability methods (FORM / SORM / simulation) 

for a specific failure mode modeling the mean wind speed as 

the annual extreme wind speed.  

The annual probability of failure can approximately be 

estimated by: 

  
11

exp1 FFP   (5) 

The above models can easily be extended to other fault types 

and to fatigue failure and can be used for direct assessment of 

the reliability of structural components of wind turbines, for 

planning of operation and maintenance and for calibrating the 

design rules in standards.  

5 TARGET RELIABILITY LEVEL 

The target reliability level for structural wind turbine 

components can be given in terms of a maximum annual 

probability of failure (i.e. reference time equal to 1 year) or a 

maximum lifetime probability of failure (i.e. for wind turbines 

a reference time equal to 20 – 25 years). 

In the Eurocodes, EN 1990 2002, [19] the target annual and 

lifetime failure probabilities (reliability indices) probability of 

failure are indicated to 10-6 (β = 4.7) and (50 years) to 10-4 (β 

= 3.8) for ultimate limit states, respectively. For fatigue the 

lifetime (50 years) target failure probability is indicated to 

0.06 – 10-4 (β = 1.5 - 3.8) depending on possibility for 

inspections and the criticality.  

JCSS, [18] recommends reliability requirements based on 

annual failure probabilities for structural systems for ultimate 

limit states. These are based on optimization procedures and 

on the assumption that for almost all engineering facilities the 

only reasonable reconstruction policy is systematic rebuilding 

or repair. 

 

Table 1. Tentative target failure probabilities (and associated 

reliability indices β) related to a one year reference period and 

ultimate limit states, JCSS 2002, [18]. 

Relative 

cost of 

reducing 

the failure 

probability 

Minor 

consequences 

of failure 

Moderate 

consequences 

of failure 

Large 

consequences 

of failure 

Large  10-3 5 10-4 10-4 

Normal  10-4 10-5 5 10-6 

Small  10-5 5 10-6 10-6 

 

In Table 1 tentative target annual failure probabilities are 

given for ultimate limit states based on recommendations of 

JCSS (Joint Committee Structural Safety – Probabilistic 

Model Code), [18]. The values are associated with the 

stochastic models recommended in [18]. The target annual 

failure probabilities are specified as a function of the relative 

costs of reducing the failure probability and the consequence 

of failure. It should be noted that this table can be applied both 

for failure modes involving individual components as well as 

failure modes involving system failure. 

It should also be noted that the β-values (and the 

corresponding failure probabilities) are formal / notional 

numbers, intended primarily as a tool for developing 

consistent design rules, rather than giving a description of the 

structural failure frequency. E.g. the effect of human errors is 

not included. 

For wind turbines the risk of loss of human lives in case of 

failure of a structural element is generally very small. Further, 

it can be assumed that wind turbines are systematically 

reconstructed in case of collapse or end of lifetime. In that 

case also target reliabilities based on annual probabilities 

should be used, see [18]. 

It is assumed that for wind turbines: 

 A systematic reconstruction policy is used (a new wind 

turbine is erected in case of failure or expiry of lifetime). 

 Consequences of a failure are only economic (no fatalities 

and no pollution). 

 Cost of energy is very important which implies that the 

relative cost of safety measures can be considered large 

(material cost savings are important). 

 Wind turbines are designed to a certain wind turbine class, 

i.e. not all wind turbines are ‘designed to the limit’. 

Based on these considerations an appropriate target 

reliability level corresponding to a minimum annual 

probability of failure is considered be 510-4 (annual reliability 

index equal to 3.3). 

6 OPERATION AND MAINTENANCE 

Especially for offshore wind turbines costs related to 

Operation & Maintenance (OM) are a major contributor to the 

life-cycle costs. Therefore, it is important to be able to 

estimate the expected costs to OM accounting for the 
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probability of failure of all wind turbine components for 

failure events that can imply a need for maintenance or repair. 

In preventive OM strategies it is furthermore important to 

include the costs to inspections and monitoring and to take the 

reliability of these methods into account.  

In a risk based formulation to obtain the optimal strategy for 

planning OM the uncertainties are modeled by stochastic 

models as described above and the probability of failure of the 

wind turbine components are directly included. The optimal 

strategy is obtained as the strategy which minimize the 

expected value of the Levelized Production Costs (LPC) 

taking into account eventual minimum safety requirements to 

the reliability: 
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where 

.E  expectation with respect to the stochastic variables 

X  

 Xz,B  benefits / income from energy production 

discounted to time of decision 

 Xz,TC  is the total discounted costs during the design 

lifetime LT  (not incl. cost of evt. collapse) 

 ziFP ,  probability of failure of component i 

iFP ,max,  maximum acceptable failure rate of component i 

 

(6) is estimated using estimates of the failure probabilities 

as described above and taking into account deterioration 

mechanisms of the components, e.g. sue to fatigue. 

Furthermore, the cost and reliability of inspection and 

monitoring methods have to be accounted for. 

7 EXAMPLE 1 - RELIABILITY ANALYSIS AND 

CALIBRATION OF SAFETY FACTORS FOR 

FATIGUE 

Fatigue is a critical failure mode for welded details for 

offshore wind turbine steel substructures, especially if joints 

with high stress concentrations are used. This example 

describes reliability assessment accounting for dynamic load 

effects and reliability-based investigations to assess the 

required safety factors to be used for design for fatigue, see 

[11], [10] and [21] for details.  

Design equations have to be established for deterministic, 

semi-probabilistic design. Further, the corresponding limit 

state equations to be used for reliability assessment are 

needed. In the limit state equations uncertain parameters are 

modelled as stochastic variables. In the design equations 

partial safety factors for fatigue strength and load or 

equivalently Fatigue Design Factors (FDF) are used to secure 

the required reliability level.  

Since design and limit state equations are closely related a 

detailed model of the fatigue damage is generally not needed 

for reliability-based assessment of fatigue safety factors. It is 

‘only’ important to model the dependency on the uncertain 

parameters and the uncertain parameters themselves carefully. 

In this example is considered the case with wind load 

dominating and no wake effects taken into account. In [20] 

more detailed models and results are shown for the cases: 1) 

wave load dominating; 2) wind load dominating for a single 

wind turbine; 3) wind load dominating for a wind turbine in a 

wind farm. SN-curves and Miner’s rule with linear damage 

accumulation are used as recommended in most relevant 

standards, e.g. IEC 61400-1:2005, [1] and ISO 19902:2007, 

[22]. The following probabilistic models used in this example 

are mainly based on [21]. 

If a linear SN-curves is considered the SN relation is 

written 

   m
KN


   (7) 

where N  is the number of stress cycles to failure with 

constant stress ranges  . K  and m  are dependent on the 

fatigue critical detail. 

For a wind turbine in free wind flow the design equation in 

deterministic design is written 

        0/ˆ;
 

1)( 


  dUUfzUUmD
K

TFDF
zG UuL

U

U C

L
out

in





(8) 

where  

z   is a design parameter (e.g. proportional to cross 

sectional area) 

    dsUsfsmD m

L )(;
0

  



   (9) 

 is the expected value of m  given standard deviation 

  and mean wind speed U  

   is the total number of fatigue load cycles per year 

(determined by e.g. rainflow counting) 

LT   is the design life time 

FDF  is the Fatigue Design Factor (equal to m

mf )(   where 

f  and m  are partial safety factors for fatigue load 

and fatigue strength) 

CK   is the characteristic value of K  (here assumed to be 

obtained from CKlog  as mean of Klog  minus two 

standard deviations) 

inU   is the cut-in wind speed (typically 5 m/s) 

outU   is the cut-out wind speed (typically 25 m/s) 

 )(Usf    is the density function for stress ranges given 

standard deviation of )(U  at mean wind speed U . 

This distribution function can be obtained by e.g. 

rainflow counting of response, and can generally be 

assumed to be Weibull distributed, see below.  

 

It is assumed that the standard deviation )(U  can be 

written: 

  
 
z

U
UU u   )(  (10) 

where  

)(U  is the influence coefficient for stress ranges given 

mean wind speed U  
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)(Uu    is the standard deviation of turbulence given mean 

wind speed U . 

)(Uu  is modelled as LogNormal distributed with 

characteristic value )(ˆ Uu  defined as the 90% quantile and 

standard deviation equal to 4.1refI  [m/s]. The characteristic 

value of the standard deviation of turbulence, )(ˆ Uu  given 

average wind speed U  is modelled by, see IEC 61400-

1:2005, [1]: 

  bUIU refu  75.0)(̂   ; b = 5.6 m/s (11) 

where refI  is the reference turbulence intensity (equal to 0.14 

for medium turbulence characteristics) and û  is denoted the 

ambient turbulence. 

The corresponding limit state equation is written 

 
      

    dUdUfUf

zUUmDXX
K

 t
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u

out
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(12) 

where  

  is a stochastic variable modelling the model 

uncertainty related to the Miner rule for linear damage 

accumulation 

t   is time in years 

WindX  is the model uncertainty related to assessment of the 

fatigue wind load effects and is due to uncertainties 

related to site assessment, assessment of lift and drag 

coefficients, dynamic response calculations, ... 

SCFX  is the model uncertainty related to local stress analysis 

given global fatigue load effects 

)(Uu standard deviation of turbulence given average wind 

speed U .  

The design parameter z  is determined from the design 

equation (8) and next used in the limit state equation (12) to 

estimate the reliability index or probability of failure with the 

reference time interval ];0[ t . 

Next, it is assumed that the SN-curve is bilinear (thickness 

effect not included) with slope change at 610 5DN : 

 
D

m

D

m

SSKN

SSKN












for

for

2

1

2

1  (13) 

where 11,mK  material parameters for DS   and 

22 ,mK  material parameters for DS  . The quantile 

defining the characteristic values for 1K  and 2K  is chosen to 

2.3%. 

The fatigue strength F  is defined as the value of S  for 

610 2 DN : 
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In case the SN-curve is bilinear  ;mDL  in design 

equations and limit state equations is exchanged with  
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(15) 

(9) and (15) can easily be modified to include a lower 

threshold th . Further, the SN-curves can also be extended 

with a modification factor taking into account thickness 

effects. 

If one fatigue critical detail is considered then the annual 

probability of failure is obtained from: 

  tPPP tF year in  failure Fatigue
FATCOL,   (16) 

where  tP year in  failure Fatigue  is the probability of failure 

in year t and 
FATCOL

P  is the probability of collapse of the 

structure given fatigue failure - modelling the importance of 

the detail. 

The probability of failure in year t given survival up to year 

t is estimated by 

       0)(/0)1(0)(
FATCOL,  tgPtgPtgPPP tF

 (17) 

where the limit state equation is given in (12). 

Given a maximum acceptable probability of failure 

(collapse), max,FP the maximum acceptable annual 

probability of fatigue failure (with one year reference time) 

and corresponding minimum reliability index become: 

 
FATCOLmax,max,, / PPP FFATF   (18) 

  FATFFAT P max,,

1

min,    (19) 

where   1
  is the inverse standard Normal distribution 

function. 
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Figure 1. Number of load cycles in a 10 minutes period for 

mudline bending moment. Mean wind speed equal to 14 m/s. 

 

Figure 1 shows a typical distribution of stress ranges for a 

pitch controlled wind turbine for tower bending moments, see 

[21]. The stress ranges can generally be modelled by a 

Weibull distribution. The Weibull shape coefficient k is 

typically in the range 0.8 – 1.0. These results are for cases 

where the response is dominated by the “background” 

turbulence in the wind load. For the results shown below it is 

assumed that the stress ranges are Weibull distributed with 

shape coefficient k = 0.8. The number of load cycles per year 

is   = 710 . 
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Table 2. Stochastic model. N: Normal; LN: Lognormal; D: 

Deterministic. 

Variable Dist. Mean  Std. Dev. 

/ COV 

Comment  

  N 1 
COV  = 

0.30 

Model uncertainty 

Miner’s rule 

WindX  LN 1 
WindCOV   Model uncertainty 

wind load 

SCFX  LN 1 
SCFCOV   Model uncertainty 

stress concentration 

factor 

1m  D 3  Slope SN curve 

1log K  N from 

D  
1log K  = 

0.2 

Parameter SN curve 

2m  D 5  Slope SN curve 

2log K  N from 

D  
2logK  = 

0.2 

Parameter SN curve 

F  D 71 

MPa 

 Fatigue strength 

1log K  and 2log K  are fully correlated 

 

The stochastic model shown in Table 2 is considered as 

representative for a fatigue sensitive detail, see [21]. It is 

assumed that the design lifetime is LT  = 25 year. 

In figure 2 is shown a typical example for a pitch controlled 

wind turbine of zU /)(  =   UU u  /)( , see (8). The 

ratio is seen to be non-linear due to the effect of the control 

system. 
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Figure 2.  UU u  /)(  for mudline bending moment – 

pitch controlled wind turbine accounting for dynamics. 

 

The mean wind speed is assumed to be Weibull distributed: 

  























k

U
A

u
uF exp1  (20) 

with A = 9.0 m/s and k = 2.3. It is assumed that the reference 

turbulence intensity is refI =0.14. 

 

 

 

 

 

Table 3. Required partial safety factors mf   given FATmin,  

as function of COV for fatigue load. 

loadCOV  

FATmin,   
0,00 

 

0,05 

 

0,10 

 

0,15 

 

0,20 

 

0,25 

 

2,6 (5 10-3) 0,91 0,92 0,94 0,98 1,01 1,04 

3,3 (5 10-4) 1,04 1,06 1,12 1,21 1,32 1,43 

 

Using max,FP  = 5 10-4 (normal/high consequence of 

failure) and 5 10-3 (low consequence of failure) as annual 

maximum probabilities of failure, the corresponding reliability 

indices are 3.3 and 2.6. Table 3 shows the required product of 

the partial safety factors mf   as function of the total 

coefficient of variation of the fatigue load: 

22

SCFWindload COVCOVCOV  . It is seen that the required 

partial safety factor product, mf   highly depends on the 

coefficient of variation for the fatigue load, loadCOV . If 

loadCOV  is in the range 15-20% then a partial safety factor 

equalto1,25 is obtained for the target failure probability equal 

to 5 10-4.  Information about assessment of WindCOV  and 

SCFCOV  can be found in [23] and [20]. 

8 EXAMPLE 2 - RELIABILITY ANALYSIS FOR 

EXTREME LOADS 

This section describes an example where the following 

generic limit state equation for extreme load effects (ultimate 

limit states) in operation or standstill / parked is considered, 

see [24], [25] and [26]: 

   LXXXXaRbzg straerodyn exp    X,  (21) 

where 

z  design parameter, e.g. cross-sectional area 

 R  model for the load bearing capacity / resistance 

  model uncertainty for resistance assumed to have a 

mean value equal to 1 and coefficient of variation V  

b   bias in the resistance model,  R   

X  vector of random variables (e.g. strength and stiffness 

parameters) 

a  set of deterministic variables, e.g. geometrical 

parameters 

Xdyn  uncertainty related to modeling of the dynamic 

response, including uncertainty in damping ratios and 

eigenfrequencies 

Xexp  uncertainty related to the modeling of the exposure 

(site assessment) - such as the terrain roughness and 

the landscape topography 

Xaero uncertainty in assessment of lift and drag coefficients 

and additionally utilization of BEM, dynamic stall 

models, etc 

Xstr  uncertainty related to the computation of the load-

effects given external load 

L extreme load-effect due to wind loads 

 

Note that for simplicity no permanent loads are introduced, 

but they could easily be included. For illustration it is assumed 
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that   RR  where R  represents the dominating strength 

parameter modeled as a stochastic variable. 

For wind turbines during operation the extreme load effect, 

L is obtained based on simulations at each mean wind speed 

of the turbulent wind field and accounting for aerodynamics, 

structural dynamics, and the control system settings. 

The long-term distribution of the extremes can be 

determined by two different approaches ‘fitting before 

aggregation’ or ‘aggregation before fitting.  

In the approach, ‘fitting before aggregation’, a local 

distribution function is fitted to the extremes for each mean 

wind speed and a long-term distribution function for the 

annual maximum load effect is obtained by weighting the 

short-term distribution functions using the mean wind speed 

distribution. The local distribution function models the 

distribution function for the extremes within a time series 

whereas the short-term distribution function denotes the 

distribution for the largest peak within a time series. The 

extremes can be extracted from the time series in different 

ways: 

 Global Maxima 

 Block Maxima 

 Peak over Threshold 

For the global maxima method only the largest extreme 

within each time series is extracted. In block maxima the time 

series (600s) are divided into six blocks with a length on 100s 

and the largest extreme from each block is extracted. The peak 

over threshold method extracts peaks above a certain 

threshold. In order to secure that the individual peaks are 

independent a time separation between the peaks of at least 

10s is generally applied. 

For the extracted peaks a local distribution function is 

fitted by e.g. the Maximum Likelihood Method. Several 

different local distributions can be used. However, the 3-

parameter Weibull distribution is often preferred. Other 

relevant distributions are the 2-parameter Weibull, Normal, 

Rayleigh and Gumbel distributions. Based on the local 

distribution the short-term distribution function for the 

maximum response, l within the time interval [0,T] is obtained 

from: 

    
 ,

| , | ,
n U T

short term localF l T U F l T U   (22) 

where n(U,T) is the expected number of independent peaks at 

the mean wind speed U within the time interval [0,T]. The 

long-term distribution for the maximum response within the 

time interval [0,T] can be determined from the short-term 

distribution by integrating over the mean wind speeds given 

by the density function: 

      | | ,
out

in

U

long term short term U

U

F l T F l T U f U dU    (23) 

The characteristic value of the response Lc with return 

period Tr (years) can then be determined from the long-term 

distribution by assuming that the individual time series are 

independent: 

  | 1
60 24 365

long term c

r

T
F L T

T
  

  
 (24) 

In the second approach ‘aggregation before fitting’ the 

number of time series at each mean wind speed is weighted 

according to the mean wind distribution. For each time series 

the peaks are extracted and the long-term distribution is fitted 

to the peaks. The peaks can be extracted from the time series 

in the same way as in the ‘fitting before aggregation’ 

approach. In the ‘aggregation before fitting’ approach the 

highest mean wind speeds are only represented by a very 

limited number of time series. For load cases where the 

highest loads occur around the nominal wind speed, this will 

generally not be a problem. However, for load cases where the 

highest loads occur close to the cut-off wind speed the limited 

number of simulations will lead to large statistical uncertainty 

on the long-term distribution. Typical coefficient of variations 

of the annual extreme load effect during operation are 

between 5 and 15%, see example in Figure 3. 

 

0 0.2 0.4 0.6 0.8 1
10

-3

10
-2

10
-1

10
0

Normalized Load [-]

E
x

ce
ed

en
ce

 P
ro

b
ab

il
it

y
 [

-]

 

 
Extrapolation

Weibull COV = 15%

 
Figure 3. Example of distribution function for annual 

maximum flap bending moment. 

 

The stochastic model in Table 4 is used as ‘representative’ 

and is partly based partly on [24].  

 

Table 4. Stochastic models for physical, model and statistical 

uncertainties. LN: Lognormal; G: Gumbel; W: Weibull. 

Vari-

able 

Dist. Me

an 

COV Quantile  Comment  

R  LN - 
RV  5% Strength 

  LN - 
V  Mean  Model uncertainty 

L – 

DLC 

1.1  

W - 0.15 0.98 Annual maximum 

load effect obtained 

by load 

extrapolation 

L – 

DLC 

6.1 

G - 0.2 0.98 Annual maximum 

wind pressure – 

European wind 

conditions 

Xdyn LN 1 0.05 Mean   

Xexp LN 1 0.15 Mean  

Xaero G 1 0.10 Mean   

Xstr LN 1 0.03 Mean   

 

The corresponding design equation for deterministic design 

is written  

 0
  

 kf

R

k L
Rbz




 (25) 

where 

Rk  characteristic value of load bearing capacity 

Lk  characteristic value of variable load 
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R   partial safety factor for resistance 

f  partial safety factor for load effect = 1.35 

 

Table 5. Partial safety factor for resistance. RV  = 0.10. 

V = 0,00 0,05 0,10 0,15 0,20 

DLC 1.1 1.12 1.14 1.20 1.29 1.43 

DLC 6.1 1.09 1.11 1.15 1.22 1.33 

 

Table 5 shows the partial safety factor for resistance, R  

calibrated to the target annual failure probability 5 10-4 

assuming the bias, b = 1, RV =0.10 for various values of the 

coefficient of variation for the model uncertainty, V . It is 

seen that the required partial safety factor, R  increases with 

the uncertainty of the model, V  and is almost constant as 

function of the uncertainty of the strength, RV . 

9 SUMMARY 

This paper describes basic aspects for reliability analysis of 

wind turbines with special focus on structural components. 

Based on the main design load cases to be considered in 

design of wind turbine components the corresponding 

reliability modeling is presented including the effects of the 

control system and possible faults due to failure of electrical / 

mechanical components and e.g. loss of grid connection. 

Further, the target reliability level for wind turbine structural 

components is discussed together with uncertainty modeling 

of the main uncertainties related to structural wind turbine 

components. 

Two examples are presented with uncertainty modeling, 

reliability assessment and calibration of partial safety factors 

for structural components exposed to fatigue and extreme 

loads. 
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ABSTRACT: There is much recent interest in reducing the environmental impact of aircraft, in particular through the 

ACARE2020 and FLIGHTPATH2050 initiatives.  The classical Breguet Range equation shows us that such a goal can only be 

achieved through the development of better engines, better aerodynamics and less weight.  This paper will argue that even 

greater benefits can be obtained by considering the aircraft design from a multi-disciplinary aeroelastic viewpoint. The use of a 

range of passive and active design approaches will be discussed to enable optimised aerodynamic performance throughout the 

entire flight envelope through illustration of a number of projects currently being undertaken at the University of Bristol.   

Examples include: morphing wings, use of Tow-Steered composite designs, robust composite designs and innovative structural 

designs and gust loads alleviation.  It is shown how consideration of coupled aeroelastic behaviour will enable improvements in 

future aircraft designs to be achieved.  

KEY WORDS: Aeroelasticity, Morphing, Gust Loads Alleviation, Aeroelastic Tailoring, Aircraft Structural Design  

1 INTRODUCTION 

The aerospace sector is expected to increase at an average 4 

5% p.a. over the next few decades, implying a doubling of 

traffic about every 16 years. Consequently, environmental 

requirements will play a dominant role in future transport 

aircraft development, becoming a driving force for aircraft 

design. These are the underlying reasons for which ACARE, 

in the 20-20 Vision and FlightPath2050 initiatives [1,2], 

established the greening of aircraft as a prime objective for 

future research activities related to Aeronautics.   

    The classic Breguet range equation tells us that the only 

ways of achieving these environmental goals are through 

better engines, more aerodynamically efficient wings, and 

lighter structures. Much work has been devoted towards 

improving each of these items individually; however, greater 

benefits can be achieved if a multi-disciplinary approach is 

taken e.g. using static aeroelastic deflections in a beneficial 

way and also reducing weight through a reduction in gust and 

manoeuvre loads. 

    This paper provides an overview of a number of different 

projects currently being worked on at the University of 

Bristol, all aiming to use aeroelastic interactions in some way 

to improve the performance of commercial jet aircraft. 

2 MORPHING USING CHIRAL STRUCTURES 

Traditional aircraft design only optimises to a single point in 

the flight envelope and fuel condition, and therefore all 

aircraft are sub-optimal at every other point in the flight 

envelope.  It is likely that more efficient aircraft will be 

achievable only by enhancing aircraft capabilities through 

adapting its configuration in-flight, so as to be always in the 

optimal configuration. Such an approach is usually referred to 

as “morphing” [3,4].  

     

   Recent work as part of the CLAReT Clean Sky GRA project 

[5] has investigated the use of a morphing wing-tip for 

improved aerodynamic performance.  Figure 1 shows the 

wing-tip considered on a baseline regional jet aircraft design, 

and indicates some of the deflections that were required in 

cant, twist and camber. A series of CFD aerodynamic 

computations were made for a range of different parameter 

cases defined by a Latin Hypercube, as shown in Figure 2, and 

then a surrogate model created via a Neural Network to enable 

detailed optimization studies to be made across the design 

region. 

 

 
Figure 1. Morphing Wing-Tip   

 

 

 
Figure 2. Pressure Contours for Different Cant  

and Twist Angles 
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    The adaptive wing-tip is required to be able to achieve the 

desired target cant, twist and camber deflections. In this work, 

a hexagonal chiral structure was employed, the geometry of 

which depends upon the L, R and r topological parameters, as 

defined in Figure 3.  In particular, the parameter ratio L/R has 

a significant effect on the deflection behaviour of the chiral 

structure. Noting that, due to anisotropy, chiral structures in 

3D can have a preferred direction of deformation, it is 

proposed to split the wing-tip into two regions to provide 

span-wise and chord-wise deflections with the chiral structure 

oriented at 90° to each other, using the layout in Figure 4.  

    In the proposed design, the chiral structure is positioned to 

produce changes in cant in the blend region, whilst it is 

oriented to produce changes in twist and camber through the 

rest of the wing-tip geometry. Rotation of the nodes was used 

as the deformation mechanism to achieve the desired cant, 

twist and camber deflections. 

 

 
Figure 3. Chiral Structure 

 

    Defining an actuation system to deliver the required torque 

within the available space specified in the proposed wing-tip 

design is a challenging task, due to the very thin section of the 

wing-tip (and nearby region) and the large torques required.  

    A number of candidate devices for achieving these levels of 

torque within the allowable volumes were considered and a 

market survey carried out into the currently available 

capabilities of each these devices. Various types of actuators 

which are driven using hydraulic and/or electric power are 

available, each with their own advantages and limitations.  

 
Figure 4. Actuator Position and Chiral Orientation 

 

 
Figure 5.  L/D for Defined Mission- Baseline and Morphing 

 

 
Figure 6. Gust Alleviation Using Stiffened Device 

    

 A test mission was then defined to explore the benefits of the 

morphing device.  Instead of simply considering the 

aerodynamic benefits, the extra weight due to increased 

bending moments was considered; however, it was shown that 

it was possible to improve upon the aerodynamic performance 

(see Figure 5) even with the increased weight.  A gust 

alleviation study was also performed and, as shown in Figure 

6, a significant reductions in the gust loads can be achieved.  
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3 FOLDING WING-TIPS 

A major limitation on current aircraft designs is the maximum 

wingspan that is allowed at airports, whereas it would be 

advantageous from an aerodynamic viewpoint to increase the 

wingspan in order to reduce the induced drag.  One possible 

solution to this problem is the use of folding wings that can be 

employed on the ground in a similar way that wings can be 

retracted on aircraft carriers.  Future versions of the Boeing 

777 are going to incorporate such a device which will be 

activated during taxiing. 

    If such as device were to be implemented, then it is of great 

interest to investigate whether such a folding device could 

also be used to enable loads reduction on the aircraft in-flight, 

as well as meeting the gate size limits.  Such a concept is 

shown in Figure 7. 

 

 
Figure 7.  Folding Wing Concept 
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Figure 8 Static Shear Force and Bending Moment for  

Fixed Streamwise Hinge 

    Initial studies, funded by the UK Aerodynamics Centre, [7] 

have considered both static and dynamic load cases for a 

hinge with its axis either in a streamwise direction or 

perpendicular to the wing spars. A key aspect of using a non-

streamwise hinge position is that this imparts a reduction in 

the angle of attack outside of the fold, which isn’t the case for 

the streamwise case. For the case of an 80% span hinge 

position at a typical trimmed flight configuration, Figures 8 

and 9 shows how the aerodynamic forces can be moved in-

board through application of the fold, reducing both the shear 

force and the bending moment.  It should be noted however 

that there is a much greater reduction for the perpendicular 

hinged case. 
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Figure 9.  Static Shear Force and Bending Moment for 

 Fixed Perpendicular Hinge  

 

    The effect of using an elastic attachment at the hinge was 

then investigated to see whether this could operate as a gust 

alleviation device. Having found the equivalent spring 

torsional stiffness for the zero degree hinge angle case, that 

produced the same characteristics as the fixed case, the spring 

stiffness was then reduced and the response to a family of “1 – 

cosine” gusts investigated.  

    Figure 10 shows some typical results, in this case the wing 

root bending moment is shown and it can be seen that for both 

fold angle orientations (streamwise and perpendicular) that 

there is a similar reduction in the gust loading.  

    Further work is ongoing to perform a full parametric 

investigation of the use of the device, including assessment of 

its manufacture and wind tunnel testing. 
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Figure 10. Effect of Hinge Stiffness on Maximum and 

Minimum Gust Response to Range of Different Length Gusts 

 

4 TOW-STEERED COMPOSITES 

The aim of aeroelastic tailoring is to improve the aircraft 

performance in a passive manner, by concurrently optimizing 

the structural and aerodynamic behaviors. Significant work 

has been done in the area of aeroelastic tailoring of composite 

wing structures since the early 1980s and was first 

demonstrated on the X-29 experimental aircraft. All of these 

typically involve modifying the stiffness of the wing and the 

passive elastic coupling between wing bending and torsion 

deformations, so as to improve the static and dynamic wing 

behavior in different airflows. With composite wing 

structures, the fibre angles and layup sequences can be 

tailored to optimize the stiffness and bending-torsion coupling 

over the span of the wing.  

The potential benefits of aeroelastic tailoring are currently 

constrained by the limited design space available with 

standard unidirectional (UD) laminates, which tend to be 

orthotropic 0°/±45°/90° ply laminates. Indeed, in order to 

change the stiffness or bending-torsion coupling of a UD 

laminate, plies of specific fibre orientations have to be added 

or dropped.  

Over the last twenty years, so called “tow-steering” 

techniques have been developed to manufacture laminates 

with variable angle tow (VAT) plies (also called variable-

stiffness plies). The fibres in these plies follow pre-defined 

curvilinear paths such that the fibre angles and ply stiffness 

vary continuously through the plane of each ply. It has been 

demonstrated that these fibre paths can be optimized to 

increase the structural performance of VAT laminates beyond 

that of equivalent UD laminates. Most analytical and 

experimental studies have considered the structural aspects of 

such designs; however, there has been very little work 

published on the use of VAT composites for aeroelastic 

tailoring. Recent work [8,9] has investigated the use of tow-

steered composites for influencing the aeroelastic behavior of 

an idealized wing using a simple composite plate model 

coupled with modified strip theory aerodynamics. It was 

shown that it is possible to influence the divergence speed, 

flutter speed and gust response by changing the fibre angle 

variations along the span. 

More generally, the design space for VAT laminates can be 

further increased by defining 2D fibre angle variations for 

each VAT ply and also by defining higher order nonlinear 

fibre angle variations. VAT laminates can be described using 

mathematical functions (e.g. B-splines, Lobatto polynomials, 

Lagrange polynomials) defining either the tow paths or the 

variations in the fibre angle direction and a range of different 

optimization methods have been investigated for VAT 

laminates.  

   Recent work [9] has extended previous investigations to 

consider higher order fibre angle variations in both one and 

two-dimensions in order to access whether the extra design 

space can be beneficial.  Considering the simple 8 ply wing 

model shown in Figure 11, four different strategies were 

employed to investigate the effect on the flutter speed: 

(1) optimization of the 4 outer plies only, with 1D fibre 

angle variations of order 0 to 4;  

(2) optimization of all 8 plies, with 1D fibre angle 

variations of order 0 to 4;  

(3) optimization of  the 4 outer plies only, with 2D fibre 

angle variations of order 0 to 4; 

(4) optimization of all 8 plies, by rotating an optimized 

stack of (0°/±45°/90°) plies (balanced or unbalanced) 

in 1D, with fibre angle variations of order 0 to 4.    

 

For optimization strategies (1) and (3) an arbitrary inner ply 

stack of [-45
o
 +45

o
]s was used. 

 

 
Figure 11.  Simple Tow-Steered Rectangular Wing 

 

    Table 1 shows that the onset of flutter and divergence can 

be speed can be delayed by increasing the order of the 

laminate orientation along the wing. Optimising the outermost 

fibres had the greatest effect, and all tow steered solutions 
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were better than unidirectional laminates. Figure 12 shows the 

fibre orientations and flutter trends for strategy 1. However, 

there was no noticeable improvement in using 2D tow-

steering compared to 1D.  This effect is thought to be due to 

the fact that only flat plate wings are considered here, and 

further work is continuing on 3D wing boxes.  

 
 

 

 
Figure 12.  Optimum VAT Laminate Solution from Strategy 1 

 

 

5 ROBUST DESIGN OF COMPOSITE STRUCTURES  

Lamination parameters were first introduced by Miki [10] and 

are an important tool in the modelling of composite  laminates 

as the stacking sequence of any composite laminate can be 

represented using no more than twelve parameters, or no more 

than four parameters if only uncoupled in-plane or out-of-

plane behaviour are of interest. Due to this convenient form, 

the lamination parameters have been used in stacking 

sequence optimisation for a number of design cases. However, 

when modelling aeroelastic behaviour using lamination 

parameters, discontinuities have been noted in the response 

which is attributed to changes in the aeroelastic mechanism. 

    Uncertainty Quantification techniques can be broadly 

categorised as probabilistic or non-probabilistic; this paper 

focusses upon probabilistic methods. The most 

straightforward technique is Monte Carlo Simulation (MCS); 

however, this requires a prohibitively large computational 

effort and is typically only used to validate other approaches. 

Stochastic expansion techniques such as Polynomial Chaos 

Expansion (PCE) have become prevalent due to the relatively 

small computational effort required for accurate and complete 

results.  Previous work [11] has considered the quantification 

in the uncertainty of aeroelastic instabilities resulting from 

variations in material and orientation properties, but has only 

considered the variation in each laminate, which can result in 

extremely large amount of computation.  

    Consider the rectangular plate model shown in Figure 11 

but this time with only unidirectional laminates being 

considered. It is well known that aeroelastic response and 

stability are complicated phenomena involving the coupling of 

aerodynamic forces with the bending and torsion motions of 

the structure.  Aeroelastic tailoring enables the resulting 

characteristics to change; different laminate stacking 

sequences will result in distinct instability mechanisms, and 

such changes can be observed across the design space of 

lamination parameters. Responses in each regime form a 

smooth continuous surface separated by discontinuities at the 

boundaries due to the convex nature of the design space of 

lamination parameters. Figure 13 displays contours of such a 

surface with respect to different lamination planes. 

 

 
Figure 13. Contours of Instability Speed with Respect to the 

Lamination Parameters a) Uncoupled Parameter (ξ9 – ξ10) 

Plane , ξ11 = ξ12 = 0 b) Bend-Twist Coupling Parameter (ξ11 – 

ξ12) Plane, ξ9 = ξ10 = 0 

 

 

Table 1. Maximum optimized instability airspeeds 

(m/s) as a function of the order of the fiber angle 

variation and of the laminate optimization strategy 

 Order of the fiber angle variation 

Optimization 

strategy 
0 1 2 3 4 

(1) 68 71 76 76 76 

(2) 71 73 76 76 76 

(3) 68 72 76 76 75 

(4) 67 71 74 73 74 
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    The PCE method can be applied for the quantification of 

the instability boundaries using laminate parameters.   

Considering as an example the result is presented in Figure 

14, which compares output PDFs determined using 

expansions of increasing order with baseline Monte Carlo 

results, for a [(02, 902)2]S laminate. A third order PCE is 

sufficient to model the PDF, with little improvement gained 

using a fourth order expansion. 100 sample points were used 

for this result, which constitutes a factor of 50 reduction in 

computation time compared to the baseline Monte Carlo.  

 

 
Figure 14. Comparison of PDFs calculated using increasing 

order of PCE against with Baseline Monte Carlo Results for a 

[(02, 902)2]S Laminate 

 

    Table 2 summarises the expansion order and sample size 

required for each laminate in the case study. Input values of 

the uncoupled out-of-plane lamination parameters, ξ9-10, are 

plotted in Fig. 15 to demonstrate the achieved coverage of the 

design space of balanced symmetric laminates, along with a 

selection of third order PCE results. 

Table 2. Required Polynomial Chaos Expansion Order and 

Sample Size for each of the Laminates 

 Stacking Sequence PCE Order  Samples  

a) [0]16 3 100 

b) [(302, -302)2]S 3 100 

c) [(452, -452)2]S 3 100 

d) [(602, -602)2]S > 7 > 750 

e) [90]16 3 100 

f) [(02, 902)2]S 3 100 

g) [(902, 02)2]S 3 100 

h) [02, 902, 452, -452]S 3 100 

i) [452, -452, 02, 902]S > 7 > 750 

j) [902, 452, -452, 02]S 3 100 

 

    It can be seen from Table 2 and Figure 15 that this 

straightforward application of a third order Polynomial Chaos 

Expansion, using 100 sample points, is sufficient to capture 

the behaviour of most of the laminates. However, laminates d) 

and i) both exhibit bi-modal behaviour and a much higher 

order polynomial is required to emulate the behaviour. Figure 

15  shows the poor fit offered by a third order expansion and it 

can be seen from Table 2 that results failed to converge up to 

the application of a 7
th

 order expansion using 750 samples, at 

which point no further results were sought. 

 

 
Figure 15. Input values of ξ9 and ξ10 for Example Laminates 

presented alongside a Selection of 3
rd

 Order PCE Results 

 

    The bimodal behaviour observed in laminates d) and i) is 

caused by the existence of multiple instability mechanisms. 

The uncertainty in ply orientation causes the lamination 

parameters to vary such that they cross one of the response 

discontinuities. The different regimes of behaviour to be 

easily identified and separated using lamination, and once 

separated, a low order Polynomial Chaos Expansion can be 

applied to each regime of behaviour allowing efficient 

uncertainty quantification even for these complex 

distributions. 

      

 

 
Figure 16. a) Surface Plot of Critical Instability Speed with 

respect to the ξ11–ξ12 Plane assuming ξ9 = 0.0938, ξ10 = -0.75. 

Contour Details with ξ11-ξ12 PDF Overlaid for: b) [452 -452 02 

902]S and c) [45 -453 02 902]S 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

52



Figure 16 shows that there are three separate regions of 

instability and once they are separately identified, then it is 

possible to quantify the uncertainty in each mechanism.  

Figure 17 illustrates this process when in a) and b) the pdfs 

are predicted with good accuracy and low order models, 

whereas taking the global pdfs gives a poor fit even with a 

much higher model, and the overall quantification of the 

behavior for a range of lamination parameters is shown in  

Figure 18. 

 

 

Figure 17. PCE Results for [45 -453 02 902]S Laminate: a) 

Flutter 2 b) Flutter 1 c) Critical Response 

 

 
Figure 18.  PCE Generated pdfs for a Range of Different 

Lamination Parameters 

 

6 INTERNAL WING STRUCTURAL DESIGN 

Traditional aircraft wing structural design has followed a 

conventional stressed skin semi-monocoque design for the 

past 70 years, using a combination of spars, ribs and stringers 

to support the loads transferred from a thin outer skin that 

maintains the desired aerodynamic shape.  For metallic wing 

structures, advances have been made in the types of 

aluminium alloys used and also the use of Multidisciplinary 

Design Optimisation (MDO) to reduce the structural weight; 

however, the basic wing layout has remained more or less the 

same. The spars run in a spanwise direction and, in most 

cases, the ribs are perpendicular to them, with any other 

stiffening follows these orientations.  As metals are 

homogeneous in their nature, any bending–torsion coupling 

that occurs in flight is due to wing sweep and consequently 

advanced aerodynamic concepts such as forward swept wings 

have not been possible. 

Previous work [13] has considered the effect of changing 

the shape of the internal wing structure and showed that 

reductions in weight could be achieved through changes in the 

orientation of the ribs. Here, the approach is further 

investigated by enabling both spars and ribs of a forward-

swept, un-tapered composite wing to change shape using an 

optimisation process aiming at improving the instability 

speed, the mass of the wing and finally the gust response. The 

shape parametrisation was performed using third order and 

second order Bezier curves hence permitting a good control of 

the geometry while maintaining the number of decision 

variables to an acceptable level. These define the shape of the 

spars and ribs as shown in Figure 19. 

 

 

 
Figure 19. Spars and Ribs Shape Definition using Bezier 

Curve Control Points 

 

     A composite stacking sequence optimisation was 

performed on the skin panels only, using a Particle Swarm 

Optimisation (PSO) algorithm.  The multi-objective cost 

function was based on a weighted summation of the maximum 

flutter speed, minimised weight and minimised gust response.  

Shape optimisation of the spars and ribs was considered 

individually as well as a global optimisation of both the spars 

and the ribs.  

    Tables 3 and 4 show the results for the flutter speed and 

flutter speed / mass minimisation for the four different 

topological cases.  There were a wide variety of different 

structural shapes that were obtained from the optimisation 

solutions.  As seen in Figures 20 and 21, there is a significant 

difference in the solutions for a solution for spars and ribs, 

and for the spars respectively.  Further work is ongoing to 

obtain the Pareto solutions for these cases. 
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Table 3. Optimisation Results Based on Flutter Speed 

 
 

Table 4. Optimisation Results Based on  

Flutter Speed and Wing Weight 

 
 

 
Figure 20. Full Shape Optimisation 

 

 
Figure 21. Spar Optimisation 

 

 

 

 

7 CONCLUSIONS 

A number of different technologies have been described that 

are being investigated to improve aircraft environmental 

performance through exploitation of aeroelastic interactions 

and enabling weight reduction.  Initial results are encouraging 

but much further work is required to achieve higher 

Technology Readiness Levels.  
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Global Format for Conservative Time Integration in Nonlinear Dynamics
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ABSTRACT: The widely used classic collocation-based time integration procedures like Newmark, Generalized-alpha etc.
generally work well within a framework of linear problems, but typically may encounter problems, when used in connection with
essentially nonlinear structures. These problems are overcome in the new generation of energy conserving algorithms developed
over the last two decades. However, the conservative algorithms typically rely on the special structure of the problem to be solved
and require intermediate calculations using a mean state. This seems to have limited their use outside academia. In the present paper
a conservative time integration algorithm is developed in aformat using only the internal forces and the associated tangent stiffness
at the specific time integration points. Thus, the procedureis computationally very similar to a collocation method, consisting of a
series of nonlinear equivalent static load steps, easily implemented in existing computer codes. The paper considers two aspects:
representation of nonlinear internal forces in a form that implies energy conservation, and the option of an algorithmic damping
with the purpose of extracting energy from undesirable high-frequency parts of the response. The energy conservation property
is developed in two steps. First a fourth-order representation of the internal energy increment is obtained in terms of the mean
value of the associated internal forces and an additional term containing the increment of the tangent stiffness matrixover the time
step. This explicit formula is exact for structures with internal energy in the form of a polynomial in the displacement components
of degree four. A fully general form follows by introducing an additional term based on a secant representation of the internal
energy. The option of a simple monotonic algorithmic damping is included by introducing a slight shift in the weighting of the
displacement and velocity components at the forward and thecurrent time, and the magnitude of the corresponding algorithmic
damping is therefore controlled by a single parameter.

KEY WORDS: Time integration; Nonlinear dynamics; Energy conservation.

1 INTRODUCTION

Numerical time integration is used extensively to obtain the
response of flexible bodies and structures to dynamic loads.The
preferred format is the single-step algorithm, in which thestate-
space displacement and velocity vectorsu andv are obtained at
time tn+1, when known at timetn. The most common format is
that of collocation, in which the equation of motion is satisfied
at a sequence op points in time· · · , tn, , tn+1, and various forms
of the Newmark scheme [1], [2], [3], [4] are probably the most
used. In linear problems the algorithm can be characterized
by a spectral analysis, which essentially is the free response of
a single modal form, [5], [4]. An alternative, that gives less
detailed information, but can be extended to non-linear systems,
is the energy balance equation. An energy analysis of the
linear Newmark algorithm reveals that with the exception ofthe
simple ‘average acceleration’ form of the Newmark algorithm
the energy as described by the algorithm does not correspond
to to the mechanical energy of the original system, [6]. Thus,
energy conservation in the computed response corresponds to
conservation of the ‘algorithmic energy’, and thereby leads to
fluctuations in the actual mechanical energy. In the case of
non-linear systems also the ‘average acceleration’ schemeloses
its energy balance properties. Attempts have been made to
restore energy conservation by introducing it as an external
constraint in the algorithm [7], [8] and combining the energy

constraint with a high-frequency dissipation scheme [9], but a
more detailed analysis [10] has demonstrated inconsistencies
in the combination of the energy constraint and the dissipation
scheme. In practice, undesirable energy fluctuations introduced
by collocation algorithms are often reduced by introducing
algorithmic damping, e.g. by the high-frequency damping
procedures discussed in [2], [3], [4], but clearly this is a sub-
optimal substitute for an accurate energy balance.

Over the last two decades there has been a considerable effort
in developing so-called energy-momentum based nonlinear
time integration algorithms. The basic idea is to integrate
the equation - in state-space or Hamilton form - and then
to represent the internal forces and the momentum defining
relations in a format that leads to energy conservation. Thus, in
contrast to the previous algorithms, the conservation properties
are built into the algorithms, and due to the initial integration of
the equations of motion the acceleration is not an independent
variable of the formulation. Important early contributions to
momentum-energy based algorithms were made by Simo and
Wong [11] for rigid body motion and Simo and Tarnow [12]
for linear elasticity in terms of the nonlinear quadratic Green
strain, demonstrating that energy conservation can be obtained
by evaluating the effective internal force at a suitably defined
mean state within the integration interval. The formation
of the internal force at an internal mean state has since
become a standard procedure, and for continuum mechanics
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various choices of mean state have recently been discussed
by Romero [13]. The mean state is formed at the particle
level, and in the context of models built by finite elements
this implies that the computation must revert to the element
level to calculate the representative internal force at suitable
Gauss points in this mean state. This breaks with the classic
program structure of nonlinear finite element analysis, and
may be a contributing factor to the rather slow spreading of
conservative time integration procedures outside the academic
community. For the special case of linear elasticity in terms
of the nonlinear quadratic Green strain it was demonstratedin
[14] that the mean state formulation at the element level canbe
replaced by introducing the increment of the geometric stiffness
matrix, calculated at the global level. However, this property
is linked specifically to linear elasticity with quadratic strains.
An important extension of the energy conservation algorithms to
more general nonlinear problems was made by Gonzalez [15],
[16], who generalized the representation of the internal force
to include an additive discrete energy gradient term. Discrete
gradient integrations methods have been developed in several
fields, e.g. for classic mechanics [17], multibody dynamics[18],
and mathematical physics [19].

In the energy-momentum approach the algorithms are
typically formulated for an undamped system. A systematic
algorithmic damping can be introduced by introducing a pairof
suitably balanced displacement and velocity increment terms as
described in [21], [14]. While damping is typically necessary for
convergence of nonlinear collocation methods, the algorithmic
damping in energy-momentum based procedures are mainly
useful for representing actual damping in the system and is
unrelated to the convergence of the algorithm.

The present paper develops a general momentum-based time
integration scheme with energy conservation. First the time-
integrated equations are developed in state-space format,and
the corresponding discrete energy balance equation is obtained,
including a simple balanced algorithmic damping mechanism.
Then three different energy-conserving formats for the internal
force are derived for a system with quartic internal force
potential. The first corresponds to the result of Simo and Tarnow
[12], in which the mean stress is combined with the mean
value of the strain gradient. The second format makes use of
a linear parametrization of the displacement increment within
the integration step, and evaluates the corresponding integral
by the Simpson integration rule using the internal force at the
mean displacement. The third and final format evaluates the
parameterized integral by use of the increment of the stiffness
matrix, whereby the use of internal states is avoided. Finally,
the representation of the internal force is generalized to arbitrary
energy potentials by a discrete gradient formulation usingthe
increment of the internal energy together with one of the fourth-
degree representations of the internal force.

2 BASIC EQUATIONS

Let a dynamic system be described by a set ofn displacement
componentsu = [u1, · · · ,un]

T . A simple standard form of the
equations of motion is

Mü+Cu̇+g(u) = f(t) . (1)

The inertia is represented by the constant mass matrixM ,
corresponding to models e.g. with concentrated masses
or deformable solids represented in terms of isoparametric
elements. The system is assumed to have an internal energy
G(u). The internal force is then given by the gradient of the
internal energy in the form

g(u) = ∇uG(u) , (2)

where∇u denotes the derivatives with respect to the displace-
ment components ofu, defined to be in column format. In the
present formulation the tangent stiffness matrix plays a central
role. It is defined as

K(u) = ∇ug(u)T = ∇u∇T
u G(u) . (3)

Traditionally the tangent stiffness matrix only appears asa
means of solving the discretized nonlinear dynamic equations,
but in the present formulation the tangent stiffness matrixis
introduced in the discretized equations to ensure energy balance.

A linear viscous damping has been introduced via the con-
stant matrixC. When introducing a discretized time integration
scheme it may be advantageous to replace this representation
of damping with alternative form, linked directly to the time
integration algorithm – so-called algorithmic damping. The
algorithmic damping representation is typically designedto
provide increasing damping of high-frequency components,
whereas direct representation of the viscous damping leaves the
high-frequencycomponents with diminishing damping, [5].The
external force is represented by the vectorf(t) = [ f1, · · · , fn]T ,
given as a function of time. Any additional potential force
contributions may represented by including the external force
potential inG(u).

2.1 State-space form

When dealing with time integration of dynamic systems it is
convenient to use a state-space formulation in which the second
order differential equation of motion (1) is replaced by twofirst
order differential equations – a dynamic equation expressing a
balance of the rate of change of the momentum with the external
forces, and a kinematic equation defining the momentum vector.
For systems with constant mass matrix like (1) it is convenient
to represent the momentum asMv in terms of an independent
velocity variablev = u̇. The equations of motion can then be
given in the symmetric state-space form

[
C M

M 0

][
u̇

v̇

]
+

[
g(u)

−Mv

]
=

[
f(t)

0

]
. (4)

There are two advantages of using the first order equations
for the state-space vector[uT ,vT ]: the definition ofv(t) as
being identical to the velocitẏu(t) at all times can be relaxed
and included in the approximate procedure, and full symmetry
can be retained and related to energy conservation in a simple
manner.

2.2 Enenrgy balance equation

The energy balance equation is obtained directly from the
state-space equations of motion (4) by pre-multiplicationwith
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[u̇T ,−v̇T ]. The contributions from the two off-diagonal sub-
matrices in the first term cancel, leaving the energy equation
in the form

d
dt

[
1
2vTMv + G(u)

]
= u̇T f − u̇TCu̇ . (5)

In this relation it has been used that the rate of change of the
internal energyG(u) follows from its gradient by application of
the ‘chain rule’ of differentiation as

d
dt

G(u) = u̇T ∇uG(u) = u̇T g(u) . (6)

The key to energy conservation is to develop an algorithm
that contains the equivalent relation for a finite time interval
and thereby finite increments∆G and ∆u. Furthermore, it
is computationally advantageous, if this finite increment form
can be computed directly from quantities at the global level,
without need for reverting to the element level in a finite element
formulation.

3 DISCRETE STATE-SPACE FORMULATION

In single-step time integration algorithms the state-space
variablesu,v are advanced from a timetn to the timetn+1 =
tn+h, a time incrementh later, by use of the system matrices and
the history of the load vector within the time interval. Classic
time integration methods, like the Newmark family, are typically
based on matching the equations of motion at selected times.In
contrast, momentum-based methods use a time-integrated form
of the state-space equations (4) over the time interval[tn, tn+1].
The first term, containing the derivativesu̇(t) and v̇(t), can be
integrated exactly, giving the finite increments∆u and∆v over
the time interval,
[

C M

M 0

][
∆u

∆v

]
+

[ ∫
g(u)dt

−
∫

Mv dt

]
=

[ ∫
f dt

0

]
. (7)

Recalling that contributions to the external force that are
expressed in terms of a potential are included in the potential
function G(u), the time integrals of the velocityv(t) and
the external forcef(t) deal with functions represented directly
in terms of the integration variablet. These integrals are
introduced via their second order mean value representation as

1
h

∫ n+1

n
v dt ≃ 1

2(vn+1+ vn) = v̄ ,

1
h

∫ n+1

n
f dt ≃ 1

2(fn+1+ fn) = f̄ .

(8)

The time integral of the internal forceg(u(t)) is generally
a nonlinear function oft via the displacementu(t). A
representation of the integral of the internal force integral by
the mean of the end-point values would compromise energy
conservation of the discrete formulation, and the internal
force integral is therefore represented by the symbolg∗,
the precise form of which is to be determined such that it
retains at least second order accuracy with respect to the time
incrementh and at the same time leads to exact representation
of the increment of the internal energy associated with the
displacement increment∆u.

In terms of this notation the discretized equations of motion
take the form

[
C M

M 0

][
∆u

∆v

]
+ h

[
g∗

−M v̄

]
= h

[
f̄

0

]
. (9)

It is observed that in this format the viscous damping term
is represented byC∆u instead ofChv̄, which is the typical
form in collocation algorithms like the Newmark family [1],
[2], [3]. The present formulation places viscous damping in
the upper block diagonal of the first term, a location that is
more consistent and robust than the location in the upper right
corner of the second block matrix corresponding to Newmark
type algorithms, [6].

3.1 Energy balance equation

The energy relation for the discrete equations of motion (9)
follows by pre-multiplication with[∆uT ,−∆vT ],

[∆uT ,−∆vT ]

([
C M

M 0

][
∆u

∆v

]
+ h

[
g∗

−M v̄

])
= h∆uT f̄ .

(10)
In the first matrix the contributions from the off-diagonal sub-
matrices cancel due to the symmetry of the mass matrixM ,
while the diagonal term represents the dissipation by viscous
damping. Thev-contributions from the second matrix are
rewritten by use of the relation

(vT
n+1− vT

n )M (vn+1+ vn) =
[
vTMv

]n+1
n , (11)

corresponding to a kinetic energy increment. With this result the
energy equation (10) takes the form

[ 1
2vTMv +G(u)

]n+1
n = ∆uT f̄ −

1
h

∆uTC∆u , (12)

provided that the effective internal forceg∗ satisfies the
incremental relation

∆G = ∆uT∇uG∗ = ∆uTg∗ . (13)

An effective internal forceg∗ satisfying an asymptotic relation
as the gradient of the internal potentialG(u) together with
the finite increment relation (13) is a ‘finite derivative’ ofthe
potential. This allows for several specific forms, deviating from
each other by higher order terms, and the precise nature of the
definition of the equivalent algorithmic forceg∗ constitutes an
important aspect of the corresponding computational algorithm
as discussed in Section 4.

3.2 Consistent algorithmic damping

In the discrete energy balance equation (12) the viscous
dissipation is represented via a quadratic expression in the
displacement increment∆u. The discretization leads to
diminishing damping for the high frequencies beyond the
aliasing limit. This problem can be remedied by introducing
a dissipation that combines quadratic terms in∆u and∆v, [21],
[22]. The corresponding algorithm contains balanced diagonal
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terms in the block diagonal of the first matrix,
[

C+ 1
2αhK α M

M − 1
2αhM

][
∆u

∆v

]
+ h

[
g∗

−M v̄

]
= h

[
f̄

0

]
.

(14)
In this formula K α is a representative value of the stiffness
matrix, discussed further in Section 5, andα is a non-
dimensional parameter controlling the magnitude of the
algorithmic damping. The corresponding energy balance
equation is found as above,

[ 1
2vTMv +G(u)

]n+1
n = ∆uT f̄ −

1
h

∆uTC∆u

− 1
2α
[

∆vTM ∆v+∆uTK α ∆u
]
.

(15)

The algorithmic damping is seen to consist of two quadratic
terms in∆v and∆u, respectively, balanced with the mass matrix
M and a representative stiffness matrixK α , later determined as
a local secant representation and absorbed in the representation
of the internal force.

For linear systems there is a simple low-frequency relation
between the algorithmic damping parameterα and the
algorithmic damping ratioζa of a particular mode with natural
angular frequencyω . In the case of free vibrations without
viscous damping,C = 0, the energy increment according to
(15) is ∆E ≃ −α(ωh)2E. Comparison of this result with
the attenuation of the energy in a linear system with viscous
damping ratioζa leads to

ζa ≃ 1
2α (ωh) . (16)

The structure of this result indicates that for a given valueof
tha damping parameterα the equivalent algorithmic damping
ratio ζa is proportional with the non-dimensional parameter
ωh, combining the natural frequency and the time step of the
algorithm. Thus, if the time step is changed, the parameterα
should be changed accordingly to refer to the same algorithmic
damping ratio.

4 ENERGY CONSERVING INTERNAL FORCE

In collocation methods the effective internal forceg∗ appearing
in the discretized equations (9) typically has the form of a
weighted average of the internal force at the interval end
points tn and tn+1. For nonlinear problems this format is
unable to represent the energy conservation condition (12).
Three energy conserving formulations of the internal forceare
briefly summarized in the following: the introduction of a
special combination of stress and strain mean values [12], the
representation of the algorithmic internal force as a weighted
average of its interval end-point values and one or more internal
values [19], and finally a procedure in which the integral is
expressed in terms of the interval end-point values of both the
internal force and the corresponding stiffness matrix [20]. While
the computational results are similar in these three formulations,
the ease of implementation is somewhat different. Each of
the three methods is presented in a form yielding energy
conservation directly for an internal force potential in the form
of a fourth degree polynomial in the displacement components.
This, representation is then extended to conservation formfor

a general internal energy potential by use of a simple secant
extension, that essentially is common for the three methods. In
order to distinguish the internal force that conserves energy in
the case of an internal energy function in the form of a quartic
polynomial, this form of the internal force is denotedgq.

4.1 Algorithmic mean state combination

The present illustration of the principle behind a special stress-
strain combination makes use of a continuum model with
deformation represented via the nonlinear Green strain

E = 1
2

(
FTF − I

)
, (17)

where the deformation gradientF is the derivative of the current
position vectorx with respect to the reference position vectorx0,

F = ∂x/∂x0 . (18)

In a finite element setting the deformation gradientF is a
linear function of the nodal displacement vectoru = x− x0. In
the present contextu is a vector containing the displacement
components of all nodes of the model, formed by finite
elements.

The material is now assumed to be linear elastic in terms of
the Green strain tensorE and the second Piola-Kirchhoff stress
tensorS. This implies the linear relation

S = DE , (19)

whereD is the constant stiffness tensor. The corresponding
elastic potential is given by the integral

G(u) =
∫

V0

1
2ETDE dV0 =

∫
V0

1
2ETS dV0 , (20)

wheredV0 denotes integration with respect to initial volume.
The key role in conservative integration is played by the

increment of the elastic potential. It follows from a relation
similar to (11) that the increment of the elastic potential (20)
can be expressed in the form

[
G(u)

]n+1
n =

∫
V0

∆ETDĒ dV0 =

∫
V0

∆ET S̄dV0 . (21)

The algorithmic internal force is identified from this expression
by observing thatE is a quadratic function of the displacement
vectoru, and its increment can therefore can be factored as

∆ET = ∆uT(∇uET). (22)

Substitution of this representation into the energy potential
increment relation (21) identifies the algorithmic internal force
as

gq = ∇uG∗ =

∫
V0

(∇uET) S̄ dV0 . (23)

This is essentially the form introduced by Simo and Tarnow
[12]. It leads to energy conservation for fourth-degree internal
potentials and can be extended to more general potentials by
a secant formulation as explained in Section 4.4. It is noted
that the integrand is in the form of a product of two mean
values. These mean values must be formed at the element level.
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This is a deviation from the common structure of finite element
codes, in which internal forces (and stiffness matrices) are
evaluated sequentially corresponding to a displacement stateun

at a particular timetn. Thus, traditional finite element codes will
have to be reformulated at the element level to accommodate
this form of the algorithmic internal force. In the particular
case of linear elasticity in terms of the nonlinear Green strain
treated above it was shown in [14] that the integral (23) can
be reformulated and expressed in global form in terms of the
internal forcesgn, gn+1 at the interval end-points together with
the increment∆Kg of the geometric stiffness matrix over the
interval. However, this result is a special case of the more
general stiffness increment formulation presented in Section 4.3
and will therefore not be treated further here.

4.2 Three-point integration

A fourth-order accurate representation ofg∗ can obtained
from a suitably modified form of the Taylor expansion of the
potentialG(u). For this purpose the displacement increment is
parameterized over the time interval[tn, tn+1] as

u = ū+ ξ ∆u , − 1
2 ≤ ξ ≤ 1

2 . (24)

This gives the following expression for increment of the internal
energy,

∆G =

∫ n+1

n
g(u)T du = ∆uT

∫ 1/2

−1/2
g( ū+ ξ ∆u)dξ . (25)

This formula defines the algorithmic internal force as

g∗ =

∫ 1/2

−1/2
g( ū+ ξ ∆u)dξ . (26)

In some simple cases, e.g. the ideal pendulum, the integral
can be evaluated analytically. However, in most cases an
approximate evaluation is necessary, and to this purpose it
is convenient to consider the case in which the internal
potentialG(u) is a fourth degree polynomial in the displacement
componentsu, and thereby in the parameterξ . The integrand in
(26) is then a cubic function ofξ . The integration interval is
symmetric, and the cubic term does therefore not contributeto
the integral.

ξ

g(ξ )

un un+1

gn

gn+1ḡ−g(ū)

−0.5 0 0.5

Figure 1. Integration of parabolic representation in termsof ξ .

The quadratic part of the internal forceg( ū+ ξ ∆u) is shown
in Fig. 1. The integral is obtained directly as the area of the
trapezoid defined by the interval end-point values, minus the

area the parabola defined by its height in the mid-point. The
result, corresponding to integration by ‘Simpson’s rule’ is

gq = 1
6[gn+gn+1 ] +

2
3g( ū). (27)

In each time increment this relation requires evaluation ofthe
two internal forcesg(un+1) and g( ū), both of which follow
the standard procedure for evaluating the internal force ata
specific displacement state. Thus, the task of evaluating the
algorithmic force (23) in a synthetic mean state is here replaced
by the evaluation of two internal forces, but each followingthe
standard procedure with a single displacement state. Procedures
of this type have been discussed e.g. by Celledoni et al. [19].

4.3 Using the stiffness increment

In order to avoid the need for internal points in the evaluation of
the integral (26) for the algorithmic forceg∗, the parabolic part
is evaluated via the inclination of the tangent at the interval end
points as illustrated in Fig. 2

ξ

g(ξ )

un un+1

gn

gn+11
8∆K∆u

−0.5 0 0.5

Figure 2. Integration of parabolic representation in termsof ξ .

The inclination of the curveg(ξ ) is found by differentiation
as

g′(u) =
dg
dξ

=
dg
du

∆u = K(u)∆u . (28)

The inclinations defining the parabola corresponds to the
symmetric part of the curve and thereby to half of the increment

∆g′ = ∆K ∆u . (29)

The center point of the parabola lies half the distance to the
tangent intersection point below the mean valueḡ, and the
intersection point lies the distance12 from the interval ends.
Thus, the height of the parabola is18∆g′, which by (29) is
equal to 1

8∆K∆u, as indicated in the figure. Evaluation of the
integral ofg(ξ ) as the area of the trapezoid minus the area of the
parabola then gives the algorithmic internal force for a quartic
potential as

gq = 1
2[gn+1+gn ] −

1
12∆K ∆u . (30)

A more detailed derivation in [20] including the leading error
shows this to be of order O(‖∆u‖4). In contrast to the two
previous expressions (23) and (27), the present representation
does not make use information related to mean displacement or
stress states. In addition, the iteration process associated with
the nonlinear internal force usually includes the computation of
the tangent stiffness matrixK as part of the iteration process,
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and thus use of the present form of the algorithmic internal force
is essentially free of any computational overhead relativeto the
classic collocation-based algorithms.

4.4 Extension to general internal potential

Energy conservation depends on the algorithmic internal force
representationg∗ satisfies the energy increment condition (13).
For systems with a quartic internal energy functionG(u) this is
attained when using any of the three two-term representations
of gq from (23), (27) or (30). For a more general form of the
internal energy function the energy conservation propertycan
be satisfied by introducing a higher order modification of the
internal force such that the finite energy increment condition
(13) is satisfied.

The secant form is obtained by addition of a higher-order term
that modifies the energy increment associated with the actual
displacement increment∆u,

g∗ = gq +
∆G−∆uTgq

∆uTA ∆u
A ∆u . (31)

In this formula A is a positive definite matrix serving as a
metric of the displacement increment vector∆u. Although the
mass matrixM is not directly related to the internal energy
potential, it may serve as a convenient metric matrix as it will
make possible differences in the dimension of the displacement
components consistent, and will attribute different weights
according to different element sizes. It follows immediately
by pre-multiplication with∆uT that the effective internal force
g∗ defined by the secant form (32) satisfies the finite energy
increment condition (13).

In the secant formula the numerator of the correction term
is the remaining part of the potential increment∆G, when the
contribution from a quartic expansion in∆u has been subtracted.
The increment∆u is of orderh, and thus

∆G−∆uTgq = O(h5) . (32)

It follows from this relation that the secant correction is of
order O(h4), and therefore vanishes for systems with a quartic
potential function, leavingg∗ = gq.

A particularly simple and intuitive format of the general
secant representation (31) of the internal force is available
when the internal forcegq corresponding to a quartic internal
potential is expressed in terms of the stiffness matrix increment
by the relation (30). The algorithmic internal force can then be
expressed as

g∗ = 1
2[gn+1+gn ] −

1
12∆K ∗ ∆u . (33)

with the algorithmic stiffness increment matrix

∆K ∗ = ∆K − 12
∆G−∆uTgq

∆uTA ∆u

= ∆K −
(∆uT∆K ∆u

∆uTA ∆u
+ 12

∆G−∆uTḡ
∆uTA ∆u

)
A ,

(34)

where the metric matrixA will typically be represented by
the mass matrixM . The second term represents a secant
modification that vanishes for problems with quartic energy
potentialG(u), leaving the identity∆K ∗ = ∆K for this class of
problems.

5 TIME INTEGRATION ALGORITHM

The full state-space formatu,v was introduced in (9) and
extended by algorithmic damping terms in (14). When the
algorithmic internal force is introduced in the form (34) the
discretized equations with algorithmic damping takes the form




C− 1
12∆K ∗

+ 1
2αhK α

M

M − 1
2αhM



[

∆u

∆v

]
+ h

[
ḡ

−M v̄

]
= h

[
f̄

0

]
.

(35)
The formulation takes a particularly simple form if the
algorithmic damping parameterα is absorbed into a dissipation
parameter

κ = 1+α . (36)

In the second of the state-space equations (35) the mass matrix
M is a common factor that can be omitted, leaving the following
relation between velocity and displacement components,

κ∆v =
2
h

∆u−2vn . (37)

In the first state-space equation the contribution from the
algorithmic damping stiffness matrixK α is defined by the secant
relation

K α∆u = ∆g (38)

on the assumption that the stiffness is increasing and∆uTK α ∆u
thereby positive. The algorithmic damping term in the first
equation can then be absorbed into the internal force via the
relation

2ḡ+ α∆g = κ∆g+ 2gn . (39)

When this relation is used in the second state-space equation,
and (37) is used to eliminate the velocity increment, the equation
takes the form

κ∆g+ κ
[( 2

κh

)2
M +

2
κh

C−
1

6κ
∆K ∗

]
∆u

= fn+1+ fn−2gn+
4

κh
Mvn .

(40)

Advancing the solution one time step involves iterative solution
of the non-linear equation of motion (40) for∆u, followed by
evaluation of the velocity increment∆v by use of the linear
relation (37). The additional computational effort in thisis
solely in the evaluation of internal potential increment∆G used
to define the algorithmic stiffness matrix increment by (34)
for an internal energy function exceeding the internal quartic
format.

6 EXAMPLES

The basic properties of the energy-momentum algorithm
developed above are illustrated by application two simple
dynamic systems: a softening single-degree-of-freedom system
with internal force given as a hyperbolic tangent, and an elastic
pendulum with high-frequency elongation oscillations. The first
example illustrates the second-order character of the algorithm
regarding the time histories and the period of oscillation,and the
energy conservation of the full algorithm as compared to energy
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fluctuations of second and fourth order, respectively, for the
simple mean value Newmark scheme and the present algorithm
when only including the stiffness matrix increment. The second
example illustrates energy conservation and dissipation of the
high-frequency component by use of algorithmic damping.

6.1 Oscillator with decreasing stiffness

The equation of motion of the single-degree-of-freedom system
with massm, internal forceg(u), and displacementu is

m
d2u
dt2

+ g(u) = f (t) , (41)

The internal forceg(u) and the internal energyG(u) are given
in terms of the initial stiffnessk and the stiffness non-linearity
parameterλ as

g(u) =
k
λ

tanh(λu) , G(u) =
k

λ 2 ln
(

cosh(λu)
)
. (42)

The tangent stiffness follows from differentiation of the internal
forceg(x) as

K(u) =
k

cosh2(λu)
. (43)

−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

u

λ
/
k

g(
u)

−u0

u0

Figure 3. Internal forceg(u) = k/λ tanh(λu), λ = 4.

The internal forceg(λu) is shown as a function of the
displacementu in Fig. 3 for the parameterλ = 4 and withu0 = 1
indicating the initial value used in the example. It is seen that the
system is severely nonlinear with nearly constant internalforce
for |u|& 0.5u0.

0 0.5 1 1.5 2 2.5 3 3.5 4
−1.5

−1

−0.5
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0.5

1

1.5

t/T0

u,
v

Figure 4. Time historiesu(t) —, v(t)/ω0 - - of tanh-oscillator,
λ = 4, h/T0 = 0.08.

Figure 4 shows time histories of the displacement and velocity
of the free undamped response of the tanh-oscillator withλ =
4 as shown in Fig. 3. Forλ ≃ 0 the oscillator is linear with
angular frequencyω0 = 2π/T0 = (k/m)1/2. For increasingλ
the period increases and in the present case ofλ = 4 the period
is nearly doubled withT = 1.818T0. As seen from the time
histories in Fig. 4 the velocity is no longer just a phase shift of
the displacement history but develops a saw-tooth shape with
smaller maximum amplitude than in the similar linear problem.
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0
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ω0h
∆T

/
T

Figure 5. Period error∆T/T of tanh-oscillator,λum = 4.0.
Conservative ∆K∗: ×, stiffness increment∆K: +,
Newmark:◦.

The period error is illustrated in Fig. 5 for three cases:
the mean-value form of the Newmark algorithm, the present
algorithm when using only the tangent stiffness increment∆K,
and finally the conservative form with the stiffness increment
∆K∗ including a secant correction. In addition to the computed
values the figure also shows the line∆T/T = 1

3(ω0t)2 ≃
1
12(ωt)2, representative of the asymptotic behavior of the linear
problem. It is seen that this asymptotic estimate represents
the Newmark results well, while the period error of the
two algorithms with stiffness correction of the internal force
term exhibit a relative error that is about half of this in the
present example. The figure clearly demonstrates the quadratic
convergence of all three versions of the algorithm.
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Figure 6. Energy error∆E/E0 of tanh-oscillator,λum = 4.0.
Stiffness increment∆K: +, Newmark:◦.

The dependence of the relative energy error∆E/E = (Emax−
Emin)/E on the integration time intervalh is illustrated in
Fig. 6. The conservative algorithm gives∆E/E ∼ 10−11,
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corresponding to the numerical accuracy of the implemented
iteration. This error is too small to show up in the figure. The
algorithm with direct implementation of the tangent stiffness
increment∆K is represented well by the full line corresponding
to ∆E/E= 1

12(ω0h)4, demonstrating fourth-order representation
of the energy in this form of the algorithm. The mean-value
form of the Newmark algorithm corresponds closely to the line
∆E/E = 1

6(ω0h)2, illustrating the second-order accuracy of this
algorithm.
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Figure 7. Energy time history,ω0h= 1.0: Conservative−·−,
stiffness increment∆E −−, Newmark —.

The character of the energy fluctuations is illustrated for the
three versions of the algorithm in Fig. 7 for the rather large
integration time stepω0h = 1, corresponding to the right set
of points in Fig. 6. It is seen that in the present example of
a nonlinear oscillator with decreasing stiffness the two non-
conserving algorithms develop energy fluctuations in which
the energy varies between a maximum value equal to or less
than the correct initial value and a somewhat smaller minimum
value. For a nonlinear oscillator with increasing stiffness the
energy fluctuations are above the initial energy level, [20]. The
energy conservation property is essential in strongly nonlinear
problems as it gives unconditional convergence.

6.2 Elastic pendulum

This example illustrates energy conservation and algorithmic
dissipation by the elastic pendulum shown in Fig. 8. The
example was introduced in [14] in connection with the special
energy-conserving algorithm based on the geometric stiffness.
The pendulum consists of a concentrated massm suspended
in a hinged elastic bar with negligible mass, stiffnessEA, and
length l0 in the unloaded state. Gravitation gives the forcemg
in thex-direction. The position of the mass is described by the
coordinatesu= [x,y]T and the velocity iṡu= [ẋ, ẏ]T . The kinetic
and potential energy are

T = 1
2m(ẋ2+ ẏ2) , U = 1

2 l0EAε2 − mgx, (44)

whereε is the strain in the bar, corresponding to the forceN =
EAε. In the present example the Green strain definitionε =
(l2− l20)/2l20 is chosen, whereby the energy potential is quartic
in the displacement components. Thus, the effective internal
force is represented bygq without use of the higher-order secant
correction.

m

l

x

y

θ

Figure 8. Elastic pendulum with concentrated mass.

The energy expressions define the mass matrix, the internal
force, and the external force:

M =

[
m 0
0 m

]
, g =

N
l0

[
x
y

]
, f =

[
mg
0

]
. (45)

The tangent stiffness matrixK = ∂g/∂u consists of a geometric
and a constitutive part,

K =
N
l0

[
1 0
0 1

]
+

EA

l30

[
x2 xy
yx y2

]
. (46)

In the present examplem= 1, l0 = 1, g = 10 andEA= 3000.
The time scales of the problem are the period of pendulum
vibrationsTp = 2π/ωp = 2π/

√
g/l0 = 1.987 and the vibration

period of the bar ofTb = 2π/ωb = 2π/
√

EA/ml0 = 0.1147.
The ratio of these time scales isTp/Tb = 17.3, and thus
the oscillations of the bar are rapid relative to the swinging
pendulum motion. The integration time increment is chosen
as h = 0.02, corresponding to about six points per period of
the rapid axial vibrations of the bar. The initial conditions are
zero velocity and[x0,y0] = [0.0,1.1], corresponding to a 10%
elongation of the bar. The change in potential energy in a similar
rigid pendulum between the horizontal and vertical position is
mgl0. The additional internal elastic energy introduced by the
initial stretch is 1.6537500mgl0, and thus there is a fair balance
between the energy in the pendulum and axial vibration modes.

The coordinatesx(t) and y(t) are integrated with the
conservative algorithm with∆K∗ = ∆K, using the iteration
tolerancesεr = 10−6mg andεu = 10−6l0. The results for the
position variablesx(t) andy(t), used directly in the algorithm,
are shown in Fig. 9a, while an alternative representation ofthe
motion in terms of the lengthl(t) and the angleϕ(t) is shown in
Fig. 9b. Both figures clearly illustrate the slow pendulum motion
superposed by the rapid oscillations of the elastic bar. Thetotal
energy of the pendulum isE = U +T = 1.6537500mgl0. The
energy is conserved to within a relative error of 10−8 with the
present tolerances.

The present algorithm contains the option of introducing
algorithmic damping to attenuate high-frequencycomponents of
the response. In practice the need for this type of algorithmic
damping is typically associated with the use of interpolated
elements, where the high-frequency components are not well
represented by the polynomial shape functions. To illustrate
the character of the simple algorithmic damping in terms of the
parameterα the response of the pendulum is evaluated using the
same parameters as before, but now withα = 0.02. By use of
(16) it is found that this corresponds to introducing a damping
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Figure 9. Pendulum withh = 0.03, α = 0.0. a) Coordinates
x(t) andy(t), b) Lengthl(t) and angleϕ(t).

ratio of magnitudeζb ≃παh/Tb= 0.011 in the bar vibration and
ζp ≃ παh/Tp= 0.0006 in the pendulum vibration. The response
is illustrated in Fig. 10. It is seen that while the high-frequency
bar vibrations are damped out, the slow pendulum motion is left
nearly undamped over the few periods shown.

7 CONCLUSIONS

In momentum-based time integration a key role is played by
the time integral of the internal force. In a second-order
method the time integral representation should be at least second
order accurate. However, in order for the algorithm to be
energy conserving the representation of the internal forceshould
additionally satisfy a condition with respect to the displacement
integral representing the internal work. A fairly detailed
discussion of this problem has been given here, starting with
nonlinear problems with quartic internal energy function.Three
different representations of the internal force with conservation
of any fourth degree internal energy function are discussed:
the use of a special form combining mean stress and mean
strain gradient, the evaluation of the algorithmic form of the
internal force by Simpson’s integration formula by including
the internal force corresponding to the mean displacement,and
finally introduction of a correction for the finite time step in
terms of the increment of the tangent stiffness matrix over the
integration step. While the two first methods require special
measures to handle an intermediate state, the stiffness increment
formulation only uses the tangent stiffness matrix, which is
typically computed anyway for use in the iteration process.
A general conservative form is obtained by introducing an
additional secant-based fifth-order term containing the finite
increment of the internal energy.
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Figure 10. Pendulum withh= 0.03,α = 0.02. a) Coordinates

x(t) andy(t), b) Lengthl(t) and angleϕ(t).

A simple algorithmic damping option is included in the
algorithm in terms of a single damping parameter. Essentially,
it consists in replacing the algebraic mean with a slight forward
shift, when forming the mean value of the internal force and the
inertial force in the algorithm. The effect is somewhat similar
to stiffness-proportional damping, but by including the same
forward shift in the velocity representation, the algorithmic
damping is without the phase dependence known from classic
viscous damping, and furthermore increases monotonicallywith
frequency without reduction at high frequencies due to aliasing.

A couple of simple examples illustrate the energy conserva-
tion property in an oscillator with non-polynomial stiffness, and
the use of algorithmic damping to attenuate the energy in a high-
frequency mode.
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ABSTRACT: This presentation summarizes the development of vibration-based structural health monitoring and damage 
detection methods and their applications to cable-supported bridges. It has been shown that because of very low modal 
sensitivity of the structures with respect to damage at a component level, only the methods which have high tolerance to 
incompleteness of measured data, measurement noise, modeling error and structural uncertainty are applicable to large-scale 
cable-supported bridges for vibration-based damage identification. The research focus has been given to eliminate the 
environmental effects in vibration-based damage detection. Both parametric and non-parametric procedures are proposed for 
eliminating the temperature effect in vibration-based damage detection, and several illustrative examples are provided. 

KEY WORDS: Cable-supported bridge; Structural health monitoring; Vibration-based damage detection. 

1 INTRODUCTION 

Maintaining the safe and reliable operation of vital 
infrastructure systems that society depends upon is critical to 
securing the well-being of people, protecting significant 
capital investments, and supporting the vitality of the global 
economy. However, infrastructure systems cannot last 
forever; even after construction, these complex systems begin 
to deteriorate within the demanding operational environment 
in which they are placed. Given the costs associated with 
infrastructure repair and the high environmental impact of 
infrastructure construction, government authorities worldwide 
are increasingly seeking sensing and instrumentation systems 
to more objectively monitor their crucial infrastructure 
systems to ensure structural and operational safety. Structural 
health monitoring (SHM) technology can provide engineers 
and owners with early warnings on damage and structural 
deterioration prior to the need for costly repairs or situations 
that can lead to catastrophic structural collapses. The past two 
decades have witnessed a rapid increase in the applications of 
SHM technology to various civil engineering structures 
around the world [1-6]. 

The development of SHM technology in Hong Kong has 
evolved for over fifteen years since the implementation of the 
so-called “Wind And Structural Health Monitoring System 
(WASHMS)” on the suspension Tsing Ma Bridge in 1997. 
Five long-span cable-supported bridges in Hong Kong, 
namely the Tsing Ma (suspension) Bridge, the Kap Shui Mun 
(cable-stayed) Bridge, the Ting Kau (cable-stayed) Bridge, the 
Western Corridor (cable-stayed) Bridge, and the Stonecutters 
(cable-stayed) Bridge, have been instrumented by the 
Highways Department of the Hong Kong SAR Government 
with sophisticated long-term SHM systems [7-9]. The SHM 
systems also were periodically updated in order to effectively 
execute the functions of structural condition monitoring and 
structural degradation evaluation under in-service condition. 
A lot of investigations on using the monitoring data from the 
instrumented bridges for structural health and condition 

assessment have been carried out [10-18]. This paper outlines 
the development of structural health monitoring and damage 
detection methods for cable-supported bridges based on long-
term vibration monitoring data. 

2 BRIDGE SHM SYSTEMS IN HONG KONG 

The SHM systems for the five cable-supported bridges in 
Hong Kong were designed and implemented for real-time 
monitoring of four categories of parameters: (i) environments 
(wind, temperature, seismic, humidity, corrosion status, etc.), 
(ii) operational loads (highway traffic, railway traffic), (iii) 
bridge features (including static features such as influence 
coefficients and dynamic features such as modal parameters), 
and (iv) bridge responses (geometrical profile, cable force, 
displacement/deflection, strain/stress histories, cumulative 
fatigue damage, etc.). Figures 1 to 5 show the SHM systems 
deployed on the bridges. In accordance with a modular design 
concept [19], each system is composed of six modules, i.e., 
Module 1: Sensory System (SS), Module 2: Data Acquisition 
& Transmission System (DATS), Module 3: Data Processing 
& Control System (DPCS), Module 4: Data Management 
System (DMS), Module 5: Structural Health Evaluation 
System (SHES), and Module 6: Inspection & Maintenance 
System (IMS). The SS and DATS are sensors, on-structure 
data acquisition units (DAUs), and cabling networks for signal 
collection, processing and transmission. The DPCS is a 
computer system for the execution of system control, system 
operation display, and processing and analysis of data. The 
DMS refers to a database or data warehouse system for the 
storage and retrieval of monitoring data and analysis results. 
The SHES, which is the core of the SHM system, is a high-
performance computer system equipped with appropriate 
software and advanced analysis tools for the execution of 
finite element analysis, sensitivity analysis and model 
updating, bridge feature and response analysis, diagnostic and 
prognostic analysis, and visualization of analyzed results. It 
includes an on-line structural condition evaluation system and  
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a parametric method can be applied to eliminate the 
temperature effect in vibration-based structural damage 
detection. In this method, a correlation model between the 
modal frequencies and temperatures is first formulated by a 
statistical learning algorithm, such as the back-propagation 
neural network (BPNN) technique, with the use of long-term 
monitoring data of modal frequencies and temperatures from 
the healthy structure. The configuration and parameters of the 
BPNN model are optimized in effort to achieve good 
generalization (prediction) performance. With the formulated 
correlation model, the modal frequencies measured under 
different temperature conditions can be normalized to an 
identical reference status of temperature so as to eliminate the 
temperature effect. To this end, an arbitrary reference status of 
temperature is set. The reference temperature together with 
the temperatures at which the modal frequencies Mf  were 
measured, is passed to the correlation model to produce a 
reference frequency Rf  and the predicted frequencies Pf . 
Thus the temperature-caused change in the modal frequencies 
is obtained by subtracting the reference frequency from the 
predicted frequencies. Then the normalized modal features 

Nf  are obtained by subtracting the temperature-caused 
frequency change from the measured frequencies [14]  

  RP
i

M
i

TM
i

N
i ffffff   (1) 

where i represents the sample order in the sequence of the 
measured modal frequencies. After eliminating the 
temperature effect on the modal frequencies, damage is 
assumed to be the source responsible for the variation in 
modal frequencies. Then, structural damage alarming can be 
conducted by the aforementioned AANN technique with the 
use of the normalized modal frequencies. 

The capability of the parametric method in eschewing false-
positive alarm is examined using a set of unseen monitoring 
data obtained from the intact (healthy) bridge but measured 
under different environmental conditions. For comparison, 
two AANN models have been formulated: one (referred to as 
AANN-1) uses the normalized modal frequencies, and the 
other one (referred to as AANN-0) uses the originally 
measured modal frequencies. AANN-0 (trained with the 
originally measured modal frequencies) is first examined with 
the unseen testing data that were obtained from the same 
structure in healthy status. Figure 12 shows the novelty index 
sequence in the testing phase (dotted line) in comparison with 
the novelty index sequence in the training phase (solid line). 
As there is an obvious shift in the novelty index sequences 
between the testing and training phases (the quantitative 
evaluation is the same as before), AANN-0 issues an alarm on 
damage. It is contradictory to the fact that the testing data are 
also obtained from the healthy structure though measured at 
different environmental conditions. Therefore, the alarm is 
false-positive. 

AANN-1 (trained with the normalized modal frequencies) is 
then examined with the same unseen testing data that were 
obtained from the structure in healthy status. Figure 13 shows 
the novelty index sequences in the testing phase (dotted line) 
and in the training phase (solid line) produced by AANN-1. 
As one might expect, no observable deviation appears in the 
novelty index sequences between the testing and training 

phases. Therefore, the parametric method is shown to be able 
to eliminate the temperature effect and eschew false-positive 
damage alarm. 

 
Figure 12. Novelty index of healthy structure for AANN-0. 

 
Figure 13. Novelty index of healthy structure for AANN-1. 

 
Figure 14. Novelty index of damaged structure for AANN-1. 

The performance of the parametric method in detecting the 
presence of structural damage with use of monitoring data 
obtained under different environmental conditions is further 
examined. Again, the ‘measured’ modal frequencies in 
various damage scenarios are generated by superposing the 
computed modal frequencies from a validated FEM of the 
bridge with the environmental effects that are obtained from 
the real monitoring data. Figure 14 shows the novelty index 
sequences in the testing phase compared with the novelty 
index sequences in the training phase obtained from AANN-1, 
where the damage is introduced by losing torsional and 
bending stiffness of a bearing element at the main tower 
(same as the damage case before). The difference in the means 
of novelty indices between the testing and training phases for 
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Figure 16. Architecture of a three-layer PNN. 

summation layer. An input vector X = {x1 x2  xi  xp}
T to be 

classified is applied to the neurons of the distribution layer 
that just supply the same input values to all the pattern units. 
In our study, this input vector consists of p modal parameters 
(natural frequencies, mode shapes or their combination). For 
the purpose of damage localization, the so-called combined 
modal parameters [32] which are only dependent on damage 
location but independent of damage extent are a good choice 
for the input parameters. In the pattern layer, there are s 
pattern classes, each representing a possible damage location. 
The number of pattern classes depends on a specific structure. 
Each neuron in the pattern layer forms a dot product of the 
input vector X with a weight vector Wj of a given class, zj = 
XWj, and then performs a nonlinear operation on zj before 
output to the summation layer. The activation function used 
here is g(zj) = exp[(zj1)/2] where  is a smoothing 
parameter. In the summation layer, each neuron receives all 
pattern layer outputs associated with a given class. For 
instance, the output of the summation layer neuron 
corresponding to the class k is 

  


kk n

j
kj

n

j
kjk zf

1

2

1
]/)1WXexp[()X(   (2) 

With Equation (2), the kernel density estimators for PDFs 
have been cast into the PNN by setting the network weight 
vectors as the corresponding training vectors. Such configured 
PNN outputs in the summation layer the PDF estimates for 
each pattern class at the test vector point. The pattern class 
with the largest PDF implies the class of the current test 
vector and thereby indicates the damage location with 
maximum likelihood. 

For illustration, a simulation study of damage localization 
using the PNN is made on the Tsing Ma Bridge deck. The 
bridge main span comprises a total of 76 deck units. In the 

present study, the main span deck is divided into 16 segments, 
each including 4 or 5 deck units. The damage to the deck 
members within the same segment is classified as one patter 
class. As a result, there are totally 16 pattern classes (s = 16). 
The following modal parameters are taken to constitute the 
input vector: the natural frequency change ratios of the first 
four modes, and the three translational components of the first 
mode vector at the 16 nodes of deck units 2, 7, 12, 17, 22, 27, 
32, 36, 41, 45, 50, 55, 60, 65, 70 and 75 (one node for each 
selected unit). So the length of the PNN input vector is p = 
4+163 = 52. In order to obtain the training vectors, for each 
pattern class two damage scenarios with the damage within 
the same segment but different units are introduced in the 
FEM of the bridge and the corresponding modal parameters 
are evaluated. Each set of the computed modal parameters are 
then added with a random sequence to form the training 
vectors.  

50 sets of modal parameters are randomly produced for 
each damage scenario. After entering the noise-polluted 
training vectors of all pattern classes as weights between the 
distribution (input) and pattern layers, the PNN for damage 
localization is configured (trained). When presenting on it a 
new input vector (test vector) consisting of measured modal 
data of unknown source, the configured PNN outputs in the 
summation layer the PDF estimates for each pattern class at 
the test vector point, and the damaged deck segment is 
identified by the pattern class with the largest PDF. 

The test vectors are produced in a similar way to obtaining 
the training samples. A total of 16 damage scenarios, with one 
for each deck segment (pattern class), are examined in the 
testing phase. The testing damage scenario for each pattern 
class is incurred at a deck unit different from the training 
damage scenarios. The analytical modal parameters when 
incurring damage at each deck segment in turn are calculated 
and then polluted with random noise to obtain the ‘measured’ 
test vectors. For each testing damage scenario, 500 sets of 
noise-corrupted test vectors are produced. Table 3 summarizes 
the damage location identification results under different noise 
levels. The integral numbers in the latter five rows of the table 
show the number (times) of correct identification, out of 500 
tests for each damage scenario. The identification accuracy 
(IA) is defined as the ratio of the total number of correct 
identification to the total test number. The IA value is 73.75% 
when the noise level  = 0.10%, 83.68% when  = 0.08%, 
90.34% when  = 0.06%, 95.66% when  = 0.04%, and 
99.14% when  = 0.02%. 

Table 3. Summary of correct identification using PNN technique. 

Pattern class No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 IA 

Testing sample No. 500 500 500 500 500 500 500 500 500 500 500 500 500 500 500 500 ratio 

  = 0.10% 302 168 366 246 485 354 480 405 323 364 415 436 349 251 463 493 73.75%

Number  = 0.08% 343 248 444 356 493 434 493 436 351 406 464 461 405 379 484 497 83.68%

of correct  = 0.06% 483 339 489 467 464 486 498 472 350 432 477 491 463 395 442 479 90.34%

localization  = 0.04% 431 372 498 476 500 498 500 492 426 480 500 500 492 488 500 500 95.66%

  = 0.02% 478 470 500 500 500 500 500 500 485 500 500 500 500 498 500 500 99.14%

    Note:  IA (Identification Accuracy) is the ratio of total number of correct localization to total number of testing samples (50016). 
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5 CONCLUSIONS 

This paper summarized several vibration-based methodologies 
developed for SHM and damage detection of cable-supported 
bridges. It has been shown that the auto-associative neural 
network (AANN) technique is promising for damage alarming 
in operation with noisy measurement data. Because no 
structural model is required and only modal frequencies are 
utilized, this method is applicable to structures of arbitrary 
complexity. Due to the environmental effects, however, false-
positive and false-negative alarms may be issued in applying 
the AANN technique. Both non-parametric and parametric 
methods have been developed to eliminate the environmental 
effects. The AANN technique has been extended to formulate 
multi-novelty indices for damage region identification. While 
requiring no structural model, it requires vibration sensors 
deployed at each of the structural regions. When an accurate 
structural model is available, the probabilistic neural network 
(PNN) technique can provide more detailed identification of 
damage location. For the identification of local damage in 
large-scale bridges, however, the methods which use dynamic 
strain measurement are preferred [33]. 
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ABSTRACT: Current force-based seismic design codes use design spectra and system-specific behavior factors to satisfy two 

pre-defined structural limit-states: Serviceability and Life Safety. Instead, performance-based seismic design aims to design a 

structure to fulfill any number of target performance objectives, defined as user-prescribed levels of structural response, loss or 

casualties to be exceeded at a maximum rate less than a given mean annual frequency (MAF). Even at its simplest structural 

response basis, the inverse probabilistic nature of the requirements has not yet allowed a satisfying solution without 

cumbersome cycles of re-design and re-analysis. An alternative approach is proposed, relying on a new format for visualizing 

seismic performance, termed Yield Frequency Spectra (YFS). YFS offer a unique view of the entire solution space for structural 

performance, as indexed by the MAF of exceeding arbitrary ductility (or displacement) thresholds, versus the base shear 

strength of a structural system with given yield displacement and backbone capacity curve. YFS can be instantly computed for 

any system that is satisfactorily approximated by a single-degree-of-freedom oscillator, as in any nonlinear static procedure. 

Thus, stated performance objectives are directly related to the strength and stiffness of the structure while fully incorporating 

aleatory and epistemic sources of uncertainty, as needed to achieve any required level of confidence. The combination of 

ductility (or displacement) demand and its exceedance MAF is readily determined, allowing a satisfactory initial design to be 

realized in a single step. Using a simple safety factor approach given the period and the hazard curve slope, the benefits can also 

apply to contemporary seismic codes, essentially introducing true performance-based capabilities in a traditional format. 

KEY WORDS: Earthquake engineering; Performance-based design; Probabilistic methods; Safety; Uncertainty. 

1 INTRODUCTION 

Earthquake engineering is a fascinating scientific field where 

multiple disciplines come together to mitigate the threat of 

one of the deadliest natural hazards on Earth. Of immediate 

concern is the entirety of the built environment that houses the 

majority of human societal and economic activities. 

Earthquakes thus threaten immeasurable wealth, representing 

past investments in existing infrastructure and ever-increasing 

future ones as new structures are added or renovated yearly. 

Recent seismic events, e.g., Northridge (1994), Kobe (1995), 

China (2008), Tohoku (2011), have shown that despite 

considerable advances in research, we still have a long way to 

go: While modern buildings reduce the rate of fatalities, the 

staggering monetary losses and functionality disruption from 

seismic events can cripple entire cities, or even countries. 

At the core of earthquake engineering stand the dual 

problems of assessment and design. Assessment is the direct 

process of estimating structural behavior given the structure 

and the hazard. Design is the inverse problem, whereby a 

structure, its members and properties are sought to assure a 

desired behavior under the given seismic hazard. As typically 

befitting such dualities, the direct path of assessment is by far 

the simpler of the two. Thus, while the earthquake engineering 

field has benefited enormously from recent advances in 

computer science and technology, these have been realized in 

an asymmetric way. Important solutions have mostly been 

achieved for the assessment problem (e.g., Fajfar and Dolsek 

[1]), introducing the concept of performance quantification 

within a probabilistic context as a viable approach. Therein, a 

structure’s properties may be taken into account together with 

the seismic hazard provided by probabilistic seismic hazard 

analysis (PSHA) to provide relatively accurate estimates of 

the distributions of structural response, repair cost, time-to-

repair or even human casualties. While most of these 

capabilities are still only available at the academic level, some 

of the benefits are slowly finding their way into the new 

generation of seismic codes dealing with the assessment of 

existing structures (EC8 [2], ASCE/SEI 41-06 [3]).  

On the design front, though, no such revolution has been 

realized. Current seismic design codes follow a classical 

force-basis paradigm that has served the civil engineering 

community well for many decades: Design lateral loads are 

prescribed through a design (pseudo)acceleration spectrum 

together with a system-specific “behavior” R or q factor to 

account for inelasticity. The elastic design spectrum is chosen 

to represent a certain seismic hazard for a given site that is 

uniform over all periods and typically corresponds to a 

probability of exceedance of 10% in 50 years. This is 

considered to be equivalent to a Life Safety limit-state, 

whereby a structure may be severely damaged yet allows the 

occupants to evacuate without serious injury. To take into 

account the effects of plasticity that allow us to trade strength 

for ductility, elastic design spectral accelerations are divided 

by a q-factor larger than 1.0. This is meant to be calibrated to 

maintain the desired level of safety for each lateral load-

resisting system type, incorporating both ductility and 

overstrength in view of local construction practice. Life Safety 

is essentially satisfied by checking member resistance 
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(force/moment) against the effects of the prescribed lateral 

loads. Serviceability is similarly satisfied by checking 

displacements (interstory drifts) for a suitably reduced design 

spectrum, equivalent to a more frequent level of seismic loads. 

Thus, elastic static or dynamic analysis is employed together 

with the design spectrum and the q-factor to enable a 

simplified design to be reached with a process that is intuitive 

to engineers.  

While conceptually simple and undoubtedly useful, the 

classical approach suffers from many apparent drawbacks that 

need to be addressed. For example, the only allowance for 

nonlinear effects is through the obscure reduction/behavior 

factor while uncertainties are incorporated via safety factors at 

the input level of material and load values instead of the 

output response. When considering severe nonlinear response 

under earthquake loading, all such approximations become 

wishful thinking rather than scientific fact. Still, theoretical 

and practical difficulties have not allowed achieving the much 

sought-after leap to performance-based seismic design, 

whereby a structure would be directly designed to satisfy a 

range of performance objectives with specific allowable 

exceedance rates. Presently, the only approach for achieving 

the desired performance is through a cumbersome trial-and-

error process using cycles of nonlinear analysis and linearized 

redesign that will slowly converge to a satisfactory, albeit 

largely non-optimal, solution. 

Nevertheless, as assessment essentially forms the basis of 

design, the foundation is now there and the necessary tools are 

nearly complete. It is our belief that the much desired 

breakthrough is at hand: A direct performance-based design 

method that will revolutionize the state-of-the-art in 

earthquake engineering research. An attempt to fulfill this 

vision forms the basis of the paper. 

2 CURRENT STATE OF THE ART 

During the last decade, the use of probabilistic tools for 

assessing the reliability of structural systems under seismic 

excitations has attracted considerable research worldwide, 

prompted by the damages detected in many structures 

following severe seismic events. It is worth noting that, 

despite the recent advances in the earthquake engineering 

research field, seismological and structural response-related 

uncertainties are among the largest faced by engineers [4], 

while their proper quantification remains a daunting task. In 

view of this, significant effort has been put towards the 

development of probabilistic methodologies to properly 

quantify structural performance under the influence of 

uncertainties. At present, the scientific community seems to 

effectively tackle the seismic performance-based assessment 

challenge [1]. However, when it comes to design, 

considerable further evolution is needed to address 

uncertainties, aging, directness and practicality. 

2.1 Aleatory and Epistemic uncertainty 

Both assessment and design become more challenging when 

coupled with a probabilistic framework, to account for the 

various uncertainty sources [4] that are intrinsic in all 

engineering applications. These uncertainties can be due to the 

inherently random nature (aleatory), e.g., of seismic loads, or 

can be attributed to our incomplete knowledge (epistemic), for 

example regarding the modeling or the actual properties of an 

existing structure. The fundamental difference is that 

epistemic uncertainty can be reduced, for example by 

conducting additional measurements, tests or experiments. 

However, aleatory randomness is naturally occurring in a 

process, e.g. the sequence and magnitude of earthquakes, and 

cannot be alleviated. In general, most existing performance-

based assessment formats treat these two flavors in a unified 

way (despite some objections, e.g., [8]) prompting us to refer 

to them collectively as simply “uncertainty”. 

 

 

 

Figure 1. The effect of alternative modeling choices on the capacity curve of a 5-story reinforced concrete building, as estimated 

via first-mode static pushover (from Zeris et al. [5]). 
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Figure 2. The effect of beam-plastic hinge uncertainties on the performance of a 9-story steel frame: (a) cumulative distribution 

functions of the hinge ultimate rotation (Lignos and Krawinkler [6]) and (b) the estimated dispersion of the median response in 

spectral acceleration versus maximum interstory drift terms (Vamvatsikos and Fragiadakis [7]). 

 

So far, several researchers have concluded that, among all 

uncertainties, the earthquake signature has the most profound 

influence on the structural reliability, especially in the case of 

performance levels associated with high structural and non-

structural damages [9-11]. This outcome mainly stems from 

limited findings concluding that the uncertainty in several 

model input variables (mainly the material properties of the 

structure) has a relatively small effect on the overall response 

uncertainty. However, little progress has been made towards 

holistically quantifying the effect of uncertainty on the 

structural performance, and especially its components related 

to the choice of model type (Figure 1), analysis type and 

material aging. Details of soil, foundation and structural 

modeling may heavily influence the outcome of any analysis 

method. With models under cyclic loading still under 

development [6], the evaluation of the structural response 

within an analytical context remains a difficult task that can 

lead to incorrect response estimates and consequently to 

structural designs with unsatisfactory or non-homogeneous 

seismic reliability. This is particularly true in cases where 

simplified modeling assumptions and analysis options have 

been employed and the structure approaches its collapse 

capacity, where large deformations and complicated 

degradation come into play (Villaverde [12]), as prominently 

shown in Figure 2. 

2.2 Aleatory and Epistemic uncertainty 

Performance-based earthquake engineering has recently 

emerged to quantify in probabilistic terms the performance of 

structures using metrics that are of immediate use to both 

engineers and stakeholders [13]. Using a variety of nonlinear 

analysis methods, such as the static pushover or the nonlinear 

timehistory analysis, and adopting a proper probabilistic 

framework for propagating both aleatory and epistemic 

uncertainties to the final results, this concept is best 

exemplified by the Cornell-Krawinkler framing equation 

adopted by the Pacific Earthquake Engineering Research 

(PEER) Center [14]: 

 )(d)|(d)|(d)|()(
MMDPDPMMVV

IIEGEDGDDGD  (1) 

 

 

Figure 3. The structural response (EDP) versus seismic 

intensity (IM) relationship conceptualized via incremental 

dynamic analysis in a performance-based earthquake 

engineering framework. 

DV is a single or a vector of decision variables, such as cost, 

time-to-repair or human casualties that are meant to enable 

decision-making by the stakeholders. DM represents the 

damage measures, typically discretized in a number of 

damage states (e.g. red/yellow/green, see Figure 3) of 

structural and non-structural elements and even building 

contents. EDP contains the engineering demand parameters 

such as interstory drift or peak floor acceleration that the 

engineers are accustomed to using when determining the 

structural behavior. IM is the seismic intensity, for example 

represented by the 5%-damped first-mode spectral 

acceleration Sa(T1,5%). The relationship of EDP and IM is the 

result of structural analysis and it is best established through 

incremental dynamic analysis (IDA [15]), using multiple 

ground motion records scaled to different levels (and 

exceedance frequencies) of intensity as conceptually shown in 

Figure 3. The function λ(y) provides the mean annual 

frequency (MAF) of exceedance of values of its operand y, 

thus making λ(IM) the seismic hazard, while G(x) is the 

complementary cumulative distribution function (CCDF) of 

its variable x. Considerable research efforts have targeted the 
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proper selection of the IM, showing that scalars or vectors 

incorporating elastic spectral shape information can offer 

improved accuracy[16-18]. 

Defining performance without involving any decision 

variable DV or the closely related damage measure DM makes 

sense for practicing engineers, leaving engineering-level 

quantities, such as EDP, to express performance. This may be 

best achieved by moving to the familiar territory of limit-

states and appropriately modifying the PEER framework, as 

shown by Vamvatsikos and Cornell [18]. Defining DV and DM 

to be simple indicator variables that become 1.0 when a given 

limit-state (LS) is exceeded, transforms Equation 1 to estimate 

λLS, the MAF of violating LS:  

  )(d)|(
LS MMDP

IIEG   (2) 

Using either of the two equations presents a different basis 

for estimating performance as the MAF of exceeding a stated 

objective. For example, the latter could be the well-known 

10% probability of exceedance in 50 years for Life Safety 

which, roughly corresponds to a MAF of exceedance of 

0.10/50 = 0.2%. The difference in employing Equation 1 

versus Equation 2 appears in the metrics used to define Life 

Safety itself. In the first case, this is expressed in terms of the 

decision variables, e.g., by requesting no casualties and 

property damage less than 5% of the total investment. In the 

second case, this could be a more familiar limitation, e.g. 2%, 

for the maximum or residual interstory drift ratio observed 

during the earthquake. Both approaches find excellent uses 

but they are presently limited to assessment, i.e. the forward 

derivation of a given structure’s performance. A proper 

performance-based design would mean at least inverting such 

equations to allow deriving the desired properties of the 

structure that would satisfy a given value of λLS, for example 

the 0.2% per annum to successfully fulfill the Life Safety 

requirements. 

2.3 Force-based versus performance-based seismic design 

In principle, most current design codes may be considered to 

be performance-based in the limited sense that they relate 

certain design criteria to specific limit states [20]. According 

to most current codes, e.g. Eurocode 8 [2] or IBC2012 [21], 

for a seismic design to be considered adequate, the analyzed 

structure should satisfy appropriate objectives for life safety 

and post-earthquake occupancy. These performance 

objectives, usually require the structure to remain elastic in 

the event of a minor earthquake, to resist moderate earthquake 

events while sustaining repairable damages and finally, to 

withstand major seismic events without local or global 

collapse. This is typically achieved via the traditional “force-

basis” by assigning design loads (i.e. lateral forces) tied to 

specific hazard levels. A structure built to withstand these 

forces is assumed to satisfy the performance requirements. 

Recently, it has been recognized that such design 

methodologies may often fail to the desired structural 

reliability as they ignore the variability in structural response 

and seismic hazard. Instead, they attempt to inject the 

necessary conservatism via safety factors applied at the 

material level, and via specific choices of formula constants 

that are propagated up to the final design. Nowhere in this 

process is there any indication of the actual level of reliability 

achieved, nor is there any differentiation according to the 

model or analysis method used. Furthermore, such methods 

have often been criticized for evaluating the design base shear 

on the premise of the elusive fundamental period of the 

structure. As a result, the design load is effectively tied to the 

strength (and stiffness) of the structure that frequently changes 

from one design cycle to the next, exacerbating the need to 

iterate. As an alternative, Priestley [22] and Aschheim [23] 

proposed evaluating the design base shear on the basis of the 

yield displacement. The latter is proven to be a stable 

parameter that is also more closely correlated to the set 

performance targets. On such premises, a displacement-basis 

for design is possible (e.g. Moehle [24], Priestley et al. [25]), 

whereby member sizing is based on the maximum nonlinear 

displacement of an equivalent single-degree-of-freedom 

system. Nevertheless, while such methods may offer an 

improvement over traditional force-based design, they still fail 

to connect seismic risk to design decisions. 

The inconsistent probabilistic basis of all such approaches 

becomes an important liability. There is truly no “right” value 

for the safety factors that can safely and economically cover 

the entire building stock. Whenever a new design concept 

veers away from the beaten path, it may finds itself in the red 

zone without violating the code. Recent advances in 

geotechnical engineering have unveiled such a twist to 

traditional design. Because of difficulties with identification 

and repair of foundation elements, the general design 

philosophy in the realm of design codes has been to ensure 

that foundations remain elastic during seismic shaking. By 

contrast, inelastic deformations in the form of ductile plastic 

hinges are acceptable (desirable) in the superstructure. 

However, in some cases it appears economically beneficial to 

allow inelastic action below grade, as, for example, in the case 

of single column bents [26]. With reference to pile 

foundations, kinematic response imposed by seismic waves 

may lead to development of large bending moments at deep 

interfaces; thereby nonlinear action in the foundation may be 

unavoidable. The currently prevailing view is that heavily 

stressed regions in a pile must be designed to possess 

adequate ductility, because complete loss of flexural strength 

may result in loss of vertical load-carrying capacity. However, 

uncertainties exist with regard to soil-structure interaction and 

the actual foundation behavior during severe earthquakes. It 

would appear to be essential to detail piles and footings so as 

to be capable of a reasonable degree of ductile behavior. 

Developing an understanding and obtaining practical solutions 

to these issues will require extensive research in the years to 

come. 

Attempting to offer a path for answering such difficult 

issues under a coherent framework, the main idea of 

performance-based design is to form a methodology for 

structural and geotechnical design, capable to achieve 

simultaneously multiple performance objectives (SEAOC 

Vision 2000 [27]). However, what mainly differentiates a 

holistic performance-based design from the currently used 

force/displacement-based paradigm is that, the design criteria 

should be explicitly expressed as performance objectives 

paired with specific allowable exceedance rates (or 

probabilities). To achieve this, any proposed method should 

account for nonlinear structural behavior and uncertainty. 
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3 CONCEPTUAL PERFORMANCE-BASED DESIGN  

All design approaches are essentially methods to solve 

inverse problems, where the functional relationship between 

the design variables and the target objectives is not invertible, 

or even precisely known. Thus, iteration is required. This is 

especially costly with performance-based design: Each 

iteration for a nonlinear structure means a cycle of re-design 

and re-analysis, where the latter is a full-blown performance-

based assessment involving nonlinear static or dynamic runs. 

It is no wonder then that most attempts to represent PBSD 

have mostly come back to discuss assessment instead (see for 

example fib [28], FEMA-445 [29]). Any method built on this 

paradigm essentially becomes an iterated assessment 

procedure. Conceptual support for such a design process is 

provided by Krawinkler et al. [30]. Many researchers have 

also chosen to improve upon the efficiency of the re-design to 

achieve a fast convergence, often leading to the use of 

numerical optimization. For example, Mackie and 

Stojadinovic [31] have suggested this approach for bridges 

while Fragiadakis and Papadrakakis [32], Franchin and Pinto 

[33] and Lazar and Dolsek [34] have all used optimization 

techniques for the performance-based seismic design of 

reinforced-concrete structures (see also Fragiadakis and 

Lagaros [35] for a comprehensive review). 

Despite the usefulness of currently suggested approaches, 

their implementation is not trivial. The link between a 

performance objective and the resulting design is obscure, 

coming out of numerous steps of numerical analysis. As an 

alternative, so-called “Yield Frequency Spectra” (YFS) are 

proposed as a design aid, being a direct visual representation 

of a system’s performance that quantitatively links the mean 

annual frequency (MAF) of exceeding any displacement value 

(or ductility μ) with the system yield strength (or seismic 

coefficient Cy). YFS are plotted for a specified yield 

displacement; thus, periods of vibration represented in YFS 

vary with Cy. Figure 4 presents an example for an elastic-

perfectly-plastic oscillator. In this case, three performance 

objectives are specified (the red “x” symbols) while curves 

representing the site hazard convolved with the system 

fragility are plotted for fixed values of Cy. Of course, 

increases in Cy always reduce the MAF of exceeding a given 

ductility value. Thus, the minimum acceptable Cy (within 

some tolerance) that fulfils the set of performance objectives 

for the site hazard can be determined for a given single-

degree-of-freedom system. This strength is used as a starting 

point for the PBSD of more complex structures. The 

performance-based design problem potentially can be solved 

in a single step with a good estimate of the yield 

displacement.

 

 

Figure 4. YFS contours at Cy = 0.1,…,1.0 determined for an elastoplastic system (δy = 0.06m) at Van Nuys, CA, along with red 

“x” symbols that represent three performance objectives (μ =  1, 2, 4 at 50%, 10% and 2% in 50yrs exceedance rates, 

respectively). The third objective governs with Cy ≈ 0.93. The corresponding period is T ≈ 0.51s. 
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Figure 5. Spectral acceleration hazard surface for Van Nuys, CA. 

 

     

Figure 6. (a) Uniform hazard spectra and (b) Sa hazard curves for Van Nuys, CA. 

 

4 PROPOSED BASIS FOR DESIGN 

Far from finding fault with current proposals, it should be 

recognized that the design of a multi-degree-of-freedom 

structure will always involve some level of iteration. Thus, a 

truly direct performance-based design will probably never be 

realized. To reduce the number of design/analysis cycles, we 

should ask what parameters are stable as one moves from the 

initial design to the final one? One obvious shortcut, which 

actually forms the basis of all current seismic codes, is to rely 

on an SDOF system approximation. We will use this 

approximation for representing system level displacement 

(and ductility) responses.  A second shortcut is to rely on the 

stability of the yield displacement—the notion that the yield 

drift ratio of a bilinear approximation to the first mode 

pushover curve is stable with changes in strength. The 

changes in strength affect stiffness and drift (or ductility) 

demands. 

The essential ingredients of our approach to PBSD are (a) 

the site hazard and (b) some assumption about the system’s 

behavior (e.g. elastic, elastoplastic etc). Comprehensive site 

hazard representation that is compatible with current design 

norms can be achieved by the seismic hazard surface, a 3D 

plot of the MAF of exceeding any level of spectral 

acceleration for the full practical range of periods (Figure 5). 

This is the true representation of the seismic loads for any 

given site. More familiar pictures can be produced from the 

hazard surface by taking cross-section (or contours). Cutting 

horizontally at given values of MAF will provide the 

corresponding uniform hazard spectra (UHS). For example, at 

Po =  –ln(1-0.1)/50 = 0.0021, or a 10% in 50yrs probability of 

exceedance (Figure 6a), one gets the spectrum typically 

associated with design at the ultimate limit-state (or Life 

Safety). Taking a cross-section at a given period T produces 

the corresponding Sa(T) hazard curve (Figure 6b). Now 

compounding this information with the capacity curve (i.e. 
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force-deformation relationship envelope) of the system is 

where things start getting interesting.  

To illustrate the problem in more detail, let us first attempt a 

“perfect” elastic design. Suppose that an elastic oscillator of 

given mass M needs to be designed to not exceed a 

displacement δlim more often than a given MAF of Po, for 

example Po = 0.0021 for a code-compatible safety 

requirement. We are essentially asking for the stiffness, or 

equivalently, the period of this oscillator. Note here that a 

strength requirement would be quite straightforward to 

resolve, as one would simply take a horizontal line at Sa = 

F/M in Figure 6a and seek the period (or periods) at the 

intersection(s) with the corresponding uniform hazard 

spectrum. A displacement threshold though is slightly trickier 

as it requires some iteration: 

 

1. Select an initial period T. 

2. Extract Sa(T) from the UHS at Po. 

3. Calculate new period as T = 2π √(δlim / Sa). 

4. Go to step 2 until the period converges. 

 

The formula employed at step 3 is simply the result of 

solving for T the well-known relationship between the 

(pseudo) spectral acceleration and the spectral displacement. 

In an actual structural design setting this would probably be 

replaced by an eigenvalue analysis of the intermediate design 

resulting from loads consistent with the Sa(T) of the preceding 

step 2.  

A simpler solution exists that achieves the same results 

without any iteration. It involves the pre-calculation of a set of 

values of displacement consistent with the UHS spectrum at 

Po for any period T that can then be interpolated to estimate 

the required period for any desired δlim. An intuitive graphical 

representation of this is actually the displacement spectrum, 

Sd(T), which allows a direct non-iterative solution of the 

elastic design problem for any limit-state of interest. Not 

surprisingly, it is the starting point of most (if not all) 

displacement-design procedures (e.g. Priestley et al. [25]). 

Note that the seismic design codes typically do not enter this 

line of reasoning, despite being based on the acceleration 

rather than the displacement spectrum. This is achieved by 

virtue of prescribing an initial period that is considered to be 

close enough to the expected value for a given type of 

structure, thus foregoing the need for iterations (and 

eigenvalue analysis) for most rudimentary design cases. 

The aforementioned process is much compounded for 

application to a nonlinear system. Then, for a given capacity 

curve shape (or system type) we are asked to estimate the 

yield strength and the period T for not exceeding a limiting 

displacement δlim at a rate higher than Po. Even for an SDOF 

system, the introduction of yielding, ductility and the resulting 

record-to-record response variability fundamentally change 

the nature of the problem. This is best represented in the 

familiar coordinates of intensity measure (IM), here being the 

first mode spectral acceleration Sa(T), and engineering 

demand parameter (EDP), i.e., the displacement response δ. 

The structural response then appears in the form of 

incremental dynamic analysis (IDA, Vamvatsikos and Cornell 

[15]) curves as shown in Figure 7 for a T = 1s system with a 

capacity curve having positive and then a negative post-yield 

stiffness. Cornell et al. [36] have shown that response 

variability means that additional hazard levels beyond Po need 

to be considered in evaluating the system’s performance. The 

reason is that values lower than the average response for the 

seismic intensity corresponding to Po appear more frequently 

(i.e. correspond to a higher hazard rate in Figure 6b). Hence, 

they tend to contribute significantly more to the system’s rate 

of exceeding δ = δlim. Formally, this relationship may be 

represented by the following integral (Jalayer [37], 

Vamvatsikos and Cornell [19]), that is exactly equivalent to 

Equation 2: 

  



0
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where λ(·) is the MAF of exceeding δ. Sac(δ) is the random 

limit-state capacity, representing the minimum intensity level 

for a ground motion record to cause a displacement of δ to be 

exceeded (e.g., Figure 7). F(·) is the cumulative distribution 

function (CDF) of Sac evaluated at a spectral acceleration 

value of s, and H(s) is the associated hazard rate. The absolute 

value is needed for the differential of H(s) because the hazard 

is monotonically decreasing, thus always having a negative 

slope. 

 

 

Figure 7. IDA curves for a T = 1s oscillator with a degrading 

(in-cycle) capacity curve, showing the distribution of the 

spectral acceleration capacity, Sac (normalized by the yield 

spectral acceleration, Say) and corresponding to the collapse 

ductility of μ = 6. 

The seismic code foregoes such considerations through 

implicit incorporation of two assumptions: (a) Using the 

strength reduction R or behavior factor q to account for the 

effect of yielding and ductility in the mean/median response, 

(b) ignoring the effect of dispersion, and assuming that the 

seismic loads consistent with Po are enough to guarantee a 

similar (or lower) rate of non-exceedance of δlim. The error 

due to the above is “covered” by employing various implicit 

conservative approximations to account for the effect of the 

previous non-conservative assumptions, typically through the 

selection of R (or q) (see for example FEMA P695 [38]). 

Thus, in the code environment, the inelastic design process 
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becomes “identical”, at least in terms of the required steps, 

with the elastic design process described earlier. 

Unfortunately, the magnitude of the assumptions is such 

that one can never be entirely sure of actually achieving the 

stated objective(s) with any confidence. The margin of safety 

depends on the site and the system characteristics. Even when 

safe, the design is typically far from optimal: Economy and 

safety are two competing objectives and, given the size of the 

uncertainty involved in code-based inelastic design, common 

sense necessitates erring on the side of caution, i.e. injecting 

conservativeness (for example, through R). Consequently, the 

designer lacks specific information on where exactly his/her 

design is sitting on this wide blurry margin between meeting 

and failing the presumed performance criteria. Even worse, as 

any calibration for safety has been performed on the basis of 

the standard code assumptions of what an acceptable 

performance is, it is not possible to accurately inject one’s 

own (stricter) criteria for a better performing structure. Any 

importance factors used to amplify the design spectrum are 

only a poor substitute. This has actually become common 

knowledge in the past few years, and it is the premise of 

performance-based design. It other words, this is where the 

search starts for ways to fully incorporate the actual 

performance of a given structural system and allow its design 

for any desired performance objective. Unfortunately, neither 

the problem nor the (so far) proposed solutions are simple. 

As a complete replacement of this hazy picture, we aim to 

offer instead a practical and theoretically consistent procedure 

that can fully resolve the inelastic SDOF design problem, in 

the same way that the aforementioned iterative process and 

the associated displacement spectrum do for elastic design. 

This will be built upon (a) Equation 3 for estimating structural 

performance, (b) the R-μ-T relationships for estimating the 

probabilistic distribution of structural response given intensity 

and (c) a yield displacement basis for design, by virtue of 

being a far more stable system parameter compared to the 

period (Priestley [22], and Aschheim [23]). In a graphical 

format, this solution is represented using yield frequency 

spectra. 

5 ORIGIN, DEFINITION, AND USE OF YFS 

For a yielding system, the direct equivalent of elastic spectral 

acceleration or spectral displacement hazard curves are 

inelastic displacement (or drift) hazard curves. These may be 

determined by using Equation 3 to estimate the MAF of 

exceeding any limiting value of displacement. They have 

appeared at least in the work of Inoue and Cornell [39] and 

subsequently further discussed by Bazzurro and Cornell [40] 

and Jalayer [37]. While useful for assessment, they lack the 

necessary parameterization to become helpful for design. An 

appropriate normalization may be achieved for oscillators 

with yield strength and displacement of Fy and δy, 

respectively, by employing ductility μ, rather than 

displacement δ 

 
y




   (4) 

and the seismic coefficient Cy instead of the strength 
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where W is the weight. For SDOF systems Cy is numerically 

equivalent to Say(T,ξ) / g, i.e. the spectral acceleration value to 

cause yield in units of g, at the period T and viscous damping 

ratio ξ of the system. 

Up to this point, what has been proposed is not 

fundamentally different from the results presented by Ruiz-

Garcia and Miranda [41] on the derivation of maximum 

inelastic displacement hazard curves. What truly makes the 

difference is defining δy as a constant for a given structural 

system, following the observations of Priestley [22] and 

Aschheim [23] on its stability as a design parameter. Then, Cy 

essentially becomes a direct replacement of the period T: 
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For a given site hazard, system damping, δy, value of Cy (or 

period), and capacity curve shape (e.g. as normalized in terms 

of R = F/Fy and μ), a unique representation of the system’s 

probabilistic response may be gained through the 

displacement (or ductility) hazard curves produced via 

Equation 3. Damping, δy and the capacity curve shape are 

considered as stable system characteristics. By plotting such 

curves of λ(μ), for a range of μlim limiting values and a range 

of Cy, we can get contours of the inelastic displacement hazard 

surface for constant values of Cy. These contours allow the 

direct evaluation of system strength and period—i.e., the Cy 

required to satisfy any combination of performance objectives 

defined as Po = λ(μlim), where each limiting value of ductility 

μlim is associated with a maximum MAF of exceedance Po, as 

shown in Figure 4. 

At a certain level, YFS can be considered as a building- and 

user-specific extension of concepts behind the IBC 2012 [21] 

risk-targeted design spectra. Whereas the latter are meant to 

offer a uniform measure of safety, they only do so for one 

limit-state (global collapse), one specific target probability 

(1% in 50 years) and a given assumed fragility regardless of 

the type of lateral-load resisting system. On the contrary, YFS 

can target any number of concurrent limit-states, each for a 

user-defined level of performance (or safety), and employ 

building-specific fragility functions, as implied by the 

supplied capacity curve shape. The practical estimation of 

YFS is thus based on the case-by-case solution of the integral 

in Equation 3. This involves a comprehensive evaluation for a 

number of SDOF oscillators with the same capacity curve 

shape and yield displacement but different periods and yield 

strengths. If a numerical approach is employed, then we can 

obtain the comprehensive view shown in Figure 4 at the cost 

of a few minutes of computer time. Alternatively, if one seeks 

only the value of Cy corresponding to each performance 

objective, then an analytical approach can be used that offers 
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accurate results with only a few iterations (Vamvatsikos et al 

[42]). 

 

Figure 8. YFS contours at Cy = 0.1,…,1.0 for designing a 4-

story steel frame at Van Nuys, CA. The red “x” symbols 

represent two performance objectives (μ = 0.84, 3 at 50% and 

10% in 50yrs exceedance rates, respectively). The first 

objective governs with Cy ≈ 0.81 corresponding to a period of 

T ≈ 0.71s. 

6 APPLICATION EXAMPLE 

For showcasing the methodology, a 4-story steel moment 

resisting frame will be designed for a site in Van Nuys, CA 

(Figure 5). It has uniform story height of 3.6m, total height of 

H = 14.4m and L = 9m beam spans. Let us adopt an interstory 

drift limit for serviceability (SLS) of θlim = 0.75% and a 

limiting ductility of 3.0 for the ultimate limit-state (ULS). The 

allowable exceedance probabilities are 50% and 10% in 50yrs, 

respectively. Equal interstory drifts are assumed to occur 

throughout the height of the structure, at least in the elastic 

region. According to Aschheim [22], a simple way to 

calculate the yield roof drift (or any story yield drift) of a 

regular steel moment resisting frame is 
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where εy is the yield strain of steel, h the story height, L the 

beam span, COF the column overstrength factor and dcol, dbm 

the column and beam depth, respectively. Let εy = 0.18% (for 

fy = 355MPa steel), h = 3.6m, L = 9m, COF = 1.3 (suggested 

values are 1.2 – 1.5), dcol = 0.6m, dbm = 0.70m. Then, θy = 

0.9%, and the limiting ductility for SLS becomes μlimSLS = 

0.84. For a typical first-mode participation factor Γ = 1.3, the 

equivalent SDOF yield displacement is  

 m10.0
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Let the dispersions due to epistemic uncertainty be 20% and 

30% for SLS and ULS, respectively and assume that the 

system response is roughly elastoplastic. As expected for a 

moment-resisting steel frame the SLS governs. By employing 

the estimated YFS of Figure 8 (for a confidence level 

consistent with the mean MAF estimate) the result is 

Cy = 0.81 corresponding to a period of T = 0.71sec. At this 

point, we can consider the beneficial effects of overstrength 

and further reduce Cy. For example, by employing a 

conservative value of, say, 1.50, the suggested seismic 

coefficient would become 0.54. This value can now be applied 

either within a force-basis or a displacement-basis for design. 

In the first case, we can use this as in typical code design to 

determine the lateral loads to be applied on the frame and then 

proceed as usual. The end result may not be perfect, but it is 

close to fully satisfying the stated objectives, something that is 

not as straightforward when using just a design spectrum as 

the point of entry. 

7 CONCLUSIONS 

Yield Frequency Spectra have been introduced as an intuitive 

and practical approach to performing approximate 

performance-based design. They are a simple enough concept 

to come with an accurate analytical solution, yet they also 

enable considering an arbitrary number of objectives that can 

be connected to the global displacement of an equivalent 

single-degree-of-freedom oscillator. For this relatively benign 

limitation, our approach can help deliver preliminary designs 

that are close to their performance targets, requiring only 

limited re-analysis and re-design cycles to reach the final 

stage. 
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ABSTRACT: Historically, the modelling of the acoustics of poro-elastic materials (APEMs) has assumed the materials to be 

isotropic in both their elastic as well as their acoustic properties including the dissipative mechanisms related to viscous, inertial 

and thermal interactions. While this is a reasonable approximation when the absorption of sound is of interest, it fails to provide 

meaningful results for most foamed materials in general and for certain sets of boundary conditions involving elastic contact 

with solids or other APEMs in particular. A general modelling of fully anisotropic APEMs will be reviewed and taken as a 

starting point for a series of numerical experiments focussing on aspects of propagation of vibro-acoustic energy, in a 

homogeneous layer as well as in multiple layer arrangements. From previous works it is known that the influence of anisotropy 

may be quite significant, in particular for structure-borne vibro-acoustic energy. In addition, it is known that the alignment of 

principal directions may have substantial influence on the transmission of vibro-acoustic energy. These findings will be recalled 

in order to prepare for a discussion on the aspects of the directional dependence of the anelastic moduli which will be the core of 

the presentation at the conference. Real material tensors may be constructed from a superposition of these anisotropic 

contributions, in the most general case, not necessarily sharing the same principal directions. Starting from these fully 

anisotropic constitutive tensors with general symmetry properties, studies of optimal alignment between conservative and 

dissipative tensors, as well as between different materials in various configurations of interest, will be illustrated in the lecture. 

KEY WORDS: Anisotropic; Anelastic; Poro-elastic materials; Acoustics; Vibrations. 

1 INTRODUCTION 

Introducing porous materials as elasto-acoustic dissipative 

components in multilayered structures is a well established 

way of handling noise and vibration problems. Their low 

weight combined with their multi-functional character make 

them quite attractive in a wide range of demanding 

applications, such as automotive, aerospace, railway, etc. 

With the increasing interest in reducing the vehicle body 

weight in order to lower the environmental impact of 

transportation there is a growing need to model such materials 

with a high degree of fidelity. In many applications of porous 

materials, the assumption of isotropic properties yields 

satisfactory correlations between experimental and computed 

results. This is particularly true in cases where airborne sound 

absorption is of interest. However, in situations where the 

structure-borne properties are important, the sources of 

differences between predicted and measured results are not 

fully understood. Biot generalized the theory of porous 

material to anisotropic modeling [8], opening up for a new 

research front in the acoustics of poro-elastic materials. Apart 

from being an interesting subject in itself, this has recently 

raised questions related to the possible influence of the 

potentially anisotropic character of poro-elastic materials, 

including the potential for tailoring of such properties, should 

they be known in sufficient detail. Both these are within the 

scope of the present work, aiming at exploring whether the 

possible anisotropy of the constitutive properties may be 

important enough to influence the performance, thus possibly 

explaining the above mentioned discrepancies, to a significant 

extent. To provide necessary and meaningful data, as well as 

application cases appropriate for simulations, for such an 

investigation, material models of anisotropic poro-elastic 

materials together with proper simulation tools are required. 

Both these topics are at the front of the research for the 

acoustics of poro-elastic materials, as an example is the 

characterization of the acoustic parameters still an issue where 

more research is needed [16] as complete determination of the 

acoustic parameters of anisotropic foam requires both time, 

experience and development of new advanced measurement 

and estimation techniques [10, 11, 14, 26]. In addition, 

simulation models allowing for parametric studies are 

necessary in order to assess the influence of anisotropy on the 

vibro-acoustic behavior of structures comprising porous 

materials [13, 18, 19].  

The objective of the present work is to study the 

performance sensitivity of orthotropic materials, in a 

numerical experiment. It is an extension of previously 

published work, focussing on some of the results of the 

numerical experiment, [21]. The focus is on the influence of 

anisotropicity in general, and on the effects of aligning two 

layers of the same material relative to each other in particular. 

The simulation set up is composed of two layers of porous 

material in contact with an aluminum plate along one surface 

and separated from an identical plate through an air gap along 

the opposite. This particular set up has been chosen in order to 

stress the influence of both elastic and acoustic properties on 

the response behavior [11, 13]. The sensitivity is analyzed 

through the solution of an optimization problem using 

previously published techniques [22]. Clearly there is a need 

to set an appropriate level of complexity of the anisotropic 
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material models used in this preliminary investigation. While 

a completely general material model would imply that the 

elastic, the acoustic, the anelastic and the visco-acoustic 

material tensors all have their own material coordinate system, 

it is here assumed for simplicity and transparency that all 

properties are given in the same reference coordinate system. 

The relative alignment of the materials is then constructed as 

rotations of the reference systems, with respect to the body 

coordinate axes of the two layers. 

2 GOVERNING EQUATIONS 

2.1 Anisotropic displacement pressure formulation 

A poro-elastic medium consists of an elastic solid containing 

an interconnected network of pores filled with a viscous fluid. 

Both the solid and the fluid in the pores are usually considered 

to be continuous. The porous material is modeled as a 

homogeneous equivalent solid and a homogeneous equivalent 

fluid acting and interacting in the same space. The starting 

points are the early models by Biot [4,5,6] and Biot and Willis 

[7], the method of modeling foam materials have been 

developed by e.g. Johnson et al. [18], Allard [1], Allard and 

Champoux [2] and Pride et al. [23]. 

Biot extended the isotropic theory of porous material to 

allow for anisotropic modeling [8] and there is a general 

awareness that anisotropy may have a significant influence on 

the acoustic behavior of porous materials [19]. It is also well 

established that the many parameters used to characterized 

materials in the Biot-Johnsson-Champoux-Allard model differ 

in different direction in anisotropic materials [12, 14, 26]. 

However, the acoustic parameters, such as static viscous 

permeability and viscous characteristic length, in different 

directions of an almost transversely isotropic foam does not 

necessarily line up with the main directions visible in the 

geometrical sense [25]. 

The mixed anisotropic displacement pressure formulation 

underpinning the current work, has recently been proposed by 

Horlin and Goransson [16] and is a generalization of the weak 

statement derived by Atalla et al. [3]. It assumes that the 

material of the solid frame is linearly elastic and isotropic and 

that the anisotropy of the material is entirely related to the 

microstructural geometry. A complete description of the 

model used here is beyond the scope of the present paper, and 

the interested reader is referred to the work mentioned above. 

For completeness, a summary of the most important parts will 

be given. 
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where 
 
K

s
 is the unjacketed frame bulk modulus, 

 
d

ij
 is the 

unjacketed compressibility compliance tensor. 

 

As the fluid itself is assumed to be isotropic,  R  is a scalar 

quantity, 
 
K

f
 is obtained using the model by Lafarge et al. 

[19]. The dilatational coupling 
 
Q

ij
 is however a second order 

tensor due to the assumed elastic anisotropy. 

The equivalent density tensors, 11

ij
 , 12

ij
  and 22

ij
 , as well as 

the tortuosity tensor, 
 


ij
, are anisotropic generalizations of 

those used by Allard [1] and may be defined as 
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with 
 


0
 as the ambient fluid density and 

 


1
 as the bulk 

density of the porous material. 
22 22ˆ
ik kj ij

                 (9) 

i.e. 22ˆ
ik

  is the inverse of 22

kj
 , assuming that the viscous drag 

tensor, 
 
b

ij
, is invertible [13, 29]. 

3 ANISOTROPIC FOAM MODELS USED 

For the sensitivity study discussed a cellular material was 

chosen, with orthotropic material symmetry for the three 

directionally dependent tensors studied here, 
 
b

ij
, 

 


ij
 and 

 
C

ijkl
. 

In addition, the structural damping related to the solid frame 

of the porous material is here assumed to be zero. The reason 

for this choice is that the modeling of the damping of 

anisotropic materials is still an open issue, especially when it 

comes to the directivity of the dissipation mechanisms [13]. 

Therefore, to avoid confusion due to an assumed damping 

model the damping was omitted in this paper to be relaxed in 

the presentation given at the conference. Another 

simplification introduced, without diminishing the value of 

these preliminary results, is that the viscous characteristic 

length is assumed to be isotropic although it is, in reality, an 

anisotropic property. As mentioned before, the knowledge and 

understanding of anisotropic porous material properties are 

still limited and often incomplete; therefore simplifications of 

the description of the materials were felt to be necessary and 

justified at this stage. On the other hand, should the 

sensitivities identified with the present model assumptions 

turn out to be high, this would certainly then add to the future 

interest for complete and accurate porous material modeling 

research. 
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The direction independent material parameters used are 

presented in Table 1. 

Table 1. Sample table. 

Material 

properties 

Frame bulk 

density 

Frame  loss 

factor 

Porosity 

- 22.1  

kg/m3 
0 0.98 

Fluid 

density 

Fluid 

dynamic 

viscosity 

Viscous 

characteristic 

length 

Thermal 

characteristic 

length 

1.204 

kg/m3 

1.84 10-5 

Ns/m2 
1.1 10-4  

m 

7.4 10-4  

m 

 

The assumption made that some of the possibly 

directionally dependent parameters are taken to be isotropic 

gives the following expression for the viscous drag tensor 
 
b

ij
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with 
 


ij
 as the static flow resistivity,   as the ambient fluid 

viscosity, 
 


ij
 as the viscous characteristic length and no 

summation over ij in the right hand side is intended. 

3.1 Elastic moduli 

In the following tensor and matrix notations will be used 

interchangeably for presentation of the different directional 

dependent properties, in particular when numerical values are 

given the matrix notation is preferred over the tensor notation. 

For the elastic properties, both in terms of the magnitude of 

the elastic moduli as well as the material symmetry itself, the 

hypothetical foam model used here is orthotropic, i.e. it has 

nine independent elastic moduli. They are here given in the 

body coordinate (reference system) as Eq. (10) for the 

orthotropic foam. 

3.2 Flow resistivity and tortuosity 

The flow resistivity tensor is taken as transversely isotropic 

and is given by Eq. (11). The tortuosity was assumed to be 

orthotropic, Eq. (12). 

Note that the principal directions of the static flow 

resistivity tensors,  , and the tortuosity,  , are assumed to 

line up with the principal directions of the solid frame Hooke's 

matrix,  C . This is, however, not necessarily the case for all 

porous materials [22, 28], the consequences of which would 

be a natural next step to investigate in the current work. 

3.3 Optimization problem to solve 

The basis for the proposed sensitivity analysis approach is to 

compute maxima and minima of a cost function representing 

the acoustic response. The acoustic response is calculated 

using an appropriate simulation model, discussed below, in 

which the unknown rotations of the constitutive parameters 

may be varied such that a minimum or a maximum of the 

acoustic response is found. In the following, the objective 

function and the constraint functions of the optimization 

problem are defined. 

The cost function was constructed as the acoustic response 

in a cavity, inherently a function of the different material 

angles, given by the sound pressure level evaluated in a sub 

volume of the air cavity connected to the panel, see Figure 1. 

 

 
Figure 1. Geometry and subvolume. 

The sound pressure square,
  
p

f

2 , for each evaluated 

frequency, is calculated as the average of the square sound 

pressure in a number,  N , of discrete points in the chosen sub 

volume, Eq. (16). This quantity was then multiplied with the 

frequency resolution, 
 
f

f
, and summed over the entire 

frequency range, Eq. (15), resulting in a total sound pressure 

level, SPL, which is then subject to minimization or 

maximization. 
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3.4 Simulation model for anisotropic porous materials in a 

multilayered configuration 

To give a first answer to the question whether the acoustic 

response of multilayered panels containing anisotropic porous 

materials may be sensitive to angular changes of material 

properties or relative angular changes between the two 

dissipative layers, a numerical model was used to examine the 

acoustic response of a quadratic panel with aluminum face 

sheets and two layers of poro-elastic material, elastically 

bonded to the face sheet where the excitation was applied and 

separated by a thin air gap from the other aluminum face 

sheet, see Figure 2. 

 

 

Figure 2. Layer configuration of the tested panels. 

 

The panel was 0.5 x 0.5 m and excited by a unit force in the 

z-direction over one element, see Figure 4. The model had 

homogeneous natural boundary conditions along 

  x  0 ,
 
x  L

x
,
  
y  0 and 

 
y  L

y
. 

 

 

Figure 3. Global and local co-ordinate axis systems together 

with an example of possible layer rotations of layers 1 and 2. 

 

The air cavity, in which the acoustic response in Eq. (15) 

was calculated, was 1.4 m in the z-direction and the 

subvolume had the dimensions 0.3 x 0.3 x 0.3 m and placed in 

the middle of the air cavity in the x- and y-direction and 0.2 m 

from the inner surface of the multilayered panel. To reduce 

the influence of standing waves phenomena, the inner walls of 

the air cavity at   x  0 , 
  
y  0  and 

 
z  L

z
 were assigned a 

non-frequency-dependent normal surface impedance of 

257+563i which implies an absorption factor of about 55 

percent. The boundaries of the air cavity at 
 
x  L

x
 and 

 
y  L

y
 

were considered to be acoustically hard. 

It should be noted that the simulation model and the 

exciting force are academic examples, chosen quite arbitrarily, 

thus rendering the absolute sound pressure in the air cavity of 

no particular significance. For this reason, in the discussion of 

the results from the optimization, merely the differences in 

sound pressure level between different angular changes of the 

sound absorbing material will be of interest. 

The configuration considered involved an orthotropic foam 

in two layers of the same material type. The only variations 

introduced were, the relative orientation of the material 

properties, which could rotate independently in different 

directions and thereby possibly achieving different overall 

dynamic properties considering the direction of the applied 

excitation, see Figure 4. 

The system was solved using a finite element numerical 

model with hierarchical polynomials of order ranging from 2 

to 5 [15]. This was performed for frequency spectra between 

100 - 700 Hz with a frequency resolution of 5 Hz. 

4 OPTIMIZING THE EULER ANGLES 

To evaluate the influence of angular changes in anisotropic 

porous layers, optimization problem was formulated in terms 

of the rotations of the anisotropic material properties of the 

porous layers, using Euler angles with Z-Y-X fixed axis 

rotation. For details of the matrices used for these 

transformation, see [9]. 

As the two porous layers could rotate independently of each 

other six Euler angles were needed as design variables and the 

summed SPL, Eq. (15) was used as the objective function. 

This objective function was both minimized and maximized in 

order to estimate the possible difference between a worst case 

and a best case scenario.  

Five different starting points for the minimization process 

were used, see Table 2 and, based on the result in those 

starting points, two different starting points were selected for 

the maximization. It should, however, be pointed out that this 

analysis cannot be expected to guarantee that the global 

minimum or maximum has been found. As the objective of 

the current work was to investigate the sensitivity associated 

with the orientation of anisotropic porous materials, it does 

nevertheless indicate to what degree the problem is convex 

and in addition provide some useful information about the 

differences between different minima or maxima both in 

terms of the chosen objective function but also in the resulting 

Euler angles. And most importantly, it does provide a first 

estimation of possible differences in acoustic response that 

may be caused by angular changes of anisotropic acoustic 

porous materials. 

The objective of the present paper is not to find the global 

minimum or maximum of the stated cost function, but to 

evaluate the sensitivity to the orientation of anisotropic 

materials in a general sense. To illustrate the behavior of the 

cost function, Eq. (15), the value at starting point 1, Table 2, 

was used as a reference against which the minima and 

maxima found were evaluated. As this cost function result 

involved no angular changes it was considered to be adequate 

as a reference case, the choice of reference case admittedly of 
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a somewhat arbitrary nature. Fortunately it does not affect the 

outcome of the present analysis as the most interesting 

evaluations are made mainly between the maximization and 

minimization. 

 

 

 Figure 4. Model with load. 

4.1 Results and discussion 

As the present study of the acoustic behavior of anisotropic 

porous materials is based on a forced response simulation 

model, there are two aspects of the results that should be 

pointed out before going through the outcome of the 

optimizations performed. First, as a non-symmetric, localized 

excitation was used, see  Figure 4, both the global and the 

relative orientation of the two layers could be expected to be 

biased by this and in some sense removing a certain level of 

generality in the results. However, despite this the relative 

orientation of the material properties of the two layers should 

on the other hand provide a more general picture of the 

sensitivity of response as a function of the orientation.  

 

Table 2. Starting points used in minimizations. 
Start Point 

values  

Euler angles 

 Layer 1 Layer 2 

1 0,0,0 0,0,0 

2 0.5,0.5,0.5 0.5,0.5,0.5 

3 -0.5,-0.5,-0.5 -0.5,-0.5,-0.5 

4 0.5,0.5,0.5 -0.5,-0.5,-0.5 

5 -0.5,-0.5,-0.5 0.5,0.5,0.5 

 

For these reasons the results from the optimization analysis 

are presented in terms of the actual rotations pertaining to 

minima and maxima found as well as to the corresponding 

FRFs. Due to the difficulties of showing 3D rotations in a 

comprehensible way in printable graphs, several different 

ways of illustrating the results are given below. 

 

Table 3. SPL difference  for optima vs [0 0 0] results. 
Start Point 

values  

Min/

Max 

Euler angles Difference 

dB [SPL] 

  Layer 1 Layer 2  

  Minima  

1 A1 0.45,0.41,-0.25 0.38,0.75,-0.25 -1.2 

2 A2 0.38 0.40 -0.25 0.66,0.81,-0.20 -1.2 

3 A3 -1.46,0.39,-0.20 -0.43,0.49,-0.78 -1.1 

4 A4 1.40 0.36 -0.21 -0.12,0.33,-0.80 -1-1 

5 A5 1.40 0.36 -0.21 0.77,0.72,-0.29 -1.2 

  Maxima  

5 A6 0.45,-1.28,-0.65 0.58,1.51,0.56 3.4 

4 A7 1.28 1.06 1.58 -0.89,-1.56,0.36 3.2 

From Table 3 it is clear that a comparison of the minima 

and the maxima gives a level difference, between the best case 

and the worst case found, of 4.6 dB. The rotation of material 

properties compared to the global coordinate system may be 

found in Figure 5 through Figure 10, where the x- and y-axes 

are plotted in both positive and negative direction, as a 180° 

rotation around the material z-axis would have no influence of 

the physical material behavior.  

Looking at the results, it may be seen that minima A1, A2 

and A5 all had similar material property rotations in layer 1, 

Figure 5, and similar in z-direction but with a small deviation 

of the rotation of the x-y-plane in layer 2, Figure 6.  

 
Figure 5. Rotation of material property axes in layer 1 for the 

different minima compared to [0 0 0]-rotation, z-axis=blue dotted, y-

axis=black dashed, x-axis=red solid. A1= o, A2=x A5= diamond. 

 
Figure 6. Rotation of material property axes in layer 2 for the 

different minima compared to [0 0 0]-rotation, z-axis=blue dotted, y-

axis=black dashed, x-axis=red solid. A1=o A2=x A5=diamond. 

 

Minima A3 and A4 both had very similar property rotations 

in layer 1, Figure 7, and similar although not exactly the same 

in layer 2, Figure 8.  

 

 
Figure 7. Rotation of material property axes in layer 1 for the 

different minima compared to [0 0 0]-rotation, z-axis=blue dotted, y-

axis=black dashed, x-axis=red solid. A3=triangle, A4=square. 
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Figure 8. Rotation of material property axes in layer 2 for the 

different minima compared to [0 0 0]-rotation, z-axis=blue dotted, y-

axis=black dashed, x-axis=red solid. A3=triangle A4=square. 

 

Comparing the two maxima the rotations were the same in 

layer 2, with the only difference being that the z-axes were 

pointing in opposite directions, Figure 9, which does not 

influence the physical behavior of the orthotropic porous 

material.  

This shows that even though there were some constraints 

put on the design variables the same material angles can be 

described with different Euler angles and therefore some 

minima or maxima may actually be closer than they appear 

when comparing the numerical values of the resulting optimal 

angles. In addition, the material rotations of layer 1 for the 

two maxima showed some similarities but were not exactly 

the same, Figure 10. An interesting observation is also that for 

the minima found the z-axis of layer 1 is rotated slightly off 

the body coordinate z-axis, while for the two maxima the z-

axis is rotated almost 90 degrees. 

 
Figure 9. Rotation of material property axes in layer 1 for the 

different maxima compared to [0 0 0]-rotation, z-axis=blue dotted, y-

axis=black dashed, x-axis=red solid. A6=diamond A7=square. 

 

Studying the resulting frequency response functions, FRFs, 

of the different minima and maxima, Figure 11, it is quite 

clear that, although appearing at different material property 

angles, all minima share important similarities, regarding the 

frequency response.  

 
Figure 10. Rotation of material property axes in layer 2 for the 

different maxima compared to [0 0 0]-rotation, z-axis=blue dotted, y-

axis=black dashed, x-axis=red solid. A6= diamond A7=square. 

 

This observation also holds for the two maxima. Another 

interesting observation that may be made from the FRFs is 

that the main improvement in total SPL of the minima 

compared to the maxima is due to the lower part of the studied 

frequency range.  

 

 
Figure 11. FRF of the different maxima and minima found 

compared to [0 0 0]-rotation which is shown as blue dotted. A1=blue 

solid, A2=black solid, A3=red solid, A4=green solid, A5=magenta 

solid, A6=magenta dashed, A7=green dashed. 

 

The two maximization solutions found are clearly above the 

minimization solutions for frequencies below 250 Hz and at 

the same time well below for higher frequencies. At the same 

time all minima found are below the [0 0 0]-rotation response 

curve, except for frequencies below 150 Hz. 

5 DISCUSSION 

As a general observation, the min-max searches for both 

materials verified the importance of the anisotropy as well as 

the influence of material alignment for such materials. This 

was manifested through a clear change in acoustic response 

due to angular changes of the investigated anisotropic 

materials. Some seemingly different minima found turned out 

to be rather close to other minima. In general the different 

minima and maxima did not appear to be scattered all over the 

design space, on the contrary; there seemed to be different 

regions within the range of angles permitted in which several 

minima could be found and other distinctly separated regions 

containing maxima. This may indicate that there are regions 
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of local minima or maxima in the vicinity of some specific 

Euler angles. 

When looking at the frequency response functions 

pertaining to the different minima and maxima, Figure 11, it is 

apparent that the improvement of total SPL is due to 

improvements in the low frequency region, whereas for 

frequencies above 250 Hz there is no improvement, in fact, 

quite the opposite; the maximizations A6 and A7 show lower 

SPL for frequencies above 250 Hz. This type of trade off 

between different frequency regions is not uncommon when 

optimizing acoustic properties [20]. However comparing the 

FRFs of the minima with that of the 0 0 0]-rotation an 

improvement, though small, is visible over almost the entire 

frequency range. This shows that an optimization of acoustic 

properties does not always need to be a trade off between 

different frequency ranges. 

Focusing on the sensitivity related to the orientation of the 

material properties, it was observed during the optimization 

process that, when approaching a minimum the changes in 

objective function were very small compared to the changes in 

design variables i.e. the objective function converged 

significantly faster than the design variables. This suggests 

that the solutions found, i.e. the resulting SPL, around the 

minima were quite unaffected by small angular changes. This 

also had the effect that the optimization was sometimes 

terminated before the Euler angles were quite converged and 

the resulting optimized angles may be considered to have an 

accuracy of about ~0.005 rad. This accuracy should however 

be regarded with some caution. As the design variables were 

not totally converged in some cases and the fact that changing 

one of them may induce the others to change too there is 

always a risk, however small, that the optimized design 

variables would chance dramatically if yet more iterations 

were allowed. 

Regarding the relative orientation of the material properties 

axes of porous layer 1 and 2 the results are however 

inconclusive. Intuitively the relative layer orientation should 

represent one of many important factors in multilayered 

configurations, this also seems to be the case for the panel 

containing orthotropic material. 

6 CONCLUDING REMARKS 

For the material studied the changes in cost function were 

very small towards the end of the optimization process while 

the angular changes where still visible, thus rendering the 

extremal points rather insensitive to small angular changes 

close to the extremal points. A consequence of this is that the 

optimal angles for each local minima might not have reached 

their final value and could differ slightly if the optimization 

process was allowed to continue for additional iterations. 

Whereas the difference between the maximum SPL and the 

minimum SPL was significant the difference in SPL between 

individual minima was quite small. All minima found had a 

resulting SPL, within 0.2 dB, even if they were found at quite 

different Euler angles. In addition the small difference in FRF 

between different minima and the apparent tendency to appear 

in a limited number of minima regions may indicate that once 

the regions of local minima and maxima have been found, the 

exact Euler angles are less important, as long as the material 

angles stay within a minima region and thus avoid maxima 

regions. For practical applications this would probably be a 

quite compelling physical feature. 

Studying the frequency response functions, Figure 11, it is 

quite obvious that the improvement in SPL is restricted to 

frequencies around 200 Hz, substantially improving the SPL 

at those frequencies at the expense of the SPL at higher 

frequencies. If the frequency range of interest was altered and 

thus excluding frequencies below for example 250 Hz the 

outcome of the optimization would doubtlessly be totally 

different. A weighting function applied to the FRF or other 

extensions or limitations of the frequency range would also 

influence the result. Obviously, a proper choice of objective 

function and frequency range of interest is therefore of 

outmost importance to achieve a useful result in practical 

applications. 

Finally one can conclude that there are significant 

possibilities of improvement in practical applications 

connected with angular modification of anisotropic material 

properties of acoustic absorbents. Such improvement can 

according to the numerical simulations be achieved within an 

existing acoustic panel using readily available porous material 

without adding extra weight or volume. However, the 

knowledge of anisotropic material properties, including their 

principal directions as well as their structural losses and other 

damping behavior is today very limited, making anisotropic 

porous acoustic materials an important area well deserving 

further research. 
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ABSTRACT: Ground-borne noise and vibration due to railway traffic are important environmental issues in the development of
new railway lines and land adjacent to existing lines. Prediction models are indispensable to address properly these issues and to
design efficient mitigation measures for both existing and new-build situations. The aim of the present contribution isto provide
a comprehensive overview of methods which have been developed for the prediction of railway-induced ground vibration.A
distinction is made between numerical models, based on physical or mechanical models, empirical models, derived from measured
data, and hybrid models that combine elements from numerical and empirical models.

Numerical models are particularly useful in new-build situations. They can be used to assess the environmental impact of new
railway lines or to develop and design mitigation measures.Numerical predictions are generally characterized by significant model
and parameter uncertainty, however, which need to be considered for robust engineering and design. In engineering practice,
empirical methods are mostly used, which are based on an experimental characterization of the source strength and vibration
transmission. These methods have the advantage of accounting for the particularities of the vibration transmission ata given
site, but can only be applied in those cases for which suitable data and prior experience are available. In order to overcome the
limitations of numerical and empirical methods, these methods can be combined in a hybrid or semi-empirical predictionprocedure.
It is shown how such a hybrid method is obtained by replacing the experimental source strength or vibration transmissionterm by
an equivalent quantity which is computed using numerical simulations.

KEY WORDS: railway; ground vibration; wave propagation.

1 INTRODUCTION

Ground-borne noise and vibration due to railway traffic is a
problem of large societal and economical relevance. A large
number of high speed, freight and urban railway lines are
presently planned or under construction, particularly in Europe,
Asia and North-America (e.g. Crossrail in London, Regional
Express Network in Brussels, High Speed Railway in China,
California High Speed Rail) to meet increasing demands for
passenger and freight transport. Railway noise and vibration
also needs to be addressed for the development of land in urban
areas adjacent to railway lines.

Railway-induced vibration is generated by quasi-static and
dynamic axle loads; the latter are due to excitation mechanisms
such as wheel and rail unevenness, impact excitation due to
rail joints and wheel flats, and parametric excitation due to
spatial variation of the dynamic track stiffness [1], [2]. These
loads are transferred to the track, its supporting structure and
the soil, where vibration propagates as elastic waves and excite
the foundations of nearby buildings. In the most common case
where the train speed is below the wave velocities in the track
and the soil, the dynamic load component is the dominant cause
of railway-induced ground vibration [3], [4], [5].

In the frequency range between 1 and 80 Hz, building
vibration is perceived as mechanical vibration of the human
body, whereas between 16 and 250 Hz, ground-borne vibration

can cause structure-borne noise by vibrating walls and
floors. Norms and guidelines recognise discomfort to people
malfunctioning of sensitive equipment and damage to buildings
as possible consequences of vibration.

Guidance on the prediction of ground-borne vibration arising
from rail systems is provided in a recent ISO standard [6].
A distinction is made between numerical models, based on
physical or mechanical models, empirical models, derived from
measured data, and hybrid models combining elements from
numerical and empirical models.

The aim of the present contribution is to provide a
comprehensive overview of numerical and empirical methods
for the prediction of railway-induced ground vibration. The
paper focuses on the prediction of low frequency feelable
vibration and the case of railway traffic at grade, although many
of the conclusions can be readily generalized to ground-borne
noise and railway traffic in tunnels. Sections 2 and 3 of the paper
discuss advantages and drawbacks of numerical and empirical
methods, respectively. For illustration, results obtained for a
site located at Lincent (Belgium), which has been considered in
previous research [5], [7], [8], are included. Section 4 presents
a novel hybrid or semi-empirical prediction procedure which
combines elements from numerical and empirical methods and
allows some limitations of these methods to be overcome.
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2 NUMERICAL PREDICTION MODELS

2.1 Overview

Figure 1. Problem outline.

The prediction of railway-induced vibrations in buildings
(figure 1) is a complex three-dimensional (3D) coupled problem,
involving moving loads and dynamic soil-structure interaction
at the source (the track) and the receiver (the building where
vibration is perceived or should be avoided).

Crucial in the prediction of railway-induced ground vibration
is the wave propagation in the soil. Apart from a small zone
immediately underneath the track, the strain levels in the soil
remain relatively low during the passage of a train, so that a
linear elastic constitutive behaviour can reasonably be assumed
in the study of ground-borne vibration. Furthermore, soilsoften
have a horizontal stratification as their formation is generally
governed by phenomena affecting large areas of land, such as
erosion, sediment transport, and weathering processes [9]. In
this case, the soil can be modelled as a horizontally layered
elastic halfspace, where the shear wave velocityCs, longitudinal
wave veloictyCp, densityρ , and the material damping ratios in
deviatoric and volumetric deformation,βs, andβp, respectively,
vary in the vertical direction only.

The prediction of ground-borne vibration in buildings is
usually performed in a two step procedure, where the free-
field response due to a running train is calculated first and
subsequently used for computing the building response. This
is a good assumption when the distance between them is larger
than the dominant wavelength in the soil [10]. In the following,
the focus will be on the prediction of the free-field responseand
the building response is not considered. For more information
regarding the latter, the reader is referred to the literature [11],
[12], [13]. Furthermore, the discussion is limited to models that
take into account dynamic excitation, as this is of main interest
for problems involving ground-borne vibration.

Assuming a linear behaviour of the coupled track-soil system,
the prediction of the incident wave fieldu(x′, t) induced by a
train pass-by can be formally written as follows:

u(x′, t) =
na

∑
k=1

∫ t

−∞
Hts(xk(τ),x′, t − τ)gk(τ)dτ (1)

wheregk(τ) is the time-dependent load at axlek and where the
transfer functionHts(xk(τ),x′, t − τ) relates the response at a
pointx′ to the load at one of the time- dependent positionsxk(τ)
of thena axles of the train. The coupling between the position
xk(τ) of thek-th axle (k = 1, . . . ,na) and the time history of the
loadgk(τ) through the timeτ gives rise to the Doppler effect.

The transfer of vibrations, as characterised by the transfer
function Hts(x,x′, t) in equation (1), depends on how the load
applied to the track is transferred to the soil. Generally, a
distribution of the load over a larger area of soil, will result in
a reduction in the high frequency vibration transmitted to the
free field. This is due to interference of waves transmitted by
different parts of the contact area. An accurate predictionof the
stress distribution at the track-soil interface is therefore essential
for predicting ground-borne vibration due to railway traffic,
in particular when the wavelength in the soil is comparable
or smaller than the characteristic dimension of the stress
distribution area [14].

General purpose 3D finite element (FE) methods offer
the largest flexibility in modelling, but require appropriate
procedures to avoid spurious reflections at the boundaries of the
finite volume of soil accounted for in the analysis [15], [16].
Alternatively, 3D coupled finite element - boundary element
(BE) methods [17], [18] or spectral element [19] formulations
can be used. The versatility of 3D FE and 3D FE/BE models
comes at a very high computational cost, however. Dedicated
models have therefore been developed that exploit the (assumed)
regularity of the track and the underlying soil.

When the geometry of the track and the soil are uniform
in the direction along the trackey, the motion of the load in
equation (1) can be replaced by an equivalent reverse motionof
the receiver:

u(x′, t) =
na

∑
k=1

∫ t

−∞
Hts(xk0,x

′− vτey, t − τ)gk(τ)dτ (2)

wherexk(τ) in equation (1) has been elaborated asxk0+ vτey

with xk0 the position of the axle att = 0 andv the train speed. In
this case, it suffices to compute the transfer functionHts(x,x′, t)
for a fixed source positionx and a large number of receivers
x′ along the track. Omitting the (fixed) source coordinates as
arguments of the transfer function, and replacingx′ by x for
notational convenience, the latter is rewritten asHts(x,y,z, t).
Instead of computing the transfer function for a large number of
receivers(x,y,z) along the track, it is far more convenient from
a computational point of view, however, to compute the transfer
function in the frequency-wavenumber domain by applying a
Fourier transform with respect to the coordinateyalong the track
[20], [21]:

H̃ts(x,ky,z,ω) =

∫ +∞

−∞
Ĥts(x,y,z,ω)exp(ikyy)dy

Ĥts(x,y,z,ω) =
1

2π

∫ +∞

−∞
H̃ts(x,ky,z,ω)exp(−ikyy)dky

(3)

where a hat and a tilde above a variable denote its representation
in the frequency domain and frequency-wavenumber domain,
respectively.
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In this so-called 2.5D methodology, a problem with 2D
geometry is solved for each frequencyω and wavenumberky

to computeH̃ts(x,ky,z,ω) and the 3D solutionH̃ts(x,y,z,ω) is
recovered by an inverse Fourier transformation with respect to
the wavenumberky. The response in the free field is computed
from the transfer function in the frequency-wavenumberdomain
as follows [5], [7]:

û(x,y,z,ω) =
na

∑
k=1

1
2π

∫ +∞

−∞

[
1
v

H̃ts

(
x,

ω − ω̃
v

,z,ω
)

× exp

[
−i

(
ω − ω̃

v

)
(y− yk0)

]]
ĝk(ω̃)dω̃

(4)

In the 2.5D approach, the dynamic load component ˆgdk(ω)
of the total load ˆgk(ω̃) in equation (4) is generally computed
from the combined wheel and track unevenness [3], [7], [22]
assuming a perfect contact between the train and the track:

ûa(ω) = ût(ω)+ ûw/r(ω) (5)

whereua(ω) andut(ω) collect the displacements of the axles
and the track at thena moving contact points. The vector
uw/r(ω) collects the combined wheel and rail unevenness
perceived by the axles.

Next, the displacementsua(ω) and ut(ω) are expressed in
terms of the dynamic train loads by means of the track and
vehicle compliance matriceŝCt(ω) and Ĉv(ω) that relate the
displacements at the multiple moving contact points to the
vectorĝd(ω) of dynamic train loads [7]:

[
Ĉt(ω)+ Ĉv(ω)

]
ĝd(ω) = −ûw/r(ω) (6)

An additional compliance matrix representing the contact spring
is in some cases considered in equation (6) to account for
Hertzian contact between the wheel and the rail [23]. In the
frequency range of interest for ground-borne vibration, the
contact stiffness is relatively high compared to the track and
vehicle stiffness, so that the corresponding compliance can
generally be disregarded. Note that equation (6) is only valid
when the geometry of the track and the soil is uniform along the
track. Because of the assumed perfect contact, equation (6)does
not allow accounting for large deflections or loss of contact, e.g.
in the presence of wheel flats [24]; this would require a non-
linear model.

Since 2.5D methods have a high computational efficiency and
require only a relatively modest modelling effort, these methods
have been applied by a large number of researchers to study
dynamic train-track interaction [25] as well as ground-borne
vibration due to railway traffic at grade, for example the research
groups at ISVR [26], [27], [28], NGI [29], NTU [30], BAM [22],
FEUP [31], [32], Chalmers [33], and KU Leuven [7], as well
as for underground railway traffic, for example at Cambridge
University [34], [35], [36], NTU [37], TU Munich [38], and
ISVR [39], [40].

One of the drawbacks of these 2.5D models is that, due
to the assumed translational invariance, they do not allow
account to be taken of periodic rail support as in a conventional
ballasted track. This implies that the stress distribution

under the sleepers is not entirely correctly predicted, which is
important at high frequencies when wavelengths in the track
and the soil are of the same order of magnitude as the sleeper
dimensions. For the same reason, 2.5D models cannot account
for parametric excitation, unless represented by an equivalent
geometric unevenness [22]. In order to resolve these issuesand
take into account the periodicity of the track structure, a similar
methodology may be used which is based on the Floquet instead
of the Fourier transform [41], [42]. In this case, the 3D solution
is obtained based on the discretization of a single periodiccell.

Still other types of models are required for the analysis of
vibration generated by trains crossing transition zones, switches
and crossings [17], [43]. Limitations arising from linear 2.5D
or periodic models for the track can be partially circumvented
[44] by using different models for the train-track and track-soil
interaction problems, respectively. The use of more detailed
models of the train and the track [45], [46], [47], [48] in the
first step allows for the consideration of parametric excitation,
nonlinear behaviour of track components as ballast and railpads,
as well as loss of contact between the wheel and the rail [47].

2.2 Case study: site at Lincent

Notwithstanding the large progress which has been made in the
development of models for the prediction of railway induced
ground vibration, simplifications are often needed to limitthe
computational cost or simply because detailed input data isnot
available. These simplifications lead to significant prediction
uncertainty, however. This is now illustrated for a site at Lincent,
Belgium, located next to the high speed line between Brussels
and Köln, where ground vibration measurements have been
made for validation of numerical models [5], [7], [8].

The track in Lincent is a classical ballasted track with UIC
60 rails supported every 0.60 m by rubber pads on monoblock
concrete sleepers. The rails are continuously welded and are
fixed with a Pandrol E2039 rail fastening system and supported
by resilient studded rubber rail pads (type 5197) with a thickness
of 11 mm. Each rail pad is preloaded with a clip toe load
of about 20 kN per rail seat. The track is supported by a
porphyry ballast layer (calibre 25/50, thicknessd = 0.35m) and
a limestone sub-ballast layer (thicknessd = 0.60m). Borings
performed prior to the construction of the high speed line show
that the soil consists of a shallow quaterny top layer of siltwith
a thickness of 1.2 m, followed by a layer of fine sand up to a
depth of 3.2 m. Between 3.2 m and 7.5 m is a sequence of stiff
layers of arenite (a sediment of a sandstone residue) embedded
in clay. Below the ballast, the soil has been mixed with lime to
improve its mechanical properties.

The small strain dynamic soil characteristics at the site have
been determined by means of two spectral analysis of surface
wave tests and five seismic cone penetration tests. These results
show that, in the frequency range of interest for railway-induced
vibration, the soil can be represented by a single layer witha
thickness of 3.0 m and a shear wave velocity of about 150 m/s
on top of a stiffer halfspace with a shear wave velocity of 280
m/s. A summary of the dynamic soil characteristics at this site
as assumed in previous studies [5], [7] is shown in table 1.

The track at the site is located in a shallow excavation, cutting
partly through the top layer of the profile identified in table1. In
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Table 1. Dynamic soil characteristics of the site at Lincent,
Belgium.

Layer d Cs Cp ρ β
[m] [m/s] [m/s] [kg/m3] [-]

1 3 150 300 2000 0.03
2 ∞ 280 560 2000 0.03

(a) (b)

Figure 2. Cross section of (a) simplified track model with
reduced top layer and (b) more detailed model including
excavation and stiffened subgrade.

a first stage of development, only tracks located at the surface
of a horizontally layered halfspace model for the soil were
considered in numerical models of KU Leuven [7]. Predictions
for the site at Lincent were therefore made, disregarding the
excavation and computing the track compliance in equation (6)
for a reduced thickness of the top layer (figure 2a). Similarly,
the increased stiffness of the track subgrade resulting from the
soil improvement was not accounted for. These assumptions
were recently verified [8] as more advanced 2.5D FE/BE models
became available [21]. Figure 3 compares the track receptance,
i.e. track frequency response for a load at a fixed position,
for the original model [7] (figure 2a) with the receptance of
the more detailed model (figure 2b). Although a reasonable
approximation is obtained using the simplified model for the
track and the soil, many such small differences will add up ina
prediction of ground vibration during a train pass-by and result
in significant prediction uncertainty.
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Figure 3. (a) Modulus and (b) phase of the rail receptance
for a simplified track model with reduced top layer (grey
line) and more detailed model including excavation and
stiffened subgrade (black line).

As an illustration of the incurred prediction uncertainty,figure
4 compares the measured and predicted free field velocity at
12 m from the track during the pass-by of an InterCity (IC)
train at a speed of 198km/h [8]. The predictions have been
obtained using the detailed model shown in figure 2b, tuning
the track characteristics by fitting the predicted track receptance
to the one measured in loaded track conditions. The dynamic
axle loads have been computed based on a simplified unsprung
mass model for the wheelsets and the unevenness measured by

a track recording car. The track unevenness was statistically
processed to yield a power spectral density (PSD) function,
allowing the extrapolation of the unevenness data beyond the
measured range of wavelengths. The multiple predictions shown
in figures 4c and 4d have been obtained for different realizations
of track unevenness which all match the PSD function of
the track unevenness [5]. These results reveal significant
prediction uncertainty. Since the range of results spannedby
the predictions does not include the measured results, at least
part of the mismatch between the latter is due to other model or
model parameter errors.
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Figure 4. (a) Time history, (b) frequency content, (c) running
RMS value, and (d) one-third octave band RMS value of
the measured (black line) and predicted (grey line) free
field velocity at 12m during the passage of an IC train
(198km/h).

2.3 Discussion

Numerical models have undoubtedly contributed to a better
understanding of physical mechanisms in the generation of
ground-borne vibration, providing insight into results offield
measurements and vibration problems encountered in practice.
In design, numerical models are particularly useful in new-
build situations where a new building is to be built close to
an existing track or tunnel or where a new railway line is to
be constructed close to existing buildings. They can be used
to assess the environmental impact of new railway lines or
to develop and design mitigation measures aimed at reducing
vibration nuisance to an acceptable level.

There are also, however, important limitations in the use
of numerical models which can be attributed to model and
parameter uncertainty. First, the simplifications introduced for
modelling may be too restrictive for the model to be useful. The
geometry of the track and the soil may not be translationally
invariant or periodic, e.g. due to the presence of transition
zones in the track, inclined soil layers or heterogeneitiesin the
soil. Hunt and his co-workers have recently assessed a number
of simplifying assumptions in the prediction of ground-borne
vibration due to underground railway traffic. Deviations ofup
to 10dB have been found at particular locations and frequencies,
when assuming horizontal soil stratification and disregarding the
slightly inclined nature of soil layers [49], disregardingvoids at
the tunnel–soil interface [50] or not considering a neighbouring
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tunnel [51]. Second, even when situations are adequately
represented by simple model geometries, the model parameters
are also subject to significant uncertainty. For new-build
situations, estimations have to be based on prior experience or
engineering judgement. In existing situations, measurements of
track unevenness [5] or in situ tests for identification of track
and soil properties [7], [44] will not allow all model parameter
uncertainty to be eliminated. Schevenels et al. [52] have
recently quantified the uncertainty in the prediction of ground
vibration transmission that arises from the limited resolution of a
Spectral Analysis of Surface Waves test. Hunt and Hussein [53]
have shown that deviations due to model parameter uncertainty
are expected to be of the same order of magnitude as those
arising from model uncertainty. Although the importance of
prediction uncertainty is generally recognized, its quantification
in the numerical prediction of ground-borne vibrations has
seldom been addressed. This is essential, however, in orderto
arrive at robust predictions as needed in engineering practice.

3 EMPIRICAL PREDICTION MODELS

3.1 General principle

Despite the large recent progress in the development of
numerical models, engineering practice mostly makes use
of empirical methods. The ISO 14837-1 standard that
provides general guidance on ground-borne noise and vibration
arising from rail systems [6] indicates that requirements for
absolute predictions change during the various stages of
development. It distinguishes between scoping models (earliest
stage), environmental assessment models (planning process)
and detailed design models (part of construction and design).
This categorization is seen in many of the empirical models in
use but, of course, also applies to numerical models.

Examples of empirical methods include the procedures
developed by the Federal Railroad Administration (FRA)
and the Federal Transit Administration (FTA) of the U.S.
Department of Transportation [54], [55], the method developed
by the Swiss Federal Railways (SBB) [56], the method of
Madshus et al. [57] which was based on measurements in
Norway and Sweden, and the method of Hood et al. [58] which
was developed within the frame of the Channel Tunnel Rail
Link project in the UK. The procedures developed by FRA and
FTA distinguish between the three different levels of assessment
of the ISO 14837-1 standard [6]. The Detailed Vibration
Assessment is based on a prediction technique developed by
Bovey [59] and Nelson and Saurenman [60] and presents a more
elaborate method for the prediction of ground-borne vibration
and re-radiated noise in buildings. The method developed
by SBB [56] distinguishes between two prediction models,
VIBRA-1 and VIBRA-2, where the latter is more detailed
and considers, for example, frequency-dependent attenuation
models. The empirical methods by Madshus et al. [57] and
Hood et al. [58] follow a similar structure to the one by SBB,
and additionally consider the issue of prediction uncertainty.

The aforementioned empirical methods aim at predicting the
quasi-stationary response during a train passage and can becast
in the following general form of the ISO 14837-1 standard [6]:

A( f ) = S( f )P( f )R( f ) (7)

whereA( f ) is the magnitude of ground vibration, typically a
root mean square (RMS) value in one-third octave bands for
detailed design situations,S( f ) is the source strength,P( f )
characterizes the propagation path, andR( f ) the receiver. ISO
14837-1 [6] stipulates that each of these terms should be further
divided into relevant components, which interact and can only
be assumed uncoupled in some situations for simplified models.
Since this paper focusses on the prediction of the free field
velocity, the receiver termR( f ) is not discussed in the following.

In the methods by SBB [56] and Madshus et al. [57], the
source magnitudeS( f ) in equation (7) is eliminated by taking
measurements at a reference distancer0, leading to:

A(r, f ) = A(r0, f )
P(r, f )
P(r0, f )

(8)

and the ratioP(r, f )/P(r0, f ) is computed assuming attenuation
with distance of the formr−n for some value ofn which may
depend on frequency. Madshus et al. [57] propose a reference
distance of 15 m whereas a much shorter distance of 3 m
is given in Kuppelwieser and Ziegler [56]. At such a small
distance from the source, however, quasi-static excitation will
significantly contribute to the response and equation (8) does
not allow for a valid extrapolation of the response to larger
distances. Again, vibration velocitiesA(r0, f ) known from past
measurements can be used for predictions at other sites using
equation (8), correcting for train speed [57] and track quality
[56], [57]. Madshus et al. [57] also indicate that the reference
vibration levelA(r0, f ) and the exponentn in the attenuation law
depend on the soil type.

The Detailed Vibration Assessment of the U.S. Department
of Transportation provides a prediction of the one-third octave
band RMS values of the vibration velocity on a logarithmic
dB scale. This transforms the product in equation (7) in a
summation:

Lv(x′) = LF(X,x′)+TML(X,x′) (9)

where Lv(x′) is the vibration velocity level at a locationx′,
TML(X,x′) the line source transfer mobility characterizing the
propagation path similarly toP( f ) in equation (7) and LF(X,x′)
is equivalent to the force densityS( f ) of equation (7). The
line source transfer mobility LF(X,x′) is determined from field
measurements by adding contributions from incoherent point
sources at different positionsxk along the track, which are
collected in the vectorX (figure 5a):

TML(X,x′) = 10log10

[
Lt

na

na

∑
k=1

10
TMP(xk ,x

′)
10

]
(10)

The source positionsxk are typically chosen uniformly spaced
along the track and should cover the total length of the train.
When the spacing between the source points is chosen to be
sufficiently small, the line source transfer mobility for a given
receiver positionx′ will converge to a value which only depends
on the total train length.

The force density LF(X,x′) is determined indirectly by
subtracting the line source transfer mobility from the vibration
velocity level:

LF(X,x′) = Lv(x′)−TML(X,x′) (11)
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(a)

X

x′

(b)

X
x′

Figure 5. Line source transfer mobility measured with (a)
source points on the track and (b) source points adjacent
to the track.

Due to this indirect determination of the force density, thelatter
depends on the receiver positionx′, as well as on the positionsX
of the incoherent point sources considered for the determination
of the line source transfer mobility. This is counter-intuitive,
as one would expect the force density to depend only on the
excitation of the track by the train, in a similar way as the axle
loads considered in the numerical prediction of the vibration
velocity in equation (1). However, equation (9) or, equivalently,
equation (7) that provides the general framework for empirical
models, only hold approximately in case of a moving load due to
the Doppler effect. As a result, the source magnitudes LF(X,x′)
andS( f ) in equations (9) and (7), respectively, provide distance
dependent equivalent strengths for a stationary load to result in
the same vibration level as the passing train.

A prediction at a given assessment site according to equation
(9) is obtained by determining the line source transfer mobility
and adding a suitable force density, based on data from another
site or previous experience. When a prediction is needed prior
to construction of the track at the assessment site, the linesource
transfer mobilities can only cover vibration transmissionin the
soil (figure 5b) and will not account for the load distribution by
the track. This needs to be accounted for when determining the
force density required for the prediction of the vibration velocity
level according to equation (9). Furthermore, the indirect
determination of the force density according to equation (11)
results in a dependence on the receiver distancex′, requiring
matching receiver positions in the line source transfer mobility
and the force density in equation (9). In the next subsection,
these two particular aspects are investigated for the site at
Lincent.

3.2 Case study: site at Lincent

At Lincent, the line source transfer mobility has been
determined by means of hammer impacts on the track (figure 5a)
as well as by means of hammer impacts on a small aluminum
foundation placed adjacent to the track (figure 5b) [8]. Figure
6a shows the force density for an InterCity train passing at
198 km/h as determined from the line source transfer mobilities
obtained by means of impacts on the track. Leaving out of
consideration the point at 6 m from the track where a significant
contribution from quasi-static excitation is expected, the force
density levels only show a relatively small dependence on the
distance from the track in the frequency range between 16 Hz
and 125 Hz. The observed differences are generally smaller
than the differences between individual passages for the same
train type and differences found for multiple measurement lines

at the same site. These results suggest that adopting a force
density level independent of the distance to the track will not
significantly deteriorate the prediction accuracy in this case.
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Figure 6. Measured force density based on the response at 6m
to 64m (grey to black lines) for an IC train (198km/h) for
(a) source points on the track and (b) source points adjacent
to the track.

Figure 6b shows the force density for a similar train type and
speed, but now determined from line source transfer mobilities
obtained by means of impacts on a small foundation adjacent
to the track. These force densities will also compensate forthe
fact that the line source transfer mobilities do not accountfor
the load distribution by the track. It is expected that this results
in smaller force density levels which, when added to the line
source transfer mobilities, result in the same vibration velocity
level during a train pass-by. As the receiver locationsx′ are the
same in both cases, the force densities will also compensate,
however, for the different distances between the line source on
the track (figure 5a) and the line source adjacent to the track
(figure 5b). Since this distance is much smaller in the lattercase,
it is expected that this will lead to a further reduction of force
density levels. This is confirmed by comparing the force density
levels at 6 m from the track in figures 5a and 5b. At larger
distances from the track, the difference in distance between the
line source and the receiver point becomes small relative tothe
total distance. In this case, the force density levels in figures 6a
and 6b are similar. This suggests that the effect of track filtering
at the site is not very large.

3.3 Discussion

Empirical prediction methods have largely shown their value
in practice by providing reasonable estimates of vibration
velocity levels. Compared to numerical methods, empirical
methods relying on measured transfer functions have the
advantage of inherently accounting for the characteristics
of the vibration transmission at a given site. Simplifying
assumptions in numerical models, such as the horizontal nature
of the soil stratification, and identification of the dynamicsoil
characteristics from in situ geophysical tests are avoidedin this
way.

Crucial for the prediction quality is the availability of a
suitable source characterization, either in terms of a force
density or a reference vibration level. Equation (6) that relates
the dynamic train loads to the wheel and track unevenness
shows that this requires a match in the type and level of
excitation, train characteristics, as well as characteristics of the
track and the soil. Matching soil conditions are particularly
important in the low frequency range where they significantly
affect the track receptance [61] and, therefore, the dynamic
train loads. This implies that the method cannot be used in
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situations where new train or track types are implemented or
at sites with deviating soil conditions. A study of prediction
errors arising from a mismatch in soil conditions for the Detailed
Vibration Assessment of the U.S. Department of Transportation
was recently presented by Verbraken et al. [62].

4 HYBRID PREDICTION MODELS

4.1 General principle

The use of empirical methods is limited to those cases where
a suitable characterization of the source strength (force density,
reference vibration level) and the vibration transmission(line
source transfer mobility, attenuation law) is available. The
combination of empirical and numerical methods in a hybrid or
semi-empirical prediction procedure allows alleviating some of
these limitations.

Combining a numerical prediction of the source strength with
an experimental assessment of the local transfer of vibration
seems particularly appealing. The numerically predicted
source strength allows new train types, track conditions or
even track retrofitting to be considered, while experimental
transfer functions allow accurately accounting for the local
characteristics of vibration transmission. When cast in the
general framework of the Detailed Vibration Assessment of the
U.S. Department of Transportation, such a hybrid prediction
LHYB

v (x′) of the vibration velocity level would be obtained as
follows:

LHYB
v (x′) = LNUM

F (X,x′)+TMEXP
L (X,x′) (12)

where TMEXP
L (X,x′) is the experimental line source transfer

mobility characterizing the propagation path and LNUM
F (X,x′)

is the predicted force density level. The force density level can
be computed indirectly by simulation of the Detailed Vibration
Assessment Procedure:

LNUM
F (X,x′) = LNUM

v (x′)−TMNUM
L (X,x′) (13)

where the evaluation of the vibration velocity level LNUM
v (x′)

requires the prediction of the free field response during a train
pass-by according to equation (2) or (4). The line source
transfer mobility TMNUM

L (X,x′) is calculated from the free field
response to impacts applied on the track or adjacent to the track,
depending on how the experimental line source transfer mobility
in equation (9) has been determined. As an alternative to the
indirect determination of the force density in equation (13) by
numerical simulation of the experiments, analytical expressions
of these terms can be derived [63]. In both cases, however,
the application of the hybrid procedure requires as a minimum
the identification of the dynamic soil characteristics fromin situ
geophysical tests. Even when the line source transfer mobility
is characterized experimentally, these parameters are important
for an accurate prediction of the force density.

By introducing the predicted force density level in equation
(13) in the hybrid prediction according to equation (9), the
following expression is obtained:

LHYB
v (x′) = LNUM

v (x′)−TMNUM
L (X,x′)+TMEXP

L (X,x′)︸ ︷︷ ︸
∆TML(X,x′)

(14)

which shows that this form of hybrid prediction correspondsto
applying a correction∆TML(X,x′) to the numerically predicted
vibration velocity level based on the experimental line source
transfer mobility.

4.2 Case study: site at Lincent

The hybrid procedure is now illustrated for the site at Lincent.
The vibration velocity level is predicted according to equation
(12) based on a numerical source strength and experimental
line source transfer mobility [8]. The experimental line source
transfer mobility is calculated based on impacts applied onthe
track, a similarly computed line source transfer mobility has
been used for the indirect calculation of the source strength
according to equation (13).
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Figure 7. Vibration velocity level at (a) 6m, (b) 12m, (c)
24m, and (d) 48m for an IC train (198km/h): measured
result (black line), numerical prediction (dark grey line),
and hybrid prediction, indirectly predicted force density
(light grey line).

Figure 7 compares the resulting hybrid and numerical
predictions to the measured vibration velocity level for an
InterCity train passing by at a speed of 198 km/h. Both
predictions are relatively accurate; deviations with the measured
vibration velocity are mostly limited to±6dB with a maximum
of 10 dB at frequencies below 16 Hz. Differences between
both kinds of predictions and the measured response are
of the same order of magnitude as those observed between
individual passages of the same train type and those for different
measurement lines at the same site. The purely numerical
approach therefore provides satisfactory results and a significant
improvement cannot reasonably be expected from the hybrid
approach. The success of the numerical approach is largely
thanks to the fact that this site was selected for model validation
because of its regular topography (reasonably flat terrain,
straight track, ...) and the extensive in situ test campaignfor
estimation of the model parameters. The hybrid approach will
probably be more accurate than a purely numerical approach
at sites with a less regular geometry or when less extensive
tests are performed. In this case, a substantial improvement
is expected from the correction∆TML(X,x′) applied to the
numerical prediction of the vibration velocity level LNUM

v (x′)
in equation (14).
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4.3 Discussion

Hybrid prediction methods seem particularly appealing in the
case of new tracks, new rolling stock or modifications to existing
tracks. Numerical models can here be used to assess the
influence of rolling stock characteristics and track designon
ground vibration, avoiding the need for in situ tests possibly
requiring the construction of test tracks. In the case of
new tracks, a numerically predicted source strength can be
introduced in equation (7) and combined with an experimental
transfer function or attenuation law that inherently takesinto
account vibration transmission. An additional correctionmay
be needed when new lines are planned and the transfer functions
are determined before the track is constructed. If modifications
are made to the rolling stock or track structure, numerical
modelling can be used to evaluate the change in source strength
and vibration transfer in equation (7), so as to correct the
existing vibration level. Accurately predicting relativelevels
of vibration due to changes in track or vehicle parameters is
expected to be much more reliable than making predictions in
absolute terms [44]. Hybrid prediction methods may therefore
allow the accuracy of numerical models to be improved by
an adequate characterization of the vibration transfer, while at
the same time providing the flexibility of numerical models to
assess a wide range of rolling stock and track parameters.

5 CONCLUSION

Numerical methods for the prediction of railway-induced
ground vibration have allowed for a better understanding of
the governing physical phenomena but need to be applied with
care in practical design situations because of the simplifying
assumptions involved (type of excitation, horizontal soil
stratification, free field conditions). More research is needed
to quantify prediction uncertainties as these are essential for
robust predictions in engineering practice and design. Empirical
methods allow the particularities of vibration transmission at
a given site to be taken into account, but for new-build or
modified situations their application is limited to cases where
prior experience is available. The limits of empirical prediction
methods may be clarified by numerical simulations of the
proposed procedures. Hybrid models, combining results from
numerical and empirical predictions, may be developed to
overcome limitations of both methods.
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ABSTRACT: This paper presents a review of the techniques (and the requirements) available for the aeroelastic modeling of 

transmission lines and their behaviour in severe boundary layer winds. The first and more extensive part is concerned with the 

modeling of the transmission line cables. It examines the effect of the scale of turbulence on the response of a line-like structure 

(cable model) through wind tunnel tests and the comparison of wind tunnel tests with theoretical predictions made through the 

statistical method using influence lines. The modeling approach to conductor systems is achieved through a distorted horizontal 

length scale (span wise) to accommodate these systems in the wind tunnel. Cables with different characteristics are simulated 

and tested at transverse and oblique wind incidences. From the results obtained in the experimental work, it is apparent that the 

modeling approach to conductor systems in wind tunnels is a valid technique. It is necessary, however, that a correction be made 

in the values of the variance of the response measured in the distorted model. The results also show the importance of the 

resonant response for the case of the more massive cables, as well as of the aerodynamic damping, which plays an important 

role in the cables behaviour. Also described are the evolution steps taken by other researchers to include the aeroelastic 

modeling of the towers. 

KEY WORDS: Aeroelastic Modeling; Wind Tunnel; Transmission Lines; Cables; Wind.

1 INTRODUCTION 

Although sophisticated theoretical models of the aerodynamic 

behaviour of transmission lines have been  developed [1], and 

partially adopted in codes [2], they have been very difficult to 

verify. Full-scale measurement is a particularly difficult 

option. Wind tunnel testing is an attractive alternative; 

however it also poses considerable difficulties. 

Currently, there are basically two different types of wind 

tunnel testing being performed. The first type of testing is 

referred to as static testing. In this, the mean aerodynamic 

forces are obtained from short lengths of full-scale conductor 

or conductor models. These are mounted in force balances and 

drag and lift coefficients are obtained. The other type is called 

dynamic testing, where again a two dimensional modeling 

method is employed. The model is composed of a short length 

of rigid conductor having full-scale values of shape and 

weight. The elastic properties are simulated by a spring 

suspension system at each end of the rigid conductor. In spite 

of a great number of wind loading studies of transmission 

lines, there is still not a complete understanding of their 

behaviour in wind nor complete agreement between wind 

tunnel testing and full-scale measurements [3]. Conductor 

drag forces obtained from full-scale tests have often been 

found to be smaller than the corresponding ones obtained in 

wind tunnel tests using section models [4]. Furthermore, 

certain full span motions cannot be simulated in these tests. 

A more sophisticated approach is to model the full-span 

aeroelastically. This kind of test is seldom found in the 

literature. Some work has been done [5] although it was not 

the authors’ intention that the model be a small scale 

simulation of a prototype line. The correct modeling of this 

kind of structure is very difficult for many reasons which are 

discussed in this paper. It is the purpose of the present paper 

to describe the aeroelastic modeling of the conductors and the 

now usual approach for such modeling [6, 7, 8], which was 

also adopted by Bartoli et al [9] in the study of the dynamics 

of a cable under wind action. The technique evolved to also 

include the support towers in the aeroelastic simulations, and 

the paper highlights the works of Lin et al [10, 11] and Liang 

et al [12]. 

2 AEROELASTIC MODELING OF THE CABLES 

In order to have the aeroelastic behaviour of the cables 

simulated in the models, the mass, drag forces, reduced 

frequency and aerodynamic damping should be simulated, 

together with the properties of the natural wind. Specifically, 

the conditions given below should be met. In the presentation, 

L is the line span, l the cable length, s the cable sag, m the 

mass per unit length, a the air density, CD and d the cable’s 

drag coefficient and diameter, f the cable’s natural frequency, 

V the mean wind velocity and E the modulus of elasticity of 

the material. The subscript (m) refers to model and (p) to 

prototype. 

2.1 Conventional Modeling 

The title of the paper must be identical to the title of the 

abstract that has been submitted. 
 

Geometric similarity (L=length scale): The ratio between 

model and prototype dimensions should be preserved 
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Mass modeling (m = L
2
): The requirement for the modeling 

of the mass of the structure is that the inertia 

forces of the structure and those of the flow be scaled 

consistently. When the aeroelastic tests are made through the 

use of equivalent models it is important to maintain the mass 

ratio the same in model and prototype [10] 
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Drag force scaling: The drag force, F, in both model and 

prototype, is given by 
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The ratio F = Fm /Fp can then be written 

 

                       LpDmD dCdC            (4) 

 

Due to the dependence of CD on the Reynolds number it is 

almost impossible to scale down geometrically the cable 

diameter, since drag coefficient would not correspond to the 

necessary CD to give a corrected scaled drag force. For this 

reason both CD and d are scaled jointly. 

 

Reduced frequency: The relationship between length, time 

and velocity for a particular mode of vibration is based on the 

equality of the reduced frequency in model and full scale. For 

the cable the frequency depends a great deal on its sag, which 

is the important characteristic dimension. 
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Aerodynamic damping: Cable  motion is dominated  by  

aerodynamic  damping,  the  structural  damping,  S 0.0005 

[14], being not so important, especially in strong winds. 

Aerodynamic damping is a retarding force which is derived 

from the relative motion between structure and air. It is a 

linear function of wind speed V and, in the case of a uniform 

prismatic structure in uniform flow and in drag motion, can be 

given by the expression [15, 16]. 
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So (a)m = (a)p , then 
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Wind/Gravity forces: It is necessary to maintain the ratio 

between wind and gravity forces for both model and prototype 
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Velocity scaling (Froude number): For structures where 

resistance to deformation is influenced by the action of 

gravity, it is necessary to maintain Froude number, Fr, 

similarity, which requires that 

 

                                         LV  2
          (9) 

 

Axial force scaling (Cauchy number): To simulate the action 

of axial forces through the use of equivalent models, the 

Cauchy number, Ca, must be maintained constant in model 

and prototype 
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Lpm
dEdE           (10) 

 

It should be remembered that all force scaling is given by F = 

L
3. 

The axial tension is not very important for this purpose [17] 

and is not simulated here. The fulfillment of this requirement 

is somewhat difficult, especially if we recall that the 

symmetric in-plane modes also depend on the value of Ed2 

and have their own criteria to be satisfied, which do not 

necessarily match with Eq. (10). 

2.2 Difficulties faced and adopted approach 

Just to fix ideas we give a numerical example of a 

conventional cable modeling. The nominal prototype cable  

characteristics  assumed  are  LP = 300 m,  sP = 10 m,  lP = 

300.9 m,  dP = 0.04 m,  mP = 3 kg/m  and VP = 45 m/s. From 

this Re2E5 and CD 1.0, which allows (CD d)p = 0.04 m. 

The first fundamental frequency is (fc1)  0.18 Hz. For this 

example, a geometric scale L = 1/50 is chosen and therefore 

the velocity scale is V = (L)1/2 = 1 / 7.07. In this case we 

would have: Lm = 6 m, sm = 0.2 m, lm = 6.02 m, mm = 0.0012 

kg/m = 1.2 g/m, Vm = 6.4 m/s, (CD d)m  8E-4 m = 0.8 mm 

(fc1)  1.24 Hz.  

 Even with the relatively large scale ratio of 1/50 the mass 

per unit length has a very low value. This fact makes it 

difficult to actually build the model. If we compare the full-

scale mass per unit length of a suspension bridge cable for 

example, which may have m  5000 kg/m, with the 

transmission line m  3 kg/m or less, and look at the usual 

model dimensions of a bridge model, we can see the 

difficulties involved in simulating the transmission line in 

reduced scale. There is also the problem of simulating Ed2 for 

axial forces and symmetric in-plane mode shapes. And 

because we are dealing with the line behaviour under design 

velocities, i.e., high wind speeds, we can be concerned only 

with the drag forces and avoid the problems related to cross-

wind simulation [18]. Furthermore, with a model span as 

calculated it is very difficult (in our case impossible) to fit the 
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model in conventional boundary layer wind tunnels that 

generally do not have such a wide section. 

To accommodate such a span or even several spans of these 

systems in the wind tunnel, a new modeling approach to tower 

and conductor systems using a distorted scale was developed. 

Such approach is based on the idea that distorting horizontally 

the cable but maintaining the same sag and preserving the 

properties of the ‘‘normal’’ model (mass, drag, frequency), 

would not alter significantly its behaviour, since the natural 

frequencies of the cables are primarily a function of their sags 

when the cable tension is not high. That is, the modeling 

approach would be firstly to go from the full-scale to the 

‘‘normal’’ model and from this to the ‘‘distorted’’ model, 

keeping the model sag the same. The flow conditions in the 

wind tunnel simulation are also kept the same. 

The disadvantage of this approach is that it changes the 

correlation of the wind forces along the cable and this must be 

corrected. The correction is much smaller than that required 

by the usual sectional (two-dimensional modeling) wind 

tunnel cable testing, which results have to be adjusted by a 

span factor to take into account the variations of pressure 

along the cable length. 

2.3 Distorted modeling 

New length scale: A reduced span Lm
* obtained from the 

distortion of the original model span Lm by an amount , is 

utilized, so that Lm
*= Lm , where the symbol * refers to a 

quantity used in the distorted model. 
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In order to have the same behaviour in both models the mass, 

drag forces, aerodynamic damping and reduced frequency 

must be kept the same. Distorting the mass per unit length and 

CD d by the same amount  guarantees that the ratio between 

wind and gravity forces, Eq. (6), is also preserved. 
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Drag force: 
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Reduced frequency and aerodynamic damping: 
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Axial force: 
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The original average mass per unit length and average CD d 

per unit length required have to increase by 1/  if the total 

mass and drag force is to be maintained. The aerodynamic 

damping and reduced frequency are kept the same if the 

natural frequency is not altered. This condition is satisfied 

since the natural frequency of a suspended cable is primarily a 

function of its sag (which is kept unchanged). 

Strictly speaking, we should diminish Ed2 by , although this 

would not make the strain of both models be the same (the 

reason being the difference in cable tension of the two 

models). However, due to the already mentioned difficulties 

in Ed2 simulation, this condition will not be strictly followed. 

This gives more flexibility in the choice of the cable diameters 

for the design and construction of the models. The 

consequences of this assumption were verified to be 

acceptable in the experimental results [19]. 

As usual in aeroelastic studies, it is very difficult to satisfy 

all the requirements and some compromise has to be made. 

For the case of transverse wind loads transmitted by the cables 

to their supports, the conductor tension was found to have a 

negligible influence on the transverse loadings [17]. 

3 TESTING DISTORTION THEORY 

3.1 Design of models 1 and 2 

To initiate the study, two cable models corresponding to the 

same prototype were tested. One was a ‘‘normal’’ model 

(model 1) and the other a ‘‘distorted’’ one (model 2). The 

general characteristics are indicated in Table 1 together with 

the estimated first natural frequencies for a ‘‘no wind’’ 

condition. The predicted natural frequencies for other modes 

of vibration for both, tension due to its own weight (or a ‘‘no 

wind’’ condition) and resultant tension due to the combination 

of the own weight and the mean wind speed based on the 

velocities considered were also calculated [19]. The values of 

Ed2 adopted are considered as well. 

The models were built by employing a technique broadly 

used in wind tunnel modeling of bridge cables and also used 

in a simulation of elevator cables [20]. It consists in using a 

basic cable of very small diameter to simulate, if desired, the 

axial stiffness and flexibility, over which are attached lumped 

pieces (cylinders or spheres) of a certain material to give, 

together with the basic cable, the required average mass per 

unit length and the required average CD d per unit length. 

Table 1a. General characteristics of first models tested 

(target). 

Description L (m) s (m) l (m) m (kg/m) 

Prototype (nominal) 150 7.5 151.0 1.0000 

Normal model 3.0 0.15 3.02 0.0004 

Distorted model 1.5 0.15 1.54 0.0008 

 

Table 1b. General characteristics of first models tested 

(target). 

Description V (m/s) CD d (m) f1 (Hz) 

Prototype (nominal) 45.0 0.0300 0.20 

Normal model 6.4 0.0006 1.44 

Distorted model 6.4 0.0012 1.48 
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Both models were built using as basic cable a steel piano 

wire with diameter  = 2.29E-4 m over which lumped foam 

cylinders (3 mm diameter, 10 mm length) were attached. It 

was decided to keep the mass as low as possible in the first 

models for two reasons: (a) to test if it was possible to make a 

model work in a lower extreme case (corresponding smaller 

values for transmission lines are not expected to be found in 

full-scale), and (b) to keep the influence of the mass and 

related properties a minimum. 

The natural frequencies of the distorted and the normal 

models are very close and can be assumed to be the same. The 

actual values obtained for the total mass of the cable models 

was M1 = 1.3 g and M2 = 1.1 g, what gives m1  0.43 g/m and 

m1  0.71 g/m. The value of CD d is chosen from a smooth 

flow regime and therefore the correctness of the model design 

will be checked using the results from exposure 3 - smooth 

flow. 

4 EXPERIMENTAL RESULTS FOR LESS MASSIVE 

CABLES 

The tests were performed in the low-speed section of the 

BLWT II of The University of Western Ontario, Canada, in 

which the length of the working section upstream of the 

model is 43 m. Three different exposures were used in the 

study: smooth flow and turbulent flow with turbulence 

intensities of 0.11 and 0.14. Detailed information regarding 

the adopted exposures, wind profiles, spanwise cross-

correlation of the wind, wind spectra and coherence are shown 

elsewhere [19]. One of the reasons to use the low speed 

section is its large width (4.88 m) and its lower wind 

velocities (Froude number requirement), making it the best 

option to test the transmission lines. 

The testing of the cable model included measurements of 

the time history of the drag force over a period of time (500 s) 

corresponding to approximately 60 min in full-scale for the 

desired wind speed. From these, the mean, root-mean-square 

(RMS), maximum and minimum values of the response as 

well as the force spectra were obtained. The spectra were also 

measured independently, through a specific software, and 

have compared very well with those obtained from the time 

series. Force balances were used to measure the drag forces at 

the cables extremities. 

Two angles of incidence were tested: 0o incidence 

(transverse wind) and 45o incidence (oblique wind). The 

models were also tested for a slightly higher velocity and a 

slightly lower velocity than the design values of 45 m/s in the 

case of the time series, plus 3 extra lower velocities in the 

measurements of the force spectra. Although the model was 

not designed for those wind speeds, they serve the purpose of 

qualitative information. The values obtained are shown in 

Tables 2 and 3. 

From the analyses of the values measured it can be observed 

that the mean values from the normal model agree fairly well 

with the mean distorted values and are in general slightly 

smaller for the more turbulent wind. The values of the 

variance were in general very small and, in the case of the 

normal cable values, roughly half its corresponding value 

from the distorted model. This leaves the RMS values for the 

distorted model overestimated by roughly between 1.4 and 1.5 

times the normal value for transverse wind (0o), and roughly 

between 1.3 and 1.4 for the oblique incidence (45o). The 

reason for that may be due to the fact that, because the wind 

characteristics remain unchanged, the turbulence is ‘‘seen’’ as 

having a larger correlation in the case of the distorted model 

and, therefore, the variance is bigger. The maximum values 

followed the same trend and therefore were bigger for the 

distorted model. The minimum values, however, were almost 

all smaller for the distorted model. 

These results are very important since they demonstrate the 

effect of turbulence in the dynamic response. Theory says that 

the variance is directly proportional to the ratio between 

turbulence length scale and the structure’s span, and that is 

exactly what is demonstrated in these experiments by 

changing the structure and leaving the wind flow 

characteristics unchanged. 

 

Table 2. Cable model drag force (x105) at one extremity in 

turbulent flow for transverse wind incidence (0o). 

Model Exp Vel 

(m/s) 

Max  

(N) 

Min 

(N) 

Mean 

(N) 

RMS 

(N) 

Normal 1 5.8 29.8 12.4 20.3 2.18 

  6.4 38.1 14.7 24.8 2.60 

  6.6 40.6 16.1 27.1 2.85 

Distorted 1 5.8 34.4 9.0 20.5 3.25 

  6.4 43.6 15.1 28.0 3.77 

  6.6 45.7 13.1 27.1 4.09 

Normal 2 5.9 29.8 13.7 21.9 1.84 

  6.4 38.2 20.8 28.8 2.12 

  6.7 42.1 23.0 31.8 2.38 

Distorted 2 5.9 34.9 13.7 23.8 2.75 

  6.4 40.7 16.5 26.9 2.97 

  6.7 45.6 17.4 29.4 3.25 

 

The values from exposure 3 were used to calculate the 

model values of CD d and check if the design was correct. 

From those it was observed that the expected design values of 

CD d = 0.0006, for the normal model, and CD d = 0.0012; for 

the distorted one, were closely matched, although slightly 

larger values were obtained. The ratio between normal and 

distorted CD d values, however, kept practically the same 

(0.50). These results were considered satisfactory. 

 

Table 3. Cable model drag force (x105) at one extremity in 

turbulent flow for oblique wind incidence (45 o). 

Model Exp Vel 

(m/s) 

Max 

(N) 

Min 

(N) 

Mean 

(N) 

RMS 

(N) 

Normal 1 5.8 17.3 4.8 10.8 1.74 

  6.4 22.4 6.4 13.7 2.06 

  6.6 24.1 7.5 15.7 2.26 

Distorted 1 5.8 21.5 4.2 11.5 2.24 

  6.4 25.9 5.6 15.1 2.69 

  6.6 32.3 6.5 16.9 3.01 

Normal 2 5.9 17.7 7.3 12.0 1.44 

  6.4 21.4 8.8 14.4 1.73 

  6.7 24.2 9.8 16.2 1.91 

Distorted 2 5.9 20.4 5.0 11.8 1.96 

  6.4 24.9 7.9 15.1 2.29 

  6.7 28.5 9.5 17.6 2.48 
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The force spectra for the drag at one extremity of the cable 

for a few cases are shown in Figures 1 to 4. From the analyses 

of  Figures 1 to 3 spectra we can observe that cable 2 

(distorted model) had larger values of  f S(f), which agrees 

with the time series values for the force variance, and, 

repeating the observation, may be due to the larger correlation 

of the gusts for the distorted model in relation to the normal 

one. The difference is larger for exposure 1 (more turbulent). 

Another observation is that the normal cable had the peaks in 

the spectra more distinct than the distorted. This can be due to 

the slightly smaller aerodynamic damping of cable 1. At the 

model design velocities it was almost impossible to see any 

distinct peaks in the spectra, those becoming more distinct as 

the velocity decreases. This could be attributed to the 

aerodynamic damping which is directly proportional to the 

wind velocity and inversely proportional to the mass per unit 

length. From the smaller velocity spectra we can infer the 

natural frequencies of the cable, which are in the range of the 

expected theoretical predictions. 

 
 

 
 

Figure 1a. Spectra of drag force [N] at one end of cable 1, 

exposure 1 and transverse wind (0°) for several wind speeds. 

 
 

 
 

Figure 1b. Spectra of drag force [N] at one end of cable 2, 

exposure 1 and transverse wind (0°) for several wind speeds. 
 

 

Figures 4a and 4b show the spectra of the drag forces 

normalized by its variance and present the normal and 

distorted models in the same plot. Although f S(f) and the 

variance are bigger for the distorted model, the normalized 

spectra of both models have a good match, indicating the 

validity of the technique. 
 

 
Figure 2a. Spectra of drag force [N] at one end of cable 1, 

exposure 2 and transverse wind (0°) for several wind speeds.  

 

 
Figure 2b. Spectra of drag force [N] at one end of cable 2,  

exposure 2 and transverse wind (0°) for several wind speeds. 

 

 
Figure 3a. Spectra of drag force [N] at one end of cable 1 for 

exposure 1 and oblique wind (45°) for several wind speeds.  

 

 
Figure 3b. Spectra of drag force [N] at one end of cable 2 for 

exposure 1 and oblique wind (45°) for several wind speeds. 
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Figure 4a.  Normalized spectrum of drag force [N] at one end 

of cables 1 & 2 for exposure, 1 for transverse wind (0°) and V 

= 6.4 m/s. 

 

 
Figure 4b.  Normalized spectrum of drag force [N] at one end 

of cables 1 & 2 for exposure 2, for transverse wind (0°) and V 

= 6.4 m/s. 

 

The angular displacement of the cables under those severe 

wind conditions were expectedly high. These extreme angular 

displacements have been found in real lines under extreme 

winds [21]. Figure 5a shows a picture of the real line and 

Figure 5b a cable model in the wind tunnel, both under 

extreme wind speeds. 
 

 

Figure 5a.  Behaviour of a real transmission line under 

extreme wind speeds [21]. 

 

Figure 5b.  Behaviour of the wind tunnel model for the less 

massive cable (right) under extreme wind speeds. 

 

The statistical method using influence lines [6] has been 

employed for the theoretical prediction of the cable responses 

and comparison with experimental values. Table 4 presents 

RMS values of the drag force at one extremity of the cable 

obtained from the measurements and calculated from theory 

using the estimated values of the transverse length scale of 

turbulence. Theory predicts well the mean responses and 

overestimates the experimental findings for the fluctuating 

part of the response. For the cables tested, only the value of 

the background response obtained by the statistical method 

using influence lines was enough to predict the measured 

fluctuating response. There are however, uncertainties in the 

determination of the transverse length scale of turbulence 

(xLV). The value used was from the fit of the correlation curve 

by an approximate exponential function and the area under the 

real curve seems to be actually lower than the area given by 

the fitting curve. A lower value of xLV in the calculation would 

mean a background response coinciding with the 

measurements. The resonant response does not seem to be 

important in this case, which can also be seen from the 

spectra, although it may be very important for more massive 

cables or when cable characteristics and flow conditions 

dictate a smaller value for the aerodynamic damping [6]. 

 

Table 4. Comparison between measured and calculated RMS 

values of drag (xLV = 0.31 m and  I V = 0.14 for exposure 1  

and xLV = 0.34m and  IV = 0.11 for exposure 2). 

Model Vel 

(m/s) 

RMS  

calc. (N) 

RMS 

meas. (N) 

RMS ratio 

calc./meas. 

Normal 5.8 2.79E-5 2.17E-5 1.28 

(Exp 1) 6.4 3.39E-5 2.59E-5 1.31 

 6.6 3.60E-5 2.84E-5 1.26 

Distorted 5.8 3.66E-5 3.24E-5 1.13 

(Exp 1) 6.4 4.46E-5 3.76E-5 1.18 

 6.6 4.74E-5 4.08E-5 1.16 

Normal 5.9 2.26E-5 1.84E-5 1.23 

(Exp 2) 6.4 2.76E-5 2.12E-5 1.30 

 6.7 2.94E-5 2.38E-5 1.24 

Distorted 5.9 2.97E-5 2.74E-5 1.08 

(Exp 2) 6.4 3.61E-5 2.97E-5 1.22 

 6.7 3.83E-5 3.24E-5 1.18 
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5 ADITIONAL TESTS FOR MORE MASSIVE CABLES 

Adopting the distorted approach the additional cables tested 

had the general characteristics as shown in Table 5. Two 

different sets of pairs of cables, each pair with a different 

diameter, were built and tested with the purpose of verifying if 

the axial stiffness would make a difference in the results. The 

basic piano wire cables had diameters of  = 1.27E-4 m 

(cable 3) and  = 2.29E-4 m (cable 4). Both models had small 

lumped wood cylinders (4 mm diameter, 20 mm length) 

attached to the steel piano wire (62 for cable 3 and 60 for 

cable 4). In this case, it was decided to test a model with a 

mass per unit length value corresponding to an upper extreme 

case with regard to conventional transmission line cables. 

Cable 3 had EA1 2534 N and cable 4 EA2 8237 N. Cable 

model 3 was also tested with a sag s = 0.3 m. Pictures of the 

aeroelastic models of the more massive cables are shown in 

Figure 6. 

 

Table 5a. General characteristics of massive cable models 

tested (target). 

Description L 

(m) 

s 

(m) 

l  

(m) 

m 

(kg/m) 

f1 

(Hz) 

Prototype (nominal) 300.0 10.0 300.9 4.3 0.18 

Normal model 6.0 0.2 6.02 0.0017 1.24 

Distorted model 

 ( = 0.5) 

3.0 0.2 3.04 0.0034 1.26 

 

Table 5b. General characteristics of massive cable models 

tested (target). 

Description V 

(m/s) 

CD d 

(m) 

f1 

(Hz) 

Prototype (nominal) 40.0 0.0400 0.18 

Normal model 5.7 0.0008 1.24 

Distorted model ( = 0.5) 5.7 0.0016 1.26 

 

The testing of the cable models included measurements of 

the time history of the drag force over a period of time of 500 

seconds, from which the mean, root-mean-square (rms), 

maximum and minimum values of the response as well as the 

force spectra were obtained. The direction of the wind was 

perpendicular to the lines, which was tested with four 

different wind velocities, although the model was designed for 

V = 5.7 m/s (40 m/s full-scale). 

 

 

Figure 6a.  Aeroelastic wind tunnel models of the more 

massive cable.  

 

Figure 6b.  Aeroelastic wind tunnel models of the more 

massive cable.  

 

The mean values were a bit smaller for exposure 1 (more 

turbulent flow) and the variance was bigger for the same 

exposure. A comparison of the force spectra for the two cable 

sags tested, with V = 5.7 m/s, is presented in Figure 7. The 

spectra of cables 3 and 4 presented distinguishable peaks at 

the expected natural frequencies of the cables, although as the 

frequency increases they start to overlap and a proper 

identification becomes more difficult. The reason as to why 

the peaks are more distinct in relation to less massive 

transmission line cables is that the conditions related to 

velocity and mass per unit length make the aerodynamic 

damping smaller in the more massive cables. At the range of 

frequencies between 20 and 30 Hz a more pronounced peak 

appears, although the spectral density value at these 

frequencies (S(f) only) is not so big. 

 

 
Figure 7a. Drag force (N) spectra of the more massive cables 

for the two cable sags tested for exposure 1. 

 

From the analysis of all the force spectra for the different 

velocities tested for cable sag  s = 0.20 m, it was observed that 

the lower velocity (smaller aerodynamic damping) resulted in 

the peaks being more clearly defined (see Figure 7). The 

turbulence intensity level differences did not seem to cause 

significant effects. Furthermore, the big peaks f S(f) were 

centred around 20 Hz. A possible explanation for the high 

peak energy at higher frequencies could be attributed to the 

coupling of cable frequencies from out-of-plane and 

symmetrical and antisymmetrical in-plane modes, where the 

frequencies of these modes all converge. The spectra for 
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cables 3 and 4 were effectively the same. Although they had 

different EA values, the resultant cable stiffness parameter 2 

[22] allowed the same symmetrical in-plane natural 

frequencies. 

 

 
Figure 7b. Drag force (N) spectra of the more massive cables 

for the different velocities tested for exposure 1 (s = 0.2 m). 

 

From the analysis of the results it was observed that theory 

predicts the mean responses well and that the background 

response alone was not enough to predict the total RMS 

response measured. The resonant response for the first mode 

was included in the total (calculated) RMS response and this 

was then enough to predict the experimental findings. But 

recalling that there are uncertainties in the determination of 

the turbulence length scale, xLV , and that the value used was 

from the fit of the correlation curve by an exponential 

function and the area under the real curve seems to be actually 

lower than the area given by the fitting curve, it is possible 

that the inclusion of more components of the resonant 

response may be necessary if lower values of xLV are used in 

the theoretical prediction. These findings agree with the 

spectra of cable 1, which show distinct peaks at the natural 

frequencies. 

This also shows that although the background response may 

be the biggest contributor for the total fluctuating response in 

most typical cases, the resonant component may be important 

when cable characteristics and flow conditions dictate a 

smaller value for the aerodynamic damping. The resonant 

component, therefore, should not be neglected in the design 

procedures. 

6 AEROELASTIC MODELING OF THE CABLES AND 

TOWERS 

After the development of the technique for aeroelastic wind 

tunnel cable simulation, studies evolved to include also the 

influence of the tower. Lin et al [10, 11] performed a study on 

the response of an overhead electrical power transmission line 

to two types of wind forcing, namely boundary layer winds 

and downdraft winds. The study was based on an 1/100 scale 

aeroelastic model of a single transmission line span and 

support structure, adopting the distorted scaling technique 

described in item 2.3 of this paper. Figure 8 shows a picture of 

their assembled aeroelastic model and Figure 9 presents one 

tower response spectra, for bending moment, from a boundary 

layer wind. It is possible to identify the resonant and 

background components of the response. The authors report a 

similar behaviour with Loredo-Souza and Davenport [7] 

findings, emphasizing that were notable resonant 

contributions.  Also observed is that the resonant dynamic 

response was less significant with downdraft outflow wind 

forcing than with boundary layer wind forcing. 

 

 
 

Figure 8. Assembled aeroelastic model at The University of 

Western Ontario, from Lin et al [9, 10]. 

 

 
 

Figure 9. Boundary layer fluctuating tower response spectra 

(for base moment) from Lin et al [10, 11]. 

 

In Lin et al [10, 11] work, the mast and lines are aeroelastic 

models, but the insulators remain rigid. According to Battista 

et al [23], the suspension rod play a fundamental role in the 

coupled tower-line system; the height of the chain of 

insulators (or of the suspension-rod) defines the dynamic 

characteristics of the tower–cables coupled model (see Figure 

10 for reference). The authors developed an analytical model 

which can account for the inertia forces which arise in the 

towers dynamics with the wind induced sway motion of the 

electric cables. The suspension rods formed by the chains of 

insulators were identified as the most important component of 

the system when it comes to the analysis of wind flow and 

tower-lines coupled model interactive dynamic behavior and 

response. 
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Figure 10. Double pendulum behavior of insulators and 

cables, from Battista et al [23]. 

 

Is this sense, Liang et al [12] designed and built a 1/30 scale 

full aeroelastic model with one tower and two lines to 

simulate an electrical transmission tower-line system. The 

model was tested under boundary layer winds at Tongji 

University TJ-3 wind tunnel, which has a 15m wide and 2m 

high cross section. To accommodate the span in the wind 

tunnel, the distortion technique [7] was employed. Pictures of 

the model and instrumentation are shown in Figures 11 to 13.  

 

 

Figure 11. Aeroelastic model of electrical transmission tower-

line system in Tongji University TJ-3 wind tunnel, from Liang 

et al [12], 
 

 

Figure 12. Arrangement of  the laser displacement sensors 

at full aeroelastic wind tunnel model of electrical transmission 

tower-line system, from Liang et al [12]. 
 

 

Figure 13. Arrangement of the strain gauge on insulators of 

the aeroelastic model of electrical transmission tower-line 

system, from Liang et al [12]. 
 

Liang et al [12] observe that because the responses of 

transmission tower with lines both in the strong axial and the 

weak axial directions are similar to single tower with a 

plurality of swinging mass dampers, the damping ratios of the 

vibration modes in which the tower vibrations play main roles 

in the tower-line system increase quite a lot. The actual 

measured results showed that the damping ratios of the first 

vibration mode of the transmission tower with line in the 

weak axial direction, strong axial direction and torsional 

direction increased by 90%, 100% and 97% respectively.  

Nevertheless, the tower-line coupling greatly increased the 

mean displacement effect of the transmission tower in the 

strong axial direction (along-wind direction) as well as the 

dynamic displacement of the transmission tower in the strong 

axial direction and weak axial direction (across-wind 

direction), and the acceleration response in the strong axial 

direction. Therefore, the authors emphasize that tower-line 

coupling effect is an important factor which should be 

considered carefully in the wind resistant design of the 

electrical transmission tower-line system.  

Another important observations from Liang et al [12] study 

are that the dynamic displacement and the acceleration of the 

transmission tower with lines in the across-wind direction 

were larger than the same responses in the along-wind 

direction. So the wind resistant design of the electrical 

transmission tower-line system must consider the vibration of 

the tower in the across-wind direction. In addition, the 

torsional vibration effect of the transmission tower with lines 

was significantly less than that without line. 

In addition, after completing the aeroelastic model wind 

tunnel tests to investigate the wind induced responses of the 

single tower and of the tower-line system, Liang et al [12] 

study also included destructive wind tunnel tests of the tower-

line system, with and without strengthening diaphragms in the 

aeroelastic tower model. A picture of the tower model, 

showing the destroyed part, is presented in Figure 14.   
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Figure 14. Destroyed part of transmission tower model in 

Tongji University TJ-3wind tunnel, from Liang et al [12]. 
 

7 CONCLUSIONS 

The paper presented a review of the techniques (and the 

requirements) available for the aeroelastic modeling of 

transmission lines and their behaviour in severe boundary 

layer winds. The first and more extensive part was concerned 

with the modeling of the transmission line cables. In addition, 

the evolution steps taken by other researchers to include the 

aeroelastic modeling of the towers were also discussed. 

Specifically, the following points should be highlighted: 

 When using a distorted horizontal length scale (span 

wise) to accommodate models of the conductor 

systems in the wind tunnel, it is necessary that a 

correction be made in the values of the variance of 

the response measured in the distorted model. In 

agreement with theory, the variance obtained from the 

distorted models should be multiplied by ; the horizontal 

geometric distortion of the cable model, to obtain the real 

values of the variance of the response. However, further 

research may indicate the necessity of a non-linear 

correction, related to the variance. 

 For cables with low mass per unit length, the responses are 

predominantly background. As the cables become more 

massive, the resonant response increases its participation 

in the total response and cannot be disregarded. It depends 

on the characteristics of the structure and of the wind flow. 

Results obtained from the more massive cables 

demonstrated that the resonant response can be important 

in the total response. It depends on the characteristics of 

the structure and of the wind flow. 

 Aerodynamic damping plays an important role in the 

dynamic behaviour of the cables. This was demonstrated 

in the experimental results obtained for the lines with 

different characteristics and also in full-scale experiments 

made by other researchers. 

 Coupling between tower and lines is a very important 

effect and must be carefully taken into account in the 

design of the electrical transmission tower-line system 

against wind. 
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ABSTRACT: A computational framework for Bayesian uncertainty quantification and propagation (UQ+P) in structural 
dynamics is presented. High performance computing techniques are integrated with Bayesian techniques to efficiently handle 
large-order models of hundreds of thousands or millions degrees of freedom, and localized nonlinear actions activated during 
system operation. Fast and accurate component mode synthesis (CMS) techniques, consistent with the finite element model 
parameterization, are employed to achieve drastic reductions in the model order and the computational effort. Surrogate models 
are also used to substantially speed-up computations, avoiding full system re-analyses. Significant computational savings are 
achieved by adopting parallel computing algorithms to efficiently distribute the computations in available multi-core CPUs. 
Important issues related to the computational efficiency of the Bayesian asymptotic approximations versus the stochastic 
simulation algorithms for conventional or high performance computing environments are discussed. Implementation issues for 
Bayesian UQ+P for linear and nonlinear structural dynamics models using vibration measurements are emphasized.  

KEY WORDS: Large-order models; Laplace asymptotics; MCMC; Component mode synthesis; Surrogate models; HPC. 

1 INTRODUCTION 
Bayesian inference is used for quantifying and calibrating 
uncertainty models in structural dynamics based on vibration 
measurements, as well as propagating these uncertainties in 
structural dynamics simulations for updating robust 
predictions of system performance, reliability and safety ([1], 
[2]). The Bayesian tools for identifying system and 
uncertainty models as well as performing robust prediction 
analyses are Laplace methods of asymptotic approximation 
[3] and stochastic simulation algorithms such as Markov 
Chain Monte Carlo (MCMC) [4-6], Transitional MCMC [7] 
and Delayed Rejection Adaptive Metropolis (DRAM) [8].  

Both tools are used to represent the posterior distribution of 
the parameters of a model class introduced to simulate the 
behavior of the engineering system, as well as compute 
multidimensional integrals over high-dimensional spaces of 
the uncertain model parameters, manifested in the 
formulations for model class selection, robust predictions and 
model averaging [9]. The asymptotic approximations involve 
solving optimization problems as well as computing the 
Hessian of certain functions in a small number of points in the 
parameter space. The stochastic simulation tools involve 
generating samples for tracing and then populating the 
important uncertainty region in the parameter space, as well as 
evaluating integrals over high-dimensional spaces of the 
uncertain model parameters. These tools require a moderate to 
very large number of system re-analyses to be performed over 
the space of uncertain parameters. Consequently, the 
computational demands depend highly on the number of 
system analyses and the time required for performing a system 
analysis.  

For complex models of engineering systems, one simulation 
may require a significant amount of time and the overall 
computational demands involved in the Bayesian tools may be 

substantial, or even excessive for stochastic simulation 
algorithms. The complexity and computational demands 
depend on the complexity of the model of the analyzed system 
as well as the number of uncertain parameters involved. 
Moreover it depends on the support of the posterior 
distribution of the model parameters, the size of the support in 
the multi-dimensional parameter space, the multimodality of 
the posterior PDF and the unidentifiability that may arise 
when the number of the data are not informative enough for 
the number of model parameters involved.  

For FE models involving hundreds of thousands or even 
million degrees of freedom and localized nonlinear actions 
activated during system operation, the computational demands 
in the Bayesian framework may be excessive. The present 
work proposes methods for drastically reducing the 
computational demands at the system, algorithm and hardware 
levels involved in the implementation of Bayesian tools. At 
the system level, CMS techniques [10, 11] are integrated with 
Bayesian techniques to efficiently handle linear structural 
components of large-order models of hundreds of thousands 
or millions degrees of freedom and localized nonlinear actions 
activated during system operation. The dynamics of the linear 
components is represented by the dynamics of the lowest 
fixed-based interface modes and the interface constraints 
modes. At the level of the stochastic simulation algorithms, 
surrogate models [12] are adopted to drastically reduce the 
number of computationally expensive full model runs. At the 
computer hardware level, parallel computing algorithms [13] 
are proposed to efficiently distribute the computations in 
available multi-core CPUs. Important issues related to the 
computational efficiency of the asymptotic approximations 
versus the stochastic simulation algorithms for conventional 
or high performance computing (HPC) environments are 
discussed.  
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This study is organized as follows. The Bayesian 
framework for uncertainty quantification, calibration and 
propagation is reviewed in Section 2. The formulations using 
the asymptotic approximations and the stochastic simulation 
tools are presented in Sections 3 and 4, respectively. Methods 
to reduce the computational demands, such as model 
reduction techniques and surrogate models, are presented in 
Section 5. In Section 6 the efficient of computational tools for 
carrying out the Bayesian analysis in conventional (serial) and 
HPC (parallel) computing environments is investigated. 
Advantages and disadvantages of the asymptotic and 
stochastic simulation algorithms are investigated from the 
point of view of accuracy and computational efficiency. 
Implementation issues in linear and nonlinear structural 
dynamics models using vibration measurements are discussed 
in Section 7. Conclusions are summarized in Section 8. 

2 BAYESIAN UNCERTAINTY QUANTIFICATION 
AND PROPAGATION 

2.1 Formulation 

Consider a parameterized class Μ
m

 of structural dynamics 
models used to predict various output quantities of interest of 
a system. Let mN

m Rq Î  be a set of parameters in this model 
class that need to be estimated using experimental data and 

( | )m mf q Μ  be model predictions of output quantities of 

interest given a value of the parameter set mq .  

The values of the model parameters mq  are considered to be 
uncertain. Probability distributions are convenient 
mathematical tools to quantify the uncertainty in these 
parameters. Specifically, the probability distribution of the 
parameter set mq  quantifies how plausible is each possible 
value of the model parameters. The user may assign a prior 
probability distribution ( )m mp q  to the model parameters to 
incorporate prior information on the values of the model 
parameters. The structural model and uncertainty propagation 
algorithms can be used to identify the uncertainty in the 
prediction of the output quantities of interest. However, the 
probability distribution ( )m mp q  is subjective based on 
previous knowledge and user experience. 

2.2 Parameter Estimation 
In Bayesian inference, the interest lies in updating the 

probability distribution of the model parameters mq  based on 
measurements and then propagate these uncertainties through 
the structural dynamics model to quantify the uncertainty in 
the output quantities of interest.   

For this, let 0ˆ ˆ{ , 1, , }N

rD y y R r mº = Î =  be a set of 
observations available from experiments, where m  is the 
number of observations. The Bayesian formulation starts by 
building a probabilistic model that characterizes the 
discrepancy between the model predictions ( | )m mf q Μ  

obtained from a particular value of the model parameters mq  

and the corresponding data ŷ  that are available from 
experiments. This discrepancy always exists due to 
measurement and model errors. An error term e  is introduced 
to denote this discrepancy. The observation data and the 
model predictions satisfies the predicton error equation  

 ˆ ( | )m my f eq= +Μ  (1) 

A probabilistic structure for the prediction error needs to be 
defined in order to proceed with the Bayesian calibration. Let 

eΜ  be a family of probability model classes for the error term 
e . This model class depend on a set of prediction error 

parameters eq  to be determined using the experimental data. 

Similarly to the structural model parameters mq , probability 

distribution ( )e ep q  is also assigned to quantify the possible 

values of the prediction error parameters eq .  
The Bayesian approach [14] to model calibration is used for 

updating the values of the combined set ( , )m eq q q=  
associated with the structural and the prediction error 
parameters. The parameters mq  and eq  can be considered to 
be independent with prior probability distribution for the 
combined set given by ( | ) ( | )m m mp q p q=Μ Μ ( | )e e ep q Μ , 

where m eΜ = {Μ ,Μ }  includes the structural and prediction 
error model classes. The updated distribution ( | , )p Dq Μ  of 
the parameters q , given the data D  and the model class Μ , 
results from the application of the Bayes theorem  

 
( | , ) ( | )

( | , )
( | )

p D
p D

p D

q p q
q =

Μ Μ
Μ

Μ
 (2) 

where ( | , )p D q Μ  is the likelihood of observing the data 
from the model class and ( | )p D Μ  is the evidence of the 
model, given by the multi-dimensional integral 

 ( | ) ( | , ) ( | ) p D p D dq p q q
Q

= òΜ Μ Μ  (3) 

over the space of the uncertain model parameters.  
The updated probability distribution of the model 

parameters depends on the selection of the prediction error e . 
Invoking the maximum entropy principle, a normal 
distribution is a reasonable choice for the error since the 
normal distribution is the least informative among all 
distributions with specified the lowest two moments. 
Consequently, the prediction error is assumed to follow the 
normal distribution  ~ ( , )e N m S , where m  is the mean and 
S  is the covariance. The structure imposed on the mean 
vectors and the covariance matrices affect the uncertainty in 
the model parameter estimates. A diagonal matrix is a 
reasonable choice for the covariance matrix, that is, 

2 2ˆ( )r rdiag ysS = , where the variance parameters 2

rs  are 
unknown constants to be determined by the Bayesian 
calibration. Depending on the nature of the simulated 
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quantities of interest, alternative prediction error models can 
be used that group the variances into two or more groups, 
each one associated with the same variance parameter, thus 
reducing the number of prediction error model parameters. 
The usual case is to assume that 2

rs  are the same so that the 
covariance is described by one parameter. A zero mean model 
error is usually assumed so that 0m = . However, to take into 
account the bias in the model predictions of the various 
response quantities involved in ( | )m mf q Μ  and try to 
reconcile conflicting predictions, one could introduce a shift 
in the predictions by taking 0m ¹ . Recently, the effect of 
prediction error correlation has also been investigated and 
found to affect the results of the model calibration in 
structural dynamics when the sensors are closely located [15].  

Using the prediction error equation (1), the measured 
quantities follow the normal distribution 
ˆ ~ ( ( | ) ( ), ( ))m e ey N f Dq m q q+ S , where the explicit 

dependence of ( )em q  and ( )eqS  on eq  is introduced to point 
out that the mean and the covariance of the overall normal 
prediction error model depends only on the model prediction 
error parameters eq  and is independent of the structural 

parameters mq . Consequently, the likelihood ( | , )p D q Μ  of 
observing the data follows the multi-variable normal 
distribution given by  

 
1/ 2

/ 2

| ( ) | 1
( | , ) exp ( ; )

(2 ) 2
e

m
p D J

q
q q

p

-S
= -

é ù
ê ú
ê úë û

Μ Μ  (4) 

where  

 1ˆ ˆ( ; ) [ ( | )] ( )[ ( | )]T

m e mJ y f y fq q q q-= - S -Μ Μ Μ  (5) 

In particular, the optimal value q̂  of the model parameters 
corresponds to the most probable value that is obtained by 
maximizing the posterior probability distribution ( | , )p Dq Μ  
or, equivalently, minimizing the function  

 

( ; ) ln ( | , )

1 1
            ( ; ) | ( ) | ln ( | )

2 2 e

g p D

J

q q

q q p q

=-

= + S -

Μ Μ

Μ Μ
 (6) 

For the case for which analytical expressions for ( | )mf q Μ  
are available, computationally efficient gradient-based 
optimization algorithms can be used to obtain the optimal 
value of the model parameters by minimizing the function 

( ; )g q Μ . 

2.3 Model Selection 
The Bayesian probabilistic framework can also be used to 
compare two or more competing model classes and select the 
optimal model class based on the available data. Consider a 
family Μ = {Μ

Fam i
, 1, , }i   , of   alternative, 

competing, parameterized FE and prediction error model 

classes, and let qq Î i

N

i
R  be the free parameters of the model 

class Μ
i
. The posterior probabilities Μ( | )

i
P D  of the 

various model classes given the data D  is [16] 

 =
Μ Μ

Μ
Μ

( | ) ( )
( | )

( | )

i i

i

Fam

p D P
P D

p D
 (7) 

where Μ( )
i

P  is the prior probability and Μ( | )
i

p D  is the 

evidence of the model class Μ
i
. The optimal model class 

M
best

 is selected as the one that maximizes M( | )
i

P D  given 
by (7). Model class selection is used to compare between 
alternative model classes and select the best model class (e.g. 
[17]) as well as for structural damage identification [18] 

2.4 Uncertainty Propagation 
Let q  be an output quantity of interest in structural dynamics 
simulations. Posterior robust predictions of q  are obtained by 
taking into account the updated uncertainties in the model 
parameters given the measurements D . Let ( | , )p q q Μ  be 
the conditional probability distribution of q  given the values 
of the parameters. Using the total probability theorem, the 
posterior robust probability distribution ( | , )p q D Μ  of q , 
taking into account the model Μ  and the data D , is given by 
[1] 

 ( | , ) ( | , ) ( | , ) p q D p q p D dq q q= òΜ Μ Μ  (8) 

as an average of the conditional probability distribution 
( | , )p q q Μ  weighting by the posterior probability 

distribution ( | , )p Dq Μ  of the model parameters.  
Let ( ; )G q q  be a function of a deterministic output quantity 

of interest ( )q q . A posterior robust performance measure of 
the system given the data D  is  

 [ ( ; ) | , )] ( ; ) ( | , ) E G q D G q p D dq q q q= òΜ Μ  (9) 

For ( ; ) ( )G q qq q=  and 
2( ; ) ( ( ) [ ( ) | , ])G q q E q Dq q q= - Μ , the measure (9) is the 

robust mean and the variance of the output quantity of interest 
q  taking into account the model parameter uncertainties that 
are estimated by the data D .  

3 ASYMPTOTIC APPROXIMATIONS 

3.1 Posterior PDF, Model Selection and Robust 
Predictions 

For large enough number of measured data, the posterior 
distribution of the model parameters in (2) can be 
asymptotically approximated by a Gaussian distribution [3]  
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Μ   (10) 

centered at the most probable value q̂  of the model 
parameters with covariance matrix equal to the inverse of the 
Hessian ( ) ( , )Th gq q= Μ  of the function ( ; )g q Μ  in (6) 

evaluated at the most probable value q̂ . This approximation 
is also known as the Bayesian central limit theorem. The 
asymptotic expression (10), although approximate, provides a 
good representation of the posterior PDF for a number of 
applications involving even a relatively small number of data. 
Given the Gaussian approximation (10), the marginal 
distributions of the parameters are readily obtained to be 
Gaussian distributions with means and variances equal to the 
individual means appearing in the mean vector q̂  and the 
variances appearing in the diagonal elements of the 
covariance matrix 1 ˆ( )h q- .  

The asymptotic approximation (10) fails to provide an 
adequate representation of the posterior probability 
distribution in the case of multimodal distributions. To 
improve on the asymptotic approximation, one needs to 
identify all modes of the posterior PDF and take them into 
account in the asymptotic expression by considering a 
weighted contribution of each mode with weights based on the 
probability volume of the PDF in the neighborhood of each 
mode [3]. The weighted estimate is reasonable, provided that 
the modes are separable. For interacting modes or closely 
spaced modes this estimate is inaccurate due to overlapping of 
the regions of high probability volume involved in the 
interaction. Numerical implementation problems arise in 
multi-modal cases, associated with the inconvenience in 
estimating all modes of the distribution [19]. The asymptotic 
approximation fails to provide acceptable estimates for un-
identifiable cases [20] manifested for relatively large number 
of model parameters in relation to the information contained 
in the data.  

The results from the asymptotic estimate are also useful for 
efficiently populating the posterior PDF with samples 
generating from MCMC algorithms. For uni-modal posterior 
PDFs, the asymptotic estimate can be performed as a first step 
in a Bayesian analysis to obtain information and identify the 
importance region in the parameter space of high posterior 
probability volume. Then the mode of the distribution can be 
used as a starting point of a stochastic simulation algorithm 
for exploring the support of the posterior PDF, while the 
Hessian at the mode provides valuable information for 
selecting the proposal PDF in MCMC algorithms. For multi-
modal posterior PDFs with disjoint supports, the information 
from an asymptotic approximation may be misleading since 
other important regions in the parameter space may be easily 
missed. As a result, the stochastic simulation algorithms 
starting from the mode provided by the asymptotic estimate 
will usually fail to adequately explore the parameter space and 
identify the domains with high probability volume.  

For model selection, an asymptotic approximation [16, 21, 
22] based on Laplace’s method can also used to give an 
estimate of the evidence integral in (3) that appears in the 
model selection equation (7). Substituting this estimate in (7), 

the final asymptotic estimate for Μ( | )
i

P D  is given in the 
form  

 ( )p
q p q

q

-é ù= ê úë û

é ù
ê úë û

Μ Μ

Μ Μ
Μ

Μ

1
( | ) ( | ) 2

ˆ ˆ( | , ) ( | )
                 ( )

ˆdet ( , )

in

i Fam

i i i i
i

i i i

P D p D

p D
P

h

 (11) 

where îq  is the most probable value of the parameters of the 

model class Μ
i
 and ( ) ( , )T

i ih gq q= Μ  is the Hessian of 

the function ( ; )i i ig q Μ  given in (6) for the model class Μ
i
. It 

should be noted that the asymptotic estimate for the 
probability of a model class Μ

i
 can readily be obtained given 

the most probable value and the Hessian of the particular 
mode. For the multi modal case the expression (11) can be 
generalized by adding the contributions from all modes.  

For the robust prediction integrals such as (8) or (9), a 
similar asymptotic approximation can be applied to simplify 
the integrals. Specifically, substituting the posterior PDF 

( | , )p Dq Μ  from (2) into (9), one obtains that the robust 
prediction integral is given by [1] 

[ ] 1[ ( ; ) | , )] ( | )

( ; ) ( | , ) ( | )                         

E G q D p D

G p D dq q p q q

q -
=

ò

Μ Μ

Μ Μ Μ
 (12) 

Introducing the function  

 ( ; ) ln[ ( ; ) ( | , ) ( | )]Gr G p Dq q q p q=-Μ Μ Μ Μ  (13) 

the integral in (12) takes the form of Laplace integral which 
can be approximated as before in the form:  

 
[ ]

exp[ ( )] 2
exp[ ( )] 

det ( )

m

G

G

G

r
r d

H





q p
q q

q

-
- =

é ùê úë ûò  (14) 

where q  is the value of q  that minimizes the function 

( ; )Gr q Μ , and ( , )GH q Μ  is the Hessian of the function 

( ; )Gr q Μ  evaluated at q . Substituting in (12), using (11) to 
asymptotically approximate the term ( | )p D Μ  and replacing 

( )Gr q  by (13), it can be readily derived that 

[ ( ; ) | , )]E G q Dq Μ  is given by the asymptotic approximation 
[23] 

 
[ ]
[ ]

( | , )
[ ( ) | , )] ( ; )  ˆ( | , )

ˆdet ( , )( | )
                               ˆ( | ) det ( , )

p D
E G q D G

p D

h

H









q
q

q

qp q

p q q

=
Μ

Μ Μ
Μ

ΜΜ
Μ Μ

 (15) 

The error in the asymptotic estimate is of order 2N  . 
However, the asymptotic estimate requires solving two extra 
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optimization problems, one for the mean and one for the 
variance of ( ; )G q q . In general, one needs to carry out 2 GN  

extra optimization problems, where GN  is the number of 
output quantities of interest. Such optimization problems are 
independent and can be performed in parallel.   

Similarly, the asymptotic approximation for the posterior 
robust probability distribution ( | , )p q D Μ  of q  is given by  

 
[ ]

[ ]

( | , )
( | , ) ( ( ( )); )  ˆ( | , )

ˆdet ( , )( ( ) | )
ˆ( | ) det ( ( ), )

                   
p

p D
p q D p q q

p D

hq

H q









q
q

q

qp q

p q q

=
Μ

Μ Μ
Μ

ΜΜ
Μ Μ

 (16) 

where ( )qq  is the value of   that minimizes the function  

 ( ; ) ln[ ( | , ) ( | , ) ( | )]pr p q p Dq q q p q=-Μ Μ Μ Μ  (17) 

and ( ( ), )pH qq Μ  is the Hessian of the function ( ; )pr q Μ  

evaluated at q . The estimate of the robust posterior 
probability distribution of q  using (16) can be implemented 
efficiently in a parallel computer cluster, carrying out 
simultaneously the optimization problems for a range of q  
values.  

3.2 Gradien- based Optimization Algorithms  
The optimization problems that arise in the asymptotic 

approximations are solved using available single objective 
optimization algorithms. The optimization of ( ; )g  Μ  given 

in (6) and the optimization of ( ; )Gr q Μ  or ( ; )pr q Μ  given in 
(13) or (17), respectively, with respect to   can readily be 
carried out numerically using any available algorithm for 
optimizing a nonlinear function of several variables. In 
particular, iterative gradient-based optimization algorithms 
can be conveniently used to achieve fast convergence to the 
optimum. However, to guarantee the convergence of the 
gradient-based algorithms for models involving a relatively 
large number of DOFs, the gradient of the objective function 
with respect to the parameter set   has to be estimated with 
sufficient accuracy. It has been observed that numerical 
algorithms such as finite difference methods for gradient 
evaluation do not converge due to the fact that the errors in 
the numerical estimation may provide the wrong directions in 
the search space, especially for intermediate parameter values 
in the vicinity of a local/global optimum. The remedy is to 
provide analytical expressions for the gradients of the 
objective function. This, however, requires the development 
of the analytical equations for the gradients of the response 
quantities of interest involved in the objective functions 

( ; )g  Μ  and ( ; )Gr q Μ  which, for complex models of 
systems, might not be convenient or it may be impossible to 
accomplish for non-smooth systems.  

Adjoint methods, if applicable for a system, provide a fast 
estimate of the gradients of the objective function with respect 
to all parameters, which is computationally very effective 

since it requires the solution of a single adjoint problem for 
finding the gradients, independently of the number of 
variables in the set  . Example of adjoint methods for 
Bayesian parameter estimation can be found in [24] for linear 
structural dynamics applications of the Bayesian framework 
based on modal frequencies and mode shapes. In particular, 
for linear representation of the stiffness and mass matrices 
with respect to the model parameters, adjoint methods can be 
made model non-intrusive as presented in Section 7.1. For 
nonlinear models of structures, the adjoint techniques are 
model intrusive, requiring tedious algorithmic and software 
development that in most cases are not easily integrated 
within the commercial software packages. Selected examples 
of model intrusiveness includes the sensitivity formulation for 
hysteretic-type nonlinearities in structural dynamics and 
earthquake engineering [25, 26], and the adjoint formulation 
for certain classes of turbulence models in computational fluid 
dynamics applications [27].  

Independent of the computer resources available, a 
drawback of the gradient-based optimization algorithms is that 
they may convergence to a local optimum, failing to estimate 
the global optimum for the cases where multiple local/global 
optima exist.  

3.3 Stochastic Optimization Algorithms 
Evolution strategies are more appropriate and effective to use 
in cases of multiple local/global optima. Evolution strategies 
are random search algorithms that explore better the 
parameter space for detecting the neighborhood of the global 
optimum, avoiding premature convergence to a local 
optimum. A disadvantage of evolution strategies is their slow 
convergence at the neighborhood of an optimum since they do 
not exploit the gradient information. However, evolutionary 
strategies are highly parallelizable so the time to solution in a 
HPC environment is often comparable to conventional 
gradient based optimization methods, with the extra 
advantages that evolutionary stategies will have a better 
chance of finding the global optimum. In addition, stochastic 
optimization algorithms do not require the evaluation of the 
gradient of the objective function with respect to the 
parameters. Thus, they are model non-intrusive since there is 
no need to formulate the adjoint problem. In some cases the 
adjoint formulation requires considerable algorithmic 
development time to set up the equations for the adjoint 
problem and implement this formulation in software. In other 
cases (e.g. contact and impact problems) the development of 
an adjoint formulation or analytical equations for the 
sensitivity of objective functions to parameters is not possible.  

Stochastic optimization algorithms can be used with parallel 
computing environments to find the optimum for non-smooth 
functions or for models that an adjoint formulation is not 
possible to develop. Examples include hysteretic models of 
structural components, as well as problems involving contact 
and impact. In the absence of a HPC environment, the 
disadvantage of the stochastic optimization algorithms arises 
from the high number of system re-analyses which may make 
the computational effort excessive for real world problems for 
which a simulation may take minutes, hours or even days to 
complete.  
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The covariance matrix adaptation (CMA) algorithm [28] 
exhibits fast convergence properties among several classes of 
evolutionary algorithms, especially when searching for a 
single global optimum. In this work, a parallelized version of 
the CMA is used to solve the single-objective optimization 
problems arising in the asymptotic estimates. 

The Hessian estimation required in Bayesian asymptotic 
approximations can be computed using the Romberg method 
[29]. This procedure is based on a number of system re-
analyses at the neighborhood of the optimum, which can all be 
performed independently for problems involving either 
calibration or propagation, and are thus highly parallelizable.     

Note that an alternative way for uncertainty propagation that 
can substantially expedite the propagation process as well as 
improve the accuracy of the estimates in a HPC environment 
is to draw samples from the asymptotic Gaussian posterior 
PDF and then provide a sampling estimate of the robust 
propagation integral. The sample generation from the 
Gaussian posterior PDF and the propagation to provide robust 
estimate of the uncertainties of a number of important 
quantities of interest are fully parallelized processes. 

4 STOCHASTIC SIMULATION ALGORITHMS  
Stochastic simulation algorithms (e.g. Markov Chain Monte 
Carlo (MCMC) [4-6] and Transitional MCMC [7]) are used to 
generate samples ( )iq , 1, ,i N= , that populate the 
posterior pdf in (2). Among the stochastic simulation 
algorithms available, the transitional MCMC algorithm 
(TMCMC) [7] is one of the most promising algorithms for 
finding and populating with samples the importance region of 
interest of the posterior probability distribution, even in 
challenging unidentifiable cases and multi-modal posterior 
distributions. Approximate methods based on Kernels are then 
used to estimate marginal distributions of the parameters. In 
addition, the TMCMC method yields an estimate of the 
evidence in (3) of the model class Μ

i
 based on the samples 

generated by the algorithm.  
Stochastic simulation methods can be conveniently used to 

estimate the multi-dimensional integrals (8) and (9) from the 
samples ( )iq , 1, ,i N= , generated from the posterior 
probability distribution ( | , )p Dq Μ . In this case, the 
integrals (8) and (9)  can be approximated by the sample 
estimates  

 ( )

1

1
( | , ) ( | , )

N
i

i

p q D p q
N

q
=

» åΜ Μ  (18) 

 ( )

1

1
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E G q D G q
N

q q
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respectively. For ( )G q q=  and 2( ) ( [ | , ])G q q E q D= - Μ , 
the estimate (19) respectively simplify to the posterior 
(updated) robust mean of q  
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1
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m q q
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and the posterior robust variance 
2 2[( ( ) ) | , )]q qE q Ds q m= - Μ  of q  given by 

 2 ( ) 2

1

1
[ ( ; ) ]

N
i

q
i

q
N

s q m
=

» -å Μ  (21) 

taking into account the model uncertainties.  

4.1 Parallel TMCMC in HPC Environment 
HPC techniques are used to reduce the computational time of 
TMCMC algorithm [7]at the computer hardware level. The 
TMCMC algorithm is very-well suited for parallel 
implementation in a computer cluster. Details of the parallel 
implementation are given in [13]. Specifically, a parallel 
implementation algorithm is activated at every stage of the 
TMCMC algorithm exploiting the large number of short, 
variable length, chains that need to be generated starting from 
the leader samples determined from the TMCMC algorithm at 
the particular stage. Static and dynamic scheduling schemes 
can be conveniently used to optimally distribute these chains 
in a multi-host configuration of complete heterogeneous 
computer workers.  The static scheduling scheme distributes 
the chains in the workers using a weighted round-robin 
algorithm so that the number of likelihood evaluations is 
arranged to be the same for each computer worker. The static 
scheduling scheme is computational efficient when the 
computational time for a likelihood evaluation is the same 
independently of the location of sample in the parameter space 
as well as when surrogate estimates are not activated. The 
dynamic scheduling scheme is more general, ensuring a more 
efficient balancing of the loads per computer worker in the 
case of variable run time of likelihood function evaluations 
and unknown number of surrogates activated during 
estimation. Specifically, each worker is periodically 
interrogated at regular time intervals by the master computer 
about its availability and samples from TMCMC chains are 
submitted to the workers on a first come first serve basis to 
perform the likelihood function evaluations so that the idle 
time of the multiple workers is minimized.  

It should be noted that uncertainty propagation using 
stochastic simulation algorithms is highly parallelizable. For 
infinite computing resources, the time to solution for making 
robust prediction of a number of response quantities of 
interest can be of the order of the time to solution for one 
simulation run. In addition, in contrast to asymptotic 
approximations, stochastic simulation algorithms are non-
local methods capable of providing accurate representations 
for the posterior PDF and accurate robust predictions of 
quantities of interest.  

5 MODEL REDUCTION TECHNIQUES AND 
SURROGATE MODELS 

5.1 Component Mode Synthesis (CMS) Technique 
Model reduction techniques can be applied at the system level 
to reduce the order of the model selected to simulate the 
behavior of the system. The objective is to obtain reduced 
models that run significantly faster than the original high-
fidelity models, incorporating the important dynamics of the 
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system analyzed so that the simulations from the reduced 
model are sufficiently accurate.  

In structural dynamics, dynamic reduction techniques have 
been integrated with Bayesian techniques to carry out system 
analyses in a significantly reduced space of generalized 
coordinates and thus efficiently handle large-order models of 
hundreds of thousands or millions degrees of freedom and 
localized nonlinear actions activated during system operation. 
Specifically, component mode synthesis (CMS) techniques 
[30-32] can be used to alleviate the computational burden 
associated with each model run in the re-analyses required in 
the asymptotic and stochastic simulation methods. CMS 
techniques divide the structure into components with mass 
and stiffness matrices that are reduced using fixed-interface 
and constrained modes. Dividing the structure into 
components and reducing the number of physical coordinates 
to a much smaller number of generalized coordinates certainly 
alleviates part of the computational effort. However, at each 
iteration or TMCMC sampling point one needs to re-compute 
the eigen-problem and the interface constrained modes for 
each component. This procedure is usually a very time 
consuming operation and computationally more expensive 
that solving directly the original matrices for the eigenvalues 
and the eigenvectors, due to the substantial computational 
overhead that arises at component level.  

The main objective in methods involving re-analyses of 
models with varying properties is to avoid, to the extent 
possible, the re-computation of the eigenproperties at the 
component or system level. Such techniques have been 
incorporated in methods for uncertainty management in 
structural dynamics to efficiently handle the computational 
effort in system re-analyses that arise from FE model 
variations caused by variations in the values of the uncertain 
parameters [33-35]. In particular, perturbation techniques [36] 
provide accurate results locally for small variations of the 
model parameters about a reference structure. To improve the 
accuracy of the approximations for large variation of the 
model parameters, methods have been proposed to 
approximate the modes at the component or system level in 
terms of the modes of a family of structures corresponding to 
support points in the parameter space [33]. In [37], linear and 
quadratic interpolations of the structural mass and stiffness 
matrix and the matrix of eigenvectors at the component and/or 
system level using support points in the larger region in the 
parameter space have been proposed. Such methods have been 
successfully used for model updating of large-order models of 
structures [38], and for damage detection at component level 
[39]. These techniques proved to be quite effective in 
substantially reducing the computational demands in problems 
requiring system re-analyses.  

Fast and accurate CMS techniques, consistent with the finite 
element (FE) model parameterization, have recently been 
proposed [10] to achieve drastic reductions in computational 
effort. Specifically, for certain parameterization schemes for 
which the mass and stiffness matrices of a component depend 
linearly on only one of the free model parameters to be 
updated, often encountered in FE model updating 
formulations, the full re-analyses of the component eigen-
problems are avoided, reducing substantially the 
computational demands, without compromising the solution 

accuracy. The eigenproperties and the interface constrained 
modes at a structural component as a function of the model 
parameters can be computed inexpensively from the 
eigenproperties and the interface constrained modes that 
correspond to a nominal value of the model parameters.  

Specifically let 
jD  be the set of structural components 

that depend on the j -th parameter jq . Consider the case for 

which the stiffness matrix of a component js ÎD  depends 

linearly on jq  and the mass matrix is independent of jq , i.e. 
( ) ( )s s

jK K q=  and ( ) ( )

0

s sM M= .  It can be readily derived that 
the stiffness and mass matrices of the Craig-Bampton reduced 
system admits the representation 

 0 ,
1

ˆ ˆ ˆ
N

CB CB CB

j j
j

K K K
q

q
=

= +å  (22) 

and  

 0
ˆ ˆCB CBM M=  (23) 

It is important to note that the assembled matrices 0
ˆ CBK , ,

ˆ CB

jK  

and 0
ˆ CBM  of the Craig-Bampton reduced system in the 

expansion  (22) and (23) are independent of the values of q . 
In order to save computational time, these constant matrices 
are computed and assembled once and, therefore, there is no 
need this computation to be repeated during the iterations 
involved in optimization or TMCMC sampling algorithms for 
model updating due to the changes in the values of the 
parameter vector q . This saves substantial computational 
effort since it avoids (a) re-computing the fixed-interface and 
constrained modes for each component, and (b) assembling 
the reduced matrices from these components.  

Further reduction in the generalized coordinates can be 
achieved by replacing the interface DOFs by a reduced 
number of constraint interface modes [40] formed by a 
reduced basis. Selecting the reduced basis to be constant, 
independent of q , the formulation significantly simplifies. 
The reduced basis can be kept constant at each iteration 
involved in the optimization algorithm or updated every few 
iterations in order to improve convergence and maintain 
accuracy. 

Following the formulation proposed in [10], the 
aforementioned framework can be extended to handle the case 
for which the component stiffness and mass matrices depend 
nonlinearly on a single parameter 

jq  of the system parameter 

set q . This is the case for which the stiffness and mass 
matrices of a component js ÎD  depend nonlinearly on jq , 

i.e. ( ) ( ) ( ) ( )s s s

jK K f q=  and ( ) ( ) ( ) ( )s s s

jM M g q= , where 
( ) ( )s

jf q  and ( ) ( )s

jg q  are nonlinear functions of the 

parameter jq . The interface modes, the modal frequencies and 
the interface constrained modes of a component can readily be 
computed by the corresponding interface modes, modal 
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frequencies and interface constrained modes of the same 
component for a reference structural configuration 
corresponding to a particular nominal value of the parameter 
set q  as well as the current value of the parameter jq . In the 
nonlinear case, a representation similar to  (22) and (23) is no 
longer applicable and the reduced mass and stiffness matrices 
of the reduced structure should be re-assembled from the 
component mass and stiffness matrices for the new value of 

jq . This procedure also saves substantial computational effort 
since it avoids re-computing the fixed-interface and 
constrained modes for each component.  

Applications of the parameterization consistent CMS 
techniques in structural identification and Bayesian UQ+P can 
be found in [10] for a high fidelity solid finite element model 
of a bridge. Reduction of three to four orders of magnitude in 
generalized DOFs were achieved for accurately estimating the 
lowest 20 modes of the bridge. The aforementioned CMS 
techniques have also been extended to reduce the models of 
linear structural components of nonlinear structures. 
Applications in civil infrastructure can be found in [11] for a 
base isolated building where the superstructure behaves 
linearly and the isolation is nonlinear. Drastic reductions in 
the time required to carry out the simulations of the nonlinear 
system with reduced linear components, within the 
Transitional MCMC, were observed, without compromising 
the solution accuracy. Model reduction techniques and 
parallelization were used in [38] to drastically reduce the 
computational time for a class of models for complex 
aerospace structures involving hundreds of thousands of 
DOFs. The model reduction techniques are essential in certain 
damage identification methods that are based on analyzing a 
large number of parameterized finite element model classes, 
each one monitoring a possible damage scenario in the 
structure, for selecting the model class and thus the damage 
scenario that best fits the measured data [18]. It has been 
demonstrated that the computational time for challenging 
model-based damage identification (detection and localization 
of damage) of structures modeled by finite element models 
with hundreds of thousands of DOFs can be drastically 
reduced by exploiting model reduction techniques and 
parallelization [41].  

5.2 Surrogate Models 
Surrogate models are used to reduce the computational time at 
the level of the algorithm.  The objective is to avoid the full 
structural dynamics model runs at a sampling point in the 
parameters space by exploiting the function evaluations that 
are available at the neighbour (design) points in order to 
generate an approximate estimate. Surrogate models are well-
suited to be used with the TMCMC method. Details of the 
implementation of surrogate models with TMCMC algorithm 
are given in [13]. Specifically, following [13], a kriging 
technique [12] is used to approximate the function evaluation 
at a new sampling point at a TMCMC stage using the function 
evaluations at neighbour points in the parameter space 
available from previous TMCMC stages. To ensure a high 
quality approximation, a surrogate estimate is accepted only if 
it satisfies certain conditions as follows.  

The surrogate estimate is based on a user-defined number of 
support points which are in the neighbor of the surrogate 
point. The minimum number of support points depends on the 
dimension of the uncertain parameter space and the order of 
the kriging interpolation. The surrogate point belongs to the 
convex hull of the design points so that an interpolation is 
performed, while extrapolations are prohibited. The design 
points correspond to actual system simulations and not other 
surrogate estimates from previous stages, avoiding error 
propagation and subsequent deterioration of the surrogate 
quality. The design point are kept the same when generating 
the surrogate estimates within a chain of the TMCMC stage, 
avoiding discontinuities in the estimates of the sampling 
points in a chain caused by changing the design points. The 
surrogate estimate is checked whether its predicted value is 
within the lower 95% quantile of all the design point’s 
likelihood values accounted so far. The purpose of the 
threshold is to prevent overshooting surrogate estimates as 
this will quickly lead to the breakdown of the sampling 
procedure due to the concentration of most points around this 
overshooting estimate. The surrogate estimate is accepted if 
the prediction error is smaller than a user specified tolerance 
value.  

It has been demonstrated that the proposed adaptive kriging 
method can achieve up to one order of magnitude reduction in 
computational effort.  

6 CONVENTIONAL VERSUS HIGH PERFORMANCE 
COMPUTING 

The effectiveness of the Bayesian computing tools outlined in 
the previous sections, in terms of convenience and 
computational efficiency, depends on the computing 
environment available. Next, we will discuss the effectiveness 
for the case where the computations run in series in 
conventional multi-core desktop machines or in parallel in 
HPC environments involving a large number of cores.  

It should be noted that the time to solution for representing 
the posterior PDF by either an approximate Gaussian 
distribution or by MCMC samples drawn from the posterior 
PDF, depends on the computational time required to perform 
the number of system re-analyses involved in the asymptotic 
approximations and stochastic simulation algorithms. The 
time to solution can be significantly reduced in HPC 
environments if the processes involved in these two classes of 
Bayesian tools are parallelizable. For the two classes of 
Bayesian computing tools, requiring gradient based or 
stochastic optimization algorithms as well as stochastic 
simulation algorithms, computational efficient schemes for 
conventional as well as high performance computing 
environments are next discussed. 

6.1 Gradient-Based Algorithms 
Gradient-based optimization algorithms are iterative 
algorithms for which the computations at an iteration depend 
on the computations involved in the previous iterations. So 
parallelization of the iterative scheme is not possible. 
Independently of the number of computer cores available, the 
time to solution equals to  

 , ,( )G sol f a G itert t t N   (24) 
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where ft  and at  are the computational times required to solve 
the forward problem and the adjoint problem or the equations 
for computing the gradients of the objective function, 
respectively, and ,G iterN  is the number of iterations required 
in the optimization algorithm for convergence to the optimum. 

For the case for which an analytical formulation for the 
gradients of the objective function with respect to the number 
of variables is available, then at each iteration these gradient 
evaluations can be performed in parallel for all variables 
involved. In this case, the number of parallel evaluations 
equals the number of variables. For gradients of objectives 
that can be efficiently evaluated through adjoint formulations 
available for the system analyzed, only one adjoint system has 
to be solved which requires the solution of the forward 
system. In such cases extra computer cores for parallelization 
are not needed at the level of the iterative optimization 
algorithm. However, for certain systems, parallelization may 
be needed at the level of the adjoint formulation as it is 
described in the Section 7.1 for uncertainty quantification of 
linear models based on identified modal characteristics. 
Finally, parallelization of the solution process is also possible 
at the model level using, for example, the CMS techniques to 
carry out the analysis in all linear structural components in 
parallel.  

All methods for computing the Hessian at the optimum, 
required in asymptotic approximations, can be fully 
parallelized. Computations of the Hessian can be performed 
approximately using the finite difference method, requiring 

( 1)N N    model runs. Alternatively, depending on the type 
of the system, more accurate second-order adjoint methods for 
the system at hand can be developed which usually requires 
N  computations that can be performed in parallel. The 

solution of the N  adjoint problems can be parallelized to be 
executed simultaneously, yielding a time to solution equal to 
the one required for solving a single second-order adjoint 
problem. This means that the time to solution in a parallel 
environment increases by a factor of ( ) / ( )f a aa f at t t t t   , 

where aat  is the solution time required for the second-order 
adjoint system. Thus, in HPC environment the adjoint system 
re-analyses does not add to the computational effort required 
for estimating the asymptotic Gaussian posterior PDF. For 
serial computations, the computing time for second-order 
adjoint system is aat N  which depends on the number N  of 

parameters and the solution time aat  of the second-order 
adjoint system. This additional time is significant only if the 
number of parameters N  is of the order the number of 

iterations ,G iterN  in (24). Otherwise, the estimate in (24) 
controls the time to solution.  

6.2 Evolutionary Algorithms 
For evolutionary algorithms, such as the CMA algorithm [28] 
used in this work, the parallel computations can be performed 
at each generation simultaneously for the multiple analyses of 

the system for all number of population samples involved in 
each generation. In a parallel computing environment, the 
time to solution equals to  

 , , , ,( / )ES sol f ES gen ES pop ES corest t N ceil N N  (25) 

where ,ES genN  is the number of generations involved in the 

evolutionary algorithm, ,ES popN  is the number of population at 

each generation and ,ES coresN  the number of computer cores 
available to run computations in parallel. For large number of 
available computer cores such that , ,ES cores ES popN N , the time 

to solution is , ,ES sol f ES gent t N  which depends only on the 

number of generations ,ES genN .  
Comparing this simplified estimate to the time to solution 

for the gradient-based optimization method (assuming that 

a ft t ), it is clear that the ratio , ,/ (2 )ES gen G iterN N   is a 
measure of the computational efficiency of the stochastic 
optimization method in relation to the gradient-based 
optimization method. Values of this ratio close to one or less 
than one makes the stochastic optimization method the 
preferred method since the extra burden of formulating the 
sensitivities of response quantities with respect to the model 
parameters is avoided without significantly affecting the 
computation effort. Certainly, for values of   significantly 
higher than one, in selecting one method against another, one 
has to trade off the development time required to formulate 
and implement in software the gradients required in gradient 
based optimization methods. For computations in 
conventional machines, the time to solution is , ,f ES gen ES popt N N  
which may be excessive due to the very large number of 
function evaluations arising from the high number of 
population samples ,ES popN .   

6.3 Stochastic Simulation Algorithms 
For single-chain MCMC stochastic simulation algorithms, 
parallelization of the system runs is not possible. The time to 
solution is  

 , ,MCMC sol f MCMC samplest t N  (26) 

where ,MCMC samplesN  is the number of samples required in the 
MCMC algorithm to obtain an sufficiently accurate 
description of the posterior PDF. For the multi-chain MCMC 
algorithms, such as the TMCMC, the time to solution depends 
on the number of parallel chains and the number of computer 
cores available. For the highly-parallelized TMCMC 
algorithm [13], the time to solution for the case of infinite 
resources is given by  

 
1

, 1,
0

max( )
m

parallel TMCMC

TMCMC sol f j i
i

j

t t n





   (27) 
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where 1,

TMCMC

j in


 is the number of samples available for the i -th 

chain out of the 1
ˆ1, , TMCMC

ji N


   chains generated at TMCMC 

stage 1j  , with 1
ˆ

1, 11

TMCMC
jN TMCMC TMCMC

j i ji
n N

 
  be the number of 

samples per TMCMC stage. Note that the ratio 

1, 1 1max( ) /TMCMC TMCMC

j i j j
i

n N 
  

  of the largest number of samples 

over any chain in the stage 1j   over the total number of 
samples in the chain is a very small fraction of the number 
samples at a stage, i.e, 1 1j


 .   

The total number of TMCMC samples for all stages is 
1

10

m TMCMC TMCMC

j samplesj
N N




 . For computations carried out in a 

conventional desktop computer, the time to solution is  

 ,

TMCMC

samplesserial

TMCMC sol f desktop

cores

N
t t

N
  (28) 

where desktop

coresN  is the number of desktop cores available. 

Usually, desktop

coresN  is 8 for a conventional four-core multi-
threaded computer. In the case of infinite computer resources, 
the effectiveness of the parallel computation defined as the 
ratio of the time to solution performed in parallel computing 
environment over the time to solution performed in serial 
computing environments is  

 
1

,

1
1,

1paralel m
TMCMC sol

jserial
jTMCMC sol

t

t m







   (29) 

the average value of 1 1j

 . For surrogate models, this 

number can be reduced considerably (by an order of 
magnitude), resulting in additional substantial reductions in 
the time to solution.   

Based on the analyses in this section, it can be inferred that 
in the absence of a HPC environment, Bayesian asymptotic 
approximations using gradient-based optimization algorithms 
and adjoint methods are clearly the preferred tools for 
performing parameter estimation. For uncertainty propagation 
and estimation of simple measures of uncertainties such as 
mean and standard deviation for output quantities of interest, 
there might be significant computational effort involved when 
the number of response quantities of interest is large. 
Stochastic optimization algorithms should be avoided since 
they involve a substantially larger number of model re-
analyses. For a HPC environment, it is best to implement the 
Bayesian asymptotic tools using stochastic optimization 
algorithms and the Romberg method for evaluation of the 
Hessian, since the time to solution is usually comparable to 
the one required for the gradient-based optimization 
algorithms and the often tedious development of the adjoint 
formulation is completely avoided. For certain problems 
where adjoint formulation are not possible, the stochastic 
simulation algorithms should be the preferred algorithm to 
use. Moreover, the availability of a HPC environment 
promote the use of parallelized stochastic simulation 

algorithms such as TMCMC since the time to solution is 
drastically reduced.  

Model reduction methods significantly reduce the 
computational effort. Surrogate models mainly applicable 
with TMCMC reduce further the time to solution by one order 
of magnitude.  

7 IMPLEMENTATION IN STRUCTURAL DYNAMICS 
In structural dynamics the uncertainty quantification analysis 
and the formulation of the likelihood in (2) depends on the 
models used. For linear models one often employs as 
measurements the identified modal characteristics (modal 
frequencies, mode shapes and damping ratios) to quantify the 
uncertainty in structural model parameters. For nonlinear 
models one usually employs full response time history 
measurements or nonlinear frequency response spectra 
measurements. Details in the implementation of the Bayesian 
framework for the linear and nonlinear model cases are 
presented next separately for each model case and 
measurements available.  

7.1 Bayesian UQ for Linear Modes 
For linear models of structures the quantification of the 
uncertainties in the model parameters is often based on 
identified modal characteristics such as modal frequencies and 
mode shapes at the locations where sensors are placed. Details 
on the formulation of the likelihood in (2) can be found in a 
number of published papers (e.g. [15, 42-46]). The 
formulation often depends on the user postulation of the 
prediction errors in (1). Independently of the details in the 
formulation, the likelihood and the posterior of the parameters 
of a model, usually a finite element model, are functions of 
the modal frequencies and the mode shapes predicted by the 
finite element model. A posterior PDF evaluation for a 
particular value of the model parameters requires the solution 
of the eigenvalue problem related to stiffness and mass 
matrices of the structural model.  

At the model level, model reductions techniques [10, 37] 
have been proposed to considerably reduce the size of the 
stiffness and mass matrices by several orders of magnitude. In 
particular, computational efficient model reduction techniques 
based on component mode synthesis have been developed to 
handle certain parameterization schemes for which the mass 
and stiffness matrices of a component depend linearly on only 
one of the free model parameters to be updated, often 
encountered in FE model updating formulations. In such 
schemes, it has been shown that the repeated solutions of the 
component eigen-problems are completely avoided, reducing 
substantially the computational demands, without 
compromising the solution accuracy [10]. The model 
reduction methods are applicable to both asymptotic and 
stochastic simulation tools used in Bayesian framework.  

For Bayesian asymptotic approximations, first-order and 
second order adjoint techniques have been developed [24] 
using the Nelson’s method [47] to efficient compute the 
required first and second order sensitivities in the optimization 
problems and the Hessian computations. An advantage of the 
Nelson method is that the gradient of the modal frequencies 
and the modeshape vector of a specific mode can be computed 
from only the value of the modal frequency and the 
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modeshape vector of the same mode, independently of the 
values of the modal frequencies and modeshape vectors of the 
rest of the modes. For structural model classes with large 
number of degrees of freedom and very few contributing 
modes, this representation of the gradients clearly presents 
significant computational advantages over methods that 
represent modeshape gradients as a weighted, usually 
arbitrarily truncated, sum of all system modeshape vectors 
[48]. The end result of the proposed adjoint method is the 
solution of as many linear systems of equations as the number 
of model predicted modes. The size of the linear systems 
equals the number of the DOFs of the structural model which 
adds to the computational burden. However, the linear system 
of equations is independent of each other and can be carried 
out in parallel, significantly accelerating the time to solution. 
The integration of model reduction techniques with the adjoint 
methods can be found in [10].  

Adjoint methods are easily applicable with any commercial 
computational mechanics software package since the only 
information required is the representation of the mass and 
stiffnesss matrices with respect to the model parameters. For 
linear representation given by the expansion 

 0
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N

i i
i

K K K
q

q
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= +å  (30) 

 0
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i i
i

M M M
q

q
=
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the adjoint formulation becomes independent of the software 
package used to assemble the stiffness and mass matrices. The 
evaluation of the individual matrices appearing in the 
expansions (30) and (31) can be performed off-line using any 
software package. Then the adjoint methods can be 
formulated based on these matrices, avoiding model intrusion 
or integration with a computational mechanics software 
package.  

For Bayesian asymptotic approximations using stochastic 
optimization algorithms, the model reduction methods can 
substantially reduce the computational effort. For Bayesian 
stochastic simulation tools, in addition to the model reduction 
method applied at the system level, surrogate estimates 
applied at the algorithmic TMCMC level can be used to 
reduce the number of full system re-analyses. Due to the large 
number of measured quantities (modal frequencies and 
modeshape compoents for all measured modes), surrogate 
estimates are conveniently used on the log posterior function 
instead of the individual modal frequencies and mode shape 
components.   

7.2 Bayesian UQ for Nonlinear Models 
The type of nonlinearities encountered in structural dynamics 
include hysteretic nonlinearities as well as nonlinearities 
arising from contact and impact between surfaces, as well as 
from nonlinear isolation devices such as nonlinear dampers in 
civil infrastructure and nonlinear suspension models in 
vehicles. In a number of structural dynamics cases, the 
nonlinearities are localized in isolated parts of a structure, 
while the rest of the structure behaves linearly. Such localized 
nonlinearities can be found in vehicles where the frame 

usually behaves linearly and the nonlinearities are activated at 
the suspension mainly due to the dampers. In civil engineering 
structures the nonlinearities are at some cases localized at the 
various structural elements (dampers, etc) introduced to 
isolate the structure during system operation.  

For nonlinear models of structures the quantification of the 
uncertainties in the model parameters depends on the 
measured quantities that are available. Depending on the type 
of application, two types of measured quantities are usually 
available: full response time histories or frequency response 
functions. The likelihood formulation in  (2) depends on the 
type of the measured quantities provided.  

Details on the formulation of the likelihood for the case 
where full measured response time histories are available can 
be found in (e.g. [49-51]). The formulation often depends on 
the user postulation of the prediction errors in (1). The 
likelihood and the posterior of the parameters of a finite 
element model are functions of the response time histories 
predicted by the finite element model. Each posterior 
evaluation requires the integration of the nonlinear set of 
equation of motion of the structure. 

The formulation of the likelihood for the case where 
nonlinear frequency response spectra are available can be 
found in [11, 52]. The likelihood and the posterior of the 
parameters of the nonlinear finite element model are functions 
of the frequency response spectra predicted by the finite 
element model. Each posterior evaluation requires the 
integration of the nonlinear set of equation of motion of the 
structure for as many different number of harmonic 
excitations as the number of frequency response spectra 
ordinates. This, however, increases substantially the 
computational effort.  

At the model level, model reduction techniques based on 
CMS are readily applicable for special class of problems 
where the nonlinearities are localized at isolated parts of the 
structure. In such cases the structure can be decomposed into 
linear and nonlinear components and the dynamic behavior of 
the linear components be represented by reduced models. An 
implementation of such framework can be found in [11] 
where it is demonstrated that substantial reductions in the 
DOFs of the model can be achieved which eventually yield to 
reduction in computational effort for performing a simulation 
run without sacrificing the accuracy.  

For Bayesian asymptotic approximations, analytical 
approximations of the gradients of objective functions are not 
readily available. The development time and software 
implementation may be substantial. For certain classes of 
hysteretic nonlinearities, formulations for the sensitivities of 
the response quantities to parameter uncertainties have been 
developed [25] and can be used within the Bayesian 
framework. However, it should be pointed out that such 
formulation are model intrusive and are not easily integrated 
to commercial computer software packages available for 
simulating nonlinear structural dynamics problems. For the 
model cases where adjoint techniques can be applied, the 
development time may be substantial. However, for a number 
of important nonlinear class of models (e.g. impact, 
hysteretic) or output quantities of interests (e.g. frequency 
response spectra), adjoint methods are not applicable. The 
absence of adjoint formulation may substantially increase the 
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computational cost and/or render gradient-based optimization 
algorithms unreliable for use with Bayesian asymptotic 
approximation tools. Stochastic optimization and stochastic 
simulations algorithms within a HPC environment are 
respectively the preferred algorithms to be used with Bayesian 
asymptotic and stochastic simulation tools.  

At the algorithmic level, surrogate estimates are also 
applicable. For the case where the measurements are given as 
full response time histories, the surrogate estimates are 
applied to approximate the value of the log posterior PDF. For 
the case where the measurements consist of nonlinear 
frequency response spectra, it is more convenient 
computationally to apply the surrogate estimates for each 
spectral ordinate of the spectrum [52]. In addition, in the latter 
case, it should be pointed out that the frequency response 
spectral values can run in parallel, taking advantage of HPC 
environments to speed up computations.  

8 CONCLUSIONS 
Asymptotic approximations and stochastic simulation 
algorithms used in Bayesian tools for model uncertainty 
quantification and calibration, model selection and 
propagation requires a moderate to large number of finite 
element model simulation runs. For large order finite element 
models with hundred of thousands or even million DOFs and 
localized nonlinearities encountered in structural dynamics, 
the computational demands involved may be excessive, 
especially when a model simulation takes several minutes, 
hours or even days to complete. Drastic reductions in the time 
to solution are achieved by integrating model reduction 
techniques to substantially reduce the` order of high fidelity 
large order finite element models, surrogate models to reduce 
the number of full model simulations within certain classes of 
stochastic simulation algorithms such as TMCMC, and 
parallelization techniques to efficiently distribute the 
computations in available multi-core CPUs.  

In the case where parallel computing facilities are not 
available, adjoint techniques integrated within Bayesian 
asymptotic tools provide an alternative feasible solution for 
large order finite element models that can reduce considerably 
the computational effort in iterative gradient-based 
optimization schemes. However, adjoint techniques are model 
intrusive and not applicable for certain class of models, while 
gradient-based optimization algorithms for Bayesian 
asymptotic analyses have certain disadvantages, ranging from 
inability of adequately exploring the parameter space, finding 
the global optimum, representing multimodal posterior 
distributions, treating challenging supports and unidentifiable 
cases. In parallel computing environments, stochastic 
optimization algorithms provide computationally feasible 
solution strategies for Bayesian asymptotic analyses. They do 
no require adjoint techniques and thus are model non-intrusive 
and applicable to any type of linear and nonlinear models. 
Also, they can explore better the parameter space with higher 
chances of finding the global optimum.  

Parallelization is critical in Bayesian stochastic simulation 
tools used for uncertainty quantification and propagation of 
large-order finite element models. The time to solution for 
certain classes of parallelizable MCMC such as TMCMC is 
not prohibitively excessive and often is comparable to a 

certain degree to the time of solution observed in Bayesian 
asymptotic tools. However, only certain types of MCMC 
techniques, such as the TMCMC used in this study, are 
parallelizable. In order to manage uncertainties in modeling 
and predictions using high-fidelity large-order nonlinear finite 
element models involving millions of DOFs, future research 
efforts should concentrate in further developing highly 
parallelizable stochastic simulation algorithms to interface 
with general-purpose commercial computational structural 
dynamics software.  
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ABSTRACT: Monitoring the modal parameters of civil and mechanical system received plenty of interest the last decades. 
Several approaches have been proposed and successfully applied in civil engineering for structural health monitoring of bridges 
(mainly based on the monitoring of the resonant frequencies and mode shapes).  In applications such as the monitoring of 
offshore wind turbines and flight flutter testing the monitoring of the damping ratios are essential.  For offshore wind turbine 
monitoring the presence of time-varying harmonic components, close to the modes of interest, can complicate the identification 
process. The difficulty related to flight flutter testing is that, in general, only short data records are available. 
The aim of this contribution is to introduce system identification methods and monitoring strategies that result in more reliable 
decisions and that can cope with complex monitoring applications. Basic concepts of system identification will be recapitulated 
with attention for monitoring aspects. The proposed monitoring methodology is based on the recently introduced 
Transmissibility-based Operational Modal Analysis (TOMA) approach. 

KEY WORDS: System Identification; Experimental Modal Analysis; Operational Modal Analysis; Transmissibility-based 
Operational Modal Analysis; Monitoring. 

!
1. INTRODUCTION 
The application of system identification [1,2] to vibrating 
structures resulted some 40 years ago in a new research 
discipline in mechanical engineering known as "Experimental 
Modal Analysis" (EMA) [3-5]. EMA identification methods 
and procedures are limited to forced excitation laboratory tests 
where the applied forces can be measured together with the 
response of the structure (e.g., accelerations).  

Today, EMA has become a widespread means of finding the 
modes of vibration of a machine or structure (e.g., modal 
analysis of a body-in-white of a car, Ground-Vibration-Testing 
of an airplane). 

In many applications, however, the vibration measurements 
have to be performed in “operational” conditions where the 
structure is excited by the natural (ambient) excitation 
sources.  In such a case, it is practically impossible to measure 
the input forces, and consequently, only output signals 
(accelerations, strains, …) can be measured. These output 
measurements are often very noisy (e.g., modal analysis of an 
airplane during flight, which is also known as flight flutter 
analysis). Moreover, the modal parameter estimates (i.e, the 
resonance frequency, the damping ratios and the mode shape 
vector of every mode of interest) will depend on the 
operational conditions. This makes the modelling process 
more complex, but the results are more realistic (i.e., closer to 
reality) than the ones obtained in laboratory conditions (e.g., 
during GVT of an airplane the aero-elastic coupling, which is 
present in flight conditions, is neglected).  This field of 
research is called “Operational Modal Analysis” (OMA) [6,7].  

Operational Modal Analysis has many advantages. During 
in-operation tests, the real loading conditions are present. As 
all real-world systems are to a certain extent non-linear, the 
models obtained under real loading will be linearised for more 
representative working points. Additionally, they will properly 

take into account the environmental influences on the system 
behaviour (pre-stress of suspensions, load-induced stiffening, 
aero-elastic interaction, …).  
Furthermore, the availability of in-operation established 
models opens the way for in situ model-based diagnosis and 
damage detection (“Structural Health Monitoring”). Hence, a 
considerable interest exists for techniques able to extract valid 
models directly from operational data. 

In this contribution an overview will be given of the basic 
concepts of different system identification approaches that can 
be used for monitoring applications.  This overview will be 
restricted to frequency-domain estimators.  Most of the results 
can be implemented in the time domain too [8]. Next, the 
Transmissibility-based Operational Modal Analysis will be 
revisited and new results will be illustrated with attention to 
monitoring applications. 

2. EMA: EXPERIMENTAL MODAL ANALYSIS 

2.1. Frequency response data driven approach 
Traditionally, EMA starts with the nonparametric 
identification of the frequency respons matrix (FRM) between 
the applied forces (inputs) and the resulting vibrations 
(outputs).  The H1 or more advanced nonparametric estimators 
can be used to obtain the frequency respons matrix estimate 
! at the angular frequencies! with ! . 

Frequency-domain parametric modal estimators, such as the 
LSCF and the PolyMAX estimators, use rational transfer 
function models [9-11]. The parameters to be estimated are 
thus the numerator and denominator polynomial coefficients. 
For simplicity of explanation, a common-denominator transfer 
function model will be used, !

!  (1)                           

[Ĥ (ω k )] ω k k = 1,…,nF

[H ({α},{β},ω k )] =
[N({β},ω k )]
d({α},ω k )
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with !  the denominator 
polynomial and !

!  (2)           !
the numerator polynomial corresponding with the r-th entry of 
the numerator vector ! , defines as, !

!  (3)                          !
The vec-operator transforms a matrix into a vector by stacking 
the columns of the matrix.  The parameter vector! in (1) is 
defend as  !

!  (4)                                          !
and! as !

!  (4)                                                     !!
with !  and ! the length of the 
vector ! , i.e., the number of outputs times the 
number of inputs.  The commonly-used basis functions 
!  are defined as !!

!  (4)               !!
for, respectively, a discrite-time model and a continuous-time 
model. The variable !  stands for the sampling period, i.e., 
one over the sampling frequency.  Other choices are possible 
that could result in better numerical-conditioned equations or  
improved (so-called ‘crystal clear’) stabilisation diagrams 
[12,13]. !

The least-squares estimates of !  and !  are obtained by 
minimising the following cost function !

!  (5)                                            
  

with ! .  !
The operator !  stands for the Frobenius norm while 
!  is the equation error (matrix).  Replacing 
!  in (1) by the measured frequency response 
matrix yields 
  

!  (6)                                              !
Equation (6) is not exactly satisfied.  The error in (6) is given 
by !

!  (7)                       !
Note that equation (6) can also be rewritten as !

!  (8)                                 !
resulting in a “linear-in-the-parameters” equation error !

!  (9)         

When the equation error is “linear-in-the-parameters” the cost 
function minimisation (5) reduces to a linear least-squares 
problem, which is much faster and easier to solve than a 
nonlinear least-squares problem.  

One possible drawback of using frequency response 
matrices as primary data for monitoring application is related 
to the need of using averaging schemes.  The averaging 
process requires several time records  (thus longer 
measurement periods). So, one has to assume that the system 
does not change (i.e., remains time invariant) within every 
(longer) time period. If this cannot be guaranteed then an 
input-output data driven approach could be considered. 

 2.2. Input-output data driven approach 
The input-output data relationship in the frequency domain is 
given by [14] !

!  (10)                              !
This equation is not exactly satisfied due to measurement 
errors (noise) in the input-output data.  After multiplying the 
left and right hand side of (10) with ! , a “linear-in-
the-parameters” equation error is obtained !
!  (11)  !

An additional advantage of using input-output Fourier-
coefficients as primary data is that leakage and transient 
effects can be compensated.  To do so, one additional 
“transient” polynomial vector, ! , has to be added in 
(11), yielding [15] !
 !  (12) !
For compactness of notation, the vector and matrix brackets 
have been omitted. Note that adding the “transient” 
polynomial vector, ! , in (12) is equivalent to adding 
an “one” in the force vector  !!

!  (13)                                          !!
This additional “1” input entry results in an additional column 
in the numerator matrix !

!  (14)           !
It is readily verified that !

!  (15)      !
is equal to (12).  This observations can be generalised to all 
existing input-output frequency-domain estimators (including, 
for instance, frequency-domain subspace estimators).  To sum 
up, leakage and transient effects can be dealt with in the 
frequency-domain by extending the input vector, ! , with 
an “1” (for all considered frequencies ! ) 

 2.3. Compact formulation of the least-squares solver 
Consider the column vector !  defined as !

!  (16)                          

d({α},ω k ) = a0Ω0 (ω k )+…+ anΩn (ω k )

N [r ]({β},ω k ) = b0
[r ]Ω0 (ω k )+…+ bn

[r ]Ωn (ω k )

{N({β},ω k )}

{N({β},ω k )} = vec([N({β},ω k )])

α

{α} = {vec([a0,…,an ])}

β

{β} =
{β1}
!

{βnH
}

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

{βr} = {vec([b0
[r ],…,bn

[r ] ])} nH
{N({β},ω k )}

Ωr (ω k )

Ωr (ω k ) =
zk
−r with zk = exp(iω kTS )

sk
r with sk = iω k

⎧
⎨
⎪

⎩⎪

TS

α β

(α̂ , β̂ ) = arg
(α ,β )

minℓ(α ,β )

ℓ(α ,β ) = [E(α ,β,ω k )] F

2 = Eo,i (α ,β,ω k )o,i,k∑ 2

|| ⋅ ||F
[E(α ,β,ω k )]
[H (α ,β,ω k )]

[Ĥ (ω k )] ≈
[N(β,ω k )]
d(α ,ω k )

[E(α ,β,ω k )] = [Ĥ (ω k )]−
[N(β,ω k )]
d(α ,ω k )

d(α ,ω k )[Ĥ (ω k )] ≈ [N(β,ω k )]

[E(α ,β,ω k )] = d(α ,ω k )[Ĥ (ω k )]− [N(β,ω k )]

{X̂(ω k )} ≈
[N(β,ω k )]
d(α ,ω k )

{F̂(ω k )}

d(α ,ω k )

{E(ω k ,α ,β )} = d(α ,ω k ){X̂(ω k )}− [N(β,ω k )]{F̂(ω k )}

{T (γ ,ω k )}

E(ω k ,α ,β ) = d(α ,ω k )X̂(ω k )− N(β,ω k )F̂(ω k )−T (γ ,ω k )

{T (γ ,ω k )}

F̂T (ω k ) =
{F̂(ω k )}

1

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

NT (β,γ ,ω k ) = [N(β,ω k )] {T (γ ,ω k )}⎡
⎣

⎤
⎦

E(ω k ,α ,β ) = d(α ,ω k )X̂(ω k )− NT (β,γ ,ω k )F̂T (ω k )

F̂(ω k )
ω k

ε [r ](α ,β,ω k )

ε [r ](α ,β,ω k ) = vec(E
[r ](α ,β,ω k ))
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where !  stands for the r-th row of ! , 
and, the column vector !  !!!

!  (17)                               !!!
obtained by stacking (16) for all considered angular 
frequencies ! with ! .  Equation (17) can be 
rewritten as a linear function of the parameter vectors !

!  (18)                   !
with  

!  (19)                                             !!
!  (20)                                             !

resulting in !! !!!!
!  (21)             !!!!

with !  full parameter vector and !  a structured Jacobian 
matrix.  This structure can be exploited to reduce computation 
time and memory requirements. 

2.3.1. Compact normal matrix formulation 
Note that the least-squares cost function (5) can be written as  !!!

!  (22)            !!
with 

 ! ,  ! ,  !  (23)          !
In the solution, the stationary point conditions are satisfied !

!  (24)                                                        !!
!  (25)                                                        !

for ! . From (25) one can derive that !
!  (26)                                                          !

Substitution of (26) in (22) yields a cost function that only 
depends on !  !

!  (27)                                                     

with !
 !  (28)                                        !

Remark 1: This derivation is valid for generalised transfer 
function models with complex-valued coefficients.  The 
derivation for real-valued coefficients can readily be 
implemented by redefining ! , ! , and !  as !
 ! ,! ,!  (29)   !

Remark 2: When the conditioning of the equations is an 
issue (e.g., for rational transfer functions in the Laplace 
domain), it is advised to solve the least-squares equations 
directly from the Jacobian matrices ! and !  instead of 
(23) (or (29)).   

2.3.2. Compact Jacobian matrix formulation 
It can be verified that (28) can be rewritten as [16] !!!

!  (30) !!!
with !  an orthogonal projection 
matrix.    
Note that !  and ! . 
Thus, (27) can be rewritten as !

!  (31)                                                
with !!

 !  (32)                                              !!!
2.3.3. Compact generalised total least-squares formulation 
To find a unique least-squares solution a parameter constraint 
needs to be imposed.  The parameter constraint can be applied 
on the parameter vector ! .  Usually one entry of the 
parameter vector !  is set equal to one.  The parameter 
constraint can, in general, be formulated as ! .  The 
least-squares solution depends on the imposed constraint.  
This parameter constraint can be included in the  cost function 
by using a Lagrange multiplier !  !

!  (33)                     !
In the solution, the stationary point conditions are satisfied !

!  (34)                                                      !!
!  (35)                                                         !

Using equation (34), the Lagrange multiplier !  can be written 
as a function of ! .  Elimination of !  in (33) gives !

!  (36)                                                     

E[r ](α ,β,ω k ) [E(α ,β,ω k )]
ε [r ](α ,β )

ε [r ](α ,β ) =

ε [r ](α ,β,ω1)

ε [r ](α ,β,ω 2 )

ε [r ](α ,β,ω nF
)

⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎫

⎬

⎪
⎪

⎭

⎪
⎪

ω k k = 1,2,…,nF

ε [r ]({α},{βl}) = [Jα
[r ] ]{α}+ [Jβl

[r ] ]{βr}

[Jα
[r ] ] = ∂{ε [r ](α ,βr )}

∂{α}

[Jβr
[r ] ] = ∂{ε [l ](α ,βr )}

∂{βr}

ε(α ,β ) =
ε [1](α ,β1)
!

ε [nH ](α ,βnH
)

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

=
Jα
[1]

!
Jα
[nH ]

Jβ1
[1] 0 0

0 ! 0
0 0 JβnH

[nH ]

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

α
β1
!

βnH

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

= [J ]{θ}

{θ} [J ]

ℓ(α ,β ) = ε [r ](α ,βr ) 2
2

r=1

nH

∑

=
α
βr

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪r=1

nH

∑
H

Tr Sr
H

Sr Rr

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

α
βr

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

Rr = Jβr
[r ]H Jβr

[r ] Sr = Jβr
[r ]H Jα

[r ] Tr = Jα
[r ]H Jα

[r ]

∂ℓ(α ,β )
∂α

= {0}

∂ℓ(α ,β )
∂βr

= {0}

r = 1,…,nH

βr = −Rr
−1Srα

α

ℓ(α ) =α H [M ]α

[M ] = Tr − Sr
HRr

−1Srr=1

nH∑

Rr Sr Tr

Rr = Re[Jβr
[r ]H Jβr

[r ] ] Sr = Re[Jβr
[r ]H Jα

[r ] ] Tr = Re[Jα
[r ]H Jα

[r ] ]

Jα
[r ] Jβr

[r ]

[M ] = Jα
[r ]H Jα

[r ] − Jα
[r ]H Jβr

[r ][Jβr
[r ]H Jβr

[r ] ]−1Jβr
[r ]H Jα

[r ]
r=1

nH∑
= Jα

[r ]H I − Jβr
[r ][Jβr

[r ]H Jβr
[r ] ]−1Jβr

[r ]H⎡⎣ ⎤⎦ Jα
[r ]

r=1

nH∑
= Jα

[r ]H Jβr
[r ]⊥⎡⎣ ⎤⎦ Jα

[r ]
r=1

nH∑
Jβr
[r ]⊥ = I − Jβr

[r ][Jβr
[r ]H Jβr

[r ] ]−1Jβr
[r ]H

Jβr
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[r ] = [0], [Jβr
[r ]⊥ ]H = Jβr

[r ]⊥ [Jβr
[r ]⊥ ]2 = Jβr

[r ]⊥

ℓ(α ) =α H [JM
H JM ]α

JM =

Jβ1
[1]⊥Jα

[1]
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JβnH
[nH ]⊥Jα

[nH ]

⎡

⎣

⎢
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⎤

⎦
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α

α H [C]α = 1

l
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So, basically, this means that a least-squares (LS) estimator 
can be reformulated as a generalised total least-squares 
(GTLS) estimator [17-20].  For instance,  !  is 
equivalent with constraining the 2-norm of !  to one 
( ! ). Solving the LS problem with the first 
coefficient of !  constrained to one is equivalent to solving 
the GTLS problem (36) with ! .  

3. OMA: OPERATIONAL MODAL ANALYSIS 
During operational modal analysis, the structure remains in its 
real in-operation conditions. These conditions can differ 
significantly from the ones obtained during an laboratory-
condition forced excitation test. An example is given by high-
speed ships where the mass loading of water adjacent to the 
hull varies with the speed of the ship through the water. Since 
changes in mass loading induce changes in modal parameters, 
the dynamic behaviour of the ship will depend upon its speed. 
Other vehicles and structures (bridges open for traffic, cars, 
agricultural crop sprayer, . . . ) show a similar behaviour to 
changes in working condition. Moreover, since all real-world 
systems are to a certain extent non-linear, the models obtained 
under real loading will be linearised in much more 
representative working points during an in-operation modal 
analysis.  

In practice, EMA estimators can be reused for OMA 
applications depending on the preprocessing of the output-
only data. Basically, nonparametric frequency respons 
functions are replaced by nonparametric estimates of the auto- 
and cross power spectra [21]. 

A lot of attention has been paid to the application of 
Operational Modal Analysis (OMA) to, for instance, in-flight 
flutter testing [22-26]. A limitation of this approach is that not 
all modes of vibration may be well excited by the operational 
forces (turbulences). Nevertheless it is desired to identify all 
critical flutter modes. When the aircraft is equipped with fly-
by-wire control, it is quite easy to apply an input signal. 
Although this input signal is not fully coherent with the 
applied forces (mainly due to non-linear effects), it should be 
used when available. In such cases, one typically uses 
classical Experimental Modal Analysis (EMA) identification 
techniques to estimate the modal parameters from the input-
output (or FRF) measurements. 

This standard approach is however not advisable for flight 
flutter testing. Indeed, by doing so, the operational forces due 
to the turbulences will be treated as disturbing “noise”. 
Traditional EMA techniques will remove this “noise” 
contribution by averaging the measurements. It has been 
shown that it is possible to identify modal parameters from 
this so-called noise contribution with an output-only approach 
(OMA), and so, useful information is lost with an EMA 
approach. On the other hand, the OMA identification 
techniques do not use the measured inputs (they use output-
only data) resulting again in a loss of information. To 
conclude, none of the EMA and OMA approaches exploit the 
available data in an optimal way. Clearly, to make an optimal 
use of the data, a new identification strategy is required that 
takes into account the contribution to the output of both 
measured and unmeasured forces. 

This concept has been called OMAX (Operational Modal 
Analysis in presence of eXogenous input signals), and its 
possible application to flight flutter testing as well as other 
applications, has been investigated [27,28]. 

Note that the input-output data driven approach (Sec. 2.2.) 
partially fits in the OMAX concept. Equation (11) can be 
reformulated as  !

!  (37)    !
where !  represents the known forces and !  
the unknown operational forces. The transfer function from  
!  to !  only takes into account the common-
denominator polynomial ! .   

A more general approach is obtained by adding the 
numerator !  !

!  (38)   !
Unknown transient excitation can readily be included too  !

!  (39)  !
resulting in the following equation error  !

!  (40)   !
with ! the parameter vector containing (! ). As (40) is 
a nonlinear function of ! , nonlinear optimisation tools are 
required to obtain the parameter vector estimate ! .     

4. TRANSMISSIBILITY-BASED OMA APPROACH 
It has been shown that transmissibility functions can be used 
to identify modal parameters using output-only data [29,30]. 
One important advantage of this approach is that the forces 
are eliminated from the equations, i.e. the unknown 
operational forces can be arbitrary (persistently exciting) 
signals. It can even be applied in presence of harmonic 
components [31,32].   !

Consider a multiple degree-of-freedom system described by 
  

!  (41)                             !
The eigenvalues !  (system poles) and eigenvectors !  
(mode shapes) satisfy the generalised eigenvalue equations !

!  (42)                                                  !
with ! .  This eigenvalue problem can 
be reformulated as an optimisation problem [33].  Consider 
the following cost function  !

!  (43)                                         !
The eigenvalues !  and corresponding eigenvectors !  
are the minima of this cost function (! ).  To 
avoid the trivial solution (! ), the 2-norm of !  is 
constraint to one.  

The cost function (43) is illustrated in Figure 1. Two 
minima can be clearly observed corresponding with the poles 
of the first and second mode. The cost function is plotted 
versus the real and imaginary part of ! . For every value of !  
the corresponding value of !  resulting in the lowest value 
of the cost function (43) is used to construct Figure 1  [33].   !

[C] = [I ]
α

α H α = α 2

2 = 1
α

[C] = diag(1,0,…,0)

X̂(ω k ) =
N(β,ω k )
d(α ,ω k )

F̂(ω k )+
1

d(α ,ω k )
E(ω k ,α ,β )

F̂(ω k ) E(ω k ,α ,β )

E(ω k ,α ,β ) X̂(ω k )
d(α ,ω k )

M (χ,ω k )

X̂(ω k ) =
N(β,ω k )
d(α ,ω k )

F̂(ω k )+
M (χ,ω k )
d(α ,ω k )

E(ω k ,α ,β )

X̂(ω k ) =
NT (β,γ ,ω k )
d(α ,ω k )

F̂T (ω k )+
M (χ,ω k )
d(α ,ω k )

E(ω k ,α ,β )

E(ω k ,θ ) =
d(α ,ω k )X̂(ω k )− NT (β,γ ,ω k )F̂T (ω k )

M (χ,ω k )
θ α ,β,γ ,χ

χ
θ̂

[Ms2 +Cs + K ]{X(s)} = {F(s)}

λm {φm}

[Z(λm )]{φm} = {0}

[Z(λ)] = [Mλ 2 +Cλ + K ]

ℓ(λ,{φ}) = [Z(λ)]{φ} 2

λm {φm}
ℓ(λm ,{φm}) = 0

{φ} = {0} {φ}

λ λ
{φ}
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!  

Figure 1. Minimum value of cost function (43) versus ! . 

!  

Figure 2. Minimum value of cost function (50) versus ! . 

!  

Figure 3. Minimum value of cost function (53) versus ! . 

!

!  

Figure 4. Minimum value of (54) versus !  with !  . 

!  

Figure 5. Minimum value of (54) versus ! with !  . 

!  

Figure 6. Minimum value of (54) versus !  with !  for an 
increase (doubling) of the damping matrix C. !

λ

λ

λ

λ φ = φ1

λ φ = φ2
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Consider the case where the system is excited with, say, one 
force !!

!  (44)   !!!
This can be reformulated as !

! ,     !  (45)      !!!
Left multiplication with the orthogonal projection matrix 

!  gives !
 !   (46)                                  !

with !
 !  (47)       !!

Thus (46) reduces to !
 !   (48)                                       !

with !
!  (49)             !!

The resulting cost function !
!  (50)                                      !

is plotted in Figure 2.   One notices that the correct poles are 
missing.  To find a unique solution the matrix !  in (43) 
has to be a full column rank matrix.  This is not the case for 
!  as the first row of !  is missing. With other 
words, there are not enough equations to find the unknown 
parameters. 

One possible approach consists in increasing the amount of 
equations.  This can be done by considering a second loading 
condition. The force will now be applied in, say, location 2.  
This will result in the following matrix (where the second row 
of !  is now missing)         !!!

!  (51)            !!!
Combining the equations of both loading conditions gives !!

!  (52)                                !!
All rows of !  are now again included resulting in the 
correct cost function given in Figure 1.  

Another possible approach consists is reducing the amount of 
unknowns.   For instance, for normal modes, one can impose 
the eigenvectors to be real-valued instead of complex-valued.  
Doing so for one loading condition (e.g., L1) results in the 
following cost function !!

 !  (53)                        !!
The amount of equations (rows) doubled but they are now 
real-valued instead of complex-valued.  Only the poles remain 
complex-valued.  The corresponding cost function is plotted 
in Figure 3.  One observes that there is an infinite number of 
possible solutions.  Indeed, all poles lying on the (yellow-
green) curve are possible solutions.  Note that this curve 
passes through the correct poles. 

In many monitoring applications the poles are subjected to 
larger changes that the mode shapes.  If the mode shapes of 
the modes of interests are a-priori known, the corresponding 
poles can be obtain by minimising  !

!  (54)                                           !
The solution for the first and second mode are given in Figure 
4 and Figure 5, respectively.  Note that only one loading 
condition is sufficient to estimate the resonant frequency and 
damping ratio of every mode of interest (for normal as well as 
complex mode shapes). 
       

The polynomial matrix !  can be derived from 
output-only measurements.  Indeed, !!

!  (55)                     
                                                                                  !

can be transformed into a multivariable transmissibility 
function. Rewriting (55) as !!

!  (56)           !!
gives !!

!  (57)                   !!
Thus, an input-output estimator, with as input the (arbitrary) 
reference output !  and as output vector the remaining 
outputs, can be used to derive all necessary polynomial 
functions.  The number of required reference outputs equals 
on the number of independent (operational) forces.  It is 
readily verified that the number of rows of the matrix 
!  equals the number of outputs !  minus the number 
of (independent) input forces. 

If there are several independent (and unknown) forces 
active, the number of row of the matrix could be small. 
Assume that the number of (independent) forces equals 
! .  In that case the matrix !  will reduce to a row 

Z11(ω k ) Z12 (ω k ) ! Z1nX (ω k )

Z21(ω k ) Z22 (ω k ) ! Z2nX (ω k )

! ! !
ZnX1

(ω k ) ZnX 2
(ω k ) ! ZnXnX

(ω k )

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

X1(ω k )
X2 (ω k )
!

XnX
(ω k )

⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎫

⎬

⎪
⎪

⎭

⎪
⎪

=

F1(ω k )
0
!
0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

[Z(ω k )]{X(ω k )} = {Q}F1(ω k ) {Q} =

1
0
!
0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

[Q⊥ ] = [I ]− {Q}[{Q}H {Q}]−1{Q}H

[Q⊥ ][Z(ω k )]{X(ω k )} = {0}

[Q⊥ ][Z(ω k )] =

0 0 ! 0
Z21(ω k ) Z22 (ω k ) ! Z2nX (ω k )

! ! !
ZnX1

(ω k ) ZnX 2
(ω k ) ! ZnXnX

(ω k )

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

[ZL1(ω k )]{X(ω k )} = {0}

[ZL1(ω k )] =
Z21(ω k ) Z22 (ω k ) ! Z2nX (ω k )

! ! !
ZnX1

(ω k ) ZnX 2
(ω k ) ! ZnXnX

(ω k )

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

ℓ(λ,{φ}) = [ZL1(λ)]{φ} 2

[Z(λm )]

[ZL1(λm )] [Z(λm )]

[Z(λm )]

[ZL2 (ω k )] =
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Z31(ω k ) Z32 (ω k ) ! Z3nX (ω k )
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⎡
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⎢
⎢
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ZL2 (λ)

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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2
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Re(ZL1(λ))
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⎣
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⎦
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⎪
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⎫
⎬
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!
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⎧

⎨
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⎬
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⎭
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vector of size ! .  Even then the minimum of the cost 
function (54) turns out to be reached in the correct pole.   

Figure 6 shows what happens when the damping increases. 
The minimum of the cost function tracks the correct value of 
the pole. It is assumed here that the mode shape does not 
change.  The validity of this assumption can be verified by 
means of the cost function.  Indeed, a violation of this 
assumption would result in an increase of the cost function 
value. 

5. CONCLUSIONS 
In this contribution an overview has been given of the basic 
concepts of different system identification approaches that are 
used for monitoring applications. This overview was restricted 
to frequency-domain estimators but most results can be 
extended to the time domain. Eventually, the Transmissibility-
based Operational Modal Analysis has been revisited with 
attention to monitoring applications and new results has been 
illustrated. 
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ABSTRACT: In turbomachinery, considerable effort has been devoted to building nonlinear predictive models to
describe the behavior of bladed disks involving friction dampers, contacts and even large displacements. This
presentation will focus on special periodic types of solutions. A Harmonic Balance Method (HBM) will be developed
to take into account two kinds of nonlinearities, one involving the friction interaction between blade and disk, the
other corresponding to large deflection behaviour. We will demonstrate that this approach also serves to estimate
the nonlinear modes, bifurcations, solution stability and even the existence of multiple solutions. For the first type of
nonlinearity (friction), several modelling strategies are feasible, and we will show that the experimental behaviour is
in good agreement with simulations for several bladed disk rotation speeds. These tests are carried out in a vacuum
bell in order to analyse only the effect of friction on the structure. The second type of nonlinearity is related to the
latest turbomachinery design possibilities. To improve performance, blade size has actually been increased, leading to
more flexible structures and offering the ability to have large displacements. These nonlinear geometric effects can be
taken into account through specific strategies that allow defining an autonomous expression of the nonlinear effect,
even in the case of reduced-scale models. Even though we can now simulate complex nonlinear behaviour, a number
of difficulties still remain, including the fact that the cyclic symmetry property of a bladed disk can no longer be used
to simulate its nonlinear dynamic. Moreover, nonlinear localization (comparable to the mistuning effect) may appear,
thus causing specific behaviour. We will also show that the HBM technique is able to provide these solutions via a
specific algorithm for computing full solutions to algebraic problems, especially those corresponding to localization
phenomena.

KEYWORDS: nonlinear vibration, bladed disk, friction, nonlinear geometric effect, multiple solutions.

1 INTRODUCTION

Bladed disks are critical components in the dynamic be-
haviour of turboprop engines. Their function is twofold:
recover energy from the fluid (turbine), and then transmit
it (compressor). The current design is increasingly focused
on reducing weight, which makes the structures more flex-
ible and hence more prone to strong dynamic behaviour.
One of the solutions selected to minimize the mass is to
favour one-piece bladed disk capable of reaching a level
of mechanical strength with centrifuge equivalence for a
smaller total weight. The drawback of such solutions is
that they raise the dynamic level associated with a damp-
ing loss which was located, until now, between the disk
and blade. It thus proved necessary to reintroduce damp-
ing through friction elements located below the platforms.
These elements will obviously introduce nonlinear effects
that require accurate prediction, given their guarantee of
a low-level vibration compatible with expected life cycles.
To achieve our objectives, several research projects have
been conducted for the purpose of simulating these fric-
tion elements or, in more general terms, the problems aris-
ing from contacts existing on such structures. Our focus
herein lies in identifying periodic solutions, in acknowledg-
ing that excitations are produced relative to the engine or-
der (which depends on the number of wakes both upstream
and eventually downstream). Since contact problems on a
bladed disk can be multi-fold and significant, the new mo-
tor designs call for increasingly large-sized configurations
and thus even more slender blades able to experiment ge-
ometric nonlinear behaviour. Until now, this problem had

∗Address all correspondence to this author.

not received much attention. The difficulty lies in incor-
porating a nonlinearity distributed over the entire blade,
which consequently leads to working with a greater num-
ber of nonlinear degrees of freedom. Such is not the case
with contact problems, where this number often remains
reasonable. For problems of this type, reduction strategies
have had to be developed to handle a ”reasonable” number
of degrees of freedom while maintaining sufficient accuracy.
Here once again, the periodic solution is our goal and used
in calculating vibration fatigue. One key point should be
noted: this computation corresponds to the fact that the
bladed disks may be perceived as cyclic symmetric struc-
tures. This remark serves to simplify computations since
it now becomes possible to demonstrate that the problem
solution can be split up on its modes (diameter modes),
which allows targeting just one sector of the disk. Appar-
ently, this possibility is only available in the linear case;
nonetheless, it seems perfectly natural that the conserva-
tion of symmetry properties can still be observed under
nonlinear conditions. It actually turns out that nonlin-
ear effects break this symmetry and suggest the presence
of additional solutions. A final aspect needs to be under-
scored: the influence of mistuning in these simulations. It
is well known that such structures cannot exhibit perfect
symmetry, thus it is natural to have vibrational localiza-
tion phenomena associated with a ”mistuned” bladed disk.
The simultaneous combination of nonlinear behaviours and
mistuning characteristics, during an exhaustive search of
periodic solutions, remains a critical numerical challenge
for the designer.

1
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2 Periodic solutions using the HBM approach

Let’s begin this section by considering a discrete dynamic
system governed by the following second-order set of dif-
ferential equations:

Mü + Cu̇ + Ku + Fnl = F(t) (1)

where M, C(Ω) and K(Ω) are the mass, structural
damping and stiffness matrices, respectively; the term Fnl

represents the nonlinear forces and Ω the rotational speed
of the bladed disk. We will assume herein that excitation
is of the periodic type, whose period is given by:

T =
2π

ω
(2)

Within this specific framework, if we can assume that the
solution is also periodic, then several numerical strategies
become available to us as a means of avoiding a long tem-
poral integration process. A very comprehensive review is
available in several papers, and especially in the Phd work
of D. Demailly [1]. The shooting approach would be among
these techniques [2], as this approach allows for direct in-
corporation of the periodicity condition and provides access
via its algorithmic form to information on system stability.
The periodicity hypothesis may be employed directly by
writing the problem solution as a Fourier series and by ap-
plying one of Galerkin’s principles [3]. It now appears that
this approach is the most widely used to solve problems at
the industrial scale. As a case in point, a considerable body
of work on this method [4] [3] has underscored its perfor-
mance, which is very closely tied to both its implementa-
tion and the various levels of approximation being autho-
rized (one, two, three, n harmonics). Let’s quickly recall
herein the highlights of this method, by placing emphasis
on its use in combination with a continuation method.
By substituting the following displacement expression:

u(t) = U0 +

Nh∑
n=1

Un,c cos nωt + Un,s sin nωt (3)

into (1) and by noting:

U =
[
U0, Un,c, Un,s, . . . , UNh,s

]T
(4)

with,

T (t) = [1 cos ωt sin ωt . . . cos Nhωt sin Nhωt]
(5)

the Fourier series ((1)) can then be written in this form:

u(t) = T (t)U (6)

By introducing the derivative operator into the following
frequency domain:

∇ = diag (0, ∇1, . . . , ∇Nh
) with ∇n = n

[
0 ω

−ω 0

]
(7)

we are now able to express, thanks to a Galerkin projec-
tion on the truncated Fourier basis, the nonlinear algebraic
system that must be solved in order to identify the periodic
solution :

Z(U , ω) = LU + Fnl(U) − P = 0 (8)

with
L = diag (K, L1, . . . , LNh

) (9)

and

Ln =

(
K − (nω)2

M nωC

−nωC K − (nω)2
M

)
, n = 1, .., Nh (10)

•

Fnl(U) =
1

T

∫ T

0

Fnl(T (t)U , T (t)∇U , t) ⊗ T t(t)dt (11)

P =
1

T

∫ T

0

Fext(t) ⊗ T t(t)dt (12)

The algebraic system (8) to be solved thus requires use
of an adapted Newton-Raphson type algorithm. The main
difficulty herein remains the expression of Fnl within the
frequency domain. While in some cases this computation
can be performed analytically (for simple nonlinearities),
it very quickly becomes impossible to handle in any non-
numerical way. Griffin et al. proposed a highly efficient
method for solving this problem, called AFT (for Alter-
nating Frequency Time) [5]. This technique consists of
expressing the nonlinear function Fnl within the temporal
domain by employing the expression (6) and then calcu-
lating the corresponding harmonic components with the
relation (11). This simple method offers the ability to in-
clude a large number of nonlinearities (geometric, friction,
impact, etc.) by means of a common procedure. It is often
worthwhile to complement this solution method by a con-
tinuation strategy that yields, with respect to certain pa-
rameters, continuous knowledge of the solution evolution.
These techniques will not be presented herein; works by [6]
and [7] provide a very comprehensive description. For our
purposes, we have selected the arc-length type continuation
approach, which is a robust procedure; the same applies to
the pseudo-arc-length technique. Such an approach pro-
ceeds by seeking the solution along a curvilinear abscissa
associated to the step Δs:

‖U i − U‖2 + (ωi − ω)2 − (Δs)2 = 0 (13)

The addition of this relation to the initial system (8)
serves to estimate U i and ω simultaneously. The selected
strategy is based on an initial prediction using a tangent
predictor:

Δωpred = ±
Δs√

‖( ∂Z
∂U

(U i, ωi))−1 ∂Z
∂ωi (U i, ωi)‖2 + 1

(14)

ΔUpred = −(
∂Z

∂U
(U i, ωi))−1 ∂Z

∂ωi
(U i, ωi)Δωpred (15)

By means of this prediction, a correction step is carried
out by solving the following system:

Z(U , ω) = 0 (16)

‖U i − U‖2 + (ωi − ω)2 − (Δs)2 = 0 (17)

At step i, associated to the curvilinear abscissa, the fi-
nale solution is determined by means of the prediction and
correction solutions:

U = U i + ΔUpred + ΔU cor (18)
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ω = ωi + Δωpred + Δωcor (19)

The couple (ΔU cor, Δωcor) corresponds to the solution
of the system (16)(17).
Let’s note that this entire procedure relies on choosing

a truncation level Nh in the series development that needs
to be set by the user. To automate this choice, several re-
search steps were undertaken, which in many cases neces-
sitated comparisons between error levels for various trun-
cations. In the work performed by A. Grolet and al. [8], a
dynamic harmonics management approach was proposed to
solve this problem and separately manage each system de-
gree of freedom. This method yields very valuable results in
terms of both precision and computation time, while spar-
ing the user from having to arbitrarily set the truncation
order. Moreover, solution stability can be evaluated with
a Floquet analysis [7], in which the Jacobian matrix of the
system defined around the harmonic solution will allow as-
sembling the monodromy matrix required for the stability
analysis. Through reliance on this numerical strategy, we
will proceed by studying 2 types of nonlinearities present
in bladed disks: friction effects and large displacements.

3 Friction effects in bladed disks

The problem associated with friction effects or contacts in
bladed disks is observed at several places. The disk blade
connections (see Fig.1) are in fact capable of introducing
this type of phenomenon, as well as friction ring (Fig.8)
and through a more complex process between the blade
and the casing [9].
The aera encompassing the blade-disk connection is es-

pecially sensitive to fatigue, and the appearance of cracking
could be recorded [10–12]. Contact is introduced by means
of the centrifugal force clamping the blade root in the disk.
Excitations experienced by the blade are the source of os-
cillating tangential and normal contact forces at the level
of the spans, which lead to alternating low-magnitude slip-
page of all or part of the contact interfaces. This fretting
leads to wear phenomenons which can initiate the appear-
ance of cracks.

pied

disque

contact

efforts aerodynamiques

effort centrifuge

fissure

Figure 1. Dovetail-shaped connection

Experimental measurements of stresses at the blade-disk
junctions were performed by means of photoelasticimetry
either at stop [13] or at rotation speed (less than 1,000
rpm) [14, 15]. In these studies, results have been com-
pared with those obtained using finite elements, confirming
the presence of overstresses at the contact edge (2). The

three-dimensional analyses conducted by [16,17] reveal the
appearance of significant overstresses, which can only be
approximated by implementing a fine mesh.

c c’zone de contact
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Figure 2. Contact pressure distribution on a span, according
to [17].

To properly assess the physics of this configuration, the
finite element numerical approach seems to be particularly
well adapted despite the need for a fine mesh in order to
catch the physic of the interface. This approach entails ex-
pressing the contact forces and then providing a frequency
expression to enable use of the approach proposed above.

3.1 Numerical procedure for incorporating contact forces

Many numerical strategies have been developed to ensure
a rigorous incorporation of contact forces and even wearing
forces [18, 19]. To take advantage of the precision offered
in Lagrangian methods, a version adapted to the friction
problem in dynamics has been proposed. The technique de-
veloped herein has been inspired by the work of [20] and in-
troduced within the scope of the harmonic balance method
(HBM) during research conducted by S. Nacivet et al. [21].
A more recent extension was completed by L. Salles [22] to
include the effects of wear by defining different time scales
between wear and vibration. These results indicate that
it is entirely possible to take advantage of the HBM so-
lution in order to effectively determine wear effects in the
case of fast cycles (e.g. vibrations). Let’s recall herein the
procedure implemented in [21] along with a sample of re-
sults. We introduced the Lagrange multiplier λ (within the
frequency domain) and assumed that the algebraic system
could be condensed onto the relative nonlinear degrees of
freedom (i.e. relative motion at the interface, denoted with
an index r):

Z(Ur, ω) = LUr + λ − Pr = 0 (20)

The Lagrange multipliers are expressed as a penalization
of motion equations:

λ = −LUr + Pr + ε(Ur − Xr) (21)

The vector Xr represents relative displacement with re-
spect to the interface.
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Parameter ε is an arbitrarily chosen penalty coefficient.
The thesis work conducted by D. Charleux [23] allows set-
ting this parameter value as a function of the spectral ra-
dius of the stiffness matrix. This way the resolution of the
system could be carried out with a good numerical condi-
tioning.
In the subsequent discussion, it will be necessary to sepa-

rate the tangential and normal magnitudes of the displace-
ments and forces:

λ = [λT λN ]t

U = [UT UN ]t

Moreover, it is necessary to dissociate the evaluation of
λ on the basis of magnitudes U or X. Let’s then denote
λU (resp. λX) as the estimation of λ associated with the
magnitudes of displacements defined by U (resp. X), then
it becomes possible to write:

λ = λU + λX

The convergence of the algorithm is obtained when U
and X are equal. To reach this result, we employ a two-
step process that begins with a prediction followed by a
correction. To apply the friction conditions, it is essential
to switch into the time domain. Let’s denote kλ as the eval-
uation of λ at time k; this magnitude is easily derived by
using Fourier coefficients and then writing the associated
Fourier series within the time domain.
The predictor expression is given by:

kλpre = kλU (22)

under the hypothesis of stuck condition, i.e. kXr = 0.
The estimation of kλX will therefore correspond to the

predictor, which serves to determine the value of λ. To
reach this result, it is necessary to dissociate the various
possible situations leading to contact:

1. Separation: kλN
pre ≥ N0 (where N0 denotes the nor-

mal loading), which thus indicates a loss of contact:

kλ ≡ 0 ⇒ kλX = kλU (23)

2. Adhesion: kλN
pre < N0 et

∥∥kλT
pre

∥∥ < μ
∣∣kλN

pre

∣∣.
The contact is maintained::

kλN
X = 0 and kλT

X = 0 (24)

3. Sliding: kλN
pre < N0 and

∥∥kλT
pre

∥∥ > μ
∣∣kλN

pre

∣∣.
No displacement in the normal direction:

kλN
X = 0 (25a)

Coulomb’s Law allows writing the following:

kλT = μ
∣∣kλN

pre

∣∣ kV T
r∥∥kV T
r

∥∥
with

kV T
r =

kXT
r − k−1XT

r

tk − tk−1

in knowing, by definition, that: λT
X = εT V T

r , which
yields:

kλT = μ
∣∣kλN

pre

∣∣ kλT
X∥∥kλT
X

∥∥ (25b)

By means of equations (22) and (25b), the following
can be derived:

kλT
X = kλT

pre

(
1 − μ

∣∣kλN
pre

∣∣∥∥kλT
pre

∥∥
)

(25c)

Since the predictor has already been determined, this
expression enables estimating the value of kλ. The final
expression (at stage n of the Newton-Raphson iteration)
of λ will be obtained by taking the Fourier transform kλ
with (k = 1, · · · , N).

3.2 Numerical example

In order to illustrate the developments presented above,
an example of a blade embedded on a disk sector will be
treated, as shown in Fig.1. We have chosen to apply an iso-
lated harmonic force at the top of the blade, along with a
centrifugal loading that guarantees the interface pre-load.
The blade and disk were both meshed using finite elements
with 24 contact elements at the interface levels. This num-
ber of elements might seem somewhat low, compared with
the discretization required to obtain a good estimation of
contact forces, as explained in the previous section. This
point will be analysed in greater detail subsequently. The
initial planned simulations are run by varying the excita-
tion force levels for a number of harmonics limited to 9.
We will also indicate the impact of this truncation step on
the outcome. The results from thesis work by D. Charleux
and D. Laxalde [23,24] give lot of informations concerning
the expected evolution of the vibration level vs. excita-
tion. It can clearly be observed that as the excitation level
rises, the vibration level decreases more abruptly. To be
considered reliable, such a result would obviously need to
be validated experimentally, as well as from a numerical
point of view. As regards this validation step, the influ-
ence of both harmonic truncation and interface meshing
on the result will be closely examined.

3.3 Influence of contact surface discretization

While the convergence of interface forces requires a finer
mesh, as noted by [16, 17] and [25], such refinements are
much too costly for a nonlinear dynamic computation. To
evaluate the impact of discretization on vibration level at
the blade tip, we propose testing several meshing grids ex-
tending from 2 to 75 nodes per span. The computation
time is, for indication purposes, postponed each time in
order to measure the evolution in simulation time increase
(see Table (1)). Figure 4 shows the evolution in maximum
amplitude at the blade tip vs. the meshing configuration.
We may note that a stabilized level is reached quickly de-
spite the limited number of interface elements. The compu-
tation of interface forces will obviously not be sufficiently
accurate to be used in a design process. On the other
hand, use of the resulting vibration solution applied on a
finer mesh would allow for a generally reliable a posteriori
reconstruction of the stress field at the interface.
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Figure 3. Position of the selected contact elements (•) on the
mesh of a span [23]

Number of nodes CPU (s) (1 frequency)
2 0.05s
8 0.74s
14 2.6s
24 10s
38 50s
45 89s
61 280s
75 535s

Table 1. Influence of discretization on computation time [23]

3.4 Influence of the number of harmonics

One important aspect of the proposed method is the esti-
mation of necessary truncation order for the computation
to yield a good approximation. As previously recalled,
adaptive algorithms have been specifically developed to
avoid this complex choice and ensure the user of contin-
uous control over the level of accuracy [8, 26, 27]. We will
show that for the example discussed, the number of har-
monics remains rather small, meaning that the solution
is very quickly reached. Figure 6 indicates that the er-
ror committed is on the order of 5% with 1 harmonic and
less than 2% with 3 harmonics. In contrast, computation
time (average for 1 frequency) rises fast as the number of
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Figure 4. Influence of contact interface discretization on the
vibration level - Nonlinear computations with 1 harmonic [23]
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Figure 5. Influence of contact interface discretization on the
forced response: (a) 2 nodes per span; (b) 75 nodes per span -

Nonlinear computations with 1 harmonic [23]

harmonics increases (Fig.2), at which point a limitation ap-
pears with respect to the complex behaviour, requiring a
higher number of harmonics to be represented.
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Figure 6. Influence of the number of harmonics on
amplitude [23]

Nbr. of harmonics CPU Time
1 10s
3 56s
9 845s

Table 2. Influence of the number of harmonics on computation
time [23]

3.5 Experimental characterization

The simulations presented above have undergone several
correlation campaigns with test results in order to both re-
calibrate the models and verify that the expected physics
had indeed been included. Several of these results have
been compiled in thesis research [23, 28]. Such character-
izations are been often performed in a simplified context
(without rotation effect, simplified blade, blade with a sim-
plified disk, etc.). Let’s cite as an example the works per-
formed by D. Charleux and C. Gibert [29] and by Imperial
College [30] with the objective of characterizing friction
effects. We have decided to present tests conducted in a
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vacuum chamber with a bladed disk (Fig.7) at the Lab-
oratoire de Tribologie et Dynamique des Systèmes (Ecole
Centrale, Lyon). The uniqueness of this experimental test
bench is that it eliminates aerodynamic effects, in addi-
tion to produce asynchronously excitation relative to the
rotational speed. In introducing a set of piezoelectric actu-
ators distributed over the disk circumferentially and driven
independently, it becomes possible to generate excitations
with diameters whose frequency and level can be controlled
(Fig.9). Let’s remark that this excitation system serves to
produce both fixed and rotating excitations with respect
to the rotating frame. The layout of embedded piezoelec-
tric sets on the disk allows exciting the diameters (0, 1, 2
and 4, see Fig.10). A detailed description of the excitation
set-up is available in [31]. Other dynamic characterization
results obtained from this same test bench, in introducing
friction at the blade root as well as dampers under plat-
form for turbine or compressor blades, can be found in [32]
and [33].

Figure 7. test bench

A telemetric system allows to collect the data coming
from strain gauges bonded onto bladed disk, while a rotat-
ing collector insure the power supply of the piezoelectric
elements. Nonlinearity is introduced by means of a friction
ring located under the bladed disk platform, as illustrated
in Fig.8. These friction rings are used in aeronautical in-
dustry for damping the vibration of modern design bladed
disks. It can be shown that there exists an optimal amount
of slipage at the interface between the ring and the blisk
which depends for instance on the friction coefficient of
materials, the geometry and weight of the ring, the level of
excitation as well as the rotating frequency. Therefore, for
a given configuration, several tests may be carried out at
various rotational speeds and excitation levels. We present
herein a test performed at Ω = 1500rpm, in the vicinity of
the resonance frequency of a 4-diameter mode associated
with the first blade bending mode. It is clearly observed
that the increase in excitation level (tension in the piezo-
electric elements) leads the frequency response obtained by
the gauges to shift downward (Fig.11). This curve displays
the evolution of FRF relating strain response to tension
excitation. When the friction ring is eliminated from the
disk, frequency and damping are no longer dependent on
the level, and the response amplitude is proportional to
tension being applied on the actuators. The presence of
two peaks is not solely correlated with the natural mistun-

ing of the bladed disk. As shown in [31], the frequencies of
both peaks actually deviate as speed increases. Moreover,
they correspond respectively to two waves, one backward
the other forward, as demonstrated in a full-spectrum spa-
tial Fourier analysis. At zero speed, the two slightly sep-
arated peaks correspond to two stationary waves with the
same number of nodal diameters that are nearly spatially
orthogonal. This phenomenon is attributed to Coriolis ef-
fects associated to the contribution of the disk, whose vi-
bration is mainly in a direction perpendicular to the axis of
rotation. This assessment has been corroborated by means
of a computation including these effects [31]. Moreover,
the efficiency of the friction system can be observed on
both modes. These two modes are actually being excited
at comparable levels by a fixed excitation used during this
testing campaign. It is understood that such a fixed ex-
citation can be mathematically split up into two rotating
excitations (forward and backward waves) with equal am-
plitudes. We have experimentally verified that a forward or
backward excitation, generated by an ad hoc configuration
of spatial and temporal phases between actuators, mag-
nify one or the other peak. The frequency responses are
obtained thanks to tests conducted on a single-harmonic
excitation V (t) = V0 cos(ωt + φ) in the band containing
the targeted modes. The excitation frequency variation ω
all along the band must be performed with great precau-
tion so as to ensure proximity to the steady state response
and prevent the introduction of effects due to the tran-
sient part of the response. This procedure proves to be
important in interpreting responses and then comparing
them with responses obtained using HBM numerical ap-
proach, for example, which also provide an approximation
of steady-state solutions for the dynamical system. The ex-
perimental frequency responses are thus produced by com-
puting the phase and amplitude ratio between fundamental
components ω of the excitation and response. Moreover,
the signal energy is primarily carried by these components
in the case of nonlinearities studied herein.

Figure 8. Bladed disk with a friction ring [24]

A comparison of test results with numerical simulations
can be performed directly based on frequency responses, as
in [32]. However, a much more summary correlation is also
possible through conducting a modal analysis of the mea-
sured responses. Given the nonlinear nature of the system,
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Figure 9. Details of the excitation system set up on the
single-unit bladed disk
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Figure 10. Illustration of the various excitation distributions
achievable by phase shift between groups of actuators [24]

this analysis takes place using a response pattern based on
a single-harmonic approximation of nonlinear modes gener-
alizing the conventional approach. The modal parameters,
which consist of eigenfrequencies, damping ratio and eigen-
vectors, therefore depend on the modal amplitude and are
determined during a procedure to minimize an error func-
tion between the measured experimental responses and the
following nonlinear frequency response model (see [34]):

h(ω) =
N∑

k=1

(
Rk

−λk(qk) + iω
+

R∗

k

−λ∗

k(qk) + iω

)
+ E −

F

ω2

(26)
where

λk(qk) = −ξk(qk).ωk(qk) + iωk(qk)
√

1 − ξ2
k(qk) (27)

where ξk(qk),ωk(qk) are respectively the nonlinear damp-
ing ratios and eigenfrequencies, depending on modal ampli-
tude qk. Some classical residual terms E, F are used in or-
der to represent supposed non-resonant extra-band modes
participation. Coefficients Rk are complex modal residual
terms related to mode shapes, while N is the number of
resonant modes actually taken into account.
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Figure 11. Experimental responses at Ω = 1500 tr/min for
various excitation levels [24]

Several responses obtained at various levels along with
several measurement points have been simultaneously
taken into account within the minimization routine. Fric-
tion effects yield decreasing eigenfrequencies as well as
damping ratio that features a maximum between a low
level and high loading. For the Coriolis effects present on
the above bladed disk, this analysis reveals complex eigen-
vectors showing characteristic inter-blade phase difference
φ = ±2π/Nd associated with both the number of diameters
(Nd) and the propagation direction for the present modes.
The comparison is focused in terms of modal parameters
once the complex nonlinear modes have been computed [35]
with the numerical model via a continuation method using
modal amplitude as the control parameter of the solution.
Such comparison can be seen in [34]. The result of the
modal extraction compared with the result from the non-
linear mode numerical computation (pink curves) is shown
in figure (12). The numerical model does not include Cori-
olis effect nor mistuning, therefore only one frequency and
damping factor curve is found. As said previously, damp-
ing curves exhibit an optimum which is obtained in that
case for an amplitude of 50 normalized strain. Note that
for experimental datas, frequencies of this pair of modes
are slightly splitted but damping ratios are quite similar.
The matching between numerical and experimental nonlin-
ear modal analysis is fair although some effect should be
added in the numerical model.

4 Cyclic system and geometric nonlinearity

4.1 Geometric nonlinearities

The focus here lies on the dynamics of slender struc-
tures with cyclic symmetry, such as bladed disks. Due to
their three dimensional geometries, their properties and the
loadings experienced, these structures may be subjected to
large displacements, inducing so-called geometric nonlin-
earities. For example, with clamped-clamped beams pro-
viding sufficient motion amplitude (on the order of one
thickness), geometric nonlinearities reveal a coupling be-
tween axial displacements and transverse displacements.
As regards the forced response, this coupling will be mani-
fested by the appearance of an axial component within the

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

139



0 10 20 30 40 50 60 70 80
111.7

111.8

111.9

112

112.1

112.2

N
or

m
ai

ze
d 

fr
eq

ue
nc

y 
[U

F
]

0 10 20 30 40 50 60 70 80
0

0.02

0.04

0.06

Normalized max strain over blades [ μdef]

D
am

pi
ng

 fa
ct

or
 (

%
)

Figure 12. Evolution of the frequency and damping factor
versus strain amplitude

solution, even if the excitation force is purely transverse.
The incorporation of geometric nonlinearities into the dy-
namic behaviour prediction for such structures takes on
special importance since it allows proceeding with an opti-
mized design compared to a simple linear analysis. More-
over, only the incorporation of nonlinearity allows to make
appear phenomena like localization within purely symmet-
ric structures [36,37], or sub or super-harmonic resonances
[38].
As for modelling, in denoting u(x, t) as the structural

displacement field, the incorporation of geometric nonlin-
earities involves the Green-Lagrange strain tensor ε(u),
whose expression is given in [39]:

ε(u) =
1

2
(∇u + (∇u)T ) +

1

2
(∇(u)T )(∇u) (28)

or else in index form::

εij(u) =
1

2
(
∂ui

∂xj

+
∂uj

∂xi

) +
1

2

3∑
k=1

∂uk

∂xi

∂uk

∂xj

. (29)

The Green-Lagrange strain tensor in Eq.(28) is divided
into two parts, one linear the other quadratic (relative to
u). This latter part will provide the geometric nonlinear-
ities. By introducing a finite element type discretization
with n degrees of freedom (dof) of the type u(x, t) =
N(x)q(t), it can be demonstrated that the expression of
nonlinear forces is given by:

Fnl(u) =
∂W

∂q
(30)

where W represents the elastic strain energy, as derived
from the following equation:

W =

∫
Ω

σ : ε dΩ (31)

where σ corresponds to the stress tensor (second Piola-
Kirchhoff tensor: σ = Cε) associated with strains ε. In us-
ing the relations (30) and (31), the expression for geometric

nonlinear forces is shown to be generated by a 3rd-degree
polynomial expression of the type provided in [40]:

[Fnl(q)]i =

n∑
j=1

k
(1)
i,j qj +

n∑
j,k=1

k
(2)
i,j,kqjqk +

n∑
j,k,l=1

k
(3)
i,j,k,lqjqkql

(32)
where the coefficients k(1), k(2), k(3) depend on both the
geometry and shape functions selected for the finite ele-
ment interpolation. Let’s note that the computation of
coefficients k(p), p = 1, .., 3 might prove to be very long for
industrial structures containing several million dof; for this
reason, nonlinear forces are typically evaluated numerically
via the relation in Eq.(30).

4.2 Vibration equation

From a general point of view, the finite element discretiza-
tion step leads to a system of nonlinear dynamic equations
of type (1), as recalled herein by:

Mq̈ + Cq̇ + Kq + Fnl(q) = Fex(t) (33)

with M, C, K being the mass, damping and stiffness
matrices respectively, sized n×n; Fnl and Fex the nonlinear
force and excitation force vectors respectively, of dimension
n×1; and lastly q the degree of freedom vector, sized n×1.

The resolution methods for dynamic equation in Eq.(33)
typically transform the nonlinear dynamic system into a
nonlinear algebraic system, which is then solved by means
of a Newton-Raphson type method (time integration [41],
harmonic balance [3], . . . ). For industrial models contain-
ing tens of thousands of dof, the solution to these equa-
tions needs consuming tremendous resources and compu-
tation time, thus making it necessary to work on a reduced
model in order to complete analyses within a reasonable
time frame.
The model reduction process can occur at two levels:

continuous or discrete. In the continuous case, we replace
the finite element approximation by the following relation
u(x, t) = Ψ(x)η(t), where Ψ(x) is a matrix of dimension
3 × m corresponding to the projection basis (e.g. subset of
the linear eigenmodes) and where η(t) is the new dof vec-
tor, of dimension m × 1. By using this new approximation
and applying the set of Lagrange equations, the resulting
system of equations is reduced to m variables. The sec-
ond possible reduction focuses directly on the discretized
equation (33). The relation q(t) = Φr(t), is introduced,
where Φ is a matrix of size n × m corresponding to the
projection basis and where r(t) denotes the new dof vector
of size m × 1. By substituting this new approximation into
Eq.(33) and then projecting the equations onto the basis
Φ, the resulting system of equations is reduced to m << n
equations.
The choice of projection basis is a critical step in the

model reduction process since it will influence the quality
of final results. Despite the absence of a systematic proce-
dure for computing the projection basis, existing methods
may help the user in the choice of an efficient basis. For
low amplitudes, the choice of linear modal basis vectors
appears to be well adapted for the purpose of reducing
the problem. On the other hand, as amplitudes increase,
it becomes necessary to complete this basis with vectors
that take into account the modal couplings induced by ge-
ometric nonlinearities. As an example, let’s cite the use of
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modal derivatives [42, 43] or companion modes [40]. An-
other widely employed method for generating a projection
basis is the Proper Orthogonal Decomposition (POD, [44]),
which serves to extract a projection basis from a prelimi-
nary simulation (whether numerical or experimental).
Another key aspect involved in reducing the model of

geometric nonlinear systems is related to the evaluation of
nonlinear forces for the reduced equation. In the case of
Galerkin projections, these forces are given by: F red

nl (r) =
Φ

T Fnl(Φr), which requires reconstructing, as a first step,
the displacement field over the entire structure (q = Φr),
followed by evaluating nonlinear forces also over the entire
structure (Fnl), and lastly projecting these forces onto the
basis Φ. This procedure is obviously suboptimal since it
necessitates returning into a space of dimension n in or-
der to evaluate quantities whose values lie within a space
of dimension m << n. To overcome this difficulty, some
authors propose building a reduced force approximation
based on preliminary simulations (which in general are
static). In this manner, reduced forces are directly eval-
uated during the resolution stage via an explicit formula
of the type: F red

nl = F red
nl (r), which is particularly well

suited to geometric nonlinearities, given the possibility of
demonstrating that nonlinear reduced forces can now be ex-
pressed in the form of 3rd-degree polynomials. As such, the
search for an approximation turns into a search for the 3rd-
degree interpolation coefficients with several variables for
each nonlinear reduced force component. These coefficients
may, for example, be determined on the basis of prelimi-
nary static simulations, like in the method entitled ”STiff-
ness Evaluation Procedure” (or STEP) presented in [40]
or [43]. Although these approximations must be recalcu-
lated for each new projection basis, the method still offers
considerable improvement in computation time compared
to the conventional Galerkin projection. Moreover, for in-
dustrial systems modeled by finite elements, this method
yields a simple expression of nonlinear reduced forces.
Let’s note that other model reduction methods also ap-

pear to be promising relative to geometric nonlinearities,
including Proper Generalized Decomposition (PGD, [45]),
or even extending to the use of nonlinear modes (NNM,
[46,47]).

4.3 Search for periodic solutions

Once the (eventually reduced) model has been defined, it
typically takes the form of Eq.(33). The search for periodic
solutions to these equations generates an approximation of
the structure’s vibration behaviour for a given operating
regime and leads to adapting the design accordingly. In
the special case of structures with cyclic symmetry, the ge-
ometric nonlinearities consideration provides a completely
new phenomenology which is not present in linear models.
More specifically, various stable solutions are seen to ex-
ist for a single excitation frequency (existence of multiple
solutions).
To illustrate this phenomenon, let’s consider the simpli-

fied cyclic system depicted in Figure 13, whose vibration
equation is given by the following relation, for 1 ≤ i ≤ n,
n ≥ 3:

mẍi + cẋi + (k + 2kc)xi − kcxi−1 − kcxi+1 + knlx
3
i = fi(t)

(34)

Figure 13. Diagram of the simplified cyclic system used in our
simulations

This type of system appears, for example, during modeling
of a system composed of a beam linearly coupled to itself
and reduced onto its first vibration mode [48].
Several methods are available to compute the periodic

solutions to Eq.(34); our preference here is to apply the har-
monic balance method (HBM) [3], which enables searching
for periodic solutions in the form of a Fourier development
truncated at harmonic Nh. It also features the advantage
of not relying on any particular hypothesis regarding the
nonlinearity order of magnitude while yielding an accurate
approximation of solutions, provided a sufficient number of
harmonics has been included in the Fourier approximation.
Once the dynamic equations have been projected onto the
Fourier basis, a nonlinear algebraic system can be derived;
its solutions correspond to the Fourier coefficients of the
dynamic system solutions. For the example in Eq. (34)
and in considering just a single harmonic in the solution
development (xi = ai cos(ωt) + bi sin(ωt)), the system of
algebraic equations is given by (1 ≤ i ≤ n):

((k + 2kc) − ω2m)ai + ωcbi − kcai−1 − kcai+1

+ 3
4 knlai(a

2
i + b2

i ) = fc
i

((k + 2kc) − ω2m)bi − ωcai − kcbi−1 − kcbi+1

+ 3
4 knlbi(b

2
i + a2

i ) = fs
i

(35)

This equation may be rewritten more generally in the
form P (x̃, ω) = 0, where P denotes a system of polyno-
mial equations (at most to the 3rd-degree in the case of
geometric nonlinearities) in variable x̃, dependent on pa-
rameter ω.

The solution to this type of system makes use of the so-
called continuation method [7], which yields system solu-
tions (35) in parametric form (x̃(s), ω(s)), where s could for
example be a curvilinear abscissa. From an initial solution
for parameter ω0, initialized by a linear solution, it is pos-
sible to track the main nonlinear resonance curve. These
continuation methods however are insufficient on their own
to determine system (35) solution sets. One improvement
consists of monitoring bifurcations along the main reso-
nance curve, with special emphasis on pitchfork-type bifur-
cations. By accurately computing the bifurcation point, it
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Figure 14. Free response of the cyclic system from the
example in Eq.(34) obtained using homotopy: only the

amplitude of variable n = 4 is shown (results published in [49])

becomes possible to compute the set of tangents that allow
following all branches related to the bifurcation, thereby
exposing other solutions [49]. This improvement however
prevents finding solutions that have not originated from
bifurcations.
To provide an overview of system (35) solutions, it is pos-

sible to make use of methods that comprehensively analyse
polynomial equations, such as homotopy [50] or Groebner
bases [51,52]. In this particular case, the strategy adopted
consists of seeking the entire set of system solutions (35)
for various values of parameter ω. The next step will ap-
ply the continuation methods described above to obtain a
global resonance diagram for the structure.
As an illustration, in [49], homotopic methods were ap-

plied to the cyclic example from Eq.(34) for n = 4, in
computing the free or forced response. Figure 14 displays
the results from homotopy application with several values
of parameter ω for the free system response. These results
indicate considerable complexity in the dynamics of such
structures, as highlighted by the presence of many bifur-
cations, instabilities, localized solutions or solutions in the
form of closed curves totally disconnected from the other
resonance curves (see Fig.15).
These methods are based on continuing the roots of an

initial (previously solved) system towards the roots of a
target system P (x̃, ω); their main disadvantage stems from
the fact that the number of target system solutions tends to
be greatly overestimated, which leads to many useless con-
tinuation steps and moreover limits method performance.
An alternative has been examined by considering use of the
Groebner bases [51, 52] to solve the system (35) [53]. The
method here relies on introducing the algebraic properties
of a system of polynomial equations in order to transform
the solution of the problem (35) into the solution of a poly-
nomial triangular problem (method involving an elimina-
tion ordering), or even into the solution of an eigenvalue
problem (multiplication matrices method, [54]). In both
cases, the method directly outputs the right number of so-
lutions without conducting unnecessary computations. It
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Figure 15. Forced response of the cyclic system from the
example in (34), in the case of a periodic force distributed

along the first structural mode (◦: stable points)

would appear that the matrix multiplication method is es-
pecially well suited to the symmetric system (due to cyclic
symmetry), given that accounting for symmetry allows re-
ducing the size of matrices being investigated, hence reduc-
ing the number of solutions to compute [53,55]. An appli-
cation of these methods to the example in Eq. (34) with
n=8 is presented in Figure 15, which indicates all solutions
found (using the matrix multiplication method, followed by
continuation) within the Energy-Frequency plane. A total
of 16 solution families can be identified, some of which fea-
ture a stability zone (depicted by colored circles in Fig.15).
Once again, the solution structure is highly complex; local-
ized solutions are observed, along with many bifurcations.
.

5 CONCLUSION

As discussed above, the nonlinear dynamics of bladed disks
may be associated with various physical phenomena (e.g.
friction, impacts, large displacements). At present, the in-
fluence of these dynamics on design has become an essen-
tial feature. The lightening of structures, combined with
increased slenderness and greater power in the ultimate
aim of increasing energy and safety performance, has in-
evitably drawn us into the domain of nonlinear dynamics.
We are now able to effectively predict the behaviour of
these structures with still some limitations. The exhaus-
tive search for periodic solutions is still a difficult task even
if bifurcation monitoring answers partially to the question.
Recent research conducted by A. Grolet [53] has under-
scored today’s possibilities in employing advanced means to
extract these solutions; nonetheless, the numerical costs of
such strategies remain prohibitive, and their techniques are
not yet applicable to industrial structures. The simultane-
ous combination of mistuning effects and nonlinear effects
represents another difficulty that requires to work on the
full bladed disk model. Reduction strategies are currently
under study; their development should lead to significant
model reductions while retaining the essentials of nonlinear
dynamic behaviour and the existence of inter-sector phase
shift. These works should provide opportunities in the fu-
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ture to explore a much broader field of design than that
offered today.
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ABSTRACT: This paper introduces an improved approach to model contact interfaces of fixed joints in finite element analysis 

(FEA) with regard to prediction of the vibration behaviour of built-up structures. The approach consists of two parts: (1) The 

development of a suitable, new contact model which considers the most important physical effects of wave propagation over the 

contact interface and (2) the implementation of the contact model in commercial finite element software. The new model is 

based on the contact models of Hertz and Mindlin for the contact of a single spherical asperity with an elastic plane. The 

Hertzian microscopic model for normal contact is then generalized with a statistical approach for rough surfaces introduced by 

Greenwood to a macroscopic normal contact model for engineering surfaces. To model the macroscopic tangential contact, a 

new model based on Mindlins approach is introduced which accounts accurately for microslip effects and considers the 

dependence of tangential contact behaviour on the normal pressure. For implementing the contact model in FEA, a special 

isoparametric contact element, the so called zero thickness element, is programmed. The use of this element compared with 

existing contact algorithms has some major advantages with regard to the application of modelling the contact in fixed joints 

considered in this paper. The introduced approach is verified by simulating the vibration behaviour of a built-up structure and 

proving the prediction quality by comparing simulation results with experimental data. 

KEY WORDS: Damping simulation and measurement, bolted joints, micro- and macroslip, zero thickness finite elements, 

contact modelling. 

1 INTRODUCTION 

For lightly damped, linear members of a structure, very good 

estimates of eigenfrequencies, modal damping values, and 

corresponding mode shapes can be achieved by Experimental 

Modal Analysis (EMA). Furthermore, by model updating of 

finite element models of members, very good predictions of 

the vibration behaviour up to high frequencies are possible 

[1]. If we now assemble single members into a built-up 

structure, prediction of the structural vibration behaviour can 

be quite involved, even though the behaviour of all single 

members is well-known [2]. This is due to the fact that the 

mechanical contact at joint interfaces is usually not modelled 

sufficiently. Effects like uneven contact pressure distributions 

over the contact area, microslip damping and gaping of 

contact regions remain unconsidered but these effects can 

have a major influence on the structural vibration behaviour. 

This paper shows that the roughness of contacting surfaces 

(figure 1) has to be considered at least integrally to predict the 

vibration behaviour of built-up structures meaning resonance 

frequencies, mode shapes and modal damping values. 

  

Figure 1: Although the contact area seems to be conforming 

on a macroscopic scale, the true contact consists of a 

multitude of non-conforming asperity contacts on a 

microscopic scale. 

2 CONTACT MECHANICS 

2.1 Normal contact of rough surfaces 

For describing the normal contact of two rough surfaces, the 

contact model of Greenwood and Williamson is employed. 

This model is based on the Hertzian normal contact model for 

two elastic spheres [3] which is used to model the contact f 

single asperities. The Hertzian model leads to a circular 

contact region with radius r and a radial normal pressure 

distribution  
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caused by normal force FN. The approach of facing points in 

the spheres which are far away from the contact region is 

given by 
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Based on this, Greenwood and Williamson [4] developed a 

model to describe the contact of a rough elastic with a planar 

rigid surface, see figure 2. The height distribution of the rough 

surface is determined by the height distributions of the two 

real rough surfaces in contact. The height and also the 
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Figure 2: Contact of a planar rigid surface with a rough elastic 

surface. The dashed line represents the reference plane of the 

rough surface defined by the arithmetic mean value of the 

heights. Ng is the positive distance in normal direction 

between the rigid plane and he reference plane. 

 

cumulative height distribution (Abbott-curve) can then be 

approximated by different distribution functions. For 

simplicity an exponential distribution function is used here: 
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This type of distribution is usually sufficient to describe the 

uppermost 25% of a measured cumulative height distribution 

[4] and leads to a relatively simple mathematical model. With 

this we get relations for the true area of contact RA  and the 

normal force NF  depending on the normal distance Ng  of 

the two surfaces: 
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where   is the standard deviation of the height profile of the 

rough surface, N  the overall number of peaks and 
*E the 

average Young’s modulus. 

Normal pressure is obtained by dividing normal force by 

apparent area of contact 0A . By introducing new parameters 

the pressure can be expressed by [5] 
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Where 00 Ng  is the initial distance between the 

reference plane and the highest peak of the rough surface and 

00 Np  is the pressure value at initial contact 

)( 0NN gg  . The slope of this curve is given by 

NN pk   which corresponds to the normal contact 

stiffness. The assumption of an exponential height distribution 

leads to the interesting relation 
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2.2 A new hysteresis model for tangential contact 

The introduced model is a new hysteresis model defined by an 

evolution equation which is based on Mindlin’s approach for 

tangential contact of two spheres. Mindlin assumes that - by 

applying a tangential force TF  additionally to an acting 

normal force NF  on the spheres - contact area and normal 

pressure distribution remain the same as without a tangential 

force. Therefore, both variables can be described by Hertzian 

theory [3]. 

In the presliding or microslip regime )0( NT FF   the 

relation between tangential force TF  and relative tangential 

displacement Tg is defined by 
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where 0Tk is the slope of the microslip curve at the origin and 

Tg is the relative tangential displacement of facing points in 

the spheres which are far away from the contact region. If 

TF exceeds NF the whole contact area is slipping under the 

condition of Coulomb’s law. 

By differentiating equation (8) with respect to time where 

NF is held constant we get the evolution equation 
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This equation can be generalized by introducing an arbitrary 

exponent n which can be used to adapt the curve to measured 

data, see figure 3: 
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The slope of this curve is given by 

TTTTT gFdgdFk  //  which corresponds to the 

tangential contact stiffness. This evolution equation is valid 

for increasing tangential loading. For decreasing TF the 

relation between tangential force and tangential relative 

displacement is assumed to follow a linear elastic law 

TTT gkF 
0  in the quadrant of positive tangential force. 
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Figure 3: Hysteresis curve defined by equation (10) with 

different exponents n  

 

The dissipated energy per cycle for an oscillating tangential 

force of constant amplitude TF̂ and corresponding 

displacement amplitude Tĝ is given by 
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if the force amplitude is less than NF . Otherwise, equation 

(11) has to be evaluated for 
maxˆ
TT gg  and, additionally, the 

energy dissipated by Coulomb friction has to be considered: 
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3 IMPLEMENTATION OF THE CONTACT MODEL IN 

FEA 

The concept of zero thickness elements goes back to 

GOODMAN ET AL. [6] and is discussed in detail in 

HOHBERG [7]. A zero thickness element is depicted in figure 

4. The element consists of two four node quadrilateral 

elements which face each other. In each quadrilateral element, 

the three-dimensional displacement field    Twvuu   is 

approximated by 
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where    Tiiii wvuu  is the displacement vector of node 

i and ih are the bilinear shape functions 
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formulated in the natural coordinates  , of the element [8]. 

The matrix  H contains the shape functions and  I is a 

33 unit matrix. The choice of a natural coordinate system 

simplifies numerical integration of the element matrices. 

Distinguishing between top and bottom quadrilateral and 

assuming that each quadrilateral is connected to the surface of 

the finite element mesh of one contacting body, we denote the 

corresponding displacement fields of the elements as 

    bottom

nodal

bottom
uHu ),(   

    top

nodal

top
uHu ),(                       (15) 

Since these elements are only two-dimensional, the traction 

vector in each element 

 
Figure 4: 8-node zero thickness element consisting of two 4-

node quadrilateral elements which are connected to the 

surfaces of the contacting bodies 

describes the interface stresses 
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and with this we can state the virtual internal work for each 

quadrilateral 

   dxdytuW
bottom

bottomTl l
bottom

I  
1 2

0 0
          (17) 

    dxdytuW
top

topTl l
top

I  
1 2

0 0
              (18) 

In contact mechanics, one is interested in the relative 

displacement field  g of the contacting surfaces. This is 

expressed for zero thickness elements through the relative 

displacement between the top and the bottom quadrilateral, 

           bottom

nodal

top

nodal

bottomtop
uuHuug  ),(   

(19) 

Furthermore, we know from Newton’s third law that the 

traction vectors of the elements in contact must be equal in 

magnitude and opposite in direction, 

  bottomtop
ttt                              (20) 

We can now implement contact laws as incremented and 

linearized constitutive relations [9] between contact tractions 

and the relative displacement field. 
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A description of different contact laws can be found in 

GAUL, NITSCHE [10]. 

The virtual work of the contact tractions is given by the 

summation of the virtual internal work for each element, as 

given in equation (17) and equation (18): 

  dxdytgWWW
l l Tbottom

I

top

IC  
1 2

0 0
    (22) 

Implementing the contact law in the virtual work expression 

yields the tangential contact stiffness matrix for a relative 

displacement quadrilateral element 

       dxdyHCHK
1)-(j

Tangential

tt
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1 2

0 0




  (23) 

These integrals are evaluated by applying the isoparametric 

concept and using Gaussian quadrature scheme [8]. The full 

stiffness matrix for the eight node zero thickness element is 

composed of the stiffness matrix of the quadrilateral element 
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The stiffness matrix  K  is 12-times singular due to its 

composition, thereby causing 12 zero-energy modes. A zero-

energy mode, or so-called hourglass mode, is a displacement 

mode that does not correspond to a rigid body motion, and it 

produces zero strain energy [8]. As zero thickness elements 

are always clamped between continuum elements, all 12 zero-

energy modes are suppressed. 

For applications of zero thickness elements in 

geomechanics, see e.g. BEER [11] and for applications in 

model update procedures see AHMADIAN ET AL. [12]. 

4 APPLICATION TO A STRUCTURE WITH BOLTED 

JOINTS 

The contact model implemented in the presented zero 

thickness elements is applied to model the joint interfaces of a 

simplified control unit and thus predict the vibration 

behaviour. The simplified structure is depicted on the right of 

figure 6. 

 
Figure 5: Airbag control unit generation 9 (Robert Bosch 

GmbH). Source:http://www.bosch-

presse.de/TBWebDB/bosch-pbj/de-DE/start.cfm 

 

 

Figure 6: Exploded view of a control unit (left) and simplified 

test structure model (right) consisting of three simple 

aluminium parts connected by four bolts with nuts for 

investigating especially the influence of the contact region on 

the vibration behaviour. 

 

The linear elastic material parameters of the aluminium 

parts are experimentally determined to minimize errors in the 

vibration simulation. The simulation itself consists of two 

steps. In a first preloading step the bolts and nuts are tightened 

causing a non-homogeneous contact pressure distribution in 

the contact interface which is depicted in figures 7 & 8 and by 

it a non-homogeneous contact stiffness distribution. Next, 

following the experimental approach, the impulse response of 

the structure is simulated and resonance frequencies and 

modal damping values are determined by modal analysis of 

the simulated impulse responses at different locations of the 

finite element mesh. Table 4 gives a comparison between 

simulated and measured results. Obviously, the new contact 

model accurately predicts the measured behaviour of this 

structure. 

 
 

Figure 7: Normal pressure distribution Np in the contact 

interface between upper cover and plate. 

 

 
Figure 8: Gaping of the contact interfaces after applying the 

bolt load. 
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Table 1: Comparison of resonance frequencies and modal 

damping up to 2 kHz determined by measuring the impulse 

response and following Experimental Modal Analysis (left) 

and by simulation of the impulse response, Fourier transform 

and following Modal Analysis (right). 
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ABSTRACT: Gerhart I. Schuëller was born in Salzburg, Austria. After having received his Diploma in Civil Engineering 
from the Technische Universität Graz in 1967 and his Ph.D. degree in Structural Engineering from Stanford University in 1970, 
he was Assistant Professor at the George Washington University (1970-1972), Washington D.C. and consequently Senior 
Lecturer at the Technische Universität München, Munich, Germany (1972-1981) where he received his habilitation degree in 
1976. He then became Professor for Engineering Mechanics (1981-2010) at the Leopold-Franzens University in Innsbruck. He 
died in the year 2012 after unbroken continuous activities for science and research.  

In Innsbruck Gerhart I. Schuëller established an internationally highly reputed research group dealing with computational 
structural mechanics and analysis and reliability of structures. A large number of scientific papers with approx. 50 different co-
authors and approx. 1,000 citing scientists bear witness that Schuëller’s group was strongly and very successfully interacting 
with the international community.  

He felt responsible for the scientific community, which is also reflected in his enthusiasm and energy for promoting the 
European Association of Structural Dynamics (EASD), one of the numerous activities which strongly benefited of his 
initiatives. He was founding member of the EASD and for three terms President, recognizing and fostering the growing 
importance of structural dynamics in many engineering fields. 
 
KEY WORDS: Computational Structural Mechanics; Analysis and Reliability of Structures 

 

1 ORIGIN 
Professor Dr.-Ing. habil. Dr.-Ing. E.h. Gerhart Iwo Schuëller 
Ph.D. was born on June 12 1942 in Salzburg, Austria and died 
on June 9 2012, just three days before his 70th birthday.  
 

 

Figure 1: Salzburg, Austria, the birth-place of  
Gerhart I. Schuëller 

 
Salzburg, the beautiful city at the border of the Alps, had a 
lifelong strong impact on Gerhart I. Schuëller. He loved the 
mountains, was an excellent hiker and skier and enjoyed – 
together with his wife Heidi Schuëller – the overwhelming 
unspoiled landscape of the mountains even in spite of his very 

limited free time. The author remembers well when in 
November 2009 he brought a group of colleagues of the 
European Association of Structural Dynamics (EASD) up to 
the breathtaking Austrian mountains in Obergurgl, with a 
most inspiring combination of quite strong alpinism and hard 
working in a beautiful landscape and a great premise of the 
Leopold-Franzens University, Innsbruck, Austria. The author 
has learned, that he regularly organized such events, e.g. with 
our colleagues of the Ruhr-Universität Bochum, Germany in 
October 2000 in the Mieminger Mountains.  

He also loved fine arts; certainly the origin of this 
enthusiasm is also based in Salzburg. The city regularly 
attracts top artists and music lovers from all over the world for 
the annual festivals and benefits from a very special flavor 
and atmosphere. The author also remembers well the 
wonderful and charming atmosphere in Innsbruck, organized 
by the Schuëllers, with a most impressive presentation of 
baroque music. 

Salzburg and the challenges of the built environment in the 
Alps certainly also inspired him for his future professional 
career. His grandfather was a civil engineer, working for the 
famous Tauern Tunnel. It was possibly his grandfather who 
was the seed for his fascination regarding challenges linked 
with the built environment. Perhaps the impressive alpine 
areas with their visible risks and uncertainties inspired  
Gerhart I. Schuëller for his future focal points. 

Gerhart I. Schuëller, an outstanding scientist with enthusiasm for the international 
scientific community 

Gerhard Müller 
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2 YOUNG RESEARCHER IN THE UNITED STATES 
In the year 1967 Gerhart I. Schuëller graduated as Dipl.-Ing. 
at the Technische Universität Graz, Austria. During his last 
year of studies he was strongly motivated to find a way to go 
abroad. He underwent a series of tough tests in order to be 
accepted in Stanford, which was a great option for an 
enthusiastic future researcher. He first was granted a one year 
scholarship, and soon became a research assistant, until the 
year 1968 in the hydrodynamics laboratory.  

There he worked together with Irmgard Flügge-Lotz, the 
first female engineering professor at Stanford and student of 
Ludwig Prandtl and Albert Betz and – by the way – wife of 
the famous Wilhelm Flügge. Until 1970 he worked in the 
Structural Division with William Weaver and George 
Herrmann, the founder of the International Journal of Solid 
and Structures. The work together with the supervisor of his 
thesis, Jack Benjamin, brought him to probabilistic concepts. 
Gerhart I. Schuëller recognized the potential of these methods 
for Civil Engineering. 

 
Figure 2: Stanford University, Palo Alto, CA, USA 

 
Perhaps he already felt, that the engineering world had to 

mature for a change of paradigm from deterministic to 
probabilistic approaches, an impression that later was a strong 
motivation for his research. 

In 1970 he received his PhD degree with “Highest 
Distinction” from Stanford University. His PhD Thesis on the 
“Use of Stochastic Processes to Study Force Probability 
Density Functions on Ocean Structures” is a thorough piece of 
research at the intersection of hydromechanics, structural 
dynamics and stochastics.  

In Stanford he met his wonderful wife Heidi, who from now 
on for his future life was his charming, understanding and 
supportive companion and partner. Heidi Schuëller was 
working there as a sports teacher. She had to stay one more 
year in California, when the famous Alfred Martin 
Freudenthal – who had established in 1968 in Washington 

D.C. an important group dealing with stochastics – became 
aware of Gerhart I. Schuëller.  

In the year 1970 Gerhart I. Schuëller – at the young age of 
28 – became Assistant Professor of Civil Engineering at the 
George Washington University, Washington D.C.. During the 
next years Freudenthal was his mentor and the exchange with 
this group certainly was very inspiring. 

 

 

Figure 3: Washington D.C.  

3 BACK TO EUROPE 
Heidi Schuëller told me that in those days the Schuëllers had 
the feeling, that after 5 to 8 years abroad they should take an 
active decision whether to stay for a very long time or even 
forever or to move back to Europe, and there especially into 
the vicinity of their beloved Alps. Heidi and Gerhart I. 
Schuëller’s passion for skiing and hiking was so strong that 
they even took the long travel by car during the night from 
Stanford to the Yosemite Park in order to appreciate the wild 
landscapes of the mountains and to go skiing for a short 
weekend starting at Saturday morning.  
 

         

Figure 4: View from the Technische Universität München, 
Germany – Gerhart and Heidi Schuëller get closer to the Alps 

 
In 1972 he obtained a most interesting opportunity as Senior 

Lecturer and Project Leader at the center of “Structural 
Reliability” at the Technische Universität München (TUM), 
Munich, Germany. Hubert Rüsch had initiated the DFG-
Sonderforschungsbereich 96 “Structural Reliability” (SFB 96) 
a Special-Research-Division financed by the German 
Research Foundation (DFG), which in those days was under 
the guidance of Herbert Kupfer. In the SFB 96 a large group 
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of scientists was joined together, working on reliability issues 
and provided an important breeding ground for future 
semiprobabilistic concepts to be found today in our current 
standards. A close cooperation with Wilfried Krätzig and the 
Ruhr-Universität Bochum was fostered by Gerhart I. 
Schuëller’s participation in the Bochum research program 
“Structures under Aerodynamic Loads”, also financed by the 
DFG.  

In this time he cooperated with numerous further scientists, 
among others Folker Wittmann, Christian Petersen, Theodor 
Lehmann, Wolfgang Zerna and Horst Lippmann. In 1975 he 
established, together with Wittmann, a publication series on 
aeroelastic applications in civil engineering, which finally had 
a strong impact on the current standards that were established 
decades later.  

In the year 1976 Gerhart I. Schuëller completed his 
habilitation thesis “Dr.-Ing. habil.” at TUM. His thesis deals 
with the safety of structures under wave-action. The work was 
supervised by Kupfer, Petersen and Freudenthal.  

Already in the year 1977 Gerhart I. Schuëller became 
scientific secretary of the 2nd International Conference on 
Structural Safety and Reliability (ICOSSAR’77), co-
sponsored by the DFG and the National Science Foundation 
(NSF). It was very sad, that Freudenthal died just prior to this 
important conference, where he certainly would have enjoyed 
the vivid success of his mentee.  

In 1979 Gerhart I. Schuëller was founding chairman of the 
bi-annual SMIRT post-conference seminar series on 
“Reliability of Nuclear Power Plants”. Eight years later the 
format was supplemented by a series on “Probabilistic Risk 
Assessment of Nuclear Power Plants for External Events”. 
Furthermore he vividly was engaged in further conferences, 
e.g. in the year 1980 in the OECD-CSNI Conference on 
“Probabilistic Methods in Seismic Risk Assessment for 
Nuclear Power Plants” and in 1981 as co-chairman of the 
US/German/European Workshop in “Structural Risk 
Analysis” sponsored jointly by the DFG and the NSF. 

Thus, already in the seventies, Gerhart I. Schuëller became 
not only perfectly embedded in the international scientific 
community dealing with stochastics and was an active partner 
in the research taking place in in Germany, but was a strong 
promoter for the international scientific exchange in his field.  

4 BACK TO AUSTRIA 

         
Figure 5: Leopold-Franzens University, Innsbruck, Austria [1] 

Gerhart and Heidi Schuëller get into the heart of the Alps 

In the year 1981 Gerhart I. Schuëller was appointed as chair 
professor and director of the Institute of Engineering 
Mechanics at the Leopold-Franzens University of Innsbruck, 

Austria. He finally came back into his home country and 
started to develop the institute into one of the most famous 
and leading centers for research in stochastic mechanics in the 
world. 

He was an important partner for colleagues dealing with 
stochastics on an international scale. Thus he was member of 
the advisory board of the DFG-Sonderforschungsbereich 151 
of the Ruhr-Universität, Bochum with the topic “Dynamics of 
Structures”.  

In the next years he became editor and co-editor of various 
books starting in 1981 as author of a book on the 
“Introduction to Structural Safety and Reliability” that has 
been translated even into Japanese in 1984 (Figure 6).  
 

                             
Figure 6: Gerhart I. Schuëller: Introduction to Structural 

Safety and Reliability (1981) [2] 
 

From 1985 until 1990 Gerhart I. Schuëller was head of the 
research focus (FSP30) “Dynamic of Civil Structures”, funded 
by the Austria Science Fund (FWF), which was carried out in 
cooperation with the TU Vienna and the Montanuniversität 
Leoben.  

His activities in structural dynamics led to numerous joint 
formats of exchange, as e.g. an “US-Austria joint Seminar on 
Stochastic Structural Mechanics” funded by the NSF and the 
FWF (1987), several joint seminars with the SFB 151 (DFG) 
and the FSP30 (FWF) alternating between Bochum, 1985 and 
1987, and Innsbruck 1989. These seminars were the origin of 
the EURODYN-conferences, which first took place in 
Bochum in the year 1990.  

In this time the focus of Gerhart I. Schuëller’s work shifted 
more and more from the linear stochastic theory of reliability 
towards nonlinear stochastic problems [3].  

5 FOCUS OF RESEARCH ACTIVITIES 
To the author’s understanding Gerhart I. Schuëller described 
as general goal of his research and his activities [4] to increase 
the acceptance of the methodologies of stochastic structural 
mechanics within the practicing engineering community in 
order to provide for humanity the possibility to benefit from 
the perspectives, that the currently extremely different 
precision requirements of the four core elements of 
engineering work as shown in Figure 7 (load analysis, 
material analysis, safety analysis and structural analysis) will 
be more and more balanced, for the sake of safety, optimal 
maintenance and life-cycle costs. He here referred to Alfred 
Freudenthal [5]. 
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This should be done by the development of computationally 
efficient simulation strategies, like e.g. Advanced Monte-
Carlo methods, parallel processing and intelligent model 
reduction.  

Completely coherent, this approach of his research was 
accompanied by the development of the general purpose 
software COSSAN-X (Computational Stochastic Structural 
Analysis) [6][7][8] making the developed methods available 
for the engineering practice.  

He searched for fostering the applicability of the 
methodologies in context of large and complex systems 
[9][10][11] and for providing methods for the management of 
reliability and quality assurance, in order to increase the 
reliability and to decrease the production costs. Figure 8 
shows a slide taken from the faculty’s evaluation [4] where he 
presented his philosophy. 

 

      
Figure 7: Four elements of engineering activities with 

extremely different precision requirements [4][5] 
 

      
 

Figure 8: Tasks and philosophy [4] 
 

Gerhart I. Schuëller’s interests in stochastic methods, in 
structural and engineering mechanics, specifically 
mathematical modelling of load and material properties, 
structural reliability, reliability of mechanical components, 
probabilistic fatigue, fracture, and dynamic analysis, and its 
application in space, aeronautical, wind, earthquake, ocean, 
nuclear, and mechanical engineering flourished and produced 
more than 475 papers published in various scientific journals 
and conference proceedings and more than 70 technical 
reports.  

6 SERVICE FOR THE SCIENTIFIC COMMUNITY 
Gerhart I. Schuëller was continuously very active in the 
scientific community. He deeply felt responsible for the 
scientific communication (Figure 9 from [4]). 

Since his start at the University in Innsbruck he had 
continuously contributed to the ICOSSAR-conferences either 

in the scientific committees or as co-chairman. In 1993 the 
conference took place in Innsbruck. He (co-)organized 
numerous further scientific exchanges, e.g. the RILEM 
(Reunion Internationale des Laboratoires d'Essais et de 
Recherches sur les Materiaux et les Constructions) 
symposium on “Stochastic Methods and Materials” (1986), 
the IUTAM symposium on “Nonlinear Stochastic Dynamic 
Systems” (1987), the EUROMECH Colloquium on “Methods 
for Nonlinear Stochastic Structural Dynamics” (1995), the 
“European Conference on Safety and Reliability” (ESREL 
1999), the “International Conference on Monte Carlo 
Simulations” (of course taking place in Monte Carlo, 2000), 
and played a key role in the EURODYN-conferences 
(Trondheim 1993, München 2002, Paris 2005, Southampton 
2008 and Leuven 2011).  

 

        
Figure 9: Philosophy regarding the international presence 

and service for the scientific community [4] 
 

In 1987 he was founding member of the 
“Windtechnologische Gesellschaft” (WTG), in which he soon 
encouraged installing technical committees. Together with 
Hans-Jürgen Niemann he – very actively – chaired the 
committee for aerodynamics of buildings.  

In Bavaria we are especially grateful, that Gerhart I. 
Schuëller, together with Horst Lippmann and further 
colleagues, initiated the Bayerisch-Tirolerisches-Mechanik-
Kolloquium, starting in the year 1991, which up to now took 
place 40 times and became an established fruitful format of 
informal exchange between young researchers at the research 
institutions dealing with mechanics in Bavaria and Austria. In 
2009 he celebrated the 40th anniversary of the Institute of 
engineering Mechanics in Innsbruck [1] in the scope of this 
conference. 

In addition, Gerhart I. Schuëller was frequently invited to 
give plenary and semiplenary keynote lectures and to organize 
mini-symposia on stochastic mechanics as part of important 
international conferences. The list would be by far too large to 
be given in the scope of this review.  

From 1998 to 2001 he was invited as part time Guest 
Professor at the Aerospace Department at the TU Delft and 
had further guest professorships at the University of Tokyo, 
Japan, the Tongji University, China, the Chulalongkorn 
University, Thailand, and was awarded the Charles E. 
Schmidt Distinguished Visiting Professor, Florida Atlantic 
University, USA.  
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As President (1989 to 1993) respectively Executive Vice 
President (1999 to 2001) of IASSAR (International 
Association for Structural Safety and Reliability) and of 
EASD (European Association for Structural Dynamics) (1999 
to 2005 respectively 2008 to 2012), he considerably shaped 
the scientific exchange in these fields.  

On top of that he served in the Gesellschaft für Angewandte 
Mechanik und Mathematik (GAMM), as a member of the 
Executive Board (2009 to 2011) and in the European Safety 
and Reliability Association (ESRA) as Chairman of the 
Austrian Chapter (ESRA-A) (since 1994), as well as the 
ESRA Management Board (1998 to 2004).  

Several international universities or faculties appointed him 
for their advisory boards or external evaluation committees, 
e.g. the Department of Mechanical Engineering, Worcester 
Polytechnical Institute Mass., USA, (1996 to 2000), the 
Mechanical and Aerospace Engineering Department, North 
Carolina State University, USA (2001 to 2003), the School of 
Engineering of the California Polytechnic State University, 
San Luis, Obispo, USA, the Faculty of Engineering of the 
Kagawa University, Takamatsu, (2002 to 2005), Japan.  

Gerhart I. Schuëller always was member of the Editorial 
Boards of a large number of Scientific Journals in his field, as 
(in different periods) e.g. the Archive of Applied Mechanics, 
Computer Methods in Applied Mechanics and Engineering, 
Computers and Structures, Engineering Structures, European 
Journal of Earthquake Engineering, European Journal of 
Mechanics - A/Solids, Journal of Engineering Mechanics, 
Journal of Material and Structures, Journal of Nonlinear 
Mechanics, Journal of Structural Engineering and Mechanics, 
Journal of Structural Safety, Journal of Temporal Design in 
Architecture, Nuclear Engineering and Design, Probabilistic 
Engineering Mechanics, Reliability Engineering and System 
Safety and Soil Dynamics and Earthquake Engineering.  

In the year 2012 he was member of the Editorial board of 15 
international journals.  

And as if these activities still were not enough, he organized 
a large number of education courses, e.g. at the International 
Center for Mechanical Science (CISM) in Udine, Italy (1985), 
the German Technical Center, Essen, Germany (1977), the 
VDI-Munich (1979, 1980) and the at ZACE-Services, 
Lausanne, Switzerland (1985, 1986, 1988). He also gave 
courses in Japan (1982), Australia (1983), China (1983), 
Thailand, (1986, 1987), Brazil (1992), Austria (1993), The 
Netherlands (1999), Germany (2000), Belgium (2002, 2008).  

After this long and still incomplete list the reader – and the 
author – definitely have to stop for a breath, summarizing that 
Gerhart I. Schuëller was not only very active but clearly had 
an excellent time management, accompanied by strong 
enthusiasm and discipline. He felt very responsible in his 
duties and was very much supported by his wife Heidi. 
Otherwise this engagement for the scientific community 
wouldn’t have been possible. 

Even more surprising – being in regular contact with him on 
an e-mail basis – one couldn´t understand, how he managed to 
combine all his duties, fulfilling them with excellent quality 
and still responding with very little time gaps.  

7 TRANSFER OF KNOWLEDGE INTO PRACTICE 
Gerhart I. Schuëller was not only a person for theory. He 
supported the knowledge transfer to industry, by the above 
mentioned software development COSSAN-X, initially 
supported with seed-money coming from a translational 
research project (FWF). This general purpose software tool 
[7] currently is further developed and designed to close the 
gap between advanced research and industrial applications.  

Gerhart I. Schuëller also participated in a large number of 
challenging industrial research projects. In his applied 
research he worked with several industrial partners in direct 
cooperation, proving that Optimal Maintenance Scheduling, 
Reliability Based Optimization (RBO) and the reliability 
assessment of systems and its mechanical components was no 
longer subject of just academic research but provided 
methodologies ready to be applied in industry – ranging from 
Civil Engineering to Mechanical Engineering and Aerospace. 
There he focused as well on a material level (e.g. multiphase 
material with random properties, like fiber-reinforced 
composite material) as well on a system level (e.g. reliability 
of drillers and cutters, cranes, earthquake simulation for 
power plants, crash simulation for cars based on Monte Carlo 
Methods).  

Since 1995 he was Prime Contractor of the European Space 
Agency (ESA). The investigations for the coupled satellite-
launcher (Ariane 5 launcher rocket) combined basic research 
with applied research at a system with 40.000 degrees of 
freedom and 8.000 random variables and an integrated 
satellite with 120.000 degrees of freedom and 1.300 random 
variables [1][12]. The project required an intelligent parallel 
architecture established by the Institute for Mechanics and the 
Union of the Computational Resources of the Austrian 
Universities, the Austrian Academy of Science and of the 
Risk Software GmbH [1].  

For this work he was honored with the France-Prize of the 
University of Innsbruck in the year of 2006.  

He became a member of the international CERRAM-Group 
(Consulting Engineers for Reliability and Risk Assessment 
and Management), where he provided consulting services to 
major European engineering companies and gave numerous 
invited lectures also in industry on all continents.  

Gerhart I. Schuëller significantly supplemented the transfer 
of knowledge into practice – in addition to projects for 
industry and to COSSAN-X – by his contributions and 
initiatives regarding task forces and committees for standards, 
resulting in a further breathtaking und incomplete list, e.g. in 
the IABSE - Task Force on “Probabilistic Methods in 
Structural and Construction Engineering” (1976 to 1981), the 
OECD-CSNI - Task Force on “Rare Events in the Reliability 
of Nuclear Reactor Installations” (1976 to 1980), the  IABSE-
ASCE joint committee on “Tall Buildings” (starting in 1974), 
the FN-Bau (German Code Association) "Windloads" (DIN 
1055/4) (starting in 1974), the DMV (German Association for 
Material Testing), task group on “Probabilistic Fracture 
Mechanics” (starting in 1980), the USNRC study committee 
“Nuclear Power Plant Structural Loads, Advisory Group” 
(starting in 1981), the ASCE committee on “Probabilistic 
Methods” (1981 to 2010 with interruptions), the KTA - Code 
Committee 2203 "Protection of Nuclear Power Plants against 
Aircraft Impact and External Explosions" (starting in 1980), 
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the IABSE -working commission I, “Structural Performance, 
Safety and Analysis” (1981 to 1990), the JCSS – “Joint 
Committee on Structural Safety” (1987 to 1994), the GAMM 
technical committees on “Stochastic Optimization” (starting 
in 1994) and on “Mechanics of Nonlinear Dynamics” (1994 to 
2002), the SAE International RMS Committee on 
“Probabilistic Methods” (starting in 1994), the SAE 
International RMS Subcommittee on “Design” (starting in 
1995), the American Institute of Aeronautics and Astronautics 
(AIAA) WTG-NDA Committee (starting in 1999).  

He furthermore served as a Member of the Austrian State 
Delegation to investigate the safety of the Czech nuclear 
power plant in Temelin, (2002 to 2004). 

He was founding chairman of numerous committees, like 
e.g. the IASSAR committee on “Stochastic Methods in 
Structural Engineering” (1987 to 1989) the VDI-GIS - 
committee on the “Reliability of Mechanical Components” 
(1987 to 1999), the ESRA - committee on the “Reliability of 
Mechanical Components” (starting in 1992), the IASSAR 
Committee on “Stochastic Methods in Structural Engineering” 
(1987 - 1989), the RILEM - Task Committee on “Stochastic 
Methods in Materials and Structural Engineering” (1982 to 
1986), the ÖNORM (Austrian Code Committee) working 
group “Safety Concepts for Civil Engineering Structures” 
(1982 to 1989), and chairman of the IASSAR subcommittee 
on “Computational Stochastic Structural Mechanics” (1989 to 
2002). 

8 HONORS 
The impact on science and society of Gerhart I. Schuëller and 
his group was visible, which was also important for the 
visibility of stochastic dynamics.  

 
Figure 10: Award Ceremony Max-Planck-Research Awards 
for Claudio Borri, Winfried Krätzig and Gerhart I. Schuëller, 

handed over by Prof. Staab, 1994 (courtesy of Dietrich 
Hartmann) 

 
The visibility is proved by a whole series of awards (in 

addition to those mentioned previously), like the Medaglia 
Gian Galeazzo Visconti of the University of Pavia in 1985, 
the Science Award of the State Government of Tyrol in 1988, 
and the Oskar-Vas-Price of the Austrian Standards Institute in 
1989. He became a Corresponding Member of National 
Academy of Engineering of Argentina in 1993, and obtained 
the Max-Planck-Research Prize in 1994 (see Figure 10) for 

the international cooperation in research fields that are 
especially promising for the future. 

These prestigious recognitions were topped by the 
Freudenthal Ring in Gold from the International Association 
for Structural Safety and Reliability in the year 1997. In 2011 
he obtained the EASD Prize of the European Association for 
Structural Dynamics for his outstanding scientific life’s work. 

A particular honor was the Honorary Doctorate Dr.-Ing. E. 
h. of the Department of Civil and Environmental Engineering 
at the Ruhr-Universität Bochum in 2008. Dietrich Hartmann 
stated in his laudation that Gerhart I. Schuëller was a key 
promoter, moving from deterministic approaches for the 
calculation in structural mechanics to stochastic approaches.  

9 A GREAT PERSON, SCIENTIST AND COLLEAGUE 

                  
 
Gerhart I. Schuëller was an excellent and supportive partner, 
and a very frank and open person.  

Many of us, who started in research one or two decades 
later, still strongly remember the feeling, having Gerhart I. 
Schuëller in the auditorium during the presentation of the own 
research. Most of us consider the handling of the inevitably 
arising, politely but also persistently asked questions, 
respectively remarks, linked with scientific discussions – that 
sometimes were just brought to an end due to the grace and 
the pity of the session chairman – as a significant part of the 
scientific maturation process. However, this feeling 
encouraged generations of young researchers to thoroughly 
think through their work properly. Thus – like a good teacher 
– Gerhart I. Schuëller had a “hidden” and an official mission. 
His strong and enthusiastic presence at conferences led to a 
considerable unofficial and effective “hidden” impact on 
science and research, apart from his strong “official impact”, 
which is reflected in his engagement but also in highly cited 
overview papers that he regularly published in order to 
describe the current state of research (e.g. [13][14][15][16]) 
and in the fact that he was “on board” in numerous 
benchmarks (e.g. [17][11][18][19][20]) within the scientific 
community.  

Under his guidance the profile of many conferences and 
workshops and among them especially the EURODYN 
conferences has been shaped. 

His personality and his impact will remain not only in our 
memory but also is materialized in strong formats of scientific 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

158



communication, norms and standards, in numerous important 
publications, in strong and well established traces, based on 
which future researchers and practical engineers can continue 
with their work.  

He was a promoter of a change of paradigm from 
deterministic to stochastic approaches in engineering sciences. 
Blessed with intelligence, enthusiasm and extremely quick 
perception and apprehension, highly gifted with power and 
diligence, he optimally used his skills for the benefit of 
science and practice in engineering and thus for the benefit of 
our societies, that invest an important part of their value 
creation and energy on sophisticated systems and optimized 
infrastructures. He significantly contributed to a better and 
more intelligent balance between load analysis, material 
analysis, safety analysis and structural analysis, which is a key 
goal for mankind. 

All his activities would not have been possible without his 
enormous discipline, tenacity, endurance and rigor against 
himself, and not at all without the support given by his wife 
Heidi.  

Many colleagues – including the author – were very 
surprised to hear that already at our last EURODYN 
conference in Leuven 2011, he severely fought against his 
insidious disease without us being aware of it, a fight that just 
one year later he could not win.  

The overwhelming, amicable, admiring and warm-hearted 
reactions and sharing of memories of friends, co-scientists, 
colleagues, students and mentees after his death, expressed in 
post-messages of condolences, are an impressive testimony of 
his far-reaching and positive impact, his support, initiative, his 
presence, his actions and his personality [21].   
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ABSTRACT: In many engineering fields there is the need of realistic simulations able to deal with un-
certainties to characterize, predict, and simulate complex systems and components is largely recognised.
However, it is mostly deterministic analyses that are performed; Prof. G.I. Schuëller recognized that one
of the reasons was the lack of efficient stochastic analysis methods. He has pioneered developments in
the area of Computational Methods in Stochastic Mechanics and Dynamics.
This paper presents some of recent advancements on the development of efficient reliability methods to
deal with generalised description of uncertainty (e.g. intervals) and on the development of COSSAN
software, a general purpose tools initiated by Prof. Schuëller aimed to promote the use of stochastic
methods to industry.

KEY WORDS: Uncertainty Quantification, General purpose software, Non-deterministic, Interval anal-
ysis, Monte Carlo Simulation.

1 INTRODUCTION

Nowadays, in many engineering fields computa-
tional approaches and virtual prototypes are used
to characterize, predict, and simulate complex sys-
tems. The software to perform numerical analyses
are generally quite sophisticated in terms of mod-
elling capabilities, continuously improved and up-
dated to account for new trends and developments
and the exponential growth of computational power
allow the analysis of high detailed models. How-
ever, it is mostly deterministic analyses that are
performed; nonetheless, such deterministic analyses
provide insufficient information to capture variabil-
ity (e.g. structural response due to the inevitable
uncertainties in loading, materials and manufactur-
ing quality). Therefore, there is the need to a more
realistic analyses for a comprehensive understand-
ing of all risks [24]. The merits of considering un-
certainties are manifold: it allows for assessing the
reliability and variability of the responses and, most
importantly, it provides more realistic predictions

and as well as information to improve the design.
Although stochastic methods offer a much more re-
alistic approach for analysis and design, their uti-
lization in practical applications remains quite lim-
ited [27]. One of the reasons to explain this fact
is that the developments of software for stochas-
tic analysis have received considerably less atten-
tion than their deterministic counterparts. Another
common limitation is that the computational cost
of stochastic analysis is often, by orders of magni-
tude, higher than the deterministic analysis. This is
because in general, instead of running an analysis
only once, many repeated executions are needed,
leading to impractical computational costs, espe-
cially for detailed models.

Professor Schuëller has significantly shaped the
development on numerically efficient Monte Carlo
methods, e.g. Important Sampling, Line Sampling
[22, 21, 15] and sensitivity analysis e.g. [14, 29, 30],
and applicability to realistic, industry-size prob-
lems, see e.g. [25, 10, 12, 13]. Prof. Schuëller has
also initiated the development of a general purpose
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framework for uncertainty quantification and struc-
tural reliability analysis named COSSAN (COm-
putational Stochastic Stuctural ANalises), [5, 26]
with the aim on the transfer of stochastic simula-
tion methods into engineering practice.
This paper presents some of the main contribu-

tions of Prof. Schuëller in the field of computational
mechanics and some recent advances on the devel-
opment of the COSSAN software and efficient re-
liability methods in order to deal with generalized
description of the uncertainty.

2 COSSAN SOFTWARE

Since the industrial designs are subject to strict
safety, reliability, environmental and service re-
quirements, the quantification of uncertainties and
risks is a necessity and a challenge. These needs re-
quired the availability of innovative software able to
account for the unavoidable uncertainties, while us-
ing the well-developed numerical software for eval-
uating the model, such as Finite Element Anal-
ysis or Computational Fluid Dynamic package.
Hence, Prof. Schuëller initiated the development of
a unique tool to make non-deterministic analysis
available to the industry, which performs realistic
simulations, provide safe and reliable systems and
components, and to manage risk.

2.1 Past Developments

Historically, the first developments towards a
stand-alone software lead to the package ISPUD,
an acronym for “Importance Sampling Procedure
using Design Points” (see Figure 1). ISPUD was
a multi-purpose program package for performing
structural reliability analysis. The failure probabil-
ity was calculated by integrating the joint proba-
bility density function using numerical procedures,
such as Monte Carlo simulation and in particular
importance sampling around design points [28, 3].

At the beginning of the year 1990, the development
of the stand-alone toolbox COSSAN started pro-
viding a data management system and a command
interpreter for COSSAN was designed [6]. The first
release of COSSAN is referred to as the ”COSSAN-
A” in the development line. COSSAN is an open

Figure 1: Historical development of the COSSAN
software at University of Innsbruck, Austria.

Figure 2: The figure shows the range of analysis
capabilities featured by COSSAN-A: a stand alone
software for computational structural analysis.

system, designed to be easily adjustable and ex-
pandable to include new computational tasks. Each
problem solution is broken down into a set of spe-
cific commands, each performing a uniquely defined
computational task, denoted as a module. The need
to operate directly with modules relates to the ob-
jective to give the user explicit control over the se-
quence of specific tasks to be performed. Such ex-
tensive control provides substantial advantages to
developers who want to expand available capabili-
ties for solving their specific problems. On the very
top of the stand-alone toolbox is an event driven
loop of the Graphical User Interface (GUI). This
administration package provides all interactive ca-
pabilities of COSSAN. The next layer of is the com-
mand interpreter, which translates and executes a
sequence of COSSAN commands. The sequence of
commands read by the COSSAN input file can be
controlled by conditional and unconditional jumps,
allowing for loops and repeated call of commands
sequences. The stand-alone toolbox was composed
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Figure 3: Modus operandi of COSSAN-B, a soft-
ware for communication with third-party software.

of 32 module groups and 218 modules. These mod-
ules include a library of the most common finite
elements, which are needed for performing Monte-
Carlo simulation. Figure 2 shows an overview of
the analysis tasks and applications which can be
treated within the stand-alone toolbox.

Starting in the mid-nineties, a novel approach to
software development in stochastic structural anal-
ysis was undertaken: in order to capitalize on exist-
ing, wide-spread general-purpose FE solvers, com-
munication tools started to be developed. These
tools were collected in the so-called COSSAN-B
development line and merged in the currently op-
erational code FE RV [7]. The modus operandi of
FE RV is depicted schematically in the Figure 3.
The central portion (in blue) relates to the user in-
terface; it mainly represents the user-defined spec-
ification of the probabilistic model. To the left the
set of routines implementing the actual probabilis-
tic methods are indicated in green. These routines
may be coded in the preferred programming en-
vironment, such as PERL, MatLab, C++ etc. As
shown in the figure, these engine-routines encom-
pass sensitivity analysis and, most importantly, re-
liability analysis methods such as Monte-Carlo sim-
ulation and advanced simulation methods. The nu-
merical data produced by these procedures are then
transferred to the third-party FE code, represented
by right-most box (in brown). Its main tasks are
the translation of the input data into the FE codes
proprietary input file format, then to initiate the
execution of the corresponding FE analysis and, fi-
nally, the extraction of the response quantities of
interest.

In 2006 the redevelopment of the COSSAN soft-
ware started in order to merge all the previous ver-
sions in a single software (see Figure 1). The as-

sociated development efforts aimed at capitalizing
on the highly developed, third-party codes for the
computational analysis, while using advanced com-
munication tools to interact with the commercial
third-party programs and to create a general pur-
pose software able to solve a number of different
problems. The structure of general purpose soft-
ware is generally composed of three main blocks:
user interfaces, core components and the interac-
tion with external code (i.e. 3rd party software).
Each of these main blocks can be composed of a
number of additional sub-components. The scheme
of the general purpose software as considered in this
paper is shown in the Figure 4.

Figure 4: Schematic representation of general pur-
pose software for computational stochastic analysis.

2.2 Recent advances

Starting from 2011 the development of the COS-
SAN software is hosted at the Institute for Risk
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Figure 5: Current development of the COSSAN
software at the Institute for Risk and Uncertainty
at the University of Liverpool.

and Uncertainty at the University of Liverpool, UK
(see Figure 5).
The recent developments aim to create a compre-

hensive risk and uncertainty quantification frame-
work based on probabilistic, interval and fuzzy
methods as well as with imprecise probabilities as
a combination thereof [2]. The current efforts are
in the inclusions of emerging concepts in stochastic
mechanics and robust design to cope with model
uncertainties, errors in modelling and measure-
ments and noise in signals [31, 23, 17]. This in-
cludes innovative developments in system and dam-
age identification and system health monitoring as
well as in the quantification of failure consequences
[4, 20]. Furthermore, since realistic analyses require
high levels of computing resources, an extensive
support for High Performing Computing has been
included, which allows to split the analyses in sub-
tasks (jobs), distribute the available resources and
to collect the results. Current efforts are dealing
with development of tools able to detect and handle
analysis failures (e.g. due to hardware problems) in
order to provide a fault tolerant analysis.
Since 2012, an open source version of the COS-

SAN software, called OpenCossan, have been re-
leased under the Lesser GNU licence [1]. This
means that the program can be used for free, redis-
tributed and modified under the terms of the GNU
General Public License. OpenCossan is coded ex-
ploiting the object-oriented Matlab programming
environment, where it is possible to define special-
ized solution sequences, which include reliability
methods, optimization strategies, surrogate models
and parallel computing strategies. The computa-
tional framework is organized in classes, i.e. data
structures consisting of data fields and methods.
Objects, that are instances of classes can be aggre-

gated forming more complex objects and proving
solutions for practical problem in a compact, orga-
nized and manageable format.

The OpenCOSSAN aims to promote learning
and understanding of non-deterministic analysis
through the dissemination of an intuitive, flexible,
powerful and open computational toolbox in Mat-
lab environment [18].

3 ADAPTIVE LINE SAMPLING ALGORITHM

In engineering, evaluating the failure probability,
pf , i.e. the unacceptable behaviour or unsatisfac-
tory performance of the system outputs, it is a
very important part of the uncertainty quantifica-
tion analysis.

For time-invariant problems the evaluation of the
pf involves the integration of the following multi-
dimensional volume integral:

pf = P [F ] =

∫
· · ·
∫
F

f(θ1, . . . , θn)dθ1, · · · , dθn
(1)

where F defines the event that causes the fail-
ure of the system (or undesired behaviour of the
system);θ represents the vector of uncertainty pa-
rameters and f is the model under investigation.

Line Sampling, introduced by the group of Prof.
Schuëller [11] is an advanced reliability method de-
veloped to efficiently compute small failure prob-
abilities in high dimensional space. Line Sampling
employs lines instead of points in order to collect
information about the probability content of the
failure domain. It was shown that it always outper-
forms direct Monte Carlo simulation [21]. In partic-
ular, it is very efficient to solve quasi-linear prob-
lems in high dimensional space when a direction
pointing to the failure region, “important direc-
tion”, α ∈ R

n, can be estimated. Efficient algo-
rithms to estimate the important direction in high
dimensional space have also been proposed by Prof.
Schuëller and co-workers [19].

Simulation methods estimate the failure proba-
bility by computing the integral of the form pF =∫ I(u) hN (u) du, where, I : Rn → {0, 1} is an indi-
cator function, u are the standard normal variables,
and hN (u) =

∏n
i=1 φ(ui) a multivariate standard

normal density function. Since hN (u) is invariant
to rotations of the coordinate axes the integral can
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Figure 6: Adaptive Line Sampling: the points along
the lines where the model need to be evaluated are
minimized (e.g. 2 points per line).

be rewritten in the form

pF =

∫ (∫
I(u)φ(u1)du1

) n∏
i=2

φ(ui)dui. (2)

The inner integral, w =
∫ I(u) φ(u1) du1, can be

separately computed from the rest of the integral.
By doing so, the estimation of the failure probabil-
ity is reduced to a mono-dimensional problem and
the failure probability can now be obtained as the
expected value E[w (un−1)].
Line Sampling provides an an unbiased estima-

tion of Eq. 2 by generating a number of paral-
lel lines originating from the hyperplane orthogo-
nal to the given direction. Then the intersection
points c∗ of the lines with the limit state func-
tion are identified and an estimate of the fail-
ure probability is obtained computing the average

p̂F = 1
NL

∑NL

j w(u
{j}
n−1). The intersection points

are generally identified calculating the performance
of the model on different points along the lines, and
then identify the intersection with the limit state
function.
In the Adaptive Line Sampling algorithm, it re-

duces the number of model evaluations required to
identify the intersection with the limit state (see
Figure 6). In fact, the lines are not processed in a
random order but instead they are sorted in order
to minimize the distance between two successive
lines. By doing so it is expected that the distance
from the limit state function remain approximately

Figure 7: Pictorial representation of the update in
important direction over a non-linear limit state
boundary defined by the performance function:
g(θ) = −(θ1 + θ2)+ c2 (1+ a sin(b tan−1(θ1, θ2))),
and by the map u = T−1(θ) = θ−μθ

σθ
.

the same (e.g. see c1 and c2 in the representation of
Figure 6). Hence only 1 or 2 model evaluation are
required to identified a new intersection point c∗.
The proposed algorithm does not require an ac-

curate initial important direction, because such di-
rection is systematically updated across the simu-
lation, as shown in Figure 7.

The novelty about the proposed method stems
from the fact that it is capable of adapting to the
shape of the limit state boundary, using very few
calls of the model and adapting the important di-
rection in order to minimize the variance of the
estimator. Moreover, it has been shown that the
Adaptive Line Sampling is a very efficient tools to
perform reliability analysis in presence of intervals
or p-boxes (i.e. to estimate bounds of the pf ) [8].

4 APPLICATIONS

The advanced Monte Carlo methods and tech-
niques for dealing with generalised description of
uncertainty are implemented in the COSSAN soft-
ware. Such approaches and tools have already been
applied to solve a number of large and challenge
problems of practical interest. For instance, the
sensitivity analysis and model updating of the un-
certainty Finite Element model of the Gravity
Field and Steady-State Ocean Circulation Explorer

5
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(GOCE) satellite, launched by the European Space
Agency (ESA) in 2009 has been analysed [9, 10].

Other relevant applications includes the solution
of life cycle management problems, e.g. schedul-
ing of maintenance activities in structural systems
prone to accumulate damage in presence of impre-
cise and scarce data [20]; shape optimization of a
suspension arm similar to those used in the au-
tomotive industry in presence of uncertainty [17]
and for system health monitoring [4]. More recently,
the computational tools have allowed to solve the
NASA Langley UQ challenge problem [16].

5 CONCLUSIONS

Professor Schuëller’s research lifetime was focused
on the development of numerically efficient Monte
Carlo methods able to solve realistic industry-size
problems. Furthermore, he recognised the the main
limitation of the utilization of stochastic simula-
tion methods into engineering practice was due to
the lack of efficient and easy-to-use computational
tools. Hence, Prof. Schuëller initiate the develop-
ment of a general purpose computational frame-
work for uncertainty quantification, risk assessment
and management, named COSSAN.

The development of the computation framework
and efficient numerical approaches has been contin-
ued in the recent years at the University of Liver-
pool, UK. The recent efforts have lead to the devel-
opment of efficient reliability methods and robust
optimization methods able to deal with imprecise
data and different modelling of the uncertainties.
In particular, the Adaptive Line Sampling method
has been developed in order to further reduce the
number of model evaluation required to estimate
the failure probability and to increase the range of
applicability of the method.

User-friendly general purpose software have the
potential to create a bridge between academic re-
search and industrial practice, especially since it
is increasingly evident how an efficient consider-
ation of uncertainties can lead to more competi-
tive products. Furthermore, this technology allows
non-experts users to include the treatment of un-
certainty in their models in a straightforward man-
ner and without an excessive learning curve. Fi-
nally, thanks to the combination of efficient ad-
vanced stochastic methods and computational re-

sources provided by high performance computing,
the computational costs of a stochastic analysis be-
came feasible.
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ABSTRACT: In this paper a new output-only measurement based method is proposed which allows identifying the modal 

parameters of structures subjected to natural loads such as wind, ocean waves, traffic or human walk. In contrast to the existing 

output-only identification techniques which model the unmeasured load as white noise process, statistical information about the 

dynamic excitation, e.g. obtained by measurements of the wind fluctuations in the vicinity of the structure, are taken into 

account which improve the identification results as well as allow identifying the unmeasured load process exciting the structure.  

The identification problem is solved on basis of a recently developed method called H-fractional spectral moment (H-FSM) 

decomposition of the transfer function which allows representing Gaussian random processes with known power spectral 

density (PSD) function as output of a linear fractional differential equation with white noise input. 

In the present work the efficiency and accuracy of this method is improved by the use of an alternative fractional operator. 

Based on the H-FSM decomposition a state space representation of arbitrarily correlated Gaussian processes is proposed which 

neither requires the factorization of the PSD function nor any optimization procedure. Combined with the state space model of 

the structure, it leads to an overall model with white noise input, which can be efficiently combined with any state-space model-

based parameter identification algorithms such as the (weighted) extended Kalman filter algorithm used here.  

The method is applied for the identification of the stiffness and damping parameters of a three story shear building subjected to 

wind turbulences with von Kármán velocity PDF function. 

KEY WORDS: Extended Kalman Filter; Parameter identification; Load identification; Fractional spectral moments; Digital 

filter; Turbulence spectra; Time series models; Stationary Gaussian random process. 

1 INTRODUCTION 

 Motivation  1.1

Forced vibration tests on structures of civil engineering 

interest are expensive and time consuming as they are 

performed using impact hammers or heavy shakers, needed to 

excite the modes of interest with sufficient energy. Moreover, 

they often require a temporary out of service state of the 

structure which causes increments of costs. Conversely, 

ambient vibration tests (AvT) can be conducted continuously 

in time measuring the structural response for large time 

intervals using the excitation of both natural and/or service 

loads such as wind, traffic, seismic ground motion or human 

walk. Such loads are caused by the superposition of multiple 

inputs and thus lead to a broad-band excitation of a significant 

number of vibration modes. 

In recent years, AvT gained great attention in civil 

engineering in the scope of modal parameter identification, 

model updating as well as damage detection and health 

monitoring. A detailed literature review can be found in [1].  

In case that the unmeasured system’s excitation can be 

modeled as a stochastic white noise process, various 

experimental modal identification methods for output-only 

measurements are available. Whiteness implies that the 

process is uncorrelated and its power spectral density (PSD) 

function is constant over all frequencies. From a physical 

point of view, the white noise process cannot exist in nature as 

the constant PSD leads to a process with infinite variance 

corresponding to an unbounded, infinitely fast varying signal. 

However, the white noise assumption is justified, if the PSD 

function of the input process is flat within the system’s 

bandpass, i.e. the frequency range in which the system is 

vibrating predominately.  

In case of non-white excitations, the parameter 

identification problem is more complex and classical ambient 

vibration identification methods lead to poor identification 

results. In this case, the parameter identification problem to be 

solved consists of two parts, namely: i) the digital simulation 

of the random load process; and ii) the estimation of the 

structural response to the random load using output-only 

model identification techniques. In case that both parts are 

handled individually, numerous methods for the system 

identification as well as for the simulation of stochastic 

processes are available, but for the solution of the combined 

problem few techniques appeared in literature.  

This leads to the motivation to address the identification 

problem of structures subjected to arbitrarily correlated load 

processes. Similar to the classical ambient vibration 

identification techniques, the proposed method is based on 

output-only measurements of the system response, while the 

actual load process exciting the structure remains unmeasured.  

Though, in order to include the load process in the 

identification algorithm, it is assumed that information about 

the statistics of the process are available, e.g. from additional 

measurements of the wind velocity fluctuations in the vicinity 

of the structure. 

Output-only measurement-based parameter identification of dynamic systems 

subjected to random load processes 
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 Parameter identification under correlated loads 1.2

The solution of the identification problem under correlated 

loads is based on a concept found in [2] which allows 

introducing colored processes in the Kalman filter algorithm 

by state space augmentation: It is based on the spectral 

factorization theorem which allows modeling a wide sense 

stationary random process with given rational PSD function as 

an output of a linear system, a so-called shaping filter, with 

white noise input. This system can then be added to the 

original system by augmenting the state space representation 

leading to an overall linear system driven by white noise once 

again to which standard tools as the Kalman filter based on 

linear system theory for response analysis, optimization, and 

design of active control devices can be applied. 

Though, difficulties arises if the PSD function is of non-

rational form, as in this case, the spectral factorization is 

difficult and in general not possible in analytic form. A 

detailed literature review on the state-of-the-art of classical 

approaches for the digital simulation of stationary Gaussian 

random processes with target PSD function including the 

spectral representation methods, parametric time series 

models such as ARMA-based approaches and the spectral 

factorization theorem as well as a critical discussion with 

respect to computational efficiency, applicability and 

restrictions of these methods can be found in [1].  

In this paper, the linear filter problem is solved on basis of a 

modification of the recently developed method which allows 

representing PSD and autocorrelation (AC) function in closed 

form by means of a generalized Taylor expansion using 

fractional spectral moments (FSMs) [3], [4]. Based on this 

concept, a state space representation of arbitrarily correlated 

load processes is derived in analytic form which neither 

requires the factorization of the PSD nor any optimization 

procedure and which can be easily combined with common 

state space model based system identification methods such as 

the Kalman filter algorithm used here. Moreover, it shall be 

highlighted, that the method is i) applicable to a wide range of 

Gaussian processes of both, short and long memory; ii) it 

allows the simultaneous estimation of the structural 

parameters and the unmeasured load process; and iii) due to 

its analytic form its implementation is straight forward. 

2 DIGITAL SIMULATION OF GAUSSIAN RANDOM 

PROCESSES  

The focus of this paper lies on the stochastic excitation by 

wind turbulences. A large number of actual measured data 

indicates that the dynamic wind fluctuations can be modeled 

as stationary Gaussian random process and thus are 

completely characterized by the second order statistics, 

namely mean value, autocorrelation and PSD function, 

respectively, e.g. known from measurement in the vicinity of 

the structure. 

A colored Gaussian process   ( )  with assigned PSD 

  ( ) can be represented as output of a linear differential 

equation, a so-called shaping filter, excited by a Gaussian 

white noise process   ( ) . That is, the process can be 

expressed using a linear differential operator  ( ) in the 

form  ( ( ))   ( ) where   ( )  denotes the zero-mean 

Gaussian white noise process of intensity    with constant 

PSD function   ( )     (  ) and autocorrelation 

function  ( )   [ ( ) (   )]     ( ). The 

corresponding input-output relation of the linear system can 

be characterized in the frequency domain in terms of the 

transfer function H(ω) in the form [4] 

   ( )  | ( )|   ( )  (1) 

Many methods exist to find the transfer function H(ω) given 

the target PSD of   ( ) , with the aim of simulating 

realizations of the process   ( ) . Wiener proposed to derive 

the transfer function by spectral factorization of eq.(1) 

Though, the latter is in general difficult, especially if the PSD 

function   ( ) of the process is of non-rational form.  

In [4] the spectral factorization problem is solved assuming 

    ( )   , which allows deriving the (non-causal) 

transfer function directly from the knowledge of the target 

PSD function by:  

  ( )  | ( )|  √
 

  
  ( ) (2) 

Defining the H-fractional spectral moments of the transfer 

function as 

   ( )  ∫  ( )| |   
 

  
 (3) 

it is shown that any Gaussian stationary process with given 

PSD function can be expressed in the form  

  ( )  
 

   
∫   (  )(     )( )  

    

    
 (4) 

where (   )( ) denotes the Riesz fractional integral of the 

Gaussian white noise process defined as 

 (   )( )  
 

  ( )
∫

 ( )

|   |   

 

  
  ; (5) 

where                                  and 

with  ( )   ( )   (    ) and            
The contour integral is performed along the imaginary axis 

with fixed real part   chosen such that the integral converges, 

that is with the real part            . In some cases it  

cannot be calculated in analytical form, but as the Gamma 

function  (  ) decays exponentially fast in vertical strips, i.e. 

for       , depending on the decay of   ( ), the integral 

might be truncated along the imaginary axis with constant real 

part  . Defining          , the integral is calculated up 

to a certain value         discretizing the interval into 

     small increments    yielding the approximation 

  ( )  
  

   
∑   (   )( 

     )( ) 
      (6) 

Hence, the main difficulty in the simulation of the process lies 

in the efficient calculation of the Riesz fractional integral 

(      )( ) of the Gaussian white noise process   ( ) . 
Assuming that the latter is discretized on a finite interval 

[    ], where           and zero elsewhere the Riesz 

fractional integral operator can be approximated in term of the 

Grünwald-Letnikov (GL) series yielding [8] 

 ( 
 
 )(  )        ∑   ( ) (     )

   
    

                          ∑   ( ) (     )
 
    (7) 

which can be sought as generalization of the backward 

difference operator to complex orders, where the coefficients 
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are given analytically by 

   ( )  
(  )      (   )

     (    ) (   ) (     )
,      (8) 

It must be stressed that the first sum in eq.(7) includes the 

weighted sequence of past white noises up to the actual time 

  , while the second sum represents the weighted sequence of 

future white noises. The dependence on the future, that is the 

non-causality of the generated process, is caused by 

disregarding the imaginary part of the transfer function in eq. 

(2). However, due to the linearity of the underlying 

differential equation and the statistical independence of the 

Gaussian white noise process, the output remains a strict 

stationary Gaussian process. 

Eq.(7) can be efficiently calculated in matrix form by 

 ( )   ( )  where [4] 

 ( )  [

(   )( )

(   )( )
 

(   )(  )

]     [

 ( )

 ( )
 

 (  )

]    

 ( )  

[
 
 
 
   ( )   ( )    ( )

  ( )    ( )   

     ( )

  ( )    ( )    ( )]
 
 
 

; (9) 

The white noise process   ( )  discretized in the interval 

[     ] is described by the realizations of a zero-mean 

Gaussian random process  ( )  ( )   (  ) with standard 

deviation √  . Finally, the vector of the colored load process 

  [ ( )  ( )   (  )]  is obtained by  

   
  

  
∑   (   ) (    )  ∑  (  ) 

 
    

 
     (10) 

where   (  )     (  )  (   )  (    ) denotes the 

matrix transfer function.  

 Applying the short memory principle 2.1

It must be noted that the evaluation of the fractional integral 

approximation in eq.(7) requires at each time step the re-

calculation and summation of every previous time point and 

thus becomes increasingly cumbersome for large times 

       where a significant numbers of computations and 

memory storage is needed. However, Podlubny [5] observed, 

that the GL coefficients   ( ) defined in eq.(8) decay with 

increasing value   and can be set to zero for    . Instead of 

taking into account the complete history of the 

process   ( )  starting from    , it is proposed in [5] to 

truncate the infinite sum after a finite number of values. This 

leads to the so-called short memory principle, based on which 

the fractional integral is calculated from the recent past of the 

function defined by the time interval [     ] where   

denotes the considered process’s memory. Thus, the series 

representation in eq.(7) can be truncated setting   ( )    for 

   , where      . 

 Generation of stationary realizations of the process 2.2

Let   be the input vector of length  , then it must be noted 

that the first and last   samples of the output sequence   

generated using eq.(10), can be regarded as transition states 

whereas the remaining      samples of the process are the 

steady states needed for the simulation of a stationary time 

series. The transition states are caused by the fact, that the 

process is discretized on a finite time interval, assuming that 

the process vanishes outside the interval   [    ]. 
Applying the short memory principle, i.e. setting   ( )    

for    , the first and last   rows of the coefficient matrix 

 ( ) in eq.(9) contain an incomplete number of coefficients 

and thus the first and last   samples of the process generated 

by eq.(10) are non-stationary. 

In contrast, the rows   ]     [ of the coefficient matrix 

 ( ) are characterized by a complete set of   past and future 

weights and thus, if multiplied with a white noise sequence, 

provide stationary samples of the process [1].  

 Accuracy of the series approximation 2.3

The GL form of the integral leads to two types of errors, a 

discretization error depending on the size of the chosen 

sampling interval   and an error caused by truncating the 

infinite sum in eq.(7) in the time interval [     ] after a 

finite number of values       instead of taking into 

account the complete process’s history  . The effect of the 

chosen sampling interval   and the considered memory   on 

the accuracy of the simulation is investigated on the example 

of the exponentially correlated random process with the AC 

function  ( )       (  | |) choosing       and 

      [N]. As a measure of accuracy, the mean square 

error (MSE) between the sample AC function of the generated 

time series and the analytic function  ( ) is calculated over a 

finite length   [    ] [s] where the AC function drops 

below a value of R(50) = 0.0045 and thus can be considered 

to be zero. 

In order to investigate the truncation and discretization error 

5000 samples of fixed length T = 200 [s] each are generated 

as weighted sum of   past and future Gaussian white noises 

by means of eq.(10) and the sample AC function is calculated. 

Then two tests are conducted: 

i) Test 1: The discretization error is investigated by 

keeping the considered memory of the process constant 

setting      [s] and varying the sampling interval   

between       and     [s].  

ii) Test 2: The truncation error is investigated by varying 

the memory   between     and    [s], while the 

sampling interval is kept constant setting         [s] 

in order to keep the discretization error small. 

In both cases the number of coefficients is set      .  

Figure 1 (top) illustrates that with increasing sampling 

interval  , the variance of the process is over-estimated while 

the tail of the AC function is approximated in all cases with 

comparable accuracy up to a lag of 24 [s]. From Figure 1 

(bottom) it is evident that a too short length   mainly causes 

the AC function to decrease much faster than the target 

function and leads to small errors in the peak value. It can be 

concluded that the sampling interval mainly influences the 

scaling, that is the variance of the generated process, while the 

choice of the considered memory   affects the range, in 

which the AC function is approximated well. 

In order to reduce the discretization error in [1] the use of 

the centered GL operator introduced in [6] is proposed which 

represents a generalization of the centered difference operator 

to complex orders.  
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Figure 1. Sampling (top) and truncation error (bottom) by 

means of the classical Grünwald Letnikov approximation.  

 

 

Figure 2. Sampling (top) and truncation error (bottom) by 

means of the centered Grünwald Letnikov approximation. 

The approximation follows the form of eq.(7), but with 

different coefficients given by 

     ( )  
     ⁄  (   )

[ (    ⁄   ) (    ⁄   )]
,    .  (11) 

Once again the two tests are conducted: Figure 2 (top) 

illustrates that the accuracy of the centered GL form is almost 

independent from the discretization width   while the error 

introduced by the truncation of the series is comparable to the 

one of the classical GL representation as illustrated by 

Figure 2 (bottom). Though, as the required       number 

of coefficient increases inverse proportionally to the 

discretization step width; the new representation leads to a 

significant reduction of the model order   [1]  

3 AMBIENT PARAMETER IDENTIFCATION USING 

THE KALMAN FILTER 

Ambient identification algorithms aim to provide robust 

estimates of structural features which are indirectly observed 

through output-only measurements. These might either be the 

system’s states (e.g. displacements/accelerations) or 

parameters of the model (e.g. stiffness, damping coefficients).  

The Kalman Filter is an optimal recursive procedure which 

provides an estimate of the desired variables such that the 

error is minimized statistically in the mean square sense and 

can be applied in case of Gaussian white noises for the 

estimation of state variables.  

Let      be the system’s state vector z    ,      

and      two independent vectors of Gaussian zero mean 

white noises with covariance matrices              , 

representing uncertainties in the model and measurements, 

respectively,       ,       ,        system’s 

matrices, and  ̂    the searched vector of estimates at time 

step    . Assuming a linear model for the system’s 

dynamics under additive noise in state space form 

             ; (12) 

and a linear model with additive noise for the measurements 

           (13) 

The Kalman filter provides recursively an estimate of the 

desired variables in such a manner that the error is minimized 

statistically by combining i) prior knowledge about the system 

and measuring device dynamics, ii) statistical information 

about both, the measurement errors and the process noise and 

iii) any available information about initial values of the 

variables of interest. The optimal posterior estimate  ̂    is 

obtained by minimizing the error            ̂   |  in the 

mean square sense, i.e.       [        
 ]       by the 

following prediction – correction procedure (e.g. [2])  

Prediction (Time – Update) 

 ̂   |    ̂  

     |      
       (14a) 

Correction (Measurement –Update): 

         |  
 (    

   ) 

 ̂     ̂   |      (       ̂   | ) 

          |       
     |  (14b) 

The residual             ̂    between the actual 

measurement      and the predicted one  ̂      ̂   |  by 

means of eq.(14) can be interpreted as the part of the 

measurement that contains new information about the state 

and thus is sometimes denoted as innovation. It can be shown 

that under optimal conditions, the innovation is a zero mean 

Gaussian process with covariance matrix     
    and will 

be used in section 3.3 to check the consistency of the filter.  

 Load identification by state space augmentation 3.1

In case the input noise process     in eq.(12) is not white, i.e. 

if the structure is excited by a wind load process   ( )  with 

known PSD, the Kalman filter can be applied by a procedure 

found in Lewis. The concept is that the state space model in 

eq.(12) is augmented by a set of linear filter equations in the 

form 

               

        (15) 
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with additive white noise as input and the sought univariate 

load process    as output. 

Defining the augmented vector      [     ]
  and 

introducing the liner model (15) in eq.(12) yields  

                   ; 

              (16) 

with 

    [
   
  

]      [
 
 
]      [  ]  (17) 

which is once again a linear system driven by white noise to 

which the Kalman filter equations (14) can be applied in order 

to estimate the states of the original system as well as the load 

process exciting the system. 

 Generalized state space representation of colored 3.2

random processes 

As mentioned previously finding a linear model of the process 

with arbitrarily PSD function in the form eq.(15) is difficult as 

the spectral factorization problem can be solved analytically, 

in general, just in the rational case.  

Based on the result given in eq.(10), in the following, a 

general state space representation for colored load processes is 

developed. It must be stressed that it is valid for arbitrary 

correlated Gaussian processes and can be given directly once 

the H-FSMs in eq.(3) have been calculated.  

Using the considerations in section 2.2 one steady state 

realization     (  ),   [       ] of the discrete load 

process   ( ) , is given by  

    
  

  
∑   (   )
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which reduces to  
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     (19) 

using       (  )∑   (   )
 
        (    ). 

As one can see from eq.(18) the actual sample    of the load 

process is calculated by a time-variant white noise sequence 

   [                ]
  of   previous and past samples 

of the zero-mean Gaussian white noise process with standard 

deviation √   which are weighted by a time-invariant 

coefficient vector   [             ]  As shown in 

section 2.3 the order   defines the time interval      in 

which the AC function of the process is approximated 

accurately. 

It must be stressed that the result in eq.(19) coincides with a 

(non-causal) moving average (MA) representation of the 

process. Though, in contrast to classical approaches where the 

coefficients of the MA models are calculated by solving a 

non-linear optimization problem, it shall be highlighted that 

here the coefficients are given analytically. 

Noting that a MA representation is obtained, it is now 

straight forward to define a state space representation in the 

form eq.(15) defining 

    [                             ]
  (20) 

as state vector and by substituting the system matrices  ,   

and    

   [
        

     
];   [

    

 
];  

   [                       ] (21) 

where     ,      are the identity and zero matrix, 

respectively. That is, while the state equation in eq.(15) leads 

to a forward shift of the white noise process, the measurement 

equation generates the process with target PSD by weighting 

the updated noise sequence by the time invariant coefficient 

vector  . 

 Parameter identification under colored loads 3.3

In order to apply the method for the identification of the 

stiffness and damping parameters a further modification is 

needed. Following the approach of the extended Kalman filter 

(EKF), the state      has to be extended to include the 

unknown modal parameters    leading to a nonlinear system 

equation of the extended state        [       ]
  in the form 

           (      )          

     (      )     (22) 

as the system matrices      and/or      depend nonlinearly on 

the unknown parameters   . In case of weak nonlinearities 

the identification problem can be solved using the EKF which 

linearizes about the current state estimate by applying a first 

order Taylor expansion of eq.(22) near the current state 

estimate leading to the time variant extended system matrices 

       
    

  (      )

       
|
        ̂     

; 

       
    

  (      )

       
|
        ̂     

 (23) 

to be calculated at each time step.  

In [7] the stability and convergence of the EKF is 

investigated with respect to the initial state estimates and 

covariance matrices and a weighted global iteration procedure 

is introduced into the Kalman filter algorithm containing an 

objective function to estimate the stability. That is, while, the 

iterative scheme improves the accuracy of the approach, 

especially if the first guess of the parameters to be identified is 

poor, the calculation of the objective function allows assessing 

the accuracy of the filter and avoids the divergence to 

erroneous identification results. 

The algorithm can be summarized as follows: 
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Figure 3. Three story shear building. 

First, the Kalman filter is initialized choosing the initial 

state estimate and covariance matrix  ̂ 
 ,   

  as well as defining 

the process noise covariance matrix  . The statistics of the 

measurement noise   are assumed to be time-invariant and 

known. Then the EKF is run using a finite measurement 

record of length   [s] chosen such, that the final estimates  ̂ 
 , 

  
  converges. 

They are used for the initialization of the next iteration loop 

    that is, setting  ̂ 
   ̂ 

 ,   
      

  where   is a 

weighting factor. In [7] it is observed that a large initial 

covariance is favorable in order to accelerate the extended 

Kalman filter’s convergence, but it also might affect the 

stability of the filter. Thus, an objective function    suggested 

which is calculated at the end of each iteration loop   along 

with the state estimate and error covariance. The iteration is 

repeated until the prior estimate become essentially constant, 

that is  ̂ 
   

  ̂ 
 
 or until the objective function    is 

minimized. The latter is given by [1] 

    
 

 
∑ ∑ (      |   

 
)
 

   
   

 
    (24) 

where       denote the number of sampling points of the 

measurement record of length T, m is the dimension of the 

measurement vector and       |   
 

 describes the ith 

component of the posterior residual     |   
 

      

   ̂   |   . That is, the objective function gives the average 

of all measurement square errors and thus     
 

 indicates that 

the global error between each observation and corresponding 

estimate becomes minimal [7]. 

4 APPLICATION TO A THREE STORY SHEAR 

BUILDING 

In order to verify the method, the W-EKF algorithm is now 

used for the identification of the stiffness and damping 

parameters characterizing the dynamic behavior of a three 

story shear building depicted in Figure 3 which is excited at 

the top floor by wind fluctuations with the Kármán velocity 

PSD function. 

Assuming that i) the total mass of the structure is 

concentrated at the floor levels, ii) the columns are axially 

rigid and the floor beams are infinitely rigid as compared to 

the columns, iii) the interstory stiffness is distributed 

constantly over the stories and iv) the deflection of the 

structure is independent of the axial forces in the columns, 

Table 1. True values of the parameters and prior estimates. 
  ̂  

[N/m] 

 ̂  

[N/m] 

 ̂  

[N/m] 

 ̂  

[Ns/m] 

 ̂  

[Ns/m] 

 ̂  

[Ns/m] 

Prior 

estimates 
7.2E6 5.9E6 5.9E6 4.1E4 2.9E4 3.4E4 

True 

values 
    ̂  

 
    ̂  

 
    ̂  

 

     ̂  

 

     ̂  

 

     ̂  

 

then the structure can be modeled as lumped three degrees of 

freedom system, corresponding to the horizontal 

displacements at the floor levels. The system’s dynamics are 

given by the second order stochastic differential equation in 

the form 

   ̈( )    ̇( )    ( )   ( )  (25) 

where  , K and C are the time-invariant mass, stiffness and 

damping matrices, respectively, given by  

  [

    
    
    

]      [

         
           

      

]; 

         (26) 

assuming that the structural damping is of Rayleigh type. The 

vectors  ( ),  ̇( ) and  ̈( ) denote the vectors of the 

horizontal displacements, velocities and accelerations of the 

floor levels and  ( ) is the unmeasured colored Gaussian 

wind load process with von Kármán velocity PSD function 

exciting the structure at the top level. For the columns of the 

first story a HEB 320 profile and for the upper two levels a 

HEB 300 profile are chosen leading to the prior stiffness and 

damping estimates summarized in Table 1 [1]. The true 

parameters are chosen arbitrarily in such a way that they 

deviate significantly from the prior estimates. 

 Initialization of the load model 4.1

Let   be the air density,    the drag coefficients,   the 

projection area of the structure, the PSD function of the load 

process acting on a rectangular cross section has the form  

   (   )  (     ̅ )
 |  (   )|   ( )  (27) 

where   ( ) denotes the PSD function of the wind velocity 

fluctuations related to the wind force by the aerodynamic 

admittance function  

 |  (   )|  (  (  √   ̅ )
   

)
  

 (28) 

It is assumed that the wind velocity fluctuation can be 

characterized by the widely used von Kármán spectrum, i.e.  

   ( )  
   

  ̅ 

     (       ̅ )
 

[  (       ̅ )
 ]      (29) 

where  ,   is the standard deviation of the fluctuating 

component of the wind speed at height   and the integral 

turbulence scale lengths, respectively, and  ̅  denotes the 

mean velocity is discussed. 

The process is generated by means of the H-FSM 

decomposition introduced using eq.(10) where the coefficient 

are calculated according to eq.(11). Setting the sampling 

interval τ = 0.025 [s] and          the load model is 

parameterized choosing     ,      ,        .  
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Figure 4. Sample AC function (top) and PSD function 

(bottom) of the generated time series with von Kármán 

velocity PSD varying the model order    

In order to investigate the simulation accuracy in 

dependency from the chosen model order, the number of 

coefficients is varied in the interval   [      ] and the 

sample AC function and PSD function is calculated from the 

generated time series and compared with the analytic ones. 

Figure 4 illustrates that about     coefficients are needed in 

order to approximate the tail of the AC function accurately 

while about       coefficients are required in order to 

obtain a good agreement with the analytic PSD function. 

Consequently, if a smaller number of coefficients is used, the 

sample PSD function becomes much broader and the variance 

of the process is underestimated.  

In order to approximate the load process with high 

accuracy, as a first step,       load coefficients are chosen. 

 Parameter identification using the H-fractional 4.2

weighted iterated Extended Kalman filter 

In the following the stiffness and damping parameters       

and      , respectively, of the idealized lumped model as 

well as the unmeasured load process are estimated. A 

measurement error of 10 [%] of the undisturbed system 

response is assumed and the model is initialized choosing the 

parameterization summarized in Table 1.  

The H-fractional H-EKF is run using one measurement 

sample of length of 5 min. and re-initializing the filter in each 

iteration by the obtained estimates. The results obtained at the 

end of each iteration are depicted in Figure 5. It can be 

observed that the stiffness parameters are estimated with high 

accuracy leading to a relative estimation error of <1 %, while 

the estimation of the three damping parameters leads to an 

error of 12.7 %, 5.6 % and 0.8 %, respectively. 

The lower accuracy can be explained by the fact, that in the 

 

Figure 5. Identification results: The black dot indicates the 

number of iterations where the objective function is 

minimized. 

 

Figure 6. Estimation of the unmeasured load process and 

corresponding sample AC function. 

example considered here, the damping parameters have no 

significant effect on the modal frequencies and the observed 

system response. As the update of the parameters is based on 

the minimization of the error between the obtained 

measurement and the predicted system’s response, it is in 

general difficult to identify parameters whose estimation has 

almost no impact on the prediction error. Thus the obtained 

results can be considered to be of good accuracy. 

Figure 6 shows the estimated time series (left) and - for 

comparison - the corresponding sample AC functions (right). 

It illustrates that the method succeeded in identifying the 

unmeasured load with high accuracy.  

For the description of the load process a fairly high order 

model of       coefficients was chosen. Of course the 

question arises how a lower order model affects the estimation 

accuracy. To this aim, the sampling interval is again set 

to         [s] and the number of coefficients is 

successively reduced from     to   .  

The filter is initialized as before and run for the different 

parameterizations choosing the same measurement record and 

loading as input. Figure 7 depicts the relative identification 

errors in [%] in dependence on the chosen number of 

coefficients. It is observed that, especially in case of the 

damping estimates, the filter converges to erroneous values if 

a too small number of coefficients (     ) is chosen. 

In order to evaluate the global performance of the filter for the 

different parameterizations, in Figure 8 the cumulative errors 

obtained by summing up the relative errors of the stiffness 

(left) and damping estimates (right), are given. 

At first sight it is surprising that the estimation accuracy does  

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

175



 

Figure 7. Relative estimation error for the stiffness (top) and 

damping estimates (bottom) in dependence on the number of 

load coefficients 

 

Figure 8. Cumulative relative estimation errors of the stiffness 

(left) and damping estimates (right) in dependence on the 

number of load coefficients. 

 

Figure 9. Comparison of the actual load process (σ = 1938 N) 

and the estimated AC functions in dependence on the 

considered number of load coefficients p 

not increase with increasing model order. Indeed, in case of 

the stiffness estimation a minimal error is obtained choosing 

an order of about           coefficients. It is interesting 

to note that the required order agrees with the one needed to 

approximate the PSD function accurately as shown in 4.1. 

The results of the load identification are illustrated in 

Figure 9 where the AC function of the actual load process, 

exciting the structure at the top floor, and the one calculated 

from the estimated time series by means of the H-WEKF are 

compared. It is encouraging to note, that the load is estimated 

with high accuracy even in the case     , where the 

damping estimates diverge.  

This result is important also from a computational point of 

view, as it shows that the required number of coefficient is in 

general evidently smaller than the one needed in order to 

approximate the AC function with comparable accuracy. 

5 CONCLUSIONS 

In this paper the weighted H-fractional extended Kalman filter 

for the treatment of arbitrarily correlated load processes in the 

scope of parameter identification problems was introduced.  

The system’s input was represented by means of the H-

fractional spectral moment (FSM) decomposition as output of 

a fractional differential equation with white noise as input. In 

contrast to other techniques, such as the spectral factorization 

method or ARMA models, the coefficients for the noise 

simulation are calculated in analytical form from the FSMs of 

the linear transfer function. The efficiency and accuracy of 

this method is improved by the use of the centered Grünwald 

Letnikov operator. Furthermore, a generalized state space 

representation for colored processes was developed, which 

can be given immediately, once the H-FSMs of the transfer 

function are calculated. Augmenting the state space model of 

the excited system by the linear model corresponding to the 

load process, results in an overall linear system driven by 

white noise once again to which the (weighted) extended 

Kalman filter, a commonly used algorithm for recursive 

parameter identification, can be applied. The method is 

applied for the identification of the stiffness and damping 

parameters of a three story shear building excited at the top 

floor by wind fluctuations with von Kármán velocity PSD 

function. In contrast to existing time-domain output-only 

identification methods, both the unknown parameters as well 

as the unmeasured load process exciting the structure were 

estimated accurately. 
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ABSTRACT: A Bayesian probabilistic model updating method based on modal flexibility for structural health monitoring is 

presented. Firstly, the flexibility matrices are constructed by using a sequence of identified modal data sets including modal 

frequencies and mode shapes. Then flexibility vectors are obtained by using vectorization of the lower triangular portion of the 

flexibility matrices and their covariance matrix is also calculated. The obtained flexibility vector data sets and their covariance 

matrix are incorporated into a formula of Bayesian updating and the most probable values of model stiffness parameters are 

obtained by maximizing the posterior PDF of the model parameters. The associated uncertainties are also quantified by 

calculating the covariance matrix of model parameters at the most probable values. By comparing the updated PDFs of stiffness 

parameters of the structure before and after possible damage, the probability of damage in each sub-structure can be estimated. 

The proposed method is illustrated with a numerical example. 

KEY WORDS: Bayesian model updating; modal flexibility; Structural health monitoring. 

1 INTRODUCTION 

There has been a significant amount of research effort devoted 

to vibration-based methods for structural health monitoring 

during recent years [1]. Changes in the physical properties of 

a structure result in changes in the modal properties 

(frequencies and mode shapes). Many damage detection 

methods are based on the changes in natural frequencies and 

mode shapes occurring during damage. Doebling et al. 

presented a review of the main methods for damage detection 

based on modal parameters [2]. Methods based on changes in 

natural frequencies are very attractive since this parameter can 

be determined by measurement at only one point of the 

structure [3]. However, changes in natural frequencies cannot 

provide spatial information about structural changes. Mode 

shapes which provide spatial information can be used for 

localizing the damage [4]. Nonetheless, an accurate 

characterization of these mode shapes requires measurements 

at several locations and changes in mode shapes due to 

structural damage are not very significant. 

Besides modal frequency and mode shape based methods, 

another class of damage identification methods uses the 

dynamically measured modal flexibility matrix. Damage 

identification based on modal flexibility matrix has been 

recently shown to be promising. Since an inverse relationship 

exists between the modal flexibility matrix and the square of 

the modal frequencies, the modal flexibility matrix is not 

sensitive to high frequency modes. This unique characteristic 

allows the use of a small number of truncated modes to 

construct a reasonably accurate representation of the 

flexibility matrix. Toksoy and Aktan proposed a bridge-

condition assessment method which is formulated based on 

modal flexibility for evaluating the global state of bridge 

health [5]. Pandey and Biswas employed the changes in modal 

flexibility matrix to detect damage in structures [6]. More 

recently, Bernal proposed a flexibility-based damage 

localization method termed as DLV [7]. Jaishi and Ren 

proposed a sensitivity-based finite element model updating 

method using modal flexibility residual [8].  

Damage identification techniques using modal data are 

often based on methods of model updating. A nominal 

parametric model of the structure is needed and the model 

parameters are updated by minimization of some objective 

function which reflects the errors between the measured data 

and the predictions of the model. The success of the finite 

element (FE) model updating method depends on the accuracy 

of the FE model, the quality of the modal data, the choice of 

the objective function and the capability of the optimization 

algorithm. Most model updating methods are based on a one-

stage optimization scheme. When these methods are applied 

to large-scale structures with many unknowns, ill-conditioning 

and non-uniqueness in the solution of such inverse problem 

appear as inevitable difficulties. Furthermore, a large 

computational effort is usually required. Generally speaking, 

due to the limited number of sensors and the difficulty of 

obtaining measurements for rotational DOFs and internal 

DOFs of the structure, the number of DOFs in the FE model 

usually exceeds that of the experimental model. Therefore, in 

order to solve the problem of mismatch between the DOFs of 

the FE model and those of the experimental model, model 

reduction or modal expansion is needed. In addition to the 

aforementioned concerns, accounting for measurement and 

modeling errors and uncertainties is crucial when applying FE 

model updating techniques. One possible approach to 

incorporate uncertainty regarding measurement and modeling 

errors into the FE model updating process is to adopt a 

probabilistic scheme based on Bayesian inference [9, 10]. The 

Bayesian inference approach has gained interest among 

uncertainty quantification methods in recent years, mostly 

because of its solid foundation on probability theory and its 

rigorous treatment of uncertainties. 

Bayesian model updating based on modal flexibility for structural health monitoring 

Z. Feng 1, L.S. Katafygiotis 2 

1Department of Civil and Environmental Engineering, The Hong Kong University of Science and Technology, Clear Water 

Bay, Kowloon, Hong Kong, China 
2Department of Civil and Environmental Engineering, The Hong Kong University of Science and Technology, Clear Water 

Bay, Kowloon, Hong Kong, China 

Email: zqfeng@ust.hk, lambros@ust.hk 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

178 

In this paper, a Bayesian model updating method based on 

modal flexibility is proposed. Firstly, flexibility matrices are 

constructed by using a sequence of identified modal data sets 

including modal frequencies and mode shapes. Then 

flexibility vectors are obtained by using vectorization of the 

lower triangular portion of the flexibility matrices and their 

covariance matrix is also calculated. The obtained flexibility 

vector data sets and their covariance matrix are incorporated 

into a formula of Bayesian updating and the most probable 

values of model stiffness parameters are obtained by 

maximizing the posterior PDF of the model parameters. The 

associated uncertainties are also quantified by calculating the 

covariance matrix of the model parameters at the most 

probable values. By comparing the updated PDFs of stiffness 

parameters of the structure before and after possible damage, 

the probability of damage in each sub-structure can be 

estimated. In order to facilitate the optimization problem, a 

deterministic initial updating stage is added before the 

Bayesian updating stage with the purpose of identifying an 

initial estimate of the model stiffness parameters. The initial 

estimates obtained in the preliminary updating stage can 

facilitate the optimization problem in the Bayesian updating 

stage, which makes the algorithm more efficient and robust. 

Furthermore, the SEREP model reduction technique is 

adopted to cope with the problem of mismatch between the 

DOFs of the FE model and those of the experimental model 

[11]. The proposed procedure is illustrated with a simulated 

example. 

2 MODAL FLEXIBILITY 

The generalized eigenvalue equation for a linear dynamical 

system with N degrees of freedom is: 

 K M   (1) 

where M and K are the mass and stiffness matrix; Φ is the 

eigenvector (mode shape) matrix and Λ is the diagonal 

eigenvalue matrix with squared modal frequencies .  

With the modal frequencies and the mass-normalized mode 

shapes, the stiffness matrix K and flexibility matrix F of a 

structure can be calculated by [12] 
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It can be seen from Equation (2) that the modal contribution 

of one mode to the stiffness matrix increases as the 

corresponding modal frequency increases. To obtain an 

accurate estimate of the stiffness matrix, one has to use high-

frequency modes. Contrarily, it can be seen from Equation (3) 

that the modal contribution of one mode to the flexibility 

matrix is inversely proportional to the square of the 

corresponding modal frequencies, implying that it can be 

estimated with sufficient accuracy by using a few low-

frequency modes. Therefore, the Equation (3) can be 

approximated as 
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   (4) 

where Ft is the truncated flexibility matrix and Nm is the 

number of selected lower modes. In practice, only modal 

frequencies and mode shapes of a few lower modes are 

actually obtained during vibration testing. In addition, usually 

only spatially incomplete mode shapes, comprised of the 

mode shape components corresponding to the measured DOFs, 

which are less than the analytical DOFs, are available. Let Fm 

denotes the flexibility submatrix with respect to the measured 

DOFs, Ft
m denotes the truncated flexibility submatrix, then 
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   (5) 

where 
1oNm

i R 
 ( 1,2,..., mi N ) are spatially incomplete 

mode shapes and No denotes the number of measured DOFs at 

the sensor locations. It should be noted that 
m

i is a vector 

comprised by the components of the mass-normalized i  in 

Equation (4), corresponding to the measured DOFs. 

As we known, the flexibility matrix is constructed from 

modal frequencies and mass-normalized mode shapes, so the 

key issue for the flexibility matrix construction is mass-

normalization of the experimentally identified mode shapes. 

Numerous researchers have developed various methods for 

mass normalization of the ambient vibration mode shapes. In 

the present study, the mass-normalized mode shapes are 

achieved with the aid of the finite element model (FEM). The 

mass matrix is assumed to be known with reliable confidence. 

If the measurements are complete, then the mass-

normalization is trivial. If the measurements are incomplete, 

then the mass-normalization will be completed with the aid of 

model reduction techniques. Herein, the SEREP reduction 

method is adopted for this purpose [11]. The SEREP method 

is first applied to the FEM mass matrix to obtain a reduced 

mass matrix Mm with the same dimension as the number of 

measured DOFs. Then the measured incomplete mode shape 

vectors are normalized as 

 ( )m T m mM I    (6) 

where 1 2[ , ,..., ]
m

m m m m

N    . 

3 MODEL REDUCTION 

System equivalent reduction and expansion process (SEREP) 

was proposed by O’Collahan et al. [11]. SEREP is a model 

reduction or modal expansion technique, in which the reduced 

system preserves the frequency and mode shapes of the 

original system for selected modes of interest. 

This method first partitions the mass and stiffness matrices 

as follows, 

 , 
mm ms mm msp p

sm ss sm ss

M M K K
M K

M M K K

   
    
   

 (7) 
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The subscripts m and s stand for the master (measured) and 

slave (unmeasured) DOFs, respectively. Let Φm denotes the 

retained mode shape matrix, which is a rectangular matrix of 

size No×Nm, where No is the number of master DOFs and Nm is 

the number of modes to be retained. In this method, the matrix 

(Φm)† called the pseudo-inverse of Φm needs to be computed 

to construct the SEREP transformation matrix. 

  
†

m

m

s
T

 
  

 
 (8) 

where the pseudo-inverse can be computed as 

 

1
†

1
†

( ) ( ) ( ) ,   

( ) ( ) ( ) ,   

m m T m m T

o m

m m T m m T

o m

N N

N N





       

       

 (9) 

The reduced mass matrix and stiffness matrix are then given 

by 

 ,m T p m T pM T M T K T K T   (10) 

The retained mode shape matrix can also be expanded to full 

mode shape matrix of size N×Nm using 

 
e mT    (11) 

Ignoring inherent numerical errors, this SEREP reduction 

technique usually produces identical eigenvalues to those of 

the full model and identical expanded eigenvectors to those of 

the full model. Furthermore, this method can arbitrarily select 

the modes preserved in the reduced model and the reduced 

model accuracy does not depend on the selection of master 

DOFs. 

4 INITIAL MODEL UPDATING BASED ON MODAL 

FLEXIBILITY CHANGE 

For the nominal and the updated experimental structures, the 

global stiffness and flexibility matrices will satisfy the 

following relationship 

 exp expnom nomF K F K I   (12) 

The subscripts nom and exp stand for the nominal and updated 

experimental structures, respectively. Let K and F be the 

perturbation matrices such that the nominal model matrices 

and the updated experimental model matrices are related as 

follows: 

 exp nomK K K   (13) 

 exp nomF F F   (14) 

Substituting equations (13) and (14) into (12) yields 

 expnomFK F K     (15) 

As the matrix nomK  is full rank, then Equation (15) can be 

rewritten as  

 
1

exp exp( )nom nomF F K K F KF        (16) 

Substituting Equation (14) into (16) yields 

( ) ( )nom nom nom nom nomF F F KF F KF F KF         

  (17) 

Neglecting the high-order term in Equation (17), one obtains 

 nom nomF F KF     (18) 

The stiffness perturbation matrix K  is expressed as 

 

1

N

n n

n

K K





   (19) 

Substituting Equation (19) into Equation (18), one obtains 

 C b   (20) 

where C is a matrix of size (NoNo)Nθ with (p,n) entry 

 , ( )p n nom n nom pC F K F  (21) 

and b is a vector of size (NoNo)1 with pth component 

 p pb F   (22) 

where p is a new index with p = (i,j), that corresponds to the 

(i,j) entry of the matrix. Because of the symmetry of the 

modal flexibility matrix, only upper or lower triangular matrix 

is useful. Thus the sizes of the matrix C and vector b are 

reduced to [No(No+1)/2]Nθ and [No(No+1)/2]1 

respectively. The stiffness factors  can be solved as 

 
1( )T TC C C b   (23) 

Using the above approximations, one can obtains initial 

estimate of the model parameters. 

5 BAYESIAN MODEL UPDATING BASED ON 

MEASURED MODAL FLEXIBILITY DATA 

5.1 Formulation 

Using model reduction as described in the previous section, 

the number of DOFs for the analytical model can be equal to 

the number of the measurements. For clarity, the size of 

modal flexibility matrix for the analytical model is the same 

as that for the experimental model. Because of the symmetry 

of the modal flexibility matrix, only the upper or lower 

triangular matrix is useful. Here we use the lower triangular 

modal flexibility matrix Fl for model updating. We perform 

vectorization on Fl as 

 11 21 1 ( 1), ,... ,..., , ,... ,...,
o o o o

T

N ii i i N i N Nf F F F F F F F  (24) 

The experimental data D from the structure are assumed to 

consist of Nt sets of modal flexibility vector data, 

1 2
ˆ ˆ ˆ{ , ,..., }

tND f f f . 

 ˆ ( )t tf f e   (25) 
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where f(θ) is the prediction from the analytical model and 

te is a prediction error term. The choice for the probability 

model of the prediction error is based on the maximum 

entropy principle [13] which yields a multi-dimensional 

Gaussian distribution with zero mean and covariance matrix , 

that is te ~ (0, )N  . The covariance matrix  is estimated by 

computing the sample covariance matrix of multiple modal 

flexibility data sets. Here it is computed based on Nt modal 

flexibility vector data sets as 

 

1

1 ˆ ˆ( )( )
1

TN
T

t t

tt

f f f f
N 

   

  (26) 

where f  is the averaged experimental modal flexibility 

vector. 

For the tth set of modal flexibility vector data, the likelihood 

function can be expressed as 

 
1

1

1ˆ ˆ ˆ( , ) exp [ ( )] [ ( )]
2

T

t t tp f M c f f f f   
     

 
 

  (27) 

Assuming independence between these Nt modal flexibility 

vector data sets, the likelihood function for the whole data sets 

D can be expressed as 

1

2

1

1 ˆ ˆ( , ) exp [ ( )] [ ( )]
2

tN
T

t t

t

p D M c f f f f  



 
     

 


  (28) 

Assuming a non-informative uniform distribution for the prior 

PDF p(θ), the posterior PDF ( , )p D M  can be written in a 

similar form as the likelihood function in Equation (28). 

It should be noted that if the measurements are incomplete, 

then the measured modal flexibility vector data are also 

function of the model parameters θ, ˆ
tf = ˆ ( )tf  . Since the 

model reduction transformation matrix T is dependent on the 

stiffness matrix K which is a function of model parameters θ, 

then the reduced model mass Mm in Equation (10) will be 

dependent on θ. The measured mode shapes are mass-

normalized with respect to the reduced model mass Mm. 

Therefore the measured modal flexibility matrix, which is 

constructed by measured modal frequencies and mass-

normalized mode shapes, will be dependent on θ. 

5.2 Most probable value and uncertainty 

In the case when sufficient amount of modal flexibility data 

sets are available and the incompleteness of the modal 

parameters is not significant, the model updating problem is 

usually globally identifiable. By maximizing the posterior 

PDF, the most probable stiffness parameter vector   can be 

determined. Instead of maximizing the posterior PDF, one can 

equivalently minimize the objective function 

( ) ln ( , )J p D M    to obtain the optimal (most 

probable) stiffness parameter vector  . 

 
1

1

1 ˆ ˆ( ) [ ( )] [ ( )]
2

tN
T

t t

t

J f f f f  



     (29) 

This can be done by using the built-in function “fminsearch” 

or “fminunc” in MATLAB.  

Using Laplace’s asymptotic approximation, the posterior 

PDF can be well approximated by a Gaussian distribution 

centered at the optimal (most probable) parameters   with 

covariance matrix   equal to the inverse of the Hessian of 

the function ( ) ln ( )J p D    calculated at the optimal 

parameters, i.e., 
1 1[ ( )] [ ( ) ]TH J  

  


     . This 

can be done by using finite difference. 

It should be noted that if the model is locally identifiable or 

unidentifiable, the approach presented above is not applicable 

and sampling-based approaches may be helpful to find the set 

of all optimal parameters. 

6 SUMMARY OF THE MODEL UPDATING 

PROCEDURES 

In the complete measurements case, the model updating flow 

chart is shown in Figure 1. The procedures are summarized as 

follows: 

(1) A sequence of modal frequencies and complete mode 

shapes data are identified and the mode shapes are mass 

normalized. 

(2) The modal flexibility matrices are constructed from the 

modal frequencies and mass-normalized mode shapes. Then 

the modal flexibility vectors are obtained by vectorization of 

the lower triangular portion of the modal flexibility matrices. 

The covariance matrix of the modal flexibility vectors is also 

calculated. 

(3) An initial estimate of the model parameters is obtained 

by using the deterministic model updating technique described 

in Section 4. 

(4) The modal flexibility vectors and their covariance 

matrix are incorporated in a Bayesian updating formula. The 

most probable values of the model parameters are obtained by 

maximizing the posterior PDF of the model parameters, where 

the initial guess in this optimization problem is set to be equal 

to the initial estimate of the model parameters obtained in the 

deterministic updating stage. The covariance matrix of the 

model parameters is calculated at the most probable values by 

finite differences.  
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Figure 1 Model updating with complete modal flexibility data. 

 

 

Figure 2 Model updating with incomplete modal flexibility 

data 

 

In the case of incomplete measurements, the model 

updating flow chart is shown in Figure 2. The procedures are 

summarized as follows: 

(1) A sequence of modal frequencies and incomplete mode 

shapes data are identified and the mode shapes are initially 

mass normalized with respect to the nominal reduced model 

mass. 

(2) The initial modal flexibility matrices are constructed 

from the modal frequencies and initial mass-normalized mode 

shapes. Then the initial modal flexibility vectors are obtained 

by vectorization of the lower triangular portion of the modal 

flexibility matrices. 

(3) An initial estimate of the model parameters is obtained 

by using the deterministic model updating technique described 

in Section 4. 

(4) The modal flexibility vectors and their covariance 

matrix are dependent on the updated model parameters when 

the mode shapes are incomplete. The modal frequencies and 

incomplete mode shapes data sets are directly incorporated in 

a Bayesian updating formula. The most probable values of the 

model parameters are obtained by maximizing the posterior 

PDF of the model parameters, where the initial guess in this 

optimization problem is set to be equal to the initial estimate 

of the model parameters obtained in the deterministic 

updating stage. The covariance matrix of the model 

parameters is calculated at the most probable values by finite 

differences. 

7 ILLUSTRATION EXAMPLE 

7.1 Model updating 

In this example an eight-story shear building is considered. It 

is assumed that this building has uniformly distributed floor 

mass and uniform inter-storey stiffness. The mass per floor is 

taken to be 2×104 kg, the nominal value of the inter-storey 

stiffness of each floor is 15×106 N/m. The real inter-storey 

stiffness of the second and fourth floor is assumed to have a 

reduction due to damage of 20% and 40%, respectively. For 

the simulated modal data, samples of zero-mean Gaussian 

noise with covariance matrix   were added to the exact 

modal frequencies and mode shapes. The covariance matrix 

  is assumed to be diagonal with the variances 

corresponding to 1% coefficient of variation for both the 

modal frequencies and mode shapes for all modes, a 

reasonable value for typical modal testing. The nominal 

substructure stiffness matrices are given by 

 

6

1 7

1

7 1 7 7

15 10 0

0 0
K 

 

 
  
 

 (30) 

for the first storey and 
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for other stories, i.e., l = 2, 3,…, 8.  

For the first case, complete measurements are considered, 

i.e., all the DOFs are assumed to be measured and the first 

four modes are used to construct the modal flexibility matrix 

for model updating. Figure 3 shows the identified most 

probable values of the stiffness parameters. From the figure, 

we can see that the second floor and the fourth floor have 

damages of about 20% and 40%, respectively. Table 1 shows 

the identified most probable values, the calculated standard 

deviations (SD), coefficient of variation (CV) for each 

parameter, and the value of a ‘normalized distance’ (ND) for 
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each parameter. The ‘normalized distance’ represents the 

absolute value of difference between the identified value and 

actual value, normalized with respect to the corresponding 

calculated standard deviation. From the identified results, we 

can see that the proposed method can update the model 

successfully. 

For the second case, incomplete measurements are 

considered such that the 1st, 3rd, 5th, 7th and 8th DOFs are 

measured, and the first four modes are used to construct the 

modal flexibility matrix for model updating. In order to check 

the efficacy of the model reduction technique for mode shape 

mass-normalization, the first four mode shapes of the nominal 

model are mass-normalized with respect to full model mass 

and reduced model mass, respectively. The first four mode 

shapes of the nominal model which are mass-normalized with 

respect to full model mass are shown in Table 2, while those 

mass-normalized with respect to reduced model mass are 

shown in Table 3. Comparing Table 2 with Table 3, we can 

see that they are identical, which validates the efficacy of the 

model reduction technique for mode shape mass-

normalization. Figure 4 shows the identified most probable 

values of the stiffness parameters. From the figure, we can see 

that the second floor and the fourth floor have damages of 

about 20% and 40%, respectively. Table 4 shows the 

identified most probable values, the calculated standard 

deviations (SD), coefficient of variation (CV) for each 

parameter, and the value of a ‘normalized distance’ (ND) for 

each parameter. From the identified results, we can see that 

the proposed method can update the model successfully using 

incomplete measurements. Comparing the standard deviations 

identified from complete and incomplete measurement data as 

shown in Table 1 and 4 respectively, we can see that the 

standard deviations identified from incomplete measurement 

data is larger, which indicates that larger uncertainties exist in 

the case of incomplete data. 

 

 

Figure 3 Identified most probable values of stiffness 

parameters (complete measurement) 

 

 

Figure 4 Identified most probable values of stiffness 

parameters (incomplete measurement) 

 

Table 1 Identification results of damaged structure (complete 

measurement) 

Parameter true identified SD CV ND 

θ1 0 -0.0008 0.0010 1.1935 0.8378 

θ2 -0.2 -0.1974 0.0012 0.0058 2.2761 

θ3 0 0.0024 0.0011 0.4477 2.2336 

θ4 -0.4 -0.3999 0.0007 0.0017 0.1683 

θ5 0 0.0021 0.0011 0.5347 1.8701 

θ6 0 0.0040 0.0019 0.4749 2.1059 

θ7 0 0.0028 0.0013 0.4756 2.1025 

θ8 0 -0.0002 0.0011 5.1308 0.1949 

 

Table 2 Mass-normalized mode shapes with respect to full 

model mass 

 1st mode 2nd mode 3rd mode 4th mode 

1st DOF -0.0006 -0.0018 -0.0027 0.0033 

3rd DOF -0.0018 -0.0034 -0.0012 -0.0023 

5th DOF -0.0027 -0.0012 0.0034 0.0006 

7th DOF -0.0033 0.0023 -0.0006 0.0012 

8th DOF -0.0034 0.0033 -0.0031 -0.0027 

 

Table 3 Mass-normalized mode shapes with respect to 

reduced model mass 

 1st mode 2nd mode 3rd mode 4th mode 

1st DOF -0.0006 -0.0018 -0.0027 0.0033 

3rd DOF -0.0018 -0.0034 -0.0012 -0.0023 

5th DOF -0.0027 -0.0012 0.0034 0.0006 

7th DOF -0.0033 0.0023 -0.0006 0.0012 

8th DOF -0.0034 0.0033 -0.0031 -0.0027 
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Table 4 Identification results of damaged structure 

(incomplete measurement) 

Parameter true identified SD CV ND 

θ1 0 -0.0021 0.0013 0.6182 1.6175 

θ2 -0.2 -0.1983 0.0034 0.0174 0.4877 

θ3 0 -0.0008 0.0049 5.9819 0.1672 

θ4 -0.4 -0.395 0.0023 0.0059 2.1464 

θ5 0 -0.0129 0.0052 0.4026 2.4837 

θ6 0 -0.0093 0.0064 0.684 1.4619 

θ7 0 0.0029 0.0065 2.2631 0.4419 

θ8 0 0.0015 0.0025 1.6859 0.5932 

 

7.2 Structural health monitoring 

If the Bayesian model updating approach is used to update the 

probability density function (PDF) of the stiffness parameters 

of the structural model based on the measured modal 

flexibility data corresponding to the undamaged and possibly 

damaged states, possible structural damage due to stiffness 

loss can be detected. The detection of damage is based on the 

probability that a sub-structure stiffness parameter has a 

fractional decrease compared to its value corresponding to the 

undamaged structure. 

In order to portray the damage, the identified most probable 

values and their calculated standard deviations for the 

stiffness parameters are used to find the probability that a 

given stiffness parameter n  has been reduced by certain 

fraction d compared to its value corresponding to the 

undamaged state. An asymptotic Gaussian approximation is 

used for the integrals involved to give: 
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where ( )   is the standard Gaussian cumulative distribution 

function; 
ud

n and 
pd

n denote the most probable values of the 

stiffness parameters for the undamaged and (possibly) 

damaged structure, respectively; 
ud

n and 
pd

n are the 

corresponding standard deviations of the stiffness parameters.  

The structural model used is the same as before. Incomplete 

measurements are considered such that the 1st, 3rd, 5th, 7th 

and 8th DOFs are measured, and the first four modes are used 

to construct the modal flexibility matrix for model updating. 

The stiffness parameters n (n=1,2,…,8) for the undamaged 

structure are assumed to be zero, while the 2nd and 4th stories 

are assumed to be damaged with a stiffness loss of 20% and 

40% respectively. The probabilities of damage for the eight 

stories are shown in Figure 5. It can be clearly seen that the 

second storey and the fourth storey have damage with 

probability almost unity and the mean of the damage 

percentage is 20% and 40%, respectively. 

 

 

Figure 5 Probability of damage curves 

 

8 CONCLUSION 

A Bayesian structural model updating methodology based on 

modal flexibility is presented with application to structural 

health monitoring. The proposed method is based on modal 

flexibility matrix which can be constructed from identified 

modal frequencies and mode shapes. The most probable 

values of the model stiffness parameters are obtained by 

maximizing the posterior PDF of the model parameters. The 

associated uncertainties are also quantified by calculating the 

covariance matrix of the model parameters at the most 

probable values. In order to facilitate the optimization in 

Bayesian updating, a deterministic initial updating stage is 

added before the Bayesian updating stage with the purpose of 

identifying an initial estimate of the model stiffness 

parameters. Furthermore, the SEREP model reduction 

technique is adopted to cope with the problem of mismatch 

between the DOFs of the FE model and those of the 

experimental model. The proposed approach is demonstrated 

using a numerical example, which confirms its accuracy and 

effectiveness. 
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ABSTRACT: An overview is presented of a complete Bayesian framework based on probability logic that treats system 

identification as developing a plausible set of stochastic input-output models of a dynamic system using its sensor data. The 

relative plausibility of each model in a parameterized set of system models is quantified by its posterior probability conditional 

on the data. Rather than estimating parameters to make system predictions based on a single model, Bayes’ Theorem is used to 

construct the posterior probability distribution over all models in the parameterized set. Then to perform predictive analyses that 

are robust to modeling uncertainty, the entire model set is used with the stochastic predictions of each model being weighted by 

its posterior probability in accordance with the Total Probability Theorem. Additional robustness to modeling uncertainty can be 

performed by using multiple candidate model sets to produce a combined hyper-robust prediction of the system’s response, 

where each model set contribution is weighted by its posterior probability. Computation of this posterior probability from 

Bayes’ Theorem over all candidate model sets automatically applies a quantitative Ockham’s razor that trades off a data-fit 

measure with a measure of information-theoretic complexity, which penalizes model sets that “over-fit” the data. The required 

calculations in Bayesian system identification usually involve high-dimensional integrals. Important computational tools for 

evaluating these integrals are Laplace's method of asymptotic approximation and Markov Chain Monte Carlo methods. 

KEY WORDS: Bayesian System Identification; Probability Logic; Robust Stochastic Predictions; Bayesian Ockham Razor.

1 INTRODUCTION 

System identification is the process of using experimental data 

to improve mathematical models of the behavior of a system 

such as a bridge or building subject to dynamic excitation 

caused by wind or earthquakes. The goals of such data-

informed modeling might include: providing a better 

understanding of the system’s behavior, allowing more 

accurate predictions of its future response to specified 

excitations, or to inferring its operational status by 

monitoring. A common approach to these goals is to choose a 

parameterized model of the system, either informed by 

theoretical information or by taking a general black-box 

mathematical model (e.g. ARMAX or neural network 

models), and then estimating any uncertain model parameters 

using sensor data. This parameter estimation can be 

questioned, however, because it is unrealistic to expect any 

model to be an exact representation of the system behavior 

and so one cannot expect true parameter values. Another 

difficulty is that for complex system models, often the 

estimation gives non-unique results (e.g. multiple least-

squares or maximum likelihood estimates). Furthermore, in 

order to make more robust predictions, one should explicitly 

treat the uncertain prediction error (the difference between the 

response of the real system and that of the system model), 

which will always exist because of the approximate nature of 

any system model.  

We give an overview of a Bayesian probabilistic framework 

for system identification that addresses these issues. Rather 

than finding a point estimate of a model parameter vector, 

sensor data is used in Bayes’ Theorem to construct the 

posterior probability distribution for this parameter vector 

which quantifies the relative plausibility of each of its possible 

values. By this procedure, we can learn about plausible 

models for representing the system’s behavior because each 

parameter value specifies a possible model for the system. 

2 PROBABILITY LOGIC 

A brief overview of probability logic is given because it 

provides a rigorous foundation for the Bayesian approach. In 

probability logic, the probability axioms give a multi-valued 

conditional logic for quantitative plausible reasoning that 

extends binary Boolean propositional logic to the case of 

incomplete information (Cox 1946 & 1961, Jaynes 2003). The 

probability P[b|c] is interpreted as the degree of plausibility of 

the proposition (statement) b based on the information in the 

proposition c, where c is only conditionally asserted. This 

interpretation is consistent with the Bayesian perspective that 

probability represents a degree of belief in a proposition. 

Boolean logic is then a special case where complete inform-

ation is specified in a proposition c that gives the truth or 

falsity of b, that is, P[b|c]=1 or P[b|c]=0, respectively. 

For a propositional calculus for plausible reasoning 

involving probabilities, we need to evaluate the following 

probabilities in terms of more basic ones: P[~b|c], P[a & b|c] 

and P[a or b|c], which correspond, respectively, to the degree 

of plausibility based on c that b is not true, that both a and b 

are true, and that either a or b (or both) are true. For this 

purpose, Cox (1946) postulated that universal negation, 

conjunction and disjunction functions exist but not their 

explicit mathematical form. He then used the axioms of 

Boolean logic to derive the form of these universal functions. 

The calculus for treating uncertainty due to incomplete 
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information is therefore determined by the axioms for 

complete information to within an inconsequential smooth 

invertible mapping of the unit interval (Jaynes 2003). 

Cox’s results can be stated as a minimal set of axioms for 

probability logic. For any propositions a, b, c that are not self-

contradictory:   

(i)   P[b|c] ≥ 0  

(ii)  P[~b|c] = 1− P[b|c] 

(iii) P[a&b|c] = P[a|b&c]P[b|c] 

where (ii) gives the negation function and (iii) gives the 

conjunction function (“product rule”). Using the last two 

axioms and De Morgan’s Law from Boolean logic, we get:  

P[a or b|c] = P[a|c] + P[b|c] P[a & b|c] 

which gives the disjunction function (“sum rule”). These three 

axioms also imply P[b|c] [0,1] and the Marginalization, 

Total Probability and Bayes’ Theorems (Beck 2008). 

The axioms for a probability measure P(A) on subsets A of a 

finite set X, as stated by Kolmogorov (1950) and commonly 

given in textbooks on probability theory, can be derived as a 

special case of the probability logic axioms (Beck 2008). 

Kolmogorov states the axioms for unconditional probabilities 

and then defines conditional probability in terms of 

unconditional probabilities. In probability logic, however, all 

probabilities in the axioms are inherently conditional and so 

the corresponding result is not a definition but an axiom (the 

conjunction function). Furthermore, if X denotes the set of 

possible values for an uncertain-valued variable x, then for 

any subset A of X, P(A) is interpreted as P[x A|π] where π 
denotes the proposition that states x X and specifies a 

probability model f(x) quantifying the relative plausibility of 

each value of x in X. We then call x a stochastic variable as 

opposed to calling it a random variable because the latter is an 

inappropriate name in most applications of Bayesian 

probability where there is no randomness, just our uncertainty. 

Even technically, they are different. A random variable is 

defined as a measurable function on a sample space, the set of 

all possible outcomes of a “random” experiment, whereas a 

stochastic variable is any variable whose value is uncertain 

and a probability distribution is specified over its set of 

possible values to give the relative plausibility of each value. 

If x is a continuous variable and so takes on values in an 

uncountably infinite set X (e.g. the real numbers ), then the 

probability model f(x) defined by a proposition π will be a 

PDF (probability density function) that is Lebesgue integrable 

and which gives P[x A|π]=
A

f(x)dx for appropriate subsets 

A of X. The axioms of probability can be extended to PDFs 

but one must be careful in using conditional PDFs since 

conditioning on a continuous variable requires an infinite 

amount of information to be specified and so it should be 

approached as a limit of finite information cases. This is 

source of some difficulties, such as the Borel-Kolmogorov 

paradox (Jaynes 2003). 

The probability logic axioms therefore provide a calculus 

for handling stochastic variables whose values are uncertain 

because of missing information. The axioms apply to 

quantifying the uncertainty not only in variables that 

correspond to physical quantities but also the uncertainty in 

models and model parameters. This allows robust stochastic 

predictions that account for modeling uncertainty. This is in 

contrast to the relative frequency interpretation of probability 

in Kolmogorov’s axioms which is restricted to “random” 

physical variables.  

In probability logic, probability distributions for stochastic 

variables are viewed as chosen models representing our 

uncertainty about the values of these variables and not as 

properties of nature’s “inherently random” events; indeed, the 

vague concept of inherent randomness, whose existence is 

often postulated and widely believed but cannot be proved, is 

not needed at all. Jaynes (1990) notes that the belief that 

probability distributions are real is an example of the Mind-

Projection Fallacy: models of reality are confused with 

reality. The pragmatic treatment of uncertainty in predictions 

is that it is due to missing information because of our limited 

capacity to collect or understand the relevant information, 

rather than to postulate the existence of inherent randomness. 

Regardless of one’s philosophical stance on this issue, all 

users applying probability to real systems and phenomena 

must start by choosing probability distributions as models, 

whether they are viewed as an approximation to a real 

property of, or as a quantification of our uncertainty about, a 

system or phenomenon. All the subsequent derivations and 

results are therefore conditional on the assumed initial 

probability distributions. In probability logic, a principled 

choice of these probability models can be made by applying 

Jaynes’ Principle of Maximum Information Entropy (see 

Section 3.2). 

Remark 2.1: The frequentist definition of probability as the 

relative frequency of occurrence of an “inherently random” 

event in the “long run” is not an operational one for 

establishing probability models because: (i) it involves a 

limiting process in “random” trials that is not a 

mathematically rigorous limit (one cannot express a rule for 

the n
th

 term in the “random” sequence and so it cannot be 

proved to converge); (ii) the amount of effort and time that 

would be needed to gather the necessary relative frequencies 

in trials for establishing distributions for multi-dimensional 

continuous variables is prohibitive; and (iii) although nobody 

can specify precisely what the conditions are, it assumes that 

the same underlying conditions apply from trial to trial to 

control the “randomness”, meaning there is an invisible hand 

that ensures that the long run relative frequency remains the 

same while making each outcome of a trial random.  

Remark 2.2: The motivation for the frequentist inter-

pretation of probability is the law of large numbers: if θ is the 

probability assigned to an event A occurring in a trial, and fn is 

the relative frequency that A occurs over n independent trials, 

then for all ε>0, P[|fn – θ| > ε] → 0 as n→∞, i.e. fn converges 

in probability to θ. But this result needs a prior definition of 

probability and so it cannot be used to define probability. 

Remark 2.3: There is a connection between probability and 

frequency in Bayesian probability: take a binomial probability 

model for predicting whether an event occurs or not, then the 

most probable value a posteriori of the model parameter θ that 

gives the probability of this event occurring is equal to its 

relative frequency in any finite number of trials, when all 

values of θ are equally plausible a priori. The full posterior 

distribution for θ is a beta distribution over [0,1] (Box & Tiao 

1973). 
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3 BAYESIAN SYSTEM IDENTIFICATION 

Consider the problem of predicting the output y(t) to some 

input u(t) of a real dynamic system over some finite time 

interval, using a computational model of the system. The 

model predicts the output at discrete times based on a time 

interval Δt that is chosen sufficiently small to capture the 

important dynamics of the system. Use un = u(nΔt) IN and 

yn = y(nΔt) ON to denote the real system input and output at 

time tn = nΔt, respectively, and use u0:n  = [u0
T
 u1

T
…un

T
]

T
 and 

y1:n  = [y1
T
 y2

T
…yn

T
]

T
 denote the discrete-time histories of the 

system input and output up to time tn. 

Remark 3.1: If the input is not specified or measured, a 

stochastic input model can be employed to quantify the 

uncertainty due to the missing input, as done in Section 4.3. 

3.1 Stochastic system model class 

As already noted, in modeling the I/O (input-output) behavior 

of a real system, one cannot expect any chosen deterministic 

model to make perfect predictions and the prediction errors of 

any such model will be uncertain. This motivates the 

introduction of a stochastic system model class M that consists 

of the following fundamental probability models to describe 

the uncertain I/O behavior of the system (Beck 2010): a set of 

stochastic I/O models valid for any n  {p(y1:n|u0:n,θ,M): 
pN

θ } (also called stochastic forward models) along 

with a prior probability model p(θ|M) that expresses the initial 

relative plausibility of each stochastic I/O model corres-

ponding to each value of the parameter vector θ. 

The model class is the fundamental modeling concept of the 

Bayesian framework; all the theory is simply an application of 

the probability axioms to a model class, or a set of them, for a 

dynamic system. All stochastic predictions for the system are 

therefore conditional on the chosen model class, which is why 

the conditioning on M is explicit in the notation. 

Remark 3.2: We use p(.) for a PDF of a variable but P[.] for 

a probability of a statement. 

Remark 3.3: The fundamental probability models defining 

the model class M are viewed as representing a state of 

plausible knowledge about the system conditional on the 

available incomplete information and not as inherent 

properties of the system. 

Remark 3.4: Superficially, the prior probability model is a 

probability distribution over the possible values of the model 

parameter θ but at a deeper level, it is a probability 

distribution over the set of possible stochastic I/O models 

since each value of θ defines a model in this set. 

3.2 Stochastic embedding of deterministic models 

Suppose that a parameterized continuous-time deterministic 

model has been chosen to represent the dynamic I/O behavior 

of the real system and θ PN  is used to denote the vector of 

NP uncertain-valued parameters. Converting the continuous-

time dynamic model to discrete time by using some time-

stepping algorithm (e.g. a Runge-Kutta method for a system 

of ordinary differential equations with time step Δt), we can 

express the system output as: 

0:( , ) ,   n n n n ny q u θ v                      (1) 

where we have introduced vn, the output prediction error, to 

account for the difference between the model output qn  and 

the real system output yn. Since the sequence of output 

prediction errors {vn} is inevitably uncertain, we derive a 

parameterized probability model for it by using the Principle 

of Maximum Information Entropy (Jaynes 1983): select the 

probability model that produces the most uncertainty (largest 

Shannon entropy) subject to parameterized constraints that we 

wish to impose; the selection of any other probability model 

would lead to an unjustified reduction in the amount of 

prediction uncertainty.  

The maximum-entropy probability model is conservative in 

the sense that it gives the greatest uncertainty in the 

prediction-error time history, and hence in the system-output 

time history, conditional on what one is willing to assert about 

the system. This is a very principled way of choosing a 

stochastic I/O model for a dynamic system in order to cover 

missing information about the system’s behavior. The whole 

procedure of starting with a parameterized deterministic 

dynamic model and deriving a stochastic model for the system 

I/O behavior is called stochastic embedding (Beck 2010). 

A simple choice for the joint probability model for a finite 

discrete-time history {vn} is produced by choosing the 

following two constraints during entropy maximization: (i) 

zero prediction-error mean at each time (we assume that, a 

priori, we do not expect the model to produce responses with 

a constant mean offset; if we did, we could add an uncertain 

bias to qn and include it in the model parameter vector); and 

(ii) a parameterized prediction-error variance or covariance 

matrix at each time. The maximum entropy PDF for the 

prediction error time history {vn} is then discrete-time zero-

mean Gaussian white noise. Therefore, using (1), the 

stochastic I/O model for the system output yn
ON  at 

discrete time tn that is specified by the parameter vector θ is a 

Gaussian PDF with mean equal to the model output 

qn(u0:n,θ) ON
and with a parameterized covariance matrix 

Rn(θ) O ON N  where θ now contains all model parameters: 

0: 0:( | , , ) ( ( , ), ( ))n n n n np y u θ q u θ R θM N                 (2) 

1

/2 1/2

1 1
exp ( ) ( )

2(2 ) | |o

T

n n n n nN

n

y q R y q
R

 

The fundamental probability model describing the 

stochastic I/O relation for the model class M is then the PDF 

for the system output history y1:N over N discrete times for 

specified input history u0:N and model parameter vector θ: 

1: 0: 0:

1

( | , , ) ( | , , )
N

N N n n

n

p py u θ y u θM M                 (3) 

The stochastic independence (information independence) 

exhibited here comes from the fact that no joint moments in 

time are imposed as constraints during the entropy 

maximization for {vn}. It asserts that if the prediction errors at 

certain discrete times are given, this does not influence the 

plausibility of the prediction-error values at other times. In 

addition, if there is no reason a priori to expect that the model 

output qn(u0:n,θ) will be more accurate at one degree of 

freedom compared with another, or at one time compared with 

another, then the prediction-error covariance matrix can be 

chosen as isotropic and constant: Rn(θ) = σe
2 

INo involving a 
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single uncertain parameter, the prediction-error variance σe
2
. 

This assumes that all components of qn correspond to similar 

physical quantities; otherwise, for heterogeneous data fusion, 

a diagonal but non-isotropic Rn(θ) is appropriate. 

Stochastic embedding can also be applied to a deterministic 

state-space model of the dynamics of a system. We let xn = 

x(nΔt)
Ns denote the model state at time tn and vector x0:n = 

[x0
T
 x1

 T
…xn

 T
]

T
 denote the discrete-time history of the state. 

We then represent the dynamic system using a discrete-time 

state-space model involving parameter-ized state evolution 

and output equations:  

1 1( , , ) ,   

( , , ) ,   

n n n n n

n n n n n

n

n

x f x u θ w

y g x u θ v
                     (4) 

Here, in addition to the uncertain output prediction error vn, 

we have introduced an uncertain state prediction error wn, 

which accounts for the difference between what the state xn 

should really be at time tn if we knew xn-1, un-1 and θ, and the 

prediction of it given by fn. By applying the Principle of 

Maximum Information Entropy to establish a probability 

model for the state prediction error time history {wn} as 

discrete-time zero-mean Gaussian white noise with a 

covariance matrix Qn(θ) S SN N  at each time. The prediction 

error sequences {vn} and {wn} are modeled as stochastically 

independent, meaning that knowing any one of them provides 

no information about any of the others. The parameter vector 

θ is extended to include the parameters specifying the 

structured covariance matrices Qn(θ) and Rn(θ), as well as the 

initial state vector xo if it is not known.  

The stochastic state space model in (4) then defines two 

Gaussian models describing the stochastic I/O relation for 

model class M via the state: 

1 1 1 1( | , , ) ( ( , , ), ( )),  n n n n n n np nx x u θ f x u θ Q θN  

( | , , ) ( ( , , ), ( )),  n n n n n n np ny x u θ g x u θ R θN      (5) 

Taking the product of each of these PDFs over n = 1, …, N, 

then leads to one probability model predicting the entire state 

vector discrete-time history x1:n up to time tn, conditional on 

the input history until that time, and another probability model 

predicting the system output discrete-time history y1:n up to 

time tn, conditional on both the state and input histories up to 

that time (Beck 2010). The integral over x1:n of the product of 

these two probability models gives the stochastic I/O model 

p(y1:n|u0:n,θ,M) for the model class. 

3.3 Bayesian updating for a given model class 

If sensor data DN = {
0: 1:

ˆ ˆ,N Nu z } are available where 
0:

ˆ
Nu  and 

1:
ˆ

Nz  are the measured input and system output, respectively, 

sampled at a time interval Δt (although it could be different to 

the time step in (1)), then a model can be developed to predict 

the measured system output zn at time tn = nΔt by using: 

zn = yn + en                                             (6) 

0:
ˆ( , )n nq u θ  + vn + en 

where en denotes the measurement error at time tn and (1) has 

been used (although the second equation in (4) would be used 

for a state-space model). A probability model can be chosen 

for the measurement errors {en} based on a separate study of 

the sensors, where {en} is taken independent of the prediction 

errors {vn}. This leads to a model for p(z1:N|u0:N,θ,M). If en is 

modeled as Gaussian with zero mean and covariance matrix 

En, then the PDF for zn is readily obtained from that of yn in 

Section 3.2 by replacing Rn in (3) or (5) by Rn + En. In many 

applications, en is negligible compared with vn and so it can be 

dropped and the difference between zn and yn ignored. 

The data DN can be used to update the relative plausibility 

of each stochastic I/O model p(y1:n|u0:n,θ,M), θ pN
in 

the set defined by a model class M, by computing the 

posterior PDF p(θ|DN,M) from Bayes’ Theorem: 

p(θ|DN,M) = c
-1

 p(DN|θ,M) p(θ|M)                       (7) 

where c = p(DN|M) = ∫Θ p(DN|θ,M)p(θ|M)dθ is the normalizing 

constant (called the evidence or marginal likelihood for the 

model class M given by data DN), and p(DN|θ,M), as a 

function of θ, is the likelihood function which expresses the 

probability of getting data DN based on the PDF 

p(z1:N|u0:N,θ,M) for the measured system output. (The 

likelihood function should strictly be denoted by 

p(
1: 0:

ˆ ˆ|N Nz u ,θ,M) but the notation used in (7) is common).  

Remark 3.5: Notice that y1:N denotes the predicted output 

time history of the actual system, whereas z1:N denotes the 

predicted output time history from the sensors that are 

measuring the system output history. Also, 
1:

ˆ
Nz in DN is the 

actual value of the output history z1:N from the sensors and so 

is not a stochastic variable. A similar distinction can be made 

between the input u0:N and the measured input 
0:

ˆ
Nu . 

Remark 3.6: Bayes’ Theorem and Bayesian analysis are 

named after the Reverend Thomas Bayes whose one paper on 

the subject (Bayes 1764) was published posthumously after 

the manuscript was found and submitted by his friend Richard 

Price. Laplace (1774) independently published the theorem 

for the case of uniform priors (as also assumed by Bayes) and 

continued to publish on inverse probability theory and its 

applications for many years, especially to astronomical data, 

culminating in his treatise on this topic (Laplace 1812). 

4 ROBUST PREDICTIVE ANALYSIS USING A MODEL CLASS 

A model class can be used to perform both prior (initial) and 

posterior (updated using system sensor data) robust predictive 

analyses based purely on the probability axioms 

(Papadimitriou et al. 2001, Beck and Taflanidis 2013). Prior 

robust analyses are of importance in the design of systems 

whereas posterior robust analyses can be used to improve 

predictive modeling of already operating systems, so they 

form an important part of Bayesian system identification. 

For a selected model class M, the prediction of the response 

time history y1:n for a specified input time history u0:n is given 

by the prior or posterior robust predictive PDF based on the 

Total Probability Theorem: 

1: 0: 1: 0:( | , ) ( | , , ) ( | )n n n np p p dy u y u θ θ θM M M        (8) 

1: 0: N 1: 0: N( | , , ) ( | , , ) ( | , )n n n np p p dy u D y u θ θ D θM M M  (9) 

where the posterior p(θ|DN,M) can be computed from Bayes’ 

Theorem in (7). Notice that (8) and (9) give weighted 

averages of the stochastic prediction p(y1:n|u0:n,θ,M) for each 
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model specified by pN
θ  in model class M where the 

weight is given by the prior and posterior probability, 

p(θ|M)dθ and p(θ|DN,M)dθ, respectively. 

The robust predictive models in (8) and (9) require the 

evaluation of multi-dimensional integrals over the parameter 

space that cannot usually be evaluated analytically, nor 

evaluated numerically in a straightforward way if the number 

of parameters is not very small. Nevertheless, the prior robust 

integral in (8) can usually be readily evaluated by standard 

Monte Carlo simulation where samples are drawn from an 

appropriately selected prior PDF p(θ|M). In contrast, 

evaluation of the posterior robust integral in (9) is much more 

challenging because (i) evaluation of the normalizing constant 

c in Bayes’ Theorem (7) requires a challenging high-

dimensional integration over the model parameter space; and 

(ii) the high probability content region of p(θ|DN,M) occupies 

a much smaller volume in the parameter space than that of the 

prior PDF and this region may be quite contorted because of 

the correlations between the model parameters that are 

induced by the data DN. Two useful methods to approximate 

these integrals are given next. 

4.1 Laplace’s method of asymptotic approximation 

Laplace’s method can be used to approximate the posterior 

robust integral in (9) (e.g. Beck & Katafygiotis 1991, 1998, 

Papadimitrou et al. 2001, Katafygiotis & Lam 2002, Yuen 

2010). The basic idea is to express the integrand as the 

exponential of its logarithm and expand this logarithm in a 

Taylor series about its global maximizing point(s) where the 

integrand will have sharp peaks. This method requires a non-

convex optimization to find these global maximizing points in 

what is usually a high-dimensional parameter space; this is 

computationally challenging, especially when the model class 

is not globally identifiable and so there may be multiple 

global maximizing points. 

The importance of Laplace’s asymptotic approximation is 

that it provides a justification for the common practice of 

parameter estimation where just one optimal I/O model in the 

model class is selected, provided the model class is globally 

identifiable (there is a unique maximum likelihood estimate 

based on the data) and the amount of data is not too small. 

Applied to the integral in (9), it gives: 

1: 0: N 1: 0:
ˆ( | , , ) ( | , , )n n n np py u D y u θM M  

where θ̂  is either the MLE (maximum likelihood estimate) or 

MAP (maximum a priori estimate) for the model class that 

maximize p(DN|θ,M)) or p(θ|DN,M)), respectively. 

Remark 4.1: Laplace’s method can also be used to 

approximate the prior robust integral in (8) (e.g. 

Papadimitriou et al. 1997). In this case, there will not be sharp 

peaks in the integrand so the accuracy will not be as good as 

in the posterior case with a large amount of data N. 

4.2 Markov Chain Monte Carlo simulation methods  

A powerful approach for approximating the posterior robust 

integral in (9) is to use MCMC (Markov Chain Monte Carlo) 

methods (Liu 2004, Robert & Casella 2004), such as multi-

level Metropolis-Hastings algorithms with tempering or 

annealing (e.g. Beck & Au 2002, Ching & Chen 2007, Beck 

& Zuev 2013), Gibbs sampler (e.g. Ching et al. 2006), and 

Hybrid Monte Carlo (or Hamiltonian Markov Chain) 

simulation (e.g. Cheung & Beck 2009). An MCMC method is 

used to draw samples from the posterior PDF p(θ|DN,M), say 

θ
(k)

, k = 1,2,...,K, and the integral in (9) is approximated by: 

K
( )

1: 0: N 1: 0:

1

1
( | , , ) ( | , , )

K

k

n n n n

k

p py u D y u θM M    (10) 

4.3 Robust analysis of system performance 

Usually in assessing a structure’s design, the response time 

history y1:n is not directly used but instead a system 

performance measure is selected that, because of the 

modeling uncertainty, is expressed as the prior or posterior 

expected value of some performance function g(y1:n): 

1: 0: 1: 1: 0: 1:

K
( )

1:

1

E[ ( ) | , ] ( ) ( | , )

1
                          ( )

K

n n n n n n

k

n

k

p dg y u g y y u y

g y

M M

    (11) 

1: 0: N 1: 1: 0: N 1:

K
( )

1:

1

E[ ( ) | , , ] ( ) ( | , , )

1
                                ( )

K

n n n n n n

k

n

k

p dg y u D g y y u D y

g y

M M

   (12) 

where, as shown, the integrals are approximated by using 

standard MCS (Monte Carlo simulation) based on K samples 

drawn from either p(y1:n|u0:n,M) or p(y1:n|u0:n,DN,M). Substitu-

tion of (8) or (9) into (11) or (12), respectively, reveals that 

this sampling can be done by first drawing a sample θ
(k)

 from 

the prior or posterior PDF and then drawing a sample from 

p(y1:n|u0:n,θ
(k)

,M) or p(y1:n|u0:n,DN,θ
(k)

,M) for given input u0:n. 

Usually there is also uncertainty in the input u0:n (e.g.  

future wind or seismic excitation of the structure), which can 

be described by a stochastic model U that specifies a joint 

PDF p(u0:n|U) for the input discrete-time history u0:n. This 

uncertainty can be incorporated by evaluating the integral:  

1: N 1: 0: N 0: 0:E[ ( ) | , , ] E[ ( ) | , , ] ( | )n n n n np dg y D g y u D u uU M M U  

K
( )

1: 0: N

1

1
E[ ( | , , )]

K

k

n n

k

g y ) u D M           (13) 

or its prior counterpart based on (11). Here, the integral over 

all inputs u0:n defined by U is approximated using standard 

MCS where the theoretical mean of E[g(y1:n)|u0:n,DN,M] with 

respect to p(u0:n|U) in (13) is approximated by its sample 

mean based on K samples drawn from p(u0:n|U). 

In practice, the prior or posterior approximations in this 

section can be done in a single MCS run where an input 

sample 
( )

0:

k

nu  is first drawn from p(u0:n|U), then a prior or 

posterior sample θ
(k)

 is drawn, and finally, an output sample 
( )

1:

k

ny  is drawn from p(y1:n|
( )

0:

k

nu ,θ
(k)

,M) or p(y1:n|
( )

0:

k

nu ,DN,θ
(k)

,M). 

An important special case is g(y1:n)=IF(y1:n), an indicator 

function that is equal to 1 if y1:n F and 0 otherwise, where F 

is a region in the response space that corresponds to 

unsatisfactory system performance, then (13) gives the 

posterior robust failure probability P(F|U,DN,M) (Papa-

dimitriou et al. 2001). If this failure probability is very small, 

a more computationally efficient algorithm than MCS should 
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be used, such as Subset Simulation based on MCMC simu-

lation (Au & Beck 2001, 2003, Zuev et al. 2012). 

5 ROBUST PREDICTIVE ANALYSIS USING MULTIPLE MODEL 

CLASSES 

Often the system modeler must choose among a set of 

competing candidate model classes because of the uncertainty 

in which model class best represents the dynamic behavior of 

a system. The probability logic axioms then lead naturally to 

prior and posterior hyper-robust predictive models that 

combine the predictions of all model classes in this set. These 

robust predictions are especially important when calculating 

failure probabilities because for reliable systems they tend to 

be very sensitive to the particular choice of model and this 

sensitivity is alleviated by considering the integrated robust or 

hyper-robust failure probabilities (e.g. Cheung & Beck 2010, 

Beck 2010). 

If M denotes the proposition that specifies a set of candidate 

model classes {Mj: j=1,2, …,NM} that is being considered for 

a system, together with a prior probability distribution over 

this set, then the stochastic prediction of the system response 

y1:n corresponding to input u0:n is given by the prior or 

posterior hyper-robust predictive PDFs based on M and the 

Total Probability Theorem: 

1: 0: 1: 0:

1

( | , ) ( | , )P( | )
MN

n n n n j j

j

p py u y uM MM M     (14) 

1: 0: N 1: 0: N N

1

( | , , ) ( | , , )P( | , )
MN

n n n n j j

j

p py u D y u D DM MM M   (15) 

where the prior and posterior robust predictive PDFs for each 

model class Mj in (8) and (9) are weighted, respectively, by 

the chosen prior P(Mj |M) (taken as 1/NM if the model classes 

are considered equally plausible a priori) and the posterior 

computed from Bayes’ Theorem at the model class level: 

 

N

N

N

( )P( | )
P( , )

( | )

j j

j

p

p

D
D

D

|M M
M |

M
M

M
               (16) 

Here p(DN|Mj) is the evidence for Mj provided by the data DN, 

which is given by the Total Probability Theorem as: 

N N( ) ( ) ( | )j j j j j jp p p dD D θ θ θ|M | ,M M        (17) 

Remark 5.1: The posterior probability of model class Mj in 

(16) is a measure based on data DN of its plausibility relative 

to the others in the chosen set of candidate model classes 

specified by M. If we wish to have these posterior 

probabilities sum to one, then we assume that only one of the 

model classes is valid but which one is uncertain. 

5.1 Calculation of the data-based evidence for a model class 

Computation of the multi-dimensional integral in (17) for the 

evidence is nontrivial. Laplace’s method can be used when the 

model class is globally identifiable based on the available data 

DN (e.g. Beck & Yuen 2004, Beck 2010) to get: 

N( )jp D |M                                                                  (18) 

/ 2 -1/2

N
ˆ ˆ ˆ( ) ( | )(2 ) det( ( ))jN

j j j j jp pD θ θ H θ| ,M M  

where Nj is the number of model parameters (the dimension of 

the parameter space for θj) for the model class Mj and H(θj) is 

the negative of the Hessian matrix of either ln p(DN|θj,Mj) or 

[ln p(DN|θj,Mj) + ln p(θj|Mj)], depending on whether the 

parameter estimate ˆ
jθ  used in (18) is the unique MLE that 

maximizes p(DN|θj,Mj) or the MAP estimate that globally 

maximizes the posterior PDF. 

When the chosen class of models is unidentifiable based on 

the data DN so that there are multiple MLEs, only stochastic 

simulation methods are practical to calculate the model class 

evidence, such as the TMCMC method (Ching & Chen 2007) 

or the stationarity method in Cheung & Beck (2010).  

5.2 Bayesian Ockham Razor 

William of Ockham, an English monk and philosopher, 

writing in the 14
th

 century, stated the philosophy: “Pluralitas 

non est ponenda sine necessitate” (translated as “entities 

should not be multiplied unnecessarily”). This philosophy, 

later called Ockham’s razor (or Occam’s razor using his name 

in Latin), has been interpreted in the context of system 

identification as a simpler model should be preferred over a 

more complex model if it leads to comparable agreement with 

the data. Until recently, however, it was not completely clear 

how to quantify the complexity of a model, although it was 

appreciated some time ago that a comparison of the posterior 

probability of each model class automatically implements a 

quantitative version of Ockham’s razor (Gull 1988, Jefferys & 

Berger 1992, Mackay 1992).  

Two earlier attempts for this purpose are AIC (Akaike 

1974) and BIC (Schwarz 1978) which trade-off a data-fit 

measure with a measure of “complexity” proportional to the 

number of parameters: 

N N
ˆAIC( ) ln ( )j j j jp ND D θM | | ,M

1
N N 2

ˆBIC( ) ln ( ) lnj j j jp N ND D θM | | ,M  

where θ̂ is the MLE and N is the number of data-points in the 

system sensor data DN (model classes with a larger AIC or 

BIC are to be preferred because of the scaling chosen here). 

Using these simplified criteria for model assessment requires 

caution, however, because their penalty term for model class 

complexity depends only on the number of uncertain 

parameters Nj, while the correct penalty term, which can be 

deduced by taking the logarithm of the large-N asymptotic 

approximation of the evidence in (18), can differ greatly for 

two model classes with the same number of uncertain 

parameters (Muto & Beck 2008).  

Rather than using AIC and BIC to assess globally 

identifiable model classes, it is much better to approximate the 

evidence by using (18); for example, Saito and Beck (2010) 

use this approximation to determine the data-based most 

probable order of ARX models for the seismic response of a 

high-rise building in Tokyo where AIC did not give a 

maximum over the model order. 

A recent interesting information-theoretic result (Muto & 

Beck 2008, Beck 2010) shows that the evidence for Mj 

explicitly builds in a trade-off between a data-fit measure of 

the model class and an information-theoretic measure of its 

complexity which quantifies the amount of information the 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

190



model class extracts from the data DN. The result is based on 

using (7) in the expression for the log evidence in (17): 

       ln p(DN | M j)  
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where the expectations are taken with respect to the posterior 

p(θj|DN,Mj). The first term is the posterior mean of the log 

likelihood function, which is a measure of the average data-fit 

of the model class Mj, and the second term is the Kullback-

Leibler information, or relative entropy of the posterior 

relative to the prior, which is a measure of the information 

gain about Mj
 
from the data DN and is always non-negative. 

This information-theoretic result was first given by Beck and 

Yuen (2004) for the case of globally identifiable models and 

then extended to the general case by Ching et al. (2005) using 

the derivation in (19) where the model may be unidentifiable. 

If the selection of a model class is based purely on the data-

fit term in (19), which for Gaussian prediction errors is often 

well approximated by the least-squares error between the 

model output and corresponding system data, then more 

complex models will be preferred over simpler models. This, 

however, often leads to over-fitting of the data and the 

subsequent response predictions may then be unreliable since 

they depend too much on the details of the specific data used 

for the model updating.  

The importance of (19) is that it shows rigorously, without 

introducing ad-hoc concepts, that the log evidence for Mj, 

which controls the posterior probability of this model class 

according to (16), explicitly builds in a trade-off between the 

data-fit of the model class and its information-theoretic 

complexity (the amount of information the model class takes 

from the data DN). Bayesian updating at the model class level 

therefore has a built-in penalty against models that are more 

complex in this sense; this gives a deeper understanding of 

why the Bayesian Ockham razor has a built-in mechanism 

against the well-known problem of data over-fitting that 

occurs when a model is judged based only on its data-fit using 

the maximum likelihood estimates of the model parameters. 

6 CONCLUSIONS 

A powerful Bayesian probabilistic framework is available for 

treating modeling uncertainty, along with input uncertainty, 

when using dynamic models to predict structural response 

during design or operation of a structure. This framework is a 

principled one that is based solely on the probability axioms 

and Jaynes’ Principle of Maximum Information Entropy, 

which is used to construct the initial probability models. A 

key concept is a stochastic system model class which defines 

the fundamental probability models that allow both prior and 

posterior robust stochastic structural analyses to be performed. 

Such a model class can be constructed by stochastic 

embedding of any deterministic model of the structure’s 

input-output behavior. The approach is a pragmatic one that 

allows plausible reasoning about structural behavior based on 

incomplete information, without invoking the concept of 

inherent randomness 

The prior and posterior robust predictions of structural 

response not only incorporate parametric uncertainty 

(uncertainty about which model in a proposed set should be 

used to represent the structure’s input-output behavior) but 

also non-parametric uncertainty due to the existence of 

prediction errors because of the approximate nature of any 

structural model.  

Robust predictive analysis involves integrals that usually 

cannot be evaluated in a straight-forward way. Useful 

computational tools are Laplace's method of asymptotic 

approximation and various MCMC algorithms. Recent 

applications of MCMC methods for Bayesian system 

identification in structural dynamics include calculating 

posterior robust reliabilities (Beck & Au 2002), Bayesian 

updating of linear structural models using identified modal 

parameters (Ching et al. 2006, Goller et al. 2012), and 

Bayesian updating and model class assessment of various 

structural dynamics models: unidentifiable hysteretic models 

(Muto & Beck 2008), models with many uncertain parameters 

(Cheung & Beck 2009), linear state-space dynamic models 

(Beck 2010), and models of the vertical dynamics of an 

automobile on a rough road (Beck & Taflanidis 2013).  
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ABSTRACT: Ambient modal identification, commonly known as ‘operational modal analysis’, allows the modal properties of a 

structure to be identified based on ‘output-only’ measurements without knowing explicitly the loading time history. Because of 

its economy in implementation, there is an increasing number of ambient vibration tests performed with industrial applications. 

As the modal properties are frequently used for subsequent analysis or decision making it is of vital importance to quantify and 

manage their uncertainties, which can be significant because no loading information is used in the identification. One 

fundamental question of both scientific and engineering relevance is, ‘how much data do we need to achieve a specified 

accuracy in the modal parameters?’ This is by no means a simple question and one would not expect an explicit answer. 

Common sense suggests that it is related to a variety of factors such as the sensor and data acquisition hardware, the number and 

location of sensors, the environment, the nature of the mode of interest, etc. This paper gives a fundamental answer to this 

question via a set of ‘uncertainty laws’ for the asymptotic behavior of the posterior covariance matrix in Bayesian modal 

identification derived under typical situations of small damping and sufficiently long data duration. The uncertainty laws give 

the fundamental laws of operational modal analysis governing the accuracy that can be achieved by any method, Bayesian or 

non-Bayesian, under the same set of assumptions and data. Scientific and practical implications shall be discussed. 

KEY WORDS: Ambient modal identification, Bayesian, field test, operational modal analysis, uncertainty law. 

1 INTRODUCTION 

The ‘modal properties’ of a structure include primarily its 

natural frequencies, damping ratios and mode shapes. They 

govern the response of a structure under dynamic loads such 

as wind, earthquake and human excitations. Modal 

identification is one of the first few indispensible tasks 

demanded in structural vibration control, retrofitting or health 

monitoring projects. In principle it can be performed with data 

collected when the structure is vibrating freely (no external 

loading), under known loading, or under ambient loading 

(unknown but broad-banded). The theory and implementation 

of free vibration and forced vibration tests are well-

established [1]. The same is not true for ambient vibration 

tests, however, primarily because the quality of data cannot be 

directly controlled under field environment. Ambient 

vibration (output-only) tests have gained increasing popularity 

in both theory development and practical applications [2][3]. 

This is to a large extent attributed to its economy in 

implementation. Ambient modal identification, often called 

‘operational modal analysis’, allows the extraction of modal 

properties assuming that the vibration data is broadband 

random.  

   The identified modal properties of a structure are critical 

quantities used for subsequent analysis or decision making 

such as structural system identification, damage detection, 

vibration control design, fatigue life prediction, etc. In the 

absence of loading information and the presence of modeling 

error under operational field conditions that can hardly be 

controlled, significant uncertainties can exist in the identified 

modal properties. It is of vital importance to quantify and 

manage these uncertainties, for otherwise their subsequent use 

will result in misleading conclusions or poor design decisions.  

   Uncertainty quantification requires a proper methodology 

for assessing the remaining uncertainty associated with the 

identified modal properties for a given set of data. Uncertainty 

management looks for a set of test configuration and strategies 

to reduce the uncertainty to tolerable limits. The issues 

associated with uncertainty quantification and management 

carry both scientific and practical significance. For example, 

what are the factors that govern the identification uncertainty 

and what is the relationship? What is the minimum data 

duration to achieve a given precision in the damping ratios? 

These questions call for research into the fundamental 

quantitative relationship between the identification uncertainty 

of modal properties and test configurations. 

    In this paper we provide a fundamental answer to the above 

questions for well-separated modes under some asymptotic 

conditions, namely, small damping, sufficiently long data and 

high modal signal-to-noise ratio. These conditions are 

typically met in field testing applications of civil engineering 

structures and so the results can provide useful guidelines for 

performing ambient vibration tests. We shall first reason 

logically the context where the question should be addressed. 

We then outline the answer, referred as ‘uncertainty laws’ in 

this work. Their meaning and proper interpretation shall be 

discussed. Scientific and practical implications shall also be 

provided.  

Fundamental laws of operational modal analysis 
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2 BAYESIAN IDENTIFICATION FRAMEWORK 

Let },...,1:ˆ{ NjRn

j x  be a digital record of 

acceleration time history data at n  measured degrees of 

freedom (dofs) of a structure under ‘ambient condition’. From 

this data set we would like to identify the modal properties of 

a given mode of interest, which primarily include natural 

frequency f , damping ratio   and (incomplete or partial) 

mode shape Φ  (an n -by-1 real vector). It is assumed that the 

structure is classically damped and the mode of interest is 

‘well-separated’ from other modes, in the sense that it 

dominates the frequency response in its resonance band (see 

more later). ‘Ambient condition’ or ‘broadband excitation’ 

refers specifically to the modal excitation having a constant 

PSD in the resonance frequency band. Note that the modal 

excitation is a linear combination of the physical excitations 

applied on different parts of the structure. It is therefore more 

likely (easier to justify) to be broadband than the original 

excitation sources. Also, the modal excitation only need to be 

‘locally white’ within the resonance band rather than the 

whole sampled frequency band.  

    In the presence of uncertainties or lack of information 

associated with the measurement (channel noise, finite data 

length) and modeling assumptions (e.g., classical damping, 

ambient excitation) one should not expect to determine the 

modal properties exactly even in the presence of the data. Let 

θ  denote the set of modal parameters to be identified and D  

the measured data. Using the identification model to relate the 

data D  and the modal parameters θ , the remaining 

uncertainty associated with the modal parameters given the 

data can be quantified fundamentally in a Bayesian 

identification framework [4][5]. 

   In the absence of data, the distribution of θ  is denoted by 

)(θp , often called the ‘prior distribution’. This is not a 

universal distribution as it reflects one’s knowledge which can 

differ from one individual to another.  Acknowledging the 

data D  changes the distribution of θ  because it is now 

subjected to a conditioning on the information conveyed by 

D . This distribution is given by the conditional distribution 

)|( Dp θ , and is often called the ‘posterior distribution’ (i.e., 

given data). It fundamentally encapsulates all information that 

can be inferred on θ  from D . The mathematical dependence 

of )|( Dp θ  on θ  is non-trivial to reason from first 

principles but the Bayes’ theorem allows one to swap the role 

of θ  and D  as 

 
1)()()|()|(  DppDpDp θθθ  (1) 

The last term on the RHS does not depend on θ  and so it is 

irrelevant to the knowledge of θ . The term )|( θDp  is 

called the ‘likelihood function’, which is the most important 

term because it dictates the mechanism by which the 

information in D  can be utilized to infer θ . It turns the 

question on θ  given D  into a question on D  given θ . It 

can be (and must be) derived based on the identification 

model that relates θ  and D , which corresponds to a 

‘forward’ (rather than ‘inverse’) problem. Strictly speaking, 

all probability statements here are conditional on the model 

used to relate θ  and D  but for simplicity in notation it has 

been omitted. This should not undermine the importance of 

the model because conclusions from Bayesian analysis are as 

good as the modeling assumptions; they can be misleading 

when the assumptions are not consistent with reality.  

   For modal identification with sufficient data the posterior 

distribution has a single peak in the parameter space of θ . It 

can then be approximated by a Gaussian distribution centred 

at the most probable value (MPV) and with a covariance 

matrix. Mathematically, the MPV minimizes the NLLF 

(negative of the logarithm of the likelihood function) and the 

covariance matrix is equal to the Hessian of the NLLF at the 

MPV. The posterior uncertainty of each parameter can be 

conveniently measured in a dimensionless manner by the 

‘posterior coefficient of variation’ (c.o.v.), which is defined as 

the ratio of the posterior standard deviation to the MPV. 

Clearly, the posterior MPV and c.o.v. depend on the measured 

data. They can be obtained from the posterior distribution for 

given data. The process is primarily a computational problem 

and it has been solved efficiently, typically in a matter of 

seconds [3].  

   The posterior c.o.v. reflects precisely the remaining 

uncertainty associated with the parameter given the 

information from the measured data and under the modeling 

assumptions made. This, however, does not provide much 

insight about how the posterior c.o.v. depends on various test 

configurations because it can only be calculated ‘point-wise’ 

for a given set of data. Its exact dependence on test 

configurations and the measured data is expected to be 

extremely complicated and is unlikely to be described in a 

closed-form explicit expression. However, a recent study 

[6][7] shows that it is possible to obtain closed-form 

expressions for the leading order term of the posterior c.o.v. 

for well-separated modes and under some asymptotic 

conditions, namely, small damping, long data duration and 

high modal s/n ratio. These conditions are often encountered 

in ambient vibration tests of civil engineering structures and 

so the results can provide useful guidelines in practice. The 

main results, referred as ‘uncertainty laws’, are presented in 

the next section. Their interpretation and use shall also be 

discussed. See the original papers for a full story. 

3 UNCERTAINTY LAWS 

For a well-separated classically damped mode, small damping, 

long data duration and high modal s/n ratio, it can be shown 

rigorously that the posterior c.o.v. of the natural frequency 

( f ) and damping ratio    are asymptotically given by (‘~’ 

reads ‘asymptotic to’ or ‘to the leading order’)  
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where f  and   are respectively the natural frequency and 
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damping ratio of the mode of interest; 

 fTN dc   (4) 

is a normalized data length equal to the duration of data dT  

divided by the natural period (
1f ); and 
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are ‘data length factors’ that only depend on the ‘bandwidth 

factor’  . The latter reflects the amount of information that 

can be utilized in the data for identifying the mode of interest 

without incurring significant modeling error (see next section).  

3.1 Leading order behaviour 

The uncertainty laws in Eq. (2) and Eq. (3) are ‘asymptotic’ 

expressions in the sense that the ratio of the LHS to the RHS 

of these equations tends to 1 under the limiting conditions 

stated. To clarify, the posterior c.o.v.s of the modal 

parameters by definition depend on the data, which is 

unknown before it is obtained. However, the data does not 

appear explicitly in the uncertainty laws. This is because, as it 

turns out from the asymptotic analysis, the leading order term 

of the posterior c.o.v.s is only affected by the amount of 

information contained in the data in terms of the data length 

cN  and the bandwidth factor  , but not the details of the 

data sequence. Such details do affect the posterior c.o.v.s but 

only through the smaller order terms that have been omitted in 

the uncertainty laws as they vanish in the limit. In other words 

the expressions in these equations capture the ‘dominant’ 

behavior.  

   In the derivation of the uncertainty laws it has been assumed 

that the data used for modal identification corresponds to 

ambient vibration data of a classically damped structure 

contaminated by channel noise, where for the mode of interest 

the natural frequency is f  and the damping ratio is  . In 

other words these equations do not account for the uncertainty 

with regard to whether the identification model can be wrong. 

They only reflect the remaining uncertainty in the presence of 

the data if the identification model is correct.  

3.2 Usable information 

The uncertainty laws depend on the ‘normalized data length’ 

cN  and the ‘bandwidth factor’  . The former reflects the 

maximum amount of information available in the data for 

identifying the mode of interest. Not all the information can 

be utilized for identifying the mode, however, because the 

modal response contributes significantly only in the frequency 

band near its natural frequency. Other bands are either 

contaminated by noise, dominated by other modes or other 

unknown dynamic activities that are difficult to model. The 

practical consequence is that, in order to avoid significant 

modeling error with regard to unknown dynamics, one can 

only make use of the information in a limited band around the 

natural frequency for modal identification. The information 

that is effectively available for identifying the mode is only a 

fraction of cN  (the fraction is equal to the data length factor, 

see later). Nevertheless this does not lead to significant loss of 

information because the information contained in other non-

resonance bands is very little. In reality the value of   is 

controlled by the user and is a trade-off between the amount 

of information to be included for identification (the larger the 

better) and the risk of modeling error (the smaller the better). 

This is reflected in the data length factors in Eq. (5) and Eq. 

(6), which are monotonic increasing functions of   from 0 to 

1. The data length factor reflects the fraction of the total 

information that can be utilized for identifying the mode of 

interest. For example, one can have a long time history of data 

so that cN  is large. However, in the neighborhood of the 

natural frequency other unknown colored noise are 

contributing, such that only a small bandwidth can be used for 

identification without significant modeling error, which limits 

  and render the data length factors to be less than 1. 

3.3 Modal s/n ratio 

A scientific quantification of the modal s/n ratio, which plays 

a characteristic role on the asymptotic behavior of modal 

identification results, is given by [8] 
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eS

S
  (7) 

where S  and eS  are respectively the (constant) PSD of the 

modal excitation and channel noise in the selected bandwidth. 

Note that this modal s/n is only related to the details in the 

selected frequency band. It is not related to characteristics in 

other frequency bands which have not been used for 

identification. For the same set of data the modal s/n ratio can 

be high for one mode but low for another mode. 

   The uncertainty laws imply that when the modal s/n ratio is 

sufficiently high it does not affect the leading order behavior 

of the posterior c.o.v.s. Although not apparent from first 

glance, this is understandable because even if there is no 

channel noise there is still uncertainty arising from the 

ambient excitation which is not measured but modeled as a 

stationary stochastic process. Further reducing the channel 

noise level does not have a significant effect on reducing the 

remaining uncertainty of the natural frequency or damping 

ratio. The same argument shows that the intensity of the 

environmental excitation or the number of measured dofs has 

no leading order effect of the posterior c.o.v.s when the modal 

s/n ratio is high. 

3.4 Quality of approximation 

As mentioned in the last subsection the uncertainty laws only 

give the leading order term of the posterior c.o.v.s. Figure 1 

depicts a comparison of the posterior c.o.v. based on the 

uncertainty laws and the exact values calculated using the fast 

Bayesian algorithm [8]. The structures considered include the 

CityU footbridge (white circles, [9]), the UCLA Factor 

Building (triangles, [10]) and a super-tall building (dots, [11]). 

The points span over a variety of scenarios, covering the first 
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three fundamental modes, with data length cN  ranging from 

100 to 10000 and with bandwidth factor   ranging from 3 to 

10. Ideally if the c.o.v. values given by the uncertainty laws 

were equal to the exact values then all the points in the figure 

should lie on the dashed line. For the natural frequency ( f ), 

the uncertainty law almost coincides with the exact value. For 

the damping ratio (  ), the approximation is good except for 

high c.o.v. values. The latter correspond to those cases of very 

short data duration and/or very small bandwidth factor, which 

deviate significantly from the asymptotic conditions used for 

deriving the uncertainty laws. Nevertheless these cases are 

immaterial because their damping c.o.v. is unacceptably large; 

in such cases one simply increases the data duration to reduce 

the identification uncertainty. Further examples and details 

can be found in [7]. 
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Figure 1. Verification of uncertainty laws. Triangle – CityU 

Footbridge; white circle – UCLA Factor Building; dot – 

Supertall building 

4 PRACTICAL IMPLICATIONS 

The uncertainty laws capture fundamentally the effect of test 

configurations and they have important implications on 

performing ambient vibration tests. For small   encountered 

in applications, say, 0.5%~5%, they imply that the damping 

ratio has much larger posterior uncertainty than the natural 

frequency or mode shape, and so it is likely to govern the 

required data length. The required data length as a multiple of 

the natural period to achieve a given posterior c.o.v.   is 

given by, using Eq. (3),  

 
12 ])(2[   BNc  (8) 

To give a rule-of-thumb, consider a damping ratio of 1% and 

a bandwidth factor of 6 . The required data length is then 
2/5.27 cN , say, 

 
2

30


cN   ( 6%,1   ) (9) 

This means that 300 natural periods are required to achieve a 

moderate posterior c.o.v. of %30 ; 750 periods for 

%20 ; and 3,000 periods for %10 . The 

corresponding c.o.v.s of the natural frequency are 0.67%, 

0.27% and 0.067%, which are negligible. Smaller damping or 

bandwidth requires longer data length. 

   The value suggested in Eq. (9) is the minimum data length 

based on precision requirement and assuming good modal s/n 

ratio. In practice it will need to be traded off with other 

practical constraints. When little is known about the existence 

of a mode in a frequency band one may increase (e.g., double) 

the data duration to get a clearer picture of the spectrum for 

deciding the number of modes. There are also situations that 

limit the data duration and hence the identification precision. 

Super-tall buildings (height >300m), for example, have a 

natural period in excess of 5 seconds. Assuming 1% damping, 

it requires over 4 hours to achieve a posterior c.o.v. of 

%10 . This duration is too long that significantly 

weakens the stationarity assumption in the stochastic load and 

the time invariance assumption of modal properties, giving 

rise to modeling errors that may invalidate the formulation. 

Wind loads during typhoons can change by orders of 

magnitude in a matter of an hour. The damping ratio can 

change significantly over such period as a result of amplitude 

dependence.  In view of this, for super-tall buildings a c.o.v. 

of %30  would be a reasonable precision to aim at, 

requiring about half an hour data. This may put a limit on the 

precision of field evidence for wind effects on long-period 

structures. 

   With ambient data there is a limit to which improving the 

quality of data channel or sensor can improve the precision of 

modal parameters. When the modal s/n ratio is small, 

increasing the number of measured dofs can help reduce the 

identification uncertainty by virtue of increasing S  [7]. The 

extent to which this can be achieved depends on the mode 

shape value of the additional measured dof. When the existing 

dofs can already capture the mode with a good modal s/n 

ratio, the posterior uncertainty in the natural frequency or 

damping is insensitive to the number of measured dofs. In this 

case deploying additional sensors is not a cost-effective 

strategy to improving their precision. Of course, quite often 

the number of measured dofs is increased simply to produce a 

detailed mode shape covering more locations of the structure. 

5 CONCLUSIONS 

The uncertainty laws govern the achievable limits of precision 

in the modal properties identified from ambient vibration data. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

197 

They are derived fundamentally based on a Bayesian 

identification framework under asymptotic conditions of small 

damping, long data duration and high modal s/n ratio. The 

laws reveal that the identification precision is primarily 

related to the spectral information in the data in the resonance 

band of the mode of interest. Information or complexities in 

other bands are irrelevant. As the Bayesian approach 

processes fundamentally the usable information in the data for 

given modeling assumptions, the laws represent the lower 

limit of uncertainty that can be achieved by any method, 

including Bayesian and non-Bayesian methods. 
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First Excursion Probability Estimation for Uncertain Linear Systems Subject to
Discrete White Noise Excitation
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ABSTRACT: Estimation of first excursion probabilities is one of the most challenging problems in stochastic structural dynamics.
Hence, this contribution presents a framework for evaluating first excursion probabilities for a particular class of problems, i.e.
linear systems whose structural parameters are characterized as uncertain and which are subjected to discrete white noise excitation.
The focus of the proposed approach is on problems involving a large number of uncertain parameters associated with both excitation
and structural parameters. The sought probability is estimated using Importance Sampling (IS). The Importance Sampling density
(ISD) function associated with the uncertain parameters exploits the linearity of the problem at hand. For generating samples
distributed according to the ISD function, the so-called Sampling-Importance Resampling (SIR) is applied in combination with a
surrogate model for the spectral properties of the structure. This surrogate model is applied in order to improve numerical efficiency.
An application example comprising a FE model illustrates the advantages of the proposed approach.

KEY WORDS: First-excursion probability; Linear structural system; Stochastic excitation; Uncertain structural properties; High
dimensions; Importance Sampling; Sampling-Importance Resampling; Surrogate model.

1 INTRODUCTION

One of the most challenging problems of stochastic structural
dynamics is the assessment of first excursion probabilities,
i.e. the probability that one or more structural responses
exceed a prescribed threshold within the duration of a stochastic
excitation. This problem is particularly challenging as it
usually comprises a large number of random variables and
responses to be controlled (both in the order of thousands).
Simulation techniques provide a viable means for assessing
these probabilities [1].
For the particular case of linear structures subjected to Gaussian
loading, an efficient simulation approach has been developed
for assessing first excursion probabilities [2]. This approach
exploits the linearity between the excitation and response
to design an Importance Sampling (IS) scheme that allows
generating reliable estimates of first excursion probabilities with
as few as hundred samples of the stochastic excitation. Recently,
the latter approach has been extended in [3] in order to account
for uncertainties in structural parameters as well. In this manner,
first excursion probabilities for uncertain linear systems subject
to Gaussian loading can be assessed most efficiently.
The key aspect in the sampling scheme introduced in [3] is the
construction of a Importance Sampling density (ISD) function
associated with the uncertain structural parameters. This
ensures a low variability of the probability estimator. However,
two obstacles must be circumvented for constructing and
applying the aforementioned ISD function. First, an accurate
surrogate for the summation of probabilities of excursion at
certain specific time instants is required. Second, it is necessary
to sample from a probability distribution which is known point-
wise only. Hence, the aforementioned sampling scheme can
be applied in a restricted number of cases only, e.g. structural

models involving few uncertain structural parameters.
In view of the issues discussed above, this contribution
aims at expanding the range of application of the approach
proposed in [3] applying an efficient interpolation scheme
for approximating spectral properties (originally introduced in
[4]) along with the so-called Sampling/Importance Resampling
(SIR) [5] scheme for generating samples which are distributed
according to the aforementioned ISD associated with the
uncertain structural parameters. These enhancements allow
estimating first excursion probabilities for structural systems
subject to discrete white noise excitation (which is a particular
case of Gaussian excitation) that include a considerable number
of uncertain structural parameters. The efficiency of the
proposed approach is illustrated by means of an example.

2 PROBLEM FORMULATION

2.1 Stochastic Excitation

Assume the scalar p(t,zzz) represents the stochastic loading
acting over a structure where t denotes time and zzz a set of
random variables. In principle, vector-valued stochastic loading
could be considered as well. However, such vector-valued
representation is not pursued further for the sake of simplicity.
The stochastic load p(t,zzz) is modeled as a discrete white noise
process. Assume time is discretized at steps of length Δt, i.e.
time is discretized as tk = Δt(k − 1), k = 1, . . . ,nT , where nT

is the total number of discrete time instants (nT = T/Δt + 1).
Then, the discrete representation of the stochastic loading is:

p(tk,zzz) =

√
2πS
Δt

zk, k = 1, . . . ,nT (1)

where S is the spectral density (in units [N2s]) and zk, k =
1, . . . ,nT are independent standard Gaussian variables. The
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probability density function associated with the vector of
uncertain variables zzz is denoted as fz(zzz).

2.2 Structural Response

Consider a linear structural system which possess classical
damping subject to the stochastic loading p(t,zzz) described
above. This system is modeled using the finite element (FE)
method [6] involving a total of nD degrees of freedom. Assume
structural properties of the system are uncertain and modeled
by means of a vector of nθ random variables θθθ with associated
probability density function fθ (θθθ ). The equation of motion
associated with the structural model is:

MMM(θθθ )ẍxx(t,θθθ ,zzz)+CCC(θθθ )ẋxx(t,θθθ ,zzz)+
KKK(θθθ )xxx(t,θθθ ,zzz) = gggp(t,zzz), t ∈ [0,T ]

(2)

where xxx, ẋxx, ẍxx are the displacement, velocity and acceleration
vectors, respectively, each of dimension nD ×1; MMM, CCC and KKK are
the mass, damping and stiffness matrices of dimension nD ×nD

(each of them may depend on the uncertain structural parameters
θθθ ); and ggg is a nD×1 vector coupling the stochastic loading with
the degrees of freedom of the structure.
For design purposes, it may be of interest controlling one or
more structural responses ri, i = 1, . . . ,nR (where nR is the
number of structural responses to be controlled). In view of
the linearity of the structural system, these responses can be
calculated by means of a convolution integral.

ri(t,θθθ ,zzz) =
∫ t

0
hi(t − τ,θθθ)p(τ,zzz)dτ (3)

In the above equation, hi is the impulse response function
associated with the i-th structural response. In case the response
of interest is a linear combination of the components of the
displacement vector (i.e. ri = γγγT

i xxx), the corresponding impulse
response function is:

hi(t,θθθ ) =
nM

∑
r=1

α i
r

1
ωd,r

e−ζlωrt sin(ωd,rt) (4)

where nM is the number of modes retained for calculating
the structural response (nM ≤ nD); α i

r, r = 1, . . . ,nM, i =
1, . . . ,nR are mode factors; φφφ r, r = 1, . . . ,nM are the eigenvectors
associated with the eigenproblem of the undamped equation
of motion; ωr, r = 1, . . . ,nM are the natural frequencies of
the system; ζr, r = 1, . . . ,nM are the corresponding damping
ratios and ωd,r = ωr

√
(1− ζ 2

r ), r = 1, . . . ,n are the damped
frequencies. The mode factors are defined as:

α i
r =

γγγT
i φφφ rφφφ

T
r ggg

φφφT
r MMMφφφ r

(5)

According to the discrete representation of the stochastic
loading introduced in eq. (1), the value of the i-th response at
time tk is:

ri(tk,θθθ ,zzz) =
k

∑
l=1

εlhi(tk − tl,θθθ )
√

2πSΔtzl (6)

where εl is a coefficient depending on the numerical integration
scheme used in the evaluation of the convolution integral.

2.3 First Excursion Probability

First excursion probability (pF ) quantifies the chance that the
structural responses of interest exceed prescribed thresholds
within the duration of the stochastic loading. It is defined by
means of the following integral.

pF =
∫ ∫

I(θθθ ,zzz) fθ (θθθ) fz(zzz)dθθθdzzz (7)

In the above equation, I(·, ·) is an index function defined in terms
of the performance function g(θθθ ,zzz):

I(θθθ ,zzz) =
{

0 if g(θθθ ,zzz)> 0
1 if g(θθθ ,zzz)≤ 0

(8)

where the performance function is defined as:

g(θθθ ,zzz) = 1− max
i=1,...,nR

(
max

k=1,...,nT

(
|ri(tk,θθθ ,zzz)|

r∗i

))
(9)

where | · | denotes absolute value and r∗i , i = 1, . . . ,nR are
threshold levels.
For cases of practical interest, the integral in eq. (7) may
comprise a high number of dimensions. Moreover, the
performance function is known pointwise only. In view of these
issues, methods based on simulation arise as a feasible option
for assessing first excursion probability (see, e.g. [1]).

3 IMPORTANCE SAMPLING

3.1 General Remarks

Importance Sampling (IS) is a simulation strategy that allows
estimating small failure probabilities most efficiently. Its
key aspect is introducing an appropriate Importance Sampling
Density (ISD) function that allows drawing frequently samples
of the uncertain parameters that cause failure. This ISD function
is used in the probability integral as shown below.

pF =

∫ ∫
ω(θθθ ,zzz)I(θθθ ,zzz) fIS,θ (θθθ ) fIS,z(zzz)dθθθdzzz (10)

In the above equation fIS,θ (·) and fIS,z(·) are the ISD func-
tions associated with the uncertain structural parameters and
uncertain loading, respectively, and ω(·, ·) is a weight function
which is defined as the quotient between the probability density
function of the uncertain variables and the corresponding ISD
functions, that is:

ω(θθθ ,zzz) =
fz(zzz)

fIS,z(zzz)
fθ (θθθ)

fIS,θ (θθθ )
(11)

The probability estimate that is generated when applying IS is:

pF ≈
1
N

N

∑
v=1

ω
(
θθθ (v),zzz(v)

)
I
(
θθθ (v),zzz(v)

)
,

θθθ (v) ∼ fIS,θ (θθθ), zzz(v) ∼ fIS,z(zzz), v = 1, . . . ,N

(12)

In view of the arguments described above, it is evident that the
key issue for applying Importance Sampling is the appropriate
selection of ISD functions. In the remaining part of this section
the selection of these functions is described in detail.
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3.2 ISD Function Associated with Stochastic Loading

The estimation of first excursion probabilities for deterministic
structural systems subject to Gaussian excitation has been
studied in [2]. In fact, the ISD function introduced in
that contribution allows assessing probabilities most efficiently
within the framework of Importance Sampling. Such ISD
function takes advantage of the following issue: for a fixed
value of the structural parameters θθθ , the event Fi,k where the
i-th response exceeds its corresponding threshold level at the k-
th time instant can be characterized by means of an inequality
which is linear with respect to zzz [7]. In mathematical terms, this
ISD is defined as follows.

fIS,z(zzz/θθθ) =
fz(zzz)

P̂F(θθθ )

nR

∑
i=1

nT

∑
k=1

IFi,k (θθθ ,zzz) (13)

where fIS,z(zzz/θθθ) is the ISD function associated with the
uncertain variables zzz given a particular value of θθθ ; IFi,k(·, ·)
is and indicator function equal to 1 in case Fi,k occurs and 0
otherwise; P̂F(θθθ ) is a parameter which is equal to the summation
of the probabilities of occurrence of all events Fi,k individually
and is defined as:

P̂F(θθθ ) = 2
nR

∑
i=1

nT

∑
k=1

FG
(
−βi,k(θθθ )

)
(14)

where FG(·) is the standard Gaussian cumulative density
function and βi,k(θθθ), i = 1, . . . ,nR, k = 1, . . . ,nT are the
reliability indexes associated with the events Fi,k, see [7]. From
eq. (14) it is evident that for calculating P̂F(θθθ ), it is necessary to
determine the reliability indexes. In turn, for calculating these
indexes, the spectral properties of the structural system (natural
frequencies and mode shapes) are required [2].

3.3 ISD Function Associated with Uncertain Structural
Parameters

In [3], it is suggested to construct the ISD function related with
uncertain structural parameters such that it is proportional to
P̂F(θθθ ), i.e.:

fIS,θ (θθθ) ∝ P̂F(θθθ) fθ (θθθ ) (15)

The reason for introducing P̂F(θθθ ) in the ISD function is the
following. Numerical experience indicates the parameter P̂F(θθθ )
may vary within several orders of magnitude for different
realizations of θθθ [8]. Hence, its inclusion within the ISD
function allows generating more often samples of the uncertain
structural parameters which contribute most to the probability
integral’s mass.
The practical implementation of an ISD function proportional
to P̂F(θθθ ) may be challenging: for cases of practical interest,
the parameter P̂F(θθθ) is not known analytically but pointwise
only and its evaluation demands performing a system analysis
(calculation of natural frequencies and mode shapes). In order
to circumvent this issue, the ISD function is defined considering
a surrogate model of P̂F(θθθ ).

fIS,θ (θθθ ) =
P̂S

F(θθθ ) fθ (θθθ )
Cθ

(16)

In the last equation, P̂S
F(·) is a surrogate model of P̂F(·) and Cθ

is a constant ensuring fIS,θ (θθθ) integrates to 1. Details on how to

construct the aforementioned surrogate model are discussed in
Section 4 of this contribution.

3.4 Proposed Failure Probability Estimator

Taking into account the ISD functions introduced in eqs. (13)
and (16), it is possible to implement the IS estimator as
described in eq. (12) in order to calculate the sought probability.
However, for applying such estimator the integration constant
Cθ appearing in the ISD function of eq. (16) should be
determined first. At this stage, it is assumed Cθ is known.
Details on its calculation are described in Section 4.
The resulting estimator for the first excursion probability
(obtained replacing eqs. (13) and (16) into (12)) is:

pF ≈
Cθ
N

⎛
⎝ N

∑
v=1

P̂F

(
θθθ (v)

)

P̂S
F

(
θθθ (v)

) 1

∑nR
i=1∑

nT
k=1 IFi,k

(
θθθ (v)

)
⎞
⎠ ,

θθθ (v) ∼ fIS,θ (θθθ), zzz(v) ∼ fIS,z(zzz)

(17)

The application of the probability estimator in eq. (17)
requires generating samples of the uncertain parameters (θθθ ,zzz)
distributed according to their respective ISD functions. While
generating samples of zzz distributed according to fIS,z(zzz/θθθ) is
a straightforward procedure which is documented in [2], the
generation of samples θθθ distributed according to fIS,θ (θθθ ) can
be more challenging. Such issue is discussed in Section 4 of
this contribution.

4 IMPLEMENTATION ISSUES

4.1 Surrogate Model for P̂F(θθθ)
In order to construct a surrogate model for approximating
P̂F(θθθ ), recall that this parameter depends directly on the
reliability indexes as shown in eq. (14). In turn, these reliability
indexes depend on the spectral properties. Usually, the
determination of spectral properties is numerically demanding,
particularly for large-scale structures. Hence, the following
strategy is adopted for constructing a surrogate model of P̂F(θθθ ).
First, a surrogate model of the spectral properties is constructed
such that it allows a straightforward estimation of natural
frequencies and mode shapes for different realizations of the
uncertain structural parameters. Then, approximate reliability
indexes β S

i,k, i = 1, . . . ,nR, k = 1, . . . ,nT are determined
applying the same procedure used to calculate exact reliability
indexes except for the fact approximate spectral properties are
considered. In this manner, the surrogate model for P̂F(θθθ ) is
defined as follows.

P̂S
F(θθθ) = 2

nR

∑
i=1

nT

∑
k=1

FG
(
−β S

i,k

)
(18)

As noted from the discussion above, the construction of a
surrogate for P̂F(θθθ ) actually reduces to estimating spectral
properties in an approximate manner. To achieve this, the
scheme developed by [4] is implemented in this contribution.
This scheme combines two basic ideas: an interpolation strategy
and the application of a reduced basis. In the following, the main
aspects of this scheme are described. For a detailed explanation,
it is referred to [4].
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Assume that nM mode shapes are retained for dynamic analysis
(clearly, nM � nD). In addition, assume spectral properties
have been calculated exactly at NS support points in the space

of uncertain structural parameters. That is, ΦΦΦ
(
θθθ (s)

)
, s =

1, . . . ,NS, where ΦΦΦ(·) is a nD × nM matrix containing the mode
shapes retained for dynamic analysis while θθθ (s), s = 1, . . . ,NS

are the support points in the space of structural parameters.
The latter points can be selected using any appropriate design-
of-experiments technique. Furthermore, suppose spectral
properties are calculated also for the mean value of the uncertain
structural parameters. This mean value is represented as θθθ (0).
In summary, mode shapes are determined exactly at a total
of NS + 1 points. For determining the spectral properties for
an arbitrary realization of the uncertain structural parameters
(denoted as θθθ ∗), two steps are applied. In the first step, a rough
approximation of the mode shape matrix is computed by means
of linear interpolation. This rough approximation (denoted as
Φ̃ΦΦ(θθθ ∗)) is calculated as:

Φ̃ΦΦ(θθθ∗) =ΦΦΦ
(
θθθ (0)

)(
1−

NS

∑
s=1

ξ ∗
s

)
+

NS

∑
s=1

ξ ∗
s ΦΦΦ
(
θθθ (s)

) (19)

where ξ ∗
s are interpolation coefficients determined using, e.g.

singular value decomposition (see [4]). The second step of
the approximation scheme involves determining an improved
approximation of the mode shapes (denoted as ΦΦΦS(θθθ ∗)) based
on the rough approximation Φ̃ΦΦ(θθθ∗). This second step consists
of constructing an improved approximation which is a linear
combination of the mode shapes contained in Φ̃ΦΦ(θθθ ∗), i.e.:

ΦΦΦS(θθθ∗) = Φ̃ΦΦ(θθθ ∗)QQQ∗ (20)

where QQQ∗ is a transformation matrix of dimension nM ×nM. The
columns of this transformation matrix are the solution of the
following reduced eigenvalue/eigenvector problem [9]:

KKK∗
Rqqq∗r = MMM∗

Rqqq∗r
(
ωS

r

)2
, r = 1, . . . ,nM (21)

where ωS
r , r = 1, . . . ,nR are the approximate natural frequencies

of the structural system when structural parameters assume the
value θθθ ∗; qqq∗r is the r-th column of the transformation matrix
QQQ∗; KKK∗

R and MMM∗
R are reduced stiffness and mass matrices of

dimension nM ×nM each which are determined as shown below
[9].

KKK∗
R = Φ̃ΦΦ(θθθ ∗)T KKK (θθθ ∗)Φ̃ΦΦ(θθθ ∗) (22)

MMM∗
R = Φ̃ΦΦ(θθθ ∗)T MMM (θθθ ∗) Φ̃ΦΦ(θθθ∗) (23)

It should be noted that eq. (21) involves the solution of
an eigenvalue/eigenvector problem involving matrices of size
nM × nM. As nM � nD, the solution of this problem is
numerically much less demanding than solving the same
eigenvalue/eigenvector problem for the full structure.

4.2 Generation of Samples Distributed According to fIS,θ (θθθ )
As stated above, generating samples distributed according to
the ISD associated with the uncertain structural parameters is a

challenging task. This is due to the fact fIS,θ (θθθ) is known point-
wise only and its integration constant is (in principle) unknown.
In view of these issues, a possible approach for generating
samples of the uncertain structural parameters is the acceptance-
rejection method (see, e.g. [10]). An important feature of this
approach is that it allows generating independent, identically
distributed samples. However, numerical validation indicates
that for problems of interest, the associated rejection rates
are extremely high, thus rendering the algorithm numerically
inefficient. As an alternative to the acceptance-rejection method,
the Metropolis algorithm [11] could be applied. Although
this algorithm may achieve higher numerical efficiency than
the acceptance-rejection method, its main disadvantage is that
it produces samples that are correlated. As an alternative
to the aforementioned approaches, the so-called Sampling-
Importance Resampling (SIR) algorithm is applied here [5],
[12], [13]. The SIR algorithm may offer better numerical
efficiency when compared with the acceptance-rejection method
while producing samples of the uncertain parameters which are
(approximately) independent and identically distributed.
The steps followed in order implement the SIR algorithm are
described below.
1. Select a probability density function f ∗θ (θθθ) similar to
fIS,θ (θθθ) and for which samples can be easily drawn. In this
case, f ∗θ (θθθ ) is set equal to fθ (θθθ ).
2. Generate N∗ samples of θθθ distributed according to f ∗θ (θθθ ).
Note that the ratio N∗/N must be larger than one. In this work,
N∗/N is selected equal to 10.
3. For the N∗ samples generated in the previous step, calculate
weights which are equal to:

ω∗
(
θθθ (v)

)
=

fIS,θ

(
θθθ (v)

)
/ f ∗θ

(
θθθ (v)

)

∑N∗

v=1 fIS,θ

(
θθθ (v)

)
/ f ∗θ

(
θθθ (v)

) , v = 1, . . . ,N∗ (24)

In this particular case, the weight formula reduces to:

ω∗
(
θθθ (v)

)
=

P̂S
F

(
θθθ (v)

)

∑N∗

v=1 P̂S
F

(
θθθ (v)

) , v = 1, . . . ,N∗ (25)

4. From the pool of N∗ samples of step 2, select without
replacement N samples with probability proportional to the
weights defined at step 3. These N samples are (approximately)
distributed according to fIS,θ (θθθ ).
Note there are several variants of the SIR algorithm that have
been proposed in the literature, see e.g. [12]. Nonetheless,
all variants retain the concept of generating samples according
to a distribution which is similar to the target one and then
selecting samples according to their weights. It can be shown
that whenever f ∗θ (θθθ ) is equal to fIS,θ (θθθ ), the SIR algorithm
produces independent, identically distributed samples. For cases
where the latter two distributions are different, the algorithm can
still produce independent and identically distributed samples as
N∗/N → ∞ [5].

4.3 Estimation of Integration Constant Cθ

The calculation of the integration constant Cθ that normalizes
the ISD function proposed in eq. (16) is performed taking
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advantage of the computations carried out for applying the
SIR algorithm. This is implemented as follows. Recall the
ISD function related with the uncertain structural parameters
should integrate to 1 over the domain of the uncertain structural
parameters, i.e.:

∫
fIS,θ (θθθ )dθθθ =

∫
P̂S

F(θθθ) fθ (θθθ )
Cθ

dθθθ = 1 (26)

Hence, the integration constant Cθ is equal to:

Cθ =

∫
P̂S

F(θθθ) fθ (θθθ )dθθθ (27)

The latter integral can be evaluated approximately by means
of Monte Carlo simulation (MCS, see e.g. [10]). In fact, the
samples of the uncertain structural parameters generated at the
first stage of the SIR algorithm can be used to calculate this
integration constant. Hence, the estimate of this constant is:

Cθ ≈
1

N∗

N∗

∑
v=1

P̂S
F

(
θθθ (v)

)
, θθθ (v) ∼ fθ (θθθ), v = 1, . . . ,N∗ (28)

5 EXAMPLE

The application of the approach for assessing first excursion
probabilities discussed above is illustrated with an example
involving the simplified model of a warehouse as shown in
figure 1. The structure of the warehouse is composed of a truss
structure and four rigid columns. The truss is made of steel bars
and supports a dynamic loading modeled as a discrete white
noise process. The objective of the example is estimating the
probability that the vertical displacement of a node of interest
exceeds a prescribed threshold equal to 7× 10−3 [m] within the
duration of the stochastic loading. Both the node where the load
is applied and the node of interest are indicated in figure 1.

Figure 1. Schematic representation of a warehouse

The geometry of the truss can be described as a superposition of
identical tetrahedra whose dimensions are shown in figure 2.
The truss is modeled considering 3D bar elements. The FE
model comprises 74 nodes, 210 degrees-of-freedom (DOF) and
288 bar elements. Each bar possesses a specific weight of 78
[kN/m3] and a cross section area of 10−3 [m2]. The Young’s
modulus of the bars is modeled as an homogeneous log-normal
random field. The random field is discretized at the bar level.
Hence, the discrete random field modeling the Young’s modulus
comprises 288 elements. The properties of the random field are
characterized by an expected value of 2× 1011 [Pa], standard

(0,0,0)
(2,0,0)

(0,2,0)

(1,1,-1)

x

y
z

Figure 2. Nodal coordinates of one tetrahedron in [m]

deviation 4× 1010 [Pa] and a correlation function given by the
expression:

ρi, j = e−
d2

i, j
L2 , i, j = 1, . . . ,288 (29)

where di, j is the Euclidean distance between midpoints of
the i-th and j-th bars and L is the correlation length. In
this contribution, a correlation length L = 8 [m] is assumed.
The random field is represented using the Karhunen-Loève
expansion considering a total of 20 terms. Hence, the number
of random variables associated with uncertainty in the structural
parameters is nθ = 20.
The discrete white noise loading possesses a spectral density
S = 5× 104 [N2/s] and duration 10 [s]. In order to calculate
the structural response a time discretization Δt = 0.002 [s] is
considered. Therefore, the total number of uncertain variables
associated with the stochastic excitation is nT = 5001. Classical
modal damping is assumed for the structure, where a modal
damping of 2% is considered for all modes.
The first excursion probability is estimated following two
different approaches. The first approach consists of applying
the sampling scheme proposed in this work. In the following,
this scheme is termed as proposed approach. The second
approach comprises estimating probabilities considering the
ISD associated with stochastic loading proposed in [2] only.
That is, probability is estimated as:

pF ≈
1
N

N

∑
v=1

⎡
⎣ P̂F

(
θθθ (v)

)

∑nR
i=1∑

nT
k=1 IFi,k

(
θθθ (v),zzz(v)

)
⎤
⎦

θθθ (v) ∼ fθ (θθθ ), zzz(v) ∼ fIS,z(zzz/θθθ), v = 1, . . . ,N∗

(30)

The latter approach is termed in the following as direct
approach. Comparison of the two approaches allows assessing
the effect of applying the ISD function associated with uncertain
structural parameters.
The surrogate model for the parameter P̂F(θθθ ) is generated
considering a total of 100 samples of the uncertain structural
parameters. The number of mode shapes retained for solving
the reduced eigenvalue problem is nM = 10 (see eq. (21)).
The probability estimates generated using both the direct and
proposed approach are illustrated in figure 3 in terms of the
number of samples generated. Note the curve associated with
the proposed approach is shifted towards the right: this shift
corresponds to the number of samples required for constructing
the surrogate model of the spectral properties.
The probability estimator associated with the direct approach
presents a considerable variability. On the contrary, the
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Figure 3. Failure probability estimator as a function of number
of samples drawn

estimator associated with the proposed approach converges in
a much stable manner to the sought probability.

6 CONCLUSIONS

This paper has presented an scheme for estimating first-
excursion probabilities of uncertain linear structures subject
to discrete white noise excitation. Results obtained in the
numerical example show the advantages of including an ISD
function related with the uncertain structural parameters as
the estimator can converge with less samples to the sought
probability.
A specially interesting issue of this work is the application
of the so-called SIR algorithm. Results obtained indicate
that it is a viable approach for generating samples of a
probability distribution which is known point-wise only and
whose integration constant is unknown. Although SIR has
been used customarily in application of Bayesian statistics (see,
e.g. [5], [14]), its use within the field of structural reliability
seems less widespread. Hence, SIR appears as an interesting
alternative to other approaches such as the acceptance-rejection
method and the Metropolis algorithm.
Undoubtedly, there are several open issues related to the
approach reported in this work that should be investigated.
For example, the possibility of measuring the variability of
the probability estimate should be addressed. Similarly, the
proposed approach should be applied to other types of structures
comprising larger FE models and a high number of uncertain
structural parameters.
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ABSTRACT: The design of building structures in the limit state of failure requires predicting extreme load intensities, 
associated with very small probabilities of occurrence. Recent codes for the basis of design in structural engineering adopt for 
variable loads the Gumbel type I distribution which has no limits at either tail. An exception is in the field of earthquake 
engineering, where upper limits of the magnitude are defined according to the regional tectonic situation and the earthquake 
activity experienced in the past. The statistical methodology for analyzing the earthquake magnitude is based on the generalized 
Gumbel type III probability distribution, allowing for a limit at the upper tail. If a load leading in the design has a probability 
distribution with upper limit, the failure probability decreases according to the value of that limit. Consequently, the admissible 
maximum of the failure probability is reached at lower load levels, making the design more economic. The present contribution 
deals with the wind load effects. It considers the yearly extremes of the mean wind speed as the stochastic variable, dominating 
the wind load intensity and its structural effect. For physical reasons it seems clear, that the natural wind speed cannot be 
unlimited. Particularly exposed, windy locations, e.g. on top of mountains, clearly indicate an upper limit. The key issue is to 
identify what the value of the limit is. Analyzing the data from 168 weather stations, an upper limit could be ascertained. On this 
basis, a conservative estimate of curvature could be established. Introducing the result in the partial factor method of the 
Eurocode EN 1990, the authors revisited the partial factor of the wind load and identified a buffer in the operational failure 
probability stipulated in the code. 
 
KEY WORDS: Climatic actions; statistics of extremes; limited Gumbel probability distribution; wind actions; partial safety 
factors 

 
1 INTRODUCTION 

The code procedures refer to the Gumbel type I distribution to 
determine extreme natural hazards including wind and snow. 
Section 2 deals with an extension of the procedure resorting to 
the generalized Gumbel distribution, which includes the 
possibility of having upper or lower limits. For this 
distribution, a statistical estimation methodology, and a 
software tool referred to as ProGumbel, has been developed 
[2]. This methodology fits the generalized Gumbel 
distribution to statistical data applying the method of moments 
as well as the maximum likelihood method and order 
statistics. The software enhances an earlier version which 
referred particularly to the statistics of earthquakes. The 
motivation for this further development was to provide a 
generalized tool for a more realistic analysis of risk due to 
natural hazards. The application to extreme wind speeds is 
discussed in Section 3 as well, and the implications for 
structural risk and design wind speeds are shown in Section 4. 
The new version of the software is freely available at 
www.vgb.org/news_pro_gumbel.html.  

2 PROBABILITY DISTRIBUTIONS FOR EXTREME 
VALUES PROPOSED BY EMIL JULIUS GUMBEL  

With regard to wind statistics, the procedure generally 
adopted in structural design relies on the following three 
conventions: (1) The basic variable is the wind speed, not its 
squared value, which would relate to wind loads; (2) The 
variable is the mean wind speed averaged over 10 min, and 
not a gust speed; (3) A cumulative Gumbel Type I distribution 
is fitted to observed data of the annual maxima of the (mean) 
wind speed v.  
Gumbel [3] has proposed 3 probability distributions for rare, 
extreme events. In Fig. 1, an example of the three types has 
been plotted in a Gumbel probability format, in which the 
non-exceedence probability is plotted at a double logarithmic 
scale, the statistical variable, here the wind speed, linearly. As 
a result, the type I probability distribution is represented by a 
straight line whereas the two others are curved. The three 
distributions have a common mean value of 20 m/s and 
standard deviation of 2.5 m/s. They differ in their curvature 
parameters: τI = 0 is the linear case; τII = - 0.2 results in a 
lower bound of vmin = 12.0 m/s; and τIII  = 0.2 results in an 
upper bound of vmax = 30.9 m/s. 
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Figure 1: Three types of the generalized Gumbel cumulative 
probability distribution applied to the wind speed; curvature 

parameters τ = 0 for type I; τ < 0 for type II; τ > 0 for type III 

Considering at first the Gumbel I distribution, the probability 
P(≤v) of not exceeding a threshold v is given by 
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where µ – mean, σ - standard deviation of the annual 
extremes; E = 0,577 - the Euler number. Given the non-
exceedence probability F(v), the related speed - e.g. the 
characteristic or the design wind speed - is calculated from: 
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The result depends solely on the mean and the coefficient of 
variation, V = σ/µ. Data from 168 German weather stations 
were analyzed with sample sizes ranging from 9 to 102 yrs. 
Values of V from 0.104 to 0.264 are found with an overall 
mean of 0.146. Fig.2 shows a plot of V vs. the sample mean µ. 
A trend towards lower V as µ increases is obvious: for µ > 
25m/s the average V tends to V = 0.12. This value may be 
considered as typical for a mid-latitudes wind climate at very 
high wind speeds.  
 

Figure 2: Coefficient of variation of annual extremes of the 
10-min mean wind speed 

 

The drawback of the type I Gumbel distribution lies in the fact 
that there is no limit at the tails. The generalized Gumbel 
distributions Types II and III include this option, see ref [3]. It 
is given by  
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The functions f1 and f2 depend only on the curvature τ: 
)1(f1 τΓ +=   (4) 

2
12 f)21(f −+±= τΓ   (5) 

Γ designates the gamma function. The positive sign of f2 
applies to positive τ and vice-versa. The curvature parameter, 
τ determines the bound, see Fig. 1: For type II, with τ < 0, 
there is a lower bound but no bound at the upper tail. For type 
III with τ > 0 there is an upper bound but no lower tail bound. 
Type I corresponds to τ = 0 and is without any bounds. The 
type III distribution is appropriate to include the upper limit 
vmax in storm statistics. The probability of not exceeding the 
upper limit vmax is obviously P(≤vmax) = 1. This leads to 

0
v

ff max
21 =

−
−

σ
µ

 (6) 

giving the relation between the upper limit and the curvature 
as  

)(f
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µ
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−
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The curvature is related to the skewness γ by [2,7]: 
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where j=1 for τ > 0, j= -1 for τ < 0.  
 
The skewness γ or the skewness coefficient γk is estimated 
based on the 3rd sample moment [2,7]: 
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where 〈x〉 indicates the expected value of the parameter x. The 
estimation of 〈γk〉 has a bias due to the non-linearity of the 
relations involved. It depends not only on the sample size N 
but as well on the curvature τ. This applies also to the 
standard deviation 〈σ〉 and the curvature parameter 〈τ〉 itself. 
Bias-corrections for each parameter have been developed 
from extensive Monte Carlo (MC)-simulations and are 
implemented in the ProGumbel software. As an example, the 
bias-corrected estimation of τ could be represented as a power 
series of 〈γk〉.  

∑
=

⋅+=
5
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i
ki0corr

)N(c)N(c γτ  (10) 

where the coefficients c depend on N. Detailed information 
may be found in ref. [2]. 
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3 THE UPPER LIMIT OF STORM WIND STATICS 

Obviously, for storm or snow loads, the probability P(<0) 
must equal 0. Similarly, there are physical reasons indicating 
the existence of upper limits of the wind speed, even though it 
may not be determined in a straightforward manner. The 
prediction of very rare wind speeds is more plausible and 
realistic, if an upper limit is included. Fig 3 shows probability 
distributions of the data from five exposed sites in Germany 
on mountain peaks in Northern Germany (Brocken 
Mountain), in the Bavarian Alpes (Wendelstein), in the Black 
Forest (Feldberg) and in the German Mittelgebirge. These 
indicate clearly a positive curvature of the distribution and 
consequently an upper limit. 

 

 

Figure 3: Probability of not exceeding annual maxima of the 
wind speed at 5 exposed weather stations in Germany; from 
left: Hohenpeissenberg (998 m a.s.l.); Wendelstein (1838 m 
a.s.l.); Fichtelberg (1214 m a.s.l.); Feldberg (1493 m a.s.l.); 

Brocken Mountain (1142 m a.s.l.) 

The ProGumbel approach was implemented in order to identify 
a representative value of the curvature τ from reliable samples 
of the measured wind speed data. The results of the analysis 
are presented in Fig 4, the samples size ranging between 8 and 
102 years. In a majority of 115 out of 168 cases, a positive 
value of τ was estimated. The mean value was also positive, 
with τm = 0.079. Both results support the notion that an upper 
limit exists in the magnitude of the extreme wind speeds. If 
negative values are rejected as being impossible, and positive 
values alone are accepted, the average curvature becomes τm = 
0.160. However, the uncertainty in the range of the average is 
apparent. The estimation of the curvature parameter for 
extreme wind speed requires samples of a much larger size 
than are generally available.  

Figure 4: Estimated curvature parameters τ from 168 weather 
stations vs. sample size N 

 
In order to obtain more insight into the matter, Monte Carlo 
simulation was applied. A Gumbel type III distribution was 
selected with the following parameters: 

mean µ = 20 m/s; 

standard deviation σ = 2.5 m/s; 

curvature parameter τ = 0.15; 
corresponding upper limit vmax = 34,2 m/s. 

Three different samples extending over 50 subsequent years 
each were chosen from the simulations and the general 
Gumbel function was fitted to the data. 
 

 

Figure 5: Traces of samples with N = 50 chosen from MC-
simulations of a target distribution with positive curvature; (a) 
target; (b), (c), and (d) samples showing τ > 0, τ < 0 and τ ≅ 0  

Fig. 5 (b) to (d) displays the result: although taken from the 
same basic population with τ = 0.15, each sample displays a 
different behaviour with either zero, positive or negative 
curvature. The estimated parameters are summarized in table 
3 for comparison with the true parameters of the underlying 
target probability distribution.  
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Table 1: Estimated Gumbel parameters for various 50 years 
samples taken from an identical basic population of simulated 

wind data 

 basic 
population 

sample (b) sample (c) sample (d) 

µµµµ : 
m/s 

20  19.9 19.5 19.8 

σσσσ: 
m/s 

2.5 2.3 2.4 2.3 

ττττ 0.15 0.50 -0.20 0.0 

vmax: 
m/s 

34.2 24.3 - - 

vmin: 
m/s 

- - 12.1 - 

 
As can be seen, the mean and standard deviation compare well 
with the true values in each sample, whereas the curvature 
parameter deviates substantially from its true value. This 
confirms the results obtained from the analysis of the weather 
data, showing that the curvature is a parameter, which is 
difficult to determine within a sufficiently small confidence 
interval. This remains true even if the sample size is increased 
up to several hundred years, a value that is far beyond 
available wind data.  
The upper limit of the wind speed will become more apparent 
when the sample comprises high wind speeds. This can be 
achieved by considering the high end tail of the data. E.g., the 
extreme values out of 5 yrs. instead out of 1 yr. will focus on 
this range. This option is however limited by the available 
sample size. 
Alternatively, data from windy, exposed sites may be used. 
Therefore, the data from the exposed weather stations 
considered in fig 3 was reanalyzed. Table 2 summarizes the 
Gumbel parameters obtained from an analysis applying the 
ProGumbel software. Also included is V, the coefficient of 
variation and the maximum wind speed. The curvature τ and 
the coefficient of variation V are the only distribution 
parameters required for estimating the partial factor γW (see 
section 4). Their average values obtained from the exposed 
locations in table 4 are τ = 0.146 and V = 0.117.  
 

Table 2: Gumbel parameters for 5 exposed weather stations 
presented in fig. 3 

Location 
µµµµ σσσσ V ττττ vmax 

m/s m/s - - m/s 

Brocken 38.08 4.60 0.121 0.132 67.55 

Feldberg 28.81 2.96 0.103 0.093 55.18 

Fichtelberg 26.71 2.42 0.091 0.096 47.60 

Hohenpeissenberg 22.52 3.30 0.146 0.238 34.80 

Wendelstein 26.10 3.19 0.122 0.173 41.99 

 
Finally, a question may be raised, whether the Gumbel 
distribution fits better when plotted against the square of the 
wind speed than against the wind speed itself (or versus any 
other power of v). The Eurocode 1991-1-4 [4] relies on the 
Gumbel Type I probability function. It recommends – not 
explicitly but indirectly – to determine the parameters of the 
probability function referring to the square of the wind speed 
v2, while statistics of meteorological services refer to v. A trial 
involving actual weather data showed that this issue is not 
important, as long as the exceedence probability considered is 
not less than 0.01. However, the difference becomes larger 
when extrapolation to smaller exceedence rates is required. 
The authors have fitted the general Gumbel distribution to 
samples of annual extremes of the 10-min mean wind speed 
from 168 weather stations. The probability was plotted as a 
function of both, v and v², and the goodness of each fit was 
determined. In 153 cases it was found that the linear model 
fitted better than the quadratic. This empiric result supported 
using in the present investigation v as the independent 
variable instead of v². However, this issue deserves further 
investigation.  

 

4 THE EFFECT OF THE UPPER LIMIT ON THE 
PARTIAL FACTOR FOR WIND LOADING 

The partial safety factor γW relates the design wind load to the 
characteristic wind load. Since the wind load is proportional 
to the square of the wind speeds, the ratio of design and 
characteristic wind speeds becomes  
 

k

d
W v

v=γ  (11) 

  
The probability of exceeding the design wind speed is 
Φ(αEβ), and with the characteristic wind speed not being 
exceeded with probability 0.98, the Gumbel distribution type I 
yields the partial factor: 
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whereas the partial factor for the Gumbel type III 

distribution becomes 
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In both equations, the coefficient of variation, V, and the 
curvature τ, are the only distribution parameters required. A 
typical value is V = 0.125 and τ = 0.15 as was seen in the 
preceding section.  
The allowable limit of the probability of exceeding the design 
value of the wind load depends on the weight factor αE and 
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the reliability class chosen, i.e. the value of the reliability 
index β. The recommended value of the participation factor is 
in general αE = -0.7. A chimney may be considered as an 
example of a wind sensitive structure. For such a structure, the 
basic variables beside the wind load are the resistance, e.g. the 
tensile strength of the reinforcing bars, and the dead load 
effect. The latter has negligible dispersion and is taken into 
account as a deterministic variable represented by its mean. 
The tensile strength has smaller coefficient of variation than 
the wind load which therefore dominates the reliability 
evaluation. In order to characterize the effect of αE, a limiting 
theoretical value of αE = -1 is considered. Fig. 6 shows the 
partial factor as a function of the reliability index β with αE as 
parameter. As to be expected, the Gumbel Type I distribution 
leads to higher wind load factors than type III and the effect of 
the participation factor is also considerable. On the other 
hand, the effect of the curvature τ is small in the range of 
interest. 

 
Figure 6: Partial safety factor for wind load as a function of 

the reliability index β; for the generalized Gumbel cumulative 
probability distributions type I and type III with τ=0.15; 

participation factor αW = -1.0 for wind sensitive structures, 
αW = -0.7 for normal structures 

5 CONCLUSIONS 

The design of structures for limit states requires the prediction 
of extraordinary loads associated with very small probabilities 
of being exceeded. This problem has been considered in 
predicting the earthquake and flood effects. The relevant 
statistical methodology is based on a generalised Gumbel 
probability distribution, which allows for limits at the upper or 
lower tails. The present contribution deals with the wind load 
effects. Clearly, an upper limit of the wind speed is credible 
which influences the predicted extreme design wind load 
considerably. A Gumbel Type III probability distribution 
takes care of this issue in an appropriate manner. In case of 
the wind load the difficulty relates to the small sample sizes, 
(typically 8 to 60 years, with only one sample of 102 years). 
Such return periods are small, compared to the return periods 
of interest for the limit states, which may reach 10,000 years 
or more. As a consequence, the scatter of the estimates of the 
Gumbel curvature parameter τ is large. However, the majority 
(i.e. 70% of the wind data) has positive curvature and the 
average of all weather stations is also positive. Another 

indication is that the exposed particularly windy locations, e.g. 
on top of mountains, have a clear positive curvature. It is 
worth mentioning that, on the other hand, the two other 
parameters estimated from the samples, namely mean µ and 
standard deviation σ are stable and their confidence intervals 
are small. Alternatively for determination of the curvature, the 
highest sample values may be used in order to estimate the 
upper limit directly. On this basis the partial factor of the wind 
load has been revisited and a buffer in the operational failure 
probability can be established. 
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ABSTRACT: The present work deals with the damage identification of a historical masonry chimney located in Guimarães 

(Portugal), including a detailed survey, inspection and diagnosis. The chimney was object of a continuous monitoring campaign 

carried out to catch the evolution of the modal parameters and evaluate the success of the rehabilitation works planned after a 

lightning accident. Based on the dynamic features extracted from the OMA data, a damage identification analysis was 

performed making use of different damage identification techniques. Considering the explicit dependence of output-only power 

spectral densities on frequency contents, a spectral-based identification method was used to detect the damage. Finally, an 

appropriate localization index was defined combining evolutionary complex eigenvectors obtained from the decomposition of 

the power spectral density matrix. The results allow to conclude that the spectral-based dynamic identification method is a non-

destructive tool able to capture the global behavior of a structure and may reveal itself of great help for exploring damage at an 

early stage in historical constructions.  

KEY WORDS: Masonry chimneys; Spectral-based method; Dynamic identification; Damage detection; Damage Localization; 

Structural health monitoring. 

1 INTRODUCTION 

Any structure, whether existing or not and independently on 

the structural system and the constituting materials, may be 

subject to damage. Damage is a structural condition 

characterizing a system no longer operating in its ideal and 

sound configuration, but still functioning satisfactorily.   

Nevertheless the impairment of value, usefulness and normal 

function resulting in a construction affected by damage can be 

avoided if tools able to assess structural conditions are 

adopted. This is the case of dynamic-based damage 

identification methods, which basic assumption is the 

possibility of detecting damage starting from changes in 

modal parameters, notably eigen frequencies, mode shapes 

and damping ratios, that can be considered as ‘damage 

indicators’ since they are a function of the physical properties 

of the structure, thus any changes in physical properties (such 

as stiffness or flexibility) will cause changes in dynamic 

characteristics. It also needs to remark that vibration-based 

methods are ‘global’ techniques that give not only a 

qualitative indication of the presence of damage in a structure, 

but also provide information about its possible location, 

contributing to move forward into the subsequent task related 

to the estimation of the extent of damage.  Within this 

framework, the spectral-based identification method here 

addressed plays a major role since it is a non-destructive tool 

suitable to Operational Modal Analysis (OMA) that may 

reveal itself considerably helpful in case of masonry 

structures, especially as far as historical constructions are 

concerned. 

After a brief description of the case study in terms of 

geometrical features and materials characterization, the paper 

focuses on: a) the dynamic identification tests carried out on 

the chimney hit by a lightning before and after the 

rehabilitation works, b) the structural health monitoring 

performed during the structural intervention, c) the numerical 

analysis and the related FE Model Updating for dynamic 

calibration and, finally, d) the damage identification of the 

chimney by means of the spectral-based approach. 

Comparisons with other damage identification methods 

available in literature are also presented and the results 

obtained are widely discussed. 

2 CASE-STUDY: MASONRY CHIMNEY 

The masonry chimney object of this paper belonged to a 

former industrial complex (Errore. L'origine riferimento 

non è stata trovata.Figure 1) located in the city center of 

Guimarães, historical town in the North of Portugal. 

The structure was already monitored by the University of 

Minho between November 2010 and June 2011 and then 

subjected to a series of topographic measurements and visual 

inspections that pointed out its poor structural condition. 

Further information about this experimental campaign are 

provided in Ramos et al. Errore. L'origine riferimento non 

è stata trovata..  

 

 

Figure 1. The masonry chimney. 
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Figure 2. Openings caused by the lightening. 

 

A new phase of inspection and diagnosis was again necessary 

after the accident occurred in July 2012, when the chimney 

was hit by a lightning and the situation made worse with the 

addition of two large openings to the existing cracks (Figure 

2Errore. L'origine riferimento non è stata trovata.). In 

order to reinstate the sound condition of the chimney, in-depth 

repair works were carried out between December 2012 and 

February 2013. The intervention was preceded by a first phase 

of data collection of the structure, including geometrical and 

damage surveys, material characterization by NDTs and 

global dynamic identification by ambient vibration tests. A 

second phase of dynamic monitoring was put into practice to 

follow the evolution of the modal properties during the works 

and a last phase marked again by OMA tests was performed. 

Hereafter a more detailed description of all the phases is 

presented.  

2.1 Geometrical Survey 

The Chimney was built in brick masonry with mortar joints 

arranged along regular horizontal rows and is characterized by 

a cone frustum shape with a pipe cross-section that tapers 

upwards decreasing in diameter - from 2.93 m to 0.94 m - and 

thickness - from 0.70 m to 0.20 m. Circa 27 m in height, 

the Chimney rests on a quadrangular foundation block and 

presents a rectangular opening (about 0.90 m × 1.20 m) at the 

lower level that allowed to trigger the ‘chimney effect’ for the 

smoke dispersion of the former industrial complex. 

2.2 Damage Survey 

The last inspections highlighted the presence of two 

significant holes caused by the electrical discharge and the 

increase of the existing cracks, besides spotted spalling, 

widespread biological growth and rising humidity in the 

bottom part of the chimney (Figure 3). The two ‘new 

openings’ worsened the structural condition of the chimney 

already affected by a slight rigid rotation of the upper part of 

the chimney, a disconnection of the top of the structure with 

respect to the rest of the body, a permanent plastic 

deformation affecting the upper two thirds and a series of 

minor cracks. Urgent repair works were planned and executed 

to re-establish the chimney safety, including consolidation 

through reconstruction of damaged parts, cracks closing and 

mortar injections, chimney washing and waterproof 

protection. Details about the damage and the structural 

intervention are given in [1][1] e [3] [1]. 

x
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Figure 3. Geometrical and damage survey: west front, east 

front, sections. 

3 OMA  AND SHM 

Being the chimney already damaged, no further investigation 

was necessary to detect its presence. Nevertheless, output-

only identification techniques were used with the purpose of 

studying the dynamic response of the structure, referring to 

both the structural conditions (before and after rehabilitation 

works) in order to evaluate the efficiency of the intervention 

and catch the changes in the modal parameters due to the 

presence of damage.  

3.1 Dynamic identification before and after the 

rehabilitation works 

Before proceeding to OMA tests, a preliminary FE 

eigenvalue analysis was addressed to the choice of the 

measurements points (12), the sampling frequency (200 Hz) 

and the total sampling time (10 minutes) to set for the data 

acquisition.  
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 Figure 4. Test setups and measuring points. 

 

Keeping the transducers on the top of the chimney as 

reference, 2 test setups, 3 levels for each setup and 4 

accelerometers for each level were used (Figure 4) since it 

was necessary to measure an additional y direction,  in 

cracks 
biological  
growth 

humidity holes  spalling 
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diametrically opposed points, besides the three directions x, y 

and z in order to catch possible torsional components. 

Ambient excitations from wind and traffic were used as 

operational conditions. 

Table 1 and Table 2 summarizes the results obtained in 

terms of frequencies and damping ratios by the SSI method 

[4]. As shown, the rehabilitation works led to an overall 

increase in the frequency values of the structure (on average 

around 8%), especially as far as the higher modes are 

concerned. A significant increase of damping ratios was 

detected as well (around 123% on average).  

 

Table 1. Eigen frequencies values before and after works. 

 Before After  

Mode 

 
 

[Hz] 

CV 

[%] 

 

[Hz] 

CV 

[%] 

Δ 

[%] 

1 1.015 0.26 1.018 0.18 +0.30 

2 1.15 0.08 1.10 0.05 –4.09 

3 3.20 0.75 3.39 0.26 +5.90 

4 3.65 0.18 3.73 0.33 +2.11 

5 6.39 0.50 – – – 

6 7.32 0.24 7.79 0.21 +6.51 

7 8.81 0.05 10.29 0.03 +16.85 

8 11.40 0.07 12.51 0.32 +9.74 

9 12.31 0.22 13.37 0.38 +8.61 

10 13.93 0.19 13.53 0.28 –2.87 

Average – 0.40 – 0.23 +7.95* 

 

Table 2. Damping ratios before and after repair works. 

 Before After  

Mode 

 
 

[%] 

CV 

[%] 

 

 [%] 

CV 

[%] 

Δ 

[%] 

1 0.48 63.53 2.53 2.43 +429.6 

2 0.95 20.91 3.30 6.25 +248.3 

3 0.91 29.18 1.36 8.60 +49.43 

4 0.90 15.07 1.96 6.58 +117.6 

5 0.75 45.42 – – – 

6 0.84 39.77 1.09 10.77 +30.26 

7 0.58 9.79 0.91 24.17 +56.44 

8 1.24 31.92 1.84 1.94 +47.91 

9 1.46 16.22 1.58 24.21 +7.87 

10 2.56 33.33 2.29 39.97 - 10.62 

Average 1.21 27.31 1.87 13.88 +123.43* 

 

 

Regarding the mode shapes comparison between the two 

structural conditions, despite similarities in the mode 

configurations, it is possible to observe a weak correlation in 

terms of MAC values concerning all the modes except the 

lower ones (Figure 5). The existence of damage, especially 

referring to the two holes caused by the lightening besides all 

the cracks, is reflected in a series of local effects clearly 

deviating the response of the damaged structure from the 

monolithic (sound) behavior that characterizes the chimney 

after the works. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Experimental mode shapes and MAC values before 

and after rehabilitation works. 

 

3.2 Dynamic monitoring system 

Aiming at following the evolution of the natural frequencies 

during the consolidation works, the dynamic monitoring task 

was performed using a limited number of sensors, namely the 

four acceleration transducers placed on the top. This task was 

carried out from December 2012 to February 2013 in three 

campaigns (Table 3) and particularly attention was paid 

during the reconstruction of the masonry panels in the areas 

where the lightening caused the holes. The first six eigen 

frequencies were taken into account. As shown in Figure 6, 

significant changes mostly involved the higher natural 

frequencies, whereas the lower ones did not suffer any 

considerable changes.  
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Table 3. Series of data from the monitoring system. 

Data series From  To Number of events 

I 5-Dec-12 14-Dec-12 160 

II 18-Dec-12 22-Dec-12 73 

III 4-Jan-13 22-Jan-13 313 
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Figure 6. Structural health monitoring. 

 

Putting together all the results, it is possible to conclude that 

the presence of damage changed the dynamic behavior of the 

structure with respect to the original configuration in terms of 

damping ratios and natural frequencies, as the OMA tests 

pointed out. Particularly, the higher the modes, the higher the 

frequency shift. Considering also the data from the dynamic 

monitoring, the efficiency of the structural intervention can be 

stated: this is quite evident if one looks at the third campaign 

of data collection, when the reconstruction of masonry panels 

led to an increase of stiffness that turned into an increase of 

frequency as well. Altogether, it is possible to stress that the 

rehabilitation works were able to reinstate the chimney safety. 

 

4 DAMAGE IDENTIFICATION OF THE CHIMNEY 

The field of damage identification is very broad and 

encompasses several different methods categorized according 

to various criteria, such as the effect of damage on a structure 

or the level of damage provided. With respect to the effect of 

damage, vibration-based damage identification methods can 

be classified as linear or non linear, depending on the behavior 

assumed after the damage occurrence. Linear methods can be 

further classified as model-based and non-model-based 

methods, depending on the use of a numerical model for the 

damage identification or not. Regarding the level of damage, 

after the first classification presented by Rytter [4] in which 

four hierarchical levels of damage were established, a new 

classification with the introduction of another level (level 3) 

has been addressed more recently in [6] and [7]: 

 Detection (level 1) – the method gives a qualitative 

indication that damage might be present in the structure; 

 Localization (level 2) – the method gives information 

about the probable location of the damage; 

 Classification (level 3) – the method gives information 

about the type of damage; 

 Assessment (level 4) – the method gives an estimate of 

the size of the damage; 

 Prediction (level 5) – the method offers information about 

the safety of the structure, estimating the residual 

operating life.  

Despite the amount of papers dealing with the task of the 

damage identification have been increasing more and more 

during the last years, no method able to provide accurate 

results through all the levels mentioned above has been 

addressed [8]. In case of masonry structures, the complexity 

of both geometry and materials makes the applicability of 

VBDIMs (Vibration-based Dynamic Identification Methods) 

more complicated and even moving from level of damage 1 to 

level 2 may be hard. Nevertheless, a new global technique 

based on output-only power spectral densities is presented 

here with the purpose of catching the existence of damage in 

the masonry chimney and its possible location. Comparisons 

with other damage identification indexes available in literature 

are also addressed and discussed. 

4.1 Proposed approach and selected methods 

The proposed damage identification technique, so-called 

spectral-based method, embraces the first two levels of 

damage identification, namely detection and localization. 

Starting from the consideration that output-only power 

spectral densities strictly depend on frequency contents, this 

technique is based on an eigenvalue problem consisting of the 

following main steps: 1) construction of the Power Spectrum 

Matrix over the frequency domain; 2) decomposition of the 

matrix in eigenvalues and eigenvectors; and 3) damage 

detection and localization by means of a proper index 

obtained from the combination of the extracted parameters. 

Basically, each eigenvalue denotes the energy of the vibration 

mode at a certain frequency, whereas each eigenvector is a 

mode shape estimation corresponding to that eigenvalue [9]. 

As frequency shifts and mode shapes changes are considered 

damage indicators, the same applies to eigenvalue shifts and 

eigenvectors changes. Therefore, only eigenvalues cannot 

provide spatial information about structural damage, since 

they refer to global properties of the structure while the 

damage is a local phenomenon, thus their combination with 

the related eigenvectors become a must in order to identify 

more than damage (level 1). According to the levels of the 

damage identification process previously listed, a group of 

methods was selected with the purpose of comparing the 

proposed approach and validate its reliability:  

 The Unified Significance Indicator (USI); 

 The COMAC values; 

 The Parameter Method (PM); 

 The Mode Shape Curvature Method (MSCM); 

 The Sum of all Curvature Errors method (SCE); 

 The Changes in Flexibility Matrix method (CFM). 

The expressions of each method are briefly reported in the 

table below. Detailed description and comparison are 

presented elsewhere [10]. 

Modal curvatures were numerically calculated from the mode 

shapes by the central difference theorem, or the second order 

approximation, as: 

 2
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where L is the distance between the points i and i+1. 
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Table 4. List of selected damage identification methods. 
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In order to compute the CFM index, mass-scaled mode shapes 

were necessary. As the system identification was performed 

by output-only techniques and the input was unknown, 

the following scaling factor suggested in [11] was applied to 

scale the modes: 




M
T

1
 (2)  

 

It should be stressed that the construction of the mass matrix 

used to compute the scaling factors was obtained based on the 

assumption of lumped masses in order to simplify and speed 

up the damage analysis process. So the scaled and un-scaled 

mode shapes are related by the equation: 

  (3)  
 

4.2 Spectral-based damage identification technique 

Using direct and cross spectra of output signals as primary 

data, a N order square matrix SX (where N denotes the number 

of measured DOFs) was built and decomposed [12] by solving 

the following eigenvalue problem: 

        T

XXXX
ΨΛΨS

 
(4) 

 

in which X () is a diagonal matrix containing real positive 

singular values in descending order and X () is a complex 

matrix including singular vectors as columns. 

The diagonalisation of the spectral density matrix, namely the 

eigenvalues plotting, yields the eigenfrequencies as local 

maxima and allows to detect even closely spaced modes, since 

more than one singular value can reach a local maximum 

around the close eigenfrequencies. Regarding the case-study 

object of this paper, a [1515] square matrix was computed in 

MATLAB [13] taking into account both x and z directions 

outputs for the North-side (5 measurement points) and the 

only y direction for the South-side (5 measurement points), 

so that all the three directions could be considered. Figure 7 

and Figure 8 show the eigenvalues plotting obtained from the 

spectrum-driven method and their comparison with the values 

from the SSI-PC, respectively.  

 

 

0 5 10 15
0

1

2

3

4

5
x 10

-7

X: 1.018

Y: 4.958e-007

Singular Value Decomposition - Damaged Condition

Frequency (Hz)

X: 1.152

Y: 3.52e-007

X: 3.215

Y: 4.01e-008
X: 8.772

Y: 3.423e-008

X: 11.49

Y: 4.085e-008
X: 12.29

Y: 2.755e-008

X: 13.92

Y: 5.118e-008
X: 7.288

Y: 1.282e-008

 

 

X: 3.653

Y: 2.832e-008
S

V
D

X: 6.407

Y: 2.029e-008

ch9x

ch13y

ch9z

ch17x

ch21y

ch17z

ch25x

ch29y

ch25z

ch33x

ch37y

ch33z

ch41x

ch45y

ch41z

 

 

0 5 10 15
0

0.2

0.4

0.6

0.8

1

1.2

1.4
x 10

-6

X: 1.021

Y: 1.083e-006

Singular Value Decomposition - Undamaged Condition

Frequency (Hz)

S
V

D

X: 1.079

Y: 1.379e-006

X: 3.366

Y: 1.139e-007

X: 3.752

Y: 1.147e-007 X: 7.828

Y: 5.02e-008

X: 10.32

Y: 1.205e-007 X: 13.55

Y: 4.035e-008

X: 12.49

Y: 3.942e-008

X: 13.32

Y: 6.93e-008

 

Figure 7. Eigenvalues plotting for damaged (before) and 

undamaged (after) conditions. 

 

 

   
 

Figure 8. Comparison between PSM and SSI-PC methods. 

 

As highlighted in Table 5, the maximum percentage error 

between the resonant frequencies values is lower than 0.8% 

(except for mode 2 in the undamaged condition), so it is 

stressed that the results are highly accurate. The frequency 

shift concerning the higher modes and already pointed out in 

the previous section is perfectly caught as well and it proves 

to be a qualitatively indicator in the damage identification 

analysis. 
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Table 5. Dynamic identification before and after 

rehabilitation works: eigenvalues vs. eigenfrequencies. 

 Before After 

Mode 

 
d,psm 

[Hz] 

d,ssi 

[Hz] 

Δ 

[%] 

u,psm 

[Hz] 

u,ssi 

[Hz] 

Δ 

[%] 

1 1.018 1.015 0.29 1.021 1.018 0.29 

2 1.15 1.15 0.17 1.08 1.10 –1.82 

3 3.21 3.20 0.31 3.37 3.39 –0.58 

4 3.65 3.65 0.08 3.75 3.73 0.54 

5 6.41 6.39 0.31 – – – 

6 7.29 7.32 –0.41 7.83 7.79 0.51 

7 8.77 8.81 0.45 10.32 10.29 0.29 

8 11.49 11.40 0.79 12.49 12.51 –0.16 

9 12.29 12.31 –0.16 13.32 13.37 –0.37 

10 13.92 13.93 –0.07 13.55 13.53 +0.15 

 

In order to move to a Level 2 identification and since the 

limited feasibility of using exclusively frequency changes for 

damage localization, every singular vector corresponding to a 

non-zero singular value was also taken into consideration 

leading to the definition of the following damage index, then 

applied to the case-study: 
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ψψ  (5) 

where  denotes the eigenvector amplified by its related 

eigenvalue  over the whole frequency domain, m the 

frequency range, n the mode number and upper scripts d, u 

denote damaged and undamaged conditions, respectively. 

Basically, the index consists of the difference between 

spectral modes directly obtained from nodal time-histories 

responses. Unlike the eigenvalues, the eigenvectors are much 

more sensitive to structural local-damage as they are function 

of location coordinates. For this reason, two different spectral 

matrices were built so that both the responses along the planes 

x-z and y-z could be investigated: a [5×5] square matrix with 

outputs spectra  in x direction and a [55] square matrix with 

outputs spectra  in y direction. Figure 9 shows the DOFs 

investigated in each direction and the results obtained in terms 

of localization. 
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Figure 9. Damage localization in the chimney by PSM. 

 

The bar graphs clearly indicate the presence of damage in 

nodes 1 and 4 that are exactly the nodes closest to the parts of 

the chimney most affected by the damage. Node 1 is located 

near the severe openings caused by the lightening and node 4 

is located where both the disconnection and rigid rotation 

affecting the upper part of the chimney begin. In the former 

case, the damage altered the structural behavior in the x-z 

plane, whereas in the latter case the dynamic response varied 

in the y-z plane.  

4.3 Comparison with other damage identification methods 

With the purpose of evaluate accuracy and reliability of the 

spectral-based method, comparisons with the damage 

identification methods presented in the previous section are 

addressed.  

The first method applied was the USI, a statistical analysis 

method providing a sensitive indicator of structural damage 

based on frequencies shifts and estimated standard deviations 

[14]. A similar significance indicator defined for estimated 

damping ratios was also computed. Because of the presence of 

only one damage scenario, the sum of all the frequency and 

damping significance indicators over the measured modes to 

get a unified indicator was not possible. Therefore SI values 

were calculated for each single mode and the presence of 

damage was clearly identified from the frequency shifts 

(Figure 9). Being a Level 1 damage identification method, 

no additional information regarding the possible location of 

the damage was provided. 

-100

0

100

200

300

0 1 2 3 4 5 6 7 8 9 10

SI
 v

al
u

e
s

Modes

Significance Indicator

SI [freq]

SI [damp]

 
Figure 10. Damage detection by Significance Indicators. 

 

Concerning the other non-model based methods (Levels 2 

and 3), all the indexes were computed taking into account the 

responses in x and y directions separately. Figure 11 shows the 

results obtained in terms of damage location making use of x 

direction outputs. From the comparison with the undamaged 

configuration, it is possible to draw the following conclusions: 

 the COMAC values for modal displacements pinpoints 

the presence of damage at position 1, whereas the 

COMAC for modal curvatures at positions 1 and 5; 

 the SCE indicates the first node as possible damage 

location; 

 the DIM shows no accurate results, but positions 1 and 2 

seem the most affected; 

 the PM for both modal displacements and curvatures 

identifies possible damage locations in the upper part of 

the chimney (nodes 4 and 5) and so do the MSCM; 

 the CFM for modal curvatures highlights the presence of 

damage in node 5, while the CFM for modal 

displacements in nodes 3 and 4. 

x direction 

y direction 
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Figure 11. Damage localization by non-model based methods 

(x direction). 

 

 

Figure 12 shows the results obtained computing the indexes 

from y direction outputs. From the damage analysis, the 

following considerations can be stressed: 

 the SCE, the MSCM and the CFM for modal 

displacements clearly indicate the presence of damage at 

position 4, whereas the CFM for modal curvatures shows 

node 5 as possible damage location; 

 the PM for modal curvatures and the MSCM  values 

locate damage in the upper part of the chimney at both 

positions 4 and 5; 

 the COMAC values for modal curvatures and the PM for 

modal displacements indicate the damage in three points, 

namely 3, 4 and 5; 

 the COMAC values for modal displacements identify the 

damage at position 3, followed by nodes 4 and 1; 

 the DIM gives inconclusive results.   
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Figure 12. Damage localization by non-model based methods 

(y direction). 

 

 

5 SUMMARY AND CONCLUSIONS 

The dynamic identification of a masonry chimney was 

addressed in this paper. The structural response before and 

after rehabilitation works was analyzed in order to assess their 

efficiency and a dynamic monitoring was carried out with the 

same purpose. Taking advantage of the knowledge of both 

reference scenario (after repair works) and damage scenario 

(before repair works), a group of damage identification 
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methods available in literature was selected and applied to the 

case-study in order to compare them with the spectral-based 

method proposed and evaluate the accuracy and reliability of 

all of them. The damage analysis was not an easy task for 

such a structure since the damage was quite widespread. 

In spite of this drawback, the spectral-based technique was 

successful in detecting and locating the parts of the structure 

heavily hit by damage. Furthermore, contrary to what 

expected at first sight, the damage affecting the upper part of 

the chimney proved to be heavier than the one caused by the 

lightening in the bottom part. Taking into account that the 

slenderness of the chimney increases upwards making harder 

to maintain its stable configuration if damage occurs in the 

upper part, the result seems to be reasonable. Indeed, the loss 

of mass due to the holes is around 4%, thus the robustness of 

the bottom part does not suffer from it.  

As far as the other non-model based methods are concerned, 

the observations listed below can be made. 

 As Level 1 damage identification method, the USI 

detected nothing else but the presence of damage. 

 The COMAC provided quite good results mostly for 

modal displacements since each value is based on the 

correlation between the measured DOFs of two structural 

conditions and the dependence on local coordinates helps 

when seeking local information.   

 The PM failed as likely as not because of the presence of 

the frequency ratio in the damage index formulation: 

in fact, the slight frequency shifts between damaged and 

undamaged conditions made the weight of the frequency 

ratio almost negligible and did not help in providing 

spatial information about the damage. 

 The CFM was able to catch the damage, but just with 

regard to the upper part of the chimney. Being the inverse 

of the stiffness matrix, the measured flexibility matrix can 

be estimated from the mass-normalized mode shapes and 

frequencies, but because of the inverse proportion to the 

square of the modal frequencies, it is most sensitive to 

changes in the lower-frequency modes of the structure 

[15]. Since most of the changes in the dynamic behavior 

of the chimney involved the higher modes and these 

modes are the ones controlling the response of the upper 

part of the structure, the results obtained in terms of 

damage location were more than expected.  Furthermore, 

the mass matrix change between the two structural 

conditions is so minor (≈4%) that the difference in the 

scaling factor values between both the scenarios is very 

small, so the use of an index based on mass-normalized 

mode shapes does not allow to get better results. 

 The MSCM did not provide any information about the 

damage in the part of the chimney affected by the two 

holes, but just at positions 4 and 5. The reason leading to 

that is likely due to the formulation of the index itself. 

Basically, the MSCM is based on the difference between 

the modal curvatures of two structural conditions, but 

being these shifts really minor in the modes dominating 

the dynamic response of the bottom part of the chimney, 

namely the lower ones, catching the presence of damage 

at position 1 is practically impossible. 

 The SCE provided reliable results in terms of damage 

localization identifying both the most affected areas. 

 The DIM did not catch any accurate results; the cause is 

essentially due to the minor changes of the modal 

curvatures between the two structural conditions, as 

mentioned previously. 

Merging all the results it is possible to conclude that moving 

from a damage Level 1 to a damage Level 2 is not an easy 

issue, especially if the damage is not limited to a small area 

and the changes in the modal parameters are not so evident, 

like in the case object of this study. Therefore, it can be 

noticed that the spectral-based method was more successful 

with respect to the other methods for the present work and this 

is doubtless due to the capacity of catching closely spaced 

modes and to the use of an index weighing the eigenvectors 

over the whole frequency domain, not only with respect to the 

resonant frequencies. 
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ABSTRACT: Variability in textile composites is substantial. A full characterisation of the internal geometry supports material 

design and increases the reliability of numerical simulations. An approach is presented and tested to obtain a full statistical 

description of the internal structure of a carbon-epoxy 2/2 twill woven composite, produced using resin transfer moulding. In a 

first step experimental data are collected using micro-CT to characterise the short range, i.e. within unit cell dimensions, and 

optical imaging for the long range, spanning several unit cells. The statistical information of the tow reinforcement is quantified 

per tow type, warp and weft direction, in terms of standard deviation and correlation length. The largest variation is found for 

the in-plane tow centroid coordinate with a significantly different behaviour in warp and weft direction. Tow cross-sectional 

properties such as area and aspect ratio vary within the unit cell size with limited scatter. Cross-correlation between 

neighbouring tows is only observed for the in-plane position. In a second step the statistical data are the input for a multi-scale 

modelling strategy to generate virtual specimens with random tow reinforcement. While the mean trends of each tow property 

are directly taken from the experiments, the deviations are generated by two different geometry generators. The properties 

without cross-correlation are produced using a Markov Chain algorithm, while the cross-correlated in-plane coordinate is 

generated using the Karhunen-Loève series expansion. Virtual specimens are obtained which possess the same statistical 

information as present in the experimental samples. 

KEY WORDS: Textile composites; Multi-scale modelling; Non-determinism; Probabilistic methods 

1 INTRODUCTION 

The internal geometry of fibre-based composites is subjected 

to a significant amount of variability, even for high-quality 

textiles. Besides the inadequacy of experimental data, 

methods are still lacking for reliable modelling of the effects 

of geometrical scatter on the randomness in the mechanical 

properties. The need for reliable numerical analysis of 

composite structures demands a realistic description of the 

tow reinforcement. A correct representation of the materials 

internal geometry and properties can only be achieved by [4]: 

(i) collecting enough experimental data on the spatially 

correlated random fluctuations of uncertain tow path 

parameters and (ii) deriving probabilistic information for the 

macroscopic properties from the lower scale mechanical 

characteristics.  

This work presents the general approach and successive 

steps to build random virtual specimens, starting from the 

collection of experimental data till the generation of random 

samples. The methodology is applied on a typical woven 

textile composite. 

2 COLLECTION OF EXPERIMENTAL DATA 

2.1 Material 

The tow reinforcement is a 2/2 twill woven Hexcel fabric 

(G0986 injectex) [1]. Carbon fibres are impregnated with 

expoy resin using Resin Transfer Moulding (RTM). The unit 

cell representation is given in Figure 1 with λx and λy the 

periods of the warp (x-direction) and weft (y-direction) tows. 

The nominal periodic lengths are 11.4 by 11.4 mm. 

Two different sample configurations and non-destructive 

inspection techniques are applied to characterise the 

geometrical scatter on the short range, i.e. around unit cell 

dimensions, and the long range, i.e. exceeding the unit cell 

size. The short range statistical information is collected from 

an epoxy impregnated seven-ply stack-up using micro-CT, 

while the long range information is acquired by optical 

imaging of a one-ply 2/2 twill woven composite. 

 

 

Figure 1. WiseTex [8] model of a 2/2 twill woven fabric. 

2.2 Short range data 

Statistical information of the internal geometrical variability at 

the short range is acquired using micro-CT. A sample of unit 

cell dimensions is positioned in a GE Nanotom of KU 

Leuven. A three-dimensional reconstructed volume is 

obtained and two-dimensional slices are extracted in warp and 

weft direction with a voxel size of (6.75 μm)³. Although the 

image quality of the cross-sections is optimised using 

Stochastic multi-scale modelling of composite materials based on experimental data 
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different filtering techniques, fully-automated material 

segmentation is not possible. The similar material density of 

the carbon fibres and epoxy resin results in a low contrast, as 

can be seen from Figure 2. The required manual input for 

image segmentation limits the amount of slices to nineteen to 

analyse the structure of the sample in a reasonable time but 

capturing all the needed fluctuations in the tow path (set to 

every 0.75 mm along the tow path). The segmented tow 

shapes are fitted with an elliptical shape yielding information 

about the tow path centroids (ρ,z) with ρ=y for the warp tows 

and ρ=x for the weft tows, tow aspect ratio AR, tow area A and 

tow orientation θ in cross-section.  

A statistical description of the tow reinforcement is obtained 

for each individual ply using the reference period collation 

method [2]. Tows that should be identical, given the nominal 

periodicity, are collected in one group that is called tow 

genus. All warp tows can be represented by a single genus and 

similar for the weft tows. The tow path parameters of each 

genus are described on an equidistant grid with spacing υ 

consisting of sixteen equally spaced points, with a total grid 

length set to the unit cell period of the particular genus (λx or 

λy). These periodic lengths are derived from the experimental 

data using a minimisation algorithm [9]. Characteristics of 

each tow parameter are decomposed into periodic systematic 

variations and non-periodic stochastic fluctuations. For ε 

representing one of the five parameters (ρ,z,AR,A,θ) and ρ=y 

or x respectively for warp and weft genus : 

 
),,(),,(),,( ptj

i

ptj

i

ptj

i    (1) 

With δεi
(j,t,p) the zero-mean deviation from the systematic 

value < εi
(j,t,p) > at location i=1..16 along the tow j=1..4 of tow 

genus t= warp or weft in ply p=1..7. The average behaviour of 

the tow path is represented by the systematic trend, while the 

stochastic properties are expressed in terms of standard 

deviation and correlation length of the zero-mean deviations.  

 

Figure 3. Sytematic trends of out-of-plane (left) and in-plane 

(right) centroid of the warp genus. 

The presence of several plies maximises the data that can be 

derived from a single sample, but also permits to compare the 

statistics of each ply. Comparison of the ply systematic trends 

shows that no discernible differences are present for each 

single tow parameter. One warp and one weft systematic trend 

are enough to represent the mean tow path of a laminate. The 

systematic patterns of the out-of-plane and in-plane centroid 

of the warp genus are presented in Figure 3. The mean 

behaviour of the area, aspect ratio and orientation are 

correlated along the cross-over locations, with the overall 

mean values given in Table 1. Similar conclusions are made 

for the deviations from the systematic values. The statistics of 

the fluctuations for different plies are indistinguishable, 

permitting the derivation of the standard deviation and 

correlation length of each parameter using the data set of 

deviations combining data from all plies. This increase of data 

set size is favoured, certainly for the correlation information 

which is sensitive to the amount of data. 

Table 1. Mean values for the tow cross-sectional properties. 

 AR [-] A [mm²] θ  [°] 

Warp genus 12.95 0.37 -0.54 

Weft genus 12.22 0.36 -1.27 

 

The standard deviation of the tow parameters is presented in 

Table 2. The in-plane centroid coordinates for warp and weft 

genus exhibit the largest variability. This reflects the 

difference in tow tension for warp and weft tows during 

production. 

Table 2. Experimental standard deviations. 

 
σx 

[mm] 

σy 

[mm] 

σz 

[mm] 

σAR  

[-] 

σA 

[mm²] 

σθ  

[°] 

Warp genus - 0.113 0.014 1.774 0.023 0.797 

Weft genus 0.063 - 0.015 1.44 0.024 0.833 

 

Correlation information is computed using the Pearson’s 

moment correlation parameter for pairs of data taken at 

different locations i and i+k along the same tow spaced by kυ: 
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Figure 2. Digital image of a cross-section in weft direction obtained by micro-CT. Tows are identified by image segmentation 

and an elliptical shape is fitted to the tows in cross-section of ply 7. 
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This coefficient is used to determine the correlation length ξ, 

defined as the slope of the straight line fitted to the correlation 

values, using data of small k: 

 
),,(/1 ptj(j,t,p) k(k)C   (3) 

This linear fit uses only the first five data points (k≤5). Higher 

spacing of points (k>5) are populated by much smaller data 

sets and are unreliable for estimating the correlation length. 

The correlation lengths of the properties along the tow path, 

are shown in Table 3. The out-of-plane centroid possesses a 

correlation length in the range of 2-4 mm, while the in-plane 

centroid correlation length exceeds the unit cell dimensions. 

The in-plane component is less controlled than the out-of-

plane centroid during RTM production where flat platens fix 

the thickness of the laminate. The area has a correlation length 

similar to the cross-over spacings, while the aspect ratio and 

orientation vary within the unit cell size.  

Cross-correlations between tows of the same or different 

genuses are also investigated, but no significant correlation is 

found. Limited correlation, between 0.4 and 0.6, is found for 

respectively the in-plane component of neighbouring warp 

and weft tows.  

Large uncertainty is present when deriving the correlation 

lengths using only data of the single plies, as shown in Figure 

4 for the correlation of the z-centroid. The limited size of the 

data set for the largest point separations causes fitted lines to 

be affected by outliers, which is a major source of variability 

in the correlation length. Additional data must be collected to 

bring down this variation. For further details and discussion of 

the results is the reader referred to [9].  

Table 3. Experimental correlation lengths 

 
ξx 

[mm] 

ξy 

[mm] 

ξz 

[mm] 

ξAR 

[mm] 

ξA 

[mm] 

ξθ 

[mm] 

ξwarp - 22.89 1.78 7.26 2.53 4.56 

ξweft 9.42 - 1.62 5.48 1.01 3.49 

 

Figure 4. Correlation graph of the z-centroid for pairs of 

points along the tow using single-ply data only. 

2.3 Long range data 

The investigation of short range variations pointed out that 

only the in-plane centroid component of the tow path 

possesses a long range effect, indicated by the correlation 

length which exceeds the unit cell dimensions. Additional data 

on the long range are collected to complement this short range 

information. Two one-ply reinforcements, spanning a region 

of thirteen unit cells by thirteen unit cells, are produced in an 

RTM process. The production of one-ply samples is more 

challenging then multiple-ply samples but offers the 

advantage to obtain a high contrast between tow and resin 

regions for the image processing step. 

Characterisation of the in-plane centroid is performed by 

optical imaging. A scan with a resolution of 1200 dots per 

inch is taken of the in-plane dimension (see Figure 5). The 

digital image is marked with a square region of 10 unit cells, 

away from the edges to minimise possible edge effects and 

large enough to be at least one order of magnitude larger than 

the sample used to collect the short range data. The freeware 

GIMP is used to extract the in-plane position of the 40 warp 

and 40 weft tows within the region of interest. Boundaries of 

the tows are marked based on visual recognition for 

prescribed grid spacings of 125 pixels in x (warp) and y (weft) 

direction. The centroid locations are subsequently defined as 

half the tow width at each grid location. These coordinates are 

given as input to Matlab where they are transformed to a 

global axis system and compensated for possible 

misalignment during scanning. A continuous representation of 

the discrete tow data is afterwards obtained by cubic spline 

interpolation.  

 

 

Figure 5. Optical scan of a one-ply 2/2 twill woven composite.  

Figure 5 demonstrates that the in-plane centroid does not 

follow a straight path over the extent of the sample. The 

straight dotted line in the image starts at the same location of a 

tow of which the path is described by blue dots. When 

marching along the tow, a large deviation from the line is 

observed. These in-plane undulations are quantified by 

computing the difference between the experimental tow paths 

and an ideal lattice description. Tows of this lattice are 

represented as straight lines, with nominal spacing in x- and y-

direction derived from the experimentally obtained unit cell 

periods. A best fit of this lattice with the experimental cross-
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over locations of the tows is sought by a minimisation 

algorithm reducing the overall standard deviation of the 

fluctuations from the grid. The in-plane warp and weft 

fluctuations are considered respectively in y- and x-direction. 

This procedure is shown in Figure 6 with the deviations 

shown for the warp tows of sample 1 and 2. The obtained 

deviations can be represented as δεi
(j,t,s) with i the grid location 

(i=1..Ni and Ni=40) , j the tow index (j=1..Nf and Nf=40) in 

each direction, t=warp or weft tows, and s=1 or 2 referring to 

the experimental sample.  

 

Figure 6. Defining the in-plane centroid deviations from a best 

fitted grid, applied to the warp tows. 

These in-plane centroid fluctuations have a particular non-

periodic trend. Similar to the reference period collation 

method, the deviations δεi
(j,t,s) are further decomposed as 

expressed by equation 1, but with a different interpretation 

given to the terms. The lack of periodicity in the mean pattern, 

computed by considering the mean value per grid point 

<δεi
(j,t,p)>, signifies that this tendency should not be 

interpreted as a systematic trend, representing the repetitive 

mean behaviour of the tow path, but as an effect due to 

handling. Variability is already added to the in-plane centroid 

paths before production due to storage and handling of dry 

fabrics, e.g. unwinding of the fabric from the pulley and 

preparing the stacking sequence in the RTM mould. 

Subtraction of the handling trend from the deviation values 

δεi
(j,t,s) per sample results in stochastic variations ζi

(j,t,s) which 

are attributed to the loom itself. The characterisation 

procedure of the long range in-plane variations can be 

summarised as: 
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The random behaviour of the in-plane deviations ζi
(j,t,s) is 

further described in terms of standard deviation and 

correlation length. Correlation of the centroid is considered 

along a single tow, further called auto-correlation, but also 

between neighbouring tows of the same type, named cross-

correlation. The latter correlation type is significantly present 

for the long range data of the in-plane centroid, indicated by 

the bundling of tow positions in Figure 5, in contrary to the 

short range data where only a limited correlation value is 

observed. 

The standard deviation σ for the combined data set of warp 

and weft tows are presented in Table 4. Although small 

differences between warp and weft in-plane centroids are 

obtained in the short range data, the current data show a 

significantly larger variation for the weft tows. This variability 

can be explained by the production process: warp tows are put 

under tension during fabrication of the fabric, while weft tows 

are inserted. Weft tows are therefore less restricted in their in-

plane movement.  

Table 4. Standard deviation of the in-plane centroid for the 

warp and weft tows. 

 Sample 1 Sample 2 Combined 

σwarp [mm] 0.108 0.105 0.106 

σweft [mm] 0.701 0.515 0.615 

 

Correlation information is computed using the Pearson’s 

moment correlation parameter (equation 2) for pairs of data or 

lags taken at distinct locations on a single tow, in the case of 

auto-correlation, or pairs of data taken at a single location at 

neighbouring tows, in the case of cross-correlation. A clear 

tendency is present in the correlation graphs, which together 

with the increased size of the data set permits to derive a 

representative correlation function. Each correlation structure 

is fitted with an exponential Cexp or squared exponential Csq,exp 

correlation function to estimate the correlation length ξ, with τ 

the lag spacing: 
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Only these two types of function are considered since it is 

not the objective to find the optimal function perfectly 

representing the experimental correlation information, but to 

consider conventional functions which are physically 

reasonable. Each function is fitted in a least-square sense 

where the sum of squares of the residuals Eres at each lag 

between the experimental correlation data cdata,i and the fitted 

correlation data cfit,i are minimised: 
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Either the exponential or square exponential function is 

preferred with an error Eres less than or equal to 1%. Figure 7 

shows the fitting procedure to the correlation information of 

the warp tows. The points in lighter grey are not considered 

for the fitting procedure due to (i) the small size of the data set 

for that lag location or (ii) zero-correlation is already reached. 

Negative correlation values are not used to derive the 

correlation length.  

Table 5 presents the auto- and cross-correlation lengths 

obtained from exponential and squared exponential function 

fitting for the warp and weft tows using the combined data set: 

deviations of sample 1 and sample 2 are combined for each 

tow direction.  

The warp auto- and cross-correlation information are well 

represented by an exponential correlation function Cexp. The 

correlation length along the warp tow spans ten unit cells. 

This value demonstrates the straightness of the warp tows, 
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which are kept straight during production. The observation of 

the cross-correlation data shows that a shift of the in-plane 

warp centroid only affects near-neighbouring tows within one 

unit cell distance. 

 
Figure 7. Auto- and cross-correlation graphs of the in-plane 

centroid of the warp tows. 

 

The auto- and cross-correlation of the weft tows have a 

squared exponentional correlation behaviour Csq,exp. In-plane 

deviations along the weft direction seem to persist between 

four and five unit cells. This corresponds to only half the warp 

auto-correlation length, caused by the larger variability in the 

weft tow path. The cross-correlation length of the weft tows 

shows an influence exceeding the unit cell size. Positions of 

the weft tows are less controlled due to the lack of tensioning 

during production. This affects near- and further-neighbouring 

tows causing the band behaviour to appear in the composite 

tow paths as shown in Figure 5. 

Table 5. Correlation lengths along the tow and between 

neighbouring tows for the in-plane centroid. 

 
Cexp  

[mm] 
Eres 

Csq,exp  

[mm] 
Eres 

ξauto
warp 114.89 0.5% 70.03 8.9% 

ξcross
warp 4.49 0.3% 4.55 6.8% 

ξauto
weft 75.72 18.6% 52.89 1.0% 

ξcross
weft 13.89 6.7% 13.16 0.6% 

 

More information about the statistical characterisation of 

the in-plane centroid can be found in [12]. 

3 STOCHASTIC MULTI-SCALE MODELLING 

APPROACH 

3.1 Overview 

Virtual specimens are generated that possess the same 

statistical information as measured in the experimental 

samples. Realistic descriptions are obtained by using the 

experimental statistical information as input in the modelling 

strategy.  

Each specimen is built by combining the experimental 

systematic and handling trends with zero-mean deviations. 

The systematic trends at the short-range and handling effect at 

the long-range are taken directly from the experimental data. 

The zero-mean stochastic deviations need to be generated 

such that they represent the sample standard deviation and 

correlation lengths for each tow parameter.  

Different generator techniques are used to represent the full 

randomness of the tow reinforcement at the meso- and macro-

scale. Tow path parameters which vary within the unit cell 

size (out-of-plane centroid, tow area and tow aspect ratio) 

with no cross-correlation are generated using a Monte Carlo 

Markov Chain algorithm for textile structures, recently 

proposed by Blacklock et al. [3]. Generation of the long-range 

in-plane centroid deviations requires a different approach due 

to the cross-correlation. For this purpose, a methodology 

described by Vorechovsky [6] is applied where series 

expansion methods based on Karhunen-Loève decomposition 

produce cross-correlated Gaussian random fields. 

In this modelling approach, it is assumed that (i) the 

generation of the short range deviations can be performed 

independently from the long range deviations, and (ii) the 

short range deviations (out-of-plane centroid, area and aspect 

ratio) do not exhibit any type of long range dependencies for 

spacing of points larger than one unit cell. 

3.2 Modelling auto-correlated deviations 

The zero-mean deviations of the out-of-plane centroid, area 

and aspect ratio are generated using the Markov Chain 

algorithm described in [3]. The deviations are produced (i) 

independently for each tow parameter at the same grid 

location and (ii) also independently from any parameter value 

at neighbouring tows.  

The algorithm is implemented in Matlab and uses as input 

the database of the deviation values, standard deviation and 

correlation length of each tow component. The deviations of 

each parameter is discretised on an interval with grid spacing 

a and number of intervals 2m+1:  

{-ma, -(m-1)a, …,0,…,(m-1)a, ma} that satisfies the relation 

ma=3σε. The parameter m is chosen to be 20. A lower value of 

m, and corresponding higher a, would result in (i) high 

amplitude of spikes in the produced deviations and (ii) 

unrealistic jumps in the centroids path for subsequent 

deviation values. The probabilities according to this 

discretised interval are collected in the distribution vector Pi 

for location i. The Markov process consists in generating the 

distribution vector Pi+1 of the particular parameter at the next 

grid location i+1 using the probability transition matrix A: 

 


ii APP 1  (8) 

This probability matrix is tri-diagonal consisting of three 

parameters α,β,γ. The parameter α is given an arbitrarily fixed 

value of 0.9, while the relative magnitudes of the parameters β 

and γ are varied to ensure that the procedure results in the 

same standard deviation and correlation length on average as 

derived experimentally. Each tow parameter has its own 

(2m+1) by (2m+1) probability transition matrix. The 

Markovian procedure is the core computation of the Monte 

Carlo based operating algorithm which is repeated for all 

parameters. 

The produced deviations possess high-amplitude long range 

wavelength fluctuations, similar to the correlation length of 

the considered parameter, combined with low-amplitude short 

range wavelength variations. The latter effect can appear as 

unphysical sharp spikes which are not present in the 
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experimental sample. A smoothing operation is required to 

reduce the amount of spikes using an averaging procedure 

without affecting the statistics of the deviations too much. An 

adapted version of the moving box average is used for this 

purpose that conserves the standard deviation [3]. Deviation 

values are smoothed using information of ± 2 neighbouring 

grid points. The smoothing operation is demonstrated in 

Figure 8 for the generated z-centroid deviations. 

 

Figure 8. Generated out-of-plane centroid deviations for a 

single tow using the Markov Chain algorithm. 

The generation procedure is validated by generating 4000 

warp and weft tow deviations. The produced standard 

deviations are compared with the experimental data of the 

combined data set, while the simulated correlation lengths are 

checked with the mean values of the experimental correlation 

lengths, derived using the single-ply data set.  

Generated standard deviations and correlation lengths of the 

out-of-plane centroid coordinate are given as example in 

Figure 9 for non-smoothed and smoothed deviations. The 

produced standard deviations are centered around the 

experimental standard deviation. The smoothing operation 

slightly affects the out-of-plane centroid. In the case that one 

or more points in the averaging interval have a different sign, 

the conventional smoothing procedure must be applied which 

does not conserve the standard deviation.  

A high variance is observed for the generated correlation 

lengths, for non-smoothed and smoothed results. The sensitive 

calculation of the correlation length as linear approximation of 

the first lags in the autocorrelation graph results in significant 

variability. The additional smoothing step shifts the 

correlation length values to the more positive values, which is 

expected since neighbouring values are made more by the 

smoothing process. However, the magnitude of the smoothed 

correlations remains the same. Figure 9 presents the obtained 

statistical information for the out-of-plane position. This 

process is repeated for all tow properties. 

Table 6. Standard deviation and correlation length of the 

generated warp z-centroid. 

 σz [mm] ξz [mm] 

Warp genus - no smoothing 0.014 2.26 

Warp genus - with smoothing 0.013 3.57 

 

 

Figure 9. Simulated standard deviations and correlation 

lengths of the out-of-plane centroid for 1000 different unit 

cells. Red dashed line indicates the experimental mean value. 

Random unit cell structures of the 2/2 twill woven 

composite are already successfully generated using this 

methodology in [10], with data for the in-plane centroid taken 

from the short range data set. After combining the systematic 

trends with the produced deviations of each tow parameter, 

the random reinforcement structure is introduced in the 

WiseTex software [8]. The discrete tow information of a 2/2 

twill woven norminal WiseTex model is overwritten with the 

updated tow path, while other fibre and matrix properties are 

maintained. An arbitrary virtual specimen is presented in 

Figure 10.  

 

Figure 10. Virtual random unit cell structure presented in the 

WiseTex format. 

3.3 Modelling auto- & cross-correlated deviations 

Since the in-plane centroid deviations are correlated along the 

tow and between neighbouring tows, a different approach is 

required to simulate deviations having the experimental target 

statistics. The deviations for this centroid component must be 

produced simultaneously for all tows of the same genus in 

order to model the cross-correlation correctly. A methodology 

proposed by Vorechovsky [6] is applied where series 

expansion methods based on Karhunen-Loève decomposition 

produce cross-correlated Gaussian random fields. The 

procedure is originally used to simulate random fields of 

metal properties, such as Young’s modulus and Poisson 

coefficient, which are cross-correlated. The assumptions that 

(i) all cross correlated fields must share an identical auto-
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correlation structure and (i) the cross-correlation structure 

between each pair of correlated fields can be defined by a 

cross-correlation coefficient, are also valid for woven textile 

structures. In-plane positions of each tow within a virtual 

specimen are modelled as Gaussian random fields where tows 

belonging to the same genus share an identical auto-

correlation structure and are cross-correlated at the same time 

with neighbouring tows of the same type. 

The method is based on modal decomposition of the 

correlation matrices. In a first step the eigenvalues and 

eigenvectors of the auto-correlation and cross-correlation 

matrix are determined. The same spectrum of eigenvalues λA 

and eigenvectors ΦA of the auto-correlation is applied for all 

cross-correlated fields. The eigenvalues λC and eigenvectors 

ΦC of the cross-correlation matrix are used to transform the 

independent, uncorrelated random variables η, needed to 

construct all one-dimensional Gaussian fields of the virtual 

specimen, into cross-correlated random values χ: 

  CC  (9) 

It is recommended to use Latin Hypercube Sampling (LHS) to 

simulate the random variables η. The vector χ has deviations 

which are uncorrelated along a single field and cross-

correlated between fields. It can be decomposed in blocks χi 

where each block i delivers the random variables used in the 

one-dimensional Karhunen-Loève expansions to represent a 

single tow in the virtual specimen. Possible spurious 

correlation along the random variables χi of a field can be 

diminished using correlation control techniques [11]. The 

random field Hi of each tow is represented as: 
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with Nvar the number of eigenmodes used to represent the 

variability after truncation. Truncation of the series expansion 

can be considered in order to reduce the computational cost. 

For more details the reader is referred to [6]. 

The in-plane position of the 2/2 twill woven composite is 

simulated, using the fitted correlation functions as target 

correlation structures in combination with the experimental 

standard deviation. No correlation control techniques are 

considered to reduce possible spurious correlation between the 

random variables χi. A sensitivity analysis concluded that this 

additional operation does not add a significant difference in 

the resulting statistics. Omitting such operation significantly 

downsizes the computational expense.  

 

Figure 11. Simulated auto- (left) and cross-correlation (right) 

lengths. Red dashed line indicates the experimental mean. 

Warp in-plane centroids are computed by applying 

truncation of the series expansion for the auto-correlation. 

Only 33 of the largest eigenvalues and corresponding 

eigenvectors are considered instead of 40, given an acceptable 

truncation error of 0.25% (99.75% of the variability is 

captured). No reduction is applied for the cross-correlation. 

Results demonstrate good agreement for standard deviation 

and correlation information of the entire field as shown in 

Figure 11 for the simulated auto- and cross-correlation 

lengths. The simulations of the in-plane centroid achieve the 

statistical information on average considering all the tows of 

the specimen, as quantified in Table 7 for the warp tows.  

Table 7. Simulated statistics for the warp in-plane centroid. 

 
Simulated mean 

[mm] 

Target mean 

[mm] 

mean 2.25E-6 0 

σ 0.1025 0.1063 

ξauto 113.73 114.89 

ξcross 4.36 4.49 

 

However, when only data of the single tows are considered 

a higher mean auto-correlation length is obtained but within 

the same order of magnitude as presented in  

Figure 12. The dissimilarity in correlation information per 

single tow can be attributed to the fact that the derivation of 

the correlation length is subjected to a large uncertainty. This 

property is obtained as a result of fitting exponential curves of 

which the correlation length is the denominator (see equation 

5 and 6). Essentially this means that a different correlation 

length results in another curvature of the exponential function. 

This process is extremely sensitive to small deviations. As 

mentioned in section 2.2, is the limited size of the data set for 

large point separations the major source of variation since it is 

affected by outliers. A wide scatter in the correlation lengths 

is gained as already shown in  

Figure 12. 

 
Figure 12. Simulated auto-correlation lengths of individual 

warp tows. Red dashed line indicates the experimental mean. 
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Zero-mean deviations are obtained which do not require any 

smoothing operation. Short range fluctuations of the in-plane 

centroid are not spiked when using series expansion 

techniques and long range variations are comparable to the 

target correlation length. 

4 DISCUSSION 

The next step in the generation of multiple unit cell structures 

is combining the simulated deviations possessing short range 

variations (out-of-plane centroid, aspect ratio and area) with 

the longer range in-plane positional fluctuations. The random 

multiple unit cell structures are thereafter introduced in the 

WiseTex format [8] to represent the virtual specimens. More 

details and results of this generation of multiple unit cell 

structures is ongoing work and will be addressed in future 

publications. 

The realistic representations of internal geometry can be 

applied to (i) improve the understanding of damage 

propagation in textile composites and (ii) quantify the spatial 

variation of the mechanical properties over composite 

components, such as stiffness, caused by variation in the 

reinforcement structure. 

In exception of the in-plane centroid, all tow path 

parameters are generated independently from its neighbouring 

tows. This approach can lead to interpenetration between tows 

belonging to the same genus, but also for tows belonging to a 

different genus at locations such as the cross-over points.  

Although stiffness computed with Mori-Tanaka is not affected 

by interpenetration of tows, the model requires small 

adaptations when the WiseTex model is transformed into a 

finite element model. Tows need to be translated but such that 

topological rules stay satisfied [5,7]. 

5 CONCLUSIONS 

Virtual specimens of a 2/2 twill woven composite produced 

by RTM are generated which possess the same statistical 

information as measured from experimental samples.  

In a first step, experimental data are collected where each 

tow property is characterised in terms of mean value along the 

tow path, standard deviation and correlation information. The 

mean value shows a repetitive periodic trend for the out-of-

plane centroid, area and aspect ratio, which is correlated with 

the cross-over locations. A non-periodic long range trend is 

observed for the in-plane coordinate reflecting the handling 

effect of the fabric. The in-plane coordinate is also subjected 

to the largest variation, described by the standard deviation, 

with a correlation length along the tow spanning ten unit cells 

on average for warp direction and approximately five for weft 

direction. It is also the only property of the tow path which is 

cross-correlated with neighbouring tows of the same type, 

reaching around one unit cell distance. Out-of-plane centroid 

and tow cross-sectional properties vary within the unit cell 

size, with area and aspect ratio strongly dependent with the 

cross-over locations. No cross-correlation is observed for 

these properties. 

Next, statistical information is given as input to a stochastic 

multi-scale modelling approach where the mean patterns are 

taken from the experimental information and deviations are 

generated possessing the target statistics. The tow parameters 

without cross-correlation are generated with a Monte Carlo 

Markov Chain, while the cross-correlated in-plane centroid is 

produced based on Karhunen-Loève expansions. All 

simulated tow deviations achieve the target statistics. 

Combination of the mean trends with the produced deviations 

for each tow property results in random woven structures 

which represent the internal geometry variability throughout 

composite samples. 
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ABSTRACT: The last years have seen an increasing interest of engineers for unreinforced masonry structures, leading to strong 

improvements in the knowledge of their behaviour in usual conditions. Further investigations are however still required about 

their seismic behaviour. Indeed, the current design rules for such situations are commonly admitted as rather conservative, 

limiting thus the use of these structures, included in low or moderate seismic areas. This conservative character is in particular 

associated with the facts that walls perpendicular to the seismic action are usually neglected and that horizontal spanning 

elements are not properly considered, leading to an underestimation of the favourable frame effect. The present contribution 

describes shaking table tests on unreinforced load-bearing masonry sub-structures aiming at a better understanding of their 

dynamic behaviour. The tested specimens are two single-storey frames with respectively T- and L-shaped masonry piers 

coupled by a RC lintel and a slab. In particular, the T-shaped piers of the first frame are oriented in such a way to create a non-

symmetric system. The L-shaped piers of the second frame are made of two perpendicular walls connected by different methods. 

The experimental study focuses on specific topics, such as the frame behaviour and the contribution of walls perpendicular to 

the direction of the seismic action. The issue of global and local torsion, the influence of the wall-to-wall connection technique 

and the gravity loading patterns are also investigated. The paper summarizes the main test results, including characterization of 

the dynamic properties of the specimens. A significant rocking behaviour is also evidenced for the highest input acceleration 

levels. Direct post-tests observations show the importance of the torsional effects, of the connection type between walls of a pier 

and of the loading configuration. 

KEY WORDS: Shake table tests; unreinforced masonry; frame behaviour with T- or L-shaped walls. 

1 INTRODUCTION 

For centuries, masonry has been used as a main traditional 

construction method for several types of buildings, like 

private dwellings, aqueducts, town halls, churches, etc. The 

design of such structures has been based on good practice 

methods and its responsibility left to architects and mason-

workers, with no or limited engineering. Since the early 90’s, 

the engineers have however been increasingly involved in the 

design of masonry structures. This interest has progressively 

led to improvements of the properties of the construction 

elements as well as to a better control of the global structural 

behaviour, allowing enlarging the field of application of 

unreinforced masonry structures for instance towards multi-

storey apartment buildings or to lightweight concrete houses. 

These new applications use the material at a level closer to its 

limit capacity, for example with compression ratio under 

service loads higher than ever in the past. Moreover, 

ecological and economical considerations require a more 

rational use of materials to reduce the cost and consumption. 

All these considerations are at the base of the “Eurocode 6 - 

Design of masonry structures” [1], where modern design 

methodologies and verification rules are proposed. 

In addition to service loads, structures have also to be 

designed under accidental loading, like earthquakes. However, 

the seismic impacts cannot be adequately considered without 

an additional proper understanding of the structural behaviour 

under these specific horizontal dynamic actions. The basic 

principles of this characterization and the consequent analysis 

and design methodologies are proposed in [2] and are the base 

of the European standard dedicated to the design of buildings 

in seismic regions [3]. 

Due to the huge variety of material types (concrete, clay, 

etc.) and constructional methods, a specific regional 

transposition of the general considerations is needed. In this 

perspective, several research works have been carried out in 

the past fifteen years [4 – 8]. None of the identified references 

is however specifically dedicated to masonry structures with 

relatively thin bearing walls (from 10 to 20 cm) built with 

high strength units (compression resistance up to 15 N/mm² or 

even more) working at a very high compression ratio under 

service loads and more and more implemented using 

horizontal thin-bed layered jointing and open "tongue and 

groove" vertical joints, improving thus the constructional 

efficiency, which is one of the most common type of masonry 

structural configuration used in North-Western European 

areas. Furthermore, some researches have pointed out the 

over-conservatism and the mismatch with common 

construction habits of the current seismic standards design 

rules [9, 10] when comparing the resistance predicted based 

on code design rules with experimental results on full scale 

houses. The discrepancy can be largely explained by (i) the 

neglecting in current codes of walls perpendicular to the 

seismic action and (ii) the questionable contribution and 

modelling of horizontal elements, such as lintels and 

spandrels. 

Shaking table tests on unreinforced load-bearing masonry frames 

Christophe Mordant1, Matt Dietz2, Collin Taylor2, Hervé Degée1,3 

1Department ArGEnCo, Faculty of Applied Sciences, University of Liège, Chemin des Chevreuils, 1, 4000 Liège, Belgium  
2Department of Civil Eng., Faculty of Engineering, University of Bristol, University Walk, Bristol BS8 1TR, UK 

3Construction Engineering Research Group, Faculty of Engineering Technology, Hasselt University, Agoralaan Gebouw H, 

3590 Diepenbeek, Belgium  

email: cmordant@ulg.ac.be, m.dietz@bristol.ac.uk, c.taylor@bristol.ac.uk, h.degee@ulg.ac.be, herve.degee@uhasselt.be 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

230 

Consequently, tests on single-storey unreinforced masonry 

frames with T- or L-shaped piers have been carried out in the 

Earthquake and Large Structures Laboratory (EQUALS) at 

the University of Bristol. The test specimens have been 

designed to investigate the dynamic response of unreinforced 

clay masonry frames so as to target several aims. First, it is 

expected to develop a better understanding of the frame 

behaviour of masonry structures and of the influence of the 

spanning structural elements (lintels, spandrels, floor slabs…). 

Second, a specimen with T-shaped piers has been specifically 

designed in order to trigger global and local torsional effects, 

while a second specimen with L-shaped piers aims at 

comparing different connection techniques between the shear 

wall and the perpendicular flange wall constituting the piers. 

Finally, the influence of the gravity loading case is 

investigated, in particular the case of a frame with piers 

partially loaded shaken in the direction perpendicular to the 

plan of loaded walls. 

This paper summarizes the observations derived from the 

direct experimental measurements, followed by preliminary 

conclusions. The detailed assessment of the test results and 

the corresponding model identification and calibration are 

planned to be presented in a later contribution. 

2 DESCRIPTION OF THE TESTED SPECIMENS  

2.1 Description of the specimens 

The units used to realize the specimens are "Zonnebeke 

POROTHERM" produced by Wienerberger [11]. The walls 

are assembled with thin-bed layered masonry ("PORO+" 

glue-mortar). Vertical joints are empty tongue and groove 

systems. Details of the units' geometry and mechanical 

characteristics can be found in [12]. 

 

Fig. 1 – scheme of the frame with T-shaped piers 

 

Fig. 2 – scheme of the frame with L-shaped piers  

The test specimens consist in two masonry frames with 

respectively T- or L-shaped piers connected by a RC lintel 

and a prefabricated concrete slab (see Fig. 1 and Fig. 2). Such 

configurations are seen as representative of common sub-

structures observed in real dwellings. Indeed, as shown in Fig. 

3, the inner space of a house is divided in rooms by a set of 

perpendicular simple walls while openings are obviously 

necessary for the circulation of the inhabitants. 

The final dimensions of the experimental piers and opening 

are governed by the shaking table size limitation as follows: 

 Shear walls : 0.74m x 2.0m x 0.14m (L x H x W) 

 Flanges : 0.74m x 2.0m x 0.14m (L x H x W) 

 Opening : 0.9m x 1.8m (L x H) 

 Lintel : 1.8m x 0.2m x 0.14m (L x H x W) 

Note that the term “Shear wall” refers to the part of the pier 

along the frame plan while the “Flange” refers to the part of 

the pier perpendicular to the frame plan. 

 

Fig. 3 – house plan 

The frame with T-shaped piers has been designed with 

piers oriented differently in order to trigger a global torsional 

behaviour. The frame with L-shaped is symmetrical from a 

pure geometry point of view, but the shear wall and the flange 

of each pier are connected in two different ways. For the first 

one, the flange is glued to the shear wall with a high 

performance mortar while, for the second one, the flange and 

shear wall are classically connected by an alternated mason 

work. 

  

Fig. 4 – additional mass and support system 

The structural floor load is simulated by an additional 5 

tons mass fixed on a reinforced concrete slab lying on the top 

of the specimen (Fig. 4, left). The connection between the slab 

and the masonry frame is ensured by steel elements whose 

positioning can be adjusted to simulate different loading cases 

(Fig.4, right). The resulting average compressive stress in the 

loaded walls is about 0.135 MPa for fully loaded 

configurations and about 0.25 MPa for partially loaded ones. 

These values lie in the usual range of compression ratio for 

this type of masonry. 

2.2 Preliminary assessment design 

Shaking table tests are mainly characterized by the 

acceleration input sent to the table. To avoid an anticipated 

collapse of the specimens, it is thus necessary to get a correct 

estimate of the maximum acceleration that they can sustain. In 

this perspective, a theoretical assessment based on structural 

T-shaped L-

shaped 
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models commonly used for seismic analysis of masonry 

structures has been performed prior to the experimental tests.  

Similarly to the procedure followed in [12] for simpler 

configurations, the acceleration is modelled by an equivalent 

static horizontal load V applied to the gravity centre of the 

specimen, namely at the centre of the RC slab in the present 

case. Once the internal forces are derived for both piers, the 

procedure consists in the calculation of the compressive 

length for each pier through equilibrium equations considering 

no tensile strength at the interface between the base of the pier 

and the foundation, where a linear distribution of compressive 

stresses is assumed. Then, final checks are made with respect 

to shear forces, compression of the units and global 

overturning of the piers. This procedure results in an estimate 

of the maximum allowable equivalent horizontal load Vmax. 

The conversion of Vmax into acceleration differs however 

from [12] since the present specimens can hardly be 

considered as SDOF systems and since their behaviour is 

highly non-linear in association with a load redistribution 

capacity from one pier to the other. To achieve this 

conversion, a methodology derived from the N2-method [13] 

is used. The ultimate limit state is assumed as being reached 

when the wall drifts overcome a specific threshold value 

defined from recommendations given by [14] and depending 

on the wall geometry and on the compression ratio. 

Details of the procedure and calculation are given in [15] 

and final outcomes are summarized in Table 1 and Table 2 for 

the frame with T-shaped piers, respectively for an earthquake 

along the frame plan and perpendicular to it. The results for 

the frame with L-shaped piers are tabulated in Table 3 and 

Table 4. These tables also compare the results obtained 

according to different assumptions on the boundary conditions 

of the lintel (built-in or simply supported) and on the support 

conditions of the slab (resting resp. on the shear wall, on the 

flanges or on both). 

Table 1. T-shaped piers – Y-direction. 

Support conditions of the lintel 

Load case 
Horizontal 

shear [N] 
Acceleration 

[g] 
Built-in                         Shear wall 13745 0.939 

Flange 4148 0.795 

Both 8912 0.857 

Simply supported         Shear wall 10808 0.780 

Flange 3527 0.640 

Both 6797 0.763 

Table 2. T-shaped piers – X-direction 

Support conditions of the lintel 

Load case 
Horizontal 

shear [N] 
Acceleration 

[g] 
Shear wall 1548 0.013 

Top wall free                      Flange 6800 0.055 

Both 5652 0.046 

Table 3. L-shaped piers – Y-direction. 

Support conditions of the lintel 

Load case 
Horizontal 

shear [N] 
Acceleration 

[g] 
Built-in                         Shear wall 13795 1.200 

Flange 8220 0.752 

Both 9610 0.997 

Simply supported         Shear wall 10850 0.854 

Flange 7120 0.654 

Both 8430 0.829 

Table 4. L-shaped piers – X-direction 

Support conditions of the lintel 

Load case 
Horizontal 

shear [N] 
Acceleration 

[g] 
Shear wall 7632 0.057 

Top wall free                      Flange 10960 0.081 

Both 8516 0.063 

3 TEST DESCRIPTION 

3.1 Instrumentation of the specimens 

The instrumentation of the specimens and the axis convention 

are extensively described in [15]. Measurements include the 

internal instrumentation of the table and additional sensors 

located on the table, the specimen and the slab. Three types of 

measurements are recorded: 

 Acceleration measurements (SETRA type 141A 

accelerometers). 

 Relative displacement measurements: displacements 

of the tested specimens with respect to the table or relative 

displacements between parts of the specimens are monitored 

(using LVDTs). 

 Global displacement measurements: an Imetrum 

Vision System monitors the horizontal and vertical 

displacements of the RC slab and of the specimen top thanks 

to targets placed at the right place. 

The instrumentation layout is slightly different for the two 

mock-ups. Illustration of the third type of sensors is given 

hereafter in Fig. 5 for sake of clarity, since they are of direct 

use for the results described in this paper. The left picture is 

seen from the right side on the table, the middle one is from 

the near end and the right one is from the left of the table. 

 

Fig. 5 – Targets of the Imetrum Vision System  

3.2 Testing procedure 

An alternation of white noise tests and seismic tests is 

performed on both specimens. The white noise tests are 

carried out along the frame plan and in the perpendicular plan 

before each seismic test. This type of test is performed to 

allow the derivation of the main dynamic characteristics of the 

frame (natural modes and frequencies, damping ratio). Each 

test last about three minutes so as to reach a proper steady 

vibration state. The random white noise excitation is 

characterized by a frequency content between 1Hz and 100Hz 

and by a level of about 0.1g RMS. 

The seismic tests consist in sending a waveform to the table 

so as to simulate the seismic ground motion. The 

characteristics of the waveform are given in [15]. Successive 

input signals with increasing values of the peak acceleration 
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are applied to the table (see section 4 for the considered 

acceleration levels) 

4 TEST RESULTS 

4.1 Qualitative observations 

Prior to any test results exploitation, simple qualitative 

observations can be made during the tests. Like the specimens 

tested in the first phase of the present experimental program 

[12], the unreinforced masonry frames exhibit a significant 

rocking behaviour, especially for the highest acceleration 

input, involving a progressive degradation of the mortar base 

joint. 

Another observation deals with the lintel and its connection 

with the piers. During the first steps of the tests (i.e. at low 

acceleration level), the connection failed. As shown in Fig. 6, 

cracks appear. Therefore, the piers cannot be anymore 

assumed as clamped at their tops and are only connected by 

the slab. Such an anticipated cracking is certainly related to 

the absence of units above the lintel as well as between the 

lintel and the slab. 

  

Fig. 6 – Cracking of the lintel 

A third observation points out the influence on the 

behaviour of the loading configuration of the specimen with 

L-shaped piers. Leaving aside the progressive damage of the 

specimen for tests with high acceleration level, the top 

displacements are actually larger in the case of a partial 

loading, especially when the seismic action is perpendicular to 

the loaded part of the piers. The stabilizing effect of the 

gravity load is indeed much smaller in this latter situation. 

A final direct observation deals with the failure mode of 

the specimens. Collapse of the frame with T-shaped piers was 

induced by local torsional effects on the piers. The left hand 

side of Fig. 7 illustrates some units shifted from their initial 

position in a combined translation/rotation motion. Regarding 

the specimen with L-shaped piers, the collapse was triggered 

by the failure of the vertical connection of shear wall and 

flange for a seismic input along the frame plan (Fig. 7 right). 

 

Fig. 7 – Collapse of the specimens 

These qualitative observations lead to two main comments 

on the design procedure. On the one hand, the verification 

models proposed by the current standards don’t provide any 

verifications or rules for the torsional behaviour of a pier, 

whereas this effect is here identified as possibly the most 

critical. On the other hand, it is emphasized that a local 

verification of the capacity to transfer longitudinal shear at 

connections between perpendicular walls should be required 

to prevent the risk of early collapse. 

Table 5 summarizes the measured PGAs of the seismic 

tests. The maximum values, corresponding to reaching the 

failure of the specimens, is lower than expected from the 

preliminary assessment, certainly due to the limitations of the 

model commented above. Nevertheless, this difference might 

also be explained by the presence of a residual transverse 

component of the acceleration. Indeed, while the theoretical 

procedure only considers a uniaxial input, Table 5 shows that 

the seismic input is actually bidirectional. The residual 

component induced by an imperfect control of the table 

motion ranges from 8 to 29 % of the main component and is 

likely to influence the specimen response and damages. 

Quantitative results are provided in the following sections 

in terms of natural frequencies, modal shapes and seismic 

response of the system. More comprehensive information on 

the tests results is available in [15]. In the perspective of 

further commenting the results, it is relevant to remind that the 

same L-shaped specimen was tested under two different 

loading cases. The tests under the second loading case were 

thus started from a pre-damaged situation. 

Table 5. Sample table. 

After  T-shaped 

Fully loaded 

X       Y 

[g]      [g] 

L-shaped 

Fully loaded 

X       Y 

[g]      [g] 

L-shaped 

Flanges loaded 

X       Y 

[g]      [g] 
S1 0,007 0,074 0,006 0,066 0,011 0,063 

S2 0,018 0,148 0,038 0,004 0,039 0,007 

S3 0,046 0,285 0,014 0,149 0,014 0,083 

S4 0,038 0,005 0,087 0,013 0,080 0,018 

S5 0,083 0,008 0,036 0,221 0,026 0,133 

S6 0,176 0,025 0,135 0,023 0,125 0,035 

S7 0,276 0,057 0,077 0,269 0,039 0,195 

S8 0,107 0,477 0,180 0,042 0,170 0,037 

S9 / / / / 0,058 0,197 

4.2 Natural frequencies identification 

Identification of the natural frequencies is carried out as 

explained in [15] and allows the characterisation of a possible 

deterioration of the walls. Three main peaks are observed in 

both directions for the two specimens. The evolution of the 

frequencies is shown in Fig. 8 for the x-direction and Fig. 9 

for the y-direction. A first comment about these results is that 

the first natural frequency of the mock-up with T-shaped piers 

is higher than the one of the mock-up with L-shaped piers, 

which seems in contradiction with the theoretical expectation 

(see below for further comments on this issue). 
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Fig. 8 – Natural frequencies in X-direction 

The natural frequencies in the x-direction, shown in Fig. 8, 

are decreasing with the increase of the acceleration level, in 

general. This decrease looks more important for the T-shaped 

specimen because of a higher increment of the acceleration 

level. This increment is lower for the specimen with L-shaped 

piers to avoid excessive damages of the specimen, otherwise 

the changing of loading case would have been impossible (see 

also Table 5). The main frequency drop is observed for the 

fundamental frequency, whereas the third natural frequency is 

more constant or even increasing. 

These observations are also valid in the y-direction, 

illustrated in Fig. 9. The frequency values are however higher, 

as it can be expected given that the direction of the frame plan 

is clearly stiffer. The numerical values drawn in the Fig. 8 and 

Fig. 9 are tabulated in the Tables 6, 7 and 8 for each loading 

configurations 
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Fig. 9 – Natural frequencies in Y-direction 

Table 6. Frame with T-shaped piers – natural frequencies 

After  X-direction [Hz] 

    1st        2nd        3rd  

Y-direction [Hz] 

    1st        2nd        3rd 

Before 5.18 9.71 19.28 6.86 9.19 / 

S1 4.99 9.98 19.70 6.30 9.85 24.68 

S2 5.25 9.98 19.70 5.78 9.98 24.68 

S3 4.07 7.35 13.92 3.68 7.48 28.36 

S4 4.20 7.62 13.92 3.80 7.62 / 

S5 4.07 7.62 13.66 4.20 7.48 29.15 

S6 3.55 6.83 13.13 3.94 6.96 28.10 

S7 3.02 6.30 12.61 4.46 6.96 28.62 

S8 2.63 6.30 13.13 3.28 6.04 30.99 

S9 / / / / / / 

Table 7. Frame with L-shaped piers (full loaded) – natural 

frequencies 

After  X-direction [Hz] 

    1st        2nd        3rd  

Y-direction [Hz] 

    1st        2nd        3rd 

Before 5.02 11.49 24.82 6.79 13.06 25.47 

S1 4.96 11.76 24.82 5.88 12.80 25.60 

S2 4.70 10.97 24.69 5.62 12.80 25.60 

S3 4.70 11.76 24.03 5.09 12.28 26.52 

S4 4.57 11.23 23.77 5.22 12.28 25.67 

S5 4.44 11.46 26.12 4.44 12.54 25.67 

S6 4.57 11.76 25.99 4.57 12.54 25.67 

S7 4.05 11.49 26.38 3.66 12.28 25.60 

S8 2.17 10.97 26.38 3.53 12.02 24.95 

S9 / / / / / / 

Table 8. Frame with L-shaped piers (flanges loaded) – natural 

frequencies 

After  X-direction [Hz] 

    1st        2nd        3rd  

Y-direction [Hz] 

    1st        2nd        3rd 

Before 2.96 10.28 14.80 5.05 10.19 / 

S1 2.70 10.19 14.80 4.71 10.1 / 

S2 2.70 10.1 14.63 4.79 10.1 / 

S3 2.79 10.19 14.63 4.79 10.1 / 

S4 2.87 10.1 14.45 4.62 10.1 / 

S5 2.79 10.01 14.28 4.53 10.01 / 

S6 2.70 9.93 14.11 4.70 9.84 / 

S7 2.61 9.75 14.28 4.61 9.93 / 

S8 2.70 9.84 14.11 4.70 9.93 / 

S9 / / / / / / 

 

As a matter of comparison, theoretical reference values of 

the first natural frequency of the undamaged specimen can be 

easily estimated from a simple model based on the 

assumptions proposed by Eurocode 6 for the material 

properties. The resulting assessed frequencies in both 

directions are given in Table 9. 

As said above, with regard to the geometry of the 

specimens, it is expected to get a higher frequency for the 

frame with L-shaped piers, which is in agreements with the 

results in Table 9, although not with the measurements. In 

most cases, the theoretical prediction yields frequencies 

higher than measured, possibly related to an overestimation of 

the values suggested by Eurocodes 6 and 8 for the elastic 

modulus and/or the shear modulus. Indeed, the recommended 

value of the elastic modulus, included consideration for 
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cracking, is equal to five hundred times the value of the 

characteristic compressive strength of the masonry wall. This 

recommendation is however considered as being too stiff by 

the authors, as concluded from previous experimental 

evidences presented in [12]. 

Another possible reason of the difference is related with the 

assumption on the support conditions of the piers, which are 

assumed to be fully fixed for deriving the results in Table 9. 

The stiffness of the frame in its plan is expressed by Eq. 1: 

 

GAk

H

EI

H
K

'

1
3







 (1) 

where H is the specimen height 

 E and G are the elastic and shear moduli 

 I is the sum of the inertia of the piers 

 A is the sum of the area of the piers 

  is a parameter depending of the support condition 

 

For the specimen with L-shaped piers, the best frequency 

fitting is obtained if the -parameter is equal to 6.3 and the 

elastic modulus is equal to 400 fk. It can therefore be 

concluded that the recommended value for the elastic modulus 

in EC 6 and 8 is indeed too stiff for the type of masonry 

considered in the present study, where the vertical joints are 

not filled with mortar. 

Table 9. X-direction (Y-direction) – First natural frequency 

Specimen  Measured 

frequency [Hz] 

Frequency based 

on EC6 [Hz] 

T-shaped piers 5.18 (6.86) 5.03 (8.72) 

L-shaped piers 5.02 (6.79) 5.65 (9.48) 

4.3 Modal shapes 

Natural modes are identified from experimental measurements 

assuming that the slab is behaving as a rigid body with an in-

plane motion fully described by 3 DOFs. The modal shapes 

are obtained from the white noise tests, working on a square 

matrix frequency-dependant of cross PSD which inputs are 

the accelerations measured by the four sensors placed on the 

slab. The identification procedure is detailed in [15]. The 

relevance of the method is ensured since the white noise test 

does not involve rocking of the specimen and/or slab, given 

the low level of ground acceleration. The analysis focuses on 

the first three vibration modes of the structure, consistently 

with outcomes of section 4.2 related to natural frequencies. 

Modal shapes are depicted in Fig.10 and 11 for the T-

shaped walls, respectively for white noises in the x and y 

directions. Observation of the identified modal shapes lead to 

the following comments, also valid for L-shaped walls: the 

first and third modes are characterized by a combination of 

translation and rotation, the importance of the latter depending 

on the specimen studied and different for both modes, while 

the second mode can be qualified as a quasi-pure rotation 

mode, with a negligible translation component.  
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Fig. 10 – Modal shapes in X-direction 
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Fig. 11 – Modal shapes in Y-direction 
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4.4 Seismic behaviour 

Although the processing of the seismic test results is still in 

progress, some interesting results (limited to the motion of the 

slab with respect to the ground) can already be commented 

here. 

A preliminary comment of these results deals with the 

relevance of the measurements recorded by the Imetrum 

Vision system (VS). These measurements, being not 

stereographic, can only be used in case the main seismic input 

is perpendicular to the plan of the target, i.e. the use of the 

displacements of the targets 1 to 6 (see Fig. 5) is for instance 

only possible for the seismic tests along the y-axis. However, 

additional displacement measurements at selected points can 

be recovered by integrating appropriately the accelerometric 

signal recorded at the same locations. 

Fig. 12 and 13 depict the time evolution of the slab 

torsional rotation during the tests with high amplitude derived 

from the displacement measurements. Although the 

configuration of the frame with L-shaped piers is symmetric 

regarding the x-direction, and thus no rotation should be 

theoretically observed, such a motion is however triggered by 

accidental eccentricities. The position of the slab, the 

reliability of the connexion system and the mass distribution is 

indeed not perfectly controlled. The torsional motion remains 

nevertheless less important than for the T-shaped specimen 

where a natural torsion is induced by the unsymmetrical 

configuration of the specimen, independently of the accidental 

effects, as evidenced by comparing Fig. 12, 13 and 14. 
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Fig. 12 – Slab rotation (L-shaped piers - full loaded - S8) 
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Fig. 13 – Slab rotation (L-shaped piers - flanges loaded - S8) 
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Fig. 14 – Slab rotation (T-shaped piers full loaded – S6) 

The influence of the gravity load configuration for the 

specimen with L-shaped piers can also be highlighted. In this 

perspective, a comparison of the slab displacement along the 

earthquake direction is done in Fig. 15 and 16 for a seismic 

input, respectively in the y-dir. (PGA ~ 0.14 g) and in the x –

dir. (PGA ~ 0.13 g). The comparison shows larger 

displacement for a same acceleration level, when only the 

flanges are loaded. The difference is also more important 

when the input is perpendicular to the loaded walls.  

A remark can also be done on the ability of the specimen to 

sustain a higher acceleration level than the one predicted by a 

theoretical model considering either the two piers, but 

neglecting the horizontal spanning elements, or assuming a 

single wall with equivalent total length in the direction of the 

frame plan. For these two simplified models, the maximum 

sustainable ground acceleration expected is respectively about 

0.155 g and 0.149 g, as shown in [15]. The interest of 

considering the frame effect and the perpendicular walls is 

therefore obvious.  

 

 

Fig. 15 – Y-disp. (L-shaped piers full loaded– S3 & S5) 
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Fig. 16 – X-disp. (L-shaped piers full loaded (top) and 

partially loaded (bottom) – S6) 

5 CONCLUSIONS 

This paper has presented the first outcomes of experimental 

shake table tests carried out with the main objective of 

characterizing the dynamic behaviour of high strength clay 

masonry sub-structures with glued horizontal joints and empty 

vertical joints subjected to seismic action. The geometries of 

the specimens are defined such that the effects of the torsion, 

the influence of the gravity loading configuration and the 

consequences of the connection method can be studied. 

The main observations that can be directly derived from 

the observations done during the testing campaign are the 

following. 

(i) A significant rocking motion is observed for both tested 

frames, with L- or T-shaped piers. 

(ii) The identification of the natural vibration modes under 

low level white noise excitation raises the question of the 

accuracy of the values of the elastic modulus usually 

suggested in the main reference documents, this modulus 

being apparently overestimated for the studied type of 

masonry. Similar questions also rise regarding the boundary 

conditions to be considered in theoretical models. 

(iii) The effects of local torsion in the masonry piers can 

currently not be properly assessed with the available design 

models. The control of this behaviour needs to be improved in 

order to take the associated stress state appropriately into 

account, because likely to induce anticipated unexpected 

failures such as observed in the present tests. 

(iv) The connection line at the intersection of perpendicular 

vertical walls is also a critical point and should require 

appropriate local verifications. 

(v) The importance of the gravity loading configuration 

and, under certain conditions, of the consideration for the 

walls perpendicular to the seismic action has been highlighted 

and is shown as influencing significantly the maximum 

sustainable acceleration. 

At this stage, additional processing and developments are 

however still required to improve the exploitation and the 

interpretation of the tests results. Detailed assessment of the 

test results and corresponding model identification and 

calibration are planned to be presented in upcoming 

contributions currently in preparation. 
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ABSTRACT:  The seismic analysis of masonry buildings by means of the equivalent frame simplified methodology has 

received considerable attention in the last decades; the walls are modeled with macroelements to represent the in-plane non-

linear behavior of the panels. The mechanical characterization of these macroelements is the crucial point that defines the 

specific frame approach. In the present paper, the spandrels and the piers of the masonry wall are modeled through fiber section 

force-based elements that accounts for both axial-flexural and shear deformations, while the connecting nodes are assumed as 

rigid. The approach is investigated using the open source computational platform OpenSees that allows coupling between 

flexural and shear responses through a section aggregator procedure. The interaction between axial load and bending behavior is 

automatically accounted for by the fiber section model. The shear response is given by a phenomenological law and flexure - 

shear coupling is enforced at the element level. The approach is very simple and quite promising for both research and practice 

and the first numerical tests on sample cases show both numerical robustness in monotonic and cyclic analyses under vertical 

and horizontal loads and a satisfactory agreement with available experimental test results. 

 

KEY WORDS: masonry, macro-element, finite element, frame-equivalent model, nonlinear analysis, fiber section, N-M 

interaction diagram.  

1 INTRODUCTION 

A significant part of the historic heritage in Italy and many 

other European countries consists of old masonry 

constructions and this system is also widespread all over the 

world. Usually, older unreinforced masonry (URM) buildings 

were conceived to carry only vertical loads and most of them 

have experienced a continuous process of modification over 

the years. Moreover,  masonry is a composite material, whose 

components (bricks or stones and mortar) can be very 

different due to historical or technological reasons, and this 

makes its behavior difficult to predict. This difficulty is also 

due to different possible failure modes and to non-

uniformities in construction quality. 

2 GENERALITIES ABOUT MASONRY BUILDINGS 

2.1 Local and global response of masonry buildings 

Damage observed in past earthquakes showed that masonry 

buildings are vulnerable to local failures, mainly due to the 

out-of plane response of walls. These failure mechanisms are 

mainly caused by poor connections between the orthogonal 

walls and between walls and floors. 

 Without a box behaviour, the seismic vulnerability mainly 

depends on the out-of-plane collapse mechanisms of the 

resisting macroelements – e.g. masonry external walls or 

portions of them – rather than on the in-plane ultimate strain 

state in the masonry. In buildings with well connected walls 

the box behavior governs the seismic response; this buildings 

are the focus of the present paper.  

2.2 The Equivalent frame models 

To deal with the global response of real buildings, many 

researchers introduced a modelisation of the masonry walls as 

one-dimensional macro-elements, in such a way to represent 

the walls by means of  framed structures, and to apply then 

conventional methods of structural mechanics (e.g. [1] and 

papers there quoted). This idea has been indeed investigated 

and developed by many researchers, that led for example to 

the POR method developed in the seventies [2], and that was 

more recently used in programs such as 3Muri [3] or SAM 

[4]. Some common assumptions are made in these type of 

models: the wall deformation is assumed to be lumped in piers 

and spandrels and the other parts of the wall are considered 

rigid. A frame equivalent model is shown in Figure 1, where 

the piers and the spandrels are represented by columns and 

beams, respectively. 

 

Figure 1. A frame equivalent representation of a wall 
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The main advantage of this numerical approach is its 

computationally efficiency and for this reason the equivalent 

frame method may also be suitable for studying very large 

buildings or aggregates.  

With an appropriate formulation, in fact, the macroelement 

model can represent with a  good approximation the cyclic 

shear and the flexural response of masonry panels. 

In particular, the failure mechanisms of masonry piers 

subjected to horizontal (e.g. seismic) loads are the following 

[5][6] (see Figure 2): 

a) rocking failure: the failure is related to the crushing of 

the pier in the compressed zone; 

b) shear-diagonal failure: the failure of the pier is due to 

excessive shear stresses and consequently formation of 

inclined diagonal cracks; 

c) shear-sliding failure: the failure is associated to 

horizontal cracks in the bed-joints. 

 

 
 

Figure 2. Failure mechanisms of a masonry pier: a) rocking 

failure; b) shear-diagonal failure; c) shear-sliding failure 

(adapted from [6]). 

3 THE EQUIVALENT FRAME MODEL USING FIBER 

FRAME ELEMENTS 

3.1 Formulation of the fiber section beam element 

In the equivalent-frame approach discussed here the flexural 

behavior is computed considering a force-based frame 

element with the fiber section model and performing a 

moment-curvature analysis. The approach is investigated 

using the open source computational platform OpenSees 

[7][17] and the masonry walls are modeled as 

"NonlinearBeamColumn" elements.  This command is used to 

construct a beam element object, which is based on the 

iterative force-based formulation, that has been originally 

developed for the simulation of reinforced concrete members 

under seismic actions [8].  

In the distributed inelasticity used in this model the element 

response is determined by numerical integration of the 

nonlinear response at several monitored sections along the 

element.  

The flexure and axial behavior is modeled using a nonlinear 

fiber stress-strain relation   (material nonlinearity) (see 

Figure 3. 

  

 

Figure 3. Fiber section discretization   

 

3.2 Shear implementation: the section aggregator  

Shear deformations, which are often neglected in more 

simplified procedures, have an important role in the total 

nonlinear displacements in masonry walls, and for this reason 

they have been included in the proposed model by means of a 

trilinear force displacement law with pinching hysteretic 

behavior. A section aggregator in OpenSees framework is 

then used to combine flexural and shear behavior. This 

command aggregates into a single section force-deformation 

model the flexural response  - described here by means of a 

fiber-section approach - and the shear response -described by 

the trilinear V- law.  

Each Material-Object represents the section force-

deformation response for a particular degree-of-freedom, and 

at the section level there is no interaction between responses 

in different dofs.  

 

 

 

Figure 4. Section Aggregator  

 

Using the force-based formulation [8], equilibrium is 

imposed at the element level, thus enforcing shear-bending 

interaction. 

4 PARAMETRIC ANALYSIS OF MASONRY WALLS 

4.1 Opensees parametric analysis implementation  

In the present Section, the fiber model approach is used to 

simulate the seismic response of two masonry panels. The 

accuracy in describing the material properties, combined with 

the low computational effort required to perform the analyses 
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give the possibility to carry out several analyses. In particular, 

pushover analyses were performed on two columns with 

different slenderness ratios to determine the drifts at which 

failure of the column occur.  The panels geometry analyzed 

are shown in Figure 5.  

  

Figure 5. Panels geometry (N: total load; dimension in [m]) 

 

The Opensees input data of the two panels are summarized 

in Table 1. 

 

Table 1. Geometry of panels in Figure 5 (tCol : thickness). 

 LCol [m] HCol [m] tCol[m] 

First panel 1.6 3 0.25 

Second panel 3 3 0.25 

4.2 Masonry  constitutive law  

In the proposed model the masonry behavior under 

compression load is described by the modified Kent and Park 

model [9][10]. Although originally introduced for concrete, 

this law (see Figure 6) can reproduce many of the properties 

of masonry nonlinear behaviour: linear elasticity,  nonlinear 

 relationship before the peak stress and softening branch.  

 

Figure 6. Concrete01 Kent and Park constitutive law 

 

The following expressions [10][17] are used for the 

modified Kent and Park model: 
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where fcp, fcu , c0 and cu denote the compressive strength and 

the residual strength, respectively, and their corresponding 

strains. 

The second constitutive relation used in this study, that 

includes tensile strength branch, is called in Opensees 

Concrete06 (see Figure 7). 

 

 

Figure 7. Concrete06 constitutive law 

 

The compressive constitutive law of Concrete 06 is defined 

as the Thorenfeldt - base curve, which is similar to the one 

defined by Popovics [11][17]: 
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where f 'c and ε0 are the compressive strength and the 

corresponding strain, respectively, while n and k are 

parameters. 

According to Belarbi and Hsu [12], the tensile envelope is 

described by  

 c
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where fcr  and εcr are the tensile strength and strain, 

respectively, and b is a parameter. 
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4.3 Parametric analysis  of the slender wall, panel one 

The panel is modeled with a fiber section force-based element 

described in section 3.1. The lateral force resistance of this 

wall depends primarily on the boundary conditions, on the 

effect of the axial loads and on the characteristics of the 

material constitutive law.  

The parameters considered in this work to investigate their 

influence on the wall global behavior are: the material 

constitutive law softening branch, the initial axial load and the 

tensile strength. The geometry, boundary and load conditions 

are shown in Figure 8.  

 

Figure 8. Boundary conditions and geometry of first panel 

In the first analysis the constitutive law chosen to represent 

the behavior masonry is Concrete 01. Different configurations 

of the softening branch of the constitutive law are varied as 

shown in the Table 2 and Figure 9. 

Table 2. Concrete 01 - Material properties (symbols in Fig. 6). 

 fcp[MPa] fcu[MPa] c0 cu 

material 1 4 3.5 0.004 0.02 

material 2 4 2.5 0.004 0.02 

material 3 4 1.5 0.004 0.02 

 

 
Figure 9. Effect of different materials constitutive law 

parameters  

 

 

The base shear-displacement curves for each material 

constitutive law (see Figure 9) are presented in Figure 10. The 

maximum axial load capacity for the slender panel is equal to 

Nmax=1600kN. The pushover analyses shown in Figure 10 

have all the same value of initial axial load 0.5Nmax = 

800kN. It is evident from the graph that the behavior of 

material 3 is more brittle than the other ones.  

 

Figure 10. Shear-displacement curves for the different 

material constitutive laws (see Figure 9). 

The softening branch influences the behavior of the post 

peak response of the panel.  

The second parameter investigated is the initial vertical 

load.  The shear-displacement curves shown in Figure 11 are 

obtained with the concrete law material 3 (see Figure 9) for 

different value of axial load. The graph shows that for the 

axial load equal to 0.1Nmax = 160kN the panel behavior is 

more ductile, but shows a lower lateral force resistance. 

 

 

Figure 11. Shear-displacement curves for different values of 

axial load imposed on the column 

 

It is clear that by increasing the initial axial load,  the wall 

shear strength increases but the wall behavior becomes more 
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brittle The maximum axial load used in this analysis is equal 

to 0.5Nmax = 800kN. This value correspond to the maximum 

moment capacity of the wall section as shown in the axial 

load-moment interaction diagram shown in Figure 13. 

 

 
Figure 12. Slender wall fiber section   

 

 
Figure 13. M-N Interaction diagram for the section described 

in Figure 12  

Another important parameter investigated in this study is 

the masonry tensile strength. The analyses are performed 

using the material Concrete 06 and Concrete 01 described in 

section 4.2. Concrete 01 is defined as material 3 in Table 2  

and Concrete 06 is described in Table 3. 

It should be noted (Figure 14) that the softening curve of 

Concrete 06 is calibrated to match as close as possible 

material 3, therefore the only parameters varied is the material 

tensile strength. 

Table 3. Concrete 06 Material properties (symbols in Fig. 7) 

 f 'c[MPa] fcr[MPa] 0[-] cr[-] n k b 

M6 4 0.3 0.004 4. E-05 2 1 2 

 

The two stress-strain constitute laws are shown in Figure 14.  

 
Figure 14. Two materials constitutive law with tensile strength 

(concrete06) and without tensile strength (concrete 01) 

Figure 15 shows the horizontal load-displacement curves 

obtained with Concrete 01 (material 3) and Concrete 06. The 

curves show that after reaching the maximum force, the load 

decreases abruptly.  

The post peak behavior is controlled by the softening 

branch of the curve. The results show that the tensile strength 

influences slightly the wall behavior. 

 

 

Figure 15. Pushover shear-displacement curves using the 

materials of Figure 14 (N = 0.5 Nmax).   

Figure 16 shows the stress distribution in the section during 

the analyses.  At the beginning of the analyses, point A, the 

stress distribution is constant. At point B the section starts 

cracking, at point C the section is cracked and the neutral axis 

shifted, the stress on the last fiber reached the maximum 

compressive strength of 4MPa. Point D shows that increasing 

the displacement the stresses redistribute along the section,  

and part of the section is on the post peak branch. 

 

 

Figure 16.  Section stress distribution [MPa] for the steps 

indicated in Figure 15 
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Additional analyses were performed with a lower axial load, 

0.1Nmax = 160kN.  The results are shown in Figure 17. The 

shear - displacement curves are almost identical indicating 

that the tensile strength does not play a major role on the load-

displacement behavior.  

 

Figure 17. Pushover shear-displacement curves using the 

materials of Figure 14 (N = 0.1 Nmax).   

4.4 Parametric analysis of the squat wall, panel two. 

The deformation capacity strongly depends on the type of 

failure mechanism (shear or flexure). The panel described in 

the previous paragraph is slender and the failure is governed 

by flexure.  For this reason a second panel is investigated in 

order to analyse the shear failure. The lowest deformation 

capacities, in terms of horizontal drift θ = δ/H (horizontal 

deflection/ height of the panel) were found in correspondence 

of diagonal cracking failures, involving cracking of the units.  

The second panel is modelled with the material 3 constitutive 

law described in Figure 9, with other properties shown in 

Table 4, where denotes the friction coefficient.  

 

Figure 18. Boundary conditions and geometry of panel two 

 

 

Table 4. Panel two data 

 E [MPa] G [MPa] ftu [MPa]  

Panel two 2000 1000 0.15 0.4 

 

The second panel is modelled with fixed-fixed boundary 

conditions (see Figure 18). The shear strength is reached when 

the stress reaches the tensile strength of the masonry ftu =0.15 

MPa (see Table 4).  

In this examples the resulting shear strength is calculated 

using the following expression [5][13]: 

 

tu

tu
d

fb
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V 01




                           

(7) 

 

where ftu is the masonry tensile strength, 0 the compression 

stress of the section (0=N/lt), l the width, t the thickness of 

the wall section and b is a parameter that depends on the 

aspect ratio h/l.  

The shear behaviour of the wall is described by means of a 

trilinear lateral force-displacement law with pinching 

hysteretic behavior.  The constitutive law V- with initial 

axial load equal to N=300kN (i.e. 0.1 Nmax) is described in 

Figure 19.  

 
Figure 19. V-shear spring  

 

Figure 20 shows the flexure (Opensees analysis) and shear 

failure curves (eq.7) of the panel for different axial load ratio.  

The figure shows that for an axial load lower than 0.074 

Nmax the panel fails in flexure and for a higher axial load the 

panel fails in shear. 
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Figure 20. The V-N Interaction diagram (shear spring 1) 

 

 
 

Figure 21. V-d base shear displacement curve   

 

The last analyses are performed to investigate the influence of 

the constitutive law V-(shear spring behavior).  Figure 22 

shows the two laws used, one with maximum shear strength 

equal to  Vd1 =199.2 kN and the other with Vd2 =240 kN.  

The two base shear curves for N=300kN (i.e. 0.1 Nmax) 

without and with  shear spring are shown in Figure 21. 

The base shear curves for N=240kN (i.e. 0.08 Nmax) without 

shear springs and with the two shear springs are shown in 

Figure 23.  The behavior of the curve without shear springs is 

stiffer than the other two, due to the fact that the shear spring 

gives the possibility to consider in addition to the flexure 

deformation also the shear deformation.  The curves show 

also that for spring 2 the failure is in flexure because the shear 

strength is higher than the flexural strength. In the case of 

spring 2 the failure is in shear because the shear strength is 

lower than the flexural strength. 

 

 

 

 
Figure 22. V-shear springs 

 

 
 

Figure 23. V-d base shear displacement curve   

 

 

CONCLUSIONS  

Masonry wall in-plane failure modes can be represented 

efficiently with the nonlinear fiber-beam equivalent-frame 

model presented in this study.  

Both shear and flexural deformations, which play an 

important role in the global response of the masonry walls, are 

taken into account through constitutive laws widely accepted 

in the scientific literature, combined by means of  a section 

aggregator in OpenSees framework. 

The parametric analyses on two different panels show the 

influence of various parameters on the panel behavior, and in 

particular slenderness ratio, axial load (that plays a major role 

on the strength and ductility of the panel), material 

constitutive law. 

The force-based fiber section model appears to be a very 

promising approach to model the masonry behavior.  Both 

flexural behavior and shear behavior can be represented with a 

good approximation, the numerical model is very stable and 
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efficient and can be easily extended to model complex 

masonry buildings.  

Other tests on sample cases show also both numerical 

robustness in monotonic and cyclic analyses [14] under 

vertical and horizontal loads and a satisfactory agreement with 

available experimental test results for masonry panels [15] 

and 3D buildings [16]. 
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ABSTRACT: The total collapse of a building in L’Aquila, Via D’Annunzio (D’Annunzio Street), located at about 6 km from 

the epicenter of the earthquake of April 6 2009, is here analyzed. The reinforced concrete moment-resisting frames were 

designed in the 1961 according to the Italian Seismic Code of 1937, and failed with a “pancake-type collapse”, with a very high 

death toll of 13 casualties. At the beginning of 2013, the first Author was appointed by the legal authority to investigate the 

reasons for the collapse. Studies were partly based on the on-site investigations performed during the summer 2009, including 

tests on the concrete properties, analysis of the ground properties and exam of parts of the collapsed structure recovered from the 

debris. Due to the lack of a complete set of design blueprints, the dimensions and positions of the columns, as well as the 

geometry of the reinforcement, were obtained by an on-site series of measurements during 2013. The range of variation of 

natural periods and modal shapes depending on the modeling assumptions have been determined through numerical analyses. 

The seismic excitation at the site, determined from the earthquake records and the ground properties coming from down-hole 

tests, has been provided in terms of time history and response spectrum. When all the factors affecting the seismic behavior are 

taken into account, the collapse of the building can be explained; the collapse mechanism resembles the modal shape of the first 

mode. The flaws of the original design, brought to light with this study, can be assumed as typical for the design time and 

provide clear indications on the critical points to be checked when assessing an RC frame of the sixties. 

KEY WORDS: Dynamic global collapse; Non-ductile resisting frame; Torsional mode; Site analysis. 

1 INTRODUCTION 

A magnitude Mw6.3 earthquake struck the city of L’Aquila, in 

Central Italy, at 3.32 am of April 6 2009. Among the various 

cases of failure of reinforced concrete (RC) buildings in the 

urban area of L’Aquila, the event caused the total collapse of 

a building in Via D’Annunzio (D’Annunzio Street) located at 

about 6 km from the epicenter. Death toll was very high with 

thirteen people killed and three suffering serious injury. The 

building, designed in 1961 according to the Italian Seismic 

Code of 1937, was a 5-story (including one underground 

floor) RC framed structure having a C-shaped plan. The 

structural collapse, of a “pancake type”, involved all the floors 

of the buildings, with columns failing at nodes, and was 

accompanied by a large rotation motion of the whole building.  

The first author was appointed by the legal authority to 

investigate the reasons for the collapse. The studies, 

performed with the co-authors, were based on the results of 

on-site investigations performed in the months following the 

collapse, concerning the soil properties and the mechanical 

properties of the concrete adopted in construction. A 

campaign of measures on the geometry of the small survived 

part of the basement structure helped in establishing the 

geometry of the building. The on-field tests were supple-

mented with numerical studies, necessary to characterize the 

dynamic behavior of the building and its earthquake response.  

The flaws of the original design, that was affected by the 

lack of efficient computational tool, reflect in the dynamic 

behavior of the building. The first natural mode resembles the 

collapse mechanism; the situation is worsened by a design 

characterized by a large overstrength in beams, with relatively 

slender columns, and by a poor quality of the concrete. All 

these factors lead to the explanation of the collapse. The paper 

briefly describes both the investigation performed and the 

results found, pointing out the critical points to be checked for 

structures built according to obsolete codes.  

2 THE STRUCTURE AT STUDY 

2.1 Geometry  

A general view of the building at study is shown in Figure 1. 

The building, designed at the beginning of the sixties, was a 5-

floor building with a basement. The plan of the typical floor is 

shown in Figure 2, one of the original drawings of the 

buildings. A roof was on the top of the building. The C-

shaped building had a symmetry axis approximately parallel 

to the street. A small RC core for the elevator was placed 

along the symmetry axis. The resisting system was composed 

of moment-resisting frames. The horizontal structure of the 

floors was realized with precast inverted T-beams interlocked 

in situ with rows of bricks; an upper RC slab, cast in situ, 

connected the two parts to form a composite slab. Two 6-bay 

frames were perpendicular to the symmetry axis, while six 2-

bay frames were approximately parallel to the symmetry axis 

(three on each side), each rotated by a small angle. The 

direction of floors, depicted in Figure 2, is coherent with the 

geometry of frames. The foundations, still in place, are 

composed of inverted beams connecting the columns along 

the directions of the main frames; no transverse connections 
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have been found on the site, even though a mention of them 

was present in the general relation accompanying the project. 

 

Figure 1- General view of the building, street on the right. 

Since the building collapsed totally during the seismic event 

of April 6 2009, the geometry definition was based on the few 

original documents still available, a large number of pictures 

and several on-site measurements on the remaining of the 

basement. The following Table 1 summarizes the typical 

dimensions of columns and beams at each level (GF stands for 

ground floor). 

Table 1. Geometry of columns and beams 

 Column [cm] Beam [cm] 

L-1 - GF 40x50 40x60 

GF – L+1 30x50 30x55 

L1 – L2 30x40 30x55 

L2 - L3 30x40 30x55 

L3 - L4 (under the roof) 30x40 30x55 

L4 (under the roof) - Roof 30x40 30x55 

 

 

Figure 2 - Typical plan: beams, columns and floors. 

Three parts of jacketed columns were found among the debris 

of the collapsed building, and were recovered in a separate 

place. The geometry of the steel reinforcement within the 

jacket suggest that the jacketing was performed during the 

initial construction works. In fact, both the longitudinal and 

the transverse reinforcement are composed of smooth bars, 

having the same cross-section of the ones of the columns core. 

However, since the building totally collapsed, it was 

impossible to ascertain the exact position of the jacketed 

columns within the structure, and to establish how many 

jacketed columns were present.  

A second jacketing intervention was performed in 2002 on 

six columns at the basement level, as shown in Figure 3, to the 

aim of fixing a problem of concrete carbonation and light 

corrosion of bars. The jacket was placed from the column base 

up to the height of approximately 3,10 m for perimeter 

columns and 1,80 m for central columns. 
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Figure 3 – Basement plan. Geometry and position of columns, 

units[cm], from measurements; jacketed columns are circled. 

2.2 The structural design  

The structural design report of the building was issued on 

1961; the reference code adopted by the designer was the 

Italian seismic code in force at that time, the RD (“Regio 

Decreto”) n. 2105/1937 [1]. The seismic design was 

essentially based, in RD 2105, on the following principles. 

 Application at each floor centroid of an equivalent static 

force equal to 5% of permanent loads plus 1/3 of variable 

loads; this force must be applied both in transverse and 

longitudinal direction. 

 Application of vertical loads equal to the minimum 

between 1) 1.25 times the sum of permanent loads plus 1/3 

of variable loads, 2) the sum of permanent loads plus 

variable loads. 

The above criteria were used for designing the 6-bay frame 

located in the central part of the building (within the red 

dotted box in Figure 3). The loads acting on the frame  were 

apparently derived according to tributary areas and to criteria 

that were typical, at that time, for designing vertical load 

carrying systems. The contribution of the mass of columns 

and perimeter walls was not taken into account, with an 

underestimation of the horizontal forces of about 20%. This 

flaw was partially mitigated by the fact that, as found from 

measurements on the remaining of the columns on site and on 

the parts of structure recovered in a separate place, the 

diameter of bars of the longitudinal reinforcement was larger 

than the required value (18mm instead of 16mm)  

This 6-bay frame was considered as representative of all of 

the other frames in the structure, so that the same cross 

sections were assumed both for the second 6-bay frames and 

for the six 2-bay frames, in spite of the difference in the beam 

length and in the load situation. Each frame is designed to 

resist only in-plane forces; the longitudinal steel 

reinforcement is placed in the cross-sections to resist only in-

plane actions. The foundation beams are designed according 

to the same approach. The design of RC cross-sections 

follows the prescription of the Italian Code of 1939 [2]. 
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2.3 Mechanical properties of the structural materials  

The allowable stress values used in the calculations were 

obtained examining the design documents. On the basis of the 

regulations there quoted, it is possible to estimate that the 

concrete specified by the designer would correspond to 

strength class C16/20 (cylinder strength 16MPa, cubic 

strength 20 MPa), according to the classes defined in UNI-EN 

13791 [3]. An experimental campaign was carried out based 

on 16 concrete cores taken from the column stubs remaining 

standing at the basis of the collapsed building, after removing 

the ruins and debris. Four bar samples were cut for the 

reinforcement. 

To establish the strength of the in-situ cast concrete, the 

concrete cores were subject to the standard compression 

strength test according to UNI-EN 12390-3 [4], including the 

measurement of density. Table 1 lists the statistical parameters 

of interest herein. The mean cylinder compressive strength 

fcm,is value is 14,1 MPa. The coefficient of variation COV, 

computed as σ/fcm,is, is equal to 0,39. The characteristic “in 

situ” cylinder strength fck,is can be computed [4] as: 

fck,is = fcm,is – k2 σ = 13,3 – 1,48 x 5,4 = 6,0 MPa   (1) 

where: 

- k2 is a statistical coefficient for the calculation of fck,is, when 

the characteristic value is estimated on the basis of a sample 

of test results. The value k2= 1,48 is indicated by EN 13791 

when the sample is made of at least 15 test results; 

- σ is the standard deviation of fc,is. 

Table 1. Properties of concrete from core drilled tests. 

Cylinder Compressive Concrete Strenght 

Mean value (MPa) 14.1 

Standard Dev. (MPa) 5.4 

COV (dimensionless) 0.39 

Characteristic strength (MPa) 6.0 

Minimum (MPa) 5.9 

Maximum (MPa) 26.7 

 

The histogram of core cylinder strength is depicted in Figure 

4. The strength values are quite low; according to the classes 

defined in [3] the standard class is C8/10, lower than the class 

required in design. The shape of the histogram shows a rather 

dispersed distribution of strength, with a peak of probability 

density at 15 MPa, close to the mean value of 14.1MPa, a 

considerable number of results in the range between 9 and 12 

MPa, and scattered values higher than the mean.  
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Figure 4 - Hystogram of core cylinder strength. 

The results can be explained in terms of a low quality 

construction process, concrete mixing casting and curing, 

aiming at a concrete quality higher than that obtained in most 

cases. This is also indicated by the high scatter of the strength 

(COV=0.39) typical of low-strength concrete and deficient 

construction practices. 

The correlation of strength with density is shown in Figure 

5. The concrete density mean value is 2245 Kg/m3. All values 

are in the lower part of the range considered for normal 

strength concrete (2200-2500 kg/m3), with 31% of the values 

out of this range, below 2200 kg/m3. The increase of strength 

with density shown in the results (Figure 5) is coherent with a 

theoretical model [5], considering the variation of strength 

with the compaction of concrete for a given mix-design.  
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Figure 5 - Correlation of strength with density. 

For these results, the value of R2, equal to 0.459, is 

relatively low due to the high scatter in the measured values of 

strength related to density. This can be considered the 

consequence of a poor construction process with low control 

in the mix-design and curing. The coefficient of determination 

R2 of the model in Figure 5 was computed according to the 

well-known expression: 

    
i

cmci
i

mod
cici ffffR

222 1  (2) 

where fci = measured values; fci
mod = modelled values; fcm = 

mean value of measured strength. 

Four steel samples were taken from the collapsed part of the 

building, three for smooth reinforcement and one deformed 

bar. The tension tests for the smooth bars measured mean 

yield strength 312 MPa with a rather high scatter (range of 

values 281-344 MPa), average elongation at failure 32% (28-

36%). These values are in good agreement with design values.  

3 THE SEISMIC EXCITATION AT THE SITE 

3.1 The earthquake records  

The April 6th 2009, MW 6.3, L'Aquila earthquake represents 

the third strongest event recorded by strong-motion 

instruments in Italy, after the 1980, MW 6.9, Irpinia and the 

1976, MW 6.4, Friuli earthquakes, but it is the best 

documented from an instrumental viewpoint. As a matter of 

fact, during the earthquake, the Italian Strong-Motion 

Network (Rete Accelerometrica Nazionale, RAN), operated 

by the Italian Department of Civil Protection (DPC), provided 
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an unprecedented dataset of digital strong-motion recordings. 

All the records are available on the web portal of the ITalian 

ACcelerometric Archive (ITACA: http://itaca.mi.ingv.it). In 

particular, the high-quality recordings obtained at three 

stations, AQV, AQA and AQG, located along a seismic 

transect in the upper Aterno valley, and at two stations, AQK 

and AQU, located at L’Aquila downtown, are of particular 

interest. The observed Peak Ground Acceleration (PGA) 

ranges from about 0.25-0.35g in downtown L'Aquila to 0.40-

0.60g along the Aterno river valley.  

Among the available data, the records provided by AQK, 

located behind the L’Aquila Bus Station in the immediate 

perimeter of the historical center of L’Aquila, and by AQU, 

located in an underground vault of the L’Aquila historic 

castle, are the most interesting ones for the purpose of this 

work. They are, in fact, located at small distances from the 

building under investigation, as shown in Figure 6. 

Furthermore, only for AQK, the profile of the shear wave 

velocity (VS) with depth is available.  

 

Figure 6. Location of stations AQK and AQU with respect to 

the building under investigation in via D’Annunzio 24-26.  

3.2 Evaluation of ground motion at the site  

The epicentral area of L’Aquila earthquake corresponds to the 

upper and middle Aterno valley, which is characterized by a 

complex tectonic evolution reflected by the high variability of 

the geologic and geomorphologic patterns.  

The building of Via D’Annunzio lies in the southern sector 

of the alluvial terrace, some tens of meters thick, on which the 

historical center of L’Aquila is built (Figure 7). As described 

in [6], this terrace consists of calcareous breccias and conglo-

merates with limestone clasts in a marly matrix, superimposed 

in the southern part to lacustrine sediments, mainly consisting 

of silty and sandy layers (referred to as “limi rossi”), 

characterized typically by lower shear-wave velocity.  

The ground motion at the site in Via D’Annunzio has been 

evaluated by performing local site response analyses, based on 

the available information on the local geological and 

topographic features. The AQK record was considered as the 

seismic input in the analyses. It was preferred to the AQU 

record, located in the L’Aquila Castle, owing to: (i) the small 

distances (about 400 m, see Figure 6) with respect to the 

building; (ii) similarity of geological conditions (both the 

building and AQK station lie within the zone of “limi rossi” in 

L’Aquila downtown).  

To define the geotechnical model to be used in the site 

response analyses, reference is made to the site investigations 

carried out in the framework of the Microzonation studies 

(http://www.protezionecivile.gov.it/jcms/it/microzonazione_a

quilano.wp), i.e., DownHole (DH) and MASW data. The VS 

profiles as obtained from both investigations are shown in 

Figure 7 along with the one for station AQK. Significant 

discrepancies are found between the DH (in red) and MASW 

(in green) results. Based on the comparison with empirical 

amplification curves, computed from the recordings of 

aftershocks collected in the framework of the microzonation 

project (not shown herein for brevity), the MASW profile was 

regarded as the most representative and, hence, taken as 

reference subsoil model for the analyses.  

 

Figure 7. Lhs: geological map of the historical center of 

L’Aquila (“macroarea 1”, adapted from [6]). Rhs: VS profile 

at AQK (black line) and at the site in Via D’Annunzio.  

From [7], the procedure to evaluate the earthquake ground 

motion at the D’Annunzio site can be summarized as follows:  

 the AQK record was deconvolved considering the 1D 

stratigraphy available at the ITACA website (black line 

in Figure 7); 

 to quantify the site amplification effects, the base motion 

obtained at the previous step was used as seismic input 

for 1D equivalent-linear local response analyses by using 

the software EERA  

(http://gees.usc.edu/GEES/Software/EERA2000); 

 no topography amplification effects were considered due 

to the limited slopes in the study area, as confirmed by 

2D numerical simulations of SH wave propagation;  

 the horizontal, NS and EW, accelerograms obtained at 

the ground surface were rotated clockwise by 20.5° to 

compute the ground motion along the principal 

directions of the building; 

 the 5% damped elastic response spectra for both horizon-

tal components, 20.5° N and 110.5° N, were computed 

(Figure 8). 

The resulting elastic response spectra show that ground 

motion along the 20.5°N direction is predominant over a wide 

range of vibration periods. This effect is related to the 

directionality of earthquake ground motion in the L’Aquila 

records along the fault normal direction, which corresponds 

approximately to the direction rotated by an angle of about 

20° with respect to the North (see e.g. [8]). 

http://itaca.mi.ingv.it/
http://www.protezionecivile.gov.it/jcms/it/microzonazione_aquilano.wp
http://www.protezionecivile.gov.it/jcms/it/microzonazione_aquilano.wp
http://gees.usc.edu/GEES/Software/EERA2000
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Figure 8. Elastic response spectra, rotated components.  

4 THE COLLAPSE DESCRIPTION  

Only few pictures witness the conditions of the building after 

the collapse. As it appears from Figure 9 and Figure 10, both 

showing a view from the hillside of D’Annunzio Street, the 

building is totally collapsed, with the failure of all the 

columns at all the floors. Some of the elements in the 

basement failed too.  

 

Figure 9 - View of the collapsed building, roof well visible. 

 

Figure 10 - The collapsed building (a rescuers’ picture).  

The floors stacked one over the other, with a “pancake-

type” of collapse. From Figure 9 it can be seen that the 

undamaged roof was found practically at the street level.  

Figure 11 shows an aerial view of the building in the 

original configuration before the earthquake, with the C-shape 

well apparent.  

 

Figure 11 - Aerial view of the building, within the red circle, 

before the earthquake. 

 

Figure 12 - Aerial view of the building, within the red circle, 

after the April 6 2009 earthquake. 

The situation after the earthquake is depicted in Figure 12, 

where both the translation in the direction perpendicular to the 

street and the rotation of the plan are well apparent. The 

translation towards the right in the picture  moves the building 

away from the street (also visible in Figure 10). The in-plane 

rotation takes place about the lower corner on the left. It is 

worth noting that the other buildings around, even though 

damaged at different extent, are still standing. 

5 THE NUMERICAL MODEL 

A series of finite element numerical models of the structure 

were set up using SAP2000 v.14 [9]. These reproduce the 

geometry and loads of the building both in the configuration 

at the end of the construction, corresponding to the original 

design, and at the date of April 6th 2009. The typical 

approximations and assumptions for building structures were 

adopted. The geometry of beams and columns was determined 

on the basis of the comparison of the on site measurements – 

extended to the basement only, due to the total collapse of the 

building, and to the parts recovered in a separate place - with 

all the documents available, namely the design relation, 

architectural drawings and floor plans. The geometry of the 

floors was not completely specified in the design documents 

and there were not drawings of floors, apart from Figure 2. 
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Only two or three parts of floors were recovered from the 

debris. The following assumptions were made for all models: 

 The x and y axes of the reference system are orthogonal 

and parallel to D’Annunzio Street, with a vertical z axis. 

 The beams and columns in the frames have been modeled 

with two-node beam elements. Four-node shell elements 

were used for the core walls and the RC walls along the 

basement perimeter. The stone and masonry perimeter 

walls in the basement were not modeled.  

 The elements were placed along the centroidal axes of the 

members, neglecting small misalignments. 

 Fixed ends were placed at the base of the columns and 

wall elements, corresponding to the extrados of the 

foundations.  

 The columns in the 2-bay frames were modeled taking 

into account the 8° in-plane rotation of the cross-sections. 

 The floors were modeled as loads acting on the beams on 

their perimeter, and the balconies as loads on the 

corresponding external side beams. This assumption 

neglects the in-plane stiffness of the floors. In some models 

the rigid diaphragm constraint has been enforced to all 

nodes of each floor, to consider the opposite situation of a 

very high value of stiffness and resistance to the effects of 

horizontal actions. 

 The roof configuration was assumed on the basis of the 

design drawings and some pictures of the building. 

 The foundations have not been modeled. 

All of the loads used by the designer have been considered 

as stated in the design documents dating back to the time of 

the first construction. 

 Gravity loads, as well as the horizontal loads, have been 

modeled as distributed loads on the beams. The mass of 

each floor has thus been modeled locally, coherently with 

the assumption for floors listed above.  

 For the modal analysis the mass related to the live loads 

has been taken as 1/3 of their nominal reference value. 

The Young’s modulus for concrete has been determined the 

mean concrete strength determined by the cores drilled in situ.  

According to the prescriptions of the present Italian Code, 

being fcm=14.1 MPa it results Ecm= 24388,7 MPa  

5.1 Case studies 

It is apparent, from what has been presented in the previous 

Sections, that there were many uncertainties on the geometry 

of the building and on its boundary conditions. The main 

uncertainties concern the in-plane stiffness of floors and the 

constraint effect of the ground surrounding the basement. 

Furthermore, the mechanical properties of concrete were very 

scattered and the extent of cracking at the beginning of 

earthquake was not known. For these reasons several 

modeling options have been considered:  

 Models with or without the rigid diaphragm floor 

assumption; 

 The ground on the side of the basement walls can either 

provide or not provide a constraint to the structure, acting 

at this level on the horizontal degree of freedoms directed 

perpendicularly to the ground. 

 To consider the possible cracking with the seismic 

loading of the swarm preceding the main event, the overall 

stiffness of the structure can assume different values. The 

full stiffness (EI) was considered first, and then it was 

reduced to 50% and 30% by modifying the Young’s 

modulus of concrete; 

Table 2 summarizes all the cases taken into consideration. 

In addition to these twelve models, a further 3D model was 

considered, named Model 000, to simulate as close as possible 

the computations carried by the original designer. Coherently, 

in this model there are no constraints and no perimeter walls 

in the basement. Using the models just described, the 

following analyses have been carried out: 

1) With the model 000, a static analysis with gravity loads and 

horizontal seismic forces, determined using the code 

specifications of the time of construction, to verify the 

correspondence of the original design to the codes [1] and [2]. 

The horizontal seismic forces are 5% of the gravity loads, 

including dead and permanent loads, and one third of the live 

load.  

2) With the models from 001 to 012, a modal analysis to 

estimate the principal modes and frequencies of the structure 

in its original configuration. In this way the range of values 

for the first and second modes is determined, depending of  

the constraint and stiffness assumptions in the different 

models. As it will be shown in the next Section, the natural 

modes account for the movement of the building both in the 

parallel and orthogonal directions, with respect to via 

D’Annunzio. 

Table 2 - Summary of the different models adopted. 

Model 
Rigid 

diaphragm 

Horizontal constraints at 

basement level 
Stiffness 

001 - - EI 

002 - X EI 

003 X - EI 

004 X X EI 

005 - - 0.5 EI 

006 - X 0.5 EI 

007 X - 0.5 EI 

008 X X 0.5 EI 

009 - - 0.3 EI 

010 - X 0.3 EI 

011 X - 0.3 EI 

012 X X 0.3 EI 

6 RESULTS OF THE ANALYSIS 

From Model 000, the internal actions corresponding to the 

seismic design loading have been determined. A few cross-

sections have been checked with the working stress design 

method. The allowable values considered for materials, 

according to the design relation and to the 1939 code [2] are, 

for flexure and axial load: 

Concrete c=66 kg/cm2  

Steel  s=2.000 kg/cm2 

The following values were considered for shear: 

Concrete: c=6 kg/cm2 (not reinforced elements) 

Concrete: c=14 kg/cm2 (reinforced elements) 

Steel  s=1.400 kg/cm2. 

Most of the tension checks were satisfied, when the larger 

steel bars actually adopted in construction are considered, if 

the concrete would have had the required properties. It must 

be noted that while columns have a working stress close to 
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allowable value, beams show a large overstrength. Of course 

the hierarchy of resistance criterion could not be known by the 

designer, but, as a result of this overstrength, the building was 

prone to a brittle collapse during an earthquake. 

The results of the modal analysis of the building, for the 

twelve models summarized in Table 2, are listed in Table 3. 

Table 3 - Natural periods of modes 1 and 2, for all the models. 

Model Mode 1  [s] Mode 2  [s] 

001 0.872 0.830 

002 0.855 0.806 

003 0.780 0.734 

004 0.763 0.711 

005 1.233 1.173 

006 1.209 1.140 

007 1.103 1.038 

008 1.079 1.006 

009 1.591 1.515 

010 1.560 1.472 

011 1.424 1.340 

012 1.393 1.299 

 

From the analysis of the results in Table 3 it can be inferred 

that the models with the same value of the stiffness EJ present 

a limited scatter of the first mode period depending on the 

constraint and boundary conditions. 

  

 

Figure 13 - Model 005, first and second modal shape. 

The modal shapes are similar for all the twelve cases 

analyzed; those for the first two modes of Model 005, having 

an intermediate value for the structural stiffness, are depicted 

in Figure 13. The first mode is always a longitudinal-torsional 

coupled mode; the second one is a predominantly transverse 

mode, coupled to a torsional component. The latter has a 

participating mass that is smaller than the one of the first 

mode. In some cases this is so small that cannot be 

appreciated by the modal shapes. Longitudinal here refers to 

the direction of the 6-bay frame, transverse to that of the 

symmetry axis. In all the models, apart from those with the 

rigid diaphragm and horizontal constraints, the first mode has 

a torsional component as a main component. Figure 14 and 

Figure 15 show, for the first and second mode respectively, 

the percentage of the participating mass to the torsional and 

translational component. The latter is in the x-direction for the 

first mode and in the y-direction for the second mode.  
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Figure 14 - Participating mass associated to the first mode, as 

a percentage of the total mass 
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Figure 15 - Participating mass associated to the second mode, 

as a percentage of the total mass. 

 

6.1 The structural capacity 

During the earthquake a soft-story collapse mechanism 

formed at all the stories of the building. To evaluate the 

reasons for the collapse, a comparison between the base shear 

and the shear capacity is necessary. Since the geometry of 

building is not known exactly, the comparison has been 

performed only for the first floor, where the geometry of the 

columns is well identified and the average values of the 

weight of the whole building is sufficiently known. An upper 

bound estimate of the seismic shear capacity can be computed 

by assuming that the story mechanism developing at the first 

floor is governed by the failure of columns in flexure, with 

inelastic zones forming at one or both ends, depending on the 

shape of the bending moment diagram. The average 

experimental values are assumed for the strength of materials 

(steel and concrete). The ultimate moment of each column 

Mult,i corresponds to the static value of axial force due to dead 

load plus 1/3 of the live load, evaluated through influence 

areas. The shear capacity has been evaluated separately in 

both x and y directions, taking into account that the moment 

capacity of each column is different in the two directions. In 

fact in each frame the steel reinforcement is placed in the 

cross section only to resist in-plane bending moments, and the 

frames lack transverse beams to resist out-of-plane actions.  

Under the quoted assumptions, the limit values of shear are: 

x-direction   Vx,R = 890,2 kN 

y-direction  Vy,R = 828,4 kN 
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The inadequacy of the structural configuration can then by 

assessed by simple hand computation. In the period range T1 = 

0.76-1.59 s for the first mode, the spectral values in Figure 16 

are about 0.48g in the most unfavourable direction. In the 

April 6th configuration the total weight of the building above 

the ground floor was estimated as Wb = 15531.45kN. An esti-

mate of the seismic shear demand at ground floor is obtained 

as a product of the mass m = Wb/g by the spectral acceleration:  

 Vb,d = m∙a = 15531,45 kN/g·0,48 g = 7455,1 kN  (5) 

The ratio between the base shear demand and the base shear 

capacity provides the q-factor required to resist the actual 

seismic actions: 

 q = Vb,d / Vy,R =7455,1 kN / 828,4 kN ~ 9 (6) 

The value obtained is quite higher than the limit allowed by 

standard modern Codes and too high for a structure designed 

according obsolete codes, thus fully justifying the collapse.  
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Figure 16 - Range of natural periods, with reference to the 

elastic spectrum in Figure 8. 

The question arises whether the values of spectral 

acceleration in Figure 16 are compatible with the magnitude 

of the static horizontal forces, equal to 5% of gravity loads, 

prescribed by the 1937 Code [1] and assumed in a design 

process based on a working stress approach. To establish a 

meaningful comparison, the latter value must be multiplied by 

a safety coefficient to reach the acceleration value consistent 

with a limit state design approach. Coherently with the 1939 

Italian Code on RC structures [2], this coefficient is assumed 

equal to 2.0, the minimum value of the ratio between yielding 

and working stress for steel. Thus, the ratio of elastic to design 

acceleration is equal to 0.48 / (2 x 0.05) = 4,8. In the modern 

seismic design philosophy, this value is representative of the 

product of the ductility factor q times an overstrength factor. 

The former can be considered to be in the range 2-3, typical of 

existing RC framed structures; therefore, the overstrength 

factor implicit in the design must be between 1.6 and 2.4. This 

value can be assumed as reasonable, also from the observation 

that only a very limited number of buildings failed during the 

April 6 earthquake, and that all the buildings around the one at 

study, some of which even older, survived the earthquake. 

7 CONCLUSIONS: THE CAUSES OF THE COLLAPSE 

As shown in the previous section, even though at the upper 

limit, the ground shaking level of the L’Aquila event of April 

6th 2009 was compatible with both the seismic actions 

prescribed by the code provisions and a normal seismic design 

practice at the time of construction of the building. 

Therefore the causes of the collapse must be sought in the 

design criteria and the construction flaws. The pictures of the 

building after the collapse show clearly that the collapse 

mechanism resembles the first modal shape, with an x-

translation and a rotation. The torsional effect, arising from 

both the C-shape of the plan and the lack of an effective 

bidirectional resisting system, has been probably amplified by 

an uneven distribution of perimeter walls in the basement 

(some of them were weak masonry or stone walls) and by the 

presence of jacketed columns, located in unknown positions 

during the original construction. Instead, partial jacketing of a 

few columns in the basement had practically no effect on the 

mode shapes. Furthermore, with a strong beam – weak 

column design criterion consistently applied, the hierarchy of 

resistance criterion was not enforced in the building, making it 

prone to brittle failures at all the stories.  

The design for seismic actions based on criteria typical for 

vertical forces, as the adoption of influence areas, resulted in a 

resisting system of uneven strength and stiffness in the x and y 

directions. In this situation, the role of diaphragm played by 

the floors was a crucial one, and would have required a 

concrete of good quality to resist the in-plane forces. Thus, the 

low quality of concrete – with a dispersion of strength values 

and the presence of localized defects, as visible in a part of the 

structure recovered after the collapse - has further worsened 

an already difficult situation, also for the reduction of the 

steel-concrete bond, further impairing the available ductility.  

As a final remark it must be noted that the torsional modes 

appear as a consequence of the geometry of the plan, of the 

design assumptions and of the lack of an effective bi-

directional resisting system. With a negative feedback, the 

presence of the torsional mode has emphasized the effects of 

the poor quality of concrete and of the choice of a strong 

beam-weak column design. Dynamic behavior and building 

capacity are in this case tightly connected and it is almost 

impossible to separate the one from the other. 

8 DISCLAIMER 

The paper content reflects the Authors’ scientific opinions and 

does not intend to anticipate any legal opinion or decision. 
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ABSTRACT: Presence of masonry infills and detailing of reinforcement can have a significant influence on the response of the 
older R/C frames under seismic excitation. After several major earthquakes failure of infilled frames were observed due to the 
presence of shear deficient columns and inadequate detailing of smooth reinforcing bars near the joints. These aspects are quite 
often neglected in linear or nonlinear models because of the modelling complexity and increase in computational effort. The 
objective of this work is to identify the consequences of bond-slip in critical zones such as plastic hinge locations and the 
presence of shear deficient columns.To investigate these effects on the response of a sample 2D frame, three different infilled-
frame configurations are analyzed using an accurate yet viable approach based on the diagonal strut scheme 
(ASCE41/FEMA356): a) bare frame, b) partially infilled frame (pilotis frame) and c) uniformly infilled frame. Bond-slip effects 
are directly incorporated into the nonlinear fiber section models (Spacone et al. 1996) through the simplified approach proposed 
by Braga et al. (2012), and nonlinear shear behavior of columns is aggregated at the element level. Static pushover analyses and 
Incremental Dynamic Nonlinear Response History Analyses (IDA) are performed spanning a wide range of hazard levels. 
Results show that incorporation of infill-induced shear damage and bond slip into the frame models the results in 1) significant 
loss of strength for the uniformly infilled configuration; and 2)  increase of  flexibility for the bare-frame and partially infilled 
configurations. 

KEY WORDS: Infilled frame, Shear failure, Bond-slip, Pushover, Incremental dynamic analysis 

1 INTRODUCTION 
Prior to the development of seismic building codes of practice 
most of the structures were designed to resist only gravity 
loads. This resulted in a large proportion of the building stock 
with inadequate reinforcement detailing, which currently 
represent a high risk in regions of medium and severe 
seismicity. 

There are several complex aspects associated with the stock 
of older infilled frame reinforced concrete structures such as 
interaction of R/C frame and infill panels, presence of 
unreinforced joints, bond-slip or anchorage slip near the 
joints, flexure shear interactions in frame components, axial-
flexural interaction in frame components etc. These effects 
can significantly change the local as well as the global 
response and are captured by accurate nonlinear models of 
structures and components. 

This research work highlights the influence of the 
aforementioned phenomena on the seismic behavior and 
response of infilled frame structure focusing mailnly on shear 
failure of column and bond-slip effects in the longitudinal 
reinforcements. 

1.1 Shear Failure of Columns 
A common cause of poor performance in infilled frame 
reinforced concrete structures are presence of a soft story 
(Figure 01a) and captive columns (Figure 01b). Several major 
earthquakes have also shown that severe damage and collapse 
may also occur in the case of uniformly infilled frames having 
shear deficient surrounding columns (shown in Figure 01c and 
Figure 01d).  

  

  
                      

        (b) 

(a) 

(c) 

 (c) (d) 
 

Figure 01. Damage in Infilled Frame Structures due to (a) 
Presence of Soft story (2009 L’Aquila) (b) Presence of 
Captive Columns (2001 Atico earthquake, reprinted from 
Ayhan Irfanoglu et al 2009, [1]) (c)/(d) Interior/Exterior shear 
deficient column (Reprinted from Haldar et al 2013, [2]) 

Several researchers have addressed the issue of 
incorporating inelastic shear response in the assessment of 
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reinforced concrete structures, among others Takayanaki et al. 
1979 [3]; D’Ambrisi and Filippou 1997 [4]; Ricles et al. 1998 
[5]; Pincheira et al. 1999 [6]; Braga et al. 2004 [7]; Marini and 
Spacone 2006 [8]. The behavior accounting for inelastic 
flexure and shear interaction of a reinforced concrete column 
subjected to cyclic deformation was evaluated by Lee and 
Elnashai 2001 [9], Elwood and Moehle 2004 [10], who 
performed a number of experimental studies considering the 
shear failure mode of reinforced concrete columns and 
proposed a new formulation for displacement ductility. 
Calarec and Dolsek [11] proposed an approximate simulation 
of the shear failure of columns through an iterative procedure 
which involves pushover analysis, particularly for infilled 
frame structures.   

In this study, in order to simulate the localized shear failure 
of a column, a nonlinear shear force-deformation constitutive 
model is used at the section level, together with a classical 
fiber section (Spacone et al 1996) [12] for the axial and 
bending effects to make it analogous to the Timoshenko beam 
(Timoshenko 1970) [13]. Petrangeli et al. 1999 [14] extend the 
fiber section model originally developed for the section of an 
Euler-Bernoulli beam to the uniaxial bending section model of 
a Timoshenko beam, which was quite rational but 
computationally intensive. An alternate but more simplified 
approach, to capture shear deformation in RC members, was 
introduced by Martino & Spacone et al. 2000 [15]. In which 
they employed phenomenological V-γ law which was further 
investigated by Marini and Spacone 2006. In this model 
bending forces become coupled at the element level because 
the equilibrium is imposed along the beam element, however 
shear deformations are uncoupled from flexural and axial 
effects in the section stiffness. 

The present work generalizes the approach and extends the 
capacity assessment of existing frame structures in the 
performance-based response analysis context using fiber 
models [16], [17] with particular attention to shear deficient 
columns, infill interaction and bond slip. 

1.2 Bond-slip phenomenon 
Bond-slip effects are pronounced in structures with poor bond 
conditions, such as older concrete buildings generally 
reinforced with longitudinal smooth bars or inadequate 
detailing [18]. This effect is typically amplified by an 
insufficient lap splice of bars, poor bond strength of concrete, 
and a low confinement level [19]. 
Slippage becomes particularly significant under lateral loads 
at the interface of beam-column joint panels or at the footing 
of columns, Therefore, if one neglects the additional deformation 
resulting from bar-slip, the calculated lateral response of an RC 
structure may differ considerably from those obtained in 
experimental tests [20]. 

The bond-slip model adopted in this work assumes a linear 
slip field along the embedded bar in a concrete block and 
provides a simplified stress-strain relationship to assign to the 
longitudinal reinforcement [20]. The adopted bond-slip model 
is very convenient from a computational standpoint and does 
not require the iterative procedure of several other refined 
models. The displacement field and the stress-slip law were 
obtained through the model for both the cases shown in Figure 
02. The problem of the shift from the obtained uniaxial stress-

slip law (σ-u) to a uniaxial stress-strain one (σ-ε), necessary 
for the numerical implementation of the model in common 
structural analysis software, can be solved in the case of 
lumped plastic hinges models with fiber-sections. This is done 
considering the axial displacements uL as the integrated axial 
displacement of a longitudinal bar including steel deformation 
and bond slip phenomena, developed along the length 
characterized by a constant sectional response, coinciding, in 
this case, with the plastic hinge length. The stress-strain 
relationship obtained from this approach directly incorporates 
the bond-slip phenomenon and can be considered as a pseudo 
stress-strain law of the steel reinforcement within the plastic 
hinge length, derived from the stress-slip law model and 
necessary to be implemented in the fiber-section model. 

 

   
(a)                                                                                       

 

      
(b)  

Figure 02. Displacement field and Tensile stress slip curve 
when (a) Lo < L (b) Lo > L. (Courtesy D’Amato et al 2012). 

2 METHODOLOGY 
This research work presents results from  nonlinear static 
analysis and Incremental Dynamic Analysis (IDA) carried out 
on three different configurations by using OpenSees [21] and 
OpenSeesMP [22]. The ground motion records have been 
selected using REXEL beta (Iervolino 2010) [23]. The 14 
unscaled signals are extracted from the European strong 
motion database by matching the Italian Code NTC08 [24], 
site specific target spectrum with a code-specified period 
range. Ground motion records are then linearly scaled over a 
range of sixteen hazard levels from minor to severe hazard 
levels by using the probabilistic hazard curve made available 
by INGV [25].  

All non-linear elements in the model are force-based fiber-
section beam-column elements. Each beam-column element 
has five integration points, the length of the first and last 
integration points are close to the plastic hinge length Lpl. 
Different model parameters are assigned to unconfined and 
confined concrete. Section shear is also modelled using the 
section aggregator command of OpenSees and providing a 
nonlinear shear constitutive law. Infill panels are modelled 
using truss elements. The Giuffrè-Menegotto-Pinto, 
[CEB1996][26], stress–strain model is used for the steel 
reinforcement in all cases except for the model used in the 
cases of bond-slip consideration, in which the modified stress-
strain law is imposed on the fiber-section near the joints 
(Braga et al 2012). The modified Kent and Park 1971 [27], 
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stress–strain relationship is used for both confined and 
unconfined concrete fibers (with zero tensile strength). For 
infill panels, the backbone curve is determined according to 
the ASCE41 [28] provisions and assigned to bi-diagonal truss 
elements by using a uniaxial bilinear hysteretic material. To 
capture the local shear behaviour of frame members, linear 
and nonlinear shear laws are assigned to column elements. 
The mass of the structure is modelled using lumped masses at 
the nodes. Model masses are directly computed from the total 
dead load including the self-weight and the superimposed 
dead load. The live loads are accounted for with a 30% 
contribution in the model mass. The damping characteristics 
of the building are modelled using mass and stiffness 
proportional damping with 2% of the critical damping for the 
first two modes of vibration. The periods of these two modes 
are estimated from the eigensolution using the initial elastic 
stiffness matrix.  

Newmark–β method is used as the time integrator with 
coeffcients γ=0.50, β=0.25 and a time step of 0.01. For 
solving the nonlinear equilibrium equations the Newton–
Raphson solution algorithm is used. Other algorithms may be 
used depending on the convergence of the solution. Peak floor 
acceleration and interstory drift are used as Engineering 
Demand Parameters (EDP). For the IDA probabilistic 
characterization of the response the variation of the input 
Intensity Measure (IM) is expressed in terms of the peak 
ground acceleration (PGA) of the code-reference UHS on 
which the coherence of the set of GMs is assessed. 

3 CASE STUDY (2D FRAMES) 
This work is focused on structures designed according to pre-
1970s Italian codes, which commonly exhibit a number of 
deficiencies related to design for vertical loads only, 
inadequate confinement in the areas of potential formation of 
plastic hinges, insufficient transverse reinforcement in the 
nodal regions, inadequate detailing of both longitudinal and 
transverse reinforcement, low concrete strength.  
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 (c)     
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Figure 03. Concentric Strut Scheme with Elastic Shear Law 
(Configurations used in 1st [BF/UIF/PIF] and 3rd 
[BF(bs)/UIF(bs)/PIF(bs)] cases) (a) Bare Frame (b) Uniformly 
Infilled Frame (c) Partially Infilled Frame (d) Section 
Linear/Elastic Shear Law 

The objective is to identify the effects of inelastic shear law 
on column and of bond-slip phenomena, therefore the case 
study frames (shown in Figure 03 and Figure 04) are 
categorized into four cases: 1) frame with linear/elastic shear 
law [designated as BF/UIF/PIF], 2) frame with 
nonlinear/Inelastic shear law [designated as 
BF(Is)/UIF(Is)/PIF(Is)], 3) frame with bond-slip [designated 
as BF(bs)/UIF(bs)/PIF(bs)], and; 4) frame with bond-slip and 
nonlinear/inelastic shear law [designated as 
BF(bs+Is)/UIF(bs+Is)/PIF(bs+Is)]. 
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Figure 04. Eccentric Strut Scheme with Inelastic Shear Law 
on short columns (Configurations used in 2nd [BF(Is)/UIF(Is)/ 
PIF(Is)] and 4th [BF(bs+Is)/UIF(bs+Is)/PIF(bs+Is)] cases) (a) 
Bare Frame (b) Uniformly Infilled Frame (c) Partially Infilled 
Frame   (d) Section Non-linear/Inelastic Shear Law  

4 NUMERICAL RESULTS 
Results from nonlinear static analysis are shown in Figure 05, 
where the demand is represented based on the N2-method 
[29], deterministic approach for three different limit states:  
damage limit state (PE 63%); life safety limit state (PE 10%); 
and near collapse limit state (PE 5%) are imposed on all 
configurations. By comparing Figure 05a and Figure 05b it is 
observed that in the configurations of bare frame and partially 
infilled frame accounting for the nonlinear shear law in 
column does not influence the response prior to attainance of 
the maximum strength. 

The limited shear capacity of the columns becomes influent 
for the uniformly infilled frame configuration where shear 
failure of the edge columns occurs prior to the failure of infill 
panels. This results in a considerable decrease in the 
maximum strength. However, by imposing pseudo stress-
strain law of steel for longitudinal bars near the joints 
considerable softening can be clearly noticed in the bare and 
partially infilled frame, while the response of uniformly 
infilled frame remains unchanged, as it is shown in Figure 
05c. No significant changes are observed assigning these two 
phenomena/deficiencies simultaneously, as it is shown in 
Figure 05d, which means that for this particular base-case 
frame, the response of the uniformly infilled frame is not 
affected by bond-slip. On the other hand, the configurations 
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with bare and partially infilled frame are not affected by the 
limited shear capacity of column. 

 

0 0.2 0.4 0.6 0.8 1
0

100

200

300

400

500

600

Roof Disp/Build Height (%)

B
as

e 
S

he
ar

 (
K

N
)

 

 
PE 63% N2
PE 10% N2
PE   5% N2
PE 63% IDA
PE 10% IDA
PE   5% IDA

(a) 

 
0 0.2 0.4 0.6 0.8 1

0

100

200

300

400

500

600

Roof Disp/Build Height (%)

B
as

e 
S

he
ar

 (
K

N
)

 

 
PE 63% N2
PE 10% N2
PE   5% N2
PE 63% IDA
PE 10% IDA
PE   5% IDA

 (b) 

  

0 0.2 0.4 0.6 0.8 1
0

100

200

300

400

500

600

Roof Disp/Build Height (%)

B
as

e 
S

he
ar

 (
K

N
)

 

 
PE 63% N2
PE 10% N2
PE   5% N2
PE 63% IDA
PE 10% IDA
PE   5% IDA

 

(c) 

 
0 0.2 0.4 0.6 0.8 1

0

100

200

300

400

500

600

Roof Disp/Build Height (%)

B
as

e 
S

he
ar

 (
K

N
)

 

 
PE 63% N2
PE 10% N2
PE   5% N2
PE 63% IDA
PE 10% IDA
PE   5% IDA

(d) 

 
Figure 05. Pushover curves with N2 and IDA based demands 
(Green Curves for Bare Frame, Red Curves for Partially 
Infilled Frame and Blue Curves for Uniformly Infilled Frame)  
(a) Response of frames with linear/elastic shear law 
[BF/UIF/PIF] (b) Response of frames with nonlinear/Inelastic 
shear law [BF(Is)/UIF(Is)/PIF(Is)] (c) Response of frames 
with bond-slip [BF(bs)/UIF(bs)/PIF(bs)] (d) Response of 
frames with bond-slip and nonlinear/inelastic shear law 
[BF(bs+Is)/UIF(bs+Is)/PIF(bs+Is)] 
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Figure 06. IDA capacity curves (a) Response of frames with 
linear/elastic shear law [BF/UIF/PIF] (b) Response of frames 
with nonlinear/Inelastic shear law [BF(Is)/UIF(Is)/PIF(Is)] (c) 

Response of frames with bond-slip [BF(bs)/UIF(bs)/PIF(bs)] 
(d) Response of frames with bond-slip and nonlinear/inelastic 
shear law [BF(bs+Is)/UIF(bs+Is)/PIF(bs+Is)] 

Results are also presented in the form of IDA capacity 
curves shown in Figure 06, which are obtained from the IDA 
curves by assuming the reference spectrum PGA as IM. IDA 
results are processed in terms of the mean of the max values 
of the EDPs peak maximum interstory drift ratio (max 
IDRmax), maximum peak floor acceleration (max PFA) and 
maximum base shear (max base shear). Good agreement is 
generally found between the IDA capacity curves and the 
pushover capacity curves in terms of the maximum capacity 
and the initial stiffness for all the configurations, except for 
the bare frame configuration probably due to the multi-modal 
contribution which is captured by IDA (Mohammad et al. 
2013) [30]. These curves give a measure of the dynamic 
capacity of the structure obtained through the IDA at different 
hazard levels. The demand obtained for IDA at 63%, 10% and 
5% in 50 years probability of exceedance, are highlighted to 
compare the structural capacity at the code-mandated 
performance limits. Similar observations can be made 
regarding the higher impact of shear strength in the short 
columns only for the uniformly infilled model at the higher 
hazard levels. Similar to what observed in the pushover 
analysis, the partially infilled and bare frame configurations 
are not significantly affected by the limited shear capacity of 
the column but become flexible due to the bond-slip effect 
near the joints. For the sake of comparison, the maximum roof 
drift demand obtained from IDA is also superimposed on 
conventional pushover curves for three distinct hazard levels, 
as it is shown in Figure 05. 
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Figure 07. Ratios of EDPs [BF(Is)/BF,UIF(Is)/UIF, 
PIF(Is)/PIF] (a) Ratios of maximum interstory drift with 
/without nonlinear shear in column (b) Ratios of Peak Floor 
Acceleration with/without nonlinear shear in column (c) 
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Ratios of maximum base shear with/without nonlinear shear 
in column 
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Figure 08. Ratios of EDPs [BF(bs)/BF, UIF(bs)/UIF, 
PIF(bs)/PIF] (a) Ratios of maximum interstory drift with 
/without bond-slip (b) Ratios of Peak Floor Acceleration 
with/without bond-slip (c) Ratios of maximum base shear 
with/without bond-slip 
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Figure 09.  Ratios of EDPs [BF(bs+Is)/BF, UIF(bs+Is)/UIF, 
PIF(bs+Is)/PIF]  (a) Ratios of maximum interstory drift with 
/without bond-slip and nonlinear shear in column (b) Ratios of 
Peak Floor Acceleration with/without bond-slip and nonlinear 
shear in column (c) Ratios of maximum base shear 
with/without bond-slip and nonlinear shear in column  

Figure 07 to Figure 09 show the impact of the NL shear 
behavior and of the bond-slip effect in the different models by 
taking the ratio of the max EDPs from case to case and over 
the range of hazard levels covered. It is evident how the 
response of the bare frame model and of the partially infilled 
model is not affected by the shear behavior, neither in terms 
of drift, acceleration nor base shear. Instead, in the case of 
uniformly infilled frame there is a significant influence of the 
shear behavior on the overall drift response. The shear 
behavior is activated from hazard levels higher than the 
63%PE in 50 years, and results in drift amplifications in the 
order of 2 to 2.3 for PGA intensities in the range of 10% to 
5%PE in 50 years. While bond-slip effects result in decreased 
maximum peak floor acceleration and maximum base shear of 
10-20% and increase in the maximum interstory drift ratio of 
5-15% for the bare and partially infilled frames. 

5 CONCLUSIONS 
This research work focused on the effects of frame-infill 
interaction-induced shear failure of columns and of bond slip 
effects in proximity of the beam-column joints for older 
infilled frame building structures by using simplified models. 
In general several approaches are available ranging from 
simplified empirical to refined finite elements models. A 
frame structure was considered, which was designed for 
gravity loads only and was conceived as representative of 
older construction without sufficient earthquake resistance.  

The numerical results from pushover and IDA analyses 
demonstrate the importance of bond-slip and shear failure of 
the columns for seismic assessment of existing building 
structures. It is observed that shear failure of columns prior to 
infills failure decreases the strength of uniformly infilled 
frame while other configurations are not significantly affected 
by this nonlinear aspect. The flexural failure mode of columns 
still predominate in the case of bare frame and partially 
infilled frame and incorporation of bond-slip effects increases 
the flexibility of these configurations.  

Current developments of this study are focusing on the 
incorporation of simplified models of the beam-column joint 
panel flexibility and strength and on the assessment of the 
impact of this additional mechanism on the system response.  
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ABSTRACT: Soil liquefaction as experienced in most of the latest large earthquakes, has left behind permanent large surface 

deformations on the soil that set structures unusable and very difficult to repair. Existing mitigation methods, such as deep pile 

foundations, gravel drain columns and dynamic compaction can reduce the effects of liquefaction on structures, but their costs 

seem prohibitive for most common residential engineering applications. This research provides experimental results from a 

series of shaking-table tests carried out at 1g of a new low cost mitigation technique against liquefaction. This technique  has 

only recently been developed in Japan in order to find immediate application on typical domestic houses following the 2011 

Tohoku earthquake. The technique is based on, shredded waste tyres packed in permeable sandbags are used for ground 

improvement underneath the structure. A number of parametric scenarios concerning the thickness of the ensuing elastic base 

were considered. The experiments indicate that the tyre shreds’ addition can act both as a seismic isolation (i.e. filtering effect) 

as well as an efficient drainage method. This mitigation approach also proposes an innovative and sustainable way to reuse 

waste tires, which otherwise set a serious environmental problem due to their large volumes produced and their recycling 

complications. 

KEY WORDS: Liquefaction mitigation, shaking table test, shredded tyre foundation, soil improvement 

1 INTRODUCTION 

Under moderate to large vibrations, loose to medium density 

saturated soil deposits are prone to liquefaction; see for 

example the damage to the Tokyo city following the MW 9.0 

magnitude earthquake that struck the Tohoku region of Japan 

on 11
th

 March 2011. The earthquake caused great damage to 

structures and infrastructures around Tokyo Bay area, due to 

liquefaction phenomena. The liquefaction phenomena were 

widespread in the area causing damage to the water and 

sewerage pipelines, destroying highways and pavements and 

making many structures useless due to permanent surface 

deformations. Figure 1 shows typical settlement pattern 

observed in Urayasu city in Tokyo bay area following the 

earthquake. However, the excellent performance of buildings, 

such as the International Airport in Tokyo (also known as 

Haneda Airport) which was built on reclaimed land, using 

ground improvement techniques, proved that these techniques 

can actually mitigate liquefaction hazards. In fact, the 

earthquake had no effects on the airport, so it was operational 

from the very next day of the earthquake. [1] 

Many methods for liquefaction mitigation have been 

developed throughout the years, but they tend to be used only 

in big projects and their cost is prohibitive for domestic 

houses (typical one to two storey houses). The current 

research considers such an economic mitigation technique 

against liquefaction. In the proposed method, shredded scrap 

tires are used to minimize the earthquake and liquefaction 

impacts on a domestic building, such as a common 1 story 

house. The scrap tires are shredded into small pieces (around 

2.5 mm wide) and then, after being put inside sandbags, are 

placed underneath the foundations of the structure. The layout 

of the proposed mitigation technique can be seen in Figure 2. 

 

 

Figure 1. Differential settlement of a building in Urayasu, in 

Tokyo bay area. 

The perceived benefits of the proposed technique are: 

a) Due to the increased permeability of this resulting sub-

base (because of the larger than sand void ratio), it is 

expected to effectively act against the pore water pressure 

built up that is a pre-requisite for liquefaction.  

b) With the added damping and elasticity of the new 

foundation type is supposed to reduce the transmission of 

the shear waves, so actually to reduce the acceleration 

transmitted to the structure. 

For verifying the above hypothesis, a series of 1g shaking-

table experiments were conducted in order to provide 

experimental data that could validate and scrutinize the 
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performance characteristics of the developed technique. Also 

another important aspect of this technique is that it provides 

an innovative way to reuse waste tires. The disposal of waste 

tires has been a big environmental issue, because of the large 

amount of tires produced worldwide and the durability of their 

remainder as a waste material.  

 

Figure 2. Layout of the proposed ground improvement 

technique. 

2 EXPERIMENTAL PROCEDURE 

2.1 Test setup 

The 1g shaking-table tests were conducted in the 

Earthquake and Large Structures Laboratory (EQUALS), 

which is part of the Bristol Laboratories for Advanced 

Dynamics Engineering (BLADE) in the Faculty of 

Engineering at the University of Bristol (U.K.). The actual 

shaking table consists of a 3m by 3m cast aluminium platform 

weighing 3.8 tonnes, with a 15 tonne capacity and allows 

simulating motion in all possible 6 degrees of freedom. The 

platform can accelerate horizontally up to 3.7g with no 

payload, 1.6g with a 10 tonne payload and vertically up to 

5.6g and 1.2g respectively. The shaking table is surrounded by 

a strong floor and adjacent strong walls up to 15m high. [2] 

For the test arrangement, a rigid plastic container 

(1120mm x 920mm x 600mm) was rigidly mounted centrally 

on the top of the table. In this design, the shear stiffness of the 

end walls is much higher than the stiffness of the soil layers 

contained. The end walls and the base of the containers are 

designed to be rough, so that the development of shear 

stresses is in vertical plane at the interface between container 

and soil. [3] The container structure was separated in 2 

partitions by a wooden separator (920mm x 550mm x 20mm). 

One partition had the model, with the cushion of tire chips 

underneath and the other had the model without the cushion. 

An identical scaled slab foundation was put on the soil surface 

in both cases. The main objective is to assess the qualitative 

response differences that emerge when the tire-based 

foundation enhancement is in place. Such a technique, of a 

single box and single shaking for both alternatives, is 

expected to minimize artifacts that may be induced due to 

testing differences between two independent testing 

arrangements. 

Figure 3 illustrates in detail the top and side views of the 

model apparatus that was tested. The locations of the 

transducers used along with every relevant dimension for 

reproducing the setup are also shown. A thorough description 

of all the parameters included in the design is given below. 

 

Figure 3. Top and side views of the  test arrangement. 

2.1 Materials and instrumentation used 

The tire chips in Figure 3, were made by shredding ordinary 

scrap tires in particle sizes between 1mm and 5mm. The chips 

were packed later in small uniformly perforated bags made 

out of cellophane with dimensions 89mm x 67mm x 67mm 

and total weight of 150 grams. These plastic tire bags, were 

evenly arranged underneath the model slab foundation with a 

thin layer of soil (67mm) covering the gap between tires and 

slab. Some of the properties of the tire chips are listed in 

Table 1 and are similar to Hyodo et al [4] 

Table 1. Physical properties of Tire Chips. 

Material 
D50 

(mm) 
emin emax 

γdmin 

(kN/m
3
) 

γdmax 

(kN/m
3
) 

Tire 

Chips 
2.45 1.600 2.320 35.00 45.00 
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The soil was intended to have a low density to ensure the 

liquefaction occurrence. The loosely poured liquefiable soil 

base consisted of Redhill Sand 110, which is sieved silica 

sand with a total quartz content of 98.8%. The typical physical 

properties of the sand used are summarized in Table 2. [5] 

Table 2. Physical properties of Redhill Sand 110. 

Material 
D50 

(mm) 
emin emax 

γdmin 

(kN/m
3
) 

γdmax 

(kN/m
3
) 

Φ 

(
o
) 

Redhill 

110 
0.12 0.547 1.037 12.76 16.80 36 

For the slab foundation models, pieces of MDF wood 

(200mm x 200mm x 20mm) were used to form a rigid 

uniform base. On each piece of wood, 2 steel weights of 0.6kg 

each were mounted centrally and later where covered with the 

carton house models. Each model was scaled to weight a total 

of approximately 2kg. 

Identifying the liquefaction phenomenon necessitates 

keeping track of the water pressure and its subsequent rise 

inside the soil body. For measuring the water pressure along 

the different depths indicated (in Figure 3),  six nos Druck 

PDCR 811 Pore Pressure Transducers (PPTs) were employed. 

Acceleration is the other piece of vital information to be 

recorded during dynamic testing. For such measurements 6 

ADXL335 MEM accelerometers (3-axis, ±3g), which were 

specially modified for underwater use, were employed. Such 

instruments were identical to those devised by Bhattacharya et 

al. 2012 [6], and were found as previously to produce quality 

measurements, comparable to much more expensive uniaxial 

instruments for a wide band of frequencies. These 

accelerometers were calibrated using SETRA accelerometers 

as reference. 

2.3 Steps followed 

An analytical break down of the testing process includes the 

following steps 

a) The container is separated in two partitions and marked on 

each side with height indications. No mechanical measure 

was taken for securing the divider plate (cut to 

dimensions) to the box structure. The sand poured inside 

the box was the only means of holding the plate in place. 

No precautions were taken for addressing wave reflection 

from the boundaries and the model is considered to be 

representing an infinite space foundation.  There is the 

provision to use in a follow up improved test foam 

coverings on all sides, as in Bhattacharya et al., 2012, but 

for the current work no specific study of boundary effects 

is pursued.  

b) After the container is rigidly mounted on the shaking table, 

the Redhill 110 sand is pluviated inside, similarly to dry 

deposition method by Isihara[7]. The sand is placed in 4 

layers with thicknesses of 150mm, 66.67mm, 83.33mm 

and 50mm respectively from bottom to top. During the 

process the instrumentation was installed at the locations 

shown in Figure 3. An relative density of 45% is achieved. 

c) For the saturation process water is poured locally from the 

top until full saturation is achieved. This is considered to 

be done when the top water level remains unchanged.  

Subsequently, the excess water above the sand layer is 

soaked so that only a surface of wet sand is visible. Even 

minute disturbances of the container could cause a thin 

film of water to resurface. 

d) The foundation models are placed on the center of each 

partition as seen in Figure 3. The bases are leveled to 

assure that in both cases a zero initial tilt is the starting 

point. An initial recording without any shaking is taken so 

that detrending of the data can be later performed. 

e) The following shakings were imported to the model: 

i. The apparatus is shaken first with low amplitude 

white-noise (0 to 80Hz), independently in each of the 

x, y and z axes, in order to retrieve all relevant modal 

characteristics of the scaled models.  

ii. The model ground is shaken with the 40% scaled (in 

terms of Peak Ground Acceleration) Christchurch 

earthquake of 22 February 2011. A true earthquake is 

selected since initially it was thought that a simple 

harmonic input motion would clearly favour one over 

the other model in terms of resonant response. This 

biasing cannot be waived by the use of a true 

earthquake recording but in its case this is more natural 

and also representative of the full-scale analogue. 

iii. Once the above procedure is completed, a second 

shaking with the actual non-scaled Christchurch 

earthquake takes place. This is an extreme unrealistic 

event scenario which only serves to assess the added 

magnitude of damage to be incurred. 

3 Test results 

3.1 Response of the models under white noise test 

Before getting into the earthquake response outcomes, it 

is interesting to see how the apparatus natural frequencies in 

the two cases with and without tire chips under the foundation 

would change. Intuitively the less rigid elastic foundation is 

expected to respond at a lower fundamental frequency, 

because the building supported on tire base will have lower 

stiffness and hence lower natural frequency. Additionally this 

softening effect is probably expected to be more pronounced 

along the z axis where the spring action of the tire chips is 

more evident. Yet it is interesting to also uncover whether the 

initial white-noise shaking to extract the frequency 

characteristics has an impact on them. Figure 4 shows the 

acceleration spectra for all 3 axes during their relevant white 

noise shaking. Odd number accelerometer names refer to the 

tire foundation while their increasing value indicates an 

instrument closer to the surface (see Figure 4). Interestingly, 

on the x and y axes, the dynamic characteristics seem almost 

identical regardless of the foundation type, but in the case of z 

axis they are different when comparing their surface (i.e. 

above the elastic tire base accelerometers Acc5z, Acc6z) 

values. Evidently the stiffness drop appears as expected. Thus 

interestingly on x and y axes the two models behave the same 

for any input acceleration and the tire inclusion affects only 

the vertical movement. Logically such an image is expected to 
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pertain also after the main shaking. It should be noted that all 

spectra were calculated based on uncalibrated data. 

 

 
Figure 4. Acceleration Spectra for white noise dynamic 

loading on X (top), Y (middle) and Z axis (bottom). 

3.2 Response of the models under Christchurch earthquake 

Further the application of the scaled and the actual 

Christchurch earthquake accelerations (reproduced along all 

directions) is expected to show some changes resulting in the 

dynamic characteristics. Identifying these qualitative changes 

is the main aspect of the current research work. It should be 

mentioned that no additional white noise tests were run with 

the completion of the main shaking. Thus the comparison will 

not take the form of a simple contrast of spectra alike to the 

ones in Figure 4.  Rather a more elaborate approach is 

pursued, which will not be altered by any extra possible 

modifications from additional white noise tests. Figure 5 

shows the time histories of excess pore water pressure ratios 

ru (PPTs located at 0cm, 15cm and 30cm from the bottom of 

the box as illustrated on the inset) and the synchronous input 

accelerations on the x and y axes respectively during the 40% 

scaled Christchurch earthquake. The instruments correspond 

to the case without the ground improvement technique. It is 

expected during liquefaction that the pressures start rising 

when the dynamic load is applied. It is noted that the pressure 

increase varies with different depth, giving an extreme change 

closer to the surface. This is a clear indication of the 

inhomogeneous liquefaction observed in these experiments. 

The relative pressure magnitude has already been scaled with 

depth and was expected to rise evenly over all depths. As a 

matter of fact different phases in the increasing pressure 

evolution can be distinguished as seen also in the literature 

even for real-scale field data [8]. The initial shaking seems to 

bring a smooth almost linear pressure rise while the 

subsequent larger accelerations impose a largely fluctuating 

behavior. After the 16s the pressures in all location has 

stabilized until the 41s, when their decay which matches the 

stop of the ground shaking begins. Indicatively it can be seen 

that this decay occurs with different rate again depending on 

the depth of the PPT. 

 

Figure 5. Pore pressure rise during the 40% scaled 

Christchurch shaking and its acceleration time histories 
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Having observed the pressure effect that the earthquake 

has on the ordinary foundation it is time to examine it aside 

the tire foundation. In Figure 6 the closer to surface PPTs 

from the two models (i.e. PPT 1C and 2C) are plotted 

together. As observed in Figure 5, PPT 2C was the instrument 

that produced the most extreme pore pressure rise. It can be 

seen that when an elastic inclusion is in place the pore 

pressure does not rise to high values. This is the best means of 

proving the effectiveness of such a foundation solution, which 

can effectively eliminate the liquefaction phenomenon, which 

is synonymous to pore water pressure rise. Possible 

explanations for the attained result could be the higher 

permeability of the rubber cushions that do not strongly resist 

the water movement. To be more precise Figure 6 is only a 

local snapshot of the overall ground condition that centers on 

a specific position, the one above the tire base. One may argue 

that it could probably be some other change that brings up the 

radical differences of Figure 6. Such should well extend 

beyond the ground improvement region. 

 

Figure 6. Surface pore pressure rise during Christchurch 

shaking. 

Figure 7 attempts to address any such implications. 

Comparing the next set of PPTs, situated 150mm above the 

bottom level, it can be concluded that the liquefaction 

phenomenon in the rest of the soil body progresses in a very 

similar manner. The correlations plotted for PPTs 1B and 2B 

show a very close picture. Namely their autocorrelations 

against lag time (nominally a plot analogous to the free decay 

response in vibrating systems) decay almost identically. 

Further their cross correlation has a very high initial value for 

zero lag, close to 0.9, indicating the similarity of conditions in 

the two positions. Thus it is natural to state that the local 

ground improvement enhances under identical conditions the 

impact of the liquefaction phenomenon simply where it is 

needed; and this is the actual structure level. Although 

liquefaction is better viewed and identified in terms of pore 

pressure data, it is equally important to assess the 

accelerometer data. After all, these will provide all 

information about permanent deformations and the actual 

details of the paths for reaching them. As it was earlier noted 

the z-axis dynamic characteristics were the ones differing the 

most, and as a matter of fact for the real earthquake selected 

the motion is expected to be primarily a rocking strongly 

influenced by the vertical axis details. 

 

Figure 7. PPT 1B and 2B correlation function during 

Christchurch shaking. 

Figure 8 shows the autocorrelation of surface 

accelerometers, in the z direction against lag time. It can be 

witnessed that the two decay functions almost overlap 

meaning that the forced response is similar for both cases,. 

The harmonic component that can easily be distinguished has 

to do with the predominant frequency of the input signal. 

When switching the actual constants reached in the 

acceleration time signals to tilt values it is concluded that the 

ordinary slab foundation reaches 6˚ in contrast to less than 1˚ 

for the model on the tire cushions. These values were 

reconfirmed also by hand height measurements. An 

illustration of the vast magnitude of the difference between 

remaining deformations can be viewed in all Figures 11-13, 

proving the efficacy of the new foundation solution. Most 

importantly in the vertical direction the vibration that reaches 

the structure is the same for both models implying similar 

wave propagation. 

 

Figure 8. Correlation between surface accelerometers in the 

two cases x 

During testing it was seen that the model on top of the 

rubber base was acting like if it was floating, which is 

conceptually rather distinct from the normal foundation 
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behavior. Thus differences in the actual motion that reaches 

the structure were still sought in other details. Figure 9 

correlates the x components of the surface accelerometers in 

the two cases (Acc5x and Acc6x) and Figure 10 correlates  the 

surface accelerometers with the Setra accelerometer, which is 

positioned on top of the shake table outside the container (see 

Figure 4). Taking into account what was found earlier in 

Figures 4 & 8 any changes should be probably unexpected. 

Yet the figure actually shows appreciable differences in the 

dynamic behavior. Specifically according to the 

autocorrelation function of Acc5x and Acc6x when tires are in 

place the x surface motion is much more damped and the 

harmonic forced character of the earthquake is much more 

difficult to make out. The same view is strengthened when the 

cross correlation of the two instruments with the Setra 

accelerometer is considered. The zero lag values and the 

reduced periodicity in the behavior is an indication that on the 

x axis movement for the tire base case, the structure behaves 

like being more isolated from the imposed ground movement. 

The same is also valid for the y axis. 

 

Figure 9 Autocorrelations from surface accelerometers z in 

the two cases 

 

Figure 10 Correlations from surface accelerometers z in the 

two cases with the Setra accelerometer 

Figures 11-13 show actual photos after the Christchurch 

shaking test, that can justify the results from the above data 

analysis. It is clear from these pictures, that the model with the 

tire base underneath was not affected by the shaking as much 

as the one without. 

 

Figure 11. View of the models after the shaking of 

Christchurch Earthquake (non-scaled). 

 

Figure 12. View of the model with the tire chips underneath 

after the shaking of Christchurch Earthquake (non-scaled). 

 

Figure 13. View of the model without the tire chips after the 

shaking of Christchurch Earthquake (non-scaled). 
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4 CONCLUSION 

The current research work attempts to address and 

understand the seismic mitigation measure of using an elastic 

sub-base consisting of scrap tire chips just below the slab 

foundation. Such a countermeasure resisting permanent 

earthquake induced displacements was previously found very 

effective for other types of structure e.g. manholes, Yoshida et 

al., 2008 [9]. 

Here it was clearly shown that the tire addition alters the 

liquefaction process reducing the close to surface pore 

pressure rise and allows the structure to “float” on top of the 

water surface that emerges for prohibiting permanent tilts. 

More importantly it was shown that the tire action cannot be 

realized as a single 1D action modeled e.g. by spring addition 

but it rather has a more elaborate 3-dimensional character. It 

was found that dynamic characteristics change during the 

shaking largely in the horizontal plane isolating the structure 

from excessive ground motion.  
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ABSTRACT: Post-earthquake alarm systems utilize strong-motion data to provide valuable information that enables better rapid 
decision making during critical and often difficult post-earthquake response. A novel robust approach for providing alarms for 
large distributed facilities using real-time estimation of response spectra obtained from near free-field motions is presented. The 
approach can be considered an enhancement on the standard seismic monitoring required for individual nuclear power plants by 
the Nuclear Regulatory Commission. The inherent scalability, however, affords large scale deployment for multiple facilities 
distributed across a vast regional area. An influential study dating back to the late 1980’s identified spectral response 
acceleration as a key ground motion characteristic that correlates well with observed damage in structures. Thus, monitoring and 
reporting on exceedance of spectra-based thresholds are useful tools for assessing the potential for damage to facilities or multi-
structure campuses based on input ground motions only. In fact, this type of monitoring is required for all nuclear power plants 
in the US and globally. Currently, the standard approach is to trigger and record an earthquake event in its entirety, perform 
necessary post processing (e.g., signal conditioning), compute spectral responses, check for exceedance, and issue alarms 
accordingly. This approach has worked well for individual plants with a small number of channels. However, it is not scalable or 
robust enough for system networked with multiple distributed facilities with a larger number of channels (100s). The approach 
presented here is a simpler, more robust method that continuously and in real-time calculates response spectra exceedance. 
Details on the novel approach are presented along with an example implementation for a very large energy production company. 

KEY WORDS: Response Spectra; Real-Time Continuous Processing; Earthquake Alarms.  

1 INTRODUCTION 
Post-Earthquake Alarm Systems (PEAS) utilize real-time 
strong-motion data to provide valuable information that 
enables better decision making during the critical and difficult 
immediate post-earthquake response actions. The primary 
benefits derived from implementing PEAS for a company 
with large distributed facilities include: 

1. Provides confidence in onsite operational personnel to 
stop hazardous processes  preventing costly post-event 
fires and other related disasters 

2. Reduces the risk of overreaction such as unnecessarily 
shutting down plant functions or initiating evacuations 
which potentially costs millions of dollars in business 
interruption 

3. Provides immediate and accurate information on the 
extent to which structures are affected (i.e., potential 
for damage), which can help decision makers better 
allocate resources and streamline the emergency 
response actions 

A novel robust approach for providing post-earthquake 
alarms using real-time estimation of response spectra obtained 
from near free-field motions has recently been developed and 
implemented for a large energy producing company with 
multiple facilities spanning distances over 1500km. The 
fundamental approach can be considered an enhancement on 
standard earthquake monitoring required for individual 

nuclear power plants by the Nuclear Regulatory Commission 
(NRC).  

In 1988, the Electric Power Research Institute conducted a 
study that set out to determine what constitutes damaging 
ground motion due to earthquakes and to develop criteria for 
determining exceedance of what is called the Operating Basis 
Earthquake (OBE) [1].  In this study, several ground motion 
characteristics were investigated and trends were established 
based on observed structural damage for over 250 earthquake 
histories. The conclusion reached by the study was that a 
combination of two parameters, peak spectral response 
pseudo-acceleration (PSA) and  cumulative absolute velocity 
(CAV), is best suited for assessing the potential damage of a 
given ground motion history.  

In 1997 the NRC published regulatory guide NRC-1.166 
that provided details on implementation of post-earthquake 
actions for individual nuclear power plants [2]. This document 
includes PSA and CAV as well as a new exceedance check 
using velocity response spectra. The novel approach described 
here currently implements only the PSA parameter. CAV 
checks may be included in future development. Basically, if a 
magnitude 5 or greater earthquake occurs within a 200km 
radius, a nuclear power plant (NPP) must shutdown unless it 
can reliably advise the NRC, within four hours, that the 
earthquake’s effects on the plant have not exceeded its OBE 
or CAV design requirements. To achieve this, seismic 
instrumentation is installed on NPPs with a monitoring system 
that can provide automatically generated reports on OBE 
exceedance immediately after an earthquake. 

Real-Time Continuous Response Spectra Exceedance Calculations 
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The standard approach for this process has been to trigger 
and record an earthquake event in its entirety, perform the 
necessary post processing (e.g., signal conditioning), compute 
spectral responses, check for OBE exceedance, and issue 
alarms accordingly. This approach has worked well for 
several decades for individual plants with a small number of 
channels (10 to 20). However, the process it is not scalable or 
robust enough for an integrated system with multiple 
distributed facilities across a vast region with a larger number 
of channels (100s to 1000s). 

Rather than rely on event triggers and perform the 
necessary steps on a event record ex post facto as described 
above, a novel approach was developed to calculate PSA 
continuously and in real-time. This paradigm shift provides a 
much simpler more robust computation algorithm with less 
potential failure points. For example, the real-time system no 
longer depends on trigger thresholds which may cause false 
triggers or worse, miss the event entirely. Sending alert/alarms 
upon direct exceedance of the specified spectral limits (e.g., 
design spectra or OBE, etc.) completely removes the risk of 
false positives stemming from real events.  

The remaining sections provide details on the novel real-
time approach and present an implementation case study for a 
large energy producing company. 

2 REAL-TIME SPECTRAL CALCULATION AND EXCEEDANCE 
CHECK 

Real-time calculation of PSA exceedance and alarm 
dissemination are enabled with Bighorn, an extension module 
based on Antelope that combines real-time spectral monitoring 
and alarm capabilities with a robust built-in web display 
server. Antelope is an environmental data collection software 
package from Boulder Real Time Technologies (BRTT) 
typically used for very large networks and real-time seismic 
data analyses [3]. The information flow diagram for Bighorn 
is displayed in Figure 1. 

 

 
Figure 1. Bighorn layout information flow diagram. 

 
The primary function of Bighorn’s engine, orbsmrsp, is to 

produce continuous time-dependent response spectra for 
incoming acceleration streams. It utilizes expanded floating 
point data representations within object ring-buffer (ORB) 

packets and waveform files in the Datascope database system 
[4]. This leads to a very fast method for computing continuous 
time-dependent response spectra for a large number of 
channels. As shown in Figure 1, near-real-time packets of 
continuous time-series data are processed by the orbsmrsp 
program, which creates response spectra at successive time 
slices. These response spectra are put back on the ORB as 
encapsulated data packets. From there they are stored in a 
Datascope database by the orbpf2db program. A Python script 
smrspalarm evaluates these response spectra for exceedence 
of the specified spectral limits, reporting any such 
exceedances via alarm packets that are put on the ORB for use 
by any response processes that need them. The right half of 
Figure 1 shows the web-display subsystem, which allows alert 
dissemination, interactive exploration, and alarm cancellation 
via the world-wide web. This capability is supported by two 
main programs: rtwebserver, which provides an embedded 
web-server for the Antelope monitoring platform; and 
rtcache, which pre-constructs information products (such as 
downloadable images of spectral plots) to be served by 
rtwebserver. The remainder of this section describes the 
response spectra calculation process in more detail.  

Response spectra are continuously calculated in real-time 
by passing the acceleration streams through a set of digital 
linear recursive filters one for each specified frequency-
damping pair. For example, if the acceleration sample rate is 
200sps, and a spectrum is defined using 100 frequencies and a 
single damping ratio, then 100 response spectra streams at 
200sps will be created as shown in Figure 2.  

Peak response spectra (PSA) values are obtained during a 
decimation phase according to a specified decimation factor. 
This is done by assigning the maximum value of the un-
decimated response spectra stream over the time window 
determined by the decimation factor, to the sample value of 
the now decimated PSA stream. Continuing from the example 
above with a decimation factor of 100, this process yields 100 
PSA streams at 2sps. Maximum PSA values are then obtained 
over a specified running overlapping process interval. It is 
these maximum PSA values that are displayed in real-time 
and compared to the exceedance thresholds. Figure 3 
illustrates this ‘behind-the-scenes’ calculations for three 
example data channels. The acceleration history for each 
channel is shown on top with earthquake-like activity 
occurring at around 19:12. Beneath the acceleration 
waveforms are instantaneous frequency-slices of color-
mapped max PSA values. The frequency is on the y-axis and 
the warmer the color, the higher the amplitude.  

As proof of concept, a known example waveform data set 
was fed into the system as streaming acceleration. Figure 3 
shows the real-time response spectrum (blue) and the 
spectrum calculated using standard post-event procedures 
(red). The results from the two methods are indistinguishable.  

Depending on what is available for or required with respect 
to exceedance criteria, spectral thresholds could be in the form 
of Design Response Spectra (DRS), Maximum Credible 
Earthquake (MCE), Operational Basis Earthquake (OBE), 
Safe Shutdown Earthquake (SSE), or even a constant spectral 
acceleration limit value. 
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Figure 2. One hundred response spectrum streams created 
from passing single acceleration stream through set of 100 

digital recursive filters. 

 

 
Figure 3. Display of real-time max PSA as color-mapped 

frequency-slices below acceleration data for three channels. 

 
Figure 4. Comparison of spectrum calculated in real-time 

(blue) and standard post-event procedures (red). 

 

 
Figure 5. Bighorn web display snapshot of real-time spectral 

calculations. 

 
Figure 5 shows the web user interface with a snapshot of the 

real-time spectral calculations, along with upper/lower 
excursion limits over a user-specified time window, and 
exceedance level for three 3-component stations. The real-
time color-coded three component spectra are represented 
with thick lines, whereas the upper/lower excursion limits are 
thin lines. Although not a primary objective of PEASs, 
observations of real-time spectra may provide unique insight 
into the site specific conditions. To the author’s knowledge, 
such investigations do not exist. 

Because the real-time approach is most valuable for an 
extensive geographical distribution of facilities, the primary 
display is map-based. Figure 6 displays the Bighorn web 
server screenshots of an example network overview (top) and 
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facility pages with different alarm state scenarios. The status 
of a given station is represented by the user-defined marker 
color. For example, a red-colored box represents alarm 
exceedance and orange-colored box represents a state-of-
health (SOH) issue such as low battery voltage or broken 
communication. In the event of an exceedance, alarms are 
issued and an event report is made available – Figure 7. 

The event report displays the cumulative response spectra 
which are equivalent to the post-event calculated spectra – see 
Figure 4. It also shows the exceedance threshold spectra, the 
acceleration waveforms, and an event summary. The event 
summary includes parameters such as peak acceleration, peak 
velocity, and several exceedance statistics. 

 
 

 
 

 
 

 

 
Figure 6. Bighorn web displays, from top to bottom: network 

overview, facility page, facility page showing exceedance 
alarm on two stations, facility display showing SOH issue on 

all three stations. 

 

 
 

 
Figure 7. Bighorn web display: event report with zoomed in 

insert. 
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An important aspect to consider when implementing a 
PEAS is how to handle alarm acknowledgement. Bighorn 
alerts users of an alarm as soon as an exceedance is detected. 
Earthquakes can last several minutes and so the immediate 
information displayed is preliminary until the event is over at 
which point the alarm state is marked as final. Users can clear 
alarms by confirming acknowledgement of a final alarm. 

3 CASE STUDY: A LARGE ENERGY PRODUCING COMPANY 
Details on an example case study for a large energy 

producing company are presented here. Because of a non 
disclosure agreement, certain details cannot be shared. Photos 
and figures herein are thus representative and come from 
similar projects or mock-up systems. 

 

  
 

 
 

 
 

 
 

  
 

 
Figure 8. Photos of example earthquake alarm system 

components, from top to bottom: FFS, FFS with cover open, 
NEMA4 enclosure open showing Basalt datalogger and 

peripherals, display work station, central alarm controller and 
server, row of facility alarm controllers. 
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Recently, a very large energy producing company with 
facilities distributed across a sizeable region (spanning 
1500km) opted to implement an earthquake alarm system to 
enable better decision making during seismic induced 
emergency. The project’s vital objectives were to provide 
immediate alarms and information regarding the extent of 
potential damage to each facility and to the company’s central 
headquarters. After an expansive survey of globally available 
options, Kinemetrics’ ASPEN solution with Bighorn was 
awarded [5]. The project scope included outfitting 20+ 
facilities with a small network of near Free-Field stations 
(FFS), top photo Figure 8. Each station includes a triaxial 
accelerometer, Basalt data-logger, power supply system (e.g., 
battery, solar charger and panels), communication system 
(e.g., FO media converter, Ethernet device, Wi-Fi, etc), and 
environmentally protective steel enclosures. The instrument 
enclosures are mounted to a small (1m x 1m) concrete pad 
that is well anchored to the ground. The entire station is 
housed in a fiberglass hut for an additional layer of protection 
against vandalism and the extreme environment. The stations 
are networked on the company intranet along with a facility-
alarm control cabinet that provides local onsite alarms, see 
bottom middle photo in Figure 8. Each facility-alarm 
controller cabinet contains an alarm relay panel, a Marmot 
field processor, an MRV terminal server, and a UPS. 

A central alarm controller and server collects data from all 
facilities (50 stations, 150 channels), performs the real-time 
PSA exceedance calculations, and serves all information and 
alarms through the Bighorn web server, Figure 8. The central 
alarm controller and server cabinet includes four alarm relay 
panels, MRV terminal server and Ethernet carrier, and a Dell 
PowerEdge R910 data acquisition and processing server. Two 
display workstations with two 22-in touchscreen monitors 
were provided as well, bottom photo Figure 8. 

A schematic of the system network is shown in Figure 9. 
The green lines show the web client links to the web-server at 
the operations center. The web-display is facility centric 
displaying only their applicable web-pages. The red lines are 
representing a) data acquisition from the remote field 
processor to the processing server; and b) the alarm packets, 
to drive the alarm panels at the facility, pushed reliably from 
the processing server to the Marmot Field Processor by 
positive acknowledgement. 

As the first of its kind and scale, this ambitious project 
presented the project team with ample challenges and rewards. 
For example, one of the more challenging aspects stemmed 
from integrating such an expansive network on to a 
customer’s private multi-region intranet. Although well 
integrated within the company infrastructure, each facility still 
had its own managerial team and administrative policies, 
leading to a new set of security, access, and sometimes 
contractual issues, at each installation. However, the rewards 
are numerous and worthwhile. The seismic risk inherent to 
energy producing companies with distributed yet 
interdependent facilities is significant. And the immediate 
post-earthquake decisions are the most important and difficult 
ones to make during a state of emergency. For example, 
stopping hazardous processes could prevent costly post-event 
fires and other related disasters, but unnecessary shutdowns 
can potentially cost millions of dollars. Having immediate and 

accurate information, such as the extent to which specified 
performance limits may have been exceeded (i.e., potential for 
damage), can provide confidence to onsite personnel charged 
with making these crucial decisions. Additionally, an 
understanding of the affected region and structure types (i.e., 
fundamental periods on the spectrum) can help decision 
makers better allocate resources and streamline the emergency 
response actions. 

 

 
Figure 9. Schematic of system network. 

 

4 CONCLUSIONS 
Equations should be centered and the numbering should be 
right-justified. A post-earthquake alarm system that 
implements a novel robust approach for providing post-
earthquake alarms using real-time estimation of response 
spectra obtained from near free-field motions was presented. 
Peak response spectral acceleration exceedance has been 
shown to correlate well with the potential for structural 
damage. The Bighorn solution described represents a 
paradigm shift in how strong-motion data is continuously 
processed in real-time to enable remote alerting of spectral 
limit exceedance. 

A case study was presented which included system 
implementation details along with project challenges and 
rewards. The project’s successful results allow the customer to 
utilize immediate and accurate information to enable better 
decision making during seismic induced states of emergency. 

Future work includes expanding the approach to enable 
CAV check and integrating structural response data, from 
structural health monitoring systems, into the overall 
emergency management and post-event action plan 
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ABSTRACT: The research described in this paper utilizes Grouted Splice Sleeves (GSS) to connect precast reinforced concrete 
(RC) columns to footings and cap beams. An evaluation of the performance of the as-built and repaired connections is 
described. Columns with two different GSS systems were subjected to cyclic quasi-static loading to failure. One GSS system 
(FGSS) connected a cap beam to a column using mild steel bars threaded into the sleeve at one end and grouted at the other. The 
second GSS system (GGSS) connected a footing to a column using mild steel bars grouted at both ends of the sleeve. Two 
column-to-footing and two column-to-cap beam connections were tested. Splice sleeves were located in the column ends for 
each connection for two of the specimens; for the other two specimens the sleeves were located inside the footing and inside the 
cap beam, respectively.  The performance of all four test specimens was satisfactory with the GGSS specimens performing at a 
higher level. A repair technique utilizing a prefabricated carbon fiber-reinforced polymer (CFRP) shell and headed mild steel 
bars was used to relocate the plastic hinge in the column for two of the as-built specimens after they had been tested and 
severely damaged. The plastic hinge of the as-built columns was repaired by increasing the column cross section and changing 
its shape from an octagon to a circle. The CFRP shell provided confinement and acted as concrete formwork. Inside the CFRP 
shell, headed mild steel bars were epoxy anchored into the cap beam and footing to increase the flexural capacity of the plastic 
hinge region. Nonshrink concrete was used to fill the void between the as-built columns and CFRP shells. The plastic hinge was 
successfully relocated to the column section adjacent to the repaired section, thus restoring the strength and displacement 
capacity of the specimens. 

KEY WORDS: Bridge; column; concrete; cyclic; FRP composite; precast; retrofit; repair; seismic; sleeves; tests. 

1 INTRODUCTION 
Prefabrication of bridge elements and systems is one of the 
accelerated bridge construction methods. Connections 
between prefabricated elements are critical in bridges 
constructed using Accelerated Bridge Construction (ABC). 
NCHRP report 698 evaluated several connection types 
applicable to ABC, for moderate-to-high seismic regions [1]. 
The Grouted Splice Sleeve (GSS) connection was classified as 
a practical and promising connection requiring more research 
regarding both strength and displacement capacity. The 
inelastic behavior of such connections under cyclic loads and 
sensitivity of the response to sleeve locations were highlighted 
as issues in need of research. Three specimens, two of which 
had GSS connections while the third specimen was cast 
monolithically have recently been tested [2]; the specimens 
exhibited similar performance in terms of ultimate load 
capacity and energy dissipation, but not ductility capacity.   

Repair of damaged bridge elements following an earthquake 
is a beneficial alternative to replacement of the damaged 
members. The benefits include cost savings, reduction in 
construction time and decreased interruption for emergency 
services and the public. The objective of bridge repair is to 
rehabilitate damaged bridge elements to a performance level 
similar to the original performance by restoring the strength 
and displacement capacity. Current bridge design philosophy 
promotes column yielding; because of the damage caused in 
the as-built tests, the post seismic repair studied is focused on 
column repair. Retrofit and repair techniques for bridge 

columns include the use of steel jackets [3], bonded CFRP 
jackets [4], and reinforced concrete jackets [5]. Recently, 
CFRP composites were used to repair damaged circular 
concrete columns using plastic hinge relocation [6]. 

In the present study, four half-scale specimens were tested 
under cyclic quasi-static displacements to failure. Two 
column-to-footing specimens incorporated a GSS where the 
bars were grouted at both ends (GGSS); two column-to-cap 
beam specimens used a different GSS type where one bar was 
threaded into one end of the sleeve and the other bar was 
grouted into the opposite end (FGSS). Fig. 1 shows the two 
types of GSS connections utilized to construct the test 
specimens. Subsequently, a repair procedure was 
implemented for two damaged specimens: one constructed 
using a GGSS and one with a FGSS. The repair method 
developed in this research utilizes materials that are readily 
available and easy to install including epoxy anchored headed 
steel bars, unidirectional CFRP sheets and nonshrink concrete. 
The result is a very cost effective and rapid repair procedure. 

2 EXPERIMENTAL PROGRAM FOR AS-BUILT 
SPECIMENS 

Half-scale models were designed in accordance with the 
principles of capacity based design, to simulate typical 
prototype bridges built in the State of Utah. Fig. 2 shows the 
specimen details. The octagonal columns were built using six 
25 mm longitudinal bars in a circular arrangement, confined 
with a 13 mm spiral. The longitudinal and transverse  
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Figure 1. Two types of GSS used in test specimens. 

 
reinforcement ratio was 1.3% and 1.9%, respectively. The 
footings and cap beams were reinforced using 25 mm 
longitudinal bars and 13 mm double hoops; they were 
designed to remain elastic as capacity-protected members. 
The design criteria followed the AASHTO LRFD Bridge 
Design Specifications and the AASHTO Guide Specifications 
for LRFD Seismic Bridge Design [7, 8]. The latter prohibits 
splicing of the column longitudinal bars inside the plastic 
hinge region for bridges in high-seismic zones. The response 
of the subassemblies was studied by changing the location of 
the splice sleeves. Splice sleeves were placed inside the 
column ends for specimens GGSS-1 and FGSS-1, whereas for 
specimens GGSS-2 and FGSS-2, they were placed outside the 
column plastic hinge region and inside the footing and cap 
beam, respectively. In Fig. 2, the width of the footing for 
specimens GGSS-1 and GGSS-2 was 91 cm; the width of the 
cap beam for specimens FGSS-1 and FGSS-2 was 61 cm. The 
average compressive strength of the concrete on test day was 
39 MPa and that of the grout for the sleeves was 89 MPa.   

3 TEST RESULTS FOR AS-BUILT SPECIMENS 
Cyclic quasi-static lateral displacements comprised of 
ascending amplitudes of the predicted column yield 
displacement were applied as illustrated in Fig. 3, with two 
cycles at each displacement [9]. Specimens FGSS-1 and 
FGSS-2 were tested upside down. An axial load, equivalent to 
6% of the column axial capacity, was applied by means of a 
hydraulic actuator using post tensioning rods. Linear variable 
differential transformers mounted on opposite sides of the 
column measured vertical displacements at the interface of the 
column with the footing or cap beam. String potentiometers 
captured the lateral displacement of the column. The 
specimens were instrumented with several strain gauges in the 
plastic hinge region of the column and in the joint area.  

The hysteresis loops of the four specimens demonstrated a 
hysteretic behavior in which bond-slip of the spliced bars was 
present. Fig. 4 shows the lateral force-displacement curves 
along with the major damage states, which were: end of crack 
formation and initiation of spalling, yield penetration, bar 
fracture, and bar bond failure and pullout. Specimens GGSS-1 
and GGSS-2 exhibited full and stable loops during all cycles 
as opposed to FGSS-1 and FGSS-2, which experienced some 
pinching, associated with the grout crushing inside the sleeves 
and bar bond-slip during the last few cycles. Ductile failure 
was observed for GGSS-1 and GGSS-2, while FGSS-1 and 
FGSS-2 failed due to bond failure and pullout. Only flexural 
cracks developed in the columns of specimens with splice 
sleeves in the columns, GGSS-1 and FGSS-1, whereas  

 
 

Figure 2. Details of Test Specimens. 

 
Figure 3. Test setup for GGSS-1 and GGSS-2. 

 
both flexural and inclined cracks formed in the columns of 
specimens with sleeves in the footing and cap beam, i.e. 
GGSS-2 and FGSS-2. There were very few minor cracks in 
the cap beams and no cracks in the footings. All major 
flexural cracks formed by the end of the 3% drift ratio, in 
addition to considerable concrete spalling. Cracks opened 
further and concrete spalling intensified after the 3% drift 
ratio up to failure. Yield penetration occurred during the 6% 
drift ratio for GGSS-1 at the two extreme column bars. The 
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Figure 4. Force-Displacement response with damage states. 

 
test was terminated at the end of the 9% drift ratio when both 
bars fractured. The test for FGSS-1 was terminated at the end 
of the 6% drift ratio because the column bars pulled out of the 
sleeves, as a result of bond failure associated with the grout 
crushing inside the sleeves. A few inclined cracks developed 
during the 4% and 5% drift ratio for GGSS-2. This specimen 
failed when the east column bar fractured during the first 
cycle of the 7% drift ratio. A combined failure mode was 

observed for FGSS-2. At the 7% drift ratio, the extreme west 
column bar fractured during the first push cycle; the lateral 
force dropped in the subsequent pull cycle when the extreme 
east column bar pulled out of the sleeve. Fig. 5 shows the final 
damage state for all as-built test specimens. 

The displacement ductility of the specimens was obtained 
based on the concept of equal energy of an idealized elasto-
plastic system [10]. The average backbone curve was 
constructed using the peak values of the first cycle for each 
drift ratio. The idealized elasto-plastic curve was then 
generated in order to calculate the displacement ductility. The 
yield displacement was found using a secant stiffness that 
includes the smaller of first yield of column bar or 70% of  the 
maximum idealized force. The ultimate displacement was 
taken as the displacement corresponding to a 20% or larger 
drop in the lateral force [11]. For the specimens with sleeves 
in the columns, GGSS-1 and FGSS-1, the displacement 
ductility was 5.9 and 4.4, respectively; for specimens with 
sleeves in the footing and cap beam, GGSS-2 and FGSS-2, the 
displacement ductility improved to 6.1 and 5.8, respectively.  

The area enclosed by the hysteresis loops is the hysteretic 
energy of the system. Fig. 6(a) compares the hysteretic energy 
per drift level for all specimens. This is an indication of the 
quality of the hysteretic response and load-displacement 
characteristics. All specimens dissipated nearly the same 
amount of energy up to a 3% drift ratio. Specimens GGSS-1 
and GGSS-2 demonstrated better hysteretic energy dissipation 
during the subsequent cycles up to a 6% drift ratio.    

The effective stiffness was calculated in each cycle using 
the peak displacement and corresponding force. The average 
of the stiffness values was then obtained for both cycles at 
each drift ratio. Fig. 6(b) displays the average effective 
stiffness at each drift level for all specimens. A similar trend 
was observed in the stiffness reduction of all specimens. The 
degradation rate was much higher during the early cycles 
mainly because of column bar yielding. For example, there 
was a 60% reduction in stiffness for specimen GGSS-2 by the 
end of the 2% drift ratio. It is evident that specimens GGSS-1 
and FGSS-1 had a slightly higher stiffness than the other two 
specimens, at every drift ratio. 

 

  
        GGSS-1           FGSS-1 
 

  
        GGSS-2           FGSS-2 

 
Figure 5. Final damage state for as-built specimens. 
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(a) Energy Dissipation  

 
(b) Stiffness Degradation 

Figure 6. Energy and Stiffness for as-built specimens. 

4 EXPERIMENTAL PROGRAM FOR REPAIRED 
SPECIMENS 

The objective of the repair was to strengthen the plastic hinge 
region by increasing the cross section from a 53 cm octagonal 
section to a 76 cm diameter circular section. The circular 
cross-section was constructed by post-installing epoxy 
anchored headed bars for additional tensile reinforcement, and 
filling prefabricated carbon fiber reinforced polymer (CFRP) 
shells placed around the column with nonshrink concrete, as 
shown in Fig. 7. To form the new plastic hinge, a bending 
moment referred to as, MPH, must be resisted at the desired 
plastic hinge location. MPH can be determined from moment 
curvature analysis or by recording the ultimate bending 
moment capacity of the as-built column during testing. In   
Eq. (1), the bending moment experienced at the column joint, 
MJoint, is proportional to the length of the repair, hrepair, and the 
height of the column from the point of inflection to the 
column-footing or column-cap beam joint interface, hcol.  
 
 
 

1
 

 
(1) 

 
  
Using the minimum repair height possible is advantageous for 
limiting the bending moment demand at the repair joint and 
for decreasing the rotational demand on the column for a 
given displacement. On the other hand, the height of the repair 
must be sufficient for the purpose of relocating the new plastic 

hinge to an adjacent column cross-section with minimal 
damage.  

Headed bars were designed to develop the tension required 
for the enlarged cross-section to withstand the new increased 
joint bending moment produced by the repair. The headed bar 
length drilled into the footing or cap beam was determined so 
that the epoxy anchorage would develop the bars in tension. 
Similarly, the length of headed bar extending into the repair 
was checked for adequate development length. These 
parameters led to the design of six 25 mm headed bars of   
400 MPa yield strength, as shown in Fig. 7. CFRP shells were 
designed to provide confinement and shear strength, and were 
used as stay-in-place formwork for the nonshrink concrete. 
Four layers of unidirectional CFRP sheets oriented in the hoop 
direction were provided, where one layer served as a shell to 
wrap subsequent layers of CFRP around, one layer was 
provided for shear [4], and two layers were provided for 
confinement and prevention of strain softening [12, 13].        
A 13 mm gap was left between the bottom of the jacket and 
footing or cap beam surface to ensure that there was no 
bearing of the CFRP shell on the concrete during large 
displacements.  

The first step in the repair procedure was to create the 
prefabricated CFRP shells. A single layer of a 46 cm-wide 
unidirectional CFRP sheet was wrapped and cured around a 
76 cm diameter sonotube to create the proper shape. Holes 
were core drilled and headed bars epoxy anchored around the 
column (Fig. 8(a)). After the CFRP shells had cured they were 
split into two half cylinders (Fig. 8 (b)). A 30 cm long by     
46 cm wide piece of CFRP sheet was used to splice the two 
halves of the CFRP shell. Subsequently, three CFRP layers 
were applied with the fibers in the hoop direction (Fig. 8(c)), 
and once the CFRP shell had cured, nonshrink concrete was 
added in the space between it and the column (Fig. 8(d)). The 
nonshrink concrete was cured for a minimum of 28 days. 

 
Figure 7. Repair design. 
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        (a) Headed Bars                     (b) Split CFRP Shell 

 
(c) CFRP Shell around Column     (d) Nonshrink Concrete 

Figure 8. Repair procedure. 

As-built specimens GGSS-2 and FGSS-2, had developed a 
plastic hinge at the footing-to-column and column-to-cap 
beam interfaces, as shown in Fig. 5, where extensive spalling 
and cracking had occurred. For both specimens, major 
structural cracking was isolated to distinct heights from the 
footing or cap beam interface, where the highest crack was 
located approximately 36 cm up the column for GGSS-2 and 
30 cm up the column for FGSS-2; the crack widths ranged 
from 0.4 to 1.5 mm.  For FGSS-2, the diameter of the repaired 
cross-section was larger than the width of the as-built cap 
beam. Wooden forms were placed alongside the cap beam in 
order to provide sufficient width for the repair as shown in 
Figs. 8(b) and 8(c). The wooden forms were then removed 
once the nonshrink concrete had cured.  

5 TEST RESULTS FOR REPAIRED SPECIMENS 
Since the damage of GGSS-2 and FGSS-2 was similar, the 
design of the repair and the repair procedure described 
previously was used for both specimens. The repaired 
specimens for GGSS-2 and FGSS-2 are referred to as     
GGSS-2R and FGSS-2R, respectively. The test assembly and 
loading protocol used to test the as-built specimens were used 
to test the repaired specimens. Plastic hinge relocation was 
successfully achieved for both specimens, as shown in Fig. 9 
and Fig. 10.  

The hysteretic response of GGSS-2R is shown in Fig. 11(a) 
with the hysteretic response of as-built specimen GGSS-2 
superimposed. Fracture of the extreme west column 
longitudinal bar followed by fracture of the extreme east 
column longitudinal bar during the same displacement step 
was the failure mode. It should be noted that the east 
longitudinal bar fractured only 55 cm above the original 
fracture location in GGSS-2. Thus, the repair scheme 
provided sufficient confinement and clamping force to 
develop the longitudinal bar in a shorter distance than 

expected. Major events during the tests included the onset of 
significant spalling at a 3% drift ratio and transverse CFRP 
cracking at a 4% drift ratio. The latter was located 
approximately 8 cm below the top of the repair, adjacent to 
the top of the headed bars, and extended half way around the 
jacket circumference on the east side. The hysteretic response 
of the specimen was not affected by the transverse crack in the 
CFRP shell. 

The hysteretic energy dissipation and stiffness degradation 
of GGSS-2R were investigated and compared to GGSS-2, as 
shown Fig. 12(a) and (b), respectively. The cumulative energy 
dissipation of GGSS-2R was slightly higher than GGSS-2 for 
all drift ratios; at the completion of the 6% drift ratio     
GGSS-2R had dissipated 15% more energy than GGSS-2. The 
stiffness degradation characteristics of GGSS-2R and GGSS-2 
were very similar when normalized to the 0.5% drift ratio 
stiffness. The normalized stiffness of GGSS-2R is larger than 
GGSS-2 at all drift ratios and the rate of stiffness degradation 
is slightly lower. The normalization was carried out to show 
the stiffness degradation rather than the numeric stiffness 
values; this is because GGSS-2R has a higher stiffness due to 
the shorter column length. Both of these parameters further 
confirm that the repair restored the assembly to a performance 
level similar to the as-built condition. 

Due to operator error, FGSS-2R was unexpectedly pushed 
to the east monotonically to a drift ratio of 6.9%. The 
monotonic curve for this event is shown in Fig. 11(b) as a 
single line and labeled as “pushover”. Although the column 
was displaced to a drift ratio beyond the ultimate drift ratio of 
FGSS-2, no longitudinal bars fractured in the column. There  

 

 
(a) GGSS-2   (b) GGSS-2R  

Figure 9. Relocation of plastic hinge for column-to-footing  
                connection. 
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(a) FGSS-2                     (b) FGSS-2R 

Figure 10. Relocation of plastic hinge for column-to-cap beam 
                  connection. 

 
was major spalling on the east side of the column, as shown in 
Fig. 10(b), which extended to a 51 cm height up the column 
and exposed the spiral reinforcement. Even with the column 
damaged on the east side from the monotonic pushover test, 
the specimen was subsequently tested following the cyclic 
loading protocol of Fig. 3. The hysteretic response of     
FGSS-2R is shown in Fig. 11(b) with the hysteretic response 
of the as-built specimen FGSS-2 superimposed. The right side 
of the hysteresis for specimen FGSS-2R shows an irregular 
response due to the damage caused by the monotonic 
pushover. The left side of the hysteresis for FGSS-2R 
however, seems to be less affected. The failure mode of the 
repaired specimen was fracture of the extreme east column 
longitudinal bar. Similar to the behavior of GGSS-2R, the 
onset of significant spalling on the west side of the column 
occurred at a drift ratio of 3% and the onset of transverse 
CFRP cracking occurred at a drift ratio of 4%. The transverse 
CFRP cracking was located at a section approximately 8 cm 
below the top of the repaired section, near the top of the 
headed bars, and extended half-way around the jacket 
circumference on the west side. Although the hysteretic 
response was irregular, the specimen remained unaffected by 
the transverse crack. 

Table 1 shows a comparison of the performance of the as-
built and repaired specimens. The repaired specimens were 
able to regain the strength of the as-built specimens while still 
performing in a ductile manner. For the case of GGSS-2R a 
15% increase in the maximum lateral force was obtained 
while still maintaining the ultimate drift ratio and 
displacement ductility. For the case of FGSS-2R it is difficult 
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(a) GGSS-2 and GGSS-2R 
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(b) FGSS-2 and FGSS-2R 

Figure 11. Repair test results. 
 
to make direct quantitative comparisons to the as-built 
specimen FGSS-2, because of the initial static pushover test. 
However, by examining the performance of FGSS-2R from 
both the static pushover and subsequent cyclic test, it is clear 
that it performed at least as well as FGSS-2. 

6 CONCLUSIONS 
The hysteretic performance of the four as-built specimens was 
acceptable, with displacement ductility levels that satisfy code 
requirements.  Thus, the GSS connection sleeves for column-
to-footing and column-to-cap beam joints are deemed good 
candidates for implementation using Accelerated Bridge 
Construction methods in regions of moderate to high seismic 
activity. Specimens with sleeves inside the footing or cap 
beam achieved higher displacement ductility than the 
corresponding specimens with sleeves in the column. Ductile 
failure was observed for GGSS-1 and GGSS-2 with the 
grouted/grouted splice sleeves, while FGSS-1 and FGSS-2 
with the threaded/grouted splice sleeves failed due to bond-
slip of the spliced bars and bar pullout. Specimens GGSS-1 
and GGSS-2 exhibited full and stable loops during all cycles 
as opposed to FGSS-1 and FGSS-2, which experienced some 
pinching, associated with grout crushing inside the sleeves 
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(b) Stiffness Degradation 

Figure 12. GGSS-2R performance comparison.  
 
 
               Table 1. Comparison of test results for as-built  
                            and repaired specimens. 

 
 
and bar bond-slip, especially during the last few cycles. The 
performance of FGSS-1 with the threaded/grouted splice 
sleeves in the column was affected by the bond-slip behavior 
of the spliced bars more than the other specimens. This issue 

was partially mitigated for specimen FGSS-2, in which the 
threaded/grouted splice sleeves were placed in the cap beam. 

A rapid repair technique tailored to address post-earthquake 
damage has also been developed for heavily damaged bridge 
columns connected using GSS. The repair converts the 
original plastic hinge region from a 53 cm octagonal section 
to a 76 cm diameter circular section with a height equal to        
46 cm, thereby relocating the new plastic hinge to a minimally 
damaged section adjacent to the repaired section. The repair 
extends over the column height for a sufficient height to cover 
the original plastic hinge region and is reinforced with headed 
bars for tensile reinforcement and a CFRP shell for concrete 
confinement. This repair technique was implemented and 
tested for previously damaged bridge column-to-footing and 
column-to-cap beam joints; it successfully restored the 
performance of the specimens in terms of maximum 
displacements, lateral force capacity, energy dissipation and 
stiffness. The method is rapid and cost effective and is 
considered to be a successful technique for seismic repair or 
retrofit of precast GSS columns in column-to-footing or 
column-to-cap beam connections.      
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ABSTRACT: In this study a numerical calibration procedure is proposed for some of the most widely accepted damage indices 

(DIs) used for quantifying the extent of damage in reinforced concrete structures. In particular, without loss of generality of the 

applicability of the proposed procedure, the Park and Ang local damage index, its modified variant proposed by Kunnath, 

Reinhorn and Lobo; the Chung, Meyer and Shinozuka local damage index; along with the maximum and final softening damage 

indices proposed by Di Pasquale and Çakmak, are calibrated on the basis of the width of crack openings. Τhe proposed 

procedure is performed in two steps that both are based on the incremental dynamic analysis. In the first one, the estimation of 

the crack width is performed by means of detailed modelling with hexahedral finite elements for concrete and rod elements for 

steel reinforcement. Due to the extensive computing demands the databank of values for the damage indices under investigation 

is defined based on coarse models with beam-column elements, in the second step of the proposed calibration procedure. 

Finally, the statistical characteristics of DIs are computed by means of horizontal statistics in conjunction with the maximum 

likelihood function method and an optimization algorithm; the statistical characteristics are used for assessing the efficiency of 

each DI. 

KEY WORDS: Damage indices; numerical calibration; incremental dynamic analysis; detailed finite element modelling; 

performance based design. 

1 INTRODUCTION 

Performance-Based Design (PBD) in earthquake engineering 

is the state-of-the-art framework for future developments in 

structural design. PBD in engineering practice requires the 

definition of clearly determined levels of damage achieved for 

different seismic intensity levels. In order to implement this 

design framework, appropriate models for assessing the 

structural damage, within the context of a random seismic 

environment, are required. The idea of describing the state of 

damage of the structure by one number on a defined scale in 

the form of a damage index (DI) is attractive because of its 

simplicity. So far, a number of researchers have studied 

various DIs for reinforced concrete or steel structures [1-4]. 

Damage indices can be broadly divided into two classes [5]: 

(a) strength-based DIs; and (b) response-based DIs. Strength-

based DIs do not require finite element (FE) analysis [6,7]; 

however, they must be calibrated against observed damages 

using a large experimental database. Although the seismic 

performance of the structures is commonly related to their 

capacity to undergo inelastic deformations, experimental 

studies have shown that ductility as well as alternative 

measures of the structural performance in case of seismic 

loading, based on the theory of low-cycle fatigue, do not seem 

to provide a satisfactory index of the seismic damage [8]. 

These test results are consistent with the notion that failure of 

brittle systems is caused by excessive deformation, while the 

failure of ideal ductile systems is initiated by repeated 

inelastic deformations. The damage indices, used for 

structural systems that are neither ideal brittle nor ideal 

ductile, need to account for the damage effect of both 

excessive and repeated inelastic deformations [9]. Thus, there 

is a need for more general and reliable indices able to 

characterize the performance of the structures. The response-

based DIs can be divided into three groups according to the 

quantity that the index accounts for [2]: (a) maximum 

deformation indices [10-14]; (b) cumulative damage indices 

[8,15]; and (c) combination of maximum deformation and 

cumulative damage indices. In this work some of the most 

widely accepted damage indices accounting for both 

maximum deformation and cumulative damage are 

considered. In particular, the Park and Ang [9] local damage 

index, its modified variant proposed by Kunnath, Reinhorn 

and Lobo [16], the Chung, Meyer and Shinozuka [17,18] local 

damage index, along with the maximum and final softening 

damage indices proposed by DiPasquale and Çakmak [19,20] 

are studied in this work. 

In this study a numerical calibration procedure is proposed 

and it is applied to the above mentioned damage indices that 

are used to quantify the extent of damage in reinforced 

concrete structures. Furthermore, the width of the crack 

openings is used as the basis for implementing the calibration 

procedure. The estimation of the crack width is performed 

using detailed numerical modelling with hexahedral finite 

elements for the concrete and rod elements for the steel 

reinforcement; while due to the computing demands the 

databank of values for the damage indices under investigation 

is defined based on coarse models with beam-column 

elements. Both steps of the proposed procedure are based on 

the incremental dynamic analysis (IDA) [21]. Next, the 

statistical characteristics of the DIs are computed by means of 

horizontal statistics in conjunction with the maximum 

likelihood function method and an optimization algorithm. 

A numerical procedure for calibrating damage indices 

Chara Ch. Mitropoulou, Nikos D. Lagaros, Manolis Papadrakakis 

Institute of Structural Analysis & Antiseismic Research, National Technical University of Athens, 9, Iroon Polytechniou Str., 

Zografou Campus, 157 80 Athens, Greece.  

email: {chmitrop, nlagaros, mpapadra}@central.ntua.gr 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

283



The proposed numerical calibration procedure is not limited 

neither to the DIs considered, nor to the quantity used as a 

basis (crack width), or the material (reinforced concrete). For 

the purposes of the current study one 3D framed structure is 

considered. 

2 CALIBRATION PROCEDURE 

For the needs of a calibration procedure a significant number 

of experimental tests are required that will provide snapshots 

of the structural behavior corresponding to different damage 

levels for a number of structural systems. In order to replace 

the experimental tests, which are expensive and cannot be 

performed for any structural system, the proposed calibration 

procedure is based on numerical experiments. The idea behind 

the proposed numerical calibration procedure is to correlate 

levels of visible damages with engineering demand 

parameters (EDPs) values (i.e. the damage indices 

considered). The levels of the visible damages considered in 

this study are based on the crack width openings observed in 

experimental tests found in the literature [22]. 

For this purpose, the proposed numerical calibration 

procedure of the damage indices is based on the incremental 

dynamic analysis [21] procedure where Nincr nonlinear 

dynamic analyses are performed, each for a specific 

earthquake hazard level of increased intensity. For 

demonstration purposes the five damage indices described 

above, belonging to the category of maximum deformation 

and cumulative damage, are considered; while in order to 

implement the proposed numerical calibration procedure the 

level of the structural damage is associated with the crack 

width. 

The main objective of the IDA-based study is to define a 

correlation of the intensity level and the maximum seismic 

response of the structural system and it is represented with a 

curve. The intensity level and the seismic response are 

described through an intensity measure (IM) and an 

engineering demand parameter, respectively; while IDA is 

implemented through the following five steps: (i) Define a 

reliable nonlinear finite element model for performing the 

required nonlinear dynamic analyses; (ii) select a suit of 

natural records; (iii) select the proper intensity measure and 

engineering demand parameter; (iv) employ a suitable 

algorithm for selecting the record scaling factor in order to 

obtain the IDA curve with the least required nonlinear 

dynamic analyses and (v) employ a post processing technique 

for exploiting the multiple records results. 

Figure 1 depicts the calibration procedure, where the 

seismic demand used for calibrating the damage indices DIi 

(i=1,2,...,m) is defined with reference to the characterization 

of the damage state associated with respect to the crack 

openings (0.05 cm, 0.1cm, 0.3cm and 0.4cm), without loss of 

generality of the proposed procedure. The crack openings are 

monitored at the beam-column joints (at the end of the 

structural elements). Furthermore, it should be noted that there 

are cases where the width of diagonal cracks is much more of 

a concern than the width of flexural cracks, for this reason 

both diagonal and flexural cracks are monitored. Although 

this approach (correlation of DIs with crack openings) can be 

considered as a simplistic one, it is employed in this study 

since the relation between the maximum crack openings and 

the level of damage can be found in the literature [22]. 

However, the distribution of the cracks, or more accurately, 

the distribution of the plastic strains within the structure can 

also be used. 

According to a recent work by Mitropoulou et al. [23] there 

are cases where more than 80 natural records are required in 

order to obtain a good estimation of the probabilistic 

characteristics of a response quantity. For the purpose of this 

study 100 natural records have been used, which are randomly 

selected from the four lists of records. These records have 

been selected from the PEER [24] strong-motion database 

with the following features: (i) Events occurred in specific 

area (longitude -124o to -115o, latitude 32o to 41o). (ii) 

Moment magnitude (M) is equal to or greater than 5. (iii) 

Epicentral distance (R) is smaller than 150 km. These records, 

according to step (iv) of IDA, are scaled into multiple hazard 

levels and the 16%, 50% and 84% fractile curves for each 

damage index are developed. In order to compare the 

observed structural damage (quantified in this study through 

the crack openings) with the values of the damage indices, 3D 

detailed modelling with solid finite elements is used.  

Performing IDA over a pool of 100 natural records with 

detailed finite element models requires extensive 

computational effort which is substantially reduced with the 

procedure presented in Figure 1:  

(i) For each seismic intensity level of IDA the mean 

response spectrum of the 100 natural records is obtained.  

(ii) One artificial accelerogram is generated for each 

intensity level to be consistent with the corresponding 

mean response spectrum. This artificial accelerogram is 

implemented in the framework of IDA for defining the 

dynamic capacity curve (correlation pairs “SA(T1,5%)-

crack width”). For the test example considered in this 

study, a constant incremental step size of 0.05 g is 

applied up to failure, resulting into 100 to 120 

increments, in order to obtain the database of the 

“SA(T1,5%)-crack width” pairs uniformly distributed 

over the range of crack openings. Following this 

procedure the damage levels are correlated with the 

hazard levels.  

(iii) The correlation of the crack width with the values of the 

DIs for the 100 natural records is achieved with the IDA 

studies, performed for each DI implementing beam-

column FE simulation of the structure.  

(iv) The statistical characteristics of the DIs are computed by 

means of horizontal statistics in conjunction with the 

maximum likelihood function method and an 

optimization algorithm. The statistical information 

necessary to understand and quantify the behavior of 

structural systems can be presented in different formats 

depending upon the objective. For instance, if the issue 

is loss assessment, where it is important to evaluate the 

distribution, mean value and/or dispersion of a DI (or 

EDP) for a given IM, the “horizontal” statistics format is 

applied as the most appropriate one. However, if the 

issue is conceptual design or fragility analysis, where the 

designer’s main objective is to find the global strength 

required to limit the value of a DI (or EDP) to a certain 

quality, then “vertical” statistics are the most suitable. 

“Vertical” statistics are also used to quantify the ground 
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motion intensity at which a system approaches a certain 

limit state. The terms “horizontal” and “vertical” 

presuppose that DIs (or EDPs) are plotted on the 

horizontal axis and IMs on the vertical axis. Since this 

study is concerned with the correlation of damage levels 

with response quantities, the most appropriate format is 

the “horizontal” statistics for the hazard levels in order to 

calculate the statistical parameters of the response 

quantities i.e. the DIs via the maximum likelihood 

function method and an optimization algorithm. 

The likelihood function in our implementation is expressed 

as follows:  

 
1

rec

A, j

Ν

DI DI S i DI DI

i

L( μ ,σ ) f ( DI ,μ ,σ )


  (1) 

where the DIs are assumed to follow the lognormal 

distribution, fSAj is the lognormal density function of the DI 

corresponding to the jth hazard level characterized with the 

first mode spectral acceleration value SA,j and Nrec is the total 

number of records considered. The two parameters μDI and σDI 

of Eq. (1) are computed as the values that maximize ln(L) by 

implementing a metaheuristic optimization algorithm [25]. 
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Figure 1. IDA-based calibration procedure, (a) dynamic 

capacity spectrum defined with detailed FE modelling and (b) 

IDA studies performed for each DI with beam-column FE 

modelling. 

3 NUMERICAL TESTS 

For the purpose of this study one test example is considered in 

order to implement the proposed procedure. The test example 

is simulated with 3D solid finite elements (hexahedral finite 

elements) with embedded reinforcement for implementing 

step (ii) of the calibration procedure, while the following 

material properties are considered for the concrete: modulus 

of elasticity Ec=30.0 GPa and characteristic compressive 

strength at 28 days fcκ = 25.0 MPa (C25/30), while the 

material properties of the reinforcing steel are: nominal yield 

stress fyκ = 500 MPa (S500) and modulus of elasticity equal to 

200 GPa, while steel hardening was taken into account equal 

to 1.0%. The slab thickness is equal to 18cm, the self-weight 

of the beams and the slab is taken equal to 24 kN/m3, while a 

distributed dead load of 2kN/m2 due to floor finishing and 

partition walls is also considered. The live load is assumed to 

be equal to 1.5kN/m2 and for the load combination the dead 

and live loads are multiplied by 1.0 and 0.3, respectively. 

For the two story 3D RC frame test example, the floor area 

is 5×5 m2 and the height of each story is 3.5m. The 

dimensions of the beams are 30×50cm2, with longitudinal 

reinforcement LR: 3Ø18 top and bottom, and transverse 

reinforcement TR: (2)Ø8/10cm. The dimensions of the 

columns are 50×50cm2 with longitudinal reinforcement LR: 

12Ø22 and transverse reinforcement TR: (2)Ø8/20cm. 

Rayleigh damping is used for the first and the second mode 

(T1=0.167 sec, T2=0.167 sec and ξ1=ξ2=5.0%). The numerical 

modelling is performed with solid finite elements of size 

10×10×10 cm3 for the concrete resulting into 12,400 

hexahedral finite elements with 19,056 nodes and 57,168 dof, 

while 13,280 embedded strut elements with 13,120 nodes and 

78,720 dof are used for modelling the steel reinforcement. The 

detailed FE mesh is shown in Figure 2. 

 
Figure 2. 3D test example - FE mesh for the concrete. 

 

According to step (ii) of the proposed calibration procedure, 

pairs of “SA(T1,5%)-crack width” are obtained using the IDA 

curves defined with the detailed finite element models: 

(2.96(g)-0.05cm, 6.34(g)-0.1cm, 10.35(g)-0.3cm and 

14.20(g)-0.4cm) for the 3D test example. 

Following step (iii) of the calibration procedure, the IDA 

procedure is performed over the set of 100 records 

implementing the beam-column numerical simulation for the 

structural elements. Combining the pairs “SA(T1,5%)-crack 

width” obtained as described previously in step (ii) of the 

procedure with the “SA(T1,5%)-DI” IDA curves defined with 

the beam-column numerical models in step (iii), the crack 

openings are correlated with the corresponding damage 

indices. 

Nonlinear static or dynamic analysis needs a detailed 

simulation of the structure in the regions where inelastic 

deformations are expected to develop. In order to consider the 

inelastic behavior either the plastic-hinge or the fiber 

approach can be adopted. In our implementation, the inelastic 

cyclic response, for the beam-column simulation, is modelled 

with distributed plasticity (fiber approach) which has certain 

advantages compared to the concentrated plasticity models 

(plastic hinge approach) [26]. According to the fiber 
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approach, each structural element is discretized into a number 

of integration sections restrained to the beam kinematics, and 

each section is divided into a number of fibers with specific 

material properties. Every fiber in the section can be assigned 

to different material properties, e.g. concrete, or reinforcing 

bar material properties, while the sections are located at the 

Gaussian integration points of the elements. The main 

advantage of the fiber approach is that every fiber has a 

simple uniaxial material model allowing an easy and efficient 

implementation of the inelastic behavior. All dynamic 

analyses, implementing the beam-column numerical models, 

are performed using the OpenSEES [27] simulation platform. 

A bilinear material model with pure kinematic hardening is 

adopted for the steel, while geometric nonlinearity is also 

taken into account. In order to simulate the concrete the 

modified Kent-Park model [28] is applied, where the 

monotonic envelope of the concrete in compression follows 

the model of Kent and Park [28] as extended by Scott et al. 

[29] and it is implemented in Concrete02 model of OpenSEES 

[27]. This model was chosen because it allows for an accurate 

prediction of the demand for flexure-dominated RC members 

despite its relatively simple formulation. The transient 

behavior of the reinforcing bars was simulated with the 

Menegotto-Pinto model [30] and it is implemented in Steel02 

model of OpenSEES [27]. 
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Figure 3. 3D test example-IDA curves for the six damage 

indices 

The 16, 50 and 84 percentile “SA(T1,5%)-DI” IDA curves 

of the 3D test example for all damage indices are provided in 

Figures 3(a) to 3(f). DIs have a similar trend in pairs; in 

particular the pairs DIPA-DIKRL and DIMS-DIFL have a similar 

trend, while DICMS show a different trend. Based on the pairs 

“SA(T1,5%)-crack width”. 

4 CONCLUDING REMARKS 

In this study a numerical calibration procedure is proposed. 

The proposed procedure is used to calibrate damage indices 

for different damage levels is performed by means of multiple 

nonlinear dynamic analyses performed in different earthquake 

hazard levels of increasing intensity. The first mode spectral 

acceleration representing the seismic demand was used for 

calibrating the damage indices implemented in two levels. In 

the first level, pairs associating the first mode spectral 

acceleration with crack openings where defined by means of a 

single IDA curve implementing detailed finite element models 

with solid elements and a single artificial accelerogram 

generated on the basis of the mean response spectrum of 100 

natural records In the second level, 100 natural records are 

scaled in multiple hazard levels and the 16%, 50% and 84% 

fractile curves for each damage index are obtained. The 100 

seismic demand-damage index IDA curves are obtained 

implementing crude finite element models with beam-column 

elements. Combining the results of the two levels, the 

calibrated values of the damage indices are defined based on 

the 50% fractile with reference to the seismic demand. In 

addition to the calibrated values of the five damage indices 

defined on the basis of the 50% fractile IDA curve, the 

coefficient of variation for each damage index and for each 

damage state is defined. 

For this purpose five damage indices, belonging to the 

category of maximum deformation and cumulative damage, 

are considered and they are calibrated numerically with 

reference to different levels of structural damage. The 

calibrated values can be used in the framework of 

performance-based design in order to assess the structural 

behavior under seismic actions. Furthermore, an additional 

goal of this study is achieved by identifying the damage index 

less influenced to the seismic action. This damage index is 

considered to be the most reliable one for assessing the 

structural behavior, among those considered in this study. 

Based on the numerical investigation performed for the five 

damage indices employed in this study the Park & Ang 

depicts the lowest coefficient of variation for all limit states 

considered, while similar performance depict Kunnath, 

Reinhorn and Lobo along with the Chung, Meyer and 

Shinozuka local damage indices. 
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ABSTRACT: The paper focuses on full-scale experimental and numerical study of underground concrete ductbanks. The 
concrete ductbanks are commonly used in many seismic regions throughout the world with the U.S.A. and New Zealand being 
representative examples. The main purpose of the concrete ductbanks is to provide protection for buried high-voltage 
transmission cables from environmental and mechanical effects. Therefore, structural integrity of concrete ductbanks is crucial
for uninterrupted power supply to large cities that is especially important in providing emergency services after an earthquake
and avoiding massive blackouts. Design of concrete ductbanks varies from simple unreinforced concrete covering plastic 
conduits to well-engineered reinforced concrete with special hold downs supporting the conduits. The structural integrity can be
compromised by the many major events, including seismic impact, liquefaction and soil settlement. To assess structural capacity
of the ductbanks and develop new design recommendations a number of full-scale ductbanks was tested in static loading at the 
Pacific Earthquake Engineering Research Center, the University of California at Berkeley. Performance of ductbanks in pure 
shear and bending tests was studied. The full-scale tests were accompanied by extensive component test program that included 
compression/tension of polymer conduits with and without joints and tension/compression slippage tests of conduits embedded 
into concrete. Information obtained from the tests provided a suitable opportunity for the calibration of a detailed FE model 
which was in turn used in dynamic and static analytical simulations. Based on this sophisticated model capturing replicating 
performance of tested full-scale specimens a simplified model for design work of utility engineers was developed.  

KEY WORDS: Full-scale testing, finite element modeling, seismic impact, ductbanks, high-voltage power transmission, 
component testing. 

1 INTRODUCTION 
Underground high-voltage transmission lines are much more 
costly than overhead transmission, but are frequently favored 
by the public in highly developed urban areas due to the 
elimination of visual impacts and electro-magnetic radiation 
(EMF) concerns.  However a disadvantage to underground 
installations is that their construction requires, unlike an 
overhead line, access to every foot of the route, increasing 
construction impacts on roadways, traffic, and nearby buried 
utilities such as gas pipes and water/ wastewater pipes.  
Different types of underground transmission cables have been 
installed by utilities and operators.  Most new systems use 
cross-linked polyethylene (XLPE) type cables.  Such cables 
are sometimes directly buried by placing them in trenches 
back-filled with a cement slurry.  In the installation simulated 
by the experiments that are described in this paper, the cables 
are housed in conduits which are then encased in concrete 
duct banks, and buried beneath city streets.  In addition to 
cable burial, underground concrete vaults are generally 
installed at intervals to provide for pulling access and 
installation of cable splices, requiring rather significant 
excavation and shoring.   

Although the historic performance of buried transmission 
cables has been good when operated well within their 
electrical capacities, dealing with failures requires 
considerably more time and expense compared to overhead 
construction.  Most utilities and operators do not maintain the 
specialized work force required to perform such repairs in-
house, so they must be scheduled and brought in from external 
sources.  Overhead transmission has consistently performed 
very well in earthquakes; underground transmission cables 

buried in firm ground have also performed well.  However, 
like other buried systems such as water pipelines, 
underground cables are susceptible to damage resulting from 
large ground displacement resulting from liquefaction or 
landslide.  Reinforced concrete duct banks are used to protect 
cables in cases where large ground deformation is expected.  

In a duct bank installation subjected to large ground 
displacement, cables may fail by excessive tension or 
compression, excessive curvature (minimum bend radius 
violated), or crushing or pinching of the cable/conduit.  In 
addition, it is desirable to prevent excessive deformation or 
damage to the embedded conduits, since a damaged cable may 
be replaced by pulling a new cable through it in order to 
return the circuit to service.  A conduit that has deformed such 
that a replacement cable cannot be pulled in, would be 
considered to have failed.  There is very limited information 
on experimental studies of duct banks, which was one of the 
major motivations to undertake this extensive research. The 
paper presents a summary of this research with more details to 
be found in [1-3]. 

2 FULL-SCALE EXPERIMENTAL STUDY 
The main purpose of the concrete ductbanks is to provide 
protection for buried high-voltage transmission cables from 
environmental and mechanical effects. The structural integrity 
of ductbanks can be compromised by many major events, 
including seismic impact, liquefaction, and soil settlement. 
The main subject of the paper is to investigate structural 
capacity of typical full-scale ductbanks subjected to bending 
and shear loads. A complete list of full-scale test specimens 
conducted for this purpose is presented in Table 1.  
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Table 1. List of full-scale test specimens. 

Name Dimensions (m) Reinforcement Test method 
PGEDB1 8.08x0.78x0.86 No Bending 
PGEDB2 8.08x0.78x0.86 Yes Bending 
PGEDB3 8.13x0.78x0.86 Yes Bending 

PGEDB4 1.83x0.61x0.61 No Shear with 0 
mm crack 

PGEDB5 1.83x0.61x0.61 No Shear with 3 
mm crack 

Three of the specimens were tested in a three-point-bending 
test configuration. To account for difference in conduit 
performance, both 152 mm PVC and HDPE schedule 40 
conduits were used in the study and each specimen had a pair 
of each. The pipe type was consistent with direction of 
loading and the same type was used on the left and right sides 
of the ductbank specimens (relative to load direction). First 
specimen, PGEDB1, was constructed of unreinforced concrete 
with embedded conduits. The load at midspan of the ductbank 
was applied in strong direction along the depth, in the so-
called ‘top loading’ configuration. Second and third 
specimens, PGEDB2 and PGEDB3, were constructed of 
reinforced concrete with embedded conduits and had the same 
reinforcement design as shown in Figure 1. The only 
difference between PGEDB2 and PGEDB3 was direction of 
loading:  PGEDB2 was loaded in its strong direction along its 
depth (‘top loading’ configuration) whereas PGEDB3 was 
loaded in the specimen’s weak direction along its width, in the 
so-called ‘side loading’ configuration. Two full scale 
specimens, PGEDB4 and PGEDB5, were tested in pure shear 
loading. These specimens had a single conduit per specimen 
that spanned across a fully penetrated crack through concrete 
surrounding the conduit. A case of a crack with no gap and a 
case with a crack of 3 mm opening were introduced in these 
specimens. 

152.4 mm 
PVC

Conduits Concrete 
encasement

Conduit 
spacers

Reinforcing 
steel

Figure 1. Typical cross section of a ductbank. 

2.1 Structural Performance in Bending 
The main objective of the full scale ductbank tests was to 
estimate their moment and displacement capacity. A special 
experimental setup was designed and fabricated for this 
purpose as presented in Figure 2.  

Conduit joint Conduit spacers, 1.52 m 
c.c.

Conduit, typ.

Strain and 
displacement 
measurement

Intermediate 
(temporary) support 
points to prevent 
premature cracking

Applied load

7.47 m

Conduit joint

Figure 2. Schematic drawing of a test setup. 

Since the experimental program utilized a three-point-
loading test approach, the test setup consisted of two supports 
at the two ends of the specimen and a hydraulic actuator 
imposing load at mid-span of the supports, where the actuator 
reacted against a special U- shaped reaction frame designed 
for the test The supports were designed as two pillow blocks 
with cylindrical pins under the test specimen. One of the 
pillow blocks was installed on a 76 mm plate rigidly fixed to 
the strong floor and another one was installed on an 
unrestrained 76 mm plate to accommodate sliding motion of 
this support location along longitudinal direction of the 
specimen. To minimize friction effects, the sliding surface at 
this location was greased. The 76 mm plates had precisely 
machined round-shaped shallow grooves with the same 
diameter as that of the pins. To simulate perfect pin condition, 
both pins were greased to minimize friction effects due to 
potential pivoting expected during the test. To prevent 
slippage of the conduits into test specimens observed during 
testing of PGEDB1, special fixtures were introduced in 
specimen PGEDB2 and PGEDB3. Plastic conduits were 
restrained at the outer ends to minimize their slippage inside 
of the concrete ductbank. 

The force versus displacement plot shown in Figure 3 
clearly demonstrates that performance of the unreinforced 
duckbank was linear up to failure, where the ultimate load 
before brittle failure was 112.6 kN. The effective stiffness of 
the ductbank was estimated as 44,310 kN/m. As presented in 
Figure 3, the ductbank failed in a brittle manner and, 
consequently, the duckbank split into blocks of unreinforced 
concrete held together by means of the polymer conduits. 
Since this brittle performance was expected, the actuator 
attachment was designed to hold these two halves. As a result, 
about third of the total weight of the ductbank, namely about 
33.4 kN, became suspended from the actuator upon failure of 
the ductbank. This force was negative since it corresponded to 
tension in the built-in load cell of the actuator. Further 
increase in actuator displacement after this point engaged 
some load carrying capacity of the polymer conduits, which 
reduced the force to about -3.6 kN. After about 215 mm of 
travel, one or several conduit pipes slipped that caused a 
significant drop in force carrying capacity, which was 
partially recovered when the actuator was pushed further 
down as shown in Figure 3. 
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Figure 3. Force vs displacement diagram for PGEDB1. 

As opposed to PGEDB1, the reinforced ductbanks 
demonstrated ductile performance as expected. The force 
versus displacement plot of the PGEDB2 test is shown in 
Figure 4. The effective stiffness of the ductbank, based on a 
best fit procedure for the beginning portion of the test when 
the load was below 89.0 kN, was estimated as 70,008 kN/m. 
The loading was paused several times during the test to 
measure ovality of the conduits by sending a rover inside of 
the pipe and pulling through a mandrel which simulated the 
size of a cable. In addition to that, laser scans of the test 
specimen were performed during these pauses. It is to be 
noted that the pauses were long enough to introduce some 
force relaxation in the specimen (Figure 4), since the actuator 
was operated in displacement control. 

The ductbank’s load carrying capacity was steadily 
increasing up to about 188 mm displacement when the 
ultimate load of 532.2 kN was observed as presented in Figure 
4. The load carrying capacity of the ductbank slightly 
decreased after that but remained somewhat stable up to about 
285 mm displacement when one of the rebars fractured as 
shown in Figure 4. At this point, the force dropped from 525.1 
kN to 494.0 kN. The specimen picked up some force when the 
actuator continued pushing it down until second rebar failed at 
307 mm displacement, causing the force to drop to 405.0 kN. 
The force stabilized at about 427.2 kN when the actuator 
continued pushing it down until third rebar failed at about 333 
mm, with a corresponding force drop to 333.8 kN, after which 
the force increase to about 356.0 kN with continued loading. 
At 343 mm displacement the test was paused for the last time 
and geometry of the inner surfaces of the conduits was 
documented by a rover and a laser scanner. A wooden 
mandrel was pushed through the conduit to check for ovality 
of the conduits. The followed loading of the specimen 
exceeded the travel limit of the test setup at 361 mm, which 
caused a steady increase of force. At this instant, the test was 
stopped and the actuator was retracted to its starting point. 

The performance of PGEDB3 specimen was somewhat 
similar to that of PGEDB2, although its load capacity was 
much lower than that of the latter (Figure 5). The effective 
stiffness of the ductbank, based on a best fit procedure for the 
beginning portion of the test when the load was below 89.0 
kN, was estimated as 50,391 kN/m. 

1st rebar failed

2nd rebar failed

3rd rebar failed

Displacement
limit of setup
reached

Figure 4. Force vs displacement diagram for PGEDB2. 

Similar to the case of PGEDB2, the loading was paused 
several times during the test to measure ovality of the conduits 
by sending a rover inside of the pipe and pulling through a 
mandrel. Similar to the other specimens, laser scans of the test 
specimen were performed during these pauses. The 
ductbank’s load carrying capacity was steadily increasing up 
to about 135 mm displacement when the ultimate load of 
453.9 kN was observed as presented in Figure 5. The load 
carrying capacity of the ductbank slightly decreased after that 
but remained somewhat stable up to about 295 mm 
displacement when one of the rebars fractured as shown in 
Figure 5. At this point the force dropped from 429.9 kN to 
344.4 kN. The specimen picked up some force when the 
actuator continued pushing it down until a second rebar failed 
at 328 mm displacement, causing the force to drop to 284.8 
kN. The force steadily increased after this point to 324.9 kN. 
At 404 mm displacement, the test was paused and last 
geometry check was performed.  

1st rebar failed

2nd rebar failed

Displacement
limit of setup
reached

Figure 5. Force vs displacement diagram for PGEDB3. 

The ovality of the inner surfaces of the conduits was 
documented by a rover and a laser scanner. A wooden 
mandrel was pushed through the conduit to check for ovality 
of the conduits and make sure that the cable would still pass 
through the conduit. The followed loading of the specimen 
exceeded the travel limit of the test setup at 420 mm, which 
caused a steady increase of force. At this instant, the test was 
stopped and the actuator was retracted to its starting point. A 
summary of results for both shear tests is presented in Table 3. 
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Table 2. Summary of 3 point bending tests. 

Name Peak 
load, kN 

Displacement at 
peak load, mm 

Ultimate 
displacement, m 

PGEDB1 112.6 2 NA 
PGEDB2 532.2 188 0.361*

PGEDB3 453.9 135 0.404*

*mainly limited by the setup’s displacement limit 

2.2 Structural Performance in Shear 
The main purpose of the shear tests was to investigate the 
performance of the polymer conduits in shear, when 
surrounding concrete had cracked across the duckbank. As the 
most conservative case, a straight crack was introduced 
through a body of unreinforced concrete across a plane. To 
study the performance of an individual conduit, a single 
conduit was embedded in an unreinforced concrete block. 
Only the case of a single 152 mm PVC conduit pipe was 
considered. The specimens had identical overall dimensions 
with the only difference being the width of the crack’s gap. 
The first specimen had no gap between the cracked parts of 
the concrete blocks. The second specimen had about 3 mm 
gap in the crack opening. A special experimental setup was 
designed to perform the shear test as shown in Figure 6 with 
schematic drawing presented in Figure 7. The rotational 
motion of the blocks was restrained by means of a linear 
bearing system, allowing only lateral displacement along the 
direction of loading. 

This shear specimen without a gap failed at about 109.7 kN 
load as shown in Figure 8. The displacement capacity in shear 
was  about 48.0 mm before rupture of the conduit. The 
rotation of the blocks relative to each other was minimal and 
was limited by 3.1 milliradians. The rotation was extremely 
small up to about 75.7 kN when it remained below 0.2 
milliradians. 

This shear specimen with 3 mm gap failed at about 100.4 
kN load as shown in Figure 8. The displacement capacity in 
shear was about 44.7 mm before rupture of the conduit. The 
rotation of the blocks relative to each other was minimal and 
was limited by 4.5-milliradians. The rotation was extremely 
small up to 44.5 kN when it remained below 0.2-milliradians.  

Figure 6. Photo of shear test setup. 

Applied 
load

Notch pre-cast 
into concrete, 

0” and 1/8”

Conduit 
anchorage, 
typ.

Conduit

Concrete 
encasement

Figure 7. Schematic drawing of shear test setup. 

Figure 8. Force vs displacement diagram for PGEDB4 (1 kip 
= 4.45 kN and 1 in = 25.4 mm). 

A summary of results for both shear tests is presented in 
Table 3. 

Table 3. Summary of shear test results. 

Shear test 
specimens 

Gap, 
mm 

Ultimate load, 
kN 

Ultimate 
displacement, mm 

PGEDB4 0 109.7 48.0 
PGEDB5 3 100.4 44.7 

Figure 9. Force vs displacement diagram for PGEDB5 (1 kip 
= 4.45 kN and 1 in = 25.4 mm). 
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2.3 Component tests: tension and compression tests of 
conduits and conduits’ joint assemblies 

Tension and compression capacity of conduits and conduits’ 
joint assemblies were studied extensively. Each type of test 
was conducted on three sample specimens. Special test rigs 
were designed for this phase of testing as presented in Figure 
10. Due to size limitations of the paper, only a summary of the 
test results is presented here as shown in Table 4. 

(a) Tension test (b) Compression test 

Figure 10. Test rigs for conduits and conduits’ joint 
assemblies 

Table 4. Summary of tests on conduits and conduits’ joint 
assemblies (negative sign denotes compression test). 

Material Joint Mean compression 
capacity, kN 

Mean tension 
capacity, kN 

PVC None -223.8 125.9 
PVC Bell -150.0 120.6 
PVC Sleeve -227.8 43.6 

HDPE None -110.8 101.9 

2.4 Component tests: tension and compression slippage 
tests 

Slippage tests of conduits and conduits’ assemblies were 
conducted in compression and tension as shown in schematic 
drawings presented in Figure 11. One sample per each test 
configuration was tested in the course of this experimental 
phase. The conduits were cast into concrete to reproduce the 
properties of the polymer-to-concrete interface in ductbanks. 
Due to size limitations of the paper, only a summary of the 
test results is presented here as shown in in Table 5. 

Conduit

Conduit 
Splice Joint 
(if applicable)

Concrete 
encasement, 
610x 610 x 610 mm

Applied load

Conduit

Conduit 
Splice Joint 
(if applicable)

Concrete 
encasement, 610x 
610 x 610 mm

Applied load

(a) Tension test (b) Compression test 

Figure 11. Test rigs for conduits and conduits’ joint 
assemblies cast in concrete 

Table 5. Summary of slippage tests (negative sign indicates a 
compression test). 

Material Joint Compression slip 
force, kN 

Tension slip 
force, kN 

PVC None -93.0 6.7 
PVC Bell -293.7 135.3 
PVC Sleeve -268.8 87.7 

HDPE None -38.3 3.1 

3 FINITE ELEMENT MODEL OF DUCTBANK AND 
ANALYSIS 

Due to the complex nature of the problem, a detailed finite 
element model was developed, taking advantage of the many 
experimental results obtained in full-scale test of the 
ductbanks and their components. Experimental results were 
used to develop a model that can reliably describe the 
behavior of the ductbanks under different loading scenarios. 
This model is intended to be used in the study of the local 
behavior of the pipes, their interaction with concrete, and 
analyze the effects of adding reinforcement to the specimen in 
its performance and determine displacement capacity of the 
system. 

3.1 Constitutive Properties of Pipes 
Pipes were modeled as linear elastic perfectly plastic, making 
use of the well-known material parameters for PVC and 
HDPE [4-9]. There properties of PVC and HDPE pipe 
materials were updated based on the results of the bare pipe 
component tests.  

3.2 Constitutive Properties of Concrete 
Concrete is treated as linear up to some level of strain; a crack 
is then simulated by modifying the constitutive properties 
(Smeared cracking). 

When the combination of stresses satisfies a specified 
criterion, e.g. strain energy reaches some threshold value that 
corresponds to that of the one dimensional case for the 
concrete capacity, a crack is initiated. This implies that at the 
integration points where the stress, strain, and history 
variables are monitored, the isotropic stress–strain relation is 
replaced by an orthotropic elasticity-type relation.  

3.3 Constitutive Properties of Steel Reinforcement 
For the reinforcement steel, a linear elastic perfectly plastic 
material model with the well-known parameters for a Grade 
60 reinforcement steel has been used to start the modeling, 
then a calibration was performed to match the behavior of the 
specimens for large deformations. 

3.4 Constitutive Properties of Polymer-to-Concrete 
Interface 

Failure criteria had to be defined for the interface element, to 
be able to model the slippage. This was done based on the 
maximum shear, taking into account the effects of the normal 
force (friction contribution).  

A Mohr-Coulomb model is suitable for that, and the 
parameters used to characterize the behavior of the interface, 
are those that produce same behavior observed in 
experiments. The purpose of including this is to be able to 
obtain reliable values for the strain and stresses in the pipes.  
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Full bonding is not a good assumption, as was seen in the 
experiments. 

3.5 Finite Element Modeling of Ductbanks 
The constitutive properties outlined above were utilized in 
detailed finite element (FE) modeling of the ductbanks. The 
most sophisticated models were developed in DIANA [10]. 
The models were calibrated to match performance of the 
specimens tested. The sophisticated FE model was simplified 
for design and construction of the ductbanks by the utility 
company. The simplified model was generated in SAP2000 
[11].  

Results obtained from a simple SAP200 model of PGEDB1 
showed that strain variation over the cross section is linear 
which means that section’s kinematic constrain can be 
imposed. From the results of the detailed finite element 
model, moment-curvature relationships were developed that 
fully describe experimental observations. A total load capacity 
of 25 kips plus self-weight was observed during the test as is 
shown in Figure 12. A force versus displacement graph for 
FEM of PGEDB1 was developed that is in full agreement 
with the observed behavior of the test specimen. The black 
dashed line shows results of the finite element analysis that 
demonstrates adequate correlation between the experimental 
and modeling data. 

Figure 12. Force versus displacement of specimen PGEDB1 
and its FE model (1 kip = 4.45 kN and 1 in = 25.4 mm). 

The moment-curvature plot for the same model is presented 
in Figure 13. 

Figure 13. Moment-curvature relationship for FEM of 
PGEDB1. 

The same finite element studies were conducted for 
PGEDB2. Strain variation over the depth demonstrated that 
large curvatures lead to a nonlinear performance. 

Force versus displacement behavior for FE model of 
PGEDB2 was well correlated to that of the finite element 
model as shown in Figure 14. 

Figure 14. Force versus displacement graphs of specimen 
PGEDB2 and its FE model. 

The moment-curvature plot for the same model is presented 
in Figure 15. 

Figure 15. Moment-curvature relationship for FEM of 
PGEDB2. 

The structural overall performance of the FEM of PGEDB2 
was closely correlated to that of the actual specimen as 
discussed earlier in relation to Figure 14. In addition to that 
the accuracy of the finite element modeling was checked for 
rebar strains. The strains recorded during the tests were 
closely correlated to those of the test specimen as shown in 
Figure 16.  
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To reproduce the structural performance of PGEDB3 
specimen, the FEM of PGEDB2 was loaded on the side while 
changing the boundary condition to the 3-point side loading. 
and applying the loads accordingly. The results of this 
analysis are presented in Figure 17. 
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Figure 17. Force versus displacement graphs of FE model and 
test specimen (FEM of PGEDB3). 

A maximum carrying load of 107-kips is predicted by the 
model versus a value of 102-kips observed during the 
experiments. The difference is less than five percent, which is 
acceptable for the purpose of this project. This difference can 
be related to the sensitivity of the pipe stresses to the 
uncertainty on the overall behavior of the specimen that 
should be studied in the future. 

Moment-curvature relation for this model is presented in 
Figure 18. 

Figure 18. Moment-curvature relation for FEM of PGEDB3. 

CONCLUSIONS 
The study demonstrated that unreinforced ductbanks do not 
provide a reliable means of cable protection where large 
deformations of the surrounding soil are expected. A 
moderately reinforced ductbank is effective in protecting  the 
cables and embedded conduits as demonstrated by acceptable 
conduit deformation even at high curvature of the duct bank. 
Since the ductbank’s structural integrity can be compromised 
by many major events, including seismic impact, liquefaction, 
and soil settlement, the reinforcement design should take into 
account the displacement demand at the site. Sufficient shear 
reinforcement of the duct bank should be provided to prevent 
shear offsets for which the PVC conduits have limited 
capability to accommodate.  To avoid curving effect due 
buoyant force during concrete pouring process and keep the 
conduits at designated elevation along its length, adding 
additional weights at the bottom of the conduit supports is 
recommended. 
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ABSTRACT: The evaluation of the seismic vulnerability in monumental buildings is a complex task. This is due to the inherent 
uncertainty of ancient structures regarding their structural characteristics and material properties that should be properly handled 
in their seismic assessment. Consequently, a probabilistic study considering the material and structural uncertainties is a 
necessary step for the seismic protection of the built cultural heritage. This paper presents the study of the seismic vulnerability 
of the church of the Poblet Monastery, an UNESCO World Heritage Site in Spain. The seismic capacity was studied using a 
Finite Element model of a selected damaged bay of the church by means of a pushover analysis. The nonlinear behaviour of 
masonry is described by a continuum damage model improved by a tracking technique representing the localization of cracks 
and the consequent activation of the collapse mechanism. A Monte Carlo simulation enhanced by the Latin Hypercube 
Sampling technique was utilized to estimate the effect of the uncertainties, regarding the material and structural characteristics, 
on the seismic performance of the structure. The developed fragility curves express the safety level and the damage expected on 
the structure for different seismic scenarios. 

KEY WORDS:  Masonry, Continuum damage model, Localized cracking, Uncertainty, Monte Carlo simulation, Latin 
Hypercube Sampling, Fragility curves 

1 INTRODUCTION 
Ancient masonry constructions form a very important part of 
the tangible cultural heritage. They constitute records of the 
history and the building technology of different cultures and 
encompass important artistic heritage (e.g. frescoes, mosaics). 
Additionally, in many cases they still form a part of the 
servicing infrastructure of the modern communities by either 
maintaining their original use (e.g. churches, bridges) or 
acquiring new one (e.g. museums).  

 Masonry structures with structural integrity under 
gravitational loads may demonstrate a very low capacity 
against earthquake, even of low intensity. This fact was 
dramatically validated during the recent earthquakes in 
Emilia-Romagna in Italy (2012) with the majority of damaged 
and collapsed structures being churches. Therefore, it emerges 
the necessity to evaluate the seismic safety of monumental 
buildings.  

Unlike to modern structures, the structural analysis of 
ancient ones is hampered by a sufficient amount of 
uncertainty, mainly due to the deficient mechanical 
characterization of materials. The reduction of this uncertainty 
requires in-situ and laboratory investigations that are usually 
limited due to costs and common restrictions for interventions 
on monuments. Consequently, the comprehensive study of a 
historical construction should incorporate a methodology for 
the consideration of uncertainties in the structural parameters, 
as well as their probable intervals of variation. 

This paper presents the seismic vulnerability of an 
important monument of Spain, the church of the Poblet 
monastery, including uncertainties in material and structural 
properties. For the purposes of the analyses a two-dimensional 
(2D) Finite Element (FE) model of a chosen bay of the church 

was developed. A continuum damage model with a tracking 
algorithm was used for the representation of the crack 
localization. The uncertain material parameters that can 
influence the structure’s seismic response were taken into 
consideration with the aid of random variables. A Monte 
Carlo Simulation (MCS) improved by the Latin Hypercube 
Sampling (LHS) technique was employed to propagate the 
uncertainties in the material properties of the masonry. Three 
damage states in agreement with the structure’s damage under 
horizontal actions were defined and their probability of 
occurrence was evaluated with the development of fragility 
curves.  

2 THE CASE STUDY 
The case under study is the church of the Royal Monastery of 
Santa Maria de Poblet, located in the municipality of Vimbodí 
and Poblet, in Spain (Figure 1). The whole construction forms 
a very important part of the country’s built cultural heritage. 
In 1921, the Spanish government recognized the whole 
complex as a national monument and since 1991 it is an 
UNESCO World Heritage Site. 

The construction of the church took place between 1170 and 
1276, starting with the eastern part (i.e. the apse, its 
surrounding chapels and the transept) and finishing with the 
main nave and the two aisles in the western part. Its present 
morphology differs from the original due to the demolition 
and reconstruction of the southern aisle and its adjacent 
chapels (left in the transverse section in Figure 2) in the 14th 
century, which led to the non-symmetrical geometry of the 
lateral aisles. The cimborio over the transept is an addition of 
the 15th century.      

Seismic assessment of historical masonry construction including uncertainty 
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for the limit states with displacement higher than the yield 
displacement the N2 procedure, as it is included in the Annex 
B of the Eurocode 8 [7], was followed. Once the performance 
of the structure is established in terms of damage levels, the 
N2 method allows us to determine the corresponding seismic 
demands, expressed by inelastic spectra. Figure 4 shows the 
operation to determine the seismic demands at the 
performance points LS2 and LS3. The elastic spectrum used 
was the one proposed by the EC8 for the soil characteristics of 
the area, which is a cohesionless material referring to type of 
Soil D. It is noted that the location of the control displacement 
is considered the top of the structure (key of barrel vault) as 
suggested by the N2 method and followed in studies of similar 
constructions [18] and [19].     

3.4 Uncertainty in the material properties 
Up to date, limited information is available regarding the 
properties of the composing materials of the church. The 
masonry is made of limestone, the prevalent material used in 
almost all the buildings within the monastery, obtained from 
local quarries. A detailed investigation in 2012 in the infill of 
the barrel vault over the central nave revealed its composition 
of very poor quality material with non-structural 
characteristics. 

Deterministic values for the mechanical properties of the 
masonry were obtained in accordance with the in-situ 
inspection and following the suggestions of [20] and [21]. 
However, due to the limited information and experimental 
data regarding the masonry of the church, these values are 
uncertain. Deviation of the real values of the mechanical 
properties from the adopted deterministic ones is possible and 
can be attributed to either natural variability or to 
impreciseness of information. Uncertainty related to natural 
variability (randomness) is called aleatoric, while uncertainty 
related to lack or impreciseness of information is called 
epistemic [22]. Additionally, epistemic uncertainty arises due 
to the fact that it is commonly not definite that the numerical 
models treat the material parameters in accordance with their 
real physical significance. 

Consequently, in this work the adopted methodology 
assumes that the mechanical properties of the masonry vary 
within a specified range with the aforementioned deterministic 
values as central values. 

3.5 Uncertainty modelling 
Different mathematical models have been developed to assess 
uncertainty characteristics within a computational framework 
[23]. The most convenient by means of effectiveness, 

simplicity and numerical efficiency, adopts the concept of 
random variables derived from probability theory to assign 
uncertainty characteristics to the uncertain parameters.  

Six uncertain parameters have been taken into account and 
modelled as random variables (Table 1). Five refer to the 
material properties of the masonry, i.e. the compressive 
strength fc, the tensile strength ft, the Young’s modulus E, the 
density ρ and the tensile fracture energy Gf, and one, the 
coefficient Icoeff, refers to the infill of the lateral vaults, where 
no information is available regarding its consisting material. 
The intervals of variation of the uncertain parameters were 
obtained in accordance with values suggested by [20] and [21] 
for masonry typologies similar to that of the investigated 
church. The mechanical properties of the infill are considered 
equal to a percentage of the corresponding masonry properties 
according to the coefficient Icoeff ≤ 1.0. It is noted that the 
density of the infill is considered equal to the density of the 
masonry in all simulations.  

The parameters fc, ft, E, and ρ possess aleatoric and 
epistemic characteristics simultaneously. Due to the fact that it 
is more likely that the real values of these material properties 
lie close to the initially adopted deterministic values, normal 
distributions were assumed for fc, ft, E, and ρ, see Table 1. 

The parameters Icoeff and Gf, on the other hand, possess 
epistemic uncertainty. Experimental data about them is 
unavailable and only rough assessments about their variation 
intervals can be provided. For that reason, uniform 
distributions define the corresponding random variables in this 
work. 

Table 1. Random Variables. 

 Mean 
Value c.o.v* Distribution Units Uncertainty** 

fc 4.0 12.5% Normal MPa A, E 
ft 0.2 20% Normal MPa A, E 
E 2000 12.5% Normal MPa A, E 
ρ 2100 4.8% Normal kg/m3 A, E 
 Min Max    

Gf 10 100 Uniform J/ m2 E 
Icoeff 0.2 1.0 Uniform - E 

* c.o.v = coefficient of variation 
**   A = aleatoric, E = epistemic 

3.6 Uncertainty analysis 
The effect of the uncertain parameters, modelled as random 
variables, on the seismic response of the complex masonry 
structure can be evaluated by utilizing stochastic simulation. 
In this approach, the quality of the solution is affected by the 
trade-off between accuracy and numerical efficiency; the 

Figure 6. Schematic view of the adopted methodology. 
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ABSTRACT: This paper investigates the effects of near-fault ground motions on the base slipping response of concrete gravity 
dams. The numerical modeling of the dam-reservoir-foundation system includes the consideration of the nonlinear material 
behavior of the dam concrete and the foundation rock, the contact interaction between the dam, the reservoir, and the 
foundation, the unbounded features of the reservoir and foundation domains, and the spatial variation of seismic surface 
motions. The developed numerical model is then applied to the Koyna Dam, which is subjected to a range of spatially varying 
near-fault ground motions generated using actual earthquake records. The investigation reveals that spatially non-uniform 
seismic excitations cause a severer damage behavior of the dam than uniform ones. Specifically, the base slipping response of 
the dam is found to increase as the apparent propagation velocity decreases. It is also shown that the peak ground acceleration of 
the near-fault motion is an important parameter that influences the slipping response. Generally, higher peak ground 
accelerations tend to produce larger permanent slipping displacements. 

KEY WORDS: Concrete Gravity Dams; Near-fault Ground Motions; Base Sliding; Dam-Reservoir-Foundation Interaction. 

1 INTRODUCTION 
Seismic ground motions close to an active fault zone are 
highly influenced by the fault rupture process and mechanism, 
and, usually, exhibit large velocity pulses and large fault 
displacements that may differ significantly from typical far-
fault ground motions. Although concerns about near-fault 
ground motions and their damaging potential on structures 
have been widely recognized, the effects of these impulsive 
motions on the response of concrete gravity dams still require 
further scrutiny. Focus has been placed on simple SDOF 
structures [1-2], frame buildings and structures [3-4], bridges 
[5-6], and embankment and arch dams [7-8]. 

To bridge the gap, this paper carries out nonlinear finite 
element analyses to evaluate the seismic performance of 
concrete gravity dams subjected to near-fault ground motions. 
The nonlinear finite element model includes the consideration 
of a number of important issues present in the computational 
modeling of concrete gravity dams such as the nonlinear 
constitutive behavior of concrete and rock, the dam-reservoir-
sediment-foundation interaction, the semi-unbounded 
foundation and reservoir domains, and the spatial variation of 
earthquake ground motions. The developed nonlinear model is 
illustrated using the Koyna Dam in India, which is excited by 
a number of recorded near-fault ground motions. The wave 
passage effects of spatially varying near-fault ground motions 
are then investigated.  

2 NEAR-FAULT GROUND MOTIONS 
Near-fault earthquake ground motions refer to the ground 
motions close to a fault rupture. In the near-fault region, the 
earthquake motions at a particular site are strongly affected by 
the fault rupture process. The most salient feature of near-
source ground motions is the distinct velocity and 

displacement pulses observed in the time histories of these 
motions, as illustrated in Figure 1a. Such prominent pulse-like 
characteristics do not appear in ground motions recorded far 
off the seismic source, as illustrated in Figure 1b.  

Near-fault ground motions may occur when the fault rupture 
propagates towards the site at a velocity nearly as large as the 
propagation velocity of the shear wave. As a consequence, 
almost all of the seismic energy from the rupture arrives at the 
site within a short time, leading to the forward-directivity 
effect, as shown in Figure 2. Near-fault ground motions can 
also be caused by permanent static displacement resulting 
from surface faulting, i.e. fling-step, which is portrayed in 
Figure 3.  

3 STRUCTURAL MODELING OF DAM-RESERVOIR-
FOUNDATION SYSTEMS  

3.1 Material Behavior of the Dam Concrete, the Reservoir 
Water, and the Foundation Rock  

An important part in the modeling of the dam and foundation 
domains is their inelastic stress-strain relationship under 
earthquake loading conditions. Of particular concern is the 
nonlinear constitutive modeling of the concrete material. In 
this research, the concrete cracking behavior in the body of 
the dam is accounted for by the Damaged Plasticity Model [9-
12]. In a different way, the nonlinear constitutive behavior of 
the foundation rock is modeled using the Mohr-Coulomb 
Model [12], with the near-field domain represented by finite 
elements and the far-field domain by infinite ones [12]. On the 
other hand, the water in the reservoir is formulated as a 
compressible, inviscid, linear medium with different boundary 
conditions prescribed at its boundaries to emulate energy 
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radiation at infinity [13] and to simulate wave absorption by 
the reservoir sediment deposits [14]. 
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Figure 1. Illustration of near-fault and far-fault ground 
motions: (a) Ground motion recorded at Station TCU068 
during the 1999 Chi-Chi Earthquake (b) Ground motion 

recorded at Station USGS 1095 Taft Lincoln School during 
the 1952 Kern County Earthquake 
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Figure 2. Acceleration, velocity, and displacement time 
histories of the 1979 Imperial-Valley Earthquake  

(El Centro Array #3 Station) 
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Figure 3. Acceleration, velocity, and displacement time 
histories of the1999 Chi-Chi Earthquake (TCU068 Station) 

3.2 Dam-Reservoir-Foundation Interaction 

To appropriately represent the interaction between the dam 
and the foundation, contact surfaces are enforced at the dam-
foundation interface [15]: The contact interaction in the 
normal direction is characterized by the “hard” contact 
behavior and the tangential contact interaction by the 
Coulomb friction law with an allowable slip. The fluid-
structure interactions at the dam-reservoir and foundation-
reservoir interfaces are modeled using a surface-based 
coupling procedure [12]. 

3.3 Spatial Variability of Earthquake Ground Motions 

In addition to the aforementioned issues, since concrete 
gravity dams are long structures situated in environments with 
complex topography, the spatial distribution of seismic 
motions may vary considerably at the dam site. Generally, the 
spatial variability of earthquake ground motions results from 
three causes, i.e. the local site effect, the incoherence effect, 
and the wave passage effect [16]. For the sake of simplicity, 
the present study only concentrates on the latter cause, that is, 
the wave passage effect due to the differences in time that the 
seismic wave needs to arrive at different locations.  

4 EARTHQUAKE RESPONSE OF CONCRETE 
GRAVITY DAMS TO NEAR-FAULT GROUND 
MOTIONS

4.1 The Koyna Dam and the Finite Element Model 
The Koyna Dam in India is concrete gravity dam of 853 m 
length and 103 m height. A typical non-overflow section of 
the dam is displayed in Figure 4. In this research, the Koyna 
Dam is idealized as a 2D finite element model. The 
computational modeling is carried out in the finite element 
software package Abaqus [12]. The 2-D finite element model 
in Abaqus is shown in Figure 5. The dam is modeled by 
CPS4R solid elements. The reservoir has a dimension of 385 
m length and 91.74 m depth and is modeled by AC2D4 
acoustic elements. The finite foundation domain is 840 m long 
and 420 m deep and is modeled by CPE4R solid elements. In 
addition, CINPE4 solid infinite elements are employed to 
simulate the foundation’s far field. The material properties 
adopted in the analysis, which are mostly based on [10,12,17], 
are summarized in Table 1. The dam-reservoir-foundation 
system is first subjected to the static loads including gravity 
and hydrostatic pressure and then to the dynamic earthquake 
loading. 
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Figure 5. The finite element model of the Koyna Dam 

Table 1. Material parameters for the Koyna Dam model 
Concrete 

Young’s modulus 3.1027×1010 Pa 
Poisson’s ratio 0.20 
Density 2643 kg/m3

Dilation angle 36.31º 
Compressive initial yield stress 1.26×107 Pa 
Compressive ultimate stress 2.711×107 Pa 
Tensile failure stress 2.9×106 Pa 
Fracture energy 200 N/m 

Water 
Bulk modulus 2.071×109 Pa 
Density 1000 kg/m3

sediment reflection coefficient 0.5 
Rock 

Young’s modulus 1.686×1010 Pa 
Poisson’s ratio 0.18 
Density 2701 kg/m3

Cohesion 6.0×105 Pa 
Angle of friction 41º 

5 EARTHQUAKE RECORDS UTILIZED FOR NEAR-
FAULT GROUND MOTIONS 

To examine the effects of near-fault ground motions on the 
base slipping response of the dam, a set of 6 representative 
near-fault ground motion recordings of forward-directivity 
nature are selected from the PEER Ground Motion Database 

[18], which is also consistent with the near-fault ground 
motion classification criterion proposed by Baker [19]. These 
recorded ground motions, which originate from the 1979 
Imperial Valley Earthquake, the 1983 Coalinga Earthquake, 
the 1989 Loma Prieta Earthquake, and the 1994 Northridge 
Earthquake, cover a range of rupture distance from 0.6 km to 
9.5 km. The fundamental properties of these ground motion 
records are listed in Table 2. Figures 6 and 7 plot the 
acceleration and velocity time histories of these ground 
motions respectively. 
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Figure 6. Acceleration time histories for the utilized  
ground motion records 
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Figure 7. Velocity time histories for the utilized 
ground motion records 

Table 2. Ground motion parameters for the near-fault records used in this study 
No. Earthquake Event Station Mw Year Rrup 

(km)
PGA 
(g) 

PGV 
(cm/s) 

PGD 
(cm) 

1 Imperial Valley-06 Agrarias 6.53 1979 0.7 0.22 42.21 11.6 
2 Imperial Valley-06 El Centro Array #7 6.53 1979 0.6 0.46 109.23 44.48 
3 Imperial Valley-06 Holtville Post Office 6.53 1979 7.7 0.25 48.75 31.66 
4 Coalinga-05 Oil City 5.77 1983 8.5 0.87 42.14 6.14 
5 Coalinga-05 Transmitter Hill 5.77 1983 9.5 0.84 44.12 6.81 
6 Northridge-01 Sylmar - Converter Sta East 6.69 1994 5.2 0.83 117.52 34.37 
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It is worth mentioning that to account for the wave passage 
effect of earthquake ground motions, a total of four apparent 
propagation velocities, i.e. 500 m/s, 1000 m/s, 2000 m/s, 4000 
m/s, and an infinite velocity are considered for each of the 
above-mentioned recorded ground motions. The spatially 
varying near-fault ground motions incorporating the wave 
passage effect for the five propagating cases are then applied 
in the horizontal direction of the foundation surface nodes. 

5.1 Effects of Near-Fault Ground Motions on the Base 
Sliding Response of the Dam 

To evaluate the earthquake response of the Koyna dam-
reservoir-foundation coupled system subjected to spatially 
propagating near-fault ground motions, this study focuses on 
the base slipping behavior of the dam. Figure 8 presents the 
slipping at the base of the dam for different near-fault ground 
motions and apparent propagation velocities. The permanent 
sliding displacements for these input excitation cases are 
summarized in Table 3. 

It is first noticed that while the contact slipping responses 
differ for both uniform and non-uniform excitation cases, 
these responses share similar “step-like” features. The results 
also show that in all the cases, the slipping response 
accumulates in the downstream direction, which is anticipated 
because it is easier for the earthquake loadings to induce 
downstream slipping than upstream slipping [20]. The 
consequences of such transient interfacial behavior are that 
they temporarily reduce the tensile and shear resistance of the 
interface, which subsequently tends to lower the response of 
the dam [21]. On the other hand, the permanent displacement 
induced by the slipping may impair the functioning of the 
keys, drains, and grout curtains and, potentially, pave the way 
for the loss of the reservoir. 

It is also found that the peak ground acceleration appears to 
be an important parameter for the slipping response. For the 
uniform input motion cases, the jump of the slipping “step” 
coincides approximately with the occurring time of the peak 
ground acceleration. The value of the peak ground 
acceleration also seems to influence the permanent sliding 
displacement. For instance, the two smallest cases are Ground 
Motion Nos. 1 and 3. These two cases have peak ground 
acceleration values below 0.3 g, which are relatively small 
compared with other cases. On the other hand, the four largest 
cases come from Ground Motion No. 2, 4, 5, and 6, with 

Ground Motion No. 5 being the highest one. In particular, the 
peak ground accelerations for Nos. 4, 5 and 6 all go above 0.8 
g. It is also noticed that although the peak ground acceleration 
for No. 4 is the largest, its permanent sliding displacement is 
not the highest. This can be explained by the fact shown in 
Figure 9 that, although the peak ground acceleration is not the 
highest, the period corresponding to the peak spectral 
acceleration for Ground Motion No. 5 (0.61 s) is closer to the 
fundamental period of the dam-reservoir-foundation system 
(0.625 s) than that of Ground Motion No. 4 (0.18 s). This is 
also reflected in Ground Motion No. 2, where the permanent 
sliding displacement is also comparatively large, as the period 
corresponding to the peak spectral acceleration is also close to 
the fundamental period of the dam-reservoir-foundation 
system. 

Regarding the influence of the spatial variability effect of 
earthquake ground motions, it is clearly shown that the sliding 
displacements for non-uniform excitations are larger than 
those for uniform excitations. In particular, the sliding 
displacements are observed to increase in a descending 
propagation velocity order. The “jumping” phenomenon is 
found to be less prominent for the infinite and 4000 m/s 
propagation velocity cases and more drastic for the slower 
2000 m/s, 1000 m/s, and 500 m/s velocity cases. Noticeably, 
the residual sliding displacements for the slowest velocity are 
significantly higher than those for other velocity cases. 

6 CONCLUSIONS 
This study investigates the spatial variability effects of near-
fault ground motions on the base sliding response of concrete 
gravity dams. Based on the results obtained from this 
investigation, the following conclusions and recommendations 
can be drawn: 

(1) Spatially varying near-fault ground motions can have a 
significant effect on the base sliding response of the dam. The 
evaluation carried out in this study using a set of 6 recorded 
near-fault motions incorporating the wave passage effect 
unveils a clear trend of increasing sliding response with 
decreasing apparent propagation velocity. This observation 
raises significant concerns about the safety of concrete gravity 
dams as the sliding phenomenon can weaken the keys, drains, 
and grout curtains, and further impact the dam’s equilibrium, 
which may lead to loss of the reservoir.  

Table 3. Permanent slipping displacements of the dam 

Ground Motion No. Permanent Slipping Displacements for Different Propagation Velocities (m) 
Infinity 4000 m/s 2000 m/s 1000 m/s 500 m/s 

1 0.0048243 0.010409 0.035493 0.099920 0.157445 
2 0.0583219 0.122928 0.179466 0.216863 0.279051 
3 0.0132833 0.018845 0.039973 0.103713 0.201220 
4 0.0492294 0.058699 0.076424 0.136433 0.154364 
5 0.0851348 0.094700 0.128087 0.222524 0.306436 
6 0.0578174 0.067735 0.089551 0.185572 0.241303 
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Figure 8. Base slipping responses of the dam subjected to 
spatially varying near-fault ground motions: (a) Ground 

Motion No. 1 (b) Ground Motion No. 2 (c) Ground Motion 
No. 3 (d) Ground Motion No. 4 (e) Ground Motion No. 5 

(f) Ground Motion No. 6 
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Figure 9. Response spectra: (a) Ground Motion No. 8 
(b) Ground Motion No. 9 

(2) For near-fault ground motions of forward-directivity 
type, the peak ground acceleration appears to be an important 
parameter for the sliding response. It is found that in general, 
the higher the peak ground acceleration is, the larger the 
permanent sliding displacement is.  

(3) It should be noted that the forward-directivity and 
spatial variability effects of earthquake ground motions are 
fairly complicated. The findings presented herein only apply 
to the context of the assumptions made in this paper. 
Generally, the response of the dam is dependent on both the 
attributes of the ground motions and those of the structural 
system. Under the same seismic excitation, different dams 
may exhibit diverse response patterns. On the other hand, for 
the same dam, different earthquake input motions can induce 
various structural response behaviors. To rigorously quantify 
such complex effects, more research efforts are needed in 
obtaining the solutions using more earthquake input motions 
and dam models. In the meantime, it is also necessary to 
consider the non-uniformity in the ground motions due to loss 
of coherency. Such a comprehensive study is currently 
underway. 
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ABSTRACT: This study is conducted to review the methods proposed by seismic codes in order to take account both of the 
concept of ductility and overstrength of structural elements. Otherwise, in order to assess how to take account of the 
overstrength in reinforced concrete structures, the factors that affect the overstrength and their possible sources are presented, 
and reinforced concrete building structures having moment resisting frames or mixed (frames + shear wall), are analyzed for 
their responses to lateral loading by applying the static non linear push-over analysis . These structures are assumed located in a 
region of high seismicity and are subject to lateral loads deducted from the European seismic code and are designed with the 
Algerian codes. The results of this study show the importance of the overstrength that has this type of structures in their ability 
to resist horizontal loads caused by earthquakes.   

KEY WORDS: Reinforced concrete structure; Overstrenght; Base shear; Ductility; Pushover analysis; Code. 

1. INTRODUCTION  
Past experience and observations of building behavior 
following severe earthquakes has shown that structural 
overstrength plays a very important role in protecting 
buildings from collapse [1, 2]. This is explained by the 
presence of such structures with significant reserve strength 
not accounted for in design. In the literature, several studies 
have been carried out in order to evaluate the effect of the 
overstrength on the seismic response of reinforced concrete 
(R/C) and steel moment-resisting framed buildings [1-7]. 
These studies have shown in their globality that the 
overstrength depends on different factors which the most 
important of them is member ductility factor. Recently, a 
study was conducted to investigate the overstrength factor of 
reinforced concrete frame irregular in elevation [7]. 
According to this study it is found that the geometry and 
ductility supply of the frames affect significantly the 
overstrength factor. The objective of this work tries to 
evaluate the overstrength factor of the R/C structures, having 
different geometric form in elevation and lateral force 
resisting structural system, through their seismic behavior by 
nonlinear static procedure or pushover analysis. Structural 
irregularities are commonly found in constructions and 
structures. 

2. RELATION BETWEEN OVERSTRENGHT AND 
DESIGN STRENGHT  

The overstrength, which is specified as member or structural 
capacity, is usually defined using overstrength factor, which 
may be defined as the ratio of maximum base shear in actuel 
behavior to first significant yield strength in structure. Figure 
1 presents a typical relationship between base shear and top 
displacement of a structure [8-9]. The terms used in the figure 
are:  Ve : elastic base shear, Vy : yield base shear, V1 : base 
shear at first plastic hinge and Vd : design base shear. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Definition of non-linear parameters. 

3. ROLE OF OVERSTRENGHT IN SEISMIC CODES 
Many seismic codes permit a reduction in design loads, taking 
advantage of the fact that the structures possess significant 
reserve strength (overstrength) and capacity to dissipate 
energy (ductility) [4]. 

4. MAIN SOURCES OF OVERSTRENGTH  
The main sources of overstrength are reviewed in other 
researches [1-2]. These include: (1) the difference between the 
actual and the design material strength; (2) conservatism of 
the design procedure and ductility requirements; (3) load 
factors and multiple load cases; (4) accidental torsion 
consideration; (5) serviceability limit state provisions; (6) 
participation of nonstructural elements; (7) effect of structural 
elements not considered in predicting the lateral load capacity 
(e.g. actual slab width); (8) minimum reinforcement and 
member sizes that exceed the design requirements; (9) 
Redundancy of the structure and redistribution of forces 
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(stresses) between structural members; (10) strain hardening; 
(11) actual confinement effect; and (12) utilizing the elastic 
period to obtain the design forces. 

5. DESCRIPTION OF THE MODEL STRUCTURES 
In this study three 6-storey moment resisting frame structures 
(regular and irregular in elevation) and one 6-storey frame-
wall structure are assessed. The structures are designed and 
detailed in accordance with the Algerian seismic code (RPA 
99/v.2003) [10] and Algerian code for concrete structures 
(CBA 93) [11]. The considered geometrical configurations are 
depicted in figure 2. The span length and the inter-storey 
height for all structures are equal to 5.0 m and 3.3 m, 
respectively. The member dimensions and reinforcements is 
provided in Table 1. The specified 28-day concrete 
compressive strength is 30 Mpa and the specified yield stress 
of the steel is 400 Mpa. The analysis of structures was carried 
out using SAP2000 software, which is a structural analysis 
program for static and dynamic analyses of structures [12]. 
The weights of the systems were assumed to consist of total 
dead load, Gk plus 20% of live load, Qk.  

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

Figure 2. Geometry of the structures under investigation. 

6. STATIC PUSHOVER ANALYSIS 
Static pushover analysis was performed to evaluate the 
ductility and overstrength of the structures under investigated. 
The four structures were subjected to an incremental static 
pushover analysis for the gravity and earthquake forces 
tributary to them. The gravity loads are held constant at their 
full value. The earthquake forces are assumed to be 
distributed along the height according to the provisions of 
EC8 [13]. The lateral forces were increased in suitable 
increments until a mechanism forms, or an interstorey 

displacements goes past the design limit of 2% of the storey 
height. In the analysis it is assumed that the plastic hinges 
form only at the ends of the members. The moment-rotation 
relationship for a potential hinge is taken to be bilinear or 
elasto-plastic. The analysis includes an elastic and inelastic 
range. Inelastic range starts at the stage of first plastic hinge 
formation and ends when the mechanism is formed. The 
objective was to estimate the capacity curves, the overstrength 
factors and the ductility factors.    

Table 1. Dimensions and the reinforcements of members. 

Member 
Symbol 

Dimensions 
(cm) 

Longitudinal 
Reinforcement  

C1 60x60 8-HD20  
C2 45x45 8-HD16  
C3 40x40 8-HD14  
C4 50x50 12-HD20  
C5 
C6 

45x45 
    40x40 

12-HD16  
12-HD14  

B1 40x60 8-HD20  
B2 40x50 8-HD20  
B3 40x40 8-HD20  

Wall 15x500 HD10 

7. RESULTS OF PUSHOVER ANALYSIS 
The capacity curves (pushover curves), in terms of top 
displacement-base shear, are shown in figure 3. Each 
pushover curve is plotted until the displacement 
corresponding to the available capacity at near collapse limit 
state. In this study, analyses have been performed using SAP 
2000 computer program. Maximum base shear in actual 
behavior, Vy, base shear relevant to formation of first plastic 
hinge, V1, overstrenght factor, Rs, ductility factor, µ, and 
behavior factor, R and q, for all structures under investigation 
are listed in Table 2. Displacement ductility is defined in 
terms of maximum structural drift and the displacement 
corresponding to the idealized yield strength. The behavior 
factors, R and q, are computed from table 4.3 in RPA and 
from table 5.1 in Eurocode 8 (for medium ductility class 
(DCM)), respectively. Code gives constant value of behavior 
factor, R, for all structures.  The overstrength factor was found 
to be in the range of 1.29 to 2.33. Also, member ductility 
factors for the most critical beams and columns were plotted 
against calculated overstrength factors for all structures 
separately and are illustrated in figures 4 to 5. From this 
figure, it can be possible to obtain the overstrength factor 
directly using ductility factor. 

 

Table 2. Summary of static pushover results. 

Structures R 
(RPA) 

q 
(EC8) 

Vy 
(kN) 

V1 
(kN) 

Rs=Vy/V1 μ 

STR1 3.5 3.90 1800 1000 1.80 5.0 
STR2  2.0 3.90 3500  1500  2.33  5.5 
STR3 3.5 3.12 1350  1000  1.35 4.5 
STR4 3.5 3.12 1100 850 1.29 4.0 
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Figure 3. Pushover curves of the structures under 
 investigation : Base shear versus displacement. 

8. DISCUSSION OF RESULTS 
Based on the results obtained above, the following 
conclusions were taken: 
1- The overstrength factor, Rs, increases as the displacement 
ductility, μ, of the structures increases. 
2- Structures with uniform profile in elevation (or regular) 
have more lateral load capacity compare to structures with 
non-uniform profile in elevation (or with setbacks). In other 
words, the structures with vertical geometric irregularity have 
lower demands than regular structures. 
3- The behavior factor of the 6-storey regular structures 
calculated by EC8’s formula was much higher than the RPA 
value, while the opposite was observed for irregular 
structures.  
4- For the same value of the ductility factor in all structures, 
the overstrength factor in the beams is higher than that in 
columns. In other words, the effect of beams ductility factors 
on overstrength factor is higher than columns ductility factors 
effect. 
5- A comparison of overstrengths developed in the members 
show that overstrengths in resisting-moments frames are 
smaller than the corresponding ones in the frame-wall. In 
other words, the most rigid structures have the higher 
overstrength. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Overstrength-ductility relationship 
for structures under investigation. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 5. Overstrength-ductility relationship 
for structures under investigation. 

9. CONCLUSION 
In the present work the assessment of the performance of four 
reinforced concrete structures, with six stories and three bays, 
has been investigated through static non-linear (pushover) 
analyses. Two of these structures have irregularities in 
elevation. The results obtained from the pushover analyses 
leads to the following main conclusions:  
- The overstrength factor increases when the ductility of the 
frame increases. 
- The decrease in strength of the structure results in an 
decrease in overstrength. 
-  The structures with vertical geometric irregularity have 
lower demands than regular structures. 
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ABSTRACT: The present study investigates the level of the expected seismic damage of r/c buildings of previous decades that 
were designed by means of a series of simplifying assumptions which have been removed by modern codes. In particular, these 
assumptions are the analysis using 2D models without considering the foundation and the soil flexibility, as well as the 
consideration of seismic loads as horizontal static forces exclusively along the direction of the structural axes. In the present 
paper, the expected seismic damage in two symmetric in plan r/c buildings (one low- and one high-rise) designed on the basis of 
the aforementioned assumptions is determined. This calculation is made by ignoring the specific assumptions, with the aid of 
nonlinear time response analysis for 72 different angles of seismic excitation and by employing the Park & Ang damage index 
as well as the maximum interstorey drift ratio. The results of the analyses showed that the consideration of the soil flexibility 
affects the expected structural damage depending on the damage measure adopted. More specifically, when the Park & Ang 
damage index is used the soil deformability reduces the damage level, whereas in case of utilizing the maximum interstorey drift 
ratio the opposite conclusion applies. Moreover, the soil flexibility reduces the impact of the incident angle on the seismic damage. 

KEY WORDS: R/C BUILDINGS; SOIL FLEXIBILITY; DAMAGE INDICES; SEISMIC EXCITATION ANGLE; SEISMIC 
DAMAGE

1 INTRODUCTION 
The methodology of designing r/c buildings during the 
previous decades included a series of simplifying 
assumptions. These assumptions were necessary due to the 
level of the available scientific knowledge and the limited 
power of computer systems. Three of the most important 
design assumptions were the following: 
(a) Modeling of buildings using models without considering 

the foundation or the influence of soil flexibility (i.e. 
considering that the vertical elements are fully fixed to the 
ground). For the foundation, a separate model, in which 
the loads of the superstructure are applied, was considered. 

(b) Modeling of buildings with two separate 2D frames along 
the direction of their structural axes, which were defined 
during the process of forming the structural system. 

(c) Modeling of seismic loads using horizontal static forces 
along the direction of the structural axes and combination 
of internal forces derived from the seismic action along 
these axes by means of simplifying methods (e.g. the 30% 
directional combination rule [1]). 

The inadequacy of assumption (a) has been acknowledged and 
proved during the last decades, especially in the case of 
buildings founded on soft soil. Therefore, the modern codes 
(e.g. [2, 3]) demand the formation of a unified model that 
includes the superstructure, the foundation and the flexibility 
of the soil. 

The assumption (b) is no longer the main option of the 
modern codes, due to the fact that, as it has been 
demonstrated, the influence of torsional effects caused by the 
eccentricities of seismic forces is considerable. It has been 
also shown that 2D models are incapable of approximating the 
torsional effects in a reliable way. In consequence, the modern 
codes necessitate the use of spatial models. However, they do 

not propose a methodology of defining the critical angle of the 
seismic excitation, i.e. the angle that yields the maximum 
values of the design internal forces. Nevertheless, it is 
important to notice that the response of the structural systems 
depends on the orientation of the seismic input with regard to 
structural axes. Rotating the axes along which the horizontal 
accelerograms are applied leads to different structural 
response. As it has been shown by many researchers, even for 
quite simple buildings, the angle of incidence can radically 
alter the analysis results in terms of the elastic response and 
design of structures (e.g. [4-7]), as well as of the inelastic 
response and damage level (e.g. [8-11]). 

Finally, assumption (c) has been almost abandoned, since 
the modern codes (e.g. [2, 3]) introduce the modal response 
spectrum method as the main analysis method and allow for 
the use of static seismic forces only under very specific 
conditions (e.g. symmetric in plan buildings). 

Yet, in spite of the fact that the assumptions mentioned 
above are not taken into account in recent years, there still 
exist a large number of r/c buildings that were designed on the 
basis of these assumptions during the previous decades. 
Therefore, it is more than essential to investigate the level of 
the expected seismic damage in these buildings by analyzing 
them without utilizing the three aforementioned assumptions 
by means of nonlinear time response method, taking into 
consideration several excitation angles. This investigation 
constitutes the objective of the present paper. For this purpose, 
two r/c buildings (one low- and one high-rise) were designed, 
bearing in mind the three assumptions described above. These 
buildings are double-symmetric and consist of r/c frames in 
two orthogonal directions. In one direction the frames include 
r/c walls, whereas they do not do so in the other, so that the 
horizontal stiffnesses of the buildings along these directions 
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are considerably different. The foundation of these buildings 
consists of footings connected by foundation beams. 

Then, the buildings were analyzed by means of the 
nonlinear time response analysis without taking into 
consideration the aforementioned assumptions (additionally, 
for comparison reasons, the analyses were conducted adopting 
only the first assumption, i.e. for the fully fixed to the ground 
models). Thus, a unified model that includes the 
superstructure, the foundation and the flexibility of the soil 
was formed for each of the two buildings. The soil was 
considered as one of high flexibility and was modeled 
utilizing the Winkler model [12]. In addition, the seismic 
excitation was introduced in the form of accelerograms from 
63 earthquakes (classified as near-fault and far-fault 
excitations) in 72 different incident angles (with a step of 5o). 
On the basis of the analyses results the expected damage 
indices after Park and Ang [13] were calculated. Moreover, 
the expected damages were calculated using the maximum 
interstorey drifts, which have been also extensively used as 
damage indicators in the international literature [14-16]. 

The analyses results revealed that the consideration of the 
soil flexibility can radically alter the assessment of the 
expected damage of the buildings, depending on the distance 
of the record to the fault rupture, the damage measure adopted 
to quantify the structural damage state and the special 
characteristics of the structure. Moreover, it was shown that 
the orientation of ground motion strongly affects the seismic 
performance and the damage level of the buildings, even if 
their plan-view is double-symmetric and quite simple. In 
general, the soil flexibility reduces the impact of the incident 
angle on the seismic damage. 

2 DESCRIPTION OF THE ANALYSIS PROCEDURE 
The procedure followed in order to achieve the goals of the 
present investigation consists of the following steps: 
• Selection of the examined r/c buildings, 
• Modeling of the elastic behavior of the structural members, 
• Analysis and design of the selected buildings on the basis of 

the assumptions made in previous codes (i.e. without 
considering the foundation structure and the soil flexibility 
in a unified model with the superstructure and by modeling 
the seismic excitation using horizontal static forces along 
the structural axes), 

• Introduction into the superstructure model of the foundation 
as well as of the soil flexibility based on the Winkler theory, 

• Selection of the seismic excitations used for the nonlinear 
analyses, 

• Modeling of the nonlinear behavior of the structural 
members, 

• Analysis of the buildings using the method of nonlinear 
time response analysis for various angles of the seismic 
excitation, 

• Calculation of damage indices for the structural elements, as 
well as for each building as a whole, with two different 
definitions (Overall Structural Damage Index according to 
Park and Ang and Maximum Interstorey Drift Ratio i.e. 
MIDR). 

In what follows, the details of the aforementioned steps will 
be described in brief. 
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Figure 1. Design parameters of the investigated buildings. 
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2.1 Description of the selected r/c buildings and assumptions 
of their elastic modeling 
For the purposes of the investigation, two double-symmetric 
r/c buildings, with design parameters as shown in Figure 1, 
were chosen. The buildings have a structural system that 
consists of r/c frames in two orthogonal directions (axes X 
and Y). Along X-axis there are two r/c walls that receive 
approximately 65% of the base shear. Therefore, their 
horizontal stiffness along the Y-axis is significantly smaller 
than the one along the X axis. The foundation structure of the 
buildings consists of footings connected by foundation beams 
(Figure 1). The soil type was taken to be medium-dense sand. 

For the modelling of the buildings, the following 
assumptions were taken into account: (a) the slabs behaved as 
diaphragms, (b) the zones in the joint regions of 
beams/columns and beams/walls were considered as fully 
rigid, (c) the introduced values of flexural stiffness 
corresponded to cracked r/c elements.  

The soil flexibility was not taken into consideration in the 
design of the buildings. Thus, the buildings were considered 
to be fully fixed to the ground. However, according to the 
methodology described above, during the stage of the 
nonlinear analyses, both the foundation structure and the soil 
flexibility were modelled using the Winkler model [12]. The 
modulus of subgrade reaction Ks was calculated utilizing the 
method that was introduced by Terzaghi [17]. The foundation 
structure was modelled assuming that the footings behaved as 
rigid bodies. The foundation beams were modelled using the 
classic finite beam elements. The soil flexibility was modelled 
using the Winkler model, as mentioned above. Therefore, 
single vertical and rotational elastic springs were placed at the 
geometric centre of the contact surface of the footings and the 
ground. Also, the foundation beams were not considered to be 
resting on the ground. 

2.2 Analysis and design of the buildings 
The buildings were analyzed and designed by employing the 
provisions of the old Greek codes (r/c code and seismic code). 
As a result, for instance, horizontal static forces along the 
structural axes X and Y (Figure 1) were taken into account for 
the seismic excitation. In addition, the seismic base shear was 
considered as equal to 8% of the total weight of the buildings. 

It should be noted that the choice of the dimensions of the 
structural element cross-sections as well as that of their 
reinforcement was made while bearing in mind the optimum 
exploitation of the structural materials (steel and concrete). 
Therefore, the capacity ratios (CRs) of all critical cross-
sections due to bending are close to 1.0 (the mean value of 
CRs ranges between 0.92-0.96). The professional program for 
r/c cross-sections analysis and design DIASK [18] was 
employed in the design of the sections of structural members. 

2.3 Seismic records for the nonlinear time response analyses 
A suite of 63 pairs of horizontal bi-directional earthquake 
ground motions (34 far-fault and 29 near-fault records) 
obtained from the PEER [19] and the European strong motion 
database [20] was used as input ground motion for the 
analyses of the buildings investigated. In order to define 
whether an area is in the near- or far-field the commonly used 
distance to the fault was adopted.  

Table 1. Far-fault records. 

Νο Earthquake 
name 

Station 
number Νο Earthquake 

name 
Station 
number

1 Imperial Valley 5061 18 Coalinga 36226 

2 Imperial Valley 6624 19 N. Palm 
Springs 12026 

3 Imperial Valley 5066 20 Montenegro 71 

4 Kocaeli, Turkey -- 21 Campano 
Lucano (Italy) 105 

5 Kocaeli, Turkey -- 22 Preveza, 
Greece 8 

6 Landers 12331 23 Kefallinia 
island (Grrece) 126 

7 Landers 12026 24 Kefallinia 
island (Grrece) 126 

8 Loma Prieta 57066 25 Spitak 173 
9 Morgan Hill 47125 26 Montenegro 1147 

10 Morgan Hill 56012 27 Duzce, Turkey 541 

11 Whittier 
Narrows 90040 28 Duzce, Turkey 576 

12 Northridge 90088 29 Kalamata, 
Greece 214 

13 Northridge 90078 30 Izmit, Turkey 2574 
14 Northridge 90079 31 Montenegro 2965 
15 Northridge 90091 32 Montenegro 2967 

16 Coyote Lake 57191 33 Strofades, 
Greece 126 

17 Coalinga 36227 34 Strofades, 
Greece 214 

Table 2. Near-fault records. 

Νο Earthquake 
name 

Station 
number Νο Earthquake 

name 
Station 
number

1 Northridge 90057 16 Northridge 0637 
2 Northridge 24514 17 Northridge 90055 

3 Northridge 90006 18 Whittier 
Narrows 90025 

4 Whittier 
Narrows 90094 19 Whittier 

Narrows 90034 

5 Whittier 
Narrows 90066 20 Friuli, Italy 33 

6 Imperial Valley 117 21 Friuli, Italy 33 
7 Cape Mendocino 89156 22 Friuli, Italy 33 
8 Chi-Chi, Taiwan 101 23 Volvi, Greece 50 
9 Chi-Chi, Taiwan 028 24 Volvi, Greece 50 

10 Chi-Chi, Taiwan 049 25 Aktion, Greece 121 

11 Erzincan, 
Turkey 95 26 Spitak 173 

12 Loma Prieta 47380 27 Umbria 
Marche (Italy) 221 

13 Loma Prieta 47381 28 Duzce, Turkey 553 
14 Loma Prieta 47125 29 Duzce, Turkey 3139 
15 Northridge 24279    
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More specifically, far-fault ground motions were considered 
the records at more than 15km from the fault trace, as the 
Uniform Building Code [3] suggests. Similarly, the near-fault 
motions were recorded at less than 15km from the fault trace. 
The seismic excitations, which have been chosen from 
worldwide well known sites with strong seismic activity, were 
recorded on soil type C, which corresponds to medium-dense 
sand according to EN1998-1 [2] and have magnitudes (Ms) 
between 5.5 and 7.8. The ground motion set employed was 
intended to cover a variety of conditions regarding tectonic 
environment, modified Mercalli intensity and distance to fault 
rapture, thus representing a wide range of intensities and 
frequency content. Another important aspect considering the 
selection of the seismic excitations is that they provide a wide 
spectrum of structural damage to the buildings analyzed in the 
present study. The characteristics of the input ground motions 
are shown in Tables 1 and 2. 

It should be noted that, as ASCE 41-06 proposes [21], the 
uncorrelated horizontal components of ground motions have 
been used as seismic input in the present study. The 
accelerograms were scaled to Peak Ground Acceleration PGA 
= ag·S=0.24g·1.15=0.276g, where ag and S are the design 
ground acceleration (for the seismic zone II of the Greek 
territory) and the soil factor (for soil type C) respectively, 
which are suggested by EN1998-1 [2] and EN1998-3 [22]. 

2.4 Modeling of the nonlinear behavior and analyses of the 
buildings 
Plastic hinges, which are located at the column and beam ends 
as well as at the base of the walls, were used to model the 
material inelasticity of the members by means of the Modified 
Takeda hysteresis model [23] (Figure 2(a)). It is important to 
notice that the effects of axial load-biaxial bending moments 
(P-M-M) interaction at column and wall hinges were taken 
into consideration by means of the P-M-M interaction 
diagram shown in Figure 2(b), which is implemented in the 
software used to conduct the analyses [24]. The plastic 
moments as well as the parameters needed to determine the P-
M-M interaction diagram of the vertical elements' cross 
sections were calculated using appropriate software [25].  
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Figure 2. Moment (M) - Rotation (θ) relationship [23] (a) and 
P-M-M interaction diagram [24] (b). 

The buildings were analyzed by Nonlinear Time Response 
Analysis (NTRA) for each one of the 63 earthquake ground 
motions. The analyses were performed with the aid of the 

computer program Ruaumoko [24]. Furthermore, as the 
seismic incident angle with regard to structural axes is 
unknown, the two horizontal accelerograms of each ground 
motion were applied along horizontal orthogonal axes forming 
with the structural axes an angle θ=0°, 5°, 10°, …, 355°. Thus 
for each building and each pair of accelerograms 72 
orientations were considered. As a consequence a total of 
9,072 NTRA (2 buildings x 63 earthquake records x 72 
incident angles) were conducted in the present study. 

For each ground motion and incident angle, the damage 
state of the two buildings was determined. The seismic 
performance is expressed in the form of the following 
parameters: i) the Maximum Interstorey Drift Ratio (MIDR) 
and ii) the Overall Structural Damage Index (OSDI). The 
aforementioned structural response parameters, which have 
been used by many researchers for the inelastic assessment of 
structures, lump the existing damage in all the cross-sections 
in a single value. 

The MIDR, which is generally considered an effective 
indicator of global structural and nonstructural damage of r/c 
buildings [14-16] corresponds to the maximum drift among 
the four perimetric frames of the buildings investigated. The 
values of this damage indicator have been classified according 
to the European Macroseismic Scale of 1998 [26], by 
considering the damage levels shown in Table 3. 

Table 3. Relation between MIDR and damage state. 

Degree of 
damage Null Slight Moderate Heavy Destruction

MIDR (%) <0.25 0.25-0.5 0.5-1.0 1.0-1.5 >1.5 

Moreover, the overall structural damage index (OSDI) of 
the buildings was determined. Note that, in general, damage 
indices estimate quantitatively the degree of seismic damage 
that a cross-section as well as a whole structure has suffered. 
A damage index is a quantity with zero value when no 
damage occurs and a value of 1 when failure or collapse 
occurs. In the present study, the OSDI was computed as a 
weighted average of the local damage indices at the ends of 
each structural element. The dissipated energy was used as a 
weight factor (Eq. 1) [27-30]: 

n n

•i Ti Ti
i=1 i=1

OSDI = LDI E E
  
  

  
∑ ∑  (1) 

where LDIi is the local damage index at cross section i, ETi is 
the energy dissipated at the cross section i and n is the number 
of cross sections at which the local damage is computed. For 
the LDI, the widely used Park and Ang damage index [13] 
modified by Kunnath et al. [31] has been used. The 
advantages of this damage index are its simplicity and the fact 
that it has been calibrated against a significant amount of 
observed seismic damage. Park et al. [30] suggested the 
detailed classification presented in Table 4 concerning the 
values of damage index and the damage state of the structure. 
It is also important to mention that the Park and Ang damage 
index was tested experimentally. 
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Table 4. Relation between OSDI and damage state. 

OSDI Degree of damage Physical appearance 

<0.1 Slight Sporadic occurrence of 
cracking 

0.1-0.25 Minor 
Minor cracks throughout 

building. Partial crushing of 
concrete in columns 

0.25-0.4 Moderate Extensive large cracks. Spalling 
of concrete in weaker elements 

0.4-1.0 Severe 
Extensive crushing of concrete. 

Disclosure of buckled 
reinforcements 

>1.0 Collapse Total or partial collapse 

At a given cross-section the local damage index (LDI) is 
given by the following equation: 

m y
• T

•u y y u

φ φ βLDI = + E
φ φ M φ

 −
  −  

 (2) 

where φm is the maximum curvature observed during the load 
history, φu is the ultimate curvature capacity, φy is the yield 
curvature, ET is the dissipated hysteretic energy, My is the 
yield moment of the cross section and β is a dimensionless 
constant determining the contribution of cyclic loading to 
damage, which is taken equal to 0.5 for the analyses 
conducted. 

3 ANALYSES RESULTS 
Figure 3 illustrates the variation of average values of damage 
response parameter OSDI over all earthquake records with the 
incident angle.  
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Figure 3. Average values of OSDI vs incident angle for the 
far-fault (a) and the near-fault records (b). 

Τhe graphs, which concern the two buildings considered in 
the present study, are plotted separately for the far-fault and 
the near-fault earthquake records. 

From the above figure it is obvious that the consideration of 
soil flexibility led to less severe structural damages of the 
buildings (smaller values of average OSDI). The above 
conclusion is valid for all the orientations of seismic records 
investigated regardless of whether they were recorded in near- 
or far-field area. The only exception is the average OSDI for 
incident angle 115o of the building 8SF under near-fault 
ground motions (Figure 3(b)). The reduction of the damage 
severeness due to the soil flexibility can be significant, for 
example note that the degree of damage of the building 3SF-
FF under far-fault seismic records was severe according to the 
classification of Table 4 (OSDI>0.4), whereas when the 
flexibility of the soil was taken into account (building 3SF-
EF) the average OSDI did not exceed the value of 0.4 
(moderate damage) for any incident angle (Figure 3(a)). 
Similarly, when the building 3SF was subjected to near-fault 
ground motions the structural damage was severe for a large 
number of incident angles, in contrary to the case of 
considering the soil flexibility, where the structure did not 
suffer severe damage at any orientation of the earthquake 
strong motions. Similar results can be seen in the case of the 
building 8SF. In particular, the values of OSDI for the 
building 8SF under far-fault records range between 0.28 and 
0.35 when it was considered to be fully fixed to the ground 
and between 0.22 and 0.26 when the soil flexibility was taken 
into account. Similarly, the values of OSDI for the same 
building under near-fault records range between 0.29 and 0.38 
when the building is considered as fully fixed to the ground 
and between 0.25 and 0.35 when the flexibility of soil was 
considered. Of great importance is also the fact that the 
difference between the values of OSDI calculated with or 
without the consideration of soil flexibility is slightly larger in 
case of the low-rise building 3SF.  

Another significant observation made from Figure 3a (far-
fault records) is that the bandwidth of the interval where the 
values of OSDI for each building fluctuate is larger for the 
buildings which are fully fixed to the ground, which means 
that the impact of the incident angle on the structural damage 
(value of OSDI) is more significant when the soil flexibility is 
ignored. 

As far as the distance between the record and the fault is 
concerned we can see that near-fault ground motions led for 
the majority of the incident angles to slightly larger OSDI of 
the building 8SF than the one produced when the far-fault 
records are used as seismic input. This observation is valid 
irrespective of whether the soil deformability is taken into 
account or not. However, in the case of the building 3SF-FF 
the opposite conclusion applies, whereas when the soil 
flexibility is considered (building 3SF-ES) no general trend is 
observed. 

In Figure 4 the variation of average values of MIDR over all 
earthquake records with the incident angle is plotted. Τhe 
graphs, which concern the two buildings considered in the 
present study, are plotted separately for the far-fault and the 
near-fault earthquake records. From this figure, we can see 
that, regarding the building 3SF, when MIDR is adopted as a 
descriptor of the building's damage state, the consideration of 
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the soil flexibility resulted in more significant damage than 
the one produced when the building is considered as fully 
fixed to the ground. More specifically, note that the values of 
average MIDR when the far-fault records are used range 
between 0.96% and 1.10% for the building 3SF-FF (fully 
fixed to the ground) and between 1.10% and 1.21% when the 
soil flexibility is taken into account (building 3SF-ES). The 
respective values in case of the near-fault ground motions 
range between 0.94% and 1.23% for the building 3SF-FF and 
between 1.17% and 1.41% for the building 3SF-ES.  

Regarding the high-rise building 8SF, from the Figure 4 it is 
obvious that the consideration of the soil flexibility does not 
lead to significant change in the seismic damage level. Notice 
that the impact of the soil deformability on the values of 
average MIDR is negligible in the case of the far-fault 
records, whereas it depends on the incident angle when the 
near-fault ground motions are used, since there are 
orientations that lead to larger values of MIDR when the 
flexibility of the soil is considered as well as orientations for 
which the opposite conclusion applies. 

FS=Fully Fixed ES=Elastically Supported
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Figure 4. Average values of MIDR vs incident angle for the 
far-fault (a) and the near-fault records (b). 

From the above, it is evident that the results of the damage 
assessment depend on the parameter of inelastic response 
adopted. So, the choice of the appropriate parameter that will 
be used as an indicator of seismic damage is of particular 
importance. This disagreement between the results derived 
using OSDI or MIDR is due to the fact that these damage 
measures attempt to quantify a complicated natural 
phenomenon in a different way: the computation of OSDI is 

based on the degree of local seismic damages at the cross-
sections of the building, whereas the MIDR is based on 
deformation and displacement demands of one or more 
storeys.  

Moreover, Figure 4 clearly shows that, there are cases 
where the bandwidth of the interval where the values of 
average MIDR for each building fluctuate is larger when the 
soil flexibility is ignored. The impact of the soil flexibility is 
particularly obvious in the case of the building 8SF subjected 
to near-fault ground motions (Figure 4(b)), where we can 
notice that the interval where the values of MIDR fluctuate is 
0.75%-0.96% for the building 8SF-FF (fully fixed to the 
ground), whereas it is reduced to 0.85%-0.95% for the 
building 8SF-ES. Another significant observation made from 
Figure 4 is that near-fault ground motions led to worse 
damage state of the structures for the vast majority of the 
incident angles than the one produced when the far-fault 
records are used as seismic input irrespective of whether the 
soil deformability is taken into account or not.  

Concerning the influence of the orientation of strong 
motions on the damage response, as a general observation 
from Figures 3 and 4, it is deduced that, with the exception of 
MIDR of the building 3SF under near-fault seismic records 
(Figure 4(b)), the graphs don't reveal any strong impact. This 
observation can be attributed to the fact that taking the 
average values of the examined response parameters over all 
the seismic motions normalizes the peaks of individual 
records and so fails to reach reliable conclusions. In order to 
better quantify the influence of the incident angle on the 
structural response of the buildings investigated the Maximum 
Relative Variation MRV for every earthquake record is 
defined as: 

DRP
max DRP min DRPMRV = 100(%)

min DRP
•

−  (3) 

where maxDRP and minDRP: the maximum and the  
minimum Damage Response Parameter (DPR) OSDI or 
MIDR over all the orientations of the ground motion. 

Figures 5 and 6 depict the average values of MRV(%) over 
all seismic records for the two buildings investigated. The 
results are presented separately for near- and far-fault ground 
motions, for the case of considering or not the soil 
deformability as well as for the two different damage 
indicators considered. 
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Figure 5. Average values of MRVOSDI(%) over all the records. 
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Figure 6. Average values of MRVMIDR(%) over all the records. 

Observing the above figures, it is very important to notice 
that the average values of the MRVOSDI range between 128% 
and 191% for the building 3SF and between 97% and 171% 
for the building 8SF. Similarly, the values of MRVMIDR range 
between 63% and 120% for the building 3SF and between 
38% and 78% for the building 8SF. These values of MRV 
clearly indicate that the incident angle of the excitation 
strongly affects the seismic performance and the damage level 
of the buildings, even if their plan-view is double-symmetric 
and quite simple.  

The extent at which the orientation of the seismic records 
influences the damage response depends on the consideration 
or not of soil flexibility, the distance of the record to the fault 
rupture and the damage measure adopted to quantify the 
structural damage state. More specifically, from Figures 5 and 
6, it is shown that when the soil flexibility is taken into 
account the values of MRV are smaller for both OSDI and 
MIDR, thus indicating that the soil deformability reduces the 
impact of the incident angle on the seismic damage, 
something that is in agreement with the observations made for 
Figures 3 and 4, as mentioned above. This reduction, which 
seems to be larger when the MIDR is adopted, can be very 
significant depending on the distance between the record and 
the fault and the special characteristics of the structural 
system. Note for example that the average value of MRVMIDR 
is 120% for the building 3SF-FF under far-fault records, 
whereas the respective value in the case of accounting for the 
soil flexibility is 70% (Figure 6). 

Another conclusion derived from Figures 5 and 6 is that the 
impact of the seismic orientation on the structural damage is 
stronger for the low-rise building 3SF. Furthermore, regarding 
the distance between the record and the fault, no certain trend 
was revealed, since it depends on the building, the 
consideration or not of the soil flexibility and the damage 
response parameter adopted. For example, note that, when the 
OSDI is used as damage measure the MRV attains larger 
values for the far-fault records in case of the building 8SF-FF 
(fully fixed to the ground) and the building 3SF-ES (resting 
on flexible soil). The opposite applies for the building 8SF-ES 
and the building 3SF-FF (Figure 5). Similarly, when the 
MIDR is used as damage measure, it attains larger values for 
the far-fault records in case of the building 3SF, whereas the 
opposite applies for the building 8SF (Figure 6). 

 
 
 

4 CONCLUSIONS 
The influence of the soil flexibility on the nonlinear seismic 
response of r/c buildings was investigated. More specifically, 
the investigation focuses on the level of expected structural 
damage of existing buildings designed according to old 
seismic codes. To accomplish this purpose, two r/c buildings, 
one low-rise and one high-rise are investigated. The buildings 
have been designed using the assumption that they are fully 
fixed to the ground. Nonlinear time response analyses under 
63 bidirectional ground motions were performed, taking into 
consideration the orientation of seismic components with 
regard to the structural axes. In order to account for the 
influence of the soil flexibility, each one of the buildings is 
modeled considering i) fully fixed vertical elements to the 
ground and ii) foundation resting on soil with high flexibility. 
The structural damage of the buildings was expressed in terms 
of the overall structural damage index (OSDI) according to 
Park and Ang, as well as the maximum interstorey drift ratio 
(MIDR). The following conclusions were derived from the 
comparative assessment of the results: 
• The assessment of seismic damage can lead to different 

results depending on the parameter used to describe and 
quantify the damage state of the structure. So, the choice of 
the appropriate damage measure is of great significance. 
The aforementioned disagreement is attributed to the fact 
that these damage measures attempt to quantify a 
complicated natural phenomenon in a different way.  

• The consideration of the soil deformability led to smaller 
values of average OSDI than the values produced when the 
buildings are modeled as fully fixed to the ground. The 
above conclusion is valid for all the orientations of seismic 
records investigated regardless of whether they were 
recorded in near- or far-field area. The difference between 
the values of OSDI calculated for the buildings fully fixed 
to the ground and for the buildings resting on flexible soil is 
slightly larger in case of the 3-storey building 3SF.  

• When the MIDR is adopted as a descriptor of the building's 
damage state, concerning the 3-storey building 3SF, the 
consideration of the soil flexibility resulted in more 
significant damage than the one produced when the soil 
flexibility is ignored. As far as the high-rise structure 
regards, the existence of the elastic foundation does not lead 
to significant change in the seismic damage level. 

• The incident angle of the excitation strongly affects the 
seismic performance and the damage level of the buildings, 
even if their plan-view is double-symmetric and quite 
simple. The extent at which the orientation of the seismic 
records influences the damage response depends on the 
consideration or not of the soil flexibility, the distance of 
the record to the fault rupture and the damage measure 
adopted to quantify the structural damage state. The soil 
flexibility reduces the impact of the incident angle on the 
seismic damage. This impact is stronger for the low-rise 
building 3SF. Furthermore, regarding the distance between 
the record and the fault, no certain trend was revealed. 

It must be noted that the aforementioned conclusions are valid 
for the buildings, the level of soil flexibility and the ground 
motions used in the present study. 
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ABSTRACT: In the scope of the transnational access activities of the European research project SERIES, the Laboratório 
Nacional de Engenharia Civil (LNEC) has provided access to its 3D shaking table to the international construction company 
Wienerberger AG and to a group of European experts, in order to perform full-scale seismic tests on an industrial solution for 
buildings using a modern unreinforced thermal insulation clay block masonry structure. Such solution represents a very common 
construction method in Central Europe but, although some cyclic shear test results are available, its effective dynamic response 
under seismic events still requires experimental validation. For this purpose, two full-scale mock-ups with different geometries 
were tested on the 3-D shaking table using a series of seismic records with increasing intensity. The first mock-up is plan-
regular, while the second one is designed so as to trigger some torsional effects. This paper summarizes the most relevant 
experimental results regarding the structural response of the specimens, e.g., the dynamic response evolution, the collapse 
mechanism identified and the maximum drift values measured. It also focuses on two different easy modelling strategies, i.e. 
simple model according to a combined Eurocode 6/Eurocode 8 approach and equivalent frame approach. It finally compares the 
predictions obtained from these two methods with the experimental results.  

KEY WORDS: Modern unreinforced masonry houses, thermal insulation clay blocks, Full-scale tests, 3-D shaking table. 

1 INTRODUCTION  
 
The Art of building and designing has changed during the last 
decades, especially for the private dwellings. Besides the 
structural and mechanical considerations, additional 
requirements are now necessary and mandatory in terms of 
energy consumption. In particular, the thermal insulation of 
buildings has become more and more important to fulfil the 
standards in terms of heating/cooling energy demand.  

As traditional constructive materials and methods weren’t 
appropriate to this purpose, masonry producers have 
developed new units allowing keeping a similar way of 
building. For Wienerberger, it results in a new generation (see 
Figure 1) of high thermal insulating clay block allowing the 
construction of unreinforced monolithic clay masonry walls as 
traditionally in countries like Austria, Hungary, etc., situated 
in Central Europe. 

 
Figure 1. High thermal insulating clay block 

For a few years and besides the energy consumption 
aspects, unreinforced masonry has now to cope with the 
seismic risk. According to the current seismic design 
standards [1], Central Europe is located in a low-to-moderate 
seismic area and a specific consideration for earthquake 

events is required. In this perspective, several research works 
have been performed in the past twenty years with the book 
“Earthquake-Resistance Design of Masonry Buildings” by 
Miha Tomazevic as first main reference [2], but these ones 
were dedicated to more traditional types of masonry [3] or 
consisted in cyclic [4, 5] or pseudo-dynamic [6] tests, leading 
to a questionable modelling of the seismic action. Other test 
campaigns were conducted on shaking table, but were focused 
on specific structural elements or sub-structures [7 – 9]. 

 
The characterization and the validation of the new masonry 

clay units and the global behaviour of structures using such 
units need therefore to be validated by carrying out 
appropriate and specific experimental tests. To contribute to 
these issues, shaking table tests on full scale modern 
unreinforced thermal insulation clay blocks masonry houses 
have been performed at the Laboratório Nacional de 
Engenharia Civil (LNEC) in Lisbon in the framework of the 
European project SERIES. The two tested mock-ups have 
been designed as 2-storey structures with different in-plan 
arrangements in order to compare the seismic response of 
structures with or without plan regularity. 

 
This paper describes the tested mock-ups and experimental 

procedure. It also summarizes the most relevant experimental 
observations regarding the structural response. Details of the 
collapse mechanisms, maximum drift values and dynamic 
response evolution are provided. A comparison of test 
measurements with two different modelling strategies, namely 
a simple model according to a combined Eurocode 
6/Eurocode 8 approach and an equivalent frame model, is also 
performed. 
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2 DESCRIPTION OF THE MOCK-UPS AND TESTS 
Two full-scale mock-ups have been built at LNEC. These are 
2-storey buildings, with a single room delimited by 0.2 m 
thick walls. The global dimensions of the floors are 3.7 m x 
4.2 m. The first mock-up is regular in plan, while the second 
includes significant stiffness irregularities (see Figure 2). 

 
Figure 2. Plan view of the mock-ups 

The floors are 2.5 m high and are separated by a 
prefabricated RC slab of 0.2 m. Another 0.2 m high 
prefabricated RC slab lies on the top of each mock-up, with 
plan dimensions of 4.4 m x 4.9 m (see Figure 2), for a total 
height of 5.4 m. The openings heights are 1.15 m or 1.9 m 
high, respectively for the windows and the doors. Additional 
masses are fixed on the first floor slab to emulate usual live 
load in buildings, leading to a total weight of 31.7 tons for 
each mock-up. During the tests, the slabs are held by steel 
suspension loose cables connected to the bridge crane, for 
safety reasons in case of global collapse. 

  
Figure 3. Elevation view of the mock-ups 

In Figure 3, the mock-ups are resting on a steel foundation, 
specially designed to limit deflections at mid-span (< L/1000) 
during the transport of the mock-up onto the shaking table. 
Steel ties have been also used to pre-compressed the masonry 
elements and mitigate the cracking during the set-up. 

Details on the materials properties used for the mocks-up 
are given in [10]. For further use, the in-plan regular 
(symmetric) mock-up will be called “Mock-up A” and the 
other (asymmetric) will be “Mock-up B”. 

2.1 Instrumentation layout 
The instrumentation used during the tests includes the internal 
table instrumentation. In addition to this, 26 accelerometers 
are fixed on the mock-ups at different places and 18 LVDTs 
measure the relative displacements between specifically 
chosen elements. Four bi-axial absolute displacement sensors 
also record the displacements of both slabs. Scheme of the 
instrumentation layout are given in [10] 

2.2 Testing procedure 
The mocks-up are submitted to two different types of tests. 
The dynamic properties are first evaluated on the base of 
shaking table tests using a low amplitude square-wave 
displacement time-history signal, creating an impulsive 
excitation in the mock-up. Such a test is performed in both 
horizontal directions before each seismic test stages 
constituting the second type of tests. A total of 8 stages are 
defined, with alternated uniaxial and biaxial stages. It means 
that the odd test stages are performed along the two horizontal 
directions successively and that the even ones have 
components in the two directions simultaneously. The seismic 
stages are detailed in Table 1 for the mock-up A and Table 2 
for the mock-up B. 

Table 1. Mock-up A – Seismic stages. 

Stage NS 
(Long. Dir.) 

[m/s²] 

EW 
(Trans. Dir.) 

[m/s²] 

No of 
shakes 

[-] 
01T 0.096 0.433 6 
01L 0.491 0.110 5 
02 1.013 0.913 5 

03T 0.280 1.388 5 
03L 1.419 0.616 5 
04 3.734 2.143 5 

05T 0.486 2.857 5 
05L 2.526 0.844 6 
06 3.099 2.684 6 

07T 0.646 3.068 7 
07L 3.541 0.830 5 
08 3.718 5.362 2 

Table 2. Mock-up B – Seismic stages. 

Stage NS 
(Long. Dir.) 

[m/s²] 

EW 
(Trans. Dir.) 

[m/s²] 

No of 
shakes 

[-] 
01T 0.092 0.428 5 
01L 0.636 0.084 5 
02 1.000 0.949 6 

03T 0.141 1.249 5 
03L 1.505 0.620 4 
04 2.016 1.882 5 

05T 0.664 2.616 4 
05L 3.193 1.148 5 
06 3.918 2.105 6 

07T 1.008 4.415 4 
07L 3.639 1.141 3 
08 3.685 4.583 2 

The values given in Tables 1 and 2 are the measured PGAs. 
Contrary to the theoretical input, one can observed that the 
odd stages have a component in both directions. This comes 
from some difficulties in perfectly controlling the shaking 
table and in practically imposing the targeted theoretical input. 
The last column of Table 1 and 2 gives the number of shakes 
performed in the corresponding stage. Several successive 
shakes are necessary to minimize the differences between the 
target and effective motions of the table. This iterative 
procedure allows reaching progressively the target 
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displacement and to avoiding undesirable and uncontrolled 
motions, which could lead to the mock-up collapse. 

3 EXPERIMENTAL TESTS RESULTS 
The first interesting outcomes are those coming from direct 
observations of the global behaviour of the mocks-up during 
the tests and of the most visible collapse mechanisms, without 
referring to the recorded measurements.  

First of all, a reference can be made to parallel experimental 
campaigns within the same research program. Indeed, shaking 
table tests on smaller scale unreinforced masonry sub-
structures using a similar material type have been performed 
in the framework of the same SERIES project [7, 8]. A main 
outcome of these tests is the observation of a global rocking 
behaviour. In the present experimental tests, such behaviour 
also occurred, although quite limited. Some uplifts of walls 
corners were observed rather than a pure rocking behaviour, 
certainly due to the different boundary conditions, 
constraining the motion of the concerned walls. 

Collapse of Mock-up A occurred on the second floor, 
during the last seismic stage. Figure 4 illustrates the failure 
mode, showing the high damage level in the Northern façade 
comprising a door opening. The failure mechanisms are a 
combination of shear failure, sliding and local crushing. 

   
Figure 4. Collapse of the Mock-up A 

On the other hand, collapse of Mock-up B occurred in the 
Northern façade too, but at the first floor (Figure 5). For this 
mock-up, the failed façade comprised window openings. The 
main mechanism is the shear failure of the wall standing 
between those two openings (Figure 5, left). Other secondary 
collapse mechanisms were also observed, like in particular 
some local crushing of units, as pictured in Figure 6. In this 
case, the definite acceleration level leading to collapse is less 
easy to define since the damage developed progressively 
through successive shakes. 

 

 
Figure 5. Collapse of the Mock-up B 

   
Figure 6. Local crushing of the Mock-up B 

The total collapse of Mock-up B has been avoided because of 
the favourable situation of the slab being supported on four 
sides, in such a way that it remained supported on three sides 
even after the failure of the Northern façade. It can therefore 
be concluded that this bearing system is safer through its 
redundancy. 

3.1 Characterization tests results 
The characterization tests provide results in terms of natural 
frequencies and associated vibration modes, on the base of the 
accelerometric measurements. Since these were performed 
before each seismic stage, they allow the study of the 
progressive damage of the mocks-up. 

The first natural frequency of Mocks-up A and B are 
tabulated in Table 3. One has to pay attention that the given 
frequencies are the ones of a global system composed of the 
mock-up itself and the shaking table where it rests. Therefore, 
the interaction between the mock-up and the table has to be 
taken into account. 

The analysis of the values in Table 3 shows a general 
decrease of the frequencies, translating a deterioration of the 
mock-up stiffness. Further analysis is however required to 
investigate the absolute values of the measured natural 
frequencies. For both mocks-up, the decrease is more 
important in the transverse direction (EW-axis). This 
statement is in agreement with the observed general evolution 
of the damage during the tests. 

The comparison of the frequencies of the two mock-ups 
gives similar values in the longitudinal and transverse 
directions for the Mock-up B, while they are clearly different 
for the Mock-up A (Figure 7). This can be explained based on 
simple geometrical considerations. 

Table 3. First Frequency in [Hz]. 

Stage Mock-up A 
Longit.         Transv. 

Mock-up B 
Longit.         Transv. 

01T - 6.9 5.4 5.8 
01L 5.7 6.9 5.4 5.7 
02 5.5 6.7 5.4 5.8 

03T 5.5 6.7 5.3 5.8 
03L 5.2 6.3 5.3 5.8 
04 5.2 6.1 5.2 5.8 

05T 5.2 5.9 5.2 5.2 
05L 5.2 5.9 5.2 5.2 
06 5.2 6.0 5.2 5.2 

07T 5.0 5.5 5.1 4.3 
07L 5.1 5.2 5.0 4.1 
08 4.8 5.3 4.9 4.1 
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 Figure 7. Evolution of the first frequency 

3.2 Seismic test results 
Although the exploitation of the measurements recorded 
during the seismic stages still requires additional processing, 
some results are available to date and deal with the inter-
storey drift measurements and with the evolution of the 
maximum acceleration measured on the mock-ups as a 
function of the maximum table acceleration. 

The maximum inter-storey drifts are plotted in Figure 8 for 
Mock-up A (2nd storey) and Figure 9 for Mock-up B (1st 
storey). The x-axis is the ratio of the relative displacement 
between the floors to the floor height. 

Results of Figures 8 & 9 are in good agreement with the 
general observations and shows out that the values of the 
measured maximum drifts are in line with the standards 
recommendations. Maximum drift of the 2nd storey is higher 
than the one of the 1st storey for Mock-up A, and vice-versa 
for Mock-up B, corresponding to the respective observed 
failure modes. Concerning the standards recommendations, a 
value of 0.4% is suggested for shear failure. This value seems 
to be respected in the case of Mock-up A (the maximum drift 
is about 0.3% in Stage 07 and about 0.8% in Stage 08, the 
collapse stage), while it is probably underestimated for the 
Mock-up B, although depending on the definition of the 
collapsed state. 

 

 

Figure 8. Maximum inter-storey drift – Mock-up A 

  

Figure 9. Maximum inter-storey drift – Mock-up B 

 

 
Figure 10. Evolution of transverse acceleration (Mock-up A) 

Regarding the evolution of the measured accelerations at 
the slab levels vs. the measured table acceleration, the 
degrading slope of the curve translates the damaging effects. 
The mock-up behaviour and response effectively remain 
elastic as long as the slope remains constant, meaning a 
proportional increase of the different accelerations. If the 
slope decreases, this may then be due to a loss of stiffness 
and, thus, to lower natural frequencies and/or to an increase of 
the damping ratio, leading hence to lower spectral 
acceleration. From the ratio between theoretical ideal elastic 
accelerations extrapolated from low intensities to the 
measured accelerations at failure, behaviour factors q can be 
estimated (see, e.g. [10]).  



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

327 

An example of this exploitation is illustrated in Figure 10 
for Mock-up A, based on accelerometers located on the East 
façade (transverse acceleration). Top part of Figure 10 shows 
the accelerations measured by two accelerometers on the 
slabs, while the mean values and the corresponding idealized 
elastic behaviour are plotted in the bottom part. The 
corresponding behaviour factor q is equal to 3.3. This 
corresponds to the highest value derived from the present 
experimental campaign, while others, ranging from 2.0 to 2.5, 
are closer to the recommended values for unreinforced 
masonry in current standards, namely from 1.5 and 2.5. 

4 MODELLING STRATEGIES 
This section aims at comparing the experimental reality to 
current standards modelling strategies. An additional 
comparison with shell FE modelling is in progress and will be 
presented in a later contribution. 

The modelling strategies aim at determining the maximum 
ground acceleration that the mock-ups can sustain. The main 
outcome is therefore the maximum theoretical acceleration 
leading to failure. This latter can then be compared to the 
experimental acceleration that effectively led to collapse. 
Another point of comparison is the natural frequencies, which 
can also be assessed according to the standards 
recommendations. 

4.1 Simple model according to EC 6/8 approach 
The simple model according to EC 6/8 approach does not 
consider the entire building as a whole but as a set of 
cantilever shear walls. In this approach, the shear walls are 
assumed to be continuous elements rising from the bottom to 
the top of the building. The main lack of the method is to 
neglect the presence and the contribution of the horizontal 
spanning elements, such as the lintels and slabs as well as the 
masonry parts located under or above the openings. Moreover, 
the building is broken down into two perpendicular directions, 
namely along the direction of the façades, and the analysis is 
performed by considering the contribution of walls oriented 
along one direction at a time only. A second lack can be 
therefore identified, since the contribution of perpendicular 
walls is neglected, both in terms of stiffness and resistance. 
The mechanical properties of the walls can be assessed on the 
base of Eurocode 6 recommendations, with a Eurocode 8 
update to take into account the cracking through a reduction 
of the elastic stiffness. Consequently, the building is studied 
as a set of shear walls oriented along the same direction and 
the building strength is obtained as the sum of the resistance 
of these walls. 

The seismic action is modelled by an equivalent horizontal 
shear triangularly distributed over the height of the building 
and transformed into point loads applied at the level of the 
floors. The conversion of the seismic acceleration into 
horizontal shears is performed according to Eurocode 8 
procedure, using the horizontal elastic response spectrum. 

Finally, the individual wall strength is calculated with the 
resistance model proposed by Eurocode 6 for unreinforced 
masonry elements submitted to horizontal shear. This model 
consists in evaluating a compressive length, due to the no-
tensile strength of masonry, and assumes a linear stress 
distribution along the wall base (Figure 11). 

  
Figure 11. Assessment of the compressive length 
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In Eq. (1), L is the geometrical length of the wall and e is 
the load eccentricity, defined as the ratio of the bending 
moment induced by the horizontal shear to the compressive 
load acting on the wall. The verifications are then carried out 
to check the shear strength, the overturning and the crushing 
of units in the wall. An iterative procedure allows the 
determination of the maximum horizontal shear. This latter is 
related to a given acceleration according to Eurocode 8, § 
4.3.3.2.2, with due consideration of the behaviour factor. This 
relation requires also the estimation of the first natural period 
of the structure, which can be compared to the experimentally 
identified first natural frequency. This approach has been 
extensively detailed in [11] and led to the results presented in 
Table 4. 

Table 4. Results of the simple model approach 

Stage Mock-up A 
Longit.         Transv. 

Mock-up B 
Longit.         Transv. 

Acc. [m/s²] 1.0864 1.469 0.9675 0.6302 
Freq. [Hz] 5.615 6.468 7.001 5.643 

The comparison with the experimental results highlights the 
under-estimation of the maximum sustainable acceleration 
obtained by this very simplified procedure. The first natural 
frequency is however more or less well assessed, especially in 
the case of Mock-up A. The differences can be explained by 
the previously identified shortcomings. 

4.2 Equivalent frame model 
In order to consider the contribution of the horizontally 
spanning elements, a basic equivalent frame model has been 
also derived and is detailed in [11]. Such a modelling does not 
consider any longer the walls separately, but analyses the 
entire façade as a global frame with the walls behaving as 
piers and the horizontal elements as equivalent beams. It 
accounts also for the possible load redistribution among the 
piers. The principles of the analysis and the verifications 
remain the same as in the previous simple model but are now 
based on internal forces in the wall calculated from the frame 
model. Another difference between the two methodologies 
deals with the derivation of the assessed maximum horizontal 
acceleration. To this purpose, the N2-method [12] has been 
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adopted. The ultimate limit state is assumed being reached 
when the maximum total displacement reaches a specific 
threshold value defined from recommendations given by [13], 
depending on the geometry and the compression ratio. The 
results obtained with the equivalent frame model are tabulated 
in Table 5. 

Table 5. Results of the equivalent frame approach 

Stage Mock-up A 
Longit.         Transv. 

Mock-up B 
Longit.         Transv. 

Acc. [m/s²] 9.8 5.65 2.09 5.4 

The results of the equivalent frame method provide 
reasonable estimates of the measured experimental 
accelerations, except for Mock-up A in the longitudinal 
direction, where the results are highly overestimated. This 
overestimation is potentially explained by a poor definition of 
the limit state considered in the theoretical model. 

A major difference between the theoretical model and the 
experimental reality deals with the predicted collapse 
mechanisms. In the case of Mock-up B, the theoretical model 
foresees a collapse triggered by one of the external walls, 
while the real failure was actually observed in the central wall. 
This difference is suspected to be induced by the non-
consideration of the walls perpendicular to the seismic action 
in the theoretical model, while these walls clearly strengthen 
the side walls with respect to the central one. As illustrated in 
Figure 12, the connection between these perpendicular walls 
appears to be severely damaged at the end of the tests. This 
collapse mechanism is however not considered in the current 
standards although potentially critical. 

.  

Figure 12. Collapse of the wall connection. 

5 CONCLUSIONS 
This paper 3-D shaking table tests performed on full-scale 
unreinforced masonry houses with high insulation clay blocks 
and summarizes the first experimental results. Two mocks-up 
were tested. The tests were stopped due to the near-collapse 
state of both mock-ups. The following preliminary 
conclusions can be drawn: 

- Each mock-up reached a near-collapse state along the 
transverse direction. The collapse mechanisms were a 
combination of shear failure, sliding and local crushing. 

- A frequency drop is observed for both mocks-up, 
translating the damages of the mocks-up and is in 
agreement with the observed collapse mechanisms. 

- Based on measurements taken during seismic stages, it is 
observed that the maximum inter-storey drift values are 
equal or higher than the ones proposed in Eurocode 8, part 
3. These records also allow the calculation of the 
behaviour factor q. The results lead to the conclusions that 
the recommended values for unreinforced masonry are 

slightly lower than the values reached by the present 
experimental mock-ups. 

The comparison of the experimental measurements with the 
modelling strategies used for a preliminary assessment 
highlights some lacks of the current standards model. In 
particular, it is shown that a specific consideration must be 
taken for the horizontal spanning elements and for the 
contribution of walls perpendicular to the seismic action. 
Additional failure criterion should be taken into account in the 
verification to check local collapse such as the connection 
between perpendicular walls. The present tests are or course 
expected to be deeper exploited in a near future. 
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ABSTRACT: A systematic probabilistic framework is presented for cost-effective design of fluid viscous dampers considering 
multi-objective design criteria. The framework is based on an assembly-based vulnerability approach for description of 
earthquake losses and on characterization of the earthquake hazard through a stochastic ground motion model. In this setting, the 
life-cycle repair cost is quantified by its expected value over the space of the uncertain parameters for the structural system and 
the seismic excitation. The upfront cost of the dampers is calculated based on their capacity required for the maximum credible 
earthquake, with the latter calculated to correspond to a certain probability of exceedance based on the established probabilistic 
description for the seismic hazard. The multi-objective problem is defined by considering the following two objectives: (a) 
minimization of the expected life-cycle cost composed of the combination of the upfront damper cost and the present value of 
future earthquakes losses, and (b) minimization of the repair cost with specific probability of exceedance over the lifetime of the 
structure. Since the latter is not influenced by the upfront damper cost, these two ultimately correspond to competing objectives 
within the multi-objective design setting. Because of the complexity of the adopted models, estimation of all necessary 
probabilistic quantities (expected repair cost and reference velocities) through stochastic (Monte Carlo) simulation is considered. 
To facilitate an efficient optimization, a surrogate model is developed to approximate structural responses with respect to both 
the damper configuration and the uncertain model characteristics. After the initial computational cost for creating the surrogate 
model, all evaluations required within the optimization process utilize the efficient, approximate model. An illustrative example 
is presented that considers the retrofitting of a three-story building with viscous dampers. 

KEY WORDS: viscous dampers; life-cycle cost; multi-objective design; kriging modeling; stochastic ground motion models. 

1 INTRODUCTION 
Fluid viscous dampers are a popular protective strategy for 
preventing earthquake induced damages to structural and 
nonstructural components of new and existing building [1-5]. 
Within this context, probabilistic approaches for their cost-
effective design are gaining increasing attention within the 
structural engineering community, especially in the context of 
retrofitting strategies [1, 6]. A comprehensive treatment of 
such design requires proper integration of (i) methodologies 
for addressing the uncertainties related to the seismic hazard 
over the entire lifecycle of the building, (ii) tools for 
evaluating the performance using socioeconomic criteria 
(repair cost and downtime), as well as (iii) algorithms 
appropriate for analysis and optimization under uncertainty 
[6]. Note that fluid viscous dampers exhibit strong nonlinear 
behavior under extreme loading conditions, as such their 
effect on the structural performance can be accurately 
described only in terms of non-linear time history response. 
This indicates that the seismic vulnerability needs to be 
estimated by time history analysis and so one must select 
appropriately the structural model, the loss estimation 
methodology as well as the type of excitation model. 

A systematic probabilistic framework is presented here for 
the life-cycle cost based design of fluid viscous dampers 
considering multi-objective criteria. The framework is based 
on a comprehensive methodology for earthquake loss 
estimation that uses the nonlinear time-history response of the 
structure under given excitation to estimate damages in a 

detailed, component level [7]. Characterization of the 
earthquake hazard through a stochastic ground motion model 
is considered, and a model that can address the existence of 
near-fault pulses is adopted. All probabilistic quantities 
required are evaluated through stochastic simulation and for 
facilitating an efficient optimization a surrogate model is 
developed to approximate structural responses with respect to 
both the damper configuration and the uncertain model 
characteristics. After the initial computational cost for 
creating the surrogate model, all evaluations required within 
the optimization process utilize the approximate model.  

The multi-objective problem is ultimately defined by 
considering the following two objectives: (a) minimization of 
the expected life-cycle cost composed of the combination of 
the upfront damper cost and the present value of future 
earthquakes losses, and (b) minimization of the repair cost 
with specific probability of exceedance over the lifetime of 
the structure. The illustrative example presented considers the 
retrofitting of a three-story building with viscous dampers. 

2 QUANTIFICATION AND APPROXIMATION OF 
LIFE-CYCLE COST 

Evaluation of life-cycle cost is facilitated (Figure 1) by 
augmentation of appropriate models for the structural system, 
the earthquake excitation and the loss evaluation. The 
combination of the first two models provides the structural 
response, denoted z herein, and in the approach adopted here 
this is established in terms of nonlinear time-history analysis 
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and ultimately approximated through a kriging surrogate 
model. The loss evaluation model quantifies, then, earthquake 
performance in economic terms based on that response. The 
characteristics, though, of these models are not known with 
absolute certainty. A probabilistic approach provides a 
rational framework for quantifying these uncertainties and 
explicitly incorporating them into the system description for a 
comprehensive life-cycle assessment.  

To formalize this idea, let φ∈Φ denote the nφ-dimensional 
vector of controllable damper parameters and let θ∈Θ, denote 
the nθ-dimensional augmented vector of model parameters 
where Θ represents the space of possible model parameter 
values and Φ the admissible design space. Vector θ is 
composed of all the model parameters for the individual 
structural system, excitation, and performance evaluation 
models as indicated in Figure 1. For addressing the 
uncertainty in θ, a probability density function (PDF) p(θ), is 
assigned to it based on our available knowledge. Additionally, 
the excitation model adopted here (and discussed in the next 
Section) addresses near-fault effects through introduction of a 
distinct velocity pulse [8]. The probability of occurrence of 
such a pulse, since not all near-fault ground motions have 
such directivity characteristics, is incorporated in the 
augmented model through predictive relationship [9] that 
connects this probability to the seismicity characteristics. This 
leads to introduction of another, discrete, random variable, εp, 
with possible outcomes [yes, no] (the former corresponding to 
existence of a pulse) and probability Pp(εp| θ). 
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Figure 1. Augmented model for repair and life-cycle cost 

description. 

The total life-cycle cost C(φ) is given by adding the initial 
cost Ci(φ), which is a function of the size of the dampers, and 
the cost due to earthquake losses over the life-cycle of the 
structure Cl(φ). For given values of the model parameters, the 
latter is related to some risk consequence measure h(φ,θ,εp), 
dependent on earthquake losses per seismic event and 
assumptions about occurrence rates for such events. For a 
Poisson assumption for occurrence of earthquakes (i.e., 
independent occurrence of seismic events), as considered in 
the example later, this risk consequence measure is given by  

      ( , , ) ( , , ) [(1 ) / ]d lifer t
p r p life d lifeh C vt e r tε ε −= −φ θ φ θ  (1) 

where rd is the discount rate, tlife is the life cycle considered 
and Cr(φ,θ,εp) is the repair cost given the occurrence of an 

earthquake event. For estimating the latter an assembly-based 
vulnerability approach is adopted. According to this approach 
the components of the structure are grouped into damageable 
assemblies, which consist of components of the system that 
have common vulnerability and repair cost characteristics 
(e.g. structural components, wall partitions, etc.). Different 
damage states are designated to each assembly and a fragility 
function (quantifying the probability that a component has 
reached or exceeded its damage state) and repair cost 
estimates are established for each damage state. The former is 
conditional on some engineering demand parameter (EDP), 
which is related to the structural response (e.g. peak interstory 
drift, peak floor acceleration, etc.). More details can be found 
in [6, 7]. The fundamental component of this approach is the 
fragility function for which a lognormal distribution is 
typically adopted [10]. This leads to the following probability 
for the kth damageable assembly exceeding its jth state  

                      ln( / )k kj
kj

kj

EDP
P

β
σ

⎡ ⎤
= Φ ⎢ ⎥

⎢ ⎥⎣ ⎦
 (2) 

where Φ stands for the standard Gaussian cumulative 
distribution function (CDF), EDPk is the engineering demand 
parameter associated with the damageable assembly, βkj  is the 
median threshold for the damage state and σkj the associated 
logarithmic standard deviation. 

The expected life-cycle losses Cl(φ) for a given damper 
configuration is ultimately given by the expected value over 
the probability models established for θ and εp 

             ( ) ( , , ) ( ) ( | )
p

l p p pΘ
C h p P d

ε
ε ε= ∑∫φ φ θ θ θ θ  (3) 

Then life-cycle cost is finally given by C(φ)=Ci(φ)+Cl(φ). 
Similarly, and again based on a Poisson assumption for the 
occurrence of seismic events, the probability of the repair cost 
Cr exceeding a threshold Cthresh, which will be also needed in 
the design formulation, is 

         [ | , event][ | , ] 1 exp life r thresht v P C C
r thresh lifeP C C t − ⋅ >> = − φφ  (4) 

[ | , event] ( , , ) ( ) ( | )
p

r thresh C p p
Θ

P C C I p P d
ε

ε ε> = ∑∫x φ θ θ θ θ (5) 

where IC (x,θ,εp) is an indicator function, which is one if 
Cr(φ,θ,εp)> Cthresh and zero if not. Eq. (5) gives the probability 
of exceeding the repair threshold given that a seismic event 
has occurred, whereas Eq. (4) transforms that probability to 
probability of exceeding the targeted threshold over the 
considered lifetime of the structure.  

3 INITIAL COST OF DAMPERS 
For fluid viscous dampers, the damper forces are a function of 
the relative velocity across the end points of the damper and 
can be expressed in the form FD=CDsgn(vD)|vD|aD where CD is 
the damper coefficient, vD is the damper velocity and αD is the 
velocity exponent. For a structure equipped with n dampers 
(at different stories and/or locations), the design variables for 
the optimization problem include the damper coefficients CD,i 
and the velocity exponents αD,i for each of the dampers, i = 
1,…,n. The cost of each damper is estimated based on its 
corresponding maximum force capacity Fud,i, defined as the 
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maximum force the damper is expected to develop under the 
maximum credible earthquake. Therefore, for a given 
configuration of CD,i and αD,i, the maximum force capacity 
Fud,i can be calculated by selecting an appropriate reference 
velocity, vref. Here vref is quantified to correspond to the 
velocity with certain probability of exceedance over the 
lifetime of the structure. The probabilistic description 
established for the seismic hazard facilitates then a direct 
estimation of this probability for any vref . The formulation is 
similar to the probability of the repair cost exceeding a 
targeted threshold [described by Eq. (4) and (5)], leading to  

              [ | , event][ | , ] 1 exp life D reft v P v v
D ref lifeP v v t − ⋅ >> = − φφ  (6) 

[ | , event] ( , , ) ( ) ( | )
ref

p

D ref v p p
Θ

P v v I p P d
ε

ε ε> = ∑∫x φ θ θ θ θ (7) 

where Ivref(x,θ,εp) is an indicator function, which is one if vD > 
vref and zero if vD ≤ vref. After the damper capacity Fud has 
been determined the evaluation of its cost is relatively 
straight-forward; it can be performed using data for existing 
commercial devices. 

4 SEISMIC HAZARD DESCRIPTION THROUGH 
STOCHASTIC GROUND MOTION MODELING 

The adopted loss-estimation approach requires development 
of a model of the entire ground motion time history that will 
adequately describe the uncertainty in future earthquake 
events. Moreover, for the comprehensive characterization of 
the seismic hazard in regions close to active faults, 
consideration of the probability of occurrence of a forward-
directivity pulse is required, as such type of excitations can 
cause severe damages. A stochastic ground motion model that 
can address such pulse-like excitations is adopted here: 
according to it, the high-frequency and long period 
components of the motion are independently modeled and 
then combined to form the acceleration time history. 

High frequency component: For modeling the higher-
frequency (>0.1-0.2 Hz) component of ground motions, a 
point source stochastic model is chosen here. This model is 
based on a parametric description of the ground motion’s 
radiation spectrum, dependent on the earthquake 
characteristics (earthquake magnitude, M, and rupture 
distance, r –defined as closest distance to the fault plane) and 
soil profile. This spectrum incorporates the influence of the 
source, path and local site conditions. The duration of the 
ground motion is addressed through an envelope function, 
which again depends on M and r. These frequency and time 
domain functions completely characterize the model and their 
properties are provided by predictive relationships that relate 
them directly to the seismic hazard, i.e. to M and r. The same 
characteristics for this model as in [6] are used here. 
Particularly, the two-corner point-source model described in 
detail [11] is selected for the source spectrum because of its 
partial compatibility with finite fault models. This 
compatibility is important because we are interested in ground 
motions in close proximity to active faults, for which the 
assumptions behind point-source models are challenged [11]. 
The high-frequency component of the time history is 
developed, for specific values of M and r, according to this 
model by modifying a white-noise sequence first by the time 

domain envelop function and subsequently by the frequency-
domain radiation spectrum.  

Long period pulse component: For characterizing the pulse, 
the simple analytical model [8] is selected, describing the 
pulse through the following velocity time-history 
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 (8) 

where Ap, Tp, γp, vp and to describe the signal amplitude, pulse 
period, oscillatory character (i.e. number of half cycles), phase 
angle, and time shift to specify the envelope’s peak, 
respectively. The first two pulse characteristics are estimated 
by the predictive relationships [8, 12] 

                    10log ( / 0.9) 2.04 0.032p AA r e= − +  (9) 

                    10log ( ) 2.9 0.5p TT M e= − + +  (10) 

with eA and eT zero mean Gaussian variables with standard 
deviations 0.187 and 0.143, respectively. The probability 
models for γp and vp are chosen as Gaussian with mean 1.8 and 
standard deviations 0.3 and uniform on the range [0, π], 
respectively.  

For the probability of the pulse, it is assumed that the 
seismic hazard is originating from strike-slip faults, and the 
probability model adopted is [9] 

                  (0.642 0.167 0.075 )

1( | )
1p p r sP yes

e
ε + −= =

+
θ  (11) 

where s is defined as the distance between the epicenter and 
the point along the fault plane surface projection 
corresponding to the closest distance between the site and that 
fault plane. To avoid complex geometric relationships, as the 
ones in [1], a simplified process is adopted here to define s. 
This distance is taken as 1/3 of the total length of rupture L 
which is estimated based on the predictive equations proposed 
by [13]  

                      10log ( ) 3.55 0.74 LL M e= − + +  (12) 

with eL a zero mean Gaussian variable with standard deviation 
0.23. 

Final ground motion: These two components are ultimately 
combined to yield a near-fault ground motion time history by 
the procedure proposed in [8]. The resultant stochastic ground 
motion model has as model parameters the moment 
magnitude M and rupture distance r, the pulse characteristics 
A, fp, γp, νp, (to is defined through the process of 
superimposing the two components), and the pulse existence 
variable εp. 

5 KRIGING METAMODEL FORMULATION 
For efficiently performing the design optimization a kriging 
metamodel is developed here to approximate the structural 
response with respect to both φ and θ. The stochastic 
characteristics of the ground motion are addressed by 
assuming that under the influence of the white noise (Z in 
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Figure 1) each response quantity zi follows a lognormal 
distribution with median iz  and coefficient of variation 

izσ . 
This leads to the following modification for the probabilistic 
quantities required to quantify the repair cost, the fragility in 
(2) or the indicator function for the reference velocity 
involved in (7) [14] 

                  
_

2 2
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The kriging metamodel is ultimately formulated to provide 
predictions for the statistical quantities needed for evaluation 
of (13) and (14), that is, the logarithm of the median response 
and the associated coefficient of variation. To formalize this 
concept, let y denote the ny dimensional vector of such 
quantities to be approximated by the metamodel and x=[φ θ] 
the augmented vector for the kriging formulation. A separate 
metamodel is formed for the εp=yes and εp=no cases. For 
forming the metamodel initially, a database with n 
observations is obtained that provides information for the x-y 
pair. For this purpose n (= 6,000 in the implementation 
considered later) samples for {xj j=1,…,n}, also known as 
support points, are created following a latin hybercube grid 
over the expected range of values possible for each xi. 
Stochastic ground motions are then generated according to the 
excitation model and the structural response is numerically 
evaluated. The influence of the white noise is addressed by 
considering 500 different samples for it (for each xi) and the 
statistics under these samples ultimately quantify the response 
sample yi.  

Using this dataset the kriging model is then obtained. The 
fundamental building blocks of Kriging are the np dimensional 
basis vector, f(x), and the correlation function, R(xj,xk), 
defined through parameter vector s. Typical selections are 
made for both here, for the former a full quadratic basis and 
for the latter a generalized exponential correlation, leading to 

        
2 2

1 1 1 2( ) [1        ]  

                                      ( 1)( 2) / 2
x xn n

p x x

x x x x x x

n n n

=

= + +

f x L L
 (15) 

       
1

1

1 1

( , ) exp[ | | ] 

                                                  [   s ]

x nx

x

n sj k j k
i i ii

n

R s

s

+

=

+

= − −

=
∏x x x x

s L
  (16) 

Then for the set of n observations (training set) with input 
matrix 1[   ]n T=X x xL  and corresponding output 

1[ ( )  ( )]n T=Y y x y xL , we define the basis matrix F=[f(x1) … 
f(xn)]T and the correlation matrix R  with the jk-element 
defined as R(xj,xk), j,k=1, …, n. Also for every new input x, 
we define the correlation vector r(x)=[R(x,x1) … R(x,xn)]T 
between the input and each of the elements of X. Then the 
kriging approximation is given by [15] 

        
* *

* 1 1 1 * 1 *

( ) ( ) ( )

( ) ; ( )

T T

T T− − − −

= +

= = −

y x f x α r x β

α F R F F R Y β R Y Fα
 (17) 

  
Through the proper tuning of the parameters s of the 
correlation function, kriging can efficiently approximate very 
complex functions. The optimal selection of s is based on the 
Maximum Likelihood Estimation (MLE) principle, where the 
likelihood is defined as the probability of the n  observations, 
and maximizing this likelihood with respect to s ultimately 
corresponds to the optimization problem [15] 

                         
1 2

1
arg min n n

jj
σ∗

=
⎡ ⎤=
⎣ ⎦∑

s
s R %   (18) 

where |.| stands for determinant of a matrix and 2
jσ%  j=1,.., n 

correspond to the diagonal elements of matrix 

                    * 1 *( ) ( ) /T n−− −Y Fα R Y Fα   (19) 

The performance of the metamodel can be validated by 
calculating different error statistics using a leave-one-out 
cross-validation approach. This approach is established by 
removing sequentially each of the observations from the 
database, using the remaining support points to predict the 
output for that one and then evaluating the error between the 
predicted and real responses. The validation statistics are then 
obtained by averaging the errors established over all 
observations.  

Ultimately (17) provides a computational efficient 
approximation to structural response. The computational 
intensive aspect of the entire formulation is the development 
of the database Y which requires time-history analysis for a 
large number of model parameters, to populate the entire 
region for which x is anticipated to take values in, and 
sufficient number of white noise samples, to address the 
resultant variability in the response. This needs to be 
performed, though, only once. As soon as the kriging 
metamodel is established based on this database, it can be then 
used to efficiently predict the responses for any other x 
desired. 

6 MULTI-OBJECTIVE OPTIMAL DESIGN 
The multi-objective optimal design is ultimately expressed as 

              
{ } arg min ( ),

such that [ | , ]

T*
thresh

Φ

r thresh life o

C C

P C C t p
∈

=

> =
φ

φ φ

φ
  (20) 

where C(φ) [first objective] is the life-cycle cost and Cthresh 
[second objective] is the repair cost threshold with probability 
of being exceeded po over the lifetime of the structure [16]. 
This multi-objective formulation leads ultimately to a set of 
points (also known as dominant designs) that lie on the 
boundary of the feasible objective space and they form a 
manifold, which is called Pareto front (see Figure 2). A point 
belongs to the Pareto front and it is called Pareto optimal point 
if there is no other point that improves one objective without 
detriment to the other.  

The motivation behind the multi-objective formulation of 
the problem is that the decision-maker (e.g. building owner) 
can choose among a range of retrofitting solutions (Pareto 
optimal solutions) that describe different decision making 
attitudes towards risk. For example, if the decision-maker 
chooses a design that minimizes only the expected life-cycle 
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cost (Pareto solution [Cmin, Cthresh,max] in Figure 2), which is 
equivalent to a single-objective optimization with C(φ) as 
objective, then the latter decision corresponds to a risk-neutral 
attitude on the part of the decision-maker. Such an attitude is 
based on the assumption that assessment of the risk in 
economic terms is based only on technical considerations that 
can be monetized [17]. Although, this is a commonly used 
approach [1, 6] and very tractable form the engineering point 
of view, in reality often the engineer has to take into account 
nontechnical factors such as social risk perceptions that 
inevitably lead to more conservative designs. In those cases 
risk-averse attitude may be expressed by the decision maker, 
essentially representing a reluctance of an individual to 
assume risk.  If the decision-maker expresses such an attitude, 
the appropriate design corresponds to minimization of Cthresh 
(Pareto solution [Cmax, Cthresh,min] in Figure 2). These two 
designs correspond to the two extremes of the Pareto curve 
and they are obtained when only one objective is taken into 
account in the optimization; between these solutions there is a 
range of possible Pareto optimal designs that express different 
levels of compromise between the goal of minimizing the 
mean cost C(φ) and minimizing the repair cost Cthresh that 
corresponds to probability of exceedance po over the lifetime 
of the structure. 

 
Cthresh(φ)

C(φ)Cmin Cmax

Cthresh,max

Cthresh,min

Risk-neutral
design

Risk-averse
designPareto

front

 
 Figure 2.  Pareto front and characteristic Pareto optimal 

solutions describing different attitudes towards risk. 

7 COMPUTATIONAL IMPLEMENTATION ASPECTS 
All required probabilistic integrals for performing 
optimization (20) are estimated here through stochastic 
(Monte Carlo) simulation, ultimately utilizing the kriging 
model for efficient evaluation. This facilitates an accurate 
(since it is based on stochastic simulation) and computational 
efficient (since it utilizes the kriging metamodel) estimation of 
all required statistical quantities needed in the optimization 
proves. For example using a finite number, N of samples of θ 
and εp drawn from proposal densities q(θ|εp) and Pq(εp), an 
estimate for the expected repair losses is given by: 
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where θi and εp
i denote the samples used in the ith simulation. 

The proposal densities are used to improve the efficiency of 
this estimation, by focusing the computational effort on 
regions of the Θ space that contribute more to the integrand of 
the probabilistic integral (3) [Importance Sampling (IS)]. 
More details on this evaluation may be found in [1].  

The probability of exceedance of the repair cost and 
reference velocity in (5) and (7) respectively can be similarly 
obtained through stochastic simulation: 
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which can be estimated simultaneously with the repair losses, 
using the same proposal densities. 

The optimization problem (20) is finally solved using an 
exterior sampling approach [18], utilizing the same stream of 
random numbers for all stochastic simulations used to 
calculate the different probabilistic integrals. This ultimately 
facilitates a consistent estimation error for all examined 
damper configurations, contributing to a more efficient 
comparison. The optimization problem (20) is thus 
transformed into a deterministic optimization problem and to 
obtain the Pareto front of dominant designs an  elitist genetic 
algorithm is utilized in this study [19]. 

8 ILLUSTRATIVE EXAMPLE 
For the illustrative example, a three-story reinforced concrete 
office building with nonlinear fluid viscous dampers is 
considered. The dimension of the building is 32 x 32 m and 
the height of each story is 4.0 m. The design variables in this 
problem correspond to the damper coefficients in each story 
CD,i, i = 1,2,3, with the velocity exponents selected for each 
αD,i equal to 0.5. 

A planar frame model (illustrated in Figure 3) with peak 
oriented hysteretic behavior [20] and deteriorating stiffness 
and strength is chosen to represent the structure. The lumped 
masses of all the stories are [mi] = [976, 932, 887] metric tons, 
i =1,2,3. The initial inter-story stiffnesses ki of all the stories 
are parameterized by ,

ˆ
i i k ik k θ= , i=1,2,3, where [ îk ]= 

789.02[1.00, 0.85, 0.70] MN/m are the most probable values 
and θk,i are nondimensional uncertain parameters, assumed to 
be correlated Gaussian variables. The mean value of θk,i is one 
and the covariance matrix corresponds to variances 0.10 for 
all the floors and correlation coefficients 0.5 between adjacent 
floors and 0.2 between first and third floor. The yield 
displacement per story δy,i, is treated as lognormal variable 
with median value 0.5% of story height and c.o.v. 10%. For 
each story, the post-yield stiffness coefficients ai, stiffness 
deterioration coefficient βi, over-strength factor γi and ductility 
coefficient μi have values 0.1, 0.2, 0.2 and 4, respectively (see 
Figure 3 for proper definition of some of these parameters). 
The structure is assumed to be modally damped. The damping 
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ratio ζi for all modes are treated as perfectly correlated 
lognormal variables with median value 5% and c.o.v. 30%.  
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Figure 3. Structural model. 

Seismic events are assumed to occur following a Poisson 
distribution and so are independent of previous occurrences. 
The uncertainty in moment magnitude M is modeled by the 
Gutenberg-Richter relationship truncated on the interval 
[Mmin, Mmax] = [5.0, 8.0], leading to the PDF and expected 
number of events per year given, respectively, by  

         ( ) ( )
( ) ( )

M M

M min M max

b exp b M
p M

exp b M exp b M
−

=
− − −⎡ ⎤⎣ ⎦

  (24) 

               ( ) ( )M min M maxv exp a b M exp a b M= − − −   (25) 

For the regional seismicity factors, parameter a is selected to 
be a=4.35loge(10) and bM=1.0loge(10), leading to v = 0.22. 
Regarding the uncertainty in the event location and orientation 
with respect to the fault, the closest distance to the fault 
rupture, r, for the earthquake events is assumed to follow a 
log-normal distribution with median values rmed = 20 km and 
coefficient of variation 40%. Ultimately the group of 
uncertain model parameters is θ=[M, r, Ap, Tp, γp, vp, ki, δy,i,, ζ]. 

The upfront damper cost Ci(φ) is estimated based on their 
maximum force capacity Fud,i, as Ci,,i=$(96.88(Fud,i)0.607). This 
approximate cost equation has been derived by fitting the 
force capacity of commercially available dampers to their 
corresponding approximate costs [21]. The lifetime for the 
analysis tlife is taken as 60 years and the discount rate as 2.5%. 
The fragility function is a conditional cumulative lognormal 
distribution with median βkj and standard deviation σkj, as 
described in Table 1. This table also presents the expected 
cost per element $/nel, where nel corresponds to the number of 
elements that belong to each damageable assembly for each 
floor. For structural components and partitions, the maximum 
interstory drift is used as the engineering demand parameter 
(EDP), while for the rest the maximum story absolute 
acceleration. 

The damper coefficients are chosen as the design variables, 
with exponent aD taken for all dampers equal to 0.5. The 
design domain is considered as [0.0 9.2] MN/(m/sec)0.5 for 
CD,1, [0.0 8.4] MN/(m/sec)0.5 for CD,2 and [0.0 5.1] 
MN/(m/sec)0.5 for CD,3. 6,000 support points are used for the 
kriging whereas as discussed previously a separate kriging 
model is developed for the εp = yes and ε p= no cases. Space 

filling latin hypercube is selected for the support points, for φ 
within the entire design domain and for θ in the range that are 
expected to take values based on the defined probability 
models.  

Table 1. Characteristics of fragility curves and expected repair 
cost for each story. 

State βkj σkj nel $/nel
Structural components 

1(light) 1.2δy,i 0.20 42 2700 
2(moderate) (δy,i + δp,i)/2 0.35 42 12995 
3(significant) δp,i 0.40 42 24570 
4(severe) δu,i 0.40 42 29160 

Partitions 
1(small) 0.21% 0.60 640 m2 22.3 
2(moderate) 0.71% 0.45 640 m2 60.3 
3(severe) 1.20% 0.45 640 m2 92.7 

Contents 
1(damage) 0.70g 0.30 75 700 

Acoustical Ceiling 
1 (small) 0.55g 0.40 512 m2 15.2 
2(extensive) 1.00g 0.40 512 m2 120.1 
3 (severe) 1.50g 0.40 512 m2 237.7 
 
The accuracy of the developed surrogate model is evaluated 

using a leave-one-out cross validation approach (as discussed 
earlier) and utilizing two different statistics, the mean absolute 
error and the coefficient of determination. The accuracy 
established is ultimately high with absolute error less than 5% 
and coefficient of determination over 97% for most 
approximated response quantities. 
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Figure 4. Pareto front curves for different probabilities of 

exceedance po. 

Results from the optimization are shown in Figures 4 and 5. 
The first one shows the Pareto front curves for po =1, 5, 10% 
and on each curve the following three characteristic Pareto 
optimal designs are distinguished: [Cmin, Cthresh,max] that 
corresponds to the solution minimizing C(φ) (risk-neutral 
design), [Cmax, Cthresh,min] that corresponds to the solution 
minimizing Cthresh (risk-averse design) and [Cm, Cthresh,m] 
which is a representative solution that corresponds to a trade-
off between the previous two extreme designs.  
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Figure 5(a) then reports the optimal damper configuration 
(distribution of damper along height of structure) of these 
characteristic designs for all cases considered for po whereas  
Figure 5(b) shows the contribution of the expected repair cost 
of each damageable assembly to the expected repair cost Cl(φ) 
for the characteristic solutions of the curve that correspond to 
po = 1% as well as for an unretrofitted structure. The total 
expected cost C(φ), as well as, the percentage that the damper 
cost Ci(φ) contributes to it are also shown. 
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Figure 5. (a) Damping coefficients of different Pareto optimal 
designs (ones signaled out in Figure 4); (b) Distribution of the 
repair cost of different Pareto optimal designs for po =1% as 

well as for the unretrofitted structure. 

 
It is observed that the various characteristic Pareto optimal 

solutions lead to significantly different configuration designs 
[Figure 5(a)], which consequently result to different levels and 
distributions of expected costs [Figure 5(b)]. For example if 
the risk-averse design [Cmax, Cthresh,min] is preferred then the 

repair cost threshold Cthresh is minimized leading to negligible 
structural damages and minimal damages to partitions. 
However, the latter design is achieved with the expense of 
using big dampers associated with a significantly high upfront 
damper cost Ci(φ). On the other hand, if a less conservative 
design is chosen ([Cm, Cthresh,m]) then the reduction in C(φ) is 
≈ 20%, with the trade-off of a 70% increase in Cthresh. Finally, 
it is noteworthy that the retrofitting scheme with fluid viscous 
dampers leads to significant reductions to both the expected 
life-cycle cost C(φ) and the repair cost threshold Cthresh. 

To further examine these trends in Figure 6 the distribution 
of the life-cycle cost between the different stories is shown for 
the characteristic Pareto optimal designs that correspond to po 
= 1%. Additionally, the decomposition of the life-cycle cost 
per story to upfront and repair cost is presented. It can be 
observed that since more conservative (risk-averse) designs 
correspond to bigger dampers [see also Figure 5(a)] 
consequently the repair cost per floor corresponds to a small 
only portion of the total cost. It is interesting to note that while 
the damper cost decreases when moving to higher stories, the 
distribution of the repair losses along the height of the 
structure is more regular. This trend is attributed to the fact 
that for all the Pareto optimal designs the damping 
coefficients are higher in the lower floors [see also Figure 
5(a)] as a result of the higher seismic shear forces acting on 
these floors; hence earthquake damages are reduced at a 
greater extent. Finally, it should be pointed out that the 
unusual trend of exhibiting highest repair cost in the top floor 
for the [Cmin, Cthresh,max] design is a consequence of an optimal 
solution that corresponds to no damper placement in the top 
floor. 
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Figure 6. Distribution of life-cycle cost between different 

stories for Pareto optimal designs corresponding to po = 1%. 

9 CONCLUSIONS 
The multi-objective design of fluid viscous dampers 
considering life-cycle cost criteria was discussed in this paper. 
A modeling/computational framework was discussed based on 
an assembly-based vulnerability approach for estimation of 
seismic losses and characterization of the earthquake hazard 
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through a stochastic ground motion model. For the efficient 
optimization a kriging surrogate model was developed to 
approximate the structural response with respect to both the 
damper configuration and the uncertain model parameters. 
The development of this model involves an upfront 
computational burden for evaluating the system response for 
an ensemble of ground motions, but ultimately facilitates a 
highly accurate and efficient approximation to the various 
engineering demand parameters needed for estimating the life-
cycle cost.  After the initial computational cost and the tuning 
of the kriging surrogate model (to optimize accuracy of 
predictions) all evaluations required within the optimization 
process utilize the efficient, approximate model. 

The considered example illustrated that the multi-objective 
formulation of the optimization problem offers the flexibility 
of considering retrofitting schemes associated with various 
decision-making preferences towards risk, ranging from risk-
neutral attitude to risk-averse attitude. The resultant optimal 
solutions differ with respect to both the optimal damper 
configuration as well as the contribution to the repair cost 
stemming from the different damageable assemblies. The 
kriging surrogate model was shown in this example to offer 
highly accurate predictions.  
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ABSTRACT: A full-scale reinforced concrete building specimen, furnished with a variety of nonstructural components and 
systems (NCSs), was built and tested on the NEES (Network for Earthquake Engineering Simulation)-UCSD (University of 
California, San Diego) outdoor shake table in 2011-2012. The building specimen was subjected to a sequence of dynamic tests 
including scaled and unscaled historical earthquake ground motions. In order to simulate and predict the nonlinear dynamic 
response of the building specimen, a detailed three-dimensional nonlinear finite element (FE) model of the structure was 
developed utilizing the FE analysis software DIANA and used for pre-test response simulation as well as for guidance regarding 
the scaling of the input ground motions used for the shake table tests. Utilized as blind prediction, the pre-test simulated results 
were compared with the experimental results and important sources of discrepancies were identified. Some important sources of 
discrepancies are the kinematic interaction existing between the structure and some NCSs and the pinching behavior exhibited 
by RC structural components.   

KEY WORDS: Nonlinear finite element response simulation, reinforced concrete structure, pre-test simulation, full-scale shake 
table test. 

1 INTRODUCTION 

In 2011-2012, a landmark research project was completed at 
the University of California, San Diego (UCSD), which 
consisted of testing a full-scale five-story reinforced concrete 
(RC) building specimen (Figure 1) on the NEES (Network for 
Earthquake Engineering Simulation)-UCSD large high 
performance outdoor shake table (LHPOST) [1-2]. The 
building was outfitted with a variety of nonstructural 
components and systems (NCSs), including a fully functional 
elevator, metal stair subsystem, complete exterior facade, 
interior partition walls, ceiling sub-system, piping, and 
various roof mounted equipment, to name a few. Different 
architectural occupancies including home office, laboratory 
environment, computer server room, Intensive Care Unit 
(ICU), and surgery unit were designated at each level of the 
building. The main objectives of the project were to study the 
dynamic performance of the full-scale RC building including 
the NCSs under seismic excitations, to investigate the 
interaction between the structure and NCSs, and to contribute 
to the development of performance-based design 
methodologies for NCSs. The building was first tested in a 
base-isolated configuration with the foundation resting on four 
elastomeric bearings. After completion of the base-isolated 
tests, the base isolators were removed, the building specimen 
was fixed to the shake table platen and the building with its 
nonstructural components and systems (BNCS) was tested 
under fixed-base condition.   

Pre-test simulations in the form of advanced nonlinear finite 
element (FE) analyses were conducted, using the as-built 
specifications of the test specimen. The main goals of the pre-
test FE simulations were to: predict the response of the test 
specimen, estimate the seismic demands on the structural and 
NCSs, support the design of the seismic test protocol, and 

guide the selection of the instrumentation layout for both the 
structure and NCSs. Both the computational cost and accuracy 
were important aspects of the FE simulation framework. This 
paper describes the the pre-test simulation efforts for the 
fixed-base building specimen. First, the building specimen 
and testing protocol are presented briefly. Then, the FE model 
developed is described in some details. Finally, the prediction 
capability of the pre-test FE model is evaluated by comparing 
FE predicted building response quantities with their 
experimental counterparts.  

2 DESCRIPTION OF TEST SPECIMEN AND 
OVERVIEW OF SHAKE TABLE TESTS 

2.1 Structural and non-structural systems 

The building structural skeleton consisted of a two-bay by 
one-bay cast-in-place RC frame. It was 11.0 m by 6.6 m in 
plan and had a floor to floor height of about 4.3 m resulting in 
a total height of 21.3 m from the top of the foundation to the 
top of the roof slab. Structural details of the test specimen are 
shown in Figure 2. The test specimen had a 1.5 m thick post-
tensioned RC foundation designed to remain linear elastic 
during all seismic tests. During the first phase of the seismic 
testing, the building was base isolated, resting on four high 
damping rubber isolators inserted between the shake table 
platen and the foundation at the four corners. Subsequently, 
the building was anchored to the shake table through post-
tensioned rods installed along the foundation perimeter, 
providing the fixed-base test configuration during the second 
phase of the seismic testing. 

The test specimen had six identical 0.66 m by 0.46 m RC 

columns reinforced with 4 #9 ( )2A 645mm  per rebar=  and 6 
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#6 ( )2A 285mm  per rebar= longitudinal reinforcing bars and 

a prefabricated transverse reinforcement grid. Two identical 
moment resisting frames, one each on the north and south 
sides of the building, formed the primary lateral load resisting 
system of the building in the shaking (east-west) direction. 

(a) (b)
Figure 1: Views of the test specimen: (a) bare structure, (b) 

completed building.

Figure 2: Structural details of the test specimen (units: meters).

The moment resisting frame beams had different details at 
different floors. The beams on the first two floors (levels 2 
and 3) were reinforced with high strength steel with nominal 
yield strength of 827 MPa. Level 4 had a special moment 
frame (SMF) system with hybrid upturned beams post-
tensioned after concrete pouring through a set of four 
unbonded tendons at the center of the beam cross-section. The 
upturned beams were connected to the columns at both ends 
via Dywidag ductile rod connectors (DDCs). DDCs were also 
used at level 5 in combination with conventional frame 
beams. At the roof level, the moment frame system was 
conventional.   

The floor system of the building specimen consisted of a 
0.2 m thick concrete flat slab doubly reinforced at top and 
bottom. The perimeter of the flat-slabs strengthen with band 
beams (integral beams), which framed into the intermediate 
and west columns (see Figure 2). A pair of 0.15 m thick 

concrete walls, reinforced with a single grid of reinforcement 
in their middle plane, was placed in the north-south direction 
on either side of the elevator shaft to provide gravity support 
for the elevator system and additional torsional stiffness for 
the building.  

More than 600 sensors including accelerometers, linear and 
string potentiometers, strain gauges, load cells, GPS receivers, 
and digital cameras were deployed on the test specimen to 
record the response of various structural and nonstructural 
components. The main accelerometer array, measuring the 
response of the structure, consisted of four tri-axial EpiSensor 
accelerometers installed at the four corners of each floor slab 
and of the foundation surface.  

The fixed-base building specimen was subjected to a 
sequence of dynamic tests including six earthquake base 
motions of increasing intensity. Table 1 shows the sequence 
of seismic tests performed on the building specimen. The FE 
model developed prior to the start of the shake table tests was 
rerun using the base input motions achieved by the shake 
table, which differ from the target earthquake motions due to 
the imperfect nature of the shake table controller. However, 
the FE modeling assumptions and parameters, as described in 
the following sections, were not revised to preserve a true 
comparison between the pre-test simulation and measurement 
results. The acceleration time histories of the east-west 
horizontal component of the achieved motions measured on 
top of the foundation for FB-1: CNP100 to FB-5: DEN67 are 
shown in Figure 3.  

Table 1: Seismic tests performed in the fixed-base 
configuration of the building. 

Test Name Seed Motion Description 
FB-1: 

CNP100
Canoga Park - 1994 

Northridge earthquake 
Spectrally matched 
serviceability level  

FB-2: 
LAC100

LA City Terrace - 1994 
Northridge  earthquake 

Spectrally matched 
serviceability level  

FB-3: 
ICA50

ICA - 2007 Pisco (Peru) 
earthquake 

Original earthquake 
record, 50% scale 

FB-4: 
ICA100

ICA - 2007 Pisco (Peru) 
earthquake 

Original earthquake 
record, 100% scale 

FB-5: 
DEN67

TAPS Pump Station 9 - 
2002 Denali earthquake 

Spectrally matched 
earthquake, 67% scale 
(targeted design level) 

FB-6: 
DEN100

TAPS Pump Station 9 - 
2002 Denali earthquake 

Spectrally matched 
earthquake, 100% 

scale 
NOTE: With the exception of FB-3 and FB-4, the earthquake ground 
motions listed are seed motions that were spectrally matched and 
amplitude scaled as noted in the third column. 

3 NONLINEAR FE MODELING AND ANALYSIS

Considering the specific configuration of the test specimen 
and its plan dimensions, the slabs were expected to have a 
dominant influence on the earthquake resistance of the 
structure. The large stairwell opening in the south-east portion 
of the slabs close to the frame beams (see Figure 2) was 
expected to complicate the interaction of the floor slab with 
the south frame of the structure. The elevator opening in the 
north-west portion of the slabs of the building was expected to 
perturb the load transfer mechanism in the diaphragm. 
Furthermore, the flat slab-column connections were expected 
to influence the nonlinear response behavior of the building. 
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Figure 3: Acceleration time histories of base input motions 
achieved by the shake table (east-west direction). 

Therefore, proper modeling of the RC slabs was an important 
aspect that needed special consideration in the FE modeling of 
the test specimen. To satisfy these modeling requirements, the 
DIANA finite element analysis software [3] was selected as 
the FE simulation platform. This software supports state-of-
the-art nonlinear material constitutive models dedicated to the 
modeling of RC structures. Moreover, these material models 
can be used in conjunction with the structural type finite 
elements needed such as 3D beam-column elements and 
plate/shell elements with embedded steel reinforcement.   

3.1 Material constitutive models 

The employed concrete constitutive model is a total strain 
rotating smeared crack model with a pseudo-elastic concrete 
material law. The constitutive model for the uniaxial tensile 
behavior of concrete consists of an initial linear elastic region 
(denoted 1 in Figure 4) followed by a nonlinear softening 
region (denoted 2 in Figure 4) according to the Reinhardt 
exponential softening model [4] as shown in Figure 4. In this 
figure, cE  denotes the concrete linear elastic modulus defined 

as 
5

3

′
= cc

c

cc

f
E

εεεε
, where =′ccf confined compressive strength 

and =ccε peak confined compressive strain. The concrete 

tensile strength is assumed as ct ff ′=′ 33.0  (MPa), in which 

=′cf unconfined compressive strength of concrete. The peak 

tensile strain – or cracking strain – is denoted as 
c

t
tc E

f ′
=ε  and 

the ultimate tensile strain is tuε . The concrete material fails in 

tension upon reaching tuε , i.e., when this strain is reached, 

both the concrete tensile stress and stiffness vanish 
permanently . A fracture energy concept is implemented to 
handle the spurious mesh sensitivity caused by tensile 
softening [5].  

The constitutive model for the uniaxial compressive 
behavior of concrete consists of an initial linear elastic branch 
followed by two parabolic branches as shown in Figure 4. The 

values of ccf ′ , ccε , and cuε , the ultimate confined 

compressive strain, are computed based on the initial – 
undamaged – properties of the concrete material and the 
confinement effect of the transverse reinforcements [6]. To 
incorporate the confinement effect, ccf ′  and ccε  are 

determined as the average prediction from different confined 
concrete models such as the modified Kent and Park [7] and 
Mander model [6]. The parameter cuε  is determined 

following suggestion of Scott et al. [8]. To regularize the 
localization in compressive failure of concrete, the softening 
branch of the compressive stress-strain curve for each finite 
element is defined as a function of the fracture energy in 
compression [9], cG , and the element size, h , such that the 

total post peak dissipated energy (per unit of cross-section 
area?) is independent of the element size.  

The Modified Compression Field Theory (MCFT) [10] is 
employed as a built-in subroutine in DIANA to continually 
update the stress-strain relation for the concrete in 
compression based on the maximum transverse tensile strain 
[11]. “Model B” as proposed by Vecchio and Collins [12] 
guides the reduction in the compressive strength of concrete in 
one principal direction due to the presence of tensile cracking 
in the other principal directions.  

As illustrated in Figure 4, the unloading and reloading in 
tension and compression are modeled via a linear secant path 
passing through the origin. This is clearly a simplifying 
assumption since, in reality, residual strains appear upon 
stress removal (unloading) both from a compressive or tensile 
state. Nevertheless, this assumption assists with providing 
numerical stability to FE numerical algorithms built around 
this material model [13]. 
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Figure 4: Uniaxial stress-strain behavior of concrete model.

The modified Giuffré-Menegotto-Pinto model as proposed 
by Filippou et al. [14] is used to describe the uniaxial 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

339



hysteretic stress-strain behavior of the reinforcing steel. The 
parameters of the constitutive model (e.g., modulus of 
elasticity, yield stress/strain, and strain hardening ratio) are 
obtained from tensile tests performed on representative rebar 
samples. 

3.2 Finite elements 

The beam and column members are modeled using three-node 
Mindlin-Reissner displacement-based 3D beam-column 
elements with 6 DOFs per node (i.e., 18 DOFs per element). 
This element formulation is based on (i) quadratic shape 
functions that imply a linear variation of the axial strain and 
the curvature along the element, and (ii) constant transverse 
shear strain over the cross-section [15]. For the sake of 
computational efficiency, different integration schemes for the 
beam-column elements – along their length and over their 
cross-section – are defined based on their expected level of 
nonlinearity (See Table 2 and Figure 5). The columns are 
restrained assuming full fixity at their base because of the 
large stiffness of the foundation, which was anchored to the 
shake table during the fixed-base tests. The beam and column 
longitudinal steel reinforcements are modeled as fully bonded 
embedded steel bars. 

Table 2: Integration schemes for beam-column elements. 
Component Location Integration scheme

Beams 

PHs at levels 2, 
3, and 4 

ISB1: 3 (length), 3 
(width), 7(depth) 

PHs at level 5 
and roof 

ISB2: 3 (length), 3 
(width), 5(depth) 

Others 
ISB3: 3 (length), 3 
(width), 3(depth) 

Columns 

PHs at level 1-
2 

ISC1: 3 (length), 3 
(width), 7(depth) 

PHs at levels 2-
4 

ISC2: 3 (length), 3 
(width), 5(depth) 

Others 
ISC3: 3 (length), 3 
(width), 3(depth) 

In this table, PHs: plastic hinges, ISB: integration scheme for beam, 
ISC: integration scheme for column. 

The slabs and shear walls are modeled using eight-node 
Mindlin-Reissner quadrilateral serendipity shell elements. 
This element has six DOFs per node including mechanics-
based drilling degrees of freedom. Numerical integration 
using two-by-two Gauss integration points over the plane and 
three Simpson integration points across the thickness is 
applied to all shell elements. Each of the steel reinforcing 
meshes at the top and bottom of each slab is modeled as a 
membrane with an equivalent thickness, embedded in and 
fully bonded to the concrete shell element. 

Providing strong bands along the free perimeter of the slabs, 
the integral beams are modeled as regular beam-column 
elements as defined above. The cross-section dimensions of 
these elements are based on the actual dimensions of the 
integral beams’ confined concrete core. These elements are 
reinforced with embedded steel bars similar to the frame 
beams. Finally, the steel rod braces are modeled using two-

node directly integrated – one integration point – 3D truss 
elements with three DOFs per node.  

Some specific elements along each beam and column and 
across the slabs, which can potentially develop localized 
nonlinearities, are referred to as PH-elements (PH = Plastic 
Hinge). The length of these PH-elements is taken to represent 
the length of the physical plastic hinge region of the 
associated member. The model mesh discretization is
manually designed considering five different criteria: (1) 
retaining proper length for the PH-elements, (2) aligning the 
node lines with the FE mesh of the adjacent elements, (3) 
retaining regularity in the shape and size of the shell elements, 
(4) accounting for the different beam-column-slab joint 
details, and (5) accommodating different slab reinforcing 
details as defined in the design and as built documents.  

The damping characteristics of the building specimen are 
modeled using the Rayleigh proportional damping model [16] 
by defining 2% damping at the first mode and at 20 Hz. The 
Rayleigh damping parameters are derived based on the 
initial/uncracked linear elastic stiffness matrix of the FE 
building model and are kept constant during the time history 
analyses, but with the stiffness coefficient applied to the 
tangent stiffness matrix.   

The self-mass of the beams, columns, and shear walls is 
modeled by assigning the proper material mass density to the 
corresponding elements. Since the individual mass 
contributions of the interior partition walls, ceilings, balloon 
frame facade at levels 2 to 4, and the installed contents on 
each floor are not significant, their inertial effects are modeled 
as a uniform distributed mass added over each floor slab. On 
the other hand, the masses of the precast concrete claddings, 
stairs, elevator, roof penthouse, and cooling tower (at the roof 
level) are significant; therefore, they were each modeled with 
a set of lumped masses (See Figure 5). 

(d)

(c)

(a) (b) 
Figure 5: (a) Complete FE model of the test specimen; 

Details of FE mesh at (b) level 2, (c) level 4, and (d) roof. 
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4 NONLINEAR DYNAMIC TIME HISTORY 

ANALYSIS

Each nonlinear analysis starts by applying the gravity loads 
quasi-statically and incrementally. The regular incremental-
iterative Newton method is used to solve the nonlinear static 
equilibrium equations for gravity loads. The nonlinear time 
history analysis for earthquake base excitation is then 
performed from the state of the structure after application of 
the gravity loads. Newmark average acceleration method [16], 
with a constant time step of 0.025 sec, is used to integrate the 
equations of motion in time. The constant time step of 0.025 
sec is selected based on a preliminary convergence study with 
respect to the integration time step size to ensure the accuracy 
of the results. The quasi-Newton (secant) method based on the 
Broyden–Fletcher–Goldfarb–Shanno (BFGS) stiffness update 
method [17] is employed as the iterative method to solve the 
nonlinear dynamic equilibrium equations. At the end of each 
time step of analysis, the last obtained secant stiffness matrix 
is stored and used as the initial stiffness matrix at the first 
iteration of the next time step. The convergence criterion is 
based on the relative norm of the last displacement increment 
vector or the relative norm of the last unbalanced force vector 

with a convergence tolerance of 410− , whichever occurs first, 
while the number of iterations per time step is limited to 30. If 
none of the two convergence criteria are satisfied within 30 
iterations, the iterative procedure at that time step is 
terminated, the current unbalanced force vector is transferred 
to the next time step, and the analysis goes on.   

4.1 Structural response at global level 

Figure 6 compares the FE predictions and experimental 
measurements from the shake table tests for the peak floor 
absolute accelerations (PFAAs and the peak interstory drift 
ratios (PIDRs) for each of the five floors or stories. In this 

figure, the coefficient of determination ( 2R ) measures the 
level of agreement between the FE predictions and 
measurements for the peak values of the considered response 
parameters at each floor level or story for the five different 
seismic tests. 

In Figure 7(a) and (b), the envelope plots compare the FE 
predicted and measured PFAA and PIDR, respectively, along 
the height of the building – positive and negative peaks are 
treated separately. To compare the relative difference between 
the FE predicted and measured peak response parameters of 
the building in a more comprehensive and concise way, a 
relative error measure ( iE ) is defined, which expresses the 

relative closeness of the FE predicted and measured peak 
response value at the ith level – or story – of the building. 
Denoting a peak response quantity obtained from FE 
prediction and experimental measurements at the ith level – or 

story – by FE
iR +,  and  Exp

iR +,  in the positive direction, and by 

FE
iR −,  and  Exp

iR −,  in the negative direction, respectively, the 

relative error measure, iE , is defined as 
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The value 0=iE  indicates a perfect agreement at the ith level 

– or story – between FE prediction and experimental 
measurement for the peak response of interest. The more iE

deviates from zero, the larger the error in the FE prediction. 
The distribution of this relative prediction error  is shown by 
contour plots over the five seismic tests and the five floor 
levels (or stories) in Figure 8 for the PFAA and PIDR. 
By comparing parts (a) and (b) of Figure 6 to 8Figure 8, it is 
concluded that the PFAAs are generally better predicted than 
the PIDRs. The PFAAs are better predicted at upper floors for 
low intensity seismic tests and at lower floors for high 
intensity seismic tests, see Figure 8(a). Figure 7(b) clearly 
shows that the FE response simulation generally overpredicts 
the PIDRs in the low intensity seismic tests and underpredicts 
them in high intensity seismic tests. For low intensity tests, 
the PIDR is typically overestimated at all stories, although 
more so at the middle stories of the building, while for high 
intensity tests, the PIDR is underestimated at the lower stories 
and overestimated at the upper stories of the building. Figure 
8(b) shows that the PIDR relative prediction error is more 
significant for the low intensity seismic tests (FB-1: CNP100
to FB-3: ICA50) and at the middle stories of the building 
(story 3). 

(a) (b)
Figure 6: Correlation of the FE predicted versus measured 
(a) peak floor absolute acceleration and (b) peak interstory 

drift ratio for each of the 5 floors or stories. 

Figure 7: 
Comparison of the 
FE predicted and 

measured  
(a) peak floor 

absolute 
acceleration 

envelopes and (b) 
peak interstory 

drift ratio 
envelopes; see Fig. 
6 for definition of 

symbols. 

(a)

(b) 
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(a) 

(b)
Figure 8: Relative prediction error for (a) peak floor absolute 

acceleration and (b) peak interstory drift ratio. 

It is hypothesized that the nonstructural components, 
especially the partition walls, contribute significantly to the 
discrepancy between the FE predicted and measured PIDR 
results. The influence of partition walls on the earthquake 
response of buildings has been the focus of previous studies 
(e.g., [18]), in which it has been noted that the partition walls’ 
effect is more significant at low IDR, since the walls are 
intact, well connected to the structure, and contribute their full 
original stiffness. As the base motion intensifies, the partition 
walls undergo damage and their connections to the building 
degrade at the lower stories of the building, where the IDR 
demand is usually higher, while at the upper stories, where the 
IDR demand is lower, they are still influential.  

Figure 8(b) shows that the PIDR relative prediction error is 
the largest at story 3 for the low intensity seismic tests (FB-1: 
CNP100 to FB-3: ICA50). This can be explained by 
comparing the total length of the installed partition walls at 
each story of the building, as reported in Table 3. In this table, 
the total length of the exterior balloon framings are reported 
separately, since their connection details are different from 
those of the partition walls to reduce their interaction with the 
structural system. Table 3 indicates that stories 3 holds 
approximately 50% more partition walls than the other stories. 
This explains why the PIDR relative prediction error is the 
largest at story 3. 

Table 3: Length of partition walls and balloon framing at 
different stories (units: meters). 

 Partition walls in 
E-W direction 

Partition walls in 
N-S direction 

Balloon framing in 
both directions 

Story 5 13.5 6.0 - 
Story 4 15.0 7.5 - 
Story 3 22.0 15.5 31.5 
Story 2 13.5 11.0 34.0 
Story 1 13.5 3.5 21.0 

The reason for the underprediction of the PIDR at the lower 
stories of the building during large intensity tests (see Figure 
7(b) for FB-4: ICA100 and FB-5: DEN67) can be explained 

by the difference between the actual and FE predicted 
hysteretic response of the structural components. The 
employed FE modeling technique is unable to capture the 
pinching hysteretic behavior in the beams and columns. As a 
result, the structural components have larger energy 
dissipation capacity under cyclic loading in the FE model than 
in the real structure at the same level of ductility in the 
response. Consequently, the FE predicted floor displacement 
responses are lower than the corresponding test results at the 
lower stories of the building, where the structural response has 
sever nonlinearity. Figure 7(b) shows that the PIDR is 
underpredicted at the first two stories for FB-4: ICA100 and 
FB-5: DEN67. This explanation is in agreement with the 
discussion on the response of the building at the story level in 
the next section.  

To better investigate the effect of nonstructural components 
on the seismic response of the building, the time histories of 
selected response parameters are compared in Figure 9 for 
FB-1: CNP100 and FB-5: DEN67. This figure shows the time 
histories of (i) the roof drift ratio, which is the roof 
displacement relative to the base normalized by the roof 
height measured from the top of the foundation and (ii) the 
second story IDR. Figure 9(a) shows a clear difference in the 
predominant period of the two response time histories 
between FE prediction and experimental measurement , which 
is most likely due to the influence of the nonstructural 
components – mostly partition walls – on the building 
response.  

(a) 

(b)
Figure 9: Comparison of FE predicted and measured time 

histories of selected response parameters for 
 (a) FB-1: CNP100 and (b) FB-5: DEN67. 

This influence, which is not accounted for in the FE model of 
the building, results in a shortening of the natural periods of 
the building, and therefore of the predominant period of the 
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response. By comparing Figure 9(a) and 9(b), it is observed 
that the discrepancy in the predominant period of the response 
between FE prediction and experimental measurement 
vanishes for the large intensity seismic test FB-5: DEN67, 
since the partition walls suffered extensive physical damage in 
the seismic tests prior to FB-5. As a result, the nonstructural 
components’ contribution to the building response is 
significantly reduced for FB-5: DEN67. 

4.2 Structural response at the story level  

The total (inertial) story shear (TSS) is computed as 
6

1
i j j

j i

V m a
= +

= ∑ (2) 

where iV  is the story shear evaluated at the building 

horizontal at mid-height between the ith and (i+1)th levels (i.e., 
total shear force within the ith story), ja  is the averaged (over 

the four floor corners) absolute floor acceleration at the jth

level in the east-west direction, and jm  denotes the estimated 

tributary mass of the  jth level. The TSSs are normalized by the 
estimated total building weight above the foundation, tW . 

The plots of the TSSs versus the corresponding IDRs 
characterize the hysteretic response of the building at the 
individual story levels. These plots are shown in Figure 10 for 
FB-1: CNP100, FB-4: ICA100, and FB-5: DEN67, 
respectively. Figure 10(a) shows that the FE prediction is in 
reasonable agreement with the measured response only at the 
first story for FB-1: CNP100, since less partition walls were 
installed in this story (see Table 3). For all other stories, the 
measured response is significantly stiffer than the predicted 
one. This can be explained by the contribution of the 
nonstructural components – mostly partition walls. As the 
base excitation intensifies from FB-1: CNP100 to FB-4: 
ICA100 and to FB-5: DEN67, the nonstructural components 
suffer increasing damage and their influence on the structural 
system response decreases, leading to better agreement in the 
stiffness between the FE predicted and measured responses at 
the upper stories. The FE prediction underestimates the IDR 
demands at the lower stories during FB-4: ICA100 and FB-5: 
DEN67 tests. The measured story responses show a higher 
level of nonlinearity than the corresponding FE predictions.  
The difference between the FE predicted and measured 
responses at the lower stories during the high intensity seismic 
tests can also be a consequence of improper modeling of the 
(linear viscous) damping properties (defined in addition to the 
hysteretic energy dissipation through inelastic action of the 
materials) in the FE model, which may result in high viscous 
damping energy dissipation and low hysteretic energy 
dissipation.   

5 CONCLUSIONS

This paper presents the 3D nonlinear finite element (FE) 
model utilized for the pre-test numerical simulation of a full 
scale five-story reinforced concrete (RC) building specimen 
tested on the NEES-UCSD shake table.  To investigate the 
likely shortcomings of the FE modeling technique used, 
selected FE predicted response parameters (at the global 
structure level and at the story level) are compared with the 
corresponding experimental measurements at different 
response levels.  

In this model, only the mass (assumed as rigid) of the 
nonstructural components is accounted for in the FE model of 
the structure. The stiffness and strength properties of the 
nonstructural components are not modeled and therefore the 
full dynamic (especially kinematic) interaction between 
nonstructural components and the structural system is not 
modeled. 

(a) (b) (c) 
Figure 10: Comparison of FE predicted and measured TSS vs. 

IDR hysteretic response for (a) FB-1: CNP100, (b) FB-4: 
ICA100, and (c) FB-5: DEN67. 

Comparison of the FE predicted and measured responses of 
the structure during the shake table tests shows that the 
nonstructural components have significant influence on the 
seismic response of the building. At low intensity earthquake 
excitations, when the nonstructural components are intact, the 
kinematic interaction between the structural and nonstructural 
systems increases significantly the overall stiffness of the 
building, which reduces the floor displacement and interstory 
drift response of the building (compared to the corresponding 
FE predictions) leading to some discrepancy between FE 
predicted and measured response.  As the intensity of the 
earthquake increases, the nonstructural components get 
progressively damaged, i.e., undergo stiffness and strength 
degradation, and their influence on the stiffness and strength 
of the structural system diminishes. Then, the FE predictions 
become in better agreement with the experimental results. 

In the FE model developed, some aspects of RC cyclic 
response behavior are not captured correctly, the most 
significant of which is the pinching hysteretic behavior of RC 
flexural members. Thus, in highly nonlinear regions of the 
structure, the FE model of the test structure has higher 
hysteretic energy dissipation capacity for flexural members 
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than the actual specimen. Consequently, for the high intensity 
earthquakes, the FE model underestimates the floor 
displacement and therefore interstory drift demand of the 
building at the lower levels. Thus, improper modeling of the 
cyclic hysteretic response of the concrete and flexural 
structural members and the resulting hysteretic energy 
dissipation can be another source of discrepancy between the 
FE predictions and experimental results.  

These observations and findings point to the direction of 
future research needs to improve the fidelity of nonlinear FE 
structural models for RC building structures. In the current 
research program, efforts are underway to update the pre-test 
FE model presented here by incorporating appropriate models 
for the nonstructural components. Furthermore, the material 
model for steel reinforcement is being modified to better 
capture some key features (e.g., pinching behavior) of RC 
components and structures. 
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ABSTRACT: In the past and recent earthquakes, components of high-voltage substations and power transmission systems have 
suffered damage and this damage has led to disruption in power transmission. As a result, electrical utilities have suffered 
financial losses and the lag in restoring power has caused delays in restoring essential services and in post-earthquake recovery. 
The seismic vulnerability of the power transmission and distribution has been observed during many earthquakes worldwide. 
The paper presents discussion of earthquake aftermath observations in Japan, New Zealand, US, Chile, China, and Haiti with 
focus on high-voltage electric substation equipment and transmission lines in US, China, and Haiti. Based on the discussion and
the analysis of failure modes, new horizons in the research of these crucial lifeline systems are presented. In the case of US, the 
high-voltage electric substation equipment has not performed as well as desired during large earthquakes, as evidenced by 
damage sustained in the San Fernando, Northridge and Loma Prieta earthquakes, and even in some smaller earthquakes. 
Although improvements to various US electric systems in high hazard areas will certainly lessen the levels of damage from 
future earthquakes, a large urban earthquake would still present significant challenges for the electric utilities serving the 
affected region. The 2008 Wenchuan earthquake was the most destructive earthquake in China, with the widest zone of 
influence and the most serious disaster-induced losses. As a result, three 500kV-electricity transmission lines and fifty-six 
220kV-lines tripped after the earthquake and one-hundred-twenty-two 110kV-lines suffered outages. Twenty-one hydroelectric 
plants and four thermal power plants were damaged. A total of 2.46 million users suffered power outages. The disruption of the 
power grid was mainly due to fallen pylons, damage to transformers, circuit breakers and other high voltage equipment, and 
local damage due to broken poles, and breakdowns of village transformers. On January 12, 2010, Haiti experienced its most 
powerful earthquake in two hundred years. Like many developing nations, the electrical grid in Haiti has a host of problems. 
The majority of the electricity in Haiti is generated by thermal plants powered by imported fossil fuels and a hydroelectric plant. 
The power supply which is not reliable even during normal operations had been interrupted by the earthquake. The first and 
fourth authors visited one of the substations to observe and record the failure modes of the high-voltage equipment in Haiti.  

KEY WORDS: Lifeline systems, electrical substation equipment, field investigation, seismic qualification. 

1 INTRODUCTION 
Earthquake damage to critical lifelines such as electric power 
systems has serious effects beyond the losses suffered directly 
by the utility or electric system operators. Electric power is 
essential to the continued functionality of emergency services 
and other lifelines such as water supply, fuel supply, 
wastewater treatment, and communications, but also plays a 
major role in the economic vitality of the community. The 
rapid restoration of electric power is critical to the recovery of 
the stricken region and for its continued health. Electric 
utilities have increasingly looked more seriously at improved 
reliability of their systems, including improved survivability, 
or limiting the damage resulting from large earthquakes.  

Nearly every type of substation equipment has been 
damaged in large earthquakes in the US and around the world, 
including circuit breakers (mostly live tank), transformers and 
their bushings (mostly porcelain), surge arresters, instrument 
transformers, air disconnects, circuit switchers, battery racks, 
air core reactors, suspended equipment, and capacitor banks.  
Failures of equipment due to poor or non-existent anchorages 
continue to be observed. 

Damage sustained by electric substations resulting from 
large earthquakes striking urban areas of California in the 
1970s through the mid-1990s provided much of the 
motivation for development of seismic design standards in the 

US such as IEEE Std. 693, first published in 1984, and later 
extensively revised in the 1997 and 2005 versions, up to the 
present day. Utilities in high seismic hazard regions of the US 
have embraced this standard for the deployment of new 
substation equipment, while those in lower hazard regions 
continue to implement no special seismic design practices. 
Other developed countries in a similar manner, have adopted 
alternative standards for seismic design.   

2 EQUIPMENT/COMPONENT VULNERABILITIES 
Electric substation equipment possess a number of 
characteristics that make them vulnerable to earthquakes.  
Among these are large, massive, brittle porcelain components, 
oil- and gas-filled equipment (some under high pressure), 
mechanical bearings and linkages, electro-mechanical 
components dependent upon maintaining close internal 
tolerances to continue long-term function, and other fragile 
components that are subject to damage from impact or 
excessive displacement (e.g., oil-impregnated paper rolls 
forming the cores of transformer bushings and similar 
components). Higher voltage equipment tend to be more 
vulnerable because of the need for larger electrical clearances 
from the ground or between phases, leading to taller 
insulators. Large amplification of input motions may result 
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from the flexibility of tall structures and apparatus, with those 
heights largely dictated by electrical clearance requirements.   

The conductors used to connect the equipment also cause 
dynamic interaction effects particularly if insufficient slack or 
flexibility is provided. Recent research has also concluded that 
conductor interaction effects may be significant even if slack 
is provided that is sufficient to prevent the conductor from 
becoming taut during the earthquake. Excessive slack is 
unfeasible as conductors may violate electrical clearance 
requirements, become unstable or displace excessively under 
transverse wind loading.   

Buried electric transmission and distribution cables may be 
vulnerable to permanent ground deformation (PGD) resulting 
from liquefaction or landslide depending on the details of 
construction. Overhead transmission in contrast is generally 
very rugged. However, failures have been observed due to 
foundation failure such as landslide, or very high 
amplification of motions such as at the tops of ridges.   

Design issues are often key contributors to failure or poor 
performance. Poorly detailed, improperly restrained, or 
unanchored equipment have been damaged in earthquakes.  
Structures may have been designed to be too flexible, 
anchorages too weak or configured such that non-ductile 
behavior occurs. Legacy equipment and supporting structures 
continue to make up significant portions of utility inventories 
due to life cycle and high cost of replacement with more 
modern and seismically robust equipment and structures. Old 
design codes usually specified low lateral force coefficients 
based on building codes which took advantage of energy 
dissipation from ductile inelastic behavior that is generally 
unavailable to high voltage equipment/components. 

3 EQUIPMENT PERFORMANCE IN PAST AND 
RECENT EARTHQUAKES 

The performance of electric substation equipment in recent 
large earthquakes around the world has been somewhat 
mixed. Generally speaking, seismically qualified equipment 
(or well-designed equipment that may not have been fully 
qualified) has performed acceptably in many cases.  
Restoration time frames for electric transmission systems have 
generally been good—a few days or less in most cases.  
However, there have been lengthy delays to restoring service 
to customers due to widespread damage of the distribution 
system or if critical lines or stations are lost.   

Assessments of substation equipment performance from 
post-earthquake reconnaissance observations need to consider 
equipment vintage and basis for seismic design, estimated 
input motion at the site, conductor loading/interaction issues, 
as well as site-specific characteristics that might have 
influenced the performance. Qualified equipment in the field 
may not have been name-plated, and the generally unknown 
design bases of the equipment make it difficult to reach 
conclusions about the adequacy of design without a detailed 
investigation which is rarely conducted. This presents a 
complex mix of issues and there is often a lack of key 
information, which introduces uncertainty and makes it 
difficult to draw definitive conclusions.   

The following subsections provide a brief summary of the 
performance of electric system equipment and components in 
recent large earthquakes. This summary is mainly drawn from 

reconnaissance reports, discussions with utility and other 
knowledgeable personnel, and observations of the authors.   

Tohoku 2011 3.1
The 2011 Tohoku Earthquake (March 11, 2011) resulted in 
significant damage to electric system infrastructure. However, 
a significant portion of the damage is attributed to tsunami. 
Eidinger 2012 [1] reports that recovery of the electric power 
grid was accomplished rather quickly (90% within 6 days). 
Substation equipment was damaged due to high levels of 
shaking from the earthquake (0.55g median PGA near the 
coast at about 48km distance, and 0.3g PGA at 100km; 
several instruments reported extremely high levels of shaking, 
up to 2.9g PGA [1]).   

The two hardest hit large utilities, Tohoku Electric Power 
Co. and Tokyo Electric Power Co. suffered damage to high 
voltage transformers and their bushings, live tank circuit 
breakers, air disconnects, instrument transformers, surge 
arresters, cable terminations and buried transmission cables.  
Failures likely attributable to conductor interaction effects 
were also observed.   

The Japanese seismic qualification standard in force at the 
time of the earthquake required high voltage equipment 
(>170kV) to be subjected to shaking table tests with a three-
sine wave input motion (3m/sec) at the resonant frequencies 
of the equipment. Standard developers reportedly have 
decided to maintain this set of requirements for the present, 
although they are considering the adoption of alternative 
qualification requirements. 

New Zealand 2010-2011 3.2
The Christchurch, New Zealand area was struck by a 
sequence of three significant (Mw 7.1, 6.3, and 6.0) 
earthquakes between September, 2010 and June, 2011. These 
earthquakes were particularly noteworthy because of damage 
to lifeline systems resulting from widespread liquefaction.  
During these earthquakes, above ground electric equipment 
and systems performed quite well.   

In the Mw 7.1 event, the transmission system suffered minor 
damage including failed porcelain surge arresters mounted on 
the transformer radiators, and non-structural substation 
building damage. Electric substations commonly experienced 
ground motions in the 0.2g PGA range. Spare parts and 
materials were also damaged due to inadequate restraint and 
the failure of warehouse storage racks. Restoration of the 
transmission system occurred within 4 hours [2]. Damage to 
buried distribution systems was more significant largely due 
to liquefaction-induced ground displacement. At the hardest-
hit electric distribution provider, 85% of peak capacity was 
restored to 95% of customers within 48 hours, with full 
restoration requiring about a month [2]. 

The Mw 6.3 event of February, 2011 was centered much 
closer (10km vs. 40km) to the Christchurch central business 
district and shallower compared to the Mw 7.1 event of 
September, 2010. As a result, much more damage occurred in 
the city itself, and to the lifeline systems serving it. 
Transmission and distribution substations experienced ground 
motions of 0.5g PGA and more [3, 4]. 

The transmission system performed well, and was able to 
deliver service within 5 hours. Substation damage was 
relatively minor, including a 220kV CCVT, 66kV transformer 
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bushings, 11kV switchgear, non-structural and minor 
structural damage to buildings, and cracking and settlement of 
concrete oil containments for transformers due to PGD [3].  
Conductor slack issues may have contributed to several of the 
equipment failures [4]. 

The electric distribution systems serving Christchurch 
sustained serious damage to buried cables. About 50% of 
66kV buried cables failed at one or more locations. Both oil-
filled and solid dielectric (XLPE) cables failed [3, 4]. Lower 
voltage distribution cables experienced much lower rates of 
failure. Distribution cables were typically installed by direct 
burial in a cement/sand slurry backfill. The mechanism of 
failure is thought to be cracking of the slurry backfill from 
ground displacement, leading to widening at discrete 
locations, followed by shearing, compression, and buckling of 
the cable across the crack due to increasing and cyclic ground 
displacement. Since the cable is anchored to the hardened 
slurry fill on either side of the crack, it is unable to slip, and 
the deformations are concentrated at the crack location. 
Placing the cables in conduits (PVC or HDPE) and encasing 
the conduits in reinforced concrete would be expected to 
provide improved performance [5].  Experiments described in 
[6] suggest that this method provides good protection and a 
more tolerable bending deformation of the cables.  

Imperial Valley, USA 2010 3.3
The Mw 7.2 El Mayor Cucapah Earthquake of April 4, 2010 
caused significant damage to San Diego Gas and Electric 
(SDG&E) Company’s Imperial Valley Substation, located 
about 65km from the epicenter. The estimated ground motion 
at the site was about 0.3g PGA. The resultant loss of 500kV 
transmission related to the earthquake, however, did not lead 
to SDG&E customer outages due to system redundancies and 
remedial action [7]. 

Damage occurred mostly to 500kV equipment, and included 
500 and 230kV porcelain transformer bushings which suffered 
failed gaskets, oil leaks and cracked porcelain, 500 and 230kV 
porcelain surge arresters, 500kV disconnect switches, and 
components of the flexible 500kV bus. 

The 500 and 230kV porcelain transformer bushings were 
oil-filled, center-clamped type which has been observed to be 
vulnerable in past earthquakes. 230kV center-clamped 
porcelain bushings appear to have high capacity in standard 
qualification tests conducted on a rigid test stand, but continue 
to experience some failures in real earthquakes. This is 
believed to be due to the use of a rigid test stand which would 
underestimate the motions delivered to the bushing in actual 
installations which are much more flexible. 

The failed 230kV surge arresters in this case were mounted 
on booms attached to the transformer tank, and also braced to 
the radiators which tend to be flexible. This flexibility may 
have contributed to higher responses at the base of the 
arresters. 

The 500kV bus that was damaged in the earthquake 
consisted of a series of steel pole supports and porcelain 
station post insulators supporting a cable bus. Failures of this 
bus likely occurred due to insufficient conductor slack, and 
the low strength/non-ductile behavior of the bus clamp fittings 
which restrained the cable bus to the top of the bus support 
insulators.   

Damage also occurred at the spring-can anchorages of 
vertical conductor drops used to restrain suspended line traps 
or to prevent excessive lateral movement of the drop. The 
dynamic behavior of these drops is complex, but failures may 
have been due to spring cans weakened by corrosion, or larger 
than expected forces generated by nonlinear behavior of the 
conductor system.  

Chile 2010 3.4
The Mw 8.8 Chile Earthquake of February 27, 2010 was the 
strongest to affect Chile since 1960. Because of its high 
seismic hazard and long earthquake history, Chile has adopted 
stringent seismic design codes. Electric substation equipment 
seismic designs are required to satisfy the Chilean General 
Technical Specifications ETG A.0.20 or IEEE 693. Except for 
pantograph type air disconnects and candlestick and air-blast 
live tank circuit breakers, much of the installed equipment is 
similar to that encountered in the seismically active Western 
US. Supplemental damping systems are used for some types 
of equipment. Restoration of the transmission system was 
achieved within 24 hours, and substation buses energized 
within 3 days. The distribution system restoration required 10 
days for 99%, and two weeks for full restoration [8]. 

Substation equipment failures were similar to other 
earthquakes, and included a significant number of porcelain 
transformer bushings, live tank circuit breakers, surge 
arresters, and pantograph type disconnect switches. Tang 
(2010) [8] suggested that the long duration shaking in this 
subduction zone earthquake may have contributed to the large 
number of transformer bushing failures. Although the fraction 
of equipment damaged in this earthquake was low, the 
observed failures seem to confirm that live tank circuit 
breakers and pantograph type switches, which are more 
susceptible to conductor interaction effects are somewhat 
more vulnerable than other styles. 

China 2008 3.5
The 2008 Sichuan earthquake or the Great Sichuan 
Earthquake was a deadly earthquake that measured at Mw 7.9 
and occurred on May 12, 2008 in Sichuan province, killing 
69,195 people, with 18,392 missing. The fault depth was just 
14 kilometers below the surface. It is also known as the 
Wenchuan earthquake, after the location of the earthquake's 
epicenter, Wenchuan County, Sichuan. During the earthquake 
and its aftershocks, ninety substations with voltages 110 kV 
and above were out of service, 181 power transmission lines 
were interrupted, and the power loss was estimated up to 
6,627 MW. Damaged or inoperable equipment and related 
infrastructure resulted in the loss of service at one 500 kV 
high voltage substation and four related power transmission 
lines, one 330 kV substation and one related transmission line, 
fourteen 220 kV substations and 47 related transmission lines, 
seventy-four 110 kV substations and 129 related transmission 
lines. In addition, power distribution lines and many pieces of 
lower voltage electrical equipment were severely damaged 
during this seismic event. 

Damage to substation transformers. In China, before the 
Wenchuan earthquake, the majority of substation transformers 
were usually installed on a concrete foundation without any 
positive anchorage to the foundation. In many cases they were 
installed on rails. Due to inadequate anchorage, the 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

347



transformers slid, dropped, even overturned during the 
earthquake. This failure mode lead to complete failure of the 
equipment due to internal damage or damage to components 
including cores/coils, bushings, radiators, conservators and 
other accessories. In many cases, damage to transformer 
internals caused faults sometime after the earthquake leading 
to fires and complete loss of the transformer. The large 
displacements of the transformers from tippling or sliding lead 
to ruptures of rigid and flexible connectors attaching other 
equipment to the transformer components. 

The observed damage modes of transformers were mainly 
as follows: (a) slippage of an anchored transformer on its 
foundation, (b) falling off the foundation on the ground if 
displacement exceeded the foundation dimensions, (c) 
collapse due falling on the ground, (d) oil leakage of 
transformer bushing, and (e) damage of accessories caused by 
the large displacements of transformers. The most common 
modes of failure were modes (a) through (c) and in many 
cases they resulted in modes (d) and (e). Because the mass of 
a transformer is extremely high, a vibration of a transformer 
during strong earthquake produces a large inertia force that 
can cause slippage, overturning, or collapse. Figure 1 shows 
some typical transformer failure modes observed in this 
earthquake. 

a) Overturning of 110kV 
transformer b) Slippage of a 220kV transformer 

Figure 1. Typical failure modes of transformers in China. 

Damage to transformer bushings. Bushings are typically 
attached by bolting to the top plate of a transformer tank, or to 
a turret extending from the top of the transformer tank. The 
bushings are installed in plumbed and inclined configuration. 
In the latter case, the angle between the longitudinal axis of 
the bushing and the vertical direction can vary and was about 
20 degrees for the bushings investigated after the earthquake. 
Structurally, bushings represent long and slender members 
with the majority of them made from porcelain. In many cases 
the flexibility of the top plate of the transformer caused a 
significant amplification of the ground motion leading to large 
bending moment and shear force at the base of the bushing. 
The results of this amplification combined with poor 
structural strength and brittleness of the porcelain 
demonstrated extremely high vulnerability of the bushings to 
the effects of this strong earthquake. Porcelain bushings may 
exhibit different failure modes depending on the style of 
construction. Center-clamped porcelain bushings derive their 
lateral load-resisting capacity from a post-tensioning force 

applied through the core of the bushing.  Such bushings 
typically fail by slippage of the bottom porcelain/gasket on the 
bushing flange resulting in oil leaks or gasket ejection. 
Bushings may also be constructed with porcelain sections that 
are grouted or mechanically clamped to the bushing flanges. 
These bushings may also fail by slippage accompanied by oil 
leak, or by porcelain fracture. Figure 2 shows the typical 
failure modes of bushings in Wenchuan Earthquake, which 
includes (1) fracture at the base of the bushing as shown in 
Figure 2a, (2) movement of the upper porcelain unit relative to 
its support flange and extrusion of rubber gasket as presented 
in Figure 2b, and (3) fractures at the cast-aluminum flange of 
bushings as shown in Figure 2c. 

a) Fracture at the porcelain bushings

b) Slippage at the bottom of porcelain bushing and subsequent oil 
leakage 

c) Fracture at the bottom of cast-aluminum flange 
Figure 2. Typical failure modes of transformer bushings in 

China. 

Damage to other substation equipment. Besides the 
severe damage of transformers, switchgear and instrument 
transformers, including circuit breakers, voltage and current 
transformers, disconnect switches and lightning arresters also 
suffered a wide range of damage. Figure 3a shows the damage 
of the Ertaishan switchyard, near the epicenter of the 
earthquake in which all substation equipment and structures 
were destroyed without any survivors. Catastrophic failure of 
substation structures is rare in earthquakes. In the case of 
Ertaishan switchyard, lightly-reinforced concrete pole 
modules with weak connections likely contributed to the 
failures. Figure 3b shows the damage to outgoing line 
equipment, which occurred in a substation, including 
disconnect switches, circuit breakers, and current 
transformers, which were interconnected by flexible bus work. 
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a) Damage of equipment in 
Ertaishan switchyard 

b) Damaged equipment 
interconnected by flexible 

conductor 
Figure 3. Typical damage of substation equipment in 

Wenchuan Earthquake. 

Haiti 2010 3.6
A magnitude 7.0 earthquake struck Haiti on January 12, 2010 
(USGS 2010). The epicenter was near the town of Léogâne, 
approximately 25 km (16 miles) west of the capital Port au 
Prince. The Haitian people were severely affected with more 
than 200,000 lives lost and destruction of most of Port au 
Prince. It was estimated that 3 million people, one-third of 
Haiti’s population, were affected and one million people were 
left homeless. The Haitian government estimated 250,000 
residential and 30,000 commercial buildings had collapsed or 
were severely damaged. According to the March 2010 Post-
Disaster Needs Assessment led by the World Bank [9], the 
earthquake caused a total of $7.8 billion in damages and 
losses, amounting to 120 percent of Haiti’s 2009 GDP. 

Like many developing nations, the electrical grid in Haiti 
has a host of problems. The majority of the electricity in Haiti 
is generated by thermal plants powered by imported fossil 
fuels and a hydroelectric plant. The power supply which is not 
reliable even during normal operations had been interrupted 
by this earthquake. 

Based on the same detailed assessment conducted by the 
World Bank [9], there was relatively little damage to 
substations except at Ancien Delmas and Nouveau Delmas. In 
many cases the failure modes of the substation equipment 
were limited to derailed or dislodged transformers, broken 
insulators, failed bushings, and subsequent oil leaks. A control 
building was damaged at a substation and required some 
repair work.  

A typical failure modes to a transformer surveyed in 
aftermath of the Haiti earthquake is presented in Figure 5 and 
Figure 5. This failure mode is consistent with those observed 
worldwide and discussed earlier. In this case, the earthquake 
caused derailment of the transformer collapsing it onto the 
foundation leading to subsequent oil leakage from the tank.  

Figure 4. Typical failure mode of a transformer in 
Haiti earthquake (left image – side view and right 
image – rear view). 

Figure 5. Typical failure mode of a transformer in Haiti 
earthquake (left image – top view and right image - oil 

leakage from the tank of the transformer). 

4 GENERAL OBSERVATIONS AND NEW RESAERCH 
HORIZONS 

The following are some general observations about the 
seismic performance of electric substation equipment and 
components: 

Live tank circuit breakers continue to be problematic 
if installed without a base isolation or supplemental 
damping system. This vulnerability is due to the high 
center of mass and the need to use porcelain 
insulators (as opposed to lighter composite 
insulators) to resist high internal pressures. If a 
seismic protection system is used, special care is 
needed to ensure that sufficient conductor slack is 
provided, since the terminal displacements are likely 
to be high compared to a conventional fixed-base 
installation. Modern dead tank circuit breakers have 
consistently demonstrated good performance in 
qualification tests [10] as well as field installations. 
Transformer bushings, especially porcelain units in 
the higher voltage classes are vulnerable.  
Amplification of input due to the flexibility of the 
bushing support and top plate (or turret) of the 
transformer tank is currently not addressed in a 
systematic or rigorous fashion by the seismic 
qualification standards such as IEEE 693. More 
research work is needed to improve the qualification 
protocols in that regard. 
Surge arresters frequently fail, especially those using 
porcelain insulators. The amplification and 
complexity of motion due to mounting on 
transformers pose difficulties in the qualification 
process. The wide variety of support conditions 
makes a simple qualification procedure hard to 
achieve. Mounting the arrester on a separate support 
structure, independent of the transformer would 
greatly improve the reliability of the qualification 
procedures. Moreover, developing qualification 
procedures that utilize the concept of real-time 
hybrid simulations [11, 12, and 13] where the 
support structure is a computer model and the surge 
arrester or any other power generation and 
distribution component is a physical test specimen 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

349



will greatly improve the development of accurate and 
cost-effective qualification procedures.  
Conductor loading/interaction has long been 
suspected of contributing to failures in substation 
equipment. Recent post-earthquake reconnaissance 
continues to support and strengthen this conclusion.  
Although significant advances have been made in the 
development of design procedures for dealing with 
this problem [14, 15], the complexity of the behavior 
of conductors and equipment, and the cumbersome 
nature of existing procedures hinder progress in this 
area. Additional research is needed to develop a 
better understanding of these phenomena and 
improved analysis and design procedures.   
The vulnerability of buried cables to liquefaction-
induced ground displacement has been observed in a 
number of earthquakes. The extensive damage 
observed in the New Zealand earthquakes near 
Christchurch should serve as a warning to utilities 
and electric system operators of the long time frames 
required for restoration of such systems.
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ABSTRACT: Full time series of ground acceleration are required for nonlinear time history analyses to evaluate the dynamic 

response of a structure under earthquake excitations. In regions with sparse ground motion data, alternative ground motion 

simulation techniques are used to generate acceleration time series with varying levels of accuracy. While using simulated 

records for engineering purposes, it is critical to investigate the efficiency of these records in predicting the real engineering 

demands. For this purpose, in this study nonlinear time history analyses of typical multi-story reinforced concrete frame 

structures are performed to compare structural responses to synthetic records with those to the real ground motions of a 

particular event. The 2009 L’Aquila (Italy) (Mw=6.3) earthquake is simulated using two alternative simulation methods: the 

Hybrid Integral-Composite method and the Stochastic Finite-fault method. Results of nonlinear time history analyses from the 

real and synthetic records are compared in terms of maximum displacement of each story levels. The results from this study 

indicate that the match between the Fourier Amplitude Spectrum of the real and synthetic record around the frequencies that 

correspond to the fundamental period of the structure governs the misfit between the real and synthetic nonlinear response. We 

also show that even for cases where nonlinear behavior is more likely, period-dependent SDOF indicators of goodness of fit 

between a particular real and corresponding synthetic record (such as 5% damped response spectrum) represents the difference 

in MDOF behavior of frame structures due these records. Finally, we suggest that for earthquake engineering purposes where 

the synthetics are to be used, simulation of realistic amplitudes over the entire broadband frequency range of interest is essential. 

KEY WORDS: Nonlinear Time History Analysis; Synthetic Ground Motions; L’Aquila; Hybrid Integral-Composite method; 

Stochastic Finite-fault method. 

1 INTRODUCTION 

A common tool for seismic performance assessment is 

nonlinear time history analysis which requires the full time 

series of ground acceleration. Input earthquake ground motion 

records for nonlinear time history analyses can be categorized 

as follows: (a) real signals from past earthquakes, (b) records 

obtained with spectral matching of a target spectrum, (c) 

artificial ground motions, (d) synthetic ground motion records 

simulated with physics-based earthquake models. For regions 

with sparse ground motion data, the last method is often used 

to generate synthetic ground motion records.  

Strong ground motion simulation techniques can be divided 

into three main groups with respect to their modeling 

assumptions and solution procedures as follows: deterministic, 

stochastic and hybrid simulations. Deterministic approach 

employs numerical solutions of the wave equation and 

requires well-defined seismic sources and wave velocity 

models (e.g.: Frankel et al. 1993; Olsen et al. 1996; 

Komatitsch et al., 2004). Despite its accuracy, it is practical 

for relatively lower frequencies due to the computational and 

physical constraints related to the minimum wavelength. 

Stochastic method combines the deterministic far field S-wave 

spectrum with random phases (Boore, 1983). It has inherent 

limitations due to lack of full wave propagation effects, yet it 

is employed effectively for several seismic regions in the 

world for both point-source and finite-fault modeling (e.g.: 

Beresnev and Atkinson, 1997; Roumelioti et al., 2004; 

Motazedian and Atkinson, 2005; Ugurhan and Askan, 2010). 

Hybrid methods are developed for generating broadband 

ground motions by combining deterministic and stochastic 

approaches for the simulation of low and high frequency 

components, respectively (e.g.: Kamae et al., 1998; Pitarka et 

al., 2000; Mai et al., 2010). 

Recently, assessment of synthetic records in earthquake 

engineering is being considered. However, most existing 

related studies used either SDOF systems to model building 

structures or employed ground motion records generated for 

scenario events. A significant research problem is to further 

investigate the validation of simulated ground motion records 

of a particular event in terms of the dynamic responses of the 

multi degree of freedom buildings, in comparison to the 

responses due to the corresponding real records of the selected 

event.  

In this study, we study the 6 April 2009 L’Aquila event 

(Mw=6.3) and assess the synthetic ground motions of that 

event from an engineering point of view. We use synthetic 

records obtained from two alternative simulation techniques to 

compute the dynamic response of typical reinforced concrete 

frame structures. The details of two alternative simulation 

methods can be found in the two recently-published work 

conducted independently by the two authors of this 

manuscript. The first method is the Hybrid Integral Composite 

method (introduced by Gallovič and Brokešová, 2007). The 

simulations for the 2009 L’Aquila event with this method are 

presented in Ameri et al. (2012). The second method is the 

Stochastic Finite-Fault method (based on the approach by 
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Motazedian and Atkinson, 2005). The corresponding synthetic 

records for 2009 L’Aquila earthquake are presented in 

Ugurhan et al. (2012). 

In nonlinear time history analyses, first we employ the 

horizontal components of the ground motions from the 2009 

L’Aquila earthquake recorded at 7 stations within about 50 

km from the epicenter. Then we employ the synthetic records 

generated from the two alternative methods as input ground 

motions. In the analyses, three typical two-dimensional 

reinforced concrete frames for representing low, mid and high 

rise buildings are modeled. Demands are compared in terms 

of maximum story displacement of each story level due to 

these 7 sets of real and synthetic records at the selected 

stations. 

The fundamental goal of this study is to evaluate the 

accuracy of the seismologically “acceptable” synthetic records 

of a particular event (without any scaling or modification of 

the records) versus the real records, in predicting nonlinear 

dynamic behavior of typical frame buildings. In particular, the 

basic question is whether the misfits between real and 

synthetic records expressed in terms of seismological 

measures (such as Fourier Amplitude Spectrum) corresponds 

to consistent differences in engineering demand parameters 

computed from these real and synthetic records.  

2 CASE STUDY: REAL AND SYNTHETIC GROUND 

MOTION RECORDS OF 6 APRIL 2009 L’AQUILA 

EARTHQUAKE (MW=6.3) 

For the validation process addressed in this paper, the real and 

simulated records of 2009 L’Aquila earthquake (Mw=6.3) are 

considered. This event occurred in central Italy, very close to 

town L’Aquila, on a NW–SE trending normal fault (Cirella et 

al., 2009; Gallovic and Zahradník, 2012). In spite of its 

moderate size, L’Aquila earthquake caused considerable 

structural failure and life losses in the near-fault area. The 

mainshock was recorded at 14 strong motion stations within 

an epicentral distance of 50 km. Most of the near-fault stations 

were located on sites with class A according to EC08.  

However at some stations on softer soils, local site effects 

were pronounced. 

In this study, a set of 14 components, measured in NS and 

EW directions, at 7 stations from the near-fault area is 

selected. Figure 1 illustrates the map of the meizoseismal 

region with the epicenter, fault plane and the locations of the 

selected stations. Additional information on the locations and 

site classes of these stations are listed in Table 1. 

Two different simulation techniques to generate the 

synthetic records are used by the authors of this paper (Ameri 

et al., 2012 and Ugurhan et al., 2012). Next, these two ground 

motion simulation techniques are summarized briefly. 

 

 
Figure 1. the fault plane and epicenter of 2009 L’Aquila 

earthquake with the locations of the selected stations 

 

 

Table 1. Information on the strong motion stations that 

recorded the 2009 L’Aquila earthquake 

Station 

Code 

 

Station Name 

Site 

Class 

(EC08) 

REPI 

(km) 

RJB 

(km) 

PGA 

(cm/s2) 

AQA V.Aterno,F.Aterno B 4.6 0 367.6 

CLN Celano A 31.64 11.69 75.36 

FMG Fiamignano A 19.32 17.07 26.02 

GSA Gran Sasso B 18.05 7.86 147.8 

LSS Leonessa A 39.02 33.68 9.375 

MTR Montereale A 22.35 14.48 52.36 

SUL Sulmona C 56.53 32.23 30.7 

 

2.1 Synthetic records from the Hybrid Integral Composite 

method 

The primary simulation technique to generate the near fault 

records of the 2009 L'Aquila earthquake is the broadband 

Hybrid Integral Composite (HIC) method (Ameri et al., 2012). 

HIC method combines the following: 1) the integral approach, 

based on the representation theorem with a k-squared slip 

distribution over the fault plane in the low-frequency band 

where source parameters are constrained by a detailed source 

inversion (Gallovič and Brokešová (2007), Gallovic and 

Zahradník (2012)), and 2) the composite approach at high 

frequencies, which uses Brune’s source time functions, based 

on the summation of ground motion contribution from the 

subsources, considered as individual point sources. 

From this point forward, the abbreviation SYN1 indicates 

the synthetic records produced by HIC method. We note that 

SYN1 method generates two horizontal components of the 

ground motion, in both EW and NS directions, at each station. 
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2.2 Synthetic records from the Stochastic Finite-fault 

method 

Ugurhan et al. (2012) simulated the 2009 L’Aquila earthquake 

using Stochastic Finite-Fault method, based on a dynamic 

corner frequency approach (Motazedian and Atkinson, 2005). 

This technique is an extension of the stochastic point source 

model of Boore (1983) to finite-faults. In this model, the 

rectangular fault plane is divided into a finite number of 

subfaults, where every subfault is considered as a stochastic 

point source. Then the contributions of the subfaults are 

summed by considering proper time delays, to produce the 

ground motion from the whole fault. 

For the simulation of the 2009 L’Aquila mainshock, a new 

variation of this approach was used by Ugurhan et al. (2012) 

to evaluate four various sets of models which contain 

alternative source, path and site effects. The authors 

performed sensitivity analyses for source and path parameters 

by employing two finite-fault source models that take into 

account the source complexity of the event along with two 

alternative path models derived from regional weak and 

strong ground motion databases.  

From this point onward, in this study the synthetic ground 

motions obtained from this technique are named as SYN2 

records. Since the stochastic method generates a single 

horizontal component of ground motion, at each station only 

one SYN2 record exists. 

3 COMPARISON OF SYNTHETIC AND REAL 

GROUND MOTIONS 

At every station, there is a total of 3 simulated components (2 

from SYN1 and 1 from SYN2) as well as 2 real horizontal 

components of ground motion. Therefore, when all stations 

are considered, we have a total of 35 records as input ground 

motions for dynamic analyses of the selected frames. It should 

be mentioned that all of these records are band-pass filtered 

between 0.1 and 10 Hz. Fourier Amplitude Spectra of the 

acceleration time histories from both observed and simulated 

data at each station are shown in Figures 2-8. 
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Figure 2. Station AQA; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 
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Figure 3. Station CLN; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 
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Figure 4. Station FMG; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 

 

 

10
0

10
1

10
-2

10
0

10
2

Station GSA

Frequency (Hz)

F
A

S
 (

c
m

/s
)

 

 

NS

EW

Syn1-EW

Syn1-NS

Syn2

 
Figure 5. Station GSA; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 
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Figure 6. Station LSS; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 
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Figure 7. Station MTR; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 
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Figure 8. Station SUL; (a) Observed and synthetic 

accelerograms, (b) Fourier Amplitude Spectrum obtained for 

real (NS and EW) and simulated horizontal components 

(Syn1-EW, Syn1-NS, and Syn2) 

 

To estimate the differences between the real and synthetic 

records at the selected stations, we quantify the period-

dependent misfits for each frame in terms of the Fourier 

Amplitude Spectra (FAS) and elastic response spectra with 

5% damping (RS) as follows: 

 

 (1) 

 

 (2) 

In these equations, fn is the number of discrete frequencies 

and Tn  is the number of discrete periods used in computing 

FAS and RS misfits. We note that for each frame the 

corresponding period band has been considered separately 

with respect to the fundamental period of the frame. The 

lower value of the period band is selected with respect to the 

highest modal frequency of the considered frame (20 percent 

of the first fundamental period), and the upper period band is 

selected with respect to the nonlinearity effects in increasing 

of the period of each frame after dynamic analysis (120 

percent of the first fundamental period). Tables 2-4 display 

the geometric mean of the FAS and RS misfits in NS and EW 

directions for each frame. 

 

 

Table 2.  Misfits in terms of FAS and RS for real and 

synthetic data at the stations for frame F3S2B 

Frame 

ID 
F3S2B 

Station FAS(SYN1) FAS(SYN2) RS(SYN1) RS(SYN2) 

AQA 0.957 0.6814 0.6488 0.3083 

CLN 0.9125 0.9834 0.3915 0.6616 

FMG 0.7353 1.5702 0.2444 1.0442 

GSA 0.6978 0.8038 0.287 0.5257 

LSS 0.9721 1.457 0.3586 1.2203 

MTR 1.8451 0.9232 1.0101 0.3457 

SUL 1.7999 0.6868 1.233 0.4506 

 

 

 

Table 3.  Misfits in terms of FAS and RS for real and 

synthetic data at the stations for frame F4S3B 

Frame 

ID 
F4S3B 

Station FAS(SYN1) FAS(SYN2) RS(SYN1) RS(SYN2) 

AQA 0.8556 0.6981 0.6338 0.3903 

CLN 1.2311 0.8743 0.4997 0.5744 

FMG 0.7624 1.5254 0.2555 1.219 

GSA 0.8013 0.8643 0.3239 0.3358 

LSS 1.3474 1.3511 0.4387 1.2186 

MTR 2.3009 0.843 0.9646 0.3842 

SUL 2.1933 0.7923 1.3756 0.4387 

 

 

 

Table 4.  Misfits in terms of FAS and RS for real and 

synthetic data at the stations for frame F8S3B 

Frame 

ID 
F8S3B 

Station FAS(SYN1) FAS(SYN2) RS(SYN1) RS(SYN2) 

AQA 0.9266 0.6353 0.5355 0.3703 

CLN 0.7621 0.9964 0.3701 0.5888 

FMG 0.7066 1.368 0.229 1.0879 

GSA 0.6104 0.9216 0.3421 0.8234 

LSS 0.729 1.364 0.3202 1.2107 

MTR 1.3947 0.9423 0.9751 0.3087 

SUL 1.6345 0.6396 0.8941 0.3507 
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Next, we assess the nonlinear responses of typical frame 

buildings due to the presented ground motion dataset. 

4 NONLINEAR TIME HISTORY ANALYSES 

To evaluate the nonlinear seismic behavior of the frames 

under ground motion records, nonlinear time history analysis 

(NLTHA) is performed. NLTHA is a step by step analysis of 

the dynamic response of a structure under a loading that is a 

function of time.  

Three different models of regular and symmetric reinforced 

concrete (RC) structures are selected. Due to the regularity 

and symmetry of the structures, two-dimensional models of 

the structures are formed. While selecting frames, a range of 

fundamental periods is covered to represent typical RC 

buildings worldwide. Frame 1 (F3S2B) is a 3 story-2 bay 

frame with story height of 3 meters. Frame 2 (F4S3B) is a 4 

story-3 bay frame with story height equal to 2.7 meters, and 

finally frame 3 (F8S3B) is a 8 story-3 bay frame with a 3.96 

meters story height (Kadaş, 2008; Yılmaz 2007). 

Kent-Scott-park concrete model with no tensile strength and 

a steel model with strain hardening ratio of 0.005 are 

employed along with nonlinear fiber-based beam-column 

elements. 

Assuming 100% dead load and 25% live load contributions 

to the total mass, the eigenvalue analyses yield fundamental 

periods listed in Table 5. Damping ratio of the first mode for 

all frames is assumed to be 5%. 

 

Table 5.   Modal properties of the frames 

FRAME 

ID 
MODAL PROPERTIES (PERIOD (SEC)) 

F3S2B T1=0.717 T2= 0.219 T3= 0.124 

F4S3B T1=0.494 T2= 0.158 T3= 0.089 T4= 0.063 

F8S3B 
T1 

1.203 

T2 

0.481 

T3 

0.414 

T4 

0.281 

T5 

0.262 

T6 

0.252 

T7 

0.218 

T8 

0.2 

 

Numerical modeling is performed with the Open System for 

Earthquake Engineering Simulation (OPENSEES) program 

that employs finite elements for spatial discretization and 

solution of the equation of motion.  

5 COMPARISON OF DYNAMIC RESPONSES OF THE 

BUILDINGS DUE TO REAL AND SYNTHETIC 

RECORDS 

The fundamental goal of this study is to investigate whether 

the synthetic records from two alternative simulation 

techniques produce nonlinear responses that are statistically 

distinguishable from those by real records. Another key 

question of interest is whether the measured period-dependent 

misfits in terms of FAS and SDOF response indicators (RS) 

correlate with differences between nonlinear responses of the 

frames to the corresponding real and synthetic motions. To 

evaluate the latter question, a misfit measure for differences in 

nonlinear response (NR) under real and synthetic motions is 

defined. Equation (3) expresses the NR misfit defined in terms 

of average of maximum story displacements. 

 (3)

 

where sn is the total number of stories in the frames.  

Nonlinear response misfits calculated from real and two 

alternative synthetic ground motion records are listed in Table 

6. For a visual comparison of the nonlinear responses, Figures 

9-11 present the displacements at each story level for all three 

frames under the real and synthetic records.  
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Figure 9. Distribution of maximum story displacements for 

Frame 1 (F3S2B) due to the real and synthetic records at the 

selected stations 
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Figure 10. Distribution of maximum story displacements for 

Frame 2(F4S3B) due to the real and synthetic records at the 

selected stations 
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Figure 11. Distribution of maximum story displacements for 

Frame 3 (F8S3B) due to the real and synthetic records at the 

selected stations 

 

 

Next, the results of the nonlinear dynamic analyses of the 

selected frames are presented. 

5.1 Evaluation of results for F3S2B  

The results of frame F3S2B show that at station AQA, both of 

the simulation techniques yield smaller nonlinear responses 

than the real records; however SYN2 records give closer 

results for this frame. This is mostly due to the fact that a poor 

fit from SYN1 is observed for the NS component at AQA, 

(Ameri et al. 2012). At station CLN, we observe that the 

response due to SYN1 records is closer to the real response 

than that of SYN2. On the other hand, the results of SYN2 

records are much more conservative (larger) when compared 

to the real story displacements. At station FMG, synthetic 

records from both simulation methods yield larger nonlinear 

responses than the real one. NR misfits for station GSA 

indicate that synthetic records from HIC method yield better 

results than those from the Stochastic Finite-Fault method at 

this station (Table 6). At station LSS, SYN1 records 

underestimate the real response, but the results from SYN1 

are still closer to the real response than SYN2. On the other 

hand, Stochastic Finite-Fault method overestimates the real 

nonlinear response by a factor of almost 5. For MTR station, 

NR misfits in Table 6 show that Stochastic Finite-Fault 

method performs better than the HIC method; however both 

synthetic records underestimate the real response. At this 

station, synthetic ground motions obtained from HIC method 

were not considered a good fit by the authors of the 

corresponding study (Ameri, et al. 2012). Thus, we can 

conclude that when a bad fit is obtained from a seismological 

point of view, a similar observation is made for nonlinear 

response of the frame. Finally, at the station SUL, SYN2 

records are closer to the real response (Table 6). One critical 

observation at this station is that maximum roof displacement 

calculated from SYN1 underestimates the real response by a 

factor of almost 5. This is mostly due to the fact that the 

higher frequencies of the record at this station are not well 

represented by the SYN1 records. In addition, SUL is a EC8 

class C station (Table 1) and the station is characterized by 

significant site effects which lead to the bad fit of the HIC 

simulations where the particular site effects were not 

considered (Ameri. et al. 2012). For this frame, when the 

misfits in Tables 2 and 6 are considered, we observe that for 

all stations both FAS and RS misfits are consistent with the 

NR misfits. However, RS misfit is observed to be more 

sensitive to the differences in nonlinear response. 

5.2 Evaluation of results for F4S3B  

When frame F4S3B is considered, it is observed that the 

results from both SYN1 and SYN2 are in agreement with the 

observations for frame F3S2B at all stations except for the 

results of SYN2 records at station MTR. At this station in 

contrast to Frame F3S2B, SYN2 records overestimate the NR 

by a factor of about 2. Additionally, the nonlinear responses 

of SYN1 records are closer to the real response when 

compared to those from the SYN2 records (Table 7). For this 

frame, almost at all stations, both RS and FAS misfits are in 

agreement with the nonlinear response misfits. However, 

through a comparison of the results of Table 3 and Table 7, it 

is clear that for station CLN only RS misfit governs the 

accuracy of the nonlinear response. Another observation is 

that at station MTR, neither FAS nor RS misfit matches the 

NR misfit. 

5.3 Evaluation of results for F8S3B 

For frame 8S3B, at station AQA, results from nonlinear 

analyses are similar to the other frames. At this station, SYN1 

clearly underestimates the real response whereas SYN2 results 

are closer to the real response. At station CLN and FMG, the 

results are in agreement with the observations from frames 

F3S2B and F4S3B. The results at station FMG and GSA show 

that we have overestimation of nonlinear dynamic responses 

by both synthetic records when compared to the real records. 

At station FMG, the roof displacement from SYN2 record 

overestimates the real displacement by a factor of 4. However, 

at station GSA, from Table 8 it is noticeable that HIC method 

performs better than Stochastic Finite-Fault method. At the 

rest of the stations, SYN1 method slightly underestimates the 

real response. NR misfits of Table 8 demonstrate that for 

station LSS, SYN1 performs better than SYN2 method. In 

contrast, for the stations MTR and SUL, it is vice versa.  Yet, 

due to the higher number of stories (or the longer fundamental 

periods) for this frame, response from HIC method 

approaches the real response. This could be explained with the 

fact that SYN1 matches closely with the low frequency 

content of the real record corresponding to longer 

fundamental periods (Figures 2-8). For this frame, both the RS 

and FAS misfits are in agreement with the NR misfits. 
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Table 6.  Misfits in terms of nonlinear responses to real and 

synthetic data at the stations for frame F3S2B 

STATION Misfit NR (SYN1) Misfit NR (SYN2) 

AQA 0.1717 0.0854 

CLN 0.0640 0.2508 

FMG 0.1270 0.4119 

GSA 0.0606 0.4072 

LSS 0.0940 0.6969 

MTR 0.6705 0.0658 

SUL 0.5622 0.1542 

 

 

 

Table 7.  Misfits in terms of nonlinear responses to real and 

synthetic data at the stations for frame F4S3B 

STATION Misfit NR (SYN1) Misfit NR (SYN2) 

AQA 0.5124 0.0419 

CLN 0.0451 0.6621 

FMG 0.0488 0.5638 

GSA 0.2584 0.3469 

LSS 0.2300 0.3593 

MTR 0.1290 0.3258 

SUL 0.4631 0.2220 

 

 

 

Table 8.  Misfits in terms of nonlinear responses to real and 

synthetic data at the stations for frame F8S3B 

STATION Misfit NR (SYN1) Misfit NR (SYN2) 

AQA 0.1447 0.1049 

CLN 0.2247 0.3185 

FMG 0.0411 0.5964 

GSA 0.3044 0.5854 

LSS 0.1246 0.5625 

MTR 0.4056 0.1270 

SUL 0.1338 0.0939 

 

 

6 CONCLUSIONS 

The results obtained from this study can be summarized as 

follows: 

 Comparing the two simulation techniques used in 

this study, at the majority of the stations the results of 

Stochastic Finite-Fault model are found to be more 

conservative due to the overestimation of the 

nonlinear response. On the other hand, Hybrid 

Integral Composite method in most of the cases 

provides more accurate results as it covers the 

broadband frequency range. For both methods, when 

a poor fit is obtained from a seismological point of 

view (e.g.: MTR and SUL for HIC model) a similar 

outcome is observed from the engineering point of 

view. 

 Period-dependent SDOF indicators of goodness of fit 

between the real and synthetic records match MDOF 

behavior of those real frame structures.  Thus, in 

cases where synthetic records are to be used for 

frame structures, SDOF approximations that cover 

the lower and upper period band of the frames can 

sufficiently describe the nonlinear response. 

 The match between the Fourier Amplitude Spectrum 

of the real and synthetic records around the 

frequencies that correspond to the fundamental 

period of the structure governs the nonlinear 

response. Thus, it is important to simulate realistic 

amplitudes over the entire broadband frequency 

band. 

 For this specific case, simulated records that 

seismologically satisfy a certain goodness of fit 

criterion yield nonlinear responses (story 
displacements) that are acceptable when compared to 

the real responses.  

 Finally, synthetic records that overestimate the 

nonlinear response could be conservatively used for 
seismic design and assessment purposes. However, it 

is always better to accurately model the nonlinear 

response as close as possible with simulated records. 

ACKNOWLEDGMENTS 

This study is partially funded by Turkish National Geodesy 

and Geophysics Union through the project with grant number: 

TUJJB-UDP-01-12. Dr. Gabriele Ameri was at METU during 

this study with funds from NERA project. 

REFERENCES 

[1] Ameri, G., Gallovič, F., and Pacor, F., Complexity of 

the Mw 6.3 2009 L’Aquila (Central Italy) 

earthquake: Broadband strong-motion modeling, 

Journal Of Geophysical Research, 117, B04308, 

doi:10.1029/2011JB008729, 2012. 

[2] Atkinson, G.M.,  and  Goda, K., Inelastic Seismic 

Demand of Real versus Simulated Ground-Motion 

Records for Cascadia Subduction Earthquakes, 

Bulletin of the Seismological Society of America, 

100:102-115, 2010. 

[3] Atkinson, G.M., Goda, K., Assatourians, K., 

Comparison of Nonlinear Structural Responses for 

Accelerograms Simulated from the Stochastic Finite-

Fault Approach versus the Hybrid Broadband 

Approach, Bulletin of the Seismological Society of 

America (BSSA) 101: 2967-2980, 2011. 

[4] Beresnev, Atkinson, G.M., Modeling finite-fault 

radiation from the wn spectrum, Bull. Seism. Soc. 

Am. 87 ,67 – 84, 1997. 

[5] Boore D. M., Stochastic simulation of high-

frequency ground motions based on seismological 

models of radiated spectra, Bull. Seism. Soc. Am. 73, 

1865–1894, 1983. 

[6] Cirella, A., Piatanesi, A., Cocco, M., Tinti, E., 

Scognamiglio, L., Michelini, A., Lomax, A., and 

Boschi E., Rupture history of the 2009 L’Aquila 

(Italy) earthquake from non-linear joint inversion of 

strong motion and GPS data, Geopyhsical Research 

Letters, 36, 2009. 

[7] Frankel., Three-dimensional simulations of the 

ground motions in the San Bernardino valley, 

California, for hypothetical earthquakes on the San 

http://waesearch.kobv.de/authorSearch.do?query=Atkinson%2c+Gail+M.&pageid=1348656273796-9258144429305941
http://waesearch.kobv.de/authorSearch.do?query=Goda%2c+Katsuichiro&pageid=1348656273796-3972502882639506
http://waesearch.kobv.de/authorSearch.do?query=Assatourians%2c+Karen&pageid=1348656273796-503995804258064
http://waesearch.kobv.de/simpleSearch.do?query=journal_feed_id%3a195&pageid=1348656273796-6138176818751586
http://waesearch.kobv.de/simpleSearch.do?query=journal_feed_id%3a195&pageid=1348656273796-6138176818751586


Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

358 

Andreas fault, Bull. Seism. Soc. Am. 83, 1020-1041., 

1993. 

[8] Gallovič, F., and Brokešová, J., Hybrid k-squared 

source model for strong ground motion simulations: 

Introduction, Phys. Earth Planet. In. 160, 34–50, 

2007. 

[9] Gallovič, F., and Zahradník J., Complexity of the 

M6.3 2009 L’Aquila (central Italy) earthquake: 1. 

Multiple finite-extent source inversion, J. Geophys. 

Res., 117, B04307, doi:10.1029/2011JB008709, 

2012. 

[10]  Kadaş, K., Influence of Idealized Pushover Curves 

on Seismic Response, MS Thesis, Department of 

Civil Eng., METU University, Ankara City, 2006. 

[11]  Kamae, K., Irikura, K., Pitarka, A., A technique for 

simulating strong ground motion using Hybrid 

Green’s function, Bull. Seism. Soc. Am. 88, 357–

367, 1998. 

[12]  Komatitsch, Q. Liu, J. Tromp, P. Süss, C. Stidham, 

J. Shaw., Simulations of ground motion in the Los 

Angeles basin based upon the spectral-element 

method, Bull. Seismol. Soc. Am. 94, 187-206, 2004. 

[13]  Mai, P.M., Imperatori, W., and Olsen, K.B., Hybrid 

broadband ground-motion simulations: combining 

long-period deterministic synthetics with high-

frequency multiple S-to-S back-scattering, Bull. Seis. 

Soc. Am. 100, 5A, 2124-2142, 2010. 

[14] Motazedian, D., Atkinson, G.M., Stochastic Finite-

Fault modeling based on a Dynamic Corner 

Frequency, Bull. Seism. Soc. Am. 95, 995–1010, 

2005. 

[15]  Olsen, K.B., Archuleta, R.J., Matarese, J.R., Three-

dimensional simulation of a magnitude 7.75 

earthquake on the San Andreas fault, Science 270, 

1628-1632, 1996. 

[16]  Pitarka, P. Somerville, Y. Fukushima, T. Uetake, K. 

Irikura, Simulation of Near-Fault Strong Ground 

Motion Using Hybrid Green's Functions, Bull. 

Seism. Soc. Am. 90, 566 – 586, 2000. 

[17]  Roumelioti, Z., Kiratzi, A., Theodulidis, N., 

Stochastic strong ground-motion simulation of the 7 

September 1999 Athens (Greece) earthquake, Bull. 

Seism. Soc. Am. 94, 1036 – 1052, 2004.   

[18] Ugurhan, B., Askan, A., Stochastic Strong Ground 

Motion Simulation of the 12 November 1999 Düzce 

(Turkey) Earthquake Using a Dynamic Corner 

Frequency Approach, Bull. Seism. Soc. Am. 100, 

1498-1512, 2010. 

[19]  Ugurhan, B., Askan A., Akinci, A., and Malagnini, 

L., Strong-Ground-Motion Simulation of the 6 April 

2009 L’Aquila, Italy, Earthquake, Bull. Seismol. 

Soc. Am  102 (4), 1429–1445, 2012. 

[20]  Yılmaz, H. I., Correlation of Deformation Demands 

with Ground Motion Intensity, MS Thesis, 

Department of Civil Eng., METU University, Ankara 

City, 2007. 

[21] http://opensees.berkeley.edu/OpenSees/copyright.ph

p 

http://opensees.berkeley.edu/OpenSees/copyright.php
http://opensees.berkeley.edu/OpenSees/copyright.php


ABSTRACT: Storage tanks are essential structures but there is no explicit procedure to scale ground motions for time-history 
analysis of liquid storage tanks.  Current standards and design codes minimise the difference between the response spectra of the 
chosen records and the target spectrum in a range of periods central to the response of a tank.  The limits of the period range are 
related to the fundamental translational period in the direction being considered.  However, the design specifications have 
important differences in scaling procedures that may affect the seismic response of the structure analysed.  Additionally, these 
procedures were not specifically formulated for performing time-history analysis of storage tanks whose fundamental period is 
generally much shorter than other structural types.   
This paper reports on a series of experiments, using a shake table, of a model PVC tank that contains water.  A comparison is 
presented of the seismic response of a fixed base system (tank with anchorage) by using the procedures of three codes in 
international use to determine the applicable time history of loading. The experiments were performed using ground motions 
recorded from the Christchurch sequence of earthquakes.  Measurements of the stresses in the tank shell are presented.  The 
main differences between the scaling procedures and the consequences are discussed.  

KEY WORDS: Storage Tanks, Seismic standards, ASCE/SEI 7-05, NZS 1170.5, Eurocode 8, shake table test, record scaling 

1 INTRODUCTION 

Storage tanks are essential structures that provide basic 
supplies to the community such as water and fuel.   For this 
reason it is essential that these structures remain operational.  
Because of the importance a lot of studies have been carried 
out [1-3] and standards and design guides have been 
established [4-6] and compared [7].  Despite the importance 
of storage tanks, there is no a specific procedure to perform 
time-history analysis to estimate the actual behaviour of this 
structure.  Current practice only provides seismic loading 
coefficients based on a pseudo dynamic method, and hence it 
is impossible to examine the successive plastic excursions of 
the structural elements (shell and base plate) using the current 
methods provided by the design specifications.  To understand 
the plastic behaviour of a tank it is essential to have an 
appropriate method to perform time-history analysis that 
requires an appropriate selection criteria and scaling 
procedure of the ground motions. The selection criteria would 
include such information as earthquake magnitude, fault 
mechanism, source distance and site geology for example. 

To select ground motions for time history analysis there are 
two different ways [8].  One of these ways is to use actual 
records obtained from databases of previous events [9-11].  
The other way is to use ground motions stochastically 
generated by using physical or numerical models [12, 13].  
Current design specifications [14-16] recommend the use of 
records of previous events.  However, if there are insufficient 
records with suitable characteristics available, current 
specifications allow the engineer to generate appropriate 
simulated ground motions to make up the total number of 
records required.  All these documents agree with the 
requirements for choosing the records to be used, e.g. the 

ground motions should have compatible seismological 
characteristics to the expected earthquake at the site analysed 
(magnitude, distance, fault mechanism and soil conditions).  
Studies have been carried out to obtain ground motions that 
meet the requirements imposed by the design specifications.  
Oyarzo-Vera et al. [17] provides a list of ground motions to be 
used in the North Island of New Zealand.  Iervolino et al. [18] 
and NIST [19] state the criteria for selecting ground motions 
for using the Eurocode 8 [16] and ASCE/SEI 7-10 [15] 
procedures, respectively. 

Contrarily to the criteria for selecting records, where there is 
agreement between the standards and codes, the scaling 
procedures given by these specifications differ in very 
important aspects.  Those procedures define different 
frequency ranges of interest to scale the records and different 
approaches to match the target spectrum for general 
structures.  In the case of storage tanks, there are no specific 
rules to perform time history analysis known to the authors in 
any of the worldwide currently available design documents. 

To the authors knowledge a comparison of the selection 
criteria and scaling procedures in these three well-used design 
specifications has not been reported for liquid storage tanks.  
The objective of the work is to evaluate the consequences of 
the procedures for the assessment of the seismic performance 
of storage tanks and reveal any deficiencies or inconsistencies 
from using the methods in the specifications considered.  

2 METHOD FOR SCALING RECORDS 

 
All these specifications define how to compute a factor with 
which to multiply the recorded ground motion for matching 
the target spectrum over a certain period range.  However, this 
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factor is computed in different ways.  A summary of the main 
points of the procedures is presented below. 
 

2.1 New Zealand Standard (NZS 1170.5) 

 
The New Zealand Standard NZS1170.5 [14] requires the use 
of a family of at least 3 recorded ground motions.  Each 
record must have at least both orthogonal horizontal 
components.  Vertical component should be included when 
the structure analysed is sensitive to the action of vertical 
acceleration.  The records shall have similar seismological 
signatures (magnitude, fault mechanism, source-to-site 
distance and site geology) to the characteristics of the events 
that mainly contributed to the target design spectrum of the 
site over the period range of interest.  When there is 
insufficient recorded ground motions for the site, simulated 
ground motion records may be used to make up the family. 

The period range of interest defined by this standard is 
between 0.4 T1 and 1.3 T1, where T1 is the fundamental period 
of the structure in the direction analysed, but cannot be less 
than 0.4 s.  In this range, the records should match the target 
spectrum after multiplying the records by two factors, k1 and 
k2.   k1 is known as the record scale factor and it is different 
for each record.  k2 is called the family scale factor and is 
common for the records within the family.  k1 is the value that 
minimises in a least mean square sense the function defined in 
Equation (1) in the period range of interest. 

 
)SA/SAklog( etargtcomponent1                     (1) 

 
where SAcomponent : 5% damped spectrum of one of the 
        components of the record; and 
 SAtarget    : target spectrum. 
 
In this way, k1 is computed for each horizontal component of 
the record and the smallest value is chosen for the record scale 
factor.  The component that corresponds to the value of the 
chosen k1 is called the principal component.   

The family scale factor k2 is the maximum of 1.0 and the 
value computed from Equation (2): 

 
)(SAmax/SAk principaletargt2                   (2) 

 
where: SAprincipal : 5% damped spectrum of the principal 
      component of the record. 
 

In this way, the principal component of at least one record 
spectrum scaled by its record scale factor k1, exceeds the 
target spectrum.  

Additionally, the following restrictions apply to the scale 
factors: 

 
0.33 < k1 < 3.0 
1.0 < k2 < 1.3 

 

2.2 U.S.A. Standard (ASCE/SEI 7‐10) 

ASCE/SEI 7-10 [15] requires the use of at least three ground 
motions.  Each ground motion shall consist of pairs of 

appropriate horizontal components that shall be selected and 
scaled from recorded events.  The selected ground motions 
shall have magnitudes, fault distance, and source mechanisms 
consistent with the expected maximum earthquake considered 
in the analysis.  Note that no mention is made of site geology. 
Appropriate simulated ground motion pairs can be used to 
make up the total number of ground motions when the 
required number of recorded ground motions is not available. 

The square root of the sum of the squares (SRSS) of the 5% 
damped response spectrum of each ground motion must be 
computed from the scaled pairs that form the record.  The 
same scale factor shall be applied to both components of the 
record, i.e., each record has a unique scale factor.  The SRSS 
of the response spectrum of each record shall not be less than 
the target spectrum in the period range of interest defined by 
[15], which is between 0.2 T1 and 1.5 T1, where T1 is the 
fundamental period of the structure in the direction analysed. 

When seven or more ground motions are used to perform 
the analysis, the average response will be considered for 
design purposes.  If less than seven ground motions are used, 
then the maximum response of the structure will be 
considered as pivotal. 

 

2.3 Eurocode 8 

 
This code requires the use of a set at least three records, 
regardless if they are natural, artificial (generated to match the 
target spectrum), or simulated (numerical simulation of source 
and path).  The records shall consist of both horizontal 
components and a vertical component when this is required.  
The records that make up the set shall be consistent with the 
magnitude and the “other relevant features” of the seismic 
event considered.  

The average of the 5% damped elastic spectrum, calculated 
from all time histories, should not be less than 90% of the 
target spectrum in the period range of interest.  The period 
range of interest defined by Eurocode 8 [16] is between 0.2 T1 
and 2 T1, where T1 is the fundamental period of the structure 
in the direction the accelerogram will be applied.  It is worth 
noting that this procedure, contrarily to the previous two, does 
not apply a different scale factor for every record, the 
procedure provided by this code applies the same scale factor 
to the whole set. 

There is another requirement that has to be met.  The 
average spectral response acceleration (calculated from the 
individual time histories) at a period of 0 seconds has to be 
larger than the value of the target spectrum at the same period. 

Seven or more ground motions shall be used to take the 
average response for design purposes.  If less than seven 
ground motions are used, then the maximum response will be 
considered as pivotal. 

3 STORAGE TANKS  

 
Current standards and design codes for the seismic design of 
storage tanks are based mainly on the spring-mounted masses 
analogy proposed by [1] (Figure 1).  This analogy proposes 
that the tank-liquid system can be represented by two 
vibration modes [2, 3].  The portion of the liquid contents 
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which moves together with the tank shell is known as the 
impulsive mass mi.  The portion of the contents which moves 
independently of the tank shell and develops a sloshing 
motion is called the convective mass mc.  The predominant 
mode of vibration of tall slender liquid storage tanks during an 
earthquake is the impulsive mode [20, 21] and its fundamental 
period is very short, generally a few tenths of a second.  The 
impulsive period of vibration will be considered as the 
fundamental period in the analysis presented in this work.    

 
 

 
Figure 1. Spring-mounted masses analogy for storage tanks. 

 

4 EXPERIMENTAL METHODOLOGY 

 

4.1 Tank Model 

 
A PVC tank is utilised to model a prototype steel tank   
(Figure 2).  An aspect ratio of 3 (H/R: Liquid height to radius) 
was studied.  The properties of the model and prototype are 
shown in Table 1.  Two anchor bolts fixed the model to the 
shake table (Figure 3).  The dynamic properties were 
computed using [4] and the scale factors determined from 
similitude requirements are shown in Table 2.  

 

 
Figure 2. PVC tank model 

Table 1. Dimensions and properties of tank model and 
prototype 

 Model Prototype 
Material PVC Steel 
Young's modulus (MPa) 1.6*103 2.068*105 
Diameter (m) 0.50 10.00 
Height (m)  0.75 15.00 
Wall and base thickness (mm) 4 10 
Mass of the contents (kg) 147 1178097 
T1 (s) 0.036 0.167 

 

Table 2. Scale Factors 

Dimension Scale factor 
Length 20 

Mass (liquid content only) 8000 
Time 4.64 

Stiffness 369.5 
Acceleration 0.93 

Force 7440 
 
 

 
Figure 3. Anchor bolt 

 

4.2 Setup 

 
Strain gauges were implemented on the external face of the 
tank to measure the axial distribution of stresses.  A wire-line 
transducer was attached to the top of the tank to measure the 
horizontal displacement of the top of the tank shell.  Figure 4 
shows the setup used. 
 

4.3 Ground Motions 

 
The ground motions records used in this study were obtained 
from the database of GNS Science and are part of the 
sequence of Christchurch earthquakes (2011).  The 
Christchurch earthquake occurred on February 21st, 2011 with 
a magnitude of 6.3 and the hypocentre was located at a depth 
of 5 km.   

Both horizontal components of each record are used in this 
study.  The results of 3 ground motions are presented here 
from a set of ten ground motions used to compute the 
calibration factors of each scaling procedure.  The list of 
ground motion records and their characteristics used to 
determine the results presented here are shown in Table 3. 

The target spectrum selected in this study was determined   
using NZS 1170.5 [14] in conjunction with NZSEE 
recommendations [4], for the specific case of a liquid storage 
tank for a Christchurch City with a site classification of C.   
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Figure 4. Experimental Setup.  Strain Gauge distribution (top), 

location of the devices (centre) and plan view (bottom). 

 

Table 3. Ground motions records of Christchurch earthquakes 
(2011) 

ID Christchurch earthquake records PGA 
(m/s2) 

Distance 
(km) 

EQ1 Hospital (CHHC) 3.521 8 
EQ2 Cashmere High School (CMHS) 3.895 6 
EQ3 Lyttelton Port Company (LPCC) 8.645 4 

 

5 RESULTS 

 
All the ground motion records were scaled to the target 
spectrum, defined in the previous section, using the 
procedures given by the three specifications described in 
Section 2.  Figure 5 shows the unscaled response spectra of 
the records and the target spectrum. 

 

 
Figure 5. Target spectrum and response spectra of the 

unscaled ground motion records. 

 
Figures 6, 7 and 8 show response spectra of the records 

scaled by NZS 1170 [14], ASCE/SEI 7-10 [15] and Eurocode 
8 [16], respectively, along with the target spectrum.   

The spectra show that Eurocode 8 [16] gives the least 
uniform scaled response spectra.  This is because Eurocode 8 
applies a unique scale factor for all the   ground motions and, 
therefore, gives the widest distribution of values in the range 
of interest. 

Table 4 shows a summary of the scale factors computed 
using the three procedures described above. 

 
 
 

 Figure 6. Target spectrum and response spectra of the ground 
motion records scaled by NZS 1170.5. 
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Figure 7. Target spectrum and response spectra of the ground 

motion records scaled by ASCE/SEI 7-10. 

 

 
Figure 8. Target spectrum and response spectra of the ground 

motion records scaled by Eurocode 8. 

 

Table 4. Scale factors computed using the three procedures 

Ground 
Motion NZS 1170.5 ASCE/SEI 7-10 Eurocode 8 

EQ1 0.994 1.542 1.224 
EQ2 1.137 1.471 1.224 
EQ3 0.613 2.342 1.224 

 
 
Figures 9, 10 and 11 show the distribution of the maximum 

axial stresses obtained from ground motions EQ4, EQ5 and 
EQ8 for the three scaling procedures. 

 

 
Figure 9. Maximum axial compressive stresses due to EQ4. 

 
Figure 10. Maximum axial compressive stresses due to EQ5. 

 
Figure 11. Maximum axial compressive stresses due to EQ8. 
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It is noticeable from these three figures that ASCE/SEI 7-10 
[15] gives the highest values of axial compressive stresses 
compared to the other 2 scaling procedures.  This corroborates 
what Table 4 indicates.  Table 4 shows the scale factors 
computed using [15] are higher than those computed using the 
other two procedures. 

 
Generally, the wall thickness of cylindrical tanks is 

determined by considering the maximum axial compressive 
stress, which occurs near the junction of the wall and base of 
the tank.  Those values are shown in Table 5 for both 
components of the ground motions considered.   

 

  Table 5. Maximum axial compressive stress (MPa) 

Ground 
Motion NZS 1170.5 ASCE/SEI 7-10 Eurocode 8 

EQ1A 0.065 0.108 0.057 
EQ1B 0.097 0.131 0.083 
EQ2A 0.097 0.108 0.064 
EQ2B 0.099 0.087 0.065 
EQ3A 0.079 0.090 0.079 
EQ3B 0.095 0.099 0.095 

 
 
Table 5 shows that in 17 of the 18 cases analysed 

ASCE/SEI 7-10 [15] gives the highest values of axial 
compressive stress, confirming what Table 4 and Figures 9, 10 
and 11 indicate. 

 

6 CONCLUSIONS    

 
A series of earthquake records for use in an experimental 

study have been derived using 3 different procedures. Ten 
different ground motions were considered to compute the 
scale factors.  Three of these records were chosen to be 
utilized in physical experiments using a shake table. The main 
aim was to evaluate the effects on the measured tank wall 
compressive stress resulting from different acceleration 
scaling procedures given by three design specifications.  

 
The investigations reveal: 
1.  ASCE/SEI 7-10 gives the highest values of scale factors.  
2. Eurocode 8 scaling procedure gives the least uniform 

results because it applies a unique scale factor to the whole 
set of earthquake records.      

3. ASCE/SEI 7-10 is the most conservative document in terms 
of axial compressive stress.    

4.  For the three records used in the experiments Eurocode 8 is 
the least conservative specification in terms of maximum 
axial compressive stresses in the tank wall.   
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ABSTRACT: The determination of the displacement demand for masonry buildings subjected to seismic action is a key issue in 

performance-based assessment and design of these structures. A technique for the definition of single degree of freedom (SDOF) 

nonlinear systems representing the global behaviour of multi degree of freedom (MDOF) structural models has been developed. 

The definition of SDOF systems is based on the dynamic equivalence of the elastic properties (vibration period and viscous 

damping) and on the comparability with nonlinear hysteretic behaviour obtained by cyclic pushover analysis on MDOF models. 

Both SDOF and MDOF systems are based on a nonlinear macro-element model able to reproduce the in-plane shear and flexural 

cyclic behaviour of pier and spandrel elements. The comparison of the results in terms of maximum displacement obtained for 

the SDOF system and for the MDOF system demonstrates the feasibility and reliability of the proposed approach. The 

comparisons on several building prototypes have been carried out based on the results of dynamic analyses performed with a 

large database of natural records covering a wide range of magnitude, distance and local soil conditions. The SDOF system was 

used to verify and propose a corrected relation between strength reduction factor, ductility and period (R-μ-T relation) by means 

of a parametric study. This resulted in a proposed simplified formulation for determining the inelastic displacement of a 

masonry structure starting from an idealized push-over and an elastic spectrum. 

KEY WORDS: SDOF; Displacement Demand; Masonry, R-μ-T relation. 

1 INTRODUCTION 

The determination of the displacement demand is an essential 

step in the performance based assessment of structures; at the 

moment an easy and reliable method to compute it is missing, 

at least for masonry structures. This is due basically to two 

reasons. First of all the difficulty to represent the hysteretic 

behaviour of masonry structures by mean of simplified 

hysteretic shapes and, second, the very short structural period 

that does not allow the use of the “equal displacement rule”. 

Nonlinear dynamic analysis can be used to simulate the 

seismic response of a masonry structure if a refined model 

able to reproduce the main failure modes and the hysteretic 

decay is available. In many cases, the global seismic response 

of these structures can be modelled by means of an equivalent 

frame technique which also allows for an easy macroscopic 

interpretation of the damage pattern [1].  

The goal of this work is to develop a single degree of 

freedom (SDOF) model able to interpret in a synthetic but 

reliable way the dynamic response of a masonry structure 

subjected to seismic action. The low computational effort 

involved with this type of simplified analyses facilitates the 

use of nonlinear dynamic calculations in parametric studies. 

The SDOF dynamic analyses can be used to study the 

correlation between the displacement demand and various 

seismic intensity measures (e.g. [2]), to perform simplified 

incremental dynamic analyses (e.g. [3]), to calculate state-

dependent fragility curves (e.g. [4, 5]) or to create simplified 

methods that can estimate the maximum displacement 

demands on masonry structures (similar to what was done for 

general structures in [6]). Due to the lack of studies in this last 

field, in this work the SDOF system was used to verify and 

propose a corrected relationship between strength reduction 

factor, ductility and period (R-μ-T relation) by means of a 

parametric study. This resulted in a simplified formulation for 

determining the inelastic displacement of a masonry structure 

starting from an idealized push-over and an elastic response 

spectrum, trying to fill the gap that is present in this field of 

study. 

2 SIMPLIFIED SDOF MODEL 

2.1 Concept of the model 

In order to perform simplified nonlinear dynamic analyses, a 

single degree of freedom model (SDOF) was created. This 

model is able to synthetically interpret the seismic response of 

a multi degree of freedom (MDOF) model representing a 

complete masonry building (if the MDOF is governed by a 

single dominating mode of deformation, typical in regular 

buildings). It consists of two macro-elements in parallel 

characterised by nonlinear behaviours typical of masonry 

panels. The two elements are connected by a top rigid link. 

Such approach arises from the aim of to completely 

decoupling the shear and flexural/rocking mechanisms (or 

behaviours) consequently facilitating an independent 

calibration of the parameters. The variables that govern the 

model are the geometry of the elements, their axial 

compression, the mechanical characteristics (related to the 

flexural behaviour in one and shear behaviour in the other), 

and the inertial mass. The single degree of freedom is the top 

horizontal displacement of the two elements where the mass is 

concentrated; the rotation of the top edge of the elements is 

restrained. Figure 1 reports a simplified illustration of the 

Evaluation of displacement demand for unreinforced masonry buildings by 

equivalent SDOF systems 
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SDOF model. The model was created with the TREMURI 

computer program [7, 8], a nonlinear analysis program 

capable of performing monotonic and cyclic pushover 

analyses and time-history analyses of masonry buildings. 

 

M

Axial rigid link

F1 F2

Fh

 

Figure 1. Scheme of the simplified SDOF model obtained 

assembling two pier elements, one governed by flexural and 

one by shear behaviour. 

 

2.2 Reference experimental campaign 

An experimental campaign was used to calibrate the MDOF 

three-dimensional numerical model, it consisted of a cyclic 

quasi-static test on an unreinforced masonry structure. The 

full-scale bricks structure was tested at the laboratory of 

Department of Structural Mechanics of University of Pavia in 

1994 [9]. 

 

 

 

Figure 2. Plan and views of the building specimen used to 

calibrate the MDOF three-dimensional numerical model [9]. 

It is important to notice that façade D is decoupled from the 

walls A, C and that the pushing forces were equal at the two 

floor levels. 

Thanks to the above mentioned test it was possible to 

determine the parameters of the MDOF model that allowed a 

fair simulation of the experimental results. In particular the 

calibrated masonry mechanical properties are: elastic modulus 

E, shear modulus G, compression strength fm, the cohesion c 

and friction coefficient μf. Values are reported in Table 1. 

Table 1. Calibrated masonry mechanical model. 

E [MPa] G [MPa] fm [MPa] c [MPa] μf [-] 

3000 500 2.8 0.14 0.15 

 

The so calibrated macro-element model was used to create 

two larger symmetrical models that represent realistic two 

story buildings with rigid floors. One is characterized by a 

flexural dominated cyclic behaviour and the other by a shear 

one. 

In order to create a model that exhibits a shear related failure 

it was chosen to create a squatter pier by removing one of the 

two doors in wall D in one of the models. 

The parameters related to the flexural dominated structure 

(F) are indicated with superscript “f” while those related to the 

shear dominated structure (S) with “s”. The total masses of the 

structures are Mf=224.5 t and MS=228.2 t, the first modal 

elastic periods are 0.21 s and 0.17 s and the participating 

masses for the first vibration mode are 185 t (82.4%) and 188 

t (82.3%) respectively. Figure 3 plots the nonlinear pushover 

analyses used to define an equivalent bilinear capacity curve. 

These analyses are run considering a limit shear drift equal to 

5‰, i.e. the lateral strength and stiffness of elements 

exceeding such drift value is set to zero.  
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Figure 3. F Building (top) and S Building (bottom) pushover 

curve and equivalent bilinearization. 

 

The equivalent bilinear curve is defined according to the 

recommendations reported in the Commentary to the Italian 

Building Code [10, 11]. 

The modal participation factors is equal to Γf= Γs =1.2 in 

both cases and the masses of the equivalent SDOF are 

Δs 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

366



Ms
f=154 t and Ms

s=157 t, respectively. The periods of 

vibration of the equivalent bilinear system are calculated as: 

 2
S My

My

M d
T

F



  (1) 

The periods of vibration are Tf=0.21 s and Ts=0.17 s, 

respectively. 

2.3  Calibration of the model 

The calibration procedure is described in [12-14]. The first 

calibration to be performed involves the use of nonlinear static 

analysis. The goal of this calibration is to obtain a SDOF 

model with a cyclic behaviour similar to the global one of the 

reference MDOF model. 

It is useful to repeat more than one cycle for each 

displacement level, the macro-element implemented in the 

TREMURI model is able to take in account mechanical 

property degradation. The modal participation factor (Г) was 

tested and considered reliable to compare force and 

displacement of the two systems. A SDOF cyclic pushover is 

run at the same maximum displacements of the one run for the 

MDOF. In particular the pushover run for the MDOF model 

was adaptive, with a force distribution related to the current 

deformed shape [15]. The parameters that characterize the 

system were calibrated comparing the static responses of the 

two analyses. In particular, the variables that have been 

checked are: the maximum base shear, the initial stiffness, the 

unloading and reloading stiffness, the shear deformation and 

stiffness and the area of the hysteresis loops. The properties to 

be calibrated on the SDOF are: the geometry of the elements, 

their mechanical characteristics and the load axial forces. 

Figure 4 shows the comparison between the MDOF and 

SDOF hysteresis cycles in terms of base shear/displacement. 

It is possible to notice how the SDOF models are able to 

interpret the static behaviour of the MDOF systems. The shear 

dominated MDOF model has a non-symmetrical 

force/deformation relationship due to the geometry of the 

walls D. This obviously could not be simulated by the 

simplified SDOF models.  

In order to create a dynamically calibrated model there is the 

need to assign a mass MS and the Rayleigh damping parameter 

αS. The mass MS is assigned using the equation of the modal 

analysis:  

 
T

SM  φ M1  (4) 

where the vector φ is the mode shape normalized for dMax=1 

and M is the mass matrix of the MDOF system. 

In this way the mass of the SDOF dynamic system is chosen 

considering the first modal elastic vibration mode. It will 

represent better the behaviour of structures with a high first 

mode participation factor. 

Concerning the Rayleigh damping to assign to the model, 

Eq. 5 gives the damping matrix for a general MDOF system 

according to Rayleigh hypothesis: 

 M M  C M K  (5) 

where αM and βM are constants with units of s−1 and s, 

respectively, and K is the linear stiffness matrix of the 

structure when the initial tangent stiffness is used. Thus, C 

consists of a mass-proportional term and a stiffness-

proportional term. The MDOF models have Rayleigh 

damping parameters αM=0.43 and βM=7.8.10-4, which gives to 

the models a nearly constant damping of 2% between the first 

elastic period and the secant period at collapse (minimum 

value 1.8%). The damping coefficient of the simplified system 

is not necessarily equal to the ones used in the MDOF 

analyses. This could be due to the fact that the SDOF model is 

not able to account for the contribution of any higher modes 

of vibration. 
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Figure 4. Hysteretic response of MDOF (red) and SDOF 

(black) model of the flexural (top) and shear (bottom) 

dominated building. 

  

The Rayleigh parameters of the two SDOF models were 

calculated by mean of 10 nonlinear dynamic analyses run on 

each MDOF model. In the SDOF system the viscous damping 

matrix C is a 1-by-1 (scalar).  Note that the stiffness-

proportional part of C does not contribute to the total damping 

force in SDOF systems. The SDOF damping parameters that 

are able to best replicate the nonlinear analyses output are 

αS
f=1.87 and αS

s=4.19 (which means ξF=3% at elastic period 

for F structure and ξS=5% at elastic period for S structure). 

The slight increase of damping is likely due to the 

contribution of higher modes that are not taken in account by 

the SDOF model and the choice to use the elastic modal 

participation factor Γ. 

2.4 Validation of the method 

In order to validate the method a large database of natural 

accelerograms was used. Nonlinear dynamic analyses were 

run using both models (complete and simplified). Maximum 

displacements obtained by means of two models were plotted 
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as a function of different earthquake intensity measures. The 

equivalent frame modelling has computational times lower 

than finite element models, but the analyses still take more 

than one hour to be completed (standard structures run on a 

normal PC). Conversely, the analyses for the SDOF 

equivalent models take only a few seconds to be completed. 

The database used is SIMBAD and it was obtained by 

assembling records according to the criteria described in [16]. 

The multiple nonlinear dynamic analyses allowed the 

comparison of displacement demands of the two systems. 

Figure 5 shows the correlation between the top displacements 

of the SDOF and MDOF systems. The graphs do not consider 

displacements higher than the collapse point df
MC=2.5 cm and 

ds
MC= 1.3 cm. Lines for mean and ± mean one standard 

deviation are annotated on the graphs. In particular, all the 

Figures below refer to top displacements of the building. It is 

noticeable how the SDOF model is able to interpret the 

response of the MDOF one. The correlation coefficients 

between the vectors of maximum MDOF and SDOF 

displacements are 0.97 and 0.98 respectively for the flexural 

and the shear dominated models.  
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Figure 5. Correlation between top displacements obtained 

with the flexural (first) and shear (second) dominated SDOF 

and MDOF models. 

 

The use of un-scaled natural accelerograms allows for the 

correlation of the structural responses with different spectral 

intensity measures [12, 13, 14]. 

 

3 SIMPLIFIED PREDICTION OF THE INELASTIC 
DISPLACEMENT DEMAND 

3.1 Models combination 

Starting from the two calibrated structures (Section 2), five 

others with intermediate behaviours (mixed shear and flexural 

response) were created. This allowed to have a bunch of seven 

structures, to represent the nonlinear dynamic behaviour of a 

variety of masonry buildings. The idea was to combine in 

different ways the two structures in order to create more than 

one system with an intermediate behaviour. The easiest way 

to obtain these models is to parallelize the two calibrated 

systems weighting them to obtain different configurations. In 

particular 7 systems were created, from the shear dominated 

one (T=0.165 s) to the flexural dominated one (T=0.212 s). 

Figure 6 shows a schematic representation of one of the 

models created while Figure 7 plots in one graph the cyclic 

push overs of all the models in terms of equivalent 

acceleration and displacement. It could be noticed that the 

more flexural the response is, the thinner the hysteretic loops 

are (solid black line). 

 

 

Figure 6. Scheme of one of the combined systems (20% shear) 
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Figure 7. Direct comparison of the cyclic pushovers of the 7 

SDOF systems. 

 

The Jacobsen [17] method was used in order to characterize 

the 7 SDOF structures by comparing their cyclic dissipated 

energy at ultimate ductility. ξhyst varies almost linearly from a 

value of 19.9 % for the more shear governed structure to a 

value of 13.8% for the flexure dominated one. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

368



3.2 Displacement prediction according N2 method 

Nonlinear time history analyses were performed on each 

structure. The significant amount of dynamic analyses 

allowed to verify the reliability of the method for the 

assessment of existing structures code proposed by the Italian 

and European codes [10, 18]. The method was proposed by 

Fajfar [19, 20] based on an extensive study on inelastic 

spectra calculate by means of elasto-plastic equivalent 

oscillators. The particular dynamic behaviour of masonry 

structures (short structural period and complex hysteretic 

loops) deserves a dedicated study, considering also the great 

diffusion of masonry structures in the Italian historical 

centres.  

A visual interpretation of the N2 method uses an 

Acceleration-Displacement Response Spectrum (ADRS) 

format, in which spectral accelerations are plotted against 

spectral displacements, with the periods represented by radial 

lines (from the origin of the axes). In particular, the close form 

solution (Eq. 6) could be used if the capacity spectrum is 

approximated with a standard shape (e.g. Newmark-Hall 

type). For this reason each spectrum of the database was 

approximated by a standard shape code spectrum [10] 

selecting the best F0, TC (F0 is a factor that quantify the 

maximum spectral amplification, TC is the corner period 

between the constant acceleration branch and the constant 

velocity branch of the response spectrum). The regression was 

obtained applying the least squares method in a period range 

between 0 and 4 seconds on each acceleration spectra with a 

damping coefficient of 5%. 

All the parameters to use the N2 method were calculated in 

terms of capacity of the structure (dy, Fy) and in terms of 

spectral characteristics. With these data it is possible to 

compute the displacement demand for T<TC (rigid structures): 

 [( 1) 1]de C
d

S T
S R

R T
    (6) 

where Sd is the inelastic displacement, Sde is the fitted spectral 

displacement at T (5% damping) and R=m*.Sa/Fy. 

The predicted displacement (or ductility demand) was 

compared with the same quantity calculated by the nonlinear 7 

SDOF systems created in this work.  

From the direct comparison of the results it was possible to 

notice that the method underestimates the ductility demand for 

ductilities higher than approximately 3. It should be 

considered that the life safety limit state is reached for 

ductilities higher than 4 for all the structures. This 

underestimation is more evident in the flexural dominated 

structures (higher T, lower ξhyst). These results are illustrated 

in Figure 8 that shows the ductility demand predicted by the 

N2 method and plotted against the calculated by of nonlinear 

time history analyses of equivalent SDOF systems one (for the 

flexural structure). 
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Figure 8. Predicted ductility demand vs. inelastic SDOF 

ductility demand (mean, in black; mean ± 1 standard 

deviation, in blue; 0% shear, ξhyst =13.8%). 

 

In particular, the graph plots the predicted ductility demand 

vs. calculated by inelastic SDOF ductility demand. The 

ductility demand values were divided in intervals and the 

distributions of N2 predicted ductility demand were studied. 

The N2 method resulted to be unconservative beyond a 

calculated ductility value of 3.5 for all the SDOF structures. 

This unsafe limit is more critical in the flexural dominated 

structure, where the method underestimated the displacement 

for ductility demand values higher than 2.5. The 

underestimation of the displacements resulted to be evident 

for SDOF displacements around the life safety limit state or 

collapse for all the structures. In particular the 

underestimation for ductility of 6 is higher than 30% for all 

the structures (40% for the flexural dominated one). 

The coefficient of variation (CoV) of the results is relatively 

low and it is in general lower for high ductility. The average 

CoV of the predicted ductility is higher for the flexural 

dominated structure (32%) and lower for the shear one (23%). 

The authors calibrated the methodology by mean of inelastic 

spectra. In the parametric study the spectra have been 

obtained with the bilinear elasto-plastic model and stiffness 

degrading Q-model (proposed by Saiidi & Sozen in [22]). In 

both cases 10% hardening of the slope after yielding was 

assumed. This value was considered to be appropriate for an 

equivalent SDOF system with a bilinear force-deformation 

envelope, representing the behaviour of a MDOF structure. 

The unloading stiffness coefficient in the Q-model amounted 

to 0.5.  

Vidic et al. [6] reported: “It should be noted, however, that a 

hysteresis with considerably lower energy dissipation capacity 

(e.g. Q-hysteresis with small post-yielding and unloading 

stiffness) may yield results outside of the bounds set by the 

two chosen hysteresis. Similarly, different results can be 

expected in the case of a strength degrading system.” 

The systems considered in this study have no significant 

hardening behaviour and the dissipation capacity could be 

very low, especially in the flexural dominate structure 

(ξhyst=13.8%).  
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3.3 Displacement prediction by the corrected method 

In order to overcome the problems reported in previous 

section a different simple relation between strength reduction 

factor, ductility and period-corner period ratio (R–μ–(T/TC) 

relation) specific for the considered structures was derived. 

The results of the SDOF nonlinear dynamic analyses were 

used to propose idealized formulations. The final objective 

was to create a simple formula able to interpret the mean 

inelastic displacement demand of short period masonry 

structures. 

The R–μ–T relation was plotted a posteriori, with no 

regression on R–μ–T data. The least-square regression was 

directly conducted on the displacement demands calculated by 

dynamic analyses and by the proposed method. 

An exponential correction is proposed to the classical N2 

formulation. In particular an exponent β is used. 

The proposed formulation for R is: 

 ( 1) 1
C

T
R

T
      (7) 

from this the ductility and displacement demands could be 

calculated as: 

 ( 1) 1CT
R

T

      (8) 

 ( 1) 1de C
d

S T
S R

R T

 
    

 
 (9) 

If β is not a function of the ductility, the calculation of 

displacement demand will be non-iterative, preserving 

simplicity as well as the “code implementability” of the 

method. 

The formulation proposed in Eq. 10 considers the fact that 

an almost linear relation between β and dissipated energy per 

cycle by the structure was found. The formula was created 

applying a regression method fitting directly the mean values 

of the ductilities predicted by the proposed formulation. 

The results are well interpreted by: 

 9.37 3.36 1hyst       (10) 

Figure 9 shows the relation between the parameter β and 

Jacobsen damping ξhyst and the regression line of the proposed 

formulation Eq. 10. 

 

 

 

β = -9,37ξhyst + 3,36
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Figure 9. Relation between β parameter and Jacobsen 

damping ξhyst. 

 

The exponential formulation leads to an inconsistency. If R<2, 

the inelastic displacement ratio C=Sd/Sde resulted to be less 

than 1. Basically for low strength reduction factor the inelastic 

displacement results to be lower than the elastic one (e.g. for 

T≈TC, C≈0.85). To solve this problem the formula was split in 

two parts: for R<2, β=1 and for R≥2, β>1. In this way the final 

results appear to be less dispersed, while the mean value is not 

significantly modified. 

The predicted displacement (or ductility) was compared 

with the same quantity calculated by the nonlinear 7 SDOF 

systems created in this work. Figure 10 and Figure 11 show 

the predicted ductility demand (by means of β-corrected 

method) vs. the calculated ductility (by nonlinear SDOF 

systems) for the shear-oriented structures and for the flexural 

one respectively. 

Graphs for all the analysed structures are presented in [14]. 

From the results it is possible to derive some considerations: 

 

 There is a dispersion in the results also for μ<1 (elastic 

range) because the model used for the SDOF is nonlinear 

(elastic) in this range. 

 The method is able to interpret with very good precision 

the mean value of the displacement demand for all the 

considered ductility values. No trends of under or 

overestimation were noticed in any of the structures 

considered. The mean value is well interpreted for all the 

ductility levels considered. An overestimation was noticed 

in all the structures for 1<μ<2, in particular the 

overestimation was 25% in the shear dominated one. 

 The ductility demand values were divided in intervals and 

the distributions of the predicted ductility demand by the 

method were studied. The CoV of the results is generally 

higher than the CoV calculated for standard N2 method, it 

remains quasi constant for all the ductility levels. This is 

very important facilitating the introduction of partial safety 

factors, as example, in a code formulation. The average 

CoV of the predicted ductility is higher for the flexural 

dominated structure (45%) and lower for the shear one 

(27%). The correlation coefficient is 90% for the shear 

dominated structure and 81% for the flexural dominated 

one. 
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Figure 10. Predicted ductility demand vs. inelastic SDOF 

ductility demand (mean, in black; mean ± 1 standard 

deviation, in blue; shear behaviour, ξhyst=19.9%, β=1.5). 
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Figure 11. Predicted ductility demand vs. inelastic SDOF 

ductility demand (mean, in black; mean ± 1 standard 

deviation, in blue; flexural behaviour, ξhyst=13.8%, β=2.07). 

 

The use of an exponential conversion factor β is able to solve 

the problem of underestimation for high and overestimation 

for low ductilities. However this solving technique is not 

priceless. Also the CoV of the predicted ductility is influenced 

by this factor and in particular it is increased up to a value of 

45% for the flexure dominated structure. Good results were 

also obtained using constant value of β=1.8 for all the 

structure (this could be used if a cyclic push over is not 

available): 

 
1.8( 1) 1de C

d

S T
S R

R T

 
    

 
 (2) 

The method was applied to a calibrated 3 floor numerical 

model in order to verify its reliability [14]. 

To facilitate the applicability of the method, the next graphs 

represent the reduction factor R for a constant value of mean 

ductility (Figure 12) and the mean ductility for a constant 

reduction factor (Figure 13). All the graphs are plotted 

considering the value of β=1.8, considered suitable, on 

average, for all the structures. 
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Figure 12. R-μ-T/TC relation for β=1.8. 
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Figure 13. μ-R- T/TC relation for β=1.8 

 

The chart in Figure 13 is easily usable to predict the ductility 

demand (given a reference spectrum: TC, Sd) of a masonry 

structure applying the following steps: 

 

1. Perform a pushover (PO) of the structure to be assessed; 

2. Approximate the PO curve by an equivalent bilinear one 

(dy, Fy); 

3. Calculate the initial period T, then T/TC; 

4. Calculate strength reduction facto R=m*.Sa(T)/Fy 

5. Enter in graph knowing T/TC and R in order to obtain the 

ductility demand (or apply the equation). 

 

This procedure gives an estimation of the mean value of the 

demand with no information on the distribution around the 

mean value. 

4 CONCLUSIONS 

A simplified system to simulate the nonlinear behaviour of 

masonry building was studied. In particular an equivalent 

SDOF system was developed and calibrated statically and 

dynamically. It synthesized, with sufficient accuracy, the 

seismic response of the case study MDOF system under 

investigation, while minimizing the computational effort. The 

use of a large set of natural accelerograms allowed to correlate 

the structural response with different intensity measures. 

The SDOF model was used to evaluate the displacement 

demand of a masonry structure in a reliable and fast way 
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proposing a relation between strength reduction factor, 

ductility and period (R-μ-T/TC relation) by means of a 

parametric study. This resulted in a proposed simplified 

formulation (function of the energy dissipated by the 

structure) for determining the inelastic displacement of a 

masonry structure starting from an idealized pushover curve 

and an elastic spectrum, trying to fill the gap that is still 

present in this field of study.  

Studying the applicability of the general N2 method 

proposed by Fajfar [19, 20] and adopted by the Eurocode 8 

and the Italian building code [10, 18], the method appeared to 

be non-conservative for ductility demand higher than 3 

(especially for flexural-dominated structures). 

A new non-iterative formulation, specific for masonry 

structures, appeared to be more conservative and reliable 

compared to the N2 method.  
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ABSTRACT: Rocking is a highly nonlinear phenomenon, which cannot be completely described analytically. Therefore, the 

rocking motion of a rigid body under various conditions will be analysed analytically and numerically by numerical integration 

of the equations of motion and by using the Finite Element Method. It is shown that a finite element program with an implicit 

time integration method can solve the impact problem. By using the Finite Element Method it is possible to investigate the 

influence of the properties of the base, the contact conditions and slight deviations from the rectangular corner geometry on the 

motion of the body and especially on the coefficient of restitution. In practice, most unanchored bodies are not slender and 

therefore this paper studies a compact body with an aspect ratio of 2. A main topic is the discussion of the coefficient of 

restitution. It is shown that more realistic finite element models, which take into account the above mentioned influences, lead to 

higher coefficients than those derived analytically from simplified models. For a stiff base like steel or concrete the agreement 

between results from finite element analyses and the numerical integration of the equations of motion for two rotation centres at 

the corners of the body is very good if the coefficients of restitution are based on best estimate values from finite element 

analyses. The low stiffness of a 10 mm thick anti-slip pad has the effect that the use of a model with two fixed rotation centres is 

not possible. The dynamic investigations consider an excitation by sine, triangle or rectangle vibrations and time histories from 

earthquake ground accelerations. It is remarkable that in some cases the amplitudes will increase significantly with time until 

overturning. 

KEY WORDS: Rocking; Rigid body; Coefficient of restitution. 

1 INTRODUCTION 

In this paper the behaviour of unanchored components excited 

by earthquakes will be analysed. In principle, it is the dynamic 

of a rigid, elastic or plastic body on a rigid, elastic or plastic 

foundation. The mechanical problem for a rigid body looks 

simple, but becomes difficult due to the impacts. In literature 

the question of rocking or tilting oscillations of a rigid body 

has been found to be of great interest, so that there are a large 

number of publications on the subject [1] to [12]. Based on 

these works, the dynamics of unanchored bodies, especially 

for the rocking of a rigid body under various conditions, will 

be analysed analytically and numerically by numerical inte-

gration of the equations of motion and using the Finite 

Element Method. Especially the influence of the supporting 

flexibilities, the material properties of the base, the contact 

conditions, slight deviations from the ideal geometry and the 

kind of excitation on the motion of the body will be 

investigated. In contrast to most other studies more compact 

bodies are considered. The suitability of an implicit Finite 

Element Method for such studies will be investigated. 

2 THEORY OF ROCKING MOTION 

A rigid body (block) in a plane subjected to an earthquake 

excitation can perform the following kinds of motions: rest, 

rotation (rocking), sliding, sliding rotation, translation and 

rotation jump [2]. A plane model to describe the rotation or 

rocking motion of a rigid body (on a rigid base) is shown in 

Figure 1, where CG denotes the centre of gravity of the body. 

The symbols are explained in Table 1. 

 

 

 
Figure 1: Plane model of a rigid body 
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Symbol Parameter 

  
   height 

   width 

  √      length of the half diagonal 

φ angle of rotation 

m mass 

Θ  moment of inertia about CG 

Θ  Θ  m 
  moment of inertia about A/B 

  critical angle of rotation 

  ⁄       aspect ratio 

  acceleration of earth gravity 

  ( ) horizontal seismic acceleration 

  ( )    vertical seismic acceleration 

  √m  Θ⁄  frequency parameter 

  coefficient of restitution 

  modulus of elasticity 

   

Table 1: Important characteristics and parameters 
 

Assuming that the coefficient of friction is large enough, so 

that there is no sliding, the dynamic equilibrium conditions for 

the moments about the points A and B give the following 

equations of motion for the rigid body: 

 φ̈    {
  ( )

 
   (  φ)  

  ( )

 
   (  φ)}    (1a) 

for  φ    (rotation about point A) and 

 φ̈    {
  ( )

 
   (  φ)  

  ( )

 
   (  φ)}    (1b) 

for  φ    (rotation about point B) 

For a homogeneous rectangular block are 

    
m

 
(     ) and    

 

 

 

 
 . (2) 

When the condition 

 |  ( )|  |  ( )|      (3) 

is satisfied, rocking motion is not initiated and the body 

remains at rest. In the case of pure rocking the Equations (1) 

give the motions before and after the impact. These equations 

are coupled by the angular velocities immediately before and 

after the impact. Housner [1] has derived a model to calculate 

the angular velocity of the rigid body after the impact and the 

energy dissipation during the impact. The model uses the 

following assumptions: 

• The body and the base are rigid. 

• There is no bouncing or complete lifting off of the body. 

• The impact is a point impact (point contact). 

• The time interval of the impact is very short. 

• The body remains at the same position during the impact. 

Under these assumptions the principle of conservation of 

angular momentum immediately before and after the impact 

gives the following equation for the rigid body: 

 
φ̇( )

φ̇( )
     

 m  

 
      (4a) 

or for a rectangular block 

 
φ̇( )

φ̇( )
   

 

 
      (4b) 

(φ̇( ) - angular velocity before the impact, φ̇( ) - angular 

velocity after the impact) 

The value r denotes the coefficient of restitution. Combining 

the Equations (1) and Equations (4) it is possible to solve the 

problem piecewise numerically. For the ratio of the kinetic 

energy before   
  and after the impact   

  follows: 

 
  
 

  
  

 
 
 φ̇( )
 

 
 
 φ̇( )
 
    [  

 m  

 
     ]

 

 (5) 

Since     the impacts are inelastic. During the impact 

kinetic energy is dissipated mainly by energy radiation into 

the foundation. Other possible mechanisms for dissipation are 

plasticity and friction. Equations (4) give the maximum values 

for the coefficient of restitution for which a rigid body will 

undergo rocking motion. For         √  ⁄  and therefore 

  ⁄  √  the body stays at rest after the first impact. The 

values of r according to the Equations (4) and consequently 

the energy dissipation depend only on the geometry and mass 

distribution of the body. Since this also applies to the equa-

tions of motion, the rocking of a rigid body (on a rigid base) is 

completely determined by the geometry and the accelerations. 

For a (homogeneous) rectangular block the height 2h and the 

width 2b are the important geometrical parameters. 

3 NUMERICAL ANALYSES 

3.1 Analysis methods 

The numerical solution of the Equations (1) is done by using 

the (explicit) classical fourth-order Runge-Kutta method with 

a time step of 0.001 s and an additional method for the accu-

rate determination of the contact time. For every new time 

step the contact condition φ  φ      (φ  - rotation of the 

current step, φ    - rotation of the new step) is checked. In 

the case of contact, the time interval will decrease until the 

specified accuracy of the angle φ is reached. Because the 

Runge-Kutta method also provides the velocity for every time 

step, the velocity immediately before the impact φ̇( ) is given. 

The procedure is restarted with the initial conditions for the 

angular displacement φ(  )    and the angular velocity φ̇( ) 
immediately after the impact according to Equations (4), 

where the time    denotes the contact time. For the case of no 

initial displacement, Equation (3) is used to test if the rocking 

motion can be initiated. The numerical solutions of Equations 

(1) will be used as a reference (quoted as theoretical curve) for 

the further finite element analyses. 

In most publications the authors developed (analytical) me-

chanical models to describe the motion of the rigid body and 

used numerical methods for the solution. There are only few 

works [13] to [16] using finite element (FE) analyses. FE 

analyses allow the consideration of elastic or plastic properties 

of the material, especially of the base. Additionally, the influ-
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ence of geometrical parameters and their variations from the 

ideal geometry can be studied. By using infinite elements for 

the base it is also possible to take the radiation of energy in 

the foundation into account. Of particular interest is the influ-

ence of these parameters on the coefficient of restitution, 

which can be simply calculated from the ratio of the kinetic 

energies (5) of two successive maxima. The FE analyses use 

the implicit code of the program Abaqus [17]. Because the 

impacts have the main influence on the further movement in 

most analyses, the excitation was done by an initial angular 

displacement φ  . 

3.2 Analyses for initial displacements 

The first FE analyses were done with the discrete and abstract 

FE model in Figure 2 using rigid R2D2 elements for the ge-

ometry of the body and SPRING1 (between a node and 

ground) or DASHPOT1 (between a node and ground) ele-

ments for the base. The value c denotes the spring stiffness 

and k the damping constant. With a high stiffness this FE 

model is very similar to the analytical model. 

 

Figure 2: Rigid FE model with spring and damper 

 

 

Figure 3: Time histories of the normalised kinetic energy for 

the model with a rigid body on a nearly rigid base 

 

Figure 4: Time histories of the (normalised) relative rotation 

for the model with a rigid body on a nearly rigid base 

The results for a rectangular block with an aspect ratio of 2 

(dimensions 2 m x 2 m x 4 m), a mass of 124.8 t, a nearly rig-

id base with stiffness           m⁄  and without damping 

are shown in Figures 3 and 4. In addition, the curves resulting 

from Equation (1) for the best estimate coefficient of restitu-

tion        are given in the figures. The time histories of 

the kinetic energy and the relative rotation normalized to the 

their maximums in Figures 3 and 4 shows as a result of the FE 

analyses that the block is bouncing and jumping multiple 

times during and after the first impact. However, the theoreti-

cal curve from Equation (1) can be considered as a more glob-

al approximation of the time history obtained by the FE analy-

sis. In spite of the multiple bouncing and jumping during the 

impacts, the differences between the theoretical and the FE 

curves for the relative angular displacements φ  ⁄  are relative-

ly small. 

A basic problem of the previously used rigid model is that 

the rigid base does not dissipate energy during the impact. 

Therefore, additional analyses were done with the same model 

but using a smaller stiffness           m⁄  and a damping 

value    ,         ⁄ . The results are presented in Figures 

5 and 6. The curves resulting from Equations (1) for the best 

estimate coefficient of restitution       are also given in the 

figures. There is no bouncing or jumping with these values for 

the parameters c and k. Other combinations of c (especially 

large stiffness c) and k often produce bouncing and/or jump-

ing. The comparison between the curves of the FE analyses 

and those from Equation (1) show a very good agreement. The 

coefficient of restitution of 0.7 is identical with the value from 

Equation (4b) but decreases slightly with smaller amplitudes 

from 0.7 to 0.69. 

Other problems of the simple models are the determination 

of the real stiffness and damping of the ground as well as the 

consideration of the real geometry of the contact faces. Devia-

tions from the ideal geometry of the contact faces but also 

elastic or plastic deformations of the base can cause signifi-

cant effects and these simple models can no longer be used for 

a correct description of the motion. 
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Figure 5: Time histories of the normalised kinetic energy for 

the FE model with spring and damper 

 

 

Figure 6: Time histories of the (normalised) relative rotation 

for the FE model with spring and damper 

 

 

Figure 7: Rigid model with a curved contact line 

In the analytical but also in the FE model of Figure 2 the ro-

tation point changes immediately (or in a very short time) and 

discontinuously from one corner point to the other. To simu-

late a continuous transition of the rotation centre from corner 

to corner, the model in Figure 7 with a curved contact line is 

investigated. The curvature may be considered as a very small 

deviation from the ideal straight line geometry. With the radii 

used, the deviations between the two bottom corner points of 

the block and the ideal geometry of the rectangular block are 

only 0.1 mm, 0.5 mm und 1.0 mm, respectively. 

 

Figure 8: Time histories of the normalised kinetic energy for 

the model with a curved bottom 

 

 

Figure 9: Time histories of the (normalised) relative rotation 

for the model with a curved bottom 

Figures 8 and 9 show the time histories of the normalized 

kinetic energy and relative angular displacement for a block 

with an aspect ratio of 2 for three different radii. Despite the 

very small deviations from the ideal geometry (in respect to 
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the width of the block of 2 m only 0.05 ‰ to 0.5 ‰), the dif-

ferences between the curves are very large. In all cases with 

the exception of the reference (straight contact line, denoted 

by 0.0 mm in Figures 8 and 9) the coefficients of restitution 

are significantly greater than the value from Equation (4b) and 

reach a maximum value of about 0.95. It is remarkable that for 

a deviation of only 0.1 mm the coefficient for the first impact 

is already 0.9. Although the considered deviations are ideal-

ized, the obtained results show that very small geometrical 

deviations produce significantly larger coefficients of restitu-

tion and therefore different curves. 

The previous models are not classical FE models because 

they use rigid bodies and have no real stiffness. In these cases, 

the FE program was used only for the integration of the equa-

tions of motion under consideration of the contact conditions. 

Therefore, in the next step, the plane FE model in Figure 10 

with CPS4 and CINPS4 elements (plane stress elements) is 

considered. The block is rigid by using the ‘rigid body’-con-

straints. In the regions of the contact points the mesh is re-

fined. For the base one row of the infinite elements CINSP4 is 

used. These elements do not reflect elastic waves on the boun-

daries of the model. Without the thereby resulting radiation of 

energy into the foundation, the impact will excite elastic base 

vibrations, which especially without additional damping influ-

ence the impact. For comparison with the other models the 

first calculations were performed with a nearly stiff base 

(E = 2000 GPa, density 7800 kg/m³). 

 

Figure 10: Plane FE model using a rigid body, CPS4 and 

CINSP4 elements 

To verify the convergence some calculations with different 

time increments were performed. For these cases the contact 

was applied on the two corners (point contact) and is not a 

line contact like in Figure 10. Figure 11 shows the results ob-

tained for an equivalent block with the same mechanical 

properties as the previous models. The time histories of the 

relative rotation show no remarkable differences between the 

time increments of 0.001 s and 0.0001 s. Therefore, time in-

crements between 0.0001 s und 0.001 s and automatic time 

stepping will be used in the further FE calculations. 

 

Figure 11: Time histories of the (normalised) relative rotation 

for a plane model with different time increments  

The previously used model has been modified with respect 

to the contact conditions and a smaller stiffness of the base 

(E = 200 GPa, density 7800 kg/m³). In the case of point con-

tact the contact occurs at the two corners. The case of the line 

contact is shown in Figure 10. In the last case the corners are 

slightly bevelled (0.5 mm over a length of 50 mm). The re-

sults are presented in Figures 12 und 13. As expected, the con-

tact conditions have a significant influence on the coefficient 

of restitution and the time histories. The coefficients of resti-

tution have the maximum values 0.72, 0.76 und 0.82 for the 

three respective contact conditions. It's remarkable that in all 

cases the obtained values for the coefficients of restitution are 

higher than the value of 0.7 from Equation (4b). 

 

Figure12: Time histories of the kinetic energy for the plane 

model with different contact conditions 
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Figure 13: Time histories of the (normalised) relative rotation 

for the plane model with different contact conditions 

To study the influence of the plasticity, additional calcula-

tions were done using an ideal elastic-plastic material for the 

base. The material of the base has a modulus of elasticity of 

35 GPa and a yield stress of 50 MPa (similar to concrete, den-

sity 2200 kg/m³), the block is rigid. The results are shown in 

Figure 14. For comparison, the results for an ideal elastic base 

are also shown in Figure 14. The curve for the plastic base 

shows noticeably higher amplitudes then the elastic one. Con-

sequently, for a plastic base the coefficient of restitution is no-

ticeably higher than for an elastic base. 

 

Figure 14: Time histories of the (normalised) relative rotation 

for the plane model with an elastic and plastic base  

In many cases anti-slip pads are used to prevent sliding. To 

investigate the effect of such a pad, the model is modified by a 

10 mm thick mat between the body and the base. The material 

of the pad is assumed to be elastic with a modulus of 50 MPa 

(density 1200 kg/m³, Poisson ratio 0.49). There is no bouncing 

or jumping, but because of the relatively low horizontal stiff-

ness, a horizontal oscillation of the rotation point occurs at 

large deflections in addition to the rocking motion. The results 

are shown in Figures 15 and 16. The coefficient of restitution 

reaches values around 0.9 and depends on the amplitude. The 

curves in Figures 15 und 16 can no longer be described using 

Equations (1) with a best estimate coefficient of restitution. 
Additional FE analyses with 3D models give similar results 

and dependencies especially for the coefficient of restitution. 

 

Figure 15: Time history of the normalised kinetic energy for a 

rigid block with an anti-slip pad 

 

 

Figure 16: Time history of the (normalised) relative rotation 

for a rigid block with an anti-slip pad 

3.3 Analyses with dynamic excitations 

The dynamic response of the body does not only depend on 

the geometric parameters and the coefficient of restitution but 

also on the type and strength of the excitation. Therefore, the 
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excitation is further investigated. Because the previous studies 

have shown a very good agreement between the numerical 

solutions of Equations (1) with the best estimate coefficient of 

restitution and FE analyses, most calculations are performed 

by using the numerical integration of the equations of motion. 

 

Figure 17: Time histories of the rotations for different excita-

tions with r = 0.85 and a frequency of 1 Hz 

In the first case, the block is excited by sine, triangle or 

rectangle vibrations with an amplitude of 1 g and a frequency 

of 1 Hz. The results obtained for the block using a coefficient 

of restitution of 0.85 are shown in Figure 17. As expected, the 

largest displacements are caused by rectangle vibrations. It is 

remarkable, that in the case of an excitation with rectangle 

vibrations the amplitudes will increase significantly over time 

until overturning. For a verification of the results, some FE 

analyses with the model in Figure 10 have been performed. 

The results in Figure 18 confirm the previous statements about 

the very good agreement between theoretical and FE results. 

 

Figure 18: Time histories of the (normalised) relative rotation 

for an excitation with a sine vibration of 1 Hz 

Additionally, calculations are done with time histories using 

earthquake ground accelerations from the European strong-

motion database. As examples two time histories of earth-

quake ground accelerations are shown in Figures 19 and 21. 

Both time histories are normalized to peak ground accelera-

tions (PGA) at 1 g. The calculations use the described method 

for the numerical integration of the equations of motion. 

The resulting motions of a rigid block with h/b = 2 using the 

conservative coefficient of restitution of 0.8 are presented in 

Figures 20 and 22. The maximum rotations are about 0.5° and 

1.7°. Further calculations for additional time histories cause 

an even greater variation in the results. 

 

Figure 19: Time history of the acceleration for the Albstadt 

earthquake (Germany, 16.01.1978) 

 

 

Figure 20: Time history of the (normalised) relative rotation 

for the Albstadt earthquake with r = 0.8 

 

 

Figure 21: Time history of the acceleration for the Friuli 

earthquake (Italia, 06.05.1976) 
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Figure 22: Time history of the (normalised) relative rotation 

for the Friuli earthquake with r = 0.8 

4 SUMMARY 

The rocking motion of unanchored bodies under seismic exci-

tation was investigated by numerical integration of the equa-

tions of motion and with the Finite Element Method. For the 

numerical integration the classical fourth-order Runge-Kutta 

method and for the finite element analyses the program 

Abaqus (implicit code) was used. 

An important part of the investigations was the calculation 

of the coefficient of restitution with FE analyses. The results 

obtained for a rectangular block with an aspect ratio of 2 for 

models with geometric variations, different contact conditions 

and different properties of the base result in the following 

conclusions for the case of an initial angular displacement: 

• Rigid FE models without additional damping are not suit-

able because they produce an unrealistic bouncing and 

jumping. For 2D or 3D FE models the usage of infinite el-

ements is recommended. 

• In most cases the agreement between results from FE 

analyses and the numerical integration of the equations of 

motion is very good, if the coefficients of restitution are 

based on best estimate values from FE analyses. 

• All variations from the ideal geometry and contact condi-

tions cause larger coefficients of restitution in comparison 

to the theoretical value 0.7 of the Housner model. The 

maximum values for the coefficients are about 0.9. The 

consideration of plasticity gives higher values as in the 

elastic case. Some investigations show a dependence of 

the coefficients of restitution on the amplitude. 

• Anti-slip pads lead to greater coefficients of restitution. 

The usage can only be recommended if the body is com-

pact and overturning not a problem. 

• Because of the large variations of the results the investiga-

tion of a large number of time histories is recommended. 

The dynamic investigations considering an excitation by si-

ne, triangle or rectangle vibrations and time histories from 

earthquake ground accelerations lead to the following conclu-

sions: 

• The agreement between results from FE analyses and the 

numerical integration of the equations of motion is very 

good if the coefficients of restitution from the FE analyses 

are used. 

• Because of the possible dependence of the coefficients of 

restitution on the amplitude additional calculations with 

FE models are recommended. 

• Because of the large variations of the results, the investiga-

tion of a large number of time histories is recommended. 

Additionally, it is noted that implicit FE programs are suitable 

to study the rocking problem. 
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Generation of spectrum compatible ground motion and its use in regulatory and
performance-based seismic analysis
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ABSTRACT: This paper deals with the generation of artificial spectrum compatible ground motion complying with different goals.
In particular, three distinct objectives that may emerge in performance-based seismic analysis and design are discussed:
• Conservative design analysis based on only few spectrum-compatible accelerograms
• Performance-based earthquake engineering approaches for risk studies, in general less than 30 accelerograms are used.
• Full ”best-estimate” analysis for probabilistic and reliability analysis of structures subject to seismic random excitation.
The ground motion time-histories have to be in agreement with these goals. Different methods and ground motion models are
available in literature. Vanmarcke was among the first to implement these approaches to be used for engineering design (SIMQKE
[9]), later models introduced non stationary features e.g. Preumont [1]. More recently, a module for the generation of artificial
ground motion has been introduced in Code Aster [23] that addresses the above objectives.
The issues of practical use and code implementation are addressed and some results illustrating the different approaches are
presented.

KEY WORDS: ground motion, simulation, variability, spectral acceleration, correlation.

1 INTRODUCTION

In many international seismic codes and guidelines, seismic
load is defined by design spectra. When transient structural
analysis are carried, then it is required that the response
spectra of the accelerograms used for design envelope the
given target spectrum. The resulting analysis are considered to
be conservative. The design spectrum is generally smoothed
and broadened and does not represent any actual seismic load
but represents an envelope of possible spectral acceleration
values. On the other hand, performance based safety assessment
methods and more recent guidelines such as ATC58 [2]
do require more realistic description of seismic load. In
consequence, median spectral accelerations are used and record-
to-record variability and uncertainty has to be accounted for.
Acknowledging that the response spectrum is itself a random
quantity, not only the median spectral acceleration values but
the whole distribution has to be matched by the synthetic
accelerograms to be in agreement with the Ground Motion
Prediction equations (GMPE). The following three goals are
emerging from these considerations for the generation of
synthetic spectrum-compatible ground motion:

1. One-by-one spectrum match: generally used for conservative
design analysis based on only few spectrum-compatible
accelerograms
2. The median (or mean) spectrum is the target to be
matched: the accelerograms exhibit ”peak-to-valley variability”,
performance-based earthquake engineering approaches for risk
studies, in general less than 30 accelerograms are used. This

might be the case for example for the evaluation of fragility
curves in Probabilistic Risk Assessment (PRA) studies in the
nuclear industry [21], [10]
3. The whole distribution of the spectral accelerations is
matched: accelerograms featuring variability close to the ones
of the database to be used for, full ”best-estimate” analysis
for probabilistic and reliability analysis of structures subject to
scenario earthquakes.
These three cases are illustrated in figures 1-3 where the target
response spectra (red) are shown together with the response
spectra of simulated accelerograms (blue) and the their statistics
(magenta).

In this paper the simulation of synthetic accelerograms by
means of stochastic ground motion models, complying with the
three goals, is presented. In the stochastic approach, seismic
ground motion is modelled as a stochastic, most often Gaussian,
process characterized by its power spectral density. The
simulation of time histories from such models is straightforward
and relies on rigorous mathematical background.Moreover,
once the model constructed, it allows to simulate an unlimited
number of time history at very low cost.

2 SIMULATION OF SPECTRUM COMPATIBLE
ACCELEROGRAMS

Seismic ground motion is modelled by a stochastic process
characterized by a power spectral density (PSD). In order to
comply with a target response spectrum, a response-spectrum
compatible PSD has to be identified. The resulting PSD allows
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to simulate amplitude modulated ground motion whose response
spectrum matches the target. The amplitude modulation is
introduced by a deterministic function that is applied to the time
histories. When an evolution of the frequency content has to
be accounted for, then the model has to be parametrised and a
time dependant central frequency has to be introduced. Such a
model can be expressed in a general manner by the following
evolutionary PSD:

S (ω , t) = h(t)2
A (ω , t)S0(ω)A ∗(ω , t) (1)

where h(t) is the deterministic modulating function. Once the
PSD constructed, the sample of ground motion time histories
can be simulated using the classical spectral representation
theorem. This is briefly described described in the following
sections.

2-1 Identification of a spectrum-compatible PSD

Vanmarcke & Gasparini [9] were among the first to model the
seismic input as a modulated stationary Gaussian process, with
spectrum compatible power spectral density. They evidenced
the fundamental relationship between the response spectrum and
the ground motion power spectral density via the so-called first
passage problem and established a formula linking the response
spectrum to the moments of the power spectral density of the
input. The response spectrum Sa(ωk,ξ ) is given for a couple of
frequenciesωk and for damping ratio ξ . According to Gasparini
& Vanmarcke [9], a spectrum-compatible PSD G (ω) can be
approached by the formula:

G (ωk) =
1

ωk(π/2ξ − 2)

[
S2

a(ωk,ξ )
η2

TSM

− 2
∫ ωk

0
G (ω)dω

]
, (2)

where ηTSM is the peak factor; it depends on the strong motion
duration TSM . The above expression has been derived from the
following relation between the peak factor ηTSM and the standard
deviation σk of the (stationary) ground motion process filtered
by an oscillator with central frequencyωk and reduced damping
ξ :

Sa(ωk,ξ )≈ ω2
kηTSMσk. (3)

The integral in expression (2) can be evaluated numerically. The
initial value of 2ξS2

a(ωk,ξ )/(ω0πηTSM ) is chosen for initiating
the procedure at 1

4π Hz. The amplitude variation is generally
introduced by a deterministic modulating function. Both the
Jenning & Housner [11] and the Gamma modulating function
have been implemented in Code Aster [23]. These functions
are parametrised by the strong motion duration TSM .

2-2 Description of the non stationary model implemented in
Code Aster

The spectrum-compatible and non stationary ground motion
model based on evolutionary PSD [17] implemented in
Code Aster uses a general formulation where ground motion is
expressed as filtered white noise, close to the classical Kanai-
Tajimi PSD model [12], [20] . Time dependency of the central
frequency is introduced by considering the central frequency
of the filter as a function of time, yielding an evolutionary
PSD model. The variation of the amplitude is introduced by
a deterministic modulating function.
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Non stationary Kanai-Tajimi models, where the central
frequency is a function of time, have been first proposed by
[14] and later reported by [8] and many others [22]. This
approach is also adopted here. The variation of the amplitude is
introduced by a deterministic modulating function as described
previously. Reference [14] provides both time-domain and
frequency-domain formulations. We consider a rational PSD
function which constitutes a generalisation of the Kanai-Tajimi
model:

SR(ω) =
R2

0 +R2
1ω2

(ω2 −ω2
0)

2 +2ξ 2ω2
0ω2

. (4)

The parameters of this model, R0,R1,ω0 and ξ are identified by
minimising the distance to the spectrum compatible PSD G (ωk)
(in the sense of mean least squares). The minimization problem
is performed by using the simplex algorithm. The evolution
of the frequency content is introduced by considering a time
dependent central frequency ω̌0(t) in expression (4) yielding
the evolutionary PSD S (ω , t). Several studies, among them
the recent analysis of Rezaeian & Der Kiureghian [19], showed
that the central frequency is generally decreasing with time.
According to Rezaeian & Der Kiureghian [19] a linear relation
is chosen for the evolution of the frequency content:

ω̌0(t) = ω0 +ωp(t −Tmid), (5)

where ωp is the slope (in general we consider ωp < 0 since
central frequency is decreasing with time) and Tmid is the instant
when half of the strong motion phase is reached.

The last authors also found that the damping ratio does not
vary significantly with time so that ξ can be considered to be
constant. In order to obtain also the variation of the amplitude
of the ground motion process, the modulating function h(t) has
to be applied to the PSD developed in this section.

The obtained evolutionary PSD model will yield time
histories whose median spectrum is close to the target. However,
since the PSD is a parametrical model, exact matching is in
general not possible. The equal energy criterion [1] allows then
to conciliate the spectrum-compatible model h(t)2G (ω) with
the evolutionary PSD h(t)2S (ω , t)S0(ω), where S0(ω) is the
corrective term:

∫ T

0
h(t)2

S (ω , t)S0(ω)dt =
∫ T

0
h(t)2

G (ω)dt. (6)

Moreover, a high pass filter allows to delete the low frequency
components of synthetic ground motion (ω2 decrease), yielding
non diverging behaviour of the integrated velocity and
displacement time histories. The filtered PSD reads (Clough &
Penzien [6]) :

S (ω) = |
ω2

ω2
f −ω2 +2iξ fω fω

|2SR(ω). (7)

The filter frequency ω f is also known as the corner frequency
in the literature [18]. The power spectral density of equation (7)
will be considered as the median value in section 2-5.

2-3 Simulation of accelerograms matching a given target
design response spectrum

If it is desired that each of the accelerograms best matches
the design spectrum, then formula 2 can be directly applied

to determine a spectrum-compatible PSD. Iterations on the
frequency content of the accelerogram are performed to adjust
the spectral match ”one-by-one” that is for each of the synthetic
accelerograms [9]. An example of ”one-by-one” match is
provided by figure 1. ”One-by-one” match is used when the
target or design spectrum is an envelope of possible spectral
accelerations. According to the recommendations of seismic
codes such as EC8 [7], ASCE [15] and ASN [3], only a few
transient analysis are carried out. At least 3 time history analysis
are required by those codes : permutation of the directions
allows then to obtain 3 different 3D load cases (triplets of
horizontal and vertical load). Peak-to-valley variability is
not desired and has to be excluded since it might lead to
non conservative results. For example, EC8 requires that the
response spectra should not take values less than 90% of the
target spectrum. This criterion can be applied to each of the
accelerograms or to the mean of the suite of accelerograms.
The last case is treated in the next issue (section 2-4) where the
simulation of accelerograms whose median response spectrum
matches the target is addressed. Note that the median rather than
the mean has been chosen here since common GMPE consider
the spectral acceleration to be lognormally distributed. This
means that our criterion corresponds to matching the mean log
spectral accelerations.

2-4 Simulation of accelerograms whose median response
spectrum matches the target

The ”one-by-one” matching does not guarantee that the
obtained acelerograms are not correlated from a statistical point
of view (ASN [3] requires a correlation coefficient less than
0.3). This problem does not arise when the mean or median
is compared to the target. The match of the target spectrum
can be improved by iterations on the spectral conent [9]. In
contrast to the ”one–by-one” match of the preceding section
2-3, the median of the response spectra of accelerograms is
compared to the target.This is illustrated in figure 2. However,
iterations on the spectral content are in general not necessary if
the target spectrum is physical (that is the median of observed
accelerograms) and more than a dozen accelerograms are
generated. An evolution of the central frequency of ground
motion can be accounted for by using the formulation of section
2-2.

2-5 Simulation of accelerograms featuring record-to-record
variability close to natural time histories

In the framework of performance-based transient seismic
analysis, the ground motion has to be as ”realistic” as possible
and the simulation of adequate accelerograms requires special
care. Ideally, the accelerograms have to be spectrum-compatible
and non-stationary featuring variability close to the one of
recorded accelerograms. The variability observed in the data
is can be expressed by the disp Thus, in terms of spectral shape,
not only the median spectrum but also its quantiles (and thus
the whole distribution) have to be yielded. This is achieved
by not only considering a target response spectrum, but by
specifying the response spectrum as a random vector with given
distribution. This is illustrated in figure 2 where the median
together with the ±oneσ spectra are represented: the red curves
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are the target while the magenta curves represented the values
estimated from the simulated time histories (blue).

More details can be found in [23] and [24]. The spectrum
compatible power spectral density becomes in turn a random
vector whose distribution can be linked to the one of the spectral
acceleration values. Indeed, current ground motion prediction
equations do not only give median or mean response spectral
values but also provide information on dispersion and on
spectral correlations (Baker et al. [4]). According to the NGA
ground motion prediction equations (GMPE), the log response
spectrum can be considered as a Gaussian random vector
with given marginal (normal) distributions and a covariance
matrix. It can be shown that, for small damping ξ , the PSD
is proportional to the squared median spectral acceleration:

Ŝa(ω)2 ≈ σ2(ω)ω4η2
TSM

≈ Ŝ (ω)
πωη2

TSM

2ξ
, (8)

(the approximation in the relation between the first two terms
lies in the approximate expression of the peak factor). Relation
(8) is written with respect to the median spectrum Ŝa(ω) and
the median PSD Ŝ (ω). Then, in agreement with the response
spectra a lognormal distribution can be assumed for the power
spectral density [24]. The correlation between different spectral
accelerations and thus between the values assumed by the PSD
at different frequencies is accounted for through the correlation
coefficients proposed by Baker and co-workers.

Furthermore, an evolution of the central frequency of ground
motion can be accounted for by using the relations established
in section 2-2.

3 APPLICATION TO NGA SPECTRA

The Campbell & Bozorgnia relations [5] are used. This model
is valid for 5% damping and frequencies ranging from 0.1Hz−
100Hz. The spectral acceleration values have been retrieved
from the NGA database [16]. The scenario considered is a
magnitude M = 7 and distance D = 20km event for a strike slip
fault with dip angle 90 deg. The site properties are medium
soil with Vs30 = 500m/s. Moreover, according to Kempton &
Steward [13], the strong motion duration was assumed to be
Ts = 17.5s.

3-1 Median match

The match of the NGA target spectrum after 20 iterations is
illustrated on figure 2: the median spectrum (target) is the red
curve, while the spectra of the 10 simulated time histories are
given by the blue curves together with the estimated median
values (magenta). Three of the simulated accelerograms are
shown on 4. The respective displacement time histories are
displayed on figure 5. None of the integrated time histories
showed diverging behaviour but amplitudes decreasing to zero
at the end of shaking.

3-2 Match of the median spectrum and ±1σ values

The match of the NGA target spectrum considering variability
is illustrated on figure 3: the median and +1 σ target spectra are
in red, the spectra of the 30 simulated time histories are given
by the blue curves together with the estimated median and +1σ
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Fig. 4. An example of three simulated accelerograms.
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Fig. 5. Displacement time histories corresponding to the 3
accelerograms of figure 4.

values in magenta. No iterations on the spectral content are
performed in this configuration.

Three of the simulated accelerograms are shown on 6.
The respective velocity and displacement time histories are
displayed on figures 7 and 8. None of the integrated time
histories showed diverging behaviour but amplitudes decreasing
to zero at the end of shaking.
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ABSTRACT: In the past and recent earthquakes, high voltage substation components have suffered damage and this damage has 
led to disruption in power distribution. As a result, electrical utilities have suffered financial losses and the lag in restoring 
power, has caused delays in restoring essential services and in post-earthquake recovery. The IEEE693 (Recommended Practice 
for Seismic Design of Substations) Working Group was formed in part to address the seismic vulnerability of high voltage 
equipment and to formulate procedures for seismic qualification of such equipment. The standard requires shake table testing for
large substation equipment of higher voltage classes. As currently written, the standard provides significant latitude to users
(utilities, manufacturers, and researchers) with respect to the conduct of certain aspects of the test program. This choice was
motivated in part to allow testing at as many facilities as possible, given the limitations of such facilities at the time of 
development of the standard. Although applicable at the time of its inception, many shake tables have been constructed in recent
years that would now allow for tighter test requirements. For example, many more facilities are now able to test to the High 
Performance Level, conduct triaxial testing, and use more sophisticated arrays of instruments for data collection. A review of the 
current test methodology was conducted and shortcomings were identified. Multiple test programs conducted at PEER, UC 
Berkeley dealing with seismic qualification of disconnect switches were considered as examples for this purpose. The 
recommendations follow the main idea of the IEEE693 standard aiming at ensuring acceptable seismic performance of sub-
station equipment by including utilities, manufacturers, researchers and practicing engineers in the development of the standard.  
Recommendations for development of a more robust experimental procedure were formulated. Examples of the application of 
such revisions to the test standard were then evaluated and found to provide a more comprehensive mean of characterizing the 
equipment response.  

KEY WORDS: Lifeline systems, electrical substation equipment, seismic qualification, IEEE693, shake table testing. 

1 INTRODUCTION 
In past and recent earthquakes, high voltage substation 
components have suffered damage leading to disruption in 
power distribution [1]. As a result, electric utilities have 
suffered financial losses and the lag in restoring power 
delayed the restoration of essential services and post-
earthquake recovery. Lengthy power outages may potentially 
inflict significant economic damage on affected communities 
or whole regions.  The recent earthquakes in New Zealand and 
Japan serve as representative examples of such failures as well 
as the challenges of the recovery efforts. The IEEE693 
Working Group was formed in part to address the seismic 
vulnerability of such high voltage equipment and to formulate 
procedures for seismic qualification of such equipment in the 
standard.  

The current version of the IEEE standard covering the 
seismic qualification of substation equipment was published 
in 2006 [2]. The standard requires that equipment and 
components of higher voltage classes must be seismically 
qualified by multi-axial testing on earthquake simulators 
(shake tables). In general, equipment requiring shake table 
testing possesses vulnerable characteristics, such as massive 
tall insulators or other components that have historically 
performed poorly in earthquakes. 

The IEEE693 Working Group is developing the next 
version of the standard and bases its requirements on the 
feedback received from open discussions with academia, 
utility companies, consulting engineers, and equipment 
manufacturers. The involvement of all such interested parties 

in the development process of the standard has been proven to 
be very beneficial. One of the representative examples of the 
close relationship with academia is the development of a 
prescribed time history for seismic qualification testing of 
substation equipment [3]. Active participation of all interested 
parties [4] is always supported by the IEEE693 Working 
Group. 

As a result the IEE693-2005 standard represents a 
consistent, up-to-date, and self-contained document. The 
standard initially gained acceptance among North American 
utilities, but due to its continuous development and its quality, 
it has become a popular document used worldwide. The main 
objective of this paper is - as a part of this continuous 
development process - to review of the current state of seismic 
qualification testing of substation equipment and identify the 
areas of the standard that needed to be addressed. The review 
is based on more than fifteen years of testing and test 
witnessing experience by the authors of this paper, which 
have conducted and participated in tests at many laboratories 
worldwide. 

2 AMPLIFICATION OF SUPPORT STRUCTURE 
Substation components or entire equipment assemblies are 
often installed on a supporting structure to provide structural 
integrity as well as achieve electrical clearance from the 
ground. Examples include: a disconnect switch on a support 
structure, bushings on top of a transformer, a circuit breaker 
on a supporting structure and many others. Since all 
equipment requiring shake table testing must be tested full-
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scale (preferably in the as-installed configuration), the 
feasibility of seismic qualification by testing can be limited by 
the capacity of a test laboratory. These limitations may 
include the clearance above the shake table, the footprint of 
the support structure and the equipment itself. The allowed 
payload of a shake table, displacement and velocity limits are 
also significant factors to consider. Utilities may often use 
support structures of their own design, and certain types of 
equipment may be installed with widely varying support 
configurations depending on functional needs. 

To address these issues, the standard allows the testing of 
electrical equipment without a support structure under 
amplified strong motion that accounts for the effects of a 
support structure. The shortcomings of this approach are 
discussed in this paper and are based on the extensive research 
program conducted on the 550-kV vertical break disconnect 
switch at the University of California, Berkeley as part of the 
Lifelines Program [5]. The switch was tested using many 
configurations, including the two major ones: main blade 
closed and main blade open. The latter configuration was 
tested with amplified strong motion obtained from the top of 
the support structure.  

2.1 Support Structure is Unknown 
The current version of the standard (IEEE, 693) allows 
seismic qualifications testing when an actual support structure 
is not yet known, by imposing an amplification factor to 
required response spectra (RRS). A number of test results 
show that the amplification factor of 2.5 set by the standard 
for seismic qualification tests without a support structure may 
be un-conservative in some cases and cannot alone account 
for the complex 6D motion (3 translations and 3 rotations) of 
the attachment points of the equipment on the support 
structure.  Although the Standard specifies that the 2.5 
amplification factor be applied to translational as well as 
rotational responses, the latter are very difficult to achieve in 
practice.  As a result, practitioners often neglect the effects of 
support rotation. 

A representative example of this can be seen in test results 
of 550-kV switch tested at High Performance Level (PL, 
defined by a standard spectral shape anchored to 1.0g in 
IEEE693) at the University of California, Berkeley [5]. The 
photo and the schematic drawing of the switch are presented 
in Figure 1. 

(a) (b) 

Figure 1. Photo (a) and schematic drawing (b) of 550-kV 
vertical disconnect switch tested at UCB. 

Spectral accelerations of the table and support structure 
computed for High PL run are presented in Figure 2, which 
show that the spectral accelerations on top of the support 
structure were amplified in a wide range of frequencies with 
some significant amplification in the vicinity of the first and 
second mode frequencies of the system. This plot is typical for 
all three directions of testing and only the X direction of 
shaking is shown in this figure.  

Ratios of spectral accelerations on top of the support 
structure to that of the table have a similar trend for all three 
directions of testing, as shown in Figure 3. Spectral 
amplifications in both horizontal directions significantly 
exceeded the standard’s factor of 2.5, with the most 
amplification seen in the X axis (direction of the switch with 
lower stiffness, perpendicular to the switch base). The latter 
amplification is more than two times greater than the 2.5 
factor with the largest amplification is as high as 5.5 
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Figure 2. Spectral accelerations of table, top of support 
structure and current IEEE693 amplified spectra for unknown 
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Figure 3. Spectral ratios of shake table and top of support 
structure. 

The top-of-support spectra plotted in Figure 2 represents the 
translational component of the coupled switch/ support 
system.  Since the switch has a significant mass compared to 
the support, these spectra only apply to the specific assembly 
being supported.   A further complication is that the rotational 
response at the top of support is not captured by applying a 
simple scale factor to the ground input motion. 

Similar large spectral amplifications in a wide frequency of 
ranges were observed in other tests as well. One example of 
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seismic qualifications that had a similar outcome was the test 
program conducted on three-phase disconnect switch with a 
voltage rating of 245-kV, tested at the University of California 
at Berkeley [6]. Even though it is somewhat expected that the 
spectral amplification will be larger for the 550-kV switch 
mounted on a tall and flexible structure, it was surprising to 
discover a somewhat similar amplification in the case of a 
relatively rigid frame supporting the phases of 245-kV switch, 
as shown in Figure 4 (the switch in closed configuration is 
shown). 

Figure 4. Large spectral amplifications were also observed in 
245-kV switch tests with relatively stiffer frame 

Based on the discussion above, the amplification factor of 
2.5 for unknown support structures may be un-conservative in 
some cases. For equipment qualified by the generic 2.5 
amplification factor, IEEE693 requires that the equipment be 
installed on a support structure designed such that the 
amplification factor delivered is less than 2.25. Currently, 
analytical parametric research and a detailed analysis of the 
test results accumulated from fifteen years of seismic 
qualification testing at the University of California at 
Berkeley are currently in progress. These studies are expected 
to provide data on the extent of coverage provided by the 
currently specified amplification factor, and whether changes 
are needed. 

2.2 Structure Known and Well-defined 
The current version of IEEE693 standard specifies the 
following procedure for seismic qualification of substation 
equipment when the structure is known and well-defined. The 
equipment and the support structure shall be accurately 
modelled and a non-stationary analysis shall be performed on 
the model. The amplified spectral accelerations shall be 
delivered from the analysis and these spectral accelerations 
comprise target response spectra to be met or exceeded by the 
shake table. Except for a 1.1 factor on the calculated 
amplification, the current version of the standard does not 
specify any other means to account for uncertainties and 
assumptions associated with modelling. To implement this 
approach, the 550-kV switch was tested in closed 
configuration with (configuration shown in Figure 1) and 
without support structure [5] as shown in Figure 5.  

This case represents a case when the model is perfectly 
defined: properties of the “switch’s model” and the “support 
structure’s model” perfectly reflect the actual ones. Three 
levels of tests with amplified excitation at 0.125g, 0.25g and 
0.5g were performed. The test results were compared to test 
data recorded for the switch with support structure. The 
differential displacement between the tips of so called Jaw 
post insulator (located at the opening side of the main blade) 
and Rotating post insulator (located under the hinge fixture 
coupling two posts together) was monitored during the tests. 

Figure 5. 550-kV vertical disconnect switch attached directly 
to shake table platform 

In addition, strains were monitored in all insulator posts 
including the Rigid post (stationary post on the hinge end of 
the switch) where the strains had a tendency to peak at much 
higher values than at other posts. The comparison of these two 
measurements for the switch on the support structure and 
without it is shown in Figure 6 and Figure 7.  
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Figure 6. Change in distance between Rotating and Jaw posts 

Based on the plots, the differential displacement between 
the Jaw and Rotating posts differ by about 300%. Therefore, 
the no-support configuration tested with an amplified motion 
severely underestimates the amplitude of this motion and 
behaves differently compared to the case with support. 
Frequency content of the displacement records was different 
also which is not shown here due to limitation of the paper’s 
size. The strains in Rigid insulator post - which was the most 
overstressed post - were underestimated in the no-support 
configuration by about 30% in transverse direction. 
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Figure 7. Strains at bottom section of Rigid post insulator (the 
most overstressed post) 

Based on the discussions provided above the following can 
be concluded. Even in this case of ideal match between 
physical components and finite element models the latter fail 
to fully represent complexity of actual equipment with a 
support structure. For the case discussed in this paper, as well 
as many cases encountered in practice, the effects of top-of-
support rotation are very difficult to address adequately. In 
many seismic qualification programs done commercially, 
modelling is done without any component tests taken into 
account and in many cases no calibration of the model is 
performed which raises concerns about the validity of the final 
model. Even in the perfect (albeit ignoring the support 
rotation effects) match situation the performance of the 
equipment can differ significantly when support structure’s 
effect is substituted by an amplified motion. 

This approach needs to be reconsidered and re-evaluated to 
achieve consistency in testing and seismic qualification. A 
new reliable and conservative enough approach needs to be 
developed to assess structural performance of the equipment 
and its support as a coupled system with complex and 
nonlinear properties. 

3 PROJECTED PERFORMANCE OF QUALIFIED 
EQUIPMENT 

Another common approach of seismic qualification testing 
permitted by the standard is extrapolation of the results of 
half-level of testing to full PL. Equipment qualification by test 
is often conducted at half of the PL (e.g., spectrum anchored 
to 0.5g pga for the High level). The equipment is projected to 
be capable of withstanding seismic loading at the full PL (e.g., 
spectrum anchored to 1.0g pga for the High level), provided 
that the measured stresses are within acceptable limits. This 
concept is based upon the assumption that the equipment 
behavior will remain linear up to the PL level of testing. In 
many cases this is not a reasonable assumption, especially for 
the electrical equipment composed of bearings, spring cans, 
stops or bumpers and other mechanical devices that may 
exhibit nonlinear behavior. In addition, although electrical 
function is verified following testing at the half-PL, there is no 
demonstration of electrical function at the full PL when using 
this approach. For example, substation equipment can be 
tested at half-High PL while the strains are monitored at 
critical locations throughout the test article. For critical parts 
with complex geometry or where strains cannot be measured, 

or cannot be expected to indicate acceptability of the part, the 
shake table test is required to be supplemented by static 
testing in which the parts are subjected to estimated PL 
loading. Functionality of the equipment is then confirmed 
after these tests. If the strains are below or at the allowable 
values, the results of supplemental static testing are 
acceptable, and electrical functionality is confirmed, the 
equipment is considered to be qualified, and its performance 
can be projected to the full High PL. This approach was 
introduced in earlier versions of the standard to address the 
following: (1) limited number of shake tables was available 
that could deliver the required motions, (2) available shake 
table facilities had limited payload capacities, and (3) risk of 
financial loss during testing of expensive equipment, (4) 
safety concerns with testing large, brittle porcelain 
components, some of them subjected to high internal gas 
pressures at shaking levels close to structural failure, (5) 
uncertainty regarding the seismic capability of equipment that 
could actually pass full PL testing. After introduction of the 
standard, several brand new shake table facilities have come 
on line and several old tables have been upgraded to achieve 
adequate payload capacities. In recent years, a number of full 
High PL qualification tests of high voltage equipment have 
been successfully completed. 

A typical example that shows shortcomings of the approach 
is provided herein. In a vertical break disconnect switch its 
main blade must remain inside of the contacts when the 
switch is in closed configuration. In many cases the blade has 
additional electrical shielding components in the vicinity of 
the jaw contact clip which limits the allowable relative motion 
between the switch blade and the jaw clip as shown in Figure 
8.  

Figure 8. Schematic drawing of jaw contact clip and blade 
shielding component 

Depending on the level of excitation, travel of the blade can 
exceed the allowable causing an impact loading which is 
difficult to predict. In addition, the switch components behave 
nonlinearly making prediction of its travel based on low level 
testing almost impossible. A change in distance between 
Rotating and Jaw posts in the 550-kV switch tests [5] is 
discussed here. The displacement between Rotating and Jaw 
post was monitored directly by a position transducer. Five 
levels of seismic qualification testing were performed with 
IEEE693 RRS anchored to peak ground accelerations of 
0.125g, 0.25g, 0.5g, 0.75g and 1.0g (High PL). As shown in 
Figure 8 peak displacement changed nonlinearly and it was 
not possible to extrapolate performance at High PL from that 
at half-High PL.  
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Figure 9. Change in distance between Rotating and Jaw posts 

For instance, from half-High PL seismic qualification 
testing it would be assumed that travel of the blade’s contacts 
will not exceed 60 mm (30 mm times two) in both retraction 
and extension, and the contacts on the Jaw end will never 
reach the stopper on the blade (in retraction).  In reality, the 
switch’s performance was nonlinear, leading to significant 
increase in the relative displacement. As a result, the blade’s 
contacts were forced to travel more than 105 mm in extension; 
the travel of the blade’s contacts in retraction was close to 80 
mm at which displacement it was restrained by the blade 
shielding component. The latter can lead to impact loading on 
the Jaw post and should be avoided if at all possible. To 
address this issue the limiting component was relocated 
further away as part of the Research and Development (R&D) 
effort by the switch manufacturer. A necessity of this simple 
improvement of the switch’s blade would be completely 
missed in a half-PL test.  

The following conclusions can be drawn from this 
discussion. First, seismic performance of substation 
components may be nonlinear and can lead to under-testing of 
the equipment and un-conservative conclusions about its 
performance. Second, functionality of the equipment is not 
possible to predict and extrapolate from half-scale to full-scale 
PL testing. It is recommended that the use of half-PL testing 
as a basis of qualification either be removed from the 
standard, or limitations added regarding its use. 

4 OPTION OF REPLACING TEST ARTICLE WITH 
BRAND NEW ITEM IN PL TESTS 

The current version of the standard does discuss the 
replacement of a test article or its parts with brand new items 
between test runs with different configurations. As an 
example, a disconnect switch with ground switch would be 
required to be tested in three configurations: main blade 
closed and grounding blade open (C-O), main blade open and 
grounding blade open (O-O), main blade open and grounding 
blade closed (O-C). When PL testing is conducted, the 
qualification test program would require that the test article be 
subjected to at least three very large earthquakes, in which the 
equipment may be stressed at levels approaching failure. The 
current standard specifies that at the Performance Level, 
ductile parts may undergo minor yielding, and some 
permanent deformation is allowed without fracture of any 
part, provided that the functionality is maintained. It would 
seem unreasonable for the equipment to be expected to 

survive more than one large earthquake. Although aftershocks 
are a consideration, the demand loading from such events is 
generally substantially lower than the main shock. 

The primary objective for the most if not all utilities is to 
maintain or provide for rapid restoration of electric service 
following a large earthquake. Beyond this performance goal is 
the desire to limit damage to substation during the earthquake, 
but at reasonable cost; these competing goals will continue to 
require a balancing act for utilities and manufacturers. The 
IEEE693 Working Group is currently considering proposals to 
permit in the next version of the standard, replacement of 
parts or even the entire test article (of the same design) 
between different PL tests. The authors support this approach 
based upon the foregoing discussion. 

5 EQUIPMENT WITH PASSIVE SEISMIC 
PROTECTION

Passive seismic protection systems have found limited use 
in electric substation equipment due to the general lack of 
experience possessed by manufacturers and utilities, life 
cycle/ maintenance concerns, and development/ installation 
costs compared to conventional approaches. In addition, 
conductor slack issues associated with increased (electrical) 
terminal displacements in such systems have discouraged their 
use. Large scale disasters highlighting the vulnerability of 
lifeline systems and the recent developments in improving 
seismic resilience of substation equipment via isolation/ 
damping technologies [8] reveal a compelling need for more 
definitive guidance for qualification of HV equipment with 
seismic protection. High-voltage DC and ultra-high voltage 
AC equipment may have tall, massive porcelain insulators and 
other fragile components such that passive seismic protection 
may provide one of the few feasible means for achieving good 
seismic performance.  

Little guidance for qualification of electric substation 
equipment using seismic protection technologies can be found 
in IEEE 693 and its counterparts from other standard-making 
bodies. A framework for such qualification may include the 
following features. 

Depending on feasibility of a shake table testing of this type 
of equipment, the seismic qualification may be conducted via 
detailed finite element analysis or by means of shake table 
tests of full-scale as-installed configurations. The seismic 
protection of the HV equipment can include a seismic 
isolation system supporting the equipment and its support 
structure, damping devices increasing effective damping of 
the system, and many others. To address issues of proper 
modelling, component testing is needed. The component 
testing is also needed to demonstrate that the protection 
system is reliable with repeatable properties. The issue of the 
protection device’s aging/decaying during years of outdoor 
installation while exposed to all environmental challenges 
needs to be addressed. Maintenance issues are also a 
significant concern for utilities.  

5.1 Seismic Qualification by Analysis 
If the seismically protected system cannot be tested in full-
scale as-installed configuration it may be qualified by analysis 
as currently allowed by the standard for transformers and 
other oversized equipment. 
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FE analysis: isolation system or damping device 
component testing. To develop a FE model that closely 
represents the isolation system, component testing on the 
isolation system is needed. The results of these tests would be 
used for calibration of the nonlinear force versus displacement 
relation assumed in the analysis. This testing would also be 
used to verify that the isolation system has the required 
displacement/force capacity determined from the analysis of 
the coupled equipment-isolation system (with an appropriate 
factor of safety). The tests are recommended to be conducted 
in a cyclic setting with incrementally increasing amplitude up 
to displacement level expected at High PL. 

FE analysis: bounding analysis. To account in variations 
in the damper/isolator properties, a bounding analysis should 
be conducted. The lower bound should equal the value 
obtained from the component tests but not greater than 85% of 
nominal value and the upper bound should equal the value 
obtained from the component tests but not smaller than 120% 
of nominal value. The components and connections in the 
equipment and its anchorage should be designed from the 
worst case results obtained from the bounding analysis. 

FE analysis: dynamic analysis of seismically protected 
system. To qualify the equipment to certain seismic 
qualification level, a dynamic analysis of the equipment-
isolation system needs to be performed. The equipment and its 
support structure could be modelled as linear if analysis shows 
that the components of the equipment remain elastic. The 
isolation system needs to be modelled as nonlinear component 
based on the results of the component tests. Alternatively, for 
velocity- and frequency-independent devices, it would be 
permitted to perform linear analysis using equivalent 
properties of the isolation/damping system at the target 
displacement. 

FE analysis: seismic qualification level. For either 
moderate or high qualification levels, the acceleration 
spectrum anchored to the performance level (Moderate or 
High PL) should be used. 

5.2 Seismic Qualification by Means of Shake Table Testing  
If the seismically protected system cannot be tested in full-
scale as-installed configuration it may be qualified by analysis 
as currently allowed by the standard for transformers and 
other oversized equipment. 

In many cases the HV substation equipment is relatively 
light weight, with limited foot print and height, and as such it 
can be seismically evaluated by means of shake table testing. 

Shake table testing: component tests and bounding 
analysis. Similar to the requirements of the seismic 
qualification by analysis, the isolation system and/or damping 
devices should be subjected to component testing prior to the 
shake table testing and bounding analysis performed. 

Shake table testing: resonance search tests. Sine sweep 
testing should be conducted independently in three directions. 
For seismically isolated equipment, both the isolation system 
and equipment frequencies and damping should be identified. 

For isolated equipment and damping devices that are 
displacement-dependent, a minimum of four sweeps with 
amplitudes ranging from 0.05g to 0.25g are proposed to be 
conducted. The sine sweeps may be replaced by equivalent 
white noise excitations at multiple levels to estimate the 
frequency dependency on the level of excitation. The required 

response spectra should envelop the lowest resonant 
frequency obtained in the resonant search tests. 

Shake table testing: time history testing. Only triaxial 
full-scale testing is permitted. The seismic qualification 
method for equipment with seismic protective devices should 
be by shake-table response histories testing. An option of 
using a site-specific spectrum as specified by the utility may 
be used for evaluation. 

6 REQUIRED RESPONSE SPECTRUM 
As currently written, IEEE 693 requires most substation 

equipment to be qualified by means of numerical analysis or 
by full-scale shake table testing. The demand on the 
equipment is specified by required response spectra (RRS) of 
the strong motion imposed at the attachment points of the 
equipment. In case of numerical analysis, for complex 
structures with many modes in the seismic range, a detailed 
finite element model is required. The damping ratio is 
required to be measured directly or a conservatively low value 
(e.g., 2%) is permitted to be used. The lower frequencies of 
the mathematical model should, if possible, also be verified by 
simple-bump or other specified test methods. In case of full-
scale testing by means shake table tests a resonance search 
test is required. The resonant frequency search test is for the 
determination of resonant frequencies and damping of 
equipment before and after each time history test. The data 
obtained from the test may be an essential part of an 
equipment qualification; however, the test does not constitute 
a seismic test qualification by itself. 

Per the current version of IEEE693, a maximum damping 
value of 2% may be assumed on all equipment and structures 
and any claims of any damping beyond 2% must be 
substantiated by testing. Historically, the determination of 
damping of substation equipment has been focused on the 
damping associated with the horizontal response of equipment 
and with particular emphasis on the lower modes of vibration. 

In reality, structural and non-structural systems can have 
damping ratios other than 2%, depending on various factors 
such as structural types, construction materials, the level of 
ground motion excitations and many others. For instance, the 
effective damping of the equipment can change during the 
time history tests especially during high PL testing due to 
some plastic deformations expected during this severe motion. 
For seismically isolated equipment the variation in damping 
can be related to physical properties of the isolation system 
itself. 

In most building codes and seismic design standards [9] the 
design spectra is provided at 5% damping ratio. If a structure 
has a damping ratio different from 5% a special damping 
scaling factor (DSF) is used to modify the design spectra to 
that particular damping value. A similar approach was used in 
the IEEE693 standard which specifies required response 
spectra at 2%, 5%, and other damping and provides DSF for 
other damping ratios.  The 2%-damped spectrum is specified 
as the target for spectral matching when developing input 
motions for testing. 

In  recent research utilizing the updated, 2011 version of the 
NGA database of ground motions recorded in worldwide 
shallow crustal earthquakes in active tectonic regions (i.e., the 
NGA-West2 database), dependencies of the DSF on variables 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

392



including damping ratio, spectral period, moment magnitude, 
source-to-site distance, duration, and local site conditions are 
examined [10].  

The comparison between the IEEE693 required response 
spectra at 5% damping and the estimated RRS for other 
damping ratios utilizing results of [10] is provided in Figure 
10.  

The plots show that newly modified DSF closely matches 
the required response spectra specified in the current version 
of the standard. The updated spectra would have slightly 
higher demand in frequency range from 2Hz to 8Hz for 1%, 
2%, and 10% damping ratios. Smaller spectral accelerations 
would be required for lightly damped systems with resonant 
frequency less than 1 Hz (see plot for 1% as an example). The 
latter will lead to lesser displacement demand, which is 
especially important and crucial for design of seismically 
isolated equipment.  

Judging from the magnitude of the spectral differences in 
Figure 10, the modifications of the required response spectra 
are quite minor and most likely are not practical to introduce 
in the new version of the standard.  
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Figure 10. Required response spectra estimated from IEEE693 
at 5% damping ratio by utilizing results of [10] 

To achieve consistency in testing and numerical analysis of 
seismic qualification of substation equipment, IEEE693 
standard provides two pre-approved three-component time 
histories satisfying certain requirements of the standard and 
enveloping the required response spectra at 2% damping ratio. 

One of them is empirically based input motion that was 
derived from a real strong motion recorded during the Landers 
1992 earthquake. The strong motion called TestQke4IEEE 
[3]. The spectrum of the shake table motion based on 
TestQke4EEE would still envelope the updated spectra as 
shown in Figure 11 since test response spectra envelop the 
required response spectra with some margin that is usually 
much greater than the spectral improvements derived from 
[10].  

This result supports the conclusion that the modifications of 
the required response spectra per [10] are most likely can be 
avoided (at least for 2% damping ratio). 
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Figure 11. Spectral accelerations of shake table motion based 
on TestQke4IEEE would still envelope the updated [10] RRS 

at 2%. 

CONCLUSIONS 
More rigorous testing has led to the development and 
manufacture of improved equipment. The results of the testing 
and analysis presented in this paper show that there is a need 
to improve in areas of IEEE693 such as first support 
amplification, qualification without known support structure, 
projected performance from half-scale tests, correlation 
between finite element models and actual 
equipment/components, and issues related to required 
response spectra.  

More research is needed on HV substation equipment with 
passive protection devices to develop improved guidance for 
the seismic qualification process of this type system. 
Development of supplemental damping devices or other 
means for dealing with excessive terminal displacements are 
needed. 
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ABSTRACT: In this paper a detailed FE model of a bolted steel beam-to-column end-plate connection developed in ABAQUS 
is presented. The model is capable of simulating the behaviour of partial-strength joints subjected to both monotonic and cyclic
loading. The model is validated by comparing the numerical results with available experimental data and also with results 
derived with simpler 2D models. The modelling approach is then employed to undertake extensive non-linear time history 
analyses on a set of partial-strength joints using several earthquake records and considering increasing levels of ductility 
demand, for a range of connections capable of representing the behaviour of the three ductile failure modes defined in Eurocode
3. Relationships between ductility and equivalent viscous damping are determined, which can be used in the application of the 
Direct Displacement-Based Design procedure to the seismic design of steel moment resisting framed structures with partial-
strength connections.

KEY WORDS: Joints; Connections; Dynamic; Partial-Strength; Ductility; Equivalent Viscous Damping; Seismic. 

1 INTRODUCTION
The EN1998-1 [1] (EC8) paves the way to the use of 
advanced analyses, such as non-linear static (pushover) or 
non-linear time history (NLTH) analysis, in the design of 
ductile structures that are expected to behave in a non-linear 
way when subjected to severe actions such as earthquakes. 
These types of analyses allow for a more refined design and 
provide a more realistic prediction of structural response. 
Hence, they are seen as powerful tools to achieve more 
rational and economical structural solutions, such as steel 
moment-resisting frames with partial-strength joints, in which 
energy dissipation develops largely at the joint components. In 
spite of the number of advantages in adopting this structural 
solution, modern codes such as the EC8 do not fully address 
this typology and hence research still needs to be performed in 
this field. 

In a pushover analysis the structure is subjected to a 
monotonically increasing pattern of lateral forces, which 
represent the inertia forces when the structure is subjected to 
an earthquake. The increasing loads originate the sequential 
yield of the structural elements  and the consequent loss of 
stiffness, until the formation of a local and/or global failure 
mechanism. This type of analysis provides additional data on 
the strength and ductility of the structures that is inaccessible 
in conventional elastic analysis. However, for structures 
where the higher modes effects are significant, the results can 
be inaccurate [2]. The NLTH analysis is a more realistic 
approach, using a dynamic oriented solution, but also requires 
a higher level of expertise, particularly in terms of numerical 
modelling and data treatment. The time-dependent response of 
the structure may be obtained through direct numerical 
integration of its differential equations of motion, using 
acceleration time series that represent the expected ground 
motion [1]. Normally, a set of natural or artificial seismic 
records are adopted in order to get reliable estimates of the 

structural response. In this approach, the nonlinear behaviour 
of the structural elements should account for the unloading-
reloading cycles that realistically represent the energy 
dissipation during the seismic event. 

In this work the two previously described analyses were 
used in the assessment of the behaviour of partial-strength 
bolted beam-to-column joint with extended end plate. The 
joint is representative of a typical joint in a moment resistant 
framed (MRF) structure, under static and dynamic conditions 
using a set of representative ground motion records. The 
objective is to find an equivalent elastic single degree of 
freedom (SDOF) system that possesses the same effective 
period of the inelastic system that achieves the same target 
displacement due to a modified equivalent viscous damping, 
assuring this way the same level of energy dissipation for both 
the original and the equivalent structure. So the key factor to 
be determined in this process is the equivalent viscous 
damping for several ductility demands. The use of the 
effective period allows the incorporation of the achieved 
relationships in direct displacement based design procedures 
(DDBD), like the one proposed by Priestley et al. [3] that uses 
the concept of an equivalent SDOF structure for the 
representation of the original multi-degree-of-freedom 
structure at peak displacement response, rather than by its 
initial elastic characteristics, and a level of equivalent viscous 
damping  that represents the elastic damping, el and the 
energy absorbed (hysteretic damping hyst) during the inelastic 
response.

The displacement based design and assessment 
methodologies began to be widely employed in the beginning 
of the 1990’s, mainly in reinforced concrete, masonry and 
bridges structures [4][5] and have been recently applied to 
steel structures [3][6]. The driving motivations for that 
development were the inconsistencies identified in force-
based methods, particularly in what regards to the control of 

Dynamic simulation of beam-to-column partial-strength steel joints for the 
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inelastic structural demands. In fact, it is widely recognized 
that in ductile structures the focus should be essentially on 
deformation rather than on force control, since deformation is 
a more reliable measure of structural damage. 

In this paper a detailed finite element (FE) model developed 
in ABAQUS [7] is described. The model of a beam-to-column 
end plate bolted connection was calibrated against 
experimental results, for the monotonically and cyclic loaded 
cases and for the dynamic analyses simpler 2D models were 
used to compare the results. The good agreement obtained in 
the comparisons allowed concluding that the model is able to 
represent the dissipative behaviour of the various connections 
components. After the calibration of the model, and for a 
series of joints representative of the various dissipative plastic 
mechanisms found in EN1993-1-8 [8] (EC3), successive 
NLTH analyses were performed using several records and 
target ductility levels in order to derive the ductility-
equivalent viscous damping relationship, using a procedure 
described in detail in the subsequent parts of the paper.

2 FINITE ELEMENT MODEL DEVELOPMENT 
The preparation of the FE model followed the external joint 

setup of the chosen experimental tests [9], namely the 
geometry, the boundary conditions and the loading protocol 
which consisted of a displacement control procedure. As 
shown in Error! Reference source not found., the model is 
obtained by the assembly of several parts: vertical column, 
horizontal beam, end plate welded to the beam (using a tie 
constraint) the bolts connecting the end plate to the column 
flange, using contact elements for the interaction. 

Figure 1. Parts of the FE model: column, beam, end plate and 
bolts.

In general the standard volume elements of ABAQUS were 
used, designated by C3D8RH, mainly quadrilateral and 
hexahedra, which consist of an 8-node linear brick element, 
with a hybrid formulation, featuring constant pressure, 
reduced integration and hourglass control. The adoption of 
reduced integration elements, using a lower-order integration 
to form the element stiffness, is related to the large complex 
models and with the attempt of saving some computational 
time; and also to avoid the shear locking problem of the full-
integration elements. Nevertheless, the hourglass can be a real 
problem for the linear reduced-integration elements with only 
one integration point in bending dominant problems, due to 
the severe reduction of the element stiffness. To avoid this 
problem, at least three layers were considered in the 
connections members’ thickness, and the hourglass control 
formulation was activated for the elements. Also, to save 

some computational time in the vicinity of the connection, for 
the beam and the column, the beam element B31 was used, 
i.e., a three-dimensional first-order linear beam element with 2 
nodes, based on the Timoshenko beam theory which allows 
for transverse shear strains, allowing also large strains and 
rotations due to its large strain formulation [7]. More 
information about the model is available in [10]. 

3 CALIBRATION OF THE NUMERICAL MODELS 
For the validation of the model two sets of experimental tests 
[9], the J1 and J3 sets, were chosen. In the first set, the main 
dissipative component is the column web panel in shear, and 
for the second one a more balanced energy dissipation 
capacity shared between the end-plate component in bending 
and the web column panel component in shear. The joints are 
very similar, differing only in the adopted column size. Whilst 
in the J1 set a HEA320 profile was used, in the J3 set a 
HEB320 profile was adopted. Following the test procedure, 
the bolts were preloaded with 20% of the ultimate bolt 
strength. The connections geometry is presented in Figure 2 
and Figure 3. 

Figure 2. Geometry for the J1 series (from [9]) 

The length of the column is equal to three meters and the 
beam is approximately 1.1 meter long. The upper and lower 
ends of the column were considered pinned. The lateral 
displacement normal to the beam-to-column plane was 
restrained at the beam end. The material properties used in the 
model were obtained from the material properties determined 
by the coupon test data. 

Figure 3. Geometry for the J3 series (from [9]) 

The loading history for the cyclic analyses was the same 
adopted in the experimental tests. For the J1.3 a cyclic 
displacement was imposed at the tip of the beam, 
beginning with increasing amplitudes of single cycles of 
( y 3)/4; (ii) 2( y 3)/4; (iii) 3( y 3)/4, where y denotes the 
yield rotation of the connection. This was followed by a 
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constant cyclic displacement corresponding to y 3 until the 
connection reached the cycle corresponding to failure 
observed in the experimental test. In the case of the J3.2 the 
load strategy also began with single cycles applied according 
to ( y 3)/4; (ii) 2( y 3)/4; (iii) 3( y 3)/4, followed by 20 
cycles at constant amplitude of y 3 and afterwards another 
20 cycles with an increasing amplitude of an additional 2.5 
mrad in each direction, successively, until the connection 
reached the cycle corresponding to failure observed in the 
experimental test. 

Figure 4 shows the excellent agreement achieved between 
the monotonic results of the FE model and the experimental 
one for the J1 test series. A good agreement between the 
experimental results and the numerical simulation results was 
also achieved for the cyclic analyses (Figure 5). An excellent 
agreement between the numerical and experimental results 
can be seen for the J3 series, both for the monotonic (Figure 
6) and cyclic loading (Figure 7) case. 

Figure 4. Numerical and experimental results for the J1.1 
connection under monotonic loading 

Figure 5. Numerical and experimental results for the J1.3 
connection under cyclic loading  

Figure 6. Numerical and experimental results for the J3.1 
connection under monotonic loading

Figure 7. Numerical and experimental results for the J3.2 
connection under cyclic loading

For the validation of the NLTH analyses, the results of the 
ABAQUS model were compared with those obtained with a 
“simple” 2D model developed in SeismoStruct [11], using the 
previously calibrated parameters, of the modified Richard-
Abbott model [12], for the J1.3 connection [13]. The sesimic 
record employed is depicted in Figure 8. A comparison of the 
results is shown in Figure 9, in which a good agreement can 
be observed. 

Figure 8. Record used in the validation of the NLTH analyses

Figure 9. NLTHA comparison between the ABAQUS and the 
SeismoStruct results. 

4 EQUIVALENT VISCOUS DAMPING 

4.1 Procedure for the EVD assessment 
The linearization of the inelastic response of the partial-
strength end plate connection is obtained by the procedure 
explained in detail hereafter. The sub-assemblages are 
subjected to seismic records with different levels of intensity, 
in order to achieve different levels of global ductility. 
Calibration is undertaken by identifying, for a given record, 
the level of damping that conducts to the same displacement 
demand on an elastic system with effective period Te to that 
obtained in the inelastic system, i.e., the partial-strength joint 
with nonlinear behaviour and with elastic viscous damping. 
The procedure can be summarized in the following steps: 
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1 - The maximum response of the FE model sub-
assemblage, calibrated in the previous sections, is determined 
from the NLTH analysis using a given record, for a given 
mass m, elastic period Tel and setting the level of elastic 
viscous damping el (see Figure 10). 

Figure 10. NLTH analysis of the sub-assemblage

2 - The yield point ( y;M max) is determined by the 
linearization of the monotonic response curve (Figure 11). 

Figure 11.Determination ductility and yield moment

3 - The achieved ductility is calculated by evaluating the 
ratio between the maximum displacement / rotation and the 
yield displacement / rotation, see equation (1). 

ymax  (1) 

4 - Using the monotonic response curve (pushover) of the 
connection, the bending moment corresponding to the 
maximum rotation is obtained and the secant stiffness, ke, is 
determined, see equations (2) and (3). 

max

max
M

ke  (2) 

mk
T

e
e

2
 (3) 

5 - The displacement spectra are determined for several 
values of viscous damping ( ) (Figure 12). 

Figure 12.EVD assessment in the elastic displacement spectra 

6 - With the effective period, Te, and the target 
displacement, d, (corresponding to the max rotation, max) the 
equivalent viscous damping, eq, is determined interpolating a 
more precise value in the displacement spectra. 

Doing the previous procedure to a wide range of periods 
and a range of ductility demands it is possible to determine the 
ductility-EVD relationships need for the different joints 
behaviours found in practice. 

4.2 Joints to be used in the EVD assessment 
Using the explained procedure applied to a series of joints 
capable of representing the different behaviours found in 
practice, namely the ones that lead to the several failure 
modes according to EC3 [8], the ductility-EVD relationships 
can be derived and implemented in a DDBD procedures for 
MRF structures with partial-strength joints, as schematically 
represented in Figure 13. 

Figure 13.Example of -EVD relationship chart 

Five joints were chosen that cover the different dissipative 
failure plastic mechanisms present in EC3, namely column 
panel zone yielding, yielding of the end plate in bending, 
plastic mechanism type one and type two. The joints were 
based on the J3.2 joint used in the validation of the models, 
changing some geometrical features and adding or removing 
stiffeners, to ensure the expected behaviour of the 
connections.

The geometrical properties of the joints are listed in Figure 
14 and in Table 2, where tws denotes the thickness of the 
column web stiffener. 

The steel grade considered in the behaviour assessment of 
the joints was S355. In the numerical models, the definition of 
the true-stress true-strain relationships was based on the 
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minimum values specified in Section 3 of EN1993-1-1 [8] 
(EC3-1-1) [14], namely the ratio between the ultimate and 
yielding strength 10.1yu ff ; the ratio between the 
ultimate and yield strains 15yu ; elongation at failure 

15.0minr .

Table 1. Joints description 

Connection % of Mb,Rd Description 

C1 90% J3.2 [9] 

C2 120% 
Modified to fulfil the EC3 

requirements, strengthening the 
web and the end-plate 

C3 75% 
Based on the C2, reduction of 

the column strength (HEB320 to 
HEA320)

C4 75% 
Based on the C2, reduction of 
the end-plate, failure mode 1 

according to the EC3 

C5 75% 
Based on the C2, reduction of 
the end-plate, failure mode 2 

according to the EC3 

Table 2. Joints geometric properties (mm) 

Con. C1 C2 C3 C4 C5 
Col. HEB320 HEB320 HEA320 HEB320 HEB320

Beam IPE360 IPE360 IPE360 IPE360 IPE360 

Bolts M24
(10.9)

M30
(10.9)

M30
(10.9)

M30
(10.9)

M24
(8.8)

tP 18 60 60 18 27 

e1 50 50 50 50 50 
p1 100 190 190 190 190 
p2 240 200 200 200 200 
e2 55 50 50 50 50 
ph 110 120 120 115 120 

ts 15 15 - 15 15 

tws - 12 - 12 12 

Figure 14. Joints geometry 

Table 3 summarizes the joints properties obtained with the 
analytical procedure prescribed in EC3. 

Table 3. Properties of the joints according to EC3 

C1 C2 C3 C4 C5 
Mj,Rd 337.00 437.98 263.85 255.58 281.59 
Sj,ini 74464 105733 55499 52525 71516 

Stiff.
class

Semi-
rigid 

(65.38%)

Semi-rigid
(92.84%)

Semi-rigid
(48.73%)

Semi-rigid
(46.12%)

Semi-rigid
(62.79%)

Stren.
class

Partial
strength

(93.16%)

Full
strength

(121.07%)

Partial
strength

(72.94%)

Partial
strength

(70.65%)

Partial
strength

(77.84%)

The joints were loaded monotonically and also cyclically, 
but for brevity only the monotonic results will be presented 
here. The moment-rotation relationship, measured at the end 
plate level, is presented in a combined chart in Figure 15. 

Figure 15.Monotonic results 

A close look at the results allows confirming that 
connection C1 exhibits a plastic mechanism similar to the 
failure mode of type 2, showing a plastic hinge line near the 
lower beam flange, and plastic hinges in the tensioned bolts 
that may lead to rupture. As expected, connection C2 responds 
in the elastic range with a plastic hinge forming in the beam. 
Connection C3 is clearly governed by the column web panel 
in shear. Connection C4 exhibits a plastic mechanism of type 
1, with the formation of three plastic hinges in the end-plate 
before the bolts yield in tension. Connection C5 exhibits a 
plastic mechanism of type 2, similar to that developed in 
connection C1. 

4.3 EVD assessment for the range of joints chosen 
The procedure described in Section 4.1 for the derivation of 
EVD has been applied to the joints. For each joint sub-
assemblage the value of the additional mass in the beam was 
determined to achieve an elastic period, Tel, equal to 1.00s 
(mC1=637.500 t, mC2=837.500 t, mC3=634.375 t, mC4=545.313
t, mC5=696.875 t). In the NLTH analyses a set of twenty 
records were used, for the soils type A LA1r to LA10r, and 
for soils type C LC1r to LC10r, although, because the work is 
still ongoing, only the LA1r to LA10r (Figure 16) and LC6r to 
LC9r (Figure 17) were used. eph1
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Figure 16.Records for the soil type A 
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Figure 17.Records for the soil type C 

The EVD results obtained for the C1 to C5 sub-assemblages 
are summarized in Figure 18, in which each point in the cloud 
represents the application of the procedure to a joint typology 
for a given record, a given effective period and a given global 
ductility demand considering a viscous damping of 3%. For a 
better perception of the distribution, Figure 19 shows all the 
results presented uniformly. 

To achieve the type of relationships illustrated in Figure 13, 
a modification to equation (4), proposed in [3] for steel frame 
buildings based on a Ramberg-Osgood hysteresis rule, was 
proposed. Equation (5) was derived using the ordinary least 
squares to determine constant C. The results obtained with the 
proposed expression are depicted in Figure 20 along with the 
predictions obtained with equation (4). 

Figure 18.EVD results or the several records and joints 

Figure 19.EVD results 

1577.005.0  (4) 

103.0 C  (5) 

The large dispersion observed in the results does not allow a 
robust calibration of the expressions, particularly for the C5 
connection for which only 14 analyses have been conducted. 
Nevertheless, the preliminary results are presented here with 
some reservations until all the analyses are performed. It is 
interesting though to note that the results obtained for the C1 
and C3 joints are very close to each other (Figure 21), 
possibly because of the large contribution of the column web 
panel in shear in the C1 joint. 

5 SUMMARY AND CONCLUSIONS 
In this paper a detailed FE model of a bolted steel beam-to-
column end-plate connection was presented, which is capable 
of simulating the behaviour of partial-strength joints subjected 
to both monotonic and cyclic loading. The model was 
validated by comparing the numerical results with available 
experimental data and also with results derived with simpler 
2D models. The comparison of the results revealed a good 
agreement. The models were employed to undertake extensive 
non-linear time history analyses using several earthquake 
records and considering increasing levels of ductility demand, 
for a range of connections capable of representing the 
behaviour of the three ductile failure modes defined in 
Eurocode 3. Relationships between ductility and equivalent 
viscous damping were determined, which can be used in the 
application of the Direct Displacement-Based Design 
procedure to the seismic design of steel moment resisting 
framed structures with partial-strength connections.
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Figure 20.Adjustment of the analytical expressions to the EVD 
data obtained 

Figure 21.Preliminary results for  - EVD 

From the results obtained it is possible to conclude that the 
majority of the values found for the EVD are below the values 
obtained with the expression proposed by Priestley et al. [3], 
indicating therefore that the expression should be improved in 
order to be applicable to steel moment frames with partial-
strength beam-to-column joints. 

Despite the considerable amount of results presented, 
research is still on-going and it is expected that definitive 
results will be obtained in the course of this work. 
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ABSTRACT: On October 23, 2011 a devastating earthquake with Mw of 7.2 hit Van province, which is located in the east of 

Turkey. The epicenter was Tabanlı village which is 30km far from the city. 16 days afterwards the first earthquake, a second 

earthquake with Mw 5.6 again hit Van province. This time the epicenter was 18km far from the city. Due to the large number of 

unqualified structures, the damage was more than expected. In this study, 2 aseismically designed masonry buildings which were 

subjected to Van earthquakes were chosen. One of the buildings was a mosque and the other one was a school building. To 

overcome the soil effects, the buildings were chosen in the same era. The mosque did not suffer structural damage, whereas the 

school building had to be retrofitted after the earthquakes. After conducting nonlinear time-history analysis on the 3D models of 

the mentioned aseismically designed buildings, the reasons of the damages were discussed according to the assessed capacities. 

KEY WORDS: Aseismic design; 2011 Van earthquake; Masonry; School buildings; Mosque; Nonlinear time history. 

1 INTRODUCTION 

Two earthquakes, on October 23, 2011 (10:41 GMT) and 

November 9, 2011 (19:23 GMT) hit Van province, which is 

located in the eastern part of Turkey between Lake Van and the 

Iranian border. It is 20000 square km in area and has a 

population of 1million approximately. The peak ground 

acceleration values of the earthquakes were measured as 

178.5gal in the north-south direction and 102.6gal in the east-

west direction respectively. According to the governmental 

reports at least 600 people died, and more than 4000 are injured 

due to the earth-quakes. More than 2000 houses are heavily 

dam-aged or collapsed. Comprehensive data about the 

earthquakes can be found in Table 1 [1]. 

 

Table 1. October 23, 2011 and November 9, 2011 Van earth-

quakes characteristics. 

 

To carryout reconnaissance studies in the region, 

Government of Van signed a protocol with wide-known 

universities of Turkey. They want to know which buildings 

they should demolish and which they should support credits for 

retrofitting. Figure 2 shows the epicentral distances of the 

earthquakes. 

It is known by the seismologist that Lake Van is a key factor 

in the Arabian-Eurasian plate boundary. It lies near the 

intersection of two transform fault zones and a subduction 

zone. The Dead Sea and East Anatolian fault zones are 

classified as left-slip faults. Central Turkey is being squeezed 

west (to the right) by the northward movement of the Arabian 

Plate. Beyond Lake Van are the folds and thrust faults 

straddling the boundary between the Arabian Plate from the 

Eurasian Plate.  

 

 
Figure 1. Epicentral distances of Van earthquakes. 

 

It is also reported that, the region had affected from the 

historical earthquakes between the periods 1101-1900 B.S. The 

intensity of them were in the range V-X. It was a known fact 

that there had been a fault trace in the region, it did not accepted 

as an active fault in the 1992 dated map of MTA.  

Regarding this issue, it is later accepted and marked in the 

seismological maps that there is an active left-lateral strike slip 

fault line called Van Fault. 

2 EARTHQUAKE RECORS 

The gathered ground motion records from Muradiye and 

Edremit stations were then filtered using SeismoSignal [2] 

program respectively. It was first performed baseline correction 

to the records. Later on, in order to bypass the undesirable noise 

contents in the records, quadratic Butterworth band filter had 

been applied to the acceleration rec-ords. Since N-S 
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components of Muradiye and E-W of Edremit had the peak 

ground acceleration values, the processed values of those 

records are given in this paper. Figure 2 shows the acceleration-

time graphs of the mentioned earthquakes. 

 

 

Figure 2. Filtered earthquake records for Muradiye and 

Edremit. 

 

The comparison of Fourier spectrums for both earthquakes 

are given in Figure 3. The effective durations of the horizontal 

components are determined assuming that the effective time is 

the time interval between the 95% and 5% values on the Arias 

intensity curves. The calculated effective times for Muradiye 

and Edremit records are shown on Arias Intensity plots on 

Figure 4 and Figure 5. The effective time for Muradiye N-S and 

Edremit E-W records are calculated as 19.23sec, 11.79sec 

respectively.  

For the 5% damped acceleration response spectra of the 

filtered ground motions recorded at Muradiye and Edremit are 

compared with the design spectrum defined in Turkish 

Earthquake Resistant Design Code [3] for all soil types. 

Figure 6 shows the comparison plot. Here Z1 represents the 

most stiff soil and Z4 the softest one. It can easily be seen from 

Figure 6 that, the gathered 5% damped elastic response 

spectrums are all below the design spectrum values defined in 

TERDC, for all types of soils. Due to this fact, it can be stated 

that it is in fact not the earthquake that de-molished the 

structures, it was the result of poor de-signed structures. Not 

obeying the engineering rules, using out of standard materials 

were the cause of the damage. 

 

 
Figure 3. Fourier spectra of Muradiye and Edremit 

earthquakes. 

 

 
Figure 4. Arias intensity of Muradiye N-S componen 

 

 
Figure 5. Arias intensity of Edremit E-W component 

 

 
Figure 6. Comparison of acceleration response spectra with 

the design spectra of TERDC. 
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3 DAMAGE ASSESSMENT 

3.1 General Characteristics of the building stock 

The building stock of Van can be categorized in to two, the 

reinforced buildings and the masonry ones. It can be stated that, 

the scene is not so much different from the other parts of Turkey 

indeed. Majority of the buildings were lack of engineering care. 

Most of the citizens of the province build up their own 

buildings without obeying engineering rules.  

After the reconnaissance studies completed in the field, the 

reasons causing the damage in the rein-forced buildings due to 

the earthquake excitation were resulted as follows; 

a) It was just after 1999 Marmara earthquake that ready-mixed 

concrete started to use in the east of Turkey. The tested core 

samples of the 6-7 story buildings were astonishing. The 

strength results of the concrete samples were found to be 3-4 

MPa.  

b) Poor detailing of reinforcing bars can be stated as the second 

factor. The stirrups and the loops were not curved due to the 

regulations. There were also no stirrups in the column-beam 

connections.  

c) Usually ribbed slabs were preferred. To over-come the 

rigidity deficiency of ribbed slabs, structural wall elements 

were not implemented in the buildings.  

d) In the majority of the high-rise apartments, the entrance 

floors were used as car galleries or supermarkets. To expand 

free space in this floors the middle columns were cut off.  

e) Irregularity effects were not taken into account in the design. 

f) The non-structural elements, clads, ceramics etc fell with the 

started excitation and caused injuries.  

g) Adjacent buildings. There were no dilation. Due to 

hammering effect of different story levels, majority of the 

buildings were destroyed. 

When the masonry buildings investigated, the causes of the 

failures can be stated as; 

h) Heavy clay roofs due to protect the residents from bad 

weather condition caused the most damage in masonry 

structures. 

i) Poor quality of the mud mortar binder. 

j) Inadequate corner connections of the walls. 

k) Excessive lengths of walls without any lateral support. 

l) Majority of the brick masonry structures were unreinforced. 

They did not have any vertical and horizontal tie beam 

elements.  

 

After the reconnaissance studies completed, the Government 

started to demolish the poor qualified structures and maintain 

the minor damaged ones. The reconnaissance field 

observations were not limited to residential buildings, as well 

as the school and governmental buildings. After the studies 

were completed, the retrofitting stage started in the region.    

3.2 Selected buildings for assessment 

The masonry school building was a three-storied one. The 

height of the base story was 3.5m, whereas the upper ones were 

3.0m. It had a detailed structural project prepared by the 

Ministry of Education of Turkey. The 3-dimensional ETABS 

[4] model of the school building is given in Figure 7. The 3-

dimensional model of the mosque is shown in Figure 8. 

After conducting time-history analysis, the predominant 

period of the mosque was calculated as 0.69sec. The first mode 

period of the masonry school building was determined as 

0.75sec and 0.69sec, in the longitudinal and transverse 

directions respectively. 

 
Figure 7. Selected masonry school building. 

 

 
Figure 8. Mosque. 

 

 

4 CONCLUSIONS 

It was concluded that, especially the masonry school building 

was heavily damaged after the subjected earthquakes. The 

damage distribution for the mosque was not so much severe. 

There were only minor cracks on the walls of the mosque. 

Neither in the structural model nor in the field observations 

there were no observed important damages for the mosque. The 

assessed damages of the masonry school building were 

compared with the filed observations. The failure results were 

consistent with each other. It was decided to retrofit the 

masonry school building. Due to the majority of the collapsed 

walls it was first decided to reinforce the remaining ones, then 

the surfaces of the walls were treated using shot-crete.  

After conducting time-history analysis on the selected 

buildings, the followings were also concluded. 
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a) The peak ground accelerations of the earth-quake records 

were found to be 178.5 and 102.6 gal. That was below the 

design limits. In Figure 6 it was shown that the earthquakes 

acceleration response spectra were below the design spectra of 

TERDC 2007. The damage caused by the ground motions on 

the buildings were astonishing though.  

b) The majority of the buildings concrete strengths were 

found to be different and considerable lower than their design 

strengths. This is believed to be the main reason of the 

determined damage.  

c) It can be concluded that, whether if the detailed project is 

perfectly designed, the application of that project on the field is 

another concern. Poor quality of the established buildings in the 

region made the damage excessive.  

d) Not using ready-mixed concrete and not properly detailing 

the reinforced elements may be classified as the most important 

deficiencies.  

e) It is believed that if the analyzed buildings were built-up 

with higher stories they would collapse, like the others, due to 

their deficiencies.  

 

In many parts of Turkey and many other countries there are 

many non-engineered buildings in-deed. To betray the future 

possible damage in this type of buildings, they should be 

demolished or strengthened before earthquakes demolishes 

them. 
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Medium pressure gas pipelines sustained severe buckling damage during the 2007 Niigata-ken Chuetsu earthquake. We 

investigated relationship between damage to the gas pipeline and the ground with irregular interface at Kashiwazaki city in 

Niigata prefecture. Axial strain of the ground have a great influence on pipelines, therefore, we calculated the ground strain 

parallel to the pipeline by using Aki-Larner Method, which can solve the ground response for arbitrary input ground motion. 

The ground strain obtained is in good agreement with the value of experimental data at which the buckling begins to occur.. 

KEY WORDS: Earthquake ground motion; Buried pipeline damage; Buckling; Layered media; Irregular interface  

1 INTRODUCTION 

A large earthquake occurred in Niigata prefecture on July 26, 

2006. JMA (Japan Meteorological Agency) scale magnitude, 

MJ, was 6.8 and maximum seismic intensity was 6+. The total 

dead and injured are 15 and 1,664, respectively, and most of 

the casualties occurred in Kashiwazaki prefecture (14 dead 

and 1,664 injured). Many lifelines such as gas, water, sewage 

systems sustained severe damage as well as dwellings. 

Especially in gas supply system, 16 medium pressure gas 

pipes buckled (Photo 1 and 2). 

In this study, we investigate the cause of buckling on gas 

pipelines under the assumption that the ground with irregular 

interfaces affect to the behavior of pipeline. Target ground 

analyzed is Kashiwazaki basin where the pipeline damage 

concentrated. 

 

 

 

 
 

Photo 1 Damage to gas pipeline 

 

 

2 GROUND MODELAND ANALYSIS METHOD 

2.1 Ground model 

Fig.1 shows a section of the target ground1). The ground 

structure of the section is roughly divided two layers; alluvial 

soil for basin with an irregular interface and engineering bed 

rock. According to the boring column diagram, we determine 

P- and S-wave velocity of the basin by the weighted average 

of several clay layers. The P- and S-wave velocities of the 

basin determined are 657m/sec and 115m/sec, respectively. 

 

 
 

Photo 2 Buckled gas pipe 

 

 

 

Seismic effects of layered ground with irregular interfaces 

on buckling failure of buried pipeline 
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Figure 1. East-west section of Kashiwazaki1) 

 

 

 

 
 

Figure 2. Ground model 

 

The ground model for the analysis based on the Fig. 1 is 

shown in Fig. 2. The length of the section is 5,120m, and 

irregular shape of the boundary is expressed as a combination 

of sinusoidal curves. 

 

 
 

Figure 3. Parameters of the media  

 

The deepest point of the basin model is -72m at 1,900m 

point on the surface from the origin of the model. The ground 

is composed of two layers (basin and bed rock as a half 

space). About soil parameters, P- and S-wave velocity, and 

density are set as 657m/sec, 115m/sec, 1.7ton/m3 for upper 

and 1,690m/sec, 270m/sec, 1.8ton/m3 for bottom layer (Fig. 

3). 

 

2.2 Analysis  method 

A method used here is Aki-Larner method
2)

 (hereafter AL 

method). The method expresses the ground displacement as an 

infinity integral of wave number. If the irregularity of the 

interface is assumed to be periodic, the infinity integral can be 

replaced as the infinity summation of wave numbers. By 

truncating the infinity number and introducing continuity 

condition of displacement and stress at the interface, the 

unknown coefficient of up-going and down-going wave are 

determined. 

Now we consider the problem for SH-wave input to two 

layered media. The displacements of the first (upper) and 

second (basement) layer are written as 
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in which k and  are wavenumber for x- and z-direction, 

respectively, and A1, B1 and A2 are unknown coefficients that 

should be solved. 

The problems for incident P- and SV-wave are formulated 

as well. In case of P-wave input, the ground displacements of 

x- and z-direction, Ux and Uz, are expressed as 
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Time term, e
-it

, are omitted in the equations. 

 

3 SURFACE RESPONSE FOR IN-PLANE PROBREMS 

 

3.1   Frequency response function 

Response displacement of a unit-amplitude sinusoidal wave 

input is calculated for incident P- and SV-wave. Frequency 

response function can be derived by changing the input 

frequency from 0.1Hz to 3.0Hz.  
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(a) Ux (incident P-wave) 

 

 
(c) Ux (incident SV-wave) 

 

 

.  

(a) xx for incident P-wave 

 

 

 

Fig. 4 shows the response amplification factors for x- (Ux) 

and z-direction (Uz) on the surface ground. Ux for P-wave 

input becomes zero when the layered media have a regular 

interface, however, there appears small response amplitude 

by the effect of irregular interfaces (Fig. 4 (a)). The values 

of Uz on the surface with shallow sedimentary depth in the 

range of 0-1,000m and 4,000-5,120m are around 2.0 for a 

whole frequency range. On the surface ground with deep 

sedimentary depth, Uz is around 2.0 for the low frequencies 

of 0.1Hz and 0.2Hz, then the response gradually increase as 

the frequency being larger. The response has large values 

when the frequency is 2.0Hz and 3.0Hz (Fig. 4 (b)).  

     
(b) Uz (incident P-wave) 

 

 
 

(d) Uz (incident SV-wave) 

 

 

 

 
 (b) xx for incident SV-wave 

 

 

On the other hand, for SV-wave input, the amplitude 

becomes large at the center of the basin for low frequencies 

and at both edge of the basin for high frequency (Fig.4 (c)). 

Although Uz is relatively small because of the same reason 

as (a), the amplitude curve has peaks at the points upper the 

large gradient of interface (Fig. 4(d)).  

  

 3.2       Axial strain of the ground 

Axial strains, xx, at the depth of -2m for incident P- and SV-

wave calculated are shown in Fig. 5 (a) and (b), 

respectively. As (a) is the case that the P-wave inputs 

vertically, axial strain along x-axis is obviously small, 

Figure 4. Frequency response for P-SV wave input 

Figure 5. Axial strain of the ground at the depth of -2m level 
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however, axial strain occurs above large variations of 

interface. The axial strain for incident SV-wave becomes 

large at both edge of basin in relatively high frequency 

range (2.0-3.0Hz), and at the center of basin in low 

frequency range (0.1-0.5Hz). 

 

4 GROUND STRAIN AND PIPRLINE DAMAGE 

We studied ground response for the input of a unit amplitude 

and calculated ground strain at -2m level in above chapter.  

Actual gas pipeline are usually buried 1-2m below the 

ground surface. Therefore damage to the pipe can be 

estimated by investigating the behavior of surrounding soil. In 

this time, we assumed that the pipeline is buried at the depth 

of -2m from the surface, and the distributionof axial strain for 

x-direction are calculated by using observed accelerograph as 

an input ground motion.  

  

 
(a) acceleration (max. 647gal) 

 
(b) velocity (max. 52.8kine) 

 

Figure 6. Input ground motion (observed) 

 

Fig. 6 (a) and (b) shows an acceleration and velocity time 

history observed at the depth of -31.9m of Kashiwazaki 

nuclear power plant during the 2007 Niigata-ken Chuetsu 

earthquake. The peaks of acceleration and velocity are 647gal 

52.8kine.  

Axial strain of the ground in x-direction, xx, is derivative of 

displacement, u, subject to x, therefore the following equation 

is derived. 

 

  
x

u
xx




ε                (7) 

 
 

 

 

 

 

 

 

 

 

 

 

 
Figure 6. Strain time history at -2m level for observed wave 

input 

 

 

 

 

 

 

 

 

 

 

 
 

             
 

(a) 2.625sec～3.203sec 

 

 

 

 

 

 

 

 

 

 
 

 
 

(b) 5.859sec～6.406sec 

 

Figure 7. Strain time history at -2m level for observed wave 

input 

 

The axial strain can be determined at -2m level from the 

surface. Calculated strain time history at each point of -2m 

level is shown in Fig. 6. The points above irregular part have 

large amplitude.  

Fig. 7 shows the spatial strain distribution at which the 

variety of strain is marked. Horizontal axis is location and 

vertical axis is time. Calculation time step, t, is 0.078sec and 

the number of total steps is 256 (duration of time history is 
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20sec). Extracted time steps in (a) from 34-41(step) and (b) 

75-82(step). 

Positive value of strain expresses tension force. At 2.656sec 

in Fig. 7 (a), a large compression force acts on the parts of 

800-1,200m, 1,700-1,900m and 3,500-4,000 m. The tension 

force acts on during 2.734-2.891sec. The tension force 

becomes gradually large in this time range. In Fig. 7 (b), the 

stress field changes from tension to compression during 

5.895-6.406sec. As shown in both figures, the strains 

drastically change their value at the points of 800-1,200m, 

1,700-1,900m and 3,500-4,000 m, where the shape of 

irregular boundary markedly changes. 

 Maximum compression strains along the line of -2m depth 

during 20sec are shown in Fig. 8. Table 1 show results of 

buckling analysis for several kinds of gas pipes, of which 

diameter and thickness are different. As shown in Fig.7, axial 

strains at the points of 1,200m and 1,900m exceed 0.12% and 

0.11%, respectively. In Table 1, the buckling initiates at the 

strain level of 0.11% or 0.12%. 

 

 

 

 

Although the axial strains of the pipeline and the 

surrounding soil are different, the ground strain obtained is in 

good agreement with the value of experimental data at which 

the buckling begins to occur. 

5 CONCLUSIONS 

We investigated relationship between damage to the gas 

pipeline and the ground with irregular interface at 

Kashiwazaki city in Niigata prefecture. AL method was 

applied for the seismic response analysis of the ground.  

 

 

 

 

Table 1 Buckling strain of steel pipe 

 

Type Diameter Thickness 
Buckling 

strain 

SGP50 60.5mm 3.8mm 0.11% 

SGP80 89.1mm 4.2mm 0.11% 

SGP100 114.3mm 4.5mm 0.12% 

 

Response displacement of a unit-amplitude sinusoidal wave 

input is calculated for incident P- and SV-wave. 

 

Frequency response function changes their shape with input 

frequency. For incident SV-wave, the amplitude becomes 

large at the center of the basin for low frequency and at both 

edge for high frequency. The tendency of axial strain is as 

well. 

 

 

 

 

 

 

 

We here assumed that the pipeline is buried at the depth of 

-2m from the surface, and the distribution of axial strain 

along the x-direction is calculated for the observed input 

ground motion.  

The peak strains occurred above the large gradient of 

interface. The ground strain obtained is in good agreement 

with the value of experimental data at which the buckling 

begins to occur. 

 

 

 

 

Figure 8. Maximum compression strain of the ground calculated 
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ABSTRACT: With the aim to understand the behavior of the structural system so-called "transfer-slabs” used in mid-rise 

buildings, in this research we performed linear and non-linear analysis for slab-wall models, using the finite element method 

with ANSYS program. The models were subjected to vertical loads and simultaneous horizontal and vertical loads. The 

thickness of the slab, the material of walls (masonry or reinforced concrete), and the length of the wall were the studied 

parameters. The models used non-linear properties, so that capacity curves were obtained. We performed stress analysis at 

specific points for each model. We also carried out a comparative analysis of the initial stiffness of each system, and hence, we 

proposed Damage Limit States from the observed behavior. When we compared the results of the models for transfer-slab 

(flexible base) against models with rigid base, we could observe significant differences in the behavior of both systems. The 

capacity of deformation and shear resistance are significantly reduced in the structural shear walls of slab-wall models. 

KEY WORDS: Transfer Slabs; Floor Systems; Discontinuity in height. 

1 INTRODUCTION 

In recent years, the structural system called "transfer-slabs" 

has been popularized; and it has been used in mid-rise 

buildings. We detected a significant increase in the 

construction of this type of structural system in Mexico. These 

structures are characterized by a slab on the parking stories of 

the building, which supports a six story shear wall structure. 

Most of these shear walls are interrupted in the first level, and 

hence a discontinuity in elevation is observed, and therefore a 

significant irregularity in elevation is considered. This 

structural system requires a detailed seismic and structural 

research due to additional demands that may occur both in the 

transfer-slab and in the load-bearing walls. 

However, the building requirements to be met at the 

Buildings Office of Mexico City are less rigorous. The 

structural engineering community has shown concern for the 

proper application of the seismic provisions for new structural 

projects. A selected number of buildings were studied (Gómez 

et al., 2009), in order to verify if the projects met the current 

seismic provisions. A large percentage of the studied 

buildings were designed with transfer floor systems, even in 

high seismic intensity zones of Mexico City. The studied 

buildings were constructed in “Colonia Roma”, one of the 

most affected areas during the 1985, Michoacán Earthquake.  

One of the main objectives of this research program is to 

analyze the interaction between the wall and the slab on which 

rests. It is intended to show that there are significant 

differences in behavior between slabs of transfer systems and 

traditional systems that do not have discontinuities. Also in 

this study are set bases analytical and design for an 

experimental project, which will take place in the Laboratory 

of Structures of the University Autonomous Metropolitan, 

where the behavior of a slab-wall prototype will be studied 

under vertical and lateral loads. 

 

 
Figure 1 typical configuration of buildings with Transfer 

Floor Systems. 

2 TRANSFER FLOOR SYSTEMS 

2.1 Types 

There are several cases of structural systems based on transfer 

floor systems. For example, the columns and walls of transfer 

floors can be supported on beams with different stiffness, 

which implies that these beams can be idealized as elastic 

springs, as it is the case of the actual building whose plan is 

shown in Figure 2, the shaded area bounded by the axes A-K 

and 8-12, is the part of the building which rests on the transfer 

floor system, which is formed by beams and a solid slab of 12 

cm (most of the interior walls are interrupted at that level and 

do not rest on any beam). Another case of transfer floor 

systems is when transfer-slabs are built with waffle slabs 

without beams (Figure 3), showing the plans of another real 

building (we can see that none of the walls of the axis of the 

short direction is aligned with the rigid frames of the floor 

immediately below). 
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Figure 2. a) Transfer floor formed by beams and solid slabs, 

b) Wall distribution on transfer floor. 

 

 

Figure 3. Top) Transfer floor formed by a waffle slab system, 

Bottom) Distribution of walls on transfer slab. 

Therefore transfer floors can be considered, either rigid or 

semi-rigid diaphragms according the floor type. We can 

summarize a set of common situations detected in systems 

with transfer floor systems, (Gomez et al, 2013): 

 When building models are analyzed with vertical loading, 

large shear forces are calculated on the walls of the 

subsequent 3 stories that are supported by the transfer 

floor system; this increase of shear forces is observed due 

to the flexibility of the slabs and secondary beams. 

 When building models are simultaneously analyzed with 

vertical and lateral loading, extreme shear forces are 

observed on the walls of the subsequent 3 stories that are 

supported by the transfer floor system. In several walls 

these shear forces exceed the design requirements. 

 The ratio between the calculated shear forces in walls 

resting on a transfer slab of the building, and the shear 

forces computed from walls supported on rigid base, can 

be larger than 5 (the walls exceed their resistant capacity). 

 Due to the scarcity of information on the design and 

behaviour of transfer-slab buildings, there are a lot of 

variables that should be considered for the proper 

performance of the structure: slab type (solid, waffle, 

plane); wall position on the slab; anchor between slab-

wall; deep of the secondary beams, and eccentricities in 

the distribution of the walls. It is important to eliminate 

uncertainties in the design, in order to achieve a safe and 

functional structure. 

In this paper we studied transfer-slabs that are supported by 

edge beams and a solid slab. Systems with waffle slab systems 

will be discussed in future research. 

To support the results observed in real buildings built with 

transfer floors, a parametric study of building models with 4 

to 6 levels, with different clear lengths, changing the slab 

thickness, and the distribution of the walls on the transfer slab, 

as well as the main parameters studied (Manzanares, 2012). 

The results confirmed those observed in the real buildings: 

shear forces on slabs of transfer floors are very height, in 

some cases more than shear resistance established by the 

Mexican Building Code. 

2.2 Modeling of buildings with transfer floors 

When any structural analysis software is used to model a 

building with a transfer-slab system, it is essential that the 

structure complies with the analytical hypotheses of the 

software. This is necessary to ensure that the path of the 

vertical loads is correct, and that all gravity loads in the 

structure are considered. In order to make a correct analysis, 

the method of construction of the building should be known. 

Any 3D static analysis of building assumes that all vertical 

loads are applied simultaneously to all of the structure. In 

reality, the load is gradually applied on several floors as they 

are being built. If the structure is shore up, and struts are 

removed once the concrete is cast completely, static analysis 

is correct. But if the struts on each floor are removed until the 

upper floor is built, the static analysis will not provide 

accurate results. 

3 METHODOLOGY 

One of the main objectives of this work is to study analytical 

models for the system transfer slab-wall, using ANSYS 

software. Four geometries were studied (Figure 3), and two 

materials were used for the wall (masonry and reinforced 

concrete). One of these models is similar to a test specimen, 

which will be tested in the Structures Lab of the Universidad 

Autónoma Metropoliatana–Azcapotzalco (UAM-A). 

One of the main goals in this research is the definition of 

capacity curves for the slab-wall models subjected to 2 

different loading conditions: 1) incremental cyclic vertical 

loading, and 2) under combined horizontal and vertical 

loading. Several experimental and theoretical research studies 

assumed that shear walls are supported on a non-deformable 

base (i.e. Astroza and Schmidt, 2002). In this research we 

considered that the walls might be supported on a flexible 

base, and that the performance of the wall-slab system might 

be different than the one observed for rigid base supports. 

On the other hand, our interest is the definition of the 

deformation relationship of the wall-slab system; for example, 

the determination of the relationship between the slab 

deformation and the wall crack pattern will define the 

functionality conditions (serviceability) for this type of 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

414



structures. These results are important to clarify the reasons 

why the presence of a particular crack pattern on the first story 

walls, in buildings that used transfer-slabs. 
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Figure 4. Plan and elevation view of the studied models. L 

varies from 2.5 to 3.50 m 

Figure 4 shows the geometric characteristics of the studied 

models: 4 wall lengths and 2 slab thicknesses. The model was 

divided in two sections for reducing computational time 

consumption and analysis complexity. It also shows the 

support conditions of the slab, which is supposedly restricted 

on all edges by the edge beams. Two materials were also used, 

for the wall, for each model: confined masonry and reinforced 

concrete wall; thus, to assess the differences in the behaviour 

of both wall materials, Figure 4 and Table 1. 

 

Slab 

Wall 

. 

. 

 

Figure 5. Scheme of transfer slab models. Wall-slab used in 

FEM-ANSYS. Models including vertical and horizontal 

confining elements (tie-column and bond-beam). 

Non-linear models for the slab-wall system were also 

produced for comparison purposes. The comparisons for the 

vertical loading were done using the non-linear slab model 

(without wall) subjected to uniform loading; for the lateral 

loading comparison, a non-linear model of the wall on a rigid 

base was used. The wall and slab models have the same 

geometric and material characteristics for all the models. 

 

Table 1. Studied slab-wall models. 

Concrete Masonry 

Wall 

length 

(m) 

Slab 

thickness 

(cm) 

 

M1_C2.5_12V  M2_M2.5_12V   2.50 12  

M3_C3_12V  M4_M3_12V   3.00 12  

M5_C3.75_12V  M6_M3.75_12V 3.75 12  

M7_C3_13V  M7_M3_13V 3.00 13  

M9_C2.5_12VL M10_M2.5_12VL 2.50 12  

M11_C3_12VL M12_M3_12VL 3.00 12  

M13_C3.75_12VL M14_M3.75_12VL 3.75 12  

M15_C3_13VL M16_M3_13VL 3.00 13  

 

4 RESULTS 

4.1 Vertical loading 

Figure 6 shows the deformation contours obtained from 

analysis for 2.5 m length walls (concrete model 

M1_C2.5_12V, and masonry model M2_M2.5_12V). The 

effect of the wall stiffness and the influence on the resistant 

capacity of the slab is evident. The concrete wall moved 

downwards as a rigid body, trying to penetrate the slab. For 

this case, all the deformation energy was absorbed by the slab 

system. On the other hand, the masonry wall moved 

downwards, in a differential way, the displacements were 

increasing from the centre to the corners of the wall. Thus, 

when the wall is less rigid, it also absorbs part of the 

deformations; and allows the slab to deform freely in a 

vertical way, unlike the concrete wall-slab system. 

 

 

Figure 5. Contours of vertical deformations: a) M1_C2.5_12V 

b) M2_M2.5_12V 
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Figure 6 shows the capacity curves from concrete and 

masonry models of the two groups, with wall length of 2.5 m 

(models M1 and M2 of Table 1). We also included the 

capacity curve for the slab model, subjected to uniform 

loading (LCU), for comparison purposes. The results show a 

large difference in the resistant capacity of the models; the 

slab subjected to uniform loading exhibited the largest 

capacity. Figure 7 shows all the capacity curves for all studied 

models, it is worth noting that the stiffness of the system 

increases with the wall length L. 
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Figure 6. Comparison between curves from models with 

L=2.5 m (models M1_C2.5_12V and M2_M2.5_12V). 
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Figure 7. Comparison between all capacity curves of studied 

models under vertical load. 

 

In figures 8a to 8c diagrams and patterns of cracking of the 

models analyzed are presented, and correspond to the ultimate 

state of charge, obtained from finite element analysis. 

Diagrams are presented separately for the top and the bottom 

of the slab. Diagrams are for models of 2.5 m thick slab of 12 

cm. Also is represented the pattern cracking from the slab 

loaded evenly (LCU), which has a well-known form of 

analytical and experimental studies. . These results give an 

idea of the differences in the damage suffered by the slab 

according to the type of supported load, and it differs greatly, 

as with the cases of slab-wall models. 

 

 

Figure 8a. Crack patterns in slab of model LCU_12V. 

 

 

Figure 8b. Crack patterns in wall-slab model M1_C2.5_12V, 

top face slab (left), bottom face slab (right). 

 

Figure 8c. Crack patterns in wall-slab model M2_M2.5_12V, 

top face slab (left), bottom face slab (right). 
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Figure 8b represents the model with concrete wall, while 

Figure 8c corresponds to the model of masonry. At first 

glance, it is not possible to see a significant difference 

between both cases. However, two of them can be mentioned. 

The first, in the concrete wall model (M1_C2.5_12V), the slab 

suffers further damage to the foot of the castles (such damage 

is represented by small circles); the second is that in masonry 

model, M2_M2.5_12V, the underside of the slab model shows 

a more dispersed cracking, due to the fact that this model slab 

suffers more deformation. In addition, in the masonry model, 

the damage is less concentrated. 

On the other hand, there are major differences in the 

cracking on the walls of both models. The difference in the 

behavior between the concrete wall and the masonry wall can 

be very well distinguished: the concrete wall has much less 

cracking than the masonry wall. However, this difference in 

the number of cracks is not translated into an increase in 

vertical system load capacity, or at least there is no observed a 

big difference. 

4.2 Simultaneous Horizontal and Vertical loading 

Figure 9 shows the capacity curves from all analyzed 

models, there are significant differences between the 

responses of concrete and masonry models. Load capacity and 

stiffness values are larger in the concrete wall models. 

Masonry wall models exhibited a larger lateral distortion 

capacity. However, in all the eight studied models, the 

ultimate distortion exhibited was limited by cracking or 

crushing of the first finite element model. All the models 

(except M13_C3.75_12VLl) showed a significant reduction in 

stiffness, before they reached the ultimate state, thus indicates 

severe cracking in the system, Figure 9. 
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Figure 9. Comparison among lateral distortion of all models 

subjected to combined load. 

 

4.3 Comparison between a wall supported on flexible base 

(transfer-slab) and a wall supported on rigid base 

The comparison between flexible and rigid (fixed) base 

models showed significant differences. The concrete wall 

models cracking pattern is quite different, Figure 10. The 

wall-slab flexible model showed a low crack pattern and 

provides little shear resistance. This is because of rotations in 

the slab, caused by vertical loading, and therefore a large 

percentage of the system stiffness is reduced. The wall-rigid-

base model showed a severe crack pattern at the tension area 

(lower left corner) and develops most of its shear capacity, 

Figure 10. I.e., the concrete wall on rigid base develops most 

of its shear capacity, while the transfer slab wall provides little 

resistance in shear, due largely to the rotation imposed by the 

vertical load on the slab, decreasing a large percentage of the 

rigidity of the system, as shown in Figure 10. 

This condition is very critical in the slab, in the areas 

located at the ends of the wall. In these areas, the slab shows a 

large crack pattern on its underside, as well as concrete 

crushing in the upper face; this situation significantly reduces 

the capacity of the slab. 
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Figure 10. Lateral load-lateral distortion curves for 

M9_C2.5_12VL and MBR_C2.5 models, including crack 

patterns.  

The behaviour showed in the concrete and masonry models 

are quite different. There are also differences in the capacity 

curves from wall-slab and rigid base models, although the 

difference is not as large as the one showed in the concrete 

systems. In the masonry models the capacity converges at 8 

tons. The distribution of crack patterns in the walls of the two 

models is also very similar, Figure 11. 
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Figure 11. Lateral load-lateral distortion Curves for 

M9_M2.5_12VL and MBR_M2.5 models, including crack 

patterns. 
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4.4 Damage Limit States proposal 

The curves in Figure 9 can be normalized for comparative 

purposes, since they represent very different behaviours. The 

following expression is proposed for the normalization of the 

curves: 

 

𝜉 = 1 𝑥 10−4 𝛾  𝐿3       (1)  

 

where:  

ξ = normalizing factor 

 γ = lateral distortion of the wall  

L = length of the wall 

 

Figure 12 shows the capacity curves and a selection of 

Limit States, which define the behaviour of masonry and 

concrete wall-slab models. Five Damage States are proposed, 

ranging from slight to destructive level. It should be noted that 

the Destructive State does not mean collapse, however 

according to the cracking patterns, the structure showed a 

considerable amount damage at this state. 
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Figure 12. Limit States for wall-slab models with masonry 

(upper) and concrete (lower) walls. 

Tables 2 and 3 show the normalized deformation parameter 

values, ξ, for each Limit State; and the distortion at the end of 

each Limit State, that we proposed for masonry and concrete 

wall models. 

 

 

 

Table 2. Damage Limit States in wall-slab models with 

masonry wall. 

 Slight Moderate Heavy Very 

Heavy 

Destructi

ve 

Mod ξ ϒ ξ ϒ ξ ϒ ξ ϒ ξ ϒ 

M10 1 0.0006 2.5 0.0016 4 0.0026 6 0.0038 >6 -- 

M12 1 0.0004 2.5 0.0009 4 0.0015 6 0.0022 >6 -- 

M14 1 0.0002 2.5 0.0005 4 0.0008 6 0.0011 >6 -- 

M16 1 0.0004 2.5 0.0009 4 0.0015 6 0.0022 >6 -- 

 

Table 3. Limit States in wall-slab models with concrete wall. 

 Slight Moderate Heavy Destructive  

Mod ξ ϒ  ϒ ξ ϒ ξ ϒ 

M9 1.8 0.0012 3.2 0.0020 4 0.0026 >4 ---- 

M11 1.8 0.0007 3.2 0.0012 4 0.0015 >4 ---- 

M15 1.8 0.0007 3.2 0.0012 4 0.0015 >4 ---- 

 

5 CONCLUSIONS 

Based on the results of the analysis of slab-wall models 

subjected to lateral load of a slab-wall system can be 

highlighted the following points of interest: 

In this research we observed large differences between 

masonry and concrete wall models. The capacity curves 

showed a large contrast in initial stiffness and load capacity. 

Concrete wall models performed better in both stiffness and 

load capacity. 

It is worth noting, that the wall determines the total capacity 

of the system under lateral loading, while in other models, the 

slab is the critical structural member. Thus, in the concrete 

wall models, the slab defined the whole system capacity, since 

the slab failure occurred long before the concrete wall’s 

failure; because of its great stiffness capacity the wall 

generates a compression strut in the lower corner, at the other 

end of the load application. This strut generates large 

concentrated stresses that cause concrete crushing in the 

corner of the wall and a large amount of cracks in the slab. 

The comparison between the flexible wall-slab and the wall 

on rigid base models showed significant differences in the 

walls’ performance. In the walls supported on rigid base, the 

lateral load capacity and the initial stiffness is larger than the 

one observed in the wall-slab models. In the wall-slab 

concrete models the displacement is proportional to the 

damage, despite their large resistance capacity; they are 

limited to move laterally. 

On the other hand, models with masonry walls (although 

they did not reach completely the collapse displacement), they 

showed better deformation capacity than the one showed in 

fixed walls (rigid base); because the flexibility of the slab 

allows the wall to move freely. However, this behaviour 

depends on the interaction of the wall-building system. 
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The distortions proposed in other research, that defined 

levels of damage were based on the assumption of wall 

supported on rigid base. The conditions showed in this paper 

bears no relationship to the rigid base conditions, because wall 

distortions on flexible base are different, and they depend on 

their location in the building. 
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ABSTRACT: During and after an earthquake damaged nonstructural components pose severe threats to human lives and usually 

account for the majority of economic losses in non-residential buildings. Thus, seismic design of secondary structures should be 

duly considered, whereat seismic forces acting on components have to be known with appropriate accuracy. To serve this 

purpose four different approaches to determine horizontal seismic forces on components were reviewed: i) Simplified formulas 

contained in current code provisions; ii) Simplified formulas enhanced by refined determination of peak floor accelerations by 

means of modal superposition methods; iii) Decoupled time history analyses (floor response spectrum method) and iv) Coupled 

time history analyses. All methods were applied to a set of three realistic moment resisting steel frames, revealing large 

discrepancies between simplified and refined methods. Outcomes in terms of peak accelerations at the supporting structures’ 

floors as well as at the component itself are discussed. It was found that the use of strongly simplified formulas as they are 

suggested in current codes could lead to unsafe design of nonstructural components. It is further shown that calculation of floor 

accelerations, allowed as refinement of simplified formulas in some provisions, is not as straightforward as might be expected. 

Further results show that incorporation of heavy components in a coupled model with its supporting structure can lead to 

significantly reduced calculated acceleration values. In this context it is discussed why caution should be paid when Rayleigh 

damping approach is used. Finally recommendations are given regarding the applicability of simple or refined methods. 

KEY WORDS: Nonstructural components; Peak floor accelerations; Floor response spectra; Modal superposition method; 

Response spectrum method; Rayleigh damping; Eurocode 8. 

1 INTRODUCTION 

Nonstructural components are nonbearing secondary 

structures usually attached to a primary supporting structure, 

e.g. mechanical, electrical or architectural equipment. They 

can suffer damage at lower earthquake intensities than the 

building itself and they usually account for significant 

economic loss and threat to human health during and after 

earthquakes. Loss of their functionality can lead to costly 

downtimes e.g. of industrial facilities or malfunction of 

lifeline systems. Consequently due to usually high investment 

costs and/or risk potential special attention should be paid to 

the seismic design of such secondary structures. 

   Nonstructural components can be subdivided into 

deformation or acceleration sensitive components, depending 

on susceptibility to relative displacements or to inertia forces 

caused by an earthquake - the latter group is the subject of this 

paper. For the determination of seismic force demands on 

nonstructural components different approaches with 

increasing complexity exist: 

    

i) Simplified formulas suggested by current code 

provisions; 

ii) Simplified formulas enhanced by refined determination 

of peak floor accelerations by means of modal 

superposition methods; 

iii) Decoupled time history analyses (floor response 

spectrum method); 

iv) Coupled time history analyses. 

 

The simplest method i) is used most often in current design 

practice for ordinary and industrial structures, whereas the 

much more sophisticated floor response spectrum approach 

iii) is usually applied when dealing with critical facilities like 

high-risk industrial structures or nuclear power plants. 

Approach i) serves as convenient means when no or just little 

information about the component and the supporting structure 

is given. Contrarily dynamic building properties have to be 

known for method ii). Both approaches need a design 

response spectrum as input, which is handily available in 

earthquake codes. The calculations which have to be executed 

are of quasi-static nature; on the contrary the last two methods 

iii) and iv) utilize dynamic time step analyses and hence 

require acceleration time histories representing the design 

earthquake. Consequently detailed dynamic properties of the 

supporting as well as of the secondary structure have to be 

known. Sufficient reliability generally requires the use of a 

number of acceleration time histories; compared to the first 

two methods the effort is drastically increased. Inelastic 

behaviour can be explicitly accounted for in the last two 

methods iii) and iv), while its consideration in the methods i) 

and ii) is limited to an approximation by means of assumed 

modification factors. 

In the study presented herein all 4 approaches outlined 

above have been applied to a set of three 3-bay moment 

resisting steel frames with different numbers of storeys (5, 10 

and 15), which are part of realistic office buildings designed 

according to Eurocode 8 [1] in [2] and are illustrated in Figure 

1. The buildings have a total seismic mass of 345 t, 703 t and 
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1064 t respectively. Modal periods and effective modal mass 

to total mass ratio of the first 3 modes are given in Table 1. As 

earthquake input the Eurocode 8 elastic response spectrum 

(type 1, soil class B, ag = 0.25g), for which the case studies 

were designed, or 7 spectrum compatible artificially generated 

earthquake time histories have been used. More information 

on the frames and earthquake input can be found in [3]. 

In all four methods the component is represented by a 

single-degree-of-freedom system and assumed to be 

acceleration-sensitive, i.e. damage is mainly induced by 

inertia forces rather than displacement drifts. The results of 

each applied method are discussed in the following sections 

along with a more detailed description of each approach. 

 

 

Figure 1. Investigated moment resisting frames. 

Table 1. Dynamic properties of studied steel frames. 

Building Mode j 5-st. 10-st. 15-st. 

Tj [s] |  

meff,j/mtot 

[%] 

1 1.12 | 81 2.03 | 78 2.36 | 72 

2 0.34 | 11 0.68 | 11 0.85 | 15 

3 0.18 | 4 0.39 | 4 0.49 | 4 

 

 

2 DETERMINATION OF SEISMIC FORCE DEMANDS 

2.1 Simplified approaches in current provisions 

Simplified formulas contained in code provisions have usually 

the following format: the design peak ground acceleration is 

amplified resulting in the peak component acceleration, which 

multiplied by the component’s mass yields the equivalent 

seismic static force. This force is modified by an importance 

factor to take into account the hazard and economic value of 

the component. Further it can be diminished by a component 

reduction factor, called behaviour or response modification 

factor, which allows for lower design forces if proper ductility 

and energy dissipation capabilities are available. The core of 

these approaches is the peak component acceleration (PCA), 

which is determined by the amplification of peak ground 

acceleration (PGA), usually described by two effects: 1) the 

amplification of PGA caused by the supporting structure 

resulting in the peak floor acceleration (PFA) and 2) the 

amplification of the PFA caused by the component itself and 

resulting in the PCA. Thus, the approach of simplified code 

formulas can schematically be drawn in the following format: 

 PGAPGAPFAPFAPCAPCA   (1) 

The amplification factor PCA/PFA is usually described by a 

constant factor or as a resonance function depending on the 

ratio of the component’s fundamental period to the supporting 

structure’s one (e.g. Eurocode 8)1. The variation of floor 

accelerations over the height of the building is assumed to 

increase linearly, according to a typical fundamental mode 

sway. 

Some exemplary coded values of the amplification factors 

are given in Table 2. In order to focus on the problem which is 

subject in this paper all other factors as for example reduction 

factor and importance factor were not considered and thus 

have been set equal to 1. 

Table 2. Range of amplification factors contained in coded 

simplified formulas. 

Provision PFA/PGA PCA/PFA PCA/PGA 

 Eurocode 8 [1] 1 - 2.5 1 - 2.2/2.51) 1 - 5.52) 

ASCE 7 [4] 1 - 3 1 or 2.5 1 - 4 

NZS 1170.5 [5] 1 - 3 0.5 - 2 PCA ≤ 3.5g 

NCh 2369 [6] 1 - 4 1 - 2.2 PCA ≤ 1.0g 
1) Depending on attachment height in relation to building height. See also 

footnote 1 below. 
2) Acc. to NA of Germany [7] maximum value can be taken equal to 4. 

Amplification factors PFA/PGA which resulted from the 

conducted time history analyses are shown in Figure 2 as 

mean values of all 7 earthquakes. Only the Eurocode 8 

approach is shown for comparison, which is the less 

conservative among all codes concerning the PFA/PGA 

amplification factor. 

 

Figure 2. Mean of case study results obtained from time 

history analyses compared to Eurocode 8 approach. 

Whereby the 5-storey building is relatively well 

approximated by the code the assumptions are overly 

                                                           
1 In the Eurocode 8 approach both amplification factors PCA/PFA and 

PFA/PGA are slightly condensed in one term, but the scheme in Equation (1) 

in general holds true. 
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conservative for the higher buildings. Since the Eurocode 8 

approach as well as all other simplified code approaches 

contained in Table 2 do not consider building topology, they 

are not able to take into account the big scatter between 

buildings of different height. The profiles of normalized peak 

floor accelerations shown in Figure 2 in dependence of 

number of building storeys, i.e. the fact that higher buildings 

have much lower PFA/PGA amplification factors, has been 

proved to be of general evidence for regular structures in 

several other studies and also by evaluation of recorded field 

data (e. g. [8] [9] [10]). Suggestions have been made to amend 

current code provisions by taking building properties and thus 

different behaviour into account [11] [12]. 

Considering Figure 2 it is noted that behaviour of the 

buildings is in general elastic. Eurocode 8 deformation 

limiting demands for serviceability limit states are restrictive 

and thus can prohibit large inelastic behaviour, which leads 

often to significant overstrength in the case of moment 

resisting frames, caused by the typical flexibility of this 

structural typology [13] [14]. The ground motion intensity 

used herein, characterized by a PGA of 0.3 g did not lead to 

high nonlinear behaviour into the considered buildings [2]. 

However it is shown in [3] by means of incremental dynamic 

analyses with the same buildings studied herein, that strong 

plastification of the buildings can significantly decrease 

PFA/PGA amplification factors as well as floor response 

spectra discussed in section 2.3. 

The PFA values represent the accelerations of very rigid 

components attached to the specific floor. To review the 

coded approaches for accelerations of more flexible 

components, the amplification factors PCA/PFA and 

PCA/PGA will be investigated in section 2.3 and 2.4 by 

comparison to results obtained by dynamic time history 

analyses. More refined approaches to determine the PFA as 

compared to the coded PFA/PGA amplification factors are 

discussed in the following section 2.2. 

2.2 Determination of peak floor acceleration by modal 

superposition method 

Instead of estimating the PFA by means of simplified 

formulas as described above, more realistic results can be 

achieved by using dynamic analyses such as modal 

superposition method. For example ASCE 7 and NCh 2369 

allow for such a more refined method. However no guidance 

is given on how to apply response spectrum method to 

calculate accelerations; simply reference is given to the code 

section where this method is applied to obtain equivalent 

seismic forces to be applied on the building in a static 

analysis. However this is not as straightforward as might be 

expected, as will be shown with the following considerations. 

By means of commonly used mode superposition method 

the relative responses of a structure are calculated according 

to Equation (2): 

     )()( , tata jreljj jrel    (2) 

Whereby arel(t) is the relative acceleration in respect to the 

moving ground as function of time,    is the Eigenvector, 

 is the modal participation factor and the subscript j 

indicates the mode number. In contrast to usual static force 

calculations not the relative displacement response but the 

absolute acceleration response aabs(t) is of interest here, which 

can be obtained by adding the ground acceleration ag(t): 

       )()()( , tartata gjreljj jabs    (3) 

Here r is the influence vector, filled with 1 for the degrees 

of freedoms in direction of the ground movement and with 0 

otherwise. With some few transformations Equation (3) can 

be rewritten as: 
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 (4) 

By using modal superposition method a simplification of 

practical relevance can be achieved if time information is 

neglected and only peak responses are considered, resulting in 

the response spectrum method. Such peak responses can be 

taken from readily available design response spectra. Since 

information on the time of occurrence of peak responses gets 

lost, superposition of modal peak responses has to be done by 

statistical methods. The most common way in using response 

spectrum method is applying the SRSS (square root of sum of 

squares) combination rule as in Equation (5), where the prefix 

S reflects that the maximum absolute or spectral value of the 

response history is meant: 

     2, 
j jreljjrel SaSa   (5) 

A further important simplification is usually done in using 

not all, but just a few modes, which are able to represent 

global response sufficiently. 

For the calculation of the absolute accelerations in the 

structure sometimes Equation (6) is used by replacing Sa,rel,j 

with Sa,abs,j and by superpositioning only a few modes.  

 
    2, 

j jabsjjabs SaSa   (6) 

When comparing Equation (6) to Equation (4) it is evident 

that this is mathematically not consistent, since the second 

term is fully neglected. As easily can be seen in Equation (6) 

nodes restrained to the ground reside at an absolute 

acceleration of zero, instead of being equal the ground 

acceleration as in Equation (4). A further concern about 

Equation (6) is that application of commonly used SRSS 

combination rule is not self-evident when dealing with 

absolute accelerations, as ground acceleration is incorporated 

in the modal responses - thus uncorrelated responses are at 

least questionable. 

In order to assess the suitability of Equation (6), Equation 

(4) was used, thus not neglecting time information of the 

responses, which can be called modal superposition in its time 

domain. It was applied to the three buildings in two different 

forms: a) using the full equation and b) neglecting the 2nd 

summand. Results are shown in Figure 3 for different floors of 

the 5-storey building as function of included modes and 

compared to results by including the first 200 modes, when 

the results converged. 
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Figure 3. Peak floor accelerations at various floors obtained 

by modal superposition method in the time domain for the 10-

storey building as mean over all 4 earthquakes. 

Including the 2nd summand of Equation (4) enforces the 

constrained nodes’ absolute accelerations to be equal the 

ground acceleration. For the lowest floor the quality of results 

increases significantly when considering only a few modes. 

However the term is not able to compensate the errors 

introduced by mode truncation at the mid and upper floors, 

nevertheless peak floor accelerations are well represented by 

using 3 modes for the 10th and 4 modes for the 6th storey. A 

high number of modes is needed to represent floor 

accelerations correctly at the lowest floors. 

To further assess Equation (6) it has been applied to the 3 

buildings. Figure 4 shows results taking into account the first 

mode only, the first and second mode as well as the first 3 

modes, which in these cases would be fully sufficient to 

calculate equivalent static forces. The results are compared to 

reference time history results, showing a very good agreement 

at the mid and upper floors when 3 modes are included. 

Nevertheless values at lower floors up to 20% of total height 

are drastically underestimated. Instead of converging rightly 

to the PGA at the lower floors, the lowest nodes remain at a 

spurious peak acceleration of zero. 

As can be seen the usually applied response spectrum 

method without consideration of higher modes is not directly 

applicable to the calculation of floor accelerations. However 

at mid and upper floors peak floor accelerations are 

approximated well, which is not the case at lower floors where 

higher mode contribution is much more significant and its 

neglecting not justified. By using classic response 

superposition methods in general more modes are necessary to 

obtain satisfactory results for absolute responses than for 

relative ones. Alternatively appropriate mode superposition 

methods should be used (see also [15] [16] [17]), which have 

its origin in the mode acceleration formulation rather than the 

more commonly known mode displacement formulation and 

therefore are suited better. 

 

Figure 4. Mean values of PFA/PGA factors obtained by 

Equation (6) compared to time history results. 

2.3 Decoupled time history analysis (floor response 

spectrum method) 

In case of important and/or hazardous components, Eurocode 

8 prescribes the use of the floor response spectrum method. 

Such a cascaded approach neglects dynamic interaction 

effects, i.e. the influence of component response on the 

supporting structure’s behaviour. These effects are negligible 

if the component mass is very small in relation to the overall 

systems mass. Ratios of 1%, at which dynamic interaction 

becomes important, can be found in literature (see e.g. [18]). 

Some representative floor response spectra are shown in 

Figure 5 for different normalized heights z/H, where z is the 

height of the components attachment point and H is the 

overall building height. All floor response spectra have been 

calculated for a component damping of 5 %. For ease of 

comparison the PCA is normalized to the PGA and the 

component periods Ta are normalized to the fundamental 

period T1 of each building. The shown normalized floor 

response spectra are the mean of all seven accelerograms. As 

example of coded simplified formulas the Eurocode 8 

approach is shown. 

It can be seen that higher mode effects are significant and 

their neglecting as done in several coded simplified 

approaches is not justified. Further, when the component is in 

tune with the fundamental mode of the 5-storey structure 

resonance effects are underestimated. On the contrary the 

higher buildings are overestimated by the Eurocode 8 

approach at resonance with the fundamental period; however 

this is due to the fact that PFA’s are grossly overestimated. 

The combination of both poorly estimated PFA/PGA and 

PCA/PFA amplification factors leads to reasonable results for 

the 10-storey structure’s roof floor. The Eurocode 8 approach 

is overly conservative for very flexible components and such 

components which have a period in between dominant periods 

of the supporting structure i.e. components which are not in 

tune. As can be seen further the amplification factors 

compared between the different buildings are far from 

uniform, as it was already observed for the PFA/PGA factors. 

This holds also true when the amplification factors 

PCA/PFA are considered, which are tabulated in Table 3 as 

mean values for all buildings and different normalized 

heights. Several components have been evaluated: 

Components in tune with the fundamental, the second and the 
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third mode of its supporting structure as well as components 

not in tune with these modes. With “in tune” or “tuned”, such 

components are meant, which period approaches one of a 

dominant mode period of the building. A component which 

period is within ±10% of ones of the dominant of the 

supporting structures was defined in tune. A band of ±10% 

was used in order to ensure the peak value near the resonance 

case; it is limited in order not to catch tune effects of other 

modes, which worked well proved by visual judgment for 

each case. Contrary a not tuned component was defined as one 

component with a period which differs by at least ±30% from 

one of the thirst 3 modes of the supporting structure. 

 

 

Figure 5. Normalized floor response spectra for a component 

damping ratio of 5% compared to coded approaches. 

The highest amplification factor PCA/PFA from all codes 

compared in Table 2 is 2.5. In a lot of cases this is 

significantly below the obtained amplification values listed in 

Table 3. Furthermore the maximum coded value is 

questionable because of following simple logic: An 

amplification factor of 2.5 is generally assumed for SDOF 

systems which are based on the ground and excited by 

earthquakes. This value is originally based on studies 

conducted by Newmark [19] and consolidated in the fact that 

the maximum value of the elastic response spectrum is 

obtained by multiplying the PGA by 2.5 e.g. in Eurocode 8. 

Therefore an amplification factor of 2.5 would be reasonable 

for components on the ground. If the component in contrast is 

mounted on a supporting structure, its base excitation is of 

totally different nature. The supporting structure acts like a 

filter and intensifies the energy contents of the earthquake at 

the building’s dominant modes, resulting in a more sine wave 

like signal. If the component is in tune with one of the 

building periods, this filtered signal acts much more 

detrimental for the component, thus a higher amplification 

factor of 2.5 is obvious. Following these simple thoughts it is 

self-evident that in most cases analytical solutions will show 

much higher amplification factors PCA/PFA than 2.5 if 

component and supporting structure are in tune (see e.g. [20]). 

This is also confirmed in [21], where 5% damped floor 

response spectra of several hundred recorded floor 

accelerations have been calculated. Maximum PCA/PFA 

amplification factors of about 8 were obtained, which would 

be even higher for lower damping ratios. Considering the fact 

that design code’s intentions are to design for some type of 

mean and not maximum possible demands, the authors finally 

suggest a maximum amplification factor PCA/PFA of 3.3 for 

new buildings. 

Table 3. PCA/PFA amplification factors as mean over all 7 

accelerograms for tuned and not tuned components. 

 
Norm. 

height 
0.2 0.4 0.6 0.8 1.0 

In tune 

with mode 

1 

5-st. 1.9 3.0 4.2 5.4 4.2 

10-st. 1.1 1.9 3.3 4.9 3.5 

15-st. 0.6 1.0 2.0 3.0 2.1 

In tune 

with mode 

2 

5-st. 4.0 4.6 3.2 1.7 3.5 

10-st. 3.3 3.9 2.9 2.6 3.6 

15-st. 3.1 4.7 4.1 2.3 3.6 

In tune 

with mode 

3 

5-st. 3.0 2.0 2.0 1.9 1.7 

10-st. 3.5 2.5 3.3 2.0 2.9 

15-st. 3.3 2.9 3.8 2.7 3.1 

Not in tune 

with 1st 3 

modes 

5-st. 2.8 2.3 2.0 2.3 2.0 

10-st. 2.5 2.1 1.7 2.3 2.0 

15-st. 2.9 2.2 2.4 2.9 2.1 

 

Regarding every earthquake input separately, instead of 

taking the mean values, maximum amplification factors of 

6.4, 5.4 and 5.2 for the 5-st., 10-st. and 15-st. building 

respectively have been found. As comparison the German 

standard for nuclear facilities KTA 2201.4 [22] employs an 

amplification factor PCA/PFA of approximately 6.5 for the 

resonance case, if the supporting structure as well as the 

component do have damping ratios of each 5%. Amplification 

values contained in KTA 2201.4 match in general the results 

obtained by floor response spectrum approach better. 

From the explanations before it is clear that floor response 

spectra will in general yield higher amplification factors when 

the component is in tune with a dominant mode of its 

supporting structure, and thus the coded formula is not 

conservative in these cases. Furthermore it should be noted 

that amplification factors contained in Table 3 as compared to 

current code provisions can be especially higher due to the 

fact that resonance with higher modes is usually fully 

neglected. Moreover, the use of upper limits suggested in 

codes (see Table 2) could lead also to big differences between 

outcomes of coded formulas and numerical simulations. Thus, 

in [23] it is suggested to consider of dropping the upper limit 

in ASCE 7. However in many cases where the component is 

not in tune with one of the building’s dominant mode, coded 

assumptions seem to be conservative or even uneconomic. 
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2.4 Coupled time history analysis 

For heavy components the decoupled approach can yield 

overly conservative and thus uneconomic results. In such 

cases a dynamic time history analysis where supporting 

structure and component are coupled in one model can 

provide more realistic results. The most crucial drawback of 

such a coupled analysis is that design of primary and 

secondary cannot be separated anymore. This is impractical 

for two reasons: Firstly both design processes are usually 

made by different design teams and also at different project 

stages. Such the characteristics of the component are just very 

roughly known when the supporting structure’s design is 

taking place or vice versa. Secondly if the component’s 

dynamic properties or the attachment place change during 

design process, this would enforce a new analysis of the 

complete structure, potentially causing a redesign of the 

supporting structure.  

Two types of coupled systems have been investigated: A) 

Only the mass was added to the building’s floor, any dynamic 

interaction effect between supporting structure and component 

has been neglected; B) The mass was connected to the 

building’s floor by means of a horizontal spring. While 

holding the mass constant the period of the component was 

adjusted by the spring’s stiffness. Two different masses have 

been investigated: i) 1 t, representing light to moderate weight 

components, e.g. HVAC equipment; ii) 10 t, representing 

heavy components as for example chillers, vessels or water 

storage tanks. 

As illustrative example PCA/PGA amplification factors are 

shown in Figure 6 for one earthquake and the 5-storey 

structure. Compared are the values obtained by floor response 

spectrum method, with and without consideration of the 

component mass at the attachment floor of the component, 

and values obtained by fully coupled analyses – for a 

component mass of 1 and 10 t respectively at the 2nd and 5th 

floor. For the coupled analyses each point represents one time 

history analysis. Values between the explicitly calculated 

spots are spline interpolated. As can be seen dynamic 

interaction can significantly decrease acceleration demands of 

components if they are in tune with a dominant mode of the 

supporting structure and are not light. However for not tuned 

components beneficial effects of interaction are much less or 

even nonexistent. Concluding from Figure 6 already the 1 t 

component’s dynamic interaction has some decreasing effect 

on component demands for the 5-storey structure; however for 

the heavier 10- and 15-storey supporting structures the mass 

of 1 t was too low to have markedly effect. As the floor 

masses of all buildings are almost equal, it can be concluded 

that the mass ratio of component mass to supporting 

structure’s mass rather than to the mass of the attached floor 

should be used as measure to assess severance of dynamic 

interaction effects. 

In the same fashion as in Table 3 PCA/PFA amplification 

factors are shown for a component with a mass of 10 t as 

mean over all 7 earthquakes in Table 4. Component period 

increments of at least 0.05 s have been used with a maximum 

considered period of 3 s whereby the first 5 periods of the 

uncoupled supporting structure have been also included and 

values in between have been spline interpolated. As can be 

seen amplification factors are lower as compared to decoupled 

results, however amplification factors also reach values well 

above 2.5. 

 

 

Figure 6. Amplification factors PCA/PGA obtained by 

decoupled and coupled analyses for the 5-storey system for 

accelerogram no. 1 at two different floors. 

Table 4. PCA/PFA amplification factors as mean over all 7 

accelerograms for tuned and not tuned components obtained 

by coupled analyses for a component mass of 10 t. 

 
Norm. 

height 
0.2 0.4 0.6 0.8 1.0 

In tune 

with 

mode 1 

5-st. 1.7 2.3 2.9 3.0 2.3 

10-st. 1.0 1.6 2.5 3.4 2.2 

15-st. 0.6 1.0 1.7 2.7 1.7 

In tune 

with 

mode 2 

5-st. 3.5 3.0 2.2 1.5 2.0 

10-st. 2.9 3.2 2.6 2.4 2.6 

15-st. 2.9 3.6 3.5 2.2 2.6 

 

For all the analyses the commonly used Rayleigh damping 

approach was applied, whereby the 1st and 2nd modal period of 

each building was set to 5% of critical damping. The 

alteration of building period due to attached mass or stiffness 

of the component was not taken into account to avoid peculiar 

cases where 1st and 2nd period of the coupled structure are 

almost equal and also in order to not have further changing 

parameters which would make comparison difficult. As with 

the Rayleigh approach just the 2 chosen modes have the 

specified damping ratio, all other have either lower or higher 

damping ratios. This is illustrated for the 15-storey building in 
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Figure 7 where component demands are shown at the highest 

floor. The extreme damping of high modes, which usually 

accompanies Rayleigh damping approach, is deemed to be 

uncritical for global response assessment. However, as the 

response of a local mode, here the mode or modes comprising 

the response of components, is of paramount interest, such a 

bias could be critical. As can be seen, stiff or very flexible 

modes, which reproduce the response of the corresponding 

component, have much higher damping ratios than 5%. Thus 

responses of these components are biased by unintended high 

component damping ratios and the evaluation of coupled 

analyses should be done carefully. This effect is however not 

critical for extreme stiff or flexible components, since viscous 

damping does not influence their response. 

 

 

 

Figure 7. Amplification factors PCA/PGA obtained by 

decoupled and coupled analyses for the 15-storey system for 

accelerogram no. 1 at roof level along with the applied 

component damping ratio. 

To qualitatively assess the amount of possible bias at the 3rd 

mode resonance the upper part of Figure 7 has been 

reproduced in the lower part including a component mass of 

1 t, which showed to have no dynamic interaction effect at the 

1st and 2nd mode resonance for the 1064 t structure. However 

in the biased region the coupled analyses yield lower 

demands, which are caused by the higher damping, which 

usually is not intended by the analyst. 

Concluding in general it would be desired to assign the 

required damping directly to the component mode in a 

coupled analysis. Thus in the Rayleigh damping approach this 

component mode could be used to specify Rayleigh damping. 

It should be verified how global modes are influenced by such 

a modification. Another way would be to use modal 

superposition method, where damping can be specified 

directly for each mode. However it is restricted to linear 

analysis only. If nonlinear analysis is needed the more general 

Caughey damping approach (see e.g. [24]), where damping 

can be specified for various modes, would be suitable. 

However in the vast majority of commonly used software this 

approach is not supported. Thus in the end the practical 

engineer will usually stick to use Rayleigh damping approach, 

but should bear in mind limitations and background of this 

type of damping when conducting coupled analyses. 

 

3 CONCLUSIONS 

Four methods for the determination of force demands on 

nonstructural components were studied, with simple to more 

complex background. The intent of this paper is to show the 

challenge and possible pitfalls, which could be overseen in 

applying some of these methods. Also deficiencies in current 

coded formulas are highlighted, which are not able to describe 

peak floor accelerations or force demands on components 

realistically in a lot of cases. 

Based on the conducted analyses presented in this paper 

following conclusions can be drawn: 

● Higher mode resonance can be of crucial importance and 

thus in general should be accounted for when component 

force demands are evaluated. 

● A big scatter among buildings of different height exists in 

terms of peak floor accelerations (PFA) as well as peak 

component accelerations (PCA), which is not accounted for in 

current codes’ simplified formulas. 

● Amplification factors of PCA normalized to PFA as well 

as PFA normalized to peak ground accelerations (PGA) used 

in current codes are not able to predict adequately their 

response parameters. Both not well balanced factors can 

however lead to reasonable results in some cases. 

● PFA/PGA amplification factors contained in current codes 

can be highly overestimated in the case of higher/more 

flexible buildings. 

● On the contrary PCA/PFA amplification factors appear to 

be too low and theoretically not plausible for tuned 

components. Analytical results show in general much higher 

amplification factors when component’s and supporting 

structure’s dominant mode periods are close. 

● Extreme high amplification factors of PCA/PFA for very 

light, low damped and tuned components which are 

sometimes obtained by analytics could be doubted to occur in 

reality. Since no or very limited field data is available, effort 

should be made to obtain such recorded data in order to judge 

on this issue. 
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● If floor accelerations are calculated by classical response 

spectrum method in general more modes will be necessary 

than usually e.g. when computing base shear forces. This 

especially holds true for lower floors, since truncated classical 

superposition methods are not proper in these cases. 

● A decoupled approach, i.e. floor response spectrum 

method, can lead to overly conservative results for heavy 

components if they are in tune with one of their supporting 

structure’s dominant modes. This can already be true at a low 

ratio of component mass to supporting structure mass of 1 %. 

● Caution should be paid when Rayleigh damping approach 

is used in a coupled analysis. Unintended high damping can 

lead to underestimation of components in tune with higher 

modes of the supporting structure. 

In summary, for the calculation of seismic force demands 

on nonstructural components following recommendations can 

be given:  

● If the component mass is more than 1 % of the supporting 

structures mass, and its period is in the range of one of the 

dominant periods of the supporting structure, a coupled 

analysis should be conducted to obtain more economic results. 

For light components in general the floor response spectrum 

method is recommended, since it explicitly takes into account 

higher mode resonance. 

● If simplified formulas are used, resonance should be not 

only considered at the fundamental but also at higher modes. 

The modal shapes of the building should be examined in order 

to estimate the significance of a mode at the considered floor. 

● To attenuate conservatism in higher building’s peak floor 

accelerations, they should be calculated by means of suitable 

response spectra methods rather than simplified coded 

estimates. The used response spectrum method should be 

suitable for this purpose; otherwise sufficient modes should be 

included to avoid severe mode truncation errors especially at 

lower floors or a lower bound should be set, which is at least 

the PGA. 

● The use of a peak component acceleration to peak floor 

acceleration amplification factor PCA/PFA of in general 

higher than 2.5 is suggested. The limitation of forces acting on 

nonstructural components contained in coded formulas to an 

upper limit can be unsafe and thus is not recommended.  

● If coupled analyses in conjunction with Rayleigh damping 

are conducted, the presence of unintended high damping for 

component modes should be checked to avoid biased results. 

As consequence Rayleigh damping should be modified, other 

types of damping should be applied or floor response 

spectrum approach should be used. 

As final remark it can be stated that a new or refined 

simplified code formula for the determination of seismic force 

demands on nonstructural components is necessary. Such a 

formula should be more reasonable than current ones, which 

lack rationality and can lead to uneconomic as well as unsafe 

design of nonstructural components. In such a new formula 

building properties should be taken into account to have more 

reliable results. Since the lack of detailed component 

properties during design process of the supporting structure is 

often a fact that cannot be altered it should account for that, 

however allow for more economic predictions if such 

information is available. 
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ABSTRACT: Earthquake induced forces are mass proportional forces. As a result lightweight building structures have a 
fundamental advantage compared to heavy solid structures. Within a European research project an earthquake resistant 
lightweight house was developed and a two stories mock-up was tested on a 3D shaking table. Two variants for the structural 
system at three different stages of construction were tested at different excitation levels with a maximum peak ground 
acceleration of up to 1 g. The main purpose of the tests was to determine the load bearing capacity of a building that is made of a 
combination of small sized hot-rolled and cold formed steel members and drywalls elements and that is designed according to a 
standard seismic code. In addition, the dynamic properties (natural frequencies, mode shapes, damping values) of the mock-up 
were determined from the test results and compared to calculated properties. 
The large-scale tests successfully demonstrated that a combination of lightweight steel constructions and drywall elements is 
suitable for residential buildings in seismic prone areas. The low mass of such constructions leads to a reduction of the inertia 
loads and by this to a reduction of the required cross sections. In addition measured damping ratios of up to D = 15 % showed 
the ability of the drywall systems to effectively dissipate energy. 

KEY WORDS: Shaking table, seismic design, lightweight building, drywall systems, natural frequencies, damping. 

1 INTRODUCTION 
In seismic active areas of southern Europe residential 
buildings made of lightweight steel constructions and drywall 
elements are a good alternative to a conventional design with 
concrete skeleton constructions and infilling masonry. Beside 
the low weight leading to low inertia loads and the resistance 
against out of plane motion, the main advantage of this type of 
structure is the ability to dissipate energy by its high ductility 
and the flexible attachment of the drywalls. 

Within the European research project I-SSB (Integrated 
Safe & Smart Built) the concept of an aseismic lightweight 
building was realized by a large-scale test building (mock-up). 
The mock-up was designed according to the Greek seismic 
code  EAK2000  and  tested  on  a  shaking  table  at  the  
Laboratory of Earthquake Engineering of the National 
Technical University Athens (NTUA) with artificial seismic 
time histories with maximum peak ground accelerations 
(PGA) of up to ag = 1 g. 

The main purpose of the tests was to determine the load 
bearing capacity of a building made of a combination of small 
sized hot-rolled and cold formed steel members and drywall 
elements that is designed according to a standard seismic 
code. In addition, the measured dynamic properties (natural 
frequencies, mode shapes, damping values) shall be compared 
to the properties determined with a numerical model. 

 

2 STRUCTURAL DESIGN OF THE MOCK-UP 
The mock-up is a two-storey steel structure covered by a 
gable roof. The total height of the mock-up is 7.5 m. The foot 
print area is quadratic 3.6 m x 3.6 m and limited by the size of 
the shaking table. 

In order to minimize the seismic inertia loads the objective 
was  to  have  the  mass  of  the  load  bearing  structure  of  the  
mock-up as low as possible. Therefore, a steel skeleton 
structure was chosen with columns made of hot rolled, slender 
steel members (HEA 120) and girders and truss beams made 
of cold formed steel (CFS) with a thickness of 1.5 to 2.5 mm.  
Due to the hinged connections bracings respectively frames 
with truss girders were necessary for the horizontal load 
transfer. 

Each storey consists of steel frames, which at ground floor 
are X-braced in both horizontal directions to transfer loads to 
the foundation. At the second storey the steel frames parallel 
to the roof are X-braced as well, while for the other direction 
two variants are investigated. In variant 1 shown in Figure 1 
the frames are intended to act as moment resisting frames. In 
variant 2 shown in Figure 2 X-bracings are used. 

 

Seismic design of lightweight buildings with drywall systems 

Carsten Block1, Fritz-Otto Henkel1 

1Wölfel Beratende Ingenieure, Max-Planck-Str. 15, 97204 Höchberg, Germany 
email: block@woelfel.de 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

429



 
Figure 1. Mock-up bare steel framed structure, 
   Variant 1, Configuration I. 

 

 
Figure 2. Mock-up bare steel framed structure, 
   Variant 2 with X-bracing, Configuration I. 

 
 

 
Figure 3. Mock-up with clay tiles and “simulated” live loads, 
   Variant 1, Configuration II. 

 

The  outer  walls  of  the  mock-up  consist  of  a  double  layer  
KNAUF wall system W388 where the outer layer is a cement 
board AQUAPANEL (t = 12.5 m) with a plaster finish (see 
Figure 4). At the inside a double-layer planking with gypsum 
boards (2 x 12.5 mm) is used. The interior walls are single 
metal stud frames with single layer cladding type W111. 

 

  
Figure 4. Example for system W388 (left) and W111 (right). 
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Figure 5 shows the complete mock-up and Table 1 
summarizes the weights of the different structural parts of the 
mock-up. The total mass of the mock-up is 9 tons. 

 

 
Figure 5. Complete mock up, Configuration III. 

 

Table 1. Weight of mock-up. 

Weight per unit 
area [kN/m²]

Area
[m²]

Weight
[kN]

clay tiles 0.55 15.2
OSB-cladding, 22 mm 0.13 15.2
suspended ceiling, D112, 12.5 mm 0.11 10.9 11.5
GIFA-floor board, 28 mm 0.42 10.9
suspended ceiling, D112, 12.5 mm 0.11 10.9 5.8
Exterior walls, W388 0.63 79.2
Interior walls, W111 0.23 16.0 53.6

structural steel 19.1
90.0total weight [kN]:

Structural Part

roof

1st Floor

walls

 
 
For both wall types monotonic and cyclic shear tests at large 

scale specimens were performed at EMPA Dübendorf ([2], 
[3]).  The  tests  show  that  the  wall  type  W388  has  a  shear  
resistance of about 15 kN/m length of wall (Figure 6). This 
value corresponds well to similar tests performed for metal 
stud systems with single layer cladding with a shear resistance 
of up to 10 kN/m [4]. 

Fo
rc

e 
F 

[k
N

]

Displacement s [mm]  
Figure 6. Shear tests EMPA [2], W388 wall L/H = 2.5/2.72 m. 

 
The mock-up was assessed for the load cases dead weight, 

live loads and earthquake. For the seismic design the elastic 
response spectrum according to [1] for the city of Amfilochia, 
Greece was chosen with 

· soil class B 
· damping ratio D = 0.04 
· seismic zone II 
· maximum ground acceleration of 0.24 g 

and is shown in Figure 7. A typical time history generated 
from this spectrum is shown in Figure 8. 

 
Figure 7. Elastic design spectrum. 

 
Figure 8. Typical time-history ground acceleration in 

x-direction from design spectrum. 
 
According to [1] a reduction of the elastic spectrum using a 

behavior  factor  q  >  1  is  not  possible  as  the  CFS  members  
correspond to class 4 cross sections. 

Corresponding to German codes the load carrying capacity 
and the stiffness of the drywalls shall not be taken into 
account.  Only  the  masses  have  to  be  considered.  For  the  
dynamic analysis and the assessment of lightweight structures 
with high mass ratios of mwalls /  msteelwork this may lead to 
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wrong and potentially non-conservative results. Neglecting 
the stiffness of the walls the calculated natural frequencies 
may be too low and the applied spectral values wrong. 

 

3 DYNAMIC BEHAVIOUR OF THE MOCK-UP 
The shaking table tests of the mock-up were performed at 
NTUA. The shaking table with dimensions of 4.0 m x 4.0 m 
allows an independent operation in all six degrees of freedom. 
The table can shake specimens with a maximum load of 
100 kN and apply horizontal and vertical accelerations of up 
to 2.0 g in a frequency range of 0.1 to 100 Hz.  
In total three configurations of the mock-up were tested: 

I. Bare steel-framed structure (Figures 1 and 2) 
II. Bare steel-framed structure with floor board and roof 

sheathing including clay tiles (Figure 3) 
III. Completely built-up mock-up including drywall 

systems (Figure 5) 
The acceleration responses of the mock-up were recorded 

by  several  sensors.  Using  this  data  the  dynamic  properties  
natural frequencies, mode shapes and damping ratios were 
determined for the different configurations by an experimental 
modal analysis. 

Figure 9 shows exemplarily the determined transfer 
functions between two sensor locations (MP1 and MP5) for 2-
axial seismic tests in x-y direction for all three configurations 
with a the maximum design ground acceleration of 0.24 g. 

Based on the transfer functions the fundamental natural 
frequency in x-direction for the complete mock-up 
(Configuration III) at a seismic load level according to the 
design is 7.0 Hz with a corresponding modal damping ratio of 
D = 14.5 %. 

 

Configuration I

Configuration II

Configuration III

measured
modal model, 6.34 Hz, 1.9 %

measured
modal model, 4.58 Hz, 2.7 %

measured
modal model, 7.01 Hz, 14.5 %

Frequency [Hz]  
Figure 9. Transfer functions between sensor locations MP1 
   and MP5 in x-direction for Configurations I to III. 

Figure 10 shows the corresponding first main mode shape 
for Configuration III calculated with a FE-Model. The 
calculated natural frequency of 6.7 Hz fits well to the 
measured value of 7.0 Hz. 
 

 
Figure 10. Calculated main mode shape in x-direction for 
     Configuration III. 

 
A summary of the fundamental natural frequencies and 

damping values for different seismic load levels and 
configurations is shown in Table 2. For comparison the 
calculated natural frequencies are included as well. 

Expect for the last row of the table the results correspond to 
variant 1 where the frames in the second storey are intended to 
act as moment resisting frames without X-bracings. The last 
row shows the result of variant 2 with X-bracings in x-
direction. 
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Table 2. Summary of natural frequencies and 
modal damping ratios. 

Direction f0 [Hz] D [%] f0 [Hz] D [%] f0 [Hz] D [%]

x 6.5 - 4.7 - 6.7 -

z 10.4 - 7.3 - 6.6 -

x 6.4 1.4 4.6 2.4 7.4 13.0

z 10.3 1.7 7.3 7.8 6.7 13.8

x 6.4 1.6 4.6 2.5

z 10.3 1.9 7.3 8.7

x 6.3 1.9 4.6 2.7 7.0 14.5

z 10.4 2.2 7.2 8.9 6.7 16.3

x 4.6 2.8 7.0 15.9

z 7.3 8.4 6.4 8.9

x 11.1 2.2 8.3 3.3 7.5 11.5

z 10.0 3.2 7.1 9.0 6.9 14.7

Measurement
2D-Excitation

ag = 0.24 g
variant 2 with X-

bracings 

-

-

-

Measurement
2D-Excitation

ag = 0.12 g

Measurement
2D-Excitation

ag = 0.16 g

Measurement
2D-Excitation

ag = 0.24 g

Measurement
3D-Excitation

ag = 0.24 g

Configuration I Configuration II Configuration III

FE-Analysis

-

 
 

As expected the results show a linear behavior up to a 
seismic level of 0.24 g. Also the damping ratios of D = 1.4 - 
2.2 % of the bare steel-framed structure (Configuration I) for 
load levels smaller than the design values correspond to 
common values.  

A comparison of natural frequencies of Configuration I and 
II (with additional masses on roof and life load on floor) 
indicates that the vibrating mass is doubled. The damping 
ratios for Configuration II in x-y-direction are in an expected 
range of D = 2 - 3 %. However, the values in z-y-direction are 
unexpectedly high with D = 8 – 9 %. One possible 
explanation for the higher energy dissipation could be a 
shifting of the roof tiles for excitations in parallel to the ridge 
line. 

For Configuration III all outer walls and one interior wall 
per floor are installed. A realistic amount of doors and 
windows are considered. Overall, the mass is twice as high as 
for Configuration II. If we compare the measured natural 
frequencies of Configuration III and II from this perspective it 
becomes clear that the drywall systems not only add mass but 
considerably increase the stiffness of the structure. In this 
particular case the stiffness is increased by a factor of about 2.  
The relatively flexible and screwed design of the wall panels 
and the screwed connection to the supporting structure lead to 
a significant energy dissipation during the seismic excitation. 
The  measured  damping ratios  are  about  D = 15 % while  the  
measured natural frequencies do not indicate any plastic 
deformation of structural parts. 

Comparing the results for variant 1 with frames in x-
direction for a 2D-excitation with ag = 0.24 and the results for 
variant 2 with X-bracings (last row of Table 2) the stiffening 
effect of the X-bracing can be observed. For both 
Configurations I and II the natural frequencies in x-direction 
significantly increase. For Configuration III the increase in 
stiffness  is  minor  as  the  bracings  to  not  introduce  high  

additional stiffness into the system compared to the drywall 
systems. 

Nonlinear effects could only be observed during the 
stepwise increase of the seismic load level beyond the design 
values (ag = 0.24 g, 0.36 g, … 1.08 g). Starting at 0.6 g the 
fundamental natural frequencies dropped [5]. At a level of 
0.96 g the main natural frequency in x-direction for 
Configuration III was 5.0 Hz compared to 7.0 Hz at a level of 
0.24  g.  Nevertheless,  during  the  visual  inspections  of  the  
mock-up after each test no visual damages could be observed 
up to the maximum ground acceleration of 1.08 g. At this 
level the technical limitations of the hydraulic system were 
reached and therefore the actual ultimate load carrying 
capacity of the mock-up could not be tested. 

 

4 SUMMARY 
The large-scale tests successfully demonstrated that a 
combination of lightweight steel constructions and drywall 
elements is suitable for residential buildings in seismic prone 
areas. The relatively low mass of such constructions leads to a 
reduction of the inertia loads and by this to a reduction of the 
required cross sections. In addition the measured damping 
ratios  of  up  to  D  =  15  %  showed  the  ability  of  the  drywall  
systems to dissipate energy. 

The tests showed that the conventional approach for the 
dynamic analysis and assessment of lightweight structures by 
considering only the masses of the drywall systems is not 
necessarily a conservative approach. For structures with high 
mass ratios of mwalls /  msteelwork this  may  lead  to  wrong  and  
potentially non-conservative results. Neglecting the shear 
stiffness of the walls, the natural frequencies are 
underestimated and the applied spectral values may be wrong. 

In a following research project the hysteretic non-linear 
behavior of drywall systems will be investigated in more 
detail. Based on component tests and tests on drywall systems 
analysis methods will be developed to consider the non-linear 
load displacement behavior of drywall systems in numerical 
analyses. 
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ABSTRACT: Vrancea intermediate-depth seismic source dominates the seismic hazard in more than two thirds of the Romanian 

territory and in Bucharest as well, and it is likely to produce large magnitude earthquakes (MW > 7.0) several times per century. 

The paper presents the new ground motion prediction equations (GMPEs) for peak ground acceleration and response spectral 

accelerations developed for Vrancea intermediate-depth seismic source. The strong ground motion database comprises 465 

horizontal components recorded from Vrancea source in earthquakes with moment magnitude in between 5.2 and 7.4 and focal 

depths ranging from 87 km to 154 km, as well as other 396 horizontal components recorded from subduction intraplate 

earthquakes worldwide (Chile, India, Japan, Mexico, New Zeeland) with moment magnitude in between 5.6 and 7.8 and focal 

depths ranging from 69 km to 173 km. The database used in this study is several times larger than the previous ones used in the 

development of GMPEs for Vrancea intermediate-depth seismic source. The earthquake magnitude, source-to-site-distance and 

focal depth are considered in the ground motion prediction model. The GMPEs are developed by multiple regression analysis 

using random mixed effects model. The predicted values are geometric means of ground motion intensity parameters. The total, 

inter-event and intra-event residuals are analyzed considering several statistical tools and goodness-of-fit parameters. Finally, a 

comparison is made between the predicted values of ground motion intensity parameters obtained using previous GMPEs 

developed or recommended for Vrancea subcrustal source and the values obtained using the new attenuation relationship. 

KEY WORDS: Vrancea seismic source; Ground motion prediction equation; Strong ground motion database; Seismic hazard. 

1 INTRODUCTION 

A comprehensive description regarding the characteristics 

(focal depth range, area of seismic source, magnitude range, 

etc.) of the Vrancea subcrustal seismic source can be found in 

[14], [15] and [7]. A more complex shape of this seismic 

source was defined by the National Institute for Earth Physics 

for the SHARE project [35]. On average, this seismic source 

produced 3 to 5 earthquakes of MW > 6.5 each century [7]. In 

the 20th century earthquakes with magnitudes MW > 6.7, 

occurred in October 1908 (MW = 7.1, h = 125 km), November 

1940 (MW = 7.7, h = 150 km), March 1977 (MW = 7.4, h = 94 

km), August 1986 (MW = 7.1, h = 131 km) and May 1990 (MW 

= 6.9, h = 91 km), respectively. Several possible geodynamic 

models for the Vrancea subcrustal seismic source are 

presented in [24], [31], [18], [19], [20] or [7]. 

The first studies regarding ground motion models for the 

prediction of the azimuth-dependent peak ground acceleration 

of intermediate-depth Vrancea subcrustal seismic events were 

performed in [12] and [23]. The same functional form from 

[12] was also used in [13] for the development of an 

attenuation relation that is not azimuth-dependent (using all 

available recorded data, regardless of their geographic 

location). Some additional (azimuth-dependent) ground 

motion prediction equations for the Vrancea subcrustal 

seismic source and for PGA were also developed in [33] and 

[21]. A set of azimuth-dependent ground motion prediction 

equations specifically derived for the Vrancea subcrustal 

seismic for peak ground acceleration (PGA), peak ground 

velocity (PGV), pseudo-spectral acceleration (PSA) and MSK 

scale seismic intensity is given in [30]. The characteristics of 

the four above-mentioned GMPEs developed for the Vrancea 

subcrustal seismic source are given in [5]. Other GMPEs are 

recommended for the Vrancea intermediate-depth seismic 

source in [4] which deals with attenuation models for the 

probabilistic seismic hazard assessment in Europe. The 

recommended ground motion prediction equations for 

Vrancea are: Youngs et al. (1997) [40], Zhao et al. (2006) 

[41], Atkinson and Boore (2003) [1] and Lin and Lee (2008) 

[11]. An evaluation of these models is presented in [36] , [37]. 

The main focus of this paper is the development of a new 

ground motion prediction equation GMPE for Vrancea 

subcrustal seismic source. The performance of this new 

model, which is based on an increased strong ground motion 

database, is evaluated using several goodness-of-fit measures 

presented in [27], [28] and [4]. The analysis of the inter-event 

and intra-event residuals [26], [29], [32] is also performed for 

the available dataset of strong ground motions.  

2 STRONG GROUND MOTION DATABASE FOR 

REGRESSION ANALYSIS 

The proposed ground motion model for the prediction of 

spectral accelerations is derived from a national database 

(strong ground motion records from Vrancea subcrustal 

earthquakes) and an international database consisting 

altogether of 431 strong ground motions (861 horizontal 

components) recorded from 26 intermediate-depth seismic 

events with moment magnitudes in the range 5.2 ≤ MW ≤ 7.8 

[38]. The strong ground motions from Vrancea earthquakes 

were recorded in Romania, Republic of Moldova, Bulgaria 

and Serbia.  

Ground motion prediction equations for Vrancea intermediate-depth earthquakes 
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The international strong ground motions were recorded in 

intermediate-depth earthquakes in Japan (K-net and Kik-net 

data), New Zealand, Mexico, Chile and India. The data come 

from nine intermediate-depth Vrancea earthquakes as well as 

from seventeen earthquakes produced in other seismic regions 

in the world. The range of the focal depth of all earthquakes is 

in between 69 km to 173 km. This depth range is typical for 

seismic events produced in the Vrancea region, which are the 

main focus of this attenuation model. 

The main characteristics of the database used for the 

derivation of the ground motion prediction model are given in 

Table 1. For each seismic event, the date of occurrence, the 

moment magnitude, the position of the epicenter, the focal 

depth and the number of used strong ground motions are 

presented in [38].  

Table 1. Characteristics of the database of strong ground 

motions [38]. 

Database 
No. of 

earthquakes 

No. of 

horizontal 

components  

Epicentral 

distance 

range, km 

Vrancea + 

International 

  9 + 

 17 

   465 + 

 396 
2 - 647 

 

The distribution of the earthquake magnitude versus the 

epicentral distance for the 26 analyzed seismic events is 

shown in Figure 1. More details on the structure and content 

of the database used in the multiple regression analysis can be 

found in [38]. 

All the strong ground motions recorded in Vrancea 

intermediate depth seismic events were collected for the 

BIGSEES national research project [3] from the seismic 

networks of INFP (National Institute for Earth Physics), 

INCERC (Building Research Institute), GEOTEC (Institute 

for Geotechnical and Geophysical Studies) and NCSRR 

(National Centre for Seismic Risk Reduction). The positions 

of Vrancea epicenters and of the recording stations are given 

in Figure 2. 

The soil conditions for the seismic stations which have 

recorded the strong ground motions are defined according to 

EN 1998-1 [6] and are assigned according to [34] (converted 

from [22] to [6]).  

The vast majority of the strong ground motions were recorded 

in soil conditions (classes B, C or D), the exception being 

some strong ground motions from Vrancea earthquakes 

recorded in the epicentral region in soil class A. These strong 

ground motions were also kept in the database due to the lack 

of strong ground motions recorded in soil conditions from the 

epicentral region of Vrancea intermediate-depth earthquakes. 

Although the proposed ground motion prediction model is 

derived only for soil conditions, it is the authors' opinion that 

the use of the strong ground motions recorded on harder soil 

conditions (only in the epicentral region) does not affect the 

results for larger epicentral distances. In the case of some 

seismic station the exact soil classification could not be 

retrieved from the existing database. Nevertheless, the 

conditions for these stations were assigned as soil, so these 

data were also used in the regressions (these stations are 

defined as not classified). 
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Figure 1. Distribution of the earthquake magnitude versus the 

epicentral distance. 

 

Figure 2. Positions of Vrancea epicenters (circles) and of the 

recording stations (red triangles). 

3 FUNCTIONAL FORM AND REGRESSION MODEL 

The following functional form of the GMPE is selected for the 

regression analysis [38]:  
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 (1) 

where i is the earthquake index, j is the recording station’s 

index, yij is the geometrical mean of the two horizontal 

components of either PGA (in cm/s2) or 5% damped response 

spectral acceleration (in cm/s2) for a spectral period T, MW is 

the moment magnitude (use MW = 7.6 for events of MW > 7.6 

for spectral periods up to 1.0 s and use MW = 8.0 for events of 

MW > 8.0 for spectral periods in excess of 1.0 s), R is the 

source to site (hypocentral) distance in kilometers, h is the 

focal depth in kilometers and ck (k = 1 to 6) are coefficients 

determined from the data set by regression analysis at each 

spectral period.  
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The independent normally distributed variates i and ij are 

the inter-event residuals (error that represents earthquake to 

earthquake variability of ground motions) with zero mean and 

a standard deviation of  and respectively, the intra-event 

residuals (error that represents within earthquake variability of 

ground motions) with zero mean and a standard deviation of 

. Both intra- and inter-event standard deviations  and  are 

period dependent, but are assumed independent of magnitude. 

The total standard deviation  of the model’s prediction is 

defined as the square root of sum of squares of  and . The 

coefficients c1 to c6 and the standard deviations are given in 

Table 2 and Table 3 [38].  

 

Table 2. Regression coefficients of the proposed GMPE [38]. 

T, s c1 c2 c3 c5 c6 

0.0 8.5851 1.4863 -0.4758 0.00138 0.00484 

0.1 9.1790 1.2914 -0.3798 0.00095 0.00447 

0.2 9.5719 1.5016 -0.5250 0.00193 0.00474 

0.3 9.4383 1.7468 -0.6167 0.00267 0.00571 

0.4 9.2379 1.9355 -0.6987 0.00269 0.00561 

0.5 9.0571 2.0346 -0.7008 0.00289 0.00518 

0.6 8.9340 2.0695 -0.6845 0.00276 0.00381 

0.7 8.7733 2.1370 -0.7029 0.00271 0.00308 

0.8 8.6120 2.1907 -0.6726 0.00275 0.00273 

0.9 8.4383 2.2422 -0.6653 0.00271 0.00242 

1.0 8.3839 2.2537 -0.6684 0.00247 0.00097 

1.2 8.1855 2.3182 -0.6193 0.00287 0.00036 

1.4 7.8850 2.3958 -0.5977 0.00312 0.00073 

1.6 7.7061 2.4470 -0.5812 0.00329 0.00039 

1.8 7.5257 2.4958 -0.5865 0.00329 0.00002 

2.0 7.4295 2.5124 -0.5638 0.00324 0.00115 

2.5 7.0493 2.6036 -0.5870 0.00312 0.00175 

3.0 6.6822 2.6306 -0.6053 0.00275 0.00218 

3.5 6.4087 2.6152 -0.6290 0.00236 0.00290 

4.0 6.1352 2.6116 -0.6607 0.00198 0.00313 

 

Table 3. Standard deviations of the proposed GMPE [38]. 

T, s σT τ σ 

0.0 0.738 0.550 0.491 

0.1 0.923 0.692 0.611 

0.2 0.874 0.658 0.575 

0.3 0.818 0.617 0.536 

0.4 0.823 0.592 0.572 

0.5 0.790 0.513 0.601 

0.6 0.793 0.502 0.614 

0.7 0.773 0.488 0.599 

0.8 0.755 0.461 0.597 

0.9 0.729 0.414 0.600 

1.0 0.729 0.414 0.600 

1.2 0.719 0.377 0.612 

1.4 0.711 0.366 0.610 

1.6 0.728 0.401 0.608 

1.8 0.732 0.410 0.607 

2.0 0.730 0.410 0.605 

2.5 0.735 0.402 0.615 

3.0 0.750 0.433 0.613 

3.5 0.751 0.436 0.612 

4.0 0.752 0.463 0.593 

The range of the total standard deviation from 0.711 to 

0.923 and the contributions of intra- and inter-event standard 

deviations to the total variability of the model are rather 

balanced. 

The regression coefficients and the residual terms are 

obtained with the maximum likelihood method [8], [9]. The 

magnitude effect on the predicted values of ground motion 

parameters is considered through c1 to c3 coefficients. The 

influences of the geometrical spreading and of the anelastic 

attenuation are accounted for in relation (1) through c4 (set to -

1.000) and c5 coefficients. The depth effect is included by the 

coefficient c6.  

4 EVALUATION OF PROPOSED GMPE 

The evaluation and validation of the proposed GMPE is 

performed in several steps. The first step consists of several 

comparisons of the proposed ground motion model with the 

observed data from the most instrumented seismic events 

produced by the Vrancea subcrustal seismic source. In Figure 

3 the proposed model is compared with the spectral 

accelerations at T = 0.0 s and 1.0 s obtained from the data 

recorded during the Vrancea earthquakes of August 30, 1986 

(MW = 7.1), May 30, 1990 (MW = 6.9) and October 27, 2004 

(MW = 6.0).  
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Figure 3. Comparison of observed and predicted spectral 

accelerations using the proposed GMPE for 3 spectral periods 

(T = 0.0 s - left- and T = 1.0 s - right) and for three subcrustal 

Vrancea seismic events: August 30, 1986 (MW = 7.1) – top 

row-, May 30, 1990 (MW = 6.9) – middle row- and October 

27, 2004 (MW = 6.0) – bottom row. 
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It is noticeable from Figure 3 that most of the observed data 

for all three periods are distributed between the median 

plus/minus one standard deviation. 

Figure 4 shows the distribution of the total residuals RES 

with epicentral distance for two spectral accelerations at T = 

0.0 s and 1.0 s.  
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Figure 4. Distribution of the total residuals RES 

with epicentral distance for two spectral 

accelerations at T = 0.0 (top) s and 1.0 s (bottom) 

No significant bias in the distribution of the residuals can be 

observed from Figure 4. However, the plots reveal a large 

amount of variability in the dataset. 

In the following a closer look at the inter- and intra-event 

residuals [25], [26], [29], [32] is presented. Figure 5 a), b) 

displays the variation of the inter-event residuals with the 

moment magnitude at two spectral periods T = 0 s; 1.0 s. The 

appropriateness of magnitude scaling is tested by examining 

the trends of inter-event residuals versus magnitude [26]. The 

GMPE’s magnitude scaling at all the spectral periods proves 

to be appropriate. The very low values of the slope and of the 

offset of the trendlines plotted in Figure 5 a) and b) prove that 

there is neither trend nor bias in the inter-event residuals. 

Since the same conclusions are reached for all the investigated 

spectral periods, it comes out that the homoscedasticity 

hypothesis holds true. 
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Figure 5. Distribution of the inter-event residuals with 

moment magnitude for two spectral accelerations at T 

= 0.0 (top) s and 1.0 s (bottom) 

The appropriateness of distance scaling is tested by 

examining the trends of intra-event residuals versus distance 

[26]. The distance scaling of the proposed GMPE is 

investigated in Figure 6 where the intra-event residuals versus 

epicentral distances are represented for two spectral periods T, 

namely 0 s and 1.0 s. The plots show the variation of all the 

intra-event residuals with epicentral distance along with the 

linear trendline of the results. The very low values of the slope 

and of the offset of the trendlines shown in Figure 6 a) and b) 

prove the correctness of the distance scaling for the proposed 

GMPE. 

The mean, median and standard deviation of the normalised 

residuals NRES [27] calculated for the subset of Vrancea 

strong ground motions are, respectively MEANNRES = -0.06, 

MEDNRES = -0.03 and STDNRES = 0.82. The sampling 

errors [39] of the previously mentioned indicators are less 

than 1%. If one considers only the ground motions recorded in 

Vrancea intermediate depth earthquakes, the total standard 

deviation of the model’s prediction decreases overall with 
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18%. Moreover, the bias introduced by the reduced sampling 

is very low, thus providing a high degree of confidence in 

using the proposed GMPE for Vrancea intermediate depth 

seismic events [38]. 
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Figure 6. Distribution of the intra-event residuals with 

epicentral distance for two spectral accelerations at T 

= 0.0 (top) s and 1.0 s (bottom) 

5 COMPARISON WITH OTHER GMPES 

The proposed attenuation model is compared for two generic 

earthquakes with other GMPEs from literature in Figure 7 

[38]. The reference earthquakes have magnitudes MW = 

6.5and MW = 7.5 produced at a depth of 100 km. The 

comparisons are performed for two spectral periods T = 0.0 s 

and 1.0 s. Our model is assessed against the Lungu et al. 

(2000) [13] model (LEA00) and the four GMPEs proposed 

within the SHARE project [4]: Youngs et al. (1997) [40] for 

soil conditions - YEA97, Atkinson and Boore (2003) [1] for 

soil class D - AB03 , Zhao et al. (2006) [41] for soil class III - 

ZEA06 and Lin and Lee (2008) [11] for soil conditions - 

LL08. The comparisons with the LEA00 model are performed 

only for T = 0.0 s. 

The first obvious conclusion which can be drawn from 

Figure 7 is the relatively large scatter in the median 

predictions. Moreover, one can notice the low attenuation 

with the epicentral distance of the LEA00 attenuation model. 

The proposed model gives higher ground motion amplitudes 

for T = 1.0 s for earthquakes with MW ≤ 7.0. 

 

  

  

Figure 7. Median amplitudes for two spectral periods (T = 0.0 

s and T = 1.0 s) and for seismic events characterized by two 

magnitudes (MW = 6.5 and MW = 7.5) with a focal depth of 

100 km. The curves correspond to the proposed model and to 

5 additional models: LEA00, YEA97, AB03, ZEA06 and 

LL08 [38] 

It is also worth mentioning the fact that in most of the 

analyzed cases, the proposed GMPE has similar median 

predictions as the YEA97. One can notice from Figure 7 the 

very similar predictions of the median amplitudes of spectral 

acceleration at the natural period T = 1.0 s given by both the 

YEA97 and proposed GMPEs. The previous remark shows 

that the spectral response is less sensitive to local conditions 

and, consequently better constrained at higher natural periods. 

The attenuation rate with the epicentral distance of the 

proposed attenuation model is smaller than that of the models 

developed for subduction earthquakes (YEA97, AB03, 

ZEA06, LL08) and larger than that of the model developed 

using only strong ground motions from Vrancea intermediate-

depth earthquakes (LEA00) [38]. 

Finally, the total standard deviation of the proposed GMPE 

is compared in Figure 8 with the standard deviations of the 

other four GMPEs: YEA97, AB03, ZEA06 and LL08. The 

standard deviation in the case of the YEA97 model is 

computed for a MW = 7.0 earthquake. The total standard 

deviation of the proposed model is the largest in the period 

range up to T = 0.7 s. However, for spectral periods in excess 

of 0.7 s, the total standard deviation of the proposed model is 

smaller than that of the other considered ground motion 

prediction models, except the AB03 model [38]. 
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Figure 8. Distribution of the intra-event residuals with 

epicentral distance for two spectral accelerations at T 

= 0.0 (top) s and 1.0 s (bottom) [38] 

6 DISCUSSION 

Previous GMPEs developed for Vrancea subcrustal source in 

[12], [23], [33] or [21] are azimuth-dependent. Since the new 

GMPE proposed in this paper is based on a much larger 

database with both domestic and international earthquakes, 

the further need for azimuth dependency is investigated. In 

this respect, the normalized residuals between the observed 

and the predicted ground motion parameters is obtained for 

each of the 233 values in the subset of the seismic records 

generated by Vrancea intermediate-depth source and the 

pattern distribution of the residuals is investigated. The 

normalized residuals in each seismic station and for each 

Vrancea earthquake are represented on the map and the spatial 

distribution of the residuals is investigated. After careful 

investigation of the maps one can conclude that there is no 

need for further modification of GMPE in order to make it 

azimuth-dependent [38]. In Figure 9 the absolute values of 

maximum normalized residuals at spectral periods T = 0 s and 

T = 1.0 s for the proposed GMPE are represented and one can 

notice that there is no significant azimuth dependency of the 

residuals. Nevertheless, there is a pattern of the spatial 

distribution of the values of the normalized residuals: there is 

a slight underestimation of the observed values in the regions 

in the front of the Carpathians Mountains (fore-arc region), an 

overestimation of the observed values in the regions in the 

back of the Carpathians Mountains (back-arc region) and a 

transition region in between fore-arc and back-arc [38]. We 

are currently investigating this pattern in an ongoing research 

project and a GMPE valid for both fore-arc and back-arc 

regions is under development. 

Another issue to be discussed is the behavior of the 

proposed GMPE for values of moment magnitude MW at the 

higher end of the scale. A saturation of the values of PGA 

along with a trend of predicted values to slightly decrease for 

MW > 7.6 was noticed. The decrease of the predicted values 

occurs irrespective of the epicentral distance and is produced 

by the quadratic term in magnitude; the same decrease is 

reported in [1]. The GMPE requires the capping of the 

maximum magnitude at MW,cap = 7.6 for prediction of PGA 

values [38]. Thus estimates of PGA values for seismic events 

of MW > 7.6 should be made using MW,cap = 7.6. This 

saturation effect does not imply that a maximum moment 

magnitude of 7.6 should be assigned in the probabilistic 

seismic hazard analysis. Rather, the PGA values for seismic 

events of MW > 7.6 should be calculated using the value of 

MW,cap = 7.6 in the GMPE. More generally, a capping 

magnitude can be derived for any spectral period by 

differentiating relation (1) with respect to MW and equating 

the result with zero. The analysis reveals that the capping 

magnitude is MW,cap = 7.6 for spectral periods up to 1.0 s and 

MW,cap = 8.0 for spectral periods in excess of 1.0 s [38]. 

Nevertheless, from our probabilistic seismic hazard analyses 

[2], [10], [16], [17], the differences that arise in a probabilistic 

seismic hazard analysis performed with and without 

magnitude capping amounts 2% at the most for ground motion 

amplitudes with mean return periods larger than 1000 years in 

the case of MW,cap = 7.6 and vanish for MW,cap = 8.0 [38]. 

Actually, the capping moment magnitude MW,cap = 8.0 

corresponds to the higher end of the scale considered to 

provide reliable results in using the proposed GMPE. 

 

 

 

Figure 9. Distribution of absolute values of maximum 

normalized residuals at T = 0 s (top) and T = 1.0 s 

(bottom) for the proposed GMPE) [38] 

7 CONCLUSIONS 

A new ground motion prediction model for Vrancea 

intermediate-depth seismic source is developed in this study. 

The database used in the regression analysis is more extended 
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compared to the previous databases used for the same 

purpose. The extension of the database consists in including 

all the instrumented Vrancea earthquakes with moment 

magnitudes larger than 5.0 and an additional seventeen 

foreign intermediate-depth earthquakes. The use of 

international earthquake data is a temporary solution for 

filling the gaps in the national database. Nevertheless, as more 

strong ground motions recorded in Vrancea intermediate-

depth earthquakes become available, we will revisit this 

analysis. The current extension of the database increased both 

the ranges of magnitude and of the source-to-site distance. We 

consider that the proposed ground motion prediction model 

provides reliable results for a magnitude range MW = 5.0 ÷ 

8.0, an epicentral distance range from 10 km to 300 km and a 

focal depth range from 60 km to 200 km. We acknowledge 

that there is some uncertainty related to the upper bound of the 

moment magnitude scale, which is poorly constrained by the 

data (extending to MW = 7.8). The epicentral distance and the 

focal depth ranges may be extrapolated beyond the previously 

mentioned limits with some caution. We believe that this new 

GMPE might supersede the previous attenuation models 

derived for Vrancea intermediate-depth seismic source and 

address the limits identified in those models. In addition, the 

proposed GMPE covers peak ground acceleration and 

response spectral acceleration and a much broader range of 

earthquake magnitudes and source-to-site distances. The 

regression coefficients of the GMPE and the residual terms 

are obtained with the maximum likelihood method [8], [9]. 

Both intra- and inter-event standard deviations  and  are 

period dependent but are independent of magnitude. The total, 

inter- and intra-event normalized residuals closely fit a 

standard normal distribution of probability. 

After careful investigation of the residuals one can conclude 

that there is no need for further modification of GMPE in 

order to make it azimuth-dependent. The spatial distribution 

of the normalized residuals reveals that there is a slight 

underestimation of the observed values in the regions in the 

front of the Carpathians Mountains (fore-arc region), an 

overestimation of the observed values in the regions in the 

back of the Carpathians Mountains (back-arc region) and a 

transition region in between. A GMPE valid for both fore-arc 

and back-arc regions is under development in an ongoing 

research project. The predicted values of ground motion 

parameters are applicable for average soil conditions (soil 

classes B and C in EN 1998-1). The estimates of ground 

motion parameters for seismic events with MW > MW,cap 

should be made using the impose capping magnitude, 

implying that the ground motion parameters’ amplitudes for 

seismic events of MW > MW,cap should be calculated using the 

value of MW,cap in the proposed GMPE [38]. 
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ABSTRACT: The brittle behaviour and the low strength of stone masonry under tensile forces make this material to be 

particular sensitive to seismic type actions. During an earthquake, a masonry structure is submitted to important and fast 

variations of stresses that tend to deteriorate mortar between stone blocks decreasing strength and stiffness, either to horizontal 

or vertical forces. Past events indicate that this is particular relevant when seismic actions include vertical accelerations with 

high amplitude (near-field earthquakes). In this case, it may even appear, although instantly, tensile strains at the mortar, 

splitting masonry into macro-blocks and increasing its vulnerability to seismic actions. 

To help understanding the influence seismic vertical actions may have on the behaviour of stone masonry structures when 

combined, or not with horizontal seismic actions, a set of simple structures is simulated through finite elements and using a 

continuous damage material behaviour model. Through the combination of different vertical and horizontal seismic actions 

defined by artificial ground acceleration time histories fitting EC8 spectra, it is possible to estimate conditions where vertical 

accelerations have more influence on the response of stone masonry structures. 

 

KEYWORDS: Masonry walls; Seismic behaviour; Vertical seismic actions; Damage model. 

1 INTRODUCTION 

Stone masonry is a structural composite material that, under 

certain circumstances, is particular sensitive to seismic 

actions. Although the quality of the stones contributes to the 

quality of the masonry, the shape of the stones is probably the 

factor that most influences the behaviour of stone masonry 

structures; it is responsible for the joints configuration and the 

way the blocks contact each other and, therefore, and to some 

extent, for the joints behaviour. The characteristics of the 

joints, namely the tensile strength and the cohesion, in 

particular when filled in with mortar, are additional important 

aspects that condition the behaviour of stone masonry. In 

particular, the low tensile strength and cohesion often 

exhibited by old stone masonry joints, makes these structures 

to be quite vulnerable to seismic actions, specifically to near-

field earthquakes due to the expected higher vertical 

accelerations. Such type events may even introduce tensile 

strains at the mortar/joints, splitting masonry into macro-

blocks and increasing its vulnerability to seismic actions. 

Compression and shear-compression tests made by different 

authors on different types of stone masonry, with different 

textures and following different construction procedures, 

allowed assessing the behaviour of this material under 

laboratorial and in-situ conditions, and concluding about the 

importance of these aspects to the performance of stone 

masonry structural elements [1], [2], [3], [4]. These 

experimental campaigns assessed some of the most relevant 

rupture modes, for in-plane and out-of-plane horizontal loads, 

underlining, once again, the importance of the mechanical 

properties and behaviour of the joints, which, together with 

the masonry geometry/texture, plays a main role on the 

flexural and shear behaviour of a stone masonry wall. The 

work of Celeste [5], based on research previously developed 

by Italian authors, have shown the importance of the masonry 

geometric parameters. 

Although cyclic static testing campaigns on stone masonry 

walls are found in the literature, dynamic tests on shaking 

table tests are more scars. Nevertheless, a work in Portugal at 

LNEC and another in Italy at ENEA are referenced [6], [7]. 

They consider only horizontal seismic actions and no shaking 

table test on stone masonry structures has been found where 

vertical seismic actions alone, or combined with horizontal 

seismic actions have been considered. Notice that although 

past events indicate (through post-earthquake observations) 

that vertical seismic actions seem to have a strong influence 

on the masonry global behaviour, there is no relevant 

laboratory research that sustains these suggestions. 

Thus, this research aims studying the effect of the vertical 

component of seismic actions in stone masonry walls using 

numerical tools. A continuous damage material model was 

selected to simulate the stone masonry behaviour law, being 

calibrated with the experimental results from cyclic 

compression tests made on stone masonry specimens at the 

Laboratory of Earthquake and Structural Engineering (LESE) 

of FEUP [1][1]. Although being entirely numerical, this study 

includes some of the aspects/characteristics that may 

condition the dynamic response of a stone masonry wall, 

aiming to help understanding the effect seismic vertical 

actions may have on the behaviour of stone masonry 

structures when combined, or not with horizontal seismic 

loads. 
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2 MODELLING 

2.1 The specimen 

The numerical simulation of a structure must be supported by 

appropriate modelling, so that the fundamental aspects of the 

behaviour are properly reproduced. However, not all the 

characteristics are, or can be always represented, either 

because modelling is difficult or too much time consuming, or 

even because the phenomena can’t be reproduced or not 

enough data exist to feed the models. In this research the 

prototype was simulated without discretizing stones, mortar 

and joints, but considering stone masonry as a unique 

homogeneous material with an axial behaviour law fitted to 

the global behaviour law of the material being simulated. 

Under these conditions, the present study considered a finite 

elements prototype simulating a stone masonry panel with 

simple geometry. The prototype was simulated using 8 knots 

volumetric elements (3 translation degrees of freedom per 

knot), regularly distributed according to horizontal and 

vertical layers. In this context, the prototype, named PA1, 

represented a single panel without any openings, being 1.5 m 

wide, 3.0 m high and 0.3 m thick.  

To simulate the existence of a floor above the prototype, as 

if it represented the lower wall of a two floors building, a 

mass of 5550 Kg/m2 was placed on the top of the prototype, in 

addition to its own mass. This additional mass was simulated 

by a single level of finite elements, 1cm thick and a density of 

555 ton/m3, positioned at the top of the wall (red coloured 

elements in Figure 1) and made of a linear elastic material 

with the initial stiffness properties (before damage) of the 

masonry. In addition, this mass provided the prototype with 

vibration frequencies within the range of values expected for a 

standard two floors stone masonry element. 

 

Figure 1. Finite elements model of PA1. 

 

2.2 The material 

The choice of the material characteristics was made based on 

the results of a set of stone masonry panels that were part of a 

large experimental campaign conducted by Almeida [2]. The 

campaign involved a large number of compression and in-

plane shear compression tests that took place at the 

Laboratory of Earthquake and Structural Engineering (LESE) 

of the Faculty of Engineering of the University of Porto 

(FEUP). The specimens, some retrieved from real buildings 

and others constructed at the LESE, represented the 

constructive, geometric and material characteristics of many 

of the main bearing walls of the old buildings of Porto city 

[1]: one-leaf walls made of medium to large granite blocks 

(facade diagonals 50 to 90 m on average) positioned one 

above the other with the interposition of small stones; the 

joints were sealed only after building the wall and using a 

weak mortar (compressive strength around 1 MPa), a 

procedure that didn’t guarantee that the joints were fully filled 

in, leaving internal voids. Such characteristics give to this 

masonry a density of around 1850 Ton/m3, a strength between 

2 and 3 MPa and a very low stiffness, between 0.2 and 0.4 

GPa. These values were used to calibrate the material 

behaviour model selected to simulate the stone masonry that 

constituted the specimen involved in the present study. 

 

2.3 The behaviour model 

To simulate the mechanical behaviour of the selected material, 

it was adopted the Continuous Damage Material (CDM) 

model formerly developed by Faria [8] to concrete. This 

model has already been used to simulate masonry structures 

with success, allowing defining the main rupture lines and 

collapse mechanisms [9]. In fact, if a proper scale factor is 

considered for strength and stiffness, concrete and masonry 

show a similar behaviour under vertical axial forces, in 

particular both respond to tensile forces with a much lower 

strength and more brittle behaviour than to compression.  

Although, on the contrary to concrete, masonry can hardly 

be considered a homogeneous material, under this model the 

various components of the selected stone masonry (stone, 

mortar and joints) are simulated as part of a single 

homogeneous material that responds to tension and 

compression forces according to the axial behaviour curves 

shown in Figure 2, which were calibrated using the results of 

the compression tests performed at LESE. In particular it was 

considered a compression strength of around 2.5 MPa, a 

tensile strength of around 0.06 MPa, a Young modulus of 0.35 

GPa, a Poisson coefficient of 0.2 and a density of 1850 kg/m3. 

The model considers the development of isotopic damage 

through two independent damage indexes (variable between 0 

– no damage – and 1 – full damage), one for tension (activated 

for stresses greater than the tensile strength) and another for 

compression, (activated for stresses greater than 0.8 MPa) that 

control the decrease of the materials strength and stiffness 

with the increase of strain.  

This procedure allows the model to consider the opening of 

cracks, an aspect that is crucial when simulating the behaviour 

of masonry structures. However, these simulations don’t 

consider the heterogeneous characteristics of the material and 

the possibility of the masonry to desegregate, or lose 

stone/blocks, being these the main hypotheses of the 

numerical simulations that are performed in this study. All the 

calculations were done using the structural analysis program 

Cast3M [10]. 
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Figure 2. Tension and compression behaviour curves 

calibrated for the selected stone masonry. 

 

3 DYNAMIC ANALYSIS 

3.1 Modal analysis 

The vibration frequencies and mode shapes of the prototype 

was computed beforehand to estimate the behaviour and the 

sensitivity of the prototype to the seismic actions. In 

particular, this procedure allows appraising the type of 

earthquake with more serious impact on the structure and 

selecting the integration time step for the dynamic 

calculations. These considerations will be made later in the 

paper. 

Just to give an overview on the results, the mode shapes for 

PA1 are illustrated in Figure 4 and Table 1 registers the 

Vibration Frequencies ( nf ), the Modal Masses ( nM ) and the 

Modal Factors of Seismic Excitement ( nL ) for each mode 

n=1 to 6, being nM  and nL  calculated by equations (1) and 

(2), respectively. 

 n
T
nn MM    (1) 

  dML T
nn    (2) 

in which n , M  and  d  represent, respectively, the vector 

of mode shape n, the mass matrix of the prototype and the unit 

vector in correspondence to the direction of the considered 

seismic action. 

 

3.2 Seismic actions 

The seismic behaviour of the prototype was assessed by 

analysing the response to time-history accelerograms, 

representing horizontal and vertical seismic actions, generated 

artificially from the Eurocode 8 (EC8) response spectra. These 

accelerograms, representative of Artificial Earthquakes (AE), 

were created by SIMQKE, a program that generates, 

automatically, accelerograms representative of the two EC8 

mandatory types of seismic actions: type 1 (far-field 

earthquakes) and type 2 (near-field earthquakes). 

  

1st Mode (f = 1.10 Hz) 2nd Mode (f = 4.69 Hz) 

 

 
3rd Mode (f = 5.08 Hz) 5th Mode (f = 19.89 Hz) 

Figure 3. Mode shapes of four vibration modes of PA1. 

 

Table 1. Frequencies and modal participations for the first 

five modes of PA1 (see the reference axis in Figure 1). 

Mode f (Hz) 
Mn 

(Kg) 

Ln (Kg) 

x y z 

1 1.10 3077.6 0.0 3429.4 0.0 

2 4.69 3208.5 3463.6 0.0 0.0 

3 5.08 1156.0 0.0 0.0 0.0 

4 10.96 1136.0 0.0 836.6 0.0 

5 19.89 3385.9 0.0 0.0 3803.4 

 

Since the main purpose of this research is to study the effect 

of vertical seismic actions on stone masonry structures, it was 

chosen a location and foundation soil for the prototypes that 

maximized the magnitude of the vertical seismic 

accelerations. Given the National Application Document of 

EC8 (NAD-EC8) for Portugal that establishes the 

characteristics of the standard earthquakes within the different 

zones of the territory, the prototypes were located in Seismic 

Zone 2.1, namely at Faial island in Azores archipelago, and 

the foundation soil was type A (rocky). Notice that the 

magnitude of the vertical seismic accelerations is higher in 

near-field earthquake areas, i.e. closer to the epicentre, and 

that the NAD-EC8 for Portugal considers that the worst 

scenario for this type of earthquakes, i.e. type 2 seismic 

actions, may happen in Azores islands, with a maximum 

reference acceleration of 2.5m/s2. 
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Therefore, the study was done using two accelerograms 

selected from two sets of ten samples that were generated with 

SIMQKE to fit the EC8 spectra set for Faial island: one for 

the horizontal components x and y (named AEX and AEY, 

respectively) and another for the vertical component z (named 

AEZ). It was chosen the same accelerogram for the two 

horizontal directions since this study didn’t include any 

combination involving the AEX and AEY acting 

simultaneously. As for AEZ, it results from a different and 

specific response spectrum and, therefore, it was selected 

from a different set of accelerograms. Notice that this study 

has no intention to perform any dimensioning or security 

assessment, where, according to EC8, at least 3 accelerograms 

should be chosen, but to perform a very specific analysis 

involving the effect of the vertical component of seismic 

actions on masonry structures. The selected accelerograms 

and the corresponding response spectra, cross-checked with 

EC8 spectra are represented in Figure 4. 

 

Figure 4. Accelerograms AEX, AEY and AEZ. 

 

Figure 5. Response spectra of accelerograms AEX, AEY and 

AEZ, cross-checked with EC8 spectra. 

To respond to the objectives of this research, apart from 

AEX, AEY and AEZ acting alone, it were established four 

complementary seismic actions, AEXZ, AEX2.5Z, AEYZ and 

AEY2.5Z, defined by the combination of the previous ones 

through the coefficients in Table 2. 

 

Table 2. Combination coefficients for the four 

complementary seismic actions. 

 AEX AEY AEZ 

AEXZ 1.0 - 1.0 

AEX2.5Z 1.0 - 2.5 

AEYZ - 1.0 1.0 

AEY2.5Z - 1.0 2.5 

 

The vertical component of seismic actions AEX2.5Z and 

AEY2.5Z has been amplified by 2.5 in relation to AEZ so 

that, as it will be detailed in section 4.3, this component alone 

imposes tensile strains in the prototypes. Notice that such 

consideration doesn’t correspond to any real situation, nor 

code prescription, but rather consists of a limit condition that 

will hopefully bring further important data when drawing 

conclusions. Moreover, none of the combinations in Table 2 

correspond to, or are meant to correspond to EC8 

prescriptions, but only to the purpose of the research. They 

should allow assessing the effect of the vertical component of 

an EC8 type earthquake on the response of the selected 

prototypes, with, or without horizontal components, and to 

compare it to the effect of the horizontal components acting 

alone. This study provides a first set of data and conclusions 

that should be developed in further analyses the future. 

 

4 SEISMIC RESPONSE 

4.1 General aspects 

The response of the prototype to the seismic actions defined in 

section 3.1 was obtained by integrating the dynamic 

equilibrium equations over time, using an implicit step-by-

step integration algorithm based on the Newmark method [3] 

implemented in Cast3M. It was chosen a time step in order to 

catch the response of the wall to the vertical modes (f around 

20 Hz), i.e. t=1/20(Hz)/10=0.005 s. The calculations were 

made assuming a damping ratio (through a Rayleigh damping 

matrix) below 3% for a wide range of frequencies (between 3 

and 30 Hz). After a first set of computations, it was decided to 

consider and analyse the prototype response only to the first 

six seconds of the seismic actions, since this time frame 

matched the more important energy content and included the 

higher peaks of the responses, allowing reducing, 

substantially, the required computation time without losing 

relevant data. 

Such type of dynamic analysis involves a large amount of 

results that should be carefully selected to respond to the 

purposes of the research. Therefore, and to be as conclusive as 

possible, it are presented the displacements of one top point of 

PA1 and the vertical axial stress of a Gauss point of a bottom 

element of PA1 (Figure 6). Also featured are the maps of the 

tensile damage. According to the conditions of the CDM 

model, no relevant compression damage was ever attained in 

the calculations; the maximum axial compression stress was 

mostly lower than 0.8 MPa. 

  

Figure 6. Reference point and element for PA1. 
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4.2 Results for PA1 

The next graphics, from Figure 7 to Figure 12, present the 

time-history of the vertical and horizontal displacements of 

the PA1 selected top point and of the vertical axial stresses at 

one of the Gauss points of the selected element at PA1 

basement (Figure 6). Figure 13 illustrates the map of the 

tensile damage indexes; indexes grater than zero indicate the 

existence of cracks; once a Gauss point cracks, it will be 

cracked no matter what the “future” direction of the principle 

stresses will be. Notice that the initial vertical displacement 

corresponds to the static self-weight deformation. Moreover, 

the tensile axial stresses are limited by the tensile strength of 

the material that is quite low, around 0.06 MPa, which may 

indicate that higher variations of the vertical displacements in 

the positive direction (up) are expected when compared to the 

negative direction. 

 

 

Figure 7. Vertical displacements of PA1 top point for AEX, 

AEXZ and AEX2.5Z. 

 

 

Figure 8. Vertical displacements of PA1 top point for AEY, 

AEYZ and AEY2.5Z. 

 

 

Figure 9. Vertical axial stresses of PA1 bottom element Gauss 

point for AEX, AEXZ and AEX2.5Z. 

 

 

Figure 10. Vertical axial stresses of PA1 bottom element 

Gauss point for AEY, AEYZ and AEY2.5Z. 

 

 

Figure 11. Horizontal displacements in the x direction of PA1 

top point for AEX and AEX2.5Z. 

 

 

Figure 12. Horizontal displacements in the y direction of PA1 

top point for AEY and AEY2.5Z. 

Before going deep in the analysis, two comments are made. 

First, the action of AEZ alone (not represented in the 

graphics) doesn’t introduce significant vertical displacements 

and vertical axial stresses when compared to the action of 

AEX or AEY alone. This result may be explained by the 

analysis of the response spectrum of AEZ. In fact, in an elastic 

linear regime PA1 would respond to AEZ alone with an 

expected maximum vertical acceleration given by the equation 

    17.733.63358.93803.4SML ann  m/s2, a value 

lower than the gravity acceleration and, therefore, incapable 

of causing structure decompression and still inducing 

compression stresses much lower than the compression 

strength of the material, i.e. causing no particular damage. 

Thus, AEZ alone is not able to introduce tensile strains and, 

therefore, the response of the prototype to AEZ is linear 

elastic and the level of response is quite low. Moreover, the 

horizontal displacements are little affected by the inclusion of 

AEZ, and the results for AEXZ and AEYZ are not presented 
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either. The maps of tensile damage corroborate these results; 

the differences in the results for the cases with, or without 

AEZ are very small. 

 

  

AEX AEXZ 

  

AEY AEYZ 

Figure 13. Maps of tensile damage for AEX, AEXZ, AEY 

and AEYZ. 

4.3 Results analysis 

The time-history of the vertical displacements (Figure 6) 

shows that the vertical seismic action (AEZ) has no significant 

influence in the displacements of the structure when it acts 

together with the horizontal seismic actions AEX, or AEY, 

although being more influent when acting with AEY. In terms 

of vertical stress, the combined action of the vertical and 

horizontal components (AEX and AEY) leads to an increase 

of the compression stresses (Figure 7), although still small and 

with very narrow peaks that corresponds to the superposition 

of the response of the horizontal mode with the response of 

the vertical mode that has a very high frequency associated 

(f=19.89 Hz, Figure 3). The great distance between the 

vibration frequencies of the vertical and horizontal modes 

results in a combination of responses that doesn’t modify, 

significantly, the response of the structure for AEXZ and 

AEYZ when compared to AEX or AEY acting alone. 

Although the influence of the vertical seismic action 

becomes clearer when multiplied by 2.5, even so a major 

effect was expected. Notice that, by multiplying the seismic 

action AEZ by 2.5, the structure would respond in a 

hypothetic elastic linear regime with an expected maximum 

acceleration of 17.92 m/s2 (according to the EC8 spectra), 

about 1.8 times the gravity acceleration, inducing important 

tensile axial strains in the wall. When acting together with 

AEX and AEY, this new amplified vertical action causes 

perceptible changes in the response of the prototypes, either in 

terms of displacements or stresses, aggravating the effect of 

the horizontal seismic actions. This effect is more evident 

when the vertical seismic action is combined with AEY, i.e. 

with a horizontal out-of-plane seismic action. In this case, 

there is a sort of superposition of the response curves of the 

vertical and horizontal seismic components, detectable by the 

superposition of two curves with quite different frequencies. 

Notice that the major differences in the response are rather in 

the vertical displacements than in the vertical axial stresses, or 

in the horizontal displacements (Figure 8), which maximum 

values are for both cases not significantly changed by the 

action of the amplified vertical seismic action.  

In terms of the physical degradation of the prototype, Figure 

9 shows that a small increase of tensile damage (which 

spreads up a little) is expected when AEZ is included in the 

seismic load. This effect, which is more notorious for the 

amplified vertical seismic action (although the maps are not 

presented, a tensile damage factor equal to one is found for 

most of the volume of the wall), reduces the global stiffness of 

the prototypes, increasing the period of the responses after 

attaining the major displacement peak at around four seconds. 

This effect can be easily observed on the horizontal 

displacement time-histories response graphics. 

 

4.4 New prototype, PA2 

One of the main conclusions from the results of PA1 is that it 

seems the influence of the vertical seismic action is not 

particularly notorious and that this result is due, not only to 

the high frequency of the vertical mode, but mainly to the big 

gap that exists between the frequencies of the horizontal and 

vertical modes. This fact makes the superposition of the effect 

of the vertical and horizontal accelerations to be, apparently, 

less visible, or important. 

In order to check this hypothesis, a new prototype, PA2, 

made with the same material as PA1 was constructed in order 

to respond with horizontal and vertical modes with closer 

frequencies. Therefore, PA2 (Figure 14) represents still a 

single rectangular panel, without any openings, but with a 

wider and shorter elevation: 2.5 m wide, 1.5 m high and 0.3 m 

thick, i.e. with higher horizontal stiffness.  

 

Figure 14. Finite elements model of PA2. 

As for PA1, and in addition to its own mass, a mass 

simulated by a single level of finite elements, 1cm thick, 
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positioned at the top of the wall (red coloured elements in 

Figure 14) and made of a linear elastic material with the initial 

stiffness properties (before damage) of the masonry, was 

considered. In this case, this mass was tuned to provide the 

prototype with a vibration frequency of the vertical mode 

similar to the one of PA1. This condition forced to consider a 

density 2.5 times the one of PA1, i.e. 13875 kg/m3. 

The same seismic actions and combinations were 

considered, as well as the same integration algorithm and 

damping ratios. As for PA1, and to make easier the 

comparison of the results, it are presented the time history 

diagrams of the displacements of one top point of PA2 and of 

the vertical axial stresses of a Gauss point of a bottom element 

of PA2, as illustrated in Figure 15. Table 3 registers the 

dynamic characteristics of PA2 for the four first modes with 

participation factors in the vertical and horizontal directions 

(translation).  

  

Figure 15. Reference point and element for PA2. 

Table 3. Frequencies and modal participations for the four 

modes of PA1 (see the reference axis in Figure 14). 

Mode f (Hz) Mn (Kg) 
Ln (Kg) 

x y z 

1 2.12 10648.0 0.0 11020.7 0.0 

4 9.38 9766.9 10213.3 0.0 0.0 

6 16.45 5517.8 0.0 0.0 1543.5 

7 20.26 8757.2 0.0 0.0 9963.9 

 

4.5 Results for PA2 

The next graphics, from Figure 16 to Figure 21, present the 

time-history of the vertical and horizontal displacements of 

the PA2 selected top point and of the vertical axial stresses at 

one of the Gauss points of the selected element at PA2 

basement. Just as in the case of PA1, the action of AEZ alone 

(not represented in the graphics) doesn’t introduce in PA2 

significant vertical displacements and vertical axial stresses 

when compared to AEX or AEY acting alone. 

The proximity of the x and z vibration modes makes the 

response of PA2 to be much more sensitive to the presence of 

the vertical accelerations. Having as reference AEX, in this 

case there is an increase of about 50% in the z and x 

displacements for AEXZ and of 100% and 130% for 

AEX2.5Z, respectively. Still having as reference AEX, in the 

case of the vertical axial stresses, the increase is of around 

35% for AEXZ and 70% for AEX2.5Z. 

 

 

Figure 16. Vertical displacements of the top point of PA2 for 

AEX, AEXZ and AEX2.5Z. 

 

 

Figure 17. Vertical displacements of the top point of PA2 for 

AEY, AEYZ and AEY2.5Z. 

 

 

Figure 18. Vertical axial stresses of PA2 bottom element 

Gauss point for AEX, AEXZ and AEX2.5Z. 

 

 

Figure 19. Vertical axial stresses of PA2 bottom element 

Gauss point for AEY, AEYZ and AEY2.5Z. 
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Figure 20. Horizontal displacements in the x direction of the top 

point of PA2 for AEX, AEXZ and AEX2.5Z. 

 

 

Figure 21. Horizontal displacements in the y direction of the top 

point of PA2 for AEY, AEYZ and AEY2.5Z. 

 

As for AEY, the results are quite different. The influence of 

AEZ in the maximum displacements and vertical axial 

stresses is negligible. In the case of AE2.5Z, the maximum 

response values remain quite the same, but the shape of the 

response changes, being, in particular in the z direction 

(vertical displacements and axial stresses), much more 

controlled by the vertical frequencies/modes. 

In conclusion, the gap between the vertical and horizontal 

mode frequencies justifies the apparent lower influence of the 

vertical seismic actions in the overall behaviour of the 

prototype PA1, a reality that happens in many stone masonry 

constructions. 

 

5 GENERAL CONCLUSIONS 

This research shows that horizontal components of seismic 

type actions have a more relevant effect in the behaviour of 

stone masonry than vertical components. Beyond that, it was 

also shown that, even when considered together with the 

horizontal components, the vertical seismic components (for 

the most unfavourable Portuguese standard levels) tend to 

have little significance. Even when amplified of 2.5, its 

influence seems to be lower than expected. The results show 

that there is a sort of superposition of the vertical responses 

due to the horizontal and vertical components of the seismic 

actions, which increases displacements and stresses with very 

narrow peaks coming, mainly, from the response of the 

vertical mode, which has a much higher frequency associated. 

This effect was more evident in the out of plane response of 

PA1, although there was a more perceptible increase of the 

response periods of the wall (i.e. damage) when the vertical 

seismic components were combined with horizontal 

components in the in-plane direction of the wall. This 

apparently small influence of the vertical components of the 

seismic actions was partially explained by the gap between the 

horizontal and vertical vibration frequencies of the wall. The 

analysis of the response of a squatter prototype, PA2, i.e. with 

horizontal frequencies closer to the vertical ones, to the same 

seismic actions showed that in this case the effect of the 

vertical seismic actions was much more evident, particularly 

when combined with seismic actions in the in-plane direction, 

since a greater proximity between these two frequencies (x 

and z directions) was achieved. 

Notice that these analyses were made considering that stone 

masonry was a homogeneous material with a fragile and low 

strength tensile behaviour. Therefore, they show that the 

apparent more sensitivity of some stone masonry to vertical 

seismic actions observed during real earthquakes may come 

less from the action itself, and more from the heterogeneous 

characteristics of the material, in particular from the 

possibility of masonry to desegregate, or present local stones 

falls due to worst links between constitutive elements, 

mechanisms that are, most probably, potentiated by the 

variation of the vertical stresses, associated to the large mass 

of the material itself. However, this is a first approach to this 

issue, and further studies, considering other typologies and 

simulation models, should be performed. 
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ABSTRACT:  This paper presents an ongoing research project that is conducted at Polytechnique Montreal, Canada, on the 

seismic response and design of moderately ductile (Type MD) reinforced concrete shear walls subjected to high frequency 

ground motions as expected content in eastern North America (ENA). The first phase of the project included shaking table tests 

performed on two 9 m tall models of 8-storey reinforced concrete shear walls designed in accordance with current Canadian 

code provisions.  In the second phase, constitutive shear wall models were developed using nonlinear reinforced concrete fibre 

elements implemented in the OpenSees (OS) computer program and finite elements using the Vector 2 (VT2) computer 

program. The models were calibrated against shake table test data. In the third phase, the models assumptions were used to 

investigate higher mode effects on the seismic response under ENA ground motions of twenty four Type MD prototype walls 

for 5- to 25-storey buildings with fundamental periods ranging from 0.4 s to 3.0 s. The walls had base flexural over-strength 

factor varying from 1.2 to 2.4.  From the results, a new base shear amplification factor is proposed to evaluate the seismic shear 

force demand more realistically for design purposes. 

KEY WORDS: Seismic; High frequency; Moderate ductility; Reinforced concrete walls; Higher mode effects; Shear 

amplification. 

1 INTRODUCTION 

Recent numerical studies [1-5] have investigated seismic 

responses of RC shear walls. These studies demonstrated that 

current code requirements may underestimate the seismic 

shear at the base and the flexural strength demands along the 

height, which may lead to shear failure at base of walls and 

unintended plastic hinge formation in the upper part of walls.  

The underestimation of the demand in codes is attributed to 

inaccuracies in considering higher mode effects (HMEs) when 

structural walls behave in the nonlinear range. Researchers [1-

5] have proposed methods to consider higher mode effects. 

However, most of the proposed methods were based on 

numerical studies using simple finite element structural 

analysis program with lumped plasticity beam elements or 

finite element models with assumptions that have not been 

validated using dynamic tests. Therefore, an investigation of 

HMEs using experimentally verified constitutive shear wall 

models was necessary. 

Because of low and moderate seismic demand in Eastern 

North America (ENA), moderately ductile (MD) RC shear 

wall designed with a ductility-related force modification Rd = 

2.0 is the typical design technique for the seismic force 

resisting system of mid-rise buildings from 5 to 25 storeys. 

This type of structure is expected to sustain reduced inelastic 

demand compared to the other, ductile RC shear wall category 

(Rd = 3.5), described in the National Building Code of Canada 

[6].The seismic responses of Type MD shear walls can be 

significantly different from that of ductile shear wall, 

especially when the walls are subjected to ground motions 

exhibiting high predominant frequencies (approximately 10 

Hz), typical in ENA. Consequently, there is a need to study 

this category of RC shear walls subjected to ENA 

earthquakes. 

A shear wall research project is being conducted on this 

topic at Polytechnique Montreal, Canada. In the first phase of 

the project, Ghorbanirenani et al. [7] performed shake table 

tests on two 9 m high scale specimens of slender 8-storey 

moderately ductile RC shear walls. The walls had been 

designed in accordance with the 2005 National Building Code 

of Canada (NBCC) [8] and the CSA A23.3-04 standard [9] 

and were subjected to ENA earthquake ground motions in the 

tests.   

In the second phase of the project, constitutive shear wall 

models were developed and validated using the tested wall 

data [10]. Both the finite element method using the computer 

program Vector 2 (VT2) [11] and the fibre element computer 

program OpenSees (OS) [12] were used. VT2 is based on 2D 

plane stress finite element theory and includes most of the 

phenomenological features present in RC members. OS is a 

multi-fibre beam element program based on the Euler-

Bernoulli theory. OS represents an attractive alternative to 

finite element modelling (VT2), because  it can reproduce the 

dominant inelastic flexural response anticipated in shear 

walls.  

In the third phase of the shear wall research project, the 

proposed OS and VT2 modelling procedures were used as 

representative constitutive shear wall models to investigate 

HMEs [13]. A parametric study involving nonlinear time 

history analyses (NLTHA) using OS and VT2 was performed 

to investigate the influence of design parameters on the higher 

mode amplification effects and related seismic force demand. 

This research focused on Type MD RC shear walls.  The 

results were used to propose a new capacity design method 
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considering higher mode amplification effects for Type MD 

RC shear wall located in ENA. The method determined 

capacity design envelops for flexural and shear strength 

demands to achieve a single plastic hinge response at the wall 

base. 

This paper presents results from the third phase of this shear 

wall research project. A literature review on higher mode 

effects on nonlinear behaviour of RC shear walls is first 

presented, followed by descriptions of past investigations on 

Type MD RC shear walls subjected to ENA earthquakes. The 

paper terminates with results of the parametric study 

conducted using NLTHA to quantify HMEs for a series of 

shear wall prototypes designed for Montreal, Quebec, Canada. 

A new simplified formula for a base shear force amplification 

factor is proposed. 

2 HIGHER MODE EFFECTS ON NONLINEAR 

BEHAVIOUR OF RC SHEAR WALL  

In current building codes [6, 19, 14], it is recommended to use 

modal response spectrum analysis (MRSA) for seismic 

design. This technique is based on the mode superposition 

method (Figure 1a) that reflects linear elastic dynamic 

response. However, RC shear wall design is based on capacity 

design principle: the wall is expected to respond in a nonlinear 

manner with base plastic hinging, and the flexural and shear 

stiffness are expected to vary during strong ground motions. 

To account for nonlinear behaviour in design, the computed 

force demand from an elastic analysis is simply reduced by 

applying an inelastic response modification coefficient Rd in 

NBCC 2010 (similar to the behaviour factor q in EC8 [14]) 

(Figure 1b). However, at the time of base plastic hinge 

formation, the shear wall responds like a pinned-base structure 

after base hinging (Figure 1c), with relatively greater 

importance of HMEs. The force distribution from base to the 

top of the structure is modified and the position of the 

resultant horizontal force is lowered as the structure becomes 

inelastic, hinel<hel in Figure 1c. The Rd factor in NBCC 2010, 

or q in EC8, does not account for this redistribution of forces. 

The behaviour as assumed in codes may cause inaccuracies in 

the prediction of the shear wall seismic response, especially 

an underestimation of base shear force prediction (Vinel>Vd) 

(Figure 1c). 

HMEs may be especially critical in ENA because the 

earthquake ground motions that are expected in that region are 

inherently rich in high frequencies that may coincide with the 

frequencies of the high vibration modes of mid-rise RC shear 

walls.  

EC 8 proposes a shear amplification factor for HMEs on 

base shear force demand. Two ductility classes are defined in 

EC 8 for reinforced concrete shear walls: ductility class high 

(DCH), with a behaviour (ductility) factor q = 4, and ductility 

class medium (DCM) with a ductility factor q = 3. A different 

seismic design approach is specified for each class. For DCH, 

the amplification factor depends on both the flexural over-

strength at the base and the contribution of higher modes on 

base shear: 

       

2 2

1

0 1Rd Rd e c

Ed e

M S (T )
q . q

q M S (T )

   
      

   
          [1] 

where MEd and MRd are the design bending moment and design 

flexural resistance at the base of the wall, respectively, and γRd 

is the factor accounting for over-strength due to steel strain-

hardening. In the second term, which accounts for higher 

mode response, Se(Tc) is the ordinate of the constant spectral 

acceleration region of the spectrum in short periods, and 

Se(T1) is the ordinate of the elastic response spectrum at the 

fundamental period of vibration of the building, T1. In Eq. [1], 

the amplification factor  is limited to the behaviour factor, q, 

such that the demand does not exceed the elastic response. 

For DCM, the design shear forces are simply taken as 1.5 

times the shear forces obtained analytically. Thus, as opposed 

to DCH class walls, the flexural over-strength and HMEs need 

not be evaluated when determining design shears. 

In EC 8, no recommendation exists to avoid the formation 

of a second hinge along the height of DCM or DCH walls due 

to HMEs. 

In NBCC 2010, HMEs are explicitly considered when using 

the equivalent static force procedure (ESFP) by applying the 

factors Mv and J to the base shear and moment envelop 

distribution, respectively. These factors depend on the shape 

of the seismic design spectrum at the site and the structure 

fundamental period (T), as indicated in Table 1a. However, 

these factors have been derived using linear dynamic analysis 

and it is expected that these factors may be significantly 

modified when wall structures respond in the nonlinear range.  

In addition to NBCC 2010, the CSA A23.3-04 Design of 

Concrete Structures Standard [9] also contains specific 

seismic design provisions for reinforced concrete shear walls. 

For ductile shear walls, the factored shear resistance shall not 

be less than the shear corresponding to the development of the 

probable moment capacity, Mp, of the wall at its base. The 

moment Mp is calculated using 1.25 fy as the probable 

reinforcing steel yield strength. For Type MD shear walls, the 

shear corresponding to the nominal wall base moment 

capacity, Mn, is permitted to be used to determine the design 

shears. Thus, the design shears are obtained by multiplying 

the factored shear forces from analysis by the flexural over-

strength factor, w = Mn/Mf, where Mf is the factored bending 

moment at the base as obtained from the analysis. 

3 INVESTIGATION OF SLENDER RC SHEAR WALLS 

SUBJECTED TO HIGH FREQUENCY GROUND 

MOTIONS 

A shear wall research project is being conducted at 

Polytechnique Montreal, Canada, to investigate the seismic 

responses of Type MD shear walls subjected to high 

frequency content ground motions. The project focuses on 

HMEs. It consists of three main phases: 1) experimental study 

with shake table testing of type MD RC shear walls; 2) 

numerical study to develop experimentally validated 

constitutive shear wall models; and 3) numerical study of the 

earthquake response of prototype Type MD ductile shear 

walls.  

3.1 Experimental study-Shake table tests 

In the first phase of the shear wall project, two RC wall 

specimens (W1, W2) were fabricated to represent shear walls 

from a prototype 8-storey building located in Montréal, Canada.
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Figure 1.Analysis considering higher mode effects on structural wall response: a) linear modal response spectrum analysis; b) 

linear modal response spectrum analysis considering nonlinearity; and c) observed (actual) nonlinear behaviour. 

 

The total height of the prototype building was 20.95 m and the 

specimens were scaled by a length factor lr = 0.429, which led 

to model walls 9.0 m high. The walls were designed according 

to NBCC 2005 [8] and CSA A23.3-04 [9] for the moderate 

ductility category (ductility-related force modification factor 

Rd = 2.0 with over-strength-related force modification factor 

Ro = 1.4) assuming a firm soil site class C. The test specimen 

is shown in Figure 2a and details of the test setup and 

experimental program are presented in Ghorbanirenani et al. 

[7] In Figure 2b, the cross-sectional area of the longitudinal 

reinforcement used along the height of the wall specimens 

varied from 639 to 426 mm2. The uniaxial seismic simulator 

at Polytechnique Montreal has a payload capacity of 15 tons 

and 3.4 m x 3.4 m plan dimensions. At every level, 60 kN 

floor seismic weights were installed on a multi-storey 

structures with hinged posts that was located beside the shake 

table. The inertia loads were transferred by instrumented rigid 

links that connected the wall specimen to the seismic weights. 

For the tests, a simulated ground motion time history for an M 

7.0 ENA earthquake at 70 km was selected and spectrally 

matched to the NBCC 2005 uniform hazard design spectrum 

(UHS) for Montreal. In the test program, the two walls were 

subjected to the ground motion with stepwise incremented 

amplitude. Wall specimen W1 was tested under 40% (elastic), 

100% and 120% of the NBCC ground motion design 

intensity. Wall W2 was tested under 100%, 120%, 150% and 

200% of the design earthquake ground motion intensity (EQ). 

In the tests, the ground motions were also scaled by a factor of 

ar = 2.65 and the time contracted by a factor of tr = 0.403 for 

similitude requirements with the prototype. 

In the 100% EQ and higher level tests, plastic hinges 

formed at the wall base, as expected by design, as well as in 

the upper storeys due to higher mode response. Moreover, 

there was an excessive shear demand with respect to the 

design shear force capacity prescribed in the current building 

codes. Additional test results can be found in Ghorbanirenani 

et al. [7]. 

3.2 Numerical modelling of RC shear walls 

In the second phase of the project, Luu et al. [10] developed 

constitutive shear wall models for the ENA region using 

nonlinear fibre elements with the OpenSees (OS) program 

[11] and finite element analysis with the Vector 2 (VT2) 
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program [12]. The authors used data from the shake table 

experiments performed in phase 1 of the shear wall project [7] 

to calibrate both models. The results indicated that the OS and 

VT2 numerical models could adequately reproduce the 

experimental data (Figure 3). In particular, Luu et al. [10] 

demonstrated that the models adequately predicted HMEs 
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Figure 2: Shake table test specimen: (a) model wall; and (b) cross-section of the model wall 

 

 
 

Figure 3. OS and VT2 predictions compared to the experimental data from shaking table test for Wall W2: (a) time history of 

top displacements; (b) shear force envelop; and (c) bending moment envelop. 

Table 1. Selected modelling parameters for the VT2 and OS models. 

 
Model parameters  

VT2 OS 

Concrete 

Compression pre-peak: Hogdnestad parabolic; 

compression post-peak: modified Kent-Park 
Modified Kent-Park 

Confined strength: Kupfer/Richart Confined strength: Increase 20% 

Hysteretic response: Palermo 2002 (with decay) Hysteretic response: Palermo 2002 (with decay) 

Steel Hysteretic response: Seckin (with Bauschinger effect) Giuffré-Menegotto-Pinto (with Baushinger effect) 

  ζ [C]ini
1; 1.5% modes 1 and 3 [C]ini

1; 2% for modes 1 and 2 

GA2 Nonlinear 5-30% at base and mid-height 

TSEs3 No No 
 1[C]ini = Initial stiffness proportional Rayleigh damping;2Shear stiffness; and 3TSEs = Tension stiffening effects



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

455 

that resulted in the amplification of the base shear, the 

formation of the second hinge in the upper wall region, the 

redistribution of the shear forces, and a time lag between 

maximum base shear and maximum bending moment. A 

summary of the OS and VT2 modelling assumptions is 

provided in Table 1. 

3.3 Earthquake response analysis of moderately ductile 

RC shear walls - Parametric study 

In the third phase of the shear wall research project, the OS 

and VT2 wall models developed in phase 2 were employed to 

investigate the seismic response of prototype Type MD RC 

shear walls. A parametric study was conducted using NLTHA 

to quantify HMEs for a series of prototype shear wall 

designed for Montreal. Different parameters were considered 

as described in Section 4 below. From the results, a new 

simplified design method was proposed for Type MD shear 

walls located in ENA, including a base shear force 

amplification factor. This is also described in Section 4. 

4 NONLINEAR TIME HISTORY ANALYSIS RESULTS- 

BASE SHEAR AMPLIFICATION FACTOR 

4.1 Studied walls 

Twenty four different shear walls were designed according to 

the NBCC 2010 [6] and CSA A23.3-04 [9] requirements. The 

number of storeys (n) varied from 5 to 25, the fundamental 

period (T) ranged from 0.5 s to 3.5 s, and the over-strength 

factor changed from 1.2 to 2.4. The studied walls are located 

in the Montreal region on site class D. The other design input 

parameters such as the wall length, the wall cross section, the 

axial load level, represented by the ratio of the axial load at 

the base to the product of the concrete compressive strength 

and base wall cross-section area (P/f’
cAw), and the wall cross 

section were selected considering construction conditions 

(Table 2). 

For the shear force, the wall were designed in accordance 

with CSA A23.3-04 [9] for moderately ductile shear wall by 

amplifying the calibrated base shear from MRSA and ESFP, 

Vd, by the flexural over-strength factor, w. Regarding the 

moment design envelope, Luu et al. [13] suggests using the 

requirements that are prescribed in CSA A23.3-04 for the 

upper parts of ductile shear walls to avoid nonlinear flexural 

behaviour in the upper part of Type MD walls. Therefore, the 

design moments above the base plastic hinge is determined by 

amplifying the bending moments from MRSA by the Mr/Mf 

ratio calculated at the top of the base plastic hinge region, as is 

currently prescribed for ductile shear walls in [9].  

4.2 Selected Ground Motions 

Twelve ground motions were selected and scaled according to 

the recommendations from Atkinson [15]. The mean 

acceleration response spectrum of the scaled ground motions 

is described in Figure 4. The mean spectrum is in good 

agreement with the design spectrum prescribed in NBCC 

2010. 

4.3 Constitutive shear wall models 

The developed OS and VT2 wall models in phase 2 of the 

project [10] were used in this study. Most of the analyses were 

conducted with the OS models because they require 

significantly less computational resources than the VT2 

models. For each building height, an OS model was developed 

based on the response obtained from the corresponding VT2 

model under one ground motion record.  The process was as 

follows: 

- Development of a VT2 model using the VT2 modelling 

assumptions validated from the experiments. 

- Analyses using the VT2 model to obtain the top 

displacement time history and shear envelop distribution.  

- Calibration of the damping properties in the 

corresponding OS model to best match the VT2 top 

displacement time history. 

- Calibration of the effective shear stiffness at the wall 

base and mid-height of the OS model to obtain the best 

match with the shear force envelope distribution from 

VT2. 

The calibrated damping and effective shear stiffness 

properties of the OS model were then applied to the models of 

all prototype walls having the same height. OS modelling 

assumption are given in Table 3 for n ≤ 15. For these walls, 

the calibrated OS model predictions show very good 

correlation with the VT2 model predictions (Figure 5). 

However, for n ≥ 20, the proposed procedure led to 

questionable (unrealistic) damping models as modes 1 and 20 

had to be selected to determine Rayleigh damping parameters 

in the calibrated OS damping models. This type of damping 

model may under-damp the higher mode response of walls 

and it is believed that such modelling assumptions were 

required because of the complexities of the shear and flexure 

responses of high-rise shear walls. In particular, the nonlinear 

behaviour could not be properly reproduced by using the 

effective isotropic shear stiffness in the OS models. 

Consequently, in this study, the analysis were performed 

using VT2 models for the cases n = 20 and 25. 

4.4 Nonlinear time history analysis results- base shear 

amplification factor 

The mean results for each ensemble of 12 ground motions, as 

obtained from the OS models for n ≤ 15 and VT2 models for n 

≥ 20, were used to evaluate the seismic demand of the walls. 

A base shear amplification factor, referred to as Ωv, was 

defined as the ratio of the base shear forces from NLTHA, 

VNL, to the base shear Vd considered in the design: 

 

                                       Ωv =VNL/Vd                                     [2] 

 

It is noted that Vd is the base shear force value obtained 

from MRSA with calibration with respect to ESFP results in 

[6]. It is different from the definition of other previous studies 

on the Canadian code [1, 3, 4] where dynamic amplification 

factor is defined by: 

 

                                   ωv = VNL/(γwVd)                               [3]                                                                        
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Shear amplification as defined in Eq. [3] assumes that the 

maximum base shear is directly proportional to the wall 

flexural resistance, implying that the peak base shear during a 

ground motion record occurs at the same time as the 

maximum bending moment develops in the base plastic hinge. 

However, experimental [7] and numerical [10] studies have 

shown that the maximum base moment is dominated by the 

first mode response whereas second and higher mode 

responses contribute the maximum base shear. Thus, 

maximum moments and shears may not directly correlate in 

time and determining design base shears using a base shear 

factor v  that directly reflects shear force amplification  as 

given by Eq. [2] is deemed to more closely represent reality 

compared to the approach in the current CSA A23.3 standard 

where design base shears depend on the wall flexural over-

strength, as is done in Eq. [3] for ωv. 

Figure 6 shows base shear amplification factors Ωv for 

twenty four studied walls with different design values of the 

fundamental period T and over-strength factor w. These 

results show that MRSA underestimates significantly base 

shear forces compared to NLTHA. The base shear 

amplification factor generally increases with the over-strength 

factor w and the maximum value Ωv = 2.8 is obtained for the 

case n = 25 and w = 2.4. 

Table 2. Parameters studied for the prototype shear walls. 

    

n 

Height 

(m) 

Tuncr 

(s) 

T 

(s) 

Ta 

(s) 

Wall 

cross-

section 

type 

Wall 

length 

(m) 

Site 

class 

Over-strength 

factor, w  
)fA/(P '

cg  

(%) 

Computer 

program 

5 

 

17.5 0.4 0.5 0.50 | 4 D 1.2,1.6,2.0 5 OS 

 0.7 1.0  0.86 | 4 D 1.2,1.6,2.0 12 OS and VT2 

10 

 

35.0 1.2 1.5 1.44 | 6 D 1.2,1.6,2.0 7 OS 

 1.6 2.0 1.44 | 6 D 1.2,1.6,2.0 12 OS and VT2 

15 

 

52.5 1.6 2.0 1.95 | 8 D 1.6,2.0 7 OS 

 2.0 2.5 1.95 | 8 D 1.6,2.0 13 OS and VT2 

20 

 

70.0 2.1 2.5 2.42  8 D 2.0,2.4 9 VT2 

 2.5 3.0 2.42  8 D 2.0,2.4 14 VT2 

25 

 

87.5 2.5 3.0 2.86  10 D 2.0,2.4 11 VT2 

 3.0 3.5 2.86  10 D 2.0,2.4 15 VT2 

 

 

Figure 4. Mean and mean±standard deviation of the acceleration response spectra of the selected ground motions versus NBCC 

2010 design spectra. 

 

Table 3:  Shear stiffness and damping assumptions for the OS models used for the 5-, 10-, and 15-storey prototype walls.  

Storey  Shear stiffness (% of un-cracked 

stiffness) 
Damping (%) 

n = 5; T = 0.5 s;w =1.2  19% at base; 5% at 3rd storey [C]ini
1; 2% for modes 1,2 

n = 10; T = 2.0 s;w =1.2 

 

 50% at base ; 20% at 5th, 6th and 7th 

storeys 
   [C]ini

1; 1.5% for modes 1,3 

n = 15; T = 2.5 s;w =1.6  18% at base; 20% at 7th and 8th storeys    [C]ini
1; 1.5% for modes 1,2 

1 [C]ini : Initial stiffness proportional Rayleigh damping 
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Figure 5. Shear force distribution predicted by OS and VT2 models for site class D: (a) 5 storeys, T = 1.0 s, w = 1.2; (b) 10 storeys, 

T = 2.0 s, w =1.2; and (c) 15 storeys, T = 2.5 s, w = 1.6.

Figure 6 also shows that the base shear factor increases with 

the fundamental period (T) for buildings with T up to 1.5 s. 

This is consistent with the proposal in [16] and [17]. 

However, the relationship between Ωv
 and T is inverted when 

T is longer than 1.5 s as Ωv decreases when T is increased. 

The base shear factor for DCM walls in EC8 is shown in 

Figure 6. In EC8, DCM shear walls are designed using a 

ductility force reduction factor of 3.0, which compares well 

with the product of the over-strength and ductility factors of 

2.8 for Type MD shear walls in the Canadian code. All of 

shear amplification factors from NLTHA are larger than the 

prediction of EC8. The underestimation of EC8 varies from 

16% (n = 5 and w = 1.2) to 90% (n = 25 and w = 2.4). 

 
Figure 6. Base shear amplification factor. 

 

Figure 6 shows that a simplified base shear amplification 

factor Ωv = 2.5 could be proposed for Type MD shear walls 

located in ENA. This value is found to provide excellent 

agreement for walls with a flexural over-strength w of 2.0. 

For all walls studied, the mean value and coefficient of 

variation of the ratio between Ωv = 2.5 and the values 

predicted by NLTHA are 1.1 and 15%, respectively. As 

shown in the figure, using Ωv = 2.5 gives conservative results 

for walls with low w values and it can be slightly unsafe for 

tall walls with high flexural over-strength. A more 

comprehensive study, presented in [13], resulted in an 

expression for Ωv that explicitly considers the effects of w 

and the fundamental period T on shear amplification.  

5 SUMMARY AND CONCLUSIONS  

In this paper, results from a shear wall research project being 

conducted at Polytechnique Montreal, Canada, are presented. 

The project focuses on investigating HMEs on Type MD RC 

shear walls subjected ENA earthquake ground motions that 

are characterized by high frequency content.  

In the first phase of the project, shaking table tests were 

performed on scaled 8-storey type MD ductile shear wall 

specimens. The results from the 100% EQ and higher level 

tests showed that plastic hinges form at the wall base, as 

expected by design, as well as in the upper storeys due to 

higher mode response. Moreover, the measured base shear 

force demand exceeded the design shear forces prescribed in 

current building codes.  

In the second phase of the project, constitutive shear wall 

models were developed using nonlinear fibre elements with 

the OpenSees (OS) program and finite elements with the 

Vector 2 (VT2) program. The models were validated against 

the data from shaking table tests. The results indicated that the 

OS and VT2 numerical models could adequately reproduce 

the experimental data. 

In the third phase of the project, the OS and VT2 wall 

models developed in phase 2 were employed to investigate the 

seismic response of Type MD RC shear walls. A parametric 

study was conducted using NLTHA to quantify HMEs for a 

series prototype shear walls designed for Montreal. 

Preliminary results from phase 3 of the project show that 

both Canadian and European current codes may underestimate 

base shear forces for RC shear walls. The required base shear 

amplification varies with the wall flexural over-strength and 

the structure period. However, for design purposes, a 

simplified base shear factor of Ωv = 2.5 is proposed for Type 

MD shear walls. This factor agrees generally well with the 

predictions from NLTHA. This proposed factor gives 

conservative results for walls with low flexural over-strength 

and slightly unsafe predictions for tall walls with high flexural 

over-strength. 

It is noted that the study in this paper is restricted to isolated 

regular shear walls under horizontal ground motions only. The 

behaviour of RC shear walls located in actual buildings with 

the presence of other structural elements such as beams, 

columns, slabs, and other shear walls subjected to three-
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dimensional earthquakes ground motion records could be 

different and is currently under investigation. 
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ABSTRACT: This paper explores the development of fully graphic dynamic methods of earthquake response analysis for elastic 
torsionally coupled 2DOF systems subjected to unidirectional earthquake forces. The methods are referred to as Graphic 
Response History Analysis (GRHA) and Graphic Response Spectrum Analysis (GRSA). Based on the results from the graphic 
modal analysis (Faggella 2013) the GRHA and the GRSA use the centers of rotation of the mode shapes (the ‘nodes’) to 
determine all parameters governing the earthquake response. In the GRSA the maximum modal responses are combined using a 
graphic adaptation of the SRSS and CCQ combination rules based on the elastic response spectrum. 

KEY WORDS: torsionally coupled structures; graphic statics; graphic dynamics; graphic modal analysis; graphic response 
history analysis; graphic response spectrum analysis.

1 INTRODUCTION
This paper further explores the development of Graphic 
Dynamic methods of analysis of one-way asymmetric 
structural systems, [1], [2], and the description of torsional 
coupling and modal decomposition in terms of nodal
rotational kinematics, [3].

The Graphic Modal Analysis (GMA) is used here to derive 
a graphic earthquake response analysis. The GMA can be 
performed through two methods: 1) a recursive Ellipse of 
Elasticity Modal Analysis (EEMA); and 2) a one-step Mohr 
Circle Modal Analysis (MCMA). Rigid-diaphragm rotational 
kinematics are assumed, which allow a computational 
visualization of the system’s dynamic properties and of the 
modal parameters. 

The methods show graphic predictors of the dynamic 
behavior, allowing their more straightforward identification as 
compared to conventional matrix analysis approaches. The 
results of the GMA are incorporated into graphic response 
analysis procedures, namely the Graphic Response History 
Analysis (GRHA) and Graphic Response Spectrum Analysis 
(GRSA).

2 GRAPHICAL MODAL ANALYSIS (GMA)
Compared to traditional matrix analysis approaches the 
graphic GMA procedures add the value of highlighting
geometric parameters that govern the structural behavior and 
the free vibrations characteristics of torsionally coupled 
systems, [2].

ρx = kθ kx , ρy = kθ ky , d = ex
2 + ρy

2

ρ = I p m , q = d ρ
(1)

The first significant graphic indicator is the ‘coupled stiffness 
gyrator’ d, which is the diagonal built on the eccentricity ex
and on the semi-axis of the Ellipse of elasticity ρy, as it is 
shown in Figure 1. The parameter d accounts for both the 

torsional coupling induced by the eccentricity and the in-plan 
distribution and magnitude of the stiffness of the lateral load 
resisting elements. It is clearly reflected in the rotational 
diagonal term of the stiffness matrix k associated with the 
degrees of freedom uy and θ, which are the displacement at the 
center of mass G and the floor rotation, as indicated in the 
system of Equations (2)
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The corresponding characteristic polynomial equation can be 
solved in the nodal form, i.e. in terms of the position xc,1 and 
xc,2 of the modal centers of rotation C1 and C2 (the modal 
nodes), which fully define the mode shapes. A second set of 
equations can be obtained putting both the mass matrix and 
the stiffness matrix of the Equations (2) in a non-dimensional 
form

0 = I��uρ +
1

m
kρuρ where
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ρ
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This is done dividing the second row of the two matrices by 
the mass gyrator and multiplying the rotational DOF by the 
mass gyrator. The arrangement (3) of the equations reveals a 
second geometric indicator defined as the square q2 = (d/ρ)2 of 
the ratio of the coupled stiffness gyrator to the gyrator of 
mass, which describes the ‘translationality’ of the coupled 
system. This graphic parameter figures in the second diagonal 
term of the dynamic stiffness matrix kρ and governs directly 
the characteristic equation of the eigenproblem. 

2.1 Ellipse of Elasticity Modal Analysis (EEMA)
The EEMA consists in a graphic recursive determination of 
the position of the modal nodes C1 and C2, based on the 
geometric construction of the Ellipse of Elasticity and on the 
mass circle of gyration. The modal nodes identify also the 
lines of action of the modal forces. The graphic solution of the 
modal analysis consists of finding the centers of rotation of 
the deflected shapes that allow the corresponding inertial and 
elastic forces to act along the same lines.

ρy

ρ

ρx

C2 C1ΚG

y
xex

d

T

Ellipse
of Elasticity

Mass Circle
of Gyration

EEMA 

Fl
oo

r A
re

a

Figure 1. One-way asymmetric torsionally coupled system 
(2DOF): plan layout with Ellipse of Elasticity, Mass circle of 
gyration, coupled stiffness gyrator d, and graphic recursive 

EEMA determination of the modal nodes.

The recursive EEMA procedure is illustrated in Figure 1,
which shows clearly also the graphic parameter d, as reflected 
in the terms of Equation (2). After convergence of the 
procedure, the graphic solutions of Equations (2) or (3) are 
used to determine the modal frequencies, by imposing the 
equal intensities of the modal inertial and elastic forces. It is 
possible to demonstrate, [2], that this results in the following 
geometric expressions of the modal stiffness, effective modal 
masses, and frequencies

keff ,n
ky

=
xc,n − ex
xc,n − xc,m

meff ,n

m
=

xc,n
xc,n − xc,m

ω n
2

ω y
2 =

xc,n − ex
xc,n

(4)

2.2 Mohr Circle Modal Analysis (MCMA)
The MCMA improves the GMA procedures offering a single-
step determination of the modal parameters. This is possible 
using a non-dimensional re-arrangement of the mass and 
stiffness matrices of Equations (3), which represent a classical
eigenproblem of the matrix kρ/ky suited for a graphical 
solution through the Mohr Circle construction. This results in 
an effective graphic determination of the non-dimensional 
squared modal frequencies and of the nodes of the two modes 
of vibration, as it is shown in Figure 2, where the MCMA 
modal results match those obtained through the EEMA of 
Figure 1. The EEMA and MCMA geometric determination of 
the modal nodes and of the corresponding lines of action of 
forces provides the basis for introducing graphic earthquake 
response analysis methods.

ΚGC2 C1
εx

1 q2O

P

R

-εx

1

Mohr Circle

MCMA 

Mass Circle
of Gyration

Fl
oo

r A
re

a

ω1
2

ω y
2

ρy
2

ρ2
ω 2
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ρ

kρij
ky

kρii
ky

Figure 2. Graphical construction of the MCMA procedure on
non-dimensional floor plan.

3 GRAPHICAL EARTHQUAKE RESPONSE 
ANALYSIS

In matrix-based computational dynamic analysis the response 
of a system to earthquake loads is obtained building on the 
results from the modal analysis. This is done expressing the 
mass-proportional static earthquake forces mr in terms of 
their projections onto the modal force vectors, [5]. The 
graphic realization of the modal expansion of the earthquake 
forces is the basis for the Graphic Response History Analysis 
(GRHA) and for the related Graphic Response Spectrum 
Analysis (GRSA) procedures.

3.1 Graphical Response History Analysis (GRHA)

Under a unidirectional earthquake motion history, the 
response is described by the equations

m��u+ ku = −s��ug (t), where s =mr (5)

The total response function can be expressed as the sum of the 
products of N modes shape times the time-dependent 
amplification functions. We choose to scale the rotational 
mode shapes based on a unit rotation angle. The 
corresponding time-dependent are the actual rotation 
functions θn(t)
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The modal participation can then be expressed in terms of the
positions of the modal nodes, yielding the static earthquake 
forces and the effective modal earthquake forces Peff,n(t)

sn =
1

ln
mΦn , Peff ,n (t) = −sn��ug (t)

where

ln =
Φn

ttmΦn

Φn
ttmr

= (xc,m − xc,n )

(7)

The graphic representation of modal participation [4], is 
improved introducing the concept of ‘modal participation 
radius’. The unit-rotation scaling of the modes and the GMA 
representation allow describing the modal participation in 
terms of the ‘modal participation radii’ ln which correspond to 
the inverse of the participation factors. Moreover it is 
|l1|=|l2|=l.
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d

l

M
od

e 
1

M
od

e 
2

Graphic Modal Expansion 
of the earthquake forces

Figure 3. Graphic Modal Expansion of the earthquake forces, 
GRHA modal contributions and total response function at a 

generic time t.

The graphical representation through the GMA yields a useful
simplification: the modal expansion of the earthquake forces 
can be drawn graphically on the basis of the effective modal 
masses described in equations (4). The resulting intensities of 
the modal earthquake forces are

sn = meff ,n =
xc,n
ln
m , peff ,n (t) = −sn��ug (t) (8)

which indicates that the earthquake force is decomposed into
modal forces proportional to the effective modal mass ratios. 
This is visualized in the graphics of Figure 3a, where each 
mode takes a portion of the seismic force proportional to the 
distance from the line of action of the modal force to the line 
of action of the total seismic force, divided by the distance h
between the two modal nodes. The decomposition is done in 
analogy with an ideal beam supported on the reactions coming 
from the two modal nodes. Then the property of orthogonality 
of the modes yields the well known uncoupled equations of 
motion

meff ,n
��Dn (t)+ keff ,nDn (t) = −meff ,n��ug (t)

where

Dn (t) = lnθn (t)

(9)

The use of a graphic representation based on the GMA 
highlights a second important property: the total response 
histories of the modal nodes Cn are the generalized 
displacements Dn(t), i.e. the solution to the uncoupled 
equations of motion under the unscaled input ground motion 
history u’’g(t). D1(t) is the response history in the y-direction 
of the point of the rigid floor in correspondence of C2, and 
D2(t) is the response history in correspondence of C1, as it is 
visualized in Figure 3. This implies that the total system 
response at a generic time t can be then obtained connecting 
the two nodal response functions Dn(t) at the nodes through a 
straight line. This property will be used in the procedure 
described next.

3.2 Graphical Response Spectrum Analysis (GRSA)
The GRHA provides a graphic simplification of the modal 
earthquake forces and a visualization of the modal response 
functions as well as of the total response. However it is not of 
practical use for design purposes. On the contrary a useful tool 
for determining the maximum response, and therefore more 
suited for drawing design considerations, is the Graphical 
Response Spectrum Analysis procedure (GRSA). 

SD (T )

T1T2 T

SD2

SD1

Displacement
Response Spectrum

Figure 4. Displacement Response Spectrum.

This method draws from the GRHA response construction 
adding the simple consideration that, as per definition of 
response spectrum, the maximum values of the nodal 
responses Dn(t) are the ordinates of the displacement response 
spectrum

uCm≠n ,max = max Dn (t) = SD (Tn ) (10)

This is exemplified through the correspondence of the 
ordinates of the response spectrum with the nodal responses 
shown in Figure 5. The GRSA provides a simple and 
straightforward displacement-based determination of the 
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maximum modal responses SD(Tn) at the nodes, which can be 
very easily combined to obtain the total response.

ΚGC2 C1

ρ

ex

ρy
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y

ABSSUM 

SD2
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Mode 2

Mode 1

C2 C1

GRSA

d

l

Figure 5. GRSA procedure.

3.3 Graphical Modal Response Combination Rules
Finally the linear combination of the maximum absolute 
modal responses (ABSSUM rule) is obtained connecting the 
spectral responses at the nodes through straight lines. Note 
that the ABSSUM combination realistically reproduces the 
response only in correspondence of the modal nodes. The 
maximum response parameters, and therefore the response of 
a generic point on the diaphragm, are more accurately 
obtained through the Square Root of the Sums of the Squares 
(SRSS) rule or through the Complete Quadratic Combination 
(CQC) rule, [5].
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Figure 6. Graphical SRSS and CQC combination rules.

The maximum rigid-floor displacement at a generic point P of 
the system can be computed through a graphical 
representation of these combination rules. The SRSS response 

results in traits of parabola rules passing through the nodal 
response points, according to 

uP,SRSS (x) = uP,1
2 (x)+ uP,2

2 (x) (11)

The graphic construction of the SRSS rule is done through 
simple rotations of vectors/distances, as shown in Figure 6 for 
a point P in correspondence of the stiff edge of the floor. The 
CQC combination of the modal responses at P builds on the 
SRSS combination adding a cross-correlation term

uP,CQC (x) = uP,SRSS
2 (x)+ ρ12uP,1(x)uP,2 (x) (12)

The total CQC response is obtained graphically seeking the 
equivalence of the rectangular areas shaded in Figure 6. Note 
that the CQC rule reduces to the SRSS parabola in absence of 
cross-correlation terms. If the translationality q of the system 
is high, for the frames contained within the two modal nodes
the SRSS response is greater than the CQC and the ABSSUM 
rule provides an upper bound of the maximum response.

4 CONCLUSIONS
This paper presented a graphic method for computing the 
seismic displacement response of a single-story one-way 
eccentric rigid-diaphragm structure subjected to unidirectional 
earthquake forces orthogonal to the axis of symmetry. We 
showed that based on the results of Graphical Modal Analysis 
(GMA) it is possible to define two graphical procedures for 
response history analysis and response spectrum analysis, 
namely the GRHA and GRSA. The GRHA allows a graphic 
expansion of the earthquake forces into modal contributions 
and qualitatively visualizes the modal response functions in 
correspondence of the modal nodes determined through 
GMA. The GRSA ultimately allows drawing the maximum 
dynamic deformed shape based on a displacement response 
spectrum according to conventional modal combination rules 
(ABSSUM, SRSS and CQC). 
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ABSTRACT: Rational yet simple and fast evaluation methods are needed to assess the seismic behavior of existing buildings. 

This is particularly important for post-disaster buildings such as emergency shelters and hospitals, for evaluations before or after 

an earthquake event. Current guidelines available in Canada (NRC 92) or United States (FEMA 154) propose rapid visual 

screening methods for this purpose. However, a more reliable method that could quantify structural seismic demand parameters 

and provide a better assessment of building performance is still needed. In this research, a 3-dimensional simplified assessment 

method is proposed for post-disaster buildings. The method is based on in situ building data collected from inspection, 

information on site conditions, and ambient vibration measurements (AVM). The proposed assessment method can be employed 

for the evaluation of seismic demand parameters such as relative floor displacements; story drift ratios, floor absolute 

accelerations and story shear forces. 

Another research project is being conducted in parallel which is aimed at evaluating the seismic performance of Operational 

and Functional Components (OFCs) (also called nonstructural components) of buildings. This matter is of high importance since 

OFC failure or malfunction can cause life safety hazards and significantly impact building functionality, and damage to property 

even if the structural system has performed satisfactorily during the earthquake. In this project, an inclusive database of 

buildings in which AVM were performed was collected. Using the aforementioned procedure, floor response-histories are 

derived for selected levels of the buildings and then considered as base excitation for OFCs to generate the corresponding floor 

response spectra (FRS). These experimental FRS are then used for seismic response evaluation of OFCs, with due consideration 

of dynamic interaction between the primary and secondary systems. The second objective of the research is to compare the 

derived FRSs with the corresponding Design Uniform Hazard Spectrum (UHS) recommended in the National Building Code of 

Canada (NBCC 2010) and develop a mathematical model to generate FRSs directly from the UHS taking into consideration the 

effect of different types of seismic force resisting systems, building height, soil conditions, location of the OFCs in the building, 

OFC/building period ratio, and estimated damping. 

The oral presentation will also include a detailed case study to illustrate the proposed procedures. 

 

KEY WORDS: Seismic assessment; simplified method; ambient vibration test; Non-Structural Components; earthquake 

engineering. 

 

1 INTRODUCTION 

The issue of reliable seismic evaluation of existing buildings 

has become increasingly important in recent decades, 

especially in the context of performance-based design. 

Current detailed evaluation methods for buildings are based 

on linear and nonlinear static and/or dynamic analysis 

approaches based on modern guidelines [1-3]. According to a 

survey performed in phase I of the ATC-55 project about the 

application of these evaluation methods in structural 

engineering firms in the United States [4], several respondents 

commented on issues and uncertainties about these methods: 

their inaccuracy/variability, e.g. different  analysis methods 

lead to significantly different results, the general complexity 

of these so-called simplified procedures, the sensitivity of the 

inelastic analysis approaches to assumptions regarding 

parameters such as initial stiffness, and the invariance of the 

loading patterns used in nonlinear static analysis procedures. 

Therefore, there is still room for further development of 

alternatives simplified seismic assessment methods, with 

recognized limitations and range of applicability.  

A new 3-dimensional experimental seismic assessment 

method (3D-SAM) based on ambient vibration measurements 

is introduced in this paper. The proposed method is applicable 

to existing buildings for which it is possible to collect real in 

situ data about their geometry, mass, and basic dynamic 

characteristics (modal properties derived from experimental 

modal analysis) at ambient vibration levels. Real building data 

reduces the uncertainty associated with the structural building 

properties. Other important advantages of the proposed 

approach are that it eliminates the need to build detailed finite 

element models, and it considers three dimensional (torsional) 

and higher mode effects.  The global response parameters of a 

building are calculated directly from the modal properties 

extracted from the experimental ambient vibration 

measurement (AVM) results without further numerical 

modeling.  The method enables the evaluation of essential 

engineering demand parameters such as floor displacements, 

story drift ratios, floor absolute accelerations at center of mass 

and any other point and direction on the floor, story shear 

forces and overturning moments. It should be mentioned that 

the method is based on linear dynamic analysis. 

Seismic assessment of buildings and their OFCs using AVM and experimental FRS 
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Achieving the overall well-performance of the building is 

contingent upon assuring the well-performance of both its 

structural and non-structural components at the same time. 

Non-structural components are also termed Operational and 

Functional Components (OFCs) in Canadian Standards CSA-

S832 [5]. OFCs are those components housed in the buildings 

which are not part of the main or intended load-resisting 

system of the structure. That is the reason why in structural 

dynamics literature, the building structure is commonly called 

“primary structure” or “supporting structure” while OFCs are 

referred to as "secondary systems" [6]. 

Although OFCs are called secondary systems, they are far 

from being secondary in importance in terms of functionality 

and economical value. Since their failure or malfunction can 

considerably impact building functionality even if the 

structural system has performed well during earthquake. This 

matter is of high importance particularly concerning post-

disaster buildings such as hospitals, power stations, 

emergency shelters, etc. that must remain functional after the 

earthquake event. Hence, a parallel research is being 

conducted which is mainly focused on the seismic evaluation 

of building OFCs. The seismic assessment of OFCs is 

implemented through experimentally derived Floor Response 

Spectra (FRS) based on based on 3D-SAM.  

2 BACKGROUND  

2.1 Ambient vibration tests 

Modal parameters, i.e. natural frequencies, modal damping 

ratios and mode shapes, have a key role in predicting seismic 

response of a building structure. In practice, there is always a 

difference (sometimes large) between the measured in situ 

modal properties and the predicted values obtained by an 

idealized computational model.  Nowadays, owing to 

technological advances in sensing techniques, ambient 

vibration testing (AVT) has become the preferred technique to 

derive modal properties of buildings. AVT is of easy 

application, a low cost method for large structures and its 

results are reliable [7-12]. Therefore, the proposed 3D-SAM 

method uses modal properties derived from AVT to find the 

global seismic demands. In the AVT of this research, six 

Tromino™ wireless sensors (see www.tromino.eu) are used to 

record horizontal and vertical accelerations and velocities of 

building roof/floors. For each building, velocities resulting 

from ambient excitations (such as wind, traffic outside the 

building, normal building operations and human activities) are 

measured at least in three different locations on all floors. 

Two sensors are designated as reference and are deployed on 

the top floors and far from the center of rigidity. In general, 

ten-minute data records are taken at a sampling frequency of 

128 Hz. The AVM records are analyzed using ARTeMIS™ 

software [13] to extract modal properties. Two methods are 

available in ARTeMIS™ to extract the lower frequency modal 

parameters: Frequency Domain Decomposition (FDD) and 

Enhanced Frequency Domain Decomposition (EFDD).  

Results are obtained from both methods and are compared 

together, then the final modal characteristic estimates are 

determined. 

2.2 Seismic vulnerability assessment of existing buildings 

based on AVT 

In recent years, few researches have tried simple models to 

use ambient vibration data directly to assess seismic demands 

of buildings. These models, applicable only to symmetric 

structures, have been based on 2D lumped-mass assumption 

and linear modal superposition [14-18]. These models had 

many important shortcomings: constant mass assumption for 

each floor, neglecting building torsional behavior and 

coupling effect of lateral-torsional mode shapes, and 

decoupling of building motion into the two main horizontal 

directions. These shortcomings inherent to the 2D approach 

have prevented the introduction of a comprehensive seismic 

assessment tool and methodology based on AVT till today. 

Therefore, there is a need for introducing a three-dimensional 

method which will address these shortcomings.  

2.3 Methods of seismic analysis of OFCs 

During the past four decades, several methods have been 

developed for seismic design and analysis of OFCs, which can 

be categorized into two general groups: 1) Floor Response 

Spectrum (FRS) approach, and 2) Combined Primary-

Secondary System (CPSS) approach. The FRS essentially 

considers the primary and secondary systems as decoupled 

units and analyses them independently (i.e. no dynamic 

interaction is considered between them) while the CPSS 

analyses them as a coupled combined-system and, 

consequently, accounts for any possible dynamic interaction 

between the OFC and its supporting structure.  Although the 

FRS approach avoids the numerical complexities caused by 

coupling the primary and secondary systems, which makes it 

simpler, faster and more economical compared to the CPSS 

approach, it has the shortcomings of neglecting: 1-dynamic 

interaction, 2- non-classical damping effect, 3- cross-

correlation for multi-supported OFCs, and 4-effect of 

torsional response of the supporting structure on OFC 

response. On the other hand, adopting the CPSS approach will 

normally result in a coupled system with a large number of 

DOFs which has to be reanalyzed completely whenever a 

change is made in the OFC parameters [6,20-21]. These issues 

make the CPSS approach to some extent impractical. Further 

explanations can be found in [22]. 

2.4 Building code and standards requirements for seismic 

design of OFCs 

In addition to analysis methods, several recommendations, 

provisions, and empirical equations have been developed for 

seismic analysis of OFCs and are currently used in building 

codes and standards. Recent building codes address the 

seismic design of OFCs in new buildings more precisely than 

before the 1980s. Examples of the Canadian codes comprising 

seismic design requirements for OFCs in Canada are the 

National Building Code of Canada (NBCC)[23] and CSA 

S832-06 (R11) [5] – completely revised in its 2014 edition (in 

press). The seismic design provisions for OFCs were first 

introduced in the 1953 edition of NBCC [24]. Afterwards, and 

until 1995, every new NBCC edition included some improved 

requirements, typically following those of the various US 

codes (e.g. Uniform Building Code (UBC) [25], the National 

Earthquake Hazard Reduction Program (NEHRP) provisions 
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[26], and ASCE/SEI 7-10 [27] to name a few). The current 

NBCC edition [23] includes two types of seismic 

requirements for OFC design: 1-Seismic force requirement, 

which is calculated using an empirical equation that is based 

on the Uniform Hazard Spectrum (UHS) approach for the 

design of building structures, 2- Seismic displacement 

requirements in terms of inter-story drift limit. CSA S832 is 

another Canadian standard which applies to OFCs in both new 

and existing buildings [5]. 

3 SEISMIC ASSESSMENT OF BUILDINGS BASED ON 

THE 3D-SAM 

Mode shapes, lower frequencies and damping ratios are 

derived from experimental modal analysis. The complete 

seismic assessment of the building can be executed based on 

these modal properties and the availability of architectural and 

structural plans, as well as in situ building data collected from 

inspection and the building response parameters determined 

using the 3D-SAM method. Each building can be subjected to 

an ensemble of ground motions and its global seismic demand 

parameters are computed from linear modal analysis theory. 

The results of this procedure are predictions of story drift 

ratios, relative floor displacements, floor absolute 

accelerations for any point on the floors, story shear forces, 

overturning moments and measured eccentricities due to the 

dynamic amplification portion of natural torsion. 

By knowing the dynamic properties of buildings from AVT, 

it is possible to calculate the building seismic response by 

time domain convolution (Duhamel integral) in the linear 

range. Contrary to previous studies of seismic building 

evaluation based on AVT, the equation of motion is 

considered in three dimensions, i.e. 3N degrees of freedom (N 

is the number of stories) are considered; three degrees of 

freedom are assumed for each rigid floor diaphragm including 

two horizontal displacements and one rotational degree of 

freedom. In this way, the coupling effects in sway modes and 

torsional modes are taken into account, which are important 

for low-rise buildings of complex geometry (for example 

community centers, with swimming pools and gymnasia) that 

usually do not possess symmetric plans; even building shapes 

that appear symmetric in geometry have eccentricities 

between their center of mass and center of rigidity at different 

floor levels. In summary, the 3D-SAM method uses the 

aforementioned procedures to generate the seismic assessment 

outputs from ambient vibration test results by using a Matlab 

routine. Inputs for this method are structural parameters such 

as: modal matrix, natural frequencies, damping ratios, mass, 

floor heights and dimensions, selected earthquake records and 

position of corner joints (or any other floor point of interest). 

The modal matrix is derived from analysis of AVT and the 

mass   matrix is estimated from architectural and/or structural 

plans, and other information about the building. 

Outputs of 3D-SAM method are determined based on the 

calculated relative displacement vectors at center of mass on 

each floor. By assuming rigid in-plane motion of each floor, 

relative displacement vectors can be obtained at any floor 

location. Taking the second time derivative of relative 

displacement vectors and adding the ground acceleration 

yields estimates of the absolute accelerations. After 

multiplying the horizontal components of absolute 

acceleration of the floor center by its mass, the inertia force at 

each floor is computed which leads to shear and overturning 

moment estimates. 

The 3D-SAM method can have other applications such as 

finding displacement and acceleration response spectra for 

different floors, as discussed next. 

4 SEISMIC EVALUATION OF OFC USING 

EXPERIMENTAL FRS 

Despite the development of several analytical and empirical 

approaches for seismic analysis of OFCs, the use of floor 

design spectra remains among the most rational. In Canada, 

the NBCC 2010 includes the most recent seismic hazard data 

for building design in the form of a Uniform Hazard Spectrum 

(UHS). However, floor design spectra for OFCs compatible 

with the NBCC 2010 UHS are currently not available. 

An original approach is proposed to generate the FRS based 

on experimental data obtained from ambient vibration 

measurements (AVM) on building floors. 

As the first part of the study, an inclusive database of the 

buildings in which AVT has been conducted was collected. 

The database was collected in a way that properly covers 

different types of Seismic Force Resisting System (SFRS) (i.e. 

RC building and steel structures), and various heights (i.e. 

low, medium, and high rise buildings). Data was collected for 

156 buildings in total, but only 59 ones met all the criteria 

required for the procedure. As the study is focused on the 

performance of OFCs in post-disaster buildings, the database 

is mostly composed of schools, hospitals and 

community/sport centers designated to serve as emergency 

shelters. The classification of the buildings is presented in 

Table 1. 

The recorded AVM data of these buildings has been 

analyzed to extract their dominant dynamic properties using 

the commercial software ARTeMIS ExtractorTM [13]. The 

extracted modal properties and the estimated mass\inertia of 

the building floors establish the input parameters required for 

the 3D-SAM approach. The response time-histories of the 

different floors of the building subjected to a ground motion 

record are derived in terms of both accelerations and 

displacements and are then assumed as base excitations for 

OFCs to develop the FRS corresponding to different building 

floors. 

The generated FRSs are intended to be compared to each 

other to assess the effect of SFRS type, building height, 

location of the OFC along the building height, and soil site 

conditions. The authors have found the proposed approach to 

be a robust tool to evaluate the seismic performance of OFCs, 

especially in existing structures which were constructed long 

ago and have possibly undergone changes in properties with 

time. Usually these changes cannot be captured in numerical 

simulations precisely. However, using the proposed method 

based on 3D-SAM, FRS can be produced without generating 

detailed numerical models. The derived FRS is based on the 

real dynamic properties of the building (i.e. extracted mode 

shapes and damping ratios from AVM) which represents the 

actual current condition of the structure during its normal 

operation. As AVM is conducted when all the OFCs are in 

place, the dynamic interaction between the primary and 

secondary systems, if any, is captured in the test and its effect 
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on the modal properties of the building is taken into account. 

This is a major improvement to the conventional FRS 

approach which is not able to consider the dynamic interaction 

between the primary and secondary structures. 

Other advantages of the proposed approach, compared to the 

conventional FRS approach and the recommendations of the 

building codes and standards, are: 1- Using this approach, the 

effect of higher building modes (including torsional modes) 

on the seismic response of OFCs can be taken into account 

whereas codes usually consider the first mode of vibration 

only for low-rise buildings ( sway/translational mode); 2- 

Since the 3D equivalent model is developed to obtain the 

response-histories of the primary system and subsequently the  

FRS for OFCs, hence, the torsional effect of the primary 

system on the response of OFCs can be properly considered; 

3- the cross-correlation issue concerning multi-supported 

OFCs is resolved by generating the inter-story drift curves. 

The second phase of the OFC study is aimed to compare the 

derived FRS with the corresponding UHS and develop a 

mathematical model to predict the FRS directly from UHS 

taking into account the impact of effective parameters such 

SFRS type, elevation of OFC along the height of the building, 

damping ratios, and soil site condition. 

Table 1: Classification of building database 

Number of 

Stories  

LLRS type 

Low-rise                      

(1-3) 

Medium-

rise   (4-7) 

High-rise 

(>= 8) 
TOTAL 

Steel moment frame 3 0 0 3 

Steel braced frame 1 2 3 6 

Steel infill wall 2 0 0 2 

Concrete moment frame 0 7 1 8 

Concrete shear wall 3 11 7 21 

Concrete infill wall 12 2 0 14 

Precast concrete frame 3 0 0 3 

Combined system 1 0 1 2 

TOTAL 25 22 12 59 

 

5 RESULTS AND VALIDATION OF PROPOSED 

METHOD TO DERIVE EXPERIMENTAL FRS 

The validation of the proposed method was implemented 

through the case study of Ste. Justine Hospital in Montreal. 

Block#8 of the hospital was selected in which the AVM tests 

were done on each floor. The dynamic properties of the 

building were extracted from the recorded AVM data. In 

parallel, a detailed linear FE model of the building was 

generated in SAP 2000 v.14.0.0 (See Fig. 1) [28] and 

calibrated using AVM results (See Table 2).  

Having obtained the essential lower-frequency  dynamic 

properties of the building, estimated the mass/rotary inertia of 

the building floors, and using a synthetic ground accelerogram 

compatible with the NBCC 2010 UHS for Montreal, the floor 

response time-histories for middle floor#2 and top floor#6 

were derived using the equivalent building model considering 

the first 6 modes of vibration. In a previous study [29], the 

calibrated FE model was subjected to the same base excitation 

and the response histories for the selected floors were 

obtained using truncated modal superposition with the first 6 

modes. These floor response-histories were considered as base 

excitation for OFCs to generate the FRS. The floor response-

histories, FRSs, and Inter-story drifts were derived from both 

approaches (experimental and computational) and compared 

to each other for the sake of validation.  

Figures 2, 3, and 4 illustrate the comparison between the 

experimentally and numerically derived Inter-story drift 

curves, relative displacement FRS curves, and pseudo 

acceleration FRS curves at the Center of Mass (CM) of 6th 

floor in Y direction, respectively. Two separate cases of 

earthquake inputs in X direction and in Y direction were 

considered and the same results were generated at the CM of 

both selected floors# 2 and 6, in both horizontal directions (X 

and Y) for four different damping ratios of OFCs. The results 

always show agreement between the experimental and 

numerical values it can be seen in the figures. Consequently, it 

is concluded that the proposed method is promising as shown 

with this case study, and it will be used for the rest of the data 

base with no further need to validate and generate detailed 

numerical models. 

Table 2: Comparison of natural periods of the calibrated FE model with AVM results – Block # 8 

Models 
Linear elastic FE model AVM result Difference of periods 

relative to AVM periods (%) Period (s) Period (s) 

1st transversal mode (Y input) 0.54 0.52 2.0 

1st longitudinal mode (X input) 0.33 0.38 12.5 

1st torsional mode 0.37 0.41 9.3 

2nd transversal mode (Y input) 0.16 0.19 11.9 

2nd longitudinal mode (X input) 0.11 0.14 18.5 

2nd torsional 0.12 0.13 7.0 
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a) 

 

b) 

 
Figure 1: Linear elastic FE model- Block#8: 3D views 

 

 

 

Figure 2: Drift ratio of C.M. of 6th floor in Y direction-Earthquake in Y direction 

 

Figure 3: FRS- Displacement of C.M. of 6th floor in Y direction-Earthquake in Y direction- D=10% 

 

 

Figure 4: FRS-Pseudo-acceleration of C.M. of 6th floor in Y direction-Earthquake in Y direction- D=10% 
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6 CONCLUSIONS 

A simplified 3-dimensional seismic assessment method, 3D-

SAM, for buildings with rigid floor/roof diaphragms was 

presented.  The method is based on in situ data collected from 

existing buildings. In particular the 3D mode shapes and 

natural frequencies extracted from ambient vibration records 

allow consideration of flexural and/or torsional modes in this 

three-dimensional seismic assessment method. This approach 

allows the calculation of time histories of relative 

displacement and absolute acceleration of any floor point and 

the corresponding seismic shear and overturning moment 

demands without the need to build any detailed finite element 

models.  

Moreover, the outputs of 3D-SAM in terms of floor response 

histories can be used as the base excitation for OFCs to 

develop the experimental FRS and inter-story drift curves 

required for seismic evaluation of OFCs. Unlike the 

conventional FRS analytical approach, the proposed 

experimental FRS is capable of considering the effect of 

dynamic interaction between primary and secondary systems 

as well as torsional effect and cross-correlation response in 

multi-connected OFCs. 
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ABSTRACT: Stability of steel storage racks in the cross-aisle direction is typically ensured by cold-formed steel bolted upright 

frames with diagonal bracing. Accurately determining the shear behavior of these frames is essential for a proper seismic design 

and stability of the rack. In this paper, an experimental study of cross-frames designed to resist earthquake action is summarized. 

Structures are tested under transverse loading representative of the earthquake action, in static and cyclic conditions, with the 

objective of assessing the actual shear stiffness, shear resistance and deformation capacity of a set of earthquake-resistant cross-

frames with different bracing configurations. The work is part of a larger research project called Seisracks2 (Storage Racks in 

Seismic Areas) carried out at European level. 

KEY WORDS: Storage racks; cross-aisle; frame behaviour, shear resistance. 

1 INTRODUCTION 

Racking systems are not regular buildings but a very 

particular form of steel construction. They differ from 

buildings in terms of their use, the loads that are supported, 

the geometrical dimensions and the components used in their 

construction. These components are normally thin-gauge cold-

formed profiles and, in the case of uprights, are typically 

continuously perforated. This gives the required functionality, 

adaptability and flexibility needed to cope with the great 

variation in the different types of goods that are stored. 

Prediction of the structural behavior of pallet racks is 

difficult because affected by the particular geometry of their 

structural components, i.e. members made by high slenderness 

thin-walled elements hence prone to global, local and, for the 

uprights, distortional buckling problems. Moreover specific 

modeling and design rules are required for these non-

traditional steel structures, especially for the beam-to-upright 

and base-plate joints in the down-aisle direction (Fig. 1) that 

exhibit a strongly non linear behavior. In the cross-aisle 

direction, stability is ensured by frames consisting of two 

uprights connected by bracing members as shown in Fig. 1. 

 
Figure 1. Typical storage rack configuration. 

 

Design is even more complicated for storage racks installed 

in seismic zones, where they must be able to withstand 

horizontal and vertical dynamic forces and where, besides the 

usual global and local collapse mechanisms, additional limit 

states such as for instance the fall of the pallets with 

subsequent damage to goods, people and to the structure itself 

must be considered. 

Whilst the basic technical description of an earthquake is 

obviously the same for all types of structures, it is of great 

importance to define whether or not it is possible to apply the 

“general design rules” (applicable to ordinary steel structures) 

to a rack. Furthermore it is necessary to consider how to 

modify correctly the general principles and technical 

requirements, in order to take into account the peculiarities of 

racking and to achieve the requested safety level. For instance, 

many specific physical phenomena strongly affect the 

structural behavior of a racking system during an earthquake, 

such as the energy dissipated in the deformation of stored 

goods or when pallets slide on their supports. 

To this purpose, a working group had been initiated by the 

European Racking Federation. The main outcome of this 

working group is a new Code of Practice issued in September 

2010 [8] and relying on a number of pre-existing standards. It 

includes also outcomes of the most recent researches carried 

out in Europe and the USA (see Ref. [9] for a comprehensive 

state of art and critical comment on FEM 10.2.08). In January 

2011, the ERF working group has been converted into a CEN 

working group (within TC 344) with the aim of transposing 

the Code of Practice into a European standard EN. 

Alternatively, reference can be made to the Rack 

Manufacturers Institute (R.M.I.) specifications which include 

few pages proposing a way to account for seismic actions. 

However, only a limited number of experimental results are 

available to cover these issues, which questions the reliability 

of the rules implemented in the various reference design 

procedures. 
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Results presented in this paper are part of a wide research 

program “Seisracks2 – Storage Racks in Seismic Areas” 

funded by the European Union (RFCS research program). 

This research program aims at constituting a scientific 

background document for the conversion of the Code of 

practice FEM 10.2.08 to a European Standard and is intended 

to cover various items such as: 

- The out-of-plane behavior of the beams and of the 

beam-to-upright connections; 

- The actual structural behavior in cross-aisle direction 

depending on the geometrical configuration and on the 

type of connections of bracings between the uprights; 

- The actual behavior in the down-aisle direction in 

presence of eccentric vertical bracings; 

- The influence of the rate occupancy and of the location 

of the palletized goods; 

- The reactions transferred to the concrete slab. 

Within this project, these issues are planned to be 

investigated by means of component testing, full scale (push-

over) testing and in-situ testing of racking systems in 

operating warehouses, all of these tests complemented by 

numerical simulations. 

More specifically, the present paper intends to summarize 

the current situation of one of the main aspects of this 

research, namely the investigations carried out on the cross-

aisle behavior, with the objective of covering a wide range of 

configurations (D/Z/X type of cross bracing including 

different types of connection) and to investigate their 

consequences on the transverse stiffness, resistance and 

deformation capacity of the frame. 

 

2 TEST SETUP AND TEST SPECIMENS 

 

Independently of any seismic consideration, the European 

Standard EN 15512 [1] requires testing to evaluate the 

transverse stiffness per unit length of an upright frame. In the 

recommended test setup, shown in Fig. 2, an upright frame 

composed of at least two bracing panels is restrained in the 

transverse direction at two corners. One upright is pinned in 

the longitudinal direction at one end and a longitudinal load F 

is applied at the opposite end of the other upright through its 

centroidal axis. The exploitation of the experimental 

measurements consists then in determining the upright frame 

longitudinal shear stiffness and deriving then the transverse 

shear stiffness using Timoshenko and Gere’s [2] shear 

formulae. It is generally considered that upright frames, 

braced with diagonal bracing members only, considering the 

full cross-section of the diagonals may lead to an  

overstimation of the shear stiffness by a factor up to 20. The 

purpose of the test is thus to estimate the reduction of the 

diagonal cross-section to be used in further analysis. Finite 

element models developed in some studies available in the 

literature [3,4,5] were also not really able to accurately 

reproduce the experimental test results and produced stiffness 

values that are 2 to 5 times greater than the observed results. 

The authors attribute the difference between FE results and 

experimental test results to the joint flexibility and the 

distortion of the upright, caused by the eccentricity between 

the uprights and the bracing members at the joints, which 

were not considered in the FE analysis. 

 

Figure 2. Upright frame shear stiffness setup in EN 15512 [1]. 

 

The EN 15512 test is however characterizing the behavior 

under pure shear, while the reality of the earthquake situation 

implies the combination of a shear loading varying over the 

height of the frame and combined with a significant overall 

bending contribution. 

The purpose of the alternative test setup proposed in the 

present study is thus to focus on a more realistic loading 

procedure with the perspective of assessing the transverse 

stiffness, resistance and deformation capacity of cross-frames 

under realistic seismic loading conditions; the cross-frame 

tests are carried out on specimens similar to those classically 

used for the characterization of the pure shear behavior 

(although longer) but with an adapted loading. Tests are 

carried out statically ("pushover tests") and cyclically under 

transverse loading representative of the earthquake action. 

Eurocode 8 [10] recommends that, when the fundamental 

mode shape is dominant, it can reasonably be approximated 

by horizontal modal displacements increasing linearly along 

the height. The associated horizontal forces Fi should be taken 

as being given by: 

i i
i b

j j

z m
F F

z m



 (1) 

where: 

- zi, zj are the heights of the masses mi, mj above the level of 

application of the seismic action (foundation or top of a rigid 

basement); 

- Fi is the horizontal force acting on storey i; 

- Fb is the seismic base shear in accordance with expression 

(4.5) of Eurocode 8; 

- mi, mj are the storey masses computed in accordance with 

3.2.4(2) of Eurocode 8. 

 

Industrial partners involved in the project (4 European 

companies) were invited to provide at least one configuration 

out of the types suggested in Fig. 3 with the objective of 

getting a wide range of situations (design for low, moderate or 

high seismicity, D/Z/X type of cross bracing…). For 

confidentiality reasons the names of the Industrial partners are 

not given here nor the details of the profile sections, diagonal-

to-upright connection or upright to base-plate connection. 4 

basic typologies have been selected regarding the geometrical 
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pattern of the diagonals, as well as 4 types of diagonal-to-

upright connections, shown in Figure 3. 

 

 
Figure 3. Typologies of upright frames. 

 

In the standard shear test, a frame assembly with a 

minimum number of two bracing panels shall be connected to 

a rigid vertical column by pin-connecting the upright ends and 

tested horizontally for the ease of the execution, as reminded 

in Fig. 2. In the present study, a more realistic configuration 

has been chosen (although complicating the setup) consisting 

in 8 meter high frames tested transversally with 4 load levels 

equally distributed over the height of the frame with a 

constant spacing of 2 m. These load levels correspond to the 

beam levels of the case-studies configurations, i.e. to levels 

where the masses are actually present. Vertical side guides are 

placed at each of these levels to prevent out-of-plane 

instabilities. The objective is clearly to test the frame in a real 

loading configuration in terms of shear and overall bending 

moment distribution. 

 

 
Figure 4. Test setup. 

 

In practice, the loads are indirectly applied on the structure 

by means of one single jack F acting on a distribution beam 

that is acting then on two other beams, in such a way that the 

support reactions of this two-levels loading system satisfy Eq. 

(1). Loads act directly on the upper side when pushing 

downwards; transfer hoops are foreseen to distribute the load 

to the lower upright when pulling. No direct axial force is 

applied on the uprights, implying the base connection to be 

designed, and if necessary reinforced appropriately to resist 

the tension induced by the overall bending of the system, in 

order to focus on a collapse in the main part of the frame and 

not in its connections to the floor. Displacement transducers 

are located next to the bottom horizontal bracing member and 

at each beam level. Two extra transducers measure the 

relative displacement between uprights at the first two beam 

levels. 

 

Figure 5 depicts the 7 different configurations of cross-

frames to be tested with the corresponding diagonal’s section. 

For confidentiality reasons no dimensions are revealed, nor of 

the bracing panels neither of the element cross-sections. For 

symmetric configurations (configs. 1, 4, 6 and 7), 1 pushover 

and 1 cyclic test are planned, whereas for asymmetric 

configurations, (configs. 2, 3 and 5), 2 pushover (one in each 

direction) and 1 cyclic test will be carried out. 

 

 
 

 

 

Figure 5. Tested configurations. 

 

The behavior of the upright-to-base-plate connection is 

intended to be covered by the research project Seisracks2 but 

with tests that are not discussed here. The aim of the study 

presented in this paper is specifically to emphasize on 

structural failure modes of the cross-frame either in the 

upright or in the bracing members but not in the upright-to-

base-plate connection which is tested separately. 

 

3 TEST RESULTS 

 

As the present tests were meant to be realized without direct 

axial forces acting on the uprights the uprights-to-base-plate 

connections had to be reinforced in order to avoid an 

anticipated failure of these connections due to tension instead 

of decompression. Indeed the base connections are designed 

taking into account vertical efforts. Transversal load usually 

leads to extra compression in one connection and 

decompression in the other one which is not the case here. 

Uprights are therefore welded to the base-plates all along their 

profile, see Fig. 6. 

Typology 

CHC 

A 
5 5 2a 5 2b 2b 

 
4 
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Figure 6. Upright welded to base-plate. 

 

For confidentiality reasons towards the industrial Partners 

the results will not appear clearly in this paper; only the 

measurements of the top level are presented vs. the applied 

load but without units. 

For symmetrical frames, the push-over load-displacement 

curves are represented as push and pull tests for comparison 

with the cyclic test, for which the specimens are subjected to a 

symmetrical reversed cyclic displacement history. 

Displacement history is expressed in terms of imposed 

displacement ductility, making reference to the yield 

displacement, generally evaluated through monotonic tests. 

Testing procedure is composed by single fully reversed 

cycles at displacement ductility of ¼, ½, ¾ and 1, followed by 

a sequence of groups of two (or three) cycles at multiples (2, 

3, 4, etc.) of a yield displacement until a conventional failure 

criterion is met. 

For the ease of the test-setup the cyclic tests have actually 

been load controlled. The tests are composed by single fully 

reversed cycles at ¼, ½ and ¾ of the load at displacement 

ductility followed by a sequence of groups of 3 cycles at 

multiples of this load until a conventional failure criterion is 

met.  

This procedure is sometimes adapted according to the 

measured displacements and the observations in order to 

avoid a premature failure. 

 

3.1 Test Series A. 

This cross-frame is designed for high seismic zone. 

As seen on Fig. 7 this frame is relatively brittle, low energy 

can be dissipated and the ductility can be estimated equal to 1. 

 
Figure 7. Force-displacement curve for test series A. 

 

The failure modes are the following: 

- local and global buckling of diagonal in compression; 

- shearing of bolt of diagonal in tension. 

3.2 Test Series B. 

This cross-frame is designed for high seismic zone. 

Both push-over tests fail at the same load level. The 

ductility lays around 1.75. 

The backbone curve of the cyclic test matches well with the 

monotonic tests. 

 
Figure 8. Force-displacement curve for test series B. 

 

The failure modes observed are the following: 

- local shear at diagonal intersection as they do not 

converge neither to the same connecting point nor to 

the centroid of the upright cross-section; 

- diagonals remain intact. 

 

The diagonals being connected to the uprights at different 

connection nodes leads to additional shear in the uprights 

between these 2 points which is fatal for the structure. 

 

3.3 Test Series C. 

This cross-frame is designed for moderate seismic zone. 

The push-over curve in one direction matches perfectly the 

cyclic curve whereas the push-over curve in the other 

direction reaches higher loads with lower displacements. The 

reason of this might be because both push-over have been 

realised downwards and the cyclic down- and upwards 

leading to not symmetrical behaviour in terms of management 

of the looseness of the connections. 

 

 
Figure 9. Force-displacement curve for test series C. 

 

The failure modes are the following: 

- bearing of diagonal in tension; 

- buckling of diagonal in compression + local crushing 

of diagonal’s extremities; 

- torsional buckling of uprights. 
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According to both monotonic tests the ductility of this 

frame is expected between 1.4 and 1.6. 

3.4 Test Series D. 

This cross-frame is designed for high seismic zone. 

The monotonic load-displacement curve fits perfectly the 

cyclic curve.  

 

 
Figure 10. Force-displacement curve for test series D. 

 

The failure modes are the following: 

- buckling of diagonal in compression; 

- bending of bolts; 

- torsional buckling of uprights. 

 

The ductility of this frame estimated according to the 

monotonic test is 1.79 which assumes the frame to be 

relatively energy dissipative. 

 

3.5 Test Series E. 

This cross-frame is designed for low seismic zone. 

As the ductility estimated regarding both monotonic tests 

lays between 1.2 and 1.3 it was decided to cycle increasing the 

load progressively to avoid a premature failure during this 

test. 

 
Figure 11. Force-displacement curve for test series E. 

 

The vertical shift of the cyclic test in the positive values 

with regard to the monotonic is again due to the push down- 

and upwards for the cyclic test whereas both monotonic are 

realised pushing downwards in relation with the looseness of 

the diagonal to upright connections. 

 

The failure modes are the following: 

- buckling of diagonal in compression; 

- bearing of diagonal in tension. 

3.6 Test Series F. 

This cross-frame is designed for moderate seismic zone. 

The test in its designed configuration had to be stopped for 

a certain load level because the test setup would have been 

broken instead of the tested frame. The X-bracings being 

connected at mid-length makes this cross-frame very rigid and 

resistant. It remains almost in the elastic domain as shown on 

Fig. 12.   

 

 
Figure 12. Force-displacement curve for test series F  

– with bolt. 

 

The bolts connecting the diagonals at mid-length have thus 

been removed and the frame was retested; it finally failed at 

the same load level, see Fig. 13. 

 

 
Figure 13. Force-displacement curve for test series F 

 – without bolt. 

 

The failure mode is the following: 

- buckling of diagonals of all lower panels with a bend 

at mid-length. 

 

The ductility of this frame is estimated at 1.3. 

 

3.7 Test Series G. 

This cross-frame is designed for high seismic zone. 

The test had to be stopped before failure because of the 

stiffness of the frame due to the X-bracings connected at mid-

length. The applied load reached the maximum the test-setup 

could withstand. 

The frame returned to its horizontal position, the bolts have 

been removed and the test reiterated. The load-displacement 

curves of both tests are illustrated in Figures 14 and 15. 
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Figure 14. Force-displacement curve for test series G 

– with bolt. 

 

 

 
Figure 15. Force-displacement curve for test series G 

– without bolt. 

 

The load-displacement curve of the unbolted cross-frame is 

a nice bi-linear curve followed by a regain in capacity. The 

ductility of this frame can be estimated at 2.1. 

  

The failure modes are the following: 

- buckling of diagonals of lower panels; 

- bearing of diagonals in tension. 

 

4 NUMERICAL RESULTS 

 

This second part of the paper aims at comparing the test 

results with a simple design-oriented numerical model and to 

calibrate it in order to match the test results. All tested cross-

frames have been modelled using a finite element analysis 

tool “FinelG” developed in the University of Liège in 

partnership with a design office established in Liège. 

 

Uprights are defined as 2D beam elements and characterized 

by their cross-section and inertia. As the tests have all been 

realised with uprights welded to their base-plates this assumes 

a rigid connection. 

Diagonals are considered as truss elements which are hinged 

at both ends to the uprights (without rotational stiffness). They 

are characterized by their cross-section and inertia. 

 

Actual shear stiffness of the upright frame is affected by 

several factors (e.g. connection eccentricities, connections 

looseness, structural imperfection, bolt bending, local 

distortion of uprights), which are not normally considered in 

the conventional numerical analyses of racking structures. In 

order to take into account these factors that reduce 

considerably the overall stiffness compared to the one that can 

be obtained with simple structural models, a reduced value of 

area of bracing members is considered. This reduced cross-

section is chosen in a way that it can change from one panel to 

the other respecting the same value for similar panels. 

 

The following chapters detail for each cross-frame the 

diagonal’s reduced section to consider such as to match the 

results measured during the test, and this for a given value of 

the base shear force chosen in the elastic domain. 

These reduced sections are expressed in % of the gross 

section of the diagonal given by the manufacturer. Cross-

frames have been modelled vertically; they are however 

illustrated in the tested configuration with the bottom on the 

left side. 

 

4.1 Test Series A. 

This cross-frame consists of four pairs of different bracing 

panels. It is thus logical to assign the same reduced section to 

the bracing members of one panel whatever the beam-level: 

 

4.8 4.6 3.6 2.9 % of Agross 

 
Figure 16. Numerical model for test series A. 

 

As the bracing panels stretch out over the frame’s height the 

cross-section of the bracing members have to be reduced to 

match the measured displacements. The top of the frame is 

more flexible, the stiffness and thus the area of the bracing 

members have to be reduced by almost half of the area of the 

bottom members and this in order to match the measured 

displacements. 

 

4.2 Test Series B. 

Only 2.2% of the net area can be considered for the bottom 

bracing members where they are tighter whereas the area can 

reach 5 % of the net area for the top members who are less 

inclined: 

 

2.2 3.6 5 4 % of Agross 

 
Figure 17. Numerical model for test series B. 

 

The top of this frame needs to be stiffened in order to 

reduce the displacements. 

 

4.3 Test Series C. 

This cross-frame looks similar to the previous one as far as the 

modelling is concerned: Z type of cross bracing with panels 

that stretch from bottom to top. 
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3.1 3.8 4.8 5.4 % of Agross 

 
Figure 18. Numerical model for test series C. 

 

4.4 Test Series D. 

This symmetrical frame must be modelled with decreasing 

areas of the bracing members from bottom to top. The 

maximum expected percentage of the gross section is 3.4. 

 

3.4 3.1 2.2 1.5 % of Agross 

 
Figure 19. Numerical model for test series D. 

 

4.5 Test Series E. 

The panelling of this cross-frame is uniform over the height. 

A unique value of reduced area of the bracing members can be 

used with the result of getting the measured displacements: 

 

 12.4   % of Agross 

 
Figure 20. Numerical model for test series E. 

 

This considered portion of area of the bracing members is 

far higher than for the previous tests. Is it due to the 

homogeneity of the bracing panels or just because of a good 

combination upright/diagonal’s geometries of the 

manufacturer? 

 

4.6 Test Series F. 

The model has been realised and compared in the unbolted 

version. Although the panelling is not uniform along the 

height of the cross-frame the model has been realised with one 

unique value of the reduced cross-section for all bracing 

members. 

 

 13.3   % of Agross 

 
Figure 21. Numerical model for test series F. 

 

Here again the expected percentage of bracing cross-section 

is high compared to the first series; the value of the reduced 

area of the diagonals corresponds to 13.3 % of their gross 

section. 

 

4.7 Test Series G. 

This cross-frame is unusual concerning its typology which 

could be seen as a mixture of 2a and 4 in Fig. 3. All bracing 

members have the same geometry, only the panelling is 

changing, alternatively one tight and one stretched. 

The reduced area of the bracing members can be taken 

equal over the frame’s height in order to match the measured 

displacements; this area corresponds to 13.3 % of the gross 

area of the diagonals which is a significant value. 

 

 13.3   % of Agross 

 
Figure 22. Numerical model for test series G. 

 

 

4.8 Summary 

 

The numerical models consider reduced values of area of 

bracing members in order to match the displacements 

measured during the elastic phase of the test. 

The table here below summarizes these values of area (in % 

of the gross area) of the bracing members considered for each 

tested cross-frame, between beam-levels respecting the 

panelling of the frames. 

 

Table 1: Effective area of bracing members in % of Agross. 

  Diagonal section [% of Agross] 

 
Test Series 1st level 2nd level 3rd level 4th level 

A 4.8 4.6 3.6 2.9 

B 2.2 3.6 5 4 

C 3.1 3.8 4.8 5.4 

D 3.4 3.1 2.2 1.5 

E 12.4 12.4 12.4 12.4 

F 13.3 13.3 13.3 13.3 

G 13.3 13.3 13.3 13.3 

 

 

The calibration of the models does not allow drawing any 

general conclusion: the reduced values of area of bracing 

members sometimes need to be increased over the height of 

the cross-frames, sometimes have to decrease or can even 

remain constant, whatever the typology or symmetry. This 

seems to be product-specific and highly related to the type of 

connection of the bracings and to the possible cross-section 

deformability of the uprights. 

Nevertheless there seems to be a common tendency for 

unsymmetrical frames to show out reduced values of area of 

the bracing members higher on the top than at the bottom of 

the frame while symmetrical frames suggest the opposite 

(except case series E, F and G which consider the same value 

for all bracing members, certainly due to tighter connections 

and cross-sectionally stiffer uprights). 
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5 CONCLUSIONS 

 

This paper has presented the general headlines of a study that 

aims at investigating the behavior of cross frames of pallet 

racks under earthquake loading. More specifically, the paper 

presents the results of monotonic and cyclic tests realized on 

cross-frames with different typologies of diagonal-to-upright 

connections and geometrical pattern of the bracing members. 

 

In parallel to these tests, simple elastic numerical analyses 

of all frames have been performed in the perspective of 

calibrating the stiffness of the bracing members. The 

reduction of the cross-sectional area of the diagonals 

calibrated to match with the tests described in this paper could 

be further compared with the values obtained from standard 

shear tests, which is however of no ease because they should 

be modulated according to the paneling of the structural 

system. Indeed the standard shear tests advocate a number of 

two bracing panels, which in general are identical, whereas 

the present cross-frames are 8 meters long with a minimum of 

5 bracing panels which often stretch over the height of the 

frame. Furthermore the tested combination upright-diagonal 

regarding the geometrical properties as well as the paneling do 

not match with those used in the standard test such as the 

comparison would just be approximate. 

 

Thanks to the large variety of cross-frames tested, an 

interesting experimental data base has been elaborated, with 

measured ductilities varying according to the different active 

failure modes. Resulting values are summarized in the 

following table: 

 

Table 2: Measured ductility with corresponding failure modes. 

 

Failure mode Ductility 

A  Diagonal: buckling + shearing of bolts 1,01 

B  Upright: local shear 1,75 

C  Diagonal: buckling + local crushing 

1,40 / 1,63   Upright: torsional buckling 

D  Diagonal: buckling + bending of bolts 

1,79   Upright: torsional buckling 

E  Diagonal: buckling + bearing 1,33 / 1,18 

F  Diagonal: buckling 1,27 

G  Diagonal: buckling + bearing 2,06 

 

For what regards the stiffness assessment, and in order to 

take into account several factors – such as connection 

properties, imperfections or local weaknesses of upright and 

bracing members – which reduce considerably the overall 

stiffness compared to the one that can be obtained with direct 

simple structural models, a reduced value of the cross-

sectional area of the bracing members is calibrated for each of 

the configurations of cross-frames considered in the study. 

This reduced cross-section is chosen in a way that it is likely 

to change from one panel to the other, keeping however a 

same value for similar panels. It is expressed as a percentage 

of the net cross section of the bracing member.  

According to the tests illustrated in this report, it is expected 

to rely on a net cross section of the bracing members ranging 

hardly between 2,2 % and 13,3 % of their gross cross-section. 

Symmetric frames can be modelled with higher cross-sections 

at the bottom than at the top whereas asymmetric frames have 

to be modelled by increasing the reduced cross-section up to 

the top; some frames allow the same reduced cross-section 

over the height whatever the symmetry. 
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ABSTRACT: Pile foundations, either precast or cast
projects such as bridges in transportation networks, or jetties in harbor areas, 
strategic structures count to a great extent on the serviceability of the carrying foundations or piles. Thus, the integrity of
pile-foundation systems governs sharply the service life of the supported structures. Moreover, 
include using materials as steel and concrete. Such materials when used in harsh environments such as sea water or salty soil 
layers suffer severe deterioration including loss of concrete durability, steel corrosion, and sometimes marine borer attacks
Consequently, high repair or replacement costs of the foundation systems led researchers 
the feasibility of using FRP composite piles, such as concrete
benefits of easier construction and repair, 
terms of life cycle analysis. In spite of that, one of the main drawbacks of composite piles is their relatively short track 
performance and absence of long-term durability data. 
tubes piles on the seismic behavior of the supported structures. This concerns the soil
behavior of the composite system. This paper describes a 
with concrete-filled tubular FRP piles under earthquakes
on the lateral capacity of structures.  

KEY WORDS: Seismic; Response; Concrete; FRP; Pile foundations

1 INTRODUCTION 

Traditional construction of piles in bridge foundations 
includes using materials as steel, concrete, and timber. 
However, on using such materials in the construction of piles 
especially in harsh environments as sea water or salty soil 
layers, piles suffer a limited service life in addition to 
enlarging the maintenance costs. Associated problems include 
loss of concrete durability, steel corrosion,
marine borer attack or degradation of timber piles. 
of deteriorated conventional piles in harsh environments 
shown in Figure 1. 

 

  
Corrosion in steel piles Degradation in concrete piles

Severe damage in wooden piles

Figure 1. Degradation of Conventional 
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Traditional construction of piles in bridge foundations 
includes using materials as steel, concrete, and timber. 

s in the construction of piles 
especially in harsh environments as sea water or salty soil 
layers, piles suffer a limited service life in addition to 
enlarging the maintenance costs. Associated problems include 
loss of concrete durability, steel corrosion, and sometimes 
marine borer attack or degradation of timber piles. Examples 

in harsh environments are 
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. Degradation of Conventional Piles [1]. 

 

Consequently, in the construction of concrete piles as a 
popular reliable type for bridges crossing over lakes or bays, a 
popular protection alternative, that had a wide acceptance in 
the engineering community, was to use
upper portion of the piles lying between the bed
the pile caps [2,3]. However, this 
give the sufficient improvement o
in addition to the high cost of 
attributed to the susceptibility of steel
in salty environments.  

Thus, researchers worldwide in the last few decades started 
to investigate the feasibility of using other materials tha
would better sustain such harsh environments, without adding 
considerably to the overall construction costs. For example, 
FRP composite piles as concrete
chosen by many researchers as a possible foundation 
alternative for projects located in harsh marine environments. 
This was clear given the wide range of research that studied 
such type of piles [1,3,4]. These
benefits of easier construction and repair, as well as having 
other advantages including improved durability in harsh 
environments and cost savings in terms of life cycle analysis 
[3,4,5]. 

In spite of that, long-term service of typical bridge piles 
requires them to sustain severe loading as earthquakes in 
addition to being sometimes under s
conditions [6,7,8]. Moreover, when subjecting piles to abrupt 
loads such as the case of seismic loads, piles may suffer 
structural damage that would 
supported structures [6,7]. This is reflected in some cas
where extreme effects sometimes took place after some 
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seismic events tragically in terms of human lives losses, 
material and financial losses like what happened in Nigata 
earthquake (1964) in Japan and Izmit earthquake (1999) in 
Turkey [6,7]. The challenge however remains in testing or 
modeling reliably the pile-foundation system so that to expect 
the transferred excitation to the main structure. This is the 
case where a model for the soil structure interaction is needed.  

   Therefore, the main focus in this paper is to study the 
effect of having FRP filled-tube piles on the seismic behavior 
of the supported structures. This concerns the soil-structure 
interaction and the expected behavior of the composite 
system. The paper describes a proposed methodology to 
assess the structural behavior of foundations with concrete-
filled tubular FRP piles under earthquakes, and the 
consequences on the transmitted excitation to the 
superstructure. The results are to verify the expected benefits 
versus the effects on the lateral capacity of structures. This is 
done in addition to taking into consideration the weakness 
points in the system including the connection between piles 
and pile caps as well as FRP-Pile-Soil interaction, etc. 

2 PROBLEM DEFINITION 

FRP composite piles, if found reliable, could offer the answer 
for improved durability in harsh environments and cost 
savings in terms of life cycle analysis. However, one of the 
main drawbacks of composite piles is their relatively short 
track record of performance and absence of long-term 
durability data [4,5]. 

For example, ongoing research at Virginia Tech has found 
that moisture is the dominant damage mechanism, influencing 
the long-term durability of concrete-filled tubular FRP piles 
[4]. In contrast, the implicit behavior of the structure under 
earthquakes needs to be studied if it is constructed using FRP 
filled-tube concrete piles as a foundation system. This is done 
in order to assess the consequences compared to the benefits 
of using such type of piles. Thus, a research study is needed to 
show the impact of FRP usage on piles behavior and whether 
having a negative or positive effect on improving the pile 
behavior properties. 

3 LITERATURE REVIEW 

     The use of fiber-reinforced polymer or plastic (FRP) 
composite materials can be traced back to the 1940s in the 
military and defense industry, particularly in aerospace and 
naval applications [5]. Because of their excellent properties 
such as lightweight, noncorrosive, nonmagnetic, and 
nonconductive properties, composites can meet the high 
performance requirements of space exploration and air travel, 
and for this reason, composites were broadly used in the 
aerospace industry during the 1960s and 1970s [14]. Starting 
from the 1950s, composites have been increasingly used in 
civil engineering for semi-permanent structures and 
rehabilitation of old buildings [9,10]. A concise review on 
FRP composites for construction applications in civil 
engineering is given by Bakis et al. [14]. 

Structures made of FRP composites have been shown to 
provide efficient and economical applications in bridges and 
piers, retaining walls, airport facilities, storage structures 
exposed to salts and chemicals, and others. In addition to 
light-weight, noncorrosive, nonmagnetic, and nonconductive 

properties, FRP composites exhibit excellent energy 
absorption characteristics which might be suitable for seismic 
response as well as high strength, fatigue life, and durability. 
Advantages also include competitive costs based on load 
capacity per unit weight and ease of handling, transportation, 
and installation [5]. Thus, FRP materials offer the inherent 
ability to alleviate or eliminate the following four construction 
related problems adversely contributing to transportation 
deterioration worldwide: corrosion of steel, high labor costs, 
energy consumption and environmental pollution, and 
devastating effects of natural hazards [5]. Consequently, a 
great need exists for these relatively new materials and 
methods to repair and/or replace deteriorated structures at 
reasonable costs. 

Furthermore, FRP piles have been studied extensively in the 
last few decades as an alternative for traditional cast-in-place 
or precast concrete piles especially for piles existing in harsh 
environments like the undergone research on the Route 40 
bridge at Virginia city, USA in 2003, e.g., A. Fam, M. Pando, 
and S. Rizkalla [4], and H. Hu and R. Seracino in 2013 [3].  In 
addition, other research applications,  as that performed by A. 
Fam and S. Rizkalla) [11], and A. Mirmirn, Y. Shao and M. 
Shahawy) [12] studied the capacity and the behavior of FRP 
piles under axial loading and under mechanical driving loads. 

In spite of that, though research proves that FRP piles are 
sustainable under harsh environments [3,4,5], yet estimating 
their behavior under different types of special loading is not 
clearly developed. In general, the behavior of piles under 
earthquakes was extensively studied for different types of 
piles in terms of material and construction, e.g. Shamsher 
Prakash and Vijay K. Puri [7]. However, the behavior of FRP 
piles under seismic loads is not yet clearly determined. This is 
the case given the fact that bridge structures behaviors under 
earthquakes are clearly affected by the soil structure 
interaction and by the type of the foundation system 
underneath [7]. 

4 PROBLEM IDEALIZATION  

The complexity of the problem is reflected in the fact that 
piles are buried elements in the soil. In addition, Soil 
properties vary considerably from construction site to another 
in terms of dynamic and physical properties. Nevertheless, 
many difficulties are associated with performing in-situ tests 
for actual piles under service loads from actual bridges. This 
is the case especially when the piles penetrate through water 
depth in addition to soil layers beneath the water bed. 
However, given the importance of studying the effect of 
dynamic loads as seismic loads on FRP composite piles, it 
would be appropriate to represent the problem analytically, 
and interpret results based on modeling the problem 
mathematically. 

4.1 Case study  

The general case study herein is a near shore bridge that is 
considered as an important traffic hub. Figure 2 shows an 
example of such near shore bridges that exists in Alexandria, 
Egypt. In addition, the bridge is assumed to lie in a seismic 
active area. Moreover, the precise case study in this paper that 
deals with the core of the problem is a group of concrete-filled 
tubular FRP piles lying under a floating pile cap. It is assumed 
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that the latter piles-cap system form a part of the foundat
system of the studied near shore bridge. The pile cap 
assumed to exist above water zero level with a sufficient 
height, and supports the column of a carrying 
supports the bridge. The pile cap thus carries a vertical load 
coming from the frame column. A schematic of the pile cap 
foundation system is shown in Figure 3, where 
height of each pile, hs is the submerged height
pile, and db is the buried depth of each pile. 

 

Figure 2. Stanly bay bridge in Alexandr

Figure 3. Studied pile cap system

5 PROPOSED APPROACH         

A suitable analytical solution is required 
dynamic response of the piles-cap system studied within the 
context of this paper. As stated earlier, the studied foundation 
system is composed of floating rigidly capped 
groups with due consideration to pile-soil-pile interaction. 
group of floating piles is assumed embedded in a uniform 
stratum or half space and subjected to an earthquake 
buried depth of the pile. The applied dynamic forces are 
transmitted onto each pile through the buried part of the pile

5.1 FRP Composite piles and soil properties

In this paper, FRP composite piles refer to FRP 
with concrete piles and without steel reinforcement
bonding between FRP jacket and concrete is 
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n earthquake along the 
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and soil properties   

refer to FRP case filled 
without steel reinforcement. Perfect 

between FRP jacket and concrete is assumed [15]. 

The FRP jacket or case covers 
and extend up till the pile cap 
works as protection for pile 
environmental attack, and work also as an external 
reinforcement for the concrete core in
cross section of the studied FRP 
in Figure 4. 

    Figure 4. A cross section in the studied FRP composite pile

The soil stratum in which the studied FRP piles are 
embedded is assumed homogenous sandy soil along the depth 
of the pile shaft. Moreover, the soil is modeled as a linear 
hysteretic material of Young’s modulus
material damping ratio ζ, and shear velocity 

5.2 Modeling of piles-cap system

The mathematical model for 
divided along the vertical direction into horizontal strips as 
shown in Figure 5. Dividing the 
mass of each strip is assumed lumped and 
of the whole piles-cap system can thus be dealt with as a shear 
building model as shown in Figure 
of the pile cap and mi is the mass of the 
the context of this paper, only 
considered for lateral response 
pile groups. 

Figure 5. Mathematical model of FRP pile

The lumped mass of each strip is evaluated as per the 
volume of the strips and the surrounding interactive soil 
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 the full length of the pile shaft 
the pile cap bottom level. The FRP jacket 

for pile concrete core from harsh 
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reinforcement for the concrete core inside. An explanatory 
the studied FRP composite pile type is shown 
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The soil stratum in which the studied FRP piles are 
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he soil is modeled as a linear 
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, and shear velocity Vs [13]. 

cap system  

The mathematical model for the piles considers piles are 
divided along the vertical direction into horizontal strips as 

. Dividing the piles group into strips, the 
trip is assumed lumped and the dynamic model 

can thus be dealt with as a shear 
building model as shown in Figure 5, where mp.c. is the mass 

is the mass of the i th strip. Thus, within 
paper, only horizontal oscillations are 

 and studied for rigidly-capped 

 

Mathematical model of FRP piles-cap system 

The lumped mass of each strip is evaluated as per the 
e strips and the surrounding interactive soil 
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wedge. The strips in the proposed model are considered of 
equal heights. However, the uppermost mass will also include 
the mass of the pile cap, mp.c., in addition to the strip mass. 
Furthermore each mass is assumed to have a single degree of 
freedom such that the number of degrees of freedom is 
relative to the number of masses. 

Similarly, the stiffness of each strip is estimated as per the 
designed cross section of the pile group within the clear height 
above water and the submerged height within the water level. 
Moreover, the method introduces some approximations in 
evaluating the stiffness of each strip, and considers the 
interference of the piles and the surrounding soil wedge 
around each pile, originating along each pile shaft within the 
buried depth of the piles. 

5.2.1 Bottom fixation length  

FRP composite piles are assumed fixed at their bottom part. 
Thus, it is assumed that the lowermost part of the pile is 
replaced by a fixed support. The following equations will be 
useful to calculate the required fixation length of pile [8,16]: 

Lf = L` - Ls                            (1) 

Where  
L`: length of pile shaft buried under soil 
Ls: length of pile shaft between the sea bed level and the 
assumed starting point of fixation   
Lf: the fixation length of the pile shaft 

 
Such that to calculate Ls, the following equation applies [8]: 

Ls = 1.8 �� �
��

�
                  (2) 

where 
E: Modulus of elasticity of concrete (20 GPa)  
I: Moment of inertia for the FRP Composite pile cross 
section 
Nh: horizontal sub grade reaction Constant (rate of 
increase with depth) such that, 

Nh = 
�	 


��              (3) 

 
where 

dequ. : Equivalent pile diameter 
nh = horizontal sub grade reaction, obtained from H.G. 
Poulos [15] = 34 t/ft3 = 1.068 × 10-5 kN/mm3. 

5.2.2 Piles-cap connection  

The FRP piles-cap connections are assumed rigid. This is 
assumed to be achieved by adding a linking reinforcement 
cage at the top of the FRP composite piles [4], as shown in 
Figure 6. The linking bars are assumed to extend for the 
sufficient anchorage length (60 times the rebar reinforcement 
diameter as per Egyptian standards [17]) inside the pile cap as 
well as the fixed pile to the cap. It is assumed that the linking 
cage is composed of 9 T 25 rebar along the circumference of 
each FRP composite pile.  

 

Figure 6. Linking reinforcement between the cap and FRP 
piles 

5.2.3 Mass Estimates 

On calculating the piles group mass at each strip, the pile shaft 
is divided into three zones. The upper zone of the pile lies 
above the water zero level up till the bottom of the pile cap 
with a height, hc. The second zone is the part of the pile 
submerged in water with depth, hs. The third and lowermost 
zone is the part of the pile buried in the soil with a depth, db.  

Hence, it is assumed that the masses of the strip elements 
within the clear height, hc, and the submerged depth, hs, have 
the same mass which is calculated based on the available 
information about the designed section only. However, for 
masses of strip elements under the sea bed level, buried in 
soil, the mass of each strip includes not only that of the pile 
cross section but also the interactive volume of the soil  wedge 
that surrounds each embedded pile in the group. Figure 7 
shows the expected elevation of the interactive soil wedge 
surrounding each FRP pile during lateral excitation [18]. 

 

Figure 7. An elevation view showing the projection of the 
interactive soil wedge surrounding the FRP pile during 

lateral excitation of the piles-cap system 

This is the case such that the angles βa and βp are obtained as 

βa= 45- 
�
�                                    (4) 

and  

βp= 45+ 
�
�                                   (5) 

where φ is the angle of friction of the sandy soil stratum. 
As evident from Figure 7, it can be easily concluded that the 

cross section of the interactive soil wedge is nearly elliptical 
[18] such that the longer dimension of the oval shape can be 
obtained from: 
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Dy = H × (tan βa +tan βp )+ d

and the shorter dimension can be assumed from

Dx ≅  
�
� × H × (tan βa +tan βp ) + d   

where 
Dx = shorter ellipse dimension in X-axis
Dy = Longer ellipse dimension in Y-axis
d = Pile diameter 
H = Full height of the FRP pile excluding fixation length

For large values of Dx and Dy, it is expected that 
between the effective soil surrounding each 
it is advisory to draw the soil wedge for each pile in terms of 
contour lines as shown in Figure 8 and evaluate soil masses 
excluding the overlap areas or volumes for each strip

Figure 8. A schematic showing the effective soil wedge 
around the FRP pile in terms of contour lines

5.2.4 Stiffness Estimates 

Similarly to mass evaluations, on calculating the piles group 
stiffness for each strip, the pile shaft is divided into three 
zones. The upper zone of the pile that lies above the water 
zero level up till the bottom of the pile cap with a height, 
The second zone is the part of the pile submerged in water 
with depth, hs. The third and lower part comprises 
embedded part of the pile. Thus for the two upper zones, the 
stiffness of the strip element can be obtained from

     Ki = 
�� � �

�� 
                                 

Where 
k: single pile strip stiffness  
E: Modules of elasticity  
h: strip element height  

Meanwhile, to calculate the single pile stiffness
embedded in the sandy soil stratum, 
engineering software (AllPile) is used. AllPile directly uses 
COM624S calculation methods for lateral analysis. For details 
on COM624, please refer to the FHWA publications

In summary, COM624S uses the four nonlinear differential 
equations to perform the lateral analysis. They are:

EI 

��


��
 + Q 


² �


 �²
 + R – Pq = 0

where 
Q = axial compression load on the pile 
y = lateral deflection of pile at depth z 
z = depth from top of pile 
R = soil reaction per unit length 
E = modules of elasticity of pile 
I = moment of inertia of the pile 
Pq = distributed load along the length of pile

 EI 

  �


 �
 + Q 


 �


 �
 = P 

d                       (6) 

dimension can be assumed from 

d                        (7) 
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                                          (8) 

calculate the single pile stiffness in the strips 
 the geotechnical 

. AllPile directly uses 
COM624S calculation methods for lateral analysis. For details 

publications [19,20]. 
nonlinear differential 

equations to perform the lateral analysis. They are: 

= 0         (9) 

 
 

= distributed load along the length of pile 

              (10) 

where  
P = shear in the pile 

                                            

 �


 �
 = S

and  

EI 

²




where 
St = slope of the elastic curve defined by the axis of pile
M = bending moment in the pile

5.2.5 Damping Estimates 

Dividing the pile height into thre
it is evident that no damping 
within the top zone above water
the strip elements of the shaft above
However, within the second and third zone of the pile 
that is submerged in water, water is assumed as 
source acting on the piles-cap system within the submerged 
height, hs and the buried depth, 
water height and soil layers is assumed 3
effect within soil layers is neglected and only the stiffness 
coming from the associated soil wedge along the pile shaft 
with each pile is considered. 

5.2.6 Group interaction effects 

Due to the fact that the distances between the piles are 
relatively small, it is expected that the interference between 
the soil wedges around the piles should result in reduction of 
the group total stiffness rather than summing the 
each pile. Thus, a reduction factor for group effect is used
[22]. Figure 9 [22] shows the values of the 

Figure 6. Piles group reduction factors

The fm value, as indicated in Figure 9,
number of rows of piles increases
decreases as well on decreasing the spacing of the rows. The 
values of fm are relative to the load carried by each row of 
piles. The chart shows that the leading row takes most of the 
input energy. For piles spaced more than six diame
the values of fm are equal to 1.0, indicating that group 
interaction effects are negligible

5.2.7 Modeling Earthquake Excitation

In addition, the earthquake excitation is assumed to affect the 
piles-cap system along the buried depth of the pile
strips under the soil top layer are
excitation momentarily. This is the case where the seismic 

= St                       (11) 

² �

 �²
 = M                      (12) 

= slope of the elastic curve defined by the axis of pile 
ent in the pile 

three zones as mentioned earlier, 
damping exists on the pile-cap system 

within the top zone above water. Thus, the damping ratio for 
shaft above water table is  neglected. 

However, within the second and third zone of the pile shaft 
water is assumed as damping 

cap system within the submerged 
and the buried depth, db. The damping ratio within 

is assumed 3% [21]. The damping 
effect within soil layers is neglected and only the stiffness 
coming from the associated soil wedge along the pile shaft 

Group interaction effects  

he fact that the distances between the piles are 
small, it is expected that the interference between 

the soil wedges around the piles should result in reduction of 
the group total stiffness rather than summing the stiffness for 

a reduction factor for group effect is used 
the values of the P-multipliers (fm).  

 

reduction factors [22]. 

, as indicated in Figure 9, decreases as the 
number of rows of piles increases. In addition, the fm value 

as well on decreasing the spacing of the rows. The 
relative to the load carried by each row of 

piles. The chart shows that the leading row takes most of the 
input energy. For piles spaced more than six diameters apart, 
the values of fm are equal to 1.0, indicating that group 
interaction effects are negligible [22]. 

Excitation 

In addition, the earthquake excitation is assumed to affect the 
cap system along the buried depth of the piles. Thus, all 

are excited with the same lateral 
excitation momentarily. This is the case where the seismic 
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wave acting on the pile is assumed to have the same 
magnitude along the pile depth in the soil. Moreover, since the 
number of piles in the studied group is relatively large and the 
pile spacing, S, is equal to three times the pile diameter 
(relatively small), it is assumed that the lateral responses of all 
embedded piles will have the same phase. 

Furthermore, the dynamic time-domain responses of the 
shear building model of the system is obtained using a linear 
state space model using Matlab software [23]. Thus, consider 
a linear structural model of the form: 

               ƒbKxxCxM =++ d &&& ,  ƒdxCxCy ++= 21 &       (13) 

where M, K, and Cd are the mass, stiffness and damping 
matrices of the system, and C1, C2, and d are the output 
influence matrices for the displacement, velocity and the 
external force, f. Thus, one can write the model in a state-
space form 

            ƒBqAq
~

+
~

=& ,       ƒDCqy +=                 (14) 

where 

[ ]TTT= xxq &          (15) 

 is the state vector, A
~

 is the system state matrix which is 
dependent on the mass M, damping C, and stiffness K 
matrices of the structural system such that, 

�� = � �����×���� �����×����
(−"#�$)����×���� (−"#�&)����×����

'  (16) 

where nDOF is the number of degrees of freedom of the 
system.   

In addition, f is an excitation force, and y is a vector of 

measured responses. Moreover, B
~  is the input influence 

matrix, C is the output influence matrix for the state vector q, 
and D is the direct transmission matrix. The latter matrices 
have different forms depending on the assigned type of input 
excitations and the desired output measurements. 

5.3 Numerical Example 

As mentioned earlier, the case study is a near shore bridge 
located in Egypt – Alexandria in shallow water depth where 
the foundations are established by using deep foundation 
(piles-cap) system having the following properties:  

• Glass Fiber Reinforcement Polymer (GFRP) Tube 
filled by Concrete “Composite pile”. 

• Driven pile. 
• Pile diameter (d) = 0.625 m 
• GFRP Tube thickness 5 mm  
• Pile capacity design load 667.5 KN and  ultimate 

load 4000 KN 
• Pile full length is 30 m and the buried depth is 20 m.  
• Water depth 6.00 m. 
• Pile head height from sea water table 4.00 m. 
• Pile cap thickness 1.00 m  
• Pile Material properties: 

o See Table 1 for FRP material properties 
o Modules of Elasticity of concrete 20GPa 
o Cubic strength of concrete is 45MPa 

Table 1. Mechanical properties of GFRP Tube [4,24] 

 In addition, it is assumed that the pile cap supports an axial 
load of 16000kN coming from the bridge supporting frame. 
Thus, assuming the capacity of each pile is 667.5kN [4] then 
nearly 25 FRP piles under the pile cap are required. Moreover, 
the piles are distributed as a 5×5 array form. Assuming the 
spacing between piles, S, equals to 3D, then, the dimension of 
the square pile cap is evaluated to be 9.4m, see Figure 10 for 
the studied foundation system layout. 

 

 

Figure 10. Layout of the studied foundation system 

The soil is assumed composed of dense sand stratum 
continuously for 30m depth. The internal angle of fraction (φ) 
is assumed  35°. The unit weight (ɣ) of the soil is taken as 

18.5 KN/m3 and ( ɣeff ). 8.5 KN/m3. 
Furthermore, the height of each strip in the model is 2m. 

Table (2) shows the values of the mass, stiffness and damping 
estimates for all strip elements of the piles group-cap model.  
Figure 11 shows the soil wedge contours that would move 
with the pile group when subjected to lateral excitation. The 
time history of the Aqaba earthquake of 1995 in the North-
South direction is used to represent the earthquake excitation 
on the system. The latter earthquake record is normalized to 
0.25g corresponding to the maximum expected acceleration in 
the fifth seismic active geographic zone in Egypt. 

Material properties Axial Direction Hoop Direction 
Tensile Strength (MPa) 290 500 
Comp.  Strength (MPa) 150 N/A 
Elastic Modules (GPa)         15.13                    17.69 

Poisson Ratio 0.32 0.34 
Unit Weight (KN/m3)          20.9                      20.9               

Earthquake 
Excitation 
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Figure 11. Soil wedge contour that would move with the 

pile group when subjected to lateral excitation 
 

Table 2. Mechanical properties of GFRP Tube  

6 Analysis of results 

On studying the dynamic response of the FRP piles-cap 
system under the Aqaba earthquake (North-South direction), 
as shown in figure 12, the lateral acceleration responses of the 
model strips are observed, see Figures 13 to 16. As shown in 
the latter figures, it is clear that the accelerations were 
amplified beyond the maximum magnitude of the earthquake 
excitation especially in the part of the shaft above the sea bed. 
Moreover, the response of Strip-5 shows the transient 
response after the earthquake excitation might take clearly 
longer time before reaching zero motion. The case is even 
acute in the case of the pile cap response which indicates 
unstable condition after 50 seconds of the earthquake 
excitation, see Figure 16.  

The above results can be attributed to the fact that the 
variation in stiffness between the Strip-5 and Strip-6 led to a 
soft story behavior. However, the fact that the modulus of 
elasticity of FRP is nearly less than one tenth that of steel, 
may have added considerably to the problem. In addition, 
given the fact that the connection between the FRP piles and 
the pile cap may not be fully rigid, this raises doubts about the 
consequences on the integrity of the supported structure. 

Moreover, on studying the power spectral density of the 
lateral acceleration response of the model strip right under the  

 
Figure 12. Normalized Aqaba earthquake ground acceleration time 

history (North-South direction) 

 

Figure 13. Lateral acceleration response of the bottom strip 
element of the model (Strip-1) 

 

Figure 14. Lateral acceleration response of the strip element 
right under the sea bed (Strip-6) 

 

Figure 15. Lateral acceleration response of the strip element 
right over the sea bed (Strip-5) 

 

Figure 16. Lateral acceleration response of the pile cap 

Element 
No. 

Group 
stiffness 

KN/mm 

Group Mass 
Kg 

Damping  
Ratio 
% 

Pile Cap 
1 

- 
1612.22 

225178.40 
39092.30 

- 
- 

2 1612.22 39092.30 - 

3 1612.22 39092.30 3.00 

4 1612.22 39092.30 3.00 

5 1612.22 39092.30 3.00 

6 114285.64 1073605.55 3.00 

7 245556.90 822989.85 3.00 

8 281149.46 605195.77 3.00 

9 256227.40 419356.83 3.00 

10 199579.11 263705.45 3.00 

11 166607.09 55493.53 3.00 
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sea bed, it is observed that the max response concerns the 
frequency domain between 3 Hz and 5 Hz with the peak at 
4 Hz, as shown in Figure 17. In contrast, the power spectral 
density of the lateral acceleration response of the model strip 
right over the sea bed indicates that the max response 
concerns the frequency domain between 0.9 Hz and 3 Hz with 
the peak at 2 Hz, as shown in Figure 18. This shift in the 
frequency domain with maximum response may be explained 
by the fact that the considerable variation in stiffness between 
the two strips 5 and 6 resulted in a soft story behavior such 
that the relative displacements considerably increased. The 
latter condition should have definitely affected the stability of 
the foundation system.  

Furthermore, the above discussion is reflected in the power 
spectral density of the lateral response of the pile cap, where 
the kinetic energy clearly increased such that the max 
response occurred in the zone that included the fundamental 
natural frequency of the system (0.44 Hz). Consequently, the 
response of the system was unstable and the integrity of the 
foundation system was questionable. 

 

Figure 17. PSD for the response of the strip element right 
under the sea bed 

 

Figure 18. PSD for the response of the strip element right over 
the sea bed 

 

Figure 19. PSD for the response of the pile cap  

7 Conclusions 

FRP composite piles behavior under earthquake excitation 
was studied. The paper introduces a dynamic model for a 
piles-cap system that is supposed to sustain a vertical reaction 
from the supporting box frame of a near shore bridge. Results 
indicate that despite the durable behavior of FRP piles in 

harsh environments, yet, the fact that the modulus of elasticity 
is relatively small, almost less than one tenth that of steel, 
reduces the lateral stiffness and affects considerably the 
efficiency of the foundation system when subjected to lateral 
earthquake excitation. Thus, such behavior should be 
accounted for on designing bridges in active seismic zones. 
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ABSTRACT: In this paper the transversal stability under seismic excitation of a possible structural solution for a pier container 
terminal is investigated. The considered solution adopts R.C. caisson structures resting on shallow foundations as vertical 
elements for the pier. The main aspect investigated is the caissons attitude to overturn due to excessive rocking at the base 
during earthquakes being the structure characterized by a shallow foundation. Being the caissons partially submerged bodies, the 
hydrodynamic effects associated to seismic excitation are included. 
The structure is verified by means of nonlinear time history analyses considering a set of spectrum compatible earthquake 
records. In the finite element model the caisson is schematized with mono-dimensional beam type elements. Soil-structure 
interaction is accounted for by placing compression-only axial springs with stiffness compatible to gravel soils. Both linear-
elastic and elasto-plastic springs are considered. The resulting non-linear dynamic behaviour is characterized by limited uplift of 
the foundation relative to the soil, this uplift is responsible of the non-linearity, mainly geometric, related to soil-structure 
interaction. The analyses showed limited displacements of the caisson top, with higher values in the case of elasto-plastic soil 
with low elastic stiffness. 

KEY WORDS: Rocking; Seismic performance; Soil structure interaction; Port structures. 

1 INTRODUCTION 

In this paper the transversal stability of a R.C. precast caisson 
structures for a pier container terminal is assessed under 
seismic excitation. The main aspect investigated is the rocking 
stability of the selected caisson, characterized by a shallow 
foundation, and the possible overturning during earthquakes. 
Concrete caissons are cellular gravity structures built in a 
construction plant, towed to the site taking advantage of their 
buoyancy capacity and then sunk to the seabed. While 
sinking, the caisson is balanced by pumping or sucking water. 
Once the target position is achieved, the cells are filled up 
with ballast to stabilize the caisson as needed. 
During the construction phase, the scaffolding system consists 
of traditional formworks for the base slab and sliding 
formworks for the vertical walls. In the transportation phase 
the caisson leaves the construction plant towed by a tugboat.  
A typical caisson arrangement is shown in Figure 1. The 
caisson has vertical and horizontal cross sections according to 
Figure 2. Conservatively, the beneficial stability effect due to 
the connection of one caisson alignment to the adjacent ones 
through the deck is not considered. 
The permanent loads considered, in addition to the self-weight 
of the R.C. caisson and the weight of the filling material, are 
constituted by the deck structure (prestressed precast beams 
plus R.C. slab) and the finishing, while for live loads a portion 
of the load due to containers is considered (participation 
coefficient 2 = 0.8). 
The paper considers solely along the quay excitation, 
therefore rocking movements around y axis (Figure 2). 
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Figure 1. Typical pier arrangement and selected caisson. 
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2 SEISMIC ACTION 

2.1 Structure classification and seismic zone 

The structure is classified with an importance class II (EN 
1998-1 par. 4.2.5) and the related importance factor I is equal 
to 1. Only the No-collapse Requirement (NCR) limit state is 
considered herein. The related probability of exceedance PNCR 
in the reference return period is 10% in 50 years, 
corresponding to a return period TNCR of 475 years. 
The site of interest is characterized by a maximum ground 
acceleration, for soil class “A”, of 0.20 g and the expected 
ground type is C. 

2.2 Selected spectrum-compatible earthquake records 

A set of 7 scaled spectrum-compatible earthquake records has 
been selected from the European Ground Motion Database 
(Ambraseys et al. 2004). The chosen minimum and maximum 
allowable scale factors are respectively 0.5 and 1.5. The 
selected records are reported in Table 1. The comparison 
between the pseudo acceleration spectra of the scaled records 
and the Eurocode 8 spectra is reported in Figure 3, 4 and 5. It 
is worth noting that the choice of spectrum compatible records 
in the horizontal direction does not guarantee a perfect match 
of the vertical acceleration spectrum. The time history 
analyses were carried out considering both the horizontal and 
vertical acceleration components acting simultaneously, 
therefore it is not convenient to choose uncorrelated vertical 
and horizontal acceleration components in order to obtain 
spectrum compatibility in both directions. 

 

Table 1. Selected earthquake records. 
Note: M = Magnitude; R = Epicentral distance. 

No. Earthquake 
Name 

Date M R 
(km) 

Scale 
factor 

1 Biga 05/07/1983 6 95 1.398 
2 Vrancea 30/05/1990 7 162 0.670 

3 
Umbria -
aftershock 

03/10/1997 5 20 0.760 

4 
Ierissos -
foreshock 

14/06/1983 4 13 1.087 

5 Kallithea 18/03/1993 6 41 1.488 
6 Duzce 1 12/11/1999 7 174 1.081 

7 
Izmit -
aftershock 

31/08/1999 5 39 0.662 
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Figure 3. Horizontal pseudo acceleration elastic spectrum. 
 = 0.05. 
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Figure 4. Horizontal displacement elastic spectrum. 
 = 0.05. 
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Figure 5. Vertical pseudo acceleration elastic spectrum. 
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3 HYDRODYNAMIC EFFECTS 

Being the caissons partially submerged bodies, they will be 
subjected to hydrodynamic effects (Newman 1977). The 
present report considers the hydrostatic pressure and the 
hydrodynamics effects associated to seismic excitation. The 
influence of wave loads, currents and tides are not considered. 
In the case of ground movement, earthquake type loading, it is 
possible to assume that the viscous effect and the velocity 
gradient of the fluid are limited to the base of the structure, 
therefore in this report the water is considered at rest above 
the layer in contact to the ground: displacement, velocity and 
acceleration of the caissons with respect to the surrounding 
water are obtained as the sum of the ground component and 
the caisson to ground relative values. 
The hydrodynamic effects considered herein are the 
hydrostatic buoyancy and the hydrodynamic added mass. The 
hydrostatic buoyancy needs to be considered because it will 
limit shear friction capacity at the foundation level. This load 
is not converted into seismic mass. 
The hydrodynamic added mass is related to inertial effects due 
to pressure gradient generation by the acceleration of the fluid 
as a consequence of structural movements. This effect is 
considered adding a hydrodynamic mass related to the cross-
section shape and to the distance from the free surface (Figure 
6). For structures with rectangular cross-section, the added 

mass 
0m  could be evaluated (EN 1998-2:2005 Annex F) as: 

 
0 2

M ym C a       (1) 

where: 

 is the fluid density 

ay is the semi-dimension of the cross-section in the direction 
perpendicular to the flow 

CM is a factor depending on the ratio ay/ax 

 
Figure 6. Geometry for added mass calculation 

 
For the considered caisson, the relevant values are 

0 2321m m     and 
0 213.9m m     for cross-section 

type AA and BB. A correction factor f(z) is necessary in order 
to consider the reduction of hydrodynamic added mass related 
to the position of the considered cross-section compared to the 
water free surface (Goyal and Chopra 1989).The added mass 
distribution of the selected caissons as a function of elevation 
is reported in Table 2. The hydrodynamic inertial contribution 
to vertical translation is negligible. 

 
 
 
 
 
 

Table 2. Selected earthquake records. 

z z/H0 
0
am /

0m  Section 
0
am  

(m) 
   

(kg) 

21 1 0 AA 0 

20 0.95 0.37 AA 27703 

18 0.86 0.64 AA 54977 

16 0.76 0.77 AA 66359 

14 0.67 0.84 AA 72158 

12 0.57 0.88 AA 75594 

10 0.48 0.91 AA 78170 

8 0.38 0.93 AA 79888 

6 0.29 0.77 BB 403717 

4 0.19 0.78 BB 517435 

2 0.10 0.79 BB 524049 

0 0 0.8 BB 264504 

 

4 FINITE ELEMENT MODEL 

In the finite element model, the caisson is schematized with 
mono-dimensional beam type elements. In order to properly 
evaluate the inertial properties of the caissons the rotational 
inertia of the filling material is considered, hence the model is 
constituted by two sets of overlapping elements, the first 
representing the structural properties of the R.C. caisson, the 
second representing the ballast material, whose stiffness is 
neglected by reducing the elastic modulus (E). 
The hydrodynamic added masses considered in the model act 
only in the horizontal plane and therefore are assigned as 
translational lumped masses on the caisson centre-line at the 
appropriate elevation (Figure 7). 

 

Figure 7 – Finite element model scheme with lumped masses: 
hydrodynamic masses in the elevation and masses related to 

permanent and accidental loads at the top. 
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The caisson foundation is modelled with beam elements with 
cross-section 19.91x0.8 m. The slab portion inside the caisson 
cross-section is considered rigid in order to take into account 
the caisson stiffness. Hence the elastic modulus of the 
corresponding beam elements is increased by 4 orders of 
magnitude. 
As mentioned before, the interaction between adjacent 
caissons and the flexural stiffness and capacity of the cast in 
place R.C. top slab are not considered. 
The soil is modelled with a series of linear elastic 
compression-only axial springs spaced 25cm centre to centre 
(Figure 8). The spring stiffness is assessed by considering 
typical gravel soils values for the Poisson coefficient  (0.15 – 
0.35) and for the shear modulus G (25 – 75 MPa). The soil 
unit stiffness is taken as (FEMA 356 par. 4.4.2.1.4): 

 
1.3

(1 )

G
k

B 





 (2) 

where B is the foundation cross section minimum dimension 
(14 m). Considering 50% reduction of the shear modulus due 
to the seismic actions, the stiffness of each axial spring ranges 
between 4'000’000 kN/m (“Soft”) and 50’000’000 kN/m 
(“Rigid”). These two extreme values are adopted in the 
analyses. For each value two soil conditions are considered: 
linear elastic soil and elasto-plastic soil with a single spring 
yielding of 5’000 kN. 

 

 

Figure 8 – Close up of the base of the finite element model: 
compression-only springs at foundation level. 

5 ANALYSES RESULTS 

Figure 9 shows the non-linear behaviour of the caisson, with 
and without live loads (q1), when a horizontal load at its tip is 
applied (pushover). 
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Figure 9 – Pushover considering live loads. 

Regarding non-linear time history analyses, the results are 
reported in terms of the mean of the maximum values 
obtained in each record set: the horizontal and vertical 
components of the selected records are applied simultaneously 
at the caisson foundation. The relevant data are the maximum 
base shear and overturning moment, the maximum 
displacement and rotation at the top of the caisson, the 
maximum rotation required at the edges of the cast in place 
R.C. slab, the foundation maximum shear and bending 
moment at the intersection with the caisson base. 
In order to highlight the dynamic non-linear behaviour of the 
caisson structure, Figures 10, 11, 12, 13 and 14 show in 
graphical terms the results of the caisson subjected to the 
earthquake record 1, considering live loads and soil axial 
springs with stiffness 4’000’000 kN/m in the case of linear 
elastic and elasto-plastic (Fy = 5’000 kN) conditions. 
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Figure 10 – Base shear – tip displacement. 
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Figure 11 – Rotation at the caisson tip. 
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Figure 12 – Imposed rotation of the cast in place R.C. slab. 
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Figure 13 – Horizontal acceleration at the caisson tip. 

 

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

0 2 4 6 8 10

V
e

rt
ic

a
l t

ip
 a

c
c
e

le
ra

ti
o

n
 (
g

)

Time (s)  

Figure 14 – Vertical acceleration at the caisson tip. 

 
Table 3 and 4 show the non-linear time history analyses 
results subdivided by foundation stiffness. The results 
correspond to the mean value of the maximum values 
obtained in each record (BS EN 1998-1:2004); the error 
corresponds to the standard deviation of the maximum values. 

Table 3 – Caisson with live loads. 
Foundation stiffness Kf = 4’000’000 kN/m. 

 Elastic soil Plastic soil 

x tip (mm) 80.5 ±38.9 81.0 ±15.1 

tip (rad) 0.0033 ±0.0016 0.0033 ±0.0006 

slab (rad) 0.0062 ±0.0030 0.0062 ±0.0011 

base (rad) 0.0030 ±0.0016 0.0031 0.0006 

Vbase (kN) 35’118 ±5’385 25’479 ±1’028 

Mbase (kNm) 645’961 ±113’718 451’290 ±15’404 

Vfond (kN) 74’318 ±18’917 30’246 ±1’099 

Mfond (kNm) 66’317 ±18’418 24’841 ±896 

x tip 

Residual
(mm) // // 7.80 ±8.29 

 

Table 4 – Caisson with live loads. 
Foundation stiffness Kf = 50’000’000 kN/m. 

 Elastic soil Plastic soil 

x tip (mm) 60.3 ±37.5 44.2 ±11.9 

tip (rad) 0.0025 ±0.0015 0.0018 ±0.0005 

slab (rad) 0.0047 ±0.0029 0.0034 ±0.0009 

base (rad) 0.0022 ±0.0015 0.0016 ±0.0005 

Vbase (kN) 41’395 ±10’973 26’809 ±1’575 

Mbase (kNm) 751’519 ±214’465 498’757 ±30’842 

Vfond (kN) 92’309 ±20’494 44’406 ±6’003 

Mfond (kNm) 86’058 ±31’377 36’740 ±5’043 

x tip 

Residual
(mm) // // 1.91 ±1.43 

 

6 CONCLUSION 

This paper investigated the dynamic behaviour under seismic 
action, No-Collapse-Requirement limit state, for a caisson as a 
possible solution of pier container terminals. The caisson was 
modelled with mono-dimensional beam elements and the 
interaction with adjacent caissons was not considered. Soil-
structure interaction was accounted by placing compression-
only axial springs with stiffness compatible to gravel soils. 
Both linear-elastic and elasto-plastic springs were considered. 
Due to the low rocking motion energy radiation in stabilized 
soils, no added damping associated to the soil structure 
interaction was included. Hydrodynamic effects were 
considered in terms of hydrostatic loads and hydrodynamic 
added masses.  
The inertia associated to live loads was lumped at the top of 
the caisson in terms of horizontal and vertical translational 
masses. 
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The non-linear dynamic analyses showed limited 
displacements of the caisson top, with higher values in the 
case of elasto-plastic soil with low elastic stiffness. The higher 
demands were recorded for finite element models including 
live loads and with linear-elastic soil with high stiffness.  
The transverse rocking motion was characterized by self-
centring with negligible permanent top displacements in the 
case of elasto-plastic soils. 
The non-linear dynamic behaviour is characterized by limited 
uplift of the foundation relative to the soil, this uplift is 
responsible of the non-linearity, mainly geometric non-
linearity, related to soil-structure interaction. The analyses 
showed high frequency acceleration spikes associated to the 
closing of the base gap in subsequent cycles. It is worth noting 
that the amount and magnitude of these acceleration spikes is 
influenced by the finite element modelling and is emphasized 
by adopting elastic structural elements, linear-elastic soil 
base-springs with high stiffness and by lumping the seismic 
mass associated to live loads at the caisson’s top. 
The amount and magnitude of high frequency acceleration 
spikes will decrease by modelling the non-linearity of 
structural elements and of the soil springs (especially radiation 
damping) and by distributing live loads seismic masses. 
On the basis of the analyses results it is possible to confirm 
the stability of the caissons in the transverse direction and the 
suitability of this solution for seismic applications. 
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ABSTRACT: Pseudo dynamic testing (PsD) methodology is used to simulate earthquake effects on the structures or structural 
components and it consists of both the analytical and experimental parts with a coupled interaction. The dynamic equilibrium 
equation is generated and the displacement vector to be applied to the specimen in the next step is calculated by using an 
appropriate numerical integration technique. The overall success of pseudo dynamic tests not only depends purely on the 
resolution of the measurement devices but also highly depends on the sensitivity and convergence of the integration techniques 
used for the solution of the dynamic equation of motion. In this study, the success of the central difference method, operating 
splitting method (OSM) and -operating splitting methods (-OSM) are evaluated by means of several PsD simulations 
performed on a steel single degree of freedom (SDOF) system having three alternative constitutive models. The main parameters 
are the integration technique, time intervals and constitutive models. The advantages of the techniques are compared in terms of 
the test duration and convergence capability. In conclusion, for all behavior types CDM and OSM methods can be used with the 
time interval which is equal or larger than the input earthquake data. This means great saving of time during the PsD test and it 
increase the overall success of the experiment.  

KEY WORDS: Central difference method, Operator splitting method, - Operator splitting method, Pseudo dynamic tests.  

1 INTRODUCTION  
The earthquake behavior of the structures or structural 
components may be determined by using quasi-static dynamic 
testing techniques or by using hybrid test methods. All these 
methods have advantages or disadvantages when compared 
with each other. However pseudo-dynamic testing (PsD) 
which is used to simulate the earthquake effects is widely 
preferred testing technique due to its simplicity and testing 
cost. As a dynamic test method pseudo dynamic testing 
methodology which aims to simulate the earthquake behavior 
of specimens consists of both numerical and experimental 
analyses in a coupled interaction. The dynamic equilibrium 
equation is generated with the restoring forces measured from 
the specimen and the predefined mass and viscous damping 
properties. The displacement vector to be applied to the 
specimen in the next step is calculated by a proper numerical 
integration technique.  

In this study, the evaluation of the integration techniques 
used for PsD Testing Method was performed for a single 
degree of freedom system (SDOF). The integration techniques 
namely; central difference method (CDM), operating splitting 
methods (OSM) and -operating splitting methods (-OSM) 
are the main integration techniques used in this simulation 
study. The integrations were applied by using different time 
intervals of the input acceleration records. Smaller time 
intervals definitely yield the more correct results. In PsD tests 
the time interval used for integration of the equation of motion 
is inversely proportional with the whole test duration. 
Relatively long time duration is needed to perform the 
complete pseudo-dynamic test for only small portion of the 
earthquake acceleration record. Thus, the time spent at each 

acceleration step should be the minimum for the general 
success of the test. The integration technique which requires 
the minimum time interval for the solution of equation of 
motion is determined. The convergence capability of the 
integration techniques is also dependent on the specimen 
behavior model. The behavior model such as linear elastic, 
ideal elastoplastic or hardening elastoplastic cases may affect 
the success of the integration techniques. The most convenient 
theoretical model suitable for the integration technique is 
determined in this study to be used in the PsD tests.  

2 NUMERICAL INTEGRATION TECHNIQUES USED 
IN THE PSD TEST  

2.1 Equation of Motion  
The equation of motion of a nonlinear system is written as 
follows: 

       gnnnn x1MfxCxM    (1) 

where M, C, fn,  nx ,  nx , gnx  denote mass matrix, 
viscous damping matrix, restoring force, acceleration, velocity 
vectors at the nth step and ground acceleration, respectively. 
For linear elastic systems, equation of motion could be written 
as follows; 

 
        gnnnn x1MxKxCxM  

 (2) 

where K, nx denote stiffness matrix and displacement vector 
at the nth step, respectively. 
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2.2 Numerical Integration Techniques  
Equations of motion are the second order differential 
equations. There are several integration techniques existing 
for the solution of these types of differential equations. The 
PsD method requires the most appropriate direct integration 
technique for the equation of motion. The term “direct” 
denotes that prior to the numerical integration; no 
transformation should be carried out to the equation of 
motion, [1]. The accuracy and stability of the numerical 
integration technique is the most important property to be 
considered for the application. Choosing the smallest 
integration time intervals “Δt/20” in calculation yields the 
exact solution for all integration methods where, Δt stands for 
the time interval of the input acceleration record.  

The success of explicit CDM, implicit OSM and  -OSM 
are evaluated according to comparison of the results derived 
from the integration applied with the time intervals of “Δt/20” 
by any kind of integration technique. 

2.2.1 Central Difference Method  
In CDM which is an explicit integration method, velocity and 
acceleration at time “t” can be shown with displacements at 
consecutive times “t- Δt”, “t”, “t+ Δt” and integration time 
interval “Δt” as,  

 

 
2

ΔtttΔtt
t Δt

xx2xx  


     (3) 

 
 

Δt2
xxx ΔttΔtt

t 


 
 (4) 

For calculation of the displacement at the initial step in the 
experiment there is also need to know the displacement at 
time “- Δt” which is given as [1].  

 

 
0

2

00Δt- x
2

ΔtxΔtxx  
             (5) 

Substituting the relations velocity Eq.4 and acceleration Eq.3 
at time “t” into the equation of motion Eq.1 and rearranging 
terms gives the formula of displacement at time “t+ Δt” as 
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ΔtM

x1MfΔtxMC
2
ΔtxM2
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Δttt
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      (6) 

The steps for the solution of equation of motion by using the 
CDM is summarized in two phases namely initial calculation 
and calculation at each time step;  

Initial calculation,  
 Form specimen mass matrix “M” and damping matrix 

“C”. 
 Specify initial conditions 0x , 0x  and 0x . 

 Calculation of unknown displacement  Δt-x  Eq.5 
Calculation at each time step t = Δt, 2Δt, 3Δt…;   

 Read the corresponding restoring force for previous 
displacement from specimen. 

 Calculate the displacement at time “t+ Δt” from Eq.6. 
 Calculate the acceleration at time “t+ Δt” from Eq.3. 

 Calculate the velocity at time “t+ Δt” from Eq.4. 
CDM is conditionally stable. The condition is that the time 
step should vary in a limited range. The numerical results are 
stable only if the time step interval “Δtcr” was to be kept in the 
ranges given in the Eq. 7 and 8, [2].  

  crΔtΔt       (7) 

  maxcr 2/ωΔt   (8) 

where, ωmax denotes maximum natural frequency of modeled 
undamped structure. Although CDM has the highest accuracy 
and maximum stability limit, it has the disadvantage requiring 
quite small time intervals. 

2.2.2 Operator Splitting Method (OSM) 
The stiffness property of the specimen tested pseudo-
dynamically using the operator splitting method, is 
represented with two parts nominated as linear stiffness “ IK ” 
and nonlinear stiffness “ E

ttK 
”. The explicit predictor-

corrector method is employed for the integration associated 
with the nonlinear stiffness and implicit Newmark method for 
the integration associated with the linear stiffness [3]. 
Predictor-corrector methods are iterative methods that use the 
information to assist in evaluating the dependent variable at 
each successive time step, [1]. The displacement vector is 
denoted with “*” for OSM method as predictor displacement 
and it is calculated as defined in Eq. 9.  

 

 
t

2

tt
*

Δtt x
4

ΔtxΔtxx  
     (9) 

The corrector displacement and velocity equations are 
formulated by Newmark average acceleration assumption as 
defined in Eq.10 and 11.  

 

  ΔttttΔtt xx
2
Δtxx   

     (10) 

 

    Δttt

2

ttΔtt xx
4

ΔtxΔtxx   
     (11) 

The equation of motion turnout to be as indicated in Eq. 12,  

    ttg
*

tttt
I

ttt+t x1MKxKxCxM    xE
tt   (12) 

where “ *
ttK   xE

tt ” and “
tt

I xK  ” denotes the nonlinear and 
linear part respectively as shown in Figure 1. The nonlinear 
part of “ *

ttK   xE
tt

” is taken into account by considering the 
softening of the restoring force as defined in Eq.13. 

 
 *

Δtt
I*

Δtt
*

Δtt
E

Δtt xKfxK        (13) 

The acceleration term corresponding to the time step of “t+ 
Δt” is given in Eq.14, by replacing the relevant terms in the 
equation of motion. 
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Figure 1. Restoring force in OSM [3].  

The step for the application of OSM is collected into two 
groups namely initial calculation and calculation at each time 
step;  

Initial Calculation; 
 Form linear stiffness matrix “KI”, mass matrix “M” and 

damping matrix “C”. 
 Specify Initial Conditions 0x ,  0x  and 0x . 

Each Time Step t= Δt, 2Δt, 3Δt, … 
 Calculate the predictor displacement at time “t+ Δt” from 

Eq.9 
 Read the corresponding restoring force “f* t+t” for 

predictor displacement  
 Calculate the acceleration at time “t+ Δt” from Eq.14. 
 Calculate the velocity at time “t+ Δt” from Eq.10. 
 Calculate the displacement at time “t+ Δt” from Eq.11. 

2.2.3 -Operator Splitting Method (-OSM) 
Modified version of OSM method is proposed by Nakashima 
which is including an additional term of “α” aiming to prevent 
the source of the experimental errors and some controlling 
problems during PsD testing, [4].  

The application procedure is nearly same with OSM. The 
main difference of α-OSM is γ and β parameters that are 
determined in Eq.15 and related with term “α”, [5]. The 
stability may be determined in the case of the “α” is taken as 
“-1/3”, [4].  

  α-1/2γ       (15) 

 

  
4

1β
2


     (16) 

  03/1-       (17) 

The displacement vector is denoted with “ * ” for α-OSM as 
predictor displacement and it is calculated as defined in Eq.18 
at the time step of “t+Δt”.  
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The corrector displacement and velocity equations are 
determined in the Eqs. 19 and 20.  
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In the α-OSM, the equation of motion shifts to the following 
Eq. 21.  
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The nonlinear restoring force “
*
tK xE

t  ” is calculated as Eq. 
22.  

 
*
t

I*
t

*
t

E
t xKfxK       (22) 

Substituting the relations velocity and displacement at time 
“t+Δt” and nonlinear restoring forces at time “t+Δt” and at 
time “t’’into the equation of motion and rearranging terms 
gives the relation for acceleration at time “t+Δt” is determined 
as defined in Eq. 21.  

 

 I2 KΔt
27
8CΔt

9
5M AA

     (23) 

 

      

  









 


 








tt
*
t

I*
tt

I

*
ΔttgtΔttg

1

Δtt

xΔt
9
1xCxKfxK

3
1

f
3
2x1M

3
1x1M

3
2

x






AA

    (24) 

Initial Calculation; 
 Form specimen stiffness matrix “KI”, mass matrix “M” 

and damping matrix “C”. 
 Specify Initial Conditions 0x ,  0x  and 0x . 
Each Time Step t= Δt, 2Δt, 3Δt…; 
 Calculate the predictor displacement at time “t+ Δt” from 

Eq. 18. 
 Read the restoring force “f* t+t” for predictor 

displacement from specimen. 
 Calculate the acceleration at time “t+ Δt” from Eq. 24. 
 Calculate the velocity at time “t+ Δt” from Eq. 19. 
 Calculate the displacement at time “t+ Δt” from Eq. 20. 

3 PSD SIMULATION STUDY  
A SDOF steel column, having total height of 1.33 m is 
utilized in PsD simulations for the first 7 seconds of El-Centro 
(1940) earthquake data, Figure 2. The dynamic properties of 
the SDOF system are given in Table 1.  

Table 1. Dynamic properties of the prototype SDOF structure 

Dynamic Properties 
Mass (kNs2/mm) 7.13 E-5 

Damping Ratio (%) 2 
Initial Stiffness (kN/mm) 0.4638 

 
El-Centro Earthquake record is used for series of the analysis 
and the acceleration history is illustrated in Figure 3. The time 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

493



interval for the input acceleration data is Δt = 0.02 sec. For the 
analysis the input acceleration data is linearly amplified with a 
factor of 10.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Analytical model of the analyzed system 
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Figure 3: El-Centro Earthquake record 

The constitutive models used are elastic, ideal elastoplastic 
and hardening elastoplastic cases which are illustrated in 
Figure 4. The sensitivity of the time intervals is determined on 
the results of the simulations performed with varying 
integration techniques and constitutive models. The 
integration time intervals are selected as Δt = 0.02, 0.01, and 
0.005 seconds which are corresponding to equal, half, quarter 
of time internals of earthquake data The elastic model has the 
constant stiffness of K1 the ideal elastoplastic behavior model 
has two stiffness namely the initial stiffness of K1and post 
yielding stiffness of K2 which is equal to 1% of the initial 
stiffness. As a third model namely hardening elastoplastic 
model has the post yield stiffness of K2 which is 40% of the 
K1 stiffness.  

3.1 Reference results  
Several analyses are performed for the determination of the 
“reference” displacement time histories. The analysis results 
derived from three different integration techniques by using 
the same time interval of Δt/20=0.001 sec. yielded exactly the 
same displacement responses. However, 0.001 sec. is 
absolutely small time interval that the PsD test may not be 
applicable due to very long time period needed to complete 
the test. The analysis performed for the each theoretical model 
with the time interval of Δt/20 =0.001 sec. is illustrated in 
Figure 5. 
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Figure 4. Constitutive model types 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 

 

Figure 5. Displacement response of the time interval (Δt/20) 

The results of the time history analysis performed for 
Δt=0.001 sec. will be denoted as “exact solution” in the 
proceeding parts of the manuscript and  the solutions derived 
for three different integration techniques with time intervals of 
Δt = 0.02, 0.01 and 0.005 sec. will be compared with this 
exact solution. Three convergence criteria are defined to 
measure the success of the integration techniques. Two of 
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them are depending on the ratios of the maximum and 
minimum displacements observed for a specific time interval 
to those derived from the exact solution. The third 
convergence criterion is the ratio of the absolute area enclosed 
by time vs. displacement curves. The convergence criteria are 
defined in Eqs. 25, 26 and 27, respectively.  

CC1 = maxt  /max Exact                                   (25) 

CC2 = mint /min Exact                                                        (26) 

CC3 = Areat /Area Exact                                                   (27) 

3.1.1 Linear Elastic State  
The analysis results with the time intervals of Δt = 0.02, 0.01 
and 0.005 sec. for all types of integration techniques are 
presented in Figure 6.  
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Figure 6: Displacement history for the linear elastic state  

For linear elastic case, the average values of three criteria 
converge to the value of “1.00” as the time intervals 
decreases. When the third convergence criterion is used for 
the same time intervals, OSM drives the most accurate results 
for all cases of time intervals in the linear elastic case. OSM 

with the time interval of 0.01 sec. yields closer results with the 
time interval of 0.005 sec. which means that the test duration 
may be shortened to half. For the time interval of 0.02 sec. α-
OSM method may not be proposed due to the some instability 
problems. The convergence criteria are presented in Table 2 
for the linear elastic state.   

Table 2. Convergence Criteria 

t 
(s) Method CC1 CC2 CC3 Average 

0.
02

 CDM 1.09 1.04 1.24 1.12 
OSM 0.68 0.86 0.94 0.82 
-OSM 0.69 0.79 0.84 0.77 

0.
01

 CDM 1.00 1.14 1.05 1.06 
OSM 0.79 0.85 0.96 0.86 
-OSM 0.82 0.85 0.90 0.86 

0.
00

5 CDM 0.98 1.05 0.99 1.01 
OSM 1.01 0.91 1.00 0.97 
-OSM 0.95 0.88 0.99 0.94 

3.1.2 Ideal Elastoplastic State 
The analysis results with the time intervals of Δt = 0.02, 0.01 
and 0.005 sec. for all types of integration techniques are given 
in Figure 7.  The convergence criteria are presented in Table 3 
for the ideal elastoplastic state.  

Table 3. Convergence Criteria 

 
It should be noted that all of the integration methods could not 
produce clear results for the time interval of 0.02 sec. 
However -OSM might give better responses when compared 
with the others. There is no doubt that all the results converge 
to the exact results, as the time intervals for integration 
decreases to 0.005 sec. When the third convergence criterion 
is taken into account CDM may be used for the time interval 
of 0.01 sec. instead of 0.005 sec. for the ideal elastoplastic 
cases. The average values are in the vicinity of “1.00”, so 
anyone of the integration technique may be used with the time 
interval 0.005 sec. for the ideal elastoplastic case. For the time 
interval of 0.01 sec., α-OSM method has some instability 
problems.   

 
 
 
 
 

t(s) Method CC1 CC2 CC3 Average 

0.
02

 CDM 14.32 11.81 13.61 13.25 
OSM 15.21 13.53 14.47 14.40 
-OSM   2.86 3.39 

0.
01

 CDM 1.13 1.20 1.06 1.13 
OSM 1.17 1.55 1.20 1.31 
-OSM 2.25 3.04 1.37 2.22 

0.
00

5 CDM 1.02 1.02 1.00 1.01 
OSM 1.01 1.06 0.99 1.02 
-OSM 0.88 1.07 0.98 0.98 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

495



t 
(s) Displacement Response 

0.
02

  

 

-12

-8

-4

0

4

8

12

0 2 4 6 8

D
isp

la
ce

m
en

t (
m

m
)

Time (s)

Exact Solution
CDM Δt=0.02
OSM Δt=0.02
α-OSM Δt=0.02

 

0.
01

  

-12

-8

-4

0

4

8

12

0 2 4 6 8

D
isp

la
ce

m
en

t (
m

m
)

Time (s)

Exact Solution
CDM Δt=0.01
OSM Δt=0.01
α-OSM Δt=0.01

 

0.
00

5 
 

-12

-8

-4

0

4

8

12

0 2 4 6 8

D
isp

la
ce

m
en

t (
m

m
)

Time (s)

Exact Solution
CDM Δt=0.005
OSM Δt=0.005
α-OSM Δt=0.005

 

Figure 7: Displacement history of ideal elastoplastic state  

3.1.3 Hardening Elastoplastic State 
The analysis results with the time intervals of Δt = 0.02, 0.01 
and 0.005 sec. for all types of integration techniques are 
summarized in Figure 8. The convergence criteria are 
presented in Table 4 for the hardening elastoplastic state.     

Table 4. Convergence Criteria 

t Method CC1 CC2 CC3 Average 

0.
02

  CDM 1.99 1.93 1.83 1.92 
OSM 0.88 1.03 0.97 0.96 
-OSM   0.96 1.06 

0.
01

 CDM 0.94 1.28 1.04 1.09 
OSM 0.72 0.99 0.98 0.90 
-OSM 0.79 1.07 0.91 0.92 

0.
00

5 
 CDM 0.98 1.04 0.98 1.00 

OSM 0.94 0.96 1.02 0.97 
-OSM 0.89 0.97 1.01 0.96 

 
In the case of hardening elastoplastic case, seconds CDM 
method is not proposed due to some instability problems for 

the time interval of 0.02 sec. However for the time intervals of 
0.01 sec. and 0.005 sec. all three integration techniques may 
be used and they can yield similar average values. In 
conclusion, any type of integration technique may be used 
with the time interval of 0.01 sec. which is half of the time 
interval of the acceleration record.  
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Figure 8: Displacement history of hardening elastoplastic state  

4 FORCE-DISPLACEMENT RELATIONS 
The force-displacement relations derived by using the two of 
the integration techniques with different time intervals for the 
linear elastic behavior cases are tabulated in Figure 9.   
 
CDM yields more or less same force-displacement behavior in 
all cases of time intervals. The integration techniques of OSM 
and -OSM produce same scattering for 0.02 sec. time 
interval. However, all the integration cases are in good 
convergence with the exact solution except -OSM for 0.01 
and 0.02 sec. time intervals. The force-displacement relations 
obtained for the case of hardening, elastoplastic behavior are 
tabulated in Figure 10. The force-displacement relation 
derived from the integration with the time interval of 0.02 sec. 
for the techniques of OSM and -OSM has some scattering. 
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However there is small scattering for -OSM with the time 
interval of 0.01 sec. All the case for the time interval of 0.005 
sec. is used, well converges is obtained. The results produced 
by CDM and OSM for 0.01 sec. time interval well fit with the 
exact solution. In conclusion it is good logical to use CDM for 
0.02 sec. time interval, where OSM and -OSM to be used for 
the time interval of 0.01 sec.  
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Figure 9: Linear Elastic State 

t 0.01sec. 0.005 sec. 
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Figure 10: Hardening Elastoplastic State 

The force-displacement relations derived from all the three 
integration techniques for the ideal elastoplastic behavior 
cases are tabulated in Figure 11. The linear elastic part of the 
force-displacement relation obtained from the integration with 
the time interval of 0.02 sec. for the techniques of OSM and 
-OSM has some discrepancy. However all the integration 
techniques with all cases of time intervals can encapsulate the 

post yield behavior. Small scatterings are arising for -OSM 
with the time interval of 0.01 sec. There is well convergence 
with the exact solution in all the cases for the time interval of 
0.005 sec. It can be summarized that except -OSM method 
for the time interval of 0.01 sec. CDM and OSM results well 
fit with the exact solution. 
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Figure 11: Ideal Elastoplastic State  

5 CONCLUSIONS  
The evaluations of the integration techniques for solution of 
equation of motion in PsD testing are studied through series of 
simulations. According to the performed simulations, the 
following conclusions may be driven; 
 It is apparent for all cases that the time history responses 

converge to the exact results as the integration time 
interval values decreases.  

 For the same time intervals, OSM drives the most 
accurate results in linear elastic case.  

 OSM with the time interval of 0.01 sec. yields closer 
results with the time interval of 0.005 sec. This means 
that the total test duration may be shortened to the half. 

 In the case of ideal elastoplastic behavior, it should be 
noted that all integration methods could not create 
reasonable results for the time interval of 0.02 sec. 
However -OSM might give relatively better responses 
when compared with the other two techniques.  

 In the case of hardening elastoplastic behavior with the 
time interval of 0.02 sec. CDM is not proposed due to 
some instability problems. However for the time interval 
of 0.01 and 0.005 sec. all of the three integration 
techniques may be used and they can yield similar 
average errors.  

 If one utilizes the integration techniques with the time 
interval of 0.01 (t/2) sec. the results are stable and 
reasonable and total test duration may be shortened 
significantly. 
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ABSTRACT: The study presents dynamic investigation in situ one of the tailing dam in Poland, which is under the influence of 

mining induced seismic events (MISE). First part of the study is focused on establishing resonant frequencies of the structure in 

three directions. Extended analyses have been performed in frequency domain using recorded vibrations in chosen cross-

sections of structure. Analysis of power spectral density (PSD) and transfer function (TF) plots permit to establish resonant 

bands of structure. As the input and output signals the records at the basement and crest at the posts in cross-sections are 

respectively chosen. Second part of the paper concerns selection of dynamic model of chosen tailing dam. The model has been 

assumed as elastic shield in plain strain. Three variants of dynamic model have been considered. In particular variants of the 

model there have been applied: 1) the material data of the layers constituting the structure assumed from code and confirmed by 

results using shear wave velocity. The body waves velocities measurements were executed up to 30 m depth by down hole and 

cross hole methods, 2) effective stresses in soil resulting from weights of water and soil, 3) saturation ratio. The comparison of 

measured natural frequencies with calculated ones permits properly to establish dynamic parameters of the model. The proposed 

and validated analysis model can be applied in further dynamic calculations. Calculations have been performed using Abaqus 

6.4 [1] and Z_Soil codes [19]. 

KEY WORDS: dynamic investigation, mining induced seismic events, saturation ratio, tailing dam, theoretical model. 

1 INTRODUCTION 

Concrete dams as well as earth dams and embankments are 

structures of great importance for economy. Static as well as 

dynamic loads may act on these structures. Dynamic loads can 

be divided in natural (seismic) and caused by man, so called 

paraseismic ones. Paraseismic loads originate from passing of 

heavy vehicles along the dam’s or embankment’s crest, 

exploitation of quarries or coal mines, driving piles or sheets 

piling, war’s activities (bombs explosions) and sabotages. 

Taking into account intensity of the mentioned phenomena the 

most important are earthquakes and events coming from 

mining exploitations. Acquaintance of dynamic characteristics 

of these constructions is necessary in every case of allowing 

dynamic loads. The problem of obtaining the dynamic 

characteristics of the tailing dams is indifferently 

distinguished. This goal is realized in two ways by means of: 

a) analysis of numerical models and b) dynamic investigation 

in situ of real structure. 

Water and electric energy requirement, improvement of 

navigation as well as flood protection are essential factors for 

building such hydro-engineering structures. River 

embankments protect also dwelling areas against periodical 

flooding. In Poland at Legnica - Glogow Copperfield (LGC), 

the technology used actually during copper ore dressing needs 

a lot of water that consists of about 90 % of exploited 

material. Collection of floatation tailings demands in many 

cases building special tailing dams around the copper mines. 

The goal of existing tailing dam in LGC is to protect 

populated areas against waste of floatation procedure. 

Underground mining exploitation of copper ore is the source 

of MISE causing vibrations that are propagating in soil and 

may cause seismic events dangerous to surface structures. 

Even though, they are strictly connected with human activity,  

mining tremors differ considerably from other paraseismic 

vibrations particularly from seismic events (e.g. earthquakes). 

Main differences between seismic events and MISE apply to 

duration of mentioned events; size of area being under 

influence seismic events; level and energy of induced 

vibrations as well as distance from epicentre. MISE are not 

subject to human control and can develop in an uncontrolled 

manner. This is the reason for continuous measurements of 

surface vibrations of MISE at seismic stations in the mining 

regions, and then using them in design procedure for structures 

in this area. These continuous surface observations are 

necessary, similarly as it is in seismic regions. Tailing dam in 

LGC is subjected to dynamic loads originating from mining 

induced seismic events. An influence of seismic events on 

such structures was the subject of investigation and analyses 

for tailing dams for cooper wastes of “Medet” in Bulgaria [17] 

and silver and gold wastes in Japan [10]. 

The study presents an attempt to specify dynamic 

characteristics of chosen tailing dam, which are crucial for 

dynamic behaviour of structure being subjected to kinematic 

load. Different analysis models as well as in situ measurement 

data were used. 

2 DESCRIPTION OF THE TAILING DAM 

Building of tailing dam started in seventies of last century. 

Exploitation and simultaneous extension of reservoir have 

been lasting since 1977 year. Cross - section of structure is 

irregular and depends on morphology of soil. Realization of 

embankment begins from building of basic dam that allows 

Dynamic properties of tailing dam under mining induced seismic events 
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the storage of wastes. The reservoir is continuously extended 

by stage embankment made of dry waste originating from 

floatation material due to lack of proper conditions to 

establish building second tailing dam – Figure 1.  
 

 

Figure 1. Typical cross-section of the analysed tailing dam. 

The wastes are supplied to embankment by a system of 

pipelines. Every stage has 2.5 heights and annual average 

increment of storage yard height is about 1.3 m [11]. 

3 SOURCE OF VIBRATION 

Underground mining exploitation of mineral resources is the 

source of MISE causing vibrations that are propagating in the 

soil and may cause seismic events dangerous to surface 

structures. Characteristics of MISE meaningly differ from 

earthquakes as well as related with human activities. Influence 

range of MISE is much smaller than in the case of 

earthquakes. It results in easy recording of surface vibrations. 

Nevertheless great dispersions of maximal acceleration values 

of surface vibrations recorded in case of events with the 

comparable energy level and epicentre distances cause 

difficulties in investigation of them. It is difficult to predict 

time of their appearance similarly as for earthquakes resulting 

in additional impedes of their investigation [15], [16]. 

 According to the matter, the considered embankment of 

tailing dam is equipped with measurement system for 

recording of seismic events influencing the structure. The 

system consists of three measurement cross - sections denoted 

as IIW, VIIIW and XVIE. Two measuring posts are installed 

in each cross-section. These measuring posts are shifted about 

52 m to each other. Each post is equipped with three 

accelerometers measuring acceleration of vibrations in three 

perpendicular directions (two horizontal x, y and vertical z) – 

Figure 2. 

 

 

Figure 2. Schematic overview of the tailing dam with 

measurement posts. 

The installed gauges permit continuous recording of 

mining-related ground motions. Exemplary components of the 

most intensive ground accelerations measured at the base and 

the crest of the tailing dam are shown in Figure 3.  

 

 

 
 

 

Figure 3. Exemplary components of ground accelerations 

measured at the bottom of the tailing dam at the cross - 

section VIIIW in x (a), y (b), and z (c) and at the crest in x (d), 

y (e) and z (f) direction. 

Vibration acceleration records obtained at the bottom and 

crest level allow us to perform following analysis. 

Characterization of the analysed mining induced seismic 

events is listed in Table 1. 

Table 1. Characteristics of mining related vibrations recorded 

at measuring points in the tailing dam. 

No. of 

measuring 

position 

ax [cm/s2] ay [cm/s2] az [cm/s2] r [m] En [J] 

VIIIW 

(base) 
1.2-28.2 0.7-14.6 0.8-12.7 

2962-

8711 

1.0E6-

1.8E9 

VIIIW 

(crest) 
1.2-20.4 0.6-15.2 1.0-26.2 

3088-

8804 

1.0E6-

1.8E9 

IIW 

(base) 
0.7-10.4 0.6-13.1 0.7-9.5 

3256-

9606 

1.2E6-

1.8E9 

IIW 

(crest) 
0.7-9.9 0.6-13.0 1.6-17.5 

3351-

9618 

1.2E6-

1.8E9 

XVIE 

(base) 
0.5-14.1 0.4-5.6 0.7-12.6 

9539-

10108 

1.0E7-

1.8E9 

XVIE 

(crest) 
0.2-10.4 0.2-6.3 0.3-10.9 

6841-

12393 

1.0E7-

1.8E9 

 

Juxtaposition refers to vibrations recorded at all measuring 

posts in 2002-2005. Epicentres’ distances of the analysed 

events are large – the minimal distance equals about 3 
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kilometres. The maximum energy of the events taken into 

consideration does not exceed 2.0E9 J. 

The maximum value of acceleration at the base is in x 

horizontal direction and doesn’t exceed 0.3 m/s2. At the crest 

the most intensive vibrations are in vertical z direction and 

maximal value of acceleration is equal to 0.262 m/s2. The 

amplification of the vibrations is not observed in radial 

(horizontal) x direction but this phenomenon performs in y 

and z directions. 

 

Figure 4. Results of the analysis of motion (accelerations, 

m/s2) at the base (a, b, c) and crest (d, e, and f) 

of the tailing dam. 

Particularly vertical component of vibration is large 

amplified (more than twice). The results of analyses of 

horizontal and vertical motions at the base and crest of the 

tailing dam are shown in Figures 4a to 4f. 

 

 

Figure 5. Acceleration response spectra corresponding to the 

records in Figure 3. 

In Figure 4e and 4f we can observe the polarization of the 

crest vibrations in vertical z direction in respect to excitations 

at the base of the structure. Exemplary response spectra 

calculated on the basis of the records from Figure 3 are 

presented in Figure 5. 

4 NATURAL FREQUENCIES OF THE TAILING DAM – 

ANALYSIS OF MEASUREMENT RESULTS 

Analyses have been performed in frequency domain on the 

basis of analysis of vibration records obtained at measuring 

positions. Almost 430 recorded seismic events were analysed. 

Natural frequencies (f) of tailing dam have been established 

using power spectral density PSD(f) of the ground motion at 

the crest of structure as well as transfer function Tf(f) 

according to signal identification theory. Power spectral 

density describes general frequency structure of random 

signal. PSD(f) function is performed as a Fourier transform of 

an autocorrelation function Rx(f) of random process x(t) as 

follows [2]: 
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where:  = 2f, TS - duration of random signal.  

Transfer function Tf(f) of dynamic system is performed as a 

relation of cross spectral density CSD(f) function of input x(t) 

and output y(t) signals to power spectral density PSD(f) of 

input signal x(t) [2]: 
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Cross spectral density CSD(f) function of two random 

processes x(t) and y(t) is evaluated as a Fourier transform of 

cross correlation Rxy(f) function of these processes [2]: 
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Evaluation of natural frequencies of structure by transfer 

function was supported by analysis of coherence function 

plots obtained on the basis of the records at the bottom x(t) 

and the crest y (t) level assumed as input and output signals 

respectively. Coherence function of two signals is defined by 

[2]: 

 1
)()(

)(
)(
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2 



fPSDfPSD
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f

yx

xy

xy
  (4) 

Plots of PSD(f) function (prepared on the basis of vibration 

record in Figure 3d), transfer and coherence functions made 

on the basis of vibration records measured simultaneously at 

the bottom and crest levels are listed respectively in Figure 6 

and Figure 7a, b.  
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Figure 6. PSD (f) function corresponding to the record in 

Figure 3d. 

 

Figure 7. Plots of functions: a) transfer [-], b) coherence [-] 

corresponding to vibrations recorded at the bottom and crest 

of the tailing dam. 

We assumed that the frequencies corresponding to values of 

coherence function bigger than 0.85 may be treated as 

resonant frequencies. Ranges of natural frequencies of the 

tailing dam in directions x, y and z determined on the basis of 

the PSD(f), module of the T(f) and coherence functions are 

listed in Table 2.  

Table 2. Measured natural frequencies f [Hz] 

of the tailing dam. 

Direction 
x y z 

0.88 0.88 0.88 -

1.00 

1.50 -

1.63 

1.50 1.63 
1.75 2.00 3.38 
2.25 3.26 3.63 
2.38 4.01 3.88 

2.75 -

2.88 

4.38 4.01 
- 5.13 4.51 

3.26 5.51 4.63 
3.51 -

3.63 

6.26 5.26 
4.01 - 5.51 
4.26 - - 
4.88 - - 

5.26 -

5.38 

- - 
 

The ranges refer to several first values because spectrum of 

these frequencies is dense in all considered directions. 

Response spectra in Figure 5 confirm results listed in Table 2 

referring to x and z directions. Determination of critical 

damping factor for this structure is impossible using recorded 

vibrations because of their irregularities. 

5 THEORETICAL CALCULATION OF DYNAMIC 

MODEL 

Numerical analysis of theoretical models created using FEM 

is an important fulfilment in the process of determination of 

dynamic characteristics of structures. Proper assumption of 

ground characteristics consisting of the structure as well as 

ground foundation is one of the most important deals in 

computational activities. Different ground models are used 

from practical point of view beginning from the most ordinary 

linear ones and finishing with more complicated elastic – 

plastic models. The last one model is characterized by a lot of 

parameters used in constitutive equations [3]. Hence, much 

complexity of the assumed models results in improvement of 

„accuracy” of their behaviour in comparison with real state. 

Accuracy of theoretical calculations depends on accuracy of 

determined material properties. These activities are not 

simply. Particularly dynamic investigation resulting in 

determination of ground properties are performed on the basis 

of body waves velocities measurements going through the 

specimen [3]. Body wave velocity can also be executed in situ 

by down and cross-hole methods. These measurements are 

frequently performed in laboratory in resonant column or in 

triaxial apparatus. Authors disposed of shear wave velocities 

values in particular points on the tailing dam. 

5.1 Ground parameters in small strain case 

The system embankment-foundation-reservoir runs 

nonlinearly according to e.g. material properties. This 

phenomenon is linearized assuming small structural vibrations 

resulting in small strains (order 10-6). Data analysis presented 

in [7], leads to the conclusion that in the case of low strain in 

soil, shear modulus G0 reaches a maximum, and the 

attenuation factor - minimum. In natural vibration analysis, 

soil can be successfully described as a linear-elastic material 

with constant dynamic parameters. Shear modulus to be used 

in the calculation is equal to the initial (maximum) shear 

modulus G0. The dependence of the maximum (initial) shear 

modulus G0 of the mean effective stresses σ’0 and the void 

ratio e was confirmed during numerous laboratory tests. These 

tests were performed at small shear strains. Based on the 

results of the study empirical formulas were formulated that 

allow determine the module G0 for different types of soil 

under cyclic loads. As a result of the investigation presented 

in [12] the formula for the initial (maximum) shear modulus 

G0 for crushed stone and gravel was formulated in the form: 
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Similarly extensive experimental studies of dynamic 

properties of different types of soils gave formulae on initial 

value (maximum) of shear modulus G0 for crushed stone 

(formula 6) and gravel (formula 7) [8]: 
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Results of similar dynamic investigation was reported in [5] 

and an empirical formula for the shear modulus G0 of sands 

took the form: 
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In turn, in [4], [6] there were studied the dynamic properties 

of cohesive soils. The authors proposed an empirical formula 

for the shear module G0 of cohesive clays and deposits in 

form:  
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  (9) 

 where: e – void ratio, ’O - mean effective stresses. 

Material properties (e.g. modulus of elasticity E) enclosed 

in Polish code [13] seem to be decreased in dynamical 

problems for hydro-technical earth structures. Hence, primary 

elastic Kirchhoff’s shear modulus G0 is estimated by 

empirical formulae [6]. Exemplary formula (5)–(9) permit to 

establish G0 module for different kind of soils.  

Primary strain module E0 corresponding to specified 

effective stresses level as well as modulus of elasticity E of 

the ground can be estimated using following formulae [9], 

[18]: 

 )1(2
00

GE , 


0
E

E   (10) 

where:  - consolidation ratio of the ground. 

 

In undrained condition zones of modulus of elasticity Eund is 

determined by the following relation [14]: 

 
)1(2

3




E
E

und
 (11) 

where: E, - modulus of elasticity and Poisson’s coefficient 

for “dry” material respectively. 

5.2 Variants of theoretical model 

Calculations of dynamic model of the tailing dam have been 

performed in three variants using Abaqus code. In all variants 

we have assumed model of the structure as elastic shield in 

plain strain. All static calculations have been performed 

considering effective stresses, filtering and saturation 

calculated by Z_Soil code .  

5.2.1 Variant I 

The model of the tailing dam has been divided into several 

regions with differential properties corresponding to 

description in technical project. The structure consists of 

tertiary silt, cohesive and incohesive quaternary soil, deposits 

as well as consolidated deposits.  
 

Ground characteristics for these regions have been assumed 

accordingly to Polish code [13]. 

5.2.2 Variant II 

In this variant we have appointed saturation curve and 

distribution of effective stresses using Z_Soil code – comp. 

Figure 8 and 9 respectively.  

 

Figure 8. Saturation ratio curve for the tailing dam. 

The modulus of elasticity of the earth material depends on 

stresses resulting from the dead load.  

 

 

Figure 9. Distribution of effective stresses for the tailing dam. 

Results of the calculations obtained from Z_Soil code 

permit to divide regions assumed in variant I into additional 

ones with differential ground properties determined according 

to equations (9) and (10). Then dynamic characteristics were 

obtained using Abaqus code. 

5.2.3 Variant III 

This variant constitutes supplement of the variant II. The 

supplement refers to region with undrained condition in which 

modulus of elasticity Eund is determined according to relation 

(11), Poisson’s ratio  is equal 0.4999 and mass density is 

calculated as follows [1]: 

 sn
waterdryund

   (12) 

where: dry, water, n, s – mass density of „dry” material, mass 

density of water, porosity and saturation ratio respectively. 

5.2.4  Comparison of material data of the structure from 

calculations and data of body waves velocities 

measurement 

The values of shear wave velocity Vs obtained from 

microseismic tests using down hole and cross hole method are 

shown in Table 3. 
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Table 3. Modulus of elasticity E for the surface layers of the 

tailing dam on the basis of seismic tests. 

Depth [m] Vs [m/s] [kg/m3] E [MPa] 

3 190 1824 164.9 
4 238 1870 272.5 
5 190 1870 169.0 
6 243 1870 266.7 
7 230 1870 221.6 
8 209 1870 223.3 
9 229 1870 259.9 

10 225 1870 252.5 
11 195 1870 196.9 
12 230 1870 261.8 
13 230 1870 261.8 
14 242 1870 284.0 
15 250 1870 298.4 
16 260 1870 315.9 
17 262 1870 319.3 
18 265 1870 324.2 

 

These values, which are obtained on the basis of the data in 

profile, correspond to the nearest cross section VIIIW. 

General trends Vs distribution is that in cross section VIIIW 

majority of the data from 4 – 6 m down do not exceed 200m/s. 

The general trend is slightly increasing with depth. These 

values have been used in calculation of modulus of elasticity 

of the material existing at the different depth of the structure 

in surface layers. Calculated values of E using data from 

microseismic tests coincide with values obtained on the basis 

of empirical formulas with regard to effective stresses – comp. 

Table 3 and Table 4. 

Table 4. Modulus of elasticity E for the surface layers of the 

tailing dam on the basis of empirical formulas with regard to 

effective stresses. 

 Depth [m] E [MPa] 

Layer 1 0 - 4.5 223.2 

Layer 2 4.5 - 13.0 255.2 

Layer 3 13.0 - 24.0 338.3 

5.3 Calculated natural frequencies for the considered 

variants of the theoretical model 

Calculation results of natural frequencies for considered 

variants of the model of tailing dam are juxtaposed in Table 5. 

Table 5. Calculated natural frequencies f [Hz] of the tailing 

dam corresponding to variants of the theoretical model. 

No. of 

frequency 

Variant of the model 

I II III 

1 0.23 0.84 0.90 
2 0.29 1.19 1.30 
3 0.32 1.20 1.64 
4 0.33 1.29 1.73 
5 0.36 1.42 1.89 
6 0.37 1.48 2.11 
7 0.40 1.57 2.19 
8 0.42 1.61 2.34 
9 0.48 1.62 2.45 

10 0.53 1.78 2.72 
 

Calculated mode shapes of the variant III of the model 

corresponding to transverse (f1x = 0.90 Hz) and vertical  

(f1z = 1.30 Hz) natural frequencies are shown in Figure 10a 

and 10b respectively. Comparison of natural frequencies 

values shown in Table 5 indicates distinguished increase of 

calculated values of natural frequencies using variant II of the 

model with those calculated on the basis of variant I. This 

difference is variable and contains in range 235-310 %. The 

maximum values of calculated natural frequencies we have 

obtained for variant III of the model in which effective 

stresses and saturation ratio had been assumed. Differences 

between calculated values of natural frequencies using variant 

III and variant II of the theoretical FEM model are equal from 

8 to 50 % - comp. Table 5. 
 

 

Figure 10. Calculated mode shapes of natural frequencies of 

the tailing dam variant III of the model): a) transverse 

direction - f1x = 0.90 Hz, b) vertical direction - f1z = 1.30 Hz. 

5.4 Comparison of the calculated natural frequencies with 

data from measurements 

Comparison of the calculated and measured natural 

frequencies of the tailing dam is difficult and makes troubles. 

In Table 6 juxtaposition of calculated and measured 

frequencies is shown. Values of natural frequencies have been 

calculated assuming variant III of the model what corresponds 

to real situation that ground water level is located under the 

level of deposits. Spectrum of natural frequencies is dense and 

corresponding mode shapes are complex. Sequence of 

calculated frequencies has been determined on the basis of 

dominant relevant displacements in transverse or vertical 

direction. Values of ten calculated natural frequencies and 

corresponding measured frequencies in horizontal and vertical 

directions are set together in Table 6.  

Some of calculated frequencies are complex. Analyses of 

vibration records at the crest level don’t show dominant 

direction of the vibrations. Measured ones do not confirm 

some of theoretically calculated frequencies. Comparing 

calculated and measured frequencies we admit that 

fundamental frequency in transverse direction x is low and is 

equal about 0.9 Hz. 
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Table 6. Comparison of calculation and measured results of 

natural frequencies f [Hz] of the tailing dam. 

No. 
Frequencies obtained on the basis of: 

measurement calculations 
x z x z 

1 0.88 - 0.90 - 
2 - 0.88 – 1.00 1.30*) - 
3 - 1.63 - 1.64 
4 1.75 - 1.73 - 
5 - - 1.89 - 
6 - - 2.11*) - 
7 - - 2.19*) - 

8 2.25 - 2.34 - 
9 - - - 2.45 

10 2.75 – 2.88 - 2.72 - 

*
) - complex 

Value of fundamental vertical frequency is higher and 

equals about 1.60 Hz. The next calculated natural frequencies 

in transverse direction x (1.73, 2.34 and 2.72 Hz) have been 

confirmed by measured ones (1.75, 2.25 and 2.75-2.88 Hz). In 

this case differences between calculated and measured values 

of frequencies do not exceed 6 %. 

6 CONCLUSIONS 

Selection of dynamic model of chosen tailing dam has been 

presented. In the study three variants of dynamic model have 

been considered. The model of analysed structures has been 

assumed as elastic shield in plain strain. Different analysis 

models were considered to qualify how many simplifications 

could be made. Analysis results of recorded tremors were 

helpful to reach this aim. In particular variants of model there 

have been assumed: 1) material data properties taken from 

literature, which have been confirmed on the basis of 

interpretation body wave velocity measurements, 2) effective 

stresses in soil resulting from weights of water and soil,  

3) saturation ratio. The most adequate model is the one 

considering effective stresses and saturation. The measured 

frequencies are confirmed by calculated results. The 

differences do not exceed 6 %. The model may be used in 

future calculations referring to dynamic behaviour of the 

system due to seismic loading. 
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ABSTRACT: A comparative evaluation study is reported of the response of a group of 3-storey reinforced-concrete building 
structures designed according to EC8 and EC2 code provisions subjected to a wide set of seismic excitations. The buildings 
under consideration employ different structural systems and have been designed as fixed-based according to current design 
practices. A comprehensive set of non-linear time-history analyses were performed using seismic excitations on soft soil, taking 
into account the soil structure interaction effect by means of a set of multi-axial springs and dashpots attached at the base of the 
structures. The results highlight the role of soil in the structural response and show that soil-structure interaction should always 
be considered in design as it leads to significant redistributions of internal member loads. 

The role of soil-structure interaction in the inelastic performance                 
of multi-storey buildings 

Christos Giarlelis, George Mylonakis 

Department of Civil Engineering, University of Patras, 26500 Rio, Greece  
email: giarlelis@alumni.rice.edu, mylo@upatras.gr 

KEY WORDS: Soft soil, Soil-structure interaction, Inelastic seismic response, Multi-storey buildings. 

1 INTRODUCTION 

Seismic design practice may involve methods and beliefs that 
are not always accurate. An example is the role of soft soil 
conditions and the inclusion of soil-structure interaction 
effects (SSI) in the analysis.  
Despite numerous studies that have been carried over the 
years there is still controversy regarding the role of SSI in the 
seismic performance of structures founded on soft soil. In fact, 
SSI has been traditionally considered to be beneficial for 
seismic response.  
Taking into account SSI effects is not emphasized in design 
code provisions. Eurocode 8 partly accounts for soft soil 
conditions by intoducing a soil factor parameter in the design 
spectrum. In design practice, neglecting SSI effects is being 
suggested as a conservative simplification that would facilitate 
analyses and at the same time lead to improved safety 
margins. This belief addresses the usually beneficial increase 
of the period of the structure that would lead to a lower 
seismic demand but fails to consider the redistribution of 
internal member loading. It should be mentioned that the 
above practice is applied for soils of categories A-D, 
according to EC8 classification, but usually it is not applied 
when very poor soil conditions or liquefiable soils are present. 
In those cases, that would require pile foundations or soil 
treatment, SSI is often considered but only as a means to 
better design the foundations and not, in most cases, out of a 
belief that accounting for it would affect noticeably the 
structure. 

However these misconceptions often arise and are discussed 
after earthquake events. One of these events was the Lefkada 
earthquake of 14 August 2003, where a number of stiff, low-
rise reinforced concrete structures were badly damaged. A 
study conducted then by the authors (2006, 2010) highlighted 
the interplay of soil, foundation and superstructure in 
modifying seismic demand. That study triggered the current 
investigation of the role of soil-structure interaction in the 
inelastic performance of multi-storey buildings. 

2 BUILDINGS UNDER CONSIDERATION 

A group of 3-storey reinforced-concrete building structures 
were selected as representative case studies. The lateral load 
resisting system consists either of frames (building 3C) or 
dual system with main variation in the structural walls size 
(buildings 3SW and 3BW). As shown in the typical floor 
layouts, presented in Figure 1, buildings have dimensions of 
24.50 m x 15.50 m in plan, consist of 20 vertical elements 
(columns or walls) bearing beams with a typical span of 6m. 
Member dimensions are shown in floor layouts. Slabs are 18 
cm thick in all floors. Storey height is 3m so the total building 
height is 9m. Concrete of class C25/30 and steel B500c are 
considered. 
Regarding dead loads, both the self-weight of the structural 
members and the additional weights from insulation and 
flooring were considered. Live loads were taken as 2KN/m2, 
as required for residential and certain types of office 
buildings.  
The structures were designed according to EC8 and EC2 code 
provisions. Seismic action was considered using the following 
parameters:  

 
- Design ground acceleration αg = 0.16 (corresponding to 

Zone I structures in Greece and to an importance 
factor, γI = 1), 

- Soil factor S=1.15 for ground type C, 
- Damping correction factor η = 1 (for ζ=5%), 
- Behavior factor q = 3.  

 
In Figure 2 the corresponding elastic response spectrum is 
presented. For the seismic load case, the accompanying 
gravity load combination used was G+0.3Q (where G and Q 
denote dead and live loads respectively).  
For the design of the buildings, all vertical elements were 
considered fixed at their base following the aforementioned 
widespread rule of practice. The foundation consists of spread 
footings with connecting beams under each vertical element. 
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Figure 1. Three storey R/C building structures typical floor layout. From top to bottom buildings 3C, 3SW and 3BW. 
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TABLE 2. Three-storey models used in the analyses. 

 
 NAME DESCRIPTION 

1 3Cst 3 storeys, columns only, medium member stiffness, fixed 
2 3CstE 3 storeys, columns only, medium member stiffness, elast. supported  
3 3Cfl 3 storeys, columns only, small member stiffness, fixed 
4 3CflE 3 storeys, columns only, small member stiffness, elast. supported 
5 3SWst 3 storeys, small walls & columns , medium member stiffness, fixed 
6 3SWstE 3 storeys, small walls& columns, medium member stiffness, elast. supported 
7 3SWfl 3 storeys, small walls & columns, small member stiffness, fixed 
8 3SWflE 3 storeys, small walls & columns, small member stiffness, elast. supported 
9 3BWst 3 storeys, big walls & columns, medium member stiffness, fixed 

10 3BWstE 3 storeys, big walls & columns, medium member stiffness, elast. supported 
11 3BWfl 3 storeys, big walls & columns, small member stiffness, fixed 
12 3BWflE 3 storeys, big walls & columns, small member stiffness, elast. supported 

 

3 STRUCTURAL RESPONSE INVESTIGATION 

The structures’s behavior considering or not SSI effects 
was thoroughly investigated by a series of elastic and 
inelastic analyses on different models as described below. 

3.1 Structures modeling 

Each structure is treated as a space frame subjected to 
combined gravitational and earthquake loading. The beam-
column or beam-wall system is modeled with inelastic 
beam elements located along the centroidal axes of the 
members. Slabs are considered undeformed in their own 
plane (diaphragms).  
The analysis considers cracked properties for the members. 
Two different sets of properties are used: (a) properties 
close to EC8 suggestions with stiffness values equal to 50% 
of nominal (uncracked) values for beams, 50%  of 
uncracked stiffness for walls and 70% for columns (to be 
referred hereafter as “medium stiffness” case). (b) Stiffness 
values at 20%, 20% and 30% of the uncracked for beams 
walls and columns respectively (“soft stiffness” case) as 
evaluated from the moment-curvature diagrams of the 
members. 
Regarding the supports, two alternatives are considered: (a) 
fixed-base conditions and (b) flexible-base conditions. The 
simulations are performed using the computer codes 
ETABS 9.72 and Rauomoko 3D (Version 2005) which 
employ concentrated plasticity models. 

3.2 Foundation modeling 

Closed-form solutions of dynamic stiffness of spread 
footings have been derived by regression analysis based on 
finite- and boundary-element data. The validity of these 
expressions has been verified by several investigators over 
the years. Modeling the footings is accomplished using the 
expressions published by Mylonakis et al. (2006). The 
dynamic stiffness of the foundation is the product of a 
dynamic stiffness coefficient times the static stiffness 
coefficient calculated as: 

 2GL 0.75K = 0.73 + 1.54χz
1 - ν

  (1) 

 
 

 
 

 2GL 0.85K = 2 + 2.5χy
2 - ν

  (2) 

0.2 B
K = K - GL 1 -x y

0.75 - ν L

 
 
 

  (3) 

0.25
G L B0.75

K = I 2.4 + 0.5rx bx1 - ν B L

   
   
   

  (4) 

0.15
G L0.75

K = I 3ry by1 - ν B

    
   

 (5) 

Where: 
- B and L are semi-width and semi length of the 

circumscribed rectangle.  
- Ab, Ibx, Iby are area and moments of inertia about x and y 

axes, of the actual soil-foundation contact surface. 
- Finally, G and n are the shear modulus and Poisson’s 

ratio, respectively while χ is given by the expression: 

Abχ = 24L
    (6) 

A footing-soil-footing interaction reduction factor of 30% 
was also considered after taking into account the size of the 
footings and the distance between them. 
For Soil Category C, the lower bound of corresponding 
shear wave velocity is Vs,30 = 180m/s (a value on the limit 
between Soil Categories C and D). Using this value spring 
values were calculated for all footings.  
Depending on the footing size, values found vary from: 
Κz = 110E3~600E3 KN/m,  Κx, Κy = 150E3~500E3KN/m   
Κrx , Κry = 100E3~5500E3 KN m/rad 

 

3.3 Input records for time-history analyses 

A series of records from recent distructive earthquakes in 
Greece were used for the time-history inelastic analyses 
(Table 2). All these records are recorded on soft soil and 
come from surface earthquakes with small epicentral 
distances. 
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Figure 2. Response spectra of the set of seismic excitations of Table 1, used in the analyses. 
 
 
 
 

Table 3.  Periods (s) of 3-storey structures with medium member stiffness: 
fixed based vs elastically supported models 

 
Mode 3CstE 3Cst 3SWstE 3SWst 3BWstE 3BWst 

1 0.59 0.57 0.44 0.39 0.39 0.28 
2 0.58 0.56 0.43 0.38 0.36 0.28 
3 0.19 0.18 0.11 0.09 0.09 0.06 
4 0.18 0.18 0.11 0.09 0.09 0.06 

 
 
 
 

Table 4.  Periods (s) of 3-storey structures with small member stiffness: 
fixed based vs elastically supported models 

 
Mode 3CflE 3Cfl 3SWflE 3SWfl 3BWflE 3BWfl 

1 0.87 0.85 0.62 0.59 0.51 0.43 
2 0.84 0.83 0.61 0.57 0.48 0.42 
3 0.28 0.28 0.15 0.14 0.12 0.09 
4 0.27 0.26 0.15 0.13 0.11 0.09 
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Figure 3, 4. Maximum ductility demand in the horizontal and perpendicular direction respectively of building 3BW, 
from ground motions EQ1-EQ5 on the bottom of column (C) and wall (W) elements, for each storey level, 
considering (dark grey) and not considering (light grey) SSI. 
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3.4 Results 
A total of 12 models were investigated (Table 2), using 
three configurations of the structural system, two 
configurations for the member properties and two 
conditions regarding the foundation. Dynamic analysis 
considers the natural modes of the structure encompassing 
100% of the total effective mass in each direction. The 
periods of the first 4 modes are presented in Tables 3 and 4 
showing as expected and increase as the structure gets 
softer whether this is due to member stiffness or SSI. This 
increase is obviously more pronounced for the 3-storey 
structure with big structural walls, 3BW.   
A series of elastic response spectrum analyses were 
performed that showed a redistribution of moments in all 
elements. This is again more pronounced in the initially 
stiffer models.  
For instance for both the models 3SW and 3BW (buildings 
with structural walls) there is a high reduction of end 
moments at the foundation level on the structural walls on 
their longitudinal direction (strong axis) of the order of 
70% combined with an increase of the order of 200% of the 
moments on their weak direction. Also there an increase by 
the same amount approximately on the end moments of the 
inner columns.  
Regarding shear forces results show also a high 
redistribution showing similar decrease and increase of 
50% and 200% respectively on the same members.  
Finally differences in axial forces are present but these are 
not that pronounced with a decrease and increase factor of 
20% and 25% respectively however combining this with 
changes in moment values may become critical. 
Results from inelastic time-history analyses show more 
clear the effect of this redistribution of internal forces.  
In Figures 3 and 4, maximum ductility demand in the 
horizontal and perpendicular direction respectively, of 
building 3BW with medium member stiffness, from ground 
motions EQ1-EQ5 on the bottom of column and wall 
elements, for each storey level, considering and not 
considering SSI is presented. It is obvious that for column 
elements, ductility demand becomes higher when SSI is 
considered; in one case there is even a failure of an inner 
column (column C8). 

4 CONCLUSIONS 
A comparative evaluation study is reported of the response 
of a group of 3-storey reinforced-concrete building 
structures designed according to EC8 and EC2 code 
provisions. Elastic and inelastic analyses were performed 
accounting or not for soil structure interaction.  
The main conclusion is that despite the widespread rule of 
practice that soil-structure interaction is beneficial and that 
it is not necessary to be considered in the analysis, results 
show that this may not be the case. Despite the usually 
beneficial increase of the period of the structure that would 
lead to a lower seismic demand, the redistribution of 
internal member loading may increase the local seismic 
demand leading even to failures. 
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ABSTRACT: The global seismic response of 3- and 8-storey eccentrically braced frames (EBFs) with long, flexure-critical links 
is studied. In spite of lesser ductility, EBFs with long links offer more flexible architectural arrangements, which can be 
advantageous for new buildings and for seismic retrofits. However, high axial loads and bending moments introduced by 
yielding links into outer beam segments often require strengthening of the beam which can be avoided if some yielding is 
admitted in these elements. Limited evidence is available regarding the possible extent of this yielding and the impact of this
behaviour on the overall frame response. The study was carried out for chevron-type frames designed for typical western and 
eastern North-American seismic conditions. Attention was directed in particular to the behaviour of the links and the outer beam
segments. The model for nonlinear time history analysis was built using the OpeenSees computer program. Links were 
represented by elastic beam elements with one zero-length rotational spring attached at the ends of each link. The inelastic 
spring behaviour was described using Steel02 material. The link model was calibrated against experimental results on long links
available in literature. The outer beams, braces and columns were modeled using nonlinear beam-column elements with fiber 
discretization of the cross section to reproduce cross-sectional yielding as well as in- and out-of plane flexural buckling. The
results show that the amplification factors applied on link forces to determine design forces for other frame members appear 
conservative, particularly for eastern location characterized by high-frequency ground motions. The results suggest that the 
flexural yielding of outer beam segments is acceptable if combined the flexural strength of the brace and beam is at least equal
to the link end moment, and if the brace can resist the imposed axial-moment demand.  

KEY WORDS: Seismic design; Nonlinear time history analysis; Global structural behavior; Eccentrically braced frames; Long 
links; Seismic response of steel structures. 

1 INTRODUCTION

Eccentrically braced frames combine high strength, stiffness 
and ductility and represent a very efficient traditional seismic 
load resisting system in steel buildings. Chevron-type 
configuration is usually preferred because it avoids a beam-to-
column connection in the link region. Short links are 
commonly employed to increase system ductility developed 
through stable and efficient shear yielding. However, in spite 
of lesser ductility, EBFs with long links are gaining popularity 
among designers as they offer more flexible architectural 
arrangements and can accommodate larger openings. These 
features are advantageous for new buildings structures and for 
seismic retrofits. 

Design of outer beam segments in EBFs with long links is 
challenging. Yielded and strain hardened links introduce high 
axial forces and bending moments in these elements, and it is 
very difficult to maintain a uniform beam section unless some 
yielding is accepted. In general, the occurrence of limited 
yielding of outer beam segments is not considered detrimental 
to satisfactory frame behaviour as long as lateral stability of 
the beam is provided [1]. However, limited evidence is 
available regarding the possible extent of this yielding and the 
impact of this behaviour on overall frame response. 
Consequently, inelastic behaviour of the outer beam segments 
is not integrated into current seismic design procedures in 
North America [2,3]. Allowing outer beam yielding in design 
could avoid beam strengthening that may otherwise be 

necessary. A study conducted by Koboevic et al. [4] on EBFs 
with shear-critical links and a moment-resistant brace-to-beam 
connection confirmed that the rotational demand in the outer 
beam segments was not excessive and can be easily 
accommodated.  This confirmed that for the frames with shear 
and intermediate links, yielding of laterally stable outer beam 
segments is acceptable, provided that the braces have 
sufficient stiffness and strength to resist part of the imposed 
end link moment. For EBFs with long links, an imposed 
rotational demand on the outer beam segment could be more 
significant and thus further investigation is necessary to 
establish if outer beam yielding can be safely incorporated in 
the design for such systems.  

This paper presents the study carried out for 3- and 8-storey 
chevron-type EBFs with long, flexural links. Frames were 
designed for typical western and eastern North-American 
seismic conditions, and their seismic response was examined 
using nonlinear time history analysis for selected ground 
motions. Attention was directed in particular to the behaviour 
of the links and the outer beam segments. The analytical 
model was built using the OpeenSees computer program. Link 
response was tracked through maximum link forces and 
inelastic link rotations. The results were compared to the 
design predictions. The response of outer beam segments was 
observed by tracking the moment distributions, the frequency 
and the extent of yielding and inelastic beam rotations. The 
sensitivity of the structural response to the variability of 
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ground motion input and the selection and scaling procedures 
is also investigated.  

2 BUILDING DESIGN

3- and 8- storey buildings were designed for two Canadian 
locations, Montreal, QC (MTL3 and MTL8), and Vancouver, 
BC (VCR3 and VCR8) assuming Class C site conditions 
(360m/s  vs  760m/s) [5,6]. The typical floor plan is 
illustrated in Figure 1. Two chevron-type EBFs with flexure-
critical links provided seismic resistance in the north-south 
direction. Contrary to what is illustrated in Figure 1, the 
columns were oriented to bend about the weak-axis in order to 
ensure consistent numerical modeling. Perimeter moment-
resisting frames resisted lateral loads in perpendicular 
direction. The braced bay width, L, was 9 m while the typical 
storey height was 3.5 m with 4 m selected at the first storey.  
Based on the recommendations by Rossi and Lombardo [7] 
and Ozendekci [8], the link length e = 2.5m was selected 
resulting in e/L ratio equal to about 0.3. Brace-to-beam 
connections were considered moment-resistant, while all other 
connections were assumed pinned. 

        Gravity Loads (kPa)

   Roof: Dead = 1.35 
             Snow = 1.64 (VCR)
                           2.48 (MTL)
   Floor:  Dead = 3.6
               Partitions = 1.0 
               Live = 2.4
   Exterior walls = 1.56 @ 9 m = 54 m

12
 m

8 
m

12
 m

Figure 2. Design gravity loads and typical floor plan of the 
studied buildings 

The structures were designed according to the 2010 
National Building Code of Canada [9]. The design gravity 
loads are given in Figure 2. Initially, the seismic base shear, 
V, was determined according to NBCC 2010 equivalent static 
force procedure, and served as a base to calibrate the results of 
the subsequent response spectrum analysis as required by the 
Canadian building code. 

( )a v E

d o

S T M I WV
R R

 (1)   

where Ta is the empirical structural period (Ta = 0.025hn, hn
being a total height of the structure); S(Ta) is the spectral 
acceleration at the design period based on the probability of 
exceedence of 2 percent in 50 years and modified by 
foundation coefficients Fa and Fv to reflect the soil conditions 
at the design site; Mv is the factor accounting for the increase 
in base shear due to the higher mode effect; IE is the structure 
importance factor; W is the total seismic weight tributary to 
the frame; Rd is the ductility-related force reduction factor and 
Ro is the overstrength-related force reduction factor. In this 
study, Rd = 4.0; Ro = 1.5; Fa = Fv = 1.0, IE = 1.0. The design 
base shear was determined using the increased period equal to 

2.0 Ta (2Ta
3storey = 0.55s and 2Ta

8storey = 1.43s), as permitted by 
NBCC 2010. The base shear V, calculated using equation [1], 
needs not exceed 2/3 the value of V with Ta = 0.2 s, and must 
be greater than the value obtained with Ta = 2.0s. Accidental 
torsion was not considered in the design to ensure 
compatibility with the 2D non-linear analysis. Table 1 
summarises design base shear calculations. Wind loads did 
not govern the design of the Vancouver building, but were 
critical for several storeys in the MTL8 building. 

Table 1. Seismic design base shear calculations  

Frame 
S(T) 
(g) 

Seismic 
weight 
(kN) 

Base shear 
(V) 

(kN) 

V/W 

(%) 

Computed 
period 

(s) 
MTL3 0.293 20363 994 4.88 1.3 
VCR3 0.691 19991 2062 10.32 0.8 
MTL8 0.111 61243 1134 1.85 3.0 
VCR8 0.268 60869 2716 4.46 1.7 

The EBF frame design was conducted in compliance with 
the CAN/CSA S16-09 seismic provisions [2]. Beams and 
columns were selected from W shapes, and braces were 
chosen from available square tubular (HSS) sections and W 
sections. Note that the W brace sections were oriented for 
bending about the weak axis to achieve consistency with the 
modelling which led to heavier brace sections.  All members 
were made from CSA-G40.21-350W steel with Fy = 350 MPa. 
In the capacity design phase, link sections with adequate 
length, class of the section and factored shear resistance, Vr,
were selected to resist the factored seismic loads. For long, 
centrally located links which yield in flexure and have zero 
axial load, Vr = 2 Mp/e, where  is the resistance factor (= 0.9 
for steel) and Mp is the nominal plastic bending resistance (Mp
= ZxFy). All selected links qualify as long links except the first 
floor link in the VCR8 structure which qualifies as 
intermediary. This particularity was subsequently addressed in 
the numerical model. 

The braces and the outer beams were designed as beam-
columns to resist the forces introduced by 1.3Ry times the 
nominal resistance of the links, Vr, where Ry is the expected-
to-nominal yield strength ratio (RyFy = 385 MPa). The link 
end bending moments were initially distributed between the 
brace and the outer beam in proportion to their relative 
flexural stiffness until the portion of the bending moment 
assigned to the outer beam segment surpassed its resistance. 
The remaining bending moment was transmitted to the brace. 
This design strategy assumes that yielding of the outer beam 
is acceptable. After the braces are selected, the flexural 
rigidities of the braces and beams are recalculated to verify 
that the initially assumed moment distribution still applies. 

The columns were considered continuous over the height 
and tiered in two-storey segments. Axial forces due to the 
gravity loads were combined with the forces introduced by 
yielding links (1.3 RyVp and 1.15RyVp for the top and lower 
tiers respectively). Additional bending moments resulting 
from column continuity and the relative storey movements 
were considered in the design, as prescribed by CSA S16.   

Excessive link rotations imposed some section 
modifications in the VCR8 frame. Inter-storey drift 
requirements did not control the design of any of the frames 
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studied. Once the ductility design completed, the frames were 
verified for adequate stiffness and strength under all relevant 
load combinations including gravity loads, notional loads, 
wind and seismic loads. Overall, in spite of the larger brace 
sections, the weight of the structures was smaller compared to 
the alternative design in which an elastic response of the outer 
beam segments was required.  Final periods obtained from the 
modal analysis for all four structures are indicated in Table 1. 

3 MODELLING FOR NONLINEAR TIME HISTORY ANALYSIS

3.1 OpenSees model

A numerical model was implemented on the OpenSees 
platform [10]. To represent the link behavior Bilin material 
[11] was initially used. This material incorporates the 
modified Ibarra-Medina-Krawinkler deterioration model with 
bilinear hysteretic response and was successfully used to 
study inelastic response of beams in moment resisting frames. 
However, in this study it was not possible to achieve a good 
agreement with experimental results as reported by Okazaki et 
al. [12,13] for two long link specimens. 

 The model retained for this study is the adaptation of the 
one used by Koboevic et al. [4] to examine seismic response 
of EBFs with short links. The central portion of the link is 
represented by an elastic beam element [14]. At each end of 
the elastic beam, a single spring is attached. The inelastic 
behaviour of the spring is described using the Giuffré-
Menegotto-Pinto (Steel02) hysteretic material. The following 
parameters for Steel02 material were determined from a 
calibration using Okazaki’s test data: R0 = 30, cR1 = 0.925, 
cR2 = 0.15, b = 0.00438, a1 = a3 = 0.4, and a2 = a4 = 22. This
approach permitted to represent the behaviour of long links 
and intermediate links using the same model, and showed a 
good match with experimental results.   

The outer beam segments, braces and columns were 
modeled using eight nonlinear beam-column elements with 
fiber discretization of the cross section to reproduce cross-
sectional yielding as well as in- and out-of plane flexural 
buckling. A detailed description is available in Koboevic et al. 
[4]. Initial member out-of-straightness was specified for these 
elements. Each element included 4 integration points, and a 
total of 16 fibers were used to model the cross-section. 
Rotational spring elements were incorporated at the brace 
ends to account for the restraint conditions induced by the 
gusset plates. For the columns, the number of fibres was 
increased to 50 and the Steel02 material was modified to 
account for residual stresses. Note that in the design, the W 
brace sections and the columns were oriented so that the 
bending was induced about the weak section axis. In this case, 
failure could not be governed by lateral-torsional buckling, 
and thus the analytical model was appropriate.

Gravity loads corresponding to 100% dead load, 50% floor 
live load and 25% roof snow load were applied prior to the 
seismic analysis. The seismic masses were concentrated at the 
beam-to-column joints. P-  effects were included in the 
analysis by adding three simple pin-ended columns 
representing the corner, interior and exterior gravity columns. 
These columns carried one half of the total gravity loads of 
the building, excluding the tributary gravity loads supported 
directly by the EBF.   

3.2 Selection of ground motions

Nonlinear time history analyses were carried out for the sets 
of ground motion records compatible with NBCC design 
spectra for the two studied locations. Special attention was 
devoted to the selection of earthquake records and calibration 
procedures. Initially, the M-R scenarios that contribute most 
significantly to seismic hazard in Vancouver and Montreal 
were identified (Vancouver: M6.5 at 30 km and M7.5 at 70 
km;  Montreal: M6.0 at 15 km and 20 km; M7.0 at 50 km), 
and the ground motion records corresponding to these 
scenarios were pre-selected.   

Two methods were then used for the final selection and 
calibration, namely (i) the Least-Moving-Average method 
described by Morteza et al. [15], and (ii) the method 
developed by Atkinson [16]. The first set, identified in the 
further text by LMA, is identical to that studied by Morteza et 
al. and consisted of 20 historical recording for Vancouver, and 
10 hybrid and 10 simulated records for Montreal. The use of 
synthetic records was motivated by the lack of historical 
ground motion records from large earthquakes in eastern 
Canada, typically rich in high frequencies. The second set, 
denoted by ATK included 13 simulated records for Vancouver 
and 10 for Montreal. For this set only simulated records were 
considered to maintain consistency with the proposed 
selection and scaling procedure described in Atkinson [16]. 
Details on this set can be found in [17]. Comparison between 
the mean acceleration spectra of the scaled records and NBCC 
design spectrum for Vancouver is shown in Figures 2(a) and 
3(b) for LMA and ATK methods, respectively. 

(a) Method LMA 

(b) Method Atkinson 

Figure 2. Design spectrum for Vancouver (NBCC 2010) 
and mean acceleration response spectra of scaled ground 

motion records 

Mean spectrum 
NBCC spectrum 

Mean spectrum 
NBCC spectrum 
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4 DISCUSSION OF RESULTS
The structural response was examined by tracking the peak 
values of the shear forces and inelastic rotations in the links, 
the frequency and the duration of outer beam inelastic 
excursions, the distribution of the link end moment between 
the outer beam segment and the brace, and the inelastic 
rotational demand imposed on the outer beam segments. 
Results presented for outer beams segments are these obtained 
for the eight-storey frame in Vancouver (VCR8) because it 
was the only structure that experienced more significant 
inelastic response of these elements. For each acceleration 
record, peak values of the response parameters were found at 
every storey and the mean and 84th percentile values were 
calculated for each ground motion ensemble. The results were 
also used to validate the CAN/CSA S16-09 design 
requirements. Design predictions were assessed based on 
mean results.  

4.1 Response of links

To allow direct comparison with the CSA S16-09 
amplification factors used in design to account for link strain 
hardening, maximum link shear forces were normalised by the 
expected shear strength of the links, Vpr = RyVp. Note that Vp
is equal to 2Mp/e, where Mp is the plastic moment of the link 
section. Figure 3 shows the results obtained for the eight-
storey frame in Vancouver. The thicker lines represent mean 
results and the thinner lines show the 84th percentile values. 
Links in all storeys yielded in flexure but their contribution in 
energy dissipation was not uniform.  Higher forces developed 
in the upper storeys, reaching the maximum mean value of 1.2 
Vpr and 1.17Vpr for LMA and ATK records respectively. The 
mean and 84th percentile results were lower than the design 
predictions. Although the top two storey links yielded more 
often under LMA ground motions, the maximum values of 
link shear forces and their distributions were similar for the 
two ground motion sets.      

Figure 2. Maximum normalised link shear forces for the 
VCR8 structure 

Links in the MTL8 structure exhibited elastic response in all 
but the top two storeys. The overstrength of yielded links was 
less than 10 percent, even when the 84th percentile results 
were considered. Force distributions were similar to those 
observed for the VCR8 structure and the differences between 
the two ground motion sets were negligible. For the three-
storey frames, shear force profiles differ significantly for the 
two design locations. In Montreal, maximum forces developed 

in the top storey, while in Vancouver the force demand was 
highest in the bottom storey links. Top storey link in the 
VCR3 frame developed about 15 percent overstrength, while 
in the MTL3 frame 10 percent overstrength was observed. 
The two values are well below 30 percent predicted in the 
design. LMA records affected more the Vancouver frame, 
while the MTL3 structure reacted more to ATK records. 
Nevertheless, similar to the eight-storey frames, the 
procedures for selecting and scaling the ground motion 
records had in general limited impact on the force response.  

In Figure 3, inelastic link rotations are illustrated for the 
VCR8 structure. The  values represent the maximum 
inelastic rotation of links, either positive or negative. As 
anticipated, the largest inelastic rotations,  were recorded in 
the links that developed the highest forces. Mean inelastic 
rotations of the top two storey links exceeded the CSA-S16-9 
limit of 0.02 rad, reaching 0.032 rad and 0.039 rad in the eight 
storey link for ATK and LMA ground motion ensembles, 
respectively. LMA records consistently induced larger link 
rotations, the difference being about 25 % for the links above 
the 5th storey. The differences between the two ground motion 
sets are even more pronounced when 84 percentile results are 
compared. 

Figure 3. Maximum inelastic link rotations for VCR8 
structure 

In the MTL8 frame smaller link rotations were recorded 
compared to the VCR8 structure. Mean results were below the 
design limit for all links, but exceeded the limit at the 84th

percentile level at the eighth storey (0.023 rad and 0.003 rad 
for ATK and LMA records respectively). Similar observation 
regarding link rotations were made for the three-storey 
frames: maximum link rotation occurred in the links which 
developed the largest force. At the mean level, link rotational 
limit was not exceeded while at the 84th percentile level the 
maximum rotations reached about 1.5 times the design limit. 
Overall LMA records imposed larger rotational demand and 
the differences in results obtained for two ground motion sets 
were significant. In previous studies conducted on EBFs with 
shear critical links [4], it was noted that the excessive peak 
link rotations were always accompanied by very small peak 
rotations in the other direction. Among the frames examined 
in this study, such behaviour was observed only for the VCR8 
frame.  

The results for all frames show that, contrary to the force 
response, the deformation response is much more sensitive to 
the variability of ground motion input. The assessment of 

ATK 
LMA
Design limit 

ATK 
LMA
Design limit 
Design predictions 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

518



structural behaviour can therefore be significantly influenced 
by the selection and scaling procedures implemented to 
constitute ground motion sets for nonlinear time-history 
analysis.     

4.2 Response of outer beam segments

To avoid the unnecessary increase of link section due to the 
high force demand imposed on the outer beam segments in the 
capacity design procedure, the outer beam segments in this 
study were designed assuming that yielding in these elements 
is acceptable. Brace-to-beam connections were considered 
moment-resistant, but rotation compatibility between the 
beams and the braces at the connection was not sought. The 
braces were selected such that the combined flexural strength 
of the brace and the beam outside the link, in the presence of 
the concomitant axial loads, surpassed the link end moment. It 
was of interest to see if yielding occurred in the outer beam 
segments as anticipated, and if the fractions of link end 
moment transferred to the outer beams and braces were well 
estimated in the design. 

More frequent inelastic excursions of the beam segments 
outside of the links were observed under LMA records. 
Yielding was most pronounced at the 1st, 7th and 8th storeys, 
where more significant inelastic behaviour was observed in 
the links.  Not all the records induced inelastic response in the 
outer beams, and the duration of the yielding was not 
excessive (1.13s for all LMA records). 

In Table 2, design predictions for the outer beam and brace 
end moments are compared to mean results of nonlinear time-
history analysis obtained for two ground motion sets. A very 
good mach was observed. When outer beam segment 
responded elastically, distribution reflects the relative flexural 
rigidity between the two elements. When the yielding of the 
outer beam segment occurred, distribution reflects the 
increase in the brace moment transmitted to brace by the 
yielding beam. 

Table 2. Distribution of link end moment between the outer 
beam segment and the brace (in %) 

Storey LMA/ATK Design 
Outer 
beam Brace Outer 

beam Brace 

8 66/67 34/34 70 30 
7 58/59 47/47 60 40 
6 58/59 45/46 59 41 
5 51/53 52/52 57 43 
4 50/52 53/53 55 45 
3 50/53 53/54 55 45 
2 48/50 54/54 55 45 
1 58/60 47/47 56 44 

The OpenSees model did not permit to represent local 
member failure due to excessive inelastic deformations. Thus, 
in order to assess the potential for local member fracture, the 
rotational capacities of the outer beam segment were 
calculated using the methodology proposed by Kemp [18] and 
Okazaki [19]. Note that none of the two approaches reflects 
perfectly the conditions encountered in the outer beam 
segments of eccentrically braced frames. Kemp’s formulation 

considers the impact of axial load on rotation capacity, but 
uses data obtained from monotonic loading test, and thus the 
values may be non-conservative for earthquake loading. The 
original formulation by Okazaki et al. is based on cyclic test 
data but does not account for the presence of axial load. The 
rotational capacity values obtained using the original Okazaki 
formulation were thus modified by the factor  = 2hc/h as 
proposed by Kemp to obtain more realistic limits on beam 
rotational capacity. In this expression, hc is the plastic depth of 
the web in compression for the beam, and h is the total beam 
depth. Note that, even though Okazaki’s tests were carried out 
for cyclic loading, the study targeted beams in moment-
resisting frames so the calculated rotational capacities could 
be used to assess the inelastic performance of the outer beam 
segments in eccentrically braced frames. 

Table 3. Inelastic rotational capacities for the outer beam 
segments of the VCR8 structure 

Storey R (Kemp) e
(rad) 

p (Kemp) 
(rad) 

p (Okazaki) 
(rad)

8 2,49 0,0126 0,0314 0,0119 
7 3,36 0,0098 0,0327 0,0188 
6 3,05 0,0087 0,0264 0,0278 
5 3,21 0,0075 0,0240 0,0227
4 2,72 0,0066 0,0180 0,0115 
3 3,37 0,0066 0,0222 0,0171 
2 3,37 0,0066 0,0222 0,0171
1 3,71 0,0058 0,0217 0,0157 

Table 3 summarises the calculations of rotational capacities 
for outer beam segments in the VCR8 frames. To determine 
the available inelastic rotational capacity, p following 
Kemps’s method, the rotational capacity, R, is calculated and 
multiplied by the elastic rotation, e. Elastic rotation is 
determined by assuming that the outer beam can be 
represented as a cantilever beam loaded at the free end point. 
According to the Okazaki method, the total maximal rotation 
for a given beam section is first determined, and the elastic 
rotation, e, is then subtracted to obtain the available inelastic 
rotational capacity. 

Table 4. Percentage of the used inelastic rotation capacities  
in the outer beam segments for the VCR8 structure 

Storey Kemp Okazaki et al. 
LMA ATK LMA ATK 

8 43 30 111 78 
7 39 26 67 46 
6 21 16 20 15 
5 10 8 10 9 
4 2 0 4 0 
3 2 0 2 0 
2 4 1 6 2 
1 5 2 7 3 

For two ground motion sets, peak values of inelastic outer 
beam rotations were recorded at every storey for each 
individual ground motion record and divided by the available 
inelastic rotational capacities previously described. The results 
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given in Table 4 represent the mean values of demand-to-
capacity ratios, expressed as a percentage of the available 
inelastic rotational capacity. The response of the outer beams 
in the first five stories was predominantly elastic for the two 
ground motion sets. The top two storey outer beams 
developed larger inelastic rotations, particularly for the LMA 
records. When Kemp limiting rotations are considered, the 
demand reaches up to 40 percent of the available rotation 
capacity which could easily be accommodated. However, 
when Okazaki limits are considered, the rotational demand 
recorded in the 7th storey reaches 70% of the available 
inelastic rotation and exceeds the maximum allowable rotation 
in the top storey beam. This demand may be considered 
excessive, however it is generally of short duration and the 
impact on global behavior is not necessarily detrimental. 
Experimental data related to EBF seismic response are limited 
to studies of link behaviour and no information is presently 
available on the acceptable response of the other frame 
members. Further experimental studies investigating the 
global EBF response are necessary to determine what level of 
inelastic outer beam rotations can be accepted without 
compromising the overall structural response.  

Similarly to what was observed for the link deformation 
response, the inelastic outer beam rotations were highly 
sensitive to the variability of ground motion input. For the top 
storey beam, LMA ground motion records induced on average 
1.4 times larger inelastic deformations compared to the ATK 
ground motion set. This confirms that the selection and 
scaling methods used to constitute ground motion suites for 
non-linear time-history analysis need to be carefully 
considered when assessing the seismic response of structures 
and validating design procedures. 

5 CONCLUSIONS

3- and 8-storey eccentrically braced steel frames with flexural 
links were designed for typical western and eastern North 
American locations (Vancouver and Montreal) and their 
seismic response was investigated for selected ground motions 
representative of 2% in 50-year hazard level. Nonlinear time-
history analyses were carried out on the OpenSees platform. 
Two sets of ground motions were selected to investigate the 
impact of ground motion selection and scaling procedures on 
the inelastic frame response. The contribution of concrete 
floor slabs to the frame lateral stiffness and strength was not 
considered, so the results reported in this paper are valid for 
chevron-type bare steel EBFs.  

Allowing the yielding of the outer beam segments in the 
design avoided the unnecessary increase of link beam sections 
due to the demand imposed on the outer beam segments, and 
permitted to maintain the resistance of the links close to the 
demand. In turn, brace-to-beam connections had to be 
conceived as moment resistant and larger brace sections had 
to be selected to resist the excess link end moment transferred 
from the outer beam segment. However, in spite of the larger 
brace sections, the weight of the structures was smaller 
compared to alternative design in which an elastic response of 
the outer beam segments was required. 

An analytical model was built using the OpenSees platform. 
Steel02 material offered a good compromise to represent the 
inelastic behaviour of long and intermediate links using the 

same model, and showed good agreement with experimental 
results available in literature. However, more accurate 
representation for the flexural links could possibly be 
achieved using Bilin`s material, and should be further studied. 
The OpenSees model permitted a more refined representation 
of the behaviour of frame members other than the links, 
including cross-section yielding and in-plane flexural 
buckling of the outer beam segments, as well as cross-
sectional yielding and in-plane and out-of-plane flexural 
buckling of braces and columns. The impact of inelastic 
behaviour of the outer beam segments on the overall seismic 
performance of the frames could therefore be assessed. 

Inspection of shear forces and inelastic rotations of the links 
showed much a smaller inelastic seismic demand for the 
eastern site, which can be attributed to inherent differences in 
seismicity and ground motion characteristics between eastern 
and western North America. This study also showed for that 
the amplification factors applied to link resistance to calculate 
design forces in the outer beam segments may be too 
conservative for eastern sites. Such a difference, already 
observed in past studies for EBFs and other structural 
systems, is not adequately accounted in current code 
provisions and should be investigated further for future code 
editions.  

Two ground motion sets were assembled for nonlinear time-
history analyses using different selection and scaling 
procedures. The comparison of the results revealed a similar 
force response of links and outer beam segments. However, 
the deformation response of these elements was very sensitive 
to the variability of ground motion records. Similar 
observations were made in previous studies which examined 
the seismic response of EBF with shear-critical links. The 
results indicate that the EBF system, although highly ductile 
and effective in resisting seismic loads, can be subject to a 
highly varying deformation demand introduced by small 
variations in the ground motion input and may be prone to 
concentration of inelastic demand over the height. These 
characteristics must be taken into account when seismic 
design or seismic performance evaluation is based on the 
deformation response. The results also confirm that the 
selection and scaling of ground motion records must be 
considered with great care because they can have a significant 
impact on the assessment of structural damage which is 
usually expressed by deformation related parameters. 

   The analysis showed that the yielding of the outer beam 
segments did not occur frequently in the Montreal structures 
and the Vancouver 3-storey frame, and the inelastic rotational 
demand was limited. In the eight-storey Vancouver frame, the 
rotational demand imposed on the outer beam segments was 
more important at the top two storeys. Element fracture 
predictive tools were not implemented in OpenSees models 
and thus it was not possible to directly verify if the excessive 
inelastic deformations led to the local member failure. Thus, 
the peak inelastic rotations recorded in the outer beam 
segments were assessed using failure criteria that have been 
proposed in the literature. The inelastic beam rotation 
exceeded the rotational capacity limits only in the top storey 
for the ground motion set which induced more significant 
deformation response in all frames studied. Although the 
observed inelastic rotation may be considered excessive, it 
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was of short duration and the impact on global behavior is not 
known. It appears that for EBFs with long links, the yielding 
of the beams outside of the link is acceptable if the lateral 
stability is assured and the braces have sufficient stiffness and 
strength to resist part of the imposed end link moment. Such a 
design strategy could result in more economical designs 
which is particularly beneficial for EBFs with long links that 
yield predominantly in flexure. However, in view of the 
observed sensitivity of deformation response parameters to the 
characteristics of ground motion input and the high rotational 
demand recorded in outer beam segments for one of the 
studied structures, the general conclusions cannot be made. 
Large scale experimental studies investigating the global EBF 
response are necessary to determine the level of inelastic outer 
beam rotations that can be accepted without compromising the 
overall structural response.  

ACKNOWLEDGMENTS

This study was financially supported by the Natural Science 
and Engineering Research Council of Canada through the 
Strategic Network Grant Program. The design of the studied 
structures was carried out by Mathew Laramée and Yacine 
Naciri, former graduate students at École Polytechnique de 
Montréal, and their contribution is gratefully acknowledged. 

REFERENCES
[1] Engelhardt, M.D. and Popov, E.P., On Design of Eccentrically Braced 

Frames, Earthquake Spectra, 5(3): 495-511, 1989. 
[2] CSA, Design of steel structures CSA-S16-09 Specification. Canadian 

Standards Association, Toronto, Ontario, 2009.   
[3] AISC, Seismic Provisions for Structural Steel Buildings, ANSI/AISC 

341-10. American Institute of Steel Construction, Inc., Chicago, Illinois, 
2010. 

[4] Koboevic, S., Rozon, J., Tremblay, R., Seismic performance of low-to-
moderate height eccentricaly braced steel frames designed for North 
American seismic conditions, J. Struct. Eng., ASCE, 138(12): 1465-
1476, 2012. 

[5] Laramée, M., Study of seismic response of eccentrically braced frames 
with long links designed for eastern Canada, M. Eng. Report, 
Department of civil, geological and mining engineering, École 
Polytechnique de Montréal, Montreal, Quebec, Canada, 2012 (in 
French) 

[6] Naciri, Y., Study of seismic response of eccentrically braced frames 
with long links designed for western Canada, M. Eng. Report, 
Department of civil, geological and mining engineering, École 
Polytechnique de Montréal, Montreal, Quebec, Canada, 2012 (in 
French) 

[7] Rossi, PP., Lombardo, A., Influence of the link overstrength factor on 
the seismic behaviour of eccentrically braced frames, J. of Constr. Steel 
Research, 63(11): 1529-1545, 2007. 

[8] Ozhendekci, D., Ozhendekci, N., Effects of the frame geometry on the 
weight and inelastic behaviour of eccentrically braced chevron steel 
frames. Journal of Constructional Steel Research, 64: 326-343, 2008. 

[9] NBCC, National Building Code of Canada, Associate Committee on the 
National Building Code, National Research Council of Canada, Ottawa, 
ON., 2010.

[10] Mazzoni, M., Mckenna, F., Fenves, G.L., OpenSees Command 
Language Manual, http://opensees.berkeley.edu, 2007. 

[11] Lignos, D.G., and Krawinkler, H., Deterioration modeling of steel 
components in support of collapse prediction of steel moment frames 
under earthquake loading, Journal of Structural Engineering, ASCE, 
Vol. 137 (11), 1291-1302, 2011. 

[12] Okazaki, T., Engelhardt, M., Cyclic loading of EBF links constructed of 
ASTM A992 steel. Journal of Constructional Steel Research, 63: 751-
765, 2006. 

[13] Okazaki, T., Arce, G., Ryu, H.C., Engelhardt , M.D., Experimental 
study of local buckling, overstrength and fracture of links in 
eccentrically braced frames, J. Struct. Eng., ASCE, 131(10): 1526-1535, 
2005. 

[14] Richards, P.W., Uang, C.M., Development of testing protocol for short 
links in eccentrically braced frames, Report No. SSRP-2003/08. 
University of California, San Diego, Calif., 2003. 

[15] Dehghani, M., Tremblay, R., Introduction to robust period-independent 
ground motion selection and scaling method, 15th World Conference on 
Earthquake Engineering, Lisbonne, Portugal, 2012. 

[16] Atkinson, G., Earthquake time histories compatible with the 2005 
National building code of Canada uniform hazard spectrum. Canadian 
Journal of Civil Engineering, 36:6, 991-1000, 2009. 

[17] Gleize, J., Study of global seismic response of eccentrically braced 
frames with long links. M. Sc. Thesis, Department of civil, geological 
and mining engineering, École Polytechnique de Montréal, Montreal, 
Quebec, Canada, 2013 (in French) 

[18] Kemp, A.R., Inelastic local and lateral buckling in design codes, J. 
Struct. Eng., ASCE, 122(4): 374-382, 1996. 

[19] Okazaki, T., Liu, D., Nakashima, M., Engelhardt, M., Stability 
requirements for beams in seismic steel moment frames, J. Struct. Eng.,
ASCE, 132(9): 1334-1342, 2006. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

521



 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 

ISSN: 2311-9020; ISBN: 978-972-752-165-4 

523 

ABSTRACT: Reinforced concrete shear walls are effective for resisting lateral loads imposed by wind or earthquakes. Observed 

damages of the shear wall in recent earthquakes in Chile(2010) and New Zealand(2011) exceeded expectations. Various 

analytical models have been proposed in order to incorporate such response features in predicting the inelastic response of RC 

shear walls. However, the model has not been implemented into widely available computer programs, and has not been 

sufficiently calibrated with and validated against extensive experimental data at both local and global response levels. 

  This study investigates the effectiveness of a wall fiber element in predicting the flexural nonlinear response of reinforced 

concrete shear walls. Model results are compared with experimental results for reinforced concrete shear walls with rectangular  

cross sections subjected to high axial load. The analytical model is calibrated and the test measurements are processed to allow 

for a direct comparison of the predicted and measured flexural responses. Response results are compared at top displacements 

on the walls. Results obtained in the analytical model for rectangular wall cross sections compared favorably with 

experimentally responses for flexural capacity, stiffness, and deformability. 

KEY WORDS: Reinforced concrete shear walls; Fiber element; Nonlinear response; Plastic hinge. 

1 BACKGROUND OF THE STUDY 

Reinforced concrete shear wall is widely used as a structural 

element as it has excellent resistance to lateral force due to 

seismic excitation or wind load and it reduces lateral 

displacement by increasing horizontal stiffness of high-rise 

buildings. However, it is recently reported that structural 

damages of shear wall occur more than expected in recent 

earthquakes even in the buildings that are engineered by 

relatively good seismic design1). Accordingly, interest in 

seismic safety of high-rise apartments with shear walls widely 

constructed in Korea and social demand toward an accurate 

evaluation of seismic performance  are increasing 2).  

Reinforced concrete shear wall structure is a structural 

system usually applied to high-rise apartments and hotels of 

which space is partitioned in a certain area, and it is designed 

so that the wall can resist shear force following a horizontal 

load. In high-rise buildings, high axial load is applied to shear 

walls. Stiffness and capacity evaluation of shear wall under 

high axial load are important structural design factors. To 

evaluate the nonlinear behavior of reinforced concrete shear 

walls to the lateral load, a number of experimental and 

analytical studies have been performed worldwide, and 

recently, various nonlinear analysis models that can represent 

the nonlinear behavior of reinforced concrete shear walls have 

been suggested.2),3),4) 

The representative analysis model to predict the nonlinear 

behavior of reinforced concrete shear walls can be classified 

into microscopic modeling and macroscopic modeling. Finite 

element method is used in the microscopic modeling, and 

bending moment and shear force on the reinforced concrete 

shear wall can be accurately described in this method. In 

particular, when the behavior of a squat shear wall is predicted 

using a microscopic modeling, it is known that the local 

behavior appearing on the actual shear walls can be 

considered in a relatively accurate way compared to the 

macroscopic modeling. Therefore, as this method can 

accurately present the nonlinear behavior of reinforced 

concrete shear walls, a precise nonlinear analysis is possible 

in isolated walls on which bending-compression and shear 

behavior occur in complex. However, when various structural 

elements such as coupling beam and slab are used in complex 

in a building structure, large number of finite elements are 

required to be used to perform a nonlinear analysis. In that 

case, running time becomes long and stability problems occur 

in the numerical analysis, thus the microscopic modeling is 

not appropriate as an analytical model. 

The macroscopic modeling can be easily applied compared 

to the finite element analysis when the structure is a high-rise 

building or the plan is complicated. Its drawback is that the 

analysis result is valid only in limited conditions.2) To 

overcome this limitation, many researchers have suggested 

various macroscopic models of reinforced concrete walls. 

However, accurate prediction is hard as the behavior of the 

wall differs greatly depending on the modeling approaches. 

Therefore, to accomplish a precise seismic performance 

evaluation of high-rise buildings or apartments with 

reinforced concrete shear walls, a nonlinear analysis model 

that can make accurate evaluation on reinforced concrete 

shear walls having various systems such as isolated wall and 

coupling wall, is needed. 

 In this paper, we will use the fiber element model that can 

make more accurate analysis on nonlinear behavior of shear 

walls and study the applicability of the analytical model based 

on the existing experimental data. 

To achieve a nonlinear analysis of reinforced concrete shear 

walls, a large number of studies have been performed using 

microscopic models and macroscopic models. However, since 

each modeling method includes errors in analysis result, it is 

hard to decide which nonlinear analysis model can make an 

accurate evaluation. If the fiber element is used to compose a 

nonlinear analysis model of shear walls, it can effectively 

Nonlinear analysis of reinforced concrete shear wall using fiber elements 
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represent bending deformation of the element, by reflecting 

the material nonlinearity of concrete and steel reinforcement, 

while a precise prediction of the shear deformation is not 

possible. To evaluate the seismic performance of a shear wall 

structure with accuracy, a nonlinear spring element that can 

represent the shear deformation should be added to the fiber 

element model.  

In this study, reinforced concrete shear walls were modeled 

with fiber elements, which cross section and reinforcement 

details of shear walls can be arranged freely, and nonlinear 

analysis was performed by adding nonlinear shear spring 

elements that can represent the shear deformation. This 

analysis result will be compared with the existing experiment 

results. To investigate the nonlinear behavior of reinforced 

concrete shear walls, reinforced concrete rectangular section 

single shear walls subjected to high axial loading were 

selected.  

2 FAILURE MODE OF SHEAR WALLS 

Based on the experiments previously performed, ASCE41-06 

defined the behavior of reinforced concrete shear walls by 

classifying with shear span ratio6). Slender shear wall with 

shear span ratio higher than 3.0 was defined to a show a 

flexural behavior. A wall with a shear span ratio lower than 

1.5(squat wall or short wall) was defined to show a shear 

behavior. A reinforced concrete shear wall with shear span 

ratio between 1.5 and 3.0 was classified to be affected by both 

flexure and shear.  

In Figure 2-1(a), the longitudinal reinforcement located at 

the base of the walls on the tension side is gradually tended 

and at the ultimate state, successive failures occur from the 

steel reinforcement located on the boundary region, forming a 

flexure failure. Figure 2-1(b) shows the shear failure mode. 

An inclined failure occurs on shear walls due to the lack of 

transverse reinforcement. When sufficient transverse 

reinforcement is added on the wall, inclined failure can be 

prevented and it can resist high shear force. Here, when the 

compression stress increases on the compression strut and 

exceeds the compression strength of the concrete, the 

compression strut experiences a compression crushing, and 

ultimately an inclined compression failure can occur. As 

shown in Figure 2-1(c), in the case of shear walls on which 

inclined failures and inclined compression failures are 

prevented, a sliding shear failure can occur. Figure 2-1(d) 

shows a web crushing failure of shear walls caused by a cyclic 

load. 

3 ANALYSIS MODEL OF SHEAR WALLS 

3.1 Fiber element model  

Figure 3-1 shows the common 3-dimensional structural 

behavior of reinforced concrete shear walls. To represent the 

3-dimensional behavior of reinforced concrete shear walls, the 

cross section is divided into fiber slices as shown in Figure 3-

2. These fiber elements can model steel slice and concrete 

slice by assigning a stress-strain relation to each slice. Fiber 

slice can express the axial force and the bending moment 

behavior in the walls. W, C1, and C2 represent the shear 

behavior of walls and the columns attached to the walls. W is 

the spring that represents the in-plane shear stiffness of the 

shear wall, and C1 and C2 are springs that represent Y 

direction shear stiffness of the attached columns. It is assumed 

that the cross section of the shear walls maintains plane when 

an in-plane wall deformation occurs. Following the plane 

section remain plane assumption, strain of the fiber element in 

the cross section is proportional to the distance from the 

neutral axis. The stress of each slice is calculated using the 

stress-strain relation from the strain of each fiber slice, and the 

bending moment is calculated by summing the moments to the 

center of the cross section. 

3.2 Shear spring element  

If a fiber element is used in the nonlinear analysis model of 

reinforced concrete shear walls, material nonlinearity of 

concrete and reinforcement is reflected and only flexure 

behavior of the shear wall can be evaluated efficiently. 

However, the shear deformation cannot be assigned only by 

fiber element. To compensate this shortcoming, a nonlinear 

shear spring element that can represent the shear deformation 

should be added in the analytical model. Figure 3-3 shows the 

force-displacement relation of the nonlinear shear spring 

element. 

To achieve an accurate prediction of nonlinear behavior of 

reinforced concrete shear walls, accurate evaluation of initial 

stiffness, cracking strength, shear yielding strength, and 

yielding displacement of the nonlinear shear spring are 

important. Various parameters that define the nonlinear shear 

spring should be established depending on the failure mode of 

the shear wall. Figure 3-4(a) shows the force-displacement 

relation of reinforced concrete shear walls having a pre-

emptive shear failure. In the figure, the shear yielding strength 

is reached before the steel reinforcement on the tension side 

reaches yielding and a shear failure occurs. Figure 3-4(b) 

shows the force-displacement relation of a shear wall having 

flexure-shear failure. First, yielding of flexure tension bar 

occurs and it reaches to a shear failure of reinforced concrete 

shear walls5). As shown in these figures, defining each 

parameter of nonlinear shear spring considering the failure 

mode of the shear wall can predict the nonlinear behavior of 

reinforced concrete shear walls with accuracy. 

3.3 Stress-strain of the material  

As seen above, the fiber element model can idealize the steel 

element and the concrete element by assigning a stress-strain 

relation. Figure 3-5 shows the stress-strain relation of the steel 

slice and the concrete slice, respectively. 

4 ANALYTICAL SHEAR WALL MODEL  

In this paper, a rectangular section single wall subjected to 

high axial load as shown in Figure 4-1 was selected, and the 

experiment result and the analysis result were compared. 

As shown in Figure 4-1, height, length, and thickness of the 

rectangular section single wall are 1750mm, 700mm, and 

100mm, respectively. Shapes of the specimens are all same. 

Strength of reinforcing bar and concrete strength of each 

specimen are set differently by specimen. Horizontal load is 

applied at 1500mm height from the bottom of the wall. 

The nonlinear response analysis of reinforced concrete 

shear wall was carried out using CANNY-2010 software7). In 

a nonlinear static response analysis, the lateral force increased  

until the base section of shear wall reached ultimate states. 
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5 DISCUSSION OF ANALYSIS RESULT 

In this study, a nonlinear analysis of reinforced concrete shear 

wall was accomplished using a fiber element model described 

in the section 3.1 to verify the validity of the analytical model. 

The validity was confirmed by comparing the result of the 

experimental research and the result obtained from the 

nonlinear response analysis. 

In the analytical model to examine the nonlinear behavior 

of a rectangular section single wall subjected to high axial 

load, the cross section of the shear wall is divided into 

concrete slice and steel slice as shown in Figure 3-2, and for 

the nonlinear shear spring, the shear strength-shear 

deformation relation was set as shown in Figure 3-3. Various 

equations have been suggested to estimate the shear strength 

and the shear stiffness. The nonlinear shear spring parameters  

were estimated by JBDPA code equations8). The calculated 

parameters of the nonlinear shear spring used in this analysis 

are shown in Table 5-1. 

The analysis was implemented up to the yielding point and 

the result before and after the yielding was compared based on 

the yielding point. Here, the yielding point was set based on 

the time when the longitudinal reinforcement yields on the 

tension side of the wall. The flexure cracking strength was 

defined as the time when the concrete cracks. 

In a shear wall structure, the plastic hinges are concentrated 

on the lowest floor when an ultimate load is applied. 

Therefore, high curvature ductility is required to well absorb 

the seismic energy. Depending on how to set the length of a 

plastic hinge, the value of the plastic deformation angle and 

wall displacement differs. Plastic deformation angle and 

plastic hinge length can be used to determine the curvature of 

the wall, and the curvature effects on the lateral displacement. 

Usually, the length of a plastic hinge is (1/2)lw of effective 

depth of the wall.9),10) 

Figure 5-1 shows the lateral load-lateral displacement 

relation of the shear wall SW7. Overall behavior of the shear 

wall based on the stiffness and the displacement was similar 

in the experiment result and the analysis result. It was 

confirmed that the initial stiffness and the yield strength of the 

shear wall were almost same in the experimental result and 

the analysis result. However, the yielding displacement of the 

shear wall was higher in the experiment than the analysis. It is 

considered that the stiffness degradation following the cyclic 

loading causes this higher yielding displacement in the 

experiment result.  

Figure 5-2 shows the lateral load-lateral displacement 

relation of SW8. Overall lateral load-lateral displacement 

relation until reaching the yield point was similar in the 

experiment result and the analysis result. However, the 

analysis result showed some difference of the initial stiffness 

and the ultimate strength of the wall. It is considered that 

strain hardening effect of reinforcement causes this higher 

ultimate strength in the experiment result. 

Figure 5-3 shows the lateral load-lateral displacement 

relation of the shear wall SW9. This shear wall was controlled 

primarily by shear behavior in experiment. The analysis result 

showed some difference behavior pattern to the behavior of 

the wall in the experiment. Overall behavior of the shear wall 

based on lateral load-lateral displacement relation was similar 

in the experiment result and the analysis result. In this analysis 

of shear wall, after nonlinear shear spring element was the 

first to reach the yield state and the shear wall became 

ultimate state. Assuming that the shear spring is elastic, the 

yield strength of shear wall increased. Thus, the yield strength 

of the shear wall was almost same in the experimental result 

and the analysis result. However, the yielding displacement of 

the shear wall was still higher in the experiment than the 

analysis. This issue will be discussed in detail in the future 

studies. 

 

 

 

 

 
 (a) Bending         (b) Shear                  (c) Sliding     (d)Web crushing 

failure                       failure                       failure            failure 

Figure 2-1. Failure mode in shear walls10) 

 

 
 

Figure 3-1 Structural behavior of shear walls 

 

 

 
 

Figure 3-2 Fiber model for shear walls 
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Figure 3-3  Shear force-deformation relation of shear spring 

 

 
(a) Pre-emptive shear failure 

 

 
(b) Flexure-shear failure 

 

Figure 3-4  Force-displacement relation according to 

failure mode of shear wall 

 

 

 
 

(a) Steel stress-strain relations 

 

 
 

(b) Idealized concrete stress-strain relations 

 

Figure 3-5  Stress-strain relation of fiber slice 
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Figure 4-1  Geometry and reinforcement details of  

rectangular wall specimens 
 

 

 
 

  Figure 5-1. Lateral load-displacement relation of SW7 

 

 
 

      Figure 5-2  Lateral load-displacement relation of SW8 

 

 

 
 

     Figure 5-3  Lateral load-displacement relation of SW9 
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Table 4-1 Experimental parameters of rectangular wall specimens 

 
SW7 SW8 SW9 

Concrete compression strength fck(MPa) 29.7 32.0 35.4 

Main flexural 

reinforcement  

Yield stress(MPa) 405 432 375 

Reinforcement  
4-ϕ14 

(ϕ6@50)* 
4-ϕ12 

(ϕ6@50)* 
4-ϕ20(ϕ6@75)* 

Longitudinal 

reinforcement 

Yield stress(MPa) 305 305 305 

Size and space (mm) ϕ8@150 ϕ8@150 ϕ8@150 

Horizontal 

reinforcement 

Yield stress (MPa) 305 305 305(ϕ8), 366(ϕ6) 

Size and space (mm) ϕ8@100 ϕ8@100 ϕ8@75+ϕ6@150 

Axial load (kN) 499 784 595 

Dimension of the specimen(mm): 

Lengh×Thickness×Height 
700×100×1500 

 

 

Table 5-1 Shear force-deformation parameters in nonlinear shear spring 

             (These values correspond to parameters in shown figure 3-3) 

Specimens 

Initial elastic 

stiffness 

K0(kN/cm) 

Cracked 

stiffness ratio 

A(%)  

Post-yielding 

stiffness ratio 

B(%) 

Cracking 

strength 

Fc(kN) 

Yielding 

strength 

Fy(kN) 

SW7 692708 16 0.1 146.5 251.8 

SW8 694580 16 0.1 156.5 261.8 

SW9 726031 16 0.1 153.3 258.6 
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ABSTRACT: On Tuesday, March 20th, 2012, at 12:02 local time (18:02 GMT), an earthquake with magnitude Mw = 7.4, struck 

the area of Oaxaca and Guerrero States in the southeastern region of Mexico. Since 1928, and approximately every 14 years, 

earthquake events have happened in this area known as the Ometepec Segment in the Mexican subduction zone.   

  Structural damage is strongly related to economic situation. The lack of expert advice, on how to improve structural 

configuration utilizing local available materials and minimizing costs, left several damaged houses with highly inadequate 

retrofits. However, we could observe in damage recognition in recent earthquakes that the construction practice has improved, 

despite local and state seismic provisions; the affected population has learned the lessons of having houses with poor adobe 

blocks, or poor structural configurations. Seismic vulnerability studies conducted in El Salvador, in Central America, have also 

demonstrated that this seismic evolution is a current activity in countries with high seismic activity. 

  The objective of the reconnaissance team of the Structures Area, of the Universidad Autonoma Metropolitana (UAM-A), has 

always been to recognize the cause of damage to structures, in the epicentral areas that happened in Mexico; as well as let the 

structural engineering community know about the lessons learned from these earthquakes. In this paper we discuss that in rural 

communities is less frequent the use of Adobe Structures, they have improved the construction practice by replacing adobe with 

confined masonry structures, and hence improving their seismic behaviour. We also discuss how the seismic vulnerability in 

these areas has been reduced through years and earthquakes. 

KEY WORDS: UAM-A Reconaissance team, seimic vulnerability assessment, masonry. 

1 INTRODUCTION 

The Structures Area of the Universidad Autónoma 

Metropolitana - Azcapotzalco, (UAM-A) has been involved in 

studying about earthquakes since 1985; in a sense, the first 

reconnaissance team was put together right after the great 

Mexico Earthquake in September 1985. The lessons learned 

and related research was published in 1989 (Sordo et al, 1989, 

Gómez-Bernal et al, 1989, Aguilar et al, 1989, and Iglesias, 

1989). UAM-A has been focused in studying the effects of 

earthquakes; as an example, in April 25th, 1989 an earthquake 

occurred in Guerrero and was felt and recorded in Mexico 

City, we were focused in studying the effects in Mexico City, 

(Gómez-Bernal et al, 1991). Later on, five moderate and one 

large earthquake occurred in Mexico, and all of them were 

studied:  

 In 1995: Ometepec, Guerrero (Mw =7.3); Villaflores, 

Chiapas (Mw = 7.2) and Manzanillo, Colima (Mw = 8.0) 

 In 1999: Tehuacán , Puebla (Mw = 7.0) 

 In 2003: Tecomán, Colima (Mw = 7.5)  

 In 2010:  El Mayor-Cucupah, Mexicali, Baja California 

Norte (Mw = 7.2); and 

 In 2012: Ometpec, Guerrero (Mw = 7.4) 

Reconnaissance teams were put together to visit the 

epicentral areas, and the affected zones of those earthquakes. 

One of the reconnaissance groups was established by UAM-

A, one of the objectives was to report the lessons learned; this 

lead to several papers: the September 14th, 1995 Ometepec, 

Guerrero  Earthquake, (Sordo et. al., 1995); the October 9th, 

1995, Manzanillo, Colima Earthquake, (Juárez García et. al. 

1996 and 1997); the June 15th, 1999 Tehuacán, Puebla 

Earthquake, (Juárez García et al, 1999); the February 23rd, 

2003, Tecomán, Colima Earthquake, (Alcocer and Juárez 

García, 2003 and Alcocer and Klingner, 2006); the April 4th, 

2010 El Mayor-Cucupah Mexicali, Baja California Norte 

Earthquake (Rangel et al, 2011), and the March, 20th, 2012, 

Ometepec, Guerrero, Mexico Earthquake (Juárez et al, 2012).  

UAM-A has also carried seismic vulnerability assessments 

in different parts of Mexico and Central America: Ometepec, 

Guerrero (Álvarez and Gómez-Bernal, 1999); Chilpancingo, 

Guerrero (Arellano and Juárez, 2002), Colonia Roma in 

Mexico City (Juárez et al 2004) and Central and Paracentral 

zones in El Salvador (Lemus et al, 2013). From these research 

projects it has become clear that buildings and houses, located 

in these regions with high seismic activity, have performed 

better. 

2 MASONRY EVOLUTION OBSERVED THROUGH 

DAMAGE RECOGNITION AND SEISMIC 

VULNERABILITY ASSESSMENTS 

2.1 Damage recognition in the March 20th, 2012, 

Ometepec, Guerrero, Earthquake  

Unreinforced Adobe Masonry Structures: Typical villages at 

the epicentral region are small rural communities which lack 

adequate roads and communication systems. Inhabitants build 

their own one-room houses with load bearing walls made of 

adobe blocks, with no lateral resistant elements. As seen in 

1995 (Sordo et al, 1995) adobe quality played a key role in 

structural response, major damages were observed in 

A masonry evolution story: unreinforced adobe into confined masonry structures 

in countries with high seismic activity 
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weathered adobe blocks. Rain and other natural elements 

degrade the resistance and stiffness characteristics of adobe 

blocks. Three typical failures were detected, but not as severe 

as the ones found in 1995; 1) inadequate bonding in the adobe 

wall corners, this lead to out-of-plane failures, Figure 1; 2) 

transverse wall failure due to inertial forces induced by the 

main wooden beam of the roof system, Figure 2; and 3) stress 

concentrations at corners of openings in the walls (windows 

and doors), although local construction practice uses wooden 

poles on top of wall openings, Figure 3, (Sordo et al, 1995 and 

Juárez et al, 2012). 

 

 

Figure 1. Out-of-plane failure in adobe walls, due to 

inadequate bonding, Left: damage reported in 1995, (Sordo et 

al, 1995). Right: damage observed in March 20th, 2012 

 

Figure 2. Transverse wall failure due to inertial forces induced 

by the main wooden beam of the roof system.  Left: damage 

observed in 1995, (Sordo et al, 1995). Right: damage observed 

in March 20th, 2012. 

 

Figure 3. Stress concentrations at corners of openings in the 

walls (windows and doors). Left: damage observed in 1995, 

(Sordo et al, 1995). Right: damage observed in March 20th, 

2012. 

 

Reinforced Adobe Masonry Structures: In rural 

communities, and also in Ometepec, is now less frequent the 

use of Reinforced Adobe Masonry Structures with concrete 

element (“dalas” and “castillos”, bond beams and columns), 

they have improved the construction practice by replacing the 

damaged adobe structures into reinforced masonry structures; 

nevertheless, bajareque and wooden reinforced adobe 

structures can be found in villages and rural communities, 

they sustained light to no structural damage, Figure 4. 

 

 

Figure 4. Bajareque and wooden reinforced adobe structures. 

 

Confined Masonry Structures: (Sordo et al, 1995) reported 

that the construction practice used unreinforced adobe 

structures for housing, and that some houses had rudimentary 

concrete elements that somehow improved their seismic 

response. They also reported that owner´s experience and 

intuition were the main guides for such retrofitting techniques, 

they supplied concrete elements were cracks or failures 

occurred in the structures. But we witnessed that the 

construction practice has improved and evolved since 1995.  

The one-room houses are now built with confined masonry 

structures, but they preserved their style, and they have 

replaced the main wooden pole with a concrete beam, Figure 

5. Even though the materials used for clay bricks and concrete 

elements might be dubious, they exhibited no damage at all. 

Perhaps, this is the reason why no extended damage was 

encountered in villages and in towns like Ometepec. 

 

 

Figure 5. The typical one-room unreinforced adobe house are 

now built with reinforced masonry structures. 

 

  In general housing and commercial buildings are built with 

this technique; somehow we found structures that had 

redundancy of confined concrete elements (“dalas” and 

“castillos”, Figure 6. We believe that this is a consequence of 

moderate earthquakes that have happened in the past, local 

and state seismic provisions, and experience and intuition of 

the construction local workers. 
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   As the southeastern Guerrero area is humid and with a 

prevalent hot weather, interstorey heights range from 4 to 5 m, 

and hence they place concrete elements every 1.5 m or less as 

illustrated in Figure 7. 

 

 

Figure 7. Concrete elements every 1.5 m or less 

 

The Ometepec, Guerrero earthquake showed again the 

importance of good structural configuration and adequate 

maintenance of buildings. Structural damage is strongly 

related to economic situation. The lack of expert advice on 

how to improve structural configuration utilizing local 

available materials and minimizing costs leaves many 

damaged houses with highly inadequate retrofits. However, 

we could observe that the construction practice has improved, 

despite local and state seismic provisions; the affected 

population has learned the lessons of having houses with poor 

adobe blocks, or poor structural configuration. People at the 

epicentral area are substituting unreinforced adobe structures 

with confined masonry structures. 

There are rural communities in the epicentral area in 

Guerrero and Oaxaca, that have not improved their living 

conditions, and hence damage sustained in housing is always 

the same, event after event. The basic services are also a 

problem for them, even though they are not far away 

(approximately 30 km) from cities like Ometepec, they live in 

a different world, without potable water, electricity, 

communication systems, etc. Federal funding was deployed to 

support the affected communities, and we hope that 13 years 

from now their living conditions will be totally different than 

the ones we encountered in 1995 and again in 2012. 

Emergency agencies have improved their evacuation 

procedures, they are organized. However, there are some 

issues that emergency agencies and local authorities shall pay 

attention to, for example, as people evacuated public 

buildings, they invaded streets and avenues, which might be 

compromised if those streets and avenues are turn into 

Emergency Response Routes in earthquakes with greater 

consequences. It is very important to have adequate response 

plans for any disaster event in Mexico. Local authorities are 

confused about responding, they believe that response is based 

on the way the Early Earthquake Warning System functions, 

and the organization in public buildings to start the evacuating 

process, but after this fact, there is no coordination between 

local and global authorities. One example, is the reaction of 

the emergency personnel in one hospital building in Mexico 

City, after façade elements collapsed; they decided to 

evacuate the building without coordination, thus provoking 

chaos and stress in hospital patients. Reaction does not equal 

Response. 

Another conclusion is that there are lots of accelerographic 

stations installed all over Mexico, but just a few of them are 

fully operational, like the ones managed by CIRES which they 

released the information rather quickly and with good 

understanding of the value of the seismic data. 15 years ago in 

Mexico there was a will to establish acceleration stations, and 

authorities and institutions were ready to build them and to 

start recording seismic data. There were about 120 

accelerographic stations, but now it is different, whenever a 

great earthquake strikes Mexico City we doubt that all those 

stations are fully functional, and perhaps we will have only a 

few records, just like the Great Earthquake of September 9th, 

1995. Obsolescence, lack of technical expertise, human and 

economic resources have become serious problems in 

operating these stations; and hence some of the 

accelerographic stations are in jeopardy. We have also 

experienced lack of interest in sharing earthquake data, global 

and local authorities should pay attention to it, they are not 

aware of the importance of having these moderate seismic 

data available for research. 

2.2 Seismic Vulnerability Assessments 

Ometepec, Guerrero: in 1999 (Álvarez and Gómez-Bernal, 

1999) conducted a vulnerability assessment for Ometepec, 

Guerrero. They reviewed over 3,000 structures: 200 

Bajareque; 724 Unreinforced Adobe; 1,611 reinforced 

masonry; and 56 moment-frame structures. All the structures 

were classified as: A-Unreinforced Adobe; B-Reinforced 

adobe; and C-Reinforced masonry. All the structures were 

 

Figure 6. Redundancy of concrete elements in new reinforced 

masonry structures. 
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also classified into 5 damage states (0-No damage, 3-Severe, 

5-Collapse).  

  Table 1 shows the results obtained from the surveying of 

structures, it is worth noting that unreinforced adobe 

experienced damage states 3, 4 and 5; reinforced adobe 

experienced 3 and 4; and reinforced masonry only damage 

state 3 for an Intensity I = 7.5. With those numbers it was 

possible to obtain values for several intensities, Table 2. The 

percentage of damage structures are shown in Figure 8. 

 

Table 1. Damage observed in Ometepec, Guerrero, for 

Intensity I = 7.5 

Damage state (DS) 3 DS 4 DS 5 

A B C A B C A B C 

307 106 40 199 11 0 18 0 0 

42% 25% 2% 27% 3% 0% 2% 0% 0% 

 

 

 

Figure 8. Percentage of damaged structures in Ometepec, 

Guerrero for Intensity I = 7.5 

 

Igualapa, Guerrero: is a rural town, very close to Ometepec, 

the reported Intensity was estimated as I = 8.0, (Álvarez and 

Gómez-Bernal, 1999) surveyed 1,270 structures, but most of 

them were Unreinforced Adobe structures (1,011), the 

percentage of damaged unreinforced adobe structures is 

shown in Tables 3 and 4. 

 

 

 

Table 4. Unreinforced adobe damaged structures at Igualapa, 

Guerrero, for Intensity I = 8.0 

 
DS 3 DS 4 DS 5 

Damaged structures 38 505 50 

% 4% 50% 5% 

 

It is observed that cities that are often struck by moderate to 

large earthquakes modified their mind set in terms of aseismic 

materials and configurations. We observed that 50 % of the 

buildings in Ometepec used some sort of reinforcement 

elements in the masonry structures; they used either 

reinforced adobe or confined masonry. 

 

Chilpancingo, Guerrero: Chilpancingo is well known for 

having been affected by the seismic activity in the mexican 

pacific zone; it has been hit by the 1902, 1957 and the 1985 

earthquakes. These large earthquakes caused severe damage 

on the Chilpancingo housing and service infrastructure; and 

therefore the materials and hence, the construction philosophy 

has changed with every earthquake. The existing structures in 

Chilpancingo ranged from adobe houses to steel and concrete 

modern medium raised buildings. 

A building catalogue was constructed for the Chilpancingo 

downtown area (Arellano and Juárez, 2002), Figure 9, this 

catalogue included almost 2000 structures; Chilpancingo has 

more than 40,000 structures. Also a building classification 

was defined, emphasizing on the building materials, quality of 

construction, engineering advice, age, and main use of the 

building.  

 

 
Figure 9. Map of the surveyed zone in Chilpancingo, Guerrero 

 

The database is comprised of more than 1,000 structures. 

The typical structure for Chilpancingo downtown area is a 

self-constructed two level confined masonry structure, used 

for housing purposes, and built without engineering advice. 

Almost 80% of the structures are made of confined masonry, 

unreinforced adobe and masonry structures reached 6%, 

Figure 10. As mentioned before the city of Chilpancingo 

suffered severe damage on the unreinforced adobe housing, 

Table 2. Damage states for Intensities (I) observed and 

computed for Ometepec, Guerrero 

 
DS 3 DS 4 DS 5 

I A B C A B C A B C 

7 50.0% 0.0% 0.0% 5.0% 0.0% 0.0% 0.0% 0.0% 0.0% 

7.5 42.5% 25.0% 2.5% 27.5% 2.5% 0.0% 2.5% 0.0% 0.0% 

8 35.0% 50.0% 5.0% 50.0% 5.0% 0.0% 5.0% 0.0% 0.0% 

8.5 25.0% 42.5% 27.5% 42.5% 27.5% 2.5% 27.5% 2.5% 0.0% 

9 15.0% 35.0% 50.0% 35.0% 50.0% 5.0% 50.0% 5.0% 0.0% 

Table 3. Damaged structures at Igualapa, Guerrero, for 

Intensity I = 8.0 

Bajareque Unreinforced adobe Reinforced masonry TOTAL 

194 1011 65 1270 
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and therefore the percentage of unreinforced masonry 

structures is less than 10%.   

 

 

 

Figure 10. Structures by building materials  

 

Colonia Roma, Mexico City: The Universidad Autónoma 

Metropolitana, through the Area of Structures, has been 

working since 2001 in a large urban sector of the Colonia 

Roma, and a data base has been collected for more than 2,000 

structures. In preliminary reports a structural characterization 

has been carried out, (Juarez, et al, 2004; Arellano, et al, 

2004; Gómez Bernal, et al, 2005).  

  This kind of information is very useful, because it gives a 

general view of the whole population within the studied zone, 

as an example in Colonia Roma of Mexico City, in the 

selected studied zone, Figure 11.  

   

 
Figure 11. Map of Actual Vulnerability classes for structures 

in Colonia Roma, using EMS98. 

 

From the database there are 2083 files: 1510 masonry 

structures (72%), 518 concrete structures (25%), 15 steel 

structures (1%), and 40 lots that have no structure, which are 

empty or parkade lots (2%). Residential and commercial 

usages are predominant in this particular site; however 60 

schools were localized in the area, ranging from pre-

elementary schools to universities, and some of the general 

characteristics are depicted in Tables 5 and 6. 

 

Table 5. Structural distribution and vulnerability class 

 VULNERABILITY CLASS 

  A B C D E F Total 

Unreinforced Masonry 2 254 11    267 

Partially reinforced 

Masonry 
  502 560   1062 

Confined Masonry   2 169 10  181 

Reinforced Concrete   90 317 68  475 

Prestressed Concrete   7 12 24  43 

Steel     2 11 2 15 

No structure      40 40 

Total 2 254 612 1060 113 42 2083 

 

 

Table 6. Structural distribution and damage degree. 

 DAMAGE DEGREE 

 0 1 2 3 4 5 Total  

Unreinforced Masonry 6 200 50 8 3   267 

Partially reinforced Masonry 19 825 215 2     1062 

Confined Masonry 8 171 1 1     181 

Reinforced Concrete 15 436 61 4   2 518 

Steel 4 11         15 

 

  Tables 5 and 6 show that no adobe structures are found in 

Colonia Roma, there are three type of masonry structures, 

unreinforced, partially reinforced and confined masonry.  

  Vulnerability classes and damage degrees were assigned to 

every structure within the studied zone; the structures were 

carefully checked, and sometimes differential settlements 

were taking into account to establish a damage degree. 

Separation between adjacent structures was not encountered, 

especially for buildings constructed before 1957, and new 

buildings lack the proper distance of separation, and thus 

pounding in future earthquakes will be an important issue, this 

problem was also considered as light damage in the database. 

 

 

Figure 12. El Salvador is located in Central America 
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Central and Paracentral zones in El Salvador: El Salvador 

is the smallest country of Central America, Figure 12. It has 

been affected by earthquakes and other kind of natural 

disaster.  Hence, is important to determine the seismic 

vulnerability condition of the zones that historically has been 

the most damaged.  Historically the most affected areas due to 

earthquake events have been Central and Paracentral zones, 

Figure 13.  

 

Figure 13. Central and Paracentral zones in El Salvador 

 

  The typical structure in seismic zones in El Salvador show a 

regular pattern in both elevation and plan settings; it was 

observed that the population has substituted their houses with 

better construction processes and materials, as shown in 

Figure 14. 

 

 

Figure 14. Rural house made out of confined masonry in El 

Salvador 

 

  The material distribution in Central and Paracentral zones in 

El Salvador showed that, confined or reinforced masonry are 

82 % of the structures, 18 % of the housing structures are 

considered to be vulnerable, Table 7. 

 

Table 7. Materials used in Central and Paracentral zones in El 

Salvador 

Material  

Other (Adobe, Bajareque, etc) 169,305 

Reinforced or confined masonry 782,419 

TOTAL 951,724 

 

  Figure 15 shows the percentage of vulnerable structures in 

each state of the Central and Paracentral zones in El Salvador. 

Therefore Chalatenango, Cabañas and La Paz exhibited 40% 

to 100% of houses made out of other materials, which are 

considered as vulnerable; on the other hand La Libertad and 

San Salvador exhibited around 10% of vulnerable houses. 

 

 

Figure 15. Vulnerability by materials in Central and 

Paracentral zones in El Salvador. 

 

  Table 8 shows the statistics in El Salvador by material used 

for housing, showing that bajareque and adobe structures have 

decreased through the years, and that reinforced or confined 

masonry structures have increased. 

 

Material 1998 1999 2000 2001 2002 

Reinforced 

masonry 
837,668 863,940 913,872 981,139 1,029,978 

Adobe 323,231 359,969 364,506 269,695 282,090 

Bajareque 79,745 73,258 74,947 52,614 55,324 

 

3 CONCLUSIONS 

In past earthquakes, structures in Chilpancingo have suffered 

severe to moderate damage; some authors have posted out 

conclusions in which amplification of ground motion is the 

main cause for that damage. Lack of technical and 

professional supervision, along with poor structural materials 

are also main causes for damage occurrence in Chilpancingo, 

Guerrero.  

Seismic history in Chilpancingo shows that structures have 

been affected by past earthquakes, there is a pattern of 

affected zones, one of them located in the downtown area of 

the city. 

Typical damages were observed in unreinforced masonry or 

adobe structures, with no seismic design. Observed damages 

referred to poor connection at corner walls, diagonal shear 

cracking, out of plane failure of walls, and excessive bearing 

stresses on walls due to the floor systems. Reinforced 

masonry structures were damaged due to inadequate structural 

configurations and lack of engineering advice. Steel and 

concrete structures are considered to have shown good 
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seismic behavior, failures and damages are related to poor 

structural configurations and lack of engineering advice. 

Construction materials, and seismic design have been 

increased and developed through years of seismic activity, 

mainly because of the substitution of materials and techniques 

that showed inadequate seismic behaviors.  

Mexico City has sectors that have been considered as 

vulnerable. In studies of vulnerability and seismic risk, it is 

important to select all of the characteristics of the structures in 

Colonia Roma. However, a great percentage of structures in 

the Roma are made of masonry, with diversity in the 

characteristics of material and in their structural settings; this 

procedure requires of large economic and human resources.  

In an economical point of view and according to government 

priorities, it is important that these types of study should 

concentrate in critical structures of the mexican seismic codes.  

Damage statistic surveys after the 1985 earthquake in 

Mexico City, and especially the ones of Colonia Roma were 

used to derive vulnerability functions for masonry and 

reinforced concrete structures. The values for the damage 

probability matrices proposed in the EMS98 were used 

without further modification for masonry structures; however 

for concrete structures with more than 6 storeys DPM and 

vulnerability functions in EMS98 scale are rather different, 

this unique difference is due to the extreme response 

amplification that buildings with 0.5 to 2.5 sec of period 

experienced in the 1985 earthquake. 
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ABSTRACT: Recent earthquakes confirm the significant seismic vulnerability of existing building specially those designed 

according to the older codes. This paper investigates the seismic performance of the 6-story building, representative of common 

new reinforce concrete building in Portugal. Twelve different artificially generated time history records are used with increasing 

peak ground acceleration (PGA) values. The frame structure is evaluated by using both a nonlinear static (push-over) and time 

history analysis with 3-D models in longitudinal and transversal directions. The assessment of seismic performance is based on 

both global and member level criteria. For global response: maximum inter-story drift, displacement and rotation are considered, 

however for member level an earthquake with 2000-year return period are selected and the biaxial demand of four columns 

namely :corner, center, facadein X direction and facade in Y direction is studied. 

 KEY WORDS: RC buildings; Seismic vulnerability; Non linear analyses; Variation of axial load

1  INTRODUCTION 

In recent years, the widespread damage to older buildings in 

different earthquake (e.g. Northridge-1994 in California, and 

Kobe-1995 in Japan, Laquila-2009, Emilia Romagna-2012 in 

Italy, Lorca-2011 in Spain) [1-5], revealed the importance of 

taking action to prevent damage to existing structures in future 

earthquakes. The trend of seismic performance of reinforce 

concrete (RC) have illustrated by previous researchers. 

Rodrigues et al. proposed an experimental and numerical 

simulation to represent the non-linear response of reinforced 

concrete members due to biaxial bending combined with a 

constant axial load [6-8]. Panagiotakos and Fardis are 

proposed two methods for yielding rotation and quantifying 

ultimate. The first one considers the plastic hinges, however 

empirical in character, based on the multiple regression of a 

database composed by about 1300 tests results on beam-

column sections is considered in the second method [9]. Ciro 

Faella et al. evaluated displacement based procedures for 

assessing seismic behavior of structures according to both 

EuroCode 8 (EuroCode 8, 2003) and the recent Italian 

Seismic Provisions (New Italian Seismic Code, 2003) [10]. 

The seismic demand of reinforce concrete special moment-

resisting frame according to IBC 2003 proposed by Kim and 

Kim [11]. Chaulagain et al. conducted a numerical 

investigation on the seismic performance of four- story RC 

building [12]. Varum et al. evaluated numerical tools for the 

assessment and redesign of concrete buildings capable of 

estimating the optimum distribution of strengthening needs for 

a specific performance objective [13]. 

In this research an existing concrete building as a 

representative of common RC in Portugal which is designed 

with existent codes is chosen and proposed for nonlinear 

analyses in longitudinal and transversal direction. The 

building responses are analyzed in terms of max displacement, 

inter-story-drift, and floor rotation for each story for global 

response. For member level, an earthquake with 2000 (yrp) is 

selected and the response of the columns are studied. 

2 CASE STUDY BUILDING 

2.1 Description of the 6-storey RC building 

The 6-storey RC building is considered as a represent a 

typical residential RC building in urban area in the center of 

Portugal. The mentioned building has three bays in the 

transversal (Y) direction and six bays in the longitudinal (X) 

direction. The global dimension in X direction is 32.5 (m), 

and in Y direction is 17.6 (m). The total structure height is 

20.8 m, with a first story height of 5.4 m and 3.06 m story 

heights for the middle stories and 3.16m for the upper one. 

The strong axis of the rectangular columns is in longitudinal 

direction. The cross section of largest column which is located 

in the first story is (0.8*0.4) m2 with 18Φ25. The smallest 

column is located in the 6th story with the damnation 

(0.5*0.25) m2 with 12 Φ16.  

2.2  Material properties 

The mentioned building is designed by National codes and 

other applicable technical documents, including: Safety 

Regulations and Actions for Buildings and Structures Bridges, 

Regulation of Structures Concrete and Prestressed, Regulation 

of Steel Structures for Buildings, Eurocode 2, Reinforced 

Concrete - Efforts normal and bending (REBAP-83) - LNEC, 

CEB-FIP Model Code 1990. The materials properties are 

assumed for the construction is the following: concrete 

compressive strength, f′c=30 MPa; reinforcing steel yield 

strength, fey = 400 MPa; for the first story: live load=4kN/m2 

(30% for earthquake), dead load=1.5 kN/m2; for 1-5 stories: 

live load=2 kN/m2(30% for earthquake), dead load=2.5 

kN/m2; roof live load =0.7 kN/m2 (Nil for earthquake); roof 

dead load = 1.5kN/m2. The total dead load for beams, columns 

and floors are calculated by the software and the total weight 

of stories due to difference dead and live loads in each floor is 

between (410-470) Ton. The 3-D view of the six-story 

building is shown in Figure 1. 

Response assessment of an existing building designed for earthquake loading 
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Figure 1. The 3-D view of the six-story building (m). 

3  ANALYTICAL MODEL 

3.1 Modeling accepts and calibration 

The finite element (FE) structural analysis program SAP2000 

[14] was used to perform the push-over and time history 

analyses with different earthquake records, in two directions. 

In the following section the assumption considered for the 

analysis are briefly described. Time period corresponding to 

modal analysis is presented in Table 1. 

Table 1. Time period and frequency of the building  

Mode Time (s) Frequency (HZ) 

1st mode(X direction) 1.68 0.59 

2nd mode (rotation) 1.2 0.83 

3rd mode (Y direction) 1.02 0.98 

 

For modeling shear wall three different methods were 

proposed by previous researchers, namely: a) Equivalent 

Frame Model [15-17], b) Braced Frame Analogy [18] and c) 

Two – Column Analogy [19], in this paper first method is 

used. Every shear wall is modeled as an idealized frame 

structure with rigid beams at the floor levels. The PMM 

plastic hinges with axial force-moment interaction were 

assigned at the wall ends and shear hinges were assigned at 

the mid-height level of walls. Since the structure is modeled 

with the loads, section properties and steel content, therefore 

default hinges are assigned to the columns as PMM, and to the 

beams as M3 in order to FEMA-356 code [20].  

Plastic hinge length is used to obtain ultimate rotation 

values from the ultimate curvatures. Several plastic hinge 

lengths have been proposed with previous researchers, [21-

23]. In this research two equations as bellow are considered, 

which is recommended by (i.e. ATC-32 [20]) 

                                        HLp 5.0                               (1)    

blyeblye dfdfLLp 044.0022.008.0         (2)    

In Esqs. (1) and (2), Lp: plastic hinge length, H: section 

depth, L: critical distance from the critical section of the 

plastic hinge to the point of contra flexure, fye: expected yield 

strength and dbl: diameter of longitudinal reinforcement.  

3.2  Static pushover analysis 

The push over analysis was considered in order to assess the 

seismic capacity of the structure in longitudinal and 

transversal directions. It is a series of incremental nonlinear 

static analyses carried out to find the damage pattern and 

lateral deformation during inelastic range of behavior. It could 

be performed as either displacement control or force 

controlled. The First approach is used when the building 

expected to lose its strength, or when specified drifts are 

examined where the amount of the applied load is not known 

[20]. However, the second one is used when the load is known 

and the structure expected to support the load [24]. In this 

paper the first approach is used and the validity of pushover 

method is verified based on the result of time history analysis. 

Capacity curves for the building in the longitudinal and 

transversal directions are presented in Figure 2. 
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Figure 2. Capacity curves in longitudinal (X) and transversal 

(Y) direction. 

3.3 Dynamic time history analysis 

The twelve of ground motion data were carried out in this 

study by considering the similarity of the soil type for the 

selected ground motion and building site. The selected ground 

motion records were scaled to different maximum PGA levels 

(0.09g to 0.44g). According to the FEMA code, a PGA of 

0.09g corresponds to earthquakes having probability of 

exceedance of about 50% in 50 years, and a PGA of 0.41g 

corresponds to a probability of exceedance of about 2% in 50 

years. Artificially generated PGA for various return periods 

and PGA value are presented in Table 2 [25]. 

Table 2. Hazard curves for European scenario [25]. 

PGA (g) PGA (m/s2) Return period (years) 

0.09g 0.889 73 

0.11g 1.06 100 

0.14g 1.402 170 

0.18g 1.796 300 

0.22g 2.18 475 

0.26g 2.543 700 

0.29g 2.884 975 

0.33g 3.265 1370 

0.38g 3.728 2000 

0.44g 4.273 3000 
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4  RESULTS ANALYSES 

4.1  Building global response  

The results of the time history analyses and push over 

analyses were analyzed in terms of: max displacement, inter-

story drift and inter-story rotation for global response. For 

member-level the biaxial demand in four columns namely: 

center, corner, facadeX, facadeY for PGA=0.38g in 

longitudinal direction is considered. 

Figure 2 presents the results of the pushover analysis for 

both directions: longitudinal and transversal. By applying the 

triangular load pattern, the first exceedance of yield 

displacement occurred at base shear 2208 kN and 4996 kN for 

longitudinal and transversal direction respectively. The 

corresponding PGA is between 0.11g-0.14g for both 

directions. Before 0.11g the structure remain in linear region, 

but after 0.14g the building follows a nonlinear behavior in 

both directions. The push over curve and Figure 3 show that 

the maximum displacement in longitudinal direction is about 

2 times more than the transversal direction. It is shows that the 

building has a higher initial stiffness and strength in 

transversal direction. 

To evaluate seismic performance inter-story drift is 

important factor, because it is directly related to level of 

structural damage. Inter-story drift IDR is computed as the 

difference in lateral displacement IDR= (δi _ δi_1)/hi between 

two adjacent floor levels, divided to story height. Figure 4 

shows inter story drift for mentioned building in two 

directions. The magnitude and distribution of inter-story drift 

in longitudinal and transversal direction shows the stiffness 

and strength in the transversal direction and longitudinal 

direction is more flexible. The maximum inter-story drift is 

1.57% and 3% for transversal and longitudinal direction 

respectively as expected. Figure 5 shows the comparison of 

IDR in both directions.  

Figure 6 illustrates the maximum inter-story acceleration in 

terms of maximum acceleration. It can be seen that for 

longitudinal direction the building follows a linear behavior. 

However for transversal direction, up to 975-year return 

period structure shows the same pattern. From 975 to 1370 

years return period the graph represents a jump from 0.0058 to 

0.0181 (degree/m) which follows by a slight reduction to 

0.0157 (degree/m) on 2000-year return period. Based on the 

above discussion, the maximum rotation happens in 1370-year 

return period on the 6th floor. 
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Figure 3. Max. displacement profile for earthquakes in: (a) 

longitudinal direction, (b) transversal direction. 
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Figure 4. Max. IS-drift in: (a) longitudinal direction, (b) 

transversal direction. 
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Figure 5. Max. IS-drift in different earthquakes. 
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Figure 6. Max. IS-rotation in different earthquakes. 

4.2 First story column response 

For member level, an earthquake with 2000-year return period 

and with PGA=0.38g in longitudinal direction is selected. 

Figure 7 shows the biaxial demand of four columns which are 

located in 1st storey namely: center, corner, façade (x) and (y) 

with corresponded interaction surpasses. The most important 

biaxial demand happens in the corner column while for the 

center column the lower demand is represented. In façade 

columns, only uniaxial behavior was stated. However, it is 

assumed that the earthquake force applied in the longitudinal 

direction, so it is expected that Mx should be greater than My, 

but for interior column in X direction the analysis results it is 

reverse. Hence, it could be concluded that torsion happened in 

the building. Since the response of the columns is stayed in 

the middle of interaction surface, the columns are in elastic 

area during this earthquake. 
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Figure 7. The interaction Mx-My in: (a) center, (b) corner, (c) 

facadeX, (d) facadeY columns (PGA=0.38g). 

5 SUMMARY AND CONCLUSIONS 

The seismic performance of the 6-story building, 

representative of common reinforces concrete building in 

Portugal was studied. The frame structure is evaluated by 

using both a nonlinear static (push-over) and time history 

analysis with 3-D models in longitudinal and transversal 

directions. Based on the results of non-linear analyses the 

following conclusions can be drawn: 

 For global response push-over and time history 

analesys show that the building is more flexible in 

the longitudinal direction, while it is more sttiff in 

the transversal direction. 

 Rotation in longitudinal direction is followed by 

linear pattern. The maximum rotation is occered in 

transversal direction conreresponded to the 6th story 

in 1370-year returen period. 

 By considering the local response for four chosen 

colums, corner and facade columns show higher 

demand, but the center column represents the lower 

demand. Since the initional axial load in corner 

column in less than the other, so as it is expect the 

most important biaxial demand happens in corner 

column.The intraction surfaces show all the columns 

staied in elastic area. 

ACKNOWLEDGMENTS 

This paper reports research developed under financial 

support provided by “FCT - Fundação para a Ciência e 

Tecnologia,” Portugal, of the first author through the 

research project PTDC/ECM/102221/2008. 

REFERENCES 

[1] M. D.Trifunac, M.Todorovska, A note on the power of strong ground 

motion during the January 17, 1994 earthquake in Northridge, 

California, Soil Dynamic sand Earthquake Engineering 52, 13–26, 

2013.  

[2] Q. Huang, G.A. Sobolev, T. Nagao, Characteristics of the seismic 

quiescence and activation patterns before the M=7.2 Kobe earthquake, 

January 17, 1995, Tectonophysics, Volume 337, Issues 1–2, Pages 99–

116, 2001. 

[3] G. Brandonisio, G. Lucibello, E. Mele, and A. De Luca, Damage and 

performance evaluation of masonry churches in the 2009 L’Aquila 

earthquake, Engineering Failure Analysis, 2013. 

[4] G. Milani, Lesson learned after the Emilia-Romagna, Italy, 20–29 May 

2012 earthquakes: a limit analysis insight on three masonry churches, 

Engineering Failure Analysis, 2013. 

[5] R.L.M. Vissers and B.M.L. Meijninger, The 11 May 2011 earthquake at 

Lorca (SE Spain) viewed in a structuraltectonic context, Solid Earth 

Discuss, 3, 527–540, 2011. 

[6] H. Rodrigues, X. Romao, A. Andrade-Campos, H. Varum, A. Arêde and 

A.G. Costa, Simplified hysteretic model for the representation of the 

biaxial bending response of RC columns, Engineering Structures 

44,146–158, 2012. 

[7] H. Rodrigues, A. Arêde, H. Varum and A.G. Costa, Experimental 

evaluation of rectangular reinforced concrete column behaviour under 

biaxial cyclic loading, Earthquake Engng Struct. Dyn; 42:239–259, 

2013. 

[8] H. Rodrigues, H. Varum, A. Arêde and A. Costa, Comparative 

efficiency analysis of different nonlinear modeling strategies to simulate 

the biaxial response of RC columns, Earthq Eng & Eng Vib 11: 553-

566, 2012. 

[9] T.B. Panagiotakos and M.N. Fardis, Deformations of RC Members at 

Yielding and Ultimate, ACI Structural Journal, Vol. 98, No. 2, pp. 135-

148, 2001. 

[10] C. Faella, E. Martinell and E. Nigro, Seismic assessment and retrofitting 

of R.C. existing buildings, 13th World Conference on Earthquake 

Engineering Vancouver, B.C., Canada, 2004. 

[11] Kim T. and Kim J., Seismic demand of an RC special moment frame 

building. StructDes Tall Special Build, 18(10), 137–47, 2009. 

[12] H. Chaulagain, H. Rodrigues, J. Jara, E. Spacone, and H. Varum, 

Seismic response of current RC buildings in Nepal: A comparative 

analysis of different design/construction, Engineering Structures 49, 

284–294, 2013. 

[13] H. Varum, A. Pinto, A. Costa and P. Vila Real, Simplified models for 

assessment and optimal redesign of irregular planar frames, 

Engineering Structures 42, 245–257, 2012. 

[14] CSI. SAP2000 V-14. Integrated finite element analysis and design of 

structures basic analysis reference manual. Berkeley (CA, USA): 

Computers and Structures Inc, 2009. 

[15] I.A. MacLeod, and H.M. Hosny, Frame Analysis of Shear Wall Cores, 

Journal of Structural Division, ASCE, 103 (10), 1977. 

[16] I.P. Lew, and F. Narov, Three-Dimensional Equivalent Frame Analysis 

of Shear walls, Concrete International, 1983. 

[17] B.S. Smith, and A. Girgis, Deficiencies in the Wide Column Analogy for 

Shear wall Core Analysis, Concrete International, 1986. 

[18] B.S. Smith, and A. Girgis, Simple Analogous Frames for ShearWall 

Analysis, Journal of Structural Division, ASCE, 110 (11), 1984. 

[19] B.S. Smith and W. Jesien, Two-Column Model for Static Analysis of 

Mono Symmetric Thin Wall Beams, Structural Engineering Report No: 

88-3, Department of Civil Engineering and Applied Mechanics, McGill 

University, 1988. 

[20] FEMA356. Pre-standard and commentary for the seismic rehabilitation 

of buildings. Washington, DC: Federal Emergency Management 

Agency, 2000. 

[21] R. Park and T. Paulay, Reinforced concrete structures, New York: John 

Wiley & Sons, 769 pages 1975. 

[22] M.J.N Priestley, F. Seible F and G.M.S. Calvi, Seismic design and 

retrofit of bridges, New York: John Wiley & Sons, 1996. 

[23] M.N. Fardis and D.E. Biskinis, Deformation of RC members, as 

controlled by flexure or shear, Proceedings of the international 

symposium honoring Shunsuke Otani on performance-based 

engineering for earthquake resistant reinforced concrete structures, 

2003. 

[24] ATC-40, Seismic evaluation and retrofit of concrete buildings, Applied 

Technical Council, California Seismic Safety Commission, Report No. 

SSC 96– 01 (two volumes), Redwood City, California, US, 1996. 

[25] E.C. Carvalho, E. Coelho and A. Campos Costa, Preparation of the full-

scale tests on reinforced concrete frames – characteristics of the test 

specimens, materials and testing conditions, ICONS report, Innovative 

Seismic Design Concepts for New and Existing Structures. European 

TMR Network – LNEC, Lisbon, 1999. 

(d) 

http://www.sciencedirect.com/science/article/pii/S0040195101000737
http://www.sciencedirect.com/science/article/pii/S0040195101000737
http://www.sciencedirect.com/science/article/pii/S0040195101000737
http://www.sciencedirect.com/science/journal/00401951
http://www.sciencedirect.com/science/journal/00401951/337/1


 



MS02 

Dynamic soil-structure interaction and wave propagation 



 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 

ISSN: 2311-9020; ISBN: 978-972-752-165-4 

545 

ABSTRACT: Transition radiation is emitted when a perturbation source (e.g., electric charge, mechanical load), which does not 

possess an inherent frequency, moves along a straight line at a constant velocity in or near an inhomogeneous medium. The 

phenomenon was described for the first time in electromagnetics, but it is universal from the physical point of view. Transition 

radiation of elastic waves is emitted, for example, by a train running on a conventional railway track. The wheels of the train 

excite elastic waves in the track due to inhomogeneities such as non-uniform subsoil. Transition radiation of elastic waves has 

been studied in several 1D and 2D elastic systems, but the radiation in an elastic continuum has only been described in an 

idealized model consisting of two half-planes with constant load that crosses the interface. Nevertheless, the study provided 

physical insight into the mechanism of transition radiation. Body waves as well as interface waves can be excited, and the 

radiation spectra of the former show peculiar directivities due to the coupling of the waves at the interface. Here, we describe 

transition radiation in a more realistic continuum model of two elastic layers with a free surface. The constant load now moves 

along the free surface and passes over the interface of the two layers. The major difference from the above-mentioned model is 

the possible radiation of free-surface (Rayleigh) waves. In both layers, the radiation fields consist of a summation of guided 

modes, and the fields are coupled at the interface. Orthogonality relations derived from the elastodynamic reciprocity theorem 

are used to find the modal coefficients. Based on the derived solution, the spectra of radiation energy and their directivities can 

be calculated. 

KEY WORDS: Moving load dynamics, transition radiation in elastic continuum, inhomogeneous medium 

1 INTRODUCTION 

Transition radiation is emitted when a perturbation source 

(electric charge, acoustic monopole, mechanical load, etc.), 

which does not possess an inherent frequency, moves along a 

straight line at a constant velocity in an inhomogeneous 

medium or near such a medium [1]. This phenomenon was 

described for the first time by Ginzburg & Frank [2], who 

analyzed radiation of electromagnetic waves by a charged 

particle crossing the boundary between an ideal conductor and 

vacuum. Already in early studies concerned with transition 

radiation, it was demonstrated that this phenomenon is 

universal from the physical point of view, meaning that it 

occurs irrespective of the physical nature of the waves. 

The first study on transition radiation of elastic waves was 

published by Vesnitskii & Metrikine [3]. Such radiation is 

emitted, for example, by a train running on a conventional 

railway track. The wheels of the train, pressed against the rails 

by gravity, excite elastic waves in the railway track due track 

inhomogeneity caused by sleepers, non-uniform subsoil, etc. 

A review of the early studies on transition radiation of elastic 

waves in one- and two-dimensional elastic systems (i.e., 

strings, beams, membranes and plates) can be found in [4]. 

Recently, the problem of the beam on inhomogeneous 

Winkler foundation again attracted attention due to the 

introduction of some other solution methods (modal 

summation, moving element method; [5,6]) and the 

incorporation of non-linear springs aiming at a more realistic 

description of the track substructure [7]. In addition, transition 

radiation was explicitly addressed – apart from possibly 

giving rise to vehicle instability and passenger discomfort – as 

the physical cause of railroad degradation due to the 

associated and often strong amplification of the stress and 

strain fields [8]. 

Transition radiation of waves in an elastic continuum was 

first described by van Dalen & Metrikine [9]. The adopted 

model consists of two elastic half-planes with a constant load 

that crosses the interface between the half-planes along the 

path normal to this interface. Though the chosen model has no 

direct practical application, the study provides physical insight 

into the mechanism of transition radiation in an elastic 

continuum. Body (compressional and shear) waves as well as 

interface waves (i.e., Stoneley waves) can be excited, and the 

radiation spectra of the former show peculiar directivities, 

which is due to the coupling of the radiated waves at the 

interface. 

In the current paper, we describe the phenomenon of 

transition radiation in a more realistic continuum model of 

two elastic layers having a free surface (i.e., wave guides). 

The constant load now moves along the free surface and 

passes over the interface that connects the two layers, see 

Figure 1. The major difference from the above-discussed 

continuum model is the possible radiation of surface waves 

along the free surface (i.e., Rayleigh waves). The current 

model also requires a different method of solution in which 

the radiation fields consist of summations of guided modes. 

The radiation fields in both layers are coupled at the interface. 

In fact, this constitutes an interaction or coupled problem in 

which each mode in one layer is coupled to all modes of the 

Transition radiation excited by a load moving over the interface of two elastic layers 
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other. Orthogonality relations, which are derived from the 

Rayleigh-Betti elastodynamic reciprocity theorem [10-13] and 

interrelate the modal eigenfunctions, are employed to find the 

modal amplitudes. The presented solution can be used to 

calculate the spectra of radiation energy.  

 

2 MODEL AND SOLUTION 

We consider a point load F that moves over the interface of 

two elastic layers, as shown in Figure 1. The elastic layers 

have a stress-free surface and are fixed to a rigid bottom. 

Though we restrict the model to two dimensions, it allows for 

the existence of body and free-surface waves and is thus 

appropriate for providing new insights into the mechanism of 

transition radiation. The velocity of the load is taken sub-

critical and constant so that the transition radiation does not 

interfere with other possible radiation effects (like 

Mach/Vavilov-Cherenkov radiation); however, the method of 

solution described in this paper is not restricted to this 

assumption. Furthermore, we note that we disregard start-up 

effects of the load.  

 

 
 

Figure 1: Two-dimensional model of a point load F moving 

over the interface of two elastic layers at velocity V. The 

thickness of the layers is L. 

 

The behaviour of the layers is described by the equations of a 

classical elastic continuum [11-13]. The boundary conditions 

for the stress σ  and the displacement u  at the different edges 

are (superscripts 1 and 2 denote left and right layers, 

respectively) 
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at x = 0; here, x and z are the horizontal and vertical 

coordinates, respectively, L the thickness of the layer (see 

Figure 1), t denotes time, and (...)  the Dirac delta function. 

An analytical solution to the stated problem can be found by 

splitting it into a steady-state part and a transient part for each 

of the domains (x < 0 and x > 0). The steady-state part is the 

so-called eigenfield of the load that is stationary in the 

reference system that moves with the load if it moves along a 

homogeneous layer [4]; this field is confined to the vicinity of 

the load (due to its sub-critical velocity). The eigenfield 

changes as the load crosses the interface at x = 0, which can 

be thought of as the source of transition radiation. The 

transient part of the solution captures the corresponding 

radiation field that, though excited by the load, propagates 

independently of it; hence, it is referred to as the free field (or: 

fields, when explicitly referring to the solutions in both 

layers). Thus: 

 

 
     

     

( ) ( ), ( ),

( ) ( ), ( ),

, , , , , , ,

, , , , , , ,

i i e i f

i i e i f

x z t x z t x z t

x z t x z t x z t

 

 

u u u

σ σ σ
 (4) 

 

where the superscripts “e” and “f” indicate the eigenfield and 

the free field, respectively, and i = 1,2. 

The eigenfield of the load can be found by applying the 

Fourier transform over time and over the horizontal 

coordinate. Upon applying Helmholtz decomposition, two 

decoupled ordinary differential equations are obtained that can 

be solved in a straightforward manner. Then, after applying 

the inverse Fourier transform over horizontal wavenumber, 

the following result is obtained: 
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where ̂  and ̂  denote the Helmholtz potentials for 

dilatation and rotation, respectively, the hats refer to the 

space-frequency domain,   denotes angular frequency, i the 

imaginary unit, 
( )

1, 2, 1, 1

i

P P S S
A  are coefficients determined by the 

boundary conditions (1) and (2), and the factors in the 

exponent are defined as 
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       (6) 

Here, 
( )

,

i

P S
c  denote the compressional and shear wave 

velocities of the two layers. The space-frequency domain 

displacements and stresses can be obtained from the 

expressions in Eq. (5) by taking the appropriate derivatives 

[12]. 

Now that the eigenfields have been found, the free fields 

can be determined. Since the eigenfields already account for 

the presence of the load, the free-field boundary conditions at 
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the upper surface are homogeneous [cf. Eq. (1)], as well as at 

the rigid bottom: 
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Using the known eigenfields, the interface conditions in Eq. 

(3) can be written in the space-frequency domain as  
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which expresses that the difference in eigenfields is 

responsible for the generation of transition radiation. The free 

fields can be expressed in terms of a summation of infinitely 

many guided wave modes: 
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where the minus and the plus in the exponent correspond to 

the left and right layers, respectively,  (1) (2)

; ;
Im 0,

x k x n
k k   to 

comply with the radiation conditions, and  
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Throughout the paper, summation over repeated indices is 

not invoked. The 
(1) (2)

 and 
k n

C C  are modal coefficients to be 

determined by the interface conditions, 
(1) (2)

; ;
 and 

x k x n
k k  are 

modal horizontal wavenumbers computed from the 

characteristic equations of the corresponding eigenvalue 

problems that are formed by substitution of the solutions 

given by Eq. (9) into the boundary conditions Eq. (7) (i.e., for 

both layers, a similar eigenvalue problem needs to be solved); 

the  ( )i

P
Z z  and  ( )i

S
Z z  functions are the associated modal 

eigenfunctions of the potentials whose coefficients 
( )

1, 2, 1, 2

i

P P S S
B  

are found from the eigenvectors of the eigenvalue problem 

(modal indices omitted for brevity). The vertical modal 

wavenumbers are defined as 
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where 
( ) ( )

, ,

i i

P S P S
k c  are the body wavenumbers of the 

compressional and shear waves, respectively. 

In order to determine the unknown modal coefficients, the 

free-field solution [Eq. (9)] is substituted into the interface 

conditions [Eq. (8)]: 

 

 

     

     

     

     

(1) (1) ( 2) ( 2)

; ;

1 1

(1) (1) ( 2) ( 2)

; ;

1 1

(1) (1) ( 2) ( 2)

; ;

1 1

(1) (1) ( 2) ( 2)

; ;

1 1

ˆ ,

ˆ ,

ˆ ,

ˆ ,

e

k xx k n xx n xx

k n

e

k zx k n zx n zx

k n

e

k x k n x n x

k n

e

k z k n z n z

k n

C Z z C Z z z

C Z z C Z z z

C Z z C Z z u z

C Z z C Z z u z





 

 

 

 

 

 

 

 

  

  

  

  

 

 

 

 

 (12) 

 

where the z dependence is included for clarity. The 

eigenfunctions for stresses and displacements 
( ) ( ) ( ) ( )

,  ,   and 
i i i i

xx zx x z
Z Z Z Z  (modal indices left out) are obtained 

by applying the appropriate derivatives to the above-defined 

eigenfunctions of the potentials. Eq. (12) shows that each 

wave mode of layer 1 is coupled to all modes of layer 2, and 

vice versa. Hence, the problem to determine the free fields can 

be referred to as an interaction or a coupled problem. Now, to 

derive the coefficients 
(1) (2)

 and 
k n

C C  from Eq. (12), a relation 

is required that expresses the orthogonality of the different 

modes for each of the layers: 
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L

i i i i i

x l xx m zx l z m m lm
Z Z Z Z dz N    (13) 

 

where 
lm

  is the Kronecker delta and 
( )i

m
N  is a complex 

number. This relation can be derived from the reciprocity 

theorem of the convolution type and thus interrelates the 

properties of different depth-dependent eigenfunctions in each 

of the layers [10-13]; it is sometimes referred to as a bi-

orthogonality relation [14]. Now, by taking combinations of 

the interface conditions in Eq. (12) and integrating them over 
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the depth of the layers, the orthogonality relation can be 

employed. Finally, the following expression is obtained in 

terms of the coefficients of layer 1 only: 
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where M1 and M2 represent the finite number of modes in 

layers 1 and 2 (see explanation below), respectively, and 
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Here, 
km

D  is a matrix that contains cross multiplications of 

the eigenfunctions of the two layers, and 
;I m

S  and 
;II n

S  can be 

considered as source terms for mode m (in layer 1) and mode 

n (in layer 2) that depend on the difference in eigenfields of 

the adjacent layers. 

The modal coefficients can be solved for using Eq. (14) by 

writing it in matrix-vector form and subsequently inverting 

the obtained equation. This is, however, only possible when a 

finite number of modes is incorporated in each of the layers, 

and for this reason truncation was applied in Eq. (14). Once 

the coefficients of layer 1 have been determined, those of 

layer 2 can be computed from the following relation: 
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This concludes the derivation of the free fields. By adding 

them to the eigenfields according to Eq. (4), the total space-

frequency domain solution of the transition radiation problem 

is obtained. 

 

3 NUMERICAL RESULTS 

In this section, we give some preliminary results to show that 

obtained analytical solution satisfies the interface conditions 

given by Eq. (8). Approximate solutions will not satisfy the 

interface conditions exactly, which possibly gives rise to 

inaccuracies in the directivities of the radiation field and the 

energy distribution over different modes. The directivities of 

the radiation fields are known to have peculiar shapes that 

depend on the intimate coupling of all wave modes at the 

interface x = 0 [9]. Non-exact solutions might therefore 

influence the nature of the predicted transition radiation field. 

 

Table 1. Material properties of layers 1 and 2. 

 Youngs 

modulus 

[MPa] 

Poisson’s 

ratio 

Material 

density 

[kgm-3] 

Layer 1 50 0.3 1700 

Layer 2 70 0.4 1700 

 

To illustrate the match in the interface conditions, we use 

the example of a load (F = 10 kN) moving over relatively soft 

soil of thickness L = 20 m, with a transition to slightly stiffer 

soil (for material parameters, see Table 1), and a load velocity 

V = 50 ms-1, which is smaller than the body-wave velocities 

and the Rayleigh wave velocities of both layers to ensure that 

the load does not radiate waves while moving over 

homogeneous soil.  

 

 

Figure 2. Location of incorporated roots 
( 2 )

;x n
k  for layer 2.  

 

 

We calculated the modal horizontal wavenumbers 
(1) (2)

; ;
 and 

x k x n
k k  for a single frequency, f = 20 Hz. We 

incorporated all roots in the complex plane up to 

 (1) (2)

; ;
Im , 16

x k x n
k k   , giving M1 = 205 and M2 = 203 roots for 

the left and right layers, respectively. Most of them are 

located in the interior of the complex plane, as can be seen in 

Figure 2, where the roots for layer 2 are depicted (the 

corresponding figure for layer 1 looks very similar); the layers 

have only 12 and 10 real-valued roots, respectively, and only 

a few imaginary ones. The largest real-valued roots 

correspond to the Rayleigh wave at the free surface, and their 

values are almost the same as that provided by the true 

Rayleigh root (related to a half-space). The free fields were 

then computed using the difference in eigenfields (Section 2). 

For an increasing amount of incorporated roots, the 

horizontal interface displacements are depicted in Figures 3 – 

6 for f = 20 Hz. The absolute value of the difference in free 

fields (black line) and that of the difference in eigenfields (red 

line) are shown; i.e., the left- and right-hand sides of the third 

line of Eq. (8). 

In Figure 3, only the real-valued roots are incorporated in 

the computation. 15 additional roots are included for both 
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layers (starting from the real axis, with decreasing imaginary 

part for the successively included roots) in Figure 4, while 

Figure 5 includes 35 more roots and Figure 6 is the result with 

all roots M1 = 205 and M2 = 203. It is clear that the fit is not 

perfect in Figure 3. Incorporating a few imaginary roots and 

some complex roots seems to make the fit even poorer (Figure 

4), which is probably the result of the associated relatively 

strong oscillations; so, there is no monotonous convergence. 

In Figure 5, however, the difference becomes smaller, and the 

convergence is quite good in Figure 6. Incorporating even 

more roots will certainly improve the result further. 

To conclude, the shown results illustrate that the derived 

solution satisfies the interface conditions at each depth, in 

principal, and not only a depth-integrated form of them. 

 
 

 
Figure 3. Horizontal displacement at x = 0: magnitudes of 

difference in free fields (black) and eigenfields (red). Number 

of roots M1 = 12, M2 = 10. 

 
Figure 4. Horizontal displacement at x = 0: magnitudes of 

difference in free fields (black) and eigenfields (red). Number 

of roots M1 = 27, M2 = 25. 

 

 
Figure 5. Horizontal displacement at x = 0: magnitudes of 

difference in free fields (black) and eigenfields (red). Number 

of roots M1 = 62, M2 = 60. 

 
Figure 6. Horizontal displacement at x = 0: magnitudes of 

difference in free fields (black) and eigenfields (red). Number 

of roots M1 = 205, M2 = 203. 

4 CONCLUSIONS AND DISCUSSION 

We derived an analytical solution for the problem of a load 

that moves over the interface of two elastic layers. We showed 

that the associated transition radiation field, also referred to as 

the free field as it propagates independently of the load, has 

the form of a summation over infinitely many guided wave 

modes, in both layers. Each mode in one layer is coupled to 

all modes in the other, which constitutes a coupled problem. 

We showed that the modal coefficients can be computed from 

the difference of the eigenfields, which move with and are 

confined to the vicinity of the load, by using orthogonality 

relations of the modes. Finally, we illustrated that the 

analytical solution satisfies the interface conditions in the 

strong sense (not only in an integrated way). The latter finding 

is important to retain the essential features of the transition 

radiation field such as directivity and energy distribution over 

modes. 

Regarding the convergence in the interface conditions, we 

note that more modes are needed to guarantee a match in the 

stresses than in the displacements (we considered the latter). 
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This is due to the fact that stresses are related to derivatives of 

the displacements.  

Furthermore, we expect that the solution method described 

in this paper also works for layered media, perhaps even with 

structures on top of them (i.e., between the load and the elastic 

layers, such as a beam), which enables analysis of energy loss 

for moving trains due to non-uniform subsoil and prediction 

of the associated ambient vibrations in practical situations. 
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ABSTRACT: The objective of this study is to investigate the effect of three-dimensional configuration of a foundation-soil 
system from the viewpoint of elastic wave propagation.  The configuration considered in the study is an embedded square 
foundation placed on a two-dimensional slope ground subject to obliquely incident surface and body waves.  Vibration direction 
of the incident wave is not parallel nor perpendicular to the longitudinal direction of the slope.  The analysis method is a 
combination of three-dimensional finite element and 2.5-dimensional thin layer and finite element methods along with the 
substructure technique.  It was found from the study that the wave field becomes very complex when there exists a foundation, 
causing a fairly big difference between 2.5-dimensional results (a slope ground subject to obliquely incident waves) and three-
dimensional ones (a slope ground with an embedded foundation subject to obliquely incident waves).  In the case of ambient 
vibration, the wave field is affected by a slope and the frequency dependency of H/V spectra and dispersion curves in the area 
close to the slope show significant fluctuation because of this.  The existence of an embedded foundation also has a significant 
influence on the wave field.  The seismic wave field, however, is less affected when compared to ambient vibration, but 
significant amplification is observed near the slope. 

KEY WORDS: Irregular ground; Foundation-soil interaction; Finite element analysis; 3-D analysis; 2.5-D analysis. 

1 INTRODUCTION 
It is well known that the surface soil condition influences the 
seismic intensity during an earthquake as well as the ambient 
vibration of the ground.  Wave propagation becomes complex 
when the ground has irregularities, such as slopes.  It has been 
pointed out that peak ground accelerations can vary by a 
factor of two or more due to a ground irregularity such as 
slope [1].  In fact, this phenomenon was observed during the 
2011 Tohoku (great eastern Japan) earthquake.  Figure 1 
shows ground motions recorded at a site with a slope ground 
during this earthquake.  In the eastern part of Tokyo 
metropolitan area, Japan, typical landform consists of terrace 
and lowland and there exists a fairly steep slope between the 
two landforms.  As can be seen in Figure 1, acceleration is 
much larger at the shoulder of a slope when compared to other 
locations that are far from the slope.  According to the 
microtremor (ambient vibration) measurement, it is known 
that the peak frequency of horizontal to vertical spectral ratio, 
or H/V spectrum, changes according to the distance from the 
slope. 

A number of researches regarding wave propagation in an 
irregular ground have been reported so far (e.g., [2], [3]).  
However, a completely flat ground surface assumption for the 
far field is made in almost all three-dimensional studies (e.g., 
[4], [5]).  In the previous study, the authors have looked at 
surface wave propagation in an irregular ground from the 
viewpoint of the applicability of microtremor measurement to 
soil investigations, which normally has its basis on the parallel 
layer assumption, and pointed out that H/V spectral ratios and 
phase velocity dispersion curves can be influenced to some 
extent by the existence of ground irregularities even in the 
distant locations ([6], [7]).  The authors also pointed out that 

the wave field becomes very complex when there exists a 
small canyon or an embedded foundation, causing a 
significant difference between the results in two and three 
dimensions [8]. 

In this paper, the effect of a three-dimensional configuration 
of ground on the wave propagation is studied.  More 
specifically, a two-dimensional two-layered ground, on which 
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Figure 1. Recorded ground motions during 2011 Tohoku 
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a massless rigid foundation with embedment is placed, subject 
to an incident wave is considered, as schematically illustrated 
in Figure 2.  Incident waves considered in the study are 
surface waves for ambient vibration and shear waves for 
earthquakes.  The analysis method used in the study is a 
combination of three-dimensional and 2.5-dimensional finite 
element methods ([8], [9]) along with a substructure technique 
[10]. 

Incident
Surface Wave

Incident
S Wave

Foundation

Terrace
Lowland

Near field

Far field

Slope

 
Figure 2. Schematic illustration of analysis model 

2 PROBLEM UNDER STUDY 
As mentioned above, the main objective of this study is to 
examine the characteristics of wave propagation in an 
irregular ground in three dimension in order to evaluate its 
influence on the ground motion.  As an attempt to address this 
issue, a simplistic configuration was studied.  The ground is 
basically a two-dimensional slope ground consisting of two 
soil layers but there exists a massless rigid foundation that has 
embedment, which makes the problem three-dimensional, as 
shown in Figure 2.  The problem under study is the wave field 
of this foundation-soil system subject to an incident wave.  

The problem considered in this study is defined by the 
following statements. 
 The ground has a two-dimensional landform, i.e., a slope 

ground. 
 The system under study, however, is in three-dimension 

in that it has a massless rigid foundation that is embedded 
into the ground. 

 The soil is two layered throughout the landform. 
 The ground is subject to surface waves coming from a 

variety of directions or a vertically incident shear wave 
with a variety of vibration directions. 

3 METHOD OF ANALYSIS 
The method of analysis is basically a three-dimensional finite 
element method.  It is different, however, from ordinary finite 
element methods in that it can handle a far-field ground which 
already involves a topographic irregularity, in this case a two-
dimensional slope ground, as shown in Figure 2.  This means 
that a parallel layer assumption for the far-field ground is not 
adopted, which is rarely seen in the previous literatures. 

3.1 Substructure Method 
A variety of substructure approaches have been proposed that 
deal with wave propagation in an elastic medium.  The 
method used in this study follows the following procedures 
[10]: 
(1) Subdivide the entire ground under study into two parts; a 

near field that involves three-dimensional irregularities, 
and a far field that is basically a two-dimensional slope 
ground. 

(2) Obtain an impedance matrix [Kc
*] of the far field at the 

boundary with the near field; in this case, the far field has 
an excavation corresponding to the near field. 

(3) Compute a displacement vector {uc} and traction vector 
{pc} at a hypothetical boundary with the near field; in this 
case, the far field does not have an excavation and is 
subject to an incident wave. 

(4) Compute a driving force vector {fc
*} at the boundary by 

the following expression: 

 fc
*{ } = Kc

*⎡⎣ ⎤⎦ uc{ }+ pc{ }  (1) 

(5) Compute a response of the near field by attaching the 
impedance matrix at its boundary and by applying the 
driving force to the boundary. 

3.2 Response of a Far Field: 2.5-Dimensional Analysis 
The substructure analysis described above requires a three-
dimensional analysis of a two-dimensional slope ground 
subject to an obliquely incident wave.  Here, oblique 
incidence means the vibration direction is not parallel nor 
perpendicular to the longitudinal direction of the slope.  This 
type of analysis is called a 2.5-dimensional analysis ([11], 
[12]).  Since irregularity (slope) is already involved in this 
analysis, another sub-structuring is considered, i.e., 2.5-
dimensional thin layer elements and 2.5-dimensional finite 
elements are combined to obtain the response of a slope 
ground due to an incident wave [9]. 

In the 2.5-dimensional analysis of surface wave incidence, 
the fixed condition was set at the bottom boundary of the 
model and the depth to the bottom boundary was changed 
depending on the analysis frequency in such a way that the 
depth to the bottom boundary is twice as thick as the 
wavelength.  Whereas, in the case of shear wave incidence, 
the dashpot was attached to the bottom boundary and the 
thickness of the underlying layer was set to 220 meters. 

3.3 Response of a Near Field: Three-Dimensional Analysis 
The substructure analysis of the target, i.e., a slope ground 
with an embedded foundation, requires the impedance matrix 
[Kc

*] and the driving force vector {fc
*} as described earlier.  In 

this study, the impedance matrix [Kc
*] at the boundary of the 

analysis model is computed as dashpots attached to the 
boundary.  The displacement vector {uc} of the equivalent far 
field, found in Eq. (1), can be computed from the 2.5-
dimensional analysis described in the previous section by the 
following expression: 

  uc{ } = u2.5{ }exp −iky
sy( ), ky

s = ks sinφ  (2) 

in which, {u2.5} is a displacement vector obtained from the 
2.5-dimensional analysis.  Eq. (2) states that the displacement 
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wave field in the y-direction is expressed in an analytic form 
once the displacements on the x-z plane are obtained.  k is the 
wave number of an incident wave, and φ is the angle of 
incidence of the surface wave and the angle of vibration 
direction for the vertically incident shear wave. 

4 ANALYSIS MODEL 
Figure 3 shows the finite element mesh layout of the analysis 
model for a slope ground on which a massless rigid 
foundation with embedment is placed.  As shown in the figure, 
the angle of inclination of the slope is 45º and its height is 12 
meters.  The size of the foundation is 20 meters by 20 meters 
with the embedment of 10 meters. 
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Figure 3. Finite element mesh layout for three-dimensional 
analysis 

The soil is two-layered throughout the model and the 
thickness of the surface soil is 12 meters.  The shear wave 
velocity of the surface soil is half of that of the underlying 
half space.  The reason why the ground is two-layered 
throughout the model is because it is possible to focus on the 
effect of topography, in this case a slope, by adopting the 
same configuration in terms of soil layering. 

Incident waves considered for this study are the surface 
wave and the body wave.  Here, the surface wave includes 
Rayleigh and Love waves of fundamental and higher modes, 
while the body wave is shear wave only.  In the case of 
surface wave analysis, the incidence angle of 0º, 60º, 120º and 
180º with respect to the x-axis that is perpendicular to the 
longitudinal (depth) direction of the slope are considered.  In 
the case of shear wave incidence, the angles of vibration 
direction (hereafter called the azimuth angles) of 0º, 45º and 
90º are considered.  The azimuth angle of 0º corresponds to 
the vibration direction perpendicular to the longitudinal 
direction of the slope and that of 90º is parallel to its 
longitudinal direction. 

Eight node linear elements are used in the three-dimensional 
analysis, while eight node quadratic elements are used in the 
2.5-dimensional finite element analysis and three node 
quadratic elements are used in the 2.5-dimensional thin layer 
element analysis. 

5 RESULTS AND DISCUSSIONS 

5.1 Wave Field due to Incident Surface Waves 
Microtremor (ambient vibration) measurement is widely used 
as a means to estimate ground conditions (e.g., [13], [14]).  
All the approaches proposed so far, however, are based on a 
horizontally parallel layer assumption.  By assuming that the 
microtremor wave field consists of surface waves propagating 
in a variety of directions, the authors have already pointed out 
that the wave field becomes very complex due to the existence 
of irregularities such as a slope, a canyon and a foundation [7].  
In this study, the effect of a foundation, in addition to a slope, 
on the wave field due to incident surface waves is further 
examined by looking at the horizontal to vertical Fourier 
spectral ratios, or H/V spectra, and the phase velocity 
dispersion curves. 
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Figure 4. H/V spectra and phase velocities 

Figure 4 shows the H/V spectra and the phase velocity 
dispersion curves computed at a total of four locations shown 
in Figure 3.  As in the case of field measurements, it is 
possible to obtain horizontal to vertical Fourier spectral ratios, 
or H/V spectra, based on the following expression: 

 H /V = ux l

2

l=1

W

∑ + uy l
2

l=1

W

∑ uz l
2

l=1

W

∑  (5.1) 

where, ux, uy and uz are the displacements in x, y and z 
directions and W is the number of surface waves.  In the 
analysis, fundamental and higher modes of Rayleigh and Love 
waves with the incidence angles of 0º, 60º, 120º, 180º, -60º, 
and -120º were considered.  Phase velocity dispersion curves 
can be computed by applying an appropriate inversion method 
such as the centerless circular array method [14]. According 
to the literature, the phase velocity is obtained in the case of 
zero noise to signal ratio by the following expression: 

 c = π f r 2 + ρcca  (5.2) 
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where, f is the frequency, r is the radius of the array and ρcca is 
the ratio between average and weighted average of power 
spectra at the nodes on the array circle due to incident surface 
waves, in which surrounding four nodes of the finite element 
mesh were considered at each location.  In Figure 4, 
theoretical values of one-dimensional case, i.e. under the 
parallel layer assumption, are also plotted.  From the figure, it 
is observed that: 
 The difference between 1-D and 3-D results is fairly large 

for both H/V spectra and dispersion curves, meaning that 
the influence of a three-dimensional irregularity on the 
microtremor wave field is very large. 

 The difference is large especially in the frequency range 
near the natural frequency of the surface soil, i.e. 4.17Hz. 

 The difference becomes smaller as the distance from the 
foundation and/or the slope increases, but it seems to still 
remain even in a distant place. 

 This may suggest that the parallel layer assumption may 
result in some errors when estimating the dynamic 
property of a ground based on microtremor measurements. 

In order to quantify the difference between the three-
dimensional and one-dimensional results, the following index 
is introduced after [15]: 

 DI = log
TF3D ω( )
TF1D ω( )

⎛
⎝⎜

⎞
⎠⎟
Δω∑  (5.3) 

in which, TF3D stands for either an H/V value or a phase 
velocity computed for the frequency ω by the three-
dimensional analysis and TF1D by the one-dimensional 
analysis.  The above index is also a function of location at the 
ground surface.  Hereafter, this index DI is called a 
"difference index." 

Figure 5 shows the distribution of the difference indices for 
H/V spectra and phase velocities.  Both two-dimensional (no 
foundation) and three-dimensional (with foundation) results 
are shown in the figure.  From the figure, it can be observed 
that: 
 The effect of topography, a slope in this case, is fairly 

large especially in the upland part of the topography when 
compared with the lowland part. 

 The affected area is very large when considering to the 
height of the slope that is 12 meters. 

 The influence due to the existence of a rigid massless 
foundation with embedment is quite large when 
considering to its size that is the width of 20 meters and 
the embedment of 10 meters. 

 The difference index is reduced by the existence of the 
foundation in its vicinity except the nearest part of the 
slope. 

5.2 Response of the ground due to an incident shear wave 
By using the same finite element mesh shown in Figure 3, 
earthquake response analyses were conducted.  Figure 6 
shows the input ground motion, which is an artificial ground 
motion generated from the design spectrum used in Japan, 
defined at the bottom boundary of the finite element model for 
the 2.5-dimensional analysis, i.e. at the depth of 220m from 
the ground surface of the upland part of the landform.  Three 
cases of the vibration directions were considered: 0º, 45º and 
90º, respectively, with respect to the direction perpendicular to 
the longitudinal direction of the slope.  Analysis was made in 
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Figure 5. Difference index distribution 
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the frequency domain by the use of interpolation technique. 
Figure 7 shows the transfer functions at the selected 

locations shown in Figure 3.  As can be seen in Figure 7, 
transfer functions are fairly influenced by the slope and the 
foundation depending on the distance from them.  In order to 
examine the variation of the transfer functions due to the 
location, the cross sectional view of their amplitudes for the 
frequency of 4Hz for the azimuth angle of 0º are shown in 
Figure 8.  As can be seen in the figure, the amplitude is very 
much affected by the slope.  It is also seen that the effect of 
the foundation is not very large overall but its influence to the 
upland part is substantial. 

Figure 9 shows the distribution of peak ground accelerations, 
or PGA, and peak ground velocities, or PGV, due to the input 
ground motion.  In the figure, scattered dots found in the 
three-dimensional case are due to the errors originated from 
the interpolation of the frequency responses.  From the figure, 
it is found that similar discussions as in the case of surface 
wave incidence can be made in that the effect of topography is 
large in the upland part and that the existence of a foundation 
influences fairly wide area when considering to its size. 

6 CONCLUSIONS 
In this paper, the effect of a three-dimensional configuration, 
i.e. a two-dimensional slope ground, on which a massless 
rigid foundation with embedment is placed, subject to an 
incident wave, has been studied by using a substructure-based 
combination of three-dimensional and 2.5-dimensional finite 
element methods.  The followings were found from the study. 
 The wave field becomes very complex when there exists 

a foundation, causing a fairly big difference between 2.5-
dimensional results (a slope ground subject to obliquely 
incident waves) and three-dimensional ones (a slope 
ground with an embedded foundation subject to obliquely 
incident waves). 

 In the case of ambient vibration, the wave field is affected 
by a slope and the frequency dependency of H/V spectra 
and dispersion curves in the area close to the slope show 
significant fluctuation because of this. 

 The existence of an embedded foundation also has a 
significant influence on the wave field in its vicinity. 

 The seismic wave field, however, is less affected when 
compared to ambient vibration, but significant 
amplification is observed near the slope. 
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Figure 7. Transfer functions 
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Figure 8. Cross sectional view of amplification function at 4Hz due to horizontal input motion at bottom 
with azimuth angle of 0º 
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Figure 9. Distribution of peak ground accelerations and peak ground velocities 
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ABSTRACT: Devices such as isolators, dampers and tuned mass dampers are now widely used in the construction industry 
for earthquake engineering to reduce vibration in new and, in a few cases, existing buildings. The application in to existing 
building is in general limited by the costs and in the case of historical building by local regulations. Aiming at the vibration 
control of existing structures in this paper it is proposed for the first time to exploit the structure-soil-structure mechanism as a 
vehicle to reduce the vibrations of structures due to seismic action. Specifically a novel device, herein called Vibrating Barrier 
(ViBa) hosted in the soil and detached from the structure is designed to protect a given structure. The ViBa is a massive 
structure whose structural parameters are calibrated to absorb portion of the ground motion input energy so to reduce the 
vibrations of the structure. Modelling the ground motion as zero-mean quasi-stationary response-spectrum-compatible Gaussian 
stochastic process, the soil as visco-elastic medium and linear behaving structures various examples are produced to show the 
effectiveness of the novel approach. Reduction up to 44% of the response has been achieved. 

KEY WORDS: Structure-Soil-Structure-Interaction, vibration control, Ground motion excitation, vibrating barrier. 

1 INTRODUCTION 
The problem of reducing vibrations in structures, generally 

known as vibration control, arises in various branches of 
engineering: civil, aeronautical and mechanical. Unpredicted 
vibrations can lead to the deterioration or collapse of 
structures. In the field of earthquake engineering, modern 
strategies of seismic design aim to reduce structural vibrations 
by: i) increasing the dissipative properties of the structure; ii) 
moving the natural frequencies of the structure away from the 
frequencies in which the seismic action possess the highest 
energy; iii) modifying the energy transferred from the 
earthquake to the structure. The control of vibrations of 
structures is currently performed using passive, active or 
hybrid strategies. In the framework of passive control systems 
is it possible to categorize the following three general devices: 
i) tuned mass dampers, manufactured by adding one or more 
oscillators to the structure; ii) dampers able to transform the 
seismic energy in heat which is then diffused in the 
environment; iii) isolation systems, used mainly for 
earthquake applications, based on the idea of shift the 
fundamental frequency of the superstructure far from the main 
frequency of the earthquake. Apart from few attempts to 
protect existing structures the use of vibration control devices 
is still restricted to new buildings and/or constructions. One 
main reason is that the introduction of control devices in 
existing structures is too invasive, costly and requires the 
demolishing of some structural and/or non-structural 
components. This is clearly prohibitive for developing 
countries and for historical buildings. An alternative solution 
is to protect the structures introducing trenches or sheet-pile 
walls in the soil. However this approach seems to be more 
effective for surface waves coming from railways rather than 
seismic waves.  

There are, therefore, up-to-date no currently feasible 
solutions to protect cities from seismic ground vibrations. 
Bearing in mind the global necessity to protect existing 
structures from earthquakes and the limitation of current 
technologies a novel control strategy is proposed in this paper.  
The concept is based on the generally known structure-soil-
structure interaction (SSSI) and on the findings in the 
pioneristic works of Warburton et al. [1] and Luco and 
Contesse [2].  

The dynamic structure-soil-structure interaction among the 
structures occurs through the radiation energy emitted from a 
vibrating structure to the other structure. As a consequence, 
the dynamic response of one structure cannot be studied 
independently from the other one. Warburton et al. [1] studied 
the dynamic response of two rigid masses in an elastic 
subspace showing the influence of one mass respect to the 
other. Luco and Contesse [2] studied the dynamic interaction 
between two parallel infinite shear walls placed on rigid 
foundations and forced by vertically incident SH wave. They 
showed the interaction effects are especially important for a 
small shear wall located close to a larger structure. Kobori and 
Kusakabe [3] extended the structure-soil-structure interaction 
study to flexible structures and pointed out that the response 
of a structure might be sensibly smaller due the presence and 
interaction of another structure. A recent review of the 
structure-soil-structure interaction problem can be found in 
Menglin et al.[4]. An extension to the traditional structure-
soil-structure interaction problem where only two structures 
are considered in the study is performed through the site-city 
interaction problem. Due to the difficulties involved in 
modelling the multiple interactions and the sustained progress 
in computational mechanics numerical approaches based on 
wave propagation and finite or boundary element analysis are 
usually adopted for the study of site city interaction [5-7]. 
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Interestingly in [7] it has been shown as the energy of ground 
motion at the free field in the city might be reduced by around 
50% due to the perturbation induced by resonant buildings. 
Analytical studies on site-city interaction have also been 
proposed in the literature by Gueguen et al. [8] and Boutin 
and Roussillon [9]. In [8] the effect of the city is accounted for 
by modelling the structures as a simple oscillator, while in [9] 
the multiple interactions between buildings are studied 
through homogenization methods.  

The SSSI study is generally dealt with through a 
deterministic approach and few attempts have been made to 
consider seismic action as a random process. In the 
framework of the stochastic seismic analysis of the structure-
soil-structure interaction problem Behnamfar and Sugimura 
[10] performed a parametric study of a 2D system consisting 
of two structures connected to a homogeneous, visco-elastic 
medium resting over a half-space by considering P-, SV-and 
Rayleigh wave propagation modelled as a stationary process. 
Alexander et al. [11] conducted the study of the SSSI problem 
using modelling through a discrete system forced by 
stationary filtered white noise excitation.  

Even if it has been observed in the past by several authors 
the beneficial effect of the presence of a structure to reduce 
the vibrations of another this interaction has not yet used to 
the best knowledge of the authors as a tool for the seismic 
vibration control. In this paper it is proposed for the first time 
to design a structural system, herein called Vibrating Barrier 
(ViBa), to reduce the vibration of a neighborough structure. 
To this aim the stochastic analysis of the ViBa-Soil-Structure 
Interaction problem is performed. The structure and the ViBa 
are both modelled as linear behaving systems, the soil as a 
visco-elastic medium and the ground motion excitation as a 
zero-mean response-spectrum compatible Gaussian 
stationary/quasi stationary process. According to this 
hypothesis the structural parameter of the ViBa are optimized 
so to reduce the 50% fractile of the maximum response of the 
target structure. Numerical results showed a remarkable 
reduction of the response up to 40% in terms of maximum 
displacement.  

2 PROBLEM FORMULATION 
Consider the ViBa-soil-structure system illustrated in Figure 

1. The system consists of a cantilevered structure to be 
protected and the ViBa both assumed linear behaving and 
supported by monopile foundations. The soil medium is 
assumed visco-elastic.  

In order to analyse the mutual interaction between ViBa and 
structure, the general problem is discretized in n degrees of 
freedoms according to the Finite Element Method (FEM), as 
depicted in Figure 2. Due to the visco-elastic model adopted 
for the soil a frequency domain approach is followed to cast 
the equations of motion of the ViBa-soil-structure interaction 
model in terms of absolute displacements, that is  

 (1) 

where M is the real [n x n] global mass matrix,  is the 
complex [n x n] global stiffness matrix,  is the [n x 1] 
vector of the frequency Fourier transform of the nodal  
absolute displacements and  is the [n x 1] vector of the 
frequency Fourier transform of the nodal forces  

 
Figure 1. ViBa-soil-structure system 

 
. For clarity’s sake Equation 1 is also written in extended form 
as follows:  
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Figure 2. Discrete ViBa-soil-structure interaction model 
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where the masses are assumed lumped for each node, ∙ ,  
and  ∙ ,  indicates the sub matrices related to the 
superstructure and the soil-foundation sub system, 
respectively, ∙ ,  and ∙ ,  refers to the coupling between 
the superstructure and the foundation (for i =1,2). Furthermore 
∙ ,  is referred to the structure-soil-structure interaction 

effects, that is it indicates the coupling between the 
foundations of the two considered structures.  Hysteretic 
damping [12] is used in the analysis to model the dissipation 
of energy in both the soil and the structures, therefore all the 
stiffness sub-matrices in Equation 2 can be written as 

K , K , 1 jη 	 3

where  is the loss factor and √ 1.  In Equation 2, 
,  is the 	 	  stiffness matrix of the pile and it is 

given by the sum of the stiffness matrix of the pile structure 

,  and the diagonal matrix of the visco-elastic soil 

, , that is 

, , ,  (4) 

where ,  lists the contribution of both soil-structure-
interaction (SSI) and coupling between the two structures, i.e. 
the structure-soil-structure-interaction (SSSI) defined through 
the Winkler type model as shown in Figure 2. Note that in 
Equation 4 the dependency by the circular frequency  is due 
to the additional geometrical dissipation of energy called 
radiation damping. 

To determine the values of both k  and the k , in this 
paper, the solution obtained by Novak [13], under the 
hypothesis of plane strain conditions and determined for a 
rigid, massless, circular cylinder of radius r and height dz, is 
used. That is, 

k

2

1
		∙ 	 	

	 	
 

(5) 

where: 1 2 /2 1 , , 	  is the 
Hankel function of the second kind of order n, / ,  
the shear modulus,  is the Poisson’s ratio and  is the shear 
wave velocity of the soil deposit. Note that the dependency 
from  in Equation 4 is omitted for simplicity’s sake. The 
stiffness k  represents the coupling interaction due to the 
propagation of the vibrations arising from each structure and 
traveling through the soil. The procedure proposed by Dobry 
and Gazetas [14] to determine the attenuation function 
necessary to obtain the displacement field around a vibrating 
foundation is herein used to analyse the SSSI problem. From 
the acoustic theory, Morse and Ingard [15], obtained the 
following relation for asymptotic cylindrical waves: 

, ≅
√

exp ∙ exp	  (6) 

where S is the spacing between source and receiver pile,  is 
the amplitude and  is the damping ratio of the soil, 	

3.4 1⁄  is the Lysmer’s analogue’ velocity.  

Therefore, the displacement of the pile under its own 
dynamic load is given by: 

, ≅
√

∙ exp	  (7) 

By dividing Equations 6 by Equation 7, the attenuation 
,  yields 

,
,
,

exp ∙ exp	  

(8) 

As the two springs k  and the k are in parallel, 
therefore the total stiffness is determined through the inverse 
of the superposition of the two compliance contributions 
given by k  and α , k . It yields  

k k 1 α ,  (9) 
and 

k k
α ,

1 α ,
 

(10) 

Note that it has been assumed the two piles possess the same 
radius r. Therefore, the matrix FF,c  lists the coupling 
terms given by Equation 10. Moreover, the nodal forces 

	are determined through the seismic wave propagation of 
shear waves from the bedrock through the free field as  

U  (11) 

where  is the 2 	 	1  vector of the transfer 
functions of the soil deposit, U  is the Fourier transform 
of the ground motion displacement at the bedrock and  
is the 	 	2  matrix defined as: 

0 							 						0
, 						0

0 				 ,

0 																		0

 

(12) 

where ,  is a diagonal matrix listing the 
stiffness k  connected to the joints of the piles. 

 

3 STOCHASTIC RESPONSE 
After determining the equation of motion in the frequency 
domain the stochastic structural response to a stationary 
Gaussian zero-mean ground motion process is determined in 
this section. From Equation 1, by denoting 

, the solution can be rewritten as: 

 (13) 
And using Equation 11 

∙ U  (14) 
The power density spectrum matrix of the displacement is 
obtained from Equation 13 by multiplication by its complex 
conjugate, as: 

∗

∙
∗

∙ U 	 

(15) 
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where ∗ is the complex conjugate transpose, therefore after 
applying the expectation ∙  to Equations 15, and defining 

, it yields 

∙ G  (16) 
where is the power spectral density matrix of the 
response in terms of absolute displacements and G is the 
power spectral density function of the ground motion at the 
bedrock. Note that the response power spectral density matrix 
lists both the response of the ViBa and of the Structure to be 
protected. Therefore it can be used as vehicle to minimize the 
maximum response statistics by calibrating the ViBa 
structural parameters as shown in the next section. 

4 ViBa DESIGN PROCEDURE 
The aim of the paper is to determine the optimal dynamic 

characteristics of the ViBa in order to attenuate the vibration 
of adjacent structures. Therefore the optimization problem can 
be set to find the structural parameters SS,1, SS,1, ,  so to 
minimize the median value of the peak of the relative 
horizontal displacements of the structure to be protected; at a 
given not-exceeding probability p. The fractile of order p of 
the distribution of maxima is determined through the first 
crossing problem: 

X , , ,  (17) 

Where  is the is the time observing window; 	  is the peak 
factor; ,  is the zero-order response spectral moment. The 
peak factor determined by Vanmarcke [16] is used: 

,

2 ln 2 1 . ln 2  

(18) 

with 

2π	ln
,

,
 

(19) 

and 

1
,

, ,
 

(20) 

where the response spectral moments ,  are given by the 
following equation: 

, G  
(21) 

G  is the power spectral density function of the 
horizontal relative displacements between top of the 
superstructure and of the foundation; it can be obtained by the 
following relations: 

G G G G
G  

(22) 

where the subscripts U and UF are related to the absolute 
displacement of the top of structure and of the foundation, 
respectively.  

 

5 NUMERICAL ANALYSES 

5.1 Case studies 

The previous procedure is applied to obtain the optimal 
ViBa parameters in order to minimize the relative 
displacement response of the system depicted in Figure 1. The 
structure to be protected is idealized as single degree of 
freedom system cantilevered structure made in reinforced 
concrete with circular section of 1 meter radius. The height of 
the pier is 2.5 meter. A point mass of 500.000 kg is placed on 
the top of the pier. The structure is founded on a 10 meter 
monopile of same diameter. The foundation of the ViBa is 
also a monopile 10 meter depth and with radius 1meter. The 
mass, the height and the hysteretic damping factor of  the 
ViBa will be the design parameters calibrated to optimize the 
response of the target structure. Hysteretic damping for both 
structure and soil is fixed at 0.1.  

The structures are founded on a 30 meter thickness deposit. 
Several shear wave velocities, as reported in Table 1, are 
considered in the analysis in order to study the response for 
the soil types described by seismic design code [9]. 

Table 1. Soil properties 

Soil Type  [m/s]  [kg/m3]   
A 800 2000 0.45 
B 400 2000 0.45 
C 200 2000 0.45 
D 100 2000 0.45 

5.2 Determination of the input PSD 

The stationary power spectral density function od the 
ground displacement G  used in this analysis is 
determined from the response-spectrum-compatible model 
obtained for the ground motion acceleration by Cacciola et al. 
[17]. Specifically, 

 

4
4

,
̅ ,

Δ  

(23) 

where  is the peak factor given in Equation 18 with  and  
 approximated as follows 

2π	ln
 

(24) 

and 

1
1

1
1

2 0

1
 

(25) 

Moreover, 0 where ≅ 1	 / 	is the 
lowest bound of the existence domain of ̅ . Figure 3 shows 
the input PSD used in the analysis for damping ratio 
0.05 and 20 . It is consistent with the assigned elastic 
response spectrum defined at the outcropping bedrock, 
classified as soil type A according to Eurocode 8. Therefore 
G 	G / 	. Finally, a linear site response 
analysis is performed to achieve the PSD of the free field 
motion at each depth in which the pile is discretized.  
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Figure 3. Input PSD defined at bedrock outcropping 

 

5.3 Numerical results 

This section presents the numerical results of the case study 
previously described in section 5.1. A parametric study is 
initially conducted varying the mass of the ViBa between 0.25 
to 2 times the mass of the structure to be protected. Moreover, 
optimal parameters (i.e. the height of the ViBa and the 
hysteretic damping) are evaluated for each of the several pile-
pile spacing considered in the analysis. Lower bound of the 
hysteretic damping, 	   has been set equal to 0.02. The 
analyses are carried out for each of the soil deposit reported in 
Table 1. 

Preliminary eigenvalues analyses are carried out for the 
structure before being protected. Table 2 lists the first 
fundamental frequencies (in Hz) of the soil deposit and the 
uncoupled structure for each soil type. 

Numerical results are illustrated in terms of reduction factor 
RF defined as: 

RF  
(26) 

where  and  are the median values of the 

peak obtained by Equation 17 of the relative displacements of 
the structure after and before being protected, respectively.  

Figure 4 shows the reduction factor curves for the several 
soil types obtained for assigned mass ratios by varying the 
spacing between the structure and the ViBa. Each marker is 
determined by independent optimization of the ViBa. Clearly, 
The higher the RF value the lower is the efficiency of the 
ViBa. Also the RF values will be higher as the distance 
between the ViBa and structure increases. Nevertheless, a 
reduction of around 20% , RF= 0.83, is achieved for the case 
related to the soil type C at long distance (50 m) when the 
mass of the ViBa is high (i.e. 2 times the mass of the 
structure).  

It is worth noting that the RF assumes small values at 
spacing less than 10 meters; it proves the high efficacy of the 
ViBa for engineering practical distances. The best case is 
achieved for the case of soil type C, with the higher mass and 
closest spacing in which the obtained RF is 0.56, that is a 44% 
of reduction compared to the uncoupled structure. 

Table 2. Natural frequencies  

Soil Type  [Hz]  [Hz] diff. % 
A 6.67 2.67 150 
B 3.33 2.08 60.1 
C 1.67 1.57 6.4 
D 0.83 1.15 -28.0 

 

 
Figure 4 Reduction factor curve for soil type a) A, b) B, c) C, and d) D
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By focusing on the case related to the spacing = 1 m, Figure 
5 shows the RF curves for each soil type on varying the mass 
ratio. The curves show that the efficiency of the ViBa is 
different according to the soil type. The smallest RFs are 
obtained for the soil type C. One cause can be elicited from 
Table 2; the smaller is the difference between the natural 
frequency of the soil and of the structure the higher is the 
efficiency of the ViBa, namely the smaller is the RF. Indeed, 
when the two natural frequencies are closer each other, the 
structure is in the situation referred to as double resonance and 
the displacements of the uncoupled structure are high; the 
protection provided from the ViBa sensibly decreases the 
structural displacement by absorbing a significant part of the 
seismic input energy. 

Figure 6 shows the results of the optimal ViBa height for 
the same cases previously described in Figure 5. The optimal 
value decreases with the increase of the mass ratio. The results 
related to the softer soil type D are higher than the other cases 
because the maximum reduction has been obtained by 
absorbing the input signal close to the frequency of the soil 
deposit (0.83 Hz) whereas in the other soil types, the smaller 
RF has been related to the frequency of the structure. This 
aspect will be later analysed in Figure 8. 

Figure 7 shows the effects of the ViBa with the distance. 
The ViBa has been optimized for the spacing = 1 and its 
effects are sensible as far as around 120m where the curves 
become asymptotic to the unity where the structure to be 
protected is no more affected by the coupling interaction with 
the ViBa. 

Figure 8 shows the PSD functions of the response 
acceleration G 	 G 	for the several soil types 
adopted in this paper obtained for the case of mass ratio = 
0.75 and pile-pile spacing = 1m. The continuous line is related 
to the PSD in term of absolute acceleration of the response of 
the structure after being protected by the ViBa; the dotted line 
is related to the same response before being protected by ViBa 
(uncoupled case). The higher reduction is obtained for the 
case related to the soil type C where the structure is in 
resonance with the ground motion excitation due to the natural 
frequency of the soil deposit; in this case the ViBa is able to 
reduce of about 40% the maximum absolute acceleration.  

A relevant reduction is achieved also for the case in the soil 
type D, where the difference between the natural frequency of 
the soil and of the structure is moderate. Moreover, the higher 
peak is related to the frequency of the soil deposit (0.83 Hz) 
whereas in the other cases the higher peaks are consistent with 
the frequency of the structure to be protected. 

It is worth noting that in every case the PSD of the coupled 
case shows a further peak with regards to the uncoupled case; 
this is due to the influence of the ViBa that produce the 
typical shape of the Tuned Mass Damper. A similar behaviour 
has been observed by Alexander et al. [11] in the case of the 
study of cross dynamic interaction of structures founded on 
surface foundations. 

The trajectories of the relative response of the structure 
protect (mass ratio = 0.75 and spacing = 1m) and non-
protected to a randomly selected ground motion time history 
are depicted in Figure 9 for illustrative purpose. 

 

 
Figure 5. RF curves for spacing = 1 m 

 

 
Figure 6. Optimal ViBa heights for spacing = 1 m 

 
Figure 7. RF curves for spacing = 1 m
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Figure 8. Acceleration PSD functions for soil type a) A, b) B, c) C, and d) D obtained for mass ratio = 0.75 and spacing = 1m 

 

 
Figure 9 Structural relative displacements for uncoupled and coupled case for soil type a) A, b) B, c) C and d) D obtained for 

mass ratio = 0.75 and spacing = 1m for one sample. 
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6 CONCLUSIONS 
A novel vibration control strategy has been proposed in this 
paper to reduce the vibrations of structure due to seismic 
waves. The new strategy exploits the structure-soil-structure 
interaction mechanism to develop a novel device herein called 
Vibrating Barrier (ViBa). This barrier is hosted in the soil 
nearby the structure to be protected and will absorb part of the 
seismic input. Remarkably the device is not in contact with 
the structure, therefore can be used to protect existing 
buildings. The case of a simplified structural model has been 
scrutinized. Specifically a cantilevered structure founded on 
monopile has been selected as the structure to be protected, 
therefore the ViBa has been modelled as well as a 
cantilevered structure founded on monopile. Various soil 
condition according to the Eurocode 8 classification has been 
considered showing the effectiveness of the ViBa in different 
scenarios. Interestingly a reduction of up to 44% has been 
achieved. It is worth noting that as the ViBa is hosted in the 
soil it can be able protect more than one structure according to 
the Poulos’s superposition procedure [19]. Specifically, the 
response of a pile groups can be obtained from the study of 
only two piles at a time by assuming “transparent” the other 
piles. As proven by several authors Roesset [20], Kaynia and 
Kausel [21], the results of this approximation are in very good 
agreement with more rigorous dynamic solutions since the 
pile diameter is small with respect to the wavelength. 
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ABSTRACT: The dynamic interaction between a layered halfspace and quasi translationally invariant structures such asroads,
railway tracks, tunnels, dams, and lifelines can be modelled using a computationally efficient 2.5D approach, assuminginvariance
of the geometry in the longitudinal direction. This assumption is not always fulfilled in practice, however. Even for elongated
structures, full 3D computations may still be required for an accurate solution of the dynamic soil–structure interaction problem.
This paper presents a spatial windowing technique for elastodynamic transmission and radiation problems that allows accounting
for the finite length of a structure, still maintaining the computational efficiency of a 2.5D formulation. The proposed technique
accounts for the diffraction occurring at the structure’s edges, but not for its modal behaviour resulting from reflections of waves
at its boundaries. Numerical examples of a barrier for vibration transmission and a surface foundation on the soil are discussed to
demonstrate the accuracy and applicability of the proposedmethodology. Full 3D calculations are performed to providea rigorous
validation for each of these examples. It is demonstrated that the proposed technique is appropriate as long as the response is not
dominated by the resonant behaviour of individual modes of the structure.

KEY WORDS: Dynamic soil–structure interaction; elastodynamic wave propagation; 2.5D modelling; FE–BE models.

1 INTRODUCTION

The numerical solution of three–dimensional (3D) dynamic
soil–structure interaction (SSI) problems is a challenging task,
in particular for structures with large dimensions. In order
to obtain a substantial reduction of the computational effort,
the geometry of the problem is in some cases assumed
to be invariant in the longitudinal direction. This allows
for the application of an efficient two-and-a-half-dimensional
(2.5D) approach, where a Fourier transform of the longitudinal
coordinate allows representing the 3D response on a 2D mesh.
The assumption seems to be valid for roads, railway tracks,
tunnels, dams, vibration isolation screens, and lifelines[1].

Many applications of the 2.5D concept can be found in
the literature. Gavrić [2] uses 2.5D finite elements (FE) to
model thin–walled waveguides, while Stamos and Beskos [3]
consider 2.5D boundary elements (BE) to model the seismic
response of long lined tunnels embedded in a halfspace. In
2.5D BE formulations, analytical full space Green’s functions
are commonly used [4]. The discretization of the free surface
and the layer interfaces can be avoided, however, by employing
Green’s functions for a layered halfspace [1]. Coupled FE–
BE models allow to model complex geometries with the FE
method and to account for the radiation of waves in domains
of (semi–)infinite extent with the BE method. 2.5D coupled
FE–BE formulations have been presented, among others, by
Sheng et al. [5] and Lombaert et al. [6] for the prediction of
railway [5] and traffic [6] induced vibrations. The efficiency
of coupled FE–BE methods is strongly reduced in the case of
embedded structures, however, as the Green’s functions have
to be evaluated for a large number of source/receiver depths
for the assembly of the BE matrices. Alternative numerical

solution procedures in a 2.5D framework have therefore been
formulated as well, such as a 2.5D finite–infinite element
approach proposed by Yang et al. [7] or a 2.5D perfectly
matched layer (PML) technique described by François et al.[8].

The assumption of longitudinal invariance adopted in 2.5D
models is not always fulfilled, however. For example, the length
of a vibration isolation screen in the soil is in practice limited
and comparable to the wavelength in the soil in the frequency
range of interest. Rigorously accounting for the finite length
requires the solution of a full 3D dynamic SSI problem, whichis
computationally very demanding. The development of adequate
numerical methods such as the fast multipole BE method [9] or
BE methods based on hierarchical matrices (H –matrices) [10]
enables an efficient solution of such large scale problems, but
the associated computation times remain relatively high.

In this paper, a spatial windowing technique for elastody-
namic transmission and radiation problems is presented that
allows accounting for the finite length of a structure, still
maintaining the computational efficiency of a 2.5D formulation.
The spatial windowing technique has been proposed by Villot
et al. [11] to include the effect of diffraction associated with
the finite size of plane structures on sound transmission and
radiation. The basic idea of this approach is to apply a spatial
rectangular baffle to the structural wavefield of an infinite
structure; the windowed wavefield is subsequently employedto
compute the radiated wavefield in the wavenumber domain. As
a result, only a limited part of the infinite structure contributes
to the sound radiation. This technique is mainly used in
vibro–acoustic applications, e.g. for the calculation of the
transmission loss of sandwich composite panels [12] or for
the investigation of the vibro–acoustic response of orthogonally
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stiffened plates [13]. Spatial windowing is not well suitedfor
acoustic applications at low frequencies (i.e. when individual
modes of the structure dominate the response), as it is unable to
account for reflected waves at the boundaries to reproduce the
resonant behaviour of the modes [13]. At higher frequencies,
however, the response shifts from the resonant to the non–
resonant mass–law regime and application of spatial windowing
results in good agreement with experiments [11].

The aim of this paper is to investigate whether the spatial
windowing technique is suited to account for a structure’s
finite length in 2.5D dynamic SSI problems, using a coupled
FE–BE method. Its application to dynamic SSI problems
fundamentally differs from acoustic problems, however, asthe
resonant behaviour of individual modes is strongly affected by
the dynamic interaction between the structure and the soil.The
text is organized as follows. Section 2 briefly summarizes the
governing equations of 3D and 2.5D coupled FE–BE methods.
The spatial windowing technique is subsequently introduced in
section 3. Numerical examples are considered in sections 4
and 5 to investigate the applicability of the proposed approach.
The example in section 4 involves a barrier for vibration
transmission in a homogeneous halfspace, which is a structure
with a finite length that is relatively large compared to the other
dimensions. Application of the 2.5D approach hence seems to
be appropriate for this case. In section 5, the validity of the
spatial windowing technique is further explored by considering
a square surface foundation on the soil, which is a structure
that can not at all be regarded as invariant. The importance
of dynamic SSI is assessed by comparing a foundation on a
horizontally layered halfspace to a foundation on a single layer
on bedrock. A rigorous validation of the spatial windowing
methodology is provided for each of these examples through
full 3D computations based on an efficient coupled FE–H -
BE method. Concluding remarks regarding the suitability of
the proposed technique are summarized in section 6. This
paper provides a summary of the most important results on
spatial windowing; a more elaborate discussion with additional
numerical examples is given by Coulier et al. [14].

2 COUPLED FE–BE METHODS FOR DYNAMIC SSI

Dynamic SSI problems can be solved by means of a subdomain
formulation [15], allowing for the application of different
numerical techniques for the soil and the structure. In this
paper, finite elements are used to model the structural domain
Ωb, while boundary elements on the soil–structure interfaceΣ
are employed to model wave propagation in the surrounding
soil domainΩs (figure 1a). Continuity of displacements and
equilibrium of stresses are enforced on the interfaceΣ. In the
following, it is assumed that tractionŝtb(ω) are imposed on
the boundaryΓbσ of Ωb, while an incident wavefield̂ui(ω) is
present in the soil domainΩs. A hat above a variable denotes its
representation in the frequency domain.

2.1 3D coupled FE–BE method

If a structure with an arbitrary geometry is considered, the
rigorous solution of a full 3D dynamic SSI problem is
required. A weak variational formulation of the equilibrium
of the structureΩb results in the following coupled FE–BE

(a)

x
y

z

Ωb

Ωs

Σ

Γbσt̂b(ω)ûi(ω)ûi(ω)

(b)

x
y

z

Ωb

Ωs

Σ

Γbσ

t̂b(ω)
ûi(ω)

Figure 1. (a) The 3D and (b) the 2.5D dynamic SSI problem,
coupling the structural domainΩb to the soil domainΩs on
the soil–structure interfaceΣ.

equation [16]:
[
Kb+Cb−ω2Mb+ K̂ s

b(ω)
]

ûb(ω) = f̂b(ω)+ f̂
s
b(ω) (1)

whereûb(ω) collects the nodal degrees of freedom ofΩb, while
Kb, Cb, andMb are the finite element stiffness, damping, and
mass matrices.̂K s

b(ω) is the dynamic soil stiffness matrix and is
calculated by means of a 3D BE method. The force vectorf̂b(ω)

results from tractionŝtb(ω) imposed on the boundaryΓbσ ,
whereaŝf

s
b(ω) denotes dynamic SSI forces at the soil–structure

interfaceΣ associated with the incident wavefieldûi(ω) [15].
Solving equation (1) provides the structural responseûb(ω),
which corresponds to the soil displacement vectorûs(ω) on the
soil–structure interfaceΣ due to continuity. The BE equations
allow to retrieve the soil tractionŝts(ω) on Σ:

t̂s(ω) = Û−1(ω)
(

T̂(ω)+ I
)

ûs(ω) (2)

whereÛ(ω) and T̂(ω) are BE matrices, requiring integration
of the Green’s displacements and tractions, respectively.The
displacementŝus(ω) and tractionŝts(ω) on Σ are subsequently
used to evaluate the radiated wavefield in the soilûr(ω) through
the discretized boundary integral equation:

ûr(ω) = Ûs(ω)t̂s(ω)− T̂s(ω)ûs(ω) (3)

whereÛs(ω) andT̂s(ω) are BE transfer matrices.
3D FE–BE models can be used to solve dynamic SSI

problems of any size as long as the proper computational
resources are available. The fully populated unsymmetric
matriceŝU(ω) andT̂(ω) arising from classical BE formulations

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

568



lead to stringent memory and CPU requirements, however,
restricting the applicability of the method to problems of
moderate size. These drawbacks can be circumvented through
the application of fast BE methods [9], [10]. In this paper, a
fast BE method based onH –matrices [17] is employed for the
solution of 3D problems; the reader is referred to the literature
[10], [18] for a comprehensive overview of this methodology.
The application ofH –matrices renders the conventional FE–
BE coupling strategy of equation (1) less efficient, however, as it
requires the assembly of a dynamic soil stiffness matrix [19]. An
alternative iterative algorithm is therefore employed, inwhich
the governing equations of the FE and BE subdomain are solved
separately, while the boundary conditions at the soil–structure
interface are updated until convergence is achieved. A detailed
description of this coupling approach can be found in [19].

Although the application of fast BE methods allows
increasing the problem size considerably compared to classical
BE formulations, the solution of large scale problems remains
computationally very demanding. Additional assumptions can
be made to simplify the problem, as will be discussed in the
next subsection.

2.2 2.5D coupled FE–BE method

In the case of structures with a longitudinally invariant geometry
(figure 1b), the longitudinal coordinatey can be transformed
to the wavenumberky by means of a forward Fourier
transformF [ f (y),ky] =

∫+∞
−∞ f (y)exp(ikyy) dy, resulting in

a computationally efficient 2.5D solution procedure in the
frequency–wavenumber domain. As the 3D response can hence
be represented on a 2D mesh [1], a substantial reduction of
the number of degrees of freedom (and the associated matrix
dimensions) is achieved. The governing equations are briefly
summarized in this subsection; an extensive discussion of the
2.5D coupled FE–BE methodology can be found in [1], [20].

The dynamic equilibrium equation of the coupled FE–
BE system reads as follows in the frequency–wavenumber
domain [1]:[

K̃b(ky,ω)+Cb−ω2Mb+ K̃ s
b(ky,ω)

]
ũb(ky,ω)

= f̃b(ky,ω)+ f̃
s
b(ky,ω) (4)

where a tilde above a variable denotes its representation
in the frequency–wavenumber domain. This equilibrium
equation is similar to the 3D coupled FE–BE equation (1),
except that the stiffness matrices, the displacement vector, and
the load vectors become wavenumber dependent. Solving
equation (4) provides the structural responseũb(ky,ω), cor-
responding to the soil displacementsũs(ky,ω) on the soil–
structure interfaceΣ. The BE equations allow to retrieve the

soil tractions t̃s(ky,ω) = Ũ−1(ky,ω)
(

T̃(ky,ω)+ I
)

ũs(ky,ω),

where Ũ(ky,ω) and T̃(ky,ω) are wavenumber dependent
BE matrices. The representation theorem expressed in
the frequency–wavenumber domain finally allows for the
computation of the radiated wavefield in the soilũr(ky,ω) [1].
The latter corresponds to the discretized boundary integral
equation (3), where each variable should be replaced by its
wavenumber dependent counterpart:

ũr(ky,ω) = Ũs(ky,ω)t̃s(ky,ω)− T̃s(ky,ω)ũs(ky,ω) (5)

The response in the frequency–spatial domain can be found
by means of an inverse Fourier transformF −1 [ f (ky),y] =
1

2π
∫+∞
−∞ f (ky)exp(−ikyy) dky from the wavenumberky to the

longitudinal coordinatey, using an efficient Filon quadrature
scheme [21].

3 2.5D COUPLED FE–BE METHOD WITH SPATIAL
WINDOWING

The spatial windowing technique has been presented by Villot et
al. [11] to account for the finite size of a plane structure in sound
transmission and radiation calculations. This section describes
how this technique can be incorporated in the 2.5D coupled
FE–BE method to account for the finite length of a structure
in dynamic SSI problems.

Consider a plane wave with a constant longitudinal wavenum-
berky0 travelling along an infinite structure. The displacement
field in the spatial domain yields:

û(y,ω) =
1

2π
û0(ω)exp(−iky0y) (6)

while the wavenumber spectrum corresponds to a Dirac delta
function atky = ky0 (figure 2a):

ũ(ky,ω) =

+∞∫

−∞

1
2π

û0(ω)exp(−iky0y)exp(ikyy) dy (7)

= û0(ω)δ (ky− ky0) (8)

A structure with a finite lengthLy, situated betweeny1 and
y2 = y1 + Ly, is only able to contribute to the radiation of
waves into the soil domainΩs from y1 to y2. The wavenumber
spectrum of the displacement field is consequently determined
by applying a forward Fourier transform to equation (6),
restricting the integration in equation (7) toy∈ [y1,y2]:

ũsw(ky,ω) =

∫ y2

y1

1
2π

û0(ω)exp(−iky0y)exp(ikyy) dy (9)

=
1

2π
û0(ω)

exp[i (ky− ky0)y2]

i (ky− ky0)
(1−exp[−i (ky− ky0)Ly])

(10)

with lim
ky→ky0

ũsw(ky,ω)= 1
2π û0(ω)Ly. The subscript ‘sw’ refers to

a spatially windowed quantity. Equation (10) reveals that spatial
windowing results in a distribution of the energy over the entire
wavenumber range [11], while it was originally concentrated at
ky = ky0. This is illustrated in figure 2.

Application of the spatial windowing technique in the
framework of the 2.5D FE–BE methodology outlined in
subsection 2.2 implies that the contribution of each wavenumber
component of the displacement vectorũs(ky,ω) is distributed
over the entire wavenumber domain according to equation (10).
The spatially windowed displacement vectorũs,sw(ky,ω) can
hence be expressed as:

ũs,sw(ky,ω) = ũs(ky,ω)∗

[
1

2π
exp(ikyy2)

iky
(1−exp[−ikyLy])

]

(11)
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(a) kyky0

|ũ(ky,ω)|

(b) kyky0

|ũsw(ky,ω)|

Figure 2. Wavenumber spectrum of a plane wave with
wavenumberky0 propagating in an infinite structure
(a) before and (b) after application of spatial windowing.

where∗ indicates convolution. Spatially windowed interface
tractions t̃s,sw(ky,ω) are defined analogously. The radiated
wavefield in the soil̃ur,sw(ky,ω) is finally computed by means
of the representation formula (5), substitutingũs(ky,ω) and
t̃s(ky,ω) by their spatially windowed equivalents̃us,sw(ky,ω)

andt̃s,sw(ky,ω), respectively.
Equation (11) indicates that the spatial windowing technique

only entails postprocessing of the original 2.5D results. Amajor
limitation of the technique is, however, its inability to account
for reflected waves generated at the boundaries of a finite
structure to reproduce the resonant behaviour of the modes;only
the diffraction due to a structure’s finite length is considered.

4 APPLICATION OF SPATIAL WINDOWING TO ELON-
GATED STRUCTURES: OPEN TRENCH

Numerical examples are considered in sections 4 and 5 to
validate the spatial windowing technique and to investigate its
applicability. The example in section 4 involves a structure with
a longitudinal length that is relatively large compared to the
other dimensions, while this is not the case in section 5. For
each case, a rigorous validation is provided by means of 3D
calculations through the FE–H -BE methodology summarized
in subsection 2.1. All calculations have been performed on
Intel R© XeonR© E5520 (2.26 GHz) CPUs.

The application in this section is related to railway induced
ground vibration, which can lead to vibration annoyance in
buildings in close proximity of railway tracks. In order to reduce
the levels of building vibration, mitigation measures on the
transmission path between source (railway track) and receiver
(building) can be implemented. Examples of such measures are
vibration isolation screens [22], buried wall barriers [23], and
wave impeding blocks [5]. The vibration reduction efficiency
of an open trench is discussed in this paper, which aims at
reflecting the impinging waves and is known to be very effective

for a trench depth greater than about 0.60 times the Rayleigh
wavelength in the soil [22]. Trenches are assumed to be
infinitely long in most of the numerical studies reported in the
literature [24], [25]; this assumption is not fulfilled in practice,
however. It is shown next how the spatial windowing technique
allows accounting for the finite length of the trench.

Consider a halfspace characterized by a shear wave velocity
Cs = 200m/s, a dilatational wave velocityCp = 400m/s, a
density ρ = 2000kg/m3, and material damping ratiosβs =
βp = 0.025 in deviatoric and volumetric deformation. A trench
with a width w = 2m, a depthd = 2m, and a lengthLy is
situated at a distanceD = 4m from they–axis and is positioned
symmetrically with respect to thex-axis, i.e.y1 = −Ly/2 and
y2 = Ly/2 (figure 3a). The numerical analysis is performed for
trenches with a length of 15m and 60m.

The dimensionless trench depthd is defined asd/λR( f ),
whereλR( f ) is the frequency dependent Rayleigh wavelength
in the soil; a valued = 0.60 is obtained at 56Hz. In
order to facilitate physical interpretation, an incident wavefield
is generated by the application of a unit vertical harmonic
point load at the origin of the coordinate system, rather than
considering a train passage.

(a)

x
yz w

d

D

Σ

Ωs

Ly

Figure 3. The soil domainΩs with an open trench of finite
lengthLy.

The spatial windowing technique outlined in section 3 is
used to calculate the wavefield in the soil, accounting for the
presence of the open trench with lengthLy. The interfaceΣ
of the trench is modelled with 30 2.5D boundary elements;
the element dimensions are limited in order to ensure that 10
elements per shear wavelengthλs=Cs/ f are used at a frequency
of 100Hz. Finite elements are not required, as no in–fill material
is considered. The 2.5D computations with spatial windowing
are compared to 3DH -BE calculations, where four–node
quadrilateral boundary elements are employed to discretize the
interfaceΣ. The discretization of the free surface is avoided in
both approaches by employing Green’s functions for a halfspace
in the 2.5D BE and 3DH -BE formulations [1], [17].

The vibration reduction efficiency of a trench is characterized
through the vertical insertion losŝILz(x,ω):

ÎLz(x,ω) = 20log10
|ûref

z (x,ω)|

|ûz(x,ω)|
(12)

which compares the vertical displacement ˆuref
z (x,ω) in the

reference case (without a trench) to the vertical displacement
ûz(x,ω) in case a trench is included; positive values of the
insertion loss indicate a reduction of the free field vibrations.
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Figures 4–6 show the insertion losŝILz(x,ω) for a trench
with a length of 15m and 60m at 15Hz, 30Hz, and 60Hz,
respectively. The dimensionless trench depth equalsd = 0.16 at
15Hz,d = 0.32 at 30Hz, andd = 0.64 at 60Hz. The insertion
loss remains rather limited at 15Hz, as a significant part of the
energy still passes underneath the trench. The penetrationdepth
of the Rayleigh waves decreases at higher frequencies, causing
reflection of the waves by the trench and resulting in insertion
losses up to 10dB and more at 30Hz and 60Hz. Extending
the length of the trench leads to an enlargement of the area
where vibration levels are effectively reduced. The results are
furthermore compared to rigorous 3DH -BE calculations, and
an almost perfect agreement between the spatially windowed
2.5D and the 3D computations is observed for all trench lengths
and at all frequencies under concern. The correspondence isnot
only apparent at the surface of the halfspace, but also at depth.
These figures indicate that the proposed spatial windowing
technique is capable of accurately accounting for the finite
length of the trench. As there is no in–fill material in the
open trench, the wavefield in the soil cannot be affected by
the resonant behaviour of structural modes, explaining whythe
technique is particularly well suited for the case under concern.
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(b)

(c)
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Figure 4. Vertical insertion losŝIL z(x,ω) at 15Hz for an open
trench with a length (a)Ly = 15m, (b) Ly = 60m, and
(c) Ly = ∞, calculated by means of a 2.5D model with
spatial windowing (left hand side) or a 3D model (right
hand side).
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Figure 5. Vertical insertion losŝIL z(x,ω) at 30Hz for an open
trench with a length (a)Ly = 15m, (b) Ly = 60m, and
(c) Ly = ∞, calculated by means of a 2.5D model with
spatial windowing (left hand side) or a 3D model (right
hand side).
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Figure 6. Vertical insertion losŝIL z(x,ω) at 60Hz for an open
trench with a length (a)Ly = 15m, (b) Ly = 60m, and
(c) Ly = ∞, calculated by means of a 2.5D BE model with
spatial windowing (left hand side) or a 3DH -BE model
(right hand side).

The 2.5D calculations based on the assumption of longitu-
dinal invariance (i.e. without spatial windowing) are shown in
figures 4–6d. A comparison of figures 4–6a–b and 4–6c clearly
indicates that accounting for the finite length of the trenchis
important to correctly assess the vibration reduction efficiency.
A trench of limited length is only able to reflect that part of the
wavefield that impinges on the trench, which is clearly visible
for a trench of 15m (figures 4–6a). Furthermore, diffraction
around the edges of a finite trench leads to a decreased efficiency
in part of the shadow zone. Both phenomena are accounted for
in the spatial windowing technique.

The computational effort for the 2.5D computations (with
or without spatial windowing) is considerably lower than for
the full 3D calculations, as is demonstrated in tables 1 and 2.
Table 1 summarizes the amount of RAM memory required for
the storage of the BE matrices̃U(ky,ω) and T̃(ky,ω) or Û(ω)

and T̂(ω) in the 2.5D BE or 3DH -BE models, respectively.
The amount of RAM memory that would have been required
in a classical 3D BE model without the application ofH –
matrices is indicated as well. It is clearly illustrated in table 1
that the 2.5D approach results in a substantial reduction ofthe
RAM memory. The efficiency in terms of computation time
is assessed in table 2. The computation time for a 3D open
trench with a length ofLy = 15m is comparable to that of a
2.5D calculation, while it significantly exceeds the latterfor
Ly = 60m. As the 2.5D equations are solved independently
for each wavenumberky in the frequency–wavenumber domain,
the 2.5D calculations can easily be parallelized. The use of
MATLAB’s Parallel Computing Toolbox [26] allows for a
distributed computation on eight cores, leading to a speed–up by
a factor that is slightly less than eight (due to the communication
overhead). The value of 1.8h listed in table 2 indicates the total
computation time on all cores; the actual computation time is
only 0.25h. A similar parallelization can not be applied to the
3D H -BE models, however.

5 APPLICATION OF SPATIAL WINDOWING TO SHORT
STRUCTURES: SURFACE FOUNDATION

The validity of the spatial windowing technique is further
explored in this section. The importance of the actual length

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

571



15Hz 30Hz 60Hz
2.5D Ũ(ky,ω) 0.55 0.55 0.55

T̃(ky,ω) 0.55 0.55 0.55

3D Û(ω) 164 (368) 170 (368) 186 (368)
(15m) T̂(ω) 174 (368) 176 (368) 194 (368)

3D Û(ω) 793 (5172) 925 (5172) 1437 (5172)
(60m) T̂(ω) 847 (5172) 1380 (5172) 1743 (5172)

Table 1. RAM memory (in MB) required for the storage of the
BE matricesŨ(ky,ω) and T̃(ky,ω) or Û(ω) and T̂(ω) in
the 2.5D BE or 3DH -BE models of an open trench. The
amount of RAM memory that would have been required in
classical 3D BE models is given between brackets.

15Hz 30Hz 60Hz
2.5D 1.8 1.8 1.8
3D (Ly = 15m) 2.0 2.0 2.1
3D (Ly = 60m) 4.3 4.6 5.5

Table 2. CPU time (in hours) required for the 2.5D or 3D
calculations involving an open trench.

of the structure, its modal behaviour, and the dynamic SSI are
investigated. The structure under concern is a square surface
foundation on a horizontally layered halfspace; the geometry
thus strongly differs from the open trench previously discussed.
In subsection 5.1, the flexibility is neglected and the foundation
is modelled as a rigid body. The influence of flexible foundation
modes on the accuracy of the methodology will subsequently be
investigated in subsections 5.2 and 5.3.

5.1 Rigid surface foundation on a horizontally layered
halfspace

The concrete foundation has a widthw = 5m, a lengthLy =
5m, a thicknesst = 0.25m, a Young’s modulusE = 33GPa,
a Poisson’s ratioν = 0.20, and a densityρ = 2500kg/m3.
A hysteretic damping ratioβ = 0.03 is included through
application of the correspondence principle. The foundation is
loaded by a unit harmonic vertical point load at its center. While
a homogeneous halfspace has been considered in section 4
to facilitate physical interpretation, the soil in realityis often
stratified; a layered halfspace is therefore included in this
subsection. The soil consists of two layers on a halfspace, each
with a thickness of 2m. The shear wave velocityCs is equal
to 150m/s in the top layer, 250m/s in the second layer, and
300m/s in the underlying halfspace. The Poisson’s ratioν is
1/3 everywhere, resulting in dilatational wave velocitiesCp of
300m/s, 500m/s, and 600m/s, respectively. Material damping
ratiosβs= βp = 0.025 in deviatoric and volumetric deformation
are attributed to the layers and the halfspace, while a uniform
densityρ = 1800kg/m3 is considered throughout the medium.

The spatial windowing technique is employed to compute
the response of the foundation and the wavefield in the soil
based on a 2.5D calculation. The soil–foundation interfaceis
discretized with 30 2.5D boundary elements, while 30× 30

square quadrilateral boundary elements are used in the 3D
validation calculations. This corresponds to nine elements per
shear wavelength in the top layer at 100Hz. As the rigid body
translation of a longitudinally invariant structure is entirely two–
dimensional and corresponds to plane strain conditions [1], the
2.5D calculation is restricted toky = 0.

Figure 7a shows the real part of the vertical displacement
ûz(x,ω) of the foundation and the soil at 100Hz. Results
obtained with the 2.5D BE model (for an infinitely long rigid
foundation), the 2.5D BE model with spatial windowing, and
the 3DH -BE model are compared. The 2.5D model is unable
to account for variations in the longitudinal direction (asit is
restricted toky = 0); the displacements consequently strongly
differ from the 3D results. Application of spatial windowing
distributes the energy over the entire wavenumber domain,
which enables the correct representation of the variation of the
wavefield in the longitudinal direction. This leads to a very
good agreement with the 3D calculations. The response of
the foundation is also affected, however, and does not longer
correspond to a uniform vertical translation.

(a)

(b)

Figure 7. Real part of the vertical displacement ˆuz(x,ω) of
the foundation and the soil for a (a) rigid and (b) flexible
surface foundation on a layered halfspace at 100Hz. The
results are calculated by means of a 2.5D model (left), a
2.5D model with spatial windowing (middle), and a 3D
model (right).

The three numerical methodologies are furthermore com-
pared in figure 8, which shows the free field mobility along
the line y = 0m at several distances from the foundation in
the frequency range between 0Hz and 100Hz. As can be
expected, there is a significant deviation between the 2.5D
and 3D mobilities; the assumption of longitudinal invariance
generally results in an overestimation of the free field mobility,
especially in the far field. A very good agreement is achieved
between the 2.5D model with spatial windowing and the 3D
model, although some discrepancies arise in the near field.
Figures 7a and 8 illustrate the appropriateness of the proposed
methodology, even if applied to a structure not resembling an
invariant one. The actual dimensions of the structure are not
important; spatial windowing is effective as long as the response
is not dominated by the modal behaviour of the structure.

5.2 Flexible surface foundation on a horizontally layered
halfspace

In order to account for the flexibility of the foundation, the
structure is discretized with Kirchhoff plate elements which
are coupled to the boundary elements on the soil–foundation
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Figure 8. Free field mobility along the liney= 0m for a rigid
surface foundation on a layered halfspace. The results are
calculated by means of a 2.5D model (black line), a 2.5D
model with spatial windowing (circles), and a 3D model
(grey line).

interface. Within the frequency range of interest, the free
foundation has natural modes at 24Hz, 35Hz, 40Hz, and 62Hz;
only the modes at 40Hz and 62Hz can be excited by the loading
under concern, however, as the projection of the excitationforce
on the other mode shapes equals zero.

Figure 7b shows the real part of the vertical displacement
ûz(x,ω) of the foundation and the soil at 100Hz. Results
obtained with the 2.5D FE–BE model (for an infinitely long
flexible foundation), the 2.5D FE–BE model with spatial
windowing, and the 3D FE–H -BE model are compared. The
wavefield in the soil is strongly affected by the presence of the
foundation; a 2.5D calculation is unable to accurately represent
the wavefield obtained with a 3D calculation. Application
of spatial windowing modifies the wavefield considerably,
resulting in a much better agreement with the 3D calculations.

Figure 9 shows the free field mobility along the liney= 0m
at several distances from the foundation in the frequency range
between 0Hz and 100Hz. Below 25Hz, the three numerical
methodologies yield the same result, as the wavelength in the
soil remains large compared to the dimensions of the foundation.
Discrepancies between the 2.5D and 3D model are observed
at higher frequencies, but these are much smaller than in
the case of the rigid foundation considered in subsection 5.1.
The deviations are more pronounced in the near field and are
almost negligible in the far field. The mobilities obtained
after application of spatial windowing are in much better
correspondence with the 3D results.

The natural frequencies of the free foundation at 40Hz and
62Hz are not apparent in figure 9 due to the strong dynamic SSI.
This is also illustrated in figure 10, which shows the modulus
and phase of the vertical displacement ˆuz(ω) at the center of the
foundation. The peak at 20Hz corresponds to resonance of the
foundation on the layered halfspace; it is not a natural frequency
of the foundation. The response is thus not dominated by the
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Figure 9. Free field mobility along the liney= 0m for a flexible
surface foundation on a layered halfspace. Line styles are
in correspondence with figure 8.

modal behaviour of the foundation, explaining the suitability of
the spatial windowing technique in the case under concern.
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Figure 10. (a) Modulus and (b) phase of the vertical
displacement ˆuz(ω) at the center of a flexible surface
foundation on a layered halfspace. Line styles are in
correspondence with figure 8.

5.3 Flexible surface foundation on a single layer on bedrock

In order to further explore the limitations of the spatial
windowing technique, the influence of dynamic SSI on the
accuracy of the methodology is investigated in this subsection.
The layered halfspace considered in subsections 5.1 and 5.2
is replaced by a single layer on bedrock, with the same wave
velocities and material damping ratios as the top layer of the
aforementioned halfspace. The layer thicknessh, however, is
set to 0.375m, which results in a cut–on frequency ofCs/(4h)=
100Hz; the surface waves hence remain evanescent in the whole
frequency range under concern. The density of the layer is
also artificially reduced by a factor of ten to 180kg/m3, which
consequently implies a reduction of the soil stiffness.

Figure 11 compares the modulus and phase of the vertical
displacement ˆuz(ω) at the center of the foundation, calculated
with the 2.5D FE–BE model (for an infinitely long flexible
foundation), the 2.5D FE–BE model with spatial windowing,
and the 3D FE–H -BE model. As there are no propagative
surface waves in the soil, the radiation damping is very limited,
and the natural modes of the foundation consequently prevail
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in the response of the 3D coupled soil–foundation system.
The resonance peaks near 40Hz and 62Hz can clearly be
distinguished in figure 11, which is also due to the low soil
stiffness. The 2.5D approach gives a reasonable correspondence
with these results below 40Hz, but large discrepancies are
observed at higher frequencies. Application of the spatial
windowing technique does not lead to a better agreement
with the 3D results, however. This example illustrates the
shortcoming of the technique in case of low radiation damping
in the soil, as it does not succeed to account for the dominant
modal behaviour of the structure.
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Figure 11. (a) Modulus and (b) phase of the vertical
displacement ˆuz(ω) at the center of a flexible surface
foundation on a single layer on bedrock. Line styles are
in correspondence with figure 8.

6 CONCLUSIONS

In this paper, a spatial windowing technique has been presented
that allows accounting for the effect of finite dimensions in2.5D
models for dynamic SSI. This technique enables the application
of 2.5D models even if the assumption of longitudinal invariance
is not fulfilled, hence maintaining the associated computational
efficiency. The method redistributes the contribution of each
wavenumber component over the entire wavenumber domain
and can as such be regarded as a postprocessing of the
original 2.5D results. Spatial windowing only accounts forthe
diffraction occurring at the structure’s extremities, however, and
the existence of structural modes is not considered.

Numerical examples of elongated (open trench) and short
(surface foundation) structures have been discussed to inves-
tigate the applicability of the proposed technique. For each
of these examples, full 3D calculations have been performed
to provide a rigorous validation. It is demonstrated that the
proposed technique is accurate as long as the modal behaviour of
the structure does not dominate the response; the methodology
is in that case even appropriate for structures which do not seem
to have an invariant geometry. The modal behaviour has only a
limited influence in most of the applications due to the dynamic
SSI and the radiation damping in the soil. If this is not the case,
however, spatial windowing reaches its limits of suitability.
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ABSTRACT: For many years, engineers and seismologists have recognized the destructive potential of seismic surface waves 

generated within sedimentary basins. With their large amplitudes and long periods, basin surface waves are an important 

consideration for high-rise buildings, bridges, nuclear power plants, and other long period structures. Identification of these 

wave types in a seismogram is an important step for the understanding of wave propagation phenomena. Since in most 

seismograms, different types of waves with different frequencies may appear simultaneously, separation of waves is more 

effectively achieved when a time-frequency analysis is performed. In this work, we propose a new time-frequency analysis 

procedure to identify and extract Rayleigh and Love waves from three-component seismograms. Exploiting the advantage of the 

absolute phase preservation by the Stockwell Transform, we construct time-frequency filters to extract waves based on the 

‘Normalized Inner Product’ (NIP). The novelty and advantage of the proposed procedure is that it does not require making any 

assumptions regarding the direction of propagation of the surface waves, but in fact such direction is a byproduct. Furthermore, 

it is shown that the NIP is a more stable parameter in the time-frequency domain when compared to the instantaneous reciprocal 

ellipticity, and thus it avoids smoothing (and with it, altering) the data. The procedure has been successfully tested with real 

signals, in particular to extract Rayleigh and Love waves from seismograms of one aftershock of the 1999 Chi-Chi earthquake. 

With the proposed procedure we found different directions of propagation for retro-grade and pro-grade Rayleigh waves, which 

might suggest that they are generated by different mechanisms. 

KEY WORDS: Surface Wave Propagation; Site Effects; Time-Frequency Analysis. 

1 INTRODUCTION 

The identification of surface waves in a time history is one of 

the fundamental tasks in applied geophysics. Surface waves 

are important not only because they carry information about 

the surficial geological layers in which they propagate, but 

also for their impact on man-made structures. Methods for 

identifying surface waves are based on the two main 

characteristics of such waves: (1) plane and type of 

polarization, and (2) frequency-dependent phase velocities 

(dispersion). Identification of Rayleigh wave phases has been 

traditionally performed by means of Complex Trace Analysis 

(CTA) [1, 2, 3, 4]. CTA uses time-varying polarization 

characteristics to differentiate between waves, and thus, waves 

arriving at different times can be separated.  Rayleigh waves 

are identified by considering the fact that they are elliptically 

polarized in a plane oriented in their direction of propagation. 

However, in view of the fact that dispersed waves (such as 

surface waves) may be effectively described and analyzed in 

terms of narrow-band wave packets, we need an extraction 

technique that resolves the recorded signals in such narrow-

band packets. Since CTA does not provide information on the 

time variation of the frequency content of the signal, the 

analyst needs to choose frequency ranges of interest a priori. 

This problem is aggravated when different types of waves 

appear simultaneously in the signal under investigation, as it 

often happens with seismic waves. Another difficulty faced by 

the analyst is the need to assume a priori the direction of 

propagation of the surface waves present in the time histories.  

Considering the above reasons, a time-frequency 

polarization analysis seems to be a more appropriate 

alternative in order to separate the different phases in a wave 

field. Whereas most of classical signal processing studies of 

the 1970s were aimed at stationary signals and processes, 

many efforts were devoted to less idealized situations during 

the 1980s, and the idea of time-frequency analysis 

progressively emerged as a new paradigm for non-stationarity. 

It is now well recognized that many signal processing 

problems can be advantageously phrased in a time-frequency 

language. Pinnegar [5] and Galiana-Merino [6] have 

constructed filters to exclude or extract Rayleigh waves based 

on the instantaneous reciprocal ellipticity defined in the time-

frequency domain. For the method to be successful, the 

filtering criteria need to be independent of the direction of the 

two horizontal components of the signal used in the analysis. 

This is the case for the instantaneous reciprocal ellipticity. 

However, the reciprocal ellipticity criterion alone does not 

work well if the time history contains Rayleigh waves with 

both retro-grade and pro-grade motion. Such a case has been 

observed in recordings of the aftershock 1803 of the Chi-Chi 

earthquake that occurred on 20 September 1999 with 

magnitude Mw 6.2 [7]. The method we propose herein to 

detect and extract surface waves from three-component 

recorded seismograms overcomes these difficulties. We 

exploit the advantage of the absolute phase preservation of the 

Stockwell Transform [8], and we construct time-frequency 

filters to extract waves based on the ‘Normalized Inner 

Product’ (NIP). Since the NIP is the time-frequency 
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counterpart of the correlation, Rayleigh and Love waves can 

be identified based on the value of the NIP between the 

Stockwell Transforms of the horizontal and vertical 

displacement components. The proposed procedure does not 

require making any assumptions regarding the direction of 

propagation of the surface waves, but in fact such direction is 

a byproduct of the proposed computational procedure. 

2 TIME-FREQUENCY POLARIZATION ANALYSIS 

Three-component signals can be thought as a superposition of 

sinusoids oscillating in the  -,  -, and  - directions, which 

when considered one frequency at a time, trace out elliptical 

motion in three-space. Thus, the total three component signal 

can be thought of as a superposition of ellipses. When the 

analyzed components are in-phase, we are considering linear 

polarization. When the components are 90 degrees out-of-

phase and have the same amplitude, the state corresponds to 

circular polarization. A more general case is when the 

components are out-of-phase and have different amplitudes, 

which corresponds to elliptical polarization. Regarding waves 

contained in seismic signals, the polarization state of Rayleigh 

waves is elliptical, whereas body and Love waves are linearly 

polarized. The information contained in the Fourier Spectra of 

the  -,  - and  - components of the signal can be re-expressed 

as Fourier Spectra of the elements of the ellipses. The same 

type of reasoning can be used with windowed Fourier 

transforms (such as the Stockwell Transform), to give time-

varying spectra for elliptical elements. 

 

The Stockwell transform        of a time varying function 

     can be expressed in the following form (Stockwell, 

1996): 

 

      

      
 

  

   

   
     

        

 
               

(1) 

 

The time-frequency elliptical elements of the polarization 

ellipse, which describe the contribution of the  -th frequency 

to the total signal are defined in [5] for the Stockwell 

transform. Among them, the instantaneous reciprocal 

ellipticity has been used to discern waves contained in a 

seismic signal [5, 6]. Filters are constructed and applied in the 

time-frequency domain, and then inverse Stockwell transform 

is used to recover the filtered time-domain signal. The inverse 

Stockwell transform is exactly obtained in two steps: the 

Fourier Transform is obtained by integrating the Stockwell 

transform over time, and then Fourier Transform is inverted 

[8]. 

 

3 COMPUTATION OF DIRECTION OF PROPAGATION 

Once the polarization filtering is done, we can find the angle 

of propagation   of the Rayleigh waves, using the filtered 

signals. One way to do this is rotating the horizontal filtered 

signals with trial backazimuths until finding the best 

correlation coefficient between the “Radial” component and 

the Hilbert Transform of the Vertical component. We can 

avoid this iterative process, and make a direct computation of 

the angle  , using the following relation: 

 

       
            

 
 

            
 
 

               
 

 
 
  

 
 (2) 

 

where    and     are the filtered East and North components 

respectively, and     is the filtered Vertical component shifted 

90 degrees. Equation (2) gives directly the (reference angle of 

the) back-azimuth. 

 

4 EXTRACTION OF RAYLEIGH WAVES 

In this section we apply the procedure for identification and 

extraction of surface waves produced by an aftershock  of the 

ChiChi earthquake in the West Coastal Plain in Taiwan, and 

that occurred on 20 September 1999 at 1803 UTC with a 

magnitude of Mw 6.2. This aftershock is very useful to test 

the surface wave extraction method, since it produced very 

strong and clear surface waves in the plain. Figure 1shows a 

map with the directions of the Rayleigh wave propagation 

estimated by [7], where the location of the epicenter is also 

indicated. The black circle in Figure 1 specifies the location of 

station TCU116, which will be considered for this example. 

 

 
Figure 1. Map illustrating the location of the stations on the 

West Coastal Plain considered in this study. For some stations 

the arrows indicate the direction Rayleigh wave propagation 

estimated by [7]. The star indicates the location of the 

epicenter of the event. The black circle indicates the location 

of station TCU116. 

 

The NEV components of the displacement time history 

recorded at this station during the aftershock are shown in 

Figure 2. The displacements were obtained by independently 

bandpass filtering and integrating twice the components of the 

acceleration histories. Next, the Stockwell Transforms of the 

displacements histories are computed, and their amplitudes 

are shown in Figure 3. Now, Figure 4 shows the instantaneous 

reciprocal ellipticity, computed as in [5], which ranges from 0 

to 1.  
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Figure 2. NEV components of the displacement history 

recorded during the aftershock at station TCU116 (a) North 

component, (b) East component, (c) Vertical component. 

 

 

 

 
Figure 3. Amplitude of Stockwell Transforms of the NEV 

displacement components during aftershock 1803 at station 

TCU116. (a) North component (b) East component (c) 

Vertical component. 

 

 
Figure 4. Instantaneous reciprocal ellipticity for displacement 

histories at station TCU116. 

 

Based on the instantaneous reciprocal ellipticity  , we 

construct a filter to exclude waves for which      . The 

results of the application of the filter to the Stockwell 

transforms are shown in Figure 5, illustrating clearly the areas 

that the filter keeps and excludes. The filtered transforms are 

inverted, and the filtered time domain signals are shown in 

Figure 6.  

 

 

 

 
Figure 5. Filtered Stockwell transforms of the NEV 

displacements during the aftershock at station TCU116 (a) 

North component, (b) East component, (c) Vertical 

component. 
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Figure 6. Filtered NEV components of displacement history 

recorded during the aftershock at station TCU116 (a) North 

component, (b) East component, (c) Vertical component. 

 

Now we use these extracted waves to compute the angle of 

propagation of the Rayleigh waves using Eq. (2). The 

computed angle is: 

 

                 (3) 

 

which is in agreement with the directions predicted by [7] for 

the propagation of surface waves in the plain (see Figure 1). 

With this computed angle, the horizontal NE filtered 

components are rotated to obtain components in the “Radial” 

and “Transverse” directions. The rotated components are 

shown in Figure 7. We can observe that the transverse 

component is small compared to the Radial and Vertical 

components, however the final test for the extracted waves is 

the comparison between the Radial component and the 

Vertical component shifted 90 degrees. This comparison is 

shown in Figure 8. We can observe that the Radial and shifted 

Vertical components are in phase starting at about 30 seconds, 

but before this instant the extracted waves do not seem to 

resemble the characteristics of a Rayleigh wave. The 

correlation coefficient between the Radial and shifted Vertical 

components of the extracted waves is 0.7. 

 

 

 
Figure 7. Filtered RT components of the displacement history 

recorded during the aftershock at station TCU116 (a) Radial 

component, (b) Transverse component. 

 

 

 

 
 

Figure 8. Comparison between the filtered Radial and shifted 

Vertical components of the displacement history recorded 

during the aftershock at station TCU116. The Vertical 

component is shifted 90 degrees. 

 

5 THE NORMALIZED INNER PRODUCT 

 

As it was shown in the previous section, the instantaneous 

reciprocal ellipticity as a criterion to extract surface waves is 

not as effective as expected. In the case of the surface waves 

recorded in the West Coastal Plain in Taiwan, analyzed in the 

previous section, the problem is associated to the presence of 

both retrograde and prograde Rayleigh waves. Retrograde 

particle motion is usually the type of polarization expected for 

Rayleigh waves. However, as it was already noted by [7], at 

the WCP in Taiwan the structure of the basin allows for the 

generation of both prograde and retrograde waves. With the 

instantaneous reciprocal ellipticity criterion alone is not 

possible to identify whether the particle motion is prograde or 

retrograde. In [6] it is suggested that the instantaneous phase 

difference between the Radial and Vertical components can be 

used to discern between these two types of motion. In our 

case, the phase to be used to compute the instantaneous phase 

difference would be the phase of the Stockwell transform. 

However, the method proposed in [6] requires knowledge of 

the angle giving the radial direction in order to extract the 

Rayleigh waves, and in most cases the analyst does not have 

this angle available. This is why we propose a new criterion to 

filter the components of the signal to extract Rayleigh waves, 

which does not require the specification of their direction of 

propagation. This criterion is the Normalized Inner Product 

(NIP), which is defined as: 

 

    
                           

         
 (4) 

 

where    is the Stockwell transform of the Radial component 

of displacement, and     is the Stockwell transform of the 

Vertical component, shifted 90 degrees.    is computed from 

the Stockwell transforms of the NEV components of 

displacement, using the instantaneous angle   , which is given 

by: 

         
                           

                           
  (5) 

 

In Figure 9(a), the NIP for the real signal recorded at station 

TCU116 is shown. In this figure we can identify some areas 

where the NIP is close to 1 and other areas where the NIP is 
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close to -1. If we want to extract the retrograde Rayleigh 

waves, we need to exclude those areas where the NIP is close 

to -1 [the blue areas in Figure 9(a)]. For comparison, the 

instantaneous reciprocal ellipticity is also shown in Figure 

9(b). We can conclude from the comparison that the NIP is a 

better criterion to create filters and extract the Rayleigh 

waves, since it is more stable over the       domain. Figure 

9(b) shows that the instantaneous reciprocal ellipticity has 

more variation in the Stockwell transform domain. 

 

 

 
Figure 9. Comparison between instantaneous reciprocal 

ellipticity and NIP criteria. (a) Normalized inner product of 

radial and phase advanced vertical component, (b) 

Instantaneous reciprocal ellipticity computed with the three-

components of the signal. 

 

In Figure 10, the Stockwell transforms of the NEV 

components filtered with the NIP criterion to extract 

retrograde Rayleigh waves is shown. If compared with the 

Stockwell transforms of the NEV components filtered with the 

instantaneous reciprocal ellipticity shown in Figure 5, it can 

be observed that the area before 30 seconds between 0.2 and 

0.4 Hz is excluded by the NIP criterion. This is because that 

area corresponds to prograde motion as it can be seen in 

Figure 9(a). The extracted waves, obtained by inverting the 

transforms of Figure 10 are shown in Figure 11. We can 

observe they include only the lower frequencies. 

 

Now using the extracted waves of Figure 11 we compute the 

angle of propagation of the Rayleigh waves using Eq. (2): 

 

                 (6) 

 

The angle is slightly different from that computed in the 

previous section. Next, the horizontal filtered components are 

rotated in the radial and transverse direction using the angle 

(6). The results are shown in Figure 12. The waves in the 

Radial and Vertical components have an appearance strongly 

suggesting they are Rayleigh waves. We compare these two 

components in Figure 13. Clearly, the Radial component and 

the Vertical component shifted 90 degrees are in-phase, 

confirming the waves we extracted are Rayleigh waves. The 

correlation coefficient between them is now 0.9018, showing 

in a quantitative manner the better results obtained when the 

NIP criterion is used. 

 

 

 

 
Figure 10. Filtered Stockwell transforms of the NEV 

displacements using the NIP criterion. (a) North component, 

(b) East component, (c) Vertical component. 

 

Finally, in Figure 14, the NE (horizontal) components of the 

extracted prograde Rayleigh waves are shown. We can 

observe the frequencies of these prograde waves are higher 

than those of the retrograde waves. The angle computed with 

the NE components of the prograde waves is: 

 

                 (7) 

 

This value is significantly different from the one obtained for 

the retrograde waves, indicating that most likely they are 

generated by different mechanisms. Such conclusion 

illustrates the advantage of using the NIP to extract Rayleigh 

waves. In Figure 15, we show the comparison between the 

Radial component and the shifted Vertical component of the 
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extracted prograde waves. Once again, the results show the 

two components are in phase, and thus the extracted waves are 

confirmed as Rayleigh waves. 

 

 

 

 

 
Figure 11. Filtered NEV components of the displacement 

history using the NIP criterion. (a) North component, (b) East 

component, (c) Vertical component. 

 

 

 

 
Figure 12. Filtered RT components of the displacement history 

using the NIP criterion (a) Radial component, (b) Transverse 

component. 

 

 

 
 

Figure 13. Comparison between the filtered Radial and shifted 

Vertical components of displacement history using the NIP 

criterion. The Vertical component is shifted 90 degrees. 

 

 

 

 
Figure 14. Filtered NE components of the displacement 

history using the NIP criterion for prograde waves. (a) North 

component, (b) East component. 

 

 

 
 

Figure 15. Comparison between the Radial and shifted 

Vertical components of the displacement filtered with the NIP 

criterion for prograde waves. The Vertical component is 

shifted 90 degrees. 

 

In Figure 16, we can observe the Radial and Shifted Vertical 

components of extracted Rayleigh waves using the NIP 

criterion for retrograde waves at different stations of the WCP 

plain in Taiwan. The results show the method is stable when 

applied to this dataset of seismic time histories. The same can 

be concluded for the extraction of the prograde waves, shown 

in Figure 17. 

 

6 CONCLUSIONS 

We have developed a method to extract Rayleigh waves from 

three-component displacement histories. The proposed 

method, based on the Normalized Inner Product, does no 

longer require a priori estimations of the frequency range and 

direction of propagation of the surface waves. We have shown 

that the method gives better results when compared with 

recently proposed methods to extract surface waves based on 

the Instantaneous Reciprocal Ellipticity, since the algorithm 

proposed herein distinguishes between prograde and 

retrograde particle motion. Therefore waves generated by 

different mechanisms will be more easily identified. Besides, 

numerical examples show that the Normalized Inner Product 

is more stable over the time-frequency domain than the 

Normalized Reciprocal Ellipticity, reducing the numerical 

artifacts due to filtering. The extracted waves can then be used 

to study the physics of surface wave generation and 

propagation in sedimentary basins, enhancing our capabilities 

to assess the seismic hazard at a site. 
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Figure 16. Radial component (black solid line) and shifted 

vertical component (gray dashed line) of extracted retrograde 

Rayleigh waves at different stations at the WCP plain in 

Taiwan. 
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Figure 17. Radial component (black solid line) and 

shifted vertical component (gray dashed line) of 

extracted prograde Rayleigh waves at different stations 

at the WCP plain in Taiwan. 
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ABSTRACT: The dynamic soil-structure interaction has to be modeled in an appropriate way in order to provide a realistic 
assessment of arising vibrations. Modeling of the complete emission- transmission- immission system by means of the emission-
transmission causes a high computational effort. In general appropriate modifications are necessary in order to describe the 
infinite extension of the soil where artificial reflections at the boundaries have to be avoided. An efficient approach to model the 
complete system is to describe only the irregular geometries of the emission and immission systems with finite elements and to 
model the transmission system of the soil by using analytical solutions based on Integral Transform Methods. These solutions 
are obtained for infinite systems using a Fourier-Transformation from the original domain to the wavenumber-frequency 
domain. In order to couple both methods an adapted Finite Element Method which can be used in the wavenumber-frequency 
domain has to be applied. In the scope of this paper the following systems are coupled: a halfspace with a cylindrical cavity and 
a Finite Element mesh which is placed inside the cavity. Applying a transformation along the longitudinal coordinate of the 
tunnel, the system is 2.5 dimensional which means that the formulation of two-dimensional Finite Elements contains the 
complete three-dimensional information of the system after an inverse transformation. For each wavenumber-frequency 
combination, the computed stiffness matrix for the Finite Element mesh is coupled with the respective wavenumber-frequency 
stiffness of the analytical solution describing the halfspace with cylindrical cavity using the substructure technique.  

KEY WORDS: Soil Dynamics; Soil-Structure-Interaction; Integral Transform Method; Fourier-Transformation; Finite Element 
Method; Wavenumber-Frequency Domain. 

1 INTRODUCTION 
Vibrations induced by moving trains in a tunnel are of special 
importance in urban areas. Due to a growing sensibility of 
both humans and machines, the importance of the prediction 
of oscillations due to rail and road traffic is increasing. As 
measurement-based analyses are often not possible during the 
design phase, when constructional measures would be easy to 
implement, a reliable method for the prediction of vibrations 
is of interest.  

In order to model the complete system with emission, 
transmission and immission elements, different numerical and 
analytical methods are available. A comprehensive overview 
over the various numerical models and methods is presented 
in [1]. As one of the possible methods, the Integral Transform 
Method is based on the Fourier-Transformation and provides 
an analytical solution for different fundamental systems. 
Using Integral Transform Methods closed form solutions for 
the infinite extension of the halfspace can be derived as well 
as for several modifications of the halfspace, e.g. for a layered 
halfspace or a halfspace with cylindrical or spherical cavity 
[2]. The advantage of this method is to be able to describe 
infinite systems with a low computational effort without any 
non-physical reflections at artificial boundaries. On the other 
hand only simple geometries can be described by the 
fundamental solutions which prevents the modeling of 
complex emission or immission systems. A detailed modeling 
of complex geometries can be achieved using the Finite 
Element Method. However, the modeling of the infinite 
transmission medium of the soil with finite elements without 

further modifications leads to artificial reflections at the 
boundaries of the discretized domain. Moreover, a high 
calculation effort is necessary to model the three-dimensional 
elements to describe the medium. 

In the scope of this paper an approach which combines the 
advantages of both outlined methods is presented. The infinite 
medium of the transmission system is described by the 
Integral Transform Method. As fundamental system the 
solution for a halfspace with a cylindrical excavation is used. 
On the surface of the cylindrical cavity the displacements are 
coupled with the respective degrees of freedom of a Finite 
Element mesh which is fitted into the cylindrical cavity. Thus, 
an arbitrary shaped geometry inside the cavity can be modeled 
in detail (see figure 1). In order to couple both substructures, a 
reference onto the same basis is essential.  

First the transmission system is considered. The solution of 
the fundamental system halfspace with cylindrical cavity is 
derived by the superposition of the solution of a halfspace 
with the solution of a fullspace with cylindrical excavation. 
These methods require different Fourier-Transformations 
respectively Fourier series expansions. The time domain is 
transformed into frequency domain and the longitudinal 
coordinate of the cavity x is transformed into the wavenumber 
domain kx. On the surface of the halfspace the transverse 
spatial coordinate y is transformed into the wavenumber ky. 
Along the cavity the cylindrical coordinate φ is expressed by a 
Fourier series expansion.  
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Figure 1. Model of the emission and transmission system. 

 
By means of the substructure technique the displacements 

of the soil on the cylindrical surface are coupled with the 
respective degrees of freedom of the Finite Element mesh 
inside the cavity. As the degrees of freedom of the 
transmission system are Fourier-transformed along the 
longitudinal coordinate, the complete three-dimensional 
system is replaced by a 2.5-dimensional model. This means 
that the calculations carried out in the transformed domain for 
every wavenumber kx are two-dimensional but contain the 
three-dimensional information which is visible after the 
inverse transformation from the wavenumber into the spatial 
domain. Therefore, the finite elements that are used to 
describe the domain inside the tunnel are two-dimensional 
four-node elements that contain the complete three-
dimensional information. Furthermore they have to be 
adopted to the Fourier-transformed domain.  

A second modification of the finite elements is necessary in 
order to transform the degrees of freedom on the surface of 
the mesh which shall be coupled to the transmission system 
from the Cartesian coordinate system into a Fourier series 
expansion along the peripheral angle. After these 
modifications, the stiffnesses of both substructures can be 
coupled. 

In this paper the validity of the proposed method is checked 
by a benchmark test comparing the results of a system where a 
halfspace with cylindrical cavity is coupled to a finite element 
mesh that fills the complete cavity and possesses the same 
material parameters as the surrounding soil with the system of 
a layered halfspace for which the analytical solution is known.  

2 FUNDAMENTAL SOLUTION OF THE HALFSPACE 
WITH CYLINDRICAL CAVITY 

2.1 Basic Equations in Continuum Dynamics 

A linear elastic continuum can be described by Lamé’s 
equation of elastodynamics which consists of three coupled, 
partial differential equations  

 0)(  ii
j

jj
j

i uuu   (1) 

with the displacement field u , the Lamé constants of the 
material  and   and the density of the continuum  . 

Using the Helmholtz decomposition, the partial differential 
equations are decoupled by replacing the vector field u by the 
sum of a curl-free field (derivative of a scalar field  ) and a 
divergence-free field (rotation of a vector field i ). 

 ikl
kl

iiu   (2) 

After this decomposition a system of three partial 
differential equations is obtained in dependency of the wave-
velocities of the compressional wave pc and the shear wave 

sc with 0z [3]. 
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2.2 Fundamental Solution of a Halfspace 

For the system of a halfspace, the system of partial differential 
equations can be decoupled via a threefold Fourier-
Transformation from the Cartesian coordinates x , y into the 

wavenumber domain xk , yk  and from time domain t  into 
frequency domain  . After these transformations three 
decoupled ordinary differential equations are obtained 
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that can be solved using an exponential approach for the 
scalar and vector products 
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The unknowns 2121 ,,, ii BBAA can be determined with the 
boundary conditions on the surface of the halfspace and with 
Sommerfeld’s radiation conditions [4]. 
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An advantage of the Integral Transform Method is the 
possibility to distinguish between the contributions of the 
solution according to their radiation characteristics. For real 
values of i  the solutions can physically be interpreted as 

surface waves, for imaginary values of i  they represent 
spatially propagating waves. Using this distinction between 
near field and far field wave propagation, the computational 
effort can be reduced [2].  

2.3 Fundamental Solution of the Fullspace with 
Cylindrical Cavity 

For the system of a fullspace with cylindrical cavity the Lamé 
equation is transformed from Cartesian ( zyx ,, ) into 
cylindrical coordinates ( ,, rx ). After applying the 

Helmholtz decomposition, the vector field i is in a second 
step expressed by two independent scalar fields. 

 iggψ 1
1

ij
j   (7) 

In order to obtain three ordinary differential equations, again, 
a twofold Fourier-Transformation xkx , t  and 
additionally a Fourier series expansion along the peripheral 
angle  of the cavity are carried out. 
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with  
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The solution can be expressed by Hankel functions 
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 (10) 

The unknowns are determined using the boundary conditions 
on the surface of the cylindrical cavity as well as the 
Sommerfeld radiation conditions. As for the halfspace, the 
solution characteristics of the propagating waves can be used 
to reduce the computational effort [5]. 
 
 

2.4 Superposition of the Fundamental Solutions 

Superposing the two fundamental systems presented in the 
preceding chapters, the solution for a halfspace with 
cylindrical cavity can be derived [6]. As both fundamental 
solutions require the Fourier-Transformations xkx and 

t  the three-dimensional, dynamic problem can be 
reduced to a quasi-static, two-dimensional analysis. Therefore 
the superposition is determined for a two-dimensional case for 
every combination of   and xk . Furthermore all values at 
the surface of the halfspace are transformed into the 
wavenumber domain using a discrete Fourier-
Transformation yy ksky  . The values at the 
surface of the cavity are decomposed in a Fourier series 
expansion regarding the peripheral angle n .  

Superposing the two fundamental systems the information 
is used to fulfill the boundary conditions of the complete 
system at both surfaces. Therefore fictitious surfaces are 
introduced, a fictitious cavity surface in the halfspace as well 
as a fictitious halfspace surface in the fullspace with cavity 
(see figure 2) [4]. 

 

fictitions 
cavity surface

fictitions 
halfspace surface

 
αΓ

 
βΓ

 
αΓ

 
βΓ

 
Figure 2. Halfspace with fictitious cavity surface (left) and 

fullspace with cylindrical cavity and fictitious halfspace 
surface (right). 

 
Loading the halfspace with unit stress states on the 

halfspace surface szi , , for every wavenumber yy ksk   

the stresses at the fictitious surface of the cavity ),(
,

szi
nrj  can be 

calculated. Loading the fullspace with unit stress states on the 
cavity surface nrj , , for every Fourier series member n  the 

stresses on the fictitious halfspace surface ),(
,

nrj
szi  can be 

determined (see figure 3). The stresses at both boundaries of 
the superposed system have to be equal to the external loads 
( szip ,


at the halfspace and nrjp ,


at the cavity surface). 
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Figure 3. Stresses at the fictitious surfaces caused by unit 

stress states. 
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This system of equations can also be written in matrix 
notation 

 ITMITM PCS ˆˆ   (12) 

With the following equation the amplitudes C  can be 
calculated. 

 ITMITM PSC ˆˆ 1  (13) 

As a post processing step the same approach can be used to 
calculate the displacements  at the fictitious cavity caused by 
the unit stress states at the surface of the halfspace and vice 
versa. The displacements of these load cases multiplied with 
the amplitudes C yield the displacements of the halfspace and 
the cavity in the superposed system 
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In analogy to the stresses these equations can be written in 
matrix notation. 

 CVu ITMITM
ˆˆ   (15) 

Inserting equation (13) in equation (15) the relation between 
the displacements and the stresses is received. 

 ITMITMITMITMITMITM PNPSVu ˆˆˆˆˆˆ 1    (16) 

with the dynamic flexibility 

 1ˆˆˆ  ITMITMITM SVN  (17) 

Inverting the dynamic flexibility leads to the dynamic 
stiffness of a halfspace with cylindrical cavity. 

 1ˆˆ  ITMITM NK  (18) 

As the calculations are carried out for every combination of 

xk and  , the results in the transformed domain describe a 
two-dimensional, quasi-static system. The three-dimensional, 
dynamic solution is obtained after an inverse Fourier-
Transformation.  

3 FINITE ELEMENTS IN THE FOURIER-
TRANSFORMED DOMAIN 

After the computation of the dynamic stiffness matrix of the 
halfspace with cylindrical cavity, as a second substructure, the 
dynamic stiffness of a finite element mesh is computed, as 
similarly presented in the outlook of [7]. The coupling of both 
substructures shall be carried out in the transformed domain 
for every combination of xk and  . Thus, the cylindrical 
cavity in the original domain which shall be filled with finite 
elements, is transformed into a circular cavity in the 
transformed domain. Therefore, two-dimensional finite 
elements can be used and thus, the computational effort can be 
reduced. However, the finite element formulation has to be 
adopted to the Fourier-transformed domain in dependency on 

xk  and  . Additionally, the degrees of freedom on the 
coupling surface i.e. on the circular surface, have to be 
referring to the same basis. As the solution for the halfspace 
with finite elements is developed in dependency on the 
Fourier series members n , also the stiffness matrix of the 
finite element mesh has to be formulated in dependency on 
these coordinates.  

Four-node elements with linear shape functions are chosen 
for the modeling of the emission system. Additional to the two 
degrees of freedom in the plane of the two-dimensional 
element, a third degree of freedom is introduced in order to 
describe the displacements in the longitudinal direction of the 
tunnel (see figure 4).  

η

ζ

 
xu

 
yu

 zu x

 
Figure 4. Four node finite element with linear shape function 

and three degrees of freedom. 

 
The stiffness matrix of an element is calculated using the 

weak formulation of the principle of virtual work  

 dVxxW
V

i ),,(),,(
)(

   (19) 

with the local coordinates   and  . Both the virtual strains 
  and the stresses   depend on the x -coordinate in the 
original domain. According to the Parseval identity, the 
integral of the virtual work formulation can also be formulated 
with respect to the wavenumber xk [8]. 
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Therefore, the element stiffness matrix eK  is computed for 

every combination of xk  and   with a Gauß point 
integration with m Gauß points as 
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Due to the Fourier-Transformation of the longitudinal 
coordinate, the matrix B  contains the multiplication of the 
shape functions 1N  to 4N  with xik  instead of the derivative 
of the shape function with respect to x . 
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The mass matrix M  is computed analogously to the 
stiffness matrix. 

4 COUPLING OF THE SUBSTRUCTURES 
The coupling of the two substructures halfspace with 
cylindrical cavity and finite element mesh takes places at the 
two-dimensional circular coupling surface in the transformed 
domain. As the stiffness of the halfspace with cylindrical 
cavity is described with respect to polar coordinates on the 
cylindrical surface and developed into a Fourier series, also 
the stiffness of the finite element mesh has to be adopted. 

In a first step, the degrees of freedom are rearranged 
according to their position inside the mesh (see figure 5).  
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Figure 5. Degrees of freedom at the boundary and inside the 

domain of the finite element mesh. 

 
Thus, the system of equations for the finite element mesh 

can be formulated as 
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As shown in figure 6, the degrees of freedom at the surface 
of the finite element mesh are transformed from Cartesian 
coordinates into a polar basis using the transformation matrix 

1T . 
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Figure 6. Transformation of the degrees of freedom at the 

boundary of the finite element mesh from Cartesian to polar 
coordinates. 

 
Afterwards, the degrees of freedom at the surface are 

developed into a Fourier series regarding the peripheral angle 
 with a second transformation matrix 2T  (figure 7).  
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Figure 7. Development of the degrees of freedom at the 

boundary of the finite element mesh from polar coordinates to 
a Fourier series. 

 
Applying both transformations one obtains the following 

system of equations describing the finite elements. 
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with 
FEITM 


  uTu 1 and 21 TTT   

Coupling both substructures which are described by the 
Integral Transform Method respectively the Finite Element 
Method according to the substructure technique leads to the 
model of the complete system halfspace with cylindrical 
cavity filled with finite elements described by 

 





































































FE

ITM

FE

ITM

ITM

FEFE

FEFEITMITM

ITMITM

p

p

p

u

u

u

KK

KKKK

KK

0

0
(28) 

where marks the surface of the halfspace. 

5 VALIDATION 
The presented theoretical derivations are checked comparing 
the displacements of the following depicted systems (figure 8 
and figure 11).  
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Figure 8. Comparison of a halfspace with cylindrical cavity 

filled with finite elements (left) and a layered halfspace (right) 
loaded at the surface of the halfspace. 

 
A halfspace with a cylindrical cavity that is filled with finite 

elements, that have the same material parameters as the 
surrounding medium of the halfspace, is excited by a vertical 
dynamic load of the surface of the halfspace. The resulting 
displacements on the surface of the halfspace (figure 9) as 
well as on the centerline of the mesh are computed (figure 
10). As a benchmark a layered halfspace is used. The results 

of the coupled system show a good accordance with the 
benchmark solution.  
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Figure 9. Comparison of real and imaginary part of the 
vertical displacements at the surface of the halfspace. 
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Figure 10. Comparison of real and imaginary part of the 

vertical displacements at the centerline of the finite element 
mesh. 

In a second computation the systems are excited by a load 
inside the domain. For the finite element calculation the nodes 
on the centerline are loaded and compared to a layered 
halfspace where both layers have the same material 
parameters that is loaded analogously.  
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Figure 11. Comparison of a halfspace with cylindrical cavity 

filled with finite elements (left) and a layered halfspace (right) 
loaded at the centerline of the finite element mesh. 
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The results of the comparison are presented in figures 12 
and 13. Also for the load inside the domain a good match 
between the two systems is obtained.  
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Figure 12. Comparison of real and imaginary part of the 

vertical displacements at the surface of the halfspace. 
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Figure 13. Comparison of real and imaginary part of the 

vertical displacements at the centerline of the finite element 
mesh. 

6 CONCLUSION 
By a coupling of the Integral Transform Method with the 
Finite Element Method, the advantages of both approaches 
can be combined. Thus, an emission-transmission-system can 
be modeled with both an infinite extension of the transmission 
medium and a detailed geometry of the emission part. As the 
calculations of the Integral Transform Method are carried out 
in the Fourier-transformed domain, the formulation of the B-
Matrix of the finite elements has to be adopted to the Fourier-
transformed domain. For the coupling of the degrees of 
freedom on the cylindrical coupling surface the finite 
elements have to be transformed from Cartesian into polar 
coordinates and developed into a Fourier series. Afterwards, 
the coupling can be carried out and the results can be checked 
using a first benchmark test where the finite elements are 
representing the same material as the surrounding medium. 

 

REFERENCES 
[1] D. Clouteau, R. Cottereau and G. Lombaert, Dynamics of structures 

coupled with elastic media – A review of numerical models and 
methods, Journal of Sound and Vibration 332, p. 2415-2436, 2013. 

[2] G. Frühe, Überlagerung von Grundlösungen in der Elastodynamik zur 
Behandlung der dynamischen Tunnel-Boden-Bauwerk-Interaktion, 
Shaker, Technische Universität München, Germany, 2010. 

[3] C. F. Long, On the completeness of the Lame potentials, Acta 
Mechanica 3, p. 371-375, 1967. 

[4] K. Müller, Dreidimensionale dynamische Tunnel-Halbraum-Interaktion, 
Shaker, Technische Universität München, Germany, 2007. 

[5] G. Müller, Ein Verfahren zur Erfassung der Fundament-Boden-
Wechselwirkungen unter Einwirkung periodischer Lasten, Mitteilungen 
aus dem Institut für Bauingenieurwesen I, Technische Universität 
München, Germany, 1989.  

[6] G. Frühe and G. Müller, Modelling of the dynamic interaction of tunnel- 
or longitudinal trench-structures in the half-space by the application of 
a set of various fundamental solutions, Proceedings of the Institute of 
Acoustics & Belgium Acoustical Society, Noise in the Built 
Environment, Ghent, 2010. 

[7] G. Müller, G. Frühe and M. Hackenberg. Fundamental solutions in 
elastodynamics coupled with FEM applied to the dynamic tunnel-soil-
building interaction, Eurodyn 2011, Leuven, 2011. 

[8] D. W. Kammler, A First Course in Fourier Analysis, Cambridge 
University Press, New York, United States of America, 2007. 
  

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

589



 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 

ISSN: 2311-9020; ISBN: 978-972-752-165-4 

591 

ABSTRACT: Vibration of normal apartment, office and production buildings, which are excited by technically induced ground 

vibrations are considered. Many wavelengths of the Rayleigh waves of the soil fit into the foundation dimensions. The related 

high discretization effort can nowadays be realized with detailed soil-structure interaction method. The combined finite-element 

boundary-element method is used here as a detatiled method. Simplified method can be used with less computation time, but 

these methods must be calibrated by exact results. One simplification is to extent the structure to infinity and to solve the 

problem by wavenumber domain methods. Another simplification is the use of a Winkler soil instead of the continuous soil. 

Usually, the Winkler parameters are not only soil parameters but depend also on the rigid or flexible foundation structure. 

Substructure methods use commercial FEM software for the building part. The contribution will show some detailed and some 

simplified results on large structural elements such as foundation plates, walls, storey plates on columns as well as results on 

complete buildings. The reduction of the ground vibration by stiff elements and the amplification due to floor or building 

resonances are discussed which are the most important phenomena of the soil-building interaction. 

KEY WORDS: Soil-building interaction, foundation reduction, floor amplification, FEBEM and simplified methods. 

1 INTRODUCTION TO WAVE EXCITED BUILDING 

VIBRATION 

Buildings can vibrate due to various technical sources, road 

and railway traffic, industrial machinery and construction 

works. The vibrations propagate through the soil and enter the 

building through its foundation (Fig. 1). Reduction and 

amplification effects compared to the free-field wave 

amplitudes are of interest. 

The complete calculation of soil-building vibration is very 

time consuming so that only 1-, 2- or 3-storey building 

examples have been treated with a coupled boundary-element 

finite-element method [1-4]. Instead of complete buildings, 

simple structural elements have been analysed [1, 5-12] to 

find general rules of soil-building interaction. Simplified 

coupling methods have been developed [13, 14] where 

detailed building models are calculated by commercial FE 

software. The simple foundation models of [15] are used here 

for the complex buildings models in part 5. More Winkler soil 

approximations have been derived for the wave excitation of 

infinite structures in Sections 2 and 3.  

F

igure 1. Soil-building interaction for wave excitation. 

This contribution consists of two mainly independent parts. 

The first part (Sections 2 and 3) investigates the reduction 

effect of the building vibration due to the foundation and 

building stiffness, where Section 2 presents the FEBEM and 

wavenumber methods, and Section 3 the results. The second 

part deals with the amplification effects due to floor 

resonances (Section 4) and to floor-building resonances 

(Section 5) which are most important for the prediction and 

assessment of environmental vibrations. In addition to the 

present reduction and amplification effects, the corresponding 

effects due to the building mass have been analysed in [15] for 

small buildings.  

2 METHODS OF SOIL-BUILDING INTERACTION 

2.1 Finite-Element Boundary-Element Method (FEBEM) 

The building is modeled by the finite element method which 

yields a dynamic frequency-dependant stiffness matrix 

 KB() = K0 - 
2
M (1) 

assembled from the static stiffness matrix K0, and the mass 

matrix M, with  = 2f the angular frequency. 

A dynamic stiffness matrix KS() of the soil is established 

by using the Green’s functions of a homogeneous or layered 

half space [16]. The dynamic stiffness matrices of the building 

KB and the soil KS are combined in a system equation for the 

displacements u as 

 KB u + KS (u – u0) = 0         or (2) 

 (KB + KS) u = KS u0   . (3) 

The free-field excitation u0, which is the displacement field of 

the soil without building, is assumed to be a harmonic 

Rayleigh wave (wave velocity vR, wave number kx) 
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 Rx
xik

vke x  withAu0  (4) 

and the solution of Equation (3) can be expressed as 

 u = (KB + KS)-1 KS u0   . (5) 

2.2 Wave-number method for infinite structures 

The solution for wave excitation can be simplified in case of 

infinite structures. The dynamic stiffness of the structure can 

be expressed in the wave number domain, for a beam (or a 

plate) as 

 24
'),(  amEIkkK xxB  (6) 

with the bending stiffness EI, and the mass per length m’, and  

for a wall as 

 xWWxWxW akGvvfakGkK 4.1)/(),(   (7) 

with the shear stiffness GW and the wall thickness a, for 

details see [1]. 

The soil compliance Hzz(,kx) is calculated in the wave-

number domain, then integrated across the foundation 

 y
y

y

yxzzxS dk
ak

ak
kkHkH 
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1
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and finally inverted to the frequency-dependent soil stiffness 

 )/,(/1)( RxSS vkHK   (9) 

for a wave excitation [17, 18]. For a narrow beam or wall 

foundation, the dynamic soil stiffness can be approximated as 

 )/1()( SS viaGK   (10) 

where the real part (the stiffness) is dominating. For wider 

plate foundations, the dynamic soil stiffness can be 

approximated as 

 )/2.01()( SS vaiGK   (11) 

and the imaginary part (the damping) is dominating. 

Finally, the dynamic soil and building stiffnesses are 

combined and yield the system equation 

 (KB + KS) u = KS u0 (12) 

and the solution for the wave excitation  

 
SB

S

KK

K

u

u




0

 (13) 

in frequency domain. 

3 REDUCTION DUE TO SOIL-STRUCTURE 

INTERACTION 

For a better insight in the soil-structure interaction, simple 

structural models as beams, plates and walls have been 

investigated in [1, 12]. Finite structures show some 

similarities to infinite structure, which are discussed here. A 

proper Winkler approximation of the soil leads to simple soil-

structure transfer functions. 

3.1 Infinite beam on Winkler soil 

The approximate solution for an infinitely long beam can be 

given explicitly from equations (6), (10), and (13) as 

 
24

0 ')/( 


mvEIk

k

u

u

RS

S . (14) 

Figure 2 and 3 show some soil-building transfer functions u/u0 

for different soil and bending stiffnesses. At low frequencies, 

u/u0 is close to 1, as the beam follows almost exactly the free- 

Figure 2. Soil-structure transfer function u/u0 for a concrete 

beam of 1.0 m height and 0.5 m width on different soils of 

shear wave velocity vS =  100,  150,  200,  300 m/s. 

Figure 3. Soil-structure transfer function u/u0 for concrete 

beams of 0.5 m width on a soil of vS = 200 m/s, different 

heights of h =  0.5,  0.7,  1.0,  1.5 m. 

Figure 4. Soil-structure transfer function u/u0 for concrete 

beams of 0.5 m x 0.5 m on a soil of vS = 200 m/s, increased 

mass densities of  =  1,  5,  7,  9 0. 
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field wave excitation. At the coincidence frequency of the 

velocities of the Rayleigh wave and the bending wave  

 
2'

2

1
RC v

EI

m
f


  (15) 

the stiffness and the mass term of the beam in Equation (14) 

compensate yielding the transfer value u/u0 = 1. At 

frequencies above this coincidence frequency, the soil-

structure transfer functions decrease, and at high frequencies, 

a considerable reduction u/u0 << 1 of the ground vibration is 

reached. 

The stiffnesses of the soil and the beam have a strong 

influence on this reduction of the ground vibration. If the 

height h of the beam is increased from 0.5 to 1.5 m a 

considerable stronger reduction is achieved (Fig. 2). The 

variation is even stronger if the shear wave velocity of the soil 

is varied from vS = 300 to 100 m/s (Fig. 3). The concrete beam 

of 1 m height can hardly resist the exciting waves of the stiff 

soil (vS = 300 m/s, u/u0  1 ), whereas the softest soil yields 

the strongest reductions (vS = 100 m/s, u/u0 << 1).  

Finally, the influence of a higher (building) mass is 

investigated in Figure 4. The high mass induces clear 

amplifications of which the maximum is at the frequency 

fC/2 with transfer values above u/u0 = 2. Note that, according 

Figure 5. Soil-structure transfer function u/u0 for concrete 

plates of 20 m width on a soil of vS = 200 m/s, different 

heights of h =  0.5,  0.7,  1.0,  1.5 m. 

Figure 6. Soil-structure transfer function u/u0 for concrete 

plates of 0.7 m height on a soil of vS = 200 m/s, different 

widths of a =  2,  4,  10,  20 m. 

to equation (15), the resonance frequency increases with 

increasing mass quite contrary to normal resonances. 

3.2 Infinite plates on Winkler soil 

The solution for a plate on the soil is 

 
24

0 '')/( 


amvBak

k

u

u

RS

S  (16) 

with the bending stiffness B and the mass per area m’’ of the 

plate. It is very similar to equation (14) for a beam-soil 

system. The stiffness EI is replaced by Ba, the mass per length 

m’ by m’’a, and only the dynamic stiffness kS of the soil does 

not increase proportional to a. Therefore the solutions for 

beams and plates are different. 

The soil-structure transfer functions for different heights of 

the plate (Fig. 5) show a stronger decrease and a stronger 

reduction than the corresponding results for the beam (Fig. 3). 

All plates reach a stronger reduction than u/u0 = 0.1 at 30 Hz 

When the width of the plate is varied in Figure 6, both 

stiffness and mass of the plate are varied proportionally. The 

coincidence frequency fC remains constant and can be 

observed as a fix point of all curves. The decrease of the 

transfer functions starts at the same frequency fC, but the 

reduction of the ground vibration that is observed at higher 

frequencies is noticeably weaker for smaller plate widths. 

A full parametric study with detailed wavenumber and 

FEBE methods has been published recently in [12]. 

3.3 Infinite wall on Winkler soil 

The soil-structure transfer function for the wave excitation of 

a wall can be given approximately as 

 
vaGk

k

u

u

WS

S

/4.10 
  (17) 

and describes the reduction of the ground vibration by the 

wall. The shear stiffness GW of the wall is much higher than 

the shear modulus of the soil. This leads to a strong decrease 

that starts at zero frequency (Fig. 7). Therefore at low 

frequencies, the soil-structure transfer values of the wall are 

lower than the values of the beams and plates. Moreover, the 

reduction of the ground vibration is stronger for stiffer wall 

materials. The transfer functions u/u0 in Figure 7 are shown 

Figure 7. Soil-structure transfer function u/u0 for walls of 

thickness a = 0.2 m on a soil of vS = 200 m/s, different shear 

moduli of the wall GW =  13,  10,  3,  1 1010 N/m2. 
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for 0.2 m thick concrete walls, masonry walls, and more 

realistic, for softer walls with openings as illustrated in Figure 

1. The observed decrease with frequency is proportional to 

u/u0 ~ 1/, which is weaker than the decrease of the beam-soil 

and plate-soil systems. These rules can be expressed 

approximately as 

beams.for 

and plates,for 2.0

for walls,7.0

4

0

3

0

0
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The structural stiffness acts directly proportional against the 

free-field amplitudes, whereas the influence of the soil 

stiffness G (and vS
2 ~ G) varies from u/u0 ~ G to u/u0 ~ G2.5 

and u/u0 ~ G3 for the wall, plate and beam, respectively. At 

the same time the decrease with frequency varies from 

u/u0 ~ 1/ to u/u0 ~ 1/3 and u/u0 ~ 1/4. 

4 SOIL-FLOOR AMPLIFICATION 

Floor resonances often yield a strong amplification compared 

to the free-field excitation, and therefore the highest 

amplitudes in the building in case of technical sources. It has 

been found that the floor resonances depend also on the soil-

structure interaction [19, 20], namely the damping of the 

resonance. The results of this section 4 are evaluated for floor 

models without building or soil interaction whereas the 

complex building models of the next section 5 include the 

soil-building interaction. 

4.1 Experimental results on floor resonances 

Figure 8 shows some experimentally established rules for the 

resonance frequencies and amplitudes. There is a clear 

correlation between the resonance period T (or the resonance 

frequency f = 1/T) and the area A of the floor (Fig. 8a), if the 

different floor materials are evaluated separately. The 

resonance amplification compared to the free-field amplitude 

of the soil is shown in Figure 8b. It is higher for lower 

resonance frequencies, and that means that larger floors have 

higher amplitudes [17]. 

4.2 Analysis of single floors 

The resonance frequency of a single floor is proportional to 

the stiffness of the material f ~ E and to the height of the 

floor f ~ t, and inversely proportional to the mass density 

f ~ 1/ and the area of the floor f ~ 1/A. The influence of the 

support conditions is shown for a standard concrete floor 

(6 m x 6 m x 0.2 m) in Figure 9. The frequencies vary from 

32 Hz for a completely clamped to 17.8 Hz for a completely 

hinged situation, which yields the approximate curve in Figure 

8a. Lower resonance frequencies follow for a two sided 

hinged support (8.8 Hz) and for floors supported on four 

columns (down to 6.4 Hz).  

4.3 Analysis of coupled floors 

For coupled floors, the support conditions depend on the 

vibrations of the adjacent floors. If two floors vibrate in anti-

phase, the mid support is “hinged”, if the floors are in phase, 

Figure 8. Measured resonances of wooden () and concrete 

() floors, a) period T as a function of the floor area A, b) 

resonance amplification u/u0 as a function of the period T. 

Figure 9. Resonance frequencies of a concrete floor of 6 m x 

6 m and thickness d = 0.2 m for different support conditions. 
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Figure 10. Mode shapes of two coupled similar concrete 

floors (l = 6 m, d = 0.2 m), a) f1 = 9 Hz, a) f2 = 14 Hz. 

Figure 11. Floor transfer functions u/u0 of a) two similar and 

of b) eight similar concrete floors (l = 6 m, d = 0.2 m). 

the mid support is “clamped”. The two coupled floors have 

two resonance frequencies, the hinged-hinged and the higher 

hinged-clamped frequency (Fig. 10). 

In storeys with many coupled floors, more than one 

resonance frequency exist (Fig. 11 and 12). The resonance 

frequencies are in a frequency band between the hinged-

hinged and the clamped-clamped frequency. Generally, all 

Table 1. Root mean square value of the transfer function of 

the floor mid spans of coupled 1 to 8 similar concrete floors 

(l = 6 m, d = 0.2 m)  

Figure 12. Resonance frequencies of coupled similar concrete 

floors (l = 6 m, d = 0.2 m), parameter – number n of coupled 

floors. 

floors participate to all resonance frequencies. The total 

resonance amplification is evaluated in Table 1. The number 

of resonance frequencies increases from one to eight, but the 

average of the amplification keeps almost constant between 

5.4 and 7.7, while the maximum at the mid span increases 

slightly to 10.3 (see similar results in [11]). 

Figure 13. Mode shapes of 3 x 3 coupled similar concrete 

floors (l = 6 m, d = 0.2 m), a) first f1 = 11 Hz and b) ninth 

f9 = 14 Hz resonance frequency. 

Similar results, namely a band of resonance frequencies, are 

observed if similar floors are considered which are coupled in 

two directions (Fig. 13). The boundary conditions for a single 

floor depend on the vibration of up to four neighbouring 

floors. The first and ninth mode in Figure 13 show almost 

hinged or almost clamped conditions for the central floor. On 

the other hand, it was observed that floors with different spans 

 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 

F1 5,3 6,4 5,0 4,7 4,1 3,8 3,5 3,3 

F2  6,4 9,6 9,0 8,1 7,5 6,9 6,5 

F3   5,0 9,0 10,4 9,9 9,2 8,7 

F4    4,7 8,1 9,9 10,7 10,3 

F5     4,1 7,5 9,2 10,3 

F6      3,8 6,9 8,7 

F7       3,5 6,5 

F8        3,3 

mean

a 

5,3 6,4 6,9 7,2 7,4 7,5 7,6 7,7 

a) 

b) 

b) 

a) 

a) b) 

x (m) 

x (m) 

     f (Hz) 

     f (Hz) 

       n 
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have their different uncoupled resonance frequencies and 

modes. 

5 SOIL-BUILDING INTERACTION 

In addition, the floors of different storeys can be coupled by 

flexible columns resulting in additional floor-building 

resonances.  

5.1 Regular 8-storey building 

The first building is a completely regular structure, it is a 

regularisation of an existing building. 8 storeys of an area of 

17 m x 66 m are supported by 4 x 13 columns in 5.5 m 

distance. The dynamic behavior of this building is also 

regular. At low frequencies, the amplitudes are regularly in-

creasing with the height of the building. This can be observed 

for the first resonance of the whole building at 6 Hz (Fig. 14), 

where all storeys and all floors are vibrating in phase. On the 

Figure 14. Vibration modes of an 8-storey regular building a) 

at 6 Hz, b) at 11 Hz. 

 

Figure 15. 24-storey tower, a) model, and vibration modes of 

the top floor b) 6 Hz, c) 10 Hz, d) 14 Hz and e) 20 Hz. 

other hand, the amplitudes are attenuating considerably with 

the height at high frequencies. The resonance frequencies of 

the floors are between 10 and 20 Hz. The example of the floor 

modes in Figure 14b exhibits regular deformations along the 

building which do not follow the places of the columns. All 

floor resonances seem to be independent of the column 

positions 

5.2 24-storey tower 

The second building example is a business tower of 24 

storeys. It consists of a stiff core and a large floor supported 

by three columns in the center line (Figure 15a). The floor 

resonances of the storey for increasing frequencies 6, 10, 14 

and 20 Hz are presented in Figures 15b to 15e. The first 

resonance is a coupled resonance of all storeys and the three 

columns. The highest amplitudes occur close to the three 

central columns. When the frequency is augmented, the 

modes turn to more local modes according to the length of the 

bending waves  ~ 1/f. 

More complex building examples, where coupled floors 

yield global floor-building resonances, are presented in [21]. 

In near future with high computer speed, the complex floor-

building effects will be analysed simultaneously with the 

detailed soil-foundation effects of Section 3 

6 CONCLUSION 

The soil-building interaction has been analysed for different 

phenomena, first for the reduction of the free-field vibrations 

by the stiffness of the building. Next, the floor amplification 

has been investigated with increasing complexity. The 

resonance frequency formula for single floors on different 

support conditions are relativised for coupled floors. If floors 

of different storeys are coupled by flexible columns, global 

floor-column resonances appear which have lower resonance 

frequencies and higher resonance amplitudes than a single 

floor. In these cases the whole soil-building interaction must 

be examined to understand the floor vibrations. 
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ABSTRACT: One of the major objectives in earthquake engineering is to quantify the amplification or deamplification of 

seismic wave due to complex geological profiles in order to mitigate seismic hazard. Many computational tools addressing this 

problem have been developed. The Boundary Element Method (BEM) is recognized as a valuable numerical technique to solve 

these problems, due to well known existing advantages compared with other domain techniques among them the possibility to 

deal with semi-infinite media with high accuracy and minimal modeling effort. Two different BEM techniques are applied and 

compared for solution of anti-plane wave motion in inhomogeneous in depth half-plane with free-surface relief subjected to 

seismic load presented by time-harmonic incident wave or wave radiating by an embedded seismic source. The BEM tools are 

based on: (i) elastodynamic fundamental solution for full homogeneous plane; (ii) Green’s function for continuously 

inhomogeneous half-plane. Synthetic seismograms sensitive to the type and characteristics of the seismic load, the material 

inhomogeneity and topographic peculiarities are obtained by these different numerical schemes. Advantages and disadvantages 

of the used boundary element methods are discussed in detail. 

KEY WORDS: Inhomogeneous geological media; Free-surface relief, Anti-plane wave motion; Green’s function; Fundamental 

solution; BEM; Synthetic seismic signals. 

1. INTRODUCTION 

The development of an efficient tool for synthetic seismogram 

computation is based on the appropriate choice of adequate 

model describing the seismic source, the wave path and the 

local geological region of interest. In the last decade the study 

of seismic wave propagation in laterally inhomogeneous 

media has become very vast, but essentially three groups can 

be distinguished: analytical [1-4], numerical [5-7] and hybrid 

methods [8-10]. The analytical methods are restricted to 

media with simple geometry, with inhomogeneity dimensions 

that are considerably larger than the prevailing wavelengths, 

and therefore are only of limited use for zoning studies. The 

Boundary Element Method (BEM) is recognized as a valuable 

numerical technique to solve the discussed problems, due to 

many advantages in comparison with other domain techniques 

among them the possibility to deal with semi-infinite media 

with high accuracy and minimal modeling effort. It is the 

authors' opinion that there are no BEM codes for computation 

of theoretical seismograms accounting for the whole solid 

Earth system made up of seismic source, wave path and local 

region of interest.  

The main aim of this paper is to propose two models 

considering all three parts-the seismic source properties, the 

depth dependent soil inhomogeneity plus free-surface relief of 

arbitrary shape. The first model is discrete one that describes 

inhomogeneity in depth by a stratified geological region and 

the second is continuous model where the material properties 

vary as continuous functions with respect to the depth. Two 

different boundary integral equation methods are used. For the 

discrete model the direct BEM based on sub-structured 

approach and elastodynamic fundamental solution (FS) is 

applied. Non-conventional BEM based on the Green’s 

function for quadratically inhomogeneous half-plane is 

developed, validated and inserted in simulation. Two types of 

time-harmonic seismic loads are considered: firstly an 

incident plane wave under incident angle  and secondly wave 

radiating by seismic source is considered, located in a point 

 0201,xx0x  inside the inhomogeneous region.   

Briefly, the paper is structured as follows: First, the problem 

definitions for discrete and continuous models are given in 

Section 2. Next, Section 3 presents their BEM formulations; 

Illustrative examples are considered in Section 4 and finally a 

set of conclusions is given in Section 5. 

2. PROBLEM STATEMENT FOR DISCRETE AND 

CONTINUOUS MODEL 

Consider elastic isotropic inhomogeneous in depth half-plane 

with free surface relief of arbitrary shape subjected to: (1) 

time-harmonic incident SH-wave with incident angle  with 

respect to the horizontal axis 1Ox of a Cartesian coordinate 

system 1 2 3Ox x x (see Figure 1a, b) or (2) SH-wave generated 

by an embedded line time-harmonic seismic source in a point 

 0201,xx0x . Anti-plane wave motion in plane 03 x is 

assumed. The material inhomogeneity in depth is modelled by 

two different ways: (1) discrete model (Figure 1a) where 

material properties vary in a discrete way and the 

inhomogeneous in depth geological profile is presented by a 

stack of N  flat infinite horizontal layers that are homogeneous 

elastic isotropic with shear modulus and density 

Niii ,...2,1,,  . The stack rests on the infinite homogeneous 

elastic isotropic seismic bed with shear modulus 0 and 

density 0; (2) continuous model (Figure 1b) where material 

BEM for seismic wave propagation in inhomogeneous 

in depth half-plane 
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properties are continuous functions of depth  20 xh  , 

 20 xh  , assuming the function of inhomogeneity of 

quadratic type    222 1 bxxh  where 0b is the 

inhomogeneity coefficient, the reference constants are 00 , . 

Let us denote the boundary of the surface irregularity with S1 

and the boundary S2 is the part of line 02 x  out of the 

irregularity. The only nonzero field quantities are 

displacement  213 , xxu  and stresses ii u ,33   , i=1, 2, 

comma denotes partial differentiation with respect to the 

spatial coordinates. The displacements and stresses depend on 

the frequency  , but for simplicity we will suppress it alter 

on.  The governing equation of anti-plane time-harmonic 

wave motion due to incident plane SH wave or wave radiating 

by an embedded line seismic source  in a point 0x  is given by 

Eq. 1a for the discrete model and Eq. 1b for the continuous 

one 

   Nkfu k
k

k
k

ii ...,0,,03
)(

3
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,3  xxx 0      (1a)  

     0033
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2,3 ,  xxx 0 fuxii  (1b) 

where  x
)(

3
ku ,    xx

)(
,3

)(
3

k
ik

k
i u  are defined in  k  (Fig. 

1a),  x3u  and      xx ii ux ,323    are defined in 0 (Fig. 

1b),  =0 when the seismic load is presented by the incident 

wave, and   =1, when the seismic load is a wave radiating 

from an embedded line seismic source with magnitude 03f , 

frequency   and concentrated in a point 0x , ij  is the 

Kronecker’s delta and the summation convention over 

repeated indices is implied.  

The wave propagating in the half-plane produces scattered 

wave when impinge on the free-surface relief in the 

continuous model and additionally on all interfaces in the 

discrete model. The total wave field is a superposition of the 

free-field motion  ffff
tu 33 ,  and wave scattered field  scsc tu 33 , , 

i.e. scff
uuu 333  and scff

ttt 333  , where tractions are 

jjnt 33  and in  are the components of the outward normal. 

Formulation of the boundary-value problems 

2.1.1.  Discrete model 

The solution for total wave satisfies the governing equation 

(1a) plus the following boundary conditions: 

     212121
)(

3 ,0, SSSxxforxxt
N   (2) 

Additionally compatibility conditions of total 

displacements and equilibrium conditions of the 

corresponding tractions are satisfied along all interfaces i, 

i=0,1,2,…N-1, while Sommerfeld radiation condition is 

satisfied at infinite. Along the first interface 0   between the 

seismic bed and the first soil layer the following boundary 

condition states: 021
)1(

333 ),(  xxforttt scff
, where 

)1(
3t  is the traction on the boundary 0  when this contour is 

considered as a part of the first layer domain 1 . 

 

Figure 1. Problem geometry: (a) discrete, (b) continuous 

model under incident SH-wave or wave radiating from 

embedded seismic source. 

2.1.2.  Continuous model 

Firstly the scattered wave field is computed and after that the 

total wave displacements and tractions are obtained by the 

usage of the superposition principle discussed above. The 

scattered displacement satisfies the governing equation (1b) 

plus traction free boundary conditions  that with respect to the 

scattered quantity can be written as ffsc tt 33   for  

  2121, SSSxx  . Additionally we assume that 

Sommerfeld radiation condition is satisfied at infinity.   In 

order to solve the problems formulated above we need to 

know the free-field motion. 

Free-field motion  

In the case of the discrete model the free-field motion 

describes wave propagation in a homogeneous half-plane with 

material constants 00,   and without any relief subjected to 
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seismic load presented by incident wave or by wave radiating 

by a seismic source (see, Figure 2a).  In the case of continuous 

model the free-field motion is wave field in a quadratically 

inhomogeneous in depth half-plane with flat free surface 

subjected to incident wave or wave radiating by a 

concentrated body force (see, Figure 2b). In what follows the 

expressions for the free field motion solutions are presented 

for both cases shown in Figure 2a, b. 

 

Figure 2. Geometry of the free field motion problem used in: 

(a) discrete, (b) continuous model under incident SH-wave or 

wave generating from embedded seismic source. 

Consider first the case of discrete model when the free 

field motion is produced by SH-waves propagating in an 

elastic homogeneous half-plane in the absence of 

heterogeneities and results in the following displacement at a 

point, see [6,11]: 
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In the above, 03u  is the unit displacement amplitude carried 

by the wave, the wave number is Sk C , with  

2
0 0SC    the shear wave velocity.  The corresponding 

traction at observation point   is 
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Secondly, let us consider continuous model and incident 

plane SH wave as seismic loading. Free field motion is 

produced by SH-waves propagating in an elastic quadratically 

inhomogeneous half-plane in the absence of heterogeneities 

and results in the following displacement at point  21, xx , see 

[12]: 
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Here     sin,cos, 21  ,    21,   

  sin,cos  , <..,..> is a scalar product in R2. The 

corresponding traction is obtained by Eq. (4). 

At the next stage we consider the state of free-field motion 

when the discrete model is under consideration and seismic 

load is a wave radiating from the seismic source embedded in 

a point x0. The solution for displacement at a point is 

presented by (6), see Kobayashi [13]. 
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in equation (6)     2022
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   2022
2

011 xxxx  , 0K  is the modified Bessel 

function of second kind and zero order. Finally we consider 

continuous model under wave radiating from the seismic 

source. Free field motion is produced by SH-waves radiating 

from seismic source embedded in a point x0 in elastic 

quadratically inhomogeneous half-plane and results in the 

following displacement at point, see Rangelov and Manolis 

[14]: 
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here:  22 k  .  The corresponding traction is presented 

by Eq. (4). Formulas 7-9 show that displacement of the wave 

free-field motion at any observer point  21, xxx   in 

inhomogeneous in depth half-plane depends on the reference 

material properties 00,  , the inhomogeneity coefficient  b , 

frequency   and the distance r  between the observer point 

and the point where the seismic source is located.  

The aim of this work is to obtain and to investigate the 

displacement along the traction–free surface and to evaluate 

stress-strain dynamic state at any point inside the half–plane. 

3. BEM FORMULATION FOR DISCRETE AND 

CONTINUOUS MODEL 

The two BVPs, formulated above, are solved by conventional 

BEM based on the elastodynamic fundamental solution when 
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apply  the discrete model and non-conventional BEM based 

on the Green’s function for quadratically inhomogeneous half-

plane when use the continuous model. Here we would like to 

precise the difference in the terms fundamental solution and 

Green’s function. The term fundamental solution is used only 

for the solution of a differential equation with Dirac–delta 

function on the right–hand side and the term Green’s function 

means the fundamental solution which more over satisfies the 

corresponding boundary conditions. The Green’s function, if 

it exists, is unique. The fundamental solution is not unique 

and it is determined up to a function which solves the 

differential equation with zero on the right–hand side. 

Discrete model 

The BEM formulation of the boundary-value problem is done 

with respect to the scattered fields because they must satisfy 

the radiation conditions at infinity, see [6], which for each i-th 

layer holds: 
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where  =0 when the seismic load is presented by the 

incident wave, and   =1, when the seismic load is wave 

radiating from an embedded line seismic source; c is the jump 

term depending on the local geometry at the collocation point 

 21, xxx , iii
  1 , for i=1,…N, 

*

3

iU , is the 

displacement fundamental solution of the governing equation 

(1) presented in [6] for the layer i  and 
*

3

iP  is the 

corresponding traction.  

In (10) the scattered field tractions and displacements are 

defined as       ,,, 333 xxx
ffsc ttt   and  ,3 x

scu  

    ,, 33 xx
ffuu   for the seismic bed domain 0 , and 

    ,, 33 xx tt sc   and     ,, 33 xx uusc   for the rest of the 

layers. The numerical scheme is based on the discretization 

method by quadratic boundary elements and collocation 

technique. After satisfaction of the boundary conditions, 

discussed in 2.1.1., an algebraic system with respect to the 

unknowns is obtained and solved. 

Continuous model 

The scattered wave field in a quadratically inhomogeneous in 

depth half-plane subjected to incident plane wave or wave 

radiating from an embedded in a point x0  line seismic source 

can be described by boundary integral equation along the 

boundary of the canyon 1S   as follows: 
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Where:   =0 when the seismic load is presented by the 

incident wave,  =1, when the seismic load is wave radiating 

from an embedded seismic source, x  and ξ  are the position-

vector of the source  and field point respectively, c is the jump 

term,  ,,*
3 ξxg   is the Green’s function for quadratically 

inhomogeneous in depth half-plane and   *
2,3

*

3 ,, gt
g

 ξx   

is its corresponding traction, both derived analytically in 

Rangelov and Manolis [14]. Once having displacement along 

the boundary 1S  we can find displacement at any point in the 

half-plane by the well-known representation formulae. The 

total wave field is presented as a sum of the scattered and free 

field motion quantities. 

4. ILLUSTRATIVE NUMERICAL EXAMPLES 

 

Figure 3. Real (a) and imaginary part (b) of the normalized 

free surface displacements 3 0 03/u f  for fixed wave number 

0 0( / ) / 2k       of time-harmonic seismic source 

located at the point (0, 0) along the free surface. 
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equivalent solutions at a carefully chosen number of layers 

and their material properties; (b) to reveal by simulations that 
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gradient, and on the existence of free-surface relief of 

arbitrary shape.  Simulation results are obtained by the 

continuous model using the BEM based on the Green’s 

function and by the discrete model applying the BEM based 

on the elastodynamic fundamental solution. 

 

Figure 4. Variation of material properties in depth by: (a) 

continuously inhomogeneous profile at b=-0.5 and b=-1.0; (b) 

discrete inhomogeneous profile with 10 layers; (d) discrete 

inhomogeneous profile with 100 layers. 

First we consider solution of the problem for displacement 

along the free surface of elastic homogeneous half-plane due 

to out of plane time-harmonic line seismic load acting at point 

on the free-surface, see Figure 3. First Lamb’s [14] solved 

analytically this problem and its solution is discussed also in 

[11] and [13]. Graphically this solution is illustrated in [16].  

Figure 3 presents real and imaginary parts of the normalized 

free surface displacements for fixed wave number 

0 0( / ) / 2k       of time-harmonic seismic source 

located at the point (0, 0) along the free surface of a 

homogeneous half-plane. We compare the results obtained by 

three different computational tools: (a) analytical solution for 

homogeneous half-plane expressed by Eq. (6); (b) analytical 

solution for quadratically inhomogeneous half-plane with zero 

inhomogeneous coefficient b=0 presented by Eq. (7)-(9); (c) 

numerical solution by direct BEM based on the elastodynamic 

fundamental solution with the mesh along free surface   

consisting of 72 quadratic boundary elements. Figure 3 

demonstrates that all three solutions are indistinguishable. 

The second numerical example shows and discusses the 

equivalence of two different models (discrete and continuous) 

for inhomogeneous in depth half–plane without any relief and 

subjected to incident time–harmonic SH–wave propagating 

under angle  with respect to the horizontal coordinate axis. 

The key study parameter is the amplification factor defined as 

the ratio of the displacement at the free surface x2 = 0 to the 

displacement at the bottom x2 = -100m. The reference 

material properties are: 0=180x106Pa, 0=2000kg/m3, the 

inhomogeneity coefficient is chosen as b=-0.5 or as b=-1.0.  

Figures 4a, b, c show the variation of the material parameters 

with the depth of the geological profile in the following cases: 

(a) continuously inhomogeneous profile; (b) discrete profile 

with 10 layers; (c) discrete profile with 100 layers. It is 

evident that with increasing of the number of the layers the 

variation of material properties tends to the continuous profile. 

Table 1 presents a comparison between solutions for the 

amplification factor obtained by: (a) the continuous model 

using analytical solution (5), (b) the equivalent discrete model 

using numerical solution by BEM based on the fundamental 

solution. In the considered frequency interval the percentage 

difference between equivalent models is less than 0.23%.  

 

Figure 5. Displacement amplitude along free surface of 

continuously inhomogeneous half-plane with semi-circle 

canyon under normal incident SH wave versus inhomogeneity 

parameter  for two different frequencies: (a) =0.25; (b) 

=1.25. 
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Figures 5a, b illustrate how the distribution of the 

displacement amplitude along the free surface of quadratically 

inhomogeneous half–plane with semi-circle canyon depends 

on the normalized magnitude of material gradient =-b/a, 

where b is the inhomogeneous coefficient and a is the radius 

of the canyon. The results are for fixed values of the 

normalized frequency of normal incident wave, defined as 

=2a/, =0.25 (Figure 5a) and =1.25. Note that at h=0, the 

results recover the analytical solution for a flat free surface 

given by Eq. (6). 

 

 

Figure 6. Displacement amplitude along the free surface of 

homogeneous half-plane with semi-elliptic canyon due to SH 

wave radiating from an embedded seismic source at a fixed 

normalized frequency =0.25 in (a) and =1 in (b). 

Figure 6a, b draws the displacement amplitude along the 

free surface of homogeneous half-plane with semi-elliptic 

canyon with horizontal semi-axis ma 10  and vertical semi-

axis ah  , where 20   . The geometrical shape of the 

canyon varies from vertically elongated ellipse at 1 , 

through semi-circle at 1 , to horizontally elongated ellipse 

at 1 , till the case of a flat surface when 0 . The seismic 

load is a line out of plane time-harmonic force embedded at a 

point  mxx 50;0 02010 x  and having magnitude 

Nf 9
03 10 . The material properties of the half-plane 

are Pax 7
0 10123 , 33

0 /1085.1 mkgx . Note that at 

h/a=0, i.e. the case of flat free surface, the numerical solution 

recovers the analytical one given by Eq. (6). 

The sensitivity of the seismic field to the relief geometry 

and non-dimensional frequency expressed by the ratio =2a/ 

is clearly visible in Figure 6a for =0.25 and in Figure 6b for 

=1.0. How the depth of the seismic source influences the 

seismic response is shown in Figure 7, where the 

displacement amplitude along free surface is depicted with 

increase of the seismic source depth.   

 

 

Figure 7. Displacement amplitude distribution along the free 

surface of homogeneous half-plane with semi-circle canyon 

due to SH wave radiating from an embedded seismic source at 

a fixed normalized frequency =0.25. 

 

Table 1. Comparison of solutions for equivalent continuous 

and discrete models. 

Frequency 

in Hz 

Amplification 

factor for 

continuous 

model  

Amplification 

factor for 

discrete 

model  

Percentage 

difference  

0.1 1.000494694 1.00050986 0.00 

0.2 1.004464579 1.00460104 0.01 

0.4 1.024648055 1.02538867 0.07 

0.6 1.06243562 1.06424902 0.17 

0.8 1.120563384 1.12386954 0.30 

1.0 1.203584607 1.20866593 0.42 

1.2 1.318746901 1.32553602 0.51 

1.4 1.477611459 1.4851957 0.51 

1.6 1.699157602 1.70460521 0.32 

1.8 2.016140077 2.01159533 0.23 
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Figure 8. The geometry of the discrete model and validation 

of BEM solution applied for this model 

The numerical example for the inhomogeneous half-plane 

modeled by the discrete model concerns the geometry given in 

Figure 8. The following input data are used: a=10, and 

ah  , where 20   , 0=1.23x1019Pa, 1=1.23x1011Pa, 

2=1.23x1010Pa, 3=1.23x109Pa, 0,1,2,3=1850 kg/m3. The 

seismic source is located at a point 

 mxx 100;0 02010 x  and is with magnitude 

N109
03 f . All three resting layers are of equal thickness of 

30m. Figures 8 and 9 depict the surface response of a model 

with semi-circular canyon and 3 resting layers over elastic 

half-plane with equal material properties compared to 

homogeneous half-plane containing semi-circular canyon. 

Four different normalized frequencies are observed. These 

figures reveal the high accuracy of the used BEM, because 

obtained solutions for the displacement amplitude along the 

free surface are very close for both models. The validation 

study shows that when L is equal to 10 times the thickness of 

each layer we do not need the usage of the infinite BE, see [6]. 

Figures 10a, b show displacement amplitude distribution 

along the free surface at variation of the geometrical form of 

semi-elliptic canyon with variable ah /  rested in layered 

half-plane (see,  Figure 8) due to SH wave radiating from a 

line seismic source embedded at point  m100,0   at a fixed 

normalized frequency =0.25 in (a) and at =1 in (b). 

All figures presented in the simulation study confirm the 

understanding that the seismic signal depends on the type and 

characteristics of the seismic load, on the type and magnitude 

of the geo-material gradient and on the existing 

heterogeneities like layers or free surface relief and its 

geometrical shape. 

 

 

Figure 9. Validation of BEM solution  

 

5. CONCLUSION 

Two-dimensional elastodynamic problem is solved for 

propagation of seismic wave of SH-type in inhomogeneous in 

depth half-plane with free surface relief of arbitrary shape and 

subjected to incident wave or wave radiating by an embedded 

seismic source. Two different models describing the variation 
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of material characteristics with respect to the depth are 

considered: (a) discrete model presenting the half-plane as a 

stratum with homogeneous elastic isotropic layers, and (b) 

continuous model where the soil characteristics are quadratic 

functions of the vector position with respect to the depth. The 

formulations in terms of partial differential equations and 

boundary integral equations of these two models are given. 

The applied computational tools although based on the BEM 

are different: (a) for the discrete model is developed, validated 

and inserted in simulations conventional  BEM based on the 

fundamental solution of Eq. (1) and sub-structural approach; 

(b) for the continuous model is proposed BEM based on the 

Green’s function for quadratically inhomogeneous in depth 

half-plane.  Both the models give equivalent results at a 

proper choice of the number of layers and their material 

properties. A comparison between two models reveals the 

following advantages of the continuous model: (*) only the 

boundary of the free surface relief is discretisized and thus 

avoiding discretization of all interfaces existing  in the 

discrete model; (*) there is no truncation issue along the free 

surface because the integral is taken only on the finite part of 

the free surface; (*) the mathematical form of the Green’s 

function is not complex and there is no problem to be inserted 

in the BEM software; (*) the integrals obtained after 

discretization have strong singularity of type 1/r that is non-

hypersingular and leads to solution of CPV integrals. 

 

 
 

Figure 10. Displacement amplitude along the free surface of 

discrete model in Figure 8 at a fixed normalized frequency 

=0.25 in (a) and =1 in (b) of the seismic source. 
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ABSTRACT: Modal decomposition is often used in geophysics and acoustics for the solution of problems related to wave 

propagation in elastic or acousto-elastic waveguides. One of the key elements of this method is the solution of an eigenvalue 

problem for obtaining the roots of the characteristic equation, which may signify either frequencies or wavenumbers. The nature 

of the roots for the majority of the elastic systems allows for a line search along the real or the imaginary axis in the complex 

plane. Nonetheless, there exist cases in which eigenvalues become complex-valued requiring thus the use of more advanced 

algorithms. Most up-to-date algorithms for the solution of complex eigenvalue problems are based on the principle of the 

argument method for a first gross estimation of the location and the number of the roots within a predefined region, followed by 

a bisection or steepest descent method for a refinement of the final root position. These techniques are shown to be efficient 

when the roots are located distinctly apart. In the case of elastic or acousto-elastic waveguides, complex roots do exist and often 

lie close to each other, thereby not allowing for an efficient application of such algorithms. In this study, an approach is 

presented in which the real and the imaginary parts of the characteristic equation of several types of waveguides are treated 

separately in order to define the locus of points in the complex plane where roots may lie. It is shown that next to the real-valued 

roots, which correspond to propagating modes in the medium, infinitely many imaginary and complex-valued ones do exist 

which complete the eigenvalue spectrum. The contribution of the latter is rather significant in the vicinity of a load and is very 

essential for the source-waveguide interaction.  

KEY WORDS: Characteristic equation; Complex eigenvalues; Acousto-elastic waveguides; Principle of the argument method 

1 INTRODUCTION 

Modal methods are often used for solving problems involving 

wave propagation in acoustic or acousto-elastic waveguides 

[1]. They are preferred over wavenumber integration 

techniques mainly because of the fact that they are robust and 

computationally efficient. Waveguides, in contrast to un-

bounded domains, are characterized by two (closely) spaced 

surfaces in one of the principal directions. The energy, once 

released in such systems, is guided through multiple 

reflections at the upper and lower boundary parallel to the two 

surfaces [2]. 

In the linear regime, a solution in the frequency domain 

normally suffices since any transient response can be 

expressed as a superposition of the various harmonics via an 

inverse Fourier transformation. A solution to the system of 

equations describing propagation of mechanical disturbances 

in waveguides requires the simultaneous satisfaction of a 

system of equations of motion together with a number of 

boundary and interface conditions for the domain of interest. 

Under such restrictive conditions, a non-trivial solution of the 

system of equations does not exist for arbitrary values of both 

the excitation frequency ω and the wavenumber k which 

describes the propagation parallel to the waveguide 

boundaries. It can exist, however, for discrete values of k as a 

function of ω, i.e. k(ω). The discrete values k(ω) can be found 

by solving a classical eigenvalue problem [3]. 

Whereas the solution of such problems is rather easy for 

layered acoustic waveguides, this is hardly the case for elastic 

or poro-elastic media. The principal difference between the 

two cases is that in the latter one, complex eigenvalues do 

exist even for purely elastic media [4-5]. In this paper an 

attempt is made to understand the origin, as well as the 

physical significance of the complex-valued eigenvalues on 

the basis of a discussion involving complex contour 

integration over the wavenumbers. To clarify this, the change 

in the location of the complex eigenvalues for an elastic layer 

is studied for gradually increasing depths and for several 

boundary conditions. 

In the literature, several methods have been developed for 

the solution of complex eigenvalue problems [6-10]. These 

are mainly restricted to analytical polynomial functions in 

which the number as well as the multiplicity of the roots is 

known a priori. In cases involving wave propagation in 

layered elastic media, there is first the challenge that infinitely 

many roots exist and second that these roots are closely 

spaced in the complex plane. Thus, the majority of the 

numerical algorithms that are robust in several other cases, are 

failure-prone in the cases involving elastic or acousto-elastic 

waveguides. 

In this paper, a method is presented for the solution of the 

eigenvalue problem in elastic and acousto-elastic layered 

media. In contrast to other techniques [6-10], which are purely 

mathematical in nature, the proposed method is based on a 

physical understanding of the location, type and number of 

roots to be expected in each examined case. At first, the real 

and the imaginary parts of the characteristic equation are 

treated separately in order to define the locus of points in the 

wavenumber plane where roots may lie. Next, the roots are 
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interpreted as the intersection points of the two contours. The 

principle of the argument method is applied around each root 

in order to verify its existence within the specified domain. 

Further refinement of the roots is also possible at this stage. 

In section 2, the basic theoretical background of the method 

is discussed with the help of a simple example involving plane 

waves in an elastic layer with stress-free boundaries. In 

section 3, the case of a purely elastic waveguide is treated and 

the orthogonality condition of the obtained eigenmodes is 

derived based on the reciprocity theorem of elastodynamics. 

In section 4, the method is expanded to the case of an acousto-

elastic waveguide. The existence of a fluid layer results in an 

infinite number of purely imaginary eigenvalues which are not 

present in the elastic case. The orthogonality relation is also 

expanded to include the presence of an inviscid fluid layer. 

Finally, in section 5, the forced response of a beam in contact 

with a fluid medium is analysed in order to show that the 

evanescent spectrum, which corresponds to purely imaginary 

wavenumbers in this case, needs to be considered for 

obtaining realistic results in the vicinity of the vibrating 

structure. In fact, it is shown that the displacement 

compatibility at the beam-fluid interface can be satisfied only 

when the evanescent spectrum is accounted for in the solution.   

2 THEORETICAL BACKGROUND 

The method proposed in this paper for the evaluation of the 

roots of the characteristic equation for several types of 

waveguides is based on the following steps: 

I. Examination of the type and number of roots for the 

problem under investigation based on a physical 

interpretation of the roots for each domain of interest. 

In this aspect, the problems analysed here are divided 

into those involving (a) only acoustic media; (b) only 

elastic layers; (c) both elastic and acoustic layers. 

II. Graphical interpretation of the locus of points where 

complex roots may lie based on the results of step I 

above. 

III. Determination of the real and imaginary roots of the 

characteristic equation using a classical bisection 

algorithm. 

IV. Determination of the complex roots, based on the 

results of step II above, using a numerical tool 

developed in Fortran for each particular case. 

V. Evaluation of the number of roots located within a 

predefined region in the complex plane based on the 

principle of the argument. 

Step III, will not be discussed in detail since it is a well-

known procedure and presents no particular difficulty [1]. 

Steps I, II and IV-V are discussed in some detail through a 

simple example involving plane waves in a solid layer in the 

remaining part of this section. 

2.1 Plane harmonic waves in a solid layer with stress-free 

boundaries 

The chosen example is based on the case of plane harmonic 

waves propagating in the global x-direction in a waveguide 

bounded by two stress-free surfaces located at a distance of 2h 

apart along z-coordinate (Figure 1). This example is quite 

generic in the sense that other cases, as for example 

cylindrical waves spreading outwards away from a source, 

share the same vertical dependence with plane waves in a 3-D 

Cartesian coordinate frame [11]. 

Following the notation used by Achenbach [4], the 

Rayleigh-Lamb frequency spectrum, involving motion in the 

x-z plane of the layer, can be divided into two families of 

modes, namely the symmetric and antisymmetric ones. The 

frequency equation for the symmetric modes is given by: 

                           
   

0
4

tan

tan
222

2





pq

pqk

ph

qh                         (1) 

and for the antisymmetric ones as: 
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in which 2222 / kcp L   and 2222 / kcq T   are vertical 

wavenumbers, k is the horizontal wavenumber and ω is the 

circular frequency. The constants cL and cT correspond to the 

phase speeds of compressional and shear waves, respectively. 

The task is to obtain the horizontal wavenumbers k(ω) for a 

given real and positive frequency ω (ω≥0). 

 

Figure 1 Plane waves in an elastic layer 

At first, the existence of complex-valued roots 

(wavenumbers) needs to be verified. It is to be expected that 

in the vicinity of ω=0, all roots will be either complex-valued 

or imaginary, since no wave propagation can exist in the 

layer. In addition, infinitely many roots should exist in 

accordance with the notion of a continuum. An expansion of 

the equations above using Taylor series around ω=0 and 

truncation with the accuracy O(ω4), yields the following two 

expressions: 

                            0coshsinh  khkhkh                        (3) 

                            0coshsinh  khkhkh ,                       (4) 

for the symmetric and the antisymmetric modes of the layer, 

respectively, which are functions of the thickness of the layer 

h and of the wavenumber k. By setting the real and the 

imaginary parts of the above equations individually equal to 

zero, a family of curves can be drawn in the complex plane, 

which is referred to as zero contour plots. In Figure 2, the zero 

contour plots of Eq.(3) for h=1m are shown for the region 0 < 

Re(k) < 4 and 0 < Im(k) < 20. The roots can be interpreted 

graphically as the intersection points of the two family of 

curves. As can be seen, there exist six roots in the predefined 

region and none of them is imaginary. The roots are located 

symmetrically with respect to the real and the imaginary axes 

in the other quadrants and lie on top of two parabola which 

are formed symmetrically with respect to the horizontal axis. 

The position of the roots for ω~0 actually dictates the locus of 

points where the various branches of the frequency equation 

originate for ω=0. A branch is defined in this context as the 

graphical representation of the relationship between the 
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frequency ω and the wavenumber k(ω) for a particular mode. 

The collection of branches constitutes the so-called frequency 

spectrum. 

As already mentioned, Eq.(3) and (4) depend solely on the 

thickness of the layer. Therefore, it is of interest to examine 

the location of the complex-valued roots of Eq.(3) for 

increasing depths of the layer. In Figure 3, the obtained roots 

are shown for three different layer depths ranging from 2m to 

20m. As can be seen, increasing depths displace the origin of 

the various branches towards the imaginary axis. In addition, 

the spatial distance between the roots in the complex plane 

decreases when the layer thickness increases, i.e. the roots are 

closer to each other. 

 

Figure 2 Zero contour plots of the real part (red curves) and of 

the imaginary part (blue curves) of the characteristic equation 

for the symmetric modes at the first quadrant 

Thus, for z→∞ one would reasonably expect that Re(k)→0. 

If one defines the branch cuts for the case of a half space as 

shown in Figure 4, then it can be concluded that the four 

branches, in which the roots lie for the case of a waveguide, 

move onto the branch cuts on the imaginary axis for z→∞. 

Regarding the antisymmetric modes as given by Eq. (4), 

similar results are obtained and the discussion is omitted here 

for the sake of brevity. 

 

Figure 3 Position of the roots for varying depth of the solid 

layer for the symmetric modes 

On the basis of the discussion above, one can conclude that 

complex-valued roots will also exist for other values of ω>0 

for two primary reasons. At first, since all branches of the 

frequency spectrum originate somewhere in the complex 

wavenumber plane for ω=0, they will necessarily follow a 

route via the complex plane before turning into propagating 

modes (real-valued wavenumbers) for gradually increasing 

frequency. Second, the case of an elastic layer has shown that 

no imaginary roots exist for ω=0. But it is well-known that a 

continuum contains infinitely many roots. Since no purely 

imaginary roots exist in this case, there should be an infinite 

number of complex-valued ones to complete the spectrum. 

Please note that the non-existence of imaginary roots at ω=0 

does not imply that their existence is prohibited for other 

values of ω>0. In fact, as will be shown in the sequel, 

imaginary roots may exist for ω>0, since some of the 

branches may follow a short route along the imaginary axis 

before turning into propagating modes. 

 

Figure 4 Definition of branch cuts for the case of a half space 

Having verified the existence of complex-valued roots 

around ω~0, we can now proceed with the solution for non-

zero frequencies (ω>0). It is to be expected that next to the 

complex-valued roots, a finite number of real roots will exist 

provided that the frequency ω is chosen larger than the cut-off 

frequency of the waveguide (ω>ω0). In Figure 5, the zero 

contour plots of the real and the imaginary parts of Eq.(1) are 

shown for an excitation frequency of ω=100 rads-1 (f~16Hz) 

and for a layer with the following properties: h=10m, 

cL=297ms-1 and cT=121ms-1. 

 

Figure 5 Zero contour plots for the real (red curves) and the 

imaginary part (blue curves) of Eq.(1) at ω=100 rad s-1  

As can be seen, Eq. (1) yields a finite number of real-valued 

wavenumbers which correspond to the propagating modes in 

the layer. Next to the real-valued roots, an infinite number of 

complex-valued ones exists, which corresponds to evanescent 

waves in x-coordinate. Thus, an efficient way of locating the 

complex-valued roots can be based on a search confined only 

at a strip positioned at the vicinity of the imaginary axis in one 

of the four quadrants of the complex wavenumber plane since 
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the complex-valued roots are characterized by an imaginary 

part much larger than the real part, i.e. │Im(k)│>>│Re(k)│. 

2.2 Eigenvalues for other types of waveguides 

For the case of a waveguide consisting of fluid layers, the 

roots of the characteristic equation can either be real or 

imaginary. Thus, classical algorithms based on the bisection 

method can be applied [1]. One needs to perform a line search 

along the real axis to locate the eigenvalues corresponding to 

propagating modes and another search along the imaginary 

axis for the evanescent ones. The aforementioned procedure 

suffices in locating all eigenvalues within a predefined region 

in the complex wavenumber plane. 

On the contrary, for the case of an acousto-elastic 

waveguide both imaginary and complex-valued roots exist. 

The exposure of infinitely many imaginary roots in this case is 

attributed to the presence of the fluid layer. One can locate all 

roots of an acousto-elastic waveguide in the following way: 

At first, a line search along the real axis of the complex plane 

allows to locate one by one all the propagating modes. The 

upper limit for which real modes do exist is dictated by the 

slowest wave in the medium. Second, a line search along the 

imaginary axis in the wavenumber plane allows to locate the 

imaginary eigenvalues corresponding to purely evanescent 

waves. For the case of an elastic layer, the number of 

imaginary values is either finite or zero, whereas for the 

acousto-elastic case, the number of imaginary eigenvalues is 

infinite (Figure 6). At last, a search in the complex plane is 

required for the complex-valued roots. Results have shown 

that a search in a narrow strip close to the imaginary axis at 

one of the quadrants suffices in locating all the roots within a 

predefined region. A refinement of the roots can be based on 

the minimization of the modulus method as discussed in the 

sequel. 

 

Figure 6 Indicative position of the roots of the characteristic 

equation for various types of waveguides 

3 ELASTIC WAVEGUIDES 

In this section, the case of an elastic waveguide bounded by a 

stress free surface at z=0 and a rigid bottom at z=H is 

examined. The case of a single solid layer is first introduced 

and subsequently the case of a multi-layered soil is analysed. 

3.1 Case of a single solid layer 

It is convenient to analyse the response of the layer in terms of 

P-SV modes (also known as Rayleigh modes) and SH modes 

(also known as Love modes). The split of the motion of the 

layer into the aforementioned types of modes is originally 

introduced for plane waves in a 3-D Cartesian frame but it has 

been shown that a similar distinction holds for other types of 

coordinate systems [11]. For the P-SV modes the following 

problem is addressed in the cylindrical coordinate system. The 

motion of the soil medium is described by the following set of 

linear equations: 
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uu  ,                 (5) 

in which u(r,z,t) is the displacement vector in the solid, λ and 

μ are the Lame coefficients and ρ is the mass density. The 

constitutive and geometrical relations for the soil medium 

read: 
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The Helmholtz decomposition is applied, i.e.  u , 

in which two scalar potentials are sufficient to describe the 

Rayleigh modes. These should satisfy two uncoupled 

equations of motion: 
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In linear systems it is convenient to find the solution in the 

frequency domain. The integral Fourier transform with respect 

to time of the aforementioned set of equations yields: 

    0,,~,,~ 22   zrkzr L                  
   (10)                                                                

    0,,~,,~ 22   zrkzr T
                    (11)

 

in which  222 / LL ck   and 222 / TT ck  . Eqs. (10) - (11) form 

the set of equations in the frequency domain. In addition to 

the governing equations, the coupled system should satisfy a 

set of boundary conditions at z=0 and at z=H. 
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and   0,0,~  rzr
  at z=0       (12)                                    
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 and   0,,~ Hrur
 at z=H,     (13)                                    

together with the radiation conditions at infinity (r→∞). A 

solution to the equations of motion of the solid layer which 

satisfies the radiation condition at infinity can be expressed in 

the following form: 
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with: 

   2/1222 / LL cka   and   2/1222 / TT ck          (16) 

The determinant of the coefficient matrix, formed by 

introducing the displacement and stresses as functions of the 

potentials  into the boundary conditions, should be set equal to 

zero, i.e.: 

  0det D                                 (17) 

We expand once more the resulting expression, i.e. Eq.(17), 

around ω~0 using Taylor series and we keep only the lowest 
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order terms in the final expression. The zero contour plot in 

this case is shown in Figure 7 for a layer with the following 

properties: H=20m, cL=297ms-1 and cT=121ms-1. The complex 

roots in the region are depicted in Figure 8. 

 

Figure 7 Zero contour plots for the real (red curves) and the 

imaginary part (blue curves) of Eq.(17) at ω~0 rad s-1  

 

Figure 8 Roots of the characteristic equation at ω~0 rad s-1 

As can be seen, all roots are located close to the imaginary 

axis. Based on these results, a robust algorithm in the case of 

an elastic layer can be based on the following steps: 

I. A line search along the real and the imaginary k-axis 

for locating real and imaginary roots based on a 

classical bisection algorithm. The upper limit for 

which roots are found on the real axis is dictated by 

the Rayleigh pole. Since the Rayleigh wave speed is 

approximately 
Tc9.0 , the search can be terminated 

at a wavenumber equal to 
Tck 85.0/)Re(  . 

II. A search in the complex plane for the values of k for 

which Eq.(17) is equal to zero. The search can be 

confined at a strip in one of the four quadrants which 

makes the algorithm computationally efficient. The 

search in the complex plane is based on the principle 

of the argument method for a first estimation of the 

total number of roots within a predefined region in 

the complex wavenumber plane. Subsequently, the 

total region is divided into a number of sub-regions 

each containing a single root. The subdivision into 

single-root sections is again based on the principle of 

the argument method. Finally, a refinement of the 

location of each root is based on the minimization of 

the modulus of the complex determinant.  

To illustrate the robustness of the proposed method, the 

located roots are shown for two excitation frequencies f=1Hz 

and f=33Hz in Figure 9 for the waveguide described 

previously. At f=1Hz, no propagating modes exist in the layer. 

On the contrary at f=33Hz, 15 modes with real wavenumbers 

exist. The largest real-valued root corresponds to the Rayleigh 

wave at the free surface (z=0) of the elastic layer. An 

estimation of the wavenumber corresponding to this mode is 

ω/cR~1.83 rad m-1. This corresponds exactly to the largest 

real-valued wavenumber as shown in Figure 9. 

 

Figure 9 Roots of the Eq.(17) at f=1Hz (red dots) and at 

f=33Hz (blue dots) 

For the SH modes of the layer the problem is very similar to 

the one of a single fluid layer. Since only real- and imaginary-

valued roots exist in this case, classical numerical algorithms 

based on the bisection method can be used.  

3.2 Orthogonality of Rayleigh eigenfunctions for an elastic 

layer 

Orthogonality relations in the case of elastic waveguides can 

be derived on the basis of the reciprocity theorem of 

elastodynamics [13]. It can been shown that the following 

orthogonality condition holds for the Rayleigh modes: 
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in which ζ=ρ·(cL
4-(cL

2-2·cT
2))/cL

2 and η=(cL
2-2·cT

2)/cL
2. The 

indices i and j correspond to two different Rayleigh modes, ui 

is the radial displacement of the soil, vj is the vertical 

displacement and σzz,i, σzr,i are the normal and shear stresses of 

the solid layer, respectively. 
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3.3 Case of a waveguide consisting of two solid layers 

The case of a multi-layered solid waveguide can be treated in 

a similar way. The only difference is in the number of 

branches in which complex-valued roots lie in each of the 

quadrants of the complex wavenumber plane. The number of 

branches is always equal to the number of layers. In Figure 

10, the roots of the characteristic equation are shown for 

f=10Hz and for a waveguide consisting of two layers with the 

properties given in Table 1. 

Table 1. Properties of the layers for an elastic waveguide 

Layer  

number 

Thickness 

(m) 

ρ  

(kgm-3) 

cL  

(ms-1) 

cT  

(ms-1) 

Layer 1 5 1700 297 121 

Layer 2 15 1900 443 195 

 

 

Figure 10 The roots of the characteristic equation for a 

waveguide consisting of two layers 

As can be seen, the complex-valued roots are clustered in 

two branches, each associated with a solid layer. The vertical 

eigenfunctions belonging to wavenumbers of a particular 

branch have the largest amplitude in the correspondent layer. 

In this case, the modes corresponding to the outer branch have 

the largest amplitude in the upper layer, whereas the ones of 

the inner branch show a larger amplitude in the lower layer. 

The orthogonality condition for a multi-layered solid is given 

by Eq.(18) in which the integration is taken now over the total 

solid depth. 

4 ACOUSTO-ELASTIC WAVEGUIDES 

In this section, the case of an acousto-elastic waveguide is 

analysed and the main differences with the previous cases are 

highlighted. The example corresponds to the case of a water 

column resting on top of a soil sediment. This is a typical 

example in the field of underwater acoustics for oceanic 

environments. 

4.1 Fluid layer on top of an elastic soil layer 

The case analysed here is shown in Figure 11. A fluid layer 

of depth D overlies a solid layer of thickness H. The material 

properties are summarized in Table 2.  

 

Figure 11 Geometry of the acousto-elastic waveguide 

An analytical derivation of an equation similar to Eq.(17) 

which accounts for the presence of the fluid layer is discussed 

by the authors in [3].  

Table 2. Properties for the acousto-elastic waveguide 

Layer 

number 

Thickness 

(m) 

ρ  

(kgm-3) 

cL  

(ms-1) 

cT  

(ms-1) 

Fluid layer 10 1000 1500 - 

Solid layer 20 1700 297 121 

 

An analysis of the position of the roots for ω~0 using Taylor 

series, following the steps described previously, yields the 

contour plots shown in Figure 12. The existence of infinitely 

many imaginary roots is verified in this case. Due to 

symmetry, the search for the complex-valued roots can be 

limited to just one of the four quadrants as discussed 

previously. The location of the roots is shown for an 

excitation frequency of f=20Hz in Figure 13 using the 

algorithm developed in Fortran for this case. 

 

Figure 12 Zero contour plots for the real and the imaginary 

parts for an acousto-elastic waveguide at ω~0 rad s-1 

In contrast to the elastic layer, an infinite number of purely 

imaginary roots exists. In addition, the slowest wave in the 

medium is the so called Scholte wave which is an interface 
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wave travelling along the solid-fluid interface with an 

amplitude that decreases exponentially away from the 

interface in both media. The wave speed of the Scholte mode 

is about 0.87 times the speed of the shear waves in the solid 

layer. This corresponds to a wavenumber of ω/cR~1.20 rad m-1 

as shown in Figure 13. Note that the speed of the Scholte 

wave is slightly lower than that of the Rayleigh wave for the 

same solid medium due to the presence of the fluid pressure 

on the surface of the solid. This has been observed in other 

studies [14] and is well-known in the scientific community. 

 

Figure 13 Roots of the characteristic equation of an acousto-

elastic waveguide at f=20 Hz 

4.2 Orthogonality of eigenfunctions 

The orthogonality relation can be generalized to include the 

presence of the fluid layer on top of the elastic layer. 

Following a similar approach as in [13], it can be shown that 

the orthogonality relation in this case can be expressed as: 
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in which υi is the radial velocity of the fluid and pj is the 

pressure in the fluid region. Eq.(19), is a generalization of the 

orthogonality relation derived in [13]. 

5 SIGNIFICANCE OF THE EVANESCENT FIELD 

Even though the evanescent spectrum, which consists of 

purely imaginary and/or complex-valued modes, decays 

rapidly for increasing horizontal distances from the source, its 

contribution is rather significant in the vicinity of a load and is 

very essential for the source-waveguide interaction, should 

this be considered. To illustrate this, the simple case of a 

vibrating beam in contact with a 2-D fluid layer is examined 

here. The situation is schematically shown in Figure 14 and 

the parameters are summarized in Table 3. The beam is of 

finite length and lies within 0<x<L. The fluid occupies the 

region y>0 and 0<x<L. A load is applied on the beam at 

x=L/3. The load has an amplitude of 1kN and is purely 

sinusoidal with a frequency of 200Hz. 

 

 

Figure 14 Geometry of the beam-fluid model 

Table 3. Parameters of the beam model 

Parameter Value Unit 

L 10 m 

EI 7.2 x 106 N m2 

ρA 300 kgm-1 

cf 1500 ms-1 

ρf 1000 kgm-3 

 

The vibrations of the beam are described in terms of the in 

vacuo beam modes satisfying the simple-supported boundary 

conditions. The fluid response is expressed in terms of modes 

(both propagating and evanescent) as explained previously. 

The problem is then solved in a similar way to that described 

in [15] using the orthogonality of the beam modes and that of 

the fluid eigenfunctions. 

 

Figure 15 Displacement mismatch in the y-direction at the 

beam-fluid interface with propagating modes only 

In Figure 15, the modulus of the transversal displacement of 

the beam and of the fluid is shown together with the mismatch 

(difference between the two) at the beam-fluid interface. In 

this case only the propagating modes of the fluid are 

accounted for in the modal summation. As can be seen, the 

displacement mismatch is quite large. In Figure 16, the same 
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results are shown but now a large number of evanescent 

modes is included in the modal sum. The mismatch error at 

the interface is less than 0.1% for all points along the length of 

the beam. Thus, it can be concluded that the evanescent 

spectrum needs to be accounted for, if the exact solution is 

needed at the interface. Similar results are obtained for more 

complicated structures vibrating in elastic or acousto-elastic 

media as discussed by the authors in [3]. 

 

Figure 16 Displacement mismatch in the y-direction at the 

beam-fluid interface including the evanescent spectrum 

6 CONCLUSIONS 

In this paper, a method is presented for the determination of 

the eigenvalues of various waveguides within a predefined 

region in the complex wavenumber plane. In contrast to other 

methods, the present approach is based on a physical 

interpretation of the number and type of roots to be expected 

in various cases. Two cases are thoroughly examined namely, 

an elastic waveguide and an acousto-elastic waveguide. 

It has been shown that for the case of a single elastic layer 

bounded by a stress release surface and a rigid bottom real-, 

imaginary- and complex-valued roots may exist. For 

frequencies larger than the cut-off frequency of the layer, a 

finite set of real-valued roots exists, which corresponds to the 

propagating modes in the layer. Next to the real-valued roots, 

a finite number of imaginary ones may exist which together 

with an infinite number of complex-valued ones forms the so-

called evanescent spectrum. An efficient algorithm for 

locating the roots for each excitation frequency, can be based 

on a line search along the real and the imaginary axis of the 

complex wavenumber plane, followed by a search along a 

narrow strip in one of the quadrants in the complex 

wavenumber plane for locating the complex-valued roots. For 

a waveguide consisting of two elastic layers, the situation is 

similar to the above with the only difference that an additional 

branch of roots in the complex plane exists. For a multi-

layered soil, the number of branches where complex-roots lie 

is equal to the number of layers of the waveguide. 

In addition, the case of an acousto-elastic waveguide is 

examined. In contrast to purely elastic layers, an infinite 

number of imaginary roots exists due to the presence of the 

acoustic domain. An example is analysed and the presence of 

real-, imaginary- and complex-valued modes is shown. An 

extension of the classical bi-orthogonal relation to account for 

the presence of the acoustic layer is also included. 

Finally, the case of a vibrating beam in a 2-D fluid is 

discussed in order to illustrate the significant contribution of 

the evanescent spectrum in the modal response. It has been 

shown that if accurate results are needed at the interface, a 

large number of evanescent modes needs to be accounted for. 

Although the focus in this work was on a particular example 

involving wave propagation in layered media, it is believed 

that a similar approach for locating complex eigenvalues can 

be followed for a class of problems in dynamics. In essence, 

once the type and the number of roots to be expected in each 

problem can be determined, efficient algorithms can be 

developed for locating the roots. In contrast to methods which 

are purely mathematical in nature, a physical understanding of 

the locus of points where roots may lie, allows one to 

construct efficient and robust numerical algorithms for various 

cases. 
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ABSTRACT: This paper presents an efficient and reliable method to solve the dynamic soil–structure interaction (SSI) problem 

of large-scale. The method is based on a substructuring technique in the frequency domain, and combines finite elements (FEs) 

and Greens functions. The described method extends to handle not only foundations or structures built over soil top surface, but 

also structures embedded or buried into the ground. For this purpose, we subtract the excavated soil stiffness matrix from a free-

field stiffness matrix along the excavation interface, which provides the dynamic impedance for the excavated unbounded 

medium. Note that the unbounded medium in this method is composed of a stack of visco-elastic isotropic horizontal layers over 

a homogeneous half space. In the study, we calculate the free-field stiffness matrix by means of the Green's function for the 

layered unbounded medium. In addition, we can include water layers on the top of the horizontal layers to apply to the offshore 

environment (e.g. offshore wind tower, offshore platform, etc.). On the other hand, we calculate the excavated soil (but also sea 

water if offshore application) stiffness matrix by means of the FE model and so-called static condensation to remove all the 

degrees of freedom (DOFs) inside the excavated soil, except those along the interface. Through the study, we find that the FE 

discretization for the excavated soil stiffness requires special care in order to obtain accurate results. Namely, the FE 

discretization should be consistent (more precisely, identical) at the interface between the excavated soil and the structure. 

Finally, some cases are presented which show the performance of the current substructuring approach in the context of large 

scale and large domain analysis. 

KEY WORDS: Soil-structure interaction (SSI); Dynamic impedance/stiffness; Unbounded media; Large scale model; Finite 

element; Green's function. 

1 INTRODUCTION 

For safe design of dynamically loaded systems, properly 

accounting for their coupling to the ground may be crucial. 

Modeling dynamic interaction between a structure and its soil 

foundation is in general a demanding task. For large and 

complicated structures, and particularly when the structures 

are also embedded into the soil, complexity, size of problem 

and computational efforts may be excessive. This paper 

presents an efficient and reliable method to solve this design 

issue, and does also present two real case examples. 

For soil-structure interaction (SSI) problems, the dynamic 

impedance for an unbounded soil domain is a critical 

component in order to analyze efficiently large-scale and 

large-domain models. In general, however, the dynamic 

impedance is not trivial to obtain, particularly for an 

unbounded domain. There are many approaches available in 

the literature, developed during the last half century, (e.g. 

boundary element or integral approach [1], transmitting 

boundary condition [6], boundary finite element [8], etc.). 

Each approach has its own advantages and disadvantages. 

Depending on the situations and problem types, we should 

select and apply an optimal approach with some care. The 

approach of our present interest is a substructuring technique 

formulated in the frequency domain, originally devised to 

analyze rigid foundations sitting on the ground surface [9]. 

Kaynia et al [5] has developed further this approach to 

analyze flexible mat foundations. This made it possible to 

model very large structures with surrounding soil in 3D with 

manageable model size and computer time, and without 

influence of reflections from the computational boundaries. 

In the present study, we extend further the substructuring 

technique presented by Kaynia et al [5] so that one can 

analyze partly or fully buried structures in the same efficient 

way. For this purpose, we subtract the excavated soil stiffness 

matrix from the free-field stiffness matrix along the 

excavation interface, which provides the dynamic impedance 

for the excavated unbounded medium. Note that the 

unbounded medium in this approach is composed of a stack of 

visco-elastic isotropic horizontal layers over an isotropic 

homogeneous half space, inherently preventing reflections 

from computational boundaries. In the present approach, we 

calculate the free-field stiffness matrix by means of Green's 

functions for the layered unbounded medium [2]. In addition, 

we can include water layers on top of the horizontal soil layers 

to apply also to the offshore environment (e.g. offshore wind 

tower, offshore platform, etc.) [3]. On other hand, we 

calculate the excavated soil (but also sea water if offshore 

application) stiffness matrix by means of the FE model, where 

we apply static condensation to remove all the degrees of 

freedom inside the excavated soil, except those along the 

interface. The procedure is rather straightforward. As in [9], 

we assume the traction singularity is not important, which is 

crucial troublesome in the boundary element approach [1].  

The finite element model of the structure is then coupled to 

the nodes at the interface between the unbounded medium and 

the excavation. If e.g. improvement is applied to the soil 
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around the foundation, this soil may be included in the FE 

model of the structure, before coupling it into the excavation.  

Through the study, we found that the FE discretization for 

the excavated soil stiffness requires special care for 

discretization in order to obtain accurate results. Hence, we 

perform a thorough evaluation of the approach, with a 

particular focus on the FE discretization of the excavated soil. 

We observe that not only the discretization size but also the 

discretization consistency at the interface between the 

excavated soil and the structure is important. Namely, the 

interface discretization for the excavated soil and the structure 

should be almost identical. Finally, we analyze some case 

examples, through which we show the performance and 

potential of the current substructuring approach in the context 

of large-scale and large-domain analysis. The foundation of 

interest in the study is mainly flexible ones. 

 

2 DYNAMIC IMPEDANCE WITH EXCAVATION 

For soil and structure interaction (SSI) analysis of large-scale 

and large-domain models, the substructure method is efficient, 

which minimizes the number of DOFs to solve. This id done 

by separating the whole system to analyze into two 

substructures of 1) structure and 2) unbounded layered soil 

(Figure 1). Then, the unbounded layered soil is replaced by 

(or condensed into) a boundary dynamic stiffness K as in 

equation (1) whose DOFs are located only along the interface 

between the structure and the unbounded layered soil, as 

schematically illustrated with yellow circles in Figure 1. 

 

 

Figure 1. Substructuring approach for SSI problem 

 

The boundary dynamic stiffness K is assembled together 

with the dynamic stiffness matrix of the structure in order to 

perform the SSI analysis of the whole system. This procedure 

can be written as in equation (1).  

   

    

    
    

    

P K K U

P K K K U
           (1) 

where Kij, Uj and Pi are the dynamic stiffness matrix, 

displacement vector and load vector, respectively. The two 

subscripts of  and  represent the DOFs for the structure 

(excluding the interface) and those for the interface (where the 

impedance condition is defined), respectively. For example, 

K is the stiffness matrix relating P (interior load) and 

U(interface displacement).  

The boundary dynamic stiffness K can be obtained by 

various methods, among which the so-called boundary 

integral equation approach is the most sophisticated one, yet 

requiring advanced mathematical treatment [1]. A simpler 

alternative taken in this study is to subtract the excavated soil 

stiffness matrix from a free-field stiffness matrix along the 

excavation interface, which provides with the boundary 

dynamic stiffness for an excavated unbounded medium 

(Figure 2). This step can be expressed by equation (2). 

, ,Free Field Excavated Soil     K K K             (2) 

A similar approach is applied to unexcavated ground cases, 

where the excavated soil stiffness matrix is not needed as in 

[5] and [9]. The main objective of the current study is to 

extend the previous one by introducing the excavated ground 

case. For this purpose, we need to calculate explicitly the two 

boundary dynamic stiffnesses for 1) the ground without 

excavation (Free-field) and 2) the excavated soil, whose DOFs 

are only along the interface.  

The boundary dynamic stiffness matrix for the ground 

without excavation is obtained by means of the Green's 

functions for the related unbounded layered medium. Namely, 

we first calculate the flexibility relationship between all the 

DOFs along the interface boundary () and for all the three-

direction loading cases (full-tensor or dyadic Green's 

functions), inverted to be the boundary dynamic stiffness 

matrix for the ground without excavation (K,Free-Field). The 

Green's functions applied in this study is based on the so-

called stiffness matrix approach, originally developed by 

Kausel and Röesset [2], where the ground consists of a set of 

visco-elastic isotropic horizontal layers over a homogeneous 

half space. The approach is extended with including isotropic 

fluid layers on top of the ground and implemented into an in-

house code, called Laysac, [3]. This tool is being extended so 

that we can include dynamic pressure source within fluid 

layers (i.e. air-gun) and vertically transverse isotropic soil 

layers [7]. With this extension, the method in this study can be 

applied not only to offshore structures analysis (e.g. offshore 

foundation, subsea tunnel, etc.), but also to simulation of 

seismic wave in stress-induced anisotropic media.  

Since the excavated soil domain is of finite size, on the 

other hand, its boundary dynamic stiffness matrix is obtained 

via the finite element method. That is, we first build the 

stiffness matrix for the excavated soil domain in the 

conventional finite element sense. Then, we apply the so-

called static condensation to remove all the interior dofs and 

finally obtain the impedance matrix for the excavated soil 

(K,Excavated-Soil).  
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Figure 2. Substructuring approach to derive dynamic 

impedance for excavated ground 

 

3 PERFORMANCE EVALUATION 

The substructuring approach in Figure 1 is a well-known 

framework. The boundary dynamic stiffness matrix K is the 

key element and can be obtained by various methods. The 

method considered in the study is based on 1) the Green's 

functions for a layered ground without excavation and 2) the 

static condensation of a finite element matrix for the 

excavated soil. In this method, we avoid the singularity 

problem that needs a special care in the boundary integral 

equation approach. On the other hand, it is found that we need 

to be careful in the FE discretization at the interface between 

the structure and the unbounded layered soil. Namely, the FE 

discretization of the excavated soil domain should be 

consistent with that of the structure along the whole interface 

(yellow circles in Figure 1 and Figure 2). In more details, the 

consistency should be maintained not only for the DOF's 

position, but also for the finite element's shape. In this section, 

we discuss this issue through a numerical example. In the 

example, a simple box-shaped structure of 100m×50m×25m 

size is fully embedded into a layered ground such that the 

structure's top surface is at the same level as the ground's top 

surface. The simple structure has the same physical properties 

as the surrounding ground as shown in Figure 3. Therefore, 

the SSI analysis of such a case should provide the same 

responses as those of the layered ground whose analytical 

solutions are available via Laysac [3]. The layered soil model 

of interest is given in Erro! A origem da referência não foi 

encontrada.. We simulate a vertical point load of 10Hz 

applied on the soil surface and calculate the vertical 

displacement along an edge defined from (-20,0,0) to 

(100,0,0), as shown in Figure 3.  

In our evaluation, we are interested in the FE consistency 

between the structure and excavated soil parts. For this 

purpose, we define 3 different FE meshes that are shown in 

Figure 4, and apply different combinations of the three 

meshes (i.e. Mesh A + Mesh B, where the former is for the 

structure part and the latter for the excavated soil part). We 

consider 3 combinations: 1) Mesh 1 + Mesh 1; 2) Mesh 2 + 

Mesh 1; 3) Mesh 3 + Mesh 1. We keep the same mesh for the 

excavated soil part, whereas we vary the mesh for the 

structure part in combination in order to see its influence.  

Figure 5 shows the calculation result by Combination 1 

(Mesh 1 + Mesh 1) in comparison with Laysac result. The two 

results are almost identical. Combination 1 has exactly the 

same mesh for the whole domains of the both structure and 

excavated soil parts. Therefore, any error in comparison with 

the reference solution (Laysac) should result from the FE 

discretization, which is common in FE analysis. This kind of 

error can be minimized as long as the FE size is small enough 

to resolve the wavelength, which is the case in this example. 

Figure 6 shows the result of Combination 2 (Mesh 2 + Mesh 

1) that has the identical mesh only along the interface 

boundaries, but different meshes within the structure and 

excavated soil parts. The agreement between the two results is 

not as good as that shown in Figure 5, but still acceptable. In 

practice, Combination 2 would be the most common meshing 

situation, because the structure and excavated soil parts are 

normally of different geometry.  

Figure 7 shows the result from Combination 3 (Mesh 3 + 

Mesh 1). Combination 3 has different-shape meshes for the 

structure (tetrahedron) and excavated soil (cubic) parts, yet 

keeping the same positions for the DOFs along the interface. 

Although the position of all the DOFs are identical between 

the two meshes, the different-shape elements (tetrahedron and 

cubic) introduce significant error in the result, which is almost 

not applicable.  

The example investigated above demonstrates clearly the 

importance of the consistency in the FE discretization at the 

interface between the structure and the excavated soil parts. 

 

 

Figure 3. Box-shaped structure of 100m×50m×25m size, 

embedded into three layered half-space, excited by 10Hz 

vertical load at (-20,0,0). 

 

Table 1. Soil profile used for performance evaluation. 

Layer Thick

-ness 

[m] 

Shear 

velocity 

[m/s] 

Density 

[kg/m3] 

Poisson 

ratio 

[1] 

Loss 

factor 

[1] 

1 25.0 500 1000.0 0.33 0.02 

2 10.0 1000 1250.0 0.40 0.02 

3 ∞ 1500 1500.0 0.33 0.02 
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(a) Mesh 1 

 
(b) Mesh 2 

 
(c) Mesh 3 

Figure 4. Three meshes applied to investigate the performance 

of the substructuring method. 

 

 

Figure 5. Vertical displacement amplitude in log10 scale at the 

surface calculated by the substructuring approach with Mesh 1 

+ Mesh 1 combination, in comparison with Laysac result. 

 

 

Figure 6. Vertical displacement amplitude in log10 scale at the 

surface calculated by the substructuring approach with Mesh 2 

+ Mesh 1 combination, in comparison with Laysac result. 

 

 

Figure 7. Vertical displacement amplitude in log10 scale at the 

surface calculated by the substructuring approach with Mesh 3 

+ Mesh 1 combination, in comparison with Laysac result. 
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4 CASE STUDY 1: MAX IV  

4.1 Problem description 

When the new synchrotron radiation facility MAX IV opens 

in Brunnshög Lund, Sweden in 2015 (Figure 8), it will meet 

unique performance demands. The highly-demanding 

performance makes the facility sensitive to vibrations which 

can cause disturbance of the electron beam. Strict stability 

tolerances have therefore been enforced, and a particular set 

of tasks are defined in order to handle the structural and soil 

dynamic challenges. The tasks comprise measurements of 

current vibration levels at the site, prediction of future 

vibration levels at the facility through calculations, and to find 

cost effective counter measures to reduce the vibration levels.  

 

 

Figure 8. Max IV overview. 

 

4.2 Vibration design target value 

The electron beam has a Gaussian distribution with a standard 

deviation of 2.6 µm. Maximum allowed root mean square 

(RMS) motion of the electron beam is 260 nm. However the 

movement of the beam may be fortified with a factor of ten if 

the magnets which guide the beam are moving. Hence as a 

target value and starting position for the design, the vibration 

limit values was set to RMS = 20-30 nm in the frequency 

range from 5 Hz to 100 Hz. 

 

4.3 Soil model 

Seven different soil models are used as input data to the 

calculations of the complex dynamic stiffness matrices. The 

soil models are based on geotechnical site investigations and 

geodynamic measurements on site such as Multichannel 

Analysis of Surface Wave (MASW) and Seismic Downhole. 

The most important parameter to determine is the shear wave 

velocity from which a dynamic Young's modulus can be 

calculated. An example of soil model is shown in Table 2.  

 

 

 

 

 

 

 

 

 

Table 2. Soil model used for the 3GeV Storage ring 

Layer Thickness 

[m] 

Shear 

velocity 

[m/s] 

Density 

[kg/m3] 

Poisson 

ratio 

[1] 

Loss 

factor 

[1] 

Upper 

clay 
12.0 245 2125 0.48 0.10 

Lower 

clay 
4.0 425 2125 0.48 0.10 

Bedrock ∞ 1100 2600 0.40 0.04 

 

4.4 FE-model 

The simulation methodology used is based on the procedure 

described in Section 2. The described method makes it 

possible to model the very large whole structure of the 3 GeV 

Storage ring and linear accelerator with surrounding soil in 3D 

with manageable model size and computer time, and without 

influence of reflections from the computational boundaries.  

3D dynamic FE-model of the structure was developed by 

Creo Dynamics AB. The size of the structure described in the 

FE-model was 260m×220m×30m. Part of the soil just beneath 

the structure was included in this structure model in order to 

be able to evaluate the effect of soil stabilization. The 

structure was modelled by 8-noded 3-D solid elements with a 

maximum element length of 2 meter. The FE-model of the 

structure had 1.2 million degrees of freedom (DOFs). In 

addition comes the model of the excavated soil with almost 

the same number of DOFs. Hence, all together the dynamic 

FE-model has about 2 million DOFs, which is estimated 

before applying the static condensation.  

Since the structure is partly buried in the ground, the 

technique described in Section 2 was used. NGI modelled the 

surrounding soil through the stiffness matrix based Greens 

functions formulation [3], leading to complex dynamic 

stiffness matrices. Since the matrices are frequency 

dependent, separate matrices are computed for each excitation 

frequency. Each of these matrices has about 20.000 DOFs and 

represented 6682 nodal points along the coupling interface 

between the ground and the partly embedded structure. The 

matrices are coupled to the FE-model of the structure and the 

total system is solved.  

The computation time with the method described in Section 

2 is about four hours per frequency. If the surrounding soil 

had to be modelled by the conventional FE (including 

absorbing boundary domains), the model would be enormous 

and the computation time would be unaffordable. The FE 

model of the 3 GeV storage ring is shown in Figure 9. 
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Figure 9. FE-model of the 3 GeV Storage ring and linear 

accelerator. Figure from Creo Dynamics AB 

 

4.5 Load cases 

In Figure 10 examples of vibration sources which may affect 

the facility in the frequency range above 1 Hz are shown. In 

addition comes seismic background vibrations at lower 

frequencies.  

Possible vibrations sources are identified and the ones 

estimated to have greatest impact on the facility and to be 

most expensive to handle in future are chosen to be subject for 

analysis with the FE-model.  

The following vibrations sources are considered in analysis: 

• Traffic on E22, which passes the facility at about 

100m distance. 

• Wind load at the facade. 

• People walking at the floors in the facility.  

• Other internal loads as fans and pumps (handled as 

unity loads)  

 

 

Figure 10. Vibration sources. 

 

The analysis is performed in the frequency domain by 

applying harmonic unity loads (1 N) in X-, Y- Z-directions in 

selected positions. The analysis is carried out in the frequency 

range from 1 Hz to 30 Hz with 1 Hz resolution. Since the 

dynamic stiffness matrices are frequency dependent, different 

matrices are used for each excitation frequency. 

 

4.6 Results 

Figure 11 shows how calculated RMS vibration displacement 

varies over the concrete slab of the 3 GeV storage ring for the 

load case of traffic on E22. The load case has been applied by 

scaling calculation results for a model without the structure 

with free field measurement data collected before construction 

work started at the site.  

The results show that traffic on E22 lead to about the same 

vibration values in the construction as on the ground without 

construction (free field values). Further, the results show good 

effect of the soil stabilization below the construction. For a 

case with four meters of soil stabilization the vibration target 

value for the design will be exceeded in some parts of the 

construction. A further increase of the thickness of the 

stabilization layer reduces the vibration values further. 

 

 
Figure 11. Calculated RMS vibration displacement of the 3 

GeV storage ring concrete slab for the load case traffic on 

E22. Model with four meter soil stabilization 

 

Figure 12 shows how calculated RMS vibration value varies 

over the concrete slab of the 3 GeV storage ring for the load 

case of one person walking on the floor in the facility. The 

load case has been applied by scaling calculation results with 

load spectra from SS-ISO 10137-2008. The figure show RMS 

in the frequency range from 1-15 Hz which is the normal 

frequency range for walking. However most energy from 

walking is in the frequency range from 1-2 Hz. Since the 

design target value for vibration is valid in the frequency 

range above 5 Hz, the results show that vibrations caused by 

one person walking are well below the target value. 

 

 
 

Figure 12. Calculated RMS displacement of the 3 GeV 

storage ring concrete slab of the for the load case one person 

walking on slab. Model with four meter soil stabilization. 
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5 CASE STUDY 2: LARGE FAN FOUNDATIONS 

5.1 Problem description 

The described method is also well suited for analyses of 

foundations for machines and other heavy equipment under 

dynamic loads. Examples of such machines are turbines, 

generators, paper mills and large fans. A common feature of 

these machines is that they primarily generate excitations with 

distinct frequencies. The dominance of these frequencies is 

often due to the various components of machine which rotate 

at constant speed. Under such excitations one of the 

challenges to the designer is to reliably calculate the natural 

frequencies of machine foundation and to avoid resonance in 

the machine's response.  

To obtain the natural frequencies and dynamic response of 

machine foundation, one needs to incorporate the dynamic 

characteristics of the supporting ground. This can be achieved 

by calculation of complex dynamic stiffness matrices which 

are coupled to the borders of a FE-model of the foundation, 

Figure 13.  

 

Structure Structure

Layered soil

Boundary/interface
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Figure 13. Complex dynamic stiffness matrices representing 

the dynamic characteristics of the supporting ground are 

coupled to the borders of a FE-model of the foundation and 

the total system is solved. 

The following example case is a dynamic FE analysis of 

large fan foundations performed by Sweco AB and NGI in 

cooperation.  

 

5.2 Determination of soil model 

The site consists of a fill layer over moraine. Under the 

moraine there is bedrock. There are large local fluctuations in 

both the filling thickness and content. Also the depth to 

bedrock varies over the site.  

The shear wave velocity as a function of depth is 

determined by MASW. Six sensor positions along 30 meter 

long straight lines are used to capture waves, generated by 

drop weights. MASW measurements are made in five profiles. 

The measured surface wave velocity information is inverted 

through a forward modelling to obtain a dispersion curve 

(shear wave velocity versus depth). The dispersion curve is 

used to design the soil model (Table 3), which in turn is used 

as input to the computation of foundation dynamic stiffness 

matrixes.  
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Figure 14. Dispersion curve determined from MASW 

measurements (black) and dispersion curve from soil model as 

described in Table 3 (blue). 

 

Table 3. Soil model used for the fan foundations 

Layer Layer 

thick-

ness 

[m] 

Shear 

wave 

velocity 

[m/s] 

Density 

[kg/m3] 

Poisson's 

ratio [1] 

Loss 

factor 

[1] 

Upper 

layer 
6 180 1800 0.30 0.04 

Lower 

layer 
7 250 1800 0.30 0.04 

Bedrock  ∞ 2673 3200 0.25 0.02 

 

5.3 Calculation of dynamic stiffness matrices 

The dynamic stiffness matrices determined are full 3n×3n 

symmetric matrices with complex entries. The matrices can be 

incorporated in different ways in the structural model of the 

machine foundation. In cases where the foundation is a 

flexible plate, it is customary to model it by solid or 

shell/plate elements. Then by matching the nodes of the grid 

used for the soil stiffness matrix calculation with the finite 

element nodes at the ground-foundation interface of the 

foundation, one can achieve a complete model of the coupled 

system foundation-ground. Since the dynamic stiffness 

matrices are frequency dependent different matrices have to 

be established for each excitation frequency. 

In the fan case the complex dynamic stiffness matrices for the 

foundations are computed for the center frequencies of the 

1/3-octave frequency bands from 6.3 to 25 Hz, as well as for 

the range of fan operating frequencies. The results are 

provided as input to the FE program NASTRAN. The FE-

analyses of the complete system foundation-ground are 

performed in the frequency domain by applying harmonic 

loads at the fan operating frequencies in selected positions.  

 

6 CONCLUSION 

We present a substructuring formulation in the frequency 

domain, which is extended to handle excavated soil and 

buried structures as well as foundations or structures built 

over the soil top surface. For this purpose, we subtract the 
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excavated soil stiffness matrix from a free-field stiffness 

matrix along the excavation interface, which provides with the 

dynamic impedance for an excavated unbounded medium. In 

the study, we calculate the free-field stiffness matrix by means 

of the Green's function for the layered unbounded medium. 

On other hand, we calculate the excavated soil stiffness matrix 

by means of the FE model and so-called static condensation to 

remove all the degrees of freedom inside the excavated soil, 

except those along the interface. Through the study, we find 

that the FE discretization for the excavated soil stiffness 

requires special care for discretization in order to obtain 

accurate results. Hence, we present a thorough evaluation of 

the approach, with a particular focus on the FE discretization. 

Our study shows that not only the discretization size but also 

the discretization consistency at the interface between the 

excavated soil and the structure is critical. Finally, some cases 

are presented which show the performance of the current 

substructuring approach in the context of large-scale and large 

domain analysis. 
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ABSTRACT: In this paper, the earthquake response of a wind turbine on a skirted foundation is evaluated for linear and 

nonlinear soil behavior. The computational model, consisting of a soil volume, skirted foundation and wind turbine are created 

in the finite element program ABAQUS. The properties of the two latter are based on the prototype in Frederikshavn, Denmark. 

Comparisons with relevant theory and results from verification analyses confirmed that the computational model represents the 

system subjected to earthquake excitation satisfactorily. Two methods of soil-structure interaction, namely the three-step 

solution and the direct method were applied and compared. The three-step method is based on the principle of superposition and 

it is a classical solution for earthquake analysis of soil-structure systems. On the other hand, the direct method represents the 

entire system in one integrated model. Despite considerable complexities in the various steps of the analyses, the results show 

that the responses for the two methods generally are in the same order of magnitude. Extension of the three-step method to a 

nonlinear soil regime was made by deriving the foundation's nonlinear force-displacement and moment-rotation relationships 

and employing these relationships in the springs under the wind turbine model. A kinematic hardening feature was implemented 

to capture the cyclic response of the foundation under the earthquake loading. The system was excited by earthquakes of 

different intensities, and the responses by the direct method and the three-step methods were compared. The results showed that 

such modelling could entail considerable inaccuracies in the response characteristics even though the overall levels of 

accelerations in the structure of the two models are comparable. 

KEY WORDS: Earthquake response; Offshore wind turbine; Suction caisson; Soil-structure interaction; Three-step method; 

FEM; Elasto-plastic soil. 

 

1 INTRODUCTION 

At the beginning of the century offshore wind turbines 

produced less than 100 MW energy annually, while the 

production exceeds 5000 MW now [1]. The majority of the 

existing wind turbines are installed in relatively shallow 

water, i.e. water depths less than 10 meters. In order to make 

it economically justifiable to install wind turbines in deeper 

water, the structures are made more slender. A wind turbine 

structure is also characterized by large horizontal loading 

compared to the vertical loading. This combination makes it 

essential to consider the dynamic response of the wind turbine 

system in the design phase. 

A foundation that may combine deeper water and slender 

structure is the skirted foundation, also referred to as the 

caisson foundation. The principle of installation of these 

foundations is often based on suction. The concept could be 

visualized by a bucket placed on the seabed, with the opening 

face down. When water is pumped out of the bucket, the 

pressure loss sucks the bucket into the seabed. This type of 

foundation is therefore mainly applicable offshore. Although 

these foundations have been in use at offshore platforms for 

some time, they are still at an exploratory stage in the offshore 

wind industry. In the earlier research, a 3.0 MW wind turbine 

was raised on the prototype in Frederikshavn, Denmark, in 

2002 [2]. 

In the present research, the linear and nonlinear earthquake 

responses of a turbine on skirted foundation are investigated 

by using a full, integrated model of the soil and turbine. In 

addition, the applicability of the three-step method often used 

in soil-structure interaction (SSI) analyses is explored. The 

three-step method was initially proposed by Kausel and his 

colleagues in 1978 [3]. As the method is based on the 

principle of superposition, it applies strictly to linear elastic 

systems. However, it is often extended to nonlinear SSI 

analyses by means of simplified nonlinear foundation springs. 

One of the objectives of this paper is to assess the 

applicability of this simplification for offshore wind turbines.  

It is important to note that the responses to be presented in 

this paper are not the real responses of the suction caisson 

prototype in Liingaard [2]. Several assumptions and 

simplifications were made in this paper, and therefore the 

responses are only meant for the purpose of comparison 

between the two analysis methods. At the same time, this 

paper aims to give a better understanding of the essential 

parameters and approximations in analyzing a wind turbine 

structure by finite elements. 

Earthquake response of wind turbine with 
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1.1 Related Research 

Extensive research has been conducted on SSI principles since 

the 1970s. Kausel [4] has provided a summary of the major 

developments on the subject. A review of the research before 

1982, including a comprehensive compilation of the 

theoretical impedances has been presented by Gazetas [5]. 

Aalborg University has conducted extensive research on the 

prototype in Liingaard [2]. Among other studies, the natural 

frequencies of the prototype system have been found based on 

the measured data [6]. In the referred report, the wind turbine 

is represented by a 2D finite model, while two types of 

foundation models are assessed. Three degrees of freedom 

(DOFs) are included, namely, horizontal, vertical and 

rotational. In the first approach, the foundation is modelled by 

static springs for each of the DOFs, while the second approach 

includes the frequency-dependent behavior. 

Further research on impedances for each of the three DOFs 

investigates the effects of different combinations of skirt 

length, soil stiffness and Poisson’s ratio [7]. 

2 MODEL DESCRIPTION 

The FE model of the soil and wind turbine in the present study 

was established in the FE program ABAQUS as shown in 

Figure 1. The model is based on both the geometry and 

properties of the prototype in Liingaard [2] although some 

minor modifications have been made. The nacelle and rotor 

are simplified into a lumped mass at the top of the tower. For 

horizontal response this simplification is in accordance with 

the offshore standard Design of Offshore Wind Turbine 

Structures by DNV [8]. Another simplification of the model is 

the replacement of the stiffeners connecting the tower and 

foundation by a fixed connection. In addition, the interface 

between the soil and the foundation is assumed full contact, 

i.e. no sliding is allowed to occur at the interface. 

Table 1 gives the main data for the prototype and the 3.0 

MW wind turbine used in this study according to [6]. A large 

soil cube with plan dimensions of 100 m x 100 m and depth of 

50 m, was taken to minimize the wave reflections from the 

soil boundaries. Due to the symmetry of the model and the 

load, only the half of this volume was included in the FE 

model. This model is presented together with the assigned 

coordinate system in Figure 1. 

Table 1. Wind turbine parameters [6]. 

Parameter Value 

Tower height 80.0 m 

Foundation depth 6.0 m 

Foundation diameter 12.0 m 

Tower diameter (bottom) 4.2 m 

Tower diameter (top) 2.5 m 

Foundation mass 100 000 kg 

Nacelle + rotor mass 110 000 kg 

Skirt thickness 30 mm 

Tower & base plate 

thickness 

50 mm 

 

In order to further reduce the number of necessary 

calculation steps in the FE analysis without significantly 

affecting the accuracy, the mesh was made finer close to the 

interface between the soil and the foundation. The element 

size is approximately 2 meters in the center and 5 meters at 

the soil boundaries. The FE mesh is shown in Figure 1. The 

model consists of about 19300 four-noded solid tetrahedron 

elements (ABAQUS code C3D4) and 300 four-noded shell 

elements (S4R). 

Figure 2 shows a FE model of the bottom of the tower 

supported on both a translational and a rotational spring. How 

this model is used in the three-step analyses is further 

discussed in section 3. 

 

 

 
          

           

(a)                                               

(b) 

Figure 1. ABAQUS FE model of (a) soil 

volume and (b) steel structure. 

 

 

 

 
 

Figure 2. ABAQUS FE model of tower base supported on 

translational and rotational springs. 

The material properties assigned to the elements are 

presented in Table 2. The main difference between the linear 

and nonlinear analyses is in the soil properties employed. In 

the first instance the soil is linear elastic soil while in the other 

the soil is modelled as elasto-plastic. On the other hand, the 
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steel was assumed to behave linear-elastically in both 

analyses. In the nonlinear analysis, the shear strength of the 

soil is increasing linearly from 5 kPa at the seabed to 120 kPa 

at 50 meters depth. A default kinematic hardening feature in 

ABAQUS was also assigned to the soil. It was further 

assumed that the foundation installation would not affect the 

soil parameters. In a practical application, however, one could 

readily account for the short-term effects on the parameters 

due to installation.  

 

Table 2. Material properties. 

 

Property 

Linear 

elastic 

Steel 

Linear 

elastic 

soil 

Elasto- 

plastic 

soil 

Young’s mod. [MPa] 210 000 540 131 

Poisson’s ratio [-] 0.3 0.49 0.49 

Shear mod. [MPa] 81 000 180 44 

Shear strength [kPa] - - 5 - 120 

Density [kg/m3] 7850 2000 2000 

 

 

Damping is included in the model as Rayleigh damping 

assigned to the materials. A damping ratio of 2 % was chosen 

for mode 1 and 5. There is an additional damping due to the 

nonlinear soil response. This is discussed in section 3. 

2.1 Model Validation 

An important challenge in finite element modeling of infinite 

soil media is the handling of the lateral boundaries. Most FE 

codes do not have a rigorous approach to this problem. A 

procedure was implemented here in which the two sides of the 

soil domain were constrained to move identically in order to 

represent free-field conditions under vertically propagating 

waves. This section presents results of testing the performance 

of this modeling technique. For computational efficiency, a 

slice of the soil volume, with thickness 1 m, was modelled to 

validate the implemented boundary conditions. The response 

of the slice, subjected to a unit harmonic ground displacement 

in the x-direction in the frequency range 0 to 15 Hz was 

computed and compared with the theoretical solution for soil 

amplification factor. The theory is valid for a homogenous 

isotropic elastic soil layer resting on rigid bedrock, and is 

described in detail by Kramer [9]. Equation (1) gives the soil 

amplification factor as a function of frequency [9]: 
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where Vs is the shear wave velocity, H is the thickness of the 

soil layer and ξ is the hysteretic damping ratio.  

As shown in Figure 3 the agreement between the numerical 

and theoretical soil amplification factors is indeed very good. 

As expected, there is a deviation which is slowly growing 

with increasing frequency. Given the frequency range of 

interest in this paper, these deviations are still negligible.  

 

   Figure 3. Comparison between theoretical and numerical 

soil amplification factors. 

 

3 ANALYSIS OF EARTHQUAKE RESPONSE 

The dynamic system was subjected to ground acceleration in 

the x-direction. The acceleration time history corresponds to 

the earthquake record Nahanni, Canada, see Figure 4. The 

peak ground acceleration (PGA) for this time series was 

scaled to about 0.05g. 

The results presented in this paper are limited to two DOFs, 

namely, displacement in the x-direction and rotation about the 

y-axis (for the coordinate system, see Figure 1). In the 

research at Aalborg University, the vertical (z-direction) DOF 

was also considered. This was not considered necessary here, 

because this DOF will not be excited as the two others. 

 

 

Figure 4. Ground acceleration time series used in analyses. 

 

The two SSI analysis methods, namely the direct method 

and the three-step method, were applied to calculate the 

response of the wind turbine. In the direct method, the 

equation of motion for the total system is solved in one single 

analysis, and it is therefore ideal for FE tools, such as 

ABAQUS. The three-step method, on the other hand, is based 

on superposition. The method is briefly described below. For 

details, see Kausel et al. [3]. 

 

1. Kinematic interaction. This step consists of 

determination of the consistent base motion, which is 

the acceleration input motion at the base of the tower. 

This motion is calculated assuming a mass-less 
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skirted foundation. In the case of an embedded 

foundation, as in present study, the earthquake 

excitation at the base results in both horizontal 

displacement and rotation of the foundation. 

 

2. Foundation impedance. This step consists of 

determination of the frequency-dependent soil 

stiffness and damping of the soil-foundation. Again 

the foundation is assumed to be mass-less. The 

stiffness and damping are computed from the ratios 

between the harmonic displacements (or rotations) 

and the resulting harmonic reaction forces (or 

moments) at the base, i.e. the complex flexibility 

matrix, F*. The complex impedance matrix, K*, is 

the inverse of the complex flexibility matrix, which 

for each of the DOFs can then be expressed as: 

 
* 2( )K K m iC     (2) 

where K* is the impedance, K is the static spring 

stiffness, m is the added soil mass (or mass moment 

of inertia), ω is the angular frequency, i = (-1)0.5 and 

C is the foundation damping constant. 

 

3. Inertial interaction. This step covers computation of 

the earthquake response of the tower supported on 

the soil springs and soil dashpots computed in Step 2, 

and subjected to the consistent base motions 

computed in Step 1. In addition, the added soil mass 

is included in the base. For an embedded foundation, 

the excitation consists of both horizontal and 

rotational motions at the base of the structure.   

The two first steps of the three-step method are solved in 

ABAQUS with a FE model which consists of the soil volume 

in Figure 1 and the suction caisson. In the third and last step, 

the FE model in Figure 2, where the tower is supported on 

springs and dashpots, is applied. 

As mentioned earlier, both the direct and three-step methods 

are valid for linear analysis, while in theory, only the direct 

method is applicable for nonlinear analysis. However, in 

practice, the three-step method is applied also to nonlinear 

analyses. In order to assess the performance of the three-step 

method in nonlinear analyses, comparisons between the two 

methods are made for the earthquake response of wind 

turbines. 

Conventional FE analyses are carried out with frequency-

independent parameters, whereas, as stated above, the 

stiffness and damping parameters of the foundation are 

dependent on frequency. Therefore, approximation is required 

to derive equivalent, frequency-independent parameters when 

performing the three-step method. Experience has shown that 

this process introduces inaccuracies in the results, and it is 

often complicated to compute the same results from the direct 

and three-step solutions even in linear analyses. Therefore, in 

order to provide a better basis for assessing the performance 

of the three-step method in nonlinear analyses, the method 

was first used in a linear analysis.      

3.1 Linear Analysis 

Frequency-dependent foundation impedances were calculated 

for the skirted foundation by separately applying a unit force 

and a unit moment, with frequencies in the range of 1 to 10 

Hz. Based on the computed displacements and rotations from 

the steady state analyses, a complex flexibility matrix was 

established for each frequency. These were then inverted to 

form the complex impedance matrices. For each of the two 

DOFs, both the real and imaginary parts of the impedance are 

plotted against frequency. The real and the imaginary parts of 

the translational impedance are presented in Figure 5 and 

Figure 6, respectively. Figure 7 and Figure 8 show the 

corresponding results of the rotational impedance. In the 

figures, the impedances are accompanied by trend curves 

which are added to the plots in order to derive approximate 

values of the coefficients in Equation (2).  

As seen in Figure 5, the real part of the translational 

impedance is chosen to be constant and equal to the average 

over the frequency range. This choice neglects the equivalent 

added mass, m, in Equation (2). Physically, this means that 

the mass of the soil surrounded by the suction caisson does 

not participate in the translational motion. The slope of the 

line fitted to the imaginary parts in Figure 6 represents the 

damping. 

As regards the rotational impedance, the real part shown in 

Figure 7 is approximated by a second order curve. In this way, 

the equivalent mass moment of inertia in Equation (2) is 

determined. The damping is again found as the slope of the 

imaginary parts in Figure 8. 

Table 3 summarizes the impedances extracted from the 

ABAQUS analyses for both the translational and rotational 

DOFs following the above procedure. For simplicity, the two 

DOFs are assumed uncoupled in this study. The effect of 

coupling was assessed by Hovind [10], and it was shown that, 

for the case presented in this paper, it had negligible effect on 

the response. 

 

 

 

Figure 5. Real part of translational impedance. 
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Figure 6. Imaginary part of translational impedance. 

 

 

Figure 7. Real part of rotational impedance. 

 

 

Figure 8. Imaginary part of rotational impedance. 

 

Table 3. Analytical impedances for the suction caisson 

prototype. 

 Stiffness Equivalent 

mass 

Damping 

Translational 9.5E+09 

N/m 

≈0 9.5E+07 

Ns/m 

Rotational 6.5E+11 

Nm/rad 

6.3E+07 

kgm2/rad 

1.6E+09 

Nms/rad 

 

 

The computed responses are compared to the corresponding 

responses from the direct method in figures 9 and 10. The 

responses are given as displacement time histories at the base 

(Figure 9) and at the top (Figure 10) of the tower. Figure 9 

shows that the two methods give almost identical base 

displacements, while Figure 10 indicates somewhat different 

responses. This implies that the handling of rotation at the 

base is inaccurate. While the period of the three-step method 

response is about 2.8 seconds, it is close to 3.3 seconds for the 

direct method response. The difference is believed to be due 

to the rotational stiffness of the foundation. The rotational 

stiffness was computed by assuming that the top plate of the 

caisson is highly stiff (this is a common assumption in 

computing stiffness by means of the three-step method). The 

top plate, however, is rather deformable, and the tower 

experiences a flexible constraint at its base. The effective 

rotational stiffness of the foundation is therefore lower than 

the computed value. This leads to an increased natural period 

of the tower.  

The direct method response does also exhibit stronger 

damping compared to the response from the three-step 

method. This is clearly related to the approximation of the soil 

damping and partly due to the inaccurate stiffness. 

Table 4 summarizes the maximum horizontal responses 

computed by the direct and three-step methods.  

 

Table 4. Maximum values from direct and three-step 

methods with linear elastic soil. 

Response Method Value 

Max. acceleration 

tower top 

Direct 0.06 g 

Three-step 0.09 g 

Max. displacement 

tower base 

Direct 0.017 m 

Three-step 0.017 m 

Max. displacement 

tower top 

Direct 0.018 m 

Three-step 0.021 m 

 

 

Figure 9. Comparison of base displacements by direct and 

three-step methods. 
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Figure 10. Comparison of top displacements. 

 

 

3.2 Nonlinear Analysis 

Extension of the three-step method to nonlinear SSI analyses 

is often made by representing the foundation stiffness by 

springs with non-linear response relationships. As described 

in the following, the nonlinear springs introduce material 

damping during the loading cycles. In instances where the 

response is dominated by low frequencies, as in wind turbines, 

the radiation damping is low. Thus, the foundation damping, 

derived from the complex impedance matrix, can be ignored.  

To derive the nonlinear foundation springs, a horizontal 

force and a moment are applied separately to the foundation to 

extract the force-displacement and moment-rotation relations. 

The force and moment are applied in complete cycles in order 

to capture the hysteretic responses of the springs during the 

unloading and reloading steps. Figure 11 shows the nonlinear 

hysteretic response of the foundation due to a horizontal force. 

The shape of the cycle is consistent with the cycles in Houlsby 

et al. [11], where field trials of skirted foundations in clay are 

presented. A cyclic moment was applied to these foundations. 

When this moment was increased, a gap between the skirt and 

the soil appeared [11]. Thus, the assumption of a full contact 

interface, as made in this paper, is not valid for large rotations.  

The shape of the hysteretic response represents a kinematic 

hardening which can be captured by the Masing rule [12]. A 

simple way of capturing this response is by representing the 

nonlinear spring by a series of elastic-plastic springs with 

different stiffness and yield loads. The resulting force-

displacement and moment-rotation curves are then 

approximated by stepwise linear responses. In this study, the 

loading curve was approximated by four steps/springs. 

Figure 11 compares the force-displacement path extracted 

from the loading cycle and the approximation with linear 

elastic springs.  

 

 

Figure 11. Force-displacement cycle. 

The damping due to the energy dissipation in the nonlinear 

hysteretic loops can be determined by Equation (3) (e.g. 

Kramer [9]). This equation gives damping as a function of the 

total work load in the cycle, W, and the elastic work load, E. 

 
4
W

E
   (3) 

The damping ratio was calculated using the above equation 

for five different cycles of horizontal loading of the 

foundation. The hysteresis loops obtained from these cycles 

are plotted in Figure 12. 

  

 

Figure 12. Hysteresis loops from different horizontal force 

levels. 

Figure 13 displays the variation of the damping ratio with 

the maximum displacement in the cycles. While the 

relationship between damping and force was linear in the 

linear elastic analyses, it is now clearly nonlinear. As long as 

the approximated force-displacement cycles are satisfactory, 

this damping will be equal for the direct and three-step 

methods. 
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Figure 13. Damping ratio as a function of displacement. 

 

For the nonlinear analyses the base motion was scaled by 

factors 3 and 6 in order to increase the stresses in the soil to 

reach the plastic behavior. Therefore, the PGA was increased 

to 0.15g and 0.30g in separate analyses. Apart from the 

modifications mentioned above, the nonlinear three-step 

method follows the same procedure as the linear three-step 

method.  

Figure 14 and Figure 15 present comparisons of the 

horizontal accelerations of the top of the tower by the direct 

and three-step analyses for the cases of PGA = 0.15g and 

PGA = 0.30g, respectively. The maximum accelerations for 

both PGAs are listed in Table 5. 

According to these figures and Table 5 the difference in the 

maximum acceleration between the two methods is about a 

factor two. In interpreting these results, it should be noted that 

acceleration is a response parameter which is most sensitive to 

damping. Other response parameters, such as stress which is 

an important design parameter, are less sensitive to damping. 

These response parameters tend to be closer in the two types 

of analyses. It is also interesting to note that the maximum 

acceleration of the structure increases at a lower rate than the 

peak acceleration of the input. This is due to the increased 

energy dissipation resulting from the nonlinear response of the 

soil.  

These observations are consistent with corresponding 

observations from the linear elastic analyses. In addition, it is 

found that the two methods give equal horizontal base 

displacements, which again is consistent with the linear elastic 

response (see Hovind [10] for details). 

 

Table 5. Maximum accelerations at top of tower for three-

step and direct methods for two values of PGA in nonlinear 

analyses. 

Method PGA [g] Max. acceleration 

[g] 

Direct 0.15 0.49 

Three-step 0.15 0.82 

Direct 0.30 0.42 

Three-step 0.30 0.95 

 

 

Figure 14. Comparison of acceleration time histories at top 

of tower for PGA = 0.15g. 

 

Figure 15. Comparison of acceleration time histories at top 

of tower for PGA = 0.30g. 

 

4 SUMMARY AND CONCLUSIONS 

The research presented in this paper heavily relies on the FE 

soil model. It was shown that by constraining two opposite 

sides of the soil domain to move identically, the free-field 

conditions under vertically propagating waves could be 

represented by the FE model. The deviations between the 

theoretical soil amplification factor and the numerical 

approach are shown to be negligible in the given frequency 

range. Though, it should be noted that the simplification of a 

full contact interface between the soil and the suction caisson 

will be inaccurate if the displacements and/or rotations 

increases. 

To identify the effects of the nonlinear three-step method, 

the method was first assessed for linear elastic soil. 

Comparisons of the responses of the two methods show that 

the handling of rotation at the base is inaccurate. This is 

probably partly due to the assumption of a highly stiff top 

plate of the caisson, which in reality is quite flexible. The 

increased stiffness gives a lower natural period, which is 
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consistent with the deviations in the top displacement. It is 

also seen that there is hardly any damping in the three-step 

responses, which leads to a growing deviation between the 

responses of two methods. 

Even though the linear elastic soil is replaced by elasto-

plastic soil there are still the same deviations in the 

displacements. The differences in acceleration are also 

evident. In fact, the maximum acceleration of the two methods 

differs by a factor two. The acceleration is though a response 

parameter which is more sensitive to damping. Compared to 

the linear elastic analyses the radiation damping is not 

included in the nonlinear three-step method. This contribution 

to the total damping is due to the low frequencies in wind 

turbines assumed to be negligible. The damping is then 

dominated by the energy dissipation in the nonlinear 

hysteresis loops. Due to this hysteretic damping the maximum 

acceleration does not significantly change when the PGA is 

doubled. 

 

4.1 Concluding remarks 

The main objective of this study has been to assess the 

performance of the three-step method in nonlinear SSI 

analyses applied to an offshore wind turbine. While the results 

have been promising in the cases considered, more studies are 

required in order to identify the key parameters and 

simplifications governing the analyses. The results presented 

in this paper clearly indicate how important the modelling of 

the foundation stiffness and damping is. When the three-step 

method is used, the foundations are often treated as stiff 

elements which allow the use of closed-form solutions in the 

literature. In many real structures, however, the connections of 

the structure to the foundation need to be carefully taken into 

consideration when computing the foundation stiffness.       
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ABSTRACT: For many geotechnical problems involving fully saturated soil, the behavior of the soil has to be modeled as a 
two-phase material to reproduce the soil behavior realistically. Especially when considering dynamic loading conditions a two-
phase approach is of importance in order to capture effects such as soil liquefaction or time-dependent soil compaction. The 
governing equations of a u-p formulation using Darcy’s flow law are derived. The u-p formulation is implemented within a 
dynamic total stress analysis using an explicit time integration rule. The approach is applied on the problem of one-dimensional 
wave propagation. The influence of different constitutive models for the solid phase as well as the influence of the relative 
density and the hydraulic conductivity on the wave propagation is studied. Effects such as the development of shock waves are 
investigated. Additionally, the problem of a vibrating foundation on a halfspace of fully saturated soil is investigated. Effects 
such as soil liquefaction and time-depended soil compaction can be modeled. In order to evaluate fully saturated soil under 
dynamic loading regarding soil liquefaction or soil compaction, the application of a coupled two phase analysis under partially 
drained conditions is of importance. Despite the limitations of the application of a u-p formulation in case of dynamic problems, 
a u-p formulation is an attractive way to model fully saturated soil under dynamic loading due to the much more simple 
formulation. 

KEY WORDS: Soil dynamics; Fully saturated soil; u-p formulation; Wave propagation. 

1 INTRODUCTION 

Soil is a porous medium with voids often filled with a fluid, 
e.g. water. The behavior of such a two-phase material is 
important for many engineering problems. Especially 
considering dynamic loading, fully saturated soil can show a 
different behavior compared to dry soil or drained conditions 
with no development of excess pore pressure. This behavior 
can be important for the process of pile driving, analysis of 
liquefaction phenomena as well as earthquake loading. The 
theory of quasi-static and dynamic behavior of fully saturated 
porous media has been firstly presented by Biot [1]-[4]. Two 
dilatational waves are described [2]-[3]. The wave of the first 
kind, called the undrained wave, is a true wave due to 
compression of the fluid saturated porous medium. The solid 
phase and the fluid phase move practically with the same 
velocity [5]. The wave of the second kind arises due to a 
diffusion process of the fluid through the porous medium. 
This wave is highly attenuated due to the interaction between 
fluid and solid skeleton [2]. Thus, this wave can only be 
observed in the near-field of the applied load and can occur in 
stiff porous media such as rock [5]. If dissipation of fluid 
disappears due to fluid friction or a small permeability, only 
marginal relative motion between solid and fluid occurs and 
thus, the wave of the second kind disappears. Besides Biot's 
theory, different authors rederived the governing equations, 
differing from Biot’s theory only by some minor 
modifications, and developed discretised forms for use by the 
finite element method [6]. A simplified form of the governing 
equations is a so-called u-p formulation. By reason of 
assumptions and simplifications for derivation of this 
formulation, a u-p formulation is not able to capture both 

dilatational waves due to negligence of the acceleration of the 
fluid phase relative to the solid skeleton [5]. Only the wave of 
the first kind can be modeled. Hence a u-p formulation is only 
suitable for modeling of the dynamic behavior of fully 
saturated soil if acceleration frequencies are low, e.g. 
earthquake loading, and if no high-frequency dynamic 
phenomena are considered [7]. One advantage of this 
formulation is the reduction in size of the equation set [8], 
which makes this formulation attractive for implementation in 
the finite element method. 

In this paper the governing equations are derived and 
assumption and simplifications are outlined. The application 
of a u-p formulation implemented in a dynamic analysis 
procedure using an explicit time integration rule [9] on the 
problem of wave propagation in fully saturated soil is 
investigated. The influence of different parameters such as the 
relative density and the hydraulic conductivity as well as the 
influence of different constitutive models for the solid 
skeleton is studied. 

 

2 MATHEMATICAL MODELS 

There exist a variety of approaches to model porous media. 
All of them are leading to similar set of governing equations. 
These resulting equations can then be adapted to the present 
problem. As mentioned before the number of the governing 
equations and the variables can be changed by some 
assumptions.  
The basic idea of deriving the system of equations is to ensure 
the conservation of physical quantities, e.g. mass, momentum, 
energy for the constituents as well as for their mixture. 
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A nice way to derive the u-p and u-U formulation from the u-
w-p formulation has been shown in [11]. The u-p-w 
formulation consists of the following equations, which 
ensures mass and momentum conservation:  
 
  

  0

0

αmε 0

          (1) 

  
Where  is a differential Operator which is used to compute 
the strain increments from the displacement increments. For 
the two dimensional case the Operator is defined as 
 

0

0
. 

 
Furthermore the following notation has been used in 
(Equation 1), 
 

 
displacement of the solid 
matrix 

 averaged velocity of the fluid 

 effective pressure 

m  
total stress tensor with  as 
the effective stress and  as 
the Biot’s stress coefficient 

 porosity 

  1     

density of the total 
composite with the sub-
scripts ,  for the solid and 
fluid phase 

ε  strain of the solid skeleton 

 body force per unit mass 
 viscous drag force 

  
For the remaining notations the reader is referred to [11]. The 
three quantities (u,w,p) mentioned above are the main 
variables of this system.  
Under the assumption of constant densities and vanishingly 
small fluid-acceleration as well as the convective product  

w  it is possible to eliminate the variable . Furthermore 
for this purpose all thermal influences have to be neglected 
and the Darcy`s seepage law has to be assumed for R. 
Afterwards we obtain the u-p formulation consisting of the 
following equations: 
 

     

0

αm 0
       (2) 

 
Where now the only variables are u and p. In Equation 2 the 
acceleration of the solid phase  is renamed as  and the 

Darcy’s law       is used.  

The reason for different formulations is, to reduce 
computational effort by decreasing the number of variables 
and equations but at the same time to take into account the 
necessary terms.  
One problem occurs if using lumped mass matrices for the 
explicit time integration after the spatial discretization is done 
by the Finite Element Method. The consistent mass matrices 
in the u-p and u-p-w formulation are singular with zero rows.  
Therefore the integration of the system, which usually inverts 
the lumped mass matrix, can`t be done straightforward and 
special techniques have to be applied. 
One possibility is to perform the time integration for the 
mixture only and afterwards to split in the constituents in each 
time increment.     
 

3 NUMERICAL MODELS 

The u-p formulation derived above, is applied on the problem 
of one-dimensional wave propagation in a fully saturated sand 
column. Therefore the governing equations are implemented 
in the framework of the finite element code Abaqus/Explicit 
[10]. 

3.1 Analysis procedure Abaqus/Explicit 

The dynamic analysis procedure Abaqus/Explicit solves the 
equation of motion at each node of the finite element model 
[10]. An explicit central-difference time integration rule is 
used to integrate the equation of motion explicitly through 
time. The solution at the end of a time increment can be 
advanced using known values of nodal acceleration, velocity 
and displacement at the beginning of a time increment. No 
iteration is necessary. The use of a lumped mass matrix makes 
the analysis procedure very inexpensive, since no 
simultaneous equations have to be solved. The explicit 
equation solver is conditionally stable, if the time increments 
are less than a critical time increment Δtcrit. The critical time 
increment ensures, that a dilatational wave cannot transit an 
element within a single time increment. The critical time 
increment depends on the characteristic element length Lchar 
and the dilatational wave speed cd and is defined as: 

                                       ∆                                   (3) 

3.2 u‐p formulation 

A coupled pore fluid and stress analysis under dynamic 
loading is not supported by Abaqus. To extend the dynamic 
analysis procedure of Abaqus/Explicit for a u-p formulation, 
the approach proposed by Hamann and Grabe [9] is applied. A 
total stress analysis is carried out, solving the equation of 
motion for the mixture of solid and fluid. The behavior of the 
fully saturated soil, described by the u-p formulation, is 
implemented by use of a user-subroutine for constitutive 
models. Within the user-subroutine the effective stress state is 
calculated applying a constitutive model for the solid 
skeleton: linear elastic behavior or hypoplasticity. For 
calculation of the pore pressure pw a mass balance equation of 
the water phase is implemented (Equation 4). The fluid flow 
through the soil is modeled by Darcy's flow law. Calling the 
user-subroutine the current strain increments are passed into 
and the updated total stress state is returned. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

632



      αm 0     (4) 

 
with: 

                                                                      (5) 

 

                                    1                                   (6) 

 
where kf is the hydraulic conductivity, ρw is the density of 

water, b is a body force per unit mass (gravity), as is the 
current acceleration of the solid skeleton,  is the Biot’s 

constant, m is the second order unit tensor, s  is the current 

strain rate of the solid skeleton, Q is the bulk modulus of the 
mixture of soil and water, n is the porosity, Kw is the bulk 
modulus of water, Ks is the bulk modulus of the solid grains, E 
is the Young’s modulus of the solid skeleton and ν is the 
Poisson’s ratio. 

3.3 Hypoplastic constitutive model 

Linear elastic material behavior is only valid for a small strain 
range. In order to reproduce the inelastic and non-linear 
behavior a dependency of the stiffness on the stress state and 
void ratio is necessary. In the following a hypoplastic 
constitutive model according to Gudehus [12] and von 
Wolffersdorff [13] is used. The hypoplastic constitutive model 
is suitable to model the non-linear and inelastic behavior of 
granular materials realistically, e.g. sand. Specific properties 
like dilatancy, contractancy, different stiffness for loading and 
unloading as well as a dependency of the stiffness on the 
stress state and void ratio can be described. Taking account of 
accumulation effects and hysteretic material behavior in case 
of cyclic loading as well as small strain behavior of soils, an 
extension of intergranular strain was proposed for the 
hypoplastic model by Niemunis and Herle [14]. The 
constitutive model is rate independent in a rate-type 
formulation defined by the tensorial Equation (7): 

 
                                  , , :                               (7) 
 

where T  is the objective Jaumann stress rate, M is a fourth 
order tensor, T is the current Cauchy stress, e is the void ratio, 
 is the intergranular strain and D is the strain rate. 
 

4 PROBLEM OF ONE‐DIMENSIONAL WAVE PORPAGATION 

4.1 Finite element model 

The problem of one-dimensional wave propagation is 
investigated on a fully saturated sand column of a height of 
100 m, as depicted in Figure 1. An axisymmetric analysis is 
carried out. For the behavior of the solid skeleton a linear 
elastic and a hypoplastic constitutive model is used. The 
material parameters are given in Table 1 and Table 2. The 
bottom and the sideways boundary are fixed in normal 
direction for the solid phase and are defined to be 
impermeable. The water level is specified at the upper 
permeable boundary of the model. Further, a surface load is 
applied on the upper surface of the model. The evolution of 

the surface load over time follows half of a sine curve (load 
case 1) or has a stepwise progression (load case 2) as 
displayed in Figure 1. 

 

 

Figure 1. Geometry of the soil column considered for one-
dimensional wave propagation. 

 

Table 1. Linear elastic parameters of the sand (ID=0.5). 

Parameter Sand Description 
E 3.0e+4 Young’s modulus 

[kN/m²] 
ν 0.3 Poisson’s ratio [-] 
Ks 3.7e+7 Bulk modulus solid 

[kN/m²] 
Kw 2.1e+6 Bulk modulus water 

[kN/m²] 
ρs 2.65 density of solid particles 

[t/m²] 
ρw 1.0 density of water [t/m²] 
n 0.41 porosity [-] (ID=0.5) 
kf 1e-4 hydraulic conductivity 

[m/s] 
 

Table 2. Hypoplastic parameters of Karlsruher Sand. 

Parameter Karlsruher 
Sand 

Description 

c 30 critical state friction angle [°] 
hs 5.8e+6 granular hardness [kN/m²] 
n 0.28 exponent 
ed0 0.53 minimum void ratio 
ei0 0.84 critical void ratio 
ec0 1.00 maximum void ratio 
 0.13 exponent 
 1.05 exponent 
R 0.0001 maximum value of inter-

granular strain 
mR 2.0 stiffness ration at a change of 

load direction of 180° 
mT 5.0 stiffness ration at a change of 

load direction of 90° 
R 0.5 exponent 
 6.0 exponent 
Ks 3.7e+7 Bulk modulus solid [kN/m²] 
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Kw 2.1e+6 Bulk modulus water [kN/m²] 
ρs 2.65 density of solid particles [t/m²] 
ρw 1.0 density of water [t/m²] 
e 0.685 void ration [-] (ID=0.5) 
kf 1e-4 hydraulic conductivity [m/s] 
 

4.2 Comparison of fully and partially drained conditions 

The distribution of the excess pore pressure and the effective 
vertical stress at different times is depicted in Figure 2 (linear 
elastic material behavior) and in Figure 3 (hypoplastic 
material behavior). Considering linear elastic material 
behavior in case of fully drained conditions, no excess pore 
pressure arises and the external load is carried by the solid 
skeleton completely, as expected. The shape of the curve 
equals the applied external sinusoidal surface load.  

 

 
Figure 2. Distribution of excess pore pressure (left) and 

change of effective vertical stress (right) over the depth at 
different times, linear elastic material behavior, sinusoidal 

loading. 
 

In case of partially drained conditions, the pore water bears 
the main part of the external load due to the higher stiffness 
compared to the solid skeleton. Furthermore, the influence of 
dissipation can be observed, since the magnitude of the 
compression wave in the water phase decreases with ongoing 
propagation. The shape of the curve equals the applied 
external surface load, again. Since the relative acceleration of 
the water phase relative to the solid phase is neglected, the 
wave speed within the water and the solid phase is equal. Due 
to the higher stiffness of the fully saturated sand in case of 
partially drained conditions, a higher wave speed (v=1548 
m/s) compared to fully drained conditions (v=174 m/s) can be 
found. 

Describing the behavior of the sand by use of a hypoplastic 
constitutive model more realistically (Figure 3), the effect of 
the development of shock waves with a steep front and a flat 
back side can be observed in case of fully drained conditions 
[15],[16]. The compression wave consists of three parts: first a 
flat increase due to the small strain behavior (elastic strain 
range) followed by a shock front and a flat back side. Due to 
the dependency of the stiffness of the solid skeleton on the 
stress state, the stiffness of the sand and thus the wave speed 
increases temporarily while the compression wave is moving 
through the sand column. Due to the increase of the stiffness, 
the rear part of the wave is faster, catches up with the front 
part of the wave and is reflected at the front of the wave. 
Thus, the front of the wave becomes steeper. The magnitude 
of the wave decreases with ongoing propagation due to the 
permanent reflection at the shock front. 

 

 

Figure 3. Distribution of excess pore pressure (left) and 
change of effective vertical stress (right) over the depth at 
different times, hypoplastic material behavior, sinusoidal 

loading, relative density ID=0.5. 

 
In case of partially drained conditions, the main part of the 

external load is carried by the water phase again. Due to the 
stiffness dependency of the solid skeleton on the stress state, 
the stiffness of the sand increases over the depth due to its 
self-weight. Thus, the relation of the stiffness of the water and 
the solid phase changes over the depth and the load is 
transferred continuously from the water to the solid phase. 
Hence, the decrease of the magnitude of the compression 
wave in the water phase over the depth is more distinct 
compared to the linear elastic case. The development of a 
shock wave, as observed in case of fully drained conditions, 
can not be found. This is caused by the strong coupling of 
both phases, such that the wave moves with the same velocity 
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and the same shape within both phases. The shape of the wave 
is dominated by the water phase due to its higher stiffness. 
The solid phase, which would form a shock wave, has only 
less influence on the shape of the wave. Similar to the case of 
linear elastic material behavior, the wave speed is higher in 
case of partially drained conditions (t=0.02 s: v=1638 m/s) 
compared to fully drained conditions (t=0.02 s: v=213 m/s). 
Due to stiffness dependency of the solid skeleton on the stress 
state, the wave speed increases over the depth. The wave 
speed increases from v=1556 m/s at a time of 0.01 s to v=1632 
m/s (+4.8%) at a time of 0.04 s, see Table 3. The stiffness 
dependency of the solid skeleton on the stress state and thus, 
the load transfer from the water to the solid phase becomes 
more distinctly, when applying a stepwise surface load, see 
Figure 4. The increase of the magnitude of the compression 
wave in the solid phase over depth can be observed within the 
shape of the wave clearly. 

 

Table 3. Wave speed at different times after beginning of load 
application, hypoplastic material behavior, sinusoidal loading, 

relative density ID=0.5, hydraulic conductivity kf=10-4 m/s. 

t 

[s] 
Wave speed 
v [m/s] 

Deviation from 
t=0.01 s [%] 

0.01 1533 0.0 
0.02 1554 2.5 
0.03 1576 3.7 
0.04 1604 4.8 

 
 

 

Figure 4. Distribution of excess pore pressure (left) and 
change of effective vertical stress (right) over the depth at 
different times, hypoplastic material behavior, stepwise 

loading, relative density ID=0.5, hydraulic conductivity kf=10-4 
m/s. 

 

4.3 Influence  of  the  relative  density  on  the  wave 
propagation 

Since the stiffness of the sand depends on the void ratio, the 
relative density of the sand influences the propagation of the 
wave additionally. In Figure 5 the relative density ID is varied 
and the wave propagation is displayed 0.02 s after beginning 
of load application. The relative density of the sand has a 
distinct influence on the wave speed and the distribution of 

the loading on the water and solid phase. Increasing the 
relative density, the stiffness and thus the wave speed 
increase. The wave speed increases from v=1533 m/s in case 
of very loose sand (ID=0.0) to v=1679 m/s (+9.5 %) in case of 
very dense sand (ID=1.0), see Table 4. Furthermore, the 
stiffness relation between the water and the solid phase 
changes. Increasing the relative density, a higher part of the 
loading is transferred to the solid phase.  

 

 

Figure 5. Distribution of excess pore pressure (left) and 
change of effective vertical stress (right) over the depth for 
different relative density ID, hypoplastic material behavior, 

sinusoidal loading, hydraulic conductivity kf=10-4 m/s. 

 

Table 4. Wave speed for different relative densities ID at a 
time of 0.02 s after beginning of load application, hypoplastic 
material behavior, sinusoidal loading, hydraulic conductivity 

kf=10-4 m/s. 

ID 

[-] 
Wave speed 
v [m/s] 

Deviation from 
ID=0.0 [%] 

0.0 1533 0.0 
0.2 1554 1.3 
0.4 1576 2.8 
0.6 1604 4.6 
0.8 1638 6.9 
1.0 1679 9.5 

 
 

4.4 Influence  of  the  hydraulic  conductivity  on  the  wave 
propagation 

The influence of the hydraulic conductivity kf on the wave 
propagation is shown in Figure 6. Considering a hydraulic 
conductivity of 10-4 m/s ≤ kf ≤ 10-7 m/s, approx. no influence 
on the shape of the wave and on the wave speed as well as on 
the magnitude of the wave can be observed. Within this range 
of hydraulic conductivity, the soil shows a kind of undrained 
behavior, since dissipation is much slower compared to the 
wave speed. Considering a hydraulic conductivity of kf=10-3 
m/s, the influence of dissipation becomes obvious. The shape 
of the wave becomes longer and the magnitude decreases. 
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Figure 6. Distribution of excess pore pressure (left) and 
change of effective vertical stress (right) over the depth for 

different hydraulic conductivity kf, hypoplastic material 
behavior, sinusoidal loading, relative density ID=0.5. 

5 VIBRATING FOUNDATION ON A HALFSPACE 

5.1 Finite element model 

The problem of two-dimensional wave propagation is 
investigated on the example of a circular vibrating foundation 
on a halfspace, see Figure 7. The foundation has a diameter of 
1 m. An axisymmetric analysis is carried. The behavior of the 
solid skeleton is described with the hypoplastic constitutive 
model. The hypoplastic parameters of the investigated 
Karlsruher sand (ID=0.5) are given in Table 2. The bottom and 
sideways boundary are assumed to be permeable and fixed in 
normal direction. The upper boundary is permeable and the 
pore pressure is set to zero. The vibrating foundation is 
simplified by applying a surface load with a sinusoidal 
evolution over time. Thus, a lift off of the foundation is not 
possible. A vibrating frequency of f=50 Hz and a dynamic 
surface load of 10 kN/m² are applied. To prevent the 
development of tension stress below the area of load 
application, the surface of the model is loaded with a static 
load of 15 kN/m² additionally. 

 

Figure 7. Geometry of FE-modell of the vibrating foundation 
on a halfspace. 

5.2 Results 

The distribution of the effective vertical stress, the excess pore 
pressure and the void ratio after 4 s of vibration for the case of 
partially drained and fully drained conditions are depicted in 
Figure 8 and Figure 9. The distribution of the state variables 
on the axis of symmetry is shown in Figure 10. When starting 
the vibration, the sand is compacted due to cyclic loading as it 
can be observed in Figure 9 (fully drained conditions). In case 
fully drained conditions, the area of soil compaction reaches a 
depth of approx. 1 m, see Figure 10. The effective stress state 
changes such that areas of an increase as well as areas of a 
decrease of the initial stress state occur.  

Considering partially drained conditions, the pore water has 
to flow out of the voids of the solid skeleton, before the sand 
can be compacted. Due to the flow resistance caused by the 
solid skeleton, excess pore pressure develop during vibration 
due to the constraint contractant behavior of the sand, see 
Figure 8 (top, right). As a result of the excess pore pressure 
the effective stress state becomes reduced (Figure 8, top, left). 
Down to a depth of 0.5 m below the foundation, soil 
liquefaction occurs with vanishing effective stresses and 
excess pore pressure up to 20 kN/m², see Figure 10. Only 
slight soil compaction right below the foundation can be 
observed (Figure 9 and 10), due to the resistance of the pore 
water. Considering partially drained conditions, soil 
compaction depends on the hydraulic conductivity of the soil. 
In order to evaluate fully saturated soil under dynamic loading 
regarding soil liquefaction or soil compaction, the application 
of a coupled two phase analysis under partially drained 
conditions is of importance. 

 

 

Figure 8. Distribution of the effective vertical stress (left) and 
the excess pore pressure (right) after 4 s of vibration; top: 
partially drained conditions, bottom: drained conditions. 
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Figure 9. Distribution of the void ratio after 4 s of vibration; 
left: partially drained conditions, right: drained conditions. 

 

Figure 10. Distribution of the effective vertical stress (left), 
the excess pore pressure (center) and the void ratio (right) on 

the axis of symmetry after 4 s of vibration. 

6 CONCLUSION 

The governing equations of a u-p formulation using Darcy’s 
flow law are derived. The u-p formulation is implemented 
within a dynamic total stress analysis using an explicit time 
integration rule. The approach is applied on the problem of 
one-dimensional wave propagation in a fully saturated sand 
column. The difference between fully drained and partially 
drained conditions is shown, such that the wave speed 
increases and the solid skeleton is less loaded by the wave in 
case of partially drained conditions. Effects such as the 
development of shock waves cannot be observed in case of 
partially drained conditions. Studying the influence of the 
hydraulic conductivity of the sand, an undrained soil behavior 
can be found in case of a hydraulic conductivity of kf≤10-4 
m/s. When applying a hypoplastic constitutive model, a 
stiffness dependency of the solid skeleton on the stress state 
and the void ratio can be accounted for. The relative density 
of the sand has a distinct influence on the wave speed as well 
as on the distribution of the external load on the water and 
solid phase, since the stiffness of the solid phase increases 
with increasing relative density. 

Investigating the problem of a vibrating foundation on a 
halfspace of fully saturated soil, effects such as soil 
liquefaction and time-depended soil compaction can be 
modeled. In order to evaluate fully saturated soil under 
dynamic loading regarding soil liquefaction or soil 

compaction, the application of a coupled two phase analysis 
under partially drained conditions is of importance. Despite 
the limitations of the application of a u-p formulation in case 
of dynamic problems, a u-p formulation is an attractive way to 
model fully saturated soil under dynamic loading due to the 
much more simple formulation. 
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ABSTRACT: Soil-structure coupling is an essential issue in seismic risk analysis. This problem relies not only on the dynamic 
behavior of the soil, structure and soil-structure interface, but also the induced wave field contamination due to presence of the 
structure. In order to analyze this phenomenon, we use experimental data collected from centrifuge tests that were done on 
homogeneous soil and two types of building (rigid and flexible). This test is proven to recreate well the real measurement by 
applying acceleration field in gravity scale. The test was done in two levels of excitation (weak and strong) to observe the linear 
and non-linear response of the soil-structure systems. In the first part of the paper, we will focus on the soil and building non-
linear response through the shear wave velocity variation related to its stress-strain behavior. The variation of the shear wave 
velocity is observed by computing the instantaneous shear wave velocity using seismic interferometry by deconvolution method 
to the accelerometrics data located vertically along the soil column and in the structure performing one vertical network. In the 
second part, the wave field contamination due to presence of different structures is analyzed in term of ground motion 
parameters, using accelerometers located at the soil surface (free-field).  

KEY WORDS: Soil non-linear response; Structure non-linear response; Wave field contamination; Dynamic centrifuge 
modeling; Seismic interferometry. 

1 INTRODUCTION 

The understanding of seismic motion in urban domain is 
essential to analyze the response of structure and understand 
the damage variability. The wave field is the combination of 
direct waves coming from seismic source, diffracted wave 
propagation in crust, amplification effect caused by the 
presence of a local condition (sediment or topography), and 
dynamic coupling between ground motion and structure 
response. In this research, we will focus on the latest element 
which is the dynamic coupling between soil motion and 
structure response. 

In urban areas, the presence of heterogeneities at the surface 
including structures and its foundation produces a strong 
coupling between soil and structure. This problem of Soil 
Structure Interaction (SSI) is governed by four main issues, 
i.e. Source, Medium of Propagation (Soil), Soil-Structure 
Interface, and Structure. It is known that the characteristics of 
the source, such as magnitude, distance and frequency content 
have an important role since different nature of waves would 
give different response both in medium of propagation and 
structure. The role of top most soil layer is as well very 
important. Study on site effects has proven that when seismic 
waves travel on a relatively soft soil, it would get amplified 
and modified. Dynamic soil response during seismic 
excitation is important not only due to this amplification but 
also due to its nonlinear behavior when subjected to relatively 
strong excitation. This nonlinear behavior is observed through 
the reduction of soil apparent stiffness due to degradation of 
shear modulus G, and augmentation of energy dissipation [1]. 

After modification due to medium of propagation, seismic 
waves experience another modification caused by different 
impedance of soil and structure which happens at the soil-

structure interface. When seismic waves travel through soil to 
foundation of the structure, the different impedance causes 
scattering of incident waves (kinematic soil-structure 
interaction). Detailed study on the impedance functions and 
dynamic soil-foundation interaction can be found, for example 
in [4]. This soil-structure coupling manifests through rocking 
and horizontal motion of the building [5].  

The waves transmitted to the structure are modified and the 
structure starts to be shaked and vibrating energy is diffracted 
back into the ground as seismic waves (inertia soil-structure 
interaction).  Again, under relatively strong excitation, 
building would have a nonlinear behavior [8]. The nonlinear 
behavior of soil and structure would then modify the response 
of interface resulting in the nonlinear behavior of interface 
and Soil-Structure Interaction which would modify wave field 
observed in urban area [11] . The wave that propagates 
through building then finally be released back to the free field 
which contaminates the direct seismic waves recorded in the 
free field [6].  

Although these complex phenomena have been largely 
discussed these recent years [6], the number of laboratory-
experimental works on this matter is considered very limited, 
for example in [13]. For that matter, we use experimental data 
collected from centrifuge tests that were done on 
homogeneous soil and by considering two types of building 
(rigid and flexible) [15]. This test is proven to recreate well 
the real measurement by applying acceleration field in gravity 
scale. The tests were done in two levels of excitation (weak 
and strong) to observe the linear and non-linear response of 
the soil-structure systems.  

In the next chapter, the methodology and the detailed 
experimental setups are presented. It is followed by the soil 
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and building nonlinear response through observation of the 
shear wave velocity variation related to its stress-strain 
behavior. The variation of shear wave velocity is observed by 
computing the instantaneous shear wave velocity applying 
seismic interferometry by deconvolution method to the 
accelerometrics data located vertically along the soil column 
and in the structure performing one vertical network [17]. 
Finally, the wave field contamination due to presence of 
different structures is analyzed in term of 3 different ground 
motion parameters, using accelerometers located at the soil 
surface. The presence of different structures changes the wave 
propagation in a different way as well. The governing 
parameters are then discussed. 

2 METHODOLOGY 

In this paper, we use the seismic interferometry method to 
process our centrifuge data. Seismic Interferometry can be 
defined as a method to obtain seismic response by cross-
correlating seismic response at different receiver [16]. In 
2006, Snieder and Şafak [17] proposed a method to extract the 
seismic building response using seismic interferometry by 
deconvolution instead of traditional cross-correlation.  They 
considered building as a resonant system where waves 
propagate in one dimension. Since the Green’s Function can 
be extracted using virtual source, they use the deconvolution 
in frequency domain of recorded motion at different levels of 
the famous Milikan Library in Pasadena, California to extract 
the building response. This method is expressed as followed:  

      
  







2
2

21

u

uu
D  (1) 

Where u1(ω) is the first signal, u2(ω) is the second signal 
and also the reference signal, the * symbol indicates the 
complex conjugate operation, and ε is the stabilization 
estimator to avoid instability caused by value of u2(ω) closes 
to zero. In this paper, we take the signal recorded on top of the 
vertical array as reference signal. After testing the small 
influence of the value of ε, it was set to 10% being taken 
following [17]. Todorovska [7]  noted that this method results 
on the system’s impulse response, physically representing the 
shear deformation of buildings to an input impulse. This 
method has the advantage to be independent to the input 
signal and to provide the propagation of upgoing (causal) and 
downgoing (acausal) shear deformation along the system that 
can be related to the shear velocity of the system. Todorovska 
and Rahmani [18] stressed the importance of frequency band 
used for this method, since smaller band would results in a 
wider pulse which may worsens the localization in time. In 
addition to building, this method can also be applied to any 
1D resonant system, such as to soil column [19]. 

The dynamic response of a system is related to its nonlinear 
response. Since the nonlinear response is directly related to 
the degradation of the shear modulus and the increase of 
damping ratio with strain, one solution consists in in-situ 
assessing and monitoring these two parameters during strong 
ground motion. In this paper, variation of shear modulus is 
monitored by mean of shear wave velocity Vs variation. 
Thanks to vertical sensor arrays, Vs can be computed along the 
soil profile, based on the time delay estimation by applying 

this method. Local Vs in depth can be computed and nonlinear 
response can be analyzed in detail by testing the relationship 
between the local variations of the Vs with respect to the local 
strain.  

3 CENTRIFUGE TEST 

Interest of using centrifuge test in dynamic geotechnical 
fields has grown and expanded significantly these past years 
[13]. It has the advantage of creating a scaled-down model 
that can reproduce real scale behaviors of soil by increasing 
the gravity scaled acceleration fields. In addition, it is very 
easy to scale parameters from model to real object by 
respecting the established scaling factors shown in Tab.1.  

Table 1. Scale factor to be used on centrifuge scaling from 
model to real object dimension. 

Parameter Real/Model Parameter Real/Model 
Length N Stress 1 
Area N2 Acceleration 1/N 
Volume, Mass N3 Time N 
Velocity 1 Frequency 1/N 
 
This is a powerful tool that can be used to overcome problems 
that are found in other approaches, for example: numerical 
simulation simplifies real condition by applying assumptions 
and hypothesis; other laboratory-experimental test are not able 
to conserve the dynamic geotechnical parameters of the soil; 
natural in-situ test depends on when earthquake would strikes; 
and forced in-situ test by real-scale model is considered 
costly. 

 

 
(a) 

 

    
(b) 

Figure 1. Typical model, dimension and sensors distribution 
of the centrifuge test. The number inside the bracket indicates 
sensor number and number without bracket indicates model 
dimension in mm. (a). Y-Z plan view (b). X-Y plan view. 

(Modified from [15]). 
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The centrifuge test was performed at French IFSTTAR 
facility and done at 60 g scale (N=60). The typical model, 
dimension and sensors distribution of the setups are presented 
in Figure 1. We use two equivalent shear-beam (ESB) 
containers of dimension of 800x350x416 mm. The material 
used herein is the dry Fontainebleau sand, filled to the 
container by dry pluviation method together with positioning 
of the sensors. For more details on the experiment setup, 
readers are referred to [15]. 

A shaker is placed below the box to inject the seismic 
signals. We consider two different signals. We refer weak 
signal with Peak Ground Acceleration (PGA) equal to 0.07g 
and strong signal with PGA equal to 0.43g. Pre-processing 
was applied to the signals, i.e. mean and trend removal, 
applying a 5% Tukey taper window and filtering the signal 
0.33-13.8 Hz (3-order Butterworth filter). Details on 
characteristic of the signals can be found in [22]. The 
robustness and validation of the centrifuge experiment are 
also discussed there.  

We perform multiple tests by putting rigid structure and 
flexible structure such as shown in Fig.2. The structures are 
made with a composite steel-aluminum materials for flexible 
type and steel-aluminum-oak materials for rigid type. The 
dimensions of the structure are chosen so that the structures 
have similar response frequency with the soil. All structures 
are embedded in shallow foundation. The building models 
have dimension of 9cm in length, 6cm in width, and 13.75cm 
in height, with mass around 0.98kg.  

 

             

          (a)                               (b)                                 (c)  
 

Figure 2. Typical type of structures presented in the 
experiment. (a). Soil Only (reference); (b). Rigid;                         

(c). Flexible. (Modified from [15]) 

4 SOIL DYNAMIC RESPONSE 

In order to observe the soil dynamic response during 
earthquake, we analyze the response of the soil where no 
structure is presented. This is also considered as our reference 
experiment where no wave field contamination came from the 
structure; hence it gives the separated response of the soil 
only. Applying the seismic interferometry by deconvolution 
method, we extract the instantaneous shear wave velocity 
from the vertical array. In [22], we proved that the boundary 
effect of the ESB box can be neglected, thus both vertical 
arrays in the center and right side of the centrifuge box 
supposed to give similar response. It allows us to combine 
both results as one vertical array. Fig 3.a shows an example of 
the deconvolved waves from one of the trial. We can see the 
upgoing and downgoing waves on the soil column. We 
observed a strong attenuation on the downgoing waves due to 
energy dissipation of the acausal wave. This attenuation is 
stronger on the strong excitation implying the increment of 
damping due to nonlinear behavior. The instantaneous shear 
wave velocity can then be computed for each pair of sensors 

and the velocity profile is constructed. The average shear 
wave velocities are 242 m/s and 197 m/s for weak and strong 
motion, respectively. This reduction of shear wave velocity 
when stronger motion is presented indicates the nonlinear 
effects which are not homogeneous within depth.    

We represent this nonlinear behavior using the Peak Ground 
Acceleration PGA versus the Peak Ground Velocity (PGV) / 
Vs ratio modified from Idriss [23]. The stress is considered as 
the spatial derivative of PGA and PGV/Vs can be considered 
as a proxy of the strain, as shown in Eq.2. 

 
Vs

PGV

dtdx

dtdu

dx

du
  (2) 

Thanks to the vertical geotechnical array we are able to 
compute the instantaneous Vs that relates to the real (local) 
deformation within the soil column. 

 

 
Figure 3. Interferogram of deconvolved waves for weak and 

strong event of centrifuge results 

 

Figure 4. Nonlinear behavior of centrifuge results using PGA–
PGV/Vs representation as stress-strain proxy. Data are taken 
from all analyses results. The solid line represents the classic 

hyperbolic model for observed data. 
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The PGA–PGV/Vs curves for all centrifuge data on the 
reference structure, i.e. for all containers, all depth, all 
excitations, all trials and the two vertical arrays of sensors, are 
shown in Figure 4. Although the soil was initially 
homogeneous, the instantaneous Vs changes during earthquake 
excitation. We classify the soil type by grouping them as 
function of Vs ranging from less than 150 m/s (softer soil) to 
more than 400 m/s (stiffer soil). We put also the calculation 
for Vs25(since our centrifuge box is limited to 25m of depth) in 
regard for practical reason. We observe the evolution of 
nonlinear soil behavior as function of the seismic input motion 
(lower PGA up to 0.15g correspond to weak motion and 
higher PGA starting from 0.25g correspond to strong 
excitation). It is evident that for lower velocity group, higher 
strains are observed, i.e. higher nonlinearity, and for higher 
velocity group, lesser nonlinear behaviors are observed. This 
gives more evidence that softer soil produces more 
nonlinearity as stiffer soil has less nonlinearity. The validation 
of the effectiveness of this proxy to represent soil stress- strain 
behavior can be found in [22]. 
 

5 STRUCTURE DYNAMIC RESPONSE 

The influence of soil-structure coupling varies depends on the 
type of the structure. This matter is one of the key issues on 
earthquake risk assessment and has been discussed 
extensively in the past years, mostly from engineering point of 
view. It is important because building response relates directly 
to damage assessment and human lost. Different approaches 
are used both using theoretical-numerical model [11] and 
experimental-recording method [6]. 

We use the data recorded from our centrifuge test to analyze 
the influence of soil-structure coupling to our structure 
seismic response. On the first attempt to tackle this matter we 
compute the frequency of the system including the soil-
structure coupling (fsys). As previous, we use all the data 
coming from all containers and all trials. Fig.5 shows the 
average +/- sigma value of the smoothed Fourier spectra of 
the signals recorded on top of the building. The red dashed 
line shows the reference building frequency before excitation 
which is 2.65 Hz for flexible building.  

The system frequencies are 2.62 Hz and 1.84 Hz for 
reference structure, 2.51Hz and 1.82 Hz for rigid structure, 
and 2.20 Hz and 1.50 Hz for flexible structure. These values 
are for weak and strong motion, respectively. The fsys 
reductions from weak to strong motion are 29.7%, 27.5%, and 
31.8% for reference, rigid and flexible structure, respectively. 
We notice here that even on the weak motion we already has 
frequency reduction (i.e. 17% for flexible structure) related to 
nonlinear behavior of the system. These reductions when 
system undergoes a stronger excitation show that nonlinear 
behavior occurs differently for different type of structure.  If 
we compare with the reference soil, we have reduction of fsys  
of 4% and 16% for weak motion, and 1% and 17.5% for 
strong motion. These values are for rigid and flexible 
structure, respectively. 

We observe an important amplification of amplitude 
spectral on rigid structure, which are twice for strong motion 
and around 3.5 for weak motion. On flexible structure, on the 
other hand, we have amplitude reduction on strong motion 

and we observed more significant reduction of the fsys.. In 
rigid structure we found that the structure nonlinearity plays 
less important role compare to flexible structure. Since what 
we observe here is the combination of behavior of soil, 
structure and soil-structure system, the results we have, 
incorporate the nonlinear behavior of the structure as well as 
the nonlinear behavior of the soil. This observation is in 
accordance with [24] who made their observation using rather 
engineering parameters related directly to damage observation 
of the structure.  

 

 

Figure 5. Smoothed Fourier spectra of signals recorded on top 
of the structure.  

 
 

 

 

Figure 6. Interferogram of deconvolved waves for weak and 
strong event, s-(x) indicates sensor within soil column and     

b-(x) indicates sensor within building.  
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Since building and soil can be assumed as a resonant 
system, we can apply the seismic interferometry by 
deconvolution method to extract the soil-structure system 
response. It has to be noted, though, that this method is 
uncoupled from soil-structure response [17] but doesn’t take 
into account the importance of rocking motion [7]. This is 
normal because this method only consider 1D vertical wave 
propagation, thus, other directions of motion are not included. 
In our case, since the structure and since soil column are 
integrated in one vertical array, we can apply this method in 
our system. Taking highest position as the reference signal, 
the deconvolved waves are presented in Fig.6. 

We see on this figure that the presence of the rigid structure 
smooths and reduces the amplitude of the deconvolved waves. 
On the other hand, the presence of the flexible structure 
complicates and amplifies the amplitude of the deconvolved 
waves. We, however, don’t understand yet the physical 
meaning of the changes in amplitude of the deconvolved 
waves using this interferometry method.  

Furthermore, we check the rocking motion as it is an 
important parameter of soil-structure interaction [5]. We 
analyze it by mean of frequency rocking (fR) following this 
equation:  

 
 
















 


b

hcc
FTf R 2

max 21  (3) 

Where FT indicates the Fourier transformation, c1 and c2 is the 
vertical sensors located on both edges of the structure, h is the 
height of the structure and 2b is the distance between c1 and 
c2. The schema can be seen in Figure 7. 
 

 

Figure 7. The schema of sensor location and distance for 
computation of rocking frequency (Modified from [15]). 

 
Figure 8 (top) shows the rocking frequency computed for 

rigid and flexible structure. We notice that the amplitude of 
rocking spectral is more or less half of the system spectral. 
There is small reduction from fsys to fR. Coherence between 
rocking and drift is used to show the importance of the 
coupling between soil-structure [5]. Our coherency level (Fig 
8 bottom) is still considered high, i.e around 0.85 for rigid 
building and 0.85 to 0.95 for flexible building. This high 
coherency shows that the soil-structure coupling is important 
in both structure, and is more important in flexible structure 
compare to rigid structure. 

 

 

Figure 8. Top: Rocking Spectral for rigid and flexible 
structure. Bottom: Coherence between rocking and drift for 

rigid structure and flexible structure. 

 
 

6 WAVE FIELD CONTAMINATION DUE TO 
PRESENCE OF THE STRUCTURE 

Wave field contamination due to presence of the structure are 
observed for example in [6]. [25] observed that the effect of 
structure is the highest when its frequency closes or coincides 
with the fundamental frequency of the ground motion This 
effect is shown in the records through spindle effect and 
longer duration of wave field and has effect up to 25% and 
5% of the base motion at twice and ten times the building base 
size respectively. After being altered by the kinematic and 
inertia interaction, buildings radiate the waves back to the 
ground. The waves joined by the reflected and incident waves 
result in the total ground motion recorded on free field at 
some distance from the structure. 

We use the free field data from our centrifuge test by 
analyzing the surface sensors (Fig. 1b). The in-plane sensors 
are separated by 200mm horizontal distance and the out-of-
plane sensors are separated by 175mm vertical distance in 
model which corresponds to 12m and 10.5m real distance, 
respectively. The effective distances are 9.3m and 8.7m for in-
plane and anti-plane sensor, respectively. 

On the first step to affirm the contamination of the free field 
motion, we use Anderson criterion [27] incorporating 10 
ground motion parameters to measure the similarity between 
two recorded signals. These parameters range from 0 to 10, 
scores below 4 correspond to poor fits, scores of 4-6 to fair 
fits, scores of 6-8 to good fits, and scores over 8 to excellent 
fits. The Global Value is counted by averaging these 10 
parameters values. Since we are looking for the contamination 
of the free field we measure the coefficient of variation (CoV) 
of the global values of the surface sensors normalized by the 
CoV of the input sensor as reference. The CoV is calculated by 
dividing the error (σ) value with mean (μ) value. By 
comparing the normalized CoV we are able to see the 
variability of the data. If CoV is close to 1, we have less 
variability.  We show the result in Figure 9. 
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In the reference structure (soil only), we see for both 
excitation levels, the normalized CoV is more or less the same 
for all surface sensors except for sensor 20 and 26 (refer to 
Fig 1.b for the sensor position), which might come from the 
recording problems. This shows that when there is no 
structure present, the free-field doesn’t have any 
contamination, so the signals recorded at sensor 19 would be 
the same as the other surface sensors. To avoid misleading 
results, and since we have a symmetric configuration on our 
surface sensors, moreover since there are some sensors that 
are not equipped in flexible structure, we shall only analyze 
the results from half of the configuration including sensor 25, 
24, 23, 19, and 14. 

When high rigid structure is presented, the contamination 
on free-field ground motion appears. On the in-plane sensor 
(sensor 14) we see more contamination coming from lower 
excitation, as for the out-of-plane sensors (sensor 25, 24, and 
23), strong excitation gives more significant contamination. 
When flexible structure presents, the contamination arises 
although the global value does not seem to change much. 
Since this value is rather general, we will not quantify the 
contamination using this parameter, it does, nevertheless, 
show the changes in free-field ground motion. 

 

 

Figure 9. Coefficient of variation of Anderson’s global value 
of the surface sensors normalized by coefficient of variation 

of Anderson’s global value of the input signal (sensor 2). 
Blue: weak event; Red: strong event. 

[26] asserts that Peak Ground Acceleration (PGA) and 
Spectral Acceleration (Sa) as the most influential parameters 
and Housner Intensity (HI) has less influence on the 
contamination of free-field motion. Here we analyze 3 
parameters of ground motion including Peak Ground 
Acceleration (PGA), Peak Ground Velocity (PGV), and Peak 
Ground Displacement (PGD). We show the value of these 
ground parameters of the free-field sensors (sensor 25, 24, 23, 
and 14) normalized by the values of sensor 19. If there is no 
contamination, these values should attain 1. The results are 
shown in Figure 10.  

 

Figure 10. PGA, PGV, and PGD of the free-field sensors 
normalized by sensor 19 for a. Soil Only; b. Rigid structure;  

c. Flexible structure 

In Fig. 10, we see different trend for PGA results compared 
to PGV and PGD results. Already on the reference structure, 
we have approximately same values of PGV and PGD ratios 
on the entire free-field sensors, while variation takes place on 
PGA ratios up to 10% and 15% for weak and strong event, 
respectively.  We show that PGV correlates better with 
excitation level [28], while PGA is reduced with increasing 
excitation level [29]. In both rigid and flexible structure cases, 
the variation of PGA ratios is more arbitrary for weak event 
and more or less the same as reference structure for strong 
event. The variation of PGV and PGD ratios is less random 
and relatively less significant compared to variation of PGA 
ratios. When rigid structure is presented, PGV and PGD ratios 
tend to increase, although not very significant in weak event, 
and as for strong event, it increases up to 10% on PGV ratios 
and 20% on PGD ratios. For flexible structure, variation is 
very little only up to 10%, although PGV ratios’ variation is 
more apparent compare to PGD ratios’ variation.  

7 CONCLUSION 

We use centrifuge test to observe the problem of soil-structure 
interaction in laboratory scale. This is a powerful tool to 
reproduce real scale behaviors of geotechnical environment by 
increasing the gravity scaled acceleration fields. Multiple tests 
were done in a homogeneous soil placing two vertical 
accelerometric arrays. The tests are done for three setups 
presenting different surface structures, i.e. soil only 
(reference), rigid structure, and flexible structure. We use the 
seismic interferometry by deconvolution method [17] to our 
1D vertical resonant system (our soil and structure arrays), to 
extract the system response by mean of instantaneous shear 
wave velocity Vs. 

Soil dynamic behavior is observed by mean of the soil 
nonlinear response. This nonlinear behavior is observed 
through the reduction of soil apparent stiffness, due to 
degradation of shear modulus G and augmentation of energy 
dissipation. Variation of shear modulus is monitored by mean 
of Vs variation. Vs reduction and attenuation of acausal waves 
are observed as nonlinear indication when strong motion is 
presented. We use PGA-PGV/ Vs as a proxy to represent the 
stress-stain relationship of the soil.  We show that lower 
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velocity group (softer soil) produces more nonlinearity as 
higher velocity group (stiffer soil) has less nonlinearity. 

Structure dynamic behavior first observed using the 
evaluation of system frequency incorporation soil-structure 
coupling. We show that in rigid structure system, the structure 
nonlinearity plays less important role compare to flexible 
structure system. We show that even in weak excitation, 
nonlinearity has already been produced both in the soil and 
structure, hence in soil-structure coupling. We also show the 
importance of soil-structure coupling on both structures by 
showing the coherency between rocking motion and drift of 
the structure. 

Finally, we observe the free field contamination due to 
presence of the surface structure. We analyze 3 ground motion 
parameters, i.e. PGA, PGV, and PGD on the surface sensors. 
We found in this study, that among these 3 parameters, PGA 
gives more modification compare to PGV and PGD. This is in 
accordance with the finding by [26]. 
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ABSTRACT: Although inclined pile foundations are sometimes used in civil engineering structures, their behavior under 

seismic loadings is not yet thoroughly understood. This paper presents an experimental work on inclined pile foundations under 

earthquake loadings. Dynamic centrifuge tests are performed to investigate the influence of inclined piles on the superstructures 

and to quantify the soil-structure interaction. Some key parameters are analyzed such as the residual bending moment, the total 

bending moment and the axial forces. It is found that in certain cases inclination plays a beneficial role to the seismic behavior 

of the pile foundation system and that the presence of inclined piles increases its natural frequency. Comparing to a vertical pile 

foundation, the residual bending moment envelope curve is different and larger values are observed. This novel experimental 

work provides significant data to understand the behavior of inclined pile foundations in seismic regions. 

KEY WORDS: Centrifuge Modelling; Inclined Pile Foundation; Seismic response; Soil-structure interaction. 

1 INTRODUCTION 

Inclined piles, also called batter piles or raked piles are widely 

introduced in civil engineering constructions where a 

substantial lateral resistance is required. However nowadays, 

many building codes or standards like AFPS 1990 [1] and 

Eurocode-8 [2] do not recommend using inclined piles in 

seismic regions. To be less conservative, codes like ACI318-

05 and ACI318-11, although they do not prohibit the use of 

inclined piles in earthquake-resistant structures, pay attention 

to the potential damages at the junction of the inclined piles 

and the buildings caused by important seismic forces. The 

main drawbacks of the inclined piles are generally identified 

as: large forces onto the pile cap, reduction of the bending 

capacity due to the induced tensile forces, unfavorable 

rotation on the cap and additional bending moment due to the 

settlement of the soil [3].  

Different field observations, like the wharf failure in the 

port of Okland in 1989 (Loma Prieta earthquake), and in the 

port of Los Angeles in 1994 (Nothridge earthquake), reveal 

the unsatisfactory performance of inclined piles. However, 

recent studies put in evidence a possible positive performance 

of inclined piles. As reported by Gazetas and Mylonakis [4] 

inclined piles, if properly designed, can be beneficial rather 

than detrimental both for the structure they support and the 

piles themselves. Pender [5] and Berrill et al. [6] suggest also 

important beneficial effects regarding the use of inclined piles. 

However, the argument about whether the use of inclined 

piles is detrimental or beneficial is still unsettled. In 2004, 

Harn [7] pointed out that the poor performance of inclined 

piles in the past earthquakes might be due to the lack of 

knowledge and of analytical tools. The use of displacement 

based design and of carefully detailed inclined piles may 

result in a better behavior and significant project savings. 

In addition, Giannakou et al. [8, 9] studied numerically, in 

the time domain, the performance of batter piles. In their 

study, linear constitutive laws were assumed for the soil and 

the inclined pile groups and five different inclinations were 

considered. They found that, for seismic loadings and purely 

kinematic conditions, batter piles tended to confirm their 

negative reputation. However, when the total response is 

considered (kinematic and inertial interaction) their influence 

could be beneficial. The work of Giannakou et al. [8, 9] has 

shown that in order to understand the performance of inclined 

piles the influence of the superstructure and the inertial 

response of the upper structural system have to be taken into 

account.  

In this paper, dynamic centrifuge tests are performed to 

investigate the influence of inclined piles on the response of 

some superstructures and on the soil-structure interaction. The 

effects of inclined pile are highlighted by comparing the 

behavior of a 1X2 symmetric configuration of 15o inclined 

piles supporting a SDOF (single degree of freedom) 

superstructure with that of a 1X2 vertical pile group that 

support the same SDOF superstructure. For both pile groups, 

short and tall superstructures are considered in order to study 

the influence of the inertial loading coming from different 

types of superstructures on the performance of inclined piles. 

The short superstructure represents a shear force dominated 

loading case and the tall building an overturning moment 

dominated loading case. For both configurations floating piles 

were considered and a stiff pile cap imposes a rigid 

connection at the pile head. The behavior of the different soil-

pile-superstructure configurations under dynamic excitations 

is analyzed in terms of residual bending moment, total 

bending moment and axial force. 

2 EXPERIMENTAL PROGRAM 

2.1 Introduction 

All the dynamic centrifuge tests have been performed at 40 g 

level. In the following all the data ware presented at the 

prototype scale otherwise mentioned. 

Centrifuge modelling of inclined pile foundations under 

seismic actions 
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The various model configurations tested are shown in Figure 

1. In order to investigate the behavior induced by the inclined 

piles, each time the response is compared with the response of 

the corresponding vertical pile group configuration. 

 
Figure 1: Model configurations used in the dynamic 

centrifuge tests 

2.2 Base shaking signals 

Three real earthquakes are selected. The first two signals, 

Martinique Jara and the Northridge records, are broad band 

frequency range earthquakes (Figure 2(a) and (b)). They have 

been selected to enables the determination of the frequency 

response of the soil column and of the soil-pile-superstructure 

system. In order to determine the natural frequency of the 

superstructure system, these signals are first attenuated to 

small intensities to avoid significant plasticity in the soil. The 

third signal is a recording of the Kobe earthquake. It has been 

selected because most of the energy comes from frequencies 

below 1.5 Hz, see Figure 2(c), that are lower than the response 

frequency of the soil column and the soil-pile-superstructure 

systems. To be in the capacity range of the IFSTTAR shaker 

[10], the three earthquake signals have been filtered within the 

frequency range of 20∼350 Hz at the model scale. 

Furthermore, when large intensity earthquakes are concerned, 

they should be attenuated to be in the acceleration range of the 

shaker (-9db and -4db for respectively the Northridge and the 

Kobe records) 

 
Figure 2: Fourier spectrum of the base shaking signals: (a) 

Martinique Jara, (b) Northridge earthquake and (c) Kobe 

earthquake. 

2.3 Experimental set-up 

All the test are performed in dry dense N34 Fontainebleau 

sand (Dr=80%). The properties of this sand reported in Table 

1. 

 
Table 1: Fontainebleau sand NE34: Material properties [11] 

 

The piles are made of aluminum alloy and have a hollow 

section. They are instrumented with pairs of strain gauges that 

enable the determination of the bending moment profile and 

the axial stress at different depths. The connection between 

the piles and the pile cap is assumed rigid. The pile heads are 

thus rigidly inter-connected via a stiff cap that prohibits 

rotations between the pile heads and the cap [12]. Table 2 

gives the characteristics of the piles and of the pile cap at the 

model and the prototype scales. 

 
Table 2: Characteristics of piles and of pile cap 

 

The possible soil-cap interaction and the lateral resistance of 

the pile cap are not considered hereafter. To limit the soil-cap 

interaction, piles are designed to stand at a certain distance 

above the ground surface, see Figure 3. 

 
Figure 3: Spacing of piles in inclined pile and vertical pile 

groups (prototype scale). 

 

Two types of SDOF superstructures with different heights 

of gravity center are considered i.e. a short and a tall building. 

Both buildings are designed such as they have: 

 the same resonant frequency under fixed base 

conditions, 

 the same top mass, 

 the same total weight (foundation and super-

structure system). 

The frequencies of the short and tall building under fixed-base 

conditions are tuned at 2.0 Hz (prototype scale). 

Instrumentation layout of the tests is presented in Fig. 4. 

The movement of soil column is followed by two vertical 

arrays of accelerometers (From CH03 to CH09 and from 

CH14 to CH19). In order to highlight potential boundary 

effects, these accelerations are compared with that recorded 

on the flexible container (Equivalent Shear Beam box). In 

addition to measurement of bending moment and axial load in 

both pile, the kinematic response of the cap and superstructure 

are followed through accelerometers and laser sensors. The 

double integration of the accelerometers, combined with the 

use of pass band filter, enables the determination of the 

dynamics displacement. 
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Figure 4: Distribution of sensors in the soil-pile-

superstructure system for the centrifuge tests 

 

The adopted shaking sequence of the earthquake signals and 

the corresponding variation of Arias intensity are listed in 

Table 3 and plotted in Figure 5. Table 3 also presents the 

series of seismic tests that has been performed. 

 
Table 3: Shaking sequence 

 
Figure 5: Variation of arias intensity 

 

All the dynamic centrifuge tests that have been performed 

using real earthquake excitations are listed in Table 4. 

 
Table 4: List of dynamic centrifuge tests 

3 PERFORMANCE OF INCLINED PILES WITH 

SEISMIC SOIL-PILE-SUPERSTRUCTURE 

INTERACTION (SSPSI) UNDER EARTHQUAKE 

EXCITATIONS 

3.1 Frequency response of the superstructure 

For each soil-pile-superstructure configuration the first six 

small base shaking tests (Table 3) are used to evaluate the 

frequency response of the superstructures. In this framework, 

transfer functions are calculated between the accelerations 

measured on the top of the buildings and those measured near 

the soil surface. The estimated frequency responses are listed 

in Table 5. As mentioned before, the frequencies of the 

buildings (short and tall) under fixed-base conditions are 

tuned at 2.0 Hz. When the buildings are supported by pile 

groups embedded in dense sand, the SSPSI induces a decrease 

of the response frequency of the superstructure. 

 
Table 5: Frequency response of the superstructure (short 

and tall buildings) on inclined and vertical pile groups 

 

The presence of inclined pile reduces the effect of the SSPSI 

on the frequency response of the superstructure. For the case 

of the short and slender superstructures installed on the 

inclined pile groups, the frequencies are 0.14 Hz and 0.08 Hz 

higher than when they are supported by the vertical pile 

groups. In addition, an increase of the height of the gravity 

center of the superstructure enhances the SSPSI on the 

frequency response of the superstructure for both pile group 

configurations (-0.24 Hz and -0.18 Hz for the inclined and the 

vertical pile groups respectively). 

3.2 Stresses in piles 

3.2.1 Residual bending moments 

Due to the permanent deformation of the soil and the 

influence of the superstructure, embedded deep pile 

foundations deviate from their initial position during an 

earthquake event. As a result, residual bending moments 

appear along the pile. Figure 6 shows the accumulated 

residual bending moment profiles for the successive 

earthquake events. The peak values, such as the peak values 

normalized by the peak values obtained for the short building 

supported by the vertical pile group, are given in Figure 7. 

The presence of inclined piles changes the shape of the 

residual bending profiles. Inclined piles induce a “C” shape 

curve while an “S” shape curve appears for vertical piles. For 

both configurations, the type of superstructure has an effect on 

the depth of the maximum residual bending moment. In the 

case of the inclined pile group, when a short building is 

supported the depth of the maximum residual bending 

moment increases from 4 to 6 pile diameter and almost 

constant for the strong earthquakes. The increase of the height 

of the gravity center increase the depth of the maximum 

residual bending moment:  it appears at a depth of around 6D 

for the first two small earthquakes and during and after the 

strong earthquakes, the depth increases up to 10D. Concerning 

the vertical pile group, when a slender building is supported it 

is difficult to identify the depth of the maximum residual 

bending moment due to the shape of the profile). However, it 

can be located at about 5 pile diameters when a short building 

is supported.  
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Figure 6: Normalized residual bending moment profiles  

 

Concerning the performance of inclined piles, for all 

configurations (type of superstructure and input), their 

presence increase the maximum residual bending moment in 

the piles. However the impact level depends on the type of 

superstructure, the base shaking and the loading history. It is 

shown in Figure 7 that for the first two small earthquakes the 

influence of inclined piles is similar for the two types of 

superstructures. When strong earthquakes are applied 

however, the effect of inclined piles is more pronounced when 

a short super-structure is supported. For the last two small 

earthquakes, the effect of inclined piles is more pronounced 

for the slender superstructure. This is certainly due to the 

accumulation of residual bending moments from the previous 

earthquake events. 

 
Figure 7: Normalized residual bending moments 

 

3.2.2 Total bending moments 

Figure 8 shows the envelop curve of the maximum total 

(residual + dynamic) bending moments normalized by the 

maximum total bending moment obtained in the case of the 

short building supported by the vertical pile group. Due to the 

presence of the residual bending moments the curves are no 

symmetric and it is difficult to define a general shape. 

Qualitatively speaking, the response of the vertical pile group 

is more significant. 

 

 
Figure 8: Normalized envelope curves of the maximum total 

resultant bending moments 

 

Figure 9 shows the ratios between the peak values of the 

total bending moment. The presence of inclined piles reduces 

the maximum total bending moment for both short and slender 

superstructures. However, the good performance of the 

inclined piles is influenced by the type of superstructure and 

the base shaking frequency content. A better performance is 

found for the short superstructure. Contrary to the slender 

superstructure, this performance is not influenced by the 

frequency of the base shaking. 

 
Figure 9: Normalized total bending moments at pile head 

 

3.2.3 Axial forces 

Figure 10 shows the normalized total axial force profiles for 

the different configurations. For the friction piles, a reduction 

of the axial force with increasing pile embedded depth is 

observed, although in some cases the axial force profiles are 

distorted. Due to small number of instrumented compression 

strain gauges it is difficult to precisely determine the shape of 

the axial force profiles. 

 
Figure 10: Normalized axial forces 

 

According the results shown in Figure 11, for both, short 

and slender superstructures, inclined piles introduce a smaller 

or equal axial force to the vertical ones. For both 

configurations, the increase of the gravity center results in 

more significant axial forces. 

 
Figure 11: Normalized maximum axial forces 

4 CONCLUSIONS 

In this study, the performance of inclined piles and the soil-

pile-superstructure interactions (SSPSI) are analyzed and 

discussed. Cross comparisons are carried out considering the 

presence of inclined piles and the position of the gravity 

center of the superstructure. The main conclusions are the 

following: 

1. Superstructures supported by inclined piles group have 

higher resonant frequencies. This is probably due to the 
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higher horizontal stiffness provided by the inclined 

piles. In addition, regardless the pile group 

configuration, an increase of the gravity center of the 

superstructure results in a decrease of the resonant 

frequency. 

2. For all the configurations tested, in terms of residual 

bending moments, inclined piles have a poor 

performance compared with the vertical piles. 

Furthermore the performances are influenced by the 

superstructure, the input and the loading history. 

3. For the same type of superstructure (short or slender), 

less total bending moment and axial force appear in the 

piles for the inclined pile configuration.  

4. For both inclined and vertical pile configurations, an 

increase of the gravity center induces higher axial 

forces in the piles.  

5. In terms of total bending moments, the presence of 

inclined pile reduces the maximum total bending 

moment below and above the soil surface. In addition a 

higher gravity center of the superstructure may have a 

beneficial effect on the performance of both inclined 

and vertical configurations. However this effect is more 

pronounced for vertical pile group. 
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ABSTRACT: In this paper, a frequency dependent impedance matrix for four adjacent rigid foundations resting on the 

viscoelastic halfspace is presented. The frequency dependent impedance matrix is developed using the integral transform 

method. Non-relaxed boundary conditions, without separation or sliding, between the soil and foundation are assumed. First, the 

compliances for one rigid foundation on the half space are calculated and compared with the results from the literature. Than the 

impedance matrix of a single foundation as well as the impedance matrix of four rigid foundations are obtained. The influence 

between adjacent rigid surface foundations resting on the half space is presented.  

KEY WORDS: Soil-structure interaction; Integral Transform Method; Impedance; Halfspace; Frequency domain; Wave-number 

domain; Foundation. 

1 INTRODUCTION 

Soil-structure interaction (SSI) is an important part of the 

dynamic analysis of structures. Although it is often neglected 

by assuming that the structure is mounted on a rigid bedrock, 

it is well known that the SSI can significantly change the 

structural response [1]. SSI can be taken into account by 

considering displacements of the soil in the soil-structure 

interaction nodes with the help of impedance functions at the 

foundations [2]. If we consider a system subjected to a force P 

with the resulting displacement u, the impedance of the 

system here is defined as the quotient of the load P to the 

response u. Impedance function is often presented as a non-

dimensional dynamic stiffness of the foundation against a 

non-dimensional frequency [3]. While the literature is focused 

on impedance functions of a single foundation, this paper 

describes the process of the calculation of impedance 

functions of a system of four adjacent foundations. 

The basis of the calculation of the impedance functions is 

the solution of the halfspace subjected to a dynamic unit force 

load. There are several methods established for solving this 

type of problem: Finite Element Method (FEM) [4], [5], Thin 

Layer Method (TLM) [6], Boundary Element Method (BEM) 

[7] and Integral Transform Method (ITM) [8]. In this paper 

ITM is chosen as the most appropriate method that provides a 

semi-analytical solution which fulfills the radiation condition 

and can easily be expanded to a layered medium [9].  

The main goal of this work is to develop a computer 

program for calculation of impedance functions of a single 

foundation and four coupled foundations on the halfspace 

using Matlab [10]. 

The schematic usage of ITM with the theoretical 

background is presented in the second chapter. The third 

chapter describes the procedure of obtaining the impedance 

functions for a single foundation and for the system of 

foundations. Chapter four deals with the comparison of the 

results of the numerical analysis between two different 

models: a single foundation and a system of four foundations. 

2 INTEGRAL TRANSFORM METHOD 

The Integral Transform Method is based on the analytical 

solution of Lamé’s differential equations of motion of the 

continuum: 

 2 ( ) ·      u u u    , (1) 

where  is mass density of the material, u is displacement 

vector and   and   are Lamé’s material constants through 

which the damping model is introduced, Eq. (2). 

 
1 2 1 2
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E E
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In Eq. (2) E  is elasticity modulus,   is Poisson’s coefficient 

and   is damping ratio. 

Lamé’s equations of motion (1) can be brought into the 

form of wave equations: 

 2 2

2 2

1 1
,         

p sc c
  ψ ψ  , (3) 

where the displacement vector is expressed by the scalar field 

  and the vector field ψ that have to satisfy the relation (4), 

according to the Helmholtz’s principle. 

   u    ψ . (4) 

In Eqs. (3) 
pc  and sc  are the velocities of the dilatational and 

shear waves, respectively. 

 
2 22

,p sc c


 
  

 
. (5) 

In order to find the solution of the system of equations (3) 

they are transferred from the space/time domain (x,y,z,t) into 
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the wave number/frequency domain (kx,ky,z,ω) by using 

threefold Fourier transform, Eq (6). 

 x yi( y t )

y

k x k

xf̂ ( ,k ,k ) f ( x, y,t )e dxdydt


  
 

  

   


 . (6) 

By assuming that ψz=0, the system of partial differential 

equations (3) becomes a system of three decoupled ordinary 

differential equations with six unknown coefficients of 

integration, C. Taking into account Sommerfeld’s radiation 

condition and the boundary conditions at the surface of the 

halfspace, the coefficients of integration are obtained. The 

connection between the displacement vector and the 

coefficients of integration is derived from Eq. (4) in the 

following form: 

  uˆ ·u A C , (7) 

where 
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ˆ û ,

ik 0 A

ik 0 B

ik iku Bˆ

 


  
   

 


  


  
     


 

u A C







, (8) 

and 

 

         

    2

2 2 2 2

1 x y p p

p

2 2 2 2

x y s s

s

k k k , k ,
c

k k k , k .
c

   

   







 (9) 

Once the displacements, u , in the transformed domain are 

obtained,  the displacements, u , in the original domain are 

calculated by using threefold inverse Fourier transform [11]: 
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ˆ· f ( k )e dk dk d .,k ,

  


  





  






 (10) 

The ITM is presented on Figure 1 [12]. 

 

 

Figure 1. ITM Scheme. 

 

3 IMPEDANCE FUNCTIONS 

3.1 Single Foundation 

The impedance functions are calculated in the Cartesian, three 

dimensional coordinates system. First, the dynamic flexibility 

matrix Ff of the soil is determined. The displacements of the 

surface of the halfspace are calculated for single unit 

harmonic forces in x, y, z direction at the surface of the 

halfspace, presented in Figure 2, using ITM. 

 

 

Figure 2. Load cases 

These load cases can be considered as a fundamental solution 

and can be established in the same manner for a layered half-

space.  

 

Figure 3. Shifting process - position 3 

Figure 3 and Figure 4 explain the process of obtaining the 

dynamic flexibility matrix Ff. Red grid defines the nodes of 

the soil, while the blue surface represents the displacements of 

the surface of the soil. On these figures, only the vertical 

displacements due to the vertical force are presented. If n 

nodes are assumed, the size of the flexibility matrix of the soil 

is (3n,3n). As the vertical displacement is the third component 

of the displacement vector, Eq. (8), Figure 3 shows the values 

of the third column of the dynamic flexibility matrix Ff. By 

shifting the blue surface to the arbitrarily chosen position j, 

the values of the 3jth column of the flexibility matrix are 

obtained, (Figure 4). Successively changing the position and 

direction of the unit force, leads to the dynamic flexibility 

matrix Ff  . 

 

Figure 4. Shifting process - position j 

The size of the area for which the halfspace displacements 

are calculated has to cope with the size of the problem. The 
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discretization in the wave number domain depends on the 

calculation frequency range and the soil characteristics, 

resulting in characteristic wave-lengths. Undesired effects of 

the Fourier Transform, such as aliasing [12], [12], [13] have to 

be considered. 

The dynamic stiffness matrix of the soil Kf is obtained by 

inverting the flexibility matrix Ff: 

 
1

f f

K F . (11) 

This step is very sensitive in a way that can easily cause 

important numerical errors, due to the flexibility matrix 

condition. 

In order to achieve the convergence of the results, a 

distributed load over a significantly small area is used instead 

of a unit force load. That could cause the flexibility matrix to 

be close to singular, as the load cases are overlapped. 

Therefore the displacements of the neighboring nodes, which 

correspond to adjacent matrix columns, are similar. Therefore, 

a new, coarser grid is introduced for the purpose of calculating 

the flexibility matrix. Besides that, the elements of the 

flexibility matrix are calculated as mean value of 

displacement over the chosen area around the nodes, instead 

of the single point value at the node location, Equation (12). 

 

ˆ( , )

ˆ F

F

u x y dF

u

dF






 (12) 

The dynamic stiffness matrix of the rigid foundation is 

obtained by using the energy principle that equates the 

deformation energy of the flexible and the rigid foundation, 

[14].  

 T T

f f r r
ˆ ˆˆ ˆP u P u . (13) 

It is adopted that the rigid foundation has six degrees of 

freedom, three translations and three rotations of the centroid. 
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The vectors of the nodal displacements ûf and ûr are related 

with kinematics matrix a: 

 =f r
ˆ ˆu a u , (15) 

where 

  t

1 i nxna a a a . (16) 

The submatrices ai are obtained by the kinematic 

consideration, as presented in Figure 5 and Equation (17). In 

Eq. (17), xi and yi are coordinates of the node A=i and O is the 

centroid of the foundation. The size of the matrix a is (3n,6), 

where n is the number of the foundation nodes. 

 

Figure 5. Kinematic transformation 
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a . (17) 

The relation between the nodal displacements and the 

corresponding force vectors for the flexible and rigid 

foundation is given by equations: 

 = f f f
ˆ ˆ ˆP K u , (18) 

 r r r
ˆ ˆ ˆ P K u . (19) 

Taking into account equations (13) and (15) the following 

relation is obtained: 

 T

r f
ˆ ˆK a K a . (20) 

Regarding previously adopted assumptions, the sizes of the 

matrices ˆ
fK  and ˆ

rK  are (3n,3n) and (6,6), respectively. 

The stiffness matrix of the rigid foundation Eq. (21) has the 

form of a diagonal matrix with non-diagonal elements 

regarding additional rotational stiffnesses to the horizontal 

translational stiffnesses, and vice versa. 
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3.2 System of the Foundations 

The procedure for calculating the impedance for the system of 

foundations is similar to the calculation of the impedance 

function of a single foundation. 

Once the displacements of the soil are calculated, the 

flexibility matrix of the system of the flexible foundations is 

obtained by using the shifting method described in the 

previous section. For the system of four foundations, where 

each one is divided into n nodes, the size оf the global 

flexibility matrix is (4×(3n,3n))=(12n,12n). The global 

stiffness matrix of the flexible foundations is obtained by 

inverting the flexibility matrix. The global dynamic stiffness 
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matrix of rigid foundations is calculated using the same 

kinematics principle, as for one foundation: 

 T

r f
ˆ ˆK a K a . (22) 

In Eq. (22) a  is a diagonal block matrix, consisting of 

kinematics matrices ,  ,  ,  I II III IVa a a a  for each foundation, 

given by Eqs. (16) and (17): 

 

0 0 0

0 0 0

0 0 0

0 0 0

I

II

III

IV

 
 
 
 
 
 

a

a
a

a

a

. (23) 

Therefore, the size of the matrix a  is (4×(3n,6))=(12n,24). 

Considering Equation (22) it is evident that the size of the 

stiffness of the system of rigid foundation is 

(4×(6,6))=(24,24). 

3.3 Dynamic Stiffness 

The stiffness matrix of the group of four foundations is 

calculated for every frequency inside the chosen interval. A 

dimensionless frequency is defined as: 

 
0

s

a
B

c



 (24) 

where   is the radial frequency, B is the half size of the 

foundation dimension and cs is the shear wave velocity in the 

soil. 

The dimensionless stiffness is defined as: 

 
0

K

c f
K

oef
  (25) 

where K is the observed dynamic stiffness and coeff is the 

corresponding coefficient of division. In the case of the 

translational stiffness, coeff  is defined as: 

 coeff GB  (26) 

where G=μ is the shear modulus of the soil, Eq. (2). 

In the case of rotational stiffness, coeff  is defined as: 

 3coeff GB  (27) 

4 NUMERICAL ANALYSIS 

The results of two numerical models are analyzed and 

compared. One model is a single foundation system, shown in 

Figure 6, while the other model is a system of four 

foundations, presented in Figure 7. 

 

 

Figure 6. Single Foundation Model 

 

Figure 7. Four Foundations Model 

In section 4.1 the dimensionless flexibilities Fj, j=h,v,r  

(compliance functions) are presented instead of impedance 

functions in order to be able to compare the results with the 

results from the literature [3]. However, impedance functions 

are more convenient for the analysis of the soil-structure 

interaction problems. Therefore, section 4.2 shows the 

comparison between a single foundation and a system of 

foundations, regarding impedance functions. 

4.1 Single Foundation Model 

Horizontal, vertical and rotational compliance functions of a 

single, square foundation are calculated using ITM. The 

results are compared with the results from the literature [3]. 

The damping ration ξ (treated as zero in [3]), is chosen to be 

2% in order to avoid numerical errors from spatial aliasing. 

Poisson’s coefficient ν is equal to 1/3. The foundation is 

square, B/L = 1. Real and imaginary values of the compliance 

functions are presented in the terms of dimensionless 

frequency a0 in Figures 8, 9 and 10, respectively. The dashed 

line presents the results from the literature [3], the solid line 

the results obtained by the method described in this paper 

(ITM). 

While the vertical impedances are equal compared to the 

results from the literature, Figure 9, the horizontal and 

rotational impedances show some discrepancies, Figure 8 and 

Figure 10. That might be due to the fact that horizontal and 

rotational impedances, obtained by using the procedure 

described in this paper, are coupled (Equation (21)), unlike 

those from the literature. 
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Figure 8. Real (Re) and Imaginary (Im) part of horizontal 

compliance for single foundation 

 

Figure 9. Real (Re) and Imaginary (Im) part of vertical  

compliance for single foundation 

 

Figure 10. Real (Re) and Imaginary (Im) part of rocking 

compliance for single foundation 

4.2 Four Foundations Model 

The influence of coupling of four foundations is analyzed 

using the model presented in Figure 7. All foundations are 

square (BxL=1x1m). The results are calculated for X=2m and 

X=5m. Soil properties are the same as in section 4.1. The 

symbols Fij
k, used in Figures 11 and 12 indicate the vertical 

compliance of the foundation i, in a group of k foundations, 

when the foundation j is loaded with a vertical force. The 

symbol Kij
k is used  for the impedances, likewise. 

Figure 11 shows the vertical compliance of the foundations 

2 and 3, when the foundation 1 is loaded and the distance 

between adjacent foundations is 2m. F21
4 has greater peak 

amplitudes than F41
4
 since foundation 2 is closer to foundation 

1. F31
4 is equal to F21

4 while F11
4 is equal to the vertical 

compliance of the single foundation system (Figure 9). 

 

Figure 11. Real (Re) and Imaginary (Im) part of vertical 

compliances for system of foundations, X = 2m 

 

Figure 12. Real (Re) and Imaginary (Im) part of vertical 

compliance F21
4 for system of foundations  

In Figure 12 the influence of the distance between 

foundations is examined. The vertical compliances of the 

foundation 2 due to the unit load at the foundation 1, F21, 

when distances between two adjacent foundations are X=2m 
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and X=5m is presented. It shows that the values of the 

compliance depend on the distance X and the frequency. 

The sign of the compliance function of the adjacent 

foundation depends of the wavelength of the shear waves of 

the halfspace. Therefore, compliance functions Fij
4, i≠j,  

oscillate around zero value (Figures 11 and 12). 

To validate obtained results, the ratio F11
4/F21

4 is calculated 

for the static loading case (a0=0), when the distance X 

between the foundations is 2m and 5m. The solutions 

proposed by Steinbrenner and Kany (SB-K) [15] are used.  

F11
4 for rigid foundation is calculated applying the Kany’s 

method of equivalent displacement of the flexible foundation. 

For F21
4 only the Steinbrenner’s method for flexible 

foundation can be applied. The comparison of the results is 

given in Table 1. The results can be accepted as satisfactory, 

since the applied method for the static solution, SB-K, is 

approximate in comparison with the solution obtained by 

ITM.  

Table 1. F11
4/F21

4 ratio 

X [m] SB-K ITM 

2 4.99 5.61 

5 13.19 10.92 

 

Figure 13 shows the vertical impedances of the foundation 1 

for a single and two coupled cases. There are just 

slightdifferences between K11
1 and K11

4 for X=5m. However, 

the differences became visible for smaller distance between 

foundations, X=2m. The mutual influence of adjacent 

foundations is more prominent for lower values of X so it 

affects the values of impedances.  

 

Figure 13. Real (Re) and Imaginary (Im) part of vertical 

impedance K11 

 Figure 14 shows the impedances K21
4 and K41

4 of the 

adjacent foundations 2 and 4, for X=2m, when the unit load is 

applied on the foundation 1. K31
4 is not shown since it is equal 

to K21
4. The absolute values of the real parts are more than  8 

times less than the real part of K11
4 , Fig. 13. The imaginary 

parts of K21
4 and K41

4 oscillate with a frequency taking 

negative values, opposite to the imaginary part of K11
4  which 

is always positive and ascendant with frequency.  

 

 

Figure 14. Real (Re) and Imaginary (Im) part of vertical 

impedance Ki1, X = 2m 

CONCLUSIONS 

Impedance functions are important input parameter for the 

soil-structure interaction analysis that can significantly change 

the structural response. They can be calculated using different 

numerical or analytical methods. This paper presents the 

procedure for determining the impedance functions of single, 

rigid square foundation on the halfspace, using the Integral 

Transform Method. The proposed procedure is extended to a 

system of four coupled foundations and the frequency 

dependent impedances of the soil-foundations system are 

obtained. 

Numerical results presented in this paper correspond to two 

different numerical models: a single foundation and a system 

of four foundations. In order to verify the proposed 

methodology, impedance functions of the single foundation 

system are compared with the results from the literature. The 

results of the comparison are satisfactory. 

The response of the system of the foundations shows that 

the mutual impact of the adjacent foundations decreases with 

increasing the distance. Still, the coupling of the foundations 

is weak, since they are not coupled with the structure, but with 

the soil only. 

The continuation of this research will include the influence 

of adjacent rigid foundations resting on the layered halfspace 

with parametric analysis regarding the influence of the effect 

of the soil layer depth, foundations mass, distance ratios and 

damping levels. 
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A 3D time domain SSI method based on half-space Green’s functions considering
internal soil attenuation
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ABSTRACT: This paper describes a numerical method based on athree dimensional boundary element-finite element (BEM-FEM)
coupled formulation in time domain. Proposed model allows to study soil-structure interaction problems. The soil is modelled with
the BEM, and the radiation condition is implicitly satisfiedin the fundamental solution. The FEM is used to represent thestructure.
This work uses the half-space Green’s functions, and the internal soil damping is considering directly in the time domain. The
half-space fundamental solution has singularities at the arrival time of Rayleigh waves. Effective treatment based onthe integration
into a complex Jordan path is proposed to avoid these singularities. BEM efficiency is improved taking into account the spatial
symmetry and the invariance of the fundamental solution when it is expressed in dimensionless form. Proposed method is verified
by comparison with analytical solutions.

KEY WORDS: Half-space fundamental solution, Internal soildamping, BEM-FEM coupling, Soil-structure interaction, Time
domain

1 INTRODUCTION

Soil-Structure Interaction (SSI) is a field of interest thatinvolves
structural analysis considering flexibility and damping due to the
soil. Induced vibrations by rotatory machines, dynamic effects
due to railway and road traffic, seismic problems, and dynamic
behaviour of foundation systems are examples where SSI is an
important issue. The effects of SSI are important and cannotbe
neglected in this type of problems [27]. Kausel [14] presented
an exhaustive review of the main developments in this topic.
Recently, Clouteau et al. [6] also reviewed different proposed
numerical models to study the dynamic behaviour of structures
on elastic media.

Numerical models based on the Boundary Element Method
(BEM) and the Finite Element Method (FEM) allow to study
SSI problems rigorously. The BEM [8] is especially suited
for the analysis of wave propagation in soils. Sommerfeld
radiation condition [9] is satisfied implicitly and the semi-
infinite character of soils is well considered. The FEM is very
useful to analyse the dynamic behaviour of structures taking into
account nonlinear effects [28].

BEM models in time domain usually use full-space funda-
mental solution due to its simplicity. Among other authors,
Rizos and Karabalis [22] presented a BEM model to study
general elastodynamic problems using the solution to Stokes’
problem within B-Spline polynomials. Schanz [25] proposed
a BEM formulation based on a fundamental solution in the
Laplace domain which is transformed at each time step using
the convolution quadrature method proposed by Lubich. Ara´ujo
et al. [1] developed a BEM model based in the time-marching
Wilson θ -method. Marrero and Domı́nguez [17] presented
a BEM formulation for the solution of transient problems
in bounded domains using an explicit full-space fundamental

solution [9]. After, Galvı́n and Domı́nguez [10] extended this
model to study wave propagation in unbounded regions.

The use of the BEM within a full-space fundamental solution
requires an additional discretization of the free field around
the interesting soil region to avoid cut-off errors relatedwith
the mesh boundaries. Therefore, the computational effort to
solve SSI problems using full-space solution is elevated. The
BEM within the half-space fundamental solution avoid this
problem due to the free field condition is implicitly satisfied
in the solution. Soil discretization is limited to those regions
differing either from the half-space geometry or the free field
condition. Then, soil representation in SSI problems concerns to
soil-structure interfaces and the computational effort isreduced.
However, fully general half-space fundamental solution isnot
available in explicit form.

Some solutions were proposed assuming some simplifica-
tions. Firstly, Pekeris [21] presented an explicit half-space
solution for a vertical load with Poisson’s ratio equals 1/4.
After, Chao [4] extended Pekeris’ solution for horizontal forces.
Also, Mooney [18] proposed expressions for an arbitrary
Poisson’s ratio for a half-space excited by a vertical load.
A general half-space fundamental solution was proposed by
Johnson [13]. In this work, the complete solution to the Lamb’s
problem was derived using the Cagniard-de Hoop method by
taking Laplace transform with respect to the time and the spatial
cartesian coordinate system. The solution were in implicit
form. Recently, Kausel [15] has provided a complete set of
expressions for the half-space solution.

The number of works that use the BEM within the half-space
fundamental solution in time domain is quite reduced. Two
works was found in the literature review. Firstly, Triantafyllidis
[26] presented an approach using Johnson’s solution [13]. This
work provides a physical meaning of the Green’s function terms.
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After, Bode et al. [3] proposed a BEM-FEM model to study SSI
problems.

The present work proposes a time domain BEM formulation
using the half-space fundamental solution presented by Johnson
[13]. The innovative of this work leads to the effective treatment
of the fundamental solution and its implementation in the BEM.
Green’s function for the Lamb’s problem has two kind of
singularities that should be properly solved to avoid unstable
solution. A detailed integration procedure of the solution
is presented. Also, internal soil damping due to material
dissipation is included in the solution.

The paper is organized as follows. Firstly, the half-space
fundamental solution is discussed, singularities are properly
treated, and the internal soil damping is added into the solution.
After, the BEM formulation within the half-space solution
is described emphasizing the time integration of the Green’s
function.

2 HALF-SPACE FUNDAMENTAL SOLUTION

This work uses the half-space fundamental solution proposed by
Johnson [13]. The solution for displacements is a second order
tensor,g(x, t;x′), that relates displacements at a pointx due to a
Heaviside load acting atx′. The tensor componentgi j expresses
the j displacement component caused by a load acting in
directioni. Figure 1 shows schematically the problem geometry,
whereθ is the direct emission angle,r is the distance between
the observation point and the source, andφ is the azimuth angle
between the reference directionx and the projection ofr on the
planez= 0.

x′

xθ
r

x

y

z

φ

Figure 1. Problem geometry.

The Green’s function for the half-space solution can be
expressed as follows [13]:

g(x, t;x′) = P(x, t;x′)+S(x, t;x′)+PP(x, t;x′)

+SS(x, t;x′)+PS(x, t;x′)+SP(x, t;x′)
(1)

whereP andS are tensors containing direct P and S wave fields,
andPP, SS, PS andSP concern to reflected P and S waves at
the half-space surface.

The solution of Equation (1) involves evaluation of expres-
sions as:

I =
∫ pw

0
ℜ




R
σ


 1√(

t
r

)2
− c−2

γ − p2




H

(
t − r/cγ

)
dp (2)

wherecγ is either the P-wave propagation velocity,cp, or the
S-wave propagation velocity,cs, σ is the Rayleigh function, and
the tensorR account for the contribution of different waves.
The integration is done fromp = 0 up to p = pw. The upper
integration limit depends on wave propagation velocities,and
the distance between the receiver and the source. The meaning
of these terms can be found in Reference [13].

Equation (2) exhibits two kinds of singularities. Firstly,a

weak singularity is found at the poles of
√
(t/r)2−1/c2

γ − p2.

A simple variable change allows an effective treatment of this
singularity [13]:

p=
(
(t/r)2− c−2

γ

)1/2
+w2 γ = p,s (3)

wherew is the new integration variable.
The second kind of singularity occurs when the direct

emission angle isθ = π/2, i.e., the source and the observation
point are located at the half-space surface, and the time step is
longer than the arrival time of the Rayleigh waves. This casehas
an important relevance in SSI problems, especially in surface
foundations. This singularity depends on the Rayleigh function
poles. The Rayleigh function is expressed as:

σ(p) =
[
1/c2

s−2(q2− p2)
]2
+

4(q2− p2)
√

1/c2
s− (q2− p2)

√
1/c2

p− (q2− p2)
(4)

and

q(p) =−t sin(θ )/r + i cos(θ )
√
(t/r)2−1/c2

γ − p2 (5)

wherei =
√
−1.

The homogeneous solution of the Equation (4) yields to the
Rayleigh poles,pR:

p2
R =

cot2 (θ )
c2

γ
+(−1/c2

R+ t2/r2)csc2 (θ )±

2t cos(θ )csc2 (θ )i
√

c2
γ/c2

R−1

cγ r

(6)

wherecR is the Rayleigh wave propagation velocity.
The Rayleigh poles results in a strong singularity that is

defined by the Cauchy Principal Value. Johnson [13] proposed
a refinement of the integration aroundpR using the Romberg
integration scheme. This procedure leads to an increase of the
computational effort and remains unstable for a direct emission
angle close toθ = π/2.

This work proposes an alternative procedure based on the
Residue Theorem to assess the integral defined by Equation
(2). This integral can be solved using a closed complex path
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to avoid the strong singularity (Figure 2). The integrationpath
is divided into a real path defined betweenp = 0 andp = pw,
a deformed branch that excludes the non-analytic points due

to P and S wave propagation velocities,pp =
√
(t/r)2−1/c2

p

and ps =
√
(t/r)2−1/cs2, and a complex path that closes the

integration contour. Then, Equation (2) is rewritten as follows:

0

ℑ(p)

ℜ(p)

arc

Deformed branch

pwpppspR

Figure 2. Complex integration path.

I =
∮

ℜ
{

R̂
}

dp= ℜ
{

2π i Res
(

R̂, pR

)
−

∫
de f.branch

R̂dp−
∮

arc
R̂dp

} (7)

where R̂ encloses the whole integrand in Equation (2), and

Res
(

R̂, pR

)
is theR̂ residue atp= pR.

Equation (7) is simplified taking into account that the kernels
over the complex path are conjugated:

ℜ
{∫

de f. branch
R̂dp

}
= ℜ

{
2
∫ pw

ps

ℑ{R̂}dp

}
= 0 (8)

Also, the residue of the integrand vanishes whenp = pR.
This fact is shown if the integrand̂R is divided in two parts,
ones containing the Rayleigh function,σ , and another one that
accounts for the rest,N. If the integration variable tends to the
Rayleigh polepR the following identity is obtained:

ℜ
{

2π i Res
(

R̂, pR

)}
= ℜ

{
2π i lim

p→pR
(p− pR)N/σ

}
=

ℜ
{

2π iN/σ ′
}
= 0

(9)

where theσ derivative at the Rayleigh pole, is purely imaginary
and the real part of the residue vanishes.

Finally, Equation (2) is written as follows considering
Equations (3) and (7):

I = ℜ



−

∮
arc

R
σ


 2√

−w2−2
√(

t
r

)2
− c−2

γ


H

(
t − r/cγ

)
dw




(10)

The Equation (10) does not show any kind of singularity and is
integrated by a simple quadrature rule.

This works considers the internal soil damping in addition to
the radiation soil attenuation, which is not a simple task ina time

domain formulation. In this case, an hysteretic model depending
on the angular frequency,ω , the distance between the source
and the observation point, and the S-wave propagation velocity
is considered:

gd(x,ω ;x′) = g(x,ω ;x′)e
−iξ ωr

cs (11)

where gd(x,ω ;x′) denotes the soil response considering the
internal damping, andξ is the hysteretic damping ratio.

Equation (11) is expressed in time domain by applying the
inverse Fourier transform:

gd(x, t;x′) = g(x, t;x′)∗
csrξ

π(r2ξ 2+ c2
st2)

(12)

where∗ represents time convolution process.
Equation (12) represents the half-space fundamental solution

considering internal soil damping. The proposed procedure
to assess the half-space fundamental solution is low time
consuming due to the analytic treatment of the singularities.
Subscriptd will be omitted from tensorgd in the next sections
for a simpler notation.

The traction solution,f, is evaluated using the constitutive
law for a linear elastic, homogeneous and isotropic solid and
computing the spatial derivatives of the Green’s function.

2.1 Numerical verification

The proposed solution is verified by comparison with known
analytical solutions. Pekeris [21] presented an explicit half-
space solution for a Heaviside load acting in the vertical
direction. After, Chao [4] extended Pekeris’ solution for a
horizontal load. Both solution are only valid for Poisson’sratio
ν = 1/4.

Soil response at a point located at 10m from the source was
analysed. Soil properties were: P-wave propagation velocity
cp = 519.6 m/s, S-wave propagation velocitycs = 300 m/s, and
densityρ = 1900 kg/m3. Three different internal damping ratios
were considered:ξ1 = 0, ξ2 = 0.02, andξ3 = 0.06.

Numerical results were computed through the non-stabilized
integrals defined by Equation (2) and the proposed solution
(Equation (12)). Figure 3 shows dimensionless displacement,
g̃(x,τ;x′) = g(x, t;x′)µrπ/P, whereµ is the transversal shear
modulus (µ = c2

s/ρ), andP is the load amplitude. Response
is represented versus dimensionless timeτ = tcs/r. Response
shows an initial perturbation at the arrival time of the P-wave
(τ = 0.57). After, maximum displacement is reached between
the arrival S-wave time (τ = 1) and the arrival of Rayleigh waves
(τ = 1.08).

Numerical solution obtained by means of the non-stabilized
Equation (2) shows an unstable behaviour after timeτ = 1.08.
This oscillation is eliminated using the proposed integration
path (Equation (10)), and the obtained results are in excellent
agreement with the analytical solution [4], [21]. The internal
soil damping leads to a smoother response around the different
arrival waves times.

3 BOUNDARY ELEMENT FORMULATION

This section presents the three-dimensional (3D) boundary
element formulation in time domain using the half-space
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Figure 3. Soil surface dimensionless displacement,g̃(x,τ;xi), for a point located atr = 10m from the source due to a Heaviside
load: (a)g̃11, (b) g̃31, (c) g̃22, and (d)g̃33. Analitycal solution (circles), non-stabilized solution(dashed black line), proposed
method for internal dampingξ1 = 0 (black solid line),ξ2 = 0.02 (dark grey solid line), andξ3 = 0.06 (light grey solid line).

fundamental solution previously proposed. The integral
representation of the displacementui for a point i on the
soil surface at timet, with zero body forces and zero initial
conditions may be written as [8]:

ci
lkui

k(x
i , t) =

∫ t+

0

∫
Γ

u∗lk(x, t − τ;xi)pk(x,τ)dΓdτ

−

∫ t+

0

∫
Γ

p∗lk(x, t − τ;xi)uk(x,τ)dΓdτ
(13)

whereuk andpk stand for thek component of the displacement
and traction, respectively;u∗lk(x, t−τ;xi) andp∗lk(x, t−τ;xi) are
the half-space fundamental solution displacement and traction
tensors, respectively, at pointx due to an impulsive load applied
at xi in l direction. The integral-free termci

lk depends only on
the boundary geometry at pointi, and take a unitary value at the
soil surface for a smooth boundary. For non-smooth boundaries
ci

lk is computed as presented in Reference [16].

Half-space fundamental solution for an impulsive load is
derived from the solution for a Heaviside load as:

u∗lk(x, t;xi) =
∂glk(x, t;xi)

∂ t
(14)

p∗lk(x, t;xi) =
∂ flk(x, t;xi)

∂ t
(15)

Displacements and tractions over the boundary are approxi-
mated at time stept = n∆t from their nodal valuesum j

k andpm j
k ,

using the space interpolation functionsφ j(r) andψ j(r), and the
time interpolation functionsηm(τ) andµm(τ):

ci
lkui

k(x
i , t) =

n

∑
m=1

Q

∑
j=1

{[∫
Γ j

∫
∆tm

u∗lk(x, t − τ;xi)µmdτψ j dΓ
]

pm j
k

−

[∫
Γ j

∫
∆tm

p∗lk(x, t − τ;xi)ηmdτφ j dΓ
]

um j
k

}

(16)

whereQ is the total number of boundary nodes andΓ j represents
the elements to which nodej belongs.

Time kernels in Equation (16) are analytically integrated by
parts using constant and linear piecewise time interpolation
functions µm(τ) and ηm(τ) for tractions and displacements,
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respectively:

Unm
lk =

∫
∆tm

u∗lk(x, t − τ;xi)µmdτ

= glk(x, [n−m+1]∆t;xi)−glk(x, [n−m]∆t;xi)

(17)

Pnm
lk =

∫
∆tm

p∗lk(x, t − τ;xi)ηmdτ = 1/∆t
{

Flk(x, [n−m+1]∆t;xi)

−2Flk(x, [n−m]∆t;xi)+Flk(x, [n−m−1]∆t;xi)
}

(18)

where F(x, t;xi) is the time integral of the traction tensor
f(x, t;xi). This integral is easily computed considering that
tensorf(x, t;xi) implicitly contains a time derivative [13].

After interpolating the boundary variables, the integral
equation (16) becomes:

ci
lkui

k(x
i , t) =

n

∑
m=1

Q

∑
j=1

{[∫
Γ j

Unm
lk ψ j dΓ

]
pm j

k −

[∫
Γ j

Pnm
lk dτφ j dΓ

]
um j

k

} (19)

Equation (19) is written in a more compact form as:

ci
lkuni

k =
n

∑
m=1

Q

∑
j=1

[
Gnmi j

lk pm j
k − Ĥnmi j

lk um j
k

]
(20)

Once the integral-free termci
lk is included in the system matrix,

the integral representation for pointi at timet = n∆t becomes:

Hnnun = Gnnpn+
n−1

∑
m=1

[Gnmpm−Hnmum] (21)

whereHnmi j
lk collects forci

lk wheni = j andn= m.
This work uses nine-node rectangular quadratic boundary

elements. Identical space interpolation shape functionsφ j (r)
andψ j(r) are assumed. The spatial integration is done only in
those parts of an element under the effects of the fundamental
solution waves, according to the causality condition of each
term of the fundamental solution [17]. Each side of the element
is divided into equal parts in the natural coordinate domain
yielding an element subdivision.

Equation (21) yields a system of equations that is solved
step by step to obtain the time variation of displacements and
tractions at the boundary. After boundary unknowns are solved,
the radiated wave fieldun

r at any internal point or at the free
field is computed by means of the integral representation of
Somigliana identity:

un
r =

n

∑
m=1

(
Gnm

r pm− Ĥ
nm
r um

)
(22)

where Gnm
r and Ĥ

nm
r are the boundary element matrices

computed considering only domain point as collocation points.
The BEM performance is enhanced taking into account

dimensionless forms of the fundamental solution,g̃(x,τ,xi) =
g(x, t,xi)µrπ/P, and the time vector,τ = tcs/r. Then,
the fundamental solution is computed as follows considering
cylindrical symmetry in the problem:

g̃cyl(x,τ;xi) =
µrπ
P


 g̃rr 0 g̃rz

0 g̃φφ 0
g̃zr 0 g̃zz


 (23)

Equation (23) is an antisymmetric second order tensor. The
fundamental solution only depend on the dimensionless time
if the direct emission angle isθ = π/2. Then, displacements
expressed in dimensionless form are not dependent on the
distance from the source to the observation point, and they are
computed just once. Several test have shown that the time
evaluation of the fundamental solution should be extended three
times after the arrival time of the Rayleigh wave, i.e.,τ = 4.32.

The fundamental solution is obtained transforming the
Equation (23) to cartesian coordinate system for each integration
element:

g̃ = Ωg̃cylΩT (24)

where Ω is the transformation matrix from cylindrical to
cartesian coordinate system:

Ω =


 cosφ sinφ 0

−sinφ cosφ 0
0 0 1


 (25)

3.1 Numerical validation

The proposed BEM formulation is validated studying the soil
response due to a point Heaviside load. Numerical results are
compared with the analytical solution presented by Pekeris[21].
This benchmark problem has been used previously by Rizos
and Karabalis [23], and by Romero et al. [24] using different
boundary element formulations based on full space fundamental
solutions.

Half-space hadcp = 519.6 m/s,cs = 300 m/s andρ = 1900
kg/m3. Three different internal damping ratio were considered:
ξ1 = 0, ξ2 = 0.02, and ξ3 = 0.06. The soil surface was
discretized by one boundary element with a characteristic length
∆l = 0.5

√
2/2m (Figure 4). The load,p(t) = 1H(t)N, was

applied at the central node of the element. Soil response was
computed at a semicircular grid of 5151 receivers located atthe
free field and inside the soil.

x

y

z

p(t)

l = 0.5

p(t)

t

1N

Figure 4. Half-space representation excited by a Heavisideload.

The BEM in time domain could be unstable for certain time
and spatial discretizations. Both discretizations are related by
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means of a dimensionless stability parameter,β = cs∆t/∆l .
Marrero and Domı́nguez [17] found that the range of this
parameter varying from 0.3 to 0.7 gives stable results. The
time step was set at∆t = 4×10−4s in order to avoid stability
problems. The selected time step and element size give a value
of the stability parameterβ = 0.34.

Figure 5 shows the time history of the soil response for a
point located at 10m from the source. Results are plotted
in dimensionless form as it was done in the previous section.
Numerical results are compared with the analytical solution
[21] in good agreement. The maximum discrepancies occur at
the arrival time of Rayleigh waves. The solution accuracy is
related with the distance between the observation point andthe
loaded element, due to the influence of load discretization by the
element shape function. Moreover, the time between the arrival
of the P-wave and the Rayleigh wave depends on the distance to
the observation point, being∆tcp−cR = 0.51r/cs (Section 2.1).
Therefore, it requires a thiner time discretization for computing
the transient response at nearer points. These conditions lead to
a reduction of the element size to ensure an accurate and stable
solution.

Figure 6 shows dimensionless soil displacements at timet =
0.0092s. Soil response exhibits two wave fronts due to P-waves
and S-waves at radial distancesrp = 4.8m andrs = 2.8m from
the source, respectively. Before these waves, the Rayleighwave
front can be found at a radiusrR=2.5m. Rayleigh waves govern
the soil surface response and their influence becomes lower with
soil depth, while P-waves and S-waves are predominant inside
the soil.

0.53

0.27

0.14

−0.12

−0.38

−0.63

P
S R

P

S

p(t)

Figure 6. Dimensionless soil response at timet = 0.0092s due
to a vertical point Heaviside load applied at soil surface.

4 COUPLED BEM-FEM FORMULATION

This work uses the BEM-FEM coupling procedure previously
developed by Galvı́n et al. [11]. The SSI problem is
decomposed in two subdomains represented by the BEM and the
FEM. Coupling of both methods requires that the equilibrium
of forces and compatibility of displacements are fulfilled at
the interface between the two subdomains. The coupling is
performed directly and the equations of both subdomains are
assembled into a global system of equations. The FEM equation
is solved at each time step following an implicit time integration
GN22 Newmark method [19], [28].
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ABSTRACT:  

The contribution is concerned with analysis of the near-surface dynamics of a coated elastic half-space subject to a vertical point 

load moving steadily at a constant speed along the surface of the coating. The developed approach relies on the long-wave 

asymptotic models for a coated half-space, aiming to extract the contribution of the surface wave to the overall dynamic 

response. Within the models the Rayleigh wave field at the surface is described by a perturbed hyperbolic equation, while the 

decay into the interior is governed by a pseudo-static elliptic equation. The explicit solutions of the moving load problem are 

obtained, and the associated numerical results are presented. The simplified formulation of the problem leads to some qualitative 

conclusions, for example, a classification of the cases, when the radiation from the moving source occurs, have been carried out, 

depending on the regime of the moving load and the sign of the linear coefficient of dispersion associated with material 

properties of the coating. The developed methodology may also be extended to media with advanced material properties, 

including the effects of anisotropy, viscosity, and pre-stress. 

KEY WORDS: Moving load; Coating; Near-resonant, Approximate model, Rayleigh wave. 

1 INTRODUCTION 

Mathematical modelling of moving loads on elastic structures 

is an important area having numerous industrial applications, 

for example, in high-speed train operation [1], etc. Qualitative 

analysis of the moving load problems for a coated half-space 

is highly non-trivial, due to a variety of physical parameters 

resulting in sophisticated dispersion phenomena. This justifies 

development of specialized approximate formulations. 

In this paper we rely on the long-wave asymptotic approach 

presented in [2], developing further the explicit model for the 

Rayleigh wave [3], which has been also successfully applied 

to moving load problems for elastic half-space [4,5] and also 

extended to mixed problems [6]. 

The model for the surface wave in coated half-space [2] 

provides a simplified hyperbolic-elliptic formulation for 

evaluating the contribution of the Rayleigh wave to the overall 

dynamic response. In this case the elliptic equations govern 

the decay over the interior, while the singularly perturbed 

wave equation at the surface corresponds to propagation of the 

surface wave.   

Our main focus is on the near-resonant regimes of a line 

point load moving steadily along the surface of a thin coating 

attached to a half-space. The studied plane strain problem in 

elasticity demonstrates several interesting features. For 

example, we observe a drastic effect of the problem 

parameters, including the speed of the load and dispersion of 

the surface wave, on the radiation of oscillating modes. These 

correspond to the real poles of the related Fourier transform. 

On using the limiting absorption principle, e.g. see [7-9], we 

deduce within the setup considered in the paper the cases 

when the contribution of the real poles has to be incorporated, 

namely, the combinations of super/sub-Rayleigh regimes 

combined with local minimum/maximum of the phase speed, 

respectively.     

The paper is organized as follows. The problem is stated in 

Section 2, the analytic treatment of the 2D problem of a point 

load moving steadily along the surface of a coating is carried 

out in Section 3, with some numerical illustrations presented 

in Section 4. 

 

2 STATEMENT OF THE PROBLEM  

Consider a coated elastic isotropic half-space, with the 

substrate occupying the region ,, 21  xx  

30 ,x   with the geometry of elastic coating given by 

,, 21  xx  3 0h x   . The loading at the surface 

of the coating is assumed to be prescribed in the form of a 

normal force moving steadily in the 1Ox  direction. 

Throughout this paper a long-wave assumption is adopted, 

meaning that the thickness of the coating is small compared to 

the typical wave length.  

The approximate formulation of the problem [3] contains 

pseudo-static elliptic equations over the interior 03 x  

 ,02
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k
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         (1) 

where
2

2
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  is the Laplace operator, ,  ,1  and 

2  are elastic potentials,  related to each other at 03 x by 

(for more details see [1, 2]) 
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and the constants ik  are given by 
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with  21,cc  and Rc  denoting the speeds of the longitudinal, 

transverse and Rayleigh waves, respectively. Surface 

dynamics is described by a singularly perturbed membrane 

equation at 03 x  
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is a material parameter of the substrate, with  denoting the 

shear modulus, and the constant  B  given by 
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whereas b  is the linear coefficient of dispersion depending on 

elastic properties of both of the coating and the substrate,  
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see also [11] for investigation of a sign of this coefficient. 

Here the quantities with subscript “0” are denoting the 

corresponding parameters for elastic coating, defined similarly 

to that for the substrate, and  

 .
20

10
0

c

c
             (7) 

It is also noted that the operator   in (3) is of pseudo-

differential type, for more details see [3].    

 

3 POINT MOVING LOAD ON A COATED HALF-

PLANE  

For the sake of brevity, we restrict our attention to plane strain 

problem. Let the point load move steadily along the surface of 

the coating at speed v  (Figure 1). 

 

 
Figure 1. Moving load. 

 

Then the elliptic equations (1) are reduced to  
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with surface behavior at 03 x  described by 
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along with the relation 
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Let us focus on the analysis of (9) now. Introducing the 

moving coordinate 

    vtx  1          (11) 

transforms Eq. (9) to the form 
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where 
2

2

1
Rc

v
 . It is clear from (12) that substitution 

0h  leads to corresponding results for a steady-state 

problem for a moving point load on an elastic half-plane [12], 

being a leading order Taylor expansion of the exact solution 

[13] around the resonant Rayleigh wave speed.  

Eq. (12) may now be re-written in terms of scaled parameters 
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The solution of the latter may be obtained through Fourier 

integral transform  
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The analysis of (14) clearly implies the two sub-cases since 

the integrand does or does not have poles on the real axe 

depending on the signs of b  and  . We remark that the 

positive values of   correspond to the sub-Rayleigh regime 

 Rcv  , while the negative   is associated with the super-

Rayleigh regime  Rcv  . The sign of the coefficient 

b depends on the combination of material parameters of the 

substrate and the coating, corresponding to local maximum 

 0b  or minimum  0b  of the phase speed in the long-

wave limit at R

ph cv  , for more details see [3]. 

 

3.1 Case 1. No poles  

Consider first the case of no poles 0b , which occurs 

either in the super-Rayleigh regime for a local maximum 

(Figure 2a) or in the sub-Rayleigh regime for a local 

minimum (Figure 2b). 

 

 
 

Figure 2. The 1k  vicinity of the dispersion curves  

(no poles) 

 

Then the integrand of (14) contains no poles, so the integral is 

readily evaluated as  
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are the integral sine and cosine functions, with 577.0  

denoting the Euler’s constant, see [14].  

In the limit   the expression (15) reduces to 

      
2

1
~


  .         (16) 

The other limit 0  gives 

       ,ln
1

~ 


           (17) 

confirming that the presence of the coating cannot prevent 

resonance at  Rcv  , a fact noted previously in [3].  

 

 

3.2 Case 2. Poles on the real axe  

The case 0b  of poles on the real axis of the integral (14) 

requires slightly more delicate treatment. It corresponds 

physically to the case of excitation of surface wave modes 

(due to points of intersection on Figures 3a and 3b). 

 

 
Figure 3. The 1k  vicinity of the dispersion curves  

(poles) 

 

Figure 3a corresponds to the super-Rayleigh regime and the 

local minimum of phase speed at the Rayleigh wave speed, 

while Figure 3b illustrates the case of the sub-Rayleigh regime 

and the local maximum. 

The integral (14) is now transformed as 
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In order to determine whether we need to incorporate the 

contribution of the real pole 
bh


  , we use the limiting 

absorption principle, see [7-10].  

Following a usual scheme, we substitute the shear modulus of 

the coating by 
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therefore, due to the properties of the Fourier transform 
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Then we deduce for the coefficient b defined in (6) that 
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hence, the pole 
bh


   would be transiting to the upper or 

lower quarter plane in cases of 0  and 0 , 

respectively.  

The contours for evaluation of the integral (18) are given by 

Figure 4  R . 

 
Figure 4. Contours of integration contours for (14) in the 

a) sub-Rayleigh regime; b) super-Rayleigh regime. 

 

Consider first the sub-Rayleigh case 0  (Figure 4a). Then 

if 0  the associated contour is covering the first quadrant. 

Then using the contour  
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Since the pole is not included in the upper contour, the 

integral over a closed contour OABO is zero, therefore 
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Changing variables to  i  results in 
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The case 0  may be treated in similar way, however, the 

pole will now be included into the contour, therefore, using 

the residue theory, the integral (18) results in 
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In the super-Rayleigh regime (Figure 4b) in front of the load 

at 0  the influence of the pole should be incorporated, 

therefore 
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whereas below the moving load  0  the contribution of 

the pole is not taken into account, resulting in   
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NUMERICAL RESULTS 

Let us now present some numerical illustrations of the 

obtained analytic results. Figure 5 contains the dependence of 

the scaled tangential stress   on the dimensionless moving 

coordinate   for the case of no poles on real axe (15) 

 
Figure 5. Surface dynamics (15) in the case 0b  (no 

poles).  

 

Figures 6 and 7 are depicting similar graphs for the cases of 

sub-Rayleigh and super-Rayleigh regimes, respectively. It 

may observed from Figures 6 and 7, that the oscillations occur 

in front or behind of the moving load in the case of super-

Rayleigh and sub-Rayleigh regimes. These may be interpreted 

physically as radiation from the moving source.    
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Figure 6. Surface dynamics (24, 25) in  

the sub-Rayleigh case  0,0  b  

 

 

Figure 7. Surface dynamics (26, 27)  in the  

super-Rayleigh case   0,0  b  

 

CONCLUSION 

The steady-state plane strain problem for a moving line load 

on a coated half-space has been analyzed in the paper. We 

remark that the application of the approximate formulation [2] 

provided clarity in classification of the regimes, which would 

be virtually impossible within the full classical formulation. 

The derived solution is expected to be valid when the speed of 

the load is close to that of the Rayleigh wave.  

Further extensions of the approach include treatment of 

coatings of more sophisticated properties, e.g. anisotropic, 

pre-stressed and visco-elastic. There is also a potential for 

development of the methodology for anisotropic half-space, 

see [15].   
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ABSTRACT: A rigorous computational procedure for the analysis of soil-flexible foundation–structure interaction is developed 

based on the finite element method. A model of the soil medium is constructed using the ACS SASSI platform and the discrete 

(in space), frequency dependent, impedance matrix of the system is obtained. The special purpose finite element program ACS 

SASSI takes into consideration the infinite extent of the soil medium by means of special energy absorbing boundaries. In 

addition to the above discrete impedance matrix, a complete set of simplified, continuous in space and frequency independent 

impedance functions are also presented in non-dimensional form. The above impedance matrices are used in a straightforward 

manner, in conjunction with specialized, e.g. ACS SASSI, or general purpose, e.g. ANSYS, FEM simulation platforms, for the 

frequency or time domain dynamic/seismic analysis of structures resting on flexible mat foundations.  

 

KEY WORDS: Soil-Structure Interaction, Structural Dynamics, Flexible Foundations, Impedance Matrix 

. 

1 INTRODUCTION 

During the last decades the problem of dynamic soil-structure 

interaction (SSI), has received considerable attention. The 

main research effort has been focused on the dynamic 

behavior of rigid foundations and some of the produced 

publications have become standard references in the field, e.g. 

Richart et al[1], Veletsos [2], Luco and his co-workers[3, 4], 

and Vaish and Chopra[5]. However, the study of flexible 

foundations, particularly extensive mat foundations, has 

received limited attention, e.g. Refs [6-8]. In contrast to rigid 

foundations, the study of which is based on classic 

fundamental solutions for the half-space, e.g. Ref [9], or 

discretization of the half-space by either the FEM, e.g. Ref 

[10], or the BEM, e.g. Refs [11, 12], the dynamic analysis of 

flexible foundations requires the discretization of both the 

half-space and the foundation itself, a task usually 

accomplished with the help of the FEM for both domains, e.g. 

Ref. [13], or the BEM, e.g. Ref. [12], or a combination of 

FEM and BEM, e.g. Refs [7, 14, 15]. Comprehensive reviews 

regarding foundation dynamics can be found in various 

sources, e.g., Gazetas [16], Beskos [17] and Karabalis [18].  

The problem under consideration consists of determining 

the dynamic response of linear flexible mat foundations 

resting on a homogeneous soil medium idealized as a linear 

elastic, isotropic half-space, using the proposed impedance 

matrix for the half-space. The FEM is used throughout this 

work and requires the discretization of both the half-space and 

the finite foundation slab. The half-space is simulated with the 

help of the computer code ACS SASSI [19] which, via the 

usage of transmitting boundaries, provides the means for 

efficient modeling of a semi-infinite medium. The 

superstructure, in this case the foundation slab, can also be 

modeled with ACS SASSI [19], thus providing for a total 

solution of the problem. However, the analysis of the entire 

soil-structure system can also be accomplished in two steps: 

(a) the impedances of a dense network of nodal points on the 

surface of the half-space are computed by ACS SASSI [19], 

and stored in a non-dimensional form, and (b) the above 

impedances are imported to any standard general purpose 

FEM code e.g., ANSYS [20], where the solution of the soil-

structure system can be solved for a variety of structural 

configurations and loading scenarios. Numerical results 

pertaining to half space impedances and dynamic analyses of 

flexible foundations, as well as comparisons with results from 

other published works are also presented in order to verify the 

accuracy and practical efficiency of the proposed 

methodology. 

. 

2 IMPEDANCE OF A HALF-SPACE 

The soil simulation in the computer code ACS SASSI [19] 

consists of two parts: (a) the original site model (“free field”) 

is assumed to consist of horizontal soil layers overlying either 

a rigid base or an elastic half-space boundary condition and 

(b) the boundary condition at the base of the “free field”. The 

material properties for the soil layer system are assumed to be 

viscoelastic, i.e. complex modulus representation of the 

stiffness and damping properties of each soil layer. In the case 

of a half-space simulation, as in this work, the same material 

properties are used for both parts of the model and the elastic 

half-space boundary condition is modeled using the variable 

depth method, where n extra layers are added to the base of 

the top soil layers. 

The thickness of each soil layer depends on the minimum 

wavelength λmin of the analysis and it should not exceed the 

value λmin/5. The total depth of soil layers depends on the 

discretized surface dimensions, and for the purposes of this 

work is extended to at least ten times the dimension of the 

discretized free surface. The total depth H of the added layers 

(simulating the half-space boundary condition under the “free 

field”), varies with frequency and is set to be equal to 1.5λ. 

The surface of the half-space is discretized using three-

dimensional quadrilateral thin shell elements. The nodes of 

the elements are the interaction points where the impedance 
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values are calculated. The maximum distance between these 

nodes is set to be lower than λmin/8. 

The steps of the analysis are: (i) every surface interaction 

point is consecutively loaded with a unit harmonic load in the 

direction of a specific degree of freedom, as shown in Fig. 

1(a), (ii) the half-space flexibility complex matrix is 

calculated for all interaction points as shown in Fig. 1(b) and 

(iii) the impedance matrix [ ( )]HK   is computed by inverting 

the flexibility matrix  ( )U   

    
1

( ) ( )HK U 


  (1) 

The complex dynamic impedance matrix can be written using 

the well known formulation 

      ( )H I IK i C     (2) 

where [KI] is the real part and ω[CI] is the imaginary part of 

the dynamic impedance. 

The impedances in this work are noted as Kij for real and 

Cij for imaginary parts where the first index denotes the 

direction of the unit source load and the second index the 

direction of the impedance at the receiver node. Plots of 

values for horizontal (Kxx, Cxx), vertical (Kzz, Czz) and rocking 

(Kθxθx, Cθxθx) impedances, as a function of the dimensionless 

distance d0 and frequency ω0, are presented in Fig. 2. The 

dimensionless frequencies ω0 is defined as  
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where R is the distance from the loaded point and Vs is the 

shear wave velocity of the half-space. The real part of 

impedance matrix is normalized using the static stiffness of a 

circular rigid surface footing of unit radius,  
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and the imaginary part is normalized using the following 

coefficients 
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where Gs and νs, are the shear modulus and Poisson ratio of 

the half-space, respectively. Impedance values are plotted as a 

function of the dimensionless distance d0, defined as 

 
2

0

s

ext

R G
d

F



 (10) 

where Fext is the external load. The range of dimensionless 

frequency values presented in Fig. 2 is related to usual seismic 

excitations. 
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Figure 1. (a). Unit harmonic loading of half-space surface 

nodal points, (b) Displacement field of the surface of half-

space. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Half-space impedances for translational, vertical and 

rocking oscillations as a function of dimensionless distance d0.   
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The real value of horizontal impedance (Kxx) presents small 

variation with the distance from the loading point and the 

frequency. The real value of vertical impedance (Kzz) depends 

on the distance from the loading point, but is practically 

independent of the frequency for any given distance from the 

loading point. The real value of rocking impedance (Kθxθx) 

depends on the distance from the loading point, but is 

practically independent of the frequency. 

The imaginary value of horizontal impedance (Cxx) presents 

similar behavior with the real value. The imaginary value of 

vertical impedance (Czz) increases with increasing distance 

from the loading point, and is sensitive to frequency variation. 

The imaginary value of rocking impedance (Cθxθx) increases 

with increasing distance from the loading point, and is 

sensitive to frequency variations. 

Using the values of the aforementioned impedances a 

discrete model for the half-space is developed. This model 

consists of “springs” and “dashpots” that correspond to the 

real and imaginary part of the half-space impedances. A 

complete set of continuous in space, and under certain 

conditions, frequency independent impedance functions is 

presented in Maravas et al [21]. This model can easily be 

imported to any general purpose FEM code where the solution 

of the soil-structure system can be obtained for a variety of 

structural configurations. 

 

3 SOIL – FLEXIBLE FOUNDATION INTERACTION 

In this work, the dynamic response of a flexible foundation is 

calculated using two distinct approaches. The first approach is 

based on a full soil-foundation model using the computer code 

ACS SASSI [19]. To this end, the discretization of the half-

space described earlier, is supplemented with the finite model 

of a flexible slab resting on the surface of the half-space, as 

shown in Fig. 3. It is assumed that each nodal point of the 

discretized foundation medium coincides with an interaction 

point of the half-space discretization. For the purposes of this 

work, a thin plate element is used for the foundation medium 

and separation (uplift) between the soil and the foundation is 

not allowed. The soil-foundation system can be loaded with a 

harmonic load at any nodal point and the frequency domain 

response (impedance) at any other nodal point can be 

computed following standard FEM procedures. The second 

approach, of considerable practical importance, is based on 

the non-dimensional impedances of the previous section 

which can be used, in the context of any commercial FE code, 

in this case ANSYS [20], to simulate the half space medium. 

Thus, on top of these frequency dependent “springs” and 

“dashpots” any structural model can be built and analyzed 

following standard FEM procedures. 

3.1 Presentation of Numerical Results 

Solutions are presented for a series of harmonic excitations of 

the soil-foundation system. The main system parameters are 

the dimensionless stiffness ratio K and frequency αo. The 

dimensionless stiffness ratio, expresses the relative stiffness 

between the soil and the foundation and is defined as [6] 
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Figure 3: Soil-Foundation System. Half-space and foundation 

modeled using FEM 

while the dimensionless frequency as  
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where Ef, νf, tf and B are the elastic modulus, Poisson ratio, 

thickness and length of the footing, respectively, while Gs, Vs 

and νs are the shear modulus, the shear wave velocity and 

Poisson ratio of the half-space and ω is the excitation 

frequency. 

In addition, the dimensionless displacement Δ is defined as 

[6] 
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where u is the displacement due to dynamic loading Fext. 

In Figs 4 and 5 the dynamic response of a square, flexible 

foundation slab, is shown. The response is obtained using both 

a full soil-foundation model in ACS SASSI [19], and a 

discrete model for the half-space in ANSYS [20]. The 

foundation is loaded with a harmonic concentrated vertical 

force at its center and the dimensionless vertical 

displacements, Δ, at three characteristic nodal points, i.e. 

center (loaded point), middle of side, and corner, are plotted 

versus the dimensionless frequency αο. The foundation 

response shown in Fig. 4 refers to a rather “soft” foundation 

(K=0.004) and the response shown in Fig. 5 refers to a rather 

“stiff” foundation (K=0.06). For comparison purposes, the 

corresponding responses found in Refs [6, 7] are also plotted 

in Figs 4 and 5, showing a good agreement between the 

various approaches. 

 

4 CONCLUSIONS 

Impedance values for horizontal, vertical and rocking 

oscillations of a half-space are computed and used as the basis 

for the foundation-soil interaction problem. As an example the  

soil-flexible foundation interaction is studied using 
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commercially available FEM platforms supplemented with the 

dimensionless and frequency independent impedances 

developed in this work. The main conclusions of this effort 

are: 

1) Impedance values of the half-space are practically 

frequency independent for relatively low excitation 

frequencies, at the neighborhood of the loaded point. 

2) In general, values of the imaginary parts of the 

impedances tend to be more sensitive to frequency 

variation, although this is observed at significant 

distances from the loading point. 

3) The proposed approach produces accurate results, in 

good agreement with those obtained by other 

methodologies. 

4) The proposed impedance matrix can be easily 

implemented to commercial FEM platforms making it 

a practical and efficient computational tool for a 

variety of soil-structure interaction problems.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Flexible footing dynamic response versus frequency. 

(K = 0.004, νs = 0.45) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Flexible footing dynamic response versus frequency. 

(K = 0.06, νs = 0.45) 
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Strain localization of a road embankment founded on soil substratum due to seismic
loading
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ABSTRACT: The main purpose of this work is to study the response of an excavated road embankment resting on a soil substratum
and imposed to earthquake loading. Different parameters which influence strain localization and lead to the collapse ofthe structure
are examined through a dynamic analysis, with a FE software.On one hand, this study deals with the influence of the input seismic
signal on various parameters, such as peak ground acceleration, displacement and strain localization of the road embankement. On
the other hand, mesh dependency is investigated under dynamic loading. Thereafter, three different types of meshes arecreated for
the numerical model so as to define the zone and the onset of localization. Through this work, a shear band in which deformations
localize is detected close to the embankment’s slope and mesh dependency is only observed in terms of intensity, as the coarser the
mesh, the higher the strains in that zone.

KEY WORDS: Road embankment; Seismic loading; Dynamic analysis; Strain localization; Mesh dependency.

1 INTRODUCTION

In the field of civil engineering, particularly in geotechnical
engineering, localization phenomena are observed in most
structural failures and can cause both huge material and human
damage. According to [1], for static loading, experimental
studies (triaxial tests) have shown that a shear band mechanism
takes place suddenly just before the peak in the load-
displacement curve and mesh dependency of this band is
reported by [2] with FE numerical simulations.

Dynamic strain localization was introduced by [3] after
numerical experiments of a rectangular specimen subjectedto
uniform axial velocity-jump. As cyclic loading can also be
associated with localized failure modes, determining the extent
of the layer of strain localization which affects the equilibrium
of the structure, as well as the onset of localization, is needed.

The purpose of this work is to investigate the failure mode
of a road embankment resting on a soil substratum and to
identify the parameters which influence strain localization and
lead to premature collapse of the structure. In order to study the
earthquake-induced strains and the importance of the behavior
of both soil profile and road embankment, a two-dimensional
plane-strain finite element model has been created. Two soil
types (soil foundation and road embankment) compose the
model.

More precisely, a constitutive model developed atÉcole
Centrale Paris, known as ECP model [4], that can represent soil
behavior due to cyclic loading has been implemented into the
open-source finite element (FE) software CodeAster (Version
11.4) developed by EDF (see http://www.code-aster.org), to
study the aforementioned problem.

In the first Section of this work, the numerical model and
the dynamic loading are presented. Thereafter, a parametric

dynamic analysis is perfomed, so as to examine the influence
of the input seismic signal on several parameters, such as peak
ground acceleration, horizontal displacement and deviatoric
strains. In the last part of this study, the effect of the
Finite Element mesh refinement on the failure mode and strain
localization is tested for the road embankment under dynamic
loading.

2 NUMERICAL MODEL

2.1 Geometry - Boundary conditions

The model consists of a road embankment composed of a loose
dry soil and placed over a dense dry soil substratum. The total
thickness of the loose soil profile is 2m, while the foundation’s
thickness is 8m. The embankment’s slope inclination is equal to
1:2 (vertical:horizontal). The dimensions of the model andits
geometry are presented in Fig. 1(a).

Lateral horizontal displacements are blocked (dx=0) and the
substratum is founded on a rigid base (dx=dy=0). These
boundary conditions are equivalent to those of a centrifugetest.

The model was constructed in three steps. First, a
static analysis was performed in order to proceed to stress
initialization. Afterwards, an excavation took place at the right
upper part of the embankment and a second static analysis was
carried out. The last step was the dynamic analysis, so as to
impose the input seismic signals. The fundamental period ofthe
structure is T=0.12s.

The results at representative points, away from the inclined
part of the embankment, are provided in the following dynamic
analysis: one at the crest (P1, h=10m), one at the middle of
the soft soil layer (P2, h=9m) and one at the interface soil-
foundation (P3, h=8m), as shown in Fig. 1(b). Moreover,
two horizontal sections were taken into account, S1 close to
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Figure 1. a) Illustration of numerical model and b) Selected
points for the dynamic analysis.

the surface (h=9.5m) and S2 close to the interface (h=8.5m),
so as points P4 and P5 belong to S1 and S2, respectively. Pre f

stands for a reference point, considered to be stable and used to
calculate relative displacement.

2.2 Finite Element mesh

Intending to best evaluate the sensitivity of results to theFinite
Element mesh, three different meshes were created using 3-node
triangular elements:
• Mesh 1 (fine-11409 nodes-Element’s length=0.1m)
• Mesh 2 (fine-8022 nodes-Element’s length=0.125m)
• Mesh 3 (coarse-4040 nodes-Element’s length=0.25m)

The refinement of mesh corresponds to the layer of loose soil
and to the upper part of the foundation (at a height 6-8m of the
dense soil layer), as shown in Fig. 2.

Figure 2. Meshes.

The implicit method of Newmark integration is used for the
dynamic analysis. Numerical damping equal toξ = 0.2% is
added to the model, as the set of integration parameters used
is β = 0.31 andγ = 0.61. Since, the model is elastoplastic, no
damping exists in the elastic domain and numerical damping
should be added.

2.3 Mechanical characteristics

As mentioned before, the ECP elastoplastic multi-mechanism
model [4], is used to represent soil behavior due to cyclic

loading. This model can take into account soil behavior
in a large range of deformations. The representation of all
irreversible phenomena is made by four coupled elementary
plastic mechanisms: three plane-strain deviatoric plastic
deformation mechanisms in three orthogonal planes and an
isotropic one. The model uses a Coulomb-type failure criterion
and the critical state concept. The evolution of hardening is
based on plastic strain (deviatoric and volumetric strain for the
deviatoric mechanisms and volumetric strain for the isotropic
one). To take into account cyclic behavior both isotropic and
kinematical hardenings are used. An implicit integration scheme
is used for the equations of the model [5]. Elastic mechanical
characteristicsE, ν must also be defined, as the model takes
into account nonlinear elasticity.

In Fig. 3(a) and 3(b), the curves of deviatoric stress -
deviatoric deformation (q-εd) and volumetric deformation -
deviatoric deformation (εv-εd) are traced for the two materials,
after drained triaxial test simulation.G/Gmax− γ and D− γ
curves are generated by model simulations after shear drained
test (Fig. 3(c)). The triaxial and shear tests were carried out
at confining pressures corresponding to the average geostatic
pressure of each layer, ie -75kPa and -1.5kPa for the dense and
loose material, respectively.

2.4 Input motions

In order to test the dynamic response of our model and to
define representative input motions, a soil column with similar
characteristics of those of dense soil (substratum) was subjected
to 54 real and synthetic ground motions chosen from the Pacific
Earthquake Engineering Research Center (PEER) database.
• 14 unscaled ground motions recorded in California, with
distance R>15km and magnitude M<7.1 [6] (real earthquakes
of low magnitude).
• 20 unscaled ground motions recorded in California as well,
based on “short distance-high magnitude”, with M range 6.7
to 7.4 and R range 20 5km [7] (real earthquakes of medium
magnitude).
• 20 synthetic strong seismic motions [8].

The peak ground acceleration (PGA) in free field was
calculated as function of the maximum acceleration of the input
signal (abed,max) for the aforementioned ground motions and it
can be noticed that the non linear area is reached for medium
and strong ground motions, as the points form almost a parabolic
curve (Fig. 4). Most of the points are close to the line 2:1, which
means that the ratio between PGA andabed,max is almost equal to
2, however there are some points between the lines 1:1 and 2:1,
ie the ratio between PGA andabed,max decreases and the points
form the parabolic curve of a non linear behavior.

Consequent to these results and in order to obtain a variety
of results for the nonlinear response of the embankment, the
following choice of ground motions was made:
• 2 low seismic motions (abed,max=0.09g, 0.15g),
• 3 medium seismic motions (abed,max=0.26g, 0.4g, 0.6g),
• 2 strong seismic motions (abed,max=0.88g, 0.98g)

3 DYNAMIC ANALYSIS

The selected seismic motions in Section 2.4 were imposed
to the model and a dynamic analysis was perfomed for the
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Figure 4. PGA -abed,max for the soil column.

embankment with the fine mesh (Mesh 1). The influence of the
input seismic signal on acceleration, displacement, stability and
deviatoric strains was examined.

3.1 Acceleration

The PGA was calculated for the three points mentioned before
(see Fig. 1(b)) and in Fig. 5 a non linear curve similar to the
one obtained for the soil column (Fig. 4), is traced. For all
strong motions, the failure of the embankement came before
the seismic signal reached its maximum acceleration. This can
be explained as an effect of the occurence of consecutive great
accelerations and of the accumulation of deformations during
cyclic loading, which can produce the embankment’s collapse,
even if the maximum acceleration has not been reached yet.

Additionally, from the comparison among relative acceler-
ations of each point, it can be generally concluded that for
low or medium seismic motions the measured acceleration is
almost the same at any position in the embankment or slight
differencies exist as the upper part of the embankment seems
to accelerate more. On the contrary, for stronger motions, in
the lower part, close to the interface, are observed the greatest
values of acceleration, as it is highly nonlinear and it collapses
after the earthquake.
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Figure 5. PGA -abed,max for all points.

In order to examine the assumption made above, the interface-
to-crest spectral amplification ratio is compared for one low and
one strong seismic motion, as described by [9]. From Fig. 6 it
can be remarked that for low seismic motion there is a greater

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

683



amplification of the crest, while for a stronger one the ratiois
lower than 1, which means that the interface accelerates more,
as the embankment tends to lose its shear stregth and to fall
down. For high frequencies, an amplification for the strong
motion is observed, though. A benchmark of 0.3-0.35g seismic
acceleration can be estimated in order to define a limit wherethe
interface starts to accelerate significantly compared to the upper
part of the embankment.

Note that in terms of frequency, no great differences are
detected between surface (P1) and interface (P3).
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Figure 6. Spectral amplification ratio.

3.2 Displacement

Relative horizontal displacement as function of time for a
point (P4) close to the inclined part of the embankment (see
Fig. 1(b)) was calculated for each seismic motion and it is
observed that for every input seismic signal, independently
of its intensity, displacement increases abruptly at the same
time with the peak of seismic motion. An example for a
medium seismic motion (abed,max= 0.26g, see Fig.7(a)) verifies
the aforementioned statement, as it can be remarked that the
greatest displacements in Fig.7(c) are reached at the same time
with the signal’s peaks. Fig. 7(b), where the normalized value
of Arias intensity (Eq. 1) -a measure of the strength of a
ground motion- is calculated, depicts that until the instant of
the maximum displacement (t=12s), 75% of earthquake’s total
intensity has been accumulated. Arias intensity serves as an
index of energy in order to choose representative instants of the
motion, as the same signal will be used for the dynamic analysis
of this Section.

IArias =
π

2 ·g
·
∫ T

0
a(t)2dt (1)

The relative horizontal displacement of several points
belonging to the horizontal section S1 is traced in Fig. 8 forthe
total time of the earthquake. The greatest values of horizontal
displacement are observed at the right part of the embankment
(at a distance of x=6-7.5m from the left lateral surface). The
peaks appear at the same time of the seismic signal’s peaks, as
already mentioned.

Thus, in Fig. 9, the total displacement of the embankment
is illustrated at the end of the motion and additionally to the
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Figure 7. a)Accelerogram of input medium seismic signal,
b)IArias intensity and c)Displacement-Time history

horizontal movement of the right part, settlement of left side is
observed.

Furthermore, we should emphasize on the fact that all
strong motions caused the total collapse of the embankment as
progressively it was leaded to large displacements (urel ≥20cm).
Despite a low percentage of accumulation of earthquake’s
energy until the collapse, the embankment fell down beacause
of strong accelerations. According to the performed dynamic
analysis, it can be estimated that collapse of the embankment
should be expected after earthquakes with acceleration greater
than 0.65-0.7g.
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Figure 9. Displacement (t=end).

3.3 Stability

The stability of the same horizontal section was tested by
calculating the second order work ( d2W = σ̇ : ε̇) [10], [11].
The road embankment is supposed to be unstable if the second
order work reaches negative values. So, it is clear in Fig. 10,
that the excavation, made at the beggining, induces a temporary
instability (t=0s), which disappears gradually. The intensity of
seismic motion is related to embankment’s stability, as at the
time of the main acceleration peak (t=9.8s) (see Fig. 7(a)) the
whole embankment tends to become unstable, while its right
part close to the ramp (at a distance of x=6-7.5m from the left
lateral surface) remains unstable until the end of seismic motion
(t=40s). At the same moment of the appearance of instabilities,
the maximum values of displacement were reached (see Section
3.2), so it can be estimated that the stability of the embankment
is related to the increase of horizontal displacement. The left
side is also affected by the motion and seems to be unstable
(t=9.8s), as settlement was indicated in Fig. 9. Note that
the illustration of second order work reflects only an image of
instability at specific instants of the motion as an approximation
of structure’s behavior and it cannot represent the evolution
during the earthquake.

3.4 Strain localization

In order to detect the moment of the onset of strain localization,
the profile of second invariant of deformation (deviatoric strain
||εd||, Eq. 2) as function of time was traced for different points
belonging to the horizontal section S1 and it is used as an index
of strain localization.
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Figure 10. Stability of road embankment.
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Figure 11. Deviatoric strain along the horizontal section S1.

Fig. 11(a) denotes an appearance of a zone of slight
localization, detected at a distance of x=6.5-7m, which starts to
increase progressively after the first peak of the seismic motion
(t=4.5s), but the greatest values are obtained after the main peak
(t=12s) when maximum acceleration of the input signal arrives
and large displacements of the embankment appear. Deviatoric
strain remains constant until the end of the seismic motion (the
curve of t=12s coincides with the curve of t=40s), as localization
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is related to accumulation of plastic deformations. The obtained
values ofεd (4-5%) are low enough in order to considerate an
intense strain localization, so in Section 4.2, mesh dependency
of strain localization will be tested for a stronger motion.

4 MESH DEPENDENCY

The second part of this study deals with the sensitivity of
failure pattern to the mesh and the same dynamic analysis was
performed for the other two meshes. As it is described in Section
2.2, “M1” stands for mesh 1 - finest mesh, “M2” for mesh 2 -
fine mesh and “M3” for mesh 3 - the coarse one.

4.1 Acceleration - Displacement

The comparison of measured acceleration and displacement for
all meshes is displayed in this Section, using results of the
medium seismic motion (Fig. 7(a)). In terms of acceleration
and frequency, no great difference is observed among the results
of the 3 meshes, as demonstrated in Fig. 12(a) at the point
P4, although in Fig. 12(b), a decrease of relative horizontal
displacement is pointed out for the finer meshes.
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Figure 12. a)Mesh comparison for medium seismic motion.

4.2 Strain localization

As mentioned in Section 3.4, localization phenomena are tested
for another medium earthquake, stronger from the previous
one (abed,max=0.4g), in order to investigate the influence of the

input signal to deviatoric strain (see Fig. 11(b)). A zone
of localization (εd ≃ 15%) whose values increase gradually
until the end of the seismic motion (t=25s) because of
the accumulation of plastic deformation is clearly observed.
Representative instants of the motion were chosen according
to Arias intensity, thus at the first instant (t=7.6s), 40% of
earthquake’s energy is accumulated, while at t=11.7s we obtain
double energy (80%).

Consequently, it can be remarked that a shear band appears
clearly for medium to strong seismic signals withabed,max ≥
0.3-0.35g and mesh dependency will be tested for this stronger
motion. The comparison between fine and coarse mesh (Mesh
1-Mesh 3) is illustrated in the following figures, as the results of
Mesh 2 are close enough to those of Mesh 1.

Figure 13. Mesh dependency of strain localization.
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Figure 14. Mesh dependency of strain localization along
horizontal sections.

In Fig.13, the profile of deviatoric strain is presented and
a decrease in amplitude of deviatoric strain is observed when
finer mesh is used. The width of localization zone seems to be
stable for both meshes. Furthermore, in Fig. 14 the evolution of
deviatoric strains along the horizontal sections S1 and S2 at the
end of the motion is demonstrated. No change of the width of
localization zone is observed for both sections, but an increase
of deviatoric strains appears for the coarse mesh.

According to [12], the accumulation of shear induced energy
in the hysteretic loops is calculated and presented in Fig.15 for
several points. An increase of dissipated energy is observed for
points P4 and P5, which are situated in the localization zone.
Moreover, almost 3 times greater dissipation of energy occurs
when using the coarse mesh.
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Figure 15. Shear induced energy.

Mesh refinement provides a better approximation and
repartition of shear strain and energy at the elements. Whereas a
coarse mesh attempts only an estimation of the result, sincethere
are not enough elements to capture slight changes of stresses.
Hence, greater values were obtained for the coarse mesh, as
accumulation of strain and energy took place in a small number
of elements.

5 CONCLUSIONS

This work provides an analysis of dynamic response of an
embankment, as it concerns the influence of the seismic signal
and mesh dependency of results. The following conclusions
were drawn based on this study:
• The parametric analysis with seismic signals of various in-
tensity shows that the embankment cannot afford an earthquake
stronger than 0.65-0.7g and it collapses.
• The acceleration measured at different positions of the
embankment demonstrates that with low or medium seismic
signals (up to 0.3-0.35g) the crest of the embankment
accelerates more, while for stronger motions (greater to 0.35g),
the maximum acceleration is observed at the interface of the
embankment with the foundation. This statement can be
explained as the embankment tends to be cut off.
• A peak of horizontal displacement is always observed at the
same time with the peak of the input signal. A zone close to
the upper part of the ramp (at a distance of 6-7.5m from the left
lateral surface) can be distinguished as the most affected of the
earthquake in terms of horizontal displacement and settlement
at the left side is detected, as well.
• The embankment remains sufficiently stable during the
ground motion and only the aforementioned zones become
unstable after the seismic peak.
• Strain localization appears clearly for medium to strong
seismic signals withabed,max≥0.35g.
• Deviatoric strains increase gradually with the main motionof
the earthquake and localization phenomena are detected close to
the embankment’s slope.
• The overall conclusion is that no significant mesh dependency
is observed under dynamic loading for the soil and geometry
given, contrary to the results presented by [2] for static
loading. Nevertheless, it can only be deduced that with a finer
mesh the percentage of deviatoric strain decreases, as better
approximation and strain and energy distribution is provided.

PERSPECTIVES

The different aspect of the used meshes is focused on the
quantity of nodes and elements (element’s length). So, mesh
dependency can also be tested for several types of elements or
orientation.

Dynamic analysis can be perfomed for a coupled hydrome-
chanical model so as to determine if mesh dependency occurs.

This work can be considered as a first step for dynamic
analysis of large scale structures, such as the seismic response
and localized failures of earth dams.
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ABSTRACT: Single pile foundations have been widely used as a support solution for offshore wind turbines (OWT), where the 

design has been driven towards large diameter monopiles in order to satisfy the deformation limitations in the superstructure. 

The aim of the current study is to illustrate the effect of the dynamic soil-pile-interaction on the natural vibration characteristics 

of the flexibly supported structure. For this purpose a two-step iterative procedure has been developed based on two analytical 

solutions. The frequency dependent dynamic stiffness and damping coefficients are taken into consideration after a rigorous 

solution of horizontal soil – pile vibration, while the modified SSI eigenperiod and damping are calculated accounting for the 

cross coupling stiffness and damping terms of the soil – pile system. Disregarding the off diagonal terms is considered 

inappropriate since it results to non-conservative overestimation of the eigenfrequency and underestimation of damping 

especially for small slenderness ratios and high flexibility factor of the soil – pile system (short, rigid piles). The observed trends 

become even more prominent as the height of the slender structure increases. The effect of the monopile foundation properties 

on the natural vibration characteristics was also examined. The influence of the frequency dependent impedances was proven 

significant, since the modified SSI eigenfrequency decreased substantially, when the structural eigenfrequency was set between 

the first and the second eigenfrequency of the soil layer. 

KEY WORDS: SSI eigenfrequency; SSI damping; soil-pile interaction, Offshore wind turbines. 

1 INTRODUCTION 

Dynamic soil-structure-interaction is a phenomenon affecting 

the response of structures subjected to dynamic loading, the 

latter arising from earthquakes, impacts, explosions, or 

environmental conditions like wind. The effect of the soil 

properties and the soil-foundation-structure interaction, in the 

estimation of the eigenfrequency and damping (natural 

vibration characteristics) is of primary interest. Slender 

structures like offshore wind turbines (OWTs) are subjected to 

dynamic loading, while the site and soil specific conditions 

should be accounted for, as delineated in certification and 

design guidelines [1].  

Moreover the accurate estimation of the natural vibration 

characteristics of OWTs becomes critical given the narrow 

window of target design eigenfrequencies, which is left 

between the rotor and the blade passing frequency. Therefore 

recent research has been directed towards the development of 

analytical and experimental methods allowing for the 

calculation of the eigenfrequency of the wind turbine, while 

incorporating also the influence of the foundation stiffness 

[2,3,4]. With the majority of the installed offshore wind 

turbines being supported by monopiles, the soil-pile-

interaction has been incorporated in the adopted modelling, 

while the effect of different approaches has been also 

examined [5,6]. Three major modelling approaches have been 

identified in the aforementioned studies: (a) the apparent 

fixity model, where the soil – pile system is replaced by an 

equivalent cantilever beam, (b) the coupled or uncoupled 

(translational and rotational) springs model (elsewhere 

referred as stiffness matrix model), and (c) the distributed 

springs model. The first two modelling approaches rely on the 

former analysis of the soil – pile interaction and the estimation 

of the corresponding stiffness coefficients at the mudline. The 

resulting impedances provide the basis for the calibration of 

the corresponding model parameters, leading thus to a two-

step procedure.  

The motivation of the current study emerges from the 

design of OWTs, which resembles the case of slender 

structures supported by single, large diameter pile 

foundations. A rigorous analytical formulation is presented, 

which comprises of two coupled analytical solutions, the first 

one providing the dynamic impedances of the soil-pile system 

and the second one the modified SSI eigenperiod and 

damping. Thereafter an iterative procedure considering the 

variation of the dynamic stiffness and damping coefficients 

with frequency is followed. The effect of the pile diameter, 

slenderness ratio, and relative flexibility is further discussed 

giving special consideration to the height of the structure. 

 

2 ANALYTICAL FORMULATION 

The substructuring method has been employed in the current 

study to analyze the dynamic soil-structure-interaction (SSI) 

of slender structures, an approach which has prevailed the past 

decades in the earthquake response analysis [7]. The 

analytical formulation of the problem comprises of two steps: 

(a) dynamic response analysis of the soil-pile system and (b) 

dynamic equilibrium of the flexibly supported structure. The 

first step provides the frequency dependent dynamic 

impedances at the pile head, which represent the required 

stiffness and damping properties at the foundation of the 

structure, while the SSI eigenfrequency and the damping are 
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calculated in the second step. A schematic illustration of the 

analytical formulation of the problem is shown in Figure 1. 

The coupling of the two analytical approaches is justified by 

the linear elastic response of the soil and all the structural 

components of the problem. Furthermore the estimation of the 

natural vibration characteristics (eigenfrequency and 

damping) allows for the consideration of harmonic loading. 

The dynamic soil-pile-interaction has been investigated by 

several researchers while the employed models differentiate in 

the implementation and definition of the soil resistance to 

dynamic loading. The most popular approach is the beam on 

Winkler foundation, wherein the pile is considered as a beam 

embedded in soil and the soil resistance as independent elastic 

springs distributed along the pile. By including the inertial 

terms in the differential equation of the static lateral pile 

response [8], analytical solutions for the dynamic response 

have been derived [9,10]. The major shortcomings of this 

method in the case of dynamic response are: (a) the model 

formulation is equivalent to plane strain response, hence the 

wave fronts are prescribed as parallel planes, and (b) the soil 

reaction of each finite layer is independent, hence shear 

stresses are not transmitted between them. On the other hand 

this mathematical formulation has provided the framework for 

the development and implementation of nonlinear near field 

soil-pile-interaction models, which have been combined with 

far field elastic models [11,12]. The continuum approach in 

either an analytical [13,14] or a numerical formulation [15,16] 

has been shown to overcome the abovementioned limitations.  

The analytical assessment of the dynamic SSI effects on the 

eigenfrequency and damping of structures has been 

substantiated by a single degree of freedom (SDOF) system 

supported by translational and rotational springs and dashpots 

[17,18]. The concept of a replacement oscillator with 

equivalent damping and stiffness has been employed and 

analytical expressions for the modified SSI eigenperiod and 

damping have been proposed [19]. Recently the 

abovementioned expressions have been improved to account 

for the double damping terms [20], and furthermore the cross-

coupling (roto-translational) stiffness and damping component 

[21]. 

The current analytical formulation comprises of the 

calculation of the dynamic impedances based on the 

continuum approach proposed by Novak and Nogami [14], 

and the analytical SSI eigenfrequency and damping proposed 

by Zania [21]. Hereafter only an outline of the two methods is 

presented.  

2.1 Dynamic impedances (Novak and Nogami[14]) 

The dynamic soil – pile interaction is performed in a 

‘decoupled’ manner, since the soil response to the dynamic 

load is firstly established [13] and then the dynamic pile 

response to the exerted pressure is calculated, assuming a full 

compliance of the pile with the surrounding soil [14]. The soil 

resistance (Equation 1) is estimated as a sum of the 

contributions of individual wave modes, after the solution of 

the wave propagation equations for appropriate boundary 

conditions. 
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where Un is the modal amplitude independent of the depth z, 

r0 is the pile radius, G is the shear modulus of the soil, Ds is 

the hysteretic damping ratio associated with shear strains 

(tangent of loss angle), hn = π(2n–1)/2H, H is the depth of the 

soil layer, VS is the shear wave velocity and Tn is given by: 
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where Km is the modified Bessel function of second kind 

and order m. The variables qn and sn are functions of the 

dimensionless frequency α0=ωΗ/VS, the wave number of the 

eigenmodes hn, and the damping ratio. It is noteworthy that 

even though the harmonic wave propagation equations of the 

soil layer are formulated considering the vertical 

displacements associated with horizontal pile vibration as 

negligible, the approximation is considered rational when the 

pile deforms in bending without substantial shear 

deformations. 
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Figure 1. Basis for the analytical formulation of the dynamic 

soil-structure-interaction for slender structures like OWTs. 

 

Thereafter the governing equation of the dynamic response 

of the pile subjected to a pressure distribution equal to the soil 

resistance can be formulated:  
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The solution of the partial differential equation is a 

summation of the complete solution of the homogeneous 

equation and the particular solution of the non–homogeneous 

equation. Assuming the motion of the soil identical to the 

motion of the pile at the contact interface, and using Fourier 

expansions for the trigonometric functions an analytical 

expression of the displacement is derived. The classical beam 

theory is thereafter employed in order to define the angle of 

rotation, the bending moment and the shear force distributions 

along the pile. The boundary conditions at the pile tip and the 

pile head provide the necessary equations for calculating the 

integration constants. Finally the impedance functions are 

estimated as the forces/moments at the pile head for unit 

displacement/rotation. Since the displacement is expressed in 

the frequency domain via a modal summation, the derived 

impedance functions are also frequency dependent, while the 

real part resembles the stiffness and the imaginary part the 

damping (both material and radiation components).  

 

2.2 SSI eigenfrequency and damping (Zania[21]) 

In a recent publication by the author a new analytical solution 

for the SSI eigenfrequency and damping has been proposed 

[21]. The dynamic equilibrium of a SDOF system has been 

solved accounting for the full impedance matrix at the 

foundation level (pile head). Hence improved analytical 

expressions for the modified SSI eigenfrequency and damping 

have been suggested which account for the roto-translational 

impedances. The flexibly supported SDOF attains three 

dynamic degrees of freedom. After the formulation of the 

three dynamic equilibrium equations, the displacement and 

the rotation at the pile head are related to the structural 

distortion, while the latter is related to the ground motion. 

Using the notion of the equivalent oscillator [19] the modified 

SSI eigenfrequency and damping are obtained. The 

presentation of the analytical expressions is omitted for 

brevity; however the simplified expression of SSI 

eigenfrequency by neglecting the double damping terms as 

insignificant, is:  
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where ks is the structural stiffness, Hs the height of the 

structure, Ksu the translational stiffness, Ksθ the roto-

translational stiffness, and Kmθ the rotational stiffness.  

The dynamic impedances (both real and imaginary part) are 

frequency dependent, which implies that an iterative 

procedure should be adopted. The process of the SSI 

eigenfrequency and damping calculation is repetitive, by 

tuning the impedances to the obtained value of the SSI 

eigenfrequency until the difference between two successive 

steps is small enough.  

3 EFFECT OF SOIL-PILE-INTERACTION ON 

NATURAL VIBRATION OF OWT 

In order to assess the effects of dynamic soil-pile interaction 

on the natural vibration characteristics of OWT, a parametric 

study was performed by implementing the abovementioned 

analytical method. The investigated parameters include the 

diameter of the pile (d), the soil/pile height (H), the shear 

wave velocity (VS), and the height of the OWT. The selected 

properties are listed in Table 1, while the wall thickness is 

equal to d/100, and five intervals were considered within the 

reported range of shear wave velocity.  

Table 1. Soil Properties and dimensionless parameters. 

Diameter (m) VS (m/s) H/d Kr [23] 

d1=4 44-294 7 0.037-0.0008 

6 60-400 6 0.037-0.0008 

d2=6 44-294 7 0.037-0.0008 

 

 

Figure 2. Comparison of stiffness coefficients obtained after 

the analytical solution [14] and the fitted expressions to 

numerical results [22].  

 

Note that the pile flexibility factor Kr [23] is identical for 

the selected pile configurations and varies only with VS. The 

categorization scheme proposed by Poulos and Davis [23] has 

been adopted in the current study. Thus the terms ‘rigid’ piles 

refers to Kr>0.01, referring to the lowest range of VS. 

Furthermore the frequency range of the calculated impedances 

varied as the dimensionless soil frequency is 0.1<α0<8.0. The 
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three OWTs which were selected for the purposes of this 

study, cover a range of 0.66-2MW power supply: (a) OWT 1: 

Hs=50m, D=40m, (b) OWT 2: Hs=70m, D=70m, and (c) 

OWT 3: Hs=100m, D=100m. The total mass was considered 

lumped at the top node and comprised of the sum of the mass 

of the rotor (hub and blades), the nacelle and 22.7% of the 

tower mass. The bending stiffness of the tower varied to 

obtain structural fixed- base eigenfrequencies ranging 

between 0.2Hz and 1Hz. 

For small values of frequency the dynamic impedances 

approximate the static stiffness coefficients, thereafter the 

obtained values were compared with the reported expressions 

in the literature, which had been proposed after finite element 

analysis [22]. An excellent agreement of the current results 

was found with the corresponding static stiffness coefficients 

after Randolph [22] in the case of flexible piles (Figure 2), 

while the deviation increased at 25% for the translational and 

the rocking coefficients and at 45% for the cross coupling 

coefficient in the case of rigid piles. The discrepancy between 

the two methods is attributed to the increase of the static 

stiffness coefficients as the slenderness ratio decreases 

(increase of the exponent on the relative flexibility term of 

stiffness expressions). The derived expressions [22] do not 

account for the influence of the slenderness ratio since they 

had been proposed for flexible piles. 

Even though the dynamic stiffness coefficients of the first 

and last pile configurations (Table 1) were found identical 

[21], the static stiffness coefficients are proportional to the 

diameter (translational), it’s second (roto-translational) and 

third power (rotational). This implies that the first pile 

configuration attains lower impedances than the other two 

configurations, leading thus to smaller SSI eigenfrequencies. 

Figures 3 and 4 illustrate the normalized modified SSI 

eigenfrequency with respect to the normalized frequency, 

separately for rigid (Kr>0.01) and flexible piles. The modified 

SSI eigenfrequency of a coupled system founded on flexible 

piles appears to be decreased only marginally by 5%-10%, for 

large diameter piles. On the other hand the decrease may 

become 20% of the fixed base eigenfrequency for smaller 

diameter piles over the same normalized frequency range. In 

the case of rigid piles the same trends are preserved, while the 

decrease of the eigenfrequency appears more prominent. This 

is attributed to the different frequency range applicable in 

each case. The structural eigenfrequency lies below the first 

eigenfrequency of the soil layer for the examined cases of 

flexible piles (Figure 3b), while in rigid piles it lies around 

and above the first eigenfrequency and below the second 

eigenfrequency of the soil layer (Figure 3a). For both rigid 

and flexible piles the modified SSI eigenfrequency decreases 

for higher slenderness ratios even though the relative 

flexibility is identical. On the other hand the decrease of the 

relative flexibility (increase of VS) leads to increase of the SSI 

eigenfrequency. Comparing Figures 3 and 4 it becomes 

apparent that the effects of the diameter, the slenderness ratio 

H/d and the relative flexibility are independent of the height 

of the structure. The normalized eigenfrequency is larger for 

the taller OWT, implying that the dynamic SSI effects are 

stronger.  

 

Figure 3. Ratio of fixed base eigenfrequency to the modified 

SSI eigenfrequency with respect to the normalized 

eigenfrequency. Results are presented for OWT of 70m height 

founded on (a) rigid and (b) flexible piles. 

Moreover, the increase of the structural damping expressed 

as the ratio of the modified SSI relative damping ratio to the 

corresponding of the fixed base SDOF, is presented in Figure 

5. The results correspond to all three OWTs supported by 

rigid piles. It is evident that the modified SSI damping 

increases with respect to the structural eigenfrequency for 

frequencies higher than the first natural eigenfrequency of the 

soil layer (which is almost equal to ωsH/Vs=π/2). As presented 

in the methodology the dynamic impedances are tuned at the 

modified SSI eigenfrequency, this implies that the first 

eigenfrequency of the soil layer is met when ~ = Vs*π/(2H) 

(resonance of structure and soil layer). For the smallest OWT 

the SSI damping increases as the slenderness ratio and the 

relative flexibility factor increase, when referring to the same 

relative flexibility factor and slenderness ratio respectively. 

Additionally the decrease of the diameter, for constant 

slenderness ratio and relative flexibility factor, raises the SSI 

damping to even triple the structural fixed base damping.  
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Figure 4. Ratio of fixed base eigenfrequency to the modified 

SSI eigenfrequency with respect to the normalized 

eigenfrequency. Results are presented for OWT of 100m 

height founded on (a) rigid and (b) flexible piles. 

 

Observing Figure 5 it becomes apparent that, the increase of 

the height of the SDOF system increases the modified SSI 

damping while the abovementioned trends (in regards with the 

slenderness ratio and the flexibility factor) are preserved for 

the large diameter pile. However, as the diameter of the pile 

decreases, the increase of the height of the OWT results to 

reduction of the SSI damping. This effect is more prominent 

for the tallest OWT (HS=100m). The modified SSI damping is 

proportional to the second power of the SSI eigenfrequency to 

the fixed based eigenfrequency. For the presented rigid pile 

configurations the decrease of the SSI eigenfrequency is 

substantial (note also the larger normalised frequency at 

which the damping increases), minimizing thus the 

contribution of the radiation damping to the total SSI 

damping.  

 

 

Figure 5. Ratio of modified SSI damping to structural 

damping ratio with respect to the normalized eigenfrequency.  

 

Figure 6 illustrates only results obtained for rigid piles of 

two different diameters for all the examined OWTs and the 

two softer soil profiles. The normalised eigenfrequency 

variation for the two pile configurations shows clearly the 

effect of the height of the structure. This trend is preserved 

even when the soil stiffness increases (VS2>VS1). This 

comparison illustrates the effect of the cross coupling and 

translational stiffness and damping terms, as their contribution 

to the modified SSI eigenfrequency is enhanced with the 

increase of the height of the structure (see equation 4). 
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Figure 6. Effect of diameter on the modified SSI 

eigenfrequency of OWT founded on rigid piles.  

4 COMPARISON WITH APPROXIMATE SOLUTION 

The derived equations of the modified SSI eigenfrequency 

and damping incorporate the off diagonal stiffness and 

damping coefficients; hence it is worthwhile to illustrate the 

divergence of the results when these terms are disregarded as 

in previous solutions [19]. Figure 7 presents the ratio of the 

rigorous SSI eigenfrequency to the approximate value (no 

cross coupling terms) with respect to the dimensionless 

eigenfrequency of the structure. Note that the cases illustrated 

here refer to rigid piles, two different diameters, and the same 

slenderness ratio. The approximate solution is shown to 

overestimate the eigenfrequency in all cases, and it may be 

even 40% larger than the corresponding rigorous. Moreover 

the discrepancy of the two methods becomes more intense as 

the pile diameter decreases and as the flexibility ratio 

increases (Vs1< Vs2). The increase of the height of the 

structure enhances the divergence between the results 

obtained after the rigorous and the approximate method. This 

implies a stronger effect of the off diagonal impedance terms 

as the height of the structure increases. Figure 8 illustrates the 

ratio of the rigorous to the approximate modified SSI 

damping. It is shown that disregarding the off diagonal 

stiffness and damping coefficients would imply 

underestimation of the damping for frequencies higher than 

the first natural eigenfrequency of the soil layer. This trend is 

mostly relevant for large pile diameter and high flexibility 

factor. On the other hand for smaller pile diameters, 

embedded in very soft soil layers, the approximate solution 

may overestimate the damping especially for tall structures 

with fixed base eigenfrequency higher than 0.5Hz. 

 

 

Figure 7. Effect of diameter on the ratio of the rigorous to the 

approximate modified SSI eigenfrequency of OWT founded 

on rigid piles.  

5 CONCLUSIONS  

The natural vibration characteristics of slender structures 

founded on large diameter piles has been investigated. For this 

purpose a two-step iterative procedure has been employed 

based on the analytical methods suggested in the literature for 

the dynamic pile impedances and for the calculation of the 

modified SSI eigenfrequency and damping of the structure. 

The new analytical formulation allows for the consideration of 

the off diagonal terms of the dynamic impedances, and 

provides a rigorous solution of the natural vibration 

characteristics of the replacement oscillator. The inaccuracy 

introduced on the estimated SSI eigenfrequency and damping, 

when disregarding the off diagonal impedance terms, was 

examined for large diameter piles. The results of the current 

study have demonstrated that not accounting for the cross 

coupling terms, would imply overestimation of the 

eigenfrequency of the structure and underestimation of the 

damping, especially for large diameter piles, small slenderness 

ratios and high flexibility factor of the soil – pile system 

(short, rigid piles) and for increasing height of the structure.  
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Figure 8. Effect of diameter on the ratio of the rigorous to the 

approximate modified SSI damping of OWT founded on rigid 

piles.  

The effect of the monopile foundation properties on the 

natural vibration characteristics was also examined. The 

influence of the frequency dependent impedances was proven 

significant, since the modified SSI eigenfrequency decreased 

substantially, when the structural eigenfrequency was set 

between the first and the second eigenfrequency of the soil 

layer. At the same frequency range the modified SSI damping 

increased, especially as the pile diameter decreased, and as the 

slenderness ratio of the pile and the height of the structure 

increased.  
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ABSTRACT: The paper presents a numerical model for the kinematic interaction analysis of inclined pile groups; piles are 

modelled with beam finite elements and the soil is schematized with independent horizontal infinite layers. The pile-soil-pile 

interaction and the radiation problem are accounted for by means of elastodynamic Green’s functions. Piles cap is considered by 

introducing a rigid constraint; the condensation of the problem permits a consistent and straightforward derivation of both the 

impedance functions and the foundation input motions which are necessary to perform the inertial soil-structure interaction 

analyses, according to the substructure approach. The model, which also allows evaluating the kinematic stress resultants in 

piles resulting from the propagation of seismic waves in the soil, is validated performing accuracy analyses and comparing 

results, in terms of dynamic impedance functions, kinematic response parameters and pile stress resultants, with those furnished 

by 3D refined finite element models. 

KEY WORDS: finite element model, impedance functions, inclined piles, kinematic interaction analysis. 

1 INTRODUCTION 

Inclined piles are naturally able to resist higher lateral loads 

than vertical ones having the same diameter and length, as 

part of the force is axially transmitted. Piles are thus less 

stressed by shear and bending, with the advantage of limiting 

the pile diameter, especially in the case of soft soils. However, 

as a consequence of their poor performance in past 

earthquakes, the use of inclined piles in seismic areas is not 

recommended by modern codes [1, 2]. Among others, some 

examples of such negative performances are the wharfs of the 

Port of Okland, during the 1989 Loma Prieta Earthquake, and 

the Port of Los Angeles, during the 1994 Northridge 

Earthquake. 

Investigations on the causes of failures in past earthquakes 

demonstrated that in many cases the poor connection at the 

cap or the inappropriate pile design have determined the 

observed damages [3]. Indeed, inclined piles may induce large 

forces on the pile cap and permanent rotations may arise 

during strong earthquakes; furthermore, piles bending moment 

capacity may be reduced by the high axial force. These 

aspects should be carefully taken into account in the design to 

guarantee a good seismic performance of inclined pile groups. 

Evaluation of actual causes of failures, in conjunction with the 

advantages that may derive from a proper design, are the main 

reasons why the use of inclined piles is nowadays increasing 

again. Consequently, many works have been published 

recently on this topic, among the others, the papers of Sadek 

and Shahrour [4], Gerolymos et al. [5], Giannakou et al. [6] 

and Padrón et al. [7] are herein quoted. 

In this paper a numerical model for the kinematic 

interaction analysis of inclined pile groups is presented, by 

generalizing the procedure proposed by Dezi et al. [8] for 

vertical piles. Piles are modelled with beam finite elements 

and the soil is assumed to be a horizontally layered half-space. 

Both piles and soil behave linearly and the pile-soil-pile 

interaction and the radiation damping are taken into account in 

the frequency domain by means of elastodynamic Green’s 

functions. The presence of a rigid cap is accounted for by 

constraining the displacements of the pile heads. The problem 

condensation allows obtaining the impedances of the pile 

group and the motion of the cap in a straightforward manner. 

Furthermore, the kinematic stress resultants in piles resulting 

from the propagation of seismic waves in the soil may also be 

computed.   

The model validation is carried out performing accuracy 

analyses and comparing results with those obtained from 3D 

refined finite element models. With reference to pile groups 

with different layouts, the soil-foundation impedances as well 

the kinematic response and stress resultants in piles due to the 

propagation of harmonic shear waves in the soil, are 

considered for the comparisons. 

2 PROPOSED MODEL 

In this section a model for the kinematic interaction analysis 

of inclined pile groups is presented. Assuming that soil and 

piles behave linearly, the problem is formulated in the 

frequency domain. 

2.1 Analytical model 

A group of n circular piles with same diameter but with 

different rake angles is considered. A global reference system 

frame {0; x1, x2; z} is defined as in Figure 1. The orientation 

of the generic p-th pile, that is assumed to be an Euler-

Bernoulli beam, is definite by the unit vector ap of the pile 

longitudinal axis p. For the sake of simplicity, the projection 

of the pile length on the vertical axis z is equal to L, for all the 

piles. The actual length of the generic p-th pile can thus be 

obtained from 

   zz pzpp 




1

, ea  (1) 
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Figure 1. Pile group with inclined piles. 

by considering z = L. In Equation (1), ez is the unit vector of 

the vertical axis of the global reference system. The local 

reference system {0’; 1, 2; }p of the p-th pile is identified 

by the orthonormal basis  

 p,a    pzp ,,2  aea    ppp ,,2,1  aaa  (2a,b,c) 

where a1,p and a2,p are the unit vectors of the local 1 and 2 

axes, respectively. 

If  is the circular frequency, the pile displacements at 

depth z, referred to the global reference system, are described 

in the frequency domain by the complex valued vector 

    T

n

T

p

TT z uuuu 1;   (3) 

which groups displacements measured at the axis of the n 

piles constituting the group. Each sub-vector up(; z), 

referring to the p-th pile, contains the displacement 

components up1, up2 and up3 along directions x1, x2 and z, 

respectively. According to the Euler-Bernoulli model, strains 

are described by the pile curvatures on planes orthogonal to i 

and by the overall normal strain; these are collected in the 

vector 

    T

nn

T

pp

TT z uRuRuRRu DDDD
~~~

; 11   (4) 

obtained by applying the differential operator 
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In Equation (4), 
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is a rotation matrix which allows expressing the local 

displacements of each pile starting from the relevant global 

displacements. This is obtained by assembling sub-matrices 

 































pzpzpz

ppp

ppp

p

,,2,1

,2,22,12

,1,21,11

aeaeae

aeaeae

aeaeae

R  (7) 

relevant to each pile of the group. Piles are subjected to 

distributed interaction lateral forces whose resultants are 

collected in the vector 

    T

n

T

p

TT z rrrr 1;   (8) 

constituted by sub-vectors rp, each one containing 

components rp1, rp2 and rp3 along directions x1, x2 and z, 

respectively. In dynamic conditions, inertia forces 2
Mu(;z) 

arise, where 
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Ap  (9)  

is the mass matrix of the group. In Equation (9) p and A are 

the density and the cross section area of the pile, respectively, 

and I is the identity matrix of order 3. By assuming a linear 

behaviour for piles, the stress resultants are given by 

    zz ;;  RuKs D  (10) 

where  
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is the stiffness matrix of the pile group, obtained by 

assembling sub-matrices 
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in which E is the material Young’s modulus and I is the 

moment of inertia of the pile cross section. 

The pile group equilibrium condition may be expressed in 

weak form by the Lagrange-D’Alembert principle that 

provides the following equation: 
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is the matrix containing the Jacobians of the coordinate 

transformations (1). Since soil behaves linearly, the 

compatibility condition between the pile and soil 

displacements may be expressed, by assuming that no gap 

arises during the motion, by the integral relationship 

           dzzz

L

ff

0

;,;;; rDuu  (15)  

which equates the piles displacement (left-hand side) to the 

soil displacement at the pile locations (right-hand side); the 

latter is obtained from the superposition of the free-field 

motion uff and the displacements induced by the pile-soil-pile 

interactions. Like for pile displacements the free-field motion 

is described by vector 

    T

ffn

T

ffp

T

ff

T

ff z uuuu 1;   (16) 

Furthermore, kernel of Equation (15) 
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1

1111

,;  (17) 

is a complex valued matrix obtained by assembling sub-

matrices Dpq(; , z), which contain the elastodynamic 

Green’s functions expressing the soil displacements at the 

location of the p-th pile at depth z, due to a time-harmonic unit 

point load acting at the location of the q-th pile at depth . 

Since the problem is fully coupled, all components of Dpq 

matrices are theoretically non-zero. Equation (15) allows 

modelling the pile-soil-pile interaction phenomena and the 

radiation problem, once the Green’s functions are known. 

The problem is herein simplified making use of the 

Baranov’s hypothesis, assuming the soil constituted by 

infinite independent horizontal layers. This implies the 

following form for the kernel of Equation (15) 

       zzz ;
~

,; DD  (18) 

where (z-) is the Dirac’s delta function and  z;
~
D  

contains the elastodynamic Green’s functions which describe 

the dynamics of the infinite layer at depth z. According to 

Equation (18), Equation (15) transforms into 

        zzzz ff ;;
~

;;  rDuu  (19) 

from which the pile-soil-pile interaction forces 

         zzzz ff ;;;
~

; 1  
uuDr  (20) 

may be obtained. Taking Equation (20) into account, the 

global balance condition (13) may be rewritten as 
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In the following section the finite element method is used to 

solve the problem numerically, obtaining a practical tool for 

the dynamic analysis of inclined pile groups. 

2.2 Finite element solution 

The solution of the problem is achieved numerically by means 

of the finite element method in the displacement based 

approach. Piles are divided into E finite elements of length Le 

and the local displacements within the elements are expressed 

by interpolating those at the end nodes, according to 

       e

ppppp zz dLNuR ;  (22)  

where  e

pd  is the nodal displacements vector of the p-th pile 

element, constituted by 6 dof per node. Furthermore, Np is the 

matrix of the interpolating polynomials and 
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is the rotation matrix which allows expressing the local 

displacements of the element end nodes starting from the 

global ones. Matrix Np is assembled by considering third 

order polynomials for transverse displacements and first-order 

polynomials for longitudinal displacements. The vector 

containing the displacements of the n piles of the group 

defined by (3) is thus approximated in the form 

       eT zz LdNRu ;  (24)  

where  e
d  is the vector grouping the nodal displacements 

of all the piles, while N and L are overall matrices obtained by 

assembling contributions of all the piles. In particular, 
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By considering Equation (24) and the contribution of all the 

elements, the global balance condition (21) becomes 
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Figure 2. Pile group model. 

By suitably assembling the node displacements in a unique 

displacement vector d(), standard considerations allow 

obtaining the complex linear equation system 

   fdKMK  SP

2  (28) 

where 
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are the global stiffness matrix of the piles, the global mass 

matrix of the piles, the global impedance matrix of the soil 

and the vector of external loads due to the free-field motion, 

respectively. 

The rigid connection at the pile heads is imposed 

introducing a rigid constraint and defining a master node with 

6 generalized displacement components (Figure 2), collected 

in the vector 

    zz

T

F UUU  2121d  (33) 

The constraint is analytically imposed by means of the 

geometric matrix A, which allows expressing 
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where dF and dE group displacements of the cap and the 

embedded piles, respectively. Taking Equation (34) into 

account, Equation (28) transforms into 
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2.3 Soil-foundation impedances and foundation input 

motion 

By manipulating Equation (35), the complex-valued 

foundation impedance matrix 

    EFEEFEFF ZZZZ
1

  (38) 

may be obtained. It is worth noting that, depending on the pile 

group layout, the degrees of freedom of the master node may 

be coupled and matrix   is generically fully populated. In 

addition to impedance functions, Equation (35) provides the 

Foundation Input Motion (FIM), namely the displacements of 

the master node as a consequence of the free-field motion 

filtered by the pile group. 

    EEEFEFFF fZZfZd
11 

  (39) 

In the framework of the sub-structure method, Equation 

(38) defines the force-displacement relationships that allow 

accounting for the foundation compliance in the structural 

analysis, while Equation (39) defines the seismic motion that 

has to be applied at the structure base, to account for site and  

foundation filtering effects. 

2.4 Elastodynamic Green’s functions 

The proposed procedure requires the knowledge of the closed-

form expressions of the elastodynamic Green’s functions 

which describe the dynamics of the generic infinite 

independent soil layer. In this paper, these are obtained 

starting from impedances and dynamic interaction factors 

available in literature; in particular, components of matrices 

pqD
~

 are expressed by 

          zzzzz pqpq

T

pqpq ;;;
~

 DGΨGD  (40)  

where  z;D  is a dynamic compliance diagonal matrix 

whose components are the displacements produced by the 

application of a unit harmonic point force at the application 

point. Components of this matrix depends not only on the 

circular frequency  but also on the coordinate z as soil 

properties usually differ with depth. Furthermore, at z = L the 

dynamic compliance of the soil at the pile base is included and 

matrix  z;D  is thus expressed as  

     Lzzz s  0;; DD  (41a) 

     LzLL b  ;; DD  (41b) 

where subscripts s and b refer to the pile shaft and the pile 

base, respectively. In equations (41) 
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 (42) 

Matrix pqpq

T

pq GΨG describes the displacement attenuation 

from point q to point p of the layer. In particular, 
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         pqvpqpqpq sssdiagz ;,;,;; 2/0  Ψ  (43)  

contains the attenuation functions for points located along 

lines, passing through the application point, parallel and 

orthogonal to the source displacement, and 
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zG  (44)  

is a geometric matrix in which spq is the distance between the 

axis of the p-th pile, of coordinates (xp, yp), and the axis of the 

q-th pile, of coordinates (xq, yq). 

As for the shaft components ( = s) of matrix (42), 

expressions proposed by Dobry et al. [9] and by Makris and 

Gazetas [10] are adopted in this paper for the horizontal (h) 

and vertical (v) stiffnesses, respectively; while the 

formulations proposed by Gazetas and Dobry [11, 12] are 

used to define the dashpot coefficients. Concerning the base 

impedances ( = b), components of matrix (42) are evaluated 

assuming that pile bases behave as rigid disks on the “surface” 

of the underlying homogeneous halfspace. In particular, 

expressions proposed by Veletsos & Verbič [13] are adapted 

in this paper for inclined piles. Finally, components of matrix 

(43) are derived, according to Dobry and Gazetas [14] and 

Makris and Gazetas [15]. 

3 MODEL VALIDATION 

In this section the validation procedure is presented and some 

results of the analyses are reported. In particular, converge 

analyses are performed, with focus on the foundation 

impedance functions, the group kinematic response and the 

pile stress resultants, considering different finite element 

length-pile diameter ratios (Le/d = 5; 3; 1; 0.5) to evaluate the 

model accuracy. Furthermore, comparisons of results with 

those obtained from 3D refined finite element models are 

presented to show and discuss the model capabilities in 

capturing the dynamic behaviour of batter pile groups. 

With reference to a homogeneous soil deposit, the two piles 

Configurations (C1, C2) reported in Figure 3 are analysed. 

The soil-pile density ratio s/p, the spacing-diameter ratio 

s/d, the pile slenderness ratio Lp/d, the soil Poisson’s ratio  

and the soil hysteretic damping ratio s are assumed to be 

constant (Figure 3). Conversely, two different pile-soil 

modulus ratios (Ep/Es = 100; 1000) are considered, in order to 

account for stiff and soft soil conditions, and four different 

rake angles ( = 0°; 10°; 20°; 30°) are investigated.  

Notation used in the sequel is herein presented. Since C1 

and C2 are characterised by two symmetry axes, by suitably 

positioning the master node at their intersection, the soil-

foundation impedance matrix (38) assumes the form 
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Figure 3. Pile group configurations: C1 and C2 

The i-th component i  is a frequency dependent quantity 

and may be written as 

 iii ciak 0  (46) 

where ki and ci are the frequency-dependent stiffness and 

damping coefficients, respectively, while 

 
sV

d
a


0  (47) 

is the dimensionless frequency. The kinematic response of the 

soil-foundation systems subjected to vertically steady 

propagating shear waves is also analysed and displacements 

of the master node (components of vector (39)), which 

represents the pile rigid cap, are reported. Finally, absolute 

values of stress resultants in piles due to steady propagating 

shear waves with frequencies close to the first and second 

fundamental frequencies of the soil deposit are shown. Axial 

force, shear forces and bending moments are normalised with 

respect to the maximum values attained within the pile shaft. 

3.1 Numerical convergence 

Accuracy analyses are performed with reference to C1 and 

C2, by varying the pile rake angle  and taking into account 

different finite element length-pile diameter ratios (Le/d = 5; 

3; 1; 0.5). For the sake of brevity only some results will be 

shown. Figure 4a reports, for  = 20° and for different 

Ep/Es ratios, the non-dimensional stiffness and damping 

coefficients of the translational impedances obtained for all 

the Le/d ratios. Figure 4b shows the pile cap displacements 

obtained from steady analyses in which harmonic shear waves 

are propagated from the bedrock; the horizontal cap 

displacement UM is normalised with respect to the amplitude 

of waves at the bedrock Ub while the cap rotation M is 

normalised with respect to the ratio between the pile diameter 

and the amplitude of waves at the bedrock. For the sake of 

brevity only results relevant to C1 with pile-soil modulus ratio 

Ep/Es = 1000 and pile rake angle  = 20° are reported in this 

case. Finally, Figure 5 shows the normalised absolute values 

of kinematic stress resultants in one pile of C2 due to steady 

propagating shear waves with frequencies close to the first 

fundamental frequency of the soil deposit. In particular, 

results relevant to pile-soil modulus ratio Ep/Es = 1000 and 

pile rake angle  = 20° are herein shown.  
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Figure 4. (a) Translational impedances of C1 and C2 for  = 20° and different pile-soil modulus ratios, by varying the Le/d ratio; 

(b) displacements of pile cap of C1 for  = 20° and Ep/Es = 1000, by varying the Le/d ratio 
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Figure 5. Kinematic stress resultants in one pile of C2, for  = 20° and Ep/Es = 1000, by varying the Le/d ratio 
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Figure 6. (a) 3D refined FEM; (b) modeling details. 

In the investigated frequency range convergence of 

impedances, as well as of displacements and stress resultants 

in piles, is very fast and even coarse meshes guarantee a good 

accuracy. For the subsequent analyses Le/d = 1 is assumed. 

3.2 Comparison with 3D refined solid model 

Results provided by the proposed model are compared with 

those obtained from refined 3D finite element analyses 

performed with the computer software ABAQUS. Solid 

Hexahedral and Tetrahedral linear elements are used to model 

a cylindrical soil portion with diameter D and height T 

satisfying condition D/d = 50 and T/d = 25 (Figure 6a). The 

built-in frequency domain viscoelastic material model is 

adopted for the soil. Infinite elements are provided at the 

boundaries to absorb the outgoing waves and satisfy the 

radiation condition. Piles are modelled with 2-node cubic 

beam elements but their physical dimensions are taken into 

account by removing the relevant cylinders of soils. The 

beam-solid coupling is assured exploiting the software 

potentials. Piles are connected at the head by a rigid constraint 

(Figure 6b). Meshing criteria are applied to obtain a structured 

mesh and an adequate resolution to closely follow 

wavelength. Accuracy analyses are preliminarily performed to 

define the mesh dimension in order to balance reliability of 

results and computational effort; in particular, the mesh 

dimension is selected so as the propagation of waves with 

frequency up to a0 = 1.0 are well captured. 

For the sake of brevity only some results of the validation 

analyses are reported. Figure 7a shows the non-dimensional 

stiffness and damping coefficients of the translational 

impedances of C1, obtained by considering two pile-soil 

modulus ratios (Ep/Es = 100; 1000) and two pile rake angles.  
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Figure 8. Kinematic response of C2, for Ep/Es = 100 

Results from the 3D refined finite element model are 

obtained by imposing unit steady-state harmonic 

displacements at the master node fully restrained, and 

evaluating the relevant reaction forces. 

Impedances are sensitive to the pile rake angle; the static 

lateral stiffness increases by increasing the rake angle as a 

consequence of the greater pile axial contribution to the 

response (this is evident in the x1 direction for C1). On the 

other hand for C1, as expected, in the x2 direction the static 

stiffness is only slightly influenced by the pile inclination. 

With reference to stiff soils (Ep/Es = 100), independently from 

the pile rake angle, the model is able to well capture both the 

static stiffness of the pile group and the frequency dependence 

of the stiffness coefficient, even if a slight frequency shift of 

the peak response is evident with respect to the results of the 

3D solid model. On the other hand, for soft soils 

(Ep/Es = 1000) greater inaccuracies are evident; the stiffness 

coefficient is overestimated at low frequencies (for a0 up to 

0.3) and underestimated at higher frequencies. Concerning 

damping coefficients, it can be observed that for stiff soils 

(Ep/Es = 100) the model is able to reproduce with a good level 

of accuracy the benchmark results within the whole frequency 

range while for soft soils (Ep/Es = 1000) the proposed model 

overestimate sensibly the damping coefficients at low 

frequencies (a0 smaller than 0.2) and slightly overestimates 

those at higher frequencies. 

Figure 7b concerns rotational impedances of the case study; 

for both stiff and soft soils, stiffness coefficients obtained 

from the proposed model are close to those obtained from the 

refined 3D solid model. On the other hand, damping 

coefficients are characterised by some inaccuracies, especially 

at low frequencies.  

Figure 8 shows displacements of the pile cap obtained from 

steady analyses in which harmonic shear waves are 

propagated from the bedrock. Results obtained by considering 

C2, pile-soil modulus ratio Ep/Es1 = 100 and two pile rake 

angles are presented; the solution of the proposed model is 

reported with continuous lines while results of the 3D refined 

solid model are plotted with dots. It can be observed that, by 

increasing the pile rake angle the rotational response of the 

pile cap increases sensibly; in particular, amplitudes of peaks 

resulting from a rake angle of 30° are almost twice those 

obtained for a rake angle of 10°. In any case, the model is able 

to capture very well the kinematic response of the soil-pile 

group system, obtained from the refined 3D solid model. 

Figure 9 shows the absolute values of the kinematic stress 

resultants in one pile of the group of C2 (with  = 30°) due to 

steady propagating shear waves with frequencies close to the 

first and second fundamental frequencies of the soil deposit. 

Axial force, shear forces and bending moments, normalised 

with respect to the maximum values attained within the pile 

shaft, are compared with the relevant values resulting from the 

3D refined solid model. The model behaves very well in this 

case and all the kinematic stress resultants estimated with the 

3D solid model are reproduced closely. 

4 CONCLUSIONS 

A 3D numerical model for the evaluation of the dynamic 

impedance functions of inclined pile groups has been 

presented. Piles are modelled with beam finite elements and 

the soil is assumed to be a horizontally layered half-space. 

The problem is formulated in the frequency domain, under the 

assumption of linear behaviour for both soil and piles. The 

pile-soil-pile interaction as well as the radiation damping is 

accounted for by means of elastodynamic Green’s functions. 

The model  validation  is  carried  out  performing  accuracy  
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Figure 9. Kinematic stress resultants along one pile of C2, for  = 30° and two different Ep/Es ratios 

analyses and comparing results, in terms of dynamic 

impedances, kinematic response parameters and pile stress 

resultants, with those furnished by 3D finite element models. 

The model is able to capture the vertical, rotational and 

coupled roto-translational response of pile foundations with 

inclined piles, obtained from refined and highly computational 

demanding 3D finite element models. Furthermore, the 

kinematic response of the soil-foundation system as well the 

kinematic stress resultants along the piles due to propagating 

(seismic) shear waves is accurately predicted. 

Considering that convergence of results is assured even for 

coarse meshes, the computational effort reduces drastically 

with respect to 3D solid finite element models; with reference 

to the performed applications, the number of dof reduces of 

about 2 order of magnitudes, with a significant saving of the 

analysis time.  

The proposed model constitutes a versatile practical tool 

that furnishes the soil-foundation impedance functions and the 

foundation input motion of inclined pile groups; these may be 

used, in the frame of the substructure approach, to perform 

complete dynamic soil-structure interaction analyses of 

structures on such kind of foundations. Moreover, the model 

may be used to investigate the kinematic response of pile 

foundations with inclined piles (e.g. effects of the pile rake 

angle on pile kinematic stress resultants, soil-foundation 

compliance and foundation input motion) contributing to 

renovate the engineers confidence to the use of inclined piles. 
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ABSTRACT: Following theSSIFiBo toolbox is presented.SSIFiBo is a numerical model developed inMATLAB to study soil-
structure interaction problems. The model is based on a three dimensional boundary element-finite element coupled formulation in
time domain. This model allows computing structural forced-vibrations, as well as seismic responses. Two numerical examples are
solved with the proposed technique: ground-borne isolation with open and filled trench, and the seismic response of a tall chimney.

KEY WORDS: MATLAB toolbox, soil-structure interaction, seismic incident wave field, BEM-FEM model, transient analysis.

1 INTRODUCTION

Soil-Structure Interaction (SSI) is a field of interest thatinvolves
structural analysis considering flexibility and damping due to
the soil. Induced vibrations by rotatory machines, dynamic
effects due to railway traffic, seismic problems, and dynamic
behaviour of foundation systems, are examples where SSI is
an important issue. The effects of SSI are important and
cannot be neglected in this type of problems [1]. Kausel [2]
presented an exhaustive review of the main developments in this
topic. Recently, Clouteau et al. [3] also reviewed the proposed
numerical models to study the dynamic behaviour of structures
on elastic media.

Numerical models based on the Boundary Element Method
(BEM) and the Finite Element Method (FEM) allow to study
SSI problems rigorously. The BEM [4] is especially suited
for the analysis of wave propagation in soils. Sommerfeld
radiation condition [5] is satisfied implicitly and the semi-
infinite character of soils is well considered. The FEM is very
useful to analyse the dynamic behaviour of structures taking into
account nonlinear effects [6].

This communication presents a numerical tool to study soil-
structure interaction problems. TheSSIFiBo (Soil Structure
Interaction with Finite and Boundary elements) is a set of
MATLAB1 functions based on a fully coupled 3D BEM-FEM
model formulated in time domain. The numerical model
is suitable for studying general dynamic problems of soil-
structure interaction. The boundary element formulation allows
to represent seismic load sources, describing the incidentwave
field and the scattered waves. BEM-FEM coupling is performed
directly. Once the interaction problem is solved, the solution at
any internal soil point can be obtained. The toolbox is illustrated
with two problems: soil scattering waves due to open and filled
trenches, and the seismic response of a tall chimney.

1www.mathworks.es

2 NUMERICAL MODEL

TheSSIFiBo toolbox offers a set of function based on a three-
dimensional BEM-FEM model formulated in time domain.
SSI analysis are carried out by domain decomposition in two
subdomains represented by the BEM and FEM. Soil behaviour
is represented by the BEM, while the structures are modelled
with the FEM. The wave propagation problem deals to the
decomposition of the total wave field in two terms: the incident
wave field and the scattered wave field.

The BEM is based on a time marching procedure to obtain the
time variation of the boundary unknowns; i.e. displacements
and tractions. Piecewise constant time interpolation functions
are used for tractions and piecewise linear functions for
displacements. The fundamental solution for displacementand
traction are evaluated analytically, and nine node rectangular
quadratic elements are used for spatial discretization. Explicit
expressions of the fundamental solution for displacementsand
tractions due to an impulse point load in a three dimensional
elastic full-space can be seen in Reference [7]. An approach
based on the idea of using a linear combination of equations for
several time steps in order to advance one step is used to ensure
that the stepping procedure is stable in time. The algorithm
efficiency is enhanced using the truncation technique previously
presented in Reference [8]. After boundary unknowns are
solved, the scattered wave field at any internal point is computed
by means of the integral representation of Somigliana identity.

Coupling of BEM and FEM equations is carried out by
imposing equilibrium and compatibility conditions at the soil-
structure interface. Both systems of equations are assembled
into a single global system, together with the equilibrium and
compatibility equations [10].

3 SSIFIBO TOOLBOX

SSIFiBo is implemented in aMATLAB package of functions.
The toolbox includes a complete set of subroutines for the BEM
in time domain, including the computation of the boundary
element influence matrices and the time marching procedure.
The FEM module does not include any preprocessor. Instead,
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a gateway forANSYS2 allows to import directly the structure
model.

The source code is structured in three parts. Firstly,
boundary element matrices over all time steps and the FEM
dynamic stiffness matrix are computed. After, BEM-FEM nodal
connectivity at the soil-structure interface is checked and the
global system of equation is assembled. Finally, the solution
for all time steps is assessed.

The BEM matrices are derived from an element subdivision
procedure. The spatial integration is done only in those parts
of the elements under the effects of the fundamental solution
waves, according to the causality condition of each term of the
fundamental solution. The element subdivision integration is
done with a Gauss quadrature using four integration points when
the collocation point does not belong to the subdivision. A peak
singularity appears at the fundamental solution if the collocation
point belongs to the element subdivision. In this case, the
singularity is avoided with a new subdivision. An alternative
procedure was tried out with an adaptive quadrature inMATLAB
using a double integral over a planar region containing the
singular integrand.quad2 MATLAB command allows to solve
this kind of problem with a numerical integration over a mapped
region. However, the refined mapping necessary to provide high
accuracy leads to an excessive computational cost.

The finite element dynamic stiffness matrix is computed
following an implicit time integration GN22 Newmark schema
[6] without any difficulty.

The solution for all time steps is addressed from the solution
of the global BEM-FEM system of equations. Previously, the
LU system factorisation is computed since the global assembled
matrix remains the same for all time step. The right-hand-
side account for the boundary conditions at the current time
step and the influence of the previous time steps. The system
factorisation and the time solution are carried out using the
SuperLU library [11], [12]. That library allows to reduce
the computational effort regarding with thelinsolve or
mldivide (back slash)MATLAB commands for solving linear
system of equations.

Several enhancements are taking into account to improve
the numerical model performance. BEM and FEM algorithms
require large computing resources (CPU and memory storage).
The package takes advantage of parallel computing using
multicore processors and computer clusters throughParallel
Computing Toolbox. The workload related with the
computation of the BEM matrices and the influence of the
previous time steps is distributed among the available processors
with high time performance. Currently, the maximum number
of parallel process for a local cluster is 12. Also, C/C++ codes
for some of BEM subroutines were generated using theMATLAB
Coder to enhance the toolbox capability.

TheMATLAB toolbox implementation facilitates its use either
in academic and engineering environments.MATLAB software
is common used in most of engineering schools by students and
researchers. The package modularity makes possible simple
and efficient implementation of new enhancements. Therefore,

2www.ansys.com

it could be a powerful tool for researching. A trial version is
available for further researches3.

4 NUMERICAL EXAMPLES

The SSIFiBo functioning is illustrated with two numerical
examples. Firstly, the effects of an attenuation barrier in
wave propagation on soil are shown. Numerical results were
compared with experimental measures presented by Klein et al.
[13]. After, the seismic response of a tall chimney is studied.
This structure was previously analysed by Luco [14] with a
simplified beam model.

In these problems, the structures were modelled with FEM
and the soil was represented as a homogeneous half-space with
BEM. The surrounding soil around the structures was extended
a distance enough to avoid truncation effects [4]. Frequency
responses were computed from time histories applying the Fast
Fourier Transform (FFT).

4.1 Vibration isolation by open and filled trenches

The BEM-FEM methodology is applied to examine the
effectiveness of opened and filled trenches to mitigate waves
generated by impulsive loads. Numerical results were compared
with experimental tests done by Klein et al. [13]. Soil properties
at the tests site were: P-wave propagation velocitycp = 250m/s,
S-wave propagation velocitycs = 100m/s, and densityρ =
1750kg/m3.

The influence of the filling material trench is also shown.
Filling material properties were: Young’s modulusE = 0.26×
106N/m2, Poisson’s rationν = 0.3, and densityρ = 100kg/m3.
The BEM-FEM model presented in Figure 1.(b) was used to
study this problem. The filling material was represented with
solid finite elements. The time step was set as∆t = 0.005s
in order to avoid stability problems with the proposed spatial
discretization [8].

Listing 1 shows the input file for this example. Input data
includes soil properties, the structural damping and the time step
settings.SSIFiBo calling reads soil and trench discretizations
from a job database, as well the load time history applied at the
ground excitation point. This example does not account neither
soil nor structural damping, according with the assumption
made in the Reference [13]. Also, the trench filled material
damping was neglected in order to simplify the problem.

% Job t i t l e
job= ' f i l led trench '

% Soil properties
cp=250 % P−wave propagation velocity [m/ s ]
cs=100 % S−wave propagation velocity [m/ s ]
ro=1750 % Density [kg/mˆ3]
damp=0 % Damping

% Structural damping (C=alpha*M+beta*K)
alpha=0 % [sˆ−1]
beta=0 % [s ]

% Time step sett ing
nstep=400 % Number of time steps
at=5e-3 % Time interval [ s ]

3personal.us.es/pedrogalvin/ssifibo.en.html
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Figure 1. (a) Geometry of a filled trench and (b) BEM-FEM discretization of one quarter model.

% Call SSIFiBo
ssifibo(job,cp,cs,ro,damp,alpha,beta,nstep,at)

Listing 1. Input file to callSSIFiBo for the solution of soil
isolation by a filled trench.

Figure 2 shows wave field displacements due to a Heaviside
load pH(t) = p0H(t), where p0 = 1N. Results are plotted
in dimensionless formuH

o = uH(t)πGr/p0, where G is the
elasticity shear modulus andr is the distance from the source to
the observation points. The effect of the open trench is clearly
observed in the soil response (Figures 2.(b,e)). An effectiveness
loss of soil displacements is reached for points after the trench.
Rayleigh waves are mitigated for a soil depth close to the trench
depth, as can be seen in Figure 2.(e). Similar effects occursfor
filled trench (Figures 2.(c,f)), without a reduction of the trench
effectiveness.

Figure 3 shows the amplitude reduction factor (AR) computed
as the relation between the vertical displacements for open
or filled trench, and the initial configuration. The amplitude
reduction factor was estimated at different soil points along
a straight line defined byy = 0, z = 0 and x ≥ 0 (Figure
1). Experimental test were carried out for a harmonic load at
20Hz. Experimental and numerical results match quite well for
points near to the trench. For larger distance the differences are
more important probably due to the soil at the test site was not
perfectly homogeneous [13]. Results with filled trench are quite
similar, and it allows an easier construction of the trench.

0 5 10 15
0

0.5

1

Distance [m]

A
R

 [−
]

Figure 3. Experimental (grey circles) and numerical (black
lines) amplitude reduction factor for a harmonic load at
20Hz computed for open trench (solid line) and filled
trench (dashed line) at different distances from the trench.

4.2 Seismic effects on a tall chimney

Second example concerns with the analysis of the seismic
response of a tall chimney studied previously by Luco [14].
Seismic responses due to horizontal SH incident wave field are
studied. Numerical result is compared with the presented by
Luco. After, induced effects by El Centro (1940) accelerogram
are analysed.

The Caletones chimney is a 152.4m tall reinforced concrete
structure (Figure 4.(a)). The external diameters of the structure
at the base and at the top are 16.3m and 6.6m, respectively.
The thickness of the reinforced concrete wall varies linearly
from 0.61m at the base to 0.165m at the top. A stainless
steel shell with a thickness 6.35× 10−3m and height 4.2m
was placed atop the chimney. Concrete material properties are:
Young’s modulusE = 30×109N/m2, Poisson’s ratioν = 0.25,
and densityρ = 2500kg/m3. The structure rests over a soil
with cp = 400m/s,cs = 200m/s, and density 1800kg/m3. The
foundation has a total height of 6.2m and the equivalent base
diameter is 26.8m. Structural damping ratio is considered 2%
(α = 0.17s−1, β = 3.74×10−4s).

Figure 4.(b) shows discretization of the soil-structure system.
Shell and solid finite elements were used to represent the
chimney and the foundation, respectively. The time step∆t =
0.015s was chosen to compute accurate results for maximum
range frequency of 25Hz, enough to represent the dynamic
behaviour of the structure. Resonance frequencies vary in the
range between 0.71Hz and 16.31Hz [14]. A similar input file to
Listing 1 was used.

Figure 5 shows the dynamic behaviour due to a horizontal SH
incident wave field, with unitary amplitude. Numerical result
computed with the proposed method and those presented by
Luco for the horizontal response at the foundation are compared.
The agreement between both results is good, especially at
low frequencies. Several differences are found for higher
modes, probably due to the characteristics of the models.
Luco modelled the structure as variable section beam, and soil
behaviour was considered using a compliance matrix.

Next, the dynamic behaviour of the structure due to El Centro
(1940) seismic accelerogram is evaluated. This seismic was
characterized by energy distribution over a range frequency
up to 10Hz. The energy was concentrated mainly in the N-
S component. Figure 6 shows the response at the top of
the foundation in N-S direction. The accelerogram is also
represented.
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Figure 2. Dimensionless soil displacements at (a-c) the surface and (d-f) the planey= 0 in different cases: (a,d) without trench,

(b,e) opened trench and (c,f) filled trench.
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Figure 4. (a) Caletones chimney and (b) BEM-FEM model.

Time history presents similar evolution than the accelero-
gram, with high amplifications for the top of the structure.
Maximum level was reached at time 2.58s from the beginning.
Figure 7 shows the chimney response at this time. Deformed
shape practically corresponds with the first bending mode shape
at 0.52Hz. Maximum displacement occurs at the top with a
relative base amplitude of 0.38m.

Frequency content exhibits maximum levels around the peaks
presented in Figure 5. The seismic wave field is widely
amplified around 1.95Hz, matching with the main frequency
content of accelerograms and the natural frequencies of thesoil-
structure system.

This example has shown how the SSIFiBo can be used to
assess the seismic effects on structures. General seismic fields
can be included in the transient methodology by computing the
incident waves at any point of the soil’s boundary. The incident
wave field is read during theSSIFiBo calling. This procedure
allows considering non-plane waves or irregular soil geometry.

5 CONCLUSIONS

This work presented theSSIFiBo toolbox for MATLAB.
SSIFiBo is a package of functions to study general Soil-
Structure Interaction problems with Finite and Boundary
elements. The numerical model is based on the three
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Figure 6. (a) Time history and (b) frequency content of acceleration at N-S direction at the top of foundation (black line) induced
by El Centro (1940) accelerogram (grey line).
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Figure 5. Frequency content of the horizontal acceleration
due to vertical SH-waves atop of the foundation: proposed
solution (black solid line) and Luco’s result (grey circles).
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Figure 7. Horizontal displacement at N-S direction inducedby
El Centro (1940) accelerogram, at timet = 2.58s.

dimensional BEM-FEM formulation in time domain. Structures
are modelled with finite elements. The soil is represented
with boundary elements considering the radiation condition
implicitly. The toolbox is available for a trial version.

In this communication, the model was validated by compari-
son of two numerical examples with experimental or numerical
results presented previously by other authors. All the examples
were aimed with the characterisation of the SSI effects. The
examples illustrated the importance of SSI influence on wave
propagation barriers and the seismic behaviour of structures.
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ABSTRACT:  Earthquake response spectra as given in EC 8 are defined for soils with shear wave velocities greater than 100-

150 m/s. For soft soil layers, e.g. of clay underlain by bedrock, resonance effects of the layer significantly influence the shape of 

the spectrum. Hence, specific investigations are stipulated in the code for soft soil layers. Based on an intensive parameter study, 

simplified formula for equivalent horizontal acceleration response spectra for a soft soil layer on a viscoelastic half-space are 

derived. They allow defining an acceleration response spectrum for soft soils without cumbersome numerical computations for a 

wide range of soil layer heights and material parameters. The results of this simplified method show a good agreement with 

more precise one-dimensional shear wave propagation analyses. The given spectra are suited for the earthquake design of 

buildings with a foundation on soft soil.  

KEY WORDS: earthquake response spectra; micro zoning; site amplification; site effects; soft soil layer. 

1 INTRODUCTION 

The impact of earthquakes on buildings is described in codes 

by acceleration response spectra. On soft soils, however, site 

effects strongly contribute to the ground motion at the surface.  

Response spectra given in codes do not include such site 

effects so that for soft soil layers specific studies are required.  

In Eurocode 8 the influence of soil conditions on the 

response spectrum is described by five regular ground types, 

A to E, and two special ground types, S1 and S2, requiring 

particular investigations [1].  Type S1 for deposits of soft 

clays/silts with an average shear wave velocity  vs,30 < 100 m/s 

corresponds to the case of  soft soil layers as considered here.  

The national annex of Eurocode 8 for Germany [2], however, 

defines separate ground types which differ from the ground 

types given in [1]. In [2] specific investigations   are required 

for soft soils with shear wave velocities vs < 150 m/s.  

A soft soil layer influences the frequency content as well as 

the amplitudes of free field acceleration time histories.  

Horizontal free field acceleration time histories and the 

corresponding response spectra on the top of a soft soil layer 

can be determined with the theory of a shear wave 

propagating in vertical direction (SH waves).  The application 

of the theory of SH waves to layered soils is well established. 

It takes into account the basic influence of a soft layer, 

whereas it neglects two- and three-dimensional effects as 

wave reflections in valleys and the influence of heavy 

buildings known as site-city interaction.  

For practical purposes, standard software based on the one-

dimensional theory of horizontally polarized shear waves 

propagating in vertical direction including (linearized) 

nonlinear soil parameters can be utilized [3]. The application 

of this method, however, requires specialized skills and 

knowledge not  widely available at engineering consultant 

companies. Therefore a method to derive simplified response 

spectra for the model of a soft soil layer underlain by a half-

space has been developed for soil conditions in Germany acc. 

to [2]. The simplified spectra may be applied directly to the 

earthquake design of buildings on a soft soil.  

2 METHOD OF ANALYSIS 

2.1 SH wave theory 

The model of a layer over a viscoelastic half-space as shown 

in Fig. 1 is studied. The acceleration in the free field at the top 

of the layer related to the acceleration at the top of the half-

space in frequency domain is denoted as transfer function. It 

can be written as 

 ( ) ( )
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where f 2  is the circular frequency of vibration. 

Transfer functions for SH waves in a layered soil can be 

determined by the finite element method or by the transfer 

matrix method [4, 5, 6].  For a single layer over a half-space 

the transfer function is given by 
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Figure 1. Soil model. 

 

Here SG , GG  are the shear moduli, S , G  the densities 

and S , G  the hysteretic damping ratios of the layer and the 

half-space respectively. For a system without damping, i.e. 

with  0 GS , the shear wave velocities acc. to (3) and 

the impedance ratio acc. to (4) become real. They are denoted 

as S,sv , G,sv  and   respectively. For a soft layer the 

impedance is 10   where 0  characterizes the case of a 

rigid half-space. The transfer function is 1 )(F  as 

2 2 2

, ,cos ( / ) sin ( / ) 1    s S s Sh v h v  with 1  .  

Two typical transfer functions for %G 1  , %S 5  and 

%S 10 , respectively, are given in Fig. 2. The peaks of the 

functions appear at the eigenfrequencies  
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of the soft layer over a rigid half-space. The corresponding 

periods are j,Sj,S f/T 1 . The values of the maxima of the 

transfer functions can be given in a good approximation by 
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The impedance ratio   indicates the influence of the 

radiation damping of the half-space, whereas S  represents 

the internal damping of the soil of the layer. Eq. (6) shows 

that the hysteretic damping S of the layer as well as the 

impedance ratio   reduce the maxima of the transfer 

function.  

2.2 Computation of the free field response spectrum 

The computation of the free field motion at the layer surface is 

based on an earthquake motion defined at the bedrock, i.e. at 

the top of the half-space. This input motion is represented by 

an horizontal acceleration response spectrum. In order to 

compute the corresponding response spectrum at the top of the 

layer, an analysis of the SH-wave propagation throughout the 

layer is carried out.  First an artificial acceleration time history 

compatible with the response spectrum defined at the top of 

the half-space is generated. Transforming the time history into 

the frequency domain and applying eq. (2) the free field 

acceleration time history at the top of the layer is obtained. 

Employing this, the free field acceleration response spectrum 

at the top of the layer is computed. All response spectra are 

determined for 5% damping.  

 

 

Figure 2. Transfer functions. 

 

2.3 Response spectrum of the bedrock 

For the bedrock a ground of type C-S acc. to [2] is assumed. It 

corresponds to granular soils with medium density and shear 

wave velocities between 150 m/s and 350 m/s over deep 

deposits of sediments as are typical for the foothills of the 

Alps in Germany.   

The horizontal elastic acceleration spectrum acc. to [2] is 

defined as:  
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,0 2,5    g gR Ia a S                    (7a) 

The reference peak acceleration of the ground is set to be 
201 s/m,agR  , the importance factor 01,I   and the 

damping correction factor 01, . For ground type C-S the 

control periods are 0AT , s,TB 10 , s,TC 50 , s,TD 02  

and the soil factor is 750,S  . The response spectrum with 

2
0 875152750 s/m,,,a ,g   is shown in Fig. 3.  

 

 

Figure 3. Acceleration response spectrum on bedrock. 

 

Fig. 3 also shows the response spectrum of an artificial 

spectrum-compatible acceleration time history. It agrees well 

with the target spectrum. The investigations in this study have 

been conducted using five artificial time histories generated 

with the program SYNTH [4]. 

2.4 Soil models 

In order to investigate the influence of a soft soil layer on the 

free field response spectrum a parameter study has been 

performed [7]. The height h of the layer has been varied 

between 5 m and 50 m. For the shear wave velocity G,sv  in 

bedrock the following values have been adopted: 154, 250, 

350, 450, 520 and 1000 [m/s]. The damping S  in the soil 

layer is assumed to be 5%, 10% and 15% and the damping in 

the bedrock %G 1 . The shear wave velocity in the soil 

layer is s/mv S,s 90  and the densities in the layer and in the 

bedrock are 31900 m/kgS   and 32200 m/kgG   

respectively. 

2.5 Free field response spectra 

Some response spectra at the top of the layer for 

s/mv S,s 90  and s/mv G,s 350 are shown in Fig. 4. The 

peaks of the curves occur at the periods corresponding to the 

resonance frequencies of the layer on a rigid base acc. to eq. 

(5). At these periods, the response accelerations are 

significantly amplified compared to the spectrum at the 

bedrock also given in Fig. 4.  

All computations have been done with SHAKE 2000 [3] 

and checked with a software developed for the one-layer 

system. 

3 EQUIVALENT SYSTEMS 

Two soil models are considered to be equivalent when they 

possess the same transfer function. One of the models is called 

the reference model the other one is the actual model.  

Two systems are approximately equivalent when they have 

the same eigenfrequencies acc. to eq. (5) and the same 

magnitudes of peaks [8].  Denoting the reference model with 

the index “ref”, the eigenfrequency criterion gives 

, , ,/ /s S ref ref s Sv h v h  or 
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Figure 4. Free field acceleration response spectra. 
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The “peak” criterion as established in eq. (6) for the j-th 

peak is:   
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After an approximate linearization one obtains 
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Eq. 9 shows that an increase of the shear wave velocity in 

the half-space, i.e. a decrease of   acc. to eq. (4), corresponds 

to a reduction of the internal damping ref,S  in the layer of 

the reference model. Hence, in the reference model the 

difference between the radiation damping of the actual and the 

reference model is approximately expressed by an increase or 

decrease of the internal damping S in the layer. An example 

with %ref,S 10  and 250.ref   for 1j  is shown in 

Fig. 5.  

  

 

Figure 5. Transfer functions for SH waves. 

 

Free field acceleration response spectra of equivalent 

systems with the same transfer function are identical. For 

approximately equivalent systems the approximation with 

ref,S  is valid at one of the eigenfrequencies acc. to eq. 9, e.g. 

for 1j . As an example the response spectrum of a soil 

model consisting of a layer with s/mv S,s 50 , mh 10 , 

%S 10  and a bedrock with s/mv G,s 500  and 

    0860500225091 .,/,   (eq. (4)) is investigated. The 

periods of the system with a rigid base acc. to eq. (5) are 

s.T ,S 8001  , s.T ,S 2702   and s.T ,S 1603  . With 

s/mv ref,S,s 90  the equivalent layer height is obtained as 

mhref 18  (eq. (8)). A reference model with a shear wave 

velocity in the half-space of s/mv ref,G,s 1000  gives  

    07801000229091 .,/,ref  . The damping in the layer 

of the reference model is %,ref,S 510  for 1j  and 

%,ref,S 210  for 2j . The free field response spectra of 

the actual system and the reference model for 1j  are shown 

in Fig. 6. Both spectra are in good agreement. Other systems 

may have a slight deviation depending on the 

eigenfrequencies ( 1j  or 2j ) for which peaks have been 

adapted. 

 

 

Figure 6. Response spectra: actual vs. reference model. 

 

4 EQUIVALENT RESPONSE SPECTRA 

4.1 Basic formula for acceleration response spectra 

Based on the parameter study described in section 2.4, 

simplified formulas for equivalent response spectra of a layer 

over a half-space have been developed [8].  Taking the 

resonance behavior of the layer into account, two sets of 

parameters, one for the first period and another for the second 

period are given. For each period T of the response spectrum 

the maximum of both spectra is decisive: 
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(10) 

The formulas for )T(S i,e,S  are adapted on the description of 

the response spectrum in EC 8. They are defined as:  
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with 21,i   and 

, 2,5      g i i gR Ia a S        (11a) 

The parameter sets for i=1 and i=2 correspond to the response 

spectra for the first and second eigenfrequency of the layer, 

respectively. They will be given in the following. The periods 

i,Di,Ci,Bi,A T,T,T,T  are the control periods of the spectrum. 

The parameter i  describes the amplification of the response 
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spectra acceleration of the bedrock by the layer at the i-th 

resonance period.  

All parameters have been adapted to the response spectra of 

the parameter study described in section 2.4. Altogether 342 

models with different layer heights, damping and bedrock 

shear wave velocities have been investigated.   

4.2 Control periods 

Basically the control periods correspond to the periods at the 

resonance of the layer on a rigid half-space [6]. However, the 

investigations revealed a pronounced peak corresponding to a 

period of vibration T=0.5 s occurring for all the heights due to 

the initial spectrum at the bedrock. Therefore some adaptions 

have been made [7].  

The control periods are given with 2DT s  by   

 , , , 1 , , , ,0; ; ; max ,   A i B i L i C i L i D i C i DT T T T T T T T (12) 

with  
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4.3 Amplification factors i  

The ratio between the response spectrum accelerations at the 

top of the layer and the ones from eq. (7) is defined as being 

the amplification parameter α. Two parameters, α1 and α2, are 

required in order to define the spectra for the first two 

resonance peaks of the layer. For each investigated shear 

wave velocity of the half-space a different set of α1 and α2 

parameters is to be fixed. 

For a given shear wave velocity in the layer of 

s/mv S,s 90  and in the half-space G,sv  and a presumed 

damping S  in the layer the amplification factors depend only 

slightly on the layer height [7]. Therefore an average value 

can be taken for all layer heights. For s/mv S,s 90 the 

variation of amplification factors α1 and α2 with the shear  

wave velocity in the half-space and the damping in the layer is 

given in Tables 1 and 2 and shown in Fig. 7. Intermediate 

values may be got by interpolation. 

 

4.4 Decay factors in  

The parameters in  control the sharpness of the decay of the 

curves in the response spectrum. They have been determined 

by numerical experiments as given in Tables 3 and 4 and 

shown in Fig. 8 (values in brackets for 450 m/s by 

interpolation). Intermediate values may be interpolated. 

 

 

Table 1. Amplification factor α1. 

G,sv  [m/s] 154 250 350 450 520 1000 

%S 5  1.62 2.24 2.75 (3.15) 3.37 4.35 

%S 10  1.46 1.96 2.35 2.63 2.81 3.49 

%S 15  1.29 1.68 1.94 2.12 2.24 2.62 

Table 2. Amplification factor α2. 

G,sv  [m/s] 154 250 350 450 520 1000 

%S 5  1.20 1.50 1.73 (1.86) 1.93 2.22 

%S 10  0.98 1.20 1.36 (1.45) 1.49 1.69 

%S 15  0.75 0.89 0.98 1.02 1.05 1.15 

Table 3. Decay factor 1n . 

G,sv  [m/s] 154 250 350 450 520 1000 

%S 5  1.30 1.50 1.50 (1.83) 1.90 2.10 

%S 10  1.18 1.35 1.35 (1.60) 1.65 1.85 

%S 15  1.05 1.20 1.20 (1.37) 1.40 1.60 

Table 4. Decay factor 2n . 

G,sv  [m/s] 154 250 350 450 520 1000 

%S 5  1.20 1.40 1.50 (1.57) 1.60 1.50 

%S 10  1.00 1.10 1.20 (1.27) 1.30 1.25 

%S 15  0.80 0.80 0.90 (0.97) 1.00 1.00 

 

 

Figure 7. Amplification factors. 
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Figure 8. Decay factors. 

 

4.5 Verification of the simplified response spectra 

The simplified response spectra acc. to eqns. (11, 11a, 12, 13) 

have been verified for all investigated shear wave velocities 

( 90S,sv  m/s; G,sv = 153, 250, 350, 450, 520, 1000 m/s ), 

layer heights between 5 and 50 m and for the damping ratios 

%S 5 , 10% and 15%  in the layer. The shear wave 

velocity in the layer, the damping in the half-space and soil 

densities were kept constant as 90S,sv ms, %G 1 , 

31900 m/kgS  and 32200 m/kgG  , respectively [7]. 

The simplified response spectra agree very well with the exact 

response spectra of the system. Some examples for 

s/mv S,s 90 , s/mv G,s 350  and %S 5   are given in 

Fig. 9.   

5 CONSTRUCTION OF SIMPLIFIED RESPONSE 

SPECTRA 

5.1 Generals 

For a soil layer on a half-space the response spectrum can be 

constructed in two steps. First an equivalent reference model 

is determined. It should possess the same eigenfrequencies 

(for a layer on a rigid base) and the same impedance ratio. In 

the next step an equivalent simplified response spectrum of 

the reference model is obtained acc. to section 4. The 

construction of an equivalent acceleration response spectrum 

will be demonstrated by  an example.   

 

Figure 9. Free field acceleration response spectra,         

                 s/mv S,s 90 , %S 5 , s/mv G,s 350 . 

 

5.2 Data of the ground model 

The data will be as follows: 

 

soil layer:   

, 70 /s Sv m s ,  31900 m/kgS  ,  %S 7 , h = 27 m  

half-space:   

, 220 /s Gv m s , 32200 m/kgG  , %G 1  

 

earthquake parameters: 
21,0 /gRa m s , 01,I   , 01, , ground type C-S [2]. 
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The impedance ratio is  G,sGS,sS v/v   or 

    2750220227091 .,/,  , the periods of the layer on a 

fixed base are obtained acc. to eq. (5) as s.T ,S 5411  ,  

s.T ,S 5102  , s.T ,S 3103  , s.T ,S 2204  .  

5.3 Reference model 

The computations for the equivalent reference system have 

been done with s/mv ref,S,s 90 , 31900 m/kgref,S  ,  
32200 m/kgref,G  , %ref,G 1 . These values are fixed, 

whereas the height, damping of the layer and the shear wave 

velocity in the half-space of the reference system are 

determined as described below. 

The height of the reference system is obtained with eq. (8) 

as:  

  
, ,

,

27 90/ 70 34,71    
s S ref

ref

s S

v
h h m

v
. 

With ref
 or    ref,G,sref,Gref,S,sref,S v/v  the shear 

wave velocity in the half-space of the reference system is  

obtained to be  

  ref,Gref,Sref,S,sref,G /vv                             (14) 

or ref,Gv    s/m,,,/, 92832750229190  . The damping 

in the layer of the reference system acc. to eq. (9) is 

%Sref,S 7  since ref
.   

5.4 Response spectrum 

The equivalent simplified response spectrum is 

characterized by the control periods and corresponding 

amplification and decay factors. According to eqn.’s (12) and 

(13) with 
refhh   and ref,S,sS,s vv   the following control 

periods are obtained: 

 

,1 0AT , ,1 0,51BT , ,1 1,54CT , ,1 2,0DT ; 

 

,2 0AT , ,2 0,31BT , ,2 0,51CT , ,2 2,0DT . 

 

The response spectrum at the surface of the half-space is 

given by eq. (7). With the earthquake parameters given above 

the following response accelerations are obtained: 

2

,1( ) 0,608 /e SS T m s , 2

,2( ) 1,823 /e SS T m s  

 The amplification and decay factors for the reference 

model are got from Tables 1 to 4 by interpolation for 

ref,Gv 283,9 m/s  and %ref,S 7  as  2821 , , 4412 , , 

4411 ,n  , 3112 ,n  , respectively. The corresponding response 

spectra  )T(S ,e,S 1 , )T(S ,e,S 2  acc. to eqn.’s (11), (11a) are 

shown in Fig. (10). The final spectrum 
e,SS  at the top of the 

soil layer acc. to eq. (10) as envelope of the spectra 

21 ,e,S,e,S S,S  is shown in Fig. (11) together with the response 

spectrum 
eS  at the top of the half-space.  It illustrates the shift 

of the periods and the amplification of the response 

accelerations caused by the soft soil layer. 

 

    
Figure 10. Acceleration response spectra. 

 

 

Figure 11. Acceleration response spectra at the top of the 

soft soil layer and of the half-space. 

 

6 CONCLUSIONS 

An easy-to-handle method for constructing horizontal 

acceleration response spectra for a viscoelastic layer on a half-

space has been developed. The spectra can be applied to the 

design of buildings on soft ground. 

The parameters are given for a ground of type C-S acc. to 

EC 8 and the German NAD [1, 2] with respect to the half-

space.  The method has been validated for a comprehensive 

set of parameters of the soil layer and the half-space (section 

4.5). Considerable extension of the material presented in the 

paper to other ground conditions and soil profiles is possible.  
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ABSTRACT: Experimental studies on structure-foundation-soil interaction (SFSI) have been performed mainly on rigid or 
single-degree-of-freedom (SDOF) structures. Because of the simplification of structures, these studies may not be able to reveal 
the actual bending moment distribution in a building. In this study, the bending moment development at beam-column joints 
over the height of a building with SFSI was considered. Shake table tests were conducted on a single bay model which was 
constructed to represent a multi- storey prototype building. Buckingham’s π theorem was applied to obtain the properties of the 
model structure. A box with sand fill was used to simulate the behaviour of supporting soil. To achieve a more realistic 
confinement on the soil due to the weight of the structure, an approach was developed using artificial mass so that the actual 
weight of the structure is more accurately simulated. Shake table tests on the same structure with an assumed fixed base were 
also conducted as a reference case. The results show that when SFSI was considered, the lateral displacement of the model 
relative to the ground increased. SFSI reduced the kinetic energy in the upper floor of the structure. 

KEY WORDS: Soil-foundation-structure interaction; Shake table test; Multi-storey structure, Structural uplift. 

1 INTRODUCTION 

SFSI has been recognized as one of the factors that can 
control the seismic performance of structures significantly. It 
has been observed that structures experiencing foundation soil 
plasticity have incurred less damage [1-6]. For a structure 
with a shallow foundation, seismic forces induced by ground 
excitation may cause structural uplift i.e. temporary and 
partial separation between footing and foundation soil, 
whenever the overturning moment exceeds the moment 
provided by the self-weight. The soil deforms and imposes its 
movements to the structural foundation. The activated inertia 
forces resulting from structural vibrations create additional 
response at the soil-foundation interface. Both phenomena 
occur simultaneously and affect the subsequent soil 
deformation. 

Observations of buildings in past major earthquakes e.g. 
Housner [2], Anastasopoulus et al. [5] and Gazetas et al [6], 
showed that structures experiencing minor nonlinear SFSI 
with limited plastic soil deformation performed better than 
expected. Housner [2] was probably the first describing 
observations of the beneficial effect of nonlinear SFSI. During 
the Chilean Valdivia earthquakes of May 1960, a number of 
tall and slender structures survived strong ground shaking; 
whereas apparently more stable structures were severely 
damaged. These results triggered a number of investigations.  

To study the nonlinear SFSI due to soil plastic deformation, 
numerous field and laboratory studies have also been 
conducted [7-10]. Centrifuge tests were performed to study 
the nonlinear load-deformation behaviour of a shallow 
foundation with plastic soil deformation. In centrifuge tests 
using concentric vertical and slow cyclic lateral load Gajan el 
al. [7, 8] investigated the performance of shallow foundations 
on moderately dense sand and saturated clay. It was reported 
that the moment capacity of soil did not reduce with the 

accumulation of soil plastic deformation. On the other hand, 
non-uniform deformation of soil under footing rotation can 
result in uplift of footings. Deng and Kutter [9] have extended 
the centrifuge study to consider the footing embedment and 
variation of safety factors for vertical load bearing capacity. 
Another series of centrifuge experiments were conducted by 
Algie et al. [10] to study nonlinear interaction between soil 
and structural plastic behaviour. The experiment involved 
pseudo-dynamic test on small scale bridge models with a rigid 
pier and various footing sizes. The results showed as 
anticipated that a small bridge footing size could result in 
large plastic soil deformations.  

Early shake table tests on the effect of structural uplift on a 
multi-storey building were performed by Huckelbridge and 
Clough [11, 12]. They concluded that allowing structures to 
uplift could reduce the ductility requirement. Another series of 
shake table experiments were carried out by Paolucci et al. [13] 
to replicate highway bridges founded on shallow foundations 
on sand. Load cells were placed at the soil-foundation 
interface to measure contact force. Results show SFSI can 
reduce the contact area between foundation and soil. This 
results in degradation of the rotation stiffness of the footing 
and an associated lengthening of the system fundamental 
period. However, this study considered only footings, and 
ignored the dynamics of the superstructure with actual 
foundation-soil systems.  

Experimental studies on SFSI have been performed on the 
interaction between subsoil and a rigid body or SDOF 
structure. Because of the simplification of structural model, 
these studies may not be able to reveal the actual bending 
moment distribution in a building. In this study, the bending 
moment development at the beam-column joints along the 
height of a building including SFSI effect was investigated. 
Shake table tests were conducted on a single bay model which 
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was constructed to represent a multi-storey prototype 
building. Buckingham’s π theorem [14] was applied to obtain 
the properties of the model members. The measurements 
obtained from the experiment are considered to reflect the 
bending moment development in the prototype. The structure 
was assumed to have a surface footing. A box with sand fill 
was used to simulate the behaviour of supporting soil. Shake 
table tests on the same structure with a fixed base were also 
conducted. The effect of SFSI on the bending moment 
distribution in the structure reduces with the height of the 
structure. The kinetic energy contained in the structure with a 
fixed base and SFSI was also considered. 

 

2 SHAKE TABLE EXPERIMENT 

 Prototype structure 2.1

In this work, the prototype structure comprises a four-storey 
building with 3 m floor height and 36 m2 floor area. The 
seismic mass is 30 tonnes for each floor and 25 tonnes for the 
roof. The structural frame consists of 310UC158 steel 
columns and 360UB44.7 steel beams (Es=200 GPa). The 
beam-to-column stiffness ratio is 0.121 with a 170 mm thick 
concrete slab on each floor. A shallow foundation with a size 
of 6 m x 6 m and a total weight of 55 tonnes is considered. 
The fundamental period of the structure with an assumed 
fixed base is Tn = 0.74 sec (fn = 1.35 Hz).  
  

 

Figure 1. Prototype structure. 

 

 Model scaling 2.2

Because of laboratory restriction a MDOF model was used to 
represent the prototype structure. By applying Buckingham π 
theorem [14], the relationships between physical parameters, 
that define the model behaviour, were found. Qin et al. [15] 
has proposed a dimensionless variable to obtain the 
relationship between the dynamic properties of a prototype 
and its corresponding scaled-down model. Five physical 
parameters were considered, i.e. collective lateral stiffness, 
mass, time, length and acceleration. Based on Buckingham π 

theorem [14] and Hooke’s law, Qin et al. [15] has 
demonstrated that the dynamic response of a structure during 
an earthquake can be represented by a reformulated Cauchy 
number. The scaled factors for the considered parameters can 
then be obtained. 

Because the uplift behaviour of a structure is affected by the 
weight of the structure, the gravity effect on structural uplifts 
cannot be neglected, when a scale model is used [16]. The 
physical property of the scale model should be selected so that 
its dynamic behaviour is the same as that of the full-scaled 
structure. Table 1 summarizes the scale factor for each 
physical parameter. 
 

Table 1. Scale factors. 

Parameter Scale factor 
Lateral stiffness 1200 

Mass 1200 
Time 1 

Length 10 
Acceleration 10 

 
 
The selected scale factors lead to the scaled MDOF 

aluminium model in Figure 2 with a height of 820 mm. The 
frequency of the model was 1.35 Hz which is identical to the 
one of the prototype. Since the model response was 
considered only in the excitation direction, the desirable 
lateral stiffness of column and beams were only achieved in 
the in-plane direction and a surface footing with a thickness of 
15 mm, and dimensions of 750 mm and 450 mm for the in the 
in-plane and out-of-plane directions was utilized, respectively. 

The plastic deformation in the beams was simulated by the 
rotation at the beam-to-column connection. A component 
made of mild-steel with 1.6 mm thickness and 28.5 mm width 
was used. The size was selected so that the fundamental 
frequency of the model and the beam-to-column stiffness ratio 
are identical to that of the prototype structure.  
 

 

Figure 2. Experimental setup of structure on sand. 

 
To conduct the shake table test on the scaled MDOF model, 

Northridge near-source earthquake was applied (Figure 3). 
The ground motion was scaled according to New Zealand 
Design Spectrum [17]. To apply the excitation in the 
experiment, the excitation was also scaled by the scale factor.  
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Figure 3. Ground excitation.  

 

 Artificial mass simulation 2.3

Because the gravitational acceleration cannot be scaled in the 
shake table experiments, the scale factor of acceleration 
cannot be applied to scale the gravity effect. The model used 
in the experiment would be heavier that the model obtained 
from similitude, resulting in an inaccurate vertical 
confinement on the supporting soil. The moment capacity of 
the soil is a function of the applied vertical confinement. An 
overweighed model will increase moment capacity.  

To achieve a more realistic simulation of SFSI effect, part of 
the masses of the model was supported externally by a rigid 
frame. The left side of Figure 2 shows the corresponding 
artificial masses (mh1). Each of these masses were allowed to 
slide on the frame in the horizontal direction and connected to 
the floor mass by a rigid rod. This configuration can provide 
the necessary inertia of model in the horizontal direction. At 
the same time the soil experiences the correct weight resulting 
from mv1.  

 

 Setup and instrumentation 2.4

The aim of this experiment was to investigate the benefit of 
the nonlinear soil-foundation-structure interaction on the 
structural behaviour in earthquakes. Two sets of experiments 
were performed. The first experiment was to investigate the 
seismic performance of the structure with an assumed fixed 
base. In this test the supporting ground was assumed to be 
rigid. The plastic deformation of the supporting soil and the 
footing is ignored. The second experiment incorporated the 
deformation of the supporting soil. This experiment was 
conducted by placing the structure in a sand box of 1 m x 0.8 
m. It was filled with 0.4 m depth of river sand. In order to 
obtain a proper distribution of soil particle, prior to each test, 
the river sand was rained from height between 0.5 m to 0.6 m 
into the sand box [18]. 

The physical parameters of the model to be quantified were 
the drift developed at each storey, horizontal displacement at 
each floor with respect to the shake table and bending moment 
(BM) at each column base. Four draw-wire sensors were 
attached to the centre of each floor for measuring the 
horizontal displacement. Diagonal portal gauge was used to 
obtain the relative inter-storey drift of each floor. Bending 
moments at the base of each column were obtained from 
strain gauges measurements.  

 
 

3 EXPERIMENTAL RESULTS 

 Effect of nonlinear SFSI on the lateral displacement 3.1

If SFSI was considered, footing rotation can take place. This 
will result in an additional horizontal displacement. The 
horizontal displacement of the model on sand will be 
increased. The demand of separation distance between 
adjacent structures should be increased if SFSI is considered.    
  Figure 4 shows the comparison of the maximum horizontal 
relative displacement (u) at each floor. The maximum 
displacement of the model on sand is higher than that of the 
model with an assumed fixed base. In the case considered the 
maximum horizontal displacement at the top floor including 
SFSI effect is 79.32 mm, while that of the model with an 
assumed fixed base is only 52.64 mm.  

 

 
  

Figure 4. Effect of SFSI on the maximum lateral 
displacement. 

 Effect of SFSI on the bending moment  3.2

It is anticipated that the bending moments BM in each floor 
(the sum of the bending moment in all columns of a storey) 
will be decreased due to nonlinear SFSI. Figure 5(a) shows 
the bending moments in the ground floor. SFSI reduces the 
bending moment development in the columns. With an 
assumed fixed base the maximum bending moment in the 
ground floor was 15.72 Nm (solid line). With SFSI, the 
maximum bending moment in the same floor was reduced to 
4.84 Nm (dashed line), i.e. a reduction of 69.21%.  

For the bending moment in the first floor (Figure 5(b)), SFSI 
also reduces the maximum bending moment. The maximum 
bending moment in this floor was respectively 4.05 Nm and 
8.65 Nm for the model with and without SFSI effect, i.e. a 
reduction of 53.18%. As anticipated the effect of activated 
rigid body rotation resulting from the soil deformation has the 
largest influence on the development of bending moments at 
the base.  
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Figure 5. Reduction of bending moment at the (a) ground and 
(b) first floor due to SFSI. 

 
Figure 6 shows the bending moment development in the 
second and third floor. As expected the bending moment in 
these floors with and without SFSI effect was not much 
different. The maximum bending moment in the second floor 
with and without SFSI was respectively 2.20 Nm and 2.65 
Nm, i.e. a reduction of 17%. The corresponding maximum 
bending moment in the top floor was respectively 1.16 Nm 
and 1.24 Nm, i.e. a reduction of 6%.  

It is also found that the frequency of the column response in 
the higher floors was higher than those in the lower floors of 
the structure. As shown in Figure 6(b), the frequency of 
bending moment development in the third floor was higher 
than that in bending moment development in the ground floor. 
This might be caused by the impact of footing on the soil 
during uplift. If SFSI is considered, footing can temporary 
separates from the supporting soil and then step back on the 
foundation soil. This can cause an impact force on the footing 
and column, resulting in a high frequency vibration in the 
upper floors. This can result in possible damage of non-
structural component attached at the columns located at the 
upper floors of a structure. 

 

 

 

 

Figure 6. Effect of SFSI on the bending moment at the (a) 
second and (b) third floor. 

 

 Effect of SFSI on the inter-storey drift  3.3

Figure 8 shows the comparison of lateral drift developed at 
each storey of the model with and without SFSI effect. SFSI 
reduces the storey drift. With a fixed base assumption the 
lateral drifts at each storey were very similar. When SFSI 
effect was considered, the top floor experiences the largest 
decrease of the storey drift.  

Figure 9 shows the maximum lateral drift at each storey. 
For the model with an assumed fixed base, the maximum drift 
at each storey was around 5%. With the effect of SFSI, the 
storey drift reduces to approximately 2% for the first and 
second floors, 3% at the third floor and 1% at the top floor. 
The decrease of storey drift is beneficial to the seismic 
resistance of structures, since the smaller the relative 
displacement between the floors is, the more unlikely that the 
structure will experience damage. 

However, the reduction of drift due to SFSI varies with the 
height. It appears that the contribution of the higher modes to 
the response of the model increased due to SFSI. In the case 
considered the largest maximum lateral drift occurred at the 
third floor, and it was significantly larger than those of other 
floors. 
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Figure 8. Drift development at the (a) ground floor, (b) first, 
(c) second and (d) third floor. 

 

Figure 9. Influence of SFSI on the maximum drift. 

 

 Effect of SFSI on the kinetic energy  3.4

The kinetic energy (Ek) was obtained by integrating Equation 
1. 
 

   )(mvdvEk  (1) 

 
where v and m are the velocity and mass at each floor of the 
model, respectively. 
 
Figure 10(a) shows the kinetic energy at the first floor. The 
dashed and solid lines represent the model with SFSI and an 
assumed fixed base, respectively. The energy at this with SFSI 
effect was similar to that of the model with an assumed fixed 
base.  

Figure 10(b) shows the kinetic energy at the top floor. The 
kinetic energy reduced when SFSI effect was considered. 
After about the 13th second, the energy developed at this floor 
with SFSI effect was significantly smaller than that in the 
fixed base structure. At the 20th second of the excitation, the 
kinetic energy in the model with SFSI is 56% of that in a fixed 
base structure.  
 

 

 
 
 

Figure 10. Kinetic energy at the (a) first and (b) top floors. 
 
 

4 CONCLUSIONS 

In this work, shake table tests were conducted on a multi-
storey model to investigate the response of structure with 
SFSI effect. In order to ensure that the shake table test result 
reflects the prototype response, Buckingham’s π theorem was 
applied to obtain the properties of the model members. To 
correctly simulate the weight of the structure and the activated 
inertia, external masses are considered. The structure was 
assumed to have a surface footing. A box filled with sand was 
used to simulate the behaviour of supporting soil. 

 
The experimental result has revealed that: 
 Rotation of footing will occur if SFSI is considered. 

This will increase the horizontal displacement of 
structure relative to the ground.  

 SFSI reduces the bending moment in the structure. 
However, the amount of reduction decreases with the 
height of structure. 

 The inter-storey drift of the structure can be reduced by 
SFSI. In the considered case, the maximum inter-storey 
drift took place at the second floor. 

 SFSI was effective in reducing the kinetic energy at the 
higher floor. However, the kinetic energy in the lower 
floor of the model was not reduced. 
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ABSTRACT: The development of a 3D BEM-FEM code for ground-structure interaction is reported. The problem which 

originated this work was that of a pile joining the top and lower surfaces of a 10 m-high layer of soil. This problem leads to 

contour lines in contact with three different media which in turn lead to either over-determined or under determined matrix 

systems depending on the approach chosen. Several techniques have been tested. The retained approach uses multi-stresses at 

angular nodes thus leading to over determined matrix systems. The system of equations is balanced by adding extra equations at 

“fictitious” nodes chosen close to the angular nodes. 

KEY WORDS: BEM; ground-structure interaction; multi stresses. 

1 INTRODUCTION 

BEM-FEM tools are well adapted for the propagation of 

vibrations in complex media combining soils and 

structures.  It is often best to model the ground by means 

of BEM and the foundations by means of FEM. A 2D [9] 

and later a 2.5D [10] BEM-FEM code, named 

MEFISSTO, has been developed at CSTB.  

By 2.5D, we refer to an infinite constant geometry in, say, 

the y direction, but with 3D excitations such as point 

forces.  The 2.5D version makes use of the developments 

published by DeSantos & al [11] which showed that the 

2.5D solution can be obtained by solving a set of 2D 

problems each written for a given ky wavenumber and by 

carrying a spatial Fourier transformation of the results. It 

has been showed [12] that the 2.5D aspect is essential in 

order to include realistic surface excitations.  In many 

situations, such as for extended geometries along the y 

direction, this will suffice to obtain a realistic behavior of 

the underground structure. Consequently, in [13], a 

mobility approach has been proposed in order to join 

separate computations of the ground + foundations (source 

mobility) carried in 2.5D and the 3D computations of the 

superstructure by means of classical FEM computations 

(receiver mobilities). This technique has been applied to 

several real situations. Nevertheless, in some cases these 

tools will not be sufficient. Such a case arises when 

dealing with pile foundations, for which, a 3D FEM-BEM 

model is obviously required. 

In this paper, we will show the technical difficulties which 

arose during the development of MEFISSTO-3D and what 

numerical solutions have been retained. We will next 

consider two simple cases which offer means to validate 

the code. Finally, the case of a 5 m or 10 m-long pile 

joining the top and lower surface of a top layer of soil will 

be considered (referred to as the “pillar problem’). 

 

 

2 3D MODELLING 

2.1 Mixed BEM FEM 

The 3D BEM approach is based on the integral 

representation (1) which expresses the displacement vector 

ū, at any point M in a domain D, in terms of an integral 

over its boundary surface S: 

 

(1) 

where    and    are the free field Green tensors for 

displacement and stresses;     is the stress vector; ћ is the 

excitation contribution. The numerical implementation and 

discretization of (1) will lead (in 3D) to surface elements 

(triangles or rectangles). The alternative to BEM is the 

FEM approach where the full domain is meshed by 

volume elements. For a general problem consisting of 

several domains one may use BEM for any domain and 

FEM for any finite region.  

 

2.2 Meshes 

The writing of the 3D version of MEFISSTO follows the 

structure of the 2D version [9]. The full problem is 

separated into sub-domains. Each sub-domain is modelled 

either by BEM or FEM which allows introducing varying 

properties (FEM) in certain regions. Usually, the FEM 

approach is retained for the foundations. One must note 

that the 2.5D version has only been developed for BEM.  
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Infinite boundaries 

 

As soils are generally modelled using BEM, the 

discretization of the ground will be limited to its 

boundaries which include not only the interfaces between 

soil and foundations but also the infinite planes which 

represent either the upper soil/air interface or soil layers 

interfaces. In the following examples, interlayers are 

horizontal planes which, due to the high damping 

coefficients found in soils, are only discretized over finite 

distances around the foundation. In [9], the free field 

Green functions are used. The use of more complex Green 

functions has been implemented in the 2D version, but it 

was found that the cost of their evaluation does not reduce 

overall computation times. The solution retained in 3D 

consists in defining a minimum horizontal domain        

(Lx) *(Ly) which contains both the structures and the 

sources defined as forces acting at pre-defined positions 

(sources can also be defined as incoming waves). The 

horizontal BEM surfaces are defined then as (Lx + n λR) *  

(Ly + n λR) where λR is the Rayleigh wavelength and n a 

chosen real number. Thus, the meshed size of the 

horizontal interfaces changes with frequency. Figure 1 

shows a 2D representation of the “pillar problem” and 

Figure 2 the corresponding 3D meshings at 50 Hz and 100 

Hz. The bottom soil is semi-infinite. One can notice that 

the meshings consist of both the meshed column and the 

top and inter-soil horizontal planes. Each horizontal plane 

has a central constant zone in orange which is meshed 

automatically at each frequency and peripheral zones of 

varying size and meshes. 

 
Figure 1. The pillar problem with 3 media. A concrete 

pillar joining the two extremities of a soil layer. 

 

 

 
Figure 2. Mesh with a peripheral frequency varying zone 

at 50 and 100 Hz. 

 

 

 

The FEM zones, if any, are introduced by condensing the 

assembled FEM matrices, per zone, onto their coupled 

nodes on the BEM/FEM interfaces. The condensed FEM 

matrices are then full matrix similar to BEM matrices and 

directly assembled using displacement continuity at the 

interfaces. BEM stresses are classically written as equal to 

the integrated forces also on the BEM/FEM interfaces [9].  

To complete the discussion about mesh extensions, i.e. 

the meshing size of infinite planes, we have carried a 

simple 2D BEM computation in the situation of Figure 1, 

also considered in 3D in the last example. In this 2D case, 

the boundary to mesh is the top air/soil infinite horizontal 

plane and the interlayer at 10 m of depth. The top soil is 

defined by (E=269 MPa, ρ=1550 kg/m3, ν=0.257,η=0.1). 

The lower soil is ten times harder. A concrete pillar, 1 m x 

10 m, joins the two horizontal boundaries. An oblique 

force (1,1)  is placed at a depth of 5 m (position (-5,-15)) 

and 2 receivers M1 and M2 are placed at the top and at the 

bottom of the pillar. The mesh extends between (-D,0) and 

(+D,0) with values of D = 10,8,6,4 m. When D=4 m, the 

source is located outside the meshed region. Figure 3 

shows the horizontal and vertical components of 

displacement obtained at M1 and M2 for the 4 mesh sizes 

as well as a sketch of the geometry. 

We can see that even for D=2m (4 m-long boundary) 

when the excitation is well outside the x range covered by 

the meshing, the solution is not very different from the 

results obtained for D=10 m. This suggests that, in 

practice, it is not essential to extend the discretisation all 

the way to the excitation position when point forces are 

considered – e.g. when modelling sources like 

underground vehicles. 

 

 
Figure 3. 2D pillar problem: oblique force in the lower 

semi-infinite soil. Influence of the extent of the meshing. 

 

2.3 Singularities 

The BEM is well known for its singularities issues. For 

triangular BEM elements the analytical expressions 

proposed by Semblat [14] have been used and adapted for 

rectangular elements. 

 

2.4 Multi-stress 

When deriving BEM in elastodynamics one must be 

careful with the treatment of stresses. The stress vector t 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

727 

which appears in the integral displacement representation 

(1) depends on the normal vector to the surface. When the 

normal is discontinuous, one must attribute a t vector to 

each normal. Now, let us consider the case of an obstacle 

placed inside an infinite ground. For smooth boundaries 

with N nodes, and considering both internal and external 

domains, one will have one u and one t unknown vectors 

at each nodes so N*6 unknowns? Since the BEM equation 

is written twice at each node (from the inside and from the 

outside) one obtains 2N vectorial equations, so 6N 

unknowns for 6N unknowns. However, if the obstacle is a 

rectangular block vector t will have, on the block surface, 

either one, two or three ‘values’ at each node respectively 

for smooth points, edge points or corner points. One has 

therefore to add new equations in order to obtain a square 

matrix system. Several approaches have been tested. The 

first one [15] consists in adding relations between t vectors 

at edges and corners. One may point out that constant 

BEM triangular elements, where both u and t are defined 

at a central node are not affected by this problem.  The 

constant element has been implemented but shows poor 

performances and is slow to converge. Mixing linear and 

constant elements has also been tried, but then, the 

evaluation of the singularities becomes cumbersome. 

A second technique, proposed in [16], introduces a hybrid 

triangular BEM element with four nodes. The corner 

nodes support the u vector and the central node supports 

the t vector so that the element remains linear in u but is 

constant in t; this approach is therefore devoid of the 

multiple t  problem. However, this technique leads to more 

equations than unknowns and the authors propose a 

technique which combines all equations at a given node 

into a single one. This approach has proved to function 

correctly for the ‘cube-in-soil’ problem but did not work 

out for the ‘pillar-problem’. 

Quite recently Deng & all [17] have proposed a very 

simple technique for 2D problems. Since, the 

multiplication of t vectors at unsmooth nodes leads to 

more unknowns than equations, the authors propose to 

write extra BEM equations at fictitious points in the 

vicinity of the problematic locations. The values of u and t 

at these extra positions are expressed as linear 

combinations of the two surrounding nodes variables and 

therefore, this does not add extra unknowns. We have 

implemented this technique in 3D. Our program 

automatically identifies the correct number of fictitious 

points required. By default these points are placed at the 

centre of triangles but some tests have showed that it may 

be advantageous to place them closer to the multi-t nodes. 

However since no systematic conclusion could be reached 

we place them, by default, at the centre of the chosen 

triangles. 

 

Multi-domain junction 

 

This technique can also handle the more complex problem 

of points placed at the intersection of more than two 

domains. Let us consider the case of a pillar in contact 

with an inter-layer. We note Nt the number of t vectors at 

a given node (Nt=1,2,3 or 4). 

As showed in Figure 4, this problem contains 3 different 

media. Yellow represents the interface between media 1 

and 2. The pillar (medium 3) is situated in medium 1 but 

rests on the interface between media 1 and 2. Red lines 

mark the edges where each point has two t vectors (Nt=2). 

The upper corners (Green points) have three t vectors 

(Nt=3 since there are 3 normals). The lower corners (violet 

dots) have four t  (Nt=4) vectors since in the z direction we 

must distinguish two interfaces (1/2) and (1/3). The 

notation tx
32 in Figure 4 refers to a stress vector along 

direction x between media 3 and 2. 

 

 
Figure 4. Pillar on top of an interface between 2 media. 

View or multiple t vectors at a corner node (Nt=4). 

 

Figures 5 and 6 show examples of meshings. Blue and 

yellow colors mark the triangles with extra nodes. In 

Figure 5 all nodes with Nt>1 are treated. The meshing of 

Figure 6 corresponds to a simplified version where only 

nodes where Nt>2 are treated by multiplying t vectors. At 

nodes on edges an aproximation is made: a single t vector 

is used on both sides (Nt=1 instead of 2). The user has the 

choice between using this approximation or doing the full 

separation (as in Figure 5). Both approches are thereof 

refered to as total or partial t-separation. 

 

 

 
Figure 5.  Mesh: separation of t if Nt>2 
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Figure 6. Mesh: seperation of t only if Nt=3 or 4 

 

3 NUMERICAL VALIDATION 

3.1 Rectangular block of infinite length 

The first application corresponds to a rectangular concrete 

block (E=28.GPa,ρ=2400kg/m3,ν=0.15,η=0.01) of 

dimensions (Lx=Lz=1m, Ly=∞) placed inside an infinite 

ground (E=269 MPa, ρ=1550 kg/m3, ν=0.257,η=0.1). The 

origin (Figure 7) is at the block center and a unite 

horizontal force (1,0,0) is placed at   (-3,0,0). This problem 

is a 2.5D problem since the geometry is invariant along y 

(Ly=∞) but the excitation is 3D [18]. The 2.5D BEM 

solution is taken as a reference against which 3D 

computations have been carried out for different values of 

the block length Ly=4, 8, 12 m.  

 
Figure 7.  2.5D problem of an infinitely long block 

inside an infinite soil. 

 

Figure 8 shows a comparison of the different spectra of 

the horizontal displacement component at two different 

locations M1 and M2 behind the obstacle. We notice that 

the 3D solution rapidly converges towards the 2.5D 

solution when Ly increases. 

 
Figure 8.  Comparison of horizontal displacement at two 

locations: 2.5D and 3D cases. 

. 

 

3.2 Pillar in a box 

Another way to validate the 3D BEM code is to consider a 

problem of finite dimensions which can be solved by 

FEM. 

Since we are interested in the case of a pillar joining the 

upper free surface and a lower interface (see Figure 1) we 

shall consider the same problem placed inside 5x5x4 m3 

rigid box.  The top soil (E=269 MPa, ρ=1550 kg/m3, 

ν=0.257,η=0.1) has a free upper surface and contains a 

centered 1x1x2 m3 concrete pillar. The lower soil is 10 

times more rigid. Both soils are 2 m high. An oblique 

force of components (1,0,1) is placed in the lower 

medium, close to the bottom of the pillar, at position        

(-1.5,0,-1.5). 

 

 
Figure 9. Geometry of the pillar in box problem. 

 

The vertical attenuation function Hp is defined as the 

level difference at the pillar extremities, Hg is computed 

beside the pillar in the ground (see green square marks in 

Figure 9).   

 

H = Lv(free surface)  - LV(interlayer) 
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Figure 10. 5 m-high pillar. BEM-FEM model: BEM 

Meshing – cross cut. Extra nodes are in the middle of the 

green and blue elements. 

 

Figure 10 shows a cross-cut of a typical meshing. It 

corresponds to the partial t-separation option (uncolored 

elements along the pillar edges). Computations in this case 

lead to the same results, both for the partial and total t-

separation. Figure 11 plots the vertical displacement 

spectra at the bottom and at the top of the pillar, computed 

1) only by FEM (FEM-FEM), 2) only by BEM (BEM-

BEM) and 3) by BEM in the soil and FEM in the pillar 

(BEM-FEM).  Agreement with the reference solution is 

obtained within 1 dB. 

 

 
 

Figure 11. Vertical displacement at lower and upper 

pillar 

 

Figure 12 shows the displacement level difference Hp in 

the pillar.  Agreement with the FEM-FEM computation is 

slightly better with the BEM-FEM model since part of the 

computation is done with FEM. 

 

 
Figure 12.  Vertical amplification in the 2 m-high pillar. 

 

3.3 5 m-high and 10 m-high pillars 

The previous problem is modified by taking 5 m-high and 

10 m-high pillars. All other characteristics are unchanged. 

Figure 13 shows a typical meshing.  

 
Figure 13. 10 m-high pillar. BEM-FEM model: BEM 

Meshing – cross cut.Extra nodes are in the middle of the 

green and blue elements. 

 

 

Figure 14 reports the amplification function Hp (in the 

pillar). Again the FEM-FEM computation serves as a 

reference. BEM-BEM and BEM-FEM spectra are very 

close to the reference, the BEM-FEM solution being again 

slightly better than the full BEM one. In addition, the blue 

line shows the results of the same problem without the 

constraining box; in other words the soil is unbounded 

laterally (see Figure 1). The attenuations in the pillar is 

similar to that obtained in the bounded problem albeit 

much smoother. The amplification values are higher than 

for the 2 m-high pillar. 
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Figure 14.  Vertical amplification in the 5 m-high pillar 

 

Figure 15 shows the vertical displacement at 50 Hz 

computed in the vertical plane (y=0) both with the 

constraining box (finite problem) and when the ground is 

unbounded. Note that the vertical displacement at the top 

of the pillar show similar values in both cases. 

 

 
Figure 15. Vertical displacement in the 5 m-high pillar 

Bounded and unbounded soil. 

 

Next, we consider the influence of the size of the 

meshed planes for the top and intermediate horizontal 

planes. As already mentioned, MEFISSTO automatically 

adapts the size of meshed planes according to frequency 

by extending the meshing in the horizontal directions over 

a given proportion of the Rayleigh wavelength λR. We 

have here considered that this extension is n.λR with 

n=0,0.5,1,1.5 and 2 (see Figure 16). 

 

 
Figure 16. Increasing mesh size of horizontal planes: 

n.λR : n=0,0.5,1,1.5,2 

 

 

We observe in Figure 17 that even with no baffle the 

vertical attenuation H is well estimated in the ground. The 

result in the pillar is even less affected by the extend of the 

meshed horizontal inter-media. 

 

 
Figure 17. Hg (ground) and Hp (pillar) vertical 

displacement level differences. 

5 m-pillar, five baffle sizes. 

 

Next, (Figure 18) we compare the spectra of the Hg and 

Hp (ground and pillar) spectra obtained for 5 m and 10 m-

high pillars. In the pillar (red plots), one notices an 

amplification of the vertical displacement from the bottom 

to the top (positive values) for the 5 m-high pillar whereas 

the 10 m-high pillar shows a slight reduction . In the 

ground, the reduction is more pronounced for the higher 

case and the interferences (vertical modal behavior) occur 

at different frequencies. 

 

 
Figure 18.  Vertical attenuation besides and inside the 

pillar 

 

A 3D view of the vertical displacement at 50 Hz is 

showed in Figure 19. This view combines the solution on 

the meshing and two vertical maps which exceed the xy 

positions covered by the meshing. Points beyond the 

meshing should therefore be taken with caution. This type 

of representation provides a useful overview of the 

displacement field (other components could be displayed). 
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Figure 19. General view at 100 Hz – Vertical 

displacements: 20 log(Uz). 

 

3.4 Pillar effect 

We now compare two situations as illustrated in Figure 20. 

The second case is identical to the previous situations. The 

left case represents a single cubic foundation (1x1x1 m3). 

Our purpose is to see the influence of the physical 

connection, though the pillar, between the interlayer and 

the top surface. 

 
Figure 20. Left) cubic foundation. Right) pillar 

 

Figure 21 represents the vertical displacement at the 

bottom and at the top of the pillar, for two heights of the 

top soil layer (5 m and 10 m). Each graph compares the 

two situations of Figure 20. 

We clearly see the increase of displacement at the top of 

the pillar when the pillar is added. Without the pillar, the 

10 m case shows a lower displacement at the top; when the 

pillar is added, this displacement at the top of the pillar is 

very close for both heights. At the interlayer level the 

displacement is reduced (blockage) with the addition of 

the pillar. 

 

 
Figure 21. Comparison of vertical displacements; 

foundation and pillar situations of Figure 20. 

 

3.5 Some comments 

The finite size solutions (figure 9) used as a reference were 

obtained by the FEM part of MEFISSTO but were first 

validated by comparison with a commercial FEM 

software. 

It should be mentionned that although, in the 2 m-high 

pillar case, the results were unaffected by the use of either 

the partial or the full t-separation, this was not so for the 5-

m and 10-m high pillar cases were it was observed that 

convergence with meshing refinement was faster with the 

partial t-separation. 

Another issue is the computation time. So far, the 

solution of the matrix system was done by means of a 

direct solver. For instance, in the 10 m-high pillar case, at 

150 Hz, we had 8139 unknowns for the BEM-FEM model. 

The total CPUs on a standard laptop for the different tasks 

were as follows:  50 s to build the BEM matrix, 6 s to 

build and condense the FEM matrix, 800 s to solve the 

matrix system and 49 s to evaluate the displacement at 

5000 receivers.  

The use of an iterative solver appears therefore to be 

mandatory. The GMRES solver with SPAI-left pre-

conditioning proposed in [18] has been implemented and 

is currently being tested.  

 

4 CONCLUSION 

The development of a 3D BEM-FEM program was not as 

straightforward as originally thought, this being mainly 

due to what we call the multi stress problem. Several 

approaches to stabilize the matrix system have been 

attempted and the approach retained was originally 

proposed in 2013 [17] which somehow shows that this 

difficulty is still being a cornerstone of BEM 

developments in elastodynamics. Validation was done first 

by comparing 3D and 2.5D problems and then by 

considering bounded soils for which classical FEM solvers 

can offer a reference solution. 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

732 

REFERENCES 

[1] M. Bonnet. Boundary Integral Equation Methods for solids and 

Fluids, Wiley: Chichester, U.K. 1999 

[2] L. Gaul, M. Sanchez. A comparative study of three boundary element 

approaches to calculate the transient response of viscoelastic solids with 

unbounded domains. Computer Methods in Applied Mechanics and 

Engineering  179(1-2),111-123, 1999. 

[3] J.F. Semblat, A.M. Duval, P. Dangla. Numerical analysis of seismic 

wave amplification in Nice (France) and comparisons with experiments. 

Soil Dynamics and Earthquake Engineering.  19(5),347-362, 2000. 

[4] M. Tanaka, V. Sladek, J. Sladek. Regularization techniques applied to 

boundary element methods. Appl. Mech Rev. 47(10),457-499, 1994 

[5] D. Clouteau, M. Arnst, T.M Al Hussaini, G. Degrande. Free field 

vibrations due to dynamic loading on a tunnel embedded in a stratified 

medium. J. Sound Vib. 283(1-2), 173-199, 2005 

[6] P. Fiala, S. Gupta, G. Degrande, F. Augusztinovicz. A numerical 

model for re-radiated noise in buildings from underground railways.  9th 

International Workshop on Railway Noise, 2007 

[7] V. Mantic. A new formula for the C-matrix in the Somigliana identity 

J. of Elasticity. 33,191-201 1993. 

[8] M. Guiggani. Computing principal value integrals in 3D BEM for 

time-harmonic elastodynamics-A direct approach App. Num. Methods 

8,141-140, 1992. 

[9] P. Jean. Boundary and finite elements for 2D soil structure interaction 

problems Acta Acustica.87, 56-66.,2001. 

[10] P. Jean, C. Guigou, M. Villot. A 2.5D BEM model for ground 

structure interaction.  Building Acoustics 11(3),  157-163, 2004. 

[11] A. J. B Tadeu, E. Kausel Green’s Functions for two-and-a-half-

dimensional elastodynamic problems. J. Eng. Mech.  1093-1097, 2000 

[12] M. Villot, P. Ropars, P. Jean, E. Bongini, F. Poisson.  Modeling the 

influence of building types on the building response to railway vibration. 

Noise Control Engineering Journal 59, 2011. 

[13] P. Ropars, G. Bonnet, P. Jean. A stabilization process applied to a 

hidden variables method for evaluating the uncertainties on foundation 

impedances and their effect on vibrations induced by railways in a 

building (admitted for publication in J. Sound Vib. 333(1),1953-1971, 

2014. 

[14] P. Dangla, J.F. Semblat, H. Xiao, N. Delépine. A simple and 

efficient regularization method for 3D BEM : application to frequency-

domain elasdonynamics. Bull. Seism. Soc. Am. 95, 1916-1927, 2005. 

[15] X.-W. Gao, T.G. Davies. 3D multi-region BEM corners and edges. 

Int. J. Solids Struct. 37, 1549-1560, 2000. 

[16] S. Chaillat, M. Bonnet, J.F. Semblat. A new fast multi-domain BEM 

to model seismic wave propagation and amplication in 3D geological 

structures. Geophys. J. Int. 177, 509-531, 2009. 

[17] Q. Deng, C.G. LI, S.L. Wang, H. Tang, H. Zheng. A new method to 

the treatment of corners in the BEM. Eng. Anal. Bound. Elem.,37(1), 

182-186, 2013. 

[18] M. Margonari, M. Bonnet. Fast multipole method applied to 

elastostatic BEM-FEM coupling. Comp. & Struc. 83, 700-717, 2005. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 

ISSN: 2311-9020; ISBN: 978-972-752-165-4 

733 

ABSTRACT: Even though inclined piles have traditionally been used to withstand large horizontal loads, the lack of 

understanding about their response under seismic loads (or under associated loads derived, for instance, from soil settlement or 

liquefaction) have prevented their use in seismic regions. However, several authors have showed that inclined piles may provide 

potential benefits with respect to the seismic response of the superstructure and of the foundation itself. For this reason, the 

dynamic response of this type of foundations is now being studied. The kinematic interaction factors of pile foundations with 

inclined elements is one of the aspects that have not received enough attention. The influence of pile rake angle on the seismic 

response of the superstructure is another aspect that still needs more research. These are precisely the two aspects on which this 

paper will focus. In order to compute kinematic interaction factors, a three-dimensional boundary element – finite element 

coupling formulation is used. The system is excited by harmonic vertically-incident shear waves. The paper presents kinematic 

interaction factors corresponding to inclined single piles, and square 2 by 2 and 3 by 3 pile groups in ready-to-use dimensionless 

format. It is shown that, while the kinematic response of inclined single piles is rather independent of the rake angle, the 

kinematic restriction of the pile cap produces a significant dependence on that factor: horizontal displacements are reduced with 

the rake angle, while rotation changes sign for a certain configuration and increases significantly afterwards. These results can 

be used to compute the response of a superstructure by substructuring in order to study further the influence of rake angle on it. 

KEY WORDS: Pile Group; Battered Piles; Kinematic Interaction Factors; Soil-Structure Interaction. 

1 INTRODUCTION 

Inclined piles have traditionally been used in foundations 

when lateral resistance is required to transmit horizontal loads. 

However, the lack of understanding about their response 

under seismic loads have prevented their use in seismic 

regions and many codes require that such piles be avoided 

[1][2]. Nevertheless, several authors have showed that 

inclined piles may provide potential benefits with respect to 

the seismic response of the superstructure and of the 

foundation itself [3][4][5]. Furthermore, field evidences 

suggesting relevant beneficial effects concerning the use of 

raked piles has been recollected [6][7]. 

The beneficial or detrimental role of foundations including 

inclined piles has not been yet clarified. For this reason, the 

dynamic response of this type of foundations needs further 

research. The kinematic interaction factors of foundations 

consisting of vertical piles have been broadly studied 

[8][9][10][11][12][13]. However, the kinematic interaction 

factors of pile foundations with inclined elements have not 

received enough attention. On the other hand, the influence of 

pile rake angle on the seismic response of the superstructure is 

another aspect that still needs more research. This paper 

focuses on these two aspects and provide kinematic 

interaction factors needed to carry out substructuring analyses.  

Some authors have performed analysis of the kinematic 

interaction factors of deep foundations with vertical piles (e. 

g. [14][15]). However, up to the authors’ knowledge, only 

Giannakou [16] has presented kinematic interaction factors of 

inclined piles for groups of 2 x 1 piles. 

In this line, this paper presents kinematic interaction factors 

of single raked piles, as well as those of 2 x 2 and 3 x 3 groups 

with battered elements. In order to obtain these results, a 

three-dimensional boundary element (BEM) – finite element 

(FEM) coupling formulation is used where the soil is modeled 

as a homogeneous viscoelastic isotropic half spaced by 

boundary elements, and the piles are modeled as Euler-

Bernoulli beams, embedded in the soil, by monodimensional 

finite elements. Coupling is performed by equilibrium and 

compatibility conditions. The system is excited by harmonic 

vertically-incident shear waves. The main trends of the 

influence of the rake angle on the kinematic interaction factors 

are deduced from the presented results. Moreover, a procedure 

based on a substructuring methodology [20] is used herein to 

analyze the influence of the rake angle on the maximum 

response value of a superstructure supported on piles. 

2 METHODOLOGY 

2.1 BEM-FEM model 

In this work, the kinematic interaction factors of pile 

foundations are numerically obtained by using a BEM-FEM 

coupling model [18][19].  

The boundary element method is used herein to model the 

dynamic response of the soil region taking into account the 

internal loads arising from the pile-soil interaction. The piles 

rigidity is introduced later into the system by using finite 

elements. The whole approach is depicted in Figure 1. 

The soil is considered as a linear, homogeneous, isotropic, 

viscoelastic half-space. The boundary integral equation for a 

time-harmonic elastodynamic state defined in this region with 
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boundary    can be written in a condensed and general form 

as 

            
  

  

       
  

              
   

         

 
  

   
         (1) 

where   is the local free term matrix at collocation point ‘k’, 

  and   represent the displacement and the traction fields in 

the three directions of space,    and    are the elastodynamic  

fundamental solution tensors due to a time-harmonic 

concentrated load at point ‘k’,    is the number of piles, and 

   
 represents the pile-soil interface along the load-line  . In 

Equation (1), the two terms between brackets represent the 

contribution of the internal loads, being    
 a point load 

placed at the tip of the pile and     the distribution of 

interaction loads, along the pile shaft, applied on a line 

defined by the pile axis. On the other hand,   
   represents the 

corresponding    tensor computed at the tip of the pile.  

 

 

Figure 1. Boundary element-finite element model. 

 

Following the usual procedure in the BEM, the numerical 

solution of Equation (1) requires the discretization of the 

boundary surface. Thus, the boundary surface    is discretized 

into quadratic elements of triangular and quadrilateral shape 

with six and nine nodes, respectively. Then, over each 

boundary element, displacement and traction fields   and   

are approximated in terms of their values at nodal points 

making use of a set of polynomial interpolation functions 

[17]. Regarding the load lines and the evaluation of the last 

two terms of Equation (1), piles are discretized using three-

node beam element where the distribution of tractions     is 

approximated, according to the corresponding pile finite-

element discretization into nodes and elements and to the 

proper interpolation functions [18][19], in terms of its values 

    defined at a series of internal nodes. 

Now, Equation (1) can be written for all boundary nodes in 

   yielding the following matrix equation: 

 

                 
  

   
        

     

   
           (2) 

 

where   and   are coefficient matrices obtained by numerical 

integration over the boundary elements of the fundamental 

solution times the corresponding shape functions,    and    are 

the vectors of nodal displacements and tractions of the 

boundary elements. 

   The wave field in the halfspace discretization      consists 

of two parts: the known incident field       and the unknown 

scattered field      . The resulting displacement can be 

obtained by superposition as           . Thus, considering 

a pile foundation embedded in a soil subjected to incident 

waves, equation (2) can be written in terms of the scattered 

fields as 

           
  

   
        

     

   
                  (3) 

 

where, taking into account the problem studied in this paper, 

the boundary conditions over the free surface    nodes (  =0) 

have been imposed. 

   Equation (1) can be also applied on internal nodes belonging 

to load-line    
, yielding to the following equation 

 

                      
  

   
    

     
  

   
   

  

   
                                          (4) 

     

where      is the vector of nodal displacements along load-line 

 .           
   The dynamic behavior of pile   in a finite element sense, can 

be described as 

 

               
 
   

        
                   (5) 

 

where    
 
 is the vector of nodal translation and rotation 

amplitudes along the pile,   
    represents the punctual forces 

acting at the top and the tip of the pile and    is the matrix 

that transforms the nodal tractions to equivalent nodal forces. 

  and   are the mass and stiffness matrices of the pile, 

respectively. 

   Imposing additional equations of equilibrium and 

compatibility by correlating BEM load lines and FEM piles, 

Equations (3), (4) and (5) can be rearranged in a system of 

equations representing the soil-pile foundation problem. 

 

2.2 Substructuring methodology 

A procedure based on a substructuring methodology [20] is 

used herein to analyze the influence of the rake angle on the 

maximum response value of a superstructure supported on 

piles. The system is subdivided into building-cap structure and 

soil-foundation stiffness and damping, represented by springs 

and dashpots. The solution is broken into three steps, as 

proposed by Kausel and Roësset [21]. The determination of 

the horizontal and rocking motions of the massless pile cap 

constitutes the first step. The second step is to obtain the 

impedances. In this study, kinematic interaction factors and 

impedance functions are computed by the BEM-FEM 

coupling model described in Section 2.1. Finally, the response 

of the structure supported on springs and subjected to the 

motion computed in the first step is obtained at each 

frequency.  
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3 RESULTS 

3.1 Problem description 

The configurations of all the foundations under investigation 

consist of square regular groups of piles which are 

symmetrical with respect to planes xy and yz. All piles have 

identical material and geometrical properties. Pile heads are 

constrained by a rigid pile-cap which is not in contact with the 

half-space. The main geometrical parameters of the system  

(see Figure 2) are: piles length (L) and diameter (d), spacing 

between centers of adjacent pile heads (s), and rake angle 

between the vertical and the pile axis (). The foundation 

halfwidth is defined as b = d  for single piles, b = s for 2 x 2 

pile groups, and 2/3sb   for 3 x 3 pile groups. In this work, 

the following dimensionless parameters are considered: pile 

spacing ratio s/d, pile-soil Young’s modulus ratio Ep/Es, soil-

pile density ratio ρs/ρp, pile slenderness ratio L/d, soil 

Poisson’s ratio νs, soil internal hysteretic damping coefficient 

βs and dimensionless excitation frequency ω. In the latter 

expression cs is the speed of propagation of shear waves in the 

half-space. 

Translational and rotational kinematic interaction factors    

and    are both frequency dependent functions that can be 

defined as the horizontal (  ) and rocking ( 
 

) motions 

measured at the pile cap level and normalized with the free-

field motion at the surface (   
).  

 

 
 

Figure 2. Foundation geometry. 

A model consisting of a single-degree-of-freedom system in 

its fixed-base condition is used herein to study the dynamic 

behavior of linear shear structures (see Figure 3). The 

columns of the structure are supposed to be massless and 

axially inextensible. Both the foundations mass and the 

structural mass are assumed to be uniformly distributed over 

square areas. The dynamic behavior of the structure can be 

defined by its fixed-base fundamental period  , the height   

of the resultant of the inertia forces for the first mode, the 

mass   participating in this mode, the moment of inertia of 

the vibrating mass  , the structural stiffness, and the viscous 

damping ratio . 

The system response can be approximated by that of a 

three-degree-of-freedom system defined by the structural 

horizontal deflection   and the foundation horizontal 

displacement   and rocking      
In this study, the dynamic response of the structure is 

obtained by means of an equivalent viscously damped single-

degree-of-freedom (SDOF) oscillator whose dynamic 

characteristics have been previously determined by a 

simplified and accurate procedure presented in [20]. The 

transfer function used to establish this equivalence is the ratio 

of the shear force at the base of the structure to the effective 

earthquake force   

 

   
  
  

     

                                             (6) 

where   
       , being   the undamped natural period of the 

SDOF equivalent system.   

 

 

Figure 3. Soil-foundation-structure system. 

   In order to characterize the soil-foundation-structure system, 

a set of dimensionless parameters, covering the main features 

of SSI problems, has been used. These include, among others, 

the wave parameter         measuring the soil-structure 

relative stiffness, the structural slenderness ratio     and the 

mass density ratio    between structure and supporting soil. 

   It is assumed that       ,       ,       , 

         and          . 

 

3.2 Kinematic interaction factors 

This section presents kinematic interaction factors of single 

inclined piles, as well as 2 x 2 and 3 x 3 pile groups including 

battered elements, according to the description exposed in 

Section 3.1 and subjected to vertically-incident plane shear S 

waves. The following properties are assumed: βs=0.05, νs=0.4, 

ρs/ρp=0.7 and Ep/Es=103. Three different rake angles have 

been considered: =10º, 20º and 30º. This work comprises 

results corresponding to pile groups with piles inclined 

parallel or perpendicular to the direction of excitation. In 

order to maintain symmetry with respect to planes xz and yz, 

some vertical piles are included in 3 x 3 pile groups. 

Figure 4 shows the kinematic interaction factors of a free-

head single pile inclined perpendicular to the direction of 

excitation. It can be seen that inclining the pile in this 

direction leads to increasing values of the horizontal motion in 

the intermediate-frequency region, which is considered as a 

detrimental behavior. No beneficial effects can be observed in 

the low-frequency range. The rocking motion at the pile cap 

slightly increases with the rake angle for mid-to-high 

frequencies. However, in the low-frequency range, rotation 

slightly increases for decreasing rake angles.  

   Figure 5 depicts the kinematic interaction factors of a free-

head single pile inclined parallel to the direction of excitation. 

In this case, increasing rake angles lead to lower values of the 

horizontal motion for dimensionless frequencies lower than 

0.5. Regarding the rotational kinematic interaction factor, it 
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can be seen that there are no significant differences with 

respect to the results shown in Figure 4 indicating that, in the 

case of single piles, this factor is almost independent of the 

direction of inclination.  

   Figure 6 and Figure 8 illustrate the influence of the rake 

angle on the kinematic interaction factors of a 2 x 2 and a 3 x 

3 pile group, respectively, with piles inclined perpendicular to 

the direction of excitation. In both cases, it can be seen that 

inclining piles in this direction leads generally to higher 

values of the translational kinematic interaction factor in 

comparison with those obtained with vertical piles. A modest 

increase of rotation with the rake angle is observed in the 

intermediate frequency range.  

 

Figure 4. Kinematic interaction factors of a single pile 

inclined perpendicular to the direction of excitation with 

different rake angles , L/d=15 and L/b=15. Ep/Es=103. 

 

Figure 7 and Figure 9 shows the influence of the rake angle 

on the kinematic interaction factors of a 2 x 2 and a 3 x 3 pile 

group, respectively, with piles inclined parallel to the 

direction of excitation. The use of piles inclined in this 

direction results in a reduction of the horizontal motion in the 

low-to-mid frequency range. However, rotation increases with 

the rake angle. It should be noted that when pile groups 

include piles inclined parallel to the direction of excitation, 

horizontal free-field ground motion and cap rotation become 

out of phase.  

Figure 10 shows the rotational kinematic interaction factor 

of a 3 x 3 pile group with piles inclined parallel to the 

direction of excitation for two different values of the pile-soil 

Young’s modulus ratio. Opposite to what occurs with vertical 

piles, higher stiffness ratios Ep/Es yields smaller cap rotations. 

In order to illustrate the influence of the pile slenderness 

ratio on the rotation at pile cap, Figure 11 depicts the 

rotational kinematic interaction factor of a 3 x 3 pile group 

with piles inclined parallel to the direction of excitation for 

three different values of L/d. It can be seen that, in contrast to 

what occurs for vertical piles, lower pile slenderness ratios 

lead to decreasing rocking motions at the pile cap in a low-

frequency range.  

 

 

 

 

Figure 5. Kinematic interaction factors of single piles inclined 

parallel to the direction of excitation with different rake angles 

, L/d=15 and L/b=15. Ep/Es=103. 
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Figure 6. Kinematic interaction factors of 2 x 2 pile groups 

with piles inclined perpendicular to the direction of excitation 

with different rake angles , s/d=7.5, L/d=15 and L/b=2. 

Ep/Es=103. 

 

Figure 7. Kinematic interaction factors of 2 x 2 pile groups 

with piles inclined parallel to the direction of excitation with 

different rake angles , s/d=7.5, L/d=15 and L/b=15. 

Ep/Es=103. 

 

Figure 8. Kinematic interaction factors of 3 x 3 pile groups 

with piles inclined perpendicular to the direction of excitation 

with different rake angles , s/d=5, L/d=15 and L/b=2. 

Ep/Es=103. 

 

Figure 9. Kinematic interaction factors of 3 x 3 pile groups 

with piles inclined parallel to the direction of excitation with 

different rake angles , s/d=5, L/d=15 and L/b=2. Ep/Es=103. 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

738 

 

 

 

 

 

 

 

 

 

 

 

Figure 10. Influence of the pile-soil modulus ratio Ep/Es on the 

rotational kinematic interaction factor of a 3 x 3 pile group 

with s/d=5, L/d=15, L/b=2 and piles inclined parallel to the 

direction of excitation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Influence of the pile slenderness ratio L/d on the 

rotational kinematic interaction factor of a 3 x 3 pile group 

with L/b=2 and piles inclined parallel to the direction of 

excitation. Ep/Es=103. 
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3.3 Maximum structural shear forces 

Figure 12 illustrates the influence of the rake angle on the 

maximum structural response value for a 2 x 2 pile group with 

piles inclined parallel to the direction of excitation. It should 

be noted that, for short and squat buildings with h/b=1, the 

value of    decreases as the rake angle  increases due to the 

reduction of the translational kinematic interaction factor, 

which predominates in this case. However, for high buildings 

with h/b=10, the controlling factor is that associated to 

rotation which increases with the rake angle and consequently 

leads to higher values of   . 

 

Figure 12. Maximum structural response value    for 2 x 2 

pile groups with piles inclined parallel to the direction of 

excitation with different rake angles , s/d=7.5, L/d=15 and 

L/b=2. Ep/Es=103. 

4 CONCLUSIONS 

In this paper, an analysis of the influence of using pile groups 

with inclined piles, in two different directions and with three 

different rake angles, is accomplished. For this purpose, 

kinematic interaction factors of single piles, as well as 2 x 2 

and 3 x 3 pile groups has been obtained using a boundary 

element-finite element methodology in which piles have been 

considered to be embedded in a homogeneous half-space and 

subjected to vertically incident plane shear S waves.  

The main conclusions extracted from the analysis of the 

results shown in Section 3 are summarized below. 

 The influence of the rake angle on the kinematic 

interaction factors strongly depends on the direction of 

inclination of piles except in the case of single battered 

piles where the rotational kinematic interaction factor is 

almost independent of pile inclination. 

 Deep foundations including piles inclined parallel to 

the direction of excitation have a beneficial role in the 

low-to-mid frequency range leading to lower values of 

the horizontal displacement. The opposite occurs when 

piles are inclined perpendicular to the direction of 

excitation. 

 Cap rotation increases with the rake angle and becomes 

out of phase with the horizontal free-field ground 

motion when inclining piles parallel to the direction of 

excitation. 

 Opposite to what occurs with vertical piles, higher 

stiffness ratios Ep/Es yields smaller cap rotations when 

considering configurations with elements inclined 

parallel to the direction of excitation. 

 In contrast to what occurs for vertical piles, when 

considering deep foundations including piles inclined 

parallel to the direction of excitation, lower pile 

slenderness ratios lead to decreasing values of the 

rocking motion at the pile cap in a low-frequency 

range.  

 The influence of the rake angle on the maximum 

structural shear force depends on the structural 

slenderness ratio. For high buildings (h/b=10) it 

increases with the rake angle. The opposite occurs for 

short and squat building (h/b=1). 

   Results in terms of translational and rotational kinematic 

interaction factors are provided for the purpose of allowing 

to compute the response of a superstructure by 

substructuring in order to study further the influence of rake 

angle on it. 
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ABSTRACT: Tuned mass dampers (TMDs) are effective vibration resisting devices that are commonly used in structures to 

protect against wind, human or seismically induced loading. The frequency of these dampers is normally set to coincide with the 

most pre-dominant modal frequency of the structure and is usually determined by considering structural properties alone. In 

reality, soil-structure interaction (SSI) may cause de-tuning of the mass damper through altering the system properties. This 

could lead to a loss of the damper's operational efficiency and even an amplification of structural response. Past studies into 

TMD operations have mainly dealt with the development of analytical expressions for the optimisation of the TMD parameters 

mass, stiffness and damping. Prior to Ghosh and Basu (2004) no authors had looked into the effects of SSI on TMD 

performance. The limited number of experimental studies conducted on TMDs have mainly relied on field data to evaluate long-

term TMD performance. This paper presents the findings from a number of shaking table tests performed on a 3-degrees-of-

freedom sway frame structure model fitted with a range of TMD configurations interchangeably positioned on the various floors 

of the structure. The objective of this paper is to experimentally depict the effects of various tuned and de-tuned mass damper 

configurations on the response of a multi-storey structure interchangeably situated on a fixed bed and a soil bed. Experimental 

findings suggest that positioning of a TMD along the height of the structure is crucial for its effectiveness and that regardless of 

whether it is tuned to the soil-structure system properties, a TMD may still amplify the isolated structural response. This could 

potentially have major implications for existing and new structures fitted with TMDs for seismic protection. 

KEY WORDS: Tuned mass dampers; Dynamic soil-structure interaction; Sway frame structures; Shaking table testing; Seismic 

loading. 

1 INTRODUCTION 

In order to capture the dynamic soil-structure interaction (SSI) 

of buildings that perform well under earthquakes there is a 

need for the investigation of the overall performance of 

vibration resisting schemes employed in these buildings. One 

such popular vibration resisting device that is widely used in 

practice to reduce seismically induced loading is the tuned 

mass damper (TMD). This device consists of three essential 

components made up by a spring and damper installed in 

parallel and a mass directly attached to the spring and damper. 

A simple set-up of a TMD fitted into a single-degree-of-

freedom (SDOF) structure is shown in Fig. 1 below.  

 

 
Figure 1. A schematic diagram of a SDOF structure-TMD. 

 

TMDs operate through dissipating vibrational energy induced 

to the structure in which they are fitted through the combined 

action of intertial dissipation (movement of the mass) and a 

damping effect (Liu et al., 2008). 

For a TMD to be most effective in reducing structural 

vibrations, its natural frequency ought to be set to the most 

pre-dominant modal frequency of the structure in which it is 

fitted. This is often the fundamental structural frequency. 

When the natural frequency of the TMD is different from the 

fundamental frequency of the structure, the TMD is said to be 

'de-tuned'. There are numerous reasons for why installed 

TMDs can be de-tuned in practice. These include structural 

modifications and the loss of damping fluid over time (Weber 

& Feltrin, 2010). De-tuning of the TMD frequency is 

generally associated with reduced performance efficiency 

(Chakraborty & Roy, 2011). The current widespread design of 

a lot of TMDs is based on the assumption of fixed-base 

conditions. However, in a real earthquake the structural 

response is influenced by the soil and foundations. Ghosh and 

Basu (2004) and Wang and Lin (2005) have shown that when 

soil is of moderate stiffness and thus soil damping and SSI are 

present, a TMD would need to be tuned to the fundamental 

frequency of the soil-structure system to ensure optimum 

performance. 

The majority of TMDs used in practice are of a passive 

type. This means that the TMD operates solely in response to 

the motion of the structure and that it is not externally driven. 

Other common passive vibration control techniques include 

base isolation approaches and viscoelastic dampers. However, 

in contrast to these latter options, TMDs can be fitted into any 

structure and can be expected to have the least interference 

with structural behaviour. In comparison to passive TMDs, 
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active and semi-active TMDs which rely on external power 

control actuators are not widely understood and their non-

research acceptance in practice is therefore still very limited 

(Bekdaş & Nigdeli, 2011). 

2 TESTING 

2.1 Apparatus 

Model testing under 1g conditions has become an integral part 

in geotechnical earthquake engineering research that helps 

understand the behaviour of geotechnical structures and their 

performance during earthquakes (Prasad et al., 2004). Model 

tests can be divided into two categories, namely those 

performed under Earth’s gravity (shaking table tests) and 

those performed under higher gravitational environments 

(centrifuge tests). Each of the two methods has its own 

advantages that could be used to justify its application in 

research. Shaking table testing provides the opportunity to 

conduct experiments and take measurements at relative ease 

and little cost. The shaking table features used to control the 

input motion are easily adjustable and the model structure 

under testing is easily accessible for the purpose of 

instrumentation and modification of system properties. This 

was particularly of relevance to the study conducted as part of 

this research and presented within this paper, for which a wide 

range of TMD configurations were set and tested.  

This paper considers the results from shaking table tests in 

which the response of a 3-d.o.f. sway frame model structure 

was tested by interchangeably fixing it to a rigid platform and 

resting it on a soil bed. The shaking table used can produce 

shakes in one lateral horizontal direction in the practical 

earthquake excitation frequency range 0-5 Hz. Because of the 

mechanism used, the earthquake motions produced by the 

shaking table were not purely sinusoidal. Instead, transient 

loading was applied in the form of periodic simple near-

sinusoidal shaking in one horizontal lateral direction. Though 

a 6-d.o.f. shaking table would have produced more realistic 

earthquake data, such equipment was not readily available as 

it relies on a complex electro-hydraulic system which requires 

high maintenance and operational costs (Prasad et al., 2004). 

2.2 Model and instrumentation 

Every storey of the 3-d.o.f. structure with the inclusion of the 

base was fitted with an accelerometer that was aligned with 

the horizontal direction of movement by the shaking table. In 

addition, a MEMS accelerometer was used to capture the 

direct motion of a passive TMD which was set to a range of 

configurations by altering its frequency and mass and 

interchangeably fitted to the different storeys of the model 

structure. A full schematic diagram of the testing set-up of the 

instrumented sway frame model structure is shown in Fig. 2, 

with the accelerometers seen positioned on the right-hand side 

and a MEMS attached to the TMD. 

The position of the TMD on the first storey of the structure 

in Fig. 2 is arbitrary. Full joint fixity at the connections 

between the storeys and the walls remained in place 

throughout testing so as to minimise structural damping. 

 
Figure 2. Schematic diagram of the 3-d.o.f. model structure 

(all dimensions in mm). 

 

The two different base conditions that were considered are 

shown in Fig. 3a and 3b below. In Fig. 3b the soil container is 

positioned on the fixed-base platform of the shaking table. 

 

  
Figure 3a-b. Fixed- and soil-base conditions. 

 

Hostun HN31 sand of 90% relative density was used in dry 

state. 
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The structure's fixed-base fundamental frequency and the 

soil-structure system's fundamental frequency were 

experimentally determined to be 2.75 Hz and 2.6 Hz 

respectively. 

 

Fig. 4 shows a close-up view of the TMD used in the series 

of conducted tests.  

 

 
Figure 4. The TMD under consideration. 

 

The TMD consists of identical but adjustable mass units 

positioned along a certain height on a studding connected to a 

storey of the frame. By altering the total number of mass units 

used it was possible to vary the mass ratio ( ) between the 

TMD and the frame. Furthermore, by adjusting the position of 

the mass units along the TMD studding it was possible to vary 

the natural frequency and thus the tuning frequency ratio ( ) 

between the TMD and the frame. 

2.3 Test programme 

Multiple tests were conducted with both fixed-base and soil-

base conditions. Characteristics of the lateral excitation 

resembling earthquake input motion were set and varied by 

altering the shaking table amplitude and excitation frequency. 

The excitation frequency for each run was set using a control 

panel which operates the motor of the shaking table. The 

amplitude was adjusted manually by altering the position of a 

block attached to the clutch which is engaged by the motor. A 

range of natural frequencies encompassing tuned and de-tuned 

cases were tested for the TMD. In addition, the TMD was 

alternately positioned on the various storeys of the frame. 

Shakes of 10s in duration were considered, though data 

logging was set for 40s in order to capture the full domain of 

the motion of the model frame even after the shaking 

terminated. The time-acceleration data from the 

accelerometers was recorded and Fourier Transforms (FT) 

were used to convert the data from the time domain to the 

frequency domain.   

3 RESULTS 

3.1 Amplification 

The amplification factor is defined here as the Fourier 

transform amplitude at the shaking frequency of a particular 

storey in question divided by the Fourier transform amplitude 

of the shaking frequency of the base. 

3.1.1 Fixed-base response 

For the computation of the amplification factor under fixed-

base conditions, the Fourier transform amplitude is taken for 

the excitation frequency of the shaking table which equals the 

shaking frequency of the base of the frame. 

Jabary and Madabhushi (2013) performed a previous study 

on the model structure of Fig. 2 and defined a dimensionless 

parameter as a factored product of the tuning frequency ratio 

and the mass ratio between the frame and the TMD. This ratio 

parameter is shown in Eqn. 1. 

 

                
 
    
    

 
    
    

 

   
                      (1) 

 

Where      is the natural frequency of the TMD 

                 is the fundamental frequency of the structure 

                 is the mass of the TMD 

                 is the mass of the structure 

 

For the computation of      it is assumed that the walls of 

the sway frame model are weightless and therefore only the 

mass of the storeys is taken into consideration. For practical 

reasons      , with     representing the case for 

which the structure is isolated (i.e. there is no TMD installed). 

For practical scenarios in which installed TMDs are either 

tuned or slightly de-tuned, the value of             is not 

expected to fall far below the mid-range of the limits specified 

above. If it had, this would have meant that the mass ratio is 

unusually large, with the mass of the TMD being close to the 

mass of the structure. Since the TMD serves to reduce 

structural vibrations, this would clearly be unfeasible and 

unrealistic. 

Jabary and Madabhushi (2013) found that under fixed-base 

conditions with an absence in rocking, decreasing 

amplification factor response peaks for the motion of the 

structure-TMD system undergo a shift to a higher peak 

frequency for decreasing values of  . This is illustrated in Fig.  

5 below. 

 

 
 

Figure 5. Amplification factors for the first storey response 

of a fixed-base structure (Jabary & Madabhushi, 2013). 

 

This study will present findings on how the installation of a 

TMD on every possible storey of the frame affects the overall 

performance of a soil-structure system. 
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3.1.2 Soil-structure system response 

When considering a soil base Eqn. 1 needs to be altered to 

adjust for the change in system properties. The relevant 

parameter expression is shown in Eqn. 2. 

 

               
 
    
    

 
    
    

 

   
                         (2) 

 

Where     is the fundamental frequency of the soil-structure 

system. All other parameters are as defined before for Eqn. 1. 

 

Amplification factor plots for the third, second and first 

storeys of the frame resting on the soil bed are shown in Fig. 

6a-c for various configurations. The plots include the response 

of the isolated frame without a TMD and various frame-TMD 

scenarios with the TMD being alternately installed on the 

different storeys of the frame. Cases are shown for which the 

TMD is tuned to the fundamental frequency of the soil-

structure system as well as de-tuned from it to varying 

degrees. The graph legends indicate whether a curve is 

associated with a tuned or de-tuned TMD case and - where 

relevant - on which storey of the structure the TMD is 

installed. 

A number of notable points could be observed from Fig. 6a-

c: 

• The case for which the TMD is tuned to the fundamental 

frequency of the soil-structure system and installed on the 

second storey of the frame results in an amplification of  the 

storey responses relative to the case in which no TMD is 

fitted. On the other hand, it can be observed that installing a 

tuned TMD on the first and third storeys of the frame results 

in a response reduction. This implicates that in a multi-degree-

of-freedom structure positioning of the TMD is a critical 

component to ensure a reduction of the isolated structure's 

response, in addition to setting the natural frequency of the 

TMD equal to the fundamental frequency of the system. 

 

• The increase in peak amplification factor magnitudes from 

the first to the third story of the frame for the de-tuned cases is 

greater than those for the tuned cases and the isolated 

structure. Whereas for the first storey of the frame only two 

out of the three de-tuned cases amplify the isolated structure's 

response and the other slightly damps it, the de-tuned cases 

for the second and third stories of the frame are all seen to 

amplify the isolated structure's response. This on itself 

illustrates that in order to achieve the most effective damping 

of response, tuning of the TMD to the natural frequency of the 

system is a pre-requisite. As one moves up the frame 

structure, the extent of amplification of the isolated structure's 

response as a result of de-tuning deteriorates relative to the 

isolated structure's response. The extent of amplification of 

the respective storey responses caused by the installation of a 

de-tuned TMD is illustrated in Table 1. 

 

 

Table 1. The extent peak response amplification caused by 

the installation of a de-tuned TMD. 

 

Storey First Second Third 

De-tuned mass 

damper on storey 3 

(R=0.49) 

-3.17% 1.43% 6.07% 

De-tuned mass 

damper on storey 3 

(R=0.45) 

De-tuned mass 

damper on storey 3 

(R=0.28) 

13.17% 

 

 

11.92% 

8.65% 

 

 

15.47% 

10.82% 

 

 

20.32% 

 

The entries in Table 1 above generally confirm the visual 

observation made earlier about the increase in the extent of 

amplification of the isolated structure's response with storey 

level upon the installation of a de-tuned mass damper. 

  

• The de-tuned cases show a downward shift in peak 

frequency, indicating that the presence of a TMD in de-tuned 

form alters the overall system properties. However, for the 

three de-tuned cases depicted (      ,        and 

      ) the natural frequency of the TMD is set at 13.7Hz, 

5.0Hz and 9.7Hz respectively, indicating that whereas de-

tuning of the TMD alters the system properties, a higher value 

of the natural frequency for the TMD than for the isolated 

soil-structure system does not equate to an increase in the 

fundamental frequency of the soil-structure-TMD system. 

• The higher up the frame one moves the greater the 

amplification factors one finds, indicating greater responses 

for the higher storeys. 

 • For the de-tuned cases, as the value of              

reduces the amplification factor peaks increase. This stands in 

contrast to what was found by Jabary and Madabhushi (2013) 

for the fixed-base case, for which a reduction in               

signifies a reduction in the peak amplification factor. 

• As expected, the cases for which the TMD is tuned to the 

system's natural frequency all have their peaks when the 

earthquake excitation frequency is equal to the soil-structure 

system's fundamental frequency.  

3.2 Time domain response 

It was determined from Fig. 6a-c that placement of a TMD on 

the second storey of the structure could lead to an 

amplification of the response of the isolated structure. This 

case will further be investigated. Filtered acceleration time-

histories were obtained for all storeys of the isolated soil-

structure system and for the structure fitted with a TMD on 

the second storey. The acceleration peaks were found to be 

greatest for the third storey response. The third storey 

response was generated for a range of excitation frequencies, 

which include the fixed-base and soil-base fundamental 

frequencies. These are shown in Fig. 7. 
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Figure 6a(top)-c(bottom). Amplification factors for the storeys of the frame rested on soil.   
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Figure 7. Acceleration time-histories for the third storey. 

 

The records shown are for an earthquake of 15s in duration. 

It can be observed from Fig. 7 that the acceleration traces of 

the structure correspond to what was observed in the 

amplification factor plots of Fig. 6a-c, namely in that the 

installation of a TMD on the second storey of the frame 

causes an amplification of the peak acceleration magnitudes. 

A number of points can be observed upon inspection of Fig. 7: 

• The acceleration peak magnitudes are greatest when the 

excitation frequency equals the fundamental frequency of the 

soil-structure system (2.6 Hz). This confirms the findings of 

previous authors (Xu & Kwok, 1992; Ghosh & Basu, 2004; 

Wang & Lin, 2005) who stressed the importance of tuning a 

TMD to the soil-structure system's frequency rather than the 

fixed-base frequency. 

• The amplification of the isolated structural response 

caused by the installation of a TMD on the second storey of 

the structure is most dramatic for when the excitation 

frequency equals the fundamental frequency of the soil-

structure system. In comparison, amplification at excitation 

frequencies substantially greater than 2.6 Hz is negligible. 

• As the value of the excitation frequency increases in 

magnitudes and increasingly deviates away from the soil-

structure system's fundamental frequency, the acceleration 

peaks for the overwhelming majority of the record are lower 

than those associated with an excitation frequency of 2.6 Hz. 

• Although amplification of the isolated structural response 

at an excitation frequency of 2.6 Hz upon the installation of a 

TMD is mostly persistent throughout the record, the TMD is 

seen to actually damp the isolated structural response upon the 

termination of structural excitation and before the structure 

approached a near-rest position. At the higher excitation 

frequencies that were considered (3.2 Hz and 4.0 Hz) the 

same could be observed. 

• For all excitation frequencies greater than 2.6 Hz, it could 

be observed that upon termination of forced shaking the 

acceleration peaks experience an increase in magnitude as the 

shaking table slowly comes to a halt and thereby the 

excitation frequency is gradually reduced. The resonance in 

response occurs when the excitation frequency gets close to 

and momentarily coincides with the fundamental frequency of 

the soil-structure system. Since it takes longer for the shaking 

table to come to a resting position for higher excitation 

frequencies, the acceleration traces take increasingly longer to 

damp as the excitation frequency increases.   

4 CONCLUSIONS 

Though it must be borne in mind that experimental results 

shown in this paper may be specific to the particular structure 

and soil conditions under consideration, a number of 

important findings were obtained regarding the behaviour and 

effects of a range of TMD configurations on a structure rested 

on a soil bed. Through the use of a simple multi-storey sway 

frame structure and a TMD in its simplest form, it was 

possible to determine the effects of a stiff dry sand bed on the 

performance of the TMD. It was experimentally found that the 

largest structural response coincides with an excitation 

frequency which is equal to the soil-structure system’s
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fundamental frequency. This stresses the importance of tuning 

a TMD to soil-structure system properties rather than fixed-

base properties.   

Through the consideration of amplification factor plots it 

was found that even though a TMD may be tuned, its 

positioning along the height of a multi-storey structure rested 

on a soil bed still plays a crucial role in whether or not the 

presence of the TMD will damp the structural response peaks. 

For the particular structure and soil model considered, 

placement of a TMD on the second storey of the structure was 

found to amplify the response of the isolated structure. This 

amplification was found to be especially dramatic when the 

excitation frequency coincides with the fundamental 

frequency of the soil-structure system. 

A trend observed in the amplification factors plots for the 

soil base case is that increases in peak amplification factor 

magnitudes from the lower to the upper storeys of the frame 

under consideration for de-tuned cases are greater than those 

for tuned cases and the isolated structural response. Unlike for 

the fixed base scenario findings obtained from Jabary and 

Madabhushi (2013), an increase in the value of the factored 

parameter   under soil base conditions leads to a reduction in 

amplification factor peaks. Furthermore, the de-tuned cases 

considered for soil-base conditions remain centered around a 

consistent peak frequency and do not experience an upward 

shift in frequency as the value of   is altered. 
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ABSTRACT: The effectiveness of heavy masses next to the track to reduce railway induced vibration is discussed. 

These heavy masses next to the track could be built as a gabion wall also used as noise barriers or as a concrete wall. 

Since the performance of mitigation measures on the transmission path is strongly determined by local ground 

conditions, a parametric study has been performed for a range of possible designs in a set of different ground types. 

A 2.5D coupled finite element - boundary element methodology was adopted, assuming that the geometry of the 

problem is invariant in the longitudinal direction along the track. It is found that the gabion walls start to be effective 

above a mass-spring resonance frequency which is determined by the mass of the gabion wall and the stiffness of the 

soil. A gabion wall will be more effective at sites with a soft soil. Increasing the mass will improve the insertion loss 

at lower frequencies. The effectiveness at higher frequencies is increased by making the footprint of the gabion walls 

as large and stiff as possible, and by placing the masses next to each other without any connection. For 

homogeneous soil conditions, the effectiveness is nearly independent of the distance behind the walls. When a softer 

top layer is present, the wave impeding effect is strongly decreased with increasing distance behind the walls. 

KEY WORDS: ground-borne vibration, heavy masses, gabion wall, 2.5D, finite element, boundary element. 

1 INTRODUCTION 

Railway induced vibrations can be a source of annoyance for 

line-side residents. In case of excessive vibration levels, 

mitigation measures can be taken at the source, on the 

transmission path or at the building where vibration problems 

occur. Within the frame of the EU FP7 project ’Railway 

induced vibration abatement solutions (RIVAS)’ [1], 

mitigation measures at the source and on the transmission path 

within the railway infrastructure have been studied for tracks 

at grade. This paper focuses on the application of heavy 

masses next to the track as a vibration mitigation measure on 

the transmission path. Up to now, very little research has been 

carried out about the practical use of masses on the ground 

surface to reduce railway induced vibrations, and hence little 

is known about its effectiveness.  

Jones [2] and Krylov [3] studied the effect of individual 

masses such as concrete or stone blocks placed on the ground 

surface alongside the track. These irregularities at the surface 

cause a scattering of the incident surface waves into surface 

and body waves, resulting in a possible reduction of the wave 

field transmitted into the free field. The reduction is expected 

to be especially strong near the natural frequency of the 

oscillating mass on the soil [2,3]. In the case of a two-

dimensional geometry, calculations indicate insertion loss 

values of up to 8-14 dB in a frequency range of about 40 % 

around the natural frequency [3]. Experimental tests with 

600 kg concrete masses failed to give conclusive results [2]. 

Insight into the mitigation effect of heavy masses can also 

be gained from similar studies in other scientific domains, 

such as solid state physics [4]. Oscillators or irregularities at 

the surface of an elastic halfspace interacting with the surface 

waves and causing wave scattering have been studied. The 

scattering turns out to be influenced by the spatial distribution 

and concentration of the oscillators. The interaction of 

buildings with the incident wave field has also been studied in 

the case of earthquakes [5-7]. It is shown that the wave field is 

reduced when the excitation frequencies are close to the 

building resonance frequencies, which can be the case for soft 

soils. It is also shown that a periodic structure of a city has 

little influence on the global scattering of waves [5].  

In this paper, a continuous row of masses next to the track is 

considered, for example a gabion wall consisting of free-

standing stackable wire-baskets filled with stones. Gabion 

walls have been installed as noise barriers next to railway 

lines (figure 1). In this case an acoustic nucleus is integrated 

within the wall to fulfill the acoustic requirements on noise 

absorption. Such a barrier could be designed as a combined 

barrier for airborne noise and ground-borne vibration. 

 

 

Figure 1. A gabion wall installed as noise barrier next to a  

railway track (source: www.heringinternational.com). 
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2 METHODOLOGY 

2.1 2.5D coupled FE-BE model 

Within the frame of RIVAS, a theoretical parametric study 

has been carried out by project partners KU Leuven and ISVR 

for different mitigation measures on the transmission path, 

including trenches, barriers, subgrade stiffening and heavy 

masses [8,9]. Independent analysis was first conducted by 

both project partners for several benchmark cases. 

In the study, the geometry of the track-soil system is 

assumed to be invariant in the longitudinal direction. This 

simplifying assumption enables the use of a computationally 

efficient two-and-a-half-dimensional (2.5D) approach, where 

the Fourier transform of the longitudinal coordinate allows to 

represent the three-dimensional (3D) response of the structure 

and the radiated wave field on a two-dimensional (2D) mesh.  

At KU Leuven, the 2.5D approach has been followed to 

predict vibrations induced by road and railway traffic. For the 

computation of the dynamic interaction between a layered soil 

and structures with a longitudinally invariant geometry, a 

coupled finite element - boundary element (FE-BE) 

methodology formulated in the frequency domain is used [10]. 

The classical 2.5D FE method is combined with the 2.5D BE 

method using 2.5D Green's functions of a horizontally layered 

halfspace [11]. In this way, the free surface and the layer 

interfaces of the halfspace do not have to be discretized with 

boundary elements, avoiding spurious reflections at mesh 

truncations. The BE mesh can be limited to the interface 

between the structure and the soil, significantly reducing the 

size of the BE mesh. 

The 2.5D coupled FE and BE model used at ISVR was 

originally developed by Nilsson and Jones [12] to investigate 

ground-structure vibration and airborne noise. It includes solid 

FE and BE, fluid FE and BE, as well as beam and plate 

structures. Fundamental solutions of a homogeneous full 

space are used for the boundary elements so the ground 

surface and any layer interfaces need to be carefully meshed 

to a sufficient distance. A special edge element is used to 

avoid the reflection at the end of ground or layer mesh. 

Figure 2 schematically shows the problem considered in the 

parametric study of heavy masses next to the track. A 

continuous wall with height h and width w is placed on the 

soil at a distance R from the centre of the track. The geometry 

of the problem is assumed to be invariant in the longitudinal

  

 

Figure 2. Geometry of the 2.5D model for heavy masses next 

to a railway track 

direction along the track. The main variables considered in the 

parametric study are the size and position of the wall, the 

dynamic properties of the wall, and the soil characteristics. 

The following sections give a description of the track, soil and 

mass properties used in the study. 

2.2 Track properties and track model 

The reference track used in the parametric study consists of 

UIC60 rails, supported by rail pads on monoblock concrete 

sleepers and a ballast layer with a height of 0.30 m. No sub-

ballast, form layer or embankment is included. The 

parameters of the track are summarized in Table 1. 

Table 1. Characteristics of the track 

Part Characteristic Value Dimension 

Rail Bending stiffness 

Mass per unit length 

Gauge 

6.4 

60 

1.435 

[x106 N/m²] 

[kg/m] 

[m] 

Rail pad Stiffness 

Loss factor 

300 

0.10 

[x106 N/m] 

[-] 

Sleeper Length 

Width 

Height 

Mass 

Young's modulus 

Poisson's ratio 

Sleeper distance 

2.60 

0.25 

0.20 

325 

30 

0.15 

0.60 

[m] 

[m] 

[m] 

[kg] 

[x109 N/m²] 

[-] 

[m] 

Ballast Height 

Shear wave velocity 

Poisson's ratio 

Density 

Material damping ratio 

Upper width 

Lower width 

0.30 

300 

1/3 

2000 

0.02 

3.6 

5.6 

[m] 

[m/s] 

[-] 

[kg/m³] 

[m] 

[m] 

[m] 

 

The model of the rails, the rail pads and the sleeper contains 

four degrees of freedom in the plane of the cross section 

(vertical motion and rotation of the sleeper and vertical 

motion of left and right rail). The rails are modelled as Euler-

Bernoulli beams, the rail pads as continuous spring-damper 

connections and the sleepers as a uniformly distributed mass, 

rigid in the plane of the cross section. The ballast is modelled 

as an elastic continuum by means of eight-node quadrilateral 

2.5D finite elements. 

2.3 Soil properties 

The parametric study is focused on three reference sites: 

Horstwalde, Lincent and Furet. The dynamic soil 

characteristics (layer thickness h, shear wave velocity Cs,  

dilatational wave velocity Cp, density ρ, and material damping 

ratios βs and βp in both deviatoric and volumetric deformation) 

for the three sites are given in Table 2, Table 3 and Table 4. 

The site at Horstwalde is a homogeneous halfspace. The site 

of Lincent consists of two softer top layers above a relatively 

  

Table 2. Soil characteristics for the Horstwalde site. 

Layer h 

[m] 

Cs 

[m/s] 

Cp 

[m/s] 

βs 

[-] 

βp 

[-] 

ρ 

[kg/m³] 

1 ∞ 250 1470 0.025 0.025 1945 
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Table 3. Soil characteristics for the Lincent site. 

Layer h 

[m] 

Cs 

[m/s] 

Cp 

[m/s] 

βs 

[-] 

βp 

[-] 

ρ 

[kg/m³] 

1 1.4 128 286 0.044 0.044 1800 

2 2.7 176 286 0.038 0.038 1800 

3 ∞ 355 1667 0.037 0.037 1800 

Table 4. Soil characteristics for the Furet site. 

Layer h 

[m] 

Cs 

[m/s] 

Cp 

[m/s] 

βs 

[-] 

βp 

[-] 

ρ 

[kg/m³] 

1 2 154 375 0.025 0.025 1800 

2 10 119 290 0.025 0.025 1850 

3 ∞ 200 490 0.025 0.025 1710 

stiff halfspace. At the site of Furet, an inverse layering is 

present and the second, softest layer goes down to a depth of 

12 m. 

2.4 Dynamic properties of heavy masses 

The properties of the heavy masses next to the track used in 

the parametric study are based on the properties of gabion 

walls. Gabions used as noise barriers usually have a width of 

1 m and a height of 0.5 m or 1 m. The length of the gabions 

can vary between 1 m and 5 m. Several of these gabions can 

be combined to increase the width and height of the barrier.  

An overview of the material parameters (density ρ, shear 

wave velocity Cs,  Poisson's ratio ν, and material damping 

ratio β) used in the parametric study for the gabion walls can 

be found in Table 5. To investigate the influence of the 

dynamic properties of the wall, a concrete wall next to the 

track has also been considered. The material properties used 

for the concrete wall are listed in Table 5.  

Table 5. Dynamic properties of gabion and concrete wall. 

 ρ 

[kg/m³] 

Cs 

[m/s] 

ν 

[-] 

β 

[-] 

Gabions 1700 300 0.20 0.02 

Concrete 2400 2280 0.20 0.0 
 

3 NUMERICAL RESULTS  

3.1 Benchmark reference case 

The case of a gabion wall with a height h = 2 m and a width w 

= 1 m placed at the Horstwalde site at R = 4 m from the track 

centreline, which is the typical distance of noise barriers, is 

taken as the reference. This reference case was also used as a 

benchmark for the 2.5D models developed at ISVR and 

KU Leuven. To facilitate the interpretation of the results, the 

track has been disregarded in the reference case. The wall was 

modelled as an elastic continuum by means of 2.5D finite 

elements taking into account the flexibility of the cross section 

and wave propagation in the longitudinal direction. Figure 3 

shows the transfer mobilities between a vertical point load 

applied at the soil and the vertical displacement at a distance 

of 24 m for the cases with and without gabion wall. The 

corresponding insertion loss values are shown in Figure 4. 

The gabion wall has no effect on the wave propagation at 

frequencies below 30 Hz, apart from a small peak in insertion 

loss at 12 Hz. Around 60 Hz, a peak value of 8 dB is visible in 

the insertion loss curve. Above this frequency, the insertion  

 
Figure 3. Transfer mobility at a distance of 24 m for a 

gabion wall (width 1 m, height 2 m) at the Horstwalde site. 

Cases with (solid lines) and without (dotted lines) gabion 

wall. KU Leuven results (blue), ISVR results (red). 
 

 
Figure 4. Vertical insertion loss at a distance of 24 m for a 

gabion wall (width 1 m, height 2 m) at the Horstwalde site. 

KU Leuven results (blue), ISVR results (red). 

 

loss starts to decrease again. Results of the KU Leuven model 

are compared with results of the ISVR model, showing a very 

good agreement between both models. 

3.2 Physical mechanisms 

In order to investigate the underlying physical mechanisms, 

additional simulations have been performed for the reference 

case without track. Simplified models have been used for the 

gabion wall to enable physical interpretation. First, the gabion 

wall is modelled as a distributed line mass on the soil with a 

footprint of 0.01 m. Second, a rigid cross section for the 

gabion wall is considered, only allowing for a global vertical 

translation and rotation of the wall cross section. The stiffness 

in the longitudinal direction is neglected in both models. 

Figure 5 compares the insertion loss at a receiver distance of 

24 m for both simplified models. The insertion loss at the soil-

mass interface is also shown for a 2D calculation. The 

behaviour of the distributed line mass resembles that of a 

mass-spring system. At low frequencies, the mass follows the 

vertical displacement at the soil's surface and no reduction is 

seen. Around the mass-spring resonance frequency of 31 Hz, a 

clear dip is observed in the insertion loss at the soil-mass 

interface. Above the resonance frequency, the insertion loss 

rises steeply due to the inertia of the mass. The mass-spring 

resonance frequency f0 can be estimated from [3]: 

 
m

K
f s

2

1
0   (1) 

where m is the total mass of the gabion wall per unit length  
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(a)  

(b)  
 

Figure 5. Influence of footprint on insertion loss at (a) the 

soil-mass interface for a 2D case and (b) a receiver distance of 

24 m for a vertical point load applied at the soil (3D case). A 

gabion wall modelled as a distributed line mass without 

stiffness in longitudinal direction (solid lines) and modelled 

with a rigid cross section without stiffness in longitudinal 

direction (dashed lines). 

 

and Ks represents the stiffness of the soil under the mass per 

unit length. An estimation for Ks can be found from the 

vertical soil stiffness for a rigid strip foundation. 

Still considering the case of a distributed line mass, the 

insertion loss at 24 m starts to increase at the mass-spring 

resonance frequency of 31 Hz. This leads to a maximum in 

the insertion loss curve at 35 Hz. While the insertion loss at 

the soil-mass interface reaches very high values at higher 

frequencies, the insertion loss behind the distributed line mass 

starts to decrease again above 35 Hz. Only a small reduction 

is seen above 50 Hz. 

When the gabion wall is modelled as a wall with footprint 

1.0 m and rigid cross section, the mass-spring resonance dip 

in the insertion loss at the soil-mass interface is less clear 

(figure 5a). The resonance frequency is slightly shifted to a 

higher frequency compared to that of the distributed line 

mass. From this resonance frequency on, the insertion loss at 

24 m increases steadily with increasing frequency (figure 5b). 

In contrast to the results for the distributed line mass, a large 

reduction is also obtained at higher frequencies for positions 

behind the gabion wall. In this frequency range, the rigid mass 

will block the wave field along the interface. A small peak in 

the insertion loss curve can be seen at 22 Hz. This peak is 

related to a rocking mode of the gabion wall and therefore not 

observed when the wall is modelled as a distributed line mass. 

When the flexibility of the cross section of the gabion wall 

is taken into account, the behaviour of the gabion wall is 

significantly changed, especially at frequencies above 40 Hz 

(figure 6 which compares the results for figures 4 and 5).
  

 
Figure 6. Influence of cross section flexibility on insertion 

loss at a receiver distance of 24 m for a point load applied at 

the soil. A gabion wall (width 1 m, height 2 m) modelled with 

rigid (black dashed line) and flexible (red solid line) cross 

section without stiffness in longitudinal direction. 

 

 
Figure 7. Influence of longitudinal stiffness on insertion loss 

at a receiver distance of 24 m for a line load applied at the 

soil. A gabion wall (width 1 m, height 2 m) modelled with 

flexible cross section without stiffness in longitudinal 

direction (solid line), and modelled with flexible cross section 

with stiffness in longitudinal direction (dashed line). 

 

In this frequency range, the width of the wall is of the same 

order of magnitude as the Rayleigh wavelength. The 

interaction between the Rayleigh waves and the wall will 

depend strongly on the flexibility of the gabion wall and its 

footprint. Above the mass-spring resonance dip around 30 Hz, 

the insertion loss increases strongly up till a frequency of 

60 Hz. The frequency at which the gabion wall starts to 

reduce vibrations behind the wall corresponds to the mass-

spring resonance frequency. This cut-on frequency is the same 

as for the wall with rigid cross section. The frequency range in 

which a considerable reduction is obtained is broader 

compared to the case of the distributed line mass. The 

insertion loss value is however considerably lower at higher 

frequencies than for the wall with a rigid cross section. These 

results indicate that it is beneficial to make the footprint of the 

gabion walls as large and stiff as possible. 

The influence of the stiffness in the longitudinal direction 

has also been investigated as it is not clear what stiffness is 

provided by the gabions in practice. Figure 7 shows the 

insertion loss at a receiver distance of 24 m for a line load. 

The line load consists of 16 uncorrelated unit vertical point 

forces applied at the soil at the axle positions of a four-car 

EMU train. The longitudinal stiffness has a small effect on the 

insertion loss for a line load. In the frequency range between 

40 Hz and 60 Hz, the insertion loss is 1 dB lower when the 
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longitudinal stiffness is taken into account. This indicates that 

it is better to place the masses next to each other without any 

connection. 

In the following sections, the influence of soil conditions, 

receiver position, size, position and dynamic properties of the 

gabion wall on the one-third octave band insertion loss values 

for a line load is investigated. The track has been included in 

these calculations. A flexible cross section has been assumed 

for the gabion walls and wave propagation in the longitudinal 

direction has been taken into account.  

3.3 Influence of soil conditions 

The influence of the layering of the soil on the effectiveness 

of the 2 m high and 1 m wide gabion wall is investigated in 

this section. When the soil properties vary with depth, the 

propagation of Rayleigh waves is dispersive. The existence of 

multiple modes with different cut-on frequencies makes the 

interaction of the gabion wall with the soil more complex. 

Figure 8 compares the one-third octave band insertion loss 

values of the gabion wall at 8 m at the three reference sites. 

For the site of Horstwalde, the insertion loss is negligible up 

to a frequency of 30 Hz. Above the mass-spring resonance 

frequency, the insertion loss increases up to a maximum value 

of approximately 5 dB at 63 Hz. At higher frequencies, the 

insertion loss starts to decrease again due to the flexibility of 

the wall. Due to the softer soil at Furet, the mass-spring 

resonance frequency is lower and the gabion wall starts to 

reduce vibrations from 8 Hz on with a large reduction above 

63 Hz. For the site of Lincent, two maxima are visible in the 

insertion loss curve. The first maximum occurs in the 

frequency range 20-30 Hz. A second peak value is seen in the 

frequency band of 63 Hz. Below 20 Hz and above 63 Hz, the 

reduction is negligible.  

 

 
Figure 8. Influence of the soil conditions on the 

effectiveness of a gabion wall (width 1 m, height 2 m). 

Vertical insertion loss for a line load at a distance of 8 m for 

the Horstwalde site (black), the Lincent site (red) and the 

Furet site (blue). 

3.4 Influence of receiver distance and depth 

Figure 9 shows the spatial dependence of the insertion loss for 

a 1 m wide and 2 m high gabion wall installed at the 

Horstwalde site in the case a harmonic point force is applied 

to the rails with an excitation frequency of 30 Hz, 60 Hz and 

90 Hz. At 30 Hz, the wave field is not affected by the 

presence of the gabion wall, leading to an insertion loss of 

zero almost everywhere in the soil domain. At 60 Hz, the

   

 (a)   

(b)   

(c)   
 

Figure 9. Insertion loss (in dB) of a gabion wall (width 1 m, 

height 2 m) at the Horstwalde site for a point load applied to 

the track at a frequency of (a) 30 Hz, (b) 60 Hz and (c) 90 Hz. 

 

gabion wall can effectively reduce the vibration levels. A 

reduction of more than 10 dB is obtained in the central zone 

around the line perpendicular to the track at the position 

where the load is applied. Overall, the insertion loss decreases 

with increasing angle from this line. The insertion loss at 90 

Hz is lower than at 60 Hz, but more uniformly distributed 

along the surface behind the gabion wall. Both at 60 Hz and 

90 Hz, no overall increase in vibration levels is observed at 

the opposite side of the track. 

Figure 10 shows the influence of the receiver distance on 

the one-third octave band insertion loss values at the three 

reference sites. Four receiver distances at the surface are 

considered: 8 m, 16 m, 32 m and 64 m. For the site of 

Horstwalde, the insertion loss is almost independent of the 

receiver distance. At 8 m, the reduction is smaller between 

40 Hz and 63 Hz. Around the mass-spring resonance 

frequency of 40 Hz, there is even an increase in vibration 

levels. At Lincent, the insertion loss decreases strongly with 

increasing distance behind the wall. At 8 m, a dip in insertion 

loss is seen around the mass-spring resonance frequency of 

12 Hz. The effectiveness of the gabion wall decreases for
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(a)  

(b)  

(c)  

 

Figure 10. Influence of the receiver distance on the vertical 

insertion loss for a line load of a gabion wall (width 1 m, 

height 2 m) at (a) the Horstwalde site, (b) the Lincent site and 

(c) the Furet site. Receiver distance 8 m (black), 16 m (red), 

32 m (blue) and 64 m (green) from the track. 

 

larger distances behind the wall for the site of Furet as well, 

especially at higher frequencies. 

Figure 11 shows the influence of the receiver depth at the 

three reference sites. The vertical insertion loss at a receiver 

distance of 16 m is shown for four receiver depths: 0 m, 3 m, 

6 m and 9 m. As can be expected, the influence of receiver 

depth is negligible at low frequencies and becomes more 

apparent at high frequencies for all three reference sites. For 

Horstwalde, the reduction is significant down to a depth of 

6 m. At the site of Furet, the insertion loss decreases gradually 

with increasing depth. For Lincent, the receiver depth of 3 m 

is located in the middle of the second layer, while the receiver 

points at a depth of 6 m and 9 m are located in the stiffer 

halfspace (Table 3). The reduction at frequencies above 30 Hz 

is limited in the halfspace. 

3.5 Influence of height of gabion wall 

In this section, the influence of the height of the gabion wall is 

investigated. Three heights are considered: 2 m, 4 m and 6 m.
   

 (a)  

(b)  

(c)  

 

Figure 11. Influence of the receiver depth on the vertical 

insertion loss at 16 m for a line load of a gabion wall (width 1 

m, height 2 m) at (a) the Horstwalde site, (b) the Lincent site 

and (c) the Furet site. Receiver depth 0 m (black), 3 m (red), 

6 m (blue) and 9 m (green). 

 

Figure 12a shows results for the Horstwalde site. Increasing 

the height of the gabion wall improves the effectiveness at 

low frequencies. The mass-spring resonance frequency which 

determines the onset of vibration reduction is decreased by 

increasing the mass of the wall. For the 2 m high wall, the 

insertion loss starts to increase in the frequency band of 40 

Hz. For the 4 m and 6 m high walls, the increase starts in the 

frequency bands of 20 Hz and 16 Hz, respectively. The peak 

value in insertion loss is also shifted towards a lower 

frequency by increasing the height of the wall. The same 

trends are visible in the results for Lincent (figure 12b). If the 

height of the wall is increased from 2 m to 4 m, the peak value 

in insertion loss is shifted from 25 Hz to 16 Hz. Increasing the 

height of the gabion wall to 6 m will further improve the 

efficiency at low frequencies, with a maximum reduction of 

5 dB at 12.5 Hz. Above 20 Hz, the influence of the height of 

the wall is limited. For the site of Furet, increasing the height 

does not lead to a consistent improvement in performance at
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(a)  

(b)  

(c)  

 

Figure 12. Influence of the height of a 1 m wide gabion wall 

at (a) the Horstwalde site, (b) the Lincent site and (c) the Furet 

site. Vertical insertion loss for a line load at a receiver 

distance of 32 m for a height of 2 m (black), 4 m (red) and     

6 m (blue). 

 

low frequencies (figure 12c). Again, the height has little 

influence at higher frequencies. 

3.6 Influence of width of gabion wall 

Figure 13 shows the influence of the width of a gabion wall 

with a height of 2 m at the reference sites of Horstwalde, 

Lincent and Furet. The width is set to 1.0 m and 2.0 m. For all 

three sites, doubling the width of the wall increases the 

effectiveness in a broad frequency range. The higher mass 

results in a lower mass-spring resonance frequency and 

therefore an improved performance at low frequencies. 

Furthermore, Rayleigh waves can be blocked more effectively 

due to the larger footprint. As a result, the insertion loss is 

also improved at higher frequencies. 

3.7 Influence of position of gabion wall  

When a gabion wall is used as a noise barrier, it is usually 

placed as close to the track as possible. Here, the influence of 

the position of the gabion wall next to the track is investigated
   

 (a)  

(b)  

(c)  

Figure 13. Influence of the width of a 2 m high gabion wall at 

(a) the Horstwalde site, (b) the Lincent site and (c) the Furet 

site. Vertical insertion loss for a line load at a receiver 

distance of 32 m for a width of 1 m (solid lines) and 

2 m (dashed lines). 

 

by doubling the distance from the track. Figure 14 shows the 

insertion loss at 32 m for a line load at the Horstwalde site. 

The peak value in insertion loss at 63 Hz is decreased by 1 dB 

by doubling the distance. Also at higher frequencies, a small 

decrease in insertion loss is seen. 

3.8 Influence of dynamic properties of masses 

Finally, the influence of the dynamic properties of the heavy 

masses next to the track is investigated by comparing the 

effectiveness of a gabion wall with the effectiveness of a 

continuous concrete wall at the Horstwalde site. The material 

properties used for the concrete wall are given in Table 5. 

Both walls have a height of 2 m and a width of 1 m and are 

placed at a distance of 4 m from the centre of the track. Figure 

15 shows the insertion loss at a distance of 32 m from the 

track for a line load. For the gabion wall, the insertion loss 

starts to increase above 35 Hz and a peak value in insertion 

loss is visible in the frequency band of 63 Hz. For the concrete 

wall, the increase in insertion loss starts at lower frequencies.
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Figure 14. Influence of the position of a gabion wall (width 

1 m, height 2 m) at the Horstwalde site. Vertical insertion loss 

for a line load at a distance of 32 m for a gabion wall at 4 m 

(solid line) and 8 m (dashed line) from the centre of the track. 

 

Figure 15. Comparison between a gabion wall (solid line) and 

a concrete wall (dashed line) with height 2 m and width 1 m. 

Vertical insertion loss at 32 m for a line load at the 

Horstwalde site. 

This improvement at low frequencies cannot be explained by 

the increase in mass only, but is largely the result of the 

increased stiffness of the wall. Further calculations (not shown 

here for brevity) have shown that the concrete wall at the 

surface acts as a stiff wave barrier when the contrast in 

stiffness between the soil and the wall next to the track is 

sufficiently large. Longitudinal bending waves excited in the 

wall will cause a large reduction of vibration above a critical 

frequency in an area determined by a critical angle [8]. 

4 CONCLUSION 

In this paper, a row of heavy masses next to the track 

consisting of gabions has been studied by means of 2.5D 

simulations. The gabion walls can give a reduction in 

vibration levels above a mass-spring resonance frequency  

which is determined by the mass of the gabion wall and the 

stiffness of the soil. A 2 m high and 1 m wide gabion wall is 

effective above 40 Hz at the Horstwalde site. By doubling the 

height of the wall, this cut-on frequency is lowered to 20 Hz. 

The lower the stiffness of the soil, the lower the mass-spring 

resonance frequency. Therefore, a gabion wall will be more 

effective at sites with a soft soil. For the site of Lincent, the 

mass-spring resonance frequency equals 12 Hz for a 2 m high 

and 1 m wide gabion wall resulting in a reduction of vibration 

levels above 16 Hz. For the site of Furet, this gabion wall 

starts to reduce vibration from 8 Hz on. At frequencies above 

the mass-spring resonance frequency, Rayleigh waves are 

hindered due to the blocking of the wave field by the masses 

along the interface. It is therefore important to make the 

footprint of the gabion walls as large and stiff as possible. 

Furthermore, calculation results indicate that it is better to 

place the masses next to each other without any connection. 

On the other hand, if the contrast between the stiffness of the 

soil and the longitudinal stiffness of the wall next to the track 

is large enough, a continuous wall can act as a stiff wave 

barrier. Calculations should be complemented with 

measurements to determine the actual behaviour of the gabion 

walls and investigate the validity of the assumptions made in 

the parametric study. 
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ABSTRACT: When in-track vibration countermeasures, such as resilient rail and slab support are installed, the unevenness

perceived by a train will be modified and this is often not accounted for. In this paper, it is investigated, with the aid of an

analytical track model, how this perceived unevenness will change and what the relation is with different types of unevenness for

the particular case of a floating slab track. The different types of unevenness considered are: track bed unevenness, bent rail,

bent slab and variation of slab bending stiffness. The total unevenness perceived by the wheels of a moving train is the result of

a combination of these and other types of unevenness. It is found that, depending on the unevenness type, both a reduction or

an increase of the perceived unevenness are possible. The increase may be large enough to lead to a substantial reduction in the

performance of the vibration countermeasure.

KEY WORDS: Floating slab track, unevenness, vibration countermeasures.

1 INTRODUCTION

Ground-borne vibrations generated by underground trains can

cause discomfort to people and disturb sensitive equipment.

Different models exist to calculate vibrations in the soil and/or

in buildings. Both (semi-)analytical and numerical approaches

are frequently used.

Track unevenness is one of the main reasons why trains

generate vibrations. When the wheels of the train move over

an uneven track, dynamic loads are applied to the rails [1].

Therefore, one of the main input parameters for vibration

calculation models is the track unevenness spectrum, used

to calculate excitation force and subsequently vibration level

spectra [2, 3].

A common mistake, however, is that while evaluating the

performance of vibration countermeasures at the source, the

track parameters are changed, but the same unevenness spectra

are used to calculate new excitation force and vibration spectra.

It is thus assumed that the unevenness perceived by a moving

train is not modified. It has, however, been pointed out by Hunt

[4] that, when track parameters are modified, the unevenness

is likely to change as well. Hunt shows how the unevenness

changes for the case of a simple track model represented by

an Euler-Bernoulli beam on a Winkler foundation [5, 6]. The

present paper extends this research for the case of a floating slab

track (FST), a configuration frequently used in railway tunnels.

It is investigated how, depending on the type and the wavelength

of the unevenness, the insertion of resilient elements such as rail

pads and slab bearings can have beneficial or negative effects

on the unevenness perceived by the train and, therefore, on the

vibration levels. Only a limited number of unevenness types are

considered in this paper. A more extended and detailed study

on changes of track unevenness caused by in-track vibration

countermeasures in a FST has been reported in a paper that is

presently under review for publication[7].

The outline of the paper is as follows. In section 2, an

analytical model of the FST is presented and the deflection

of the rail under a static load is calculated. Different types

of unevenness are introduced and for each of these, transfer

functions between the perceived unevenness at the top of the

rail and the input unevenness are derived. In section 3, insertion

gain functions are defined, which characterize the change in

perceived unevenness when the track parameters are modified.

A brief overview of the effect of modification of the track

parameters of the FST on the dynamic forces transmitted to the

tunnel invert is given in section 4. In section 5, the influence

of inserting additional resilient rail pads and slab bearings on

the perceived unevenness and the free field vibrations during

the passage of a train on a FST in a tunnel is investigated.

Conclusions are formulated in section 6.

2 MODELLING UNEVENNESS OF A FST

To model the FST, an analytical model with a double beam on

a rigid foundation is used, which is an extension of the single

beam on Winkler foundation model [8, 9]. This model has also

been used by Forrest and Hunt [10, 11] and Hussein and Hunt

[12]. In the present model, unevenness is introduced at different

places and the perceived unevenness is calculated.

2.1 Rail and slab deflection under a static load

Both rails are combined to a single infinite Euler-Bernoulli beam

with bending stiffness EIr (figure 1). In the low frequency

range up to 100 Hz studied in this paper, shear deformation is

not important, so Timoshenko beam theory is not used. The

rail pads and sleepers are represented by uniform springs with
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Figure 1. Model of a FST.

stiffness kr. The concrete slab is modelled as an infinite Euler-

Bernoulli beam with bending stiffnessEIs and the slab bearings

as uniform springs with stiffness ks. A rigid foundation is used,

as weak coupling between the track and the tunnel is assumed

[13]. The system of differential equations for two coupled

beams subjected to a static load P at the position xP on top

of the rail can be written as:

d2

dx2

(
EIr

d2ury

dx2

)
+ kr(ury − usy) = Pδ(x− xP), (1)

d2

dx2

(
EIs

d2usy

dx2

)
+ ksusy − kr(ury − usy) = 0, (2)

where the vertical displacement of the rail and slab at a position

x are denoted as ury(x) and usy(x), respectively, and δ(x) is the

Dirac delta function.

It can be shown that, for realistic train speeds well below

the critical speed (e.g. the Rayleigh wave speed of the track-

tunnel-soil system), the deflection under a moving load does

not differ much from the static deflection. When calculating

perceived unevenness, this allows to make the approximation

that the train moves in a quasi-static way, neglecting the time

dependence of the position of the load. A second assumption

is that the perceived unevenness is only influenced by the total

quasi-static weight of the train, which is larger than the dynamic

axle loads. This allows to only account for the static axle loads

and to neglect the inertia terms in the equilibrium equations (1)

and (2) when calculating the perceived unevenness. When the

bending stiffness of the rails and the slab is constant, equations

(1) and (2) can be simplified to:

EIr
d4ury

dx4
+ kr(ury − usy) = Pδ(x− xP), (3)

EIs
d4usy

dx4
+ ksusy − kr(ury − usy) = 0. (4)

These equations are divided by EIr and EIs, respectively, to

obtain:

⎧⎪⎨
⎪⎩

d4ury

dx4
d4usy

dx4

⎫⎪⎬
⎪⎭+

[
αrr −αrr

−αrs αss + αrs

]{
ury
usy

}

=

⎧⎨
⎩

P

EIr
δ(x− xP)

0

⎫⎬
⎭ , (5)

where αrr = kr/EIr, αrs = kr/EIs, and αss = ks/EIs.

Equation (5) is subsequently transformed to the wavenumber

domain using the following definition of the Fourier transform:

ũry(kx) =

∞�

−∞

ury(x)e
−jkx xdx . (6)

The inverse Fourier transform is defined as:

ury(x) =
1

2π

∞�

−∞

ũry(kx)e
jkxxdkx . (7)

This results in:

[
k4x + αrr −αrr

−αrs k4x + αss + αrs

]{
ũry(kx)
ũsy(kx)

}
=

⎧⎨
⎩

P

EIr
e−jkxxP

0

⎫⎬
⎭ .

(8)

This linear system of equations can be solved for ũry(kx) and

ũsy(kx):

ũry(kx) =
k4x + αrs + αss

k8x + k4x(αrs + αrr + αss) + αrrαss

P

EIr
e−jkxxP

(9)

and

ũsy(kx) =
αrs

k8x + k4x(αrs + αrr + αss) + αrrαss

P

EIr
e−jkxxP .

(10)

The denominator of these fractions will often be used and will be

shortened as D(kx). The vertical rail displacement ury(x) due

to the load P can now be calculated by performing the inverse

Fourier transformation of ũry(kx):

ury(x) =
1

2π

∞�

−∞

k4x + αrs + αss

D(kx)

P

EIr
ejkx(x−xP) dkx. (11)

Evaluation of the displacement at the position xP of the load P
results in:

ury(xP) =
1

2π

P

EIr

∞�

−∞

k4x + αrs + αss

D(kx)
dkx. (12)

This inverse wavenumber integral can be solved using contour

integration [14]. It is not possible, however, to determine in a

closed form which poles of the integrand have a positive real

part. Therefore, a closed form analytical solution of equation

(12) does not exist.

2.2 Random variatons and their effect on perceived uneven-

ness

Different types of (random) unevenness are subsequently

considered. The types considered in this paper are: track bed

unevenness, bent rail and slab, representing the initial deflection

of the neutral line of the rail and slab, and variation of slab

bending stiffness. Conventional rail unevenness consists of

surface irregularity of the railhead. This is, however, considered

to be unimportant for the generation of low frequency vibration.
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2.2.1 Track bed unevenness

The first type of unevenness is track bed unevenness. When the

tunnel invert is uneven, this may generate unevenness at the top.

The track bed is described by its profile ufy(x) (figure 2). The

system of differential equations becomes:

d4ury
dx4

+ αrr(ury − usy) =
P

EIr
δ(x− xP), (13)

d4usy
dx4

+ αss(usy − ufy)− αrs(ury − usy) = 0. (14)

The same procedure as above can be followed to obtain :

EIs

kr

ks

x

y

P
ury

usy
EIr

xP

ufy(x)

Figure 2. FST with track bed unevenness ufy(x).

ũry(kx) =
k4x + αrs + αss

D(kx)

P

EIr
e−jkxxP +

αrrαss

D(kx)
ũfy(kx).

(15)

The deflection ury(xP) under the load P at position xP is equal

to:

ury(xP) =
1

2π

P

EIr

∞�

−∞

k4x + αrs + αss

D(kx)
dkx + · · ·

· · ·+
1

2π

∞�

−∞

αrrαss

D(kx)
ũfy(kx)e

jkxxP dkx. (16)

The first integral at the right hand side of equation (16) is the

same as equation (12) and represents the deflection when no

unevenness is present; it will be denoted as u0ry(xP). The

second term represents the variation in deflection or perceived

unevenness upry(xP) under the load as it moves on the uneven

track bed :

upry(xP) =
1

2π

∞�

−∞

αrrαss

D(kx)
ũfy(kx)e

jkxxP dkx. (17)

The Fourier transform of the load position xP to the

wavenumber kxP
results in:

ũpry(kxP
) =

αrrαss

D(kxP
)
ũfy(kxP

). (18)

The transfer function T̃1(kxP
) transforms the track bed

unevenness to the perceived unevenness and is given by:

T̃1(kxP
) =

αrrαss

D(kxP
)
. (19)

2.2.2 Bent rail

EIs

kr

ks

x

y

P

ury

usy
EIr

xP
uriy(x)

Figure 3. FST with initially bent rail uriy(x).

If the rails are not perfectly straight, the initial position of their

neutral line can be described by uriy(x) (figure 3). Similar

derivations as before allow to obtain the transfer function

T̃2(kxP
) between the bent rail unevenness and the perceived

unevenness, which is equal to:

T̃2(kxP
) =

k4xP
(αrs + αss + k4xP

)

D(kxP
)

. (20)

2.2.3 Bent slab

EIs

kr

ks

x

y

P
ury

usy
EIr

xPusiy(x)

Figure 4. FST with initially bent slab usiy(x).

The slab can also have an initial deflection usiy(x) (figure

4). The transfer function T̃3(kxP
) between the input bent slab

unevenness and the output perceived unevenness is equal to:

T̃3(kxP
) =

k4xP
αrr

D(kxP
)
. (21)

2.2.4 Variation of slab bending stiffness

The influence of the variation of slab bending stiffnessEIs(x) is

more complicated because it is a type of parametric excitation.

In this case, the slab bending stiffnessEIs(x) is a function of the

position x along the beam. AsEIs(x) is not constant, the system

of differential equations becomes slightly more complicated:

EIr
d4ury

dx4
+ kr(ury − usy) = Pδ(x− xP), (22)

EIs
d4usy

dx4
+ 2

dEIs

dx

d3usy

dx3
+

d2EIs

dx2
d2usy

dx2
+ · · ·

· · ·+ ksusy − kr(ury − usy) = 0. (23)

The product of the different derivatives of EIs(x) and usy(x)
prohibit a simple solution by taking the Fourier transform

as before. Instead, an approximate solution is found using

perturbation analysis [7]. The transfer function T̃4(kxP
)

between the variation of slab support stiffness and the perceived

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

761



unevenness is:

T̃4(kxP
) =

αrrαrs

2π

P

EIr

∞�

−∞

· · ·

· · ·
[(kx − kxP

)4 + 2kxP
(kx − kxP

)3 + k2xP
(kx − kxP

)2]

D(kx)D(kx − kxP
)

dkx.

(24)

This inverse wavenumber integral can be evaluated using

contour integration. It is, however, not possible to write a closed

form analytical solution. In contrast to the previously derived

transfer functions, this transfer function is proportional to the

applied load P and thus depends on the total weight of the train.

2.3 Results and discussion

The transfer functions will now be evaluated for a FST with

an eigenfrequency of 10.16 Hz [15]. The track consists of two

UIC 60 rails which each have an area Ar = 7.672 × 10−3m2,

a bending stiffness EIr = 6.382 × 106Nm2, a density ρr =
7850 kg/m3 and a loss factor ηEIr = 0.02. The rail pads have a

stiffness kr = 116× 106N/m2 and a loss factor ηkr
= 0.3. The

concrete slab has a width of 2.7m, a height of 0.505m, an area

As = 1.3635m2, a bending stiffness EIs = 941.7× 106Nm2,

a density ρs = 2450 kg/m3 and a loss factor ηEIs = 0.05. The

springs below the slab have a stiffness ks = 13.5 × 106N/m2

and a loss factor ηks
= 0.5. Although the transfer functions

are derived in function of wavenumber kx, they will be plotted

in function of the wavelength λx = 2π/kx, to facilitate the

discussion.

The transfer functions are plotted in figure 5. The transfer

function T̃4 has been normalized to the deflection u0ry(xP) of

the rail under the static axle load P , caused by the total weight

of the train, distributed over its axles. This is necessary because

the perceived unevenness is proportional to the applied load

P ; this also makes the transfer function dimensionless. The

graph for case 4 needs to be interpreted in the following way:

if, after normalization, T̃4 = 1(= 0 dB) for a given frequency

band and the variation of the slab bending stiffness is 5% root

mean square (RMS) in this frequency band, the perceived rail

unevenness will be 5% RMS in the same frequency band.

Since the perceived unevenness caused by parametric

excitation depends on the applied load P , while the perceived

unevenness caused by geometrical unevenness does not,

measuring with different loads allows to distinguish these two

types of unevenness.

At long wavelengths (λx > 20m), all bent rail and bent

slab unevenness will be straightened by the rail pads and slab

bearings. The slab will bend to the unevenness of the track bed

and the rail will bend to the slab. Track bed unevenness will be

fully perceived at the top of the rail. Variation of slab bending

stiffness is felt mostly at these long wavelengths.

At intermediate wavelengths (3m < λx < 20m), the track

bed unevenness is not able to bend the slab. All unevenness

below the slab is not perceived at wavelengths shorter than 20

m. As the slab is much stiffer than the rails and the rail pads are

stiff enough to bend or straighten the rail at these wavelengths,

the bent slab effects are now important.

At short wavelengths (λx < 3m), the rail pads and slab

bearings are not able to straighten the rail and bent rail starts
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Figure 5. Unevenness transfer functions for track bed

unevenness (dots), bent rail (dashed line), bent slab

(circles) and variation of slab bending stiffness (solid line).

The transfer function T̃4 is normalized to the deflection

u0ry(xP ) under the applied load.

to be perceived the most. For all other types of unevenness, the

perceived unevenness decreases with decreasing wavelength.

The previous results can be summarised as follows. Uneven-

ness of the track bed is fully perceived at long wavelengths,

unevenness due to bent slab is fully perceived at intermediate

wavelengths, bent rail is fully perceived at short wavelengths.

Variation in slab bending stiffness is most important at long

wavelengths, where the wavelength of the variation is large

compared to the deflection bowl caused by a load.

3 THE INFLUENCE OF VIBRATION COUNTERMEA-

SURES ON PERCEIVED UNEVENNESS

Vibration countermeasures often include adding resilient

elements into the track using soft rail pads or slab bearings.

For safety reasons, in order to limit rail deflection, these

elements cannot be too soft. By adding resilient elements,

the perceived unevenness will change, depending on the type

of the unevenness. This effect is usually neglected and it is

often assumed that the unevenness remains the same when

the performance of vibration countermeasures is computed.

Using the transfer functions, it is possible to predict how the

unevenness will change after inserting resilient elements, if

the type of unevenness is known. Insertion gain functions are

introduced to quantify this effect. These functions represent the

ratio of the perceived unevenness after and before the insertion

of resilient elements and are expressed in dB. The ratio of

the stiffness of the rail and slab supports after and before the

insertion of the resilient element is called the insertion ratio Rr

and Rs, respectively. The IG functions can be calculated easily

as:

IG = 20 log10(T̃after(kxP
)/T̃before(kxP

)) (25)

Two cases will be considered, where resilient rail support

(Rr = 0.2) and resilient slab bearings (Rs = 0.2) are

respectively added to the FST.
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Figure 6. Insertion gain of perceived unevenness after insertion

of resilient rail support (stiffness ratio Rr = 0.2) in a FST

with initial track bed unevenness (dots), bent rail (dashed

line) and bent slab (circles), and variation of slab bending

stiffness (solid line).

Figure 6 shows the insertion gain functions of the perceived

unevenness due to the insertion of additional resilient rail

support with an insertion stiffness ratio Rr = 0.2, for the

different unevenness scenarios.

In the case of bent rail, the perceived unevenness is

increased by 3 dB for wavelengths longer than 20 m, followed

by an increase upto 11 dB at a wavelength of about 8

m. For wavelengths shorter than 2 m, the IG decreases to

an asymptotic value of 0 dB. In all other cases of initial

unevenness, there is almost no change in perceived unevenness

for wavelengths longer than 10 m, while the IG decreases for

shorter wavelengths, until an asymptotic value of −14 dB is

reached for wavelengths shorter than 2 m. In the cases of track

bed unevenness and bent slab, this asymptotic value is equal to

20 logRr. A negative IG value corresponds to a reduction of

perceived unevenness, which is a positive effect, and is referred

to as unevenness smoothing.
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Figure 7. Insertion gain of perceived unevenness after insertion

of resilient slab bearings (stiffness ratioRs = 0.2) in a FST

with initial track bed unevenness (dots), bent rail (dashed

line) and bent slab (circles), and variation of slab bending

stiffness (solid line).

Figure 7 shows the insertion gain functions of the perceived

unevenness due to the insertion of additional resilient slab

bearings with an insertion stiffness ratio Rs = 0.2, for the

different unevenness scenarios.

In the case of variation of slab bending stiffness, there is an

IG of about 10 dB at wavelengths longer than 50 m, followed

by a small dip in the IG curve and an increase up to 13.5 dB at

a wavelength of 12 m. For shorter wavelengths the IG tends to

a value of 4 dB. The change of perceived unevenness for bent

rail and bent slab is almost the same. For wavelengths longer

than 50 m the IG is about 14 dB. For shorter wavelengths the

IG decreases until an asymptotic value of 0 dB is obtained.

In the case of track bed unevenness, there is no change in

perceived unevenness for wavelengths longer than 50 m. For

shorter wavelengths, the IG decreases until an asymptotic value

of −14 dB is reached at a wavelength of approximately 10 m.

This asymptotic value is equal to 20 logRs.

Comparison of the results obtained for resilient rail and slab

supports reveals some similarities. If the unevenness is located

below the inserted resilient element, unevenness smoothing

occurs, because the unevenness is no longer transferred to

the rails. If the unevenness is situated above the resilient

element, however, the resilient element may not be able to

smooth the unevenness and an increase in perceived unevenness

is possible. There is nearly always a decrease in IG with

decreasing wavelengths.

Insertion of resilient elements may have positive or negative

effects. It is not possible, however, to predict the change in

perceived unevenness when the dominant unevenness types are

not a priori known. As it is currently technically not possible

to measure every type of unevenness, it is important to measure

the perceived unevenness before and after installation of in-track

vibration countermeasures: even if it is not possible to predict

how unevenness will change, it remains important to check

changes in perceived unevenness. These measurements should

be performed under different loading conditions as mentioned in

the previous section. No real unevenness spectra are currently

available for the different types of unevenness.

4 EFFECT ON DYNAMIC FORCES TRANSMITTED TO

THE TUNNEL INVERT

The insertion gain of the force transmitted to the tunnel invert

is a good measure for the insertion gain of the generated

vibration levels, after modification of the track characteristics,

because of the weak coupling between the tunnel and the

track. These insertion gain functions can be calculated

approximately with the model of a double beam on a rigid

foundation, taking into consideration the inertia of the rails and

the slab, as well as the axle-track interaction. Whereas these

elements were not important to assess perceived unevenness,

they must be accounted for when calculating dynamic axle

loads. Furthermore, hysteretic damping is used for both the

rails and the slab, introducing loss factors η to obtain complex

stiffnesses in the frequency domain as k∗ = k(1 + jηk) and

EI∗ = EI(1+ jηEI). Given a model for the track and the train,

harmonic unevenness with a given wavelength and amplitude is

pulled between the wheels and the rails to calculate the dynamic

excitation force on the track [16].
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For a double beam on a Winkler foundation, the force

transmitted to the tunnel invert is equal to:

P̂t(ω) =
k∗r k

∗
s

(−ω2mr + k∗r )(−ω
2ms + k∗s )− k∗rω

2mr
P̂e(ω)

= Ĥ1(ω)P̂e(ω), (26)

where Ĥ1(ω) is the transfer function between the excitation

force P̂e(ω) and the transmitted force P̂t(ω), and mr = Arρr
and ms = Asρs are the mass per unit length of the rails and

slab, respectively.

When a single unsprung axle mass Mu of a train moves with

speed v over a sinusoidal unevenness with wave number kx
and amplitude Δ, the excitation frequency is ω = vkx and the

excitation force is equal to:

P̂e(ω) =
v2k2xMuΔ

1− v2k2xMuĤyr(vkx)
= Ĥ2(vkx)Δ, (27)

where the transfer function Ĥ2(vkx) relates the excitation force

P̂e(ω) to the perceived unevenness Δ. The transfer function

Ĥyr(vkx) relates the rail deflection to the load and has been

derived by Hussein and Hunt [12]. Peak values of the transfer

function Ĥ2(vkx) occur at the resonance frequency of the

unsprung mass on the rail, also referred to as the axle-track

resonance frequency.

The force P̂t(ω) transmitted to the tunnel invert now relates

as follows to the unevenness Δ:

P̂t(ω) = Ĥ1(ω)Ĥ2(vkx)Δ (28)

The insertion gain function IGt(ω) of the force transmitted to

the tunnel invert after and before the installation of resilient

elements in the track is equal to :

IGt(ω) =
Ĥ ′

1(ω)Ĥ
′
2(vkx)Δ

′

Ĥ1(ω)Ĥ2(vkx)Δ
, (29)

where the prime refers to the situation after modification of

the track parameters. The ratio of Δ′ and Δ depends on the

unevenness type considered, as discussed in section 2. It should

be noted that the interaction between different axles of the train

has been neglected. It can be shown that this interaction has a

small effect on the insertion gain functions, as will be illustrated

in the next section.

The passage of a train with unsprung axle massMu = 500 kg
at a speed of 15 m/s on the FST introduced in the section 2

is considered. Figure 8 shows the insertion gain of the force

transmitted to the tunnel invert as a function of frequency for

the case where resilient rail pads (Rr = 0.2) or resilient slab

support (Rs = 0.2) are inserted in the track. The unevenness is

left unchanged. The train speed of 15 m/s is used to convert the

unevenness wavelength to the excitation frequency in equation

(29).

As the resonance frequency of a FST mainly depends on the

mass of the slab and the slab bearing stiffness, changing the

rail pad stiffness only causes a marginal change in resonance

frequency; the IG is therefore negligible at low frequencies.

The transmitted force at higher frequencies is affected by the
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Figure 8. Insertion gain of the force transmitted to the tunnel

invert during the passage of a train with unsprung axle

mass Mu = 500 kg at a speed of 15 m/s, after insertion

of resilient rail support (stiffness ratio Rr = 0.2) (solid

line) and after insertion of resilient slab support (stiffness

ratio Rs = 0.2) (dashed line) in a FST with unchanged

perceived unevenness.

reduction of the resonance of the unsprung axle mass on the

track to 44 Hz and a reduction of the resonance frequency of the

rail to 70 Hz.

In the case of reduction of the slab bearing stiffness, the

resonance frequency of the FST is reduced with a factor of
√
5

from 10.16 to 4.54 Hz. The resonance frequency of the unsprung

axle mass on the track and the resonance frequency of the rail

are not influenced by the insertion of resilient slab bearings.

5 FREE FIELD VIBRATIONS

The influence of inserting additional resilient rail pads and

slab bearings on the free field vibrations during the passage

of a train on a FST in a tunnel, embedded in a homogeneous

halfspace, is investigated. The soil has a shear wave velocity

Cs = 309m/s, a dilatational velocity Cp = 944m/s, a density

ρ = 2000 kg/m3, a shear loss factor ηs = 0.06 and a dilatational

loss factor ηp = 0.0. The tunnel is made of concrete with

a Young’s modulus Et = 50 × 106N/m
2
, a Poisson’s ratio

νt = 0.3, a density ρt = 2500 kg/m3
and a loss factor ηt = 0.

It has an outer radius of 3 m and a thickness of 0.25 m and its

centre is located at a depth of 40 m below the free surface. The

same FST as introduced in section 2 is present in the tunnel. The

track unevenness spectrum is defined as:

Sw/r(kx) =
0.01310× 10−6

2π
(
0.02940 + kx

2π

)3 , [ m3] (30)

corresponding to a track of average quality [17]. The excitation

is due to the passage of a train, consisting of an infinite sequence

of unsprung axle masses Mu = 500 kg at a distance of 20m, at

a speed v = 15m/s. Free field vibrations are computed with

the PiP model for underground railway vibrations [10, 11, 14]
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Figure 9. Root power spectrum of the vertical displacement at

{0, 0, 0} during the passage of a train at 15 m/s on the FST

in the tunnel for the reference uneven track (grey solid line)

and after introduction of resilient rail pads (Rr = 0.2),

accounting for the initial unevenness (squares) and the

perceived unevenness due to bent rail (dashed line) and

bent slab (circles).

The grey solid line on figure 9 shows the root power spectrum

of the vertical displacement at the point {0, 0, 0} on the surface

immediately above the tunnel before the insertion of extra

resilience in the track. The peak in this spectrum corresponds

to the resonance frequency of the FST at 10.16 Hz. At higher

frequencies (above 15 Hz), the FST structure results in a large

reduction of the vibration amplitude.

The influence of adding additional resilient elements in the

FST is subsequently investigated, accounting for their influence

on the perceived unevenness and the vibrations in the free field.

More particularly, adding resilient rail and slab bearings with an

insertion ratio of Rr = 0.2 and Rs = 0.2 is considered.

The squares in figure 9 show the vertical displacement

in the free field when resilient rail pads (Rr = 0.2) are

added to the track, assuming that the perceived unevenness is

unchanged and equal to the initial unevenness, corresponding

to the common assumption when assessing the performance of

vibration mitigation measures. The IG is the same as in figure

8 which shows that the IG for the force transmitted to a rigid

foundation is a good measure for the IG of the vibration levels.

Different assumptions on the nature of the (initial) track

unevenness are subsequently investigated in order to assess their

effect on the perceived unevenness and vibration levels after the

insertion of resilient rail pads. Two scenarios are investigated

where it is assumed that the initial track unevenness is due to a

bent rail or a bent slab.

The dashed line in figure 9 shows the vertical displacement in

the free field when resilient rail pads (Rr = 0.2) are added to the

track, accounting for the perceived unevenness due to bent rail.

Compared to the result obtained when only initial unevenness

is accounted for (squares), an increased response is observed

at low frequencies, whereas the response at larger frequencies

is identical. This is explained by considering again the insertion

gain for perceived unevenness for bent rail (dashed line on figure

6), where an increase of perceived unevenness is observed for

wavelengths longer than 2 m, with a maximum of 10 dB at

a wavelength of about 8 m. These wavelengths correspond

to excitation frequencies below 7.5 Hz at a train speed of 15

m/s. For shorter wavelengths, the insertion gain tends to zero

and the perceived unevenness remains the same (figure 6). The

difference between the displacement spectrum computed with

the perceived and the initial unevenness (figure 9) is equal to the

change (or insertion gain) on the perceived unevenness (figure

6). This is the reason why the root of the displacement spectrum

is shown in figure 9.

The circles in figure 9 show the vertical displacement in the

free field when resilient rail pads (Rr = 0.2) are added to the

track, accounting for the perceived unevenness due to bent slab.

Compared to the result obtained when only initial unevenness

is accounted for (squares), an identical response is observed

at very low frequencies (below 3 Hz), whereas the response is

considerably decreased at higher frequencies. This is explained

by considering again the insertion gain for perceived unevenness

for bent slab (circles on figure 6), which tends to zero for

wavelengths longer than 10 m and to an asymptotic value of -14

dB for short wavelengths. The transition occurs at a wavelength

of approximately 5 m which corresponds to a frequency of 3

Hz at a train speed of 15 m/s. The difference between the

displacement spectrum computed with the perceived and the

initial unevenness (figure 9) is indeed equal to -14 dB at higher

frequencies.

It is concluded that the insertion of resilient rail pads in a

FST can have an important influence on perceived unevenness

and free field vibrations. If the initial unevenness is attributed

to bent rail, an increase of perceived unevenness and free

field vibrations is predicted at low frequencies. If the initial

unevenness is attributed to bent slab, a decrease of perceived

unevenness and free field vibrations is predicted at high

frequencies.

Next the case of additional resilient slab bearings is

investigated. The squares in figure 10 show the vertical

displacement in the free field when resilient slab bearings

(Rs = 0.2) are added to the track, assuming that the perceived

unevenness is unchanged and equal to the initial unevenness.

The IG is the same as in figure 8.

Different assumptions on the nature of the (initial) track

unevenness are subsequently investigated in order to assess

their effect on the perceived unevenness and vibration levels

after the insertion of resilient slab bearings. Two scenarios are

investigated where it is assumed that the initial track unevenness

is due to a bent slab or track bed unevenness.

The circles in figure 10 show the vertical displacement in

the free field when resilient slab bearings (Rs = 0.2) are

added to the track, accounting for perceived unevenness due

to bent slab. This is explained by the insertion gain of

perceived unevenness for bent slab (circles on figure 7), which

increases for long wavelengths but remains almost constant for

wavelengths shorter than 10 m or frequencies larger than 1.5 Hz

at a train speed of 15 m/s.

The dots in figure 10 shows the vertical displacement in the

free field when resilient slab bearings (Rs = 0.2) are added
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Figure 10. Root power spectrum of the vertical displacement at

{0, 0, 0} during the passage of a train at 15 m/s on the FST

in the tunnel for the reference uneven track (grey solid

line) and after introduction of resilient slab bearings (Rs =
0.2), accounting for the initial unevenness (squares) and

the perceived unevenness due to track bed unevenness

(dots) and bent slab (circles).

to the track, accounting for the perceived unevenness due to

track bed unevenness. A decrease of about 14 dB can be

noticed with respect to the response obtained when only initial

unevenness is accounted for. The insertion gain of perceived

unevenness for bent slab (dots on figure 7) indeed tends to zero

for long wavelengths and to -14 dB for short wavelengths. The

transition occurs at a wavelength of approximately 30 m which

corresponds to a frequency of 0.5 Hz at a train speed of 15 m/s.

The difference between the displacement spectrum computed

with the perceived and the initial unevenness (figure 10) indeed

is equal -14 dB at higher frequencies.

It is concluded that the insertion of resilient slab bearings

in a FST can have an important influence on the perceived

unevenness and therefore the free field vibrations. If the initial

unevenness is attributed to bent slab, almost no change occurs,

except at very low frequencies. If the initial unevenness is

attributed to track bed unevenness, a decrease of perceived

unevenness and free field vibrations is predicted in the frequency

range of interest.

6 CONCLUSIONS

Transfer functions have been derived between different kinds

of input unevenness and the unevenness perceived at the top of

the rails by a train moving on a FST. Two types of unevenness

have been distinguished. Perceived unevenness caused by

geometrical unevenness is independent of the weight of the

train. Perceived unevenness caused by parametric excitation

is proportional to the total weight of the train. It is therefore

important to measure unevenness spectra under different loading

conditions.

Insertion gain functions have been defined with the aid of

these transfer functions, which describe how the perceived

unevenness is modified when vibration countermeasures such

as resilient rail or slab support are installed. It is found that,

when resilience is added, an important reduction in perceived

unevenness may occur when the source of the unevenness is

located beneath the resilient element, otherwise an increase in

perceived unevenness is possible. This has been illustrated for

the case of a train running on a FST in a tunnel, where it was

shown that the change in perceived unevenness can have a large

impact on the free field vibrations.

As it is not possible to predict the change in perceived

unevenness when installing vibration countermeasures, it is

important to measure the unevenness after the installation of the

countermeasure, as the change in perceived unevenness may be

large enough to amplify or annihilate the performance of the

vibration countermeasure.
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ABSTRACT: This paper proposes a method for calculating the vibration levels from an underground tunnel, adjacent to a piled-

foundation, embedded in a homogeneous half-space on the basis of strong coupling. The method relies on superposing the 

vibration field generated by the tunnel with that generated by the piled-foundation. The soil in this paper is modelled utilising 

the boundary element method, while the tunnel is modelled using thin-shell theory and the piled-foundation is modelled by 

adopting the elastic bar and Euler beam theories. Only the results of the sub-models (tunnel and piled-foundation) are presented 

herein and compared with previous work in the literature. The current tunnel model is contrasted to the well-known PiP model 

whereas the piled-foundation model is validated against a previous boundary element model. The comparisons reveal good 

agreement between the results of the current model and those of the previous models. The robustness of the current model has 

been highlighted by examining the responses of the tunnel at points on the free surface when it is subject to a point harmonic 

load at its invert. The responses of the piled-foundation to horizontal and vertical point loads on the pile-head are also 

investigated, in addition to the displacement field on the free surface due to a vertical point load. 

KEY WORDS: Ground-borne vibration; Boundary element method; Soil-structure interaction, Tunnel; Piled-foundation 

1 INTRODUCTION 

Underground railway noise and vibration can be a major 

source of disturbance to occupants in close proximity. 

Vibration is generated at the wheel-rail interface, due to 

wheels and track irregularities, and propagates through soil to 

nearby buildings. Whilst these vibrations may not induce 

structural damage, their effects can impair human comfort and 

activity leading to long-term implications [1, 2] or can cause 

malfunctioning of sensitive equipment. 

The problem of ground-borne vibration has caught the 

attention of researchers during the past decades. To better 

understand the transmission of vibration from underground 

railways, different numerical simulation techniques have been 

exploited. These techniques are essentially aimed at 

identifying ways to tackle unacceptable levels of vibration 

from existing as well as future railway lines. In the literature, 

there exist a number of models to calculate vibration from 

railways that are based on space discretisation and 

superposition of elastic waves. 

Models based on space discretisation employ boundary 

element (BE) and finite element (FE) methods to simulate the 

dynamic soil-tunnel interaction, where the FE method is used 

to model the tunnel’s wall, and the surrounding soil is 

simulated by the BE method. In the last decade, these methods 

were often coupled together to provide more rigorous, 

efficient computation. This was achieved by assuming 

homogeneity in the track direction allowing for the 

implementation of a two-and-a-half-dimensional (2.5D) or 

wavenumber FE-BE model [3], or by incorporating 

periodicity of the tunnel and soil with the Floquet transform 

[4, 5]. The periodicity approach was also utilised within the 

context of a BE method to model soil-piled foundations 

dynamic interaction [6]. 

Models based on superposition of elastic waves, on the 

other hand, are deemed to provide computationally efficient 

tools. A model that is particularly popular is the pipe-in-pipe 

(PiP) model, which is a semi-analytical three-dimensional 

(3D) model accounting for the dynamic soil-tunnel interaction 

[7, 8]. The main model accounts for a tunnel embedded in a 

full-space by using the elastic wave equations for two 

concentric pipes with infinite length. The PiP model has been 

also augmented to consider a tunnel embedded in a half-space 

or a multi-layered half-space [9]. 

Despite the research effort devoted to the topic of 

underground railway vibration, simplifying assumptions 

remain necessary in all numerical models due primarily to 

computational limitations. A common simplifying assumption 

is to neglect the interaction between neighbouring structures. 

It must be mentioned, however, that there exist in the 

literature a few studies investigating the dynamic interaction 

between neighbouring tunnels [10, 11], and between an 

underground tunnel and strip-foundations [12] or piled-

foundations [13, 14]. In the studies of tunnel/piled-

foundations interaction [13, 14], a sub-domain modelling 

approach was adopted in which the displacements and 

tractions generated by the tunnel’s vibration were used as 

input variables for the piled-foundations. Put differently, the 

presence of piles in the soil was neglected when calculating 

vibration field due to the movement of a train in a tunnel. This 

approach results in a weak coupling, and it thereby does not 

predict accurately the behaviour of the coupled system. 

This paper reports on a novel technique for modelling the 

dynamic interaction of a fully coupled underground tunnel 

and a piled-foundation embedded in a homogeneous half-

space. The surrounding soil is modelled using the BE method 

adopting half-space Green’s functions, whereas the thin-shell 
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theory is used to simulate the tunnel’s wall and the piled-

foundation is modelled using the bar formulation for axial 

deformation and beam formulation for bending. The technique 

achieves the strong coupling by superposing the vibration 

field generated by the tunnel with that generated by the piled-

foundation. 

The layout of the paper is as follows. Section 2 describes 

the modelling strategy for the coupled system and its 

components, along with the formulations used to perform the 

calculations. Section 3 provides the models’ parameters and 

briefly describes the previous models in the literature used to 

validate the current models. Section 4 presents the modelling 

parameters and compares the results with previous work in the 

literature. Finally, the findings are highlighted together with 

work to follow in section 5. 

2 MODELLING STRATEGY 

The model presented here aims to study the influence of an 

existing piled-foundation on the vibration field generated by 

an underground tunnel. The proposed system comprises a 

horizontal tunnel embedded at a depth (d) from the free 

surface and a vertical piled-foundation, which is at a 

horizontal distance (h) from the tunnel’s centreline, see Figure 

1. The proposed system is modelled by first simulating the 

vertical and horizontal cavities and then coupling them to the 

tunnel’s wall and piled-foundation. 

 

z

x

y

 

Figure 1. The layout of the model for a coupled tunnel-piled 

foundation system. 

The superposition method is used to solve the system in 

Figure 1, by breaking it into two sub-models. First, a model of 

a horizontal cavity embedded in a half-space, without a 

vertical cavity. Second, a model of a vertical cavity embedded 

in a half-space, without a horizontal cavity. This is illustrated 

in Figure 2, where the dashed lines in sub-model 1 represent 

the position of the vertical cavity and the dashed lines in sub-

model 2 refer to the position of the horizontal cavity from the 

original problem in Figure 1. These are shown to aid in 

explaining the method. 

 

Figure 2. The superposition method used for solving the 

coupled system, showing the sub-models. 

The superposition method used in this work is similar to 

that applied by Kuo et al. [11] to model a twin-tunnel system 

embedded in a full-space from the solution of a single tunnel. 

In this paper, the displacement field, for each sub-model, due 

to forces acting on a single cavity, be they horizontal or 

vertical, can be calculated at its interface and also at the 

interface of the virtual cavity. The vibration response of the 

coupled system can be written as the superposition of the two 

displacement fields (Uh, Uv). One displacement field is the 

result of forces acting on a single cavity, whereas the other 

displacement field is the result of the interaction between the 

two cavities. Likewise, the total forces applied to the coupled 

system (Fh, Fv) are equal to the summation of the forces acting 

on one cavity with those representing the motion induced by 

the neighbouring cavity. This is illustrated by the following 

equations, 

U
h =Uh

1 +U2

h

F
h = Fh1 +F2

h

U
v =Uv

1 +U2

v

F
v = Fv1 +F2

v

,   (1) 

in which the subscripts refer to the sub-model and superscripts 

refer to the orientation of the cavity, where h denotes 

horizontal and v represents vertical. 

From sub-model 1 in Figure 2, relationships between the 

forces (F1
h) in the horizontal cavity and its displacements 

(U1
h) as well as the displacements (U1

v) and tractions (Q1
v) in 

the virtual vertical cavity read, 

hvhv

hvhv

hhhh

111

111

111

FGQ

FHU

FHU







,   (2) 

where H1
hh is the frequency response function (FRF) matrix 

between the horizontal cavity’s forces and displacements, and 

H1
vh and G1

vh are the FRF matrices between the horizontal 

cavity’s forces and virtual vertical cavity’s displacements and 

tractions respectively. The forces (F1
v) are obtained by 

integrating the tractions (Q1
v). 

Similarly for sub-model 2 in Figure 2, relationships between 

the forces on the interface of the vertical cavity (F2
v) and its 

displacements (U2
v) in addition to the displacements (U2

h) and 

tractions (Q2
h) on the virtual horizontal cavity yield,  

vhvh

vvvv

vhvh

222

222

222

FGQ

FHU

FHU







,   (3) 

in which H2
vv is the FRF matrix between the vertical cavity’s 

forces and displacements, and H2
hv and G2

hv are the FRF 

matrices between the vertical cavity’s forces and the virtual 

horizontal cavity’s displacements and tractions respectively. 

The forces (F2
h) are obtained by integrating the tractions 

(Q2
h). 

The FRF matrices (H1
hh, H1

vh, H2
vv and H2

hv) are obtained 

by applying a unit force at each degree of freedom (DoF) of 

the cavity (F1
h and F2

v) and calculating the displacements at 

all DoFs of the cavity (U1
h and U2

v) as well as the virtual 

cavity (U1
v and U2

h). The FRF matrices (G1
vh and G2

hv) are 

acquired from the displacements at the DoFs of the virtual 

cavity as follows: 
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 calculate strains from displacements 

 calculate stresses from strains using constitutive 

relationships 

 calculate tractions from stresses using Cauchy’s 

formula 

Now, there are 10×DoFs unknowns and 10×DoFs equations 

presented in (1)-(3), which could be combined together to 

solve the coupled system in Figure 1. The solution of the 

equations yields the FRF matrix of the coupled horizontal and 

vertical cavities system. This FRF matrix can then be coupled 

with matrices of a tunnel and a piled-foundation assuming 

compatibility and equilibrium at the interface. In the following 

sub-sections, the formulation adopted for modelling the soil, 

the tunnel and the piled-foundation are presented. 

2.1 The soil model 

The BE method is used to model the soil, where Green’s 

functions for a homogeneous half-space soil are used as 

fundamental solutions in the formulation. The half-space 

Green’s functions are calculated with the aid of the 

ElastoDynamics Toolbox (EDT) [15]. The EDT is based on 

the direct stiffness method and the thin layer method in order 

to model wave propagation in layered media. 

The BE model consists of a total of Ns constant elements in 

which tractions and displacements are assumed to be uniform 

and equal to the values at their central nodes. For each of the 

Ns nodes of the BE mesh, there are three values of 

displacement and traction. These variables are related by, 

Hu =Gp ,  (4) 

where H and G are 3Ns  3Ns matrices describing the 

behaviour of the soil in terms of its density (), shear modulus 

(), Poisson’s ratio (), damping ratio (), shear wave speed 

(Cs), pressure wave speed (Cp) and frequency of interest (f). 

The 3Ns 1 u and p vectors are assembled from the complex 

displacement and traction amplitudes of each node as follows, 
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where uj and pj are the displacement and traction vectors of 

node j respectively. Equation (4) can be rearranged as, 

pHu

GpHu

s

 1

,  (6) 

where Hs is the soil’s FRF matrix relating displacements and 

tractions at the frequency of interest. This FRF matrix is 

coupled with the FRF matrices of the tunnel and piled-

foundation in order to scrutinise the soil-structure interaction.  

For the scenario of the embedded tunnel (horizontal cavity), 

it is assumed that the system is invariant in the longitudinal 

direction allowing for the use of 2.5D approach. In this 

approach, the calculations are performed in the wavenumber 

domain (ky), allowing for representing the 3D response of the 

structure and the radiated wave field on a two-dimensional 

(2D) mesh. Hence, a FRF matrix for a 2D cavity is calculated 

at the frequency of interest and coupled to the FRF matrix of 

the tunnel’s wall. After that, the coupled response is 

transformed back to the space domain by means of inverse 

Fourier transform, as 

   
yyy dkyikkuyu )exp(,

2

1
, 





 


 , (7) 

where the 2.5D Green’s functions of EDT are used for the 

fundamental solution of the BE formulation. 

For the scenario of the piled-foundation (vertical cavity), a 

3D BE mesh is utilised using 3D Green’s functions for the 

fundamental solution. In this case, a FRF matrix describing 

the 3D behaviour of the vertical cavity at the frequency of 

interest is obtained and is coupled with the FRF matrix of the 

piled-foundation in order to calculate the response of the 

coupled system. It has been made sure throughout the BE 

analysis that there are more than six constant elements per 

wavelength to satisfy Dominguez [16] recommendations.  

2.2 The tunnel model 

Cylindrical thin-shell theory is used to model the tunnel, 

which is assumed to be invariant in the longitudinal direction, 

allowing for the formulation of the equations of motion in the 

wavenumber-frequency domain. In linear vibration theory, if 

the applied loading comprises harmonic traction components 

in space and time, the equations of motion are satisfied by 

similarly harmonic displacement components. Hence, the 

modal displacements at the mean radius (a) of the cylinder 

due to applied forces in the radial, tangential and longitudinal 

directions read, 

,  (8) 

where E is the Young’s modulus, h is the thickness, and the 

coefficients of matrix A can be found in [11] for symmetric 

and antisymmetric cases. The radial (Ũrn) and longitudinal 

(Ũzn) displacements are associated with cosnθ, while the 

tangential (Ũθn) displacement is associated with sinnθ. 

Since, the tunnel in this paper is subject to a point harmonic 

load at its invert, it is necessary to decompose the point load 

into its space-harmonic components before finding the 

corresponding displacements. The variation of the load can be 

written as a linear combination of the ring modes (n) by 

means of a Fourier series, as 
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on the interval -    , where () is the Dirac-delta 

function. Using the representation of the point load in (9), the 

input force can be written in a form that suits the thin-shell 

formulation in order to calculate the response of symmetric 

and antisymmetric force for a given ring mode (n). 

In order to couple the tunnel to the soil’s cavity, the FRF 

matrix of the tunnel is needed. This is formulated by using the 

dynamic stiffness approach, in which the shell is divided into 

a number of nodes. Each node has three DoFs representing the 

longitudinal, tangential and radial directions (see Figure 3). 

With the aid of the thin-shell formulation in (8) and the 

representation of point load in (9), a FRF matrix relating the 

response at each DoF to the applied force reads, 

U =HtF,   (10) 

where the size of matrix Ht is 3Ns  3Ns. 
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Figure 3. Cross-section of a thin-shell divided into Ns nodes. 

Before combining the systems in (6) and (10), two 

transformations are carried out. First, the soil’s FRF matrix is 

modified to relate displacements to forces instead of tractions 

by dividing it by the area of the elements in the BE mesh. 

Second, the tunnel’s FRF matrix is modified (Hc
t) to relate 

displacement and forces in the Cartesian coordinates rather 

than in the cylindrical coordinates, as 

11 rtrt
c

THTH  ,   (11) 

where the size of the transformation matrix Tr1 is 3Ns  3Ns. 

Now, the two systems can be coupled in the wavenumber 

domain by applying compatibility of displacements and 

equilibrium of forces at the interface. The equations read, 
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,  (12) 

where Fa is the applied force into the tunnel and Fs is the 

resulting force applied into the soil. By knowing Fs, the 

response at any point in the soil can be calculated. 

2.3 The piled-foundation model 

The piled-foundation is simulated by an elastic bar for axial 

loading and an Euler-Bernoulli beam for transverse loading. 

The pile is represented by its centroid axis, which has Nl 

equally spaced nodes, see Figure 4. At each of these nodes, 

there are six DoFs representing displacements and rotations in 

the three directions. The pile is assumed to be constraint free 

at its ends and any local deformation of the cross-section is 

neglected. 

 

Figure 4. Pile centroid (drawn horizontally) where the circles 

represent the nodes at which the forces are applied and the 

responses are calculated. Only the x-z plane is shown. 

The response of the pile to a unit harmonic force with 

angular frequency  applied in the longitudinal direction (z) at 

node j is calculated as follows: 
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where 

p

p

E


  , the superscripts I and II indicate the 

sections above and beneath the node j and coefficients AI, BI, 

AII, BII are found from the boundary conditions. 

The general response of the pile to a unit harmonic force or 

moment with angular frequency applied in/around the 

transverse directions (x, y) at node j reads 
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where 
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 and the coefficients AI, BI, CI, DI, AII, 

BII, CII, DII are found from the boundary conditions. In order 

to obtain the rotation around the transverse direction equation 

(14) is differentiated with respect to z. 

The general solution of the pile to a unit harmonic torque 

with angular frequency  applied around the longitudinal 

direction (z) is, 
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in which 

p

p

G


   and coefficients AI, BI, AII, BII are 

found from the boundary conditions. 

Likewise the tunnel, the FRF matrix of the pile’s centroid 

(Hl) can be assembled which has a size of 6Nl  6Nl. This 

matrix is then transformed to give the FRF matrix (Hp) of the 

pile’s nodes around the circumference as, 

22 rlrp THTH  ,   (16) 

where the matrix Hp has a size of 3Ns  3Ns and the size of the 

transformation matrix Tr2 is 6Nl  3Ns. 

To this end, the systems in (6) and (16) can be coupled in 

the same way as in (12). 

3 MODEL PARAMETERS AND COMPARISONS 

In this paper, only the results of the uncoupled system, i.e. 

sub-models 1 and 2 in Figure 2, are presented. The model of 

the tunnel is validated against the PiP model [9], which carries 

out the computations assuming that the tunnel’s near field 

displacement is not influenced by the free surface. The PiP 

simulates the vibration of a tunnel embedded in a half-space 

in three steps. First, the model calculates the displacement at 

the tunnel-soil interface using a model of a tunnel embedded 

in a full-space. It then calculates equivalent internal forces in a 

model of a full-space, without a tunnel, that produce the same 

displacements at the tunnel-soil interface as computed in the 

first step. Finally, the PiP considers a half-space model, 

without a tunnel, and multiplies its Green’s functions by the 

equivalent forces in the second step. 

For comparisons, a scenario of a tunnel embedded at a 

depth of 5m and subject to a harmonic point load at its invert 

is considered. The responses are calculated in the frequency 
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range 1-80Hz. The number of elements in the BE mesh, which 

is 40 constant node-collocated elements of equal size, 

conforms to the number of elements in the tunnel. The 

parameters used in modelling are summarised in Table 1. 

Table 1. Tunnel and soil parameters used for calculating the 

results of current model and PiP model. 

Parameter Symbol Value 

Tunnel   

Radius a 2.75m 

Density  2500kg/m3 

Young’s modulus E 50GPa 

Poisson’s ratio  0.3 

Damping loss factor  0.03 

Soil   

Radius r 3m 

Density  1800kg/m3 

Shear wave speed Cs 200m/s 

Pressure wave speed Cp 400m/s 

Damping loss factor  0.04 

The model of the piled-foundation (sub-model 2) is 

contrasted to the model of Talbot and Hunt [6], which utilised 

the BE method for the soil applying the fundamental solution 

of full-space Green’s functions. This has led to the 

discretization of the free surface in order to account for the 

half-space behaviour. Another feature of Talbot and Hunt’s 

model is that it represented the circular cross-section of the 

pile by four elements in order to ease the discretization of the 

free surface using rectangular elements. The current model 

has 16 constant node-collocated elements in its circumference 

and 16 constant node-collocated elements in the longitudinal 

direction. The number of elements in the BE mesh is equal to 

that in the pile’s model.  

The responses of the pile due to axial and transverse loading 

are considered in this paper. These are presented in the form 

of flexibility coefficients Fij = Iij + iJij, which are obtained by 

normalising the driving-point FRFs to their static values. 

Table 2 gives the parameters used in modelling the piled-

foundation. 

Table 2. Piled-foundation and soil parameters used for 

calculating the results of the current model and Talbot and 

Hunt’s model. 

Parameter Symbol Value 

Piled-foundation   

Length Lp 7.5m 

Radius rp 0.35m 

Density p 1687kg/m3 

Young’s modulus Ep 25GPa 

Poisson’s ratio  0.25 

Soil   

Radius r 0.35m 

Density  2250kg/m3 

Shear wave speed Cs 200m/s 

Pressure wave speed Cp 490m/s 

Damping loss factor  0.03 

4 RESULTS AND DISCUSSION 

In this section, the results of the current model are presented 

and compared against previous models in the literature.  

4.1 The tunnel model results 

The first set of the results considers the vertical displacements 

on the free surface (z = 0) at the points (20m, 0m, 0m) and 

(20m, 20m, 0). Such results are particularly important for 

practicing engineers to assess underground railway and design 

mitigation. 

Figure 5 depicts the modulus of the vertical displacement 

(Uz) at the point (20m, 0m, 0m), calculated with the current 

model and the PiP model. Some differences between both 

solutions can be seen in the frequency range of 1-20Hz and 

also in the range of 60-80Hz. However, at mid-range 

frequencies (25-55Hz) the models compare reasonably well. 

The vertical displacement (Uz) modulus computed by the 

two models at the point (20m, 20m, 0m) on the free surface is 

presented in Figure 6. The models show at some frequencies 

reasonable agreement. However, differences of about 10dB 

are observed around the frequency range 20-30Hz. 

The reason of these discrepancies in Figure 5 and Figure 6 

could be attributed to a number of reasons. One is that the PiP 

model simulates the tunnel using continuum theory, which is 

more robust than the thin-shell theory adopted in the current 

model. Another reason that could cause such differences is the 

reflections of waves from the free surface. The PiP model 

does not include a free surface. A third could be due to the 

discretization rules followed in developing the BE model and 

also in the wavenumber sampling. 

Despite the differences between both models in Figure 5 

and Figure 6, the predictions of the current model are 

promising and could be further improved following more 

investigations. It is essential to ensure that the current model 

of the tunnel provides adequate predictions for the vibration 

levels before proceeding to the next steps of coupling the 

tunnel to the piled-foundation. The tunnel wall could also be 

modelled as a continuum (i.e. thick-wall theory) instead of 

using the thin-shell theory. However, this is unlikely to make 

a difference over the frequency range under consideration. 

 

Figure 5. Modulus of the vertical displacement at the point 

(20m, 0m, 0m) on the free surface computed by the current 

model and the PiP model. 
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Figure 6. Modulus of the vertical displacement at the point 

(20m, 20m, 0m) on the free surface computed by the current 

model and the PiP model. 

The second set of results deals with displacement fields on 

the free surface at frequencies 10Hz and 50Hz. These are only 

presented for the current model. Waves generated at the 

tunnel due to the harmonic load at its invert propagate through 

the soil and result in Rayleigh waves at the surface of the half-

space. 

In Figure 7, the horizontal displacement field is illustrated 

for both frequencies. It can be observed that the displacements 

through the zero x-axis equal zero due to symmetry. The 

displacements at other symmetry points are equal in 

magnitude and opposite in direction.  

Figure 8 shows the longitudinal displacement field for both 

frequencies. All displacements through the plane of zero y-

axis equal zero due to symmetry. Along the horizontal axis, 

the displacements are equal in magnitude and in the same 

direction, whereas along the longitudinal axis the 

displacements are equal in magnitude and opposite in 

direction. 

The vertical displacement field is shown in Figure 9. It can 

be seen that the wavefronts on the surface of the half-space 

are not cylindrical due to the nature of the source and the 

dynamic interaction between the soil and the tunnel. In this 

figure the displacements at the symmetry points are equal in 

magnitude and opposite in direction. 

Based on the parameters provided in Table 1, the Rayleigh 

wave speed is about 190m/s. This results in a Rayleigh 

wavelength for the frequency 10Hz of about 19m and for the 

frequency 50Hz of approximately 3.8m. Indeed, these values 

are calculated based on the single source of a point harmonic 

load, which is not the scenario for the results presented in 

Figure 7 - Figure 9. 

It can also be discerned from Figure 7 - Figure 9 that the 

magnitude of the longitudinal displacement (Figure 8) is less 

than that of the transverse displacements. 

 

Figure 7. Real part of the horizontal displacement on the free 

surface at (a) 10Hz and (b) 50Hz computed by the coupled 

thin-shell-BE model. 

 

Figure 8. Real part of the longitudinal displacement on the 

free surface at (a) 10Hz and (b) 50Hz computed by the 

coupled thin-shell-BE model. 

 

Figure 9. Real part of the vertical displacement on the free 

surface at (a) 10Hz and (b) 50Hz computed by the coupled 

thin-shell-BE model. 

4.2 The piled-foundation model results 

The first part of these results is concerned with presenting the 

flexibility coefficients at the pile-head against non-dimensional 

frequencies (a0=r/Cs) range from 0 to 0.5. This is the range 

that was considered in previous work on modelling soil-pile 

interaction for seismic purposes, in which higher frequencies 

are not considered. 
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Figure 10 compares the horizontal pile-head flexibility 

computed by the current model with those predicted by Talbot 

and Hunt [6]. The models agree well for both real and 

imaginary parts at low non-dimensional frequencies. 

However, small discrepancies are observed at higher 

frequencies, that are believed to be due to the differences in 

the size of the BE mesh between the two models. Talbot and 

Hunt’s model used four elements in the circumference 

whereas the current model utilises 16 elements. 

Figure 11 illustrates the vertical pile-head flexibility due to 

a unit harmonic axial load computed by both models. For the 

real part flexibility, the difference between the two models is 

almost constant at all non-dimensional frequencies. For the 

imaginary part flexibility, however, discrepancies between the 

models become clearer at frequencies beyond a0=0.25. 

 

Figure 10. Comparison of the horizontal pile-head flexibility 

coefficients predicted by the current model with those 

predicted by Talbot’s model. 

 

Figure 11. Comparison of the vertical pile-head flexibility 

coefficients predicted by the current model with those 

predicted by Talbot’s model. 

Given the differences between the current model and Talbot 

and Hunt’s model in Figure 10 and Figure 11, it can be 

generally said that the two models are in a good agreement. In 

essence, the BE mesh of the current model is more adequate 

as it conforms to the requirements of the mesh size 

recommended by Dominguez [16]. The current model is also 

able to predict the dynamic behaviour of the piled-foundation 

when the pile is subject to torsion – a type of loading that is 

likely to occur in a fully coupled tunnel-piled-foundation 

system.  

The second part of the piled-foundation results presents the 

displacement field at the free surface when a unit harmonic 

vertical point load is applied to the pile-head at a non-

dimensional frequency a0=0.5. Figure 12(a) shows the vertical 

displacement field at the free surface, where concentric 

circular wavefronts are observed. This confirms the 

correctness of the model, as it is expected to have such 

wavefronts when the piled-foundation is subject to a vertical 

load on its head. 

Figure 12(b) shows a vertical section through the free 

surface of the displacement field at the location of the pile 

centroid. The figure indicates the Rayleigh wavelength to be 

approximately 4.2m. This agrees well with the theoretical 

Rayleigh wavelength for the parameters in Table 2, which is 

4.22m at a0=0.5. These findings confirm again the accuracy of 

the current model in predicting the dynamic soil-pile 

interaction. 

 

Figure 12. (a) The vertical displacement field predicted by the 

current model when subject to a point harmonic load on the 

pile-head at a non-dimensional frequency a0 = 0.5, (b) vertical 

section through the free surface at the location of the pile 

centroid. 
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5 CONCLUSION AND FUTURE WORK 

This paper has proposed a novel technique for modelling the 

dynamic interaction between an underground tunnel and 

piled-foundation. The method is based on superposition of 

vibration wavefields generated by the tunnel and piled-

foundation. The soil in this work is modelled using the BE 

method where half-space Green’s functions are used as 

fundamental solutions. The tunnel is modelled using thin-shell 

theory, whereas the piled-foundation is modelled using an 

elastic bar for axial deformation and an Euler-Bernoulli beam 

for bending deformation. 

The paper has first presented the results of the dynamic 

interaction between a tunnel and soil and compared them 

against the predictions of the PiP model. The comparisons 

have revealed that the results of both models agree well at 

most frequencies. However, some differences between the two 

models are observed at a number of frequencies. These 

differences are attributed to the reflection of free surface 

waves that are not adequately predicted by the PiP model, and 

also to the discretization rules followed in the BE model. 

The paper has also presented the results of the dynamic 

interaction between the piled-foundation and soil. The model 

predictions are compared against the BE model of Talbot and 

Hunt [6] by means of the flexibility coefficients. The 

comparisons include the response of the piled-foundation to a 

horizontal and vertical point load on the pile-head. It is 

revealed that both models agree well for the horizontal 

loading scenario, especially at low frequencies. For the 

vertical loading scenario, small differences are observed, in 

particular at higher frequencies. 

In general, the presented results have highlighted the ability 

of the sub-models in adequately predicting the dynamic 

interaction between the tunnel-soil and soil-piled-foundation. 

Therefore, the work can now be moved to the next step where 

both sub-models can be coupled together. The results will 

then be contrasted to the work of Hussein et al. [14], which 

employed the sub-modelling technique to investigate the 

dynamic interaction between a railway tunnel and piled-

foundation on the basis of weak coupling. 
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ABSTRACT: Ground-borne vibration from railways is generated at the wheel-rail interface due to the passage of individual 

wheels along tracks and due to irregularities of wheels and tracks. In this paper, two approaches are used to calculate the 

vibration Power Spectral Density (PSD) in the free field from a train moving on a surface railway track at a constant velocity. 

They both use the PSD of the track unevenness along with Transfer Functions (TFs) of the track and its supporting ground that 

are calculated using a well-developed 2.5D semi-analytical model which accounts for a ballasted track on the surface of a 

homogeneous layered half-space. The first approach is based on modelling a train at fixed position on the track which is excited 

by ‘moving roughness’; the roughness is pulled through between the wheels and track with the velocity of train, assuming that 

each wheel is excited by the same roughness apart from a time lag. In the second approach the motion of the train is included 

which means that the response at a given frequency is a combination of responses induced by different excitation frequencies 

due to the Doppler effect in the ground. For both approaches mathematical expressions are used to predict the average dynamic 

response directly. The paper compares the dynamic response calculated by each approach for a range of train/ground parameters 

and highlights the computational effort needed by each approach. It also shows the effect of approximations adopted in the first 

approach on the accuracy of predictions. The predictions calculated by the two approaches are verified using a coupled 2.5D 

finite element/boundary element model.  

KEY WORDS: Ground-borne vibration; Surface railways; Free field wave propagation. 

1 INTRODUCTION 

Ground-borne vibration from railways is a problem that 

affects residents and sensitive equipment in buildings near 

railway lines. Ground-borne vibration from railways is 

generated at the wheel-rail interface due to the passage of 

individual wheels along tracks (quasi-static loading) and due 

to irregularities of wheels and tracks (dynamic loading). 

Vibration propagates to nearby buildings where it causes 

annoyance to people and malfunctioning of sensitive 

equipment. Inhabitants of buildings perceive vibration either 

directly, due to motion of floors and walls, or indirectly as re-

radiated noise. 

Modelling ground-borne vibration from railways is essential 

for understanding the physics of its generation and 

propagation. A good understanding of the problem is key to 

identifying ways to tackle unacceptable levels of vibration 

from existing as well as future railway lines. A large number 

of numerical models for predicting vibration from surface and 

underground railways have been presented in the literature. 

By coupling sub-models for the train, the track and the soil, 

the resulting prediction models range from simple multi-

degree-of-freedom models to two-dimensional and more 

comprehensive three-dimensional models. The latter have 

received more attention due to their closer representation of 

the real problem and therefore their better potential accuracy 

compared with other models. In these models, the geometry of 

the track and the soil is often assumed to be invariant in the 

longitudinal direction of the track. This allows the use of 

efficient “two-and-a-half dimensional” (2.5D) solution 

procedures, based on a Fourier transform with respect to the 

coordinate along the track. Alternative methods based on the 

finite element method require appropriate procedures to 

account for the unbounded domain and to avoid spurious 

reflections at boundaries. A comprehensive overview of the 

state of the art on railway induced ground vibration models 

can be found in [1]. 

A distinction is generally made between the quasi-static and 

dynamic excitation. The quasi-static excitation is related to the 

static (invariant with time) component of the moving axle 

loads whereas the dynamic excitation is determined by 

dynamic train-track interaction due to several excitation 

mechanisms, such as the wheel and track unevenness and the 

spatial variation of the support stiffness. The quasi-static 

contribution to the response generally remains important, 

however, only in the immediate vicinity of the track. It has 

been shown (e.g. [2] [3]) that the relative importance of quasi-

static and dynamic excitation depends on the train speed, the 

ratio of the static and dynamic axle loads, and the dynamic 

characteristics of the track and the soil. 

The dynamic wheel-rail forces are generated from the 

irregular vertical profiles of the wheel and rail running 

surfaces. The rail irregularities might include dipped joints 

and corrugations as well as general undulation in the ‘track 

top’. The wheel irregularities can be wheel flats, surface 

irregularities and wheel eccentricity. The variations in the 

vertical profiles of either surface (wheel and rail) introduce a 

relative displacement input to the system. The process is 

assumed to be linear, so that for a given wavelength   a 

displacement input is generated at the passing frequency 

/vf   where v  denotes the train speed. In the present 
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work, the wheels of the trains are assumed to be perfectly 

smooth, so that all irregularities are contained in the rail 

surface. This assumption ignores the effect of wheel 

irregularities that are bound to exist on real trains and that is 

likely to weaken the degree of coherence between axle inputs, 

especially at shorter wavelengths. Nonetheless, the smooth-

wheel assumption is a useful starting point for a more realistic 

input excitation in comparing the effectiveness of various 

ground-borne vibration prediction models. 

Vibration from railways can be treated as a random process. 

When the vibration is calculated at a point that is moving with 

the speed of the train (moving frame) the vibration can be 

considered as stationary process. One of the common outputs 

normally considered from the models is the PSD of vibration 

at measurement points. The PSD helps in identifying the main 

frequency components contributing to the total vibration. It 

also helps in relating those frequencies to the excitation 

mechanisms and the dynamics of the track and transmitting 

ground. 

There are two common approaches reported in the literature 

for calculating the PSD from a train moving at a constant 

velocity. They both use the PSD of the track unevenness along 

with Transfer Functions (TFs) of the track and the supporting 

ground. The first approach is based on modelling a train at 

fixed positions on the track which are excited by a “moving 

roughness”; the roughness is pulled through between the 

wheels and track with the velocity of train, assuming that each 

wheel is excited by the same roughness apart from a time lag. 

In the second approach, vibration is calculated at a fixed point 

for the moving train which means that the response at a given 

frequency is a combination of responses induced by different 

excitation frequencies due to the Doppler effect in the ground. 

Mathematical expressions are used to give directly the 

average response during the pass-by.  

In this paper, these two approaches have been used to 

calculate the vibration PSD in the free field from a train 

moving on a surface railway track. The TFs of the track and 

its supporting ground are calculated using a 2.5D semi-

analytical model developed by Sheng et al. in [4]. The model 

accounts for a ballasted track on the surface of a 

homogeneous layered half-space. The paper compares results 

calculated by each approach for a range of practical train 

parameters and velocities and highlights the computational 

effort needed by each approach. This is used to show the 

effect of approximations made on the accuracy of  the two 

approaches. The predictions calculated by the two approaches 

are verified using a coupled 2.5D finite element/boundary 

element model developed in [6]. 

2 THE NUMERICAL PREDICTION MODEL 

In this section, the receptances of a vehicle and a track-ground 

system are presented. For ground-borne vibrations where the 

frequency range of interest is usually between 0 and 100 Hz, 

the vehicle is modelled as a multiple-body system and a 

Hertzian contact spring is introduced between each wheelset 

and the rail. The car body of the vehicle has six degrees of 

freedom (DOFs), accounting for three displacements of the 

mass centre and three rotations around three orthogonal axes. 

As only the vertical dynamics of the vehicle are considered 

(i.e. in the zx   plane where z  is vertically downwards and 

x  is along the rail; Figure 1), then each body has only two 

degrees of freedom, i.e., the vertical displacement of its mass 

centre and its pitch motion (see Figure 2a). In practice, the 

suspensions in the vehicle may have non-linear behaviour. 

However, to enable analysis in the frequency domain, here, 

each non-linear suspension is linearized. As a result, the 

differential equation of motion for the vehicle is linear with 

constant coefficients and is specified by a mass matrix 
V

M  

and a stiffness matrix 
V

K . Damping is introduced and 

included in the stiffness matrix, thus the elements of the 

stiffness matrix are complex and  frequency dependent. The 

mass and stiffness matrices of several typical vehicles are 

presented in [2]. 

The vertical forces between the wheelsets and the rails are 

denoted, from the first wheelset of the first vehicle to the last 

wheelset of the last vehicle, by  T

1
)()()( tPtPt

M
P , where 

M  is the number of the forces. As only vertical dynamics are 

included, the forces are not separated into their components 

on the two rails. The longitudinal co-ordinates of these forces 

are denoted by 
M

 ,,,
11
 . For each wheel–rail force, 

there are two components: one is a moving ‘quasi-static’ load, 

i.e., the moving axle load, and the other is a moving dynamic 

load. The responses to the axle loads are independent of 

vehicle dynamics. Therefore only the dynamic wheel-rail 

forces are considered here; in the following, P  refers to these 

dynamic forces. The vertical displacement of the rail is 

denoted by ),( txwR . For positions on the ground surface, the 

vertical (z-direction) displacement is denoted by ),,( tyxwG . 

2.1 The train-track interaction problem 

The differential equation of motion of a single vehicle is given 

by 

 )()()( ttt VVVVV Pww BKM   (1) 

where )(t
V

w  denote the displacement vector, B  is a matrix 

of unit and zero elements [2] and )(t
V

P is the wheel-rail force 

vector for this vehicle, being a subvector of )(tP . The minus 

sign before )(t
V

P  indicates that the positive wheel-rail forces 

correspond to compression of the contact spring. 

By setting ti

VV et )(
~

)( PP   and ti

VV et )(~)( ww   where 

  denotes the angular frequency Eq. (1) yields 

   )(
~

)(
~

)(~ 12  VVVVVV PPw ΣBM-K 


 (2) 

where   BMK
12 

 VVV -Σ  is an MM matrix of 

receptances (displacements due to a unit force) of the vehicle 

DOFs at the wheelsets. 

The displacement vector of the wheelsets produced by the 

wheel-rail forces in a single vehicle is given by 

 )(
~

)(~  VWW
Pw Σ  (3) 

where WΣ  is the receptance matrix at the wheelsets for a 

single vehicle given by 
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The receptance between the j th and the k th wheelsets 

within a vehicle is denoted in Eq. (4) by W

jk
  with 

Nkj ,,2,1,  ; N  being the number of wheelsets of the 

vehicle. These receptances denote the displacement amplitude 

of the j th wheelset due to a unit vertical harmonic load of 

frequency   exerted at the k th wheelset.  

Supposing that the whole train consists of 1N  identical 

vehicles the total number of the wheel-rail forces is 

NNM
1

 . Assuming that the vehicles are coupled only by 

the rails, then the receptance matrix at the wheelsets for the 

train, denoted by 
T

Σ , is given by 
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0

0

diag . (5) 

By considering an infinite rail, the receptance R

jk  at the 

j th wheel-rail contact point due to a unit load at the k th 

wheel-rail contact point is determined by 

 )( jkR

R

jk lw  (6) 

where 
kjjk

l    is the longitudinal distance between the 

two contact points, and when the j th contact point is ahead 

of the k th contact point 0
jk

l . The displacement of the rail 

)(xwR  in (6) is given in the next Section by coupling the track 

to the ground model. 

By denoting the receptance matrix of the track–ground 

system at the wheel–rail contact points as 
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1

111

Σ . (7) 

The displacement vector at the wheel-rail contact points on 

the rails at frequency   is given by 

 )(
~

)(~  Pw RR Σ . (8) 

The coupling of a wheelset with the rails is illustrated in 

Figure 1, where ti

Wl ew )(~ denotes the displacement of the 

l th wheelset and ti

l ew )(~  denotes the complex amplitude 

of the vertical profile of the rail (rail irregularity) at the 

contact point. The vertical profile of the rail may be 

decomposed into a spectrum of discrete harmonic 

components. A single harmonic component is denoted by 
 xiAexw 2)(   where   denotes the wavelength and A  

the amplitude which may be complex. The relation between 

the angular frequency of the dynamic loading and the 

wavelength of the rail irregularity is  v2 . 

 

Figure 1. Coupling of the l th wheelset with the track (rail, 

pad, sleeper, ballast) and the ground. 

A Hertzian contact spring is inserted between the wheelset 

and the rails. The stiffness of the Hertzian contact spring is 

denoted by Hlk . It is assumed that the wheelset is always in 

contact with the rails, thus 

 HlllRlWl kPwww )(
~

)(~)(~)(~   . (9) 

From Eq. (3) and Eq. (8) 
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lkWl
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)(~   (10) 
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)(
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by denoting T

lk  the elements of matrix 
T

Σ in (5) for 

Mlk ,,2,1,  . Inserting these two equations into Eq. (9) 

yields 

   )(~)(
~1

)(
~

1

 ll

Hl

k

M

k

R

lk

T

lk wP
k

P 


 (12) 

with ),,2,1( Ml  . 

Eq. (12) is a set of linear algebraic equations with 

unknowns the dynamic wheel-rail forces )(
~
P . The solution 

of Eq. (12) will be used as an input for the coupled track-soil 

model to give the response of the rail and in the free field. 

2.2 The track-soil interaction problem 

The railway track is aligned in the x  direction and has an 

invariant contact width b2  with the ground (see Figure 2b). 

Different railway structures may be represented by different 

models having the same form. In this work, a track structure 

comprising rail, rail pad, sleeper and ballast is presented (see 

Figure 1). The two rails are represented as a single Euler-

Bernoulli beam and the rail pads are modelled as a distributed 

vertical stiffness. The sleepers are modelled as a continuous 

mass per unit length of the track and the ballast is modelled as 

continuous distributed vertical spring stiffness with consistent 

mass. An embankment, if present, can be modeled in the same 

way as the ballast.  
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The track is assumed to be located at the surface of a 

horizontally layered half-space, with a geometry that is 

invariant in the longitudinal direction x . For the aims of this 

paper an efficient 2.5D semi-analytical model developed by 

Sheng et al. in [4] will be used for the prediction of the ground 

response excited by harmonic loads acting directly on the 

ground, or, as shown in Figure 2b, for loads acting via a 

coupled track structure. The model which is based on the 

flexibility matrix approach uses the Fourier transform in the 

wavenumber domain  , with respect to the coordinates yx,  

along and normal to the track. The coupling of the ground 

with the railway track is carried out by taking into account the 

continuity of the displacements and the equilibrium of the 

stresses in the plane of contact between them, rendering it 

possible to calculate the Fourier transformed response of the 

ground surface and the track elements.  

 

     
      (a)      (b) 

Figure 2. (a) 10 DOF multi-body model of vehicle and (b) the 

geometry of the coupled track-soil system and 

2.2.1 The response due to stationary harmonic loads 

Following the analysis in [4] for a coupled track-ground 

system and introducing the TF ),,(0  yxH lG   for the 

response at a point yx,  at the ground surface due to 

stationary unit harmonic load of angular frequency   acting 

at lx  , the displacements of the ground surface (in the 

vertical direction) due to a series of M  harmonic loads of 

amplitude lP  ),,2,1( Ml   positioned at 
M

 ,,,
11
  is 

denoted as 

 



M

l

ti

llGG ePyxHtyxw
1

0 )(),,(),,(   (13) 

and the displacements of the rail as 

 



M

l

ti

llRR ePxHtxw
1

0 )(),(),(  . (14) 

These TFs as functions of Cartesian co-ordinates are derived 

through a two (one for the rail) dimensional inverse FFT, or a 

Fourier transform implemented through a standard quadrature 

respectively, i.e. 
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GlG eHyxH . (15) 

The semi-analytical expressions for the TFs i.e. ),,(
~ 0 GH  

in the wavenumber domain  ,  can be found in [4]. 

2.2.2 The response due to moving loads 

In [5] this model has been extended to encompass the effect of 

loads moving on the track. The model deals with both moving 

loads that are constant and also those that have a non-zero 

frequency. Assuming that all loads move with the same speed 

the solution in this case is achieved in a frame of reference 

moving with each load. 

The semi-analytical expressions for the TFs in the 

wavenumber domain  ,  available in [5] which are derived 

for a moving frame of reference can give the TFs in the spatial 

domain by inverse Fourier Transform:  
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for the ground surface and 






 


  d),(
~

2

1
)ˆ,( xi

RlR evHctxH  (17) 

for the rail. These TFs are calculated for receiving frequencies 

v ˆ and denote the displacement for a fixed point yx,  

at the ground surface due to a unit moving load of angular 

frequency   acting at lx  , where the coupling between 

the position vtx l   of the  k th axle and the load gives 

rise to Doppler effect. 

The displacement of the ground due to a sequence of M  

loads of amplitude lP  ),,2,1( Ml   is given by 

 



M

l

ti

llGG ePyvtxHtyxw
1

)()ˆ,,(),,(  . (18) 

Similarly the displacement of the rail is 

 



M

l

ti

llRR ePvtxHtyxw
1

)()ˆ,(),,(  . (19) 

It should be emphasized, that although the load is applied 

with a single non-zero frequency or at zero frequency, the 

ground vibration is a transient with a broad frequency content.  

In order to calculate the spectrum of the response of the 

ground or the rail to the moving load of single angular 

frequency , Eqs. (18) and (19) are Fourier transformed with 

respect to time t . It should be noted that the amplitude of 

resulted response spectrum are independent of the value of x . 

This reflects the fact that the spectrum represents the 

movement through the observation point of the steady state 

wave field associated with the load moving along the x -axis 

from x  to x . 

Note that for the case of constant moving loads the relations 

in (18) and (19) can give the quasi-static response due to the 

moving axle loads of a train by setting the excitation 

frequency 0 . 

3 RESPONSE PSD IN THE FREE FIELD 

Since vibration from railways when calculated at a point that 

is moving with the speed of the train can be treated as a 

stationary random process, one of the outputs normally 
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considered from the models is the PSD of vibration at 

measurement (observation) points. In this Section two 

approaches are presented for calculating the PSD in the free 

field from a train moving at a constant velocity. They both use 

the PSD of the track unevenness along with TFs of the track 

and the supporting ground introduced in Section 2. 

3.1 The moving-roughness approach 

This approach calculates the PSD of the response at a fixed 

(measuring) point on the ground surface by modelling a set of 

wheels at fixed positions on the track. For this case the 

roughness is assumed to be pulled through between the wheels 

and track with the velocity of train, assuming that each wheel 

is excited by the same roughness apart from a time lag. Since 

the loads in this approach are assumed as stationary and 

harmonic, the relations introduced in Section 2.2.1 will be 

used. 

The vertical profile of the rail may be decomposed into a 

spectrum of discrete harmonic components. By assuming that 

the rail irregularity is moving with a speed v , at time t  a unit 

amplitude irregularity of wavelength  , denoted as  
 xiexw 2)(  , arrives at the l th wheelset at lx  . Thus 

the displacement input at the l th wheel-rail contact point is  

 
      tviictiti

ll eeeewtw ll  222
)(~)( 


 (20) 

where 

 
  li

l ew
 2

)(~   (21) 

with  v2 . 

Thus, the dynamic vector of wheel-rail forces )(
~
P  in (12) 

due to the unit amplitude rail irregularity )(~ lw  at all contact 

points  can be calculated. The receptances R

jk  are given by 

Eq. (6) by considering a single unit amplitude load 1)( lP  

in Eq. (14). 

A complete vertical rail profile made of a large number of 

discrete wavenumber components k  is described by the 

Fourier series 

 





k

xi

k
kewxw 




)(~

2

1
)( . (22) 

where   kk  and   denotes the spacing of the discrete 

wavenumbers. 

In this framework, the double-sided PSD of the 

displacement at a fixed observation point in the free field can 

be calculated by  

 )(),,(2),,(
2

0

kinkGkG SyxHyxS   . (23) 

where ),,(0

kG yxH   is the TF, which gives the displacement 

at the observation point due to a unit harmonic roughness of 

wavelength kk v  2  pulled through between all the 

wheelsets and the rail and )( kinS   is the PSD of the vertical 

profile of the rail calculated at an angular frequency 

kk v  . The TF ),,( kG yxH   is given by 

 



M

l

kllGG PyxHyxH
1

0 )(),(),,(   (24) 

for the values of dynamic forces )(lP  calculated in (12). The 

factor of 2 in Eq. (27) arises from the fact that power spectrum 

of the rail profile is a single-sided function. More specifically 

the spectra discussed above are even (symmetric) functions of 

angular frequency, defined for frequencies from   to  . 

However, in practice the power spectra are usually single-

sided functions defined for positive frequencies only. If such 

single-sided spectra are used, they must still give the averaged 

value when integrated over all frequencies for which they are 

defined. 

The velocity power spectrum, ),,( kG
yxS  , is given by 

 ),,(),,(
2

kGkkG
yxSyxS    (25) 

In order to simulate the response at a point on the ground 

due to passing train, the averaged response for a line of points 

on the ground that has the same length with the train needs to 

be calculated. The average response is then given by  

 
M

xyxS
L

yS kGkG







1

d),,(
1

),( . (26) 

where L  is the length of the train. 

When divided by the time taken for the whole train to pass a 

fixed point, Eq. (24) gives an estimate of the PSD of vibration 

at point yx,  on the ground surface. 

It should be noted that the formulation for the PSD in Eq. 

(23) already takes into account the correlation between the 

axles by introducing a time delay for the irregularity in (20). 

An alternative method for calculating the PSD has been 

introduced by Forrest and Hunt in [7] and implemented in the 

prediction model for an underground infinite railway. In this 

approach the power spectrum of the displacement at a fixed 

observation point in the free field can be calculated by 

   vi

kin
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yxS








 





)(),,(),,(2

),,(

1 1

*  (27) 

where  *H  denotes the conjugate of H . For this approach, 

each TF ),,( k

j

G yxH   in (27) is being calculated by Eq. (24) 

where the dynamic forces )(lP  are given in (12) by setting 

1)(~ lw  when jl   and 0)(~ lw  otherwise. This way 

the correlation between the axles is added at the right hand 

side of Eq. (27) by multiplying with the term 
  vi pqke

 
. 

Although this formulation will produce exactly the same PSD 

of response as Eq. (23), it allows the importance of axle 

correlation to be investigated if it is written as 

 )(),,(2),,(
1

2

kin

M

p

k

p

GkG SyxHyxS  


  (28) 
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where by excluding the time delay for the irregularity the 

correlation between the axles is eliminated. 

3.2 The full model for predicting the pass-by response  

This section presents the formulation for the PSD of the 

ground surface response at a point that is stationary as the 

train moves past it. In this approach the motion of the train is 

included which means that the response at a given frequency 

is a combination of responses induced by different excitation 

frequencies due to the Doppler effect in the ground. 

Following the analysis in [2] the vertical displacement 

spectrum of a point yx,  on the ground surface due to a unit 

amplitude rail irregularity of wavelength  ,  
  xixi eexw   2)( , is denoted by );,,(0 fyxS ; where 

f is the frequency at which the spectrum is evaluated and   

is the excitation angular frequency determined by  v2 .  

At the time t , the l th wheelset arrives vtx l  , thus the 

displacement input at the l th wheel-rail contact point is given 

by the same expression as  in Eqs. (20) and (21). Thus, the 

dynamic wheel-rail vector of forces )(
~
P  in (12) due to the 

unit amplitude rail irregularity at all contact points )(~ lw  can 

be calculated. The receptances R

jk  in Eq. (6) are derived by 

considering a single unit amplitude load 1)( lP  in Eq. (18). 

);,,(0 fyxS  may be obtained by Fourier transforming Eq. 

(18) with respect to time t . 

Considering the rail profile of Eq. (22) ignoring the quasi-

static effect, the power spectra of the ground surface response 

is given in [2] as 

   kkin
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2
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(29) 

The velocity power spectrum, ),,( fyxS
G

, is given by 

   ),,(2),,(
2

fyxSffyxS GG
  (30) 

When divided by the time taken for the whole train to pass a 

fixed point, equations (29) and (30) give an estimate of the 

PSD of vibration displacement and velocity respectively at 

point yx,  on the ground surface. 

4 NUMERICAL EXAMPLE 

This section compares results calculated by each approach for 

a range of practical train parameters and velocities and 

highlights the computational effort needed by each approach. 

For this, two different types of soil are considered. The first 

soil has properties similar to a measurement site based on 

Horstwalde in Germany, which is a sandy soil that can be 

represented as a homogeneous half-space of moderately soft 

soil. The second is a layered half-space with a soft ground 

corresponding to a measurement site at Greby in Sweden [8]. 

The material properties chosen for the reference soil types are 

listed in Table 1. 

For both soil cases the same track was used. More 

specifically, the track has bending stiffness per rail 

2mMN 4.6 EI , mass per unit length per rail 

kg/m 60Rm , damping loss factor of the rail 01.0R , 

railpad vertical stiffness per unit length 2MN/m 1000pk , 

railpad damping loss factor 1.0R , sleeper mass per unit 

length kg/m 542Sm , ballast mass per unit length 

kg/m 1740Bm , ballast stiffness per unit length 

2MN/m 4640Sk , ballast damping loss factor 04.0R  and 

the width b2 of the contact interface between the track and the 

ground is m 2.3 . The rail unevenness profile for all 

simulations was chosen according to FRA class 3. This is 

plotted in Figure 3 in one-third octave bands (1/3 OB). It 

should be noted for a speed of 150 km/h and frequencies 1  to 

Hz 100  the corresponding wavelengths are m 42  to m 42.0 . 

Table 1. Soil properties for Horstwalde and Greby soils. 

Site Layer 

Shear 

wave 
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Figure 3. Assumed unevenness spectrum in 1/3 OB. 

The train parameters used for both simulations are chosen to 

correspond to those used in [8]. These are based on a modified 

Bombardier Regina EMU (‘Gröna Tåget’). Unlike [8] a four-

car train is used with a total length of 106.4 m. Each vehicle 

(see Figure 2a) has car body mass kg 40000cm , car body 

pitching moment of inertia 26 mkg 102 cJ , bogie mass 

kg 5000bm , bogie pitching moment of inertia 

2mkg 6000 bJ , unsprung wheel set mass kg 1800wm , 

total axle load kN 1.140P , distance between the axles 

m 7.2wl , distance between the centre of bogies m 19bl , 

overall vehicle length m 6.26l , primary suspension 

stiffness MN/m 4.21 k , primary suspension viscous 

damping s/mkN 301 c , secondary suspension stiffness 

MN/m 6.02 k , secondary suspension viscous damping 

s/mkN 202 c   and the contact stiffness per wheel is 

MN/m 5.1462Hk . 
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4.1 Rail receptances 

The rail receptance has been calculated using the two 

prediction models introduced in Section 2.2. For the soil of 

the Horstwalde the rail receptance was calculated for a 

stationary load, a moving load at speed 150v km/h (41.66 

m/s) and a moving load at speed 300v km/h. For the 

stationary load the rail receptance is calculated using Eq. (14) 

for a single unit load )1)(( lP  at lx  . The receptances 

for moving load cases are calculated in the same way but 

using Eq. (19). The amplitude and phase of rail receptances 

are shown in Figure 4. As the ground at Horstwalde is 

homogeneous, the rail receptance has an almost constant 

magnitude with frequency, decreasing slightly above 50 Hz. 

Figure 5 gives the amplitude and phase of rail receptances 

for the Greby site where it is calculated for a stationary load 

and a moving load at 150 km/h. For the stationary load there 

is peak at about 11 Hz caused by the ground layering. This 

peak is appearing at a lower frequency about 9 Hz for the case 

of the moving load. 

10
0

10
1

10
2

10
-9

10
-8

Frequency (Hz)

R
e
c
e
p
ta

n
c
e
 (

m
/N

)

 

 

10
0

10
1

10
2

-0.8

-0.6

-0.4

-0.2

0

Frequency (Hz)

R
e
c
e
p
ta

n
c
e
 (

ra
d
)

 

 

Stationary

Moving 150Km/h

Moving 300Km/h

 
        (a)     (b) 

Figure 4. Magnitude (a) and phase (b) of rail receptance for 

Horstwalde site. 
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Figure 5. Magnitude (a) and phase (b) of rail receptance for 

Greby site. 

4.2 Dynamic rail and ground vibration 

The one third octave band spectra of the dynamic loads are 

shown in Figure 6 for the case of Horstwalde site. Comparing 

the spectra of the loads between the moving roughness model 

(MR) and the full model show excellent agreement. The MR 

model that has not included the axle correlation (see Eq. (28)) 

shows differences, as shown in Figure 6. For validation 

reasons results from a moving roughness coupled 2.5D finite 

element/boundary element model developed in [6] are 

presented. The motion of the train is included only in the full 

model but this difference does not appear significant. The 

results in Figure 6a correspond to the leading wheelset of a 

bogie. Results for the trailing wheelset are shown in Figure 6b 

and can be seen to be higher over the frequency range 1.6-6.3 

Hz. 

Figure 7 gives the one third octave band spectra of the 

dynamic loads for the case of the Greby site, where the MR 

model is compared with the uncorrelated MR model and the 

full model. The agreement is very similar with that in Figure 

6. Additionally there should be noted that comparing the 

spectra simulated for the Horstwalde site in Figure 6 with the 

spectra of Greby site in Figure 7 there are no significant 

differences meaning that the properties of the soil are not very 

important when calculating the forces on the rails, at least for 

the specific range of frequencies 0 to 100 Hz. 
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Figure 6. 1/OB load spectrum for Horstwalde for moving 

roughness approach (MR), uncorrelated axles case, full model 

and FE model; (a) leading wheelset, (b) second wheelset. 
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Figure 7. 1/3 OB load spectrum for Greby for moving 

roughness approach (MR), uncorrelated axles case and full 

model; (a) leading wheelset, (b) second wheelset. 

For the dynamic response of the rail one third octave band 

results are shown in Figure 8 for both soil types. For the 

Horstwalde site in Figure 8a, the vibration level is predicted 

by four different models, the MR model, the uncorrelated MR 

model, the full model that works in the moving frame and the 

available FE/BE model. In each case the results are the 

average vibration during the passage of the train, including the 

full pass-by but normalised to the pass-by duration 

corresponding to the train length. The motion of the train is 

included only in the full model. The three MR models show 

the same trends with the full model, although lacking some of 

the spectral detail. Analogous results are shown in Figure 8b 

for the rail vibration level predicted by the model simulating 

the Greby site and presented for the MR model, the MR 

uncorrelated model and the full model. Comparing the two 

different soil models it can be seen that the vibration level is 

higher at the Greby site about 5 to 16 dB for low frequencies 

up to 40 Hz. At frequencies higher than 40 Hz the response 

calculated for Horstwalde site is about 4-7 dB higher. 

In terms of computational effort, it seems that the MR 

approach is less demanding in computational effort. This 

advantage arises from fact that the full model takes into 

account the coupling between the moving load and the 

receiving point in the free field or at the rail. Thus, a dense 
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sequence of receiving frequencies has to be calculated in order 

to fully describe the narrow band of receiving frequencies for 

each excitation frequency. MR approach instead calculates 

one receiving frequency for each excitation frequency of the 

irregularity. Figure 9 shows the narrow band velocity 

spectrum at the rail for the Horstwalde site where the 

complexity of the full model response is compared with the 

response predicted by the MR approach. Moreover, for the 

MR approach the response in the wavenumber domain is 

symmetric in x and y direction with respect to the load. 
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Figure 8. 1/3 OB dynamic velocity response level; (a) 

Horstwalde, (b) Greby. 
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Figure 9. Narrow band dynamic velocity response at the rail 

for Horstwalde site. 

 
Figure 10. 1/3 OB dynamic velocity response level in the 

Horstwalde free field; (a) 0 m, (b) 8 m, (c) 32 m and (d) 100 

m from the track. 

Figure 10 shows the dynamic response in the free field for 

the Horstwalde site at distances of 0 m (under the track), 8 m, 

32 m and 100 m from the track.  The response normalized by 

the pass-by time  velocity is predicted by four different 

models, the MR model, the uncorrelated MR model, the full 

model and the FE/BE model (where the prediction is available 

only for the distances of 8 m and 32 m from the track). The 

results are displayed in one third octave bands. Similarly with 

the rail vibration the three MR models show the same trends 

with the full model, but they lack some of the spectral detail.  

CONCLUSIONS 

Two different approaches were used to calculate the vibration 

PSD of the rail and in the free field from a train moving on a 

surface railway track at a constant velocity. For both 

methodologies it is assumed that each wheel is excited by the 

same roughness apart from a time lag. The two approaches 

use the PSD of the track unevenness along with TFs of the 

track and its supporting ground that are calculated using a 

well-developed 2.5D semi-analytical model which accounts 

for a ballasted track on the surface of a homogeneous layered 

half-space. The first approach is based on modelling the train 

at fixed position on the track and is excited by moving the 

roughness between the wheels and track with the velocity of 

train. In the second approach, the full model that includes the 

motion of the train is considered. For this model the response 

at a given frequency is a combination of responses induced by 

different excitation frequencies due to the Doppler effect in 

the ground. The two methods give the same predictions for the 

dynamic loads at the wheel-rail contact points with the 

moving roughness approach to be less demanding in 

computational effort. Comparing the vibration level predicted 

at the rail and in the free field, the full model approach, 

although more demanding in computational effort, show 

better spectral detail.  
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ABSTRACT: On sites with soft ground, stiffening of the subgrade beneath railway track has been associated with a reduction in 

ground-borne vibration. However, the mechanisms behind this reduction are not well understood. Here, the effects are examined 

in the context of two alternative approaches: (i) subgrade stiffening, where the soil directly under the track is stiffened, and (ii) 

wave impeding blocks, where stiff inclusions are positioned at some depth under the track. The efficacy of the measures are 

considered for three different ground types in a parametric study carried out using a 2.5D coupled finite-element / boundary-

element methodology. With a 6 m wide, 0.5 m high concrete block directly under the track, the vibration between 8 and 50 Hz 

was reduced at the two sites with soft soil by between 2 and 8 dB at distances up to 32 m. In contrast, at the stiffer soil site, the 

reductions in vibration from this block were more modest (< 3dB). Similar reductions were observed for the three sites when the 

block was positioned 0.9 m below the surface (i.e. as a wave impeding block), suggesting that, as with stiffening directly under 

the track, the reduction in vibration was primarily due to the increase of the effective stiffness of the soil beneath the track rather 

than the effective creation of a new soil layer and resultant cut-on frequency. Jet grouting, whereby the ground is improved by 

cutting it with a high pressure water jet and then replaced with a cement grout, was considered as an alternative to concrete. 

Although it proved to be less effective due to the comparatively low stiffness, it may still be considered as a practical measure 

for existing track on soft soil sites.  

KEY WORDS: Ground transmitted vibration, subgrade stiffening, wave impeding blocks, 2.5D modelling 

1 INTRODUCTION 

Ground-borne vibration is a commonly reported problem for 

residents of buildings near railway lines. Vibration is 

generated at the wheel/rail interface due to various 

mechanisms, including track unevenness or roughness, the 

quasi-static moving load effect, and the transient effects due 

to rail joints, switches and crossings [1]. Typically, ground-

borne vibration is perceived as feelable whole-body vibration 

in the frequency range 1-80 Hz and as ground-borne noise in 

the frequency range 20-250 Hz. Vibration at higher 

frequencies is generally attenuated rapidly with distance along 

the transmission path through the ground [2]. In addition to 

annoyance of occupants, vibration can cause malfunction of 

sensitive equipment [3].   

Ground-borne vibration can be attenuated by introducing 

isolation measures at the source, i.e. the track or vehicle, or at 

the receiver, i.e. a building, or by interrupting the transmission 

path. Vibration can be attenuated at the source [4,5,6] for 

example by using low-stiffness train suspensions, continuous 

rail support, soft railpads, resiliently mounted sleepers, under 

ballast mats or floating slab-tracks. Source attenuation can 

also include enhancing the track foundation and widening of 

the embankment. Vibration can be attenuated at a building [7] 

by placing resilient elements between the building and its 

foundation. A reduction of vibration can also be achieved for 

a particular part of the building, e.g. by isolating a floor or a 

whole room [8]. Attenuation in the transmission path can be 

achieved by interrupting the vibration transmission path [9-

11], for example by using open trenches, in-filled trenches and 

rows of piles.  

The work in this paper explores the effects of subgrade 

stiffening and wave impeding blocks on ground-borne 

vibration from surface railways. Stiffening of the subgrade 

beneath the railway track is often applied in soft soil sites to 

reduce track settlement and track deflections but has also been 

associated with a reduction in ground borne vibration [12– 

15]. Of note is that the method offers the prospect of vibration 

reduction at very low frequencies, in contrast to barrier 

methods which are effective only above a particular frequency 

as wavelengths and surface wave penetration depths get 

shorter. Various techniques can be applied to achieve the 

desired subgrade stiffening, e.g. vibro-compaction, vibro-

replacement and jet grouting. In general these work either by 

compaction of the existing soil or by replacing some or all of 

the existing soil with a stiffer material. However, few practical 

tests have been reported, but where experimental results exist 

they look promising.  

At the unusually soft soil site of Ledsgård in Sweden, the 

train speed exceeded the Rayleigh wave speeds of the upper 

soil layer resulting high levels of vibration below 10 Hz. Lime 

cement columns beneath the track were successfully used to 

alleviate the situation [16]. However it should be noted, there 

are no buildings in the vicinity of the track because of the 

unsuitable soil conditions and the main concern was to 

stabilize the track rather than reduce vibration. At similar sites 

in Kungsbaka in Sweden and at Rainham in England, concrete 

bridge decks supported on piles going through a soft layer into 

the lower stiffer material have been used to prevent excessive 

motion of the track. 

Mitigation of railway induced vibrations by using subgrade stiffening 

and wave impeding blocks 
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A variant of subgrade stiffening is to stiffen the soil at some 

depth under the track rather than directly under the track. In 

the literature this has been referred to as a wave impeding 

block (WIB). It is thought that a mechanism of vibration 

mitigation in this case is that the stiffened block behaves like a 

rigid layer [17], in which case, wave propagation would only 

occur in the (softer) soil layer above it for frequencies higher 

than the cut-on frequency of this constrained layer. As such, 

the block should ideally be infinitely wide and stiff. The effect 

of a more ‘practical’ 12 m wide block 0.6 m deep concrete 

block positioned at a depth of 1.4 m was considered in [17] 

using a 2.5 FE/BE approach. The upper layer in this analysis 

was 2 m deep and very soft. Below this was a much stiffer 

half space. The results of the study were promising; the WIB 

provided more than 10 dB vibration reduction for all 1/3-

octave frequency bands between 10 and 50 Hz.  

Promising results have been found from computational 

analysis of subgrade stiffening, either directly below the track 

or at a depth. However, the number of cases considered so far 

has been limited and therefore it is not clear what the 

influence of parameters relating to the stiffened subgrade (e.g. 

geometry and material properties) and the soil (e.g. layering, 

material properties) influence the performance of the 

measures. This work, carried out as part of the EU funded 

RIVAS project, aims to investigate these factors. 

2 METHODOLOGY 

Within the RIVAS project, a parametric study has been 

conducted by project partners KU Leuven and ISVR to 

investigate the effectiveness of stiffening the soil under 

railway track as part of a wider study of mitigation measures 

in the transmission path. Initially, independent benchmark 

cases were considered by both partners. Subsequently, the 

remaining cases in the study were conducted by ISVR. In 

order to illustrate the principles, the study has been conducted 

in the context of three reference sites with differing soil 

conditions. Note that in none of these cases does the train run 

at speeds close to the Rayleigh wave speed, so the effect 

studied is the reduction of environmental ground vibration, 

not the mitigation of Rayleigh wave effects. 

The stiffening blocks are filled with either concrete or with 

a material representative of jet grouting - the material 

parameters (density ρ, shear wave velocity Cs, Poisson's ratio 

ν, and material damping ratio β) are summarized in Table 5. 

Table 1. Properties used for subgrade stiffening and wave 

impeding blocks 

Layer ρ 

[kg/m³] 

Cs 

[m/s] 

ν 

[-] 

β 

[-] 

Concrete 2400 1400 0.25 0.05 

Jet grouting 2000 550 0.25 0.05 

 

The parametric study is focused on three reference sites: 

Horstwalde, Lincent and Furet. The dynamic soil 

characteristics (layer thickness h, shear wave velocity Cs,  

compressional wave velocity Cp, density ρ, and material 

damping ratios β) for the three sites are given in Tables 2 to 4. 

The site at Horstwalde is a homogeneous half-space. The site 

of Lincent consists of two softer top layers with a total 

thickness of 4.1 m above a relatively stiff half-space. At the 

site of Furet, an inverse layering is present and the second, 

softest layer goes down to a depth of 12 m. 

Table 2. Soil characteristics for the Horstwalde site. 

Layer h 

[m] 

Cs 

[m/s] 

Cp 

[m/s] 

β 

[-] 

ρ 

[kg/m³] 

1 ∞ 250 1470 0.025 1945 

Table 3. Soil characteristics for the Lincent site. 

Layer h 

[m] 

Cs 

[m/s] 

Cp 

[m/s] 

β 

[-] 

ρ 

[kg/m³] 

1 1.4 128 286 0.044 1800 

2 2.7 176 286 0.038 1800 

3 ∞ 355 1667 0.037 1800 

Table 4. Soil characteristics for the Furet site. 

Layer h 

[m] 

Cs 

[m/s] 

Cp 

[m/s] 

β 

[-] 

ρ 

[kg/m³] 

1 2 154 375 0.025 1800 

2 10 119 290 0.025 1850 

3 ∞ 200 490 0.025 1710 
 

The reference track used in the parametric study consists of 

UIC60 rails, supported by rail pads on monoblock concrete 

sleepers and a ballast layer with a thickness of 0.30 m. No 

sub-ballast, form layer or embankment is included. The 

parameters of the track are summarized in Table 5. The rails 

are modelled as Euler-Bernoulli beams, the rail pads and the 

sleepers using solid elements. The ballast is modelled as an 

elastic continuum. 

Table 5. Characteristics of the track  

Part Characteristic Value Dimension 

Rail Bending stiffness 

Mass per unit length 

Gauge 

6.4 

60 

1.435 

[x106 Nm²] 

[kg/m] 

[m] 

Rail pad Stiffness 

Loss factor 

300 

0.10 

[x106 N/m] 

[-] 

Sleeper Length 

Width 

Height 

Mass 

Young's modulus 

Poisson's ratio 

Sleeper distance 

2.60 

0.25 

0.20 

325 

30 

0.15 

0.60 

[m] 

[m] 

[m] 

[kg] 

[x109 N/m²] 

[-] 

[m] 

Ballast Thickness 

Shear wave velocity 

Poisson's ratio 

Density 

Material damping ratio 

Upper width 

Lower width 

0.30 

300 

1/3 

2000 

0.02 

3.6 

5.6 

[m] 

[m/s] 

[-] 

[kg/m³] 

[m] 

[m] 

[m] 

 

The geometry of a railway line with the measures described 

here is two-dimensional but the loading due to a train 

introduces a dependence on the third (longitudinal) 

dimension. By assuming homogeneity of the geometry and 

material properties in the track direction, the response along 

this third dimension can be formulated in terms of the 

wavenumber and a Fourier transform used to recover the 
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three-dimensional response. This ‘2.5D’ method is 

computationally more efficient than a full 3D approach. In the 

models used here, the track is modelled using finite elements 

(FE) while the ground and stiffened soil are modelled using 

boundary elements (BE) (Figure 1). The ground and block 

elements have a maximum node-to-node distance of 0.25 m at 

the half-space site (Horstwalde), and 0.3 m at the layered sites 

(Lincent and Furet). This was sufficient to ensure that there 

are at least 6 nodes per wavelength up to 66 Hz for all three 

sites and 4 nodes per wavelength up to 99 Hz. To reduce the 

corner effects, smaller elements (node-to-node distance of 

0.025 m) are used to mesh the ground within 0.2 m on each 

side of the corners. At Horstwalde, the mesh extends from 

3.5 m on one side of the track to 68 m on the other, at Lincent 

and Furet, the mesh on the calculation side was restricted to 

34 m due to model limitations. 

Similar 2.5D coupled FE-BE approaches have been adopted 

by ISVR and KU Leuven. However, in the KU Leuven 

method the 2.5D FE  model is combined with the 2.5D BE 

model using 2.5D Green’s function of a horizontally layer 

half-space [18]. Additionally, the stiffened block is modelled 

using finite elements rather than boundary elements.  

 

 
Figure 1. Example sketch of track section at layered soil site 

of Lincent with soil stiffening (top) and wave impeding block 

(bottom) 

3 BENCHMARK REFERENCE CASES 

Initially, reference cases with a block 6 m wide and 0.5 m 

thick were considered by ISVR and KU Leuven. The block 

was located either directly under the track for subgrade 

stiffening or at a depth of 0.9 m for a wave impeding block. 

As will be seen in Section 4.1 and 5.1 it is important to 

consider the track in the model and therefore it is included 

here. Figure 2a shows the transfer mobilities between point 

forces of amplitude 0.5 applied to each rail and the vertical 

displacement at a receiver position 16 m from the track with 

and without subgrade stiffening. The agreement between the 

two models is good below 30 Hz. Between 30 Hz and 75 Hz 

the mobility predicted by the ISVR model is higher, while at 

higher frequencies it is lower. The reason for the differences 

above about 50 Hz is associated with differences in the 

sleeper models used. In the KU Leuven model the sleepers are 

modelled as distributed masses which are rigid in the plane of 

the cross-section, whereas in the ISVR model the sleepers are 

represented by smeared properties in the longitudinal direction 

including bending stiffness. The corresponding insertion 

losses are given in Figure 2b. Good agreement can be seen up 

to around 75 Hz. The benefits on this relatively stiff-soil site 

are modest (< 4 dB) and are restricted to frequencies above 

around 20 Hz. 

 

 

Figure 2 Transfer mobility (2a) and insertion loss (2b) for a 

point load at a distance of 16 m for subgrade stiffening (6 m 

wide, 0.5 m high) at the Horstwalde site. Solid line: with 

subgrade stiffening, dashed line: without subgrade stiffening. 

ISVR (red), KU Leuven (blue).  

The comparisons between partners for the wave impeding 

block can be seen in Figure 4. Again, differences between the 

mobilities at frequencies above around 50 Hz are associated 

with the difference in the track model.  At low frequencies the 

insertion loss is negligible (or even negative) but from 

approximately 25 Hz, a reduction in vibration levels can be 

seen. The insertion loss rises to around 3−5 dB at higher 

frequencies.  

 

 

Figure 3 Transfer mobility (3a) and insertion loss (3b) for a 

point load at a distance of 16 m for a wave impeding block 

(6 m wide, 0.5 m thickness, 0.9 m deep) at the Horstwalde 

site. Solid line: with subgrade stiffening, dashed line: without 

subgrade stiffening. ISVR (red), KU Leuven (blue). 
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4 STUDY OF SUBGRADE STIFFENING   

4.1 Influence of track  

For mitigation measures positioned away from the track (e.g. 

trenches), the presence of the track in the model has a minimal 

influence on the insertion loss. With subgrade stiffening, the 

block is placed directly under the track. Therefore, whether or 

not the track is included in the model is expected to have a 

greater influence. Figure 4 compares the track receptance at 

the three reference sites with and without the subgrade 

stiffening. In this case, the subgrade stiffening block is made 

of concrete and has a thickness of 0.5 m and a width of 6 m. 

The block is positioned directly under the ballast. In each 

case, the track receptance is lower at most frequencies when 

the subgrade stiffening block is included. This difference is 

greatest at the soft soil sites of Lincent and Furet where the 

increase in stiffness from the inclusion of the concrete block is 

greatest.   

 
Figure 4. Track receptance with and without subgrade 

stiffening at the three reference sites. Solid line: without 

subgrade stiffening, dashed line: with subgrade stiffening. 

 

Figure 5 shows the insertion loss at Horstwalde at various 

positions away from the track, based on calculations with and 

without the track. These results are for a point load. Without 

the track, the point load is at the centre of the track location 

(x=0). With track, it consists of a point load of amplitude 0.5 

at each rail.  

The stiffened block provides benefit from around 40 Hz at 

all distances. When the track is excluded from the model this 

benefit continues to increase with frequency but, with the 

track included, the benefit peaks at around 50 Hz and then 

drops off rapidly at frequencies above this. At 80 Hz the 

influence of the track can be as large as -10 dB. Due to this 

strong effect, for the remaining cases, the track is included in 

the model. In addition, a correction to account for the 

interaction between the track and the wheel is also applied in 

subsequent results. The changes in track receptance due to the 

subgrade stiffening affect the interaction force, which for a 

single wheel/rail contact is given by [1]:  

cwr

r
F

 
  

(1) 

where r is the roughness amplitude, r is the track receptance, 

w is the wheel (or vehicle) receptance, and c is the 

receptance of the contact spring. For the wheel receptance, a 3 

degree-of-freedom model is used including the primary and 

secondary suspensions. At low frequency the wheel 

receptance is much greater than the track receptance and the 

contact force is unaffected by the change in track receptance. 

However, above 50 Hz the wheel and track receptances have 

similar magnitudes and the change in contact force must be 

taken into account. Examples of the correction are shown in 

Figure 6. As seen from the figure, the change in contact force 

is larger at high frequencies.  

In subsequent calculations a ‘line load’ is considered. This 

consists of a series in incoherent point loads at the locations of 

the axles of a typical four car EMU train of length 106 m. 

 
Figure 5. Insertion loss for subgrade stiffening, at Horstwalde 

without (solid line) and with (dashed line) track. 

 

 
Figure 6. Insertion loss correction due to vehicle/track 

interaction for subgrade stiffening at the reference sites. 
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4.2 Influence of soil conditions   

The insertion loss of the same 0.5 m thick and 6 m wide 

concrete block as used in Section 4.1 is plotted in Figure 7 for 

all three reference sites. The purpose of introducing subgrade 

stiffening is to reduce ground-borne vibration due to the 

increase of the effective stiffness of the soil beneath the track. 

It was expected that the vibration would be reduced in the 

lower frequency range, for all distances from the track and 

particularly at sites with an initially soft soil. The results 

confirm this, as can be seen in Figure 7, with the block having 

a limited influence for Horstwalde where the soil is relatively 

stiff, whereas for the softer layered sites of Lincent and Furet 

benefits of around 5 dB are obtained. 

At high frequencies, however, the insertion loss is negative. 

This is caused by an increase in track receptance, see Figure 4, 

and corresponding increase in transfer mobility, possibly due 

to a resonance of the block mass on the ground stiffness. In 

addition the interaction force is increased, as shown in Figure 

6, leading to a further reduction in insertion loss at high 

frequencies. 

 

 
Figure 7. Effect of soil conditions on the insertion loss 

resulting from subgrade stiffening. Responses at 16 m (blue 

solid line), 24 m (red dashed line) and 32 m (purple dash-dot 

line) to a line source. Corrected for vehicle/track interaction. 

 

4.3 Influence of material  

The influence of the material of the subgrade stiffening block 

has been investigated. Since a solid concrete block would be 

difficult to install once a track has been constructed, jet 

grouting is considered as an alternative. Jet grouting is a 

process of improving the ground by cutting it with a high 

pressure jet and mixing, and replacing the resulting slurry 

with cement grout. As a result the soil under the track can be 

much stiffer than the normal soil but less stiff than concrete. 

The effect of changing the material to represent jet grouting 

is calculated only for Lincent. The results are shown in Figure 

8, indicating that jet grouting is much less effective than 

concrete. At higher frequencies (>60Hz), the jet grouted block 

performs somewhat better, although it should be noted that 

with both blocks the insertion loss is negative at these 

frequencies indicating that the block increases the vibration. 

  

 

Figure 8. Insertion loss at Lincent, concrete (solid line) and jet 

grouting (dashed line). Response to a line source. Corrected 

for vehicle/track interaction. 

 

4.4 Influence of thickness of subgrade stiffening block  

Increasing the thickness of the subgrade stiffening block 

further increases the stiffness of the track foundation, reducing 

the track receptance. In  

Figure 9 and Figure 10 the thickness of the block is varied 

between 0.5 and 2.0 m, for both Lincent and Furet sites. The 

width of the block is kept at 6 m. As expected, increasing the 

thickness of the block improves the insertion loss. This 

improvement occurs at most frequencies and is greatest at the 

very soft soil site of Furet. The benefits of subgrade stiffening 

at very low frequencies at soft soil sites are noteworthy, as 

subgrade stiffening is one of the few measures that has the 

potential to reduce vibration at very low frequencies.  

 

 

 

 
 

Figure 9. Effect of block thickness on the insertion loss of 

subgrade stiffening for Lincent: 0.5 m thick (blue solid line), 

1 m thick (red dashed line) and 2 m (purple dash-dot line). 
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Figure 10. Effect of block thickness on the insertion loss of 

subgrade stiffening for Furet: 0.5 m thick (blue solid line), 

1 m thick (red dashed line) and 2 m (purple dash-dot line). 

 

5 STUDY OF WAVE IMPEDING BLOCKS 

5.1  Influence of track  

In this section a wave impeding block, such as shown in 

Figure 1b, is considered. As with subgrade stiffening, the 

influence of the track is first investigated for the half-space 

site of Horstwalde. The wave impeding block is constructed 

from concrete and is 0.5 m in thickness, 6 m in width. The top 

surface is 0.9 m below the surface of the ground.  

Insertion losses at various distances are shown in Figure 11, 

calculated with and without the track. The track influences the 

results at most frequencies and receiver positions to some 

degree, the influence can be as large as 5 dB. Consequently, 

the track is included in the model for all subsequent wave 

impeding block cases.  

 

 

 
Figure 11. Insertion loss for wave impeding block at 

Horstwalde without (solid line) and with (dashed line) 

considering track. Response to point load (uncorrected). 

 

The correction described in Section 3 to account for the 

change in wheel/rail interaction force is also applied here. The 

results are shown in Figure 12. It can be seen that the 

correction is significant for frequencies of 31.5 Hz and above, 

with a maximum of around 3 dB. It has more effect on lower 

frequencies than for the case of subgrade stiffening (Figure 6). 

 

 
Figure 12. Insertion loss correction due to vehicle/track 

interaction for wave impeding blocks at the reference sites. 

 

5.2 Influence of soil conditions  

Results for the same wave impeding block (0.5 x 6 m, depth 

0.9 m) are shown for all three sites in Figure 13 for various 

receiver positions. Similarly to stiffening directly under the 

track, the performance depends on the soil conditions with the 

low frequency benefits most apparent at the soft soil sites of 

Lincent and Furet. At Furet there is a benefit of at least 5 dB 

in all third-octave bands up to 31.5 Hz. At higher frequencies 

the presence of the stiffened block results in a negative 

insertion loss, particularly for the Lincent site. 

 

 
Figure 13. Effect of soil conditions on the insertion loss 

resulting from a wave impeding block. Responses at 16 m 

(blue solid line), 24 m (red dashed line) and 32 m (purple 

dash-dot line). 
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5.3 Influence of material  

As for subgrade stiffening, two different materials, concrete 

and jet grouting, are investigated as potential materials for the 

wave impeding block. Jet grouting may be considered a more 

viable alternative for existing track. Results for Lincent are 

shown in Figure 14. As expected, the jet grouting material is 

generally less effective, with the benefit being around half that 

of concrete.  

 

 
Figure 14. Insertion losses at Lincent, wave impeding blocks, 

using concrete (solid line) and jet grouting material (dashed 

line). Response to a line source. Corrected for vehicle/track 

interaction 

5.4 Influence of width of wave impeding block 

The concept behind a wave impeding block was thought to be 

that a stiff layer is created at some depth, resulting in a cut-on 

frequency of the soft upper soil layer above it. As such, the 

ideal block would be rigid and infinite in width. The effect of 

the width of the block is investigated for the Horstwalde site 

and the results are shown in Figure 15. With the infinitely 

wide block it can be see that a cut-on frequency is created, 

with the insertion loss rising steeply from around 25 Hz. 

There is a peak in the insertion loss at around 50 Hz. At 

frequencies above the cut-on frequency the insertion loss 

increases with distance from the track. At low frequencies the 

insertion loss is negative. In contrast, with the finite width 

block the benefits around this cut-on frequency are very much 

reduced, with less than 5 dB reduction even for a 12 m wide 

block. These benefits are relatively consistent with distance. 

This suggests that while there is potential for mitigation above 

a cut-on frequency through the creation of a stiff layer, for 

realizable blocks the benefits are mainly at low frequency 

where the blocks act to stiffen the subgrade in a similar 

manner to placing the blocks directly under the track.  

 
Figure 15 Insertion losses at Horstwalde, wave impeding 

blocks with widths of 6 m (blue solid line), 12 m (red dashed 

line) and infinite (purple dot-dash line). Response to a line 

source. Corrected for vehicle/track interaction. 

5.5 Influence of thickness and depth of wave impeding 

block 

Here the influence of the thickness and depth (from the 

ground surface) of the wave impeding blocks is investigated 

for the soil conditions at Lincent. Two combinations are 

considered: i) 0.5 m thick block, 0.9 m below the surface (as 

before); and ii) 1.0 m thick block, 0.4 m below the surface. 

Since the depth of first soft layer soil at Lincent is 1.4 m, in 

both cases the wave impeding block sits on the top of the 

second soil layer. It should be noted, however, that the second 

layer at this site, between 1.4 m and 4.1 m, is also relatively 

soft and therefore the impedance mismatch between the two 

layers is relatively small.  

Results are shown in Figure 16. From the figure, the thicker 

block placed at a shallower location has a better performance 

for frequencies up to about 50 Hz. The improvement can be as 

large as 5 to 8 dB for some frequency bands. A similar effect 

is found when increasing the thickness of subgrade stiffening 

soil under the track (see  

Figure 9). As the thickness of subgrade stiffening affects the 

receptance and transfer mobility it seems likely that the 

thickness of the block rather than its location below the 

surface is the important parameter here. 

 

 
Figure 16. Insertion losses at Lincent, 6 m wide wave 

impeding blocks. Solid line: thickness of the block is 0.5 m, 

depth to the top of the block in the soil 0.9 m; Dashed line: 

thickness of the block is 1 m, depth to the top of the block in 

the soil 0.4 m. Response to a line source. Corrected for 

vehicle/track interaction 

 

 
Figure 17. Insertion losses at Lincent, concrete block with 

width of 6 m in width and thickness of 0.5 m. Solid line: wave 

impeding block, depth to the top of the block in the soil 0.9 m; 

Dashed line: subgrade stiffening, depth to the top of the block 

in the soil 0 m. Response to a line source. Corrected for 

vehicle/track interaction. 
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The results using the same size of concrete block as a 

subgrade stiffening block and a wave impeding block are 

compared in Figure 16 17. As seen from the figure, for the 

case studied here, there is only a slight difference due to 

moving the block from the surface (subgrade stiffening) to a 

deeper location (wave impeding block).  

 

6 CONCLUSIONS  

The effects of stiffening the soil, either directly under the 

track or at some depth have been considered using 2.5D 

FE/BE simulations. Initial benchmark cases showed 

reasonable agreement between independent calculations by 

two project partners. Subsequent to these a parametric study 

was carried out to investigate factors affecting the 

performance of the measures. 

The concept behind introducing subgrade stiffening directly 

under the track is to reduce the ground-borne vibration due to 

the increase of the effective stiffness of the soil beneath the 

track. As expected, the track receptance was found to decrease 

when a 6 m wide, 0.5 m thick concrete block was inserted 

beneath the track. At the relatively stiff-soil site, the 

reductions in vibration from this block were modest (< 3dB) 

and restricted to frequencies greater than around 50 Hz. In 

contrast, at the soft soil sites the performance of the 6 m wide, 

0.5 m thick block was more impressive (2-8 dB), providing 

benefit at frequencies between 8 and 50 Hz. Increasing the 

thickness of the block from 0.5 m to 2.0 m increased the 

performance by up to 5 dB, with reductions of around 7 dB 

expected even in the lowest frequency bands. At higher 

frequencies (63 Hz and above) the insertion loss of the blocks 

is negative indicating an increase in vibration; however these 

frequencies are likely to be less problematic at soft soil sites. 

The benefits of subgrade stiffening at Furet in particular are 

noteworthy, as this is one of the few measures that have 

potential to reduce vibration at very low frequencies at such 

soft soil sites.     

Since a solid concrete block would be difficult to install 

once a track has been installed, jet grouting has been 

considered as an alternative to stiffen the soil under existing 

track. It was found to be less effective than concrete. 

Nevertheless, it could be a viable solution for existing track on 

soft soil sites, particularly if the soil is stiffened to a greater 

depth.  

The motivation for considering a wave impeding block was 

that it was thought that it would affect wave propagation 

through the creation of a stiff layer at some distance beneath 

the surface. Accordingly, the ideal block would be rigid and 

infinite in width. An infinitely wide concrete block was 

modelled at Horstwalde. This resulted in a cut-on frequency 

being created at around 25 Hz, above which the vibration was 

attenuated. The peak reduction was around 18 dB at 50 Hz for 

a receiver position 32m from the track. When using a more 

practical 6 m wide, 0.5 m thick block, at a depth of 0.9 m 

below the surface there was some evidence of a cut-on 

frequency at all three reference sites. However, the benefits 

above this cut-on frequency were modest – reductions in 

vibration were mainly at low frequencies where the blocks 

acted to stiffen the subgrade in a similar manner to placing the 

blocks directly under the track. Indeed, compared with 

subgrade stiffening, similar results are obtained when using a 

wave impeding block with the same properties as the subgrade 

stiffening block. 
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ABSTRACT: We describe a hybrid method to study fluid and solid interaction problems in the frequency domain. The numerical

method is based on subdomain decomposition. The fluid and solid subdomains are represented with the boundary element method

(BEM) and the finite element method (FEM). The analysis is carried out by superposing two-and-a-half dimension (2.5D) problems

for different longitudinal wavenumbers. A novel 2.5D FEM formulation for inviscid fluids is proposed. Solids are modelled with

either BEM or FEM. The fluid and solid subdomains are coupled and appropriate boundary conditions are imposed at the interfaces.

The proposed technique is verified against analytical solutions. Finally, a numerical example is presented.
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1 INTRODUCTION

Fluid acoustics analysis and fluid-solid wave scattering play an

important role in a number of engineering fields. Geophysical

and seismic prospecting techniques, the propagation of acoustic

waves triggered by static and moving pressure sources, and

vibration assessment and acoustic insulation all involve fluid and

solid interaction and must be considered rigorously.

Hybrid methods based on BEM and FEM are suitable to study

solid and fluid interaction in unbounded mediums. BEM is

best for modelling homogeneous unbounded medium because

it automatically satisfies the far field radiation condition. FEM

is useful to describe non-homogeneous media with different

material behaviour.

We have developed a BEM-FEM method formulated in the

frequency domain in two-and-a-half dimensions to evaluate the

scattered wave field in solid and fluid media. The proposed

approach is useful for problems with constant geometry in

one direction where the source exhibits three-dimensional (3D)

behaviour. Unbounded subdomains are modelled with the BEM,

while the confined subdomains, fluids or solids, are solved using

the FEM. Also, the FEM can represent thin-bodies using shell

elements. Fluid and solid regions are coupled by imposing

appropriate conditions at their interfaces.

The paper is organized as follows. First, the numerical

model is presented. The 2.5D FEM fluid-acoustics formulation

is described, the finite and boundary element formulations in

elastodynamics are briefly discussed and the coupling procedure

is covered. The proposed method is then verified with a

benchmark problem. Finally, the methodology is used to study

noise and vibration in a tunnel embedded in an unbounded

medium.

2 NUMERICAL MODEL

The domain Ω, that comprises fluid and solid heterogeneities,

is decomposed into different subdomains. The subdomain

decomposition corresponds to the unbounded solid region, Ω∞,

the finite solid region, Ωs, and the fluid medium, Ω f (Figure

1). These confined subdomains are assumed to be 2D and are

subjected to 3D sources. Each subdomain is represented either

by the BEM or the FEM. The two methods are coupled with

the appropriate boundary conditions imposed at the interfaces.

Equilibrium of forces, and compatibility of displacements

must be achieved at the solid interface between Ω∞ and Ωs

subdomains, Γs. Also, equilibrium of normal pressure and

continuity of normal displacement are imposed at the solid-

fluid interface, Γ f , with null shear stresses. Each subdomain is

coupled directly, and the equations are assembled into a global

system.

x

y

z

Ωs

Ω∞

Ω f

Γs Γ f

Figure 1: Unbounded coupled solid-fluid interaction system (Ω)

modelled with BEM (Ω∞) and FEM (Ωs and Ω f ). Boundary

subdomain definition.

The solution to the 3D problem is computed as the

superposition of two-dimensional solutions with different values

of the longitudinal wavenumber, kz, in the z direction. An

inverse Fourier transform is used:

a(ω ,x,y,z) =
∫ +∞

−∞
â(ω ,x,y,kz)e

−ikzz dkz (1)
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where a(ω ,x,y,z) is an interest magnitude (e.g. displacement,

traction or pressure), â(ω ,x,y,kz) relates to its representation in

the frequency-wavenumber domain, ω is the angular frequency,

and i =
√
−1.

The integral defined by equation (1) is discretized assuming

an infinite number of virtual sources placed in the z direction at

equal intervals, L:

a(ω ,x,y,z) =
2π

L

+∞

∑
m=−∞

â(ω ,x,y,kz)e
−ikzz (2)

with kz = (2π/L)m. This equation converges and can be

approximated by a finite sum of terms. The distance L needs

to be large enough to avoid spatial contamination. This is

mathematically equivalent to adding periodic virtual sources at

spatial intervals L = 2π/∆kz, with ∆kz being the wavenumber

step. The contribution of fictitious sources to the response

should occur at times greater than the problem time interval, i.e.

t > 2π/∆ω . The use of the complex frequency further reduces

the influence of the neighbouring fictitious sources.

2.1 Finite element formulation in fluid-acoustics

The 2.5D governing equation in fluid-acoustics is derived from

the 3D formulation, assuming that the fluid subdomain is

constant in the longitudinal direction. The 3D homogeneous

Helmholtz equation governs the wave propagation within an

inviscid fluid [8]. The energy lost at the fluid boundary

enclosure is accounted for by a resistivity term [1]. The finite

element equation is derived from a virtual change of pressure,

p∗, acting over the subdomain Ω f :

∫
Ω f

p∗(ω ,x,y,z)∇2 p(ω ,x,y,z)dΩ

+ k2

∫
Ω f

p∗(ω ,x,y,z)p(ω ,x,y,z)dΩ

− ikβ

∫
Ω f

p∗(ω ,x,y,z)p(ω ,x,y,z)dΩ = 0

(3)

where k = ω/c is the wavenumber, p is the fluid pressure, β is

the fluid absorption coefficient, and c is the compressional wave

velocity.

The fluid weak formulation is addressed applying the Green’s

theorem to Equation (3):

−
(
k2 − ikβ

)∫
Ω f

p∗(ω ,x,y,z)p(ω ,x,y,z)dΩ

+

∫
Ω f

∇p∗(ω ,x,y,z)∇p(ω ,x,y,z)dΩ

=

∫
Γ f

p∗(ω ,x,y,z)nT ∇p(ω ,x,y,z)dΓ

(4)

where n is the outward normal vector at the fluid boundary Γ f .

The fluid momentum equation yields the following relation-

ship between the pressure and the displacement particle, u:

nT ∇p = ω2ρnT u (5)

where ρ is the fluid density.

Substituting Equation (5) in the virtual work expression

(Equation (4)) yields:

−
(
k2 − ikβ

)∫
Ω f

p∗(ω ,x,y,z)p(ω ,x,y,z)dΩ

+
∫

Ω f

∇p∗(ω ,x,y,z)∇p(ω ,x,y,z)dΩ

= ω2ρ

∫
Γ f

p∗(ω ,x,y,z)nT u(ω ,x,y,z)dΓ

(6)

Pressure and displacement vectors are discretized as:

p = Np(ω ,x,y,z) (7)

u = N′u(ω ,x,y,z) (8)

where N and N′ are the element shape functions.

Taking the following matrix operator:

L =

[
∂

∂x

∂

∂y

∂

∂ z

]T

(9)

The following equation can be derived,

−
(
k2 − ikβ

)∫
Ω f

p∗NT NpdΩ+

∫
Ω f

p∗NT LT LNpdΩ

= ω2ρ

∫
Γ f

p∗NT nT N′udΓ
(10)

The application of the matrix operator L to the element shape

functions is expressed as:

B = LN = L1N+L2N
∂

∂ z
= B1 +B2

∂

∂ z
(11)

where

L1 = [∂/∂x ∂/∂y 0]T and L2 = [0 0 1]T (12)

Substituting Equation (11) into the Equation (10) yields:

−
(
k2 − ikβ

)∫
Ω f

p∗NT NpdΩ+
∫

Ω f

(
p∗BT

1 +

(
∂ p∗

∂ z

)T

BT
2

)

×

(
B1 p+B2

(
∂ p

∂ z

))
dΩ = ω2ρ

∫
Γ f

p∗NT nT N′udΓ

(13)

Equation (13) is expressed in comprehensive form assuming

constancy of the longitudinal geometry:

− (k2 − ikβ )

∫ +∞

−∞
p∗
(∫

A f

NT NdA

)
pdz+

∫ +∞

−∞
p∗
(∫

A f

BT
1 B1 dA

)
pdz

+

∫ +∞

−∞
p∗
(∫

A f

BT
1 B2 dA

)
∂ p

∂ z
dz+

∫ +∞

−∞

(
∂ p∗

∂ z

)(∫
A f

BT
2 B1 dA

)
pdz

+

∫ +∞

−∞

(
∂ p∗

∂ z

)(∫
A f

BT
2 B2 dA

)
∂ p

∂ z
dz

= ω2ρ

∫ +∞

−∞
p∗
(∫

Σ f

NT nT N′ dΣ

)
udz

(14)
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where A f is the cross section of the Ω f subdomain, and Σ f is

the boundary line of this section.

The FEM equation is addressed through elimination of the

virtual pressure p∗ and assuming that all integrals along the

longitudinal coordinate z vanish:

− (k2 − ikβ )D p(ω ,x,y,z)+F0 p(ω ,x,y,z)+F1 ∂ p(ω ,x,y,z)

∂ z

−F2 ∂ 2 p(ω ,x,y,z)

∂ z2
= ω2ρRu(ω ,x,y,z)

(15)

Equation (15) is solved by means of Fourier transform

along the longitudinal coordinate. The transformation to the

wavenumber domain is the performed considering that ∂ p/∂ z =
−ikz p̂:

[
−(k2 − ikβ )D+F0 − ikzF

1 − k2
z F2
]

p̂(ω ,x,y,kz)

= ω2ρRû(ω ,x,y,kz)
(16)

Fluid matrices D, F0 and F1 are not dependent on the

wavenumber kz and the angular frequency step ω . R is the

coupling fluid-mass matrix, and relates boundary displacements

at the interface Γ f to pressures in the subdomain Ω f .

Finally, Equation (16) is rewritten considering an equivalent

dynamic fluid matrix F̂:

F̂(ω ,kz)p̂(ω ,x,y,kz) = ω2ρRû(ω ,x,y,kz) (17)

where the fluid dynamic matrix F̂ is easily computed for each

wavenumber and frequency step.

2.2 Finite element formulation in elastodynamics

The 2.5D solid FEM formulation is based on the virtual work

principle [4]:

−ω2
∫

Ωs

u∗(ω ,x,y,z)ρu(ω ,x,y,z)dΩ

+

∫
Ωs

ε∗(ω ,x,y,z)σ (ω ,x,y,z)dΩ

=

∫
Ωs

u∗(ω ,x,y,z)ρb(ω ,x,y,z)dΩ+

∫
Γs

u∗(ω ,x,y,z)p(ω ,x,y,z)dΓ

(18)

where u(ω ,x,y,z) is the displacement vector, ε(ω ,x,y,z) and

σ(ω ,x,y,z) are respectively the strain and stress tensors,

ρb(ω ,x,y,z) is the body force and p(ω ,x,y,z) is the traction

at the boundary, Γs. An asterisk on a variable denotes a virtual

quantity.

The finite element equation is obtained considering that the

solid subdomain, Ωs, is constant longitudinally along the z

coordinate. Next, the cross section of Ωs is discretized into

elements. Displacements are approximated within element

interpolation shape functions.

The stress and strain vectors are derived from displacements

through the constitutive law of material, assuming linear be-

haviour and a homogeneous medium. The strain-displacement

relation involves spatial derivatives in the three cartesian

coordinates. Derivatives along the longitudinal coordinate are

solved by a Fourier transform as in the previous section.

After these procedures, Equation (18) is written as [3]:

[
−ω2M+K0 − ikzK

1 − k2
z K2 + ik3

z K3 + k4
z K4

]
û(ω ,x,y,kz)

= f̂(ω ,x,y,kz)

(19)

where M is the mass matrix, K0, K1, K2, K3 and K4 are stiffness

matrices, û is the nodal displacement, and f̂ is the external force.

The meanings of these matrices is well established in references

[3], [4], [5].

Equation (19) is rewritten as follows if an equivalent dynamic

stiffness matrix, K̂s, is considered:

K̂s(ω ,kz)û(ω ,x,y,kz) = f̂(ω ,x,y,kz) (20)

2.3 Boundary element formulation in elastodynamics

The integral representation of the displacement ui for a point i,

with zero body forces and zero initial conditions may be written

as [2]:

ciui(ω ,x,y,z) =

∫
Γ

u∗(ω ,x,y,z;xi,yi,zi)p(ω ,x,y,z)dΓ

−

∫
Γ

p∗(ω ,x,y,z;xi,yi,zi)u(ω ,x,y,z)dΓ
(21)

where u(ω ,x,y,z) and p(ω ,x,y,z) are respectively displace-

ments and tractions. u∗(ω ,x,y,z;xi,yi,zi) and p∗(ω ,x,y,z;xi,yi,zi)
are respectively the full-space fundamental solution for dis-

placements and tractions at point x due to a point load at xi

[9]. The integral-free term ci depends only on the boundary

geometry at point i. Its value for a smooth boundary is ci = 0.5I,

where I is the identity matrix. The integration boundary Γ
represents either Γs or Γ f (see Figure 1).

Assuming that the unbounded medium is constant in the

longitudinal direction z, Equation (21) is expressed in terms of

integrals in this direction and over the cross section boundary,

Σ:

ciui(ω ,x,y,z) =

∫ +∞

−∞

∫
Σ

u∗(ω ,x,y,z;xi,yi,zi)p(ω ,x,y,z)dS dz

−

∫ +∞

−∞

∫
Σ

p∗(ω ,x,y,z;xi,yi,zi)u(ω ,x,y,z)dS dz

(22)

Equation (22) is then transformed to the wavenumber domain

as:

ciû
i(ω ,x,y,kz)

=

∫ +∞

−∞

∫
Σ

û
∗(ω ,x,y,−kz;xi,yi,0)p̂(ω ,x,y,kz)dS dz

−
∫ +∞

−∞

∫
Σ

p̂
∗(ω ,x,y,−kz;xi,yi,0)û(ω ,x,y,kz)dS dz

(23)

Displacements and tractions at the boundary are approx-

imated from their nodal values using space interpolation
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functions. After interpolating the boundary variables, the

integral representation defined by Equation (23) yields a system

of equations that is solved for each frequency. In this work, the

spatial integrations in Equation (23) are numerically evaluated

by a Gauss-Legendre quadrature when the collocation point

does not belong to the integration element. Closed forms [11],

[12] are used to solve singular integrals when the collocation

point belongs to the integration element.

Equation (23) is rewritten as follows:

Ĥ(ω ,kz)û(ω ,x,y,kz) = Ĝ(ω ,kz)p̂(ω ,x,y,kz) (24)

where Ĥ and Ĝ are the non-symmetric influence matrices of the

BEM.

After boundary unknowns are solved, the radiated wave field

at any receiver point located a the domain Ω∞ is computed

through the Somigliana identity.

2.4 Fluid-solid coupling procedure

Equations (17), (20) and (24) are coupled under imposed force

equilibrium and displacement continuity at the interface Γs.

Also, the equilibrium and compatibility of normal pressure

and displacement, and null shear stresses at the interface

Γ f must be ensured. These equations are assembled into a

single comprehensive system, together with the equilibrium and

compatibility conditions.

Firstly, the coupling of BEM-FEM solid subdomains leads

to an assembled system of equations that represents the solid

behaviour. Equilibrium of forces at the interface Γ is fulfilled

integrating nodal tractions according to the element shape

function N:

f̂ =

∫
Γ

NT p̂NdΓ = Tp̂ (25)

Substituting Equation (24) into Equation (25) yields:

f̂ = TĜ
−1

Ĥû (26)

Equation (26) defines a boundary element stiffness matrix,

K̂∞, that relates nodal displacements and forces [3]:

K̂∞(ω ,kz)û(ω ,x,y,kz) = f̂(ω ,x,y,kz) (27)

Then, Equations (20) and (27) are assembled into a

global system of equations by means of the equilibrium and

compatibility conditions at the interface Γs:

K̂(ω ,kz)û(ω ,x,y,kz) = f̂(ω ,x,y,kz) (28)

The solid and fluid subdomains are assembled next. Equation

(28) is split in two parts according to the boundary subdomain

definition (Figure 1):

[
K̂ss K̂s f

K̂ f s K̂ f f

][
ûs

û f

]
=

[
f̂s

f̂ f

]
(29)

where subscript f indicates degrees of freedom shared with the

fluid subdomain, and s stands for the other solid degrees of

freedom.

The load vector f̂ f at the soil-fluid interface is obtained by

pressure integration over Γ f :

f̂ f =

∫
Γ f

N′T nNp̂ f dΓ = RT p̂ f (30)

Substituting Equation (30) into Equation (29) yields:

[
K̂ss K̂s f

K̂ f s K̂ f f

][
ûs

û f

]
=

[
f̂s

RT p̂ f

]
(31)

Similarly, the fluid governing expression (Equation (17)) is

also split into two parts:

[
F̂ f f F̂ f d

F̂d f F̂dd

][
p̂ f

p̂d

]
=

[
ω2ρRû f

0

]
(32)

where subscript f indicates degrees of freedom shared with the

fluid subdomain, and d stands for the rest of fluid degrees of

freedom.

Finally, the coupling of Equations (31) and (32) is carried out

with the imposition of equilibrium and compatibility conditions

of normal pressure and displacement at the interface Γ f , and null

shear stresses. Both systems of equations are assembled into an

overall system:




K̂ss K̂s f 0 0

K̂ f s K̂ f f −RT 0

0 −ω2ρR F̂ f f F̂ f d

0 0 F̂d f F̂dd







ûs

û f

p̂ f

p̂d


=




f̂s

0

0

0


 (33)

Equation (33) is solved for each frequency-wavenumber step

to compute the coupled fluid-solid response.

3 NUMERICAL VERIFICATION

The BEM-FEM model was verified with a benchmark problem.

The example studied in this section is a cylindrical cavity

located in an unbounded solid medium. The cavity is subjected

to a harmonic blast load. The analytical solution to this problem

can be found in [10].

The cavity has radius r = 0.05m and was air-filled, with

compressional wave propagation velocity c = 340m/s and

density ρ = 0.18kg/m3. The unbounded medium properties

were: P-wave propagation velocity cp = 600m/s, S-wave

propagation velocity cs = 300m/s, and density ρ = 1800kg/m3.

The solid medium at the cavity boundary (Γ f ) was

represented with the BEM, while the air fluid subdomain (Ω f )

was modelled with the FEM (Figure 2). The number of constant

boundary element used to discretize the cavity was 48, enough

to represent properly the geometry. The air fluid subdomain

inside the cavity was modelled with 480 fluid finite elements.

The 2.5D fluid element is a four node element, accounting for

nodal pressure and three displacement degrees of freedom. The

element characteristic length leads to a minimum relation with

the incident wavelengths of 96 elements. A smaller number of

elements produced a coarse solution because of a poor geometry

approximation.
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x

y

z

Receiver
(0.1,0,0)

Source
(−0.1,0,0)

Γ f or Γs (BEM)

Ω f or Ωs (FEM)

Figure 2: Cylindrical cavity embedded in an unbounded

medium: problem discretization.

A dilatational point source was placed at the solid medium

−0.1m from the cavity centre. This load emits a harmonic

incident field described by a dilatational potential as follows:

φ(ω ,x,y,kz) =
−iA

2
H

(2)
0 (kpr)e−ikzz (34)

where A is the source amplitude, H
(2)
n (. . . ) are the second

Hankel functions of order n, r is the distance from the source

to an observation point, and kp =
√

ω2/c2
p − k2

z is the effective

wave number (Im{kp}< 0).

The problem was solved for a frequency range of 2Hz to

512Hz, with a frequency step ∆ f = 2Hz. A constant value

of kz = 0.1rad/m was assumed. The problem solution was

computed directly from Equation (33), and then the radiated

wave field at a receiver 0.1m from the cavity centre was assessed

using the Somigliana identity.

First, a solid-solid coupled problem was solved to verify the

BEM-FEM coupling algorithm. The problem involved a cavity

filled with a solid material that had the same properties as the

surrounding medium. The solid subdomain Ωs was represented

by the FEM using 480 solid elements. These are four node

elements that account for three degrees of freedom at each node

[4]. Both subdomains are coupled at the solid interface Γs

according to Equations (27) and (28).

Radial and longitudinal displacements are shown in Figure

3. The tangential component is almost zero due to the problem

symmetry. The analytical solution to this problem is found

directly from the incident wave field defined by Equation (34).

The numerical result agrees with the analytical solution..

Next, the solid-fluid coupling procedure described in section

2.4 was verified against the analytical solution of the fluid-filled

cavity problem [10]. Solid displacements and fluid pressure are

shown in Figures 3 and 4. The cavity induces the relaxation of

the surrounding solid region with an increase in the response

amplitude. The incident wave field induces re-radiated noise

inside the cavity prompted by boundary motion. Fluid pressure

at the cavity centre is shown in Figure 4. The agreement between

numerical results and the analytical solution is quite good.

4 NUMERICAL EXAMPLE: TUNNEL EMBEDDED IN A

HOMOGENEOUS FULL-SPACE

Next, we analyse noise and wave propagation in a concrete

tunnel due to internal pressure (Figure 5). The tunnel (Ωs),

the internal air volume (Ω f ), and the surrounding soil (Ω∞) are

0 100 200 300 400 500
−4

−2

0

2

4

Frequency [Hz]

D
is

pl
ac

em
en

t [
m

]

(a)

0 100 200 300 400 500
−0.15

−0.1

−0.05

0

0.05

Frequency [Hz]

D
is

pl
ac

em
en

t [
m

]

(b)

Figure 3: Real (black) and imaginary (grey) parts of (a) radial

and (c) longitudinal displacements at the receiver induced by

a harmonic load: incident wave field (dotted line), solid-filled

cavity (triangles), analytical solution for air-filled cavity (solid

line), and numerical results (circles).
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Figure 4: (a) Real (black) and imaginary (grey) parts of air

pressure at the cavity centre induced by a harmonic load:

analytical solution (solid line), and numerical results (circles).

modelled. Tunnel and soil response were computed with the

proposed technique.

The tunnel had radius r = 3.0m and wall thickness t = 0.25m.

The concrete had Young’s modulus E = 30×109 N/m2, Poisson

ratio ν = 0.2, and density ρ = 2500kg/m3. The air sound

speed was c = 340m/s, and its density was ρ = 1.23kg/m3.
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A

Ωs

Γs

Γ f

Ω∞

Ω f

Figure 5: Tunnel embedded in a homogeneous full-space.

The soil was modelled as an unbounded medium with P-wave

propagation velocity cp = 482m/s, S-wave propagation velocity

cs = 278m/s, and density ρ = 1800kg/m3.

The tunnel was represented with 216 shell finite elements

[5]. Soil-structure interface (Γs) was meshed with boundary

elements that matched the tunnel representation. The air

subdomain was represented by 9612 fluid finite elements.

The dynamic fluid-solid interaction problem was first

analysed for a harmonic load acting at the air volume for

different frequencies. Noise and vibration induced by moving

loads travelling at different speed were studied afterwards.

4.1 Harmonic response of the tunnel

This section studies the dynamic response of the system due to

a harmonic pressure load, p(ω) = 2π Pa, acting at the point

O (Figure 5). Response was computed for frequencies f1 =
20Hz and f2 = 142Hz. The solution requires evaluation of

Equation (2), where L = 3653m and the wavenumber step was

∆kz = 2π/L = 1.7× 10−3 rad/m. The maximum wavenumber

was estimated as |kz| ≤ ω/cmin, where cmin is the lowest wave

phase velocity. However, a stability criterion was used to ensure

the convergence of Equation (2). A wavenumber varying as

|kz| ≤ 1.03rad/s was analysed first, and in the second case a

range |kz| ≤ 2.76rad/s was needed.

Soil displacements were computed over a grid of 224

receivers located at the x axis. The response in the longitudinal

direction is obtained from Equation (2). Figures 6 and 7 show

tunnel and soil radial displacements and tunnel air pressure

produced by harmonic sources acting at f1 = 20Hz and f2 =
142Hz. The wave field does not exhibit spherical distribution

around the application load point because of the tunnel stiffness.

Maximum levels were found around the source application

point. Higher mode shapes were excited for the second

excitation frequency, and lower wavelengths were found.

x

y

z

O

Tunnel and soil displacement [×10−8 m]

(a)

x

y

z

O

Tunnel and soil displacement [×10−8 m]

(b)

−1 10−0.5 0.5

Figure 6: Real part of tunnel and soil radial displacement

produced by a harmonic pressure load acting at (a) f1 = 20Hz

and (b) f2 = 142Hz.

4.2 Dynamic response due to a moving load travelling at

different speed regimes

We now describe the tunnel and soil response produced by

a moving load, p(ω ,kz) = 2π Pa, acting at point O (Figure

5). This load reproduces a harmonic moving source travelling

along the z direction at speed v = ω/kz. The solution was

computed from 2Hz to 512Hz with a frequency step of ∆ f =
2Hz. Complex frequencies with a small imaginary part of the

form ωc = ω −η i (with η = 0.7∆ω) were used. This reduced

the virtual source contribution to the response and avoided the

aliasing phenomena. Each frequency step was solved for a

wavenumber defined by the load speed. The characteristic

element size enabled the minimum wavelength to be suitably

represented with at least six elements.

Time solutions were obtained afterwards by applying an

inverse Fourier transform to the frequency response. The

computation assumed that the source was modelled as a Ricker

pulse with a characteristic frequency of 145Hz. The source

Fourier transform is given by:

U(ω) = A
[
2
√

πt0e−iωts
]

Ω2e−Ω2

(35)

where A is the pulse amplitude, ts is the time at which the

wavelet reaches its maximum value, πt0 is the characteristic

period, and Ω = ωt0/2. The effect of the complex frequency

was taken into account by applying an exponential window eηt

to the time response [7].
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(a)

(b)

−1 10−0.5 0.5

Figure 7: Real part of tunnel air pressure and soil radial

displacement fields at the cross section defined by y = 0

produced by a harmonic pressure load acting at (a) f1 = 20Hz

and (b) f2 = 142Hz.

Tunnel and soil displacements at time t = 0.016s are shown

in Figure 8. All plots use the same colour range, which is

modified by a scale factor defined for each plot in order to give

an appropriate range for each speed regime. Soil response is

damped according with the radiation condition. Displacements

are almost symmetric with respect to the source position when

the load travels in the sub-critical regime, v < cs. Soil motion

symmetry is lost as the load speed increases because of the

radiation effect of the Mach waves. The typical Mach cone

becomes observed for critical and supersonic regimes.

Figure 9 shows the air pressure distribution inside the tunnel

and soil displacement at the longitudinal section defined by y =
0. The effect of the Mach cone does not appear at the fluid

until the load speed exceeds the sound propagation velocity in

air. However, an increase in the air pressure is detected. Several

x
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z
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Tunnel and soil displacement [×10−11 m]

(a)

x

y

z
O

Tunnel and soil displacement [×10−8 m]

(b)

x

y

z
O

Tunnel and soil displacement [×10−7 m]

(c)

−1 10−0.5 0.5

Figure 8: Tunnel and radial soil displacements at time t =
0.016s due to a moving pressure load travelling at (a) v1 =
80m/s, (b) v2 = 300m/s, and (c) v3 = 400m/s.

reflections inside the tunnel can be found for v > c. Different

wavefronts can be distinguished here in the soil response.

5 CONCLUSIONS

This work has proposed a BEM-FEM formulation to study fluid

and solid wave scattering. The model looks at 3D problems

whose geometry is constant in one direction. Solid subdomains

are modelled either with BEM or FEM, while fluid regions use

the FEM. A new 2.5D FEM element for fluid-acoustic media

was developed for this purpose. The governing equations for

both the solid and fluid subdomains are coupled in a single

system of equations. Appropriate conditions for the equilibrium

of forces and compatibility of displacements are imposed at the

fluid-solid and solid-solid interfaces.
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The model was verified through a benchmark problem with a

known analytical solution. It consisted of a cavity embedded in

an unbounded solid medium subjected to an incident wave field.

Numerical results were in good agreement with the analytical

solution.

A numerical example was also solved to show the perfor-

mance of the proposed model. Noise and vibration in a tunnel,

induced by harmonic and moving loads, were analysed. Three

load speed regimes were studied. Results showed that tunnel

and soil displacements increased with the load speed, as did

the air pressure inside the tunnel. Several wavefronts and very

high levels of noise and vibration were detected when the load

speed exceeded the sound propagation speed in the air inside the

tunnel.
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[4] Gavrić, L.: Finite Element Computation of Dispersion Properties of Thin-
Walled Waveguides. Journal of Sound and Vibration 173(1), 113–124
(1994)
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Figure 9: Tunnel air pressure and soil radial displacement fields

at time t = 0.016s at the cross section defined by y = 0, due to

a moving pressure load travelling at (a) v1 = 80m/s, (b) v2 =
300m/s, and (c) v3 = 400m/s.
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ABSTRACT: The main degradation process at bridge transition zones due to traffic loads is the appearance of differential 

settlements. Abrupt stiffness changes, repeating traffic loads and relative displacements of the superstructure ends on bridges 

often aggravate this problem. In this contribution, a 3D finite element (FE) model extended with a boundary formulation in the 

frame of the scaled-boundary finite element method (SBFEM) for a transient analysis of train-track-bridge interaction is 

presented. This numerical model permits an assessment of bridge transition zone with respect to permanent deformations of the 

track. The main focus lies on the modeling strategies for the vehicle and their impact on suitable assessment criteria for bridge 

transition zones. For this purpose, two different modeling strategies for the vehicle, a moving load model and a multibody 

model, have been compared and discussed on the basis of the assessment criteria. The results indicate that the model of the 

vehicle has a minor effect for an assessment on the embankment, but that the assessment on the bridge may show significant 

differences depending on whether the inertial components of the vehicle (multibody model) are considered. 

KEY WORDS: Train-track-bridge-interaction; Bridge transition Zone; Assessment criteria; Vehicle model; Numerical model. 

1 INTRODUCTION 

A bridge transition zone is prone to large differential 

settlement, because the embankment is susceptible to 

significant settlements and the bridge structure generally less 

[1], [2]. Additional technical aspects of the bridge transition 

zone can accelerate the track degradation process under traffic 

loads. These are [3]: 

 an abrupt stiffness change between the embankment and 

the bridge structure, 

 relative displacements between bridge girder and 

abutment and 

 a rail heave due to the bridge girder deflection. 

Figure 1 depicts these problems of bridge transition zones. 

The rapid change in the supporting stiffness leads to a local 

increase of the load amplitudes applied on the track. The 

relative displacements between bridge girder and abutment 

can have their causes in temperature fluctuations, acceleration 

and braking processes or in the deflection of the bridge under 

traffic load. They lead to a loosening of the ballast for 

ballasted tracks and to large tensile forces for slab tracks [4]. 

An additional problem arising from the bridge deflection 

under traffic loads is a possible rail heave at the abutment, 

which can lift the adjacent sleepers off. This uplift loosens the 

structure of the ballast and may lead to the appearance of 

voided sleepers [5], [6]. 

The degradation process involving these phenomena tends 

to accelerate progressively under repeated traffic loads. To 

ensure the safety and serviceability of the track, such adverse 

impact of the structural discontinuities at the bridge transition 

zone needs to be mitigated. For this purpose a 3D numerical 

transient finite element model has been developed which 

permits an assessment of the bridge transition zone with 

respect to permanent deformation with suitable criteria. Here, 

close attention is paid to the modeling strategy of the vehicle 

Figure 1. Problem of the bridge transition zone 
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Jeffrey Bronsert1, Matthias Baeßler1, Pablo Cuéllar1, Werner Rücker1 

1 BAM Federal Institute for Materials Research and Testing, 12200 Berlin, Germany 

email: jeffrey.bronsert@bam.de 

Backfilling area

Bridge Embankment

Abutment

Deflection of 
bridge girder 

Settlement of 
the backfilling

Rail heave
Relative displacement



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

800 

and the importance of the vehicle model with respect to the 

assessment of the bridge transition zone.  

The content of the paper is organized as follows. First the 

numerical model of the track, including a boundary 

formulation for the radiation condition is described, followed 

by a description of two different modeling strategies for the 

vehicle. Afterwards suitable assessment criteria are presented 

and finally the results of a passage of the two vehicle models 

with different velocities are compared and discussed on the 

basis of the presented assessment criteria. 

2 NUMERICAL MODEL 

The discussion of such a passage of the two different vehicle 

models from the embankment to the bridge structure and vice-

versa is based on several analyses of a 3D FE model in the 

time domain. The key components of the model are the track, 

the boundary formulation and the vehicle models.   

2.1 Track model 

The track, consisting of the superstructure (rail, rail pads, 

sleepers and ballast), a bridge structure, the embankment and 

the underlying soil, has been modeled here by means of the 

FEM. For the computation of a train passage, it has been 

assumed that the material behaviour is linear elastic and the 

track longitudinally symmetrical, so that only half of each 

track component needs to be modeled. 

Figure 2 shows the model of the bridge transition zone. The 

track has a total length of 90 m, consisting of 151 sleepers 

equally spaced (0.6 m between two consecutive sleepers). 

Euler-Bernoulli beam elements have been used to model the 

rail, which have an element length of 0.15 m, a bending 

stiffness of EI = 6.32 MNm2 and a mass per unit length of 

m = 60.3 kg/m. The rail pads have been modeled here as 

spring-damper elements with a stiffness value of 

krp = 150 MN/m and a damping value of crp = 13.5 kNs/m. 

Euler-Bernoulli beam elements have been also used to model 

the sleepers, which have a total mass of m = 338 kg. The 

ballast, embankment, soil, bridge and abutment have been 

modeled here as linear 8-node brick elements. Their material 

parameters are given in Table 1.  

The abutments support the bridge deck, where one end of 

the bridge girder is fixed and the other end simply supported. 

From the bearings, the bridge has an overlap of 0.3 m on each 

side, and a gap 0.3 m from the end of the bridge to the 

abutments. The bridge includes a Rayleigh damping with a 

damping ratio of 2%. In order to permit vertical relative 

displacements between the abutments and the embankment, 

joint elements have been implemented at their interface [7]. 

Table 1. Track parameters. 

Layer Young’s 

modulus 

Poisson 

ratio 

Density 

(kg/m3) 

Thickness 

(m) 

Ballast 200 MPa 0.2 1500 0.35 

Embankment 100 MPa 0.3 1700  5 

Soil 100 MPa 0.3 1700 9.65 

Bridge 34 GPa 0.2 2500 0.7 

Abutment 20 GPa 0.2 2500  

2.2 Boundary formulation 

In order to avoid eventually reflections from the truncated 

FEM domain, which would affect the results, the boundaries 

are treated as follows. The front sides of the boundary of the 

embankment have been modeled with local transmitting 

boundaries [8], introducing additional terms in the damping 

and stiffness matrix. The boundary of the soil has been 

modeled by the scaled-boundary finite element method 

(SBFEM).  

In the following only a brief overview of the concept with 

its key equations is given, for a precise description, the 

interested reader is referred to Wolf and Song [9]. 

At first a scaling centre is introduced from which the total 

boundary must be visible. The geometry of the domain is 

described by scaling the boundary with the dimensionless 

radial coordinate ξ, pointing from the scaling centre to a point 

on the boundary, with ξ = 0 at the scaling centre and ξ = 1 on 

the boundary. A point inside the domain can then be 

expressed as 

             

             

             

(1) 

with N(η,ζ) as shape functions for the circumferential 

direction. The FE and the SBFE domain are coupled by the 

interaction force r. After partitioning the domain into a near 

field (FE domain) and a far field (SBFE domain), the equation 

of motion reads as  

 
      

      
   

   
   

   
      

      
   

   
   

  

                         
      

      
   

  

  
    

     

          
    

(2) 

The interaction force r is defined as  

                       
 

 

  (3) 

with M∞ as acceleration unit-impulse response matrix.  

 

 

Figure 2. Model of the bridge transition zone 
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This matrix is computed by 

          
          

 

 

                     
    

  
   

 
  

 

 

 

 

             
   

   

 
                 

 

 

 

 

                  
 

 
   

  

 
     

    
          

                                                                                  

(4) 

with s as spatial dimension and the matrices E0, E1, E2, M0 as 

coefficient matrices, which are determined by 

      
                

 

  

      
                

 

  

      
                 

 

 

                     
 

 

(5) 

with B1 and B2 as strain-nodal displacement matrices, D as 

elasticity matrix and J as Jacobi matrix. For large systems the 

solution of Eq. (4) can result in time consuming computations. 

Therefore the methodology of the reduced set of base 

functions can be used to increase the computational efficiency 

[10]. Here again only a brief presentation is given. 

A Schur decomposition of the following matrix Z 

   
  

    
         

  

        
    

       
        

   (6) 

leads to a quasi-upper triangular matrix S and the orthogonal 

Schur vectors Ψ. After a block diagonalization of the matrix 
S, the Schur vectors become weighted orthogonal Schur 
vectors, which are used as base functions [11]. The 
reduced set of base functions is then achieved by a 
selected number of base functions with the smallest 
absolute value of the real parts of the eigenvalues. 

The displacement vector of the far field can then be 

expressed as a product of the reduced set of base functions 

and the generalized displacement vector as 

          (7) 

The generalized interaction force of the boundary is written as  

      
    (8) 

and Eq. (3) yields in 

                         
 

 

  (9) 

with the generalized acceleration unit-impulse response 

matrix 

       
        (10) 

Pre-multiplying Eq. (4) by    
  and post-multiplying it by 

   , leads to the equation for the generalized acceleration 

unit-impulse response matrix. Eq. (2) is then pre-multiplied by 

the transformation matrix 

      
  
    

    (11) 

and after introducing the generalized displacement vector (Eq. 

(7)), the equation of motion is rewritten as 

 
       

        

   
   
   

   
       

        

   
   
   

  

                        
       

        

   
  

  
   

     

            
    

(12) 

with the submatrices 

           ;         
    ;         

       ; 

            ;            
    ;           

       ; 

           ;           
     ;         

       ; 

         
   .  

(13) 

To solve the equation of motion in Eq. (12), the Hilber-

Hughes-Taylor time stepping scheme is used [12]. Another 

possibility for further simplifying the SBFEM is to linearise 

the acceleration unit-impulse response matrix after a certain 

time step [13]. 

2.3 Vehicle model 

As mentioned before, two different vehicle models were used 

in this study. In the same manner as the track, the vehicle has 

been also considered as symmetrical in longitudinally 

direction and only a traction car has been considered here 

based upon an ICE 2 [14]. The first model (henceforth called 

type A), has been modeled as a moving set of 4 constant 

vertical loads. The second vehicle model (henceforth called 

type B) has been modeled as a moving set of 4 multibody 

models [15]. Both models are depicted in Figure 3. 

The model parameters of the vehicle are given in Table 2. 

Since the track is symmetrical, only half of the static load has 

been used for the model of type A. For the vehicle model of 

type B the parameters have been calculated as follows, every 

wheel (      ) transmits a quarter of the bogie mass 

(          ) and an eighth of the car mass (    
      ). The primary suspension connects the wheels to the 

bogie (       and       ) and the secondary suspension 

connects the bogies to the car body (          and 

Figure 3. Vehicle models. Type A: moving force. Type B: 

multibody model. 
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         ). The vehicle is coupled to the track by the 

insertion of a Hertzian contact spring between the wheel and 

the rail [16]. 

 Table 2. Vehicle Parameters [14]. 

2.4 Validation of the boundary formulation 

Preliminary results are given here to validate the formulation 

of the boundary. For this purpose a load was suddenly applied 

on the surface of an elastic half space and rested there 

(Heaviside step function, load amplitude 60 kN). The 

dimensions of the half space are the same as in Figure 2 (90 m 

x 15 m x 18 m) and the parameters of the elastic half space are 

the same as given in Table 2 for the soil, except that the 

poisson ratio is 0.25, for this example.  

The numerical results were compared with the analytical 

solution of Pekeris [17]. In Figure 4 the analytical and 

numerical results of the time evolution of the vertical 

displacement of a surface point in 3 m distance from the 

excitation source are shown. The numerical result of the 

vertical displacement is in good agreement with the analytical 

solution after a time of 0.03 s. This indicates that the 

formulation of the boundary satisfies the radiation condition 

and no reflections occur from the boundary. 

Figure 4. Analytical and numerical results of the time 

evolution of the vertical displacement in 3 m distance from 

the excitation source. 

3 ASSESSMENT CRITERIA 

A railway track often settles as a result of permanent 

deformations in the ballast and the underlying soil when 

subjected to repeated traffic loads. This generally leads to a 

new track level and thus to a different train-track-bridge 

interaction. The aim of the approach is not to quantify the 

settlement, but to assess the conditions that lead to permanent 

deformation of the track on the basis of single train crossings. 

An assessment of the track section with respect to track 

settlement can be done for instance with the following criteria 

[18], 

 the force on the sleeper Fsl [19], 

 the sleeper displacement usl [20], 

 the vibration velocity of the sleeper vsl [3] and 

 the effective strain γeff [21] in the embankment (second 

invariant of the strain deviator). 

Figure 5 depicts these criteria. The first three criteria are 

based on the dynamic response of the superstructure, whereas 

the effective strain is a criterion for the underlying soil. 

Figure 5. Assessment criteria. 

In the following section, the results of the sleeper 

displacement, vibration velocity of the sleeper and the force 

on the sleeper are presented as the maximal absolute 

amplitudes of the time evolution taken at each sleeper 

position. For the effective strain, the maximal absolute 

amplitudes of the time evolution are taken at a depth of 

1.35 m below the sleeper. 

4 CASE STUDY 

The purpose of this section is to illustrate the effect of the 

different modeling strategies for the vehicle (type A and 

type B) on the transition from the embankment to the bridge 

structure and vice-versa based on the presented assessment 

criteria. 

For each vehicle model, simulations with two different train 

velocities were performed (v1 = 60 m/s, v2 = 93.75 m/s). The 

time step has been chosen as Δt = 2x10-4 s for all simulations 

and only one passage of each vehicle has been considered. 

The results for the assessment criteria are shown in Figure 6. 

For the criterion sleeper displacement (Figure 6 upper left), 

the amplitudes are hardly affected neither by the vehicle 

models nor by the train velocities. The amplitudes are also 

nearly symmetrical around the bridge structure, which 

indicates that the moving direction of the vehicle (entering or 

leaving the bridge) seems to play a minor role for this 

criterion. The differences between the displacement 

amplitudes on the embankment and the bridge are 

approximately 1 mm, which is a result of the different 

stiffnesses of the embankment and bridge structure. 

In contrast, the amplitudes of the vibration velocity of the 

sleeper (Figure 6 upper right) show higher differences 

between the train velocities. Furthermore, the moving 

direction of the vehicle also affects this criterion, so that an 

increase right behind the bridge is observed for both vehicle 

Car body mass Mc  60768 kg 

Bogie mass MB 5600 kg 

Wheel mass MW 2003 kg 

Static load Fstat 196.2 kN 

Primary suspension spring k1 4.8 MN/m 

Primary suspension damper c1 108 kNs/m 

Secondary suspension spring k2  1.76 MN/m 

Secondary suspension damper c2 152 kNs/m 

Hertzian contact spring kH 1.42 GN/m 

Axle distance La 3 m 

Distance between bogies Lb 11.46 m Fsl

vsl

usl

γeff
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models, particularly for the higher train velocity. The 

modeling of the vehicle seems to have a minor effect on this 

criterion, except for the velocity of v2 = 93.75 m/s, where a 

significant difference on the bridge can be observed between 

the vehicle model of type A and B. 

However, the amplitudes of the downward force on sleeper 

(Figure 6 lower left) show barely any differences on the 

embankment regardless of the train velocity or of the vehicle 

model. An increase of the downward force amplitudes is 

observed on the bridge, which is result of the stiffness change 

between the embankment and the bridge structure. 

Furthermore, differences in the amplitudes of the downward 

force are also observed between both vehicle models, which 

indicate that the dynamics of the bridge and the vehicle have 

an influence on each other. But similar to the sleeper 

displacement, this criterion is nearly symmetrical around the 

bridge structure.  

Concerning the amplitudes of the effective strain (Figure 6 

lower right), they increase towards the bridge structure, and 

higher amplitudes are observed for higher velocities. Right 

behind the bridge, an increase of up to 30% is observed 

compared to the amplitudes of the effective strain in the 

embankment for the fastest passage.  However, the different 

modeling strategies of the vehicle seem to have a minor effect 

on this criterion. 

In general, the results indicate that the criteria sleeper 

displacement and downward force on sleeper are relatively 

insensitive to the moving direction of the vehicle (entering or 

leaving the bridge) and also to the different vehicle speeds. In 

contrast, the criteria vibration velocity of the sleeper and 

effective strain show greater differences for the different 

vehicle speeds and depending on whether the vehicle is 

entering or leaving the bridge. The results for the assessment 

criteria on the embankment are hardly affected by the 

different modeling strategies of the vehicle. In contrast, the 

vehicle model of type B seems to be sensitive to the dynamics 

of the bridge, and this is reflected in at least the criteria 

vibration velocity of the sleeper and downward force on the 

sleeper, where the results show a clear difference compared to 

the results of the vehicle model of type A. 

Finally, Figure 7 shows the amplitudes of the maximal 

upward force of the sleeper. The results show that the upward 

sleeper force is nearly equal on the embankment regardless of 

the vehicle model or of the train velocity. On the contrary, the 

upward force increases at the beginning and the end of the 

bridge up to a level where the sleeper weight is exceeded and 

the sleeper may be lifted-off, which can destabilize the ballast 

structure. This means that not only the maximal amplitude of 

downward force is important, but also the maximal amplitude 

of the upward force can be matter of interest with respect to 

an assessment for track degradation. 

5 CONCLUSION 

The study presented here deals with a numerical model for the 

assessment of bridge transition zones with respect to 

permanent deformations. Close attention was paid to the 

  

  
Figure 6. Results of the assessment criteria for the vehicle models with different train velocities. 
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modeling strategies, particularly concerning the modeling of 

the vehicle and its effects on the presented assessment criteria.  

On the embankment, the model of the vehicle seems to have a 

negligible effect on the assessment criteria, but on the bridge 

the multibody model showed clear differences compared to 

the moving load model, for at least the criteria force on 

sleeper and vibration velocity of the sleeper. In this respect, 

different approaches are available for an optimisation of the 

bridge transition zone, like the introduction of under-ballast 

mats or under-sleeper pads. However, an open question is the 

effect of the different vehicle models on the assessment 

criteria when such elements are introduced, because the 

dynamics of the superstructure are changed.    

The methodology introduced here provides a general 

framework for the assessment of bridge transition zones and 

optimisation strategies can be discussed and analyzed on this 

basis. In any case, the model presented so far can and should 

be developed further. In the numerical model, additional 

dynamical loads (wheel out of roundness, etc.) have to be 

investigated because they can have a significant influence on 

the results. In this respect, a final assessment of the track 

should also take the influence of the bridge structure (relative 

displacement between girder and abutment, rail heave, 

acceleration of the bridge, etc.) into account. 
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ABSTRACT: A variety of isolation measures exists to reduce the vibration in the neighbourhood of railway lines. They can be 

roughly classified as elastic or stiffening systems. There are the following elastic elements, rail pads or resilient fixation systems 

between rail and sleeper, under sleeper pads or sleeper shoes under the sleepers, and ballast mats under the ballast. Stiffening 

systems (plates) are used as slab tracks, floating slab tracks, or mass-spring systems. In the EU project “Railway induced 

vibration abatement solutions (RIVAS)”, elastic under sleeper pads have been investigated. The dynamic behaviour of the track 

and the surrounding soil has been calculated by the combined finite-element boundary-element method in a systematic 

parameter study. It has been shown that the mitigation effect can be improved by soft under sleeper pads or by heavy sleepers. 

Consequently, such track elements (soft under sleeper pads and heavy sleepers) have been thoroughly investigated in laboratory 

tests to establish the static and dynamic parameters as well as their serviceability. Finally, field tests at and near railway tracks 

with and without under sleeper pads have been performed. To determine the reduction effect of the isolated track, the ground 

vibrations excited by trains or artificial sources have been measured. The soil properties at the different sites have also been 

measured so that the comparison of the isolated and un-isolated track can take into account possible differences of the soil 

parameters. The contribution shows how the different (numerical, laboratory and field) methods and results can be combined to 

achieve an improved mitigation solution with soft under sleeper pads and heavy sleepers for ballasted and slab tracks. 

KEY WORDS: railway track, track-soil interaction, mitigation, under sleeper pads, laboratory tests, field tests, ground vibration. 

1 INTRODUCTION 

From 2011 to 2013, the BAM Federal Institute of Material 

Research and Testing worked for the European research 

project RIVAS - Railway Induced Vibration Abatement 

Solutions, which is carried out by 27 partners from nine 

European countries within the 7th European Framework 

Programme. RIVAS aims at reducing the environmental 

impact of ground-borne vibration from rail traffic by measures 

at the vehicle, the track and the soil. BAM’s main contribution 

to this project deals with the mitigation solutions for the track.  

The different tasks of the BAM will be described in the 

following sections, the calculation of the vehicle-track-soil 

system by the combined finite-element boundary-element 

method in Section 2, the laboratory testing of track elements 

such as soft under sleeper pads and heavy sleepers (Fig. 1) in 

 

 
Figure 1. Heavy and wide sleepers 

in ballast track. 

 

Section 3, and finally in Section 4, the field tests near railway 

tracks for the evaluation of soil parameters and reduction 

effects. 

2 NUMERICAL STUDIES 

2.1 Finite-element boundary-element method  

The track-soil systems are calculated by the combined finite-

element boundary-element method [1,2,3]. The track 

including the rails, rail pads, sleepers, under sleeper pads, and 

ballast has been modeled by the finite element method (Fig. 2) 

whereas the homogeneous or layered soil has been modeled 

by the boundary element method. The dynamic stiffness 

matrix of the soil is established by using the Green’s functions 

of an elastic layered half-space [3,4]. All calculations 

(Green’s functions, boundary matrix and finite element 

matrices) are performed in the frequency domain. Special 

additional methods (within the FEBEM) have been developed 

for infinite tracks on ballast mats [5] and are also applied to 

this study. Infinite slab tracks and floating slab tracks can also 

be analysed by wavenumber domain methods [6], but in 

RIVAS FEBEM models of slab tracks have been used.  

The track is excited by a dynamic axle load (a pair of 

vertical forces) which acts on the rails above the central 

sleeper. In a second step, the FEBEM track-soil model is 

combined with a vehicle model [7] which is a single wheelset 

throughout this contribution. The ground vibration at some 

distances of the track are calculated and compared for the 

isolated and un-isolated track. 

The dynamic behavior of railway tracks with under sleeper pads, finite-element 

boundary-element model calculations, laboratory tests and field measurements 
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Figure 2. Finite element model of the ballasted track, view (a), 

cross section with rails, rail pads, sleeper, sleeper pads, ballast 

and under ballast mat (b) and the slab track with wide sleepers 

on under sleeper pads (c). 

2.2 Parameters 

The only parameter of the vehicle is the wheelset mass mW = 

1500 kg. 

The reference ballasted track has the following parameters, 

bending stiffness of the rails (UIC60) EI = 2 x 2.1 1011 x 3.0 

10-5 Nm2 = 12.6 106 Nm2, mass per length of the rails m’R = 2 

x 60 kg/m, distance of the sleepers d = 0.6 m, stiffness of the 

rail pads kP = 300 106 N/m, modulus of elasticity of the 

sleepers ES = 3 1010 N/m2, mass density of the sleepers S = 

2.5 103 kg/m3, length of the sleepers aS = 2.6 m, height of the 

sleepers hS = 0.2 m, width of the sleepers bS = 0.26 m, shear 

modulus of the ballast GB = 18 107 N/m2, width of the ballast 

aB = 3.6 - 5.6 m, height of the ballast hB = 0.3 m, shear 

modulus of the soil G = 8 107 N/m2, shear wave velocity of 

the soil vS = 200 m/s, mass density of the soil and ballast  = 2 

103 kg/m3, Poisson’s ratio of the soil and ballast  = 0.33, 

hysteretic damping of the soil and ballast D = 2.5 %, 

hysteretic damping of the elastic elements DP = DS = 10 %. 

2.3 Results of a parameter study 

The ground vibration ratios between the isolated and the un-

isolated track are presented in Figure 3a-f for some of the 

parameter variations of [8]. The most important parameter is 

the stiffness of the under sleeper pad which is varied from 25 

to 200 kN/mm (Fig. 3a). The ground vibration ratios start with 

a value close to vI/vU = 1 at low frequencies. A resonance 

amplification is reached at frequencies between 25 and 80 Hz 

depending on the pad stiffness. At about the 1.5-fold of the 

resonance frequency, the ground vibration ratios are lower 

than vI/vU = 1 and the reduction of the amplitudes starts. The 

ground vibration ratios decrease rather strongly down to 

values from vI/vU = 0.1 to 0.01 at 160 Hz. The lowest 

Figure 3. See next page 

 

a) 

b) 

c) 

a) 

b) 

c) 
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Figure 3. Ground vibration ratios of isolated tracks to un-

isolated tracks, a) variation of the under sleeper pad stiffness 

kS =  25.  50,  100,  200 kN/mm, b) variation of the 

sleeper mass mS =  75  150,  300 (standard),  600 kg, 

c) variation of the wheelset mass mW =  1000  1500, 

 2000,  3000 kg, d) variation of the shear wave velocity 

of the soil vS =  100  150,  200,  300,  500 m/s, 

e) variation of the under sleeper pad stiffness as in (a) but with 

wide sleepers on ballast, e) variation of the under sleeper pad 

stiffness as in (a) but with wide sleepers on a slab track. 

resonance frequency yields the best mitigation of ground 

vibrations.  

Figure 3b shows the influence of the mass of the sleeper. 

The standard mass is that of a concrete sleeper. A quarter of 

that represents a wooden sleeper, a half of the mass is related 

to a sandwich sleeper were the pad is placed in the middle of 

the concrete sleeper. The best mitigation results are achieved 

with a double mass. The resonance frequency can be reduced 

from 35 Hz to 28 Hz and the high-frequency amplitude ratios 

are considerably lower. 

The next two figures demonstrate the influence of 

parameters which cannot be changed, the wheelset mass and 

the stiffness of the soil. If the wheelset mass is increased from 

1000 kg to 3000 kg (Fig. 3c), the resonance frequency is 

clearly reduced down to 25 Hz, and this gives a better 

reduction in the mid-frequency range of 50 to 100 Hz. The 

influence of the wave velocity of the soil can be found at mid 

and high frequencies in Figure 3d. A stiff soil with high wave 

velocity yields a higher resonance amplification. 

As a possible mitigation solution, wide sleepers of double 

width and double mass are considered in Figure 3e. The 

higher mass yields lower resonance frequencies compared to 

Figure 3a (for example 23 Hz compared to 28 Hz for the 

softest under sleeper pad) and related to that, some better 

reduction effects are expected. Finally, wide sleepers on a slab 

track have been investigated (Fig. 3f). The resonance 

frequencies are very similar compared to the ballast track with 

the same wide sleepers (Fig. 3e). It has been found in [9] that 

the stiffness of the track element below the under sleeper pads 

has no importance for the mitigation of ground vibration. The 

same reductions are achieved for the wide sleepers and under 

sleeper pads above a concrete slab, an asphalt layer or the 

ballast. 

Similar investigations have been performed for elastic rail 

pads [7], under ballast mats [5] and floating slab tracks [6].  

3 LABORATORY TESTS 

Laboratory tests of different sleepers and different under 

sleeper pads have been carried out in the laboratories of the 

BAM [10,11]. According to the results of the numerical 

studies, heavy and wide sleepers and soft under sleeper pads 

are the matter of interest. The wide sleeper type was also 

tested in combination with a slab track solution. For the 

ballast track solution, three different types of under sleeper 

pads (stiff, medium, soft) and a new sleeper type (the heavy 

concrete sleeper B90.2) have been investigated. A wide 

concrete sleeper BBS3.1 and two additional under sleeper 

pads have been tested for the application on slab tracks. 

3.1 Tests on wide and heavy concrete sleepers 

Figure 4. Laboratory test of a heavy sleeper, static loading at 

the rail seat section. 

e) 

f) 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

808 

Figure 5. Laboratory test of a wide sleeper, fatigue test. 

Figure 6. Laboratory test of an under sleeper pad (grey) on a 

ballast plate (black), dynamic bedding modulus under static 

pre-load (4 springs). 

For the sleepers, static tests (Fig. 4), dynamic tests and a 

fatigue test (Fig. 5) have been carried out according to EN 

13230-2 [12]. The rail seat section of the sleeper gets a 

positive moment due to wheel passage and is tested statically 

and dynamically. The centre of the sleeper is loaded for a 

negative moment (static tests). 20 pre-stressed monoblock 

heavy concrete sleepers B90.2 and 20 pre-stressed monoblock 

wide concrete sleepers BBS3.1 have been tested. The failure 

loads for the rail seat section were about 550 kN and 650 kN 

for the heavy and the wide concrete sleepers. The fatigue tests 

have been carried out with 2 million cycles between 50 and 

128 kN or 50 and 176 kN, respectively. Crack detection is an 

important task for both, the static and the fatigue tests. 

3.2 Tests on stiff and soft under sleeper pads 

For the examination of the under sleeper pads, tests for the 

static and dynamic bedding modulus (Fig. 6), fatigue strength, 

bond strength, shear strength and the freeze-thaw resistance 

were carried out according to DIN 45673-6 [13].  

The measurement of the static bedding modulus is presented 

in Figure 7a. Three load cycles from zero (minimum) stress to 

maximum stress are applied and two secant moduli are 

evaluated from the third increasing load curve. The dynamic 

(high-frequency) modulus is measured under a constant pre- 

 

Figure 7. Stress-displacement diagrams of the different tests 

with the soft under sleeper pad, a) static bedding modulus, b) 

high-frequency bedding modulus. 

load and small amplitude cycles (Fig. 7b). Static and dynamic 

tests display some hysteresis indicating the visco-elastic 

behavior of the material. Due to that, different moduli are 

measured under different test condition which will be 

demonstrated by the softest rail pad. The lowest bedding 

modulus of Cstat0 = 0.025 N/mm3 is measured with 10 minutes 

rest time for the maximum load. The static bedding modulus 

is somewhat higher at Cstat = 0.029 N/mm3 for medium ballast 

compaction, (for high ballast compaction it is 0.038 N/mm3). 

A similar procedure with faster load cycles yields the low-

frequency bedding modulus of Ckin = 0.039 N/mm3 (at 20 Hz). 

The high-frequency bedding modulus under pre-load (as 

described above) is Cdyn = 0.082 N/mm3 (at 40 Hz). These 

relations are typical for all measured under sleeper pads.  

The static tests of all under sleeper pads are presented in 

Figure 8. All under sleeper pads on ballast (the ballast plate) 

show an increasing stiffness with increasing static load (Fig. 

8a,b). The under sleeper pads on a slab track (a plane plate, 

Fig. 8c) do not display such a clear non-linear effect and have 

an almost constant stiffness. The following static bedding 

moduli Cstat (medium ballast compaction) have been 

measured: 0.03, 0.05, and 0.10 N/mm3 for the ballasted test 

tracks in Germany, 0.11, 0.12, 0.13 N/mm3 for the ballasted 

test tracks in Switzerland, 0.06 and 0.85 N/mm3 for the slab 

track solutions. The most important values for the mitigation 

effect are the dynamic bedding moduli 

Cdyn = 0.082, 0.146, and 0.332 N/mm3 

for the German ballast-track solutions and 

Cdyn = 0.25 N/mm3 

for the slab track solution. 

a) 

b) 
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Figure 8. Static loading tests of different under sleeper pads, 

load-displacement curves for a soft, a medium and a stiff 

under sleeper pad (a), for three stiff under sleeper pads of the 

swiss test site (b), and for a soft and a stiff under sleeper pad 

for slab tracks (c). 

The big difference between the static and the high-

frequency dynamic bedding moduli is stronger than the 

difference between the tangent and the secant modulus in the 

non-linear static test results. It is also stronger than the 

difference between static and low-frequency load application 

which is mentioned in [13]. (“In the frequency range up to 

1 Hz the stiffness of elastomeric structural elements is often 

strongly dependent on the frequency. This is due to the fact 

that these materials tend to creep under load (increasing 

deformation with longer load times) and then relax when the 

load is removed (complete recovery, e.g. in elastomeric 

elements) ... The kinetic stiffness of elastomers is larger, in 

some cases very much larger than the static stiffness.”) 

As a conclusion of the laboratory tests, the combination of 

the heavy sleepers and the soft under sleeper pads has passed 

all tests so that possible mitigation measures at track have 

been found. In the field test, different under sleeper pads with 

standard sleepers, heavy sleepers as well as heavy and wide 

sleepers have been installed and tested. 

4 FIELD MEASUREMENTS 

Field measurements have been performed at more than twenty 

sites in Germany and Switzerland. The measurements for each 

site include the determination of soil properties from artificial 

excitation (usually a hammer excitation) and the measurement 

of train induced ground vibration. The comparison of the train 

induced vibrations of different sites allows to determine the 

effects of mitigation measures. The soil properties help to 

interpret well the differences measured at different sites. The 

equipment is installed in a measurement truck (Figure 9), and 

the measurements system can measure up to 72 sensors 

simultaneously so that two neighbouring track sections, for 

example an isolated and an un-isolated track section can be 

measured at the same time. 

Figure 9. Field measurements near Regensburg, measuring 

truck, measuring axis and a passing ICE. 

4.1 Soil properties measured by artificial wave excitation 

The soil properties of a site are measured on an axis of 

equidistant located sensors (geophones). Different methods 

are available to evaluate the measuring data. The most 

important parameter is the Rayleigh wave velocity of the soil. 

The simplest evaluation method is shown in Figure 10. The 

seismogram or time history diagram where the time histories 

of each sensor are plotted corresponding to the distance to the 

source. The propagating waves can be observed and the wave 

velocity determined from the time delay between similar 

characteristics of the time records (zeros, maxima, minima). 

For the measuring site of Herne, a wave velocity of 240 m/s 

can be found. 

Another method of determination of the wave velocity is the 

wave number method. The wavenumber transform of all 

amplitudes of all sensors yields a frequency-wavenumber 

spectrum which is displayed in Figure 11. As the y-axis is 

presented as a wave velocity, the diagram can be directly read 

as a dispersion function, that is the wave velocity of the soil as 

a function of the frequency. At Herne, the soil is almost 

a) 

b) 

c) 
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homogeneous. At Frequencies above 20 Hz the wave velocity 

is almost constant at 240 m/s. At lower frequencies, the wave 

Figure 10. Field measurements in Herne with hammer 

excitation, time histories of a line of equidistant measuring 

points indicating the wave velocities. 

Figure 11. Wavenumber analysis of the measured wavefield in 

Herne determining the wave velocity as a function of the 

frequency (dispersion). 
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  7.2 Buildings and Structures

Measuring objekt:EIFFGAGE RAIL, Herne 

Measuring time:28.05.2013, 9.00 - 18.00 Uhr 

Figure 1:  hammer impact

 

Figure 12. Normalized amplitude-distance diagram for the 

measuring site Herne and the material damping of the soil. 

velocity increases with decreasing frequency. Such a 

dispersion (frequency-dependent wave velocity) is due to a 

higher stiffness at greater depths of the soil. A soil model can 

be approximated to this experimental dispersion curve. A 

thick layer of 8 m above a stiff soil is identified for the Herne 

site. A stiff half-space under such a thick layer has usually 

little influence on the vibration of the surface in the frequency 

range above 10 Hz [4]. 

Whereas the wave velocities provide information about the 

stiffness of the soil, the attenuation of the amplitudes is used 

to determine the material damping of the soil (Fig. 12). The 

damping at the Herne site is evaluated as D = 5…9 %, which 

is rather high.  

Some more methods are used to evaluate the wave velocity 

of the soil, the correlation method in time domain, the SASW 

(Spectral Analysis of Surface Waves), and the SPAC (Spatial 

AutoCorrelation) method in the frequency domain. All 

methods confirm the almost homogeneous nature of the soil at 

the Herne test site.  

4.2 Train induced ground vibration 

The train induced ground vibration is measured on an axis 

perpendicular to the railway track. A long axis with many 

measuring points is preferred. It would be advantageous if the 

same axis for the soil properties and the train vibration could 

be used and a maximum of sensors is available for both 

evaluations. By this, the regularity of all measuring points can 

be checked. In fact, the measurement layout has to follow the 

Figure 13. Measured ground vibrations due to regional trains 

in Regensburg, distances from the center of the track x =  6, 

 8,  16,  32,  64 m, a) un-isolated track, b) isolated 

track with stiff under sleeper pads. 

a) 

b) 
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Figure 14. Measured ground vibration ratios of isolated track 

to un-isolated track, a) three different stiff to very stiff under 

sleeper pads near Regensburg, b) two different stiff under 

sleeper pads in Lengnau, c) very stiff sleeper pads under a 

switch in Rubigen, average of several train passages and 

measuring points. 

local conditions so that the soil properties are often measured 

along the track and the axis for train vibration is sometimes 

shorter than desirable. 

As an example of train induced ground vibrations, the 

results at the Regensburg site are presented as third of octave 

band spectra in Figure 13. The spectra typically increase with 

frequency at low frequencies, a maximum is reached at mid 

frequencies, and the amplitudes decrease for high frequencies. 

(The pronounced peak at 64 Hz in Figure 13a is due to the 

sleeper-passage excitation). The low-frequency increase is 

almost the same for all measuring points, whereas the 

decrease at high-frequencies due to the material damping is 

stronger for the far-field points. One might expect that the 

results about the mitigation effect of any measure will be 

more clear in the frequency range of high amplitudes. That 

means clear results are expected at mid frequencies for all 

measuring points, and also at high frequencies for near-field 

points. A first comparison of isolated and un-isolated track 

can be done by these spectra. More detailed results can be 

achieved by additional evaluation for example of amplitude 

ratios. 

4.3 Evaluation of mitigation effects 

The train induced ground vibration have been averaged for 

each train group and each measuring point. These average 

amplitudes are compared as the ratio of vI/vU of the isolated to 

the un-isolated track for each train group and each measuring 

point. Finally an average of these ratios for all or some 

selected measuring points is determined. These ratios which 

describe the mitigation effect are presented in Figures 14a to 

14c for the measuring sites Regensburg, Lengnau, and 

Rubigen. At all places, a stiff or very stiff rail pad was 

installed. Therefore the mitigation effects are found at 

frequencies higher than 64 (Fig. 14a), 80 (Fig. 14b) or even 

100 Hz (Fig. 14c). The maximum reduction is vI/vU = 1/3. The 

results in Figure 14a are for three different stiff under sleeper 

pads and the high-frequency reductions reflect the stiffness 

order of these pads. The softest under sleeper pad yields the 

lowest amplitude ratios. This can best be seen at the sleeper-

passage frequency at 64 Hz where the clearest mitigation 

effect is observed. The reduction (or amplification) at low and 

high frequencies, where the train induced ground vibration is 

small, can be influenced by other environmental sources or by 

the layering or damping of the soil [4]. 

4.4 Mitigation effects of heavy sleepers and soft under 

sleeper pads 

The mitigation effects of the heavy sleepers and the soft under 

sleeper pads, which have been tested in the laboratory, have 

been determined by a special artificial excitation, a dynamic 

shaker excitation under realistic static loads [14]. At first, the 

measured low shaker-track resonance frequency is a clear 

Figure 15. Measured ground vibration ratios of isolated track 

to un-isolated track, artificial excitation in Herne on different 

isolated tracks,  heavy sleeper on medium soft pads on 

ballast,  wide sleeper on soft pads on ballast,  wide 

sleeper on medium soft pads on ballast,  wide sleeper on 

stiff pads on slab track. 

a) 

b) 

c) 
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indication of the successful mitigation. Resonance frequencies 

of 36, 41, 49 and 58 Hz have been measured for the different 

wide and heavy sleepers and different under sleeper pads. The 

amplitude reduction measured at a free-field point 12 m away 

from the track (Fig. 15) yields values of less than vI/vU = 1/10 

(-20 dB) for the wide sleeper on the soft under sleeper pad 

() and vI/vU  = 1/3 (-10 dB) for the heavy sleeper (). 

The measured resonance frequencies could be established in 

the calculations if the dynamic pad stiffnesses of the 

laboratory tests are modified. The isolated wide and heavy 

sleeper track showed a lower resonance frequency and a lower 

ground vibration, the isolated heavy sleeper track showed a 

higher resonance frequency and higher amplitudes, whereas 

both heavy sleepers on comparable sleeper pad stiffnesses 

should give the same good mitigation effect. 

5 CONCLUSION 

Mitigation measures for railway tracks have been investigated 

by numerical simulation, laboratory experiments, and field 

tests. Good mitigation measures have been achieved, heavy or 

wide sleepers on soft under sleeper pads. The laboratory tests 

help for the choice of the under sleeper pad as a compromise 

between sufficient stiffness for the static train load and a high 

dynamic compliance for a good mitigation effect. Field tests 

can verify the predicted dynamic reduction effects and 

sometimes unveil additional non-dynamic reduction effects, 

e.g. reduced track settlements and reduced alignment errors. 

At the BAM, the three tasks theoretical analysis, laboratory 

and field tests are considered comprehensively.  
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ABSTRACT: This paper presents a full-scale physical model test on a ballastless high-speed railway’s dynamic 

performance. Both cyclic loading at fixed point at track and simulated train moving loads are used. A portion of 

ballastless high-speed railway consisting of track superstructure (rails, slab, concrete base) and track substructure 

(roadbed, subbase and subgrade soil) has been built in a model test box (15m*5m*6m) in Zhejiang University. A 

sequential loading system composed of eight high-performance hydraulic actuators is developed to exert dynamic 

loading on slab track at fasteners’ positions to simulate train’s moving loads. A theoretical model of train-slab track-

subgrade dynamic interaction is applied to determine loads acting on fasteners in the experiments. The resonance 

frequency of the ballastless track system and vibration velocities at track structure show good agreement with the 

field test. A three-dimensional finite element model is also developed to interpolate the test results from the physical 

model testing. The influence of train speed on ballastless slab track’s dynamic behaviors is clearly illustrated. 

KEY WORDS: Slab Track; Full-scale model testing; Dynamic behavior; Numerical model. 

1 INTRODUCTION 

Ballastless slab track has been widely used in high-speed 

railway for its high durability, high stability and low whole-

life cost. Meanwhile, it difficult to recover and maintain the 

ballastless slab track once damaged [1]. The use of slab track 

becomes an apparent trend in high-speed railway development 

and it has become the main form of newly-built high-speed 

railway in the world. With the train speed increases, the 

dynamic responses of track slab correspondingly increases. 

To assess the dynamic performance of track slab under 

different conditions, the slab dynamic performance analyzed 

has been conducted. A.V. Metrikine [2] presented a 

theoretical study of the stability of a two-mass oscillator that 

moves along a beam on a viscoelastic half-space. Using 

Laplace and Fourier integral transforms, expressions for the 

dynamic stiffness of the beam are derived in the point of 

contact with the oscillator. Takemiya [3] and X.C. Bian [4] 

used dynamic substructure method to solve the vibration in 

track and ground induced by train passages with due 

consideration to dynamic interaction between an 

inhomogeneous track system comprising continuous rails and 

discrete sleepers, and the underlying viscoelastic layered half 

space ground. Blanco-Lorenzo J [5] studied the dynamic 

performance of a high speed ballasted track and three different 

types of slab tracks by means of numerical simulations in the 

time domain of a vehicle running on a straight section of track 

at high speed with vertical rail irregularities. Different types 

of vehicle–track models have been developed in order to study 

the vertical dynamic vehicle–track interaction and a 

comprehensive representation of the whole vehicle–track 

system, necessary for the study of dynamic phenomena at 

high frequencies, has been achieved making use of systematic 

methodologies and standard tools offered in a commercial 

MBS and in a commercial FEM analysis tool. X.Y. Lei [6] 

established continuous elastic double deck beam model to 

analyze the impacts of different train speeds ， track 

irregularity，and rail pad rigidity and sleeper pad rigidity on 

track vibrations to provide the technical data for the 

construction works．And the studies show the train speed has 

a significant impact on track structure vibrations. 

The above-mentioned theoretical analysis are almost simple 

the model, which could not indicate realistic dynamic 

characteristic of slab. The physical model test could well 

reflect the realistic dynamic characteristic. Momoya.Y [7, 8] 

built a small-scale physical model of 1:5 size, and 1.68m 

length along the track direction. They analyzed the response 

of the roadbed under fixed point load and moving loads. 

Ishikawa et al. [9] built a small-scale model to study the 

roadbed settlement law under the cycle loads. Shaer et al. [10] 

and Zhan et al. [11] established small scale rail road models. 

The small-scale physical model has some disadvantages, 

which could not accurately reflect the actual main features of 

the roadbed. Zhejiang University built a full-scale model of a 

ballastless railway to study the static and dynamic 

characteristics of slab track structure [12]. Based on the full-

scale physical model testing, the author analyzed the dynamic 

responses on various places on the track slab. 

2 HIGH SPEED RAILWAY SLAB TRACK MODEL 

2.1 Physical model  

Slab track model test was carried out in a large rigid steel box. 

Its size is 16m length and 15m×5m in cross-section. The 

reaction force system includes longitudinal beam and cross 

beam two parts. And the reaction longitudinal beam connects 

with the model case through high-strength bolts, reaction 

Model testing on dynamic behaviors of the slab track of high-speed railway 
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force crossbeam connect with the longitudinal beam through 

high-strength bolts. The finished model is shown in Figure 1. 

Physical model was built according to the real high-speed 

railway embankment. The part from the top to bottom is rail, 

fastener, track slab, CA mortar, concrete base, surface layer, 

bottom layer and foundation. The 8 actuators are listed above 

the fasteners as shown in Figure 2(b), the maximum amplitude 

of actuator is 200kN, and the maximum excitation frequency 

is 30Hz. 
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Figure 1. Cross section of the slab track-subgrade model. 

 

(a)  Fixed point test. 

 
(b) Configuration of the loading system. 

Figure 2. Slab track-subgrade dynamic load system. 

 

2.2 Strain sensors installation on track slab 

The physical model established dynamic test and detection 

system according the dynamic characteristic of slab track. 

This paper is mainly focus on the dynamic strain response on 

slab surface under the moving train load. 

The position that gauges attached is shown in Figure 3: 

According to the symmetry of slab, the gauges were attached 

on 1#~5# fasteners near places (below the fastener center and 

slab middle place) during the test. And at 1#-5# fastener 

places attached the longitudinal (along the rail direction) 

strain gauge, and on 1#, 3# and 4#fasteners, attached both 

longitudinal and lateral gauges. 

 

 

Figure 3. The photos of layout of the strain sensor. 
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Figure 4. Schematic diagram of layout of the strain sensor. 

 

2.3 Model loading system 

Figure 2 shows the developed sequential loading device for 

simulating train’s moving loads, consisting of reaction frames, 

eight hydraulic actuators and eight load distribution girders. 

The eight hydraulic actuators were placed corresponding to 

the positions of the fasteners, and distribution girders were 

installed on each fastener to transfer loads applied by the 

actuators to the track slab. Unlike the original track structures, 

the rails were no longer continuous in the sequential loading 

system. The rail segments were fixed to the track slab with 

fasteners at the original positions. This treatment keeps the 

load-transferring interface between the fasteners and the track 

structure intact.  

2.4 Moving train load simulation 

The sequential loading device for simulating train varies 

speeds, the load frequency and adjacent phase to achieve this. 

Assuming the railway has a homogeneous profile in the 

track’s direction and that the train runs at a constant speed, the 

loading profiles on each fastener in the track’s direction 

remain unchanged, but with a certain lag in time.  

The fastening spacing along the rail direction is L, train 

speed v, load frequency f, adjacent actuator load time interval 

δ, train load (one axle/bogie) shared by n fasteners, phase is
 . 

 1

v
f

n L


 ，   

1
360 360 360

1

L
f

T v n


          

  

 Axle load 

The load time history curve could be replaced by an 

approximate half sine wave or sine wave under one axle load 
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in theoretical. The sequential loading system control as shown 

in Table 1 under one axle load. 

 Bogie load 

The fastening system load time history cure is ”M” wave 

under one bogie load, and approximately load is shared by 10 

fasteners , as shown in Figure 5 , a distributed load of train 

speed analog control system as shown in Table 1. 

Table 1. Frequency and the phase space of the actuator 

associated to the speed. 

Train 

speed 

(km/h) 

60 120 180 

Frequency 

(Hz) 
4.41/2.57 8.82/2.57 13.23/7.69 

Adjacent 

phase(°) 
60/36 60/36 60/36 
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Figure 5. The loading time history of “M” wave. 

 Moving train loads 

According to the bogie and axle length, combined with M 

wave load cure and train speed, the fastener load time history 

curve could be given  as below: 
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1 2 3 4 5 6 7 8

0

20

40

60

80

F
as

te
n

er
 l

o
ad

 (
k

N
)

Time (s)

2.5m

7.5m 17.5m

 

(b) Fastener load time history. 

Figure 6. Schematic diagram of distributed loading simulation 

system 

 

Figure 7. Simulate moving train load. 

 

3 SLAB RESPONSES UNDER MOVING TRAIN LOAD 

For a detailed analysis of the response of slab under vary 

speeds, the train speed increase from 10m/s to 100m/s during 

the test, and the train axle load is 17 ton. 

3.1 Model result and analysis  

The number of strain gauges arranged is very large, in order to 

convenient introduce the test results, this paper focuses on 5 

longitudinal strain gauges near the central part of the 4th 

fastener and 3 transverse strain gauges test results. Defined 

along the rail direction is the longitudinal direction. The paper 

considers three typical train speeds(10m/s, 50m/s and 

100m/s), the results shown in Figure 8 - Figure 10. When train 

runs with low speed (10m/s), it would arouse severe strain 

response when axle via the fastener. From the Figure 8, it 

clearly shows the axle position. When the axle load move 

away from the fastener, the strain response near the fastener is 

sharply decrease. Refer to 4# fastener, the responses is not 

obvious on lateral direction. It indicates that when the train 

runs with low speed, the strain difference on slab surface is 

slightly. When train runs with medium speed (50m/s), it also 

appears a peak strain response when load on the top of 

fastener. There is a clear fluctuation, which indicating that 

when train runs with medium speed will arouse serious 

vibration and significant fluctuations. Figure 9 shows, strain 

response time-history response occurs significant fluctuation, 

which indicating that when speed increases to 50m/s, the 

vibration on slab track structure intense increase. On middle 

of slab is mainly longitudinal strain (about 3εμ); near the 

bottom of fastener, the compressive strain amplitude is near 

6εμ.  

Figure 10 shows when the train runs with the speed of 

100m/s: Compared with the low speed and medium speed 

cases, the amplitude of tensile strain response aroused by 

speed of 100m/s reaches 15εμ, and the compressive strain 

near the fastener is also increase to 6εμ. The curve clear 

shows the schedule violent fluctuate, which indicating that the 

train running under high speed arouse dramatic structural 

strain changes. 
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(a) Position: 4-5.                      (b) Position: 4-2. 
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(c) Position: 4-4                   (d) Position: 4-1 
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(e) Position: 4-3 

Figure 8. Longitudinal strain near 4# fastener under train 

speed of 10m/s in full-scale physical model test: (a) and (b) on 

the edge of the rail; (c) and (d) under the center of rail; (e) on 

the center of the slab. 
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(a) Position: 4-5                       (b) Position: 4-2 
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(c) Position: 4-4                        (d) Position: 4-1 
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(e) Position: 4-3 

Figure 9. Longitudinal strain near 4# fastener at train speed of 

50m/s in the full-scale physical model test: (a) and (b) on the 

edge of the rail; (c) and (d) under the center of rail; (e) on the 

center of the slab. 
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(a) Position: 4-5                       (b) Position: 4-2 

56.5 57.0 57.5 58.0
-8.0x10

-6

-4.0x10
-6

0.0

4.0x10
-6

8.0x10
-6

1.2x10
-5

1.6x10
-5

 

 

S
tr

a
in

Time(s)

 B

 
56.5 57.0 57.5 58.0

-1.0x10
-5

-5.0x10
-6

0.0

5.0x10
-6

1.0x10
-5

1.5x10
-5

2.0x10
-5

 

 

S
tr

a
in

Time(s)  
(c) Position: 4-4                        (d) Position: 4-1 
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(e) Position: 4-3 

Figure 10. Longitudinal strain near 4# fastener at train speed 

of 100m/s in the full-scale physical model test: (a) and (b) on 

the edge of the rail; (c) and (d) under the center of rail; (e) on 

the center of the slab. 

 

Based on the strain responses under different train speeds, it 

could plot the typical speed response diagram (near 4# 

fastener position), as shown in Figure 11. It can be found that 

when the train speed less than 40m/s, the amplitude of the 

longitudinal strain is near 8εμ; once train speed exceeds 

40m/s, the longitudinal strain increase rapidly. When speed 

reaches 100m/s, the longitudinal strain amplitude increases to 

14εμ, compared with the low speed and medium speed cases 

increases 75.0%. The five longitudinal strain data near 4# 

fasteners averaged vertical cross section can be obtained on 

the fastener strain rate response map. 
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(a) Position: 4-5                         (b) Position: 4-2 
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(c) Position: 4-4                         (d) Position: 4-
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Figure 11. Relationship between dynamic longitudinal strain 

and train speed. 

 

According above test data, we can get dynamic 

magnification factor Φd [13], as shown in Figure 12. When 

the train speed is less than 60km/h, the dynamic amplification 

factor 1.45; when the train speeds greater than 60km/h, this 

test presents the results shows parabola (combined with 

Figure 11(f)) form. When train runs at 360km/h, this test 

result obtained is 1.7. China Railway specification is 3.0, 

which is far more than this test results.  
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Figure 12. Relationship between dynamic load magnification 

factor of slab and train speed 

 

According to the test measured data obtained under 

different conditions. As gauge attached on 1#~5# fastener, 

select the axle on the 3rd fastener as a typical case, combined 

with the test data the strain clouds can be plotted, as Figure 13 

shows: on low speed case, strain distribution mainly on the 

vicinity of 4# fastener, when the train speed increase to 

360km/h, the strain response area increased dramatically, this 

can be reasonably interpreted from Figure 11 and Figure 12. 

 

(a)                                                (b) 

 
(a) 36km/h                                          (b) 180km/h 

 
(c) 360km/h 

Figure 13. Strain responses on slab surface under varied train 

speeds (left) longitudinal strain, (right) lateral strain. (a) c = 

36 km/h, (b) c = 180 km/h, (c) c = 360 km/h 

 

3.2 Numerical analysis  

As only record the typical position strain response on slab 

surface during the test, in order to better describe the dynamic 

performance on slab surface under moving train loads and 

compared with the physical result, it is necessary to establish 

the numerical model, as shown in Figure 14. 
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Figure 14. Slab track embankment model 

 

For comparison with the experimental results, author also 

select typical condition on slab surface of FEM: when axle is 
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located just above the 4# fastener position. And the whole slab 

only has this axle on the slab surface. Take the high-speed 

condition (360km/h) as an example. The track slab surface 

strain contours as shown in Figure 15.  It can be found that at 

the edge of the rail appears strain concentration phenomenon, 

longitudinal strain diagram Figure 15 (a) are distributed along 

rail direction, transverse strain concentrated on the middle of 

two fasteners. It appear pear strain value near the 4# fastener, 

the vertical and horizontal strain amplitude are 16εμ and 13εμ 

separately, fit well with the test results (as shown in Figure 

11,14 εμ). 

 

 
  (a) Longitudinal strain cloud     (b) Transverse strain cloud 

Figure 15. Strain responses on slab surface under train speed 

of 360km/h (left) longitudinal strain, (right) lateral strain 

 

4 CONCLUSIONS 

Based on physical model test and numerical model analysis 

under moving train loads, some conclusions are drawn as 

follows: 

(1) The full-scale physical model could well simulate high-

speed train moving on track slab under different train 

speeds, and record the strain; 

(2) When train speed below 150km/h, the strain on central of 

slab surface is nearly stayed constant, the amplitude is 

around 9εμ. Once the speed exceeds 150km/h, the strain 

increases rapidly, the maximum strain is 14εμ under the 

speed of 360km/h; 

(3) When train speed less than 60km/h, dynamic load 

amplification factor calculated is near 1.45; when the 

train speed greater than 60km/h, herein test results with a 

parabolic increase with speed increases. 
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ABSTRACT: A general model for prediction of ground borne vibrations and structural noise in buildings in relations to passing 

trains is introduced. The model is intended for estimation of vibration and structural noise levels in buildings from nearby rail 

lines and for assessment of human discomfort in relation to existing well established comfort boundaries. The human comfort 

part of the prediction model is based on transfer functions between ground, foundation and floor structures, whereas the 

structural noise part is based on a correlation between measurements made on the floor in the same room as the noise was 

recorded. The transfer functions, which are used in the model is derived from measurements of several train types and at several 

geographical locations, representing most of the rail systems used in Denmark. Apart from Danish locations, data from Austria 

is also included in deriving the model. The structural noise part of the model is based on measurements in 26 different houses, 

where the rooms were chosen based on minimizing external sound sources. Comparisons of predicted and measured values are 

presented in conjunction with theoretical expression used in the prediction model. The model show good results in predicting 

human comfort levels, whereas the prediction of the noise level leads to the need for a more in depth analysis of the measured 

data. 

KEY WORDS: Prediction; Train induced vibrations; Human comfort; Structural noise. 

1 INTRODUCTION 

A general model for prediction of ground borne vibrations and 

structural noise in buildings in relations to passing trains is 

introduced.  

The model is intended for estimation of vibration and 

structural noise levels in buildings from nearby rail lines and 

for assessment of human comfort in relation to existing well 

established comfort boundaries. The model is based upon 

classical empirical assumptions leading to adding up 

frequency dependent transmission loss functions from source 

to receiver in order to estimate vibration levels from passing 

trains within a building. 

The model is derived from measurements of several train 

types and at several geographical locations, representing most 

of the rail systems used in Denmark. Apart from Danish 

locations, data from Austria is also included in deriving the 

model.  The collection of the experimental data was carried 

out using two main measurements campaigns. The first part 

was based on finding geological damping and transmission 

loss functions for vibration from passing trains to houses, 

whereas the second part was based on expanding the 

transmission loss functions database from ground to the house 

and finding a relationship between measured vibration level 

on the floor and sound pressured in the same room.  

2 SELECTED MEASUREMENT LOCATIONS AND 

SETUP 

The following section describe the measurement setup used 

during the two main part of the measurement campaign. The 

measurement setup for the two parts of the campaign was 

generally carried out with the same measurement setup. 

However some minor variation occurs due to local limitations 

and at some locations only vibrations at the rail line or in the 

building has been measured. 

2.1 Part one 

The generic instrumentation setup consisted of 

accelerometers, microphones, temperature sensors and ultra-

sonic distance sensors for determination of train speed and 

length.  Vibrations were measured by accelerometers at the 

rail, sleeper, ballast and 7.5m, 15m, 30m from the rail center. 

Furthermore a microphone was placed a 7.5m from the rail 

center and inside one family houses, where vibrations also 

were measured by accelerometers. 

Figure 1 show the geographical locations in Denmark where 

data has been measured. Apart from these locations, data from 

measurements carried out in Austria, are also included in the 

model. For the Kværkeby location ( ) a setup involving 72 

geophones was placed in groups of 4 with ½ m spacing 

perpendicular to the track.  

  

Figure 1. Measurement locations in Denmark, from where 

data is included in the model. Each bullet represents several 

local positions. 

Prediction model for train induced vibration and structural noise in buildings 
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Hammer blows on the surface and rail as well as vibrations 

from passing trains was recorded in order to conduct a seismic 

survey and thereby understand the wave propagation in the 

geology (boulder clay on top of lime stone, typical Danish 

situation). A list of typical sensor locations is shown in Table 

1 

Table 1. Sensors and positions used as generic setup. 

Sensor Position Sensor Position 

Thermometer Rail accelerometer At building 

foundation 

accelerometer Rail accelerometer Ground floor 

accelerometer Sleeper accelerometer 1. floor 

accelerometer Ballast Microphone Ground floor, 

1.2m over 

the floor 

accelerometer 7.5m from 

center of 

nearest 

track 

Ultra-sonic At sleeper 

10m down 

from rail 

accelerometer 

microphone 7.5m from 

center of 

nearest 

track and 

1,2m over 

rail level 

Ultra-sonic At sleeper 

10m up from 

rail 

accelerometer 

accelerometer 20m from 

center of 

nearest 

track and 

5m from 

building 

foundation 

Thermometer 7.5m from 

center of 

nearest track 

in shadow 

 

A more detail description can be found in [3]. 

2.2 Second part 

The second part of the measurement campaign was perform in 

26 houses located as shown in Figure 2 

  

Figure 2. Measurement locations for the second part of the 

measurement campaign. 

For the second part the instrumentation setup consisted of 

accelerometers and one microphone. The accelerometer was 

place at 5m, from the house foundation, on the foundation, at 

the ground floor and at the 1st floor if possible. The vibration 

source for theses measurement was a seismic vibrator which 

was place 5 to 10 from the 5m point and was lined up so there 

was a straight line between the vibrator the 5m point and the 

point on the foundation. Table 2 show a list of the used 

sensors and their location in the measurement setup 

Table 2. Sensors and positions used in the second part. 

Sensor Position 

accelerometer 5m from house foundation 

accelerometer At the house foundation 

accelerometer Ground floor 

accelerometer 1st floor 

microphone A room with no ventilation and no windows if possible 

accelerometer On the floor under the microphone 

3 MODEL FOR PREDICTING HUMAN DISCOMFORT 

IN RELATION TO VIBRATIONS FROM PASSING 

TRAINS 

3.1 Model composition 

The model is based upon classical empirical assumptions 

leading to adding up frequency dependent transmission loss 

functions from source to receiver in order to estimate 

vibration levels from passing trains within a building [1] & 

[2]. The acceleration level is measured in m/s2 and converted 

into 1/3-octave spectrum in dB with a reference of 10-6 m/s2. 

 ebghakaj TLTLTLLLL  (1) 

where: 

ajL  Vibration spectrum in the building (1/3-octav 

spectrum). 

j  is the location. 

hak LL 
 Vibrations source from the train (1/3-octav 

spectrum). 

hL  Correction for the train speed (1/3-octav spectrum). 

 gTL
 Damping relation to vibrations transmission 

through the ground (1/3-octav spectrum). 

 bTL
 Damping relation the vibrations transmission from 

ground to building foundation (1/3-octav 

spectrum). 

 eTL
 Damping in relation to vibrations transmission 

through the different building levels (1/3-octav 

spectrum).  

  Error on the calculation. 

 

Figure 3 show a sketch of the model, and how the different 

terms relates to the different position from the vibrations 

source (the train) to the house. 

 

Figure 3. Sketch of model.  

 gTL

hak LL 

 bTL

 eTL
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The new feature is to base the statistical calculations behind 

the model upon a very large set of input data, detailed analysis 

of train speed effects and soil/distance damping by analytical 

1 or 2 layer models based upon input from geotechnical 

borings. The assumption that the individual 1/3 bins are 

normal distributed is based on a "Chi-Square Goodness of Fit 

Test" on the dataset of each 1/3-octave bin. 

 

Using the above mention assumption it is possible to rewrite 

equation (1) into the following expression of a normal 

distribution. 

 

       
   

eebb

gghhakakajaj

TLTLTLTL

TLTLLLLLLL

NN

NNNN





,,

,,,,




 (2) 

where: 

ebghakaj TLTLTLLLL    

22222

ebghLakaj TLTLTLLL    

It is assumed that the correction for the train speed and the 

damping in the ground is deterministic functions, why: 

02 
hL

 , 02 
gTL . This leads to a simplify expression: 

       
eebbakakajaj TLTLTLTLCorrLLLL NNNN  ,,,,   (3) 

Where the data used for determining  
CorrLL akak

N  , is 

corrected for the train speed and then for the damping in the 

ground.  

The model works by choosing a set of six parameters which 

defined the vibration case which is to be studied. The six 

parameters are: 

 Rail track type. 

 Rail track level in relation to the surroundings. 

 Train type. 

 House type. 

 Floor level. 

 Eigenfrequency of the floor (4 frequency intervals). 

 

For a more detail description of the human comfort model, 

please see [3]. 

4 MEASURMENT RESULTS  

4.1 Results from passing trains 

In the following part selected result from part one of the 

measuring campaign is shown. 

Figure 4 show the distributions of the measured trains for 

two locations which is about 2 km apart. It is seen that there at 

two main types of trains namely IC3 and ER. These two train 

types are more or the same except IC3 is powered by fossil 

fuel and ER is electrified. In the following the results from the 

IC3 trains is shown in greater detail. 

   

Figure 4. Number of trains, by type and measurement 

location. 

The two locations is Bedstedvej 16 and Kongstedvej 15 

located in Kværkeby, which was marked by  in Figure 1.  

 

 

Figure 5. Two selected locations in Kværkeby:  = 

Bedstedvej 16,  = Kongstedvej 15. 

Figure 5 show the two locations and how the alignment of 

rail track is between the two locations. 

In order to make a comparison between the two locations, 

all trains measured at Kongstedvej 15 was also measured at 

Bedstedvej. The difference in the number of measured trains, 

which is seen in Figure 4, is due to the fact that the 

measurements started at Bedstedvej 16 before Kongstedvej 

15.  

Figure 6 show the distribution of the train speeds of the 

measured trains at Bedstedvej 16. This particular part of the 

rail track is has a max speed of 180 km/t which the measured 

results also indicates. 

  
 

Figure 6. Train speeds measured at Bedstedvej 16, by train 

type. 

Figure 7 (top) shows the measured source strength 7.5 m 

from the track center at Bedstedvej 16. A dominant frequency 

is identified in the range 60-80 Hz. Figure 7 (bottom) shows 
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the measured source strength 7.5 m from the track center at 

Kongstedvej 15. There is again a dominant frequency range 

60-80 Hz. It is also seen that the levels are approx. 10 dB 

lower than at Bedstedvej 16. 

 

 

Figure 7. Source strengths from IC3 trains at Bedstedvej 

16(top) and Kongstedvej 15(bottom), measured 7.5 m from 

the centre of the track. 

Train speed was measured for each train passage at both 

Bedstedvej 16 and Kongstedvej 15 and significant difference 

was found in the in the speed of the same train at both sites. 

Based on this observation, it is assumed that the differences 

seen between the two sets of curves shown above may come 

from a difference in reaction forces on the track and/or 

differences in ground conditions.  

The biggest difference is seen in the frequency bands 

between 1.25 and approx. 90 Hz, where the level 

measurements are approx. 10 dB higher for Bedstedvej 16 

than for Kongstedvej 15. The variations in the individual 

curves in the top and bottom of the figure are due the different 

speed of the measured trains. 

4.2 Results from seismic vibrator 

4.2.1 Transmission losses 

This section presents only data from part two of the 

measurement campaign. In part two of the measurement 

campaign, where the vibrations source was a seismic vibrator, 

measurements in 26 houses was preformed, in order to 

identify the transmission loss from ground to house 

foundation, from house foundation to the ground floor and 

from the house foundation to the 1st floor. 

Figure 8 show the transmission loss from 5m from the house 

and to the house foundation. The transmission loss is defined 

as measurements at the house foundation divided by the 

measurements at the 5m point, within a 1/3 octave spectrum. 

It seen there is a quit large difference in the results between 

the individual measurements. It seems like there are two sets 

of measurements which fall outside the grouping of the other. 

The reason to this difference has not been found, but it is 

believed that the geology or the foundation of for these two 

houses are significantly different from the other house which 

was measured. 
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Figure 8. Transmission loss from 5m to foundation. Bold line 

is showing the mean curve. 

Figure 9 and Figure 10 show obtained transmission loss from 

the house foundation and to the ground floor and the 1st. floor 

respectively. The values presented in the figures are 

amplifications factors to the individual 1/3 octaves in linear 

scale. The results are sorted into the four frequency intervals 

namely, 0-20Hz, 20-40Hz, 40-65Hz and 65-110Hz.  

The reason for sorting the transmission losses into theses 

interval is bases on already obtained data which have been 

analyses. This analyse showed that the transmission losses 

tended to fall in the four frequency intervals as noted above. 

Furthermore it shows that the amplification was link to the 

eigenfrequency of the floor. 

In comparison to the transmission loss from the ground to 

the foundation, then the result found for the transmission loss 

from the foundation to the different floors are nicely group in 

three frequency intervals, namely 20-40Hz, 40-65Hz and 65-

110Hz. From the Figure 9 and Figure 10 it's seen that none of 

the measured transmission losses falls within the 0-20Hz 

interval. 
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Figure 9. Transmission loss from foundation to ground floor, 

sorted after amplification in 4 pre-set frequency intervals. 
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Figure 10. Transmission loss from foundation to 1st. floor, 

sorted after amplification in 4 pre-set frequency intervals. 

For the ground floor it seems that most of the measured 

transmission losses falls within the 65-110Hz interval, see 

Figure 9, whereas for the 1st. floor there seems that the 

measured transmission losses is mainly distributed in the 40-

65Hz interval, whereas the rest is distributed between 20-

40Hz and 65-110Hz. 

Looking at the distribution of transmission losses within 

these intervals, it is seen that even though there is some 

deviation from the mean, then there is a definite trend within 

the groups shown in Figure 9 and Figure 10. 

4.2.2 Structural noise 

Structural noise was also measured during the measuring of 

the above shown transmission losses. 

As mentioned above the instrumentation setup was a 

microphone placed 1.2m above an accelerometer which was 

placed on the floor.  

The data from the both sensors was analyses and converted 

into 1/3 octaves running from 10Hz to 160Hz, in dB, which is 

the range defining the structural sound in Denmark, Erro! A 

origem da referência não foi encontrada.. 

The data recorded by the microphone have been A-weighted 

and the data from the accelerometer have been KB-weighted. 

Figure 11 and Figure 12 shows the relationship between the 

structural noise and the measured vibration level on the floor, 

which was found for a concrete floor and at wooded floor 

respectively.  

The plots show the weighted total band power which have 

been normalized with the floor area of the room in which the 

measurements was obtained. 

The total band power(LAeq and Law) used for producing 

Figure 11 and Figure 12 is calculated by:  61/1020 exLog  

where x is given by 


n

i

iOctave

1

2 , were i  is the Octave bin 

running from 10Hz to 160Hz and the octaves is either A-

weighted or KB-weighted.  
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Figure 11. Relation between acceleration and sound pressure 

measured on a concrete floor 

Making a linear fit to the data found on a concrete floor, 

which is presented in Figure 11, result in the expression for 

predicting the A-weighted sound pressure as a function of the 

KB-weighted acceleration and the rooms floor area, see 

equation (4). 

 

flooraw ALLAeq 7666.00.8136   (4) 
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Figure 12. Relation between acceleration and sound pressure 

measured on a floor made out of wood. 

The distribution and the of number data points for the wood 

floor makes it difficult to say anything certain about the 

relationship, but under the assumption that it following the 

same trend as for the concrete floor the following has been 

found. Making a linear fit to the data found on a wooded 

floor, which is presented in Figure 12, result in the following 

expression for predicting the A-weighted sound pressure as a 

function of the KB- weighted acceleration and the rooms floor 

area, see equation (5). 

.  

flooraw ALLAeq 4061.00.5847   (5) 

 

Looking at the measurement in a combined plot yields the 

result shown in Figure 13 and equation (6). 
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Figure 13. Relation between acceleration and sound pressure 

measured on floors made out of wood and concrete. 

 

flooraw ALLAeq 3709.00.7707   (6) 

 

More measurements in room with floors made of wood 

needs to be performed in order to say if there are different 

expressions as shown in equation (4) and (5) for different 

floor types or if a combined expression can be made as shown 

in equation (6). 

 

5 MODEL PREDICTIONS  

In the following a presentation of measured and model 

predicted Human comfort levels and structural noise is given.  

5.1 Human comfort level bases on measurements. 

Looking at measurements performed at a house located about 

30 meters from the rail track; the following human comfort 

level is calculated from measured data obtained in the ground 

floor and at the 1st floor. The measurements were performed 

during the fall of 2012 and the values are given as a 95% 

confidence interval. 

 

• Ground floor: 72.9 dB(KB)  

• 1st floor: 76.5 dB(KB)  

 

The house is a single family house and the first mode for both 

floors falls within the interval of 20 Hz to 40 Hz. The data 

used to calculate the human comfort level originates from 

passing train of the type MF, also called IC3, and the rail track 

itself was situated about one meter above the surrounding 

landscape. 

5.2 Human comfort level bases on model predictions 

Using the model and inputting parameters which corresponds 

to the case described above yields the following results, also 

presented in a 95% confidence interval: 

 

• Ground floor: 71.7 dB(KB)  

• 1st floor: 77.6 dB(KB) 

 

5.3 Comparison of measured and predicted human 

comfort 

For the presented case we have a good agreement between the 

measured and the predicted human comfort level. The 

differences for the two floors were found to be: 

 

• Ground floor:  1.2 dB 

• 1st floor: -1.1 dB 

 

5.4 Structural noise level bases on measurements. 

Using a passing train as the vibration source the following 

noise and floor vibrations was measured in the same room. 

The room has a concrete floor with an area of 5.95m2. The 

room was empty but has a door leading outside with a large 

window, which was cover with Rockwool to minimize 

airborne sound. 

 

• Floor vibration level: 58.29 dB(KB) 

• Noise level:  34.27 dB(A) 

 

5.5 Structural noise level bases on model predictions 

Using equation (4) and the floor vibration level mention above 

result in the following prediction of the structural noise.  

 

• Predicted noise level: 42.9 dB(A) 

 

5.6 Comparison of measured and predicted noise level 

Looking at the measured and predicted noise level, it's found 

that there is a relative large difference of about 9 dB in over 

estimating the measured value.  

Looking at the measurements which was used in deriving 

the model in compassion to the measurements used in 

prediction the noise level shows a discrepancy which seems to 

be the reason to the offset in the predicted value, see Figure 14 

and Figure 15. 

 

0,00E+00

5,00E-05

1,00E-04

1,50E-04

2,00E-04

2,50E-04

3,00E-04

3,50E-04

10 100

Hz

Accelerometer

Microphone

 

Figure 14. Measurements used in deriving the prediction 

model. 
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Figure 15. Measurements used in predicting the noise level. 

A deeper analysis of is discrepancy is still ongoing. 

  

6 CONCLUSION 

Using a general empirical model for vibration transferring 

from a source to a location, the human comfort level is 

calculated in a 95% confidence interval. Furthermore a linear 

relationship between the structural noise and the vibration on 

the floor has been presented.  

 

A comparison between the values obtained from a calculated 

95% confidence interval and the measured values shows a 

good agreement between the model and measured values. The 

difference is within ±1.2 dB for the case presented in this 

paper. 

 

A comparison of measured noise level and predicted noise 

levels has shown a relative large discrepancy. A deeper 

analysis of why discrepancy is found is still ongoing. 
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ABSTRACT: Railway turnouts feature a switch panel and a crossing panel that are connected by a closure panel. Dynamic 

interaction between the vehicle and the track is more complex when compared to tangent or curved tracks. Large wheel-rail 

impact loads with significant contributions from high-frequency vehicle-track interactions are generated when the nominal 

wheel-rail contact conditions are disturbed at various locations, i.e. during wheel transfer from wing rail to crossing nose [1]. 

The impact load at the crossing nose may be a significant contributor to ground vibration and noise. The switch panel and the 

crossing panel are the most important locations for the generation of ground vibrations as they feature changes in the rail cross-

section, the track curvature, track irregularities and track stiffness variations [2]. Vibration mitigation measures such as soft 

under sleeper pads are assumed to influence the train-track interaction significantly. 

Optimization and improvement of current turnout designs requires an advanced understanding of the dynamic interaction 

mechanisms between vehicle and track. In the present paper, the influence of the rail profiles on the excitation of vibrations is 

investigated for different turnout geometries by evaluating axle box acceleration measurements. Measurements show the 

influence of the crossing panel geometry on the acceleration of the wheel-sets. Axle box acceleration measurements at 

representative turnout crossing speeds are analyzed to quantify the influence of under sleeper pads on the wheel-rail interaction. 

 

KEY WORDS: Train-Track Interactions, Axle Box Acceleration Measurements, Turnouts 

 

1 INTRODUCTION 

In railway networks, crossings and turnouts are key 

components to guarantee modularity and flexibility. Turnouts 

are used to allow two rail tracks to intersect at the same level. 

These turnouts contain a switch panel and a crossing panel, 

connected by a closure panel, as illustrated in Figure 1. The 

dynamic interaction between vehicle and track is more 

complex during a turnout crossing when compared to a 

normal track. Wheel-rail interactions with large amplitudes 

and significant contributions from high-frequency vehicle-

track interactions are generated when the nominal wheel-rail 

contact conditions are disturbed by a turnout, i.e. during wheel 

transfer from wing rail to crossing nose. The impact load at 

the crossing nose is assumed to be a significant source for 

ground vibration and noise [1]. 

 

 

Figure 1: Schematic Drawing of Turnout Components, [3] 

The switch panel and the crossing panel are assumed to be 

the most important sources for ground vibration as they 

feature changes in the rail cross-section, in the track curvature 

and in the track stiffness [2]. At the point of the intersection, 

the change in wheel-rail contact is quite abrupt, leading to 

impacts and jumps of the wheels. In contrast to normal track 

superstructure, where train-induced vibrations are mainly 

related to track irregularities, the vibratory response of 

turnouts is dominated by impacts [4]. 

2 OBJECTIVE & MOTIVATION 

Turnout maintenance, involving safety aspects, is one of the 

main concerns of railway infrastructure owners besides the 

strong need of reducing their vibro-acoustic impact. 

The objective of the present work is to use existing axle box 

acceleration measurement data to investigate the vehicle-track 

interactions for different turnout locations, turnout types (i.e. 

radius, with/without under sleeper pads) and the influence of 

maintenance work and wear on the resulting axle box 

acceleration levels during a turnout crossing. The influence of 

maintenance work and the degradation of the turnout over 

time on the resulting acceleration levels of the wheel-set are 

examined using data acquired from 2009 to 2013 by the Swiss 

Railways, SBB, for different turnout geometries. 

It is assumed that higher vehicle-track interaction 

amplitudes result in stronger turnout wear and higher ground 

vibration levels. Therefore, the optimization and improvement 

of current turnout designs towards lower vibro-acoustic 
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impacts and reduced maintenance costs requires an advanced 

understanding of the dynamic interaction mechanisms 

between vehicle and track. 

3 EXPERIMENTAL SET-UP 

The Swiss Railways, SBB, is performing track condition 

monitoring measurements twice a year since 2007 on a 

significant part of the railway infrastructure. These regular 

tests also consist of lateral and vertical axle box as well as 

lateral bogie acceleration measurements. For the 

measurements, an EW Type IV wagon is equipped with Setra 

Model 131A acceleration sensors with a range of ±30g, as 

illustrated in Figure 2. The acceleration sensor signals are 

filtered with an anti-aliasing filter (Butterworth low-pass at 

200Hz) and acquired with a sampling rate of 1kHz. 
 

 

Figure 2: Axle box equipped with lateral and vertical 

acceleration sensors [5] 

 

Two different axle boxes (front and rear bogie) on the 

measurement wagon are instrumented with acceleration 

sensors on both sides of the axle. Sensors signals are used for 

the investigation on the side of the axle where the crossing 

nose is touched. 

4 RESULTS 

 Investigated Turnout Types 4.1

In the present paper, resulting axle box acceleration 

amplitudes for two different turnout geometries, one with a 

radius of 900m (EW VI-900-G/B-1:19-F/Be,R(T) type) and 

one with a radius of 300m (EW VI-300-G-1:19-F/Be,R(T) 

type) are discussed. For the turnout with a radius of 900m the 

effect of under sleeper pads, USP, on the resulting dynamic 

vehicle-track interaction is investigated.  

 Crossing Speed Dependent Spatial Resolution 4.2

With a constant sampling rate of 1kHz and a varying 

turnout crossing speed the resulting spatial/temporal 

resolution of the dynamic vehicle-track interaction differs 

depending on the actual train speed. Therefore, in the present 

paper only measurements at a turnout crossing speed of 

150km/h – 160km/h are used to compare the dynamic vehicle-

track interaction levels for the different turnout types and 

turnout conditions. 

Typical acceleration sensor raw signals are shown in Figure 

3. The measured acceleration amplitudes on axle box 1 (front 

bogie) and axle box 2 (rear bogie) on the same wagon are 

plotted relative to time. The corresponding frequency content 

from a turnout crossing is shown in Figure 4. The interaction 

of the wheel-set with the turnout does not show up as a sharp 

impulse type excitation in the acceleration sensor raw signal 

followed by a decay of the acceleration amplitude. There is an 

interaction event with high acceleration amplitudes over a 

certain time interval instead. 
 

 

Figure 3: Acceleration Sensor Signal in Vertical Direction 

In the corresponding frequency content the effect of the 

Butterworth low-pass filter at 200Hz is clearly observable in 

the acceleration sensor signal spectrum. The peak amplitude is 

visible at 122.6Hz caused by the excitation of the axle box by 

the crossing panel. The content from about 65Hz to about 

70Hz in the spectrum is assumed to be the result of the nearly 

periodic excitation due to stiffness variations of the rail 

supported by a sleeper versus unsupported rail between the 

sleepers (parametric excitation). A nominal turnout crossing 

speed of 160km/h and a response at 70Hz leads to a realistic 

sleeper spacing of about 0.6m. 
 

 

Figure 4: Frequency Content in the Acceleration Sensor 

Signal in Vertical Direction 

 Peak Acceleration Amplitudes 4.3

In a first comparison, peak acceleration amplitudes are used 

to draw conclusions about the effect of the turnout radius and 

the installation of soft under sleeper pads on the resulting axle 

box acceleration amplitudes, both in vertical and lateral 

directions. 

In Figure 5 the measured peak acceleration amplitude in 

vertical direction for measurements performed from 2009 till 

2012 are shown. The measured maximum acceleration 

amplitudes in vertical direction for four EW VI-900-G/B-

1:19-F/BE,R(T) turnout types with a radius of 900m are 

illustrated for the acceleration sensor on the axle box side 

where the wheel touches the crossing nose. The peak 

acceleration amplitudes were normalized with the measured 

maximum acceleration amplitude in vertical direction 

throughout the whole measurement period and for all the 

different turnout types. Turnouts 1 and 2 represented in Figure 

5 are equipped with under sleeper pads whereas turnouts 3 

and 4 are not equipped with under sleeper pads. The four 

turnouts are all installed at the same location in the railway 
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network. The turnouts were all installed in 2005 and show the 

same maintenance state. In 2010 rail grinding was performed 

but as can be seen in Figure 5 the rail grinding has no 

significant effect on the dynamic vehicle-turnout interaction 

levels. However, there is an effect of rail grinding on the 

acceleration amplitudes on normal track in the close vicinity 

to the turnouts [5]. The root mean square values of the 

acceleration amplitudes in vertical direction on normal track 

decreased after rail grinding was applied. 

 
 

 

Figure 5: Measured Maximum Acceleration Amplitudes, 

Vertical Direction, EW VI-900-G/B-1:19-F/Be,R(T) Type 

 

The resulting maximum acceleration amplitudes in vertical 

direction on the axle box for the measurements performed in 

January 2009 and in May 2009 show a tendency for higher 

acceleration amplitudes for turnouts 1 and 2 equipped with 

under sleeper pads and lower amplitudes for turnouts 3 and 4 

without under sleeper pads. However, this trend is not found 

for the whole series of measurement results. In the three data 

sets from April 2011 to July 2012 turnout 1 tends to show 

highest amplitudes and the crossing of turnout 3 resulted in 

lowest peak acceleration amplitudes. In June 2010 two 

measurements were performed. The results show deviations in 

peak acceleration amplitudes of more than 15% except for 

turnout 1. This difference should be interpreted as a 

measurement uncertainty and needs to be taken into account 

in the comparison of different turnout types. 

 
 

 

Figure 6: Averaged Maximum Acceleration Amplitudes, 

Vertical Direction, EW VI-900-G/B-1:19-F/Be,R(T) Type 

 

In Figure 6 the averaged normalized maximum acceleration 

amplitude in vertical direction is plotted including the 

standard deviation represented as error bars. Although the 

number of samples for the statistical analysis is rather low 

with 8 measurements the results show the trend to higher peak 

acceleration amplitudes by a factor of about 1.15 for turnouts 

1 and 2 with under sleeper pads when compared to turnouts 3 

and 4. The standard deviation was found to be in a 

comparable range for the four data sets (5.6% - 7.8%). 
The effect of the turnout radius on the resulting vertical axle 

box acceleration amplitudes is illustrated in Figure 7. Turnout 

5 and turnout 7 are of the EW VI-900-G/B-1:19-F/Be,R(T) 

type with a radius of 900m whereas turnout 6 is a EW VI-300-

G-1:19-F/Be,R(T) type with a radius of 300m. Turnout 5 was 

replaced by a newly developed turnout equipped with under 

sleeper pads in November 2012. All the three turnouts are 

installed at the same location in the railway network. 

 

 

Figure 7: Measured Maximum Acceleration Amplitudes, 

Vertical Direction, EW VI-900-G/B-1:19-F/Be,R(T) and EW 

VI-300-G-1:19-F/Be,R(T) Type 

 

In general, turnout 6 with a radius of 300m tends to result in 

highest peak acceleration amplitudes in vertical direction. 

Turnout 6 with a radius of 300m shows the trend to a decrease 

of the maximum acceleration amplitudes in vertical direction 

from 2009 to 2013. An explanation for this trend could not yet 

be found. Turnouts 5 and 7 show stable interaction levels for 

the same time period. From 2010 to 2012 turnout 7 caused 

higher acceleration amplitudes when compared to turnout 5. 

This tendency changes for the measurements done in 2013 

where turnout 5 was replaced by a newly developed turnout 

with under sleeper pads. The measurements performed in 

January 2013 show higher and the measurements performed 

in July 2013 show similar peak acceleration amplitudes for the 

newly installed turnout when compared to turnout 7.   

 

 

Figure 8: Averaged maximum Acceleration Amplitudes, 

Vertical Direction, EW VI-900-G/B-1:19-F/Be,R(T) and EW 

VI-300-G-1:19-F/Be,R(T) Type 
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Turnouts 5 and 7 with a radius of 900m show the tendency 

to result in comparable acceleration amplitudes in average. 

Overall, turnout 5 causes 6% - 7% lower averaged maximum 

acceleration amplitudes in vertical direction when compared 

to turnout 7. The two measurements performed in June 2010 

show a deviation between the two data sets of up to 10%. 

Again this variation of the measured maximum acceleration 

amplitudes on the axle box can be interpreted as measurement 

uncertainty, strongly influenced by the spatial and temporal 

resolution due to the data acquisition system with a sampling 

rate of 1kHz. 

This is confirmed in Figure 8 where the averaged 

normalized maximum acceleration amplitudes are plotted for 

turnout 5, turnout 6 and turnout 7. The standard deviation for 

turnout 6 with a radius of 300m is larger than 23%. The 

reason for the large standard deviation can be seen in Figure 7 

where the peak acceleration amplitudes were higher by more 

than 60% for the measurements performed in January and 

May 2009 in comparison to the measurements performed 

from 2010 to 2013. 

The effect of the turnout radius on the resulting lateral axle 

box acceleration amplitudes is done based on measurement 

results for turnouts 5, 6 and 7. Figure 9 illustrates the averaged 

maximum acceleration amplitudes in lateral direction for 

turnout crossings from 2009 till 2013 for the non-deviated 

turnout pass-by. 

 

 

Figure 9: Averaged Maximum Acceleration Amplitudes, 

Lateral Direction, EW VI-900-G/B-1:19-F/Be,R(T) and EW 

VI-300-G-1:19-F/Be,R(T) Type 

 
The acceleration amplitudes are normalized with the same 

reference value as for the amplitudes in vertical direction. 

Therefore, the results can be directly compared to the results 

presented for the vertical direction. 

Turnout 6 with a radius of 300m resulted in higher 

maximum acceleration amplitudes in lateral direction by a 

factor of 1.34 and 1.44 respectively. Turnout 5 shows 7.5% 

higher averaged peak acceleration amplitudes in lateral 

direction when compared to turnout 7. However, this 

difference in the averaged maximum acceleration amplitude in 

lateral direction is within the standard deviation for the 

present data set. In general, maximum acceleration amplitudes 

in vertical direction are larger by a factor of 4.5 to 6.8 when 

compared to the amplitudes measured in lateral direction. 

 Impulse Energy 4.4

A comparison based on peak amplitudes significantly 

depends on the temporal resolution of the impulse type 

interaction between axle box and track structure. With the 

measurement set-up used for the present data set the detailed 

sampling of the interaction event is limited by the sampling 

rate of the data acquisition system of 1kHz. At a nominal 

turnout crossing speed of 160km/h the spatial resolution is 

limited to approximately 0.044m. 

An approach to partially compensate for the risk of missing 

the peak acceleration amplitude during data acquisition (due 

to the limited sampling rate) is a comparison of the interaction 

levels of the axle box with the track structure based on 

acceleration signal energy levels. This approach also takes 

into account for slightly varying turnout crossing speeds for 

the different measurement runs. 

The vehicle-track interaction for normal track conditions is 

quantified by the root mean square value in the close vicinity 

of the turnout. However, the resulting rms-value strongly 

depends on the combined wheel-rail roughness level. 

Therefore, the resulting acceleration amplitudes for normal 

track conditions are influenced by the wheel condition of the 

measurement wagon. The measurement wagon is used for 

track condition monitoring purposes only and the wheel 

condition can be assumed to be constant for the measurement 

period from 2009 to 2013. 

In Figure 10 the normalized root mean square acceleration 

values for tracks with under sleeper pads and for tracks 

without under sleeper pads are presented. 

 

 

Figure 10: Normalized Root Mean Square Acceleration 

Values, Vertical Direction, Normal Track Condition near EW 

VI-900-G/B-1:19-F/Be,R(T) Type 

 

Normal tracks with under sleeper pads tend to result in 

higher root mean square acceleration values in vertical 

direction in the close vicinity of the turnouts. The rms-values 

for normal tracks without under sleeper pads were lower by 

about 44%.  

These root mean square values could be interpreted as 

background noise levels for the evaluation of the impulse 

energies presented in Figure 13. However, for the impact type 

interaction of the turnout geometry with the railway vehicle 

this background noise level is assumed to be negligible due to 

the comparably small amplitudes. As illustrated in Figure 4, 

the impulse excitation from the turnout is present at about 
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120Hz whereas the relevant contributions on the normal track 

are present at about 72Hz in the spectrum presented in Figure 

11 for the track with under sleeper pads and at about 74Hz for 

the track without under sleeper pads (see Figure 12). The two 

peaks in the rms-spectrum correspond to the sleeper spacing 

of about 0.6m. This quasi-periodic excitation of the axle box 

on normal track results in acceleration amplitudes in the order 

of 6m/s
2
 to 7m/s

2
. The response caused by the quasi-periodic 

sleeper excitation tends to be larger for the normal track with 

under sleeper pads as shown in Figure 11 and in Figure 12. 

The amplitudes at other frequencies than the quasi-periodic 

excitation frequency are assumed to be insignificant as their 

values are below 1.2m/s
2
. Another reason for neglecting the 

root mean square value in the calculation of the acceleration 

signal energy is the frequency dependent dynamic stiffness of 

the under sleeper pads. It is assumed that the stiffness of the 

under sleeper pads increases significantly for an impulse type 

dynamic loading of the pads. 

 

 

Figure 11: Acceleration Sensor Signal Spectrum, Vertical 

Direction, Representative for Normal Track with Under 

Sleeper Pads 

 

 

Figure 12: Acceleration Sensor Signal Spectrum, Vertical 

Direction, Representative for Normal Track without Under 

Sleeper Pads 

 

In the calculation of the impulse energy in the 

accelerometer signal, the contribution from the combined 

wheel-rail roughness and from the quasi-periodic excitation of 

the axle box by the sleepers is therefore not separately 

accounted for. 

The calculation of the impulse energy in the acceleration 

signal during the turnout crossing is done based on limits set 

by the rms-values before and after the crossing nose. The 

calculation is started at the location where the root mean 

square acceleration value over a window of 1m exceed the 

rms-values upstream of the crossing nose and are finished 

where the root mean square acceleration values over a 

window of 1m have decreased below the rms-value 

downstream of the crossing nose. The identification of the 

relevant stretch is illustrated in Figure 13. 

 

 

Figure 13: Relevant Stretch for Calculation of Signal Energy 

in Acceleration Signal 

 

The energy for a discrete signal si is calculated according to 

Equation 1 [6]: 

  

 ( ) 

 

 

In Figure 14 the resulting signal energy for the 

accelerometer signals in vertical direction is shown for 

turnouts 1 to 4 with a radius of 900m for measurements 

performed from 2009 to 2012. Turnouts 1 and 2 are equipped 

with under sleeper pads. 

 
 

 

Figure 14: Normalized Acceleration Signal Energy, Vertical 

Direction, EW VI-900-G/B-1:19-F/Be,R(T) Type 

 

In contrast to the comparison of peak acceleration 

amplitudes for the turnouts 1 to 4 in Figure 5, Figure 14 shows 

that for the signal energy, turnouts 1, 2 and 3 tend to result in 

higher energy content and turnout 4 in lowest energy levels in 

the accelerometer signal in vertical direction. This is also 

represented by mean acceleration signal energy levels, 

illustrated in Figure 15, for turnouts 1 to 4 for the 

measurements performed from 2009 to 2012. This trend is in 

good agreement with acceleration measurements at the turnout 

frog reported in [1]. The comparison of averaged peak 

acceleration amplitudes in vertical direction (see Figure 6) 

showed comparable amplitudes for turnouts 3 and 4. 

Furthermore, the standard deviation presented in Figure 15 is 

slightly reduced by using acceleration signal energy levels for 

the comparison of different turnout configurations instead of 
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peak acceleration amplitudes that strongly depend on the 

spatial/temporal sampling of the accelerometer signal. 

In the averaged acceleration signal energy there is no effect 

from the under sleeper pads observable in the resulting energy 

levels. In the comparison of maximum acceleration 

amplitudes in vertical direction, turnouts 1 and 2 equipped 

with under sleeper pads resulted in higher peak amplitudes. 

 

 

Figure 15: Averaged Normalized Acceleration Signal Energy, 

Vertical Direction, EW VI-900-G/B-1:19-F/Be,R(T) Type 

 

In Figure 16 the normalized acceleration signal energy 

levels are shown for turnouts 5 to 7. Turnouts 5 and 7 have a 

radius of 900m whereas turnout 6 has a radius of 300m. In 

terms of acceleration signal energy, turnout 6 with a small 

turnout radius resulted in highest energy levels. This tendency 

corresponds well with the comparison of peak acceleration 

amplitudes presented in Figure 7, where highest acceleration 

amplitudes were observed for the turnout with a radius of 

300m. 

 

 

Figure 16: Normalized Acceleration Signal Energy, Vertical 

Direction, EW VI-900-G/B-1:19-F/Be,R(T) and EW VI-300-

G-1:19-F/Be,R(T) Type 

 

The averaged normalized acceleration signal energy levels 

for turnouts 5 to 7 in Figure 17 show comparable levels for 

turnout 5 and for turnout 7. 

However, the comparison with turnouts 1 to 4 with the same 

turnout radius of 900m but installed at a different location in 

the railway network shows a significant difference in the 

resulting acceleration signal energy levels as well as in the 

resulting maximum acceleration amplitudes in vertical 

direction. The turnouts investigated in the present work are 

installed on the same line in the railway network. Therefore, 

the traffic mix can be assumed to be the same for all the 

turnouts. The significant difference in the resulting peak 

acceleration amplitudes and signal energy levels for similar 

types of turnouts but installed at different locations might be 

related to geological properties leading to different vehicle-

turnout interactions as well as geometric tolerances after the 

installation of the turnout modules. 

 

 

Figure 17: Averaged Normalized Acceleration Signal Energy, 

Vertical Direction, EW VI-900-G/B-1:19-F/Be,R(T) and EW 

VI-300-G-1:19-F/Be,R(T) Type 

 

 

5 SUMMARY & CONCLUSIONS 

 

Existing axle box acceleration measurement data for turnout 

crossings from 2009 to 2013 were analyzed to investigate the 

vehicle-track interactions for different turnouts (geometry, 

under sleeper pads). Higher vehicle-track interaction levels 

are assumed to result in stronger turnout wear and in higher 

noise and ground vibration levels. The optimization and 

improvement of current turnout designs towards lower 

maintenance costs and lower vibro-acoustic impacts requires 

an advanced understanding of the dynamic interaction 

between vehicle and track structure. 

Axle box acceleration amplitudes were measured using a 

measurement wagon equipped with accelerometers on two 

different axle boxes on the front and on the rear bogie. 

The comparison of peak acceleration amplitudes in vertical 

direction on the axle box showed the trend to higher peak 

amplitudes by a factor of about 1.15 for turnouts with under 

sleeper pads when compared to turnouts without under sleeper 

pads. 

Rail grinding was found to have no significant effect on the 

resulting dynamic interaction between turnout and axle box. 

However, rail grinding reduced the root mean square 

acceleration values on the track near the crossing nose. 

Normal tracks near the turnout equipped with under sleeper 

pads showed higher root mean square acceleration values in 

vertical direction. The root mean square acceleration values 

on the axle box in vertical direction for normal tracks without 

under sleeper pads were lower by about 44%. 

A turnout with a radius of 300m caused higher peak 

acceleration amplitudes on the axle box in vertical as well as 

in lateral directions when compared to the amplitudes caused 

by a turnout with 900m at the same location in the railway 

network (all measurements with a non-deviation pass-by). 
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Axle box acceleration amplitudes in lateral direction were 

larger by a factor of about 1.34 – 1.44 for a turnout with a 

radius of 300m in comparison to a turnout with a radius of 

900m. 

In general, peak acceleration amplitudes on the axle box are 

larger by a factor of about 4.5 – 6.8 in vertical direction when 

compared to the acceleration amplitudes on the axle box in 

lateral direction. 

The limited sampling rate of 1kHz of the data acquisition 

system used for the axle box acceleration measurements 

resulted in a spatial resolution of about 0.044m at a nominal 

turnout crossing speed of 160km/h. Therefore, the 

investigation of the dynamic vehicle-turnout interaction was 

also done based on acceleration sensor signal energy levels. 

This approach partially compensates for the rather low spatial 

resolution and decreases the risk of missing the peak 

acceleration amplitude on the axle box caused by the impulse 

type excitation from the turnout. 

The comparison of vertical axle box acceleration amplitudes 

based on acceleration signal energies was in good agreement 

with frog acceleration measurements performed at the same 

turnouts. The comparison of the axle box acceleration 

amplitudes based on peak values did not match with the 

turnout frog acceleration measurements. 

The acceleration signal energy in vertical direction averaged 

over several turnout crossings does not show any effect of the 

under sleeper pads on the resulting energy level when 

compared to the same turnout geometry at the same location 

in the railway network but without under sleeper pads. The 

frequency dependent dynamic stiffness of the under sleeper 

pads and their influence on the dynamic vehicle-turnout 

interaction needs to be further investigated. 

The comparison of axle box acceleration amplitudes for 

similar turnout geometries but installed at different locations 

in the railway network showed significant differences in the 

peak acceleration amplitudes as well as in the acceleration 

signal energy during turnout crossing. The turnouts are 

installed at different locations in the railway network but on 

the same line. Therefore, the traffic mix is assumed to be same 

for the two turnout locations. Differences in the dynamic 

vehicle-turnout interaction levels may be found in the 

geological properties leading to different vehicle-turnout 

interactions as well as in geometric tolerances after the 

installation of the turnout. 
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ABSTRACT: Mitigation measures against railway vibration in buildings consist of elastomeric mounts or springs inserted 

between building foundations and upper-structures. This paper aims at predicting and checking on site the field performances of 

such mitigation measures expressed as a power flow insertion gain. The predicted performance is estimated from the mobilities 

of the isolation mounts (given by the manufacturer) and the mobilities of the supporting building structures, obtained either from 

measurements or from calculation using a ground structure vibration model (CSTB MEFISSTO software). The “on site” 

performance is estimated from velocity measurements on both sides of the isolator. Both compressional and shear wave 

transmissions into building are discussed. The approach is numerically validated in the simple case of a 2D building on 

homogeneous ground excited by any surface activity and its limits are identified. 

KEY WORDS: railway vibration; mitigation measures in buildings; power flow insertion gain. 

1 INTRODUCTION 

Mitigation measures against railway vibration in buildings 

consist of elastomeric mounts or springs inserted between 

building foundations and upper-structures. The method for 

predicting their performances is usually simplistic and based 

on the dynamic transmissibility of a single degree of freedom 

mass-spring oscillator. A more realistic way of assessing 

isolation performance has been proposed in [1], where the 

performance is expressed as a power flow insertion gain (thus 

allowing several degrees of freedom), estimated using a 2D 

“building on pile” model.  

The approach discussed below predicts the performance of 

isolation mounts in terms of a power flow insertion gain 

estimated from the mobility of the isolation mounts (given by 

the manufacturer) and the mobilities of the supporting 

building structures, obtained in this paper from calculation 

using a ground structure vibration model (CSTB MEFISSTO 

software). The approach also includes an “on site” checking 

of the isolator performance. The method is then numerically 

validated in the simple case of a 2D building on homogeneous 

ground excited by surface activity (vertical force applied on 

ground surface).  

2 PERFORMANCE PREDICTION 

2.1 Performance definition 

The mitigation measure consists in inserting an isolator 

between source (building foundations) and receiver (building 

upper-structure) as show in Figure 1; the performance can be 

expressed as in [1] as a Power Flow Insertion Gain (PFIG) in 

dB defined from the ratio between the vibration power flows 

transmitted to the receiver with and without the isolator: 

 )/lg(.10 unisolisolPFIG   (1) 

 

 

Figure 1. Source-receiver isolated system. 

2.2 Performance prediction 

Assuming a one degree-of-freedom (dof) source receiver 

system, source, receiver and isolator can then be characterized 

by their mobility Y (ratio between velocity response and force 

applied) as show in Figure 2. 
 

  

Π unisol 

Ys Yr 

  

Π isol 

 Ys Yd Yr 

vc 

vc’ vr 

 

Figure 2. One degree of freedom source-receiver isolated 

system. 

Contact velocity vc, contact force fc and power transmitted 

∏unisol can be expressed in terms of the source free velocity vL 

(source velocity when not connected to the receiver) and the 

source and receiver mobilities as [2]: 

 )/( RSLc YYvf   (2) 

 )/(. RSRLc YYYvv   (3) 

 
22

, /)Re(. RSRrmsLunisol YYYv   (4) 

All the quantities in equations (2) and (3) are complex. 

The same equations can be written for the isolated system (of 

mobility YR’ = Yd+YR): 
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 )'/(' RSLc YYvf   (5) 

 LRSRLc vYYYvv  )'/('.'  (6) 

since YR’ is supposed to be large compared to YS.  

Assuming the mass of the isolator negligible, the contact 

force fc’ is transmitted to the receiver, leading to: 

 RrRSLc YvYYvf /)'/('   (7) 

which allows calculating ∏isol: 

 
22

, '/)Re(.*)'.Re(
2

1
RSRrmsLrcisol YYYvvf   (8) 

The PFIG can then be deduced from equations (4) and (8) 

and estimated as:  

 )/lg(.10
22

dRSRS YYYYYPFIG   (9) 

This PFIG estimation allows predicting the isolation 

performance, assuming the mobility of the source, the receiver 

and the isolator are known.  

 

2.3 On site performance test 

Assuming again a one dof source receiver system, the PFIG 

can also be expressed in terms of the isolator upstream and 

downstream velocities (respectively vc’ and vr), which can be 

measured on site, thus allowing checking the isolator 

performance on site.  

The powers ∏isol and ∏unisol can be written as: 
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which leads to: 
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Expressing vc as a function of vc’ from equations (3) and (6) 

leads to: 
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This PFIG expression allows checking the isolation 

performance on site from measurements of the isolator 

upstream and downstream velocities and assuming the 

mobility of the source and the receiver are known.  

2.4 Multi dof source receiver systems 

In the case of multi dof source-receiver systems involving 

both longitudinal and bending wave transmissions, similar 

transmitted powers (as in section 2.2) can be calculated for 

each dof, (assuming no correlation between dof) and added to 

obtain the total power; however the resulting PFIG expression 

becomes much more complicated and difficult to predict, 

since it not only depends on the mobilities, but also on the 

source free velocities.  

In the case of multi dof source-receiver systems involving 

several contact points between source and receiver, the total 

power transmitted at each contact point can be expressed in 

terms of the source and receiver effective mobilities [4], 

which can be approximated from the knowledge of both input 

and transfer mobilities; the powers and the resulting PFIG are 

therefore more difficult to predict. 

3 NUMERICAL VALIDATION 

3.1 Ground building model 

A 2D ground building model has been used for validation; the 

calculations are fast and 2D configurations are realistic 

enough, corresponding to cases, where isolation mounts are 

distributed along walls.  

 

 

Figure 3. 2D ground building configurations considered 

The 2D configurations given in Figure 3 have been used to 

numerically estimate the following quantities: 

- the ground-building configuration in Figure 3a allows 

estimating the building floor velocities for a given  ground 

excitation (green arrow). If an elastic layer is inserted, the 

corresponding floor velocity attenuation represents then the 

vibration attenuation perceived by the inhabitants (usually 

measured at floor mid span according to ISO standards [5]). 

The configuration with isolator also allows estimating the 

isolator upstream and downstream velocities in order to check 

the performance as indicated in section 2.3. 

- the ground-foundations configuration in  Figure 3b allows 

estimating the source free velocity (velocities on top of the 

foundations) as well as the source mobility YS (ratio 

velocity/force when a force is applied on top of the 

foundation). 

- the disconnected building upper-structure in Figure 3b 

allows estimating the receiver mobility YR (ratio 

velocity/force when a force is applied at the foot of the upper-

structure). 

In this (rather far apart) two contact point source receiver 

system, the source and receiver transfer mobilities are 

supposed to be small compared to the source and receiver 

input mobilities respectively, so that each contact point can be 

studied independently and characterized by the source and 

receiver input mobilities only; this assumption is probably not 

correct at very low frequencies.  

3.2 FEM BEM approach 

The CSTB BEM-FEM ground structure vibration interaction 

model (MEFISSTO software, [6]) has been used. With the 

FEM (Finite Element Method) the entire domain considered is 
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meshed whereas with the BEM (Boundary Element Method) 

only the domain boundaries are meshed which in 2D leads to 

meshing simple contours. The basic configuration consists of 

a half space ground (BEM approach) and a building (FEM) 

with building elements either underground or above ground. 

Although the ground surface is of infinite extend, in practice 

only a limited portion of it is meshed beyond the area of 

interest; this is possible because of the strong absorption in the 

ground. Continuity of displacement and stress is assumed at 

common boundaries between domains. 

FEM and BEM calculations are performed in narrow 

frequency bands, but all the frequency spectra given in this 

paper are expressed in a more robust way in 1/3 octave bands 

and obtained by energy summation of the narrow band results 

within each 1/3 octave band for velocities, and by applying 

the following equation for mobility magnitudes: 

 



N

i

ioct YNY
1

22

3/1 )/1(  (14) 

  (assuming N narrow bands in the 1/3 octave band 

considered).  

  

3.3 Geometry and material characteristics 

Details of the geometry of the ground-building configuration 

studied are given in Figures 4a and b; nine node FEM 

elements and two node linear BEM elements have been used.  

 

Figure 4a. Ground building configuration: geometry 

 

 

Figure 4b. Elastic layer: details; thickness: 6cm 

 

The material characteristics associated with the half space 

homogeneous ground, the concrete structures and the elastic 

layer are given in Table 1.  

 

 

 

 

 

Table 1. Material characteristics 

 Young 

modulus 

Loss 

factor 

density Poisson 

ratio 

ground 270 MPa 0.10 1500 kg/m3 0.26 

structures 28 GPa 0.01 2400 kg/m3 0.15 

Elastic layer 6 MPa 0.10 1100 kg/m3 0.26 

 

The elastic layer dynamic stiffness K has been chosen as 

follows:  

 eSEK /.  (15) 

where E is the Young modulus given in Table 1, S the layer 

surface area (0.18 x1 m2 in the 2D geometry chosen) and e its 

thickness (6cm), which leads to K=18000 kN/m per meter 

length for each contact point. The weight of the upper-

structure is close to M=4750 kg per meter length for each 

contact point, which leads to the following resonance 

frequency (assuming the upper-structure a lump mass):  

 HzMKfr 10/).2/1(    (16) 

 

3.4 Dominant wave type 

Using the model, the power transmitted to the upper-structure 

can be estimated directly from stress and velocity at the 

contact points, and be separated into longitudinal (vertical) 

and bending wave powers. The longitudinal and bending wave 

powers transmitted without elastic layer to the upper-structure 

with a excitation force of 1N/m applied to the ground surface 

at 10 m from the building are compared in Figure 5.  

 

Figure 5. Power transmitted to the upper-structure (no 

isolator) in 1/3 octave bands (dB ref. 10-12 Watt); longitudinal 

waves (red curve), bending waves (black curve) 

 

The longitudinal wave power is dominant (about 10 dB 

higher), which allows using the estimations developed in 

section 2 applied to longitudinal waves. All the PFIG results 

given below have been obtained by applying the equations of 

sections 2.2 and 2.3 to the (dominant) longitudinal (vertical) 

waves at the contact points.  

 

3.5 Floor vibration attenuation 

As explained in section 3.1, the floor velocity can be 

estimated with and without isolator using the 2D model 
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applied to the configuration given in Figure 3a, thus leading to 

the vibration attenuation perceived by the inhabitants. Figure 

6 shows the two floor velocity levels at mid span before and 

after mitigation and Figure 7 shows the corresponding 

attenuation (negative insertion gain). 

 

Figure 6. Floor velocity levels at mid span before and after 

mitigation 

 

 
Figure 7. Floor velocity attenuation (negative insertion gain) 

at mid span in 1/3 octave bands  

 

The results show a strong modal response of the isolated 

upper-structure between 25 and 31.5 Hz. 

3.6 Reference PFIG 

A reference PFIG can be determined from the (usually 

unknown) contact velocity vc (without isolator) and the 

upstream velocity vr (with isolator) using equation (12). This 

reference PFIG is given in Figure 8 for the two contact points; 

similar results are obtained. The results show that a significant 

insertion gain (-6 dB) is obtained from 1/3 octave 31.5 Hz. 

The isolator resonance at 12 Hz is clearly seen. 

 
Figure 8. Reference PFIG determined from equation (12) 

for the two contact points (left and right) in 1/3 octave bands 

3.7 Predicted PFIG  

The PFIG estimate developed in section 2.2 allows predicting 

the isolator performance from the mobility of the source YS 

(foundations), the receiver YR (upper-structure) and the elastic 

layer Yd. YS and YR have been numerically calculated using 

the model and Yd has been determined either using the model 

or from the dynamic stiffness K of the elastic layer as: 

 KjYd /  (17) 

The magnitudes of all the mobilities required are given in 1/3 

octave bands in Figure 9. 

 

 
Figure 9. 1/3 octave mobility magnitudes used to predict the 

PFIG of the elastic layer 

 

The resulting PFIG calculated from equation (9) is given in 

Figure 10. 

 
Figure 10. PFIG predicted from equation (9) in 1/3 octave 

bands 

 

3.8 “On site” PFIG 

The model allows estimating the isolator upstream and 

downstream velocities in order to check its performance as 

indicated in section 2.3. Equation (13) is then calculated from 

the velocities and mobilities determined by the model, leading 

to the PFIG shown in Figure 11 for the two contact points; 

similar results are obtained, except at the resonance 

frequency. 

 
Figure 11.  “On site” PFIG determined from isolator 

upstream and downstream velocities (equation (13)) in 1/3 

octave bands 
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3.9 Comparison between the different PFIG estimates 

The predicted PFIG (from section 3.7) and the “on site” PFIG 

(from section 3.8) are compared to the reference PFIG (from 

section 3.6), as well as to the well-known dynamic 

transmissibility of the “equivalent” single degree of freedom 

mass-spring oscillator; the results are given in Figure 12 in the 

case of the left contact point. 

 
Figure 12. Comparison between the PFIG estimates (in red) 

and the reference PFIG (in black); the transmissibility of the 

mass-spring oscillator (in green) is also given   . 

 

The results show that (i) the transmissibility of the 

equivalent mass-spring oscillator really overestimates (of 

about 10 dB) the performance of the isolator, (ii) the “on site” 

PFIG, determined from measurements of the isolator upstream 

and downstream velocities is a very good estimate, (iii) the 

predicted PFIG overestimates the isolator performance, 

slightly at low frequencies, and more in the upper frequency 

range; nevertheless, this prediction is better than using the 

transmissibility of the equivalent mass-spring oscillator. 

3.10 PFIG and floor velocity attenuation 

The reference PFIG (from section 3.6) is now compared to 

the floor velocity attenuation at mid span (from section 3.5); 

the results are given in Figure 13, showing that the 

(calculated) modal response of the floor is rather rough and 

oscillates around the reference PFIG.   

 
Figure 13. Comparison between the reference PFIG in dB 

(in black) and the floor velocity attenuation at mid span (in 

red); the transmissibility of the mass-spring oscillator (in 

green) is also given    

 

3.11 Useful approximations 

In the equations estimating the predicted and “on site” PFIG, 

respectively (9) and (13), the mobility terms are difficult to 

estimate because they are complex quantities. Expressions 

using only mobility magnitudes would be easier to estimate 

(by measurement or calculation). 

Figure 9 shows that the magnitude of YS+YR is close to the 

sum of the magnitudes of YS and YR, thus leading to the 

following approximation for the “on site” PFIG: 
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Figure 9 also shows that the same approximation can be 

applied to the magnitude of YS+YR+Yd but only above 20 Hz: 
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(19) 

At 20 Hz and below, around the isolator resonance 

frequency, complex mobilities shall be used to correctly 

estimate equation (9) and consequently equation (19) is not 

valid; Figure 14 compares these two equations and clearly 

shows the limits of the approximation. 

 
Figure 14. Comparison between the PFIG predicted from 

equation (9) (in black) and the approximation using equation 

(19) (in red) 

4 CONCLUSION 

In this paper a method for predicting and checking on site the 

performance of isolators inserted in buildings for protection 

against environmental vibration has been proposed. The 

prediction requires the knowledge of the longitudinal 

(vertical) input mobility of the building foundations, the 

building upper-structure and the isolator; the method 

overestimates a little the performance. Measuring on site the 

isolator upstream and downstream velocities leads to another 

estimate of the isolator performance, more precise than the 

prediction. The results also show that the well-known 

dynamic transmissibility of the equivalent one degree of 

freedom oscillator overestimates the isolator performance. 

The method was numerically validated using a 2D FEM BEM 

ground building model, which showed the limits of the 

method, particularly if only mobility magnitudes are used in 

the prediction. The use of this simple method is only possible 

if the power is transmitted to the receiver through a dominant 

wave type and if the contact points or lines between source 

and receiver are far apart (uncorrelated) and can therefore be 

treated separately.           
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ABSTRACT: It is well know that constant loads moving with a constant velocity on uniform beams supported by uniform 

foundations may lead to significantly different dynamic behaviors depending on the velocity magnitude; for some velocity 

ranges the oscillation amplitudes may become very large, thus endangering the structural and passengers safety. This paper 

presents a study on the dynamic response of beams on an elastic foundation, subjected to moving loads. The response of the 

system is studied for three types of mechanical behavior of the foundation: (a) linear elastic (classic Winkler model), (b) 

nonlinear elastic and (c) bilinear elastic (i.e., with different behavior in tension and compression). Peak velocities are determined 

for beams with or without damping, on uniform foundations or foundations composed of two sub-domains with different values 

of stiffness. The effects of the load velocity and foundation stiffness are investigated. In the case of non-uniform linear 

foundations, a very good agreement is obtained between the results of the model and the analytical results available in the 

literature. The goal of this study is to generalize, for more realistic foundation behaviors, the analyses obtained by other authors. 

KEY WORDS: Elastic foundation; Moving load; Dynamic amplification; Peak velocity; Critical velocity. 

1 INTRODUCTION 

The study of the dynamic response of a beam on an elastic 

foundation subjected to a moving load is of special interest in 

the design and management of high-speed rail tracks. The 

relevance of the high-speed train can grow even more in the 

future since the peak velocities of such trains have steadily 

increased over the past decades.  

However, with increasing speeds, the amplification of 

vibrations induced by the passing train becomes more 

relevant. Hence, it is interesting to study the response of 

beams on elastic foundations under moving loads in order to 

mitigate effects such as wear, fatigue or discomfort. 

This paper presents the results obtained from the 

development of a finite element program in MatLab 

environment [1] used for the dynamic analysis of beams on an 

elastic foundation subjected to a moving load. The use of the 

finite element method is a simpler and more practical 

alternative to the analytical methods. It also has the advantage 

of solving nonlinear problems for which there are no 

analytical solutions. Several analyses were done with this 

program and the results compared with and checked against 

other works. The method used to solve the governing 

differential equations of motion is the -method [2], a 

variation of Newmark’s method. Special attention was given 

to the effects of the load velocity and foundation stiffness on 

the dynamic response of the system. Three types of 

mechanical behavior of the foundation were studied (linear 

elastic, nonlinear elastic and bilinear elastic, i.e., with 

different behavior of the foundation in tension and 

compression). 

2 LINEAR ELASTIC FOUNDATION OF THE 

WINKLER TYPE 

In this section, the results of the analyses done with the linear 

elastic foundation model for a beam subjected to a moving 

load are discussed. The relevant properties of the rail used for 

these analyses are summarized in Table 1. This rail is the 

same used in [3], which allows for a direct comparison of 

results. The point load F acting on the rail has a value of 83.4 

kN, corresponding to a total axle mass of 17000 kg 

(locomotive of the Thalys high-speed train). 

 

Table 1. Properties of the UIC60 rail. 

Young's modulus E (GPa)        210 

Central area moment of inertia I (m4)     3055×10-8 

Transverse cross-sectional area A (m2) 7684 ×10-6 

Volumic mass (kg/m3)  7800 

Length L (m)   200 

 

Two case studies were considered: (a) beam composed of a 

single sub-domain (Fig. 1) with a foundation stiffness per unit 

length (kf) of 250 kN/m2 or 500 kN/m2 and (b) beam 

composed of two sub-domains (Fig. 2), the first (on the left 

side) with kf = 250 kN/m2 and the second (on the right side) 

with kf = 500 kN/m2. For these case studies, extreme values of 

positive (upward) and negative (downward) displacements 

were determined in a parametric analysis with respect to the 

load velocity. The velocity range is from 50 to 300 m/s and 

the step is 1 m/s. The finite element mesh used is composed of 

200 elements. 

Finite element dynamic analysis of beams on non-uniform nonlinear viscoelastic 

foundations under moving loads 
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Figure 1. Beam on an elastic foundation composed of a single 

sub-domain. 

 

 

Figure 2. Beam on an elastic foundation composed of two 

sub-domains. 

 

The foundation’s stiffness values used are extracted from 

[3], for comparison purposes. It's worth reminding though that 

such values are too low and not very common to find in 

foundation soils. These values were used in order to enable 

the comparison with previously reported studies [3], where the 

peak velocities have relatively low values. For stiffer and 

more realistic foundations (e.g. 10000 kN/m2), peak velocities 

are higher than 300 m/s (1080 km/h), a speed still unattainable 

by high-speed trains. 

Results for a simply supported beam with length L=200 m 

on a single sub-domain with foundation stiffness of 250 

kN/m2 are presented in Figs. 3 and 4. For the legend scheme 

we follow [3]: let ton be the time the point load takes to 

overpass the beam at velocity v, the curves ''on'', ''off_2'', 

''off_4'' and ''off_8'' correspond to the extreme values of the 

transverse displacement of the beam, w, in the time intervals 

[0, ton], [ton, 2 ton], [2 ton, 4 ton] and [4 ton, 8 ton], respectively.  

denotes the damping factor defined according to [3] as 

   = 
A  k 22

c
 

f 
, (1) 

where c is the damping coefficient. In both cases presented, 

the peak velocities are the same but displacements are greatly 

reduced for the case with a damping factor of 2 %. It can also 

be seen that extreme displacements can occur after the load 

has left the beam (curves ''off_2'', ''off_4'' and ''off_8''), due to 

wave reflection in its supports. The curves are very similar to 

the ones found in [3]. 

From the observation of Figs. 5 and 6, where the case study 

of a uniform linear elastic foundation with kf = 500 kN/m2 is 

presented, one notes that the effect of increasing the 

foundation stiffness (in comparison with the case of kf =250 

kN/m2) is the increase of the peak velocity as well as the 

expected decrease in displacements. Once again the addition 

of damping results in a general decrease in displacements but 

it doesn't affect the peak velocity.  

Figs. 7 to 10 show the results for the case study of a simply 

supported beam with length L=200 m divided in two sub-

domains of equal length. Curves ''sub1'' and ''sub2'' refer to 

extreme displacements in sub-domain 1 and sub-domain 2, 

respectively, when the load is on the beam, i.e., in the time 

interval [0, ton]. It is interesting to note that the displacements 

are higher when the load is travelling in the second sub-

domain (with a higher stiffness), both in sub-domain 1 and 2. 

From the observation of Figures 7 and 9, it can be seen that 

when the load is in the softer sub-domain (1), the stiffer one 

also exhibits the peak velocity of sub-domain 1. On the other 

hand, from the observation of Figures 8 and 10 one sees that 

when the load travels in the second sub-domain (the stiffer 

one) a second peak appears: besides the one corresponding to 

the peak velocity of sub-domain 2 there is another one 

corresponding to the peak velocity of sub-domain 1. These 

conclusions were already achieved in [3]. It is also curious to 

note that in all these figures the displacements are lower in 

absolute terms than 0.40 m, which is less than the ones 

obtained for the single sub-domain case of kf = 500 kN/m2. In 

other words, and unlike what would be expected, the 

displacements for a beam divided in two sub-domains are not 

in between the values found for the corresponding single sub-

domain cases. As for the difference between undamped and 

damped cases, the reduction of displacements is once again 

observed for the latter. Finally, it is worth noting that the 

curves obtained for the case of a foundation divided in two 

sub-domains also match those of [3]. 

 

Figure 3. Maximum upward and downward displacements 

with respect to the load velocity for a uniform linear elastic 

foundation of kf = 250 kN/m2 without damping. 
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Figure 4. Maximum upward and downward displacements 

with respect to the load velocity for a uniform linear elastic 

foundation of kf = 250 kN/m2 with a damping factor  = 2%. 

 

 

Figure 5. Maximum upward and downward displacements 

with respect to the load velocity for a uniform linear elastic 

foundation of kf = 500 kN/m2 without damping. 

 

 

Figure 6. Maximum upward and downward displacements 

with respect to the load velocity for a uniform linear elastic 

foundation of kf = 500 kN/m2 with a damping factor  = 2%. 

 

 

Figure 7. Maximum upward and downward displacements 

with respect to the load velocity for a two sub-domain linear 

elastic foundation without damping (load in sub-domain 1).  

 

 

Figure 8. Maximum upward and downward displacements 

with respect to the load velocity for a two sub-domain linear 

elastic foundation without damping (load in sub-domain 2).  

 

 

Figure 9. Maximum upward and downward displacements 

with respect to the load velocity for a two sub-domain linear 

elastic foundation with a damping factor  = 2% (load in sub-

domain 1).  

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

844 

 

Figure 10. Maximum upward and downward displacements 

with respect to the load velocity for a two sub-domain linear 

elastic foundation with a damping factor  = 2% (load in sub-

domain 2).  

 

3 NONLINEAR ELASTIC FOUNDATION 

The results presented next are of the same type of the previous 

section. The main goal now is to show the effect of 

considering a different and more realistic behavior of the 

foundation: nonlinear elastic. Fig 11 shows the force-

displacement relation of the soil under the beam. The 

foundation reaction force per unit length Ff is given by 

 Ff = Fl + Fnl = kl w + knl w
3 (2) 

 

 

Figure 11. Graph of the force-displacement relation of a 

nonlinear elastic foundation. 

 

The same case studies of the previous section (except for 

the single sub-domain with kf = 500 kN/m2) are addressed 

here. The rail used, velocity range, finite element mesh and 

point load are kept the same. 

The effect of the nonlinear part of the foundation's stiffness 

(knl) for the case of a single sub-domain foundation with kl = 

250 kN/m2 (linear part) and without damping is presented in 

Fig. 12, for the time interval [0, ton]. It can be seen that the 

increase in knl results in higher peak velocities as well as a 

significant reduction of both upward and downward 

displacements. As expected, since the behavior of the 

foundation is now nonlinear, the reduction of peak values is 

not in direct proportion with the increase of knl. 

In Figs. 13 and 14 displacement curves in the time interval 

[0, ton] are presented for the case study of a beam divided in 

two sub-domains. The linear parts of the foundation stiffness 

of sub-domain 1 and sub-domain 2 are 250 kN/m2 and 500 

kN/m2, respectively. In Fig. 13 (curves obtained when the 

load is in sub-domain 1), solid lines represent the 

displacements in sub-domain 1 (curves sub1), whereas dashed 

lines represent the displacements in sub-domain 2 (curves 

sub2). In Fig. 14 (curves obtained when the load is in sub-

domain 2), solid lines represent the displacements in sub-

domain 2 (curves sub2) and dashed lines represent the 

displacements in sub-domain 1 (curves sub1). As observed in 

the previous section, here the displacements are also higher 

when the load is travelling in sub-domain 2. It can also be 

seen once again the existence of two peaks when the load is in 

the stiffer sub-domain (sub-domain 2). However, as knl 

increases, these peaks become less pronounced. The increase 

in the non-linear part of the foundation stiffness also has the 

effect of increasing the peak velocity and reducing 

displacements. 

 

Figure 12. Effect of the nonlinear part of the foundation 

stiffness on the upward and downward extreme displacements 

for a uniform foundation of kl = 250 kN/m2, without damping 

and with t [0, ton]. 

 

 

Figure 13. Effect of the nonlinear part of the foundation 

stiffness on the upward and downward extreme displacements 

for a two sub-domain foundation without damping (load in 

sub-domain 1).  
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Figure 14. Effect of the nonlinear part of the foundation 

stiffness on the upward and downward extreme displacements 

for a two sub-domain foundation without damping (load in 

sub-domain 2). 

 

4 BILINEAR ELASTIC FOUNDATION 

In this section another type of mechanical behavior of the 

foundation is considered. Fig. 15 shows the force-

displacement relation of a foundation with different response 

to compression and tension. The same rail (UIC60) is used in 

the analyses undertaken for this type of foundation, as well as 

the same moving load of 83.4 kN and finite element mesh. A 

distributed uniform steady load corresponding to the rail's self 

weight is also considered. This load is particularly important 

in the case where the tensile stiffness of the foundation is very 

small because it promotes the contact of the beam with the 

foundation. In this section, the only case study addressed is of 

a single sub-domain without damping. 

 

Figure 15. Graph of the force-displacement relation of a 

bilinear elastic foundation. 

 

Fig. 16 shows the effect of decreasing kf+ to 0, while kf- is 

kept equal to 250 kN/m2, in the upward and downward 

extreme displacements of the beam. For kf+ = 0, corresponding 

to a case where the rail can actually lift off the ballast (there is 

no downward restitution force from the elastic medium 

underneath the beam), it is observed that the curves are more 

irregular, the critical velocity decreases and the upward 

displacements for super-critical velocities are extremely large, 

which makes the developed model no longer valid. As for the 

downward displacements, these are kept more or less 

constant, which is in accordance to the fact that the 

compression stiffness is kept constant at 250 kN/m2. 

 

Figure 16. Maximum upward and downward displacements 

with respect to the load velocity for a uniform bilinear elastic 

foundation of kf- = 250 kN/m2, kf+= 0 and without damping. 

 

5 CONCLUSIONS 

In this work, a finite element program was developed in 

MatLab environment [1] to analyse the dynamic response of a 

simply supported beam on an elastic foundation, subjected to 

a moving load. Three different types of foundation behavior 

were addressed: (a) linear elastic, (b) nonlinear elastic and (c) 

bilinear elastic. 

Starting with the linear elastic foundation, it was observed 

that an increase in the foundation stiffness leads to a reduction 

of peak values of displacements and higher peak velocities. 

Moreover, it was noted that the largest displacements can 

occur when the point load has already left the beam. For a 

beam with two sub-domains of different stiffness, it was 

observed that maximum displacements occur when the load is 

travelling in the stiffer sub-domain and that the response is not 

intermediate between the corresponding single sub-domain 

cases.  

As for the case of a foundation with nonlinear behavior, it 

was concluded that displacements are lower when nonlinearity 

is present and that they decrease when knl increases. For 

higher values of the nonlinear part of the foundation, the peak 

velocities are higher too. 

Finally, when considering a bilinear elastic foundation, the 

effect of the reduction of the tensile stiffness up until it 

vanishes (possible lifting of the track) is that the upward 

displacements increase substantially. This is accompanied by 

a reduction of the critical velocities. For super-critical 

velocities, the displacements become too high and the model 

is no longer valid. 
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ABSTRACT: This paper investigates train-track system behavior and subsequent ground vibrations in response to two types of 

excitation: parametric excitation related to stiffness variation seen from contact point and unevenness excitation, related to 

running surface defect and track longitudinal level. The analysis is based on literature review, modeling and measurement 

database. The response to parametric excitation exhibits strong dependency on train axle load, while the response to unevenness 

excitation does not depend on axle load. In the low frequency range, the insertion loss related to the reduction of rail pad 

stiffness is generally positive for parametric excitation, while it is zeros or negative for unevenness excitation. However in this 

frequency range, the parametric excitation amplitude is below the unevenness in normal tracks, outside transitions zones with 

strong stiffness variation. The excitation at the sleeper pass-by frequency generally dominates over the unevenness for normally 

loaded trains. The relative importance of parametric and unevenness at this frequency can vary from one train-track system to 

another, depending on train load, track stiffness and track unevenness quality.   

KEY WORDS: Parametric and unevenness excitation; Railways; Insertion loss. 

1 INTRODUCTION 

The last IWRN11 in Uddevalla, Sweden, raised questions 

about parametric excitation in railway ground borne vibration. 

Several authors thoroughly investigated the subject, but 

rarely addressed them to ground borne vibration problems. 

The main objectives of these studies were acoustics and track 

performance in terms of maintenance and fatigue.  

The ground borne vibrations are generated by several 

phenomena. 

Excluding the quasi-static excitation related to the moving 

load, which vanishes rapidly in the ground away from track, 

the ground vibrations related to train pass-by can be 

considered as a sum of two main components: the unevenness 

excitation and the parametric excitation. 

The unevenness excitation is related to surface defects on 

the rail and on the wheel.  

The parametric excitation is due to the variation of the 

stiffness from the train at the moving contact point. In general, 

two components of parametric excitation can be distinguished: 

the periodic stiffness variation related to sleeper periodicity 

(track stiffness lower at mid-span than above a sleeper), and 

the broad-band stiffness variation related to the scatter of 

ballast stiffness seen from sleepers (due to difference of 

tamping from one sleeper to the other, variation of the sub-

grade or soil properties below the ballast) [1].   

Both excitations exhibit different characteristics and 

generate different train-track dynamic behavior. 

This paper investigates both excitations to highlight the 

main differences. 

2 MODELS 

2.1 Strategy 

 The ground vibration levels are obtained in two steps: first 

the contact force is computed, and then track to soil transfer 

functions are used to obtain ground vibration.  

The ground vibrations are calculated for two types of 

excitation: a broad band parametric excitation and a broad 

band unevenness excitation. 

2.2 Train-track interaction models 

 Contact force is computed using dedicated and efficient 

numerical approach for each excitation type. The unevenness 

excitation model is treated using 2.5D models in the 

frequency-wavenumber domain, while the parametric 

excitation model is treated in the space-time domain. 

  The strategy outlined in Figure 1 is used to solve the 

parametric excitation problem.  

First, a track finite element model (FEM) is used to compute 

the varying track static stiffness K(t)=K(x/v). Second, the 

contact force is computed with a model including varying 

stiffness representing the track. The equations are solved in 

the time domain.  

 

Figure 1. Model for parametric excitation problem; K(t = x/v) 

represents the varying track stiffness seen from the wheel vs 

distance or time. 

The track FEM has a length of 300 m, and is composed of a 

beam on discrete spring supports. The rail pad stiffness is put 

in series with randomly varying foundation stiffness, which 

Parametric excitation model 

K (t)=K(x/v) 
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accounts for ballast and sub-soil variation along track. A 

Gaussian distribution with mean of 150 MN/m and standard 

deviation of 20 MN/m is used, based on VIBRATEC’s 

measurement experience. These values correspond to high 

speed line on quite stiff soil with moderate variations. Three 

cases of rail pad stiffness are tested (Table 1). The sleeper 

distance is 0.6 m. 

Table 1.Track properties. 

 Rail 

Rail pad 

stiffness 

(MN/m) 

Random 

foundation 

stiffness 

(MN/m) 

Case 1 

UIC 60 

600 
Mean: 150  

Std : 20 
Case 2 150 

Case 3 50 

 

The train parameters are presented in Table 2. The static axle 

load is 16 tons. The coach and the bogie are suspended at 

respectively 1.5 Hz and 10 Hz. 

Table 2.Train properties. 

   Primary suspension Secondary suspension 

M4 

1/4th 

coach 

M3 

half 

bogie 

M2 

Axle 

mass 

stiffness 

k23 

damping 

c23 

stiffness 

k34 

damping 

c34 

11070 

kg 

2900 

kg 

2030 

kg 

13e6  

N/m 

10000 

Ns/m 

1e6  

N/m 

53000 

Ns/m 

 

The unevenness excitation is modeled, with the same train 

and track parameters, in the software TRAFFIC, developed by 

KU Leuven as a MATLAB module [2]. Invariance of the 

track component properties in the longitudinal direction along 

the track is assumed (2.5D model), so that the problem can be 

solved in the frequency-wavenumber domain. Therefore, 

parametric excitation cannot be accounted for. The track 

model includes the rails, rail pads, sleepers and ballast. The 

soil is modeled as a horizontally layered halfspace. The train 

is a mass-spring-damper model. 

Equation (1) solved by the software relates the wheel-rail 

contact force F(ω) and the unevenness U(ω), with the track 

and vehicle receptances Ar(ω) and Aw(ω).  

  )]Aw(+)[Ar( /  )U(=)G(   (1) 

2.3 Ground model 

The ground model is used to compute the track to soil transfer 

function. The ground is represented as a horizontally layered 

soil, constituted by a stiff halfspace, as presented in table 1. 

The characterization of the soil was performed in RIVAS 

project [3]. 

Table 3. ground properties. 

 
Cs  

(m/s) 

Cp 

(m/s) 
βs βp 

ρ 

(kg/m3) 

Halfspace 250 1470 0.025 0.025 1945 

 

Figure 2 presents the soil transfer mobility used for the three 

cases to calculate the ground vibration. The transfer mobility 

is the ground vibration response due to a unit ponctual load on 

the rail. The response is computed at 8 m from track center by 

multiplying the previously computed contact force F(ω) with 

the mobility for each case. 
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Figure 2. Computed soil mobility – ground velocity at 8m due 

to unit load on rail 

3 RESULTS AND DISCUSSIONS 

3.1 Discussions: model limitations 

The main limitation is the simplified FEM track. The stiffness 

computed along the track for the three cases are plotted in 

Figure 3. The track stiffness presents periodic peaks at the 

sleeper distance (seen on lower graph of Figure 3) and random 

variations at longer wavelength (seen on upper graph of 

Figure 3).  

The wavelength contents of the stiffness are presented in 

Figure 4. Peaks are observed at the sleeper distance and also 

at its harmonics, because the time signal is not a pure sine 

function. These harmonics are normally negligible [1] and 

usually not observed in ground vibration measurements [4].  

The effect of the random broad band variation is observed 

mainly in the lower frequency range, where the amplitude 

increases with decreasing frequency (or increasing 

wavelength). 
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Figure 3. Computed rail stiffness along track for the three 

cases. Above : 100 m of track; Below: 15 m of track 
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Figure 4. Wavelength content of computed track stiffness 

Table 4 presents the mean and standard deviation obtained 

for case 1 and 3, compared to measurement on a soft soil in 

Sweden [5] and on stiff soil in Switzerland [6]. The standard 

deviation is not known in Switzerland. The computed mean 

values of the stiffness are in the same order of magnitude as 

the measurements. The measured standard deviation in 

Sweden is more important than the computation for case 3, 

mainly due to the fact that the measurement was performed 

over 93 km of track, including transitions, which are strong 

stiffness variation. This comparison highlights that in the 

model, the simulated stiffness variations (in low frequency) 

are not for extreme cases, and that transitions would give 

higher variations, higher contact forces, and higher ground 

vibrations. 

Table 4. Track stiffness – statistical review. 

(For 1 rail) Stiff track Soft track 

 
Computed 

case 1 

Measured 

in 

Switzerland 

Computed 

case 3 

Measured 

in 

Sweden 

Mean 

(MN/m) 
210 200 93 61 

Std dev 

(MN/m) 
13.5 -  2.5 22 

%  

(Std/Mean) 
6 -  3 36 

3.2 Equivalent unevenness 

The parametric excitation problem could be solved in a 2.5 D 

model using an equivalent unevenness, as it is performed for 

classical unevenness excitation. The mathematical 

development of the equivalent unevenness can be found in [7] 

by Auersch, and extended here in equation (2).  

  
 

 
K

K
P=R

20




  (2) 

R is the equivalent unevenness, P0 is the static load, ΔK is 

the stiffness variation and K the mean static stiffness. R and 

ΔK can be represented by spectra or PSD.  

 

Table 5 gives computed equivalent roughness, expressed as 

the RMS amplitude in the third octave band of the sleeper 

passing frequency. 

These values are very close to found by Auersch [7]. He 

computed peak-to-peak (pp) amplitude of 11 µm for soft track 

and 16 µm for stiff track, for an axle load of 10 tons. With 

equation (2) it gives pp amplitudes of 18 and 29 µm for 

16 tons, corresponding to RMS amplitudes of 6 and 10 µm, 

which are comparable to 9 and 14 µm computed here. 

Table 5. Computed equivalent unevenness at sleeper 

frequency third octave band. 

 Case 1 Case 3 

Mean (MN/m) 210 93 

 slfK   

RMS 1/3 oct (MN/m) 
8 1 

  R slf  

RMS 1/3 oct (µm) 
14 9 

 

The equivalent unevenness in third octave band spectra for 

case 1 and case 3 is presented in Figure 5. In the third octave 

band of the sleeper passing frequency (63 Hz), the equivalent 

unevenness ranges from 9 µm for case 3 to 14 µm for case 1, 

as presented in  Table 5. 

These computed amplitudes are below the standard ISO 

3095 [8], but above the ORE B176 (see further details in 3.5) : 

the ISO specifies 23.5 dB re 1 µm in  the 0.63 m third octave 

band, which corresponds to an RMS amplitude of 15 µm, and 

the ORE B176 specifies 8 µm. This means that at the sleeper 

passing frequency, the relative importance of the parametric 

and unevenness excitation will vary from one configuration to 

another. For normally loaded train running track section with 

low roughness, the parametric excitation will dominate, while 

when the train is not loaded, the unevenness excitation will 

dominate. In the latter case, no emergent peak will be 

observed at the sleeper pass-by frequency.  

This behavior has been observed experimentally [6]. 
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Figure 5. Computed equivalent unevenness – red line: case 

1 – blue dotted line : case 3 – train speed 150 kph – dashed 

back line: ISO3095 – dash-dotted line: ORE B176 low 

 

The main limitation of use of this formula is the stiffness 

variation amplitude relatively to the mean value. 

Figure 6 and Figure 7 compare the contact force computed 

using the time domain resolution, with the force computed 

with the equivalent unevenness in a 2.5D model. Figure 6 is 

obtained with a stiffness variation of 11% and Figure 7 with 

2%. At the sleeper passing frequency 63 Hz, the error is less 

than 2 dB for both tested relative variations. Outside, the error 

can reach 10 dB in case of a ratio of 11%. This error is not 

explained for the moment. 
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Figure 6. Computed contact force (third octave) – stiffness 

relative variation of 11 % - red thick line - blue dotted line: 

equivalent unevenness  
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Figure 7. Computed contact force (third octave) – stiffness 

relative variation of 2 % - red thick line - blue dotted line: 

equivalent unevenness. 

 

3.3 Characteristics of parametric excitation  

The force generated by parametric excitation features different 

characteristics than unevenness excitation. Equation (2) tells 

us that the dynamic load depends on the static load, which is 

not the case for unevenness. This behavior is illustrated in 

Figure 8 for case 3, by comparing contact force computed 

with static load of 10t, 8t and 6t per wheel. The coach mass 

M4 was modified to obtain the desired static load. As 

explained in the previous paragraph, this behavior has also 

been observed experimentally in the RIVAS project [6]. 
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Figure 8. Influence of static axle load (coach mass) on contact 

force due to parametric excitation – red dotted line: 10t per 

wheel – green dashed line: 8t per wheel – blue thick line: 6t 

per wheel – case 3 

The train speed is also an important parameter to be 

considered when dealing with parametric excitation. In fact, it 

has been shown experimentally and numerically that the 

response at the sleeper passing frequency reaches a maximum 

when this frequency is coincident with the wheelset mass 

resonance on the track stiffness [7].  

The same behavior is observed with the time domain model, 

as illustrated in Figure 9 for case 3. For the three considered 

speeds of 60, 150 and 300 kph, the sleeper passing frequency 

is respectively in 1/3rd oct. band 20 Hz, 63 Hz and 125 Hz 

(highlighted by colored spots). The maximum amplitude is 

observed at the speed of 150 kph for which the sleeper passing 

frequency at 63 Hz is close to the train-track resonance at 

50 Hz for case 3.   
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Figure 9. Influence of train speed on contact force due to 

parametric excitation – red dotted line: 300 kph – green 

dashed line: 150 kph – blue thick line: 60 kph – case 3 

 

3.4 Insertion loss of ground vibration 

The insertion loss is defined as the ratio of ground vibration 

before and after modification of a track configuration. Here 

the insertion loss is evaluated for case 2 and case 3, with 

reference to case 1. This insertion loss represents the gain in 

vibration when reducing the rail pad stiffness.  

Hunt derived analytical expressions of this insertion loss 

depending on the type of excitation [9]. Equation (3) describes 

the gain for random support stiffness, as simulated in our 

study. R is the support stiffness ratio between the reference 

(kr) and the modified (km) cases. EI is the rail bending 

stiffness and γ is the wavenumber. 

 
)16)(2)(12(

)16)(2)(12(
R G

442222

442222
45





RR

R




  (3) 

r

m

k

k
R     

EI

kr     





2
  

 

 (G) log10 20- I L  (4) 

According to equation (4), Figure 10 plots the 

corresponding insertion loss in 1/3rd oct. band for case 2 and 

case 3 with reference to case 1. The result from the FEM 

approach is compared on the same figure. Discrepancies are 

observed, above 20 Hz. At the sleeper passing frequency 63 

Hz, both approaches are more consistent (difference of 2 dB). 

The differences are explained by the fact that the analytical 

equation only accounts for a stiffness variation at the sleeper 

passing frequency, while the FEM approach also includes 

broad band variation. The analytical expression also does not 

account for train-track interaction.  

Both approaches predict positive insertion loss in the low 

frequency range. 
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Figure 10. Insertion loss computed using FE model (blue line) 

and Hunt formulation (red dashed line) – left: case 2 / case 1 – 

right case 3 / case 1. 

Figure 11 plots the insertion loss due to parametric 

excitation compared to unevenness excitation.  

With unevenness excitation, IL is close to zero in low 

frequency range, up to about 30Hz. At low frequencies, the 

vehicle receptance Aw(ω) is predominant over the track 

receptance Aw(ω). Hence eq. (1) becomes eq. (5), which does 

not depend on track properties. Consequently, ground 

vibration amplitudes are the same for all three cases.  

 ))/Aw(U(=)G(    (5)  

Around 50Hz for case 3 and 63Hz for case 2, a minimum 

negative value of IL is observed. This minimum corresponds 

to the unsprung mass resonance on track stiffness, where there 

is an amplification.  

Above these frequencies, the track receptance becomes higher 

than the vehicle one. The contact force from eq. (1) does not 

depend on the vehicle anymore.  

Consequently, the contact force related to case 1 exhibiting 

a low track receptance will be higher than the contact force 

related to cases 2 and 3 with higher track receptance. 

For parametric excitation, the behavior is completely 

different since the contact force is proportional to the track 

stiffness variation. The standard deviation for case 1 is about 

6% of the mean stiffness, while it is 4% for case 2 and 3% for 

case 3. This explains why the insertion loss is not zero at low 

frequencies, in contrast with unevenness excitation. At the 

unsprung mass resonance, the IL values are positive. Even if 

amplifications are present at these frequencies for case 2 and 

3, the amplitude of the excitation is reduced compared to case 

1, explaining the positive IL results. 
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Figure 11. Insertion loss of ground vibration due to parametric 

excitation (red line) and unevenness excitation (green line)  

3.5 Importance of parametric excitation vs unevenness 

The absolute value of the ground vibration is computed for 

unevenness excitation using ORE B176 definition [10], for 

which the power spectral density is expressed by equation (6).  

The coefficient AV of 4.032 10-7 m rad corresponds to low 

level of irregularities, according to this standard. 
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V 10032.4A   ; mradR /0206.0  ; mradC /8246.0    

 

The ORE B176 low is plotted in third octave band and 

compared to TSI and ISO 3095 in Figure 12. The ORE B176 

is lower than TSI and ISO for wavelength below 63 cm. 
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Figure 12. Comparison of ORE B176 (low) with ISO 3095 

and TSI definition. 

 

Figure 13 through Figure 16 plot the computed ground 

vibration at 8 m from track centre, for case 1 and 3, and train 

speed of 90 and 150 km/h. Parametric and unevenness 

responses are separated. 

The response to parametric excitation is dominated by 

sleeper passing frequency and its harmonics. As explained 

above, the harmonics are rarely seen in measurement and 

probably exaggerated by the FE track model. Hence the 

response at these frequencies are disregarded and not 

discussed in the next paragraphs. 

The maximum vibration for unevenness excitation is 

obtained around 50 Hz – 63 Hz corresponding to train 

wheelset mass resonance on track stiffness. This maximum is 

about 55 dB for 90km/h and 60 dB for 150 km/h and hardly 

depends on track stiffness (about 2 dB of increase from case 1 

to case 3).  

In contrast, the vibration for parametric excitation observed 

at the sleeper passing frequency (40 Hz at 90 km/h, 63 Hz at 

150 km/h), depends more on train speed and track stiffness. 

At 90 km/h, the amplitude is 53dB for case 1 and 56 dB for 

case 3, while at 150 km/h, the amplitude is 82 dB for case 1 

and 66 dB for case 3. This is due to coincidence of sleeper 

passing frequency with train-track resonance, as explained 

earlier. 

The maximum of 55 dB computed with ORE B176 at 

90 km/h is in the lower range compared to measurement in 

RIVAS project [4]: in Switzerland, the maximum around 63 

Hz was ranging from 50 to 70 dB at 80 km/h, depending on 

the train type. At 70 km/h, this amplitude can fall down to 46 

dB for low vibration vehicle. The difference is explained by 

the stiff soil used in the simulation and also the definition of 

the ORE excitation, which does not account for wheel out-of-

roundness. 
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The maxima computed at the sleeper passing frequency for 

train speed of 90 kph, 53 dB for case 1 and 56 dB for case 3, 

are coherent with measurement from RIVAS project [4], 

where the amplitude ranges from 41 to 63 dB for different 

train types with train speeds up to 70 km/h on stiff soil in 

Switzerland. 

On the other hand at 150 kph, the amplitude of 82 dB 

computed for case 1 seems overestimated compared to 

litterature. This high amplitude is due to the coincidence of 

the sleeper excitation with the train-track resonance. Auersch 

[7] observed this amplification by measurement, and obtained 

a maximum of 69 dB for a train speed of 200 Hz on a very 

stiff soil. The difference in static axle load (10t for Auersch 

and 16t here) explains about 4 dB of the difference. Few dB 

can also be explained by the difference in distance of 

observation (10 to 15m in Auersch while 8m here). In 

addition, the simulation only accounts for pure vertical 

vibration and assumes same stiffness variation on both rails, 

which appropriates well the train-track vertical resonance. In 

practice, the rail variations might be uncorrelated and the 

excitation less appropriates the train-track resonances.  

The maximum of 66 dB for case 3 at 150 km/h is coherent 

with the rest of the values. 

In the lower frequency range, below the sleeper passing 

frequency, the vibration generated by the broad band 

parametric excitation (random Gaussian distribution) have 

low amplitude compared to vibration due to ORE excitation. 

In synthesis, the parametric excitation due to random 

variation of stiffness support is not predominant over the 

unevenness excitation in the lower frequency range. However, 

this broad band excitation can contribute significantly to the 

energy in the third octave band of the sleeper passing 

frequency, as seen in paragraph 3.2.  

The parametric excitation at the sleeper passing frequency is 

generally predominant over the unevenness for normally 

loaded coaches. For light coaches, the sleeper passing 

frequency might not be observed at all in the ground [6].   
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Figure 13. Computed ground borne vibration – green: 

OREB176 excitation – blue: parametric excitation – 90 kph 

case 1 

8 16 31.5 63 125 250
0

10

20

30

40

50

60

70

Frequency (Hz)

G
B

V
 @

8
m

 d
B

 [
re

 5
e
-8

 m
/s

]

case 3

 

 Parametric

Unevenness

 

Figure 14. Computed ground borne vibration – green: 

OREB176 excitation – blue: parametric excitation – 90 kph 
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Figure 15. Computed ground borne vibration – green: 

OREB176 excitation – blue: parametric excitation – 150 kph 
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Figure 16. Computed ground borne vibration – green: 

OREB176 excitation – blue: parametric excitation – 150 kph 

case 3 

 

4 CONCLUSIONS 

Parametric excitation in railway applications is related to 

several phenomena. Two types were investigated: the 

variation of track stiffness due to rail discrete supports 

(sleepers) and the variation due to ballast and sub-soil non 

homogeneity along track. Only standard straight lines with no 

disruption were considered. 

  The response due to these forms of parametric excitation is 

dominated by the sleeper passing frequency. This excitation 

amplitude depends on train axle load, train speed and train-

track system resonances. For normally loaded coach, the 

vibration amplitude at the sleeper passing frequency is 

dominated by the parametric excitation over the unevenness. 
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In the low frequency range, the excitation related to random 

variation of the subsoil stiffness is not predominant over the 

unevenness.   

An equivalent unevenness was validated so that 2.5 D 

models can account for parametric excitation in combination 

with usual excitation. The formulation was proved to be valid 

for the sleeper passing frequency contribution. Error can be 

introduced when dealing with broad band contributions. 

Notice that the equivalent formulation depends on the train 

static load and the track stiffness, so that it must be 

recomputed for each train-track system. 

Other forms of parametric excitations, such as hanging 

sleeper, turnouts or transitions zones, should be further 

investigated to determine their relative importance with 

respect to regular unevenness excitation. 

New measurement techniques to separate both excitations 

[11] should also give new insights of these phenomena in the 

next few years.  
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ABSTRACT: In spite of the global financial crisis, considerable investments are being made in railway infrastructure in the UK 

and many countries around the world. Improvements in the quality and capacity of current services and the development of new 

railway infrastructure are needed to meet the increasing demand for transferring more people and goods in a more sustainable 

way. In particular, the performance of the track system is crucial to the successful and cost-effective operation of the railway. 

This has motivated much scientific research with the aim of better understanding the performance of the railway system, 

including both existing railway tracks and improved tracks for the future. Much current research on railway track focuses on 

individual aspects of the design and performance, e.g. track settlement, rail fatigue, ballast degradation, ride quality, 

maintenance, and noise and vibration. However to achieve substantial advances in railway track design, it is important to 

consider all these aspects in an integrated way. Changes that can benefit one aspect should not be allowed to have a negative 

impact on others. To facilitate this, a single tool should be developed or the computational tools that consider individual aspects 

of the design need to be integrated. The resulting tool can therefore be used to assess the behaviour of railway tracks in a holistic 

manner. A preliminary version of such a holistic tool is presented here. In this version, fast running models and empirical 

relationships are put together in order to calculate the performance of a railway track with regard to ride quality, ground-borne 

noise and vibration and rolling noise. Results for practical case studies are presented and discussed. The paper also highlights 

the limitations of the preliminary version and the future plans to achieve a reliable and comprehensive tool. 

KEY WORDS: holistic approach; multi-criteria; ride quality; ground-borne noise and vibration; rolling noise; frequency 

domain. 

1 INTRODUCTION 

In a railway system, vehicles carrying passengers or goods are 

supported and guided by the track through the wheel/rail 

interface. Due to the weight of vehicles, high static forces are 

applied to the railway track structure over a small contact 

area. Moreover, imperfections on the running surface of the 

wheel (irregularities, wheel flats etc.) and the rail (joints, head 

wear, cracks etc.), along with the existence of non-

homogeneities (i.e. track stiffness variations) and other 

factors, give rise to high dynamic loading. 

All of the above, as well as issues associated with railway 

structures, bring the necessity to understand how the different 

components interact and affect the track structure. For 

example, reducing the stiffness of the rail pads may result in 

reduced ground vibration levels but could also increase rolling 

noise. If this behaviour is properly understood, then different 

countermeasures can be applied to mitigate for the issues 

arising and recommendations for future design procedures can 

be made.  In order to understand the effect of the individual 

components of a railway track in a holistic way, a set of 

indicators quantifying the overall behaviour of the system 

needs to be identified. The implementation of these indicators 

in a single tool, as proposed here, enables the assessment of 

the impact of the variation in properties of the individual parts 

of the system, holistically. 

Extensive literature exists with regard to investigating 

individual aspects of railway track design and performance 

but there is a lack of a more integrated approach as proposed 

here. In 2000, Zhang et al [1] presented an integrated track 

degradation tool for the prediction of track behaviour and 

performance (from a planning point of view) based on rail 

wear, sleeper, ballast and sub-grade degradation, as well as 

the interaction between those components. Research on the 

optimisation of railway track design based on a range of 

parameters was considered by the European project, 

EUROBALT, with the main focus being optimising track and 

vehicle parameters to give improved track geometry 

behaviour and to minimise maintenance actions [2]. Markine 

et al. [3] also consider a multi-criteria optimisation, in this 

case of embedded rail structure slab-track systems. Their 

investigation was based on the influence of the track design 

with varying train speeds considering the cost efficiency of 

the design, minimum noise emission and minimum 

deterioration at the wheel/rail interface. In a study conducted 

by Suarez [4] a sensitivity analysis was conducted on the 

elastic properties of rail vehicle suspensions with regard to 

their influence on running safety, ride quality and track 

fatigue, but without taking into account the influence of 

varying track parameters. 

The above studies are examples of work considering multi-

criteria optimisation of track or vehicle design, most 

commonly based on a single parameter evaluation. 

Nonetheless it is important when trying to achieve optimal 

track design to consider the effect of all the parameters of the 

track on all indicators used to evaluate its performance. Such 

indicators include but are not limited to, track settlement, rail 
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fatigue, ballast degradation, ride quality, maintenance costs, 

and noise and vibration. 

In this work, a preliminary model is presented for the 

assessment of ride quality, ground-borne noise and vibration 

and rolling noise emission from ballasted railway tracks. The 

track design parameters considered are rail pad stiffness, 

ballast stiffness and train speed. The results presented are 

based on a generic inter-city vehicle and a typical UK railway 

track. In the following sections, the preliminary model will be 

firstly introduced, describing in brief the indicators considered 

and the means by which they have been calculated. Then the 

parameters for the cases considered will be presented and the 

numerical results will be discussed. Finally, the potential of 

such a tool, its current limitations and plans for future work 

are discussed. 

2 PRELIMINARY MODEL 

A preliminary tool has been developed to show the influence 

of various track properties on ride quality, ground-borne noise 

and vibration and rolling noise. The parameters include the 

railpad stiffness, ballast stiffness and train velocity. This tool 

utilises previously developed tools and mathematical models 

as well as empirical relationships. In the following sections a 

general overview of the process is given along with a brief 

description of the individual aspects of the holistic tool. 

2.1 General overview 

For the assessment of ride quality and ground-borne noise and 

vibration, a frequency domain model has been developed to 

describe the dynamic behaviour of the railway vehicle, the 

track and the ground. Figure 1 depicts the railway vehicle and 

track-form considered. For the vehicle, a 10 degree of 

freedom rigid-body vehicle model is considered accounting 

for displacement and rotation of the car-body and bogies, as 

well as displacements of the wheels. The track form used for 

this study is a ballasted railway track design. The track is 

modelled as a continuously supported beam on a two-layer 

support accounting for rail pads, sleepers and ballast. The 

track is then further supported on an elastic half-space through 

a contact strip representing the breadth of the track 

superstructure. The model used for the track-ground system 

follows the modelling approach reported by Sheng et al. [5]. 

 

 

  

        

   

   

  

  
    

  

      

        

        

     
   

  

 

 

        

                  

 

Figure 1. 10-dof vehicle and track layout. 

The excitation input results from the vehicle running over 

irregularities on the wheel-rail surface represented as a 

stationary random process and described as a Power Spectral 

Density (PSD) input. The theory of random vibration is 

utilised in order to obtain the responses of the vehicle and 

ground. The parameters for the analysis used, further 

described in Tables 1-3, are taken so as to represent a generic 

inter-city train running on a typical UK railway track. In the 

current approach, the vehicle is assumed to be stationary and 

the irregularities to move with the equivalent vehicle speed in 

the opposite direction (moving irregularity model). This 

follows the modelling approach reported by Forrest and Hunt 

[6] in modelling vibration from underground railways. The 

model is intended to cover the frequency range up to 250 Hz. 

For the assessment of rolling noise, a higher frequency 

range is required so a different model is used, based on the 

TWINS software [7] which is further discussed in Section 2.5. 

2.2 Excitation mechanism 

The excitation of the system originates from irregularities on 

the wheel-rail contact surfaces, described by their Power 

Spectral Density. When the vehicle runs over irregularities 

with a certain wavelength λ at a speed v, the wheels and rails 

are forced to move vertically relative to each other at the 

frequency f = v/λ. Here, two combined idealised spectra are 

used. The first is the ORE B176 high spectrum described in 

[8] for the vertical profile of the rails. Due to its limitation in 

describing smaller wavelengths (associated with higher 

frequency excitation), it has been combined with the TSI limit 

spectrum for rail roughness [9], which has been converted 

from a one-third octave spectrum to a PSD for the current 

purpose. The two spectra are combined by extrapolating the 

two spectra into the wavelength range where they are not 

defined (λ < 2.5m for ORE and λ > 0.25m for TSI) until they 

coincide. The resulting combined spectrum is shown in Figure 

2. 

2.3 Ride quality 

In order to assess the effect of the dynamic response of the rail 

vehicle on the passengers, the methodology described in ISO 

2631 [10,11] will be used. 

Due to the fact that human response to motion varies at 

different frequencies, an appropriate weighting function needs 

to be applied. ISO 2631-1:1997 [10] gives a frequency 

weighting functions for the vibration of standing and seated 

persons in all three principal axes. The weighing function Wk 

is used, which is intended for the assessment of standing 

people. The frequency range of interest for the assessment of 

ride comfort is 0.5-89 Hz. 

For the assessment of ride quality, ISO 2631-1 [10] requires 

the evaluation of the weighted root-mean-square (r.m.s.) 

acceleration at the vehicle-human interface, in this case taken 

to be the floor. Thus, after obtaining the acceleration of the 

required point in the vehicle for the ith octave band (ai,rms), and 

applying the weighing function for each octave band (Wk,i), 

the weighted r.m.s. response is evaluated. The total vibration 

value is then calculated as: 

  
i

rmsiikW aWa
2

,,  (1) 

Approximate limits are given in [10] for the assessment of the 

undesirable effects with regard to the weighted acceleration. 
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2.4 Ground-borne noise and vibration 

Ground-borne noise and vibration are assessed for a notional 

building located at some distance from the track. Since the 

vehicle is modelled as stationary (moving irregularity model), 

the response is calculated at a set of points located at the 

desired distance from the track and an average taken over the 

length of the train. It has been shown in [12] that the models 

based on a moving train produce results in good agreement 

with those of the moving irregularity model, and thus is 

sufficient to be used in this application. 

Once the forces applied to the ground due to the train-track-

ground interaction are calculated, the vibration acceleration of 

the ground surface at the position of the building is calculated 

initially, assuming no interaction with the building. This is 

achieved by using Green’s functions for an elastic half-space. 

Once the acceleration of the ground at the free surface is 

computed through the frequency spectrum, an empirical 

procedure is used for evaluating the expected vibration level 

in a building, according to Nelson [13]. 

In brief, the process for determining the vibration 

transmission accounts for coupling losses due to the 

foundation, amplification of vibration due to floor slabs and 

the attenuation expected due to vibration transmission from 

floor to floor. In Nelson [13], graphs are presented for a range 

of probable values and building types based on measurements 

conducted by various researchers. 

In order to determine the sound pressure level (Lp, dB re 

2×10-5 Pa) generated by the vibrating floor in a room, the 

Kurzweil formula as described by Thompson [14] is used, 

which reads: 

 dBLL vp 27  (2) 

where Lv is the vibration velocity level in dB re 10-9 m/s. Once 

the sound pressure level is obtained at each band, the overall 

A-weighted level is determined. 

In the next section, the parameters considered for the model 

will be given along with the results for the criteria specified. 

2.5 Rolling noise 

The module accounting for the rolling noise is based on the 

TWINS software, described by Thompson et al. [7]. 

Components of noise radiated by the wheel, rail and sleepers 

are taken into account. The vehicle is represented only by its 

wheels, with the sprung mass considered to have negligible 

effect. In the track model the ground stiffness are considered 

to have negligible effect on the wheel/track radiated noise. It 

is noted here that, for the rolling noise calculations, the 

irregularity input spectrum used accounts for both the rail 

irregularities (using the TSI limit spectrum) and the wheel 

roughness (using a typical spectrum for disc-braked wheels).  

As the wheel modes are important at high frequencies, these 

are calculated using a finite element model of a typical inter-

city wheel and input as a list of modal parameters. The 

wheel/rail interaction includes coupling in the lateral as well 

as the vertical direction. The rolling noise is assessed in terms 

of the Sound Pressure Level (SPL) at 7.5 m from the track. 

The effect of a partially reflecting ground surface is included 

in the model. The model operates with a fine frequency 

resolution but the results are converted to one-third octave 

bands for presentation and an overall A-weighted level is 

determined.  

3 RESULTS AND DISCUSSION 

In Figure 2, the frequency spectrum of the irregularity is 

shown for the speed cases considered here, namely 100 km/h 

(nominal), 50 km/h and 200 km/h.  

 

Figure 2. Combined ORE (H) and TSI roughness spectra. 

The properties used in the analysis for the vehicle, track and 

ground are listed through Tables 1-3. In Table 2, the track 

properties correspond to two rails. 

Table 1. Parameters of a generic inter-city train. 

Parameter Value 

Body mass, Mc 21,400 kg 

Body pitch inertia, Jc 8.3×105 kgm2 

Bogie sprung mass, Mb 2707 kg 

Bogie pitch inertia, Jb 1.97×103 kgm2 

Secondary stiffness, ks 0.81×106 N/m 

Secondary damping, cs 7.4×104 Ns/m 

Primary stiffness, kp1 0.359×106 N/m 

Primary damping, cp1 8.4×103 Ns/m 

Pr. damper stiffness, kps1 14×106 N/m 

Half bogie centre length, Lc 8 m 

Half bogie wheelbase, Lb 1.3 m 

Wheelset mass, Mw 1375 kg 

End-of-bogies spacing, Le 5 m 

Number of cars 4 

Hertzian contact stiffness, kh 1.2×103 MN/m  

 

In order to investigate the effect of the track stiffness and 

the train velocity, a nominal value for each of the three 

parameters (pad stiffness, ballast stiffness and train velocity) 

has been chosen. These values correspond to the intermediate 

stiffness for the pads and ballast, and a train velocity of 100 

km/h. Based on these parameters, the effect of varying the pad 

stiffness, the ballast stiffness and velocity has been considered 

with regard to the ride quality, ground-borne noise and 

vibration and rolling noise.  
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Table 2. Track properties. 

Parameter Value 

Rail bending stiffness 12.8 MN/m2 

Rail mass 120 kg/m 

Rail loss factor 0.02 

Rail-pad stiffness 77/369/1080 MN/m2  
Rail-pad loss factor 0.15 

Sleeper type Concrete monobloc 

Sleeper mass 462 (370) 

Sleeper spacing 0.65 

Ballast stiffness 333/1000/3000 MN/m2 

Ballast loss factor 0.1 

Ground contact width 2.7 m 

Table 3. Ground properties. 

Parameter Value 

Density 1800 kg/m3 

P-wave velocity 240 m/s 

S-wave velocity 120 m/s 

Soil loss factor 0.1 

 

3.1 Track mobility, vehicle mobility and force spectra 

In Figure 3 the track mobility and phase is shown. 

 

Figure 3. Rail mobility (a) and phase (b) for track without the 

presence of the ground. 

Equivalently, Figure 5 shows the mobilities of the wheels 

and car-body. The resonances due to the suspension for the 

parameters considered can be identified at a region below 5 

Hz. 

 

Figure 4. Wheel and car-body mobilities (a) and phase (b). 

The force spectra at the wheel/rail interface due to a unit 

input roughness are shown in Figure 5. In this figure, a clear 

peak is identified at about 70 Hz which corresponds to the 

wheel/track resonance. This can also be identified by looking 

at the mobility of the rail (Figure 3) on top of that of the wheel 

(Figure 4, solid line), where the two match at approximately 

75 Hz. 

The frequency at which the wheel/track resonance occurs 

will change with a change in the track stiffness. For a lower 

overall stiffness, it will shift to the left (45 Hz for softer pads 

and 60 Hz for softer ballast) while for a higher overall 

stiffness it will shift to the right (80 Hz for stiffer pads and 75 

Hz for stiffer ballast). 

 

Figure 5. Force spectra at wheel-rail interface 

3.2 Ride quality 

Figure 6 presents the acceleration spectrum (in one-third 

octave bands) of the vehicle car-body directly above the 

leading bogie. In Figure 6a, for the nominal case, there is a 

peak around 1.25 Hz which can also be identified from the 

force spectra in Figure 5. Beyond that frequency, fluctuations 

occur due to the effect of the wheelbase distance, where the 

wavelength of the irregularities is such that the two bogies are 

either in phase or out of phase. Considering a single car, these 

frequencies are at fin=v/(nLbc) for a peak (in-phase) and 

fout=2v/((2n+1)Lbc) for a trough (out-of-phase).  

 

Figure 6. Vehicle vertical acceleration at top of leading bogie. 

The effect of decreasing and increasing the track stiffness can 

be seen in Figure 6b,c where pad and ballast stiffness are 

modified. In general, the track properties are not expected to 

affect the ride quality significantly, especially for frequencies 

below the wheel/track resonance. When the stiffness of the 

track is decreased (softer pads or reduced ballast stiffness) the 

wheel/track resonance is lowered and a slight increase in 
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amplitude is observed. For the current parameters, the pad 

stiffness has a greater influence than the ballast stiffness. The 

exclusion of the ground model would have almost no 

influence on the vehicle car-body for frequencies below the 

wheel-track resonance, as the track mobility is much smaller 

than the vehicle mobility in this frequency range.  

With regard to the effect of velocity on ride quality, the 

expected outcome is that ride discomfort increases with 

increase in velocity. When the speed is increased, the system 

experiences a larger dynamic excitation at the wheel/rail 

interface, although the spectra of the force can also change 

due to the dynamics of the system. An overall increase in 

vibration is observed in Figure 6d but one can also notice a 

shift in the frequencies at which the peaks occur. This 

phenomenon is due to the fact that the frequencies at which 

the bogies are in and out of phase, discussed previously, 

depend on the speed and the wavelength. So, for example, for 

a given wavelength at which all wheels are in phase, a 

doubling in the speed would lead to a doubling in the 

corresponding frequency. 

The weighted total vibration received for the nominal case 

is approximately 0.11 m/s2. The effect of varying the track 

properties on the total vibration is negligible. Chainging the 

speed has a noticeable effect, giving a weighted acceleration 

of 0.05 m/s2 for 50 km/hr and 0.16 m/s2 for 200 km/hr. These 

levels appear to be very small (1/3 of the limit for comfortable 

ride [10]) which can be attributed to the attenuation afforded 

by the considered vehicle suspension parameters. 

3.3 Ground-borne noise and vibration 

For the ground-borne noise and vibration, a single family 

residence is selected, located at 20 m away from the track. 

Calculations are performed for the vibration at the first floor 

level. Figure 7 shows the relative vibration levels for the 

above specified case. 

 

Figure 7. Relative vibration level between ground and receiver 

(single family residence based on [13]). 

Due to the fact that empirical relationships have been used to 

convert the free field vibration to ground-borne noise and 

vibration, the conclusions drawn for the two cases are quite 

similar. The differences between the results for noise and 

vibration are a) vibration velocity is used for ground-borne 

noise whereas vibration acceleration is used for ground-borne 

vibration and b) no weighting has been applied to ground-

borne vibration results (Wk weighting could be applied), 

whereas the A-weighting curve is applied for noise 

calculations. If one was to plot the insertion loss for the 

varying cases based on the nominal values, identical results 

would be found for ground-borne noise and vibration.  

Figures 8 and 9 show the vibration and ground-borne noise 

at the first floor level inside the building. The dominant 

frequency for the nominal case in both ground-borne noise 

and vibration is identified at the 63 Hz band, which 

corresponds to the wheel/track resonance. 

Decreasing the track stiffness, results in a shift of the wheel-

track resonance to a lower frequency as described before. This 

can be seen in Figures 8b,c and 9b,c where the response 

increases at low frequencies for the lower stiffness tracks, 

followed by a more rapid decay at higher frequencies.  

 

Figure 8. Predictions of ground-borne vibration inside 

notional building. 

Finally the effect of increasing speed in Figures 8d and 9d is 

to amplify the overall level of ground-borne noise or vibration 

experienced. It is noticed that the speed has a greater effect at 

the lower end of the frequency range presented (below 100 

Hz) than at higher frequencies. The speed of the train gives 

the largest variation for the parameters considered. 

 

Figure 9. Predictions of ground-borne noise inside notional 

building. 
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3.4 Rolling noise 

The results obtained for rolling noise are plotted in Figure 10 

as total noise level arising from the wheel, rail and sleeper 

radiation. The sound pressure level is presented at a distance 

of 7.5 m from the track centreline and a height of 1.2 m above 

the top of rail. It is noted here, that the parameters from Table 

2 for the rolling noise (especially ballast stiffness and 

damping) have been adjusted to allow for the ground. 

 

Figure 10. Predicted rolling noise at 7.5 m from track in one-

third octave bands. 

In general, the sleeper radiation is higher than that of the rail 

at frequencies up to a few hundred Hertz [14]. In the mid-

frequency range (500 Hz – 2 kHz) the rail dominates the 

radiated noise while at higher frequencies the wheel radiation 

is most important. When the softer rail pads are used then the 

rail response increases significantly in the mid-frequency 

range. When stiffer pads are used, the rail response drops in 

the low and mid-frequency range, while the sleeper response 

increases significantly at low frequencies. Table 4 gives the 

overall A-weighted sound pressure levels for the different 

configurations. 

Table 4. A-weighted sound pressure level for radiated noise. 

Case Level (dBA re 2x10-5 Pa) 

Nominal 89.5 

Soft pad 91.2 

Stiff pad 88 

Soft ballast 89.6 

Stiff ballast 89.5 

Lower speed 80.2 

Higher speed 98 

 

Changing the ballast stiffness mainly affects the results at 

low frequencies. A reduction in ballast stiffness gives an 

increase in the sleeper response. As can be seen from Table 4, 

the effect of ballast stiffness variation is negligible in the 

overall sound pressure level. 

An increase in speed leads to an increase in noise levels at 

all frequencies. The effect is greatest at higher frequencies 

(>630 Hz). 

Comparing the effect of the track stiffness on rolling noise 

and ground-borne vibration, it can be seen from Figure 8 and 

Figure 10 that a softer rail pad will result in a reduction of 

ground-borne vibration, but an increase in rolling noise. A 

reduction in ballast stiffness also decreases ground-borne 

vibration, but the effect on rolling noise is negligible.  On the 

other hand, the effect of velocity is similar for all predictions, 

showing an increase in undesirable effects with an increase in 

velocity. 

4 CONCLUSION 

In this paper, an approach towards a holistic railway track 

design and assessment has been presented. Using a coupled 

vehicle/track/ground model developed in the frequency 

domain and by combining different tools and empirical 

equations a series of results were presented.  

The outputs considered in the preliminary model are ride 

quality, ground-borne noise and vibration and rolling noise. 

The impact of changing the rail pad stiffness, ballast stiffness 

and train velocity on the above criteria was presented. Based 

on the indicators and parameters analysed, the effect of train 

velocity has the higher influence on the overall results, 

followed by the railpad stiffness. The ballast stiffness has 

much less impact on the outputs specified. The effect of 

decreasing the track stiffness is to increase the rolling noise 

whilst reducing the ground-borne noise and vibration. 

5 FUTURE WORK 

In the current preliminary version of the holistic tool, the ride 

quality, ground-borne noise and vibration and rolling noise 

have been considered. In order to give a broader indication of 

the influence of track parameters, other criteria need to be 

included such as, for example, rail fatigue, track stresses, 

settlement etc. 

In addition, results were only presented here for one specific 

type of track (ballasted track). Other track designs, such as 

slab-track, booted-sleepers, ballast mats etc. should be 

considered. Other excitation mechanisms may need to be 

considered in some other cases.  

A more detailed ground and building model can also be 

used in order to improve the predictions of the proposed tool 

and form a basis for a reliable tool to be used in designing 

railway tracks. 

Although the current version has the above limitations, the 

potential of such a holistic approach could prove influential on 

how railway track design and assessment takes place at the 

moment. For example, it was shown how reducing the pad 

stiffness to reduce ground-borne vibration can result in an 

increase in rolling noise. Once developed and validated, this 

tool can be used for both designing new tracks and assessing 

existent railway lines. Also, the investigation of mitigation 

measures would be possible by directly seeing the overall 

effect of one measure to the whole system. 

One negative aspect of the proposed model is that in order 

to include all aspects as discussed, a computationally 

demanding tool would have to be developed which would not 

be practical for repeating computations. Two opportunities 

based on this approach are to: a) develop a more simplified 

version of the tool which will be better used in terms of 

comparative design and b) develop an index based design 

methodology according to the level of influence of the various 

parameters to the criteria specified. Then these can be easily 

used for the preliminary design stage and once the 
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specifications for the desired track design have been 

identified, the full model can be used for accurate predictions 

and detailed suggestions on improving the track performance.  
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ABSTRACT: In the frame of the Eurostars project “SOILVIBES”, a mitigation measure based on wave impeding blocks (WIB) 

was proposed and designed for reducing the intensity of train-induced vibrations in an urban area. 

Using a 2.5D finite element-boundary element method, a numerical tool was implemented to determine the most efficient and 

realistic configuration of the wave impeding blocks. This numerical tool can also predict the efficiency of the proposed system 

before the installation. Results of the numerical modelling show that a heavier and wider system can provide a higher efficiency. 

Based on the results of the numerical modelling, two different systems were selected to be tested: (1) three rows of concrete 

blocks parallel to the railway (placed directly on the ground surface) and (2) three rows of concrete blocks over a resilient layer 

(the tuned mass absorber). 

To validate the numerical prediction model, the experimental measurements in both the small and the full-scale were 

performed. The small-scale test was done in a test bench in the laboratory with a geometric scale factor of 15. Furthermore, a 

full-scale test was also designed and performed in a site adjacent to a SNCF railway line in north eastern of France.  

Although, it was expected that the concrete block over a resilient layer would act as a tuned mass absorber and better control 

the ground vibration than the blocks without the resilient layer, the results of both experimental and numerical simulations show 

that the concrete blocks placed directly on the soil surface can provide a higher efficiency than the concrete blocks on the 

resilient layer. In addition, the results of experimental measurements (the small and the full-scale tests) reasonably confirm those 

predicted by the numerical modelling. 

KEY WORDS: wave impeding blocks; 2.5D numerical modelling; train-induced vibrations, small-scale test, vibration 

mitigation. 

 

1 INTRODUCTION 

Several techniques have been investigated by researchers and 

the engineers [1, 2, 3, 4] to mitigate the train-induced 

vibrations in an urban environment. These techniques that aim 

to protect the vibration sensitive area by creating a shadow 

zone in the propagation path are classified in two main 

solutions: (1) isolating screens (barriers) and (2) wave 

impeding blocks. In this study, the emphasis is on the wave 

impeding blocks and their combination with a resilient layer. 

This isolating system works in two different ways. First, the 

massive and rigid block imposes a relative fixed boundary 

condition over the soil surface in the Rayleigh wave 

transmission path. Second, by selecting the proper 

characteristics for the soil-block system, the resonant 

frequency can be tuned to control the dominant frequency of 

the train-induced vibrations. This can be achieved by using a 

layer of the resilient material at the soil-block interface. 

The isolating efficiency of this system depends on the site 

parameters such as soil characteristics, soil layering, the 

distance between the source and the receivers, as well as the 

block parameters such as its width, its unit weight per surface 

area, and finally, depends on the dynamic stiffness of the 

resilient interface. 

Using a 2.5D finite element-boundary element method, a 

numerical tool was developed to predict the efficiency of the 

isolating block system, in which the soil is modelled by means 

of the 2.5D boundary element method (BEM). The track as 

well as the block system are modelled by the 2.5D finite 

element method (FEM). A general application of 2.5D 

coupled FE-BE methodology for different dynamic soil-

structure interaction problems with a longitudinally invariant 

structure, such as railway tracks, roads, tunnels, dams, 

trenches, and pipelines was already examined by François et 

al, [5, 6]. 

To validate the numerical prediction model, both the small 

and the full-scale tests were performed.  

The full-scale test was done in a site located in Teting-sur-

Nied besides the SNCF railway line. Different types of trains 

from freight and local passenger (TER) to high speed (ICE) 

are passing at this location. The site is selected close to the 

RBSI factory (producer of the resilient material) to facilitate 

the logistics and the installation. 

A set of the small-scale tests was also done in a test bench 

in the laboratory in Belgium. A major difficulty facing the 

small-scale modelling of vibration problems in the soil is the 

repeatability of the test and the replication of the in-situ stress 

field. Another difficulty is simulating the boundary conditions 

in the infinity where there are no reflections. This is resolved 

by selecting an appropriate scale factor and a relevant size for 

the soil container. To guarantee the similarity between the 

“model” and the “prototype”, all model parameters must be 

adjusted with respect to the geometric scale factor (N).  
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2 INVESTIGATION OF THE DESIGN PARAMETERS 

 Soil characteristics in the measurement site 2.1

According to the geological map of the region, the site is 

partially situated over an alluvial silty clay formation and a 

marly formation. The geotechnical tests performed at a 

location near the test site shows that the soil consists of: (1) a 

stiff layer on top with a dynamic resistance qc = 15 MPa with 

one meter thickness, (2) a soft layer with a dynamic resistance 

qc = 6.5 MPa with 4 m thickness, overlying on a stiff marl 

with a resistance qc > 20 MPa. 

 Impedance test of the concrete block 2.2

To determine the required dimensions of the isolating block 

system, the dynamic characteristics of the soil-block system 

with and without the resilient material were determined in the 

site by the impedance test. 

The main objective of this test is the evaluation of the 

dynamic properties (i.e. resonance frequency) of the soil-

block system. These values are employed further for 

designing the isolating system. The isolating system was built 

using three rows of concrete blocks. Each block measures 

0.80 × 0.80 × 1.60 m and has an approximate weight of 

2.5 tons, figure 1a. 

(a)  

(b)  

Figure 1. Overview of the impedance test: (a) the block is 

directly placed on the soil surface, (b) the block is placed on 

60 mm of the resilient material. 

The impedance test setup consists of a small hammer and two 

100 mv/g accelerometers. The hammer is instrumented with a 

load cell to measure the impact force. The accelerometers are 

symmetrically installed on the block surface and the block 

responses following a hammer impact at the block centre are 

measured. The block response is measured in two different 

conditions: (a) the block placed directly on the soil surface 

(figure 1a), and (b) the block placed on a layer of the resilient 

material (RR-CDM-43) with a thickness of 60 mm laying on 

the soil surface (figure 1b). 

The soil-block system can be considered as a dynamic 

system with a single degree of freedom system (SDOF): a 

mass and a spring representing respectively the block mass 

and the soil stiffness. Thus, the block response is directly 

related to the soil stiffness and the natural frequency of the 

system can be determined as: 

 fv MKf /2/1   (1) 

where Kv denotes to the vertical soil impedance and Mf is the 

mass of the concrete block. The resonance frequency of the 

system can be obtained directly from the block response 

where the response reaches its maximum. Therefore, for a 

given block mass and the resonance frequency of the system, 

the soil impedance can be calculated by equation (1). 

 

Figure 2a shows the results of the impedance test of the soil-

block system. The results are presented in terms of the transfer 

functions (mobility). The block-soil system has a resonance 

frequency around 27 Hz, which results in a soil stiffness of 

57.6 MN/m³ for a block mass of 2560 kg.  

This impedance value is equivalent to the impedance of a 

rigid foundation placed on a homogeneous soil with a 

Young’s modulus of around 45 MPa.  

(a)  

(b)  

Figure 2. Mobility of a concrete block: (a) the block is directly 

placed on the soil surface, (b) the block is placed on 60 mm of 

the resilient material. 

The same procedure can be performed for the case where the 

block is placed over a layer of resilient material. In that case, 

the dynamic system consists of the block mass and the soil-
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resilient material stiffness. The block-CDM-43-soil system 

has a resonance frequency around 21 Hz, which results in an 

equivalent stiffness (the soil and the resilient material) of 

34.8 MN/m³ for a block mass of 2560 kg. 

Considering the soil stiffness as determined for the block-

soil system, the equivalent stiffness of 60 mm of the resilient 

material (RR-CDM-43) is equal to 88 MN/m³. Considering 

the material thickness (60 mm), this stiffness results in a 

dynamic Young’s modulus of 5.3 MPa. This value is in good 

agreement with that reported by the manufacturer (Edyn = 

5.5 MPa). This value will further be used as an input in the 

numerical simulation of the isolating system. 

3 NUMERICAL MODELING AND DESIGN OF THE 

ISOLATING SYSTEM 

A numerical study was performed to design the isolating 

system and to predict the system efficiency. Since the 

dimensions of the existing block are already fixed, the 

numerical study focused on the most efficient and realistic 

configuration of the blocks: the height Hb, the width Wb of the 

block, as well as on the thickness of the resilient material 

layer (CDM-43), figure 3. 

(a)  

(b)  

Figure 3. Overview of the isolating system: (a) the block is 

directly posed on the ground surface, (b) the block is posed on 

a layer of the resilient material. 

Based on a coupled 2.5D FE-BE technique, a numerical tool 

was implemented to determine the efficiency of the isolating 

system. The soil is modelled by means of 2.5D boundary 

element method and the structure (the track and the blocks) 

are modelled by means of 2.5D finite element method. 

A frequency analysis in the range of interest e.g. from 5 to 

150 Hz is performed and the efficiency of the isolating system 

is determined. 

The isolating blocks are located at a distance of Rb = 7.20 m 

from the track centre. First, the efficiency of the block system 

without resilient material is investigated. 

Different arrangements of the blocks are considered where 

the height changes from Hb = 0.80 to 1.60 m and the width 

varies from Wb = 1.60 to 2.40 m such that Wb = 1.60 m refers 

to two lines of blocks alongside each other and Hb = 1.60 m 

refers to 2 blocks on top of each other which results in 

doubling the mass per the unit area. 

The material properties of the soil, the concrete, and the 

resilient material CDM-RR43 are presented in Table 1. 

Table 1. Material properties 

 Young’s 

modulus 

[Mpa] 

Poisson’s 

ratio 

[-] 

Density 

[kg/m³] 

Damping 

[%][ 

Soil 45 0.33 1800 0.05 

Concrete 30,000 0.20 2500 0.02 

CDM-RR43 5.3  0.35 700 0.1 

 

Figure 4a shows the ground vibrations computed at a distance 

of 1 m from the track. The results are presented for different 

cases: the non-isolated (before the blocks installation), and the 

isolated using different block configurations. The results show 

that among the various configurations, a heavy (Hb = 1.60 m) 

and wide (Wb = 2.40 m) system provides the highest 

efficiency.  

The efficiency of the isolating system is determined by 

comparing the free field vibrations before and after the 

installation of the isolating system. 

 

Figure 4 shows the efficiency for each case in terms of the 

insertion loss factor (IL) in dB in third octave bands: 

                   
         

             
  (2) 

where the subscriptions “unon-isolated” and “uisolated” refer to 

the responses at the same position before and after  the 

installation of the isolating system, respectively. 

Practically, the insertion loss is presented with an average 

value for a set of points in an area or along a line: 

            
 

 
∫          (3) 

Although the system is not efficient enough at low frequencies 

(below 10 Hz), the results show a significant performance of 

10 dB at the intermediate and higher frequencies (above 

25 Hz). 

Since a line of heavy blocks (double block with Hb = 

1.60 m) parallel and close to the railways is not an attractive 

feature, a line of blocks with limited height (not more than 

1 m) may be more appropriate. Therefore, a combination of 

three rows of blocks with total width of Wb = 2.40 m and Hb = 

0.80 m, parallel to the track was also included in the full-scale 

test.  

Now, the influence on the WIB efficiency of a layer of 

resilient material between the block and the ground is 

examined. Based on the tuned mass absorber theory, this 

resilient layer should reduce the vibration amplitude at the 

dominant frequency of the excitation where the resonance 

frequency of the tuned mass system coincides this specific 
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frequency. In fact, the energy of the induced vibration at this 

frequency is consumed by the resonance of the block-

absorber-soil system. 

According to the train-induced vibrations measured at the 

site, the dominant excitation frequency is around 16 Hz. 

Therefore, the thickness of the absorber layer must be selected 

such that the block-absorber-soil system achieves a resonance 

frequency of 16 Hz. This is the case for a 150 mm thick layer 

of CDM-43.  

Figure 4b shows the ground vibrations computed for 

different cases: the non-isolated (before the blocks 

installation) and the isolated by different systems with and 

without the resilient system. 

The results of the numerical prediction show that an 

isolating system of concrete blocks without a resilient material 

layer provides more vibration reduction than that of concrete 

blocks combined with a resilient layer. In addition, as 

expected, the higher insertion loss is obtained at higher 

frequencies. 

 

(a)  

(b)  

Figure 4. Comparison of the computed insertion loss in a point 

at 12 m from the track for different block configurations 

Figure 5 shows a three-dimensional overview of the ground 

vibrations at 25 Hz before and after the block installation. The 

results show that the efficiency of the isolating system reduces 

with increasing distance from the blocks and the shadow zone 

created behind the blocks is limited to just a few meters from 

the blocks. 

(a)  

(b)  

(c)  

Figure 5: The ground vibrations at 25 Hz, (a) before the 

isolating block installation, (b) after the block installation, and 

(c) the insertion loss. 

In the following section, the results of the numerical 

prediction are validated by means of the experimental 

measurements in the test bench. 

4 EXPERIMENTAL MEASUREMENTS 

 Small-scale test bench 4.1

Before performing the full-scale test, the efficiency of the 

isolating blocks was checked by means of a set of small-scale 

tests in a test bench. The test bench is a container (2 m   2 m 

  4 m) that was filled with a sieved, dried fine sand. The sand 

deposition was performed using the pluviation technique to 

ensure the homogeneity of the soil density in the container. 

The results of the soil investigation in the container show an 

average density of 1660 kg/m³ near the surface (up to 30 cm 

in depth), and 1690 kg/m³ at greater depths. Table 2 shows the 

soil characteristics in the test bench. 
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Table 2. Soil properties in the test bench 

Layer depth 
Young’s 

modulus 
Density 

Shear wave 

velocity 

30 [cm] 33  [MPa] 1660 kg/m³ 85 [m/s] 

> 30 [cm] 65  [MPa] 1700 kg/m³ 120 [m/s] 

 

The similarity of the conditions between the model (small-

scale) and the prototype (full-scale) is guaranteed by the 

scaling factors. The scaling factor is defined to extrapolate the 

relation between the results of the small-scale testing to those 

of the full scale experiment. These relations represent the 

effects of the geometry and the stress scale. 

In a wave propagation problem (as a dynamic problem), an 

additional parameter should also be considered for the time 

and the frequency. In a low strain dynamic problem (a linear 

problem) where the influence of the soil stress condition in the 

soil behaviour can be neglected, in order to have a similarity 

between the test conditions in the model and the prototype, the 

dimensionless frequency ratio (     
 
) must be identical, 

where L refers to the geometry and the dimensions,   is the 

excitation frequency, and    is the wave velocity. Therefore, it 

can be written that: 

 (
  

  

 
)
 

  (
  

  

 
)
 

 (4) 

where the subscripts “m” and “p” .denote to the model and the 

prototype, respectively. 

This equation clearly shows that the frequency scale factor 

can be defined by the geometric scale factor and the shear 

wave velocity ratio. 

In the test bench, the measurement configuration consists of 

10 accelerometers placed at the measurement points and a 

small foundation, which is excited by a shaker device over the 

frequency band of interest, figure 6. 

(a)  

(b)  

Figure 6. Measurement setup for different WIB configurations 

in the test bench: (a) one concrete beam, (b) three concrete 

beams 

The soil vibrations are measured symmetrically on both sides 

of the foundation. This configuration enables us to 

simultaneously measure the non-isolated responses (on the left 

side) and the isolated responses (on the right side).  

A random vibration from 100 to 700 Hz is used. To obtain a 

reasonable coherency, the excitations were applied for a 

period of at least 3 minutes.  

Different configurations were tested. Figure 7 shows the 

average insertion loss obtained for two types of WIB systems: 

(1) one concrete beam and (2) three concrete beams. The 

results confirm that increasing the width of the system can 

result in a better performance. 

 
Figure 7. Efficiency of different WIB configurations 

To validate the results of the numerical modelling, the results 

of the scaled test bench measurements for the WIB system 

consisting of three concrete beams with a total width of 24 cm 

and a height of 6 cm are compared with those of the full scale 

numerical modelling presented in the previous section. 

According to the dimension of the WIB system in the 

prototype, a geometric scaling factor of             is 

selected. 
The soil in the site has an average shear wave velocity of 

95 m/s. Thus, the shear wave ratio       1.12 results in the 

frequency scaling factor of about ~1/10. 

Therefore, the frequency range of interest from 10 to 60 Hz 

in the prototype (full scale) is interpreted as the frequency 

range from 100 to 600 Hz in the test bench. 

Figure 8 shows the variation of the average insertion loss 

versus the frequency range of the excitation for the WIB 

system with three beams. The results of the scaled test bench 

(dark line) are compared with those of the numerical 

modelling (grey line). The frequency ranges are presented in 

the real scale. The average insertion loss is calculated over the 

first three measurement points located behind the WIB. A 

reasonable agreement between the experimental and 

numerical simulation is observed. 

 
Figure 8. Validation of the numerical simulation 
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 Full-scale test  4.2

The full-scale test was performed in a site adjacent to a SNCF 

railway line in north eastern France. In this site, the ground 

vibrations due to two different types of excitation: (1) the 

man-made hammer impact and (2) the railway traffic were 

measured. 

 

Figure 9. Overview of measurement setup consisting of three 

measurement lines 

Since the measurements before and after the installation were 

performed at different times and under different 

environmental conditions (even in the same location), the 

results of the impact excitation can be used to detect any 

eventual changes in the vibration transmissibility of the 

ground surrounding the tracks during the time between two 

measurements. 

A total of 12 1v/g accelerometers (V1, V2 to V12) were 

placed on the soil surface along two measurement lines 

perpendicular to the track, figure 9. The free field vibrations 

due to the passage of TER train as well as the man-made 

hammer impact excitation were measured before and after the 

installation of the isolating system. 

 Reference measurement 4.3

In a first step, no of isolating system was installed and the 

measurement is called the reference measurement. Line 1 with 

the points V1 toV6 refers to a zone that will be isolated in the 

next step by the concrete blocks directly on the soil surface; 

line 2 with the points V7 to V12 refers to a zone that will be 

isolated in the next step by the concrete blocks placed over an 

absorber layer. 

Since the train induced vibrations vary from one train to 

another (because of different axle loads or different wheel 

conditions), an average of measured vibration amplitudes is 

considered. This average must be applied over similar 

passages. The similarity between the passages is determined 

by different parameters such as the type of trains (local 

passenger, freight, and high-speed), the train speed, and the 

length of the trains. After selecting a set of similar passages, 

for each measurement point an average vibration amplitude is 

presented. It should be mentioned that a passage with a 

deviation of more than ±2.5 dB from the average value (for 

the confidence band of 95%) is removed from the set and that 

the averaging then must be repeated. Finally, the insertion loss 

is computed for each measurement point using the average 

vibration level before and after the installation of the isolating 

system. 

Figure 10 shows the free field vibrations that were 

measured during the passage of TER trains. An averaging 

between similar passages was performed for each 

measurement point. 

 

 

Figure 10. Vibration level due to passage of a TER train 

measured along lines 1 and 2, before the installation of blocks 

 Measurements after the block installation 4.4

The blocks were installed in two different configurations, the 

first configuration has a length of almost 22 m with 69 blocks 

in three rows and refers to the case where the blocks are 

directly placed on the ground surface without any resilient 

layer and the second configuration with the same number of 

blocks, refers to the case in which the blocks are placed on a 

layer of 150 mm of CDM-43, figure 11. 

(a)  

(b)  

Figure 11. Overview of (a) the concrete block and (b) the 

concrete bock over resilient material installed in the site 
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Similar to the reference case, 12 accelerometers are mounted 

on the ground surface along two measurement lines, figure 12. 

 

Figure 12. Measurement configuration after the installation of 

the concrete blocks 

Figure 13 shows the free field vibrations that were measured 

during the passage of TER trains after the installation of 

blocks. An averaging between similar passages was 

performed for each measurement point. 

(a)  

(b)  

Figure 13. Vibration level due to passage of a TER train 

measured along lines 1 and 2 after the installation of blocks 

The efficiency of two WIB systems ((1) the concrete blocks 

and (2) the concrete blocks and CDM-43) layer is determined 

by comparing the ground vibrations before and after the 

system installation. The results are presented in terms of the 

average insertion loss in third octave bands. 

 

Figure 14 shows the average insertion loss obtained for two 

WIB systems along the measurement lines 1 and 2. Along the 

measurement line 1 with concrete blocks over the resilient 

material, a low efficiency is observed. Better efficiency is 

obtained along line 2 where the concrete blocks are placed 

directly on the soil. The results of these measurements 

confirm very well those obtained by the numerical prediction. 

 

 

Figure 14. Average insertion loss obtained for two WIB 

systems along the measurement lines 1 and 2 

Although, the proposed WIB system (without resilient 

material) shows a good performance at frequencies higher 

than 16 Hz, at lower frequencies (below 10 Hz), a week 

performance is observed. 

5 CONCLUSION 

The efficiency of two WIB systems: (1) concrete blocks 

directly on the soil surface and (2) concrete blocks with a 

resilient layer on the soil surface (the tuned mass absorber), 

were investigated using both numerical simulations and 

experimental measurements. 

A 2.5D numerical modelling was used to design the 

isolating system and to predict its efficiency. The results of 

the numerical modelling were validated by means of a small-

scale test bench.  

In addition, a full-scale test was designed and then installed, 

close to a railway line in France. A measurement campaign 

was performed and the efficiency of the WIB systems 

determined.  

The results of both the numerical modelling and the 

experimental measurements show that: 

1. A heavy and wide system results in the best performing 

WIB system. 

2. A WIB system with concrete blocks placed directly on 

the soil surface provides a higher efficiency than concrete 

blocks over a layer (the tuned mass absorber). 

3. The WIB system on a layer of resilient material shows a 

high efficiency only at the resonance frequency of the 

block-CDM-soil system. However, this limited effect is 

not strong enough to influence a larger band of 

frequencies. 

4. The insertion loss decreases with increasing distance 

from the WIB. 

5. The proposed WIB system (without resilient material) 

shows a good performance for frequencies above 16 Hz. 
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ABSTRACT: The growing of the urban areas demands the development of efficient transport systems, as for instance, modern 

metro lines. However, this development should be environmentally sustainable, requiring the mitigation of some nefarious 

effects, such as the vibrations induced by the traffic.  

Distinct solutions for the mitigation of vibrations induced by railway traffic in tunnels can be adopted, being grouped as function 

of the position where are introduced: i) at the source; ii) at along the path; iii) at the receiver. In the present paper a numerical 

investigation is presented in order to deeper understand the efficiency of floating slab systems on the mitigation of vibrations at 

a building close to a railway tunnel. The numerical approach followed is based on the sub-structuring technique in order to allow 

an efficient simulation of the vibrations induced by traffic in tunnels from the source to the receiver (building). The numerical 

model is divided into three distinct parts, comprising the simulation of rolling stock, the simulation of the tunnel-ground system 

and the simulation of the building. The solution is obtained by a compliance formulation between the three sub-systems, 

developed in the frequency domain. Regarding the simulation of the tunnel-ground system, which deals with unbounded domain 

problem, an efficient solution is developed using a 2.5D technique based on the finite elements method and adopting perfect 

matched layers (PML’s) for the treatment of the boundaries due to the truncation of the finite elements mesh. On the other hand, 

the rolling stock is modeled using a multi-body approach, being the building simulated by a traditional 3D finite element 

approach. 

Different floating slab systems are studied and their efficiency is compared. Moreover, some practical rules for the design of this 

type of solutions for the mitigation of vibrations are also presented. 

 

KEY WORDS: Traffic vibrations, Mitigation, Tunnels. 

1 INTRODUCTION 

Vibrations induced by railway subsurface traffic have recently 

received special attention from the technical and scientific 

communities. Consequently, comprehensive analytical models 

for the prediction of vibrations are desirable and constitute 

valuable tools for the design of new infrastructures or for the 

efficiency evaluation of mitigation countermeasures. Several 

kinds of models have been proposed over the last decade. For 

longitudinally invariant structures, a 2.5D approach can be 

applied [1-6]. It can be applied in both finite and boundary 

elements formulations, as well as for coupled FEM-BEM 

approaches [2, 5, 7].  

In spite of the potential virtues of the 2.5D FEM-BEM 

approach, its application requires complex numerical 

procedures [8]. Alternatively, a 2.5D FEM approach to the 

entire domain is somewhat simpler and also suitable when the 

distance between the source (tunnel) and the receiver 

(building) is not very significant/high. However, an important 

drawback cannot be neglected regarding the FEM approach: 

the requirement of a complete definition of the domain, which 

creates relevant difficulties when dealing with unbounded 

domains In order to avoid the spurious reflection of waves in 

the artificial boundaries, several options can be followed. One 

of these approaches, the PML (Perfectly Matched Layers) 

formulation, is becoming the method of choice in several 

domains dealing with propagating waves [9-12].  

However, a comprehensive model for the prediction of 

vibrations induced by railway traffic in tunnels cannot be 

limited to the simulation of the propagating path. Actually, the 

source (train) and the receiver (building) are relevant aspects 

that cannot be neglected. Regarding the source, one of the 

most important mechanisms of vibration generation is due to 

the track unevenness, which causes inertial forces on the 

rolling stock, giving rise to a dynamic interaction problem 

between the train and the track. In the present paper, the train-

track interaction problem solution is achieved by a 

compliance formulation where the train is simulated by a 2D 

multi-body approach, considering the track unevenness as the 

source of dynamic interaction. 

Contrarily to the vast majority of the studies on vibrations 

induced by traffic in tunnels, in the present paper the receiver, 

i.e., a building close to the tunnel that is coupled to the natural 

ground, is also considered in the modeling strategy taking into 

account the soil structure interaction effects. In fact, a small 

number of studies concerning vibrations induced by traffic 

consider the presence of the building [13-17]. Regarding 

vibrations induced by railway traffic in tunnels, the studies 

developed until now are even more limited [18, 19], which 

justifies the development of new studies on this topic. In the 

present paper, it is assumed that the three-dimensional 

building is connected to the ground by shallow foundations. 

The solution of the dynamic behavior of the building is 
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achieved by a conventional finite elements approach, where 

the coupling to the ground is established by adding the 

impedance terms of the ground to the dynamic stiffness matrix 

of the building. The strong coupling between both systems is 

achieved taking into account the compatibility of the 

displacements and the equilibrium of tractions, which are 

fulfilled along the interaction surfaces. 

The development of a comprehensive model including the 

source, the propagation medium and also the receiver, allows 

the development of new studies about the influence of 

countermeasures on the dynamic response of buildings. One 

example of this mitigation measures is given by the 

introduction of resilient elements on the track. In fact, the 

presence of those elements introduces a cut-off frequency on 

the track, with the correspondent attenuation of vibrations at 

the higher range of frequencies. However, this attenuation in 

the higher frequency content is accompanied by an increase of 

the vibration levels in the lower frequency range, which are 

quite relevant for the vibration analysis in the buildings [20]. 

Although this aspect has been the object of study in several 

research works [20, 21], the generality of those studies has not 

taken into account the dynamic behavior of the building, 

hence the conclusions were anticipated through the analysis of 

the vibrations in the free-field, which is not the case of the 

present study. Moreover, the present study shows that the 

peak vibration of the building slabs can be amplified with the 

introduction of resilient elements in the track, since the 

resonance frequency introduced by the presence of those 

elements can be very close to the resonance frequency of the 

building slabs. 

Finally, the paper ends with a summary of the main 

conclusions of the developed study. 

2 NUMERICAL MODEL 

2.1 Generalities 

The numerical model here presented is modular, based on a 

substructuring approach. Figure 1 shows the main parts of the 

numerical model, as well as the main steps involved in the 

solution. The modeling strategy contemplates three distinct, 

each corresponding to a different simulation technique, yet 

coupled by a compliance formulation. In the following 

sections, a summarized description of each part of the model 

is presented.  
 

Modelling of Track-Tunnel-Ground

system

2.5D FEM-PML
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Figure 1. Numerical modeling strategy 

2.2 Modeling of the train-track interaction 

The load applied by the train on the track can be decomposed 

into two components: i) the static load; ii) the dynamic load. 

The latter component requires the solution of the dynamic 

train-track interaction problem, which is obtained by a 

compliance procedure formulated in a frame of reference that 

moves with the train, as suggested by several authors [1, 4, 22, 

23] and schematically depicted in Figure 1. 

A 2D vehicle model is adopted in the present study. The 

train-track interaction problem is solved on the frequency 

domain and is based on the assumption of equilibrium of 

loads and compatibility of displacements between the track 

and the degrees of freedom of the vehicle that are connected 

to the track. The source of the dynamic mechanism is given 

by the track unnevess profile. So, the train-track interaction 

force at the frequency domain can be computed by: 

     
1

H


     p F F A Δu
 

 

(1) 

where F is the train compliance at the contact points with the 

track, F
H is a diagonal matrix where the terms are equal to 

1/kH (where kH is the hertzian stiffness), A is the compliance 

matrix of the track and  is the driven frequency, i.e., the 

frequency of oscillation of the wheelset due to the unevenness 

with a wavelength c/).  

Detailed information about the mathematical inherent to the 

evaluation of the matrices can be found in Alves Costa et al. 

[7, 24]. 

2.3 Track-tunnel-ground simulation 

Transport infrastructures, such as railways, tunnels and roads, 

can be assumed as infinite and invariant domains, as can be 

seen in Figure 2. Tridimensional structures with infinite 

development and invariable properties (geometrical and 

mechanical) can be dealt with by a 2.5D formulation. In these 

cases, the main properties of the structure can be represented 

by its cross-section, by which it is faced as a two-dimensional 

medium. Assuming that the response of the structure is linear, 

the analysis can be carried out in the wavenumber/frequency 

domain. All the variables must be transformed to the 

wavenumber/frequency domain by means of a double Fourier 

transform, related with the direction along the track (x 

direction) and with time. Transformed quantities are functions 

of the Fourier images of x - wavenumber – t - frequency -, e 

represented by k1 and , respectively. 

Limitation of the interest domain, implicit to a finite 

element formulation, gives rise to a boundary treatment 

problem in order to reach the Sommerfeld condition. This 

condition is achieved by adding external layers that bound the 

“box domain”. These external layers are formed by PML’s. 

The general description of the 2.5D FEM procedure is not 

presented in this paper since detailed description can be found 

in several works, as for instance in Alves Costa et al [7, 25], 

in Lopes et al [26] and in François et al [8]. 

The absorbing condition in the PML’s domain is achieved 

by stretching coordinates (in the present case y and z) to a 

complex domain [26], being the equilibrium equations 

formulated in the finite element method sense.. Actually, the 

PML elements correspond to 2.5D finite elements affected by 
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stretching functions that allow for the absorption of the wave 

field. 

A detailed description of the stretching functions used and 

about the mathematical procedure inherent to the development 

of the matrices can be found in Lopes et al.[27].  

 

 

y

x

z

2.5 FEM

PML (2.5D)

PML (2.5D)

PML (2.5D)

 

Figure 2. Infinite and invariant structure in one direction. 

After the assemblage of the matrices of the PML layers to 

the remaining domain (simulated by the FEM), the solution, in 

the frequency-wavenumber domain, is obtained by solving the 

system of equations.  

 

2.4 The building and its interaction with the remaining 

domain 

The building is modeled using a homemade code able to 

simulate a 3D building through a finite elements approach. 

Thereby, the motion of the building, in the frequency domain, 

is given by: 

  bbb2bb fuMCiK  
 

 

(2) 

where Kb, Cb and Mb are the stiffness, the damping and the 

mass matrices, respectively; ub is the displacement vector and 

fb is the load vector. The damping matrix is proportional to the 

stiffness and mass matrices, according to the adopted 

Rayleigh damping model.  

The foundations of the building are impinged by a 

displacement field generated by the traffic in the tunnel, so, 

the displacements of the building degrees of freedom that are 

connected to the ground can be written as: 

b

0

b

s uuu 
 

(3) 

where u0 is the displacement field evaluated by the 2.5D 

FEM-PML model at the foundation positions, assuming free-

field conditions (incident displacement field). On the other 

hand, ub is the displacement increment of the degree of 

freedom due to the inertial forces generated in the building. 

This increment of displacement can be related with the load 

transmitted by the building to the ground, fs, as follows: 

s

b

s fuK 
 

(4) 

where Ks is the dynamic stiffness of the foundation. If the 

building comprises several foundations, a unique Ks matrix is 

developed taking into account the coupling of the footings 

through the ground. 

Considering the coupling between both systems (see Eq. (7) 

and Eq. (8)), i.e., the building and the ground, the following 

system of equations can be derived after some mathematical 

manipulation: 
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(5) 

where Kbb and Kbs are terms of the dynamic stiffness matrix of 

the building. 

Matrix Ks, can be obtained through the inversion of a 

flexibility matrix generated by means of the application of the 

2.5D FEM-PML model described above. In present study, the 

Haskell-Thomson transfer matrices approach was used to 

obtain the dynamic flexibility of the foundations-ground 

system, neglecting the influence of the tunnel on the 

impedance of the foundations. 

Taking into account the condensation of the matrices of 

impedance of the ground, the dynamic stiffness matrix of the 

footings is given by: 

T1

s RRGK 
 

 

(6) 

where G is the dynamic flexibility matrix of the ground-

footings system (comprising all the footings of the building) 

on the frequency domain, and R is a condensation matrix. 

3 APPLICATION EXAMPLE 

3.1 Model description 

The simple example here presented highlights the procedure 

proposed in the sections above without introducing 

undesirable complexity.  

As shown in Figure 3, a shallow tunnel embedded in a 

halfspace. The tunnel, of circular geometry, presents a 

diameter of 6.0 m and is lined on the inside with 0.3 m 

thickness of concrete. The mechanical properties of the tunnel 

liner and of the invert are also indicated in Figure 3. 

Four distinct conditions for the slab track of the railway 

were considered, taking into account distinct stiffness values 

for the mat introduced beneath the slab (see Table 1). 

Independently, it is assumed a continuous concrete slab track 

with 0.3 m of thickness and 2.5 m of width, with a 

longitudinal bending stiffness of 1.62x108 N/m2 and a mass 

per unit of length of 2800 kg. The rails, materialized by 

UIC60 profiles are continuously supported by railpads with a 

stiffness of 2.5x108 N/m2 and a damping coefficient of 6x104 

Ns/m2. 

In what concerns the building, it was also assumed the 

presence of a two-story small building in the vicinity of the 

tunnel. The geometry of the building is illustrated in Figure 4. 

The most distant column alignment of the building is 20 m 

away from the plane of symmetry of the cross-section of the 

tunnel. Table 2 summarizes the properties of the main 

elements of the building. Regarding the damping, Rayleigh 

damping factors were adopted in order to address a damping 

coefficient of around 2% in the frequency range between 5 Hz 

and 80 Hz. The coordinates of the center of the footing are: 
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A(-5;16;0); B(-5;20;0); C(0;16;0); D(0;20;0); E(5;16;0); 

F(5;20;0). 
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Figure 3. Geometry and properties of the example of 

application. 

Table 1: Properties of the mats assumed in the distinct 

scenarios 

Scenario Stiffness  

k (N/m2) 

Viscous damping  

c (Ns/m2) 

Softer mat 0.04x109 5.5x104 

Intermediate mat 0.153x109 5.5x104 

Stiffer mat 0.283x109 5.5x104 

Non isolated ∞ 0 

   

 

 

Figure 4.Building geometry: 3D finite elements mesh. 

Additionally, a distributed mass of 300 kg/m2 was 

considered on the floors, in order to take into account the 

other permanent masses. 

To compute the impedance of the ground, the area of the 

footing-ground interface was discretized by 144 square 

elements, in correspondence with a maximum length size of 

0.167 m. 

In what concerns the rolling stock, it was assumed the 

passage of the Alfa-Pendular train at a running speed of 40 

m/s. The main geometrical and mechanical properties of the 

Alfa-Pendular train are summarized in Figure 5 and in Table 

3. 

 

Table 2: Properties of the structural elements of the building 

Elements Properties 

E(GPa), (kg/m3) 

Dimensions 

Slabs 30, 0.2, 2500 Thickness: 0.25 m 

Beams 30, 0.2, 2500 0.3 x0.60 m2 

Columns 30, 0.2, 2500 0.30x0.30 m2 

 

 

CL

19.00 m

2.90 m

6.90 m

2.90 m 2.90 m 2.90 m 2.90 m 2.90 m

19.00 m 19.00 m
6.90 m 3.45 m

Vehicle 1 Vehicle 2 Vehicle 3

 
Figure 5. Alfa-Pendular geometry. 

 

Table 3: Mechanical properties of the train 

Axles Mw (kg) 1538-1884 

Primary 

suspension 

Kp (kN/m) 

Cp (kNs/m) 

3420 

36 

Bogies Mb (kg) 4712-4932 

 

Car body 

Jb (kg/m2) 5000-5150 

Mc (kg) 32900-35710 

   

In the present study, the source of vibration is a result of the 

unevenness of the track. An artificial unevenness profile was 

generated taking into account the power spectral density 

(PSD) of amplitude of the track unevenness for a range of 

wavelengths between 28 m and 0.55 m. The following 

equation was used for addressing the PSD of the track 

unevenness: 

w

,

,
k

k
)k(S)k(S


















01

1
011

 

(1)  

where k1,0=1 rad/s, w=3.5 and S(k1,0) was assumed equal to 

1x10-8 m3. 

Since the train speed was assumed to be 40 m/s, the adopted 

unevenness profile excites the train in the frequency range 

between 1.4 Hz and 72 Hz. This range of frequencies is 

particularly interesting for the study of vibrations induced by 

traffic in buildings, since for frequencies above 80 Hz the 

building structure itself filters the vibration levels. 

3.2 Free-field dynamic response induced by the train 

passage 

The dynamic response of the free-field is obtained considering 

the transfer functions of the track-tunnel-ground system and 

the dynamic loads imposed by the train-track interaction 

problem  

Figure 6 shows the one-third octave spectrum of the vertical 

velocity for two distinct points located at the ground surface. 

The results presented in the figure refer to the free-field 

condition, i.e., where the presence of the building is discarded.  
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Figure 6. One-octave spectrum for the vertical velocity of 

distinct points of the ground surface (dB-ref. 10-8 m/s): a) 

P1(0,0,0); b); b)P3(0,20,0) 

An overview of the results enables to conclude that the 

increase in the distance in relation to the central plane of the 

tunnel is accompanied by a reduction in the vertical velocity. 

This effect is generally more evident for the higher frequency 

content than for the lower range of frequencies due to material 

damping.  

Comparing now the dynamic response of the ground surface 

for the distinct track solutions, it is possible to conclude that 

the presence of resilient elements on the track does not affect 

the dynamic response at the free-field for frequencies up to 8 

Hz, for the case of the softer mat solution (lower cut-on 

frequency – fcut-on=18.6 Hz), or up to a slightly higher value 

for the remaining situations. However, for the frequency range 

around the cut-on frequency of the isolation system, the 

isolated solutions give rise to considerable amplifications of 

the dynamic response, and a pronounced attenuation effect 

can be observed for the frequency range above the cut-off 

frequency. This behavior is well illustrated in Figure 7, where 

the insertion loss curves of the vertical velocity are illustrated 

for the three points under analysis. 
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Figure 7. Insertion loss curves of the vertical velocity for 

distinct points (dB-ref 10-8): a) P1 (0,0,0); b) P3 (0,20,0). 

As can be seen, high efficiency in the reduction of 

vibrations at the free field can be reached with solutions of 

floating slab tracks, mainly when softer bearing mats are used, 

i.e., solutions with lower cut-on frequency (assuming that the 

mass of the slab remains constant). Indeed, when a soft mat is 

adopted (fcut-on=18.6 Hz), a strong reduction of vertical 

velocity, of more than 20 dB, is achieved for the higher 

frequency content. On the other hand, the option for stiffer 

mats (fcut-on=49.5 Hz) only allows achieving considerable 

reduction of vertical velocity at the free-field for the 

frequency range above 80 Hz, where the relevance of the 

mitigation solution is not so interesting from a vibration 

analysis point of view. 

3.3 The dynamic response of the building 

Figure 8 shows the mode shapes of the building structure 

associated to the first twelve natural frequencies (computed 

assumed rigid connection to the ground). As can be seen, the 

mode shapes related with natural frequencies up to 10 Hz 

comprise horizontal movement of the building slabs. On the 

other hand, the vertical movement of the slabs is mainly 

related to the natural frequencies that occur between 14 Hz 

and 20 Hz.  
1st mode: f=2.25 Hz 

 

2nd mode: f=2.26 Hz 

 
 

3rd mode: f=3.22 Hz 

 
 

4th mode: f=6.15 Hz 

 

5th mode: f=6.16 Hz 

 

6th mode: f=8.762 Hz 

 
7th mode: f=14.93 Hz 

 

8th mode: f=15.63 Hz 

 

9th mode: f=16.77 Hz 

 

10th mode: f=18.60 Hz 

 

11th mode: f=30.79 Hz 

 

12st mode: f=33.31 Hz 

 

Figure 8. Mode shapes of the building structure 

The natural frequencies and mode shapes presented in 

Figure 8 were assessed assuming a rigid connection of the 

building to the ground. However, if the soil dynamic 

flexibility is not neglected, a slight shift of the natural 

frequencies towards lower values is expected if the real 

stiffness of the ground is taken into account. Moreover, a 

damping effect due to the presence of the ground is also 

expected.  

From the previous discussion, it is possible to anticipate that 

the dynamic response of the building will be conditioned by 

its dynamic properties, as well as by the incident wave field 

induced by the passage of the train in the tunnel. The latter 

aspect is dependent of the implemented mitigation 

countermeasures, namely of the cut-on frequency of the 

floating slab track system (see Figures 7).  
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Figure 9 shows the one-third octave spectra of the vertical 

vibrations of the footing D.  
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Figure 9. On-third octave band spectrum of the vertical 

response of Point D for different scenarios (dB-ref 10-8 

m/s): a) vertical velocity; b) insertion loss of the vertical 

velocity. 

From the analysis of the frequency content of the vertical 

velocity of the footing D, it is possible to observe that the 

dynamic response is amplified for the frequency range around 

the cut-on frequency of the isolation system, which is 

accompanied by a relevant attenuation of the dynamic 

response for the frequencies above the cut-off frequency as 

can be seen from the insertion ratios depicted in Figure 9b. 

This expectable aspect is particularly interesting for the case 

where the lower cut-on frequency of the floating slab system 

is considered (softer mat). Indeed, the dynamic response of 

footing D for this case, is almost completely dominated by a 

low frequency range, below 25 Hz, with strong component for 

frequencies between 10 Hz and 20 Hz. Taking into account 

the dynamic characteristics of the building, namely the 

resonant frequencies and mode shapes depicted in Figure 8, it 

is possible to anticipate that the option for the softer mat 

solution gives rise to a considerable amplification of the 

vertical dynamic response of the slabs. 

The latter referred aspect is confirmed by the inspection of 

Figure 10, where the time records of the vertical velocity of 

the central point of the first floor slabs are presented.  

It can be seen that the option for the installation of a soft 

mat beneath the slab of the track gives rise to a considerable 

amplification of the vertical dynamic response of the building 

slabs. Contrary to what happens in the other situations, when 

the softer mat is adopted, the dynamic response of the slabs is 

fully dominated by the frequency range around the resonant 

frequencies that involve vertical movement of those elements, 

as shown in Figure 11 where the frequency content of the 

vertical velocity of point H is depicted for the different 

mitigation solutions under analysis. 
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Figure 10. Time record of the vertical velocity on the center of 

the slabs for different floating-slab systems: a) Point H-softer 

mat; b) Point H-intermediate mat; c) Point H-stiffer mat 
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Figure 11. Vertical velocity of point H in the frequency 

domain for distinct solutions of the floating-slab track: 

a) softer mat; b) intermediate mat; c) stiffer mat. 
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A detailed analysis of the frequency content depicted Figure 

11 allows to identify that, independently of the properties of 

the floating slab system, there are three principal peaks in the 

response, at the frequencies around 13 Hz, 16.7 Hz and 18.57 

Hz. The frequency of the first peak is consistent with the 

frequency of passage of the train bogies at the speed of 40 

m/s. On the other hand, the frequencies of the remaining two 

are in correspondence with the 9th and 10th modes of the 

structure. As expected, these peaks are amplified in the case 

of option for the softer mat solution, since there is a match 

between the range of frequencies that are amplified by the 

presence of this mat and the resonant frequencies of the 

structure itself. 

From the analysis performed until now, it is evident that the 

dynamics of the building is considerably affected by its 

interaction with the foundation ground, mainly for the vertical 

vibration mechanism of the slabs, which is one of the major 

reasons of annoyance of the inhabitants of buildings close to 

railway lines. Figure 12 shows the vertical velocity of point H 

of the building for the case where the softer mat is installed in 

the track. The results now shown were computed following 

two distinct approaches: a) from a soil-structure interaction 

approach (SSI), i.e., considering the true ground impedance of 

the ground on the analysis of the structure response; b) from a 

weak soil-structure coupling, where the ground dynamic 

flexibility is disregarded and the degrees of freedom of the 

bottom columns (assumed as fixed) are excited by the incident 

wave field generated by the passage of the train in the tunnel. 
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Figure 12. Time record of the vertical velocity of point J with 

and without consideration of the SSI. 

As expected, when the SSI is discarded, an overestimation 

of the dynamic response of the slabs is observed. For the 

present situation, this overestimation reaches values close to 

10 dB for the frequency range between 14 Hz and 23 Hz. This 

effect, observed independently of the mitigation 

countermeasure adopted on the track, is particularly relevant 

for the dynamic response of the floors on the vertical 

direction, which are dominated by local bending modes. 

Similar conclusions were also derived by François et al. [28], 

where a detailed study about soil-structure interaction was 

promoted, and also by Romero et al. [29] regarding the 

dynamic behavior of bridges under traffic loads. 

 

4 CONCLUSIONS 

A comprehensive approach for the simulation of vibrations 

induced by traffic in tunnels was presented. Due to the 

complexity of the problem, a sub-structuring approach was 

followed, using distinct models for the simulation of each part 

of the domain. Regarding the simulation of the propagation 

medium, a 2.5D FEM-PML approach was followed. On the 

other hand, the coupling of the building with the surrounding 

ground is one of the key aspects of the proposed model. The 

sub-structuring approach followed showed high standard of 

computational efficiency. The computational of whole domain 

can be performed in few hours by a regular personal 

computer. 

From a general point of view, and regardless of the 

simplicity assumed for the geometry of the building, it was 

possible to conclude that the dynamic characteristics of the 

building have a considerable effect on the vibrations 

perceived in its interior. Similarly, the consideration of the 

ground impedance on the solution of the dynamic problem of 

the building is a key aspect towards achieving an accurate 

prediction of the vibrations inside the building due to the 

passage of trains in tunnels.  

The parametric study involving distinct solutions for the 

railway track installed on the tunnel, enabled to draw several 

conclusions, as follows: 

 the efficiency of the use of mats for the mitigation of 

vibrations induced by railway traffic is clearly dependent on 

its cut-on frequency. Actually, assuming that the mass of the 

slab remains constant, it can be stated that the solution is 

dependent of the mat stiffness. In order to obtain a 

considerable reduction of vibrations, softer mats are 

required due to its lower cut-off frequency. On the other 

hand, softer mats imply amplification of the dynamic 

response of the track, limiting the field of application of this 

mitigation solution. 

 despite the attenuation effect provided by the presence of the 

mats on the railway track, a pernicious effect results from 

the amplification of the incident wave field that impinges 

the building footings for frequencies around the cut-on 

frequency of the mitigation countermeasure. This effect is 

particularly detrimental when softer mats are used, since the 

cut-on frequency of the track can match the natural 

frequencies of the local bending modes of the slabs 

(frequency range between 14 Hz to 20 Hz, in this case). 

Bearing in mind these remarks, it is possible to conclude 

that the design of floating slab systems for the mitigation of 

vibrations induced by railway traffic in tunnels should be 

performed with care. If, on one hand, the option for softer 

mats allows reaching high level efficiency on the attenuation 

of vibrations in the frequencies above 25 Hz (almost 30 dB for 

frequencies above 60 Hz in the case here studied), it should be 

not forgotten that this type of solution implies considerable 

amplifications at the lower frequency range. This frequency 

range where the vibrations are amplified is, in some situations, 

coincident with the frequency range of the local bending 

modes of the floors of nearby buildings. Consequently, in 

those cases, instead of an attenuation of the vibrations 

perceived inside the building, a strong amplification can 

occur, with peak values of the vertical velocity considerable 

higher than those for the non-isolated scenarios. 
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ABSTRACT: Trenches are known to be an efficient countermeasure for the mitigation of vibrations induced by railway traffic. 

However, comprehensive theoretical studies about the efficiency of this mitigation countermeasure are missing, which is 

justified, at least in part, due to the complexity inherent to the problem, where the 3-dimensional characteristics cannot be 

neglected and the source of the vibrations comprises moving loads. The present paper aims to contribute for a deeper 

understanding of the problem through numerical analysis of the efficiency of this type of mitigation countermeasure. For 

achieving the proposed goal, a 2.5D BEM-FEM procedure, which is based on the fundamental solutions obtained with the thin-

layer method (TLM), is used to simulate the track-ground system. 

The 2.5D BEM-FEM procedure is chosen for this work due to its efficiency in modelling soil-structure interaction problems. 

Furthermore, the TLM is chosen to nurture the BEM due to its intrinsic characteristics, which avoid the numerical evaluation of 

an inverse Fourier transform and the spatial integration (Gaussian quadrature, for example) for the calculation of the boundary 

element coefficients/matrices. 

The geometry and properties of a stretch of the Portuguese Northern Line serves as scenario for this investigation, in which 

distinct trench solutions for the reduction of vibrations induced by the passage of an Alfa Pendular train are studied and 

compared. The solutions are: open trench; concrete trench and geofoam trench. It is observed that concrete trenches and open 

trenches perform better than geofoam trenches, and that the efficiency of trenches varies with the longitudinal position. 

KEY WORDS: Traffic vibrations, Mitigation, Trenches. 

1 INTRODUCTION 

The prediction and mitigation of vibrations induced by 

moving vehicles has been a concern to engineers since the 19th 

century [1]. In fact, vibrations induced by traffic are 

responsible for the annoyance of inhabitants surrounding the 

transport infrastructures and, in the most severe situations, 

may be susceptible of inducing damage, at least in a cosmetic 

point of view, in sensitive structures such as old heritage 

buildings. 

The relevance of the above mentioned concern justified 

several studies on the topic, but despite all the progress 

assisted in recent years, there are still some gaps that deserve 

deeper studies, mainly in what concerns the comprehension 

and efficiency of mitigation measures. In the current days, this 

topic is being object of attention by the political instances, as 

can be verified by the currently running projects RIVAS [2] 

and CARGOVIBES [3], both funded by the European Union 

and whose objective is to propose mitigation measures for 

reaching more sustainable and environmental friendly railway 

infrastructures. Some communications that resulted from 

project RIVAS and whose aim is the behavior of trenches can 

be found in references [4, 5]. 

The countermeasures for vibrations induced by railway 

traffic can be grouped by the position of its application [6]: i) 

at the source; ii) at the propagation path; iii) at the receiver. 

Mitigation at the source may involve, within other options, to 

change the properties of the trains (suspension system, 

masses, etc.), to change the type of the track (ballast track 

versus slab-track) and its resiliency (using for that matter rail 

pads, under-sleeper pads and/or ballast mats), and to improve 

the rolling conditions of the vehicle (i.e., to reduce the wheels 

defects and the vertical roughness and unevenness of the rail) 

[7]. This last option appears to be the most efficient strategy 

because improving the rolling quality of the vehicle results in 

the reduction of the dynamic forces that the vehicle transmits 

to the track, and consequently in the reduction of the 

vibrations felt away from the track [8]. Nevertheless, due to 

the high cost of the wheel truing/rail grinding, it becomes 

economically unsustainable to rely only on this approach. As 

for changing the track resiliency, the main purpose is to 

achieve considerable attenuation of vibration levels at high 

frequencies [9]. However, the introduction of these elements 

on the track is also accompanied by the amplification of 

energy that is transmitted to the ground at the low frequency 

range, which may amplify the response of nearby buildings at 

their lower natural frequencies [9]. 

On the other hand, mitigation at the receiver (a structure to 

be shielded from vibrations) involves applying elastic 

materials at the foundations in order to isolate the whole 

building or at certain floors/compartments in order to isolate 

them from the rest of the building. Fiala proposes distinct 

solutions based on this idea [10]. The drawback of this option 

is that it is only applicable, at least with reasonable 

economical costs, for new buildings, since it implies drastic 

changes on the structural behavior of existing constructions. 

The mitigation of vibrations induced by new railway lines 

generally demands for solutions that do not imply works on 

existent buildings, being this kind of solution excluded for 
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these situations, where, on the other hand, countermeasures 

applied at the propagation path may become more relevant. 

The basic idea of the last type of countermeasures (at the 

propagation path) is to change the propagation of the waves 

through the soil, thus impeding the waves to reach a building 

or, at least, reducing the amplitude of the incident vibrations. 

The most common strategies are: subgrade stiffening; WIBs 

(wave impeding block); trenches and rows of piles. Subgrade 

stiffening consists in stiffening the soil in the proximity of the 

track, usually by jetgrouting or soil mixing techniques, which 

results in the reduction of the vibrations that are induced in the 

ground [11]. In turn, WIBs may be constructed beneath the 

track (active isolation) with the intention to replicate a rigid 

base, resulting in the decrease of the cut-off frequency of the 

foundation and in the attenuation of vibrations below this 

frequency, or under the building (passive isolation), being the 

objective to deflect waves that are about to impinge the 

building [12]. Trenches and rows of piles are used to reflect 

surface waves [6] and, like WIBs, can be bored or driven near 

the track (active isolation) or near the building to be shielded 

(passive isolation). Their efficiency depends largely on the 

depth, and so, for moderate dimensions, they are appropriate 

only for the reduction of the vibrations at the medium and 

high frequency ranges. 

In this work, different trench solutions are investigated 

numerically and compared. The paper is organized as follows: 

section two describes the 2.5D BEM-FEM procedure used for 

the analyses; section three presents the case study, which 

corresponds to a stretch of the Portuguese railway network; in 

section four, the different trench solutions are studied and 

compared. 

2 DESCRIPTION OF THE SOLUTION METHOD 

In this work, the efficiency of trenches is analyzed 

numerically with the aid of a 2.5D BEM-FEM procedure, 

being the track and the in-fill material of the trench simulated 

with finite elements and the soil with boundary elements 

(Figure 1). The choice of the mentioned procedure, in 

detriment of others, is justified by several reasons. Firstly, the 

coupled BEM-FEM methodology, which is usually appointed 

as the most efficient tool whenever a structure interacts with 

the soil, combines the advantages of the finite and boundary 

element strategies according to the characteristics of each sub-

domain: the structure, usually a bounded domain with 

irregular/complex geometry, is modeled with finite elements, 

while the soil, which is an unbounded domain, is modeled 

with boundary elements. Secondly, procedures formulated in 

the wavenumber-frequency domain (2.5D) assume that the 

geometry and properties of the region under study are 

invariant in one direction, and based on this assumption, after 

transforming all variables (e.g., loads and displacements) to 

the wavenumber-frequency domain by means of a double 

Fourier transform, the full three-dimensional problem can be 

reduced to a series of smaller two-dimensional problems that 

are easier and faster to solve with ordinary personal 

computers. The solution of each of those smaller problems, 

i.e., for each pair wavenumber-frequency, allows obtaining 

the dynamic response of the medium in that domain, which is 

returned to the space-time domain by a double inverse Fourier 

transform.  

 

Figure 1. Problem to be studied. 

2.1 Coupled 2.5D BEM-FEM 

The FEM relies on the division of the interior domain into 

small portion elements and on the approximation of the 

displacements inside each discretized finite element by means 

of their nodal values and interpolation functions. The nodal 

displacements u  and nodal forces f  are related through 

 Ku f  (1) 

in which K  is the dynamic stiffness matrix that depends on 

the longitudinal wavenumber 
yk  and on the frequency  , 

and assumes the form 

 2 3 4 2

0 1 2 3 4y y y yk k k k      K K K K K K M  (2) 

Depending on the type of elements being used and on the 

differential equations that govern their behavior, some of the 

terms j

y jk K  may be inexistent. For example, volume 

elements only contain the terms 0K , 1yk K  and 2

2yk K , being 

the remaining matrices null. More details about the calculation 

of the 2.5D FEM matrices can be found in [13, 14]. 

In opposition, the BEM relies on the discretization of the 

boundary of the domain, being the boundary conditions 

replaced by approximations (nodal values and interpolation 

functions). The application of the BEM to the boundary   

results in a linear system of equations that relates the nodal 

displacements w  and the boundary nodal tractions p  through 

 Hp Qw  (3) 

The boundary element matrices H  and Q  are 

wavenumber-frequency dependent and their terms 
  i j

h
 

 and 

  i j
q

 
 are calculated with [15] 

 
      * , , , dj y ii j

h S u k 




   x x x  (4) 

 
           *

,

, , , dj k k y i a i iji j
k x z
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   x x x x x (5) 

in which the pair  i  corresponds to the degree of freedom 

of node i  and direction  , the pair  j  corresponds to the 

degree of freedom of node j  and direction  ,   is the 

discretized boundary,  jS x  is the interpolation function 

associated with node j  and evaluated at point  ,x zx , the 

point  ,i i ix zx  corresponds to the nodal point i , and 
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      ,x zn nn x x x  is the outwards normal to the 

boundary at point x . As for  * , , ,y iu k x x  and 

 * , , ,k y ik  x x , they represent the 2.5D fundamental 

solutions of an auxiliary domain that contains the boundary   

(e.g., homogeneous whole-space or layered half-space) and 

correspond to the auxiliary response fields that are mentioned 

above:  * , , ,y iu k x x  are the displacements in direction 

  at point x  due to a unit load with direction   applied at 

point ix , while  * , , ,k y ik  x x  are the stresses at point x  

in a plane perpendicular to k  and with direction   due to the 

same load. Finally,  ic x  is a boundary coefficient that 

depends on the geometry of the boundary at point ix , and 
ij  

is the Kronecker delta. 

For points of the BEM domain that are not located at the 

boundary  , their response is obtained taking into account 

the fundamental solutions of the problem and the calculated 

boundary conditions w  and p  at the boundary  , which 

translates in the equation 

 
         

, ,
ia j j i j j

j x y z

w h p q w     
 

    (6) 

The variable w  is the displacement in direction   of the 

interior point under study, 
 j

p


 is the traction in the direction 

  at point j  of the boundary, and 
 j

w


 is the corresponding 

displacement. 

To couple the BEM and FEM sub-domains, it is convenient 

to divide the degrees of freedom of each domain into two 

groups: group I, which includes the degrees of freedom 

interacting with the other sub-structure; and group II, which 

includes the remaining degrees of freedom. According to 

these definitions, the system of equations (1) and (3) assume 

the forms described below for the FEM and BEM domains, 

respectively. 

 
I,I I,II I I

II,I II,II II II

     
     

    

K K u f

K K u f
 (7) 

 
I,I I,II I,I I,III I

II,I II,II II,I II,IIII II

      
      

      

H H Q Qp w

H H Q Qp w
 (8) 

The two sub-domains are now coupled by enforcing the 

compatibility of displacements and the equilibrium of forces 

at the interface between the domains ( BEM FEM ). The 

compatibility is enforced at the nodes of the BEM model that 

interact with the FEM domain, which is achieved with the 

identity 

 I I IN u w  (9) 

where IN  is a matrix containing the FEM interpolation 

functions associated with the degrees of freedom I  and 

evaluated at the nodes of the boundary element model 

contained in BEM FEM . The equilibrium is established by 

enforcing that the resultant of the boundary tractions equals 

the FEM nodal forces, i.e., 

    
BEM FEM

T

I I I Id 0



 
   

 
 


T

N x S x p f  (10) 

Matrix T  defined by the integral in equation (10) 

transforms the nodal tractions into equivalent nodal forces: 

matrix  IN x  collects the FEM interpolation functions 

associated with the FEM nodes I  and evaluated at x , while 

 IS x  collects the BEM interpolation functions associated 

with the BEM nodes I  and evaluated at x . 

The system of equations (8) can be solved for Ip  and the 

following identity can be reached 

 1 1

I I II

  p A Bw A Cp  (11) 

in which the matrices A , B  and C  are defined by 

  
1

I,I I,II II,II II,I



 A H Q Q H  (12) 

  
1

I,I I,II II,II II,I



 B Q Q Q Q  (13) 

  
1

I,II II,II II,II I,II



 C Q Q H H  (14) 

The combination of equations (9), (10) and (11) results in 

 1 1

I I I II

   f TA B N u TA Cp  (15) 

which after being replaced in eq. (7) results in the final system 

of equations 

 
I,I BEM I,II I BEM

II,I II,II II II

      
     

    

K K K u f

K K u f
 (16) 

being 

 1

BEM I

K TA B N  (17) 

and  

 1

BEM II

f TA C p  (18) 

The system of equations (16) is solved for Iu  and IIu  and 

this way one obtains the displacements in the FEM domain. 

The displacements Iw  of the BEM model are obtained 

afterwards by employing equation (9), while the boundary 

tractions Ip  and displacements IIw  are obtained solving the 

system of equations (8) for these. 

The difference between the procedure herein followed and 

the procedure followed by other authors that also use 2.5D 

BEM-FEM formulations is the fact that the fundamental 

solutions *u  and *

k   are obtained with the TLM. Thus, the 

boundary coefficients 
  i j

h
 

 and 
  i j

q
 

 defined in eqs. (4)-

(5) can be calculated by modal superposition, which renders 

more precise evaluations of such coefficients, avoids the 

evaluation of inverse Fourier transforms and avoids also the 

singularities associated with the fundamental solutions. 
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Details on how to calculate these boundary coefficients via the 

TLM can be found in [16]. 

2.2 Solution procedure for the train-track interaction 

problem 

The 2.5D BEM-FEM discussed in the previous sub-sections 

return results in the (x, ky, ω) domain, which need to be 

transformed back to the space-frequency domain (x, y, ω) and 

in some cases to the space-time domain (x, y, t). 

When the load corresponds to a harmonic moving load, with 

oscillation frequency 
0 , speed V , position at 0t   defined 

by 
0y , and amplitude 

0P , then the space-frequency response 

 , ,f x y   is obtained by 

  
  0

0i
0 0, , , , e

y y

V
P

f x y f x
V V

  
 


 

  
 

 (19) 

while the space-time domain response  , ,f x y t  is calculated 

through the inverse Fourier transform 
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 (20) 

where N  is the number of samples in   and   is the 

sample step. The function  , ,yf x k   corresponds to the 

response field in the 2.5D domain and is calculated with the 

procedure explained in section 2.1. 

For moving vehicles, an important issue is the evaluation of 

the contact forces that result from the vehicle-track 

interaction. The solution of this interaction problem in the 

context of discrete structures moving on top of invariant 

supporting structures can be found in [17, 18], being the final 

system of equations for the calculation of the contact forces 

given by 

      
1

vehicle track

0 0 0  


 P F H u  (21) 

where 0P  is a vector that contains the amplitudes 0P  of the 

vehicle-track interaction forces, vehicle
F  is the compliance 

matrix of the vehicle, track
H  is the compliance of the track, 

and  0 u  is a vector containing the imposed differential 

displacements at the vehicle-track contact points. 

If the vehicle is modeled with finite elements or with a 

multi rigid-body approach, its compliance matrix is obtained 

with 

  
1

vehicle 1

1,1 1,2 2,2 2,1


 F K K K K  (22) 

 2

, , 0 , 0 ,i j i j i j i j   K K C M  (23) 

in which ,i jK , ,i jC  and ,i jM  are the stiffness, damping and 

mass matrices of the vehicle model: the sub-index 1 represents 

the degrees of freedom in contact with the track, while the 

sub-index 2 represents the remaining degrees of freedom.  

As for the track compliance matrix track
H , it consists of a 

square fully populated matrix whose entries 
ijh  are calculated 

with 
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 (24) 

in which i  and j  represent contact points, 0,iy  and 0, jy  are 

the corresponding positions at 0t  , and in which  ,ij yu k   

is the 2.5D displacement at contact point i  due to a unitary 

load applied at contact point j  (
iju  is calculated with the 

2.5D BEM-FEM procedure). 

Lastly, the component  0iu   of the vector  0 u  

associated with the contact point i  is calculated through the 

transformation of the unevenness/irregularity profile of the 

track  iu y  to the frequency domain taking into account a 

moving frame of reference: 

    
0 0

0i i

0

1
e e d

iy y
V V

i iu u y y
V

 

  






   (25) 

3 CASE STUDY 

Assuming the scenario of an existing and operational railway 

line, the behavior of some trench solutions, namely of open 

trenches, of trenches filled with concrete, and of trenches 

filled with geofoam, is investigated with the aid of the 2.5D 

BEM-FEM procedure explained in section 2. The scenario 

considered for the investigations corresponds to a stretch of 

the Portuguese railway line, near the town of Carregado. The 

train considered in the analyses corresponds to the Alfa 

Pendular. Next, the soil and track conditions, rolling material 

properties, and trench solutions considered for the analyses 

are described. 

3.1 Local conditions and TLM model for the soil 

The local properties of ground have been determined 

experimentally through cross-hole tests, having the 

experiments revealed that the soil consists of several layers of 

clay with distinct wave velocities. For the following analyses, 

the soil model is assumed to be equivalent to two elastic 

layers on top of a half-space; whose properties are indicated in 

Table 1. 

Table 1. Sample table. 

Layer 
Thickness 

[m] 

Density 

[kg/m3] 

P wave 

speed 

[m/s] 

S wave 

speed 

[m/s] 

Hysteretic 

damping 

1 6 1900 1250 150 0.03 

2 6 1900 1500 230 0.03 

3   1900 1600 310 0.03 

 

For the TLM model, the layers one and two are divided into 

quadratic thin-layers with 0.10m of thickness, while the lower 
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half-space is simulated through the use of PMLs as indicated 

in [19]. 

3.2 Properties of the track and corresponding numerical 

model 

The line at Carregado corresponds to a double ballast track, 

with a straight alignment, and is composed of UIC60 rails, 

Vossloh rail pads, concrete sleepers (spaced of 60 cm), and 

ballast and subballast layers. However, the numerical model 

used in the analysis corresponds to a single track, whose 

geometry and FEM mesh are represented in Figure 2. The 

elastic and dynamic properties of each component of the track 

are indicated in Table 2. 

 

Figure 2. FEM model of the track. 

Table 2. Properties of the components of the track. 

Rails UIC60 (modeled with Euler beams) 

E [Pa] ρ [kg/m3] A [m2] Ix [m
4] 

200 × 109 7850.0 7.687 × 10-3 7.860 × 10-6 

Rail Pads 

Vertical Stiffness [kN/mm/m] Vertical Damping [kN.s/mm/m] 

1000 37.5 

Sleepers* 

ρ 

[kg/m3] 

Exz 

[Pa] 

νxz 

 

Ey 

[Pa] 

νy 

 

νxyz 

 
ξP =  ξS 

1850.0 20×109 0.2 97×106 0.1 0.04 0.01 

Ballast 

E [Pa] ρ [kg/m3] ν ξP =  ξS 

97×106 1591.0 0.12 0.061 

Sub-Ballast 

E [Pa] ρ [kg/m3] ν ξP =  ξS 

212×106 1913.0 0.3 0.054 

* The sleepers are model with transverse orthotropic materials, as explained 

in [17]. 

 

Another important aspect related with the track is its 

unevenness, which is responsible for the generation of the 

dynamic train-track interaction mechanism. The unevenness 

of the track was measured [17], and based on the results, 

artificial profiles with 40 wavelengths ranging from 0.75m to 

30m were generated with the expressions suggested in norm 

ISO 8608 [20]. Figure 3 represents the PSD of the measured 

and artificial profiles. The same unevenness profile is 

assumed for both rails of the track. 

3.3 Rolling stock and numerical model 

The Alfa Pendular train is composed of six vehicles, fulfilling 

a total length of 158.9 m. Each vehicle is composed by the 

car-body, two bogies and four axles: the car-body is linked to 

the bogies at its extremes through the secondary suspension 

system; in turn, the bogies connect to a pair of axles through 

the primary suspension system. Each vehicle of the train is 

modeled as a two dimensional multi rigid-body system in 

which the axles, the bogies and the car-body are considered as 

rigid masses, and in which the suspension systems that 

connect these components are simulated by means of springs 

and dashpots. All movements of the train outside the vertical 

plane are neglected. The deformability of the wheels is 

accounted for by means of contact springs between the wheels 

and the rails (Hertzian contact [21]). The geometry of the train 

is represented in Figure 4 and the 2D model for each vehicle 

are depicted in Figure 5. The dynamic properties assumed for 

the components of the train are given in Table 3. 

 

Figure 3. PSD of unevenness (red – measured; blue – 

approximated). 

 
Figure 4. Geometry of the Alfa Pendular train. 

 

 

Figure 5. 2D model for each vehicle. 

 

Table 3. Properties of the components of the track. 

Car body 
M [kg] 32000 

I [kg.m2] 2083600 

Bogie 
M [kg] 4800 

I [kg.m2] 5000 

Axle M [kg] 1800 

Primary suspension 
K [N] 3420000 

C [N.s/m] 3600 

Secondary suspension 
K [N/m] 1320000 

C [N.s/m] 3600 

Contact spring K [N/m] 2.4×1012 

 

3.4 Trench solutions and numerical models 

The mitigation solutions analyzed in this work are 

materialized with trenches constructed 7.5m away from the 

central line of the track. The trenches are 40cm wide 3m deep. 

The trenches may be open or in-filled with concrete or 
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geofoam. The elastic and dynamic properties of these in-fill 

materials are listed in Table 4. 

Table 4. Properties of the in-fill materials. 

Concrete 

E [Pa] ρ [kg/m3] ν ξP =  ξS 

30×109 2300.0 0.2 0.01 

Geofoam 

E [Pa] ρ [kg/m3] ν ξP =  ξS 

13.3×106 61.0 0.0 0.01 

 

The behavior of the trenches is simulated with the aid of 

quadrilateral finite elements with 4 nodes and with 

dimensions 20 × 20 cm2. The interface between the soil and 

the trench border is simulated with boundary elements of 

constant expansion and such that there is one boundary 

element per face of the finite element mesh that contacts with 

the soil (the same rule applies for the interface between the 

track and the soil). 

4 VIBRATIONS INDUCED BY THE ALFA TRAIN 

In this section, the vibrations induced by an Alfa Pendular 

train travelling at the speed 60V  m/s are analyzed. The 

section is divided in two sub-sections: in 5.1, the distinct 

trench solutions are compared; in 5.2, the behavior of the 

trenches along the longitudinal coordinate is assessed. 

4.1 The efficiency of trenches 

The efficiency of distinct trench solutions is now compared. 

The trench solutions are compared based on the insertion 

losses (IL) and on the running root means squares (RRMS) of 

the vertical velocity induced by the passage of the train. Three 

receivers are considered, all of them placed after the trench, 

namely at the transverse positions 1 10x  m, 2 15x  m, and 

3 20x  m. The longitudinal position of all receivers is 0y  . 

The insertion losses IL(x, y, ω) for the point with 

coordinates (x, y) are calculated with 

  
 

 

NoTrench

z

10 Trench

, ,
, , 20log

, ,z

u x y
IL x y

u x y





  (26) 

and are represented in Figure 6 (in one-third octave bands), 

while the RRMS(x, y, t) for the same point are calculated with 
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and are represented in Figure 7:  , ,zv x y t  are the vertical 

velocities in the time domain; the time step is set at 

0.125t  s, as indicated in the norm DIN 4150-2 [22]. 

The IL curves depicted in Figure 6 show that above the 

frequency 10Hz, the displacements are attenuated for all 

trench solutions and all receivers considered. For this 

frequency, the phase velocity of the Rayleigh wave is 

approximately 180m/s and the associated wavelength is 18m, 

so even though the depth of the trench is only 1/6 of the 

Rayleigh wavelength, it is concluded that 3m deep trenches 

are able to reduce the vibrations. 

 

Figure 6. Insertion losses for distinct trench solutions and 

receivers. 

Also based on the IL plots, it can be observed that no 

general trend can be distinguished in what concerns the 

influence of the distance between receivers and trench. Rating 

the in-fill material in terms of the performance of the trench, 

concrete trenches come first, then empty trenches come in 

second place but very near the concrete trenches, and in the 

third place, way below the other two, are the geofoam 

trenches. 

The RRMS plots can also provide information about the 

trenches efficiency. As can be seen in Figure 7, all trenches 

indeed succeed in reducing the velocities at all receivers, but 

with different levels of attenuation: as has been already 

concluded from the IL plots, the concrete and open trenches 

provide very similar reduction levels (apart from the first 

receiver, for which the concrete trenches outperform the open 

trenches), while the geofoam trenches yield smaller 
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attenuation levels. Additional information that can be 

observed in Figure 7 is that the geofoam trenches perform 

worse if the receiver is placed farther from the trench, while 

no significant difference can be noticed for the open and 

concrete trenches. 

 

 
Figure 7. RRMS for distinct trench solutions and receivers. 

 

4.2 Reduction of vibrations for distinct longitudinal 

positions 

The insertion losses shown in Figure 6 concern receivers at 

the longitudinal position 0y  . For other longitudinal 

positions, since the load contains several oscillation 

frequencies, it is expected that the insertion losses are 

different from the ones calculated for 0y  . To assess the 

variation of the insertion losses, these values are calculated for 

100 receivers placed at the alignment 15x  m and spread 

between the longitudinal positions 30y   m and 30y  m. 

The results are plotted in Figure 8. 

As can be observed, within each frequency band, the 

maximum variation can reach 20dB, which is a considerable 

value. Nevertheless, above the frequency 10Hz, all trench 

solutions offer attenuation of vibrations for the great majority 

of longitudinal positions (there are very few exceptions). 

For a given longitudinal position, the insertion loss varies 

between the maximum and the minimum values of the 

“insertion envelope”. Thus, for design purposes, to consider 

only the lower limit of the envelope will yield over protective 

measures, while to consider only the upper limit will yield 

very relaxed conditions. It is then recommended to consider a 

curve that passes through a mid value of the two limits. A 

possible option is the curve calculated with the maximum 

responses, i.e., the curve 
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For each frequency band, this curve considers the ratio of 

the response of points placed at different longitudinal 

positions, and so the value 'IL  cannot be seen as a reduction 

measure for a given point, but instead as a reduction measure 

for the maximum response along a given alignment. The 'IL  

for the alignment 15x  m is represented in Figure 8 with a 

solid black line. 

For comparison purposes, the IL lines for 2D line loads are 

also represented in Figure 8 (black dashed line). It is seen that 

for the concrete trenches, the 2D results underestimate the 

efficiency of the trenches, even when compared to the lower 

limits of the envelope. For the open and geofoam trenches, the 

2D results run close to the lower limit of the envelope, but 

there are frequency bands where the 2D results predict 

amplification of displacements, scenario that is not true. This 

comparison corroborates that 2D results will indeed 

underestimate the efficiency of trenches, and therefore, that 

plane strain conditions are not applicable for the case of 

moving vehicles. 

5 CONCLUSIONS 

In this work, the efficiency of distinct trench solutions is 

investigated numerically with the aid of a 2.5D BEM-FEM 

approach, which is based on the TLM fundamental solutions. 

The investigations comprise 3D simulations of moving 

vehicles, performed to compare and rate the trench solutions 

and to investigate the trenches efficiency along the 

longitudinal direction. 

The following conclusions are achieved: 

1. 2D simulations tend to underestimate the efficiency of 

trenches, and that is more pronounced for concrete 

trenches than for the geofoam trenches; 

2. If the in-fill materials are rated according to the 

efficiency of the trench, concrete trenches and open 

trenches come together in first place, and geofoam 

trenches are placed last, way below the other two; 

3. Within the same longitudinal alignment, the insertion 

losses may vary up to 20 dB, which is a considerable 
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value. Thus, for design purposes, to consider only the 

lower limit of the envelope will lead to over protective 

measures, while to consider only the upper limit will 

yield relaxed conditions. It is therefore recommended 

to consider insertion loss curves that pass through the 

mean value of the two limits. 

 

Figure 8. Insertion losses for receivers placed at 15x  m and 

30 30y   m. In black solid line, it is represented the 'IL  

curves for the maximum responses, and in dashed black line, 

the IL assuming plane strain conditions. 
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ABSTRACT: The Hubertus tunnel in Den Hague, the Netherlands, is a 1.5 km long bored tunnel, mostly below groundwater 

level, constructed with a hydro-shield Tunnel Boring Machine in 2006 and 2007. The vibrations due to the tunnelling have been 

recorded both inside the tunnel and at ground surface. No harmful vibrations were observed while the Hubertus tunnel was 

being bored, although unexpected vibration nuisance did occur. This is an effect that is widely known when tunnelling in rock, 

but was not expected when tunnelling in beach sand. Analyses of the recorded vibrations showed that the vibrations were mainly 

caused by the trembling motion of the TBM in the sand as a result of the stick-slip effect. This creates shear waves along the 

TBM shaft and pressure waves at the bore front. Both waves travel in an axial direction. 

KEY WORDS: Tunneling; Vibrations. 

1 INTRODUCTION 

The Hubertus tunnel in Den Hague, the Netherlands, is a 1.5 

km long bored tunnel, mostly below groundwater level, 

constructed with an occasion Herrenknecht (S-309) hydro-

shield Tunnel Boring Machine (TBM). This tunnel serves as a 

fast traffic link between the Hubertus viaduct in the southwest 

and the N440 provincial road in the northeast, see Figure 1.  

 

 

Figure 1. Location of the Hubertus Tunnel, with the Hubertus 

viaduct in the foreground. 

 

The tunnel passes under a very busy street (Van Alkemade 

Lane), houses, a computer centre and the Hubertus Dune. 

Below this dune the tunnel reaches its maximum depth of 25 

m. There is a separate two-lane tube for each traffic direction. 

The outer diameter of the tube is 10.5 m. For safety purposes 

there are to be cross-passages between the two tubes at 250 m 

intervals. The tunnel has been made for 95.7 million euros by 

the Hubertus Tunnelling Combination, which is an alliance of 

the three contractors BAM Civil, Van Hattum & Blankevoort 

and Wayss & Freytag. The total project was priced at 158 

million euros, without tax. 

 

 

Figure 2. Preparation works at starting point, June 2006. 

 

Work on boring the first tube on the N440 side started in July 

2006. In November the TBM was 1500 m further, behind the 

Hubertus Dune, above the ground near the Hubertus viaduct. 

Here the TBM was disconnected and transported in separate 

parts back to the starting point. In February the TBM was 

reconnected and boring started on the second tube. In June 

2007 the TBM passed the Hubertus Dune for the second time, 

completing the very first double tube tunnel with cross-

passages in (beach) sand in the Netherlands, and also the very 

first bored tunnel in the Netherlands that runs beneath 

buildings. Boring progressed at an average rate of 28 m per 

day. The boring caused no damage to the buildings and barely 

Vibrations due to hydroshield tunnelling 
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any settlement (less than 10 mm). Despite several problems, 

the tunnel was opened in October 2008, two months ahead of 

schedule and within budget.  

 

 

Figure 3. TBM at Start of North-tube, February 2007. 

 

 

Figure 4. End of the tunnel after the Hubertus dune. 

 

2 VIBRATION NUISANCE 

Relatively strong vibrations were observed during the boring 

of the first tube (southeast tube), which created nuisance for 

local residents. Velocity measurements were performed by 

Fugro on the second tube to investigate the magnitude of the 

vibrations. The measurements were performed at 9 field 

locations at 3 different depths, at one point of the first tube, at 

one building near the tunnel and at a moving location; the 

TBM itself. 

The measurement data indicated that no harmful vibrations 

had occurred, although there was substantial vibration 

nuisance. Dutch engineers expect this kind of vibration when 

boring in rock formations, but not when boring in (beach) 

sand, even though the cone penetration pressure was relatively 

high (qc = 20 to 40 MPa) and a high angle of internal friction 

( = 36° to 43°). 

The source of the vibration was unclear. One might suppose 

that the source would be the cutting wheel, the grout pumps, 

or the TBM motion. 

3 TYPES OF VIBRATION 

Geophones were placed at various different positions to 

measure the vibrations in 3 dimensions. (A geophone, like a 

microphone, is a magnet inside a coil that generates an electric 

current through the movement of the magnet. By calibrating 

the voltage, the vibration velocity can be determined). The 

geophones were placed in the first tube at several fixed 

positions, whereas in the second tube they moved along with 

the TBM and were positioned on the walls of the buildings 

along the Van Alkemade Lane. The X-direction is the boring 

direction (axial), the Y-direction is perpendicular to this 

(lateral) and the Z-direction is downwards (vertical).  
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Figure 5. Measured vibrations in the TBM 2nd tube, two 

thirds before the Hubertus Dune. 

 

Figure 5 shows the measured vibrations in the TBM after 

boring two thirds of the second tube. At around 8.30 am and 

at noon we see a cloud of vibrations coinciding with the 

installation of the tunnel segments (S), with a possible lunch 

break (B) between 11.48 am and 12.18 pm. These vibrations 

are generally random (5 to 15 Hz) and are barely felt at 

ground level (Figure 6). However, the vibrations during 

motion (L) are regular, are mainly low frequency (≈ 1 Hz), are 

mainly in the boring direction (axial or X-direction) and are 

felt at ground level (Figure 6).  
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Figure 6. Measured vibrations of building C, at two thirds of 

the tube, just before the Hubertus dune. 

 

4 STICK-SLIP EFFECT 

The Project Organisation of the Hubertus Tunnel hypothesised 

that a part of the vibrations might be caused by the “rough” 

motion of the TBM, creating a stick-slip effect. 
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Since the vibrations in the axial direction are the strongest, 

it would indeed seem reasonable to assume that the vibrations 

are generated by the trembling motion of the TBM as a result 

of the stick-slip effect. This creates shear waves along the 

TBM shaft and pressure waves at the bore front. Both waves 

have an axial direction.  

 

 

Figure 7. Doubling of the soil weight at the Hubertus Dune 

before tunnel end. 

 

The hypothesis that the vibrations are created by the stick-slip 

effect becomes even more plausible if one looks at the 

correlation of the vibrations with the soil stresses when 

passing the Hubertus Dune (from right to left in Figure 7). 

The sand load increases from 11 m to 22 m of mainly dry 

sand. Because of the doubling of the weight on the tunnel over 

a short distance, the friction on the TBM shaft and the 

pressure at the bore front also doubles. The vibrations in the 

axial or X-direction are therefore also doubled (see Figure 8), 

while the vibrations in the other two directions remain 

constant.  
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Figure 8. Vibration of TBM beneath the Hubertus Dune. 

 

5 INFLUENCE OF PEAT LAYER 

Another noteworthy point to emerge was the influence of a 

thin peat layer in the sand. The 2nd tube passes below building 

C, just before the subsurface crossing of the street (Van 

Alkemade Lane). This building is part of the Alexander 

Military Base and houses two measurement devices: one at 

the west and one at the east of the building. These devices 

recorded the TBM vibrations together with the smaller 

random vibrations of continuous traffic.  

There is a peat layer below the east of the building (Figure 

9). On the east, mainly vertical vibrations (upcoming pressure 

waves) were detected when the TBM passed. However, the 

horizontal vibration on the west was much stronger (axial 

shear waves and pressure waves). This effect can be explained 

by the damping effect of the peat layer. The soft peat layer has 

a high water content, and therefore a low shear stiffness and a 

high (undrained) compression stiffness. Therefore, the shear 

waves are reflected and the compression waves are well 

transmitted.  

 

 

 

Figure 9. Greater vibration on the west (left) of building C. 

 

6 CONCLUSIONS 

Vibration measurements were performed during construction 

of the Hubertus tunnel in The Hague, the Netherlands. These 

measurements indicate that the vibrations created during 

segment installation are completely random and are barely felt 

at all at ground level. The vibrations during boring and motion 

however are regular and easily detected at ground level. These 

vibrations are created as a result of the stick-slip effect 

between the TBM shaft and the soil. The main wave direction 

is therefore axial. Since the stick-slip effect depends on shaft 

friction, the greater the soil stress, the greater the vibration. 

Another effect which is found is the damping and reflection of 

shear waves at the peat layers. This is due to the low shear 

stiffness of peat.  
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Lateral Vibration of Oilwell Drillstring During Backreaming Operation
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ABSTRACT: Oilwell drillstring vibrations are renowned by their high damaging effects in the drillstring elements. In the case of
backreaming operations, i.e. when the drillstring is pulled out of the wellbore, abnormal lateral vibrations have been reported by
operators in the field. Such lateral vibrations of the drillstring can cause several problems during wellbore construction, e.g. BHA
electronic equipment failure, falling rocks into the well, drillstring blockage, which result in high financial losses when they occur.
This work focuses on the study of the dynamics of oilwell drillstrings during the withdrawing operation (backreaming). For that,
a non-linear mathematical model is used for representing the drillstring vibrations considering fluid pumping and string rotation
simultaneously. The proposed model focuses on the effects of lateral vibrations on the lower portion of the drill string, commonly
known as Bottom Hole Assembly (BHA). The modelling approach is based on analytical, nonlinear and lumped parameters, which
considers the effects of drilling fluid damping, stabilizer and drill collar contact with the borehole wall. The numerical results are
compared to experimental results obtained in a scaled test rig.

KEY WORDS: Rotor dynamics; Drillstring dynamics; Backreaming operation; Mechanical vibration.

1 INTRODUCTION

During the borehole drilling of oilwells, when the final depth
is reached, there comes the task of pulling out the drillstring.
There are two possible ways of pulling out the drillstring: dry
operation (no rotation and no pumping of fluid) and backream-
ing operation (rotation and pumping of fluid). The dry opera-
tion represents a faster operation, but the friction between the
drillstring and the borehole becomes so high that it usually jeop-
ardizes the pulling-out operation. The backreaming operation
is more commonly adopted, but their optimum conditions are
still controversial in literature. In some applications, the back-
reaming operation represents a much better friction condition
for pulling out the drillstring but, in other applications, the se-
vere lateral vibration of the drillstring can cause serious damage
to the Bottom Hole Assembly (BHA), and even borehole col-
lapse with drillstring imprisonment [1].

The challenge of modelling the drillstring during backream-
ing operation is the correct representation of the coupling be-
tween the torcional and lateral movements of the drillstring and
its longitudinal movement in contact with the borehole. The
friction between the drillstring and the borehole during longitu-
dinal movement, together with occasional impacts due to lateral
vibration, lead the system to a strong nonlinear behaviour.

In literature, one can find few studies on the subject, mainly
focused on axial vibration. In [2,3], axial vibration of the drill-
string is studied to improve the dynamic behaviour of the sys-
tem during stick-slip phenomenon and to optimize the design
of the stabilizers. Friction between the drillstring and the bore-
hole is studied in [4], based on a low order mathematical model
and experimental correlation to results shown in [5]. The results
show that friction plays an important role in the dynamics of the

system and in the impact level of the drillstring against the bore-
hole walls. The control of the rotating speed of the drillstring
has also been investigated to minimize lateral vibrations. In [6],
the adopted mathematical model took into account the longitu-
dinal movement of the drillstring and results showed that vi-
bration is self-excited. Hence, in some cases, vibration was re-
duced by increasing the rotating speed of the drillstring. How-
ever, in other cases, the lateral vibration observed was severe.

Despite the advances in the study of lateral vibrations of drill-
strings, there are no related studies on the backreaming opera-
tion, considering drillstring rotation and fluid pumping. In this
work, one develops a mathematical model for the drillstring
during backreaming. The modelling approach is based on ana-
lytical, nonlinear and lumped parameters, which considers the
effects of drilling fluid damping, stabilizer and drill collar con-
tact with the borehole wall. The results of numerical simula-
tions show the occurrence of abnormal lateral vibrations during
the drillstring withdrawal, but this effect decreases with higher
friction coefficients, and for rotating speeds near the natural fre-
quency of the system. A comparison between numerical and
experimental results obtained in scaled test rig showed good
agreement for conditions of low friction coefficients.

2 MATHEMATICAL MODEL

The following mathematical model was based on the two
degree-of-freedom model presented by Jansen [7,8], which
takes into account the pumping fluid, contact of the stabiliz-
ers with the borehole walls, contact of the drillstring with the
borehole walls, and excitation due to unbalance. The model is
then complemented with additional degrees-of-freedom of tor-
sion and longitudinal movement. The basic hypotheses of the
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model are:

• Pumping Fluid: drag in the annular gap between the drill-
string and the borehole is proportional to the square of the
rotating speed. There fluid also adds inertia to the system,
as showed in [9];

• Stabilizers: the hydrodynamic effects in the gap between
the stabilizers and the borehole walls are neglected;

• Borehole: the cross section of the borehole is circular, and
contact between the drillstring and the borehole obey the
Coulomb law;

• Drillstring Vibration: the adopted rotating speeds are
close to the first natural frequency of the drillstring associ-
ated to the first bending mode. Hence, lateral vibration of
the drillstring will be limited to that of the bending mode
of a simply supported beam, which means that both stabi-
lizers will be in contact at the same time;

• Longitudinal Movement: Coulomb friction is considered
in the longitudinal direction of movement. The weight of
the drillstring, and its effects, will not be considered in the
model.

The mathematical model is composed of a cylindrical beam
simply supported, represented by lumped parameters. The
beam represents the BHA and the supports are the stabilizers
(Fig. 1). Vibration is analyzed in the mid section of the beam
(section A-A of Figs. 1 and 2). The model has two degrees-
of-freedom to represent the lateral movements of the BHA in
directions x1 and x2, one degree-of-freedom to represent the
torsion of the drillstring, and one degree-of-freedom to repre-
sent the longitudinal motion in x3 direction. The origin of the
coordinate system lies in the centre of the borehole. The unbal-
ance of the BHA is represented by an eccentricity, given by the
difference between the centre of mass of the BHA and its the
geometric centre (Fig. 2).

Figure 1: Extremity of the drillstring and main components.

The inertia forces due to acceleration of the BHA and of the
fluid can be described by:

Fm,x1
= −(m+mf ) ẍ1 +mΩ2eo cos(ϕ− Ωt)

Fm,x2
= −(m+mf ) ẍ2 +mΩ2eo sin(ϕ− Ωt)

(1)

where m is the equivalent mass of the BHA, mf is the equiv-
alent mass of the fluid in the gap between the BHA and the

Figure 2: Section A-A with bending of the BHA and contact of
the stabilizers with the borehole wall [8].

borehole, x1 and x2 are the coordinates of the geometric centre
of the BHA, Ω is the rotating speed of the drillstring, t is time,
eo is the eccentricity of the center of mass, and ϕ is the angular
position of the BHA.

The resultant damping force of the fluid is given by [8]:

Fd,x1
= −cf v2

ẋ1√
ẋ21 + ẋ22

= −cf ẋ1
√
ẋ21 + ẋ22

Fd,x2
= −cf v2

ẋ2√
ẋ21 + ẋ22

= −cf ẋ2
√
ẋ21 + ẋ22

(2)

where cf is the equivalent damping coefficient of the fluid, and
v =

√
ẋ21 + ẋ22 is the amplitude of the lateral velocity of the

BHA.
When the stabilizer hits the borehole wall (q > S0 – Fig. 3),

the restoring force can be decomposed into radial and tangential
components, as follows:

Fk,rad = −k p cosβ

Fk,tan = −k p sinβ
(3)

where q is the radial deflection of the BHA geometric centre,
S0 = 1

2 (Dh − DS) is the gap between the stabilizer and the
borehole (Dh is the borehole diameter, DS is the stabilizer di-
ameter), and p = q cosβ + S0 cos γ = q cosβ − S0 cosφ is
the distance between the geometric centre of the BHA and the
geometric centre of the stabilizer. It is important to note that,
if q < S0, there will be no restoring force in the system (no
contact between the stabilizer and the borehole wall – Fig. 3).

The equations of the restoring force during contact can be
simplified by a first order Taylor series of the angular terms of
the equations, as follows:

Fk,rad = −k (q − S0)

Fk,tan = −k φ
(
S0 −

S2
0

q

) (4)
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Figure 3: Contact force between the stabilizer and the borehole
wall, and restoring force on the BHA [8].

This is justified by the low friction values observed in prac-
tice during operation. Transforming to the Cartesian system of
coordinates:

Fk,1 = −Fkrad
x1
q

+ Fk,tan
x2
q

Fk,2 = −Fk,rad
x2
q

− Fk,tan
x1
q

(5)

where q =
√
x21 + x22.

The restoring force due to the contact of the BHA with the
borehole wall is given by spring-damper model:

Fw,rad = −kw(q − co)− cw q̇

Fw,tan = −S µc Fw,rad

(6)

where µc is the friction coefficient between the BHA and the
borehole wall, kw and cw are the equivalent stiffness and damp-
ing coefficient of the borehole wall, respectively, and S =
sign(vg − vtan) (Fig. 4). The BHA velocity and the tangen-
tial velocity in the contact point are given by:

vg =
√
ẋ21 + ẋ22 (7)

vtan =
Dc

2
Ω (8)

During the longitudinal movement of the drillstring, the con-
tact force against the borehole wall is given by [10]:

Fc,axial = sign(ẋ3)(Fk,rad µ+ Fw,rad µc) tanψ (9)

where tanψ = ẋ3/ΩRc. Such contact force is only considered
in the model when there is contact between the BHA and the
borehole wall, or between the stabilizer and the borehole wall.

Figure 4: Representation of the relative velocities in the BHA
and in the borehole wall.

By adopting the following adimensional parameters:

β =
m+mf

m
ξ =

cf co
m

ζ =
So

co
(10)

η =
Ω

ω
ρ =

kw
k

τ = ωt ν =
cw
mω

(11)

ω =

√
k

m
co =

1

2
(Dh −Dc) yi =

xi
co

(12)

a =
√
x21 + x22 b =

√
ẋ21 + ẋ22 c = x21 + x22 (13)

one can write the equations of motion of the drillstring for the
backreaming operation, as follows:




βÿ1 + ξbẏ1 + αFk,rad y1 − αFk,tan y2 + γFw,rad y1

− γFw,tan y2 = ϵ cos(ϕ− ητ)
(ϕ̇− Ω)2

ω2

− ϵ

ω2
sin(ϕ− ητ)ϕ̈ = 0

βÿ2 + ξb ẏ2 + αFk,rad y2 − αFk,tan y1 + γFw,rad y2

+ γFw,tan y1 = −ϵ sin(ϕ− ητ)
(ϕ̇− Ω)2

ω2

− ϵ

ω2
cos(ϕ− ητ)ϕ̈ = 0

ϕ̈+ 2ξtw̄sϕ̇+ w̄2
s

(
ϕ− ητ +

To
kt

)
+ c̄hbẏ1 sin(ϕ− ητ)

− c̄hbẏ2 cos(ϕ− ητ) =
F̄ (αFk,tan + γFw,tan)[R̄− ϵ cos(ϕ− ητ)]

− F̄ (αFk,rad + γFw,rad)ϵ sin(ϕ− ητ)

ma

KJ
ÿ3 +

ca
KJω

ẏ3 +
ka

KJω2
y3 − Fc,axial = 0

(14)
where:

Fk,rad =

(
1− ζ

a

)
(15)

Fk,tan = φ

(
ζ

a
− ζ2

c

)
(16)
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Fw,rad = ρ (a− 1) + ν b (17)

Fw,tan = −S µc Fw,rad (18)

and:




α = 1 and γ = 0 , if a > ζ and a ≤ 1
(impact of stabilizer)

α = 1 and γ = 1 , if a > 1
(impact of stabilizer and BHA)

α = 0 and γ = 0 , if a ≤ ζ (no impact)
(19)

The equations of motion are integrated in time for different
operating conditions of rotating speed of the drillstring, lon-
gitudinal velocity of the drillstring, and friction coefficient of
the borehole wall. The adopted parameter values are those of
the scaled test rig. Some of the parameters are uncertain (e.g.
friction coefficients and damping coefficients) and they must be
adjusted accordingly to the experimental results.

3 TEST RIG

The test rig was built in scale according to the characteristics
of a real 16” oilwell. The drillstring is represented by a steel
shaft with diameter of 12 mm, mounted in the vertical direc-
tion, simply supported by a self aligning ball bearing (Fig. 5).
In the extremity of the shaft above the bearing, it is mounted
a inertia cylinder to represent the inertia of the drillpipe and
BHA. The cylinder+shaft is driven by an electric motor through
a flexible coupling, which represents the torsional stiffness of
the drillpipe. The rotating speed of the shaft is measured by
an encoder mounted in between the ball bearing and the inertia
cylinder.

The electric motor and the ball bearing are rigidly mounted
on the structure of the test rig. Hence, the relative longitudi-
nal motion between the BHA (shaft) and the oilwell is repro-
duced by the movement of an acrylic tube in which the shaft
is mounted and it is free to rotate and translate (Fig. 5). This
tube is mounted on a linear guide driven by an electric servo
motor. The rotating speed of the electric motor of the shaft is
controlled by a frequency inverter, whereas the velocity of the
servo motor of the linear guide is controlled by a servo drive.
Analogue inductive proximity sensors, mounted in a position
equidistant to the stabilizers mounted in the shaft, are responsi-
ble for measuring the behaviour of the shaft inside the tube.

The dimensions of the shaft, the inertia cylinder, and the flex-
ibility of the coupling were determined according to param-
eters observed in the oil field (offshore platforms). For ex-
ample, the ratios ω1/Ω (first bending natural frequency of the
BHA/rotating speed) and ωt/Ω (first torsion natural frequency
of the drillpipe/rotating speed) were the same as those observed
in practice. The dimensions of the stabilizers mounted in the
shaft also obey the proportions observed in practice. The ve-
locity of the longitudinal movement of the tube is chosen ac-
cording to the ratio LBHA/t (BHA length/time) observed in

Figure 5: Schematic view of the test rig.

Table 1: Characteristics of the test rig.

description value unit
shaft length 1.43 m
shaft diameter 12.0 mm
distance between stabilizers 0.73 m
stabilizer diameter 19.0 mm
cylinder mass 1.85 kg
tube inner diameter 21.0 mm
tube outer diameter 25.0 mm
coupling torsion stiffness (nominal) 0.17 Nm/rad
maximum rotating speed 53.3 Hz
maximum longitudinal speed 0.53 m/s
maximum tube stroke 0.40 m

practice. Table 1 presents the geometric and operational char-
acteristics of the test rig.

4 RESULTS

Experimental tests were performed for different rotating
speeds of the shaft and different longitudinal velocities of the
tube. The tube was filled with drilling fluid with density of 1070
kg/m3 and dynamic viscosity of 0.01 Pa.s. The lateral vibra-
tion of the shaft was measured during the tests and the resultant
RMS acceleration is presented in Fig. 6 in adimensional form,
i.e. the adimensional acceleration is given by RMS(ẍ1)/ω

2co.
As one can see in Fig. 6, good agreement is observed between

numerical and experimental results, especially in the case when
the tube has vertical movement, thus showing that the devel-
oped model for the system is suitable for describing the sys-
tem dynamics. It is also observed that above 2400 rpm there
is a sudden reduction in the lateral acceleration of the shaft,
irrespective of the vertical velocity of the tube. Considering
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Figure 6: RMS lateral adimensional acceleration of the shaft as
a function of the rotating speed and the longitudinal velocity of
the tube: comparison between model and experiment.

that the natural frequency of the shaft (associated to the first
bending mode) is 39.9 Hz (equivalent to 2396 rpm), this reduc-
tion in lateral acceleration of the shaft occurs after crossing the
critical velocity of the system. A possible explanation for this
phenomenon is the inversion of phase of the unbalance (self-
centring effect).

The vertical velocity of the tube does not affect significantly
the results. One can observe that there is a slight increase of
the lateral acceleration as one increases the vertical velocity of
the tube. Such low effect of the vertical motion on system dy-
namics can be explained by the low friction coefficient between
the stabilizers and the tube (estimated during model correlation
as µ = 0.013). Considering the model correlated to the exper-
imental results, one simulated numerically the system for the
same operating conditions but with a higher friction coefficient
between the stabilizers and the tube: µ = 0.2. The results are
presented in Fig. 7.
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Figure 7: RMS lateral adimensional acceleration of the shaft as
a function of the rotating speed and the longitudinal velocity of
the tube: variation of friction coefficient (numerical).

As one can see in Fig. 7, the lateral acceleration of the shaft
increased in all tested conditions with higher friction coefficient
between the stabilizers and the tube (around 30% higher). In
addition, the effect of the vertical velocity of the tube in the
system dynamics (increase of lateral acceleration) is more evi-
dent, and the decrease of lateral acceleration above the critical
speed is still noticeable.

In summary, the results show that supercritical operation con-
dition is interesting (irrespective of the longitudinal velocity)
because this condition presents lower lateral accelerations of
the shaft, and the longitudinal velocity tends to increase the lat-
eral vibration of the shaft.

4.1 Simulations with Impacts of the Shaft against the Tube

In all the tested operation conditions, one observed that the
shaft did not shock against the tube (a common occurrence dur-
ing practical backreaming operation). This no-impact operation
was probably caused by the small unbalance of the shaft in the
test rig (basically the residual unbalance of the cylinder shaft).
In practice, the unbalance is higher due to the irregular mass
distribution in the BHA caused by instrumentation. Hence, the
model adopted previously was numerically solved with higher
unbalance (100 times higher), and one observed that the shaft
(BHA) began to touch the inner side of the tube (borehole) –
Fig. 8.

Figure 8: Adimensional lateral deflection of the shaft as a func-
tion of time: (a) 1630 rpm (low unbalance), (b) 1830 rpm (high
unbalance).

In Fig. 8, one presents the deflection of the shaft during
time in adimensional form (ratio between the displacement q
and distance co). That means, if q/co equals 1, then the shaft
touches the inner surface of the tube. One can clearly see that,
in the conditions tested in the experiments (Fig. 8(a)), the shaft
never touches the tube, whereas adopting a higher unbalance
value (Fig. 8(b)), the shaft continuously touches the tube.

In order to evaluate the level of impact of the shaft against
the tube in each operation condition, one adopted the following
definition of total impulse:

I =

∫ τ

0

(Fk,rad + Fw,rad) dt (20)
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Figure 9: Adimensional impulse as a function of the longitudi-
nal velocity and the rotating speed of the shaft (numerical).

By calculating the total impulse for different operation con-
ditions under the same unbalance, one obtained the results pre-
sented in Fig. 9. As one can see, as the rotating speed increases,
the total impulse of the shaft against the tube increases signif-
icantly. After crossing the critical speed of 2396 rpm, there
is a sudden reduction of the total impulse (similarly to what
happened to the lateral acceleration of the shaft in the exper-
iments). However, for high rotating speeds (much above the
critical speed), the total impulse further increased.

Such results show that the supercritical operation is still inter-
esting when shocks occur between the BHA and the borehole.
However, it is clear that one cannot increase the rotating speed
indefinitely.

Considering the vertical velocity of the tube, again no sig-
nificant effect on the results is observed, except in the case of
3940 rpm (rotating speed above the critical speed). In this case,
a low longitudinal velocity of the tube results in a total impulse
50% lower than that observed in higher longitudinal velocities.
This is an indication that, in case of an operation with impacts,
the longitudinal velocity of the BHA must be as small as possi-
ble to reduce the total impulse against the borehole walls.

5 CONCLUSION

This work presents a simplified mathematical model for the
oilwell drillstring during backreaming operation. A compari-
son between numerical and experimental results showed that
the developed model is suitable to describe the dynamics of the
system under such operating conditions (backreaming). The
obtained results also showed that:

• a supercritical operation is an interesting operating condi-
tion due to the lower lateral accelerations (and total im-
pulse) presented by the shaft, irrespective of the longitudi-
nal velocity adopted in the backreaming operation. How-
ever, the rotating speed cannot increase indefinitely, other-
wise the total impulse, and eventually the lateral accelera-
tion of the shaft, will further increase;

• the longitudinal velocity of the shaft during the adopted
backreaming conditions does not affect significantly the
results. When there is no impact against the borehole
walls, an increase of the longitudinal velocity slightly
increases the lateral acceleration presented by the shaft.
When there is impact against the borehole walls, a sig-
nificant reduction of total impulse is only observed when
the longitudinal velocity is small and the rotating speed is
above the critical speed.

Such are promising results in terms of optimum backream-
ing operating conditions. However, due to the highly nonlinear
characteristics of the system, other metrics shall be adopted to
evaluate system response and better understand the system dy-
namics.
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ABSTRACT: Over the past few years, extensive construction of wind turbines has taken place all around the world in areas 

where many steel pipelines are already buried in the ground. The possible fall of these heavy machines may induce damageable 

vibrations to the pipeline. Therefore a theoretical predictive model has been developed in order to assess the particle velocity 

near a buried pipeline, may a wind-turbine fall nearby. A fall of a 1.5 t mass was performed and velocities were measured in 

order to update the model. An experimental soil characterization through MASW tests was performed in a representative soil in 

order to obtain relevant input parameters for a non linear FE model. The FE model allowed updating the theoretical model for 

very heavy structures as wind-turbines. The updated model is now part of the RAMCES software which has been developed for 

more than a decade at CRIGEN and is widely used in France by pipeline transportation operators. 

KEY WORDS: Modeling; Soil particle velocity estimation; Vibrations; Heavy structure fall. 

1 INTRODUCTION 

This model presents a simplified analytical model for 

estimating the peak particle velocity (PPV) at a depth into the 

ground and at a distance from the impact of a heavy structure 

fall. That model is used by oil and gas operators to estimate 

safety distances from their buried pipelines and the 

implantation of heavy structures nearby.  

 

Over the past few years, different models have been used, 

from very simplified ones based on simple wave equations 

and considering that all the energy of the falling structure was 

transmitted to the wave near the buried pipeline. The wave 

equation was stated in simple terms of u(x,t)  U0sin(ωt  + 

kx) functions. These models were overconservative because 

they did not take into account the energy dispersion into the 

ground and due to the plastification of the soil with the 

craterization phenomenon. Then, empirical models were 

developed thanks to extensive tests campaigns (like the 

Mayne model presented in [1] or the Menard model from [2] 

(presented below) where the peak particle velocity is 

estimated from the fall of masses for dynamic compaction 

techniques).  

 

But once again, the Mayne PPV model was not adapted for all 

the field configurations met by a gas operator. Indeed, the 

masses at play in ground compaction are an order of 

magnitude less than the masses of the wind-turbines and the 

energy dissipation into the ground does not follow a linear law 

in function of the falling mass. 

 

In a first part, the problem is introduced. In a second part, the 

velocity due to the Rayleigh waves is obtained for some 

loading. The aim of this section is to show that Rayleigh 

waves are preponderant in the phenomenon of interest. In a 

third part, under elastic assumptions, the impact force is 

estimated. The aim of this section is to provide an upper 

bound for the velocity under an elastic impact. An efficiency 

coefficient is then introduced to take into account the 

plastification phenomena. This coefficient is updated in a 

fourth part thanks to vibrations measurements and MASW 

tests used as input parameters in a 3D dynamic non linear 

finite element model. 

 

The terms in bold are vectors. 

2 EVALUATION OF THE VIBRATIONS IN THE 

GROUND 

2.1 Problem and basic assumptions 

The problem considered in this paper is the fall of a tall and 

heavy structure in the gravity field g with an initial velocity V0 

and an incident angle θ from a height h producing an impact 

at a distance d from the base of structure. The fall produces 

vibrations nearby a buried pipeline located at a length r from 

the impact and a depth z from the surface soil (see Figure 1). 

 

 

Figure 1. Problem modeled. 

Velocity vz at the impact point located at a distance d like in 

Figure 1, is written as,  
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. (1) 

 

If θ = π/2, vz is maximal but due to the configuration of the 

wind-turbine nacelle, this value is highly unlikely to appear. 

Moreover, a variation of the θ angle from 0° to 30° on the 

horizontal gives a very small variation of the impact velocity, 

thus the angle is considered to be null and therefore, the 

velocity at the impact point is written as,  

 

          . (2) 

 

2.2 Point-source impact, general solution 

The original formulation for the normal point-source load 

over a half-space was established by Lamb for a harmonic 

load. The soil surface displacements for a point-source impact 

load is given by Pekeris (see [3]). The displacement is 

reproduced below for a load with a Heaviside time 

dependency; the derivation of this solution with modern 

techniques in the complex plane is available in reference [4].  

At the surface of the half-space, the boundary conditions are 

written as, 

 

                              , (3) 

 

 where σ is the stress tensor, Q is the force amplitude and δ 

is the Kronecker symbol. The Heaviside function , H(t) is null 

for t<0 and equal to 1 for t>0. 

With the assumption that the soil Poisson’s coefficient ν = 

0.25, the Lame’s coefficients, λ and μ, which characterize the 

elastic behavior of the half-space are equal. The vertical 

displacement w(t,r), at a distance r from the impact point and 

time t is written as, 

  for           ,                ; 

 

for                ,   
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(4) 

for       ,   

    

      
  

   

 

 

 

 
 

, 
 

 

where τ = t cT /   is the scaled time with cT the celerity of 

the shear waves,    
 

 
      the time of arrival of the 

Rayleigh wave which propagates with celerity cR. These 

expressions are plotted at Figure 2. 

 

 

Figure 2. Vertical surface displacement (Pekeris, 1955), from 

equations (4). Amplitude of the displacement in vertical axis, 

dimensionless time in horizontal axis. P, S and R mean arrival 

of P-waves, S-waves and Rayleigh waves respectively. 

2.3 Vibrations induced by surface waves, point-source 

impact,  

Equations (4) show that the Rayleigh wave gives the larger 

perturbation at the soil surface; these expressions show 

moreover a geometric attenuation when r increases. The 

following assumption is then made, which is endorsed by 

seismic observations: the perturbations propagating with the 

Rayleigh waves give larger amplitudes of vibrations which are 

of interest in this paper. The problem is then considerably 

simplified because the displacement of interest can be 

obtained by solving the equation in the vicinity of the pole 

associated to the Rayleigh waves. That solution was 

calculated by Chao et al. in ref. [5] (see also [4]). These 

expressions are valid for times close to the arrival time of the 

Rayleigh waves and for depths z/r (see Figure 1) which are 

small. They are written as,  
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; 

(5) 

 

vertical displacement 
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(6) 

 

with the following notations, 
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        ; 

    
       

 
     

      , 

 

(7) 

with       ,       and       are respectively the real 

part and the imaginary part of a complex number Z. These 

expressions are plotted at Figure 3. 

 

Figure 3. Displacements due to the Rayleigh waves (Chao et 

al. 1961). Horizontal axis, the scaled time (cT t – τR r) / z ; 

vertical axis, the scaled radial ( 
    

 
) and vertical ( 

    

 
) 

displacement components. This figure shows the amplitudes 

of the displacement components due to the Rayleigh waves. 

 

Expressions (5) to (7) show that the displacements depend 

only on the dimensionless time τ and that they decrease in 

function of 1/   compared to the other components of the 

displacement which decrease in function of 1/r. Therefore for 

high distances from the impact, z/r << 1, the Rayleigh wave 

contribution is predominant. 

 

The velocity is obtained from the displacement by 

differentiation, which is written as,  
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(8) 
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(9) 

These expressions are plotted at Figure 4. 

 

 

Figure 4. Velocity due to the Rayleigh waves. Horizontal axis, 

the scaled time (cT t – τR r) / z ; vertical axis, the scaled radial 

(  
     

   
) and vertical (  

     

   
) velocity components. This 

figure shows the amplitudes of the velocity components due to 

the Rayleigh waves. 

 

2.4 Vibrations induced by surface waves, impulse load 

The case of an impulse load can be calculated with previous 

equations, considering at time t an impact of amplitude + Q 

and at time t + dt, where dt is finite, an impact of amplitude -

Q, if dt is small enough, the solution is obtained by 

differentiation and superposition of equations (8) and (9), 

which is written as, 
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(11) 

Considering equations (8) and (9), equations (10) and (11) 

are written as,  
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These expressions are plotted at Figure 5. 
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Figure 5. Velocity due to the Rayleigh waves and an impulse 

force. Horizontal axis, the scaled time (cT t – τR r) / z ; vertical 

axis, the scaled radial (   
     

  
     

) and vertical (   
     

  
     

) 

velocity components. This figure shows the amplitudes of the 

velocity components due to the Rayleigh waves and an 

impulse load Qdt. 

The graphs presented in Figure 5 show that, for any time t,  

 

          
  

     

     
 

          
  

     

     
 

, 

 

 

. 

(14) 

 

2.5 Vibrations induced by surface waves, for any load 

Any given load can be modeled by a superposition of time-

shifted impulse loads. The velocity due to that load and 

generated by the Rayleigh waves is given by: 
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(15) 

 

 

 

 

 

(16) 

 

 

where T = N dt is the total duration of the impact force 

application, Φ and   are functions not used below. When dt 

becomes close to 0, the last member of the equations (15) and 

(16) tends to the total impulse contact load, which is written 

as,  

          
    
    

 

   

          

 

 

 

 

 

. (17) 

With equation (17), equations (14) to (16) provide the 

following equations,  

         
  

 

     
   

         
  

 

     
   

, 
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(18) 

 

3 IMPACT FORCE DETERMINATION 

3.1 Circular foundation 

Under the assumption that the soil behavior remains elastic 

when impacted, the wind-turbine nacelle is assumed to be a 

circular foundation (mass m) animated with an initial velocity 

equal to the impact velocity given in equation (2). 

 

In that case, the foundation can be modeled by a spring and 

a damper (assumed to be frequency independent for the sake 

of simplicity). The values of the spring and the damper used 

to model the impedance of a circular foundation over a 

homogenous, isotropic half-space are given by Gazetas (see 

reference [6]). For a foundation of radius r0 over a half-space 

with behavior parameters μ and ν (=0.25, like previously), the 

expressions are written as, 
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(20) 

 

With     
 

 
 and          , the response of the 1-DOF 

oscillator is immediate and the displacement and vertical 

velocity are written as,  
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with vz is the velocity of the missile (i.e. wind-turbine nacelle) 

at the impact and where the following notations are used,  
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The impact force can then be written as,  
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. (25)  

As an example, Figure 6 depicts the variation of the missile 

displacement and velocity after the impact, and the developed 

contact force. This graph was plotted for a mass m = 50.10
3
 kg 
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and r0 = 2 m, falling from 80 m over a soil with the following 

characteristics, cT= 300 m.s
-1

, μ = 162 .10
6
 Pa.  

 

 

Figure 6. Impact characteristics. Horizontal axis, time t; left 

vertical axis, Force (10
6
 N) in dotted line, right vertical axis, 

displacement (mm) continuous line and velocity (m.s
-1

) in 

discontinuous line. 

Force diagram can be seen as a triangular force diagram with 

maximum value at 390 MN, duration 0.013 s and total 

impulse 2.55 MN.s. The maximum force is obtained for t = 0 

and equal to C vz. After 0.012 s, the force becomes negative, 

which means, taking into account the previous assumptions 

that there is a traction force from the missile to the soil; this 

phenomenon cannot be possibly physical and thus, after 0.012 

s the mass lifts off and previous equations are not valid any 

more. 

   

3.2 Maximum velocity induced by an elastic impact 

In this section, the impulse load    (see eq. (18)) is 

computed numerically on the interval [0,T]; that corresponds 

to a positive force and the parameters used vary like in the 

following Table 1. 

Table 1. Parameters variation for the computation of the total 

impulse load IQ. 

Parameters Min.  

value 

Symbol Max. 

value  

Equivalent 

radius for 

impact area 

(m) 

0.5 ≤  r0  ≤ 5 m 

Nacelle mass 

(t  10
3 
kg) 

25 ≤  m ≤ 70 t 

Fall height 

(m) 
50 ≤  h ≤ 100 m 

Shear waves 

celerity in the 

soil  

(m.s
-1

) 

150 ≤  cT  ≤ 1000 m.s
-1 

The total impulse IQ depends a priori on the following 

terms: m, vz, r0, ρ, cT, where ρ=μ/cT
2
 is the soil density. These 

parameters can be expressed with the fundamental terms L 

(length), T (time) and M (mass). The Vashy-Buckingham 

dimensional analysis theorem states that it exists a relation 

between 3 dimensionless parameters (relating the 6 

parameters above and the 3 fundamental terms). The 

following dimensionless parameters are chosen and written as,  

 

   
  

   

      
 

     
     

      
  

  

  , (26)  

 

and the relation is written as,  

 

              . (27)  

 

The dimensionless parameters    for i=1 to 3 are computed 

with the values shown in Table 1. Figure 7 and Figure 8 show 

the variation of    as a function of    and   . 

 

Figure 7. Computation of parameters   (vertical axis) versus 

   (horizontal axis). 

 

Figure 8. Computation of parameters   (vertical axis) versus 

   (horizontal axis). 

Figure 7 and Figure 8 show that the variation of    versus 

   and    is relatively small. A simplified average value can 

be retained and is written as, 

 

       . (28)  

 

For a short duration impact, the elastic forces linked to the 

stiffness K (see eq. (19)) become negligible in front of the 

damping force from C (see eq. (20)) and thus the impulse is 

simplified and its value becomes     i.e.       . In the 

following, that value will be taken as a reasonable 

approximation for the impact computation. The chosen upper 
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bounds for the radial and vertical velocities induced by an 

elastic impact and propagated with Rayleigh waves are then 

written as,  
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. 

(29) 

 

3.3 Application to a wind-turbine fall case 

Under the assumptions of section 2, which are recalled below, 

 Rayleigh waves predominance over the general 

movement; 

 Linear elastic behavior for the soil at the impact 

point and in the medium,  

equations (29) give an evaluation for the particle velocity in 

the soil as a function of the soil characteristics (    ), the 

mass of the impact (m), the velocity at the impact (  ) and the 

distance to the impact point ( ). The depth ( ) is arbitrarily 

chosen to be equal to 5 m (the linear elastic soil behavior 

leads to infinite displacement and velocity at the soil surface). 

The velocity is estimated far enough (z/r << 1) from the 

impact point. 

 

 

Figure 9. Plot of the particle velocity           (in m.s
-1

, 

vertical axis, log scale) in function of the distance (impact 

distance + 26 m) to the base of a wind-turbine (in m, 

horizontal axis, log scale) for 5 different impulse loads: big 

dashed line for 1 MN.s ; very big dashed line for 2 MN.s; 

continuous line for 3MN.s; dotted line for 0.3 MN.s; dashed 

line for experimental dynamic compaction estimation of the 

velocity. 

The results plotted in Figure 9 for a soil density of 1800 kg.m
-

3
 give the variation of the maximum amplitude for the velocity 

(              , computed with eq. (29)) as a function 

of distance to the foot of a wind-turbine mast which is equal 

to r -d (feedback studies state that the nacelle falls at most at d 

= 26 m from the foot of wind-turbine mast), where r and d are 

shown in Figure 1. The input parameters used are the 

following impact loads     = 0.3, 1, 2 and 3 MN.s. An 

empirical relation based on tests (from [2]), where     

         is plotted so as to compare with the model of eq. 

(29) with     = 0.3 MN.s (m ≈ 20 t and h ≈ 10 m). 

  

3.4 Discussion and efficiency coefficient 

When comparing the experimental results with the predicted 

model, it appears that the model assumptions lead to an 

overestimation of the peak particle velocity for dynamic 

compaction impacts.  

 

The overestimation is due to the fact that the impact from real 

masses, like in dynamic compaction, is far from being elastic. 

Moreover, the wave propagation takes place in a nonlinear 

medium. For these reasons, an efficiency coefficient e is 

introduced, which accounts for the plasticity and non 

linearities.  

 

Figure 9 shows that the efficiency coefficient e can be 

estimated, for the lengths of interest, to  

 
 

   
                         

 

   
 . (30) 

 

The assumptions for using the empirical Menard model (from 

[2]) are the following, the product mh should be included 

between 200 and 300 t.m (for example a fall of a 20 t-mass 

from 10 to 15 m). The assumptions from [1] are mh ≤ 1000 

t.m (for example 50 t from 20 m). As a reminder, the aim of 

this paper is to estimate the in-ground velocity due to a heavy 

structure fall like wind-turbines. For wind-turbines, the 

product mh can be as large as 25000 t.m (a 250 t-nacelle 

falling from 100 m) and much more for concrete-mast wind-

turbines (on-shore).  

 

The efficiency coefficient found for the dynamic compaction 

tests is thus not assumed to be valid for the fall of a wind-

turbine. 

 

4 UPDATED EFFICIENCY COEFFICIENT FOR WIND-

TURBINES 

4.1 Methodology of updating 

In the previous section, an efficiency coefficient has been 

updated for dynamic compaction phenomenon thanks to 

empirical data. In the case of this paper, a test with real 

masses of interest is not possible (because it is hard to find a 

field to instrument and make a wind-turbine fall). Therefore a 

3D finite element computational model (Dynaflow, see [9]) 

has been used to model the fall of the masses of interest.  

This FE-model has been updated with soil parameters 

measured in field experiments performed by GDF SUEZ (see 

[7] and [8]) and the dynamic compaction parameters. The 

updated FE-model has then been used to compute a wind-

turbine fall, which has provided an estimation of the 

efficiency coefficient for real wind-turbines. 
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4.2 Field tests 

The field tests used to update the FE-model have been 

extensively presented in ref. [7] and [8] and only main results 

are reproduced in this paper. 

 

 
 

Figure 10. Position of the sensors for the 1.5 t-mass fall 

tests from 3, 5, 10 to 15 m high and measurement of the 

velocity from 3, 8, 15, 30, 50 to 80 m from the impact point. 

 

 
 

Figure 11. Position of the sensors during the MASW tests. 

 

Several heights of fall have been tested to quantify the 

influence of plastification at the impact point; for each fall, 5 

to 6 impacts have been performed (see Figure 10). A scatter of 

about 2 has been observed on the results (up to twice the 

minimal value for a test). 

 

Geotechnical data have been measured at the same field with 

Multichannel Analysis Surface Wave method and were used 

in the FE-model (see Figure 11) and are gathered in Table 2. 

 

Table 2. Parameters measured from MASW test (thickness 

layer, celerities) and estimated from experience (density). 

Mesh dimensions for the FE-model. 

Layers Thickness 

(m) 

Density 

(t.m-3) 

Shear 

waves 
celerity 

(m.s-1) 

Compres-

sion 
waves 

celerity  

(m.s-1) 

Mesh 

height 
(m) 

Mesh  

width  
(m) 

1 1.5 1.8 150 400 0.25 0.35 

2 2.5 1.8 220 400 0.24 0.35 

3 2.0 1.9 220 800 0.35 0.35 

4 4.0 2.0 330 800 0.50 0.35 

5 5.0 2.0 450 1800 0.50 0.35 

6 5.0 2.0 450 1800 0.50 0.35 

 

It can be said of the measurements: 

 Frequency domain measured is in [0, 30 Hz]; 

 Impact footprint is about 0.70 cm in diameter, the 

depth increased with the number of fall from 0.30 cm 

up to 1.00 m; 

 Measured particle velocities show a non negligible 

scatter; 

 Some sensors were occasionally saturated (150 

mm.s
-1

). 

4.3 3D Nonlinear finite element model for the soil 

 The Dynaflow software has been used (see [9]). The impact 

simulation was used with the following parameters: 1.5 t 

mass, 0.35 m radius, 0.50 m depth of impact and initial 

velocity given in eq. (2). 

The Prevost constitutive model used in the computation 

takes into account the data gathered at Table 2 and some 

parameters were taken from literature because they were not 

measured (see ref. [10] and [11]). 

The mesh was adapted to the waves transmission up to 

30 Hz. The criteria used was 10 elements by wavelength, the 

maximum mesh size       was calculated,  

 

       
  

      

 
   

     
        . (31) 

 

The mesh dimensions presented in Table 2 are compatible 

with eq. (31). The non linearities were modeled up to 10.50 m 

from the impact point (it is considered that the medium is 

elastic beyond that radius, up to 150 m). The damping follows 

a Rayleigh law and is fixed at 2% for 0.5 Hz and 20 Hz. The 

FE-model has 14,523 elements, 14,886 nodes and 29,048 

DOF. Nodes on the lateral boundary have only vertical DOF 

and nodes on the lower boundary are fixed (see Figure 12). 

 

 
Figure 12. FE mesh. 

 

The numerical integration scheme is detailed in ref. [12]; 

the non linear system of equations is solved with a modified 

Newton-Raphson algorithm. The integration step is taken 

equal to 10
-3 

s and total analysis duration is taken equal to 1 s. 

The first step of the computation, which is the initialization 

of the stresses in the soil, is statically realized; after stress 

initialization, displacements are then reset to 0 and the 

propagation is computed. 

 

4.4 Results 

Figure 13 shows an example of result obtained with the FE-

model which gives conservative results compared to the field 

measurements. 
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Figure 13. Radial velocity (m.s
-1

, log-scale, vertical axis) in 

function of distance to the impact point (m, horizontal axis). 

Continuous line: FE-model prediction with interpolation curve 

in dashed line; Triangular symbols: field measurements with 

interpolation curve in continuous line. 

 

All comparisons between FE-computations and field 

measurements have globally the same shape, which means 

that the relation between the velocity and the other parameters 

(see eq. (29)) is different from the relationship used with 

linear elasticity assumptions multiplied by a constant 

efficiency coefficient (except for distances far enough from 

the impact). 

 

 Therefore, a relation based on the Mayne model (    

           
    

) and the Menard model (              ) 

is written as,  

 

          
   

 
      , (32) 

where,  

 PPV is the Peak Particular Velocity in mm.s
-1

; 

 r is the distance to the impact point in m; 

 m the impacting mass in kg; 

    is the velocity at the impact in m.s
-1

; 

   is the soil density in kg.m
-3

; 

   and n depends on    . 

 

Figure 14 shows the use of equation (32) for the fall of a 70 t 

nacelle from 100 m. 

 

Figure 14. Peak particle velocity due to the fall of wind-

turbine nacelle of 70 t from a height of 100 m. Vertical axis, 

PPV in mm.s
-1

(log-scale), horizontal axis, distance in m 

from the point of interest to the foot of the wind-turbine mast.  

CONCLUSION 

In this paper, an analytical model for estimating the peak 

particle velocity near a buried pipeline due to the fall of a 

heavy structure like a wind turbine is presented. 

In a first step, it is assumed that the impact and then the 

propagation are elastic. It is also assumed that the Rayleigh 

waves are predominant. These assumptions lead to a model 

which can be updated with an efficiency coefficient when the 

impact is far enough from the buried pipeline, the efficiency 

coefficient is a simple constant scaled with empirical relations 

based on field experiments.  

However, an estimation of the velocity obtained with a 3D 

non linear plastic finite element model in time domain, 

updated with specific field test data showed that the 

approximation for distances close to the impact were not 

proportional to the linear elastic solution (it is still true with an 

efficiency coefficient, far enough from the impact), therefore 

a PPV relation based on empirical relations used in dynamic 

compaction was performed. The impact energy for wind-

turbines falls is an order of magnitude larger than for dynamic 

compaction, then the PPV relation presented in this paper had 

to be updated numerically for the specific values of the wind-

turbines parameters. A specific example is presented: fall of a 

70 t wind-turbine nacelle from a height of 100 m. 
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ABSTRACT: In the paper, there is presented description of a failure state of concrete laboratory floor caused by execution 

errors. Errors resulted in lack of dilatation, introducing an anti-vibration protection of laboratory precise apparatuses, vulnerable 

to vibrations. The applied innovative repair using polymer flexible joint as a restoration of the dilatation was efficient. Levels of 

vibration, generated by two different dynamic excitations were measured by accelerometers in three analyzed construction 

stages: with the absence of the dilatations (stage 1), with dilatations made by cutting without filament (stage 2) and with 

dilatations with the polymer flexible joint made of polymer PM (stage 3). Two methods of dynamic diagnostics were applied to 

assess changes in vibration levels, based on the comparison of vibration velocities with rules of the Polish code and on the 

comparison of inertancy functions. The carried out analysis indicated that the first method based on the Polish code do not 

allows comparing directly of the measurement results, if even small shifts of the dominant frequency bands is observed. On the 

other hand, usefulness of the inertancy function to evaluate the vibration reduction in the full analyzed frequency range was 

confirmed. The presented dynamic analysis confirmed that the applied repair method of emergency state (using polymer flexible 

joint) met the requirements of vibro-isolation.  

KEY WORDS: Vibro-isolation, inertancy function, dynamic diagnosis. 

1 INTRODUCTION 

Elimination of execution errors is one of the complicated tasks 

in engineering practice. These errors can result in effects 

which are complex and in many cases difficult to eliminate or 

remove them generates additional costs. Authors of this paper 

had to manage with such case, during the adaptation works 

carried out in the main building of the Cracow University of 

Technology in Poland. There was organized a new laboratory 

of the Division of Soil-Structure Interaction. It has been 

dedicated to carry out series of researches using the laboratory 

equipment sensitive to vibration. The room is localized in the 

basement of a historical masonry building, constructed in the 

70-ties of the XVIII century (Figure 1).  

In order to reduce the vibrations acting on precise 

laboratory equipments, there were designed in laboratory 

special isolated fields of a floor, where research stations were 

localized. The main source of vibration is a self-propelled 

static probe CPT (Pagani TG-63 150 kN) with a mass of  

1100 kg, powered by an internal combustion engine with  

a capacity of 18 kW and moving rubber tracks, running inside 

the main room of the laboratory (Figure 2). Introduction of it 

into the laboratory (moving on the floor) is required due to the 

calibration of the laboratory equipment and real scale model 

works carried out inside. Additionally, a separate and isolated 

communication floor path with dilatation was designed. The 

designed with dilatations concrete slabs of the floor lay on the 

sand soil. Unfortunately, the designed functional anti-

vibration floor system was not implemented due to errors and 

omissions made by a contractor (the floor was executed as a 

continuous concrete slab without dilatations). 

 

 

Figure 1. View of the historical masonry building during 

construction in the XVIII century, and nowadays using as the 

main building of the Cracow University of Technology. 

Dynamic testing of anti-vibration protection constructed in floor topping 

of historic masonry building 
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Figure 2. View from the laboratory with the moving CPT 

probe and localization of the test setup. 

 

2 DESCRIPTION OF THE EMERGENCY APPROACH 

AND THE INNOVATIVE REPAIR METHOD 

Improper execution of the vibro-isolated floor was detected 

during a diagnosing vibration test, made by the accredited 

Laboratory of the Institute of Structural Mechanics of Cracow 

University of Technology, when the self-propelled probe CPT 

was moving along the communication floor path (Figure 2). 

Vibration levels, measured on both sides of the possibly 

executed dilatation, were practically the same. The carried out 

inspection indicated that the designed two-layer floor layout 

do not had any dilatation (a monolithic concrete structure). As 

a repair method, the cutting of the concrete slabs on the whole 

their height was adopted. There was restored anti-vibration 

isolation, but the new problem of instability of the slabs under 

dynamic load (after constructing of dilatations) must have 

been solved.  

Threaten of uneven settlements of the slabs and of loss of 

anti-vibration properties required application inside dilatation 

of an elastic material of vibro-isolation characteristic. It was 

necessary to use an elastic element, permanently connecting 

the floor slabs to transfer shear loads protecting against 

uneven settlements. In addition, filling gap had to prevent 

entering inside the dilatation of soil (sand) particles, 

transporting under the influence of dynamic load. Expansion 

joints filled with the ground risked at the loss of anti-vibration 

properties of dilatation. For the same reason, the material 

filling gap had to have an adequate vibro- isolation properties 

and adequate propertied to protect the room against the 

groundwater infiltration. Moreover, the material had to be 

liquid during application to easy fill tight dilatation  

(width 7-15 mm) at its bottom.  

These requirements were fulfilled by the Polymer Flexible 

Joint method (patented to Cracow University of Technology), 

in which polymer PM mass of high deformability, of low 

stiffness and of good damping (elongation 140%, Young 

modulus E = 4 MPa, tensile strength 1.4 MPa, adhesion to 

concrete 1 MPa) is used [1], [2]. The polymer flexible joint 

was designed in form presented in Figure 2. The concrete 

slabs, connected with polymer PM, were able transferring 

large deformation and shear stresses, while ensuring integrity 

of connection and vibro-isolation required by the user. More 

info on polymer flexible joints can be found in [3]. 

 

 

 

Figure 3. The cross-section of the floor, presented with the 

constructed polymer flexible joint, protecting the structure 

against uneven settlements, groundwater infiltration and 

vibrations. 

 

3 DIAGNOSING METHODS  

3.1 Measuring equipment 

An assessment of the vibration levels was made with two 

dynamic diagnostic methods for three stages: with the absence 

of the dilatations (stage 1), with dilatations made by cutting 

without filament (stage 2) and with dilatations with the 

polymer flexible joint made of polymer PM (stage 3). 

Dynamic tests were performed during the self-propelled CPT 

probe moving (Figure 4) and during vibrations excitation with 

modal hammer PCB086D50 of weight 5.5 kg and with the 

mounted tip for generation of vibrations in the frequency 

range up to 250 Hz (Figure 5). Vibrations were recorded using 

two triaxial accelerometers PCB356B18 (marked as “a1” and 

“a2”), fixed to the floor on both sides of the dilatation. All 

data were acquired and analyzed by the data recorder LMS 

SCADAS MOBILE (Figure 2). 

1.  POLYPROPYLENE ROPE DILATATION 

2. POLYMER PM 

3. CHEMICAL-RESISTANT POLIURETAN PULP  

4. POLYURETANE SEAL  
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Figure 4. Measurement of vibrations made during the self-

propelled CPT probe moving. 

 

Figure 5. Measurement of vibrations during made during 

excitation with modal hammer. 

3.2 Comparison of vibration velocity with the acceptable 

value 

In the first method, referred to the recommendations specified 

by the Polish code [4], the root-mean-square (RMS) of the 

maximum resultant value of the velocity d measured in three 

directions (x, y, x) – formula (1) – is compared with the , 

which should not be overcome in the case of assessed 

vibrations acting on sensitive laboratory equipments. It is 

recommended in [3] to use for calculations of the velocity 

values obtained from the time history analysis. However, this 

approach does not allow assessing of the vibration level in 

frequency domain.  

There were proposed a new approach of assessment 

allowing to use accelerations recorded in three directions x, y, 

and z. As previously, the maximum resultant response ad is 

calculated according to the formula (2) and then the signal is 

transformed to the frequency domain using the Fast Fourier 

Transform (FFT). Next, the obtained FFT(ad) is converted to 

the value of the root-mean-square velocity in frequency 

domain according to the formula (3), where f is frequency 

given in [Hz].  

 
222

zyxd vvvv   (1) 

 
222

zyxd aaaa   (2) 
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Using the presented method, the assessment can be only 

qualitative, especially if reduction of vibration level over the 

entire frequency range is compared. It is because this method 

determines values of response only in selected dominant 

bands. does not allow determining the degree of, because self-

propelled CPT probe generates vibrations only in selected 

dominant bands. Even small shift of the dynamic response in 

the frequency range eliminates possibility of quantitative 

comparison of two analyzed signals.  

3.3 Comparison of inertancy functions 

A quantitative analysis of evaluation enables the second 

method using the inertancy function, which is defined by 

formula (4), and is described with examples of applications in 

[5] and [6]. The inertancy function is determined from signals 

of acceleration (according to formula (2)) and force (induced 

by a modal hammer), recorded in the time domain (Figure 6) 

and next transformed to the frequency domain (Figure 7) 

using the Fast Fourier Transform (FFT).  

  
 
  )(

)(

FFFT

aFFT

fF

fa
fI d  (4) 

Example of the graphical representation of the determined 

inertancy function, calculated according to the formula (4) on 

the basis of the data from Figures 6 and 7, is presented in 

Figure 8 for the Stage 1.  
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Figure 6. Signals recorded in the time domain, in the vertical 

direction at the accelerometer 1 (top) and given by the modal 

hammer excitation. 

4 ASSESSMENT OF VIBRO-ISOLATION EFFICIENCY 

4.1 Excitation by the moving vehicle 

An assessment of vibro-isolation efficiency was realized using 

the method described in Chapter 3.2. There were calculated 

resultant root-mean-square values of velocity in frequency 

domain, determined for two measuring points (1 and 2), 

localized on both sides of the dilation (Figure 2 and 4). The 

analysis was carried out for three stages of the construction 

(see Chapter 3.1).  

Comparison of the results obtained for the analyzed stages 

was presented in Figure 9 and 10. The vibration level on both 

sides of the dilation in the stage 1 was similar, and a small 

reduction in the point 2 was due to the different distances of 

the sensors to the source. Execution of an empty dilation 

(stage 2) resulted in increased vibration level in the point 1 

and a significant reduction in the point 2. Execution of 

flexible joint in dilatation (stage 3) remained the low vibration 

level in the point 2, and at the same time, reduced the level of 

vibration in the point 1, which followed from the damping 

properties of the polymer PM [2]. There were also observed 

small shifts of the dominant frequency bands. This is the 

reason, why all obtained result can not be compare directly. 

 

 

Figure 7. Signals transformed to the frequency domain (FFT), 

of the vertical vibration at the accelerometer 1 (top) and of the 

modal hammer excitation. 

 

 

Figure 8. Inertancy function for the Stage 1, calculated 

according to the formula (4) on the basis of the data from 

Figures 6 and 7. 
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Figure 9. Changes of vibration levels in the point 1 obtained 

for the three stages of diagnosis, expressed as the resultant 

root-mean-square value of velocity in frequency domain. 

 

Figure 10. Changes of vibration levels in the point 2 obtained 

for the three stages of diagnosis, expressed as the resultant 

root-mean-square value of velocity in frequency domain. 

acceptable value of 0.1 mm/s  

acceptable value of 0.1 mm/s  

acceptable value of 0.1 mm/s  
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The velocity peaks in particular frequency bands, obtained 

in the point 2 for three stages, do not overcome the acceptable 

value of 0.1 mm/s. However, if the sum of peaks is considered 

(as recommended in [4]), the limit is overcame in the stage 1. 

 

 

Figure 11. Comparison of the inertancy functions determined 

in points 1 and 2 for three stages of diagnosis. 

 

 

Figure 12. Visualization of the reduction level of vibration 

obtained in the point 2 for the stages 2 and 3.  

4.2 Excitation by the modal hammer 

Effective assessment in the analyzed frequency range of the 

vibro-isolation can be obtained using the inertancy function 

(see Chapter 3.3). For further comparative analysis were 

chosen only vertical vibrations at the direction z, as they were 

about an order of magnitude larger than those registered in the 

horizontal directions, x and y.  

The calculated inertancy functions, obtained in the points 1 

and for three analyzed stages of diagnosis, are presented in 

Figure 11. Comparison of the changes of vibration levels 

expressed in Figures 9 and 10 and in Figure 11 indicates the 

convergence of assessments made using both applied 

methods. Analysis of the inertancy functions changes shows 

that as before, the vibration level on both sides of the dilation 

was similar for the stage 1 and execution of an empty dilation 

(stage 2) resulted in increase of the vibration level in the point 

1 and in the significant reduction in the point 2. 

Implementation of the flexible joint in the dilation (step 3) 

retained the low vibration level in the point 2, and at the same 

time, reduced the level of vibration in the point 1, which 

followed from the damping properties of the polymer PM.  

The effectiveness of the vibro-isolation was assessed in 

point 2 (Figure 12) by using of the reduction coefficient (the 

inertancy functions calculated for the stages 2 and 3 divided 

by the inertancy function calculated for the stage 1). The 

dilatation filled with the polymer joint reduced vibrations to 

20-30% of the vibration level without the dilatation (in the 

frequency band 5-100 Hz). It is close to the reduction obtained 

for the empty dilatation. The observed vibration amplification 

under 5 Hz is due to numerical errors (dividing by 0). 

5 CONCLUSIONS 

The presented repair method of emergency state (using 

polymer flexible joint) met the requirements. High efficiency 

of vibro-isolation has been demonstrated by two diagnosis 

methods in qualitative and quantitative manner. Usefulness of 

the inertancy function, to evaluate the vibration reduction in 

the full analyzed frequency range, was also confirmed.  
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ABSTRACT: Despite a lot of effort has gone into research on human-induced vibrations of footbridges in the last decade, there 

is still a lack of reliable models and adequate design guideline pertinent to dynamic loading due to multiple pedestrians. There 

are three key issues that a new generation of models should urgently address: (i) interaction between pedestrians and the 

structure they occupy and dynamically excite; (ii) pedestrian intelligent behaviour; (iii) inter-subject and intra-subject variability 

of pedestrian walking loads. This paper presents a model of pedestrian-structure dynamic interaction in the vertical direction 

which addresses the first two issues. The model comprises three sub-models: (1) a model of a footbridge featuring a SDOF 

system having the dynamic properties of an empty structure, (2) a microscopic model of multiple pedestrian traffic that 

simulates position and velocity of each individual pedestrian in space and time, and (3) a model of individual pedestrian actuator 

featuring a periodic force model coupled with a spring-mass-damper oscillator which move together along the structure. The 

proposed model is applied to a lively footbridge with known modal properties and results are compared to the measured 

vibration response due to a light pedestrian traffic. 

KEY WORDS: human-induced vertical vibrations; pedestrian-structure interaction; footbridges. 

1 INTRODUCTION 

In the last fifteen years, excessive vibrations of footbridges 

and floors induced by pedestrians walking have become one 

of the leading research topic in structural dynamics. Despite 

considerable advances have been made in the experimental 

characterisation and numerical modelling of individual 

pedestrian loading [1]-[4] there is still a lack of reliable 

models and adequate design guideline relevant to dynamic 

loading due to multiple pedestrians.  

There are three key features of vertical dynamic loading 

induced by crowds of pedestrians that a new generation of 

models should urgently address: 

 (i) interaction between pedestrians and structure. 

Pedestrians are a complex and sensitive dynamic system 

which motion and the corresponding forces are likely to be 

influenced by perceptible vibrations of the supporting 

structure. Although the phenomenon has intensively been 

studied in the lateral direction (for a review, see [1][5][6]) 

after the infamous lateral instability problem of the London 

Millennium Bridge [7], studies of pedestrian-structure 

interaction in the vertical direction  are very rare and limited 

(e.g., [8][9]). 

(ii) pedestrian intelligent behaviour. Pedestrians are active 

agents, able to take decisions and modify their gait while 

interacting with the other pedestrians and the surrounding  

environment. The interaction becomes stronger with 

increasing pedestrian density, particularly for crowds. 

(iii) inter-subject and intra-subject variability of pedestrian 

walking loads. It is now widely accepted that not only 

different people exert different walking loads, but  the same 

person  shows a significant variability of footfalls on a step-

by-step basis [10]. Neglecting these variations can lead to 

errors in predicted dynamic response as high as 40 % [2]. 

The vertical footfalls measured on a rigid surface proved to 

be inadequate for predicting perceptible structural vibrations 

that are high enough to affect the gait and therefore alter 

footfall forces. Caprani et al. [11] focused on a single 

pedestrian only and proposed a model featuring a single 

degree of freedom spring-mass-damper oscillator driven 

externally by a periodic force, which represents footfalls as 

generated on a rigid surface.  The combined force-oscillator 

system moves along the footbridge at constant velocity. The 

role of the oscillator was to account for the pedestrian-

structure interaction by altering effective dynamic properties 

of the occupied structure. Numerical simulations of a virtual 

footbridge showed that the response due to the combined 

force-oscillator model was closer to what was observed on 

actual bridges. More recently, Bocian et al. [12] took a 

different approach and proposed a pedestrian crowd model 

featuring each individual as a simple inverted pendulum 

oscillating independently in the vertical direction. They 

demonstrated that the presence of the crowd increased both 

the effective damping and mass of the footbridge. 

Several mathematical models of crowd intelligent behaviour 

have been proposed by applied mathematicians and 

transportation engineers since the early sixties in the fields of 

urbanism and public safety. These models can be roughly 

divided into two main categories: (1) macroscopic models 

(e.g., [13][14][15]), in which the flow of pedestrians is viewed 

as a continuous flow of a homogeneous fluid, and (2) 

microscopic models (e.g., [16][17][18]), which describe the 

position and velocity of each pedestrian in time under the 

influence of the surrounding people. In general, macroscopic 

model is preferable when high pedestrian densities are 

involved, while microscopic model can be more effective in 

cases of low density pedestrian traffic. So far, both kind of 

Pedestrian-structure interaction in the vertical direction: 

coupled oscillator-force model for vibration serviceability assessment  
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models have been used to simulate pedestrian crowds on 

laterally vibrating footbridges (e.g., [19][20]), but none of 

them has been applied to the case of vertical vibrations.  

Inter-subject variability has been tackled by probabilistic 

force models (e.g., [21]), where key parameters of pedestrian 

loading (e.g. dynamic load factor, pedestrian weight, step 

frequency, step length, walking velocity) is described using a 

probability density function. A review of the basic statistics of 

these parameters can be found in [1]. On the other hand, intra-

subject variability has never been reported in great detail.  

This paper presents a new model of vertical pedestrian 

crowd excitation, which addresses two out of three key 

features of pedestrian dynamic excitation listed above, i.e. 

human-structure interaction and intelligent pedestrian 

behaviour. The modelling approach  is motivated by the 

model proposed by Caprani et al. [11], with the following two 

advances: (1) it describes more realistic loading case scenario 

of a multi-person traffic rather than an individual pedestrian, 

and (2) the velocity of pedestrians is not time-invariant, but is 

determined using a crowd microscopic model. Broadly 

speaking, the model can be applied to any kind of lively 

structure with any kind of pedestrian traffic. For example, 

complex two-dimensional spaces such as floors and 

footbridges with obstacles along the walking path, as well as 

different crowd densities. In this study, the model will be 

verified against measured vibration response of a footbridge 

under light pedestrian traffic. 

2 DESCRIPTION OF THE MODEL 

Modelling multiple-pedestrian traffic and dynamic  interaction 

of each pedestrian with the supporting structure is elaborated 

in the following subsections and its general framework is 

sketched in Figure 1. 

 

 

Figure 1: Framework of the pedestrian-structure interaction 

model 

2.1 Microscopic crowd model  

The crowd dynamics is described via a microscopic crowd 

model introduced in [22]. Such model describes the evolution 

of a given crowd in a two dimensional space over time and 

accounts for the following key features of the pedestrian 

behaviour [23]:  

 pedestrians are able to interact with others within so 

called a sensory region [24], i.e. the space around a 

pedestrian limited by their vision and proximity of the 

surrounding people; 

 pedestrians are anisotropic agents, i.e. they are not 

equally affected by different external stimuli (e.g. sound) 

coming from different directions ( e.g. ahead and behind); 

 walking velocity is affected by the surrounding 

environment and the interaction with the other 

pedestrians.  

For a crowd of N persons, the model defines the velocity of 

each individual. Specifically, the velocity of the i-th 

pedestrian (i=1,2,...,N), who occupies the position xp,i={xp,,i, 

zp,,i}, is given by two contributions: 

- a desired velocity vd,i, which is the velocity she would keep 

in the absence of others; 

- a social velocity vs,i, which accounts for her interaction with 

others. 

Hence, the velocity of the i-th pedestrian reads as 
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and c is a positive free parameter that weights the interactions. 

Function h accounts for the interactions within the sensory 

region, which is modelled as a circular sector of radius R and 

angular semi-amplitude 0<</2 with respect to the direction 

of vd,i (Figure 2): 
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In other words, h equals 1 when xp,j is in the sensory region of 

xp,i and 0 otherwise. 

 

Figure 2: Sensory region 

Pedestrians are kept within the boundaries of the sensory 

domain by directing the vector of desired velocity inwards the 

domain. In cases of very long walking spaces illustrated in 

Figure 3 (i.e. when L>>B), the direction of the desired 

velocity is chosen to have an angle (z) with the longitudinal 
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axis x, where (z) = 20 z/B. More details can be found 

elsewhere  [22] .  

 

Figure 3: Direction of vd,i when L>>B 

The magnitude of the desired velocity is assumed equal to 

the free velocity, i.e., the walking velocity in an unconstrained 

walking regime (see [25] for a review of mean values 

proposed by several authors). 

2.2 Modelling pedestrian excitation  

Each pedestrian is modelled as a spring-mass-damper 

oscillator (SMDO) coupled with a driving force which move 

together on a structure at the velocity vp,,i and exerts the force 

Fp,,i (Figure 4). With respect to the model proposed in [11], 

the velocity of each pedestrian is not constant in time, but is a 

result of the crowd microscopic model described in 2.1.   

 

 

Figure 4: The pedestrian model travelling on a bridge 

structure. 

In this study, the force is modelled as a single sine function, 

representing the first harmonic of the walking load: 

  ipipipipip tfgmtF ,,,,, 2sin)(    (4) 

where the dynamic load factor p,i is expressed as a function 

of the walking frequency fp,,i [10]: 
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and the phase angle p,i is modelled as a random variable 

uniformly distributed on the interval [0, 2]. 

The walking frequency of each pedestrian is determined 

from the results of the crowd simulation (xp,,i(t) and vp,,i(t)), as 

the mean walking frequency during the footbridge crossing.  

2.3 Modelling pedestrian -structure interaction 

The interaction between the pedestrians and the structure is 

described by a dynamic system that couples a 1DOF system, 

representing the structural vibration mode of interest, to N 

SMDOs representing the walking pedestrians. In the modal 

domain, the dynamics of the coupled system can be written in 

matrix form as: 

 FKyyCyM    (6) 

where the mass, damping and stiffness matrices are: 
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The displacement and force vectors are: 
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with i=1,2,...,N. mb, cb and kb are the modal mass, damping 

and stiffness of the footbridge; yp,i(t) and yb(t) are the 

displacement response of the i-th pedestrian and at the 

antinode of the footbridge, respectively, while  is the unity-

normalised mode shape. 
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3 APPLICATION  

3.1 Description of the benchmark footbridge 

The model is tested on a steel box girder footbridge over the 

river Morača in Podgorica (Montenegro, Figure 5). The 

footbridge has been the object of an experimental campaign in 

2004, extensively described in [26]. 

Figure 6 summarises the modal properties of the 

fundamental mode of vibration.  

 

Figure 5: Arrangement of the Podgorica footbridge [26] 

 

Figure 6: Fundamental mode of vibration from an updated 

model [26] 

3.2 Description of pedestrian traffic and SMDOs 

properties 

The pedestrian traffic data measured during Test 3 are used as 

input data for the computational simulations (Table 1). 

Table 1. Pedestrian traffic data in Test 3 [26]. 

Parameter  

Mean number of people 26 

Walking speed (mean, std) [m/s] 1.38, 0.19 

Step frequency (mean, std) [Hz] 1.86, 0.18 

Step length (mean, std) [m] 0.74, 0.08 

 

The actual pedestrian traffic recorded on the bridge was 

light, so that only weak interactions among pedestrians are 

expected. This means that the velocities recorded on the 

footbridge can be considered as desired velocities. Hence, the 

magnitudes of the pedestrian desired velocities vd,i are 

randomly generated using a Gaussian distribution whose 

parameters are reported in Table 1 .  

The dynamic properties of each SMDO are summarised in 

Table 2. Pedestrian masses are randomly assigned from a 

Gaussian distribution [26]. On the other hand, due to the lack 

of more accurate statistical descriptions, cp,i and kp,i are 

randomly assigned from uniform distributions. The values of 

human damping and stiffness reported in the literature depend 

on the kind of activity (e.g., walking, hopping, running) and 

bio-features. The whole range of possible values is from 1000 

to 100000 N/m for stiffness and from 0 to 1000 Ns/m for 

damping [27]. In this work, the range of stiffness values 

proposed in [28] are adopted, while the damping of a walking 

person could be reasonably set in the range 0-400 Ns/m. 

Table 2. Pedestrian dynamic properties. 

Parameter  

Mass mp,i [kg] (mean, std) 75, 15 

Damping cp,i [Ns/m] (min, max) 0, 400 

Stiffness kp,i [N/m] (min, max) 2000, 13000 

3.3 Simulations and results 

Simulations of pedestrian traffic are carried out on a spatial 

domain having the dimensions of the Podgorica footbridge, 

that is, length L = 104 m and width B = 3 m. Pedestrians’ 

positions are randomly initialised in a virtual inlet. Pedestrian 

flow was modelled in a steady-state regime, i.e. every time 

one pedestrian exited the footbridge, another pedestrian was 

generated in the footbridge inlet. The following values of the 

traffic parameters were used:  = /2 rad; R = 2 m; 0 = /60 

rad; c = 0.001 L vmean, where vmean is the mean value of the 

walking speed reported in Table 1. The simulation time equals 

the duration of the experimental tests, that is, 44 minutes.  

In total 30 crowd simulations were performed in order to 

provide statistical reliability. As an example, Figure 7 plots 

pedestrian positions (red circles) and velocities (blue arrows) 

at t=180 s for one of the 30 simulations. Mean and standard 

deviation (std) value of the main walking parameters are 

averaged across 30 simulations and reported in Table 3. The 

walking speeds, which are directly obtained from the 

simulations, were slightly lower than the ones measured 

during the experimental test (see Table 1). This result was 

expected, since the interaction among the pedestrians have the 

effect of reducing the magnitude of the desired velocities. 

 

 

Figure 7: example of pedestrian positions and velocities  

Table 3. Walking parameters from crowd simulations. 

 Mean Std 

Walking speed [m/s] 1.35 0.05 

Step frequency [Hz] 1.87 0.19 

 

The results of each crowd simulation were used as input data 

for successive two sets of structural dynamic analysis. In the 
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first set (A) pedestrian-structure interaction was neglected, i.e. 

pedestrians are modelled just as moving loads. In the second 

set (B) the interaction was taken into account. Figure 8 shows 

an example of the acceleration response obtained from one of 

the 30 simulations in both cases A and B. 

 

 

Figure 8: example of acceleration response signals 

The simulation results, averaged across 30 simulations, are 

summarised in Table 4 and compared to experimental 

measurements. Four descriptors of the structural response 

were evaluated: the maximum absolute value and the root 

mean square (rms) value of the acceleration response signal, 

as well as the mean and std of the peak response per cycle. 

When pedestrians are modelled just as moving loads, all the 

evaluated parameters were overestimated for approximately 

100%. On the other hand, when the interaction was taken into 

account, a very good match between experimental and 

simulation results was observed. 

Table 4. Comparison between experimental [26] and 

simulation results. 

 Exp.  Set A 

[m/s2] 

(A-Exp) 

/Exp [%] 

Set B 

[m/s2] 

(B-Exp) 

/Exp [%] 

Abs. max 0.69 1.233 +73 0.685 -0.3 

Rms 0.14 0.283 +102 0.153 +7.8 

Mean peak 

per cycle 
0.17 0.333 +97 0.182 +6 

Std peak 

per cycle 
0.10 0.221 +81 0.112 +14 

 

4 CONCLUSIONS 

In this study a new coupled model to describe pedestrian-

footbridge interaction in the vertical direction has been 

proposed. The pedestrian intelligent behaviour was taken into 

account through a microscopic crowd model able to describe 

the position and velocity of each pedestrian in time. The 

pedestrian-structure interaction is described by modelling 

each pedestrian through a combined force-oscillator model, 

which moves along the structure at the velocity determined 

through the crowd model.  

The model has been tested on the Podgorica footbridge, for 

which experimental data of both pedestrian dynamics and 

structural response were available.  The numerical simulations 

have shown that the coupled model can simulate reliably the 

actual experimental measurements. On the contrary, when the 

pedestrians were modelled just as moving loads as generated 

on stiff surfaces, the structural response was significantly 

overestimated.  

The proposed model could be further improved through an 

experimental calibration of the dynamic parameters of the 

SMDOs and by substituting the periodic force model with a 

more realistic near-periodic representation, so to account  for 

the natural variability between successive footfalls.   

Further studies should be carried out to evaluate the model 

on a wider range of structures, such as different types of 

footbridges and floors, and for different crowd situations, such 

as  very dense crowds. 
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ABSTRACT: Footbridges can experience dynamic instability when subjected to crowd loading. This unstable behaviour is the 
effect of velocity-dependent forces exerted by walkers, that play the role of an apparent damping for the footbridge. For the case 
of lateral vibrations, such forces have been experimentally measured using an instrumented treadmill. The device allowed 
measurement of the in-phase and out-of-phase components of the self excited force as a function of the amplitude and frequency 
of lateral oscillation of the treadmill. The experimental data were then used to develop a dynamic model for the lateral loading 
of footbridges. In this paper some existing stability criteria for footbridges are summarized and discussed; it is found that these 
provide quite scattered results. Then an original criterion for lateral vibrations is proposed, and applied using the data derived 
from the experiments. The criterion evaluates the critical number of pedestrian required to generate a negative motion induced 
damping force that equals structural damping force. The results obtained though the proposed criterion are compared with those 
coming from literature criteria, and it is found that there is a quite good agreement with the criterion proposed by Arup based on 
the behaviour observed on the Millennium Bridge; the agreement with other criteria is worse.   

KEY WORDS: Stability criteria, footbridge loading, footbridge response, loading models, codes of practice. 

1 LATERAL STABILITY OF FOOTBRIDGES AND ITS 
ASSESSMENT 

The dynamic nature of pedestrian loading of footbridges, and 
the problem of response evaluation is known at least since the 
work of Tilden [1], a century ago. Nevertheless, for decades 
most of the design procedures and code specifications have 
been based on the simplifying assumption that walkers apply a 
static vertical load to the footbridge. 

In the late seventies, two pioneering papers appeared [2, 3], 
that set the bases for the design procedures to be used in the 
following decades. Blanchard and co-workers [2] numerically 
investigated the transient vertical response of a footbridge 
crossed by a walker; they produced values for a Dynamic 
Load Factor, to be applied to the static deflection at midspan 
due to the weight of one walker also located at midspan, to 
obtain the maximum acceleration at midspan due to the 
crossing of one walker. The action of the walker was modeled 
as a resonant sinusoidal force with a magnitude of 26% the 
weight of the walker, moving on the footbridge with a 
velocity associated with a stride length of 0.90 m. The model 
of Blanchard ad co-workers was a simple correction to a static 
load, and was easily incorporated into Codes of Practice. 
From a mathematical point of view, the same approach can be 
applied, and indeed was applied also to the lateral response; in 
that case, however, the idea of the correction of a static 
deflection looses its physical meaning, not existing a static 
deflection. 

 On the other hand, Matsumoto and co-workers [3] noted 
that when the effects of more walkers are of interest, and the 
phases among the walkers are uniformly distributed between 0 
and 2 (uncorrelated pedestrians), then the effects are not 
proportional to the number of walkers but rather to the square 
root of that. Following a stochastic approach in the frequency 

domain, knowledge of the power spectral density of the load 
exerted by one walker allows calculating the RMS response 
produced by a number of them uniformly distributed over the 
footbridge. The approach applies indifferently to the cases of 
vertical and lateral vibration. 

The approaches of [2] and [3] are somehow opposite, as the 
former considers the deterministic, transient, resonant 
response to one walker (the worst crossing the footbridge will 
ever experience), while the latter considers the stochastic, 
stationary response to an average crowd (a crowd having the 
most probable combination of different walkers). Of course 
the question arises of which condition is more stringent, or in 
other words what is the limit density that makes an average 
crowd produce larger effects then the worst single walker. 
This limit depends on the footbridge geometry and dynamic 
properties, and makes sense only when smaller than about 0.5-
1 walker/m2, as for larger values interaction effects among the 
walkers make the approach of [3] unreliable.     

The approach towards the analysis of the response of 
footbridges to pedestrian loading dramatically changed at the 
turn of the millennium. The Passerelle Solferino (now 
Passerelle Léopold-Sédar-Senghor) in Paris on December 15, 
1999 and the Millennium Bridge in London on July 10, 2000, 
both on they opening day, experienced large lateral vibrations, 
whose causes are clearly to be seen in the interaction (in a 
broad sense) between the dynamics of the structure and that of 
the walkers. It was in fact recognized that the action exerted 
by a walker to a footbridge is modified by the footbridge 
vibration. Since then, the interaction between walkers and 
footbridges (or floors) has become the topic of dozens of 
papers appeared in the coming years. 

In the aftermath of the Millennium Bridge failure, analyses 
were carried out by Arup to understand the causes of vibration 
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and to design a retrofit to prevent its future appearance. These 
included full scale tests on the footbridge, which showed that 
the amplitude of the component of the lateral force out-of-
phase with the bridge displacement was proportional to the 
bridge velocity [4], thus having the characteristics of a viscous 
damping force. This result led to the now well known Arup 
formula: 

8 s s s
c

m f
N

k


             (1) 

in which ms, fs and s are the modal properties of the 
footbridge; eq. (1) allows calculating the number Nc of 
pedestrians that uniformly distributed on a footbridge having 
sinusoidal mode shape, produce an out-of-phase component of 
the lateral force that balances the structural damping force, 
thus producing an instability. The coefficient k in eq. (1) was 
found experimentally to be equal to 300 Ns/m, in a range of 
vibration frequencies of 0.5 to 1.0 Hz. 

Once the existence of a component of the dynamic force 
exerted by the walkers in phase with and proportional to the 
bridge velocity had been recognized, other researchers 
attempted the calculation of the critical number of pedestrians 
leading to instability. A summary can be found in [5] and [6]. 

Following a common approach in aeroelasticity, in [7] it 
was proposed that stability of a footbridge be defined in terms 
of a non-dimensional group. This is a measure the ratio of the 
capacity of the structure to counteract external loads through 
its mass and its damping to the external load itself. For 
analogy, the group was called the pedestrian Scruton Number 
(pSc). The definition given in [7], however, is rather 
confusing, and the definition given in [8] has been preferred 
by many researcher: 

 
2 s s

p

m
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m


             (2) 

where mp is the modal mass of the pedestrians. 
In the following other stability criteria appeared after that of 

eq. (1) will be discussed. For purpose of comparison, these 
have all been translated in terms of critical number of 
pedestrian, and put in a form as much similar as possible to 
eq. (1); therefore they are here not necessarily presented in 
their original form. In addition, again with the purpose of 
making comparison easier, the symbols have been 
homogenised; therefore they do not necessarily reflect the 
original choice made by the Authors. 

In [8] the modal equilibrium equation of the footbridge 
subjected to the inertia force produced by resonant walkers 
was written; with the assumption, as a worst case scenario, 
that this is in quadrature with the bridge motion, the critical 
number of walkers was obtained as: 

c
o

4 s sm
N

m





            (3) 

where mo is the mass of each walkers,  is the ratio of the 
amplitude of oscillation of the walker centre of mass to the 
amplitude of oscillation of the footbridge, and where  is the 
probability of a pedestrian being synchronized with the 
footbridge motion. In a range of vibration frequencies of 0.75 

to 0.95 Hz a value of   = 2/3 is suggested. As to , reference 
is made to the experiments carried out by Arup at the Imperial 
College [4], which show a strong variability, between 0.28 
and 0.87, when the amplitude of oscillation is in the range of 5 
to 30 mm; for an amplitude of 10 mm it is suggested that a 
value of 0.4 is used, which is a compromise between the 
values of 0.28 and of 0.46 measured at 0.96 Hz and at 0.75 
Hz, respectively. Opposed to this, a value of 0.2 is reported in 
[9]. 

In [10] the critical number of walkers is calculated 
considering these as oscillators weakly coupled with the 
footbridge. Assuming also in this case that the walkers are in 
quadrature with the bridge motion, and that the probability 
distribution of the walking frequency is Gaussian, then it was 
found that: 
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                             (4) 

where wf  is the standard deviation of the walking frequency, 
DLF is the Dynamic Load Factor, i.e. the ratio of the walkers 
weight to the amplitude of the force it exerts, g is the 
acceleration of gravity, and c = 16 m-1s-1 is a coefficient 
calibrated based on the data coming from the experiments on 
the Millennium Bridge. The model is applicable for vibration 
frequencies in the range 0.75 to 1.25 Hz, and it is suggested 
that a value of DLF = 0.044 be used in combination with an 
average body mass of 70 kg. 

In [11] the coupled equations of motion of the footbridge 
and of the walker are solved, and the stability condition is 
obtained by setting the displacement of the walker equal to 
that of the footbridge. The critical number of walkers is 
obtained as the factor of the single walker mass bringing 
instability. The interaction between the walker and the 
footbridge depends on their frequency ratio, being the 
strongest when these coincide (resonance); however, it is 
observed that when a crowd loads the bridge it is very 
unrealistic that all the walkers are in perfect resonance with 
the footbridge motion, and it is suggested that an average 
response be considered, associated with a uniform distribution 
of the frequency ratio between 0.8 and 1.2. The critical 
number of pedestrians turns out to be: 

                 1
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(5) 

where c1 is a coefficient taking into account the averaging of 
the frequency ratio. The value of c1 depends on the damping 
ratio of the footbridge, and for practical values of this in the 
range of 0.01 to 0.02 it varies between 7.27 and 9.06; other 
values are given in [11] in the form of a table.  

In [5] the stability criterion of [12, 13, 14] is rewritten it 
terms of Pedestrian Scruton Number; the critical condition is 
not considered as that for which motion induced damping 
equals structural damping, but rather as that in which the 
acceleration amplitude reaches a limit value al. Assuming that 
the walkers behave as uncorrelated shakers, then at resonance 
it can be obtained: 
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                               (6) 

It is suggested that the limit acceleration al be set equal to 
0.10 and that for sparse and moderately dense crowds the 
value DLF = 0.05 ie used. 

In [15] parametric resonance is investigated as the cause of 
instability, and Mathieu equation is solved using a 
perturbation technique; it is found that: 
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in which 1 is the slope of the variation of the Dynamic Load 
Factor with the amplitude of oscillation of the footbridge. 
Results of experiments carried out at the Imperial College [4] 
suggest a value of 1 = 2 m-1. 

At this stage the reader is probably thinking that nothing 
would be less interesting and less useful than another stability 
criterion, and might be disappointed with what follows. 
Indeed, comparison of the criteria bringing eqs. (1), (3), (4), 
(5), (6) and (7) reveals that the hypotheses made and the 
results that are obtained are not homogeneous, and we think it 
is interesting to deeper investigate this. On the other hand, 
results coming from laboratory tests have recently become 
available, after publication of the criteria presented in Section 
1, that can help shedding light on the topic. 

In the remaining of this paper a comparison will be made 
between the criteria presented in Section 1; then a relevant 
results coming from an extensive laboratory test campaign are 
summarized; finally, an alternative approach to the lateral 
stability of footbridges is presented and compared with the 
existing ones.  

2 COMPARISON OF THE STABILITY CRITERIA 
Eqs. (1), (3), (4), (5), (6) and (7) contain some similarities 

and some differences that are worth being discussed. 
Eq. (1) was obtained through energy balance, and it was 

calibrated using the results from the Millennium Bridge tests; 
now the question arises of how general these are. As the tests 
were carried out using a crowd, Eq. (1) implicitly accounts for 
the statistical variation of the dynamic properties of the 
walkers, and of the any possible interaction between them and 
the footbridge. It also accounts for possible interactions 
among the walkers, although these are not explicitly modeled 
by eq. (1). In other words, the value of k in Eq. (1) naturally 
contains all the features of a real life crowd behaviour, and 
should, therefore reflect reality. The only limitation we could 
see is that it was obtained with particular values of crowd 
densities, and therefore does not necessarily apply to other 
values; from [16] it can be seen that only in a very limited 
number of cases the crowd density exceeded 1.0 walkers/m2, 
and that in most of the cases the upper limit within a test was 
between 0.4 and 0.9 walkers/m2. It is concluded that even for 
the crowd density the Millennium Bridge tests reflected real 
life situations of walkers either not interacting at all or weakly 
interacting with one another; only in a limited number of 
cases a strong interaction among the walkers must have taken 
place, due to the high density. Then comes the issue related to 
the characteristics of the structure used for the tests. Many 

Authors have stated that Eq. (1) was calibrated through tests 
carried out on a particular structure, and therefore applies only 
to that structure. Some others have applied it (or its calibration 
constant k) to other structures, or used it as a term of 
comparison. We actually do not see reasons why the value of 
k given in [4] should apply only to one particular situation. 
Just forget that the Millennium Bridge is a unique piece of 
Architecture and Engineering, and thing of it as an 
experimental facility; the question then arises of whether, as 
an experimental facility, it complies with the requirement of 
providing general results, comparable with those obtained in 
other facilities. Once the limits of applicability of the results 
(sinusoidal mode shape, uniform pedestrian distribution, etc.) 
are set, we think that similar results could probably be found 
using another facility with the same dynamic characteristics. 
Based on the discussion above, we think that Eq. (1) describes 
the behaviour of a generic footbridge having a sinusoidal 
mode shape with a natural frequency between 0.5 and 1.0 Hz, 
loaded by a uniform crowd, whose statistical properties reflect 
those of the people working for Arup in December 2000 (test 
subjects were taken among Arup employees). 

The assumption of a sinusoidal mode shape and of a 
uniform distribution of walkers is common also to eqs. (3), 
(4), (5), (6) and (7), so it is not a possible source of 
discrepancies. 

In eq. (3), on the other hand, the characteristics of the 
walkers are not naturally incorporated in one single 
experimental parameter, as in eq. (1), but are accounted for 
through three different parameters. The first choice to be 
made is about the phase lag of the walkers synchronized with 
the bridge motion with respect to the bridge motion: the 
Author suggests that the worst possible situation is 
considered, that is a phase lag of /2; a different choice can of 
course be made, by simply dividing eq. (3) by the sine of the 
average phase lag ; in this sense, eq. (3) must be seen as a 
lower bound. The second choice is about the ratio a between 
the average amplitude of the displacement of the walker 
centre of mass and the amplitude of the displacement of the 
footbridge: the Author suggests that a value of 2/3 is used, 
based on available data, but it is unclear how this was derived. 
The third choice is about percentage  of the pedestrians 
synchronized with the footbridge motion, coinciding with the 
probability of synchronization of each pedestrian: for this 
parameter there is a strong variability, as in [9] a value of 0.20 
is reported, whereas in [4] values in the range of 0.28 to 0.87 
are reported; the Author suggests that a value of 0.40 is used. 

Also in eq. (4) the characteristics of the walkers are 
accounted for through different parameters, four in particular. 
First, also in this case the phase lag between the pedestrian 
action and the footbridge motion is set equal to /2; a different 
choice can be accounted for dividing eq. (4) by the sine of the 
average phase lag . The second parameter to be chosen is the 
Standard Deviation wf  of the walking frequency, for which 
the Authors do not suggest any value (they use the value of 
0.1 Hz in an application): values can be found in [16], ranging 
between 0.055 and 0.093 Hz. The third choice is about the 
DLF, for which a value of 0.044 is suggested in combination 
with an average body mass of 70 kg: this quantity is known to 
depend on the walking frequency, but when such dependency 
is neglected a value in the range of 0.04 to 0.05 is widely 
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accepted. Finally, the fourth choice concerns the constant c: 
the Authors refer that from the Millennium Bridge 
experiments a value of 15 m-1s-1 can be derived, but numerical 
analyses indicated that c = 16 m-1s-1 is a more appropriate 
choice; the difference in not large enough to justify any 
additional discussion. 

In eq. (5) the very strong assumption is made that in critical 
conditions the amplitude of the displacement of the walkers 
centre of mass coincides with the amplitude of displacement 
of the footbridge. In eq. (5) the characteristics of the walkers 
are accounted for through two choices. The first choice is 
embedded in the model, and it is that phase lags between the 
walkers and the footbridge are uniformly distributed between 
0 and 2; this is opposite to what was assumed for eqs. (3) 
and (4), and can be criticized of being unconservative. The 
second choice is about the distribution of the walking 
frequencies, which is controlled by the parameter c1: this was 
calculated numerically for different values of the footbridge 
damping ratio in the range of 0.0025 < s < 0.5 (the upper 
limit being quite unrealistic!) and for two ranges in which the 
ratio of the walking frequency to the vibration frequency is 
uniformly distributed, of 0.8 to 1.2 and of 0.9 to 1.1; the 
Author suggests that the 0.8 to 1.2 range is used, in 
combination with values of the damping ratio of 0.01 to 0.02, 
which bring values of c1 of 7.27 and 9.06, respectively. The 
choice of a damping ratio of 0.01 to 0.02 seems reasonable, 
even though slightly lower values are not to be excluded; 
these would not alter the result significantly; as an example s 
= 0.0075 brings c = 9.98. What in turn is debatable is the 
choice about the range in which the ratio of the walking 
frequency to the vibration frequency can be considered as 
uniformly distributed; this in particular in relation to the 
sensitivity that eq. (5) has with respect to this choice; as an 
example, when the range of 0.9 to 1.1 is used instead of the 
range of 0.8 to 1.2, the values of c1 of 10.9 and of 14.3 are 
found for damping ratios of 0.01 and 0.02, respectively. 

Eq. (6) derives from the approach to pedestrian flow loading 
started in [3], which justifies the dependency of Nc on the 
square of the model parameters; the criterion is based on the 
very strong assumption that instability occurs when the lateral 
acceleration exceeds a given threshold. In eq. (6) three 
parameters are used to control the characteristics of the 
walkers. The first simultaneously controls frequency and 
phase of the walkers, and is contained in a term equal to 
10.8·s

0.5 which is embedded in the equation and cannot, 
therefore be modified; this derives from a statistical analysis 
of a variety of possible loading situations analyzed through 
Monte Carlo simulations. The second and third parameters are 
the DLF and the limit acceleration al; for the former the value 
of 0.05 is suggested, and the same comments made for eq. (4) 
apply; for the latter the value of 0.1 is recommended.  

Finally, in eq. (7) the walkers characteristics are accounted 
for through two parameters. The first is the fraction  of 
walkers synchronized with the bridge motion, for which 
values in the range of 0.2 to 0.4 are recommended, and for 
which the same conclusions made when discussing eq. (4) 
apply. The second is the slope 1 of the variation of the 
Dynamic Load Factor with the amplitude of oscillation of the 
footbridge, for which a value of 2 m-1 is recommended. The 
approach does not require any hypothesis concerning the 

phase of the walkers with respect to the footbridge vibration, 
as this is incorporated in the solution of the equation of 
motion.  

Comparisons of  (1), (3), (4), (5), (6) and (7) reveals that all 
them contain the term mss/mo, except for eq. (1) in which, 
however, it is possible to make mo appear at denominator. 
Therefore they can all be written in the form: 

                    c
o


  s sm

N a
m

                                             (8) 

with a taking different expressions, depending on the criterion 
adopted; these are summarized in Table 1, together with the 
values they take when the basic parameters suggested by the 
Authors are used, and together with the minimum and 
maximum values coming from the combination of values of 
the basic parameters coming from the literature. 
 
 

Table 1. Comparison of stability criteria. 

Eq. a 
Suggested 
by Authors min max 

(1) o8 sfm
k

 2.9 - 5.8 (1,2) 2.9 (1) 5.8 (1) 

(3) 
4


 15 6.90 30 (3) 

(4) 
2

22 32
DLF


   ws ff

gc
 6.45 - 17.9 (4) 3.1  19.5 (3) 

(5) 14c  29.1 - 36.2 29.1 57.2 

(6) 
2 2

2 2 2
o10.8 DLF

 s lm a

m g
 7.8·10-5ms

 (1) depending on 
structure (5) 

(7) 
2

2

1
32


sf

g
 32.6 - 40.2 15.0 80.5 

(1) mo = 70 kg 
(2) fs = 0.5 - 1.0 
(3) phase lag = /2; a different phase lag increases this value 
(4) fs = 0.9 - 1.0 
(5) as an example for the MB south span a = 8.5, and for the 

MB centre span a = 11.3 
 
 

First, it is observed that there is no consistency in the 
dependency of a on the oscillation frequency. For eqs. (3), (5) 
and (6) a is independent of fs, for eq. (1) it is proportional to fs, 
while for eqs. (4) and (7) it is proportional to the square of fs.  

Second it is noticed that there is a quite large scatter in the 
values of a. Some differences can be explained based on the 
hypotheses from which the stability criterion is derived. As an 
example, the larger values of a in eq. (5) with respect to those 
in eqs. (3) and (4) can be ascribed to the fact that eq. (5) was 
derived under the assumption of uniformly distributed phases 
of the walkers, whereas eqs. (3) and (4) where derived 
assuming that the walkers are all in quadrature with the 
footbridge motion. Some other differences are more difficult 
to explain. 
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3 EXPERIMENTAL DATA AND DISCUSSION 
An extensive experimental campaign aimed at evaluating the 
lateral Ground Reaction Forces (GRFs) over a laterally 
oscillating floor was carried out using an instrumented 
treadmill, whose details and results can be found in [17] and 
[18]. In particular, the self excited portion of the lateral 
walking force, i.e. the force proportional to the treadmill 
motion, was isolated form the remaining force (the external 
excitation). It was then separated into an acceleration-
dependent component, IF  and a velocity-dependent 
component, DF . The former is expressed as the product of the 
treadmill acceleration ox  and a mass opm , representing the 
dynamic mass added to the system by the walkers. Therefore 
the non-dimensional added mass is: 
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                      (9) 

If the walker acted as a rigid mass, p were expected to be 
equal to 1; on the other hand, values different from 1 indicate 
that the dynamics of the walker modify its interaction with the 
footbridge. The value of p proved to be a function of the 
amplitude and frequency of oscillation; in figure 1 the 
extrapolated value of p to a zero amplitude of oscillation (for 
details concerning the procedure used, see [18]) is plotted as a 
function of the ratio of the frequency of oscillation and to the 
undisturbed walking frequency over a fixed floor. 

It is interesting to notice that in the entire range of 
frequencies investigated the added mass quite lower than 1. In 
particular, at low oscillation frequencies the average mass 
added by the pedestrian is negative, and  becomes positive for 
larger oscillation frequencies, when the oscillation frequency 
approaches the average walking frequency. The curve has a 
minimum value for fs/fw = 0.512, corresponding to p = -1.17, 
and a positive value for fs/fw = 1.0 of p = 0.104. This indicates 
that the effects of the pedestrian dynamics is always that of 
reducing the pedestrian added mass, with respect to what it 
would be if the pedestrian were perfectly rigid and rigidly 
connected to the floor. 

Similarly, the velocity-proportional force is expressed as 
the product of the treadmill velocity and a viscous damping 
coefficient  p , representing the apparent additional damping 
provided to the system by the walkers: 
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          (10) 

If the walker acted as a rigid mass, p were expected to go 
to zero; on the other hand, values different from zero indicate 
that the dynamics of the walker generates an out-of-phase 
component of the GRF. Also the value of p proved to be a 
function of the amplitude and frequency of oscillation; in 
figure 1 the extrapolated value of p to a zero amplitude of 
oscillation is plotted as a function of the ratio of the frequency 
of oscillation and the undisturbed walking frequency over a 
fixed floor. The large values found for p must not surprise, as 
these are evaluated based on the pedestrian mass; when scaled 

to the structural mass these values become significantly lower. 
It can be noticed that in the range of fs/fw = 0.55 to about 

1.3 the damping provided by the walkers is negative, and 
attains a minimum value of -0.4 for fs/fw = 0.88; This indicates 
that on average the maximum velocity-proportional motion-
induced force occurs when the structure oscillation frequency 
is about 12% lower than the average walking frequency on a 
fixed floor; 

The results obtained are in quite good agreement with those 
coming from the full scale test carried out on the Millennium 
Bridge [4], also in consideration of the totally different 
experimental approach used for the two studies. If the average 
mass of 74.4 kg and the average walking frequency of 0.857 
Hz of the walkers participating in the tests is used in eq. (10), 
then the maximum negative  p of  -0.40 is translated into cp = 
-281 Ns/m, whereas the value of  p of  -0.36 occurring for 
fs/fw = 1 is translated into cp = -288 Ns/m. These differ only 
very little from the value of -300 Ns/m derived from full scale 
tests. Comparison can also be made with the value c = -140 
found numerically in [19], from a model excluding the 
possibility of any synchronization. The ratio of the c value 
found in [19] and those found in [4] and in [18] is in the order 
of 0.47 to 0.50, and this can be seen as a measure of the 
percentage of walkers synchronizing with the footbridge 
motion during the tests. The experiments whose results are 
used in this paper were also made using a large number of 
walkers; therefore they also incorporate the probability of 
some of them synchronizing with the floor motion. In this 
sense, the results presented here and those of [4] are 
homogeneous, as they both statistically include the probability 
of synchronization, therefore they produce the same results. 
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Figure 1. Variation of the motion-induced added mass and 

damping as a function of the ratio of the oscillation frequency 
to the undisturbed walking frequency over a fixed floor.  

 
 
In figure 2 the range of variation, with varying amplitude of 

oscillation between 4.5 and 38 mm, of the phase lag of the 
motion induced force is shown (data are derived from [18]). It 
is observed that this is roughly between /4 and 3/8 for fs/fw 
= 0.8 and between /8 and  for fs/fw = 0.8 to 1.1; this is the 
range of frequency ratios of interest for synchronization. This 
result can be used with the stability criteria bringing to eqs. 
(3) and (4); when the value  = /8 is considered, the values 
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of a in the third column of Table 1 increase to 39.1 for eq. (3), 
and to the range 16.9 – 46.8 for eq. (4); when the value  = 
/4 is considered, the values of a in the third column of Table 
1 increase to 21.2 for eq. (3), and to the range 9.1 – 25.3 for 
eq. (4). 
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Figure 2. Range of variation of the phase lag of the motion-
induced force. 

 
 

4 STABILITY CRITERION 
The results presented in [18] and summarized in Section 3 can 
be used to calibrate a simple stability criterion towards the 
lateral vibrations of footbridges. In the following the 
assumption will be made that the forces measured on the TED 
when driven into a motion of given amplitude and frequency 
are equal to those exerted to a footbridge having natural 
frequency coinciding with the oscillation frequency of the 
TED, and oscillating with an amplitude also equal to that of 
the TED. Considering the effects of only one walker and 
neglecting mode shape effects (i.e. assuming a uniform mode 
shape), the equation of motion of the footbridge can be written 
as: 

   o ,( ) ( ) ( ) ( )s p s p s L pM m x t C c x t K x t F t          (11) 

where Ms, Cs and Ks are the mass, the damping coefficient and 
the stiffness of the structure, respectively, and , ( )L pF t  is the 
external force, i.e. the portion of the pedestrian action 
uncorrelated with the footbridge vibration.  

When the presence of the walker is accounted for, the 
natural frequency of the combined footbridge-walker system 
becomes: 

 
1

1
s

p

f f
 

                                     (12) 

o sm M  being the ratio of the mass of the walker to that of 
the footbridge. From eq. (12) it can be seen how the walkers 
mass and mass coefficient modify the natural frequency of the 
footbridge; in particular, looking at figure 1 one understands 
that the effect can be of either increasing or decreasing the 

vibration frequency, depending on the ratio of this to the 
average walking frequency. 

The total damping ratio is: 

 o2 1
s p s p

tot
s p p

C c

M m

  
  

  
             (13) 

From eq. (13) the following stability criterion can be 
derived: 

0s p              (14) 

Fulfillment of the requirement of eq. (14) is not trivial. As 
an example, for values of the ratio of the structural frequency 
to the undisturbed walking frequency of around 0.9, figure 1 
indicates that pedestrian damping ratio is around -0.4; in this 
case even a rather low value of  of 0.05 (the total mass of the 
walkers is only 5% that of the footbridge) would make a 
bridge with 2% of structural damping unstable. 

Eqs. (11) through (14) are a simplified model, and must be 
extended to the case of a real footbridge, having a generic 
mode shape and crossed by a stream of walkers; this can be 
done by setting: 

2

0

( ) ( )
L

si s im m z z dz                                          (15a) 

2

0

( ) ( )
L

pi p im m z z dz                                         (15b) 

where ms(z) and mp(z) are the mass per unit length of the 
structure and of the walkers, where i(z) is the i-th mode shape 
and where L is the length of the footbridge. Substituting  in 
eq. (14) with the ratio of the pedestrian modal mass to the 
footbridge modal mass, i pi sim m  , one can assess the 
stability of the footbridge in any mode and with any 
pedestrian distribution. 

In particular, when the footbridge has a constant section and 
the walkers are uniformly distributed, then o ( )i sBm m z   , 
 being the density of walkers (number per unit surface) and B 
is the width of the footbridge, then the stability criterion of eq. 
(14) becomes:  

o

( )s s

p

m z

Bm


  


         (16) 

Finally, for a first vibration mode having a sinusoidal shape: 

o
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                       (17) 

which can be put in the form of eq. (8), with 2 pa    . 
The results coming from eq. (17) can be soon checked with 

those of other stability criteria given in Table 1. When the 
minimum value of the pedestrian-induced damping of -0.4 in 
figure 1 is used, then a = 5. This result very well compares 
with eq. (1), which confirms the quite good agreement of the 
results coming from the full scale measurements on the 
Millennium Bridge [4] and those coming from laboratory tests 
using a treadmill [18]. 
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It must be noticed that the use in eq. (17) of the p values 
taken from figure 1 provide a theoretical condition for 
instability starting from rest. Indeed, this is not the most 
common case, as real life instability starts from a vibratory 
state which is caused by the walkers; therefore, eq. (17) would 
need to be applied using the value of p appropriate to the 
amplitude of oscillation existing before instability starts. A 
procedure for doing this is not yet available, although it is 
believed that all the information required for doing the 
calculation are already available, and contained in [18]. 

5 CONCLUSIONS 
In this paper six different lateral stability criteria for 
footbridges have been compared. The criteria have been 
originally presented in different forms; nevertheless it was 
found possible to express them in a homogeneous way. In 
particular, it was possible to express the critical number of 
walkers, i.e. the number of walkers that uniformly distributed 
on a footbridge having a sinusoidal mode shape trigger its 
instability. This critical number turns out to be in all cases the 
product of a coefficient (we called it a) and the non-
dimensional group os sm m . This is not the pedestrian 
Scruton Number defined in [5], nor that defined in [6], as the 
latter consider the pedestrian modal mass, while the former 
considers the mass of a single pedestrian. 

A comparison was made among the values of the 
coefficient a obtained from the different criteria, using the 
values of the calibration parameters recommended by the 
Authors, as well as a wider range of these. A quite large 
scatter of the results was found. 

Then, the amplitude and phase of the motion-induced force 
caused by a walker on a moving floor were presented, as 
obtained from an experimental campaign carried out using 
and instrumented oscillating treadmill. The data available 
allowed calibration of a simple stability criterion, in which 
stability is checked by looking at the sign of the total damping 
of the combined footbridge-walker system. Also in this case 
the critical number of pedestrians can be expressed as the 
product of a coefficient and of the non-dimensional group 

os sm m . It was found that the value of the coefficient a is 
in quite good agreement with the Arup formula when the 
pedestrian action is at or close to resonance. 

Finally, it is observed that two additional aspects have to be 
considered in a possible refinement of the approach presented 
here. The first comes from the effect of an apparent additional 
mass, being the result of the in-phase component of the 
motion-induced force. The second is associated with the fact 
that in real life instability does not start from rest, but rather 
form a vibratory state; this affects the magnitude of the 
motion-induced forces, therefore changing the stability 
threshold. The experimental data available seem to allow such 
an improvement. 
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ABSTRACT: The issue of human-induced load and related mechanical performance has become one of the leading research 
topics in structural dynamics during the last decade. Although the concept of variability and uncertainty is well developed in 
structural dynamics disciplines such as wind, wave and earthquake engineering, most of the human-induced force models 
developed so far in structural engineering are deterministic, despite the intrinsic randomness of the crowd behaviour. The 
probabilistic models proposed in the last years have recognized two main sources of uncertainties, namely the structural system 
and the human-induced force. The pedestrian-related random variables usually considered in the cited force models are walking 
frequency, step length, free walking speed, single pedestrian force magnitude and body weight. According to the authors, 
another source of uncertainty should be considered, namely the one associated to the pedestrian traffic approaching and crossing 
the footbridge. This may find an analogy to what is usually done in wind engineering, where uncertainties related to the 
incoming wind are due to the inborn variability of the latter. Pedestrian traffic uncertainty is expected to deeply affect the crowd 
load on the structure: the magnitude of the overall force depends on the number of incoming pedestrians, while the load spatial 
distribution follows from the position of each pedestrian at the footbridge entrance and subsequently along the walkway. 
Coherently, in this study, the uncertainty evaluation includes the description of the undisturbed incoming traffic in terms of 
pedestrian density and hence introduces the variability of each pedestrian position. A two parts paper follows. The current one 
proposes a general procedure to collect in-situ data about the incoming crowd density and extract statistics. As such 
measurements are currently missing, a first attempt to obtain such statistics from data available in literature is proposed. The 
coefficient of variation of the incoming density is obtained and compared with the one of other pedestrian-related random 
variables. 
 
KEY WORDS: crowd density; statistics; footbridge. 
 
 
1 INTRODUCTION 
The issues of human-induced loads and related mechanical 
performances at both serviceability and ultimate limit state 
has become one of the leading research topic in structural 
engineering during the last decade, due to the recent trend of 
the structural design towards increased slenderness and 
reduced mass, stiffness and damping. 
Despite the intrinsic randomness of the crowd behaviour, most 
of the human-induced force models developed so far in 
structural engineering are deterministic. This inadequate state 
of the art has been recently outlined by Racic and co-workers 
in their review paper [1]: ”Although the concept of variability 
and uncertainty is well developed in structural dynamics 
disciplines such as wind, wave and earthquake engineering, 
the stochastic concept is surprisingly underdeveloped in the 
area of human-structure dynamic interaction where there is a 
considerable randomness of the key design parameters related 
to the human-induced dynamic loads and structural dynamic 
properties.” Let us briefly review the existing studies related 
to these recognised sources of uncertainties (i.e. structural 
system and human-induced force), before discussing the 
completeness of this categorisation. 
Structural dynamic properties. Among the parameters 
related to the mechanical properties of the structure (mass, 
stiffness, damping), the latter has been early recognised as the 

most uncertain one and the one which mostly contributes to 
the overall structural response. A great scientific effort has 
followed during the Eighties and Nineties, and several studies 
have specifically dealt with damping, e.g. the ones collected 
in the field of Wind Engineering by [2][3]. 
Human-induced dynamic loads. The dynamic load exerted 
by a single pedestrian is affected by uncertainties which can 
be ascribed to inter-subject and intra-subject variability, 
related to differences between different people, and to the 
different behaviour of each pedestrian in different conditions 
(e.g. the difference between two subsequent steps during 
walking), respectively. In the last years, some probabilistic 
models have been proposed, from the Zĭvanović’s pioneering 
studies [4][5] to the most recent ones ([6] 
[7][8][9][10][11][12][13]). They are dynamic force models in 
the sense that pedestrian force is time dependent, and mainly 
account for pedestrian intra-subject variability and/or inter-
subject variability. The pedestrian-related random variables 
(r.v.s) usually considered in the cited force models are the 
walking frequency fp, the step length lp, the free walking 
speed vp, the single pedestrian force magnitude in terms of 
Dynamic Load Factors DLFip, the body weight Wp. It is 
worth stressing that these r.v.s are introduced to describe the 
magnitude and frequency content of the single pedestrian 
force. A non exhaustive list of the random variables 
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recognised in literature and ascribed to the mentioned sources 
of uncertainty is given in Table  1. 

Table  1 - Uncertainties recognized in literature 

source single pedestrian force structure 
r.v. Wp DLF1p lp fp vp ξs 
Distrib. emp norm norm norm norm lognorm 
Cov 0.15 0.16 0.10 0.10 0.18 0.40 
Ref. [11] [5] [5] [5] [14] [3] 
 
It is worth pointing out that the generic pedestrian-related r.v.s 
ε show comparable values of the coefficient of variation 0.10 
≤ cov = µε/σε ≤ 0.20, significantly lower than the one of the 
structural damping. 
According to the authors, another source of uncertainty should 
be accounted for, that is the pedestrian traffic incoming and 
crossing the footbridge, while only the single pedestrian force 
and the structural properties actually are. In fact, such source 
of uncertainty deeply affects the crowd load on the structure: 
the magnitude of the resulting overall force depends on the 
number of incoming pedestrians, while the load spatial 
distribution follows from the pedestrian position along the 
walkway. 
Even if pedestrian flow is characterised by some specific 
features (see Section 2), the analogy with the well established 
uncertainty treatment in wind engineering is introduced. 
Parametric uncertainties affecting wind-induced vibrations are 
usually ascribed to the meteorological data, the aerodynamic 
behaviour and the structural parameters (see for instance [15] 
[16]), besides to model or testing procedures [17]. The 
uncertainties related to meteorological data are due to the 
inborn variability of the incoming wind: analogously, the 
incoming pedestrian traffic, i.e. the one undisturbed by the 
footbridge features, cannot be described in deterministic 
terms. Further uncertainties affect the wind flow around the 
structure, i.e. the aerodynamic behaviour of the latter: 
analogously, random variability affects the pedestrian flow 
along the footbridge. In spite of these analogies, the 
probabilistic modelling of the incoming wind is well 
established [18] and today available for a huge number of 
meteorological stations worldwide on the basis of the wind 
speed records initiated by Gustave Eiffel in 1889 [19], while 
the probabilistic evaluation of the aerodynamic behaviour has 
been recently tackled [20]. On the contrary, the statistics of 
the incoming pedestrian traffic and the probabilistic 
evaluation of the traffic along footbridges are surprisingly 
scarcely studied in civil engineering, nor conceptual 
distinctions are clearly made between the incoming traffic, 
and the traffic along the walkway. In the following, a short 
and non-exhaustive review of the available literature is 
provided also with reference to research fields other than civil 
engineering and to pedestrian facilities other than classical 
footbridges. 
The lack of statistics on the incoming pedestrian traffic is 
certainly due to the technical difficulties involved in 
automatic pedestrian counting and pedestrian density 
estimation. The first automatic procedures using image 
processing date to 1995 [21], i.e. one century later wind 
anemometry; the real time processing of the recorded videos 
and the individual detecting remain very intractable for the 

moderate to high density scenes, despite the recent advances 
of pattern recognition and computer vision techniques (for a 
recent survey, interested readers can refer to [22], [23]). 
Among others, Helbing and co-workers have provided a deep 
insight in the crowd dynamics from both the experimental 
[24], modelling [25] [26] and design [27] point of view. In 
particular, a part of their research activity has been applied to 
the pilgrims flow entering the Jamarat footbridge in Mina, 
Saudi-Arabia, under extreme density conditions in normal and 
panic situations [24] [28]. To the authors’ knowledge, in-situ 
measurements of the pedestrian traffic along more 
conventional footbridges and usual crowd events are available 
only in [29], [12], [30].  

 
The lack of data about incoming and crossing pedestrian 
traffic reflects on the codified approach to human-induced 
footbridge loads, in particular to their magnitude and 
distribution along the walkway. In the following, prescriptions 
about static-equivalent and time dependent loads by Eurocode 
and Setra Guidelines, respectively, are briefly recalled in this 
perspective. In Eurocode 1 [31] the characteristic value of the 
modulus of the static-equivalent vertical load is set equal to 
qk=5 [kNm-2]. No information are provided about the 
pedestrian density, even if the load magnitude is obviously 
related to the incoming crowd density. In other terms, the 
pedestrian load is defined as a r.v. and its value is related to a 
probability of exceedance, but no rational information about 
its phenomenological or statistical origin are provided. Hence, 
qk is an excessively synthetic measure of the uncertainties 
which take place in the problem. It follows that, in practice, 
this magnitude has been increased with conservative aims by 
the footbridge owners or designers, even if nobody actually 
quantitatively knows the degree of ”conservativeness”. For 
instance, a static-equivalent uniform load equal to 6 [kNm-2] 
has been increased for the Fourth Bridge over the Canal 
Grande “bearing in mind the high pedestrian flow in Venice” 
[32]. Furthermore, a high variability of the modulus exists 
among different national codes (for a review, see for instance 
[33]). 
The Setra guidelines [34] suggest a time-dependent load 
model and provide a deeper insight in the phenomenological 
origin of the load by referring to pedestrian density. In short, 
the approach subdivides four footbridge classes, defines the 
level of pedestrian traffic each one can bear and set the 
corresponding values of pedestrian density in deterministic 
terms (ρ = 0.5, 0.8, 1.0 ped/m2), in the sense that they are not 
related to a given probability of being exceeded. 
In both codes, the uniformly distributed load on the walkway 
surface (and of the pedestrians, in turn) is piecewise 
distributed along the walkway in the unfavourable parts of the 
influence surface, longitudinally and transversally [31], in 
order to maximise the load effects. Hence, such distribution is 
somewhat fictitious and deterministic, in the sense that it does 
not correspond to pedestrian traffic phenomena and it is not 
associated to a probability of occurrence. In other terms, such 
distribution obeys to a worst-case scenario approach. 

Face to the state-of-art shortly depicted above, this study 
proposes a comprehensive approach to the probabilistic 
evaluation of the pedestrian traffic on footbridges. In 
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particular the study aims at evaluating the uncertainty which 
affects both the macroscopic undisturbed pedestrian density 
incoming the footbridge and the pedestrian traffic along the 
footbridge, the latter being due in turn by the inter-subject 
variability of the pedestrians entering the footbridge. A two-
part paper follows. The current Part 1 describes the overall 
modelling framework for the probabilistic evaluation of the 
pedestrian traffic and proposes a general procedure to collect 
in-situ data on the incoming crowd density and to build their 
statistics. In the current absence of such measurements, a first 
attempt to obtain some statistics from existing data available 
in literature is performed. Part 2 [35] focuses on a 
probabilistic approach to the pedestrian dynamics to describe 
the spanwise propagation of the inter-subject uncertainty that 
affect the pedestrian position at the footbridge entrance. The 
uncertainty propagation is evaluated by a microscopic crowd 
model in the framework of the Monte Carlo like method.  

2 A MODELLING FRAMEWORK FOR THE 
PROBABILISTIC EVALUATION OF THE 
PEDESTRIAN TRAFFIC  

Let us briefly recall some phenomenological key-features of 
the pedestrian traffic [36] [37], which are considered to be 
useful to approach its uncertainty quantification: 
• pedestrian traffic is a dynamic transport phenomenon, 

i.e. pedestrian state variables vary in space and time, 
being transported by the pedestrians themselves. Hence, 
uncertainties in the incoming pedestrian traffic are 
expected to propagate along the walkway and to be 
modified by the transport phenomena due to the 
pedestrian kinematics;  

• pedestrian traffic is a multiscale phenomenon, which can 
be described at both macroscopic level (continuous 
medium) or microscopic level (granular medium). 
Hence, uncertainties can be included in both 
descriptions, depending on the scope of the uncertainty 
quantification;  

• at the macroscopic level: pedestrian density is not 
constant, that is crowd flow is compressible;  

• at the microscopic level: pedestrians are active particles, 
i.e. they perceive external stimuli and react to them 
giving rise to interaction among them. The position of 
each pedestrian potentially affects collective phenomena;  

• moving from macroscopic to microscopic (or vice versa) 
description of the traffic is possible, once an information 
enrichment or coarse graining is provided. 

 
Bearing in mind such features, the following approach to the 
uncertainty quantification in pedestrian traffic is proposed:  

1 the uncertainty on the pedestrian traffic incoming the 
footbridge is described in statistical terms by 
referring to a macroscopic random variable (density);  

2 further uncertainties at the footbridge inlet take place 
at the pedestrian (microscopic) scale because of the 
stochastic arrival process. The propagation of such 
an uncertainty across the footbridge span is described 
by a microscopic crowd model;  

3 finally, a macroscopic probabilistic description of the 
resulting flow and related pedestrian distribution 
along the walkway is recovered.  

3 STATISTICS ON THE INCOMING CROWD 
DENSITY 

In the following, two issues are faced, that is the definition of 
the incoming pedestrian density in the perspective of its long-
term future measurement and statistical analysis, and a first 
attempt to obtain a large enough ensemble by collecting 
public data already available in literature. 

3.1 Definition of the global crowd density for statistical 
purposes 

Statistics on the crowd density, i.e. a macroscopic quantity, is 
perfectly adapted to describe pedestrians incoming a 
footbridge because: 
• the macroscopic information is more significant than the 

microscopic dynamics of each single pedestrian in the 
engineering design and evaluation of the facility 
performances;  

• the inlet boundary condition reflects a lack of knowledge 
about the pedestrian dynamics outside the modelling 
universe of interest (i.e. the footbridge). Statistics of a 
macroscopic variable well reflects this lack of 
knowledge.  

The crowd density (number of pedestrians over surface) 
requires a reference area AR to be evaluated. This area is 
necessarily included in the area Arec in which the pedestrian 
flow is recorded, i.e. 𝐴! ⊆ 𝐴!"#. The reference area should be 
defined according to phenomenological-based principles, 
conventional parameters and technical limitations. 
Position. The recording area must be located outside the 
footbridge walkway, and upstream the scrutinised incoming 
flow if directional analysis are planned, so that the pedestrian 
are not affected by the walkway shape (undisturbed incoming 
pedestrians). An example is provided in Figure 1, where 𝐴!"# 
is located just upstream the entrance of the Jamarat Bridge 
[28]. 

 
Figure 1 - Recorded area adopted to evaluate the global crowd 
density incoming the Jamarat Bridge, after [28]. 

Size. Different issues are addressed:  
• the size of the recording area 𝐴!"# is limited by technical 

features of the measurement apparatus (optics of the 
camera, height of the installation pole (e.g. [28]);  

• the size of the reference area 𝐴! should not be related to 
the one of the footbridge walkway, because the global 
incoming density is not directly related to the traffic 
across the footbridge;  

• the size of the reference area 𝐴! = 𝐿!! , being 𝐿! its 
characteristic length, should be large enough to evaluate 
global crowd density ρ(t) having very large 
characteristic scales in space 𝐿! and in time 𝑇!, i.e. to 
average the local densities ρ l due to local traffic 
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inhomogeneities having shorter characteristic length in 
space Ll and in time Tl. In fact, in the proposed 
approach, the simulation of emerging local 
inhomogeneities (due to uncertain initial positions, 
geometry of the domain boundaries, interactions among 
pedestrians giving rise to self organisation phenomena, 
pressure waves, crowd turbulence) will be in charge of 
the crowd model (see Part 2 of the present study). Hence, 
Lg >> LR >> Ll ≈ 12 m according to the cited work of 
Helbing and co-workers [28]. 

 
Sampling frequency. Bearing in mind that pedestrian traffic 
belongs to transport phenomena in space and time, it is 
important that time-sampling interval is consistent with space-
averaging. The characteristic time TR related to the 
characteristic length LR of the reference area AR can be 
expressed as TR = LR/vp, where vp is the pedestrian free 
walking velocity. In other terms, pedestrians cannot travel 
along LR in a time shorter than TR. Bearing in mind the chain 

of inequalities about the spatial scales, it follows that Tg >> 
TR >> Tl ≈ 45’’[45] and 1/Tg << 1/TR << 1/Tl ≈ 0.02 Hz. 
 
The key question is: are local and global traffic scales far 
enough in space and time to allow reference scales to be set in 
between? This is the case in wind engineering, where large 
amount of experimental data testify that the macro- 
meteorological and micrometeorological (turbulence) scales 
of the wind in the Atmospheric Boundary Layer (ABL) are 
well espaced by the so-called spectral gap, corresponding to 
time scale of about 10’, around which the wind energy is 
almost nil. In order to tentatively provide a partial answer to 
such question for pedestrian traffic, let us consider the 
observations of the pedestrian traffic along the Clifton 
Suspension Bridge (CSB) [30] and the Podgorica Bridge (PB) 
[12] In both cases, straight walkways of constant width and 
relatively low pedestrian densities are suspected to minimise 
the walkway constraints on the pedestrian traffic: hence, the 
traffic measured along the footbridge is conjectured to be 
similar to the incoming one. 
 

 

 
Figure 2 - Global crowd density (data courtesy by Zĭvanović and digitalized after [30]): time histories (a), normalized PSD (b)

Furthermore, in both cases 𝐿! = 𝐿 is large enough to be one 
order of magnitude of the larger local scales. The 
measurements adopt different sampling window 𝑇! and 
sampling frequency 𝑓! = 1/𝑡!: in [30], 𝑁! is evaluated about 
each ts = 60 seconds along Ts ≈ 107’, while in [12] the 
sampling frequency is much higher (fs = 1 Hz) and the 
sampling window shorter (Ts ≈ 42’), i.e. ts,CSB ≈ TR/2, while 
ts,PB ≈ TR/75. The time histories of the global crowd density 
ρ(t) after the cited studies (“Test 3” in [12], directions City-to-
Bridge and vice versa) are plotted in Figure 2(a). The 

corresponding normalised power spectral densities 𝑆!∗ =
𝑓𝑆!/𝜎!! is evaluated by the Authors and plotted in Figure 2(b). 
The obtained results seem to confirm the hypothesis about the 
gap between global and local scales. In particular: 
• fluctuations characterised by long time scales and low 

dimensionless frequencies (𝑓𝑇! < 1) correspond to the 
high power density and are probably related to global 
traffic phenomena. In other words, long time fluctuations 
are related to the coherent structures of the ”smooth” 
incoming traffic, in analogy to macro-meteorological 
scales of the wind in ABL;  
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• short space-scales and high frequency fluctuations 
(𝑓𝑇! > 1) are by far less energetic and are expected to 
be related to inter- and intra-subject variability or to 
local phenomena at low crowd density (or to waves or 
crowd turbulence at very high ones); 

• the higher the incoming mean crowd density, the longer 
the time scale and the lower the frequencies which 
characterise the global density fluctuations. This results 
seems to be qualitatively reasonable form a 
phenomenological point of view;  

• the shorter time scales of the global density are about 2’ 
long, while the ones of the local, low energy fluctuations 
are no longer than about 60”;  

• the spatial averaging over 𝐴! involves an artificial 
spectral gap at 𝑓𝑇! = 1, i.e. traffic fluctuations with time 
scales around the reference characteristic time 𝑇! are 
filtered by the spatial averaging.  

In short, the following approach can be envisaged to obtain 
the p-th percentile of the incoming global density ρ p for a 
given site:  

a. measure the global density ρi(t) during the i-th 
Crowd Event (0 ≤ 𝑡 ≤ 𝑇!"!) referring to a reference 
area 𝐴! and to a sampling time 𝑡! (observation by 
averaging in space);  

b. obtain extreme value in time, by extracting the 
maximum value 𝜌! of the global density (outcomes) 
occurred during the i-th Crowd Event (or 
alternatively by extracting, from a continuous record, 
the peak values reached for any period during which 
values exceed a certain threshold, Point Over 
Threshold method);  

c. collect extreme values series from several Crowd 
Events 1 ≤ i ≤ n (Crowd Event Maximum Series) and 
perform ensemble statistics by fitting to a suitable 
distribution with Probability Density Function 𝜙 𝜌  
and Cumulative Density Function Φ 𝜌 . Evaluate the 
p-th percentile 𝜌! = 𝑎𝑟𝑔 Φ = 𝑝  of the distribution 
to be assumed to define the design incoming 
pedestrian density 𝜌!.  

For sake of clarity the process is sketched in Figure 3.
 

 
Figure 3 - Conceptual scheme for the definition of the incoming pedestrian density design value ρd : spatial averaging (a), time 

statistics (b), extreme statistics (c)

3.2 Application: an attempt towards global crowd density 
ensemble statistics 

The approach envisaged above requires long-term 
measurements. Awaiting mature and reliable automatic tools 
addressed to crowd density estimation, ensemble statistics can 
be performed over data coming from several past crowd 
events occurred in different sites and reported in literature. In 
other words, bearing in mind the approach outlined in the 
previous subsection, this means that steps a) and b) are 
skipped and step c) is performed using literature data. Of 
course, the statistical representativeness of this subset is 
questionable, analogously to the critical remarks moved to the 
pioneering palaeontologist R.T. Bakker [38] about the ability 
of the statistics of the predator/prey ratio over the dinosaur 
fossils collected in museums to represent the same ratio over 
the total dinosaur population in nature. For sure, the model 
uncertainty about the statistical characterisation of the 
incoming crowd by such approach is expected to be very high: 
nevertheless, the proposed approach has, to the authors’ 
opinion, the merit to show at least the feasibility of the 
statistical characterisation and to provide a (rough) example of 
its application. In this perspective, an attempt has been made 
by the Authors collecting crowd event that induced different 

effects on footbridges (for collections of crowd events along 
other facilities and in other conditions, see for instance [39] 
[40]): global Collapse (C), Vertical or Lateral Vibrations of 
the deck (VL and LV, respectively), Stampede/trample (S) 
along the walkway. Only the events for which global crowd 
density can be estimated have been retained. To do so, 
reference has been made to the survey in [41], to other 
scientific papers in literature [12][30][42][43][44][45] and to 
movies/pictures available online (e.g. the Maori 
demonstration along the Auckland Harbour Bridge [46], or the 
stampede over the Sindh River Bridge [47] and the Akashi 
station [48]). The retained 24 crowd events are listed in Table  
2 in increasing density order, with explicative pictures of the 
pedestrian pattern for the ones highlighted in Italics. The 
event that causes persons to congregate and the kind of 
pedestrian traffic are specified according to widely 
comprehensive categories (e.g. the event ’crowd gathering’ 
includes sports, religious or festival gathering). It is worth 
pointing out that the collected densities are extreme values for 
each Crowd Event, even if the CEs are not necessarily 
crowded major public event such as the ones scrutinized in 
[39]. Let us introduce two remarks about the inhomogeneity 
of the data in the ensemble and the adopted corrective actions. 
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First, it is worth pointing out that in most cases the global 
crowd density ρ is estimated referring to the walkway surface 
as the reference area AR = LB, being B the walkway width and 
L the walkway length. Exceptions are the Auckland harbour 
bridge, (AR = LcB, being Lc ≈ 280 m the length of the 
demonstration trail [46]), the Verrazano Narrow Bridge (AR = 
LcB, Lc = 30 m [42]) and the former Jamarat bridge (AR = 
B2/4 is located just upstream the entrance ramp [24]). On one 
hand, this feature assures a kind of homogeneity of the data 
set. On the other hand, it follows that in most cases the 
undisturbed incoming global density is approximated by the 
one along the footbridge. Such approximation is somewhat 
acceptable if the walkway is expected to not significantly 
affect the crowd dynamics (unrestricted conditions), e.g. it is 
straight, its width is constant, and in absence of significant 
effects of the side barriers on the pedestrians (e.g. pressure or 
limitations [39]). For instance, such limitations can be easily 
observed along the Koh Pitch footbridge (Figure 4b) during 

the stampede (𝜌~9.39 ped/m2) occurred in 2010 [49]. In 
particular, crushing phenomena along parapets look 
qualitatively analogous to the ones depicted at the Brooklyn 
bridge (Figure 4a) during the stampede occurred three days 
after its opening in 1883 [50]. Only density in unrestricted 
conditions have been retained and collected in the present 
study. 

 
Figure 4 – Pedestrians flow constrained by side barriers: 
Brooklyn bridge (a) and Koh Pitch footbridge (b)   

Table  2 - Crowd events retained in the ensemble. Kind of event: G crowd gathering, CT everyday traffic, OD opening 
day/demonstration, RS river spectacle, MS marching soldiers, – not available. Kind of traffic: W one direction walking, 2W two 
direction walking, Q queue, D drifting towards side barriers. Crowd effect: S stampede, C collapse, LV lateral vibrations, VV 
vertical vibrations. Ethnicity: A Asiatic, C Caucasian. 

year footbridge location event traffic effect ethnicity 𝜌 [ped/m2] TCE Ref. pedestrian pattern 
1886 Mährisch-Ostrau Czech Republic MS W C C 0.06 -- [41]  
1831 Broughton UK MS W C C 0.24 -- [41] 

 
2004 Podgorica Montenegro CT W VV C 0.26 -- [12] 
1996 Aranjuez Spain -- -- C C 0.42 -- [41] 
1972 Naga City Philippines RS -- C A 0.53 -- [41] 

 
2004 Verrazano USA G W VV C 0.54 -- [42] 
1850 Basse-Chaine France MS W C C 0.66 -- [41] 
1978 River Uremea Spain RS -- C C 0.80 -- [41]  
1877 Widcombe UK O -- C C 0.98 -- [41]  
1926 Whitesville USA RS D C C 1.02 -- [41]  
2003 Clifton  UK G W LV C 1.04 120’ [30] 

 

1975 Aukland Harbour New Zeland D W LV C 1.34 ≈ 5’ [46] 
2000 Millenium UK OD W LV C 1.40 -- [43] 

1974 Mahkali River  Nepal -- -- C A 1.67 -- [41]  
1877 Widcombe UK O Q C C 1.71 -- [41]  
1845 North Quay UK RS D C C 1.91 -- [41] 

 

1989 T-Bridge Japan G W LV A 2.12 20’ [44] 
2004 Miyun Rainbow PRC G 2W S A 4.09 110’ [45] 
1952 Knowsley Street  UK G Q C C 4.11 -- [41] 

 

1973 Bosporus Turkey OD W LV C 5.00 -- [41] 
2001 Akashi  Japan G W S A 5.00 45’ [48] 

2006 former Jamarat KSA G W S A 6.00 20 hrs [28] 

 

1979 River Lerma Mexico G W C A 7.14 -- [41] 
2013 Sindh River India G W S A 7.14 -- [47] 

 
Second, the crowd density 𝜌 is obtained in geographic areas 
where different ethnicities prevail, so that the body 
dimensions are quite different. Hence, in order to homogenise 
the set of data, the density has been normalized by scaling to 

the maximum value 𝜌!"#  , i.e. 𝜌∗ = 𝜌/𝜌!!"  . Two ethnicities 
are considered in this study, i.e. Asiatic and Caucasian, for 
which maximum 𝜌!"#,!   values are available in literature for 
unrestricted and constrained conditions (k=f,c, Table  3). 
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Table  3 – Max density for Asiatic and Caucasian ethnicities 

ethnicity 𝜌!"#,! 
[ped/m2] 

ref 𝜌!"#,! 
[ped/m2] 

ref 

Asiatic 8 [28][51] 10 [28] 
Caucasian 6 [52][39] 8 [39] 
Figure 5 collects the empirical PDF of the dimensional crowd 
density in histogram form with contribution of the crowd 
effects and the empirical CDF of the normalized density. 

 
Figure 5 - Empirical PDF of the density and empirical CDF of 
the normalized density 

 
Figure 6 - Crowd density incoming the walkway (free 
conditions): quantile plots for the fitted distributions 

Among the considered distributions, the Weibull one 
(Extreme Value Distribution Type III)  

 𝜙 𝜌|𝑎, 𝑏 = 𝑏𝑎!!𝜌!!!𝑒!
!
!

!

𝐼 !,! 𝜌 , (1) 
provides the best fit to the data (Figure 6) with parameters a = 
0.34 and b = 1.10. The convergence of the parameters is 
checked for increasing number of the crowd events included 

in the ensemble. The residual for the generic parameter φ is 
evaluated at the n-th size of the ensemble as 𝜑!"# =
𝜑! − 𝜑!!! /𝜑!  and plotted in Figure 7. The complete set 

of collected events allows to reach a threshold of about 2%. 

 

Figure 7 – Convergence of the Weibull parameters 

Table  4 summarises the first statistical moments, quartiles 
and 95-th percentile [ped/m2] obtained from the Weibull law 
for both the considered ethnicities. 

Table  4 – Crowd density: statistical moments [ped/m2] 

ethnicity 𝜇! 𝜎! cov. 𝜌!" 𝜌!" 𝜌!" 𝜌!" 
Asiatic 2.60 2.37 

0.91 
0.94 1.93 3.64 7.33 

Caucasian 1.95 1.78 0.71 1.45 2.73 5.50 
 
The cov of the incoming pedestrian density 𝜌 is clearly much 
higher than the one of the random variables referred to the 
single pedestrian (Table  1). On one hand, such higher 
dispersion is not surprising bearing in mind the inborn 
variability of the pedestrian traffic. On the other hand, this 
rough attempt confirms the need of a careful evaluation of 
such significant and neglected source of uncertainty, which 
prevails by far over other widely studied sources. 

4 CONCLUSIONS 
This work attempts to complement the probabilistic 
description of the recognised uncertainties sources in human-
induced vibrations of footbridges by including the ones 
related to crowding conditions. In analogy to wind flow 
probabilistic models already developed and codified in Wind 
Engineering, the proposed approach provides a statistic 
description of the incoming pedestrians. A probabilistic model 
of the pedestrian traffic along the walkway is proposed in a 
companion paper [35] to account for the uncertainties of the 
pedestrian position at the footbridge entrance. 
The applicability of the proposed approach has been 
preliminary discussed by defining a global density and by 
evaluating the related space and time scales. Hence, awaiting 
mature automatic tools to estimate the crowd density, 
ensemble statistics have been performed over data coming 
from published crowd events occurred in different sites. The 
resulting preliminary results, even if quite far from 
convergence, clearly show the cov of the incoming pedestrian 
density is much higher than the one of the random variables 
referred to the single pedestrian.  
In the future, the authors hope to see the number of the crowd 
events and the related incoming pedestrian densities in the 
ensemble increased, in order to allow more precise statistics to 
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be obtained. Further contribution from the readers of this 
paper are welcome and acknowledged, if any. 
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ABSTRACT: In the previous Part of this study, an attempt to estimate the c.o.v. of the pedestrian density approaching a 
footbridge has been made.  
In analogy to wind engineering, where statistics on the incoming wind are complemented with the description of the flow 
around the obstacle to provide the aerodynamic forces on the structure, the obtained result is not conclusive. In pedestrian 
dynamics, the density along the footbridge cannot be confused with the incoming one if the pedestrian dynamics is affected by 
the walkway features (side barriers, walkway geometry, obstacles).  
On the other hand, differently from fluid dynamics, pedestrian motion is a multiscale phenomenon, which can be described both 
at the macroscopic scale (continuous medium) and at the microscopic scale (granular medium). The pedestrian density described 
in Part I can be ascribed to the former. Conversely, the uncertain location (in space and time) of each pedestrian at the entrance 
of the footbridge must be sampled and treated at the microscopic scale. Such uncertainty on positions further propagates span-
wise along the walkway, being transported by pedestrians themselves. Evidences of this are available in literature based either 
on in-situ observations or on lab experiments. 
In this part of the study,   the span-wise propagation of the uncertainty generated by the incoming pedestrian density is studied in 
the framework of the Monte Carlo method. In particular, a statistical analysis of repeated microscopic simulations of a first order 
crowd model accounting for body size is performed. Inlet conditions are prescribed on the basis of the statistics of the crowd 
density (described in part I), by assigning probability laws to the pedestrian chord-wise inlet positions and to the inter-arrival 
times.  
The final goal of the model is to estimate the propagation of the incoming variability along the footbridge. The application of the 
model to an ideal footbridge is provided. 
 
KEY WORDS: pedestrian traffic; inter-subject variability; microscopic model; probabilistic evaluation. 
 
1 INTRODUCTION 

In a companion paper [1], an attempt to estimate the 
statistics of the pedestrian density approaching a footbridge 
has been made. Having in mind a comprehensive 
quantification of the uncertainties affecting the footbridge 
pedestrian traffic, the obtained result is not conclusive. In fact, 
the pedestrian traffic incoming the footbridge cannot be 
confused with the one along it. Such demarcation is required 
because the latter is expected to be sensitive to two main 
features of the problem. 

The first one includes the parameters that define the 
walkway geometry (e.g. walkway width or longitudinal 
alignment, side barriers, obstacles along the walkway). 
Walkways departing from ideal ones (obstacle free, straight, 
with constant width) are expected to modify the pedestrian 
flow analogously to fluid dynamics phenomena. Some effects 
of the walking geometry on the pedestrian traffic along 
footbridges have been recently described in deterministic 
terms in [2] [3] [4] and in a probabilistic perspective in [14]. 

The second class of features affecting the pedestrian traffic 
along the footbridge refers to the inter-subject and intra-
subject variability of the pedestrians at inlet. In general, it is 
worth pointing out that the incoming variability effects 

• hold whichever is the walkway geometry; 

• lie at the pedestrian scale (microscopic) but can 
involve collective effects at the footbridge scale; 

• cannot be described, in a deterministic nor 
probabilistic sense, by macroscopic quantities such 
as the incoming global density described in the 
companion paper; 

• have genuinely stochastic origin. 
In particular, inter-subject variability includes, besides body 

features and walking parameters - already widely studied in 
literature - the uncertain chord-wise position and the arrival 
time (i.e. the relative distance of two sequential walkers) of 
each pedestrian at the entrance of the footbridge. The 
pioneering work of Matsumoto et al [6] suggests the arrival 
time follows the Poisson distribution and further in situ 
measurements [7][8] confirm this conjecture, while statistics 
about the chord-wise position are not available to the Authors’ 
knowledge. 

The uncertainty on the position in space and time at inlet 
further propagates along the walkway, being transported by 
the pedestrians themselves along unconstrained trajectories 
(differently from e.g. trolleybus on railways or cars in lanes). 
Some laboratory [8][9][10] or in-situ [10] observations of 
such phenomenon area available in literature, thanks to the 
recent advances in computer vision techniques applied to the 
analysis of pedestrian trajectories. Some of the trajectories 
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obtained by [9] and [11] in lab test and in-situ observation, 
respectively, are included in Figure 1 and briefly commented 
in the following to provide a phenomenological basis of the 
study. In the laboratory experimental setup [9], each 
pedestrian starts to walk from the inlet to the outlet of a 
corridor where she/he is instructed to turn back and then move 
again in the opposite direction. After about four trips, the 
pedestrian leaves from where she/he enters the corridor. 
Trajectories of a single pedestrian and the complete set of 
measurements are shown in Figure 1(a)-(b), respectively.  
Figure 1(c) shows some trajectories recorded in the central 
segment of an indoor U-shaped walkway at the TU/e campus 
during everyday traffic [11]. 

 
Figure 1 - Walking trajectories of a single pedestrian (a) and 

complete set of the recoded trajectories (b) (after [1]).Walking 
trajectories in indoor U-shaped walkway at the TU/e campus 

(c) (after [11]). 

Even if accurate statistics on the trajectories are still not 
available in literature, some qualitative and comparative 
remarks can be drawn from the phenomenological 
observation: 

• both the effect of intra-subject variability (Figure 1 
a) and inter-subject variability (Figure 1b-c) can be 
easily recognized; 

• the inter-subject variability is much higher than the 
intra-subject one, as expected; 

• inter-subject variability looks higher in real world 
conditions (Figure 1c) than in laboratory tests 
(Figure 1b). Among the conjectured causes, the 
arrival time variability is suspected to affect the 
one of the trajectory distribution in space. 

The present study aims at complementing the companion 
one by the probabilistic evaluation of the pedestrian traffic 
along footbridges. Because of the state of the art critically 
discussed above, the study focuses on incoming pedestrian 
variability, and in particular on the inter-subject one of the 
chord-wise position and arrival time. On one hand, having in 
mind the pedestrian scale at which variability takes place, the 
pedestrian traffic along the footbridge is modelled by a 
genuine microscopic model. On the other hand, in order to 
meet practical needs of a final coarse-grained and 
probabilistic description of the crowd dynamics, the model 
results are subsequently processed by defining macroscopic 
quantities (e.g. density, flow) and their statistics in the 
framework of a Monte Carlo like method. In order to point out 

and isolate the effects of the incoming inter-subject 
variability, the adopted setup refers to an ideal walkway 
having no obstacles, straight alignment and constant width, 
while common walking features for every pedestrian are 
retained. 

2 PROBABILISTIC ANALYSIS FRAMEWORK 
In the first Part of this study, we pointed out the presence of 
an intrinsic uncertainty associated to the quantification of the 
global crowd density incoming a footbridge. Such uncertainty 
cumulates with others and is naturally propagated, i.e. 
advected and possibly modified, by the complex pedestrian 
motion. The aim of this section is to introduce in a general 
setting an analysis framework addressed to the probabilistic 
characterization of the crowd traffic along the footbridge face 
to inter-subject variability at inlet. 

The developed framework allows one to obtain the 
probabilistic/macroscopic description of crowd traffic on the 
basis of given macroscopic inflow data via a microscopic 
crowd model. Hence, the final probabilistic analysis is 
possible after two consecutive scale transitions (see Figure 1). 
Given macroscopic data about the incoming pedestrian traffic 
(e.g. the global density statistics provided in [1]), the Macro-
to-micro (M2m) transition allows to enrich them by including 
inter-subject variability at the proper pedestrian scale and to 
convert them into a microscopic form. Such form is suitable to 
be handled by the direct microscopic modeling and simulation 
of the pedestrian traffic: the microscopic model is the pivoting 
core of the approach, allowing one to handle and describe the 
propagation of uncertain condition form inlet along the span. 
The micro-to-Macro (m2M) transition is finally accomplished 
to obtain the desired macroscopic – probabilistic evaluation of 
the crowd dynamics. 

 
Figure 2 - Scheme of the multiscale probabilistic analysis 
framework  

Remarkably, the introduced framework somewhat reflects 
at the procedural level the intrinsic multiscalarity of the crowd 
system, in which collective macroscopic phenomena are 
generated by the individual (i.e. microscopic) motion of 
singles [20].  

The following two Sections detail the components of the 
framework introduced above: Section 3 is focused on the 
microscopic model, while Section 4 describes the scale 
transitions from the macroscopic viewpoint to the microscopic 
one and vice versa. 

[m] 
(c) 

[m
] 
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3 MICROSCOPIC MODEL OF THE PEDESTRIAN 
TRAFFIC 

The aim of this section is to introduce the mathematical 
model for pedestrian dynamics considered throughout the 
paper. The model is firstly deducted in a fully general fashion, 
agnostic of the specific crowd scenario or geometric setting; 
then, features needed to deal with specific scenarios 
considered in Section 5 are described.  

 
According to the considered mathematical model, the 

dynamics of pedestrians is treated from a microscopic 
perspective in a two dimensional setting. Specifically, the 
crowd is considered as a collectivity of active particles which 
act, namely move, to satisfy personal desires and needs – e.g., 
the necessity to reach a given target location [11]. Moreover, 
during the walking process, such active particles interact one 
another and with the environment.  

The mathematical structure of the microscopic model 
considered follows the general modeling framework 
introduced in [20] and [24] and further developed for 
elongated geometries in [14]. According to this framework, 
given N individuals whose positions are defined by the vectors 

),(,),,(),,( 222111 NNN yxzyxzyxz === … , the velocity of the 
j-th individual is defined by  

 ),,...,,;()( 21 Njsjd
j

j zzzzvzv
dt
dz

v +==  (1) 

where, respectively, dv , the desired velocity, represents the 
velocity that single persons would keep in absence of others  
(i.e., it is a fixed background velocity field) and sv , the social 
velocity, accounts for the interaction that the individual has 
with the surrounding collectivity (for further details on the 
concepts of desired and social velocity see, e.g., [13]). 

 
In order to give a specific form to the considered terms, we 

split them in simpler, additive, contributions. Specifically, we 
write the desired velocity as a sum  

 ),()()( j
w
dj

f
djd zvzvzv +=  (2) 

where f
dv is an expression of the free desired velocity (i.e., in 

absence of geometrical constraints), and w
dv  adds suitable 

impermeability constraints to boundaries, walls and obstacles. 
We chose to model impermeability constraints via a repulsive 
perturbation of the desired velocity around obstacles. In 
particular, we set 
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where the sum is carried over every wall w. Respectively, wd
is the distance between the considered pedestrian and w, 0

wd is 

the interaction range of the wall and 0d is the scale size of the 

human body (see also Figure 1). 

 
Figure 3 - Normal component of the desired velocity in the 
proximity of the boundaries. Scale distances (a). Magnitude of 
w
dv (x-axis) as function of the distance from the wall (on y 

axis) (b). 

In Section 5, pedestrian crossing scenarios happening in 
straight and elongated walkways are considered (see also 
Figure 1); in that contest, we choose the following expression 
for the free velocity 

 ).0,1(m
f
d vv =  (4) 

being mv  is the maximum allowable walking velocity.  
 

The social velocity term sv , on the other hand, provides a 
model for the fact that in normal crowding conditions (i.e. 
when no-panic occurs), individuals - while reaching their 
targets - interact with peers that are sufficiently close to avoid 
them.  Interactions are usually repulsive-like, limited in range 
to the so called sensory region and anisotropic [15].  

Actual body shapes of the interacting pedestrians must also 
be respected; in fact, considering shapeless (e.g. point-wise) 
pedestrians could lead to unphysically large occupancies or 
densities.  

 
Figure 4 - Scale sizes of sensory region. 

In agreement with the framework [20], we hypothesize 
linearly additive pairwise interactions between individuals, i.e. 

 ( );;)( ∑
≠

−=
jq

qjjs zzKzv  (5) 

following [16], we express the pairwise interaction between 
individual j and individual q by the function  
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where  
 

(a) 

(b) 
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 (see Figure 1, and Table 1 for numerical values of 
parameters). 

 
Figure 5 - Level sets of intensity of pairwise interaction of 

pedestrian in position )0,0(=z normalized to mv . 

As previously required, according to Equation [6], the 
anisotropic interaction is repulsive and decreasing. Moreover, 
the interaction is largest in a central region having the 
characteristic size of the human body ( 0d ). This construction 
is aimed at keeping into account, although in a soft-core 
fashion [25], the scale of the human body and the naturally 
limited possibility of body-on-body superposition.   

 Furthermore, the interaction region has global characteristic 
size fd δ+0 , which ensures the expected boundedness of the 
interaction. It is worth pointing out that the parameters 
introduced are not fixed once and for all, rather they depend 
on anthropologic and ethnical aspects such as average body 
size and average allowed courtesy distance.  

Finally, the free parameter γ  which determines the rate at 
which the interaction decays, allows one to model different 
kinds of traffic (see also [19]). 

In Table 1, the choice of parameters for the microscopic 
model used in Section 5 is reported. 

Table 1. Values of parameters used throughout the simulation 

Parameter Value Parameter Value 
mv  1.34m/s 0

wd 	 0.5m 

fδ  6m α  10 sm /1 β+  
γ  

fδ0175.0  β  .1 

0d  0.18m   
 

It is worth pointing out that the considered velocity is 
continuous (in mathematical sense) with respect to pedestrian 
positions; this ensures well-posedness of the associated initial 
value problem. Moreover, in order to integrate reliably the 
equations of motion and thus being consistent with the 
complex interaction dynamic chosen, multistep Adams-
Bashforth-Moulton implicit predictor-corrector scheme has 
been used. 

4 MULTISCALE ASPECTS 
In this section the two scale transitions introduced in Section 2 
are detailed. Respectively, micro-to-macro transition is 
detailed in Section 4.1, while transition macro-to-micro is 
detailed in Section 4.2. 

4.1 From macroscopic incoming density to microscopic 
inflow conditions 

The common notions of pedestrian inflow or pedestrian 
density at domain boundaries [18] genuinely own to the 
macroscopic scale; as such, they cannot be directly imposed to 
microscopic systems. Microscopic systems, in fact, require 
finer-grain time and space information specified on a 
pedestrian basis which must be a realization of the original 
macroscopic data. 

Finer microscopic information realizing the macroscopic 
notion of inflow can be obtained by characterizing 
probabilistically the pedestrian arrival process. Specifically, 
given a macroscopic pedestrian inflow per unit length q (or an 
inlet density 0ρ ), and supposing the arrival process through an 
inlet chord (of size B) to be Poisson, we have that  

 ,1
>Δ<

≈
t

qB  (7) 

where the variable 

 )(λlExponentiat ∝Δ  (8) 

represents the inter-arrival time between two consecutively 
entering pedestrians, i.e. 

 .)( 1−= qBλ  (9) 

Equation 8 defines probabilistically an entrance schedule for 
the considered pedestrians; hence, time-like information has 
been matched through the scales.  
    Probabilistic enrichment of the chord-wise entering site can 
be introduced by defining a probability law for the positions 
along the chord. For the sake of simplicity, in the following, a 
chord-wise homogeneous entrance behavior is adopted. 
Specifically, let 0y  be the chord-wise entrance position, we 
assume that 

 ).2/,2/(0 BBUniformy −∝  (10) 

In case an inlet crowd density 0ρ  is given instead of the 
influx qB, a suitable fundamental diagram can be used to 
convert the density information into the correspondent flux. 

4.2 From microscopic results to macroscopic – 
probabilistic evaluation of the crowd dynamics 

Once the entrance process has been specified, the model in 
Equation (1) can be used to simulate the considered crowd 
event. The data generated by the simulation can be used to 
represent a useful base to proceed toward the macroscopic and 
probabilistic characterization. 
In particular, given a partition of the domain in Q regions

Qq CCCC ....,,....,, 21 , and given a regular time sampling 

....,....,, 21 sttt with step ,tΔ we consider the random variables 
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which quantify the local crowd density in region q at time s. 
Generally speaking, other kinematic variables s

qφ can be 
considered, e.g., net pedestrian fluxes (i.e., 
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average velocities, loads and so on.  

In order to obtain empiric estimates of the laws of the 
variables s

qφ , extensive microscopic crowd simulation in a 
Monte Carlo-like setting is needed. The obtained collection of 
empiric laws indexed by both region (q) and time (s) gives 
thus a probabilistic picture of the crowd event along the 
footbridge. 
 
In Section 5, we consider stationary crowd crossing events, 
i.e. we expect the behavior of pedestrians (once a possible 
transient regime is exhausted) to be independent on time. In 
this setting, we can introduce the new variables '

qφ obtained 

from s
qφ via a summation (marginalization) over time:  

 ( ) ( )∑= s
s
qq obob φφ PrPr '  (12) 

Hence, according to this framework, the variable '
qρ

quantifies probabilistically the density in region q, 
independently on the specific instant of time. 

Once the laws of the variables '
qφ are obtained via 

simulation, they can be approached in a more practical way by 
using their synthetic statistics. In particular, the following 
region-wise statistics are considered as metrics of the 
crowding status: means >=< ')( qqm φφ , standard deviations 

)()( '
qq stdstd φφ = , coefficients of variation 

)(
)(

)cov()(cov '

φ

φ
φφ

q

q
qq m

std
==  and region-wise 95th percentiles 

'
95qφ . Respectively, aside from the mean behavior expressed 

by the first term, the second and the third term are used as 
index of uncertainty dispersion (respectively absolute and 
relative to the mean), while the fourth one is used as indicator 
of extreme cases. 

 

5 APPLICATIONS AND RESULTS 
In this section, the framework introduced in Section 2 and 

developed in Sections 3 and 4 is applied to crowd crossing 
events happening in a simple elongated geometry. A simple 
geometry is chosen in order to isolate and evaluate 
contributions to the uncertainties genuinely due to the crowd 
traffic. In other words, we want to neglect any uncertainty 
coming from the interaction among pedestrians and the 
specific geometry of the walkable built environment 
(bottlenecks, corners, crossways, etc.).     

5.1 Application setup 
We call elongated those domains featuring a small aspect 

ratio B/L among the chord B and the span L (in the considered 
case L=200m and B=4m). These domains, for instance, 
provide geometrical models for slender walkways and 
pedestrian footbridges. In this geometric setting, simple 
stationary crossing events are considered, namely involving 
pedestrians entering from one side and leaving from the other 
side after a regular walk (i.e. no pauses or changes of ultimate 
direction are expected, see Figure 1). The instauration of a 
quasi-stationary crowd flow with a random component 
dependent on the arrival process is thus expected.  

In order to perform the analysis detailed in Section 4.2, we 
consider a regular span-wise partition of the domain in 40 
equal segments ( 3910 ....,,....,, CCCC q ) of length 5m. Several 
pedestrian inflows (qB = {.6, 1.2, 1.8, 2.4, 3.0, 3.6} ped/s) are 
considered; they are obtained by setting qB/1=λ in Equation 
8. 

 
Figure 6 - Considered rectangular domain and relative 
longitudinal subdivision in 40 segments having length 5m 

5.2 Result discussion 
To check convergence for the probabilistic crowd data 

considered, a specific study is carried out. In particular, given 
the partition of the domain in Figure 1, we consider the 
indicator smΔ which is the maximum - computed upon all the 
segments q - of the relative difference between average 
densities in two successive instants of time s. In formulas it 
reads  
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Figure 7 - Maximum relative difference between average 
densities across time.  
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In the considered scenario, the threshold 310−<Δ sm has been 
targeted. In other words, the microscopic simulations are 
carried out for an interval of time long enough such that the 
relative variation on the crowd average density is smaller than 

310−  (see also Figure 1). 
Remarkably, with the model parameter listed in Table 1, the 

model predicts a crowd stationary behavior comparable with 
established literature data. In particular, if we consider the 
crowd flux, or average velocity, against the average density, a 
behavior close to the one described by the fundamental 
diagram introduced by Kladek ([23] and [19]) in leisure traffic 
regime is recovered (see Figure 1). It is worth noticing that the 
explored combination of fluxes and densities refer to the first 
part of the fundamental diagram, i.e. the considered densities 
are below the capacity threshold.  

 
Figure 8 - Comparison between model behavior (average and 

absolute dispersion) and Kladek fundamendal diagrams in 
terms of flux-density (a), velocity-density (b). 

When the macro to micro conversion described in Section 
4.1 is operated, an uncertainty is naturally introduced in the 
flow. Such uncertainty gets propagated by pedestrians to 
different extents depending on the influx. We choose to 
quantify the uncertainty propagation in terms of the region-
wise coefficient of variation of the crowd density. 
Specifically, we consider both the absolute coefficient of 
variation ( )(cov ρq ) and the one normalized to the inlet value 

( )(cov/)(cov 0 ρρq ). This is aimed at quantifying 
respectively the absolute uncertainty as well as the one 
genuinely due to the dynamics which follows the pedestrian 
entering act.  
In Figure 1, we report the probability laws of the variables '

zρ  
for the considered values of pedestrian inflow. The laws (on 
the y axis) are reported as iso-contour of the probability 
density functions depending on span-wise segments (x axis). 

 
As further clarified by synthetic statistics in Figure 1, the 

mean crowd densities )(ρqm  grow monotonically when the 
influx increases. On the other hand, the segment-wise 
standard deviation )(ρqstd , measuring the absolute dispersion 
of the density, remains approximately constant independently 
on the inflow. In Figure 9, 95th percentiles are considered as 
well; they are an indicator of extreme density cases.  
 

 
Figure 9 - Probability density function of crowd density 

along the facility span for the considered pedestrian influx 
values. 

Bearing in mind the first Part of this work, in which 
coefficients of variation for structural parameters have been 
estimated, several observations can be made. Coefficients of 
variations obtained range among 0.1 and 0.5: remarkably, 
these values are in the same range or even larger with respect 
to the coefficients of variation actually recognized in 
probabilistic force models (e.g. the ones related to structural 
damping, pedestrian body or walking parameters, see Part 1, 
Table 1). As a consequence, uncertainties originated by 
pedestrian kinematics are relevant from a design point of view 
and should be taken into account when pedestrian facilities are 
concerned.  

It is worth noticing that the coefficient of variation has a 
decreasing monotonic trend when the density increases (see 
Figure 1). This trend can be related to the specific choice of 
crowd model.  In fact, according to the modeled local pairwise 
interactions between individuals, pedestrians attempt to avoid 
one another; as a consequence, their positions give rise to 
organized collective patterns.  

When the macro to micro conversion described in Section 
4.1 is operated, an uncertainty is naturally introduced in the 
flow. Such uncertainty gets propagated by pedestrians to 
different extents depending on the influx. We choose to 
quantify the uncertainty propagation in terms of the region-
wise coefficient of variation of the crowd density. 
Specifically, we consider both the absolute coefficient of 
variation ( )(cov ρq ) and the one normalized to the inlet value 

( )(cov/)(cov 0 ρρq ). This is aimed at quantifying 

(a) (b) 
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respectively the absolute uncertainty as well as the one 
genuinely due to the dynamics which follows the pedestrian 
entering act.  
In Figure 1, we report the probability laws of the variables '

zρ  
for the considered values of pedestrian inflow. The laws (on 
the y axis) are reported as iso-contour of the probability 
density functions depending on span-wise segments (x axis). 

 
 

 
Figure 10 - Statistics of crowd density distribution along the 

facility span for the considered pedestrian influxes. 

As further clarified by synthetic statistics in Figure 1, the 
mean crowd densities )(ρqm  grow monotonically when the 
influx increases. On the other hand, the segment-wise 
standard deviation )(ρqstd , measuring the absolute dispersion 
of the density, remains approximately constant independently 
on the inflow. In Figure 9, 95th percentiles are considered as 
well; they are an indicator of extreme density cases.  

 

 
Figure 11 – Span-wise average coefficient of variation of 
crowd density: absolute and normalized to inlet value. Data 
has been fit with exponential functions. 

 
Figure 12 - Effects of the stochastic entering schedule on the 
emergence of position patterns - influx F=3.6ped/s. 
Disordered condition close to the inlet (5m<x<20m, t=100s) 
(a). Pattern at different times in 100m<x<115m - t=540s (b), 
t=740s (c), t=840s(d). 

It is worth to remark that the coefficients of variation 
obtained, already in range with the ones in probabilistic force 
models, have been evaluated by avoiding geometric effects 
and by using a model which tends to regularize pedestrian 
positions. As a consequence, the obtained values are expected 
to be lower bounds to actual values to be obtained e.g. 
experimentally. Indeed, every perturbation introduced in the 
flow by pedestrian (e.g. pedestrian stop walking or pedestrian 
walking in opposite direction) or by the walkway geometry 
(e.g. narrowing/widening of the walkway, obstacles along it) 
is conjectured to increase the uncertainty present in the flow 
and hence enlarge the coefficients of variation involved. 

6 CONCLUSION 
In this paper, the uncertain position of incoming 

pedestrians, further propagated along the span, has been 
studied via a probabilistic analysis framework. Such 
framework is grounded on Monte Carlo like microscopic 
pedestrian simulations whose outcomes are detailed in terms 
of local-in-space statistics of crowd observables (e.g., density, 
flux, velocity, etc.).  

The source of propagated uncertainty is inter-subject 
variability between individuals (for a comprehensive 
discussion on uncertainty referring to pedestrians incoming a 
facility, one can refer to the companion paper [1]). It is 
modeled by a stochastic inflow condition in terms of Poisson 
distributed arrival time and uniformly distributed chord wise 
position. 

Specifically, we chose to quantify and characterize 
uncertainty in terms of local-in-space coefficients of variation 
of the crowd density. Such coefficients of variation express 
the density dispersion with respect to its mean value in 
different regions of the domain.  

Even for regular crowd events in simple scenarios - where 
the geometry is not expected to play a role - significant values 
of c.o.v. in the range 0.1÷0.5 have been obtained. Hence, they 
are comparable with the coefficients of variation actually 
recognized in probabilistic force models in structural 
engineering. Such finding confirms the key role played by 
pedestrian traffic related uncertainties.  
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ABSTRACT: This paper describes the numerical and experimental dynamic studies developed during structural design and after 

construction of the new footbridge over the Ave River in Santo Tirso, Portugal, as well as the results obtained over a year with 

the installed permanent monitoring system. The bridge is composed by a steel arch, with a 60m central span and 6m rise, in a 

full extension of 84m. Its vulnerability to human induced vibrations was identified early, in the first studies developed by the 

design office, and thoroughly investigated in the following work phases. Numerical models results indicated that a vibration 

control system would be needed. In order to accurately identify the bridge’s dynamic properties and fully characterize structural 

response to critical defined pedestrian loads, several site tests were done. The obtained results supported the decision to install 2 

tuned mass dampers (TMD’s) and allowed for their sizing and efficiency evaluation. The installed permanent monitoring system 

comprehends sensors installed along the deck and on the TMD’s. The former provide information on the measured vibration 

levels, while the latter are used to detect the activation periods of the mitigation system. Based on the analysis of this data, the 

effectiveness of the mitigation system is addressed. 

KEY WORDS: Footbridge dynamics; Human induced vibrations; Steel arch; TMD; Monitoring system. 

1 INTRODUCTION 

Regardless of the material used in the construction, within a 

certain range of spans footbridges are naturally prone to 

human induced dynamic effects. In the case of vertical 

vibrations, this proneness is clear for spans over 50m, while 

for spans of 80m to 120m these structures are seldom 

vulnerable to horizontal vibrations and, in particular, to the 

effect of synchronous lateral excitation. 

The vibration problems that were identified in the Solférino 

Footbridge, in Paris, and, afterwards, in the Millennium 

Bridge, in London, motivated more profound investigation on 

the subject. That investigation led to some recent design 

recommendations [1; 2] that contain methods for load cases 

definition and for the characterization of comfort levels in 

footbridges. These documents are presently an important tool 

for the design of footbridges, allowing for the identification, 

early in the design phase, of the structure’s vulnerability to 

human induced vibration, for behavior improvement through 

careful choice of materials and support conditions and, finally, 

whenever necessary, for the preliminary sizing of a vibration 

mitigation system and related structure’s reinforcement details 

for its installation. 

The recent construction of a footbridge over the Ave River 

in Portugal motivated the application of the methodology 

referred in the HIVOSS project recommendations [2]. The 

dynamic studies conducted by the design office (SOPSEC, 

www.sopsec.pt) with the support of the Laboratory of 

Vibrations and Structural Monitoring of FEUP (ViBest, 

www.fe.up.pt/vibest) allowed for the early identification of 

potential resonant phenomena associated with several of the 

bridge’s natural frequencies, which pointed to the need to 

install a vertical vibration mitigation system, composed by a 

set of tuned mass dampers (TMD’s). These were then pre-

sized. Nevertheless, the uncertainty about the bridge’s 

dynamic characteristics, namely natural frequencies and 

damping coefficients, led to the imposition of an experimental 

study of the structure, after its construction, in order to 

confirm and reevaluate the need for the installation of the 

TMD’s and, afterwards, size the final mitigation system and 

check its effectiveness. Given this context, this paper presents 

and discusses the conducted studies and demonstrates the 

effectiveness of the chosen approach to the problem. 

2 DESIGN OF THE FOOTBRIDGE 

2.1 Bridge geometry and design requirements 

The new footbridge over the Ave River, built in the context of 

the riverside requalification project of the city of Santo Tirso, 

was conceived and designed by SOPSEC, in 2009, to 

overcome a span of 84m trough a structural system composed 

by a very low rise steel arch (figure 1). 

 

 

Figure 1. View of the new footbridge over the Ave River. 
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The steel arch, composed by two HEA600 steel profiles, has 

a total span of 60m and a rise of only 6m. It supports a non-

symmetric steel/ concrete composite deck with a total usable 

width of 4,80m. The columns connecting the deck to the arch 

have a spacing of 12m, except in the middle zone, where this 

spacing is reduced to 6m. To each side of the arch, 2 

additional 12m spans exist and complete the bridge’s full 

extension. 

The preliminary studies revealed immediately that the 

bridge’s natural frequencies would be located precisely in the 

range where the dynamic effects of pedestrian induced actions 

become relevant. This conclusion indicated that it would be 

very difficult to limit the vibration levels of the bridge without 

installing a mitigation system. 

As the codes applicable to the design of footbridges are 

silent about the limitation of human induced vibrations 

(comfort criteria) as well as the definition of dynamic load 

cases, the above referred recommendations [2] were followed 

in order to be able to classify the bridge, define load cases 

according to this classification and fix limits for the dynamic 

response of the structure. 

The bridge location in a green area, not excessively 

populous or subjected to intense crossing, even though in 

some situations it could be crossed by a significant number of 

people, led to the consideration as a Class III structure. For 

this class of footbridge, the SÉTRA recommendations [1] 

propose a crowd density of 0.5pedestrians/m2 (corresponding 

to the simultaneous presence of 202 people on the deck – total 

surface 84x4.8m2). Based on this density, the load per unit 

area to be applied is then defined, with sinusoidal variation 

and amplitude depending on the frequency of the natural 

modes to be studied separately. 

Besides the referred load case, the effects of a single 

pedestrian, walking or jogging in resonance with the 

structure’s frequencies, were evaluated. Although the SÉTRA 

recommendations do not mention this particular situation, this 

study was carried out due to the design team’s understanding 

that it would correspond to the most common scenario, 

eventually being the governing case. The subsequent 

numerical analysis results came to confirm this hypothesis.  

Regarding comfort criteria, maximum comfort was defined 

for standard service conditions and average comfort was 

deemed acceptable for exceptional situations of sparse crowd 

crossing. For the first case, the imposed value ranges for 

vertical and horizontal accelerations were, respectively, 

0.50m/s2 and 0.15m/s2. In the second case, maximum values 

of 0.50-1m/s2 and 0.15-0.30m/s2, for vertical and horizontal 

accelerations respectively, were considered. In this particular 

case, the inexistence of horizontal vibrations in the range 0.3-

1.3Hz led to the conclusion that synchronous lateral excitation 

would not be an issue. 

2.2 Dynamic studies during design phase 

The analysis of the dynamic effects induced by pedestrian 

traffic, based on the recommendations referred above and on 

typical damping ratios for steel structures, showed high 

vibration amplitudes in correspondence with 3 different 

vibration modes. Characteristics and frequencies of these 

modes are shown in figure 2 and Table 1, as well as critical 

loading scenarios. 

 

 
Mode 1: F1 = 1.50Hz 

 
Mode 2: F2 = 2.45Hz 

 
Mode 3: F3 = 2.88Hz 

 

Figure 2. Critical Vibration modes characteristics. 

 

Table 1. Maximum calculated acceleration values. 

Mode 
ax

max 

(m/s2) 

az
max 

(m/s2) 

Critical loading 

scenario 

1 0 1.45 Crowd (0.5P/m2) 

2 1.46 1.15 1 pedestrian jogging 

3 0.27 4.04 1 pedestrian running 

 

Considering the limits referred in Section 2.1, it was 

concluded that the bridge would exhibit minimum comfort 

level (vertical acceleration in the range of 1 to 2.5m/s2) when 

crossed by a slow walking crowd, of 0.5pedestrians/m2, or by 

a single pedestrian, jogging or running. The modal damping 

coefficient was considered equal to 0.4%. The obtained results 

supported the decision to recommend the installation of 3 

TMD’s, in the antinodes of the above referred vibration nodes, 

tuned according to the identified frequencies, in order to 

mitigate human induced vibrations in that range of 

frequencies. 

3 DYNAMIC BEHAVIOR CHARACTERIZATION 

The final decision on the installation of the TMD’s came only 

after the construction of the bridge, once the experimental 

characterization of the structure’s dynamic behavior was 

concluded. In fact, and despite the accuracy and sophistication 

of the developed numerical models, significant differences 

between real and design dynamic characteristics are known to 

have been registered for footbridges. This fact is mainly 

influenced by the low stiffness and mass of these structures, 

when compared to road and railway bridges, which makes 

them more sensible to the effect of support conditions and of 

secondary elements like handrails. 

On the other hand, it is also true that small deviations of the 

real natural frequencies in relation to the ones obtained with 

the numerical model can make the structure a lot more (or a 

lot less) prone to human induced vibrations. This makes a 

very accurate characterization of dynamic properties to 

assume increased importance, namely concerning natural 

frequencies, vibration modes and damping ratios. This was 

successfully accomplished through environmental and free 

vibration site tests [4]. As very accurate determination of 

damping ratios is of the utmost importance, due to the high 
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influence over the structure’s dynamic response, and because 

environmental vibration tests do not offer the required 

accuracy in determining this parameter, free vibration tests 

were proposed. The dynamic response of the structure was 

then measured, in the absence of wind, after subjecting it to a 

sudden force (release of a previously fixed mass). The 

analysis of the response’s decay allowed for the precise 

identification of damping ratios and mobilized vibration 

modes. 

3.1 Identification of dynamic properties  

The environmental vibration test used 5 seismographs 

equipped with tri-axial accelerometers, synchronized through 

GPS sensors. 15 sections of the bridge were equipped: deck’s 

beginning and end, columns insertion sections and sections 

between columns. So, sections were instrumented every 6m 

on the deck, leading to the registration of a total of 90 

movement components. 3 out of 5 seismographs were set in 

permanent positions, while the remaining 2 were moved along 

each control section. The identification of modal parameters 

was based on the ARTEMIS software and the identification 

algorithms “Enhanced Frequency Domain Decomposition” 

(EFDD) and “Stochastic Subspace Identification” (SSI). 

Figures 3 and 4 show values for the frequencies and 

damping ratios of the identified modes, as well as the 

comparison between identified and calculated modal 

configurations (after numerical model calibration). The 

analysis of these figures shows slight deviations towards the 

numerical model, with the structure revealing to be stiffer than 

the numerical model concerning the 1st vibration mode 

associated with an anti-symmetrical vertical vibration, but 

more flexible concerning higher order vibration modes. 

Difficulties in modeling the connection between the steel 

girders and the concrete deck are thought to be a possible 

explanation for these characteristics.  

 
 

F1 = 1.50Hz; ξ1 = 1.34% (calculated: 1.50Hz) 

 

 
 

 

F 2 = 2.03Hz; ξ2 = 0.93% (calculated: 2.45Hz) 

 

 

 
 

 

 

 

 

F 3 = 2.71Hz; ξ3 = 0.60% (calculated: 2.88Hz) 

 

 

Figure 3. Identified natural frequencies and vibration modes. 

 

 
 

 
 

 

Figure 4. Experimental vs. numerical comparison. 

 

As said before, for the purpose of characterizing with high 

level of accuracy the structural damping ratios associated with 

critical vibration modes regarding human induced vibrations, 

free vibration tests were done. In order to do so, a 900kg 

concrete block was suspended and then released in 2 distinct 

points of the arch. Figure 5 shows the suspension of the 

referred block in a section located at 4m from the arch’s 

support. The cut of the suspension cable gave place to the 

sudden release of the deck, with the free vibration being 

registered by 5 seismographs. 

 

 

 

 

Figure 5. Suspended concrete block and cutting of the cable. 
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Additional tests were made inducing, with the help of a 

metronome, a resonant response in the structure by having one 

pedestrian jump on a fixed location, chosen in order to 

activate the maximum model component in several natural 

frequencies. The damping ratios shown in figure 3 were 

obtained with these two types of tests and are generally higher 

to those used in the design phase. 

3.2 Dynamic response characterization site tests 

Based on the identified modal parameters and selecting the 

critical vibration modes (which frequencies are located within 

the risk ranges referred above), tests with pedestrians were 

carried out in order to simulate situations of potential 

resonance induced by pedestrian traffic. The structural 

response was measured in the critical sections, according to 

the following scenarios: 

 group of pedestrians walking, exciting the 1st (1.64Hz) or 

2nd (2.03Hz) vibration modes; 

 group of pedestrians walking with frequencies equal to 

half the frequency of the 4th (3.84Hz) or 5th (4.09Hz) 

vibration modes; 

 pedestrians jogging in resonance with the 3rd vibration 

mode (2.71Hz). 

 

Such tests were carried out with a variable number of 

pedestrians, from 1 to 20, with the help of a metronome in 

order to set the movement’s rhythm and make synchronization 

easier. Nevertheless, it should be noted that, in fact, this didn’t 

exactly occur between every pedestrian, meaning that the 

obtained response can’t be effectively considered as an upper 

limit for real situations involving a similar number of 

pedestrians. 

Figure 6 shows images of the tests with 10 pedestrians 

jogging, while figures 7 and 8 show the peak accelerations 

measured in the two sets of tests (walking and jogging), with a 

color scale showing the comfort levels defined above. One 

can conclude that medium comfort level was reached with 

groups of 20 pedestrians walking, the most critical situation 

being resonance in the bridge’s 2nd vibration mode (2.04Hz). 

Concerning the jogging scenario, one can observe in figure 8 

that a very small number of pedestrians, 2 to 3, was able to 

induce vibrations of very high amplitude, and a group of 5 

pedestrians induced vibrations classified as “intolerable”, 

according to the defined comfort levels. 

 

 

 

 
  

 

Figure 6. Group of 10 pedestrians jogging. Collected records. 

 

 

Figure 7. Maximum registered vertical and lateral 

accelerations – groups of 10 and 20 pedestrians walking. 

 

 

Figure 8. Maximum registered vertical and lateral 

accelerations – several pedestrians jogging. 

 

4 TUNED MASS DAMPERS SIZING 

Based on the obtained results, the design office recommended 

the installation of two TMD’s in order to mitigate the 

vibrations induced by pedestrians walking in resonance with 

the 1st vibration mode (1.64Hz), and jogging in resonance 

with the 3rd vibration mode (2.71Hz). These devices were 

installed under the deck, on the cross sections corresponding 

to the antinodes of the associated vibration modes, according 

to figure 9.  

 

 

 

Figure 9. TMD’s location, under the bridge deck. 

 

Table 2 shows the characteristics of the installed TMD’s, 

with a total mass of 2100kg. These dampers were sized in 

order to increase the damping ratio by 4%. It should be noted 

that the tuning of the damper associated with the 1st vibration 

mode was done considering the total mass of the structure to 

be consistent with the presence of a sparse crowd 

(0.5pedestrians/m2), while the other damper was tuned 

considering the bridge to be empty. On the other hand, the 

limited existing space under the bridge deck led to the 

division of each TMD in 2 units with half the corresponding 

mass. The installation was symmetrical. Figure 10 shows 
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images of the installation of these devices, after being tuned in 

the laboratory. 

 

Table 2. Characteristics of tuned modes and TMDs. 

Mode/ 

TMD 

Frequency 

(Hz) 

Modal Mass 

(kg) 

Frequency TMD 

(Hz) 

1 1.59 81544 1.56 

3 2.65 40792 2.61 

 

Mass TMD 

(kg) 

KTMD 

(N/m) 

CTMD 

(Ns/m) 

Rel. Displ.  

(mm) 

1400 135050 2150 ± 100 

700 187570 1790 ± 100 

 

 

 

 
  

 

Figure 10. Installation of the TMD’s, under the bridge deck. 

 

5 EFFECTIVENESS OF THE MITIGATION SYSTEM 

With the purpose of assessing the effectiveness of the 

vibration mitigation system that was installed on the 

footbridge, a new set of dynamic tests was carried out, with a 

group of 10 pedestrians. The structural response induced by 

walking with a frequency 1.64Hz (according to the 1st tuned 

vibration mode) or by jogging with a frequency of 2.70Hz (3rd 

vibration mode) was then registered. Table 3 compares the 

maximum accelerations, registered in identical situations, 

before and after the installation of the TMD’s.  

 

Table 3. Results comparison, with and without TMD’s. 

N. pedestrians 

Max. acel. 

(m/s2) 

without TMD 

Max. acel. 

(m/s2) 

with TMD 

Test description 
Lat. 

(Y) 

Vert. 

(Z) 

Lat. 

(Y) 

Vert. 

(Z) 

10, walking, 1.64Hz 0.03 0.27 0.02 0.19 

1, jogging, 2.70Hz 0.07 0.96 0.04 0.50 

2, jogging, 2.70Hz 0.10 1.59 0.05 0.60 

3, jogging, 2.70Hz 0.15 2.13 0.07 0.81 

5, jogging, 2.70Hz 0.20 3.20 0.08 1.03 

 

One can observe the significant response attenuation that 

was obtained. For instance, the maximum acceleration of 

3.2m/s2 obtained for the scenario of 5 people jogging was 

reduced to 1/3 by the installation of TMD3, which led to a 

change in the classification of the comfort level from 

“intolerable” to “medium” of this case scenario.  

Finally, with the purpose of characterizing the obtained 

damping ratio with the installation of the TMD’s, resonant 

excitation tests were carried out by one or more pedestrians 

jumping in the sections of the bridge where the antinodes of 

the vibration nodes were located, and suddenly stopping in 

order to register the free vibration response of the structure. 

Figure 11 shows the free vibration response adjustment, for 

two consecutive periods. The first period is a vibration phase 

with higher amplitude, marked by the activation of the TMD, 

and therefore by a higher damping ratio, estimated by 2.5%. 

The second period is marked by the stopping of the TMD due 

to the deck’s insufficient vibration, the estimated damping 

ratio being 0.7% (the damping ratio estimated without TMD’s 

had been 0.6%). 

 

 

 

Figure 11. Free vibration test for the identification of the 

bridge’s damping ratio after the installation of the TMD’s 

(TMD activation branch 1st, TMD stopping branch 2nd).  

 

The inauguration of the bridge took place on the 21st of 

January 2012. As it was probably one of the most critical 

moments of the structure in terms of use, the structural 

response was registered for that particular day, when the 

crowd crossed the bridge. Figure 12 shows a photograph of 

that day and figure 13 shows the record of the registered 

vertical accelerations. The maximum values registered were 

0.10m/s2 for lateral acceleration and 0.35m/s2 for vertical 

acceleration, corresponding to a level of maximum comfort. 
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Figure 12. Inauguration day.  

 

 

Figure 13. Acceleration registry at 1/3 span section.  

 

6 LONG TERM MONITORING 

In order to check the performance of the implemented TMDs 

in service, a dynamic monitoring system was installed in the 

bridge and a one-year monitoring program was established in 

agreement with the footbridge Owner [7]. This system 

comprises 7 accelerometers and 4 thermal sensors connected 

to an acquisition system, the designation and location of the 

former being indicated in Figure 14. 

 

 

Figure 14. St. Tirso footbridge: location of the accelerometers 

installed in the deck and TMD masses. 

 

The analysis of the acceleration records collected over a 

period of one year has permitted to conclude that the 

maximum vertical and lateral acceleration has reached values 

of 1.0 m/s2 and 0.15 m/s2, respectively. These values would 

allow the classification of the footbridge as providing a 

medium comfort level. It is noted however that these values 

are sporadic, as evidenced by one of the monthly plots of the 

maximum daily vertical and lateral acceleration represented in 

Figure 15. It is further observed that the maximum daily 

amplitudes of acceleration at mid-span are generally greater 

than 0.5 m/s2, indicating a frequent activation of TMD3. The 

same may not occur for TMD1, which was designed for slow 

walking crowds. 

 

   

Figure 15.  St. Tirso footbridge: maximum daily vertical 

acceleration during the month of August 2013. 

 

7 CONCLUSION 

This paper describes a complete study of human induced 

dynamic effects on the new footbridge over the Ave River, in 

Santo Tirso, Portugal. The process involved numerical studies 

during the design phase to assess the bridge’s proneness to 

resonant effects. Because these studies indicated the need to 

install a set of TMD’s in order to mitigate the vibration levels, 

a site campaign for the identification of the dynamic 

properties of the bridge after construction was carried out and 

led to the installation of two TMD’s, with total mass of 

2100kg.  

After this, a new set of tests was carried out in order to 

assess the effectiveness of the mitigation system. Even though 

the measured damping ratio is below the one theoretically 

calculated, the vibration levels reached for the scenarios of 

groups of pedestrians, walking or jogging,  led to the 

classification of the bridge’s comfort level as maximum or 

medium, respectively.  

In addition the monitoring of the footbridge for a period of 

one year has evidenced that both vertical and transversal 

vibrations in the footbridge have never attained high levels 

and the comfort of the footbridge can be classified as medium 

considering the normal use of the footbridge. 
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ABSTRACT: The paper concerns problems of the dynamic behaviour of footbridges. The original methodology of footbridges 

classification with regard to their dynamic sensitivity is presented in this paper and an approximate dependency between the 

structure's properties and its dynamic response due to pedestrian activity is formulated. As the conclusion the author presents  

a concept of design and research procedures for pedestrian bridges, which is adapted to practical application. 

KEY WORDS: Footbridges; Vibrations; Dynamical Classification; Dynamical Behaviour. 

1 INTRODUCTION 

One of the basic scientific problems of contemporary bridge 

engineering in relation to pedestrian bridges is their dynamic 

sensitivity. Modern footbridges are more sensitive  

to vibrations. It is caused by technologically advanced 

materials used for their construction, which have better 

strength parameters from those used before. Also the 

important reason is a trend started a few years ago for 

designing atypical and original structures. Landmark 

structures should be attractive in terms of an interesting 

architectural form, which quite often contradicts the classic 

principles of designing footbridges. Apart from the progress  

in material technology, a factor which makes it possible  

to meet engineering challenges is the development  

of computer software, which allows to solve complex design 

problems. 

A consequence of the mentioned factors is the greater 

sensitivity of modern structures to dynamic loads. Vibrations 

of high amplitudes can cause a feeling of anxiety and fear, and 

even panic among pedestrians. In some cases they can be also 

dangerous for the structure itself and as a result the 

functionality of the footbridge can be limited or footbridge 

can not be used at all. 

The paper presents an original method of evaluating 

dynamic sensitivity of footbridges, prepared on the basis  

of research results concerning the scope of human motor 

activity, reception of vibrations by pedestrians and dynamic 

researches pertaining to 12 footbridges. The research was 

conducted within the frameworks of the governmental 

research project No. 4 T07E 052 30 from 2006 to 2008 and 

the PhD dissertation awarded by Ministry of Science and 

Higher Education in 2010. 

2 HUMAN MOTOR ACTIVITY – FREQUENCY  

OF THE EXCITATION FORCE 

During the research works the natural step frequency  

of a walking human (marching), a running human (jogging) 

and a fast running human (sprinting) were measured. The aim 

of the research was to determine frequency of the excitation 

force in case of footbridges (fe), prepare histograms of step 

frequency in relation to all possible forms of movement that 

can happen on the pedestrian bridges and adjust statistic 

distribution curves to them. 

One hundred people were involved in tests. A pedometer 

and a stopwatch were used for tests – by means of them the 

number of steps and the time for the assumed distance were 

recorded. The result of dividing both of these values was the 

step frequency. The distance to be walked was approximately 

45 m, which matches a typical length of footbridges in the city 

area. 

Table 1 contains synthetic results of the motor activity tests. 

In relation to each form of movement it provides the number 

of tested people, taking into account their sex and age,  

an average step frequency and a standard deviation  

of matched Gaussian distribution. 

 

Table 1. The results of the motor activity tests. 

Form  

of movement 

No. of persons 

(men/women) 

Age 

average/ 

min/max 
ef [Hz] σ [Hz] 

Walk 100 (51/49) 49/35/14 1.88 0.18 

Run 100 (65/35) 35/26/14 2.70 0.27 

Sprint 100 (70/30) 30/24/6 3.41 0.52 

 

Fig. 1 presents matched functions of normal (Gaussian) 

distribution density in relation to experimental data. The 

functions have been matched according to the following 

formula: 
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Data concerning the function estimators, an average value 

( ef ) and a standard deviation (σ) of stepping frequency have 

been presented in Table 1. 

Analysis of human induced vibrations on footbridges 
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Figure 1. Normal (Gaussian) distribution functions matched to 

the experimental data. 

 

Basing on the data included in Table 1 and Fig. 1  

the following conclusions were formulated: 

 the normal distribution of a walking pedestrian is very 

dense – with 95% probability of fe  1.53 Hz; 2.23 Hz; 

in relation to walking the average step frequency is 

ef  = 1.88 Hz (compare [1], [2]), 

 the step frequency of jogging people indicates less 

density than this of walking people – with 95% 

probability of fe  2.17 Hz; 3.23 Hz; in relation  

to running the average value of step frequency  

is ef  = 2.70 Hz, 

 sprint is a form of movement of a very low density – with 

95% probability of fe  2.39 Hz; 4.43 Hz; in relation  

to sprinting the average step frequency is ef  = 3.41 Hz, 

 according to the histogram (Fig. 1) a step frequency  

of range 2.20 ÷ 2.40 Hz is observed, in which any form  

of movement is unlikely to appear - this is a step 

frequency range for people walking very fast or those 

who run very slowly. This is the original result, 

contradicting the information provided by [3]. 

3 RESEARCH ON VIBRATIONS RECEPTION  

BY PEDESTRIANS 

The tests concerning the comfort of experiencing vibrations 

were conducted simultaneously with dynamic tests for 

pedestrian footbridges, as discussed in section 4. The tests 

meant polling those people who participated in the 

measurements, with regard to how they experienced the 

vibrations. Each of them filled in an individual questionnaire 

including the following data: assigned number, name of the 

tested footbridge, date of the test and assessment of structure 

usability comfort. Before the tests were started participants 

were instructed how to fill in the forms - especially the scale 

of comfort evaluation were discussed in details. 

The original comfort assessment scale was used in the tests. 

The number scale was defined (compare: Table 2), to which  

a description of feelings and examples of effects 

accompanying the vibrations were assigned. The number 

assessment was done in relation to each of the realized 

schemes of vibrations excitation. Altogether 146 

questionnaires  were collected and analyzed during the tests of 

5 footbridges. Each of the questionnaire included 39 results, 

on average, what means that almost 4600 survey data was 

analyzed. The results were compared to the maximum values  

of vibration accelerations recorded by accelerometers installed 

on the tested footbridges. In particular schemes an average 

comfort assessment value was assigned to the maximum value 

of vibration acceleration. These average values were 

calculated as the arithmetic mean of assessments done  

by means of an n statistic trial of persons, e.g. in the C-20 

scheme the average comfort assessment rate was defined  

on the basis of 20 assessments. 

 

Table 2.The gradual scale of comfort evaluation. 

Grade Vibrations Feelings 

Description 

of vibrations 

for moving 

persons 

Description  

of vibrations 

for standing or 

sitting persons 

0 imperceptible 
totally 

comfortable 
no vibrations no vibrations 

1 

slightly 

perceptible 

no negative 

feelings 

related to the 

comfort, 

comfort is 

ensured 

very slightly 

perceptible 

very slightly 

perceptible 

2 
slightly 

perceptible  

slightly 

perceptible  

3 

clearly 

perceptible 

a feeling  

of minimum 

or exceeded 

comfort 

not hindering 

movement 

noticeable, 

distracting 

from the 

performed 

activity 

4 

disturbing, 

causing 

some 

problems 

with smooth 

movement 

disturbing, 

causing 

unpleasant 

feelings 

5 

strongly 

perceptible 

a feeling  

of strongly 

exceeded 

comfort 

strongly 

perceptible, 

causing a 

change in the 

walking pace 

setting the 

body in 

motion - 

rocking 

6 

very 

disturbing, 

the 

possibility  

of smooth 

movement is 

excluded 

making 

standing or 

sitting without 

additional 

support, e.g. 

holding the 

handrails, 

impossible, no 

feeling of 

stability 

7 
very strongly 

perceptible 

a feeling  

of panic, the 

urge to run 

away from 

the vibrating 

footbridge 

vibrations 

perceived  

as a threat  

to safety 

vibrations 

perceived  

as a threat  

to safety 
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The tests evaluated an influence of vibrations on walking 

people, those not being in motion, and also those running 

slowly or fast. Results of the tests are presented in Fig. 2, 

where they are represented in a form of graphic list (average 

comfort assessment rates, depending on the maximum 

acceleration of vibrations). By means of the smallest squares 

method, the original comfort curves c(a) (logarithmic 

functions) were adjusted to the experimental results: 

 for walking: 

    7070ln7052 .a.ac  , (2) 

 for running: 

    029.0ln989.0  aac , (3) 

 for sprinting:  

    043.0ln472.2  aac . (4) 
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Figure 2. Comfort curves and areas, adjusted on the basis  

of survey data. 

 

Basing on the picture and transformation of formulas 

describing the comfort curves (2), (3), (4), permissible 

acceleration values – depending on the form of human 

movement – were determined (compare: Table 3). Such 

obtained values, in relation to walking, correspond with 

results of tests published in the literature [4], [5] and [6] and 

prove a general correctness of the assumed solution. 

 

Table 3. Value of permissible acceleration, depending  

on the form of movement. 

Comfort 

Rate on the 

assumed 

scale 

alim [m/s2] 

Walk Run Sprint 

Maximum c(a) = 1 0.7 1.5 2.8 

Average c(a) = 2 1.4 2.2 7.6 

Minimum c(a) = 3 2.3 3.3 20.8 

 

The vibrations evaluation criterion which takes into account 

all forms of movement that can take place at the same time  

on a footbridge, and different sensitivity to vibrations with 

regard to persons resting or moving at various speeds on the 

footbridge structure has been proposed. The permissible 

acceleration was defined regarding the statistic contribution  

of a particular form of movement on a footbridge: 

Slim,SRlim,RWlim,WNMlim,NMlim aPaPaPaPa   (5) 

where: P – percentage contribution of a particular form  

of movement on a footbridge ( %100SRWNM  PPPP ), 

NM – not moving persons, W – walking persons, R – running 

persons, S – fast running persons. 

In Table 4 a list of exemplary calculation results  

of permissible accelerations according to formula (5) and 

Table 3 is presented, depending on the intended use and 

location of the footbridge. The following options were taken 

into account in the calculations: 

 Option I: footbridges connecting divided parts of cities, 

passing over city streets, national roads and motorways: 

PNM = 0%, PW = 100%, PR = 0%, PS = 0%, 

 Option II: footbridges built within green city area  

of recreational and walking character: 

PNM = 10%, PW = 85%, PR = 5%, PS = 0%, 

 Option III: footbridges built within areas attractive for 

tourists and open-air areas: 

PNM = 30%, PW = 70%, PR = 0%, PS = 0%, 

 Option IV: footbridges built in sport-related areas: 

PNM = 0%, PW = 30%, PR = 60%, PS = 10%. 

 

Table 4. Permissible acceleration values, depending  

on the required comfort, intended use and location  

of footbridges (options I÷IV). 

Comfort 
alim [m/s2] 

NM [7]  W R S I II III IV 

Maximum 0.03 0.7 1.5 2.8 0.70 0.67 0.50 1.39 

Average 0.10 1.4 2.2 7.6 1.40 1.31 1.01 2.50 

Minimum 0.55 2.3 3.3 20.8 2.30 2.18 1.78 4.75 

 

4 DYNAMIC TESTS FOR SELECTED FOOTBRIDGES 

4.1 List of footbridges selected for the tests 

During selection of footbridges for dynamic tests the 

following criteria were taken into consideration: 

 structures proposed for the tests should be modern, built 

within the last 10 years, 

 it is necessary to have access to technical documentation 

of the selected structures, 

 one must aim to test 50% of structures with steel decks 

and 50% of structures with concrete decks. 

The effect of the research works were results of dynamic 

tests performed on 12 pedestrian bridges. The structures could 

be systematized in several ways. The following structures 

were tested: 

 10 tension structures, 2 beam structures (division with 

regard to suspension system equipment: lines, cables), 

 5 cable-stayed structures, 3 arched structures, 2 beam 

structures, 1 suspension structure, 1 frame structure 

(division with regard to static scheme), 

 6 structures with reinforced or prestressed concrete decks, 

5 entirely steel structures, 1 structure with glued-

laminated wooden deck (division with regard to the 

deck's material). 

In Fig. 3 side views and cross-sections of the tested 

structures are introduced. The scale of side views is uniform 

and makes it possible to compare the footbridge spans. 
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Figure 3. List of tested footbridges. 

4.2 Testing programme for the structures 

Laser devices by Noptel OY PSM200 and a set of 10 

piezoelectric accelerometers by Endevco (type 7752-1000) 

along with PULSE systems by Brüel & Kjær Sound & 

Vibration Measurement and a set of 8 induction 

accelerometers by HBM Hottinger Baldwin Messtechnik 

GmbH (type B12/200), with SPIDER8 amplifier and 

CATMAN program (version Express 4.5) were used for the 

tests of the footbridge structures (Fig. 4). 

 

     
 

     
 

 

Figure 4. Measurement devices. 

 

Strict research formalism was used during the research and 

a systematized programme to conduct the research - it meant 

codification of a set of operational and exceptional load 

schemes for dynamic testing of footbridges (see Table 5). 

Each of the tested structures was subject to analogical tests, 

what made it possible to compare dynamic behaviour  

of particular footbridges. The structure's response was 

measured with regard to vibrations acceleration values. 

 
Table 5. Normal and exception operational load schemes. 

No. 
Type of 

excitation 
Scheme code Scheme description 

1 Normal 

operational  

load schemes 

W-1…W-n Walk, 1-n persons 

2 R-1…R-n Run, 1-n persons 

3 S-1…S-n Sprint, 1-n persons 

4 

Exceptional  

load schemes 

SW-1…SW-n 
Synchronic walk,  

1-n persons 

5 SR-1…SR-n 
Synchronic run,  

1-n persons 

6 HC-f1-1…HC-f1-n 

Synchronic half 

crouching,  

1-n persons,  

1st natural mode 

7 HC-f2-1…HC-f2-n 

Synchronic half 

crouching,  

1-n persons,  

2nd natural mode 
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5 DYNAMIC SENSITIVITY OF FOOTBRIDGES 

5.1 Proposal of definition the dynamic sensitivity  

of footbridges 

It has been assumed that it is possible to define the footbridge 

Dynamic Sensitivity Factor (DSF) determining the structure's 

susceptibility to dynamic loads impact [8], [9], [10]. The 

factor should be proportional, as it results from the definition 

of dynamic response of the system to the set input function 

(excitation force). In the paper it has been made dependant  

on the structure's dynamic response within the scope  

of amplitudes of vibrations accelerations (a). If DSF ~ a, 

analyzing differential equation of the vibrating system under 

the impact of harmonic force, assuming as follows: sinusoidal 

approximation of vibrations, evenly distributed crowd  

of people along the footbridge length (mc) acting in 

accordance with the form of vibrations, evenly distributed 

structure mass (ms) and damping value , it can be proved that 

the DSF index will only depend on mc, ms and  factors. Then, 

the following definition for the footbridge dynamic sensitivity 

index is suggested: 
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5.2 Test of dynamic sensitivity unit based on experimental 

results 

The formula (6) is assumed to be a correct unit of measure for 

the footbridge dynamic sensitivity if the structure's reaction 

within the scope of vibrations accelerations is proportional  

to it, i.e. the dependency between the calculated DSF values 

and the footbridge response is assumed as linear. The test  

of DSF indicator was conducted by adjusting the linear 

function of a general form being y = Ax to experimental data 

and the linear correlation of variables was checked. The 

checking was done by calculating Pearson's coefficient ryx,  

in accordance with the formula: 
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Figure 5. Dynamic sensitivity test – schemes realized in a group of 10 persons. 
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Fig. 5 contains experimental data, adjusted linear functions, 

square of Pearson's coefficient 22
yxrR   (determination 

coefficient) and interpretation of the results. Analogical tests 

were performed in a group of 20 and 30 people (see Table 6). 

The tests for linear correlation of variables showed that  

in 9 out of 18 cases (50%) a very strong linear correlation was 

achieved, in 8 out of 18 cases (33%) a quite strong linear 

correlation was achieved and only in 3 out of 18 cases (17%) 

the linear correlation was moderate. Therefore in 83%  

of cases a very strong or quite strong linear correlation  

of variables was achieved. In none of the cases a weak  

or no linear correlation was achieved. The obtained Pearson's 

coefficient values prove the linear correlation of the tested 

data. The linear correlation between the DSF indicator and the 

structure's response within the scope of vibrations 

accelerations show that the introduced unit of measure can  

be useful in evaluating dynamic sensitivity of footbridges 

subjected to typical in-service loads. 

 

Table 6. Tests results – schemes realized in a group  

of 10, 20 and 30 persons. 

No. Scheme 
22
yxrR   ryx Results interpretation 

1 W-10 0.6540 0.81 Quite strong correlation 

2 R-10 0.6430 0.80 Quite strong correlation 

3 S-10 0.9586 0.98 Very strong correlation 

4 SW-10 0.8800 0.94 Very strong correlation 

5 SR-10 0.8677 0.93 Very strong correlation 

6 HC-10 0.6966 0.83 Quite strong correlation 

7 W-20 0.6419 0.80 Quite strong correlation 

8 R-20 0.8844 0.94 Very strong correlation 

9 S-20 0.9238 0.96 Very strong correlation 

10 SW-20 0.5828 0.76 Quite strong correlation 

11 SR-20 0.8868 0.94 Very strong correlation 

12 HC-20 0.2748 0.52 Moderate correlation 

13 W-30 0.9362 0.97 Very strong correlation 

14 R-30 0.4442 0.67 Moderate correlation 

15 S-30 0.9232 0.96 Very strong correlation 

16 SW-30 0.6158 0.78 Quite strong correlation 

17 SR-30 0.8621 0.93 Very strong correlation 

18 HC-30 0.1680 0.41 Moderate correlation 

 

The weakest correlation of the tested data was achieved  

by half crouching. A greater diversity of points representing 

experimental data towards the adjusted linear functions  

is observed – in particular it refers to dynamically sensitive 

footbridges (great values of DSF indicator). This probably 

results from the fact, that in the case of this class of structure 

vibrations were easily induced and after short time they 

achieved significant amplitude values of accelerations. Owing 

to a fear not to cause damage to the structure, these schemes 

of tests were interrupted appropriately. Therefore the 

excitation were finished too early, during the transition 

process stage. Below a different form of the measure has been 

suggested, in accordance with the load impact time (correction 

coefficient α): 
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Improvement in the linear correlation of variables towards 

Fig. 5.f is presented in Fig. 6. 
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Figure 6. The test of the corrected dynamic sensitivity  

factor DSF. 

 

5.3 Practical description of the dynamic sensitivity 

problem 

The form of the expression (6) is exceptional and correct 

when the excitation frequency (fe) is compliant with the 

natural frequency of the structure (f). Such a situation can take 

place in the case of intentional excitations (e.g. by a half 

crouching) or in case of adjusting the human step frequency  

to the footbridge vibrations (synchronization effect). The 

formula (6) does not take into account the interval and 

statistical distribution of the excitation frequency, which 

might exist in the nature with regard to pedestrian bridges.  

In relation to the aforesaid the correction coefficient β  

is implemented and the formula (6) is transformed to the 

following form: 
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where fe is the excitation frequency, ef  the average value  

of the excitation frequency and σ means a standard deviation 

of the frequency from the average value. 

Graphic interpretation of the correction coefficient β in the 

case of standard, in-service impacts is shown in Fig. 7. The 

way of selecting the β coefficient, depending on the form  

of a pedestrian's impact on the footbridge, is presented  

in Table 7. By correcting the formula (8) by the β coefficient 

we get the general form of the formula defining footbridge 

dynamic sensitivity: 
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Figure 7. β correction coefficient. 

 

Table 7. The application of β correction coefficient depending 

on the form of the pedestrian's impact on the footbridge. 

Impact Form of impact f [Hz] β [-] 

Normal 

operational 

Walk, run, 

sprint 
4.4;5.1f    22

e 2 ff
e


  

Exceptional 

operational  

Synchronic 

walk, 

synchronic run, 

half crouching 

5.3;0.1f  
 

1

22

e 2




  ff

e
 

 

5.4 Classification of footbridges with regard to dynamic 

sensitivity 

Below one can find the original scale of DSF indicator based 

on the performed dynamic tests, that classify pedestrian 

bridges with regard to dynamic sensitivity. Three levels  

of dynamic sensitivity have been determined: 

 DSF ≤ 50 is related to structures with low dynamic 

sensitivity (footbridges: KWR, KPS, KJD, KRS, KKK, 

KER), 

 50 < DSF ≤ 150 is related to structures with medium 

dynamic sensitivity (footbridges: KPI, KSL, KTK), 

 DSF > 150 is related to structures with high dynamic 

sensitivity (footbridges: KZL, KPD, KZB). 

6 CONCLUSIONS 

The effect of the undertaken research was an attempt  

to prepare design and testing standards for pedestrian bridges. 

The systematization of both processes, as presented below, 

can be helpful during the stage of structure designing and 

dimensioning, and can be practically applied in proof load 

tests. Adoption of the suggested formalism would also give  

a possibility to compare the results collected by various 

research groups and this could be the starting point to prepare 

a database of experimental results, helpful when designing 

footbridges. In Fig. 8 and 9 block schemes of the suggested 

design and research procedures is presented. The suggested 

procedures put the footbridges design and research process  

in order. 

In Fig. 9 n means the factor of a 10-persons group.  

It is suggested to perform tests in groups consisting of 10, 20, 

30,…,10∙n people. The minimum number of people required 

in order to perform dynamic tests equals 10 persons. 

Conditions for evaluation the comfort and safety  

of footbridges subjected to dynamic impacts were provided. 

The safety condition is a modified DAF coefficient. 

 

 

Figure 8. Design procedures for footbridges. 

 

 

Figure 9. Research procedures for footbridges. 
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CONCLUSIONS 

1. A methodology for footbridges classification with regard 

to their dynamic sensitivity was worked out and the 

correlation between the structure's properties and its 

dynamic response in conditions of vibrations forced by 

pedestrian traffic  was  formulated. It has been 

determined that there is a possibility to effectively 

prognosticate the pedestrian bridge dynamic sensitivity. 

2. Characteristics of human movement have been described, 

with special emphasis placed on the statistic distribution 

of the frequency of a human step. 
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ABSTRACT: Slender structural designs result into long span floors prone to human induced vibrations. Current codes of 

practice provide methodologies to assess the vibration serviceability in design stage based on the predicted dynamic behaviour 

of the structure. This paper presents a typical example of an office floor with open plan layout and low inherent damping. An 

initial finite element model is developed based on the available technical drawings. At completion, the modal characteristics of 

the structure are identified experimentally and used to calibrate the numerical model. Subsequently, the vibration serviceability 

of the structure is assessed based on three pertinent design methodologies. A parametric study analyses the effect of the 

modelling uncertainties onto the vibration serviceability assessment. It is found that small variations in natural frequencies and 

assumed damping ratios can significantly influence the response prediction in case of low-frequency floors. Among the guides, 

small differences are observed in the applied load model as well as large differences in the vibration level that is considered to 

be acceptable. 

KEY WORDS: Floor dynamics; Vibration serviceability assessment; Human induced vibrations; Slender structural designs. 

1 INTRODUCTION 

Slender structural designs and the shift from 

compartmentalised to open plan office spaces result into long 

span floors prone to human induced vibrations [1-2]. In design 

stage, dynamic behaviour of the structure is predicted based 

on a numerical model. The response under footfall excitation  

can be assessed based on the methodologies provided by 

current codes of practice, e.g. Willford et al. [3], Smith et al. 

[4] and HiVoSS [5].  

The present contribution considers a typical example of an 

office floor with open plan layout and low inherent damping. 

A finite element model is developed to calculate natural 

frequencies and mode shapes but requires the estimation of a 

number of uncertain parameters as for example the support 

conditions of the office floor and contribution of the 

compression layer to the overall stiffness. 

Operational modal data is available based on an extensive 

measurement campaign and is used to calibrate the initial 

finite element model of the structure. This updating procedure 

allows a more accurate estimation of the uncertain model 

parameters in order to obtain a better agreement between the 

numerical and experimental results. 

The calibrated model is then applied to assess the vibration 

serviceability of the structure according to three pertinent 

design methodologies [3-5]. A parametric study analyses the 

effect of the modelling uncertainties onto the vibration 

serviceability assessment. The analysis reveals the differences 

and (in)sensitivities of the different design methodologies.  

2 OFFICE BUILDING 

The office floor considered in the analysis, is the first floor 

in a three-story building (datacenter KU Leuven, figure 1) for 

which the plan-view is presented in figure 2. The two office 

areas of 35mx15m are constructed with pre-stressed hollow-

core concrete slabs with spans of 15m, a thickness of 400mm 

and a compression layer of 60mm. The remaining area (patio 

and gangway) is comprised of a respectively 200mm and 

250mm thick solid concrete slab. The system of concrete 

walls, façades, columns and beams, enabled to realise a 

cantilever length of 6.8 m.  

 

 

Figure 1. Datacenter KU Leuven. 

Figure 2. Plan-view of the first floor with a cantilever area of 

6.8 m: (blue) office area, (red) patio and (green) gangway. 
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Figure 3. The (top) hollow-core pre-stressed slab element 

and (bottom) conventions in the orthotropic model [6].  

 

 

3 FINITE ELEMENT MODEL 

The finite element (FE) model of the structure consists of a 

regular mesh of 4-node shell elements (Mindlin-Reissner 

theory) with six degrees of freedom at each node to model the 

floor areas and Timoshenko beam elements to represent the 

supporting beams at the borders of the cantilever area. The 

edges at the elevator shafts are considered perfectly clamped, 

all other support points are pinned with appropriate rotations 

restrained along the support lines corresponding to walls [7]. 

The floor in the office area, consisting of the hollow-core 

pre-stressed floor slabs and compression layer, is modelled as 

an equivalent solid slab with the same height as the actual 

floor but made of an orthotropic material. The mechanical 

parameters of the orthotropic slab are derived based on the 

method as described by Diaz et al. [6] and are listed in table 1.  

The beams at the borders of the cantilever area (the cx-beam 

and cy-beams – see figure 2)  are given an artificial high 

modulus of elasticity and density to simulate the  behaviour of 

the concrete façades. Their stiffness will be tuned based on the 

experimentally identified modal characteristics. The initial 

results (figure 4) show two types of modes, vertical bending 

modes of the office areas and cantilever area respectively. The 

predicted natural frequencies will be discussed in the 

following section when the comparison is made with the 

experimental identified characteristics. 

 

Table 1. Material properties of the initial FE-model. 

Material properties   

Patio, gangway 

Isotropic 

 

  = 39.6 GPa 

 

  = 2500 kg/m³ 

Office area 

Orthotropic derived 

according to [4] 

   = 45.6 GPa 

   = 35.3 GPa 

   = 45.6 GPa 

  = 1490 kg/m³ 

     = 14.7 GPa 

     = 14.7 GPa 

   =   14.7 GPa 

  

Mode 1 (symmetric) Mode 2 (asymmetric) 

  
Mode 3 (symmetric) Mode 4 (asymmetric) 

  
Mode 7 (symmetric) Mode 8 (asymmetric) 

Figure 4. A selection of the lower calculated modes. 

 

4 MODEL UPDATING 

The FE-model simulates the physical behaviour of the 

structure and can be used to predict the response to service 

loads, in this case human induced loading. Predicting the 

dynamic behaviour of structures is difficult, even with refined 

models based on as-built plans because of the poor prior 

knowledge that is available regarding some parameters (for 

example the stiffness of the support conditions). Updating a 

numerical model consists of adapting model parameters such 

that an optimal correspondence is found between the 

experimentally identified and calculated characteristics. This 

will result into a better representation of the dynamic 

behaviour of the structure and, therefore, increase the 

accuracy of the numerical predictions of the response. 

 Operational modal analysis 4.1

An extensive measurement campaign was carried out to 

obtain accurate and reliable operational modal characteristics 

of the bare office floor. Output only identification is 

performed based on ambient vibrations. A total of 178 sensor 

locations are considered, among which 6 reference sensors for 

which the location was set applying an optimal sensor location 

algorithm [8]. In each point, vertical, lateral and longitudinal 

vibrations are measured using triaxial sensors. The 

measurement campaign consisted of 29 setups, each with a 

duration of 10 minutes. The output-only data have been 

processed using a reference-based data-driven stochastic 

subspace identification algorithm (SSI-data/cov [9-11]). In 

total six modes were identified. The natural frequencies and 

damping ratios are listed in table 2 and the corresponding 

mode shapes are presented in figure 5. Mode 1 and 6 are 

modes characterised by large modal displacements in the 

cantilever area. Mode 2 up to 5 are respectively the first and 

second vertical bending mode of the right and left office area. 

It can be observed that the identified bending modes of the 

two office areas are decoupled in contrast to the predicted 
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modes of the FE-model which assumed the structure to be 

perfectly symmetrical. Table 2 illustrates that the identified 

modal damping ratios range from 1% up to 2% with the 

exception of the first mode for which a high modal damping 

ratio of more than 12% was identified. Figure 5(1) shows that 

this mode is accompanied by a global movement of the first 

floor and it is assumed that the interaction with the entire 

building and foundation is the explanation for the relatively 

high damping ratio.   

 Model calibration 4.2

The main aim of the calibration, is to match the bending 

modes of the office areas as good as possible since these four 

modes are excitable by the third or fourth harmonic of normal 

walking, which is typically the governing excitation of office 

floors [7]. 

The objective of model calibration is to find the optimal 

parameters   
  by minimising a cost function that measures 

the discrepancy between measured ( ̃) and computed data: 

  
        

  

  (  (  )  ̃) (1) 

Applied to the available vibration data, the following least 

squares cost function is used (without regularisation): 

 (    ̃)  ∑   

(  (  )   ̃ )
 

 ̃ 
 

  

   

 ∑   

‖   (  )     ̃ ‖
 

‖   ̃ ‖
 

  

   

 

in which    is the vector with the updating variables,   

represents the mode number with    the number of 

incorporated modes,     and    are weighting factors,    and 

 ̃  are respectively the calculated and identified eigenvalues 

(squared natural frequencies),    and  ̃  are respectively the 

calculated and identified vectors of modal displacements,   is 

a binary matrix that selects the measured DOFs, and    is a 

scaling factor: 

   
  

    (  )

‖ ̃ ‖
  (2) 

The characteristics of 6 identified modes are applied in the 

updating procedure: the natural frequencies as well as     

vertical modal displacements. The modal assurance criterion 

is subsequently used to identify matching modes.  

When performing operational modal analysis, natural 

frequencies are generally identified more accurately than 

mode shapes. The frequency contributions in the residual 

vector are therefore assigned a larger weight (     ) than 

the mode shape contributions (      ). 

4.2.1 Updating variables 

The FE-model was developed according to the as-built 

plans. The updating variables are those parameters for which 

poor prior knowledge is available. A total of 6 variables are 

considered in this analysis, the moduli of elasticity and shear 

(  ,   and    ,    ) of the orthotropic floor and the stiffness 

of the cx- and cy-beam elements used at the edges of the 

cantilever floor area (   ,   ). Calibrating the stiffness 

parameters of the left and right floor separately, will allow for 

a decoupling of the vertical bending modes between the left 

and right office area. 

  
Mode 1 Mode 2 

  
Mode 3 Mode 4 

  
Mode 5 Mode 6 

Figure 5. First six identified modes 

Table 2. Natural frequencies and modal damping ratios of 

the first six identified modes and comparison with the 

corresponding modes of the initial FE-model. 

Identified Initial FE-model  

No.  ̃        ̃      No.                

1            1 6.32 42.66 
2           3-4 7.96 -0.62 
3           3-4 7.99 -5.22 
4            7-8 12.37 17.81 
5            7-8 12.46 10.66 
6            2 6.93 -43.66 

 

 Results 4.3

Table 3 summarises the results of the updating procedure. It 

lists the values of the model parameters of the office floor 

before and after updating, as well as identified natural 

frequencies  ̃ , calculated natural frequencies    and the 

relative error    which is defined as: 

   (
    ̃ 

 ̃ 
 )      (3) 

The agreement between the numerical model and the 

measurements has significantly improved. The relative error 

in frequency of the first vertical bending modes has been 

reduced to less than 1%. These modes are expected to be 

dominant in the response under pedestrian loading. A 

difference of 10% in frequency for the second bending modes 

of the office areas remains and cannot be reduced further with 

the current set of updating variables.  

The results show that the modulus of elasticity    was 

underestimated in design stage.    is slightly reduced for the 

right side, which resulted into the decoupling of the left and 

right bending modes. Relatively large changes for the moduli 

of shear are observed as these parameters are more difficult to 

estimate in design stage. 
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Table 3. Results model calibration 

Material properties of the calibrated FE-model 

Left side Right side 

       =          

       =          

        =           

        =           

       =          

       =          

        =           

        =         

Identified Calibrated FEM  

No.  ̃   ̃  No.       

 [Hz] [%]  [Hz] [%] 

1 4.43 12.58 1 4.70 6.09 

2 8.01 1.31 2 8.03 0.25 

3 8.43 1.03 3 8.36 -0.83 

4 10.50 2.02 4 11.75 11.90 

5 11.26 1.70 6 12.47 10.75 

6 12.30 1.84 5 12.06 -1.95 

 

 
 

Mode 1 Mode 2 

  
Mode 3 Mode 4 

  

Mode 5 Mode 6 

Figure 6. First six modes of the calibrated FE-model. 

 

5 VIBRATION SERVICEABILITY ASSESSMENT 

In this section the vibration serviceability assessment is 

performed based on three pertinent design methodologies [3-

5]. First, their methodology is briefly discussed. Secondly, the 

results are presented and discussed in section 5.5. 

 Walking load 5.1

In the methodologies described by Willford et al. [3] and 

Smith et al. [4], a different load model is described to assess 

the response to footfall excitation for respectively low- and 

high-frequency floors. For low-frequency floors (fundamental 

frequency < 10.5 Hz) resonance is possible with one of the 

lower harmonics of the walking load. In this case, the walking 

load is described as a Fourier series consisting of the four 

lowest harmonic components: 

  ( )    ∑         (    

  

   

    ) (4) 

with    [N] the time series of the walking load in direction 

e, G [N] the weight of the pedestrian,      [-] the number 

of harmonics, αeh [-] the dynamic load factor in direction e of 

harmonic h,    [Hz] the step frequency and    [rad] the phase 

angle of the harmonic h. 

For high-frequency floors (fundamental frequency > 10.5 

Hz) the response is characterised by an initial peak response 

such as produced by an single impulse. The non-resonant 

response is treated as repeating impulsive responses to 

individual foot impacts, with an effective impulse           

for each mode calculated as: 

          
      

    

  
     (5) 

with        [Hz] the maximum step frequency and    the 

natural frequency of the considered mode j. 

HiVoSS [5] describes the step-by-step walking load as a 

force-time history using a polynomial with eight components. 

A cumulative distribution is defined for each combination of 

step frequency and pedestrian weight. 

The guides present slightly different ranges of step 

frequencies that have to be considered in relation to the type 

of environment of the floor. Generally a maximum step 

frequency of 2.5 Hz is specified. 

 Dynamic behaviour of the structure 5.2

The dynamic behaviour of the structure is characterised by 

the modal parameters, i.e. natural frequencies, modal damping 

ratios and mass-normalised modal displacements. For low-

frequency floors, Willford et al. [3] and Smith et al. [4] 

suggest to account for all modes up to  respectively 15 Hz and 

12 Hz. HiVoSS [4] specifies no upper boundary for the 

number of modes to include in the modal superposition, and 

neither do Willford et al. [3] and Smith et al. [4] in case of 

high-frequency floors. 

 Response calculation 5.3

Willford et al. [3] and Smith et al. [4] provide two 

approaches to calculate the response: (1) resonant response in 

case of low-frequency floors and (2) an impulse (transient) 

response in case of high-frequency floors. 

 

Resonant response 

Modal superposition is used to calculate the acceleration 

levels due to each harmonic of the walking load:  

                 
  

     
                    

(      
 )          

 (6) 

                   |                 
 |     (7) 

with                  
  the contribution of the harmonic h, at 

mode j for the transfer function of accelerations at a specific 

input and output location,      [-] the ratio of the harmonic 

loading frequency and the natural frequency of the considered 

mode j,          [1/√    the mass-normalised modal 

displacement of mode j at the input location,           

[1/√    the mass-normalised modal displacement of mode j 
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at the output location and    [-] the modal damping ratio of 

the considered mode j. 

The contribution of the different harmonics in both guides is 

combined using the SRSS method. In Smith et al [4], this 

response is weighted according to the weighting curves of BS 

6841 [12]. Willford et al. [3] will apply a comparable 

weighting procedure to the contributions of the different 

harmonics (according to ISO 2631-2 [13]) at the stage where 

the predicted response is evaluated (section 5.4).  

 

Impulse response 

Willford  et al. [3] and Smith et al [4] calculate the velocity 

response for each mode based upon the effective impulse and 

the dynamic characteristics of the floor: 

 ̇ ( )                             
             (     ) (8) 

Its RMS-value is calculated with an integration period of 

1/  . A similar weighing procedure is applied as in the case of 

the resonant response.  

 

HiVoSS 

The weighted velocity response is calculated based on the 

given load, corresponding weights and the  transfer function 

of velocity (             
 ̇ ), for each combination of input and 

output location of the floor: 

             
 ̇ ( )  ∑

                   (    
 )⁄

(    
 )        

 

   

 (9) 

with    [rad/s] the natural frequency of the considered 

mode j, n [-] the number of contributing modes and   [rad/s] 

the loading frequency. The OS-RMS-value [mm/s] is 

calculated based on the peak to peak RMS-velocity of the 

inverse Fourier transformation of this weighted velocity 

response.  

 Evaluation of the response 5.4

Willford  et al. [3] and Smith et al [4] calculate the response 

factor (R) by weighing the acceleration response as presented 

in ISO 2631 [13] (figure 7). This factor is a multiplier on the 

level of vibration at the average threshold of human 

perception (figure 7). According to Willford et al. [3] and 

Smith et al [4] the maximum response factor for office floors 

is 4, which may be multiplied by 2 if the vibration levels are 

not continuous (BS 6841 [12]). 

              
|             |

    

 (10) 

HiVoSS [5] calculates the OS-RMS-value for each 

combination of pedestrian weight and step frequency with 

corresponding cumulative distribution. The OS-RMS90 – 

value [mm/s] is the 90 percentile of the OS-RMS-values. This 

value times 10 can be compared to the response factor as 

predicted by Willford et al. [3] and Smith et al [4]. The 

acceptance criterion for office floors according to HiVoSS [5] 

is OS-RMS90,max = 3.2 mm/s. The latter is equivalent to an R-

factor of 32, and thus a lot higher than the level of acceptance 

according to Willford  et al. [3] and Smith et al [4]. 

 

Figure 7. Threshold of perception, defined in ISO2631 [13]. 

Table 4. Natural frequencies of the (left) calibrated FE-

model with an additional mass of 300 kg/m
2
, considering 

different (middle) boundary conditions and (right) magnitude 

of the additional mass. 

Calibrated Boundary conditions Additional mass 

As-built 
Simply 

support. 
Clamped 

200 

kg/m
2 

400 

kg/m
2
 

No.                

 [Hz] [Hz] [Hz] [Hz] [Hz] 

1 4.62 4.62 5.03 4.65 4.60 

2 6.65 6.64 8.94 7.03 6.33 

3 6.92 6.84 9.18 7.31 6.59 

4 9.83 9.51 11.86 10.39 9.35 

6 10.24 9.92 12.26 10.82 9.75 

5 11.69 11.68 12.65 11.81 11.58 

 

 

 Assessment of the calibrated model of the structure 5.5

The vibration serviceability assessment is performed based 

on the calibrated FE-model. In the assessment, the mass of the 

floor should be equivalent to the self-weight and other 

permanent loads, plus a proportion of the imposed loads 

which might be reasonably expected to be permanent. 

Therefore, the effect of an additional distributed mass of 300 

kg/m
2
 is simulated (dead weight), thereby reducing the natural 

frequencies (cfr. table 2 with respect to table 4).  The 

suggested modal damping ratio of 3% is applied for all modes, 

with exception of the first mode for which a high modal 

damping ratio of more than 12% was identified.  

 

The results for the maximum predicted R-factors are 

presented in  figure 8. This figure shows that all three 

guidelines predict an R-factor of about 2, which results into 

positive assessment for the entire floor. The vibration 

serviceability assessment of the entire first floor is visualised 

in figure 9. This figure illustrates that the first bending mode 

of each office area is dominant in the response under 

pedestrian excitation, as expected. The first mode, dominant 

in the cantilever area, is less critical due to the relatively small 

modal displacements and the high modal damping ratio.  
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Figure 8. The resulting R-factor according to Willford et al. 

[3], Smith et al. [2] and HiVoSS [5] for the calibrated FE-

model including the suggested additional mass of 300 kg/m². 

 
Figure 9. Maximum predicted R factors in all the grid points 

of the office floor for the calibrated model of the structure 

considering an additional dead weight of 300 kg/m
2
.  

 

 

6 PARAMETRIC STUDY 

The objective of the parametric study is to analyse the effect 

of modelling uncertainties onto the vibration serviceability 

assessment. The influence of respectively the (1) boundary 

conditions, (2) magnitude of the additional mass on the floor 

due to permanent loading and (3) uncertainty with respect to 

the modal damping ratios, is investigated. The calibrated FE-

model, including the effect of a permanent load of 300 kg/m² 

(dead weight) and the suggested modal damping ratios of 3%, 

(as presented in the previous section) is considered as the 

general starting point. 

 Boundary conditions 6.1

Three configurations of the FE-model are considered: (1) 

boundary conditions as assumed in design stage - based on the 

as-built plans (as discussed in section 3); (2) all borders 

simply supported; and (3) all borders perfectly clamped. The 

corresponding predicted natural frequencies are presented in 

table 4. The resulting predicted R-factors according to the 

guidelines are presented in figure 10 . 

 

 
Figure 10. The resulting R-factor according to Willford et 

al. [3], Smith et al. [4] and HiVoSS [5] for the model with 

(left) initial boundary conditions, all edges (middle) simply 

supported and (right) perfectly clamped. 

 
Figure 11. The dynamic loading factors for the first four 

harmonics considering a step frequency of 2 Hz, according to 

(left) the design values of Willford et al. [3], (middle) Smith et 

al. [4] and (right) HiVoSS [5]. 

 

Table 4 illustrates that considering all edges simply 

supported has a small impact on the natural frequencies, 

which was to be expected since only the edges at the elevator 

shafts were initially considered clamped. A comparable 

assessment of the vibration serviceability is expected. 

Considering all supporting edges perfectly clamped, results 

into a significant increase in the predicted natural frequencies, 

especially with respect to the bending modes of the office 

areas (table 4). This indicates that the boundary conditions, 

although difficult to assess in the design stage, can have a 

significant influence on the predicted modal parameters [14]. 

It is expected that this increase in natural frequencies will 

result into a decrease in the resulting R-factor.  

Figure 10 illustrates that the assessment of model 1 and 2 is 

highly similar, as was expected. This figure also illustrates 

that model 3 is assessed similarly in case of Willford et al. [3] 

and Smith et al. [4] but results into a significantly lower R-

factor according to HiVoSS [5]. The explanation is found in 

the fact that for model 3, the natural frequencies have 

increased significantly with respect to model 1. In contrast to 

model 1, where it was the 3
rd

 harmonic of the walking load 
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that coincided with the natural frequency of the dominant 

bending modes, it is now the 4
th

 harmonic. The effect on the 

resulting R-factors can be explained by looking at the 

magnitude of the dynamic loading factors of the harmonics of 

the walking load, as applied by the different guidelines (figure 

11). This figure illustrates that the amplitudes of the dynamic 

loading factors of harmonic 2 – 3 and 4 are comparable in 

case of Willford et al. [3] and Smith et al. [4]. However, a 

large decrease in amplitude is observed with increasing 

number of harmonics when considering the HiVoSS guideline 

[5]. As a result, the R-factor according to HiVoSS [5] is 

reduced by a factor of more than 2. 

 

 Magnitude of the additional weight on the floor  6.2

In this section, the effect of a lower (200 kg/m²) 

respectively higher (400 kg/m²) additional mass on the floor 

(dead weight) is considered in comparison to the suggested 

mass of 300 kg/m². The corresponding predicted natural 

frequencies are presented in table 4. The resulting predicted 

R-factors according to the guidelines are presented in figure 

12. 

Table 4 shows that the calculated natural frequencies 

decrease with increasing additional mass on the floor, as 

explained in section 5.5. This decrease is much more 

significant for the bending modes of the office areas. The 

increase in additional mass on the floor, and thus increase in 

modal mass, is accompanied by a decrease of the 

corresponding mass-normalised modal displacements.  

 Figure 12 illustrates that the resulting R-factor is in all 

three cases relatively comparable to the original assessment. 

This is explained by the fact that the small shift in natural 

frequencies does not affect the number of the harmonic of the 

walking load with which resonance is expected. Also, the 

small reduction in natural frequency (and thus the expected 

increase in dynamic loading factor), is compensated by the 

slight reduction in modal displacements.  

When performing the assessment of a floor for which 

significant permanent loads are to be expected (compared to 

its self-weight), it is advised to take it into account when 

performing the vibration serviceability assessment.    

 

 Uncertainty with respect to the modal damping ratios 6.3

Uncertainty with respect to the modal damping ratios in the 

design stage is inevitable, as these parameters can only be 

estimated. This section investigates the effect of assuming a 

low damping ratio of 1%  and a relatively high damping ratio 

of 5%, with respect to the suggested damping ratio of 3%. The 

resulting predicted R-factors according to the guidelines are 

presented in figure 14 . 

It is expected that an increase in modal damping ratios will 

decrease the predicted response and vice versa. This effect is 

also clearly illustrated by the predicted R-factors in figure 14. 

However, it can be observed that the influence of the damping 

ratio is greater in case of Willford et al. [3], Smith et al. [4] in 

comparison to HiVoSS [5], due to the different method 

applied to calculate the structural response.  

 

 

 
Figure 12. The resulting R-factor according to Willford et 

al. [3], Smith et al. [4] and HiVoSS [5] different amplitudes of 

the additional mass (dead weight): (left) 300 kg/m², (middle) 

200 kg/m² and (right) 400 kg/m². 

 

 
Figure 13. The resulting R-factor according to Willford et 

al. [3], Smith et al. [4] and HiVoSS [5] considering modal 

damping ratios equal to (left) 3%, (middle) 1% and  

(right) 5%.  

 

 

The analysis shows that the influence of the modal damping 

ratios is significant – as is to be expected in case of the typical 

resonant response for low-frequency floors. These damping 

ratios can however only be estimated in design stage. 

Therefore it is advised to experimentally validate these 

assumptions in case the predictions reveal a high sensitivity of 

the floor to human-induced vibrations.  

Additionally, these type of floors could benefit from 

targeted in situ control measurements, specifically designed to 

evaluate and validate the dynamic behaviour of the structure 

with respect to pedestrian loading.  However, currently no 

clear guidelines exists for in situ experiments to validate the 

vibration serviceability at completion. 
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In figure 14, it can also be observed that considering the low 

damping ratio almost results into a negative assessment based 

on the comfort criteria presented in Willford et al. [3], Smith 

et al. [4], whereas according to the HiVoSS guideline [5], the 

predicted response is almost 10 times below the defined 

critical R-factor. This again illustrates that there is a big 

difference in the comfort criteria applied by the different 

guidelines. 

7 CONCLUSIONS 

Modelling uncertainties are inevitable in the design stage 

and should be taken into account when the vibration 

serviceability assessment is performed. It is found that small 

variations in assumed damping ratios  and natural frequencies, 

due to the uncertainty with respect to the boundary conditions 

and material properties, can significantly influence the 

response prediction in case of low-frequency floors. Therefore 

it is advised to experimentally identify the modal 

characteristics of the structure in case the assessment reveals a 

strong sensitivity to human-induced vibrations.  

The analysis shows that the methodology provided by 

Willford et al. and Smith et al. are highly similar and result 

into a comparable prediction of the structural response. A 

significant difference with the HiVoSS guideline lies in the 

applied load model. For the latter, this is characterised by 

dynamic loading factors that decrease significantly with 

increasing number of the harmonic of the walking load, 

whereas for Willford et al. and Smith et al., the dynamic 

loading factors of the second up to the fourth harmonic are 

comparable. It is observed that the predictions of Willford et 

al. and Smith et al. are more sensitive to small changes in the 

damping ratios. 

There is also an ambiguity with respect to the level of 

vibrations that is considered acceptable and so the comfort 

criteria presented by the guides. According to Willford et al. 

and Smith et al., an R-factor of about 4 up to 8 is considered 

acceptable for office buildings, whereas the HiVoSS guideline 

allows the R-factor to be 4 times as high (R < 32).  

Lively structures could benefit from targeted in situ control 

measurements, specifically designed to evaluate and validate 

the dynamic behaviour of the structure.  However, currently 

no clear guidelines exists for in situ experiments in order to 

validate the vibration serviceability at completion. 
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ABSTRACT: The footbridge under investigation connects the two sides of the outlet channel of the “Santa Croce” Lake (not far 

from the town of Belluno, Italy). Due to the recreational use of the area, construction techniques with low environmental impact 

were preferred in designing the footbridge. In particular, structural elements in eco-friendly material, such as laminated wood 

coupled with steel components, as required for some structural elements, were adopted. The use of reinforced concrete was only 

limited to the foundation system. A first in situ experimental campaign was carried out on November 7, 2013, and was devoted 

to record the effects of people walking and running along the bridge. The footbridge was equipped by accelerometers. The data 

acquired under different loads configurations (wind and human induced loads) are reported and analyzed in this paper by 

applying a time-frequency approach. Further experimental campaigns are planned in the near future in order to evaluate the 

effects of the environmental excursions on the dynamic response of the structure. 

KEY WORDS: Cable-stayed bridge; Pedestrian timber bridge; Human induced vibration; In situ testing; Time-frequency 

analysis. 

1 INTRODUCTION 

The design of pedestrian timber bridges is becoming a 

common trend, mainly when the structural system has to fit 

well the surrounding landscape, as it occurs in mountain 

villages. In particular, the use of timber, and/or timber 

coupled with steel or other materials, is appreciated, by the 

designer and the costumer, for several aspects: economical, 

environmental, architectural, and so forth. Due to the 

development of new high strength materials and new 

technology of construction in the field of timber elements, as 

for example the glued laminated timber (GLT) technology, 

“slender” footbridges with span longer the 100 m were built 

[1]. Usually large spans require, as for the case under study, 

hybrid solutions achieved by coupling wood and steel. This 

solution, coupled with the slenderness of the resistant scheme, 

gives rise to the problem of foreseeing and mitigating the 

vibrations ([2]-[3]) induced by people crossing the bridge (i.e. 

walking and running persons) [4]. Indeed, it is well 

documented in the literature how these bridges are quite 

sensitive to the dynamic forces induced by pedestrians. The 

resulting vibrations can in some cases attain high intensity, 

especially when the walking of the pedestrians approaches the 

natural frequency of the bridge. Though this situation is not 

dangerous in term of “safety”, it could result uncomfortable 

for the pedestrians. This phenomenon is well known and 

different approaches were proposed ([5-[7], among others), 

but an unified model of “pedestrian(s) load” has not been 

coded yet. A numerical procedure based on experimental tests 

was developed in [8] and [9]. 

The authors are cooperating with the timber element 

producer and the bridge designer to test different pedestrian 

bridges in order to understand better the behavior of this type 

of structures. Structural response measurements were required 

in particular for a GLT cable-stayed pedestrian bridge located 

in Farra d’Alpago (not far from the town of Belluno, Italy) 

which connects the two sides of the outlet channel of the 

“Santa Croce” Lake. In this paper, the records from a first 

experimental campaign, carried out on November 7, 2013, are 

analyzed and discussed.  

This is a preliminary study toward the development of a 

numerical model able to simulate the interaction among the 

structure and the human induced loads in a realistic manner. 

2 THE “TESA” PEDESTRIAN BRIDGE CASE-STUDY 

The structure under study is located in Farra d’Alpago, an 

Alpine village not far from the town of Belluno (North-east of 

Italy), between the two sides of the outlet channel of the 

“Santa Croce” Lake (Figure 1).  

  

Figure 1. Location of the footbridge under study (red circular 

mark). 

2.1 The Structural Scheme  

To harmonize the bridge with the recreational area 

surrounding the structure, only timber (or better Glued 

Laminated Timber, GLT, beams of high strength labelled 

BS14 and BS16 according to DIN1052 code) and steel (of 

high strength S355J0 according to UNI EN10025 code) were 

used as structural materials, limiting the use of concrete to the 

Testing the effects of walking and running on an existing timber pedestrian bridge 

Bortoluzzi D.1, Casciati S. 2, Faravelli L.1 
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foundations (Figure 2). Great care was paid to the protection 

of the wood specimens; in particular ad hoc protective 

treatments against the attack of fungus and molds were used. 

 

Figure 2. View of the pedestrian bridge under study 

As one can see from Figure 2, the static scheme is the 

classic cable-stayed solution. The total span is about 110 m 

subdivided into three segments (made of curved GLT-BS14 

and GLT-BS16 beams) of length 22.5m, 65m (in the middle) 

and 22.5 m, respectively. The free crossing width of the deck 

is about 3.2 m. The two antennas are 16m high. The deck is 

realized by linking two main GLT beams with transversal U-

shape steel tubular elements. These elements are connected by 

steel braces of circular cross-section that provide the stiffness 

for lateral loads (Figure 3). Four longitudinal GLT rectangular 

beams (cross section 10x16.3 cm), that are carrying the 

walking deck (thickness 4 cm) made of larch planking (Figure 

4), are mounted on the “U-shape” elements.  

    

Figure 3. View of the deck scheme. On the left, a view from 

the bottom; on the right, a cross section detail. 

    

Figure 4. On the left, a frontal view of the deck; on the right, a 

zoom from Figure 3, left. 

The structural scheme is completed by 16 steel cables of 

diameters 32 mm for the eight “internal-secondary” cables, 

and 44 mm for the eight “external-main” cables, respectively. 

Neoprene supports sustain the two main arcuate beams 

(Figure 5). 

   

Figure 5. On the left, a frontal view of the neoprene support; 

on the right, a zoom of the support. 

2.2 The Experimental Campaign  

The first experimental campaign was carried out on 

November 7, 2013. The tests are focused on the acquisition of 

the accelerations ([10]) at some points along the deck under 

different types of loads:  

 environmental loads, i.e. wind (the bridge location is often 

interested by strong winds) used as “calibration” test for 

the instrumentations;  

 running and walking along the deck. Different schemes of 

“human induced loads” (HIL) are defined later on.  

Standard tri-axial and uni-axial Kinemetrics accelerometers 

are deployed; the transmission of the data is obtained by a 

wireless technology (Figure 6) developed by the authors [11]. 

It covers all the span length without the use of intermediate 

storage stations [12]-[13]. 

 

Figure 6. An example of a tri-axial accelerometer connected 

with the wireless sensor unit (WSU) employed during the 

tests. 

The configuration of the sensors is given in Figure 7. 

 
Figure 7. Configuration of the testing equipment during 

the experimental campaign. 
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Six accelerometers are deployed: in particular four tri-axial 

devices are located in selected points along the deck and 

labelled as WS1, WS2, WS3 and WS4 (where WSi, i=1,..,4, 

denotes the i-th wireless sensor); moreover, two uni-axial 

accelerometers are anchored to the “internal-main” cables as 

in Figure 7 (WS5_ch1 and WS5_ch2). Figure 8 provides an 

example of the configuration of the instrumentations as 

realized during the first campaign. 

 

 
Figure 8. Above, WS1 tri-axial accelerometer on the 

deck; below, uni-axial accelerometer (red circular mark) 

mounted on the cable.  

3 DATA ACQUISITION 

3.1 Test A: Environmental Loads  

Different tests are carried out to identify the dynamic response 

of the footbridge to the wind action. An example of the 

acceleration recorded by WS2 along the Z vertical axis is 

shown in Figure 9. The acceleration response is recorded with 

a sampling frequency of 100 Hz. 

 
Figure 9. Acceleration along the Z axis recorded by WS2 

– duration 25 sec – sampling rate 100 Hz – November 7, 2013 

@ 2.12 pm – air temperature 15°C.  

3.2 Test B: Walking  

Different walking load/configurations were imposed. Two of 

them are reported in this paper: 

 test B1: a round trip along the bridge of  a person of mass 

85 Kg. The deck centerline was followed.  

 test B2: a round trip along the bridge of four persons. 

The main features of test B1 are summarized in Table 1; the 

acceleration response is recorded with a sampling frequency 

of 100 Hz. 

Table 1. Walking test with one person. 

Type ID 

Test type walking (round trip) 

Load 1 person (mass about 85 Kg) 

Day/Time November 7,2013 / 2.48 pm 

Air temperature 

Time duration  

Average velocity 

15°C 

≈ 2:30 min 

1.41 m/s 

 

An example of the acceleration recorded by WS2 along the 

Z vertical axis is shown in Figure 10. 

 
Figure 10. Acceleration along Z axis recorded by WS2 – 

duration 150 sec – sampling rate 100 Hz – November 7, 2013 

@ 2.48 pm – air temperature 15°C.  

 

The main features of test B2 are summarized in Table 2. In 

Figure 11 it is shown a loading sketch. The acceleration 

response is recorded with a sampling frequency of 100 Hz. 

Table 2. Walking test with 4 persons. 

Type ID 

Test type walking (round trip) 

Load 
4 persons  

(total mass about 300 Kg) 

Day/Time November 7,2013 / 2.55 pm 

Air temperature 

Time duration  

Average velocity 

15°C 

≈ 2:45 min 

1.33 m/s 

 
Figure 11. Configuration of the walking test B2. 
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An example of the acceleration recorded by WS2 along the  

Z vertical axis is shown in Figure 12. 

 
Figure 12. Acceleration along Z axe recorded (160 sec) 

by WS2 – sampling rate 100 Hz – November 7, 2013 @ 2.55 

pm – air temperature 15°C.  

3.3 Test C: Running  

This test consists of acquiring the accelerations under a 

running configuration. The case of 1 person (mass about 85 

Kg) running (round trip) over the deck is considered. The 

main features of this test are summarized in Table 3. The 

acceleration response is recorded with a sampling frequency 

of 100 Hz. 

Table 3. Running test with one person. 

Type ID 

Test type running (round trip) 

Load 1 person (mass about 85 Kg) 

Day/Time November 7,2013 / 3.15  pm 

Air temperature 

Time duration  

Average velocity 

15°C 

≈ 0:46 min 

4.78 m/s 

 

An example of the acceleration recorded by WS2 along the 

Z vertical axis is shown in Figure 13. 

 
Figure 13. Acceleration along Z axis recorded by WS2 – 

duration 120 sec –  sampling rate 100 Hz – November 7, 2013 

@ 2.48 pm – air temperature 15°C.  

 

 

 

 

 

 

 

 

4 DATA ANALISYS AND RESULTS 

The use of the Fourier transform for the decomposition of the 

original signal into a series of trigonometric functions, limits 

the possibility to capture the time-varying behavior [14]. In 

general, the classical analysis of the data performed via “Fast 

Fourier Transform” (FFT) is not enough sophisticated to 

characterize the recorded signals. Thus, in order to better 

investigate and highlight the influence of the human 

interaction with the structure, a time-frequency analysis of the 

records is developed. 

4.1 Time-Frequency Analysis Approach 

The analysis is performed following the time-frequency 

procedure proposed by Choi-Williams (CW) [15]. This choice 

allows one to reach a better resolution of the data process in 

terms of robustness and efficiency compared with alternative 

schemes. In particular, for the purpose of this work, this 

approach allows to identify time-varying frequencies that can 

be associated to the interaction between the human(s) and the 

footbridge. In fact, as it will be shown in section 4.2, this 

approach can identify exactly the time at which one particular 

mode is activated. Furthermore, it is able to show visually the 

shift of the frequencies from lower to higher values; in other 

words the transfer of energy from lower to higher modes can 

be detected. Moreover the time-frequency approach is useful 

to identify the so call “frequency splitting” phenomena, that is 

the appearance of one additional mode of vibration that does 

not exist in the structure under environmental loading [16]. 

Following the procedure proposed by Cohen [17], let t 

denote the time and  the pulsation, the time-frequency 

distribution can be written as:  

      ,12

1
( , ) , , ,
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i t u i
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where:  

 u and replace t,  replace  when integrating; 
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   with  s R , is the kernel function of CW 

distribution. It is clear from the above as the choice of the 

time-frequency distribution, and its relative kernel 

function,    

      ,1 , / 2 / 2tR t x u x u      is the autocorrelation 

function in which x(t) is the input signal, t the time and 

/ 2u t   . 

Introducing the Fourier transform W(t-u) for the above 

kernel function, equation (1) becomes: 
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4.2 Analysis Of The Results 

In the following pictures, the results from the experimental 

campaign discussed in §2.2 are plotted and analyzed for each 

WSi. Moreover, to better understand the phenomenon, the 

data from HIL tests are subdivided into two set: crossing from 

the right side to the left (F-crossing,) and vice versa (B-

crossing). 

In Figure 14, the response of the footbridge under wind load 

(test A) is shown. 
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Figure 14. The time-frequency plot of the data acquired 

from WS1 during  test A. Above, the plot along Y transversal 

axis; below, the plot along Z vertical axis.  

Two main frequencies (average values) can be detected; 

namely, 1.35 Hz along the transversal axis (Y) of the deck, 

and 2.25 Hz along the vertical axis (Z). One can see, that these 

frequencies are constant over the time.  

In Figure 15, the data obtained from WS1 during test B1 

along the transversal axis (Y) are plotted. 

 

 
Figure 15. The time-frequency plot of the data acquired 

from WS1 during test B1 along Y transversal axis. Above, the 

plot for F-crossing; below, the plot for the B-crossing.  

Three main frequencies (average values) appear during this 

test:  

 1.35 Hz: constant over the time; 

 3.00 Hz: it activates from 30 sec up to 60 sec for the F-

crossing; and from 90 sec up to 120 sec for the B-crossing. 

In other words, this frequency is detected when the 

pedestrian is located about 20 m before the WS1 up to 

about 20 m after it; 

 7.30 Hz: it activates from 10 sec up to 30 sec for the F-

crossing; and from 80 sec up to about 100 sec for the B-

crossing.  

One can see that the frequency of 7.30 Hz is detected before 

the frequency of 3.00 Hz, in both cases of F- and B-crossing. 

This implies that the pedestrian moving from the side to the 

middle of the deck, activates lower frequency. Moreover the 

plot between 105 sec and 125 sec shows several shifts in 

terms of frequencies which are highlighted by vertical lines. 

These shifts can be related to the overlap of the waves coming 

from the F-crossing, that added together with those coming 

from the B-crossing, create a sort of noise for the signal. 

Figure 16 shows the plot for the data acquired by WS1 for 

the test B1 along the vertical axis (Z). 
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Figure 16. The time-frequency plot of the data acquired 

by WS1 – test B1 along Z vertical axis. Above, the plot for the 

F-crossing; below, the plot for the B-crossing.  

In this case, only one frequency appears at 2.00 Hz. In 

particular it is activated between 40 sec and 65 sec, and 110 

sec and 150 sec for F-crossing and B-crossing walk, 

respectively. 

In Figure 17, the results along transversal axis (Y) recorded 

by WS3 during test B1 are plotted. One can see that the results 

obtained in Figure 15 from WS1 are essentially the same 

achieved by WS3, although for this last case some shift of the 

frequencies are more evident during the entire test acquisition, 

because of the interaction between the HIL and the 

environmental loads.  

 

 
Figure 17. The time-frequency plot of the data acquired 

from WS3 during test B1 along Y transversal axis. Above, the 

plot for the F-crossing; below, the plot for the B-crossing. 

Figure 18 shows the plots of the data acquired by WS1 

during the test B2 along transversal axis (Y). 

 

 
Figure 18. The time-frequency plot of the data acquired 

from WS1 during test B1 along Y transversal axis. Above, the 

plot for the F-crossing; below, the plot for the B-crossing. 
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For the F-crossing, the recorded frequencies are the same as 

the ones from test B1, that is 1.35 Hz, 3.00 Hz and 7.30 Hz. 

For the B-crossing, other two frequencies appear around 2.00 

Hz and 4.00 Hz. Moreover a shift in frequency is evident 

between 115 sec and 145 sec. To better investigate this 

phenomenon, a singular value decomposition (SVD) of the 

spectral density matrix is performed. The results are shown in 

Figure 19; in particular a zoom between 1.00 Hz and 5.00 Hz 

is plotted. One can see that the trend of the singular value 

(SV) related to the test B2 is (almost) always “higher” than the 

one related to the test B1. Higher values of SV indicate that 

many frequencies can be activated, and so it will be more 

difficult to identify the real value of the frequency.      

 
Figure 19. Zoom between 1.00 Hz and 5.00 Hz of the 

singular value of spectral density matrix. Comparison between 

acquisitions along transversal Y axis from WS1 during  the 

test B1 (solid line) and test B2 (dashed line). 

Figure 20 shows the plots of the data acquired by WS1 

during the test C along transversal axis (Y). In this case the 

frequency of 1.35 Hz is always working during the 

acquisition. During the F-crossing run others two frequencies 

are activated: 3.50 Hz and 7.50 Hz. During the B-crossing 

different frequencies are excited: 2.00 Hz, 3.00 Hz and 4.00 

Hz. The overlap of the waves coming from the F-crossing 

run, that added together with those coming from the B-

crossing, create a sort of new signal for HIL. 

 

 
Figure 20. The time-frequency plot of the data acquired 

from WS1 during test C along Y transversal axis. Above, the 

plot for the F-crossing; below, the plot for the B-crossing. 

Figure 21 shows the plots of the data acquired from WS1 

during the test C along vertical axis (Z). Here, only one 

frequency appears at 2.00 Hz.  

 

 
Figure 21. The time-frequency plot of the data acquired 

from WS1 during test C along Z vertical axis. Above, the plot 

for the F-crossing; below, the plot for the B-crossing. 
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5 CONCLUSIONS 

The authors collected data from a pedestrian cable-stayed 

timber bridge under different load configurations. In this 

paper, the analyses based on the time-frequency 

representation of the acquired data are reported. In particular, 

the attention is focused on the study of the interaction between 

the so called human induced loads (HIL) and the structure 

with the purpose of identifying the main features that can be 

used to realistically simulate the pedestrian(s) load(s). 

The studies highlighted that the motion of the pedestrian(s) 

along the deck, or in others words their position over the time, 

produces a frequency shift for the footbridge under 

investigation. Furthermore, the singular valued decomposition 

(SVD) plot shows that a model of HIL should be able to 

reproduce a kind of “noise”, in the dynamic response of the 

structure, before one particular frequency is activated. 
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ABSTRACT: The phenomena of interaction between pedestrians and structures is known since, at the end of the 19th century, a 

group of 60 soldiers excited, under its step, a bridge located in the British town of Broughton. Although the scientific 

community didn’t stop studying this issue, it was the occurrence of the phenomenon happened in the Millennium Bridge 

(London) that stressed the importance of the problem and produced a higher level of attention. Large advances have been 

realized, from the above mentioned date, in the characterization of the interaction force that takes place between pedestrians and 

footbridges during the step of a pedestrian flow. Nonetheless, measured footbridge responses often deviate from the values 

predicted by these models.  One of the main deficiencies of the existing models and international standards is the exclusion of 

the effect of changes in the footbridge’s dynamic properties due to the presence of pedestrians. In this paper, the formulation of 

a human-structure interaction model is carried out and the calibration of its dynamic structural parameters is performed by the 

resolution of the inverse dynamic problem from the measures made on a real footbridge when a controlled number of 

pedestrians circulate on it. The model allows taking account of the changes in mass, damping and stiffness that a pedestrian 

might introduce to a footbridge and may affect the overall dynamic response of the structure. The model is especially useful for 

a more accurately characterization of the structural response of a footbridge under a pedestrian flow in order to check the 

standards comfort limits, and in the case, where these limits aren’t guaranteed, the model allows a better characterization of the 

vibration control system parameters, and its corresponding performance, if its implantation was necessary.. 

KEY WORDS: Biomechanical model, human-structure interaction, dynamic parameters identification, footbridges. 

1 INTRODUCTION 

In most cases, the effect that the pedestrian exercises on the 

footbridges has been idealized from a moving variable force 

on the structure [1, 2 and 3]. The variability, of the above 

mentioned load, tries to have in consideration the variation of 

the level of pressures that takes place between the pedestrian 

and the deck during the phenomenon of the step. In all these 

models, either it is despised the effect that the pedestrian has 

in the dynamic characteristics of the structure, or the above 

mentioned effect is considered by means of very simplified 

finger rules. These models do not consider the energetic 

exchange that takes place between both systems during the 

step of the pedestrian flows on the structure. Nevertheless, in 

the existing publications there appear indications of which the 

above mentioned phenomena of dynamic interaction take 

really place, and that both the frequencies and the modes of 

vibration of the structure seem to be affected by the step of 

pedestrian groups [1].  

In the present article, it is proposed as methodology for the 

correct characterization of the whole dynamic behaviour, the 

use of a human-structure interaction model with six degrees of 

freedom, in order to characterize the movement of the gravity 

center of the pedestrian in three directions of the space. The 

resolution of the problem of energetic exchange has been 

achieved by the direct form [4 and 5], realizing the modal 

projection of the coordinates in contact between the pedestrian 

and the structure, and maintaining the physical coordinates of 

the gravity center of the pedestrian. The model considers, in 

the same way, the local effect of the step, by means of the 

modal projection of the corresponding interaction force. 

 This form of resolution of the phenomenon, allows, on the 

one hand, uncoupling the equations of the dynamic system 

that govern the behaviour of the structure, thus facilitating the 

application of the model from the modal characteristics of the 

footbridge obtained to any commercial software based on the 

finite element method; and on the other one, it allows to 

estimate in a direct form both the dynamic characteristics of 

the structure during the pedestrian step, and the principal 

variable that regulates the behaviour of the pedestrian during 

the phenomenon, the components of the pedestrian’s center of 

gravity acceleration in the three space directions.  

The estimation of the human-structure model parameters in 

the vertical direction has been carried out from the existing 

results in the international literature in order to characterize in 

one hand the pedestrian step load and in the other hand the 

dynamic parameters of a single degree of freedom system 

used to simulate the effect of passive pedestrians on stadiums 

[6].  In the case of the step load, there area a wide number of 

research that characterize the value of this magnitude from a 

Fourier series. The dynamic parameters of the human-

structure interaction model, the existing results about the 

modification of the dynamic parameters due to the presence of 

spectators have been taken as preliminary reference. Given the 

variability of the existing results, a search domain has been 

established in order to determine a unique solution to the 

identification problem. These ranges have been extended in 
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order to considerer the different behaviour of the pedestrian 

walking. In order to perform the estimation of the parameters 

on a real structure, a steel cable-stayed footbridge [7], with 

low mass per unit length ratio, was considered as model.    

The dynamic behaviour of the footbridge should be studied 

precisely [8], through the development of a preliminary studio 

of finite element. A numerical modal analysis was 

subsequently carried out obtaining the numerical natural 

frequencies and vibration modes of the structure. Based on 

these results, an ambient test was performed. The processing 

of the obtained signal under the two operational modal 

methods [9], one in the frequency domain and one in the time 

domain, allowed an adequate estimation of the experimental 

natural frequencies and modal shapes of the footbridge. 

Finally, the finite element model of the structure was updated 

[10 and 11] through the modification of several physical 

parameters of the structure in order to minimize the mean 

square error between the experimental and numerical dynamic 

properties of the structure (natural frequencies and modal 

coordinates).   

After the assessment of the dynamic behaviour of the real 

footbridge, a pedestrian test was performed on the structure.  

Several points were monitored in order to measure the 

vertical cancelations of the structure under the passage of two 

pedestrians at different step frequencies (controlled by a 

metronome).  

In order to improve the quality of the parameter 

identification the noise was eliminated from the records 

through the application of the Continuous Wavelet Transform 

[12].   

Then, the human-structure interaction model parameters 

were estimated considering as identification method the 

establishments of a least squares problem between the series 

of experimental and numerical vertical accelerations, 

minimizing the objective function by the application of 

genetic algorithms [13 and 14].  

The obtained dispersion in the estimation of the dynamic 

parameters (vertical dynamic load parameters, sprung 

pedestrian mass, equivalent human damping ratio and 

equivalent human vertical frequency) between the different 

individuals and step frequencies was reduced. The correlation 

of the results validated the proposed methodology in order to 

use the model for a more accurate characterization of the 

dynamic response of footbridge under the pedestrian flows.   

However, further studies are needed in order to characterize 

the dynamic parameters of the model, identify the parameters 

in the other two spatial directions and repeating the process in 

different footbridges and larger numbers of pedestrians in 

order to ensure the persistence of the parameters. 

2 PROPOSAL OF BIOMECHANICAL PEDESTRIAN-

STRUCTURE INTERACTION MODEL. 

In this section a method for the simulation of the interaction 

between the pedestrian and the footbridge is proposed. It 

follows from the application of the dynamic equilibrium 

equations [4 and 5] to a simplified model of interaction with 

sprung (ma) and unsprung masses (ms). 

 

 

Figure 1. Biomechanical pedestrian-structure interaction 

model. 

For n modes of vibration )(xi , the total displacement of 

the structure ),( txw  may be decomposed in terms of the 

amplitude of the different modes )(tyi  as: 
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where 

)()( x
dx

d
x ii    (4) is the spatial derivate of the mode of 

vibration i.           

)()(
2

2

x
dx

d
x ii    (5) is the second spatial derivate of the 

mode of vibration i. 

 

Considering the balance of the system, structure and 

pedestrian model, the following coupled equation system may 

be obtained. 

 

  intFvtyKyCyM iiiiiii                   (6) 

    0 sasaaa yykyycym               (7) 

    intFFyykyycym sasasss        (8) 

where 

 

Mi is the modal mass of the vibration mode i 

Ci is the modal damping of the vibration mode i 

Ki is the modal stiffness of the vibration mode i 

v is the step speed 

Fint is the interaction force 

Fs is the step load  

c is the equivalent pedestrian damping 

k is the equivalent pedestrian stiffness 

ya is the displacement sprung mass 

ys is the displacement unsprung mass 

 

Thus,  Fint follows from the above equation to yield. 
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    asassss yykyycymFF  int      (9) 

 

And substituting this equation into the equilibrium equation 

of the structure. 

 

      asassssiiiiiii yykyycymFvtyKyCyM    (10) 

 

Applying the equations of compatibility of displacements, 

velocity and acceleration between the structure and the 

simplified model of interaction. 

),( txwys                                (11) 

),( txwys                                 (12) 

),( txwys                                 (13) 

 

Substituting these relations in the overall dynamic 

equilibrium equation of the structure and organizing 

information in a matrix form, the following model of 

interaction is obtained. 

 

)()()()()()()( ttyttyttyt FKCM       (14) 

 

Considering the nature of the resulting system, the use of a 

method of -Newmark integration family is proposed, with 

parameters =1/4 and =1/2, ensuring a conditionally stable 

system.  

In the previous expressions, the value of the vibration 

modes is zero, when the interaction simplified model remains 

outside of the structure. 

 

0)( xi for Lx 0                      (15) 

 

with L being the length of the structure 

In the proposed method, )(xi  is obtained, in a discrete 

way, using the finite element method, collecting the modal 

displacements and derivates in each of the nodes of the 

structure. To obtain a continuous function of the modes they 

are determined from the shape functions consistent with the 

finite element approximation. For the footbridge, the 

interpolation functions are cubic adopting the Bernouilli 

hypothesis for the beam elements. 
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where )(xN j are the shape functions and 
j

i  are the nodal 

values. 

As a preliminary validation of the proposed formulation, the 

previously defined parameters will be estimated from the 

results available, presented in the international literature, for 

comparable studies, as summarized in next sections. These 

results allowed establishing a range of variation of the 

equivalent human parameters. 

 Finally, the experimental and numerical dynamic response 

of a real footbridge (Viana do Castelo Footbridge), under two 

controlled pedestrians, will be compared in order to determine 

the parameters and goodness of the proposed model. 

The validation will be carried out, for simplicity, in the 

vertical direction, although the methodology proposed is 

easily extrapolated to the other directions. 

3 PRELIMINARY ESTIMATION OF THE DYNAMIC 

PARAMETERS OF THE MODEL. 

3.1 Pedestrian walking force. 

The step load, Fs, according to the research developed by 

different authors, can be determinated from Fourier series 

decomposition in the vertical direction. 
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Fp,vert vertical periodic force due to walking or running 

P [N] medium pedestrian weight (internationally considered 

as P=700.00 N)  

i,vert vertical dynamic load factor (VDLF). 

fs [Hz] step frequency 

i phase shift of the ith harmonic 

nf total number of contributing harmonics. 

 

In Table 1 it is shown the values of the vertical dynamic 

load factors provided by different authors [1, 2 and 3] and a 

range of variation of the variables considered. 

Table 1. VDLF according different authors. 

Author 1 2 3 1 [º] 2 [º] 2 [º] 

Blanchard 0.257 0.000 0.000 0.00 0.00 0.00 

Bachmann 0.450 0.100 0.100 0.00 0.00 0.00 

Schulze 0.370 0.100 0.120 0.00 0.00 0.00 

Kerr 0.450 0.100 0.100 0.00 0.00 0.00 

Young 0.388 0.071 0.056 0.00 0.00 0.00 

Charles 0.400 0.000 0.000 0.00 0.00 0.00 

EC5 0.400 0.200 0.000 0.00 0.00 0.00 

Setra 0.400 0.040 0.040 0.00 90.00 90.00 

Minimum 0.257 0.000 0.000 0.00 0.00 0.00 

Maximum 0.450 0.200 0.120 0.00 90.00 90.00 

 

In order to consider that the parameter identification of the 

human-structure interaction model was performed on a real 

footbridge, and small variations of the ste load may be 

expected, from the results of the Table 1, a simplified step 

load with two vertical dynamic load factors has been 

established. The following search ranges has been 

considered:: 

 

- 1st vertical dynamic load factor, 0.00-0.45. 

- 2nd vertical dynamic load factor, 0.00-0.20. 

 

3.2 Pedestrian dynamic parameters. 

For the estimation of the dynamic characteristics of the 

SDOF-system, as a first approximation, a wide bibliographic 

[6] study has been made. There are several studies that collect 

the effect of spectators on stadiums stands in the dynamic 
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behaviour of the structure by a SDOF static system. In the 

Figure 2 and Table 2, a scheme of the models used and the 

estimated dynamic parameters are shown, where fh and h are 

the natural frequency and the equivalent damping ratio of the 

human system.    

 

Figure 2. Simplified dynamic representations passive 

pedestrians. 

Table 2. Dynamic properties of SDOF equivalents to standing 

humans. 

Author Model  ma [%] ms [%] h [%] fh [Hz] 

Foschi et al. 1 100.00 0.00 53.00 3.30 

Al-Foqaha’a 1 100.00 0.00 34.00 3.50 

Al-Foqaha’a 2 90.00 10.00 36.00 3.70 

Brownjohn 1 100.00 0.00 37.00 4.90 

Falati 1 100.00 0.00 50.00 10.43 

Zheng  1 100.00 0.00 39.00 5.24 

Matsumoto 1 100.00 0.00 69.00 5.74 

Matsumoto 2 90.00 10.00 61.00 5.88 

Minimum  90.00 0.00 34.00 3.30 

Maximum 100.00 10.00 69.00 10.43 

 

Both ranges of variation (force and human parameters) are 

considered as a reference range in order to perform a 

validation of the interaction model in the vertical direction, 

but provided they are based on mobile platform tests and 

passive pedestrians state, slight variations may be expected. 

In order, on one hand, to consider the mass distribution of 

the human body [3] and on the other hand, the physical 

understanding of the problem that suggests a reduction of the 

damping and stiffness of the pedestrian associated with the 

movement, the above limits are increased, reducing the lower 

limits to the values set in the following ranges:  

 

- sprung mass, ma, 80-100 %. 

- human damping ratio, h, 10-69 %. 

- human natural frequency, fh, 1.00-10.43 Hz. 

 

The establishment of a search domain improves the 

efficiency of the parameter identification methods based on a 

probabilistic search. The value of the parameters of the 

pedestrian-structure interaction model will be determined 

using a probabilistic estimation method applied on the above 

search domain. 

 

 

4 INVERSE DYNAMIC PROBLEM METHODOLOGY 

For the determination of the main parameters of the proposed 

human-structure model a procces based on the resolution of 

the inverse dynamic problem has been used. In the Figure 3 a 

flowchart of the identification methodology is shown. 

 As method of identification the optimization of a least 

squares problem has been used [13 and 14].  The objective 

function has been defined as the mean square error between 

the vertical experimental and numerical acceleration in 

different points of a footbridge under the passage of a 

controlled pedestrian. To ensure a global optimization the 

genetic algorithms has been applied and the search domain 

has been reduced to avoid ill-conditional problems. 

For the application of the methodology, it has been 

necessary to establish a model footbridge [8] through the 

development of a detailed dynamic study on a real footbridge 

[7].  

To characterize adequately the dynamic behaviour of this 

structure a detailed finite element model of the structure has 

been updated [10 and 11] from the experimental dynamic 

properties of the footbridge estimated from the application of 

an operational modal analysis. An ambient test was made and 

the results of the test treated by two different output-only 

identification method [9] (in frequency and time domain) 

obtaining an estimation of the first four natural frequencies 

and modal shapes of the footbridge.  

Subsequently, a pedestrian test was performed. Two 

pedestrians have crossed the footbridge at different controlled 

step frequencies and the vertical accelerations have been 

measured at different points of the deck with the aid of several 

triaxial accelerometers. 

This test was simulated numerically later by the application 

of the proposed human-structure interaction model. 

 

 

Figure 3. Flowchart of the identification methodology. 
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Vectors of parameters of the human-structure interaction 

model have been generated, under the rules of the genetic 

algorithms [13 and 14], with the objective of minimizing the 

relative differences between the experimental and numerical 

vertical accelerations at the considered points. 

5 MODEL UPDATING OF THE FINITE ELEMENT 

MODEL OF VIANA DO CASTELO FOOTBRIDGE 

5.1 Viana do Castelo Footbridge. 

The Viana do Castelo Footbridge [7] is a mobile cable-stayed 

footbridge. The longitudinal structural scheme of the 

footbridge consists of two spans (36.50+6.00 m) and 6 

families of two hangers (two retaining ones). The deck is 

made up of two rolled steel beams of variable depth bracing 

by tube profiles. The floor of the deck is configured using 

wood boards. The footbridge is founded on deep piles.  

The compensation of the two spans is achieved by placing a 

counterweight under the lower length span. From the point of 

view of the dynamic behaviour, the stiffness of the railings is 

not negligible, because the magnitude of their depth compared 

to the deck, so that it is necessary to include it in the finite 

element model of the footbridge.  

In Figure 4 a longitudinal view of the footbridge is shown. 

 

 

Figure 4. Viana do Castelo Footbridge. 

5.2 Finite element model of the structure. 

In order to have a preliminary understanding of its dynamic 

behaviour a numerical modal analysis has been developed 

through the application of the finite element method [8]. The 

determination of the frequencies and the vibration modes of 

the structure have been made considering the nonlinear effects 

associated with the hangers. It was necessary to calculate the 

efforts of the different elements due to the permanent loads, 

and subsequently to modify the stiffness matrix of the 

structure depending on the stress level of the hangers. In 

Figure 5 the finite element model of the structure is shown. In 

the finite element model of the structure has been necessary to 

model all the element of the footbridge to characterize as 

precisely as possible the mass and stiffness matrices. The 

model has been carried out using 3D-beam elements except in 

the case of the hangers were special 3D-cable elements has 

been considered. 

 

 

Figure 5. Finite element model of the footbridge. 

 

5.3 Ambient test and operational modal analysis. 

 

Based on the above finite element model of the structure and 

in order to characterize more precisely its dynamic behaviour, 

an ambient test has been performed [9], measuring the 

dynamic response (accelerations) at 18 equidistant points of 

the deck, moving 4 triaxial accelerometers of high sensibility 

at 11 set-ups. The duration of each set-up was 1000 sec. The 

sampling frequency was 100 Hz. The obtained records were 

treated by operational modal analysis and the estimated 

dynamic parameters validated by the correlation (M.A.C.) of 

the modal shapes obtained from two kinds of identification 

methods, one in the frequency domain (E.F.D.D.) and other in 

the time domain (S.S.I.-U.P.C.). In Table 3 it is shown the 

first four estimated vibration modes.   

Table 3. Identified modes and validation. 

Modes E.F.D.D. S.S.I.-U.P.C. M.A.C. Type 

Mode 1 3.136 Hz 3.138 Hz 0.999 Vertical 

Mode 2 4.070 Hz 4.068 Hz 0.999 Lateral 

Mode 3 6.810 Hz 6.810 Hz 0.995 Torsional 

Mode 4 7.335 Hz 7.345 Hz 0.995 Vertical 

 

5.4 FE model updating. 

A model updating of the finite element model has been 

developed [10 and 11] from the results of the above 

operational modal analysis in order to characterize more 

adequately the dynamic behaviour of the footbridge. In this 

sense, 6 physical parameters of the structure (according to 

Table 4) have been modified in order to minimize the mean 

square error between the experimental and numerical 

parameters, considering the identified natural frequencies and 

their corresponding modal coordinates. After a sensitivity 

study of the main physical parameters of the finite element 

model, it was found that the physical parameters with greater 

influence on the dynamic behaviour of the footbridge are the 

stiffness of the hangers and the soil-structure interaction. The 

stiffness of the hangers is conditioned by their stress level and 

to simulate the stiffness of the support two springs has been 

defined, one in each direction (longitudinal and lateral). The 

objective function, in this case, was defined as the sum of the 

relative differences between the natural frequencies and the 

modal coordinates obtained experimentally and numerically. 

As optimization method, as in the rest of the work, the genetic 

algorithms have been chosen. In Figure 6 and 7 it is shown the 
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results of the adjustment made on the first two vertical 

vibration modes of the footbridge.   

Table 4. Updated values of considered physical parameters. 

Parameters Initial Value Updated Value 

Stress Cable 1 190.48 kPa 112.38 kPa 

Stress Cable 2 190.48 kPa 59.62 kPa 

Stress Cable 3 190.48 kPa 31.62 kPa 

Stress Cable 4 190.48 kPa 147.43 kPa 

Longitudinal Spring 5.00E7 N/m 6.00E7 N/m 

Lateral Spring 5.00E7 N/m 1.90E8 N/m 

 

After the adjustment for the selected physical parameters,  

high correlations between experimental and numerical modal 

shapes (M.A.C. above 95 %) have been reached in all the 

identified modes. 

First Vertical Vibration Mode
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Figure 6. First Vertical Experimental and Numerical Mode. 

Second Vertical Vibration Mode
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Figure 7. Second Vertical Experimental and Numerical Mode. 

 

6 ESTIMATION OF THE DYNAMIC PARAMETERS 

OF THE BIOMECHANICAL PEDESTRIAN-

STRUCTURE INTERACTION MODEL 

6.1 Pedestrian test. 

To characterize the parameters of the proposed human-

structure interaction model a pedestrian test was performed. 

Two pedestrians were chosen and their masses were 

previously determined by a scale. On the studied footbridge 

four triaxial accelerometers were placed at the point of joint 

between the hangers and the deck. Three series has been made 

for pedestrian, crossing the structure three times at three 

different step frequencies (1.50, 2.00 and 2,50 Hz) for each 

series. Four sections have been considered to characterize the 

dynamic responde of the structure (S1, S2, S3 and S4). In 

Figure 10 the general layout of the estimation methodology is 

shown. 

The step frequencies have been controlled by a metronome. 

To ensure that during the development of each passage of the 

pedestrians, their step frequency were constant, the transform 

of Fourier of the different records has been performed.  

The measures which show a large dispersion of the first 

harmonic frequency that characterizes the step load have been 

discarded. The same transform has been used to determine the 

frequencies associated with the vertical dynamic load factors 

of the ste load. Finally, for each passage the speed of the 

pedestrian has been calculated.  

In Figure 8 the vertical acceleration in section S1 under the 

passage of one pedestrian at step frequency of 2 Hz is shown. 
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Figure 8. Vertical acceleration under the passage of a 

pedestrian at step frequency of 2.00 Hz. 

 

6.2 Signal Processing: Denoising. 

To improve the reliability of the identification process, a 

signal processing has been performed to remove the noise of 

the signal.  

The identification method chosen, resolution of the inverse 

dynamic problem through the establishment of a least squares 

problem between the experimental and numerical vertical 

accelerations under the passage of a controlled pedestrian, 

requires the preliminary processing of the signal [13 and 14]. 

In that sense, each series has been filter by the Wavelet 

Transform [12]. The Daubechies wavelet has been chosen. 

The level of decomposition of each series was 7. As threshold 

selection rule, the principle of Stein's Unbiased Risk Estimate 

has been considered [12].  

The reconstruction of the signal has been carried out using 

the original approximation coefficients of level 7 and the 

modified detail coefficients of levels from 1 to 7. 

In the Figure 9 it is shown, as example, the noise removed 

from the original signal presented in Figure 8. 
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Figure 9. Removed noise of the signal of Figure 8. 
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6.3 Parameters identification in time domain. 

After the denoising of the signal, the conditions of the 

pedestrian test have been simulated numerically.  

The numerical vibration modes of the updated finite 

element model has been taken as a basis and considering the 

formulation of the proposed human-structure interaction 

model the dynamic of the response has been calculated in the 

four referenced sections (see Figure 10).  

For the 18 studied cases, three series with three different 

step frequencies for each pedestrian, the inverse dynamic 

problem has been solved, consisting of obtaining the 

parameters of the human-structure interaction model through 

the adjustment according to time of the experimental and 

numerical vertical accelerations that characterize the dynamic 

response of the footbridge during the passage of each 

pedestrian on the footbridge [13 and 14].   

In that sense, the objective function has been defined as the 

mean square error between the experimental and numerical 

values of the vertical accelerations at four points of the 

footbridge and as estimated variables, the three dynamic 

parameters of the human-structure interaction model and the 

two first vertical dynamic load factors of the step load.  

The effect of the third vertical dynamic load factor has been 

neglected due to weak impact on the content of frequencies of 

the dynamic response measured in the different sections. 

In order to minimize the object function, the genetic 

algorithms has been selected as the global optimization 

method. 

For each series, a population of 1000 individuals (vectors 

with five elements) is defined. Each individual modifies 

through the operations of reproduction, crossover and 

mutation the values of its elements in order to minimize the 

value of the objective function. In all the cases, the 

optimization process reached values of the objective function 

lower than 10-12. The maximum number of iterations is set to 

1000.  

In Figure 10 it is summarized the general layout of the 

identification process. 

 

Figure 10. Scheme of the identification methodology. 

In Table 5 the estimation of the different parameters of each 

series is shown. The results are organized according to the two 

pedestrians (A and B) and the step frequency (fs). 

Table 5. Dynamic human-structural model parameters 

identification. 

Series fs [Hz] ma 

[%] 
h [%] fh [Hz] 1 2 

1.1 A 1.50 87.581 21.266 2.299 0.205 0.039 

1.2 A 2.00 80.000 54.275 3.981 0.215 0.041 

1.3 A 2.50 88.288 54.963 2.050 0.220 0.042 

2.1 A 1.50 89.796 29.271 2.445 0.202 0.040 

2.2 A 2.00 87.803 46.416 3.968 0.213 0.043 

2.3 A 2.50 86.559 45.000 2.090 0.221 0.044 

3.1 A 1.50 89.935 20.000 2.540 0.200 0.040 

3.2 A 2.00 84.947 54.876 3.840 0.220 0.041 

3.3 A 2.50 80.036 52.341 2.200 0.252 0.053 

1.1 B 1.50 89.713 40.117 3.385 0.209 0.042 

1.2 B 2.00 89.145 40.200 2.500 0.256 0.040 

1.3 B 2.50 89.666 43.791 2.531 0.297 0.050 

2.1 B 1.50 85.514 42.035 2.500 0.201 0.040 

2.2 B 2.00 89.823 40.185 2.594 0.255 0.043 

2.3 B 2.50 90.000 41.000 2.610 0.332 0.047 

3.1 B 1.50 90.000 40.000 2.500 0.201 0.041 

3.2 B 2.00 84.998 40.000 2.501 0.249 0.042 

3.3 B 2.50 89.688 40.188 2.500 0.316 0.045 

Mean  87.416 41.440 2.724 0.236 0.043 

Dev.  3.221 10.046 0.621 0.041 0.004 

 

The value that presents a better performance is the sprung 

mass, being the standard deviation of the test only about 3.00 

%. The rest of the parameters show a mean change about 20 

%. This deviation decreases if parameters belonging to the 

same pedestrian and at the same step frequency are compared.  

However, the results obtained allow the establishment of 

statistics distributions of the different parameters in order to 

generate crowds to check the maximum comfort level  

achieved in a given footbridge.   

 

7 CONCLUSIONS 

The models adopted by the current codes for the study of the 

dynamic behaviour of footbridges do not allow a very 

accurate estimation of the real response that occurs at the 

different points of the deck. The most advanced methodology, 

although it is very effective to estimate the sensitivity of the 

structures to pedestrian flow, it is quite conservative to 

estimate their effects on the structure. As the acceleration is 

the main factor that determines the in-service conditions, a 

pedestrian-structure interaction model has been proposed in 

order to obtain a more accurate estimation of the response. 

The model has been presented and its applicability proven in 

this paper. To characterize the accuracy of the presented 

human-structure interaction model, the main model 

parameters are adjusted from the results presented in a 

pedestrian test through the resolution of a least squares 

problem between the measured and numerical accelerations 

on a real footbridge under the passage of two pedestrians at 

different step frequencies. To ensure a minimum global of the 

objective function the optimization method of genetic 
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algorithms has been used, reducing the search domain from 

the results existing in the international literature about the 

passive behaviour of pedestrians on stadiums. The dynamic 

behaviour of the footbridge has been studied accurately, first 

making a very detailed finite element model of the footbridge, 

secondly, estimating experimentally the dynamic properties of 

the structure, natural frequencies and modal shape, and 

finally, updating the finite element model modifying some 

physical parameters of the numerical model to minimize the 

differences between the experimental and numerical dynamic 

parameters. However, further studies are needed in order to 

characterize the dynamic parameters of the model, identify the 

parameters in the other two spatial directions and repeating 

the process in different footbridges and larger numbers of 

pedestrians in order to ensure the persistence of the 

parameters. 
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ABSTRACT: This paper is focused on a theoretical analysis of dynamic behaviour of the footbridge across the Opatovicka 

Street in Prague. The numerical analysis of forced vibration is performed for loads, which represent walking and running 

pedestrians and a crowd of vandals. The models for pedestrians, acting on the structure, are considered as harmonically varying 

force placed in the most efficient point of the footbridge deck (Dynamic Loading Factor), defined by different authors. Models 

describing acting of vandals are considered as semi – sinusoidal impulses, periodical triangle pulses and a harmonic force 

derived from the Fourier´s Series (Bachmann’s model). The footbridge was chosen for the dynamic analysis due to the fact that 

the footbridge is acting as a simply supported beam and that its first natural bending frequency is in the interval (1 - 3) Hz. It 

means that a resonance of structure vibration due to the human walking (running) frequency could arise. According to the value 

of the first natural frequency, there is the recommendation to implement a dynamic analysis in the CSN EN 1990 – 2002/A1, but 

in the other hand there is not defined any model for dynamic loading, therefore this paper presents possibilities of modeling of 

walking or running pedestrians and vandals. Results obtained from the numerical analysis are compared with the experiment, 

which has been carried out in situ. From the numerically obtained results it is obvious, that the comfort criteria limits (ISO 

10137, EUROCODE, etc.) are exceeded only in the case of loading by crowd of vandals, which is extraordinary type of loading. 

Therefore, we are able to submit that dynamic behaviour of this structure is acceptable for comfort of pedestrians. The most 

accordance between the experiment and the theory was achieved by using the Bachmann’s model.    

KEY WORDS: Human induced vibrations; Pedestrian force models; Vandal force models; Dynamics of footbridges. 

1 INTRODUCTION 

Currently many approaches for modeling pedestrian forces 

[1], [4], [5], [8] induced vibration of the footbridges exist.  

In the Eurocode CSN EN 1990 – 2002/A1, there is the 

recommendation for a dynamic analysis of the footbridge 

when some of its natural bending frequencies of vertical 

vibration is lower than 5 Hz. According to the CSN EN 1990 – 

2002/A1 is necessary to realize a dynamic analysis of vertical 

vibration for investigated footbridge, but the analysis is not 

accurately defined in the standard.  

Some of the available pedestrian force models were used for 

the theoretical dynamic analysis described in this paper and 

the obtained results were compared with the experiment [15].  

2 SOLVED STRUCTURE 

The footbridge chosen for the dynamic and experimental 

analysis is located in Prague across the Opatovicka Street. It is 

a slab-on-girder bridge. The load – bearing structure consists 

of 6 steel girders and a reinforced concrete deck. The shape of 

the steel girders is box section with height h 520 mm. 

Horizontal axial distance of steel beams is b 1100 mm. The 

half of the cross–section is shown in the Figure 1. This 

structure acts as a simply supported beam with the length of a 

span L 25.1 m . The bending stiffness of the cross–section 

and continuously distributed mass of the beam were taken 

from the static design with values 9EI 3.83 10  2Nm and 

5300 
1kgm
. 

 

 

Figure 1. The cross-section of the investigated structure. 

3 EXPERIMENT 

The first natural bending frequency was found out 

experimentally as ( 1 )f 2.72 Hz, hence the possibility of 

Comparison of current models for excitation of footbridges due to walking 

pedestrians and vandalism with experiment 
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resonance behaviour between the natural frequency of the 

structure and the pedestrian pacing frequency could occur. 

The logarithmic decrement 0.09  was also evaluated from 

the record of the natural vibration. The force impulses of 

jumping persons were used for the footbridge excitation.  

Consequently the next experiment was aimed at the 

assessment of the serviceability of the structure. The structure 

was loaded by ordinary pedestrian’s traffic groups, by the 

synchronous walkers and joggers and groups of vandals. The 

case of loading, where synchronous pedestrians walked with 

pacing frequency p ( 1 )f f 2 was also used in the experiment. 

The case express the fact that the structure vibrated twice, 

whereas pedestrians made only one step. 

The response of the footbridge deck to the pedestrian 

groups was measured by four accelerometers Brüel & Kjaer 

type 8344 (see Figure 2) and by the vibration control station 

Brüel & Kjaer Front–end 3560–B–120. The accelerometers 

were placed at the centre and quarter points location of the 

bridge deck (see Figure 2) to determine an influence of higher 

natural modes of vibration.  

 

 

 

 

Figure 3. The view on the investigated footbridge. 

 

The sensor 3 (see Figure 2) was located to the other side of 

the deck due to influence of torsional natural frequencies and 

natural modes of vibration could be measured. The value of 

the second torsional natural frequency ( 2 )f 5.06 Hz was 

relatively high for excitation with pacing frequency, therefore 

the synchronized groups of pedestrians were aimed at the 

excitation of the first natural frequency associated with the 

vertical bending mode of the footbridge deck.  

4 COMFORT OF THE PEDESTIANS 

During walking across the footbridge, the human body is 

influenced by the vibrating structure therefore the maximum 

values of vertical and horizontal (longitudinal, lateral) 

acceleration, which negatively acts on the human body, are 

defined [8], [12]. Some of these limits are summarized in the 

Table 1. These limits are compared with the peak values of 

acceleration. The RMS values of the experimental data were 

compared with RMS value of theoretical results, which were 

computed by  

   
T

2

RMS
0

1
a a t dt

T
 (1) 

 

Table 1. Comfort criteria for vertical acceleration 

Vertical limit 

Comfort 

Class 

CL 1 <  0.5 Maximum 

CL 2 0.5 – 1.0 Medium 

CL 3 1.0 – 2.5 Minimum 

CL 4 > 2.5 Unacceptable 

 Eurocode < 0.7  

 BS 5400 < (1)0.5 f   

 

Danish 

Standard 

- 

Ontario 

Bridge 

Code 

< 0.78
(1)0.25f   

(1)f is the first natural bending frequency in vertical direction 

 

The limit according to the BS 5400 is defined for the 

structures with the first natural frequency less than 5 Hz. In 

the contrast of BS 5400 the Danish Standard limit and also the 

Ontario Bridge Code limit [5] are more conservative in 

assessment of the structure serviceability.  

 

Figure 4. The comparison of the acceleration limits according 

to the different standards.  

Figure 2. The placement scheme of the accelerometers and 

a detail of the used acceleration sensor. 
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Another method for estimation of the maximal vertical 

acceleration, defined in the BS 5400 – 2: 1978 [5], specifies 

this value as: 

 

  2

max 0 sa 4 2 f y K   (2) 

0f is the fundamental natural frequency of the footbridge, sy is 

the static deflection, K is the configuration factor (see [5]),

is the dynamic response factor (see [5]). 

This simplified method is applicable only for a single span, 

or two- or three-span continuous symmetric superstructures of 

constant cross-section, which is supported on bearings, that 

may be idealized as simple supports (see [5]).   

5 MODELLING OF THE PEDESTRIANS 

5.1 The DLF approach 

A DLF (Dynamic Loading Factors) approach is derived from 

the theory of the Fourier’s series. The dynamic loading factors

n were studied and determined by several authors as 

Bachmann and Amman, Young, Blanchard etc [1], [4]. This 

model is suitable for each of the rhythmic activities (walking, 

running, jumping etc.). The procedure of the pedestrian 

modeling according to the DLF approach is also 

recommended in the international standard ISO 10137[12]. 

Besides the vertical component of the force induced by 

pedestrians it is also possible to model the horizontal (lateral 

or longitudinal) components of this force. It is only necessary 

to define the value of the appropriate Dynamic Loading 

Factors n (see [1]). 

This load has to be placed on the structure in the most 

efficient point, the point with the greatest coordinate value of 

the natural mode of vibration associated with the resonance 

natural frequency.  

    
k

p p n p n

n 1

F t m g 1 sin 2 f nt  


 
   

 
  (3) 

pm is the weight of a pedestrians, g is the gravitational 

acceleration, n is the appropriate Dynamic Loading Factor 

(see Table 2), pf is the pacing frequency, n  is the natural 

number, n is the phase angle. 

 

Table 2. Summary of DLFs 

 Source 1  2  3  

W
al

k
in

g
 

ISO 10137  p0.37 f 1  0.1 0.06 

Blanchard 0.257 - - 

Bachmann 0.4 – 0.5 0.1 0.1 

Dallard 0.37 0.1 0.12 

Young 
0.37(fp-0.95) 

< 0.5 

0.054+ 

0.0088fp 

0.026+ 

0.015fp 

Charles 0.4 - - 

EC5 DIN 

1074 
0.4 0.2 - 

R u n n i n g
 

Setra 0.4 0.1 0.1 

Bachmann 1.6 0.7 0.3 

EC5 DIN 

1074 
1.2 - - 

Ju
m

p
in

g
 

Bachmann 1.8/1.7 1.3/1.1 0.7/0.5 

 

5.2 Force model according to the BRO 2004 

This force model, defined by relation (4), was presented in the 

Swedish guideline. The regulation BRO 2004 did not contain 

the limits for vertical vibration of the structures induced by 

pedestrians. Instead of this the requirement of the first natural 

frequency was defined. The first natural frequency of the 

structure should be higher than 3.5 Hz. The pedestrians were 

idealized as a harmonic force placed in the most efficient 

point on the footbridge deck, the point with the greatest 

coordinate value of the natural mode of vibration associated 

with the resonance natural frequency. The force amplitude 

was the product of the static weight of the pedestrians and 

coefficients, which express the influence of the footbridge 

dimensions and the frequency of walking/running. This code 

was recently replaced by the Eurocode.  

    p p 1 2 pF t m gk k sin 2 f t  (4) 

 

 1k 0.1BL  (5) 

 

 


 
 

p

2

p p

150 f 2.5Hzif
k

125 f 2.5Hz f 3.5Hzif
 (6) 

pm is the weight of a pedestrians, g is the gravitational 

acceleration, 1k is a bridge size coefficient defined by (5), B is 

the width of the bridge deck and L is the length of the span,

2k is a frequency coefficient defined by (6). 

5.3 Force model according to the Danish Standard 

The Danish Standard, which is called “Belastnings – og 

beregningsregler for vej – og stibroer” [6], describes the 

acting pedestrians with the equation (7). This model is a 

harmonic function with a fixed amplitude 360 N. In contrast 

to the models discussed upwards, this approach allows a 

uniform motion of this force at the structure with constant 

velocity pv , which is defined by the relation (8)  

 

    p pF t 360 sin 2 f t  (7) 

  

 p pv 0.9 f  (8) 

pf is the pacing frequency of the human activity. 

The very similar model provides the British Standard  
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(BS 5400 [5]). The only difference is in the amplitude of the 

acting force, which is only 180 N.  

5.4 The direct Footfall Forces approach 

This Load – Time functions were derived from the 

experiments where the vertical components of acting contact 

force of the pedestrian were measured. The time behaviour of 

these functions depends on the velocity of the human body 

motion. See Figure 5 and Figure 6. 

 

 

Figure 5. The time function of slow walking – one step. 

Walking is the pedestrian’s activity, where the pacing 

frequency pf belongs to the interval from 1.6 Hz to 

approximately 2.3 Hz.  

The difference between walking and running is in the 

contact between the pedestrian’s foot and a bridge deck. 

 

Figure 6. The time function of slow jog – one step. 

The functions at Figure 5 and Figure 6 were derived from the 

experimental measurements with dependence on the velocity 

of motion [1], [2]. It is obvious that the increasing velocity of 

motion brings, that the two peaks, characteristic for slow 

walking, are gradually connected to one peak. The first peak 

is caused by the primary contact between the human’s heel 

and the bridge deck. Subsequently the transmission of the 

body mass occurs, which is evident as decrease of the force 

under the static weight of pedestrian (see Figure 5). The 

second peak at the same figure expresses the repulse of a 

pedestrian from the tiptoe. This functions for other velocities 

(brisk walk, running) and for other components of contact 

force (horizontal lateral or longitudinal) could be found e.g. in 

[2] or [3]. 

5.5 Alternative model for running 

The jogger’s foot is not still in contact with the ground or the 

bridge deck during the run, hence the model of semi-

sinusoidal pulses, which act on the deck only for the time of 

the contact pt , could be used too. This type of loading is also 

applicable for mathematical description of vandals (11). 

6 MODELLING OF THE VANDALS 

The vandalism is defined as intentional, synchronized motion 

of the pedestrian or the group of pedestrians for the purpose of 

attainment of excessive structure vibration. The Vandals tries 

to synchronize between the structure and themselves. It 

means, that they acts as a loading in the resonance area. 

Currently there are not any experiments, which showed a 

maximal quantity of vandals, who are able to synchronize 

between themselves. A group of 2 till 15 synchronized 

vandals is ordinarily considered in the calculations. Three 

approaches in modeling of vandals will be introduced. 

6.1 Periodic triangle pulses approach 

The rhythmical gymnastic jumping on the spot could be 

described by the model of periodic triangle pulses. That is the 

reason why this approach should be implemented to the 

mathematical description of acting vandals jumping at the 

resonance on the spot in the most efficient point of the bridge 

deck. Triangle pulses are defined by the equation (9). 

 

Figure 7. The time behaviour of the function (9). 

  

  

 

 





       

  


p p
p

p p p p p p

p p

k G 2t t
if t t 2

F t k G 1 2 t t 2 t if t 2 t t

if t t T0

 (9) 
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where pk is the contact coefficient defined by (10), G is the 

total weight of vandals multiplied by the gravitational 

acceleration g , pt is the time of contact between the foot and 

the bridge deck.  

 

 p p pk 2 f t  (10) 

This type of the loading model is also introduced in [1] and 

[2]. 

6.2 Semi – sinusoidal pulses approach 

The second model suitable for modeling of vandals, which 

was used in the described study, is the sequence of a semi – 

sinusoidal pulses defined by the formula (11)   

 

  
  

 
 

pp p

p

p p

t tk G sin t t if
F t

t t Tif0


 (11) 

where pk  is the contact coefficient defined by the (12), G  is 

the total weight of vandals multiplied by the gravitational 

acceleration g , pt  is the time of contact between the foot and 

the bridge deck. 

 

 pk 2  ;  p pt T  (12) 

 

Figure 8. The time behaviour of the function (11). 

Bachmann [1] also defined the coefficients n for the jumping 

therefore the DLF model could be used too. Another loading 

model suitable for description of vandals was introduced by 

Agu and Kaspersky 2005 [4]: 

 

    
3

p j p i

i 1

F t NW c sin 2 if t 


   (13) 

where NW  is the total gravity force of vandals, jc is the 

design coefficient (see Table 3), 
pf is the jumping frequency 

of vandals, i is the phase angle. 

Table 3. The design coefficients jc (Agu and Kaspersky 2005)  

pf  
jc  

[Hz] 

1.5 – 3.0 1.5 

3.0 – 6.0 0.6 

6.0 – 9.0 0.1 

 

7 MATHEMATICAL MODELLING AND SOLUTION 

A plane beam model was used for the theoretical dynamic 

analysis of the investigated footbridge. Whole structure was 

discretized to the system with N degrees of freedom (MDOF 

system) where only vertical degrees of freedom, 

corresponding to the vertical deflections, were considered. 

The DOFs corresponding to a rotation in the joints were 

eliminated by the static condensation method, which has been 

applied at the stiffness matrix of this structure K . Forced 

vibration of this discretized structure model is described by 

(14) in the matrix notation. 

 

 

 

 

Figure 9 The mathematical model of the structure with used 

DOFs.  

 

             M w C w K w F  (14) 

 M is the mass matrix,  C is the damping matrix and  K is 

the condensed stiffness matrix,  w  w  w  are the 

acceleration, velocity and deflection column vectors. Meaning 

of the right sided vector F is a loading of the structure 

variable in the time domain. The dimensions of this matrices 

and vectors depend on a quantity of the DOFs used for the 

analysis. In presented study a model of the Rayleigh’s 

damping was used. According to this assumption, the 

damping matrix  C was expressed as linear combination of 

the stiffness matrix  K  and the mass matrix  M .  

        C M K  (15) 

The coefficients of the linear combination are defined as 

   

 1 1   1 1
     (16) 

1w
2w

3w
NwN 1w 

1 2 3 N -1 N

L
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where 1 is the damping ratio and 1 is the first natural bending 

angular frequency of vibration. The damping ratio 1 should be 

expressed by logarithmic damping decrement  

  

 2    (17) 

which has been determined experimentally as 0.09  . 

Firstly the equation (14), which describes a problem of the 

forced vibration of the discrete structure, is transformed to the 

equation (18) by using the substitution    w Φ q , where

 q is the column vector of the modal coordinates and  Φ is 

the modal matrix, which contains the vectors of natural modes 

of vibration arranged into columns. These vectors are 

standardized to the mass matrix  M . The modes of natural 

vibration were determined via the Inverse Iteration Method. 

This method converges to the minimal natural frequency, 

therefore the Gramm – Schmidt orthogonalization process for 

determine of all considered modes of vibration has to be 

implemented.    

 

                  
T2

I q C q Ω q Φ F  (18) 

In the equation (18)  I is the unit matrix,   C is the diagonal 

matrix with elements i i2  on the principal diagonal and 

  
2

Ω is the spectral matrix.   

If the force model is moving across the structure with 

constant velocity of motion pv (e.g. Danish Standard’s model 

of  synchronous pedestrians [12]) the standardized continuous 

modes of vibration (19) are used to multiply the right side 

sided vector F in (18) 

 
 
 
 

1 i x
sin

LL 2




=

 
 
 

pi v t1
sin

LL 2




 (19) 

where L is the length of a span,  is the continuous mass per 

unit length. 

The solution process of the equation (18) was performed via 

Newmark’s β – integration method, described by following 

relations 

  

       2 2

n 1 n n n n 1t 0.5 t t q q q q q  (20) 

      n 1 n n n 11 t t q q q q   (21) 

  

  

 



    
      

     

1 n 1 n n2

n 1 2

n n n

1 t
t t

t 0.5 t


 



2

2

F C q q
q I C Ω

Ω q q q
(22) 

q q q are sought vectors of the modal coordinates of the 

deflection, velocity and acceleration. The initial values 

necessary for solution of the simultaneous equations (18) were 

considered as  
T

0, ,0q and  
T

0, ,0q (the structure is 

inactive at the beginning of the numerical analysis), t  is the 

time step of the numerical integration. The dimensionless 

coefficients  and were chosen as  0.5 ,  0.25 thus the 

method of average acceleration was implemented. 

8 RESULTS 

The results of the theoretical dynamic analysis of the 

investigated footbridge, which were obtained for the above 

mentioned pedestrian and vandal models, were compared with 

the results of the experiment (see Table 4 - Table 6 and Figure 

10 - Figure 14). 

Table 4. The measured peak acceleration 

 Sensor 2 Sensor 3 

 min max min max 

2 pedestr. -0.08 0.08 -0.10 0.08 

2 pedestr. -0.11 0.11 -0.16 0.12 

2 pedestr. -0.06 0.07 -0.16 0.21 

2 pedestr. -0.09 0.09 -0.11 0.1 

2 runners -0.48 0.43 -0.47 0.44 

2 runners -0.50 0.40 -0.55 0.38 

vandals -0.83 0.90 -0.91 0.73 

vandals -0.80 0.79 -1.16 0.69 

vandals -0.93 0.99 -1.17 1.43 

vandals -0.81 0.89 -1.70 1.79 

 

Table 5. The RMS values of measured acceleration 

 Sensor 2 Sensor 3 

 RMS RMS 

2 pedestr. 0.02 0.02 

2 pedestr.  0.02 0.02 

2 pedestr. 0.02 0.02 

2 pedestr. 0.03 0.03 

2 runners 0.15 0.14 

2 runners 0.19 0.19 

Vandals 0.33 0.3 

Vandals 0.35 0.32 

Vandals 0.43 0.38 

Vandals 0.38 0.33 

 

Table 6. The computed acceleration and RMS values 

acceleration 

  min max RMS 

Footfall 

forces 

Slow walk -0.03 0.04 0.014 

Slow jog -0.36 0.38 0.13 

Harmonic 

Force 

Approaches 

- 

Pedestrians 

DLF – 

walking 

Bachmann 

-0.15 0.15 0.05 

DLF – 

running 

Bachmann 

-0.48 0.48 0.19 

BRO 

2004 – 

walking 

-0.01 0.01 0.003 

BRO -0.30 0.30 0.12 
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2004 – 

running 

Danish 

Standard 

– walking 

-0.004 0.004 0.002 

Danish 

Standard 

– running 

-0.30 0.30 0.11 

Vandals Semi-sin. -0.92 0.88 0.38 

 Triangle -0.94 0.89 0.39 

 
DLF 

Bachmann 
-0.93 0.93 0.38 

 

 

Figure 10. The measured peak accelerations from Table 4. 

 

 

Figure 11. The measured RMS values from Table 5. 

 

 

Figure 12. The comparison of DLF approaches according to 

different authors – RMS values. 

 

1… ISO 10137 DLF loading model 

2… Blanchard’s DLF loading model 

3… Bachmann’s DLF loading model 

4… Dallard’s DLF loading model 

5… Young’s DLF loading model 

6… Charles’s DLF loading model 

7… DIN DLF model (German Guideline) 

8… Sétra (French Guideline) 

 

 

Figure 13. The summarized results from the theoretical 

analysis of walkers and runners according to the different 

approaches – RMS values.  

 

 

Figure 14. The comparison of RMS values obtained from the 

theoretical analysis and experiment – vandals.  

 

9 CONCLUSION 

The theoretical and experimental study of dynamic behaviour 

of the footbridge across the Opatovicka Street in Prague is 

described in this paper. The possibilities in modeling of 

pedestrians and vandals were also presented.  

The dynamic forces of pedestrians and vandals were used in 

form of the DLF models and by direct Footfall Forces. The 

models described in the National Standards, such as BRO 

2004 and the Danish Standard, were used too. The DLF 

models and also pedestrian models according to the BRO 

2004 have been considered as motionless loading located at 

the most efficient point on the structure deck. The pacing 

frequency was usually selected with respect to the resonance 

between the human step frequency and the fundamental 

frequency of the structure.  

Two pacing frequencies were considered in the experiment 

pf 2.72 Hz (slow jogging) and pf 1.36  Hz (walking). The 
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vandals were jumping with respect of the first natural bending 

frequency of the structure at the mid-span of the footbridge.  

Mathematically, the footbridge was modeled as a simply 

supported beam, which has been discretized to the system 

with N degrees of freedom (only the DOFs corresponds to a 

vertical displacements were considered).  

Experimentally obtained results are summarized in Table 4 

and Table 5 and visualized at Figure 10 and Figure 11. The 

Figure 11 and Figure 12 show that the most accordance 

between the experiment and the theory was achieved by using 

the Bachmann’s, Young’s and Charles’s DLF loading model, 

therefore only Bachmann’s and Young’s model is compared 

with the other loading models (direct Footfall forces etc.) in 

Figure 13. From the Figure 13 it is obvious that in the case of 

walking pedestrians the most accordance with the 

experimental data is achieved by using the Direct Footfall 

Forces approach. The DLF models (Bachmann and Young) 

provides the satisfied results too. For modeling of the runners 

almost every model provides a sufficient results in 

comparison with the experimental data.  

At the Figure 14 there are summarized measured and 

computed data for loading by the crowd of vandals. Each of 

the theoretical models provides practically same results. Good 

agreement was obtained between the experimental and 

theoretical results hence these all approaches are usable for 

mathematical modeling of vandals.  

It is evident from the results of the experiment, that peak 

values of acceleration (see Figure 10) exceed each of the 

comfort criteria (see Table 1) only in the case of vandals 

loading, which is an extraordinary type of loading. Therefore, 

we can submit that this footbridge structure is comfortable for 

pedestrians during walking and has not negative influence on 

the comfort. 
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ABSTRACT: Simultaneous excitation of multiple lateral modes due to pedestrian loading has been observed on the London 

Millennium Footbridge and Clifton Suspension Bridge in the UK. However, all previous experimental studies aiming to 

determine the pedestrian loading on laterally oscillating ground have focused on a single mode only. This shortcoming has 

arisen as a result of the lack of capability of previous experimental setups to deliver multi-mode vibrations. As a consequence, in 

all existing modelling approaches, the results from tests in a single mode are assumed to be representative of pedestrian 

behaviour universally. Therefore, uncertainty remains as to whether the predictions of dynamic structural behaviour from these 

models can be trusted. To address this problem, tests have been conducted on a newly-developed instrumented treadmill 

mounted on top of a hydraulically actuated base, allowing for treadmill motion representing simultaneous motion in multiple 

bridge modes. This paper presents the results of these tests and relates them to the performance of the inverted pendulum 

pedestrian model previously shown to be capable of generating destabilising forces on the structure in multiple modes 

simultaneously. 

KEY WORDS: Pedestrian loading; Human-structure interaction; Bridges; Lateral vibrations; Synchronous Lateral Excitation; 

Self-excited forces; Multi-mode vibrations; Inverted pendulum model. 

1 INTRODUCTION 

The problem of lateral excitation of bridges due to pedestrian 

loading has been studied intensively since the vibration 

serviceability failure of the London Millennium Footbridge 

(LMF) at the turn of the millennium [1]. The unforeseen 

levels of vibration experienced by the bridge caused the 

authorities to make a decision to close it and subsequent 

retrofit it with mechanical dampers reducing its dynamic 

response. Many models have been developed since to predict 

the susceptibility of structures to pedestrian-induced lateral 

instability [2] for avoidance of this problem in future designs. 

The most common premise underlying these models has been 

Synchronous Lateral Excitation (SLE). SLE is a suggested 

mechanism whereby in the presence of bridge motion 

pedestrians tend to adapt their gait by synchronising their 

stride frequency, pf , (equal to half the pacing rate which 

typically lies between 1.2Hz and 2.2Hz) to the frequency of 

the vibrating structure, bf , in a manner causing an increase of 

structural motion amplitudes. SLE was thought to drive the 

instability of all excited lateral modes on the LMF, including 

the lowest mode of the central span at frequency of 0.48Hz 

[3], which is well below the range of comfortable stride 

frequencies for walking. A proposed explanation of this was 

pedestrians adopting slightly meandering walking paths, 

changing the direction of their heading every three to four 

steps thus producing a resonant force to the structure. Another 

mode at a frequency of 0.95Hz was simultaneously excited on 

the central span of the LMF [1] which corresponds to a 

comfortable stride frequency for walking. 

Multi-modal bridge instability was also identified on the 

Clifton Suspension Bridge (CSB) [4]. Divergent amplitude 

vibrations occurred in two lateral modes at frequencies of 

0.524Hz and 0.746Hz which increased to 0.534Hz and 

0.764Hz, respectively, during crowd occupancy. Interestingly, 

no evidence of SLE was found in the measurements from the 

CSB. This was in line with measurements on the Changi 

Mezzanine Bridge (CMB) where divergent amplitude 

vibrations were identified in lateral mode at frequency of 

0.9Hz but without any evidence of SLE [5]. 

Although the measurements from the CSB and CMB 

questioned SLE as a mechanism leading to structural 

instability, they confirmed a relationship discovered during 

tests on the LMF [1] whereby the amplitude of lateral force 

per pedestrian was proportional to the local lateral velocity 

amplitude of the deck. This indicated that pedestrian loading 

could be modelled as additional (negative) damping to the 

structure of a magnitude equal to the constant of 

proportionality within the established relationship, often 

termed equivalent added damping. The average (over all 

pedestrians present on the bridge) equivalent added damping 

per pedestrian obtained from measurements of response of the 

LMF was 
-1300Nsm  for structural frequencies in the range 

0.5Hz to 1Hz. For the CSB, the average equivalent added 

damping per pedestrian was established as 
-1160Nsm  and 

-1210Nsm  for the lower and higher excited mode, 

respectively. 

A plausible mechanism causing instability of lateral modes 

was proposed by Macdonald [6] who built a biomechanically-

inspired inverted pendulum pedestrian model (IPM, Section 4) 

based on the simpler earlier model by Barker [7]. In contrast 

to the concept of SLE, synchronisation of the pedestrians’ 

stride frequencies to the bridge vibration frequency was not 

required to generate destabilising forces to the structure. 

Determination of pedestrian loads in the presence of multi-modal 

lateral bridge vibrations 
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Instead, the emergence of self-excited (or motion-dependent) 

forces arose from the pedestrians stabilising their balance, 

which was perturbed by the bridge motion, by adjusting the 

lateral position of their foot placement from step to step. A 

foot placement control law proposed by Hof et al. [8], for 

walking on stationary ground, was adopted in the IPM for the 

case of human-structure interaction. According to this control 

law the foot is positioned at a lateral distance from the body 

centre of mass (CoM) which is determined by the velocity of 

the CoM at the instance of foot placement, along with a 

constant offset termed the margin of stability, minb  (Section 

4). This foot placement control law has been found 

experimentally to be applicable for controlling lateral balance 

during walking on stationary ground (or treadmills), including 

when a lateral destabilising impulse is applied to the walker 

[9]. 

It was shown by Bocian et al. [10] that the IPM based on 

this assumption is capable of simultaneously providing self-

excited forces in multiple modes. This feature has not been 

shown for any other model of pedestrian lateral loading. 

According to the IPM, with the foot placement control law 

described above, the self-excited forces at each bridge 

vibration frequency generated in the presence of multi-modal 

bridge motion are the same as those obtained when only one 

sinusoidal motion of the bridge, at that frequency, is applied 

to the model. This means that the stability of each mode can 

conveniently be considered independently, e.g. as in the 

probabilistic criteria for lateral dynamic stability of bridges 

under crowd loading proposed by Bocian et al. [11].  

All previous experimental campaigns which have aimed to 

directly quantify pedestrian-induced self-excited forces on 

laterally oscillating ground have applied sinusoidal ground 

motion at only one frequency at a time. This shortcoming has 

arisen from the incapability of previous experimental setups to 

deliver multi-modal lateral ground vibrations. This limitation 

exists in the setups developed by Pizzimenti and Ricciardelli 

[12], later utilised by Ingólfsson et al. [13], and by Carroll et 

al. [14], which was esentially built to the design of Pizzimenti 

and Ricciardelli. This design consists of an instrumented 

treadmill laterally driven by an electrical motor with a 

crankshaft mechanism. As a consequence of this limitation, 

the results from tests in a single mode are assumed to be 

representative of pedestrian behaviour universally, i.e. also in 

situations when multi-modal bridge vibrations can be 

expected. This assumption can be found e.g. in the stochastic 

load model for pedestrian-induced lateral instability of bridges 

by Ingólfsson and Georgakis [15], which is based on 

experimental findings from tests during which people were 

walking on a laterally sinusoidally oscillating treadmill [13]. 

As a result of the lack of empirical data allowing predictions 

of the IPM and assumptions behind models calibrated by 

experimental findings to be verified, uncertainty remains as to 

whether the dynamic structural behaviour from current models 

can be trusted. In order to address this problem tests have 

been conducted on a novel experimental setup consisting of an 

instrumented treadmill laterally driven by a hydraulic motion 

base allowing virtually any time history of lateral motion to be 

applied to the walking surface, including multi-modal 

vibrations [16]. Results from these tests are presented and 

discussed in the context of the mechanism causing lateral 

instability of structures due to the action of walking 

pedestrians and the performance of the IPM. 

2 EXPERIMENTS 

2.1 Experimental setup 

The experimental setup (Figure 1) utilised in the study 

consisted of a custom-built instrumented treadmill, hydraulic 

shaking table, motion capture system (MCS) and data 

acquisition system, together with a safety harness system. 

 

 

Figure 1. Subject during a test on the hydraulically actuated 

instrumented treadmill 

 

To allow for spatially uninhibited gait the walking area of 

the treadmill was 2m long by 1.5m wide. The treadmill belt 

was driven by a 1.5kW AC geared motor controlled through 

an inverter. The maximum speed of the treadmill belt was, for 

safety, limited to 
-12ms . Direct force measurement was 

performed using four 3-axis Kistler 9327C piezoelectric force 

transducers with a lateral force measurement range of 4kN  

each, providing the connection between the treadmill and the 

hydraulically actuated shaking table beneath. All components 

of the treadmill were otherwise mechanically isolated from 

the other components of the experimental setup meaning that 

the measured forces were caused by the motion of the 

treadmill and, when applicable, the pedestrian only. The 

lateral force signals from all the transducers were summed 

through a Kistler 5007 charge amplifier. The hydraulic 

shaking table was driven by two 50kN actuators. Operation of 

the shaking table was performed via an Instron Labtronic 

8800 hydraulic controller with dedicated software. The 

motion capture system consisted of six infrared digital 

cameras (Qualisys Oqus) recording motion data from 

retroreflective markers. Lateral acceleration of the treadmill 

was measured with a Sétra 114A capacitive uniaxial 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

993 

accelerometer. The signal form the accelerometer was 

amplified by a Fylde FE-254 low noise amplifier. The data 

acquisition system used a 16-bit 64-channel Measurement 

Computing USB-2533 analogue-to-digital board capable of 

sampling at 1MSample/s. All analog signals were filtered with 

an eight-order Butterworth low-pass anti-aliasing filter (Kemo 

VBF 29) with cut-off frequency 40Hz before data acquisition. 

All data were sampled at 128Hz and recorded using 

proprietary software of the MCS (Qualisys Track Manager 

version 2.7). The natural frequencies of the setup were well 

above the highest frequency of interest (6Hz) to avoid any 

undesirable effects on the measured signals. 

Another limitation of previous experiments on human 

walking on treadmills, including those aiming to measure self-

excited forces on oscillating treadmills [12,13,14], is that a 

constant treadmill speed has been imposed. It is possible that 

in the presence of lateral bridge motion that pedestrians may 

wish to alter their walking speed. In particular, for SLE it is 

assumed that the stride frequency would change to coincide 

with the bridge frequency. Whereas it is possible to change 

stride frequency without changing walking speed, by 

changing the stride length, this may not be natural. Hence, 

arguably, a fixed treadmill speed may inhibit the natural 

response to bridge motion and may make synchronisation of 

footsteps with the bridge less likely. 

To overcome this limitation, in the current experimental 

setup the absolute position of the subject, as measured by the 

MCS, was used in a feedback loop to control the treadmill 

speed. Hence the subject could alter their walking speed 

naturally, consciously or sub-consciously. 

The experimental setup is described more fully in Ref. [16].  

2.2 Experimental protocol 

One male subject, without any neurological disorders and 

deficiencies in locomotor functions, participated in the 

experiments. Fourteen retroreflective markers were attached 

to the subject’s body to obtain data on kinematics of walking. 

The markers were placed symmetrically about the midline of 

the body (i.e. “an imaginary line that divides the body into 

right and left halves” [17]) at the glenohumeral axis, elbow 

axis, ulnar styloid, greater trochanter, femoral condyles, 

medial malleous and fourth metatarsal. A safety harness was 

put on the subject before taking measurements of his weight 

(82kg) and height (1.84m). The harness was then attached to 

the fall arrest system, as seen in Figure 1, and the subject was 

allowed time for habituation in all the experimental conditions 

applied during the tests. These included: 

 walking on laterally stationary (i.e. unactuated) treadmill, 

 walking on treadmill vibrating in the lateral direction with 

sinusoidal motion with amplitude of 5mm and frequency 

0.54Hz 

 walking on treadmill vibrating in the lateral direction with 

sinusoidal motion with amplitude of 5mm and frequency 

0.76Hz 

 walking on treadmill vibrating simultaneously with two 

sinusoidal modes at frequencies of 0.54Hz and 0.76Hz and 

amplitudes of 5mm each. 

The frequencies of the treadmill motion, 1 0.54Hzbf   and 

2 0.76Hzbf  , were chosen to coincide with the two excited 

modes on the CSB which suffered from multi-modal 

instability and for which there are data available of self-

excited forces, from full-scale measurements, for comparison. 

Each test started with the pedestrian and the treadmill 

stationary enabling the output of the force transducers for zero 

lateral force to be determined. An important consideration for 

the test duration was to make allowance for the full range of 

relative phases between the oscillations at the two frequencies. 

Since the period of the total motion for the test with multi-

modal vibration was 50s (= 27 cycles at 0.54Hz and 38 cycles 

at 0.76Hz), this test was run for approximately three minutes. 

Other tests were run for approximately two minutes. This 

issue will be further discussed in the following section. 

The study was approved by the University of Bristol Ethics 

of Research Committee. 

2.3 Data processing 

Time alignment of all data from the different instruments was 

performed before further processing. A suitable length of 

signals for frequency analysis had to be chosen. For this 

purpose the timings of heel strike events (i.e. instances of the 

initial contact of the foot with the ground), TDt , were 

identified from vertical velocity signals obtained from the 

medial malleous markers using the procedure proposed by 

O’Connor et al. [18]. The phase angle between the motion of 

the pedestrian and the motion of the bridge,  , was then 

found for each step, according to: 

 

 ,02π TD b bt t f    (1) 

 

where fb is the bridge frequency (or one of the two 

simultaneous bridge frequencies) and ,0bt  is the beginning of 

the nearest preceding bridge vibration cycle, taken when 

0x   and x  is at its positive maximum. 

If the stride frequency is different from the bridge vibration 

frequency and remains constant, as assumed for the IPM 

(Section 4), the phase angle between the bridge and pedestrian 

motion evolves monotonically at the beating frequency, equal 

to p bf f . In order to obtain the true average self-excited 

forces on the structure in this case it is necessary for the whole 

range of phase angles to be covered uniformly within the 

length of the analysed signal. Moreover, in order to avoid 

leakage, i.e. the apparent spread of energy from the true 

frequencies to other spectral bins, it is necessary for the length 

of the analysed signal to be an integer number cycles of all 

frequencies present (careful use of windowing can be 

beneficial to reduce leakage but cannot eliminate it) [19]. 

These issues have often been neglected in previous 

experimental studies quantifying pedestrian loading. Although 

there is some genuine intra-subject variability of human gait, 

the spread of the frequency content of the loading around the 

harmonics of the stride frequency can be grossly over-

estimated by careless signal processing. 

In the current case of multi-modal bridge vibrations there 

are three basic frequencies that need to be considered: the two 

bridge vibration frequencies and the stride frequency. In order 

to avoid leakage and uniformly cover the full range of relative 

phases between these frequency components, the record 

length selected for processing was chosen, as closely as 
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possible, to be an integer number of cycles of all three basic 

frequencies. For the two bridge frequencies this occurs at 

multiples of 50s. The stride frequency however is not quite 

constant. Fig. 2(a) shows the variation in treadmill velocity 

over a test, which was in response to the pedestrian behaviour 

through the feedback control system. Fig. 2(b) shows 

corresponding the stride periods, i.e. time difference between 

one right foot touchdown and the next. The resolution of the 

measurements is the sample period 1/128s = 0.0078s. It is 

clear that there was a slight variation in stride periods. The 

signal processing took advantage of this variation by finding a 

100s period during which there was, as close as possible, an 

integer number of strides. For all tests such a period was 

found with the final foot touchdown being within 3 sample 

periods (0.023s) of 100s after the first. This corresponds to a 

maximum phase error of approximately 8°. For the chosen 

100s record for each test, the FFT of the pedestrian lateral 

force was found, which was hence virtually free of spectral 

leakage. 

For the test without bridge motion a period close to 100s 

corresponding to an integer number of strides was chosen. 

 
Figure 2. Variation over the test duration of (a) treadmill belt 

velocity (low pass filtered at 1Hz) and (b) stride periods. 

 

Since the treadmill was mounted on the force transducers, 

when it was shaken laterally the measured force included the 

inertia force associated with the treadmill mass. Therefore a 

series of tests was conducted without the pedestrian but 

otherwise the same conditions - the same lateral motion and 

the treadmill running at approximately the same speed (but 

now fixed). The measured force for a selected portion of the 

record with the same phase(s) of motion of the bridge 

frequencies as for the corresponding test with the pedestrian 

was subtracted from the measured force in the test with the 

pedestrian to find the force from the pedestrian only. 

3 EXPERIMENTAL RESULTS 

3.1 Results for no lateral motion 

Firstly some results are presented for the test with no lateral 

motion. A segment of the time history of the lateral pedestrian 

force is presented in Fig. 3. Since the raw force time history 

was contaminated by high frequency noise it has been low-

pass filtered with a two-way 8th order Butterworth filter with a 

cut-off frequency of 10Hz. The figure shows the characteristic 

shape of the lateral forces from human walking on stationary 

ground, which is close to a square wave but with slightly 

greater magnitudes of force at the beginning and end of each 

step (see, for example, ref. [6]). Minor variations in the force 

from step to step can be seen but the forcing is quite regular. 

 

 

Figure 3. Time history of pedestrian lateral force (low pass 

filtered at 10Hz) for no lateral treadmill motion 

Fig. 4 shows the magnitude of the FFT of the lateral 

pedestrian force from a 100.11s record, corresponding to 

exactly 94 strides. It is clear that the force is dominated by the 

components at the odd harmonics of the stride frequency, 

0.939Hz. It is notable that, despite the variations in individual 

stride periods seen in Fig 2 (with the subject free to vary their 

walking speed) and the variations in forces from one step to 

another seen in Fig. 3, that the spread of the frequency content 

around the harmonics is minimal. Such sharp harmonic 

components have been obtained by using an integer number of 

cycles and a relatively long record, in contrast with some 

previously reported frequency plots which have shown greater 

spread [e.g. 12-15] which it is believed was likely to be due to 

spectral leakage, in some cases exacerbated by shorter 

records. 

 

 

Figure 4. Single-sided magnitude of FFT of pedestrian lateral 

force for no lateral motion from 100.11s record (resolution 

0.010Hz) 

 

3.2 Results with lateral motion 

For the case with multi-mode vibrations (0.54Hz and 0.76Hz), 

Fig. 5(a) shows the treadmill displacement. The beating of the 

two frequencies is clear. Fig. 5(b) shows the corresponding 
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pedestrian lateral force (low pass filtered at 10Hz). In 

comparison with Fig. 3 there is now greater variation in the 

magnitude of the lateral forces from step to step. This is 

caused by the pedestrian response to balance perturbations 

from the treadmill motion, by means of varying the width of 

each step. This is in line with the predictions of the IPM 

(Sections 1 and 4) and was measured with the MCS (although 

detailed reporting of this issue is beyond the scope of this 

paper). 

 

 

Figure 5. Time histories of (a) multi-mode lateral treadmill 

displacement (5mm each at 0.54Hz and 0.76Hz) and (b) 

corresponding pedestrian lateral force (low pass filtered at 

10Hz) 

 

For the case of single mode bridge vibrations at 0.54Hz, the 

magnitude of the FFT of the pedestrian lateral force is shown 

in Fig. 6. It is clear that the odd harmonics of the stride 

frequency (fp = 0.940Hz) remain the dominant components. 

However, there is now another significant component at 

0.54Hz, the bridge frequency, fb (this is after subtracting the 

inertia force of the treadmill). This is the important self-

excited force, which clearly occurs at a different frequency to 

the stride frequency. 

Also apparent in the figure is another frequency component 

symmetrical with the bridge frequency, fb, about the stride 

frequency, fp, and further components spaced at ± (fp – fb) 

about 3fp. This is exactly as predicted by the IPM [6]. As in 

Fig. 4 there is minimal spread around any of the peak 

frequencies because of the integer numbers of cycles in the 

signal processing. 

Similarly, Fig. 7 shows the FFT of the pedestrian lateral 

force in the presence of bridge vibrations at fb = 0.76Hz. 

Again the additional force components at the bridge frequency 

and the symmetrical side band frequencies about the stride 

frequency and its third harmonic are quite clear. 

Fig. 8 shows the equivalent plot for the test with both bridge 

vibration frequencies present. The largest values are still at the 

stride frequency and its odd harmonics, but additional 

components can be seen at the frequencies of all of the peaks 

in Figs. 6 and 7, i.e. at ± (fp – fb1) and ± (fp – fb2) from fb and 

3fb. There is even some evidence of these side bands around 

5fb. This, for the first time experimentally, directly shows that 

self-excited forces can be generated by two different bridge 

vibration frequencies simultaneously. This is consistent with 

the full-scale measurements and observations on the LMF, 

CSB and CMB (Section 1) and is as predicted by the IPM 

([10] and Section 4) 

The self-excited force at each bridge vibration frequency 

can be expressed in terms of the equivalent added damping, 

ΔC, and equivalent added mass, ΔM, to the bridge, as follows:  

                          
 

    
   

     

     
  

(2) 

       
     

     
  

(3) 

 

where F(fb) is the value of the FFT of the lateral pedestrian 

force at the bridge frequency, A(fb) is the value of the FFT of 

the bridge acceleration at the bridge frequency and Re and Im 

indicate the real and imaginary parts respectively. 

 

 
Figure 6. Single-sided magnitude of FFT of pedestrian lateral 

force in the presence of 5mm amplitude vibrations at 0.54Hz 

from 100s record (resolution 0.010Hz) 

 
Figure 7. Single-sided magnitude of FFT of pedestrian lateral 

force in the presence of 5mm amplitude vibrations at 0.76Hz 

from 100s record (resolution 0.010Hz) 

0 5 10 15 20
-20

0

20

L
a

te
ra

l 
tr

e
a

d
m

ill
d

is
p

la
c
e

m
e

n
t 
(m

m
)

0 5 10 15 20
-200

0

200

Time (s)

P
e

d
e

s
tr

ia
n

la
te

ra
l 
fo

rc
e

 (
N

)

0 1 2 3 4 5 6
0

10

20

30

40

50

Frequency (Hz)

M
a

g
n

it
u

d
e

 o
f 
F

F
T

 o
f

p
e

d
e

s
tr

ia
n

 l
a

te
ra

l 
fo

rc
e

 (
N

)

0 1 2 3 4 5 6
0

10

20

30

40

50

Frequency (Hz)

M
a

g
n

it
u

d
e

 o
f 
F

F
T

 o
f

p
e

d
e

s
tr

ia
n

 l
a

te
ra

l 
fo

rc
e

 (
N

)

(a) 

(b) 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

996 

 

Figure 8. Single-sided magnitude of FFT of pedestrian lateral 

force in the presence of multi-mode vibrations (5mm each at 

0.54Hz and 0.76Hz) from 100s record (resolution 0.010Hz) 

 

The values of ΔC and ΔM calculated from the experimental 

data from each test are shown in Table 1, along with the mean 

walking speed and mean stride frequency from the selected 

100s record in each case. Negative values of ΔC are 

detrimental, potentially causing dynamic instability of a 

bridge if the total negative equivalent added mass from the 

pedestrians overcomes the structural damping. Negative 

values of ΔM cause an increase in the effective natural 

frequency of the structure as measured on the CSB [4] and as 

discussed by Bocian et al. [10]. 

 

Table 1. Results of equivalent added damping and mass for 

different combinations of lateral frequencies of treadmill 

motion (5mm amplitude at each frequency)  

 No 

lateral  

motion 

 

0.54Hz 

 

0.76Hz 

0.54Hz 

and  

0.76Hz 

Mean walking 

speed (m/s) 

 

 

1.55 

 

1.52 

 

1.48 

 

1.61 

Mean stride 

frequency (fp, Hz) 

 

 

0.939 

 

0.940 

 

0.920 

 

0.960 

Equiv. added 

damping (ΔC, 

Ns/m) @ 0.54Hz 

 

- 

 

-359 

 

- 

 

-207 

Equiv. added 

damping (ΔC, 

Ns/m) @ 0.76Hz 

 

- 

 

- 

 

-184 

 

-206 

Equiv. added 

mass (ΔM, kg) 

@ 0.54Hz 

 

- 

 

-84 

 

- 

 

-61 

Equiv. added 

mass (ΔM, kg) 

@ 0.76Hz 

 

- 

 

- 

 

-2 

 

-3 

 

Commenting on the results in Table 1, firstly it is noticeable 

that the mean walking speed and mean stride frequency are 

affected little by the treadmill motion. Since the speed and 

stride frequency were not constrained by the test setup some 

variation in them from one test to another is to be expected. 

There does not appear to be a significant effect on these due to 

the treadmill motion. This gives evidence supporting the 

hypothesis that self-excited forces can be generated by the 

foot placement mechanism without changing the stride 

frequency, and in particular without the need for SLE [6]. 

The results of the self-excited forces at 0.76Hz are 

consistent between the tests with one bridge frequency and 

with both frequencies. This may suggest that the dynamic 

stability of this mode can be considered independently of 

other bridge modes. However for motion at 0.54Hz the values 

are not so consistent. In that case the added mass is reasonably 

consistent but there is more of a discrepancy for the added 

damping. Neverthless, all of the results are comparable with 

the ranges of values previously identified on full-scale bridges 

[1,4,5], in laboratory tests [13] and as theoretically predicted 

by the IPM [6,10]. Ingólfsson et al. [13] noted considerable 

variation in their experimental results so the difference here 

may be due to factors other than the presence of the other 

mode. 

4 INVERTED PENDULUM MODEL (IPM) 

The IPM (Fig. 9) was first applied to the bridge lateral 

vibration problem by Macdonald [6]. It was demonstrated that 

it gave a reasonable approximation to the lateral pedestrian 

forces on stationary ground and that it could generate self-

excited forces at a bridge vibration frequency which is 

different from the pedestrian frequency. It was then shown by 

Bocian et al. [10] that in the presence of multi-modal ground 

excitation the model can provide self-excited forces in 

multiple modes simultaneously. 

 

 

 

Figure 9. Inverted pendulum pedestrian model subjected to 

lateral ground motion. 

 

A simulation of the multi-mode test was conducted using 

the IPM. Based on the height of the test subject and using 

relationships presented by Bocian et al. [11], the equivalent 

pendulum length, l, was estimated. Most of the other 

parameters of the model came directly from the physical 

parameters, namely the subject’s mass, the bridge frequencies 

and amplitudes and the measured mean stride frequency in the 

multi-mode test. The one exception was the margin of 

stability, minb [8], which defines the additional distance that 

the foot is placed lateral to the position required for stability. 
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In the IPM the forces at the harmonics of the stride frequency 

are proportional to this value but it does not affect the self-

excited forces [6]. In the simulations a value of 23.5mm was 

chosen to match the magnitude of the first harmonic of fb with 

the experiments. 

The results of the simulation are shown in Fig. 10. The 

qualitative agreement with the experimental results in Fig. 8 is 

remarkable. This shows that the IPM captures the key features 

in the human response to bridge motion and the human-

structure interaction forces. It appears that some calibration of 

the model and/or more experimental results may be required 

to improve the quantitative accuracy of the agreement. 

 

 

Figure 10. Single-sided magnitude of FFT of pedestrian lateral 

force from the inverted pendulum model in the presence of 

multi-mode vibrations (5mm each at 0.54Hz and 0.76Hz) 

from 100s simulated record (resolution 0.010Hz) 

 

5 CONCLUSIONS 

Experiments have been performed on a state-of-the-art 

instrumented treadmill mounted on a hydraulically actuated 

shaking table to investigate the interaction forces between 

walking humans and laterally oscillating bridges, including, 

uniquely, the situation of simultaneous bridge motion in two 

different modes. It has been found that indeed detrimental 

self-excited forces can be generated at both bridge frequencies 

simultaneously, while the pedestrian continues to walk at their 

preferred frequency, which is different from either of the 

bridge frequencies. 

Careful signal processing has enabled clean FFTs of the 

pedestrian lateral force to be produced, uncontaminated by 

spectral leakage. This shows that the true spread of the 

frequency content of the forcing around the harmonics of the 

stride frequency is quite minor. Furthermore it has enabled 

additional frequency components of the forcing in the 

presence of bridge motion to be clearly seen, which occur at 

the bridge frequencies and symmetrically about each of the 

harmonics of the stride frequency. 

The equivalent added damping and mass to the bridge, due 

to the human-structure interaction, has been calculated for 

each of the bridge modes alone and for the two combined. For 

a bridge frequency of 0.76Hz the results are quite consistent, 

implying that it may be valid to consider the stability each 

bridge mode independently, as has been the practice to date. 

However, the results at 0.54Hz are less consistent so further 

work is required to understand and address the apparent 

discrepancy. 

The results give strong evidence to support the assumptions 

behind and predictions of the inverted pendulum model 

applied to lateral bridge oscillations. In particular, at least for 

the bridge frequencies tested here, there appears to be no 

appreciable change in the walking frequency due to the bridge 

motion, including there being no synchronisation. The 

behaviour is rather governed by the foot placement strategy 

for controlling balance on laterally oscillating ground, which 

gives self-excited forces at the bridge vibration frequencies, 

including when the bridge vibrates in multiple modes. 
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ABSTRACT: This paper describes the results from the first of a series of tests that are designed to correlate stable ground 

walking to walking on an unstable surface. 19 healthy adult participants walked across three stationary force plates for five to 

ten minutes while wearing infrared motion tracking markers. Based on methodology in the literature, a high correlation was 

sought between the force plate records and the motion of the markers on the head, trunk, and pelvis for each person’s successive 

trials. Marker displacement data were double differentiated to obtain their accelerations, which were subsequently multiplied by 

the corresponding body segment masses to obtain a reconstructed force. The reconstructed forces for each body segment were 

summed and compared to the force plate record. Using these, the Pearson’s correlation coefficient, r, was determined. The 

comparisons made in this test reveal a moderate correlation between body segment motion and lateral force. Depending on the 

combination of body segments, the mean Pearson’s correlation varied between 0.707 and 0.797. The correlation coefficients for 

three footsteps show that a majority of a person’s lateral ground force can be represented by head, trunk, and pelvis motion. This 

initial test shows that it may be possible to estimate lateral force using only head or upper body displacements. This would be 

particularly beneficial for field experimentation involving dense crowds, where force plates and other laboratory equipment 

would be ineffective. 

KEY WORDS: Footbridge; Medial-lateral; Ground Force; Force Plate; Pedestrian Force; Walking Load; Human Gait. 

1 INTRODUCTION 

The ongoing quest to understand and model the lateral ground 

forces incurred during healthy human walking remains 

complex. In recent years, the question of synchronous lateral 

excitation of bridges and structures has been widened to 

include lateral vibrations in general. This is partly due to 

studies such as those conducted by MacDonald [1] and 

Ricciardelli and Pizzimenti [2] that suggest that lateral 

excitation of bridges can occur as a cause, result, or 

independent of pedestrian synchronization. A need has been 

established for further research of human lateral forces [3, 4].  

Racic et al.’s literature review of 2009 highlights the 

significant gap in lateral ground force modelling [4]. In 

particular, they explain that while some data exist describing 

the vertical ground forces of runners and walkers, minimal 

research has been conducted to analyse lateral forces either on 

runners or walkers. 

In spite of the dearth of supporting data, several researchers 

have used optical point tracking to estimate human-structure 

interactions. An early example of this was in Fujino et al. [5], 

where the researchers sought to explain movement of the 

Toda Park Bridge by tracking individuals in a crowd as they 

crossed the bridge. Dallard et al. used similar techniques in 

both the review of the London Millennium Bridge oscillations 

and the verification of its subsequent damping modifications 

[6, 7]. Nonetheless, these techniques were primarily used to 

assess the amount of motion occurring in the underlying 

structure, not to investigate the complex lateral motion of 

individual pedestrians.  

Since the Racic et al. literature review, a key series of 

experiments has been conducted by Carroll et al. [8] to 

reconstruct lateral forces by simultaneously tracking a 

walking subject’s body segments. Critically, these tests were 

carried out on a calibrated instrumented treadmill on two 

subjects for long durations. Over 20-second periods, Carroll et 

al. report correlations of 0.94 and 0.95 between each subject’s 

lateral ground force and the forces constructed from a 

Newtonian summation of the segment accelerations times 

their masses. The research proposes that if a subject is tracked 

on a stable surface for 20 seconds or more, a summation of the 

head, trunk, and pelvis movements can accurately simulate the 

lateral ground force of the subject.  

While tracking the full body of a subject over a long 

duration yields a high correlation with lateral ground force, it 

is likely that a field test of a crowded bridge will inhibit the 

tracking of a whole body (for such a long duration). 

Therefore, the present study sought to investigate the 

correlation between body segment motion and lateral ground 

force over sample durations of three footsteps.  

2 METHODS 

The tests discussed in this paper were all carried out at the 

Nuffield Orthopaedic Centre NHS Trust in Oxfordshire, UK. 

The Nuffield Orthopaedic Centre (NOC) gait lab is comprised 

of a 10 metre long pathway fitted with three AMTI OR6 force 

plates, which measure tri-axial force, tri-axial moment, and 

the ground location of the centre of pressure. The gait lab also 

contains 12 infrared motion-detecting cameras, which 

triangulate the spatial location of reflective spheres worn by 

the test subject. A 20.5 metre long string was laid in a figure 

eight pattern (Fig. 1) such that the participants would walk 

continuously on a smooth path for approximately 10 minutes, 

Using infrared motion-tracking markers to model lateral ground forces 
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Figure 1. Figure eight path for subjects to follow 

while repeatedly crossing the three force plates in the same 

direction.  

Ten healthy females (age 23.3 +/- 1.25 years, mass 64.8 +/- 

7.04 kg) and nine healthy males (age 25.6 +/- 2.59 years, mass 

83.0 +/- 18.32 kg) participated in the study. Each participant 

was asked to wear comfortably tight athletic clothing and 

bring comfortable trainers or walking shoes. Participants first 

had their relevant anthropometric data measured: height, leg 

lengths, hip width, knee widths, and ankle widths. Next, 

participants were instrumented with 27 reflective spheres 

(henceforth motion tracking markers), which were applied to 

their head (four), trunk (C7, T5, and T10 vertebrae, right 

shoulder blade, jugular notch, and sternum tip; six), pelvis 

(sacrum, left and right anterior superior iliac spine; three), legs 

(left and right: thigh, knee joint, shank, heel, second 

metatarsal, and lateral and medial malleoli (ankles); 14) 

(Fig. 2). In addition, participants wore a heart rate monitor and 

a K4b2 breath analysis kit, although the breathing results will 

not be presented in this discussion. 

The participants were asked at random to wear either shoes 

or bare feet first. Each person completed a static test to ensure 

that the markers were picked up by the cameras and to obtain 

the person’s static mass while standing on a force plate. Then, 

each participant was shown how to follow the figure eight 

path and told to walk at a “comfortable, normal pace”. They 

were not told to step on the force plates but merely to follow 

the string. This ensured that the subjects would not aim for the 

force plates, but only land on them naturally. Participants 

walked continuously for five minutes or until recording at 

least five clean force plate strikes with each foot, whichever 

took longer. A clean force plate strike was defined as a 

footstep that landed wholly within the edges of the force plate 

with neither the preceding nor subsequent step contacting the 

edge of the plate. At the end of this test, each participant 

either put on or removed his or her shoes and socks. Another 

static test was conducted before the participants walked for an 

additional five minutes or five clean left and right strikes. The 

longest any person required to record five clean strikes with 

each foot was 13 minutes 40 seconds.  

The data were recorded in Vicon Nexus. Each time a person 

crossed the three force plates was considered a trial. Using 

Vicon, trials with three clean strikes were identified and all 

other trials were omitted. The force plate data and marker data 

was then exported to .csv and .txt formats, respectively. These 

could then be accessed and manipulated using MATLAB 

programming. 

3 RESULTS 

3.1 Shod and Barefoot Walking 

Claff et al. acquired data from the Nuffield Orthopaedic 

Centre consisting of the tri-axial ground force exerted by 

barefoot walkers traversing two of the gait lab’s force 

plates [9]. The results of their study showed that inter-subject 

variability is relatively high among participants, but identified 

a limitation potentially occurring as a result of variation in 

barefoot walking experience level. In order to better 

understand of how pedestrians might force a bridge to vibrate 

in situ, however, it is more representative to study shod 

walking. Figure 3 shows the lateral ground force for 477 

barefoot steps against 377 shod steps in the present test. The 

mean and standard deviation for the respective data sets is 

provided in Table 1. Even though little difference separates 

the descriptive statistics of the barefoot and shod trials, Z-

statistics show that large portions of the means are statistically 

different at a level of p<0.005.  The largest difference 

between the means occurs at the heel strike, where the mean 

peak lateral force in shod walkers is 0.7% higher than and 4% 

later than that of barefoot walkers. Since this suggests that 

shoes do affect lateral force, only the shoe-based 3-step trials 

are considered in this paper.  

For every trial, two sets of data were recorded: data 

acquired by the force plate and data acquired by the infrared 

motion tracking cameras. The force plates recorded ground 

force, ground moment, and the location of the foot’s centre of 

pressure at a sampling rate of 1000 Hz. The samples were 

filtered with a user-defined rectangular pulse signal before 

being resampled at 100 Hz. After this sequence of processing 

was completed, the data from the force plates was of the form 

shown in Figure 4. Each force plate contributed the signal of 

one footstep. Therefore, one can see that in periods of double 

stance, the signals of two force plates overlap. In the given 

trial, the landmarks of each step are distinct, especially the 

heel strikes at t = 0.03, 0.33, and 0.63 and the toe-off points at 

Figure 2. Subjects wearing reflective markers 
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t = 0.40, 0.71, and 1.0. Since this paper is primarily concerned 

with the body’s overall lateral forcing strategy over multiple 

steps, the forces in adjoining plates were summed to provide a 

total lateral ground force, shown by the black line in Figure 4. 

It is noted that the double stance segments at the beginning 

and end of the three-step samples are not composites of the 

preceding toe-off or subsequent heel strike. It is assumed that 

the influence of the missing components is negligible 

compared to the greater prominence of the oscillations in the 

three step signal.  

The second set of data that was recorded for each test was 

the displacement of the reflective markers as tracked by the 

infrared cameras. This data was sampled at 100 Hz. Using 

MATLAB, the lateral motion of each body segment (i.e., 

head, trunk, pelvis, etc.) was estimated by averaging the 

lateral displacement of all markers on the segment at every 

time step. This approximation therefore assumes that each 

body segment is a rigid element and that markers placed on 

clothing or skin do not slip with respect to each other. The 

velocities and accelerations of the segments were then 

determined by applying a three-point central difference 

method to the displacements. For any three consecutive 

displacement data points, xi-1, xo, and xi+1, the velocity     is 

approximated as 

     
         
    

 (1) 

where Δt is the change in time between consecutive points. 

The marker signals were filtered with a user-defined 

rectangular pulse shape of duration equivalent to the force 

plate filter, i.e. one-tenth the number of samples. The force 

plate signal and the marker signals were filtered in forward 

and reverse directions to eliminate phase shift.  

Carroll et al. compared the lateral force from their 

instrumented treadmill with the reconstructed lateral force of 

head, trunk, and pelvis body segments, which they also 

determined by double differentiating the displacements of 

reflective markers [8]. Their samples – approximately 35 

footsteps each – produced Pearson’s correlation coefficient (r) 

values of 0.950 and 0.946, suggesting a strong correlation 

between body movement and lateral force. In the field,

Figure 3. Lateral force versus time for 433 barefoot steps (top) 

and 377 shod steps (bottom). Mean (black) +/- SD (dark 

grey). SD (dashed black). 

Table 1. Difference between barefoot and shod walking 

 

Barefoot (n=433) 

 

Shoes (n=377) 

t 

(t/tmax) 

Favg 

(N/N) 

Fstd 

(N/N) 

 

Favg 

(N/N) 

Fstd 

(N/N) 

0 0.0123 0.0088 

 

0.0046 0.0054 

0.03 0.0297 0.0167 

 

0.0205 0.0142 

0.07 0.018 0.0156 

 

0.0379 0.0188 

0.1 -0.0028 0.0175 

 

0.0195 0.02 

0.2 -0.0342 0.0213 

 

-0.0456 0.0219 

0.3 -0.0414 0.0179 

 

-0.0387 0.0185 

0.4 -0.0353 0.0157 

 

-0.0367 0.0153 

0.5 -0.0288 0.0145 

 

-0.0259 0.0129 

0.6 -0.0314 0.0149 

 

-0.027 0.0135 

0.7 -0.0361 0.0193 

 

-0.0375 0.0172 

0.8 -0.0366 0.0207 

 

-0.0382 0.0195 

0.9 -0.0057 0.0172 

 

-0.0002 0.0169 

1 0.0001 0.0002 

 

0 0.0002 

Figure 4. Individual records of three force plates and their 

sum for one trial 
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however, where crowded bridges are often monitored by 

optical means and pedestrians may take much less than 20 

seconds to cross a short bridge, it is valuable to know whether 

a pedestrian’s ground forces correlate to their body segment 

accelerations over a short sample period as accurately as the 

longer-duration results of Carroll et al. 

Thus, in the present tests, three methods were chosen in 

order to find the best correlation between the body markers 

and the force plate data. First, a direct comparison of the 

Newtonian forces was conducted. Second, an optimized 

parameter, α, was introduced to allow for intra-body forces. 

Finally, the accelerations of the body segments were 

compared with the acceleration produced in the force plate. 

Each method’s results are described presently.  

3.2 Reconstructed Forces versus Lateral Ground Forces 

Based on Newtonian mechanics,  

             
 

 (2) 

meaning that the force, FL, recorded by the force plate for any 

given sample should be equal to the sum of the body segment 

masses – mass fraction, c, times body mass, m – times their 

lateral accelerations,    . To achieve this, anthropometric body 

segment mass fractions were taken from de Leva [10], as 

utilized by Carroll [8]. De Leva provides the mass fractions, 

which are given in Table 2, for the body parts relevant to this 

discussion. 

Based on the marker set used in these experiments, it was 

assumed that the trunk may be considered to be the sum of the 

UPT and MPT components, while the LPT comprises the 

pelvis. Multiplying the segment accelerations times the 

person’s body mass, m, times the segment mass fractions, ci, a 

plot can be produced for each trial similar to Figure 5. This 

figure shows the reconstructed lateral force from the head, 

trunk, and pelvis for one trial. The three steps are indicated by 

the most prominent positive-negative-positive trend, which 

corresponds to force to the subject’s left, right, and left sides 

respectively. The trunk produces more lateral force than either 

the head or the pelvis and contributes a dramatic medial (i.e. 

towards zero, or the centre of the body) shift shortly after each 

heel strike, as indicated by arrows. Logically this should be 

the case because, as the heaviest part of the human body, the 

trunk has a higher inertia and will require more energy to 

control than any other body segment. The observation also 

supports the so-called ‘inverted pendulum model’, which 

simulates a human walker as a point mass on a rigid bi-pedal 

inverted pendulum [11, 12]. If the greatest lateral force 

originates from the trunk, credence is given to the model’s 

assumption; the mass of the body acts through its centre of 

mass, which is located at the base of the trunk. The inverted 

pendulum model suggests that the lateral ground force is 

caused by gravity passively shifting body weight from one 

rigid support to the other and back in the manner of a 

metronome.  

The three reconstructed forces were summed for each trial 

and plotted against the ground force, which was recorded by 

the force plates. The two samples were compared by means of 

the Pearson’s correlation coefficient, r (Fig. 6). In this case, 

the force recorded by the force plate is similar to the 

reconstructed force and the resulting correlation coefficient is 

0.878. Among the 38 trials, the correlation coefficient 

between the force plate force and the reconstructed force 

varied from 0.495 to 0.878 with a mean of 0.707. These are 

reflected in the two trials shown in Figures 7 and 8. Generally, 

the largest variation between the reconstructed force and the 

force plate force is in the amplitude level of the two signals 

during the medial shift of the trunk. A minimal amount of 

phase shift (less than 0.02 s) is occasionally present between 

the two forces. 

Examining each body segment force in comparison to the 

force plates, it is seen that the head has the highest correlation 

to the ground force. The mean correlations among the 38 trials 

were 0.723, 0.645, and 0.455 for the head, trunk, and pelvis 

respectively. While the trunk represents the highest proportion 

of a person’s weight and consequently the highest 

reconstructed force, the head had a higher correlation to the 

lateral ground force than the trunk in 28 of the 38 three-step 

trials The three correlations collectively show that a three-step 

sample is sufficient to imply a moderate connection between 

the reconstructed marker-based force and the lateral ground 

force detected in the force plate. While it might be possible to 

develop an empirical lateral force model based on head or 

head plus trunk data, the low correlation between the pelvis 

force and the ground force suggests that pelvis motion might 

contribute to something other than ground force, such as 

vertical or ante-posterior (forward-backward) stability. 

Table 2. Body Segment Mass Coefficients (de Leva [10]) 

 Mass, ci (% Body Wt) 

 Females Males 

Head 6.68 9.94 

Upper Part of Trunk (UPT) 15.45 15.96 

Middle Part of Trunk (MPT) 14.65 16.33 

Lower Part of Trunk (LPT) 12.47 11.17 

Figure 5. Reconstructed head, trunk, and pelvis force for one 

three-step trial. Arrows indicate medial spikes in 

reconstructed trunk force.  
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Figure 6. Sum of reconstructed head, trunk, and pelvis forces 

compared to force plate force for one three-step trial. r= 0.878. 

 

Figure 7. Comparison of reconstructed force to force plate 

force. r= 0.495. 

 

Figure 8. Comparison of reconstructed force to force plate 

force. r= 0.708.  

3.3 Mass Coefficient Optimisation 

One hypothesis for why the correlations are not higher could 

be that certain body segments contribute more to the lateral 

ground force than others due to internal muscle energy or 

other reasons. This supplemental energy might not be 

represented in the lateral acceleration of a particular body 

segment, but might be manifested internally through the body 

into the feet. As an example, while standing with both feet 

separated and planted, a ground force can be created by 

contracting the hip adductors (groin muscles), producing a 

squeezing force without moving the legs. This internal energy 

would develop a ground force under each foot without 

producing any reconstructed force. To test whether internal 

energy may play a role in head, trunk, and pelvis force, each 

of the body segments was multiplied by an arbitrary 

coefficient α,  

            
 

 (3) 

where F is the reconstructed force, c is the mass coefficient 

indicated by de Leva [10], m is the body mass of the subject, 

and    is the acceleration of the body segment. For each trial, 

MATLAB’s lsqnonlin function minimized the sum of 

squared differences between the reconstructed force and the 

force plate force by optimizing the unbounded coefficient α. 

The optimization was carried out with seven combinations of 

body segments in order to learn about the independent and 

interactive aspects of the coefficient optimization. Table 3 

shows the different body segment cases tried, the mean 

coefficients    that were produced, and the mean Pearson’s 

correlation between the optimised reconstructed forces and the 

force plate sample. The head is observed to contribute most 

significantly to the force plate motion because it has the 

highest α and αc in every case where it is tested. Moreover, 

the optimised head contribution is significantly greater than 

the trunk or pelvis contribution, reinforcing the observation of 

the previous section that the head had the highest correlation 

of the three body segments. The trunk contributes the second 

highest αc overall, although it should be noted that the trunk 

coefficient αt is approximately the same as that of the pelvis in 

cases where they are both tried. This indicates that the 

difference between the trunk force and the pelvis force is 

attributable largely to the mass fraction, not the optimized 

mass coefficient. 

Most importantly, we see from the table the change in the 

correlation between the reconstructed force and the force plate 

force across different body segment combinations. Cases 

involving the head have the highest correlations, with the 

maximum being 0.797 for the head, trunk, and pelvis case. 

Table 3. Mass coefficient optimization cases 

  Head 

(c=0.0668) 

Trunk 

(c=0.3010) 

Pelvis 

(c=0.1247) 

Case r αh αhch αt αtct αp αpcp 

H,T,P 0.797 4.39 0.293 0.511 0.154 0.597 0.0745 

H 0.724 5.84 0.390     

T 0.645   1.28 0.386   

P 0.455     1.92 0.239 

H,T 0.788 4.44 0.296 0.657 0.198   

T,P 0.769   1.05 0.317 0.959 0.120 

H,P 0.767 5.31 0.355   0.846 0.106 
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While this is an increase of 0.090 over the force comparison 

in Section 3.2, this mean correlation is still approximately 

0.15 points lower than the long-duration correlations reported 

by Carroll et al.  

3.4 Marker Accelerations versus Normalised Force 

Since the use of de Leva’s anthropometric mass coefficients 

assumes that all subjects have approximately the same body 

type (college aged athletes) [10], it can reasonably be 

proposed that this leads to discrepancies between the force 

read by the force plate and the reconstructed forces. Therefore 

a third set of comparisons was made whereby the force plate 

samples were all divided by each subject’s mass, ai = FL / m. 

As a result, a family of plots is obtained which compares 

accelerations – instead of forces – over time. Examples are 

shown in Figures 9 and 10. Figure 9 shows the same trial as 

Figures 4 and 5. Where the plots in Section 3.2 showed 

dispersion in the body segment forces, the body segment 

accelerations presented here generally have the same 

amplitudes. The pelvis is now clearly seen to have a higher 

dominant frequency than either the head or trunk, all of which 

appear to exhibit more oscillations than the force plate 

acceleration.  

Showing acceleration instead of force, the body segment to 

force plate correlations in Figure 9 are 0.776 and 0.713 for the 

head and trunk respectively.  Across the sample population, 

the correlation between the head and the force plate was again 

the highest, with 28 out of 38 samples indicating that the head 

correlated to the force plates better than the trunk. The trial in 

Figure 10 is the opposite, however; the head and trunk 

correlations are 0.829 and 0.843 respectively. In this case, the 

difference between the head and the trunk is likely caused by 

the dramatic lateral head acceleration near the heel strike of 

each step. In either case, it is important to notice that the 

oscillation of all three body segment accelerations is of greater 

amplitude than the force plate. In general, the force plate 

acceleration is relatively plateaued compared to the marker 

acceleration, especially compared to the pelvis.  

Among the population, the mean correlations between the 

head markers and the force plate and the trunk markers and 

force plate are 0.724 and 0.645, respectively. These 

correlations are slightly better than the force-based 

comparisons, but are insufficient to show a strong linear 

relationship between the marker data and the force plate 

samples.  

4 DISCUSSION 

The results provide valuable insights into using optical 

tracking to estimate lateral ground force in the field. When it 

comes to studying individuals moving within a crowd, there 

are few viable options outside of optical methods. Both the 

ability to isolate the motion of one or more individuals and the 

irreproducible psychology and physiology of walking in a 

dense crowd are valuable experimental conditions. 

Accelerometers worn on the body are one option for 

simulating ground force, but such do not sufficiently define 

the local coordinate system in terms of the global coordinate 

system. Optimally, shear force transducers could be mounted 

onto or into a person’s shoe, but a variety of problems such as 

restricting the flexibility of the foot and the aforementioned 

challenges pertaining to coordinate systems make this option 

costly and ineffective. Normal force plates are also a 

possibility, but the researcher must ensure that only one 

subject touches the plate at a time, and with a perfectly clean 

step; difficult conditions to attain in the middle of a crowd. 

So, therefore, it is seen that optical measurement is less 

invasive, easier to control, and allows for better simultaneous 

capture of multiple targets compared to other options. The 

problem with optical tracking, however, is the accuracy of 

modelling lateral ground forces with the accelerations of 

reflective body-mounted markers. Three tests have been 

undertaken in an attempt to find short-duration correlations 

between body segment motion and lateral ground forces. The 

fact that all three methods produced similar correlations 

shows that the correlations are relatively robust. With 

correlations varying from 0.707 to 0.797, the r2 of 0.500 to 

0.635 shows that more than half of the data in each method 

are represented by the force plate record.  

Figure 9. Body segment and force plate accelerations for the 

trial depicted in Figures 4 and 5. 

Figure 10. Body segment and force plate accelerations for one 

trial. 
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The best overall correlation was attained by optimizing the 

mass coefficients provided by de Leva and summing the 

reconstructed head, trunk, and pelvis forces to simulate the 

ground force. This provided a mean correlation of 0.797 or an 

r2 value of 0.635. While only a moderately high correlation, 

the results from this test could lead to an empirical lateral 

force model if further tests prove 1) that consistency exists in 

αi across a population of individuals and 2) how αi is 

physically represented in the body – be it muscular energy 

consumption, mental control of individual body segments, or 

other reasons.  

Overall, the three methods show that head motion is more 

strongly connected to lateral ground force than either trunk or 

pelvis motion. Even though the head contributes less than 

10% of the total body mass, its higher – albeit moderate – 

correlation suggests that it plays an elevated role in lateral 

body control. One possibility is that the head (brain) mimics 

the ground force in order to minimize its lateral trajectory 

while still allowing the body to move its weight underneath. 

Meanwhile, other body segments, such as the trunk and 

pelvis, exert local angular momentum to control the shift in 

body weight and affect overall balance. This is supported by 

the findings of Herr and Popovic which show that segmental 

angular momentum is not only highly regulated, but also 

internally cancelled in order to enhance stability and 

manoeuvrability [13].  

Carroll et al. show that a very good correlation can be 

obtained by comparing a reproduced head, trunk, and pelvis 

force from marker data to a 20s ground force sample produced 

on an instrumented treadmill [8]. One reason for the 

discrepancy between their high correlations and the 

correlations produced in this experiment could be signal 

duration. The difference in signal durations indicates a 

significant difference in the number of samples that are used 

in the Pearson’s r calculation. With possibly 20 times as many 

samples as in this experiment, Carroll et al.’s correlation 

coefficients are likely to minimize the effect of outlying 

motion data much more effectively than in the correlations 

presented here.  

One might suggest that the method of filtering could also 

play a role in the difference between the two studies. Carroll 

et al.’s study involves utilizing a 4th order Butterworth filter 

after each derivation of the marker locations, while the present 

study only filters each data sample once. In an analysis using 

the method of Carroll et al. with the data presented here, the 

mean correlation for the sample population was only 0.774. 

This is in the same range as the three tests discussed above. 

Figure (11) shows a comparison of the two filtering methods 

for one trial. 

If a field test were devised such that subjects in a crowd 

were tracked by their head motion such as reported by 

Fujino et al. [5], the resulting lateral force estimates would 

therefore only be as accurate as the duration of the sample. 

Even assuming a stable walking surface without crowd 

interactions, the data of a person taking only a few footsteps 

would have marginal accuracy. That being said, a moderate 

correlation does exist between the reconstructed marker force 

and the lateral force plate force. This should not be neglected, 

especially considering that understanding lateral head motion 

could be immensely beneficial to the study of lateral ground 

forces and human structure interactions.  

5 ONGOING WORK 

One noteworthy aspect of the acceleration tests from 

Section 3.4 is the apparent difference in frequency content 

between the various body segments. The head, trunk, pelvis, 

and force plate accelerations from all the tests were averaged 

with respect to normalized time and the Fourier transforms 

were taken. Based on these transforms, it was discovered that 

each of the four mean signals consisted of approximately the 

same frequency content. The head, trunk, and force plate were 

dominated by the fundamental frequency while the pelvis was 

primarily comprised of the fifth harmonic. The Fourier 

amplitudes can be optimized using a least squares method 

relative to the mean force plate acceleration. Then, a 

stochastic Fourier series model can be developed for 

pedestrian lateral acceleration based on body mass and step 

duration.  

6 CONCLUSIONS 

The purpose of the tests presented was to use the acceleration 

of reflective markers mounted to the head, trunk, and pelvis to 

reconstruct the lateral ground force exerted by a healthy 

human walker. Three methods were utilized to analyse the 

acceleration data: direct reconstruction of the lateral force 

using Newtonian mechanics, optimization of the unbounded 

body segment coefficients αi, and a comparison of the 

segment accelerations to the mass-normalised ‘force’ in the 

force plate. All three methods produced Pearson’s correlations 

between 0.7 and 0.8, indicating a moderate correlation 

between body movement and lateral ground force. Of the 

three methods, the optimized mass coefficient method 

produced the best correlations between individual segments 

and the ground force. Furthermore, all three tests suggest that 

the motion of the head is the best indicator of the lateral 

ground force. This is in spite of the fact that the trunk has the 

Figure 11. Comparison of signal filters. Force plate (FP) 

rectangular and Butterworth filters (solid green and purple 

dash respectively); Reconstructed force (Rec) rectangular and 

Butterworth filters (solid blue and red dash respectively). 
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highest reconstructed force. Regardless, with mean correlation 

coefficients only rising to just below 0.8, one can only 

confirm that a moderate correlation exists. 

At the beginning it was noted that field researchers may not 

have access to long-duration samples of full-body motion 

from which to produce the high-correlation models presented 

by Carroll et al. As such, it would be beneficial to find a 

strong correlation between the motion of one body segment, 

such as the head, and the lateral ground force over just a few 

steps. This would minimize some of the key challenges of 

monitoring human-structure interactions in the field.  
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ABSTRACT: Continuous advances in bridge engineering often result in design of elegant, long-span and lightweight structural 
forms that fully exploit complementary mechanical properties of steel and concrete materials. These composite steel-concrete 
structures often possess large span-to-depth ratio that might lead to increased sensitivity to dynamic actions, such as wind and 
human-induced excitation. To ensure satisfactory performance of these structures against dynamic loading, reliable modes are 
required. In addition, due to creep and shrinkage of concrete, a reliable evaluation of time-dependent deformation development 
under long-term static loading is required. 

This paper describes an analysis of static and dynamic performance of a slender steel-concrete composite bridge situated in 
the Structures Laboratory at the University of Warwick. The 19.9m long bridge has a high slenderness ratio of 45, and a 
fundamental vibration mode having natural frequency of 2.5Hz. The static and dynamic behaviour of the bridge has been 
monitored for a year. Key experimental data are presented in this paper. A number of finite element models are developed in 
Abaqus software and evaluated against the test data. It was found that detailed modelling of the boundary conditions is crucial 
for successful prediction of the dynamic properties. Creep and shrinkage effects caused large deformation which could not be 
captured by the model developed. Therefore, a more sophisticated modelling approach and further studies are necessary to 
improve modelling of long-term static effects. Subjective vibration assessment concluded that the bridge is serviceable for short 
vibration exposure, while long exposure in walking posture resulted in increased vibration levels and probability of complaints.   

KEY WORDS: Composite footbridge; Modal testing; FE modelling; Walking excitation; Vibration perception. 

1 INTRODUCTION 

Advancements in bridge engineering have resulted in design 
of elegant, long-span and lightweight structural forms that 
fully exploit complementary mechanical properties of steel 
and concrete materials. These steel-concrete composite 
structures have capability to bridge larger spans than the 
equivalent steel or concrete structures, and they are often 
characterized by large span to depth ratio. Due to their 
inherent slenderness, these structures might be sensitive to 
dynamic actions. In addition, the time dependent behaviour of 
the structures caused by creep and shrinkage of concrete 
might make their performance evaluation challenging. 

This paper aims to improve our understanding of static and 
dynamic behaviour of slender steel-concrete composite 
bridges by examining static and dynamic performance of a 
bridge situated in the Structures Laboratory at the University 
of Warwick, UK. The Warwick Bridge (WB) has been 
monitored for a year. The collected data provide a good basis 
for evaluation of bridge performance and critical evaluation of 
assumptions used in the design. Understanding behaviour of 
the bridge is crucial for predicting its response to a range of 
unseen loading actions. 

The paper starts with description of the composite structure 
under study. Then the modal testing and key data related to 
the monitoring of the static deflection are presented. This is 
followed by description of the FE modelling of the WB and 
model updating to match the experimentally determined 
dynamic performance of the structure. After this step, 
capability of the FE model to represent the static behaviour of 

the structure is evaluated. Finally, experimental assessment of 
vibration serviceability of the bridge has been performed, 
followed by main conclusions. 

2 DESCRIPTION OF WARWICK BRIDGE 

The WB is a steel-concrete composite bridge built in March 
2012 for studying interaction between pedestrians and wobbly 
structures. The 150mm thick reinforced concrete deck (design 
class C40/50) is 2m wide and 19.9m long, with a camber of 
246mm. The deck is supported by two steel girders (UC 
203x203x52, steel grade S355), as shown in Figure 1. The 
composite action was achieved using 83 shear studs (diameter 
19mm, length 75mm) welded to the steel girders (Figure 1). 
The bridge has mass of about 16,500kg and it spans 16.2m. 
More detailed information about the bridge is available in [1]. 

3 MODAL TESTING 

Modal testing of the WB was performed to identify the 
vibration modes up to 25Hz. A measurement grid of 42 test 
points (TPs), shown in Figure 2: top-left, was utilised. An 
APS400 electrodynamic shaker placed at TP6 was used as a 
source of random excitation. A QA750 force balanced 
accelerometer attached to the shaker inertia frame was used to 
indirectly measure the force generated, while three QA750 
accelerometers were used to measure vibration response of the 
WB in the vertical direction. The measurements were repeated 
until the full grid of 42 points was covered. The nominal 
sensitivity of the accelerometers was 1300mV/g, while the 
sampling frequency was 64Hz. 

Static and dynamic performance of a steel-concrete composite bridge 

M. R. M. Lasheen1, S. Zivanovic2,  E. Salem3, H. V. Dang2 
1Future University in Egypt, 90th st., Fifth settlement, New Cairo, Cairo, Egypt 

2School of Engineering, University of Warwick,  Coventry, CV4 7AL, United Kingdom 
3Al-Azhar University, Faculty of Engineering, Civil Engineering Department, Nasr City, Cairo, Egypt 

email: mramzy@fue.edu.eg, s.zivanovic@warwick.ac.uk, emadsalem4@yahoo.com, h.v.dang@warwick.ac.uk 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

1007



A four channel Data Physics SignalCalc Quattro dynamic 
signal analyser was used to acquire the time domain 
acceleration data and process them leading to a set of 
frequency response functions (FRFs). The FRFs were 
calculated using 40 frames of data (with 75% overlap), each 
frame lasting 64s. A Hanning window was applied to each 
frame of raw data. 

Each peak in the measured FRF functions was fitted by a 
SDOF model using ME’scopeVES software [2] assuming 
linear behaviour of the structure.  

Seven vibration modes were identified in the frequency 
range up to 25Hz: four vertical bending modes and three 
torsional modes. Natural frequencies and damping ratio for 
each mode are shown in Table 1. Apart from the sixth mode, 
all other modes have extremely low modal damping ratio of 
up to 0.6%. The measured mode shapes are shown in Figure 
2. It can be seen that there are two vertical modes at 7.8Hz 
and 9.2Hz which have almost identical shape. Similar shape 
of the two torsional modes at 20.6Hz and 23.9Hz is also 
found. Most likely reason for appearance of these unexpected 
pairs of mode shapes is flexibility of boundary conditions. 
Namely, the steel girders are resting on plywood sheets at four 
points. These sheets are, in turn, supported by steel frames. 
The plywood sheets do not provide ideal representation of 
either pinned or roller support.  

 

 

Figure 1. Warwick Bridge: elevation and cross section. 

 

Table 1. Measured vibration modes (V stands for a vertical, T 
for a torsional mode). 

Mode # Type Frequency 
[Hz] 

Damping 
ratio [%] 

1 V1 2.5 0.5 
2 V2 7.8 0.5 
3 V3 9.2 0.5 
4 T1 11.3 0.6 
5 V4 18.2 0.3 
6 T2 20.6 1.8 
7 T3 23.9 0.6 

4 MONITORING DEFLECTION OF THE BRIDGE 

The initial camber of the bridge was 246mm [1]. The 
deflection of the bridge due to self-weight was monitored over 
365 days. Both downward deflection at the midspan and 
upward deflection at either end of the bridge were measured. 
The mean value of the upward deflection at the ends was 
added to the downward deflection at the midspan to calculate 
the reduction in the camber size compared with the initial 
value. The development of this parameter over time is shown 
in Figure 3. It can be seen that the instant reduction after 
activation of the self-weight was 92mm, increasing to 209mm 
after one year. 
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fn1=2.5Hz, 1=0.5% 

 
fn2=7.8Hz, 2=0.5% 

 
fn3=9.2Hz, 3=0.5% 

 
fn4=11.3Hz, 4=0.6%  

fn5=18.2Hz, 5=0.3% 

 
fn6=20.6Hz, 6=1.8% 

 
fn7=23.9Hz, 7=0.6% 

Figure 2. Measurement grid and measured vibration modes. 

 

 

Figure 3. Measured camber reduction during first 365 days. 
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5 MODELLING DYNAMIC PERFORMANCE 

This section describes development of the finite element (FE) 
model of the bridge. The modelling was performed in Abaqus 
FE analysis software [3], with the aim to develop a reliable 
numerical model that can be used for studying structural 
response under different types of dynamic excitation. Based 
on an achieved cube strength of 60MPa (at 30 days) [1], the 
static modulus of elasticity of concrete is taken as 37GPa [4]. 
The dynamic modulus of elasticity is adopted to be 45GPa, 
based on a frequently used assumption that the dynamic 
modulus is about 20% larger than the static modulus. Modulus 
of elasticity of steel beams is taken as 210GPa. 

5.1 2D model 

A two dimensional model was developed first. The 
expectation was that the vertical vibration modes can be well 
reproduced using this simple model.  

Modular ratio of 4.667 was used to convert the composite 
section into equivalent steel section, with the second moment 
of area equal to 5.95108mm4, and the cross section area of 
1.1105mm2. The initial camber was included in the model.  

Assuming that the support at one end can be modelled as 
pinned, and as a roller at the other end, the four vertical mode 
shapes, as expected for a simple beam model, were obtained 
in the frequency range up to 25Hz (Figure 4). It can be seen 
that the calculated natural frequency of the first mode 
underestimated the measured value, while the opposite was 
true for higher modes. This model is named Model 1-PR, with 
‘P’ and ‘R’ referring to pin and roller supports, respectively. 

 

 
fn1=2.2Hz 

 
fn2=8.0Hz 

 
fn3=15.7Hz 

 
fn4=22.7Hz 

Figure 4. Model 1-PR: Vibration modes up to 25Hz. 

In the next step, both supports were modelled as pinned 
(Model 1-PP). This increase in the stiffness of the supports led 
to an increase in the natural frequency of the first mode. All 
calculated frequencies now overestimated the measured 
values (Table 2).   

Table 2. Model 1 versus experimental model. 

Natural frequency in different models 
Mode # Model 1-PR Model 1-PP Experiment 

1 2.2 4.3 2.5 
2 8.0 8.0 7.8 
3 15.7 15.8 9.2 
4 22.7 22.7 11.3 

 
The results presented suggest that the stiffness of the 

support conditions need to be better modelled to develop an 

FE model that reflects the experimental data. To achieve this, 
a 3D model of the structure has been developed. The 3D 
model was pursued to be able to utilize torsional modes in the 
model verification process. 

5.2 3D model 

Eight node brick elements with reduced integration were used 
to model concrete slab and steel beams [3]. As before, the 
camber was included in the model. Steel reinforcement bars 
were modelled as embedded rebar elements with modulus of 
elasticity of 200GPa. A tie constraint between top flange of 
the steel girders and the bottom surface of the concrete deck 
was used to simulate the full interaction assumed to be 
provided by the welded shear studs.  

The same modelling approach as in case of 2D model was 
implemented with respect to the boundary conditions. First, a 
model with pin-roller support was developed. This model is 
named Model 2-PR. Eight vibration modes were identified in 
the frequency range up to about 25Hz, and these are shown in 
Figure 5. The steel frame is shown only, since it is directly 
equivalent to the grid of the measurement points used in the 
modal testing.  

 

 
fn1=2.2Hz 

 
fn2=8.2Hz 

 
fn3=11.2Hz 

 
fn4=13.2Hz 

 
fn5=16.9Hz 

 
fn6=20.8Hz 

 
fn7=25.6Hz 

 
fn8=25.8Hz 

Figure 5. Model 2-PR: Vibration modes up to 26Hz. 
 
Comparison of the calculated mode shapes with those 

measured (Figure 2) reveals that Model 2-PR underestimates 
the natural frequency of V1 and V4 (Table 1). The model also 
could only produce a single mode having the shape seen in 
modes V2 and V3. On the contrary, the model produced two 
torsional modes in place of the measured mode T1, while both 
T2 and T3 appeared in the model, albeit with less successful 
frequency match in the latter case. When the supports at both 
ends were modelled as pins (Model 2-PP), the model became 
too stiff, overestimating the measured natural frequencies. 
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Capability of Model 2 to predict measured natural 
frequencies for seven vibration modes shown in Figure 2 is 
investigated through comparison presented in Table 3. The 
comparison include Model 2-PR, Model 2-PP and the 
experimental model. Only frequencies for equivalent mode 
shapes are reported in the table. 

While Model 2-PP is overestimating natural frequencies 
consistently (with overestimate of more than 100% for Mode 
1 due to the arch effect), Model 2-PR shows a better 
agreement. The model could not predict existence of the two 
vertical models of similar shape, namely V2 and V3. To 
improve the modelling, flexible supports are to be introduced 
in the next section. 

In addition, it can be seen that while a 2D model can 
produce similar results for vertical modes as a 3D model (e.g. 
in the model with PR supports), its capability to be updated to 
achieve better agreement with the experimental data is limited 
due to its two dimensional nature.  

Table 3. Model 2 versus experimental model. 

Natural frequency in different models 
Exp. 

Mode # 
Model 2-PR Model 2-PP Experiment 

1 2.2 5.3 2.5 
2 8.2 8.2 7.8 
3 - - 9.2 
4 11.2 12.0 11.3 
5 16.9 21.4 18.2 
6 20.8 21.0 20.6 
7 25.8 26.4 23.9 

5.3 Updated 3D model 

The pin/roller supports were replaced by linear spring 
elements in the 3D FE model (Model 3). The vertical spring 
was introduced with the aim to represent elasticity of the 
plywood in the vertical direction. The springs in the two 
horizontal directions were used to account for likely activation 
of the friction between the steel girders and the supporting 
plywood. Therefore, each of the four supporting points have 
been modelled using three linear spring elements. The springs 
in the same direction were assumed to have the same stiffness. 
A manual parametric study, not reported here, was performed 
to identify those spring stiffnesses that provide best match of 
the calculated natural frequencies to the measured ones for the 
seven vibration modes identified experimentally.  

The best match between numerical and experimental data 
was found for the following stiffness of the spring elements: 
200000N/mm in the longitudinal direction, 4500N/mm in the 
lateral direction and 300000N/mm in the vertical direction.  

Eight calculated mode shapes are shown in Figure 6. This 
time all measured modes have also appeared in the FE model, 
with difference between natural frequencies being up to 4% 
only. The only exception was the torsional mode T1 at 
11.3Hz. This measured mode was split into two in the FE 
model with the first computed frequency underestimating the 
measured value by 11%, while the second computed value 
overestimated measured frequency by 14%. The developed 
numerical model is considered to be sufficiently accurate for 
simulating dynamic behavior of the structure. 

6 MODELLING STATIC PERFORMANCE 

To estimate deflection of the structure due to self-weight, the 
material properties have to be modelled reliably. For this 
purpose, an elastic-plastic compressive stress-strain 
relationship for the concrete material was assumed, as shown 
in Figure 7. The smeared cracking model available in Abaqus 
[3] was utilized. Concrete compression hardening and tension 
stiffening were both included. Bilinear stress-strain models 
were used for the reinforcement bars and steel girders, as 
shown in Figure 8. 

Time dependent effects of creep and shrinkage cannot be 
directly modelled in the FE software. Instead, the modulus of 
elasticity of concrete has been gradually reduced to estimate 
the camber reduction and compare it with the measured values 
shown in Figure 3. The plywood sheets are unlikely to be able 
to resist this long-term effect, which is the reason to choose 
Model 2-PR for calculation of the deflection. 

 

 
fn1=2.4Hz 

 
fn2=7.8Hz 

 
fn3=9.5Hz 

 
fn4=10.0Hz 

 
fn5=12.9Hz 

 
fn6=17.6Hz 

 
fn7=19.7Hz 

 
fn8=24.7Hz 

Figure 6. Model 3: Vibration modes up to 25Hz. 

 

Figure 7. Compressive stress-strain diagram for concrete. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1010



 

Figure 8. Stress-strain relationship for steel. 

The reduction of the camber as a function of the modulus of 
elasticity of concrete E is shown in Figure 9. The initial 
deflection achieved upon activation of self-weight, was 
calculated to be 88mm (for E=37GPa) and therefore was close 
to the measured value of 92mm (Figure 3). However, the 
camber reduction of 209mm measured after one year proved 
to be quite difficult to simulate. To match the measured 
deflection, a modulus of elasticity as low as 3.3GPa is 
required. This corresponds to unrealistically high value of 
creep coefficient. It can be concluded that the creep and 
shrinkage effects are larger in this structure than it was 
initially expected. However, more detailed studies have to be 
performed before a definite conclusion about the appropriate 
model for incorporating creep and shrinkage into calculations 
can be drawn. 
 

 

Figure 9. Reduction of camber size as a function of modulus 
of elasticity of concrete. 

7 VIBRATION SERVICEABIILITY ASSESSMENT 

Differently from sitting and standing postures, there is a lack 
of experimental data on subjective assessment of whole body 
vibrations by people walking. This motivated us to conduct an 
experimental programme on the bridge to evaluate vibration 
perception in walking posture. The programme, which was 
approved by the Biomedical and Scientific Research Ethics 
Committee at the University of Warwick, consisted of two 
parts. 

In Part I eleven test subjects crossed the bridge, three times 
each, while walking at a normal pacing rate (Figure 10). The 

acceleration was recorded at the midspan. Maximum 
acceleration of 0.28m/s2 was generated by Test Subject 5 
(TS5). The peak acceleration for majority of the recorded 
responses was below 0.2m/s2 (Figure 11). The response was 
dominated by Mode 1, with occasionally strong component in 
Mode 5 at 18.2Hz. None of the TSs considered vibrations 
worth mentioning. This was expected given that each crossing 
of the bridge was very short (10-15s), and the exposure to 
highest vibration level at the midspan lasted a few seconds 
only. 

In Part II, a treadmill was placed at the midspan of the 
bridge (Figure 12). Three TSs were asked to walk on the 
treadmill until they completed at least 400 steps. The tests 
were conducted at nine different treadmill speeds, so to 
generate a range of response conditions, including resonance. 
Some tests were conducted with an electrodynamic shaker 
pre-inducing vibration of the bridge. The tests ranged from 
shaker-generated response at the midspan being 0m/s2 (shaker 
switched off), then 0.5m/s2, 0.85m/s2 and finally 1.2m/s2.  

 
Figure 10. Part I: A test subject crossing the bridge. 

 

 
Figure 11. Peak acceleration generated by 11 test subjects. 
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Figure 12. Part II: Test subject walking on a treadmill in the 

midspan. 
 

After completing a test at a particular walking speed, the 
test subjects were asked to classify vibrations between the 
following four categories: Level 1 – imperceptible, Level 2 – 
acceptable, Level 3 – occasionally affecting walking, and 
Level 4 – uncomfortable and affecting walking most of the 
time. The results in Figure 13 show that the maximum 
acceleration achieved was about 3.3m/s2. The scatter in 
vibration level for each vibration class is large, as expected 
when evaluating the vibrations subjectively. It is interesting to 
note that the results for Level 4, which is most likely to result 
in complaints if the bridge was a real-life structure, suggest 
that people in walking posture start being disturbed by 
vibrations when they exceed 0.5m/s2. This agrees well with 
recommendations by Setra guideline [5] that states that the 
bridges exhibiting vibrations up to 0.5m/s2 provide maximum 
comfort to pedestrian users.   

 

 
Figure 13. Vibration classification by three test subjects. 

 

8 CONCLUSIONS 

The following conclusions can be drawn based on the analysis 
presented in this paper: 

 Flexibility of the supports of the bridge has 
significant influence on the dynamic behavior. 
Consequently, a detailed modelling of the supporting 
conditions is crucial for successful updating of a 3D 
FE model.   

 The updated 3D FE model genuinely represents key 
dynamic features of the structure in the investigated 
frequency range (up to 25Hz). 

 To successfully represent static behavior of the 
structure, a separate model is required. The model is 
required to account for shrinkage and creep effects of 
the structure. The model developed in this study 
underestimated these effects significantly. Therefore 
a further study, including refined FE modelling and 
an additional set of experimental data, is required for 
reliable simulation of long-term static behaviour. 

 The experimental data acquired on the bridge support 
the “maximum comfort” acceleration limit of 0.5m/s2 
suggested in the Setra guideline.  
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ABSTRACT: Studies have shown that the presence of people modify the dynamic behavior of structures due to the addition of 

mass to the structure and also due to the ability of the human body to absorb energy, acting on the structure as a dynamic system 

of the type mass-spring-damper and justifying their representation through biodynamic models. The effect that people cause on 

the structure becomes more pronounced when the mass of persons is significant in comparison to the mass of the structure, as in 

the case of temporary grandstands. These types of structures have the lowest stiffness in the transverse direction. Thus, this 

study aims to examine the effect that the presence of people causes on the dynamic response of a temporary grandstand in the 

transverse direction, focusing on changes of the natural frequencies. A prototype of a temporary grandstand was assembled in 

the laboratory, with a capacity of about one hundred people. Modal tests were performed, and a finite element (FE) model of the 

structure was developed using the software ANSYS. Experimental data and results of the FE model of the grandstand with 5, 8 

and 12 people seated were correlated to calibrate a biodynamic model representing each spectator. Such a model was a single 

degree of freedom (SDOF) system, departing from a biodynamic model proposed in literature, which was adapted to the 

condition of people in grandstands. Investigations were then performed on the vibrating properties of the structure when it was 

gradually filled with models representing the spectators. The results show significant changes on the transverse natural 

frequency when compared to that of the empty structure, demonstrating the importance of considering the effect of people in 

temporary grandstands and its representation through biodynamic models. 

 

KEY WORDS: Temporary grandstand; Biodynamic model; Transverse vibration. 

1 INTRODUCTION  

The addition of mass that the human presence provides to the 

structure, as well as the ability that the human body has to 

absorb vibration energy cause changes in the dynamic 

properties of structures. It is commented that the presence of 

people on structures may provide an increase in damping [1]. 

Other studies [2-3] have shown that people should be modeled 

as mass-spring-damper (biodynamic) systems, so as their 

effect on structures are properly considered. In ref. [4], the 

effect of the scatter of the dynamic parameters of the human 

body is investigated.  According to these studies, the human 

body should not be considered only as an addition of inert 

mass to structure, but rather as a mass-spring-damper system. 

This is especially true when the mass of people is significant 

when compared to the mass of the structure, such as in the 

case of the temporary grandstands. 

Used to accommodate the public during short-term events 

and remain assembled only during this period, a temporary 

grandstand usually consists of metallic elements (bars and 

connectors), seat planks and pre-fabricated frame components. 

It provides ease of assembly and reassembly, capability of 

reusing and reasonably easy transportation. The variety of 

types of events and, consequently, the varied behavior of 

spectators produce different dynamic effects on such 

structures. 

Also, in a given event, spectators may be found showing 

varying behavior, making the study complex. Part of people 

can perform movements like jumping, dancing and moving, 

being synchronized or not. Other part may stay still, either 

seated or standing. As passive individuals tend to present  

higher damping (and stiffness) than active individuals [5], 

thus reducing the response of the structure [6], the study of the 

effect of the people seated in grandstands, in terms of 

affecting the vibration behavior, becomes relevant. 

With regard to the direction of vibration, the large number 

of vertical supports found in temporary grandstands increases 

the stiffness in this direction, whereas the stiffness is much 

lower in the transverse direction, resulting in low natural 

frequencies in the latter direction [7]. Another study also 

confirm the transverse as the direction of greatest interest to 

study the behavior of temporary grandstands due to a high 

structural sensitivity to movement of people on them [8]. 

Thus, this paper analyzes the effect of the presence of 

seated spectators on the dynamic response of temporary 

grandstands in the transverse direction, by observing the 

changes on natural frequencies for a varied number of people 

on the structure. To do that,, biodynamic models to represent 

spectators were added to the FE model of the empty structure. 

The parameters of the biodynamic model were determined 

through modal tests in a partially occupied grandstand. 

2 MODAL TEST 

The temporary grandstand employed in this study was 

provided by a company that rents such equipment. The 

structure was assembled by the company in the laboratory, at 

Federal University of Paraíba. 

Influence of seated spectators on the transverse modal properties 

of temporary grandstands 
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Consisting of three modules, the mounted grandstand had 

approximate plan dimensions of 8.2 m long and 6.0 m wide. 

In its perimeter a guardrail was provided, consisting of three 

horizontal tubes attached to vertical bars of the structure by 

means of couplers. The structure had eight rows of seat 

planks, plus an extra plank and a ladder used for access at the 

bottom (Figure 1). 

The experimental data to update the numerical model of the 

structure were collected through modal tests [9]. These tests 

were carried out at the empty grandstand. Then a new set of 

modal tests was performed with the structure partially 

occupied, aiming at developing biodynamic models to 

represent the spectators. Tests with the grandstand occupied 

by 5, 8 and 12 people were then carried out. Table 1 shows the 

fundamental transverse natural frequency for each condition 

of occupancy of the grandstand. 

Table 1. Measured transverse natural frequencies of the 

grandstand. 

Condition Natural frequencies 

(Hz) 

empty 5.74 

5 occupants 5.19 

8 occupants 4.92 

12 occupants 4.88 

 

During the tests the volunteers were positioned 

approximately equally apart from each other on the top row, 

and remained still. Figure 1 shows one of the situations of 

occupation of the structure during the tests. The rationale to 

occupy the upper part of the grandstand is due to the high 

level of displacement of this region in the transverse mode of 

vibration, thus maximizing the effect of the presence of the 

test subjects.  

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Grandstand with 5 occupants. 

The modal tests were performed by applying impact 

excitations using an instrumented B&K sledge hammer model 

8210. The vibration responses  were captured by an Endevco 

accelerometer (model 7754A, with a sensitivity of 1 V/g). 

After the signals were conditioned, they were transmitted 

through cables to a Data Physics Quattro spectrum analyzer. 

 

3 NUMERICAL MODEL OF EMPTY GRANDSTAND 

The finite element (FE) model of the empty grandstand used 

in this study was previously developed [10]. Briefly, the 

structure was modeled using the ANSYS software. First, three 

numerical models with progressive level of refinement were 

developed. The most refined model included spring elements 

to model couplers, and also a detailed modeling of the seat 

planks [10]. However, after the updating, the Modal 

Assurance Criterion (MAC) indicated that it was satisfactory 

only to represent the structure in its first vibration mode. 

This FE model was the starting point of a further refinement 

[11]. New elements were included to represent other 

connections the structure presented (two types of spigots and a 

cup-type connection).  Since there were a significant number 

of unknown parameters to be adjusted, a sensitivity analysis 

was carried out to select the relevant parameters of interest, 

using the Gradient Evaluation Tool of the software. An 

objective function was defined in terms of MAC values and 

Frequency Error (FER), the latter standing for the absolute 

value of the difference between respective experimental and 

calculated natural frequencies. The Sweep Generation tool of 

the software was employed to evaluate the global variation of 

the objective function. 

The Particle Swarm Optimization (PSO) algorithm, 

implemented in MATLAB, was employed in the optimization 

procedure to obtain the optimum values of the parameters that 

minimized the objective function. 

4 BIODYNAMIC MODEL OF THE SPECTATOR 

The changes that the presence of people cause in the dynamic 

properties of structures show that the modeling of the 

individuals in numerical models, to investigate the dynamic 

behavior of structures, should not be only as a mass, but as a 

mass-spring-damper system. These models, named 

biodynamic, have been mostly developed to represent the 

dynamics of the human body in the vertical direction [12-20].  

Studies can also be found [2, 4, 5, 21] in which coupled 

human-structure models to investigate vibrations in vertical 

direction were developed. On the other hand, among the few 

studies that developed biodynamic models for the horizontal 

direction of vibration [22-24], Ref. [23] stands out in the sense 

that it presented a biodynamic model for the side to side 

direction and sitting posture, which are of interest for this 

study. 

In [23], a two-degree of freedom (2DOF) model was 

conceived to represent the human body, in both fore and aft, 

and side to side directions. Each direction was modeled 

independent from each other. In each 2DOF system (for each 

direction), one of the degrees of freedom (DOF) is related to 

the upper part of the body whereas the other DOF is related to 

the lower part of the body, the latter moving with regard to the 

seat. An inert mass is also added, representing the part of the 

mass of the body that does not move with regard to the seat. 

In the cases in which a footrest is used and moves together 

with the seat, the system may be reduced to a single degree of 

freedom (SDOF), by adding to the inert mass the mass of the 

lower part of the body [23]. In the case under study, the feet of 

a spectator rests on the seat plank immediately below, and it 

can be considered that no relative movement occurs between 

the lower part of the body and the seat. Therefore, for the 

present study the biodynamic model was adapted to a SDOF 

(Figure 2), where the mass m1 represents the mass of the 

upper part of the body and the mass m2 represents the mass of 
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the lower part of body of the original 2DOF model [23] plus 

the inert mass of the original 2DOF model. It should be noted 

that both masses as well as the stiffness (Kb) and damping 

(Cb) do not represent specific parts of the body. Such 

parameters will be determined from a global fit between 

experimental and numerical results. 

 

 

Figure 2. Adapted biodynamic model.  

 

4.1 Parameters of the biodynamic model 

The parameters of the biodynamic model were determined 

using the tests carried out in the prototype grandstand. They 

were obtained by correlating the measured natural frequencies 

in the transverse (side to side) direction of the grandstand with 

people on it to those respective natural frequencies obtained 

from the numerical model of the system consisting of 

grandstand plus biodynamic models. A number of 5, 8 and 12 

occupants were employed in both the tests and simulations.  

In the software ANSYS, the masses of the biodynamic 

model were represented by the Mass 21 element (concentrated 

mass) and the modal stiffness (Kb) and damping (Cb) by the 

element identified as Combin 14. 

The initial values adopted for the parameters were identical 

to those originally proposed by Rosen and Arcan [23]: the 

modal mass m1 that represents the upper part of the body was 

equal to 22.8 kg and the stiffness (Kb) and damping (Cb) of 

that same part of the body were equal to 506.3 N/m and 75.2 

Ns/m, respectively. Only the value of the inert mass was 

initially changed. In Rosen and Arcan model [23], its value 

was 6 kg. However, because no relative movement between 

the seat and footrest in the grandstand was considered, the 

value of the modal mass that represented the lower part of the 

body (again 22.8 kg) was added to it, as previously explained. 

The value for the mass (m2 in Figure 2) was then taken as   

28.8 kg. 

The following sequence of simulations was carried out: 

first, the effect of varying the value of each parameter of the 

biodynamic model in the natural frequencies of the system 

(people plus grandstand) was studied. This study was 

conducted either doubling or halving the initial value of each 

parameter. 

In sequence, it was verified whether the model of the 

spectator could be reduced only to an inert mass, disregarding 

the influence of the stiffness and damping.  

After that, a comparison was made of a situation in which 

the natural frequency of the body was coincident to the 

transverse natural frequency of the empty grandstand. The 

rationale to carry out this investigation was to check whether 

this condition would result or not in differences between 

modeling the spectator as a SDOF system or as an inert mass. 

For this comparison, by departing of the general expression of 

the natural frequency w of a SDOF system (equation 1), the 

value of the stiffness of the biodynamic model was artificially 

changed (Kr, see equation 2) so as the natural frequency of the 

body equals the natural frequency of the empty grandstand 

(5.74 Hz, see Table 1).  

 
m

k
  (1) 

 1

2mkr   (2) 

Finally, a parametric analysis was carried out by changing 

the value of the parameter m2 as several fractions of the total 

mass of the spectators. The upper limit of the value of m2 was 

the difference between the mean total mass of the spectators 

that took part in a test and the modal mass m1. The mean body 

mass of the test subjects who participated in the experimental 

tests for each level of occupancy, with their limits values of 

m2, are shown in Table 2. 

Table 2. Mean body mass and upper limits for m2. 

Level of 

occupancy 

Mean body 

mass (kg) 

m1 

(kg) 

Upper limit 

of m2 (kg) 

5 occupants 79.70 

22.8 

56.90 

8 occupants 75.36 52.56 

12 occupants 70.62 47.82 

 

The fractions of the total mass of the spectators that were 

investigated are shown in Table 3. It should be noted that the 

values corresponding to the percentage of 100% corresponded 

to the upper limits shown in Table 2. It will be seen later on 

that these small adjustments in m2 shown in Table 3 were 

sufficient to provide a better match between experimental and 

numerical natural frequencies.  

The identification of the best value for m2 was performed 

through the least squares method. In this case, the application 

of this technique consisted to identify the value for m2 that 

minimized the sum of the squares of the differences between 

the value of the measured and numerical natural frequencies 

for 5, 8 and 12 occupants. 

Table 3. Values of m2 used in the updating of the biodynamic 

model. 

Percentages of 

the mean body mass 

m2 (kg) 

5 

occupants 

8 

occupants 

12 

occupants 

100% 56.90 52.56 47.82 

90% 48.93 45.02 40.76 

94% 52.19 48.04 43.58 

95% 52.91 48.79 44.29 

96% 53.71 49.55 45.00 

97% 54.51 50.30 45.70 
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5 RESULTS 

5.1 Updating of the biodynamic model 

The inclusion of the biodynamic model with the original 

values [23] did not provide a good approximation between the 

numerical and experimental natural frequencies, as shown in 

Table 4. 

Table 4. Natural frequencies from the tests and numerical 

models. 

Nº de 

occupants 

Natural frequencies (Hz) 

Experimental Numerical 

5 5.19 5.48 

8 4.92 5.31 

12 4.88 5.10 

 

By investigating the biodynamic model parameters that 

could be adjusted to obtain a better approximation, the mass 

m2 was the parameter that caused significant effect on the 

natural frequencies of the numerical model of the couple 

spectator-structure model (Table 5). 

Table 5. Variation of the natural frequencies of the numerical 

model in relation to the reference value of m2. 

Mass 

variation of 

the m2 

Natural frequencies (Hz) 

5 

occupants 

8 

occupants 

12 

occupants 

0.5m2 5.61 5.53 5.43 

m2 5.48 5.31 5.10 

2 m2 5.20 4.90 4.54 

 

When representing the spectators only by the inert mass 

(m2) of the biodynamic model, that is, by removing the SDOF 

system, it can be seen in Table 6 that both sets of results 

produced reasonably the same natural frequencies. This means 

that the mass m2 is the sole parameter to be adjusted in this 

process. The question that arises at this point is whether the 

spectators could be represented only as mass, in terms of the 

calculation of natural frequencies. 

Table 6. Natural frequencies of the numerical model of the 

grandstand, representing the spectators by biodynamic 

models, and by inert mass only.  

Level of 

occupancy 

Natural frequencies ( Hz) 

Spectators 

modeled as 

biodynamic 

models 

Spectators 

modeled as inert 

mass only 

5 occupants 5.48 5.47 

8 occupants 5.31 5.31 

12 occupants 5.10 5.09 

 

However, in the case in which the natural frequency of the 

biodynamic model is artificially matched to the natural 

frequency of the empty grandstand, it can be seen (Table 7) 

that a significant difference now arises between the two 

modeling strategies. This justifies the general need to 

represent the spectators by biodynamic models. It should be 

noted that for the grandstand investigated here, the transverse 

natural frequency of empty grandstand resulted much higher 

than the natural frequency of the body, but this is not 

necessarily the case in all grandstands. 

Table 7. Natural frequencies of the numerical model of the 

grandstand, representing the spectators by altered biodynamic 

models, and  by inert mass only 

Level of 

occupancy 

Frequencies natural ( Hz) 

Spectators 

modeled as 

biodynamic 

models 

Spectators 

modeled as inert 

mass only 

5 occupants 4.80 5.47 

8 occupants 4.51 5.31 

12 occupants 4.21 5.09 

 

Now, by focusing in finding the best value for the mass m2, 

the best value for this parameter is the one that led to the 

smallest sum of squares of differences between the natural 

frequencies from the numerical model (fn) and from the tests 

(fe). This is shown in Table 8, and m2 is obtained as the 

difference between 96% of the mean body mass of groups of 

5, 8 and 12 persons who were present in the grandstand and 

the mass m1 (Table 8). The other parameters of the adjusted 

biodynamic model have the same mass m1, stiffness (Kb) and 

damping (Cb) of the initial model [23] (Table 9). 

Table 8. Variation of natural frequencies with respect to m2. 

Percentages of 

the mean body 

mass 

Natural frequencies 

(Hz) 
Σ (fn – fe)

2 

number of occupants 

5 8 12 

100%  5.21 4.97 4.72 0.0285 

90% 5.29 5.07 4.86 0.0336 

94% 5.25 5.03 4.80 0.0230 

95% 5.25 5.02 4.79 0.0223 

96% 5.24 5.01 4.77 0.0222 

97% 5.23 5.00 4.76 0.0227 

 

Table 9. Updated biodynamic model parameters. 

m1  

(kg) 

m2  

(kg) 

Kb  

(N/m) 

Cb  

(Ns/m) 

22.80 
96% of the mass of a 

spectator minus  m1 
506.30 75.20 

 

5.2 Crowded grandstand 

The study of the behavior of the crowded grandstand initially 

required the determination of the representative body mass of 

spectators and the capacity of the grandstand in terms of 

number of seated spectators, so as it was possible to add the 

biodynamic models to the numerical model of the grandstand. 

The weight of a person varies with age and gender, among 

other factors. It was considered here as 800 N, leading to a 

representative body mass of spectators equal to 81.63 kg. This 

leads to a mass m2 of 55.56 kg, according to Table 9. Table 10 

summarizes the values of the biodynamic parameters 

employed in this investigation.  
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Table 10. Parameters of the biodynamic model for a body 

mass of 81.63 kg. 

m1 (kg) m2 (kg) Kb (N/m) Cb (Ns/m) 

22.80 55.56 506.30 75.20 

 

Due to the growth of anthropometric dimensions of the 

population, a recommended width for stadium seats is 0.50 m 

[25]. Thus, in order to determine the number of persons per 

row of seat planks, it was considered for each person a width 

0.50 m. As each row of seat planks had a length of 8.19 m, it 

can accommodate about 16 people. In total, the grandstand 

was considered to accommodate 128 spectators as it had 8 

rows of seat planks. Considering a representative mass of a 

spectator as 81.63 kg, the total mass of the occupants is 

10,448.64 kg, corresponding to more than twice the total mass 

of the grandstand, the latter being determined as 3.746 kg [9]. 

The grandstand was then gradually filled with spectators, 

beginning from the highest row of seat planks to the lower 

row. This would be a critical condition of occupation as a 

small number of occupants would produce maximum effect if 

occupying first the highest row. 

After each row was filled with spectators, that is, filled with 

biodynamic models representing the spectators, a modal 

analysis was carried out to obtain the fundamental transverse 

natural frequency. The values of natural frequencies obtained 

after filling each row are shown in Figure 3. The highest row 

was identified in the Figure as the 8th and the lowest as the 1st. 

For instance, the value of the natural frequency for the 3rd row 

was obtained by filling the grandstand with spectators from 

the 8th to the 3rd row. 
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Figure 3. Natural frequencies by gradually occupying the 

grandstand. 

 

As expected, by filling the higher rows of seat planks 

caused a more pronounced reduction in natural frequency than 

by filling the lower rows. It is observed in Table 11 that filling  

the highest row (8th) led to a reduction of natural frequency of 

25.44% as compared to the frequency of the empty 

grandstand. When the 7th row was also occupied, the natural 

frequency decreased by 14.02% with respect to the natural 

frequency obtained by occupying only the 8th row. The results 

also show that changes of natural frequency are negligible 

when also occupying the row of lower height (0.34%). 

It is also observed in Table 11 that, by occupying the 

grandstand to its full capacity, the natural frequency reduced 

in almost half (48.95 %) as compared to the empty 

grandstand. 

 

Table 11. Natural frequencies of the occupied grandstand. 

Progressive 

filling of the 

the 

grandstand 

Natural 

Frequency 

(Hz) 

% of 

variation 

between 

consecutive 

frequencies 

% of change 

relative to the 

empty 

grandstand 

empty 5.74 ---- ---- 

8º row 4.28 25.44 25.44 

7º row 3.68 14.02 35.89 

6º row 3.43 6.79 40.24 

5º row 3.25 5.25 43.38 

4º row 3.11 4.31 45.82 

3º row 3.01 3.22 47.56 

2º row 2.94 2.33 48.78 

1º row 2.93 0.34 48.95 

 

6 CONCLUSION 

This work aimed to verify the effect in the transverse (side to 

side) direction, that seated spectators caused on the natural 

frequencies of a temporary grandstand. To do that, a 

biodynamic model consisting of a single degree of freedom 

plus an inert mass to represent the body of the spectator in the 

transverse direction was proposed, by departing from a model 

of the literature [23]. 

The need to represent the spectators by biodynamic models 

and not only as inert masses was also evident from some of 

the simulations carried out.  

The study demonstrated that the presence of the seated 

spectators can cause marked reduction in the transverse 

natural frequency. For the case of the structure investigated, a 

reduction of frequency of 5.74 Hz (empty grandstand) to 2.93 

Hz (full occupancy) was obtained.  

Thus, an analysis of the effect of the presence of people in 

the grandstand should identify the need to raise the natural 

frequency of empty structure so that after the occupation it 

does not reach a critical low level within the range of 

excitation due to movements of the occupants. A point for 

further study is to identify what percentage of seated people 

should be considered for the purpose of determining the 

natural frequencies, since it is part of the spectators that excite 

the structure. 
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ABSTRACT: Recent experimental studies on human perception of vibrations in grandstands indicated that the quantity required 

for assessment of the vibration serviceability limits of the structure is the RMS acceleration and/or displacement value. In 

stochastic calculus and under certain circumstances, this approach corresponds to the second-order moment properties. 

To this end, active crowd forces are represented in terms of filtered Gaussian white noise processes with non-stationary mean 

values and the passive spectators are modeled as single-degree-of-freedom biodynamic systems. In the first case, a passive 

crowd is neglected and uniform random spatial distribution of an active crowd is adopted. Then, biodynamic models with 

random masses are added to the structure assuming deterministic spatial distribution, and finally, a random spatial distribution of 

a passive crowd under the assumption of deterministic distribution of an active crowd is described. In all these cases, the 

structure is treated as deterministic and is included into the system in discrete form through Finite Element Method. Employing 

Itô’s formula and Taylor series method, second order moment equations of coupled crowd-structure system are derived and 

solved. The quality of approximation is compared on the basis of Monte Carlo simulation and overall computational demands 

are summarized in terms of time consumptions. 

KEY WORDS: Grandstand; Active crowd; Passive crowd; White noise process; Biodynamic model; Crowd distribution. 

1 INTRODUCTION 

It has been shown that the forcing of the crowd-grandstand 

system, i.e. the jumping forces, can be quite satisfactorily 

modeled as random processes. Each forcing term consists of a 

mean value represented by the truncated Fourier series with 

superposed noise approximated as a zero mean, stationary and 

ergodic Gaussian random process, cf. [8], where a linear 

combination of   independent AR(2) (autoregression of the 

second order) processes was used. Clearly, the inputs as well 

as the outputs are non-Gaussian; nevertheless, based on the 

central limit and Rosenblatt theorems, cf. [4], the normality of 

the system response is approximately achieved especially for 

complex structures with vanishing damping. 

Concerning serviceability limits, the RMS values or floating 

RMS values are required, cf. e.g. [2], i.e. the second order 

moments represented by the mean value      and by the 

covariance function        of the state vector     . On the 

other hand, if the reliability is of our concern, possibly higher 

order statistics are required for more accurate approximation 

of the mean level upcrossing rate, cf. [1], and the stated 

approach loses its effectiveness. 

Having represented the forcing terms as discussed above 

and adopting several other assumptions, the system can be 

described in terms of the Itô’s SDE (stochastic differential 

equation). Namely, the other assumptions are: deterministic 

distribution of a crowd (active and passive); linear response of 

the system in appropriate bounds (peak grandstand 

acceleration < 0.8g, cf. [6], in order to keep in domain where 

active spectators are not influenced by the movement of the 

structure); deterministic parameters of the structure and its 

geometry. 

In this contribution, the above mentioned approach will be 

extended to a random spatial distribution of an active crowd 

under the assumption of no passive crowd; to the case of 

random parameters of the biodynamic models representing 

passive spectators; and finally to a random distribution of a 

passive crowd assuming deterministic distribution of an active 

crowd. In all these cases, only the second order moment 

properties will be of our interest. 

2 RANDOM DISTRIBUTION OF AN ACTIVE CROWD 

Spatially discretized general crowd-grandstand system is 

described through the second order system of differential 

equations of the form 

                                               

  (1) 

where    ,     A      is a probability space,  ,   and   

are possibly random matrices of structure stiffness, mass and 

viscous damping obtained through finite element method,   is 

load distribution matrix of a random forcing   and as 

usual                denotes the derivative with respect to 

time. System matrices are assumed in the form 

    
      
      

 , (2) 

where    represents a sub-matrix corresponding to a 

grandstand itself,     is derived from    by adding constants 

of biodynamic models on  -th diagonal positions where 

passive spectators are situated,     corresponds to a passive 

crowd itself and     reflects mutual coupling;   stands for 

stiffness, mass or damping. 

Stochastic approach in the human-induced vibration 

serviceability assessment of grandstands 
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Let us further assume a structure occupied only by an active 

crowd; possibly, some passive spectators may be present, but 

with fixed spatial distribution. For further purposes, let us also 

accept the following form of the forcing term 

                            (3) 

where                     is the mean value vector 

and         is superposed zero mean colored Gaussian noise 

introduced in terms of AR(2) processes. A square diagonal 

matrix   of the size   ,    being the number of active 

spectators, is                 , where    are identically 

distributed random indicator variables 

     
           

             
  (4) 

switching between an active spectator and an empty seat, 

        with moments    
   ,        . The 

probability   can be in this context interpreted as an intensity 

factor describing overall loading scenario. 

Some assumptions can be made about the covariance 

structure of   ’s describing possible interactions between 

individual spectators. Let us adopt two cases, namely 

 spatially independent spectators, 

 spatially correlated spectators in terms of 

homogeneous isotropic covariance field, 

which can be formulated as 

          
         
            

  (5) 

where the covariance field is assumed in the exponential form; 

    and             is the horizontal distance between 

 -th and  -th spectator,    being the projection of the position 

vector to the horizontal plane and          are centered 

indicators. Homogeneity is guaranteed by the identical 

distribution of   ’s. Note that     is a limit for  -

correlation and     is a limit for a unit spatial correlation 

with degenerated rank one covariance matrix            of 

no particular interest. 

Then,                      where              
and                               ,            
     . The mean value response can be obtained directly by 

the averaging of the underlining system of equations in Eq. (1) 

                                    (6) 

efficiently solved in the frequency domain via transfer 

function; here,       is the mean displacement vector. 

Centered state space variable   , where 

                      
 
 and      denotes the state space 

variable of the forcing terms        , upon introduction 

of                              where   is the number 

of independent AR(2) processes approximating a single 

jumping process, fulfills the Itô’s SDE 

                                          (7) 

where 

    
   
   
   

 ,    
   
      
    

 , (8) 

    
 
 
  

 ,    
 
 
 
 ,  

and where    stores the coefficients of corresponding AR(2) 

processes,   is a matrix transforming      to       through 

appropriate linear combination,   is the diffusion term,      
is an    -valued Brownian motion or Wiener process and   is 

the identity matrix. 

It is also possible, even more conveniently, to introduce the 

indicator variables   into the drift matrix  ; nevertheless, in 

order to emphasize the fact that the random spatial distribution 

of an active crowd is just a matter of the forcing term, we 

prefer the representation in Eq. (7), cf. also Section 3 and 4 

where randomness of the operator and of the right hand side 

are separated and treated with different tools. 

Employing the Itô’s formula, cf. [5], the covariance function 

at time     satisfies 

                             
                         

  (9) 

where        ,        ;         
             

since       
             

         
     . For the 

additional term                     
         , the Itô’s 

formula gives 

 
 

  
                          (10) 

with 

                             
            (11) 

and        ; subscripts are risen when indices are used for 

convenience. Upon homogeneous initial conditions, the 

solution of Eq. (10) can be written as 

                  
 

 
         (12) 

where      is the matrix exponential. The square matrix   can 

be further adjusted as follows:            
           

             
      

                
      

                

        
      where   denotes the Hadamard product. Here, 

     are components of    and    were introduced in Eq. (4). 

For particular form of the mean value       
             , the expression can be further simplified as 

                    
               

                

                          
               

  

  (13) 

separating eventually   in Eq. (11) into two terms. The first 

one,         , yields    mean value problems which can 

again be efficiently solved in the frequency domain, cf. 

Eq. (6). The second term is just the matrix product of known 

quantities. Note that      variable does not participate and 

hence can be excluded from the computation. Resulting 

equations required for the solution are:    mean value 
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problems which subsequently superpose to the mean value 

response    and also to the additional term  ; covariance 

matrix         in Eq. (9). 

In the case of deterministic spatial distribution of a crowd, 

the additional terms                in Eq. (9) disappear, 

   , and it is possible to compute only the stationary limit 

covariance matrix for     in terms of Lyapunov algebraic 

equation enforcing      . Noting that 1) the shortest 

integration time in floating RMS value is     s for the case 

of panic [6], 2) the fact that jumping frequencies are roughly 

from interval           Hz and the mean value is a function of 

higher harmonics, 3) superposed noise is also frequency-

limited from below at least with 1 Hz and 4) available 

generators simulate “stationary” signals, cf. [7] and [9], it 

results that except for the initial transient part at the onset of 

loading, the response of the system is “stationary”, floating 

RMS averages are almost “constant” and can be approximated 

by 

      
 

 
   

         
 

 
, (14) 

where              is the stationary variance. Then, the 

limit solution is viewed as an approximate averaged value 

providing an estimate. Analogous approach will be employed 

in the case of random distribution of an active crowd. 

To this end, non-stationary term        is averaged 

to   
 

 
         
 

 
 and appropriate stationary solution is 

found in terms of Lyapunov equation replacing        with  . 

Let us note also that the covariance structure of an active 

crowd influence the resulting variance only through the 

term  . Therefore, approach which neglects this term also 

neglects the differences between  -correlated and spatially 

correlated active spectators. For numerical examples, results 

and further discussion, please refer to Section 5. 

3 RANDOM PARAMETERS OF BIODYNAMIC 

MODELS 

Passive crowd occupying the structure is represented by the 

biodynamic models, cf. [3] and [6], adjusting and enlarging  , 

  and   system matrices; SDOF (single-degree-of-freedom) 

models are described through physical parameters   ,    

and   . Upon closer inspection, the physical parameters are 

clearly random, cf. [10]. Restricting our attention to the SDOF 

models, vibrating mass yields the largest contribution to the 

model uncertainty, cf. Example 5.2. Considering only the 

second order moment properties, this problem will be 

approached in terms of Taylor series method, cf. [5]. 

To this end, the underlying system of equations in Eq. (1) is 

reduced into the Cauchy form, cf. Eq. (7), and rewritten as 

 L                             (15) 

where L                 is a random differential 

operator,               denotes a formal derivative of 

   -valued Brownian motion process with respect to time. 

Note that only a diagonal submatrix corresponding to added 

biodynamic models     is random,                 

               denotes a random parameter vector where    

is a number of passive spectators and      are now iid random 

vibrating masses of biodynamic models,            . 
Since L        L                         

 , the mean process                 satisfies the 

following SDE 

 L                          , (16) 

                                        

which can be solved for        and    . Functions       

             ,         , provide a measure of the 

sensitivity of   to perturbations about    and are called 

sensitivity factors; they satisfy 

 L             
 

   
 L               (17) 

which is rewritten as 

                            (18) 

                         

     
                

                 
  

     

with 

 
 

   
 L      

 

   
    

 

  
   

 

  
  

   
       
   

 
 

  
,(19) 

where     
   is an  -th canonical basis vector. Eventually, 

the resulting process          is approximated according to 

                              
  
   

    . (20) 

Mean values in Eqns. (16) and (18) are again efficiently 

solved in the frequency domain. Stationary covariance 

matrices     and     satisfy the following systems of 

Lyapunov equations 

              
       , (21) 

where          and         ; 

              
          

              
   (22) 

with           
   , and auxiliary Sylvester equations 

for         
   

             
           

          
 . (23) 

All covariance equations, Eqns. (21) – (23), can be possibly 

included into one global system. Nevertheless, since the 

solution of the Lyapunov equation requires       operations, 

where   denotes the size of the state space variable, it is 

expedient to proceed sequentially. Employing again the time 

average and denoting          
 

 
          

      
 

 
, the 

resulting covariance, cf. Eq. (20), reads 

             
  
   

         , (24) 

since all      are iid. 

All sensitivity factors       are of the same size as the mean 

process      ; their size can, however, be reduced to store 

only the state space variables of the crowd-grandstand system, 
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separating out the state variables      of the forcing 

terms        , which can reduce the computational demands. 

4 RANDOM DISTRIBUTION OF A PASSIVE CROWD 

In this section, a generalization of the grandstand problem to 

the case of a random spatial distribution of a passive crowd 

will be given. For simplicity, deterministic SDOF biodynamic 

models will be used, randomness being rather matter of a 

spatial distribution. Then, employing indicator variables 

already introduced in Eq. (4), we can write the system 

matrices as 

       
           

       

                
  (25) 

where   represents the stiffness, mass or the damping matrix, 

                            
  
   

 where    is a set of 

DOFs (degrees of freedom) where the passive spectators can 

be situated, cardinality       ,     
       where        

denotes a number of DOFs of a grandstand and    

represents   ,    , or   . Complementary indicator 

variables      are used because an arbitrary position can be 

occupied either with a passive or an active spectator,    
represents a switch. Question of fully occupied structure with 

random distribution of a crowd (both active and passive) is, 

however, out of scope of this contribution. Underlying system 

in Eq. (1) is again reduced to the first order system; upon 

approximation of the forcing terms as usual, we arrive at 

Eq. (15) now with L                   . Then, 

L        L                                 

  . Since              , all matrices have obvious 

form and are not given here explicitly. Then, 

  
 

   
 L       

 

   
    

 

  
 

 

   
        

 

  
     

  (26) 

where  

     

   

 
 

   
     

   

 , 

     

   

 
 

   
     

 

   
     

   

  (27) 

together with 

 
 

   
      

                  

            

  (28) 

 
 

   
      

                    
        

                     
   

where   stands now for stiffness or damping and      
  . 

Mean solution    satisfy Eq. (16) with    instead of   and 

sensitivity factors   ,          satisfy the following 

system of SDEs, having an analogous form to Eq. (18), 

namely 

                                      (29) 

                                    

         
                  

                 
  

    . 

The covariance matrices     satisfy 

                  
              

              
   

  (30) 

with               
      in analogy to Eq. (22), where 

         , and require solution of auxiliary Sylvester 

equations 

                 
           

              
 . (31) 

Again, in analogy to the discussion at the end of Section 3, 

the state variables      of the forcing terms         can be 

separated efficiently out. Resulting covariance is again of the 

form in Eq. (24) with         instead of          . Here, 

however, comes a disadvantage: Eq. (24) is valid only for 

independent variables    and as was noted in Section 2, cf. 

Eq. (52), this takes into account only independent spectators. 

Crosscorrelations         
   would be required if    were 

correlated yielding            problems instead of    

resulting eventually in one global Lyapunov equation as 

mentioned earlier. The computation can be carried out, but 

with an increase in computational effort. 

5 NUMERICAL EXAMPLES 

In this section, total of five examples will be given 

demonstrating the quality of approximate approaches in 

comparison with MC (Monte Carlo) simulation based on 

synthetic generators available in the literature, namely after 

Sim [9]. The first example reflects Section 2, i.e. a random 

distribution of an active crowd. The second example 

investigates a sensitivity of a crowd-grandstand system to all 

kinds of randomness of the biodynamic model in the simplest 

possible case, i.e. the two DOF mechanical system. The third 

example demonstrates an influence of the vibrating mass 

randomness of the biodynamic model to the response 

variances in the scope of randomness induced by an active 

crowd, cf. Section 3. Subsequently, simple two DOF system 

shows application of the theory described in Section 4 which 

is also demonstrated in Example 5.5 on multi DOF system. 

As was noted in the introductory and at the end of the 

second section, only time averaged second order moment 

properties are of our interest. Concerning MC simulation, 

RMS and floating RMS values with     s and      s are 

computed and compared. Since the mean value       is 

usually approximated satisfactorily, stationary variances are 

also the subject of comparison. 

Note that all multi DOF examples were calculated 

employing techniques reducing the order of the model – not 

discussed here – used for higher efficiency. 

5.1 Example 1 

Let us review the results in    point of a cantilever 

grandstand, cf. Figure 1, obtained by MC and by the analytical 

method for the “load level”      . The system has total 

mass         t, and possesses    positions for spectators 
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of     m spacing in the row, Rayleigh damping with    
     and         for the first two vertical modes is used. 

Maximum mass ratio       , structure discretized with 92 

beam elements,    nodes and     DOFs. The first three 

natural frequencies are    ,     and     Hz. The mass ratio is 

defined as         where    denotes total mass of the 

passive spectators. Active spectator is approximated with a 

linear combination of six AR(2) processes superposed on the 

mean value represented as a truncated Fourier series with six 

harmonics according to [8], jumping frequency         Hz. 

For results cf. Figure 3, 4 and Table 1, where following 

abbreviations are used: Anl   – analytical solution with 

spatially  -correlated crowd without additional term  ; 

Anl     – analytical solution with  -correlated active crowd 

and time averaged additional term; MC – MC simulation 

based on 1,000 realizations for  -correlated active crowd; 

Anl   – analytical solution with spatially correlated crowd 

according to Eq. (52) for             and time averaged 

additional term. Such a covariance means that the correlation 

coefficient of two     m distant spectators is    . 

 

Figure 1. Geometry of the structure with a realization of a 

random active crowd distribution and displacement mean; 

both results for      . 

 

Figure 2. Normed (centered with unit variance) displacement 

histogram with standard normal density for      ,  -

correlated crowd; ergodicity assumed. 

 

 

Figure 3.             and             as functions of  . 

 

Figure 4. Single trajectory of        , RMS, floating RMS 

for     resp.    s and the stationary estimate in Eq. (14). 

Table 1. Comparison of variances, RMS values and time 

consumptions for      . 

Model                   Time [s] 

Anl   1.843 2.991 0.202 

Anl     2.016 3.020 7.187 

MC 2.181 2.939 30.9431) 

Anl   2.657 3.124 7.270 
1) time for     realizations 

 

Figure 3 captures the behavior of             

resp.             for        . Note that             is linear 

in   when   is neglected, cf. Eq. (9), hence the deviation from 

the straight line reflects the influence of the term   which is 

quadratic in  , cf. Eq. (5) together with Eqns. (12) and (13). 

Note also that the response histogram is close to Gaussian, cf. 

Figure 2. 

5.2 Example 2 

In this example, a sensitivity analysis of the simplest possible 

crowd-grandstand system represented as a two DOF oscillator 

will be given. The sources of randomness are the physical 

parameters of attached biodynamic model for a seated man 

with rigid mass described through the first two moments, cf. 

Table 2, where statistics based on data published in [10] are 

presented. 

Table 2. The first two moments of physical parameters for 

SDOF biodynamic model with a rigid mass; covariance 

matrix and mean value vector; data published in [10]. 

    [t]    [t]   [kN/m]   [kNs/m] 

    4.470e-5 -2.366e-5 -1.159e-2 -1.041e-3 

    -2.366e-5 2.292e-4 1.570e-1 4.956e-3 

   -1.159e-2 1.570e-1 225.110 4.390 

   -1.041e-3 4.956e-3 4.390 1.468e-1 

     8.554e-3 50.200e-3 51.904 1.367 

 

Particular data in Eq. (1) for this case are 

    
        
     

 ,    
       

    

 ,  

    
        
     

  (32) 

with                   being the parameters of the 

biodynamic model in Table 2 and   ,   ,    are parameters of 

the grandstand. Partial derivatives of the differential 
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operator L                     , now of the 

second order, read 

 
 

   
 L       

   
   

 , 
 

   
 L       

  
  

 
  

   
, (33) 

 
 

   
 L       

   
   

 
 

  
, 

 

   
 L       

  
  

 
  

   
, 

force distribution matrix is          since only the 

grandstand is loaded,      denotes the deterministic force, 

particularly the mean value of the jumping process with    

     Hz represented as a truncated Fourier series. Results for 

particular data are depicted in Figure 5 and 6;    denotes the 

eigenfrequency of an empty grandstand and    its damping 

ratio. In this particular case, sensitivity factors       are 

deterministic functions of time and are depicted in Figure 5 

together with the mean process                    
 . 

Since       is also deterministic,      , cf. Eq. (24), and 

              
              

              
 
     . (34) 

Contributions of particular    ’s are depicted in Figure 6. It 

can be concluded from given results that the most significant 

contribution to the structure response variance is due 

to    
       , i.e. due to the variance in vibrating mass    . 

The second most significant constituent is    
        

   
       , reflecting the stochastic dependency between    

and    . 

 

Figure 5. Behavior of       and sensitivity factors       for 

the displacement of the structure;      ,        , 

       Hz. 

 

Figure 6. Decomposed variance    of the structure 

displacement    
            ;      ,        ,    

    Hz. 

It should be noted that the Taylor series method is only an 

approximate one, reflecting the behavior of a stochastic 

system in certain bounds of a small randomness. Note that 

coefficient of variation for     is             , cf. 

Table 2. 

5.3 Example 3 

Let us compare the influence of the random vibrating mass of 

the SDOF biodynamic model     in the scope of the 

approximation of the jumping spectators. To this end, jumping 

processes are scaled with human iid 

weights                   yielding          °kN 

and    
                      °kN2,         , 

       denotes the uniform distribution with the 

support      . Cantilever grandstand introduced in 

Example 5.1 is used again. Structure is fully occupied by a 

crowd comprising 36 active and 36 passive spectators. Spatial 

distribution of a crowd is randomly generated, but fixed 

throughout the simulations. Upon results from Example 5.2, 

biodynamic model after Coremann [3] is used, cf. Table 3, 

adjusted to have a random vibrating mass with the coefficient 

of variation       . 

Table 3. Coefficients of the biodynamic model after 

Coermann, [3]. 

Parameters   [t]   [kN/m]   [kNs/m] 

value 0.0862 85.25 1.72 

 

Table 4. Comparison of variances and time consumptions 

for      ; random masses of biodynamic models. 

 Taylor series MC 

Quantity rand.   det.   rand.   det.   

        3.981e-7 3.920e-7 4.370e-7 4.248e-7 

         3.713e-4 3.644e-4 4.038e-4 3.093e-4 

         4.444e-1 4.365e-1 4.946e-1 4.796e-1 

Time 7.825 0.765 34.4791) 30.8251) 
1) time for     realizations 

 

Response is again measured in the point    with results 

summarized in Table 4, MC simulation is based on 1,000 

realizations 160 s in length. 

Clearly, in this particular case and the scope of the 

randomness induced by the forcing, the influence of the 

uncertainty of the biodynamic models can be neglected since 

the relative increase in variance of all quantities is lower 

than 3.5 %. Mean value response also shows a good 

agreement with the MC, cf. Figure 7. In conclusion, we note 

that norms of particular constituents 

are       
         ,            

  
   

 
 
          

and         
 

 
          

    
 

 

  
   

   
 
          , 

where      stands for the Frobenius norm of a matrix  . 

 

Figure 7. Mean displacement in the    point for biodynamic 

models with random vibrating masses. 
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5.4 Example 4 

This example provides a sense of the introduced issue in 

Section 4, i.e. a random distribution of a passive crowd 

together with the restrictions implied and the area of validity. 

A harmonic oscillator, representing a grandstand, is forced by 

the Gaussian white noise      for simplicity. With 

probability    , the second harmonic oscillator representing 

a passive spectator is attached. Corresponding system 

matrices read 

    

    
    
     

          

 ,    

 
 
 
 

  (35) 

   

  
  

                    
               

  

 

  
  

                    
               

 , 

     

    
    
    
      

 ,     

    
    
          

          

 ,  

with   ,   ,    being physical constants describing the 

biodynamic model after Coermann, cf. Table 3, and   ,   ,    

constants describing the grandstand. In this simple case, the 

analytical solution can be obtained by means of conditional 

analysis with averaging degenerated to the sum over the states 

of   yielding eventually to a linear interpolation between the 

response of SDOF and two DOF system forced by     . 
Dependency of        on the eigenfrequency of an empty 

grandstand   , on the probability   and on the mass ratio   are 

depicted in Figure 8. 

 

 (a)        ,         (b)      Hz,        , 

        

 
(c)      ,      Hz,         

Figure 8. Dependencies of the structure displacement 

variance        on the mass ratio  , on the empty grandstand 

eigenfrequency    and on the probability  . 

The results indicate that for reasonable mass ratios, the 

approximation is acceptable. Note, however, that the quality 

of results highly depends on   ; for        , the results are 

very poor and improve with increasing damping ratio. 

5.5 Example 5 

In this concluding example, let us compare a performance of 

the method described in Section 4, i.e. a random distribution 

of a passive crowd, on the cantilever grandstand already 

introduced in Example 5.1. To this end, again 36 active 

spectators with randomly generated but fixed spatial 

distribution over the structure are assumed. Jumping processes 

are approximated as in Example 5.3. Then, 36 passive 

spectators occupy the remainder of the seats, each of them is 

assumed to appear independently with probability    . As 

usual, response of the structure is measured in the point   . 

Variances         and          as functions of   are depicted 

in Figure 9a and Figure 9b in comparison with MC simulation 

based on 500 realizations 160 s in length, cf. Table 5; 

contribution of     itself is also presented. 

 

 (a)            (b)             

 

 (c)     ,       (d)      ,       

 

 (e) histogram of    , (f) histogram of     , 

             

Figure 9. Dependencies of the structure displacement and 

acceleration variances on the probability   for a random 

distribution of a passive crowd; mean value solutions and 

normalized histograms with standard normal density for   
   ; ergodicity assumed. 

Mean value solutions are presented in Figure 9c and 9d 

showing an acceptable accuracy in comparison with MC. 

Noting that computation of     is order of magnitude faster 

than   , the results based only on the variance of       can be 

adopted as a first result estimation. 
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Table 5. Comparison of variances and time consumptions 

for      ; random distribution of a passive crowd. 

Quantities Taylor series MC 

        6.469e-7 6.637e-7 

         6.549e-4 6.513e-4 

         7.676e-1 7.750e-1 

Time 6.325 27.9681) 
1) time for     realizations 

6 CONCLUSION 

In this contribution, a stochastic approach to the modelling of 

crowd-grandstand system was described, building on the basis 

of previously developed force approximations described by 

means of truncated Fourier series mean value with superposed 

colored Gaussian noise. 

Time averaged stationary second order properties are used 

in order to approximate quantities required in serviceability 

assessment of the grandstands. The main results can be 

summarized as follows: 

1. On the basis of the existing force approximation, a 

random spatial distribution of an active crowd has 

been described through indicator variables. Two 

basic forms of a crowd interactions have been 

adopted and realized by means of the indicator 

covariance matrix. 

2. The sensitivity analysis of the simple coupled 

crowd-grandstand system comprising all possible 

randomness of the single-degree-of-freedom 

biodynamic model under deterministic harmonic 

loading was performed. It turned out that the 

vibrating mass has the most significant 

contribution to the response variance. 

3. Upon results achieved in the sensitivity analysis, 

general approach in the case of multi-degree-of-

freedom structures and stochastic loading was 

reviewed, assuming only the human mass 

submatrix random. As the result, on the basis of 

example used, it turned out that in the scope of the 

overall uncertainties, the contribution of the 

random mass is only up to 3.5 %. Hence, the 

randomness in the mass was neglected in further 

considerations. 

4. Random spatial distribution of a passive crowd 

was introduced by means of complements of the 

indicator variables. Despite the large uncertainties 

and utilization of the approximate Taylor series 

method, overall results proved to be in an 

acceptable agreement with Monte Carlo simulation 

within the scope of the examples used. 

Note that the Taylor series method is more stable and 

accurate for increasing damping which yields somewhat 

contradictory requirements: vanishing damping contributes to 

improved Gaussianity of the response while increasing 

damping contributes to better convergence of the Taylor series 

method. In the case of a random spatial distribution of a 

passive crowd and large structures with many seats for 

spectators, discussed method loses its efficiency. 

Nevertheless, all procedures were implemented in the 

MATLAB environment, hence really efficient implementation 

can affect further the overall balance. 
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ABSTRACT: Following the general trend in structural engineering, staircase structures tend to be more long-span, slender and 

lightweight which leads to a higher susceptibility to human induced vibrations. Beside ensuring the comfort of the staircase 

occupants, it also has to be ensured that the serviceability is maintained and that eventual damages, for example cracks at often 

used glass panels that serve as guard rails. When predicting the resulting vibrations of staircases to assess the vibration 

susceptibility, the application of load functions for footfall on plane surfaces does not lead to a good correlation with the values 

that were experimentally obtained after the completion. To define an applicable load function for the use of stairways and to 

define a critical frequency range for the vibration susceptibility, force plate experiments using 3D load cells have been 

conducted and compared to existing experimental data. Furthermore the resulting load functions have been applied to a 

numerical model of an existing structure and the results have been compared to experimental data from this structure. To 

emphasize the relevance of the subject, experimental results from additional project examples and measures to reduce the 

occurring vibrations will be introduced within this contribution. 

 

KEY WORDS: Footfall Induced Vibrations, Load Function, Staircase Design 

1 INTRODUCTION 

Since slender and lightweight staircase designs become more 

and more popular, the assessment of the vibration 

susceptibility of these structures is a crucial part of the 

structural analysis to avoid discomfort and limitations of the 

serviceability. To determine the resulting staircase vibrations, 

a realistic load function is required. In previous investigations 

it was found, that footfall loading functions from persons 

moving on even surfaces are not sufficiently describing the 

process of ascending or descending stair cases (see [1] & [2]). 

Also the critical frequency range for staircases differs from 

the one for footbridges. Previous research into human loads 

on staircases is limited, with few stair vibration research 

studies. [1] & [2] are the most relevant to the vibration 

analysis of slender staircases for which force plate 

experiments have been conducted to derive vertical load 

functions and to assess effects of group loading. 

More recently, in [4] a thorough study on the footfall 

characteristics of a large number of persons has been 

investigated. Variations both in amplitude and step 

frequencies were identified depending on whether a person 

climbs the stairs stepping on each or on every second stair. 

Furthermore a dependency of the load applied to the structure 

on the geometry, in particular the inclination, of the stairs was 

observed. 

In most publications exclusively the vertical component of 

the dynamic forces generated by persons ascending or 

descending stairs were investigated. The horizontal 

components in lateral and longitudinal direction were also 

measured in the study described in [4] but not considered 

further. 

 

The limited information documented in literature, especially 

with respect to horizontal components of the excitation forces, 

motivated the study described in this contribution.  

An experimental laboratory study was performed to identify 

typical load histories with their components in vertical and 

longitudinal direction. Furthermore, existing stairs were 

investigated both by means of tests and numerical simulations. 

Numerical simulations of the dynamic behavior of stairs are 

often performed in the context with the design of measures to 

reduce vibrations. Therefore, some considerations with 

respect to practical applications of the simulation of human 

induced vibrations of slender staircase structures are presented 

here. 

 

2 FORCE PLATE LABORATORY TESTS 

2.1 Test Setup 

It was intended to measure forces in vertical and longitudinal 

direction that are generated by typical footfalls of different 

persons ascending and descending stairs at different speed, or 

with different step frequencies. For that purpose a staircase 

was chosen on which a force plate was installed. The force 

plate was built by placing two 3D force sensors of type Kistler 

9251A between two steel plates applying a prestress 

according to the technical specifications of the sensors. It was 

placed at the middle step of a relatively stiff flight of stairs. To 

ensure that the footfalls are not influenced by a change of 

inclination of the stairs, wooden stairs with the height of the 

force plate were placed at the two stairs above and below the 

force plate, respectively, as shown in figure 1. 
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Figure 1. Test Setup with raised stairs and force plate. 

 

In total 4-channels were employed for every test. The force 

sensor had to be mounted under prestress because the 

horizontal shear forces Fx and Fy are transmitted by static 

friction from the base and cover plate to the faces of the force 

sensor. The preload of 25 kN was applied to each force sensor 

prior to testing using a hydraulic press prior to tightening the 

screws fixing the sensors in their position. The sensor is 

designed to measure the three orthogonal components of 

dynamic or quasi-static forces, in a range from -2.5 kN to 

2.5 kN in the two horizontal directions, Fx and Fy, and from 0 

to 30 kN in vertical direction, Fz. As signal conditioners for 

the load cells,  Brüel &  Kjær charge amplifiers of Type  2635 

were employed.  

The data acquisition system was based on a National 

Instruments DAQ-CARD 6062E and a National Instruments 

BNC-2120 connector block. The acquisition software was 

developed by means of the programming platform NI-

LabVIEW. 

 

2.2 Performed Tests 

During the tests, the horizontal and vertical components of the 

force exerted by a person ascending and descending a 

staircase with different footfall rates within a range between 

1.0 and 6.0 Hz. To obtain information about the deviations of 

the forces generated by different individuals, in total 9 

different persons were employed, who passed the test stand 

with different step frequencies. In total, 42 ascending traces 

and 41 descending traces were acquired. In order to be able to 

compare the data obtained from different tests, each footfall 

trace was normalized with respect to the respective person’s 

body weight. The sampling rate for the data recording of the 

performed tests was chosen to be 1024 Hz. 

 

2.3 Data Processing and Assessment 

For the simulation of human induced vibrations it is common 

to create signals based on a series of appropriate Fourier 

coefficients. If measurements of the dynamic forces are 

available from tests, as described in the previous section, one 

can obtain the Fourier coefficients by means of Fourier 

transformation or a Fourier series decomposition. The 

procedure applied in this study followed the recommendations 

given in [1].  

Before conducting the Fourier analysis, the recorded footfall 

trace has to be converted into a continuous time domain signal 

(see [1]). To develop a continuous force time history from the 

single foot fall trace, each trace was overlapped by the exact 

period between heel strikes. To estimate the period of the 

footfall trace, the signal offset of the continuous trace must be 

equal to 1 since the subjects' footfall traces were normalized. 

This gives the coefficient A0 of a Fourier analysis.  Therefore, 

if a starting period has been assumed, through iteration of the 

period, eventually a period will be found that produces a value 

of A0 equal to 1. This period is then the overlap period 

between traces. Three copies of the trace between the start and 

end points were inserted into an array with an offset between 

each trace of 0.5 seconds or 2 Hz. This was the initial default 

footfall rate assumed in the program that was developed for 

this study.  

Once overlapped, the three traces were superimposed at 

each point to produce a continuous time history (see figure 2). 

The repeating period shown in figure 2 was the trace to which 

the A0 analysis was applied. The calculation was repeated 

with the overlap between the three signals increased or 

decreased until the value of A0 was within a range from 0.995 

to 1.005. After completing the calculations, the period of the 

overlap became the period of the continuous trace, which in 

turn became an accurate measure of the person’s footfall rate.   

 

 

 

 

Figure 2. Generation of a continuous time history from a 

single footfall trace [1] 

3 RESULTING LOAD FUNCTIONS AND FOURIER 

COEFFICIENTS 

As described in section 2.3 Fourier coefficients that can be 

used to reconstruct a force signal for simulation purposes were 

derived by application of a Fourier transformation to the 

measured time series. In this section the results of these 

analyses are summarized distinguishing between data 

acquired from tests with persons ascending or descending the 

stairs, respectively. Furthermore, the force components in 

vertical and longitudinal direction were considered separately. 
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3.1 Results – Footfall Time Records / Ascending 

Figures 3 and 4 show typical normailized force signals that 

were measured in vertical and longitudinal direction, 

respectively, while a person was ascending the stairs at 

different step frequencies. On can very well identify two 

phases of the footstep: the phase of landing and the pushing 

phase. The vertical force components shows two peaks while 

from the longitudinal component the direction in which the 

force is acting can be derived from the sign. 
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Fig. 5.4   Typical Footfall Traces. Longitudinal Force. Ascending 

 

The harmonic components for the traces given in fig. 5.4 are shown in table 5.1. 

 

Table 5.1   Typical harmonic data for  subject ascending a staircase. Longitudinal Force 

Test 
f [H z] 

M ax. Normalized 
Force 

1st 
H armonic 

2nd  
H armonic 

3rd 
H armonic 

4th 
H armonic 

 12 2.29 1.33 1.312 0.181 0.070 0.049 

74 3.7 1.17 0.939 0.110 0.090 0.060 

86 3.83 1.46 0.526 0.069 0.025 0.037 

 

Figure 5.5 shows all the harmonics components values as a function of the footfall trace, 

normalized with respect to the subject weight. As it happened before, the harmonics are largely 

spread depending on the footfall rate employed by the subject during the test, with a not clear 

pattern and even a decrease of the mean value for the first harmonic component. The second 

harmonic component is also scattered. For the higher harmonic data, the 3
rd

 harmonic as a mean 

value of approximately 0.06, and the 4
th
 harmonic as a mean value of approximately 0.04, 

values twice as big as those previously calculated with the 1D load cell. Still, as it was previous 

noticed, the remaining harmonics are too small to have any significant contribution to the 

response. 

 

 

 

 

 

 

 

 

Figure 3. Sample time history for vertical force component - 

ascending. 

 

 

 

Figure 4. Sample time history for longitudinal force compo-

nent - ascending. 

 

The amplitudes of the force components in longitudinal 

direction are in a range of up to approximately 10 per cent of 

the vertical force components. This observation agrees with 

the measured forces represented in [4]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 5. Fourier coefficients of vertical force component  - 

ascending. 

 

 

 

 
 

Figure 6. Fourier coefficients of longitudinal force component  

- ascending. 
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In Figure 5 the results of the Fourier analyses applied to the 

measured force components in vertical direction are illustrated 

by means of the coefficients that were identified for the first 

three harmonic components in the case of ascending the stairs. 

Since the data was generated from tests with several persons 

the results show significant scatter. Nevertheless, one can 

clearly see the decreasing trend with increasing step 

frequency. 

In contrast to the vertical component, the Fourier 

coefficients calculated from the measured longitudinal force 

components are not only significantly smaller but show also 

an increasing trend with increasing step frequency as 

indicated in Figure 6. 

 

3.2 Results – Footfall Time Records / Descending 

 

Similarly as for the case of ascending the stairs, the footfall 

forces measured from a person descending the stairs also 

show two phases. The vertical force components are acting in 

both phases into the same direction, downwards, while the 

directions of the longitudinal force components are again 

changing during a single footfall. However, compared to the 

process of ascending, the acting directions are now inverse. 

The magnitudes of the forces are slightly higher than observed 

for the process of ascending. Even if the magnitudes of the 

longitudinal components are, as in the case of ascending the 

stairs, relatively small, the values are also slightly higher in 

relation to the vertical components, than those identified for 

ascending. 

 

 

Figure 7. Typical time history for the vertical force 

component - descending. 

 

Figure 8. Typical time history for the longitudinal force 

component - descending. 

 

The trends of the Fourier coefficients are similar as 

described for the case of ascending the stairs. With increasing 

step frequency, the Fourier coefficients of the vertical 

component tend to decrease while those of the longitudinal 

component are rather increasing. 

3.3 Discussion of the Results from the Load Tests 

Generally it was observed that the Fourier coefficients of the 

vertical force components are decreasing with increasing 

footfall frequency while the longitudinal force components 

show an opposite behavior. The scatter of the measured data is 

still rather high due to the individual characteristics of the test 

persons. Even though the number of samples is still rather low 

to derive general conclusions the observations made in the 

described tests suggest some trends. The confirmation and 

quantification of these observations require further 

investigations. 

 

4 NUMERICAL ANALYSIS AND EXPERIMENTAL 

VERIFICATION 

To verify the derived load functions a numerical analysis of 

an existing staircase has been performed with the objective to 

compare the results with data from an experimental analysis 

of the staircase. Figure 9 shows the actual staircase structure 

and the numerical model. 

 

  
 

Figure 9. Investigated Staircase – left: in situ situation, right: 

numerical model (SAP2000). 

 

In a first step, a model updating has been done based on the 

experimentally determined modal parameters of the staircase 

(natural frequencies and corresponding mode shapes and 

damping ratios). To obtain these parameters, an ambient 

modal analysis has been performed at the staircase structure 

and it was found that the lowest natural frequency with a 

mode with vertical and longitudinal contribution was at 9.9 

Hz (mode shape see Figure 10). 

 
 

 

Figure 10. Left: Relevant mode shape at 9.9 Hz Right: 

stabilization diagram from the ambient modal analysis. 
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4.1 Assessment of Vibration Susceptibility 

The experimental analysis showed, that the staircase displayed  

relevant modes with a contribution in vertical and longitudinal 

direction above the footfall frequency range so a resonance-

like excitation of these modes caused by ascending or 

descending persons on the staircase would occur at a 2nd, 3rd 

or 4th sub-harmonic of the relevant natural frequency (similar 

to the tests described in [1] & [2]). Also the structural 

damping for these modes that has been determined was 

comparatively high with a damping ratio of approx. D=3.0%. 

So the resulting accelerations at the staircase were expected to 

be relatively small.  

 

4.2 Time History Analysis of Pedestrian Loading 

A time domain analysis has been performed for which the 

loading from a person descending the staircase either walking 

(approx. 1.65 Hz) or running (3.3 Hz) has been simulated, 

using the footfall traces for running and walking down the test 

stand that where measured during the force plate experiments. 

The footfall traces were transformed into a continuous time 

series and the resulting Fourier coefficients were f1=0.57, 

f2=0.24, f3= 0.14 and f4=0.12 for running down the stairways 

resp. f1=0.273, f2=0.15 f3= 0.06 and f4=0.05 for walking down 

the staircase (see Figure 11). 

 

  

 
Figure 11. Measured footfall trace (left) and continuous time 

history (right) used for the numerical simulation- top: for 

running down the staircase (3.3 Hz), bottom: for walking 

down the staircase (1.65 Hz) 

 

In order to generate the time history as a moving load the 

loads from one footfall trace was applied with specific arrival 

times which corresponded to the step frequency and the 

number of stairs to be walked.  

 

4.3 Simulated Dynamic Response to one Person Descen-

ding the Staircase 

Figure 12 shows the time histories and the corresponding 

frequency spectra of the calculated accelerations at the upper 

landing of the considered staircase for ascending with a 

footfall frequency of 1.65 Hz and descending with 3.3 Hz. It 

can be seen that ascending with a slower pace causes a 

dominant dynamic response of the staircase in the relevant 

vertical mode. The actual footfall frequency and high 

harmonics contribute to the footfall excitation and cause a 

distinct amplification in range of the natural frequency. 

Descending the staircase with a higher footfall frequency 

causes in general higher peak accelerations. The frequency 

content of the calculated accelerations consists of the footfall 

components (3.3 Hz and higher harmonics) and the resonant 

dynamic response of the staircase at the natural frequency. 

 

 
 

Figure 12. Calculated dynamic response of the staircase at the 

upper landing (time histories and corresponding mode shapes) 

- top: for walking down the staircase (1.65 Hz), bottom: for 

running down the staircase (3.3 Hz) 

 

4.4 Measured Dynamic Response to one Person descen-

ding the staircase 

To evaluate the numerical results, the occurring accelerations 

at the stairs and landings have been recorded while a subject 

was ascending and descending the staircase at a frequency of 

1.65 Hz resp. 3.3 Hz.  The footfall trace was directed with a 

metronome.  The weight of the subject was 83 kg (814 kN) in 

both tests. The data was acquired using PCB piezoelectric 

accelerometers of type 393A03 that recorded in lateral and 

vertical directions.  Figure 13 shows the recorded 

accelerations at the upper landing for ascending and 

descending of one person with footfall rates analogue to those 

of the numerical analysis.  

 
 

Figure 13. Calculated dynamic response of the staircase at the 

upper landing (time histories and corresponding mode shapes) 

- top: for walking down the staircase (1.65 Hz), bottom: for 

running down the staircase (3.3 Hz) 

 

Similar to the numerical results, the occurring accelerations 

when descending the staircases are approximately two times 

higher than for ascending. Also the footfall frequencies and 

the higher harmonics of the footfall rate can be identified from 
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the signal and a distinct dynamic response in the determined 

relevant vertical natural frequency can be observed.  

 

4.5 Consideration of Group Loading 

Observations made in [2] at underground stations showed that 

as people filed onto and up (down) stairways they tend to 

walk at the same footfall rate. Therefore, a group simulation 

loading was done with four subjects with identical footfall 

with a phase shift between them. The footfall rate employed 

was 3.88 Hz, in order to compare with the results from the 

single person case, and given the authors in [3] pointed out 

“that the group effects reduces with the footfall trace and 

became negligible at around 2.5 footfalls per second.”  The 

simulation consisted of a subject starting to descend the 

staircase at the chosen footfall rate, then when the subject was 

between the third and fourth step or approximately 0.60 s 

later, the second started descending as well, then at 1.30 s a 

third subject and at eventually 1.85 s after the first one. The 

time history trace for the group acting on the staircase can be 

seen in Figure 14. 

 

 
Fig. 14. Example for a continuous trace for group loading - 

descending stairs at 3.3 Hz (running) 

 

 

 

 
Figure 15. Top: calculated dynamic response of the staircase 

for group loading (time history and corresponding frequency 

spectrum)  – bottom: measured dynamic response 

 

The calculated accelerations for the upper landing are 

shown in Fig.15, the peak accelerations are by factor 2 higher 

than for a single person. This enhancement correlates with the 

enhancement factors presented in [2] (Probability Distribution 

0.7). The experimental results display a slightly higher peak 

acceleration and a more distinct dynamic response in range of 

the relevant vibration mode than the numerical results, 

probably due to a higher synchronization of the people 

walking at the staircase than estimated for the numerical 

analysis. 

5 ADDITIONAL PROJECT EXAMPLES 

To emphasize the relevance of assessing the vibration 

susceptibility of staircases, results of dynamic tests from a 

livelier staircase will be presented. The measured occurring 

vibrations for different load scenarios will be compared with 

estimations using the Fourier coefficients derived above. The 

first example is a 21 m long staircase with two landings at 

mid-span (see Fig. 16). The staircase has been reported to 

cause discomfort especially when descending the structure. A 

modal analysis of the staircase revealed, that the 1st vertical 

bending mode of the staircase was at a natural frequency of 

3.0 Hz (see Fig. 16, bottom). So a resonance like excitation 

with a first and second harmonic of the footfall frequency for 

ascending/descending people was very likely. In addition, the 

structural damping of the structure was relatively low (D=0.8 

– 1.1 %). To assess the vibration susceptibility of the 

staircase, the previously described scenarios – walking down, 

running down, walking up and running up were investigated. 

For the loading by 1 person (weight: 90 kg) the occurring 

accelerations at the landings have been recorded. For walking 

a footfall frequency of 1.5 Hz (90 bpm) was attempted – 

although descending with this footfall frequency is very 

unlikely and not comfortable while ascending with such a 

footfall rate is very likely. For running, a footfall rate of 180 

bpm (3.0Hz) was attempted. 

 

 

 

 
 

Figure 16.  Top: Tested 21 m long lively staircase – bottom: 

Relevant Vibration Mode at 3.0 Hz. 
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The recorded time histories and the corresponding 

frequency spectra are shown in Figure 17. Since measures had 

to be taken to reduce the occurring accelerations, a feasibility 

study to assess how much reduction could be achieved by 

implementing Tuned Mass Dampers to the staircase was 

performed. For this analysis a realistic loading should be used 

to ensure that certain comfort levels for the staircase 

occupants could be maintained and to avoid any damages at 

the glass-handrails. In order to do so, a numerical model has 

been created based on the determined modal parameters. In 

addition, footfall time histories with footfall frequencies of 1.5 

Hz and 3.0 Hz were applied to the model. The resulting time 

histories are shown in Fig. 17. 
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Figure 17.  Top: calculated dynamic response of the staircase 

for one person descending (time history and corresponding 

frequency spectrum) – bottom: measured dynamic response 
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Figure 18.  Top: calculated dynamic response of the staircase 

for one person descending (time history and corresponding 

frequency spectrum) with activated TMD – bottom: measured 

dynamic response 

 

In addition, a simplified approach can be used- calculating 

the deflection/acceleration of a SDOF system, which 

represents the mode at 3.0 Hz and the corresponding 

calculated modal mass of 12 tons, due to a dynamic loading 

that results from a Fourier coefficient multiplied by a person’s 

weight and the amplification that depends on the structural 

damping. It could be seen that the resulting peak accelerations 

correlate very well with the measured values when using the 

previously introduced Fourier coefficients (0.6 - 0.7 for 

descending at a footfall rate of approximately 3.0 Hz / 0.5 for 

ascending at a second sub-harmonic footfall rate of 

approximately 1.5 Hz). 

The feasibility study showed that the occurring 

accelerations could be reduced by 70-80 % with the 

implementation of two Tuned Mass Damper Systems each 

with an effective mass of 500 kg. 

 

6 SUMMARY 

To specify load functions of humans ascending and 

descending staircases for a more precise prediction of the 

occurring accelerations, force plate tests have been performed 

to quantify the resulting loading in vertical and horizontal 

direction. The test data was processed such that typical 

footfall traces could be derived and Fourier coefficients for 

ascending and descending were obtained for a certain range of 

footfall frequencies. It was observed that the Fourier 

coefficients of the vertical force components are decreasing 

with increasing footfall frequency while the longitudinal force 

components show an opposite behavior. The determined 

maximum vertical forces compared to the static load as well 

as the frequency bands for ascending and descending confirm 

previous investigations [1]. 

To verify the established Fourier coefficients, a numerical 

analysis of a sample staircase has been performed using the 

determined values. The results were compared with data from 

experimental tests and showed a good correlation with respect 

to the peak acceleration and the frequency content. 

To assess the effectiveness of passive control devices (Tuned 

Mass Damper Systems) a similar analysis has been performed 

for a lively staircase structure, which displayed high 

acceleration levels. The use of a realistic load function 

allowed an approximate prediction of the accelerations with 

applied TMD systems and an optimization with regards to the 

required effective mass and other TMD parameters.  
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ABSTRACT: In recent years, an increasing tendency to lightweight and slender design of pedestrian structures as footbridges 
and staircases can be observed. This leads to an increase of the susceptibility of these structures in regard to dynamic action 
effects both in vertical and lateral direction. Present codes claim to consider the corresponding dynamic effects, however, 
usually without giving further instructions to the designing engineer. While for walking in the horizontal plane several load 
models are available, load models for ascending and descending stairs are scarce. The load patterns for climbing stairs and 
walking are significantly different and therefore, have to be considered in separate load models. For ascending a stair, there are 
two basic locomotion forms: climbing the stair step-by-step or taking two steps at once. These two locomotion forms lead to 
different load patterns with a different range of step frequencies. Basically, the loads induced by the left and right foot differ 
from each other. Neglecting these differences in the locomotion parameters will lead to a loss of important information. The 
basic aim of this study is to investigate the differences in the load processes ascending stairs step-by-step and taking two steps at 
once, descending stairs and compare the results to walking in the horizontal plane. Especially, the analysis focuses on the inter- 
and intra-individual differences in the load and locomotion parameters. 

KEY WORDS: men-induced loads; stairs; walking. 

1 INTRODUCTION 

The aesthetic sense of modern architecture paired with an 
improved technical understanding has led to more and more 
slender pedestrian structures with increased spans in the last 
decades. Not only pedestrian bridges are concerned by this but 
also monumental stairs which are commonly used in many 
public areas and buildings, such as hotels, shopping centers 
and educational buildings. The slender and lightweight design 
of staircases results in a higher susceptibility against 
vibrations. Pedestrians are able to excite such slender 
structures by rhythmic activities like walking, running or 
jumping which may lead to serious dynamic reactions. Those 
men-induced vibrations may not only lead to an issue of the 
structural safety but also may affect the serviceability. In 
regard to serviceability aspects, most national and 
international standards recommend an upper limit for the 
experienced vibration of the users by implementing a specific 
threshold value to ensure a sufficient comfort level for all 
users. Present codes indicate to be aware of the corresponding 
dynamic effects, however, without giving further instructions 
to the designing engineer. Thus, the guidance for the 
designing engineer is still not sufficient to avoid problems 
regarding the serviceability.  
Research in the field of men-induced vibrations is mainly 
related to walking and running in the horizontal plane. 
However, studies dealing with ascending and descending 
stairs are scarce, although both locomotion forms differ 
significantly from walking.  As stated in ISO 10137 [1], 
climbing stairs differs in both magnitude and frequency 
content from walking in the horizontal plane. The suggested 
load model therefore introduces as uniform load amplitude 1.1 
the first harmonic. This leads to a very conservative design. 

For the lateral direction, there are no design parameters 
available. Furthermore, it has been shown in [2] that the loads 
induced by the left and right foot differ from step to step for 
walking in the horizontal plane. Neglecting these differences 
in the locomotion parameters will lead to a loss of important 
information. Therefore, the basic aim of this study is to 
investigate the differences in the load processes ascending 
stairs step-by-step and taking two steps at once, descending 
stairs and walking in the horizontal plane. Especially, the 
analysis focuses on the inter- and intra-individual differences 
in the load and locomotion parameters. The basic 
biomechanics of ascending and descending stairs are 
presented in section 2 including the basic walking parameters 
and the basic load pattern for ascending and descending a stair 
step-by-step and ascending by taking two steps at once. 
Section 3 deals with the variability of the load amplitudes due 
to inter- and intra-individual differences.  
To investigate these differences, a second series of tests has 
been performed. The experimental setup and the following 
analysis of single steps are explained.  The results of the 
analysis in terms of harmonic load amplitudes for the vertical 
and lateral direction can be found in section 4. Furthermore, 
the distributions of the step frequencies and step widths for all 
three locomotion forms are discussed. Bishop & Kerr 
published a paper [4] dealing with the harmonic load 
amplitudes in the vertical direction for ascending and 
descending a stair step-by-step by using the so-called 
biomechanical closure, i.e. by demanding that there is no 
difference in the loads induced by the left and right foot. 
Additionally, a series of tests has been performed to show the 
influence of the stair geometry on the harmonic load 
amplitudes of the vertical direction. 

Development of a load model for men-induced loads on stairs 
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2 BASIC BIOMECHANICS 

2.1 Basic walking parameters 

The locomotion form walking can be characterized by a 
permanent ground contact with at least one foot on the 
ground. Additionally, there is a period of time where both feet 
touch the ground. The respective phases are named single 
stance and double stance phases, respectively. Generally, 
walking as a series of single steps can be described by an 
alternating process of single stance and double stance phases. 
A single step, consisting of a double and a single stance phase, 
is defined to start with a double stance phase and ends at the 
beginning of the next double stance phase. The basic 
individual step parameters to describe the process of walking 
are: 

 step frequency fs 
 step length ls 
 step width ws 
 harmonic load amplitudes cn for n = 1, 2, 3, … 

The step related walking speed is obtained from the product of 
step frequency fs and step length ls: 

s s sv =f  l            (1) 

Both parameters step frequency and step length will differ for 
each individual. However, during climbing stairs the 
parameter step length is restricted due to the stair geometry. 
Thus, the individual walking speed is only influenced by the 
step frequency. This leads to different harmonic load 
contributions if compared to walking. The second main 
difference between walking in the horizontal plane and 
walking on a stair is the height difference between two 
consecutive steps, leading to significant changes in the basic 
load pattern of the load time history.  

2.2 Experimental setup 

To identify the basic differences between walking in the 
horizontal plane, ascending and descending a stair, a first 
series of tests focuses on measuring the basic load patterns of 
a single foot. Therefore, a multi-component force plate by 
Kistler is used to obtain the orthogonal force components Fx, 
Fy and Fz (figure 1).  

 

Figure 1. Kistler multi-component force plate and the 
corresponding definition of the load directions. 

This device consists of a 60 cm x 90 cm stiff cover plate, 
supported by four three-component force sensors. The 

position of the effective load in the x-y-plane can be 
determined by equilibrium conditions.  
For the analysis of ascending and descending, a wooden stair 
construction is placed on top of the force plate. This combined 
construction represents the first active step with a total height 
of 16 cm. The tread depth was chosen to 32 cm to fit the 
geometry of an existing stair which is used in the second 
series of tests. The stair geometry is within the range of the 
German recommendation DIN 18065 for the dimensioning of 
stairs [3]. A wooden frame of 32 cm height is used for the 
second step. This frame is supported only on the ground and 
has no connection to the force plate. 
Altogether, eight persons, seven male and one female person, 
were asked to participate in the experiments. Each person had 
to pass the stair test section four times to measure the single 
foot load pattern for the left and right foot for ascending and 
descending the stair. For a better comparison of the basic load 
pattern of each test person, the results are normalized by the 
body weight. Therefore, before each test run, the test person 
was asked to climb the force plate and remain there several 
seconds to identify the body weight.  

2.3 Basic load pattern 

The load trace of a single foot for the locomotion form 
walking in the horizontal plane can mainly be described by 
five characteristic points (figure 2). Each of these 
characteristic points can be explained by the chronology of the 
motion of the foot during a single step. 

 

Figure 2. Normalized single foot load pattern for walking in 
the horizontal plane [?]. 

The first characteristic point (A) represents the beginning of a 
single step where the heel is attached on the ground. The first 
maximum (B) marks the point of transferring the whole 
weight onto the heel of the leading leg. During this phase f 
shifting the weight to the front foot, the motion can be 
described by a controlled phase of free falling, typically 
leading to amplitudes larger than the body weight. Then, the 
knees will be bended and the opposite leg swings to the front 
(C) before pushing oneself off with the toes which leads to the 
second maximum (D). The last characteristic point marks the 
end of the ground contact of the corresponding foot (E). 
Similar phases can be identified for ascending and descending 
stairs. However, due to the height difference between two 
consecutive steps and the forced step length, the basic load 
patterns differ significantly. In figure 3, the basic load patterns 
of the left and right foot of a single person are compared for 

A

B

C 

D

E
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ascending and descending a stair.  As stated in [2], it has to be 
distinguished between the left and right foot for the walking 
process, i.e. the strong and weak leg, respectively. It could be 
shown that almost every person has a strong and a weak leg.  
While for walking in the horizontal plane the differences 
between the left and right foot mainly can be identified for the 
walking parameters step length and step frequency, for 
climbing stairs these differences lead mainly to modulations 
in the basic load pattern and a variation in the step frequency 
(figure 3). 
Generally, ascending a stair leads to two local maxima and 
one local minimum in between, similar to walking in the 
horizontal plane. However, during the initial phase, usually a 
small peak can be observed. This is due to the fact that the test 
person attaches his foot on the step and rolls it off before 
pushing the body off. Additionally, the second peak is slightly 
shifted and more peaked than for walking. The comparison of 
the basic load pattern for ascending the stair with the left and 
the right foot reveals that the load difference during the push-
up phase, i.e. the time between the local minimum and the 
second local maximum, is enlarged for the left foot. The 
difference between these local extreme values rises from ∆F = 
0.45 for the right foot to ∆F = 0.65 for the left foot. 
Obviously, the basic load pattern induced by the right foot of 
the test person leads to a more energy-efficient motion. 

 

 

Figure 3. Measured load pattern for ascending and descending 
a stair for the weak and strong leg. 

The basic load pattern for descending a stair shows a 
considerably larger first maximum and a second maximum 
which is only slightly larger than the minimum amplitude. 
When comparing the traces for the left and right foot, it can be 
noticed that the basic load pattern of the right foot shows a 
sharp peak at the beginning of the first local maximum 
resulting from a strong impact. Due to the fact that the right 

foot is placed on the active step, the left foot has to transfer 
the weight down on the next step. For the left foot the initial 
peak is damped. The whole trace appears to be smoother. It 
can be concluded that the identification of the strong and 
weak leg rather has to be based on the load traces than on the 
locomotion parameters. For ascending the stair, the strong leg 
leads to the smoother load curve which characterizes the more 
energy-efficient motion. For descending the stair, the strong 
leg leads to larger impact amplitudes because the weak leg has 
transfers the weight down to the next step much faster. 
During initial studies predominantly male persons preferred 
ascending the stair by taking two steps at once. The 
accompanying skipping of one step leads to differences in the 
basic load pattern as well as to a fairly different range of the 
step frequency. On the other hand, the tests suggest that 
descending the stair by taking two steps at once seems to be a 
rather unnatural locomotion. In figure 3, the basic load pattern 
of a single person ascending the stair by taking two steps at 
once with both weak and strong leg is shown.  

 

Figure 4. Measured load pattern for ascending a stair by 
taking two steps at once for the weak and strong leg. 

The basic load patterns look similar to those for ascending a 
stair step-by-step when drawing it against the normalized time 
axis. Again, the basic load pattern for the strong leg attends to 
be smoother and the initial peak disappears almost 
completely. Due to the longer step length, the step frequency 
range will differ from the locomotion forms of ascending and 
descending step-by-step. Therefore, it is reasonable to 
investigate the locomotion of ascending a stair by taking two 
steps at once for the development of a consistent load model. 

3 VARIABILITY OF LOAD AMPLITUDES 

3.1 Experimental setup 

Beside the differences resulting from different locomotion 
forms, the study aims in analyzing the influence of the loads 
induced by the left and right foot during the locomotion of 
climbing stairs. Thus, the load time history of consecutive 
steps has to be measured. Therefore, a wooden stair test 
section was build and used as an extension of an existing stair 
(figure 5). The stair geometry, i.e. step length and stair rise, 
are adopted from the existing stair to guarantee an undisturbed 
locomotion. For the same reason a lead-in and lead-out 
section with sufficient length was used to avoid a changing 
locomotion behavior before reaching or after leaving the stair 
test section.  
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Figure 5. Experimental setup of the stair extension. 
 
The stair test section contains 4 active steps to guarantee that 
at least one double step can be used for further analysis. The 
loads induced by the test persons are measured by a Kistler 
force plate mounted under the wooden test section. Each test 
person was asked to perform a test procedure which covers 
the locomotion forms of ascending and descending the stair 
step-by-step and ascending the stair by taking two steps at 
once. Before each trial, the weight of the volunteer is 
measured. This parameter is used later to normalize the loads 
for a better comparison. Afterwards, the test person is asked to 
pass the test procedure, consisting of four different cycles 
with a variation of the locomotion form and the starting foot 
(table 1). 

Table 1. Cycles of the test procedure 

Cycle test procedure 
starting 

foot 

1 ascending and descending step-by-step right 

2 ascending and descending step-by-step left 

3 ascending by taking 2 steps at once, 
descending step-by-step 

left 

4 ascending by taking 2 steps at once, 
descending step-by-step 

right 

 
Overall, 105 volunteers have passed the test procedure, 38 
female and 67 male persons. The tests took place on the 
matriculation day at the Ruhr-University Bochum; therefore, 
most of the test persons are younger students.  

3.2 Harmonic analysis 

The measured time series contain the four different cycles. 
Each cycle consist of one double step for the locomotion step-
by-step and one single step for ascending the stair by taking 
two steps at once. Figure 6 shows the resulting load time 
history of ascending a stair step-by-step for all three 
directions.  
For further analysis it is important to split the load time 
history into single steps to be able to evaluate the inter- and 
intra-individual differences. A useful criterion for the 
detection of the begin of a double stance phase is the 
horizontal load Fy. By putting the foot on the next step, the 
horizontal load and the position of the effective load are 
changing. In figure 6, the red lines indicate the beginning of 

the double stance phases. In this analysis, the load of each 
individual step is decomposed into a Fourier series, leading to 
a constant part, which has to equal approximately the body 
weight, and a number of harmonic contributions. Hence, each 
step differs in step frequency and load amplitude for each of 
the harmonics. 

 

Figure 6. Load time history of ascending a stair step-by-step. 

4 FOURIER COEFFICIENTS 

4.1 Vertical direction 

Figure 7 shows the results for the first and second integer 
harmonics for all three analyzed locomotion forms. The 
colored lines represent a linear fit for the results of the single 
steps over the frequency range of the corresponding 
locomotion form. For each locomotion form, there is a clear 
dependency between load amplitude and step frequency, 
especially for the first integer harmonic. Here, descending a 
stair leads to the largest amplitudes up to almost1.0 for higher 
step frequencies. Comparing the first integer harmonics for 
ascending step-by-step and by taking two steps at once reveals 
that the latter locomotion leads to about 35 % higher load 
amplitudes. The higher harmonics for both step-by-step 
locomotion patterns keep below 0.1 for ascending and below 
0.2 for descending. The second integer harmonics for 
ascending by taking two steps at once are significantly larger 
and still show a large influence of the step frequency on the 
load amplitudes. They still might reach 0.5 for higher step 
frequencies. By just concentrating on the load amplitudes, 
descending a stair seems to be the most severe load case due 
to the highest harmonic load amplitudes for a large frequency 
span.  
In figure 8, the non-exceedance probability of the observed 
step frequency is shown for the three different locomotion 
forms. Descending a stair leads to the largest variability of 
step frequencies in the range of 1.6 to 3.6 Hz. For ascending a 
stair step-by-step the step frequency ranges between 1.2 to 2.4 
Hz, similar to walking in the horizontal plane. Due to the 
longer step length by taking two steps at once, the observed 
step frequencies covers the range between 0.8 and 1.8 Hz. 
Since this range lies partly outside the frequency ranges of the 
ascending or descending the stair step-by-step, it is reasonable 
to include this locomotion pattern in a load model at least for 
completeness. .  will lead to an expansion of the susceptible 
range of the natural frequency, i.e. ignoring this fact might 
lead to issues by stairs with extreme low natural frequencies. 
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Figure 7. First and second integer harmonic load amplitudes for ascending and descending. 
 

 

Figure 8. Non-exceedance probabilities of the step frequency. 
 

4.2 Comparison to the results of Bishop & Kerr 

One of the few studies dealing with men-induced loads on 
stairs has been published by Bishop & Kerr in 2001 [4]. Here, 
the load time history of a single foot is measured at the fourth 
step of a stair test section with three passive steps as lead-in 
and lead-out section, where similar load patterns as in chapter 
2 are obtained. To reconstruct the load time history of a single 
step, consisting of a single stance and a double stance phase, 
the so-called biomechanical closure is used, i.e. by demanding 
that the integral of the force over the step period has to equal 
the body weight: 

ST
!

t 0

F(t) dt  G



                 (2) 

The corresponding step period and step frequency is obtained 
from: 

s 1 dsp

s s

T   T t

f  = 1 T

 
              (3) 

 

T1  - contact time of one foot 
tdsp  - duration of the double-stance phase 
 
The load trace of the double-stance phase is obtained from the 
superposition of the beginning and the end of the measured 
load time history (figure 9). Based on this, the duration of the 
two-foot-stand phase can be calculated assuming that the load 
F(t) has to equal the body weight G:  
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       (4) 

 
F1(t)  - footfall trace induced by one foot 
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Figure 9. Biomechanical closure approach. 
 

The measurements of Bishop & Kerr led to 500 load time 
histories of single steps obtained for 23 male and 2 female 
persons. The volunteers were asked to change the step 
frequency for each run.  
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A comparison of the results of both measurements only makes 
sense if the basic geometric parameters of the stair test section 
are comparable. The stair test section of Bishop & Kerr allows 
two different inclinations, 22° and 33° respectively. The 
corresponding values for the geometric parameters step length 
and step height are listed in table 2. The geometric values of 
the EKIB stair test section are lying right in between of those 
one for both inclinations of the stair test section of Bishop & 
Kerr, i.e. the results for both measurements can be assumed to 
be sufficiently comparable.  
Figure 10 show the results of both measurements for the 
normalized first integer harmonic load amplitudes for 
ascending and descending step-by-step, respectively. The 
results of the EKIB measurement seem to be in perfect 
agreement to the findings of Bishop & Kerr.  

 

Table 2. Dimensions of the stair test sections 

Test section Step length [cm] Step height [cm] 
Bishop & Kerr 
22° inclination 34.0 13.5 

EKIB 
27° Inclination 

32.0 16.0 

Bishop & Kerr 
22° inclination 

28.0 18.0 

 

 

Figure 10. Comparison of the 1st harmonic load amplitudes for 
ascending & descending of Bishop & Kerr and EKIB ( )  

As for the stair geometry, the EKIB data can be found in the 
middle of the data achieved for both inclinations of the stair 
test section Bishop & Kerr used. So, it can be concluded that 
the incorrect assumption of equal loads for both feet does not 

lead to biased harmonic load amplitudes. Nevertheless, 
applying the biomechanical closure leads to a loss of 
important information and a neglecting of the existing sub- 
and intermediate harmonics [5]. Approaches using only 
integer harmonics of single steps may fail to predict the 
corresponding excitations. 

4.3 Influence of the stair geometry 

So far, it is possible to identify an influence of the step 
frequency on the load amplitudes for the vertical direction but, 
the tread depth and stair rise dimensions of the staircase may 
influence the load amplitudes of the first harmonics, too. To 
verify this assumption a third series of tests has been 
performed with a stair test section with adjustable stair rise 
and tread depth dimensions. The stair test section is similar to 
the first series of tests, i.e. by using a force plate to measure 
the load time history of a single step. Since the incorrect 
assumption of equal loads for both feet does not lead to biased 
harmonic load amplitudes, the biomechanical closure can be 
used to calculate the integer harmonic load amplitudes.  
Most stairs are constructed by using an ergonomic 
relationship between tread and riser dimensions to guarantee a 
comfortable gait. The German standard DIN 18065 
recommends that two times the stair rise plus the tread depth 
shall equal the mean step length of a person which is in a 
range of 590 to 660 mm [3]:  

2  s + a = 590  660 mm              (5) 

s – Stair rise  
a – Tread depth  

In figure 11, the recommended values of [1] for the stair 
geometry are drawn. The dots mark the analyzed stair 
geometries. Figure 12 illustrates the first harmonic load 
amplitudes of a single test person for ascending the stair step-
by-step for each stair geometry and foot. As seen for the 
results of Bishop and Kerr [4] and the EKIB data, the 
harmonic load amplitudes show a clear dependency on the 
step frequency.  

 

Figure 11. Recommendation of stair dimensions. 

In a first approach, the results can be fitted by a straight line. 
Furthermore, the mean step frequency differs considerably for 
the left and right foot of the test person which underlines that 
the assumption of perfectly equal load patterns for both feet is 
incorrect and will lead to an underestimation of the sub- and 
intermediate harmonic content.  

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1040



 

Figure 12. Influence of the stair dimension on the first 
harmonic load amplitude for the vertical direction. 

 
Figure 12 also reveals that there is an influence of the stair 
geometry on the harmonic load amplitudes. Basically, it is 
expected that the higher the stair rise, the higher should be the 
harmonic load amplitudes. Furthermore, the results for each 
geometry and foot seem to be clustered. This is due to the fact 
that for each stair rise, two different tread depths were 
analyzed. The tread depth has an influence on the step 
frequency of each person due to the longer step length the test 
person has to perform. 

4.4 Lateral direction 

Beneath vibration issues regarding the vertical direction, in 
some cases the horizontal induced loads may also lead to 
considerable vibrations in the lateral direction. The most 
famous example for this may be the Millennium Bridge in 
London where lateral induced loads induced by pedestrians 
caused the shutdown of the bridge for more than one year. 
Especially slender steel staircases with a high width are 
susceptible for those excitations. The cycle period for the 
lateral induced load is equivalent to one double step, i.e. about 
two times larger than for the vertical direction. Those loads 
arise due to the displacement of the center of gravity of the 
body from the left to the right leg and the other way round. 
Figure 13 shows a typical load time history of the normalized 
lateral load Fx. The red lines mark the beginning of the double 
stance phases.  

 

Figure 13. Load time history of the lateral force Fx. 

The first harmonic load amplitudes for the lateral direction, 
show a considerable correlation to the step frequency (figure 
14) similar to the vertical direction. For the step-by-step 

locomotion the mean step frequency is used, averaged from 
both consecutive steps.  

 

Figure 14. Correlation between the 1st lateral harmonic load 
amplitude and the mean step frequency. 

 
Since the loads are induced by the shifting of the center of 
gravity, the step width will also have an influence on the load 
amplitudes. A wider step width will lead to higher harmonic 
load amplitudes for the lateral direction. In figure 15, the 
normalized first harmonic load amplitudes for each of the 
analyzed locomotion forms is drawn against the step width. 
Due to the longer step length by taking two steps at once, in 
the mean the step width of the locomotion form of ascending 
the stair by taking two steps at once leads to lower step widths 
and accordingly to lower first harmonic load amplitudes for 
the lateral direction. 
 

 

Figure 15. Correlation between the 1st lateral harmonic load 
amplitude and the step width. 

In figure 16, the non-exceedance probability of the step width 
is shown for each analyzed locomotion form. Descending a 
stair leads to the highest step width, with values between 
0.125 m and 0.375 m. On average, the smallest step width is 
obtained for ascending the stair by taking two steps at once. 
The trace for ascending the stair step-by-step lies more or less 
between the two other traces. Therefore, the critical load 
scenario for the lateral excitation of stairs is obtained with 
descending.  
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Figure 16. Traces of the non-exceedance probability of the 
step width. 

5 SUMMARY AND CONCLUSIONS 

Although, vibrations issues of pedestrian structures are known 
since several years, there is still a lack of knowledge in part of 
this research topic. Most studies focus on the locomotion in 
the horizontal plane and there are only few studies dealing 
with ascending and descending stairs. In this paper, the results 
of the Research Team EKIB are presented, leading to the  
following conclusions: 

 Beside the locomotion of climbing stairs step-by-step, 
especially male persons tend to ascend a stair by taking 
two steps at once.  

 The locomotion pattern of taking two steps at once is 
not covered yet in actual codes, although the load 
amplitudes for the first two integer harmonics are much 
higher compared to ascending a stair step-by-step. 

 Taking two steps at once lead to a more than 40 % 
higher walking speed compared to the locomotion of 
ascending step-by-step. 

 The results of the study done by Bishop & Kerr for the 
load amplitudes in vertical direction are in reasonable 
agreement with the results of the measurement 
performed by the Research Team EKIB, i.e. the 
incorrect assumption of equal loads for both feet 
probably does not lead to biased harmonic load 
amplitudes.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 The use of the biomechanical closure may fail to 
predict the excitation at sub- and intermediate 
harmonics. 

 It could be shown that there is a need to consider the 
stair dimensions to the load model because of the 
strong correlation of the stair dimension to the first 
harmonic load amplitude, i.e. a higher stair rise will 
lead to higher harmonic load amplitudes. 

 So far, there is no load model dealing with the lateral 
loads, although especially slender steel staircases may 
tend to be susceptible in this direction. 

 There is a clear correlation between the first lateral 
harmonic load amplitude and the step width observable. 
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ABSTRACT: This paper investigates the vibration serviceability of a steel half turn staircase in a new office building. Based on 

a finite element model, the vibration serviceability is assessed under moving load conditions simulating walking or running of a 

single person ascending or descending the stairs. For reference purposes also simulations with stationary loading conditions are 

performed. The predicted acceleration levels are evaluated using the response factor R, corresponding to the multiplier of the 

base perception curve of BS6472 for vertical vibration. Response factors significantly higher than 32 are predicted which is the 

criterion for single person excitation proposed by Bishop et al. to ensure negligible adverse comment for the case of light use in 

an office environment. To validate the predicted results, measurements are carried out to identify the modal parameters of the 

staircase and to evaluate the vibration levels under different conditions of usage. 

KEY WORDS: Human induced vibrations; Vibration serviceability; Staircases. 

1 INTRODUCTION 

The design of slender and lightweight staircases leads to a 

low stiffness to mass ratio resulting in structures prone to 

human induced vibrations. Because of this trend, the natural 

frequencies of structures tend to be in the range of human 

induced loading frequencies. The phenomena of resonance 

can cause high acceleration levels in these structures, even 

under normal circumstances. This can cause comfort problems 

which contributes to a feeling of insecurity or can lead to 

damage in the worst case scenario. 

An increased awareness to these problems during the design 

stage can prevent these problems and small interventions can 

make a difference to the vibration serviceability of structures 

under human induced vibrations.  

To assess the vibration serviceability, the acceleration 

response needs to be calculated under different simulations 

using a moving load, simulating walking or running of a 

single person ascending or descending the stairs, and also 

simulations with stationary loading are performed. 

Kerr and Bishop [1,2] carried out numerous force plate 

experiments to describe the vertical force in function of time 

for one person walking on a staircase. According to these 

measurements, the stationary load that consists of impact 

footfalls can be described as a Fourier series with two 

harmonics. The force-time history of a walking force can also 

be described with a Fourier series as a stationary load, or as a 

sequence of footsteps [3]. 

The vibration levels can be predicted using these force 

models, simulating loading scenarios on a finite element 

model. The load cases include a realistic scenario of walking 

or running up- and downstairs of the staircase with one 

person. Secondly, the vibration levels for a stationary load on 

a vibration sensitive spot on the structure are investigated as a 

reference.  

The ISO Standard for serviceability of buildings and 

walkways against vibrations [5] provides an evaluation of the 

maximum vibration levels for staircases using the response 

factor R.  This rating number will be used to define a well-

founded judgment about the vibration serviceability of the 

staircase in this outline of the paper. 

 

2 DESCRIPTION OF THE STAIRCASE 

 

 

 

Figure 1: Side view staircase 

 

The atrium staircase of a new office building consists 

essentially of steel tube profiles and will reach through three 

floor levels, with a cantilever landing in between. This steel 

half turn staircase consists of two flights of nine or ten steps 

each, connected by a cantilever landing and bolted to the 

concrete upper and lower floor. A side view of one module of 

the staircase is shown in figure 1. The U-shaped steps and the 

platforms between the floor levels contain a concrete infill. 

Glass panels will be used between the handrails and the 

stringers.  
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3 CALIBRATION OF THE FINITE ELEMENT MODEL 

This section describes how the finite element is calibrated in 

two steps, corresponding to the two construction stages in 

which the modal parameters were experimentally identified. 

First, the details of the operation modal analysis are 

summarised. Secondly, the correspondence between the 

measured and calculated modal parameters are investigated 

for the initial and calibrated finite element model. This will be 

done for both construction stages: (a) bare steel structure 

without concrete infill on the steps and landing nor handrail, 

(b) composite structure without handrail. 

 

3.1 Operational modal analysis 

In both construction stages an identical measurement setup 

was used, using 12 tri-axial accelerometer sensors in a single 

configuration as presented in figure 2. Since the mode shapes 

of the initial finite element model indicated an important 

movement of the landing of the staircase, it was equipped with 

8 sensors. The monitoring of the supports was performed by 

placing the sensor on the first/last step of the stairs. 

 

 

Figure 2: Measurement setup 

The output-only data was processed using the reference-based 

covariance-driven stochastic subspace identification (SSI-cov) 

[6]. The modal assurance criterion (MAC) is used to identify 

matching modes [7] . 

The measured mode and the calculated mode can be matched 

if their MAC value is close to 1. An important note is that the 

mass due to the weight of the sensors is taken into account in 

the finite element model to approximate the measured 

situation as good as possible. 

 

3.2 Calibration method 

To calibrate the finite element model, parameters are 

calibrated by minimising a cost function that measures the 

discrepancy between measured and computed data. For this 

objective, a least squares cost function is used without 

regularisation, as described by Van Nimmen et al [8]. Each 

construction stage will be calibrated separately in order to 

start with a calibrated basic model before moving on to a more 

advanced building stage. The accuracy with which the modal 

parameters can be determined are taken into account with 

weight factors. During the calibration process, minimising the 

discrepancy between the measured and calculated frequencies 

will be considered as thousand times more important than the 

discrepancy between mode shapes, because natural 

frequencies can be determined more accurate than mode 

shapes.  

 

3.3 Calibration in construction stage 1: bare steel 

structure 

The initial finite element model representing the bare steel 

structure was constructed using beam elements for the stair 

steps and the main structure. The steel plate which is fixed to 

the bottom of the beams of the landing was modeled by shell 

elements. Each of the flight ends has two pinned supports 

(with fixed translations and free rotations), representing the 

bolted connection to the upper and lower concrete floor.  

 

 

Figure 3: 3D representation of the staircase with boundary 

conditions. 

For the measurements in this construction stage, it has to be 

noted that since the welded wire mesh was already fixed for 

the reinforcement of the concrete, bolts were needed to lift the 

sensors with the aim of correctly registering the vibrations of 

the main structure of the staircase. The agreement between the 

initial finite element model and the measurements is presented 

in table 1. Only the finite element mode shapes that match 

with the measurements are represented. The first measured 

mode shape is a rigid body mode, which involves the 

movement of the building, while the others pertain to the stair 

construction itself. 

Table 1: Comparison between the measured, initial and 

updated modal parameters of the bare steel structure including  

mass of the sensors. 

Measured Initial Calibrated 

f,s  ξ,s  f  MAC Δf f  MAC Δf 

[Hz] [%] [Hz] [-] [%] [Hz] [-] [%] 

4.53 4.75       

6.86 1.96       

7.61 0.53 7.88 0.969 3.5 7.61 0.968 0.0 

10.44 0.41       

11.36 1.44       

12.33 0.45 12.50 0.870 1.4 12.33 0.871 0.0 

15.78 0.44 16.42 0.900 4.1 15.78 0.897 0.0 

16.23 0.63       

 

For the calibration of this first model the support stiffnesses 

are considered as updating variables. In the finite element 
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model, each support is modelled with three translational 

springs and three rotational springs. To reduce the complexity 

of the calculations, characteristics of the springs are assumed 

to be identical in the four supports. 

 

From table 1 it is clear that due to the calibration process the 

natural frequencies derived from the measurements and finite 

element models correspond almost perfectly, while the effect 

on the mode shapes is less noticeable. 

3.4 Calibration in construction stage 2: composite 

structure 

In this construction stage the U-shaped steps and the landing 

contain a concrete infill. The calibrated finite element model 

from the previous construction stage is therefore extended 

with shell elements to model the concrete at the landing and a 

modified mass density to model the mass effect of the 

concrete infill of the steps. 

 

Table 2 shows the experimentally identified modal parameters 

together with the results of the modified finite element model, 

indicated as ‘initial’ for this construction stage. The addition 

of the concrete to the cantilever landing and stair causes a 

reduction of the natural frequencies due to the mass of the 

concrete. Besides this fact, the concrete has an increasing 

effect on the damping of the modes. 

 

Table 2: Comparison between the measured, initial and 

updated modal parameters of the composite structure. 

Measured Initial Calibrated 

f,c ξ,c f MAC Δf f MAC Δf 

[Hz] [%] [Hz] [-] [%] [Hz] [-] [%] 

4.58 2.44       

6.72 1.47 6.42 0.955 -4.5 6.71 0.951 -0.1 

8.85 2.49       

11.13 0.77 10.72 0.941 -3.7 11.20 0.931 0.6 

14.28 0.99 13.63 0.949 -4.6 14.13 0.948 -1.1 

20.99 0.98 20.83 0.877 -0.8 21.17 0.883 0.9 

 

For this calibration step, the modulus of elasticity and the 

mass density of the concrete are assumed to be updating 

parameters. The initial and calibrated values of these 

parameters are summarised in table 3. Again the mode shapes 

that could be matched with measured mode shapes are taken 

into account for this updating process. The natural frequencies 

could be calibrated up to an accuracy of approximately 1%. 

Table 3: Uncertain parameters during the calibration process 

 ρconcrete [kg/m³] Econcrete [N/m²] 

Initial value 2.50 x 10³ 3.80 x 10
10

 

Calibrated value 1.71 x 10³ 5.21 x 10
10

 

 

4 VIBRATION SERVICEABILITY BASED ON 

SIMULATIONS 

To assess the vibration serviceability of the staircase, 

numerous loading scenarios are tested by simulating the 

acceleration response under a time varying walking or running 

force along a predefined path on the structure. Additionally, 

the response under stationary loading conditions is calculated 

as a worst case reference. The acceleration response will be 

compared to the vibration comfort levels defined by the 

response factor R, corresponding to the multiplier of the base 

perception curve of BS6472 for vertical vibration. If 

necessary, vibration mitigation will be applied and evaluated. 

 

4.1 Modal parameters of the finished staircase 

The mode shapes and the natural frequencies of the finished 

staircase are calculated starting from the calibrated finite 

element model in construction stage 2 with the effect of the 

handrail and the glass panels modeled as mass. The damping 

ratios are taken from the measurements in construction stage 

2. Table 4 summarises the calculated modal parameters used 

for the numerical simulations. For the finished staircase no 

measurement data are yet available. 

Table 4: Modal parameters of the finished staircase 

Mode shapes 

3D view Front view Top view 

Mode 1:     f1 = 5.98 Hz     ξ1 = 0.0147 = ξ,c,2 

   

Mode 2:     f2 = 9.92 Hz     ξ2 = 0.0077 = ξ,c,4 

   

Mode 3:     f3 = 12.44 Hz     ξ3 = 0.0099 = ξ,c,5 

   

Mode 4:     f4 = 18.66 Hz     ξ4 = 0.0098 = ξ,c,6 

   

 

 

 

4.2 Human induced loading on the staircase 

 The first step in the simulation process consists of defining 

the load that will be used for simulations. Kerr and Bishop 

[1,2] showed that the observed human induced forces on stair 

steps are highly dependent on the pace, which will differ as 
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the person is running up- or downstairs. Human induced 

forces on stair steps consist of a bigger amplitude and 

frequency-content than normal walking forces. 

In case of a slow walking velocity, the person lands on the 

sole of the foot after which the heel strikes the tread, followed 

by a peak in the force diagram caused by the tip of the foot in 

order to prepare for the next step. While in the case of walking 

with a high velocity only the tip of the foot touches the tread 

which will cause an impulse load. 

Both load cases are represented during the simulations. For 

the description of the walking or running force could be 

referred to the definition of a single footstep [3] or a stationary 

load [1,4] as defined in the literature.  

 

First of all, the stationary load of a walking and running 

force can be written as a Fourier series consisting of two 

(running), or four or five (walking) harmonic components. 

The properties of the force depend on the step frequency, the 

weight of the person and the load type.  Equation 1 describes 

the Fourier series, while figure 4 and 5 show an example of 

the stationary walking and running force as a function of time. 

 



max

1
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Figure 4: Stationary walking force (G = 700 N, fs = 1.99 Hz) 

as a function of time, together with the components of the 

Fourier series [4] 

 

Figure 5: Stationary running force (G = 700 N, fs = 2.99 Hz)  

as a function of time, together with the components  of the 

Fourier series [1,5]. 

Secondly, to simulate a moving and time varying force 

along a realistic walking path on the finite element model, 

defining a walking and running force of a single footstep is 

required, since each force will be allocated to a footstep 

location.  

Li et al [3] derived the single step walking force from the 

continuous walking force [4], and described this force by the 

Fourier series of equation 2. An example of the single step 

walking force is shown in figure 6.  
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Figure 6: Single step walking force (G = 700 N, fs = 1.99 Hz), 

according to Li et al  [3]. 

The single step running force is derived from the stationary 

running force by considering only the positive impulse force 

downwards, as shown in figure 7. 

 

Figure 7: Single step running force (G = 700 N, fs = 2.99 Hz). 

4.3 Simulation and results 

An estimation of the expected vibration levels in real 

conditions can be obtained by simulating the response due to 

one person descending or ascending the staircase. Both 

combinations of ascending or descending and walking or 

running are discussed during this case study. The step 

frequencies will assume a critical value, which means that one 

of the harmonic components will be equal to a natural 

frequency of the staircase. This resonance condition induces 
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the highest acceleration levels. In the case of a stationary 

walking force the range of step frequency varies from: 1.2 Hz 

to 2.5 Hz and contains four harmonic components. This means 

that the load frequency, which is a multiple of the step 

frequency varies from 1.2 Hz to 10 Hz.  

A stationary running force was described in the literature by 

using two harmonic components with a range of step 

frequencies between 1.2 Hz and 4.5 Hz corresponding to a 

load frequency up to 9 Hz. The first two natural frequencies of 

the staircase are within one of these critical ranges. Table 5 

gives an overview of the step frequencies of interest. 

Table 5: Critical step frequencies for simulations. 

fj [Hz] fj/1 [Hz] fj/2 [Hz] fj/3 [Hz] fj/4 [Hz] 

5.98 5.98 2.99 1.99 (1.50) 

9.92 9.92 4.96 3.31 2.48 

 

From table 5, three critical load scenarios are defined: walking 

at fwalk =1.99 Hz or 2.48 Hz or running at frun = 2.99 Hz. The 

walking path and the corresponding numbers of the steps that 

were used during the simulations are graphically displayed in 

figure 7. It takes into account a realistic scenario of a person 

moving up- or downstairs. A closer look will be taken to two 

extra points (27,28) at the corners of the platform, because of 

the sensitivity of these cantilever positions.  

 

Figure 7: Load path used for the simulations and reference 

points 27 and 28 at the corners of the landing. 

Figure 8 and 9 show the vertical and horizontal vibration 

response at three different positions of the staircase while 

running and walking downstairs at a critical step frequency.   

The positions are situated in the middle of the upper flight, 

in the middle and at one of the corner points of the cantilever 

platform. From the time histories of the accelerations, derived 

from the simulations at these step frequencies, the building up 

of resonance is obvious. As a result, the calculated maximum 

acceleration strongly depends on the damping ratio, which in 

these simulations corresponds to construction stage 2, without 

the handrails and the glass panels installed. 

The running force causes overall a larger acceleration 

response on the structure, which can be explained by the high 

dynamic load factor of this type of force. The landing is also 

more sensitive to vibrations than the stair flights, due to the 

higher modal displacements at that area, causing higher 

acceleration levels.  The most critical points are situated at the 

corners of the landing, which is not directly situated on the 

walking path. 

a)  

b)  

c)  

Figure 8: Vertical acceleration at position (a) 6 – middle of the 

upper flight, (b) 12 – middle of the landing and (c) 27 – corner 

point landing, while running downstairs with frun = 2.99 Hz 

and walking downstairs with fwalk = 1.99 Hz (left and right 

column respectively).  

a)  

b)  

c)  

Figure 9: Horizontal acceleration along the length of the 

landing at position (a) 6 – middle of the upper flight, (b) 12 – 

middle of the landing and (c) 27 – corner point landing, while 

running downstairs with frun = 2.99 Hz and walking 

downstairs with fwalk = 1.99 Hz (left and right column 

respectively).  
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From figure 9 can be concluded that not only the vertical 

accelerations, but also the horizontal accelerations reach a 

significant high value. 

 

4.4 Evaluation of the vibration serviceability 

The vibration levels in the structure will be compared with 

the user comfort criteria. 

   

Vertical direction 

In this case study the vertical acceleration levels are 

evaluated using the response factor R, corresponding to the 

multiplier of the base perception curve of BS6472 for vertical 

vibration, as shown in figure 10. Since the sensitivity of 

humans will depend on the frequency of the vibrations, not 

every acceleration level will be rated in the same way.  

 

Figure 10: Perceptible acceleration level in the vertical 

direction, corresponding to R = 1. 

Since acceleration levels in resonance conditions are 

investigated, üR=1 will be evaluated corresponding to the 

relevant natural frequency. 

 

Figure 11 shows the response factor in the points 1-26 of the 

load path (as defined in figure 7) and in points 27 and 28, 

situated at the corners of the landing, for a single person 

running downstairs with frun,downstairs=2.99 Hz. From these 

results, it is clear that the highest vibration levels are 

encountered at the landing with the maxima situated at the 

corner points. 

Also shown in figure 12 as a reference, is the response factor 

due to a stationary running load at the most sensitive corner 

point 27. From the  difference in acceleration level caused by 

this stationary load and the moving load of the simulations, it 

can be concluded that resonance is not fully built up during 

the passage of a person. 

An overview of the maxima, situated at the corner points of 

the landing, for a single person walking or running upstairs or 

downstairs at the critical step frequencies is shown in figure 

12.  

It is clear that the running force causes higher accelerations 

than the walking force because of its larger force amplitudes. 

Also there is no significant difference in the vibration 

response between ascending and descending the staircase. 

 

Figure 11: Response factor R along the walking path (1-26) 

and the corner points of the landing (27-28) for 

frun,downstairs=2.99 Hz, plus the response factor at the corner 

points for fstationary =2.99 Hz at the critical corner point on 

position 27 and criteria Rmax, light use and Rmax, heavy use according 

to Bishop et al [2]. 

 

Figure 12: Maximum global response factor R in the vertical 

direction and criteria Rmax, light use and Rmax, heavy use according to 

Bishop et al [2]. 

An assessment of the vibration serviceability can be carried 

out by comparing the calculated response factors with the 

comfort criteria proposed by Bishop et al [2]. A distinction is 

made between frequently used staircases (e.g. public 

buildings, stadia), for which a maximum response factor 

Rmax, heavy use of 24 is proposed, and less intensively used 

staircases (e.g. offices), for which a response factor Rmax, light 

use of 32 is proposed. These comfort criteria are proposed to 

ensure negligible adverse comment and are also shown in 

figures 11 and 12. It can be concluded that the vibration levels 

of the staircase, as predicted by the simulations, do not meet 

these comfort criteria both for walking and running 

conditions. More specifically, the landing is very sensitive to 

the human induced vibrations which may be important since it 

can be used by people pausing to look around or allowing 

others to pass. 
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Horizontal direction 

A similar procedure could be applied for the evaluation of 

the horizontal vibration levels, but to the author’s knowledge 

no criteria specific for stairs are available yet in literature. 

Since the sensitivity of humans is higher for horizontal 

vibrations, a more negative evaluation is expected. A future 

measurement campaign will validate the simulations. The 

progress of the human induced vibration levels during several 

load cases will be registered and analyzed to get more 

information about the accelerations of the structure in real 

situations. 

 

5 CONCLUSIONS 

The vibration serviceability of a staircase was investigated 

based on simulations of a single person walking or running 

downstairs or upstairs.  

A calibrated finite element model of the staircase in 

construction stage was developed in two steps corresponding 

to the two construction stages in which the modal parameters 

were experimentally identified. For the modeling of the 

finished staircase, as used in the simulations, the calibrated 

finite element model in construction stage 2 was modified by 

adding mass to account for the effect of the handrail and the 

glass panels, which were not yet installed. The damping ratios 

were assumed to correspond to the experimentally identified 

values in this construction stage. 

Critical load scenarios were selected by identifying critical 

step frequencies giving raise to resonance when the loading 

frequency, as a multiple of the step frequency, corresponds to 

a natural frequency of the staircase. With two natural 

frequencies below 10 Hz for the investigated staircase, two 

critical loading scenarios corresponded to walking and one 

critical loading scenario corresponded to running. Due to the 

high impulsive loading of the running, this last loading 

condition caused the highest vibration levels both in the 

vertical and the horizontal direction, especially at the 

cantilever landing. 

Based on the simulations, the vibration serviceability 

assessment shows that the response factors in the vertical 

direction are higher than the tentative comfort criteria for 

single person excitation as proposed by Bishop et al. in 1995 

[2]. For the horizontal vibration levels, no comfort criteria are 

available. 

In the near future, a measurement campaign will be carried 

out on the finished staircase. The first objective of these 

measurements is to identify the modal parameters. Especially 

the effect of the glass panels on the damping ratios is of great 

interest since damping is governing the vibration levels at 

resonance conditions. The second objective is to measure the 

vertical and horizontal acceleration levels under various 

loading conditions. Based on these measurements, a validation 

of the simulations as presented in this paper will be carried 

out. Furthermore, these measurements will determine whether 

vibration mitigation measures are necessary. 
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ABSTRACT: Jumping as the most important types of crowd-induced load on a temporary grandstand, can induce excessive levels 

of vibration which may affect the structural safety as well as the safety and the comfortable of the spectators. In this paper, a large 

temporary grandstand that accommodates about 1000 persons is modeled by the ABAQUS software, jumping forces that based on 

a experimental results as the load incentive of the model, and the jumping duration time is 10s. The number of jumpers from 15 to 

105, and the crowd jumping synchronism is 80%, 60% respectively. Among the models investigated, natural frequencies and main 

mode shapes were obtained. The results of the study have confirmed that spectators standing or seating load as additional mass that 

can lead to a substantial reduction of natural frequency. The structural dynamic response such as acceleration and displacement in 

the horizontal-lateral direction are sensitive to the degrees of coherency jumping, and the vibration response is no-linearly with 

changing the jump synchronism and number of jumpers. The amplitude spectrum has revealed that the structure dynamic 

frequency was closed to the natural frequency. The structure is over-conservation if the jumping load is assumed as static load 

value 4.5kpa. These results may be utilized in vibration serviceability assessment of temporary grandstand, and the results will be 

further evaluated with a temporary grandstand experiment under dynamic load induced by spectators. 

KEY WORDS: Finite element modeling, Dynamic responses, Temporary grandstand, Vibration

1   INTRODUCTION 

Demountable grandstand is the main types of temporary 

grandstands which is widely used for a variety of functions at 

public and private events, including social occasions, musical 

concerts, exhibitions and sporting events. Just as this type of 

structures that are likely to use as part of the London 2012 

Olympic and Paralympics Games. Unlike permanent 

grandstand, demountable grandstand is usually planned in a 

shorter period of time, and rapidly assembled and dismantled, 

and designed and constructed differently on each occasion to 

suit various client requirements, this means that the structures 

are made of lightweight components and flexible 

connections[1, 2]. Although due to no more than 28 days 

duration time and certain economic aspects, a demountable 

grandstand should be part of a safe and healthy environment 

for using it which is the same as for permanent grandstands. 

A significant number of accidents has occurred with 

demountable grandstands in the past as well as recently. One 

frequently reported two serious collapse happened in the UK 

during 1993 and 1994: 18 people were injured in April 1993 

due to the instability of spectator seating at a gospel meeting, 

and about 100 spectators were involved in the collapse of a 

demountable grandstand at a pop concert in October 1994[1]. 

A survey of ninety three cases of collapse of demountable 

grandstands which were found between the years 1889 and 

2008 was presented and discussed[3]. The major contributing 

causes were related to unexpected or excessive loads, 

followed by problems with the supports, connections, and 

bracings. 

 

Indeed, dynamic loads are usually considered as the most 

important aspects at the design stage of temporary grandstands, 

just like wind or earthquake effects. However, the 

human-induced vibrations may cause more serious problems, 

because human occupants can induce dynamic forces on 

demountable grandstand by various activities such as walking, 

jumping, dancing or hand clapping[4]. A vast majority of 

relevant design guidelines has recognized jumping as the most 

important type of crowd-induced rhythmic load on the 

demountable grandstand[5, 6], due to the jumping frequency 

range is nearly to the fundamental frequency of demountable 

grandstand, which is easily occur excessive vibration or 

resonance. To study temporary grandstand vibration more 

closely, it is necessary to construct accurate finite-element(FE) 

models for reliable prediction of their dynamic properties and 

their response to crowd loads. The dynamic characteristic of a 

grandstand was evaluating by FE modeling[7], a full-scale 

cantilevered grandstand was analyzed by the experimental and 

FE, used ambient vibration testing[8], different modeling 

strategies of a temporary grandstand in terms of their effect on 

changing natural frequencies of the structure were 

investigated[9], and a numerical model which was the 

temporary steel scaffolding grandstand subjected to 

human-induced vibrations due to jumping was obtained[10]. 

The aim of this paper is to analysis the response of the 3D 

FE models characterized by linear structure behaviour that are 

temporary wood-steel scaffolding grandstands subjected to 

different dynamic rhythmic loads due to jumping. Shell as 

well as beam and truss elements have been used in these 

models. The synchronism component that can be achieved by 
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a crowd spectators jumped and the number of jumpers of 

crowd jumping loads at a temporary grandstand are 

considered, and the dynamic parameters and vibration 

perception are obtained. 

 

2   MODELING ANALYSIS 

A temporary demountable wood-steel grandstand that was 

carried out using the ABAQUS software in the study has a 

total length 27.9m, depth of 17m and height of 8.6m(Figure 

1a), and the grandstand audience capacity is about 1000 

spectators. The 3D FE model consists of members which are 

tube standards and railings and tubular raking beams are 

modeled by beam elements, tube braces and ledgers are 

modeled by one-node truss elements, other members are 

modeled by four-node shell elements, just like seat and 

stands-plate(Figure 1b). The following values of material 

properties and members sizes are listed in Table 1 

 

Table 1 Material properties and sizes 

Member 
Elasticity 

modulus(GPa) 
fy(MPa) ρ(kg/m3) Size(mm) Material 

Standard 200 300 

7850 

R=25.5, t=3.5 

steel 
Bay Brace 200 210 R=24, t=3.0 

Railing 200 210 R=24, t=3.0 

Ledger 200 210 R=24, t=3.0 

Seat 10 18 
600 

L*B*H=350*480*400 
wood 

Stands-Plate 10 18 t=15 

Raking 

Beam 
200 300 

7850 

H*L*t=100*50*4 

steel 
Brace 

Frame 
200 210 H*L*t=60*40*2.5 

  
(a) 

  
(b) 

Figure 1 (a) The size of the FE model 

 (b) The members of the temporary grandstand 

 

The development of the model proceeded according to the 

following key steps: 

1. An initial modeling of the demountable grandstand was 

created that was obtained the natural frequencies and natural 

mode shapes. 

2. The dynamic loads of the models were synthetic crowd 

jumping forces included one vertical force and two horizontal 

forces which were jumped of individuals and tested by a 

Kistle 9287CA force plate in the laboratory(Figure 2). 

3. The number of jumpers and the degrees of coherency of 

crowd jumping were considered, jumpers from 15, 60, to 105, 

the crowd jumping synchronism was 80%, 60%. The dynamic 

jumping load in the center of this grandstand was assumed, 

and the location of unsynchronism forces were arranged 

stochastic. Others were passive loads which were not 

considered the spring-mass-damper system(Figure 1a), but 

only as mass system. 

4. According to the calculated natural frequencies of the 

modeling and a large group of crowd could jump in good 

synchronism at 1.8-2.5Hz[11,12], then 2Hz and 2.5Hz as the 

frequency of exciting loads of the model was assumed. 

5. Finally, 12 models with different simulated conditions 

were carried out, and dynamic analysis of these modes were 

compared with the model was applied a static load 4.5kpa that 

was the BS6399 code value[5]. 
 

 

 
Figure 2 Jumping test and spectator jumping force curve at 

2Hz 
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Natural frequencies analysis was carried out for the initial 

3D FE model, and the number of eigenvalues requested value 

was 15. The total mass of model was 38437.33kg, and each 

natural frequency of X, Y, Z direction was obtained(Figure 3a), 

X-stands for front back direction, Y-stands for vertical 

direction, and Z-stands for left to right (sway) direction. 

According to the participation factors(Figure 3b) and effective 

mass of each vibration mode(Figure 3c), it can be observed 

that the natural mode shape of X and Y direction is 8 which 

corresponded the natural frequency is 9.25Hz, but the first 

torsion at 6.44Hz and 9.46 Hz respectively. The most 

important natural mode shape of Z direction is 7, and the 

natural frequency is 6.44Hz, the first torsion at 9.25Hz. Also, 

as some modes (1-6) are identified as probably being 

primarily sway due to the location of dynamic loads. It is clear 

that the horizontal mode shapes are the major direction of 

vibration, due to its stiffness is lower than vertical direction, 

that is different from permanent grandstand. As expected, the 

natural frequency range of model results obtained are similar 

to the values of BRE[13], that indicated the stiffness and mass 

of this model are appropriate. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 3 (a) Natural frequency (b) Participation factors (c) 

Effective mass 

 

 

 

 

 

 

 

 

 

 

 
Figure 4 Each mode shape of the modeling 
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Each mode shape has already been shown in Fig. 4. It is 

noted previously that the standards occurred in plane bucking 

at vertical and front back modes, however, out plane bucking 

was happened at sway modes, and these modes affected most 

significantly the vibration zones. From 1.62Hz to 4.98Hz, the 

standards from back to front of this temporary grandstand was 

only out plane bucking respectively, but torsion with X-axis 

was obvious at 5.25Hz to 5.95Hz, and the first sway mode 

implicated that complicated coupling interaction among the 

members.  

3   DYNAMIC TRANSIENT ANALYSIS 

The total time of transient analysis has been set to 10s and the 

time step of 0.001s has been applied, because the sampling 

frequency of the dynamic loads is 1kHz. Twelve models are 

analyzed which the damping of the FE model is 0.05. The 

dynamic loads that jumped at 2Hz with different jumpers and 

different degrees of crowd synchronization are imposed on six 

models(Figure 5), others jumping loads that spectators jumped 

at 2.5Hz are assumed, and the number from 1 to 42 stands for 

different jumper. 

 

 
(a) 

 
(b) 

Figure 5 (a)The degree of synchronization is 80% 

(b)The degree of synchronization is 60% 

A large number of modes of free vibrations and 

corresponding natural frequencies have been obtained as the 

results of model analysis. Figure 6 shows the horizontal of free 

vibrations for the occupied grandstand that with 105 

spectators jumped at 2Hz or 2.5Hz, which is similar to the 

mode shapes of the empty grandstand. The values of the 

natural frequencies corresponding to the three directions of 

free vibrations for these occupied models are additional 

summarized in Table 2. As it can be seen from the table, the 

passive load as the mass of spectators can significantly 

decreases values of natural frequencies. In the case of the 

natural vibration modes, the reduction is as high as 37.4%, 

19.8%, 42.5% respectively. In comparison with vertical 

vibration, the mass of spectators are more likely to cause the 

grandstand with low frequency vibration at horizontal 

directions. 

 

 
(a) 

 
(b) 

Figure 6 (a) X direction deformed shape and 

undeformed shape(b) Z direction deformed shape 

and undeformed shape 

 

 

Table 2 Natural Frequency of models 

Model 
 Natural Frequency(Hz) 

X direction Y direction Z direction 

105 jumpers 5.7495(7) 7.40,7.42,7.42(10,13,15) 3.6066(3) 

60 jumpers 5.6391(7) 7.40,7.41,7.41 (10,13,15) 3.5484(3) 

15 jumpers 5.5408(7) 7.40,7.41,7.41 (10,13,15) 3.4917(3) 

Empty grandstand 9.2468(8) 9.2468(8) 6.4391(7) 

                                                  Numbers in ( ) show the mode order 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 7 (a)Acceleration shape (b)Displacement 

shape (c)Acceleration curve at 2Hz 

(d) Acceleration curve at 2.5Hz (e)Displacement 

curve at 2Hz (f)Displacement curve at 2.5Hz 

The results of all models indicate that dynamic response of 

standards are more important than other members. So, the 

peak acceleration and displacement values of standard from 

these models are comparative analyzed respectively, as well as 

Mises stress. Figure 7 shows the results in the form of the 

horizontal (X,Y direction) peak acceleration and displacement 

of the standard which from two models that have 105 

spectators jumped at 2 Hz and 2.5Hz with 80% of 

synchronism respectively, the red curve stands for front to 

back direction dates, the blue curve stands for left to right 

direction dates. The curves show that the max dynamic 

response occur at about 4.5s and 8.5s, the reason is that the 

dynamic jumping loads are different between at 2Hz and at 

2.5Hz. Although the dynamic loads of front to back horizontal 

is larger than left to right horizontal(Figure2), the time history 

curves still show that the X direction peak acceleration and 

displacement of standards are smaller than Z direction, even 

the standards occurred both out and in plane bucking as well 

as other models, which means that the stiffness of Z direction 

is less than X direction, may be due to the layout of standards 

is 2.5m and 3m at Z direction, comparing with the 1.7m at X 

direction, that reduces the stiffness of this direction. 

The peak acceleration and displacement of standards of all 

models are also showed in Figure 8. It can be seen that the 

dynamic responses of the models which the spectators jumped 

at 2.5Hz are larger than other models, and with increasing the 

jump synchronism and number of jumpers, the vibration 

responses increase no-linearly. The maximum transient 

acceleration and displacement is 0.727m/s2, 1.31mm 

respectively. Due to the maximum values of accelerations 

have significant influence on spectator perception during the 

temporary grandstand vibrations. The stipulation of reactions 

to various peak acceleration levels at temporary grandstands 

have been prescribed[14]. In these models, the max 

acceleration is 7.4%g, upon comparing with the proposed 

limits described in BRE and ISO, between the 5.1%g and 

10.2%g, it can be concluded that the observed reaction of 

spectators at the analyzed FE models of temporary 

grandstands is unacceptable. 
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Figure 8 Peak acceleration and displacement 

 

 
(a) 

 
(b) 

Figure 9 (a) Amplitude spectrum of 2Hz(b) 

Amplitude spectrum of 2.5Hz 

 

According to all these results, two models that have 105 

jumpers with 80% of synchronism were more likely to 

produce a major vibration response, so acceleration versus 

time data-based analysis on amplitude spectrum of the 

Z-direction are showed in Figure 9. It is clear that the first two 

main frequencies are close to the natural frequency of Z 

horizontal vibration of occupied grandstand, and indicates that 

the dynamic responses of temporary grandstand are induced 

by the first two harmonics jumping load, especially when the 

first two harmonics frequency of jumping load are nearly to 

the natural frequency of grandstand. 

The maximum transient stress of this two models are also 

obtained(see, Figure10), that is 157.0Mpa and 73.3 Mpa, it is 

interesting to note in this figure that the maximum stress of 

model with spectators jumped at 2.5Hz is smaller than the 

model with spectators jumped at 2Hz, although its dynamic 

response such as acceleration and displacement are larger than 

latter, the reason may be the excitation frequency of jumping 

load at 2.5Hz is close to the Z direction of this model. 

According to the model with all spectator standing and seating, 

the passive load value is 4.5kpa, obtained the max Mises stress 

which is 390.8 Mpa, 171.3 Mpa respectively. Upon comparing 

with these values, the max transient Mises of these models are 

safety, showed that the grandstand is over-conservation if the 

jumping loads were assumed as static load value 4.5kpa.

 

 
Figure 10 Time history curve of stress 
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4   CONCLUSIONS 

This paper has been devoted to analysis of the dynamic 

vibration of the FE models that a temporary demountable 

grandstand subjected to dynamic rhythmic jumped loads. 

Shell as well as beam and truss elements have been used in the 

models. The synchronism component of crowd jumping and 

number of jumpers are considered, and the dynamic 

parameters and vibration perception are obtained. 

The results of the study have confirmed that spectators 

standing or seating load as additional mass that can lead to a 

substantial reduction of natural frequency. The structural 

dynamic response such as acceleration and displacement in 

the horizontal-lateral direction are sensitive to the degrees of 

coherency jumping, and with increasing the jumping 

synchronism and number of jumpers, the vibration responses 

increase no-linearly. The amplitude spectrum has revealed that 

the structure dynamic frequency is closed to the natural 

frequency. The structure is over-conservation if the jumping 

load is assumed as static load value 4.5kpa. 

Further evaluate with results and experimental study will 

plan to be conducted so as to determine the dynamic behavior 

of temporary grandstand under rhythmic jumped loads is 

induced by spectators. The analysis of models presented in 

this paper will be utilized to vibration serviceability 

assessment of temporary grandstand. 
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ABSTRACT: The realistic evaluation of the serviceability of footbridges in regard to pedestrian-induced vibrations requires a 
comprehensive load model, a correct model of the random pedestrian stream and finally a thorough understanding of the 
dynamic behavior of the coupled system structure-users. For passive persons, a probabilistic model is available which allows the 
prediction of the change in the natural frequency and the effective damping. However, there is no equivalent approach for active 
persons. Based on field experiments with a shaker, the presented study identifies the induced additional damping for a single 
person walking on a pedestrian bridge which has a natural frequency of 1.8 Hz. It is shown that the induced damping exceeds 
that of a passive person and depends on the step frequency. Based on measurements during a mass event, the influence of the 
number of pedestrians is studied on the change of the natural frequency and the damping ratio.  

KEY WORDS: Pedestrian structures, pedestrian-induced damping, full-scale testing. 

1 INTRODUCTION 

Modern footbridges are light and slender structures which are 
prone to vibrations induced e.g. by walking pedestrians. While 
a structural failure due to walking-induced vibrations probably 
can be excluded, ‘lively’ bridges may cause considerable 
serviceability problems. Beside basic threshold events in 
terms of the sensation of discomfort in different degrees, 
further criteria for the evaluation of the serviceability should 
consider intrusion, alarm and fear and finally interference with 
the activities of the users. Low mass and low damping 
capacities increase the probability of serviceability problems. 
Especially steel and steel-concrete composite footbridges may 
have damping values of 0.5% critical damping or lower. 

The presence of human occupants may considerably change 
the dynamic behaviour of structures. While for passive 
persons these changes can be analysed based on an equivalent 
mass-spring-damper system for the human body considering 
random dynamic parameters [1], a consistent model is still 
missing for the influence of active persons. At least there 
should be an influence for activities where the person is in 
permanent contact to the structure. In [2], a respective model 
has been introduced for the activity bobbing, however, with 
deterministic describing parameters. Especially, there are no 
studies of the influence of walking persons in the range of 
natural frequencies which are excited by the first harmonic of 
the walking-induced loads.   

The actual study is mainly based on field tests. Object of the 
study is a cable supported bridge which is described in chapter 
2 in regard to its basic dynamic characteristics. The basic 
influence of a single passive person on the dynamic 
characteristics is discussed in chapter 3. Chapter 4 deals with 
a test series aiming in identifying the damping effect of a 
person walking with different step frequencies. Finally, in 
chapter 5, the bridge vibrations observed during a mass event 
are analysed in regard to changes in the natural frequency and 
the effective damping.  

2 OBJECT OF THE STUDY 

The field tests are performed on a pedestrian bridge with a 
total span of 66 m which is separated into two fields of 18 m 
and 48 m. The longer field, which has a width of 4.5 m, is 
supported at the third points by ropes which are connected to 
two pylons (fig. 1). The two pylons are connected under the 
walkway with a horizontal beam which serves as support of 
the bridge deck and separates the two fields. The width in the 
shorter field increases from 4.5 m at the pylons to 9.7 m at the 
end of the bridge.   

 

Figure 1. The OLGA-bridge at Oberhausen, Germany 
 
The dynamic characteristics of the bridge are analysed 

based on measuring the accelerations at 15 nodes. Beside 
ambient excitations from wind and traffic underneath the 
bridge, shaker tests are performed. The bridge has two 
dominant natural frequencies. The first natural frequency with 
1.8 Hz is in the range of the step frequencies of pedestrians. 
As can be seen in figure 2, which shows the mode shapes of 
the first two natural frequencies, the first natural frequency is 
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almost exclusively a vibration of the longer field. The 
corresponding relative vibration amplitudes in the shorter field 
are below 4% of the maximum vibration amplitude in the 
longer field. The second natural frequency of 3.9 Hz 
corresponds to a vibration mode with an additional node in the 
longer field. The position of the node of the second mode is 
identical to the position of the anti-node of the first mode. 
Thus, it is possible to excite the first mode with a shaker 
without getting influences from the second mode. The second 
mode shows considerable vibrations of the shorter field with 
relative vibration amplitudes of 30%.  
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Figure 2. Dominant vibration modes of the OLGA-bridge 
 
The respective mode shape amplitudes are used to estimate 

the modal masses. The modal mass of the first mode is 34 
tons; the modal mass of the second mode is slightly larger 
with 37 tons due to the increase of the width in the shorter 
field.  

The damping of the empty structure is low with only 0.5% 
critical damping for vibration amplitudes up to 0.25 m/s². 
Basically, large vibrations levels may lead to considerably 
higher damping. Therefore, the bridge is excited by a group of 
pedestrians walking in step. Once the group has left the 
structure, the sub-sequent free vibrations can be used to 
determine the damping capacity for larger vibration 
amplitudes. Figure 3 shows the damping behaviour for 
vibration amplitudes up to 0.78 m/s². It is important to note, 
that during the free vibration a technician is standing at the 
anti-node of mode one. For a least square fit over 23 cycles, 
the damping ratio is 0.0054, i.e. there is an increase of 8%.  
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Figure 3. Damping behavior for vibration amplitudes 

between 0.8 and 0.35 m/s² with a person standing at the anti-
node of mode 1  

3 INFLUENCE OF A PASSIVE PERSON 

With the random model of the dynamic characteristics of the 
human body in [1], it becomes possible to predict the range of 
changes of the natural frequency and the effective damping of 
the bridge due to a single person standing in the anti-node of 
mode 1. Basically, a passive person is modelled as a two-
degree of freedom system with two random masses, two 
random natural frequencies and corresponding random 
damping ratios. 

The influence of persons on the natural frequency often is 
estimated based on the mass-only model [3, 4], i.e. the change 
of the natural frequency is determined based on the increase 
of the modal mass m of the empty bridge with the mass of the 
person mp. Introducing the relative mass ratio p = mp / m 
leads to a reduction of the natural frequency with 1/(1+p)

1/2. 
As has been shown in [1], the mass-only model tends to 
overestimate the natural frequency of the coupled system. 
However, for natural frequencies below 2.5 Hz, this effect is 
small. Due to the large mass of the empty bridge, there is 
almost no influence of the random person on the natural 
frequency of the coupled system. However, there is an 
influence on the effective damping Deff. The trace of the non-
exceedance probability of Deff / Dempty is shown in figure 4. 
The additional damping Dadd = Deff -1 has a mean value of 
0.0328 critical damping, the corresponding variation 
coefficient is large with 36%. The two sided 95% confidence 
ranges from 0.0156 to 0.0611.  

0.995 0.996 0.997 0.998 0.999 1.000
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

no
n-

ex
ce

ed
an

ce
 p

ro
ba

bi
lit

y

feff / fempty

 

1.00 1.01 1.02 1.03 1.04 1.05 1.06 1.07 1.08
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

no
n-

ex
ce

ed
an

ce
 p

ro
ba

bi
lit

y

Deff / Dempty

 
Figure 4. Influence of a passive person on the natural 
frequency and the damping ratio of the OLGA bridge; 

simulations based on [1] 
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4 INFLUENCE OF A SINGLE WALKING PERSON 

The next test series aims in identifying the influence of a 
walking person on the effective damping. The tests are 
performed with a shaker placed at the anti-node of mode 1. 
The shaker provides a constant background excitation at the 
first natural frequency of 1.8 Hz, leading to vibration 
amplitudes of about 0.25 m/s². For the first run, the bridge is 
completely empty. Then, a person is standing still at the anti-
node. It is important to note, that the person for these test is 
different to the person standing in the center of the bridge for 
the free vibration tests in section 2. The effective damping is 
increased by a factor of 1.032, which is obviously in the range 
of the predicted increases in figure 4. The following runs are 
performed with this person walking at step frequencies 
considerably different to the natural frequency, which allows 
separating the effect of the two excitation sources in the 
frequency range. The step frequency is triggered with an 
electronic metronome.  

Since the control panel of the shaker is close to the shaker 
position, the technician who starts the measurements has to 
leave the bridge before the actual test procedure starts. The 
test person enters the bridge once the shaker-excitations have 
reached a stationary level. During this starting phase, the 
distortions induced by the leaving technician have decayed. 
Since the crossing of the bridge by a single person leads to a 
transient excitation, which makes it difficult to identify the 
damping effects, the person walks in circles in a marked 
bridge section which is given by mode shape amplitudes 
larger than 0.8. When the shaker excitation stops after about 
six minutes, the test person leaves the bridge. Finally, the 
technician enters the bridge to stop the measurements.  

The further processing of the data is based on the Discrete 
Fourier Transformation DFT. This allows considering for 

each analyzed frequency a time window which is based on an 
integer number of cycles. Thus, all biasing effects of the Fast 
Fourier Transformation FFT are avoided. All DFT-amplitudes 
are based on a time window with a length of 10 s, allowing a 
resolution of the frequencies with a step width of 0.1 Hz. 
During the circling phase, the moving DFT-amplitudes will 
show some fluctuations, which is to be expected since the 
weighting factor of the load changes with the position 
between 0.8 and 1.0. Therefore in the following, the 
estimation of the effective damping is based on the mean 
value of the DFT-amplitudes in the respective time window. 

Figure 5 shows the resulting time series for a step frequency 
of 1.7 Hz. Beside the acceleration of the bridge deck, three 
DFT-amplitudes are shown, namely for 1.7, 1.8 and 1.9 Hz. 
Before the actual test person enters the bridge, the DFT-
amplitudes for 1.7 and 1.9 Hz show some fluctuations which 
are due to the leaving technician. Once the actual test person 
has entered the bridge, the DFT-amplitude for 1.7 Hz clearly 
increases. During the circling phase, the DFT-amplitude for 
1.7 Hz fluctuates around a mean value. The same is true for 
the DFT-amplitude for 1.8 Hz, indicating a change of the 
effective damping. The control DFT-amplitude for 1.9 Hz also 
shows clear non-zero amplitudes. This behavior has to be 
expected since the person is not able to perfectly keep the 
triggering frequency during walking, especially during the 
turning phases. Therefore, some excitations at other 
frequencies are induced, which obviously leads to distortions 
since these contributions do not perfectly fit into the 10s time 
window with an integer number of cycles. However, for the 
identification of the effective damping, only the mean of the 
DFT-amplitude for 1.8 Hz is used, and the above distortions 
play only a minor role.  
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Figure 5. Change of the bridge vibration during walking of test person with a step frequency of 1.7 Hz 

 
 
The above walking test is repeated for step frequencies of 1.6, 
1.9, 2.0 and 2.1 Hz. The final results in terms of changes in 
the effective damping are shown in figure 6. Basically, the test 
person induces more damping while walking than for standing 
still. The additionally induced damping by the walking person 
increases from 5% for fstep = 1.6 Hz to 13% for fstep = 1.9 Hz. 

Then, the additional damping decreases again to a value of 6% 
for fstep = 2.1 Hz. It is worth mentioning that the model for a 
passive person in [1] can be used as a conservative lower 
bound for considering the damping induced by pedestrians, 
since the damping effect induced by an active person is larger 
than the damping induced by a passive person.  
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Figure 6. Change of the effective damping 
by a single person 

 

5 INFLUENCE OF A CROWD OF PEDESTRIANS 

Basically, the influence of groups or even crowds of 
pedestrians on the dynamic characteristics of the bridge have 
to be understood as a random process, since the step 
frequencies of the individual will be different. Additionally, 
the step lengths and therefore the walking speeds and the 
crossing times differ from person to person. Therefore, even 
for a stationary pedestrian flow, the actual number of persons 
on the bridge will show some scatter. Simulations allow 
studying these effects. In the following, it is assumed that both 
the step frequency and the step length follow a normal 
distribution with fs, mean = 1.9 Hz and ls, mean =  0.82 m. The 
corresponding variation coefficients are 6% and 7%. The 
inter-arrival times are assumed to follow an exponential 
distribution with the characteristic parameter arrival rate in 
number of persons per second. Figure 7 shows the probability 
density of the random number of persons on the longer field 
for an arrival rate of 0.5 persons per second. The scatter 
ranges from 3 to 29 persons. In 90% of all cases, the random 
number of persons on the longer field is between 8 and 20. 
Therefore, both the natural frequency and the damping 
capacity of the coupled system structure-users will be random.  
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Figure 7. Example for the randomness in the number of 
persons on the bridge for a stationary pedestrian flow 

 
The question arises, how transient dynamic parameters can be 
identified. In this study the approach is based on moving 
DFT-amplitudes over a time window of 40 s for frequencies 
from 1.4 to 2.2 Hz in 0.05 Hz steps. For each time step, the 

four amplitudes around the largest amplitude are used to 
identify the natural frequency and the damping ratio of an 
equivalent single degree of freedom system, supposing that 
the amplitudes to both sides of the maximum are 
monotonically decreasing. The dynamic amplification 
function is given as: 
 

   222 D2-1

1
  )V(


  (1) 

 
η – frequency ratio f / f0 

f –excitation frequency 

f0 – natural frequency 

D – damping ratio 

 
The fitting procedure is based on a least square fit, demanding 
that the largest amplitude is exactly on the theoretical curve. 
Thus, only the natural frequency and the damping ratio have 
to be varied. The basic strategy is illustrated in figure 8.  

The above estimation method is evaluated based on 
simulations using the identified load model in [5]. The 
structural behavior of the analyzed bridge under random 
pedestrian flow corresponds to the OLGA-bridge, i.e. the 
natural frequency is 1.8 Hz and the damping ratio is 0.005. 
The hit rate for the estimation of the natural frequency with an 
accuracy of ±0.01 Hz is 94.1%, i.e. the method is able to 
detect a change in the natural frequency. Therefore, it seems 
to be justified to analyze the randomness in the change of the 
natural frequency as well. The refinement in the frequency 
range is 0.01 Hz since wrong entries are only to be expected 
with a probability of 6%. For the estimation of the damping 
ratio, the hit rate is, however, considerable smaller. For a 
range of ±40% of the true damping ratio the successful 
estimation rate is only 60%. The hit ratio increases, if the 
fitting is only performed for large amplitudes of the DFTs.  
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Figure 8. Basic strategy for the identification of the natural 
frequency and the damping ratio based on fitting of the 

dynamic amplification function to the largest DFT-amplitude 
and four neighboring values 

 
For a first practical application, bridge measurements during 

a techno festival in the nearby OLGA park are used. The 
accelerations of the bridge are monitored at several positions. 
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Additionally, the number of pedestrians is counted for each 10 
minutes. Altogether, 17 runs are available [6]. The arrival rate 
ranges from 0.2 to 0.6 persons per seconds.  

Figure 9 shows the probability densities of the identified 
natural frequency and the identified damping ratio for three 10 

minute windows with different arrival rates. While the natural 
frequency drops with increasing arrival rate, the damping ratio 
increases. The probability distribution of the effective 
damping becomes broader for increasing arrival rate.  
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Figure 9. Probability densities of the natural frequency and the damping ratio for the coupled system structure-user 

or the OLGA-bridge under different random flow intensities  [persons / s] 
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The results of all 17 runs are shown in figure 10 in terms of 
the mean value of the identified natural frequency and the 
effective damping ratio. With increasing arrival rate in 
persons per second the mean value of the natural frequency 
shows a clearly decreasing trend. However, the effects remain 
small with an average drop of only 1.2 % for the largest 
observed arrival rate. The effective damping ratio shows a 
clear increasing trend. Compared to the empty structure, the 
effective damping under the influence of a random pedestrian 
stream increases by a factor of 2 to 2.6.  
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 Figure 10. Influence of the arrival rate on the mean values of 
the natural frequency and the effective damping ratio for the 

OLGA-bridge at Oberhausen 
 

6 SUMMARY AND CONCLUSIONS 

The presence of human occupants may considerably change 
the dynamic behavior of structures. For passive persons, a 
probabilistic model exists, which describes the human body as 
a two-degree of freedom system. The corresponding basic 
dynamic characteristics of the human body are assumed to be 
random. For an existing bridge with a natural frequency of 1.8 
Hz and a mass of 33 tons, the change in the damping ratio is 
predicted in terms of the non-exceedance probability of the 
increase of the effective damping, considering a random 
person standing in the node of the dominant vibration mode. 
These results are used as anchor points for a field experiment 
which aims in the identification of the damping induced by a 
single pedestrian. The field experiment uses a known 
background excitation which is induced by a shaker. The 
structural response is observed for the empty structure, for the 
case of a person standing in the node of the dominant 

vibration mode, and for the case of a walking person with 
varying step frequencies. Since the influence of the person on 
the natural frequency is negligibly small, the change of the 
DFT-amplitude for 1.8 Hz can be taken directly as the change 
of the effective damping. The paper shows that  

 the refined analysis-method allows identifying very small  
changes in the damping ratio, e.g. a change of only 3%  
induced by a passive person 

 the influence of a walking person on the effective 
damping ratio is larger than that of a passive person 

 the increase of the effective damping depends on the step 
frequency 
 

Similar to the situation for passive persons, the effect of a 
walking person has to be understood as a random process. 
Therefore, effective natural frequencies and effective damping 
ratios will vary over time if the bridge vibration is excited by 
a random pedestrian flow. This is shown on the example of a 
mass-event based on 17 individual 10-minute runs. The mean 
values of the natural frequency and the effect damping show 
consistent trends; however, the analysis of the dynamic 
characteristics within the 10-minute time windows shows 
larger scatter.  

Although for the chosen example bridge the observed 
degree of influence on the damping ratio is small for a single 
person, the increase becomes substantial when larger groups 
cross the bridge. Further research is required to exploit these 
beneficial effects of the pedestrians. 
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ABSTRACT: The evaluation of the serviceability of pedestrian structures requires knowledge on the induced loads and 
appropriate approaches for describing the pedestrian stream. Basically, both aspects are considered in recent standards and 
technical guidelines. However, the presented idealized approaches cannot be considered to describe realistic load scenarios and 
may lead to misinterpretations in regard to serviceability aspects. Therefore, the paper presents a refined load model which is 
based on experiments with a long walkway. Furthermore, the quality of the Poisson approach for describing the arrival rates in 
pedestrian streams is discussed. Additionally, the estimation of maximum vibration amplitudes induced by N pedestrians based 
on the square root of N is evaluated. 

KEY WORDS: Human induced vibrations; Pedestrian structures; Intra-individual variability; Simulation; Pedestrian streams. 

1 INTRODUCTION 
As a consequence of sophisticated calculation methods and 
the introduction of new construction materials, the number of 
lightweight and slender pedestrian structures has rapidly 
increased in recent years. However, this development 
coincides with an increased susceptibility to vibrations. Thus, 
especially in regard to walking induced vibrations the 
evaluation of serviceability has gained high importance. One 
key issue which has to be addressed in this context deals with 
the realistic description of the induced loads of the single 
person. Commonly, the loads due to human locomotion are 
represented by a sinusoidal load time history or the sum of 
multiple sinusoidal traces [e.g. 1,2,3,4,5]. This idealized 
approach implies perfect rhythmical walking behaviour with 
identical locomotion and load parameters for the left and the 
right leg. Thus, the frequency content of the loads is strictly 
limited to the integer multiples of the basic step frequency. 
However, imperfections in natural walking may excite natural 
frequencies which are clearly outside the frequency content of 
the idealized load model. A first comprehensive study with 
the aim of identifying neglected excitation mechanisms has 
been performed by Kasperski and Sahnaci, using a short 
walkway [6]. Especially the differences between the step 
frequencies of the left and right foot lead to sub- and 
intermediate harmonics. Assuming that there are additionally 
differences between consecutive double steps, the analysis of 
the complete frequency content requires a longer sequence of 
consecutive steps. In order to identify the randomness and the 
imperfections in the load and the basic walking parameters, 
therefore, this study is based on experiments with a 28 m 
walkway which has been constructed at the Ruhr-University 
Bochum [7]. Section 2 of this paper deals with the setup and 
the basic layout of the extensive experiments. The analysis of 
the experimental data and the identification of the different 
load phases within the walking pattern are presented in section 
3. In section 4 a novel approach for modelling the loads of 
natural walking on a per step basis is presented. The 

evaluation of the quality is based on structural response 
calculations with both the monitored and the modelled load 
traces. Section 5 deals with a simulation strategy which aims 
to generate a random step sequence of any length and which 
considers the individual scatter in the basic walking 
parameters and the load parameters. Finally, section 6 is about 
pedestrian streams and the evaluation of the Poisson approach 
for modelling the arrival rates. Additionally, the quality of the 
N1/2 - approach for estimating structural responses due to 
streams composed of N pedestrians is discussed. 

2 EXPERIMENTAL SETUP AND BASIC TEST PROCEDURE 
For the analysis of the randomness within the walking pattern 
of an individual, i.e. the intra-individual differences, it is 
required to observe a longer sequence of consecutive steps. 
The experimental setup which is used in this study is a 28 m 
walkway which is made up of three sections: a lead-in section, 
a measuring section and a lead-out section (figure 1). 
 

 

Figure 1. 28 m walkway. 

The measuring section is made up of 4 frame elements each 
with a length of 4 m. Each element is mounted on 4 vertically 
oriented unidirectional force cells with a maximum loading 
capacity of 5 kN. The cells are mounted at the relative 
positions x/L = 2/9, which mark the optimum of a supported 
beam in regard to the natural frequency. The sampling 
frequency for measuring the loads is set to 2400 Hz. The 
natural frequencies of the frame elements are beyond 40 Hz. 
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However, to avoid any distortions from additional resonance 
effects, the measured time series are digitally low-pass filtered 
with a cut-off frequency of 25 Hz. The additional load 
components in both horizontal directions are mechanically 
separated by a sophisticated arrangement of force cells, 
steering arms and hinges which connect the upper to the lower 
frame. 

The lead-in and lead-out sections are required to assure 
stationary and unbiased locomotion conditions while crossing 
the walkway. The lead-in section is required to prevent that 
the subject is still in the acceleration phase when entering the 
measuring section. The lead-out section assures that the test 
person initiates the deceleration phase only after leaving the 
measuring section. Both sections require a sufficient length 
which has been chosen with 4 m for the lead-in and 8 m for 
the lead-out section. The width of the walkway is 1.50 m. 

The experiments have been performed at the halls of the 
department of mechanical engineering at the Ruhr-University 
Bochum. Altogether 227 subjects (38 female and 189 male 
subjects) have participated in the tests. The basic test 
procedure starts with the determination of the subject’s 
bodyweight on the first element of the active measuring 
section. The bodyweight is later used to normalize the 
measured forces. Then, the subject is asked to go back to the 
top-end of the lead-in section and to cross the walkway two 
times by walking and two times by running with a deliberately 
chosen speed. Each time the end of the lead-out section is 
reached, the subject is asked to leave the walkway at the 
bottom-end of the lead-out section and return to the top-end of 
the lead-in section. The present paper focuses only on the 
walking tests. 

3 ANALYSIS OF THE EXPERIMENTAL DATA 
A typical vertical load trace measured from a one-way 
crossing of an individual is shown in figure 2. The locomotion 
pattern for walking is characterized by alternating double 
stance phases (dsp) and single stance phases (ssp) (figure 3). 
The double stance phases are usually indicated by larger 
peaks. The single stance phase can be found between two 
adjacent double stance phases and can basically be 
characterized by two local maxima and one local minimum. 
The single step is defined to start with the beginning of a 
double stance phase and to end with the end of the adjacent 
single stance phase. 

 

Figure 2. Measured load trace for walking. 

 

Figure 3. Identification of the individual phases. 

Occasionally, when entering or leaving the measuring 
section it can be observed that the test person places the foot 
on the gap between the measuring section and the lead-in or 
the lead-out section, respectively. Correspondingly, this 
scenario leads to a bias in the load time histories of the first 
and the last step. Therefore, for the further analysis only steps 
are considered which are known to be definitely on the 
measuring section. The respective load time history is labeled 
as ‘analyzed range’ in figure 2. The dashed lines mark the first 
and the last double stance phase of the load pattern leading in 
this example to a number of 17 clean steps. The total number 
of observed individual steps is larger than 8000. From the 
measurements for each individual step the following 
parameters are obtained: 

• step frequency 

• step length 

• step width 

• duration of the double stance and single stance 
phases 

• normalized harmonic load amplitudes 

• corresponding phases 
 
The step length and the step width are determined from the 
position of the effective load, which is obtained from 
equilibrium conditions of the measured forces. Then, the 
longitudinal distance between the heel contacts for the left and 
right foot leads to the step length. The step width is obtained 
from the lateral distance of the centered loads. 

Due to anatomic differences between males and females, 
the respective walking parameters are usually different. 
Therefore, separate statistics have to be performed. In figure 
4, the walking parameters step frequency, step length and step 
width are plotted in normal probability paper. In several 
studies it is stated, that in one and the same situation the larger 
step frequencies can be observed for women if compared to 
men. Correspondingly, the mean values from the experiments 
are 1.99 Hz for female subjects and 1.90 Hz for male subjects 
with a coefficient of variation (cov) of 0.061 and 0.064, 
respectively. However, the larger step lengths are observed for 
male persons due to on average larger body heights. The mean 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1066



values for males and females are obtained with 0.81 m and 
0.76 m. The corresponding cov-values are 0.089 and 0.105. 
The largest relative differences are observed for the step width 
where males have the wider gait. The respective mean value is 
0.15 m with a variation coefficient of 0.34 m while the mean 
value of the step width for females is 0.10 m with a variation 
coefficient of 0.45. The analysis of the parameters leads to the 
basic conclusion that a respective load model for walking has 
to consider gender specific differences. 

 

 

Figure 4. Statistical analysis of the basic walking parameters. 

4 DEVELOPMENT OF A REFINED LOAD MODEL 
Contrary to the idealized load model where basically the load 
pattern of a single step is perfectly repeated, the following 
section introduces a refined model working on a per-step 
basis. However, due to the complexity of the walking pattern 
the refined approach requires a higher density of load and 
time information. In a first analysis step the single step load 
traces are extracted from the measured sequences (figure 5). 

 

Figure 5. Characteristic points used for the refined model. 

The parameters of the double stance phase dspstart, dspend and 
the maximum dspmax can directly be determined from the 
measured trace. However, during the single stance phase (ssp) 
usually muscular tremble effects occur leading to slight 
disturbances in the load trace. In a first step this load range, 
therefore, is smoothed by fitting a polynomial of 8th degree by 
means of method of least-squares. Then, the local extremes 
sspmax1, sspmin and sspmax2 and the inflection points ip1 and ip2 
can be determined. Finally, the end of the single stance phase 
can be identified with the start of the next double stance 
phase. Thus, for each individual step 9 load and time 
parameters are obtained. Based on these characteristic points 

the corresponding load shape can be reproduced by using 
triggered spline functions which consider the basic boundary 
conditions for the local extremes and the transition points. On 
the example of a sequence of steps in figure 6 it is shown that 
the modeled trace based on the spline fitting method is nearly 
in perfect agreement with the true load time history. 

 

 

Figure 6. Triggered spline fitting for consecutive steps. 

The quality of the model is evaluated based on structural 
response calculations by means of the Newmark integration 
method for both the true load sequence and the spline model. 
Thereby, for varying natural frequencies from 0.5 to 20 Hz the 
maximum accelerations of a simple beam structure are 
determined. The length of the structure is chosen with 16 m 
which corresponds to the length of the measuring section of 
the walkway. The damping capacity is 1% of critical damping 
and the effective mass of the first vibration mode is 10 tons. 
From the calculations for each of the 2 times 227 load time 
histories the maximum accelerations of the structure are 
obtained. In figure 7 the non-exceedance probabilities of the 
respective results for four chosen frequency positions 
according to multiples of the central step frequency fs,c are 
plotted in Gumbel probability paper. The central step 
frequency corresponds to the mean value of the observed step 
frequencies. The traces of the non-exceedance probabilities 
for the resonance case central step frequency equals natural 
frequency (i.e. f0 = fs,c) are in good agreement. Thus, both 
modeling methods are appropriate to identify resonance 
effects with the first harmonic. However, the idealized model 
leads to underestimations in the maximum accelerations for 
the higher frequency positions. The degree of underestimation 
is obtained from the ratio of the accelerations amax,true / 
amax,model and remains small for resonance effects with the 
second harmonic i.e. f0 = 2·fs,c, but becomes considerable for 
resonance effects with the first and the second intermediate 
harmonic, i.e. for f0 = 1.5·fs,c and f0 = 2.5·fs,c, respectively. 
The traces of the non-exceedance probabilities obtained from 
the spline model in chapter 4, however, are nearly in perfect 
agreement with the traces obtained from the true loads. 

In figure 8, the contour lines of the acceleration ratios 
obtained from the spline model are summarized for the range 
of natural frequencies up to 20 Hz. The color-change from 
blue to red marks the increasing degree of underestimation. 
The plot results in a large, blue-colored area up to a range of 
natural frequencies of approximately 15 Hz where the model 
leads to only slight over- or underestimations in the 
accelerations with ratio values around 1.0. Correspondingly, 
the amplitude and frequency content of the true loads for both 
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the integer and intermediate harmonic range is completely 
identified within this range, and thus, the model can even be 
applied to high frequency floors. The respective plot for the 
idealized model in figure 9 reveals that considerable 

underestimations for large ranges of non-exceedance 
probabilities are not only obtained in case of resonance effects 
with the intermediate harmonics but also for higher integer 
harmonics. 

 

Figure 7. Maximum structural accelerations obtained from the true loads and the modelled loads. 

 

 

Figure 8. Contour plot of the relations of the maximum accelerations obtained by the true loads and the spline model. 
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Figure 9. Contour plot of the relations of the maximum accelerations obtained by the true loads and the idealized model. 

5 SIMULATION OF A RANDOM SEQUENCE OF STEPS 
In order to generate a random load sequence for consecutive 
steps of any length, in the following section a simulation 
strategy is presented which considers the intraindividual 
variability of the load and walking parameters. The 
simulations are based on the introduced spline model. Due to 
the basic connection between the dynamical behavior of a 
structure and the step frequency, it seems to be reasonable to 
consider this walking parameter as key parameter for the 
simulations. 

In a first step it is required to develop probabilistic models 
for the mean values and the standard deviations of the basic 
walking parameters and the corresponding deviations between 
left and right. The respective results for the step frequency of 
the male subjects are shown in figure 10, where the non-
exceedance probabilities are plotted in normal probability 
paper. The traces can approximately be described by a straight 
line leading to the conclusion that the normal distribution can 
be assumed to be an appropriate model. The same conclusion 
is obtained for the walking parameter step length and the 
respective standard deviations. 

 

Figure 10. Non-exceedance probabilities of the deviations 
between left and right Δfsm and the mean values of the step 

frequencies fsm. 

 
In a similar manner probabilistic models are also developed 
for the 9 amplitude and time parameters describing the shape 
of the single step. However, the major task is the description 
of the correlation structure of the amplitude and time 
information including the dependencies to the key parameter 
step frequency. It has to be noted, that the relative time 
information marking the beginning and the end of the step 
remain constant with values of 0 and 1 and therefore are not 
considered in the correlation analysis. Thus, the correlation 
structure can be described by introducing a 33x33 matrix 
which is composed of the respective mean values and the 
standard deviations of the shape parameters and the mean 
values of the step frequencies. 

On the example of the correlations between the shape 
amplitudes 1 to 9 and the step frequency in figure 11 it can be 
shown that significant correlations are obtained for the 
extremes during the single stance phase (amplitudes 4,5,6 or 
sspmax1, sspmin, sspmax2, respectively). However, for the female 
subjects the maximum during the double stance phase dspmax 
(amplitude 2) shows no dependency with the step frequency 
whereas for the male subjects a strong correlation is obtained. 
 

 

Figure 11. Correlation coefficients between shape amplitudes 
and the step frequency. 
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The contour line plot in figure 12 reveals the inherent 
dependencies of the shape amplitudes 1 to 9 on the example of 
the male subjects. For the ranges of the double stance and 
single stance phases the correlation process shows a clearly 
defined structure which has to be covered by the simulation. 
The range which is marked as swing phase corresponds to the 
load phase between the two inflection points ip1 and ip2. The 
plot reveals that there is a strong negative correlation between 
the swing phase and the maxima during the single stance 
phase sspmax1 and sspmax2 leading to red colored areas. The 
respective correlation coefficients are between -0.6 and -0.8. 
Negative correlations of same order can also be found 
between the swing phase and the maximum during the double 
stance phase. However, strong positive correlations with 
correlation coefficients between 0.6 and 0.8 can be found 
between dspmax and sspmax2. 
 

 

Figure 12. Inherent correlation structure of the shape 
amplitudes. 

The final simulation routine first generates the gender of a 
person in accordance to the preset ratio of male to female 
persons. Next, the gender depending body weight and the 
gender depending basic walking parameters are generated in 
terms of the mean values and the standard deviations of the 
step frequencies and step lengths for the left and right foot. In 
the third step, the basic load parameters are generated in terms 
of the mean values and standard deviations of the amplitudes 
and times for the nine control points, again separately for left 
and right. Note that the ninth control point of step n equals the 
first control point of step n+1. After step three, all required 
information is available to generate a sequence of random 
steps of any length. A simulated load time history for a male 
person is shown in figure 13. 

If the load time history is going to be used to calculate the 
excitations of e.g. a pedestrian structure, the generation ends 
as soon as the crossing time of the actual person is exceeded. 
Since the duration of the double stance phase is one of the 
generated information, the routine allows modelling the 
position of the effective load on the basis of the real walking 
behaviour, i.e. during the single stance phase the position 
remains constant, and the forward motion takes place during 
the two foot stance phase. It is important to note, that usually 

this detail is not important, i.e. it is sufficient to assume for the 
effective position of the load a constant walking speed. 
However, there are some natural frequencies where the jerky 
changes of the position of the load lead to some extra 
excitations. The generated load time history can be weighted 
in accordance to a desired mode shape, e.g. a half sine wave 
for a simple beam structure. 

 

 

Figure 13. Simulated load time history of the vertical loads. 

 

6 SIMULATION OF A RANDOM PEDESTRIAN FLOW 
For modelling random pedestrian streams, usually a Poisson 
distribution is assumed for the arrival rate, which is the 
number of persons per second entering the pedestrian 
structure. Then, the inter-arrival times follow an exponential 
distribution. However, observing real random pedestrian 
streams leads to the conclusion that this approach is less 
appropriate (figure 14). The main reason for the mismatch is 
that each individual is assumed to be independent, and thus, 
pairs or smaller groups cannot be modelled. This also leads to 
an underestimation of the total number of persons on the 
structure. Therefore, it is recommended to additionally 
consider groups of different sizes in a separate Poisson 
approach. 

 

 

Figure 14. Stationary pedestrian stream during an observation 
period of 1h. 
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Furthermore, it cannot always be assured, that the process is 
stationary. This especially has to be considered when 
pedestrian structures are situated in the environment of e.g. 
bus stops or train stations. The typical change of the arrival 
rate over time of a pedestrian bridge in such a situation is 
shown in figure 15. In this example the bus arrives each 30 
minutes which leads to a sudden increase of the arrival rate for 
a short period of time. Therefore, for the modelling process a 
variable arrival rate has to be applied considering higher 
values when the vehicle arrives. 

 

Figure 15. Instationary pedestrian stream during an 
observation period of 1h. 

In standards like ISO 10137 [3] or guidelines like Hivoss 
[4] the influence of N pedestrians on the maximum vibration 
amplitudes of a pedestrian bridge is usually considered with 
an N1/2 - approach. However, in the context of comfort and 
safety criteria for the active user it is more reasonable to focus 
on the maximum experienced vibrations of the individual 
instead of identifying maximum structural responses. 
Therefore, based on the simulation strategy in chapter 5, in 
this study structural response calculations for a random 
pedestrian stream have been performed with determining the 
maximum experienced acceleration amplitude of each 
individual. The structure corresponds to a simple beam 
pedestrian bridge with a span of 65 m and an effective mass of 
33 tons. The damping capacity corresponds to 1 % of critical 
damping. In a first approach the arrival rates are described by 
means of the Poisson distribution, i.e. a stationary flow is 
assumed and pairs or groups are not considered. The average 
ratio of female to male persons is set to 50%. However, the 
gender of a random person is a basic variable. The step 
frequencies are assumed to follow the normal distribution 
with a central value of 1.9 Hz. In order to analyse resonance 
effects for the first or second harmonic or the first inter-
harmonic the calculations are performed for three natural 
frequencies 1.9 Hz, 2.85 Hz and 3.90 Hz. 

The focus in simulations usually lies on the identification of 
upper limits in terms of fractile values or non-exceedance 
probabilities, respectively. However, without giving further 
information on the fundamental reference period i.e. the 
duration of observation the specification of fractiles can be 
considered as meaningless. On the one hand those fractiles 
cannot be compared with results from other studies, on the 
other hand it is not possible to translate respective results to 
other reference periods of interest, e.g. one year or lifetime. 
The connection between probabilities based on different 
reference periods tref1 and tref2 can be described with equation 
(1). 

1  (1) 

For the analysis of the structural vibrations the reference 
period is set to 30 minutes. For each arrival rate 5000 
consecutive hours are simulated. However, the main focus of 
this study lies on the experienced accelerations which have as 
implicit reference period simply the crossing time of each 
individual. The respective results for the mean values and the 
95% and 99.9% fractile values of the maximum experienced 
accelerations are shown in figure 16. As can be seen, the N1/2 

– approach only leads to reasonable results for the mean 
values of the maximum experienced accelerations in the case 
of central step frequency equals natural frequency of the 
structure (f0 = 1.9 Hz). For higher fractile values and for the 
remaining resonance scenarios the square root of N can be 
considered as a conservative approach assuming that the 
amplitude for one person is estimated correctly. 

 

 

 

 

Figure 16. Influence of number of persons N on maximum 
experienced accelerations. 
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7 SUMMARY AND CONCLUSIONS 
In recent years the number of lightweight and slender 
pedestrian structures has rapidly increased leading to an 
increased susceptibility to vibrations. Current regulations 
demand the evaluation of serviceability, however, scientific 
sound approaches for load models and serviceability criteria 
are not available. The main objective of this study is to 
develop a realistic load for the locomotion form walking 
based on experiments. The basic experimental setup is made 
up of a 28 m instrumented walkway which allows to monitor 
the vertical loads of a sufficiently long sequence of steps. 
Especially, with this setup intermediate harmonic load 
contributions can be identified which are induced due to 
intraindividual deviations in the process of natural walking. 
The analysis of the monitored load traces leads to the basic 
walking parameters and the load parameters on a per step 
basis. For both parameter sets significant differences between 
female and male persons are obtained. Therefore, the 
development of the load model is based on gender specific 
approaches. 

A sophisticated modelling approach is presented which is 
based on 9 characteristic load and time information per step 
and which allows to reproduce the monitored load traces of 
consecutive steps. The evaluation of the load model is 
performed by means of structural response calculations 
leading to the conclusion that the model meets the demand of 
preciseness and accuracy for the prediction of vibration 
amplitudes for a very wide range of natural frequencies. 

In a next step a simulation strategy is presented which 
enables to generate a gender dependent random load sequence 
of consecutive steps. The strategy requires the appropriate 
probabilistic description of the mean values and the standard 
deviations of the basic walking parameters and the 
corresponding deviations between left and right. Especially, 
the correlation structure of the amplitude and time information 
is determined including the dependencies to the key parameter 
step frequency. 

Finally, it is shown that the Poisson approach for modelling 
the arrival rates of a pedestrian stream usually leads to 
inappropriate conclusions in regard to the total number of 
persons on the structure. Pairs or groups cannot be modelled 
and therefore have to be considered in a separate Poisson 
approach. Instationary pedestrian streams can be considered 
with variable arrival rates over time. 

In recent standards and guidelines it is usually assumed that 
the influence of N pedestrians on the maximum structural 
vibrations follows the square root of N. However, in the 
context of comfort and safety criteria for the user it is more 
reasonable to focus on the individually experienced 
accelerations. By means of simulations it is shown that the 
estimation of the accelerations with an N1/2 – approach is only 
appropriate for the mean values of the maximum experienced 
accelerations in case of resonance with the first harmonic. 
However, in the cases resonance with the first inter-harmonic 
or the second harmonic this approach leads to conservative 
results. 
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 ABSTRACT: Dynamic loading due to people walking is one of the most relevant dynamic excitations for design of floors 

housing vibration sensitive facilities. Such floors are commonly designed as “high frequency floors” showing a transient 

response due to successive footfalls. According to the contemporary UK design guideline, their fundamental frequency should 

be higher than 10 Hz to avoid the resonance. Contrary to the popular belief, this study shows that the resonance can still develop 

when the natural frequency is in the range 10-20 Hz. Motivated by the existing model of footfall forces featuring the current UK 

Concrete Society guideline for design of floors, a new mathematical model has been developed to evaluate more reliably 

vibration serviceability of high frequency floors. 

KEYWORDS: Frequency, High frequency floors, Impulse, Resonance, Response, SDOF, Walking forces.

1 INTRODUCTION 

There is a trend in civil engineering construction industry to 

build slender and visually pleasing structures. Also, structures 

are becoming lighter than ever to reduce carbon emission and 

costs associated with transport of building materials and 

prefabricated sections. This trend has brought an increasing 

number of problems regarding vibration serviceability of 

structures. In the same time, vibration serviceability criteria 

are becoming more rigorous for structures accommodating 

vibration sensitive equipment, such as hospitals and micro-

precision manufacturing facilities [1] [2]. Floors in these 

buildings are usually designed to have high natural 

frequencies to avoid resonance and reduce the vibration 

response. 

Too many uncertainties related to human-induced loading 

and the lack of adequate footfall data are the key reasons for 

unreliable models of walking loads featuring the current 

design guidelines for assessing vibration serviceability of 

high-frequency floors [3]. 

This study used 215 walking force signals measured on an 

instrumented treadmill [4] to examine how far the natural 

frequency of a floor can be stretched so still to show the 

resonant vibration response due to an individual walking. The 

results are used to propose an improved version of the footfall 

model suggested in the Concrete Society Technical Report 43 

(CSTR43) [1]. 

2 PROPERTIES OF WALKING FORCES 

A walking force-time history comprises of successive 

footfalls, which typically vary slightly in amplitude and 

timing on the step-by-step basis (Figure 1a). That means 

walking is not periodic as commonly assumed, but a narrow-

band random process. The Fourier amplitude spectrum shown 

in Figure 1b clearly proves the point. 

To make design faster and easier, the current design 

guidelines assume that walking forces are periodic so can be 

described using the Fourier series: 

 

 
 

 
Figure 1. (a) Typical continuous walking force-time history 

and (b) the corresponding Fourier amplitude spectrum. 

 

                         

 

   

                     

Here, F is the force, t is the time, W is the static weight of 

the pedestrian, n is the number of the harmonic, N is the total 

number of the considered harmonics, α is the Fourier 

component at each harmonic, fp is the pacing rate and   is the 

phase of each harmonic. 

However, many previous studies [5] showed that the 

Fourier approach often overestimates response. Moreover, the 

high frequency content of the actual force which is relevant to 

design of high-frequency floors is usually lost in the periodic 

representation. 
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The Fourier amplitudes of the first eight dominant 

harmonics extracted from 215 walking force signals are 

presented in figure 2. It is obvious that the amplitudes 

decrease significantly for higher harmonics, especially above 

the fifth and sixth harmonics. The analysis also indicates 

lower Fourier amplitudes than those observed by other 

researchers using a single footfall records measured by a force 

plate [6]. 

Figure 2. Maximum Fourier amplitudes for (a) the first four 

harmonics (b) the fifth to the eighth harmonics, based on 

continuously measured data from the treadmill. 

3 MODELLING OF WALKING EXCITATION 

Structural response depends mainly on the frequency of the 

floor and the frequency of the excitation – here pacing rate 

[1]. If the pacing rate or its integer multiples matches the 

natural frequency of a floor and a build-up (i.e. resonant) 

response is observed, that floor is classified as so called “low 

frequency floor” (LFF). On the other hand, if the fundamental 

frequency of the floor is relatively high to the pacing rate and 

a series of transient responses corresponding to each footfall is 

observed, the floor is classified as “high frequency floor” 

(HFF). Figure 3 shows the difference between these two types 

of responses. 

Different values have been proposed for the "cut-off" 

natural frequency which separates low from high frequency 

floors. The Steel Construction Institute (SCI) [2] suggested 

values which vary according to the usage of the building, as 

presented in table 1. On the other hand, the Concrete Society 

[1] and Arup's design guideline of floors [8], which are 

actually the same in terms of modeling the footfalls, suggested 

a fixed value of 10 Hz. This cut-off is most commonly used in 

the design practice. However, Brownjohn & Middleton [9] 

showed that resonance effect can occur even for floors having 

natural frequency higher than 10 Hz. The present study 

specifically aims to find the upper limit. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Typical response of (a) low frequency floor and 

(b) high frequency floor. 

 

Table 1. Low frequency floor to high frequency floor cut-

off frequency as presented by the SCI [2]. 
 

Floor type 
Frequency 

(Hz) 

General floors, open plan offices etc. 10 

Enclosed spaces, e.g. operating 

theatre. 

8 

Staircases. 12 

Floors subject to rhythmic activities. 24 

3.1 Modelling Approach 

More than one approach has been suggested to predict the 

response of high frequency floors. Arup [8] presented a model 

based on the first principles of dynamics, i.e finding the 

"effective" velocity impulse due to footfalls, as described by 

Equations (2-5). The total response of the floor can be found 

by taking the summation of the velocity time history for all 

modes that have natural frequency up to twice the 

fundamental frequency. 

        
  

    

  
    

 

           
    

  
                  

 

where: 

              

        

Here,      is the velocity impulse (N.s),    is the pacing rate 

(Hz),    is the natural frequency (Hz),    is the velocity 

response (m/s),   is time (s),      are mode shapes at the node 

of application of the force and the node of interest,    is the 

damping and    is the modal mass (kg). 

However, the effective impulse formula was derived using 

periodic walking excitation synthesised from a database of 

single footfall records collected by Kerr [7]. The present study 

builds up on the Arup’s method to calculate the effective 

a) 

(2) 

(3) 

(4) 

(5) 

b) 

a) 

b) 
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impulses from the more realistic 215 continuously measured 

walking forces. 

3.2 Damping Effect  

Generally speaking, damping is not critical for high frequency 

floors because their response usually consist of impulses in a 

very short time followed by a transient decay. However, when 

resonance occurs, the effect of damping could be more 

important. This is because the magnitude of the response, 

when the resonance occurs, could be significantly reduced at 

higher damping ratios. Figure 4 shows the effect of damping 

when a SDOF with natural frequency of 11 Hz was excited by 

a 2.2 Hz walking force when damping ratio was 1% and  3%. 

Damping ratio for different structures depends on several 

factors, such as furniture, services and the connections of the 

structure [10]. Damping ratios between 1% and 4% could be 

reasonable for different types of floors, and therefore, they 

were used in the analysis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Response of a 11 Hz natural frequency SDOF 

oscillator  to a continuously measured walking force with a 

pacing rate of 2.2 Hz when damping ratio is (a) 1% and (b) 

3%. 

3.3 Modifying Arup's Model  

First of all, the 215 walking forces time histories were applied 

on a SDOF oscillator with the range of natural frequencies 10 

to 40 Hz with an increment of 0.5 Hz to address the resonance 

effect. The maximum velocities were extracted, and then the 

maximum velocities for pacing rates from 1.4 Hz to 2.5 Hz 

with an increment of 0.1 Hz were found by interpolation. The 

modal mass of the SDOF system was assumed 1 kg in all 

simulations, so that the impulse is equal to the maximum 

velocity. The damping ratio was varied between 1-4%, with 

the increment of 1%. Finally, the resulting impulses that have 

25% chance of being exceeded were selected for further 

analysis. 

Fitting the results was done by taking Arup’s formula for 

the effective impulse and multiplying it by a factor that 

accounts for increasing the impulse by increasing the pacing 

rate and decreasing the natural frequency. The fit is 

mathematically described by Equations (6-9), and is 

illustrated in Figure 5. 

 

For 1% damping: 

      
 
  

   

  
 
 
  
    

  
    

For 2% damping: 

      
 
  

   

  
 
 
  
    

  
    

For 3% damping: 

      
 
  

   

  
 
 
  
    

  
    

For 4% damping: 

      
 
  

   

  
 
 
  
    

  
    

4 COMPARISON  

Comparison between RMS vibration responses of a SDOF 

oscillator due to the actual walking forces, Arup's footfall 

model and its refined version presented in this study is 

illustrated in Figure 6. The RMS was selected for the 

comparison as it is frequently used as a key parameter in 

vibration serviceability assessment. The modal mass of the 

oscillator was 50000 kg, and a damping ratio of 2%. The 

results of the new model showed much closer match with the 

real data. However, there is obvious rippling in the surface in 

Figure 6a due to the resonance effect. In this region, even the 

new model underestimates or overestimates the response in 

some cases. However, it is still closer to the actual data than 

the model proposed by Arup. 

5 SUMMARY AND CONCLUSIONS 

The key findings of the present study are: 

 

• Simulated vibration responses due to the real walking 

forces showed the possibility of developing resonance for 

floors with the natural frequency above 10 Hz . However, the 

resonance is unlikely to occur for floors having fundamental 

frequency higher than 20 Hz. This clearly suggests that the 

cut-off frequency between low and high-frequency floors is 

not as low as 10 Hz as suggested in CSTR43 and cannot be as 

high as 24 Hz as suggested by SCI. 

• A new mathematical model of walking excitation relevant 

to design of high frequency floors was derived using 215 

individual walking force time histories measured continuously 

on an instrumented treadmill. This model is a modification of 

the model previously proposed in CSTR43 [1] and Arup's 

design guideline for floors [8]. The key refinement is an 

exponential part added to the Arup's formula to account for 

the resonance effect of floors that have the natural frequency 

higher than 10 Hz. Moreover, damping ratio was also 

considered in this model, since it could reduce the resonant 

response significantly. It was assumed to have higher effect 

on the response in the range between 10 Hz and 20 Hz where 

the resonance effect is most likely to occur. 

(6) 

(7) 

(8) 

(9) a) 

b) 
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• Comparing with simulations of real walking forces on a 

SDOF oscillator, it was shown that the new model could 

predict the response better than Arup's model [8], especially in 

cases of high pacing rates and low natural frequencies of the 

floor. 

Figure 5. Velocity impulses according to the proposed model 

using damping ratio: (a) 1% (b) 2% (c) 3% (d) 4%. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. RMS velocity responses from (a) simulations of 

real continuous walking forces applied on SDOF oscillator (b) 

the new proposed model (c) Arup's model [8]. 
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ABSTRACT: In traditional dynamic analysis of footbridges the pedestrians are considered as moving time varying loads in 

vertical and horizontal directions. This approach is appropriate for most footbridges systems but for lightweight structures such 

as composite footbridges a high degree of human – structure interaction may be expected. This interaction mechanism, which 

has been reported in the literature, 

 leads to a reduction in the footbridge response as compared to the response under the moving load model when there is one 
walking pedestrian in resonance with the structure. This paper presents an analytic – numerical model to address this feature in 

vertical vibrations by considering the coupling of a biodynamic model to a one degree of freedom system representing the 

structure.  The walking person is simulated by a single degree of freedom mechanical model whose mass is set into vertical 

motion by heel´s elevations in forward steps. The model is applied to the Aberfeldy cable-stayed composite lively footbridge 

and the results are shown to be in good agreement with the experimental measurements performed under the passage of a single 

known pedestrian in resonance with the structure. 

 

KEY WORDS: footbridges, human-induced vibrations, pedestrian-structure dynamic interaction. 

 

1 INTRODUCTION 

The current approach recommended in most codes of 

practice to estimate human-induced vibration amplitudes of 

vertical bending in footbridges is based on a moving load 

model whose magnitude is given by a Fourier series with 3 or 

4 terms [1].  This procedure is appropriate for most situations 

but except for lightweight structures being crossed by 

pedestrians whose pacing frequency is close to a natural 

frequency of the system. In these cases it overestimates the 

maximum amplitudes [2] showing that the pedestrian – 
structure dynamic interaction has to be taken into account.  

References can be found in which this interaction is 

considered by coupling the bridge model to a moving spring-

mass-damper (SMD) model to represent the vertical action of 

a walking person. The numerical model used by Fanning et al. 

[2] consisted in a moving mass connected to the upper node of 

a spring-damper element whose lower node was attached to a 

contact element through which the Fourier series load was 

applied to the numerical model of the bridge. The results 

focused on the vibration amplitudes given by the moving load 

model and the interaction model as compared to results from 
measurements of pedestrian crossings of Aberfeldy composite 

footbridge. Caprani et al. [3] addressed the same issue by 

developing a 2 degrees of freedom analytical-numerical model 

of the coupled system (bridge + pedestrian) and testing the 

influence of a range of parameters in the bridge response due 

to single pedestrian in addition to address crowd modelling. 

In a similar manner this paper presents a two degrees of 

freedom analytical-numerical model of the coupled system in 

which the walking person is simulated by a SMD model. The 

model is applied to the Aberfeldy cable-stayed composite 

lively footbridge. The theoretical results obtained from the 

moving load model and from the interaction model are 

compared to experimental results obtained by Pimentel [4] 

from two measurements of the structure under the passage of 
a single known pedestrian in resonance with the structure in 

order to excite the first and the second vibration modes. 

Correlations between the results focus on vibration amplitudes 

and also on the general aspect of time history responses.  

In relation to the parameters of the SMD model to represent 

a walking person in vertical direction there are few proposals 

regarding pedestrian – structure interaction studies. Kim et al. 

[5] proposed a two - degrees of freedom (2-DOF) biodynamic 

model whose parameters are, otherwise, applicable to standing 

people. For a single DOF model Caprani et al. [3] proposed 

values for the spring stiffness and damping coefficient within 

ranges taken from the human body biomechanic literature.  In 
the present paper the single DOF model proposed by Silva 

and Pimentel [6] is used to simulate the walking person – 

structure interaction. This model was developed on the basis 

of vertical accelerations measurements of 20 tests subjects 

walking along a rigid surface and has the merit to allow 

application to each walking person as a function of its body 

mass and pacing frequency.  

2 ANALYTIC – NUMERICAL MODEL 

2.1 Pedestrian walking on a rigid surface 

The walking person is represented by the single degree of 

freedom (SDOF) mechanical model with mass mp which is set 

into vertical motion by heels movements represented by 

displacement ur as illustrated in Fig. 1. The elastic and 

damping components of the contact force, epF  and apF , 

between the pedestrian and the surface can be written as 

                                   

  )()( rprprprpepep uucuukFFtF                      (1) 

Analytic – numerical model for walking person – footbridge structure interaction 
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where pru and pru  are respectively the vertical displacement 

and velocity of the subject center of mass while walking in a 

rigid surface; pk and pc are the pedestrian stiffness and 

damping respectively. The resultant force of eq. (1) is equal to 

the ground reaction force which can be represented as a 

Fourier series with 3 or 4 terms [1]: 

                                

 













 



3

1

..2..1)(

i

ippip tfisengMtF                (2) 

where )( gM p is the weight of the pedestrian, i  and i  are 

the dynamic load factor and the phase angle associated to each 

harmonic i of the load.  

 mp

cpkp

upr

ur

rigid surface 

Figure 1. Analytical model for the interaction between a 

walking person and a rigid surface. 

The equation of motion of the pedestrian model (Fig. 1) 

may then be expressed as 

          tFum prp                                (3) 

The fundamental frequency fpp in eq. (2) is the walking 

frequency ranging between 1.5 to 2.4 Hz with a mean value 

equal to 2.0 Hz [1]. The magnitude of the dynamic load 

factors, particularly 1 , depend mainly on the pacing 

frequency ppf , but may display relevant differences among 

pedestrians and even for the same person depending for 

example on the shoes [7]. 

According to Zivanovic and Pavic [8] the most extensive 

research on the magnitude of dynamic load factor was 
conducted by Kerr [9] yielding the following expression for 

average values of 1 : 

               

7613.07597.13206.12649.0 23
1  ppp fff      (4) 

with 95% of the results falling in the range 11 32.0   . 

2.2 Structure model under human-induced moving load 

The structure modal equation of motion is expressed as 

       iiiiiiii Pyyym  22                  (5) 

where yi is the ith mode amplitude and im , i  and i  are 

respectively the modal mass, damping ratio and frequency 

associated to mode i .   

In the moving load model the modal force Pi is determined 

from the applied force expressed by eqs. (2) and (4). 

2.3 Pedestrian-structure interaction model 

Figure 2 illustrates the pedestrian model moving with 

constant speed along a flexible structure whose vertical 

displacement at the contact point k is ekU . The pedestrian 

model now displays a total vertical displacement equal 

to  prp uu  , where pu is the displacement due solely to the 

pedestrian-structure interaction. The sum of the elastic and 

damping interaction forces at the contact point k depend on 

the relative displacement and velocity between the pedestrian 

and the structure and is written as: 

       

       ekrprppekrprpp UuuucUuuuktF  int  (6) 

 
  mp

cpkp

upr +up

ur

Uek

undeformed 
structure

deformed 
structure

k

e

 

Figure 2. Analytical model for the interaction between a 

walking person and a deformed structure. 

 

The equation of motion of the pedestrian is then 

expressed as 

             )(int tFuum prpp        (7) 

or as the following equation by taking into account eqs. (1), 

(3) and (6): 

    0 ekppekpppp UukUucum         (8) 

For the structure discretized in plane frame elements the 

vertical displacement and velocity at the contact point k can 
be expressed by  

      eekU H.U    and   eekU UH.                       (9) 

where H is the interpolation vector and eU  and eU  are the 

nodal displacement and velocity vectors of element e  within 

which the contact point is located. 

The interaction force  tFint  is applied to the structure 

model by means of the equivalent nodal force vector eF  of 

element e  

       intFT
HFe                                 (10) 

By using the modal superposition method the vertical 

displacement at the contact point is expressed as  

 

i

iki

i

ieiek yyU ΦH                         (11) 

where eiΦ  contains the eigenvector amplitudes at the nodes 

of element e associated to mode i  and ki  is the magnitude of 

the modal shape at the contact point. The modal force is given 

by 

                                     e
T
eiiP FΦ                        (12) 
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Substituting the expression for iP  in equation (5) and taking 

into account eqs (1) and (2) leads to 

              
   

 tFucuk

ykmycmym

kppkppk

ipkiiipkiiiii











 2222
      (13) 

Considering a single mode structural response, equations 

(8) and (13) form the coupled pedestrian-structure equations 
which may be written in matrix form as 

               FXKXCXM                        (14) 
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The equations are integrated by the Runge-Kutta 

method. 

The coupling terms in matrix K and C of eqs. (14) may also 

be written in terms of the pedestrian modal mass mp by 

substituting cp and kp by ppp m2 and ppm2 respectively 

where p is the damping ratio and p the natural frequency 

of the pedestrian model. It can then be observed that the 

occurrence of the dynamic interaction is only to be expected 

when the pedestrian mass corresponds to a significant 

percentage of the modal mass of the structure.  

3 SINGLE DOF BIODYNAMIC MODEL 

The biodynamic model proposed by Silva and Pimentel [6] 

is used in the present paper as the single DOF model 

representing the vertical action of a pedestrian walking along 

a rigid surface.  It was developed on the basis of vertical 

acceleration measurements of the waist of 20 persons walking 

with their normal pacing rate on a straight path sufficiently 
long so as to ensure a regular movement.  The model consists 

of a modal mass mp, a spring of elastic constant kp and a 

viscous damper whose constant is cp as shown in Fig. 3. These 

dynamic parameters of the model were sought in such a way 

that the measured accelerations at waist could be reproduced 

by the model expressed as follows. 

 

 tFukucum tptptp                      (15) 

where ut is the displacement of the mass degree of freedom 

with respect to a fixed reference as shown in Fig. 3 and F(t) is 

given by eq.  (2) with 1 expressed as Kerr´s expression eq. 

(4), 2=0.07 and 3=0.06. 
 

 

 

mp

cpkp

ut

F(t)

 
Figure 3 Single degree of freedom model used to develop 

the biodynamic model proposed by Silva & Pimentel [6] 

 

The model parameters mp, cp and kp were obtained by 

solving a system of three non-linear equations (eq. 16) which 

are the expressions of the accelerance frequency response 

function of the SDOF model for each the three harmonic of 

the forcing function eq.2 (i=1,3) 

pipip

ii
i

cjmk

F
A









2

2 )(
)(   (16) 

 

where j is square root of (-1) and F(i) and A(i) are the input 
values, being respectively the amplitudes of the harmonic 

components of the ground reaction force F(t) and of the 

measured acceleration at waist level for frequency i. 
Based on the observed correlations among the parameters of 

the model expressions were derived for the biodynamic 

parameters so as to take into account these correlations and 

allowing the parameters to be expressed as a function of the 

total body mass Mp and the pacing rate fpp.  These expressions 

are given by: 
 

)(518.37275.0082.97 kgfMm pppp     (17a) 

)/(041.29 883.0 mNsmc pp       (17b) 

)/(035.0261.50744.30351 2 mNcck ppp    (17c) 

 

4 PRELIMINARY VALIDATION OF THE 
PEDESTRIAN-STRUCTURE INTERACTION 

MODEL 

Based on the observation made at the end of section 2.3 

about the ratio between the modal masses of the pedestrian 

and of the bridge models an idealized simply supported 35m 

span steel-concrete composite footbridge was tested for the 

passage of a single pedestrian (simulated with the biodynamic 

model described in section 3) whose body mass Mp is equal to 

75 kg. The pace frequency fpp was taken equal to 2Hz, 

coincident to the natural frequency of the structure 

corresponding to the first vertical bending mode. The ratio 

between the pedestrian and the structure modal masses is 

0.25% and the structure damping ratio equal to 0.5%. The 
acceleration responses at the antinode of mode shape obtained 

with the moving load model (section 2.2) and with the 

pedestrian-structure interaction model (section 2.3) were 

exactly the same [10], as expected for this low ratio between 

modal masses. 

 

5 STRUCTURE EXAMPLE AND MEASUREMENTS 

The footbridge used as example for pedestrian – structure 

dynamic interaction simulation is the known Aberfeldy cable-

stayed glass reinforced plastic (FRP) footbridge constructed in 

1990 [11]. It is a three-span structure, having a main span of 
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63m and two side spans of approximately 25m each. The 

towers were designed as A-shaped frames. Two groups of 10 

cables connect the 2.12m wide deck to each tower. 

The results of the experimental tests campaign conducted by 

Pimentel [4] in July 1994 and June 1995 will be used in the 

present paper (other experimental assessments are reported in 

the literature [12] after reinforcement of the deck). It 

comprised a full modal survey - for the determination of the 

modal properties of the structure using ambient excitation, 

impulsive response and free-decay vibration - and an 

investigation of the bridge behavior under pedestrian-induced 
loads. 

From the ambient vibration tests the modal shapes of nine 

vibration modes and their corresponding natural frequencies 

were obtained. Fig. 4 illustrates the shapes of the first two 

vertical bending modes of the deck.  

 

 

 

 
Figure 4. First two measured vibration modes of the deck in 

vertical direction [4]. 

Equivalent viscous damping ratios were determined from 

the free-vibration decay part of the so called jumping tests in 

which the tests subjects were asked to bounce instead of 

jumping, as this was found to be an easy way to excite the 

structure at a pre-defined frequency [4].  The 80 kg mass test 

subject bounced in positions corresponding to the antinodes of 

the first and second mode shapes as illustrated in Fig. 4. There 

was no significant change in damping values along the free-

vibration decay records, which is an indication of linear 

behavior of the structure under normal usage.  

The results for damping ratios  and frequencies of 
vibration obtained from the jumping tests are shown in Table 

1 in the lines corresponding to the S+P (structure + person) 

indication. This table also shows the natural frequencies of the 

isolated structure as measured in the ambient vibration tests 

(see S lines)  together with the modal mass m of each mode as 

obtained from a calibrated numerical model of the structure 

[4]. It can be noted that the person´s mass (80kg) is 3.1% the 

generalized mass of the first mode and 2.4% of that of the 

second mode. This is consistent with the observed lower 

frequencies of the coupled S+P system in relation to the 

isolated structure.  

 

Table 1. Measured dynamic properties 

Mode m (kg) f (Hz) 

Mode 1       S 2547 1.59 - 

S+P - 1.56 0.84 

Mode 2       S 3330 1.92 - 

  S+P - 1.88 0.94 

S: isolated structure;   S+P: structure + 80kg person 

 

Pimentel [4]  also performed pedestrian tests on the cable-

stayed bridge in which a test subject of 80kg mass, departing 

from the south tower, walked with the help of a metronome at 

pace rates coincident with the natural frequencies of the 

coupled system: 1.56Hz and 1.88Hz, while acceleration 

measurements were taken at the antinodes of the 
corresponding mode shapes as shown in Figs. 5a and 5b 

respectively for the first and second vertical bending modes.  
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Figure 5a. Filtered acceleration time response from 

controlled pedestrian test in the footbridge excited at its first 

vertical bending mode [4]. 
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Figure 5b. Filtered acceleration time response from 

controlled pedestrian test in the footbridge excited at its 

second vertical bending mode [4]. 

6 THEORETICAL RESULTS 

The moving load theoretical model (section 2.3) was applied 

to the cable-stayed footbridge with the properties shown in 
Table 2. 

Table 3 presents the parameters of the isolated bridge 

associated to the first two vibration modes and that of the 

biodynamic model of the walking person as adopted in the 

analysis of the dynamic interaction model (section 2.3). The 

properties of the biodynamic model were obtained with eqs 

(17) for Mp equal to 80kg. 
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Table 2. Dynamic properties of the coupled system used in the 

moving load theoretical model 

Mode m (kg) f (Hz) 

Mode 1 S+P            2627 1.56 0.84 

Mode 2 S+P        3410 1.88 0.94 

S+P: structure + 80kg person 

 

Table 3. Parameters of the structure (S) and of the biodynamic 

model (P) used in the interaction theoretical model for 

analyses of mode 1 and mode 2. 

  m (kg) f (Hz) 

1 S        Mode 1   

P      fpp=1.56Hz          

2547 

60.5 

1.59 

2.67 

0.84 

91.6 

2 S        Mode 2   

P     fpp=1.88Hz 

3330 

48.6 

1.92 

2.65 

0.94 

78.0 

P: Mp=80kg;  fpp= pacing frequency. 

 

Although the damping ratios shown in Table 1 have been 

obtained from measurements on the coupled system these 

values were assigned to the isolated bridge (Table 3, S lines) 

in the interaction analyses presented in the present paper. This 
is justified by the relatively large spread between the vibration 

frequency of the bridge and the first natural frequency of 

standing people which is greater than 4Hz [13]. To confirm 

this hypothesis a theoretical-numerical analysis of the person 

– structure interaction was performed with a model similar to 

the one described in section 2 but with a biodynamic model of 

a standing person instead of a walking one [10]. This analysis 

showed that the 80 kg standing person simulated by a SDOF 

model with natural frequency equal to 4.9Hz and damping 

ratio equal to 37% [14] did not altered the structural damping 

ratio obtained numerically by free-vibration decay analysis. 
  In the absence of force measurements on a rigid surface due 

to the tests subject, the dynamic load factors 1 (eq. 2) were 
initially taken as the mean values obtained from eq. (4): 0.224 

and 0.360 respectively for modes 1 and 2. With these values 

the moving load and interaction models results were tested 

against the initial part of the experimental responses where 

amplitudes are low and both theoretical models give the same 

response eventually adjusting 1 for mode 1 to 0.270.   
Figures 6 and 7 show respectively the acceleration time 

responses at the antinodes of modes 1 and 2 of the footbridge 

under the passage of the pedestrian with controlled pacing 

frequency equal to the corresponding natural frequency of the 

coupled system obtained with two theoretical models: the 

moving load and the interaction model. It is seen in Fig. 6 that 

the two responses for mode 1 display the same overall shape 
as the experimental response (see Fig. 5a) and differ in terms 

of amplitudes, the moving load model yielding maximum 

amplitude 25% greater than that of the interaction model.  

 

-4,0

-3,0

-2,0

-1,0

0,0

1,0

2,0

3,0

4,0

25 35 45 55 65

a
c
c
e
le

ra
ti
o
n
 (

m
/s

2
)

time (s)

moving load

interaction model

 
Figure 6. Acceleration time responses at the antinode of 

mode 1 of the footbridge under the passage of the pedestrian 

with pacing frequency equal to 1.56Hz, obtained with the 

moving load model and with the interaction model. 
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(b) 

Figures 7. Acceleration time responses at the antinode of 

mode 2 of the footbridge under the passage of the pedestrian 

with pacing frequency equal to 1.88Hz, obtained (a) with the 

moving load model and (b) with the interaction model. 

 

The comparison between the theoretical responses obtained 

for mode 2 (see Figs. 7) and the experimental response shown 
in Fig.5b reveals that only the interaction model was able to 

reproduce the general aspect of the time response. With the 

moving load model the acceleration at the antinode of mode 2 

drops to very low amplitudes when the pedestrian has just past 

the middle of the center span while the experimental and the 

interaction theoretical model results exhibit significant 

amplitudes at this same instant. Moreover the largest 

acceleration amplitudes are observed in the first part of the 

response obtained from the moving load model which is not 

the case of the experimental and interaction model responses. 
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This is a clear demonstration of the occurrence of the structure 

– pedestrian dynamic interaction.  

 

7 COMPARISON BETWEEN THEORETICAL AND 

EXPERIMENTAL RESULTS 

 

Figure 8 shows the comparison for mode 1 test between the 

theoretical result obtained with the interaction model and the 

experimental result, the latter shown in terms of envelope 

points for the sake of clarity. It can be noticed a very good 

comparison until the experimental amplitude displayed a 

break from the expected trend of the response envelope 

indicated by the tangent lines in Fig.8. This could be due to 
the pedestrian losing step while perceiving footbridge 

vibrations as already observed by Zivanovic et al. [15].  

In order to investigate this possibility a new analysis was 

performed in which the pace frequency was changed from 

1.56 Hz to 1.57 Hz in the time interval estimated to 

correspond to the step losing as shown in Fig. 9. The results 

show that the model was able to reproduce the response by 

considering an idealized step losing. 
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Figure 8. Comparison between theoretical and experimental 

results for the first vibration mode. 
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Figure 9. Comparison between theoretical and experimental 

results for the first vibration mode considering step losing. 
 

The comparison between experimental and theoretical 

results for mode 2 is shown in Fig. 10. Again the theoretical 

results give larger amplitudes (in this case much larger) than 

the experimental ones. It can be noticed in the experimental 

response that step losing events may have taken place now for 

small vibration amplitudes and several times as indicated by 

color changing in the envelope points and tangent lines. A 

similar approach to that used in the case of the first mode 

response yielded the result shown in Fig. 11 for the second 

mode considering the step losing. As expected, the response is 

very sensitive to minor changes in the step frequency. The 

correlation between theoretical and experimental results in 

Fig. 11 was not successful as for the first mode (Fig.9) but 

still the idealized step losing yielded a reasonable theoretical 

response as compared to the experimental one. 
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Figure 10. Theoretical versus experimental results for the 

second vibration mode. 
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Figure 11. Theoretical versus experimental results for the 

second vibration mode considering step losing. 

 

8 CONCLUSIONS 

 

An analytic-numerical model to address the dynamic 

interaction between a structure and a single walking person 

each represented by a single degree of freedom model was 

presented in this paper and applied to the all FRP cable-stayed 

Aberfeldy footbridge. The biodynamic model proposed by 

Silva and Pimentel [6] was used to obtain the parameters of 
the biodynamic model. 

The developed equations made clear that the occurrence of 

the dynamic interaction is only to be expected when the 

pedestrian mass corresponds to a significant percentage of the 

modal mass of the structure, also depending on other 

parameters. For example, a preliminary test involving a 

simply supported steel-concrete composite footbridge whose 

modal mass was 0.25% of the modal mass of the pedestrian 

model that moved in resonant condition yielded equal 

responses from the traditional moving load model and the 

interaction model.  
The theoretical moving load and interaction models were 

applied to the Aberfeldy footbridge under the resonant 
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passage of a single pedestrian in each of two vibration modes- 

the first and the second vertical bending modes - in order to 

compare to experimental measurements [4].  In terms of 

maximum vibration amplitudes the moving load model led to 

values 30% greater than the interaction model. For the first 

mode the time responses obtained from both theoretical 

models displayed the same overall shape as the experimental 

response but for the second mode the comparison between the 

theoretical responses and the experimental one showed that 

only the interaction model was able to reproduce the general 

aspect of the time response.  
Observation of the experimental responses revealed sudden 

changes of the tangents to the envelope amplitude which may 

be due to pedestrian step losing. In terms of amplitudes over 

time the interaction model values for the first mode remained 

very close to the experimental ones until the pedestrian 

possibly loosed step for high amplitudes. For the second mode 

theoretical amplitudes grew beyond the experimental ones due 

to more than one step losing events. The correlation between 

experimental results and those from the interaction model 

considering idealized step losing was very successful for the 

first mode and reasonable for the second mode.  
In general the results point to the interaction model 

including the biodynamic model parameters proposed in [6] as 

an appropriate tool to simulate the bridge response under the 

passage of a pedestrian in resonance condition and as a 

conservative model to predict maximum amplitudes in this 

condition, yet not too conservative as the traditional moving 

load model. 
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ABSTRACT: Their high strength-to-weight ratio and slenderness can make aluminium pedestrian bridges lively structures. The 

large amplitude of vibrations may reduce their serviceability under operational loads and may drive the dynamic design over the 

static one. In order to properly design aluminium bridges, it is important to define suitable load models to estimate structural 

response under human induced vibrations. The pedestrian force is commonly modeled in terms of periodic ground reaction 

forces (GRFs) on rigid surfaces, depending on weight and pacing frequency of the pedestrian, and the GRFs so obtained are 

approximated through Fourier series with dynamic load factors corresponding to the harmonics. However, most of these models 

have not been sufficiently verified from experimental and field measurements of bridge response under pedestrian excitations.  

The scope of this paper is to provide an overview of the periodic load models and their performance in predicting the response 

of footbridges. Predictions by the existing analytical load models are compared with field measurements conducted on a flexible 

aluminum bridge, and key observations regarding the applicability of existing models to predict the vibration behaviour of these 

bridges is reported. 

 

KEY WORDS: Pedestrian load models; Dynamic behaviour; Aluminum footbridges. 

1 INTRODUCTION 

Flexible aluminum footbridges are prone to large amplitudes 

of vibration induced by different human activities like 

walking, running, jumping etc. Among all the human 

activities, walking is the most important loading case due to 

its frequent occurrence. Low-frequency flexible pedestrian 

bridges with natural frequencies within the normal walking 

frequency range are expected to generate the highest level of 

response, which results in exceeding the serviceability limit 

state of footbridges. Under this situation dynamic design 

criteria may dominate over the static criteria. In recent years, 

many studies have been done focusing on vibration 

serviceability of flexible footbridges subjected to pedestrian 

induced walking force. Accurately characterizing the walking 

forces is key to evaluating the performance of footbridges in 

terms of serviceability-limit state. Many codes of practice 

employ a deterministic walking load model in terms of ground 

reaction forces (GRFs) on rigid surfaces, depending on weight 

and pacing frequency of pedestrian where Fourier series are 

employed to represent GRFs mathematically as proposed by 

Blanchard et al. [1]. A number of numerical and experimental 

investigations have been carried out in the literature to 

evaluate dynamic load factors (DLFs) and phase angles 

corresponding to each GRF harmonic based on measurements 

on very high frequency structures [1-5]. However, the 

behaviour of pedestrians on a low frequency vibrating 

footbridge is complicated and quite different that on a rigid 

surface because of human-structure interaction. Attempts have 

been made in the past to incorporate the effect of human-

structure interaction with various formulations for the 

dynamic load factor and phase angles of the Fourier series [6-

7]. However, these existing models have been developed with 

the assumption of perfect periodicity of the walking force. In 

reality, walking is not perfectly periodic [8] but narrow band 

in nature [9] and could be altered due to interaction between 

the pedestrian and the structure. 

Multiple simplified design methodologies have been 

developed in the codes of practice [6, 10-13] based on DLFs 

proposed by different authors. However, validation of these 

guidelines and application to real structures has been given 

little attention so far. In order to validate and further develop 

the design guidelines for flexible footbridges, it is necessary 

to evaluate of the effectiveness of the existing load models in 

predicting the vibration behaviour of real structures. With the 

objective of verifying the performance of existing walking 

load models for single pedestrians, a field study was 

conducted on a full-scale aluminium bridge: the Daigneault 

Creek pedestrian bridge in Brossard, Quebec. Vibration (i.e. 

acceleration) measurements were obtained along the length of 

the bridge for various walking scenarios. The response of the 

bridge under single pedestrian walking was then simulated 

using multiple periodic moving load models with proposed 

DLFs [1,6,7]. Finally, to assess the applicability of these 

models, the estimated response of the bridge is compared with 

the measured response.  

2 VERTICAL PERIODIC LOAD MODELS 

Generally, most of the design guidelines consider loading 

from a pedestrian as a periodic point force exerted on the 

bridge deck. The walking forces of a pedestrian are 

represented using the following Fourier series [1], 
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where P(t) is the human-induced dynamic load, G is the 

pedestrian weight, αi is the dynamic load factor (DLF) of the 

ith harmonic, fs is the pedestrian step-frequency (Hz), and i is 

the phase shift of the ith harmonic.  

The Canadian Highway Bridge [12] and the British 

Standard [13] codes adopt a DLF value of 0.257 considering 

the first harmonic only, as proposed by Blanchard et al. [1]. 

With time, many authors have proposed improved DLF values 

based on direct or indirect GRF measurements. In 2001, 

Young [7] proposed the first four harmonics of the vertical 

force as a function of the walking frequency fs as follows: 

5.0)95.0(37.01  sf                                                     (2) 

sf0044.0054.02                                          (3) 

sf0050.0026.03                            (4) 

sf0051.0010.04                            (5) 

0i                                                        (6) 

The Setra [7] guidelines for bridge design have 

subsequently considered the DLFs as 0.4, 0.1, and 0.1 for the 

first three harmonics, respectively, with no phase angles. For 

the present study, the response of the bridge has been 

simulated based on all the above studies for comparison and 

evaluation purposes. 

3 FIELD STUDY 

3.1 Daigneault Creek Bridge in Brossard, Quebec 

Daigneault Creek Bridge is an aluminium bridge in Brossard, 

Quebec (Figure 1), connecting a new subdivision from Rue 

Claudel to a transportation hub and commercial area on Rue 

Grande Allée. It has a clear span of 43.7 m and a deck width 

of approximately 4.4 m. For the current study the first vertical 

vibration mode of the bridge has been considered. The 

frequency for this mode is 3.43 Hz with modal mass of 7641 

kg and modal damping ratio of 0.012. These parameters were 

obtained from a combination of finite modelling of the bridge 

in the software Sofistik and also from the results of modal 

testing performed on the bridge. A more detailed description 

of the footbridge and the modal testing conducted can be 

found in publications by Sychterz et al. [14]. 

3.2 Walking Test 

The field study was done in two stages. In the first stage, 

vertical as well as lateral accelerations were measured through 

12 accelerometers at the midspan and two quarter span 

locations of the bridge. The 12 accelerometers were attached 

to six mounting blocks – three on each side of the bridge. 

Each mounting block carried an accelerometer in the lateral 

and vertical directions (Figure 2). A detailed description of the 

first stage of experimentation is provided by Sychterz et al. 

[14]. 5 test subjects were asked to walk with their natural step 

frequencies. The physical parameters of the test subjects are 

summarized in Table 1. 

 

 
 

Figure 1: Daigneault Creek Bridge in Brossard, Quebec 

(taken from Sychterz et al. [14]) 

 
 

Figure 2: Accelerometer installed in the mounting block 

(taken from Sychterz et al. [14]). 

 

Table 1 Physical and gait parameters of test subjects 

Test 

Subject 

Mass 

(kg) 

Height 

(m) 

Leg 

Length 

(m) 

Step 

Frequency 

(Hz) 

P1 97 1.91 1.05 1.80 

P2 89 1.78 1.02 1.76 

P3 72 1.73 1.0 2.00 

P4 68 1.62 0.93 2.00 

P5 65 1.57 0.91 1.90 

 

In the second stage of experiment, 30 sets of walking tests 

were conducted for test subject P5. Each set corresponds to 

nine different step frequencies ranging from 1.67 Hz to 2.33 

Hz, with a mean of 2 Hz and interval of 0.083 Hz.  To achieve 

the desired step frequencies, a metronome was used. The 

footbridge vertical acceleration was recorded at the midspan 

and one quarter span point along one side of the bridge. In 

addition, the time instants when a test subject entered and left 

the bridge in a single crossing were recorded using a 

stopwatch. In this way it was possible to obtain the average 
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walking velocity of the pedestrian which is required for the 

response simulations. Later on, all the measured acceleration 

time histories were processed to obtain the first modal 

acceleration response as well as the response corresponding to 

the excitation frequency (first harmonic) and the natural 

frequency of the structure. 

3.3 Processing of Field Data 

Since the response measurements contain contributions from 

all the harmonics (natural as well as excitation), in the present 

study, the acceleration were filtered appropriately according 

to frequencies of interest. To do this, the time domain 

measurements are converted to the frequency domain through 

Fourier transform (FFT). Appropriate windowing was 

undertaken to reduce spectral leakage [14]. Although 

windows are useful in reducing leakage, they can modify the 

overall amplitude of the signal. Hence, to compensate for the 

amplitude distortion in the time domain, the windows were 

scaled by dividing the windowed array by the coherent gain of 

the window [14]. Figure 3 plots the acceleration time history 

and corresponding Fourier spectra using different window 

functions and it is clear that the effects of leakage is relatively 

small and different windows yield similar spectral behaviour 

in terms of frequency and amplitude. After obtaining FFT of 

the field data, the Fourier amplitudes were made zero outside 

the desired low and high cut-off frequencies and performed an 

inverse Fourier transform to obtain the filtered data. 

4 SIMULATION OF VERTICAL RESPONSE 

Moving periodic load models have been adopted to simulate 

the vertical acceleration response of Daigneault Creek 

footbridge under single pedestrian excitation. To simulate the 

first modal response by periodic moving load models, the 

bridge is assumed to be a single degree-of-freedom (SDOF) 

linear elastic system with the first mode being the flexural 

one. The modal equation of motion for the bridge response 

due to the pedestrian excitation given by: 

)(tfKxxCxM                (7) 

where, x(t) is the modal displacement response of the system  

at time instant t and its first and second derivative  represent 

the velocity and acceleration of the bridge due to the 

excitation. M, C and K represent the modal mass, damping 

and stiffness of the bridge (for natural frequency of 3.43 Hz in 

this study). The modal load f(t) can be written as: 

)sin()()(
L

vt
tPtf


              (8) 

with the assumption that the bridge deck acts as a simply 

supported beam of length L and the first mode shape of the 

beam (Figure 4) is given by: 

)sin()(
L

x
x


                              (9) 

where x = v·t is the position of moving load at any time t on 

the beam and v is walking speed of the pedestrian. Here P(t) 

represents the ground reaction force due to walking, as given 

by Equation 1. Response was calculated from the time instant 

the pedestrian steps on to the bridge to the instant the 

pedestrian left the bridge at the other end. Hence the total 

duration required to cross the bridge is T = L/v. The response 

of the bridge at the mid-span was estimated from the 

analytical solution proposed by Abu-Hilal and Mohsen [17] 

for simply supported beam under moving harmonic load in 

case of different dynamic load factors as described in Section 

2. The bridge is assumed to be at rest prior to the application 

of load. The peak as well as the root mean square 

accelerations values are calculated and compared with the 

measured responses in order to evaluate the performances of 

the existing models in predicting the response of flexible 

footbridges.  
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Figure 3: (a) Acceleration time history and (b) corresponding 

Fourier spectra of the data recorded for test subject P5 

walking with step frequency of 2.07 Hz. 

 

 
 

Figure 4: Computational model of a pedestrian crossing a 

bridge [16]. 
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5 COMPARISION OF SIMULATED AND MEASURED 

RESPONSE 

Figures 5 and 6 present the measured and simulated vertical 

acceleration versus time plots and corresponding Fourier 

spectra of the responses at the midspan for one case where the 

test subject P5 walked at 2 Hz.  Blanchard et al. [1] have 

included contribution from only the first GRF harmonic, while 

Setra [7] and Young [6] have included 2 and 3 higher sub-

harmonics, respectively in their respective models. Figure 6 

shows that all of the simulated load models lead to a response 

that is dominated by the forcing frequency. However, 

measurements show significant dominance of the natural 

frequency of the structure. This suggests that the simulated 

moving load models are unable to replicate the observed 

frequency content in the dynamic response of a full-scale 

flexible footbridge under a single pedestrian walking case.  
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Figure 5: Simulated and measured acceleration time histories 

of test subject P5 walking at 2 Hz step frequency. 
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Figure 6: Fourier spectra of acceleration time histories. 
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Figure 7: Simulated and measured acceleration time histories 

of test subject P5 filtered at first harmonic frequency of 2 Hz. 
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Figure 8: Fourier spectra of the filtered time histories. 

 

Generally, peak and root mean square (RMS) responses are 

two different measures of any time series. Peak response 

represents only the highest amplitude of the series while RMS 

value takes into account the total data length as well as all the 

smallest to highest peaks. In the present study both response 

quantities were estimated to compare the simulated and field 

measurements. With this objective, recorded time histories are 

filtered to the forcing frequency contribution of the response. 

Figures 7 and 8 show the simulated and measured acceleration 

time histories and their Fourier spectra. The experimental data 

was filtered to isolate the excitation frequency contribution to 

the response at 2 Hz. Peak and RMS response of the 

footbridge under walking of five test subjects at their normal 

frequency based on single measurement are compared in 

Figures 9-12. It can be observed that the simulated model with 

DLF proposed by Blanchard et al. [1] underestimates the 

measured response corresponding to the first harmonic 

frequency except for test subject P5, in which case it predicts 

better than the other two models. For most cases, the Young 

model performs better over others in predicting the peak 
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response (Figure 9) while the DLF proposed by Blanchard et 

al. gives a close estimate of the RMS response except test 

subject P1. It must be emphasized, however, that all these 

models significantly underestimate the contribution of 

response arising from the natural frequency of the structure 

(Figures 11 and 12).  
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Figure 9: Comparison of peak responses corresponding to 

different test subjects walking at their normal frequency 

(filtered at first harmonic of forcing function). 
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Figure 10: Comparison of RMS responses corresponding to 

different test subjects walking at their normal frequency 

(filtered at first harmonic of forcing function). 

 

The performance of the simulated models for different step 

frequencies ranging from slow to fast is evaluated next.  For 

this purpose, simulated responses of test subject P5 under 

different walking frequencies ranging from 1.67 Hz to 2.33 

Hz are compared with the statistical values of the observed 

responses in error bar plots (Figures 13-16). Comparison of 

peak and RMS responses shows that the DLF value, proposed 

by Blanchard et al. [1], results in the best estimate with larger 

deviation for slows pacing rates (Figures 13 and 14). 

However, all of the models overestimate the measured 

response. Also the models are unable to capture the 

contribution of response from transients, with the exception of 

slow step frequencies of 1.67 and 1.76 Hz (Figures 15 and 

16). In these specific cases, the second harmonic of the step 

frequencies are close to the resonant frequency of the first 

vertical mode of the footbridge (3.43 Hz). As a result, the 

second harmonic dominates the vibration of the bridge along 

with its natural frequency and hence contributes to the total 

response. However, this is a special case and results have to 

be interpreted with caution. 
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Figure 11: Comparison of peak responses corresponding to 

different test subjects walking at their normal frequency 

(filtered at first natural frequency of footbridge). 
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Figure 12: Comparison of RMS responses corresponding to 

different test subjects walking at their normal frequency 

(filtered at first natural frequency of footbridge). 
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Figure 13: Comparison of peak responses of test subject P5 

walking at different step frequencies with error bar plot of the 

filed response (filtered at first forcing harmonic). 

1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

Step Frequency (Hz)

R
M

S
 A

cc
el

er
at

io
n

 (
m

/s
2
)

 

 

Experimental

Blanchard

Setra

Young

 
Figure 14: Comparison of RMS responses of test subject P5 

walking at different step frequencies with error bar plot of the 

filed response (filtered at first forcing harmonic). 
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Figure 15: Comparison of peak responses of test subject P5 

walking at different step frequencies with error bar plot of the 

filed response (filtered at first natural frequency of the 

footbridge). 
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Figure 16: Comparison of RMS responses of test subject P5 

walking at different step frequencies with error bar plot of the 

filed response (filtered at first natural frequency of the 

footbridge). 

6 CONCLUSION 

The current study starts with measuring the response of a full-

scale footbridge in terms of acceleration due to a single person 

crossing the bridge in different step frequencies. The study 

then focuses on estimation of the footbridge accelerations by 

simulating moving periodic load models of walking using 

DLFs proposed by different authors. Simulated peak and RMS 

accelerations are then compared to the measured values. 

Overall the DLFs proposed by Blanchard et al. seem to 

capture the responses reasonably well compared to other 

models studied here. However, none of the models explain the 

relatively large contributions from the transients in the 

experimental data. Further investigation is necessary to study 

this issue in a greater detail and efforts along these lines are 

currently underway at the University of Waterloo. Finally, if 

required, the load models need to be improved so that they 

can better predict observations from full-scale footbridges. 
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ABSTRACT: Hollow-core slabs are very efficient structural members, since their voids allow a significant reduction of self-
weight. Moreover, due to prestressing these slabs are able to be employed in large spans. With these advantages precast / 
prestressed hollow-core slabs are widely used in commercial and industrial buildings. However, for some combinations of span, 
thickness and materials properties, this structural system may be susceptible to excessive vibrations. In this paper a theoretical 
and numerical study on human induced vibrations in this type of structure is carried out. Initially a review of the dynamic loads 
induced by humans in activities such as walking is shown as well as acceptance criteria for human comfort. Then a parametric 
study on vibration sensitivity of typical structural configurations of hollow core slabs cores is developed through numerical 
simulations with the Finite Element Method. Some situations of interest including different spans, slab thickness and modulus of 
elasticity of concrete were evaluated and the vibration levels estimated. Finally the vibration levels were compared to applicable 
comfort levels suggested by international manuals and renowned authors. The vibrations levels were considered adequate based 
on a criterion of maximum dynamic displacements while inadequate according to existing limits for minimum frequency and 
peak acceleration. The contradiction between acceptance criteria and the occurrence of inadequate dynamic behavior for some 
of the evaluated slabs emphasize the importance of the continuity of this research. 

KEY WORDS: Hollow-core slabs, numerical simulations, human induced vibrations, comfort levels. 

1 INTRODUCTION 
The increasing strength of construction materials as well as 
the frequent use of prestressing has enabled great advances in 
structural design and architecture of residential and office 
buildings. However, this development has also resulted in 
more slender structures, making them sometimes susceptible 
to excessive vibration. 

In the case of floors with hollow core slabs, the dynamic 
behaviour related to human activities is of special interest, 
once these elements may have natural frequencies close to 
those of human activities. 

Hollow-core slab, also known as voided slab, is a precast 
concrete flat slab with voids in its cross section (Figure 1). 
These slabs are widely employed in shopping malls, offices, 
parking garages, etc. Their design is normally focused in 
strength criteria rather than serviceability requirements. When 
the design load of the slabs is low, the slabs can be designed 
with a very high slenderness, and although they resist the 
loads, they may be inadequate from a dynamic point of view.  

 

 
Figure 1. Hollow-core slabs [1] 

The dynamic response of these structures is affected by 
several parameters at different degrees. Modifying their 
thickness, span and material properties may result in 
structures with different dynamic behaviours. In this paper, 
the influence of each of these parameters is evaluated trough a 
parametric study developed with the Finite Element Method. 

2 BIBLIOGRAPHIC REVIEW 

2.1 Hollow core slabs 

Hollow core slabs are the precast concrete element most used 
around the world, especially in North America and Western 
Europe. As other precast elements, hollow core slabs have 
some advantages, which include the reuse of forms, use of 
prestressed concrete, section with better use of materials, 
higher labour productivity, better quality control, reduction or 
absence of slab propping and fast assembly[2]. 

Specifically regarding the hollow core slabs, advantages 
that can be mentioned are the structural and economical 
efficiency as floor and roof systems. Besides this, the voids 
may be used for electrical or mechanical runs and distribute 
the heated air through the cores. Hollow core slabs also have 
an excellent fire resistance and sound transmission 
characteristics [3]. 

The hollow core slabs can be designed with or without the 
provision of topping concrete cast on site. The usual span 
varies from 5 m to 15 m and the cross section height goes 
from 150 mm to 300 mm. The relation between span/height 
can reach 50 [2]. In those cases, prestressing and high strength 
concrete are used. Figure 2 shows the development of hollow 
core slabs over the years. 
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Figure 2 .Development of hollow core slabs [2] 

 

2.2 Prestress effects 

The effect of prestressing forces on the structure’s dynamic 
response is a controversial subject. Some authors claim that 
the axial force is able to reduce the natural frequency. This 
would be due to the reduction of stiffness caused by second 
order effects. However, it is important to note that this does 
not occur with internal prestressing forces. As the tendons are 
surrounded by concrete, there is no additional eccentricity 
created by the deformation, that is, no second order effects. 
This can be seen in Figure 3 [4]. 

 
Figure 3 . Externally axially loaded and internally prestressed 

concrete [4] 

 

2.3 Human induced vibration 

A review of vibration sources has revealed that humans are 
the most important source of excitation in building floors. 
Mathematical models to simulate human-induced activities 
such as walking, running or jumping exist, however care 
should be taken when using them in structures with light 
damping. In this case, assuming a perfect resonance can lead 
to an overestimation of the results [5]. 

Human activities can generate dynamic forces of periodic or 
transient nature. These actions can cause undesirable effects 
such as excessive internal forces in structural elements, 
damage to non-structural elements, intolerable vibration and 
noise for occupants. The amplitude of these vibrations 
depends basically on the relationship between the dominant 
excitation frequency and the natural frequency of the structure 
[6]. 

The dominant frequency in the case of persons in normal 
walking is between 1,5 and 2,5 Hz, and this frequency range 
grows with the walking speed. However, during the walking 

there are times when both feet are in contact with the floor, 
thus the full dynamic action also have components in the 2nd 
and 3rd harmonic of the dominant frequency [6]. 

When studying the gait cycle, it is possible to obtain the 
distribution of contact forces generated by contact of the foot 
with the ground from time to time, as shown in Figure 4. 

 
Figure 4. Forcing patterns [7] 

Although this pattern vary between individuals, it is 
possible to describe a standard dynamic force for each 
activity. The forcing function for a human activity can be 
represented mathematically by a Fourier series (equation 1) 
[8]. 

. .  (1) 

Where: 
G  = weight of the person (‘notional pedestrian” of G=800N) 

 = Fourier coefficient of the i-th harmonic 
 = activity rate (Hz) 
 = phase lag of the i-th harmonic relative to the 1st 

harmonic 
i = number of the i-th harmonic 
n = total number of contributing harmonics 

 

2.4 Vibration assessment 

“The discomfort produced by whole-body vibration depends 
on the vibration magnitude, the vibration frequency, the 
direction of the vibration, the position at which the vibration 
contacts the body and the duration of the vibration. It also 
depends on the posture and orientation of the body and varies 
both between and within individuals” [9]. 

The mechanical vibration can be perceived by humans via 
several systems (visual, vestibular, auditory, cutaneous, 
kinesthetic or visceral), depending on the magnitude and 
frequency of the vibration [9]. 

ISO 2631-1 [10] suggests that, for a population of alert and 
fit persons, an average value of perception threshold is of 
0.015 m/s² (weighted peak acceleration). According to this 
standard, people are likely to complaint with vibration only 
slightly above perception threshold when residential buildings 
are considered. However, no limits are suggested for comfort 
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in residential or office buildings in this standard neither in 
ISO 2631-2:2003 [11]. 

There are many guides and standards which offer methods 
for assessing vibration in buildings. The most common and 
mentioned consideration when it comes to the human 
perception of vibration is the reference scale of Reiher – 
Meister [12] which uses the displacement as the assessment 
criterion. The modified Reiher - Meister scale was proposed 
by Lenzen [13] to vibrations caused by walking impact [14], 
and is shown in Fig. 5. 

 
Figure 5. Modified Reiher – Meister scale [15] 

Bachmann et al.  [8] suggest values for peak acceleration as 
an indication of human perceptibility thresholds for vertical 
harmonic vibrations for standing person (Table 1). According 
to them, the perceptibility is proportional to acceleration when 
vibration is in the range 1 to 10 Hz and proportional to 
velocity in the range 10 to 100 Hz [8]. 

Table 1. Indication of human perceptibility thresholds [8] 

Description Frequency range 1 to 10 Hz 
 Peak acceleration (mm/s²) 

Just perceptible 34 
Clearly perceptible 100 

Disturbing/unpleasant 550 
Intolerable 1800 

 
Mast [16] also offers a method to evaluate the serviceability 

of long-span floors subjected to human walking. An empirical 
formula based on resonant effects of walking is proposed. 
This equation provides the minimum natural frequency of a 
floor system required to prevent disturbing vibrations caused 
by walking (equation 2). 

 
(2) 

The coefficient K is from an empirical nature and values are 
suggested by Mast [16] depending on the occupancies 
affected by the vibrations, W represents the weight of the 
structure affected by walking vibration and β is the modal 
damping. 

For offices, Mast [16] suggests K as 58 kN and β from 0.02 
to 0.05, depending on the amount of non-structural 
components and furnishings.  

3 METHODOLOGY 
A parametric study was developed to evaluate the influence of 
parameters such as slab thickness, span and elastic modulus of 
concrete on natural frequencies and vibration generated by 
walking in hollow core slabs. The study was carried out 
through numerical simulation with finite element program 
Abaqus®. The cross section geometries and spans were 
selected for certain levels of load according to PCI Manual 
[17]. 

3.1 Finite element models 

The slabs are supported by two beams, each one with 
rectangular section (0.60x0.40 cm) and simply supported at 
the ends. The span in the direction of the beams is 9.76 m, 
equivalent to 8 slabs elements. Shell elements were used to 
model both the slabs (S4R5) and beams (S4R). A schematic 
view is shown in Fig. 6. 

 
Figure 6 . Model view 

 

3.2 Materials properties 

The modulus of elasticity of concrete directly affects the 
stiffness of the structure. However, it does not vary only with 
the concrete strength but also the type of aggregate used. A 
concrete with basaltic aggregates may have the modulus of 
elasticity up to 40% higher than the concrete with the same 
strength but with sandstone [18]. Thus, one of the parameters 
to be varied is the modulus of elasticity. Two values were 
chosen, one corresponding to basalt and the other to 
sandstone. 

According to load tables presented in PCI [17], the concrete 
has a compressive strength of 5000 psi.  

Although higher values recommended by Mast [16], 
Bachmann et al. [8] suggests that for bare structure of 
uncracked prestressed concrete β varies from 0.004 to 0.007. 
Based on these considerations a value of 0.009 was adopted. 

3.3 Cross section geometries 

There are several combinations of prestress and cross sections 
to the same safe load and span. Two different sections were 
considered in this study as shown in Figure 7.  
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HC-10 

 

HC-12 

Figure 7 . Sections analysed [17] 

3.4 Elastic properties of shell elements 

Aiming to reduce computational effort, the hollow core slabs 
were modelled as a shell with orthotropic material. To 
maintain the geometric properties of the hollow core slabs, a 
procedure inspired by Johansson [19] was used. 

The model was created in Abaqus 6.13, with a lamina 
material. To define a lamina material, the properties required 
are: E1, E2, ν, G12, G13, G23. Direction 1 is along the voids, 
direction 2 is in the slab plane, perpendicular to direction 1, 
and finally direction 3 is the plane normal. 

In order to obtain these properties, a portion of a slab 
segment was modelled in Abaqus with a fine mesh of solid 
elements, representing the hollow core slab. Loads were 
applied in different directions and the displacement for each 
load was measured. Figure 8 demonstrate the process.  

 

 

.
384. .  (3) 

 

/  (4) 

 
/  (5) 

 

/  (6) 

Figure 8 . Models in solid elements (adapted from [19]) 

Where q is the distributed load, L is the span, I is the 
moment of inertia, u is the displacement at the center of the 
span, τij are the shear stress components, γij are the shear strain 
components, Gij are the shear modulus  

The thickness of the shell was calculated to obtain the same 
moment of inertia in the voids direction. It is also necessary to 

modify the density of the material, so that the shell element 
has the same mass as the hollow core slab. 

 
 

Table 2 . Properties of shell elements 
 

  t (m) ρ(kg/m³) E1 (GPa) E2 (GPa) 
HC-10-basalt 0.236 1390.72 39.8 4.52 

HC-10-sandstone 0.236 1390.72 23.2 2.65 
HC-12-basalt 0.273 1219.42 39.8 1.67 

HC-12-sandstone 0.273 1219.42 23.2 0.965 
  G12(GPa) G13 (GPa) G23(GPa) 

HC-10-basalt 21.9 0.826 0.261 
HC-10-sandstone 12.8 0.483 0.152 

HC-12-basalt 21.8 1.17 0.212 
HC-12-sandstone 12.7 0.685 0.123 
 

3.5 Table of parameters 

In total 12 models were obtained by combining two elastic 
modulus, two shell thickness and three spans. Table 3 shows 
the numbering of models. 

Table 3. Models analysed 

Model E1 
(GPa)

Thickness 
(in) 

Span  
(m) Model E1 

(GPa) 
Thickness 

(in) 
Span 
(m) 

1 39.5 10 6.10 7 39.5 12 9.14 
2 23.2 10 6.10 8 23.2 12 9.14 
3 39.5 12 6.10 9 39.5 10 12.19
4 23.2 12 6.10 10 23.2 10 12.19
5 39.5 10 9.14 11 39.5 12 12.19
6 23.2 10 9.14 12 23.2 12 12.19

 

3.6 Walking loads 

As a simplification, the load was applied at the centre of the 
slab. The following coefficients were used: 

Table 4 . Coefficients for a normal walking [8] 

fp (Hz) α1 α2 Φ2 α3 Φ3
2.0 0.4 0.1 π/2 0.1 π/2 

 

4 RESULTS 

4.1 Mode shapes and frequencies 

The first three mode shapes are shown in figures 9 to 11. The 
first mode was a bending mode of the slab. The second mode 
can be described as torsion of the floor. And finally the third 
mode was a higher order bending mode of the slab. 

 

 
Figure 9 . Mode shape 1 
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In Table 7 the peak displacements of all the slabs are 
shown. The increase in span was responsible for an increase in 
peak displacement. In general, increasing the thickness 
contributed to slightly smaller peak displacements. Figures 14 
and 15 illustrate the influence of parameters on peak 
displacement. It is also possible to note that the reduction of f1 
was strongly associated to an increase in peak displacement. 

Table 7. Peak displacement 

Model Peak displacement 
(mm) Model Peak displacement (mm)

1 0.032 7 0.096 
2 0.044 8 0.104 
3 0.044 9 0.273 
4 0.051 10 0.172 
5 0.140 11 0.181 
6 0.091 12 0.179 

 

 

 
Figure 14. Influence of parameters on peak displacement 

 

 
Figure 15. Influence of parameters on peak displacement 

A Fast Fourier Transform was applied to the displacement x 
time data allowing a comparison in the frequency domain to 
the limits of the Reiher – Meister modified scale. These 
results are shown in Fig. 16, and according to this criterion the 
vibrations were not perceptible. 

 

 

 

 
Figure 16. FFT of the displacement plotted against Reiher – 

Meister modified scale. 
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4.3 Accelerations 

Figure 17 shows a typical acceleration x time curve. The peak 
acceleration of each model is shown in table 8. When 
considering the criteria for peak acceleration (table 1), half of 
the models showed clearly perceptible vibration and the 
remaining just perceptible levels.  

 

 
Figure 17 . Acceleration for model 1 

Table 8. Peak acceleration 

Model 
Peak  

acceleration  
(mm/s²) 

Classification  
according to [8] 
(see Table 1) 

1 92 Just perceptible 
2 115 Clearly perceptible 
3 80 Just perceptible 
4 93 Just perceptible 
5 190 Clearly perceptible 
6 100 Clearly perceptible 
7 73 Just perceptible 
8 78 Just perceptible 
9 180 Clearly perceptible 
10 104 Clearly perceptible 
11 119 Clearly perceptible 
12 92 Just perceptible 

 
The parametric study revealed that the largest peak 

acceleration occurred for the intermediate span (9.14 m), 
although a notably high level was also observed for the largest 
span (12.19 m). The lowest levels occurred for the smaller 
span (6.10 m) (figure 18). 

The increase in thickness reduced the peak accelerations. 
Only one model showed clearly perceptible accelerations 
among the models with thickness of 12 inches. 

Contrarily to the expected behaviour, with the higher 
modulus of elasticity (39.5 GPa) occurred most of the highest 
acceleration levels. 

Finally, looking to the peak acceleration x f1 curve (Fig. 19), 
the maximum peak accelerations occurred for f1 equal to 4.88 
and 7.25 Hz. Considering the theoretical assumption that 
above 8.49 Hz (√2 multiplied by the frequency of third 
harmonic of walking forces – 6 Hz) the dynamic amplification 
is significantly reduced, the results were in agreement with the 
theory. The peak accelerations for f1 above 8.49 Hz were 
equal or bellow 115 mm/s2. However this acceleration is still 
considered clearly perceptible. 

 

 

 

 
Figure 18. Influence of parameters on peak acceleration 

 
Figure 19. Influence of first natural frequency on peak 

acceleration 

4.4 Comparison of different criteria 

As shown by Table 9, the different criteria employed for 
evaluation of human acceptance and perceptibility in this 
parametric study were contradictory. This fact shows the need 
for more conclusive studies on the subject. 
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Table 9. Comparison between selected criteria 

Model Mast (2001) Reiher – Meister 
modified 

[8] 
 

1 acceptable not perceptible Just perceptible 
2 acceptable not perceptible Clearly perceptible
3 acceptable not perceptible Just perceptible 
4 not acceptable not perceptible Just perceptible 
5 not acceptable not perceptible Clearly perceptible
6 not acceptable not perceptible Clearly perceptible
7 not acceptable not perceptible Just perceptible 
8 not acceptable not perceptible Just perceptible 
9 not acceptable not perceptible Clearly perceptible
10 not acceptable not perceptible Clearly perceptible
11 not acceptable not perceptible Clearly perceptible
12 not acceptable not perceptible Just perceptible 

 

5 CONCLUSIONS 
A parametric study on the vibration sensitivity of hollow-core 
slabs floors was carried out. The main variables considered in 
the study were the span (6.10, 9.14 and 12.19 m), slab 
thickness (10 and 12 in) and modulus of elasticity of concrete 
(23,2 and 39.5 GPa).  

It was possible to notice that the most important factor on 
the results was the span. An increase in the span caused 
significant decrease in the first natural frequency, strong 
increase in peak displacements and small average increase in 
peak accelerations. 

Increasing the thickness reduced slightly the first natural 
frequency, the peak displacement and acceleration. On the 
other hand the increase in the modulus of elasticity was 
responsible for a slight increase in the first natural frequency, 
peak acceleration and displacement. 

It was possible to note that the reduction of the first natural 
frequency was responsible for a significant increase in peak 
displacements while the increase in accelerations was small. 

Finally, a comparison between different criteria of 
acceptance regarding human comfort was carried out. The 
natural frequencies were in most situations bellow 
recommended limits of minimum frequencies for office 
floors. The results in terms of displacements were considered 
adequate, as they were bellow the “not perceptible” line. On 
the other hand, the accelerations were in most situations 
classified as “clear perceptible” and sometimes as “just 
perceptible”. 

The comparison with different criteria showed contradictory 
results as the same slabs were adequate based on some criteria 
and not adequate based in the others. The existing 
contradiction between acceptance criteria and the occurrence 
of inadequate dynamic behavior for some of the evaluated 
slabs emphasize the importance of the continuity of this 
research. 

The results shown here are part of an ongoing research 
project on vibration sensitivity of hollow-core slabs floors. On 
the continuation of this work additional parameters will be 
included and an experimental program will be carried to 
calibrate the numerical models.  
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ABSTRACT: A design-oriented acceleration response spectrum approach has been introduced to predict a floor’s response due 

to a single person walking. More than two thousand measured footfall traces from 61 test subjects were used to generate ten-

second peak root-mean-square acceleration response spectra, on which a piecewise mathematical representation is based. The 

proposed piecewise response spectrum curve covers the frequency range of 1.0 to 10Hz and consists of five parts. The first part 

is linear line from 1.0 to 1.5Hz, the second part is the first plateau ranging from 1.5 to 2.5Hz, the third part is another linear line 

from 1.5 to 3.0Hz, the fourth part is second plateau ranging from 3.0 to 5.0Hz, and the final part is a descending curve going 

from 5.0 to 10Hz. The first and second plateau correspond to, respectively, the first and second harmonics of the walking load. 

The representative value of each plateau and the mathematical representation for the descending curve were determined 

statistically for different confidence levels. Furthermore, the effects of factors, such as floor span, occupant stride length, mode 

shapes and peak acceleration response, on the proposed spectrum have been investigated and a modification measure for each 

factor is suggested. The proposed spectrum approach has been applied to four existing floors to predict their acceleration 

responses. Comparison between predicted and field measured responses shows that the measured accelerations of the four floors 

are generally close to or slightly higher than the predicted values for the 75% confidence level, but are all lower than the 

predicted values for the 95% confidence level. The suggested spectrum-based approach can be used for predicting a floor’s 

response subject to a single person walking. 

KEY WORDS: Vibration serviceability; Human walking loads; Long span floor; Root-mean-square acceleration response 

spectrum. 

1 INTRODUCTION 

In recent years, long span floors have been increasingly 

popular in buildings like offices, shopping centers and stadia 

due to the rapid development of construction techniques and 

wide spread application of high-strength and light-weight 

materials. As a result, the vibration serviceability problem has 

become an important design issue. The problem is that the 

floor experiences annoying large-amplitude vibration due to 

the occupants’ daily activities, like walking and jumping. 

Altering problematic floors to rectify this problem has proved 

to be very difficult and costly. Thus, the vibration 

serviceability assessment of long-span floors at the design 

stage has attracted increasing attention from researchers and 

engineers. 

The response spectrum approach, which is very popular in 

structural seismic design, is well known for its efficient and 

ability to predict a structure’s maximum response to certain 

extreme loads. Ungar et al. [1] presented an approach to 

estimate the walking-induced vibrations of floor using 

response curve, which describes variation of the peak 

acceleration or peak RMS acceleration with the floors’ 

fundamental frequency. An idealized pulse model, which is 

not very common, for the footfall was adopted in the paper to 

calculate the response curve. The parameters of the pulse 

model were determined using footfall records from different 

literature [2-4] for only three walking rates of 1.25, 1.67 and 

2.08Hz. Moreover, the response curve was applicable only for 

floors with fundamental frequencies in the range 5-20 Hz 

because the study focused mainly on special floors 

accommodating vibration-sensitive equipment. Song et al. [5] 

suggested a frequency-response curve to predict a floor’s peak 

acceleration response based on the floor’s fundamental 

frequency. They applied the walking force measurement 

provided in Ellingwood et al. [6] and theoretical walking load 

model suggested by Matsumoto et al. [7] to a 6-m simply 

supported beam to determine three response curves for 

walking frequencies 1.6, 1.9 and 2.2Hz. By fitting the three 

calculated curves, two design response curves for damping 

ration 3% and 5% were obtained for floors whose span was in 

the range of 6 to 17 meter. Georgakis et al. [8] proposed a 

response spectrum approach to calculate the peak acceleration 

response of a footbridge subjected to crowd people walking. 

A reference response spectrum was first developed by a series 

of Monte Carlo simulation using a probabilistic walking load 

model available in the literature. The prediction value from 

the reference response spectrum was then modified to account 

for factors as the real bridge span length, structural damping 

ratio, pedestrian walking frequency and flow rate. The 

response was further adjusted to represent specific return 

period. Recently, Mashaly [9] used the response spectrum 

approach to predict the vertical acceleration response of 

footbridges subjected to walking load. They used the walking 

load model provided by Murray et al. [10] for only three 

walking frequencies as 1.1, 1.5 and 2.2Hz. The pedestrian 

load was assumed stationary at the mid-span of the footbridge 

and the pedestrian’s weight was assumed as fixed value of 
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700N. Plots of response spectra, without a mathematical 

representation, were provided in the study for design purpose 

for three damping ratios 0.01, 0.02 and 0.03. The response 

spectrum predictions were claimed to be more accurate than 

the results obtained using the equation in AISC standards 

(AISC Design Guideline #11). It is well known that real 

earthquake records, rather than synthetic earthquake waves, 

should be used for developing earthquake response spectra. In 

all the above researches, however, numerical walking load 

models, which are tenable only for certain walking frequency 

range or several specific walking frequencies, have been 

adopted. Moreover, the suggested mathematical 

representations, if any, of the response spectra were generally 

determined by curve fitting thus had not clear 

physical/mechanical meaning. A design-oriented response 

spectrum approach for calculating floor response under 

occupant walking is still not available.  

This paper presents an approach based on acceleration 

response spectrum to predict the acceleration response of a 

floor due to one person walking. Initially, walking load 

experiments were conducted on sixty-one test subjects 

resulting in more than two thousand footfall traces with 

different step frequencies ranging from 1.3 to 3.0Hz. Each 

recorded footfall trace was then applied to a generalized single 

degree of freedoms system to calculate the 10 second peak 

root-mean-square acceleration response spectrum, on which a 

piecewise mathematical representation has been suggested. 

The effects of the following key factors on the reference 

spectrum have been investigated: floor span, occupant stride 

length, higher modes of vibration, boundary conditions and 

different vibration assessment indexes. Finally, the proposed 

spectrum approach was applied to four existing floors. The 

applicability and feasibility of the approach is shown by 

comparing the spectrum predictions of four floors with their 

field test results. 

2 WALKING LOADS FOR DEVELOPING RESPONSE 

SPECTRUM 

Walking load experiments were conducted on seventy-three 

test subjects using two fixed force plates and three-

dimensional motion capture technology (Vicon System). Each 

subject completed seven test cases, which were: walking at 

fixed paces (guided by a metronome) of 1.5, 1.75, 2.0 and 

2.25Hz, and walking freely at self-chosen slow, normal and 

fast speeds. For each test case, the subject walked six or seven 

times. A summary of the body statistics of all the test subjects 

is given in Table 1.  

Table 1 Statistics of test subjects 

Gender Number 
Weight 

(39-88kg) 

Height 

(1.55-1.85m) 

  


 


 


 


 

Male 57 65.4 9.85 1724.8 146.71 

Female 16 51.6 6.87 1616.9 30.81 

 

In each test, thirty-nine reflective markers were attached to 

the test subject. When the subject performed the test, the 

spatial trajectories of all of the markers were monitored by a 

Vicon Motion Capture System with ten cameras. Figure 1a 

shows the experimental setup and Figure 1b shows a typical 

experimental record of walking load. The two dashed lines in 

Figure 1b are the footfall force measured by each force plate 

and the solid blue line is the resultant force curve for two 

continuous steps. The footfall trace in Figure 1 was already 

normalized by the test subject’s weight. Hereafter, we refer to 

the resultant force curve as the single footfall trace. A detailed 

description of the experimental setup, test procedure and data 

processing can be found in Chen et al.[11,12]  

 

 
a. Experimental setup 
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b. A typical walking load curve measured (male test subject, 

walking frequency 2.0Hz) 

Figure 1. Walking load experiment using force plates and 3D 

motion capture technology and typical experimental records 

Quality checks have been made on the original 

experimental records and 2204 qualified single footfall trace 

from 61 subjects were adopted in this study. The distribution 

of the actual step frequencies of all the records is shown in 

Figure 2. It roughly follows a normal distribution with a mean 

value of 1.937 Hz and a variance of 0.296 Hz. From the 

marker’s trajectories, the Vicon system can identify the start 

and end time of each gait cycle of a test subject in the walking 

test. Assume that the walking load curve in every gait cycle is 

the same as the one measured by the force plate, the measured 

single footfall trace can then be extended into a continuous 

force curve. Figure 3 shows conceptually the procedure to 

extend the single footfall curve into a continuous one using 

the motion capture data. In-depth discussion on the footfall 

curve extension can be found in Chen et al. [13] in which the 

accuracy, applicability and parameter sensitivity of four 

commonly used extension methods are compared. 
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Figure 2. Distribution of the step frequency of 2204 records. 

 

 

Figure 3. Extended continuous walking load. 

3 RESPONSE SPECTRUM FROM RECORDED 

FOOTFALL TRACES 

Consider the vertical dynamic response of a simply-supported 

rectangular floor when a person walks along the floor’s 

central line. Using the model decomposition theory, the 

dynamic response of the floor can be decomposed as 

summation as single degree of freedom system, whose 

equation of motion is 

 (1)                                         

Where jrefa is the ratio of pedestrian’s weigh to the modal 

mass of the (j,k) th vibration mode of the target floor,  jF t is 

the generalized force which is calculated by the measured 

footfall curve and the mode shape.  

 Define the generalized single degree of freedom system 

(GSDF) whose equation of motion is given in Eq. 2. 

                          (2) 

Suppose  maxjkS   is the peak or peak root-mean-square 

(RMS) acceleration response spectrum for GSDF, then the 

maximum response in Eq. 2 will be  

                           (3) 

For convenience,  maxjkS  for GSDF is termed the 

standard acceleration response spectrum. The next step is to 

use the measured footfall traces to generate  maxjkS   and 

find it a proper mathematical representation. 

4 STANDARD ACCELERATION RESPONSE 

SPECTRUM  

4.1 Root-mean-square Acceleration Response Spectrum 

The acceleration response spectrum for each of the 2204 

extended walking loads is determined by the following three 

steps. Firstly, for a measured walking load f (t) with the 

associated pedestrian’s weight G, the generalized force  jF t  

can be constructed. In the calculation, the stride length L  is 

selected as 0.75m, the walking distance (i.e. the floor’s span) 

is taken as 42m and the first vibration mode is considered. 

Secondly, apply  jF t  to Eq. 2, the dynamic responses can be 

calculated for a given frequency and damping ratio. The 

running 10-second RMS curve of the time-history of 

acceleration responses is then computed and the peak value of 

the RMS curve, denoted as max_
10sec ( )RMSa  , is taken as the 

representative value for the current frequency and damping 

ratio. Thirdly, change the frequency of GSDF (Eq. 2) from 

0.05 to 10Hz with steps of 0.05 Hz, the 10-second peak RMS 

acceleration response spectrum (hereafter the 10s-RMS 

spectrum) can be constructed by connecting the representative 

values max_
10sec ( )RMSa   at each frequency. Five structural 

damping ratios, 0.01 to 0.05 with an interval of 0.01, are 

considered. Therefore, each recorded footfall trace will have 

five response spectra. Figure 4 shows a typical 10s-RMS 

spectrum for walking force record at a frequency of 2.3Hz 

with a damping ratio of 0.01.  
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Figure 4. A typical 10s-RMS spectrum for walking at 2.3Hz 

(damping ratio 0.01) 

 

4.2 Standard RMS Acceleration Response Spectrum 

Since each test subject contributed several walking loads at 

different walking frequencies in the experiment, there are 

multiple response spectrum curves associated with the same 

test subject. The envelope curve of all 10-s RMS spectra for 

the same subject is taken as the representative spectrum for 

this subject. Therefore, we have sixty-one representative 

spectrum curves that are depicted in Figure 5 together with 

two curves covering 75% and 95% of sixty-one representative 

values at each frequency. 
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Figure 5. The representative spectrum curves  

for the sixty-one subjects. 

Figure 5 shows that the first and second harmonics of the 

walking load dominate the amplitude of the response 

spectrum. As a result, the response spectrum can be broadly 

divided into three bands, marked as I, II and III in Figure 5. 

The first band I covers 1.5 to 2.5 Hz and it actually 

corresponds to the first harmonic of walking load. The second 

band II is from 3.0 Hz to 5.0Hz and it corresponds to the 

second harmonic of walking load. The third band III is the 

range above 5.0Hz where the amplitude of spectrum decreases 

gradually with increasing structural frequency. Furthermore, 

the spectrum amplitudes in the first and second band vary 

significantly among different test subjects. Therefore a 

statistical representative is needed for each band. Close 

observation shows that all the spectrum curves broadly form a 

plateau in the first band as well as in the second band, which 

is named the first harmonic plateau and the second harmonic 

plateau. For each harmonic plateau, a representative value 

with a given confidence level will be selected.  

Based on all the above observations, the proposed 10s-RMS 

spectrum curve consists of the following five parts: part 1, an 

ascending line from 1.0 to 1.5Hz; part 2, the first harmonic 

plateau ranging from 1.5 to 2.5Hz); part 3, a descending line 

ranging from 2.5 to 3.0Hz; part 4, the second harmonic 

plateau ranging from 3.0 to 5.0Hz; and part 5, the descending 

curve ranging from 5.0 to 10Hz. 

4.3 Statistical Analysis of Spectrum Parameters 

4.3.1 Representative value for each harmonic plateau 

Statistical analysis was conducted in the first and second 

harmonic plateaus to determine the probability desirubiton of 

all the peak RMS values in the two bands. The resulting 

cumulated probability function is shown in Figure 6 for the 

first harmonic plateau for five damping rations, i.e. 1%, 2%, 

3%, 4% and 5%. It is found that Weibull distributions fit the 

calculated distributions quite well. 

For Weibull distribution, its cumulative probability function 

is shown in Eq. 4 

( ) 1-exp( ( ) )krmsP f x dx



                                          (4) 

Where k> 0 is the shape parameter and λ > 0 is the scale 

parameter of the distribution. rms  is the value for given 

probability P . The quantile (inverse cumulative distribution) 

function for the Weibull distribution is  

  
1/

ln
k

rms P                                              (5) 

Fitting the Eq. 5 to the curves shown in Figure 6 we can get 

the proper distribution model parameters. Table 2 summarizes 

the fitted   and 1/ k  values for five damping ratios for the 

two harmonic plateaus. The final expression for rms  for the 

two harmonic plateaus is as Eq. 6.  
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(6) 

 

Therefore, for any given damping ratio   and confidence 

level P , the representative peak RMS values rms  and 
sub

rms  

of the first and second resonant platform can be directly 

determined by Eq. 6. 

4.3.2 Descending curve 

An exponential function as Eq. 7, which is very popular in 

seismic response spectrum, is adopted to represent the 

descending curve ranging from 5 to 10Hz. That is 

 

   3 5
5 ,10sub

rms rmsf f Hz Hz
f



 
 

  
 

                          (7) 

 

where f  is the natural frequency of the floor.  

  The parameter   in Eq. 7 is affected by the peak RMS 

values at 5.0f Hz  and 10f Hz , the damping ratio and the 

confidence level. Extensive calculations have been conducted 

on three confidence levels 95%, 75% and 50% and five 

damping ratios. The results demonstrate that   varies in a 

relatively small range for all the cases considered. Therefore, 

the average value of   for all the computed cases is adopted; 

which is 1.48  . The final expression for the descending 

curve is therefore 

 

   
0.18

1.48

0.2263 0.705
, , 0.11 ln 1

[5 ,10 ]

rms f P P
f

f Hz Hz


  



 
      
 



 (8) 

 

4.4 The Proposed 10s-RMS Response Spectrum 

(1Hz~10Hz) 

From the above analysis, the response spectrum can be 

completed by connecting the functions in part I, II and III with 

straight lines. The final piecewise mathematical representation 

of the spectrum is given in Eq. 9. Figure 7 shows the proposed 

spectrum for the 95% confidence level with 0.01 damping 

ratio. Figure 8 compares the proposed 10s-RMS response 

spectrum with the 61 representative response spectra. 
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Figure 7. The proposed acceleration spectrum for 95% 

confidence level and damping ratio 1% 
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Figure 8. Comparison of the proposed spectrum for different 

confidence levels with representative spectra for the measured 

footfall traces 
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(a) Damping ratio 1%                    (b) Damping ratio 2% 
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(c) Damping ratio 3%                    (b) Damping ratio 4% 
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(e) Damping ratio 5% 

Figure 6. Comparison of Gaussian and Weibull distributions with the probability distribution of peak RMS acceleration in the 

frequency range 1.5 to 2.5Hz 
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4.5 Factors affecting the spectrum 

This section investigates the influence of several key factors, 

including higher vibration modes, boundary conditions, floor 

span and walking step length, on the proposed spectrum. 

Accordingly, a modification procedure for each factor is 

suggested.  

4.5.1 Mode shape 

The model shape is used to determine the generalized force in 

Eq. 2. Only the first vibration mode is adopted in above 

calculations. It is therefore necessary to learn the effect of 

higher vibration mode and the effect of boundary conditions 

on the vibration mode shape. Extensive calculation shows the 

proposed response spectrum function in Eq. 9 is tenable for 

higher vibration modes and for different boundary conditions 

and will give conservative predictions [14]. For real 

applications it is convenient to use the same response 

spectrum for different vibration modes. For computational 

convenience, it is also suggested that the same function as Eq. 

9 should be used for different boundary conditions.  

4.5.2 Floor Span and stride length 

It is found that the effect of floor and stride length can be 

addressed together by the flowing equation 

 

         
0.075

( )

1 e
L

dl


                                                (10) 

 

where, dl is real stride length and L  is the floor span in unit 

meters.  

4.5.3 Peak response 

Sometimes peak response rather than 10s-RMS acceleration is 

adopted as an index to evaluate the vibration performance of a 

floor. To this end, peak response spectra have been calculated 

and compared with the 10s RMS acceleration response 

spectrum. Statistical analysis shows that the peak response 

spectrum can be approximately obtained by the following 

equation.  

  10sec2.0peak RMSa a                                       (11) 

 

5 APPLICATION PROCEDURE FOR THE PROPOSED 

RESPONSE SPECTRUM  

The key steps for calculating the total response of a floor 

using the proposed response spectrum are summarized as 

follows: 

 Step 1: calculate the natural frequency jkf  and modal 

mass jkM  of the target floor by the finite element 

method (FEM), or use the modal properties from field 

measurement, where subscribe jk means the (j,k)th mode 

of vibration.  

 Step 2: calculate the generalized 10s RMS acceleration 

response value ( , , )f P   for each mode of vibration by 

the proposed spectrum function in Eq. 9 for the given 

floor frequency jkf , damping ratio   and confidence 

level P.  

 Step 3: calculate the 10s RMS value for the jkth mode 

using Eq. 12 

  , , ,jk rms wjk jk jkrefa a f P                           (12) 

 

Where wjk is the maximum mode shape value along the 

walking route, it is unity if the pedestrian walks along the 

central line of the floor; jk is the value of the (j,k)th mode 

shape at a specific floor point for the vibration analysis. The 

parameter is introduced to account for the situation that other 

location rather than the central point is considered; 

jkref jka G M  is the reference acceleration, G  is the person’s 

weight, jkM  is the modal mass. 

 Step 4: use the method of square root of the sum of the 

squares (SRSS) to predict the floor response for all 

modes. 

 
2

,rms jk rmsa a                                                    (13) 

 Step 5: use Eq. 11 to estimate the peak acceleration 

response if necessary. 

6 ASSESSMENT OF THE RESPONSE SPECTRUM 

METHOD  

To validate the proposed response spectrum approach for 

predicating floor’s response, it has been applied to four real 

floors, which are denoted as Floor A[15], B[16], C[17] and 

D[18]. These floors are selected because they have field-

measured acceleration responses due to a single person 

walking. Details of the four floors are summarized in Table 3 

including source, natural frequencies, modal mass and field 

measured acceleration response. The predicted acceleration 

responses are then compared with the field measurements. 

Figure 9 compares the measured RMS values with the 

calculated values for the 95% and 75% confidence levels. For 

Floors B, C and D, the length modification was considered
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Table 2   and 1/ k  for the first and second resonant platforms 

 
First resonant platform Second resonant platform 

Damping 

ratio(ξ)   1/ k    1/ k  

0.01 6.666 0.494 2.824 0.508 

0.02 4.060 0.428 1.759 0.452 

0.03 2.922 0.394 1.314 0.420 

0.04 2.310 0.375 1.064 0.398 

0.05 1.889 0.355 0.908 0.381 

 

Table 3 Structural parameters of the four selected floors  

Floor 

Number 
Floor type 

Floor 

span(m) 

Natural 

frequency(Hz) 
Damping ratio Modal mass(103Kg) 

Measured 

acceleration(%g) 

A 

Prestressed 

concrete 

floor[15] 

30 2.22,2.82,3.23,4.13 0.015,0.015,0.015,0.015 891, 992, 898, 1024 0.052(10s RMS) 

B 
Concrete 

floor[16] 
42 4.67,5.11,6.10,7.51 0.02,0.02,0.02,0.02 1140,1210,1190,1350 0.013(10s RMS) 

C 
Concrete 

floor[17] 
12.7 6.20 0.03 20.6 0.70(Peak) 

D 
Composite 

floor[18] 
9.2 7.57 0.0025 20 3.57(Peak) 
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Figure 9. Measured accelerations and calculated acceleration responses for the selected floors 

using Eq.10, and for Floors C and D the peak responses were 

determined by Eq.11. Results in Figure 9 demonstrate that for 

all the four floor the measured acceleration responses are 

close to, or slightly larger, than the predicted values with 75% 

confidence level, but all are lower than the predicted values 

for the 95% confidence level. Therefore, the proposed 

response spectrum gives conservative result and can be used 

at design stage to predict the peak 10s-RMS acceleration 

responses due to a single person walking. 

 

7  CONCLUSIONS 

This study proposes a 10 second peak root-mean-square 

acceleration spectrum for predicting a floor’s response subject 

to a single person walking with given structural damping ratio 

and response confidence level. Experimentally measured 

footfall traces have been used in developing the response 

spectrum. The suggested spectrum has three main parts The 

first harmonic plateau, the second harmonic plateau and a 

descending curve. Each part has a clear physical meaning and 

corresponds to, respectively, the contribution of the first, 

second and higher harmonics of the walking load. The 

representative values for each plateau and the curve for the 

descending part are statically determined using the 

experimental data for various confidence levels, damping 

ratios and structural frequencies. A piecewise mathematical 

expression of the proposed spectrum is given along with 

modification measures to consider the effect of the floor’s 

span, boundary conditions, higher vibration modes, the 

persons stride length and different vibration assessment 
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indexes. The proposed spectrum has been used to calculate the 

responses of four existing floors whose actual acceleration 

responses to single person walking have been measured. 

Comparison between the calculated responses and the field 

measured responses proves the applicability of the proposed 

spectrum-based approach.  
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ABSTRACT: A field experiment was conducted on a simply-supported concrete viaduct with a span of 32 m, concerning bridge 

vibration and related noise emission. And then, theoretical analysis and FEM simulation were carried out to interpret measuring 

results. The research conclusions show that bending vibrations of top slab and bottom slab are the sources of bridge-borne noise, 

and local vibrations of the viaduct can be drawn from shell- or solid-element FEM analysis. The maximum sound pressure level 

(SPL) of bridge-borne noise occurs in frequency band of 63 Hz and behaves obvious tonal characteristic. The overall SPLs have 

small changes and the standard deviations are lower than 1 dB for varied train speed between 144 and 160 km/h. The simplified 

formula depicts the relationship of bridge vibration and bridge-borne noise has higher accuracy with an error not exceed 5%. 

The vibration resonance in the frequency range of 60 Hz to 70 Hz and almost the highest sound radiation efficiency are two 

main factors that are responsible for the maximum SPL. 

KEY WORDS: Concrete viaduct; Vibration; Bridge-borne noise; Spectrum characteristic; Field experiment. 

1 INTRODUCTION 

Noise is an eternal topic in railway transportation. For a long 

period, researches at home and abroad have been focusing on 

high-frequency noise emissions such as whee/rail noise, 

pantograph noise, etc. However, studies on mid- and low-

frequency bridge-borne noise is relatively less. Some studies 

show that bridge-borne noise of concrete bridge is below 200 

Hz in frequency, while that of steel bridge is 500 to 1000 Hz, 

and sound pressure level (SPL) of steel bridge is clearly 

higher. Therefore, concrete bridge-borne noise is usually 

neglected [1]. However, recent researches showed that low-

frequency noise with medium- and low- intensity makes great 

harm to people’s attention, reaction time and language 

identification ability [2]. Low-frequency noise caused by 

viaducts also makes people annoyed and unwell, even though 

the A-weighted SPL meets relevant code limits (A-weighted 

rule is commonly adopted by current codes, it greatly neglects 

low-frequency range of noise) [4]. 

Fruitful researches have been carried out on the mechanism 

of wheel/rail noise, prediction and noise mitigation measures. 

However, after mitigation of the wheel/rail noise, bridge-

borne noise becomes another important noise source. Set West 

Rail project in Hong Kong as an example, known as the 

world’s most 'quiet' urban rail transit system, it adopted 

various measures to reduce various air-borne noise; 

nevertheless, bridge-borne noise became the principal noise 

source, which influenced the noise mitigation effect [5]. 

Experts achieved meaningful results by carrying out deeply 

researches on noise of highway and railway steel bridges [6]. 

With the rapid development of rail transit, concrete viaducts 

are wildly used, thus the bridge-borne noise problem has 

aroused many concerns [9]. 

In China, concrete viaduct, especially the 32 m simply-

supported box-girder, is a most commonly used bridge type, 

regarding its good mechanical properties, simple shape 

appearance, superior landscape and well-adapted 

performances. Therefore, a field experiment concerning 

bridge vibration and related noise emission was conducted, 

the spectra characteristics were obtained by processing test 

results, which is a good reference for further studies on 

theoretical predictions and noise abatement. 

2 PREDICTION OF VIBRATION AND NOISE 

SPECTRA OF BOX-GIRDER 

Structure-borne noise comes from flexural waves propagate in 

structure. The relationship of propagation velocity of flexural 

wave cB and frequency can be written as follows: 

  
1 4

2

Bc D m  (1) 

Where D is bending stiffness of a slab, D=Eh3/12(1-v2), E, v, ρ 

and h represent elasticity modulus, Poisson ratio, density and 

thickness respectively; m is areal density of the slab, and 

m=ρh;   is circular frequency.  

When cB equals sound velocity c, then the frequency is 

called coincidence frequency fc. A slab excited in flexure at 

coincidence frequency will strongly tend to radiate the 

corresponding acoustic wave. The coincidence frequency can 

be calculated by 

 
2 2

c

0.55

2

c h c
f

D h E

 


   (2) 

In the preceding equation, coincidence frequency is only 

related to elasticity modulus, density and slab thickness, but 

has nothing to do with the slab size. Therefore, for the same 

material of slab, the coincidence frequency is higher when the 

slab thickness is thinner. 

Theoretical solution of the natural frequency of a simply-

supported beam with uniform cross-section can be written as 

follows: 
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  (3) 

Where n is the mode order; L is the span; I is moment of 

inertia; A is the area per unit length of cross-section. 

It must be pointed out that equation (3) only depicts the 

global vibration frequencies of a simply-supported beam, but 

not the local vibration ones. For the widely used simply-

supported concrete viaducts, their first-order natural frequency 

is within 10 Hz, which is difficult to radiate noise. Thus, in 

order to obtain the high-frequency local vibrations, shell or 

solid elements must be used in FEM analysis. 

Theoretically, the average relationship of simultaneous 

measurements of vibration and noise level for a vibrating slab 

is [14] 

  p a 20lg 36L L f    (4) 

Where Lp is SPL, dB; La is r.m.s. vibration acceleration level 

of the slab, dB (re 10-5 m/s2); f is frequency, Hz. 

3 LOCAL VIBRATION CHARACTERISTICS OF BOX-

GIRDER 

Pixian Giant viaduct of the Chengdu-Dujiangyan railway is 

21.113 km in length, which is a 32 m simply-supported 

concrete box-girder carrying one track (see Figure 1). The 

design speed is 200 km/h and the train load is 0.6 times the 

UIC high-speed train load. A 60 kg/m rail with a standard 

gauge of 1435 mm is used, and the distance between the track 

centerlines is 4.4 m. CRTS type III slab ballastless track, 

consisting of rails, fasteners, track slab, self-compacting 

concrete layer, and bearing layer (or base), with a total height 

of 0.762 m, is laid on the bridge deck. An elastic rail fastener 

of type WJ-8C is used, with a vertical stiffness of 35 MN/m 

and a lateral stiffness of 50 MN/m.  

The bottom slab is 0.28 m in thickness. According to 

equation (2), the coincidence frequency is fc=60.3Hz, which 

means that the sound radiation efficiency of bottom slab 

reaches the highest around 60.3 Hz. When the frequency is far 

away from the coincidence frequency, the sound radiation 

efficiency decreases rapidly. Thus, when vibrations reach the 

maximum in the coincidence frequency, the highest sound 

radiation power will occur. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Cross-section of the viadut at mid-span (unit: m). 

 

As shown in Figure 2 and 3, this paper established two 

finite element models, beam-element model and plate-element 

model respectively, to analysis the bridge vibration modes. 

The subscript numbers represent mode order.  

As shown in figure 2(b), the first-order frequency is 3.4 Hz, 

which is a whole, symmetrical, vertical bending vibration. For 

high-order frequencies of the 10th and 11th mode, they are also 

a whole, vertical bending vibration or lateral bending 

vibration (see figures 2(c)-(d)). However, figures 3(b)-(d) 

show that the high-order frequencies are local vibrations of 

the top slab, bottom slab or flange slab. Frequencies of the 53-

, 54- and 55-order mode are very close, centralized in the 

frequency of 63 Hz; thus when excitations from a train are 

larger in this frequency range, it would arouse larger structural 

vibrations. Therefore, the plate-element model can reasonably 

reflect the local vibration characteristics of the box-girder. 

    

(a) beam-element model (b) f1=3.4 Hz (c) f10=58.3 Hz (d) f11=68.5 Hz 

Figure 2. Beam-element model and vibration mode shapes. 

    
(a) plate-element model (b) f53=62.3 Hz (c) f54=63.6 Hz (d) f55=63.9 Hz 

Figure 3. Plate-element model and vibration mode shapes. 

 

To study the cavity resonance phenomenon, a 2D cross-

sectional finite element model and a 2D acoustical finite 

element model were built, respectively. Figure 4 and 5 plot 

the structural and acoustical mode shapes respectively that 

have similar frequencies. Obviously, coincidence 

phenomenon of structural and acoustical mode shapes appears 

around the frequency of 160 Hz, which may magnify the 

structure-borne noise. 

4 EXPERIMENTAL DESIGN AND TEST RESULTS 

4.1 Experimental design 

The testing viaduct locates in an open field, thus the 

background noise is negligible. In addition, there are no 

obvious sound reflection obstacles around it. Figure 6 shows 

vibration and noise measuring points. Among them, N1, N2 

and N3 are microphones that are 0.3 m from the flange, web 

and bottom slab respectively; N4 is a microphone which is 

beneath the bridge with a distance of  2.0 m from ground；N5 

is a microphone that is 22.4 m from track centerline and 1.5 m 
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above ground, the height is close to the first-floor windowsill 

of a house beside the bridge; A1 is accelerometer, installed on 

the under surface of bottom slab. Except for N5, the other 

measuring points are located at mid-span. The height from the 

bottom slab to the ground is 3.5 m.  

 

(a) f6=154.1 Hz 

 

(b) f7=163.6 Hz 

Figure 4. Cross-sectional vibration mode shapes. 

 

(a) f5=151.1 Hz 

 

(b) f6=153.6 Hz 

Figure 5. Internal acoustic mode shapes. 

Table 1 lists all the testing conditions. It should be noted 

that the trains were passing ones and the driving conditions 

varied in terms of passenger numbers, carriage numbers, and 

so on. However, they were the same type of high-speed train 

dedicated to the Chengdu-Dujiangyan railway. The train 

speed ranged from 144 to 160 km/h, with an average of 153.2 

km/h and a standard deviation of 4.6 km/h 

Table 1. Testing conditions. 

no.  train speed/ km·h-1 no.  train speed/ km·h-1 

A 144 J 155 

B 145 K 155 

C 146 L 156 

D 147 M 156 

E 151 N 156 

F 153 O 157 

G 153 P 158 

H 154 Q 158 

I 154 R 160 

4.2 Test results 

Figure 7 gives SPLs of measuring points N1, ..., N5 in the 18 

testing conditions. Table 2 gives the overall SPLs of the five 

measuring points. The microphones placed below the box-

girder were partly shielded from direct air-borne noise sources 

so that only bridge-borne noise was sensed.  

 

 

 

 

 

 

 
 
 

 

(a) beneath the bridge                                              (b) beside the bridge 

Figure 6. Locations of microphones and accelerometers. 

Owing to the comparatively minor variation of train peeds, 

SPL curves of the measuring points are basically consistent. 

Obviously, two local SPL peaks of N1, N3 and N4 occur in 

frequency bands of 63 Hz and 160 Hz, while that of N2 appear 

in 50 Hz and 160 Hz. With the increasing of frequency, 

measured SPLs of N1, ..., N4 become lower, which indicates 

that bridge-borne noise is a low-frequency noise source. As 

for a specific noise source, if the SPL in any frequency band is 

5 dB higher than adjacent bands, then the DIN 45680-1997 

code regards it as a tonal noise [15]. Thus, it's apparent from 

figure 7 that the noise beneath the box-girder has an obvious 

tonal characteristic in the frequency band of 63 Hz.  
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The overall SPLs have small changes and the standard 

deviations are lower than 1 dB in the 18 testing conditions. 

The SPL close to flange slab is higher, it's because the flange 

slab is thin in thickness, thus its high-frequency local 

vibrations are higher, which is easier to radiate noise. The 

noise in low-frequency range near the windowsill is still large, 

but the high-frequency range of it decreases rapidly. 

Table 2. Overall SPLs at N1, ..., N5. 

 microphone locations 
 SPL /dB 

mean standard deviation 

N1 93.3  0.9  

N2 90.4  0.7  

N3 90.3  0.6  

N4 87.4  0.3  

N5 87.2  1.0  
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(b) microphone N2 
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(d) microphone N4 
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(e) microphone N5 

Figure 7. Measured SPLs at N1, ..., N5. 

5 NOISE PREDICTION AND VIBRATION 

CHARACTERISTICS 

5.1 Box-girder structure-borne noise prediction 

To verify equation (4), comparisons of computed and 

measured values are shown in figure 8, respectively. It's 

evident that no matter what testing condition is, the measured 

SPLs of testing point N3 agree well with the computed ones. 

Owing to the bridge-borne noise's tonal characteristic, the 

SPL in peak frequency is a decisive factor of the overall SPL. 

Figure 8(a)-(b) show that the computed SPLs in peak 

frequencies is very close to the measured ones, and the 

maximum error hasn't exceed 5%, showing that not only the 

measured vibration and noise signals are accurate and reliable, 

but also the method of predicting bridge-borne noise based on 

structural vibration acceleration is feasible. 
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(b)testing condition R 

Figure 8. Measured and computed sound pressure level at N3. 

5.2 Characteristics of train-induced bridge vibration  

Noise is produced by structural vibration, and the latter has 

different frequency components. The limits of vibration 

acceleration in some frequency ranges are regulated in the 

"Code for Design of High-speed Railway" of China, in which 

the cut-off frequency is 20 Hz (i.e. lower than 20 Hz) for the 

limit of vertical acceleration. However, it's widely known that 

the noise in the frequency of lower than 20 Hz can be ignored. 

Therefore, it is necessary to discuss high frequency vibrations.  
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(b) testing condition R 

Figure 9. Measured velocity and acceleration spectra at A1. 

Figure 9 shows measured acceleration levels at testing point 

A1, in which the reference velocity and acceleration are 1 m/s 

and 10 m/s2 respectively. The maximum vibration velocity 

and acceleration of bottom slab in the two testing conditions 

appear at 61 Hz and 66 Hz respectively. As for the other 

testing conditions, statistics show that the maximum values 

locate between 61 Hz and 66 Hz. Therefore, the wheel/rail 

interaction force in the range of 60 Hz to 70 Hz should be 

much higher [16]. 

Figure 10 shows the impact force spectrum of one train 

wheel that acts on the bridge by using train-track-bridge 

coupling vibration analysis program BDAP 2.0 [17]. 

Obviously, wheel/rail interaction force has larger values in 

frequency bands of 50 Hz (i.e. 44.7~56.2 Hz in continuous 

frequencies) and 63 Hz (i.e. 56.2~70.8 Hz in continuous 

frequencies). Compared with local vibration mode shapes 

shown in figure 3, resonance phenomenon is easier to happen 

in these frequencies. From section 3, the comparatively higher 

structural sound radiation efficiency near those frequencies 

should lead to the largest bridge-borne noise. 

Another small local peak of wheel/rail interaction force 

appears in frequency bands of 160 Hz to 250 Hz, but the 

amplitudes are about one third of that of values in frequency 

bands of 50 Hz to 63Hz. Nevertheless, lower structural sound 

radiation efficiency only causes smaller local noise peak in 

frequency band of 160 Hz (Figure 7(a)-(d)). Therefore, cavity 

resonance phenomenon in this frequency range has no 

significant influence in amplifying bridge-borne noise. 

20 25 31.5 40 50 63 80 100 125 160 200 250
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

A
m

p
li

tu
d

e/
k

N

one-third octave center freqency/Hz  
Figure 10. Spectrum of impact force of one train wheel. 

6 CONCLUSION 

1) The bending vibrations of top slab and bottom slab are 

the sources of bridge-borne noise, and the local vibrations can 

be obtained from shell- or solid-element FEM analysis. 

2) The maximum SPL of bridge-borne noise occurs in 

frequency band of 63 Hz and poses obvious tonal 

characteristic. The overall SPLs have small changes and the 

standard deviations are lower than 1 dB for varied train speed 

between 144 and 160 km/h. 

3) The method of predicting bridge-borne noise based on 

bridge vibration accelerations is feasible and the computed 

results have high accuracy with an error not exceed 5%. 

4) The vibration resonance in the frequency range of 60 Hz 

to 70 Hz and almost the highest sound radiation efficiency are 

two factors that are responsible for the maximum bridge-

borne noise.  

At last, in engineering practice, the peak sound radiation 

efficiency frequency varies small for the limit of slab 

thickness and construction material, thus, changing the 
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resonance frequency may be more reasonable in noise 

mitigation. 
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ABSTRACT: The maximum peak value of bridge deck acceleration is a principal parameter for appraising the stability of track 
structures and serviceability of bridges subjected to moving trains. And the bridge deck vibrations with frequencies not larger 
than 30 Hz are generally considered in the evaluation. Thus a low-pass filter is usually applied beforehand to the time-history 
data obtained from numerical simulations or field tests. However, this filter treatment might ignore the dominant vibration 
contents of the bridges featured by intensive local vibrations of higher frequencies. Measured data regarding displacement, 
velocity and acceleration of  a U-shaped girder under operation urban rail transit trains in China were analyzed and evaluated in 
this study to demonstrate the vibration characteristics of this thin-walled trough girder newly adopted in China. The dominant 
vibration frequencies around 50 Hz were recognized at the bridge deck and the top flanges of the U-shaped girder. The vibration 
levels of the girder at the mid-span and end-spans were found to be almost the same order as far as the high frequency vibrations 
were concerned. Significant difference in vibration amplitude was observed under different trains but little diversity was found 
in vibration frequency. The BS 7385-2:1993 standard for vibration evaluation of buildings was used to evaluate the vibration 
intensity of the U-girder in the frequency range above 30 Hz. Limitations focusing on high frequency bridge vibration may be 
required for the serviceability of facilities installed on the railway bridges. 
 
KEY WORDS: high frequency vibration; urban rail transit; U-shaped girder; field test; vibration evaluation  

  

1 INTRODUCTION 

In large cities of China, for instance, Shanghai and Beijing, 
the demand for urban transit traffic is keeping increasing and 
many metro lines are extended to the suburbs of the cities. 
Underground tunnels are usually adopted in the downtown 
metro system in order to reduce noise pollution but viaducts 
are preferred in the suburbs for quite lower cost compared 
with tunnels. In the past, box girders were generally employed 
for evaluated urban rail transit trafffic. Recently, a new type 
of tough (or U-shaped) girders were used in several evaluated 
lines in China for its light weight, low cost and elegant  
landscape.  

Field tests[1] have been conducted on this type of bridge to 
investigate the structural safety, track safety and passenger 
comfort. It was founded that the deflections the U-girder and 
car-body accelerations were within the limit values regulated 
in the Chinese codes and they also met the Eurocode 
requirements [2]. Although the peak values of bridge deck 
acceleration with frequency content below 30 Hz did not 
exceed the limit value of 5.0 m/s2 for ballastless track, the  
deck acceleration below 100 Hz were as large as 10.0 m/s2 
and but no appropriate regulations could be applied to 
evaluate these high frequency vibration of the bridge under 
moving trains. The maintenance regime of metro system did 

report that the overhead contact system on the U-shaped 
girders generally required more check and maintenance work 
compared with that on the conventional box girders. In 
addition, the noise barriers installed on the bridge might be 
also affected by the exceeding high frequency vibration. In the 
area of building vibration evaluation, the BS 7385-2:1993 [3] 
gived guidance on the levels of ground-borne vibration under 
250 Hz of buildings below which damages of building 
structures could be avoided. The DIN 4150-3:1999 standard 
[4] provided guideline values for vibration velocity of 
building structures in the frequency range from 1 Hz to 100 
Hz, in order to protect the structures from damage that will 
have an adverse effect on the serviceability of the structures.  

However, the vibration of a rail transit bridge is directly 
induced by the moving trains, and it is not the same with the 
situation in the building. Unfortunately, there is few related 
researches or standards with regard to the vibration evaluation 
of rail bridges above 30 Hz, to the knowledge of the authors. 
This paper therefore aims to present and investigate this new 
emerged problem for the auxiliary equipment on the U-shaped 
girder, based on the measured vibration data. The vibration 
intensity of the U-shaped girder is evaluated per BS 7385-
2:1993 [3] before more proper standards or research fruits can 
be obtained. 
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2 FIELD TEST OVERVIEW 

2.1 Description of the bridge 

The U-shaped prestressed concrete girder adopted for 
metro line, as shown in Fig. 1 and Fig. 2, was intended to 
reduce self-weight of the girder, enhance landscape and 
reduce wheel-rail noise by the webs of the girder compared 
with commonly-used box concrete girders. The thickness of 
webs and bottom slab of the U-shaped girder is only 240 mm 
for those with a standard span of 30 m or 25 m. Each span of 
the elevated bridge carries two separate U-shaped girders for 
double-track metro line on the T-shaped pier. The concrete 
bearing blocks are casted in-site after erection of the 
prefabricated girders and then combined with the U-shaped 
girder, and the rails are connected to the bearing blocks by the 
rubber pads and fasteners. It can be observed from Fig. 1 that 
the steel columns of contact overhead contact system are 
supported by the top flanges of the U-shaped girders. 

 
Figure 1. Real map of the U-shaped girder bridge. 

 

 
Figure 2. Cross section at middle span. 

 

2.2 Layout of vibration sensors 

A U-shaped girder with a standard span of 25 m was selected 
as the test girder. And a total of 14 accelerometers, 5 velocity-
meters and 3 displacement-meters were installed on the test 
girder to measure vibrations of the rail, the bridge and the 
column of the overhead contact system in both the vertical 
and lateral directions (see Fig. 3). As shown in Fig .3, the 

alphabets A, V and D before the hyphen – stand for 
accelerometer, velocity-meter and 3 displacement-meter 
respectively, and the the alphabets V and L following the  
hyphen represent vertical and lateral directions respectively. 
In order to validate the measured results and avoid lack of 
data in case of malfunction of vibration sensors, velocity-
meters or displacement-meters were installed at some 
measured locations in the same direction together with 
accelerometers. 
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Figure 3. Installation of vibration sensors. 
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2.3 Test trains 

The trains operating on the metro line in test comprise two 
types. One type is with 6 cars and the other is with 7 cars. The 
dynamic and geometry parameters (Table 1) of the cars for 
both train types are almost the same. Each train is configured 
by one trailer, four or five motor cars, and another trailer in 
sequence. One specific train consisting of 6 empty cars was 
dispatched for the field test. The speeds of the train passing 
over the test section were set to be, respectively, 40 km/h, 60 
km/h, 70 km/h and 80 km/h.  Other trains in normal operation 
were also adopted in the test and the vibration responses were 
therefore recorded while the trains were passing by the test 
section.  

 Table 1.  Main parameters for empty vehicles 

parameters unit 
Motor 

 car 
trailer 

Full length of a car m 19.44 19.49 

Distance between two bogies m 12.60 12.60 

Distance between two wheel-sets m 2.00 2.00 

Mass of wheel-set t 1.90 1.15 

Static axle load kN 90.00 82.50 

 

3 ANALYSIS OF TEST RESULTS 

3.1 Validation of the test results 

Fig. 4 illustrates typical time-histories of vibration velocity at 
the same location obtained from different sensors.  It can be 
seen from Fig. 4a that the lateral vibration velocity recorded 
by V-L1 on the top flange of the U-shaped girder at middle 
span matches well with that obtained from D-L1 by 
employing  a differential to the displacement response, with a 
correlation coefficient of 0.98 between them. Fig 4b shows 
that the vertical velocity response (V-V1) of the top flange in 
the middle span generally agrees with the integration of the 
acceleration response (A-V1).  By using the above method, 
most of the vibration sensors can be ensured to in good 
condition and the test results can be trusted. 
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Figure 4. Comparison of vibration time-histories between 
different sensors at same installation location 

 

3.2 Dominant vibration frequencies 

Fig. 5 gives typical acceleration spectra measured at the 
bottom deck under track in the middle span (A-V2) and at the 
top flange of end span (A-L5).  It can be observed from Fig. 5 
that the  dominant vibration frequencies are around 50 Hz.  
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Figure 5. Acceleration spectra of different sensors at a train 
speed of 70 km/h 
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Li and Wu [5] found that this dominant vibration frequency 
of rail bridge was consistent with the natural frequency of the 
single wheel adhered to the elastically supported rail, which 
can be approximately expressed as 

( )
( )

0.25 0.75

0.25 0.75

2 21
2 2 2

H
d

w H

EI S k
f

m EI S kπ
=

⎡ ⎤+⎣ ⎦

            (1) 

where df  is the dominant frequency; wm  denotes the half 
mass of the wheel-set; EI is the bending stiffness of a single 
rail; S is the per-unit-length stiffness of the rail fastener-pad 
pairs; and Hk  is the linearised Hertzian contact spring. 

It should be noted that the dominant frequency is mainly 
influenced by the mass of the wheel and stiffness of the rail 
fastener-pad pairs but does not change with rail roughness or 
train speed. This formula has been verified by a series of 
measured data under various trains in normal operation with 
different speeds. 

 

3.3 Effect of train types 

Fig. 6 demonstrates the typical acceleration time-histories and 
spectra measured at the bottom deck under track in the middle 
span (A-V2) subjected to different train types at the same train 
speed. It can be noticed from the figure that the vibration 
induced by the 6-car configuration train is quite larger than 
that caused by the 7-car configuration train. It is also found 
that the trailer cars of the 7-car configuration train generally 
produce larger high frequency vibration of the bridge than the 
motor cars. Li and Wu have revealed that the stiffness or 
damping of the suspensions of the vehicles has little effect on 
the power input to the U-shaped girder regarding to the high-
frequency vibration around the dominant frequencies. In 
addition, the main mechanical and geometric parameters of 
the two train types are thought to be the same because the 
technical parameters are both from the same international 
company.  

It is noted that the motor cars are braked by electrical power 
but the trailer cars are braked through friction between the 
wheels and the brake blocks. As the cast-iron brake blocks 
generally generate higher wheel roughness than other braking 
systems [6]. The significant different responses induced by the 
trailer car and motor car might be attributed to different wheel 
wear condition of the trailer cars compared to the motor cars. 
It seems that the electric power braking is sufficient for the 
most 7-car configuration train and no friction braking is used. 
But for the 6-car configuration train, friction braking system 
works a lot with the electric braking system. 
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(b) 6-car configuration 
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(c) Spectra 

Figure 6. Comparison of acceleration recorded by A-V2 
under different train configurations (76 km/h) 

 

3.4 Vibration of various parts of the bridge 

Depicted in Fig. 7 compares the typical acceleration spectra of 
measured in the middle span and end span. It can be noticed 
from the figure that the vibration levels at the middle span 
almost equal to those at the end span regarding acceleration 
above 8 Hz, regardless the vertical acceleration at deck or 
lateral acceleration at the top flange. This phenomenon can be 
explained as the local vibration modes for the middle span are 
similar to those for the end span (see Fig. 8). Whereas, the low 
frequency vibration at the middle span is obvious larger than 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1122



that at the end span owing to effect of fundamental vibration 
modes of the girder. 
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(a) A-V2 (Mid-span) and A-V4(End-span) 
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(b) A-L1 (Mid-span) and A-L5(End-span) 

Figure 7. Acceleration spectra of different sensors at a train 
speed of 70 km/h 

 
Figure 8. Typical local vibration modes of the girder 

 

3.5 Evaluation of the vibration 

Table 2 lists the maximum accelerations measured at the deck 
under track in the middle span and end span. It can be seen 
from the table that the accelerations below 30 Hz are 
generally beneath 0.6 m/s2 for various train configurations and 
speeds, which is far less than the limit value of 5.0 m/s2 for 
ballastless track. The stability and safety of the track can be 
maintained according to the Eurocode. However, the 
accelerations with frequency content below 100 Hz are in the 
range of 2.0 m/s2 for most 7-car configuration train while as 
large as 10.0 m/s2  for general 6-car configuration train. Since 
the peak frequencies of deck accelerations are around 50 Hz, 

the adverse effect of the vibration might not be 
underestimated even no related codes can be applied to 
appraise this high frequency vibration of rail bridges. 

Table 3 gives the maximum velocities and their peak 
frequencies at the deck and top flange of the girder. It can be 
seen from the table that the velocities produced by most 7-car 
configuration train are much smaller than those by 6-car 
configuration train. The lateral velocities at the top flange of 
the girder are usually approaching or exceeding the limit value 
of 50 mm/s regulated in the BS 7385-2:1993 standard [3], 
when the 6-car configuration trains are moving on the bridge. 
As a result, the serviceability of the overhead contact system 
or noise barriers installed on the top flanges may be reduced. 
The velocities at the deck under track are also a bit large and 
the fasteners might be loosened due to the vibration. As the 
guideline values provided in BS 7385-2:1993 [3] are primarily 
for buildings subjected to groundborne vibration. The 
appropriation of applying them to the vibration evaluation of 
rail bridges should be investigated in the future. 

Table 2.  Max. accelerations under various train types and 
speeds 

Sensor 
name 

Train 
Conf. 

Train 
speed 
(km/h) 

Acceleration (m/s2) 

below  
30 Hz 

below  
100 Hz 

A-V2  

7 72 0.34 1.94 

7 76 0.36 2.08 

6 76 0.43 7.51 

6 68 0.41 8.31 

A-V4 

7 72 0.62 2.06 

7 76 0.47 2.21 

6 76 0.56 8.30 

6 68 0.55 9.81 

 

Table 3.  Max. velocities under various train types and speeds 

Sensor 
name 

Train 
Conf. 

Train 
speed 
(km/h) 

Velocity 
(mm/s) 

Peak 
frequency

(Hz) 

V-V2 

7 72 9.09 46 

7 76 11.55 40 

6 76 29.45 46 

6 68 36.49 42 

V-L2 

7 72 21.14 46 

7 76 17.99 52 

6 76 47.05 50 

6 68 59.76 42 

 

4 CONCLUSIONS 

This paper presents the measured vibration data of  a U-
shaped girder under urban rail transit trains in China. The 
main conclusions can be summarized as follows.  
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• The dominant frequencies of acceleration and velocity 
responses were observed around 50 Hz, measured at the 
bridge deck and the top flanges of the U-shaped girder.  

• The vibration levels of the girder at the mid-span and 
end-spans were almost the same order as far as the 
vibrations in the frequency range from 8 Hz to 100 Hz 
were concerned.  

• Significant difference in vibration amplitude was 
observed under different train configurations and speeds 
but little diversity was found in vibration frequency. The 
significant different responses induced by the 7-car and 6-
car configuration trains might be attributed to different 
wheel roughness due to different braking mechanism. 

• The lateral velocities at the top flange of the girder are 
usually approaching or exceeding the limit value of 50 
mm/s in the DIN 4150-3:1999 standard, when the 6-car 
configuration trains are moving on the bridge. As a result, 
the serviceability of the overhead contact system or noise 
barriers installed on the top flanges may be reduced. The 
velocities at the deck under track are also a bit large and 
the fasteners might be lossened due to the vibration. 

• The appropriate limit values of high frequency (30-100 
Hz)  vibration of rail bridges are required to develop for 
ensuring good serviceability of facilities installed on the 
railway bridges. 
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ABSTRACT: Bridge frame structures are designed to form plastic hinges at their column ends under severe earthquake loading.  

This approach results in well-proportioned structures that are also economical.  However, to capture the true displacement 

demands of a bridge with nonlinear behavior necessitates a more advanced approach than the linear-elastic spectral analysis 

typically conducted in design.  Nonlinear time-history analysis (NTHA) is required, as conducted for large and important bridge 

structures in California and elsewhere.  While this approach has been used for some very specific structures it is not applied for 

everyday highway bridge structures due to the difficulties, time requirements and instabilities in the NTHA methods currently 

available.   

 

To make NTHA available for everyday seismic bridge design, a completely novel analysis approach has been developed for 

bridge frame structures.  It is based on closed-form equations that provide exact incremental moments from each displacement 

increment, without matrix manipulation or numerical analysis.  The new Incremental Closed-Form Method (ICFM) is 1000s of 

times faster and much more stable than the conventional stiffness method.  This has reduced computing time from hours to a 

fraction of a second for a given earthquake motion.  Such increases in speed and stability will allow NTHA to be used for 

everyday bridge design in California and elsewhere, providing an important new tool on the design floor that will change the 

way bridges are designed, resulting in safer and more economical bridge structures in high seismic zones.                 . 

KEY WORDS: Bridge frame; Fast seismic nonlinear analysis; Time-history analysis; Exact closed-form solution. 

1 INTRODUCTION 

A new method for determining the nonlinear time-history 

earthquake response of a bridge frame structure has been 

developed which is 1000s of times faster than commercially 

available programs that are based on the stiffness method.  It 

is also extremely stable, ensuring that results are found for the 

full duration of the seismic event.  This resolves the three 

primary reasons that nonlinear time-history analysis (NTHA) 

is not performed for everyday bridge design in high seismic 

regions, namely, (1) that the analysis takes too long, (2) it 

often stops running due to numerical difficulties at the time of 

largest shaking, providing no results at or beyond this point of 

most interest and (3) the future earthquake motion that the 

bridge will be subjected to is unknown. 

So displacement demands are typically found from linear-

elastic spectral analysis (LESA) and compared to 

displacement capacity determined from a nonlinear pushover 

analysis [1].  This approach is loosely based on the equal 

displacement principle, which states that linear-elastic and 

nonlinear seismic displacement demands are approximately 

equal, so long as the initial stiffness for nonlinear analysis is 

the same as the linear-elastic stiffness.  While maximum 

displacements may be similar between LESA and NTHA, 

force demands from linear-elastic analysis are typically many 

times larger than from nonlinear analysis (as shown in the 

example later in the paper) due to column-end plastic hinges 

that limit the force levels.  Of course, it is widely accepted 

that NTHA is far superior to LESA and linear-elastic time-

history analysis (LETHA), as it recognizes the proper physics 

of the problem, with changing stiffness as plastic hinges form 

and cycle at the ends of the columns, which they are designed 

and detailed to do. 

The unique aspect, and heart, of the approach presented 

here is that closed-form equations are used to determine 

incremental member-end-moments of a redundant bridge 

frame that develop from each time step of the earthquake 

record.  In this sense, the incremental closed-form method 

(ICFM) is not numerically-based but analytical, at least at 

each time step, with exact values and a stable analysis.  Total 

results at all times are found by summing the prior 

incremental results.  No simultaneous equations are required, 

allowing the extremely fast analysis presented here.  

Nonlinear behavior can only occur at the columns ends, which 

is consistent with bridge design practice [1, 2].  All other 

structural members are protected from going nonlinear by 

capacity-design principles [2].  Any number of spans can be 

included, with a few typical bridge frames shown in Fig. 1.   

As mentioned above, one often-cited reason for not using 

NTHA for seismic bridge design is that the future earthquake 

motion is not yet known.  Therefore, many different 

earthquake motions would need to be run in order to cover all 

possible bridge responses.  And since a single NTHA takes a 

long time using the traditional stiffness method, consideration 

of multiple analyses becomes daunting for everyday design 

purposes.  Due to the sheer speed and computational 

efficiency of the new approach, many different earthquake 

motions can be considered and maximum (or average) 

responses automatically collected and presented.  There would 

Super-fast nonlinear time-history analysis of bridge frame structures 
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be no difficulty running 10, 100 or even 1,000 NTHAs to 

support a new bridge design using the proposed ICFM.  

Essentially, this new method puts the power of a 

supercomputer on each engineer’s desk.   

 

 
 

Figure 1. Typical bridge frames (three through five spans 

shown) 

 

It is expected that the new ICFM will change the way 

bridges are designed in moderate to high seismic regions, 

allowing bridge design engineers the freedom to properly 

assess the dynamic response and demands of a bridge frame 

subjected to significant seismic attack.  This will ultimately 

result in safer bridges and often reduce construction costs for 

new bridges as well as retrofitting costs of existing bridge 

structures.  The ICFM has successfully combined a classical 

structural analysis method with modern computing for a very 

efficient computer program.                              
    

2 NEW INCREMENTAL CLOSED-FORM METHOD 

The closed-form method (CFM) was developed by the author 

and allows final member-end-moments of a bridge frame that 

has statically applied loads to be found from simple and exact 

equations [3], without the need to setup and solve a system of 

simultaneous equations, as required in the stiffness method.  

From these end moments and statics, member-end-shears, -

axial forces, and reactions are readily found.  The original 

paper [3] considered only flexural deformations, with shear 

deformations added to the closed-form equations in a 

subsequent paper [4].  Identical results are found between the 

stiffness method and the CFM for the two cases of; (1) 

bending deformations only, and (2) bending and shear 

deformations.  Axial deformations have not yet been 

incorporated in the closed-form equations, but there is an on-

going effort to include this effect which, if successful, will 

result in the complete closed-form method (CCFM).  The 

author developed a similar approach to find exact shear flow 

around each cell of a multi-cell, box-girder bridge 

superstructure loaded in torsion [5]. 

In this paper the incremental closed-form method (ICFM) is 

presented, which is an extension of the CFM discussed above 

and is used to determine the nonlinear time-history response 

of a bridge frame structure subjected to severe earthquake 

motion.  Preliminary oral and paper presentations of the new 

incremental approach were recently given at the 15th World 

Conference on Earthquake Engineering in Lisbon, Portugal 

[6], but at that time the computer program was not fully 

functioning.  Now the program has been completed and 

verified.  Of particular interest is that direct comparisons on 

the same computer have shown that the new incremental 

method is 1000s of times faster than the stiffness method in 

solving the nonlinear time-history response of a bridge frame.  

A NTHA bridge frame example provided later in the paper 

shows that the new ICFM solved a typical bridge frame 

response in less than one-tenth of a second, which is more 

than 3,000 times faster than the stiffness method for the same 

problem.  Using a different measured ground motion with 

smaller (and more) time increments, the ICFM was over 5,000 

times faster than the stiffness method.   

Since axial flexibility is not yet part of the closed-form 

equations, it was decided to only include bending flexibility in 

this presentation of the incremental approach, and restrain 

shear deformations which are recognized in the equations [4].  

To also incorporate shear deformations, while not including 

axial deformations, for a bridge frame seemed somewhat 

inconsistent.  For fair comparisons between the two methods, 

results presented herein from the stiffness method also have 

shear and axial deformations restrained. 

 

2.1 Theory of New Method 

The extremely fast and stable nonlinear time-history seismic 

analysis of a bridge frame from the ICFM is realized by 

combining (1) the incremental closed-form equations [3], (2) 

event-scaling analysis [2], (3) capacity design principles [2] 

and (4) the average acceleration method [7].  A computer 

program has been developed by the author that incorporates 

all of these approaches to determine the response over time of 

a bridge frame that can develop plastic hinges at the column 

ends.  At this point, relatively simple elasto-plastic plastic 

hinge hysteresis rules (see Fig. 2) are used as a proof-of-

concept to the new nonlinear approach.  It is expected that 

additional hysteresis rules defined by the Takeda Model [8] 

and Pivot Model [9] will be incorporated soon.   

In the ICFM a displacement increment is given to the frame 

while the joints are fixed from rotation (Fig. 3), resulting in 

incremental fixed-end-moments at the column ends (and 

incremental out-of-balance moments at the internal joints).  

The closed-form equations [3] are then used to determine final 

incremental member-end-moments associated with this 

displacement increment of the frame (Fig. 4).  As with 

moment distribution [10] that the original closed-form 

equations were derived from [3], there is no change in sway of 

the frame between the fixed-end-moment configuration (Fig. 

3) and final distributed moment configuration (Fig. 4).  Each 

change in displacement is found from the equation of motion, 

using the stable average acceleration method [7].  This works 

well because the displacement increment is based on the 

current stiffness of the frame, including flexibility of the 

superstructure and columns.  Columns are modeled as beam 

members with nonlinear moment-rotation springs at both ends 

(Fig. 5), and so the elasto-plastic behavior shown in Fig. 2, or 

the more complex response for plastic hinge cycling 

mentioned previously, can readily be included in the program. 

The speed and stability of the computer program result from 

the use of (1) the closed-form equations at each time 
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increment to determine the change in member-end-moments, 

with no simultaneous equations or numerical analyses 

required, and (2) event-scaling when a column moment has 

exceeded the plastic moment capacity of one of the column 

ends; all moments and the time are scaled back to the exact 

values when the event developed, with no iteration necessary 

and no force overshoot (Fig. 6).   

      

Rotation

Moment

Mp

-Mp
 

 

Figure 2. Simple elasto-plastic moment-rotation hysteresis 

behavior for column ends 

 

MF

MF MF

MF

d d d

 
 

Figure 3.  Column fixed-end-moments from increment of 

sway 

d d d

 
 

Figure 4.  Column and superstructure final-end-moments from 

increment of sway 

 

An additional data point is provided at the time the event 

occurred, requiring a reduced time step to that point and 

another reduced time step to the end of the original full time 

step.  In the example provided in Fig. 6, the nonlinear event 

happened between steps 262 and 263 at 5.245 s, with the full 

time step of 0.02 s reduced to 0.005 s.  A new point is 

provided at the time of the event, with this now defined as 

step 263, requiring all further steps to be renumbered (see Fig. 

6 for relabeling of original steps 263 and 264 to 264 and 265, 

respectively).  After the reduced time step of 0.005 s to reach 

the event, a second reduced time step of 0.015 s is used to 

make up a full time step of 0.02 s and get to the new step 264 

at time 5.26 s.  Until another event occurs, the analysis 

continues from step-to-step with full time steps of 0.02 s.  If 

additional events develop within one full time step, the same 

process is followed.   

 

Column

Superstructure

Nonlinear Moment-

Rotation Springs

 
 

Figure 5. Nonlinear moment-rotation springs at column ends 

 
Often more than one plastic hinge occurs at the same time 

(within a given tolerance).  In this case, the computer program 

allows multiple nonlinear hinges to develop as one event.  

Ground accelerations must also be scaled (interpolated) to 

agree with the modified time steps.  The stiffness is changed 

following scale-back to reflect the new frame condition of a 

pin holding a plastic moment with no rotational stiffness (no 

additional moment capacity while the hinge is free to rotate) 

at the plastic hinge location.  When a displacement reversal 

occurs the time of reversal is found and the event-scaling 

procedure is used so that the correct stiffness is included for 

the reduced time step following reversal.  If a reversal 

happens when there is no nonlinear behavior then there is no 

scale-back required, as the stiffness will not change.    

Bridges are designed to force nonlinear behavior into the 

column ends while protecting the superstructure and footings 

from inelastic behavior.  This is achieved by providing more 

strength to these members than can be induced by the column 

plastic hinges – capacity design principles [2].  Column end 

regions are specially designed and detailed to allow large 

plastic rotations [1, 2], which translate to large displacement 

capacity of the bridge frame.                   

Prior to seismic analysis, the closed-form equations are used 

to determine superstructure and column-end-moments from 

the self-weight of the bridge.  Potential gravity sidesway is 

included in determination of the dead load moments.  The 

program calculates column base shears from statics, by 

summing final top and bottom column moments and dividing 

by the column length.  A second application of the closed-

form equations from a scaled lateral sway provides the dead 

load sway moments, with total dead load moments equal to 

the sum of the no-sway and sway values.  Dead load results 

are verified by checking that the column base shears for the 

entire frame sum to zero.  

This is the condition the bridge frame will be in at the time 

of an earthquake, and so the existing dead load column 

moments must be included in the seismic analysis as they 
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affect how much additional moment is required to cause 

plastic hinging.  The new computer program based on the 

ICFM automatically considers this. 

 

Time (s)

260 261 262 263 264

5.20 5.22 5.24 5.26 5.28

5.245

263

264 265

Increment Number

0.02

0.005 0.015

Nonlinear Event

 
 

Figure 6. Example of time shift and increment renumbering 

 

2.2 Seismic Analysis 

The explicit form of the average acceleration method [7] was 

programmed to advance the solution to the next time 

increment of the earthquake.  This is a Newmark-Beta method 

and is used here because it is unconditionally stable and 

because it requires no iteration to move from step-to-step.  At 

the start of an earthquake the initial stiffness of the bridge 

frame is used in the equations of motion.  This stiffness will 

change only following an event; including the formation or 

unloading of a plastic hinge.  When an event has occurred all 

of the results are scaled back to the time when the event first 

happened, without iteration.  The stiffness of the frame is 

changed and the equations from the average acceleration 

method are used to move to the next time increment.   

Following a nonlinear event, and before scaling results back 

to the time of this event, the moment-rotation stiffness of the 

plastic hinge is changed in the program and one additional full 

time step is taken to determine the reduced lateral stiffness of 

the bridge frame.  The sum of the base shears represents the 

change in restoring force of the frame and the new stiffness is 

this force divided by the incremental displacement.  Until 

another nonlinear event occurs, this is the stiffness that is used 

in the various equations of the explicit form of the average 

acceleration method [7].       

At the end of each time increment the average acceleration 

method provides incremental displacement, velocity and 

acceleration values of the bridge frame, which are added to 

the prior results to obtain total values up to that point in time, 

ultimately giving complete time-history responses for the 

earthquake.   

Incremental column moments are added to the prior values 

to obtain total column moments at the end of the time 

increment.  This process continues until a column moment 

exceeds the plastic moment capacity of one of the column 

ends, where the moments are largest.  Column and 

superstructure moments, as well as the frame displacement, 

are scaled back to their values at the time of the nonlinear 

event.   

The stiffness of the frame changes following each nonlinear 

event, representing the plastic hinge that has occurred, and a 

new incremental response is found.  This continues until all 

time increments for the base motion have been finished.  If the 

relative frame displacement reverses, the time when this 

reversal happens is calculated, without iteration, and all 

relevant results are scaled back to the appropriate values.  

Upon frame displacement reversal, all plastic hinges start 

unloading, returning to their rigid state, and the original frame 

stiffness is used until another plastic hinge has formed.  

Multi-degree-of-freedom nonlinear seismic analysis is 

conducted (multiple displacement DOF, including joint 

rotations and frame translation) using the ICFM for a bridge 

frame with a single mass degree-of-freedom representing the 

mass of the entire frame.  Once the complete closed-form 

method is finalized, which will include member axial 

deformations then multiple mass degrees-of-freedom should 

also be possible.    

 

3 EXAMPLE TIME-HISTORY ANALYSIS 

 

3.1 Bridge Frame Details 

A 5-span, prestressed concrete bridge frame has a total length 

of 720 ft (219 m), with span and column lengths given in Fig. 

7.  The box-girder superstructure is 6-6” (1.98 m) deep, 40 ft 

(12.2 m) wide and has three cells (see Fig. 8).  Overhangs are 

4 ft (1.22 m) wide and vary in thickness from 8” (0.203 m) at 

the edge-of-deck to 1 ft (0.305 m) at the girder face.  

Reinforced concrete columns are circular with 5’-6” (1.68 m) 

diameter.  Plastic moments are given in Fig. 9, and vary from 

column-to-column due to different axial loads and primary 

steel percentages.  The concrete is normal-weight (unit weight 

of 150 pcf (23.6 kN/m3)), with design strength of 4 ksi (27.6 

MPa), and increased strength of 5 ksi (34.5 MPa) at the time 

of a future earthquake.  Using the ACI equation for modulus 

of elasticity E [11], which is based on concrete strength, this 

value is found to be E = 4031 ksi (1,230 MPa).  Cracked 

properties are used for the columns, as recommended in [1, 2], 

with cracked moment of inertia taken to be 50% of the gross 

section moment of inertia.  For the prestressed bridge 

superstructure, 100% of the gross moment of inertia is used.  

Table 1 provides moment of inertia and cross-sectional area 

values for the columns and superstructure.   

Linear-elastic and nonlinear analyses were conducted using 

the proposed ICFM and the stiffness method to compare 

analysis results, as well as run times.  The stiffness method is 

represented by the commercially available computer program 

SAP2000 [12].  For a fair comparison between the two 

methods, all input values, hysteresis models and assumptions 

are identical between the model used in SAP2000 and the 

model developed for the incremental closed-form approach.  

Axial and shear deformations are constrained in SAP2000, 

resulting in the same number of displacement degrees-of-

freedom (seven displacement DOF; six rotations and one 

translation) and mass degrees-of-freedom (single translational 

mass DOF) as in the ICFM model.  Also, the average 

acceleration method is used in both solution schemes, with 
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2% equivalent viscous damping.  The fundamental natural 

period of the cracked bridge frame is Tn = 1.23 s. 

The distributed superstructure self-weight is found by 

multiplying the unit concrete weight (150 pcf (23.6 kN/m3)) 

by its cross-sectional area, giving 10.15 k/ft (148 kN/m) 

 

Table 1. Column and superstructure cross-sectional properties 

  
Bridge 

Component 

Ig (ft
4)/ 

(m4) 

Area (ft2)/ 

(m2) 

Ie (ft
4)/ 

(m4) 

Column 44.92/0.388 23.76/2.21 22.46/0.194 

Superstructure 439.0/3.79 67.67/6.29 439.0/3.79 

 

In addition to the bridge self-weight, the superstructure 

carries two Type 25 barriers [13], one at the edge of each 

overhang, that weigh 0.392 kips/ft (5.72 kN/m) each.  Thus 

the total distributed weight along the bridge length is 10.93 

k/ft (159 kN/m). 

Bent caps are regions of the superstructure, above the 

columns, that are solid and not cellular.  For this bridge the 

width of the bent cap is 6 ft (1.83 m), slightly larger than the 

column size.  The weight per bent cap, beyond the hollow 

superstructure weight already accounted for, is WBC = 132.3 

kips (588 kN).  Column distributed weight is wc = 3.564 

kips/ft (52.0 kN/m), found from the unit concrete weight and 

column cross-sectional area.  For inertial purposes in the 

dynamic analysis, it is assumed that half of the column mass 

goes to ground and the other half is included with the 

superstructure mass.  Therefore, the total weight to be 

considered is 87,200 kips (38,800 kN), with associated mass 

of 270.8 kips*s2/ft (3,950 kg)  

 

180 ft
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120 ft120 ft 150 ft 150 ft

40’

 
 

Figure 7. Bridge frame geometry for example problem (1ft = 

0.3048 m) 
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Figure 8. Bridge superstructure cross-section geometry (1ft = 

0.3048 m) 
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Figure 9. Column plastic moments for example problem (kip-

ft units, 1 kip-ft = 1.36 kN-m) 

 

3.2 Ground Motion 

The example bridge frame was subjected to one of the 

recorded earthquake motions from the 1989 Loma Prieta 

earthquake.  It was measured at the Capitola Fire Station in 

the East/West direction (Channel 3).  Acceleration and 

displacement profiles are given in Figs. 10 and 11, 

respectively.  Peak ground acceleration is just below 0.5 g.  A 

5%-damped, linear-elastic acceleration response spectrum is 

provided in Fig. 12.  The measured ground motion has 

duration of 40 s with time increments of 0.02 s, resulting in 

2,000 increments.     

 

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

0 5 10 15 20 25 30 35 40

A
cc

e
le

ra
ti

o
n

 (
g)

Time (s)  
 

Figure 10. Ground acceleration time-history, Loma Prieta EQ, 

Capitola Fire Station E/W Ch 3 
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Figure 11. Ground displacement time-history, Loma Prieta 

EQ, Capitola Fire Station E/W Ch 3 (1 in. = 0.0254 m) 
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Figure 12. Acceleration response spectrum (5%), Loma Prieta 

EQ, Capitola Fire Station E/W Ch3 
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3.3 Analysis Results 

The total nonlinear run-time for this particular bridge example 

and ground motion using the stiffness method was 204.8 s 

compared to 0.0624 s from the incremental closed-form 

approach.  A ratio of these analysis times shows that for this 

case the new method is more than 3,000 times faster than the 

stiffness method (see Table 2), as represented in SAP2000.  

Since there were 2,000 increments in the ground motion, this 

dramatic increase in speed indicates that the ICFM would be 

finished with the full earthquake duration before a single time 

increment is assessed in the stiffness method. 

In all of the following figures, results are given from both 

the ICFM and the stiffness method.  However, since the 

values are almost identical, the lines are hard to distinguish 

from one another.  Linear-elastic results are also given but in 

separate figures from the nonlinear results of interest.  

Hysteretic force-deformation behaviors of the bridge frame 

for linear-elastic and nonlinear responses are given in Figs. 13 

and 14, respectively.  As expected, the linear-elastic response 

stays on the same line and always goes through the origin, 

with no residual displacement (Fig. 13).  However, once 

plastic hinges have formed the nonlinear behavior of the 

frame cycles around and results in permanent plastic 

displacements (Fig. 14).   
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Figure 13. Linear-elastic force-displacement behavior of 

bridge frame (1 kip = 4.448 kN, 1 ft = 0.3048 m) 

 

The strength of the frame is 1,500 kips (6,670 kN) with all 

plastic hinges developed, and it is clear from Fig. 14 that this 

is achieved in both loading directions.  Fig. 14 also shows that 

nonlinear behavior occurs in each direction at forces which 

are much lower than the full strength of the frame.  Relative 

displacement time-history results are provided in Figs. 15 and 

16 for linear-elastic and nonlinear responses, respectively.  

Once plastic hinges have formed, the nonlinear behavior is 

quite different from the linear behavior, with permanent offset 

and different maximum values.  Base shear results over time 

are given in Figs. 17 and 18 for linear and nonlinear cases.  

From Fig. 18 it is clear that the strength of the frame is 

reached in both directions, while from linear-elastic analysis 

the maximum force demand is 8,315 kips (37,000 kN) as seen 

in Fig. 17, which is 5.54 times higher than from nonlinear 

analysis and 5.54 times larger than the force capacity of the 

frame (1,500 kips (6,670 kN)).   
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Figure 14. Nonlinear force-displacement behavior of bridge 

Frame (1 kip = 4.448 kN, 1 ft = 0.3048 m) 

 
The nonlinear force response is given on the same graph as 

the linear-elastic force response in Fig. 17, along with the 

frame force capacity lines drawn at plus and minus 1,500 kips 

(6,670 kN).  This nicely shows that the large forces from a 

linear-elastic analysis are not physically possible due to 

strength limits of the frame associated with column plastic 

hinging.  Maximum displacements from linear-elastic (Fig. 

15) and nonlinear (Fig. 16) analyses are 1.19 ft (0.363 m) and 

0.702 ft (0.214 m), respectively.  This shows that for the 

example bridge, and chosen 1989 Loma Prieta earthquake 

motion, the displacement demand from NTHA is only 59% of 

the linear-elastic demand, indicating possible cost savings 

from the more detailed nonlinear analysis. 

Zoomed-in views (from 5 to 15 s) of nonlinear displacement 

and force results show that the ICFM provide the same 

maximum and time-history values as the stiffness method 

(Figs. 19 and 20, respectively).  However, as indicated in 

Table 2, the new ICFM is orders of magnitude faster than the 

stiffness method.  For the 1989 Loma Prieta earthquake 

motion discussed in the example, the ICFM was more than 

3,000 times faster than the stiffness method.  When a different 

motion from the 2010 Mexicali earthquake was used (Table 

2), with five times the number of increments than the original 

motion, the ICFM was more than 5,000 times faster than the 

stiffness method.  In this case the stiffness method took over 

23 minutes while the ICFM took just over a quarter of a 

second.              
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Figure 15. Linear-elastic displacement time-history response 

of bridge frame (1 ft = 0.3048 m) 
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Figure 16. Nonlinear displacement time-history response of 

bridge frame (1 ft = 0.3048 m) 
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Figure 17. Linear-elastic force time-history response of bridge 

frame (1 kip = 4.448 kN) 
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Figure 18. Nonlinear force time-history response of bridge 

frame (1 kip = 4.448 kN) 
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Figure 19. Nonlinear displacement response of bridge frame 

(5 to 15 s), (1 ft = 0.3048 m) 
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Figure 20. Nonlinear force response of bridge frame (5 to 15 

s), (1 kip = 4.448 kN) 
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Table 2. Nonlinear time-history solution times for ICFM and 

stiffness method 

Earthquake File Duration 

(s) 

Time 

Increment 

(s) 

Number of 

Increments 

1989 Loma Prieta 

EQ, Capitola Fire 

Station E/W Ch3 

40 0.02 2,000 

2010 Mexicali EQ, 

Calexico - El 

Centro Array 11 

N/S Ch1 

50 0.005 10,000 

 

Earthquake File Stiffness 

Method 

Solution 

Time 

Closed-

Form 

Solution 

Time 

Ratio of 

Times 

1989 Loma Prieta 

EQ, Capitola Fire 

Station E/W Ch3 

204.8 s 

(3.41 min) 

0.06240 s 3,282 

2010 Mexicali EQ, 

Calexico - El Centro 

Array 11 N/S Ch1 

1,410 s 

(23.5 min) 

0.2808 s 5,021 

 

4 CONCLUSIONS 

A completely novel approach has been developed to assess the 

nonlinear time-history response of a bridge frame subjected to 

seismic loading.  The new ICFM has proven to be 1000s of 

times faster than the conventional stiffness method while 

providing the same maximum results and the same results 

over time.  An example bridge problem was developed, with 

realistic bridge dimensions, weights and masses, as well as 

end-of-column plastic hinges.  Results and the speed of the 

new analysis method were compared to the stiffness method, 

as programed in the latest version of SAP2000 [12].  Identical 

input models were created based on the example bridge 

provided.  As shown in the paper, all nonlinear time-history 

results were the same between the two methods, with the only 

difference being the time to compute these results; the ICFM 

was over 3,000 times faster than the stiffness method for the 

primary ground motion studied and over 5,000 times faster for 

a second ground motion, which had more increments due to a 

smaller time step and longer duration. 

Such increases in computational speed will result in changes 

to the way bridge frame structures are designed for seismic 

loading.  Multiple earthquake motions can now be run through 

the bridge frame, allowing what-if scenarios to be considered 

by the bridge designer.  Using the new ICFM, the average 

NTHA solution time for the two different earthquake motions 

was 0.172 s for the example bridge.  Taking this as an 

approximate average for multiple motions, the nonlinear 

bridge response from 10 different earthquake motions can be 

assessed in less than two seconds, with maximum results of 

interest automatically saved for later viewing.  Following the 

same logic, over 300 different nonlinear time-history analyses 

could be performed in one minute for the 5-span bridge frame 

example.  Using SAP2000 for this same feat would take over 

67 hours of straight running time. 

While, theoretically, the stiffness method or the ICFM could 

be used to perform NTHA of a bridge frame, due to practical 

limitations the stiffness method has not been used for 

everyday seismic bridge design, relegating it to large and 

important bridge projects [2].  The speed, stability and ease of 

use of the new ICFM will allow NTHA to be conducted for 

seismic design of everyday bridge frame structures.  

Furthermore, the computer program has been specifically 

written for this purpose with minimal input required.  Because 

it will provide a proper assessment tool to bridge design 

engineers for seismic demands, the ICFM will make bridge 

structures safer and, in many cases, significantly reduce 

bridge construction costs.   

For the example bridge frame and chosen earthquake 

motion, NTHA resulted in 59% of the displacement demand 

from linear-elastic analysis, indicating over-design and 

increased costs if the larger displacement demands from 

linear-elastic analysis are used for seismic design.  In other 

cases displacement demands from NTHA may be larger than 

from linear-elastic analysis.  In this case the bridge will be 

seismically unsafe if the smaller displacement demands from 

linear-elastic analysis are targeted in design.  Various linear-

elastic methods attempt to capture nonlinear seismic 

displacement demands but are not capable of providing 

consistent results that only NTHA can give.                

Future enhancements to the ICFM computer program will 

include 3-D frame effects, different hysteresis models for 

column plastic hinges, P-delta effects, soil springs at the base 

of the columns and interaction between a bridge frame and the 

soil behind abutments.                        
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1 INTRODUCTION 

In the design of long-span bridges, the spatial effects of 

earthquakes, including the wave passage effect, the 

incoherence effect, and the local site effect, must be taken 

into account [1-2]. The random vibration method can fully 

account for the statistical nature as well as the spatial effects 

of earthquakes, and so has been widely regarded as a very 

promising method. Unfortunately the very low computational 

efficiency has become a bottle-neck for its practical use.  

In the past 20 years, a very efficient method, known as the 

pseudo-excitation method (PEM), has been developed by the 

authors and their colleagues to cope with the above 

computational difficulty [3-9]. This method can easily 

compute the 3D random seismic responses of long-span 

bridges using finite element models with many thousands of 

degrees of freedom (DOF) on a small personal computer, in 

which the seismic spatial effect is accounted for accurately. 

This method has been applied to the design of some 

important long-span bridges in China, e.g. to the No 2 

Nanjing Yangtze River Bridge [10] and Qiongzhou Strait 

Bridge [11]. Based on extensive research by many scholars 

and engineers, the Chinese official document “Guidelines for 

Seismic Design of Highway Bridges” JTG/T B01-01-2008 

[12] has formally recommended the pseudo-excitation 

method as a basic tool for seismic analysis of long-span 

bridges, which will further push forward the progress of 

design and construction for long-span bridges.  PEM has 

also been introduced by whole chapters respectively in the 

“Vibration and Shock Handbook 2005” [7] and “Bridge 

Engineering Handbook 2013” [8].  

By means of PEM, the 3D flutter-buffet CQC-based 

analysis of Hong-Kong Tsing-Ma suspension bridge was 

performed and extensively studied [13,14]. Although its 3D 

finite element model involves 2400 mutually coherent 

wind-gust excitations applied simultaneously on its cables, 

towers and deck, the 3D fully coupled flutter-buffet CQC 

analysis was still performed accurately and efficiently only 

using a personal computer. Recently, PEM has also been 

successfully used in the wind-resistant design of the 1650m 

main-span Xihoumen bridge [15], which is the second 

longest suspension bridge in the world located in Zhou-Shan 

Islands, a well-known typhoon region in the East China Sea. 

The dynamic analysis of the buffet-caused internal force 

distribution over the pylons is of great importance in the 

design of this bridge.  In addition, PEM has also become a 

widely-used tool in the research and design of various 

vehicles, including cars [16,17], maglev trains [18,19], 

high-speed trains [20-23], as well as vehicle-bridge dynamic 

problems [24,25]. 

Dynamic analysis of bridges due to earthquakes, winds and moving vehicles 

using pseudo-excitation method 
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recommended by the Chinese official Guidelines for Seismic Design of Highway Bridges (2008). It has also been described in 

detail in the Vibration and Shock Handbook (2005, CRC Press) and the Bridge Engineering Handbook (2013, CRC Press). By 

means of PEM, 3D flutter-buffet CQC-based analysis has been successfully performed for the 1650m main-span Xihoumen 

bridge, the second longest suspension bridge in the world, located in the well-known typhoon region Zhou-Shan Islands, in 

the East China Sea. In addition, PEM has also become a widely-used research and design tool for vehicle engineering in 

China, including vehicle-bridge dynamic interaction problems. A finite element model for power spectral analysis of a 

high-speed train coach with 720924 degrees of freedom is presented. Along with a brief introduction to PEM, this 

presentation will also show a number of practical engineering examples which have successfully used PEM in the related 

research and design.     
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2 PSEUDO EXCITATION METHOD FOR 

STATIONARY RANDOM VIBRATION ANALYSIS 

2.1 A Bridge Subjected to Single Stationary Random 

Excitations 

Consider a linear system subjected to a zero-mean stationary 

random excitation with a given power spectral density (PSD) 

 xxS  . Suppose that for two arbitrarily selected responses 

( )y t  and ( )z t , the auto-PSD  yyS   and 

cross-PSD  yzS   are desired. If ( )yH   and ( )zH   are 

the corresponding frequency response functions, and if ( )x t  

is replaced by a sinusoidal excitation  

    expxxx S i t   (1) 

the responses of ( )y t and ( )z t  would be 

     expxx yy S H i t    and      expxx zz S H i t   . 

It can be readily verified that [6-8]  

           

     
2

exp expxx y xx y

y xx yy

y y S H i t S H i t

H S S

     

  

   

 

 (2) 

           

       

exp expxx y xx z

y xx z yz

y z S H i t S H i t

H S H S

     

   

 



  

 

 (3) 

If  ty  and  tz  are two arbitrarily selected random 

response vectors of the structure, and y  expy i ta  and 

z  expz i ta  are the corresponding harmonic response 

vectors due to the pseudo excitation (1), it can also be proved 

that the PSD matrices of  ty  and  tz  are 

   T T

yy y y   S y y a a  (4) 

   T T

yz y z   S y z a a  (5) 

This means that the auto- and cross-PSD functions of two 

arbitrarily selected random responses can be computed using 

the corresponding pseudo harmonic responses. 

Now, consider a structure subjected to a single seismic 

random acceleration excitation. Its equations of motion are 

  gx t   My Cy Ky ME  (6) 

in which: M , C  and K  are its mass, damping and stiffness 

matrices; y is its displacement vector; the ground 

acceleration ( )gx t is a stationary random process with 

known PSD ( )
gxS  ; and E  is a given constant vector, 

indicating the distribution of inertia forces. Let the pseudo 

ground acceleration be 

 ( ) ( )
g

i t

g xx t S e   (7) 

Substituting Eq. (7) into Eq. (6) gives the pseudo equations 

of motion 

 ( )
g

i t

xS e    My Cy Ky ME   (8) 

Using the first q normalized modes for mode-superposition 

leads to [26] 

 
1

( ) ( ) ( )
g

q
i t i t

y j j j x

j

t e H S e   


  y a  (9) 

in which 
j , 

jH  and 
j  are the jth mass normalized 

mode, frequency response function and mode participation 

factor, respectively.  

According to PEM 

 * T * T( )yy y y  S y y a a   (10) 

Substituting Eq. (9) into Eq. (10) and expanding it gives 

the conventional complete quadratic combination (CQC) 

algorithm 

  yy  S      *

1 1
g

q q
T

j k j k j k x

j k

H H S    
 

    (11) 

This means Eqs. (10) and (11) are mathematically identical 

to each other. However, the computational effort required by 

Eq. (10) is approximately only 1/ 2q  of that required by Eq. 

(11). Hence, Eq. (10) is also known as the fast CQC 

algorithm. 

2.2 A Bridge Subjected to Multiple Stationary Random 

Excitations 

Consider a linear structure subjected to a number of 

stationary random excitations, which are denoted as an m 

dimensional stationary random process vector  tx  with 

known PSD matrix  xx S . The equation of motion is 

  t  My Cy Ky x  (12) 

The PSD matrix is Hermitian and so it can be decomposed, 

e.g. by using its eigenpairs jψ  and jd  ( 1,2,..., )j r , into 

  
1

r
T

xx j j j

j

d 



S ψ ψ     r m  (13) 

in which r is the rank of  xx S . Next, constitute r pseudo 

harmonic excitations 

    expj j jt d i tx ψ     1,2, ,j r  (14) 

By applying each of these pseudo harmonic excitations, two 

arbitrarily selected response vectors  j ty  and  j tz  of 

the structure, which can be displacements, internal forces or 

other linear responses, may be easily obtained and expressed 

as 

      expj yjt i t y a  (15) 

      expj zjt i t z a  (16) 

The corresponding PSD matrices can be computed by 

means of the following formulas [3]  

          
1 1

r r
T T

yy j j yj yj

j j

t t   

 

  S y y a a  (17) 

          
1 1

r r
T T

yz j j yj zj

j j

t t   

 

  S y z a a  (18) 

The way used to decompose  xx S  into the form of Eq. 

(13) is not unique. In fact, if there are too many random 

excitations, the complex form Cholesky scheme may be a 

more efficient and convenient way to do it, i.e.  xx S  is 

decomposed into  
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1

r
T T

xx j j j

j

d 



 *
S L DL l l    r m  (19) 

in which L is a lower triangular matrix with all its diagonal 

elements equal to unity and D is a real diagonal matrix with 

r  non-zero diagonal elements 
jd . 

Clearly, when the bridge under consideration is subjected 

to the action of multiple seismic or wind-gust excitations, the 

PSD matrix of the excitations  xx S  can be used to yield 

a finite number of harmonic excitations. The resulting r  

groups of harmonic responses will lead to the PSD functions 

for such responses, which are exact numerical solutions.   

 

3 PSEUDO EXCITATION METHOD FOR NON- 

STATIONARY RANDOM VIBRATION ANALYSIS 

3.1 Problems with a single uniformly modulated 

evolutionary random excitations 

Consider a linear system subjected to an evolutionary random 

excitation 

   My Cy Ky ( ) ( ) ( )f t g t x tp p       (20) 

in which  g t  is a slowly varying modulation function, 

while  x t  is a zero-mean stationary random process with 

auto-PSD, p  is a constant vector describing the distribution 

and intensity of the excitations.   xxS  . The deterministic 

functions  g t  and  xxS   are both assumed to be given.  

In order to compute the PSD functions of various linear 

responses due to the action of ( )f t , the pseudo excitation 

has the form 

    ( , ) ( ) expxxf t g t S i t    (21) 

while the pseudo excitation equation is   

   My Cy Ky ( , )f tp            (22) 

Suppose that  ty  and  tz  are two arbitrarily selected 

response vectors, and  , ty  and  , tz  are the 

corresponding transient responses due to the pseudo 

excitation ( , )f t  with the structure initially at rest. It has 

been proved that [4]  

      *, , ,T

yy t t t  S y y   (23) 

      *, , ,T

yz t t t  S y z   (24) 

For cases with fully coherent excitations, partially coherent 

excitations, and non-uniformly modulated evolutionary 

random excitations, the corresponding pseudo-excitation 

algorithms are very similar to those for the stationary random 

excitation cases [4,7].   

3.2 Problems with a single non-uniformly modulated 

evolutionary random excitations 

If the structure is subjected to a non-uniformly modulated 

evolutionary random excitation ( )f t , which is usually 

expressed in terms of a Riemann-Stieltjes (RS) integration 

[8]     

 ( ) ( , ) ( )i tf t A t e d  



   (25) 

in which  ,A t is a given non-uniform modulation 

function, while   meets the following equation  

    1 2E d d          1 2 1 1 2xxS d d      (26) 

where 1( )xxS   is the auto-PSD of the stationary random 

process ( )x t . Although the random excitation ( )f t  

contains a R-S integration, the pseudo excitation  

 ( ) ( , ) ( ) i t

xxf t A t S e    (27) 

does not contain such an integration. Thus Eq. (22) becomes  

  , ( ) i t

xxA t S e    My Cy Ky p  (28) 

Clearly, the solution of this equation is exactly the same as 

for Eq. (22) except for the modulation functions, i.e. using 

( )g t  or  ,A t . The formulae for PSD computations, i.e. 

Eqs. (23) and (24), are still valid. 

3.3 A bridge subjected to multiple non-stationary random 

excitations 

For problems with uniformly modulated evolutionary random 

excitations, Eq.(20) should be revised as [7,8]  

    t t   My Cy Ky Rf F  (29) 

in which [ ]R  is a given constant matrix representing the 

positions of applied forces, and ( )tf  is a vector consisting 

of m  elements, each representing an evolutionary random 

process. It has the form  

1 1

2 2

( ) ( )

( ) ( )
( )

( ) ( )m m

g t x t

g t x t
t

g t x t

 
 
 

  
 
  

f  

1 1

2 2

( ) ( )

( ) ( )
( )

( ) ( )m m

g t x t

g t x t
t

g t x t

   
   

    
   
      

Gx  (30) 

in which ( )ig t  is the modulation function of the ith 

excitation, i.e. the ith diagonal element of the m m  

diagonal matrix G ; the m m  matrix ( )xx S  is the 

known PSD matrix of a zero-mean stationary random vector 

process, which can be decomposed in the manner of Eqs. 

(12) or (13), to constitute the following pseudo excitation 

 ( ) ( ) ( 1,2,..., )i t

j j i jt d g t e j r f   (31) 

By substituting Eq. (22) into the right-hand side of Eq. 

(20), the pseudo responses ( , )j ty and ( , )j tz  can be 

obtained by means of the precise integration method (PIM) 

[27], and the corresponding time dependent PSD matrices 

would then be  

 * T

1

( , ) ( , ) ( , )
r

yy j j

j

t t t  


S y y  (32) 

 * T

1

( , ) ( , ) ( , )
r

yz j j

j

t t t  


S y z  (33) 
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For problems with non-uniformly modulated excitations, 

the algorithm is exactly the same provided the modulation 

function ( )ig t  in Eq. (30) is replaced by ( , )iA t  from the 

following expression: 

1 1

2 2

( , ) ( )

( , ) ( )
( )

( , ) ( )m m

A t x t

A t x t
t

A t x t







 
 
 

  
 
  

f  

 

1 1

2 2

( , ) ( )

( , ) ( )

( , ) ( )m m

A t x t

A t x t
t

A t x t







   
   

    
   
      

Gx  (34) 

 

4 RANDOM VIBRATION ANALYSIS OF VEHICLE- 

BRIDGE SYSTEMS USING PEM  

For vehicle-bridge systems, the random loading vector has 

the following form  

 ( ) ( ) ( )t t tF Γ r  (35) 

in which ( )tΓ  is a transform matrix, which describes the 

positions of all wheels; ( )tr  describes the surface 

unevenness at all contacting points between the wheels and 

the bridge deck, which is usually assumed to be zero-mean 

valued. Such positions 
ix  vary with time t.  If the vehicle 

has n  points in contact with the deck, ( )tr  has the form 

 1 2( ) [ ( ), ( ), , ( )]nt r x r x r xr  (36) 

Provided that the vehicle runs over the bridge at a uniform 

speed V , then 

 i ix Vt x   (37) 

in which ix  represents the distance of the i -th wheel 

between its position at 0t   and the coordinate origin (e.g. 

one end of the bridge). According to the time- space 

coordinate transformation x Vt , if the PSD of ( )r x  is 

( )rS  ，then the PSD of ( )r t  would be 

 ( ) ( ) / ; 2 /r rS S V V V        (38) 

in which  ( rad/s ) is the angular frequency in the time 

domain, and  ( rad/m ) is the angular frequency in the 

space domain.  (m) is the wavelength associated with the 

surface unevenness. The PSD matrix of ( )tF can be 

expressed as  

11 2

22 1

1 2

( )( )

( )( )

T

( ) ( )

1 e e

e 1 e
( ) ( ) ( ) ( )

e e 1

l

l

l l

i t ti t t

i t ti t t

FF r

i t t i t t

t t S





 

 





 

 
 
 
 
 
  

S Γ Γ  

 /i it x V    (39) 

Its pseudo-excitation has the following form 

 1 2
T

2 ( ) ( ) , , , ( )li ti t i t i t

rt t e e e S e
      F Γ  (40) 

Any arbitrary pseudo response can be calculated by 

   2
0

( , ) , ( )
t

t t d    u H F  (41) 

According to Eq. (23), one obtains 

 T( , ) ( , ) ( , )u t t t  S u u  (42) 

This is the pseudo-excitation method of the non-stationary 

random vibration in the space domain. When a vehicle is 

running on a bridge, using this method combined with the 

scheme proposed by Yang [24] will conveniently carry out 

the strict non-stationary random vibration analysis of the 

coupled vehicle-bridge system, in which the interaction 

between two independent systems is performed [25]. Note 

that this PEM-based method does not need any unevenness 

sample of the bridge surface in order to perform the 

step-by-step numerical integration. Instead it computes the 

power spectral density functions of various required 

responses directly by means of the PSD functions of the 

surface unevenness of the bridge deck. Therefore it is a strict 

random vibration approach, and is highly efficient. As its 

further development, Zhang [28] took the vehicle and bridge 

as an independent time-variant system, and also obtained 

strict non-stationary random vibration solutions by 

combining the PIM [27] with PEM.             

5 APPLICATIONS OF PEM TO BRIDGE AND 

VEHICLE  DYNAMICS 

5.1 No 2 Nanjing Yangtze River Bridge Subjected to 

Multiple Seismic Random Excitations 

 

Figure 1. No.2 Nanjing Yangtze River Bridge 

In the past thirty years, many very long bridges have been 

built in China. Most of them are located in earthquake active 

regions. The problem of how to evaluate their ability to 

withstand strong earthquakes has received much attention. 

Many scholars and engineers have made great efforts to 

tackle this difficult problem. They not only investigated 

international well-known achievements, e.g. [1,2], but also 

developed their own methods in combination with their 

projects. In this process, PEM has become a widely used and 

very useful tool. Fan and his colleagues at Shanghai Tong-Ji 

University [10] used PEM to investigate the seismic behavior 

of No 2 Nanjing Yangtze River Bridge, as shown in Figure 1. 

It is a five-span dual-tower cable stayed bridge with total 

length 1238m and tower height 195.4m. Three hundred 

modes were used for mode-superposition when using PEM. 
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Both wave passage effects and incoherence effects were 

taken into account. For directions along the bridge and across 

the bridge, the horizontal shear wave velocity takes values 

between 500 m/s and 1000 m/s.   Using 3D beam elements 

and based on a whole 3D FEM analysis, it was concluded 

that the wave passage effect is a significant factor for the 

computation of various dynamic responses. Up to 40% 

differences may be caused in comparison with those due to 

uniform seismic ground excitations.  

5.2 Seismic Analysis for Shamen-Zhangzhou 

Cable-Stayed Bridge     

 

Figure 2. Shamen-Zhangzhou Cable-Stayed Bridge 

Shamen-Zhangzhou Bridge (i.e. Zhangzhou Bay Bridge) as 

shown in Figure 2 is a cable-stayed highway bridge between 

two important Chinese cities Shamen and Zhangzhou, which 

are both very close to Taiwan Island. This bridge opened in 

May 2013. Its main span is 780 m, the total width of the deck 

is 37m and the total length of the bridge is 11.7km. It has 

four pylons and 296 cables which used 687000 cubic meters 

of concrete and 115000 tons of steel cables.     

The PEM, the response spectrum method and the 

time-history approach were used by a research group in 

Dalian University of Technology in the seismic analysis of 

this long-span bridge [11]. The results were compared to one 

another in detail. It was shown that if the ground motion is 

assumed to be uniform, various dynamic results from the 

three methods are very close to one another.  However, if 

the ground motion is assumed to be inhomogeneous, i.e. with 

the wave passage effects and incoherence effects considered, 

such dynamic results would be quite different. The 

probabilistic results by using PEM may produce significant 

and more reasonable changes with very economical 

computation cost. The results due to the time history method 

are not only very time consuming, but are also quite 

divergent depending on the ground acceleration samples 

adopted. 

 

 

 

 

5.3 Wind-Induced Flutter-Buffet Analysis for Tsing-Ma  

Suspension Bridge  

 

Figure 3. Hong Kong Tsing-Ma Suspension Bridge 

Hong Kong's Tsing-Ma long suspension bridge has a main 

span of 1377 m between the Tsing-Yi tower in the east and 

the Ma-Wan tower in the west carrying a dual three-lane 

highway on the upper level of the bridge deck and two 

railway tracks and two carriageways on the lower level 

within the deck. The height of the towers is 206 m, the north 

and south main cables are 36 m apart and are accommodated 

by the four saddles located at the top of the tower legs in the 

main span. The bridge deck is a hybrid steel structure 

continuing between the two main anchorages. It is suspended 

by suspenders in the main span and the Ma-Wan side span. 

On the Tsing-Yi side the deck is supported by three piers 

rather than suspenders. A three-dimensional dynamic finite 

element model was established for the Tsing- Ma bridge after 

the completion of deck welding connections. Three 

dimensional Timoshenko beam elements with rigid arms 

were used to model the two bridge towers. The cables and 

suspenders were modelled by cable elements accounting for 

geometric nonlinearity due to cable tension. The FE model 

has 1010 elements, 769 nodes and 2254 DOF. The fully 

coupled buffeting analysis was carried out by using the PEM 

in the frequency domain. This method can readily handle a 

bridge deck with significantly varying structural properties 

and mean wind speed along the deck, to make full use of the 

finite element bridge models already developed for the static 

and eigenvalue analyses.  

The buffeting response of the bridge deck obtained from 

PEM is in good agreement with that computed using 

Scanlan's method [29]. The aeroelastic damping was found to 

reduce the vertical response of the bridge deck, and the 

aeroelastic effects on the torsional vibration of the Tsing-Ma 

bridge are significant. The multimode effects are 

considerable on the vertical motion and torsional motion but 

not on the lateral motion of the bridge deck. Intermode 

effects can be neglected for the two modes in either lateral 

motion or vertical motion or torsional motion, but intermode 

effects should be considered for the aeroelastically coupled 

vertical and torsional modes of similar shape. The results 
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from the present approach reveal that the buffeting of the 

bridge deck considerably impacts the buffeting of towers and 

main cables, whereas the buffeting of towers and main cables 

moderately affects the lateral vibration of bridge deck.  

5.4 Wind-Induced Flutter-Buffet Internal Force Analysis for 

Xihoumen Sea-Crossing Suspension Bridge   

 

Figure 4. Xihoumen Suspension Bridge 

This bridge links Zhou-shan islands and Ningbo City of 

Zhejiang Province, located in the world-known super-strong 

typhoon region in the East China Sea. The fourth bridge of an 

island–linking project, it is a north-south bridge transversally 

crossing over Xihoumen water of 7.7km in length and 2.5km 

in width. It is a double span continuous suspension bridge. It 

ranks first among the steel box-girder suspension bridges in 

China and the second in the world. Its main span is 1650 m 

long, and the length of each main cable is 2882m. In fact, as 

the second longest suspension bridge in the world, it is only 

shorter than the Akashi Strait Bridge in Japan (with main 

span 1991m).  

How to evaluate the wind-induced flutter-buffet internal 

force distribution as well as the safety is one of the key 

challenges in its design. In order to investigate the safety of 

the north tower in its longest cantilever status in the 

construction stage, in normal service status and in the 

emergency status when the strongest gale within a century 

takes place, a 3D finite element model for the north pylon 

was meticulously established. The flutter-buffet analysis was 

performed under 0°and 90°wind yaw angles. The wind- 

induced structural internal force responses and the gust 

response factors of the pylon were studied by Dr. G. Liu and 

his colleagues in China Communications Construction 

Company (CCCC) Limited Highway Consultants Co. using 

PEM [15]. The numerical results show that the wind-induced 

bending moment responses have a gradually increasing trend, 

whereas the gust factors have a gradually decreasing trend 

with the decrease of the pylon elevation for all the above 

three statuses. Since this bridge opened in 2009, it has 

encountered the attacks of a few very strong typhoons, and 

the safety of the bridge has been fully confirmed.  

5.5 Pseudo-excitation Analysis for the riding quality of 

Maglev Trains 

The Shanghai Maglev Train is a magnetic levitation train line 

from Shanghai Pudong International Airport to the outskirts 

of central Shanghai near Shanghai, China. It is the first and 

only commercial high-speed maglev line in the world with a 

normal speed of 430 km/h. Construction of the line began in 

March 2001 and public service commenced in January 2004. 

The train set and tracks were manufactured using the 

German-originated Transrapid technology. Two commercial 

maglev systems had predated the Shanghai system—the 

Birmingham Maglev in the United Kingdom and the Berlin 

M-Bahn. Both were low-speed operations and had closed 

before the opening of the Shanghai Maglev Train due to 

reliability and other problems. In fact, so far there are still 

quite a lot of remaining problems with the system. The 

opening of this maglev line has therefore attracted many 

Chinese scholars to research them in order to further improve 

the performance of such trains so that they can be further 

developed in China. 

 

Figure 5. Shanghai Pudong Airport Maglev Train 

Clearly, the reliability and comfortability of the maglev 

train are of great concern. Dr. Zhou and his colleagues at the 

Institute of Railway and Urban Mass Transit of Tongji 

University have published several research papers covering 

these aspects [18,19], in which PEM was used as a basic tool. 

For track-vehicle systems, the unevenness of the track 

surface is the main reason that causes vehicle random 

vibration. In addition, the time lags between the forces acting 

on the front and rear wheels will result in the “wave-passage 

effect”. Previously, such analyses were considered rather 

difficult, and the inefficient time domain integration scheme 

was used to calculate such random vibration approximately. 

Zhou et al. [18] found that PEM can deal with such problems 

very conveniently and efficiently. Based on the TR08 maglev 

train model, they obtained the required PSD functions of 

some responses, and so easily obtained the accurate Sperling 

stability index at the body center, which is the key parameter 

necessary for the design of maglev trains.  
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5.6 Probabilistic Reliability Analysis of Vehicle-Bridge 

Systems by means of PEM 

Presently, PEM is playing an important role in the 

development of automobiles [16,17], maglev trains [18,19] as 

well as high-speed trains[20-23] in China. Train-bridge 

coupled random vibration caused by the track surface 

roughness has also received much attention in the research 

and development of high-speed trains[20,25,28]. 

The unevenness of the road/track surface is the most 

important cause of vehicle vibration. Because of the 

complexity and low efficiency of the traditional random 

vibration approach, previously, when calculating such 

random vibration, the vehicles were modeled as multi-mass 

systems with ten or at most 20 degrees of freedom. Such 

approximate models cannot reflect the high frequency 

components in real random signals, and cannot evaluate the 

random fatigue life due to the dynamic stress concentration. 

In addition, the power spectral density functions of the 

random surface unevenness are generally represented by one 

or a small number of time history samples for approximate 

random vibration calculation. Clearly, this is not a strict 

random vibration approach.     

The PEM provides a strict and highly efficient random 

vibration approach to such vehicle-bridge problems. Even for 

3D finite element vehicle-bridge models with tens of 

thousands of DOF, accurate random vibration analysis has 

now become very simple. Therefore PEM has not only been 

widely used in the automobile industry to improve the 

dynamic performance, but also in the high-speed train 

industry. In terms of PEM and much relevant research 

success, Dalian University of Technology has cooperated 

with a high-speed train manufacturer to develop the special 

techniques and corresponding software in order to improve 

the comfort and reliability of the high-speed trains.   They 

have completed such a module HiPEM [21] integrated into 

the SiPESC (Software Integration Platform for Engineering 

and Scientific Computation) [23]. As the track can be 

regarded as an infinitely long and periodical substructural 

chain, therefore the symplectic mathematical method [27] has 

been well applied in order to further accelerate the computing 

speed [28,30].  

Figure 6 shows a finite element model of a coach of the 

CRH2 High-Speed Train widely used in China. This model 

consists of 3D beam, plate and block elements, and has 

720924 DOF in all. When it runs on the track, the “wave 

passage effect” was taken into account in the random 

vibration analysis by means of PEM.  Figure 7 gives the 

distribution (cloud graph) of the vertical acceleration 

standard differences of a high-speed train coach body and the 

international standard ISO-2631 is used to evaluate the riding 

comfort. All computations were performed on an ordinary 

PC.    

 

Figure 6. FE Model of A High-Speed Train Coach Body 

analyzed by PEM 

 

 

Figure 7. Vertical Acceleration Standard Differences of a 

High-Speed Train Coach Body Using SiPESC-HiPEM 
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1 INTRODUCTION 

Rapid and accurate analysis of the dynamic responses of 

bridge structures subjected to moving loads is an important 

problem for the design and maintenance of bridges. 

Therefore, it has received much attention. Wang and Huang 

[1] investigated the vibration of cable-stayed bridges caused 

by vehicles moving on the irregular deck surface, and the 

impact coefficient of different road grades and different 

running speeds were discussed. Based on the correlation of 

road roughness, the dynamic behavior of multi-span 

continuous girder bridges under the action of heavy vehicles 

was studied by Liu and Wang [2]. Law and Zhu [3] 

investigated the dynamic behavior of concrete bridges with 

damage characteristics. The safety of long-span bridges due 

to moving vehicles under crosswind was studied by Guo and 

Xu [4]. The dynamics of vehicle bridge interaction when the 

vehicle is braking or accelerating was studied by Ju and Lin 

[5]. The dynamic response of bridges subjected to moving 

vehicle loads with different irregularity grades was assessed 

by Ding et al. [6]. Liu et al. [7] investigated under which 

conditions dynamic train–bridge interaction should be 

considered for the dynamic analysis of a bridge during the 

passage of a train and the effects of several parameters 

related to the train and the bridge were studied. The dynamic 

stress response of suspension bridges jointly subjected to the 

action of wind, railway loads and highway loads was studied 

by Chen and Xu [8].  

Long span bridges are slender, and will demonstrate more 

complex dynamic behavior than ordinary bridges under 

moving vehicle loads. This paper proposes a virtual loaded 

element approach (VLEA) to deal with the dynamic response 

of bridges under moving loads. In each time step, the load 

moves from one end of the virtual element to the other. At an 

arbitrary instant within this time step, the load is firstly 

decomposed to the nodes of the virtual element, which are 

then further decomposed to the nodes of the actual structural 

element, i.e. the finite element. Therefore the method is not 

affected by the step size. However it can effectively simulate 

the continuous movement of the load, and in particular it can 

easily deal with the cases when the load crosses the structural 

elements. It is known that due to the existence of the road 

surface roughness, moving loads are random in nature. For 

cable-stayed bridges subjected to random excitations of 

moving vehicles, the traditional analysis methods in the 

frequency domain are very cumbersome and time- 

consuming.  

In this paper, the above difficulties are effectively 

overcome by means of the pseudo excitation method. Using 

this method, the moving random loads are transformed into 

moving “pseudo harmonic loads”, and the coherency 

between two arbitrary wheel loads can be dealt with simply 

in terms of a phase angle [9]. The node loads of the deck 

elements due to the moving pseudo harmonic loads have the 

form of a polynomial function multiplied by a combination 

of trigonometric functions. Accordingly, a new precise 

integration scheme is proposed, which can accurately 

simulate the continuously moving process of the load, and so 

the random responses of the bridge can be analyzed reliably 

and efficiently. Finally, the power spectral density functions 

and variances are obtained very conveniently. Two numerical 

examples, a simple supported beam bridge and a cable-stayed 

bridge, under moving loads are shown, and the results are 

discussed. 

2 EQUATIONS OF MOTION FOR THE BRIDGE 

STRUCTURE AND PRECISE INTEGRATION 

METHOD IN TIME DOMAIN  

The equations of motion of bridge structures subjected to 

moving loads can be expressed as [2, 3]  

( ) ( ) ( ) ( )t t t t  My Cy Ky f   (1) 

Here, M , C and K are respectively the mass matrix, 

damping matrix and stiffness matrix, ( )tf  is the load 
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vector, ( )ty , ( )ty and ( )ty respectively are the acceleration, 

velocity and displacement vectors. 

For a practical structure with many degrees of freedom, the 

modal superposition method is adopted. For this reason, the 

modal coordinate transform is introduced [10] 

( ) ( )t ty ψu         (2)
 

where ψ  is the m- normalized structural modal matrix and 

( )tu  is the corresponding modal response vector. 

Substituting Eq. (2) into Eq. (1) gives  

   
T( ) ( ) ( ) ( )t t t t  u Cu Ku ψ f        (3)

 where 
TC ψ Cψ，

TK ψ Kψ . 

The equations of motion can be converted into the state 

space [11] 

( ) ( ) ( )t t t v Hv r          (4) 

in which  

    
 

  
 

0 I
H

B G
；  B K；  G C  
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t
t

t

 
  
 

u
v

u
；  

T

0
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t

t

 
  
 

r
ψ f

 

    
 (5) 

 

Assume that the system state vector ( )ktv  is known at 

time kt , and so the system state vector 1( )kt v  at time 

1k kt t t    is [11] 

 1 1( ) ( ) ( ) ( ) ( )k k p k p kt t t t t    v T v v v   (6) 

Here, ( )tT  is an exponential matrix and ( )p tv  is the 

particular solution. The exponential matrix ( )tT  can be 

precisely calculated using the 2N algorithm. The particular 

solution vector ( )p tv  has different forms according to 

different loads [11]. In subsequent parts of this paper, a 

moving load will be decomposed into the sum of a moving 

deterministic load and a moving zero-mean-valued stochastic 

load, and the corresponding precise integration schemes will 

be established separately in the time domain. 

3 DECOMPOSITION OF A MOVING LOAD INTO 

THE NODES OF A STRUCTURAL ELEMENT 

 

Figure 1. First decomposition of the moving load 

 

3.1 Decomposition of a moving load into the nodes of the 

virtual element 

Figure 1 shows a load p  moving on the j th beam 

element at a constant speed V. The length of the element is l . 

Within a time step Δt , the load moves from point A  to 

point B , and AB  is defined as a virtual element. Within 

the time step Δt , the position of the virtual element remains 

static, and the load moves within it. When the load reaches 

the end B, the virtual element will “jump” to the next 

adjacent position, and becomes the virtual element 

corresponding to the next time stepΔt . For the moving 

virtual element in Figure 1, the load ( )p t can be 

decomposed to the nodes of the virtual element using the 

shape functions ( )l N and ( )r N of ordinary finite 

element analysis [12]. At any time 1t t τ  , 

 0,τ Δt (i.e.  1 2,t t t and  1 2,x x x ). The 

equivalent nodal loads generated by the load ( )p t  at nodes 

A and B, are 
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Here, 
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(8) 

 

in which 

   
 2 11

1 2

x xx
ξ = τ ξ ξ τ

l lΔt


     

   1 2,x x x ,  0,1ξ  

(9) 

In the actual beam element, the two parameters of the 

relative position function corresponding to Eq. (9) are 

1
1

x
ξ

l
 ，

 2 1

2

x x
ξ

lΔt


          (10) 

In the virtual element, the two parameters of the relative 

position function corresponding to Eq. (10) are 

 1 0ξ  ， 2 1/ξ Δt            (11) 

It can be seen from Figure 1 that after the first 

decomposition, the moving load has been transformed into 

the loads acting on the fixed points A  and B , i.e. the load 

acting at point A  is  

     Force:  3

3 2 2

2 2 3( 1 3 2)l τf τ ξ ξ pτ    

     Moment:  22 3

5 2 2

3

2( ) 2lf τ ξ ξτ ξ lpτ τ       
(12) 

while the load acting at point B  is  
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     Force:  2 3

3 2

3

2

2( ) 3 2r τf τ ξ ξ pτ    

    Moment:  2 2

2 2

33

5 ( )r τf τ ξ ξ lpτ    

  

(13) 

3.2 Transformation of virtual element loads into actual 

element loads 

It is noted that 1η = x1/l and 2η = x2/l are the relative 

positions of points A  and B  in the actual element, 

respectively. If the moving load p has been transformed to 

the actual element nodes, the equivalent load expressions at 

the left and right nodes of the actual element can be listed as 

below. 

 

Figure 2. The equivalent load of the actual element at A  

As shown in Figure 2, the equivalent loads of the actual 

element at point A  are  

   
2 3

0 1 2 3( )jl l l l l      f b b b b   

   
2 3

0 1 2 3( )jr r r r r      f b b b b   
(14) 

in which klb  and krb ( k =0,1,2,3) are coefficient 

vectors.  

 

Figure 3. The equivalent load of the actual element at B  

Similarly, as shown in Figure 3, the equivalent loads of the 

actual element at point B  are 

   2 3

0 1 2 3( )jl l l l l      f b b b b   

   2 3

0 1 2 3( )jr r r r r      f b b b b   
(15) 

in which klb  and krb ( k =0,1,2,3) are coefficient 

vectors. 
When the above load vectors at the nodes are accumulated, 

expressions for the nodal loads of the actual structure are 

obtained. Three cases have been discussed: (1) in a time step, 

the moving load is located in a single virtual element; (2) in a 

time step, the moving load is located in two adjacent virtual 

elements; (3) in a time step, the moving load is located in 

three or more adjacent elements. 

4 PRECISE INTEGRATION SCHEME OF THE 

STRUCTURAL DYNAMIC RESPONSE UNDER 

MOVING LOADS 

At any instant kt t τ  ,  0,τ Δt , for moving 

constant force and harmonic loads, the precise integration 

scheme of the structural dynamic response is established as 

follows. 

 

4.1 Precise integration scheme of the dynamic response 

under a moving constant load 

Under a moving constant load, from the above analysis, it is 

known that the nodal loads of the structural elements are 

third order polynomials with the following form 
2 3

1 10 12 12 13( )      r r r r r
      

(16) 

Its particular solution is 

     
2 3

1 10 12 12 13( )p       v k k k k
   

(17) 

in which the coefficient vectors respectively are given by 

   1

1

J H ; 

     13 1 13 k J r ; 12 1 13 12(3 ) k J k r ; 

    11 1 12 11(2 ) k J k r ; 10 1 11 10( ) k J k r   

(18) 

 

4.2 Precise integration scheme of the dynamic response 

under a moving harmonic load 

Under a moving harmonic load, in accordance with the above 

analysis, the nodal loads are given by combining a third order 

polynomial and a harmonic function
  

       
   2 3

2 20 21 22 23( ) ki t
e
 

   


   r r r r r (19)
 

Its particular solution is 

 2 3

2 20 21 22 23( ) i

p e       v k k k k
  

(20) 

where 

    
1

2 i


 J I H ; 

     23 2 23 k J r ; 22 1 23 22(3 ) k J k r ; 

    21 2 22 21(2 ) k J k r ; 20 2 21 20( ) k J k r   

(21) 

Using the above particular solutions, the structural 

dynamic response can be calculated step by step by means of 

Eq. (6) or by the modal coordinates given by Eq. (2). 

By means of the above derivation, the continuously 

moving load is accurately simulated. In comparison with the 

general time domain integration method, this method is not 

only highly efficient, but also has good accuracy.  

5 PSEUDO-EXCITATION ANALYSIS OF 

STRUCTURES UNDER MOVING STOCHASTIC 

LOADS 

Consider a moving stochastic load, which consists of a 

deterministic mean part p  and a zero-mean-valued random 
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part p , and whose auto power spectrum density 
ppS  is 

known. For this moving random component, based on the 

pseudo exaction method [9], one can construct a moving 

pseudo excitation 
i t

ppp S e  , and substitute it into the 

equations of motion, i.e. Eq. (1). The pseudo dynamic 

response of the bridge under this moving pseudo load can be 

obtained easily by Eqs. (6) and (20). 

For any arbitrary dynamic response ( , )v t , its power 

spectral density can be obtained by the following formula 

based on the pseudo excitation principle [9] 

  
*( , ) ( , ) ( , )T

vvS t v t v t   
    

(22) 

Furthermore the random vibration variance can be 

calculated by the above power spectrum as 

2

0
( ) 2 ( , )v vvt S t d  



       
 

(23) 

6 NUMERICAL EXAMPLES 

6.1 A simply supported beam bridge 

 

Figure 4. A simply supported beam bridge under a load P  

moving with a constant velocity V 

Figure 4 shows a simply supported beam bridge. Its 

dimensionless parameter values are: 200L  , linear 

density of the beam is 100m  , bending stiffness of the 

beam is 
102 10EI   , velocity of the moving load is  

20V  (constant), load value is 100P  (constant). 

For the dynamic response analysis of a uniform beam 

under a moving load P , the series solution of the dynamic 

response of the beam can easily be solved using the mode 

superposition method. For a simply supported beam, the 

equation of motion is [12] 
4 2

4 2

( , ) ( , ) ( , )
( ) ( )

y x t y x t y x t
EI m c x Vt P t

x t t


  
   

     
 

(24) 

Let 

1

( , ) ( ) ( )
N

n n

n

y x t q t x


 , ( ) sinn

n x
x

L


 

     
 

(25) 

The structural dynamic response analysis is performed by 

the precise integration algorithm established in section 4 of 

this paper. For simplicity, the beam is divided into 4 plane 

beam elements. The lumped mass at the three internal nodes 

is 1/4 of the total beam mass. By ignoring the inertia at all 

nodes, and all angular displacement components are 

eliminated by condensation, the equations of motion with 

three degrees of freedom can be obtained, which are very 

easy to solve for the numerical solution. 

In order to compare with the analytical series solution, the 

influence of damping is temporarily neglected, and the mass 

and stiffness matrices are respectively 

 

1 0 0

0 1 0
4

0 0 1

ml
M

 
 


 
  

,   3

23 22 9
192

22 32 22
7

9 22 23

EI
K

l

 
 

  
 
    

 
(26) 

A total of 100 terms are taken from the series solution of 

Eq. (25), which is accurate enough to be used as the 

“reference solution” to assess the accuracy of the solution by 

means of the method proposed in this paper.  

The equivalent nodal loads are generated according to Eqs. 

(14) and (15) by the proposed method. The structural 

dynamic responses are analyzed the precise integration 

scheme of Eqs. (6) and (17). The calculation results are 

shown in Figure 5.  

 
Figure 5. Comparison of the bridge midpoint displacement 

between analytical and numerical solutions  

 

Figure 6. Standard deviation of the bridge midpoint 

displacement 

It can be seen from the figure that the results from the 

proposed method agree very well with the reference solution. 

The differences for all compared values are within 0.001%. 

Because the exact particular solution under a moving load 

can be obtained analytically, even if a very large time step 

were adopted, the obtained results would still be extremely 
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accurate for the case of moving random loads. The power 

spectrum density is assumed to be ( ) 63.66pS   , 

 0,25  . The response standard deviation of the 

bridge midpoint displacement is calculated and the results are 

shown in Figure 6. 

6.2 Cable-stayed bridge 

A large span cable-stayed bridge is shown in Figure 7. Its full 

length is 1176 m and the width of the deck is 30.6 m. The 

length of the main bridge is 846 m, the span arrangement is 

(198+450+198) m, and it is a floating system with double 

cable planes and double towers. The main tower pier is 

consolidation reinforced concrete and a pre-stressed 

reinforcement structure, and the main girder is a beam slab 

structure. The finite element model used in the dynamic 

analysis has 833 elements, 668 nodes and 3960 degrees of 

freedom. 

 

(a) General view of the bridge 

 

(b) Front view of the bridge 

Figure 7. Finite element model of a long span cable-stayed 

bridge 

Two cases, with a moving constant load and a moving 

stochastic load, respectively, are calculated. The moving load 

velocities are both 20 m/s. For the moving constant load 

100P kN . For the moving stochastic load, the power 

spectrum density is 
2( ) 63.66 / /pS kN rad s  , 

 0,25  . Along the longitudinal direction of the main 

bridge, 21 points with nearly equal intervals in the deck are 

selected for observation. The vertical displacements of the 21 

points are calculated. The results are shown in Figures 8 and 

9.  

It can be seen from Figure 8 that, as the load moves to the 

right, the maximum deflection takes place at or quite near the 

location of the moving load. In addition, because the bridge 

structure is symmetric about its midpoint, the selected 

observation points are also symmetric, and therefore the 

displacement responses of the deck displacement also show 

the symmetric characteristics. For the moving stochastic load 

case, the displacement response standard deviation is shown 

in Figure 9.  

 

 

Figure 8. Vertical displacement response curves caused by a 

moving constant load when the load arrives at the 21 

observation points on the deck 

 

Figure 9. Standard deviation response curves of the vertical 

displacements caused by a moving stochastic load when the 

load arrives at the 21 observation points on the deck 

7 CONCLUSION 

In this paper, a virtual loaded element approach which 

combines the precise integration method with the pseudo 

excitation method is proposed to calculate the bridge 

vibration caused by deterministic or stochastic loads moving 

on the deck. The corresponding precise integration scheme is 

established, which can efficiently simulate the continuously 

moving process of the moving load. The structure responses 

are analyzed efficiently and accurately under a moving 

constant load and a moving stochastic load.  

This research has certain reference functions to the 

dynamic behavior of a long span bridge considering 

stochastic moving traffic loads. A simply supported beam 

bridge and a real cable-stayed bridge under moving loads 

were analyzed and compared with the reference solutions to 

show the effect of the proposed method. 
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ABSTRACT: An analysis framework for dynamic interaction of train-bridge system with wind barriers under wind load is 
proposed based on the theory of bridge wind engineering and structure dynamics. The wind forces acting on bridge, wind 
barriers and train vehicles include steady forces induced by mean wind and unsteady forces induced by fluctuating wind. The 
detailed calculation formula of unsteady aerodynamic forces on bridge and vehicles are derived according to wind vibration 
theory. The bridge is described by modal superposition method based on three-dimensional finite element model, and the 
vehicle is modeled by a multi-rigid-body system connected with a series of springs and dampers. The effect of wind barriers on 
the dynamic responses of the train-bridge system is analyzed. By taking a continuous beam bridge on a high-speed railway as an 
illustrating example, the dynamic responses of the bridge and the train vehicles subjected to strong wind are calculated in the 
time domain when a train vehicle passing the bridge with or without wind barriers and the running safety indices of vehicles are 
evaluated. 

KEY WORDS: Wind-train-bridge coupled system; Wind field; Wind barriers; Dynamic response. 

1 INTRODUCTION 
Wind disaster is one of the main natural disasters that affect 
the operation safety of railways. In the northwest region of 
China, railway lines pass through some strong wind areas, 
where the train service is often interrupted by the wind, and 
the train overturning accidents occasionally occur [1,2], so 
effective measures should be taken to ensure the operation of 
running trains. The experience of Japan's Shinkansen shows 
that wind barriers can obviously decrease the number of train 
stops under strong wind [3, 4], so it is necessary and effective 
to set wind barriers on bridges in strong wind field to ensure 
the running safety and stability of trains.  

The high-speed railway line from Lanzhou to Urumqi in 
west China under construction passes through the strong wind 
area where the instantaneous wind velocity is up to 60 m/s. 
When the high-speed train runs on the bridges in this area, the 
wind force may induce the train to overturn or derail as well 
as the bridge to vibrate intensely. The dynamic response of the 
train will decrease under the protection of wind barrier, while 
the aerodynamic force on the bridge will increase to 
exacerbate the bridge vibration when the wind barrier is 
installed on the bridge. Therefore, the running safety of the 
train on the bridge under wind load and the influence of the 
wind barrier on the bridge and the train become a vital factor 
that should be analyzed in the design of railway bridges. 

With the new built Lanzhou-Xinjiang railway as a research 
background, this paper research the dynamic problem of a 
high-speed train running through a continuous beam bridge 
with and without wind barrier subjected to turbulent wind. A 
rational analysis framework is established to estimate the 
vibration response of the coupled vehicle-bridges system in 
the wind field, so as to evaluate the dynamic performance of 
the bridge and the running safety of high-speed trains. At the 
same time, the windbreak structures are studied to improve 

the running safety of the train, to reduce the interruption on 
bridge operation when strong wind occurs. 

2 NUMERICAL SIMULATION OF WIND LOAD 

2.1 Wind velocity field 

An autoregressive model can be used to simulate the wind 
velocity field which is essentially stochastic time series. m 
related turbulent wind time histories v(X, Y, Z, t) = [v1(x1,y1, 
z1,t)  v2(x2, y2, z2, t) …vm (xm , ym, zm, t)] can be generated by 

1

(X,Y,Z, ) (X,Y,Z, ) ( )
p

k
k

v t v t k t N tf D


                  (1) 

where T
1 2X [   ]mx x x  , T

1 2Y [   ]my y y  , T
1 2 mZ [   ]z z z  ,  

),,( iii zyx  is the coordinate the i-th point, i=1,2,3,…,m; p is 
the order of AR model; t  is the time interval of wind field 
simulation; k  is the autoregressive coefficient mm  square 
matrix of AR model, k=1,2,…, p; and N(t) is a zero-mean 
independent stochastic process with given variance. 

For convenience, v(X, Y, Z, t) is written as v(t). Based on 
the assumption of wind field simulation and the characteristics 
of auto-correlation function expressed by 
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the relationship between the correlation function )( tjR   
and the autoregressive coefficient k  is given by 
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where RN is the covariance matrix. Using Equation (4), it 
finally gets the autoregressive coefficient matrix k, and then 
substituting k into Equation (5), RN can be solved.  

When the coefficient matrix k  and the covariance matrix 
RN of AR model are calculated, the fluctuating wind velocity 
time series can be easily generated using Equation (1). 

2.2 Wind load acting on the bridge 

The wind forces acting on the bridge include the static force 
caused by mean wind, the buffeting force caused by 
fluctuating wind, and the self-exciting force caused by the 
interaction between the wind and bridge motions. Each 
component contains forces from three directions of drag force, 
lift force and moment. The lift force Lst, drag force Dst and 
moment Mst per unit length caused by mean wind can be 
calculated according to the classical airfoil theory:  

2
st L

1= ( )
2

L u C B                                     (6-a) 

2
st D

1= ( )
2

D u C D                                   (6-b) 

 2 2
st M

1= ( )
2

M u C B                                  (6-c) 

where the subscript st represents the static forces; u  is the 
mean wind velocity; CL(α), CD(α) and CM(α) are, respectively, 
the non-dimensional lift, drag and moment coefficients, which 
are determined by the structure size and wind attack angle α, 
whose values can be measured from wind tunnel tests of 
section model; B and D are, respectively, the width and height 
of the bridge deck segment. 

The buffeting forces per unit length are commonly 
expressed in terms of quasi-steady model as follows [5]: 

2
bf D
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D t u B C

B u
    

                       (7-a) 
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2 2
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             (7-c) 

where the subscript bf represents the buffeting 
force; D Dd dC C   , L Ld dC C   , M Md dC C   ; u(t) 
and w(t) are the lateral and vertical components of the 
fluctuating wind velocity, respectively. 

The self-excited forces per unit length, i.e. lift Lse(t), drag 
Dse(t), and moment Mse(t) are commonly described utilizing 
flutter derivatives in frequency domain as follows [6]: 
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where the subscript se represents the self-excited wind forces; 
*
iH , *

iP and *
iA (i=1,…,6) are frequency dependent flutter 

derivatives from wind tunnel tests; K B u is reduced 
frequency;  is the circular frequency of vibration; hb, pb, and 

b  are vertical, lateral, and torsional displacement of bridge, 
respectively.  

2.3 Wind load acting on the train 

Similar to the bridge, wind forces acting on a train in cross-
wind field can be divided into two parts, i.e. steady 
aerodynamic forces induced by the mean wind velocity 
component of natural wind and unsteady aerodynamic forces 
induced by the fluctuating wind velocity component [7, 8]. 
The wind forces acting on the bogie and wheel-sets of the 
vehicle are neglected because of their small windward area, 
thus only wind forces acting on the car-body are taken into 
account, which mainly refer to side force FS, lift FL and 
rolling moment M with respect to the mass center of the car 
body. The wind forces acting on the car-body can be given [9]: 
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where 2 2 2
R TV V u  , RV  is the wind velocity relative to the 

train, VT is the train speed; A and H are the reference area and 
height of the vehicle, respectively; ( )iC   and ( )iC   
( S L v, ,i F F M ) are the side force, lift force and moment 
coefficients of the vehicle and their first order derivatives at 
the wind attack =0 . In the right side of Equation (9), the 
first term represents the steady aerodynamic force, while the 
other two terms represent the unsteady, respectively.  

It can be seen from Equation (9) that the fluctuating 
components of wind velocity field u and w should be obtained 
in order to decide the unsteady aerodynamic forces. In 
addition, the aerodynamic coefficients of the vehicle and their 
first order derivations also should be provided. Of course, the 
turbulent wind velocities can be simulated at a series of points 
along a longitudinal line passing through the mass center of 
the car-body by the method in Section 2.1. 
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3 DYNAMIC MODEL OF WIND-TRAIN-BRIDGE 
SYSTEM WITH WIND BARRIERS 

3.1 Modeling of train 

In this paper, a 4-axle vehicle with two suspension systems is 
taken as an example to demonstrate the modeling of the 
vehicle. To simplify the analysis but with enough accuracy, 
the five assumptions which are described in detail in Ref. [10] 
are used in the modeling of the vehicle subsystem.  

  Both the car-body and each bogie have five degrees-of-
freedom, including the floating, the lateral movement, the 
rolling, the yawing, and the pitching. Each wheel-set has three 
degrees-of-freedom, including the floating, the lateral 
movement, and the rolling with respect to its mass center. As 
a result, the total degrees-of-freedom of the vehicle are 27. 
Then the vehicle and the bridge are associated with the 
supposed wheel-rail relation and take the track irregularity as 
the excitation source. 

3.2 Modeling of bridge 

The bridge is composed of girders, piers, abutments, deck 
system and track system. Due to the complexity of coupled 
components, suppose the girder and the track have no relative 
deformation and the elastic deformation of the track system is 
also neglected. Thus based on the finite element fundamentals, 
the bridge is discretized as a three-dimensional finite element 
model. By applying the modal comprehension analysis 
technique where the generalized coordinates of bridge 
vibration modes are solved rather than the motion equations of 
the bridge directly, the total number of the degrees-of-freedom 
of the system is significantly reduced and the coupled 
equations of motion are efficiently solved. Detailed 
formulations can be found in Ref. [11]. 

3.3 Wind-train-bridge system considering wind barriers 

Based on the previous model of the vehicle, bridge and wind 
field, the wind-train-bridge dynamic interaction analysis 
model is derived considering the effect of the wind barrier. 
Since the stiffness of wind barrier on is small relative to the 
bridge, and only the stand column of the wind barrier is 
connected with the bridge, it is not considered that the wind 
barrier influence on the bridge modes. So only the effect of 
the wind barrier on the wind forces acting on the bridge and 
the train is considered to calculate the dynamic response of 
the system.  

The motion equations of train-bridge coupling system under 
wind load can be expressed as follows: 

vv vv vbv v

bb bv bbb b

st ust
vv vb v v0 v v

st bf se
bv bb b b0 b b b

+

+
+ +
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K K X F F F
K K X F F F F

 

 

  

   (10) 

where: the subscripts v and b represent the train and bridge, 
respectively; Mvv, Cvv and Kvv are the mass, damping and 
stiffness matrices of the train, respectively; Mbb, Cbb and Kbb 
are the mass, damping and stiffness matrices of the bridge, 
respectively; Kvb and Kbv , Cvb and Cbv are the stiffness and 
damping matrices due to the interaction between the bridge 
and the train; vX , vX , vX  and bX , bX , bX  are the 

acceleration, velocity and displacement vectors of the train 
and the generalized coordinate vector of the bridge, its first 
order derivation, its second order derivation, respectively; Fv0 
and Fb0 are the force vectors due to the train-bridge interaction 
through the track and wheels under the moving train, 
respectively; st

bF , bf
bF , and se

bF are the modal static wind force 
vector, buffeting force vector and the self-excited force vector 
of the bridge, respectively; st

vF  and ust
vF are the steady force 

vector and unsteady force vector of the vehicle. Note that 
different aerodynamic coefficients are adopted with or without 
wind barriers when calculating the aerodynamic forces on the 
bridge and the train. 

4 CASE STUDY 

4.1 System input data 

During the design of the Lanzhou-Xinjiang high-speed 
railway, the wind-train-bridge calculation program was used 
to calculate the dynamic response of the bridge and the 
running safety indices of the train traveling on the bridge with 
or without wind barriers when the wind is normal to the 
motion of the vehicle at the level of the vehicle mass center.  

In the wind prone region of the Lanzhou-Xinjiang railway, 
the whole bridge is installed with the single-side 4 m height 
wind barrier, as shown in Figure 1.  

 

30
1340/2 1340/2

30
5

40
0

 
Figure 1. Single-side wind barriers on the bridge (Unit: cm) 

     The bridge concerned is composed of 5-span continuous 
PC beams with the length of 40+3×64+40 m, whose finite 
element model is shown in Figure 2. The natural vibration 
characteristics of the bridge are analyzed to obtain the 
frequency and the vibration modes. The range of the first 60 
order natural vibration frequency is 0.437 Hz~32.01 Hz. 

 
Figure 2. Finite element model of the continuous beam bridge 

The train in the case study is the ICE train in Germany, 
composed of 2×(3M+1T), where M represents the motor-car 
and T the trailer-car. The height and width of the car-body are 
3.5 m and 2.7 m. The average static axle loads are 160 kN for 
a motor-car and 146 kN for a trailer car. The other parameters 
of the ICE train can be found in Ref. [5]. All the vehicles are 
the same in a train and the wind is normal to the motion of the 
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vehicle at the level of the vehicle mass center. The train runs 
on a straight track at a constant speed. 

The track irregularities are generated by harmonic synthetic 
method on the basis of the German PSD functions of rail 
irregularities for high-speed railways, whose detailed 
expressions can be found in Ref. [5]. The length of the 
simulated data is 2000 m with the maximum amplitude being 
4.20 mm in the lateral direction, 5.80 mm in the vertical 
direction and 0.002 rad in the torsional direction. Then the 
wind velocity time series are simulated according to the given 
PSD functions in Ref. [12] adopting the method in Section 2.1. 
In the addition, the aerodynamic coefficient of the bridge and 
the vehicle with respect to wind angle at the zero wind angle 
of attack also should be given to calculate the wind forces by 
the wind tunnel test, listed in Table 1. 

Table 1 Aerodynamic coefficient 

Item DC  LC  MC  LC MC

Bridge 1.09 0.47 0.15 0.74 -0.40Without wind 
barriers Vehicle 1.37 0.052 0.82 -- -- 

Bridge 2.03 -0.13 0.24 0.057 0.13With 4m wind 
barriers Vehicle 0.33 0.094 0.21 -- -- 

 

4.2 Bridge response 

Shown in Figure 3 are the maximum displacements of the 
bridge with and without wind barriers under different mean 
wind velocities when the train speed is 200 km/h.  
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Figure 3. Maximum displacement of bridge vs. wind velocity 

at VT=200 km/h 

    It can be seen that wind force has obvious influence on the 
lateral displacements of the bridge, which increase with the 
wind velocity significantly, while it has relatively little effect 
on the vertical displacements. At the same time, the lateral 
displacements of the bridge with wind barrier are larger than 
those without wind barrier, while the vertical displacements of 
the bridge with wind velocity are the opposite. 

For the bridge without wind barrier, Figure 4 shows the 
time histories of lateral and vertical accelerations of the bridge 
when the train runs at 200 km/h on the third span whether or 
not considering the wind forces.  

-15
-10
-5
0
5

10
15

0 5 10 15 20 25 30
time [s]

ac
ce

le
ra

tio
n 

[c
m

/s2 ]

u=0 m/s

 

-15
-10
-5
0
5

10
15

0 5 10 15 20 25 30
time [s]

ac
ce

le
ra

tio
n 

[c
m

/s2 ]

u=30 m/s

 
(a) Lateral acceleration 
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(b) Vertical acceleration 

Figure 4. Mid-span acceleration time histories of the third 
span of the bridge at VT=200 km/h 
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The time histories show that the accelerations reach the 
maximum value when the train travels on the bridge, while the 
wind force has slight effect, because the accelerations are 
mainly caused by the track irregularity and train excitation. 
The acceleration decreases rapidly after the train leaves the 
span without wind action, while it obviously has turbulent 
characteristic with wind action. The maximum lateral and 
vertical accelerations of the third span are 11.8 cm/s2 and 8.18 
cm/s2 without wind, and they are 12.3 cm/s2 and 9.68 cm/s2 

with the mean wind velocity 30 m/s, respectively, indicating 
that the wind force has no great influence on the bridge 
acceleration. 

Furthermore, the bridge acceleration is also calculated with 
wind barriers. The results of the mid-span maximum 
accelerations of the third span of the bridge are listed in Table 
2 when the train runs at 200 km/h. It can be found that the 
lateral and vertical accelerations of the bridge changed little 
with the wind velocity, and the lateral accelerations are larger 
than the vertical ones, indicating that the wind barriers have 
little effect on the maximum acceleration of the bridge. 

Table 2 Maximum accelerations of the bridge at the third span 

Mean wind velocity 
/(m/s) 5 10 15 20 25 30

Without 
wind barriers 11.60 11.90 12.10 11.90 12.00 12.30Lateral/ 

(cm/s2) With wind 
barriers 11.80 11.80 12.00 11.90 11.50 12.80

Without 
wind barriers 8.18 8.10 8.40 8.62 7.54 9.68Vertical/ 

(cm/s2) With wind 
barriers 8.19 7.08 8.04 8.14 8.02 8.67

4.3 Vehicle response 

The maximum car-body accelerations as the train runs at 200 
km/h are listed in Table 3. 

Table 3 Maximum car-body accelerations of the train  

Mean wind velocity 
/(m/s) 5 10 15 20 25 30 

Without 
wind barriers 41.14 43.07 52.32 60.60 82.55 110.39Lateral/ 

(cm/s2) With wind 
barriers 41.22 40.65 41.30 43.03 46.56 48.31

Without 
wind barriers 59.53 59.51 59.57 59.57 58.94 59.24Vertical/ 

(cm/s2) With wind 
barriers 59.49 59.45 59.58 59.59 58.34 61.09

 
    It can be seen from the table that the lateral car-body 
accelerations increase obviously with the wind velocity 
without installing wind barriers, while increase slowly with 
wind barriers. When the mean wind velocity is 30 m/s, the 
maximum lateral car-body accelerations are 48.31 cm/s2 and 
110.39 cm/s2 with and without wind barriers, respectively. 
However, the vertical car-body acceleration has no big change 
with the increase of wind velocity.  

The running safety indices of the train such as offload 
factors, derailment factors, overturning factors and lateral 

forces of the wheel-set are shown in Figure 5, as the mean 
wind velocity from 0 m/s to 30 m/s at VT=200 km/h.  
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Figure 5. Running safety indices of the train 
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As can be seen, the safety indices of the train without wind 
barriers are much larger than those with wind barriers, 
especially when the wind velocity is high. These indices 
increase rapidly with the wind velocity, and the greater the 
wind velocity is, the faster the increase growth, particularly 
for offload factors and overturning factors. The growth 
amplitude is larger without wind barriers than that with wind 
barriers. Without wind barriers, the maximum overturning 
factor is up to 1.25 when the mean wind velocity reaches 25 
m/s, while it is 0.32 with wind barriers. Moreover, these 
safety indices change slowly with the wind velocity when 
wind barriers are installed. Therefore, the wind barrier can 
effectively reduce the dynamic response of the train and 
improve the running safety. 

5 CONCLUSIONS 
This paper studies the dynamic response of a multi-span 
continuous beam bridge passing through a high-speed train 
under turbulent winds. There are several cases, including 
different mean wind velocities, the bridge without and with 
wind barriers, to obtain the change rule of the dynamic 
response and the effect of the wind barriers. Some conclusions 
are summarized as follows:  

(1) Wind forces have influence on the displacement 
responses of the bridge. The lateral displacement is very small 
without wind action but significantly increases with the wind 
velocity, and the lateral displacement is larger with wind 
barriers than that without wind barriers. However, the vertical 
displacement has little change with the wind velocity. Wind 
force has no great impact on bridge accelerations whether or 
not wind barriers are installed. 

(2) For bridge without wind barriers, wind has strong 
influence on lateral car-body accelerations, and they increase 
rapidly with the wind velocity, while for the bridge with wind 
barriers, this influence is very slight, which indicates that the 
wind barriers can enhance the passengers comfort level. Wind 
force does not produce significant impact on vertical car-body 
accelerations whether or not to adopt wind barriers. 

(3) The offload factor, derailment factor, overturning factor 
and lateral wheel-set force of the train under wind action 
increase with wind velocity, and the greater the wind velocity, 
the faster the increase rate. The increasing amplitude without 
wind barriers is much larger than that with wind barriers, 
indicating that the running safety of the train on the bridge can 
be improved by adopting the proposed wind barriers.  

(4) The calculated results show that wind barriers lead to 
reduction of vehicle response, but increase of bridge response, 
in general, more advantages than disadvantages. 
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ABSTRACT: Signals recorded during the crossing of a vehicle over an expansion joint contain beside the aimed components 

due to the static axle loads further dynamic signal components induced by the inertia forces of the expansion joint and the 

dynamic motion of the vehicle. These superposed dynamic signals can reach the order of the static ones and therefore cannot be 

neglected. Furthermore the dynamic interaction between the vehicle tire and the steel lamella of the expansion joint has a great 

influence on the measured signal. Within this paper a numerical method to simulate the dynamic interaction between arbitrary 

vehicles and bridge joint constructions considering nonlinear system behavior is proposed. To model the contact between the 

tire of the vehicle and the lamella of the expansion joint, a simple contact algorithm assuming a constant footprint of the tire is 

applied. The simulation results provide a helpful basis for further interpretations of the measured signals and the approximation 

for the static axle loads gained by these.  

KEY WORDS: Nonlinear dynamic, vehicle- expansion joint-interaction, weigh in motion  

 

1 WEIGH IN MOTION 

In the recent years capturing traffic data such as the overall 

traffic volume, types of vehicles, vehicle speed and especially 

monitoring the vehicle weights has gained more and more 

importance. A comprehensive collection of such data, 

particularly to the necessary extend and depth, can only be 

provided if the measuring can be done under normal traffic 

speed. Different weigh in motion systems have been 

developed and installed in widely spread weigh in motion 

sites. Almost all of them are designed as autonomous systems 

which have to be installed exclusively for the purpose of 

measuring.  

Within a joint research project of the Maurer Söhne 

Engineering GmbH & Co. KG and the Universität der 

Bundeswehr München providing traffic data based on 

measurements obtained during the crossing of vehicles over 

bridge expansion joints is a current research focus [4]. The 

innovation and goal thereby is to integrate the measurement 

device into accessible and exchangeable construction 

elements which are present anyways such as an expansion 

joint.   

2 EXPANSION JOINT AND MEASUREMENT DEVICE  

2.1 Swivel-Joist Expansion Joints  

Generally expansion joints are used in bridge constructions to 

allow movements of the superstructure relative to the 

subsequent abutment areas without causing any reaction 

forces. Due to the exposed position of an expansion joint, 

parts of it are in direct contact with the traffic on the bridge. 

Particularly the steel girders of the expansion joints are 

directly crossed by the tires of the vehicles and therefore 

proper elements to detect the requested traffic data if supplied 

with measurement device. 

Within the named research project an ordinary swivel-joist 

expansion joint has been adapted and optimized with regard to 

ensure an optimal detection of the axle loads. The modified 

expansion joint consists of at least one steel box girder - called 

the lamella - disposed perpendicular to the traffic lane which 

is supported by several skew arranged steel joists. The 

connection between the lamella and the joists as well as 

between the joists and the rigid substructure is realized by 

elastomeric supports. The possibility, that the elastomeric 

supports can slide on the joists in combination with the skew 

arrangement of the latter preserves equal gaps between the 

several steel lamellas. To deal with mounting tolerances and 

to avoid an undesirable lifting of a lamella, pre-stressed 

elastomeric spring elements are arranged between the bottom 

surface of the joists and L-shaped clamps welded to the 

lamella.  

One essential adaption of the common expansion joint 

construction is the enlargement of the top widths of the steel 

lamella from originally about 90 mm to about 220 mm. By 

this it can be guarantied for the majority of the passing 

vehicles, that at least for one moment the whole footprint of a 

tire and therefor the whole tire and axle weight is carried by 

this lamella.  

2.2 Measurement device  

To get some information about the weights of the vehicles 

crossing the expansion joint the vertical reaction forces 

between the lamella and the skew joists are measured. 

Therefor piezoelectric force washers are placed between the 

elastomeric supports and the bottom surface of the lamella. 

Three of them are arranged at each support element. By this 
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additional to the overall vertical force reaction also some 

information about the clamping moments can be identified.  

Furthermore strain gauges are mounted on both webs of 

the box girder. Nearby the supporting areas strain gauge 

rosettes are placed to measure a strain state of the steel webs. 

From the measured strain state the shear forces and further the 

vertical reaction forces are approximated. 

2.3 Measurement signal 

The signals measured during the crossing of a vehicle over 

any weigh in motion site contain beside the aimed parts due to 

the static axle loads further dynamic components which can 

reach the order of the former and therefore cannot be 

neglected. The origin of these dynamic load components can 

on the one hand be seen in the dynamic motion of the 

vehicles. Due to accelerating or breaking actions and 

especially due to the roughness of the surface in ahead to the 

contact with the expansion joint, vibrations of the vehicles are 

caused. These vibrations are primarily executed in the mode 

shapes and frequencies corresponding to the vehicle and axle 

hop movements. The surface of a common weigh in motion 

systems usually fits very well to the surface of the 

surrounding pavement so that the transition is very smooth 

and hardly any dynamic motion of the vehicles is caused 

during the crossing.  

This no longer holds for the case of an expansion joint 

used as a weigh in motion system. There notable dynamic 

vibrations of the vehicles are induced during the contact. The 

amplitudes of these depend on numerous parameters like the 

number of lamellas arranged, the vertical bending stiffness of 

the overall expansion joint construction, the gap widths 

between the steel lamellas or the actual deformation state in 

the moment of contact. Furthermore also the mass, stiffness 

and especially the damping properties of the vehicles play a 

dominant role and have to be considered as well.  

Another effect which is reflected in the measured signal is 

induced by the inertia forces of the expansion joint itself. Due 

to the contact with the vehicle tire, vibrations of the expansion 

joint construction are induced. Decisive for the amplitudes, 

frequencies and mode shapes of the dynamic motion are 

amongst others the mass, stiffness and damping properties of 

the expansion joint. Beyond that also the speed of the vehicles 

passing as well as the location of the vehicle within the 

driving lane play an important role. A tire crossing for 

example near the middle span of a lamella causes different 

vibrations as another crossing nearby the support areas. Also 

effects linked with the dynamic behavior of the vehicle tire 

concerning the direct contact of the tire and the steel lamella 

have an influence on the measurement signal.  

Conditionally upon all these described superpositions within 

the measured signal further investigations are necessary to 

obtain a suitably approximation of the static axle loads and 

vehicle weights on the basis of signals obtained during the 

crossing of vehicles over an expansion joint. By additional 

numerical simulations of such a crossing procedure a deeper 

insight into the effects of the dynamic interaction of vehicles 

and expansion joints can be obtained. The chosen modeling 

and simulation methods must be able to capture all relevant 

phenomena of the dynamic interaction. Looking at the vehicle 

and the expansion joint we have two independent dynamic 

systems which condense to one coupled at the particular time 

of the crossing. Therefor the simulation has to be carried out 

considering this time variant coupling of the two dynamic 

systems.  

On the basis of numerical simulations and further sensitivity 

analysis with respect to several parameters a more reliable 

interpretation of the signals can be gained.  

 

3 MODELING OF THE SUBSTRUCTURES  

3.1 Finite element model of the expansion joint 

To simulate the dynamic interaction between the vehicles and 

the expansion joint, a finite element model of the swivel-joist 

expansion joint is used. Therefor the expansion joint 

construction is separated into two parts. For the first part 

consisting of all steel components of the construction, namely 

the box girder and the skew arranged joists, a linear elastic 

stress strain relationship can be assumed. For the second part 

consisting of the elastomeric spring and supporting elements a 

nonlinear stress strain relationship has to be regarded.  

To model the lamella and the skew arranged joists three 

dimensional beam elements with six degrees of freedom for 

each element node are used. In Cartesian coordinates the 

vector of unknowns uEJ,i
1 for the node i can be written as  

T

EJ,i x,i y,i z,i x,i y,i z,iu u ,u ,u , , ,      . 

Due to the fact, that the torsional stiffness of the box girder 

is in comparison to the bending stiffness relatively high, the 

torsional deflections can be described on the basis of the 

theory of St. Vernant. To derive the mass and stiffness 

matrices MEJ,struc. and KEJ,struc for the box girder and the joists 

the principle of virtual work assuming small deformations and 

linear elastic stress strain relationship is applied. Hermite 

polynomials are considered to interpolate the real and virtual 

displacements between the element nodes. In this manner 

symmetric mass and stiffness matrices are obtained.  

To approximate the structural damping a linear and stiffness 

proportional damping approach is implemented. Therefor the 

symmetric and constant damping matrix for the steel 

components of the expansion joint DEJ,struc. can be derived 

from the corresponding stiffness matrix KEJ,struc. of the 

unconstrained expansion joint with the damping coefficient 

ddamping by 

EJ,struc. EJ,struc.dampingD d K .
 

To model the elastomeric support and spring constructions 

discrete spring and damper elements are placed for each 

degree of freedom separately. Experiments show, that for the 

elastomeric spring elements an arbitrary nonlinear stress strain 

relationship has to be considered. To approximate the 

damping properties of these, linear and velocity proportional 

damper elements are considered. The properties of these 

elements are arranged in the stiffness and damping matrices 

KBC and DBC containing the boundary and coupling conditions 

for the expansion joint. The system matrices for the 

                                                           
1 Vectors and matrices are written in underlined lower case and capital letters. 

Time variant expressions are marked by the (~) symbol.  
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constrained expansion joint are obtained by adding these 

matrices to the former of the unconstrained steel structure 

EJ EJ,struc. BCD D D   

   EJ EJ,struc. BCK u K K u  . 

With the vector of the externally applied forces pEJ the set of 

nonlinear equations of motion can be written as 

 
 K,EJ EJ

EJ EJ EJEJ EJ EJ EJ EJ

f u

M u D u K u u p   . 

For a simulation of the global dynamic interaction between 

vehicles and the expansion joint a finite element formulation 

on the basis of three dimensional beam elements is sufficient. 

When it comes to further interpretation of the measured strain 

state more detailed finite element models have to be applied. 

Laboratory experiments have shown that especially the stress 

gradients nearby the welds have to be considered. For such 

models continuum elements could be applied.   

3.2 Multi-body system of the vehicle 

The dynamic behavior of the vehicles is simulated on the 

basis of a three dimensional multi-body model. Therefor rigid 

bodies with six degrees of freedom are coupled by arbitrarily 

arranged translatoric spring and damper elements. As 

unknowns the three translations and rotations of a rigid body 

referred to its center of gravity are considered. The vector of 

unknowns for the body i of the multi-body system can thus be 

expressed in Cartesian coordinates by 

T

MB,i x,i y,i z,i x,i y,i z,iu u ,u ,u , , , .       

The derivation of the equation of motion is based on the 

principle of virtual work. Thereby the virtual work of the 

spring and damper forces along the virtual relative 

displacements δurel between the origin and the end point has to 

be equal to the virtual work of the externally applied and the 

inertia forces according to the principle of d’Alembert along 

the corresponding virtual displacements δu [2]:  

 
J N

rel, j k, j rel, j rel,n d,nj
j 1 n 1

u F u u F
 

      

L I
T T

il i il
l 1 i 1

u p u M u
 

     

For the damper elements velocity proportional damping 

properties with a constant damping coefficient dk is regarded 

whereas for the spring elements a nonlinear stress strain 

relationship is applied. Due to the fact that the dynamic 

motion of the vehicle is referred to the static equilibrium state 

the gravity forces can be neglected. The static axle loads 

therefor are applied directly on the expansion joint according 

to the distribution of the contact pressure. As we assume small 

deflections we can calculate the relative displacements on the 

basis of a linearized approach for the kinematic relations. 

Thus the relative displacement urel,j for the spring element j 

can be obtained by 

  O

rel, j j
Ej j

u1
u x, y, z; x, y, z

uL

 
        

   

while xO,j, yO,j and zO,j denote the coordinates of the origin and 

xE,j, yE,j and zE,j  of the end point of the spring elements j 

measured in a Cartesian coordinate system moved along with 

the vehicle.  

j E, j O, jx x x  

 

 

j E, j O, jy y y  

                

j E, j O, jz z z  

 
The displacements of the origin and end point of the spring j 

are arranged in the vectors uO,j and uE,j respectively.  

T

O, j xO, j yO, j zO, ju u ,u ,u   
 

T

E, j xE, j yE, j zE, ju u ,u ,u     

 

Lj donates the original element length of the spring element.  

With the matrix j 

2

2

j 2

j 2

j

x x y x z
1

x y y y z
L

x z y z z

     
 

       
        

the virtual work expression for the spring element j 

   rel, j k, j rel, j rel, j j rel, j rel, ju F u u k u u    

can be written by 

 T T O

O E j rel, j
j

Ej j

u
u ,u k u .

u

    
          

 

To be able to express the displacments of the origin of the 

spring j by the displacements and rotations of the connected 

body i the transformation matrix Tj
i is applied. 

i i

i i i

j

i i

j

1 0 0 0 z y

T 0 1 0 z 0 x

0 0 1 y x 0

 
 

  
  

 
i

jO, j iu T u  

The displacements of the end point connected to the body î  

are transformed in the same manner through 

î
ˆjE, j iu T u . 

Finally the element stiffness matrix Kj can be expressed by 
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ˆiT i iT i

j j j j j j

l rel, j l rel, j ˆ ˆ ˆiT i iT i

j j j j j j

T T T T
K u k u

T T T T

   
 
      

The damping matrices can be derived in a similar way. The 

mass matrix for the rigid body i is defined as 

i

xx xy xz

yx yy yz

zx zy zz i

m 0 0 0 0 0

0 m 0 0 0 0

0 0 m 0 0 0
M .

0 0 0

0 0 0

0 0 0

 
 
 
 

  
   

   
 

    

 

Thereby m is the mass of the body i and Θij are the moments 

of inertia about the several axes through the centre of mass. 

With the vector of external forces pMB the governing set of 

nonlinear differential equations can now be written as 

 
 K,MB MB

MB MB MBMB MB MB MB MB

f u

M u D u K u u p .    

4 TIRE MODEL AND CONTACT ALGORITHM  

A proper choice for the tire model and the contact algorithm is 

essential to capture all relevant effects concerning the direct 

contact between the vehicle tire and the steel lamella and thus 

to obtain suitable simulation results.  

As for example shown in [5] feasible results with regard to 

the interaction of vehicles and bridge superstructures can be 

gained on the basis of a very simple tire model consisting of a 

single spring element only. In [3] different tire models were 

use to simulate the dynamic reaction of a vehicle crossing a 

blow bar. Comparing the vertical motion of the tire and the 

vehicle body one can observe that the single spring model 

clearly overestimates the measured values. 

To fulfill the requirements for a proper simulation of the 

interaction of vehicles and an expansion joint a more detailed 

tire model is necessary. Beside the overestimation of the 

dynamic reaction the coupling behavior is another criterion 

for exclusion of the single spring model. The coupling of the 

vertical deflection of the tire and the rotation of the steel 

lamella around its longitudinal axis cannot be described 

properly and leads further to singular coupling matrices.  

4.1 Plain tire model  

For the reasons explained above an improved but still simple 

tire model is proposed within this section. The basis for that 

tire model is established by a parallel arrangement of a single 

spring and a single damper element. Within the footprint of 

the tire an infinite number of those spring-damper elements 

are placed thus we get a continuous distribution of the 

stiffness and damping properties. Within the proposed tire 

model arbitrary smooth functions for the stiffness distribution 

in the contact area can be regarded. Therefor effects due to a 

non constant contact pressure between the tire and the 

pavement or the steel lamella can be regarded. 

 

 

Figure 1: plane tire model 

The clou of the proposed tire model is that the overall 

coupling forces can be obtained by integrating the contact 

forces over the whole contact area. By this the plain tire 

model which is used to model the coupling between the 

vehicle and the expansion joint has only one vertical degree of 

freedom. For this model the coupling of the vertical tire 

deflection and the rotation of the lamella around its 

longitudinal axis can be handled without problems. 

Furthermore the motion of the tire and the vehicle body while 

crossing a gap or a blow bar can be simulated in a suitable 

way.  

4.2 Contact Algorithm  

For simplification the footprint of the tire is assumed to 

remain constant during the crossing (see figure 2). Thus the 

contact area between the lamella and the tire can be calculated 

without iteration considering geometric relations only. 

Thereby a constant driving velocity of the vehicles is 

assumed. Arbitrary footprint sizes as well as variable gap 

widths between the lamella and the edge profile can be 

considered.  

5 COUPLING OF THE SUBSTRUCTURES 

5.1 System of uncoupled substructures 

In the first step all unknowns of the vehicle and the expansion 

joint are arranged in one vector u.  

 
T

EJ MBu u ,u  

In the same order the substructure matrices are arranged in 

the matrices M0, D0 and K0 for the complete but uncoupled 

structure.   

EJ

0

MB

M 0
M

0 M

 
  
 

 

EJ

0

MB

D 0
D

0 D

 
  
 

 

 
 

 
EJ

0

MB

K u 0
K u

0 K u

 
  
    

The vector p0 for the externally applied forces of the 

complete structure is generated in the same manner.  

T

0 EJ MB
p p ,p 

   

Using these matrices for the uncoupled subsystems a set of 

nonlinear differential equations is obtained: 
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 K

0 0 0 0

f u

M u D u K u u p .    

The coupling of the substructures is performed by a time 

variant coupling matrix proposed in the next section. By this a 

simulation for the uncoupled and the coupled state can be 

executed in an elegant way. Furthermore different simulation 

times for the different substructures can be executed without 

any problems.   

5.2 Time variant coupling matrix  

The coupling of the element node i of the expansion joint with 

the node j of the vehicle is done by the use of time variant 

coupling matrix Kcouple. By this the vertical displacement of 

the coupling node i of the vehicle is coupled with the vertical 

displacement and the rotation around the longitudinal axis of 

the lamella. The degrees of freedom coupling the two 

substructures can be arranged in a 3 x 1 vector ucouple for each 

tire in contact separately.  

T

couple,i couple,EJ,i couple,EK,i couple,MB,iu w , , w     

Thus the couple matrix can be formulated separately for 

each tire in contact.  

11 12 13

couple,i 22 23

33
i

k k k

K k k

sym. k

 
 

  
 
    

The coefficients of the time variant coupling matrix Kcouple 

are obtained by an integration over the contact area. The 

origin and end point of the contact area xA and xB are 

depending on the actual position of the tire related to the 

expansion joint and are determined on the basis of geometric 

relations assuming a constant driving velocity of the vehicle 

as well as linearized kinematic relations for small 

deformations.  

 

 

Figure 2: Kontact model 

 
B

A

x

11 tire

x

k k x dx 
 

 
B

A

x

2

22 tire

x

k x k x dx 
 

 
B

A

x

12 tire

x

k x k x dx  
 

13 11k k 
          32 12k k 

          33 11k k
 

 The time variant stiffness matrix for the coupled 

substructures is gained by adding the sum of the coupling 

matrices Kcouple,i for all tires in contact to the uncoupled 

stiffness matrix K0.  

   
couple,i0

i

K u K u K 
 

The damping matrices are obtained in the same way. By this 

a nonlinear differential equation of second order with time 

variant coefficients is obtained.  

 
 K

0 0

f u

M u Du K u u p  

 

6 SOLUTION THECHNIQUES FOR THE LINEARIZED 

EQUATION OF MOTION 

To be able to solve the equation of motion analytically the 

nonlinear differential equation has to be linearized twice. In 

the first step instead of the above described stiffness matrix 

considering a nonlinear stress strain relationship a tangential 

stiffness matrix KT0 referred to a certain reference 

displacement vector u0 is considered.  

 
 

0

K

T0

u

f u
K

u





 

By this we obtain a set of ordinary differential equations of 

second order with still time variant coefficients due to the 

time variant coupling matrices. By discretization in the time 

domain we achieve a set of ordinary differential equations 

with stepwise constant coefficients.  

0 T0 0
M u Du K u p    

Lowering the time step size the error of the second 

linearization can be minimized with strong convergence to the 

exact continuous solution if numerical rounding errors are 

neglected.  

The obtained linearized equation of motion can be solved 

on several ways using common solution techniques. In the 

following section two different methods are discussed.  

6.1 Analytical solution using a modal approach  

Although we are using a tangential and therefor stepwise 

constant stiffness matrix KT0 the damping matrix D cannot be 

obtained by a linear combination of the mass and stiffness 

matrices M and KT0. To decouple the coupled set of equations 

the complex eigenvectors of the system have to be applied. 

Therefor the set of second order differential equations is 

transformed into a set of first order ones. By this we double 

the equations to the number 2N. The state vector x containing 

the unknown velocities and displacements is introduced 

T

x u,u .     

According to this the vector of the external forces g as well 

as the system matrices A and B are defined for each time step 

as  

T

g p,0     



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1158 

T0

T0

D K
A

K 0

 
  
 

 

0

T0

M 0
B

0 K

 
  
 

 

Thus we can write the set of first order differential equations 

as 

Ax Bx g.   

With an exponential approach for the ordinary first order 

differential equation  

tx xe  

we get the eigenvalue problem 

 A B x 0   

with the solutions 

k k  
 

j j ji    
 

j j ji    
  

On the one hand we obtain real eigenvalues λk which 

correspond to a monotone decaying motion. On the other hand 

we have conjugate complex eigenvalues λj which occur 

pairwise and describe damped oscillations. The complex 

eigenvectors are arranged in the modal matrix X.  

  2N1 2N1

1 2 3 2N

2N1

uu ...
X x , x , x ,..., x

uu ...

 
   

 
 

Thereby ui is the eigenvector of the 2nd order system. By a 

separation of variables the ordinary differential equation can 

be solved. Therefor the following approach for the state vector 

x is applied 

x Xq.  

Therefor the time invariant modal matrix X is multiplied 

with the time variant vector q defining the time response of 

the system. Multiplying the whole set of equations with the 

transposed of the modal matrix X from the left  

   
j

j j

T T T

h
diag a diag b

X AX q X BX q X g

   
   

   

we obtain 2N decoupled equations of motion:  

j j j j ja q b q h   

Within this approach the eigenvectors are normalized to 

T

j jx Bx 1  

Considering the first and second orthogonality of the 

complex eigenvectors  

T
X BX I  

and 

T

j jX AX diag a diag          

the first order equations of motion can be simplified to 

j j j jq q h .    

If a general transient excitation is considered, the vibrations 

of the system can be obtained on the basis of the convolution 

integral. For an arbitrary excitation hj(τ) the solution for the 

first order system is obtained by 

     j j

t
t t

j j j0 j

0

q q t q e e h d
  

      

The total solution is obtained by a superposition of the 

solutions of all decoupled single degree of freedom systems 

2N 2K 2N

i ii i i i

i 1 i 1 i 2K 1

real conj.complex

x x q x q x q .
   

 

      

The initial conditions are transformed according to the 

approach for the state vector x by 

T

00
q X Bx .  

Because of the stepwise linearized differential equation the 

complex eigenvectors have to be updated in every time step. 

In the same manner the initial conditions have to be 

retransformed at the beginning of each time step.  

This results in great numeric costs but is the only possibility 

to get a solution with strong convergence except numeric 

rounding errors. The direct integration of the coupled 

differential equation proposed in the next section can be 

proofed by this “exact” reference solution because the 

integration is done analytically and therefore without any 

error within each time step.  

6.2 Direct integration of the coupled equation of motion 

For the direct integration of the coupled equation of motion 

the implicit integration scheme by Newmark [1] is applied. 

The assumptions regarding the relationship between 

acceleration, velocity and displacements within one time step 

are: 

 t t t t t t
u u 1 u u t

      
 

 

t t t t t t 21
u u t u u t .

2

   
       

  
 

The free values α and δ are decisive for the quality of the 

results and the stability of the integration scheme. In the case 

they are chosen within  
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1

2
     and   

2
1 1

4 2

 
    

 
 

the integration scheme is stable for any time step size. In the 

proposed method δ is set to 0.5 and α to 0.25 what is 

equivalent to the trapezoid rule. Using the abbreviations  

0 2

1
a

t

         

1a
t



            

2

1
a

t

  

3

1
a 1

2
 


      4a 1


 


         5

t
a 2

2

  
  

 
 

 6a t 1     7a t   

the solution at the time t+t can be obtained by the equation 

t t t tˆ ˆK u r
 

  

using  the dynamic stiffness matrix  

0 1K̂ a M a D K  
 

and the dynamic force vector  

 t t t t t t t

0 2 3r̂ r M a u a u a u
 

     

 t t t

1 4 5D a u a u a u .    

From the known displacements the unknown accelerations 

and velocities can be computed in each time step  

 t t t t t t t

0 2 2u a u u a u a u
 

   
 

t t t t t t

6 7u u a u a u
 

  
. 

7 NONLINEAR EQUATION OF MOTION  

In the case of a stiffness matrix depending on the actual 

deformation state the dynamic solution has to be found by a 

step-by-step incremental approach [1]. For the static case the 

equilibrium of the externally applied forces r and the internal 

node forces f corresponding to the internal stresses at time 

t+t can be written as 

     t t t t
h u 0 r u f u

    
  

 

A Taylor series expansion of the nonlinear equilibrium 

function h(u*) leads to 

    
 

 

  
 

t t i 1

i

t t i 1 t t i 1

u
u

h u
h u h u u u

u  

     



 
   

 

Mapping the series expansion on the equilibrium the known 

full Newton-Raphson iteration scheme for nonlinear functions 

is obtained.  

     t t i 1 i t t t t i 1

TK u r f
    

    

     t t i t t i 1 i
u u u

  
   

In which the tangential stiffness matrix KT is defined as 

 

 

 

t t i 1

t t i 1

T

u

f u
K

u  

  
 

 
 

For the dynamic case the inertia forces as well as the 

internal forces due to viscos dampers have to be considered 

additionally. 

       t t i 1 ii it t t t

TM u D u K u
       

 t t t t i 1
r f

  
  

Considering the assumptions regarding the relationship 

between acceleration, velocity and deformations according to 

the Newmark integration scheme and solving for the 

acceleration and velocity at time the t+Δt  

t t t t t t t

3 2 0 0u a u a u a u a u
 

    

t t t t t t t

5 4 1 1u a u a u a u a u
 

   
 

we can formulate the iterative integration scheme by 

     t t i 1 i t t t t i 1

T
ˆ ˆK u r f

    
  

 

     t t i t t i 1 i
u u u

  
   

using the tangential dynamic stiffness matrix 

   t t i 1 t t i 1

T T 0 2K̂ K a M a D
   

  
 

and the dynamic force vector 

      t t i 1 t t i 1 t t i 1 t t t

0 2r̂ r M a u u a u u
          

 

  t t i 1 t t

1D a u u u
    

 
 

8 SIMULATION RESULTS AND CONCLUSION 

To demonstrate the proposed method some simulation results 

of a three-axle vehicle crossing an expansion joint with a 

single lamella are presented. Therefor a plane model of the 

vehicle is generated similar to the one used in [5]. 

 

 

Figure 3: Vehicle 

The vehicle parameters as far as mass, stiffness and 

damping properties are concerned can be seen in table 1. 
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front axle 2nd axle 3rd axle

Mass vehicle body [kg]

Rotary inertia [kgm²]

äquiv. axle mass [kg] 700 1.225 500

Stiffness properties body [N/m] 200.000 600.000 600.000

Damping properties body [Ns/m] 10.000 15.000 15.000

Stiffnes properties tire [N/m] 1.000.000 1.800.000 1.800.000

Damping properties tire [Ns/m] 1.000 2.000 2.000

l1 [m]

l2 [m]

20.000

50.000

5

1,2  

Table 1: Vehicle parameters 

The numeric caluculation is done by with the programm 

Wolfram Mathematica, version 9.  

In figure 4 and figure 5 the vertical displacements of the 

three axles are printed over time for a driving velocity of 10 

m/s and 25 m/s respectively.    

 

 
Figure 4:Vertical axle displacements - 10 m/s 

 

 

Figure 5: Vertical axle displacements – 25 m/s 

By this comparison the influence of the driving velocity on 

the measurement signal can by seen verry clearely. Especially 

considering the graphs of the third axle referred to the one of 

the first axle this becomes very obvious. Due to the contact of 

the first axle with the expansion joint construction a dynamic 

motion of the total vehicle body is induced. The frequency of 

these vibrations is around 2 Hz which corresponds to the 

eigenfrequency of the body hop. Dependin g on the driving 

velocity this eigen vibrations result in different signals for the 

second and third axle.  

The influence of the inertia forces can be observed on the 

basis of the vertiacl displacements of the coupling node of the 

expansion joint printed in figure 6. Here also the influence of 

the driving velocity can be seen. Depending on the driving 

velocity and therefor on the duration of the impuls on the 

exansion joint vibration dominated by different mode shapes 

with different eigen frequences are induced.  

 

 

Figure 6: Vertical displacement of the couple node of the 

expansion joint for different velocities 

On graph 7 the different vertical deflections of the first axle 

for different driving velocities can be observed.  

 

 

Figure 7: Vertical displacement of the first axle for different 

driving velocities 

On the basis of the printed simulation results one can see, 

that the proposed simulation method is able tu capture the 

main effects of the dynamic interaction between vehicles and 

an expansion joint  

A method to calculate the dynamic interaction forces 

occurring during the crossing of a vehicle over an expansion 

joint is proposed. Considering nonlinear system behavior of 

the vehicle and the expansion joint as well as a simplified 

contact algorithm assuming a constant footprint of the vehicle 

tire the main effects of the dynamic coupling can be 

considered by the proposed method. On the basis of the 

simulation results and further sensitivity analysis a deeper 

insight into the coupling behavior can be obtained.  
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ABSTRACT: This study aims to investigate seismic responses and performance of straddle-type pre-stressed concrete (PC) 

bridges considering train load under moderate earthquakes. The study also examines how elastomeric bearings work for 

improving seismic performance of the bridge. All investigations were based on a three-dimensional dynamic response analysis 

of train-bridge interaction system under earthquakes. Observations demonstrated that considering train as dynamic system led to 

decrease of seismic responses in comparison with those responses considering train as additional mass to the bridge. Elastomeric 

bearings also improved seismic performance of the bridge. However greater train accelerations were observed at the train on the 

bridge with elastomeric bearings than the bridge with steel bearings, which would make passengers feel excessive vibrations. 

KEY WORDS: Monorail; Seismic performance; Train-bridge interaction; elastomeric bearing. 

1 INTRODUCTION 

Monorail system has been successfully adopted as a new 

transport system in major cities of Japan as it takes short 

period and low cost in construction compared to the subway 

system. Improving efficiency and labor saving while satisfies 

seismic performance is a challenge even in structural design 

of monorail system. A new type of a steel-concrete composite 

monorail bridge with a simplified lateral bracing system thus 

has been proposed in Japan [1]. As for pre-stressed concrete 

(PC) monorail bridges, adopting longer span (hereafter, 

advanced bridge) than conventional bridges and elastomeric 

bearings is proposed to improve efficiency and seismic 

performance. However, there is concern about large 

deformations of PC girders caused by longer span and change 

in vibration characteristics caused by elastomeric bearings. 

In seismic design of monorail bridges, the effect of the train 

load is considered as additional mass. However, it is improper 

to treat train on the monorail bridge just as additional mass in 

seismic design, since train on monorail bridges is a 

complicated dynamic system with steering and stabilizing 

wheels that firmly grasp the track girder of monorail bridges. 

In addition, differently from railways, the passengers in 

monorail train might have difficulty in evacuating during 

earthquakes because of the structural characteristic of the 

monorail system. Therefore, studies on seismic performance 

of the monorail bridge and vibration serviceability of 

monorail train are important technical issues.  

Bridges in Japan should satisfy level-1 seismic performance 

under moderate earthquakes, so called level-1 ground motions, 

and level-2 seismic performance under extreme earthquakes, 

so called level-2 ground motions [2]. Level-1 seismic 

performance is defined as the state in an elastic manner 

without severe damage under moderate earthquakes. 

Additionally the bridge bearings are kept intact under the 

level-1 earthquake. A remaining problem to be answered is 

whether seismic responses of the bridge designed under the 

level-1 earthquakes stay within elastic range as expected or 

not, since some measured moderate earthquakes have 

dominant frequency range which is similar with bridge 

structures. In other words, even though amplification of a 

moderate earthquake can be categorized as level-1 ground 

motion, it could have resonant frequency with bridges and 

result in a plastic behavior. 

This study investigates seismic performance of PC 

monorail bridges with elastomeric bearings as well as 

adopting longer span than that of conventional bridges. The 

effect of train load on the seismic performance of the bridge 

under moderate ground motions is also examined by means of 

a three-dimensional dynamic response analysis. The validity 

of the analytical method of train-bridge interaction has been 

verified by comparing with experiment results on steel 

monorail bridges [1], [3]. Moreover, the analytical method has 

been updated to consider seismic behaviors of the steel 

monorail bridges under moving train [4], [5]. 

2 TRAIN-BRIDGE INTERACTION WITH GROUND 

MOTION 

Bridges are considered as an assemblage of beam elements 

with six degrees of freedom (DOFs) at each node [3-5]. A car 

of monorail train has two bogies with pneumatic tires for 

running, steering and stabilizing wheels. The car’s dynamic 

behavior is assumed to be sufficiently represented by a 

discrete rigid multi-body system with 15 DOFs. 

The combination of the interaction force and wheel load at 

a contact point of the bridge suggests the equation of forced 

vibration for monorail train-bridge interaction system. If the 

interaction system is subjected to ground motion then the 

problem is solvable by considering an additional inertia force 

input from acceleration of mass as shown in Equation (1).  

 

(1) 

Seismic performance of straddle-type monorail pre-stressed concrete bridges 

considering interaction with train under moderate earthquakes  
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where M, C and K indicate the mass, damping, and stiffness 

matrices of the bridge, respectively. The force vector is f. 

Subscripts B, T and BT denote the bridge, train, and bridge-

train interaction, respectively. q and wdenote generalized 

coordinate vector of the bridge and displacement of train, 

respectively. äg is the ground acceleration. 
In this study, the modal analysis is employed assuming that 

bridge structures deform within elastic range under level-1 

ground motions. Details of Equation (1) can be found in 

references [4], [5]. The differential equations of train-bridge 

interaction under the ground motion are solved by Newmark’s 

β method. β of 0.25 was used to obtain stable and accurate 

solutions. Solutions were obtained with a relative margin of 

error of less than 0.001. 

3 ANALYTICAL MODEL 

3.1 Bridges 

This study considered two bridge models: conventional bridge 

and advanced bridge. Bridge length of the conventional bridge 

is 22m (span length is 21.2m), while the advanced bridge 

adopts bridge length of 28m (span length is 27.0m). The 

general layout and geometry of two bridges are shown in 

Figure 1, whereas Figure 2 shows those of substructures. The 

monorail structure has two tram girders and the distance 

between those tram girders is 3.7m. Reinforced concrete (RC) 

piers with height of 10.6m were considered in the study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 shows the finite element (FE) model of the 

monorail bridges. Surface roughness of tram girders and gaps 

between girders were considered in the dynamic response 

analysis under moving train and subjected to earthquakes. 

Half of the total mass of neighboring span (Ld in Figure 3) 

was also considered: 254.31kN for the conventional bridge 

and 345.55kN for the advanced bridge. Table 1 shows cross-

sectional properties and mass per unit length of PC girders. 

Elastic properties of concrete and elastomeric bearings are 

summarized in Table 2. It is noteworthy that the elastomeric 

bearing is proposed for the advanced bridge. The bridge 

footings of the models were idealized as springs of which 

properties are shown in Table 3. 

Figure 4 shows first five natural modes of the conventional 

and advanced bridges with steel bearings taken from the 

eigenvalue analysis. The frequencies in parentheses are the 

results from the FE model considering parked train on the 

bridge as additional mass. Only horizontal bending modes 

of tram girders and piers were observed in the first five natural 

modes. 

3.2 Monorail train 

Figure 5 shows the three-dimensional car model with 15 DOF 

that is used in this study. The monorail train was assumed to 

have weight of 338kN/car including passengers. Natural 

frequencies for bounce and sway motions were 1.207 Hz and 

0.912 Hz, respectively. Details of physical properties of train 

are summarized in reference [4]. 
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(a) Conventional bridge with span length of 21.2m 
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(b) Advanced bridge with span length of 27m 

Figure 1. PC girders of the monorail bridge. 
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(a) Conventional bridge                     (b) Advanced bridge 

Figure 2. Substructure of monorail bridges. 
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Table 3. Spring constant of foundation. 

Vertical 3581400 (kN/m) 

Horizontal 28275000 (kN/m) 

Rotational 1003300 (kN.m/rad) 

 

3.3 Ground motions 

Two moderate design ground motions specified in JRA (Japan 

Road Association) code [2] and a measured moderate ground 

motion were considered in the analysis.  

Figure 6(a) shows Group-1 of Level-1 (hereafter, G1LV1 

ground motion) which is the moderate earthquake at a stiff 

soil site. Figure 6(b) shows Group-2 of Level-1 (hereafter, 

G2LV1 ground motion) which is the moderate earthquake at a 

moderate soil site. The moderate ground motion measured in 

Hobetsu, Yuuhutsu, Hokkaido, Japan, on 26 September 2003 

(hereafter HB ground motion, see Figure 6(c)) was also 

adopted in the seismic response analysis of monorail bridges. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the JRA code, vertical components of the ground 

motions are not specified, and half scale of the transverse 

ground motions was adopted in the analysis. For the measured 

HB ground motion, measured vertical ground motion was 

considered in the analysis. 

Figure 6 shows accelerograms and response spectra of the 

three ground motions. Figure 6(c) shows the natural periods 

corresponding to the first horizontal (0.323s, 3.099Hz) and 

advanced bridge with steel bearings (0.418s, 2.394Hz) 

without considering train. Existence of the natural periods on 

the dominant range of the response spectrum discloses 

potential of strong seismic responses.  

3.4 Track surface roughness 

Track surface roughness measured at the conventional bridge 

is considered in the analysis. Laser displacement sensors were 

installed to the experimental car to measure surface roughness 

of tram wheel path, steering wheel path and stabilizing wheel 

path. The speed of experimental car was 1km/h and sampling 
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Figure 3. FE model of monorail bridge. 

 

1st mode:
3.099Hz(2.471Hz)
Horizontal bending
(C/W Pier bending)

2nd mode:
3.370Hz(2.665Hz)

Pier bending
(C/W Horizontal bending)

3rd mode:
3.833Hz(2.903Hz)
Horizontal bending
(C/W Pier bending)

4th mode:
4.297Hz(3.819Hz)
Horizontal bending

5th mode:
4.299Hz(3.867Hz)
Horizontal bending

(C/W: Coupled with)  
(a) Conventional bridge with steel bearings 

1st mode:
2.394Hz(1.860Hz)
Horizontal bending
(C/W Pier bending)

2nd mode:
2.563Hz(1.949Hz)

Pier bending
(C/W Horizontal bending)

3rd mode:
2.798Hz(2.040Hz)
Horizontal bending
(C/W Pier bending)

4th mode:
2.934Hz(2.693Hz)
Horizontal bending

5th mode:
2.935Hz(2.751Hz)
Horizontal bending

(C/W: Coupled with)  
(b) Advanced bridge with steel bearings 

Figure 4. First five natural modes and frequencies. 

 

Table 1. Cross-sectional properties of PC girders. 

PC girder 

Cross-sectional area 

(m2) 
Moment of inertia of area (m4) 

Mass per unit 

length (t/m) 

End Center End (Iz) Center (Iz) End (Iy) Center (Iy) End (Ix) Center (Ix) End Center 

Conventional 1.075 0.884 0.073 0.064 0.220 0.206 0.307 0.307 2.687 2.211 

Advanced 1.075 0.927 0.073 0.071 0.220 0.209 0.307 0.307 2.864 2.233 

 

Table 2. Elastic properties of concrete and elastomeric bearing. 

 Concrete (N/mm2) Spring constant of elastomeric bearing 

 fck E G kx ky kz kx ky 

Conventional 50 3.3e104 1.43e104 
208 

(kN/m) 

663 

(kN/m) 

162415 

(kN/m) 

342726 

(kN.m/rad) 

3464 

(kN.m/rad) 
Advanced 80 3.8e104 1.65e104 

Pier 27 2.65e104 1.15e104 

fckCompressive stress, E: Young’s modulus, G: Shear modulus  
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frequency was 200 Hz. Furthermore, surface roughness of 

joints between girders were also measured by caliper and 

depth gauge. For the advanced bridge which has longer span 

than the conventional bridge, the data length of surface 

roughness is expanded by adding roughness data.  

4 SESMIC RESPONSE ANALYSIS OF TRAIN-BRIDGE 

INTERACTIVE 

4.1 Analysis conditions 

Rayleigh damping was adopted in the analysis, in which the 

damping constant of the monorail bridge during an earthquake 

was assumed to be 5%. Dynamic responses of each bridge 

were obtained by mode-superposition up to the mode related 

to the frequency near 20Hz: for the conventional bridge with 

steel bearing, up to the 38th (19.77Hz) mode; up to the 42th 

(19.86Hz) and 56th (19.64Hz) modes were considered for the 

advanced bridge with steel and elastomeric bearings in respect. 

The time interval with Newmark’s β method is 0.005. 

In investigating the dynamic effect of monorail train on 

seismic responses of monorail bridges, four scenarios were 

considered in the analysis: SCN-1 which disregards train’s 

mass; SCN-2 which considers train as an additional mass on 

the bridge model; SCN-3 which considers interaction between 

parked train and the bridge; and SCN-4 which considers 

interaction between moving train and the bridge. In SCN-2 

and SCN-3, train was aligned in such way that the reaction 

force of P2 pier is the most critical.  

4.2 Seismic responses 

In this section, two design ground motions G1LV1 and 

G2LV1 in JRA code (Figure 6 (a), (b)) were utilized to 

investigate how adopting longer span and elastomeric 

bearings result in seismic responses. 

4.2.1 Responses at pier top and span center 

Accelerations at the span center and top of P2 pier in the 

transverse direction were examined. Those accelerations of 

the conventional bridge under the G1LV1 ground motion are 

shown in Figure 7, and those under the G2LV1 ground motion 

are shown in Figure 8. Figure 7 and Figure 8 show that RMS 

values under the G2LV1 ground motion were greater than 

those values under the G1LV1 ground motion in all scenarios. 

Thus for the advanced bridge the responses under the G2LV1 

ground motion which led to critical result are discussed in 

order to save space. The responses of the advanced bridge 

with steel bearings under the G2LV1 ground motion are 

shown in Figure 9, and those of the advanced bridge with 

elastomeric bearings are shown in Figure 10.  

In focusing on the response at the span center, responses of 

the conventional bridge of SCN-2 under the G1LV1 ground 

motion were greater than those responses of SCN-1. However, 

the responses at the span center of the conventional and 

advanced bridges under the G2LV1 ground motion showed 

opposite tendency with those responses under the G1LV1 

ground motion: i.e. those responses of SCN-1 were greater 

than those of SCN-2. 

In considering interaction between train and the bridge with 

steel bearings (SCN-3 and SCN-4), the responses were 

smaller than those not considering the interaction (SCN-1, 

SCN-2) (see Figures 7, 8 and 9). It shows that the dynamic 

system of train might act as a damper under earthquakes. The 

result corresponds to the conclusion in the previous study on 

steel girder bridges [4]. It is noteworthy, however, that 

responses of the advanced bridge with elastomeric bearings 

showed different tendency: considering the interaction 

between the advanced bridge with elastomeric bearings and 

moving train (SCN-4) was greater than the other scenarios as 

shown in Figure 10. 

 

 
Figure 5. Monorail train model with 15DOF. 
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(a) Design ground motion on stiff soil site: G1LV1 
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(b) Design ground motion on moderate soil site: G2LV1 
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Figure 6. Accelerograms and response spectra of moderate 

ground motions. 
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4.2.2 Responses of monorail train 

Responses of monorail train during earthquakes are also 

examined to provide information on vibratory sensation of 

passengers during earthquakes. Accelerations of the third car 

of monorail train on the conventional bridge are shown in 

Figure 11, and those on the advanced bridge are shown in 

Figure 12. For the response of train on the conventional bridge, 

responses under the G2LV1 ground motion were greater than 

those under the G1LV1 ground motion as shown in Figure 11. 

Observations also demonstrated that the response of 

moving train (SCN-4) was greater than of the response of 

parked train (SCN-3). For the response of train on the 

advanced bridge with steel bearings (see Figure 12 (a)), peak 

responses of moving train on the advanced bridge with steel 

bearings under the G2LV1 ground motion were greater than 

those of parked train even though the RMS value of SCN-4 

was similar with SCN-3. However adopting elastomeric 

bearings led to relatively large accelerations on moving train 

as shown in Figure 12 (b). 

It could be concluded that responses of both moving and 

parked trains should be considered to investigate vibratory 

sensation of passengers during earthquakes. Moreover 

adopting elastomeric bearings to reduce seismic responses of 

bridges could increase acceleration responses of train under 

earthquakes. 

5 SEISMIC PERFORMANCE OF MONORAIL BRIDGE 

Shearing forces of bearings and piers, and bending moments 

of piers are examined to discuss seismic performance of  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

monorail bridges under moderate ground motions. 

5.1 Seismic performance of bearings 

The observation point was the bearing on the P3 pier as the 

shearing force on the P3 pier was greater than that of other 

piers from a preliminary investigation. Analytical shearing 

forces of steel bearings on the conventional bridge under 

G2LV1 and HB ground motions are shown in Figure 13. It 

shows that responses under the HB ground motion were larger 

than those under the G2LV1 design ground motion.  

Responses under the HB ground motion which led to 

critical results were discussed for the advanced bridge, and 

those shearing forces of steel and elastomeric bearings are 

shown in Figure 14. The horizontal lines in Figures 13 and 14 

indicate shear capacities of bearings of the bridges: 165.4kN 

for the conventional bridge; and 221.9kN for the advance 

bridge.  

As shown in Figure 13(a), shearing forces of the 

conventional bridge under the G2LV1 ground motion were 
smaller than the shear capacity except SCN-2. For shearing 

forces of SCN-1 (disregarding train) and SCN-2 (considering 

train as additional mass) scenarios, those shearing forces of 

steel bearings on both conventional and advanced bridges 

under the HB ground motion were greater than the respective 

shear capacities. On the other hands, the scenarios considering 

train dynamics (SCN-3 and SCN-4) led to remarkably smaller 

shearing forces than those of SCN-1 and SCN-2. One reason 

for the result could be train’s dynamic system which acts as 

damper during earthquakes. 
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(3) Case-3: Train stop 

(4) Case-4: Train moving  
(a) Pier top          (b) Span center                                              (a)  Pier top                       (b) Span center 

Figure 7 Acceleration responses of the conventional bridge       Figure 8 Acceleration responses of the conventional bridge 

with steel bearings under G1LV1 ground motion.                      with steel bearings under G2LV1 ground motion. 
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Under the HB ground motion, maximum shearing forces at 

the steel bearing on the conventional bridge were 187.1kN for 

the SCN-1 scenario and 446.8kN for the SCN-2 scenario, 

whereas those maximum shearing forces crossed the shear 

capacity of 165.4kN. Moreover, those maximum shearing 

forces of the steel bearing on the advanced bridge were 

242.9kN in SCN-1 and 321.9kN in SCN-2, which also crossed 

the shearing capacity of 221.9kN.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
   The scenario SCN-2 that considers train as mass and is 

adopted in the bridge design code resulted in safest design 

even though the scenario is too idealized. The scenario SCN-1 

of disregarding train, which occurs in actual situation, 

provided greater seismic responses than those scenarios 

considering train dynamics.  

It is noteworthy that the shearing forces of elastomeric 

bearings were clearly smaller than the shear capacities in all 

scenarios. Seismic performance of elastomeric bearings is 

sufficient under moderate ground motions. 
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Figure 9. Acceleration responses of the advanced bridge 

with steel bearings under G2LV1 ground motion. 

(1) SCN-1: No train 

(2) SCN-2: Train as mass 

(3) SCN-3: Train stop 

(4) SCN-4: Train moving 
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Figure 10. Acceleration responses of the advanced bridge 

with elastomeric bearings under G2LV1 ground motion. 
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Figure 11. Acceleration responses of train on the 

conventional bridge with steel bearings. 
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Figure 12. Acceleration responses of train on the 

advanced bridge under G2LV1 ground motion. 
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5.2 Seismic performance of piers 

A brief procedure to assess seismic performance of RC pier is 

as [2], 1) to decide failure mode utilizing the ratio of shear 

capacity times pier height to the capacity of bending moment; 

2) to compare the analytical cross-sectional shearing force 

with the limit state if failure mode is shearing failure, or to 

compare the analytical cross-sectional bending moment with 

the limit state if failure mode is flexural failure mode. 

Preliminary investigations showed that failure modes of all 

models were the flexural mode. To examine the seismic 

performance at the pier base, the bending moment estimated 

from the seismic response analysis was compared to the 

flexural capacity for cracking of concrete Mc and the flexural 

capacity for failure of RC piers Mu.  

The maximum capacities for cracking of concrete, yielding of 

reinforcing bars and failure of the pier are calculated. To 

examine the flexural capacity, it is necessary to consider all  

axial reinforcements of the cross-section. The flexural 

capacity for cracking of concrete Mc is defined as the bending 

moment when the stress at the edge in the cross-section of the 

pier reaches the flexural strength of concrete, which can be 

calculated as Equation (2). 

)/( iibdic ANfWM                               (2) 

where, Wi, fbd, Ni and Ai are the section modulus considering 

reinforcing bars, the flexural strength of concrete, 

compressive axial force at the cross-section and the sectional 

area considering of reinforcing bars, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The flexural capacity for failure of the pier Mu is defined as 

the bending moment for failure of the pier. The bending 

moment is calculated according to Equation (3). 

eTdedTxedCM stcscu  )()(            (3) 

where, C’, T’sc and Tst are the axial compressive force of 

concrete, the axial compressive force of reinforcing bars, and 

the axial tensile force of reinforcing bars, respectively. 

 For the conventional bridge with steel bearings under the 

G2LV1 and HB ground motions, the analytical bending 

moment with flexural capacities of the P2 pier are shown in 

Figure 15. The bending moment and flexural capacities for the 

advanced bridge under the HB ground motion are shown in 

Figure 16. Therein Mc was 20180kN.m and Mu was 3370 

kN.m. 

Observations demonstrated that the monorail bridges satisfy 

Level-1 seismic performance as expected since in all 

scenarios the bending moment was smaller than the limit 

states of flexural failure but greater than the flexural capacities 

for clacking. Considering train dynamics in the seismic 

response analysis reduced the bending moments at the RC 

piers drastically comparing the scenario of considering train 

as additional which is the conventional approach. For the 

bridge with elastomeric bearings, bending moments were 

remarkably smaller than the limit state of flexural failure and 

were not cracked. It demonstrates that the elastomeric 

bearings were a good option to improve seismic performance 

of the bridge. 
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Figure 13. Shear forces at steel bearings of the 

conventional bridge. 

(1) SCN-1: No train 

(2) SCN-2: Train as mass 

(3) SCN-3: Train stop 

(4) SCN-4: Train moving 

(b) HB ground motion (a) G2LV1 ground motion 
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(b) Elastomeric bearing 

Figure 14. Shear forces at bearings of the advanced 

bridge under HB ground motion. 

 

(a) Steel bearing 

(1) SCN-1: No train 

(2) SCN-2: Train as mass 

(3) SCN-3: Train stop 

(4) SCN-4: Train moving 
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6 CONCLUSION 

This study investigates how train on monorail bridges acts on 

seismic responses of monorail bridges. The study also 

examined the seismic performance of the conventional type 

monorail bridge with steel bearings and the advanced type 

monorail bridge which adopts longer span than that of the 

conventional bridge under moderate ground motions. Efficacy 

of the elastomeric bearing is also examined. Summarized 

results are as follows. 

(1) The failure mode was flexural failure, and monorail 

bridge design satisfies Level-1 seismic performance since 

in all scenarios the bending moment was smaller than the 

limit states.  

(2) Dynamic system of train could act as a damper during 

earthquakes. 

(3) Elastomeric bearings were a good option to improve 

seismic performance of the bridge. However, adopting 

elastomeric bearings to reduce seismic responses of 

bridges could increase acceleration responses of train 

under earthquakes. 

(4) Seismic responses of both moving and parked trains 

should be considered to investigate vibratory sensation of 

passengers during earthquakes. 
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Figure 15. Bending moment at the pier base of the 

conventional bridge with steel bearings. 
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Figure 16. Bending moment at the pier base of the 

advanced bridge under HB ground motion. 
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ABSTRACT: This paper quantifies the underestimation of bending moment that results from exclusively considering the mid-

span section of bridges when calculating vehicle-bridge dynamic interaction. A numerical model of a simply supported Euler-

Bernoulli beam, traversed by a 1-DOF vehicle, is used to evaluate the differences. The simplicity of the model is justified by the 

additional insight that the results provide on the complex vehicle-bridge interaction problem. The results are presented using 

three dimensionless parameters that uniquely define the solution, taking into account the coupled system (vehicle and beam) 

frequencies and masses as well as the velocity of the passing vehicle. The results show that the overall maximum load effect 

occurs in the vicinity of the mid-span section and can be of significantly higher magnitude when compared to the maximum at 

mid-span. 

KEY WORDS: Vehicle-Bridge Interaction, VBI, dynamics, bridge, truck, DAF. 

1 INTRODUCTION 

The most important result in Vehicle-Bridge interaction (VBI) 

problems is the maximum total load effect experienced by the 

structure, which consists of the combined contribution of 

static and dynamic effects. Bridge codes define Dynamic 

Amplification Factor (DAF) or similar parameters to obtain 

the total load effect from the static design load. In the case of 

simply supported structures, it is generally assumed that 

maximum bending moments and displacements occur at the 

mid-span section. Regarding the static contribution to the total 

load effect, this assumption is not correct when the traversing 

vehicle has an asymmetrical axle load distribution [1]. 

Furthermore, when considering the dynamic effects, this is 

generally not exact for any type of vehicle and axle 

configuration. In reality, the overall maximum load effect 

occurs in the vicinity of the mid-span section and can be of 

significantly higher magnitude when compared to the 

maximum at mid-span. 

It is important to note that the phenomenon presented here 

is not exclusive to bridge dynamics that consider the coupling 

of the vehicle and bridge systems. Similar effects can be 

observed for the simpler situation where a beam is traversed 

by a moving constant load. A closed form solution exists [2] 

for such a case and this effect can easily be observed. 

However, it has been widely overlooked and its consequences 

on total dynamic effects generally neglected. 

This paper aims to quantify the underestimation of total 

bending moment that results from exclusively considering the 

mid-span section of the structure. First, a simple vehicle-

bridge interaction model is presented consisting of a simply 

supported Euler-Bernoulli beam, traversed by a 1-DOF 

vehicle. All possible solutions are uniquely defined by three 

dimensionless parameters that will be used throughout the 

document. It is possible from the presented results to extract 

conclusions for any particular bridge and vehicle 

configuration by calculating the corresponding parameters 

based on the system properties. Additionally, section 3 offers 

an explanation on why the mid-span does not always feature 

the maximum load effect. Finally, particular emphasis is given 

to the influence of vehicle-to-bridge mass ratios and high 

speeds. For these cases, the results show that the mid-span 

load effects are significantly smaller than the actual maximum 

load effects experienced by the structure. These conditions are 

found in the interaction of high-speed trains traversing steel 

bridges. 

2 NUMERICAL MODEL 

The numerical model used in this study is presented Figure 1 

and represents a simply supported bridge traversed by a 

moving vehicle. The structure is modelled as an Euler-

Bernoulli beam using generalized coordinates and modal 

superposition [2]. The vehicle is approximated as a 1-DOF 

system composed of a mass connected to the beam by a 

spring. Table 1 lists all the variables of the described model. 

The coupled dynamic interaction between vehicle and bridge 

systems is achieved in an iterative manner [3] and solved 

numerically by direct integration, using the Newmark-β 

method [4]. Unless stated otherwise in the text, 20 modes of 

vibration are considered and the selected time step length is 

set to ensure that the solution is accurate up to the highest 

frequency considered. 

 
Figure 1. Sketch of Beam and moving 1-DOF oscillating 

mass. 
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Table 1: List of model variables 

Variable Description 

  Vehicle mass 

  Suspension vertical stiffness 

  Vehicle velocity 

  Beam length 

  Young´s modulus 

  Second moment of area 

  Mass per unit length 

 

Equations (1) and (2) present the natural frequencies of the 

vehicle and the fundamental frequency of the beam 

respectively, both in Hz.  

    
 

  
 
 

 
  (1) 

    
 

   
 
  

 
 (2) 

The three dimensionless parameters used throughout this 

study are defined in Equations. (3-5). The Mass Ratio (MR) 

relates the vehicle mass to total structure's mass whereas the 

Frequency Ratio (FR) is the ratio between vehicle and bridge 

frequencies. The third dimensionless parameter is the Speed 

Parameter (SP) denoted in other studies as   [2] or S [3].  

    
 

  
 (3) 

    
  

  
 (4) 

    
 

    
 (5) 

It is important to note that model configurations that feature 

the same three dimensionless parameters have the same 

dynamic response. Thus, the results presented in subsequent 

sections can be used to estimate the dynamics for a wide range 

of bridge and vehicle types. Generally, the main frequencies 

(bounce and pitch) of commercial vehicles range from 1 to 

15Hz [5] and the fastest traversing speed corresponds 

nowadays to high-speed trains that have reached speeds over 

500km/h [6]. Bridge frequencies generally range from 0.5 to 

50Hz [7] and are normally many times heavier than the 

traversing vehicles. However, the mass ratio increases 

significantly in the case of long span steel railway bridges. 

Therefore, the range of the dimensionless parameters deemed 

appropriated in this study are 0.01 to 1 for MR and SP, and 

from 0.01 to 10 for FR. 

The model presented here does not include any structural 

damping for the bridge or suspension viscous damping for the 

vehicle. It would be possible to consider both by introducing 

yet another dimensionless parameter, namely the damping 

parameter as presented in [2]. However, it was decided not to 

include it in order to limit the total number of dimensionless 

parameters. The intention of the results presented below is to 

give a general understanding of the phenomenon. It could be 

shown that the addition of damping leads only to a reduction 

of the dynamic factors presented in this paper while the 

studied phenomenon is still observed. 

3 MAXIMUM LOAD EFFECT 

The model described in previous section is used to determine 

the structural response for a configuration with parameters 

(MR, FR, SP) = (0.1, 0.1, 0.1) as a representative example. 

The resulting total bending moment is normalised by dividing 

by the maximum static moment at mid-span as illustrated in 

Figure 2, in which the maximum corresponds to the Dynamic 

Amplification Factor (DAF) that for this particular case is 

found to be 1.044. 

 
Figure 2. Normalized bending moment for (MR, FR, SP) = 

(0.1, 0.1, 0.1); Mid-span static (dotted), mid-span total 

(dashed) and section with maximum total response (solid). 

 

However, as the total response due to VBI is a complex 

problem, the maximum total bending moment value is 

commonly not located at exactly mid-span. Thus, Figure 2 

also shows the normalized bending moment at the section 

with maximum total response where its maximum is referred 

to as FDAF, abbreviation derived from Full bridge length 

DAF [1]. This new dynamic amplification factor takes into 

account the whole bridge extent rather than just mid-span, and 

has a value of 1.081 in this particular case. It is important to 

note that both factors have been normalized by the same 

magnitude, namely the mid-span static bending moment. For 

completeness the definition of the mentioned amplification 

factors is given in Equations (6) and (7), where BM stands for 

Bending Moment. 

 DAF 
                

                       
 (6) 

 FDAF 
                   

                       
 (7) 

A new magnitude is introduced now in order to readily 

compare both amplification factors. The value F is defined in 

Equation (8) as the difference between full length and mid-

span dynamic amplification values. For the particular case 

presented in Figure 2, F has a value of 0.037, indicating that 

DAF should be increased in 3.7% to account for the dynamic 

effects of the bridge's full length. 

            (8) 
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Figure 3 shows the bending moment amplification factors 

for a range of speed ratios. The DAF values feature a series of 

peaks and valleys, with some values below unity, indicating 

that in certain circumstances the total bending moment at mid-

span is actually smaller than the static response. However, 

FDAF values are significantly different and feature values 

generally above 1. This illustrates that the total bending 

moment at some section of the bridge is greater than the mid-

span static response during the vehicle crossing. FDAF is a 

better indicator of the dynamic effects for vehicle-bridge 

events. By definition,         , which can be observed 

in Figure 3. Situations where both factors are the same 

indicate that the maximum load effect is taking place exactly 

at the mid-span section. 

 
Figure 3. Bending moment DAF (dashed) and FDAF (solid) 

for constant parameters (MR, FR) = (0.1, 0.1). 

 

The dynamic response of a structure is the sum of the 

contributions from an infinite number of modes of vibration. 

Generally, in bridge engineering, the 1st mode is considered to 

be the most important, and even though the relative 

contribution of each subsequent mode rapidly diminishes, 

higher modes influence the total response too. It is precisely 

the contribution of the higher modes of vibration than leads to 

the differences between DAF and FDAF. Figure 4 shows the 

F values for models with increasing numbers of modes of 

vibration. When only the 1st mode of vibration is considered 

in the calculations, the maxima occur at mid-span. Thus F is 

always zero, indicating that there is no difference between 

amplification factors. However, as soon as the number of 

modes of vibration considered in the model is increased the 

maximum response does not necessarily occur at mid-span. 

The contribution of the higher modes leads to shifts in the 

location of the maximum load effect. 

 
Figure 4. Bending moment F values considering models with 

1-mode (dotted), 2-modes (dashed) and 3-modes (solid) and 

(MR, FR) = (0.1, 0.1). 

 

Also, it is interesting to show where in the beam the actual 

maximum bending moments occur. Figure 5 presents the 

location of the maxima for the same model configurations that 

have been presented in Figure 3. The maxima fluctuate 

significantly with the speed parameter and are found on both 

sides of the mid-span section. The range of variability is quite 

broad, and maximum load effects can occur anywhere 

between 30% and 70% of the bridge's span. The events that 

feature locations of 50% of L in Figure 5 correspond to the 

situations in Figure 3 where both amplification factors match. 

 
Figure 5. Location of maximum total bending moment for 

constant parameters (MR, FR) = (0.1, 0.1). 

4 RESULTS IN 3-PARAMETER SPACE 

The previous section showed that maximum total load effect 

does not necessarily occur at the mid-span section, but only 

for a limited range of model configurations. This section aims 

to evaluate this phenomenon for a wider range of parameter 

values. For this, the model presented in Section 2 was used to 

find the solution for a wide range of the 3 dimensionless 

parameters. The intention of this study is to show the 

influence of various parameters and derive some general 

conclusions. However, due to the 3D nature of the results it is 

quite difficult to show all of them in detail. Therefore, 

following figures show only parts of the results with the 
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intention of presenting a general overview of the 

phenomenon. 

Figure 6 and Figure 7 show slices through the 3D solution 

space where both figures have been represented with the same 

colour limits for ease of comparison. The colouring scheme is 

made of two distinct colour ranges – yellow/red/black and 

blue/green – to indicate values above and below unity. 

 
Figure 6. Slices of bending moment DAF solution in 3-

parameter space 

 

Figure 6 shows that a significant range of DAF solutions are 

below unity, whereas in Figure 7 only a small proportion of 

configurations indicate that the total bending moment is 

smaller than the mid-span static one. But most importantly, 

the direct comparison of both figures clearly shows that FDAF 

values are significantly bigger than DAF values and that both 

factors do not follow similar patterns. For instance, the 

maximum calculated DAF in Figure 6 is 2.408 while the 

maximum FDAF (Figure 7) reaches 3.583. The reader might 

argue that these very high amplification factors correspond to 

unrealistic situations. However, they indicate how different 

both indicators are and illustrate the necessity of an adequate 

factor to assess correctly the dynamics of bridges. 

Additionally, it can be concluded that FDAF values 

generally tend to grow with increasing values of the 

dimensionless parameters. In contrast, DAF values might 

feature very small values for a combination of very high 

parameters, see (MR, FR, SP) = (1, 10, 1) in Figure 6. 

 

 
Figure 7. Slices of bending moment FDAF solution in 3-

parameter space. 

 

In order to clearly visualize the differences between both 

factors, Figure 8 presents the isosurfaces of F. Each surface 

represents the dimensionless parameters that give the same 

differences between amplification factors. The solution is 

rather complex but a clear trend can be observed. In general, 

for increasing dimensionless parameters the difference 

between FDAF and DAF increases. For instance, the red 

surface in Figure 8 corresponds to model configurations 

where the FDAF is equal to DAF+2.6. These occur only for 

very high dimensionless parameters which are very unlikely 

to be observed in reality. On the other hand, the light green 

surface covers a wider area and corresponds to much smaller 

(and more realistic) dimensionless parameters. However the F 

value for this surface is still 0.2. This means that DAF has to 

be increased by 20% (approximately) to allow for the correct 

dynamic assessment of the vehicle-bridge interaction. 

 
Figure 8. Bending moment F isosurfaces, for values of 0.2 

(light green) to 2.6 in increments of 0.4. 

 

Figure 9 gives the location where the actual bending 

moment occurs, expressed as a percentage of the beam's span. 

Note that now a smaller range of SP values are considered in 

order to being able to appreciate the great variability of these 

results. Again, two distinct colouring schemes are used to 

represent maxima occurring at both sides of the beam, where 
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lighter colours indicate the closeness to the mid-span section 

(50%). As in Section 3, the results fluctuate, and maxima can 

be found in both halves of the beam. It can be observed that 

the second half features more frequently in the maximum 

bending moment. 

 
Figure 9. Slices of 3-parameter space results for location of 

maximum bending moment, in % of L. 

5 EFFECT OF MASS RATIO 

As shown in the previous section the results are quite complex 

and it is difficult to extract a general conclusion from them. 

One possibility is to focus only on the influence of the mass 

ratio, and consolidate the results on the other two 

dimensionless parameters. 

Regarding the dimension related to the FR parameter, the 

results have been reduced by showing only the maximum 

along this dimension. It is believed that this is a reasonable 

approach because of the heterogeneity of the traffic traversing 

the bridge. In reality the mixture of vehicles will feature a 

wide range of frequencies. Thus, by taking the maximum 

factors over the FR values between 0.01 and 10, the resulting 

outcome is a (conservative) estimate of the dynamics due to 

the traffic fleet. 

On the other hand, a different approach was adopted in 

reducing the results for the SP parameter which is related to 

the vehicle speed. At any given bridge, vehicles traversing the 

structure will travel with slightly different speeds. However, 

the distribution of these speeds has generally an upper bound. 

This limit might be related to the inherent maximum velocity 

achievable by the vehicle or due to a prescribed speed limit. 

Therefore, the results presented below are obtained by taking 

the maximum corresponding to FR up to a certain value. This 

has been termed here maximum-within-range. Thus, results 

for a maximum-within-range of SP = 0.4, are the maximum 

results corresponding to SP values from 0.01 to 0.4. 

Figure 10 presents FDAF and DAF factors for the studied 

range of mass ratios, considering the maxima over SP and the 

maxima-within-range over FR. It is interesting to see that for 

smaller speeds (blue line), like those for road traffic, the 

amplification factors drastically reduce for increased mass 

ratios. This has been proven extensively for road bridges 

subject to traffic loads in many studies. Amongst many others 

this was shown using numerical simulations in [8] and 

experimental measurements in [9]. However, Figure 10 also 

clearly shows that this is not the case when the considered 

range of speeds increases. For higher speeds, increasing the 

mass ratio reverses the trend observed for smaller speeds.  

Additionally, Figure 10 shows that the differences between 

FDAF and DAF increase also with the range of speeds 

considered. For the case of maximum-within-range over SP of 

0.1, i.e. smaller speeds (blue line), both results are very 

similar and are barely distinguishable. However, for higher 

speeds both amplification factors feature distinct values. The 

implications of these results are very relevant for railway 

bridges in high-speed lines where the total dynamic effects 

might be significantly bigger that those developed at mid-

span. 

6 CONCLUSIONS 

This paper has presented the phenomenon of total load effects 

occurring at locations different than the mid-span section, 

which has been widely neglected in construction codes and 

related research. A simple numerical model is used in 

combination with three dimensionless parameters, to evaluate 

its consequences. It is clearly shown that the contribution of 

higher modes of vibration leads to shifts in the location of the 

maximum load effect. The alternative factor, FDAF is proven 

to be a better indicator of the dynamic effects in vehicle-

bridge interaction problems. The results clearly show that 

FDAF values are significantly greater than DAF. It is 

observed that for low speeds the results are in accordance with 

current published conclusions indicating that both 

amplification factors are similar. However, in the event of 

higher speeds and mass ratios, it is shown that FDAF values 

can be significantly greater than its mid-span counterpart 

(DAF). 
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Figure 10. Bending moment dynamic amplification at mid-span (dashed) and full beam (solid),  

for maximum-within-range over SP of 0.1 (blue), 0.2 (green) and 0.4 (red). 
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ABSTRACT: The main results obtained from field tests carried out in a curve of a new Metro line in Mexico City are presented 

in the paper. The site was characterized by significant regional subsidence and high seismic risk. Due to the spatial restrains 

under which the Metro line had to be constructed, the structure of the elevated railroad was based on a set of prefabricated 

prestressed concrete members. The typical portion of the elevated railroad consisted of a simply supported beam resting on 

cantilever columns. The foundation of each supporting column consisted of a single footing connected to four reinforced 

concrete piles. The objectives of the tests were to evaluate the response of the structure in a typical section under different 

loading patterns associated with various train locations. The data obtained during the field tests allowed for the proper 

assessment of the structural response of the elevated railroad, which has provided supporting evidence for the design firms to 

corroborate their analysis and design hypotheses. The data gathered has been useful in extending the understanding of the 

structural behavior of elevated railroads in urban environments and it is expected that it will be very relevant for the 

implementation and deployment of a structural health monitoring system at the site. 

KEY WORDS: Field test; Prestressed concrete; Structural response; Elevated railroad. 

1 INTRODUCTION 

The main results obtained from field tests carried out in a 

curve of a new Metro line in Mexico City are presented. 

Detailed information of the whole testing campaign may be 

found elsewhere [1]. The superstructure of the Metro line is 

comprised of an elevated railroad located in a soft soil area of 

Mexico City. The test site was characterized by significant 

regional subsidence and high seismic risk. Due to the spatial 

restrains under which the Metro line had to be constructed, the 

structure of the elevated railroad was based on a set of 

prefabricated prestressed concrete members (Figure 1). 

The main objectives of the field tests were to determine and 

evaluate the response of the structure in a typical section of 

the project in order to verify its dynamic properties, the lateral 

displacement of the columns and the vertical displacement of 

the girders under different loading patterns associated with 

various train locations. The identification of design and 

construction challenges susceptible of improvement for future 

projects was also addressed. 

The assessment of the structural behavior included the 

comparison of the maximum seismic response with the values 

obtained during the field tests carried out during the last stage 

of construction and before the Metro line was opened to 

service. The tests included trains with and without service live 

load, which allowed for determining the response for two 

distinct controlled conditions. 

 

2 STRUCTURE TESTED 

The typical portion of the elevated railroad consists of a 

simply supported prefabricated concrete beam resting on 

cantilevered prefabricated concrete columns (Figure 1). The 

clear span is 30 m and the clear height of the columns is 8 m.  

 

 
 

 
 

Figure 1. Structural configuration 

 

The girders are composed by several elements assembled on 

site. The cross section of the main girders comprises three 

reinforced concrete ribs integrally joined to a bottom slab 

forming a W shape. The foundation of each supporting 

Field tests of a curve in an elevated urban railroad 
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column consists of a single footing connected to four 

reinforced concrete piles. The radius of the curve tested is 

200 m (Figure 2). 

 

 

 
 

Figure 2. Identification of the test region in a curved section 

of the Metro line 

 

3 TEST PROGRAM 

The test program consisted on subjecting the structure to static 

and dynamic load tests with the use of actual Metro trains. 

Additionally, ambient vibration tests (AVT) were conducted 

before and after each of the load tests. For all static and 

dynamic tests, the response of the structure was measured at 

numerous locations. During the static tests (ST), the trains 

were located over the testing site following various 

configurations intended to create specific demands to the 

structural members (Figure 3). During the dynamic tests, 

measurements were recorded at selected locations while trains 

moved along the test site at different speeds. The effect of 

sudden hard braking and sudden full acceleration of the trains 

was also studied. Table 1 lists the dynamic tests carried out.  

 

Table 1 Dynamic tests carried out 

 

Test Line 

Speed, 

in 

km/h 

Sudden 

hard 

braking 

Sudden full 

acceleration 

DT1L Intrados 28     

DT1H Intrados 63     

DT2L Extrados 29     

DT2H Extrados 55     

DT3HB Intrados 48 X   

DT3A Intrados ---   X 

DT4HB Extrados 43 X   

DT4A Extrados ---   X 

DT5L Both 22     

DT5H Both 53     

DT6LB Both 27 X   

DT6HB Both 46 X   

DT6A Both ---   X 

 

The dynamic tests allowed for determining the effect of 

centrifugal forces while the trains moved in both directions of 

the line. The comparison of displacements recorded during the 

static and the dynamic load tests allowed for the assessment of 

the dynamic effects imposed by the trains on the 

superstructure. 

The instrumentation of the test site consisted of 

accelerometers, inclinometers, strain gages and displacement 

transducers, which were installed at 130 points of the 

structure. Figure 4 shows a view of the instrumented region of 

the superstructure, while Figure 5 shows the location of the 

sensors used to measure rotations, displacements, 

temperatures. Twenty-two accelerometers were installed in 

selected points of the structure in addition to the instruments 

shown in Figure 5. The accelerations recorded by these 

devices were used during both the ST and also during the 

dynamic tests involving the movement of the trains. 

The installation of sensors required the design and 

fabrication of stainless steel plates and supporting angles, 

which were fixed to the foundation, columns and girders. Two 

independent and isolated reference systems formed by high-

rigidity scaffolds were installed to measure the lateral 

displacements of the two columns included in the testing site. 

 

 
 

Figure 3. Location of Metro trains for the static tests 

  

Seven cars of the two Metro trains used for the tests were 

loaded by means of water-filled containers to apply the design 

service load. The loaded cars were those located at the ends of 

the two trains, as indicated in Figure 3. The main criterion in 

selecting the load distribution was to be able to carry static 

tests ST11 and ST12, in which the structural response was 
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measured for a condition where two trains were located on the 

same railway. Such load condition concentrated the loaded 

cars within the span of the test site, located between columns 

A and B in Figure 2. Each of the loaded cars carried 360 water 

containers, each weighting 50 kg. It was envisioned that such 

load would impose extreme service-level loads onto the 

structure. 

 

 
 

Figure 4. View of the instrumented region of the test site 
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Figure 5. Location of the instrumentation in the testing site 

 

Before the testing campaign was carried out, the total 

weight of each car was recorded using the self-diagnosis 

system of the trains (Table 2). AVT were carried out before 

and after all tests were executed in order to identify the 

dynamic properties of the structure and to confirm that they 

had not changed. 

Also, prior to the execution of the tests, a detailed visual 

inspection of the testing site was carried out. Hairline cracks 

were observed and marked on the bottom tension side of the 

main girder. The orientation of the vast majority of cracks 

detected was parallel to the direction of the span. Similarly, 

hairline crack running in the longitudinal direction were 

observed on columns A and B of the testing site. It must be 

noted that the initial running tests of the trains had started by 

the fall of 2012, when the load tests were carried out. 

 

Table 2. Car weights of the Metro trains used for the tests 

 

Train 
Weight per car, in t Total 

weight 1 2 3 4 5 6 7 

A 51 52 51 51 33 33 31 301 

B 31 33 33 33 52 51 50 282 

 

4 OBSERVED BEHAVIOR 

The data recorded during the tests was used to develop the 

lateral displacement profile for the columns in the testing site. 

Figure 6 show the profiles obtained for two static and eight 

dynamic tests with trains in only one railway for columns A 

and B, respectively. Similarly, Figure 7 shows the profiles for 

five dynamic tests and one static test involving two trains in 

both railways of the Metro line. The maximum lateral 

displacements on the extrados side of both columns were 

observed for dynamic tests DT1H and DT2H during which the 

trains ran at high speeds. The maximum lateral displacements 

on the intrados side of the columns were observed for static 

tests ST2 and ST6. 

 

 
 

Figure 6. Lateral displacement profile for columns A and B 

for selected static and dynamic tests with trains in a single 

railway 

 

The maximum lateral displacements measured at the top of 

columns A and B, as well as the maximum rotations measured 

at their bases during the testing campaign are presented in 

Table 3. The largest values for a load condition in which only 
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a train was present or two trains moving in the same direction 

were observed for the high-speed dynamic tests DT2H and 

DT5H, which were carried out at 55 and 53 km/h, 

respectively. 

The largest lateral displacements measured at the top of 

column (instrument HB4) and at the girder’s bottom 

(instrument HB5) during the dynamic tests were between 1.5 

and 1.6 times those measured during the static tests. These 

ratios increased to the range 5.7 to 6.7 when the tests involved 

trains located on the same railway. In contrast, when only one 

train is moving on the intrados side (dynamic test DT1H), the 

ratio between the displacements measured during the dynamic 

and static tests was around 0.5. 

 

 
 

Figure 7. Lateral displacement profile for columns A and B 

for selected static and dynamic tests with trains in two 

railways 

 

It was noticeable that low-speed (under 30 km/h) dynamic 

tests (DT2L) resulted in lateral displacements similar to those 

of the static test. Nonetheless, when two trains were present in 

the same railway, the ratio of dynamic to static lateral 

displacements was in the range of 2.9 to 3.5. 

All dynamic tests involving sudden hard braking resulted in 

values for lateral displacements that lay between those for 

high speed and low-speed dynamic tests. All dynamic tests 

involving sudden full acceleration resulted in lateral 

displacements similar to those measured for low-speed 

dynamic tests. 

In terms of maximum rotations at the base of the columns, it 

was observed that the ratio between high-speed dynamic tests 

on one railway and the corresponding static test was 1.2. 

When two trains were moving in the same direction, the ratio 

of dynamic-tests rotations to static-tests rotations increased to 

4.1. 

In addition to lateral displacements and rotations, the 

vertical deflections of the main girder were measured and 

recorded at several point within the span. Table 4 shows the 

maximum deflections measured at three different locations 

within the midspan cross-section of the girder. It was 

observed that, depending on the test configuration, the 

maximum values were not recorded simultaneously. 

The largest deflections were measured for dynamic tests 

involving either a single train or two trains moving in parallel 

along the two railways. The maximum midspan deflections 

for test DT2H carried out at a speed of 55 km/h and for test 

DT6HB carried out at a speed of 46 km/h were 4.99 and 6.52 

mm, respectively. These midspan deflections are practically 

the same as those observed during the static tests ST3 and 

ST10, which were measured to be 5.25 and 6.59 mm, 

respectively. 

 

Table 3. Lateral displacements and base rotations for 

columns A and B 

 
Intrados Intrados Extrados Extrados Both Both Both

ST6 ST6 ST2 ST2 ST9 ST9 ST9

DT1L DT3A DT2L DT4A DT5L DT6A DT6LB

28 --- 29 --- 22 --- 22

DT1H DT3HB DT2H DT4HB DT5H DT6HB DT6HB

63 48 55 43 53 46 46

Static 0.82 0.82 -1.26 -1.26 -0.67 -0.67 -0.67

D1 0.69 0.77 -1.27 -1.22 -1.01 -0.93 -0.58

D2 0.19 0.42 -1.90 -1.70 -1.99 -1.82 -1.82

Static 0.67 0.67 -1.06 -1.06 -0.60 -0.60 -0.60

D1 0.57 0.63 -1.11 -1.07 -0.90 -0.85 -0.58

D2 0.09 0.35 -1.66 -1.48 -1.79 -1.68 -1.68

Static 1.03 1.03 -1.35 -1.35 -0.31 -0.31 -0.31

D1 0.73 0.84 -1.46 -1.44 -1.07 -1.05 -0.49

D2 0.26 0.62 -1.97 -1.62 -2.04 -1.61 -1.61

Static 0.88 0.88 -1.15 -1.15 -0.32 -0.32 -0.32

D1 0.57 0.68 -1.26 -1.24 -0.93 -0.93 -0.43

D2 0.23 0.50 -1.69 -1.39 -1.82 -1.45 -1.45

Static 3.7E-6 3.7E-6 -5.5E-6 -5.5E-6 -4.0E-6 -4.0E-6 -4.0E-6

D1 3.8E-6 4.4E-6 -7.4E-6 -9.3E-6 -6.9E-6 -6.9E-6 -5.0E-6

D2 6.1E-7 -2.5E-6 -6.0E-6 -1.2E-5 -1.5E-5 -1.5E-5 -1.5E-5

Static 2.8E-6 2.8E-6 -8.2E-6 -8.2E-6 -4.7E-6 -4.7E-6 -4.7E-6

D1 5.0E-6 4.4E-6 -1.4E-5 -1.2E-5 -1.1E-5 -8.3E-6 -6.2E-6

D2 -2.8E-6 2.7E-6 -1.0E-5 -1.5E-5 -1.9E-5 -1.7E-5 -1.7E-5

Displacement 

HA5, in mm

Displacement 

HA4, in mm

Base rotation 

A, in rad

Base rotation 

B, in rad

Displacement 

HB5, in mm

Displacement 

HB4, in mm

Static Test

Dynamic test 1 (D1) 

Speed, in km/h

Dynamic test 2 (D2) 

Speed, in km/h

Line

 
 

 

Table 4. Maximum deflections measured at the extrados, the 

central, and the intrados rib of the midspan cross-section of 

the girders 

 
Intrados Intrados Extrados Extrados Both Both Both

Static Test ST5 ST6 ST3 ST2 ST10 ST10 ST10

DT1L DT3A DT2L DT4A DT5L DT6A DT6LB

28 --- 29 --- 22 --- 27

DT1H DT3HB DT2H DT4HB DT5H DT6HB DT6HB

63 48 55 43 53 46 46

Static -0.22 -0.21 -5.25 -5.12 -5.52 -5.52 -5.52

D1 -0.32 -0.21 -4.99 -4.91 -5.38 -5.21 -5.02

D2 -0.78 -0.60 -5.55 -5.23 -6.30 -6.21 -6.21

Static -2.65 -2.34 -3.95 -3.92 -6.59 -6.59 -6.59

D1 -2.77 -2.65 -3.55 -3.57 -6.37 -5.80 -5.80

D2 -2.88 -2.81 -3.51 -3.49 -6.50 -6.52 -6.52

Static -3.95 -3.61 -0.54 -0.42 -4.20 -4.20 -4.20

D1 -3.70 -3.79 -0.62 -0.60 -4.13 -4.58 -4.34

D2 -3.13 -3.54 -0.49 -0.67 -3.64 -3.90 -3.90

Extrados, 

in mm

Central, in 

mm

Intrados, 

in mm

Line

Dynamic test 1 (D1) 

Speed, in km/h

Dynamic test 2 (D2) 

Speed, in km/h

 
 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1179 

5 ANALYSIS OF OBSERVED BEHAVIOR 

The preliminary analysis of the data recorded during the 

testing campaign included the estimation of the dynamic 

amplification factors (DAF) with respect to the displacements 

measured during the static tests. The DAF were estimated 

ignoring the effect of centrifugal force by means of a low-pass 

filter in order to eliminate vibration components [2]. The filter 

was applied to the lateral displacement of the column and the 

vertical deflection of the girder recorded during the dynamic 

tests and the equivalent static trace was obtained. Afterwards, 

the quotients of maximum amplitudes were calculated for the 

filtered and unfiltered records. 

The maximum DAF associated to the lateral displacement at 

the top of the columns was calculated to be 1.23 for test 

DT1H. The maximum DAF associated with the vertical 

deflection of the girder was 1.28 for test DT3HB, which 

involved the sudden hard braking of the train. Dynamic tests 

DT1H, DT2H and DT5H resulted on DAF of 1.23, 1.05 and 

1.09 at top of column (locations HA5 and HB5) respectively. 

This values contrast against the large amplifications observed 

for tests DT2H and DT5H as well as against the attenuations 

observed for test DT1H. This behavior might be attributed to 

the effect of centrifugal force. 

The dominant and significant vibration frequencies of the 

structure were obtained though an spectral analysis of the 

AVT carried out without the presence of the trains and during 

the static tests involving loaded cars between columns A and 

B. The signal processing was based on the analysis of random 

signals by means of the Fast Fourier Transform. Mean 

spectral densities as well as spectral quotients, phase angles 

and coherence between signals were calculated [3]. The 

spectral quotients for the transverse component (T, 

perpendicular to the direction of the Metro line) and the 

longitudinal component (L, parallel to the direction of the 

Metro line) were calculated between the structure and the 

ground and were used to identify the natural frequencies in the 

corresponding directions. 

Figure 8 shows selected spectral densities and spectral 

quotients for the transverse component of the structure 

calculated with the acceleration records obtained at the top of 

the column A (AC) and those on the ground (F) for tests 

without trains and with two trains present.  

The spectral quotients in Figure 8 show distinct peaks 

corresponding to the natural vibration frequency of the 

structure. The fundamental frequencies calculated with the 

AVT without trains were 2.0-2.2 Hz and 2.1-2.3 Hz for the 

transverse and longitudinal component, respectively. The 

fundamental frequencies in the transverse and longitudinal 

direction for the tests with two trains with service live load 

present were 1.8-2.0 Hz and 2.1-2.3 Hz. It was apparent that 

while the transverse fundamental frequency decreased, the 

longitudinal frequency remained practically the same 

Figure 9 shows selected spectral densities and spectral 

quotients for the vertical component (V) of the structure 

calculated with the acceleration records obtained at midspan 

of the main girder (BC) and those at the support (BA) for tests 

without trains and with two trains present. The fundamental 

frequency associated with the vertical displacement of the 

main girder was calculated to be in the range of 3.9 and 4.4 

Hz for the tests without trains. Said frequency was in the 

range of 2.8 and 3.0 Hz for the tests involving two loaded 

trains. 
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Figure 8. Spectral density function and spectral quotient for 

the transverse component (T) of the structure using records at 

the top of column A (AC) and on the ground (F) 
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Figure 9. Spectral density function and spectral quotient for 

the vertical component (V) of the structure using records at 

midspan (BC) and at the support (BA) 

 

 

Table 5. Relevant natural vibration frequencies determined 

through AVT 

 

 Frequency in Hz 

Mode Without trains With two trains 

First T (coupled to L) 2.0 - 2.2 1.8 - 2.0 

First L (coupled to T) 2.1 - 2.3 2.1 – 2.3 

First V (symmetric) 3.9 - 4.4 2.8 – 3.0 

First V (asymmetric) 10.8 - 11.5 8.6 - 8.9 

First V (torsion) 5.4 - 5.7 5.4 - 5.7 
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Figure 10. Variation of the fundamental vibration frequencies 

in the transverse (T) and vertical (V) components for the 

dynamic tests with one train, and comparison with AVT. 
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Figure 11. Variation of the fundamental vibration frequencies 

in the transverse (T) and vertical (V) components for the 

dynamic tests with two trains, and comparison with AVT. 
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The AVT campaign was essential in identifying the main 

natural vibration frequencies of the structure. Table 5 presents 

the most relevant fundamental frequencies and their 

corresponding mode of vibration. The dominant frequency of 

the soil, identified through the spectral analysis of the 

acceleration records of the ground was determined to be in the 

range of 0.9 to 1.1 Hz. A value of 1 s was deemed reasonable 

to describe the natural period of vibration of the soil at the 

site. 

In order to study the effect of the passing of the trains on the 

fundamental vibration frequencies of the structure in the 

transverse direction (T) and in the vertical direction (V), a 

moving window modal parametric analysis [4] was applied to 

the records obtained during the dynamic tests. Figure 10 

shows the result of the analysis by describing the change in 

the natural frequency of the structure in the transverse and 

vertical directions when only one train is part of the dynamic 

test. Conversely, Figure 11 shows the result of the moving 

window modal parametric analysis by describing the change 

in the natural frequency of the structure in the transverse and 

vertical directions when two trains were in the dynamic test. 

The top three plots of Figures 10 and 11 show the variation in 

the transverse frequency with respect to the horizontal 

acceleration at the top of column A and the lateral 

displacement of the column (HA5), while the three bottom 

plots of Figures 10 and 11 show the variation in the vertical 

frequency with respect to the vertical acceleration of the 

girder and its vertical deflection at midspan (Vo2). A larger 

diameter circle in the third and bottom plots of Figures 10 and 

11 represents a larger participation of a given frequency in the 

acceleration response. The fundamental frequencies 

determined through the AVT without trains and with one or 

two trains are shown in Figures 10 and 11 by means of shaded 

regions. 

In order to eliminate accelerations associated with high 

frequencies unrelated to the fundamental frequencies, the 

moving window modal parametric analysis involved the use 

of low-pass filters. The filters were set at 3.5 Hz and at 6.0 Hz 

for the analysis of the transverse and vertical components, 

respectively. 

The analysis showed variations of the natural frequency in 

the lateral and vertical directions of the structure as one or two 

trains passed by, which may be directly associated to the 

amplitude of the displacements recorded. The frequencies in 

the transverse direction (T) and the vertical direction (V) 

varied from 1.9 to 2.2 Hz and from 3.8 to 4.2 Hz for the 

passing of one train, respectively (Figure 10). The variation 

for the passing of two trains ranged 1.8 to 2.2 Hz and from 3.7 

to 4.4 Hz in the transverse and vertical directions, 

respectively. 

For the transverse direction (T), the largest decrease of the 

fundamental frequency was calculated as 9.4 and 20.8% of the 

initial value for one and two trains, respectively. For this 

scenario, the fundamental frequency after the intense phase of 

the event differed less than 3.5% with respect to the initial 

value before the event. In the case of the vertical direction 

(V), the largest changes were calculated to be 9.6 and 13.5% 

of the original value for one and two trains, respectively. The 

fundamental frequency in the vertical direction differed less 

than 2% with respect to the original value. 

6 CONCLUSIONS 

Independently of the changes in the calculated fundamental 

frequencies, the displacements, rotations and deformations 

measured and recorded in the structure indicate a complete 

recovery of the structure to its original state before the 

application of the load schemes. 

The maximum lateral displacements at the top of the 

columns were under 2 mm, and the maximum vertical 

midspan deflections of the main girder were under 7 mm. The 

dynamic amplification factors were all under 1.30. The largest 

value was associated with a dynamic test involving the sudden 

full braking of a train moving on the extrados railway. The 

values of the amplification factors contrast with the measured 

lateral displacements, which may be attributed to the effect of 

the centrifugal force. 

The fundamental frequency of vibration in the transverse 

direction ranged from 2.0 to 2.2 Hz. This frequency was 

reduced to a range from 1.8 and 1.9 Hz when two service live 

load trains were present in the testing site. 

The fundamental frequency of vibration in the vertical 

direction ranged from 3.9 to 4.4 Hz. This frequency was 

reduced to a range from 2.8 to 3.0 Hz for tests with two 

service live load trains. 

The dynamic properties of the structure were observed to 

change with the pass of the trains. The moving window modal 

parametric analysis showed a reduction of the fundamental 

frequency of up to 20.8% with respect to the original values 

before the test for the transverse component. A similar 

behavior with a reduction of up to 13.5% was observed in the 

vertical direction. These reductions may be explained by the 

increase in mass as the testing site is loaded. 

The data obtained during the field tests allowed for the 

proper assessment of the structural response of the elevated 

railroad, which has provided supporting evidence for the 

design firms to corroborate their analysis and design 

hypotheses. The data gathered has been useful in extending 

the understanding of the structural behavior of elevated 

railroads in urban environments and it is expected that it will 

be relevant for the implementation and deployment of a 

structural health monitoring system at the site. 
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ABSTRACT: Large amplitude oscillations of suspended bridges under wind-induced loads have been observed due to the non-

smooth behavior of the hangers, that behave like unilateral constraints with no resistance to compressive forces. As a 

consequence, in particular load conditions some hangers may slack and so a part of the bridge deck may experience 

unacceptable large motion. For long span suspended bridges, such problem has been investigated with different approaches; in 

particular, some Authors have numerically evaluated the nonlinear oscillations by means of simplified sectional models, while 

the writers have proposed a continuous approach, that allows to obtain a smooth nonlinear continuous model by means of a 

regularization technique: as the distance between the hangers is significantly lower than the bridge span, in fact, it can be 

assumed that the local slackening of hangers produces a smooth variation of the global stiffness of cables and deck, which may 

be represented by a nonlinear function of their relative displacements. The main advantage is that the dynamical behavior of the 

continuum model can be evaluated in closed form by means of perturbation methods.  

This paper generalizes this approach to suspended footbridges and to pedestrian dynamic loads, that is a subject recently dealt 

with by several Authors. For sample cases of torsional pedestrian-induced loads, the results of the proposed continuous model 

are discussed in the paper and compared with similar results described in the scientific literature.   

KEY WORDS: Nonlinear oscillations; Suspended bridges and footbridges; Pedestrian-induced loads; Non-linear dynamics. 

1 INTRODUCTION 

As reported in the scientific literature [1-5] suspended bridges 

can experience large amplitude oscillations of under wind-

induced loads due to the non-smooth behavior of the hangers, 

that behave like unilateral constraints with no resistance to 

compressive forces. As a consequence, in particular load 

conditions some hangers may slack and so a part of the bridge 

deck may experience unacceptable large motion. 

For long span suspended bridges, such problem has been 

investigated with different approaches; in particular, some 

Authors [1-3] have numerically evaluated the nonlinear 

oscillations by means of simplified sectional models, while 

the writers [4-5] have proposed a continuous approach, further 

discussed below.  

More recently [6-7], the attention has been devoted to 

nonlinear oscillations of suspended footbridges. Namely, [6] 

deals with the effect of nonlinear behavior of suspending 

hangers on the dynamic response of footbridges under 

pedestrian loads; the Authors revise the sectional model 

proposed in [2, 3] for suspended bridges and show that 

footbridges can experience large amplitude oscillations due to 

the nonlinear behavior of suspending hangers as a 

consequence of torsional excitations due to pedestrian loads. 

In [6] a 3D model of a pedestrian footbridge is also discussed, 

that include the unilateral behavior of suspending hangers; in 

this case the resonant behavior under torsional excitations, 

with large amplitude oscillations and slackening of the 

hangers, is found for a frequency of the forcing loads smaller 

than the torsional frequency of the sectional model; as shown 

in Sect. 3 below, this difference can easily be explained with a 

footbridge model more refined than the sectional one, as the 

continuous model discussed here. 

In [4-5] the writers have proposed a continuous approach 

for wind-induced oscillations of suspended bridges, that 

allows to obtain a smooth nonlinear continuous model by 

means of a regularization technique: as the distance between 

the hangers is significantly lower than the bridge span, in fact, 

it can be assumed that the local slackening of hangers 

produces a smooth variation of the global stiffness of cables 

and deck, which may be represented by a regular nonlinear 

function of their relative displacements. The main advantage 

is that the dynamical behavior of the continuum model can be 

evaluated in closed form by means of perturbation methods. 

This paper generalizes this approach to suspended 

footbridges and to pedestrian dynamic loads, and this allows 

to obtain the structural response through classical perturbation 

techniques (see [4-5] and paper there quoted). For sample 

cases of torsional pedestrian-induced loads, the results of the 

proposed continuous model are discussed below and 

compared with similar results described in the scientific 

literature. As shown in Sect. 3, in particular, the proposed 

continuous approach allows to explain the difference observed 

in [6] between the FEM results and those obtained with a 

section-model approach. 

2 CONTINUOUS MODEL 

The model introduced in [4-5] consists of an elastic beam with 

length L suspended in the vertical plane, on each side of the 

beam, through a discrete distribution of unilateral elements 

with a distance  i « L  from each other, that are assumed as 

linear elastic in tension and unable to react in compression.  

Nonlinear oscillations of suspended bridges and footbridges: 

a regularization technique for non-smooth hangers behavior   
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The hangers stiffness per unit length of the bridge has been 

assumed as a constant mean value pk , that can be an 

acceptable hypothesis if their length does not change 

dramatically in the part of the bridge where the  relative 

displacements between main cables and deck are more 

significant. 

In the reference equilibrium configuration, the bridge is 

subject to dead loads, and  the restoring force per unit length 

of the beam transmitted by the suspension system is denoted 

by
0

f .  

In the model introduced in [5], the deformed configuration 

of the bridge is described by means of the vertical 

displacements  z1, z2 of the main cables and the vertical and 

torsional displacements y,  of the deck [4-5], assumed as 

unknown functions of time t  and abscissa x along the bridge 

span (Fig. 1), while horizontal displacements are neglected. 

As shown in [4-5], the mechanical model of Fig. 1 is 

governed by the following set of equations: 
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where a prime and a dot denote the time and space 

derivatives, as usual,   the deck half-width,    the 

“positive part” function, L the bridge span;  md, I and mc 

denote the unit mass and torsional inertia of the deck and of 

each cable, respectively, while dk , k  the vertical and 

torsional geometrical stiffness of the deck per unit length of 

the bridge; the static resultant stress in the main cables is 

denoted by H, while Ec and Ac denote the elasticity modulus 

and the area of the cross section of each main cable. 

 In Eq. (1) w0 represents the mean value of the elongation of 

the hangers in the reference configuration, where the main 

cables geometry can be described by the function v  
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where s denotes the main cables sag and h is defined in Fig. 1. 
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(b) 

Figure 1: Continuous model of a suspension bridge:  

a) longitudinal view, b) cross section. 

 

The damping effects on the bridge dynamics are globally 

represented by constant coefficients cd CCC ,,   (although a 

damping dependence from oscillations amplitude should be 

taken into account in a more refined model) and only forcing 

terms FFFF dcc  ,  ,  , 21  on the main cables and on the deck are 

considered, assuming as negligible the wind loads directly 

acting on the hangers.  

According to [4-5], a harmonic time-variation is assumed of 

the forcing loads on main cables and deck 
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As usual, the geometrical and mechanical variables are 

made non-dimensional as follows  
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Let also denote by   [5] the elastic energy of the 

suspension system, per unit length of the beam, in the 

equilibrium configuration and by  wf  a regular (e.g. 

polynomial) approximation - further discussed below - of the 

actual unilateral constitutive law  wf  of hangers 
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As explained in more details in [4-5], the constitutive law 

 wf  is made equivalent to the actual one  wf  by 

minimizing, in a given range of the displacements, the mean 

square error between the variation of elastic energies   and 

 , with a procedure referred to as “equivalent 

nonlinearization”. 

Under this assumptions, Eq.(1) become 
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omitting the tilde to simplify the notation; in Eq. (8), the time 

and space derivatives are denoted by a dot and a prime, 

respectively. 
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Figure 2. : Restoring force per unit length of the deck 

transmitted between main cables and deck vs. the elongation 

of the hangers [4-5]: unilateral law  (Eq.7) and cubic law.  

 

As an example, if a cubic law is assumed for  wf   (Fig. 2) 

in such a way to minimize the quadratic difference between 

  and   in the range [-3w0, 3w0], the error max  

(absolute value) in the density of elastic energy   for a 

sample deformed configuration of the bridge (Fig. 3) turns out 

to be small but not negligible, and around 0.15 of the energy 

density 0  in the reference configuration. On the other hand, 

as also shown in [4-5] for other deformed configurations, the 

percentage error E in the variation of the global elastic energy 

  of the suspension system in the same range of 

displacements is significantly smaller than the maximum 

value per unit length, maxE  (Figure3). 
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Figure 3. Variation of the elastic energy vs. amplitude of 

deformation of the test longitudinal shape in figure.  

 

With a cubic approximation of the restoring force per unit 

length as in Fig. 2, and simplifying the model considering the 

cables fixed (i.e. the relative motion between deck and 

cables), the equations that govern the motion can therefore be 

rewritten as  
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The nonlinear (but regular) partial differential equations (9) 

can be solved by expanding the displacement functions 

 txw , ,  tx,  as a linear combination of sinusoidal 

functions with unknown amplitude, denoted in the following 

as pseudo-modes:  
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3 DYNAMIC RESPONSE UNDER TORSIONAL 

FORCING LOADS 

Consider a torsional force on the deck with frequency close to 

that of the kth torsional relative pseudo-mode; for suspended 

bridges this kind of excitation can be due to vortex-shedding   

from the leeward side of the deck, while according to Bruno 

and co-workers [6-7] a similar excitation can be experienced 

by footbridges as a consequence of the out-of-phase motion of 

pedestrians walking in opposite directions on the two sides of 

the structure.  

3.1 Unimodal solution 

As a first step, internal resonances are excluded in this 

Section;  as a consequence, the steady-state components of the 

response with h  k turn out to be nil, as it can be shown with 

a procedure similar to the one described in [4-5]. The 

nontrivial steady-state components 
 kwq  and 

 k
q are 

governed by the following ordinary differential equation:  
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where: 

           dxxb k

1

0

3
2  ,           dxxc k

1

0

4
2         (11) 

and 
 k

3 ,
 k

4  denote the angular frequencies of the relative 

vertical and torsional pseudo-mode, respectively. Similarly to 

what found in [4-5] for vertical excitations, the analysis of Eq. 

(10) shows that in the cases 
   kk

34 2   or 
   kk

34 3   

the non-linear coupling between vertical and torsional 

components of the motion is negligible, while the case of 1:1 

internal resonance will be discussed in Sect. 3.2 below.  

For a structure without resonances and for a torsional 

forcing, the dynamical response is described in Figure 4.   
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Figure 4 Frequency-response curves of elongation of the 

hangers: eccentric action on the deck nearly resonant with the 

relative torsional mode with one halfwaves (frequency ω4(1)); 

no internal resonance with vertical modes: ξd=ξθ=0.006, 

β=15, Λ=2.41, λθ=15,   Fθ=0.01md g 0.8 l,   Fd=0  

 

From the mechanical point of view, β represents the ratio 

between the angular frequency of the first mode of the 

footbridge and the one of the deck alone, that is the 

contribution of the suspended system [4-5]. The system shows 

a softening behavior, reaching the peaks of the frequency-

response curve at frequencies lower than the linear resonance 

values, in accordance with the results of the FEM model of a 

footbridge obtained by Bruno and co- workers [6]. 

The stability of steady-state solutions has been checked by 

introducing a perturbation of the state of dynamical 

equilibrium and following its propagation. In such a way, the 

regions of stable (continuous line) and unstable (broken line) 

steady-state solutions has been found in the frequency-

response plane, as shown in Fig. 4. 

3.2 Internally resonant solution 

If a 1:1 internal resonance is assumed between a vertical 

pseudo-mode and the externally resonant torsional one, the 

dynamical behavior significantly changes. 

The equations of motion describing the nontrivial steady-

state solutions become: 
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where: 
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and 
 kwq  and 

 h
q  represent the amplitudes of the vertical 

and torsional pseudo-modes internally and externally 

resonant, respectively. 

As usual [8-9], the near-resonance due to the closeness of 

 h
4  to 

 k
3 is described by means of a detuning parameters 

3  (internal detuning); similarly, the near-resonance due to 

the closeness of   to 
 h

4 is described by means of a 

detuning parameters 4  (external detuning), as follows  

  4
2

4  
h

      
    3

2
43  

hk
.        (14)         

With a classical application of the multiple scales 

perturbation technique [5][8-9], the following solution can be 

found  
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with 

4244   T            43233   T  .    (16) 

2T , 3 , 4  are typical parameters introduced in the 

classical perturbation method of multiple scales [8-9]. 
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Figure 5: Frequency-response curves of length variation 

(elongation or shortening) of the hangers: eccentric action on 

the deck nearly resonant with the relative torsional mode with 

one halfwaves (frequency ω4(1)); 1:1 internal resonance with 

the three half-waves vertical mode (frequency ω3(3)): 

ξd=ξθ=0.006, β=15, Λ=1.21, λθ=20, σ3=0.02,    

Fθ=0.01md g 0.7 l,   Fd=0 

 

 

In Fig. 5 and 6 the solutions so obtained are plotted as a 

function of the detuning parameter 4  for two different 

values of the detuning parameter 3  ( 02.03   and 

03.03  , respectively). 

Similarly to the energy transfer shown in [4-5] for vertical 

excitations, the 1:1 internal resonance implies now that a part 

of the energy provided by the external torsional excitation  

can be transferred to the internally resonant vertical pseudo-

mode. 
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Figure 6: Frequency-response curves of length variation 

(elongation or shortening) of the hangers: eccentric action on 

the deck nearly resonant with the relative torsional mode with 

one halfwaves (frequency ω4(1)); 1:1 internal resonance with 

the three half-waves vertical mode (frequency ω3(3)): 

ξd=ξθ=0.006,β=40,Λ=1.40,λθ=2.7, σ3=0.03,    

Fθ=0.01md g0.8l,   Fd=0 

 

In both cases shown in Fig. 5 and 6, it can be observed that 

the system of equations (15) admits two solutions:  an 

unimodal solution, with only torsional oscillations, and a 

bimodal solution, characterized both by torsional and flexural 

components of the motion.  

In particular, the vertical component of the bimodal solution 

shows an amplitude, expressed in Fig. 5 and Fig. 6 as 

maximum length variation of the hangers (elongation or 

shortening), equal to 70 and 50 %, respectively, if compared 

to the maximum length variation due to the torsional 

component of the motion.  

The analysis of displacement time-histories, not reported 

here for the sake of conciseness, has also shown that the 

maximum relative displacement between the main cables and 

deck (i.e. hangers elongation or shortening) for the bimodal 

solution is higher with respect to the unimodal solution (about 

30 % and 20 % higher for cases in Fig, 5 and 6, respectively). 

To this respect, the proposed continuous approach allows to 

justify the difference observed in [6] between the FEM results 

and those obtained with a section-model approach.  

In the writers’ opinion, in fact, the difference can be 

explained once considered that the sectional model can 

effectively reproduce the hangers slacking - and so the 

structural large amplitude oscillations - only if a main part of 

the hangers (virtually, all of them) slacken at the same time, as 

it can be approximately assumed only for low-order pseudo-

modes of the oscillating bridge; for higher order pseudo-
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modes, instead, as those (torsional and/or vertical) considered 

in [6] and in the sample cases of Fig. 5-6,  the structural 

oscillations imply a smoother transition between the elastic 

stiffness of a hanger row and the reduced stiffness  due to the 

progressive slacking of hangers one after the other; this 

implies a softening behavior (that the unilateral stiffness of the 

section model cannot describe) that explains resonance effects 

for forcing frequencies lower than the linear torsional 

frequency. 

The stability analysis, performed by introducing a 

perturbation in the steady-state solution and evaluating its 

time-evolution, shows the coexistence of stable multiple 

solutions (continuous line in Fig. 5 and Fig. 6) and of unstable 

solutions (broken line).  

4 CONCLUDING REMARKS 

This paper generalizes to suspended footbridges and to 

pedestrian dynamic loads the continuous approach already 

proposed in [4-5] for wind-induced oscillations of suspended 

bridges, and there defined as ‘‘equivalent nonlinearization’’:  

the actual distribution of unilateral hangers is in fact replaced 

by a smooth nonlinear regular system, made equivalent to the 

actual one in terms of elastic energy stored for significant 

deformed configurations; in such a way the motion is 

described through nonlinear, but regular, partial differential 

equations, and this opens a wide scenario of approaches to 

their solution, as the classical multiple-scale perturbation 

technique [8-9] used here. 

For sample cases of torsional pedestrian-induced loads, the 

results of the proposed continuous model are discussed in the 

paper and compared with similar results described in the 

scientific literature. In particular, the proposed continuous 

approach allows to explain the difference observed in [6] 

between the FEM results and those obtained with a section-

model approach. In the writers’ opinion, this can be explained 

once considered that the sectional model can effectively 

reproduce the hangers slacking - and so the structural large 

amplitude oscillations - only if a main part of the hangers 

(virtually, all of them) slacken at the same time, as it can be 

approximately assumed only for low-order pseudo-modes of 

the oscillating bridge; for higher order pseudo-modes, instead, 

as those (torsional and/or vertical) considered in [6] and in the 

sample cases of Fig. 5-6,  the structural oscillations imply a 

smoother transition between the elastic stiffness of a hanger 

row and the reduced stiffness  due to the progressive 

slackening of hangers one after the other; this implies a 

softening behavior (that the unilateral stiffness of the section 

model cannot describe) that explains resonance effects for 

forcing frequencies lower than the linear torsional frequency. 
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ABSTRACT: In order to make out the noise characteristics of steel bridge on high-speed railway, a model which is used to predict 

the structure-borne noise of a composite steel bridge was established, based on the spatial vehicle-track-bridge coupling vibration 

theory and the statistical energy analysis (SEA). Then the discipline of bridge-borne noise and the proportion of each component 

radiating noise were analyzed. Firstly, the hybrid beam-shell FEM model of the bridge was used for vehicle-track-bridge 

interaction, and then the vibration velocities of bridge deck in time domain was obtained. The velocities in frequency domain by 

taking FFT technique served as the vibratory energy of SEA deck subsystems. The distribution and transmission of the vibratory 

energy were obtained by solving the energy equilibrium equations of SEA, and then the sound pressure radiated by the bridge was 

calculated according to the vibro-acoustic theory. The dominant frequency of composite bridge-borne noise is 20~1000 Hz. The 

structure-borne noise generated by the ballast composite bridge is higher 3.1 dB than the ballastless concrete box-girder. It is 

reasonable to neglect the neighbor spans’ noise aiming to reduce the element number if the receiving sound point is located in 7.5 

m or less to the track centerline. The noise of the bottom flange is less than the other components in all frequency bands. The noise 

of the longitudinal girder’s web is dominant in high frequency range above 315 Hz owing to the high vibration velocity, while the 

noise in low frequency is governed by the deck. 

KEY WORDS: Structure-borne noise; Composite steel bridge; Vehicle-track-bridge interaction; SEA.

1 INTRODUCTION 

When trains are travelling through bridges, both of wheels 

and rail will radiate noise directly because of the wheel/rail 

interaction. Besides, bridge components are excited and will 

generate secondary noise after the vibratory energy is 

transmitted to the bridge [1]. Compared with the plain track, 

the total sound pressure level is higher 5~15 dB which is 

called as bridge-increasing-noise when the train is running 

through steel bridges [2]-[3]. The sound barrier wall is 

effective to reduce the noise above the bridge deck, but it 

almost does nothing to decrease the structure-borne noise. 

University of Southampton’s ISVR (Institute of Sound 

and Vibration Research) has carried out systematic study on 

railway vibration and noise, and an analysis code named 

NORBERT has been programmed to predict the noise 

radiated by railway bridges [1]-[4]. Remington studied the 

noise generated by a deck steel plate girder bridge and the 

noise reduction of resilient fastener [5]. Q. Li adopted BEM 

(boundary element method) to investigate the noise radiated 

by U-shaped pre-stressed concrete girder, and the numerical 

simulation agreed well with the measured results [6]. X. Z. 

Li and X. Zhang investigated the noise of 32 m simply 

supported pre-stressed box girder from field experiment and 

hybrid FEM-BEM [7]-[8][9]. Compared with concrete 

bridges, the application of railway steel bridges is limited in 

populated district because of their noise pollution. However, 

there just has been a small amount of research about the 

noise mechanism and noise reduction measures of 

high-speed railway steel bridge. 

The dominant frequency range of the noise generated by 

railway steel bridge is up to several hundred Hz. If acoustic 

FEM or BEM is employed, mesh size has to be small enough 

to ensure the analysis precision. For large scale strucutres, 

the acoustic calculation is too expensive to be solved. 

Meanwhile, SEA is access to solve the noise in high 

frequency of extensive structure by broad band excitation 

and is mainly applied to aerospace, ships and autos so far. 

This paper presented a noise prediction approach for 

extensive steel bridge by combining vehicle – track – bridge 

coupling vibration theory and SEA, and investigated the 

noise radiated by 32+40+32 m continious composite 

steel-concrete bridge. 

2 VEHICLE–TRACK–BRIDGE COUPLING 

VIBRATION 

2.1 Train model 

The vehicle model is established based on the multi-body 

system dynamics. A 4-axle vehicle includes 7 components, 

namely a car body, two bogies and four wheel-sets. The 

primary and secondary suspensions are simplified as springs 

and dampers. Each component is assumed to be rigid body 

and has 5 DOFs (degrees of freedom) which are the vertical 

translation, the lateral translation, the roll angle, the yaw 

angle and the pitch angle respectively. Therefore, each 

vehicle has 35 DOFs totally. 

2.2 Track model 

The ballast track composed of rail, fastener, rail pad, sleeper 

and ballast is modeled as discretely supported three-layer 

system considering the degrees of the rail, the sleeper and the 
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ballast. The rail is treated as a continuous Bernoulli-Euler 

beam which is supported by discrete points of springs and 

dampers, representing the elasticity and damping of the rail 

pad. The sleeper is represented by a rigid beam, and the 

vertical, lateral and roll motions are considered. The ballast 

bed is replaced with the equivalent rigid ballast body in 

which only the vertical motion is taken into account. 

2.3 Bridge model 

The dynamic bridge model is established by employing FEM. 

The damping of the bridge is assumed to be Rayleigh 

damping expressed as 

 
  C M K  (1) 

where M, C and K represent the mass matrix, damp matrix 

and stiffness matrix respectively; α and β represent the mass 

damping factor and stiffness damping factor. 

 
2 22 ( ) / ( )i j i j j i j i          (2) 

 
2 22( ) / ( )j j i i j i         (3) 

where ω and ξ represent the circle frequency and damping 

ratio respectively, subscript means the order of eigenvalue. 

The damping ratio of the bridge is assigned as constant 0.01. 

The secondary dead load is translated to mass which is 

uniformly distributed to the deck elements. The foundation is 

replaced by the spring element beneath the pier with 

equivalent stiffness. 

2.4 Numerical solution 

The track irregularity is considered as the system’s 

self-excitation. The samples of vertical and lateral 

irregularities of left and right rails are obtained from the 

German high-speed track power spectra density (Figure 1). 

 

Figure 1. The sample of vertical track irregularity 

The vehicle subsystem, the track subsystem and the bridge 

subsystem are coupled by the wheel/rail and the track/bridge 

interactions. The non-linear Hertzian elastic contact theory is 

used to calculate the wheel/rail normal contact force. The 

wheel/rail creep force is based on the Kalker’s linear creep 

theory and the non-linear modification is made by 

Shen–Hedrick–Elkins model [9]. In this paper, the 

track/bridge interaction is discretised into a series of 

point-to-point interactions which are connected with linear 

spring and damping at each contact point. 

The vehicle-track-bridge interaction model is shown as 

Figure 2. The motion equations of vehicle, track and bridge 

are derived by dAlembert principle and expressed as 

matrices form below. 

 v v v v v v v+ + =M x C x K x F
 

(4)
 

 t t t t t t t+ + =M x C x K x F
 

(5)
 

 b b b b b b b+ + =M x C x K x F
 

(6) 

In equations above, x, x , x  and F are the displacement, 

velocity, acceleration and generalized load vector successively; 

The subscript v, t and b mean vehicle, track and bridge 

respectively. The assembly of Eq. (4), Eq. (5) and Eq. (6) 

constitutes a complex non-linear dynamic system, including 

the vehicle suspension and the wheel/rail contact’s 

non-linearities. A hybrid explicit-implicit time integration 

method is adopted to solve the system’s dynamic responses. 

The simple fast explicit integration method [10] is employed 

to solve the responses of the vehicle and track subsystems, 

while the dynamic response of the bridge is calculated by the 

Newmark-β implicit integration method. Based on this 

algorithm, a simulated code named BDAP was developed to 

calculate the dynamic responses. The details of the model is 

reffered as literature [11]-[12]. 

 

Figure 2. The vehicle-track-bridge interaction model 

3 NOISE PREDICTION METHOD BASED ON SEA 

3.1 SEA 

When apply SEA to predict the average vibration and sound 

pressure level in various frequency bands generated by a 

complex structure, the system should be divided into 

acoustical and structural subsystems according to similar 

natural modal groups and boundary condition. If the 

structure has enough modal number in the analysis frequency 

bands, the equipartition of energy among modes of a 

subsystem is assumed reasonably. Additionally, it is assumed 

that the energy is uniformly distributed within each 

subsystem. The energy equilibrium equations are derived by 

making out the relation among storage energy, dissipated 

energy and the transmitting energy between subsystems. 

Assuming that a linear system consisting of n coupled 

subsystems is conservative, the energy equilibrium equation 

of the ith subsystem is expressed as 

 Gi+
1

n

ij

j
j i

G



 =Pi (7) 

where the dissipated power 

 Gi=ωηiEi (8) 

net power flow 

 Gij=ωηijEi–ωηjiEj (9) 

ω is the circular frequency, ηi represents the damping loss 

factor, ηij denotes the coupling loss factor from subsystem i 

to j, Pi is the input power of subsystem i, Ei is the vibratory 

energy of subsystem i. 

Substituting Eq. (8) and (9) into Eq. (7). 
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where the first k subsystems are the bridge deck whose 

vibratory energy E1, E2, …, Ek is derived from 

vehicle-track-bridge coupling analysis; the input power of 

the last n–k subsystems Pk+1、Pk+2、…、Pn is 0. The vibratory 

energy Ei stored in subsystem i is derived by solving Eq. (10) 

which is n-dimensional linear algebraic equation, and then 

the mean square velocity of each subsystem is obtained. 

3.2 Rediated noise 

The radiated sound power of plate subsystem i with mean 

square velocity 2

iv  is expressed as 

 
2

0i i i iW ρ cσ S v
 

(11) 

where ρ0 and c are the air density and the sound speed in air 

respectively, σi and Si are the radiation efficiency and 

radiating area of plate subsystem i respectively. 

Actually, each subsystem of a steel bridge could be 

considered as a rectangular sound board of a×b (a<b). The 

mean square sound pressure radiated by subsystem i at field 

point P is expressed as 

 

2 0 i

i

cW
p

A




 

(12) 

A denotes the cross-sectional area through which the energy 

radiated by the subsystem is assumed to flow. 

The ditance from the field point P to the center of 

rectangular board is d and the calculation of cross-sectional 

area A is expressed as three cases below: 

① If d≤a/π, namely field point P is close to the subsystem, 

the sound propagation emitted by the source is plane wave 

and the sound pressure level doesn’t attenuate with the 

distance. 

 
A=4ab/π

 
(13) 

② If a/π<d<b/π, the rectangular sound board will be 

considered as a line sound source with finite length and has a 

cylindrical wave propagation. 

 
A=4bd

 

(14) 

③  If d≥b/π, namely field point P is far from the 

subsystem, the rectangular sound board will be simplified as 

a point sound source with spherical wave propagation. The 

cross-sectional area A is expressed as 

 
A=4πd2

 
(15) 

According to the simpified method above, subsystems of 

steel truss bridge will be treated as a series of simple sound 

sources considering the distance from subsystems to the field 

point P. Superposition principle is applied appropriately to 

the sound radiated by the multiple subsystems for the linear 

system. The overall sound pressure at field point P is 

expressed as 

 

2 0 i

i

i i

cW
p G

A




 

(16) 

where Gi is the ground reflection term. There is usually hard 

pavement under the railway viaduct in urban area, and the 

wayside sound pressure is increased by the ground reflection. 

Some noise measurements indicate that the sound pressure 

level achieves 2~3 dB increment in high frequency bands 

owing to the ground reflection [5]. Consequently, Gi is set as 

a constant value 2. 

4 CASE SUTDY 

The analysis subject is the continuous steel-concrete 

composite bridge which is diagonal across State Road 102 on 

the high-speed railway from Qinghuangdao to Shenyang 

(referred to as ‘QSHR’) in China. QSHR with the design 

speed 200 km/h is the first high-speed railway in China and 

was finished in October 2003. The continuous steel-concrete 

composite bridge has the advantages of little interrupt to the 

existing traffic and short construction period so this kind of 

bridge is applied to cross existing highway or railway in 

QSHR. There is a populated town distributed in the both 

sides of the measured bridge. The distance from some houses 

to the railway bridge is less than 10 m. Many local residents 

whose sleep quality is getting very bad complain about the 

serious disgusting noise which has done harm to their work 

and daily life when the train is running through the bridge.  

The bridge is located in straight line and its span layout is 

designed as 32+40+32 m. The dual-track bridge with 12.4 m 

wide deck has 4.6 m track space. The design live load is ZK 

train load which is equal to the 0.8 UIC train load and the 

secondary dead load is 140 kN/m. The ballast track includes 

the CHN 60 kg/m rail. As shown in Figure 3, the bridge 

consists of double H-shaped steel longitudinal girders with 6 

m interval and a pre-stressed concrete deck is cast on the 

former. The longitudinal girder with 1.2 m wide flanges is 

2.5 m high and the thickness of web and flange is 24 mm and 

50mm respectively. The lateral combinations which connect 

double H-shaped steel gilders have a 4 m interval. The 

thickness of the cast-in-situ bridge deck is 0.2~0.487 m. The 

top flange is connected with the deck by shear studs. The 

double-column pier is 5.5 m high. The railway bridge is 

oblique across the State Road 102 with the angle of 40.2°. 

 

Figure 3. A diagram of the cross section (unit: mm) 

4.1 Model 

The dynamic response of bridge is derived by 

vehicle-track-bridge coupled vibration. The bridge is 

modeled by FEM with beam an shell elements. The 

superstructure is built by shell elements, while beam 

elements are adopted to simulate the piers. The lumped mass 

matrix is employed. The shear studs are simulated by 

defining the top flange as master nodes and defining the 
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concrete deck above the top flange as slave nodes, and the 

slippage between the top flange and the concrete deck is 

ignored. Eventually, there are 2154 elements and 2495 nodes 

in the entire bridge model. 

The natural frequency comparison of the bridge computed 

by the commercial FEM code and BDAP is shown as Table 1 

and Figure 4 is the first two mode shapes. Although the 

natural frequency computed by BDAP is a little larger than 

the computed by commercial FEM code, the error is less than 

5%, so the bridge model is validated. 

Table 1. Natural frequency 

order 
commercial 

FEM code(Hz) 
BDAP(Hz) error(%) 

1 2.039 2.109 3.4 

2 3.011 3.110 3.3 

 

a) The 1st mode 

 

b) The 2nd mode 

Figure 4. Mode shapes of the bridge 

The noise radiated by steel girder is up to several hundred 

Hz, so high frequency local vibration need to be considered. 

As a result, the size of element mesh must be enough refining. 

Although each component’s vibration of the bridge is 

capable to be obtained by vehicle-track-bridge interaction, 

the calculating quantity is too huge to make out because of 

the wheel/rail interaction and the track dynamic response 

analysis when the element number of bridge model is beyond 

tens of thousands. However, the vibratory frequency of 

concrete deck is much smaller than the steel girder. Even if 

the element size is larger, the computed dynamic response of 

bridge deck is reasonable. Based on the fact, this paper 

proposes that the vibratory velocities of bridge deck are 

taken as the input energy to the SEA model and then the 

vibration response and radiated noise is derived by solving 

the energy equilibrium equations. 

The bridge deck’s dynamic response is transferred from 

time domain to frequency domain by adopting the FFT 

technique (Figure 5), and then spatial averaging is made to 

obtain the SEA deck subsystems’ input energy. For the sake 

of comparison with the measured noise, the computed 

running speed of the train is 178 km/h and the train formation 

is 2(3M+1T+2M+2T) keeping the same as the measurement. 

There are 42 subsystems in the bridge SEA model. The noise 

generated by the top flange of H-shaped steel girder is 

ignored owing to the top flange is combined with the 

concrete deck by shear studs. 

 

a) Velocities in time domain 

 

b) Velocities in frequency domain 

Figure 5. Bridge deck’s velocities 

4.2 Validation 

 

Figure 6. Photo of the measurement site 

Figure 6 is the photo of the measurement site. The 

measurement was performed in August 2013. The weather 

condition was sunny and gentle breeze. The experimental 

sample frequency was set as 10.24 kHz and the train speed 

was 178 km/h simultaneously. Since the bridge is diagonal 

across State Road 102, the measuring point underneath the 

bridge was selected in the center of the left side span and 

numbered as S1. The wayside measuring point was located 

7.5 m to the track centerline in the middle section of the main 

span and numbered as S2. Both S1 and S2 were 1.5 m high to 

the ground. The L-weighted SPL is employed and the 

infrasound isn’t taken into consideration in this paper. 
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Figure 7. S2 sound pressure time history at v=178km/h 

The sound pressure time history at S2 is shown as Figure 7. 

S2 is closer to the State Road and its background noise is 

louder, so the influence of background noise is more obvious. 

The SPL (sound pressure level) of the railway noise was 92.8 

dB, however the background SPL achieved 72.5 dB. Even 

though the highway noise existed, the background noise was 

much smaller than the railway noise when the train was 

running the site. 

 

a) SPL underneath the bridge 

 

b) Wayside SPL 

Figure 8. Comparison of the computed and the measured 

SPL 

The measured SPL at S1, S2 is 92.8 dB, 92.7 dB, and the 

computed SPL of both field points is 92.0 dB, 90.3 dB. The 

computed noise in frequency domain underneath the bridge 

agrees well with the measurement, as shown in Fig.8, so the 

approach predicting the bridge-borne noise in this paper is 

validated. The measured wayside noise is a little larger than 

the computed owing to the wayside noise is mixed with the 

rail/wheel noise more easily than the underneath the bridge. 

4.3 Results 

As shown in Figure 8, the dominant frequency of composite 

bridge-borne noise is 20~1000 Hz, while concrete 

bridge-borne noise is constantly below 200 Hz. The 

structure-borne noise radiated by the pre-stressed concrete 

box-girder at the same location as S2 achieved 89.7 dB when 

the train was running at 162 km/h measured by literature [8]. 

The structure-borne noise generated by the ballast composite 

bridge is higher 3.1 dB than the ballastless concrete 

box-girder unexpectedly. As a result, the steel bridge applies 

less and less in short-middle span railway bridges in recent 

years. The steel plate with long dimension radiates noise 

very easily because of the large radiating area. It is necessary 

to reduce the steel bridge-borne noise and some measures 

such as constrained layer damping, floating slab track, 

damping damper, is able to achieve good effect. 

For example in S2, the noise contribution of double side 

spans is matched and the quantity is 77.9 dB, 77.8 dB 

respectively. The noise generated by the main span which 

achieved 89.8 dB is approaching the overall noise 90.4 dB of 

the tri-span. It is found that the noise generated by double 

side spans is much smaller than that by the main span. When 

the noise of the whole bridge at 7.5 m is analyzed, it is 

reasonable to neglect the side spans aiming to reduce the 

element number. The more distant from the noise field point 

to the track centerline, the more contribution of side spans is 

deserved for attention. 

 

Figure 9. Wayside SPL of each component 

As for the field point S2, the structure-borne noise of deck, 

web and bottom flange of steel girder is 87.2dB, 86.2dB and 

81.7dB subsequently. The noise radiated by bridge 

components verse frequency is shown as Figure 9. The noise 

of the bottom flange is less than the other components in the 

whole frequency bands. The noise of the longitudinal 

girder’s web is dominant in high frequency range above 315 

Hz owing to the high vibratory velocity, while the noise in 

low frequency is governed by the deck because of the larger 

radiation efficiency than the H-shaped steel girder. 
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5 CONCLUSIONS 

A prediction approach of steel bridge-borne noise is 

described in this paper and applied to 32+40+32 m 

composite concrete-steel bridge based on the combination of 

vehicle–track–bridge coupling vibration theory and SEA. 

Firstly, The dynamic response of bridge is derived by 

vehicle-track-bridge coupled vibration. The bridge is 

modeled by FEM with beam and shell elements. Secondly, 

The bridge deck’s dynamic response is transferred from time 

domain to frequency domain by adopting the FFT technique, 

and then spatial averaging is made to obtain the SEA deck 

subsystems’ input energy. Eventually, the vibration response 

and radiating noise are derived by solving the energy 

equilibrium equations. 

(1) The dominant frequency of composite bridge-borne 

noise is 20~1000 Hz, while concrete bridge-borne noise 

is constantly below 200 Hz. The structure-borne noise 

generated by the ballast composite bridge is higher 3.1 

dB than the ballastless concrete box-girder 

unexpectedly. 

(2) When the noise of the whole bridge at 7.5 m is analyzed, 

it is reasonable to neglect the side spans aiming to 

reduce the element number. The more distant from the 

noise field point to the track centerline, the more 

contribution of side spans is paid for attention. 

(3) The noise of the bottom flange is less than the other 

components in the whole frequency bands. The noise of 

the longitudinal girder’s web is dominant in high 

frequency range above 315 Hz owing to the high 

vibratory velocity, while the noise in low frequency is 

governed by the deck. 
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ABSTRACT: The dynamic model test was conducted on two steel-concrete composite beams with the shear connection ratio 

as parameter, the dynamic response was measured when the train model passed through the beam with different speed and 

weight. The train-bridge finite element model was built by ANSYS software, and the influence of some parameters on the 

dynamic factor of composite beams were analyzed, these parameters included the train speed, the beam span, the frequency 

ratio of train to beam, the weight ratio of train to beam, and the shear connection ratio. The results show that the dynamic 

factor of composite beams increases with alternating resonance and cancellation; the dynamic factor increases with the 

increase of the frequency ratio of train to beam, but decrease with the increase of the beam span, the shear connection ratio, 

and the weight ratio of train to beam, and smaller the weight ratio of train to beam, faster the falling speed of the dynamic  

factor. In all the parameters, the dynamic factor is mostly influenced by the span of the composite beams and the frequency 

ratio of train to beam. 

KEY WORDS: Steel-concrete composite beams; Dynamic factor; Model test; Finite element analysis; Dynamic response. 

With the advantage of light weight, large bearing capacity, 

easy construction and small noise, steel-concrete composite 

beams have been applied for highway and railway bridges in 

China. Because the weight of the steel-concrete composite 

beams are lighter than the reinforced concrete beams, the 

dynamic response caused by high speed train will be more 

obvious. 

The dynamic effect of bridges under the action of trains is 

reflected by dynamic factor which is defined as the ratio of 

maximum dynamic deflection to static deflection. Parts of 

study on the dynamic factor of steel-concrete composite 

beams have been reported.  

Girhamma etc. [1]proposed the dynamic control 

equations of steel-concrete beams with the ordinary 

constrains by Hamilton principle, and researched the 

forced vibration and the dynamic response of simple 

composite beams using the modal superposition method. 

Hassan Moghimi [2]performed the parametric studies of 

the composite beams’ dynamic factor, the results indicated 

that the dynamic factor is correlated well with the truck 

speed; the dynamic factor is decreased with the increase of 

vehicle lane eccentricity and bridge span.  

Volkan Kahya [3]used finite element method to investigate 

the dynamic response of laminated composite beams under 

moving loads. The factors, such as the moving speed and 

boundary condition, were conducted to research the rule of 

dynamic response. K.Liu [4]researched the dynamic response 

of train-bridge system by the method of site test and finite 

element modeling. The results were satisfied by using both the 

method of moving load model and train-bridge system.  

Qi Jing-jing and Jiang Li-zhong etc. [5]and Zheng Ze-qun 

etc. [6] investigated the influence of interface slip，shear 

deformation, composite action and cross brace effects on 

dynamic characteristics and responses of continuous 

composite beam. C.W.Huang etc. [7] researched the dynamic 

characteristics of partially composite beams. The results 

showed that the main factors influenced the fundamental 

frequency of composite beam are the connection and section 

parameters of composite beams; The key parameters 

influenced the fundamental frequency and deflection impact 

factor of simple partially composite beams are the composite 

connection and section combination parameters, and the 

fundamental frequency ratio, respectively. 

Currently, analytical method, finite element method or site 

test are the primary methods to research the dynamic factor of 

composite beams. The results measured by site tests are 

usually true and reliable. However, the method cannot change 

the influential parameters conveniently. Model test and 

numerical simulation method were used to research the 

dynamic characteristics of composite beams in this paper. The 

model tests were carried on test beams with the shear 

connection ratio as parameter. The dynamic response was 

measured when the train model passed through the beam with 

different speed and weight. At the same time, the influence of 

some parameters on the dynamic factor of composite beams, 

including the train speed, the beam span, the frequency ratio of 

train to beam, the weight ratio of train to beam, and the shear 

connection ratio, were analyzed by the finite element 

numerical simulation. 

1 MODEL TEST AND FINITE ELEMENT ANALYSIS 

ON DYNAMIC FACTOR OF STEEL-CONCRETE 

COMPOSITE BEAM 

1.1 Test model 

The shear connection ratio   of composite beams is defined 

as the ratio of the studs’ actual number to the necessary 

number in fullly connected composite beams. According to 

the prototypical bridge which the span is 40 m in table 1 and 

the scale ratio of 1:10, two steel-concrete composite beams 

mailto:liysh70@163.com
mailto:496664338@qq.com
mailto:06mzhang@163.com
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app:ds:frequency
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were designed with the shear connection ratio as parameter, 

where FCB and PCB represents fully connected composite 

beam and partially connected composite beam respectively. 

The dimensions of test beams are shown in Fig.1. The 

diameter and height of stud are 13mm and 50mm, 

respectively. 70 and 42 studs are arranged in fully connected 

composite beam ( 1.0  ) and partially connected composite 

beam( 0.6  ) respectively. The material of steel girder and 

concrete slab selected in the test beams are Q235 and C30.   
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 (a) longitudinal profile of steel beam                (b) cross-section 

Figure 1 Lay-out drawing of the composite beams/mm. 

 

Figure 2. Model of the composite beams, track and train. 

The simulated tracks were laid on the surface of the test 

beams with the scale ratio of 1:10 and the scale model of train 

(scale ratio 1:10) was selected as the experimental train. The 

main dimensions of the model train were as follows: the total 

length 1397.6 mm, the train’s width 324.2 mm, the train’s 

height 314.3mm, the fixed axle base 183mm and the weight of 

empty train 62kg. The test beams, model track and train are as 

shown in Fig.2. The different weights of train imposed by 

additional weight were 62 kg, 100 kg and 150 kg in the test, 

respectively. The train’s speeds obtained by the method of 

manpower-pushing train were divided into 5~8 degrees from 

low to high. The exact speeds were determined by the video. 

The main purpose of tests is to research the influence of 

some parameters, including the train speed, the weight of train 

and the shear connection ratio, on the dynamic factor of 

composite beams and versify the finite element model. 

1.2 Finite element model 

1.2.1 Model of composite beam 

The test beam models were simulated by ANSYS software to 

analyze the dynamic response, in which the element SOLID65 

and SHELL43 were used to simulate the concrete slab and 

steel beam, respectively. The stud connectors were simulated 

by three-dimensional spring element COMBIN39. In the FE 

model the relative longitudinal slip between the steel girder 

and concrete slab was considered, but the lateral slip and uplift 

were ignored by the method of coupling the corresponding 

node in horizontal and vertical direction. The longitudinal 

slip-force relationship is defined as equation (1) [8]：  

 u 1 sQ Q e


            (1) 

Where Q is the shear of stud; s is the interface slip 

between steel girder and concrete slab under the shear of stud 

Q ;  ,   are the calculating parameters determined by test 

results, or chosen by Ref.[8] as 0.7  ， 0.8   when no 

test data can be used；
uQ is the shear bearing capability of 

stud and determined by equation (2). 

u s c c s s0.5 0.7Q A E f A f          (2) 

Where sA is the area of stud’s cross section; cE is the 

elastic modulus of concrete; cf , sf are axial compressive 

strength of concrete and ultimate tensile strength of stud , 

respectively. 

1.2.2 Model of train and track 

A multi-DOF system should be considered in actual train 

accompanying with complex vibration phenomena. The train 

model usually is simplified according to the specific research 

content. Because it is the dynamic factor of composite beam 

that is mainly researched in this paper, the train model is 

simplified as three parts (wheel set, bogie and train body) and 

each part is regarded as rigid body, namely ignoring the elastic 

deformation. The models of train and track are simulated by 

the following elements: wheel set, bogie and train body are 

simulated by BEAM4; the first and second spring-damper 

suspension system are simulated by COMBIN14; the track, 

the track lateral connection and the connection between track 

and bridge are simulated by BEAM4. The ratio of the 

parameters of model to the actual system is1/10 [10,11]。  

The finite element model of train-bridge system is shown in 

Fig. 3. 
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Figure 3. FE model of the composite beams, track and train. 
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1.3 Result of test and calculation  

The dynamic factor 1  of midspan deflection was obtained 

by test results, which is defined as the ratio of the maximum 

dynamic deflection 
(0.5 )d LU of midspan when the train passes 

through the bridge to maximum static deflection (0.5 )s LU  of 

midspan when the train is stationary on the bridge. Namely, 

(0.5 )

(0.5 )

1
d L

s L

U

U
        (3) 

After low-pass filtering of 80 Hz, the relationship between 

the midspan deflection dynamic factor 1  of FCB and PCB 

beam and the train speed is shown in Fig.4, where m is the 

weight of the train. 
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(b) PCB 

Figure 4. Relation of the dynamic factor with train speed 

Fig.4 shows that the dynamic factor curves present an 

alternating and fluctuating increasing trend with the increasing 

of the train speed. Because the weight ratio of the train to the 

beam and the train speed both are small, the increment of 

dynamic factor is not obvious with the decreasing of train 

weight. 

The dynamic factor curves of FCB and PCB beam are 

reported in Fig.5, when the weight of train is 62kg and 100kg. 
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Figure 5. the relation of the dynamic factor with train weight 

(m=62 kg). 

Fig.5 shows that the dynamic factor of PCB beam is higher 

than that of FCB beam when different weights are adopted in 

test, which illustrates that the dynamic response enhance with 

the decrease of shear connection ratio. 

The finite element model on train-track-bridge system was 

built in this paper. The test and numerical values of dynamic 

factor on FCB and PCB beam are compared in Fig.6, when the 

weight of train is 100 kg. 
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Figure 6. Comparison between the test results and numerical 

results of the dynamic factor (m=100 kg). 

Fig. 6 shows that the dynamic factor calculated by FE model 

presents the same trend compared with the experimental 

value, and both show the alternating, fluctuating and 

increasing trend. The measured dynamic factor curve is 

coincided with the calculated curve of FE model in the 

experimental speed range, so it is obvious that the FE model 

can be used to research the dynamic response of test beams. 

2 PARAMETER ANALYSIS ON THE DYNAMIC 

FACTOR OF RAILWAY STEEL-CONCRETE BRIDGE 

2.1 model of bridge and train 

The results of dynamic test are just limited in the range of low 

speed. To conduct the dynamic analysis of railway 

steel-concrete composite bridge, 5 actual composite bridges 

derived from the geometry size of test beam were simulated 

with different spans and cross section, in which several 

steel-concrete composite bridges of Hada Passenger 

Dedicated Lines were referenced and the common depth-span 

ratio of railway bridge was considered. The strength and 

stiffness of models were calculated and satisfied the 

requirement of code in different load combination. 

Diaphragms were arranged in every 4m along the bridge span 

and the vertical and longitudinal stiffening ribs were installed 

to satisfy the requirement of stability. The depth-span ratio of 

models were 1/13.3, 1/15.5, 1/17.8, 1/17.1, 1/19.0, 

respectively, which were all in common range. The cross 

section and primary parameters of composite beam are shown 

in Fig.7 and table 1, respectively. 

The model train (one trailer) is used to simulate the ICE 

high-speed train and the primary parameters of train are 

shown in Ref.10. 

The above finite element model was built to research the 

influence of some parameters on the dynamic factor of 

composite beams, these parameters including the train 

speed, the beam span, the frequency ratio of train to beam, 

the weight ratio of train to beam, and the shear connection 

ratio. 

app:ds:stiffening
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Figure 7. Dimension of the calculated model beams/m. 

Table 1. Parameters of the calculated model beams/m. 

Span 

(m) 

Stud 

(numbers) 

Steel beam 

web plate(m) 

Steel beam 

top flange(m) 

Steel beam lower 

flange(m) 

Concrete 

slab(m) 

Natural 

frequency 

L n×6 hf tf t’ bss t a bsx hd c be f/Hz 

24 1 446 1.5 0.020 0.024 0.6 0.034 0.05 3.4 0.3 1.65 6.6 6.43 

28 1 686 1.5 0.020 0.024 0.6 0.034 0.05 3.4 0.3 1.65 6.6 5.13 

32 1 926 1.5 0.020 0.024 0.6 0.034 0.05 3.4 0.3 1.65 6.6 4.02 

36 2 166 1.8 0.020 0.032 0.6 0.040 0.05 3.4 0.3 1.65 6.6 3.81 

40 2 406 1.8 0.020 0.032 0.6 0.040 0.05 3.4 0.3 1.65 6.6 2.82 

             

2.2 Parameter analysis 

In the dynamic factor curve, the abscissa adopts the 

non-dimensional speed parameter /( )S v L    just 

considering the first vertical natural frequency, where 

2 f  , f  is the vertical natural frequency of bridge (the 

first fundamental frequency); L is the length of the bridge; v is 

the train speed. When the speed parameter S>1.0, the train has 

passed through the bridge. 

The theoretical solution of midspan deflection dynamic 

factor1   of simple beam is shown in equation (4) [11] 

without considering the beam damping, in which the first 

vertical mode is considered only. 

2

2
1 1 1 cos

1

S

SS


   


               (4) 

With the speed parameter S defined as a variable, several 

alternating maximum and minimum values are emerged in the 

dynamic factor 1  of midspan deflection, in which the 

maximum values express resonance, and the minimum value 

express cancellation of resonance. Arrange the speed 

parameter S in descending order, and define the maximum and 

minimum values as the i (i=1,2,…,n) resonance value and the 

j(j=1,2,…,m) cancellation of resonance respectively, the 

variation of dynamic factor are shown in Fig.8, in which the 

marked values are the S values corresponding to the resonance 

and cancellation. 

In order to research the change of dynamic factor, the train 

model was simplified to a single moving concentrated load, in 

which the first vertical mode of beam is considered only. 

However, the dynamic response of composite beam is more 

complicated under the actual train load. The change of 

midspan deflection dynamic factor of composite beam is 

researched according to the finite element analysis result of 

actual train-track-bridge system. 
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Figure 8. Variation of dynamic factor in theory. 

2.2.1 The train speed 

The composite beam with the span of 32m was selected as 

the research object in the section. The dynamic factor curve is 

shown in Fig.9 when the train passes through the bridge in 

different speeds. 
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Figure 9. Influence of the speed on the dynamic factor 

(L=32m). 
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Fig.9 shows that, due to the reducing vibration effect of the 

actual train’s suspension, the composite beam’s damp, and the 

coupled vibration effect of train - track – bridge, the resonance 

and cancellation is not obvious when the train speed is low. 

When the speed is high, the above phenomenon becomes 

obvious. The midspan dynamic factor 1   of the actual 

composite beam is smaller than the theoretical value, and the 

speed parameter S according to the resonance and cancellation 

are also different with the theoretical value. 

The first, second and third resonance speed of 32 m composite 

beam are 740 km/h, 259 km/h, 130 km/h, respectively. 

2.2.2 The bridge span  

In this section, the dynamic response of bridge under a moving 

train was analyzed for different values of bridge span, 

including 24 m、28 m、32 m、36 m and 40 m. The dynamic 

factor curves are shown in Fig.10a, when the train passes 

through the bridge in different speeds, while the weight ratio 

and frequency ratio of train to bridge are adjusted 

correspondingly to maintain a constant value. The reason that 

the composite beams with different spans have different 

natural frequencies leads to the variation of dynamic factor in 

the resonance and cancellation of resonance. In order to 

research the influence of spans on dynamic factor, the values 

in the second and third resonance point are shown in 10b. 
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 (b)The resonance value with different spans 

Figure 10. Influence of the span on the dynamic factor. 

Fig.10 shows that the resonance values approximately 

decrease in linearity. When the span increases from 24m to 

40m, the reduction of peak values is about 20%, which 

illustrates the span is a major influence factor on dynamic 

factor.  

2.2.3  The frequency ratio of train to beam 

The frequency ratio is the ratio of frequency of train to the 

fundamental frequency of beam. The composite beam with the 

span of 32 m was selected as the research object in the section. 

The different frequency ratios were obtained by changing the 

train’s spring stiffness. 

The frequencies of train body and bogie were defined as 

following equation, respectively[4]. 

2

21 11

21

2 1 1 2
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M
f

K K



              (5) 
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1
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2
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                  (6) 

Where 
vcf , 

vbf are the frequencies of train body and bogie 

,respectively and the maximum value is selected as the train’s 

frequency; 11K , 21K are the first and second vertical 

suspension stiffness, respectively; 1M , 2M are the weights of 

bogie and train body, respectively. 

The frequency ratios 0.48, 1.03, 1.51 and 2.00 are obtained 

by changing the parameter. The dynamic factor curves are 

reported in Fig.11a, which are calculated in different 

frequency ratios. The change of resonance values following 

the change of frequency ratio in Fig.11a is reported in Fig.11b. 
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 (a)Dynamic factor curves with different frequency ratios 
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 (b)The resonance value with different frequency ratios 

Figure 11. Influence of the frequency ratio of train to beam on 

the dynamic factor. 

Fig.11 shows that the peak values approximately present the 

increasing trend in linearity. When the frequency ratio 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1200 

increases from 0.48 to 2.0, the increment of peak values is 

about 20%, which illustrates the frequency ratio is also a 

major influence factor on dynamic factor. 

2.2.4 The weight ratio of train to beam 

The weight ratio is the ratio of train weight to beam weight. 

The composite beam with the span of 32m was selected as the 

research object and the frequency ratio remained unchanged in 

the section. The different weight ratios, including 

0.2、0.3、0.4、0.5、0.6、0.7, were obtained by modifying the 

mass density of train body in ANSYS software. The curves of 

dynamic factor are reported in Fig.12a. The curves of 

resonance value in Fig.12a are reported in Fig.12b. 

0.0 0.3 0.6 0.9 1.2 1.5 1.8

1.0

1.5

2.0

2.5

3.0

3.5

The third resonance

1+
μ

S

 mtrain/mbeam=0.2

 mtrain/mbeam=0.3

 mtrain/mbeam=0.4

 mtrain/mbeam=0.5

 mtrain/mbeam=0.6

 mtrain/mbeam=0.7

The second resonance

 

 (a)Dynamic factor curves with different weight ratios 
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 (b)The resonance values with different weight ratios 

Figure 12. Influence of the weight ratio of train to beam on the 

dynamic factors. 

Fig.12 shows that the resonance values present the 

decreasing trend as a whole with the increasing of weight 

ratio. However, it declines faster when the weight ratio is 

small and slower when the weight ratio is greater than 0.4, 

which illustrates that the dynamic factor is larger when the 

light trains pass through the bridge. 

2.2.5 The shear connection ratio 

The interface slip between the steel girder and concrete slab 

is the primary difference between the composite beam and the 

ordinary beam without the shear connection. The smaller the 

shear connection ratio  , the bigger the interface slip. 

The composite beam with the span of 32m was researched 

in this section, in which the stud spacing is 10cm, 3 column 

studs were arranged on each flange and the total amount is 

1926. The shear connection ratio  was 2, which belonged to 

the over-shear connection. The different shear connection 

ratios, including 1, 0.4, were obtained by changing the amount 

of studs, and the frequency ratio and weight ratio was kept in 

constant at the same time. The dynamic factor curves are 

reported in Fig.12a. The relationship of shear connection ratio 

to dynamic factor is shown in Fig.13 and the curves of 

resonance value in Fig.13a are reported in Fig.12b. 
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 (b)The resonance values with different shear connection 

ratios 

Figure 13. Influence of shear connection ratio to beam on the 

dynamic factor of composite beams. 

Fig.13 shows that, with the decrease of shear connection 

ratio, the resonance values of dynamic factor present delaying 

phenomenon, and the peak values present a increasing trend in 

linearity. When the shear connection ratio decreases from 2.0 

to 0.4, the increment of peak values is about between 10% and 

4%, which illustrates that the flexural stiffness of composite 

beam degenerates and the dynamic response becomes more 

obvious with the decrease of shear connection. However, the 

shear connection ratio has no obvious effect on dynamic 

factor. 

 

3. CONCLUSIONS 

(1) The results of model test show that, the dynamic factor 

increases with the increase of the train speed, but decreases 

with the increase of the train weight; the dynamic factor of 

PCB beam is higher than that of FCB beam under different 

train weights, which illustrates that the dynamic response is 

enhanced with the decrease of shear connection ratio. 

(2) The parameter analysis on railway composite beam 

shows that: 

 With the increasing of the train speed, the dynamic factor 

of the composite beam doesn’t increase in linearity, but 

show the alternating, fluctuating and increasing trend. 
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 The dynamic factor of the composite beams presents the 

decreasing trend with the increasing of several 

parameters including the span, the weight ratio and the 

frequency ratio, in which the dynamic factor caused by 

light train is bigger than that of the heavy train, the span 

has obvious effect on the dynamic factor, but the shear 

connection ratio is on the contrary.  

 The resonance value of dynamic factor approximately 

presents the increasing trend in linearity with the 

increase of frequency ratio of train to beam, which 

illustrates the frequency ratio is also a major influence 

factor on dynamic factor. 
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ABSTRACT: In recent years, PC extradosed bridges have been widely used for long road bridges featuring practical and 
economical structures.  In this study, we discuss the applicability of 4-span continuous PC extradosed bridges (bridge length 450 
m, span length 75 + 150 + 150 + 75 m) to high-speed railways through the analysis of dynamic interaction between vehicle and 
structures.  As a result, we clarify that when the designed maximum speed is 360 km/h (1) a structure design impact factor of 
0.35 guarantees safety with respect to resonance, (2) a car axle load decrease ratio of 9.0% shows no problem related to running 
safety and (3) a car acceleration of 0.44 m/s2 ensures high-level ride comfort 

KEY WORDS: PC extradosed bridge; Dynamic interaction; Impact factor; Running safety; Ride comfort. 

1 INTRODUCTION 
In this study, we discussed the applicability of a four-span 
continuous PC extradosed bridge (bridge length 450 m, span 
length 75 + 150 + 150 + 75 m) to high-speed railways.  The 
150 m span length of the bridge is the longest among the 
Shinkansen concrete bridges in Japan [1].   

Figure 1 shows the outline of the PC extradosed bridge.  
This bridge is used as a double-track railway bridge with 3 
box section main girder which is stayed by diagonal cables in 
two planes, simply supported at the ends and rigidly 
connected with main towers.  

In recent years PC extradosed bridges have been widely 
used for long road bridges featuring, practical and economical 
structures, and already built as railway bridges having a span 
length of about 100 m. However, their dynamic characteristics 
for high-speed train operation have yet to be clarified.  Under 
these circumstances, therefore, we now shall address the 
following subjects specific to railways. 

PC extradosed bridges are high-order indeterminate 
structures composed of members with different characteristics, 
such as main girders, main towers, bridge piers and diagonal 
cables.  This means that we must clarify the dynamic loads 
(values of impact factor) caused by high-speed train operation 
on various members [2]. 

Furthermore, long extradosed bridges tend to cause large 
degrees of deformation and have low-frequency vibration 
modes close to the natural frequency of car bodies, in the 
vertical direction.  Therefore, we must clarify the running 
quality (that is, running safety and ride comfort) of high-speed 
vehicles with respect to the dynamic deformation of the main 
girders [2]. 

In this study, we discuss the above problems using the 
Dynamic Interaction Analysis for Shinkansen Trains And 
Railway Structures (DIASTARS), a program for analyzing the 
dynamic interaction between vehicles and railway structures 
[3] as well as establish a system for visualizing the analytical 
results by applying existing computer graphics technologies 
and understand the dynamic behaviors from animations.  

2 ANALYSIS METHOD 

2.1 Vehicle dynamic model 

Figure 2 and Table 1 show a vehicle dynamic model.  The 
vehicle model was created by connecting each element of a 
vehicle body, two truck frames and four wheelsets which were 
modeled as rigid masses with springs and dampers.  Then, a 
vehicle has 31 degrees of freedom.  The actual vehicle has 
stoppers between each element part to control significant 
relative displacement.  In order to consider this, bilinear-
nonlinear springs were used for springs.  In the analysis, we 
used 8 or 12 coached trains.  Adequacy of these dynamic 
models has already been verified through running tests on the 
actual bridges and vibration experiment using a vehicle test 
plant and an actual vehicle model [4] ,[5] ,[6].  

Vehicle specifications were assumed in reference to a 
recent high-speed Shinkansen train vehicle.  The main input 
data were 25m of vehicle length, 40.0t of body mass, 3.3t of 
truck frame mass, 2.0t of wheelset mass, 300kN/m of vertical 
spring constant for the air-spring (half side of one truck), 
30kN/s･m of damping constant for the air-spring (half side of 
one truck), 1300kN/m of spring constant for the axle spring 
(half side of one wheelset), and 40kN/s ･ m of damping 
constant for the axle spring (half side of one wheelset).   

Equations of motion of the vehicle system in the vehicle 
coordinate system can be shown as equation (1) after 
transposing nonlinear spring terms between each element to 
the right-hand side. 
 
   )(),( VV

N
BVVV

L
VVVVVV XFXXFFXKXCXM  


     (1) 

 
where affixing character V and B were the vehicle and the 
bridge, respectively; VX  was a displacement vector of the 
vehicle;  VV CM ,  and  VK  were the mass, damping and 
stiffness matrices of the vehicle, respectively;  V

LF  was load 
vectors of the wind pressure;   ),( VBV XXF was interaction 
load vectors with the bridge;  )( VV

N XF  was load vectors of  
the nonlinear spring force of the vehicle model assumed 
outside load. 
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2.2 Bridge dynamic model 

Figure 3 shows an analytical model of the bridge.  
DIASTARS can model structures of any type using beams, 
trusses, shells, solids, springs and other finite elements.  We 
modeled all main girders and bridge piers with girder 
elements, while assuming that their rigidities are all linear 
(average weight of main girders: 600kN/m, cross-section area: 
13 to 98m2, second moment of area: 29 to 544m4).  We also 
modeled diagonal cables with truss elements and connected 
them to the main girder with a rigid beam installed to the 
diagonal steel cable anchoring points.  In the connecting areas 
between main girders, main towers and piers, we assumed an 
appropriate rigid zone for each member.  The main girders are 
simply supported on bridge piers P1 and P5.  Each pier is 
fixed at the bottom end.  The analytical model has 5,040 
nodes and 7,085 elements in total.  We applied a damping 
ratio of 0.7% in all modes by referring to the measurement 
made at PC cable-stayed railway bridges [6]. 

 The axle load variation ratio of the vehicle is affected by 
the curvature of the wheel running surface (that is, the rail top 
curvature in the longitudinal direction).  The deflection of 
girders causes angular rotations with an infinite curvature at 
their ends.  In this study, however, we modeled the track 

 

Figure 1. Outline of PC the extradosed bridge. 
 

Table 1. Notations of vehicle dynamic model. 
Items Not. Items Not. Items Not.

Half of longitudinal distance between 
center pivots of fore and rear truck L Half of mass of car body m Longitudinal spring constant for air 

spring (half side of one truck) K1 

Half of wheelbase a Half of inertial moment of car body 
around x axis Ix 

Longitudinal damping constant for 
yaw damper (half side of one truck) C1 

Half of lateral distance between contact 
points of wheel and rail b Half of inertial moment of car body 

around y axis Iy 
Lateral spring constant for air spring
(half side of one truck) K2 

Half of lateral distance between yaw 
dampers b0 

Half of inertial moment of car body 
around z axis Iz 

Damping constant for lateral damper
(half side of one truck) C2 

Half of lateral distance between axle 
springs  b1 

Mass of truck MT 
Vertical spring constant for air spring 
(half side of one truck) K3 

Half of lateral distance between air 
springs b2 

Inertial moment of truck around x axis ITx 
Vertical damping constant for air
spring (half side of one truck) C3 

Height of center of gravity of car body 
from rail head Hb 

Inertial moment  of truck around y axis ITy 
Longitudinal spring constant for 
wheelset (half side of one wheelset) Kwx 

Height of center of gravity of truck from 
rail head HT Inertial moment  of truck around z axis ITz 

Lateral spring constant  for wheelset
(half side of one wheelset) Kwy 

Vertical distance between center of 
gravities of wheelset and car body h1 

Mass of wheelset Mw Vertical spring constant for axle 
spring (half side of one wheelset) Kwz 

Vertical distance between center of air 
spring and center of gravity of car body h2 

Inertial moment  of wheelset around x
axis Iwx 

Vertical damping constant for axle 
damper Cwz 

Vertical distance between center of 
gravity of truck and center of air spring hs 

Inertial moment  of wheelset around z
axis Iwz 

Static wheel force Ps 

Nominal radius of wheel r  
Half of length of car body Lc  

 

Figure 2.  Vehicle dynamic model. 
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structure by rails elastically supported with track pads so that 
the angular rotation can be eased, as shown in Fig. 3 [5]. 

Equations of motion of the bridge system can be shown as 
equation (2) after transposing nonlinear spring terms to the 
right-hand side. 

  

)(),( BB
N

BVBB
L

BBBBBB XFXXFFXKXCXM  


     (2) 

 
where BX  was a displacement vector of the bridge; BB CM ,  
and BK  were the mass, damping and stiffness matrices of the 
bridge, respectively; B

LF  was a load vector of earthquake or 
wind pressure of the bridge; ),( BVB XXF  was an interaction 
load vector with vehicles; )( BB

N XF  was a load vector of the 
nonlinear spring force of the bridge model assumed outside 
load. 

2.3 Interaction model between the wheel and the rail 

2.3.1 Vertical direction 

Figure 4 shows the vertical dynamic interaction model 
between the wheel and the rail. The vertical relative 
displacement δz between the wheel and the rail can be shown 
as equation (3).  
 

δz= zR – zW + eZ + eZ0(y)                         (3) 
 
where zR and zW were vertical displacements at the contact 
point of the rail and the wheel; eZ was vertical track 
irregularity existing on the rail shown in Fig. 4; eZ0 was the 
amount of change of the wheel radius between the current 
contact point and the initial contact point, which was shown as 
a function of horizontal relative displacement y between the 
wheel and the rail. 

A contact point s and contact angle a for the relative 
displacement δz were calculated with the horizontal relative 
displacement y of the wheel and the rail and the contact 
function set in accordance with geometric shapes of the wheel 
and the rail.  When the wheel and the rail consist of a 
quadratic surface respectively, the relation between the 

relative displacement δ of the wheel and the rail of the normal 
direction of the contact surface and the contact force H can be 
shown with the Hertz contact spring, as indicated in equation 
(4).  
 

H = H(δ) = H(δz・cos a )                         (4) 
 
The vertical and horizontal components of this contact force H 
were distributed to the wheel and the rail respectively to make 
the interaction force. 

 

 
Figure 4.  Vertical interaction model between wheel and rail. 

 

 
Figure 5.  Horizontal interaction model between wheel and rail. 

 

 
Figure 3. Bridge dynamic model. 
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2.3.2 Horizontal direction 

Figure 5 shows the horizontal dynamic model. The horizontal 
relative displacement δy between the wheel flange and the rail 
can be shown as equation (5). 
 

δy =  y– u (δz)  =  yw – yR – ey – u (δz)              (5) 
 
where y was the horizontal relative displacement between the 
wheel and the rail; yR and yW were horizontal displacements at 
the contact point of the rail and the wheel; ey was horizontal 
track irregularity existing on the rail shown in Fig. 5; u(δz) 
was the gap between the wheel flange and the rail which was 
shown as a function of vertical relative displacement δz. 
A contact point s and contact angle a for the relative 
displacement δy were calculated with the vertical relative 
displacement δz of the wheel and the rail and the contact 
function set in accordance with geometric shapes of the wheel 
and the rail. 
When δy<0, it was considered that the wheel flange and the 
rail were not in contact.  In this case, creep force Qc (slipping 
force) acted horizontally on the contact surface of the wheel 
and the rail.  The creep force was the horizontal force caused 
by creep of the wheel moving forward by rolling on the rail, 
which can be shown as equation (6).  This creep force reached 
the upper limit of friction force when the slip ratio became 
high. 
 

      vvryCSCQ wwwyc /)(  


                (6) 
 
where C was the creep constant; Sy was the slipping ratio in 
the horizontal direction; v was the train speed; r was the 
nominal radius. 

When δy≧0, it was considered that the wheel flange and the 
rail were in contact.  For the flange contact, only the flange 
pressure Qf which was equivalent to the horizontal component 
of contact force H was considered.  The flange pressure Qf  
can be shown as equation (7) using the rail tilting spring 
constant kp. 
 

Qf  = kp・δy                                       (7) 
 

2.4 Numerical analysis method 

Equations of motions of the train and the bridge shown as 
equation (1) and (2) were solved in the modal coordinates for 
each time increment t by the Newmark time difference 
scheme.  Since the equations were nonlinear, iterative 
calculations were necessary during each time increment until 
the unbalanced force between the train and the railway 
structures became small enough to be within the specified 
tolerance [3]. 

3 ANALYSIS RESULTS 

3.1 Impact factors 

Figure 6 shows the natural frequency modes obtained through 
eigenvalue analysis.  A symmetric primary vibration mode at 
1.04 Hz and an anti-symmetric secondary vibration mode at 
1.23 Hz exist close to the vertically anti-symmetric primary 
vibration mode at 0.95 Hz. 
 Figure 7 shows the time history response waveforms of the 
bridge under single-track loading by an 8-car train running at 
360 km/h.  In Fig. 7(a), the waveforms present an 
approximately static behavior generated by the moving load 
or a quasi static behavior slightly affected by the dynamic 
effect of the natural vibration.  The main girders are of the 

Mode 1   0.95Hz Mode 2   1.04Hz 

Mode 3   1.11Hz Mode 4   1.23Hz 
Figure 6.  Natural frequency modes. 

 

 
Figure 7. Time history response waveforms of the bridge (single-track loading by 8-car train running at 360 km/h). 
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double-plane suspension type, so the maximum rotational 
angle due to the torsion of the girders under one-line loading 
is as small as 10-5 rad, with the main towers and diagonal 
cables on the left and right sides presenting almost symmetric 
behaviors. 
 Figure 8 shows a relation between the train speed and the 
impact factor of a 12-car train case.  The impact factor i is the 
ratio of the increment of the dynamic deflection or the section 
force caused by the running train to their static values as 
expressed by equation (8) [2]. 
 

i = (fd – fs) / fs                  (8) 
 
where fd were dynamic deflection or section force; fs were 
static deflection or section force.  

The impact factor, which depends on the kind of member 
and section force, tends to increase as a whole as train speed 
increases without significantly high resonance peaks.  
Although not shown in the figures, a 12-car train gives a 
slightly larger impact factor value than by an 8-car train. 
 To calculate the value of the design impact factor to be 
applied to the bridge, we first summarized the analytical 
results on the values of impact factor effected by 8- and 12-car 
trains, without including the components by the bending 
moment of the main towers (having sectional dimensions 

determined by verifying the earthquake resisting performance) 
and then added the component effected by track irregularities 
to the resultant value [2].  As a result, we obtain 0.35 as the 
value of the design impact factor to be applied to the bridge. 

3.2 Train running quality 

Figure 9 shows the time history response waveforms of the 
train under single-track loading by an 8-car train running at 
360 km/h.  It was clarified that car body acceleration presents 
a sinusoidal wave at a frequency equal to the ratio of train 
speed to span length, the axle load variation ratio is analogous 
to car body acceleration, so axle load variation are mostly 
caused by car body acceleration, and the axle load decreases 
are caused by the angular rotations at the girder ends of the 
bridge entering point [5], [6], [7].  The main girders are not 
twisted, so the lateral force was no more than 0.5 kN. 
 Figure 10 shows a relation between the train speed and train 
running quality.  We evaluated running safety, an item in the 
train running quality, in terms of the axle load reduction ratio 
(the axle load variation ratio on the negative side). We 
verified running safety under the condition of simultaneous 
double-track loading in two directions at the maximum seat-
load factor (with passengers 3.5 times as many as the 
passenger capacity on board) according to the railway 
structure design standard and commentaries (limit of 

 

 
Figure 9. Time history response waveforms of the train (single-track loading by 8-car train running at 360 km/h). 

 

 
Figure 8.  Relation between train speed and impact factor of the 12-car train case. 
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displacement).   We set the limit value of the axle load 
reduction ratio at 37% [8].  This limit value of structure 
displacement is set to guarantee that cars don’t reach the 
criteria for running safety, even when track irregularity exists 
on a bridge. 
 Figures 10(a) and 10(b) show that the axle load reduction 
ratio tends to increase as train speed increases; for example, 
9.0% at a train speed of 360 km/h. This value has an ample 
margin with respect to the limit value of 37%. 
 We evaluated ride comfort, the other item pertaining to 
train running quality, in terms of the maximum car body 
acceleration directory above the trucks.  We verified ride 
comfort in running under the condition of single-track loading 
at the rated seat-load factor with the limit value of car body 
acceleration set at 2.0 m/s2, according to railway structure 
design standards and commentaries (limit of displacement) [8]. 
 Figures 10(c) and 10(d) show that the maximum car body 
acceleration tends to increase as train speed increases; for 
example, 2.0 m/s2 at a train speed of 360 km/h. This value 
has an ample margin with respect to the threshold value of 2.0 
m/s2. 

4 ANALYSIS VISUALIZATION 
Various time history data for infinitesimal increments 
calculated by the direct integral method are normally too large 
in volume, so it is extremely difficult to grasp all analytical 
results and appropriately understand their dynamic behaviors.  
Therefore, we established a system for DIASTARS to 
visualize their dynamic characteristics, by applying the 
existing computer graphics technologies.  
   Figure 11 shows an outline of the visualization system.  In 
the recent film industry, development in CG (Computer 
Graphics) technology has advanced significantly, and the 
technology is becoming available with ease. Therefore, we 
tried to make the most of the existing CG technology to 
establish the visualization system.  We created new modules 
to make a motion capture of analytical results, perform 
conversion to the coordinates in the visualizing space and 
adjust the enlargement ratio of responses, while, combining 
several existing modules, we created objects of vehicle and 
structures, arranged these objects in a visualizing space, set 
cameras, specified light sources, rendered pictures and 
compressed images.  

Figure 12 shows a vehicle rigid object model. As 
mentioned earlier, in DIASTARS, component elements such 
as a vehicle body, a truck and a wheelset were considered 
rigid masses, which were connected with springs and dampers.  
Therefore, the analysis results can be presented as a six-
degree-of-freedom response of a rigid object (running at a 
constant speed in the rail direction).   

Normally, a method of presenting the element mesh as an 
ordinal wire frame is common in dynamic analysis 
visualization with the commercial based finite element 
method.  In this study, we decided to separately create 
geometry data based on the actual vehicle and express each 
rigid masses with shading display (removal of black lines, 
shade and shadow, region fill) due to each vehicle’s 
component element being rigid masses. 

The vehicle configuration was created by statically 
combining polygon (square surface elements).  In addition, 

 
Figure 10. Relation between train speed and train running quality. 
 

 
Figure 11. Outline of the visualization system. 
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(b)Shading model 

Figure 12. Vehicle dynamic model 
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the color specified texture (image data) was attached on the 
surface of each polygon to create the object.  The vehicle 
object model in the figure consists of each rigid object such as 
a vehicle body, a truck and a wheelset with a total of 3521 
pieces of polygons for each vehicle.  

To express texture of the object surface, characteristics such 
as environment light, glazing, reflection, transparency and 
shadow were specified to match the material set of each 
polygon.  The bump (bumpy) method with texture was used 
for the details of the window and the door instead of using 
polygons in an attempt to decrease burdens on drawings. 

As explained above, in DIASTARS, the bridge model was 
created with finite elements such as beams, tresses, shells and 
solids, whose response analysis results are provided 
momentary by node displacement.  As for visualization, since 
all finite element node behaviors are not always required, the 
entire structural behavior was expressed by connecting created 
rigid objects with selected representative nodes.  In this study, 
the main girder was divided into rigid objects of 5m.  A model 
of the main girder was created with beam elements in numeric 
analysis.  In contrast, a rigid body model was created with 
polygon in the same way as the case of the vehicle.  This 
object behavior is presented by displacement time history data 
of the centric position node in a section of 5m.  

With the established motion capture modules, the 
displacement response history obtained by DIASTARS was 
converted into rigid object motion data in the visualization 
space coordinate.  However, real behaviors of the vehicle and 
the structure are minute compared with the entire structure 
size.  For this, the response needs to be enlarged by a constant 
fraction in order to understand dynamic behavior. Therefore, 
arbitrary enlargement factors were made to be specified for 
the displacement and the rotating angle during the process of 
converting than into visualization space coordinate. 

After allocating each object in the visualization space and 
specifying motion data for each, camera setting, light source 
specification, and background image were determined in 
reference to the simple rendering.  The rendering was 
performed in 30fps (frame per second), and final movie files 
were created with image compression in the frame and the 
time direction. 

  
(a)Vibration behavior of bridge (b)Vibration behavior of vehicle 

Figure 13. Example of visualization of the analysis results (single-track loading by 8-car train running at 360 km/h). 
 

  
Figure 14. Video-type displacement sensor. 

 
(a) Time history response waveforms of main girder deflection 

 

  
(b)Relation between vertical deflection and train speed 

Figure 15. Validation result of the actual train running test. 
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 Figure 13 shows an example of visualization of analysis 
results of the single-track loading by an 8-car train running at 
360 km/h.  Figure 13(a) shows a picture of a case where the 
vibration behavior of the whole bridge was analyzed with a 
camera fixed in a three-dimensional visualizing space.  Then 
Figure 13(b) shows another case where the vibration behavior 
of the vehicle was analyzed with a camera run in parallel with 
the vehicle.  In this manner, we are able to precisely and 
visually grasp the behavior of the structures coupled with the 
vehicle as one object. 

5 ANALYSIS VALIDATION 
In order to verify the numerical analysis results shown in 
Section 3, actual 10-car train running tests were conducted on 
actual structures. 
  Figure 14 shows a video-type displacement sensor.  Since 
the bridge is a long and high structure, the video-type non-
contact displacement sensor consisted of a high-vision (1920 
x 1080 dots) video camera and a target 150 by 150 mm in size 
was used to measure vertical deflection.  Sampling frequency 
was set at 30 Hz (30 fps).  In this way, we analyzed a key 
shape printed on the target which was set at the main girder 
center in each image frame of the movie, and estimated the 
bridge vertical deflection from the target transfer amount.  
The natural frequency of the bridge was calculated by using 
the Autoregressive moving average model (AR model) [9]. 

Figure 15 shows a validation result of the actual train 
running test.  The design maximum speed of this bridge is 
260km/h, however the actual train operation speed is set at   
about 130km/h at present because there is a terminal station 
near the bridge.  From this figure, we can estimate that the 
actual bridge rigidity is 1.6 times larger than the design one  
and the actual natural frequency of 1.35 Hz is 1.4 times than 
the design one of 0.95 Hz.  This increasing tendency of 
rigidity is the same as that observed in previous measurement 
[4], [5], [6] and the reasons for this are considered to be the 
influence of non-structural members, such as concrete used 
for water discharge gradients and track structure, and also the 
influence of the increases in the actual concrete strength and 
the Young’s modulus. 

6 CONCLUSIONS 
In this study, we discussed applicability of the 4-span 

continuous PC extradosed bridge to the high-speed railway 
bridge by applying a technique for analyzing the dynamic 
interaction between structures and vehicles.  The knowledge 
obtained through this study is as follows. 

 
(1)  At the maximum speed of 360 km/h, the design impact 
factor is 0.35, which guarantees that all members and 
sectional force are safe with respect to resonance despite the 
complicated construction of the bridge. 
 (2) At the maximum speed of 360 km/h, the maximum axle 
load reduction ratio is 9.0%, a value that is not problematic at 
all to guarantee running safety, in comparison to the limit 
value of 37% and the maximum car body acceleration is 0.44  
m/s2, a value that is not problematic at all either, from the 
viewpoint of ride comfort, in comparison with the limit value 
of 2.0 m/s2. 

(3) From the actual vehicle running tests, the actual bridge 
rigidity is 1.6 times larger than the design one and the actual 
natural frequency of 1.35 Hz is 1.4 times than the design one 
of 0.95 Hz. 
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ABSTRACT: In this paper, regarding the wind, train, track and bridge as an integral coupling vibration system, the coupling 

dynamic analysis of wind-train-track-bridge (WTTB) system in the time domain is established. This dynamical model not only 

takes the influence of track system into account, but also adopts a relative perfect wheel-rail dynamic coupling model which 

eliminates the assumption of wheel-rail in contact all the time and rigid for classical vehicle-bridge system in solving the wheel-

rail relation. Moreover, the coupling aerodynamic coefficients of bridge deck and vehicle is taken into account. Taking a long-

span combined cable-stayed bridge as an example, the wind forces acting on the bridge and vehicles are static and buffeting 

forces, respectively. The dynamic responses of Wind-train-track-bridge system is analysed and discussed under different wind 

speeds, vehicle speeds by using the self-developed software WTTBDAS. Numerical results show that, the train speed and wind 

velocity have great influence on the dynamic responses of WTTB system, especially when the average wind velocity reaches 

20m/s or larger , the wind velocity will play the decisive role in train running comfort and safety. According to the dynamic 

allowance indexes, when the deck mean wind velocity is larger than 30m/s，the train should be closed; when the deck mean 

wind velocity is 25-30m/s, the train can pass the bridge at no more than 160km/h; when the deck mean wind velocity is 20-

25m/s, the train speed should be no larger than 200km/h; and if smaller than 20m/s , the train can pass the bridge at design speed. 

The resistant wind criterion of running train can provide a scientific basis to establish the early warning system for the safety of 

train operation under strong winds. 

KEY WORDS: Wind-train-track-bridge system, Coupling vibration, cable-stayed bridge, critical wind velocity. 

1 INTRODUCTION 

With increasing train speed and lighter vehicle body, train is 

more sensitive to strong lateral wind. Furthermore, the 

flexible long-span railway bridge in a wind prone area will 

experience considerable vibrations due to aerodynamic effects. 

In process of high speed train running along the flexible 

bridge under cross-wind action, the interaction among wind, 

train, track and bridge, which represents the coupled vibration 

of wind-train-track-bridge(WTTB) system, is very 

complicated. The dynamic mechanism and responses of 

system is concerned extensively. Many wind induced 

accidents of train have been reported all over the world[1][2]. 

Therefore, it is necessary to pay enough attention to coupled 

vibration of  WTTB system and predict the safety and normal 

working performance of the system. 

Some researchers[3～6]presented the different wind-train-

bridge coupling dynamic models, but the track system is not 

taken into account in their models. In fact, the track system 

has great influence on the dynamic responses of wheel-rail 

forces, which are important safety indexes of vehicles, 

according to the latest study[7]. An analytical three-

dimensional wind-train-track-bridge (WTTB) coupled model 

in the time domain with wind, train, track and bridge taken as 

a coupled vibration system is presented by author[8][9], which 

can lay a important foundation for the determination of the 

wind velocity threshold for the safety of the WTTB system.  

In China, the longest combination cable-stayed bridge 

scheme is adopted, which main span is 1092m. The bridge 

deck carries 6 lanes highway on the upper level and four 

railway lines with the design speed 250 km/h on the lower 

level. This bridge is flexible which is more sensitive under 

high-speed railway vehicle and strong wind. Aiming at the 

studies on the high speed vehicle and the extra long span 

bridge under the cross wind are rare at home and abroad. The 

studies of dynamic behavior of WTTB system and the wind-

resistant criterion of running high speed vehicle are very 

important. 

2 WTTB SYSTEM DYNAMIC MODEL 

In this study, the coupled WTTB system is divided into four 

subsystems, namely, the vehicle subsystem, the track 

subsystem, the bridge subsystem and the wind subsystem.  

2.1 Modelling of train 

The adopted train is China high-speed train which is 

composed of 16 vehicles. Each vehicle has a car body and two 

identical bogies, and each bogie is supported by two identical 

wheel-sets. The full length of intermediated and end car body 

is 24.775m and 25.675m, respectively. The distance between 

bogie centers and wheel-sets is 17.375m and 2.5m, 

respectively, as shown in Figure 1. 

Each vehicle is modeled as a multiple rigid body system 

with lumped mass representing components such as wheel-

sets, bogies and car body, which are connected by means of 

linear/non-linear elastic and damping elements that reproduce 

the primary and secondary suspensions as shown in Figure 2. 

Each component has five degrees of freedom, the vertical 

displacement, the lateral displacement, the roll angle, the yaw 
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angle and the pitch angle with respect to its centre of mass. As 

for 4-axle vehicle, the total degrees of freedom are 35. 

In this model, the non-linear factors in vehicle suspension 

system can be fully considered, e.g. the non-linear yaw 

dampers and the lateral clearances between the car body and 

the stop-blocks on the bogie frames are also considered in the 

secondary suspensions. Furthermore, wheel is allowed to 

jump off the rail. 

2.514.8752.52.52.5 14.875 4.9

 
Figure 1. Configuration of train (unit: m) 
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Figure 2. Vehicle dynamic model 

By assuming that displacement responses of vehicle 

components are small, the equations of motion of the train 

subsystem can be derived according to D’Alembert’s principle. 

2.2 Modelling of track 

The ballast track is adopted in this scheme, it is composed of 

rail, rail-pad, sleeper and ballast as shown in Figure 3. The 

track is modelled as discrete supported three-layer system 

considering the degrees of the rail, the sleeper and the ballast. 

 
(a) elevation 

 
(b) end view 

Figure 3. Ballast track dynamic model 

 

The rail is modeled as a Bernoulli–Euler beam, discretely 

supported at each supporting element. The vertical and lateral 

bending deformations and torsion of the rails are taken into 

account. The sleeper is represented by a rigid beam, the 

vertical, lateral and roll motions are considered. The ballast 

bed is replaced with the equivalent rigid ballast bodies, only 

the vertical motion is taken into account. Linear spring and 

viscous dashpot are introduced between the adjacent ballasts 

to model shear coupling effects. The motion equations of the 

rail, the sleeper and the ballast can be referred to the 

literature[7]. 

The rail is continuous elastic support based on discrete 

points infinitely long beam, it often simplified as simply 

supported finite length beam in engineering applications. The 

motion equations of the rail is in form of a partial differential 

equation with fourth order, which can be transformed into a 

serious of second-order ordinary equations by means of Ritz’s 

method. 

2.3 Modelling of bridge 

The bridge scheme is the longest combined cable-stayed 

bridge. The bridge has five spans with total length of 2300 

(142+462+1092+462+142)m, as shown in Figure 4. The 

height of the two reinforced concrete towers is 325m. The 

bridge deck carries 6 lanes highway on the upper level and 

four railway lines include two lines of grade I railway and two 

lines of passenger dedicated line. The maximum design speed 

of trains passing this bridge is 250 km/h.  

The bridge deck is continuous steel truss with three main 

trusses. The main trusses are in triangle type with vertical web 

members, 16.0 m in height, 14.0m in section length and 35.0 

m in deck width. The upper level of deck is orthotropic deck 

and the lower level of deck is steel box with the typical 

ballasted tracks on it. The cross section of the bridge is shown 

in Figure 5. 
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Figure 4. Configuration of the cable-stayed bridge (unit:m) 

 

 
Figure 5. Cross section of bridge deck (unit:m) 

The model of the bridge scheme is established with the 

finite element method as shown in Figure 6. The spatial beam 

element and the spatial truss are chosen as the basic elements 

in modelling. The stiffness of foundation is considered as 

spring element. The connection between deck and pier is 

linked by master/slave DOF. The second phase dead load is 

modelled as lump mass. The element mass matrix adopted is 

uniform mass matrix. The damping is the Rayleigh damping 

expressed by the linear combination of mass and stiffness. 

 
Figure 6. Bridge FEM model 

3 WTTB SYSTEM INTERACTION 

The wind, the train, the track and the bridge subsystems of the 

WTTB system is linked by wheel-rail interaction, bridge- 

track interaction, wind-bridge interaction and wind-vehicle 

interaction. The interactions are the connections between the 

subsystem, as shown in Figure 7. 

Wind-Train

Interaction

Train

Subsystem

Wind

Subsystem

Track

Subsystem

Bridge

Subsystem

Wind-Bridge

Interaction

Wheel-Rail

Interaction

Track-Bridge

Interaction
 

Figure 7. The interaction relation of WTTB system 

Wheel-rail interaction is the essence of the interaction 

between vehicle and track. In WTTB system, the vibration of 

wheel-set is independent, the creep, elastic contact 

deformation and separation between the wheel and rail are 

taken into account. The wheel-rail contact geometry can be 

solved by the trace curve method, which can take different 

wheel and rail profile into account. The nonlinear Hertzian 

elastic contact theory is used to calculate the wheel–rail 

normal contact forces. The tangential wheel–rail creep forces 

are calculated first by the use of Kalker’s linear creep theory 

and then modified by the Shen-Hedrick-Elkins nonlinear 

model. 

The displacement of track subsystem can be obtained from 

the bridge subsystem and the interaction forces can be 

determined according to the geometrical relation between the 

bridge and the track.  

For the bridge and the vehicle immersing in the wind flow, 

the wind effects on the bridge and the vehicle consist of static 

wind forces, turbulent buffeting forces and self-excited forces. 

Static wind forces and buffeting forces are related to the mean 

wind velocity and turbulent velocity, respectively. Self-

excited forces are related to the motion of the structure. As for 

the bridge scheme, the section of the steel truss deck is blunt, 

the self-excited forces on the bridge can be ignored. As for the 

vehicle, the width is usually small and the cross section is 

relative blunt shaped. Furthermore, the maximum wind 

velocity which vehicle should be stopped is usually within 30 

m/s, so self-excited forces on the vehicle can be ignored too. 

The aerodynamic characteristics of WTTB system will 

altered as the train’s arrival and leave, so the aerodynamic 

parameters should take the relative position of train and bridge 

into account. Some researchers have acquired some 

approximation results in this aspect using either an 

experimental or a numerical approach, but it is very difficult 

for the moving vehicle. If the vehicle considered is not the 

first or last in a long train, some approximations, such as the 

cosine rule and the strip theory are introduced for engineering 

application[6], which show the wind forces on train are 

independent on train speed. 

4 WTTB SYSTEM NUMERICAL SOLUTION 

The WTTB system is a time-varying system due to the change 

of the vehicle position with time as well as the strong 

nonlinearities and high frequencies arising from the wheel-rail 

contact. It is very time-consuming cost for the solving the 

WTTB coupling system equations simultaneously due to the 

update of the mass, stiffness and damping matrix at each time 

step. According to the frequency characteristic of the train, 

track and bridge subsystem, a hybrid explicit-implicit 

integration scheme is introduced for the accuracy and stability. 

The bridge responses is mainly low frequency vibration, 

Newmark-β implicit integration method is chosen, the mass, 

stiffness and damping matrix can keep unchanged for the 

linear bridge structure. The wheel-rail responses is relatively 

high frequency with the strong nonlinearities, the simple fast 

explicit two-step integration method put forward by Zhai[10] is 

adopted to solve the train and track subsystem, Which is valid 

for arbitrary damping and diagonal mass matrix dynamic 

systems. As for the train and track subsystem, there is no need 
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to solve the large scale algebraic equation group during each 

time step. the effective time steps is not greater than 0.0001 s. 

5 WTTB ANALYSIS PARAMETER 

Track irregularities and fluctuating wind velocity are the most 

important excitations in the WTTB system. As for the time 

domain system, the samples of vertical and lateral 

irregularities of the left and right rails vary with the track’s 

longitudinal distance. Furthermore, the unsteady wind forces 

are associated with the wind velocity time histories. 

The track vertical, lateral and torsional irregularities are 

taken into consideration by using the simulated data according 

to the German rail irregularity spectra. The simulated track 

irregularity is shown in Figure 8. 
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Figure 8. Simulated track irregularity curves  

The time histories of wind velocity is simulated by the 

spectral representation method proposed by Cao[11]. 

According to the character of long-span bridge, the 

coherences among longitudinal, lateral and vertical turbulent 

components are inapparent and difficult to be taken into 

account, the 3D wind velocity field of this bridge can be 

simplified into six independent one-dimensional multivariate 

processes as shown in Table 1. The distribution of simulation 

points is shown in Figure 9. The main truss of the bridge deck 

has 164 panels with 165 nodes. The wind velocity series are 

simulated at these nodes. Since the train is also in the wind 

field before getting onto the bridge and after leaving the 

bridge for a certain time, 10 more wind velocity simulation 

points are added along the bridge longitudinal direction. So in 

total, 175 points are uniform distributed along the bridge deck 

axis with the distance of 14m. There are 21 points are 

considered with 15m interval along each pylon. The 

horizontal, lateral and vertical spectrum are adopted according 

to the Wind-resistant Design Specification for Highway 

Bridge (JTG/T D60-01-2004) in China. Figure 10 shows the 

horizontal and vertical wind velocity histories of the bridge 

deck simulated with mean wind velocity 30 m/s at point 88. 
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Figure 9. Positions of the simulation points 

 

Table 1. One-dimensional wind fields 

No. Position Direction Number of points 

1 left pylon lateral 21 

2 left pylon longitudinal 21 

3 right pylon lateral 21 

4 right pylon longitudinal 21 

5 bridge deck lateral 175 

6 bridge deck vertical 175 
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Figure 10. Simulated wind velocity curves  

In this analysis, the aerodynamic coefficients of bridge deck 

and vehicles are obtain by wind tunnel test as shown in Figure 

11 with the aids of the special crossed slot system to separate 

the aerodynamic loads of vehicle and bride from each other. 

The drag CD, lift CL, moment CM coefficient and the first 

derivatives of the drag, lift and moment coefficients of both 

deck and vehicles under typical cases are listed in Table 2. 

Bridge deck
Vehicle

 
Figure 11. Section model wind tunnel test 

Table 2. Aerodynamic coefficients 

Case CD CL CM CD CL CM 

1 
bridge 0.895 0.452 -0.004 -0.659 8.317 0.125 

vehicle - - - - - - 

2 
bridge - - - - - - 

vehicle 1.573 0.166 -0.039 1.475 -2.056 -0.246 

3 
bridge 0.833 -0.076 0.028 -0.410 6.127 -0.498 

vehicle 1.049 0.014 0.067 -3.392 0.029 -1.075 

   Case 1: only bridge deck. 

Case 2: only vehicles. 

Case 3: vehicles locate in the first line of windward side. 

6 WTTB SYSTEM DYNAMIC RESPONSES 

Figure 12 and Figure 13 shows the simulated lateral 

displacement and acceleration response histories of the lower 

chord of the bridge main truss at the middle of the main span 

with the design train speed of 250 km/h and mean wind 
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velocity of 0-30 m/s, respectively. The maximum 

displacements and accelerations of the of the lower chord of 

the bridge main truss at the middle of the main span with train 

speed of 250 km/h versus wind velocity are listed in Table 3 

and with mean wind velocity of 20 m/s versus train speed are 

shown in Figure 14, Figure 15.  

It can be seen from above figures that the wind has great 

influences on the dynamic responses of the bridge, the 

displacements and accelerations of the bridge increase rapidly 

versus wind velocity. The lateral responses is more sensitive 

to the wind than the vertical ones due to the aerodynamic 

coefficient of drag larger than lift. Furthermore, the influence 

of wind velocity is much greater than train speed. 
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Figure 12. Displacement histories of bridge deck 
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Figure 13. Acceleration histories of bridge deck 

Table 3. Maximum responses of bridge vs wind velocity 

Wind Velocity 

(m/s) 
0 10 15 20 25 30 

Disp 

(mm) 

lateral 7.65 68.2 193.1 307.1 567.1 794.3 

vertical 182.7 188.8 200.5 203.5 201.3 250.9 

Acce 

(cm/s2) 

lateral 2.31 2.49 4.29 6.01 9.90 11.19 

vertical 8.33 10.46 12.57 15.31 22.55 39.04 
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Figure 14. Maximum bridge displacement vs train speed 
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Figure 15. Maximum bridge acceleration vs train speed 

Displayed in Figure 16 and Figure 17 are the simulated 

derailment factor and lateral acceleration histories at the train 

speed of 250 km/h and wind velocity of 20 m/s when the train 

runs on the bridge. Table 4 lists the maximum vehicle 

dynamic responses at the wind velocity of 0-30 m/s and train 

speed of 250 km/h.  

Under wind action, due to the wind loads act on the car 

body directly and the bridge vibrations also influence the 

vehicle vibrations, the maximum responses of the safety index, 

namely derail factor, offload factor and lateral wheel/rail force, 

and comfort index, namely acceleration and Sperling index 

increase considerably verses wind velocity as shown in Table 

4. It can be clearly seen that derailment factor on one side 

increase and the other side decrease from Figure 16, which is 

the result of the vertical wheel rail force increase on the 

leeward side and decrease on the windward side under the 

additional moments induced by wind loads. When the mean 

wind velocity 25 m/s at the train speed of 250 km/h, the 

offload factor, lateral acceleration of car body exceeds the 

corresponding allowances according to codes in China. It can 

be concluded that wind velocity of 20 m/s can be the wind 

velocity threshold at the train speed of 250 km/h. 
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Figure 16. Derailment factor histories of vehicle (U=20m/s) 
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Figure 17. Lateral acceleration histories of vehicle (U=20m/s) 
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Table 4. Maximum responses of vehicle  

Wind Velocity 

(m/s) 
0 10 15 20 25 30 

derail factor 0.09 0.11 0.13 0.24 0.31 0.42 

offload factor 0.22 0.25 0.29 0.36 0.65 0.76 

lateral 

wheel/rail force 
10.8 13.2 16.6 29.9 56.5 63.4 

Acce 

(m/s2) 

vertical 0.68 0.70 0.66 0.82 0.78 0.86 

lateral 0.57 0.57 0.61 0.69 1.08 1.10 

Sperling 

Index 

vertical 1.60 1.65 1.65 1.68 1.73 1.78 

lateral 1.86 1.95 1.96 2.34 2.87 3.02 

 

7 WIND-RESISTANT CRITERION OF TRAIN 

By taking the mean wind velocity and the train speed as the 

main parameters, the wind velocity threshold or the train 

speed threshold can be determined from the dynamic 

responses of the bridge and vehicle according to the 

corresponding allowances index in the following way: 

(1) Let the mean wind velocity kept constant at each stage, 

the dynamic responses of the system are calculated by 

changing the train speed. The critical train speeds at which the 

responses exceed the allowances are obtained. 

(2) By changing the mean wind velocity, the corresponding 

critical train speed can be obtained according (1). 

(3) According to the calculated results under all wind 

velocities and the corresponding train speeds, the relationships 

between the deck mean wind velocity and the critical train 

speed can thus be obtained, as shown in Table 5. 

Table 5. Resistant-wind criterion of running train 

Mean wind velocity (m/s) Train speed (km/h) 

U≤20 250 

20<U≤25 ≤ 200 

25<U≤30 ≤ 160 

U>30 Close 

8 CONCLUSIONS 

Based on the WTTB system dynamic model, the dynamic 

responses of bridge, vehicle are discussed under wind action. 

Some conclusions are obtained as follows: 

(1) An analytical three-dimensional wind-train-track-bridge 

(WTTB) coupled model is presented in the time domain in 

this study with wind, train, track and bridge taken as a coupled 

vibration system. It can well predict the dynamic behaviors of 

the system. 

(2) The wind has great influences on the dynamic responses 

of the bridge. The lateral displacement responses of the bridge 

are mainly controlled by wind action, which are more 

sensitive to the wind than the vertical ones.  

(3) The running safety and comfort index are influenced 

greatly under the cross wind. In general, the responses of 

vehicle increases with the increase of the wind velocity. 

(4) According to the dynamic allowance indexes, when the 

deck mean wind velocity is larger than 30m/s, the train should 

be closed; when the deck mean wind velocity is 25-30m/s, the 

train can pass the bridge at no more than 160km/h; when the 

deck mean wind velocity is 20-25m/s, the train speed should 

be no larger than 200km/h; and if smaller than 20m/s, the train 

can pass the bridge at design speed. The resistant wind 

criterion of running train can provide a scientific basis to 

establish the early warning system for the safety of train 

operation under strong winds. 
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 ABSTRACT: The paper describes the development of the numerical model of a non-reinforced concrete arch bridge with 78 m 
chord constructed in 1940 in Portugal, over the river Tua. This model has been calibrated on the basis of experimental data 
obtained from the continuous dynamic monitoring of the bridge, allowing for a better understanding of the corresponding 
structural behavior. In particular, the influence of temperature effect is addressed, which is relevant in order to adequately 
identify potential damage caused by site works in the vicinity. 

KEY WORDS: Numerical modeling; Dynamic behavior; Structural Health Monitoring; Arch bridge; Temperature effects. 

1 INTRODUCTION 
The roadway bridge over the river Tua, in Portugal, is part of 
the national road EN108 linking the populations of Alijó and 
Carrazeda de Ansiães in the north bank of the river Douro, in 
the north of Portugal. 

Represented in Figure 1, the bridge was constructed during 
the Second World War and, given the high cost of steel, a 
non-reinforced arch with 78 m chord was conceived [1]. In its 
type of construction, this is probably one of the longest chord 
arches in the world.  

 

 
Figure 1. General view of Foz Tua bridge. 

 
The on-going construction of a hydroelectric power plant 

close to the bridge site has led both to the increased use of 
this structure by heavy trucks and to sensitive site work 
involving blasting operations conducted with the purpose of 
deepening the river bed. The concern for potential damage of 
the recently rehabilitated bridge [2] motivated the installation 
of a vibration based structural health monitoring system 
which has been in operation since December 2011 [3]. 

With the purpose of interpreting the collected data, a 
numerical model of the bridge has been developed, which was 

calibrated on the basis of continuous monitoring vibration 
data.  

The present paper describes the numerical model and the 
calibrating procedure based on sensitivity studies that provide 
an important understanding of the structural behavior of the 
bridge, in particular related with temperature effects which 
removal from the overall bridge behavior is relevant in the 
context of the identification of potential damage phenomena 
induced by site works. 

2 DESCRIPTION OF THE BRIDGE 

2.1 Initial design 

Conceived by Carmona [1], the construction of the Foz Tua 
Bridge was concluded in 1940. According to the 
representation of Figure 2, the bridge has a total length of 145 
m between abutments. It is formed by a non-reinforced 
concrete arch with 78 m chord length and 20 m rise with 
varying width and depth and with a profile defined by a 5th 
order parabola. The cross section dimensions are 7.3 m x 2.4 
m at the base and 6.3 m x 1.2 m at the mid-span. Vertical 
columns spaced at 4.45 m raise from the arch to support the 8 
m wide deck in the central part of the bridge. The latter is 
based on a lightly reinforced concrete slab 0.21 m thick with a 
0.07 m lightly reinforced concrete surfacing supported on 4 
longitudinal continuous beams over 8 spans on each half of 
the arch. Two concrete columns 20.5 m high at the end of the 
arch establish the transition to the 9 m access spans (1 span on 
the left bank and three spans on the right bank, as shown in 
Figure 2). Columns p1 to p5 on each side of the arch are 
connected to the deck beams by means of concrete “hinges”, 
while sliding devices are interposed between columns p6 and 
p7 and the longitudinal beams, with the purpose of 
accommodating temperature effects. The deck is divided in 
three segments over the arch, by means of dilatation joints 
(indicated in Figure 2 by the symbol “JD”): one segment is 
directly supported and merged with the arch, and two 
segments on each side of the arch are continuous between the 
end columns P1 and P2 and the central dilatation joints.  

Calibration of the numerical model of a non-reinforced concrete arch bridge 

Cátia Correia1, Gonçalo Sousa2, Elsa Caetano1, Álvaro Cunha1, Filipe Magalhães1 

1Department of Civil Eng., Faculty of Engineering, University of Porto, R. Dr. Roberto Frias, 4200-465 Porto, Portugal  
email: ccorreia@fe.up.pt, ecaetano@fe.up.pt, acunha@fe.up.pt 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1218 

 
Figure 2. Lateral view and cross section of Foz Tua bridge. 

 

2.2 Rehabilitation project 

The rehabilitation project of the bridge dates from 2007 [2] 
and involved essentially a stiffening of the deck, by means of 
replacing the surfacing by a resistant layer (increasing 
therefore the slab thickness to 0.28 m), the encasing of the 
longitudinal beams in steel plates in order to increase their 
strength, repairing handrails and damaged members, and 
replacing bearings and dilatation joints. Since an initially 
survey was conducted, it was possible to characterize with 
some rigor the bridge profile. It was observed that the mid-
line of the arch slightly differs from the one defined in the 
original design, the angles to the horizontal at the arch 
foundation being 49.5° instead of 53.4. This is probably a 
consequence of the construction process. It was possible also 
to assess the properties of the materials, in particular the 
Young modulus of the concrete, which was observed to vary 
in the interval 47 GPa to 63 GPa. 

3 NUMERICAL MODELLING 

3.1 Description of the FEM  

In order to characterize damage in the structure, a refined 
finite element model is required, describing the most 
important aspects of the bridge structural behavior.  

Since the structure has been modified by the rehabilitation, 
the characteristics corresponding to this later stage have been 
considered. 

The numerical model was constructed using the commercial 
software Autodesk Robot Structural Analysis. Only the 
central part of the bridge between columns P1 and P2 (see 
Figure 3) was modeled, as the propagation of bending 
moments along the deck would not be expected due to the 
presence of the dilatation joints.  

The finite element mesh represented in Figure 3 has been 
developed using shell elements to idealize the columns, arch 
and deck slabs, and beam elements to idealize the longitudinal 
and transversal beams.  

The arch was discretized into 18 straight panels (see detail 
in Figure 4) with linear varying width and thickness. The 
foundation was assumed clamped.  

Columns were modeled with shell elements according to 
their geometry, and their height was defined from the 
foundation or from the intersection with the arch midline to 
the lower face of the longitudinal beams. Rigid elements with 
release of some degrees of freedom were used to connect 
beam and column elements according to the expected type of 
joints: free rotation about the direction perpendicular to the 
longitudinal axis of the bridge was considered for columns p1 
to p5, and horizontal and vertical springs with the neoprene 
stiffness constants were inserted in the connections of the 
columns p6 and p7 to the longitudinal beams. It is noted 
however that in reality the stiffness of these neoprene 

bearings had to be later increased to better characterize the 
bridge behavior. As for the central part of the deck, a 
continuous connection with the arch was considered. 

 

 
Figure 3. Finite element mesh of Foz Tua Bridge. 

 
Figure 4. FEM of Foz Tua Bridge: detail of arch mesh and of 

connections between columns and longitudinal beams. 

The discretization of the deck implied a series of 
simplifications and assumptions. The longitudinal and 
transversal beams were discretized in beam elements, and the 
slabs were discretized in shell elements. A uniform slab 
thickness of 0.30 m was considered instead of the real varying 
thickness in the connection to the longitudinal beams. This 
simplification was checked with a separate modeling of one 
segment of the deck from which it was observed that the cross 
section properties did not significantly vary. A second 
simplification consisted in the consideration of the footpath 
and handrails as masses rather than structural members, 
neglecting their contribution to the deck stiffness. 

Referring to the beam elements discretizing the composite 
longitudinal beams in the rehabilitated bridge (see Figure 5), 
the real cross-sections of the steel encased beams are replaced 
by equivalent cross-sections in concrete, using the modular 
ratio determined from the ratio between the Young modulus 
of concrete and steel and adequately correcting the mass. 
Considering that the centers of gravity of the beams and slabs 
are different, it was further necessary to introduce an offset in 
the geometry definition in order to adequately position the 
corresponding members.  

Finally, the modeling of the dilatation joints was achieved 
by means of horizontal springs which constants were defined 
by the fitting of the calculated modal parameters to the ones 
identified on the basis of the experimental tests.  
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Figure 5. Cross section of composite longitudinal 
beam in rehabilitated bridge and equivalent concrete 

cross section. 

 

3.2 Modal parameters  

Assuming linear behavior of the materials and a small 
displacement analysis, the most relevant modal parameters of 
the bridge were calculated. Table 1 systematises the natural 
frequencies and characteristics of the most relevant vibration 
modes. It is noted that the classification as “symmetric” and 
“anti-symmetric” refers to the deck modal configuration with 
regard to the mid-section vertical plan. This classification is 
approximate, as some asymmetry is observed, in particular for 
the higher order modes. Furthermore, the characteristics 
displayed in this table refer to the consideration of an average 
Young modulus of 55 GPa and to the assumption of the 
stiffness constants at the bearings over columns and dilatation 
joints indicated in Table 2. 
 

Table 1. Natural frequencies and characteristics of mode 
shapes: initial numerical model. 

Mode Natural frequency (Hz) Characteristics of mode 
1 1.89 1st anti-symmetric vertical 
2 2.23 1st symmetric lateral 
3 3.56 1st symmetric vertical 
4 4.81 1st anti-symmetric lateral 
5 5.31 2nd anti-symmetric vertical 
6 5.84 2nd symmetric lateral 
7 7.56 2nd symmetric vertical 
8 8.60 2nd anti-symmetric lateral 
9 10.19 3rd symmetric lateral 

10 10.36 1st torsion 
 

Table 2. Initial stiffness constants at the dilatation joints and 
neoprene bearings. 

 Stiffness constant (kN/m or kN/rad) 

 
End 

dilatation 
joint 

Concrete 
hinge 

Column 
bearing 

Central 
dilatation 

joint 
Kx 100000 - 1000000 500000 
Ky 100000 - 1000000 1000000 
Kz - - - - 
KΘx  1000000  ‐  1000000  1000000 
KΘy  1000000  1000000  1000000  1000000 

4 VIBRATION MONITORING 

4.1 Experimental characterization of the bridge behavior 

Prior to the installation of the dynamic monitoring system, an 
ambient vibration test was conducted, in order to accurately 
identify the most relevant natural frequencies and vibration 
modes. On the basis of these tests, which comprehended the 
instrumentation of 19 sections along the bridge deck and the 
upstream and downstream edges [3], a comparison is 
established between identified and calculated modal 
parameters. Table 3 systematizes the experimentally 
identified natural frequencies, together with the frequencies 
calculated on the basis of the above described numerical 
model. Figure 6 shows the configurations of the identified 
vibration modes, which are superimposed to the calculated 
modal configurations resulting from the numerical model. 

Table 3. Identified and calculated natural frequencies. 

Mode 
Identified frequency 

(Hz) 
Calculated frequency 

(initial model) 
f  Interval  f  Δ (%) 

1 2.25 1.80-2.30 1.89 -16.0 
2 2.32 2.20-2.35 2.23 -3.9 
3 3.54 3.40-3.70 3.56 0.6 
4 5.03 4.40-5.10 4.81 -4.4 
5 5.96 5.65-6.20 5.31 -10.1 
6 6.40 5.80-7.00 5.84 8.8 
7 8.25 8.00-8.50 7.56 -8.4 
8 8.93  8.60 -3.7 
9 10.20  10.19 0.0 

10 10.91  10.36 -5.0 

Vertical/ torsion modes Lateral modes 

  

 
 

  

 
 

  

Figure 6. Configuration of calculated and identified modes 
(initial model). 

F1=1.89 Hz F2=2.23 Hz

F3=3.56 Hz F4=4.81Hz

F5=5.84 HzF6=5.31 Hz 

F7=7.56 Hz F8=8.60 Hz

F10=10.36 Hz 
F9=10.19 Hz 
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4.2 Dynamic monitoring 

The knowledge of the modal configurations was important to 
define the layout of the sensors of the monitoring system. 
This system is described in [3], including two sub-systems, 
one for monitoring of the bridge deck response, and the other 
for monitoring levels of vibration induced by rock blasting 
operations at the abutments. Considering the purpose of this 
paper, only the deck monitoring system is mentioned. This 
system comprehends a total of 6 accelerometers distributed in 
three sections S1, S2 and S3 at the central part of the bridge, 
and 4 temperature sensors installed in one section, ST, 
according to the layout represented in Figure 7 [3]. This 
system has been in operation since December 2011, 
continuously sampling accelerations, at a rate of 50 Hz, and 
temperatures, at a rate of 1 Hz. 

 
Figure 7. Layout of deck dynamic monitoring system. 

The automatic identification of modal parameters of 30-
minute records has enabled the analysis of the time variation 
of modal parameters for possible correlation with temperature 
and detection of damage. Figure 8 represents the colour map 
of the spectral content of the measured acceleration records 
for a period of two years between December 2011 and 
December 2013 and the automatically identified natural 
frequencies [4]. The variation with time of the measured 
temperature is represented in correspondence. 

The analysis of Figure 8 shows some relatively important 
frequency variations as well as some apparently stable modes. 

A common trend of growth of the natural frequency with 
the decrease of  temperature can be observed, for example in 
the period 12/9/2012 to 16/12/2013, which is associated with 
the increase of the concrete Young modulus with the decrease 
of temperature. However, other periods of time display more 
complex and localized variations. This is particularly noticed 
in the summer time, when temperatures reach 40 degrees 
Celsius. 

The intervals of variation of the first 7 identified natural 
frequencies are summarized in Table 3 and will be used in the 
calibration of the numerical model. 

5 CALIBRATION OF THE NUMERICAL MODEL 

5.1 Comparison between experimental and numerical data 

In order to calibrate and refine the numerical model, a 
comparison is established between the modal parameters 
identified from the ambient vibration test and the 
corresponding parameters calculated numerically. 

The analysis of Table 3 shows that in general the calculated 
natural frequencies are lower than the identified ones. This 
means that the adopted Young modulus is probably defined in 

default. It is mentioned however that all but two of the 
calculated frequencies (associated with the 5th and 7th 
vibration modes) lie in the interval of variation determined by 
the continuous data monitoring, also included in Table 3. 

 

 

 
 

 
Figure 8. Color map representing the spectral content of 
acceleration time records, continuously identified natural 

frequencies and record of measured temperature during a two-
year period. 

In terms of the mode shapes, represented in Figure 6, it can 
be concluded that the initially developed numerical model 
provides vibration modes which configurations satisfactorily 
compare with the identified ones. This means that the bending 
stiffness of the bridge deck has been correctly assessed and 
the support conditions have been well idealized.  The major 
differences between numerical and experimental data seem to 
be associated with the end supports, namely the dilatation 
joints over columns P1 and P2 (see Figure 2). Furthermore, it 
can be observed that the identified lateral modes of orders 5 
and 8 (see Figure 6) are slightly asymmetric. 

5.2 Updating of the numerical model 

Using the modal parameters identified from the ambient 
vibration test and from the continuous monitoring, an 
updating of the numerical model has been conducted. 

Considering the differences between the identified and the 
calculated modal configurations, this updating has been 
conducted based on the variation of the Young modulus, of 
the stiffness constants of the springs that represent the 
dilatation joints and the hinges connecting the deck and the 
columns.  

In fact, it has been observed that the variation of the 
stiffness constants of these springs implies significant 
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changes in the natural frequencies and configurations of the 
mode shapes. 

To explain the reasoning used in the selection of the 
variations of parameters, an analysis of the calculated and 
identified modal configurations is done. Considering for 
example the vibration mode of order 4 (2nd lateral mode), it is 
observed that the numerical model is too flexible in idealizing 
the connection of the deck at columns P1 and P2 (see Figures 
2 and 6). As regards the modes of order 5 and 8 (3rd and 4th 
lateral modes), it can be observed that the identified modal 
components exhibit a horizontal translation with regard to the 
calculated configurations, indicating different stiffness at the 
supports. In respect to the vertical vibration modes, a very 
good superposition between identified and calculated 
configurations is observed for the first three modes (1st, 3rd 
and 6th modes), and slight deviations occur for the 4th 
symmetric mode, which exhibits also greater difference in 
terms of frequency to the identified counterpart. All these 
aspects appear associated with the characterization of the 
properties of the dilation joints and hinges and are further 
enhanced by the observation of the frequency variation with 
temperature. From the set of continuously identified natural 
frequencies, average values are calculated for the months of 
January and August 2012, together with the average 
temperature. These values are summarized in Table 4. The 
analysis of this table shows that not all modes exhibit the 
same trend of increase of the natural frequency with the 
decrease of the temperature, which would be expected in a 
continuous concrete structure. Instead, the frequencies of the 
first vertical mode and the second and third lateral modes 
increase with the increase of temperature. It is thought this 
behavior is due to an expansion of the deck leading to the 
closure of the dilatation joints and to a continuous rather than 
hinged behavior of the deck.  

Table 4. Average identified natural frequencies during the 
months of January and August 2012 [3]. 

Frequency Direction 
F (Hz) – 
January 

Tmean=11.88ºC 

F (Hz) – 
August 

Tmean=31.6ºC 
Δ (%) 

1 Vertical 1.95 2.01 3.00 
2 Lateral 2.29 2.24 -2.16 
3 Vertical 3.61 3.45 -4.34 
4 Lateral 4.55 4.76 4.66 
5 Lateral 5.94 6.52 9.83 
6 Vertical 6.05 5.80 -4.13 
7 Vertical 8.40 8.13 -3.20 

 
To understand the sensitivity of the vibration modes to 
temperature and amplitude of response, a color map of the 
spectral content of the continuously measured accelerations is 
represented in Figure 9 for a one-week period, together with 
the peak acceleration and the temperature variation. 

The observation of Figure 9 shows that some vibration 
modes are particularly sensitive to temperature. Specifically, 
the lateral modes evidence very significant increase of 
frequency with the increase of temperature. 

Figure 9 also shows that the spectral content associated 
with some modes, as the 4th lateral mode (8th mode, with 

calculated frequency of 8.60 Hz) is more evident during week 
days, when the traffic excitation is more relevant. 

 

 

 
Figure 9. Color map representing the spectral content of 

acceleration time records, and time variation of maximum 
acceleration (mg) and temperature (°C) during a one-week 

period. 

In order to define the modifications to implement in the 
numerical model, a sensitivity study has been conducted, 
consisting in a separate study of the effects of variation of the 
Young modulus, of the supports at the end columns, the 
supports at the intermediate columns and of the dilation 
joints. The following conclusions were issued: 

- The Young modulus of the concrete was increased from 
55GPa to 59 GPa, as this was the value that provided the 
best approximation between experimental and calculated 
modal parameters; 

- The hinges over the intermediate columns are not 
actually permitting relative rotations over the columns, 
otherwise the identified and calculated modal 
configurations would not correlate well; 

- The possible degradation of those hinges would imply 
longitudinal or transversal displacement. Such 
displacements have not been observed; 

- The rotations at the bearings over columns p6 and p7 
(see Figure 2) are free; 

- The springs with properties defined in Table 2 
simulating the connection between the deck and the end 
columns P1 and P2 (see Figure 2) were too soft in the 
longitudinal direction. The final constants for that 
direction (x) were multiplied by a factor of 4; 

- It was necessary to increase the vertical stiffness over 
the column P2 in order to reproduce the slight 
asymmetry observed in the 4th vertical vibration mode; 
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- The determination of the constants of the lateral springs 
was complex, due to the significant influence in the 
modal configurations. Furthermore, a nonlinear behavior 
of the springs was observed, depending on the  
amplitude of vibration. Therefore, it was necessary to 
calculate different vibration modes with different 
stiffness constants; 

- Thermal effects modify the behavior of the bridge at the 
dilatation joints. 

The final model provides the modal configurations 
presented in Figure 10 and is based on the final spring 
constants systematized in Table 5. This model does not 
however lead to the best fitting of the second lateral and the 
torsion modes, which instead is reached with stiffer spring 
constants in the transversal direction. This is illustrated in 
Figure 11. In order to improve the configuration of this mode, 
the spring constants summarized in Table 6 have been used. It 
is noted however that the use of the stiffness constants of this 
table provides a worse approximation of 3rd and 4th lateral 
modes than those defined in Table 5. This can be observed by 
comparison of the modes represented in Figure 10 and in 
Figure 12. 

 
Vertical/ torsion modes Lateral modes 

 

 

 

 

 
 

Figure 10. Configuration of identified and calculated modes 
based on the calibrated numerical model. 

 

Table 7 sistematizes the identified natural frequencies on 
the basis of the ambient vibration and the continuous 
monitoring together with the calculated frequencies with the 
set of spring constants above mentioned. 

 

 
Figure 11. Identified and calculated modal configuration of 

the 2nd lateral mode with spring constants defined in Table 5. 
 

 
 

 
Figure 12. Identified and calculated modal configuration of 

the 3rd (up) and 4th (down) lateral modes with spring constants 
defined in Table 6. 

Table 5. Stiffness constants at the dilatation joints and 
neoprene bearings of the calibrated numerical model. 

 Stiffness constant (kN/m or kN/rad) 

 
End 

dilatation 
joint (left) 

End 
dilatation 

joint (right) 

Column 
bearing 

Central 
dilatation 

joint 
Kx 400000 450000 1000000 500000 
Ky 100000 30000 500000 - 
Kz - - - - 
KΘx  0  0  0  0 
KΘy  0  0  0  0 

 

Table 6. Stiffness constants at the dilatation joints and 
neoprene bearings of the calibrated numerical model for 

improved second lateral mode 

 Stiffness constant (kN/m or kN/rad) 

 
End 

dilatation 
joint (left) 

End 
dilatation 

joint (right) 

Column 
bearing 

Central 
dilatation 

joint 
Kx 400000 450000 1000000 500000 
Ky 100000 100000 150000 200000 
Kz - - - - 
KΘx  0  0  0  0 
KΘy  0  0  0  0 

F2=2.24 Hz F1=1.92 Hz 

F3=3.56 Hz F4=4.73 Hz 

F5=6.16 Hz F6=5.84 Hz 

F7=7.71 Hz F8=8.47 Hz 

F10=10.88 Hz F9=10.07 Hz 
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Table 7. Identified and calculated natural frequencies of the 
calibrated numerical model. 

Mode 
Identified frequency 

(Hz) 
Calculated frequency 

(final model) 
F Interval F (Hz) Δ (%) 

1º Vertical 2.25 1.80-2.30 1.92 -14.7 
1º Lateral 2.32 2.20-2.35 2.24 -3.4 
2º Vertical 3.54 3.40-3.70 3.56 0.6 
2º Lateral(1) 5.03 4.40-5.10 4.73 -6.0 
3º Vertical 5.96 5.65-6.20 5.84 -2.0 
3º Lateral 6.40 5.80-7.00 6.16 -3.8 
4º Vertical 8.25 8.00-8.50 7.71 -6.5 
4º Lateral 8.93  8.47 -5.2 
5º Lateral 10.20  10.07 -1.3 
Torsion(1) 10.91  10.88 -0.0 

(1) Model 2, increased spring constants  
 

The impossibility to provide one only set of spring 
constants to represent well all of the identified natural 
frequencies and vibration modes is a consequence of the 
nonlinearity of the spring constants, depending on the degree 
of participation of the various vibration modes. However, the 
very significant variations of frequency with temperature 
observed for the lateral modes point to a more extensive 
modification of the structure than the one resulting from the 
modification of the spring constants at the supports. 

In order to assess such effects, a new condition was 
evaluated, corresponding to the connection between the end 
columns and the deck that could happen as consequence of 
thermal expansion. 

The major consequence of this modification is the 
appearance of a new mode with a frequency of 7.68 Hz and 
the modal configuration represented in Figure 13, besides the 
3rd lateral mode, with frequency of 6.16 Hz.  

 

 
Figure 13. Plan view of lateral mode involving the connection 

of the deck to the end columns. 

It is relevant to mention that the former numerical model 
led to local column modes at this frequency with residual 
participation of the deck. It is also relevant to analyze the 
color map of the spectral content of the lateral response in a 
short period of two weeks represented in Figure 14. This map 
shows evidence of the already mentioned frequency of the 3rd 
lateral mode, varying in the interval 5.8 Hz to 7 Hz and a 
second close frequency that is better defined in the peaks of 
the former one, corresponding precisely to the hottest part of 
the day, according to the variation with temperature discussed 
above for the lateral modes. The comparison between the 
identified and calculated mode shape is shown in Figure 15 
and evidences a satisfactory capture of the deck behavior. 

 

 
Figure 14. Color map of spectral content of lateral response 

during a two-week period. 

 

Figure 15. Modal configuration of new lateral mode arising 
with increased temperature, identified and calculated. 

 

6 CONCLUSIONS 
The paper describes the construction and calibration of the 
numerical model of a non-reinforced concrete arch bridge 
with 78 m chord constructed in 1940 in Portugal, over the 
river Tua. The potential sensitivity of the bridge to the effects 
of increased traffic and of blasting operations in the vicinity 
motivated the installation of a dynamic continuous 
monitoring system. The data collected with this system during 
a period of two years is used in the present work to calibrate 
the numerical model and, in particular, to explore the 
influence of temperature variations in modal parameters. 

It is observed that dilatation joints and bearings constitute 
the major source of uncertainty in the calibration of the 
numerical model. Besides the necessity to create a certain 
asymmetry to reproduce the structure behavior, these devices 
seem to be nonlinear and influence differently the various 
structural modes. Therefore two sets of spring stiffness 
constants are defined to characterize the bridge dynamics.  

In addition to the above discussed aspect, it is observed that 
the increase of temperature modifies significantly the bridge 
behavior by means of a closure of the dilation joints caused 
by the thermal expansion of the deck and the connection with 
the end columns.  The identification of this behavior is only 
possible with the continuous observation of the bridge and is 
of utmost importance in the subsequent step of assessing 
possible degradation of the bridge. 
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ABSTRACT: Random vertical track irregularities are one of essential vibration sources in bridge / track structure / high-speed 
train systems. The common model of such irregularities is a stationary and ergodic Gaussian process. The study presents the 
results of numerical dynamic analysis of advanced virtual models of  composite bridge / ballasted track structure / high-speed 
train systems. The analysis has been conducted for a series-of-types of single-span simply-supported railway composite (steel – 
concrete) bridges, with a symmetric platform, located on lines with bal-lasted track structure adapted for high-speed trains. The 
bridges are designed according to Polish bridge standards. A new methodology of numerical modelling and  simulation  of 
dynamic processes in BTT systems has been applied. The methodology takes into consideration viscoelastic suspensions of rail-
vehicles, nonlinear Hertz wheel–rail contact stiffness and one-side wheel–rail contact, physically nonlinear elastic-damping 
properties of the track structure, random vertical track irregularities, approach slabs and other features. Computer algorithms of 
FE modelling and simulation were programmed in Delphi. Both static and dynamic numerical investigations of the bridges 
forming the series-of-types have been carried out. It has been proved that in the case of common structural solutions of bridges 
and ballasted track structures, it is necessary to put certain limitations on operating speeds, macadam ballast and vertical track 
roughness. 

KEY WORDS: Steel–concrete composite bridge; Ballasted track structure; High–speed passenger train; Random vertical track 
irregularities; Monte–Carlo method; Numerical analysis. 

1 INTRODUCTION 

Composite (steel – concrete) bridges loaded by high-speed 
trains need to be designed or modernized to ensure the 
serviceability condition (SC), the durability condition (DC), 
the traffic safety condition (TSC) and the passenger comfort 
condition (PCC). To date, each railway bridge is designed 
individually. Railway track irregularities are considered to be 
one of the main factors affecting dynamic response of a 
composite bridge / ballasted track structure / high speed train 
system (BTT). The irregularities are due to track formation 
technology, contemporary mechanical maintenance, soil 
settlement and other factors. Experimental measurements 
and/or modelling of track irregularities are considered in a 
number of papers, e.g. [1-3]. The common model of railway 
track roughness vertical profiles is a stationary and ergodic 
Gaussian process in space. The profile is characterized by a 
one-sided power spectral density (PSD) function. The PSD 
function corresponding to line grades 1 to 6 from American 
Railway Standard was elaborated by USA Federal Railroad 
Administration (FRA).  

Review of state-of-the-art till 2004 in dynamics of railway 
bridges under high-speed trains is presented in Ref. [4]. 
Literature review on dynamics of railway bridges loaded by 
high-speed trains over the last decade is presented in Ref. [5]. 
The most important contributions are shortly described below. 

Au et al. [6] analyze a railway cable-stayed bridge with a 
total length of 750 m, subjected to a moving train. They 
adopted a planar model and FEM discretization of the bar 
bridge superstructure. The basic model of a moving vehicle 
supported on two two-axle bogies is the Matsuura model with 

6 degrees of freedom (6DOF). The method of explicit 
formulation of the equations of motion in matrix notation is 
applied. Zhang et al. [7] model the 3D BTT system using bar 
finite elements to discretise the bridge superstructure and rails. 
The track structure is reflected by the Winkler foundation. A 
rail-vehicle is a multibody system with viscoelastic 
suspensions, both horizontal and vertical, of the first and 
second stage. Wheels are treated as sprung masses, according 
to the Hertz theory.  

Au et al. [3] have developed a 1D vibration study on 
railway cable-stayed bridges under moving trains, taking into 
account random rail irregularities. The main girder of the 
bridge is modelled using 6DOF Euler beam finite elements 
and taking into account the linear and geometric stiffness 
matrices. Double-side constraints between the moving wheel 
set unsprung masses and the rails are assumed. The track 
structure is neglected. The matrix equation of motion of the 
bridge / moving train system is formulated in the explicit 
form. Sample vertical profiles of random rail roughness, con-
sidered as stationary and ergodic processes in space, are 
generated using the empirical formula for PSD function with 
the parameters corresponding to the USA quality classes 1–6.  

Podworna [8,9] develops  a 1D theory of modelling BTT 
systems. The bridge superstructure is modelled as a step-wise 
prismatic viscoelastic Timoshenko beam. The rails are 
mapped by a continuous viscoelastic prismatic Euler beam. 
Fasteners and ballast-bed are physically nonlinear and 
sleepers are point masses vibrating vertically. The track bed 
(subsoil) is reflected by a set of equidistant single mass 
viscoelastic oscillators. The train is composed of vehicles each 
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modelled by a 6DOF Matsuura system. Dynamic response of 
an existing bridge subjected to different moving trains is 
developed in Ref. [10],  including track irregularities and 
neglecting snaking of wheel sets. The research was carried out 
using the 3D dynamic bridge – train interaction (DBTI) 
model, in which the inertia forces of the moving unsprung 
train axles are coupled with the bridge. 

Summing up, to-date theoretical studies on the effect of 
random vertical track irregularities on vibrations of a railway 
bridge loaded by a high-speed train were performed on 1D/3D 
simplified models of the BTT system. 

The study presents the results of numerical dynamic 
analysis of advanced virtual models of  composite bridge / 
ballasted track structure / high-speed train systems. The 
analysis has been conducted for a series-of-types of single-
span simply-supported railway composite (steel – concrete) 
bridges, with a symmetric platform, located on lines with bal-
lasted track structure adapted for high-speed trains. The 
bridges are designed according to Polish bridge standards 
[11,12]. The full description of bridge series-of-types design 
is presented in Ref. [13]. A new methodology of numerical 
modelling and  simulation  of dynamic processes in BTT 
systems, developed by Podworna and Klasztorny [5], has been 
applied. This methodology takes into consideration 
viscoelastic suspensions of rail-vehicles, nonlinear Hertz 
wheel–rail contact stiffness and one-side wheel–rail contact, 
physically nonlinear elastic-damping properties of the track 
structure, random vertical track irregularities, approach slabs 
and other features. Computer algorithms of FE modelling and 
simulation were programmed in Delphi. Both static and 
dynamic numerical investigations of the bridges forming the 
series-of-types have been carried out. It has been proved that 
in the case of common structural solutions of bridges and 
ballasted track structures, it is necessary to put certain 
limitations on operating speeds, macadam ballast and vertical 
track roughness. 

2 DESCRIPTION OF SERIES-OF-TYPES OF RAILWAY 
BRIDGES 

The SCB series-of-types of railway bridges has been designed 
according to Polish standards [11,12], under the following 
main assumptions: 
• bridges/viaducts are single-span and simply-supported 

and are located on the main railways, 
• axis of an unloaded railway track is rectilinear and 

horizontal, 
• bridges have the composite (steel-concrete) superstructure 

and have separate spans for each track. 
A detailed description of the design process and the results is 
presented in Ref. [13]. The bridge series-of-types composes of 
five objects of codes and basic geometric parameters set up in 
Table 1, where L [m] – theoretical span length, LT [m] – total 
span length, H [m] – structural height. 

Construction of the bridge – track system is illustrated with 
a case of SCB-18 bridge in Figures 1, 2. Cross-sections of the 
remaining bridges are analogous; only the web and lower 
chords of the main beams as well as the vertical brackets are 
subjected to respective changes. New main structural features 
of bridges forming the SCB series-of-types are as follows: 

• full symmetric RC platform (minimization of flexural–
torsional vibrations, elimination of vibration coupling of 
parallel neighbouring spans through the ballast), 

• structurally reinforced low concrete kerbs of the platform 
plate, with application of technological stop and 
dilatations (elimination of a one-side RC wall inducing 
asymmetric vibrations of the span and increase in lateral 
and flexural–torsional vibrations), 

• shell CFRP composite shields (resistant to vibrations) 
fixed to the kerbstones with steel anchors, with vertical 
dilatations, sustaining the ballast between the kerbstones 
and decreasing the platform mass, 

• bearings unmovable transversally under each inner beam 
(better transfer of the horizontal loads on the main 
beams), 

• two RC approach slabs supported with elastomeric 
bearings. 

Table 1. Codes and basic geometric  parameters  of bridges 
forming SCB series-of-types. 

Bridge 
code 

SCB-
15 

SCB-
18 

SCB-
21 

SCB-
24 

SCB-
27 

L [m] 15.00 18.00 21.00 24.00 27.00 
LT [m] 15.80 18.80 21.80 24.80 27.80 
H [m] 1.82 1.97 2.12 2.27 2.42 

 
There is applied 150 kg/m3 cement-stabilized soil in the 

approach zones. The track structure is composed of 
continuously welded S60 main rails, S60 side rails of  length 
covering the bridge span and the approach slabs, B 320 U 60, 
B320 U60-U PC sleepers, first class crushed stone ballast to 
the depth of 35 cm under a sleeper in the track axis, Vossloh 
300-1fasteners of the main and side rails. Approach slabs are 
designed to minimize the threshold effect, to eliminate a jump 
in subsidence of the ground in the area of the bridgehead, to 
increase durability of the track in the bridgehead area. Each 
transient zone contains: a cement-stabilized soil zone, 
nonwovens reinforced embankment ground, a sand–gravel 
mix layer under the ballast, an approach slab.  

A construction technology of composite girders was in the 
form of assembling on the stiff scaffolding (the composite 
superstructure operates only in phase II).  

The engineering calculations were performed under the 
following main assumptions: 1) the composite cross-section 
operates in a linear–elastic range, 2) steel beams – concrete 
platform connection is non-deformable. 

 

 

Figure 1. Cross-section of SCB-18 bridge at midspan. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1226



 

Figure 2. Longitudinal section of symmetric bridge SCB-18 
and of transient zone part. 

 
The design was conducted in accordance to detailed design 

rules presented in Ref. [14] and takes into account stresses 
induced by dead loads, vertical live loads, rheological effects 
(i.e. the basic load system [11]). The limit states include SC, 
DC, PCC and TSC conditions. 

Table 2 collects values of geometric, mass and stiffness 
parameters of SCB series-of-types bridges, used in numerical 
analysis of BTT systems [15].  

Table 2. Parameters of bridges forming SCB series-of-types. 

Parameter Unit  SCB-15 SCB-18 
 m 15.00 18.00 

0.5  mm 735 858 
0.5  mm 441 518 

0.5  m4 0.067789 0.101580 
0.5  m3 0.092242 0.118366 
0.5  m3 0.153681 0.196170 
0.5  Nm2 13.897 10  20.824 10
0  m4 0.050188 0.075905 
0  Nm2 10.289 10  15.561 10

0.5  kg/m 5300 5470 
0  kg/m 5050 5210 
 – 0.01125 0.0075 

 
Parameter SCB-21 SCB-24 SCB-27 

 21.00 24.00 27.00 
0.5  1009 1156 1342 
0.5  617 720 834 

0.5  0.154680 0.221439 0.311789 
0.5  0.153232 0.191603 0.232258 
0.5  0.250882 0.307435 0.374040 
0.5  31.710

10  
45.395

10  
63.917 10  

0  0.116859 0.168889 0.240933 
0  23.956

10  
34.622

10  
49.391 10  

0.5  5660 5850 6020 
0  5380 5550 5710 
 0.005 0.005 0.005 

 
Table 2 includes the following quantities: 

• 0.5 , 0.5    – vertical distances to bottom and 
top fibres, measured from mass centre of equivalent 
cross-section of bridge superstructure, at midspan, 

• 0.5    – geometrical moment of inertia in respect to 
horizontal central axis of equivalent cross-section of 
bridge superstructure, at midspan, 

• 0.5 , 0.5    – bending rates for bottom and top 
fibres of equivalent cross-section of bridge superstructure, 
at midspan, 

• 0.5    – flexural stiffness of equivalent cross-section 
of bridge superstructure, at midspan, 

• 0.5    – mass per unit length of equivalent cross-
section of bridge superstructure, at midspan (with 
isolation layer, levelling concrete, kerbs, covers, 
sidewalk, joints, ribs, brackets taken into account), 

•  0 , 0 , 0    – selected geometric, stiffness and 
mass parameters of equivalent cross-section of bridge 
superstructure, at support area  (without overlay of lower 
chord of main beams), 

•     – Rayleigh damping ratio of  bridge superstructure in 
vibration frequency range 1 Hz, 500 Hz .   

 Subsequent physical parameters occurring in numerical 
modelling of BTT systems have the following values [15]: 

2000kg/m3 – ballast density, , 120kg/m, 
366kg, 2900kg, 2000kg/m, 

4.80m ,   2 204m, where:   - mass of main rails per 
unit length,   - mass of side rails per unit length,  - mass 
of one sleeper (with two fasteners),  - mass of ballast per 
one sleeper,  - mass of approach slab per unit length,  - 
length of approach slab, 2  - length of out-of-approach zone. 

3 DESCRIPTION OF MATHEMATICAL AND 
NUMERICAL MODELLING AND SIMULATION OF 
BTT SYSTEMS  

A theory of advanced 1D physical and mathematical 
modelling of a composite (steel–concrete) bridge / ballasted 
track structure / high-speed train system (BTT) is developed 
by Authors in Ref. [5]. In the physical and numerical 
modelling of this system, the following main assumptions are 
adopted: 
• There is considered a finitely long deformable track with 

continuously welded rails including the out-of-transition 
zones, the transition zones and the bridge zone.  

• There are random vertical track irregularities resulting 
from construction and maintenance of the track, as well 
as settlement of ballast and subgrade. 

• Operating and side rails are viscoelastic prismatic beams 
deformable in flexure. Rail-sleeper fasteners are 
viscoelastic elements with the non-linear elastic 
characteristic. Sleepers vibrate vertically and are 
modelled as concentrated masses. 

• Macadam ballast is modelled as a set of vertical 
viscoelastic constraints with the non-linear elastic 
characteristic. The model includes the possibility of 
detachment of the sleepers from the ballast. The lumped 
ballast model is used. 

• Track bed (subsoil) is a linearly viscoelastic layer 
modelled discretely.  

• Approach slabs are modelled as viscoelastic prismatic 
beams deformable in flexure.  

• The bridge superstructure is reflected by a simply-
supported stepwise viscoelastic prismatic beam, 
deformable in flexure, symmetrical relative to the bridge 
midspan.  
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• Rail-vehicles form a high-speed ICE-3 German train. 
Each vehicle has two independent two-axle bogies. The 
planar Matsuura model of a rail-vehicle is developed via 
incorporating non-linear one-sided contact Hertz springs 
at wheel set – rail contacts. Micro separations and 
impacts of moving wheel sets in reference to the main 
rails are taken into consideration. 

• The train operating velocity is constant and belongs to the 
interval 30 – 300 km/h. Velocity 30 km/h is treated as 
corresponding to the quasi-static passage of the train. 

• Vibrations of the BTT system are physically nonlinear 
and geometrically linear. 

Compared to the state-of-the-art, the 1D physical model 
developed in Ref. [5] is the most advanced and is expected to 
produce dynamic processes close to reality. The BTT system 
is composed of the following inertial subsystems (Figures 
3,4): BS – bridge superstructure, LAS – left  approach slab, 
RAS – right approach slab, LB – left ballast-bed, RB – right 
ballast-bed, SL –sleepers, OR – operating rails, SR –side rails, 
RV , 1,2, … ,  – railway vehicles. These subsystems are 
subject to the relevant subsets of vertical interaction forces, 
carried by elastic/viscoelastic, physically linear/nonlinear 
constraints. Using Lagrange’s equations and the internal 
assembling, linear matrix equations of motion of individual 
subsystems are obtained with the generalized load vectors 
stored in an implicit form. Symbols marked in Figures 3,4 
have the following meanings: 

VVRZ (Vehicle Vibration Registration Zone) – area of 
registration of design quantities found in TSC and PCC 
conditions, 

BVRZ (Bridge Vibration Registration Zone) – area of 
registration of vibrations and stresses in reference to 
bridge superstructure and platform, 
 – bridge span length plus length of approach slabs plus 

two sleeper intervals, 
 – train set length, 

 – operating velocity (horizontal velocity of moving load), 
 – time variable,  
,  – coordinates of planar system, 
 – dynamic process duration time, 

, (x) – flexural stiffness and mass per unit length of 
bridge superstructure, 

,  – flexural stiffness and mass per unit length of rails, 
,  – flexural stiffness and mass per unit length of 

approach slabs, 
,  – mass and spacing of sleepers, 
 – point mass reflecting ballast mass over distance , 

, , , , , , ,  – partly nonlinear damping and 
stiffness coefficients in reference to main rails, side rails, 
ballast, and track subsoil. 

The remaining symbols are explained in further 
considerations. 

A 1D physical model of the track structure / bridge 
subsystem is presented in Fig. 4. A constant sleeper spacing d 
is used to discretise the subsystem. Discretization of beams 
modelling operating rails, side rails, approach slabs and the 
bridge superstructure uses classic beam finite elements 
deformed in flexure, with 4DOF and length  [5]. 

 

Figure 3. Schematic diagram of BTT system at 0 , . 
 

 

Figure 4.  1D physical model of track structure / bridge 
subsystem (left part). 

 
Transient and quasi-steady-state vibrations of the BTT 

system are governed by 8  matrix equations of motion in 
the following implicit form [5]: 

  ,       i 1, 2, … ,

                    (1) 

where: 
,  ,  ,  ,  ,  ,  ,   – 

vectors of generalised coordinates for BS, LAS, RAS, LB, 
RB, SL, OR, SR subsystems, respectively, ,
1,2, … ,  – vectors of generalised coordinates for subsequent 
rail-vehicles, , ,  – mass, damping and stiffness matrices 
for BS subsystem, respectively, , , , , ,  – 
mass, damping and stiffness matrices for LAS and RAS 
subsystems, respectively,  – mass matrix for LB and RB 
subsystems,  – mass matrix for SL subsystem, 

, , , , ,  – mass, damping and stiffness 
matrices for OR and SR subsystems, respectively,  – mass 
matrix for th rail-vehicle, ,  – vectors of interaction 
forces transmitted by fasteners in OR and SR subsystems, 
respectively,  – vector of interaction forces transmitted by 
ballast-bed,  – vector of interaction forces transmitted by 
track-bed,  – vector of moving pressure forces of ith 
vehicle wheel sets acting on rails,  – generalised load 
vector in implicit form, related to BS subsystem, 

, ,  ,  – generalised load vectors in 
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implicit form, related to LAS and RAS subsystems, 
respectively, , ,  ,  – generalised load 
vectors in implicit form, related to LB and RB subsystems, 
respectively, , ,  1,2, … ,  ,  – 
generalised load vectors in implicit form, related to OR and 
SR subsystems, respectively,  col … ,  – 
vector of vertical interactions transmitted by 1st and 2nd stage 
suspensions of th vehicle,  – generalised load vector 
reflecting static pressures of wheel sets onto rails, 

, , 1,2, … ,  – generalised load vector in implicit 
form, related to RV ,  1,2, … , subsystem, ⁄  – 
differentiation with respect to . Detailed formulae defining 
matrices and vectors in Eqs. (1) are given in Ref. [5]. 

Numerical research has been carried out for a German 
passenger train ICE-3 using the enhanced Matsuura model of 
a rail-vehicle. Detailed description of the rail-vehicle 
modelling is presented in Ref. [5].  The authors developed a 
computer programme in Delphi for simulation of dynamic 
processes in BTT systems.  

4 MODELLING OF WHEEL – RAIL CONTACT 
STIFFNESS AND RANDOM VERTICAL TRACK 
IRREGULARITIES  

Advanced modelling of the wheel – rail contact stiffness 
according to the Hertz theory is presented by Lei and Noda 
[2]. Wheel – rail contact is considered as two elastic contact 
cylinders perpendicular to each other. The relative vertical 
shortening between the wheel and the rail is calculated from 
the conventional Hertz formula  

/                        (2) 

where:  – vertical shortening, 1⁄  – contact 
compliance,  – contact stiffness, 0.5  – half of the 
interaction force per wheel set. The average value of the 
contact stiffness coefficient is  0.216 10  N ⁄ m⁄  . 

In reference to modelling of random track irregularity 
samples, only the vertical profile (elevation irregularity), i.e. 
the mean vertical elevation of two rails, is taken into 
consideration. Short wavelength corrugation irregularities in 
rail are neglected. A stationary and ergodic Gaussian process 
in space is characterised by one-sided PSD function Ω , 
with Ω 2 /  [rad/m] as a spatial frequency, and  as 
wavelength. The most common definition of Ω  is 
presented by Fryba [16] in the form 

Ω Ω
Ω Ω Ω

            (3) 

where 0.25 ,   Ω 0.8245  rad m⁄ . Coefficient A 
[mm2rad/m] is specified for the FRA line grades 1 – 6. Only 
better lines with grades 4 (A = 53.76), 5 (A = 20.95), and 6 
(A=3.39) are considered in the numerical research.  

Random samples of track irregularity vertical profile are 
generated with the Monte-Carlo method [16] 

2 ∑ Ω ΔΩ cos Ω    mm    (4) 

where:  
Ω Ω i 0.5 ΔΩ  – discrete frequency,  

  – random phase angle uniformly distributed over 
0, 2  rad  interval and independent for 1,2, … ,  , 

ΔΩ
N

Ω Ω   – frequency increment,  

 – total number of frequency increments in Ω ,Ω , 

Ω
π

,
,    Ω π

,
 – lower and upper limits of 

spatial frequency, 
, , ,   – lower and upper limits of wavelength. 

Taking into account the experimental data available in [2, 4, 
16-18], the values , 0.10 m, , 70.00 m are 
assumed as adequate. Based on the preliminary simulations, 
value of 100 was assumed [6]. 

5 DESIGN CONDITIONS FOR BRIDGES LOCATED 
ON HIGH-SPEED RAILWAYS 

Excessive bridge deformations can endanger railway traffic by 
creating unacceptable changes in vertical and horizontal track 
geometry and excessive stresses in rails. Excessive vibrations 
can lead to ballast instability and unacceptable reduction in 
wheel – rail contact forces [19,20].  

The TSC condition is expressed by the limit vertical 
acceleration of a bridge deck [20], , 3.50 m/s2 . The 
PCC condition can be related to a carbody vertical 
acceleration. The indicative levels of comfort, expressed by 
the vertical acceleration ,  inside the carriage during the 
travel are specified in Table 3 [19]. 

Table 3. The indicative levels of passenger comfort. 

Level of comfort ,  [m/s2] 
very good 1.0 

good 1.3 
acceptable 2.0 

 
The serviceability condition (SC) is expressed by the limit 

vertical deflection of the bridge span under a real train [19], 
/1700. In order to assess fatigue durability of the 

bridge superstructure, the durability condition (DC) related to 
longitudinal normal stresses in the bottom fibres of the main 
steel beams at the midspan is applied, in the form [4] 

0.5 0.5 0.5 0.5  (5) 

where: 
0.5  – equivalent normal stress including high-cycle 

fatigue, 
0.5  – normal stress due to characteristic weight of 

bridge, 
0.5  – average normal stress corresponding to extreme 

quasi-steady-state vibrations,  
0.5  – amplitude of normal stress corresponding to 

extreme quasi-steady-state vibrations,  
   – high-cycle fatigue factor, 

   – admissible normal stress.  
Equation (5) is obtained from the Schmidt graph 
approximated with an open polygon, assuming a constant 
safety factor. If Eqn. (5) is satisfied, full durability of the 
bridge with a safety margin is protected. For S235W structural 
steel, the high-cycle fatigue factor is 2.35, and the 
admissible normal stress equals ⁄ , where 

235 MPa – yield strength,  – safety margin (safety 
coefficient). 
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6 PREDICTION OF FORCED RESONANCES 

The BTT system is nonlinear physically in reference of ballast 
and rail fastenings and maps geometrically infinite track 
approximately via finitely long out-of-approach zones of the 
track. Based on preliminary simulations, it is concluded that 
the BT (bridge / track structure) subsystem exhibits modal 
characteristics similar to those for a linear system. 
Fundamental modal characteristic of the BT subsystem, can 
be identified when the moving train is in the right out-of-
approach zone of the track. Approximate values of the 
fundamental quasi natural period and frequency equal 

  ,                              (6) 

where:  – distance of the load head over one cycle of quasi 
free damped vibrations. Periods of subsequent harmonic 
components of the static excitation of the BT subsystem are 

 , 1,2, ….           (7) 

where: 24.78 m – total length of rail-vehicle. Prediction 
of the resonant operating speeds is as follows 

         ,   1,2, …           (8) 

Due to parametric effects resulting from quasi unsprung 
moving masses (wheel sets), the more exact resonant 
operating speeds are lower by ~1.5% compared to the values 
calculated from Eqn. (9). Predicted resonant operating speeds 
decreased by ~1.5% are summarized in Table 4.  

Table 4. Predicted resonant operating speeds. 

Bridge 
code 

f1 
Resonant operating speed 

[km/h] 
[Hz]      

SCB-15 6.14 540 270 180 135 108 
SCB-18 5.14 450 225 149 112 90 
SCB-21 4.62 407 203 135 101 82 
SCB-24 4.20 370 185 123 93 74 
SCB-27 3.90 343 171 114 86 69 

7 OUTPUT QUANTITIES AND NUMERICAL 
ANALYSIS OF BTT SYSTEMS 

The following  output quantities are defined (see Fig. 3): 
• 0.5 , , 0.5 ,   – deflection of bridge 

superstructure [mm] and longitudinal normal stress in 
bottom fibres of main beamsat midspan [MPa], 

• 0.5 ,  – vertical acceleration of RC platform, at 
midspan [m/s2], 

• , 1,2,3,4,   1,2, … ,  –  dynamic pressure 
forces of  wheel sets onto rails [kN], 

• ,   1,2, … , ,   ,  –vertical accelerations 
of carbodies at pivots over front/ rear bogies [m/s2]. 

The following  design quantities are defined: 

max 0.5 ,   [mm] 
 max 0.5 ,   [MPa] 

,  = max | 0.5 , |  [m/s2]                (9) 
 = min     [kN] 

,  = max  | |   [m/s2] 

Impact factors in deflection and longitudinal normal stress in 
bottom fibres of the main beams at the midspan are calculated 
from well-known classic formulae, i.e. 

0.5  . ,
. ,

  ,   0.5  . ,
. ,

  (10) 

where: 
0.5 , , 0.5 ,  – dynamic vertical deflection and 

dynamic longitudinal normal stress, simulated without or 
with random track irregularities, for selected resonant and 
extra resonant operating speeds,  

0.5 , , 0.5 ,  – quasi-static vertical deflection and 
quasi-static longitudinal normal stress, simulated for 

30 km/h and for a smooth track. 
Random samples of vertical track irregularities are 

calculated using the Monte – Carlo method, according to Eqn. 
(4). The design quantities can be treated as random continuous 
variables. There is considered an  – element simple random 
sample. Basic statistics (expectance , standard deviation 

) of the  - element sample and their estimators are 
calculated using well-known classic formulae [15]. 

Numerical research has been performed for all bridges 
forming the BTT series-of-types. A time step h=2×10-5sec was 
assumed in numerical integration of equations of motions 
using the Newmark average acceleration scheme and linear 
prediction of the interactions.  

The following codes are introduced: QSR – quasi-static 
response, DR – dynamic response, RS – random simulation 
example, NTI – no track irregularities, TI4, TI5, TI6 – random 
track irregularities at line grades 4, 5, 6, respectively. 
Numerical studies on the impact of random track irregularities 
were carried out for all objects forming the SCB series-of-
types. In the paper, these studies are illustrated for the SCB-15 
bridge. The values of selected design quantities, are 
summarized in Table 5. Time-histories of selected output 
quantities, corresponding to the resonant speed 
270 km/h, are shown in Figs. 5-8. 

Basic statistics of the design quantities for the system 
BTT=SCB-15/BT/ICE-3 with track irregularities TI4 and TI5, 
are illustrated in Table 6. The statistics are calculated for 20-
element random sample. 

Table 5. Values of design quantities  
for BTT=SCB-15/BT/ICE-3 system (RS). 

 
km/h 

TI  
mm 

 
MPa 

,  
m/s2 

 
kN 

30 NTI 2.20 13.00 0.02 156.4 
180 NTI 6.74 43.29 7.44 141.4 
180 TI6  6.92 44.78 9.56 49.9 
180 TI5  6.39 42.06 12.92 0 
180 TI4  5.76 42.42 16.29 0 
270 NTI 5.82 38.25 6.12 136.5 
270 TI6  5.99 40.01 10.25 21.2 
270 TI5  6.57 44.39 18.03 0 
270 TI4  4.95 43.62 57.88 0 
300 NTI 4.37 27.18 3.75 138.7 
300 TI6  4.28 27.51 6.47 0 
300 TI5  4.29 29.26 12.71 0 
300 TI4  4.19 33.84 34.85 0 
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Figure 5.  System BTT=SCB-15/BT/ICE-3.  Deflection 

0.5 ,  [mm]  corresponding to 270 km/h. 

 
Figure 6.  System BTT=SCB-15/BT/ICE-3. Stress 0.5 ,  

[MPa] corresponding to  270 km/h. 

 
Figure 7.  System BTT=SCB-15/BT/ICE-3. Acceleration 

0.5 ,  [m/s2] corresponding to 270 km/h. 
 

 
Figure 8.  System BTT=SCB-15/BT/ICE-3. Pressure ,   

[kN]  corresponding to  270 km/h. 
 

Table 6.  System BTT=SCB-15/BT/ICE-3 with track 
irregularities TI4, TI5. Basic statistics of design quantities for 

resonant speed 270 km/h. 

Quantity TI  
mm 

  
MPa 

,  
m/s2  

,  
m/s2 

NTI 5.82 38.25 6.12 0.22 
 TI4 4.19 29.21 23.58 0.76 

TI4 8.18 56.66 40.16 1.07 
TI4 6.13 44.49 31.88 0.94 

D(Z) TI4 1.14 7.92 5.16 0.07 
 

Quantity TI  
mm 

  
MPa 

,  
m/s2  

,  
m/s2 

NTI 5.82 38.25 6.12 0.22 
 TI5 4.37 31.17 14.31 0.48 

TI5 7.06 47.80 24.28 0.69 
TI5 5.77 40.74 18.91 0.59 

D(Z) TI5 0.78 5.08 2.31 0.06 
 

Table 7 illustrates values of impact factors 
0.5 , 0.5 , calculated for , and testing the 

durability condition in case of TI4. Estimation from the top is 
adopted,  in the form of  

0.5 βmax 0.5 , 6.50 MPa   
0.5 0.5    (11) 

where 0.50 , . For subsequent bridges 
coefficient  is properly increased. Moreover, 0.5
33.47 MPa for the SCB-15 [13]. 

Table 7.  Values of  impact factors and check durability 
condition in system BTT=SCB-15/BT/ICE-3 with track 

irregularities TI4. 

 
km/h 

0.5  0.5  0.5  
MPa 

0.5  
MPa 

180 4.90 5.61 66.45 196.13 
270 3.72 4.36 50.16 157.85 
300 2.48 3.43 38.05 129.39 
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8 GENERAL CONCLUSIONS  

Based on numerical dynamic analysis of virtual models of  
SCB composite bridge / ballasted track structure / high-speed 
ICE-3 train systems, the following general conclusions are 
formulated:  
1) Number of random vertical irregularities of 20 is 

sufficient to determine the basic statistics ,  of 
the design quantities in BTT systems. 

2) Graphs of the design quantities with respect to an 
operating speed  contain resonance peaks which decrease 
as a bridge span increases. 

3) Impact factors in deflections and stresses greatly exceed 
the values specified by standards. Track irregularities 
can increase these factors substantially.  

4) Dynamic pressures of the moving wheel sets onto the 
rails are close to the quasi static pressures in the case of a 
smooth track (NTI). In the case of irregularity grade TI6, 
a significant decrease in the value of these forces is 
observed in the resonance states. In the case of track 
irregularity grades TI5 and TI4 micro detachments of the 
moving wheel sets from the rails may occur, resulting in 
very large overloads of wheel rims, caused by impacts of 
wheel sets onto rails. This phenomenon concerns 
selected resonant and/or very high operating speeds. 

5) At resonant operating speeds, random vertical track 
irregularities may cause detuning or increasing resonant 
effects in BTT systems. 

6) Random vertical track irregularities cause high 
frequency oscillations with large amplitudes in vertical 
accelerations of the platform. The TSC condition is 
mostly unsatisfied, but the crossing level decreases as a 
span length and a track irregularity grade increase. In the 
case of a smooth track, the TSC condition is not satisfied 
just for the shortest bridge (SCB-15). This problem can 
be solved using a thicker ballast layer.  

7) Time-histories of bridge deck accelerations, when 
vertical track irregularities TI4 exist, are consistent with 
well-known experimental results which add credibility to 
the results. 

8) The PCC condition is satisfied at a very good or good  
level for NTI, TI6, TI5, TI4 irregularity grades, for 
operating speeds to 300 km/h. 

9) The SC condition is satisfied for NTI, TI6, TI5, TI4 
irregularity grades, for operating speeds to 300 km/h. 

10) The DC condition is satisfied for NTI, TI6, TI5, TI4 
irregularity grades, but with different values of the safety 
margin 1.20.  

11) Objects forming the SCB series-of-types meet all design 
conditions (SC, DC, TSC, PCC) and can be used for 
high-speed railways, provided that: 

 random vertical track irregularity grade is the 
highest (TI6), 

 a thicker layer of macadam ballast (ca. 50 cm) 
under a sleeper is applied on the bridge and in the 
approach zones,  

 operating speeds are 270 km/h, 
 in reference to SCB-15 and SCB-18 bridges, trains 

move at extra resonant operation speeds (velocities 
close to ,  are excluded). 

12) Dynamic phenomena in SCB composite bridge / 
ballasted track structure / high-speed ICE-3 train 
systems should also be investigated experimentally. 
Such investigations are extremely difficult, time-
consuming and very expensive, thus they could be 
performed by an international research team with 
cooperation with a high-speed railway company. 
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ABSTRACT: A nonlinear vehicle-structure interaction methodology for the assessment of the train running safety is proposed 

in this article. The contact formulation between wheel and rail consists in three main steps: the geometrical problem, where the 

contact point position is detected; the normal contact problem, in which the forces are determined based on the Hertz theory, and 

the tangential contact problem, where the creep forces are calculated using the rolling friction laws proposed by Kalker. The 

behavior in the contact interface is reproduced by a contact element developed for this problem. Constraint equations that relate 

the displacements of the vehicle and structure are imposed using a direct method. The formulation is validated using results of 

an experimental test performed in a rolling stock test plant of the Railway Technical Research Institute in Japan. 

KEY WORDS: Wheel-rail contact; Contact search; Experimental validation, Rolling stock plant. 

1 INTRODUCTION 

In more recent years, the dynamic effects produced by moving 

trains over bridges have been becoming an important issue in 

the railway engineering. With the continuous increase of the 

operating speeds and bridge dimensions, such dynamic effects 

can no longer be accurately accessed with simple models 

based on moving loads. Therefore, the consideration of the 

vehicle-bridge interaction becomes relevant to access not only 

the dynamic effects on bridges but also the comfort and 

running safety of railway traffic. 

The vehicle-structure interaction models can vary in terms 

of complexity, from models that account only the vertical 

dynamics [1-3], to models that also include the lateral effects. 

The latter are particular important to study the running safety 

of trains subjected to lateral vibrations provoked by 

earthquakes, wind loads or track. Although these models can 

deal with a wider range of problems, the complexity that 

arises from the consideration of wheel-rail contact can 

significantly increase the computational cost. Thus, the 

wheel-rail contact problem used for coupling the vehicle and 

structure is a key point in the whole methodology. 

Two different approaches used for determining the contact 

point position in realistic profiles can be found in the 

literature. The off-line contact search [4-6], where the location 

of the contact points are precalculated and stored in a lookup 

table to be later interpolated during the dynamic analysis, and 

the on-line contact search [7-10], in which a set of nonlinear 

equations is solved in each step of the dynamic analysis to 

determine the exact position of the contact point. While 

having a higher computational cost when compared with the 

off-line calculations, the on-line approaches tend to be more 

accurate since no simplifications are made (a rigid contact 

between wheel and rail is assumed in the off-line 

calculations). 

An extension of the formulation described in [11-12] that 

takes into account the lateral dynamic effects between railway 

vehicles and structures is proposed in the present article. The 

key point of the formulation consists in the wheel-rail contact 

model, which is divided in three main steps: the geometrical 

problem, where the location of the contact points between 

wheel and rail are detected, the normal problem, in which the 

normal contact forces are computed through the nonlinear 

Hertz contact theory, and the tangential problem, where the 

creep forces that appear as a consequence of the rolling 

friction contact are calculated.  

The present formulation is validated with an experimental 

test performed in the rolling stock test plant of the Railway 

Technical Research Institute (RTRI) in Japan. In this test, the 

car is mounted over four wheel-shaped that can be controlled 

independently, allowing the simulation of any type of rail 

deviation. The results obtained with the proposed formulation 

are compared with those obtained in the experimental test and 

with the train-structure interaction software DIASTARS 

developed by Tanabe et al. [13]. The present formulation is 

implemented in MATLAB [14]. The vehicle and structure are 

modeled using ANSYS [15], being their structural matrices 

imported by MATLAB. 

2 WHEEL-RAIL GEOMETRICAL CONTACT 

PROBLEM 

2.1 Contact and target coordinate systems 

The proposed method requires the definition of two main 

coordinate systems: the contact coordinate system 

 ccc zyx ,, , in which the contact forces (see Section 3) are 

defined, and the target element coordinate system  ttt zyx ,, , 

which defines the target surface of the contact formulation. 

The contact coordinate system follows the motion of the 

contact point, being its origin attached to the center of the 

contact area. The cz  axis is oriented along the direction 

normal to the contact plane, the cx  axis points towards the 

longitudinal direction of motion and the cy  axis completes 
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the right-handed system. The normal forces are defined along 

the cz  axis, and the longitudinal and lateral tangential forces 

are defined along the cx  and cy  axes, respectively. 

Regarding the target element coordinate system, the tx  axis 

has the direction of the longitudinal axis of the target element, 

the ty  axis is parallel to the track plane and the tz  axis 

completes the right-handed system. 

2.2 Parameterization of the wheel and rail profiles 

The rail profile coordinate system  rrr zyx ,,  is fixed with 

the rail and has its origin at the point where the wheel contacts 

the rail when the wheelset is centered with the track. The ry  

and rz  axes belong to the rail cross section plane, being the 

former oriented along the tangent to the surface at the contact 

point. The geometry of the rail is described in terms of the 

surface parameter rs , as depicted in Figure 1. 
 

 
Figure 1. Parameterization of the rail profile. 

 

The position vector 
t
Ru  of an arbitrary point R of the rail 

surface, defined with respect to the target element coordinate 

system, is given by 

 
r
R

Ttrt

rO
t
R uTuu   (1) 

where 
t

rOu  is the position vector of the origin of the rail 

profile coordinate system defined with respect to the target 

element coordinate system and 
r
Ru  is the position vector of 

the arbitrary point of the rail surface defined in the rail profile 

coordinate system and 
tr

T  the transformation matrix from 

the target element coordinate system to the rail coordinate 

system. In the implemented wheel-rail contact method, the 

normal and tangent vectors to the rail surface at the contact 

point are necessary to calculate its location. The tangent 

vector to the rail surface at the contact point along the lateral 

direction 
t

yr ,t  defined with respect to the target element 

coordinate system is given by 

 
r

yr

Ttrt
yr ,, tTt   (2) 

where the tangent vector 
r

yr ,t , defined with respect to the rail 

profile coordinate system, is obtained by differentiating the 

rail surface function with respect to the surface parameter. 

The normal vector to the rail surface 
t
rn  at the contact point 

defined with respect to the target element coordinate system is 

given by 

 
t

yr
t

xr
t
r ,, ttn   (3) 

where 
t

xr ,t  is an unitary tangent vector along the tx  axis and 

with 
t
rn  pointing outwards the surface. Finally, the contact 

angle  , defined between the lateral tangent vector and the 

track plane, is given by 

 
 











 

r

rr

sd

sfd1tan  (4) 

The wheel profile coordinate system  www zyx ,,  has the 

same origin of the rail profile coordinate system. Since the 

contact point search is restricted to only one plane, the yaw 

angle contribution is neglected in the geometrical problem [4, 

6-7]. 

The method proposed in the present paper allows the 

detection of two contact points between the wheel and rail. To 

this end, the wheel is parameterized by two functions, one for 

the tread and another for the flange, making the location of the 

contact points in each region of the wheel fully independent. 

Figure 2 shows the parameterization of the wheel profile in 

terms of a single surface parameter ws  to clarify the 

illustration. 

 

  
Figure 2. Parameterization of the wheel profile. 

 

The position vector 
t
Wu  of an arbitrary point W of the 

wheel surface, and the tangent and normal vectors to the 

wheel surface at the contact point, 
t

yw,t  and 
t
wn , defined with 

respect to the target element coordinate system, are calculated 

in an analogous way as in the rail. 
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2.3 Convex contact search 

The convex contact approach consists on determining the 

location of the potential contact points in convex regions by 

solving the following set of nonlinear algebraic equations  

 










0

0

,

,

t
r

t
yw

t
wr

t
yr

nt

dt
 (5) 

where 
t

yr ,t , 
t

yw,t  and 
t
rn  are defined in Section 2.1 and 

t
wrd  

is the vector that defines the relative position of the point of 

the wheel with respect to the point of the rail, given by 

 
t
R

t
W

t
wr uud   (6) 

where 
t
Ru  and 

t
Wu  are also defined in Section 2.1. The first 

condition described by Eq. (5) ensures that the tangent vector 

to the rail is perpendicular to the vector defining the relative 

position of the point of the wheel with respect to the point of 

the rail. The second condition ensures that the normal vector 

to the rail is perpendicular to the tangent vector to the wheel. 

Before analyzing the penetration condition, the convexity of 

the wheel surface in the potential contact point is evaluated. 

According to the sign convention adopted in the present work, 

the surface is convex if the curvature is positive. Therefore, 

for each potential contact point detected with Eq. (5), the 

wheel curvature is evaluated to check the validity of the 

obtained solution. If the surface is convex the solution is 

accepted, otherwise the concave contact search approach must 

be activated (see Section 2.3) in order to guarantee a correct 

solution for the problem, since in these cases Eq. (5) may has 

multiple solutions. 

The potential contact points determined with the procedure 

described above have to fulfil a last condition, that is, the 

parametric surfaces have to intersect each other. This 

condition can be expressed mathematically as 

 0 t
r

t
wr nd  (7) 

which means that the intersection between two bodies is 

guaranteed only if the vectors 
t
wrd  and 

t
rn  point in opposite 

directions. 

2.4 Concave contact search 

The concave contact approach consists on determining the 

location of the potential contact points in the regions where 

the convex contact approach cannot find a solution, i.e., the 

concave regions that exist in the transition between the wheel 

tread and flange. Although this approach does not have any 

limitation related with the surface type, the accuracy of the 

algorithm depends on the degree of discretization of it, which 

implies a higher computational cost in order to achieve a good 

solution. Thus, the concave contact approach is called only if 

the convex approach finds a solution in a concave region. 

The rail and wheel surface are discretized in nr and nw 

points, respectively. This discretization is performed by 

interpolating the profile functions described in Section 2.1. 

Next, the points of the surfaces in contact that intersect each 

other are computed. To detect these points, each rail point is 

projected into the wheel surface and vice-versa. Then, the 

vertical distances between the points of each surface and the 

respective projection on the other surface, irh ,  and jwh , , are 

computed as 

   rz
proj

ir
t

irir nih ,,2,1;,,,  euu  (8) 

   wz
t

jw
proj

jwjw njh ,,2,1;,,,  euu  (9) 

where 
proj

ir ,u  and 
proj

jw,u  are the projections of the ith rail point 

into the wheel surface and the projection of the jth wheel point 

into the rail surface, respectively, and ze  is an unit base 

vector of the global coordinate system. A point in the rail 

surface and wheel surface belongs to the intersection region if 

fulfills the following conditions, respectively 

 0, irh  (10) 

 0, jwh  (11) 

If there are no intersection regions, the bodies are not in 

contact. On the other hand, if contact is detected, each point in 

the rail surface that belongs to the intersection region has a 

potential contact pair in the wheel surface. The potential 

contact pair of a given point in the rail surface is the closest 

point belonging to the wheel surface. These can be expressed 

mathematically as 
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 (12) 

where id  is the distance between the ith rail point and the 

closest point belonging to the wheel surface, 
IR
rn  and 

IR
wn  are 

the number of points of the rail and wheel surfaces, 

respectively, that belong to the intersection region. 

Finally, the contact pair is the one among all the potential 

contact pairs with the maximum distance between the rail 

point and the correspondent wheel point, i.e., the contact pair 

that leads to the maximum penetration d  given by 

   IR
ri nidd ,,1;max   (13) 

3 CALCULATION OF THE CONTACT FORCES 

3.1 Normal contact forces 

When two non-conforming bodies are loaded they will deform 

in the vicinity of the point of first contact, touching over an 

area. The normal contact problem is analyzed based on the 

nonlinear Hertz contact theory [16], which assumes that the 

contact area is elliptical. This theory can only deal with 

non-conformal contact where the contact area is small when 

compared with the dimensions of the two bodies and the 

relative radii of curvature of the surfaces. However, this 

assumption is perfectly acceptable in railway applications, 

since the wheel and rail have considerably different shapes. 

The normal contact force nF  between the wheel and rail is 

given by 
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 2

3

dKF hn   (14) 

where d  is the, and hK  is a generalized stiffness coefficient 

[17-18]. Since the Hertz law is an analytic function, the 

tangent stiffness matrix can be updated at each iteration in 

order to take advantage of the full Newton-Raphson method 

[19]. 

3.2 Tangential contact forces 

If two bodies that are compressed against each other are 

allowed to roll over each other, some points on the contact 

area may slip while others may adhere. The difference 

between the tangential strains of the bodies in the adhesion 

area leads to a small apparent slip, called creep. The creep, 

which depends on the relative velocities of the two bodies at 

the contact point, is crucial for the determination of the 

tangential forces that develop in the contact area, called creep 

forces. These forces can be calculated through three 

dimensionless parameters, called creepages, defined with 

respect to the contact point coordinate system (see Section 

2.1). The creepages are the relative velocities between the 

wheel and rail at the contact point, normalized to the vehicle 

forward velocity.  

In the present work, the longitudinal and lateral creep forces  

are precalculated and stored in a lookup table, based on 

USETAB [20], to be later interpolated during the dynamic 

analysis as a function of the creepages and the semi-axes ratio 

of the contact ellipse. This table has been calculated with the 

software CONTACT [21] which is based on Kalker's exact 

three-dimensional rolling contact theory [22]. 

4 VEHICLE-STRUCTURE INTERACTION  

The vehicle-structure dynamic interaction problem is solved 

using the direct method proposed by Neves et al. [12]. In this 

method, the governing equilibrium equations of the vehicle 

and structure are complemented with additional constraint 

equations that relate the displacements of the contact nodes of 

the vehicle with the corresponding nodal displacements of the 

structure, with no separation being allowed. These equations 

form a single system, with displacements and contact forces 

as unknowns, that is solved directly. An extension of the 

aforementioned formulation to take into consideration 

possible separations between the wheel and rail has been 

proposed in [11]. Due to the nonlinear nature of this 

phenomenon, an incremental formulation based on the 

Newton method iterative scheme has been added to the 

formulation. 

The vehicle-structure interaction problem can be expressed 

in a matrix form as  
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where K  is the current effective stiffness matrix of the 

vehicle-structure system, D  is a matrix that relates the 

contact forces, defined with respect to the target element 

coordinate system, with the nodal forces defined in the global 

coordinate system, H  is the transformation matrix that relates 

the nodal displacements of the target elements, defined in the 

global coordinate system, with the displacements of the 

auxiliary points defined with respect to the target element 

coordinate system, ψ  is the residual force vector that 

depends on the nodal displacements a  and on the contact 

forces X  and r  the vector with the irregularities that may 

exist in the contact interface. The superscript tt   indicates 

the current time step, while i  and 1i  denotes the previous 

and current Newton iteration, respectively. Details about the 

formulation of the system of equations (15) as well as the 

complete formulation of the direct method, can be found in 

[11-12]. 

5 VALIDATION OF THE FORMULATION 

The present formulation is validated with results obtained in 

an experimental test conducted in the rolling stock test plant 

in RTRI. The test consists of analyzing a railway vehicle 

mounted over four wheel-shaped rails controlled by 

independent actuators that can simulate different types of rail 

deviations (Figure 3).  

 

 
 

Figure 3. Setup of the experimental test. 

 

The structure is modeled with rigid finite elements, being 

the track deviation included as an irregularity in the lateral 

direction, as depicted in Figure 4a. The characterization of the 

transition detail presented in Figure 4b to account the 

continuous deformation of the rails may be consulted in [23-

24]. 

 

 
Figure 4. Deflection model: (a) shape; (b) transition detail. 

 

The time step used in the performed analysis is s001.0 t  

and the total number of time steps is 2500, while span length 

L of 20 m and 40 m are considered. Since DIASTARS uses 

the Newmark integration scheme to solve the equations of 

motion, no numerical dissipation is considered in order to 
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establish a more reliable comparison. Therefore, the 

parameters 0 , 25.0  and 5.0  are adopted. 

The comparison between the lateral accelerations measured in 

the carbody above the rear bogie and the results obtained with 

the proposed method and DIASTARS is depicted in Figure 5. 

A good agreement can be observed between the measured 

data and the numerical results. The differences observed may 

be justified by the fact that the numerical model of the vehicle 

does not consider the flexibility of some components, 

especially the carbody, where the accelerations were 

measured. When comparing the numerical results obtained 

with the proposed method and with DIASTARS an excellent 

agreement can be observed. 

 

 
           a)  

 
            b) 

Figure 5. Lateral accelerations in the carbody: a) 20 m span 

and b) 40 m span. 

 

The lateral contact forces in the right wheel of the first 

wheelset obtained with the proposed method and with 

DIASTARS for the experimental tests with span length 20 m 

and 40 m are depicted in Figure 6. A much higher value of 

contact force can be observed in the test with 20 m span due 

to the flange impact. Again, a very good agreement is 

observed.  

 
        a) 

 
         b) 

Figure 6. Lateral contact forces in the right wheel of the first 

wheelset: a) 20 m span and b) 40 m span. 

 

Finally, Figure 7 shows the experimental and numerical 

maximum lateral accelerations measured in the carbody 

obtained for different span lengths and riding velocities. In 

most of the cases, the numerical results obtained with the 

proposed formulation show a good agreement with the 

experimental results. 

 

 
Figure 7. Maximum lateral accelerations in the carbody. 

 

6 CONCLUSIONS 

A nonlinear vehicle-structure interaction method to analyze 

the lateral dynamics is proposed in this article. This method 
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takes into account the geometry of the wheel and rail surfaces 

in order to accurately evaluate the lateral interaction. 

The wheel-rail contact model used in the present method is 

divided in three main steps: the geometrical problem, where 

the location of the contact points between wheel and rail are 

detected, the normal problem, in which the normal contact 

forces are computed through the nonlinear Hertz contact 

theory, and the tangential problem, where the creep forces that 

appear as a consequence of the rolling friction contact are 

calculated. 

The coupling between structure and vehicle is performed by 

imposing a set of constraint equations that relate the 

displacements of the vehicle and structure. By complementing 

the governing equations of motion with the aforementioned 

equations, a single system of equations is formed, with 

displacements and contact forces as unknowns, that is solved 

directly. 

The proposed formulation is validated using the results 

obtained in an experimental test performed in the rolling stock 

test plant of the Railway Technical Research Institute in 

Japan. This test consists of a full scale railway vehicle running 

over four wheel-shaped rails controlled by actuators that 

impose rail deviations in the lateral direction. The lateral 

accelerations inside the carbody have been measured and 

compared with those obtained with the proposed method and 

with DIASTARS. The results show a good agreement, 

especially when the two numerical methods are compared. 

Regarding the experimental results, the discrepancies 

observed may be caused by the fact that vehicle is modelled 

using rigid bars and thus important deformations were not 

considered. 

The good results obtained with the proposed formulation 

prove that it is adequate for analyzing the train running safety 

in scenarios where the lateral vibrations of the structure could 

affect the safety of the train.  
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ABSTRACT: The seismic response of an existing 300m long four-span highway bridge supported in the center pier on pile 

foundation in 30 m of soft soil and on two adjacent piers on rock foundation is investigated. The bridge is located in Eastern 

Canada where high frequency ground motions (10Hz) are predominant. The following support conditions are considered in 

comparative analyses: fixed-base (as a reference) and piles with non-linear Soil Structure Interaction (SSI). The structure is 

analyzed in the longitudinal direction, in which the translational movements between the superstructure supports are constrained 

to those at the top of the piers and free at the abutments. Linear and nonlinear time-history analyses are performed to evaluate 

the displacement demand and related internal forces. Simulated ground motion records are calibrated to match the response 

spectrum of the upcoming Canadian Highway Bridge Design Code (2015). Convolution is used to account for the local effect of 

the soil layer at the central support and displacement histories are used to account for multiple support excitations. A one-

dimensional wave propagation method is used to compute the soil response. The non-linear bridge model includes for the central 

support piles modeled as a Beam on Non-linear Winkler Foundation with p-y soil curves for the springs along their length. 

Results show an influence of site-response (or local soil conditions), as it affects internal forces of each column individually. 

The wave passage effect, with an underlying rock speed of 1500 m/s, has irrelevant influence on the results. Deck displacements 

have little variations between the different cases considered. 

 

KEY WORDS: Bridge; Pile, Multiple support excitation; Winkler foundation; Site-response; Wave passage  

 

 

1 INTRODUTION 

The current version of the Canadian bridge design code 

(CAN/CSA S6-06) provides rules on the type of seismic 

analysis that must be implemented for a given bridge in a 

given region. Nevertheless, the engineer, with the consent of 

his client, can decide to perform more extensive calculations 

than those required by the Code especially for atypical bridges 

or atypical foundation conditions, with the ultimate goal to 

more accurately predict the behaviour of the structure and 

consequently develop a more optimal design. Two aspects not 

required by the present Canadian code but worth considering 

for bridges are the local non homogeneous soil conditions and 

multiple support excitations because large distances can 

separate foundations, and therefore can vary those aspects 

significantly. 

In this study, the influence of multiple support excitations 

and local pier supporting soil conditions are investigated for 

an existing four-span highway bridge. A fixed-based model 

(reference model) and a model that includes soil-structure 

interaction are considered. The bridge’s foundations are 

separated by 85 m and rest on two types of soils, namely on 

rock and on sand. The support on sand contains bored piles 

which are modeled with the Beam on Non-Linear Winkler 

Foundation (BNWF) approach to represent the soil-foundation 

interaction. The bridge is subjected to 11 calibrated ground 

motion time-history records in the longitudinal direction. A 

comparison of moment and shear forces as well as deck 

displacements is made between the supports of both models.  

2 LITERATURE REVIEW 

2.1 Canadian Bridge Codes 

2.1.1 Current Bridge code 

The current Canadian bridge code commonly referred to 

CAN/CSA S6-06 [1] has a specific approach for the seismic 

design which is based on the road’s location and importance, 

as well as on the bridge’s regularity. Indeed, the seismic 

performance zone, the minimum analysis requirements and 

the elastic response spectrum all depend on whether it is a 

regular or an irregular bridge on a lifeline, emergency-route or 

other. The regularity of a bridge depends on its main 

characteristics such as the number of spans and the presence 

of unusual changes in weight, stiffness and geometry from 

spans to spans. 

Seismic performance zones are divided into 4 categories 

and depend on the peak horizontal ground acceleration (PHA) 

of a given region as well as on the road’s importance. For low 

PHA values (< 0.16g), lifeline bridges are classified in a 

seismic performance zone one level higher than the other 

ones, as seen in Table 1. 

The minimum analysis requirements can be established by 

knowing the seismic performance zone and the category of the 

bridge. Table 2 summarizes the minimum complexity of 

analysis required by the CAN/CSA S6-06 code. Seismic time-

history analyses are infrequently used in practice because they 

are necessary in the case of an irregular bridge on a lifeline, in 

seismic performance zones 3 and 4. Furthermore, they require 

approval from the client.  
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Table 1. CAN/CSA S6-06, Seismic performance zones. 

 
 

Table 2. CAN/CSA S6-06, Minimum analysis requirements. 

 
 

The dimensionless elastic seismic response coefficient for 

the mth mode of vibration is not only dependant on the 

bridge’s category and zonal acceleration ratio, A, but also on 

the site coefficient, S: 

 

             (1) 

 

In Eq. (1), Tm is the period of vibration of the mth mode, I is 

the importance factor based on the bridge’s category. The site 

coefficient S varies between 1 and 2 depending on the soil 

profile. Four soil profiles, namely I to IV, are specified in the 

CAN/CSA S6-06 code. They are categorized from rock of any 

characteristic or deep stiff soils (Type I) to soft clays and silts 

(Type IV). For other profiles that do not meet any of the 

categories, it is up to the engineer’s judgment to select an 

appropriate site coefficient.  

Furthermore, the forces obtained from the seismic analyses 

can be divided by response modification factors and become 

the design forces for ductile substructure elements. If those 

design forces are smaller than the forces obtained with an 

importance factor I=1.0 (elastic forces), those elements will be 

responding in the nonlinear range. The response modification 

factors depend on the ductility and redundancy of the 

substructure elements and vary between 2 and 5. 

2.1.2 Upcoming CAN/CSA bridge code (S6-15) 

This section is based on currently available information 

related to the upcoming version of the new Canadian bridge 

code CAN/CSA S6-15. The final official version of that Code 

may slightly differ from what is described hereafter because it 

is in a preliminary stage and details are still under discussion. 

The new Canadian bridge code CAN/CSA S6-15, along 

with the new National Building Code of Canada (NBCC), will 

be released in 2015. The seismic chapter of the new bridge 

code will include significant changes with respect to its 

predecessor as its approach to define the elastic response 

spectrum will be similar to the one used in the National 

Building code.  

The current NBCC (2010) [2] uses two site foundation 

factors, Fa and Fv, which depend on the soil profile to define 

the elastic response spectrum in the presence of different soil 

conditions. This method will be carried on to both new codes 

(building and bridge), with the addition of period spectral 

ordinates at periods of 5 s and 10 s. The NBCC code divides 

the soil profiles into five categories (A for hard rock, to E for 

soft soil) instead of the four categories (I to IV) as in the 

CAN/CSA S6-06 code. They are also more detailed as the 

profile can be characterized based on specific properties such 

as shear wave velocity within the medium, resistance to the 

standard penetration test, and the soil’s shear stiffness and 

resistance. In the NBCC 2010, the elastic response spectrum is 

defined as follows: 

 

 
 

Where Fa and Fv are: 

Table 3. NBCC 2010, Fa values1. 

 

 

Table 4. NBCC 2010, Fv values1. 

 
1Fa and Fv values are not available yet for the 2015 code version. 

 

The upcoming bridge code CAN/CSA S6-15 will follow the 

current NBCC Uniform Hazard Spectrum approach, including 

some adjustments for the new version. The elastic seismic 

response coefficient Csm will therefore be replaced by S(T) 

points that will define the elastic response spectrum. Also, the 

importance factor I will be explicitly considered in the 

calculation of the design forces, along with the response 

modification factors.  

2.2 Compatibility of ground-motion time-histories 

A number of acceptable methods are available to obtain 

compatible time-history ground motion records with the target 

design uniform hazard spectrum (UHS). A method developed 

by Atkinson [3] can successfully generate earthquake ground 

motion time-histories that can be used to match the UHS (or a 

response spectrum) for a given soil condition. In her work, 
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Atkinson [3] uses the stochastic finite-fault method to 

generate data that can be scaled linearly to match the UHS for 

the site considered. Such approach mimics the seismological 

characteristics of expected ground motions in terms of 

intensity, frequency content, and duration. The records are 

freely available at www.seismotoolbox.ca and the procedure 

to choose the appropriate record set(s) and scaling factor(s) is 

described in [3]. The procedure consists of calculating the 

mean and standard deviation of simulated response spectra to 

the target UHS ratio, within the period range of interest. Many 

simulated earthquake Magnitude (M) distance (R) scenarios 

were developed using the stochastic finite-fault method to 

obtain related "simulated" ground motion records [3].   

It is the method of choice because the bridge used in this 

study is situated in Eastern Canada, where artificially 

generated (simulated) ground motions are most often used in 

the absence of historical records of severe intensities. 

2.3 Soil-Structure Interaction (SSI) 

In the assumption that the soil underneath a foundation is not 

perfectly rigid (not fixed-base), a number of different 

alternatives are available to represent soil-structure interaction 

(SSI). One of those alternatives consists of modeling pile 

foundations as a lumped stiffness, mass and damping matrices 

at the base the foundation pile cap. Such process is referred to 

as the substructure method. Independent software from the 

structural analysis one can be used to find all the parameters 

which are then be inputted in the structural model. GROUP is 

a computer program that allows the user to analyze the 

behaviour of pile groups using either a 2-dimensional model 

for piles in a symmetric layout or a 3-dimensional model for a 

group of piles that is not symmetrically arranged [5]. The 

linearization of the internally generated nonlinear soil 

responses is performed and then a global 6x6 foundation 

stiffness matrix is obtained. Manual calculations of the 

stiffness matrix can also be performed with the use of tables 

coupling different parameters such as translational, rotational, 

cross coupling or lateral (shear) stiffness to bending stiffness 

[6]. 

The (SSI) may also be represented by linear soil springs 

attached to beam elements representing piles or caissons. This 

approach is referred to as Beam on Linear Winkler 

Foundation (BLWF). Linear springs are obtained by the 

linearization of non-linear springs. Although such approach 

seems not appealing because non-linear springs can be 

directly introduced in most software, one can choose effective 

linear springs to save computational time and space. When the 

BLWF is used, it must be ensured that the passive resistance 

of the soil is large enough to resist the seismic lateral thrust. 

Another alternative of modeling SSI is the Beam on Non-

linear Winkler Foundation (BNWF). The basic BNWF 

consists of springs representing the soil’s non-linear 

displacement versus force commonly known as p-y curves. 

Many recommendations to define p-y curves for various types 

of soils and rocks have been published and are used by 

software such as LPile [7], which can compute those curves 

for layered soils. A more complex BNWF model includes 

series of gap, drag, plastic and elastic springs and dashpots [8] 

as shown in Figure 1. This study is limited to a basic BNWF, 

given that some factors and their numerical representations 

such as radiation damping are still under research. As an 

example, a study yielded exaggerated radiation solutions 

when elasto-plastic viscous dashpots using small strain shear 

wave velocity were combined in parallel with p-y springs, but 

it was also found that when radiation dampers are arranged in 

series with p-y springs, the p-y springs dominate the pile 

behavior and the dampers can be neglected [9].  
 

 

Figure 1. Pile-soil BNWF interaction model 

 

Although non-linear analyses require great amounts of disk 

space and are computationally challenging, the development 

of increasingly faster computers and inexpensive storage 

devices make such approach gradually more used.  

2.4 Multiple Support Excitation 

The response of a structure can be significantly influenced by 

spatial variability. Three distinct phenomena were found to 

influence significantly the ground motion variations, namely, 

1) the incoherence effect which is due to scattering of waves 

in the ground medium and their differential superposition 

when arriving from an extended source, 2) the wave-passage 

effect which characterizes the spatial variability of the ground 

motion arising from the difference in the arrival times of 

waves at separate stations, and 3) the site-response effect 

arising from the difference in the local soil conditions at two 

stations [10].  

Comparison between the wave-passage and site-response 

effects reveals that the site-response effect can be more 

significant for structures located in regions with rapidly 

changing local soil conditions and which have fundamental 

periods in the range of 0.65 s to 2 s. Bridges and viaducts with 

short or medium length spans may fall in this category. For 

long-span, flexible structures, such as suspension bridges, 

with frequencies lower than 0.5 Hz (period longer than 2 s), 

the wave-passage effect is expected to be more significant 

[10]. 

In a study considering the wave passage effect on the 

response of an open-plane frame building structure on isolated 

column bases, it was found that the multiple support 

excitation approach can yield to frequently larger peak 

column shears when compared with the uniform support 

approach. Results show that the wave passage phenomenon 

should not be overlooked even in short-span structures in the 

absence of soil–structure interaction [11]. Another study made 

on a cable-stayed bridge having two main spans of 283 meters 

concludes that the wave passage effect is very important for 

long-span bridges [12]. Moreover, the study of a simplified 

bridge subjected to travelling disturbance consisting of 

packets of damped oscillatory waves with random amplitudes, 

http://www.seismotoolbox.ca/
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frequencies, arrival times, phases and velocities of 

propagation indicated that a finite transmission time for a 

seismic disturbance can significantly reduce the probability of 

survival of the structure [13]. 

The site-response effects play also an important role in the 

behaviour of a structure during a seismic event. The Southern 

California Earthquake Center identified two important 

geological factors influencing site effects: the softness of the 

rock or soil near the surface and the thickness of the sediments 

above hard rock [14]. As the waves pass from harder to softer 

rocks and slow down, they must get larger in amplitude to 

carry the same amount of energy. Thus, shaking tends to be 

stronger at sites with softer surface layers, where seismic 

waves move more slowly. In addition, as the thickness of 

sediment increases, so does the amount of shaking. The 

software SHAKE [15] computes the response in a horizontally 

layered soil-rock system subjected to transient, vertical 

travelling shear waves. The motion used as basis for the 

analysis can be applied to any layer in the system. Systems 

with elastic base and with variable damping in each layer can 

be analyzed. Equivalent linear soil properties are used with an 

iterative procedure to obtain soil properties compatible with 

the strains developed in each layer [15]. 

3 DESCRIPTION OF THE BRIDGE STUDIED 

The bridge model used for this study is an existing lifeline-

bridge located in Eastern Canada that was designed by 

Canadian engineering consultants CIMA+. The superstructure 

is composed of a concrete deck on 5 steel beams with variable 

flange thicknesses, interconnected by bracings and 

diaphragms. The superstructure is 304 m long by 14.3 m wide 

and spreads over 4 spans. The superstructure is symmetric in 

both longitudinal and transverse directions, with exterior 

spans of 67 m each and interior ones of 85 m each. There is no 

skew between the superstructure and the supports. Figures 2 

and 3 show the elevation and cross-section of the bridge. [16] 

 

 

Figure 2. Elevation – Bridge studied 

 

 

Figure 3. Cross-section – Bridge studied 

 

The supports consist of 2 abutments and 3 columns. . The 

heights of the three columns are respectively 22 m, 29 m and 

27 m, which is high relative to the span lengths. The columns 

were designed to have a weaker upper part composed of 4 

short pilasters (7 m tall) aligned in the transverse direction and 

embedded in a pile cap. Those short pilasters are fixed to a 

caisson-type lower part that gets larger linearly until it reaches 

the footing. Such design allows the formation of plastic hinges 

at the bottom and at the top of those pilasters. In the 

longitudinal direction, which is the direction studied, the 

superstructure is pinned at the columns and free to move at the 

abutments. [16] 

 

 

Figure 4. Typical Column – Bridge studied 

 

Finally, as for soil conditions, the rock is only a few meters 

below the natural soil surface for all supports except for the 

middle column (Col. 2 in Figure 2), where it can be found 

only at a depth of 30 m. To reach the rock layer for that 

support, a total of 10 pile-caissons of 1.5 m in diameter were 

bored through the sand layer above it. Therefore, the middle 

footing sits on piles bored up to the rock while the footings 

supporting the two other columns sit directly on rock. Figure 5 

presents a plan view of the middle support’s footing with the 

layout of the pile-caissons [16]. 

 

 

Figure 5. Plan view – Footing at Column 2 

4 RESPONSE AND DESIGN SPECTRA 

To perform time-history structural analysis with multiple 

support excitations, one must obtain seismic records that 

correspond to the UHS of the site considered. For this study, 

the procedure described in Atkinson [3] is used to select and 

scale a set of 11 ground motion records.  

The periods of interest is obtained directly from the results 

of the bridge’s modal analysis. Due to possible period 

elongation due to nonlinear (ductile) behaviour, the upper 

bound period should be greater than or equal to twice the 

fundamental period of the structure, but not less than 1.5 s, 

and the lower bound period should be established such that 

the range of periods from lowest to highest includes at least 

the periods of the modes necessary to achieve 90% of 

effective modal mass participation, but not more than 0.2 
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times the first-mode period [17]. Thus, the range of periods of 

interest for the bridge is from 0.08 s to 2.8 s, the fundamental 

period being 1.37 s. 
The uniform hazard spectrum (UHS) used for this study is 

calculated using the provisions of the current NBCC 2010 

with the proposed data for the upcoming NBCC 2015, for a 

city near the bridge’s location and a seismic hazard recurrence 

of 2% in 50 years. The city chosen is located only 40 km 

away from the bridge and its proposed data are consistent with 

those obtained for the exact location of the bridge with the 

NBCC 2010 provisions. Figure 6 presents the response spectra 

obtained for rock from all 11 ground motion time-histories 

versus the target UHS. Those response spectra are obtained 

from calibrated time-histories as discussed in section 2.3. 

 

 

Figure 6. Response spectra vs UHS - hard rock (type A) 

 

Ground motion time-histories applied to pile-caissons in the 

sand layer at the central column are obtained from one 

dimensional wave propagation analysis using the software 

SHAKE [15]. Calibrated ground motion time-histories for 

rock are assigned at the bottom of the sand layer, and 

propagation to the surface is computed through analysis. Such 

process is referred to as “convolution” and it is performed to 

have compatibility between ground motions assigned to soil 

conditions A (rock) (abutments Cols. 1 and 3) and C (dense 

sand) (Col. 2), as illustrated in Figure 7. 

 

 

Figure 7. Calibrated GMT-H for different soils 

The response spectra obtained after performing convolution 

through the 30 m sand layer for the 11 ground motion time-

histories are presented in Figure 8. In general, those response 

spectra are higher than the ones obtained for rock. One would 

expect nonetheless the spectra to match the UHS for the 

Code's soil condition C (dense sand), but the spectral 

accelerations only correspond, on average, the UHS for short 

periods. For periods longer than 0.4 s, they are generally 

below the code spectrum. This result can be explained by the 

fact that the NBCC foundation site amplification factors Fa 

and Fv (Tables 3&4) and resulting UHS must enclose a 

broader range of cases, namely different depths of dense soils 

with different stiffness properties, for which the response can 

be larger than the one obtained for the particular 30 m layer 

condition considered in this study. 

 

 

Figure 8. Response spectra vs UHS - type C soil 

5 BRIDGE MODELLING 

 The bridge is examined in the longitudinal direction because 

the multiple support excitations in this study consider the 

wave passage effect. The bridge is modelled with the 

computer program SAP2000 [18] as a 2D structure with beam 

elements having properties of the entire cross sections in both 

longitudinal and transverse directions. Views of the model 

showing the extruded BNWF are shown in Figure 9, while the 

sections that follow describe each component in details.  

 

 

Figure 9. SAP2000 structural model with BNWF for the 

central column 

5.1 Superstructure 

The superstructure is modelled with frame elements having 

properties that vary along the length of the bridge as the 

flanges of the steel beams change thicknesses. Every 

component of the superstructure is supposed to stay in its 

elastic state during a seismic event because it is a capacity-

protected element (CSA/CAN S6-06). The superstructure is 
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connected to the columns with rigid extensions modeled by 

two-joint links with fixed directional properties, of lengths 

equal to the distance from the center of gravity of the 

superstructure to the top of the columns. All dead loads of the 

superstructure are considered in the mass definition, namely 

the self weight of the beams and deck, asphalt and barriers.  

5.2 Columns 

The top part of all three columns consists of identical pile caps 

and pilasters (Figure 4). It is therefore the lower caisson-type 

portion that differs in dimensions between the three supports. 

All components are represented by single frame elements with 

equivalent properties. Properties for pilasters and caisson-type 

lower portions are calculated at the bottom, center and top, 

and variable frame sections are assigned to the frames. 

The bridge was designed such that plastic hinges will form 

at the pilasters’ level in case of an exceptional seismic event. 

Nevertheless, due to an importance factor of 3.0 and to a 

response modification factor of 3.0 as well in the longitudinal 

direction, all columns were designed to stay elastic for inertia 

forces produced by ground motion intensities that reach the 

design Csm (Eq. 1) [16]. Such behaviour was verified in this 

study from response spectrum analysis using NBCC 2015 

UHS. Furthermore, from response history analysis, the 

maximum moment produced by all 11 ground motion time-

histories remained below the yielding moment of the pilasters. 

For that reason, material non-linearity was not considered in 

the model.  

5.3 Soil-Structure Interaction (SSI) 

The middle column sits on a layer of 30 m of sand while the 

two other columns lay directly on rock. Two models are 

considered in this study: the fixed-base model (as a reference) 

and a second model where the Beam on Non-linear Winkler 

Foundation (BNWF) model is used for the middle column. 

The second model is referred to as the BNWF model for 

simplicity. 

The latter model represents pile-caissons at the central 

support with single frame elements to represent the entire 

group’s cross-section. The discretization of the frame 

elements along the height is 1.5 m, corresponding to the 

diameter of the caissons. Link elements, to which soil load-

displacement (p-y) curves are assigned, are attached to the 

caissons, and the soil’s non-linear behaviour is obtained for 

every link with the software LPile. Homogeneous sand 

properties are used throughout the entire height. Figure 10 

shows p-y curves that are applied to multilinear-plastic link 

elements. 

 

 

Figure 10. p-y curves assigned to link elements 

For both the fixed-base and the BNWF models, Rayleigh 

damping with 5% of critical damping was specified at the 

fundamental period of the structure and at a period close to 

90% of mass participation, namely 0.1 s.  

The modal analysis of the fixed-base model gives a 

structure’s fundamental period of 1.37 s. The presence of piles 

adds more flexibility to the structure and a model that includes 

them should give a fundamental period higher than the one 

obtained with the fixed-base model. Since the BNWF model 

is not suitable to compute the fundamental period as the 

model has to be linear to perform a modal analysis, a third 

model including effective linear springs was made for that 

purpose. The fundamental period was found to increase 

slightly to 1.40 s.  

5.4 Multiple Support Excitation 

Multiple support excitations can be performed in SAP2000 

structural models by applying input seismic motions in the 

form of displacement time-histories. Displacement time-

histories can be assigned individually to any node, allowing 

one to consider the site-response and wave passage effects in 

the numerical models.    

Both the fixed-base and BNWF models are subjected to 

combinations of ground motions for sand and rock. The 

displacements time-histories used for sand come from the 

convolution analyses done with SHAKE [15].  

The wave passage effect is considered in this study for the 

case of local soil conditions (30 m sand layer for the central 

column and rock for the other two columns). The seismic 

wave propagates mainly through rock of good quality, for 

which a speed of 1500 m/s is used (hard rock in good 

condition). The time lag applied corresponds to the wave 

speed multiplied by the distance between supports. Figure 11 

illustrates the delays that are used for the analysis of the 

bridge. There is no imposed displacement applied at 

abutments because the movement of the structure is not 

restrained in the longitudinal direction at those locations.   

 

 

Figure 11. Arrival times in the longitudinal direction 

6 SEISMIC RESPONSE 

This section summarizes and compares results obtained from 

four different sets of seismic response analyses applied to both 

the fixed-base model (reference model) and the one including 

the BNWF (piles) at the central support. The four sets of 

analyses are as follows: 

 

“Rock analysis” 1A and 1B – Rock input seismic motions 

are applied to all supports of the fixed-base model (1A) and of 

the BNWF model (1B) 
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“Sand analysis” 2A and 2B – Sand input seismic motions 

are applied to all supports of the fixed-base model (2A) and of 

the BNWF model (2B) 

“Local analysis” 3A and 3B – Multiple support excitations 

with local soil conditions, namely rock motions for columns 1 

and 3 and sand motions for column 2. The set applied to the 

fixed-base is 3A and the one to the BNWF model is 3B. 

“Wave-local analysis” 4A and 4B – Multiple support 

excitations with local soil conditions, with the addition of the 

wave passage effect as discussed in the previous section. Here 

again, 4A corresponds to the fixed-base model while 4B to the 

BNWF model. Model 4B is considered the most 

representative of the bridge in situ seismic behaviour.  

6.1 Columns internal forces 

Tables 5 and 6 present the maximum moments and shears at 

the base of the three columns of the bridge, as obtained from 

the envelope of the 11 ground motion time-histories. They are 

shown for each analysis set described previously.  

 

Table 5. Maximum moments at base of columns. 

Analysis  

 Maximum Moments (MN*m) 

Column 1 Column 2 Column 3 

1A 34.8 56.5 47.9 

1B 37.7 73.2 48.7 

2A 41.3 101 80.8 

2B 43.9 102 82.6 

3A 35.0 105 54.3 

3B 41.6 115 49.5 

4A 35.2 106 51.4 

4B  40.2 113 54.1 

Table 6. Maximum shears at base of columns. 

Analysis  

 Maximum Shears (kN) 

Column 1 Column 2 Column 3 

1A 2210 3660 3290 

1B 2400 6690 3270 

2A 3050 7280 6230 

2B 3320 11700 6350 

3A 2150 7500 3800 

3B 2460 13200 3240 

4A 2190 7670 3420 

4B  2630 13300 3650 

 

Similar trends are observed between the four sets of 

analyses in both models. First of all, base column reactions for 

sets on sand (2A and 2B) are greater than the ones on rock 

(1A and 1B). Such result is expected because the ground 

motions on sand correspond to larger UHS spectral ordinates 

than the ones on rock.  

The application of multiple support excitation considering 

local soil conditions influences particularly the corresponding 

foundation where it is applied. Results from local analyses 

(3A and 3B) for columns 1 and 3 are similar to those for rock 

analyses (1A and 1B), while results for column 2 are closer to 

the ones obtained from the sand analyses (2A and 2B). 

Reactions at columns 1 and 3 are larger by at most 16% from 

rock analyses (shear of 3A vs 1A) while those at column 2 are 

larger by at most 13% when compared to sand analyses (shear 

of 3B vs 2B). When reactions from the 11 ground-motion 

time-histories are observed individually (results not shown 

here), there is a general increase in reactions at column 2, 

especially for the BNWF model when local soil conditions are 

considered (3B versus 2B).   

When the wave passage effect is considered along with 

local soil conditions, results for 4A and 4B at columns 1 and 2 

are within 7% and 2% from results of 3A and 3B respectively. 

Column 3 shows larger variations, having a decrease of 10% 

between 4A-3A, and an increase of 13% between 4B-3B. 

When the 11 ground motion time-histories are observed 

individually (results not shown here), there is little influence 

by the wave passage effect on the central column, with a 

maximal variation of 4.4% for the fixed-base model (4A vs 

3A) and 2.6% for the BNWF one (4B vs 3B). Nevertheless, 

reactions generally increase for the BNWF model for columns 

1 and 3 when wave passage is considered (4B vs 3B). That 

trend is not observed for the fixed-base model. 

When both fixed-base and BNWF models are compared (A 

vs B analyses), the BNWF model shows higher reactions in 

most cases, even when ground-motions are looked at 

individually. Maximum shear at column 2 increases the most, 

as it is larger by 61% to 83% for all four sets of analyses (B vs 

A). For that same column, maximum moment increases by 

0.4% to 30%. 

Although averages of all 11 ground-motion time-histories 

are not shown, they follow the same trends as the maximums, 

with values that are lower than those maximums by roughly 

20% to 45%. 

6.2 Deck displacements 

Tables 7 and 8 present the maximum longitudinal 

displacements of the deck at both abutments of the bridge, as 

obtained from the envelope of the 11 ground motion time-

histories. Displacements are obtained relatively to the 

respective input rock ground motion time-histories because 

abutments lay on this layer.  

 

Table 7. Maximum deck displacements. 

Analysis  

 Longitudinal Displacements (mm) 

Abutment 1 Abutment 2 

1A 39.6 40.4 

1B 42.8 42.9 

2A 42.3 42.2 

2B 43.5 45.5 

3A 40.3 40.9 

3B 43.7 43.3 

4A 40.0 39.2 

4B  42.7 43.7 

 

Longitudinal displacements from different sets of analysis 

show little variations. For both models, there are only 2-3 mm 

differences between the highest and the lowest maxima. The 

sand analyses (2A and 2B) are the ones that show slightly 

larger displacements than the three other types of analyses.  
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7 CONCLUSIONS 

The calibration method used for the rock ground motion time-

histories successfully matched the UHS obtained from the 

upcoming Canadian bridge code CAN/SCA S6-15. The 

convolution performed to obtain ground motion time-histories 

for the 30 m sand layer at the central support show spectral 

accelerations that are below the code UHS for that type of soil 

for periods longer than 0.4 s. Such results are expected 

because the code UHS must enclose various cases for which 

the response can be larger than the one obtained for the case 

studied in this project. 

From the four sets of bridge structural time-history analyses 

performed on the fixed-base model and the model including a 

BNWF to represent the piles at the central support, the 

following conclusions are made: 

 

- Internal forces at the base of a specific column are 

particularly influenced by the soil conditions directly 

under it. The sand layer at the central support increases 

reactions at that specific column. There is little 

redistribution between all three supports when local soil 

conditions are considered. 

- Multiple support excitations with local soil conditions 

yield larger base reactions, although not excessively, 

than the respective homogenous analyses at each 

column (versus rock for columns 1 and 3, and versus 

sand for column 2).  

- The wave passage effect influences insignificantly 

reactions at the bridge`s columns. The high velocity of 

the seismic wave can explain the little influence as the 

structure might not have time to respond. A comparison 

of results with a slower wave passage would confirm 

this hypothesis. 

- Base reactions at the central column are influenced by 

the presence of the piles. Shears at that column are 

larger by up to 83% and moments are larger by up to 

30%, when the BNWF model including the piles is 

used instead of a fixed-base model. 

- Displacements at abutments vary by as little as 6 mm 

between all the analyses. In general, the BNWF model 

exhibits displacements about 2-3 mm larger from the 

fixed-base model.  

 

As a general note, the bridge as designed responded in the 

elastic range when subjected to seismic ground motions 

compatible with the most recent 2% in 50 years UHS data, 

which is consistent with the anticipated performance for a 

lifeline-bridge that needs to remain open to all traffic after a 

large earthquake. 
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ABSTRACT: The use of deicing salts in heavy snowfall area in Japan has been increased since the 1990s. The purpose of using 

deicing salts is to ensure the road safety during the winter season. However, as a trade-off, the highway bridges are deteriorated 

by salt attack due to the deicing salts. Thus, this study examines the number of water leakage from bridge joints in the Hokuriku 

Expressway in Japan. This survey was conducted to investigate the relationship between deteriorations at the girder ends due to 

the salt attack by deicing salts and the water leakage from the bridge expansion joints. It is found out that the water dissolved 

with salts from deicing salts has accelerated the damage of the reinforced concrete (hereafter RC) structures at the girder ends. 

Therefore, as a preventive measure, a new highly durable jointless system named RC plug joint system (hereafter RC plug joint) 

for existing concrete bridges are being proposed. The RC plug joint connects the girder end to the abutment’s backwall using 

anchor reinforcing steel bars (hereafter rebars) and fiber reinforced concrete. The analysis of live load influence, a temperature 

change and the seismic influences using a finite element analysis are conducted. The experiment model in the case of huge 

earthquake occurrence had already grasped the destruction form of the RC plug joint. From this analysis, it is recommended that 

the RC plug joint should be applied to an existing concrete bridge with the bridge lengths less than 40 meters. In addition, to 

monitor the structural health of the RC plug joint, assessment of 85 locations of installed RC plug joint confirm the modeling 

analysis results. As a result, the RC plug joint can prevent water leakage and allow for a smooth ride of vehicles at the joint. In 

conclusion, RC plug joint is proposed as a method that can improve the durability of existing concrete bridges. 

KEY WORDS: Expansion joint, Reinforced concrete plug joint, Finite element analysis, Structural health monitoring 

1 INTRODUCTION 

Hokuriku region is a heavy snowfall area in Japan. Figure 1 

shows the position of Hokuriku region. For 3 – 4 months in 

the winter season, snow or water freezing on the expressway 

road surface tends to make the road slippery. Deicing salts 

have been generally used as the preventive measure [1]. 

However, it caused many bridge structures to deteriorate from 

salt attack [2]. Moreover, an investigation on current status of 

water leakage targeting about 1052 bridge expansion joints in 

the Hokuriku Expressway had been carried out. This survey 

was conducted to investigate the relationship between 

deterioration at the girder ends due to the salt attack by 

deicing salts and the water leakage from the bridge expansion 

joints. It is found out that the aged bridge expansion joints with 

the deteriorated waterproof function allow the remnants of 

dissolved deicing salts, rainwater and melted snow to drop 

down to the girder ends. As a result, many reinforced concrete 

(hereafter RC) girders, abutments and piers have been damaged 

by salt attack. Figure 2 show the typical damage of a RC girder 

ends with pier and abutment due to leakage from the aged 

expansion joints [3]. 

Eurasia

North

South

Hokuriku

Region

EastWest

Japan

     
Figure 1.  The position of Hokuriku region in Japan. 

Therefore, we developed a new highly durable jointless 

system, named RC plug joint, for existing concrete bridges. 

The RC plug joint connects the abutment’s backwall to the 

girder using reinforcing steel bars (hereafter rebars) and fiber 

reinforced concrete. The analysis of live load influence and 

temperature changes by three dimensional finite element 

analysis (hereafter 3D-FEA) has been conducted. In order to 

design RC plug joint and the scope of application, the 

comparison has been done between analysis frameworks that 

considering the seismic influences with the experimental 

loading test in the laboratory. Furthermore, monitoring about 

85 locations of installed RC plug joints in the Hokuriku 

Expressway had been conducted. The results confirmed that 

the RC plug joint is possible to improve the durability of the 

existing concrete bridges. 
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Figure 2.  Schematic view of typical damaged RC girder ends 

with pier and abutment due to salt attack. 
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2 INVESTIGATION OF THE AGED EXPANSION 

JOINT 

2.1 Investigation of water leakage from the joints 

Table 1 shows the results of water leakage investigation from 

the bridge expansion joints. Water leakage survey from the 

bridge expansion joints is conducted by visual observation. As 

shown by Figure 3, water leakage occurs when the abutment 

surface looks wet after rain. From 1052 locations of bridge 

expansion joints in the Hokuriku Expressway, water leakage 

is confirmed from 607 locations. The proportion accounted for 

58% of the total locations. The quantity of expansion and 

contraction due to annual temperature changes of less than 

50mm was the most commonly occurred. In addition, a 

significant water leakage occurred in the small and medium-

sized concrete bridges.  

2.2 The Relationship of the girder ends degradation with 

water leakage from the joints 

In the Hokuriku Expressway, regular sodium chloride is being 

used as deicing salts in the winter period. Figure 4 shows a 

typical example of the existing concrete bridge girder ends 

degradation due to salt attack in the Hokuriku Expressway. 

The degradation of concrete bridge girder ends also lead to the 

corrosion of rebars. 

Approximately 85% of bridge girder ends that were 

deteriorated by salt attack showed water leakage from the 

bridge expansion joint, as shown by Figure 5. Thus, there is a 

high correlation between water leakages in bridge expansion 

joints with delaminated girder ends due to salt attack. Salinity 

of deicing salts is attached in the water leakage of the girder 

end, front of abutment, and concrete surface of the bridge pier, 

thus lead to degradation of RC structure locally.   

3 OUTLINE OF REINFORCED CONCRETE PLUG 

JOINT 

3.1 Basic concepts 

Figure 6 shows the side view of the RC plug joint. In this 

system, the aged bridge expansion joint is removed completely, 

and fiber reinforced concrete fills the gap. Then, a waterproof 

membrane is applied on the surface of the fiber reinforced 

concrete. Lastly, a new layer of asphalt pavement is completed.   

 

Table 1. Water leakage from the joint on the abutment pier 
Quantity of expansion and 

contraction 

Total 

locations 

Water 

leakage 
Ratio 

Less than 50mm 949 582 62% 

50mm to100mm 93 24 26% 

More than 100mm 10 1 10% 

Total 1052 607 58% 

 

 

 

 

 

 

 

  

 

Figure 3. Water leakage from  Figure 4. Degradation of the  

 the joint. girder ends. 

3.2 Structural Characteristics 

The RC plug joint connects the abutment’s backwall (i.e. parapet) 

to the girder using fiber reinforced concrete. This jointless system 

is applied to existing concrete bridges whose length is less than 

40 meters. As a result, the prevention of leakage, in addition to 

create a smooth ride for vehicles at the bridge expansion joints, 

is achieved. Therefore, the superiority of this system compared to 

the previously used bridge expansion joint systems is quite clear. 

3.3 Details of reinforced concrete plug joint 

A detailed view of the RC plug joint is shown in Figure 7. The 

RC plug joint completes the gap between the girder and abutment 

with fiber reinforced concrete for the main purpose of preventing 

water leakage at the bridge expansion joint. In addition, the 

waterproof membrane and the road asphalt pavement are applied 

on top of the RC plug joint. This double protection system 

guarantees increased waterproof protection in comparison with 

the previously used type of expansion joint systems. A concrete 

adhesive material is applied to the interface of the concrete to 

ensure bonding and cohesion of both the old and new concrete 

with the anchor rebars.  

 

 

Leakage
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No leakage

15%

 
Figure 5.  Leakage situations of deteriorated girder ends. 
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Figure 6.  Side view of the RC plug joint. 
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Figure 7.  Details of the RC plug joint. 
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4 TRIAL DESIGN OF REINFORCED CONCRETE 

PLUG JOINT 

4.1 Analysis of live load 

The 3D-FEA model is made for two consecutive span of 31 

meters long RC hollow slab bridge. In this model, the effect of 

abutments with RC plug joint is installed, was analyzed by 

giving 200KN live load. As shown by Figure 8 the concrete 

material is modeled with solid elements. The result of 3D-

FEA shows that girder and abutment are united and behave 

together as a rigid frame. 

4.2 Analysis of temperature change 

The effects of girder expansion and contraction due to annual 

temperature change were analyzed with 3D-FEA by providing 

a forced displacement to the girder ends. FEA results show the 

abutment is deformed. As shown in   Figure 9, this behavior is 

a response to the expansion and contraction of girder due to 

temperature change. Figure 10 shows the distribution of the 

maximum principal stress due to temperature changes of the 

RC plug joint in the case of hard rock support the abutment. 

The abutment is deformed to follow the response of the 

expansion and contraction of the girder due to temperature 

changes. Stress concentration of the maximum principal stress 

is generated due to the fact that it is hard to deformed wings. 

In the case of abutment supported by the hard rock, it can be 

seen that the application of RC plug joint is difficult. 

Figure 11 shows the analysis result of the connecting part 

RC plug joint. In this analysis, the anchor rebars of connecting 

part were set with 13mm diameter and 250mm spacing 

between rebars. The influence of abutment height and the 

girder length was also studied. If the abutment height was 

increased, the axial force generated in the connection part of 

the RC plug joint decreased. Moreover, if the girder length 

was increased, the axial force generated in the connection part 

of the RC plug joint also increased. 

 

RC plug joint 

 
Figure 8.  3D-FEA model used with live load influence. 

Expansion

Deformation of the 

abutment

RC plug joint

 
Figure 9. The abutment deformation due to temperature 

change. 

4.3 Analysis of earthquake influence 

(1) Outline  

The safety of bridges installed with RC plug joint was 

evaluated in the case of the occurrence of an earthquake. In 

framework analysis, as shown in Figures 12 and 13, RC plug 

joint were modeled with a bar element to calculate the cross-

sectional force by the action of inertial force of the girder due 

to an earthquake. The horizontal seismic coefficient of the 

earthquake is assumed to be 0.3. The ground spring is also 

considered to give a support to the abutment. 

(2) Parameters 

Table 2 shows the analysis parameters on this research works.  

These parameters are based on existing concrete bridge data 

of Hokuriku Expressway. In this study, the bridge types, 

length of span, number of span and abutment height are 

considered. 

Maximum 

principal stress

Forced displacement
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Low
 

Figure 10.  Maximum principal stress of the RC plug joint due 

to temperature change. 
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Figure 11.  Axial force of the RC plug joint by frame analysis. 

Table 2. Analysis parameters. 

Parameters of the 

girder type 

Length and 

number of span 

Rigidity of 

girder 

RC bridge 
20m×1 span 

0.07 m4/m 
20m×2 span 

Pre-stress concrete 

bridge 

20m 0.03 m4/m 

30m 0.10 m4/m 

40m 0.30 m4/m 

Parameters of the 

substructure 

Abutment 

height  

Abutment 

stiffness Ic 

T shaped abutment, 

On the ground 

6.0m 

0.23m4/m 8.0m 

10.0m 
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(3) Results 

Figure 14 shows the ultimate bending moment of the parapet 

in the Hokuriku Expressway. The result calculated the 

ultimate bending moment which the rebar of the parapet 

yielded. It shows that the ultimate bending moment of the 

parapet, with the height around 1.0 meter, is around 150KN･
m/m. Based on this result, in the occurrence of an earthquake, 

the axial force generated in the RC plug joint should be 

limited to less than 150KN/m. Table 3 shows the axial force 

generated in the RC plug joint that occurs in an earthquake. 

The bridges with length up to 40 meters show the axial force 

under 150KN/m.  

4.4 Experimental study on huge earthquake 

(1) Overview and experimental tests 

Forced displacement occurred in the bridge gap due to the 

earthquake possibly destroying the RC plug joint. In this 

experiment, the specimens were simulated to understand the 

load, displacement, and fracture morphology in ultimate 

conditions. The specimens are placed as shown in Figure 15.  

 

Table 3.  Axial force generated in the RC plug joint that 

occurs in an earthquake.                         [Unit: KN/m] 

Bridge 

type 

Length and 

number of span 

Height of an abutment  

6.0m 8.0m 10.0m 

RC bridge 
20m×1 spans 59.1 57.6 57.4 

20m×2 spans 117.9 114.9 114.7 

Pre-stress 

concrete 

bridge 

20m 36.6 35.7 35.5 

30m 76.9 75.0 74.8 

40m 146.6 142.8 142.4 
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Figure 12.  Frame model of the RC plug joint. 
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Figure 13.  Seismic horizontal inertial force 

and restraint condition from an earthquake. 

 

The specimen is placed between two 1500KN oil jacks. The 

loading system will give the forced displacement to the gap of 

the bridge. Four types of specimen are made with variation in 

the anchor rebars of the RC plug joint. The variations are 

applied in the anchor rebars shape and embedment length. 

Table 4 shows the types of specimen, while Figure 16 shows 

the schematic view of anchor rebars connection.  

(2) Outline of the experimental results  

Figure 17 shows the relation between load and the extension 

value of the gap. In addition, Figure 18 shows the ultimate 

condition of the specimen. When the loading started, initially it 

broke the bond between concrete of the RC plug joint and the 

concrete specimens (Figure 17 in the A zone). After that, 

extension value is increased by leaving the load. As a result, 
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Figure 14.  The parapet bending moment. 
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Figure 15.  Schematic view of the specimen. 
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Figure 16.  Type of anchor rebars. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1251 

the cracks begin to occur in the concrete around the embedded 

rebar. As the load continues to be applied, the connection 

rebar is pulled out. At that point, the load reaches the ultimate 

condition (Figure 17 in the B zone). After that, the surface 

between the specimen and concrete of RC plug joint is 

detached and sliding. The width of crack is enlarged in the 

concrete around the embedded rebar. After the surface is 

detached, the extension value is increased (Figure 17 in C 

zone). 

a) Effect of embedment length of anchor rebars 

The comparisons of maximum load on the specimen type1 

and 2, which have different embedment length of the anchor 

rebars, were conducted. The results show that the longer 

embedment length will provide the largest maximum load. 

Therefore, the maximum load of the RC plug joint is 

significantly affected by the embedment length of anchor 

rebars connection. 

 

Table 4.  Types of specimen. 

Specimen 

type 

Rebar’s 

shape 

Rebar’s  

diameter 

Embedment 

length 

Lapping  

length 

Fiber-

reinforced 

1 U 13mm 40mm - Yes 

2 U 13mm 60mm - Yes 

3 L 13mm 40mm 100mm No 

4 L 13mm 40mm 200mm No 
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Figure 17.  Loading experiment results. 

 

 

 
Figure 18.  Ultimate condition of the specimen. 

b) The difference in the shape of anchor rebar 

As for the difference in the shape of anchor rebars, the results 

from specimen type1 and 3 show almost the same maximum 

loading. Thus, the difference in the shape of anchor rebars only 

gives a little influence to the maximum load. Moreover, for 

difference in the lapping length, small difference in the maximum 

loading could be seen in specimen type3 and 4. It shows that 

strength of RC plug joint was affected by the lapping length. 

(3) Discussion of the experimental results 

Theoretically, fracture morphology in the ultimate experiment 

was mainly form cone destruction by the pull-out of the 

anchor rebars. In order to confirm this theory, analysis using 

software DIANA is performed. Figure 19 shows the principal 

stress distribution of the analysis which forced displacement 

applied at RC plug joint. The vertical stress (Y-direction) is 

generated in the embedded rebar by applying the horizontal 

force (X-direction) to the anchor rebars. The axial force in the 

horizontal direction acting on the rebar converted into axial 

force in the vertical direction at the embedment side is 

confirmed. In addition, it can be seen that the deformation in 

the Y-direction occurs at the embedded rebar. From this 

analysis, it could be concluded that the fracture morphology is 

considered to be singular events. 

 

5 STRUCTURAL HEALTH MONITORING OF THE 

REINFORCED CONCRETE PLUG JOINT 

5.1 Leakage assessment 

As of 2012, we have replaced the existing joints with the RC 

plug joints at 85 locations within the area under the 

supervision of Kanazawa Branch, Central Nippon Expressway 

Co., Ltd. Figure 20 shows the number of installed RC plug 

joints and results of leakage assessment. Unfortunately, the 

water leakage from the RC plug joints was found at three 

locations. The faults of RC plug joints occurred due to the 

detachment of the existing surface concrete. After much 

discussion over this fault, the use of an adhesion material (i.e. 

epoxy resin) on the existing surface concrete for future repairs 

was decided. 

There has been no subsequent pavement damage such as 

potholes, cracks or leakage from the RC plug joints. From 

these findings, it is confirmed that the reliability of the RC 

plug joint proves thus far successful. Until now, the 

performance of the RC plug joint still observed. 

 

 

 
Figure 19.  The Result of ultimate condition of RC plug joint. 
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Figure 20.  Leakage assessments of RC plug joint. 
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Figure 21.  Velocity response of the bridge caused by test car. 

 

5.2 Travelling performance 

In order to assess the effect of vibration reduction due to the 

traffic loading after the installation of a RC plug joint, the 

vibration response of both, the bridge and test car was measured. 

Figure 21 shows the reduction effect of the bridge response 

before and after the installation of the RC plug joint. These 

results show that the RC plug joint have greatly reduced the 

effect of the bridge’s vibration. After comparing the results 

before and after the RC plug joint was installed, it is observed 

that a smoother passage for vehicles was also achieved.  

5.3 Measurement of strain of anchor rebars 

Figure 22 shows the measured strain of anchor rebars under 

traffic loads. Figure 23 shows the strain of anchor bars due to 

seasonal temperature change. It was concluded that the strain due 

to temperature change was 50 times higher than that caused by 

the traffic loading. As a result of this discrepancy, future attention 

must be paid to the temperature change during the design phase. 

Furthermore, a structural analysis on the effect of temperature 

change using a frame model concluded that the permissible 

expansion and contraction of the RC plug joint should be limited 

to 20mm for bridge lengths less than 40 meters. 
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Figure 22.  Measured strain induced by test cars. 
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Figure 23.  Measured strain due to temperature change. 

 

6 CONCLUSIONS 

This paper discusses the development of the RC plug joint as 

well as analyzes the results of the investigations conducted. The 

results confirmed the structure characteristic of the bridge 

installed with RC plug joint by 3D-FEA. In addition, the ultimate 

condition of RC plug joint test confirmed that the emergency 

vehicle still could pass the bridges when a huge earthquake 

occurs. For these reasons, the safety of RC plug joint is verified.    

Moreover, field surveys and structural health monitoring of the 

RC plug joint RC plug joints were carried out. The results 

confirmed that the RC plug joint is possible to improve the 

durability of the existing concrete bridges    
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ABSTRACT: One of the main issues on seismic design of bridges is the determination of strong ground motion application 
direction in order to capture the most unfavorable situation. The most common approach to this problem is known as 30% 
combination rule. In this approach, one of the two horizontal components of the strong ground motion record is applied in one 
principal direction of the bridge whereas the remaining horizontal component is applied to the other direction. Then, the 
resultant response is calculated by simply adding the results of the first case to the 30% of the results of the second case. In order 
to get the envelope, the reverse condition is also investigated. However, 30% combination rule is applicable only for the 
structural elements having an elastic behavior under seismic loads. Thus, for bridge elements such as columns and cap beams 
which can go beyond the elastic range, 30% combination rule may not provide reliable results. On the other hand, choice of the 
horizontal component of strong ground motion to be applied in which principal direction of the bridge is another problem to deal 
with while performing nonlinear response history analysis. Furthermore, in nonlinear response history analysis, deciding the 
angle of attack of ground motion in which the most unfavorable situation can be captured is a distinctive property depending on 
the rigidity and skewness of bridges. In this study, two types of bridges are investigated one of which is characterized to be rigid 
and the other is flexible. Both types of bridges are modelled for 7 different skew angles starting from 0° up to 60° in an 
increment of 10°. Therefore, 14 models are created for variable geometrical properties. A series of nonlinear response history 
analysis are performed for each of them at 12 particular angles of attack starting from 0° with an increment of 15° at each step 
up to an angle of 120°. Moreover, these analyses are repeated for 7 different strong ground motion records and sensitivity 
analyses are accomplished. Change in column moments and curvatures in strong and weak axis are examined as seismic demand 
parameters. At the end of the study, strong dependence of critical angle of attack on the skewness and rigidity properties of the 
bridges is emphasized. 

KEY WORDS: Earthquake direction; Earthquake angle of attack; Seismic analysis of bridges; Skewness. 

1 INTRODUCTION 

In seismically active regions, one of the main concerns in the 
design of bridges is to consider the most unfavorable seismic 
actions that may affect during their service life. Generally, 
nonlinear response history analyses are conducted in the 
design stage of bridges for seismic actions. While performing 
those analyses on the bridge models, two horizontal 
components of strong ground motion records are used. The 
challenge lies in deciding for the correct directions through 
which the bridge should be excited by the selected ground 
motion pairs. As shown in Figure 1, two horizontal 
components of the earthquake records can be applied to the 
bridge models randomly at an angle θ with respect to the 
bridge orthogonal directions.  

Acc.-NS

Acc.-EW




Longitudinal-D
ir.

Transverse-Dir.

(X)
(Y)

(1)

(2)

 

Figure 1 Ground motion excitation angle. 

 
The most unfavorable response can be obtained when the 

analyses are repeated for adequate number of angles of attack. 
However, the critical excitation direction changes with respect 
to the response parameter under consideration which results in 
the fact that a single critical angle cannot be selected for a 
bridge to govern the seismic design for all of its components. 

According to Caltrans (2010), seismic response analyses of 
bridges are performed by using either of the following 
methods; the first method is the application of well-known 
30% combination rule. One of the horizontal components of 
strong ground motion is applied in the longitudinal direction 
of the bridge, and the remaining component is assigned along 
the transverse direction of the bridge. Results of the first 
analyses are superimposed with 30% of the results of second 
analyses. The opposite case is also checked as a second trial. 
Moreover, the analyses are repeated after switching the 
horizontal components between the two orthogonal directions. 
Finally, maximum of the four trials are selected to be used in 
the design. In the second method suggested in Caltrans 
(2010), bridge is excited by the two horizontal components of 
the ground motion at sufficient number of different angles of 
attack to capture the most unfavorable condition for each of 
the parameters of all bridge members [3]. According to 
Priestley et al., as well as the other combination rules, 30% 
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combination rule can reliably be applied to the structural 
members that have a linearly elastic behavior [7]. Especially 
for the bridge members that go beyond the inelastic range 
such as columns and cap beams, utilizing the first method can 
be inappropriate. Moreover, reliability of this method is 
questionable for irregular bridges that are located on curves or 
that have high skew angles or that consist of varying column 
heights. Therefore, in this study, second method is selected to 
be followed in the sensitivity analyses. 

In order to seek for the uncertainty of directional effects of 
excitation on bridges that have altering geometrical properties, 
2 bridge types having 7 different skew angles are modelled. 
Type 1 and type 2 bridges represent rigid and flexible 
structural systems, respectively. They are formed such that 
they serve as an example of two extreme cases of the existing 
highway bridges in Turkey. All of the 14 models are excited 
with 7 different strong ground motion records in 12 different 
angles of attack. Skew angles start from 0 degrees, increase in 
10° up to 60° that is the largest skew angle that is likely to be 
applied in practice. Twelve angles of attack are arranged in 15 
degree of increment from 0° to 165°. To sum up, 1176 
nonlinear response history analyses are performed in 
OpenSees [6] and directional effects are investigated on two 
engineering demand parameters; column moments and 
curvatures in both strong and weak directions of their cross 
sections. 

To carry out analyses in OpenSees, the excitation can only 
be applied to the models through the orthogonal directions of 
the bridge that are represented by ‘X’ and ‘Y’ in Figure 1. In 
order to assign the loads in ‘1’ and ‘2’ directions, the 
acceleration time series should be transformed utilizing 
Equation 1 given below [5]. 
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2 STRUCTURAL MODELS OF BRIDGES 

In Turkey, bridges with two or more spans having a composite 
superstructure of prestressed I-beams and reinforced concrete 
decks, resting on a rectangular cap beam via elastomeric 
bearings and connected to the foundation with oblong-shaped 
columns have been widely used especially in recent 25 years 
[2]. This type of bridges can be classified as ‘Ordinary 
standard bridges’ according to Caltrans (2010) [3]. In this 
study, this type of bridges are investigated by use of the two 
extreme rigidity conditions to represent bridges with 
comparatively rigid structural systems and bridges with more 
flexible systems according to their natural periods. 

In Figure 2 below, general characteristics and structural 
elements of ordinary standard bridges are demonstrated. In the 
transverse direction, a single column pier and a framed 
column system are both presented. Foundation systems are 
indicated to have piles in order to imply fixed base conditions. 
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Figure 2 General characteristics of ordinary standard bridges 

  

2.1 Description of Bridges 

As it is mentioned before, two types of bridges are 
investigated in the analyses to represent two extreme rigidity 
conditions in order to observe change in directional effects 
according to the stiffness of the structure. Both of them have 
the same 12m-width superstructure consisting of 8 prestressed 
I-beams. C25 and S420 materials are used for concrete 
elements and reinforcing bars, respectively. Longitudinal 
reinforcement in columns is 1% as a minimum requirement. 
Cap beams have 1.2mx1.1m rectangular sections. The 
differences in two types of bridges are their number of spans 
and the span lengths, column clear heights, column cross 
sections and transverse arrangements of piers. First type of 
bridge is a comparatively rigid one with a natural period of 
0.5s. It has two spans in 15m of length. Four meter height 
columns have 1mx2m oblong sections and 3 of them are 
framed in the transverse direction. On the other hand, second 
bridge type is a more flexible one having a natural period of 
0.95s. Each of the four spans of this type has 35m length. One 
single column in 8.7m clear height is used transversely in each 
of the piers. Column cross section is decided to be 1.2mx4m 
in oblong shape. Recall that each of these two types of bridges 
is modelled in 7 different skew angles from 0 to 60 degrees. 

2.2 Construction of the Analytical Models 

Each of the fourteen bridge models are analyzed through 
nonlinear response history analysis under seven earthquake 
ground motions using OpenSees. Elements of bridge 
analytical models are represented in Figure 3 below. The 
details of each of the members in the models are explained in 
Avşar et al. (2011) and the identical analytical models are 
used in this study as well [2]. 
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Figure 3 Elements of the bridge analytical models 

 
Since the superstructures of the bridges are expected to 

remain in the elastic range under seismic loads, elastic frame 
elements are used to model them. At the joints where the 
superstructure is connected with the substructure, elastomeric 
bearings are modelled such that they transmit lateral loads to 
the substructure until the frictional force between the bearing 
and concrete element is exceeded. Bridge members that are 
expected to go beyond the inelastic range such as columns and 
cap beams are modelled by utilizing fiber-based nonlinear 
elements. Nonlinear spring elements are employed at the 
abutments to represent soil structure interaction. In transverse 
direction, contact elements are assigned into the models to 
consider the impact effects due to the shear key arrangements. 
The same impact occurrence is valid at the expansion joints 
between the abutments and the superstructure. Hence, similar 
contact elements are applied there as well [2]. 

3 PROPERTIES OF SELECTED STRONG GROUND 
MOTION RECORDS 

In this study, seven strong ground motion acceleration time 
series are used in the nonlinear response history analysis. 
They are selected from past events that belong to a strike slip 
fault mechanism which is the most common fault type in 
Turkey. They are listed in Table 1 below with their intensity 
measures that are peak ground acceleration (PGA), peak 
ground velocity (PGV), ratio of PGA/PGV and another 
quantity ASI (Intensity of Acceleration Spectrum) which is 
explained in detail in the study of Avşar et al [2]. Initial period 
for ASI measure is 0.4s and final period is 1.1s. Two 
horizontal components of the seven ground motion 
acceleration time series are used in the analyses.  

First event and last four events are downloaded from 
PEER’s database [8]. Denizli earthquake is obtained from 
European Strong Motion Database and source of Bingöl event 
is General Directorate of Disaster Affairs/ERD.  

 

Table 1 Selected strong ground motion records 

No Event /Date Station ASI 
(g*s) 

PGA 
(g) 

PGV 
(cm/s) 

PGA 
/PGV 

1 
Duzce, 
1999 

375 Lamont 
375 

0.249 0.706 27.15 25.51 

2 
Denizli, 

1976 

Denizli 
Directorate of 
Public Works 

and 
Settlement 

0.283 0.300 19.3 15.23 

3 
Bingöl, 
2003 

Bingöl 
Directorate of 
Public Works 

and 
Settlement 

0.284 0.396 28.37 13.67 

4 
Coyote 

Lake, 1979 
57383 Gilroy 

Array #6 
0.346 0.370 34.72 10.46 

5 
Morgan 

Hill, 1984 

1652 
Anderson 

Dam 
(Downstream) 

0.364 0.350 26.42 12.98 

6 
Landers, 

1992 
22170 Joshua 

Tree 
0.425 0.279 34.47 7.94 

7 
Superstition 
Hills, 1987 

286 
Superstition 

Mtn. 
0.528 0.781 37.03 20.68 

 

4 RESULTS OF THE ANALYSES 

In order to evaluate the effect of angle of attack on the seismic 
response of different types of bridges, a series of nonlinear 
response history analysis are conducted in OpenSees. Selected 
engineering demand parameters are column bending moments 
and curvatures in both their strong and weak axes. Strong axes 
of the cross sections are denoted by 3 and the weak ones by 2. 
For instance, M3 and K3 stand for column strong axis bending 
moment and curvature respectively. 

For each of the two types of bridges, 7 models are created 
for different skewness conditions. Each model is excited by 
seven ground motion acceleration components that are given 
in Table 1 at 12 particular angles of attack. As a result, 1176 
nonlinear response history analyses are performed. Resultant 
column moments in strong and weak axes are gathered from 
these analyses and they are presented in Figure 4 after 
normalizing with respect to the maximum value obtained for 
each excitation direction. 

 

   

Figure 4 Distribution of maximum normalized column 
moments 

In Figure 4, all of the results are visualized in terms of their 
randomness with respect to changing angle of attack. 
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However, in order to investigate the effects depending on the 
types of bridges and their skewness, the graphs are redrawn 
separately in Figure 5 for the type of bridge that represents the 
bridges with rigid structural systems and in Figure 6 for 
flexible ones. 

 

 

Figure 5 Mean of maximum normalized column moments for 
rigid bridge type with varying skewness 

 

Figure 6 Mean of maximum normalized column moments for 
flexible bridge type with varying skewness 

When Figures 5 and 6 are examined, it is seen that the effect 
of angle of attack can cause 35% variation in the column 

strong axis moments and this variation remains beneath 10% 
for column weak axis moments. Therefore, it can be 
concluded that in both of the bridge types, directional effect is 
more pronounced in strong axis column moments. Critical 
angle varies both according to the rigidity condition of the 
bridge and its skewness. Hence, a single critical angle cannot 
be selected for their seismic design. In Figure 5, for bridges 
with rigid structural systems, it is observed that for all skew 
angles critical angle of attack that results in maximum strong 
axis column moment (M3) is between 45° and 90°. On the 
other hand, critical angle for weak axis column moments (M2) 
is amongst 90° and 120° for highly skewed bridges and it 
occurs in smaller angles for bridges with smaller skew angles. 
When Figures 5 and 6 are compared it can be observed that 
effect of angle of attack is more apparent for bridges with 
rigid structural systems. According to the analyses results, it 
should be emphasized that selecting a single critical excitation 
angle is not possible for all types of bridges in varying 
geometries. Moreover, the most unfavorable excitation 
direction even depends on the response parameter itself. For 
the same bridge, the critical angle for bending moment of a 
column may be totally different than the one that is 
determined for curvature of the same column.  

Change in column moments, which is a force based 
parameter, has been investigated in Figures 5 and 6. As a 
displacement based parameter, column curvatures will be 
discussed in the following part. First of all, column curvature 
resultants obtained from 1176 nonlinear response history 
analysis are presented in Figure 7 below. 

 

 

Figure 7 Distribution of maximum normalized column 
curvatures 

In Figure 7, the effects of angle of attack cannot be 
visualized separately with respect to the type or skewness of 
the bridge, as it is seen in Figure 4 as well. One conclusion 
related with the scatter of mean value is that in strong axis, 
change in mean value of column curvatures is more 
pronounced than one in the weak axis. It has an increasing 
portion between angles of attack between 40° and 100°; 
however, increasing portion for weak axis results appears 
within 100° and 140°. 

In order to investigate how different excitation directions 
affect response of bridges in terms of column curvatures 
according to changing skewness and rigidity conditions of 
bridge structural systems, the results are classified and 
demonstrated accordingly in Figures 8 and 9 below.  
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Figure 8 Mean of maximum normalized column curvatures 
for rigid bridge type with varying skewness 

 

 

Figure 9 Mean of maximum normalized column curvatures 
for flexible bridge type with varying skewness 

When Figures 8 and 9 are investigated, it is realized that 
larger column curvatures occur at bridges with higher skew 

angles. Similar with the results of column moments, 
randomness of column curvatures depending on the excitation 
direction are different with respect to the rigidity conditions of 
the bridges. For instance, when the scatters of less skewed 
bridges are compared in Figures 8 and 9, effects of excitation 
direction falls beneath 10% in flexible bridge types, whereas it 
is beyond 20% in the rigid type.  

Main purpose of this study is to determine the critical angles 
of excitation for bridges that causes the most unfavorable 
results in seismic response. As a general idea, it is realized 
that the most critical response has occurred when the bridge is 
excited at its two principal directions. However, it is still a 
contradiction that which horizontal component of the strong 
motion should be applied at which principal direction of the 
bridge. In order to get rid of this question, both alternatives 
are tried in this study and the most unfavorable case is 
selected to be used in the implementations as seen in Figure 
10 below. 
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Figure 10 Ground motion excitation angle for maximum 
bridge response 

 

5 CONCLUSION 

In this study, a series of nonlinear response history analysis 
are performed on different bridge models to visualize the 
effects of changing excitation directions on the seismic 
response of bridges with different characteristics. Bridge 
models are created such that they represent the most widely 
used bridge types in Turkey. They are formed by using 
different skew angles and rigidity properties. Two extreme 
stiffness conditions are modeled for 7 different skewnesses. 
Two horizontal components of seven selected strong ground 
motion records are applied at the models at 12 different 
directions. Change in column moments and curvatures are 
reported as engineering demand parameters. Directional 
effects of earthquake loads on seismic response of bridges are 
investigated in terms of their stiffness conditions and 
skewness properties separately.  

It is a clear conclusion that critical angle of attack changes 
depending on the type and geometrical properties of the 
bridge, its skew angle and the demand parameter which is 
under consideration. Therefore, a single certain critical angle 
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cannot be selected for the seismic design of all components of 
the bridge. 

According to the analyses results of this study, the column 
moments in the strong axis reach to the maximum values at 
45-60 degrees of angle of attack for less skewed and rigid 
bridges; however, they occur around 90-120 degrees for 
bridges with flexible structural systems for similar skew 
angles. Moreover, the consequences differ significantly when 
column moments in weak axis are under consideration. For 
any skew angles, change in weak axis column moments has 
remained in 10% range. 

On the other hand, the results vary absolutely when the 
column curvatures are investigated. For small skew angles in 
stiff bridges, column curvatures have shown a change in 20%, 
whereas in flexible ones the change is almost negligible. 

Finally, for seismic design of bridges, it is emphasized that 
critical angle of attack differs according to the rigidity and 
skewness of the bridges. It changes depending on the response 
component and its direction as well. Thus, a single critical 
angle cannot be addressed accurately and precisely for all of 
the design parameters. 
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ABSTRACT: Villanueva del Jalón viaduct is a high-speed railway bridge located at Calatayud, Spain, composed of a pre-

stressed concrete box girder with 6 spans and 5 piers measuring a total length of 250 m. Within the framework of the 

VIADINTEGRA research project funded by both the Spanish Ministry of Economy and Competitivity and the European Union, 

this viaduct is being permanently monitored. The evaluation of the dynamic behaviour of the structure by vibration 

measurement has been studied during the last two years. Estimation of modal parameters from vibration data obtained in 

operational conditions has been used to update FE models of the structure and evaluate seasonal changes in modal properties. 

Data from a short term vibration measurement campaign and long term permanent monitoring have been used in this work.  

Well correlated models of the structure in its healthy state have been obtained and have demonstrated to be an useful instrument 

in the prediction of both the time histories of accelerations and the maximum levels of vertical acceleration in the bridge under 

the action of railway traffic. The analysis of the evolution of first natural frequencies of the bridge indicates that they follow the 

main trends of the temperature data. This correspondence of trends is especially clear in the case of averaged value of 

frequencies for the first five vertical modes. Updated models have been also used to evaluate the change in modal properties and 

dynamic response of the structures under the effect of simulated damage scenarios, and results confirm that normal changes 

caused by varying environmental factors may mask the variations due to structural damage. 

KEY WORDS: High-speed railway bridge; Permanent monitoring; Model updating; Forced and free vibration measurements; 

Long-term evolution. 

1 INTRODUCTION 

In recent years a number of high-speed railway lines have 

been constructed in Spain. Due to this widespread 

construction and the great number of new viaducts, the 

maintenance of these civil structures has become an issue of 

great concern. Structural monitoring on bridges has been 

widely adopted in recent years, involving the detection of 

damage at an early stage in order to guarantee structural 

reliability and safety, and also to plan in advance maintenance 

and repair operations, with the subsequent reduction of 

maintenance costs and the increase of the expected lifetime. 

Among many different techniques to detect early damage, 

the evaluation of the dynamic behaviour of structures by 

vibration measurement has been intensively studied by many 

researchers over the last three decades [1], and is one of the 

most widely adopted methods. These methods are undergoing 

continuous improvement in terms of analysis and 

instrumentation. Some of these strategies are based on the 

estimation of modal parameters from vibration data obtained 

under operational conditions [2]. Damage or fault detection 

determined by changes in the dynamic properties or the 

response of the structures is a subject that has received 

considerable attention in literature [3]. The basic idea is that 

the occurrence of damage or loss of integrity in a structural 

system leads to variations of the response under the action of 

dynamic forces, caused by changes in the dynamic properties 

of the structure (eigenfrequencies, modal damping rates, mode 

shapes and/or transfer functions) [4],[5]. Nonetheless, the 

problem arises when separating abnormal changes from 

normal changes in the dynamic behaviour. Normal changes 

are caused by varying environmental factors (e.g. temperature, 

moisture) and also lead to changes in the dynamic 

characteristics that may mask the variations due to structural 

damage. Methods to discriminate normal from abnormal 

fluctuations have also been studied [6],[7]. 

Despite the difficulties associated with damage detection 

based on changes in modal properties, it is even more difficult 

to identify damage by examining the time history response of 

the structure or maximum levels of accelerations directly. 

However, damage can be confirmed in the context of 

statistical damage assessment based on the extreme value 

distribution using vibration responses. In this regard, some 

researchers have paid attention to extreme value distribution 

for modelling the tail of a baseline distribution [8]. 

The detection and location of damage by updating the finite 

element model of a civil structure to experimental data, 

procedure that can be regarded as an optimisation problem, is 

also popular, yet this requires accurate and sufficient 

experimental data to obtain an initial well correlated model of 

the structure in its healthy state [9],[10]. Numerical 

simulations of different damage scenarios on updated models 

can be used to predict the changes in modal parameters for 

damage [11]. 

Despite the advantages in the field of structural health 

monitoring (SHM), the idea of a smart structure able to 

optimise its reliability and maintenance through the use of a 

continuum monitoring system has not been widely used in 

Spanish railway infrastructures. 
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Within the framework of the VIADINTEGRA research 

project, the “Villanueva del Jalón” railway viaduct is being 

permanently monitored. The main purpose of this research 

project is the improvement in reliability assuring structural 

safety and the optimisation of the repair and maintenance 

operations, by means of a continuum evaluation of its 

structural health condition. With this purpose, an extensive 

vibration measurement campaign was carried out in 

September 2011 by the Structural Mechanics Division of the 

Katholieke Universiteit Leuven (KUL), in order to determine 

the dynamic characteristics of the bridge as a reference [12]. 

Natural frequencies, damping ratios and mode shapes were 

extracted from the measured vibration data (ambient and high-

speed train induced free vibrations). Following this, a long-

term monitoring system was designed and installed. Since 

July 2012 and on a monthly basis, the permanent sensors have 

been recording several hours of data with a sampling 

frequency of 200 Hz in the case of accelerometers. Also 

ambient parameters, such as temperatures, are being registered 

by the monitoring system. In this work, the main results 

obtained from the analysis of the dynamic measurements are 

presented. 

2 VILLANUEVA DEL JALÓN VIADUCT 

2.1 Bridge description 

Villanueva del Jalón viaduct is a double track continuous box 

girder railway bridge composed by six spans of lengths 

2x35m+4x45m, measuring a total length of 250m. This 

structure belongs to the high-speed railway line Madrid-

Zaragoza-Barcelona and crosses Jalón River in Calatayud, 

Spain. 

 

 

 

 

Figure 1. Villanueva del Jalón viaduct. 

 

The deck consists of a pre-stressed concrete box girder HP-

40 with a constant height of 3.35m, with a maximum width of 

12.94 m, as can be seen in Figure 1. The deck rests on five 

reinforced concrete piers with a maximum height of 37 m. 

The connection between the girder and each pier is performed 

using pot bearings that restrain the transverse though not the 

longitudinal relative movement between the pier and the deck. 

One of the abutments of the viaduct is connected to the deck 

and is the only fixed point of the viaduct. 

2.2 Dynamic properties 

After the vibration measurement campaign [11], a total 

number of 20 eigenforms of the viaduct were identified by the 

Structural Mechanics Division of KUL using the Modal 

Analysis of Civil Engineering Constructions (MACEC) 

program [13]. Table 1 shows the natural frequencies and the 

corresponding damping ratios of the identified eigenforms. As 

for the modes that were identified in both cases (by using 

ambient or free vibration data), ambient results are usually 

more reliable: with respect to the MAC values, the free 

vibration modal results are in most cases lower than the 

ambient vibration results. Nevertheless, higher lateral bending 

and torsion modes are only identified by the free vibration 

data because, due to the lateral loading and the unsymmetrical 

vertical loading of the train, these modes are more likely to be 

excited during the train passage than under the pure ambient 

conditions. 

 

Table 1. Summary of the experimental results of the ambient 

and free vibration data. 

Type    Ambient vibration Free vibration 

  Nº fa [Hz]   (%) ff [Hz]    (%) 

1st lateral bending  1 0.648 0.75 0.647 0.69 

2nd lateral bending  2 1.239 0.81 1.222 1.34 

3rd lateral bending  3 2.230 1.00 2.195 1.53 

vertical bending (antisymmetric)  4 3.279 0.42 3.270 0.40 

4th lateral bending 5 3.536 1.37 3.500 0.70 

vertical bending (symmetric)  6 3.758 0.54 3.742 0.61 

vertical bending 7 n/a n/a 4.058 1.74 

vertical bending (antisymmetric)  8 4.471 0.66 4.456 0.48 

5th lateral bending (with torsion) 9 n/a n/a 4.914 0.74 

vertical bending (symmetric)  10 5.056 0.57 5.047 0.62 

torsion 11 n/a n/a 5.293 0.73 

vertical bending 12 6.036 0.69 6.028 0.70 

torsion 13 n/a n/a 6.897 0.94 

6th lateral bending (with torsion) 14 n/a n/a 7.531 0.70 

torsion  15 n/a n/a 8.429 0.96 

7th lateral bending (with torsion) 16 n/a n/a 9.322 0.96 

vertical bending 17 n/a n/a 9.650 0.99 

vertical bending 18 10.011 0.82 10.435 0.95 

vertical bending (antimmetric) 19 10.743 0.69 10.743 1.39 

vertical bending (symmetric) 20 n/a n/a 14.674 0.95 

 

3 UPDATED NUMERICAL MODELS 

In order to obtain a good baseline model for the future long-

term analysis of the vibration data and their evolution in time, 

a numerical model with a good correspondence with the 

dynamic properties of the viaduct and a reasonable 

computational cost was pursued.  With this objective three 

finite element (FE) models of the viaduct were implemented 

in ANSYS for comparison. These models differ mainly in the 

FE used for the discretization of the box girder, varying from 

an idealisation in which the deck is modelled using beam 

elements with Bernoulli-Euler behaviour and 6 dof per node, 

to a more detailed representation in which hexahedral solid FE 

with also 6 dof per node are considered. 

Figure 2 shows the proposed models, which have been 

implemented using (a) beam elements, (b) shell elements and 

(c) solid elements for the discretization of the bridge deck. 

Using as a starting point the nominal values of the mechanical 
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properties of the viaduct, these three numerical models were 

updated from the experimental campaign results shown in 

table 1, using both the ANSYS optimisation routine (a first 

order approximation method) and a genetic algorithm. A more 

detailed description of the optimisation process can be found 

in [14]. 

 
 

(b) 

(a) 

(c) 

 

 Figure 2. Numerical models of the viaduct. 

Table 2 shows the best results obtained after the updating of 

the beams and shells FE models of the viaduct, in terms of 

frequency errors with respect to the experimental results and 

MAC values. The values of reference frequencies from 

experimental data come from ambient results whenever 

available, and from free vibration in the other scenarios. 

Table 2. Frequency errors and MAC of updated models. 

Experimental Beams model Shells model 

Nº fa [Hz] fbeams [Hz] f (%) MAC fshells [Hz] f (%) MAC 

1 0.648 0.659 1.7 0.999 0.645 0.5 0.996 

2 1.239 1.220 -1.5 0.998 1.219 1.6 0.995 

3 2.230 2.216 -0.6 0.997 2.212 0.8 0.993 

4 3.279 3.248 -1.0 0.996 3.308 -0.9 0.996 

5 3.536 3.517 -0.6 0.992 3.534 0.1 0.989 

6 3.758 3.779 0.6 0.992 3.825 -1.8 0.997 

7 4.058 n/a n/a n/a n/a n/a n/a 

8 4.471 4.443 -0.6 0.967 4.473 0.0 0.975 

9 4.914 4.954 0.8 0.925 4.948 -0.7 0.967 

10 5.056 5.083 0.5 0.958 5.070 -0.3 0.975 

11 5.293 5.109 -3.5 0.919 5.295 0.0 0.906 

12 6.036 5.905 -2.2 0.989 5.981 0.9 0.992 

13 6.897 7.340 6.4 0.690 6.989 -1.3 0.842 

14 7.531 7.101 -5.7 0.687 7.747 -2.9 0.845 

15 8.429 8.512 1.0 0.594 8.149 3.3 0.859 

16 9.322 8.781 -5.8 0.713 9.852 -5.7 0.843 

17 9.650 9.598 -0.5 0.766 9.540 1.1 0.797 

18 10.011 9.835 -1.8 0.843 9.859 1.5 0.838 

19 10.743 10.439 -2.8 0.957 10.712 0.3 0.955 

20 14.674 15.357 4.7 0.613 14.370 2.1 0.494 

Note: The seventh experimental eigenform, corresponding to a vertical 

bending mode, was not found in the numerical models. 

 

Figure 3 shows the comparison between the experimentally 

identified and the numerically calculated mode shapes for the 

first lateral, vertical and torsional modes. The updating 

process of the solid FE model did not find a satisfactory 

correspondence with the experimental data (not included in 

table 2), but in the case of beams and shells models very good 

results were achieved. As can be observed, frequency errors 

raise for the high frequency modes, whereas MAC values fall, 

especially in the case of beams model. Certain differences in 

the prediction of the eigenforms and frequencies are observed 

between the two models, though these are not considered 

significant. Although the shells model seems to be slightly 

more accurate, a much lower computational effort is required 

for the simulation of the dynamic behaviour of the bridge 

under the passage of the trains using the beams model, 

therefore, its usage is recommended. 
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Figure 3. Comparison between the experimentally identified 

and the numerically calculated mode shapes: (a) 1st lateral, (b) 

1st vertical, (c) 1st torsional. 

4 LONG-TERM MONITORING 

After the experimental campaign a long-term monitoring 

system was designed and installed on the viaduct [15],[16]. It 

consists of clinometers, vertical accelerometers, strain gauges 

and thermal sensors ( 

Figure 4). Four clinometers are installed at each pier on its top 

(CC), measuring rotations with respect to the two 

perpendicular axles of the horizontal plane. The vertical 

accelerometers (AV) are placed in twelve sections of the 

viaduct corresponding to the position of piers and centre of 

spans. In each of these sections two sensors are installed at the 

bottom flange of the box girder in order to capture the 

deformations induced by torsion. A shear strain gauge was 

installed in one of the rails at the abutment position, allowing 

the identification of the types of train that circulate along one 

of the tracks and their circulating speeds. Likewise the 

temperatures of the air at the site and inside the box girder are 

measured. 

The dynamic vibration data measured by this system have 

been studied since July 2012. In the following section some of 

the main results after the analysis of measurements are shown. 

4.1 Prediction of the viaduct’s dynamic behaviour 

Updated beams model has been used as a baseline for the 

prediction of the acceleration values of the viaduct under the 

action of railway traffic, allowing a comparison between the 

maximum average acceleration values measured by the long-

term accelerometers installed in the viaduct and those 

accelerations predicted by the FE model. This comparison 

requires the identification of the circulating trains and their 
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speed. After the filtering of the signal stored by the strain 

gauge installed in one of the rails under the circulation of the 

vehicles it is possible to distinguish the number of bogies, 

axle’s distances and therefore, the type of train. Figure 5(a), 

(b) and (c) shows examples of the data stored by the strain 

gauge under the circulation of the three types of trains that 

cross this viaduct. 
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Figure 4. Permanent monitoring system. 

 

Once the train type has been identified, the speed is 

calculated from the time lag between the passage of the first 

and last axle. In Figure 5(d) a summary of the range of speeds 

for every type of train that has been identified from the 

dynamic measurements is presented. 
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Figure 5. Data stored by the strain gauge under the circulation 

of a train: a) ICE 350 S103; b)ATPRD S120; c) TALGO 

S112; table: summary of circulating trains. 

 

Figure 6 shows, in a solid line, the  maximum accelerations 

predicted by the FE beam model at the central span of the 

viaduct (mid-span), under the circulation of ICE 350 S103 at 

different speeds. In the same plot the average acceleration 

values measured by the two accelerometers installed at that 

position are shown with dots. In Figure 6(a) both the 

acceleration measurements and numerical predictions have 

been filtered using a low pass filter with a cut off frequency of 

4 Hz in a view to facilitate the comparison, since below this 

frequency only lateral and vertical bending modes were 

identified and they exhibit an accurate correspondence with 

the FE models. It can be clearly seen that there is a 

satisfactory correspondence between measurements and the 

predictions of the numerical model, which has been obtained 

after the assignment of a modal damping ratio of 1.2%, higher 

than the one predicted from the experimental campaign under 

ambient and free vibrations. A significant rise in the 

acceleration level at around 280 km/h is observed in the 

figure, being due to a first resonance of the first vertical 

bending mode of the viaduct. The differences between 

measured and predicted values might increase when the 

contribution of higher frequency modes (included torsion 

modes) is considered. For that reason in Figure 6(b) the same 

comparison is made after the filtering of the measured signals 

with a cut off frequency of 9 Hz, in which all the identified 

torsion modes are considered. In this case a modal damping 

ratio of 2% has been used for the mode contribution of 

frequencies above 4 Hz in the numerical simulation, being 

1.2% the value for the eigenforms of lower frequency. As it 

can be seen, the levels of vertical acceleration predicted by the 

numerical model are still satisfactory. Also a good 

correspondence is obtained in other points of the bridge. 

However, when filtering with a higher cut off frequency the 

correlation between measured and predicted values is poor, 

due to the contribution of eigenforms that were not identified 

in the dynamic response or non-structural frequencies. 
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Figure 6. Maximum acceleration levels under the circulation 

of ICE 350. 
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Figure 7. Acceleration time histories at mid-span in one of the 

central spans, filtered at 4 Hz: (a) ICE; (b) TALGO. 

 

For the ATPRD and TALGO train compositions, a good level 

of correspondence between measured and predicted results is 

also obtained, not only in the case of maximum values but 

also for time histories, when only the frequencies below 4 Hz 

are considered, though not for higher frequencies. Figure 7 

shows the acceleration at mid-span in one of the central spans, 

under the circulation of ICE and TALGO, after using a low 

pass filter with a cut off frequency of 4 Hz. It is noticeable 
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that higher damping ratios than the ones obtained from the 

experimental campaign have been required in the simulations. 

4.2 Analysis of frequencies 

In order to evaluate normal changes in the dynamic behaviour 

of the bridge caused by varying environmental conditions, and 

assuming that the most important parameter is temperature, 

the evolution of eigenfrequencies under variations of 

temperature has been studied. With this purpose, averaged 

PSD functions of the free and ambient vibration 

measurements stored by the vertical accelerometers after the 

circulation of the trains have been computed monthly, 

between September 2012 and September 2013. 

Figure 8 shows some of the PSD functions obtained in 

September 2012, December 2012 and July 2013. In this case, 

in which well-separated frequencies appear, peak-picking 

method (PPM) allows the identification of the 

eigenfrequencies of the first five vertical modes that were 

identified during the dynamic campaign. As can be seen there 

is a good correspondence between the eigenfrequencies found 

in September 2012 and those corresponding to September 

2011. Also variations between December 2012 and July 2013 

are clearly showed. 
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Figure 8. Averaged PSD function of vertical accelerometers. 

 

Figure 9 shows similar computed PSD functions from the 

signals stored by the lateral clinometers. Again the PPM 

allows the identification of some eigenfrequencies, in this case 

the ones corresponding to the first four lateral bending modes. 
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Figure 9. Averaged PSD function of lateral clinometers. 

Also the variations of frequencies between December 2012 

and July 2013 are clearly visible for lateral modes in this plot. 

In the case of the eigenfrequencies of the torsional modes, 

identification can be made computing PSD of the differences 

between the signals stored by the two vertical clinometers 

located at each of the bottom flanges of the box girder. Figure 

10 shows computed PSD of September 2013. As it is seen, the 

identification of these frequencies is not so clear in the 

monthly record as in the precedent cases, and then, their 

evolution has not been studied. It is noticeable, however, that 

not only the three torsional modes identified during dynamic 

campaign appear (corresponding to the 1st, 3rd and 6th torsional 

modes of shells FEM model), but also apparently other peaks 

appear that could correspond to the 2nd, 4th and 5th torsional 

modes (Figure 11). Further research will be necessary to 

confirm this point. 
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Figure 10. Averaged PSD function of the difference 

between the signals of the two vertical clinometers at each 

section of the box girder: Sep’13. 
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Figure 11. Torsional mode shapes. 

 

The seasonal variations of these eigenfrequencies with 

respect to the values obtained from the experimental 

campaign are shown in Figure 12(a) for vertical modes, and in 

Figure 12(c) for the lateral eigenforms; considering the 

dynamic measurements stored by the monitoring system from 

September 2012 to September 2013. Also the corresponding 

variation of temperature of the deck during this period can be 

derived from Figure 12(b). In general, a temperature increase 

causes a decrease of the eigenfrequencies and, as it can be 

seen, in this case the frequency curves of Figure 12(a) and 

Figure 12(c) follow the main trends of the temperature data. 

This correspondence is especially clear in the case of the 

averaged value of frequencies for the first five vertical modes, 

plotted in figure 10(a) with a solid line. 
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Figure 12. Seasonal variation of natural frequencies and deck 

temperatures. 

Those seasonal changes in natural frequencies are 

summarised in Table 3 and Table 4. As it can be seen, the first 

lateral mode is the most affected in this case, with a maximum 

variation of 6 % in its frequency during the year. 

Table 3. Change in natural frequencies of vertical modes. 

Mode 1st 2nd 3rd 4th 5th 

% seasonal variation 2,2% 1,9% 1,1% 1,4% 2,6% 

 

Table 4. Change in natural frequencies of lateral modes. 

Mode 1st 2nd 3rd 4th 

% seasonal variation 6,0% 3,1% 3,5% 2,8% 

 

In order to estimate which mechanical properties could be 

more influenced by environmental changes, a model updating 

using as the objective function the measured seasonal changes 

of eigenfrequencies has been performed. Figure 13 shows the 

results of the updating process in terms of the variation of 

frequencies obtained. 
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Figure 13. Model updating: seasonal variation in frequencies. 

The mechanical properties involved in the frequency 

variations of Figure 13 are shown in Table 5. As it can be seen 

the more affected property is the young modulus of the 

concrete of the piers. The others are the lateral and vertical 

moment of inertia of the deck and the stiffness of the lateral 

springs at the base of the piers. Further research should be 

done in this subject. 

Table 5. Changes of mechanical properties of the updated 

model due to seasonal variations. 

Affected parameter % of change 

Young modulus of pier’s concrete 18 

Lateral moment of inertia of deck 11 

Vertical moment of inertia of deck 6 

Lateral stiffness at the base of the piers 6 

 

5 SIMULATION OF DAMAGE 

5.1 Damage scenarios 

In order to investigate the possibility to detect and quantify 

damage from dynamic measurements, several damage 

scenarios have been simulated through the use of the updated 

beams model. The damage scenarios that have been 

considered are related to the failure of the shallow foundation 

of the piers 1, 4 and 5 (see Figure 4).  

 

 

EI0 EI0 
0.5EI0 

Damaged Intact Intact 

 
 

Figure 14. Damage function scenarios B1, B2 and B3. 

Two kinds of failure are investigated: 

- Loss of support of the shallow foundation, leading to a 

failure that is simulated as a reduction of stiffness of the 

vertical and lateral springs placed in the FEM model at the 

base of the piers: 

Scenario A1: 66% reduction at pier 1 

Scenario A2: 66% reduction at pier 4 

Scenario A3: 66% reduction at pier 5 

- Settlement of piers with shallow foundation, leading to a 

failure of the deck that is simulated as a reduction of the 

bending stiffness of the bridge deck following the linear 

damage function shown in Figure 14: 

Scenario B1: 50% maximum reduction at pier 1 

Scenario B2: 50% maximum reduction at pier 4 

Scenario B3: 50% maximum reduction at pier 5 

 

5.2 Effects on the vertical acceleration maximum values  

The updated beam model has been demonstrated to be an 

useful instrument for the prediction of both the time histories 

of accelerations and the maximum levels of vertical 

acceleration in the bridge under the action of railway traffic, 
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as shown in point 4.1. Thus, the model including numerically 

simulated damage scenarios can be used to evaluate the 

change in the dynamic response due to damage. In Figure 15 

the envelopes of maximum vertical accelerations in one of the 

central spans of the viaduct under the circulation of ICE are 

plotted versus speed, for each damage scenario. As the 

numerical model shows a good correlation with the dynamic 

measurements at frequencies up to 9 Hz, the frequency 

contents above this value have been removed from the 

computed signals in a view to verify if the effect of damage 

could be appreciable at these frequencies. For that reason in 

Figure 15(a) the dynamic results have been filtered using a 

low pass filter with a cut-off frequency of 4Hz, and in Figure 

15(b) the cut-off frequency is 9 Hz. Also, the acceleration 

levels of the undamaged model are shown in a solid black 

line. 

 

 

Figure 15. Maximum accelerations with damage under the 

circulation of ICE 350. 
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Figure 16. Variations of max. accelerations with damage 

under the passage of ICE: (a) 4 Hz filter, (b) 9 Hz filter. 

 

As it is seen the influence of the proposed damage scenarios 

on the maximum acceleration levels is significant, specially 

the ones associated to the simulation of the settlement of piers 

with shallow foundation (B1, B2 and B3). In Figure 16 these 

differences have been evaluated by comparing the maximum 

dynamic levels of vertical acceleration predicted for the 

normal range of speeds of ICE 350 (270-290 km/h) by the 

damaged model and the undamaged one at different positions 

along the bridge, corresponding to span centres and the top of 

the piers. 

5.3 Effects on the dynamic characteristics of the bridge 

The effects of these damage scenarios on the dynamic 

characteristics of the bridge have been studied by performing 

several modal analyses using the updated beams model. The 

eigenfrequencies of the damaged bridge are given in Table 6, 

and these values have been compared to the frequencies of the 

model in its healthy state (see Figure 17). 

 

Table 6. Eigenfrequencies of the damaged and healthy numerical 

models. 

  Damage scenarios 
Mode Reference Freq. [Hz] 

type Freq. [Hz]  A1 A2 A3 B1 B2 B3 

1st lat. 0.659 0.579 0.562 0.582 0.632 0.635 0.579 

2nd lat. 1.220 1.143 1.136 1.136 1.154 1.145 1.143 

3rd lat. 2.216 2.142 2.166 2.134 2.079 2.120 2.142 

4th lat. 3.517 3.449 3.456 3.443 3.324 3.325 3.449 

1st vert. 3.248 3.240 3.242 3.240 3.096 2.996 3.240 

2nd vert. 3.779 3.759 3.760 3.759 3.596 3.595 3.759 

3rd vert. 4.443 4.407 4.355 4.407 4.302 4.136 4.407 

4th vert. 5.083 5.014 4.966 5.014 5.178 4.892 5.014 

5th vert. 5.905 5.822 5.793 5.614 5.903 5.768 5.822 

 

As it can be seen lateral modes are more affected by the loss 

of support of the shallow foundation, especially for the first 

lateral one. 
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Figure 17. Change in natural frequencies of the first four lateral 

and five vertical modes. 

Beforehand, it had been discovered that normal environmental 

changes could lead to variations of eigenfrequencies up to a 

maximum value of 6% during the year . The average of the 

variations of frequencies of the nine computed eigenforms 

caused by the damage scenarios considered is not higher than 

4%. Thus, these results would confirm that normal changes 

caused by varying environmental factors may mask the 

variations due to structural damage, and the importance of 

discriminating normal from abnormal fluctuations should be 

studied in detail. Figure 17 also shows the seasonal variations 

of natural frequencies in order to compare them with those 

due to damage scenarios. As it can be seen, the natural 

frequencies are influenced in a different way by changing 

temperatures than by structural damage; and this latter factor 

has a more selective influence on modes [17]. 
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6 CONCLUSIONS 

In this work modal parameters, identified through an extended 

experimental short-term analysis at the Villanueva del Jalón 

high-speed railway bridge, have subsequently been adopted as 

a reference into a long-term monitoring system. 

Updated finite element models have been used to predict 

acceleration levels induced by railway traffic. Following one 

year of dynamic measurements on the viaduct, the comparison 

of the vertical accelerations measured by the accelerometers 

with those predicted by the updated FE beams model exhibit a 

good correlation at frequencies up to 9 Hz, in which the 

correspondence with the experimental campaign in terms of 

frequencies and MAC values is highly reliable and accurate. 

Seasonal evolution of eigenfrequencies related to 

temperature variations has been studied. Results show that all 

identified frequencies follow the main trends of the 

temperature data. This correspondence of trends is especially 

clear in the case of averaged value of frequencies. In the case 

of the most affected mode, the seasonal change is about 6 %. 

In order to investigate the possibility to detect and quantify 

damage based on dynamic measurements, several damage 

scenarios have been simulated through the use of updated 

models. Results would confirm that normal changes caused by 

varying environmental factors may mask the variations due to 

structural damage, and that natural frequencies are influenced 

in a different way by changing temperatures than by structural 

damage. 

 

7 FURTHER RESEARCH 

The research team aims to continue the long term monitoring 

of the viaduct and improve the sensitivity of the 

accelerometers installed. If possible, a more accurate analysis 

of the time evolution of natural frequencies and eigenforms 

would be performed, including torsional modes.  

With the maximum levels of vertical acceleration under the 

circulation of the trains in measurement since July 2012, the 

determination of a normal range of variation of the levels of 

vertical accelerations is sought, which could be useful to 

determine whether the appearance of damage in this structure 

has a detectable influence on vertical accelerations. This could 

prove to be an alternative to modal analysis. 
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ABSTRACT: In order to analyze the running safety when a high-speed train running over a high-pier rigid frame bridge 

subjected to earthquake action, a coupling vibration model of seismic-train-track-bridge is set up based on the train-track-bridge 

dynamic interaction theory. In this model, the seismic action is solved by the relative motion method and the ballast track is 

simulated by the elastic point support model with three layers. As an example, a high-pier rigid frame bridge with spans of 

(88+168+88) m is modeled, and the dynamic responses of vehicle and bridge system under El Centro seismic wave are 

calculated. The analysis results show that the dynamic responses of the high-pier rigid frame bridge present weakly coupled in 

plane and out plane, moreover the running safety of the train is decreased along with the increase of seismic amplitude and train 

speed. In addition, the most threat direction to the running safety of the train on bridge is transverse, and the running safety 

threshold of ICE3 subjected to 7 degree, 8 degree and 9 degree frequent seismic is 275, 250 and 225 km/h. 

KEY WORDS: bridge engineering; vehicle-bridge interacted system; high-pier rigid frame bridge; frequent seismic; train 

running safety threshold 

1 INTRODUCTION 

Earthquake induced ground movements may cause intense 

bridge vibrations, which would affect the safety of bridge 

structures and the running trains. In the southwest 

mountainous area of China, the topography is varied and 

complicated, where the new railways will inevitably span 

many deep canyons and a lot of bridges with high peers are 

constructed. And, at the same time, earthquake frequently 

occur in mountainous area, which greatly increases the 

probability of trains on bridges when an earthquake occurs. 

So, as to the bridges with high peer in mountainous area, it is 

significant to research the running safety of trains on bridge 

when an earthquake occurs. The dynamic behavior of train-

bridge coupling systems subjected to earthquake has been 

studied by many researchers [1-7]. Up to now, as to the 

bridges with high peer in mountainous area, there have not 

been publications on the coupling vibration of seismic-train-

track-bridge system and the running safety of trains with the 

track model taken into account. 

In this paper, based on the theory of train-track-bridge 

dynamic interaction, a dynamic model of train-track-bridge 

systems under seismic excitations is established, in which the 

seismic action is solved by the relative motion method and the 

ballast track is simulated by three layers elastic point support 

model. A high-pier rigid frame bridge with spans of 

88+168+88 m is taken as a case study. By input El Centro 

seismic wave, the influence rules of the train speed, the 

amplitudes of ground motion and the directions of seismic 

input on the dynamic responses of vehicle and bridge system 

are studied. Then, as to the frequent seismic of 7, 8 and 9 

degree, the running safety of a high-speed train running over 

the bridge is analyzed and the running safety threshold is 

obtained. 

2 DYNAMIC MODEL OF TRAIN-TRACK-BRIDGE 

SYSTEM UNDER EARTHQUAKES 

The dynamic analysis model of train-track-bridge system 

under earthquakes can be regarded as a spatial dynamic 

system composed of the vehicle model, the track model, the 

bridge model and the boundary conditions of seismic. Seismic 

ground motions at the supports of the bridge are taken as the 

external excitations, which act on the track subsystem through 

the conditions of displacement harmony and static equilibrium 

on the interface of the bridge subsystem and the track 

subsystem. Then, the earthquake action acts on the train 

subsystem through wheel/rail contact relationship. The 

dynamic equation of train-track-bridge system under 

earthquake can be expressed as 

v v v v v v tv

t t t t t t vt bt

b b b b b b tb gb

M u C u K u P

M u C u K u P P

M u C u K u P P

   


   


   

           (1) 

where the M, C and K denote the mass, damping and stiffness 

matrices, respectively; u , u  and u  the acceleration, velocity 

and displacement vectors, with the subscripts v, t, and b 

representing the vehicle, track and bridge subsystem, 

respectively; Ptv and Pvt are the interaction force vector of the 

vehicle subsystem and the track subsystem each other, which 

are determined by the geometric constraint relationship on the 

interface of wheel/rail [8]; Pbt and Ptb are the interaction force 

vector of the bridge subsystem and the track subsystem each 

other, which are determined by the relations of interaction 

between the bridge subsystem and the track subsystem [9]; Pgb 

is the earthquake load vector at the supports of the bridge, 

which is determined by the boundary conditions of seismic. 

Based on the previous studies of Bridge Dynamic Analysis 

Program (BDAP) [10], the input module of the seismic force is 

increased and a new program is formed for solving the 

dynamic responses of train-track-bridge coupling system 
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under earthquakes, Train-Track-Bridge-Seismic Analysis 

Program (TTBSAS). In the program, the integration step-size 

is 0.1 ms. Following paragraphs will introduce the vehicle 

model, the track model, the bridge model and the boundary 

conditions of seismic in our research, respectively. 

2.1 Vehicle model 

The train model is composed of several locomotives and cars. 

Each vehicle is complicated MDOF vibration system 

consisting of car body, bogies, wheelsets, suspension springs 

and dashpots. The car body, bogies and wheelsets of each 

vehicle are regarded as rigid components. The linear springs 

and viscous dashpots are employed to represent the 

connections between car body and bogies, and so are between 

bogies and wheelsets. Each vehicle body has five DOFs, 

designated by lateral movement y, floating z, rolling θ, 

pitching φ and yawing ψ. The idealized configuration for each 

4-axle 2-bogie vehicle in a train can therefore be modelled by 

a 35-DOFs dynamic system. 

2.2 Track model 

In China, there are two types of track structures on the railway 

bridges, the ballast track and the ballastless track. In our 

research, the type of the track structures is the ballast track on 

the bridge, and the modelling method is adopted in literature 

[9]. The rails are treated as continuous Euler beams and 

discretely supported at rail-sleeper junctions by rail pads, 

sleepers and ballasts. The sleepers are regarded as rigid 

component, which have three DOFs, designated by lateral 

direction y, vertical direction z and torsion θ. The ballast bed 

is divided into a series of mass block, which only have the 

vertical DOF. The linear springs and viscous dashpots are 

employed to represent the fasteners between rails and sleepers 

and the elastic cushion between sleepers and ballast bed. 

2.3 Bridge model 

In this paper, a high-pier rigid frame bridge, with spans of 

88+168+88 m, design speed of 250km/h, double line space of 

5.0m and on the Changsha-Kunming high-speed railway in 

China, is taken as a research example, the general 

arrangement as shown in Figure 1. 

 
Figure 1 General layout of main bridge 

The total length of the bridge is 466m and the wide is 12m. 

The main bridge with the length of 344m is designed as a 

five-span one-coupling of 88+168+88 m prestressed concrete 

rigid frame bridge. A junctional pier is located in Kunming 

side to link an one-coupling of 33+56+33 m prestressed 

concrete continuous girder approach bridge. The beam depth, 

web, roof plate, bottom plate of the main bridge changes 

respectively from 6m to 12m, 0.6m to 1.1m, 0.62m to 1.0m, 

0.52m to 1.1m, and the variation curve of them are all 

quadratic parabola. The thin-walled hollow pier that section 

dimension is 10×9m and thickness of the wall is 1.1m is once 

variable slope with transverse outer slope of 15:1 and 

transverse within slope of 10:1. The highest pier is 103m in 

height. The concrete grade of main beam and pier are 

respectively C55 and C35.The secondary dead load is 

144kN/m. 

Based on the finite element method, the analysis model of 

space truss is established for the bridge, in which the spatial 

beam element is adopted to simulate the main girder and the 

piers. In the model, a rigid arm is used to link the rigid-framed 

pier and the girder, and the master-slave DOFs are used to 

link the junctional pier and the girder. The natural frequency 

and the mode of vibration for the bridge are calculated by 

TTBSAS, the first four order results as shown in Table 1. 

Table 1 Natural frequency and mode shape of bridge 

Order Cycle/s Frequency/Hz Mode 

1 1.664 0.601 
longitudinal floating of 

the piers and girder 

2 1.426 0.701 
symmetric transverse 

bending of the girder 

3 0.998 1.002 

antisymmetric 

transverse bending the 

girder 

4 0.776 1.288 
symmetric vertical 

bending the girder 

Table 1 shows that the traverse natural frequency of the 

high-pier rigid frame bridge are smaller. Therefore, the 

traverse earthquake action may cause the traverse vibration of 

the girder and seriously threaten the safety of the running train 

on the bridge. 

2.4 Boundary conditions of seismic 

In this paper, the boundary conditions of seismic are dealt 

with by the relative motion method. In the analysis, by 

separating the bridge subsystem into a supporting part and a 

non-supporting part, the dynamic equations of the bridge 

subjected to earthquakes can be expressed as 

      
      

            

     
     

         

ss sg ss sgs s

T T

g gsg gg sg gg

ss sg s t b

T

g gbsg gg

M M C Cu u

u uM M C C

K K u P

u PK K

               (2) 

where the subscripts s and g denote the degrees of freedom of 

the supporting nodes and the non-supporting nodes, 

respectively; Pgb is the reaction force vector of the supporting 

part. 

Based on the concept of pseudo-static displacement, the 

total displacement of the bridge under earthquake excitations 

can be divided into two parts, the pseudo-static displacement 

and the dynamic response displacement. Thus the total 

placement vector can be expressed as 

s ps vs

g pg 0

u u u

u u

     
      

    

                                           (3) 

Changsha Kunming 

Units: cm 
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where the ups and the uvs denote the pseudo-static 

displacement vector and the dynamic response displacement 

vector of the non-supporting nodes; upg is the foundation 

displacement vector of the supporting nodes, which is known 

for a certain earthquake. 

By substituting Equation (3) into Equation (2), the upper 

part of Equation (2) can be written as 

   

 

ss ps vs ss ps vs

T T

ss ps vs sg pg sg pg tb

  

    

M u u C u u

K u u C u K u P
          (4) 

For a structure with only the static displacement at the 

supporting points and without any other loads, the static 

equilibrium equations can be written as 
T

ss ps sg pgK u K u  0                                           (5) 

Let 
-1 T

ss sgsR K K   denote the pseudo-static displacement 

influence matrix, one has 

ps s pgu R u                                                         (6) 

Equation (4) can thus be expressed as 

 
ss vs ss vs ss vs

tb ss s pg ss s sg pg

 

   

M u C u K u

P M R u C R C u
            (7) 

For common civil engineering structures, the contribution of 

the damping forces caused by the velocity of the supporting 

part is very small and can be neglected from the right-hand 

side of Equation (6). Thus the dynamic equations can be 

written as 

ss vs ss vs ss vs tb ss s pgM u C u K u P M R u            (8) 

The earthquake action can be input the coupling system of 

train-track-bridge by Equation (8). In our research, a classical 

earthquake record named El Centro is taken as the input 

earthquake wave, which is occurred in 1940 and the recording 

station is located in EL CENTRO ARRAY #9, the waves as 

shown in Figure 2. 
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Figure 2 Input earthquake waves 

3 CASE STUDY 

The damping ratio of the bridge is 2%, and the rail irregularity 

is simulated by the track spectrum of Germany low-impact. 

First the analysis of influencing factors of dynamic response 

of vehicle-bridge system is performed to prove up the 

influence law of dynamic response of vehicle - bridge system 

by train speed, amplitudes of ground motion and directions of 

seismic input, and then the most adverse condition is inputted 

to research on running safety of train when the ICE3 high-

speed train travers the bridge under frequent earthquake. 

Normalized seismic waves were inputted along the lateral, 

longitudinal and vertical at the same time, if there were no 

special instructions. The amplitude of vertical ground motion 

is 0.5 times of the lateral’s on the calculation. 

3.1 Influence of the train speed 

To investigate dynamic response of seismic coupling system 

with the changes of train speed, normalized El Centro seismic 

wave of 0.1g is inputted and calculate the dynamic response 

of the system when ICE3 high-speed train travers the bridge 

with the speed of 200、250、300km/h on the single-line, the 

maximum statistical results as shown in Table 2. Among them, 

the dv, dt, av and at denote the vertical displacement, the 

transverse displacement, the vertical acceleration and the 

transverse acceleration of the bridge in the midspan cross-

section, respectively; the Q/P, ΔP/Q and Q the derailment 

coefficient, the reduction ratio of wheel load and the 

wheel/rail lateral force of the train, respectively; V is the short 

name of the train speed; the unit of displacement, acceleration, 

force and train speed are the mm, g, kN and km/h, 

respectively. 

Table 2 Maximum dynamic response of the vehicle and bridge 

in different vehicle speeds 

V dv dt av at Q/P ΔP/Q Q 

200 20.78 48.48 0.243 0.327 0.301 0.257 40.4 

250 23.94 48.54 0.242 0.324 0.701 0.426 62.0 

300 21.99 48.84 0.242 0.323 1.015 0.613 98.5 

 

Table 2 shows that, under the action of the same earthquake 

intensity, the vertical displacement, lateral displacement, 

maximum vertical and lateral acceleration changes a little 

with the increase of train speed, while the vehicle derailment 

coefficient, reduction rate of wheel load, rail lateral force 

increase with the speed. It shows that with respect to the 

increase of train speed, earthquake intensity effecting on the 

dynamic response of bridge is much greater. Compared with 

other bridges, speed is no longer the controlling factor on 

dynamic response of high-pier rigid frame bridge, but it still 

has an important influence on the running safety during the 

earthquakes. 

3.2 Influence of the amplitudes of ground motion 

Assuming that the ICE3 high-speed train travers along the 

left line with the design speed of 250km, the maximum 

response of bridges and vehicles with the amplitude of 0.0g, 

0.05g, 0.10g, 0.14g under the normalized El Centro seismic 

waves is shown in Table 3. Among them, A is the short name 

of the amplitude of the ground motion. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1270 

Table 3 Maximum dynamic response of the vehicle and bridge 

in different amplitudes of ground motion 

A dv dt av at Q/P ΔP/Q Q 

0.00 7.12 0.66 0.016 0.003 0.11 0.288 8.2 

0.05 15.41 24.56 0.121 0.162 0.504 0.341 45.6 

0.10 23.94 48.54 0.242 0.324 0.701 0.426 62.0 

0.14 31.19 67.78 0.339 0.454 0.858 0.498 84.8 

 

Table 3 shows that, when the earthquake hits vehicles and 

bridges, the dynamic response of bridge and the indexes of 

vehicle running safety sharply increase with the amplitudes of 

ground motion. When the amplitudes of ground motion 

increase to 0.14g, the derailment coefficient of vehicles is 

0.858 exceeding the safety limit of 0.8, the rail lateral force is 

84.83kN exceeding the safety limit of 80kN.Therefore, the 

amplitude of ground motion is an important factor that 

threatens the running safety of train and the running safety of 

train sharply decreases as the amplitude of ground motion 

increases. 

3.3 Influence of the directions of seismic input 

To investigate dynamic response of seismic coupling system 

with the changes of the directions of seismic input, 

normalized El Centro seismic wave of 0.1g is inputted 

respectively along the longitudinal X, lateral Y, vertical Z, 

three all XYZ and calculate the dynamic response of the 

system when ICE3 high-speed train travers the bridge with the 

design speed of 250km/h on the single-line, the maximum 

statistical results as shown in Table 4. Among them, the 

number 1 to 4 denotes the four calculated conditions, 

respectively; C is the short name of the calculated conditions. 

Table 4 Maximum dynamic response of the vehicle and bridge 

in different seismic wave directions 

C dv dt av at Q/P ΔP/Q Q 

1 22.09 0.67 0.191 0.003 0.111 0.296 8.4 

2 7.13 48.49 0.018 0.325 0.785 0.463 76.2 

3 10.6 0.66 0.247 0.003 0.109 0.289 8.2 

4 23.94 48.54 0.242 0.324 0.701 0.426 62.0 

 

Table 4 shows : (1) Vertical displacement: The vertical 

displacement of working condition 1 is close to the working 

condition 4’s and is a little less than the working condition 

4’s,and the vertical displacements of other working conditions 

are much smaller than the working condition 4’s. Therefore, 

the longitudinal ground motion and the vertical ground motion 

contribute to the vertical displacement of high-pier rigid frame 

bridge, and the longitudinal ground motion contributes more 

than the vertical ground motion. 

(2) Vertical acceleration: The vertical acceleration of 

working condition 3 is close to the working condition 4’s and 

the others are less than the working condition 4’s. Therefore, 

the vertical ground motion is the main factor causing the 

vertical acceleration of high-pier rigid frame bridge; 

(3) Lateral displacement and lateral acceleration: The 

lateral displacements and lateral accelerations of working 

condition 2 and 4 are almost identical, and the others are 

much smaller. Therefore, the lateral ground motion is the 

main factor causing the lateral vibration of bridge; 

Running safety indexes: The vehicle derailment coefficient, 

reduction rate of wheel load, rail lateral force of working 

condition 2 are larger than the working condition 4’s, and they 

are far larger than the working condition 1’s and 

3’s.Therefore, the lateral ground motion is the main factor that 

threatens the running safety of train for a high-pier rigid frame 

bridge, and threatens the ICE3 high-speed train greatest while 

inputted separately. 

3.4 Running safety of train 

From the above analysis, the amplitude of ground motion and 

train speed are two important factors on running safety of 

train, and the lateral ground motion threatens the ICE3 high-

speed train greatest while inputted separately for a high-pier 

rigid frame bridge. The frequent earthquakes of 7、8、9 

fortification intensity are selected for analysis with reference 

to Code for Seismic Design of Railway Engineering (GB 

50111-2006) [11] for the ICE3 high-speed train. El Centro 

seismic wave is inputted only along the lateral direction of the 

bridge corresponding that the peaks of horizontal earthquake 

acceleration are respectively 0.05g, 0.10g, 0.14g. The analysis 

speed changes from 200km/h to 350km/h at intervals of 

25km/h. 

The maximum dynamic response of the mid-span of the 

main girder of the high-pier rigid frame bridge is shown in 

Table 5, when the ICE3 high-speed train travers the bridge 

with the design speed of 250km/h under different seismic 

fortification intensities. Table 5 shows that the vertical 

displacement and vertical acceleration of bridge change a little 

under different seismic fortification intensities, and the lateral 

displacement and lateral acceleration increase with the seismic 

fortification intensity. The variation of dynamic response of 

the bridge is consistent with above, and it shows a weak 

coupling feature of the dynamic response of in-plane and out 

of plane of the bridge under earthquakes. In the 7, 8, 9 

fortification intensity area, the lateral displacements of main 

beam are respectively 24.6mm, 48.5mm, 67.7mm, and lateral 

vibration with large amplitude of high-pier rigid frame bridge 

is induced by seismic load. 

Table 5 Maximum dynamic response of the bridge in different 

seismic fortification intensity 

Amplitude 
/ 7 8 9 

0.00g 0.05g 0.10g 0.14g 

dv 7.12 7.10 7.13 7.15 

dt 0.66 24.57 48.49 67.72 

av 0.016 0.017 0.018 0.018 

at 0.003 0.162 0.325 0.454 

 

The variation curves between maximum acceleration, 

running safety index of ICE3 high-speed train and speed are 

shown in Figure 3 and Figure 4 under different seismic 

fortification intensities.  

http://dict.cnki.net/dict_result.aspx?searchword=%e6%b0%b4%e5%b9%b3%e5%9c%b0%e9%9c%87&tjType=sentence&style=&t=horizontal+earthquake
http://dict.cnki.net/dict_result.aspx?searchword=%e5%9c%b0%e9%9c%87%e8%8d%b7%e8%bd%bd&tjType=sentence&style=&t=seismic+load
javascript:showjdsw('showjd_1','j_1')
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Figure 3 Comparison curves of the car body acceleration for 

speed in different seismic fortification intensity 

Figure 3 shows, when the seismic wave is inputted only 

along the lateral direction, the vertical acceleration of car 

body increases obviously indicating that the vibration of 

vehicle shows a strong spatial coupling feature. The lateral 

acceleration of car body increases obviously, and the seismic 

fortification intensity increases linearly. 
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Figure 4 Comparison curves of the train operation safety 

indexes for speed in different seismic fortification intensity 

Figure 4 shows, as the seismic fortification intensity and 

seismic load increase, the vehicle derailment coefficient, 

reduction rate of wheel load, rail lateral force and other safety 

indexes increase as well, exceeding the safety limit at a speed. 

The growth rate of running safety of train gradually decreases 

with the increase of speed. According to the limit value of 

running safety of train, the safe speed can be counted under 

different seismic intensities, and then the safety threshold is 

got when ICE3 high-speed train travers the high-pier rigid 

frame bridge under different seismic intensities as shown in 

Table 6. 

Table 6 Safety speed of the bridge in different seismic 

fortification intensity 

Seismic 

intensity 

Safety speed（km/h） Threshold 

(km/h) Q/P ΔP/Q Q 

/ 200~350 200~350 200~350 — 

7 200~275 200~325 200~275 275 

8 200~250 200~275 200~250 250 

9 200~225 200~275 200~225 225 

 

Table 6 shows that the limit value of safe speed of high-pier 

rigid frame bridge decreases with the increase of seismic 

intensity, and the limit value of safe speed under derailment 

coefficient is always minimum. Therefore, it is on the safe 

side that the running safety of train under the action of 

earthquake is judged by derailment coefficient directly for the 

high-speed rigid frame bridge. Taking the limit value of safe 

speed under the derailment coefficient as the threshold, the 

threshold of safe speed are respectively 275, 250 and 225km/h 

when ICE3 high-speed train travers the bridge at 7, 8, 9 

fortification intensity under frequent earthquake. 

4 CONCLUSIONS 

(1) Speed and amplitudes of ground motion are important 

factors influencing running safety of high-pier rigid frame 

bridge, and the running safety of train increases with the 

amplitudes of ground motion and decreases with the increase 

of the speed of train sharply. 

(2) It shows a weak coupling feature of the dynamic 

response of in-plane and out of plane of the high-pier rigid 

frame bridge under earthquakes, and the vertical and lateral 

vibration produced respectively by longitudinal and vertical 

ground motion in-plane and lateral ground motion out of 

plane, but it shows a strong coupling feature of the dynamic 

response of train on the bridge. 

(3) For high-pier rigid frame bridge, the lateral seismic 

wave is the main factor that threatens the running safety of the 

train on the bridge, and that the seismic wave is inputted only 

along the transverse direction of bridge is the biggest threat to 

the running safety of train. 

(4) It is on the safe side that the running safety of train 

under the action of earthquake is judged by derailment 

coefficient directly for the high-speed rigid frame bridge. 

According to the calculation in the condition of the paper, the 

threshold of safe speed are respectively 275, 250 and 225km/h 

when ICE3 high-speed train travers the bridge at 7, 8, 9 

fortification intensity under frequent earthquake. 

The conclusion of this paper can provide reference for the 

running safety of train and the formulation of threshold of 

earthquake alarm system under the action of earthquake. But 

all the results of this paper are obtained under uniform 

earthquake excitation, and the characteristicsof temporal of 

seismic ground motions cannot be ignored, the running safety 

of train need to be studied further under multi-support seismic 

excitations. 

http://dict.cnki.net/dict_result.aspx?searchword=%e7%89%b9%e6%80%a7&tjType=sentence&style=&t=characteristics
http://dict.cnki.net/dict_result.aspx?searchword=%e5%a4%9a%e7%82%b9%e5%9c%b0%e9%9c%87%e6%bf%80%e5%8a%b1&tjType=sentence&style=&t=multi-support+seismic+excitations
http://dict.cnki.net/dict_result.aspx?searchword=%e5%a4%9a%e7%82%b9%e5%9c%b0%e9%9c%87%e6%bf%80%e5%8a%b1&tjType=sentence&style=&t=multi-support+seismic+excitations
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ABSTRACT: The everyday passage of trains over railway bridges produces fatigue damage at critical bridge locations. The 

amount of fatigue damage accumulated is very sensitive to the stress ranges producing it. The passage of trains produces 

dynamic amplification of the internal stresses which depends on the train velocity. Therefore, it is imperative to have a reliable 

estimation of dynamic effects as these directly affect bridge member stresses and fatigue damage. Although this topic is well 

treated in terms of plate girder bridges and dynamic effects considering the ultimate limit state, considerably less research has 

been carried out for truss railway bridges and the fatigue limit state. This paper addresses this gap of quantifying dynamic 

effects for everyday train passages and their interaction with the accumulation of fatigue damage in truss railway bridges. Three-

dimensional finite element (FE) analyses of a typical metallic truss railway bridge are carried out under the passage of railway 

freight loading and dynamic amplification factors (DAFs) for all the bridge members are estimated from the FE analyses, under 

different load models (one-wagon vs multiple-wagon) and train velocities, and compared with their bridge code counterparts. 

Furthermore, the effect of dynamic amplification on fatigue damage is explicitly quantified by comparing the damage estimates 

obtained through the use of code-specific DAFs with the ones obtained in this study. The FE results show that, for this specific 

type of bridge, the highest DAFs are observed at a 50 km/hr velocity and are found not to generally increase with increasing 

velocity. Bridge codes are found to overestimate fatigue damage for velocities higher than 50 km/hr. Furthermore, it is found 

that a one wagon model vehicle results in higher DAF estimates than a more realistic multi-wagon train model. 

KEY WORDS: Bridge dynamics; dynamic amplification factors; moving loads; time history analysis; fatigue. 

1 INTRODUCTION 

The passage of trains over railway bridges may produce 

dynamic effects which may enhance the forces and stresses 

developing within the bridge members as compared to their 

static values. The everyday passage of trains produces fatigue 

damage at critical bridge locations which accumulates over 

time. Reliable estimation of the remaining fatigue life of a 

metallic bridge depends on accurate estimation of the damage 

already been accumulated in the past and hence the fraction of 

the fatigue life already expended. It is well known that the 

amount of fatigue damage produced is very sensitive to the 

stresses producing it. This makes the estimation of stresses 

from everyday railway loading a crucial issue and shows the 

importance of accurate estimation of these repeated effects. 

Even small differences in stress predictions can affect fatigue 

life estimates considerably which can lead to inappropriate 

decisions regarding assessment and maintenance of existing 

bridges. Therefore, it is imperative to have reliable estimation 

of dynamic effects as these directly affect the level of bridge 

member stresses.  

Field measurements are often the most reliable method of 

determining the level of dynamic amplification that moving 

trains produce on a bridge. This is often carried out through 

the definition of dynamic amplification factors (DAFs), which 

represent the ratio of the maximum dynamic response to the 

static response. However, in most cases, such field 

measurements are expensive to carry out, and only limited 

amount of measurements are available in the literature, 

especially for the case of truss railway bridges; these are 

mostly carried out by traversing single train wagons over the 

bridge rather than entire trains with multiple wagons. This 

makes the verification of the code equations for DAFs 

challenging. Dynamic amplification is one parameter in which 

bridge codes have the tendency of overly estimating, 

especially for the case of ultimate limit states which account 

for worst case loading effects that may be experienced by a 

bridge throughout its lifetime. For the fatigue limit state, 

which accounts for everyday traffic passing over a bridge 

structure, there is a different set of DAFs suggested by the 

codes for this purpose. These DAFs are then used to enhance 

the static stress histories obtained from the passage of trains in 

order to modify them into dynamic histories and the latter are 

then used to estimate fatigue damage and remaining fatigue 

life. One of the potential downsides of the code approach is 

the fact that the same DAF is used to multiply all stress values 

within a stress history. However, dynamic amplification may 

have a different value for different stress levels; considering 

the same DAF for all stress levels may lead to inaccurate 

estimation of fatigue damage. Furthermore, the DAFs 

suggested by European and UK bridge codes are proposed for 

member types found typically in plate girder bridges, i.e. 

stringers, floor-beams and main-girders, which are the most 

common type of bridge in the UK and Europe; there are no 

specific recommendations on DAFs for truss bridge members 

in these codes. Moreover, different bridge members may 

experience different levels of dynamic amplification, even if 

they are of the same type but at different locations within the 

bridge structure. Codes overlook this by defining a single 

Dynamic amplification factors for existing truss bridges 

for the purposes of fatigue assessment 
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DAF associated with each type of bridge element i.e. 

stringers, floor beams, main girders etc.   

The aim of this paper is to address the above limitations of 

the bridge codes by providing a more detailed understanding 

of the dynamic amplification experienced in metallic truss 

bridges, the most important parameters that affect it and its 

interaction with long-term fatigue damage. For this purpose, 

estimation of bridge member DAFs is carried out; in the 

absence of field measurements, dynamic time history finite 

element (FE) analyses of a typical railway truss bridge under 

the passage of heavy freight trains, which is the most fatigue-

damaging type of loading as compared to passenger trains [1], 

are carried out. The analyses are carried out for different train 

velocities and under different load models (i.e. single wagon 

vs. multiple wagons) to investigate the effect of different train 

vehicles on the estimation of DAFs. The DAF values 

estimated from the dynamic analysis are compared with their 

code counterparts. The over-conservatism associated with 

using the code DAFs for fatigue damage calculations is 

explicitly quantified. 

2 BACKGROUND 

2.1 Dynamic amplification and fatigue 

There is limited research available in the literature on the 

interaction of railway bridge dynamic amplification and 

fatigue under everyday rail traffic. In [2], a single track, open 

deck railroad truss bridge was analyzed under the passage of 

various freight trains with different speeds. Only part of the 

bridge was modelled analytically and DAFs on different types 

of bridge members were estimated analytically and used for 

predicting the remaining fatigue life of critical members. A 

similar study [3] was also carried out for plate girder railway 

bridges in Korea. These single-span bridges, ranging from 6 to 

25 meters span, were ballastless and of relatively small 

weight; they were modelled analytically and analyzed under 

the passage of conventional and high-speed passenger trains 

as well as freight trains. Their analyses have shown that the 

Korean guidelines tend to overestimate the impact factor in 

terms of fatigue. They have proposed that the impact factor to 

be used for fatigue investigation should be equal to 50% of the 

impact factor used in the ordinary static design for the specific 

type of bridges analyzed. 

The effect of dynamic amplification on remaining fatigue 

life was investigated in [4,5] in terms of a UK-typical 

wrought-iron railway bridge having a 9.6m clear span. The 

bridge was modelled using eight-noded shell elements for all 

members in the commercial FE-package ABAQUS and 

analysed statically under the passage of typical train traffic 

(passenger and freight) to obtain the stress histories for fatigue 

damage calculations. These were then modified by dynamic 

amplification factors suggested by different bridge codes to 

convert them into dynamic stress histories. It was found that 

dynamic amplification results in considerable reduction in the 

remaining fatigue life. For example, for this specific type of 

wrought-iron bridge, it was observed that remaining life can 

reduce by up to five times as compared to the remaining life 

obtained using static stress histories. This shows the 

importance of accurately estimating the dynamic 

amplification. Relatively low values of DAFs were also 

shown to have a significant effect on the fatigue reliability of 

similar bridges [6]. 

Estimation of DAFs for a plate-girder railway bridge has 

been carried out in [7] through FE analyses. It was argued that 

the FE method offers a more reliable estimation of DAFs than 

the ones suggested in the codes. Through an example of a 

bridge assessment, it was shown that by using the FE-

predicted DAF, a higher assessment rating, i.e. load carrying 

capacity of the bridge was obtained. It was concluded that 

there is a strong likelihood that, in many cases, a more refined 

dynamic analysis will avoid the need for expensive 

strengthening work to bridges. 

Field measurements carried out on truss bridges are quite 

rare in the literature. Estimation of DAFs from field 

measurement has been carried out on a riveted steel truss 

bridge in northern Sweden through monitoring [8]. These 

DAFs were found to be significantly smaller than the ones 

given by bridge codes, except in the case of the main girder 

which showed very good agreement with its code-predicted 

value. By comparing the DAFs obtained from strains to DAFs 

obtained from displacements, it was observed that the former 

result in smaller values. The DAFs obtained through the 

displacement measurements were 1.10 for a main girder, 1.16 

for a stringer and 1.0 for a floor-beam, at a speed of 60 km/hr.    

2.2 Bridge codes of practice 

Bridge codes distinguish between DAFs to be used for the 

purposes of ultimate limit state and fatigue limit states. Two 

bridge codes which are very widely used are the Eurocode 1 

[9] and the Network Rail assessment code used in the UK for 

railway bridges [10].  

The dynamic amplification factor in Eurocode 1 is given 

within Annex D where it is stated that for fatigue assessment 

of railway structures, the dynamic increment,  is equal to [9]  
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where LΦ is the determinant length of the member and is the 

train speed in m/s.  represents the inertial response of the 

structure and   represents the track irregularities, both being 

sufficiently accurate for the purpose of calculating fatigue 

damage and are valid up to  = 200km/hr [9]. Once these two 

components are estimated, the overall dynamic amplification 

factor is equal to 1+ 
In the Network Rail assessment code [10], there is a 

distinction between longitudinal and transverse members. The 
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dynamic increment for bending for the case of fatigue 

calculations for a longitudinal member is given by the same 

equations  as (1) and (2) but the k and    factors are different 

and given as follows 
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where  = 0.0002 but not greater than 0.01, is the speed in 

mph, normally taken as the permissible speed on the bridge, 

LΦ is the determinant length in metres, L is the span of the 

member, centre to centre of supports, in metres and n0 is the 

fundamental natural frequency in Hertz of the structural 

member loaded by permanent actions. According to [10], the 

upper and lower bounds for n0 can be estimated as follows 

                   
748.0

0 76.94  Ln  (upper bound)                    (7) 

             
L

n
80

0    (lower bound for 4m ≤ L ≤ 20m)            (8) 

For fatigue calculations of transverse members, the dynamic 

increment,  for bending is given by 

                                 004.0T                                        (9) 

2.3 Fatigue damage 

The passage of trains over metallic bridges produces cyclic 

stresses on the members and connections and this leads to 

fatigue damage accumulation over time. The level of fatigue 

damage produced by cyclic stresses is very sensitive to the 

stress ranges experienced by the bridge members.  

Miner's rule is the most widely used cumulative damage 

model for estimating fatigue damage and is the principle used 

in many bridges codes. The Miner’s rule states that failure 

occurs when  

                                          
i i

i

N

n
1                                  (10) 

where ni is the number of applied stress ranges of type i, and 

Ni is the pertinent fatigue life. The summation on the left hand 

side of Equation 10 represents the total fatigue damage 

accumulated, D. In order to determine the stress ranges and 

the corresponding number of applied cycles within a variable 

amplitude stress history, commonly experienced by railway 

bridge members, the rainflow counting (or reservoir) method 

is used. 

Once the stress ranges experienced by a bridge member are 

determined, the fatigue damage produced by each stress range 

can be estimated through the following equations, which are 

directly related to Miner’s sum [10] 
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where σr is the applied stress range and σ0 is the constant 

amplitude fatigue limit of the detail under consideration. In 

[10], bridge details are classified into nine fatigue Categories 

(B, C, D, E, F, F2, G, W and S) based on their fatigue 

characteristics.  

As can be seen by Equations 11a and 11b, fatigue damage 

(n/N)  is significantly affected by the proportion of the stress 

ranges (σr /σ0 ) to the power of m or m+2. Since σo is a 

constant value (depending on the detail class), the stress range 

σr is the one factor that significantly affects the end value of 

fatigue damage. This demonstrates the significant sensitivity 

of accumulated fatigue damage to the level of stress ranges. 

Dynamic amplification, in turn, can increase the level of the 

stresses, and therefore stress ranges, experienced by a bridge 

detail. Even small changes on stress range may have a 

significant effect on the resulting fatigue damage due to the 

power nature of the fatigue damage model.  

3 FINITE ELEMENT ANALYSIS 

The focus of this paper is the dynamic analysis of a typical 

truss railway bridge as these are relatively less researched in 

terms of dynamic analysis as compared to plate girder bridges. 

This section provides the description of a typical truss bridge 

which was used as a case study in this paper and details about 

the dynamic finite element analysis carried out. 

3.1 Description of truss bridge 

A typical metallic truss bridge obtained from [2] and shown in 

Figure 1, is used as a case study for the dynamic analyses. The 

structure is a riveted single track, open deck symmetrical truss 

bridge with a 53.3m span. The bridge height is 9.1m and the 

transverse span between two parallel trusses is 5.5m. The 

bridge deck consists of transverse floor beams and 

longitudinal stringers. The floor beam spacing is 7.6m 

whereas the truss to stringer spacing is 1.75m and the stringer 

to stringer spacing is 1.98m. This bridge can be deemed as 

representative of a large number of old metallic truss bridges 

in the UK, Europe and North America.  

All the bridge members consist of built-up sections riveted 

together, which is representative of old metallic bridge 

construction. The members are built up using a combination 

of angles (‘L’ sections) or channel (‘C’) sections combined 

with cover plates. Details about the section properties can be 

found in [2,11]. The bridge is modeled as simply supported at 

the two ends of the main trusses. 
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Figure 1. Finite element model of case study truss bridge with member nomenclature. 

  

3.2 Finite element model 

The bridge is modelled in the commercial finite element 

package ABAQUS [12] by using 3-noded quadratic beam 

elements. Linear-elastic analyses are performed for the 

purposes of DAF estimation. All connections between 

members are modeled as fully rigid. Benchmark studies 

carried out on the bridge by assuming different levels or 

rotational stiffness at various bridge connections have 

demonstrated and the degree of fixity does not affect the 

internal force distribution in this type of bridge considerably 

[11].  

The bridge material is defined as ordinary steel with a mass 

density of 7850 kg/m3. Under linear elastic behaviour, the 

Young’s Modulus is defined as 200 GPa and the Poisson’s 

Ratio as 0.3. 

3.3 Train load models 

The bridge is analysed under the passage of a typical freight 

train which is suggested by [10] for the fatigue assessment of 

railway bridges in the UK. The train consists of the engine car 

(6-axles, 20 tons each) followed by 10 wagons (4-axles, 25 

tons each), as shown in Figure 2, and is deemed representative 

of one of the heaviest freight trains within the UK rail 

network. This train is also similar to typical freight trains 

running on European rail networks, according to [9]. The train 

is traversed in different ways over the bridge, i.e. representing 

different load models of the same train, to investigate the 

effect of different train configurations on the estimated DAFs.  

Three train load models, which are shown in Figure 3, are 

considered for the analysis: (a) one wagon only, (b) Multiple 

wagons (a series of wagons) and (c) Engine car with multiple 

wagons (a series of an engine car followed by a number of  

 

 

 

wagons). The one wagon (OW) load model consists of only 

one freight wagon (out of the 10) traversed over the bridge 

(see Figure 3(a)). This can be deemed to be representative of a 

single test wagon, similar to the ones commonly used during 

field measurements. The remaining two models are more 

representative of full train loading passing over bridges. The 

multiple wagons (MWs) load model consists of traversing the 

three heaviest (25-ton) wagons over the bridge which is the 

minimum number of wagons required to fully occupy the 

53.3m span length of the bridge (see Figure 3(b) which shows 

the position of the three wagons when all present on the 

bridge). The dynamic analyses, in this case, are carried out 

until the first wagon completely passes over the bridge and the 

other two wagons are still on the bridge. The reason not all 10 

wagons of the train have been traversed over the bridge during 

the dynamic analysis is the very high computational effort 

required to run the analysis. It is deemed that the entire 

passage of the first wagon of the array over the bridge is 

sufficient to represent its dynamic behaviour; the passage of 

the subsequent wagons is expected to produce a repetition of 

the initial portion of the time history. Lastly, the engine car 

with multiple wagons (EC+MWs) load model consists of the 

combination of the engine car followed by two wagons which 

again are required to fully occupy the total length of the 

bridge (see Figure 3(c)). Similarly, for the EC+MWs load 

model, the analysis is continued until the engine car and one 

wagon passes over the bridge while the subsequent wagon is 

still on the bridge. It can be thought that the EC+MWs load 

model is representative of a freight train entering the bridge 

whereas the MWs load model represents the passages of the 

middle and end portion of the train. 

 

 

7 @ 7.62m = 53.3m 

 

1.75m 

9.144m 

1.75m 

9.144m 1.98m 

9.144m 
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      (6-axle engine car)                (10 4-axle wagons) 

          6 × 196kN (20t)                          10 × 4 × 245kN (25t) 

 

 

 

 

  2.2 2.2       6.9    2.2  2.2  3.6   2.0               11.0                 2.0 (in m)  

Figure 2. Typical freight train used for the dynamic analyses. 

 

Figure 3. Train load models used for the dynamic analyses (all 

dimensions in m). 

3.4 Dynamic analysis 

A previous study on a steel plate-girder railway bridge [13], in 

which results obtained from dynamic time-history finite 

element analyses using Abaqus FEA were compared with 

available field measurements, has shown that implicit 

dynamic analysis is a reasonable and computationally efficient 

method to capture the dynamic behaviour of a steel bridge for 

the purposes of fatigue assessment. As a result, in addition to 

the static analyses to determine the static behaviour of the 

bridge, implicit dynamic analyses are carried out in this paper. 

For the purposes of the dynamic analysis of the truss bridge, 

the moving load is simulated as a point load applied directly 

on the stringers, ignoring any load distribution due to the 

effect of rails and sleepers, at continuous sequential points, 

travelling from one end of the bridge to the other. These 

points where the load is sequentially applied are defined by 

dividing the stringers into a number of segments, similar to 

the principles used in [13]. The latter defines the step size to 

be used in the time-history analysis; the higher the number of 

divisions used, the smaller the step size becomes and, as a 

result, the more accurate the analysis is expected to be. 

Further details about the modelling principles employed for 

the dynamic analyses of the bridge can be found in [11]. 

The dynamic analyses are carried out for six different 

velocities between 1 km/hr and 125 km/hr at 25 km/hr 

intervals, to capture the effect of velocity on DAF predictions. 

These velocities are typical of freight trains. No damping is 

defined in the models.   

3.5 Fatigue damage 

In order to estimate fatigue damage under the passage of the 

different train models, the stress histories obtained from the 

finite element analysis are converted into stress range 

histograms through the rainflow counting (or reservoir) 

method. These stress range histograms provide the different 

stress ranges within the history and the number of applied 

cycles corresponding to each stress range which are then used 

together with Equations 10 and 11 to quantify the fatigue 

damage. The bridge details are classified as Class D according 

to [10], suggested for steel riveted members.  

One of the focuses of this paper is the influence of dynamic 

amplification on fatigue damage. The fatigue damage 

produced by static stress histories is compared to the fatigue 

damage produced by the dynamic stresses histories. In order 

to quantify the difference between the dynamic and static 

fatigue damages produced, a fatigue damage ratio (FDR) is 

defined as the ratio of total dynamic fatigue damage D(dynamic) 

to total static damage D(static) estimated from the train model 

passages. A number of different cases are considered in order 

to carry out comparisons between the results for each bridge 

member. The definition of the FDRs, for each bridge member, 

for the different cases are as follows: 

(a) Case A: the FDR is defined as D(dynamic) / D(static) where 

D(dynamic) is the total fatigue damage estimated directly 

from the dynamic FE stress history without any 

modification and D(static) is the total fatigue damage 

estimated from the static stress history. 

(b) Case B: the FDR is defined as D(dynamic) / D(static×DAF(FE)) 

where D(dynamic) is the total fatigue damage estimated 

directly from the dynamic FE stress history without any 

modification and D(static×DAF(FE)) is the total fatigue 

damage estimated from the static stress history 

modified by multiplying it with the member’s 

individual DAF estimated by the FE analysis. 

(c) Case C: the FDR is defined as D(dynamic) / D(static×DAF(EC)) 

where D(dynamic) is the total fatigue damage estimated 

directly from the dynamic FE stress history without any 

modification and D(static×DAF(EC)) is the total fatigue 

damage estimated from the static stress history 

modified by multiplying it with the DAF suggested by 

Eurocode 1 [9]. 

Comparisons between the above three cases will provide 

insight into the differences expected in fatigue damage 

estimates obtained by using the actual dynamic stress histories 

as compared with the case of modifying static stress histories 

with DAFs to convert them into dynamic. As mentioned 

earlier, it is unlikely that dynamic amplification will be the 

same for all peaks and troughs of a stress history. However, 

by modifying a static stress history of a bridge member 

through multiplication with a DAF, it is assumed that all 

points of the stress history will receive the same amplification.    
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4 RESULTS AND DISCUSSION 

4.1 Dynamic time-history analyses 

The dynamic response of all bridge members, including the 

truss members (top and bottom chords, hangers, diagonals and 

end posts) as well as the deck members (stringers and floor 

beams), is obtained under the different load models. Since the 

bridge is symmetric, only the bridge members on one side of 

the bridge are considered. DAFs are estimated through 

different load effects, i.e. axial forces, bending moment and 

displacements, to investigate their effects.  

Figure 4 presents the axial force time histories obtained 

from the dynamic analysis for the end hanger (H1, see Figure 

1) member of the bridge. The results are shown for a train 

velocity of 50 km/hr. As expected, the axial load experienced 

by the hanger in the one wagon load model is lower than the 

other two models (MWs and EC+MWs) since, in the latter 

cases, the bridge is loaded by a higher number of wagons 

resulting in higher internal forces.  

Figure 5 shows the static and dynamic bending moment 

histories of an interior stringer (S4, see Figure 1), at its 

midpoint, under the three load models. It is evident that the 

behaviour of the stringers is axle dominated. The passage of 

the train axles over the bridge causes complete loading and 

unloading of the stringer members whereas it only causes 

partial unloading in the case of the floor beams and the truss 

members.  

In addition to load effects, i.e. axial forces and bending 

moments, displacement histories are also used for the 

purposes of DAF estimation. Figure 6 shows the static and 

dynamic vertical displacement time histories for stringer S4. 

4.2 Dynamic amplification factors 

DAFs for each bridge member are calculated by considering 

the static and dynamic force histories, examples of which 

were shown in Figures 4 to 6. The DAFs are estimated by 

taking the ratio of the maximum dynamic to the maximum 

static effect (axial force, bending moment or displacement). 

Table 1 presents the DAFs for the most important truss 

members of the bridge (bottom chords, diagonals, hangers and 

end posts), for the different train load models and under 

different velocities. It is evident that the highest DAFs for all 

member types are observed at a 50km/hr velocity. This is 

potentially due to the frequency of the loading at that velocity 

being close to the natural frequency of the truss bridge. It can 

also be seen that the highest dynamic amplification is 

experienced by the middle hangers (H3 and H4) ranging 

between 25 to 68%, for a 50km/hr velocity, depending on the 

load model analysed. Comparing the DAFs between the 

different load models, in most of the cases the highest DAF 

values are observed in the one wagon load model. Similarly, 

Table 2 presents the DAFs for the stringer and floor beams of 

the bridge where these range between 1 to 18% for a 50km/hr 

velocity for the realistic MWs and EC+MWs models. The 

DAFs obtained from the displacements were found to be 

much lower their axial force and bending moment 

counterparts; they were found to vary between 1 to 6%. 

 

 

Figure 4. Static and dynamic axial force time histories at 

hanger H1 for different load models (50 km/hr). 

 

Figure 5. Static and dynamic bending moment force time 

histories at stringer S4 for different load models (50 km/hr). 

 

 

Figure 6. Static and dynamic vertical displacement histories at 

stringer S4 for different load models (50 km/hr). 

 

In Table 2, the DAFs suggested by [9] and [10] for the 

stringers and floor beams are also presented. It can be seen 

that there is good agreement between the maximum individual 

DAFs obtained from the dynamic analysis with the code 

values up to a velocity of 50 km/hr. Beyond that velocity, the 

values appear to diverge. The DAFs predicted by the one 

wagon load model can be seen to be closer to the code values. 
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Comparing the two member types considered, i.e. stringers 

and floor beams, the latter was found to have a lower 

difference with the code.  

It is also interesting to observe that the DAFs predicted by 

the FE analysis do not increase linearly with velocity, but 

have a peak values at a 50 km/hr velocity for this type of 

bridge. This observation agrees with field studies carried out 

in similar bridges [8] and is contradictory to code predictions 

which suggest a linear increase with velocity [9,10]. 

4.3 Fatigue damage ratios 

Table 3 presents the differences in fatigue damage ratios 

estimated between Cases A, B and C (see Section 3.5). The 

results are shown for the stringer and floor beams only and for 

the MWs load model since these are found to be the most 

fatigue critical elements of the truss bridge [11]. The highest 

differences appear under a 50 km/hr velocity which, as shown 

earlier, is the velocity, for this particular bridge, that results in 

the highest DAFs. The FDR ratio under Case A demonstrates 

the sensitivity of fatigue damage to dynamic amplification; it 

can be seen that in some members and for this particular load 

model, the dynamic fatigue damage can be as high as 2.5 

times the static fatigue damage. The low FDRs observed 

under Case C show that the DAFs suggested in the code [9] 

tend to overestimate the fatigue damage, especially for higher 

velocities above 50km/hr. The FDRs obtained for Case B 

show that using the same DAF for converting static stress 

ranges (or stresses) into dynamic stress ranges (or stresses) 

within a stress history and using those modified stress ranges 

for fatigue  damage calculations tends to underestimate the 

resulting damage. The full set of the FDRs for all bridge 

members and for the other load models can be found in [11]. 

5 CONCLUSIONS 

In this paper, dynamic amplification factors (DAFs) for the 

members of a typical metallic truss railway bridge were 

determined through advanced dynamic FE analysis and their 

effect on fatigue damage accumulation was quantified. This 

allowed a comparison with the use of code-specific DAFs, for 

which a single value for a specific element type on a bridge is 

suggested, as opposed to individual values for each member 

obtained in this study. Three-dimensional FE analyses of a 

case study bridge were carried out under the passage of 

railway freight loading. 

The main conclusions obtained from this study are as 

follows: 

 It was shown that the one wagon load model results in the 

highest predicted DAF for all bridge members. 

Comparison of different velocities revealed that, for this 

type of bridge, the highest DAFs are obtained at a 50 

km/hr velocity and do not generally increase with 

increasing velocity. Furthermore, it was observed that 

different type of members experience different levels of 

dynamic amplification, based on the load effects used for 

estimating their DAFs i.e. axial forces for truss members 

and bending moments for stringers and floor beams as 

well as displacements for all members. 

 Estimation of DAFs through displacement effects was 

shown to result in significantly lower values as compared 

to their axial force and bending moment counterparts 

 DAFs obtained from the dynamic analyses were found to 

agree reasonably well with the values suggested by the 

Eurocode and Network Rail assessment code up to a 

velocity of 50 km/hr. Above that velocity, it was found 

that the code overestimates the DAF values 

 It was found that use of DAFs estimated through a one 

wagon model/vehicle can result to overestimation and, as a 

result, overconservative fatigue damage calculations 

The results obtained from this study can be useful towards 

assisting bridge engineers carrying out more reliable bridge 

assessments and can feed towards more reliable decisions 

regarding the future of existing old truss bridges. It was shown 

that, for specific cases, bridge codes tend to overestimate the 

level of dynamic amplification in the fatigue limit state; this 

shows that use of such overly conservative DAFs can result in 

under-prediction of remaining fatigue life estimates and, as a 

result, can lead to unnecessary actions i.e. strengthening, 

replacement, etc., being carried out in existing bridges. It was 

further shown that DAFs have different values under different 

load models; in particular, single wagon models tend to result 

in higher DAF estimates than more realistic multiple wagons 

models. This demonstrates the importance of planning field 

measurements and the consideration of the test vehicle to be 

used for the field testing. 

REFERENCES 

[1] Imam, B., 2006. Fatigue analysis of riveted railway bridges. PhD thesis, 

University of Surrey, UK.    

[2] Garg, V. K., Chu, K. & Wiriyachai, A., 1982. Fatigue life of critical 

members in a railway truss bridge. Earthquake Engineering & 

Structural Dynamics, 10(6), pp. 779-795. 

[3] Lee, H.-H., Jeon, J.-C. & Kyung, K.-S., 2012. Determination of a 

reasonable impact factor for fatigue investigation of simple steel plate 

girder railway bridges. Engineering Structures , 36, pp. 316-324. 

[4] Imam, B., Righiniotis, T. D., Chryssanthopoulos, M. K. & Bell, B., 

2006. Analytical fatigue assessmet of riveted rail bridges. Proceedings 

of the ICE - Bridge Engineering, 159(3), pp. 105-116. 

[5] Imam, B., Righiniotis, T. D. & Chryssanthopoulos, M. K., 2005. Fatigue 

assessmet of riveted railway bridges. International Journal of Steel 

Structure, 5, pp. 485-494. 

[6] Imam, B., Righiniotis, T. D. & Chryssanthopoulos, M. K., 2008. 

Probabilistic fatigue evaluation of riveted railway bridges. Journal of 

Bridge Engineering (ASCE), 13(3), pp. 237-244. 

[7] Gu, G., Kapoor, A. & Lilly, D. M., 2008. Calculation of dynamic 

impact loads for railway bridges using a direct integration method. 

Proceedings of the IMechE – Journal of Rail and Rapid Transit, 222, 

pp. 385-398. 

[8] Enochsson, O., Elfgren, L., Kronborg, A. & Paulsson, B., 2008. 

Assessment and monitoring of an old railway steel truss bridge in 

northern Sweden. Proceedings of the 4th International Conference on 

Bridge Maintenance, Safety and Management. 

[9] Eurocode 1, 1991. Actions on structures, Part 2: Traffic loads on 

bridges. Brussels: European Standard EN, Volume 2, p. 2003. 

[10] Network Rail, 2006. Loading for Assessment. The Structural 

Assessment of Underbridges, Network Rail, London, Network Rail 

guidance note, pp. 1-38. 

[11] Yahya N., 2014. Dynamic amplification of metallic truss railway 

bridges under fatigue loading. PhD Thesis, University of Surrey, UK. 

[12] ABAQUS. Standard User’s Manual Version 6.8. Hibbitt Karlsson & 

Sorensen, Inc; 2009. 

[13] Kaliyaperumal, G., Imam, B. & Righiniotis, T., 2011. Advanced 

dynamic finite element analysis of a skew steel railway bridge. 

Engineering Structures, 33, pp. 181-190. 

  

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1280 

Table 1. Axial force DAFs for each individual bridge member.

Member 
DAF - 25km/hr DAF - 50km/hr DAF - 75km/hr DAF - 100km/hr DAF - 125km/hr 

OW MWs EC+MWs OW MWs EC+MWs OW MWs EC+MWs OW MWs EC+MWs OW MWs EC+MWs 

BC1 1.05 1.04 1.02 1.20 1.19 1.04 1.09 1.02 1.03 1.07 1.03 1.07 1.11 1.06 1.12 

BC2 1.01 1.02 1.02 1.10 1.11 1.04 1.02 1.01 1.01 1.03 1.03 1.04 1.06 1.06 1.09 

BC3 1.02 1.01 1.01 1.07 1.03 1.04 1.00 1.00 1.01 1.08 1.06 1.08 1.05 1.01 1.03 

BC4 1.04 1.03 1.02 1.02 1.03 1.01 1.02 1.02 1.01 1.03 1.01 1.02 1.07 1.04 1.05 

BC5 1.04 1.03 1.03 1.07 1.05 1.03 1.04 1.03 1.05 1.11 1.06 1.04 1.06 1.03 1.03 

BC6 1.02 1.03 1.01 1.09 1.06 1.03 1.02 1.02 1.01 1.05 1.08 1.06 1.11 1.07 1.09 

BC7 1.03 1.04 1.02 1.30 1.27 1.14 1.05 1.08 1.05 1.07 1.09 1.06 1.11 1.09 1.08 

DM1 1.01 1.01 1.02 1.09 1.02 1.04 1.02 1.01 1.01 1.00 1.01 1.00 1.04 1.01 1.01 

DM2 1.02 1.04 1.02 1.04 1.02 1.02 1.02 1.02 1.01 1.03 1.03 1.01 1.03 1.03 1.02 

DM3 1.15 1.08 1.04 1.18 1.07 1.07 1.04 1.07 1.06 1.06 1.14 1.13 1.07 1.07 1.08 

DM4 1.06 1.09 1.05 1.04 0.99 1.14 1.08 1.03 1.04 1.00 1.03 1.11 1.07 1.06 1.04 

DM5 1.01 1.02 1.03 1.03 1.08 1.12 0.99 1.02 1.04 1.03 1.03 1.03 1.01 1.01 1.03 

DM6 1.02 1.01 1.01 1.07 1.05 1.03 1.01 1.01 1.01 1.03 1.01 1.02 1.04 1.01 1.02 

H1 1.03 1.02 1.02 1.05 1.00 1.02 1.05 1.00 1.01 1.06 1.01 1.02 1.04 1.02 1.02 

H2 1.04 1.05 1.02 1.16 1.08 1.02 1.01 1.01 1.00 1.02 1.01 1.01 1.02 1.03 1.01 

H3 1.20 1.13 1.04 1.68 1.58 1.25 1.03 1.04 1.01 1.05 1.06 1.03 1.02 1.03 1.02 

H4 1.08 1.09 1.03 1.51 1.51 1.29 1.09 1.07 1.02 1.07 1.05 1.04 1.03 1.02 1.04 

H5 1.04 1.02 1.02 1.05 1.07 1.15 1.01 1.01 1.02 1.04 1.04 1.04 1.02 1.02 1.03 

H6 1.02 1.02 1.03 1.03 1.12 1.11 1.04 1.01 1.03 1.02 1.03 1.04 1.03 1.01 1.03 

EP1 1.02 1.00 1.00 1.07 1.01 1.01 1.01 1.01 1.02 1.02 1.01 1.02 1.01 1.01 1.02 

EP3 1.00 1.01 1.00 1.03 1.02 1.02 1.01 1.02 1.02 1.07 1.02 1.03 1.00 1.01 1.01 

 

 Table 2. Bending moment DAFs for each individual bridge member. 

Member 
DAF - 25km/hr DAF - 50km/hr DAF - 75km/hr DAF - 100km/hr DAF - 125km/hr 

OW MWs EC+MWs OW MWs EC+MWs OW MWs EC+MWs OW MWs EC+MWs OW MWs EC+MWs 

S1 1.07 1.02 1.03 1.17 1.01 1.04 1.04 1.01 1.02 1.04 1.03 1.05 1.02 1.04 1.04 

S2 1.06 1.05 1.05 1.25 1.09 1.07 1.01 1.03 1.03 1.03 1.06 1.06 1.06 1.07 1.06 

S3 1.04 1.08 1.06 1.10 1.05 1.07 1.05 1.01 1.02 1.06 1.02 1.04 1.02 1.03 1.00 

S4 1.03 1.06 1.03 1.08 1.03 1.01 1.04 1.03 1.03 1.03 1.05 1.07 1.07 1.03 1.04 

S5 1.04 1.04 1.04 1.03 1.17 1.03 1.04 1.03 1.05 1.04 1.07 1.05 1.04 1.03 1.04 

S6 1.03 1.01 1.03 1.04 1.03 1.03 1.04 1.00 1.03 1.02 1.04 1.03 0.98 1.04 1.07 

S7 1.06 1.07 1.07 1.05 1.07 1.11 1.06 1.04 1.04 1.05 1.13 1.12 1.05 1.07 1.07 

[9] 1.07 1.09 1.12 1.15 1.18 

[10] 1.05 1.10 1.15 1.17 1.18 

FB2 1.02 1.03 1.03 1.03 1.03 1.03 1.08 1.04 1.05 1.04 0.99 0.99 1.03 1.04 1.05 

FB3 1.09 1.01 1.05 1.12 1.05 1.16 1.16 1.03 1.03 1.06 1.02 1.02 1.04 1.01 1.02 

FB4 1.05 1.03 1.03 1.16 1.04 1.05 1.05 1.05 1.04 1.04 1.03 1.02 1.03 1.04 1.05 

FB5 1.05 1.06 1.04 1.06 1.05 1.07 1.02 1.02 1.04 1.10 1.03 1.03 1.04 1.04 1.06 

FB6 1.05 1.01 1.02 1.08 1.12 1.12 1.08 1.05 1.05 1.05 1.04 1.04 1.07 1.05 1.06 

FB7 1.03 1.04 1.05 1.06 1.09 1.04 1.07 1.03 1.05 1.14 1.04 1.05 1.05 1.06 1.11 

[9] 1.07 1.09 1.12 1.15 1.18 

[10] 1.06 1.11 1.17 1.19 1.20 

 

 
Table 3. Fatigue damage ratios (FDR) for the MW load model under different velocities. 

Member 

25 km/hr 50 km/hr 75 km/hr 100 km/hr 125 km/hr 

Case 

A 

Case 

B 

Case 

C 

Case 

A 

Case 

B 

Case 

C 

Case 

A 

Case 

B 

Case 

C 

Case 

A 

Case 

B 

Case 

C 

Case 

A 

Case 

B 

Case 

C 

S1 1.33 1.17 0.95 2.09 1.94 1.34 1.22 1.14 0.69 1.25 1.10 0.62 1.18 1.07 0.51 

S2 1.41 1.13 1.01 2.35 1.50 1.51 1.14 0.96 0.64 1.55 1.18 0.77 1.37 1.03 0.59 

S3 1.48 1.00 1.06 1.62 1.28 1.04 1.20 1.14 0.68 1.30 1.16 0.65 1.17 1.07 0.50 

S4 1.41 1.07 1.01 1.58 1.34 1.01 1.25 1.10 0.71 1.34 1.03 0.67 1.26 0.91 0.54 

S5 1.26 1.06 0.91 1.73 0.78 1.11 1.17 1.01 0.66 1.60 1.15 0.79 1.16 0.95 0.50 

S6 1.22 1.17 0.88 1.30 1.14 0.83 1.35 1.36 0.76 1.26 1.05 0.63 1.34 1.45 0.58 

S7 1.38 0.98 1.00 1.40 1.02 0.90 1.35 1.11 0.76 1.67 0.91 0.83 1.46 1.17 0.63 

FB2 1.19 1.03 0.87 1.25 1.08 0.81 1.43 1.19 0.82 1.05 1.08 0.53 1.40 1.16 0.61 

FB3 1.18 1.11 0.86 1.58 1.23 1.03 1.53 1.32 0.88 1.32 1.19 0.67 1.16 1.11 0.51 

FB4 1.20 1.05 0.88 1.50 1.23 0.98 1.40 1.09 0.81 1.15 1.01 0.58 1.30 1.07 0.57 

FB5 1.48 1.11 1.08 1.44 1.15 0.94 1.18 1.06 0.68 1.45 1.24 0.73 1.50 1.21 0.65 

FB6 1.16 1.10 0.85 2.16 1.21 1.41 1.57 1.25 0.90 1.45 1.18 0.73 1.34 1.05 0.59 

FB7 1.37 1.14 1.00 1.70 1.10 1.11 1.63 1.41 0.94 1.46 1.20 0.74 1.61 1.17 0.70 
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ABSTRACT: Deflection limits are currently used in the highway bridge industry to indirectly limit the amount of vibration 

induced under normal operating loads. These limits were established based on subjective human responses to out-dated structure 

types, and have been found to have no correlation to the actual vibration behavior or structural longevity of a bridge. Bridge 

designers desiring to take advantage of High Performance Steel (HPS) materials are often unnecessarily forced to use heavier 

girder sections to meet these deflection criteria. This study will examine the effects of modifying the mass and stiffness of the 

main elements of a HPS bridge to ensure that its vibration levels are within tolerable limits, despite such elements being in 

violation of the proposed deflection criteria. The analysis will use the grillage method based on a dynamic bridge-road-vehicle 

interaction system to establish peak accelerations for typical HPS bridges. Parameters such as deck thickness and girder moment 

of inertia will then be adjusted to bring the vibration levels of the structure to an equivalent level as if the bridge were designed 

using conventional materials and satisfied deflection limits.  The results of the analysis show that a structure can be in violation 

of the proposed deflection criteria while still exhibiting favorable vibration performance. 

KEY WORDS: Bridge, Vibration, Deflection, AASHTO, High Performance Steel. 

1 INTRODUCTION 

Research and development efforts in the early 1990’s led to 

the introduction of High Performance Steel (HPS), which is 

available today in yield strengths of 345 MPa, 485 MPa, and 

690 MPa.  Bridge owners and designers quickly recognized 

the benefits of this material for its high strength-to-weight 

ratio, toughness, weldability, and increased corrosion 

resistance.  These properties can produce bridge designs with 

lighter (shallower) supporting members and fewer splices, 

generating cost savings for owners with ever-diminishing 

budgets.  However, traditional deflection limits imposed by 

many bridge owners often prevent designers from taking full 

advantage of HPS properties, resulting in non-uniformity in 

design outcomes. 

Modern deflection criteria is predominantly based on non-

rational observations passed down from the railroad bridge 

industry in the early 20th century.  Railroad engineers were 

forced to adhere to stringent deflection limits to prevent rail 

car wheels from disengaging the tracks under excessive 

vibration.  However, these limits were not rationally derived, 

as they were established from a collection of empirical case 

studies.  The AASHTO recommended L/800 was originally 

proposed in the 1930s when the Bureau of Public Roads 

conducted a survey of a set of sample bridges (the majority 

constructed of wooden deck planks and superstructure pony 

trusses or pin-connected through-trusses) that were found to 

have questionable vibrations based on subjective human 

responses [1].  The L/1000 limit for pedestrian traffic is even 

farther from rational beginnings, when in 1960 the complaint 

of a wealthy women contending that the vibration of a bridge 

had awakened her sleeping baby as they crossed, sparked 

immediate action from state engineers to further tighten the 

allowable limits on bridge deflection [2].   

Requiring bridge designers to adhere to outdated criteria 

that has no rational founding or measurable positive results in 

terms of increased durability or serviceability severely limits 

what can be built using modern advances in material and 

construction technology.  Additionally, there is no general 

consensus on what the deflection criteria should actually be.  

A survey conducted in 2004 showed that a wide variation 

exists between U.S. state deflection criteria, with some states 

requiring L/1600 and others using L/800 [3].  Furthermore, 

major differences exist in the loading used to compute the 

deflection.  For example: 

 

 One state solely uses the standard truck;  

 16 states use the standard truck plus impact; 

 17 states use the standard truck plus lane load plus 

impact; and 

 One state uses lane load only plus impact. 

 

Clearly, current deflection limits offer no consistent benefit 

for increasing the serviceability of U.S. bridges, and in the 

case of HPS, can actually prevent owners from fully 

economizing their structures.  Limiting a bridge’s deflection 

has been shown to not control the vibration and acceleration 

for objectionable human response.  However, there is a need 

to establish criteria that aids in directly controlling vibration 

rather than deflection. 

1.1 Scope 

This study will further highlight the disconnect between 

deflection limits and vibration control for HPS bridges.  The 

study will consider a traditional composite slab-on-girder 

bridge.  Based on measured field data, a bridge-road-vehicle 

Comparison of deflection and vibration limits for high performance steel bridges 
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model will be calibrated using the grillage method for this 

sample structure. 

Using the grillage model, girder spacing, span length, and 

roadway width will be held constant for the parametric design 

of HPS girders of different grades and slab thicknesses.  

Grades of 345W, 485W, and 690W will be investigated.  

Attempts will be made to bring HPS designs in violation of 

deflection limits to vibration levels comparable to designs of 

lower grades. 

2 BACKGROUND 

2.1 Past Research 

In 1958, the American Society of Civil Engineers (ASCE) 

Committee on Deflection Limitations of Bridges of the 

Structural Division [1] investigated the effect of the deflection 

limit on deleterious structural effects such as fatigue effects 

from excessive vibration, excessive stresses due to dynamic 

loads, and excessive deformation stresses resulting directly 

from deflection or joint rotation.  They also gathered 

information from pedestrians and vehicle occupants on human 

perceptions of bridge vibration.  Whereas the bridge motion 

itself can be directly attributed to the response of a pedestrian, 

vehicle occupants are also subjected to vehicle suspension 

interactions.  The study found no evidence of serious 

structural damage that could be inferred from excessive live-

load deflection or vibration.  The committee noted that the 

original deflection limit that was proposed for structures was 

unlike what was currently being constructed.  Different 

superstructure designs and increased traffic loading were not 

accounted for when the limit was determined. 

The ASCE Committee also investigated the beginnings of 

live load deflection limits.  They determined that vertical 

bridge deflections were first limited in 1871 when the 

specifications for the Phoenix Bridge Company limited the 

passage of a train traveling at 30 mph to 1/1200 of the span.  

Then, in 1905, the American Railway Engineering 

Association (A.R.E.A) limited depth-to-span ratios for pony 

trusses and plate girders to 1/10 and 1/12 for rolled beams and 

channels, respectively.  This indirectly controlled vertical 

deflections and accelerations.  Following the ratios established 

by A.R.E.A., the Bureau of Public Roads specified similar 

ratios in 1913, which were later adopted in the first edition of 

A.A.S.H.O (now AASHTO) in 1924.  The current L/800 limit 

was established in 1936 by the Bureau of Public Roads, 

following a study conducted to address complaints of 

objectionable vibration on steel highway girder bridges. 

A 1970 survey conducted by Oehler [4] polled state bridge 

engineers on the effects of bridge vibration on pedestrians and 

vehicle passengers.  Approximately 35% of the responses (out 

of 41) indicated that there were issues with vibration, 

primarily on continuous, composite bridges.  Additionally, the 

survey showed that only pedestrians or parked vehicles on 

bridges had objections to vibration, and that the limit of 

vibration found to be objectionable was obviously subjective 

and varied extensively.  Oehler recommended the replacement 

of the AASHTO deflection limit on the basis of controlling 

bridge stiffness under three groups: 

 

1. Bridges subject to vehicular traffic only should not 

have to adhere to any deflection limits.  Stress 

restrictions should control. 

 

2. Bridges that allow pedestrian access and vehicle 

parking in urban areas should have a minimum 

stiffness of 35 kN/mm deflection. 

 

3. Bridges that permit fishing benches should follow the 

guidelines of Group 2, and also have 7.5% critical 

damping. 

 

Wright and Walker investigated the effect of bridge 

slenderness and flexibility on human response to vibration and 

serviceability[5].  They concluded (a further confirmation of 

Oehler’s survey) that human response to bridge motion is a 

matter of comfort rather than safety.  Drivers in moving 

vehicles are unaffected by bridge vibration, and current 

restrictions on flexibility do not effectively limit the dynamic 

component of acceleration.   

Wright and Walker also noted that the human reaction to 

vibration is attributable to the peak acceleration of the 

dynamic component in deflection.  Their study included the 

review of past research done on the tolerable limits of 

acceleration on human beings, and developed criteria 

applicable to the majority of people.  As shown in Figure 1, 

the authors determined the peak acceleration value for 

different girder flexibilities, and graphed them in relation to 

the human response limits. 

 

 
 

Figure 1. Human response to flexibility of girders. [5] 

 

The dynamic component of acceleration in the fundamental 

mode of vibration was suggested to be limited to 2500 

mm/sec2 (approximately 0.25 gravity).  This was based on 
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previous research that surveyed elevator comfort limits.  

Accelerations of 0.30g (2950 mm/sec2) for a duration of 1 to 5 

seconds were unpleasant to some.  However, the authors noted 

this limitation may still be in doubt since tolerable motions are 

a question of human psychology.  Clearly perceptible motions 

do not disturb humans when they walk, dance, or ride in 

vehicles or elevators because the motions are anticipated.  

Educating pedestrians on expected bridge motions could allow 

this limit to be increased. 

Wright and Walker also investigated the effect of bridge 

flexibility and deflection on deck deterioration.  There are 

four main types of deck deterioration: spalling, surface 

scaling, transverse cracking, and longitudinal cracking.  

Reinforcement corrosion and freeze/thaw cycles of the 

concrete cause spalling; and scaling is caused by improper 

finishing and curing of the concrete.  The most common form 

of deck deterioration, transverse cracking, is attributable to 

plastic shrinkage of the restrained deck, settlement around the 

top mat of reinforcement, long term flexure of continuous 

spans, and traffic induced fatigue.  Longitudinal cracks occur 

as a result of poor mix design, temperature changes, live load 

effects, or a reflection of shrinkage cracking [6].  The authors 

found no evidence to associate spalling, scaling, or 

longitudinal cracking to girder flexibility (i.e. deflection and 

vibration). 

Goodpasture and Goodwin produced another study [7] in 

1971 which focused on the relationship between deck 

deterioration and live-load deflection.  Twenty-seven bridges 

were studied to determine which type of bridges exhibited the 

most deck cracking.  Multiple types were documented, 

including plate girder, rolled beams, concrete girders, 

prestressed girders, and trusses.  Significant attention was put 

on continuous steel girder bridges, as they were found to 

exhibit the most cracking.  These steel bridges were then 

evaluated to determine the effect of superstructure stiffness on 

transverse cracking.  Ultimately, the study found no 

correlation between girder flexibility and transverse cracking 

intensity.  

Another study by Fountain and Thunman [2] also supports 

the allegation that deflection limits show no positive effect on 

bridge strength, durability, safety, maintenance, or economy.  

The study questioned the benefits of the AASHTO deflection 

criteria because the dynamic response of a bridge changes 

very little as flexibility increases, due to the lateral 

distribution of loads to adjacent girders.  Flexural stresses in 

the negative moment regions of continuous spans can be 

accurately predicted and reinforcement provided to control 

crack width.  It recommended modification to the language in 

the AASHTO specification to place increased emphasis on 

using alternative methods to establish flexibility limits when 

the standard requirements have a negative impact on the 

economy of the design.   

2.2 Current Research 

Recent studies have also tried to correlate excessive live-load 

deflections with increased structural damage or excessive 

vibration to no avail.  A comprehensive report [3] performed 

an extensive literature review and parametric study on current 

live load deflection criteria.  Several important conclusions 

were drawn from the investigation: 

 

1. Design economies can be significantly impacted by 

the application of the existing AASHTO deflection 

limits on steel I-girder bridges made of HPS 485W 

steel. 

 

2. A large number of bridges are damaged by bridge 

deformation, however this deformation arises from 

differential deflections between adjacent members, 

local rotations, and deformation from bridge skew 

and curvature.  The L/800 limit is a poor means of 

controlling this deformation. 

 

3. There are bridges that satisfy the existing deflection 

limits, yet provide poor vibration performance.  

Additionally, there are bridges which fail the existing 

deflection limit, yet provide good vibration comfort 

and serviceability. 

 

The authors of the study went on to recommend the 

eventual removal of the live-load deflection criteria from the 

AASHTO specifications, following the research and 

documentation of direct vibration frequency and amplitude 

controls.  This would assure pedestrian and vehicle occupant 

comfort and structural damage control. 

Boothby and Laman developed an analytical model to 

evaluate the cumulative damage caused by FHWA vehicle 

classes to concrete bridge decks [8].  The mechanical damage 

caused by live loading was compared against environmental 

factors to produce an expected lifetime and cost allocation 

program.  Although their literature review found 

contradictions with regard to the influence of vehicle loading 

on bridge deck fatigue, they concluded that environmental 

factors play a significantly larger role in deck deterioration 

than live loading. 

3 GRILLAGE ANALYSIS METHOD 

3.1 Slab-On-Girder Bridge 

The typical slab-on-girder bridge, as shown in Figure 2 can be 

modeled using a method call the grillage model.  This study 

utilizes a computer program developed by Ming Liu at 

Rutgers University to accurately compute maximum bridge 

accelerations and deflections using the grillage method [9].  

The program contains input for bridge structure geometry and 

cross-sectional properties, roadway roughness profiles, and 

vehicle loading criteria.  When compiled, the three-

dimensional criteria is applied to a one-dimensional assembly 

of transverse and longitudinal beams capable of capturing the 

dynamic response of the structure. 

 

 
Figure 2. Typical Slab-on-Girder superstructure. 
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3.2 Bridge Input 

The grillage model reduces a three-dimensional bridge 

structure into a series of interconnected one-dimensional 

beams.  The beams have flexural bending stiffness in addition 

to torsional stiffness.  The longitudinal elements are typically 

placed coincident with the centerlines of the bridge girders 

and are assigned properties representative of a composite 

beam with an effective tributary slab width.  If applicable, 

longitudinal edge elements also capture the stiffness and mass 

effects of a barrier parapet.  Transverse elements are modeled 

as equivalent slab beams.  Cross-frames can be modeled 

similar to the longitudinal girder elements, however, the 

majority of the transverse elements will be simple slab 

“panels” that have significantly less stiffness than the girders.  

As such, the transverse elements should be divided into as 

many equivalent slab beams as possible to greater capture 

actual load path of the structure.  Figure 3 shows the typical 

cross-section properties for a grillage member. 

 

 
 

Figure 3. Cross-section properties for grillage member. [9] 

 

Following the input of the bridge geometry, support 

conditions, element flexural and torsional stiffnesses, and 

mass distribution, the program then assembles mass [m] and 

stiffness [k] matrices based on a global coordinate system.  A 

value for damping is also input, allowing the program to 

assemble a damping matrix [c] and completing a full 

definition of the dynamic attributes of the structure.  The 

global dynamic equation for a structure subjected to wheel 

loads can then be created following: 

 

       Fxkxcxm     (1) 

 

Where: 

 

 [F] = loading matrix 

  x  = acceleration matrix 

  x  = velocity matrix 

              x  = displacement matrix 

 

3.3 Road Roughness Input 

Uneven finishes on bridge roadways can cause increased 

vehicular dynamic load effects, thereby increasing the 

maximum acceleration response that a structure will see.  The 

program has the capability to model a roughness profile under 

the wheel line of each vehicle.  The profile is randomly 

generated using a stationary Gaussian process.  The random 

amplitudes of the profile can be limited within ranges to 

create different scenarios for smooth, moderate, and severe 

roadway conditions.    

3.4 Vehicle Input 

Figure 4 shows how the program models the vehicular 

loading.  The program uses a five-axle semi tractor-trailer for 

the purposes of applying load to the bridge elements.  It 

assumes the truck is composed of three parts: tire, suspension, 

and truck body.  The truck body and axles are represented as 

rigid bodies connected to non-linear springs that dissipate 

energy during each cycle of oscillation, i.e. a suspension 

system.  The truck tires are modeled as linear springs with a 

constant stiffness. 

 

 
Figure 4. Vehicle model. [9] 

3.5 Output/Processing 

Following inputting all the necessary information into the 

program, it will then provide the user with detailed stress, 

strain, deflection, and acceleration data at select node 

locations. 

4 GRILLAGE MODEL DEVELOPMENT 

4.1 Sample Test Bridge 

The sample structure used in this study is a single span, 

welded steel plate I-girder bridge with a precast panel deck 

and bituminous overlay.  The cross-section is composed of 

five, grade 320 MPa, 2200 mm deep girders spaced at 2.6 m 

center-to-center with 1.1 m overhangs.  The precast, post-

tensioned slab panels are 215 mm thick with an 80 mm thick 

overlay on top.  The out-to-out width of the structure is 12.6 

m and it carries two 3.6 m lanes of traffic with a 3 m shoulder.  

The bridge spans 38.8 m from centerline of bearing to 

centerline of bearing and has five different types of girder 

geometry.  Web thickness remains constant throughout the 

span at 13 mm, however top and bottom flange widths and 

thicknesses vary throughout.  The bridge spans perpendicular 

to the abutments and has no skew.  Table 1 displays the girder 

section properties for the structure.  A Jersey-shaped barrier 
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parapet is present on the structure.  It is 1065 mm high and 

450 mm wide at the base where it connects with the deck.  

Intermediate diaphragms, spaced at 5 m throughout the span, 

alternate between a single-angle K-brace and 1.8 m deep 

built-up plate diaphragms.   

 

Table 1. Sample structure girder dimensions. 

 

Girder 

Section 

Web 

Depth 

Web 

Thickness Top Flange 

Bottom 

Flange 

(mm) (mm) 

bf 

(mm) 

tf 

(mm) 

bf 

(mm) 

tf 

(mm) 

1 2200 12 480 18 480 20 

2 " " " 22 480 20 

3 " " " 22 650 24 

4 " " " 28 650 24 

5 " " " 28 650 30 

 

4.2 Testing Vehicle and Instrumentation Layout 

The testing vehicle used for the field monitoring 

measurements was a three-axle truck with axle loads of 130 

kN, 89.5 kN, and 89.5 kN.  The axles were spaced at 4.93 m 

and 1.34 m, and located 1.88 m apart.  The sensor hardware 

contained two Linear Variable Differential Transformers 

(LVDT), two accelerometers, and one laser displacement 

meter.  A data acquisition system was also used to capture all 

the data simultaneously and stored on-site using a laptop 

computer.  Figure 5 shows how the sensors were positioned 

on the bridge.  For the purposes of this study, it should be 

noted that only the LVDT and accelerometer data will be used 

in the model calibration. 
 

 
Figure 5.  Sensor layout. 

 

The test truck was run across the bridge at three different 

speeds (10 km/h, 40 km/h, and 80 km/h) in each lane, and in 

each direction for a total of twelve separate test runs. 

 

4.3 Model Assumptions/Idealizations 

Several assumptions were used when calibrating the grillage 

model with the test data: 

 

1. No information was taken in the field as to the exact 

position of the test truck in the lane for each run.  

The truck was assumed to be located at the center of 

each lane.  Additionally, the model started the truck 

movement approximately 2.5 m behind the start of 

the bridge.  This was to allow the  suspension system 

of the vehicle to fully development its dynamic 

response. 

 

2. It is a well-known fact that the barrier parapet of a 

bridge increases the stiffness of the superstructure 

and plays a role in reducing bridge deflections.  For 

this model, the barrier mass and stiffness was linearly 

added to the mass and stiffness of the exterior girder.  

This approach is reasonable considering the 

relatively wide girder spacing, any effects on the first 

interior girder would be negligible. 

 

3. The overlay thickness was included as part of the  

mass and stiffness of the deck.  From a mass 

perspective, this assumption is valid.  However, 

assuming the overlay is fully composite with the 

precast deck panels could be considered disputable.  

Based on preliminary model trial runs, there is a 

degree of composite action between the deck and 

overlay.  Implementing this assumption into the 

model increased the accuracy of the results, and will 

therefore remain. 

 

4. In an effort to limit the amount of modeling required, 

only the test runs for the Southbound direction (in 

Lanes 1 and 2) were used for calibration purposes.  It 

was assumed running the truck in the opposite 

direction would produce very similar results due to 

the symmetry of the structure. 

 

5. The grillage program cannot model a K-brace 

diaphragm due to its inherent 2-D idealization of 

superstructure elements.  An equivalent section was 

assumed with identical mass and stiffness based on a 

truss analysis of the diaphragm. 

 

6. Limited details were provided for how the precast 

deck panels were connected to the girders.  It was 

assumed shear stud pockets were provided and 

grouted during construction, effectively making the 

section composite.  The model assumes 100% 

composite action between the slab and girders. 

 

7. The structure was assumed to have 6% damping. 

 

4.4 Calibration Results 

The model produced results very close to the measured field 

data, particularly with the higher speed test (80 km/h).  Since 

acceleration test data was not supplied for this study, only the 
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deflection values could be compared to the modeled results, 

which are presented below in Table 2.   

 

Table 2. Summary of model calibration results. 

 

 
Test Case 

LVDT2 

(mm) 

LVDT1 

(mm) 

Accel 

1 

(cm/s
2
) 

Accel 

2 

(cm/s
2
) 

L
a
n

e 
1
 S

o
u

th
b

o
u

n
d

 

L1-80-SB 1.114 1.064 20.16 15.7 

Model 1.098 0.542 23.65 17.56 

Difference -1% -49% 17% 12% 

          

L1-40-SB 1.105 1.14 8.25 6.35 

Model 1.116 0.53 13.12 8.19 

Difference 1% -54% 59% 29% 

          

L1-10-SB 1.094 1.067 4.78 4.07 

Model 1.137 0.544 11.76 9.75 

Difference 4% -49% 146% 140% 

            

L
a
n

e 
2
 S

o
u

th
b

o
u

n
d

 

L2-80-SB 0.843 2.047 13.04 15.04 

Model 1.032 1.646 10.82 21.91 

Difference 22% -20% -17% 46% 

          

L2-40-SB 0.952 2.448 7.43 16.35 

Model 1.023 1.635 5.88 16.27 

Difference 7% -33% -21% -1% 

          

L2-10-SB 0.955 2.406 4.12 6.12 

Model 1.051 1.609 7.9 9.9 

Difference 10% -33% 92% 62% 

 

A few things should be noted regarding the results: 

 

1. Sensor LVDT-2 produced much closer results to 

sensor LVDT-1 for all test cases.  This could be due 

to the effect of the barrier parapet on the exterior 

element’s stiffness.  However, while the percentage 

difference in sensor LVDT-1 seems to be large 

(greater than 50% in some cases), it is important to 

notice the difference is on the order of less than one 

millimeter.  Calibrating a model to this level of 

accuracy is excessive and not practical for the 

purposes of this study. 

 

2. Acceleration values for the 10 km/h truck did not 

closely match the values of the model.  This is 

acceptable when analyzing the entire set of results.  

The goal of this study is to investigate the effects of 

live load vibration.  A truck moving 10 km/h is not 

likely to generate excessive vibrations worth 

studying.  Additionally, as mentioned above, the 

magnitude of difference between the actual and 

modeled values is not very high.  For example, in 

case SS-L1-10-SB for sensor Accel 1, a difference of 

6.98 cm/s2 produces an error of 146%.  While this 

may seem like a lot, the value is actually negligible 

when compared to the noticeable human vibration 

limit of 127 cm/s2 [5].  

5 PARAMETRIC STUDY 

5.1 HPS Bridge Designs 

Using the span length of the sample structure, girder spacing, 

and overhang/barrier parapet arrangement, a series of designs 

were performed using the rapid steel girder design software 

MDX in accordance with the latest AASHTO specifications.  

The bridge was first redesigned using Grade HPS-345W steel 

with a 205 mm thick composite concrete deck.  This resulted 

in a much shallower section and a weight savings of over 

20%.  The design satisfied all AASHTO criteria including live 

load deflection.  This section was then used as a basis for 

which to compare the rest of the parametric results, under the 

assumption that since the live load deflection criteria was 

satisfied, vibration effects would be controlled.   

The bridge was then re-designed again to satisfy all 

AASHTO criteria, except the AASHTO recommended 

deflection limit of  L/800, which allowed for a shallower 

section to be used.  Designs utilizing a 230 mm, 255 mm, and 

280 mm deck were then checked using the girder section 

produced from the 205 mm deck design. 

This process of designing the bridge for an 230 mm deck 

slab and then checking for 230 mm, 255 mm and 280 mm 

deck thicknesses was repeated for a hybrid steel girder section 

(HPS-485W flanges; HPS-345W web), and grade 690W steel 

section resulting in thirteen total designs.  As anticipated, each 

increase in steel grade resulted in a shallower girder section.  

For each design, the maximum performance ratio (flexure 

controlled) was recorded in addition to the calculated 

deflection using the AASHTO recommended procedure of 

loading the structure with the maximum of a) the HS-20 

design truck or b) 25% of the design truck plus lane loading.  

All girders were assumed to deflect equally and impact was 

included.  Table 3 presents the girder section designs for 

various steel grades used in the parametric study and the 

corresponding maximum performance ratio 

(demand/capacity) and live load deflection.  It should be noted 

that only the girders were designed in this study, diaphragms 

were not checked although their section properties were 

adjusted based on the web depth of the girders. 

The design results in Table 3 are as expected.  The flexural 

performance ratio increased with increasing slab thickness as 

the girder was required to support a larger dead load, thereby 

raising the demand while capacity remained constant.  The 

maximum live load deflection decreased with increasing slab 

thickness as the composite section was made stronger.  Figure 

6 graphs the recorded live load deflection with relation to the 

slab thickness.  The AASHTO L/800 deflection limit is also 

shown, which for this structure was determined to be 48.5 

mm. 
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Table 3. HPS girder design results (Starred values indicate 

AASHTO deflection violation).  

 

 
 

 

 
 

Figure 6. Graph of HPS design deflections vs. slab 

thickness. 

5.2 Dynamic Modeling 

Following the completion of the design of a suite of different 

HPS bridges, each was modeled using the dynamic grillage 

program.  Since the major geometry was not changed from the 

sample structure used for calibration, only the section 

properties of the elements needed to be changed.  Transverse 

diaphragm element section properties were adjusted according 

to the web depth of the girder.  The same truck and road 

roughness profile was used from the sample structure 

calibration model. 

Each of the thirteen designs were tested under six separate 

loading conditions: each truck traveling southbound in each 

lane for speeds of 10, 40, and 80 km/h.  The maximum 

acceleration out of all six cases was then recorded and is 

presented in Table 4.  The original HPS-345W design that 

satisfied the AASHTO deflection criteria produced a 

maximum acceleration of 59.2 cm/sec2. 

The results follow closely to the anticipated behavior.  A 

thicker deck section produced a decrease in the maximum 

acceleration.  Additionally, a higher grade material (i.e. 

shallower section) produced an increase in the maximum 

acceleration. 

 

Table 4. Maximum acceleration for HPS bridges. 

 

Slab 

Thickness 

(mm) 

Maximum Acceleration (cm/sec
2
) 

HPS-

345W 

HPS-

485W 

(Hybrid) 

HPS-

690W 

205 73.08 79.20 90.40 

230 70.10 73.38 76.25 

255 61.80 62.64 60.68 

280 58.60 60.78 58.42 

 

It is important to note that none of the parametric bridges 

exhibited accelerations over the “unpleasant” limit of 130 

cm/sec2 as derived by Wright and Walker.  This could be due 

to the truck configuration and road roughness profile used in 

this study.  These results should be viewed only within the 

context of the assumptions made.  The maximum acceleration 

these bridges may see could vary greatly over time as the deck 

surface deteriorates and traffic loading becomes heavier. 

However, the goal of this study is to emphasize the 

irrational role deflection limits play in HPS bridge design.  

The primary results of the parametric study can be shown in a 

graph of the maximum acceleration for each design case, 

which is presented in Figure 7 below. 

 

 
 

Figure 7. Maximum acceleration vs. slab thickness for 

various HPS bridge designs. 

 

Two important conclusions can be drawn from this figure: 

 

1) While all designs violated the AASHTO deflection 

criteria (except case 5), none exceeded the 

unpleasant acceleration limit, indicating that the 

deflection limit does not correlate with maximum 

vibration.  Despite the reported values not 

necessarily representing the lifetime maximum 

ts (mm) D (mm) tw (mm)

1 HPS-345W 205 1270 25 0.953 46.140.00

2 HPS-345W 205 1115 25 0.918 55.61*

3 HPS-345W 230 " " 0.935 51.73*

4 HPS-345W 255 " " 0.952 48.60*

5 HPS-345W 280 " " 0.983 44.850.00

6 HPS-485W 205 1015 25 0.936 77.41*

7 HPS-485W 230 " " 0.945 71.55*

8 HPS-485W 255 " " 0.973 66.24*

9 HPS-485W 280 " " 0.998 61.45*0.00*

10 HPS-690W 205 890 25 0.941 101.60*

11 HPS-690W 230 " " 0.951 93.15*

12 HPS-690W 255 " " 0.963 85.56*

13 HPS-690W 280 " " 0.977 78.78*

Max Perf. 

Ratio

AASHTO 

Deflection 

(mm)

Design 

No.
Grade

Slab 

Thickness

Web 

Depth

Web 

Thickness
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acceleration these bridges may see, the trend still 

disassociates the deflection limit with vibration 

control. 

 

2) All designs with a 205 mm thick slab had higher 

acceleration values than the original HPS-345W 

design (which met AASHTO deflection criteria).  

However, by increasing the slab thickness for each 

girder section, the maximum acceleration value 

converged back to the down to the original level.  

This suggests that despite failing to meet the 

deflection limit, all designs were able to achieve the 

same level of vibration as the first structure. 

6 CONCLUSIONS 

This study used a dynamic bridge-road-vehicle grillage 

analysis program to compare the interaction of live load 

deflection limits and vibration levels.  A sample structure was 

first modeled and calibrated using field measured data.  

Working from the initial model, a parametric study was 

performed on a series of AASHTO-designed High 

Performance Steel girder bridges.  Structures using steel 

girders of grades 345, 485, and 690 MPa with deck 

thicknesses ranging from 205 mm to 280 mm were designed 

in accordance with all code provisions barring the 

recommended deflection criteria.  The grillage program was 

then used to determine the maximum acceleration experienced 

by each design. 

The results show that the AASHTO recommended 

deflection limit of L/800 provided no control on the vibration 

levels of the structures.  All designs, while violating the 

deflection criteria, displayed maximum acceleration values 

well under what a typical human response would consider 

uncomfortable.   

Additionally, a design was performed for a Grade 345 

structure that complied with the AASHTO deflection limit.  

The maximum acceleration this structure exhibited was 

achieved by each of the designs in violation of the deflection 

limit.  Increasing the deck thickness on designs which used a 

shallower section significantly reduced the amount of 

vibration experienced. 
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ABSTRACT: In order to analyze effectively the response of the members of railway reinforced concrete rigid frame viaduct to 

the vibration, we have developed a new analysis method. It divides the whole railway system into vehicles / track model, and the 

track / structure model. Using these models, we examined the influence of various parameters of the vehicle, track and structure 

on the structure member vibration. As a result, the following has become clear. For example, for 20Hz or more, unsprung mass 

has a great influence on response of structure member. For 20-100Hz and 150Hz or more, rail surface roughness, for 60Hz or 

more, the stiffness of the track pad, for less than 60Hz, the stiffness of the slab of structure and so on, have great influence on 

structure member vibration respectively. 

KEY WORDS: Structure member vibration; Structure born sound; High speed train, interaction 

1 INTRODUCTION 

Structure born sound is generated as a result of a varying 

acting force (hereafter called an “excitation force”) generated 

by a railway train running on track irregularity of the order of 

several micrometers, always existing on the surfaces of the 

wheel treads and the rail heads, and also by track 

displacement that has a wavelength of the order of several 

meters in the direction of the railway track, causing the wheels 

and the rails to vibrate. This vibration is transmitted to the 

track structure consisting of sleepers and track slabs, and also 

to the civil engineering structure (girder bridges, viaducts, 

truss bridges and so on) that supports the track, causing sound 

to be radiated from the vibrating surfaces of the various 

members. Structure born sound generated from concrete rigid 

frame viaducts or other types of concrete bridges are mainly 

comprised by the frequency components in the range between 

several tens of Hz to 1000 Hz, and it is said that in the case of 

a high-speed railway the dominant zone in this frequency 

range lies below 200 Hz [1], [2]. 

Many researches have already been carried out concerning 

structure born sound. However, regarding rigid frame viaducts 

made of steel reinforced concrete (hereafter called “RC”) and 

their structure members, there are few cases where structure 

born sound raises an environment problem, accordingly no 

systematic studies have been carried out to date. However, in 

recent years, the drastic increase in the speed of trains has 

brought about concerns that RC bridges, which have been 

considered to generate little structure born sound, are also 

likely to generate structure born sound to be reckoned with 

due to the increase in the dynamic response of the members. 

In order to develop a method of predicting structure born 

sound, the authors intend to use a coupling method consisting 

of structural analysis employing a finite element method and 

also acoustic analysis employing a boundary element method, 

as the final goal of this research. In this method, the vibration 

velocity of the structure is obtained using a finite element 

method that takes into account the dynamic interaction 

between the vehicle, track and structure; then the results are 

used as the input conditions for acoustic analysis, and the 

boundary element method is used to analyze the propagation 

of sound. The advantage of this method is to permit numerical 

experiments in which various parameters that exist in the 

propagation system for vibration and sound are incorporated. 

It is not easy to analytically calculate the vibration velocity 

of the structure member. In this research, in order to express 

the motion of vehicles and the issue of non-stationary and 

non-linear coupled vibration of vehicles and structures, a 

numerical analysis method in which a mode-converted 

equation of motion is solved using the Newmark method is 

used. In this case, however, the study must deal with not only 

a frequency region of the design of structure but also higher 

region. In other words, it must be extended to the high order 

vibration mode of the member level. In addition, it is 

necessary to appropriately select the vibration modes to be 

taken into account, the element division and the time step. 

Up until now the authors have developed a numerical 

analysis model for vibration up to about 200 Hz generated 

from an RC rigid frame viaduct which is the cause of structure 

born sound, and have first carried out studies focusing on the 

various parameters of the structure in the overall system 

composed of vehicle/track/structure [3]. 

In this research, in the coupling method consisting of the 

finite element method and the boundary element method, 

which is the final goal of research, structural analysis using 

the finite element method was selected as the target, and we 

paid attention to the following points. 

(1) In order to efficiently obtain a grasp of the effect of the 

various parameters in the vibration propagation system from 

the excitation source to the structure born sound radiation 

surface, the excitation force is obtained using the vehicle/track 

system model. The result is then input to the track/structural 

system model, and an analysis method of the vibration of the 

structure members is newly created, aiming at more efficient 

analysis. 

Analytical study on structure member vibration characteristics of  

reinforced concrete rigid frame viaduct 
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(2) To elucidate the phenomenon of vibration up to 200 Hz, 

concerning the response to each member when a high-speed 

train is passing, the above model is used. 

(3) In addition, the effect of the various vehicle, track and 

structure parameters on the vibration of the structure members 

is quantitatively evaluated. 

2 RESEARCH METHOD 

2.1 Analysis method 

Figure 1 shows the structure to be analyzed, and Table 1 

shows the material constant for each element. The structure to 

be analyzed consists of a standard 3-span RC rigid frame 

viaduct with a block length of 25 m and adjustable girders of 

10 m spans for each end. 

Figure 2 shows an outline of the analysis model. In order to 

appropriately evaluate structure born sound, it is important to 

take into consideration high order vibration modes of the 

structure members. In addition, it is necessary to excite the 

unsprung mass of the vehicle that constitutes the excitation 

source up to the high frequency region, and to reproduce the 

vibration to the high order mode of the rails the frequency of 

which exceeds 500 Hz. Until now, the entire system 

consisting of vehicle/track/structure has been modeled [3] 

(hereafter called an “integrated model”). We used the 

DIASTARSIII program for numerical analysis, which had 

been developed by the Railway Technical Research Institute 

[4], which analyzes the dynamic interaction between the 

vehicle and railway structure. However, there is a problem 

that most of the vibration modes of the structure existed in 

orders that were even lower than those of the rail vibration 

modes, so if an attempt is made to reproduce the high order 

modes of the rails, the number of orders of the vibration 

modes to be taken into account become extremely large, 

necessitating a large time to carry out each analysis. 

Consequently, although the method used to study the effect of 

each parameter individually enables a solution to be obtained, 

it is not very practical. Accordingly, the authors developed a 

new method in which the integrated model was divided the 

system into two parts, namely vehicle/track and 

track/structure (hereafter called “discrete models”), 

respectively. The vehicle/track model is used for analysis of 

the excitation force, and then input the excitation force to the 

track/structure model in order to analysis the vibration of the 

structure member. The transfer of the excitation between 

vehicle/track model and track/structure model is done using a 

constructed program which automates the pre-processing to 

the lines of excitation forces. Concretely, in the case of an 

integrated model, the vehicle/track system model of Figure 

2(a) is constructed on the excitation input line (line A) in 

Figure 2(b). In the case of discrete models, the system is 

separated into two parts on line A. This enables the number of 

degrees of freedom of analysis to be greatly reduced 

compared to the case where the entire system is analyzed at 

one time. Also, compared to the integrated model, the discrete 

models enable the analysis time to be greatly reduced and also 

high order vibration modes of the rails to be reproduced. It is 

thus an efficient and practical analysis method. Concretely, 

analysis that takes about 10 days when the integrated model is 

used can be performed in a total of less than two days when 

the discrete models are used. In the latter case, the 

vehicle/track system model enables the excitation force to be 

calculated in about one day, and the track/structure system 

model enables the excitation force to be calculated in about a 

day and a half. 

In the case of discrete models, as is the case of integrated 

models, numerical analysis using the vehicle/track system 

model was carried out using the DIASTARSIII program, 

developed by the Railway Technical Research Institute [4], 

which analyzes dynamic interaction between the vehicle and 

railway structure. Also, numerical analysis using the 

track/structure system model was carried out using the 

DIARIST general purpose structure program for the track 

structure [5]. 

 
Figure 1. Outline of the structure. 

Table 1. Material properties. 
 material constant 

Rail 60kg 

Spring constant of railpad(MN/m) 60 

Track slab 

dimension(mm) 4930×2340×190 

Young modulus 
(kN/mm2) 

31 

CA mortar 

elastic coefficient 
(N/mm2) 

3500 

Thickness(mm) 25 

RC viaduct 
Young modulus 

(kN/mm2) 
26.5 

Concrete of 
girder 

Young modulus 
(kN/mm2) 

25 

Damping Constant (ALL modes) 2% 

 
(a) Vehicles/tracks model. 

 
(b) tracks/structures model. 

Figure 2. Outlines of the analysis model. 
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As described above, the division of the overall system into 

two systems contributes to more efficient analysis, however 

there are concerns to the effect that it may not always be 

possible to reproduce the interaction that takes place in the 

entire system. However, when the response of a structure due 

to the passage of an actual train is measured, a certain amount 

of random variation exists. Details will be described later. 

Even though the overall system is divided, it was first 

confirmed that the random variations of the measurement 

results were within the specified range, and then we 

recognized the method was a practical method for studying 

the effect of a large number of parameters from a numerical 

analysis point of view. In this research, we decided to carry 

out a study using this method. 

2.2 Dynamic Model of Vehicle 

Figure 3 shows a dynamic model of vehicle, and Figure 4 

shows an outline of the axle arrangement of the vehicle. It is 

assumed that the body, bogies and wheelset are rigid bodies. 

The model of Figure 3 is a 3-dimensional model in which 

these rigid bodies are linked by springs KN and dampers CN 

(N is a suffix in Figure 3) according to their respective 

characteristics. Vehicles have 31 degrees of freedom (5 

degrees of freedom for the body, 5 degrees of freedom for the 

bogies, and 4 degrees of freedom for the wheelset). A train is 

represented by multiple vehicle models linked together by 

springs KC and dampers CC attached to the ends of the vehicle 

models. In this research, the train consisted of six general 

Shinkansen carriages, each with length of 25 m and axle load 

of roughly 60 kN.  

2.3 Dynamic Model of Track and Structure 

The track and structure were modeled using the finite element 

method. In the case of the vehicle/track system model, as 

shown in Figure 2 (a) the rail and track slabs were modeled 

using beam elements, and the track pads and the CA mortar 

beneath the track slabs were modeled using spring elements. 

In this model, the spring reaction force equivalent to the CA 

mortar was obtained, and the resulting value was input as the 

excitation force to the excitation force input line, taking into 

consideration the rail position of the track/structure system 

model and the load dispersion due to the roadbed concrete, for 

example. The spring constant of the track pad used in actual 

analysis was set to three times the nominal value, while 

making reference to the measurement value of the track spring 

constant calculated from the results of measuring the 

displacement of the left and right rails and the axle load. In the 

case of the track/structure system model, as shown in Figure 2 

(b) handrails, cantilever slabs, center slabs and beams were 

modeled using shell elements, columns were using beam 

elements. Track members were added to slabs in consideration 

of weight alone. From a prior study, it was found that the 

effect on the response of a member in the frequency region 

(roughly above 20 Hz) that contributes to structure born sound 

was small, even when the footing beam or the ground was 

modeled. For this reason, it was decided to omit their 

modeling, and assume that the bottom end of the column is 

fixed. 

In the case of both models, the basic mesh size was set to 

0.15625 m, which is 1/4 of the rail fastening interval (0.625 

m). In the case of the vehicle/track system model, the total 

number of nodal point is 1158 and the total number of 

elements is 1446, while in the case of the track/structure 

system model, the total number of nodal points is 7869 and 

the total number of elements is 8030. 

2.4 Dynamic Model of interaction force between the wheel 

and the rails 

The dynamic interaction force between the wheels and the 

rails is calculated after obtaining the contact point and the 

contact angle from the geometrical shape of both the wheels 

and the rails and also their relative displacement. Concretely, 

the contact force in the perpendicular direction is represented 

by a Hertz spring. The contact force in the horizontal direction 

is expressed as a creep force until the wheel flange touches the 

rail. After contact, the wheel load and horizontal pressure act 

on the rail, causing the rail crown to move in the horizontal 

direction. As a result, torsion of the rail occurs. The torsion 

resistance which is generated by the rail and the rail fastener is 

expressed by a spring element. 

Figure 5 shows the track irregularity which was used for 

analysis. In the case of an integrated model, a 2 m length of 

irregularity (hereafter called “short wavelength irregularity”) 

measured using a measuring device of length 1 m was set 

consecutively to the slab track on the structure to be analyzed. 

However, it is considered that the excitation force generated 

by a track displacement of the order of a wavelength of 

several meters will not be reproduced sufficiently. 

Consequently, in the case of discrete models, a newly 

measured 10 m wave length irregularity was added to the 

short wavelength irregularity measured on the slab track of a 

meter-gauge railway line, although it was not on the structure 

to be analyzed, thus a long wavelength component was added 

(hereafter called “medium wavelength irregularity”). The 

pseudo peaks due to the measurement wavelength was  

removed using a filter. 

 
Figure 3. Dynamic model of vehicle. 

 
 Figure 4. Axle arrangement of vehicle. 

 
Figure 5. Track irregularity. 
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2.5 Numerical Analysis Method 

In order to carry out efficient numerical analysis, the equation 

of motion concerning the vehicle, track and structure was 

modal-converted. The resulting equation of motion on the 

modal coordinate system of the vehicle and structure was 

progressively solved in time increment Δt units by using the 

Newmark mean acceleration method. However, because the 

equation of motion is non-linear, iterative calculation has to 

be carried out within Δt until the disproportional part becomes 

sufficiently small. The mode order in the analysis was set to a 

value that enabled vibration to about 400 Hz to be reproduced, 

and the analysis time step was set to 0.0005 sec. The 

frequency analysis was set to 4096 points (Observation time, 

approx. 2 seconds, Δf = 0.49 Hz). 

2.6 Analysis Cases 

Table 2 shows analysis cases. We paid attention to the various 

vehicle, track and structure parameters. CASE 1 is the basic 

case. Because each parameter is affected by the train speed, 

we calculated at 10 km/h intervals over the range between 160 

and 370 km/h. 

In the CASE 2, we examined parameters related to vehicle. 

In CASE 2-1, the vehicle was represented not by the dynamic 

model with 31 degrees of freedom shown in Figure 4, but 

rather by a series of load of constant force equivalent to the 

static wheel load (the load interval was the same as that of the 

vehicle axle arrangement), in order to study the effect of the 

vibration system of the vehicle. In CASE 2-2, the mass of 

each of the body, bogies, and wheelset was uniformly reduced 

by 30%, and the spring constant was left unchanged, in order 

to study the effect of the mass of the vehicle. In CASE 2-3, 

the vehicle length was changed, in order to study the effect of 

the wheel layout. The vehicle length was changed so that the 

excitation pitch of the two axles of the front bogie of the 

carriage concerned and the excitation pitch of the two axles of 

the rear bogie of the same carriage were in opposite phases. 

In the CASE 3, we examined parameters related to the track. 

In CASE 3-1, the vehicle runs on smooth rails without 

applying the irregularity shown in Figure 5, in order to study 

the effect of rail irregularity. In CASE 3-2, the spring constant 

was reduced to half of the basic case, in order to study the 

effect of the applying of low spring constant springs to the 

track pad. In CASE 3-3, the normal rail fastening interval of 

0.625 m was changed to a continuously supported condition, 

in order to study of the effect of the rail fastening interval. 

Here, the spring elements were arranged at all nodal points on 

the beam element equivalent to the rails, in order to simulate a 

continuously supported condition. However, the spring 

constant of the track support spring per unit length was made 

the same as that of the basic case. 

In the CASE 4, we examined parameters related to the 

structure. In CASE 4-1, the stiffness of the center slab was set 

to a value of five times the normal value, in order to study the 

effect of the stiffness of the center slab. This value was set 

using the currently proposed center slab reinforcing method, 

based on the results of an actual bending stiffness test. In 

CASE 4-2, the effect of the difference of material constants 

such as the Young’s modulus of inclined concrete, non-

structure members such as roadbed concrete, and concrete was 

studied. Regarding non-structure members, it is known that 

the difference of material constants affects the response of an 

actual structure and the natural frequency. Accordingly, it was 

assumed that the stiffness of structure member is increased by 

these effects, and the Young’s modulus of concrete was 

uniformly set to three times the design value, in order to take 

into account the apparent increase of stiffness. In CASE 4-3, 

the damping constant of the structure was set to 5%, in order 

to study the effect of damping of the structure. In this case, 

that of the vehicle/track system model remained 2%. 

Table 2. Analysis cases 

CASE Parameter Notes 

1 - Basic case 

2-1 Vehicle model 31 DOF model → Constant load 

2-2 Vehicle weight 30% reduction 

2-3 Vehicle length 25m → 23.75m 

3-1 Rail irregularity Consider → No consider 

3-2 Railpad stiffness 60MN/m → 30MN/m 

3-3 
Rail fastener 

space 
0.625m → Continuous fastener 

4-1 Stiffness of Slab Increased to 5 times 

4-2 
Non-structure 

member 
No consider → Consider 

4-3 
Damping 

constant 
2% → 5% 

 

 
(a) 2.6Hz                                  (b) 2.7Hz 

        
(c) 11.1Hz                                (d) 21.0Hz 

 
(e) 26.0Hz                                     (f) 27.3Hz 

 
(g) 32.2Hz                                     (h) 40.0Hz 

 
(i) 43.1Hz                                     (j) 60.7Hz 

 
(k) 74.1Hz                                     (l) 103.0Hz 

Figure 6. Vibration modes. 
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2.7 Method of Validating the Analysis Method 

The appropriateness of the analysis model was validated by 

comparison of analysis results with actual measurement. The 

response acceleration during the passage of a train was 

measured using a piezo-electric type accelerometer 

(Sensitivity: 6.42 pC/(m/s2); Measurement frequency range: 1 

Hz and 7 kHz), and the data was recorded in a laptop 

computer via an AD converter board, with a sampling 

frequency of 2 kHz. Frequency analysis was performed by 

FFT for a period of two second during the train transiting. 

3 ANALYSIS RESULT IN BASIC CASE 

3.1 Vibration Mode 

Figure 6 shows the vibration modes and natural frequencies of 

the structure. The natural vibration modes in the longitudinal 

direction and also in the transverse direction of the viaduct 

appear at 2.6 Hz and 2.7 Hz, respectively. Note, however, that 

in this model, the bottom end of the column is fixed, then if 

the ground, footing beam and foundation structure are 

appropriately modeled, the natural frequency may change. 

The vibration mode of a cantilever slab appears at 11.1 Hz. 

There are also many modes in which cantilever slabs are 

coupled to center slabs or handrails. Concerning the vibration 

modes of a center slab, the primary mode appears at 21.0 Hz, 

and as the order of the mode increases, the numbers of the 

node and the antinode increase. Reference [6] provides a 

detailed report concerning validation of these vibration modes 

by measurement. We considered that analysis results accorded 

with measurement to some extent. 

3.2 Characteristics of Excitation Force 

Figure 7 shows the results of time history wave and frequency 

analysis for the spring reaction force of a single spring 

element equivalent to CA mortar in a vehicle/track system 

model. The train speed is 270 km/h. From the time waveform, 

it can be seen that a response peak appears each time an axle 

passes the spring element. It can be seen that a peak occurs at 

an integral multiple of the basic acceleration frequency (3Hz = 

(270/3.6)/25) which is determined based on a train speed of 

270 km/h and a carriage length of 25 m. 

3.3 Frequency Characteristics of Each Structure Member 

Figure 8 shows a comparison between measurement and 

analysis concerning the frequency analysis results of the 

response acceleration at the center slab and cantilever slab. 

The train speed is 270 km/h, and the reference points are the 

positions shown in Figure 2 (b). We decided to compare the 

results of measuring about 10 trains (the number of trains 

differs for each member) with the analysis results, in 

consideration of random variations from one measurement to 

another. 

From the above figure, it can be seen that a peak appears at 

an integral multiple of the basic excitation frequency (3 Hz = 

1/(25/270/3.6) determined by the train speed and the carriage 

length. 

When comparing measurement and analysis results, the 

analysis results are roughly within the range of random 

variation of the measurement results, for each member. When 

comparing the discrete models and the integrated model, the 

result of newly adding irregularity of a long wavelength 

component cause the response of the discrete models to 

become higher than that of the integrated model over the 

frequency band between roughly 20 Hz and 70 Hz. 

Measurement for comparison is performed only for a train 

speed of 270 km/h, therefore it is necessary to validate the 

reproducibility for other speeds by accumulating data in the 

future. However, from the above-mentioned comparison, it  is 

confirmed that this analysis method is appropriate to a certain 

extent, and as such the effect of the various parameters is to be 

discussed in the following paragraphs. 

4 ANALYSIS RESULTS ABOUT VARIOUS 

PARAMETERS 

4.1 Effect of Train Speed in the Basic Case (CASE 1) 

4.1.1 Effect on Excitation Force 

Figure 9 (a) shows the effect of the train speed on excitation 

force in the basic case. Here, a linear scale is used for the 

vertical axis in order to clearly indicate the peak. Among the 

spring elements that are continuously distributed in the 

longitudinal track direction, one excitation force at the center 

of the model was taken up as the target excitation force. From 

the figure, it can be seen that peaks such as those generated by 

a 2.5 m wheelbase shift with increase of the train speed. On 

the other hand, there are also peaks that do not shift with 

increase of the train speed. For example, the peak of in the 

vicinity of 84 Hz at a speed of about 190 km/h is generated as 

a result of the approximate matching of the excitation 

frequency (84.4 Hz = (190/3.6)/0.625) of the spring mass 

  

Figure 7. Time history wave and Fourier amplitude of 

excitation force. 

 
(a) Center slab 

 
(b) Cantilever slab 

Figure 8. Comparison between measurement and analysis about 

the acceleration response at the center slab and cantilever slab. 
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system (consisting of the unsprung mass, rail mass and track 

pad) with the excitation frequency due to the reaction received 

by the unsprung mass at each rail fastening interval of 0.625 

m, and that the effect of the excitation force is small. 

This natural frequency was obtained by eigenvalue analysis 

using the vehicle/track model indicated in Figure 2 (a). There 

are also peaks in the vicinity of 64 Hz and 96 Hz at a speed of 

about 290 km/h and in the vicinity of 80 Hz and 120 Hz at a 

speed of about 360 km/h; however comparing these cases with 

the results of CASE 3-1 (no irregularity, Figure 9 (b)), it is 

considered that these peaks are caused by track irregularity. 

4.1.2 Effect on Response of Members. 

Figure 10 shows the effect of differences in train speed on the 

response of the center slab and the cantilever slab. 

Regarding the center slab, it can be seen that there are clear 

peaks in the vicinity of 26 Hz at a speed of 240 km/h, 64 Hz at 

a speed of 290 km/h, and 40 Hz at a speed of 360 km/h. These 

peaks are thought to have occurred because integral multiples 

of the excitation frequency (26.7 Hz at 240 km/h, 32.2 Hz at 

290 km/h, and 40.0 Hz at 360 km/h) determined by each train 

speed and a wheelbase of 2.5 m have approached the natural 

frequencies of the center slab (Figure 6 (e), (g), and (h)).  The 

peak that appears in the vicinity of 84 Hz at a speed of 190 

km/h is also the peak that had been generated by an excitation 

force. This peak is generated as a result of approximate 

matching of the excitation frequency of the spring mass 

system (consisting of the unsprung mass, rail mass and track 

pad) the excitation frequency due to reaction received by the 

unsprung mass at each rail fastening interval of 0.625 m. 

Regarding the cantilever slab, it can be seen that there are 

clear peaks in the vicinity of 105 Hz at a speed of 200 km/h, 

21 Hz at a speed of 240 km/h, 32 Hz at a speed of 290 km/h, 

and 11 Hz at a speed of 330 km/h. These peaks occur in the 

frequency bands corresponding to the characteristic modes of 

either an individual cantilever slab or a cantilever slab that is 

coupled to a center slab (Figure 6 (c), (d), (g), and (l)). In 

contrast to the case of a center slab, excitation frequencies 

may not be necessarily in proximity to those determined by 

the train speed and the 2.5 m wheelbase (22.2 Hz at 200 km/h, 

26.7 Hz at 240 km/h, 32.2 Hz at 290 km/h, and 36.7 Hz at 330 

km/h) some time. The peak in the vicinity of 11 Hz at a speed 

of approximately 330 km/h has a frequency of 11.1 Hz which 

is three times the excitation frequency of 3.7 Hz determined 

by the train speed and the carriage length of 25 m; therefore, 

and that there is a possibility that the peak is excited by this 

excitation frequency. The vibration mode of a cantilever slab 

is a complicated natural vibration mode in which a cantilever 

slab is coupled to a center slab and a handrail. We will carry 

out an evaluation for the mode with due consideration on the 

effect of other parameters as well in future. 

4.2 Effect of Variable Parameters 

Figure 11 shows the influences of the difference of various 

parameters on the acceleration response at the center slab. 

 
(a) Basic case                                                     (b) No irregularity (CASE 3-1) 

Figure 9. Effect of the train speed on excitation force in the basic case. 

  
(a) Center slab                                                          (b) Cantilever slab 

Figure 10. Effect of differences in train speed on the response of the center slab and the cantilever slab 
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In CASE2-1, the response was obtained by representing 

vehicle not as a dynamic model with 31 degrees of freedom 

shown in Figure 4, but rather as a series of load of constant 

force equivalent to the static wheel load (the load interval was 

the same as that of the vehicle). In the frequency band up to 

about 20 Hz, no difference in the response according to 

differences between models is found, thus indicating that the 

response is determined only by the mass of the carriage. 

Conversely, in the high frequency region above 20 Hz, the 

response according to a series of the load is smaller, thus 

indicating the effect of the vibration system of the carriage. 

Generally, the natural frequency of the body is of the order of 

several Hz, suggesting that for the frequency band concerned, 

the effect of the unsprung mass is large in the vibration system 

of the carriage. 

In CASE2-2, the mass of each of the body, bogies and 

wheelset is all reduced equally by about 30% compared to the 

basic case. The spring constant is left unchanged. The figure 

shows the effect of the reduction of mass of the carriage in the 

zone where the frequency is roughly less than 100 Hz and also 

in the zone where the frequency is higher than 180 Hz. 

In CASE2-3, it can be seen that the peak determined by the 

carriage length has changed from 3 Hz of the basic case to 3.2 

Hz (=(270/3.6)/23.75), because the carriage length changes 

from 25m to 23.75m. It can also be seen that this effect  

causes the response peak to shift to a frequency that is an 

integral multiple of 3.2 Hz. 

In CASE3-1, the track irregularity shown in Figure 5 is not 

set on the traveling surface of the vehicle. Instead, a setting is 

made for the case where the vehicle travels on a smooth 

surface. From the figure, it can be seen that in the frequency 

band of about 20 Hz or less there is no difference in the 

response according to whether or not there is track irregularity. 

It can also be seen that in the frequency band higher than 20 

Hz, the response in the case where the rail irregularity is not 

taken into account is significantly lower compared to that in 

the basic case. On the other hand, it can be seen in the 

frequency band between about 100 and 140 Hz, the response 

is more or less the same regardless of whether or not there is 

rail irregularity. It is thought that this is due to the fact that the 

excitation frequency caused by the reaction received by the 

unsprung mass at each rail fastening interval of 0.626 m when 

the train is traveling at a speed of 270 km/h is 120 Hz 

(=(270/3.6)/0.625). 

In CASE3-2, if the spring constant of the track pad is set to 

one half of 60 MN/m which is normally used for high-speed 

trains, the response in the region above about 70 Hz is even 

lower than that of the basic case. The method of supporting 

the rails with a soft rail pad in order to reduce the track 

support spring constant is widely used as a countermeasure 

against ground vibration, and the trend of the frequency bands 

in which the vibration reduction effect was obtained at an 

center slab by the use of a low spring constant roughly agrees 

with the trend of past ground vibration measurement results 

[7]. 

In CASE3-3, it can be seen that if the rail is supported 

continuously, the response in the vicinity of 100 to 140 Hz is 

lower than that of the basic case. As mentioned previously, 

this is because the excitation frequency caused by the reaction 

received by the unsprung mass at each rail fastening interval 

of 0.625 m when the train is traveling at a speed of 270 km/h 

is 120 Hz (=(270/3.6)/0.625), and when the rail is supported 

continuously, the unsprung mass is not subjected repeatedly to 

an excitation force, at each rail fastening interval of 0.625 m. 

In CASE4-1, it can be seen from the figure that by 

increasing the stiffness by a factor of 5, the response decreases 

compared to the basic case in the low frequency zone less than 

around 60 Hz. It can be seen that the natural frequency 

changes as a result of the increased stiffness of the center slab. 

For example, in the vicinity of 80 Hz or 180 Hz, an increase 

of stiffness induces an increased response, and frequencies 

that produce the reverse effect also exist. 

In CASE4-2, the apparent increase in stiffness is taken into 

account by increasing the Young’s modulus to three times. It 

can be seen from the figure that the response is reduced 

compared to the basic case in the frequency zone below about 

60 Hz. It can also be seen that the case of the stiffness 

  
(a) Case2-1                                  (b) Case2-2 

  
(c) Case2-3                                  (d) Case3-1 

  
(e) Case3-2                                  (f) Case3-3 

 
(g) Case4-1                                 (h) Case4-2 

 
(i) Case4-3 

Figure 11. The influences on the acceleration response at the 

center slab by the different various parameters. 
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increase and the trend of the abovementioned center slab 

resemble each other. 

In CASE4-3, the damping constant of the track/structure 

system model changes uniformly to 5%. In the case of the 

vehicle/track model used to calculate the excitation force, the 

damping constant is 2%.  It can be seen from the figure that 

even if the damping constant of the structure is changed to 5%, 

the effect on the response of the center slab is not very large. 

5 CONCLUSION 

The knowledge obtained in this research is summarized below. 

(1) The vibration propagation system of the 

vehicle/track/structure can be divided into two systems, 

namely a vehicle/track system model and also a 

track/structure system model, and a method of efficiently 

analyzing vibration of members up to about 200 Hz, which 

is the main cause of Structure born sound, was newly 

developed. As a result of comparing the result of analysis 

using this method with the result of measurement, it was 

confirmed that the result obtained using this method is 

more or less within the range of random variations of 

measurement. 

The train speed was increased from 160 km/h to 370 km/h, 

and a study was carried out on the effect of the parameters for 

vehicle and structures on the vibration of the structure 

members. The results are summarized as follows. 

(2) There are cases in which large peaks occur in the response 

of the cantilever slab or center slab, at specific speeds and 

frequency bands, with the change in train speed. The main 

factors responsible for the peak generation include the fact 

that the excitation frequency determined by the train speed, 

wheelbase and carriage length approaches the natural 

frequency of the members of the structure, the existence or 

otherwise of rail irregularity, and the fact that the natural 

frequency of the spring mass system consisting of the 

unsprung mass, the rail mass and the track pad  approaches 

the excitation frequency due to the reaction received by 

the unsprung mass at each rail fastening interval of 0.625 

m. 

The authors focused their attention on the response of the 

center slab at a train speed of 270 km/h, and set out their 

findings below. Figure 12 indicates the dominant factors for 

each frequency concerning the acceleration response of the 

center slab at a train speed of 270 km/h. 

(3) Regarding the vehicle parameters, it was found that the 

effect of the unsprung mass is large in the frequency 

region above 20 Hz, and the effect of the vehicle mass is 

high in the frequency region below 100 Hz and the 

frequency region above 180 Hz, and that the axle 

arrangement affects the frequency at which peaks occurred. 

(4) Regarding the parameters of the track, it was found that 

the effect of rail irregularity is large in the frequency 

region between 20 Hz and 100 Hz and also in the 

frequency region above 150 Hz, the effect of the stiffness 

of the track pad is large in the frequency region above 30 

Hz (between 30 Hz and 70 Hz, roughly the same or a 

slight decrease; above 70 Hz, slight increase), and the 

effect of the rail fastening interval is large in the region 

between 100 and 140 Hz. 

(5) Regarding the parameters of the structure, it was found 

that when the case where the stiffness of the center slab is 

60 Hz, and the stiffness of the non-structure members and 

also the Young’s modulus of the concrete are greater than 

the design values is examined, there is a simple tendency 

for the reaction to decrease due to the increased stiffness in 

the frequency region below 30 Hz, there is an increase or 

decrease in the response at higher frequencies than this, 

and also the effect of the damping coefficient of the 

structure is not very great as far as the change of damping 

constant is in the range from 2% to 5%. 
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Figure 12. Time history wave and Fourier amplitude of 
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ABSTRACT: The paper describes the numerical and experimental study of the dynamic behaviour of a circular footbridge, built 

in the city centre of Rzeszow, Poland, to solve the traffic problems in one of the most crowded city crossroads. In order to 

enable pedestrians to move in all directions a circular form of the footbridge was proposed. Because of a quite untypical form of 

the footbridge as well as its lightweight structure, a comprehensive tests were carried out in order to assess the main dynamic 

characteristics and levels of vibration of the footbridge, to compare them with limit values recommended by standards, and to 

validate a numerical model to be used in predicting the footbridge response under pedestrian loadings. The measurement of the 

footbridge dynamic response under human excitation for assessment of comfort criteria was the most important goal of these 

tests. A conventional modal analysis technique was applied based on ambient vibration tests. The identification of modal 

parameters, i.e., natural frequencies, vibration modes and damping coefficients, of a structure was performed through the above 

tests. The measured response quantity is acceleration because the criteria for pedestrian comfort are most commonly represented 

as limit acceleration of a footbridge. The appropriate degree of comfort with vertical accelerations below 0,50 m/s² for the 

normal use was identified. However the highest value up to 3,65 m/s² was also measured for running group of pedestrians. As 

the probability of such excitation is quite low, the need to develop measures that improve the dynamic behaviour of the 

footbridge was excluded. The another most interested findings of the research has been outlined in the paper. 

KEY WORDS: Footbridge dynamics; Numerical analysis; Modal analysis; Ambient vibration tests; Comfort criteria.   

1 INTRODUCTION  

Many of recently built footbridges are structurally very 

sophisticated, with untypical and lightweight structures, with a 

high ratio of live load to dead load. As a result of this trend, 

many footbridges have become more susceptible to vibrations 

when subjected to dynamic loads. Pedestrian induced 

excitation is an important source of vibration of footbridges. 

Vibrations of footbridges may lead to serviceability problems, 

as effects on the comfort and emotional reactions of 

pedestrians might occur. In modern footbridge design and 

construction, the assessment of human-induced vibrations 

needs to be considered to ensure that vibrations due to 

pedestrian traffic are acceptable for the users and the 

footbridge will not collapse when subjected to intentional 

excitation. If the vibration behaviour does not satisfy some 

comfort criteria, damping devices should be considered. 

This paper addresses the dynamic study developed on a 

circular footbridge that was recently constructed in the city 

centre of Rzeszow, Poland, to solve the traffic problems in 

one of the most crowded crossroads in the city [1]. Because of 

a quite untypical form of the footbridge as well as its 

lightweight structure, a comprehensive tests were carried out 

in order to assess the main dynamic characteristics and levels 

of vibration of the footbridge, to compare them with limit 

values recommended by structural codes, and to validate a 

numerical model to be used in predicting the footbridge 

response under pedestrian loadings. The most interested 

findings of the research programme has been outlined in the 

paper. 

2 DESCRIPTION OF THE FOOTBRIDGE  

The footbridge was built in the form of a ring with outer 

radius of about 40 m, service width of 4 m, raised about 5,5 m 

over the crossroad level (Figure 1). The superstructure is 

made as a steel box girder with the depth of 0,65 m and the 

width of 4,0 m (Figure 2). The box cross section is divided 

with 10 mm inner webs into four chambers and laterally 

stiffened with crossbeams (with 1,0 m spacing along the 

circle) and diaphragms (with 3,0 m spacing). The 12 mm 

upper deck plate is stiffened by the longitudinal (circular) T-

ribs with the lateral spacing of 0,25 m. The bottom flange of 

the box girder is made of 12 mm plate without longitudinal 

ribs.  

 

 
Figure 1. General view of the footbridge 
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On the steel deck the wooden surface, made of exotic azobe 

timber planks, is placed. The balustrade is made of glass 

panels with stainless steel hand-rails and posts. 

 

 
Figure 2. Cross section of the footbridge superstructure 

 

In order to minimize the overall dimensions of the footbridge 

supports and to give them a feature of lightness, they are built 

as single steel pillars with diameter of 245 mm, made of steel 

tubes filled with C-40 concrete. The CFST solution used for 

pillars is also to ensure the high impact toughness of supports, 

which are located in the close vicinity of traffic lanes under 

the footbridge. The pillars are fixed in caps of pile foundations 

and connected with steel superstructure by HSFG bolts.  

Because of bad soil conditions and very dense network of 

underground infrastructure, the supports are founded on bored 

RC piles with the length of  more than 11,0 m and the 

diameter of 0,6 m increased in the foot level until 1,0 m. The 

ramps and staircases are made as RC structures, partially 

precast (Figure 3). The service width of ramps and stairs is 2,5 

m They are founded also on bored RC piles with the length of  

more than 11,0 m and the diameter of 0,4 m.  For disabled 

users (and not only) two high volume lifts were built with the 

carrying capacity of 1000kg/13 people. The lifts have got the 

enclosure made of the same type of glass as used for 

footbridge railings. 

  

 

  
Figure 3.  Top view of the footbridge (stairs, ramps, lifts) 

 

3 NUMERICAL ANALYSIS  

In a sophisticated footbridge design the use of finite element 

software was required in all stages of design, even during the 

conceptual one. Consequently, the FE-model of the footbridge 

was used not only to calculate the stress distribution and 

deformation of the footbridge but also to determine its natural 

frequencies. The circular superstructure was discretized by 

means of four-node shell elements while beam elements were 

used for pillar supports (Figure 4).  

 
Figure 4. FEM model of the footbridge  

 

The Sofistik code was used for numerical calculations. The 

first several natural frequencies and relevant vibration modes 

are shown on Figure 5.   

 

a) 3.01 Hz 

 

b) 3.18 Hz 

 
c) 3.23 Hz 

 

d) 3.58 Hz 

 
e) 7.28 Hz 

 

f) 7.61 Hz 

 
Figure 5. Numerically determined natural frequencies and 

relevant vibration modes of the footbridge 

 

The design of a footbridge starts with specifying several 

significant design situations - sets of physical conditions 

representing the real conditions occurring during a certain 

time interval [2]. Each design situation is defined by an 

expected traffic class and a chosen comfort level. The 

expected type of pedestrian traffic together with the comfort 

requirements has a significant effect on the required dynamic 

behaviour of the bridge. Pedestrian traffic class TC1 

according to [2] was chosen as the initial assumption. The 

equivalent pedestrian stream for traffic class TC1 was 

calculated by dividing the number of pedestrians by the length 

L and width B of the bridge deck. It is equal to 0,03 P/m2. 

Criteria for pedestrian comfort are most commonly 

represented as a limiting acceleration for the footbridge. 

National and international standards as well as literature 

propose limit values which differ among themselves for many 
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reasons [2]. The minimum comfort class CL 3 according to 

[2] with the range of 1,00 – 2,50 m/s² was established on the 

design stage. 

4 EXPERIMENTAL TESTS 

4.1 Goals and instrumentation 

Footbridges which have natural frequencies for vertical and 

longitudinal vibrations in the critical range between 1,25 Hz 

and 4,6 Hz should be subject to a dynamic assessment to 

pedestrian excitation [2]. Therefore the experimental 

characterisation of the dynamic behaviour of the footbridge 

was an important component of the project and had been 

performed based on two different levels of complexity: 

 level 1- identification of structural parameters, with the 

purpose of calibrating numerical models; natural 

frequencies, vibration modes and damping coefficients 

were the parameters of interest; 

 level 2- measurement of the footbridge dynamic response 

under human excitation for assessment of comfort criteria 

and for checking footbridge safety under high response 

(vandal excitation). 

The conventional modal analysis technique was applied, 

based on ambient vibration tests. The ambient vibration 

response of the bridge was measured under pedestrian 

excitation. Ambient vibration tests employ the current 

ambient loads on the structure as input loads, assuming that 

the frequency content of these is approximately constant in the 

frequency range of interest (Figure 6). 

 

 
Figure 6. The footbridge under ambient vibration test 

 

Assuming that a preliminary dynamic analysis of the bridge 

has been conducted, providing an estimation of natural 

frequencies and vibration modes, the instrumented sections 

corresponded to the sections of maximum estimated modal 

response for the estimated critical frequencies. Five cross-

sections of the superstructure were chosen for response 

measurement (Figure 7).  

Acceptability limits for pedestrian comfort are generally 

defined in terms of acceleration, and so the usual measured 

response quantity is acceleration. The twelve high sensitivity 

accelerometers were applied. In each cross-section the vertical 

and horizontal accelerations were measured with at least one 

sensor, and the vertical displacement in section no. 4 was 

identified as well. All sensors together with mounting blocks 

were fixed very firmly due to expected large accelerations. 

For data acquisition the 12-channel Bruel&Kjaer system was 

used and digitized acceleration signals were recorded by a 

notebook computer. 

 
 

Figure 7. Setup of sensors 

  

4.2 Dynamic load schemes  

For both levels of testing about 50 people took part acting as a 

live dynamic load. Five main schemes of dynamic loading 

were used for identification of structural parameters and 

measurement of the footbridge dynamic response: free walk 

(P), slow run (T),  fast run (B), synchronized walk with the 

first resonant frequency (PS1) and synchronized walk with the 

second resonant frequency (PS2). For each scheme at least 

three cases were considered with 1, 6 and 15 pedestrians 

involved in testing respectively. Additionally for free walk (P) 

and slow run (T) the tests with 30 and 50 pedestrians were 

also carried out for better checking of footbridge safety under 

high response (Figure 8). 

  

 
Figure 8. Testing under slow run of 30 people (T30) 

4.3 Natural frequencies and corresponding modes 

The performance of level 1 tests considered the following 

items: identification of critical natural frequencies and 

identification of damping ratios. The following procedure was 

employed [2]: for each measurement section, the sensors were 

mounted and the ambient response was collected, on the basis 

of two test series. One of the series was collected with the 

footbridge bridge closed to pedestrians, subjected to ambient 

loads, in order to eliminate the frequency content associated 

with pedestrian excitation, provided the transducers sensitivity 
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is sufficiently high to capture ambient vibration response. 

That procedure allowed for an identification of the critical 

natural frequencies for vertical and/or lateral vibrations. The 

second series was collected under the test pedestrian 

excitation which provided a better characterization of 

footbridge frequencies, as well as a measure of the intensity of 

vibrations under current use. Assuming the frequencies of 

interest lie in the range 2,0-8,0 Hz, a sampling frequency of 

50 Hz to 100 Hz should be selected. 

The identification tests revealed the discrepancy between 

experimentally determined and numerical natural frequencies. 

The FEM model calibration was performed taking into 

account all footbridge equipment elements. After model 

calibration the natural frequency compliance was satisfactory 

(Table 1).  

 

Table 1. Experimental and analytical frequencies  
Mode 

number 

Analytical Frequencies  Experimental 

Frequencies  Before Calibration After Calibration 

1 3.01 2.30 2.41 

2 3.18 2.96 2.87 

3 3.23 3.09 3.16  

4 3.58 3.37 3.56 

5 7.28 6.76 7.37 

6 7.61 7.19 7.87 

 

The frequencies of 2.41 Hz and 2.87 Hz are dominant, 

independent on the excitation method, present in each load 

scheme (see Table 3). Thus they were identified as the first 

and the second natural frequencies corresponding to relevant 

vibration modes. The frequencies higher than 7.61 Hz were 

also identified in the test but they were ignored in the 

subsequent analysis. The experimental frequency values are 

very close to analytical ones  (after model calibration), what 

proved the validity of FEM model in structure analysis.  

The exemplary amplitude-frequency characteristics for three 

load schemas are shown on Figures 9-11. 

   

 
Figure 9. Free walk of 1 person (P1) 

 
Figure 10. Slow run of 6 people (T6) 

 
Figure 11. Slow run of 50 people (T50) 

The lowest identified frequency of 1.81 Hz (Figure 9) is 

connected with the load, i.e. walk steps of a person, and thus it 

was not recognized as the natural frequency of the structure.  

The first four natural frequencies lie in the critical range 

between 1,25 Hz and 4,6 Hz. According to [3] the first one 

belongs to the range of medium risk of resonance, second, 

third and fourth lie within the range of low risk of resonance. 

The fifth and sixth frequencies are negligible for risk of 

resonance. 

The horizontal vibration frequencies were identified as higher 

than 10 Hz therefore they are also negligible for risk of 

resonance. 

4.4 Damping  

The amount of damping present is very significant in the 

evaluation of the amplitude of vibrations induced by 

pedestrians [2]. Experience has shown that it is very difficult 

to predict the structural damping of the finished footbridge. 

Therefore, damping always has a broad scatter. 

Raw estimates of the damping ratios associated with critical 

natural frequencies was obtained from a simple free vibration 

test in which a pedestrian jumped on a fixed location at a 

particular frequency, trying to induce resonant response of the 

bridge for the corresponding vibration mode. After a few 

cycles of excitation, the pedestrian action was suddenly 

interrupted and the free vibration response was recorded. This 

process was repeated a number of times, in order to provide 

average estimates of damping coefficient as a function of 

amplitude of vibrations. 

The damping coefficient ζ was identified by the natural 

vibration data of a single mode in the time domain. The 

logarithmic decrement δ was obtained by:  

 

    
    

  
   (1) 

The damping coefficient ζ  is given by: 

 

  
δ

  
    (2) 

 

The estimated damping ratios along with logarithmic 

decrement δ for corresponding natural frequencies are 

presented in Table 2.  

 

Table 2. Experimental natural frequencies and damping ratios  
Item Natural frequencies 

Hz  

Logarithmic 

decrement δ 

Damping ratios ζ  

[%] 

1 2.41 0.035 0.55 

2 2.87 0.056 0.89 

3 3.16  0.098 1.56 

4 3.56 0.122 1,94 
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For the design of steel footbridges for adequate comfort level, 

which is in terms of Eurocode reliability consideration a 

serviceability condition, JRC report [2] recommends 

minimum  and average damping ratios of 0.2% and 0.4% 

respectively, whereas Setra established the critical damping 

ratio as 0.4% [3]. However, intentional loads can produce 

large levels of oscillation in light steel footbridges with 

welded joints, which 

lead to higher damping ratios as 2,0% [2]. Compering the 

experimentally obtained damping ratios to limited given in 

recommendations mentioned above it can be seen that 

damping of the footbridge is sufficient.  

4.5 Acceleration 

For checking the comfort class of the footbridge the 

measurement of the response induced by pedestrians in the 

form of accelerations should be compared with common 

acceleration ranges, used for the development of design load 

model (see p.3). Level 2 tests can be characterized as standard 

tests that should be developed at the end of construction of 

any potentially lively footbridge, providing important 

information for design and verification purposes. Based on the 

results of these tests, it may be decided whether to implement 

control measures or not. The use of experimental tests to 

check the comfort class of the footbridge required the 

performance of measurements for all vibration phenomena 

and the design situation considered in the design load model 

and involved the obtainment of characteristic values of the 

response [2]. The performance of level 2 tests contained the 

following items: 

 measurement of response induced by one pedestrian; 

 measurement of the response induced by a small group of 

pedestrians (6 or 15 people); 

 measurement of the response induced by a continuous 

flow of pedestrians (30 and 50 people). 

The verification of acceptability limits of vibration for the 

footbridge was based on the results of these tests. In Table 3 

the experimentally determined accelerations for each dynamic 

load scheme are collected. Figures 12 – 14 present examples 

of the acceleration plots in time domain. 

  

Table 3. The experimentally determined accelerations  
Dynamic 

load 

scheme 

Description Number of 

pedestrians 

Vertical 

acceleration 

amax [m/s2] 

P1 Free walk 1 0.01 

P6 6 0.04 

P15 15 0.06 

P30 30 0.11 

P50 50 0.35 

T1 Slow run 1 0.24 

T6 6 0.97 

T15 15 2.03 

T30 30 2.16 

T50 50 3.65 

B1 Fast run 1 0.50 

B6 6 1.52 

B15 15 1.67 

PS1-1 Synchronized walk 

2.41 Hz 

1 0.42 

PS1-6 6 2.38 

PS1-15 15 3.18 

PS2-1 Synchronized walk 

2.87 Hz 

1 0.06 

PS2-6 6 0.67 

PS2-15 15 1.05 

 

 
 

Figure 2. Free walk of 6 people (P6) 

 

 
 

Figure 3.  Slow run of 15 people (T15) 

 

 
Figure 4. Slow run of 50 people (T50) 

 

Due to circular form of the footbridge the horizontal 

accelerations were very small: maximum identified value was 

for free walk of 50 people (P50) and was equal 0.08 m/s2.  

 

5 FOOTBRIDGE COMFORT ASSESSMENT 

For checking the comfort class of the footbridge the 

measurement of the response induced by pedestrians in the 

form of accelerations should be compared with common 

acceleration ranges, used for the development of design load 

model (see p.3). Level 2 tests can be characterized as standard 

tests that should be developed at the end of construction of 

any potentially lively footbridge, providing important 

information for design and verification purposes. Based on the 

results of these tests, it may be decided whether to implement 

control measures or not. The use of experimental tests to 

check the comfort class of the footbridge required the 

performance of measurements for all vibration phenomena 

and the design situation considered in the design load model 

and involved the obtainment of characteristic values of the 

response. The performance of level 2 tests contained the 

following items: 

 measurement of response induced by one pedestrian; 

 measurement of the response induced by a small group of 

pedestrians (6 or 15 people); 

 measurement of the response induced by a continuous 

flow of pedestrians (30 and 50 people). 
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The verification of acceptability limits of vibration for the 

footbridge was based on the results of these tests.  

The pedestrian comfort can be assess on the basis of Eurocode 

1990 [4] in which it was implemented as the one of the 

serviceability limit state. According to [4] the comfort limit 

state of the footbridge is not exceeded when the maximum 

accelerations measured under the dynamic proof load test 

(normal use) are not higher than: 

 0.7 m/s2 for vertical oscillations (normal use); 

 0.2 m/s2 for horizontal oscillations (normal use); 

 0.4 m/s2 for horizontal oscillations (crowd). 

The normal use in terms of [4] corresponds to dynamic load 

scheme P (means: free walk) in this research. In all five cases 

for this load scheme the measured acceleration for vertical 

oscillations was far below the limit 0.7 m/s2. Maximum value 

of 0.35 m/s2 was determined for 50 walking people (Table 3). 

Also the measured accelerations for horizontal oscillations 

(0.08 m/s2) was twice less than the allowable value according 

to [4]. Results are compared not only with limits 

recommended by standard [4] but also with limits proposed by 

[3], i.e. during the free walk (normal use) the induced 

accelerations should be below the limit of 0.5 m/s2. For 

dynamic load scheme P also this condition is fulfilled. 

Therefore on the basis of measured footbridge response under 

pedestrian loading and according to relevant standards and 

recommendations [3], [4], the structure can be recognized as a 

comfortable for pedestrians. 

However, as it has been revealed in the dynamic tests, there 

are quite often situations, when the comfort of pedestrians is 

reduced. For example 6 slow running people could induce the 

footbridge oscillations with vertical acceleration of 0.97 m/s2 

what exceeds the limit established in [3] and [4]. The fast 

running groups of people could induce the accelerations in the 

range of 1 m/s2 to 2.5 m/s2. In these circumstances people 

walking or standing on the footbridge (normal use) would fill 

unpleasant discomfort. The highest rates of  vertical 

acceleration (above 3.0 m/s2) could be induced when the 

synchronized walk with the first resonant frequency or low 

running of a group of several dozen people occur. The first 

situation can be treated as an act of vandalism but the second 

seems likely to be during social events, often organized in the 

city centre of Rzeszow. As the probability of such excitation 

is quite low, the need to develop measures that improve the 

dynamic behaviour of the footbridge was excluded. However 

the knowledge obtained thanks to these comprehensive 

dynamic testing is very valuable for the footbridge owner.   

 

6 CONCLUSIONS 

The measurement of the footbridge dynamic response under 

human excitation for identification of structural parameters 

and assessment of comfort criteria was carried out for a 

circular footbridge with very slim and lightweight 

superstructure. A conventional modal analysis technique was 

applied based on ambient vibration tests. The most important 

findings of the dynamic tests are as follow: 

 the frequencies of 2.41 Hz and 2.87 Hz are dominant; 

they were identified as the first and the second natural 

frequencies corresponding to relevant vibration modes; 

according to [3] the first one belongs to the range of 

medium risk of resonance, second lies within the range of 

low risk of resonance; 

 the identification tests revealed the good compliance 

between experimentally and numerically determined  

natural frequencies;  

 the estimated damping ratios for four corresponding 

natural frequencies are in the range of 0.55% - 1.94%; 

compering these values to limits given in 

recommendations [3], footbridge’s structural damping 

seems to be sufficient; 

 on the basis of measured accelerations under pedestrian 

loading (below 0.5 m/s2 for normal use) and according to 

relevant standards and recommendations [3], [4], the 

footbridge can be recognized as a comfortable for 

pedestrians; 

 the highest rates of  vertical acceleration (above 3.0 m/s2) 

could be induced when low running of a group of several 

dozen people occur; this situation seems likely to be 

during social events, often organized in the city centre of 

Rzeszow; as the probability of such excitation is quite 

low, the need to develop measures that improve the 

dynamic behaviour of the footbridge was excluded. 

The footbridge is in use since 2012. Till now no claims or 

complains were reported due to uncomfortable use caused by 

vibrations.  
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ABSTRACT: The hysteretic behavior of bridge bearings contributes significantly to the overall damping of certain bridges. In 

railway bridge dynamics, the ability to dissipate energy is a key property, governing the resonant amplitudes of vibration. 

However, the efficiency of these damping mechanisms is coupled to parameters such as construction height and support 

stiffness. This paper presents an analysis of three different railway bridges, where the hysteretic behavior of the bearing 

mechanisms is modelled using the classical Bouc-Wen model. Both sliding and roller bearings are assumed to have similar 

backbone curves, the parameters of which have been chosen on basis of simple reasoning. Experimentally determined backbone 

curves for these mechanical subsystems are not available today. Instead, the performed analysis is validated by means of 

measurements of vertical acceleration in the bridge decks. The results show that the hysteretic behavior of the bridge bearings 

could explain the non-linear effects which can be seen in the frequency and amplitude modulation of the free vibrations in the 

studied bridges. 

KEY WORDS: Railway bridges; Dynamics; Bearings; Damping; Hysteresis. 

1 INTRODUCTION 

The damping of common railway bridges originates from 

several different sources, i.e. material, radiation and frictional 

damping. Material damping is quite well understood, but 

constitutes only a small fraction of the total structural 

damping. Radiation damping is caused by soil-structure 

interaction and is essentially the result of energy being 

transported away from the structure in the form of elastic 

waves in the surrounding soil materials. Many different 

sources of friction exist in a railway bridge. For example, 

friction may arise in bearings, joints and between the 

components of the track superstructure and the amount of 

energy which is dissipated by these mechanisms is highly 

dependent on the amplitude of vibration.  

Three beam-like railway bridges from which measurements 

of free vibrations after train passages were available have 

been studied. The continuous wavelet transform (CWT) was 

used to determine the variation in the natural frequency and 

modal damping ratio with amplitude of vibration from the 

measured free vibrations of the three bridges using the 

methodology presented in reference [1]. This revealed that the 

natural frequencies decreased with increasing amplitude of 

vibration while the corresponding modal damping ratios 

increased. An explanation to this observation is suggested in 

reference [2], where the Bouc-Wen (BW) model was used to 

model the rate-independent hysteresis of bridge roller bearings 

and the longitudinal track resistance of the case 1 bridge (see 

section 3). It was found that the bearing hysteresis can give 

rise to a large contribution to the modal damping ratio at 

certain amplitudes of vibration.  

Although considerable efforts were made to reduce the 

uncertainties in the modelling presented in reference [2], some 

open questions remain, mainly with respect to the modelling 

of the bearings. In the author’s opinion, these issues can only 

be resolved by means of full-scale tests with amplitudes of 

vibration comparable to a state of train-bridge resonance. 

Nevertheless, in this study, the available data has been 

exploited as far as possible in order to approximately assess 

the damping capacity of bridge bearings. 

This paper presents a qualitative, theoretical study of the 

energy dissipated by bridge bearings in freely vibrating beam-

like railway bridges. The bridge superstructures were 

modelled using Euler-Bernoulli finite elements, the 

foundations were modelled using linear springs and viscous 

dashpots and the bearings were modelled using macro-

elements based on the BW model. The BW model parameters 

were estimated based on the available literature and 

adjustments of parameters against empirical bridge deck 

accelerations. The analysis is performed assuming that the 

environmental variables are constant and have no influence on 

the dynamic response. This is stressed because in the cold 

climate of Sweden for example, the dynamic properties of 

railway bridges may vary considerably due to the seasonal 

variation in the environmental variables, see references [3] 

and [4] and the references therein. 

The paper is organised as follows. Section 2 gives a brief 

overview of the most common bridge bearings in the Swedish 

common practice and a short introduction to the BW model. 

In section 3 a theoretical study of the influence of bridge 

bearings on the free vibrations of three typical Swedish 

railway bridges is described and section 4 holds the results of 

that study. It is shown that for some bridges, the damping 

caused by the bearings can give a considerable contribution to 

the total structural damping and that it seems to be possible to 

design bridges so that the dissipation of energy at the bearings 

is exploited in an optimal way. These implications are 

discussed in section 5, together with some suggestions 

regarding the continued research within this field. 
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2 BRIDGE BEARINGS 

In the present context, two types of bridge bearings are 

commonly used: roller bearings and pot bearings. Roller 

bearings are mechanical devices which allow an almost linear 

motion in one direction, for very small displacements. 

Essentially, they consist of a roller; guided between two 

plates. Such a bearing is shown in Figure 1, where the roller is 

light grey, the plates are green and the red parts are guiding 

devices. 

  

 

Figure 1. A roller bearing. 

 

Pot bearings (see Figure 2) are more complicated devices, 

but they can be used to obtain almost perfectly linear guides in 

one or two directions. Also, the rotation is approximately free 

in two directions, enabling very flexible designs for optimal 

constraints between the sub- and superstructure. A pot bearing 

consists of a piston and a pot, in which a rubber plate is 

confined. The confined rubber is almost incompressible and 

therefore, it behaves much like fluid when it is pressurized. 

 

 

Figure 2. Section of a movable TOBE® pot bearing  

This enables the rotations of the bearing. On top of the 

piston, a plate is mounted, which can be fixed to the piston, or 

movable in one or two directions. The translational motion is 

unconstrained, apart from the friction behaviour between a 

polytetraflouroethylene (PTFE) sheet and a polished steel 

surface. The frictional properties of such contacts have been 

studied by Dolce et al. [5], among others, in the context of 

seismic isolation. Their study does not comprise a rotational 

mechanism in the bearing as in the present case, but 

nevertheless provides extensive studies of the most important 

factors affecting the frictional properties of steel-PTFE 

contacts.  

In both rolling and sliding contacts, an initial resistance to 

motion exist. In rolling contacts, this is sometimes referred to 

as “pre-rolling resistance” [6] and in sliding contacts it is 

referred to as “micro-slip” [7]. In common for both types of 

contact mechanisms is that they give rise to rate-independent 

hysteresis. In reference [2], a qualitative study is presented 

which shows that due to this initial resistance, the modes of 

vibration of certain railway bridges have two different states; 

(1) at very small amplitudes of vibration, the movable 

bearings are fixed and (2) at somewhat larger amplitudes of 

vibration the bearings are movable. In between these states, a 

transition zone exists, where the natural frequency and the 

modal damping ratio varies smoothly. The natural frequencies 

of these two states are rather simple to estimate since they 

correspond to either fixed or movable bearings, but the 

damping ratio varies considerably during this transition zone. 

 

2.1 Modelling of bridge bearings by means of Bouc-Wen 

models 

Clearly, a detailed modelling of the bearing mechanisms leads 

to a rather complicated computational task. In the case of 

roller bearings, one important issue lies in the modelling of 

the contact stresses which need to be accurately modelled in 

order to obtain a correct behaviour. However, plastic 

deformations on a very small scale as well as other 

phenomena such as wear and corrosion may also have a 

certain influence on the rolling resistance of such bearings. 

For pot bearings, the contact between their different parts 

needs to be accurately modelled and in addition to the highly 

non-linear contact mechanisms, non-linear hyper-elastic 

material models are needed in order to capture the moment 

resistance of the bearings in an appropriate manner. Such 

details are not relevant for global dynamic bridge analyses. 

Instead, macro models of various forms can be used to model 

the bearing mechanisms in a phenomenological sense. An 

example of such a model can be found in reference [2], where 

the Bouc-Wen model was used to approximate the rolling 

resistance of the roller bearings of the case 1 bridge (see 

section 3).  

The BW model was first suggested by Bouc [8] and later 

refined by Wen [9] and has been successfully used in various 

applications involving rate-independent hysteresis.  In its 

classical, most simple form, the BW model consists of an 

elastic spring and a hysteretic element in parallel (see Figure 

3). The response of the BW model is governed by the 

following force-displacement relation 

                          (1) 

where   is a model parameter relating the initial stiffness    

to the stiffness in the fully plasticised system       , 

    is referred to as the plastic limit and the so called 
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hysteretic variable     , which is an internal variable, is 

governed by the differential equation 

   
  

 
                       (2) 

Here,       and     are model parameters and the 

sign function is defined as 

        
  
 
 

       
   
   
   

  (3) 

The classical Bouc-Wen model was implemented as a user-

defined element in the commercial finite element (FE) code 

ABAQUS. 

 

 

Figure 3. The classical Bouc-Wen model. 

3 CASE STUDIES 

The CWT can be used to determine the variation in natural 

frequency and modal damping ratio from free vibration data 

for a given mode of vibration [1]. The result is two functions 

of the amplitude of vibration, hereafter referred to as 

frequency and damping functions. Such functions have been 

determined for the fundamental mode of vibration of each of 

the three studied bridges (see Figure 6b, d and f). Only 

comparatively small amplitudes of vibration (~0.1m/s2) were 

present in free vibration data obtained from regular train 

traffic on the studied bridges. However, all three cases show 

the same trend, i.e. decreasing frequency and increasing 

damping with increasing amplitude of vibration.  

The case 1 bridge (see Figure 6a) is a steel-concrete comp-

osite bridge carrying one ballasted track. It has a span length 

of 36 m. Details regarding this bridge can be found in 

references [2] and [1]. The frequency and damping functions 

of the free vibrations measured on this bridge are shown in 

Figure 4b. The case 2 bridge is a post-tensioned concrete 

beam bridge in two spans of 24 m each, carrying 2 ballasted 

tracks. The case 3 bridge is a post-tensioned concrete beam 

bridge in three spans of length 18.5 m, 26.0 m and 18.5 m. 

The bridge carries one ballasted track. Photos of the case 2 

and 3 bridges are shown in Figures 6c and 6e. Further details 

regarding these bridges can be found in reference [10]. 

3.1 Finite element modelling of the bridges 

In reference [2], the case 1 bridge was studied assuming that 

the source of the nonlinearities evidently present in the 

frequency and damping functions of the fundamental mode of 

vibration was either the track superstructure or the bearings 

(or a combination of the two). One conclusion from that study 

was that the bearing mechanism gave a much larger 

contribution to the overall damping than the track 

superstructure. Also, the variation in natural frequency was 

found to be caused almost exclusively by the bearings. Figure 

4 shows a conceptual sketch of the FE model of the case 1 

bridge. The same modelling features were used to model the 

case 2 and 3 bridges. The models consist of Euler-Bernoulli 

beam elements representing the bridge superstructure in which 

the mass of the ballast was included as non-structural mass. 

The eccentricity between the neutral axis of the superstructure 

and the support points was modelled using rigid links. The 

supports were modelled by linear springs and dashpots which 

include an approximation of the flexibility of the foundations 

and the substructures as well as an approximation of the 

equivalent viscous damping corresponding to the radiation 

damping at the frequency in question, i.e. near the natural 

frequency. It should be noted that the material damping did 

not give a modal damping ratio equal to that estimated from 

the measurements. A considerable amount of radiation 

damping was needed to match the damping ratios estimated at 

very small amplitudes of vibration. 

 

 

Figure 4. A conceptual sketch of the FE model of the case 1 

bridge. 

As mentioned in section 2.1, some research efforts are 

needed in order to determine the values of the Bouc-Wen 

model parameters for the bearing mechanisms more precisely. 

Thus, in this study, these parameters have been chosen so as 

to match the measurements reasonably well. Hence, the 

obtained results are of a qualitative nature, and should be 

considered as indications of what to expect from these non-

linear modes of vibration.  

 

 

Figure 5. A sketch of the support points of the case 3 bridge. 

The model parameters which are expected to have the 

largest effect on the coupling between the support point and 

the bridge superstructure via the bearing mechanisms are the 

longitudinal support stiffness and the eccentricity between the 

neutral axis of the superstructure and the support point. If the 

longitudinal support stiffness is weaker than the initial 

stiffness of the bearings, the bearing resistance to sliding or 

rolling will not be exceeded and an elastic displacement of the 

foundation occurs instead of non-linear bearing motion. 
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Figure 6. Photographs of the studied bridges and the frequency and damping functions of the fundamental modes of vibration of 

the respective bridges. 
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The case 2 and 3 bridges have integrated abutments. This 

feature was modelled by linear springs connected to the bridge 

deck ends forming, elastic constraints. The spring stiffness for 

the embankments was fixed at an estimated value of 0.1 

GN/m in the transversal direction and 1.0 GN/m in the vertical 

and longitudinal directions. The radiation damping at the 

embankments was ignored. However, this constraint was 

found to have a large influence on the free vibration response 

of the case 3 bridge (see Figure 8). 

4 RESULT 

Figure 7 shows the theoretical results for the three bridges in 

terms of the natural frequency and the modal damping ratio of 

the first vertical bending mode, as function of the amplitude of 

vibration. The natural frequencies decrease monotonically 

while the damping ratios increase drastically up to certain 

amplitudes of vibration and then decrease, apparently back 

towards the values obtained at very small amplitudes of 

vibration. 

Clearly, the case 1 bridge, which has the largest variation in 

the damping ratio in the CWT analysis, rapidly decreases 

towards approximately 0.5% as the amplitude of vibration 

increases. Thus, in a state of train-bridge resonance, it is likely 

that the contribution from the bearing hysteresis is quite small 

for this bridge. The case 3 bridge however, did not show a 

very large variation in its damping ratio from the experimental 

results, but the theoretical model predicts a substantial 

increase in the damping ratio, which prevails over a much 

wider range of amplitudes of vibration. 

 

 

Figure 7. The natural frequency (top) and modal damping 

ratio (bottom) of the first vertical bending modes of the three 

studied bridges. 

Therefore, the case 3 bridge was used to vary a few other 

parameters, namely the diaphragm height (see Figure 5) and 

the constraints at the bridge ends. Those results are shown in 

Figure 8, where one can clearly see that the elastic constraints 

at the bridge ends (the integrated abutments) act so as to 

reduce the motion of the bearings, while an increased 

diaphragm height increase the motion of the bearings. 

 

 

Figure 8. The result of the parametric study performed for the 

case 3 bridge. 

5 CONCLUSION 

It has been shown, in a qualitative sense, that the bearing 

mechanisms of three different railway bridges give rise to 

non-linear modes of vibration which vary between two states; 

(1) fixed bearings and (2) movable bearings. The transition 

zone between these two states consists of a fairly smooth 

variation of the natural frequency and the modal damping 

ratio of these modes of vibration. The damping ratio increases 

significantly during this transition and it appears as if one 

could design the support points of the bridge in such a way 

that the dissipated energy is maximized.  

The results presented in this paper imply that certain 

railway bridges have a much larger damping capacity than 

that predicted using linear theories. Therefore, further research 

should be conducted in order to utilize this in cases where 

existing bridges are subjected to increased train speeds and to 

obtain guidelines for designers of railway bridges for high 

speed traffic. 

A considerable research effort remains in order to be able to 

give practical guidelines regarding these mechanisms. 

Primarily, the model parameters for the Bouc-Wen models 

need to be determined in laboratory tests and the Bouc-Wen 

model used needs some further refinements to be useful in 

transient simulations of passing trains. Ultimately, full scale 

tests with amplitudes of vibration reaching at least 3 m/s2 are 

needed to verify the theoretical modelling and give better 

input for the theoretical modelling of this behavior.  

Since only the natural frequencies of the first 2-3 modes of 

vibration were available, all the model parameters could not 

be updated in a rigorous manner. Ideally, one would use 

operational modal analysis to determine the dynamic 

properties of several modes of vibration at small amplitudes of 

vibration and update all the linear components of the bridges 

using this data, assuming the bearings to be fixed. Then, the 

main uncertainties would be related to the non-linear bearing 

mechanisms alone.  
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ABSTRACT: In this communication two techniques for fast assessment of maximum envelopes are presented. The forward 
problem is solved by a semi-analytic solution, presented by one of the author and co-workers in 2006. The modal equations of 
motion are solved in closed form in the time domain. This analytic treatment permits some analytical tools for fast evaluation of 
maximum response. At the first explored option, the analytic train speed sensitivity is developed. The evolution of the maximum 
values (displacements or accelerations) is carried out through analytic sensitivity. This causes less number sampled speeds, 
giving an approximate hermitic cubic spline for the envelope. This technique avoids computing the solution at intermediate 
speeds, which reduces the global computing times. The second technique explores the analytic transformation of the signal in its 
quadrature form, by way of the Hilbert transform. Analytic Principal Cauchy Values are integrated, avoiding singular integrals 
or regularization techniques. The amplitude signal is proposed as a transformed signal to sample. The main advantage comes 
from the frequency contents of the transformed signal, which can be downsampled with large time steps. This causes time 
reductions. Numerical examples are shown in which, particularly in the context of low damping rates, the reduction in 
computing times dramatically decreases.  
 

KEY WORDS: Bridge dynamics; Design envelopes; Hilbert transform, Train-induced vibrations. 

1 INTRODUCTION 

 
According to Eurocode [1], the design of a bridge for high-
speed trains requires time-domain numerical assessment for 
both Service and Ultimate Limit States. The evaluation is 
carried out with time-domain solutions. Among the different 
models, the linear solution based on modal superposition 
covers the wider range of applicable cases. The train is 
modelled as a tandem system with constant loads traversing 
the structure at constant speed. The aim of the envelope 
analysis is the detection of the maximum response (given in 
terms of accelerations or displacements) at each passage 
speed, for each train and post-processing point selected. To 
cover mass and frequency variations, in ballasted tracks, three 
different mass (nominal, decreased and increased 30%) are 
considered, which generates three times number of direct 
evaluations.  

The numerical evaluation of the envelopes is time 
consuming, due to several factors: i) the number of modes 
considered, up to 30 Hz, increased with the complexity and 
number of degrees of freedom (from Bernoulli-Euler or 
Timoschenko beam models, to plate shells or solid elements  
at general 3D structures); ii) time steps are sensitive to modal 
damping ratio, requiring less time step size when the damping 
ratio decreases, as occurs in composite or steel bridges; iii) 
speed steps decreases when damping ratio decreases, to 
accurate assess the local maximum at envelope curves,  iv) the 
number of trains considered, in which the High Speed Model 
Load (HSML), which cover 10 trains, is completed with other 
train compositions; v) the number of post-processing points 
increases with the complexities of the spatial discretization. 

 To illustrate about the number of direct evaluations, the 
dynamic analysis of a continuous 3 span bridge, under 12 
trains (10 HSML, AVE and TALGO), speed interval running 
from 20km/h to 420 km/h (1,2·Vmax) with  speed step 
∆� = 5 km/h, would require the determination of 960 time 
series and a posteriori maximum values detection at each post-
processing point. This number increases as three ballast mass 
hypotheses are considered. The number of direct simulations 
rises to 2880. If low damping rate is considered, time step 
would require ∆� = 1 km/h; the number of forward time 
series evaluations rises to 14940. 

The analytical integration of the time-domain solution, 
proposed by Martínez-Castro et al. [2] avoids the dependence 
of time-integration step. An important property is that results 
in the time domain are exact, as the evaluation comes from an 
stepped closed-form analytical solution. The global computing 
time dramatically decreases as a consequence of the sampling 
time step, which is considerably 1 order of magnitude higher 
than the one required for stable numerical integration. The 
solution is approximated only in the spatial variables (modal 
analysis). In this sense, the solution is considered to be semi-
analytic. Generalization to plates and other spatial domains in 
which the train traverses a class-1 spline is carried out [3,4]. 

Unlike classical step-by-step methods, the semi-analytical 
solution gives an exact solution for the time domain through 
an analytical expression. Therefore, all the applicable 
mathematical treatment to analytical signals can be used. 
Taking advantage of this condition, this research employs this 
methodology in the definition of two approaches for fast 
evaluation of maximum envelopes.  

Two techniques for fast evaluation of design envelopes in high-speed train railway 
bridges: Train speed sensitivity and the Hilbert Transform.  
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At the first one, it is explored the direct analytic sensitivity 
of the modal coordinate respect to train speed. For a fixed 
speed, it is explored the way in which the local maximum 
(accelerations or displacement) evolves in a small 
neighbourhood. It is shown that the partial derivative of the 
maximum response respect to the train speed permits the exact 
evaluation of the envelope derivative respect to the train speed 
At each sampled speed, both the maximum and its speed-
sensitivity variation are obtained. This permits a local cubic 
approximation of the maximum envelopes, to interpolate 
maximum values by a simple cubic spline, avoiding time 
series at intermediate speeds. Time reduction in this technique 
is caused by decreasing the number of sampled speeds. 

The second technique causes time reduction in computing 
times coming from less number of steps required to sample 
the maximum at each speed. The application of the analytic 
Hilbert transform [5] is a common technique in signal 
processing as a way to detect the analytic envelope of a signal. 
The analytic envelope is a partial demodulated curve, which 
contains only low frequency information. Sampling the 
analytic envelope requires greater time step, typically in the 
range 10 Hz (0.01 seconds) or less (depending on damping 
ratio), for an original 30 Hz signal, which requires a time step 
close to 0.003. 
 
2. THE SEMI-ANALYTIC SOLUTION 
 

In this section it is described the analytic time-domain 
solution proposed in [2]. A local reference ���; 
, � is 
introduced, in which the origin � is located at the first point of 
the lane, 
 stands for the location along the lane, and � is the 
vertical coordinate to describe displacements at the points of 
the lane. A point load traverses the bridge moving at constant 
speed �	as ��
, � = �	�	�
 � �	�. The lane is divided in 
elements, where local cubic interpolation (Hermite type) is 
considered as the function basis to interpolate the solution. Let 

us consider element �, � = �
: 
 ∈ ���� , ����� ��, with  ! the 

spatial length of element. The vertical displacement "�
, � is 
expanded in the base of natural modes as 
 

"!�
, � = # $!%��&!
%

'()*	

%+,
�
 (1) 

 

with $%�� the n-th time-dependent modal amplitude, &%�
 
the modal shape evaluated at point 
. Note that both functions 
are locally evaluated at element e .The number of modes runs 
from 1 to the maximum number considered. In general, 
Eurocode [1] fixes this number as the corresponding mode 
with 30 Hz.  If a special discretization is considered at the 
global spatial domain, function &%(x) represents the local 
interpolation of the approximed field in a polynomial basis. 
Particularly, when the local description is built from the four 
Hermite cubic splines	-.�
, / = 1	�0	4, Eq(1) can be written 
as 

 

"!�
, � � # $!%��#2!%.
3

.+,
-.

'()*	

%+,
�
  

( 2) 

 
 
Coefficient matrix 2%.!  relates for element � the spatial shape 

functions with the modal coordinates. Such matrix can be 
built once the generalized eigenvalues problem that defines 
modes and natural frequencies at the 3D domain is solved.  

Functions $%!�� are closed-form solved at each interval. 
The solution is split into two terms: $%!�� = $%!,4�� 5 $%!,6��. 
Considering the local time 7 � � � ��

� , and omitting the 

superscript �, solutions for the homogeneous and particular 
functions can be written as, 

$%4�7 � �89:;:<	=>% cos�BC%	7 5 D%sin�BC%	7G  (3) 

 

$%6�7 � H%�I 5 H%�,��7 5 H%�J��7J 5 H%�K��7K  (4) 

 

In Eq (3), BC% � L1 � M%J stands for the damped natural 

angular frequency of n-th mode; in Eq (4), the four 
coefficients can be obtained in terms of 10 coefficients, non-
dependent on the train speed �, which can be evaluated and 
store previous to the time-domain computation. Thus, 

 

H%�I � �KH%�I, 5 �JH%�IJ 5 �	H%�IK 5 H%�I3 
H%�, � �JH%�,, 5 �H%�,J 5 H%�,K 
H%�J � �	H%�J, 5 H%�JJ 
H%�K � H%�K, 

 
 

(5) 

 
 

Expressions for these 10 coefficientes can be seen in [2]. In 
Eq(3), constants >%,	D%, are defined at each element with the 
initial and inter-element continuity conditions.  

 

3 TRAIN SPEED SENSITIVITY FORMULATION  

 Direct derivation 3.1

The analytical solution represented by Eq (3-4-5) shows an 
explicit dependence on the train speed �. At the local solution 
at element � in Eq (1), the dependence on the speed can be 

introduced, considering 7 � � � ��
�  

 

"!�
, �, � � # $!%��, �&!%

'()*	

%+,
�
 (6) 

 
 
 

The sensitivity of the response respect to the train speed can 
be obtained by the derivative evaluation, 

N"!�
, �, �
N� � # N$!%��, �

N� &!
%

'()*	

%+,
�
 (7) 

 
 

Relative time 7 � � � ��
� ; thus, the partial derivative can be 

evaluated as, 
 

N$%!��, �
N� � N$%!��, 7

N� 5  !
�J

N$%!��, 7
N7  (8) 
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Considering the decomposition given $%!�� � $%!,4�� 5$%!,6��, the sensitivity evaluation is split into two derivatives. 

The first one can be written as (omitting superscript e), 

N$%4��, 7
N� � �89:;:<=O% cos�BC%	7 5 P%sin�BC%	7G 

 

(9) 

 
Parameters O%, P% are determined from >% , D%, including 

the initial conditions and its derivatives at each element, 
depending on the speed v. Note that Eq.(9) has the same form 
than Eq. (3). Thus, the way to store and compute the 
derivative of the homogeneous term $%!,4�� is analogous to 
the way in which the forward solution is computed and stored.  

The second term is derived as, 

N$%6��, 7
N� � Q%�I 5 Q%�,��7 5 Q%�J��7J 5 Q%�K��7K 

 

(10) 

 
 

Q%�I � 3�JH%�I, 5 2�	H%�IJ 5 H%�IK 
Q%�, � 3�H%�,, 5 2H%�,J 5 H%�,K/� 

Q%�J � 3H%�J, 5 2H%�JJ/� 

Q%�K � 3H%�K,/� 

 
 

(11) 

 
Note that Eq.(10) is similar to Eq.(4). It can be seen that Eq. 

(11) has been written analogous to Eq. (5). The only 
restriction is � U 0. Thus, the way to compute and store the 
partial derivative of the particular solution term $%!,6�� is 
analogous to the one used in the direct solution. It only 
requires storing the original 10 terms, Eq (5).  

 Evolution of the maximum response. 3.2

At each train-speed, the maximum and minimum values for 
the relevant parameters (displacements or accelerations) are 
searched by sampling the time series. 

Let be W��, � a function depending on the speed � ∈
=XI, X,G and time � ∈ =�I, �,G. Typically, function W��, � 
represents oscillating displacements and acceleration time 
series. For a fixed speed �, a set of local extreme 
value	W∗��, � occurs at times �∗. Only one of them is 
considered as the maximum value during the time interval. At 
any local extreme W∗��, � with associated time �∗, the partial 
derivative respect to speed parameter � can be evaluated at 
time �∗, with an analytical formula including only information 
at time �∗. By virtue of the envelope theorem [6], it can be 
proof that such partial derivative describes the evolution of the 
local maximum value.  

NW∗��, 7
N� � lim\�→I

W∗�� 5 Δ�, �∗ 5 Δ�∗ � W∗��, �∗
Δ�  

 

(12) 

 
Note that, despite the times in which the local extreme is 

reached differs by Δ�∗ when speed changes from � to � 5 Δ�, 
the partial derivative is evaluated with only data at time �∗ and 
speed �. 

 

Equation (12) is valid at any local maximum; in the context 
of time solutions for high-speed trains, the global maximum at 
time interval is always a relative maximum, for which partial 
derivative respect to time is zero. The envelope curve is built 
by computing the maximum value for each train speed. 
Particularization of Eq (12) at the time �∗	of the global 
maximum at speed � allows the evaluation of the slope of the 
envelope curve. Note that, despite the evaluation of the 
forward time serie to search the maximum value requires 
sampling at the time interval, the evaluation of Eq. (12) only 
requires the evaluation of the partial derivative at only time �∗. 
Note that the time domain solution is written in closed-form. 
The partial derivative respect to train speed is also a closed-
form expression, see Eqs. (9) and (10). Thus, the semi-
analytic formulation allows a fast evaluation of the maximum 
response slope, just by evaluating at fixed time �∗. At this 
time, the position of the train is defined and the analytic 
derivation is computed.  

At each speed �, the proposed formulation permits 

computing the pair �W∗, `a∗`� . Thus, information about the local 

evolution of the maximum value is obtained. The usual way to 
compute the envelope curve requires a fine enough sampling 
speed interval, to catch the shape of the envelope curve; at 
each speed, a time series are checked (one serie for each event 
at each post-processing point) to search the maximum value. 
The envelope is evaluated by linear interpolation between 
sampled points. The new approach replaces the linear 
interpolation by cubic spline, built from the slope information. 
This allows a greater speed interval of evaluation, avoiding 
time series to be sampled at intermediate speeds.  

 

4 SIGNAL ENVELOPE BY HILBERT TRANSFORM  

 Introduction. 4.1

This second technique explores the time reduction which 
comes from a transformed signal, less oscillating than the 
original one. This causes less time required for sampling the 
maximum value at each fixed speed.  

Given a time dependent signal 
��, the quadrature signal 
(or analytic signal)	b�� is a two-dimensional signal whose 
value at some instant in time is specified by two parts, a real 
part and an imaginary part [7]. 

b�� � 
�� 5 /	
c�� 
 

(13) 

 
Function  
c�� can be obtained from 
��by different 
techniques. The Hilbert transform is the usual way to obtain it. 
The transformed signal can be described by complex variable 
concepts: the instantaneous amplitude >�� and the 
instantaneous phase Ψ�� 
 

b�� � >���.	e�f 
 

(14) 

 
The instantaneous amplitude >�� is also interpreted as the 

analytic envelope of the signal. In this sense, and in the 
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context of envelope computation, sampling the original signal 
to obtain the maximum response is equivalent to sampling the 
analytic envelope and finding its maximum value. The 
analytic envelope contains information about the amplitude of 
the signal, neglecting the oscillations due to phase change. 
The analytic solution provided by the semi-analytic permits 
the analytic treatment required to obtain the complex-valued 
signal, and from it, the amplitude signal. In what follows, the 
Hilbert transform and the analytic signal is presented, for the 
semi-analytic solution.  

 Hilbert Transform of the semi-analytic solution. 4.2

The Hilbert’s transformation 
c�� of a function 
�� is 
defined by the convolution between the Hilbert’s transformer 
,
ghf and the function	W��.  

ij
��k � 
c�� � 1
l h m 
�n

� � n	
o

8o
pn  

 

 

(15) 

 
Due to singularity at	� � n, the integral has to be considered 

as a Cauchy’s principal value. The HT of the real-valued 
function 
�� extending from �∞ to 5∞ is another real-
valued function defined by Eq. (15). Physically, the HT is an 
equivalent to a special kind of a linear filter where all the 
amplitudes of the spectral components are left unchanged, but 
their phases shifted by	�l/2.  

The Hilbert Transform of the semi-analytic solution is 
carried out by analytic integration represented in Eq. (15). 
Note that the Cauchy Principal Value is solved in closed form 
by direct integral evaluation, without cumbersome 
transformations required to avoid singularities in numerical 
integration.  

To obtain the analytic signal, the direct method consists on 
the integration represented by Eq. (15). Alternatively, when 
the signal can be split as the product of a low varying signal 
times a fast varying signal, the Hilbert transform can be 
computed as the product of the slow varying signal times the 
Hilbert transform of the fast varying signal, by virtue of the 
Bedrosian Identity [5]. 

The Hilbert transform of the homogeneous signal Eq. (3) 
can be integrated as:  

$c%4�7, � � 1
2 h ��/h�hBOr��hBrhMr h ���>r 5 / h Dr

h P/s�/ h �� � 7 h jBOr � / h Br h Mrkt� �>r � / h Dr h �2h/h7hBOr
h P/s/ h �� � 7�BOr 5 / h Br h Mrt 

(16) 

 

$c%6�7 h π � lim�→∞ $c%4�7, � � lim�→�∞ $c%4�7, �  (17) 
 
With P/�v the exponential integral function, defined as: 
 

P/�v � �m �8f
�

o

8w
p� (18) 

 
The evaluation represented by Eq. (16) is computationally 

inefficient. Alternatively, the evaluation can be carried out in 
real variable by considering the form of Eq. (3) as the product 
of a slow varying signal times a fast varying function. Thus, 
function P/�v is replaced by functions x/�v and y/�v, with 

 

x/�v � m sin	��
�

z

I
p� (18) 

 

y/�v � m cos�� � 1
�

z

I
p� 5 log�v 5 | (19) 

 
With | the Euler gamma constant. 
 
The Hilbert transform of the particular solution term can be 

evaluated in closed-form. From Eq. (4), the Hilbert Transform 
can be written as:  

 
 
$c%6�7 h l � lim6→o $}r��7, � � lim6→8o $}r��7, � (20) 

 
With: 
 

$c%6�7, � � �1
6 �� � 7

h �6Hr�1
5 �j3Hr�2�� 5 37
5 Hr�3�2	�2 5 5�7 5 1172�k� � �Hr�0
5 �7jHr�2 5 Hr�3�7k	 0�|� � 7| 

 
 

(21) 

One of the most important properties of Hilbert transform is 
that only the local characteristics of the signal a fixed time are 
required to define the analytic envelope. In the context of the 
time-domain solution for high speed trains, this means that the 
integral represented by Eq. (15) can be integrated in a reduced 
interval around the time of evaluation. To obtain the envelope 
signal, the contribution of the loads close to a certain time 
interval, related with the distance between loads, can be 
reduce the integration to a local integral in a finite interval 
(window filter).  

 

$%��� ≃ 1
l h m 
�n

� � n	
f��/�

8f8�/�
pn (22) 

 
This integral provides a faster evaluation of the Hilbert 

transform.  
Once the Hilbert transform is stored for a single load, the 

solution for a set of moving loads at constant train speed can 
be fast evaluated. The analytic envelope is computed as the 
module of complex signal. Numerical tests confirm that the 
sampling frequency reduces fom 300 Hz to 50 Hz or less. This 
causes global time reductions to obtain the design envelopes. 
Figure 1 show the acceleration time series and the analytic 
envelope, computed from both complete or shifted integral. It 
is shown that window filter is a powerful method to compute 
the analytic envelope.  
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Figure 1: Window filter effect in Hilbert transform 

6 NUMERICAL TEST: THE SESIA VIADUCT. 

In this section both techniques are tested in the context of a 
composite steel-concrete bridge for high speed trains. This 
bridge is analysed in the context of Operational Modal 
Analysis and fatigue expected life in recent references (see 
[8], [9] and [10]. This case is particularly well suited to show 
why fast techniques are required. The spatial solution is 
sensitive to three-dimensional configuration. The damping 
rate considered is low (M � 0.5%	 constant damping rate). The 
material and spatial configuration causes an elevated number 
of time series requires for accurate evaluation of envelopes.  

The Sesia viaduct is situated on the Italian high speed 
railway line between Torino and Milano. It is a steel-concrete 
composite bridge composed of seven spans, 46m long simply 
supported each, resulting in a total length 322m. The steel box 
girder is divided into two segments C1 and C2, which are 
connected by full penetration butt welding. At each span, the 
structural steel includes 15 cross diaphragms at interval 
3.11m, which support the necessary lateral stiffness to limit 
the distortion of the steel box girder. The twin-box steel 
girder, with an overall width of 10.2m and a depth of 3.35m, 
is covered by a 13.6m wide and 0.4m thick concrete slab, 
which is connected to the top flanges of the steel box girder 
by shear studs. Ballasted double tracks with UIC60 rails are 
supported at every 0.6m distance by prestressed concrete 
sleepers. 

 

 

Figure 2: Figure 4: Sesia Viaduct FEM model 

 
 

The results are compared in terms of maximum response 
envelope. In the context of the first technique, the approximed 
acceleration envelope is tested for different speed increments 
and time steps for evaluation.  
 

Figure 3 show the results obtained with speed intervals 10 
and 20 km/h., in comparison with the envelope obtained by 
Semi-Analytic methodology and a velocity step of 1 km/h. It 
is observed that, at the resonance speed, the less relative error 
is reported. It is due to the modal contribution which is 
defined by the square of the natural frequency in the 
derivative of accelerations, thus, at resonant velocities the 
contribution is focused on a very few modes of vibration and 
the errors are quite small.  

 

  

 
 
Figure 4 shows the sensitivity of the approximed envelope 

to time step used to evaluate the slope. Note that Equation 
(12) requires that partial derivative respect to time must be 
zero at the maximum value. When sampling at fixed time 
stems, this requirement is violated, causing error in the 

Figure 3: Approximed vs exact envelope evaluation with 
speed sensitivity formulation. Sesia viaduct. 

Figure 4: Evaluation time step effect on the approximed 
envelope. Sesia viaduct.   
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derivative evaluation. Note that, at speeds different to the 
resonance, more relative errors are reported. It is also due to 
the damping assumption (constant rate 0.5%). Different 
damping assumption, as Raileigh model, provides better 
results. Nonetheless, the observed error at resonance speed is 
less than 1%, which is the relevant value to be obtained from 
envelope curves.  

In Figure 5, the envelope is assessed by the analytic 
envelope proposed by the Hilbert transform. Different time 
steps are tested. It is observed that for coarse sampling times, 
local errors are obtained. That is why the curve for 20km/h 
registers peaks under the real curve. Nevertheless, the fitting 
of the proposed curves with the real one improves at resonant 
points. 

 
 

 

Figure 5: Envelope tested with Hilbert transform. Sesia 
viaduct. 

 

7 CONCLUDING REMARKS 

Two new techniques for fast assessment of maximum 
envelopes in dynamic response of bridges under the passage 
of moving loads were presented. Both solutions explore the 
basic analytic definition of the time-domain solution involved 
in the semi-analytic solution.  

At the first one, a meta-model based on train speed 
sensitivity was developed. The derivative of response with 
velocity was analytically defined in order to define a cubic 
spline as the approximed envelope. At the second one, the 
time series of response are replaced by the analytic envelope, 
computed from the Hilbert’s transformation. The singularity 
caused by Cauchy Principal value are solved by direct analytic 
integration. Sampling at the analytic envelope requires less 
sampling period, which implies less computing times to find 
the maximum value. Numerical tests were used to validate 
this two proposed techniques obtaining good results in all of 
them. However, it has been exposed the limitations in both of 
them: the train speed sensitivity meta-model is sensitive to 
time stepping because of the accurate determination of the 
time in which the maximum value appears. At the contrary, 
the Hilbert Transform meta-model permits higher time steps. 
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ABSTRACT: This paper describes the experimental calibration and validation of the numerical model of a short span filler-

beam bridge located in the Portuguese railway’s network. An ambient vibration test allowed the identification of the natural 

frequencies, mode shapes and damping coefficients of global modes of vibration of the bridge by the application of an output-

only technique. The calibration was performed using a genetic algorithm that allowed obtaining the optimal values of several 

parameters of the numerical model. The updated numerical model was validated based on a dynamic test under railway traffic 

and a very good agreement between numerical and experimental results was obtained. 

KEY WORDS: railway bridge; numerical modelling; ambient vibration test; model calibration; genetic algorithm; validation. 

1 INTRODUCTION 

Railway bridges are structures subjected to high intensity 

moving loads, where the dynamic effects can reach significant 

values. In the last decades, these effects have been great 

importance due to the increase of the circulation speed, not 

only in conventional lines but also in high speed lines.  

In this context, short span railway bridges, a very typical 

structural solution in the European railway network, are 

particularly interesting, since they are more susceptible to be 

affected by resonant effects induced by traffic which may 

cause excessive deck accelerations and lead to track instability 

[1], [2]. Several studies showed that the inclusion of the track 

in the numerical models of short-span bridges is crucial for 

the accuracy of the predicted dynamic responses [3], [4]. 

The dynamic analyses are usually based on finite element 

numerical models of the structure that involves assumptions 

and simplifications that may cause errors. These errors are 

basically related to the inaccuracy in the FE model 

discretization, uncertainties in geometry and boundary 

conditions and variation in the material properties. Due to 

these aspects, the importance given to the automatic 

calibration process of the numerical models has been 

increased, especially taking into account the modal parameters 

of the structure [5], [6]. However, the accuracy of the finite 

element model in reproduce the dynamic behaviour of the 

structure strongly depends on the experimental validation of 

the numerical results that is usually performed by means of 

dynamic tests [7], [8]. 

This paper describes the calibration and validation of the 

numerical model of a filler-beam railway bridge. An ambient 

vibration test allowed the identification of the natural 

frequencies, mode shapes and damping coefficients of several 

modes of vibration of the bridge by the application of an 

output-only technique. The calibration of the three-

dimensional numerical model including the track is performed 

by an iterative scheme based on the application of a genetic 

algorithm. Finally, the validation of the calibrated numerical 

model is performed by the comparison between the numerical 

and the experimental responses obtained from a dynamic test 

under railway traffic. 

2 CANELAS RAILWAY BRIDGE 

Canelas railway bridge is located in the northern line of the 

Portuguese railways, which establishes the connection 

between Lisbon and Porto, in a recently upgraded track 

section (Figure 1). The bridge is composed by two structurally 

independent decks, each one carrying one single track. Each 

deck is formed by six spans of 12 m, simply supported in 

columns, at the intermediate supports, and abutments, at the 

end supports, and has a total length of 72 m (Figures 1a and 

1b). The filler-beam deck is composed by a steel-concrete slab 

with 4.5 m width and 0.70 m thickness, a lateral cantilever 

with 1.7 m width and variable thickness, and a ballast 

retaining wall. The steel-concrete slab includes 9 embedded 

HEB 500 steel profiles (Figure 1c).  

 
(a) 

 

(b)  
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Figure 1: Canelas railway bridge: (a) perspective view; 

(b) lateral view; (c) cross section 

The deck is directly supported in the piers or abutments by 

9 laminated elastomeric bearings positioned below each 

metallic girder. These bearings are fixed in one extremity and 

longitudinally guided in the other extremity. The track is 

continuous between successive spans and composed by a 

ballast layer, with an average height of 0.60 m, monoblock 

sleepers and UIC60 rails. 

3 NUMERICAL MODELLING 

3.1 Description 

The dynamic analysis of Canelas railway bridge was 

performed based on a three-dimensional finite element 

numerical model developed in ANSYS [9]. The numerical 

model includes the extreme North span (span 2), an adjacent 

span (span 1) and an extension of the track in a distance of 

6 m from the abutment, in order to simulate the support of the 

track on the adjacent embankment (Figure 2a). 

In the numerical model, the concrete deck, the cantilever and 

the ballast retaining walls were modelled by shell finite 

elements. The embedded steel profiles and the rails were 

modelled by beam elements positioned at the corresponding 

centres of gravity. The sleepers, rail pads and ballast layer 

were modelled by volume elements, while the elastic bearings 

were modelled by spring-dashpot assemblies. In order to 

ensure the compatibility of displacements and rotations 

between the nodes of the slab and the nodes of the ballast 

layer, rigid link elements were introduced. The cross section 

of the numerical model with all described elements is 

presented in Figure 2b. 

 

(a) 

 

(b) 

Figure 2: FE numerical model: (a) overview and track detail; 

(b) cross section detail 

3.2 Geometrical and mechanical properties 

Table 1 presents the most relevant mechanical and 

geometrical parameters adopted in the numerical model of the 

bridge, including its designation, adopted value and respective 

unit and references. Additionally the lower and upper limits 

that will be used later in the model calibration phase are listed. 

The values of the remaining parameters were defined based on 

the bridge’s project information. 

Table 1: Geometrical and mechanical parameters of the bridge 

numerical model 

Parameters 
Limits 

(lower/upper) 

Adopted 

value 
Unit Ref. 

c Concrete density 2325 / 2646 2500 kg/m3 [10] 

Ec 
Concrete elasticity 

modulus 
32,00 / 41,00 36,50 GPa [10-11] 

hc Deck thickness 0,635 / 0,665 0,65 m - 

s Steel density - / - 7850 kg/m3 - 

Es Steel elasticity modulus - / - 210 GPa - 

bal Ballast density 
1683,7 / 

2143,9 
2040,8 kg/m3 [11] 

Ebal 
Ballast elasticity 

modulus 
80 / 200 145 MPa [12] 

hbal Ballast layer thickness 0,55 / 0,85 0,60 m [10] 

B0 
Degradation coefficient 

of ballast (area 0) 
0,01 / 1,00 1,00 - - 

B1 
Degradation coefficient 

of ballast (area 1) 
0,01 / 1,00 1,00 - - 

B2 
Degradation coefficient 

of ballast (area 2) 
0,01 / 1,00 1,00 - - 

Kv 
Vertical stiffness of the 

bearings 
116,8 / 542,5 315 MN/m [13] 

Kh 
Longitudinal stiffness of 

the bearings 
413,4 / 1111,7 817,7 kN/m [13] 

 

A particular attention was given to the ballast located 

nearby the longitudinal gap between the two independent 

decks. In this region the ballast properties can be significantly 

degraded due to the relative vertical movements that occur 

between decks under traffic actions. The degradation of 

ballast properties, in particular its modulus of deformability, 

was taken into account by a degradation coefficient (B). The 

ballast degradation areas (0, 1 and 2) are identified with 

different colours in Figure 2a. 

The stiffnesses of the supports were defined based on the 

expressions proposed by Manterola [13]. The vertical stiffness 

was estimated by means of series-connected springs, and 

considering the confinement effect of the neoprene layers 

caused by the intercalated metallic plates. The horizontal 

stiffness depends of the geometry of the support and shear 

modulus of the neoprene. 
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Figure 3 presents five global vibration modes of the deck 

obtained from a modal analysis of the initial numerical model 

of the bridge. The analysis was focused on extreme North 

span (span 2). Modes 1 and 2 are vertical bending modes 

otherwise modes 3, 4 and 5 are torsional modes. All modes 

involve simultaneous movements of both half-decks of Span 

2, and also between decks of Spans 1 and 2, due to the 

coupling effect conferred by the continuity of the track. 

 

  

Mode 1 -  f1 = 9.43 Hz Mode 2 -  f2 = 11.01 Hz  

 
 

Mode 3 -  f3 = 16.62 Hz Mode 4 -  f4 = 30.37 Hz 

 
Mode 5 -  f5 = 27.38 Hz 

Figure 3: Numerical modal parameters 

4 AMBIENT VIBRATION TEST 

4.1 Description 

The ambient vibration test allows the identification of the 

global modal parameters of the bridge, namely the natural 

frequencies, vibration modes and damping ratios. 

This test was implemented using a technique that considers 

fixed reference points and mobile measuring points and 

involved the use of 12 piezoelectric accelerometers model 

PCB 393A03. 

The ambient response was evaluated in terms of vertical 

accelerations in a total of 28 measurement points located on 

the steel girders of the half-decks of the North span of the 

bridge (span P5-E2 in Figure 1a). The reference sensors were 

located in both half-decks at the 1/4 span of the deck adjacent 

to the E2 abutment (positions 1, 2, 3 and 4). Figure 4a shows a 

plan with the measurement points. 

The data acquisition was performed using the cDAQ-9172 

system from National Instruments, equipped with IEPE 

analog input modules with 24-bit resolution (NI 9233). The 

acceleration series were acquired over periods of 4 min, with a 

sampling frequency of 2000 Hz and decimated to a frequency 

of 200 Hz. 

The connection of the accelerometers to the steel girders of 

the deck was performed with plates fixed by means of 

magnetic bases. The details of these connections are shown in 

Figure 4b. 
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Figure 4: Ambient vibration test: (a) measurement points; 

(b) accelerometers 

4.2 Modal parameters identification  

The identification of the bridge modal parameters was carried 

out through the application of the stochastic subspace 

identification method based on time series of acceleration 

(SSI-DATA), available at ARTEMIS software [14].  

Figure 5 shows the stabilization diagram that was estimated 

based on state models of order between 1 and 80. The 

alignments highlighted in the figure are the stable poles in 

correspondence with the bridge vertical modes (1 to 5). The 

stabilization criteria considered a maximum variation of 

0.01 Hz to frequencies, 0.01 % to damping coefficients and 

0.05 to MAC values. 

Figure 5: SSI method: average and normalized singular values 

of the spectral matrices 
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Figure 6 illustrates the configurations of the identified 

vibration modes, including the average values of the 

frequencies and damping coefficients. The analysis of the 

modal configurations allows identifying modes associated 

with bending and torsion of the deck with good definition. 

The values of the damping coefficients vary between 1.70 % 

and 2.00 %. 

 

Mode 1 - f = 8.70 Hz 

 = 1.90 % 

 

Mode 2 - f = 9.80 Hz 

 = 1.80 % 

 

Mode 3 - f = 14.90 Hz 

 = 0.80 % 

 

Mode 4 - f = 16.60 Hz 

 = 0.60 % 

 

Mode 5 - f = 28.30 Hz 

 = 1.50 % 

Figure 6: Experimental modal parameters 

5 CALIBRATION 

The calibration of the numerical model of the bridge was 

based on the experimental results from the ambient vibration 

test and involved a sensitivity analysis and an optimization 

based on a genetic algorithm. The pairing between the 

numerical and experimental vibration modes was performed 

by an innovative energy criteria based on the EMAC 

parameter [6]. 

5.1 Sensitivity analysis 

The sensitivity analysis allows for the selection of the 

parameters that most influence the frequencies and MAC 

values of the vibration modes of the bridge, and consequently 

should be included in the subsequent optimization phase. 

Figure 7 shows the results of a global sensitivity analysis 

through a Spearman linear correlation matrix [6]. The 

sensitivity analysis was based on 500 Latin hypercube 

samples. The samples related to a MAC value below 0.50 

were removed. The correlation coefficients located in the 

interval [-0.30; 0.30] were excluded from the graphical 

representation. 

The correlation matrix shows that the vertical stiffness of 

supports and the modulus of elasticity, thickness, density, and 

degradation coefficients of the ballast have a significant 

influence on several frequencies and MAC values. Also the 

modulus of elasticity of concrete influences the frequency of 

the first bending mode. 

 
 

Figure 7: Spearman correlation matrix 

5.2 Optimization 

The optimization phase aimed to obtain the parameter values 

of the numerical model which minimize the differences 

between numerical and experimental modal responses, and 

also involved the definition of an objective function and the 

application of an iterative process based on a genetic 

algorithm. 

The iterative process used in the optimization of the 

numerical model, which involves the use of three software 

packages (ANSYS, MATLAB and OptiSlang) is illustrated in 

the flowchart of Figure 8. Further details of the optimization 

procedure can be found in Ribeiro et al. [7]. 

Figure 8: Flowchart of the optimization process of the 

numerical model [7] 

The objective function f includes information related to the 

natural frequencies and the MAC coefficients of the global 

vibration modes considered in the analysis, and is defined 

according to the following equation: 

 

    
   

   
   

    

  
             

   
   

       

 

   

 

   

 (1) 

 

where   
   

 and   
    corresponds to the experimental and 

numerical frequencies for mode   and the vector containing 

the experimental and numerical information of each are 

defined as   
   

 and   
   , respectively. The   and   
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coefficients are weighting factors related to each term of the 

function, assumed as 1.0, and   is the total number of modes, 

equal to 5. 

Table 2 shows the optimal values of the parameters 

obtained from three independent optimization runs (GA1 to 

GA3) with different initial populations and the 

correspondents’ coefficients of variation (CV).  

Table 2: Optimal value of numerical parameters for 

optimization runs GA1 to GA3 

Parameter Unit GA1 GA2 GA3 CV (%) 

Ec GPa 40.61 39.32 40.62 1.86 

Ebal MPa 109.6 98.6 82.8 13.89 

B0 - 0.03 0.03 0.03 0 

B1 - 0.15 0.17 0.40 57.89 

γc Kg/m3 2366.9 2327.9 2416.7 1.88 

γbal Kg/m3 1937.5 2094.9 1884.6 5.55 

kv kN/m 290.8 276.9 316.5 6.82 

hbal m 0.82 0.66 0.84 12.76 

 

The parameters with lower coefficient of variation, such as 

the degradation coefficient of the ballast (B0), density and 

modulus of elasticity of ballast and concrete, and vertical 

stiffness of the supports, are those that most influenced the 

modal parameters. 

Figure 9 shows the comparison between experimental and 

numerical frequencies and MAC values, before and after the 

calibration. The results after calibration refer to the 

optimization run GA2, which is associated with the lowest 

residual of the objective function. After the calibration, the 

average error of frequencies decreased from 23.7 % to 1.1 %. 

The average value of the MAC parameter increased from 

0.916 to 0.934. 

 

 
(a) 

 
(b) 

Figure 9: Modal parameter’s values before and after 

calibration: (a) frequencies; (b) MAC 

6 VALIDATION 

The validation of the numerical model was performed 

according to the results of a dynamic test under railway traffic 

[15]. The numerical analyses were performed using the modal 

superposition method, considering the Alfa Pendular train as a 

set of moving loads, the vibration modes with frequencies up 

to 30 Hz and an integration time increment equal to 0.001 s. 

The modal damping coefficients were considered equal to 

those obtained in the ambient vibration test. 

Figure 10 shows the load scheme of the alfa pendular tilting 

train. This conventional train has a total length of 

approximately 150 m and is composed by four motor vehicles 

(BAS, BBS, BBN and BAN) and two hauled vehicles (RNB 

and RNH). The axle loads varies between 128.8 kN and 

138.4 kN. 

 
Figure 10: Load scheme of the Alfa Pendular train 

 

Figure 11 shows the comparison between the experimental 

and numerical responses, before and after calibration, in terms 

of displacements and accelerations in the mid-span section of 

the deck for the passage of Alfa Pendular train at 140 km/h. 

The experimental acceleration records were filtered based on 

a low-pass digital filter with a cut-off frequency equal to 

30 Hz. 
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(a) 

  

 
(b) 

Figure 11: Comparison of the experimental and numerical, 

before and after updating, dynamic responses of the bridge at 

mid-span section for the passage of Alfa Pendular train at a 

speed of 140 km/h: (a) displacement; (b) acceleration 

The numerical results after updating revealed a better 

approximation to the experimental results, in comparison with 

the results before updating. 

Furthermore, the figures show a very good agreement 

between numerical, after updating, and experimental records. 

The dynamic responses, in particular in terms of displacement 

of the deck, are clearly dominated by the frequency associated 

with the passage of the regularly spaced groups of axles (f) 

with a spacing (d) of 25.9 m (f = v/d = 140/3.6/25.9 = 

1.50 Hz).  

The degradation of the ballast layer between the two half-

decks contributed decisively for the increase of the 

deformability of the deck in the updated numerical model.  

Regarding the response in terms of acceleration, it should be 

noted the important contribution of the frequencies of the first 

and second modes of vibration of the deck. In the 

experimental record, it is also possible to identify the 

contributions of frequencies between 15 Hz and 25 Hz, 

possibly related with the irregularities of the track or wheels, 

causing the excitation of the axles or the bogies of the 

vehicles, which can only be simulated in a dynamic analysis 

including train-bridge interaction.  

 

7 CONCLUSIONS 

This paper described the calibration and experimental 

validation of the numerical model of a short span railway 

bridge based on dynamic results. 

Based on an ambient vibration test and by application of a 

stochastic subspace identification method, the frequencies, 

mode shapes and damping coefficients of five global modes of 

vibration of the bridge were identified. 

A sensitivity analysis revealed that global modes are 

essentially influenced by the ballast parameters, in particular 

the modulus of deformability, thickness, density and 

degradation coefficients, the modulus of deformability of the 

concrete and the vertical stiffness of the supports. 

The optimization of the numerical model was performed 

using a genetic algorithm and involved 7 numerical 

parameters and 10 modal responses (5 natural frequencies and 

5 MAC values). The results of three optimization runs, based 

on different initial populations, led to very similar values of 

the numerical parameters, which demonstrate the robustness 

of the genetic algorithm. Also the comparison between 

numerical and experimental frequencies and MAC values, 

before and after calibration, proved significant improvements 

in the numerical model. 

The validation of the numerical model of the viaduct 

involved a comparison between numerical and experimental 

responses, in terms of displacements and accelerations of the 

deck for the passage of Alfa Pendular train at 140 km/h. A 

very good agreement between numerical and experimental 

records was achieved. 

As future developments, the authors intend to improve the 

calibration process in order to include in the objective 

function not only the residues of modal parameters, but also 

the residues of the dynamic responses under traffic actions. 

The updated model will also be used to the numerical 

simulation of the dynamic response of the bridge for different 

traffic scenarios, considering the train-bridge interaction and 
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the track irregularities, in order to evaluate the performance of 

the bridge in terms of structural safety (dynamic amplification 

and fatigue), track safety (track and wheel-track contact 

stability) and passengers comfort. 
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ABSTRACT: This paper is dedicated to the study of the seismic performance of an existing long reinforced concrete (RC) 

bridge localized in a region of moderate seismicity. The bridge is 440 m long with 6 spans and piers with very different 

heights, 3 of which are monolithically connected to the deck. To understand the roles of the different pier sizes in the overall 

behavior several analyses were carried out in the longitudinal direction: (i) linear dynamic approach; (ii) non-linear static 

approach and (iii) non-linear dynamic approach. 

The aim of the linear elastic analysis was to obtain the design for the ultimate limit state considering the largest value of the 

ductility factor for the piers. No safety verification was made for the other loads.  

The linear analysis was made for a region with a seismic action similar to Lisbon with a EC-8 response spectrum. N2 method 

was used to check the design, concentrating the attention on pier 4, the smallest and the more critical element. Minimum and 

maximum values of reinforcement were adopted for all other piers. Using non-linear static analyses, sensitivity was 

performed to check the influence of steel quantities in the overall behavior of the bridge.  

For the non-linear dynamic approach a series of strong motion records compatible with the EC-8 spectrum were generated. 

Various combinations of amount of steel reinforcement for flexural efforts in piers were studied with the objective of 

optimizing the cost-performance. Comparisons between static non-linear N2 method and non-linear dynamic analysis were 

made to confirm the validity of the former method in the case under analysis, where the period of vibration is quite high.  

KEY WORDS: RC bridge; seismic behavior; linear; non-linear methods. 

 

1 INTRODUCTION 

Till mid fifties of last century the effect of the seismic action 

on structures was represented by static lateral forces with 

value equivalent to a percent of the existing vertical loads. 

This method was considered not sufficient to characterize the 

seismic behavior and, consequently, other methods based on 

the kinematic and dynamic modeling of the structures were 

developed. Non-linear analyses were recommended after 

understanding that the linear methods by themselves could not 

represent the reality in many instances, even though linear 

modeling together with the concept of ductility is still in use 

in the majority of the design offices. At that time a set of 

studies were made in order to study in detail the cycle 

behavior of steel and concrete, and the influence of various 

seismic parameters of the seismic action namely the Peak 

Ground Acceleration (PGA), the Peak Ground Velocity 

(PGV), the frequency content and the duration. 

In the behavior of the structure one should explore the 

ductility, not only to support the displacements but mainly the 

energy accumulated in the structure. In the past code (RSA, 

1983[1]) and in the recent developed EC-8-1 [2] the linear 

methods are recommended together with the use of behavior 

coefficients. However, with the introduction of high capacity 

computations, it is possible today to analyze more complex 

structures, giving rise to the non-linear static and dynamic 

studies. In particular, the static methods, among which is the 

so-called N2, when applied to regular structures present 

results which are quite adequate and so they initiate their 

exploitation in design (as recommended in EC-8). 

Nevertheless, for irregular structures they do not have the 

capacity to simulate all the conditioning constrains. In this 

dissertation where an irregular structure with a pier of high 

stiffness is modeled, this method is tested against a more 

general method of non-linear dynamic analysis, and results are 

confronted both with non-linear static and with just linear 

methods. This way it is possible to check how far the more 

sophisticated method comes from other methods.  

The bridge has a total length of 440 m with 6 spans: the 

central two with 100 m, two with 75 m and the two 

connecting to the embankments with 45 m. The deck, a 

monolithically multi-supported beam has a hollow box-girder 

of variable height. The three central piers are monolithically 

connected to the deck and are 62.0; 67.4 and 24.8 m high. The 

cross-section of these piers is typically an hollow rectangle 

reinforced at the corners and with variable dimensions in the 

region close to the base. The other spans are supported by 

supporting devices at the piers connections and embankments. 

Figure 1 presents the profile of the bridge and the geometric 

characteristics of typical cross-sections.   

Table 1. Material’s properties used in the linear analysis. 

Material C40 A400 

        35 200 

         40 400 

          26.7 347.8 
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Figure 1. Profile of the bridge and the geometric characteristics of a typical cross-sections (credits by Armando Rito).

Following the initial design a concrete C40 and steel class 

A400 were used in this analysis. The main properties of these 

materials which were used in the linear analysis, are presented 

in Table 1 (values already reduced as in design), while the 

non-linear constitutive relations for those materials are based 

in Mander [3] for concrete and Manegotto [4] for 

reinforcement.  

 

2 DYNAMIC LINEAR ANALYSIS 

The linear analysis was performed with the SAP2000 software 

[5], strictly following the original drawings. The deck and the 

piers were modeled with “beam elements” with a 

discretization of          for pier 4 and        for all 

other elements. Piers were built-in at the foundation, a solid 

rock geological complex. In this analysis all piers were 

supposed monolithically connected to the deck. The concrete 

Young moduli value is reduced to 50% to consider the 

exterior cracking of concrete. Two main modal shapes were 

identified in the analysis performed on the longitudinal and 

vertical direction only: one associated to the longitudinal 

displacement of the deck with a period of         , and the 

local mode of pier 3 with a period of           These values 

were validated by in-situ ambient measurements provoked by 

the vibration of passing cars and vans. 

The bridge was considered as belonging to importance class 

IV (γ=1.95) located in a soil type A (EC8 [2]). 

In the design of the steel bars the value       was 

assumed and the bridge was studied for three different zones 

of increasing seismicity starting from the original situation: 

Azambuja with a lower hazard than Lisbon, Lisbon and 

Aljezur with a higher hazard. Figure 2 shows the design 

spectra corresponding to these locations (DNA, 2011 [6]). 

 

 

Figure 2. design response spectrum. 

The stresses directly obtained from SAP2000 were added to 

the ones due to second order effects. The analysis of the 

transversal section is made through a simple model of an 

equivalent binary moment where the group of core-flange 

support all the bending load, Figure 3.  
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Figure 3. model of an equivalent binary. 

 

By analyzing the efforts in pier 4 it was possible to 

determine the seismic action in Lisbon such as the one which 

can exploit better the ductility of that pier due to percent of 

reinforced bars of        . The displacement of the deck 

for this case is            and the basal shear     
         which corresponds to a seismic coefficient 

      . Table 2 presents the design efforts.  

 

Table 2. Forces demand in critical sections. 

 
2-A 2-B 4-A 4-B 

       1972.3 1372.0 9037.8 9252.1 

        46139.4 27936.5 27815.5 33932.3 

          80217.6 59059.2 135577.8 119250.85 

 

The piers are designed according to EC-8-2 based on 

capacity design considering a over-strength factor of    
    . The length of the critical zone is        for both the 

upper and the lower zones. The steel bars are 192Φ32 and 

176Φ32 respectively, in the lower and upper critical zones. 

These quantities are distributed to the flange and the core. In 

the connecting zone the steel percent is reduced until 

approximately mid height where the steel is 30Φ32. Dealing 

with hollow sections, EC-8-2 [7] does not require 

confinement; however, in the cores a minimum quantity of 

steel for outer stirrups and four stirrups in the inner part in 

both directions, all Φ12//0.1. To warranty an adequate shear 

safety in the connection between cores and webs, an 

additional reinforcement with double stirrups Φ16//0.1 in the 

critical zones and Φ12//0.10 elsewhere. In the other piers a 

longitudinal steel of 64Φ25 was applied along all height. 
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3 NON-LINEAR STATIC ANALYSIS 

Using the non-linear software SeismoStruct [8] a static 

analysis of the structure was made for the ground motion of 

Lisbon. To proceed with this software several adaptations 

were required to represent the cross-sections by fiber areas. 

The deck was modeled as in SAP2000 in such a way to keep 

two conditions: (i) equal displacement and (ii) equal stiffness 

rotation, at the top of piers. To achieve that, the elements of 

the deck between piers are considered with the same flexure 

stiffness as in SAP2000. The spans outside the central spans 

are modeled with rotation springs. The masses associated 

directly to piers 2, 3, 4 are applied as concentrated masses in 

the upper part of each one. The remaining masses are applied 

at a point outside showing identical displacement to the 

displacement of the top of piers.    

Piers cross sections are modeled as an equivalent section 

that the program has in his library. among the possibilities, the 

option was to use an H shape due to the large area far from the 

centre, keeping in mind that only the longitudinal direction of 

the bridge was under study.  

 

 

Figure 4. Determination of equivalent section. 

 

Table 3. Reinforcement distribution for button section of each pier. 

Model Description Pier 2 and 3 Pier 4 

b.b.b.  

Minimum steel in all piers. Economically is the most 
advantageous and the one expected to yield in first 
place. As it should lead to large spectral 
displacements due to the increase of vibrating 
period, it shows a higher ductility requirement. 

 
 

A.A.b. 

Steel distribution which causes larger participation 
in the secondary piers. It is studied aiming at 
determining the deformability capacity  of pier 4 
which is with very low reinforcement. 

 
 

b.b.A. 

Steel distribution according to the linear model. This 
distribution leads to a non-linear behavior better 
matching the linear case. So it is used as a model for 
comparison with other cases. 

  

A.A.A. 

Maximum distribution of steel in all piers. This 
model tends to exploit to a lesser extension the 
ductility capacity to support larger elastic 
displacements. Besides, as it is more rigid in the 
beginning, it leads to smaller spectral 
displacements. 

  
    

The equivalent geometry of each section was determined in 

such a way to warranty the same transversal area and the same 

flexure inertia. The reasoning behind can be observed in 

Figure 4. One should note that the plastic behavior of both 

sections is similar; however, due to the large variation of 

Young Modulus along its length, the quantity of area of fibers 

further located is a factor that may jeopardize the equivalence 

process of sections once the equivalent section presents larger 

areas of fibers further located than the original section. 
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In order to study the sensitivity of distribution of fibers in 

the lateral stiffness, in the individual behavior of each pier and 

the state of stress-extension of the critical section, four 

different models of longitudinal steel distribution were 

created. The steel used in each pier was the one obtained with 

the linear model for the three piers described above. The name 

attributed to each case reflexes the amount of reinforcement 

applied as shown in Table 3, being b the lowest steel case and 

A the highest. The table presents also the reasons for the 

different choices and the expected results. 

The target displacement for each above referred model 

subjected to seismic loading is computed using the N2 

approach [9], making use of the simplification of the system 

into an equivalent degree of freedom. The equivalent period 

    is determined equating the energy accumulated by both 

the original and the equivalent system (assuming an elasto-

plastic behavior). 

The equivalent mass      is associated to the mass which 

actively contributes to the fundamental mode shape of the 

bridge in the longitudinal direction. That is the mass of the 

deck plus the masses of the piers above their inflection points. 

For flexible structures the target displacements developed by 

the structure     and by the equivalent single degree of 

freedom     are identical. The latter is obtained from the 

response spectrum. The coefficient     between the total base 

shear in the elastic and in the original models reflects the 

ductility capacity of the bridge, and it increases with the 

increase of the stiffness of the secondary piers, and, mainly 

with the decrease of stiffness of secondary piers. The same 

statement can be held about the value of    . As such the 

decrease of the equivalent period is associated to higher 

stiffness and corresponding proximity of a rigid-perfectly 

plastic behavior, which is an ideal situation as far as energy 

dissipation is concerned. 

The Plastic factor     was introduced to relate the ultimate 

secant rigidity to the tangent rigidity. The conclusion is that 

the lower participation of the secondary piers leads to an 

increase of the Plastic factor    , and consequently the restrain 

of the same displacements  with larger capacity for energy 

dissipation. Stiffness of pier 4 does not influences this factor. 

Figure 5 presents in a compact format the values obtained for 

each model. 

 

 

  
 
 

 

 

 

 

 
  

 Model                                                

 b.b.b. 126464 0.296 28110 0.222 11707 3.12 2.40 

 A.A.b. 106396 0.294 23649 0.222 13237 2.20 1.79 

 b.b.A. 136880 0.456 29691 0.217 18506 3.18 1.60 

 A.A.A. 115512 0.452 25675 0.222 20117 2.21 1.28 

 
 

 
 

 
 

   

Figure 5. Determination of target displacement; Plasticity factor and behavior factor. 

 

The b.b.A. model is the one shorter equivalent period and is 

the sole that presents a target displacement lower than all the 

others. The difference is lower than 3% which is considered 

negligible. 

The stiffness of the secondary piers does not influence the 

value of first yield which always occurs in section 4-A. For 

this reason the stage of the structure is almost exclusively 

attributed to pier 4. In the next stage the secondary piers with 

higher stiffness get gradually a higher participation, allowing 

a considerable increase in the structural load capacity. On the 

other hand, the models with secondary piers with low 

reinforcement do not increase the capacity in the post-yielding 

stage.  

One can see in Figure 7 that the models, where pier 4 is 

strongly armed, can support slightly larger displacements in 

the deck. This is due to the fact that the pier 4 exerts a great 

reaction on the deck causing smaller curvatures for the same 

top displacement as schematically represented in Figure 6 for 

element 2. Looking now to Figure 8, one can see that the 

capacity of cross-sections to take curvatures is much more 

dependent on the amount of reinforcement as already stated 

by Brito [10].  

 

Figure 6. Relative stiffness influence in sections curvature. 
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Figure 7. Force-Displacement of analyzed models.  

 

The rupture of sections is always due to exhaustion of 

deformability capacity in the steel. This is due to the 

significant low position of the neutral axis, a consequence of 

the low axial reduced load.  

 

 

Figure 8. Moment-curvature of  sections.  

For the target displacement the second steel layer of the 

secondary piers never yield. However, for the models with 

low reinforcement, yielding is attained because the elements 

are subjected to larger curvatures (schematically represented 

in Figure 6, by element 1 in contrast with element 2. On the 

other hand, for those highly reinforced piers, there is no 

yielding. 

In Figure 9 one can see the distribution of axial tensions in 

the upper cross-sections of piers 2 and 4 for the b.b.b. model, 

where one can check the yielding of the reinforcement without 

attaining the second layer. The implications of this behavior 

are that one can consider that these piers still keep a 

considerable capacity for load carrying. 

Loads acting at critical sections of models b.b.b. and b.b.A., 

including their kinematical state, are presented in Table 4. 

Once the performance displacements are identical, one 

observes that not even the increase in steel reinforcement in 

pier 4 influences the efforts and deformations of cross-

sections of secondary piers and vice-versa.  

This means that these efforts and deformations of pier 4 

vary quite slightly with the amount of reinforcement. 

 

 

Figure 9. Stress of materials in top of the piers.

 

 

Table 4. Loads acting in performance displacements. 
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Model Section                                                                         

b.b.b. 

4-A 88579 -33504.3 
6465.6 

9.8 12.63 9.1 44.6 -4.6 

4-B 79198 -27965.4 6.0 14.85 7.5 53.5 -4.4 

2-B 64421 -26179.7 2686.1 5.6 0.87 20.3 2.7 -0.69 

b.b.A. 

4-A 173561 -34268.6 
13310.1 

10.0 8.32 14.2 27.7 -4.7 

4-B 163683 -28564.6 6.1 6.34 13.4 21.3 -3.4 

2-B 64048 -26330.6 2677.8 5.6 0.83 20.9 2.5 -0.74 
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4 DYNAMIC NON LINEAR ANALYSIS 

In this chapter a 5 a dynamic non linear analysis of the models 

defined in chapter 4 with the SeismoStruct software by 

applying a set of acceleration time history records. Six records 

were synthetically generated and adjusted to the linear 

spectral shape defined in chapter 3. The records are applied at 

the foundation level of the 3 central piers, in the longitudinal 

direction. The analysis of the response of each one of the 4 

models is made for the 6 accelerograms, in a total of 24 cases. 

The basic target configuration used for comparing results is 

the horizontal displacement of the deck. Nonetheless, there is 

another important configuration at the level of the secondary 

piers. This latter phenomenon is more visible for the models 

with lower reinforcement in these piers. This occurs due to the 

high flexibility of these piers, moving in higher modes, but 

not constraining the overall base configuration. On the 

sequence of a preliminary study of the consequences, one 

concludes that the curvatures and extensions in the steel in the 

sections along the height of the piers do not overpass    
     and         respectivelly. Those modes introduce 

the presence of noise in the overall hysteretic curves. In order 

to have a measure of the total hysteretic damping coming 

from the non-linear behavior, filtering was applied to the 

system by creating an optimal model with null mass in the 

piers but warranting that the total dynamic mass was the same. 

As an illustration Figure 10 shows the time history of 

displacements and the hysteretic curves for models b.b.b. both 

optimized and the original one under accelerogram 1. The 

optimized models present similar maximum displacements 

and similar apparent periods of vibration to the values 

obtained with the original models. For this reason the 

optimized models seem to be good representations of the 

original ones, but without noise. 

 

 

Figure 10.Time-history of deck Displacement. 

As referred above an analysis of the 24 cases of optimized 

models is presented below, considering the maximum 

displacements and the base shear. The concept of secant 

period    is introduced as the period of an elastic structure 

with a secant stiffness obtained from the stage force-

displacement at maximum. In parallel the apparent period    

is also introduced as the value obtained from the main 

periodicity observed in the response time history of each run. 

Table 5 presents the average response of all 6 input 

accelerograms for each model under study.  

 

Table 5. Maximum base shear and deck Displacement.  

     
                 

              
         

        

b.b.b. 12769.8 0.25 3.2 2.9 

A.A.b. 14544.2 0.26 3.0 2.8 

b.b.A. 19094.2 0.24 2.5 2.4 

A.A.A. 20735.2 0.24 2.5 2.4 
 

 

It should be noted that the scatter associated to the response 

values is quite high, attaining in one case the value of         

for displacement.  Nevertheless, the hypothesis of "Equal 

Displacements" stands if we consider that maximum 

difference between maximum displacements in all cases is 

smaller than 80%. 

Next, the analysis of hysteretic curves is made for each 

case. To estimate the overall area of hysteretic damping 

dissipation, an envelope of all responses was determined. The 

area inside the envelope represents an upper estimative of the 

maximum energy dissipated per cycle and the total energy 

dissipated is only this one multiplied by the number of 

effective cycles. And a cycle is considered an effective cycle if 

the deck surpasses the yielding defined in the non-linear static 

analysis. 

 

Table 6 . Damping coefficient due to hysteretic behavior. 

                  

b.b.b. 5.5 6154.9 0.31 0.36 

A.A.b. 6.0 6729.6 0.29 0.34 

b.b.A. 5.5 16780.4 0.58 0.63 

A.A.A. 5.5 16751.4 0.53 0.58 

 

Damping coefficient due to hysteretic behavior (  ) is given 

by Erro! A origem da referência não foi encontrada.. A 

summary of damping coefficients from hysteretic phenomena 

is presented in Table 6. 

 

 

    
  

  

 

        
   (4.1) 

 

 

5 CONCLUSIONS 

The various analyses reported in this dissertation were made 

with the main objective of deepening the knowledge of the 

seismic behavior of a bridge with different pier heights, in 

what concerns the deformation capacity of their component 

elements and in the factors that may alter that capacity. To 

achieve this objective a first linear analysis of an existing 

bridge was made leading to the steel design of critical cross-

sections warranting the ultimate limit state. Subsequently, a 

study of sensitivity on the amount of steel reinforcement to be 

used was made. This study, with 4 different cases, involves 

non-linear static and dynamic analyses.    

One of the cases, b.b.A., was selected as having the same 

distribution of steel reinforcement of the linear case to serve 
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as comparison with the other three models. Considering that 

the non-linear dynamic analysis is the one that better 

represents the reality being the others (simpler models) 

approximations to the reality, the values obtained with the 

first one are always slightly above the others, causing some 

perplexity if only the simpler models are used.  The case 

under analysis is one deserving a better understanding of the 

entire behavior. In Table  7 is presented the forces and 

displacement obtained in the different analysis made. Figure 

11 shows a comparison of the capacity curves derived with 

the various methods referred. The main difference is on the 

capacity curve of the linear analysis that underestimates the 

other ones. 

 

Table 7. Values obtained in different analyses made. 

 
ADL AEnL ADnL 

       0.19 0.22 0.24 

       12893 18506 19094 

   0.08 0.12 0.12 

 

 

Figure 11. Capacity curves for the different analyses made. 

As such, it was concluded that the behavior coefficient 

selected for the linear analysis based on EC8-2 (     ) is 

not a good representation for this bridge, once the N2 method 

leads to only half of that value. This suggests this type of 

bridge is considered as an inverted pendulum as the behavior 

is almost governed by pier 4. In this sense, it is recommended 

that the behavior coefficient, according to EC8-2 should 

consider the participation of the various piers and their 

connection type to the deck, and not only the type of global 

structural system of the bridge. 
Another parameter to take into consideration is the plasticity 

factor that may inform on the importance of the components 

with less degree of participation. 

It became clear that the curvature capacity of these short 

piers is very much conditioned by the rupture of the steel, but 

the ultimate curvature is not much influenced by the amount 

of steel. 

As far as the structural solution is concerned, it can be 

optimized without touching the adopted aesthetics. The 

recommendation goes to create an hinge at the connection of 

pier 4 to the deck. This way it is possible to assure that the 

curvature depends only on the top displacement, which for 

very flexible structures does not depend on the longitudinal 

stiffness. The second alteration has to do with the adoption of 

cross-sections with clear bending dependence with smaller 

depths at the bottom of the taller piers.  

From this study, which only considers the seismic load, one 

can conclude that the longitudinal seismic analysis of this type 

of structures should be made exclusively based on the small 

pier, due to the fact that, whatever exploitation of the 

resistance of the longer piers, the participation of the small 

pier is predominant in the overall response. 
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ABSTRACT: Currently, pedestrian footbridges are designed with new materials and increasingly daring architectural concepts, 

which make these structures more slender and therefore more susceptible to vibration problems. This fact has changed the 

serviceability and the ultimate limit states that are associated with the design. Considering all aforementioned aspects, in the 

present paper, human walking is modelled using the random nature of the dynamic load induced by different pedestrians. This 

uncertainty is related to the variation of the pedestrian weight, the step frequency, the step length and the dynamic load factors 

(DLF). Then, the probabilistic approach allows the structural engineers to assess the variation of the human walking force 

generated by different pedestrians and their impact on the dynamic response of the footbridges. Finally, the probabilistic 

walking load model is applied to a steel-concrete composite footbridge to calculate the footbridge response in different dynamic 

load scenarios. The reference structure investigated is a real steel-concrete composite footbridge that is made of wide flange 

steel beams with a reinforced concrete deck and built in the new campus of the Institute of Traumatology and Orthopaedics 

(INTO), which is located in Rio de Janeiro/RJ city, Brazil. A computational model of the reference structure was developed 

using mesh refinement techniques to perform the static and the dynamic analyses. Based on an extensive parametric study, the 

dynamic response spectrum of the reference footbridge, which was expressed in terms of the peak accelerations, was drawn and 

compared to the human comfort criteria that were proposed by several authors and design codes. This probabilistic approach 

provided a more realistic assessment of the vibration problems induced by human walking. 

KEY WORDS: Footbridges, Dynamic analysis, Probabilistic approach, Pedestrian walking force, Human comfort. 

1 INTRODUCTION 

Nowadays, the pedestrian footbridges are being designed with 

new materials and increasingly daring architectural concepts 

making these structures slenderer and more susceptible to 

vibration problems. This fact has changed the serviceability 

and ultimate limit states associated to their design. 

In general, the current design codes and guides [1,2] 

recommend the use of deterministic models to assess the 

dynamic behaviour of footbridges. Nevertheless, the human 

walking is a stochastic phenomenon, where the dynamic 

harmonic force generated at each step depends on the weight, 

the step frequency and the step length of each pedestrian [3]. 

It is also known that the dynamic response of the 

footbridges that resonate with the human-induced dynamic 

loads is considerably amplified compared to the purely static 

response. Thus, these structures may vibrate excessively and 

cause discomfort to the pedestrians. Therefore, structural 

engineers must avoid designing footbridges that are in 

resonance with the human-induced dynamic load [3]. 

This paper aims to present an analytical probabilistic model 

to assess the dynamic behaviour of footbridges that are 

subjected to pedestrian traffic. The analysis methodology 

considers the stochastic nature of the human walking. 

The analytical probabilistic approach proposed in this paper 

was used to assess the dynamic response of a composite 

footbridge that was built in a public hospital in Rio de Janeiro, 

Brazil [3]. The results indicated that the peak accelerations 

calculated using the deterministic methods may be 

overestimated. 

2 PROBABILISTIC ANALYSIS METHODOLOGY 

In this investigation, the probabilistic dynamic analysis 

methodology assumes that the independent random variables 

step frequency [fp (Hz)] and step length [lp (m)] follow a 

normal distribution [3]. 

Hausdorff et al. [4] demonstrated that the human step 

frequency is not constant during walking. This step-by-step 

variation is called intra-subject step variability whilst the step 

frequency variation between different pedestrians represents 

the inter-subject step variability. 

The probabilistic model hereby proposed takes into 

consideration both inter-subject [Inter] and intra-subject 

[Intra] step variability [3]. Table 1 shows the mean values (μ) 

and respective standard deviations (σ) of the random variables 

adopted in the Monte Carlo simulation to assess the dynamic 

behaviour of simply supported pedestrian footbridges. 

Table 1. Mean (μ) and standard deviation values (σ) of the 

independent random variables. 

Variable μ σ References 

Intra (Hz) - 1.3 + 0.1% μ Hausdorff et al. [4] 

fp (Hz) 2.00 0.20 Bachmann [5] 

lp (m) 0.71 0.071 Živanović [6] 

 

Figure 1 demonstrates step-by-step the procedures adopted 

to estimate the modal response of a pedestrian footbridge 

using the proposed probabilistic method. It is recommended to 

conduct at least 2000 runs simulating different pedestrians 

Dynamic analysis of pedestrian footbridges based on probabilistic modelling 
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crossing the footbridge span in order to reduce the error [3] 

embedded in the Monte Carlo method. 

 

 

Figure 1. Probabilistic method: step-by-step procedures [3]. 

3 STRUCTURAL MODEL 

The investigated structural model corresponds to a simply 

supported steel-concrete composite internal footbridge with a 

15 m span [3], as shown in Figures 2 and 3. The welded wide 

flange (WWF) beams are made of ASTM A36 steel. It was 

adopted a 205 GPa for the steel Young’s modulus. 

The concrete slab has a 0.10 m thick, with a 25 MPa 

compressive strength and 28 GPa Young’s modulus. Table 2 

presents the structural model geometric properties [3], where 

the steel beams are defined by: depth (d); flange width (bf); 

top and bottom flange thickness (tf) and web thickness (tw). 

Table 2. Geometric properties of the welded wide flange 

(WWF) steel beams (dimensions in mm). 

Steel Beams d bf tf tw 

700 x 159.9 700 300 25.0 8.0 

330 x 45.4 330 200 9.5 6.3 

 

 

Figure 2. Investigated pedestrian footbridge (top view). 

4 PROBABILISTIC DYNAMIC RESPONSE SPECTRA 

The proposed probabilistic dynamic analysis methodology  

was developed to assess the dynamic behaviour of footbridges 

subjected to pedestrian traffic, taking into account the 

stochastic nature of the human walking. 

It must be emphasized that the results obtained from the 

probabilistic modelling were obtained applying the Monte 

Carlo simulation principles as many as 2000 runs [3]. 
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Figure 3. Footbridge cross-section view and details. 

 

Each analysis represents a random pedestrian crossing the 

footbridge with a total mass of 20.000 kg [3]. Also the 

fundamental frequency, span length and structural damping 

ratio of the footbridge (see Figures 2 and 3) were modified 

along the investigation, see Table 3. 

Table 3. Design parameters considered in the analysis. 

Design Parameter Parametric Variation 

Fundamental frequency: f01 1 Hz a 10 Hz 

Structural damping:  0.5% a 2.0% 

Footbridge span: L 10 m a 30 m 

 

The probabilistic dynamic response spectra correspond to 

the 95% percentile peak acceleration. Then, it is expected that 

in 95% of the studied cases the peak acceleration values will 

be equal or less than spectra values. 

In order to calculate the peak acceleration values, the 

amplitude of the dynamic force induced by human walking 

must be determined. The amplitudes of walking harmonic 

forces are defined as product of a dimensionless coefficient 

called dynamic load factor (DLF) by the pedestrian weight. 

The DLFs were determined using the mathematical 

formulation proposed by Rainer et al. [7]. Evidently, the DLFs 

used in the Monte Carlo simulation varied according to the 

investigated pedestrian footbridge natural frequencies so that 

the reference structure is always close or in resonance with 

one the harmonics of the human walking force. 

Figures 4 to 7 represent the probabilistic dynamic response 

spectra for the pedestrian footbridges with span length of 10 

m, 15 m, 20 m and 30 m, respectively. The footbridge with a 

15 m span corresponds to the investigated structural model, 

see Figures 2, 3 and 5. This structure was built in the public 

hospital in Rio de Janeiro, Brazil [3], see Figures 2 and 3. In 

these figures EF represents the external footbridges and IF 

internal footbridges, respectively, see Figures 4 to 7. 

 

 

 

Figure 4. Peak acceleration response spectrum (L = 10 m). 

 

 

 

 

Figure 5. Peak acceleration response spectrum (L = 15 m). 

 

 

 

 

Figure 6. Peak acceleration response spectrum (L = 20 m). 

 

 

EF: alim = 0.49 m/s² 

IF: alim = 0.15 m/s² 

EF: alim = 0.49 m/s² 

IF: alim = 0.15 m/s² 

EF: alim = 0.49 m/s² 

IF: alim = 0.15 m/s² 
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Figure 7. Peak acceleration response spectrum (L = 30 m). 

5 ANALYSIS AND DISCUSSION OF RESULTS 

In order to allow a comparison between the 95% percentile 

peak accelerations with the human comfort criteria [1,2], it 

were drawn the red and blue dotted lines representing 

acceleration limits established by the design codes for external 

and internal footbridges respectively [1,2]. For external and 

internal footbridges the acceleration limits [1,2] correspond to 

0.49 m/s² e 0.15 m/s², respectively, see Figures 4 to 7. 

The results presented in Figures 4 to 7, demonstrate clearly 

that the dynamic response of simply supported footbridges 

subjected to human walking loads vary as a function of the 

span length. It means that the dynamic response depends on 

the period of time that the dynamic load acts on the structure. 

It can also be observed that the first harmonic of the human 

walking load is more relevant than the contribution of the 

other three harmonics (second, third and fourth harmonic) in 

terms of footbridge vibration response, see Figures 4 to 7. As 

it can be seen, for almost all studied span lengths, the first 

harmonic excited the footbridges above the human comfort 

criteria limit [1,2] (a95% > alim = 0.49 m/s2 and a95% > alim = 

0.15 m/s2), see Figures 4 to 7. 

From the Figures 4 to 7 it can also be concluded that the 

second, third and fourth harmonic of the human walking do 

not excite these reference external footbridges above the 

design limits [1,2] (a95% < alim = 0.49 m/s²), considering the 

investigated structural damping ratios ( = 0.5%, 1%, 1.5% 

and 2%). 

Similar analysis may be carried out for internal footbridges. 

For instance, the second harmonic of the human walking 

excited the reference footbridges with the analysed span 

lengths and structural damping ratios ( = 0.5% and 1%) 

above the human comfort criteria [1,2], see Figures 4 to 7. 

By increasing the simply supported footbridge span lengths, 

the harmonics of the human walking start exciting these 

structures above the limits suggested by the design codes, for 

the structural damping ratios adopted in the present 

probabilistic method ( = 0.5%, 1%, 1.5% e 2%). 

 

 

 

 

6 CONCLUSIONS 

The probabilistic method proposed in this paper was used to 

calculate the peak accelerations for a reference footbridge 

with a total mass of 20.000 kg [3]. 

An extensive parametric analysis was carried out by varying 

the reference footbridge span length, structural damping ratio 

and natural frequency. Finally, based on a parametric analysis 

the 95% percentile peak acceleration (a95%) was calculated. 

The probabilistic response spectra demonstrated that the 

dynamic response of simply supported footbridges (expressed 

in terms of peak accelerations) vary as a function of the span 

length, meaning that the footbridge dynamic behaviour 

depends on the period of time that dynamic load acts on these 

structures. 

The steady-state peak acceleration for pedestrian 

footbridges in resonance with the human walking load 

calculated based on the use of deterministic methods are 

greater than the values obtained using the probabilistic 

approach hereby suggested that takes into account the 

footbridge span length. 

For instance, for a footbridge with a total mass of 20.000 kg 

[3], span length equal to 15 m, 1% structural damping ratio 

and natural frequency equal to 2 Hz, the deterministic steady-

state peak acceleration is equal to 1.5 m/s² [7]. On the other 

hand, the respective value obtained based on the proposed 

probabilistic method is equal to 0.72 m/s². 

The deterministic methods proposed by Murray et al. [2] 

and Rainer et al. [7] also take into consideration the footbridge 

span length. However, the structure is always placed in 

resonance with the harmonics of the human walking load. 

It must be emphasized that these deterministic methods 

[2,7] do not carry out sensitivity analysis using various 

combinations of different assumptions concerning the values 

of parameters associated with pedestrian step frequency and 

step length. 

Alternatively, the footbridge dynamic response may be 

calculated adopting the average human walking step 

frequency equal to 2.0 Hz [5]. In this case, the footbridge 

would only be in resonance with the dynamic load if one of its 

natural frequencies was equal to 2.0 Hz. 

Then, adopting the average human walking step frequency 

of 2.0 Hz [5] to calculate the dynamic response of footbridges, 

the peak acceleration might be underestimated since it is not 

being taking into account the inter-subject step variability. 

The step frequency variation amongst pedestrian may place 

certain footbridges in resonance with the walking load 

generated by a percentage of individuals. 

Another aspect that is not incorporated into the 

deterministic approach regards the intra-subject step 

variability. The probabilistic response spectra demonstrated 

that the peak accelerations calculated for footbridges away 

from resonance are greater than the equivalent values obtained 

based on the use of deterministic methods. 

This situation occurs due to the fact that in the probabilistic 

approach the step frequency follows a normal distribution and 

a percentage of these pedestrians may generate dynamic 

walking load in resonance with the investigated pedestrian 

footbridge. 

 

 

EF: alim = 0.49 m/s² 

IF: alim = 0.15 m/s² 
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ABSTRACT: A large number of existing bridges need to be rehabilitated due to increasing traffic and/or loading requirements. 

A procedure is presented for estimating the ultimate capacity of steel bridge over the Danube in Bratislava – Old Bridge (built in 

1945). The development of a simplified Finite Element Model (FEM) and basic modal parameters calculations forewent the 

bridge experimental investigations via static and dynamic in situ loading tests, so that the main assumptions adopted in the FEM 

were assessed through the comparison between measured and predicted dynamic and modal parameters of the bridge structure. 

The bridge structure computational model was then optimized by structure variable values (mainly steel structure joints mass 

and corrosion grade) to achieve the minimum differences between the experimental and theoretical results. The calibrated FEM 

with the optimal combinations of the mentioned variable values was defined and finally used for structure calculations and 

strengthening design of the real bridge structure. 

Key Words: Structural health monitoring, system identification, FEM, in situ experimental tests, bridge static and dynamic 

loading tests, structure diagnostics, spectral and correlation analysis. 

1 INTRODUCTION 

Riveted bridges account for the majority of steel bridges that 

were built in different parts of the world before the middle of 

the last century. A large number of these bridges are still in 

service today. However, some of these bridges are more than 

100 years old. Therefore, it is clear that while many existing 

bridges are structurally adequate with respect to the maximum 

design axle loads, they may suffer from fatigue related to the 

cyclic application of modern freight equipment axle loads [1, 

2]. It should be noted that, generally, bridges designed within 

the past 50 years have considered fatigue effects, but that ear-

lier bridge design did not include such considerations, even 

though, in some cases, the bridge may be found to be adequate 

for fatigue loads. The problems came up how the resistance 

against repeated loads of the bridges is today. Usually, the 

authorities ask about two important issues, the first is the 

bridge should be sufficiently safe for actual service conditions 

and if so the second issue is, what is the expected residual life 

and what are the requirements for inspection and maintenance 

to ensure the expected residual life [3,4]. An essential part of 

the safety check of existing road bridges is the assessment of 

the static load – carrying capacity, and in some cases a static 

or dynamic load test (even fatigue strength test) becomes 

necessary [3,5]. There are presently no regulations for the 

assessment of existing road bridges, expert opinions are 

normally used to obtain fatigue life estimates. It must be 

underlined; however, that fatigue is a far less relevant issue 

for road bridges than it is for railway bridges. As traffic 

density and traffic loads are constantly increasing, it is 

assumed that fatigue will be increasingly important for road 

bridges too. Because of the fatigue strength test time and 

financial seriousness it is the better way to perform static or 

dynamic loading tests of the bridge structure as a part of the 

long time monitoring to control its ultimate capacity [8, 10]. 

2 CASE – STUDY STEEL BRIDGE 

The steel bridge over the Danube in Bratislava – Old Bridge 

was built in 1945. The bridge load bearing structure is created 

partly by continuous truss main beams over the river of 75,71 

m – 91,50 m – 75, 64 m (spans 2, 3, 4) and partly by single 

adjacent truss beams of 32,42 m + 75,82 m (spans 0,1) and 

75,18 m + 32,22 m (spans 5,6), [3]. The bridge deck is 

composed by steel grate system (cross and longitudinal 

beams) bearing the reinforced double T–prefabricated road 

panels, Figure 1. The soil conditions for foundations of the 

two abutments are very similar on both riversides the resistant 

substratum (gravel and sandy gravel) is a depth of more than 

22 m.  

 

Figure 1.  View of the Old Bridge in Bratislava 

Foundations of the pylons are big reinforced concrete blocks 

on the same substratum as the both abutments. The 91,5 m 

longest span (span 3) and two of ≈ 75,0 m adjacent truss main 

beams (spans 2, 4) was chosen for the case study presented in 

this paper. These three truss continuous spans are more 

representative and more failed part within of the 461, 07 m 
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long bridge. The most of the cracked stringer – to – floor –

beam connections were located in this part of the bridge. 

Figure 3 shows a cross–section of the bridge. 
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Figure 2.   Cross section of the Old Bridge over the Danube  
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Figure 3.   Schematic view of the Old Bridge over the Danube  

3 F E M  BRIDGE  ANALYSIS 

Analysis of the bridge was performed using the IDA NEXIS 

software. The 3D global model incorporated all primary and 

secondary loads – carrying members in the bridge; were, 

however, excluded at this stage. Heavily gusseted 

connections, such as those between the main truss members 

and between wind – bracing elements and the main truss, 

were modeled as moment – stiff connections, while pin con-

nections were adopted for secondary members, such as sway 

and cross–bracing elements. Eccentrically connected 

members, such as floor beams and wind–bracing elements, 

were coupled in the model. Longitudinal and transverse floor 

beams created as built–up section from double – angles with 

riveted steel plate were modeled using beam elements. The 

connections between longitudinal and transverse floor beams 

were made using Multi Point Constraints (MPC) and 

eccentric node –to – node gap elements were employed 

to simulate the contact condition between the double angles 

and the longitudinal floor beam web. All nonbearing 

elements of the truss girders and the bridge deck were 

included as a mass load of the structure. Four variations of 

expected conditions were simulated: with and without 

corrosion effect, lower and higher joint mass estimation. The 

simplified FE model is created by 2758 joints, 5904 beam 

elements. Rendered of the computing model layout is 

presented on Figure 4. 

 

Figure 4. Global FEM layout. 

Bridge deflections calculation for Static and Dynamic Loading 

Test.  The maximum static vertical deflections values in the 

middle of the spans, positions of measured points, load 

positions and the effectiveness of the testing loads (SCANIA 

lorry of 15,7 t mass) according to the Slovak Standards [6,7] 

for the Static Loading Test (SLT) were taking into account and 

also calculated via IDA Nexis software package. Results from 

the calculations of static deflection were also used for 

Dynamic Loading Test (DLT) load effectiveness.  

    The first fifteen natural frequencies and modes of natural 

bridge vibration were calculated to comparison to their 

experimental values from the DLT measurements. As an 

example, some of them are shown in the Figure 5. Variations 

of expected conditions and comparison of results is explained 

in Figure 6. 

 

Figure 5. Calculated modes of the bridge natural vibration 
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4 DYNAMIC LOADING TEST 

Before the bridge dynamic loading test performance the static 

loading test was carried out using load vehicle SCANIA with 

weight of 15 700 kg. The deflections values in the middle of 

the tested spans (3, 4 and 5 spans) were measured using 

precise geodesy leveling method with Leica equipment.  

    The dynamic response tested spans of the bridge was also 

induced by passing load vehicle SCANIA in the both 

directions with various speed.  The sensor positions are shown 

in Figure 7. The operating dynamic loading test started with a 

load speed of v = 5 km/h (crawling speed) which increased up 

to the maximum achievable speed v = 62 km/h. 
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Figure 7.  Sensor positions layout. 

 A computer – based measurement system (CBMS) was 

used to record the dynamic response of the bridge excitations 

induced by testing vehicle over DLT period. The investigated 

vibration acceleration amplitudes were recorded at selected 

points with maximum calculated deflection in each of the 

investigated four spans (Figure 8). In the same points the 

vibration amplitudes in both horizontal directions were 

recorded, too. Output signals from the accelerometers (Brüel–

Kjaer, BK8306) were preamplified and recorded on two PC 

facilities with A/D converters software packages NI and 

DISYS, The experimental analysis has been carried out in the 

Laboratory of the Department of Structural Mechanics, 

University of Zilina. Natural frequencies were obtained using 

spectral analysis of the recorded bridge response dynamic 

components of the structure vibration, which are considered 

ergodic and stationary [3, 9, 10]. The vibration ambient ability 

has been investigated by means of the correlation and spectral 

analysis in order to obtain cross spectral functions Gxy(f) and 

coherence function γxy
2(f). The frequency response spectrum 

has also been obtained by using two – channel real time 

analyzer BK–2032 in the frequency range 0 ÷10 Hz. Output 

signal in the form of Fourier frequency spectrum (power 

spectrum – Gxx(f)) was also recorded by computer and printed 

by laser printer and x – y plotter. Spectral analysis was 

performed via National Instruments software package 

NI LabVIE.  

 

 

Figure 8.  Acceleration sensors with amplifiers  

As an example, Figure 9 (a, b), shows a part of the spectral 

analysis procedure results PSD Gxx(f) of the dynamic vertical 

components structure vibration from the bridge DLT. Figure 9 

also shows corresponding cross – power spectral density 

Gxy(f), Figure 9(c), with its phase spectrum θxy(f)→(d), 

coherence function γxy
2(f) →(e) and gain factor |H(f)| → (f). 

 

Table 1. Calculated and measured natural frequencies.  

NATURAL FREQUENCIES OF THE BRIDGE (Hz) 

Numerical calculation *
) Experimental  

analysis **
) 

N
a

tu
ra

l 

m
o

d
e 

Model 1 Model 2 2 – 3 span 

Vibration tendency 

1 0,993 0,844 - HORIZONTAL BENDING 

2 1,200 1,024 - HORIZONTAL BENDING 

3 1,204 1,027 - HORIZONTAL BENDING 

4 1,589 1,298 - VERTICAL BENDING 

5 2,104 1,788 1,53 HORIZONTAL BENDING 

6 2,199 1,801 1,85 (1,82) VERTICAL BENDING 

7 2,501 2,049 1,93 (1,95) VERTICAL BENDING 

8 2,514 2,129 ~ 1,78 (1,79) HORIZONTAL BENDING 

9 2,531 2,152 ~ 1,78 (1,79) HORIZONTAL BENDING 

10 2,767 2,291 2,55 (2,58) TORSION 

11 2,934 2,681 ~ 2,95 TORSION 

12 2,937 2,693 ~ 2,97  TORSION 

13 3,091 2,977  ~ 3,00  AXIAL 

14 3,154 2,994 2,58 HORIZONTAL BENDING 

15 3,754 3,551 2,97 HORIZONTAL BENDING 

16 3,772 3,568 3,42 (3,44) HORIZONTAL BENDING 

  
 

*
) FE Model 1 – without any effects 

    FE Model 2 – with corrosion and higher joint mass effects 

 

**
)Natural frequencies from PSD with dominant peak power 
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Figure  9.  Spectral analysis procedure functions.  

CONCLUSIONS                     

Theoretical and experimental investigation of the Old Bridge 

structure over the Danube in Bratislava is described in the 

paper. The following conclusions can be drawn: 

 

 The predicted dynamic behavior of the bridge by a 

simplified FEM analysis calculation was compared to 

the measured one. Despite both the complex structural 

layout of the bridge (Figure 1) and simplifying 

assumptions of the model (Figure 4), results showed 

good agreement for all identified frequencies in the basic 

frequency range 0 – 5 Hz. 

 The bridge dynamic loading test results proof of the truss 

main beams continuousness (2, 3 and 4 spans) which is 

in good agreement with adopted computational model 

and applied input bridge parameters. 

 It seems the numerical model is affected by bridge steel 

structure joints mass, corrosion grade and geometrical 

stiffness; if such effects are neglected in the FEM 

analysis, the resulting theoretical and experimental 

dynamic properties can be different, mainly during 

modal identification procedures. 

 There were performed calculations of the natural 

frequencies with several combinations of the input 

parameters (with and without corrosion effect, lower and 

higher joint mass estimation, etc.) in the numerical FEM 

analysis. The computational model with acceptation of 

the 96% cross section area (4% corrosion loss) and 

including the steel structure higher joints mass effect 

yield very close natural frequencies values in 

comparison with experimental ones. 

 This computational model can be applied for the bridge 

fatigue and seismic analysis before starting a decision 

making process regarding to the bridge strengthening or 

general reconstruction. 
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ABSTRACT: This study aims at providing an efficient and accurate method for the time history simulation of the vehicle-bridge 

dynamic interaction. With the geometric nonlinearity in wheel-rail contact fully considered, a simplified assumption was 

adopted that vertical wheel-load fluctuation has no influence on the lateral wheel-rail interaction. The wheel-rail creep forces are 

computed using Kalker’s theory, and the normal forces are solved from wheel-set vertical and torsional equilibrium equations. 

The method limited the number of nonlinear parameters for each wheel-set to five. In addition, mode superposition method is 

adopted for bridge responses to minimize the overall system DOFs. The virtual work principle method is used to derive the 

system matrix. Numerical examples show that the present method gives results comparable in terms of accuracy to that using a 

more complex model. But it is at least 50 times faster than the detailed model. The efficiency and accuracy of the proposed 

method will make it suitable in the reliability-based vehicle-bridge interaction analyses. 

 

KEY WORDS: Vehicle-bridge; Dynamic interaction; Wheel-rail contact; Mode superposition. 

1 INTRODUCTION 

The rail way vehicles passing across a bridge arise vibrations 

both to the bridge and vehicles. These vibrations are of great 

concerns in bridge and vehicle design, and have been the topic 

of research for many years. In the earlier stage, the vehicle is 

simply treated as moving loads along the bridge[1], but 

significant difference to the effect of a real vehicle has been 

observed[2]. Another limitation of moving load model is that 

it cannot account for the lateral vibrations of the bridge. To 

take account the effect of vehicle vibration, various dynamic 

interaction models are developed later [3-12]. 

All these interaction models are solved numerically based 

on different wheel-rail interaction assumptions. For example, 

Yang and Yau et al.[3] assumed the wheel-set motion is 

identical to the rail beneath; Xia, Zhang and Xu et al. [4-5] 

took a set sine waves as the lateral gap between the wheel and 

rail; Li, Qiang et al.[6-7] allows the wheel has independent 

yaw and lateral motion; Zhai and Xia et al. [8-10] taken all 5 

DOFs of the wheel-set are independent. The solution scheme 

for vehicle-bridge interaction varies in existing research 

works, including direct time history integration[4-5], iterative 

approach [6-7], the VBI element method [3,13], and explicit 

integration method[8-10]. Through combination of wheel-rail 

model assumption and integration scheme, a family of 

solution procedures was developed. But it is very challenging 

to increase the computational efficiency of these traditional 

methods. A simulation can often take a long time to complete 

even on state-of-the-art computers. This has become a major 

barrier for studying the vehicle-bridge system from a 

probabilistic perspective. 

The intent of this paper is to develop an efficient but still 

realistic model for vehicle-bridge random simulations. The 

wheel-rail interaction in this model is modified from [14-15]. 

The main modification here is the consideration of the 

rotational motion of rail, which is of significant for vehicles 

on the bridge. This model fully considers the wheel-rail 

geometric nonlinearity, which maybe the most significant 

nonlinear factor in vehicle bridge interaction. The model also 

adopts the mode superposition method for the bridge and 

results a hybrid model in which the vehicle are represented by 

physical DOFs, while the bridge by generalized DOFs in the 

frequency domain. The stiffness formulation was conducted 

through principle of virtual work using Matlab. The accuracy 

and efficiency of this method are proved in an example by 

comparing with that of detailed wheel-rail model. 

2 THE VEHICLE AND BRIDGE AND EXCITATION 

MODELS 

The interaction model consists of two sub systems, namely, 

the vehicle and the bridge. There are a variety of vehicle 

models in literatures, here we use the model with 23 DOFs 

proposed by Li and Qiang[6] as depicted in Figure 1 and 2.  

A passage vehicle is composed of one car body, two trucks, 

and four wheel-sets. These components are all treated as rigid 

bodies. For each rigid body, 5 DOFs are considered, omitting 

the longitudinal motion. The 5 DOFs of the car-body is 

                   
 , thoses of the the i-th truck(i=1,2) is: 

                         
 . Symbols          denotes the 

lateral, vertical, rolling, pitching and yawing motion 

respectively; suberscripts “c”and “t” stand for “car-body” and 

“truck”. 
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Figure 1. Vehicle-bridge interaction model. 
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Figure 2. Front view of the vehicle. 

For the wheel-set, since the wheels are assumed not to lift 

from the rail, the vertical       and rolling      DOFs are 

not free ones but dependent on the track motion and wheel-

set’s lateral motion. Thus, only yaw and lateral motions are 

free DOFs. Displacements of the j-th(j=1,2,3,4) wheel-sets is 

represented by              
 . Totally, a passage 

vehicle’s motion are described by 23 DOFs as    
                            

 . 

To minimize the number of the bridge’s DOFs, we use the 

mode superposition method to represent the bridge. The mode 

superposition method[16] is a classical technique using 

generalized DOFs to decrease the physical DOFs of a system. 

The DOFs of bridge is the former N modal displacements   , 

n=1~N. The n-th mode shapes is denoted as   , which is 

mass normalized. Other parameters related to the bridge 

includes: the n-th natural frequency   
 , n-th damping ratio   . 

For a given bridge, all these parameters can be obtained from 

an eigenvalue analysis using any structure software. 

Rail irregularities are random excitations to the vehicle-

bridge system. Several nations have established rail 

irregularities spectrums based on field measurements [17]. We 

consider three components of rail irregularities, namely, the 

vertical, lateral and torsional irregularity. The rail 

irregularities to the j-th wheel-set are depicted below. In 

Figure 3,     is the vertical rail irregularity at    where the j-th 

wheel-set locates longitudinally,     and     are the lateral and 

torsional irregularities respectively. 

3 VIRTUAL WORK FORMULATION 

When a systems is at equilibrium, the virtual work sum done 

by the forces      (both internal and external, either linear or 

nonlinear) on any permissible virtual displacement δxi   is 

zero, that is 

                                       (1) 

If the inertial forces are treated as external forces, the 

formula above can be applied to dynamic problems. Knowing 

the virtual work of a system, the mass, stiffness, damping and 

external force matrix can be easily derived [16]. 
The virtual work considered in the study including virtual 

work done by vehicle suspension spring and damping forces 

and the work by bridge structure inertia and internal forces. 

We write these forces in terms of vehicle motions firstly, then 

calculate the virtual works done by these forces. 

We give each spring and damper set an index number (from 

1 to 12 in the boxes of figure 1), also an index to each rigid 

body of the vehicle (from 1 to 7), as depicted in figure 1. 

For the i-th spring set, the two ends of the spring are 

connected to rigid body “  ” and “  ”, and the connection 

point in the local coordinate of body “   ” is     

               and                    ]in “  ”. 

The stretches in x, y and z directions of the i-th spring are: 

              (2) 

where 

      
 
 
 
   
  
 
 
   

 
      

     

   

     

 
      

   
      

     

 
     (3) 

   and    are the displacements of the “s” and “e” body. 

Note that the longitudinal motion is not included.  

It’s easy to know, the virtual work done by this spring is  

                 
                        (4) 

For damping forces, the virtual work can be expressed in a 

similar way. 

For bridge structure, take the n-th mode of bridge as a 
vibrator with mass as one, stiffness as   

 , and damping 

coefficient as      , the virtual work done by the stiffness 
and damping force of this vibrator can be written as  

        
       ,                     (5) 

4 THE WHEEL-RAIL INTERACTION 

The contact geometry is the essential non-linear factor in the 

vehicle-bridge interaction. The key contact geometric 

parameters are show in figure 4. The nonlinear geometric 

parameters include: contact angles,    and   , at the left and 

right rail; rolling radius    and   ; and rotational angle of the 

wheel-set   . For a real flanged wheel profile, these 

parameters are all non-linear functions of wheel-rail relative 

motion in lateral direction   . 

In this study, the Chinese LM wheel tread and UIC60 rail 

profile are used. 
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Figure 4. Wheel-rail contact geometry. 

In the stationary track case in reference[15], the lateral 

movement of wheel in the track frame   
  is identical that in 

the inertial frame   . While in our moving track case (see 

Fig.5), the lateral movement at wheel in the inertial frame and 

the track frame are related by 

  
             (6) 
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Figure 5. Movement of Wheel-set on the Bridge. 
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All nonlinear parameters in wheel rail contact depend on the 

lateral relative displacement of the wheel-set to the track. 

Note that this relative displacement should be calculated in 

frame o’x’y’z’. 

There are two type forces between the wheel and the rail: 

contact normal forces and the creep forces. The normal forces 

are due to the normal compress between the wheel and rail 

materials. And the creep forces are due to the slip and 

adhesion between the wheel and the rail along their contact 

path. Figure 6 depicts the wheel-rail forces, where    and    

are normal forces at the left and right wheel-rail contact point, 

    and     are the longitudinal creep forces at the left and 

right wheel-rail contact point respectively,     and     are the 

lateral creep forces,     and     are the creep moment along 

the vertical direction. 

Since the wheel-rail contact forces on stationary tracks 

haven been well established in [15], we derive the formulas of 

these forces on the moving track on the bridge in a parallel 

way. 
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Figure.6. Wheel-rail forces. 

In derivation of the wheel-rail normal forces on the 

stationary track, the normal contact forces at left    and right 

wheel    are solved from two equilibrium equations. This is 

possible because the wheel and rail are assumed to be in 

constant contact, and neither vertical nor rolling motion is an 

independent freedom. Instead they are determined by lateral 

motion of the wheel-set.  

In our moving track case, component of normal forces along 

y direction is 

                                     (7) 

where    is the vertical wheel-set load, and the nonlinear term 

   is used to calculate the gravitational stiffness can be found 

in reference [15]. Here an additional term      appears in 

contrast to the stationary track case.  
The gravitational stiffness moment can be approximated as 

                                       (8) 

where    is the contact angle at wheel-set’s centered position, 

a is half of the wheel-set gauge and    is the yaw angle of the 

wheel-set. The gravitational stiffness moment is the same as 

on the unrolled track. 

Creep forces are calculated from the creepages between 

wheel and rail using the Kalker’s linear theory. The creep 

forces on the moving track can be expressed in the similar 

way to that of the stationary track in [15]. The only difference 

lies in that Eq.6 is used to calculate the creepage.  

The total wheel-rail lateral force     and yawing moment 

    can be expressed in matrix form as 

 
   

   
 =-    

     

   
      

      

    

   (9) 

In equation 9,   ′
  

  is the lateral displacement between 

the wheel-set and the rail,     and     are the stiffness and 

damping matrix of wheel-rail contact respectively as 

     

     

 
 

       

   
     

                 

   
          

            (10.a) 

           
              

                     
         (10.b) 

In equation 10 ,    ,   ,     and     are lateral, lateral/spin, 

spin and longitudinal creep coefficients, 

respectively;                and    are nonlinear terms whose 

formulas can be found in [15]. 

Knowing the wheel-rail forces, the virtual work by the 

wheel rail can be obtained as 

                        (11) 

where system equations and solving method 
The total virtual work of the vehicle-bridge system is the sum 

of all virtual work from vehicle suspensions, wheel rail forces, 

bridge modal forces and inertial forces. Then differentiate the 

total virtual work with first respect to the virtual 

displacements then to the displacements, velocities or rail 

irregularities. The differentiated results are members of the 

stiffness, damping and load distributing matrixes. 

The resulting vehicle-bridge system equation derived using 

the virtual work method is 

                                 (12) 

where M is the diagonal mass matrix;   and   are the damping 

and stiffness matrix both dependent of time   and the wheel-

rail lateral displacement      ; X is the displacement vector;   

is the load distribute matrix, and   the irregularity vector. 

The nonlinear equation 12 is solved iteratively at discretized 

time points using the Newmark’s integration method. Here 

only one loop of iteration for wheel-rail nonlinear geometry is 

required.  

5 NUMERICAL EXAMPLES 

5.1 Bridge parameters 

The bridge in study is a continuous rigid frame with span of 

88+168+88m, and two piers with height 120m. The bridge is 

made of reinforced concrete, whose modulus is 3.4×104 

MPa, density 2550 kg/m3. Damping ratio is 0.05 for the first 

and second frequencies. The properties of the girder and pier 

sections are listed in Table 2. In table 2, A is the area of the 

sections, J the torsional moment of inertial and Iy, Iz the 

bending moment about horizontal and vertical directions 

respectively. The first lateral and vertical mode shapes of the 

bridge are plotted in figure 7. 
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Table 2. Section properties of the bridge sections. 

Secion A/m2 J/m4 Iy/m4 Iz/m4 

Girder  17.12 151.06 93.62 187.20 

Pier  48.28 871.31 564.62 522.49 

 
(a) First lateral mode(plane view, f=2.14 rad/sec) 

 
(b) First vertical mode(front view, f=5.94 rad/sec) 

 

Figure 7. Mode shapes of the bridge 

5.2 Vehicle parameters 

A typical railway vehicle is selected in this analysis. The 

parameters of the vehicle are listed in table 3. The train is 

composed of 8 identical vehicles. The train runs at 100 km/h 

across the bridge. 

Table 3. Vehicle parameters. 

Parameter Value Parameter Value 

Mw 2100  kg c1z 1.96×104  N.s/m 

Iwz 1030  kg.m2 c2x 1.10×106  N.s/m 

Mt 2600  kg c2y 2.18×104  N.s/m 

Itx 2100  kg.m2 c2z 9.80×103  N.s/m 

Ity 1420  kg.m2 L 26.0  m 

Itz 2600  kg.m2 lc 8.75  m 

Mc 3.41×104  kg lt 1.25  m 

Icx 1.10×105  kg.m2 b1 1.00  m 

Icy 1.70×106  kg.m2 b2 1.23  m 

Icz 1.70×106  kg.m2 h1 0.50  m 

k1x 1.57×107  N/m h2 0.20  m 

k1y 7.48×106  N/m h3 0.065  m 

k1z 1.18×106  N/m a 0.75  m 

k2x 1.78×105  N/m δ0 0.05  rad 

k2y 1.78×105  N/m f11 8.28×106  N 

k2z 2.21×105  N/m f12 2.22×104  N.m 

c1x 0  N.s/m f22 11.3  N.m2 

c1y 0  N.s/m f33 8.13×106  N 

 

Most parameters in table 3 have been defined early in this 

paper except for the inertial parameters. For the inertial 

parameters in table 3, M denotes mass, I denotes mass 

moment; the subscribers, ‘w’ stands for wheel-set, ‘c’ for car-

body and t for truck; ‘x’, ‘y’ and ‘z’ represent directions. 

5.3 Rail irregularities 

The rail irregularities are simulated from the USA spectrum, 

class 6. The wave length of the irregularities ranges from 1 to 

100 m. The simulated results are plotted in figure 8.  
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Figure 8. Simulated rail irregularities 

5.4 Numerical results 

The dynamic responses of the bridge, the vehicle and their 

interaction are simulated using two methods. One method 

used the detailed wheel-rail model and iteration solving 

scheme, the other is the present method. 

Figure 9 and 10 are the lateral displacement and deflection 

at middle of the main-span of the bridge. It is clear, that the 

amplitude and phase of the bridge responses from the two 

methods are pretty close.  
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Figure 9. Lateral displacement at the middle main-span 

0 5 10 15 20 25 30

-15

-10

-5

0

D
e

fle
ct

io
n

 a
t 

m
id

sp
a

n
 /

 m
m

Time / s

 Detailed model

 Present model

 

Figure 10. Deflection at the middle main-span 

The time histories of vehicle-bridge interaction forces are 

shown in figure 11. From the figure, the coincidence of the 

two methods can be observed, only small difference occurs in 

high frequencies components. This difference may be aroused 

from neglecting the effect of the vertical force fluctuations on 

the lateral forces in the present method.  
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Figure 11. Wheel-rail lateral force 

The lateral and vertical accelerations at the centroid of the 

car-body are shown in figure 12 and 13 respectively. The 

results from the two method fit fairly well from the point view 

of engineering. Especially, the vertical acceleration fit much 

better than the lateral one. This can be understood since the 

vertical wheel-rail models are identical, and the lateral motion 

of the vehicle has minor effects on the vertical ones. 
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Figure 12. Lateral acceleration at the centroid of the car-body 
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Figure 13. Vertical acceleration at the centroid of the car-body 

Although the present method loses minor accuracy in the 

lateral behavior of the vehicle-bridge system, the tradeoff for 

efficiency is significant. For such a large span bridge 

interaction with 8 vehicles, the present method only token 317 

second to simulate on a laptop using Matlab program. While 

the detailed method programmed in C++ language used 302 

minutes. Or the present method is about 60 times efficient as 

the detailed model. 

6 CONCLUSION 

This paper presented a new model for the vehicle-bridge 

dynamic interaction analysis. This model intends to get a 

balance between the efficiency and accuracy. The efficiency is 

achieved by 2 approaches: (1) a simplified wheel-rail non-

linear interaction model which cancels two loops of iteration 

of the more detailed model; (2) The mode superposition 

method is used to decrease the bridge DOFs significantly.  

The accuracy of this model is still maintained by retain the 

most important non-linearity of vehicle-bridge system, the 

nonlinear wheel-rail contact geometry. 

Also, we introduced the virtual work method to derive the 

sophisticated motion equations of vehicle-bridge system to 

ease the task of manually operations. This approach is easy to 

expand to vehicles of other topology. 

Numerical results show that vehicle-bridge responses using 

present method are of adequate accuracy compared to those 

from a more detail model, while the present method is about 

60 times faster than the detailed model. With these merits, the 

present model may find its future application in the random 

simulations of vehicle-bridge vibrations. 
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ABSTRACT: A significant number of bridges is built on tall and slender piers in zones exposed to seismic hazard. The 

seismic behaviour of slender piers can be strongly influenced by higher modes contribution, related to the distributed pier mass, 

and also by second order effects, related to the interaction between axial loads and transverse seismic displacements. Although 

these latter effects may induce an increase or decrease of seismic demand, in current design practice they are usually taken into 

account by introducing amplification factors for the pier base moments evaluated by first-order analysis. 

This paper presents an analytical approach that permits to investigate efficiently and accurately the influence of both axial loads 

and higher order modes on the seismic behaviour of slender bridge piers. The proposed approach is based on a continuous pier 

model and on an analytical solution of the eigenvalue and seismic problem. 

The proposed analysis technique is applied to three case studies with different pier properties. The results show that the effects 

of axial loads and higher order modes can play different roles on the seismic response of slender bridge piers. 

 

KEY WORDS: Bridges; Slender piers; Seismic response; Axial load effects; Higher modes; Eigenvalues. 

1 INTRODUCTION 

A significant number of bridges is built on tall and slender 

piers in zones exposed to seismic hazard. The seismic 

behaviour of slender piers can be strongly influenced by 

higher modes contribution, related to the distributed pier 

mass, and also by axial load effects, related to the interaction 

between compressive loads and transverse seismic 

displacements. Differently from the case of static loadings 

[1],[2], in the case of dynamic loadings the axial load effects 

induce a change in the dynamic properties and a vibration 

period elongation that may result in either a decrease or an 

increase of seismic demand [3]-[5]. In bridge engineering-

design practice, the axial-load effects are often taken into 

account in a simplified manner by introducing an 

amplification factor for the pier seismic moments evaluated 

via first-order analysis [6]. Different expressions for this 

amplification factor have been proposed in the literature 

[3],[7]-[12], on the basis of simple single-degree-of-freedom 

(SDOF) models often consisting in a rigid inverted pendulum 

with an elasto-plastic rotational restraint at the base, and a tip 

mass at the free end with a concentrated weight force. Recent 

works [13],[14] have extended the application of the 

amplification factor method to the direct displacement based 

design of bridge piers, and other alternative methods have 

been defined to account for axial load effects in a simplified 

way, without recourse to the amplification factors (e.g., [15]).  

The main limitation of the SDOF model employed in these 

studies is that it is adequate to represent only short bridge 

piers, for which the inertia is concentrated at the top, while the 

distributed pier mass and the relevant variation of axial loads 

may be neglected. On the contrary, slender piers are 

characterized by significant distributed masses and their 

dynamic behaviour is notably influenced by higher vibration 

modes [16]-[18]. Furthermore, seismic-induced displacements 

do not entail significant yielding or damage of such 

deformable structures and this makes a linear description of 

material behaviour accurate in most of the seismic analyses. 

Only few works [19]-[21] analyzed the axial-load effects on 

the seismic behaviour of slender piers. These works, oriented 

to the numerical solution via the finite element method, 

focused mainly on the influence of axial loads on the ultimate 

pier behaviour and collapse mechanisms.  

Recently, an analytical model and formulation have been 

proposed for evaluating the influence of axial loads and higher 

order modes on the seismic response of slender bridge piers 

[22]. The proposed model consists of a linear-elastic Euler-

Bernoulli cantilever beam with a distributed mass and a 

concentrated mass at the pier top, subjected to a varying axial 

load due to the deck loads and the pier self weight. The 

analytical approach followed in [22] permits, through a 

dimensional analysis of the free-vibration problem, to make 

explicit the characteristic parameters governing the pier 

dynamic behaviour. It also allows to derive an analytical 

solution for the seismic problem by extending previous results 

for similar problems, [23]-[26], in particular by application of 

the Frobenius method [24]. By this way, a useful tool is made 

available for performing wide parametric studies involving 

different pier and seismic input properties.  

In this work, the proposed analysis technique is applied to 

three realistic case studies taken from the literature and 

consisting of slender piers with different properties, as 

described by the characteristic parameters identified in [22]. 

The piers have been selected to cover a wide range of seismic 

behaviours and their responses to a set of natural ground 

motion records are differently affected by axial load effects 

and higher order modes. 

Influence of axial loads and higher order modes on the seismic response 

of slender bridge piers 
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2 ANALYTICAL MODEL AND FORMULATION 

The slender pier is modelled (Figure 1) as a linear elastic 

Euler-Bernoulli cantilever beam with stiffness b(x), mass per 

unit length m(x), and with a tip mass MT at the top. In the 

reference configuration, the beam is subjected to a 

concentrated compression force, P, at the free end, and to a 

distributed compressive load, m(x)g, corresponding to the pier 

self weight, producing an internal compressive action  N x  

expressed as: 

    
H

x

N x P m gd     (1) 

The term MT describes the mass associated to the horizontal 

inertial forces and it depends on the deck static scheme on the 

horizontal plane, whereas the term P is the vertical force 

associated to the weight sustained by the pier's support. 

The proposed pier model can be employed to describe the 

seismic behaviour of piers with fixed bearings or shock 

transmitters at their top restraining a bridge deck excited in 

the longitudinal direction. It also can be used to describe the 

behaviour of a pier with the same boundary conditions but 

belonging to a bridge excited transversally, in the case of no 

significant interaction between the piers. This case is referred 

to as "Individual pier model" in EC8-part2 [6]. 

 a) b) 

MT, P 
u(x,t

) 

H  m(x),b(x) 

 x 

 

Figure 1. a) Geometry of the problem and pier model, b) 

deformed pier configuration. 

The differential dynamic problem can be derived from the 

Lagrange D'Alembert principle [27]. Let  2 H  be the 

space of functions with square integrable second derivatives 

in the spatial interval  0, H  , V the space of transverse 

displacement functions satisfying the kinematic (essential) 

boundary conditions (e.g. 

        2 : 0 0 0V v x v v    H ), and 

   2

0 1, ; ,u x t U C V t t      the motion, defined in the time 

interval considered 0 1,t t  . The D'Alembert principle states 

that the external virtual work  ,EW u   resulting from 

external and inertia forces acting through every virtual 

displacement V consistent with the geometric restrains, is 

equal to the internal virtual work  ,IW u   resulting from 

the stresses acting through the corresponding virtual strains. 

Under the hypothesis of small strains and displacements, the 

dynamic problem describing the infinitesimal perturbed 

motion in the neighborhood of the axially-loaded reference 

configuration can be expressed as [28]-[31]: 

                 

           

0

0

, , ,

,

H

H

T T g

b x u x t x dx N x u x t x m x u x t x dx

M u H t H dx m x x dx M H u t

  

  

    

 
    

  





 

  (2) 

0 1; ,V t t t     , where  gu t  denotes the ground motion 

input, and the known functions  b x ,  N x ,  m x  are 

bounded and positive. In Equation (2), the symbols prime (') 

and double prime ('') denote respectively first and second 

derivative with respect to x. The problem is completed by 

assigning the initial conditions    0 0, , 0u x t u x t  . 

Equation (2) can be formally rewritten as: 

 
       

0 1

, , ,

        ; ,  

gu u u u

V t t t

   



   

     

*K N M M
 (3) 

where ,  ,  K N M  are bilinear symmetric forms mapping 

functions into the space R  of real numbers, and 

V :
*M R  is a linear form. They are defined as follows: 
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T

u b x u x t x dx

u N x u x t x dx
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*
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N

M

M

 (4) 

The strong form of the seismic problem can be derived 

through integration by parts of the terms ,  ,  K N M  in 

Equation (2). The following partial differential equation of 

motion and the relevant boundary conditions are obtained: 

               

       

         

   0 0

, , ,

0, 0, , 0

, , ,

, , 0

g

T T g

b x u x t N x u x t m x u x t m x u t

u t u t b H u H t

b H u H t Pu H t M u H t M u t

u x t u x t

           

   

   

 

 (5) 

The boundary conditions given in Equation (5) hold only in 

the case of a pier clamped at its base and free to displace 

laterally at its top. The previous formulation can be extended 

to other bridge configurations, such as those with piers 

connected to the deck monolithically or by means of flexible 

or isolation bearings, by introducing different boundary 

conditions.   
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3 MODAL PROPERTIES 

The free vibrations of the system can be studied by analyzing 

the homogeneous problem ( 0gu  ). As usual, the problem is 

solved by employing the separation of variables technique. 

The motion  ,u x t is expressed in terms of the product of a 

spatial function  x V  and of a time-dependent function 

  0

i tZ t Z e   as follows: 

      ,u x t x Z t  (6) 

After substituting Equation (6) into Equation (5) for 0gu  , 

the following boundary-value problem is obtained: 

 

           

     

       

2

2

0

0 0 0

0   T

b x x N x x m x x

H

b H H P H M H

   

  

   

          

   

   

 (7) 

Equation (7) is satisfied by an infinite set of eigenvalues, s , 

and of eigenvectors,  s x . 

3.1 Orthogonality condition for vibration modes 

The orthogonality conditions for the vibration modes, useful 

to decouple the Equation of motion, can be obtained from the 

weak form corresponding to Equation (3) written for the 

generic s-th vibration mode: 

      2, , , 0s s s s V                 K N M  (8) 

They are obtained by following the procedure reported in [22] 

and can be expressed as:  

           
0

, 0

H

l m l m T l mm x x x dx M H H       M

 (9) 

         

     

0

0
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0

H

l m l m l m

H

l m

b x x x dx

N x x x dx

     

 

  

  





K N

 (10) 

It is noteworthy that a closed-form analytical expression of the 

circular frequency for the s-th vibration mode can be derived 

from Equation (8) for s   and reads as follows: 

 
   

 
2

, ,

,

ss s s s

s

ss s

k

m

   


 


 

K N

M
 (11) 

where sk  and sm  are the generalized stiffness and mass of 

the s-th mode. 

3.2 Eigenvalue problem solution 

The boundary-value problem corresponding to Equation (7) 

contains a differential Equation with variable coefficients. A 

closed-form solution for this problem can be obtained through 

the Frobenius method by expressing the eigenvectors in terms 

of power series [24]. The application of this method for the 

case of homogeneous cross section is reported in [22]. It is 

noteworthy that the proposed solution can be regarded as 

“exact” only for an infinite series expansion. For practical 

purposes the series is truncated at some order. 

3.3 Dimensional analysis of the eigenvalue problem 

The characteristic non-dimensional parameters controlling the 

dynamic behaviour of the system can be evaluated by 

applying the concepts of dimensional analysis [32],[33]. By 

assuming a homogeneous cross-section with mass per unit 

length  m x m  and bending stiffness  b x EI , the i-th 

circular vibration frequency of the system can be expressed as 

a function of 6 variables  

  , , , , ,i Tf P EI M m g H   (12) 

The 7 variables appearing in Equation (12) involve 3 

reference dimensions: length [L], time [T], and mass [M]. 

According to Buckingham’s Pi-theorem, only 4 dimensionless 

parameters control the problem, and the relation between the 

variables in Equation (12) can be reduced to: 

  2

0

, ,i f


  


  (13) 

where 0 3

3

T

EI

M H
   denotes the vibration frequency of a 

cantilever beam with concentrated mass MT at the top 

obtained by neglecting axial load effects. The remaining three 

non-dimensional parameters 2 , ,    are defined as follows: 

2
2

2

4

cr

P P H

P EI





  ,

T

mH

M
  ,

2

2

4

cr

mgH mgH H

P EI





   (14) 

Parameter 2  expresses the ratio between the load at the 

pier top (deck reaction), P , and the Euler buckling load, crP , 

of a cantilever beam loaded by a concentrated force at its top. 

Parameter   expresses the ratio between the total pier weight 

mgH  and crP . Finally,   describes the ratio between the 

distributed pier mass and the top concentrated mass MT. 

It is noteworthy that for TP M g , one obtains,  

 2   (15) 

whereas in the case of zero distributed mass,  =   = 0.  

The relation between the characteristic parameters and the 

modal properties is analyzed in [22] through a parametric 

study. The main conclusions of the study are that the system 

circular frequencies decrease for increasing 
2  and that axial 

load effects affect significantly only the fundamental circular 

frequency of vibration, whereas the frequencies of higher 

modes are weakly sensitive to variations of 
2 . Differently, 

the mass participation factor of the first mode does not vary 

with 
2  and  , whereas the higher modes participation 

factors are more significantly influenced and they either 

increase or decrease by varying the characteristic parameters. 
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4 SEISMIC RESPONSE BY MODE SUPERPOSITION 

METHOD 

According to the mode superposition method, the motion can 

be expressed as the following summation series: 

      
1

, s s

s

u x t x q t




  (16) 

where  s x V   is the s-th mode shape, and 

  0 1: ,sq t t t    R  is the corresponding generalized 

coordinate. The s-th decoupled Equation for  sq t , evaluated 

by employing the previously shown orthogonality conditions, 

reads as follows [22]: 

      2

s s s s gq t q t u t     (17) 

where 2

s
  is the circular frequency of Equation (11) and s  

denotes the s-th mode participation factor, expressed as: 

 
 

 ,

s

s

s s




 


*M

M
 (18) 

Equation (17) represents the equation of motion of a 

generalized SDOF system with circular vibration frequency 

s , subjected to the seismic input  s gu t . A viscous 

damping source is added a posteriori to this system, thus 

resulting in the following Equation : 

        22s s s s s s s gq t q t q t u t        (19) 

where s  denotes the s-th mode damping factor, whose value 

depends on the assumed damping model [16].  

By applying the mode superposition method, Equation (16) 

can be expressed as follows: 

      
1

, s s s

s

u x t x D t 




    (20) 

where  sD t  denotes the response of an oscillator with 

natural frequency s  subjected to the seismic input  gu t and 

homogeneous initial conditions:  

       
0

1
sin

t

ts s
s g d s

ds

D t u e t d
  

   


 
     (21) 

and where 21ds s s    . 

Having evaluated the displacement response history, the 

histories of the bending moment and of the shear along the 

beam can be obtained as follows: 

              
1

, , s s s

s

M x t b x u x t b x x D t 




        (22) 

           
1

, s s s s

s

V x t b x x N x x D t  




            
  (23) 

5 SEISMIC RESPONSE OF A CONTINUOUS BRIDGE 

WITH SLENDER PIERS 

In this section, the proposed analysis technique is employed to 

evaluate the influence of axial load effects and higher order 

modes on the seismic response of three different pier models, 

covering a wide range of bridge configurations and seismic 

behaviours.  

The seismic action is defined, for all the bridges, by a set of 

7 real ground motion records compatible with the EC8 type I 

soil type B (soil factor S = 1.20) spectrum, for an importance 

factor γI = 1 and a peak ground acceleration PGA = 0.30g. 

[6],[34]. Figure 2a reports the acceleration response spectrum 

of the real records with the corresponding scaling factor (SF), 

the mean spectrum, and the code spectrum, whereas Figure 2b 

reports the mean acceleration-displacement response spectrum 

(ADRS) of the records. The ADRS spectrum provides 

important information regarding the effect of the modal 

vibration periods and of the changes due to axial load effect 

on the seismic demand. It is also useful to explain the results 

of the seismic analyses. 
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Figure 2. (a) Acceleration response spectra of natural records 

and (b) mean ADRS response spectrum with representation of 

the vibration periods of the three case studies analyzed below. 

5.1 Case study 1 

This case study consists of a slender pier belonging to a bridge 

already analyzed in [22], whose properties are taken from 

[35]. The bridge has a three-span steel-concrete composite 

deck (with span length of 60 m+80 m+60 m) and two 

identical RC piers. These piers, of height H = 40 m, have a 
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circular hollow transverse section with external diameter of 

4.0 m and internal diameter of 3.2 m. The pier head has a 

rectangular transverse section with dimensions 4.0 m x 8.0 m, 

and is 1.5 m high. Class C35/45 concrete and S500 steel are 

used respectively for the concrete and the rebars of the pier.  

In [35], the piers steel reinforcement has been designed by 

assuming a limited ductile behaviour. This is because the piers 

are very flexible and there is no need for dissipative behaviour 

or seismic isolation. Under the longitudinal seismic action, the 

design value of 50803 kNm has been evaluated for the 

bending moment at the critical section (piers base) by 

considering the design spectrum and disregarding axial load 

effects. This value has been further increased by the quantity 

7495 kNm (i.e., a relative increase of 14.7%) in order to 

account for the contribution from second order effects, 

coherently with the EC8-part 2 indication [6]. The bending 

moment increment is proportional to the product of the 

vertical force P at the pier top and of the maximum design top 

displacement dEd obtained from the design spectrum. The final 

value of the design bending moment of 58298 kNm requires a 

total area of steel longitudinal rebars equal to 678 cm2 (i.e., 

about 1.5% of the cross-section area).  

The longitudinal bridge response is analyzed by using the 

proposed formulation and analysis technique. Only the 

response of a single pier is investigated thanks to the 

symmetry and assuming an axial rigid behaviour of the deck. 

The pier effective stiffness accounting for concrete cracking is 

EI   7.3086∙107 kNm2, whereas the pier distributed mass is 

m  11.53 kNs2/m2. The mass concentrated at the pier top and 

describing the deck and pier head inertia is MT = 2145 

kNs2/m. Since the cross section is uniform along the pier 

length, the axial force is a linear function 

   N x P mg H x    with P = 15470 kN, the pier height H 

= 40m  and the pier mass  2461.2kNs /mmH  . It is worth to 

note that in this case study MT is different from P/g= 1576 

kNs2/m, because the longitudinal inertial force is resisted by 

the two piers only, whereas the vertical weight is distributed 

among the piers and the abutments. 

The buckling load of a cantilever beam with the same 

flexural stiffness of the pier is Pcr = 2EI/4H2 = 1.17∙108 kN. 

This corresponds to a ratio 2 = P/Pcr = 0.132. The other two 

characteristic parameters, related to the distributed mass, have 

the following values:  = 0.215 and  = 0.039. 

The eigenvalue problem is solved by applying the Frobenius 

method, as described in [22]. The first three longitudinal 

vibration periods of the pier in the longitudinal direction 

disregarding axial load effects are 5.003s, 0.251s, and 0.078s. 

Table 1 reports and compares the modal vibration periods Ti 

and mass participating factors MPFi obtained by accounting 

for axial load effects and by disregarding axial load effects 

(corresponding to assuming N(x) = 0 in Equation (2)). 

For what concerns the vibration periods, only the first 

vibration mode is significantly affected by the axial load 

effects. This is expected from the results of the parametric 

study of the eigenvalue problem reported in [22]. An opposite 

trend can be observed for the MPFs, where variations increase 

for increasing mode order. 

The pier seismic behaviour is evaluated by computing, for 

each of the 7 records representing the seismic input, the 

response envelopes (i.e., the peak absolute values) of the 

displacements, bending moments and shear observed during 

the motion along the pier. Figure 3 reports the average 

response obtained from all the considered records, i.e., the 

average peak values of the displacement umax(x), bending 

moment, Mmax(x), and shear, Vmax(x). 

Table 1. Modal analysis results accounting for and 

disregarding the second-order effects.  

Mode 

Without axial load effects With axial load effects 

Ti [s] MPFi [%] Ti [s] MPFi [%] 

1 5.003 91.491 5.402 91.462 

2 0.251 4.966 0.253 4.548 

3 0.078 1.249 0.078 1.412 

4 0.038 0.767 0.038 0.677 

5 0.022 0.345 0.022 0.398 

6 0.014 0.297 0.014 0.259 
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Figure 3. Average seismic response: a) modal contributions to 

the displacements, bending moments and shear, b) comparison 

between the response evaluated by accounting for and 

disregarding axial load effects. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1352 

Figure 3a shows the comparison of the response envelopes 

obtained by considering the contributions of mode 1, of 

modes 1 and 2, and of the first 8 modes in terms of 

displacements, bending moments and shear. It is evident that 

the higher modes, related to the mass distributed along the 

pier, do not significantly affect the displacements while they 

provide significant contribution to the bending and shear 

along the pier. The contribution of higher modes to the shear 

demand at the base and at the top of the pier is very notable. 

Figure 3b compares the average response results obtained by 

the proposed formulation with the corresponding results 

obtained by neglecting the influence of the axial force. 

Significant differences can be observed for all the considered 

quantities. Differently from static problems, the axial load 

effects yield lower seismic response values along the whole 

pier height. This is mainly due to the elongation of the 

fundamental vibration period that shifts the structural response 

on regions of the seismic spectrum with a lower intensity 

(Figure 2). It is worth noting that the value of 26904 kNm of 

the base bending moment estimated by disregarding axial 

loads reduces to the value of 23923 kNm if axial loads are 

taken into account. The corresponding relative reduction of 

11.1% is in contrast with respect to the amplification of 14.7% 

obtained by applying the EC8-part 2 approach [6] in the 

design process [35]. The shear demand reduction is less 

significant than the reduction of the other response 

parameters. This is due to the strong influence of higher 

vibration modes on the shear demand for this system, and the 

almost negligible influence of axial load effects on modes of 

order higher than one. 

5.2 Case study 2 

This section reports the results of the application of the 

proposed analysis technique to a bridge pier model taken from 

Wei et al. [14]. The reinforced concrete pier has geometrical 

properties significantly different from those of the first case 

study. Its height is H = 16 m, and the cross section is circular 

with diameter D = 1.5 m. The concrete has cylindrical mean 

strength of 35MPa and the steel employed for the longitudinal 

rebars has strength of 470 MPa. The vertical force at the pier 

top transmitted by the deck is equal to 5000 kN. The pier 

stiffness and distributed mass are respectively b(x) = EI = 

3.185∙106 kNm2 and  m x m  4.50 ton/m, whereas the 

mass concentrated at the pier top is MT = 509.68 ton. The 

value of the buckling load of a cantilever beam with the same 

flexural stiffness of the pier is Pcr = 2EI/4H2 =30692.9 kN, 

corresponding to a ratio 2 = P/Pcr = 0.1629, very similar to 

the value obtained for case study 1 despite the different 

geometry. The values of the other characteristic parameters 

are = 0.141, and = 0.023. The first three vibration periods 

of the pier disregarding axial load effects are 2.986s, 0.123s, 

0.0382s, whereas the corresponding values obtained by 

accounting for axial load effects are 3.273s, 0.124s, 0.0383s. 

Also in this case, axial load effects influence significantly 

only the first vibration period. The mass participation factors 

of the first 3 modes obtained by accounting for and by 

disregarding axial loads effects almost coincide and their 

values are 94.02%, 3.18%, and 0.1%. 

Figure 4a shows the average of the peak absolute responses 

obtained by accounting for axial load effects for the set of 

ground motion records compatible with the spectrum of 

Figure 2. (a) Acceleration response spectra of natural records 

and (b) mean ADRS response spectrum with representation of 

the vibration periods of the three case studies analyzed 

below.Figure 2. Figure 4b compares the average response 

envelopes obtained by accounting for and by disregarding 

axial load effects.  
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Figure 4. Average seismic response: a) modal contributions to 

the displacements, bending moments and shear, b) comparison 

between the response evaluated by accounting for and 

disregarding axial load effects. 

The displacement demand for the pier is inferior to the yield 

limit of 0.3 m given in Wei et al. [14], and the elastic 

behaviour assumption is again accurate for this system 

subjected to the quite severe seismic input considered. In this 

application example, the contribution of higher vibration 

modes to the response is practically negligible for the 

displacement and the bending moment demand, and not very 

significant for the shear demand.  

The axial load effects influence only the shear demand 

(Figure 4b), and the value of the base shear reduces of about 

17% when axial load effects are taken into account. This is 
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explained again by the period elongation effect due to axial 

loads, that results in a reduction of the acceleration spectrum 

ordinates (Figure 2). The bending moments obtained 

accounting for and disregarding axial load effects are very 

similar. This is the result of two counteracting effects related 

to axial loads: the bending moment reduction due to the 

decrease of spectral ordinates, and the increment of bending 

moment demand due to the axial force at the pier top acting 

on the deformed configuration. 

The base section bending moment demand, evaluated via 

first order analysis and amplified by the P-delta effect 

  00 5000 0.2803 1401.5 kNmEdN d      is equal to 11898.3 

kNm. The corresponding value evaluated by accounting for 

axial load effects is 10639.4 kNm. Thus, also in this case the 

EC8-part 2 approach [6] gives conservative estimates of the 

effects of axial loads on the moment demand. 

5.3 Case study 3 

This case study consists of a very tall bridge pier belonging to 

a regular multi-span bridge, whose properties are taken from 

Li et al. [36]. The pier is 90 m high and has a hollow 

rectangular cross-section of dimensions 4.4 m x 4.4 m and 

thickness 0.5m. The longitudinal reinforcement ratio is about 

1.5%. The concrete has cylindrical mean strength of 48 MPa. 

The vertical force at the pier top transmitted by the deck is 

equal to 19890 kN. The pier stiffness and distributed mass are 

respectively b(x) = EI = 2.225∙106 kNm2 and 

 m x m  19.87 ton/m, whereas the mass concentrated at 

the pier top is MT = 700 ton. The values of the pier 

characteristic parameters are 2 = P/Pcr = 0.293, = 2.556, 

and = 0.259. The high value of  suggests that higher order 

modes contribute significantly to the response. The first three 

vibration periods of the pier disregarding axial load effects are 

6.968 s, 0.884 s, and 0.292 s, whereas the corresponding 

values obtained by accounting for axial load effects are 8.763 

s, 0.907 s, 0.295 s. In this case, also the higher modes 

vibration period are slightly influenced by axial load effects. 

The mass participation factors of the first three modes 

obtained by accounting for and by disregarding axial loads 

effects almost coincide and their values are 67.43%, 16.76%, 

and 5.46%. This also confirms that the second and third mode 

of vibration are expected to contribute significantly to the 

response.  

Figure 5a shows the average of the peak absolute responses 

obtained by accounting for axial load effects and by 

considering the different modal contributions. The higher 

modes of vibration dominate the pier seismic response. In 

particular, the second mode gives a significant contribution to 

the bending moment and shear demand. The value of the 

moment demand at x = 55m is only slightly lower than the 

value at the pier base. Thus, plastic hinges are expected to 

form also at this location, as already observed in [36]. 

However, it should be pointed out that the pier responds 

elastically to the assumed seismic input and plastic hinges will 

form only for very severe excitations. 

Figure 5b compares the average response envelopes 

obtained by accounting for and by disregarding axial load 

effects. These effects have a negligible influence on the 

response. This is a consequence of the relevant contribution of 

higher modes, which are not significantly affected by axial 

load effects. Finally, it is worth to note that also in this case 

the EC8-part 2 approach [6] gives conservative estimates of 

the effects of axial loads on the moment demand, although the 

increment of base bending moment is low (3540.4 kNm). 

 

1st 1st + 2nd 1st to 8th 

  
x
 [

m
] 

x 104
 

a) 

0 0.1 0.2 
0 

10 

20 

30 

40 

50 

60 

70 

80 

0 2 0 5 3 4 1 1000 2000 

90 

umax(x) [m] Mmax(x) [kNm] Vmax(x) [kN] 

 

 

  
x
 [

m
] 

x 104
 

0 0.1 0.2 0 2 0 1000 2000 5 3 4 1 

w  second-order effects 
w/o second-order effects 

b) 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

umax(x) [m] Mmax(x) [kNm] Vmax(x) [kN] 

 

Figure 5. Average seismic response: a) modal contributions to 

the displacements, bending moments and shear, b) comparison 

between the response evaluated by accounting for and 

disregarding axial load effects. 

6 CONCLUSIONS  

In this paper, an analytical continuous model has been 

presented and employed to investigate the effects of axial 

loads and pier mass on the dynamic behaviour and seismic 

response of slender bridge piers. The pier model consists of an 

Euler-Bernoulli cantilever beam which accounts for both the 

pier distributed mass and the deck mass concentrated at the 

top. The motion in the neighbourhood of the initial loaded 

configuration has been described by a linear differential 

Equation with variable coefficients. The free vibration 

problem has been analytically solved for the case of piers with 

constant cross-section by applying the Froebenius method. 

The seismic problem has been subsequently solved by 
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superposing the modal responses. This approach has been 

made possible by the use of the orthogonality conditions 

specific of the model considered.  

A dimensional analysis of the eigenvalue problem has been 

carried out to make explicit the four characteristic parameters 

that control the effect of distributed pier mass and axial loads 

on the system dynamic response. For what regards the 

influence of these parameters on the modal properties, only 

the fundamental vibration period is significantly affected by 

axial loads and pier mass, whereas the higher modes' periods 

are less sensitive to these quantities. Differently, the first 

mode mass participation factor does not vary with the axial 

load, whereas the higher modes participation factors are more 

significantly influenced and they either increase or decrease 

by varying the characteristic parameters. 

Three different slender bridge piers have been considered as 

case studies, in order to investigate the influence of higher 

order modes and axial load effects on the seismic response of 

systems with different properties. The first case study is a 

slender bridge pier with an high vibration period. The second 

case study is a shorter bridge pier whose response is 

dominated by the first mode. Finally, the third case study is a 

slender bridge pier with a very high vibration period and a 

very significant pier mass. Due to their high slenderness, all 

the systems behave linearly under the quite severe seismic 

input considered.  

With reference to the first case study, it is concluded that 

higher modes notably influence the earthquake induced 

internal forces and their distribution along the pier. The 

variation of dynamic properties due to axial loads provides a 

significant reduction of the demand in terms of displacements, 

bending moments, and shear. This is mainly due to the 

fundamental period elongation. In the second case study, only 

the shear demand along the pier decreases due to the effect of 

axial loads. The bending moment demand remains almost 

unchanged because of two counteracting effects: the reduction 

of the spectral ordinate and the increase of demand related to 

the axial force at the pier top acting on the deformed 

configuration. In the third case study, the bending moment 

and shear demand is dominated by higher modes, which are 

not significantly influenced by axial load effects. Thus, also 

the global seismic response is not significantly influenced by 

axial load effects. 

In all the cases analyzed, the use of amplification factors for 

the first order bending moments results in an overestimation 

of the moment demand.  
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ABSTRACT: Elevated bridges crossing roadways have a high proportion on high-speed railways, thus the risk of vehicle 

collision with piers becomes serious. A Dodge Neon car and railway pier system is established to analyze the collision force 

characteristics with the help of finite element software ANSYS LS_DYNA. Different types of elements, such as shell, solid and 

beam elements are introduced corresponding to various components of the car and the pier. Four different car speeds, 60km/h, 

80km/h, 100km/h and 120km/h are considered to extract the collision force-time histories and analyze the force characteristics. 

The result shows that: the intensity of the impact force reaches to several MN, and the loading duration is less than 0.16s; the 

impact energy mainly concentrates on the low frequency, and the higher the impact speed, the more component of high-

frequency; the equivalent static force exceeds the design value of the Chinese railway code and the Eurocode. This method is 

feasible to simulate a vehicle collision with pier and to gain impact force time histories. 

KEY WORDS: High-speed railway, bridge pier; car; collision; numerical simulation. 

1 INTRODUCTION 

With the development of high-speed railways in China, more 

and more elevated bridges are constructed. For example, on 

the 1,318 km Beijing-Shanghai high-speed railway, the bridge 

length accounts for 80.5% of the total. When a bridge crosses 

a river, its piers in the river may be collided by vessels or 

other floating objects. For a railway bridge that steps across 

another roadway, its piers close to the road may be collided by 

moving cars. Although these accidents are rare, once 

happened, they would cause serious damage to life, property, 

society and environment [1-3]. 

When a collision load acts on a bridge pier, it may cause 

dislocation of bearings and beams, uneven deformation or 

fracture of expansion joints, or even beam collapse. For high-

speed railway bridges, however, even if there is no beam 

collapse, the vibration and displacement induced by collision 

may deform the track and make it instable, which may further 

threaten the running safety of train vehicles. During the 

collision, the vehicle on the bridge may derail from the track 

in case that the collision is intense and the train’s running 

speed is high [4-5]. 

In the Code for Design of High-speed Railways (TB10621-

2009) [6] issued by the Ministry of Railways in China, it is 

stipulated that a vehicle collision force should be considered 

in bridge pier design, which is represented by an 1,000-kN 

static force if they are not protected by a crashworthy barrier. 

The force is applied to the pier horizontally at 1.20m above 

the ground, while it is unclear about the origins of the 

provision and it does not explain that basis of the design 

forces. Eurocode [7] gives the same vehicle collision force on 

bridge piers, while it acts at 1.25m above the ground. This 

paper discusses this issue and presents the results of detailed 

finite element analysis of vehicle-pier collision, to evaluate 

the process of vehicle collision with pier. 

2 ANALYSIS MODEL 

2.1 Vehicle model 

To simulate the vehicle collision process more accurately, the 

finite element models for vehicles issued by the National 

Crash Analysis Center (NCAC, America)
 [6] are adopted. The 

models are established and digitized from the geometry 

information of each part of the vehicles, based on a large 

number of automobile tests and engineering experience. These 

models have received the recognition and development from 

the Federal Government for Vehicle Collision Research 

Center, therefore, using these models to simulate the car has a 

high credibility. More detail information about the vehicle 

models and the simulation procedures can be downloaded 

from the NCAC’s website. 

For the vehicle model, a Dodge neon car with a weight of 

1.35t is select as an example to represent the light cars, as 

shown in Fig. 1.  

 

 

Figure 1. FE model of Dodge neon car. 

The FE model of the car includes 270,768 elements and 

283,859 nodes. Different material models are adopted to 

simulate different parts of the car. Elastic material model is 

adopted for the engine, transmission and radiator, while a 
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rubber material for the tires. As for the chassis, the front shell, 

the compartment and some other parts with inelastic property, 

an isotropic elastic-plastic material model is adopted. 

Different types of elements, such as shell, solid and beam 

elements are introduced corresponding to various components 

of the structure. By connecting the various parts with rigid 

constraints, a whole model is obtained reflecting the true 

condition of the vehicles. More details can be found on the 

website of NCAC and Reference [8]. 

2.2 Pier model 

For the pier model, a round-end pier in service is selected, 

which can be referenced from the bridge design code for 

double track high-speed railway lines of 350 km/h. The pier is 

made of C30 reinforced concrete, with the cross section of 

760cm×300cm, and the height of 710cm. Detailed geometric 

dimensions can be seen in Figure 2. 

 

 

Figure 2. Geometric dimensions of the pier(unit: cm) 

The finite element model adopts Solid 164 unit and Brittle 

_damage[3,7] models. The constitutive of the Brittle_damage 

model is based on damage mechanics theory, which can well 

simulate the tensile fracture behavior of concrete. The 

constitutive yield relationship function includes the tensile 

stress vertical to fracture and the shear stress along the crack, 

which can be expressed as: 

 
n n

s s

0

0





  


  

f k q

f k q
 (1) 

where, n n(1 )k   , s s(1 )k   , n (1 )q f e   ; ， 

and l* are program internal variables, while n is program 

internal constant. 

The pier is fixed at the bottom while free at top, namely, 

without considering the constraint and gravity action from the 

superstructure. The mapping mesh division with a total of 900 

elements is adopted. 

3 PARAMETRIC STUDY 

The allowance vehicle speed for roadway and highway in 

China are respectively 60km/h and 120km/h, so four speeds, 

60km/h, 80km/h, 100km/h and 120km/h, are selected for the 

study. 

The vehicle collision with the pier is simulated with the 

following procedures: 

Firstly, incorporate the established car model and pier 

model into a whole K file by Ls_ PrePost software through the 

combine file. 

Secondly, define the vehicle and bridge pier contact as the 

"ASTS" aspects contact. The car collides with the pier 

positively at a speed, with the car head as the initiative 

collision surface and the pier as the passive collision surface. 

It is called the hard collision model, with the feature of that 

the collision energy absorbed by the car-body. Cater to the 

collision, a standard combine file is established, in which each 

different car model and pier model can be quickly 

incorporated. The setting calculated time is 0.6s, with the 

output of 120 steps. 

4 RESULT ANALYSIS 

Since the size and the weight of the pier are very big, in a case 

of a light car collision, especially with low speed, the damage 

of the pier is usually very slight. The collision time history 

data are extracted from this simulation course, and the process 

and the corresponding laws of vehicle collision with bridge 

pier are analyzed. 

In the Ls_PrePost software, it is convenient to see the whole 

simulated impact process of the Dodge Neon car in four 

different speeds. Clearly shown in Figure 3~6 are the 

deformation courses of the car hitting on the pier at 120km/h 

speed, and the corresponding collision times are shown on the 

time-history curve in Fig. 7. 

 

 

Figure 3. Before collision. 

 

Figure 4. Collision begins. 

 

Figure 5. Peak force appears at 0.028s. 
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Figure 6. The biggest deformation. 
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Figure 7. Corresponding collision times on the time-history 

curve at speed of 120km/h 

In the collision force time history curve in Fig. 7, one can 

find four characteristic points A, B, C and D.  Point A is the 

time before car collision with pier. Point B indicates the 

beginning of collision. Point C indicates the peak value of the 

collision force which is 4050 N appearing at 0.028s. At Point 

D, the biggest deformation of the car appears at 0.089s.  

There are several peaks appearing in the curve, with each 

indicating certain part of the car participated and damaged in 

the collision. The first crest of force time history is generated 

by collision between the car-engine and pier, while the second 

hysteretic crest by collision between car-body and pier. 

Illustrated in Figure 8 are the time history curves of the 

collision forces of the Dodge Neon car with the pier at four 

different speeds. 
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Figure 8. Force-time histories of collision forces 

It can be seen from the figure that the collision duration is 

less than 0.16s, and the curves show the narrow pulse load 

form with only about 0.01~0.02s in width. The intensity 

(maximum value) of the collision force increases with the car 

speed approximately in linear relationship. The peak collision 

forces are 814kN, 1620kN, 2880kN and 4050kN, respectively, 

corresponding to the car speeds of 60km/h, 80km/h, 100km/h 

and 120km/h. The higher the collision speed is, the earlier the 

peak value appears and the narrower the pulse width is.  

The frequency spectrum analysis is applied to the collision 

force time histories using the Fast Fourier Transform (FFT), 

and the spectral density curves corresponding to four car 

speeds are shown in Fig. 9.  
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Figure 9. Spectrum density curves of collision force 

From the figure, one can observe that the main impact 

energy concentrates in the band of 50Hz. Within the 

frequency band lower than 40Hz, the spectral density values 

are high, normally more than 200kN/Hz, with the maximum 

value close to 1,120kN/Hz appearing at 0Hz. The spectral 

densities of 60 km/h is closed to zero at 80Hz, that of 80 km/h 

closing to zero in 160Hz, that of 100km/h closing to zero in 

240Hz, and that of 120km/h at 380Hz, showing that the higher 

the car speed is, the more component the high frequency 

contains. 

In order to facilitate the process in the structural design, the 

dynamic force is often simplified to the equivalent static 

force. Equivalent static force means the static force value to 

produce the same displacement under the dynamic load at the 

same applied point, which depends on the stiffness and 

dynamic characteristics of the system [8, 9].  

According to Chopra [9], the car-pier collision system is 

simplified to a single spring-mass system without damping, as 

shown in Fig. 10. 

mp (t)
k

 

Figure 10. Single spring-mass systems without damping 

The solution of the differential equation of motion is: 

 ( )mu ku p t   (2) 

which subjects to the initial conditions: 

 ( ) ( )0 0 0u u   (3) 
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In developing the general solution, p(t) is interpreted as a 

sequence of impulses of infinitesimal duration, and the 

response of the system to p(t) is the sum of the responses to 

individual impulses. These individual responses can 

conveniently be written in terms of the response of the system 

to a unit impulse. 

The shock spectra for three kinds of pulses of rectangular, 

half-cycle sine and triangular shapes, each with the same 

value of force-integration in time-domain, are presented 

together in Fig. 11. Over the range td /Tn＜1/4, the pure 

impulse solution is close to the exact response. The two 

solutions differ increasingly as td /Tn increases up to 1/2.  

 

Figure 11. Shock spectra for three force pulses of equal area 

The previous observations suggest that if the pulse duration 

is much shorter than the natural period, say td/Tn＜1/4, the 

maximum deformation should be essentially controlled by the 

pulse area, independent of its shape. Therefore, the range td /Tn

＜1/2 is approximated to calculate the equivalent static force 

in this study. 

As the pulse duration becomes enough short compared to 

the natural period of the system, it becomes a pure impulse of 

magnitude: 

 
0

( )
dt

I p t dt   (4) 

The response of the system to this impulsive force is the 

unit impulse response of Eq. (2) times I: 

 
1

( ) ( sin )n

n

u t I t
m




  (5) 

The maximum deformation, 

 0

2π

n n

I I
u

m k T
   (6) 

is proportional to the magnitude of the impulse. 

According to equivalent displacement, to generate the same 

displacement on dynamic force, it needs the static force Pa, 

 0

2π
2πa

n

I
P ku If

T
    (7) 

where, k and f are, respectively, the stiffness and frequency of 

the system.  

Usually, the process of car-pier collision is less than 0.16s, 

conservatively take td =0.10s, say td/Tn＜1/2, Tn＞0.20s, f＞
5Hz, Eq. (7) can be used to calculate the static force.  

For this case study, the top-pier displacement time history is 

selected and treated with FFT, then the spectral response is 

obtained, as shown in Fig. 12, which indicates the first order 

frequency is 3.564 Hz. So Eq. (7) is suited to calculate the 

static force for this case study.  
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Figure 12 The spectral response 

Table 1 shows the peak collision force values and the 

corresponding equivalent static force values. 

Table 1. Peak collision forces and corresponding equivalent 

static forces 

Speed(km/h) Peak force(kN) Equivalent static force(kN) 

60 814 644 

80 1620 859 

100 2880 1074 

120 4050 1288 

 

Shown in Fig. 13 is the comparison among the peak 

collision force, equivalent static force and the limited static 

force given by the Code of China Design of High-speed 

Railways (TB10621-2009) and the Eurocode.  
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Figure 13. Comparison of collision force values. 

One can see that when the car speed exceeds 100 km/h, the 

equivalent static force is beyond the code limit of 1000 kN, 

and the peak collision force goes up to more than thousands of 

kN, indicating that the collision force given in the code is 

insufficient for design of bridge piers. Therefore, it is 

necessary to consider the dynamic response of vehicle 

app:ds:generate
app:ds:frequency
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collision with pier to ensure the safe operation of the high-

speed trains. 

5 CONCLUSIONS 

This paper established a car and pier simulation system by 

finite element software ANSYS LS_DYNA to analyze the 

collision force characteristics. The force-time histories and the 

spectrum densities of the car collision on the pier at different 

speeds are gained. The following conclusions can be drawn 

from the analysis: 

(1) The intensity of car collision force with pier reaches to 

several MN, and the pulse duration is short, less than 0.16s. 

(2) The higher the car speed, the earlier the peak collision 

force appears, and the narrower the pulse width is. 

(3) The collision energy concentrates in 50Hz. Within the 

frequency band less than 40Hz, the spectral density values are 

high, normally more than 200kN/Hz, with the maximum value 

close to 1120kN/Hz appearing at 0Hz. 

(4) The equivalent static forces exceed the limited static 

force in the China High-speed Railway Code and the 

Eurocode, so it is necessary to consider the dynamic response 

in railway bridge pier design. 

This method is feasible to simulate a vehicle collision with 

pier and gain an impact force time history as an input 

excitation for a further study in the high-speed train and 

bridge coupling system. 

The collision analysis of vehicle-pier system is a rather 

complex problem, which is related with the speed and the 

mass of the vehicle, the form and size of the pier, the impact 

angle, the acting position, and so on. In this paper, only a 

preliminary study is performed, and there need a further 

theoretical and experimental research. 
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ABSTRACT: The paper derives the equations for a beam subjected to a row of moving forces and simultaneous vertical motions 
of its supports. The very simple mathematical model is set up and the decomposition method is applied to the problem. The 
simply supported beam represent short to medium span bridge. The train effect consists of a long sequence of axle forces or 
their groups in regular distances, which can bring the bridges intensive vibration. The earthquake is idealized as a finite sum of 
harmonic movements of individual supports modulated by a slowly variable function. The numerical calculations were 
performed for both the concrete and steel bridges of spans 5 to 50 m subjected to the three types of high-speed trains (ICE, 
Eurostar/TGV and Talgo AV2) running at speeds 5 to 250 km/h. Influence of synchronization of train and earthquake attack is 
briefly analyzed. The effect of several other parameters is shown and discussed. 

KEY WORDS: Beam; Moving forces; Support motions. 

1 INTRODUCTION 
The problem of the dynamic action of moving loads on 
structures has been investigated for a long time and 
successfully applied to bridges and similar types of 
engineering systems, see [1], [2], and many other 
publications.  Besides, the earthquake engineering has 
presented and solved a lot of problems, which are important 
for the safety of structures. The literature is also extraordinary 
rich, e.g. [3]. 

However, both the subjects mentioned above have been 
developed independently. Especially, we have no idea what 
happens if the earthquake appears just in the time, when the 
vehicles are moving along a bridge. The first attempts were 
done in [4-6], where the problem was solved and applied to 
suspended bridges of large spans. 

Here, we restrict the problem to the vertical vibrations of 
the beam, subjected to a row of moving forces. 

Simultaneously, the beam supports provide the vertical 
movements due to the earthquake. We are aware of the fact 
that the horizontal seismic forces are more important than the 
vertical ones. Moreover, the assumed model is very simple, as 
it assumes only a limited damping and an earthquake effect 
represents only by its several harmonic components. Thus, the 
presented study should be grasped as an introduction to the 
problem with substantial simplifications emphasizing the 
effect of vertical axle forces. 

2 BASIC EQUATIONS 
Let us assume a simple non-damped beam of span l, which is 
subjected to a row of moving forces Fn, n=1,2,3,….,N  at the 
distances dn, see the Figure 1. The forces are moving from the 
left to the right hand side with a constant speed c. The 
supports of the beam perform the   vertical movements a(t) 
(left support) and b(t) (right support), respectively.  

The problem is governed by the partial differential equation:  

EIv
IV

(x,t)+μ&&v(x,t)+ 2μω
d
&v(x,t) = F

n
n=1

N

∑ ε
n
(t)δ(x− x

n
) ,   (1) 

where it is designed : 
v(x,t)   --  vertical displacement of the beam at x  and time  t , 
respectively, 
EI  --  constant beam rigidity, 
μ   --   constant mass per unit length of the beam, 
ω

d
  --  circular frequency of the beam damping, 

ε
n
(t) = h(t − t

n
)−h(t −T

n
),  

h(t) = 0 for t < 0 , h(t) =1 for t ≥0  --Heaviside unit function, 
δ(x)   -- Dirac function, 
t
n
= d

n
/ c   --  time when the n-th force enters the beam, 

T
n
= (l +d

n
) / c  --  time when the n-th force leaves the beam, 

x
n
= ct −d

n
,  

Vibration of a beam resting on movable supports and subjected to moving loads  

Ladislav Frýba1,  Shota Urushadze1, Cyril Fischer1 
1 Institute of  Theoretical and Applied Mechanics, v.v.i., AS CR, Prague,  

Prosecká 76, 190 00 Prague 9, Czech Republic, E-mail : fryba@itam.cas.cz 

 

 
 

Figure 1. Theoretical model of a beam , moving forces  
and support movements. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1362 

d
n
 -- distance between the first and n-th force d1 = 0.   

·    -- primes and dots denote the derivation with respect to x 
and t, respectively. 

The boundary and initial conditions (when the first force 
enters the beam) read : 

 
v(0,t) = a(t), ′′v (0,t) = 0,
v(l ,t) = b(t), ′′v (l ,t) = 0,

 (2) 

 v(x,0) = &v(x,0) = 0. (3) 

3 SOLUTION 
The problem described above represents the vibration of a 
beam, whose boundary conditions are changing in time. The 
decomposition method is recommended in [7] for such 
problems. We resolve the response of the beam v(x,t) in the 
quasi-static component vs(x,t) and dynamic component vd(x,t): 

 v(x,t) = vs (x,t)+ vd (x,t).  (4) 

The quasi-static component comprises effect of the vertical 
movement of supports, whereas the dynamic part describes 
effect of the moving external load. The boundary conditions 
are decomposed as well: 
quasi-static component: 

 
vs(0,t) = a(t), v

s
(l ,t) = b(t),

′′v
s
(0,t) = 0, ′′v

s
(l ,t) = 0.

 (5) 

dynamic component: 

 
v

d
(0,t) = 0, v

d
(l ,t) = 0,

′′v
d
(0,t) = 0, ′′v

d
(l ,t) = 0,

 (6) 

while the initial conditions (3) remain zero. 
The basic equation (1) is now separated in two equations: 
a) quasi-static, the homogenous equation, damping is 

neglected 
 EIv

s
IV (x,t)+μ&&v

s
(x,t) = 0   (7) 

with boundary conditions (5), and 
b) dynamic, non-homogenous equation 

EIv
d
IV (x,t)+μ&&v

d
(x,t)+ 2μω

d
&v

d
(x,t) = F

n
n=1

N

∑ ε
n
(t)δ(x− x

n
)  (8) 

with boundary conditions (6). 

3.1 Homogeneous solution 

The homogeneous formulation together with initial conditions 
(5) leads to the kinematically indeterminate state. Thus, the 
homogeneous equation (7) is substituted by a model of a 
simple beam under uniform variable load: 

 EIv
s
IV (x,t)+μ&&v

s
(x,t) = −μ &&b(t)   (9) 

 
vs(0,t) = a(t)−b(t), v

s
(l ,t) = 0,

′′v
s
(0,t) = 0, ′′v

s
(l ,t) = 0.

 (10) 

The variable boundary conditions representing vertical 
component of an earthquake will be represented as a sum of 
harmonic (sine) components: 

 
a(t) = α

k
(t)sin(ω

k
t)

k=1

n

∑

b(t) = β
k
(t)sin(ω

k
t)

k=1

n

∑
 (11) 

where amplitudes α
k
(t), β

k
(t)are functions of a “slow time“. 

The actual earthquake record can be represent approximately 
by an modulated sum of its selected Fourier components or 
using more advanced method described e.g. in [8]. Thanks to 
assumption of “slow time“, the following relation 
approximately holds for acceleration 

 &&b(t) ≅ − β
k
(t)ω

k
2 sin(ω

k
t)

k=1

n

∑   

Harmonic character of the individual loading components 
enables to find analytical solution as a sum of solutions 
v

s,i (x,t)  for individual frequency components in the form (see 
e.g. [1] for details): 
v

s,i (x,t) =

C
i ,1 sin λx

l
+C

i ,2 cos λx

l
+C

i ,3 sinh λx

l
+C

i ,4 cosh λx

l
+ β

i
(t),

 

(12) 

where λ = l
μω 2

EI

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1
4

and parameters C
i ,k , k =1,...,4,  satisfy the 

boundary conditions (10).  
They depend on time: 

C
i ,1(t) = −

1
2sinλ

β
i
(t)+ (β

i
(t)−α

i
(t))cosλ⎡⎣ ⎤⎦,   (13) 

C
i ,2 (t) =C

i ,4 (t) =
α

i
(t)−β

i
(t)

2
,  (14) 

C
i ,3(t) = − 1

2sinhλ
β

i
(t)+ (β

i
(t)−α

i
(t))coshλ⎡⎣ ⎤⎦.  (15) 

The difference α
i
(t)−β

i
(t) in condition (14) reflects the 

difference between movements of both ends of a beam. It can 
be neglected especially for short span bridges. Phase shift in 
both ends can be implemented using separate expansions for 
both boundary conditions a(t), b(t) in (11). For sake of 
simplicity this option is not used in current work.  

3.2 Non-homogenous solution 

The non-homogeneous equation (8) with boundary conditions 
(6) was solved many times, see e.g. [1] and the last form in 
[8]. 

Its solution may be written as  

 v
d
(x,t) = q

j
(t)sin jπx

lj=1

∞

∑ ,   (16) 

where 
q

j
(t) =

2 jωF
n

μln=1

N

∑ f (t − t
n
)h(t − t

n
)− (−1) j f (t −T

n
)h(t −T

n
)⎡

⎣
⎤
⎦ ,

 (17) 
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the natural frequency of a simple beam respecting the 
boundary conditions (6)  

 ω
j
2 = j 4π 4

l 4

EI

μ
,   (19) 

the driving frequency ω and damped natural frequency ω j
′  

 ,   .  (20) 

 

4 CASE STUDY 
The parametric study assumed both the concrete and steel 
bridges of spans 5, 10, 15, 20, 30 and 50 m with appropriate 
first natural frequencies f1, logarithmic decrements of 
damping  and weights   . Their numerical values, 
appearing in the Table 1, were taken from the empirical 
formulas published in [9]. Three assumed types of high speed 
trains, i.e. ICE 2, Eurostar/TGV and Talgo AV 2, used in 
Germany, France/England and Spain, respectively, differ by 
their predominant forces F, their total axle numbers N, 
predominant car lengths d and total lengths. The Table 2 
shows the assumed train parameters. 

As a sample earthquake record has been selected the famous 
El Centro record of the Imperial Valley earthquake 1940. The 
100 most significant components of the spectra of the N-S 
component with PGA=0.348g was modulated by a modulation 
function 
 4 . .    (21) 

to resemble the original record, see Figure 2. This approach 
prefers the lower frequency range, however, any other 
selection could be used, e.g. conforming to design spectra of 
build codes. Effect of the selected record to the individual 
bridges from Table 1 is shown in the Figure 3. Mid-span 
deflection time histories are shown for concrete and steel 
bridges in left and right columns respectively. The boundary 
conditions were chosen to artificially boost the response: 
prescribed displacements of the one end were taken twice of 
the other end a(t)=2b(t) with synchronous phase. The 
response itself is not very realistic, as damping is neglected in 
this case (high response in the case of steel bridge l=50m) and 
only single eigenform (12) is taken into account (high 
frequency noise in cases of l=20,30). 

Figure 4 shows the sample responses of all bridges to 
combined loading of the earthquake and train Talgo AV2 
passing the bridge. Only first (dominant) eigenform is taken 
into account when both effect of train passing the bridge as 
well as the earthquake effect are evaluated (one component in 
(12) and first term of sum (16)). Speed of the train in Figure 4 
is 100 km/h. The earthquake attacks when the middle car of 
the train leaves the bridge. At this moment is the response due 
to passing train maximal, as the four middle axles forces of 
the Talgo train represent a pair of (heavy) engines. However, 
it is apparent that after the earthquake attack the amplitude 
increases. 

For the case of the longest beam, l=50m, the passing train 
the response dramatically increases due to vicinity of the 
resonant speed/frequency, see [10] for further details. 

The maximal amplitudes for the whole set of bridges, trains 
and speeds taken into account are summarized in Figure 5.

Table 1. Bridge parameters 

 Span l (m) 5 10 15 20 30 50

C
on

cr
et

e f1 (Hz) 32.35 15.09 9.66 7.04 4.51 2.57
  (1) 0.63 0.34 0.23 0.18 0.18 0.18

G (kN) 250 600 1050 1600 3000 6000

St
ee

l f1 (Hz) 19.12 11.77 8.86 7.25 5.46 3.82
  (1) 0.64 0.23 0.12 0.08 0.08 0.08

G (kN) 125 300 525 800 1500 3000
f1– first eigenfrequency,  –damping, G – total weight 

Table 2. Train parameters 

notation ICE 2 Eurostar/TGV Talgo AV 2 
F (kN) 195/112 170 170 
N (1) 56 48 40 
d (m) 27.3 18.7 13.4 
total length (m) 362.1 386.5 356.05 

F - axle force, N - number of axle forces,  
d - predominant car length 

 

 
 

Figure 2: Top: power spectral density of the stacionarized 
El Centro record and 100 selected harmonic components. 
Bottom: artificial replacement of the earthquake record, 

modulating function (21). 
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Figure 3: Response of the mid-span point of individual bridges to earthquake excitation only 
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Figure 4: Response of the mid-span point of individual bridges to combined loading: earthquake + Talgo train, 
 speed c=100 km/h, earthquake attacks when middle car passes the bridge. Tmax – time when train leaves the bridge.  
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Figure 5. Maximal mid-span amplitudes summarized for all steel and concrete bridges in first and second row respectively 
for all three trains in individual columns. Units are [km/h] (speed) and [m] (length, amplitude). 

 

 
Figure 6. Ratio of the relative increase of the maximal amplitude due to train and earthquake combination to train only 
excitation. Log10 of ratio total/train on the vertical axis. Note reverse ordering of speed rows with respect to Figure 5. 
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 Responses for steel and concrete bridges are shown in first 
and second row respectively for all three trains in individual 
columns. For each train/material combination are shown the 
maximal deflections depending on the length of the bridge and 
train speed.  

The general trend of increasing response depending on both 
increasing speed and length span is evident from Figure 5. 
The dynamic response of steel bridges is higher than of 
concrete ones because the mass and damping of concrete are 
greater than of steel. It seems, that maximal responses for the 
ICE2 train is with one exception slightly milder than those of 
the other two trains for both concrete and steel bridges. 

Relative influence of the earthquake attack on the overall 
response is presented in Figure 6. The value on the vertical 
axis of each bar chart can be symbolically specified as  

log
max

max  

The relative increment is highest for the lowest train speeds. It 
is not surprising, as the maximal amplitudes for (pseudo) 
static load due to slowly passing train are significantly smaller 
compared to effect of an earthquake on the corresponding 
bridge. Noticeable increase occurs also for higher speeds (50-
250 km/h), namely for longer spans and Talgo train, for both 
concrete and steel bridges. 

Figure 7 depicts influence of delay between moments when 
train hits the bridge and earthquake attacks. Effect of the 
Talgo train running at 100 km/h is shown for all bridges from 
Table 1. For all spans, time taken by the train to pass the 
bridge is about 13s. The horizontal axis of the each plot in 
Figure 7 corresponds to time of the earthquake start, vertical 

axis shows the maximal amplitude of the mid-span point of 
the bridge response due to combined train/earthquake. As a 
general rule, passing of the pair of middle engines of the 
Talgo train is the worse moment to earthquake attack. This is 
case, which has been chosen for the analysis shown in Figures 
5 and 6. The only exception is the concrete bridge l=30m, 
where the maximal amplitude is reached for the case when 
earthquake starts when the train leaves the bridge. 

In individual cases can the ratio between maximal and 
minimal maximal amplitudes for different time delays reach 
the value of 2, but in general is always at least 1.5. In some 
rare cases, e.g. for Eurostar train, l=20m and speed 100km/s 
can is the ratio even lower, only slightly exceeding 1.  

5 CONCLUSIONS 
The high-speed trains substantially affect the dynamic 
behaviour of railway bridges, which could be brought even to 
the resonant vibration. It is caused by a long sequence of axle 
forces or their groups distributed in almost regular distances. 
Earthquake, as a broadband process, can induce similar effect 
on the bridge. Combination of the earthquake and high-speed 
train brings new demands on the properties of the structure. 
The dynamic increments of the bridge deflection, stresses and 
vertical accelerations roughly rise with increasing speed, as 
well as with the presence and intensity of an earthquake. The 
actual increase depends on the complex dynamic interaction 
of the bridge with the moving train and support motion.  

The train was assumed in the first approximation as a 
system of axle forces and should be improved in the future. 
Nevertheless, the idealization corresponds to the design 
philosophy prescribed by Eurocodes and probably presents the 

 

 
Figure 7. Dependence of maximal amplitude of the mid-span point on time delay between train hits the bridge and an 

earthquake attack. Units are [s] (horizontal axis, time delay) and [m] (amplitude). 
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conservative values. The seismic process has been assumed as 
a sum of harmonic processes, each modulated by a function of 
“slow time”. Such idealization can be replaced by a more 
advanced multi-component decomposition of a general 
seismic load. On the other hand, it allows to prescribe spectral 
properties of the earthquake. 

Even the presented simple theoretical model confirms the 
possibility of resonant vibration of bridges which appears at 
speeds higher than 200 km/h, but it is often disturbed by 
irregularities of axle distances, short duration of the train run 
and damping. Presence of the seismic load this trend 
amplifies. Longer bridges and higher speed cases are prone to 
high deflections and amplitudes.  

The dynamic response of steel bridges is higher than of 
concrete ones because the mass and damping of concrete are 
greater than of steel. The relative dynamic increments of 
stresses are a little higher than that of deflections. The 
damping substantially affects the highest peaks at resonance 
while outside the resonant conditions it slightly diminishes the 
amplitudes. Lack of damping in the theoretical model used for 
earthquake effect affect accuracy of the numerical study, as in 
some cases an unrealistic response occurs. Moreover, a higher 
number of eigenforms used in computation is recommended 
for improved accuracy. 

Effect of time delay between earthquake attack and entering 
of the train to the bridge can reach up to 100% increase of the 
maximal amplitude with respect to the most favorable case. 
Regardless of this amplification, the vertical accelerations of 
short and medium span bridges attain considerable amounts 
and may cross the ultimate values.  

To restrict the vibration of bridges, the development of 
active and passive dampers for both the bridges and vehicles 
is recommended. 
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ABSTRACT: This paper describes the dynamic effects induced by traffic on a railway viaduct with a precast deck, located in 

the Portuguese railway network. For this purpose, numerical models of the viaduct and TGV Double high speed train were 

developed. The dynamic analyses allow evaluating the influence of different numerical methods for performing the train-bridge 

interaction, and the inclusion of track irregularities, in the dynamic response of the train-bridge system. Also the influence of the 

control point on different train vehicles and inside a vehicle, and the inclusion of the passenger-seat system in the dynamic 

response of the train subsystem, is analysed. The assessment of the train-bridge system dynamic responses is performed in terms 

of structural safety, track stability as well as passenger comfort according to EN1991-2 (2003).  

KEYWORDS: railway viaduct; TGV Double; train-structure interaction, track irregularities, track stability, passengers comfort. 

1 INTRODUCTION 

In the last years, the adoption of economic and time efficient 

construction methods has revived the importance of 

prefabrication in railway bridges and made indispensable 

knowing in detail the dynamic behaviour of such type of 

structures.  

The dynamic analyses of train-structure system are usually 

performed based on the finite element method, and involve an 

adequate modelling of the different subsystems, bridge, track, 

train, and their interfaces [1]. In order to obtain more realistic 

results, the application of methodologies considering the 

train-structure dynamic interaction is an important aspect, 

especially in situations requiring the evaluation of passenger 

comfort, to analyse the wheel-rail contact stability or evaluate 

the track irregularities effects. Several researchers concluded 

that not taking these effects into account may lead to very 

conservative estimates of the dynamic response of the 

train-structure system, particularly for resonant speeds [2,3]. 

This paper is centered on the evaluation of the dynamic 

effects induced by the passage of the TGV Double high speed 

train on Alverca railway viaduct. The dynamic interaction 

model of both subsystems, train and structure, was based on 

finite element method and the dynamic analyses were 

performed on TBI software developed in Matlab. The 

assessment of the dynamic behaviour of the train-bridge 

system involved evaluating the influence of the numerical 

method for performing the interaction between train and 

bridge subsystems, and the influence of track irregularities. 

Also the influence of the control point on different train 

vehicles and inside one vehicle of the train, and the inclusion 

of the passenger-seat system, on the train subsystem dynamic 

response is analysed. The evaluation of the dynamic responses 

considered aspects related to structural safety, track stability 

and passengers comfort, based on the most recent criteria 

established in EN1991-2 [4] and EN1990-AnnexA2 [5].  

2 ALVERCA RAILWAY VIADUCT 

2.1 Description 

Alverca viaduct is a flyover structure located at the northern 

line of the Portuguese railway’s that establishes the 

connection between Lisbon and Porto. Its construction 

allowed separating the rail traffic flowing in the downstream 

and upstream directions of the line, maintaining the maximum 

speed of trains at 200 km/h. Figure 1 presents a perspective 

view of the North side of the viaduct and a cross section of the 

deck.

  
a) b) 

Figure 1.  Alverca railway viaduct: a) cross view, b) perspective view 
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Figure 2. Three-dimensional numerical model of Alverca railway viaduct 

The viaduct has a total length of 1091 m divided in 47 

successive simply supported spans, with lengths of 16.5 m, 

17.5 m and 21.0 m. Each span supports one single railway 

track and consists in a single-cell box girder deck composed 

by a prefabricated U-shaped beam connected by an upper slab 

cast in situ. The deck is supported in the piers and in the 

abutments by elastomeric reinforced bearings, which are fixed 

in one extremity and longitudinally guided in the other 

extremity. The track is continuous between successive spans 

and is composed by 30 cm of ballast, monoblock sleepers and 

UIC60 rails.  

2.2 Numerical model 

The numerical model of the viaduct was carried out using a 

3D finite-element model including the track developed in 

ANSYS software [6]. The model focused on the three simply 

supported spans adjacent to north abutment, one of them with 

16.5 m (span 1) and the other two with 21.0 m (spans 2 and 

3). Figure 2 presents an overview of the numerical model 

including a detail of the track.  

The prefabricated beam, the upper slab and the ballast 

retaining walls were modelled using shell finite elements. The 

ballast layer, sleepers and rail pads were modelled by volume 

finite elements. The rails were modelled as beam elements, 

positioned at their centre of gravity. The track was modelled 

in an extension corresponding to the viaduct length and in a 

distance of 6 m from the north abutment, in order to simulate 

the support of the track on the adjacent embankment. Each 

support was regarded as a single point and modelled by a 

spring element. The non-structural elements (safeguards, edge 

beams, etc.) were considered as additional masses and applied 

to the nodes of the FE mesh according to their real location. 

The compatibility of displacements and rotations between 

the nodes of the precast beam and the nodes of the upper slab 

and the compatibility of displacements between the nodes of 

the upper slab of the deck and the lower nodes of the ballast 

layer were accomplished by rigid finite elements. 

The calibration of the numerical model was performed by 

means of an iterative procedure using a genetic algorithm and 

based on modal parameters, frequencies and modal 

configurations, identified from an ambient vibration test [7]. 

The calibration allowed obtaining optimal values for a large 

number of numerical parameters, significantly improving the 

agreement between numerical and experimental modal 

responses. A detailed explanation of the experimental model 

calibration is described in Malveiro et al. [7].  

Figure 3 presents the main global vibration modes of the 

deck after calibration. Modes 1G, 2G and 5G are associated to 

simultaneous bending movements of spans 1 and 2. Mode 3G 

is associated to isolated bending movements of span 3 and 

mode 4G is a torsional mode.    

  
Mode 1G (f = 6.52 Hz) Mode 2G (f = 6.49 Hz) 

  
Mode 3G (f = 9.57 Hz) Mode 4G (f = 10.64 Hz) 

 
Mode 5G (f = 18.23 Hz) 

Figure 3. Numerical modal parameters 

The main geometrical and mechanical parameters of the 

numerical model of the viaduct based on the viaduct’s project 

information and on the optimum values obtained from the 

calibration process can be consulted in reference [7]. 

3 TGV DOUBLE TRAIN 

3.1 Description 

TGV double is an articulated train with two equal and 

symmetrical disposed compositions. Each composition is 

formed by 2 power cars, 2 transition cars and 6 passenger 

cars. The train has a total of 52 axles, a length of 

approximately 400 m and can reach a speed of 320 km/h. The 

axle loads varies between 163 kN and 170 kN. 

 

Span 3 

Span 2 

Span 1 
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Table 1. Geometrical and mechanical parameters of TGV Double train. 

Designation Parameter 
Power  

car 

Transition 

car 

Passenger  

car 
Unit 

Carbody 

Structure 
mass Mc 51500 35860 22525 kg 

rotational mass Jc 1.050×106 1.658×106 0.810×106 kg.m2 

Longitudinal 

damper 

upper Du - - 0.0495×106 N.s/m 

lower Dl - - 0.0660×106 N.s/m 

Passenger-seat 

system 

mass Ma - 80 80 kg 

stiffness ka - 58.4×103 58.4×103 N/m 

damping Da - 1658.6 1658.6 N.s/m 

Bogie 

Structure 
mass Mb 2200 2200 2900 kg 

rotational mass Jb 1900 1900 2508 kg.m2 

Wheelset mass Mr 1700 1700 1900 kg 

Primary 

suspension 

stiffness kp 2.60×106 2.60×106 2.00×106 N/m 

damper Dp 0.12×106 1.20×104 1.20×104 N.s/m 

Secondary 

suspension 

stiffness ks 3.26×106 0.90×106 0.580×106 N/m 

damper Ds 0.90×106 2.00×104 - N.s/m 

Wheel-rail 

contact 
stiffness kr 1.53×109 1.53×109 1.53×109 N/m 

 

 
a) 

 

b)  

 
c) 

 

 

 

 

d) 

Figure 4. TGV Double: a) train dimensions; b) dynamic model; c) numerical model; d) perspective view of the numerical model   
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3.2 Numerical model 

The three-dimensional finite element model of the train was 

developed in ANSYS software. The carbody, bogies and axles 

of the vehicles were modelled by means of rigid beams 

connected by springs and dampers simulating the primary and 

secondary suspensions.  

Table 1 shows the main mechanical and geometrical 

parameters of the numerical model of TGV Double. The 

damper properties of the articulated connection between cars 

(Du and Dl) were based on values proposed by Lee and Kim 

[8]. The dynamic characteristics of the passenger-seat system 

were estimated based on the results of a dynamic test [9]. The 

remaining parameters’ values were defined according to ERRI 

D214/RP9 [10]. 

Figure 4 illustrates the dynamic and numerical models used 

for the power car, transition car and passenger car, including 

informations about the dimensions and the dynamic 

parameters’ designations.  

The carbody and bogies were modelled by rigid beams with 

lumped masses, Mc and Mb, and rotational inertia, Jc and Jb, 

respectively. In the articulated section between vehicles, a 

release at the rigid beams’ ends was included, allowing the 

relative rotations between vehicles. The secondary and 

primary suspensions were modelled by spring-dashpot 

assemblies with stiffnesses, ks and kp, and damping constants 

Ds and Dp, respectively. The wheelset is defined by a lumped 

mass Mr, while the wheel-rail contact stiffness was modelled 

by a Hertz-spring with stiffness kr. The upper and lower 

longitudinal dampers, positioned between the intermediate 

cars, were modelled by spring-dashpot assemblies with 

damping constants Du and Dl respectively. Additionally the 

passenger-seat system was modelled, in a simplified manner, 

by a one-degree-of-freedom composed of a lumped mass, Ma, 

over a spring-dashpot assembly with ka and Da as stiffness and 

damping constant, respectively.   

3.3 Modal parameters 

Figure 5 illustrates some of the modal configurations 

involving the intermediate vehicles of the train, in particular 

those related to the carbody (1C, 2C and 3C) and one bogie 

(1B, 2B and 3B). The modal configurations are represented 

only for the first composition of TGV-Double. 

The carbody’s modal configurations involve global 

movements of all intermediate vehicles. In the carbody modes 

the movements of the bogie have very low amplitude. The 

same applies to the bogies modes where the carbody shows 

very limited movements. 

The frequencies values are ranged between 0.75 Hz and 

1.20 Hz, for the carbody’s vibration modes, and between 

5.8 Hz and 6.5 Hz for bogies’ vibration modes. These values 

are in good agreement with the values presented in literature 

[11]. 

In case of passenger-seat system, the frequency values are 

approximately 4.3 Hz, which are similar to the values 

estimated by Wei and Griffin based on experimental 

campaigns performed on railway vehicles’ seats [12]. 

 

 
Mode 1C  (f = 0.75 Hz) 

 
Mode 2C  (f = 0.78 Hz) 

 
Mode 3C  (f = 0.83 Hz) 

  
 

Mode 1B  

(f = 5.93 Hz) 

Mode 2B  

(f = 5.94 Hz) 

Mode 3B  

(f = 6.36 Hz) 

Figure 5. Numerical modal parameters of TGV Double train. 

4 DYNAMIC RESPONSE OF THE 

TRAIN-STRUCTURE SYSTEM  

The dynamic responses were derived from TBI software [13] 

developed in Matlab [14] which efficiently performed the 

dynamic analyses considering the train-structure interaction 

and including track irregularities. The software uses the modal 

superposition method for solving the dynamic equilibrium 

equations of the viaduct, and a direct integration method 

(Newmark method), for solving the dynamic equilibrium 

equations of the train. 

The contribution of 33 vibration modes for the response of 

the viaduct, with frequencies between 6.73 Hz and 30 Hz, was 

considered. The time step of the analysis was equal to 0.001 s. 

The adopted values of the damping coefficients were equal to 

the average values of those obtained from an ambient 

vibration test [7]. A value of 1 % of damping coefficient was 

considered for the experimentally non-identified modes 

according to EN1991-2 [4]. 

4.1 Track irregularities  

The track irregularities were obtained based on records 

provided by the track inspection vehicle EM 120 from 

REFER. Figure 6 illustrates the longitudinal levelling profiles 

of the left and right rails, in a track section between 

km +18.6765 and km +19.7735, which includes the entire 

Alverca viaduct. The track irregularities of the first three 

simply supported spans are outlined in the figure. These 

records consider the contributions related to wavelengths 

between 3 m and 70 m. The maximum amplitude of the 

irregularities is approximately 5.4 mm and occurs near the 

mid-section of span 2. 
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Figure 6. Longitudinal levelling profiles of the left and right 

rails. 

4.2 Dynamic response of the viaduct 

Figure 7 shows the maximum values of displacement at the 

upper slab of the mid-span section of span 2 of the viaduct, for 

the passage of TGV train at different speeds, considering two 

different methods: moving loads and train-bridge interaction, 

with and without track irregularities. 

The differences between both methods are relevant at the 

resonant peak, which occur for speeds between 420 km/h and 

460 km/h, where an increase of approximately 10 % in the 

displacement values for moving loads method, in comparison 

with a train-structure interaction method, is registered. Also 

for resonant speeds, the displacements values obtained 

considering the track irregularities are approximately equal to 

those obtained without track irregularities.   

Regarding the structural safety, the comparison between the 

maximum deck displacements’ values with the limit value 

obtained from the static application of the load model LM71 

multiplied by the dynamic factor 2 (as presented in Figure 7), 

shows that this limit is exceeded for resonant speeds (from 

440 km/h to 455 km/h) only when the moving loads method is 

used.   

   

Figure 7. Maximum displacement values at the mid-section of 

span 2 for the passage of TGV train at different speeds, 

considering moving loads and train-bridge interaction 

methods. 

Figure 8 presents the maximum acceleration values at the 

upper slab of the mid-span section of span 2 of the viaduct, for 

the passage of TGV train at different speeds, considering the 

previously refereed methods.  It can be noticed that for 

non-resonant speeds the results obtained from the application 

of both methods are practically identical. For speeds close to 

440 km/h, where a predominant resonant behaviour is 

observed, a reduction of the viaduct’s maximum acceleration 

values of approximately 15 % is observed when considering 

the train-bridge interaction effects. 

A comparison of the peak values of vertical accelerations of 

the deck with the regulamentar limit of 3.5 m/s2 for ballasted 

tracks indicated in EN1990- Annex A2 [5], demonstrates that 

track stability criteria is accomplished for speeds up to 

400 km/h. 

 

Figure 8. Maximum acceleration values at the mid-section of 

span 2 for the passage of TGV train at different speeds, 

considering moving loads and train-bridge interaction 

methods. 

4.3 Dynamic response of the train 

4.3.1 Influence of track irregularities 

Figure 9 presents the maximum accelerations values, as 

function of speed, measured at transition car R8 of the first 

composition, considering or not the track irregularities.  

From the observation of the figure it can be noticed that up 

to speeds of 340 km/h the inclusion of track irregularities 

influence considerably the train’s dynamic response. As 

example for a speed of 190 km/h there is an increase of 700 % 

in the train’s dynamic response due to the inclusion of track 

irregularities. For resonant and near resonant speeds the 

influence of track irregularities is less pronounced because the 

influence of the movements of the bridge assume greater 

importance comparatively to the amplitude of track 

irregularities.  

 

Figure 9. Maximum acceleration values, as function of speed, 

in vehicle R8 of TGV train with and without track 

irregularities. 
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It should also be noted that the maximum acceleration 

values on car R8, equal to 0.6 m/s2, is considerable lower than 

the limit of 1.0 m/s2 defined in EN1990-Annex A2 [5] for a 

very good passenger comfort level. 

4.3.2 Influence of vehicle 

Figure 10 illustrates the maximum acceleration values, as a 

function of speed, at three distinct vehicles (R1, R5 and R8) 

considering a control point located at the carbody, near the 

front bogie, and with inclusion of track irregularities.   

As expected, the maximum acceleration responses on 

vehicles R5 and R8 are considerably higher compared with 

those obtained at vehicle R1. The last vehicle of the train is 

more influenced by the movements of the bridge 

comparatively to the first vehicle, since the amplitude of 

vibration of the viaduct tend to considerably increase with the 

passage of the successive groups of axles of the train, 

especially in resonant speeds. 

 

Figure 10. Maximum acceleration values, as function of 

speed, of the vehicles R1, R5 and R8, with track irregularities. 

4.3.3 Influence of vehicle’s control point 

Figure 11 shows the maximum acceleration values, as a 

function of speed, at three distinct points (C1, C2 and C3) of 

passenger car R5 and with inclusion of track irregularities. 

Control points C1 and C3 are located at the extremities of the 

carbody and control point C2 is located at the midspan of the 

carbody. 

The results show that the maximum acceleration values 

registered at the ends of the carbody, in positions C1 and C3, 

are higher than those registered at position C2. The increased 

response amplitudes in the extreme positions are associated 

with the contribution of the longitudinal rotation modes of the 

carbody. 

 

 

Figure 11. Maximum acceleration values, as function of 

speed, at positions C1 to C3 of vehicle R5, with tack 

irregularities 

4.3.4 Influence of passenger-seat system 

Figure 12 shows the maximum acceleration values, as a 

function of speed, at the seat base (C) and passenger (P), 

located at the extremity of passenger car R8 and considering 

the track irregularities.  

The results show that the accelerations values measured at 

the passenger are slightly higher comparatively with 

accelerations at the seat base, demonstrating that the 

characteristics of the seat structure are important for 

evaluating the passenger’s dynamic response.  

  

Figure 12. Maximum acceleration values, as function of 

speed, at the seat base and passenger of vehicle R8, with track 

irregularities. 

5 CONCLUSIONS 

This paper was focused on the analysis of train-structure 

interaction effects on the dynamic response of Alverca 

railway viaduct under the passage of TGV Double high speed 

train. For this purpose, three-dimensional numerical models of 

the viaduct, including the track, and train were developed. 

A sensitivity study of the viaduct and train dynamic 

responses, in terms of displacements and accelerations, 

considering a wide range of circulation speeds, including 

resonance, was carried out. 
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Regarding the viaduct’s response, the results from moving 

loads and train-structure interaction methods are almost 

identical with exception of resonant speeds, where the 

maximum response values are higher using the moving loads 

approach. The regulamentar track stability criterion was 

accomplished for circulation speeds up to 400 km/h. 

For the train dynamic response, the inclusion of the track 

irregularities increased considerably the accelerations inside 

the vehicles of TGV train, especially in non-resonant speeds. 

The peak values of acceleration in the first vehicles of TGV 

train are considerably lower compared with those obtained for 

intermediate and end vehicles, due to the increasing amplitude 

of the viaduct movements with the passage of the successive 

groups of axles of the train. Also the maximum acceleration 

values registered at the carbody’s end positions are higher 

compared to those registered at an intermediate position, 

essentially due to the contribution of the longitudinal rotation 

modes of the carbody. The very good level of passenger 

comfort was achieved for all analyzed vehicles and positions 

inside the carbody. The inclusion of the passenger-seat system 

in the train’s numerical model allowed obtaining the dynamic 

response at the passengers, improving considerably the 

evaluation of passengers comfort. 

As future developments, the authors intend to evaluate the 

performance of the train-bridge interaction model in the 

prediction of vibrations of the upper slab of the deck for the 

passage of Alfa Pendular tilting train, which currently 

operates over the viaduct at a speed near 220 km/h. The 

vibrations of the upper slab are significantly influenced by the 

contributions of local modes of vibration, with frequencies 

between 25 and 60 Hz, which are particularly influenced by 

the track irregularities. 
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ABSTRACT: At the stage of preliminary design of a highway bridge with length of 93 meters, a continuous girder with three-

span is preferable from viewpoint of construction cost. In this case, each span length is about thirty meters and it is worried 

about that girder bridges with span length of thirty meters have large traffic-induced vibration because of simultaneous dynamic 

response with heavy vehicles. Furthermore large traffic-induced vibration of girder bridges causes low frequency sound as one 

of environmental vibration problems. To avoid the possible occurrence of low frequency sound, another continuous girder with 

different span length is considered. In this study, continuous girder bridges are considered with three-span and two-span which 

have the same bridge length of 93 meters. At the first step, traffic-induced vibrations of the girder bridges are compared each 

other analyzing coupling dynamic response of bridges due to moving heavy vehicles.  And then, low frequency sounds radiated 

from the girder bridges are evaluated and compared. As the analytical results, acceleration response of the bridge with three-span 

is larger than that with two-span. And, SPL (sound pressure level) beside the bridge with three-span is larger than that with two-

span from low frequency sound analysis. 

 

KEY WORDS: Low frequency sound; Boundary element method; Bridge-vehicle interactive system; Continuous girder bridges. 

1  INTRODUCTION 

The low frequency sound radiated from bridges under traffic 
is one of the environmental problems especially in land scarce 
major cities of Japan, since in urban areas viaducts are 
constructed even along the residential zone, and noise and 
vibration complaints arise. 

The sound radiated from engines and tires of heavy vehicles 
are usually regarded as one of the most typical environmental 
vibration problems [1]. The ground vibration is regarded as 
another major source for complaints of human reception 
against vibrations [2]. Comparing with those two problems, 
the low frequency sound due to vibrations of bridges is treated 
as a minor problem. However, the low frequency sound which 
is the sound with frequencies below 100Hz [3] causes extreme 
distress to a number of people who are sensitive to its effects. 
Such sensitivity may be a result of heightened sensory 
response within the whole or part of the auditory range. 
Historically, early works on the low frequency sound and their 
subjective effects were stimulated by the American space 
program [4]. Recently media reports on the low frequency 
sound radiated from wind turbine generators [5]. 

The low frequency sound can shake houses near the sound 
source and also can cause psychological and physiological 
influences to residents, even though it depends on intensity of 
the sound pressure level (SPL). Usually psychological factors 
affect the physiological impact of noise [6]. The rattling noise 
of doors or windows is a typical influence to houses due to the 
sound pressure [7]. As physiological influences to residents, 
there are nausea, headache, etc. It is also reported that feelings 
of pressure and vibration are typical reactions of residents for 
the low frequency sound [8]. Constant low frequency noises 

have been classified as background  stresses, which are 

persistent events and may become routine elements of our 

life [9]. 

Current bridge design adopts simplified bridge systems and 

 

  

light structures despite of increasing truck weight and heavy 

traffic volume. The current bridge design concept exposes 
bridges to the environmental vibration problem relating to the 

low frequency sound [10]. Very restricted numbers of the 
research, however, are performed focusing on the low 
frequency sound radiated from highway bridges, and as a 
result effective countermeasures as well as systematic 
approaches to reduce the vibration of bridges have not been 

established yet. Analytical approaches would be an important 

breakthrough in the research for the low frequency sound 

radiated from bridges, if proper numerical and simulation 

methods to  examine the low frequency sound around 

bridges are available. Recently analytical studies were carried 

out to estimate the low frequency sound due to traffic-induced 

vibration of bridges [11, 12]. 

 This study is intended to assess the low frequency sound 

radiated from continuous girder viaducts with three-span and 

two-span which have the same bridge length of 93 meters. For 

the first step assessing the low frequency sound radiated from 

viaducts, traffic-induced vibrations of girder bridges with 

three-span and two-span are compared each other analyzing 

coupling dynamic response of bridges due to moving heavy 

vehicles. And then, low frequency sound beside girder bridges 

with three-span and two-span are evaluated and compared. 

 

2 TRAFFIC-INDUCED VIBRATION ANALYSIS 

 

2.1 Methodology 

Dynamic responses of the bridge are taken from a traffic-

induced vibration analysis which is based on the finite 

element method for the modal analysis using three-

dimensional models for both vehicle and bridge. The lumped 

mass and Rayleigh damping are adopted to form mass and 

damping matrices of the bridge model, respectively. Validity 

of the analytical method for the traffic-induced vibration of 
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Table 2. Natural frequencies. 

bridges was verified through the comparison to the field-test 

data [13]. Details of the traffic-induced vibration analysis can 

be also referred to the previous study [13]. 

 

2.2 Analytical model 

2.2.1 Bridge 

The girder bridges have 4-steel plate girder. Distance of main 

girder is 2.8m. The girder heights with three-span and two-

span are 1.7m and 2.5m, respectively.  Each bridge is shown 

in Figure 1. The observation points of the girder bridges with 

three-span and two-span are shown ③ and ② in Figure 1, 

respectively. The FE model with three-span consists of 130 

nodes and 203 beam elements, and that with two-span consists 

of 138 nodes and 225 beam elements. Dumping ratio of the 

bridge is 0.02. 

2.2.2 Vehicle 

The vehicle is composed of the body, tires and suspension 

systems. The vehicle is simulated along with the eight degrees 

of freedom to describe its movement. Properties of the vehicle 

are summarized in Figure 2 and Table 1. 

2.2.3 Roughness 

In the traffic-induced vibration analysis of the bridge, the 

roadway roughness on the bridge surface is simulated based 

on the PSD curve as shown in Figure 3, in which the roadway 

roughness is assumed to be categorized as Class A according 

to ISO estimate [14]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1) General layout of 3-span bridge 

Figure 2. Dimension of moving vehicle. 

91000

30000 31000 30000

① ② ③

91000

45500 45500

① ②

(2) General layout of 2-span bridge  

Figure 3. PSD of roadway profile. 

196.0 kN

Front 49.0 kN

Rear 147.0 kN

Front 0.66

Rear 0.33

Front 1.9 Hz

Rear 3.2 Hz

Total Weight

Axle Weight

Logarithmic

Decrement

Natural

Frequency

Table 1. Dynamic properties of vehicle.  

498 49810496

3×2800 10481048

1700

(2500 of 2-span)

(3) Cross section of the bridge  

Figure 1. Girder bridges. 

1st (Bending) 3.09Hz 1st (Bending) 2.49Hz

2st (Torsion) 3.96Hz 2st (Torsion) 2.93Hz

3st 4.03Hz 3st 3.89Hz

4st 4.68Hz 4st 4.05Hz

5st 5.67Hz 5st 4.13Hz

3-span 2-span
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2.3 Natural modes and frequencies 

Frequencies are considered until 100Hz in low frequency 

sound analysis. So, mode degrees are considered until 139th(3-

span bridge) and 111th(2-span bridge), respectively.  

A part of natural modes and frequencies of each bridge 

estimated from the eigenvalue analysis are summarized in 

Figure 4 and Table 2. The first mode (3.09Hz) and the second 

mode (3.96Hz) correspond to the first bending and torsional 

mode of the 3-span bridge, respectively. On the one hand, the 

first mode (2.49Hz) and the second mode (2.93Hz) 

correspond to the first bending and torsional mode of the 2-

span bridge, respectively. 

 

2.4 Dynamic response of girder bridges  

In traffic-induced vibration analysis, the observation point is 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

middle of the exit span of vehicle travel. Figures 5, 6, 7 and 8 

show vertical acceleration responses and their Fourier 

amplitude spectra under vehicle speeds of 30 km/h, 60 km/h, 

80 km/h and 100 km/h, respectively. 

As the analytical results, the RMS values of acceleration 

response with three-span don’t have a large difference with 

two-span. The maximal acceleration response of the bridge 

with three-span is larger than that with two-span. This trend is 

of particular note as the vehicle speed increases. 

It is considered that the girder bridge with three-span has 

large traffic-induced vibration because of simultaneous 

dynamic response with heavy vehicles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1) 3-span bridge 

(2) 2-span bridge 
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Figure 5. Acceleration & FFT(vehicle speed: 30km/h). 

(1) 3-span girder bridge(middle of third span) 

(2) 2-span girder bridge(middle of second span) 
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Figure 6. Acceleration & FFT(vehicle speed: 60km/h). 

(1) 3-span girder bridge(middle of third span) 

(2) 2-span girder bridge(middle of second span) 

(a) 1th 

(2.49Hz, Bending) 

(d) 10th 

(9.88Hz, Bending) 
(c) 9th 

(9.85Hz, Torsion) 

(b) 2th 

(2.93Hz, Torsion) 

(d) 12th 

(12.36Hz, Bending) 
(c) 11th 

(12.05Hz, Torsion) 

(b) 2th 

(3.96Hz, Torsion) 
(a) 1th 

(3.09Hz, Bending) 

Figure 4. Natural modes the bridges. 
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(1) 3-span girder bridge(middle of third span) 

(2) 2-span girder bridge(middle of second span) 

Figure 7. Acceleration & FFT(vehicle speed: 80km/h). 

(1) 3-span girder bridge(middle of third span) 

(2) 2-span girder bridge(middle of second span) 

Figure 8. Acceleration & FFT(vehicle speed: 100km/h). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 LOW FREQUENCY SOUND ANALYSIS 

 

3.1 Methodology 

Noise propagation is an ideal application area of the BEM 
[15] because of its applicability to infinite domain. Therefore 
the sound propagation is estimated by means of the BEM 
using the analytical velocity responses of the bridge taken 
from the traffic-induced vibration analysis of the bridge. 
Details of the method are described in the reference [16]. 

 

3.2 Assess the LFS 

The criterion is categorized as four regions which are divided 

by minimum audible line and the boundary for rattling. The 

meaning of categories I, II, III, and IV in Figure 9 is described 

in Table 3 [17]. 

SPLs at the observation point which is taken from analysis 

is the same point as traffic-induced vibration analysis. 

Analysis time is shown in Figure 5, 6, 7 and 8.  
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Table 3. Category to assess low frequency sound. 
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Figure 10. Comparison of SPLs.  

 

3.3 Sound pressure level 

The sound pressure level at the observation point is estimated 

from the velocity of concrete decks and lower flanges of plate 

girders taken from the traffic-induced vibration analysis of 

each bridge. The influence of the sound wave reflected by 

ground is also considered in the analysis using an image 

method [15, 16].  

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.4 Analytical Results 

The observation point is the same as the traffic-induced 

vibration analysis and 1.2 m above the ground because the 

bridge located near a residential zone.  

The SPL at the observation point with noise criterion is 

plotted as shown in Figure 10, where the vertical and 

horizontal axes denote the SPL in dB and 1/3 octave band 

frequency, respectively. As expected, the bridge of the three-

span gives the most severe SPL across the frequency band. 

The SPLs from the three-span bridge are larger than those of 

the two-span bridge in Figure 10(1) ~ (4). Especially, the SPL 

at 3Hz in the three-span bridge is highest value. Figure 10 also 

indicates that the sound radiated from the bridge is 

categorized as Area III and Area IV. In other words, rattle of 

door or windows and low frequency noise may occur due to 

the sound pressure radiated from the bridge under moving 

heavy vehicle. 

 

4 CONCLUSION 

 

In this study, traffic-induced vibrations of continuous steel 

girder bridges and sound pressures radiated from the bridges 

are simulated to assess the low frequency sound in 

comparison the three-span bridge and the two-span bridge 

which have the same bridge length of 93 meters. The sound 

pressure is analyzed by means of BEM using dynamic 

responses estimated from the traffic-induced vibration 

analysis of the bridges. 

Observations from this study demonstrate that the dynamic 

response of the three-span bridge is larger than that of the 

two-span bridge. This trend is of particular note as the vehicle 

speed increases. 

The sound pressure level of the low frequency sound taken 
from the analysis demonstrates that the low frequency sound 

is greatly affected by the bridge span length. The low 

frequency sound pressure level with three-span is higher than 

that with two-span at about 3Hz. The cause is considered that 

the three-span bridge has thirty meters span length. 

From the above, it encourages use of the analytical 

approach as a preliminary investigation tool for the low 

frequency sound radiated from bridges. 
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ABSTRACT: Vibrations of chimneys under the wind action occur in-line with the wind as forced, random vibrations and cross-
wind as vortex-induced vibrations. The former become important at extreme wind speeds, regular vortex shedding causes the 
latter and occurs at any wind speed. In the case of vortex resonance, when considerable vibration amplitudes develop, the 
structural displacements alter the fluid force, which is known as an aero-elastic coupling of force and structural response. 
Regarding the random load caused by turbulent wind, Davenport's pioneering concept of the gust response factor was applied to 
develop a simplified equivalent static load. Two different models are available regarding the design for vortex resonance. One is 
Ruscheweyh's approach to deal with vortex resonance as a forced vibration and to incorporate the aero-elastic effects in model 
parameters derived from experimental data. In the second model, the design for vortex resonance is based on Vickery & Basu's 
model of a self-limiting response process. The Eurocode contains both models but relies primarily on the first model. The new 
CICIND model code counts solely on the second approach. Experimental observations indicate the relative importance of 
parameters such as the Scruton number, the intensity of turbulence and the mode of vibration. Regarding the in-line wind load, 
the mechanical model also enters into the discussion. In some cases, the chimney dimensions indicate that a beam behaviour is 
neither realistic nor on the safe side. Then, a shell model has to be applied and the wind load cannot be considered as a force. 
Rather, pressures have to be utilized. The paper discusses the effect of these parameters and deals with the principal results 
concerning the along wind action and the design for vortex shedding. 

KEY WORDS: Chimneys; gust wind load; vortex resonance; fatigue. 

1 INTRODUCTION 

Vibrations of chimneys under the wind action occur in the 
along-wind and in the across-wind direction. 

Along-wind vibrations consist of a background, quasi-static 
contribution which reflects the stochastic and broad-band 
nature of the incoming flow. Depending on the natural 
frequency of the structure, a dynamic contribution due to 
resonance to turbulence may also arise. 

Across-wind vibrations are due to the alternating vortex 
shedding in the wake. Vortex resonance occurs as the wind 
velocity approaches the critical value and, in case 
considerable vibration amplitudes develop so that the 
structural displacements alter the fluid force, aeroelastic 
forces may arise. Turbulence of the incoming flow also plays 
a role, both on the stationary cylinder, because it reduces the 
coherence of the lift force along the cylinder axis and widens 
the bandwidth of the lift spectrum, as well as on the vibrating 
cylinder. 

All the design load models to account for along-wind 
vibrations are based on the gust response concept, originally 
developed by Davenport [1]. Essentially, it amplifies the mean 
wind force by applying the gust response factor G. The latter 
is a structural parameter which allows defining an equivalent 
static load, intended to reproduce the effects of the stochastic 
wind loading process on the most important structural 
stressing.  

Two different models are available regarding the design for 
vortex resonance. They include the modeling of aeroelastic 
forces and ensure a self-limiting response cycle, which is the 

distinctive feature of vortex excitation with respect to other 
aeroelastic phenomena. The two models differ in the manner 
they incorporate aeroelastic effects. One is Ruscheweyh's 
approach, which introduces the concept of the effective 
correlation length, whose value depends on the vibration level 
and is calculated by iteration. The model parameters are 
derived from experimental data. The other one is the 
Vickery&Basu model, which follows Scruton's approach [2] 
and treats the aeroelastic lift force as a component in out-of-
phase with the motion, acting as a negative aerodynamic 
damping. The non-linear self-limiting behaviour of the 
response is treated by the Vickery&Basu model in a linearized 
manner, by introducing - as model parameters - the negative 
aerodynamic damping parameter for small amplitudes of 
oscillation and the self-limiting amplitude on the rms of the 
response.  

The paper applies the design load models for the along wind 
action and for vortex resonance to two real samples of 
industrial chimneys (one is made of reinforced concrete and 
one is made of steel, see Table 1 and Table 2, respectively) 
and discusses the principal results. 

Table 1. Geometry of sample chimney n.1 (concrete) 

z [m] z/h r [m] t [m] 
213.0 1.000 11.675 0.350 
211.5 0.993 11.675 0.350 
205.0 0.962 11.675 0.350 
180.0 0.845 11.675 0.350 
165.0 0.775 11.675 0.350 
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151.0 0.709 11.675 0.350 
130.0 0.610 11.675 0.350 
110.0 0.516 11.675 0.350 
90.0 0.423 11.675 0.350 
75.0 0.352 11.675 0.350 
55.0 0.258 11.775 0.550 
44.2 0.208 11.800 0.600 
30.9 0.145 11.800 0.600 
25.0 0.117 11.800 0.600 
12.0 0.056 11.825 0.650 
0.0 0.000 11.825 0.650 

 

Table 2. Geometry of sample chimney n.2 (steel) 

z [m] z/h r [m] t [m] 
40.0 1.000 0.403 0.0063 
17.0 0.425 0.403 0.0063 
16.0 0.400 0.530 0.0063 
0.0 0.000 0.530 0.0063 

 

2 ALONG WIND ACTION 

2.1 Design models for gust wind load 

All gust wind models presently utilized in modern wind 
loading codes go back to the classical Davenport approach. It 
amplifies the mean wind force applying the gust response 
factor G. The wind force, given as a line load, is appropriate 
for slender, line-like structures such as chimneys: 

w�z� = G ∙ w��z� (1) 

In equation (1), z is the height above the ground; G is the 
gust response factor. The mean wind force wm(z) is based on 
the mean qm of the wind velocity pressure q(t), fluctuating in 
time: 

w��z� = C
�z� ∙ d�z� ∙ q��z� (2) 

in which CD is the aerodynamic drag coefficient, d is the 
diameter of the chimney, qm(z) is the 10-min mean of the 
velocity pressure at level z. The mean wind force is a real 
physical quantity, whereas the wind force in equation (1) is an 
equivalent static load, intended to reproduce the effects of the 
stochastic wind loading process on the most important 
structural stressing.  

To derive the gust response factor, Davenport [1] 
considered cantilevered, vertical structures and their response 
to the wind action, namely the mean (static) and time 
dependent (quasi-static and dynamic) components. He defined 
the gust response factor G as the ratio of the peak wind effect, 
Ep to the mean response, Em: 

G = E�E� = E� + k�σ�E� = 1 + k� σ�E� 
(3) 

where σE is the standard deviation (or rms-value) of the 
fluctuating response; kp is the peak factor, which is the ratio of 
the peak of the response fluctuation to its standard deviation, 
σE. The load fluctuations due to wind turbulence provide a 
broad band excitation of the structure. The rms response is 
split into resonant and quasi-static (background) components, 
σER and σEB, so that: 

σ��E�� = σ���E�� + σ���E��  
(4) 

Davenport showed that both components are proportional to 
the intensity of turbulence Iv = σv/Vm if the structural 
behaviour is linear and the aerodynamic transmittance is 
quasi-stationary. Introducing factors R and B, the following 
expression for the gust response factor is obtained:  

G = 1 + 2k�I��z���B� + R� (5) 

with: 

B = σ��E�
1
2I� 			and			R = σ��E�

1
2I� 

(6) 

In equation (5), zs is the height at which the reference flow 
parameters are utilized for determining G. The gust response 
factor is a structural, not a load parameter. In it, B takes into 
account the reduction of the load effect due to the non-
simultaneous occurrence of the load peaks over the structural 
surface whereas R accounts for the amplification of the load 
effect due to resonance with wind turbulence. It depends on 
one hand on the wind flow parameters e.g. the mean wind 
profile, the turbulence intensity, and the integral length scales 
of the oncoming flow; it accounts on the other hand for 
structural parameters such as the size of the structure and its 
dynamic behaviour, in particular the lowest natural frequency, 
the related mode shape, and the damping.  

Design wind load models in the Standard Codes are 
revisited applications of Davenport's approach. 

In the Eurocode formulation, an important difference to the 
Davenport approach is that the Eurocode bases the wind force 
on the peak (or gust) velocity pressure qp. It is defined as the 
short-term maximum occurring within the 10-min interval of 
the extreme mean wind. The peak velocity pressure is the sum 
of the mean qm and the standard deviation σq amplified by the 
peak factor kq as in equation (7): 

q��z� = q��z� + k!σ! (7) 

q��z� = "1 + 7I��z�$ ρ&V
��z�
2  

(8) 

where Iv(z) is the turbulence intensity at height z. The 
transition from equation (7) to (8) involves two convenient 
approximations, namely (σq/qm) ≅ 2Iv and qm ≅ ρV²/2. 
Furthermore, the peak factor has been chosen as kq = 3.5. It 
corresponds to the gust wind speed in a 1-sec gust. It can be 
shown, that the exact value of equation (7) exceeds the 
approximation of equation (8) by a factor of  
{1 + (0.7Iv) 

1.8}. 
The use of the profile of the peak velocity pressure (7) is 

one of the merits of this model, because the profile of the 
wind force over the building height results in a more realistic 
image of the local gust loads at each level. 

The Eurocode introduces the following formulation to 
express the wind force acting on a structure or a structural 
component: 

w�z� = c��z��c)�z�� ∙ C
 ∙ A+,- ∙ q��z� (9) 
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where cs is the size factor covering the reduction of the load 
effect due to non-simultaneous gust peaks and cd accounts for 
resonant amplification of the gust effect. The dynamic factor 
is always > 1 in principle. However, it is close to 1 for stiff 
structures for which the resonant contribution R is much 
smaller than the background contribution B. The size factor cs 
is ≤ 1, it decreases as the loaded areas become larger. Their 
product is named structural factor and zs is the reference 
height for determining it. 

By replacing in equation (9) the expressions of cs and cd 
given by the Eurocode, as well as the peak velocity pressure 
in equation (8), equation (10) is obtained. It clearly shows that 
the first term, close to 1, is the Eurocode modification to the 
Davenport approach. 

w�z� = 1 + 7I��z�1 + 7I��z�� ∙ G ∙
ρ&V��z�

2 ∙ C
 ∙ A+,- 
(10) 

Other formulations are for example proposed in the 
CICIND model Code for industrial chimneys ([3], [4], [5], 
[6]). The CICIND wind load model (equation (11)) is unique 
in that it gives individual expressions for the mean wind load 
wm and the gust wind load wg, and their variation with respect 
to the height z above the ground: 

w�z� = w��z� + w.�z� (11) 

By separating both components, the gust load may be given 
any profile appropriate to reproduce the distribution of the real 
bending response due to gustiness. In particular, the CICIND 
adopts a linear profile with wg = 0 at z = 0, able to reproduce 
the peak bending moment at the base of the chimney. The 
values along the height may differ; furthermore the gust load 
profile does not account for variations of the diameter d and of 
the drag coefficient CD. 

Further differences in the code stipulations concern the 
aerodynamic shape factor CD (termed cf in the Eurocode). For 
circular cross sections, the factor is particularly sensitive to 
the Reynolds number, the surface roughness, and the aspect 
ratio. Moreover, the three-dimensionality of the chimney and 
of the flow past it is responsible for the spanwise variation of 
the aerodynamic coefficient. The flow over the free end of the 
chimney reduces the wind force depending on the slenderness, 
however it locally increases in the tip region. The local 
increase of CD in the tip region of a chimney, the so-called tip 
effect, is not reflected in any of the codes.  

Figure 1 shows the aerodynamic force coefficient 
distribution along the height applied to the chimney sample 
n.1, as derived by wind tunnel tests on a circular cylinder with 
a free-end (Lupi, [7]). It is compared to the distribution 
obtained by applying the CICIND Model Code and the 
Eurocode model to both a smooth concrete chimney surface 
(ks = 0.2 mm) and to a rough concrete chimney surface (ks = 
1.0 mm). 

Figure 2 shows the differences in the in-line wind loading 
profile due to different gust wind load models (Eurocode and 
CICIND load models, i.e. equations (9) and (11), 
respectively). The aforementioned superimposition in 
equation (11) of the mean load and the triangular gust load 
distribution is evident in the CICIND result. The label "EN-
WT" stands for the Eurocode approach (9) applied to the non-
uniform distribution of CD resulting from wind tunnel tests. 

 

Figure 1. Aerodynamic force coefficients on the chimney 
sample n.1 after 1) wind tunnel tests (WT), application of the 2) 

CICIND Model Code and 3) Eurocode (EN, with either 
smooth or rough surface) 

 

Figure 2. In-line wind loading on the chimney sample n.1 
according to different loading models and CD distributions: 1) 
Eurocode model applied to aerodynamic force coefficients 

measured in the wind tunnel (EN-WT) and to those provided 
by the Code itself for 2) smooth or 3) rough cylinder surface 

and 4) CICIND Model Code. 

 

Figure 3. Bending moments on the sample chimney n.1 due 
different loading models 

Figure 3 shows the resulting bending moment on the sample 
chimney n.1. Differences in the results are both due to 
different loading models and to the different distribution of 
aerodynamic coefficients, according to Figure 1. In fact, the 
accordance between the different models is good, despite the 
aforementioned differences in the gust load profiles. The 
differences in the response are predominantly due to the 
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different values and distributions of the aerodynamic 
coefficients.  

On the basis of these and other results (see [8]), it can be 
concluded that, regarding the along wind action, the CICIND 
model code results in a simplified but conservative design. 
Even though the tip-effect is not included in the CICIND 
model, this is compensated by the relatively high and constant 
force coefficient. However, about 10% of reduction of stresses 
might be achieved through a more realistic distribution of 
aerodynamic coefficient, e.g. resulting from wind tunnel tests. 

2.2 Structural behaviour: beam versus shell 

In the chimney design, the wind loading may be represented 
by a wind force or by wind pressures non-uniformly 
distributed over the surface. Which way is appropriate 
depends on the slenderness of the chimney and the 
deformability of the circular cross-section. High slenderness 
and high ring stiffness of the wall imply a beam-like 
behaviour with cosine stress distribution along the 
circumference; then, wind forces are applicable. With thin 
wall and low aspect ratio the structure behaves as a shell. 
Then, the stresses due to wind concentrate at the windward 
side and pressure distributions are needed for the design 
calculations. 

 

 

Figure 4. Meridional membrane stress n22 [kN/m] at different 
z/h levels, beam distribution at z = 0. Chimney sample n.1. 

 

Figure 5. Meridional membrane stress n22 compared to beam 
distribution on the chimney sample n.1 

Figure 4 shows that in case of low aspect ratio and/or low the 
thickness-to-radius (the chimney n.1 is taken as example), the 
deviation in the maximum membrane stress, compared to the 

beam distribution, may even exceed 30%. The departure is 
especially high at the bottom, but it extends over a relatively 
high portion of the cylinder height (Figure 5). 

3 DESIGN FOR VORTEX RESONANCE 

Two different models are available regarding the design for 
vortex resonance. One is Ruscheweyh's approach to deal with 
vortex resonance as a forced vibration and to incorporate the 
aero-elastic effects in model parameters derived from 
experimental data. In the second model, the design for vortex 
resonance is based on Vickery & Basu's model of a self-
limiting response process. 

Ruscheweyh's approach is based on the concept of effective 
correlation length and accounts for aeroelastic forces by an 
iterative procedure, as the effective correlation length depends 
on the amplitude of vibrations. The model parameters are 
derived from experimental data, therefore the model is 
suitable for typical ranges of turbulence intensity. 
Furthermore, as the load depends on the mode shape, the 
method is also applicable to non-cantilevered structures. 
Ruscheweyh's approach is included in the Eurocode as 
Method 1. 

The typical feature of the Vickery&Basu model (which is 
included in its full and even extended formulation in the 
CICIND and in its simplified version in the Eurocode as 
Method 2) is to include the aeroelastic effects into the 
modelling of a negative aerodynamic damping. The approach 
goes back to Scruton [2], who expressed the aeroelastic force 
in the most general way as a force with components in-phase 
and out-of-phase with the motion. The in-phase component is 
often of negligible importance, while the out-of-phase 
component acts as a negative aerodynamic damping.  

As vortex excitation is characterized by the existence of a 
self-limiting cycle, the model is non-linear. A possible 
modelling of the non-linear behaviour of the aeroelastic lift 
force is proposed by Marris [9]. The derivation is based on the 
analogy with the Magnus effect for a rotating cylinder. In fact, 
the wake of a cylinder which is moving across a uniform flow 
at a given velocity and acceleration undergoes large angular 
vibrations. This lies the basis to develop the cross-flow force 
experienced by the cylinder due to the angular vibration of the 
wake. Such a mathematical model assures that the system 
solution involves a limit cycle.  

However, the non-linearity severely complicates the 
computation. Therefore, Vickery revisits Marris's approach 
and removes the non-linearity by expressing the aerodynamic 
damping as function of the variance of the response and two 
independent model parameters, namely the negative 
aerodynamic damping for small amplitudes of oscillations Ka0 
and the self-limiting amplitude on the rms of the response aL 
(Vickery&Basu, [10], [11]). The negative aerodynamic 
damping shall be able to account for the aeroelastic effects 
due to the fluid-structure interaction by reducing the total 
damping of the structure (see equation (12)). Then, the 
spectral formulation of the lift force regards only the force on 
the non-vibrating cylinder and allows calculating the variance 
of the response in resonant conditions. 

ξ = ρ&d�m, 1Sc4π − K&7 81 − 9 σ:a;d<
�=> (12) 
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An important parameter, which influences the size of the 
limiting amplitude of the response, is the mode shape. 
According to the Vickery&Basu approach, the limiting value 
is calibrated for the first mode of the cantilever structure. The 
CICIND Model Code for steel chimneys ([3], [5]) proposes a 
reduction of such a value for higher modes of vibrations, 
which depends only on the natural frequency of vibration and 
not on the shape of the mode. This issue, however, is not 
further investigated in this paper. 

The Scruton number (Sc = 4πmξs/(ρD
2)) governs the 

amplitude of the response. The latter may lie in the lock-in 
range (high level of amplitude), in the transitional range or in 
the forced-vibration range (low level of amplitude). In 
particular, with regard to the Vickery&Basu model, the 
amplitude of oscillation is dictated by the ratio of the Scruton 
number Sc to the aerodynamic damping 4πKa. The response 
lies in the lock-in range when Sc << 4πKa. Physically, it 
means that the mechanical damping is much lower than the 
aerodynamic damping. In any case, the total damping of the 
structure will never become negative due to the existence, in 
the modeling, of the self-limiting cycle (see equation (12)). 
Small amplitudes of vibrations are instead predicted when Sc 
>> 4πKa.  

The core of the Vickery&Basu model is then the modeling 
of the negative aerodynamic damping. Little information is 
available on that and the aerodynamic damping at least 
depends on the Reynolds number, the turbulence intensity, the 
mean wind velocity and the aspect ratio.  

In smooth flow, the proneness of a chimney to experience 
vortex induced vibrations is primarily led by its Reynolds 
number at the critical velocity. As a general rule of thumb, in 
order to reduce the sensitivity of the chimney to vortex 
resonance, the low range of Re should be avoided. By looking 
at the CICIND recommendation, it can be estimated that Re > 
5*105 would be advisable. This requirement can be translated 
in: 

Re = V@+ ∙ dυ =
fC ∙ dSt ∙ d

υ = fC ∙ d�St ∙ υ > 5 ∙ 10H 

(13) 

The kinematic viscosity of air ν is equal to 15*10-6 m2/s, 
therefore: 

fC ∙ d�St > 15
2  

(14) 

if it assumed St = 0.2, it results: 

fC ∙ d� > 1.5 (15) 

Figure 6 shows the response curves as function of the 
Scruton number at different levels of turbulence intensity. The 
calculation is performed on the sample chimney n.2 by 
applying the Vickery&Basu model in its full (an extended) 
formulation, as described in the CICIND Commentaries [5]. 
According to this formulation, the effect of turbulence 
intensity on the response is to reduce the critical Scruton 
number at which the jump between high and low levels of 
oscillation occurs. The reason is that the higher is the 
turbulence intensity, the lower is the negative aerodynamic 
damping, the higher is the ratio Sc/4πKa. Mathematically, 
large amplitudes of vibrations occur when Sc/4πKa < 1. This 

threshold is achieved at smaller Sc in case of high Iv. In the 
shown example, the Scruton number is varied by varying the 
structural damping of the chimney. 

Similarly, Figure 7 shows that, at a given level of 
mechanical damping (thus Scruton number), the effect of Iv 
may considerably reduce the response. The calculation is still 
performed by applying the extended Vickery&Basu 
formulation as described in the CICIND code. Within this 
formulation, the effect of turbulence is mainly attributed to the 
large scales, which are interpreted as a slowly varying mean 
wind velocity and therefore have a pronounced effect on 
vortex-induced vibrations [12]. Besides that, high turbulence 
intensity also increases the bandwidth of the lift spectrum. 

 

 

Figure 6. Cross-wind deflections as a function of the Scruton 
number Sc at different turbulent intensities Iv 

 

Figure 7. Cross-wind deflections as a function of turbulent 
intensity Iv at different Scruton numbers Sc 

Figure 8 shows the extension of the lock-in range at a given 
Sc (for the chimney sample n.2) and its dependency on the 
turbulence intensity. In the lock-in range, the Strouhal law is 
violated and vortex separation is tuned to the structural 
vibration frequency for a certain interval of wind velocities. 

Figure 8 is obtained by applying the CICIND model to the 
chimney sample n.2. This model is unique in the sense it 
includes the effect of turbulence and the dependency of the 
response on V/Vcr. The Eurocode design methods (Method 1 
and Method 2), applied to the same chimney sample, provide 
very different results (Figure 9). However, the figure proves 
that both methods turn to be correct if properly interpreted by 
including the effect of turbulence intensity. In fact, as the 
Eurocode Method 1 (after Ruscheweyh) is empirical and 
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calibrated on the basis of experimental data, it should be 
reliable at higher values of turbulence intensity. The opposite 
holds for the Eurocode Method 2 (a simplified version of the 
Vickery&Basu model), which only provides results for zero 
turbulence intensity and for this reason the response is often 
overestimated. The figure proves that the design load models 
for vortex resonance are in principle consistent and physically 
correct. However, at low values of Sc, as well as in the range 
Sc ≈ 4πKa, the model parameters as well as the influence of 
turbulence intensity should be carefully investigated, as the 
two methods differ considerably even at relatively high values 
of turbulence intensity. Figure 7 shows the impressively high 
amplitudes of vibrations at small values of Sc.  

Furthermore, the scale of turbulence would be another 
parameter to be investigated, in addition to the intensity of 
turbulence. The scale of turbulence alone is not, however, a 
representative parameter, as it must be related to the diameter 
of the chimney. In general, whereas the effect of large 
turbulence scales is usually interpreted as a slowly varying 
wind speed, the small scales have an influence especially on 
the coherence along the chimney axis, because they destroy 
the vortex cells.  

 

 

Figure 8. Extension of the lock-in range as a function of Iv 

 

Figure 9. Comparison of model codes for vortex resonance 

4 CONCLUSIONS AND FUTURE OUTLOOKS 

The paper investigates the modeling of vibrations of 
chimneys under the wind action.  

All design load models for the gust wind load are based on 
the Davenport approach of the gust response factor. The latter 
is a structural parameter, able to amplify the mean wind load 

and define an equivalent static load which reproduces the 
effect of critical design stresses (e.g., in the case of a chimney, 
the base bending moment). The design load models (such as 
those of the Eurocode and the CICIND) are revisited versions 
of the Davenport approach. They are applied to a represented 
real world sample chimney. The effect of non-uniform 
spanwise distribution of aerodynamic coefficient is also 
investigated. 

Gust wind load models to calculate the along wind response 
are applicable to line-like structures. In case of a line-like 
structure, force coefficients and not pressure coefficients, are 
required. However, depending on the joint combination of 
aspect ratio and ratio of wall thickness-to-radius, ovalization 
of the cross section might become significant. As a result, the 
beam-like model might be neither realistic nor on the safe side 
and tensile stresses at the windward side become the leading 
stresses. Depending on the aspect ratio, they even excess of 
30% the corresponding stresses calculated by using a beam 
model. When a shell model of the chimney has to be used, 
wind pressures and not forces have to be provided. 

The second issue which is addressed by the paper concerns 
the design for vortex resonance. The two approaches, after 
Ruscheweyh and after Vickery&Basu - as well their 
application in the Standard Codes - are considered. The core 
of the Vickery&Basu-based model codes is the modelling of 
the negative aerodynamic damping, which includes aeroelastic 
effects. Little information is available on that and the 
aerodynamic damping depends at least on the Reynolds 
number, the turbulence intensity, the mean wind velocity and 
the aspect ratio. Among Standard Codes, the CICIND 
modelling is unique in the sense that it includes the effect of 
turbulence. High turbulence intensity reduces the negative 
aerodynamic damping and increases the spectral bandwidth of 
the lift force. The comparison of results between CICIND and 
Eurocode reveals that the full formulation in the CICIND 
model is, in principle, theoretically correct and consistent. 
However, design models for vortex resonance, especially at 
relatively low Scruton numbers, often provide very different 
results. Therefore, further research would be advisable in the 
investigation of the model independent variables (like self-
limiting amplitude of vibration and aerodynamic damping) 
and of the parameters they depend on (like the mode shape, 
the intensity and scale of turbulence, the latter related to the 
cylinder diameter). 
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ABSTRACT: Overhead transmission lines are very sensitive structures in regards to wind action. The cables, spanning over a 

few hundred meters contribute in particular to the overall action on the suspension towers. These slender structures incorporate 

both structural nonlinearities from the large deformation of the cables and aerodynamic nonlinearities which need to be 

accounted for when it is to estimate the system response to strong wind events. In this work, a finite element procedure is 

presented to model an existing power line section using nonlinear cable elements. The wind force is assumed quasi-steady with 

force coefficients determined in wind tunnel test on a conductor section. Further, aerodynamic damping is incorporated by 

considering the relative velocity between cable nodes and oncoming wind flow. The results are compared with on-site 

measurements of the cable’s support reaction. The results show a significant effect of damping since almost no resonant 

amplification is visible both in observation and simulation. In addition, wind tunnel tests approved aerodynamic damping to be 

large for the system of sagging cables, but nonlinear in its nature. It is concluded, that the dynamic response of overhead 

transmission line cables has to be modeled with care, considering all sources of nonlinearities. That is of particular interest in 

case of random excitation such as wind because the peak response depends on the probability distribution of the system’s 

response. 

KEY WORDS: Overhead transmission lines; Cable dynamics; Aerodynamic damping; Wind tunnel; In-situ measurements. 

1 INTRODUCTION 

Spanning over several hundreds of meters, conductors of 

overhead transmission lines contribute significantly to the 

overall wind load acting on the supporting suspension towers 

[1]. Cables of such length own a specific nonlinear 

characteristic due to the large deformations which need to be 

accounted for in case of an adequate modelling. Same applies 

for the equation of motion which includes aerodynamic 

nonlinearities. 

Early works [2] gave a preliminary insight into the 

structural characteristics of overhead transmission line cables 

more than into the details of the wind excitation. Those works 

were soon been followed by simulations [3] highlighting the 

importance of incorporating nonlinear effects and 

aerodynamic damping in regards to support reaction of 

suspended cables. But even in recent work, that aspect is not 

always included [4]. Later studies on wind tunnel models [5] 

stress again the need of detailed analysis when it comes to in-

depth investigations of such a complex issue as the random 

wind excitation of nonlinear structures. 

In the following, a procedure for modelling overhead 

transmission line cables will be presented and validated. The 

importance of aerodynamic damping included in the nonlinear 

equation of motion will be emphasized and supported by wind 

tunnel tests. Results of simulation shall be compared with 

observations on an existing test line. 

2 PRESENTATION OF TEST LINE 

2.1 Cable configuration 

The detailed presentation of the test line [6] shall be 

summarized here with the main parameters, necessary for the 

later model of the line, see Table 1. The conductors are quad 

bundles of Al/St 265/35 wires. 

Table 1. Quad bundle configuration. 

Elastic 

modulus 

          

Diameter 

       
Cross-

section 

        

Weight 

         

                             

 

The line section includes three spans with different span 

lengths    supported by two suspension towers T1 and T2 in 

between and two dead-end towers WA at both ends, see Table 

2. A common parameter to classify sagging cables is Irvine’s 

parameter    which also considers the stressed cable length   
and the horizontal tensile force   and is also given in Table 2. 

    
 
      
 

 
 

  

   
  

 (1) 
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Table 2. Test line presentation. 

Field 

number 

Span 

length 

       

Height 

difference 

       

Stressed 

length 

      

Irvine’s 

parameter 

   

1 389.5 -10.3 391.0 135 

2 406.5 17.8 408.4 147 

3 439.0 -8.9 441.0 171 

 

 

Figure 1. Elevation of test section. 

 

2.2 Sensor equipment 

There is a total number of 13 anemometers installed on the 

line to capture the acting wind field in its horizontal 

components. Vertical wind velocities are considered 

negligible. The system’s response is measured at the highest 

point of the line in means of the sway angle of the insulator 

chain at point T2 [6]. 

3 WIND TUNNEL TESTS 

3.1 Force coefficients 

The aerodynamic force coefficients are estimated by wind 

tunnel tests on a section of the quad bundle in smooth flow. 

The resulting drag coefficients are used in the numerical 

simulations. 

Tests are performed in the wind tunnel at the Institute of 

Steel Structures of Technische Universität Braunschweig. 

Sections of single and bundle conductors are placed in smooth 

flow. In order to ensure two-dimensional circulation end 

plates are placed at both sides of the model. Drag forces are 

measured with load cells at the outside of the wind tunnel, see 

Figure 2. 

 

 

Figure 2. Details of test setup. 

 

The stationary drag coefficient is preliminarily described for a 

single conductor, a stranded wire of aluminum-steel (Al/St 

265/35) with diameter          . 

 

 

Figure 3. Drag coefficient for single conductor. 

 

The drag coefficients show a clear dependency on the 

Reynold’s number, see Figure 3. That range approximately 

corresponds to wind events with velocities of 10 to 20 m/s. 

3.2 Effect of shadowing 

The bundle consists of four single conductors, combined in a 

quadratic cross section with side length of 40 cm, see Figure 

4. 

 

Figure 4. Quad bundle with rotation in wind tunnel test. 

 

Wind tunnel tests on the bundle result in a so called 

shadowing factor that was found to be independent on the 

Reynold’s number. Only dependent on the rotation of the 

bundle, the leeward conductors are more or less in the shadow 

of the windward ones. Since this effect is almost equal for all 

Reynold’s numbers the shadow factors can be plotted against 

the rotation of the bundle, see Figure 5. 

 

 

Figure 5. Shadow factor for bundle conductor. 
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4 FINITE ELEMENT MODEL 

4.1 Cable elements 

To model the conductors, a total of 20 cable elements per each 

span are chosen with around 20 m length each. The element 

formulation takes into consideration the unstressed cable 

length   , its weight per unit length  , its stiffness    and a 

catenary between the element nodes   and  , see Figure 6. 

 

 

Figure 6. Catenary cable element. 

 

The assumed catenary between the nodes allows for 

determining the nodal forces and subsequently the element 

stiffness, mass and internal force,  ,   and   respectively 

[7]. 

4.2 Modelling of supports 

The supports, in regards to the towers are modeled as mass-

spring systems, see Figure 7. Modal stiffness   and natural 

frequencies    have been determined [8] and an equivalent 

modal mass   was found using the first natural frequency in 

both the horizontal directions      , see  

Table 3. 

      
 

  
 
  
  

 (2) 

 

Table 3. Equivalent mass and stiffness of supports. 

Tower and 

direction 

  

First 

natural 

frequency 

          

Modal 

stiffness 

          

Modal 

mass 

        

WA,   1.52 117 1 283 

WA,   1.58 117 1 187 

T1,   1.11 39 802 

T1,   1.14 39 760 

T2,   1.05 38 873 

T2,   1.07 38 841 

 

 

Figure 7. Towers equivalent mass-spring-system. 

 

The insulator chains are also modelled as vertical cables 

with axial rigidity               . 

4.3 System’s modal properties 

The system’s modal properties are dependent on the sag of the 

cable which again is dependent on the cable’s tensile force   

and are evaluated by the undamped equation of motion with   

and   being the stiffness and damping matrix, the natural 

frequencies   and eigenvector  . 

                    (3) 

The out-of plane modes are swaying modes which coincide 

with the swaying modes of the single spans. The influence of 

the insulator chains which theoretically act as a double 

pendulum is insignificant and the  th swaying mode can be 

estimated according equation (4). 

    
   

  
 
 

 
 (4) 

Modal analysis of the structure’s model and the theory lead 

to similar results of the first pendulum frequency of    
           which coincides with the bandwidth of the 

excitation of turbulent wind with most energy content 

between 0 and 1 Hz. 

Higher orders of pendulum frequencies are in accordance as 

well. Same accounts for the in-plane modes. Their theoretic 

investigation can be found in detail in [9] but shall not be 

investigated in further detail herein because they are well out 

of the spectrum of turbulent wind excitation 

4.4 Wind forces 

Wind forces   are determined using the results of the wind 

tunnel experiments and the relative velocity between wind 

flow   and   in horizontal and vertical direction and structure 

under quasi-steady assumptions. 

 
    

 

 
                 

  

    
 

 
                 

  
(5) 

Considering the relative velocity implies the effect of 

aerodynamic damping resulting from the structure’s 

movement which causes a force acting in opposite direction. 
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4.5 Free oscillation 

In free oscillation the effect of aerodynamic damping can best 

be visualized. Assuming the undamped equation of motion, 

the whole system is deflected laterally to the line direction 

from its static position and left free assuming       in 

Equation (5). 

        
      

                 
        

   (6) 

 

Figure 8. Displacement in along wind direction at the 

insulator at T2. 

 

Even without the incorporation of structural damping the 

displacement at the insulator at suspension tower T2 shows a 

significant decay, see Figure 8. Particularly for the first few 

periods the logarithmic decrement can be estimated very large 

       which is much larger than structural damping 

usually assumed for stranded wires [10]. Additionally, 

aerodynamic damping will increase with increasing wind 

velocity since it is coupled by the factor         in 

Equation (5). 

Wind tunnel tests on that topic confirm that approach. A 

single conductor is mounted in the wind tunnel free to move 

in a pendulum fashion as illustrated in Figure 9. 

 

 

Figure 9. Wind tunnel test setup on aerodynamic damping. 

From measurements of the decay process of the sway angle 

under different velocities of oncoming flow it can be seen that 

damping increases with increasing wind velocity. The 

increase is non-linear for reason of non-linear movement of 

the cable on a circular path which can be approved by 

numerical simulation of the tests. 

4.6 Time histories of wind velocities 

Besides the measured time histories of wind velocities, there 

are a number of nodes of the model with unknown wind 

velocities. Eurocode standard terrain category III is assumed 

together with nationally defined potential profile and 

reference wind speed estimated by best fit from the 

measurements, according Equation (7). 

            
 

  
 
    

 (7) 

A two-dimensional wind field is generated, neglecting wind 

acting parallel to the line direction. Cross-correlations 

between longitudinal and vertical wind components are 

neglected as well. This simplification can be justified by a 

minor influence of vertical wind turbulence on the total 

system response and a significant reduction of effort in stating 

the spectral density matrix   in Equation (8). 

       
     
     

   
   
   

  (8) 

For each turbulence component      , the spectral 

density matrices    are composed by auto- and cross-spectral 

densities,       and       of the nodes   and  . 

       

 
 
 
 
                
                
    

                 
 
 
 

 (9) 

The off-diagonal entries account for the spatial correlation 

of adjacent time histories, which is considered using 

Davenport’s definition for the coherence function     . 

         

 

 
       

        
        

    

       
 

  (10) 

Spectral densities and turbulence properties were identified 

for the nodes of measurements [6]. Further information such 

as the decay coefficients     were taken from literature [11]. 

Time histories at the nodes without observations are 

generated by wave superposition [12] which generates based 

on the given measurements further correlated stochastic time 

histories for the nodes  . 

                                            

 

   

 

   

 (11) 

In Equation (11),     are derived from the lower triangular 

matrix of the spectral density matrix, obtained by singular 

value decomposition and QR-factorization.     is the phase 

angle between the nodes   and  ,     is the phase angle of 

process   if known or a random angle uniformly distributed 

in the interval        for artificially generated time histories. 
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In Figure 10, as an example three times histories of adjacent 

nodes are displayed. The both outer time histories are the 

observed ones, while for the node in between time history is 

generated according to the procedure explained before. 

 

 

Figure 10. Time histories of fluctuating wind velocities of 

three adjacent nodes. 

 

This wind field, composed from measurements and 

additional artificial time histories is used to model the 

system’s response under quasi-steady assumption for the wind 

load. 

5 RESULTS 

5.1 Mean response 

Usually, the system’s response, the wind force at the tower T2 

here, is separated into mean and fluctuating part. The mean 

response is theoretically linked to the mean wind velocity and 

a constant aerodynamic force coefficient       , a single 

mean wind velocity    and wind span length            
    . 

    
 

 
          

  (12) 

With help of the gravity force        , one can derive the 

mean sway angle of the response    . 

Table 4 summarizes data for a specific wind event together 

with a comparison of measured, simulated and theoretically 

derived mean response with air density              and 

mean wind velocity averaged over all anemometers    
         . Accordance is satisfying, considering the 

simplifications behind Equation (12). 

Table 4. Comparison of mean responses. 

Method     

Measurement 10.2° 

Simulation 11.5° 

Theory 9.9° 

 

5.2 Fluctuating response 

The zero-mean fluctuating response is regarded both in time 

domain and frequency domain. There is an obvious 

discrepancy between simulation and measurements in time 

domain, as it can be observed in Figure 11.  

 

 
Figure 11. Time history of fluctuating sway angle. 

 

In frequency domain one can observe that in both spectra, no 

significant resonant amplification is visible, even though the 

first natural frequencies of the system are to be found in the 

range of wind excitation below 1 Hz. 

Discrepancy between observation and simulation is found 

around 1 Hz where the tower frequencies are to be expected. 

Indeed it can be shown that the first natural frequencies of the 

towers decrease for the complete model. For instance, the 

reason is thought to lie in neglecting wind acting on the 

towers and resulting response of those. Since energy content 

is very low, that issue is not further investigated. 

 

Figure 12. Auto-spectral density of sway angle. 

 

The comparison of the histograms in Figure 13 on the other 

hand shows satisfactory agreement of simulation and 

observation. 
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6 DISCUSSION 

Simulations are always subjected to a lot of uncertainties since 

assumptions need to be made for quantities which cannot be 

measured. The discrepancy of simulated and measured 

fluctuating response in time is assumed to be due to a lack of 

certainty in the time history of generated wind velocities. 

While mean value of response is in good agreement as well as 

the probability distribution, accordance in time domain is hard 

to achieve. It can be observed that best accordance is achieved 

using less elements, resulting in less assumed wind velocities 

but also resulting in a less accurate mechanical model of the 

test line. Keeping that in mind and regarding the good 

accordance in frequency domain and probability distribution, 

the agreement of simulation and measurements is considered 

satisfying for proving the mechanical system to be accurate. 

7 CONCLUSION 

In this work, a finite element model has been presented to 

simulate the behavior of an overhead transmission line section 

under turbulent wind load. Drag coefficients, dependent on 

the Reynold’s number as well as the rotation of the conductor 

bundle are determined by wind tunnel tests and used under 

quasi-steady assumptions. Aerodynamic damping is included 

as the effect of fluid-structure interaction and shows to be 

significant for the system’s dynamic behavior omitting 

resonant amplification. Measured and generated time histories 

of wind velocities are used to load the model and the response 

is evaluated in time and frequency domain. Since wind 

velocities are stochastic processes, perfect agreement in time 

domain is hard to achieve. But frequency domain analysis as 

well as probability distribution of the system’s response allow 

for conclusion of a satisfying agreement between simulation 

and observation. 

Next steps will be the extrapolation to higher wind speeds 

which are the basis for dimensioning the suspension towers 

against turbulent wind loading. Particularly, probability 

distribution is of further interest to estimate the probability of 

exceedance of the system’s response. 
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Figure 13. Histogram and normal distribution for observation (left) and simulation (right). 



ABSTRACT: Industrial chimneys are sensitive to wind actions because of their high slenderness. For some notch connection 

cases, the random load due to the stochastic wind action can produce fatigue problems. To consider the buffeting fatigue, the 

Eurocode 1991-1-4 presents in Annex B a curve for the calculation of the load cycles that exceed a given value ∆S during a 

period of 50 years. Long-term wind data recorded in northern Germany shows the appearance of six different wind profile 

shapes. Using this information, an extensive Monte Carlo simulation has been carried out to calculate the influence of the wind 

statistic on the fatigue life of industrial chimneys. The spectral information of the response has been introduced in Dirlik’s 

method to obtain the probability distribution of the stress amplitudes. The damage has been compared with the formulation 

presents in Eurocode 1 and the results show a clear difference between both approaches. The standard yields highly conservative 

damage due to its large safety grade. 

 

KEY WORDS: Wind speed statistics; Buffeting loading; Monte Carlo simulation; Dirlik method; Fatigue prognosis. 

1 INTRODUCTION 

Slender structures such as industrial chimneys are very 

sensitive to wind actions. The characteristics of the structural 

response depend on the dynamic structural amplification, thus 

the frequency and damping, as well as the incident gusty wind 

field. The statistical wind data given in the Eurocode 1 [4] and 

in its corresponding national annexes are indispensable for all 

wind design projects. Clobes and Willecke [1] analysed full 

scale, long term data of the natural wind field measured on a 

344 m high guyed mast located  in northern Germany. They 

showed that mean wind speed profiles in moderate wind speed 

conditions differ from the commonly used logarithmic or 

power law wind profiles presented in the standards. Thus, six 

mean wind speed profile shapes were identified. The use of 

those realistic wind profiles for an analysis of vortex 

excitation of steel chimneys leads to a significant reduction in 

overestimating fatigue damages compared to the currently 

recommended in the Eurocode [1].  

Starting from the conclusions made in [1] a refined fatigue life 

prognosis of industrial chimneys in case wind buffeting has 

been developed. Long-term full scale measurements of wind 

speed have been used to obtain a wind speed and wind profile 

shape-dependent standard deviation of σu(z). A correct 

identification of this parameter is fundamental due to its high 

importance on fatigue process. Using a Monte-Carlo 

simulation, the fatigue life of steel chimneys to frequent gust 

excitation is analysed. Synthetic wind profiles for wind speed 

and turbulence intensity are generated using a robust 

statistical model, based on the results presented in [1].  

For each generated profile, the buffeting response of a 150 m 

high steel chimney is individually calculated. In order to 

evaluate the material fatigue, Dirlik’s formula [15] is used to 

determine a stress cycle count of the chimney from the 

spectral information of the bending moment. This information 

is used to build load collectives during the design life of the 

chimney. On the contrary to the Eurocode, load collectives 

from site-dependent wind parameters and/or structural 

characteristics of the structure are calculated. Their 

applications to the design of this kind of structures show a 

lower fatigue damage compared to the procedure of Eurocode. 

2 CLASSIFICATION OF MEASUREMENTS 

2.1 Classification of the mean wind speed 

Since 1989 the Institute of Steel Structures of the Technische 

Universität Braunschweig operates a wind monitoring system 

located on the 344 m guyed mast Gartow II (northern 

Germany). There, the mean wind speed ( )U z , the standard 

deviation of the wind turbulence ( )u zσ , temperatures and the 

wind directions have been measured over the entire height of 

the mast [1],[2]. During this period low, moderate and high 

winds have been measured. A neural network technique has 

been used to classify the measured wind data in six different 

wind shapes as in Figure 1 [2]. The results shows that the 

power law class profile, which is used for the along-wind 

buffeting, is the most frequent wind profile shape with a 

frequency of occurrence of 55.9%. The constant shape has an 

occurrence ratio of 29.9%, the linear 9% and the jets and the 

sinus classes less than 3% [3].  

For each profile class c a statistical description based on the 

corresponding selected profiles has been derived. The Weibull 

distributions of the mean wind speed have been calculated for 

the different profile classes and different heights. Large values 

of the shape parameter k ( 3.5k ≈ ) are obtained and therefore, 

the probability distribution tends to a symmetrical shape over 
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the mode being also well approximated by a Gauss 

distribution.  

 

 

Figure 1. Characteristic shapes of profile classes [1] 

This allows for a description of the statistical characteristics in 

terms of a mean vector 
U
µ  and a covariance matrix 

U
COV over the height only [2]. 

2.2 Classification of the turbulence intensity 

In addition to the statistical classification of the mean wind 

speed profiles, a definition of the wind turbulence is needed 

for a refined analysis of structures under buffeting wind 

loading. The vibrations induced by the gusty wind can be 

amplified due the coincidence of the resonant frequency range 

of the structure with the energy provided by the wind in the 

frequency domain. The energy of the turbulent wind is a 

broad-band process in comparison with the resonant response 

of the most structures. It is defined in the spectral domain by 

the power spectral density function uuS , which depends on 

the standard deviation of the incoming turbulence ( )u zσ . The 

turbulence grade is mathematically described by the 

turbulence intensity ( )uI z , which is directly related to the 

mean wind speed ( )U z  and the standard deviation of the wind 

speed fluctuations ( )u zσ : 

 

 
( )

( )
( )

u
u

z
I z

U z
=

σ
 (1) 

 

In the design codes a constant value of uσ over the height is 

accepted. Its value depends on the terrain category and wind 

zone. Using the classification of the profile classes c made in 

[3], uσ is also classified inside the classes in terms of the 

mean wind speed value.  

Firstly, for each wind profile class c, the total measured 

profiles ( )cU z are separated in wind speed ranges of U∆ = 5 

m/s at 156 m height. Secondly, the standard deviation profiles 

( )c
u zσ , associated to the wind speed profiles classified on 

each range iU∆ , are selected. Thirdly, from this set of 

profiles ( )
i

c
u U

z
∆

σ , the mean standard deviation value 

( )
i

c
u U

z
∆

σ  over the height z is calculated. The results show 

that the variable ( )
i

c
u U

z
∆

σ does not vary over the height. 

Finally, due to this argument it is possible to calculate c
uσ

µ , 

defined as a mean standard deviation over the height for each 

class c and wind speed range iU∆ . 

Figure 2 shows the results of the evaluation of the wind 

turbulence. Each profile class c is plotted in a different colour. 

The rounded points inserted on the lines coincide with the 

calculated mean value of c
uσ

µ for the different wind speed 

ranges. The lines between points have been plotted assuming 

a linear relationship.  

The duration in years of the long-term measurements used for 

this work (about 20 years) has been not sufficient long to 

measure extreme wind speeds. Therefore, the dotted lines 

symbolize the supposed performance of uσ  for high wind 

speed ranges. The performance of the jet profiles is quite 

strange reducing the standard deviation uσ even if 

U increases. The power law profile, equivalent to the 

logarithmic profile given in the design standards, tends to 

confirm an equivalent value of uσ  as in Eurocode for the 

place of Gartow. The mast is located in close proximity to the 

Elbe River and the surrounding area is covered with low 

vegetation. Results provided in [2] suggest a direction-

dependent terrain category II or III.  

 

 
 

Figure 2. Tendency of c
uσ

µ  with the mean wind speed at 156 

m for the six different profile classes [9] 

The blue circles in Figure 3 depict the calculated turbulence 

intensity profiles ( )uI z following equation (1) for different 

wind speed ranges. The green lines show the turbulence 

intensity profiles for a terrain category II and III in EN 1991-

1-4 [4]. Except in cases of extreme low velocities, the values 

of ( )uI z  obtained in Gartow are well comparable with a 

turbulence intensity profile for terrain category between II and 

III. This fact was also observed by Willecke [3] without 

differentiation of mean wind speed ranges.  

Although the values of uσ  given in the EC1 correspond to a 

50 years wind situation, the tendency for lower velocities is 

also well comparable due to the concordance of the turbulence 

intensity profile ( )uI z . In case of wind profile classes 

different than the power law class, these conclusions could be 

not completely assumed. 
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Figure 3. Discretization of the turbulence intensity profiles in 

different speed ranges (power law class) 

 

This classification helps to provide the standard deviation 

value c
uσ associated to a synthetic wind profile ( )cU z which 

has been artificially generated using 
U
µ  and the covariance 

matrix 
U

COV . That has a huge advantage in the calculation 

of the buffeting response of the chimney for low and moderate 

winds. Usually, this loading case is calculated only in case of 

extreme wind situations without focusing on a fatigue 

calculation. 

3  SIMULATION OF THE BUFFETING RESPONSE 

3.1 Structural characteristics 

In order to investigate the influence of realistic wind statistics 

on the buffeting response of an industrial chimney, a 150 m-

tall steel chimney with constant circular cross section has been 

studied. The dynamic analysis has been carried out in the 

frequency domain using the finite element technique 

developed in Matlab. The diameter is constant over the height 

and the wall-thickness varies between 20 mm near the 

foundation and 14 mm near the tip. 

The total mass of the chimney is 148 tons including a 2% of 

mass concerning the structural connections elements. From a 

modal analysis, the two first frequencies are determined in 

1 0.12f = Hz and 2 0.73f = Hz. For the structural damping, a 

logarithmic decrement of 0.02=Λ is selected. This arbitrary 

value of damping includes the material and assembly damping 

components. 

The mechanical damping matrix mechD  is calculated using the 

classical Rayleigh damping, where D is a linear combination 

of the mass matrix M and stiffness matrix K: 

 

 mech = ⋅ + ⋅D M Kα β  (2) 

 

The aerodynamic damping aeroD  is also considered in the 

calculation. In many occasions, the aerodynamic damping is 

often of the same order of magnitude as the structural 

damping. This effect is higher as the wind speed increases and 

also its importance to the structural damping, if the mass ratio 

of the structure decreases. Therefore, it gives significant 

response reductions for light structures such as steel chimneys 

or lattice towers [5]. 

 

Figure 4. Structural properties 

 

The aerodynamic damping is introduced in the damping 

matrix in terms of a diagonal matrix. It is taken into account in 

wind direction at the eleven nodes of the chimney, being 

proportional to the mean wind speed. 

 

 1 11
aero

1 11

diag(2 ,..., 2 )
F F

U U
= ⋅ ⋅D  (3) 

 

Fluctuations in across wind direction are not considered 

during the calculation. Finally, the complex mechanical 

transfer matrix ( )fH  of the system depends on the mass 

matrix M, the damping matrix D and the stiffness matrix K. 

This function is defined in the frequency domain as: 

 

 2 1( ) ( (2π ) i (2π ) )f f f −
= − ⋅ + ⋅ ⋅ +H M D K  (4) 

 

3.2 Generation of synthetic wind profiles 

To study the fatigue prognosis of steel chimneys under 

buffeting load using realistic wind conditions, the long-term 

wind statistics obtained in Gartow has been used. As 

explained in [1] and [2], the measured data show a high 

variability over the height but also inside the same profile 

class. Therefore, the mean wind speed- and profile class-

dependent value of uσ makes more logical the application of 

the Monte Carlo approach. 

For the Monte Carlo technique, a large number of simulations 

are needed to obtain a statistically firm data. Due to the 

complex nature of some statement of the simulation’s process, 

the original profiles measured in Gartow could not be 

sufficient large in number to ensure statistically the results. 

For this purpose, synthetic wind profiles of each class c can be 

artificially generated using the statistical information 

contained in mean vector c
U
µ  and covariance matrix 

c
U

COV over the height [1], [3]. For each generated wind 

speed profile, a value of uσ is assigned depending on its mean 

wind speed value at 156z = m. Finally, the response of the 

chimney has been separately calculated. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1401



3.3 Dynamic calculation in frequency domain  

The response of the chimney under gusty wind has been 

calculated using the considerations of the stochastic vibrations 

theory. Early studies made by Davenport [6] show the 

difficulty to obtain in a deterministic way the response of the 

structure, reducing the response’s information to statistical 

parameters in terms of mean values, standard deviations and 

spectral density functions. If a linear system is considered, the 

maximal response of a structure X̂  can be divided into a 

static mean part X , provoked by the mean wind speed, and a 

superimposed dynamic part x Xσ obtained from the wind 

fluctuations and statistically firm with the well-known peak 

factor xg  [10]: 

 ˆ x
xX X g

X
= + ⋅

σ
 (5) 

 

The method of resolution for a SDOF system under stochastic 

stationary wind loading has been implemented in the finite 

element method. 

 

 

Figure 5. MDOF system considered in the calculation (a) and 

node-element interaction (b) [9] 

The resolution of a MDOF is carried out extending the 

formulation to a matrix based representation after [7] and [8]. 

The multi degree of freedom system MDOF is shown in 

Figure 5. The stationary wind force acting on the whole 

structure is transformed into a finite number of stochastic 

forces acting at the different nodes as depicts Figure 5a. 

Nodes and elements are shown in Figure 5b. The mean wind 

force applied on the node i basically depends on the 

corresponding mean wind speed iU provided by the synthetic 

profile ( )cU z : 

 
( )2 1

2 2i i

j j

iwind D

L L
F U D C

+
+

= ⋅ ⋅ ⋅ ⋅
ρ

 (6) 

 

The height-dependent drag coefficient 
iDC is obtained using 

the formula given in EN 1991-1-4 for circular cylinders with a 

diameter D and equivalent roughness of 0.5 mm. For the 

calculation of the fluctuating dynamic part, is necessary the 

definition of a correlated cross-spectral density matrix 

( )fffS . It is obtained from the diagonal matrix ( )ff fS , 

which contains the 11 power spectral density functions of the 

wind forces ( )
iffS f : 

 
2

2

2
( ) 4 ( ) ( )

i

i
ff uu i

i

F
S f S f f

U
= ⋅ ⋅ ⋅ χ  (7) 

The power spectral density function of the wind turbulence 

( )uuS f depends on the assigned standard deviation of the 

wind turbulence uσ to the synthetic wind profile. The same 

expression as in EN 1991-1-4 has been used: 

 

 
2 5/3

( ) 6.8 ( )

(1 10.2 ( ))

uu L

u L

f S f f f

f f

⋅ ⋅
=

+ ⋅σ
 (8) 

 

The nondimensional frequency Lf  can be approximated by 

L uf f T= ⋅  if the Taylor-Hypothesis is assumed. From the 

integral length scale given in the EN 1991-1-4 for a terrain 

category II, an integral time scale of 6.8uT = has been 

selected. The coherence function ( )ij fγ proposed by 

Davenport [10] is used to expand the diagonal matrix ( )ff fS  

to a fully correlated cross-spectral density matrix. The 

aerodynamic admittance function 2 ( )fχ  is used as in the 

formulation presented in the Eurocode 1 considering fully 

correlation in along-wind direction: 

 

 
2
( ) ( ) ( )

i ii y zf R f R f= ⋅χ  (9) 

where: 

 ( )
2

2

1 1
( ) 1

2

y

y

y y

R f e
− ⋅

= − −
⋅

η

η η
 (10) 

 ( )2

2

1 1
( ) 1

2

z
z

z z

R f e
− ⋅

= − −
⋅

η

η η
 (11) 

 

The frequency-dependent coefficients yη  and zη  depends on 

the dimensions of the corresponding body surface, the decay 

coefficients 11.5z yC C= = [11], the mean wind speed acting 

on the node iU and the factors Ky and Kz. 

 

 ( )
y y j

y

i

K C B
f f

U

⋅ ⋅
= ⋅η  (12) 

 

1

2
( )

j j

z z

z

i

L L
K C

f f
U

+
+ 

⋅ ⋅ 
 

= ⋅η  (13) 

 

These two factors are studied in detail by Solari [12]. They are 

influenced by the mean wind speed profile acting on the 

structure and its mode shape. A constant value of 

0.4z yK K= = is chosen. The spectral matrix of the 

displacements ( )fxxS  can be calculated using the following 

expression [8]: 

 

 * T( ) ( ) ( ) ( )f f f f= ⋅ ⋅xx ffS H S H  (14) 

 

Finally, the standard deviation of the response xσ is obtained 

after integration of the response spectrum: 

 

 x xxS dfσ = ⋅∫  (15) 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1402



3.4 Results of the Monte Carlo simulation 

For each synthetic wind speed profile, the mean, fluctuating 

and maximal response is calculated in terms of bending 

moment yM at the foundation of the chimney. The 

convergences of two variables have been considered. The 

first, the convergence of the maximal response ˆ .yM  The 

second, the convergence of the fluctuating loading part in 

terms of .
yMσ With ˆ

yM and
yMσ , the convergence of the 

static and dynamic parts is statistically firm. About 180.000 

total simulations have been carried and the participation of 

each wind profile class c has been weighted with the 

corresponding wind occurrence frequency .cH  

 

 

Figure 6. Results provided by the Monte-Carlo simulation  

Figure 6 shows the relative occurrence frequency c
P  of the 

standard deviation of bending moment 
yMσ for each wind 

class c. The power law and linear classes are the wind profiles 

with highest wind speeds and therefore the largest responses 

are obtained. The responses caused by the jet classes are very 

small and concentrated on the low response ranges and their 

influence is almost negligible. The sinus and constant classes 

are located in the low-medium response range. Even though 

the linear profile class produces large bending moments at the 

base of the chimney, its participation in the global response is 

low (H
6
 = 9%) and its importance is dramatically reduced in 

comparison to the power law (H
1
 = 55.9 %) and constant 

classes (H
5 

= 29.9 %). To consider the expected fatigue 

damage of any structure, the low and medium wind situations 

are more important due to their high occurrence frequencies. 

Therefore, it could be stated that the power law and constant 

profiles are the most important profile classes for a fatigue life 

analysis. 

4 FATIGUE ANALYSIS 

The fatigue life of any structure under wind buffeting depends 

on the number of load cycles caused by the gusts and on the 

sequence in which these external loads are applied. The 

stochastic nature of the wind makes this analysis complex and 

the spectral characteristics of the incident loads determine the 

form and number of load cycles acting on the structure during 

its design life. Therefore, for a correct design approach of a 

structure under wind fatigue, the knowledge of a realistic load 

collective during its predetermined lifetime is necessary. 

4.1 Number of loads caused by gusts according to EN 

1991-1-4 

For the number of load cycles caused by gusts, Eurocode 1 

provides a simple approach. EN 1991-1-4 allows the 

calculation of the number of time GN that a given value ∆S  

of an effect of the wind is reached or exceeded during a total 

period of 50 years: 

 

 
2

( ) 0.7 log ( ) 17.4 log( ) 100G G G

k

S
N N N

S

∆
= ⋅ − ⋅ +  (16) 

 

The given value ∆S  is defined by percentage of the maximal 

effect kS  on the structure due to a 50 years return wind 

period. As stated in [13], the unconfined usage of EN 1991-1-

4 seems to be not precise. The mathematical background of 

the curve is directly related to the mathematical method 

proposed by Davenport [14]. He combined probabilities of 

wind climates and response processes from wind tunnel 

experiments with the mathematical estimation of the 

upcrossing levels made by Rice. The formulation of the 

problem is not only vague in the definition itself but also in 

the conditions in which the corresponding expression can be 

used. Any specifications about the site-dependent wind 

parameters and/or structural characteristics are necessary to 

use the formula. And of course, it does not take into account 

the occurrence of different profile shapes.   

4.2 Dirlik’s methodology 

In case of an arbitrary stochastic process Dirlik [15] derived a 

formula to count the number of cycles and amplitude ranges 

based on the power spectra density function of the process:  

 

2 2
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where nm  are the statistical moments, E[P] symbolize the 

number of peaks maxima per second or peak rate and γ is 

known as the irregularity factor. The probability density 

function of the rainflow ranges (∆ )p σ is based on the 

weighted sum of Rayleigh, modified Rayleigh and 

exponential probability distributions. The frequency of 

occurrence of stress ranges '( )N ∆σ  in an expected time T can 

be determined with the Dirlik’s method in following terms: 

 

 [ ]'( ) ( )N E P T p∆σ = ⋅ ⋅ ∆σ  (19) 

 

This approach, defined entirely in the frequency domain, 

provides an equivalent result than the rainflow counting 

methodology defined in the time domain. This empirical 

method can be used successfully for stochastic processes with 

any band-width ranges. In other works [16] the verification of 

the reliability of this spectral method has been carried out with 

parallel calculations in time domain. The spectral estimations 

matches excellent for gust excited structural responses. 

4.3 Influence of the wind profile shape on the fatigue 

The aerodynamic damping in equation (3), as well as the 

coherence function ( )ij fγ , the aerodynamic admittance 

function 2 ( )i fχ , the spectral density function of the wind 

forces ( )
iffS f  and the standard deviation of the wind 

turbulence uσ are variables strongly dependent on the mean 

wind speed and thus on the shape of the mean wind speed 

profile. The results show a high variability of (∆ )p σ  between 

synthetic profiles [9] and therefore, the Monte Carlo 

simulation is again necessary. 

Figure 7 shows the results using Dirlik’s method. The values 

of the mean irregularity factor γ  for each wind class c are 

also plotted. This factor is defined between 0 and 1 and it used 

to classify the bandwidth of a process. For a later treatment of 

the fatigue life prognosis of the chimney, the frequencies of 

occurrence of each profile class H
c
 given in Figure 6 are 

considered. 

The numerical solution of the Dirlik methodology in the 

Monte-Carlo simulation has been considered in terms of a 

mixture distribution: 

 

6

realistic

1

(∆ ) (∆ )
c

c

c

p H p

=

= ⋅∑σ σ  (20) 

 

where (∆ )cp σ  are the probability distributions associated to 

each profile class c and displayed in Figure 7. The mixture 

distribution is represented with the pink dotted line. The 

increase of (∆ )p σ  for very low values of stress occurs due to 

the contribution of the exponential distribution, defined in the 

first term of the numerator in equation (17). 

4.4 Determination of load collectives using realistic wind 

profiles 

In other publications, load collectives from gusts are 

developed combining separately wind speed distributions and 

responses at different load levels [16], [17]. In the presented 

work, the wind speed distribution over the height and the 

dynamics of the structure are implicit included in the Monte 

Carlo simulation. 

 

 

Figure 7. Results provided by Dirlik’s method in case 

different profile classes 

The load collective can be calculated integrating the 

probability density function as follows: 

 realistic( ) [ ] ( )

i

i LifeN T E P p d

∞

∆σ

∆σ > ∆σ = ⋅ ⋅ ∆σ ⋅ ∆σ∫  (21) 

where TLife is the designing lifetime in seconds. The main 

problematic observed with equation (21) is the correct 

coverage of the extreme values if a design proposal for a time 

period of 50 years will be carried out. The parent Gaussian 

distribution of the mean wind speed used for the definition of 

realistic (∆ )p σ shows an excellent behavior in the description of 

the low-and moderate wind conditions. But the distribution of 

the extreme values is not well covered, because extreme 

responses are always studied with other distributions, as the 

Fisher –Tipett . Peil et al. [19] noted that for probabilities of 

occurrence lower than 0.01, the Weibull distribution is not an 

effective tool to represent extreme winds and the application 

of equation (21) at theses ranges is highly questionable. 

If a load collective for a return period of 50 years is 

calculated, it is assumed that the maximal response 

maxŶ  occurs only once. This reference value is associated to 

the peak response of the structure for a wind with 50 years 

return period and it can be calculated applying equation (5). 

A reason which contributes to the possible overestimation of 

the real maximal response max∆σ can be primarily related 

with the definition of the peak factor xg itself [6]. Davenport 

considered that response of the structure to a Gaussian 

stationary wind action can be described as a narrow-band 

process. On the contrary, the MDOF system used in the 

current work incurs in stochastic responses which diverge 

from the ideal narrow-band case. To avoid the overestimation 

in the response produced by a narrow-band assumption, 

Cartwright and Longuet-Higgins [20] proposed a new 

definition of peak factor xg  with consideration of the 

bandwidth: 
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 (22) 

 

Figure 8 shows the load collective of the 150 m high steel 

chimney with fundamental frequency 0 0.123f =  Hz and 

structural damping of 0.02=Λ  determined with the Dirlik 

method for a time period of 50 years. The continuous blue line 

represents the results obtained from the Monte-Carlo 

simulation. There were obtained after calculation of the 

response of the chimney for more than 100.000 synthetic wind 

profiles. Due to the impossibility to cover the extreme values, 

the curve should be extended up to the left part of the figure. 

Therefore, two hypothetical dotted lines have been plotted 

additionally, unifying the medium load range with the extreme 

amplitudes. The maximal stress amplitude max∆σ has been 

computed for a 50 years return period wind associated to a 

terrain category II and basic wind speed 25 m/s and applying 

the two peak factor expressions. 

The results obtained from the Monte-Carlo simulation shows 

lower amplitude levels for a same number of occurrences GN  

than the proposal of Kemper [16]. Kemper developed his 

method in a conservative way and does not take into account 

the effects of the aerodynamic damping aeroD  and 

aerodynamic admittance function 2 ( )fχ . The chimney is 150 

meters high and the absence of aeroD  and 2 ( )fχ  yields to a 

large overestimation of the dynamic response. 

 

 

Figure 8. Load collective within 50 years 

4.5 Calculation of damage accumulation 

The total damage is calculated using the Palmgren-Miner 

hypothesis. The principle of operation of this methodology is 

discretizing different load levels in separated damage cells 

and adding linearly their influence on the structure over the 

entire lifetime of the structure: 

 

 i

i

n
D

N
=∑  (23) 

 

One advantage of working with probability density functions 

is the possibility of the direct analytically calculation of the 

fatigue damage. If the reduction of the fatigue strength ∆ Dσ  

to its threshold ∆ Lσ  is considered, a tri-linear Wöhler’s curve 

of fatigue damage can be applied to the determination 

of (∆ )iN σ . In case of engineering solutions, the probability 

density function is discretized into a finite number m of stress 

ranges of width∆ wσ . For the comparative study of the 

expected damage between the current work and EN 1991-1-4, 

a total 10 different stress levels have been selected for the 

application of equation (23). Another four Monte-Carlo 

simulations have been carried to calibrate the sensitivity of the 

expected damage on the structural damping Λ . 

Table 1 shows the reduction factor DR of the damage in case 

of different structural damping ratios Λ  for the chimney 

depicts in Figure 4. The damage has been entirely calculated 

at the chimney foundation supposing a fatigue detail category 

of ∆ 71C =σ N/mm
2
 for a period of 50 years. This factor is 

defined as follows: 

 

 EN 1991-1-4
D

D
R

D
=  (24) 

 

The expected damage calculated using the above presented 

method is considerable lower than the expected material 

damage obtained if the Eurocode 1 is applied. The results 

show that the factor DR  increases if the structural damping 

Λ  also increases. This performance has been also observed 

for other fatigue detail categories. 

 

Table 1. Reduction factor RD of the expected damage. 

 Structural damping Λ [-] 

 0.01 0.02 0.03 0.04 0.05 

DR  49.5 52.3 54.5 56.4 59.4 

 

There are several reasons to explain the large differences in 

the fatigue prognosis between the Eurocode proposal and the 

present work. For the application of EN 1991-1-4, no more 

information than the maximal stress amplitude max∆σ is 

necessary. However, the current work has combined in a 

MDOF system the influence of the site dependent 

characteristics, the inclusion of different mean wind speed 

profile classes, the aerodynamic damping, aerodynamic 

admittance function and the Dirlik method. The combination 

of all these factors yields to a large reduction of the expected 

damage due to the precision inserted along the entire process 

of calculation. 

 

5 CONCLUSIONS 

The response of slender industrial chimneys under wind 

buffeting have been simulated in order to compare the fatigue 

life prognosis according Eurocode 1 and the wind statistics 

defined by Clobes et al. from the site Gartow [2]. A Monte 

Carlo simulation has been used to provide statistically firm 

data. Large number of synthetic wind profiles has been 

generated starting from the mean vector 
U
µ  and the 

covariance matrix
U

COV  separately defined for each profile 

class c. From the data obtained in Gartow, a classification of 

the standard deviation of the wind turbulence uσ is made. 
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This last variable is fundamental in the buffeting loading 

process and therefore, a unique realistic value of uσ can be 

separately assigned for each synthetic wind speed profile 

depending on its profile class c and mean wind speed value. 

The dynamic response of a 150 m high steel chimney has been 

simulated applying the stochastic vibration theory on a multi 

degree of freedom system. The model has been generated as 

real as possible including the influence of the aerodynamic 

damping, as well as the inclusion of several wind profile 

shape-dependent variables, as the aerodynamic damping etc. 

The results of the Monte Carlo simulation show a clear 

differentiation between the profile classes c on the response of 

the chimney. Power law class and linear class produce the 

largest response but the effect of the latter is diluted in the 

overall response due to its low occurrence frequency. 

In order to study the expected fatigue damage of the structure, 

the Dirlik method has been applied to calculate the probability 

distribution of the stress amplitudes (∆ )p σ  using the spectral 

information of the bending moment at the foundation of the 

chimney. This easy method is characterized by its precision 

being a combination of different probability distributions. The 

resulting probability distribution of the stress amplitudes has 

been defined in terms of a mixture distribution considering the 

occurrence frequency of each wind profile class c. With the 

integration of this formula, is a load collective of the structure 

for a lifetime of 50 years is obtained. This collective has been 

implemented with the Palgren-Miner method to calculate the 

expected damage of the chimney and the results have been 

compared with those if the load collective given in Eurocode 

is applied. The approach given in the standard shows an 

overestimation of the damage in comparison with the actual 

study. Therefore, the unique application of the approach of the 

Eurocode 1 for each structure without consideration of 

damping, site-dependent wind statistics and natural 

frequencies of the structure can yield to a large overestimation 

in the expected damage.  
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ABSTRACT: The aerodynamic force coefficients of iced bridge cables were recently obtained by the authors through a series of 
static wind tunnel tests on a full-scale vertical and inclined bridge cable section model, under typical climatic conditions of in-
cloud icing. The availability of these data allows the application of quasi-steady stability criteria. During the last decades, a 
number of stability models were derived to investigate the galloping phenomenon, with different levels of detail. In this paper, 
an attempt is made to compare background hypotheses and results obtained using different quasi-steady sectional aerodynamic 
stability criteria, applied to ice-accreted bridge cables. Not existing a benchmark, the research is not aimed at judging the quality 
of each approach, but rather at pointing out the differences they bring. 

KEY WORDS: Bridge cables; Ice accretion; Cable dynamics; Quasi-steady aerodynamics; Aerodynamic stability; Galloping. 

1 INTRODUCTION 
Several models have been developed with the aim of 
predicting cable aerodynamic instabilities, each of which 
considering different aspects of the dynamic behavior. 

In the 1930s, galloping of iced conductors has been a design 
and operating problem. Davison [6] attributed the occurrence 
of galloping during freezing rainstorms to the change in the 
aerodynamic lift when the wind blows across an iced 
conductor. Two years later, Den Hartog [10] presented the 
mathematical description of the galloping mechanism. The 
model provides the critical condition, in terms of aerodynamic 
coefficients for the across-wind galloping of a cylinder placed 
in cross-flow, and accounts only for the dependence of the 
aerodynamic coefficients on the angle of attack. In the 1960s, 
Davenport [5] proposed an expression for the aerodynamic 
damping in both across- and along-wind directions, of a 
cylinder in cross flow. Two decades later, the instability 
criterion, which today is widely referred to as drag crisis, was 
proposed by Martin et al. [19]. In the same year, Nigol and 
Buchan [20] investigated torsional galloping. They observed 
that when the center of mass does not coincide with the center 
of rotation (inertial coupling), as for eccentrically iced 
conductors, instability can occur, and they derived the 
corresponding critical condition. The case of an inclined flow 
was investigated by Macdonald and Larose [16], who derived 
a general theoretical expression for the quasi-steady 
aerodynamic damping of a yawed and inclined cylinder, 
accounting for the dependence of the aerodynamic 
coefficients on the angle of attack, on the wind-cable angle 
and on the Reynolds number.  

In the 1970s, the coupling between DoFs begun to be 
investigated. In fact, the assumption that the structure vibrates 
in one DoF is restrictive for many structures. Blevins and 
Iwan [3] presented a model for the 2-DoFs galloping in the 
across-wind and torsional DoFs, of a cylinder in cross flow; 
the model allows for different vibration frequencies in the two 
DoFs. In the 1990s, Yu et al. [23] improved the model of [3], 

considering the inertial coupling and Jones [14] derived a 
model for 2-DoFs galloping in the across and along wind 
directions. Both models are bound to cross flow conditions 
and to the perfect tuning of the DoFs. Luongo and Piccardo 
[15] improved the model of [14], considering the case of 
detuned systems. They used a perturbation approach to find an 
approximated analytical solution for the eigenvalue problem. 
The first 2-DoFs galloping criterion for cylinders in inclined 
flow is that of Carassale et al. [4], who presented a model for 
the case of a detuned across- and along-wind vibration. In this 
model, the aerodynamic coefficients depend on the angle of 
attack and on the wind-cable angle. Macdonald and Larose 
[17][18] improved the model of [4] by including the 
dependence of the aerodynamic coefficients on the Reynolds 
number.    

The first attempts to consider a 3-DoF behavior were made 
by Yu et al. [24][25]. They developed a model to describe the 
galloping of a multi-span electrical transmission line, having 
an asymmetrical ice accretion. The model considers a cylinder 
in cross flow and accounts for inertial coupling and for the 
dependence of the aerodynamic coefficients on the angle of 
attack. Wang and Lilien [22] improved the model by 
including the dependence of the aerodynamic coefficients on 
the Reynolds number. The case of an inclined flow was 
investigated by Gjelstrup and Georgakis [12], who derived a 
quasi-steady 3-DoFs model for the evaluation of the onset of 
the instability. The model accounts for the dependence of the 
aerodynamic coefficients on the angle of attack, on the wind-
cable angle and on the Reynolds number, and accounts for the 
inertial coupling.   

In this paper the stability of ice-accreted bridge hanger is 
investigated by applying wind tunnel experimental data (i.e. 
drag, lift and moment coefficients) obtained by the authors, to 
the stability criteria available in literature. The force 
coefficients were obtained through a series of static wind 
tunnel tests on a full-scale vertical bridge hanger section 
model, under typical climatic conditions of in-cloud icing [8]. 

Prediction of the aerodynamic instability of ice-accreted bridge cables 
using different stability criteria 
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The aim of this work is to quantify the difference between the 
results obtained through the application of the different 
stability criteria in the case of ice-accreted bridge cables, and 
to investigate the limits of applicability of each of them. Not 
existing a benchmark, the research is not aimed at judging the 
quality of each approach, but rather at pointing out the 
differences they bring. 

2 A GENERAL FRAMEWORK FOR QUASI-STEADY 
AERODYNAMIC STABILITY MODELS 

A cylinder of arbitrary cross section (Figure 1) is considered, 
exposed to a uniform flow U 0 0  in the reference 
system ( , , ). The cylinder is in cross flow condition. 

The quasi-steady theory is based on the hypothesis that the 
wind sees the cylinder as stationary, and the aerodynamic 
forces can be evaluated using the mean aerodynamic force 
coefficients measured experimentally in static conditions. The 
in-plane motion of the cylinder cross section is described in 
terms of 3-DoFs defined at the shear center [21], represented 
by the vector q .  and  are two 
mutually orthogonal displacements of the section, and  is the 
rotation about the cylinder axis (Figure 1). The displacements 

 and , are taken rotated of  with respect to the ( , ) 
reference system. The angle  between  and  is termed the 
structural angle. The different models consider all the DoFs 
or some of them, and are therefore classified as 1-, 2- or 3-
DoF.  

 
Figure 1. Schematic of the cable with flow direction and 

reference systems definition, DoFs and definition of  and .  

 
The instantaneous relative velocity, U , is evaluated as 

the sum of U and the opposite of the cylinder velocity vector. 
To this aim, the heave and sway, and the rotational 
components of the velocity vector are treated differently. The 
relative velocity associated with the heave and sway DoFs is 
given by the difference of the components of U and  and 

 in the ( , ) reference system. The over-dot represents 
the derivative with respect to time. The relative velocity 
associated with the rotational DoF is evaluated using the 
approach of [1]. The problem with the rotational DoF is that 
no exactly equivalent static situation can be defined, as each 
point of the cross section has a different velocity vector, and 
hence a different local relative angle of attack. In the approach 
of [1], the velocity field on the cross section's boundary is thus 
approximated by choosing a reference point , located at 
distance  from the shear center and at angular distance  

from the direction of , which is representative of the net 
flow field; this approach stems from the three-quarter chord 
rule in airfoil flutter [1].  is usually located at the leading 
edge. U  and  define the relative angle of attack, .  

The governing equation of motion is in the form:  

 M s&&q(t)+Cs&q(t)+K sq(t) = Fa( &q(t)) (1)  

where M s, Cs , K s  are the  structural mass, damping 
and stiffness matrices, respectively,  being the number of 
DoFs considered. In all the models, the stiffness and the 
damping matrices are diagonal. The majority of the existing 
models consider also M s as a diagonal matrix, therefore do 
not allow for inertial coupling. A few allow for inertial 
coupling, i.e. for the non-coincidence of the shear centre with 
the mass centre. 

Fa( &q(t)) is the vector containing the aerodynamic forces, 
and is given as:  

 Fa( &q(t)) = 1
2
ρD UR( &q(t)) 2

Rz( &q(t))C( &q(t))
 
 (2) 

where  is the fluid density,  is a characteristic dimension of 
the cross section, UR( &q(t)) 2  is the squared norm of the 
instantaneous relative velocity vector,  Rz( &q(t)) is the rotation 
matrix between the aerodynamic force directions and the 
DoFs considered, and C( &q(t))  is the vector containing the 
aerodynamic force coefficients. 

To investigate stability, aerodynamic forces are expanded in 
Taylor series for &q(t)  at the equilibrium point &q0 = 0 :  

 Fa( &q(t)) = Fa( &q0 )+ J &q(t )Fa( &q(t)) ⋅ &q(t) = Fa( &q0 )−Ca &q(t)  (3) 

To this aim, the aerodynamic force coefficients measured in 
the wind tunnel for different values of / ,  and Φ 
must be expressed a function of &q(t) ; this is done applying 
the derivation chain rule.  is the kinematic viscosity. 

The first term of the expansion represents the mean forces, 
while the second term is the Jacobian matrix of the 
aerodynamic forces, and represents the opposite of the 
aerodynamic damping matrix, Ca = −J &q(t )Fa( &q(t)). 

 Substituting Eq. (3) in Eq. (1) and neglecting the mean 
forces, the linearized version of the homogeneous equations of 
motion is obtained:  

 M s&&q(t)+ Cs +Ca( ) &q(t)+K sq(t) = 0  (4) 

In 1-DoF models, susceptibility to galloping is assessed 
(independently of the mechanical properties) by looking at the 
diagonal terms of , a negative value of which indicates an 
unstable behavior. The stability boundaries are given by the 
condition that diagonal terms of  are equal to those of . 
When coupled DoFs are considered, susceptibility to 
galloping has to be assessed solving an eigenvalue problem. 
The stability boundaries are found in this case by setting the 
characteristic (or secular) polynomial equation, , to zero 
and by substituting , corresponding to the case of 
purely imaginary eigenvalues. The conditions are summarized 
in Table 1. The degree of  is twice the number of DoFs 

Ca

Ca Cs
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considered. In the case of 1-DoF systems, 0 can be 
solved in closed form, giving the same condition discussed 
above regarding the sign of the diagonal aerodynamic 
damping coefficients. In general, 2-DoFs systems require 
numerical solution, except for the special case in which the 
structural damping coefficients and the natural frequencies of 
the two DoFs are the same; in this case  becomes a 
biquadratic equation. For 3-DoFs systems, a numerical 
solution is always required.  

Table 1. Stability boundaries conditions. 

Parameter DoF Condition 

1-DoF 

 Cax,x = Csx,x 

 Cay,y = Csy,y  

 Caθ ,θ = Csθ ,θ  

M-DoFs - 
det λ2Μs + λ Cs +Ca( ) +K s⎡⎣ ⎤⎦ = 0

with λ = ±iω
 

 
Another approach to evaluate the stability, without solving 

the eigenvalue problem is the application of the Routh-
Hurwitz theorem, which was used in [12]. 

3 DATA USED FOR CALIBRATION 
The experimental results here summarized are fully described 
in [8]. The tests were performed at the DTU/Force 
Technology collaborative Climatic Wind Tunnel (CWT) in 
Lyngby, Denmark. The technical specifications of the wind 
tunnel are reported by [11]. To investigate the aerodynamic 
behavior of ice accreted cables, a particular setup was 
obtained in the CWT for reproducing the conditions of in-
cloud icing. The set-up consisted of a spray bar system and a 
cable section model. The former was placed in the settling 
chamber downstream of the honeycomb grid, and the cable 
section model was located in the center of the test section.  

The tested circular cylinder model was made of a plain 
black HDPE tube, provided by bridge cable suppliers, with a 
nominal diameter of 160  , stiffened with a spacer-
separated inner aluminum tube. The length of the model was 
1.42  . Aerodynamic forces were measured at both ends of 
the model using two 6-DOFs force transducers (AMTI 
MC3A-500) installed between the cable model and the 
supporting cardan joints. Two thrust ball bearings were 
installed at both ends to allow rotation of the cylinder. The 
tests consisted of two phases: an accretion phase and a force 
measurement phase. The control variables in the ice accretion 
phase were flow velocity and air temperature. The specific 
Climatic Conditions (CCs) employed were: 1 hour exposure, 

11 and 17  /  and  1°, 3° and 5° . In the 
measurement phase, the aerodynamic forces acting at different 
wind speeds and at different angles of attack on the ice-
accreted model were measured. Force measurements were 
performed for angles of attack in the range of 0° to 180°, at 
intervals of 10° and for wind speeds in the range of 8 to 
29  / , at intervals of approximately 2  / . The time 
window used in all measurements was 30   and the sampling 
frequency was 2048  . 

The aerodynamic force coefficients measured for different 
wind speeds and angles of attack showed considerable 

variations between each CC. There are situations in which the 
mean aerodynamic coefficients do not depend on wind speed, 
and other situations in which they do. This dependency is due 
to the different features of each ice accretion, in particular the 
type and the dimension of the accretion in the windward 
region (either rime or glaze), and the presence, size and 
density of iced rivulets on the lateral sides. In particular, the 
size of the frontal accretion influences the maximum value of 
the coefficients, whereas the presence of the iced rivulets on 
the lateral sides inhibits the variation of the aerodynamic 
coefficients with respect to , i.e. with respect to the wind 
speed. The moment coefficient, , can take rather large 
values. The maximum mass accreted in all the CCs was 
3.0  / , much smaller than the typical weight of a bridge 
cable having the diameter tested (in the order of 100  / ), 
indicating that there is no need to consider the effects of 
inertial coupling. This is not the case for cables of smaller 
diameter, such as electrical overhead lines, in which the 
contribution of the inertial coupling is marked and cannot be 
neglected.  

4 RESULTS AND DISCUSSION 
In the following the susceptibility to instability is investigated 
using different models for iced vertical bridge hangers. The 
CC giving rise to the strongest susceptibility to instability is 
used for the analysis; this is CC V1 in [8]. The accretion 
parameters were 11  /  and 5° . The effect of 
the inertial coupling was indeed neglected. 
 

 

 

 
Figure 2. Variation with  of ,  and  for different 

values of 10 . After [8].  

 
1-DoFs instability is evaluated applying the cross-wind and 

along-wind criteria derived by [10] and [19], respectively and 
with the model of [16] for different values of  , considering 
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and neglecting the dependence of the aerodynamic 

coefficients on   . 1-DoF torsional instability is evaluated 

applying the model of [20]. 2-DoFs instability in the tuned 

heave and sway DoFs is analyzed using the model of [14] and 

of [17]. The effect of detuning is investigated using the model 

of [18]. 2-DoFs instability in the tuned and detuned heave and 

rotational DoFs is analyzed using the model of [23]. 3-DoFs 

instability of the tuned and detuned system is analyzed using 

the model of [12].  

All models were applied numerically; closed-form solutions 

available for some of them were not used. This was done as 

the aim of the study is that of understanding the characteristics 

of the solution; any issue related to computational efficiency 

is beyond the scope of this research. Nevertheless, consistency 

of the numerical results with the closed form solution was 

always checked, where applicable. In all the applications of 

the 2-DoFs and 3-DoFs models, the solution was found in the 

case of equal damping ratio in all the DoFs, i.e.         . 

The parameters used in the different models are described in 

the following, and are typical of medium- to long-span 

suspension bridge hangers. The diameter is        and is the 

same as that of the wind tunnel model. The mass and the 

torsional mass moment of inertia per unit length are equal to 

         and to          , respectively. The sway and 

heave natural frequencies,    and   , are equal to   . It must 

be pointed out that identical values of the natural frequencies 

in the two DoFs can apply only to bridge hangers, whereas, in 

stay-cables the sag makes the two natural frequencies 

different [13]. The torsional natural frequency,   , is in real 

life much larger than    and   . With the only purpose of 

investigating the effects on stability,    is first set here to the 

same value of    and   .    and    are equal to        and 

   , respectively. Some of the parameters were then varied 

with respect to the reference value, in order to understand 

their influence on the predictions of each model.  

In Figure 2   ,    and    are plotted as a function of   and 

  , for the CC among those tested that indicated the largest 

susceptibility to instability; this is CC V1 in [8].    

In Figure 3 the regions of the    -   plane of potential 

instability are shown, for different values of   , evaluated 

using the model of [16]. In Figure 3a the results obtained 

accounting for the dependency of the aerodynamic 

coefficients on    are shown, while in Figure 3b the results 

obtained neglecting such dependency are shown.    is the 

structural angle, i.e. the angle between   and the   direction, 

as defined by [16].   is the rotation of the cable with respect 

to the angle of attack of accretion, i.e.      is the angle of 

attack of accretion. The condition        corresponds to the 

case of the Den Hartog criterion, and       to the case of 

drag crisis. The value         is not reported as it 

coincides with the condition      , i.e. with the drag crisis. 

Three different regions of instability were found. The first 

region is approximately in the range of          to 

        and in the range of       to    , and represents 

a Den-Hartog type instability. This region has its largest 

extension for       , reduces for         and disappears 

for the other values of   , and is not affected by the 

derivatives of the aerodynamic coefficients with respect to   . 

In fact, in this range of  , the aerodynamic coefficients are 

approximately independent of    (Figure 2). The second 

region is approximately in the range of            to 

        and in the range of       to     , and represents 

a combination of Den Hartog-type and drag crisis-type 

instabilities. The region has its largest extension for    
     and        , and reduces for the other values of   . 

In particular, for        a Den Hartog-type instability is 

observed, in the range of            to         and in 

the range of       to     . For      , a drag crisis-type 

instability is observed in the range of            to 

        and in the range of        to     , which 

disappears neglecting the contribution of the derivatives of the 

aerodynamic coefficients with respect to   . In fact, in this 

range of  , these are strongly dependent on    (Figure 2). The 

third region is approximately in the range of          to 

        and at approximately       . This region exists 

only for       , and represents a Den Hartog-type 

instability. 

  

 

                           (a)                                           (b)  

                  

Figure 3. Regions of potential instability, for different values 

of    using the model of [16], considering (a) and neglecting 

(b) the dependency of the aerodynamic coefficients on   . 

The contour lines are the instability thresholds. 

 

In Figure 4 the minimum required structural damping,   , 

needed to avoid instability for any    in the plane    –  , is 

shown. The regions reported are the envelope of the maxima 

of    obtained with varying   . In Figure 4a the results 

obtained accounting for the dependency of the aerodynamic 

coefficients on    are shown, while in Figure 4b the results 

obtained neglecting such dependency are shown. The main 

effect of considering or neglecting the    dependency of the 

aerodynamic coefficients, is to vary the predicted value of the 

required   , not changing the extension of the regions of 

potential instability, i.e. the red contour lines. In fact, the 

maximum value of   , considering the    dependency is 

approximately       (Figure 4a), while neglecting this 

contribution it drops to approximately      (Figure 4b). The 

difference in the predicted values is the effect of either 
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considering or neglecting the drag crisis-type instability, when 
the  dependency is considered or neglected. 

 

 
(a)  

 
(b)  

Figure 4. Minimum required structural damping  needed to 
avoid instability for any , using the model of [16] 

considering (a) and neglecting (b) the dependency of the 
aerodynamic coefficients on . Red contour lines are the 

instability thresholds.  

 
In Figure 5a the regions of potential torsional instability for 

different values of  and for 0.08  , are shown in the 
plane  - , evaluated applying the model of [20]. The 
reported values are in the range of 50° to 100°, 
characterizing the separation point on circular cross sections. 
For all values of , one region of torsional instability was 
found, approximately in the range of 80° to 180° and for 

3 10  and in the range of 140° to 170° for 
3 10 . For 3 10 , the lower bound of the 

instability region depends on , varying between 80° and 
110°, with increasing . In Figure 5b the minimum predicted 
structural damping, , for =90° is shown. In this CC, 
susceptibility to torsional instability is predicted in the range 
of approximately 100° to 180° and for 2.5 10  
and in the range of 140° to 170° for 2.5 10 . 

However, the minimum structural damping required to avoid 
instability (i.e. the maximum value found in Figure 5b) is very 
low with respect to the values found for  and equal to 0.1%. 
As to the effect of , this was found to only vary the 
predicted value of , not modifying the extension of the 
regions of potential instability. A proper choice of  and  
requires knowledge of the separation point; this is function of 

 for circular cylinders, whereas for iced bridge hangers it is 
also function of the angle of attack . To the authors' best 
knowledge, these data are not available. 

 

 
(a) 

 
(b)  

Figure 5. Regions of potential torsional instability, for 
different values of  and for 0.08   using the model of 
[20] (a); contour lines are the instability thresholds. Minimum 

predicted  needed to avoid torsional instability for =90° 
(b), red contour lines are the instability thresholds. 

 
In Figure 6a a comparison of the potential instability 

regions found applying the 1-DoF and the tuned 2-DoFs 
models ([17], [10] and [19]), is shown.  and  DoFs were 
considered. The regions found using the different models are 
similar. In particular, following the classification of instability 
regions in Figure 3, it is observed that the first and the third 
regions of potential instability, i.e. those associated with Den 
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Hartog type instability, are the same when the models of [10] 
and of [17] are used. On the other hand, the second region is 
differently predicted by the three models. In Figure 6b the 
minimum required structural damping, , needed to 
avoid instability is shown in the plane  - . The maximum 
value of  is much lower than that found for the 1-DoF 
case. In particular, for this CC the maximum predicted value 
of  is 0.2%, whereas for the 1-DoF case the maximum 
predicted value of  is 1.2% (Figure 3a). Comparison among 
these models proves that the perfectly tuning of the DoFs can 
be beneficial in terms of the minimum predicted damping, 
confirming the results of [17]. 

 

 
(a)  

 
(b)  

Figure 6. Comparison of the potential instability regions 
applying the 1-DoF and the tuned 2-DoFs models ([17], 

green; [10], red; [19], blue) (a). Minimum required structural 
damping  needed to avoid instability using the 2-DoFs 

model of [17] (b).  

 
In Figure 7 the effects of detuning ( , / ) on the 

regions of potential instability evaluated using the model of 
[18], is shown. It is observed that even very small values of 
the detuning ,  make the system behave as if it were 
uncoupled in the - and -planes ([10] and [19]), with 

effective aerodynamic damping values given by the diagonal 
terms of Ca. Hence, for iced bridge hangers, 2-DoFs coupling 
occurs only when the natural frequencies in the two planes are 
very close to each other, confirming the result of [18]. The 
off-diagonal terms in Ca are non-zero, and cause mode 
shapes to be slightly elliptical. For ,  in excess of 1.03, the 
predicted potential instability regions do not depend on , , 
and superimpose to those predicted using the 1-DoF models 
(Figure 6a). In the range of , 1 to 1.03, beneficial effects 
of tuning on the extension of the potential instability region 
were predicted by the model of [18]. This is valid both 
considering and neglecting the  dependency of the 
aerodynamic coefficients (not shown in the figures). 

 

 
Figure 7. Regions of potential instability ( ) for 

different values of , /  using the model of [18]. 

 
In Figure 8a comparison of the potential instability regions 

evaluated using the 1-DoF and the tuned 2-DoFs models 
([17], [10] and [20]), is shown.  and  DoFs were 
considered. This is an unrealistic case, as for bridge hangers 
the torsional vibration frequency is far larger than the heave 
and sway frequencies; the results are presented for sake of 
completeness. In this case, the potential instability regions 
predicted applying the 2-DoFs model are wider than those 
predicted using the 1-DoF models. In Figure 8b the minimum 
required structural damping  needed to avoid 
instability using the 2-DoFs model of [23], is shown in the 
plane  - . Applying the [23] 2-DoFs model, the maximum 
predicted value of  is 0.3%, demonstrating the 
beneficial effect of the coupling also in this case. Indeed, 
using the 1-DoF models the maximum predicted value of  
increases to 1.2% (Figure 4a). 

In Figure 9 the effects of detuning , /  on the 
potential instability regions evaluated using the 2-DoFs model 
of [23], is shown. As for the  and  DoFs case, small values 
of the detuning ,  make the system behave as it were 
uncoupled in the  - and -planes ([10] and [20]). Also here, 
for values of ,  in excess of 1.03, the predicted potential 
instability regions do not depend on , , and superimpose to 
those predicted using the 1-DoF models (Figure 8a). This is 
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the actual behavior of bridge hangers, featuring a much larger 
torsional frequency than the heave and sway frequencies. 

 

 
(a)  

 
(b)  

Figure 8. Comparison of the potential instability regions 
between the 1-DoF and the 2-DoFs tuned models ([23], green; 

[10], red; [20] grey) (a). Minimum required structural 
damping, , needed to avoid instability using the tuned 

2-DoFs model of [23] (b). 

 
Finally, in Figure 10a-b the potential instability regions 

evaluated using the tuned 3-DoFs models ([12]), is shown in 
green. This also is an unrealistic case for the same reason 
above. From the figure, instability regions evaluated with the 
3-DoFs model are quite scattered in the  -  plane. The 
model of [12] provides information about the onset of 
instability, but does not allow evaluating the amount of 
structural damping required to stabilize the unstable system. 
Therefore, to understand the result of Figure 10, a modified 
version of the model of [23] was used to evaluate the amount 
of structural damping required to stabilize the tuned 2-DoFs 

 system; the result in the  -  plane, not shown here, 
is as scattered as that of Figure 10, with values of the required 
structural damping in the narrow range of 10 %, except 
for larger values in the order of 0.25% for 3 10  and 

140°, i.e. in the region were a drag crisis type instability 
occurs; this explains the scatter of the instability regions in 
Figure 10, which are associated with a onset condition of 2-
DoFs instability in the  and  directions. 

  

 
Figure 9. Regions of potential instability ( ) for 

different values of , /  using the model of [23]. 

 
On the other hand, when the torsional frequency is detuned 

with respect to the heave and sway frequencies, the same 
result of the model of [17] is obtained. This is presented in 
Figure 10a, where the effect of torsional detuning ( ,

, ) on the potential instability regions evaluated using the 
model of [12], is shown. The result obtained is the 
superposition of the result shown in Figure 6a concerning the 
tuned  system, and the region of torsional instability 
predicted through the model of [20] (Figure 5b). Finally, in 
Figure 10b the results obtained using the model of [12], with a 
detuning between the  frequency and the  and  frequencies 
( , , ), is shown. The predicted potential instability 
regions appear to be the superposition of the result shown in 
Figure 8a concerning the tuned -  system, and the region of 
potential instability in the  DoF predicted by the model of 
[10]. In conclusion it appears that when one DoF is detuned 
with respect to the remaining two, the potential instability 
regions are the superposition of those pertaining to the 1-DoF 
and to the tuned 2-DoFs systems taken separately. 

5 CONCLUSIONS 
The need to evaluate the aerodynamic galloping stability of 
iced electrical conductors and bridges cables, both in cross- 
and inclined-flow conditions led to the development of a 
number of quasi-steady sectional aerodynamic stability 
models. These mainly differ in the DoFs of possible instability 
and in the variables considered in the Taylor expansion of the 
aerodynamic coefficients. In order to compare the background 
hypotheses, the models were classified into a general 
framework that highlights a common approach based on the 
quasi-steady theory. 

The mean aerodynamic coefficients obtained from wind 
tunnel tests of iced vertical bridge hangers have been used to 
compare the results obtained with the different models. The 1-
DoF models in the heave and sway directions predict the same 
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regions of potential instability regardless of whether the    

dependency of the aerodynamic coefficients is considered or 

not. However, neglecting the contribution of these terms 

means neglecting the drag crisis type instability, and 

predicting smaller values of the required structural damping. 

Instead, the predictions of the 1-DoF torsional model depends 

on    and  . In the absence of real data, indicative values of 

these parameters are used to perform a parametric analysis. In 

particular, changing   modifies the extension of the region of 

instability, while changing    alters only the value of the 

predicted required damping. The tuned 2-DoFs model predicts 

less extended regions of instability and lower value of the 

required structural damping, indicating that tuning can have a 

beneficial effect. However, a detuning as low as    is 

sufficient to make the 1-DoF and the 2-DoFs predictions 

coincident. For bridge hangers, perfectly tuned frequencies in 

the   and   directions can be a fairly assumption. Differently, 

perfectly tuned frequencies in the heave or sway and torsional 

frequencies is clearly unrealistic. Finally, the application of 

the 3-DoFs model brings different predictions with respect to 

thos of the 1-DoF models. However, when one DoF has a 

little detuning with respect to the other two, the potential 

instability regions are the superposition of those pertaining to 

the 1-DoF and to the tuned 2-DoFs systems taken separately. 

 

 

                       

(a)                                        (b)  

Figure 10. Regions of potential instability (        ) for 

different values of           (a) and of           (b), 

using the 3-DoFs model of [12]. 

 

Concluding, it was observed that the use of the 1-DoF 

models is generally conservative, and that the use of MDoFs 

models is justified only in the case of perfectly tuned 

frequencies. On the other hand, it was also shown that 

neglecting the derivatives of the aerodynamic coefficients 

modifies the solution. This has to sound like a warning when 

applying stability models with only partial availability of data. 

Furthermore, the use of the models requires an accurate 

knowledge of the same and of the limits of applicability.   

REFERENCES 

[1] R. Bisplinghoff and H. Ashley. Principles of aeroelasticity. Dover 

Publications, 1962.  

[2] R. Blevins. Flow-induced vibration. New York, Van Nostrand Reinhold 

Co., 1977. 

[3] R. Blevins and W. Iwan. The galloping response of a two-degree-of-

freedom system. In American Society of Mechanical Engineers, Applied 

Mechanics Western Conference, University of Hawaii, Honolulu, 

Hawaii, 1975. 

[4] L. Carassale, A. Freda, and G. Piccardo. Quasi-static model for aerody- 

namic instability of yawed circular cylinder. In 5th International Collo- 

quium Bluff Body Aerodynamics and Applications, pages 401–404, 

Ottawa, 2004. 

[5] A. Davenport. Buffeting of a suspension bridge by storm winds. ASCE 

Journal of Structural Division, 88(3):233–268, 1962. 

[6] A. Davison. Dancing conductors. American Institute of Electrical Engi- 

neers, Transactions of the, 49(4):1444–1449, 1930. 

[7]                 . Cable vibrations in cable-stayed bridges, volume 9. 

IABSE, 2007. 

[8] C. Demartino, H. Koss, and F. Ricciardelli. Experimental study of the 

effect of icing on the aerodynamics of circular cylinders-Part I: Cross 

flow. In 6th European and African Wind Engineering Conference. 2013. 

[9] C. Demartino, C. Georgakis, and F. Ricciardelli. Experimental study of 

the effect of icing on the aerodynamics of circular cylinders-Part II: 

Inclined flow. In 6th European and African Wind Engineering 

Conference. 2013. 

[10] J. Den Hartog. Transmission line vibration due to sleet. Electrical Engi- 

neering, 51(6):413–413, 1932. 

[11] C. Georgakis, H. Koss, and F. Ricciardelli. Design specifications for a 

novel climatic wind tunnel for the testing of structural cables. In Proc. 

8th Int. Symposium on Cable Dynamics, Paris, pages 333–340, 2009. 

[12] H. Gjelstrup and C. Georgakis. A quasi-steady 3 degree-of-freedom 

model for the determination of the onset of bluff body galloping 

instability. Journal of Fluids and Structures, 27(7):1021–1034, 2011. 

[13] H. Irvine. Cable structures. Dover Publications New York, 1981. 

[14] K. Jones. Coupled vertical and horizontal galloping. Journal of 

engineering mechanics, 118(1):92–107, 1992. 

[15] A. Luongo and G. Piccardo. Linear instability mechanisms for coupled 

translational galloping. Journal of Sound and Vibration, 288:1027–

1047, 2005. 

[16] J. Macdonald and G. Larose. A unified approach to aerodynamic 

damping and drag/lift instabilities, and its application to dry inclined 

cable galloping. Journal of fluids and structures, 22(2):229–252, 2006. 

[17] J. Macdonald and G. Larose. Two-degree-of-freedom inclined cable 

galloping part 1: general formulation and solution for perfectly tuned 

system. Journal of Wind Engineering and Industrial Aerodynamics, 

96(3):291–307, 2008. 

[18] J. Macdonald and G. Larose. Two-degree-of-freedom inclined cable 

galloping part 2: analysis and prevention for arbitrary frequency ratio. 

Journal of wind Engineering and industrial Aerodynamics, 96(3):308–

326, 2008. 

[19] W. Martin, E. Naudascher, and I. Currie. Streamwise oscillations of 

cylinders. Journal of the Engineering Mechanics Division, 107(3):589–

607, 1981. 

[20] O. Nigol and P. Buchan. Conductor galloping part ii-torsional 

mechanism. Power Apparatus and Systems, IEEE Transactions on, 

(2):708–720, 1981. 

[21] N. Takashi and T. Hughes. An arbitrary lagrangian-eulerian finite 

element method for interaction of fluid and a rigid body. Computer 

methods in applied mechanics and engineering, 95(1):115–138, 1992. 

[22] J. Wang and J. Lilien. Overhead electrical transmission line galloping. a 

full multi-span 3-dof model, some applications and design 

recommendations. Power Delivery, IEEE Transactions on, 13(3):909–

916, 1998. 

[23] P. Yu, A. Shah, and N. Popplewell. Inertially coupled galloping of iced 

conductors. Journal of applied mechanics, 59:140, 1992. 

[24] P. Yu, Y. Desai, N. Popplewell, and A. Shah. Three-degree-of-freedom 

model for galloping. part II: Solutions. Journal of engineering 

mechanics, 119(12):2426–2448, 1993. 

[25] P. Yu, Y. Desai, A. Shah, and N. Popplewell. Three-degree-of-freedom 

model for galloping. part I: Formulation. Journal of Engineering 

Mechanics, 119(12):2404–2425, 1993. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 
Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 
ISSN: 2311-9020; ISBN: 978-972-752-165-4 

1415 

This paper describes a monitoring system installed at the Grande Ravine viaduct, in Reunion Island, and presents results of the 
analysis of the data recorded during a 2-year period. These include a characterisation of the wind based on the identification of 
predominant wind directions, incidence and mean velocity, as well as on local wind turbulence intensities, length scales and 
coherence. Additionally, force coefficients are assessed based on pressure full scale measurements, and compared with values 
established for design based on detailed wind tunnel studies. Finally, correlation between wind, pressures and the bridge 
response are established on the basis of the dominant wind directions. 

KEY WORDS: Full-scale measurements, Aerodynamic monitoring, Bridge aerodynamics 

1 INTRODUCTION 
Crossing an abrupt breach 320 m in width and 170 m in depth, 
the Grande Ravine Viaduct, at the Reunion Island, is a girder 
bridge with a total length of 288 m (Figure 1) located in a 
zone frequently affected by cyclones.  

The characteristics of this structure [1] point to a limited 
experience in terms of the aerodynamic characterisation. In 
particular, some hypotheses required by the typical wind 
tunnel tests of physical models, by the numerical 
computational fluid dynamic studies and by the wind 
formulations of the structural response used in the design 
stage require validation.  

At the same time, the availability at the present moment of 
robust technology for full scale monitoring of structures, 
combined with the evolution in data communication, which 
allow the storage and remote transfer of significant volumes 
of data, suggest the characterisation of the local wind and the 
corresponding aerodynamic forces by means of “in situ” 
monitoring, based on an adequate spatial distribution of 
anemometers and pressure sensors and permit also the 
monitoring of the response for establishment of correlations 
with the wind loads. 

Having these aspects into consideration, SETEC promoted 
the installation of an aerodynamic monitoring system on the 
bridge [2]. This system comprehends various anemometers, 
pressure and temperature sensors and accelerometers, and has 
been operating for a period of 3 years. Collaboration with 
ViBest/FEUP and with CSTB has been established, with the 
purpose of processing and interpreting the prototype data and 
validating design hypotheses and studies. 

This paper presents and discusses results of the prototype 
monitoring based on the data collected during a 2-year period. 
Some aspects of the management of the huge database and of 
the tools implemented with the purpose of selecting relevant 
data, processing signals and extracting relevant effects in 
terms of the wind response are also described. Finally, 
correlations between directly measured aerodynamic forces 
and the structure response are established. 

 
Figure 1. General view of the Grande Ravine viaduct. 

 

1.1 The Grande Ravine viaduct 

The Grande Ravine viaduct is a motorway bridge formed by a 
steel orthotropic deck 22.7 m in width and 4 m in height 
continuous over the 288 m length (Figure 2). The deck is 
supported by inclined cantilevered struts made of high 
resistance concrete, at angles of 20° to the horizontal, fitted in 
a counter balancing concrete abutment founded in solid rock. 

 
Figure 2. Profile of the Grande Ravine Viaduct. 

 
During the design phase, several tests were conducted in 

order to characterise the wind properties at the site [3],[4], as 
well as the aerodynamic shape of the viaduc deck [5]. Wind 
tunnel tests [6] were also conducted aiming at characterising 
the pressure distrubution and consequent aerodynamic forces 
along the deck. 

Continuous aerodynamic monitoring of the Grande Ravine viaduct 
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1.2 Monitoring system 

The monitoring system installed by ADVITAM [7], whose 
instrumentation layout is represented in Figure 3, 
comprehends the following devices: 4 sonic anemometers, 
distributed along the bridge and mounted on 3.5 m high masts; 
one propeller anemometer, mounted on a 10 m high mast 
positioned outside the viaduct at a distance of 250 m from 
Etang Salé abutment; 14 pressure transducers, distributed in 
two sections close to the mid-span; external temperature 
sensors coupled with the anemometers, and internal 
temperature sensors placed in the same cross sections of the 
pressure sensors; and 6 accelerometers mounted in vertical 
and transversal direction in three sections along the deck. 

 
a) 
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Figure 3. a) Profile of the Grande Ravine Viaduct with 

installed instrumentation; b) 
 

The acquisition of data is made by a software developed by 
ADVITAM [7] in the LABVIEW platform and has been 
programmed to sample for continuous periods of 13 minutes 
using different sampling frequencies for the different sensors: 
sonic and propeller anemometers are sampled at 32Hz and 
5Hz, respectively; accelerometers are sampled at 1000Hz; 
pressure sensors, at 300Hz, and temperature sensors, at 10Hz. 
This software includes a routine to filter, re-sample at 40Hz 
and record data into text files. Each file stores 32321 lines of 
the 40 channel data (14 from the anemometers, 14 from the 
pressure sensors, 6 from temperature sensors and 6 from the 
accelerometers). Text records are stored in a computer located 
inside the bridge deck and then transferred to a computer in 
FEUP by a management routine that comprises the download 
via FTP, storage and backup of files. 

The monitoring system has been operating continuously 
between December 2009 and June 2012, with occasional 
interruptions due to power failure and maintenance activities. 

The raw data received at FEUP are then processed by a 
code developed in the MATLAB platform. The methodology 
adopted in the development of this code follows a three-level 
detailed sequence:  

- A Preliminary Processing routine conducts an initial check 
of data by inspecting the text files for irregular situation, 
detecting for example, breaks in acquisition, correcting 
and packing valid records into MATLAB binary format 
files (.mat). Valid records are then re-sampled, de-spiked 
and finally decimated to 20Hz; 

- A Global Processing routine provides a global statistic 
analysis of the records. Mean, maximum, standard-

deviation estimates are computed for all signal sensors. 
Wind records are processed in order to characterise the 
global atmospheric pattern and the acceleration records are 
treated with the objective of identification of the dynamic 
structural properties (natural frequencies, modal 
configurations and modal damping); 

- A Detailed Processing routine is applied only to selected 
events, for example to the records exceeding some wind 
velocity threshold. The wind data is sorted by 10-minute 
mean wind events higher than a defined threshold and 
subjected to a stationarity test. The detailed processing of 
wind records comprehends a spectral characterisation, 
with estimation of correlation and integral length scales. 
Correlations of these quantities with pressure data and 
with the structural response captured by the 
accelerometers are then established. 

2 WIND MONITORING 
The diversity of the sensors integrating the monitoring system 
demands different, although articulated strategies in the 
processing of data. These respect specifically the wind 
records, the pressure and the acceleration measurements. This 
section focuses on the analysis of wind data collected in the 
period of 24 months from January 1st to 31st December 2011. 

2.1 Analysis of wind data 

The wind signals are acquired in the anemometer referential, 
in the form of a horizontal direction, a horizontal velocity and 
vertical velocity. After packaging and preliminary processing, 
the data are transformed into the referential of mean wind 
velocity and treated on the basis of 10-minute intervals. 

The global analysis of mean velocity data during the studied 
period, shows that the 10-minute mean wind velocity is quite 
low, of the order of 2.5 m/s, reaching in very few situations 
mean velocities above 11 m/s. Despite the location in an area 
of high cyclonic risk, in the period under analysis no 
significant event of such nature occurred. 

For detailed processing, only time series with 10-minute 
mean velocity higher than 5m/s were selected. The time series 
satisfying this criterion were further screened through 
stationarity tests. From the two-year period in analysis, it was 
concluded that only about 3% of the records have 10-minute 
mean velocity exceeding 5m/s and less than 2.45% of the data 
exhibit stationary properties [8]. 

In order to understand particular characteristics of the wind 
at the bridge site, the ratio between the mean velocity 
recorded by each of the sonic anemometers U and the 
reference propeller anemometers Uprop has been calculated and 
is represented in the “rose” of Figure 4(a). This figure 
evidences higher values of U/Uprop for directions [50°,135°] 
and [200°,315°], which coincide with the ravine and are 
almost perpendicular to the viaduct, whose axis is marked by 
the line in the rose representation. Figure 4(b) shows also that 
U/Uprop grows with the mean wind velocity. It is concluded 
that the wind aligned with the ravine is higher than the 
reference propeller velocity. 

Another aspect to analyse refers to the understanding of 
how the presence of a ravine with very abrupt walls influences 
the wind along the bridge. 
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A comparison of synchronous directions registered by the 
sonic anemometers with the reference propeller can be 
observed in Figure 5. 
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Figure 4. Ratio U/Uprop as function of direction (a) and 
reference velocity (b). 
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Figure 5. 10-minute mean direction of sonic anemometers vs 

mean direction of reference propeller. 
The analysis of this figure evidences generally a linear 

relationship between site and reference propeller directions. 
Exception is made to the direction intervals [60°,150°] and 
[215°,285°] in which sonic anemometers register a quasi 
constant direction defined in the ranges [85°,105°] and 
[260°,275°], respectively. These constant directions reflect the 
alignment of the wind with the ravine. 

Associated with the representation in Figure 6 of the ratio 
U/Uprop with the wind direction, the plot of the incidence with 
the mean wind direction evidences a range [20°,190°], related 
with the wind from the interior of the island, in which the 
wind has a downward direction, with maximum angle to the 
vertical of -1.5°. In the range [190°,20°], wind has an 
ascending direction characterised by two peaks: one with an 
average value reaching 8°, occurs for directions [215°,275°]; 
and the other, with an average value of 5°, occurs for 
directions [315°,355°]. 
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Figure 6. Representation of (a) U/Uprop and of (b) 10-min 
mean incidence with mean wind reference direction. 

The turbulence intensity provides a measure of the 
variability of local turbulence, associated with each velocity 

component u, v and w, and is represented by the ratio between 
the estimate of the standard-deviation for each velocity 
component and the estimated mean velocity, for a 10-minute 
interval. Figure 7 presents an example of the variation of the 
turbulence intensity for wind fluctuating component u, with 
direction (a) and mean velocity (b). The average turbulence 
intensity of each component u, v and w of velocity tends to 
0.21, 0.20 and 0.11, respectively, as the mean velocity 
increases. The turbulence strongly varies with the mean 
direction of wind. This variation is mainly due to the variation 
of roughness upstream the bridge site. The proximity to the 
walls of the ravine is evident by the strong variation of the 
transverse turbulence intensity. 
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Figure 7. Turbulence intensity of wind components u, v and w 
variation with mean wind (a) direction and (b) velocity. 

The scales of turbulence constitute some of the parameters 
of highest interest in the characterisation of turbulent flows, 
representing the dimension of the average eddies of a 
turbulent flow. The turbulence length scales in longitudinal 
direction can be calculated directly from the integral of 
correlation estimates of the wind time histories or from the 
curve fitting of theoretical functions to the spectral estimates 
of wind records. 

Average mean spectral estimates based on 10-minute wind 
turbulent component records have been obtained. Curve 
fitting of these data points is done using a von Karman 
spectral model from which parameters the longitudinal length 
scales l[u,v,w]x of u, v and w wind components are obtained. 
Figure 8 presents an example of the variation with mean wind 
direction and intensity of turbulence length scales of the 
fluctuating wind component u, obtained from spectral 
estimates. This figure denotes the presence of a high level of 
variation with direction, which is essentially due to the 
upstream roughness. This variation diminishes as the mean 
wind velocity increases, stabilising for values around 50m. 
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Figure 8. Variation of longitudinal turbulence length scale of 
wind fluctuating components u with mean wind direction (a) 

and intensity (b). 
The coherence function allows the description of spatial 

correlation of wind turbulence in the frequency domain. This 
function is estimated from the ratio between the square of the 
modulus of the cross spectral estimates and the spectral 
estimates, at different points, and has been approximated, 
according to Davenport [9], by an exponential decay function. 
The fitting of experimental data by this exponential decay 
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function provided the exponential decay coefficients. Figure 9 
exhibit the variation of coherence coefficients of the wind 
component u, with mean wind direction (a) and intensity (b). 

The identified exponential decay coefficients exhibit high 
variation with the direction, essentially due to the turbulence 
intensity variation for lower wind speed. It is concluded from 
the observation of Figure 9(b) that exponential decay 
coefficients increase as the mean wind velocity grows, 
stabilising around 8. This trend is also reported by Simiu and 
Scanlan [9]. 
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Figure 9. Variation with mean wind direction (a) and intensity 
(b) of exponential decay coefficients of wind turbulent 

component u. 

2.2 Full-scale wind model 

Based on the results from full-scale measurements during the 
2-year monitoring period above described, a wind model for 
the Grande Ravine site is proposed in this section. 

The analysis of collected wind records with mean wind 
velocity greater than 7.5m/s allowed the identification of the 
prevalent wind directions. According to the representation of 
Figure 10(a), it can be concluded that the most common 
directions are in the range [200°, 360°], corresponding to 
wind perpendicular to the viaduct axis. Moreover, it could be 
observed that the ravine causes a “bottleneck” effect (see also 
Figure 5 and Figure 6). 

Figure 10(b) represents the coefficients defined by the 
ratio between the mean wind velocity collected at the bridge 
site (anemometers 1 to 4) and the mean wind velocity 
measured by the anemometer located outside the bridge 
(propeller anemometer no. 5). For the prevailing wind 
direction, the ratio U/Uprop varies in the range [0.9, 1.8]. 

The analysis of Figure 10 evidences that the direction 
250°, normal to the viaduct axis, presents the highest 
occurrence and the highest intensity winds (also evidenced in 
Figure 6 with respect to velocity absolute values), therefore 
being selected as the most critical in the present study. 
Furthermore, Figure 10 shows that above 280° the wind 
presents low occurrence and intensity. Based on this 
information, the following directions were taken as critical for 
analysis: 200°, 240°, 240° and 270°. 
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Figure 10. (a) Mean wind prevalence and (b) Usonic/Uprop 
variation with wind direction. 

In the design study [3], the reference velocity of 34m/s 
was considered, according to the proposal by Eurocode 1 [10] 
for the Reunion Island territory. This velocity represents a 
mean wind velocity at 10m height on a flat field terrain type 
associated with a 50-year return period. 

To assess the mean wind velocity at the Grande Ravine 
site for a 50-year return period on the basis of full-scale 
measurements, the reference velocity is affected by the 
roughness coefficient obtained from meteorological data [3] 
and by transfer coefficients calculated by averaging the values 
of the ratio between the 10-minute mean velocity measured by 
sonic anemometers at the viaduct and the 10-minute mean 
velocity measured, synchronously, by the propeller 
anemometer positioned at 10m height. 

The definition of wind properties according to the 
previously identified most penalising directions (±7.5°) was 
based on wind records with velocity higher than 7.5m/s. This 
threshold ensures the stationarity of data needed to define 
local wind characteristics at the site. 

Table 1 summarises the Grande Ravine wind model 
extracted on the basis of the full-scale measurements. 
Comparing the proposed wind model with the one adopted in 
design[3], it can be concluded that the mean wind component 
of full-scale wind model is less severe, while turbulence 
intensities are much higher and turbulence length scales much 
lower and with dimensions close to the viaduct dimensions. 
The transversal length scales and coherence coefficients are 
similar to the values adopted in design. It should be also 
emphasised the influence played by the ravine walls and 
upstream roughness on the assessed local parameters. 

Table 1. Grande Ravine wind model based on full-scale 
measurements. 

Direction [°] 200 240 250 270 
Mean wind velocity [m/s] 30.64 42.24 46.48 45.46 

Incidence [°] 0.02 0.76 1.41 3.54 
Turbulence Intensity 

u 0.2597 0.2336 0.2497 0.2481
v 0.2317 0.2331 0.2605 0.2993
w 0.1147 0.1454 0.2134 0.2395

Turbulence length scales [m]
lux 50.14 44.42 47.92 40.11 
lvx 15.39 19.44 21.41 17.15 
lwx 3.97 10.87 15.93 16.61 
Luy 120.80 50.96 54.09 43.67 
Lvy 77.45 65.37 61.08 42.75 
Lwy 29.98 35.78 40.36 33.01 

Coherence coefficients 
ceuy 4.75 8.27 9.45 8.19 
cevy 4.23 5.25 6.19 7.84 
cewy 6.28 8.23 8.72 7.77 

 

3 AERODYNAMIC FORCE MONITORING 
This section presents the results of the processing of full-scale 
pressure records collected during the same period of 24 
months above referred, from January 1st 2010 to December 
31st 2011. 
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Consistently with the wind data processing, pressure records 
are treated based on data grouped in 10-minute intervals 
sampled at 20Hz. 

For the purpose of selection of data to process, wind records 
from the sonic anemometers 2 and 3 are used. These 
anemometers are installed close to the sections S1 and S2 
where pressure taps are installed (see Figure 3). 

3.1 Analysis of pressure data 

The analysis of the raw pressure records evidences a drift 
growing with time. The analysis of this drift points to a 
malfunctioning of the static pressure sensor used as reference 
and enables the conclusion that it is approximately constant 
over the 10-minute period used in the processing procedure. 

To eliminate the drift from the measured data, pressure 
records corresponding to 10-minute wind intervals with mean 
velocity value lower than 0.4m/s were selected. At this wind 
velocity, the pressure sensors do not have capacity of response 
due to numerical truncation error imposed by the acquisition 
software. Since a reduced number of pressure values exist for 
this particular wind velocity, an interpolation is made in order 
to extract equally spaced points. The curve fitted to these 
points represents the data drift, which can be removed 
subsequently. 

It is verified however that this procedure does not allow a 
fully effective removal of the drift. This is due to the presence 
of significant peaks in the pressure records associated with the 
traffic entering the bridge. This is illustrated with the records 
presented in Figure 11. Pressure sensors are not sensitive to 
low wind but they are sensitive to structural vibration, as a 
consequence of traffic on the bridge. The sporadic peaks in 
the records greatly affect the determination of the signal offset 
and require therefore removal. 
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Figure 11. Example of vehicle entrance in the bridge: (a) in 
pressure and (b) in acceleration signals, recorded 

simultaneously. 
For that reason, an automatic procedure is developed to 

remove peaks from the pressure signals corresponding to wind 
velocity lower than 0,4m/s. Two removal criterions are 
imposed: the derivative between consecutive points has to be 
negative and the maximum absolute value of peaks has to be 
higher than four times the standard-deviation of the interval. 
Pressure data corresponding to wind velocity lower than 
0.4m/s are then scanned for peaks until stabilization of the 
mean and standard deviation of the pressure record between 
consecutive scans. The difference between this 10-minute 

mean pressure to the one calculated before peak removal gives 
then the additional offset correction caused by traffic 
perturbation.  

The application of this methodology conducted to positive 
results as the pressures are now scaled in relation to a 
reference pressure. It is noted however that traffic perturbation 
effects are not entirely removed from the pressure records, 
and this is evident in a raising tail associated with the spectral 
content of the records. 

The implementation of the described procedures conducted 
to the pressure data presented in Figure 12 showing the 10-
minute mean scaled pressure for mean wind velocity higher 
than 5m/s, varying with mean wind direction and incidence. 

 
a)   b) 

Figure 12. Variation of pressure with (a) mean wind direction 
and (b) mean wind incidence. 

The observation of Figure 12 denotes a large scatter in 
pressure distribution. Higher values at pressure taps P10 and 
P14 (see Figure 3) are registered for directions close to 250°, 
coincident with the direction of the sea wind and for wind 
incidence angles around 1.2°. 

3.2 Full-scale vs wind tunnel based pressure data 

The assessment of pressure coefficients is based on the 
following equation  

 21
2 ρ

=p

p
C

U
 (1) 

in which the wind velocity U measured by the anemometers 2 
and 3 placed in the same deck sections instrumented with 
pressure sensors, was used in the normalisation process. 

The pressure coefficients are calculated based on the 
principle that the wind velocity time-histories are stationary, 
i.e., they do not present high variation of wind velocity 
intensity or direction. This guarantees the measured pressures 
can only vary due to turbulence or vortex shedding. 
Considering additionally that only notorious response is 
observed in pressure records for mean wind velocities greater 
than 5-6m/s, only 10-minute intervals associated with mean 
wind velocity higher than 7.5m/s are used to assess force 
coefficients. 

Figure 13 presents the obtained variation of pressure 
coefficients with the mean wind velocity, direction and 
incidence. 

The positioning of the anemometers on the top of the deck 
and the configuration adopted for the pressure tap 
instrumentation along the full-scale cross section contour of 
Grande Ravine viaduct, sufficient to characterise the wind 
forces for wind coming from sea but scarce to characterise 
these forces when the wind comes from land, favour the 
analysis of pressure data in the direction normal to the viaduct 
and for the wind coming from sea. 
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a)   b) 

Figure 13. Variation of pressure coefficients with mean wind 
(a) velocity and (b) direction, for wind velocity higher than 

7.5m/s. 
Furthermore, both the studies carried out at the conception 

stage [3],[4] and the full-scale measurements conducted by the 
authors [8] agree in defining the most prevailing direction 
coincident with the wind coming from sea on the 
perpendicular direction to the viaduct. 

For these reasons the assessment of aerodynamic force 
coefficients is presented based on the analysis of pressure data 
according to wind coming from sea, i.e., with mean direction 
of 250° with an angular variation of ±7.5° and intensity higher 
than 7.5m/s. 

The aerodynamic force coefficients are assessed based on 
equations, 

 21
2 ρ

= x
x

F
C

U BL
 (2) 

 21
2 ρ

= z
z

F
C

U BL
 (3) 

 2 21
2 ρ

=M

M
C

U B L
 (4) 

The aerodynamic force term in these expressions is estimated 
from the integration along the perimeter of the deck section 
exposed in [6] through the equations 
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M F dx F dz  (7) 

in which αi  represents the angle of the panel i of the deck 
surface with length Δ il  with the horizontal, and d is the 
distance from the point of calculation of pressure to the point 
of force equilibrium on the corresponding axis. 

To this purpose the full-scale section of 1 m of the Grande 
Ravine viaduct deck is used, with reference dimensions 
B=22.7m and L=1m. This section is discretized into 123 
panels with dimensions varying between 0.0440x1.0m2 and 

0.8745x1.0m2. Figure 14 shows the section reference points 
and the corresponding normalised length. 

Due to lack of data, the pressures on the top of the section 
contour are considered equal to 0. 

Figure 15 shows the aerodynamic force coefficients Cx, Cz 
and CM assessed for the full-scale sections S1 (with 10 
pressure taps) and S2 (with 4 pressure taps) of the Grande 
Ravine viaduct, varying with mean wind velocity and 
direction. 
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Figure 14. Scheme used in the integration of pressures for 

assessment of force coefficients Cx, Cz and CM. 

 
a)   b) 

 
a)   b) 

 
a)   b) 

Figure 15. Force coefficients Cx, Cz and CM estimated by 
pressure integration in the section contour of cross sections S1 

(blue) and S2 (red). Variation with (a) mean wind intensity 
and (b) direction. 

From the observation of Figure 15, it can be concluded that 
force coefficients are varying linearly with velocity and 
direction. However the lift coefficient values exhibit higher 
dispersion. This scatter can be due to the variation of the 
incidence of wind, as normally this coefficient is more 
sensitive to changes of incidence, or due to force fluctuation 
as consequence of flow detachment in the lower edges of the 
section, ie, from the turbulence and vortex shedding  
generated by the cross section itself. 

The mean values of data presented in Figure 15 lead to the 
values of the aerodynamic coefficients summarised in Table 2 
represented as function of the respective mean incidence. 

The values registered for the incidence, drag and moment 
coefficients are very similar but lift coefficients exhibit some 
discrepancy. The differences registered are mainly due to the 
adopted discretisation of pressure sensors, clearly insufficient 
to characterise the vertical component of the force in the case 
of section S2. 
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Table 2. Mean value of incidence and force coefficients for 
sections S1 and S2 of the Grande Ravine viaduct. 

 Mean Value 
S1(10p) 

Mean Value 
S2(4p) 

Incidence [°] 1.208 1.109 
Cx 0.057 0.076 
Cz -0.412 -0.260 
CM 0.021 0.048 

 
The pressure coefficient configurations obtained from full-

scale measurements along the contour of cross sections S1 and 
S2 of Grande Ravine viaduct are compared in Figure 16 with 
the corresponding values extracted from wind tunnel tests for 
two values of the mean wind velocity, 6 m/s and 12 m/s. Both 
full-scale and wind tunnel section contour results are 
represented having into account the normalisation of the 
contour length in relation to contour perimeter (Figure 14). 

The analysis of Figure 16 shows that the pressure 
coefficients along the contour section S1 and S2 extracted 
from full scale measurements are closer to the wind tunnel 
pressure coefficients determined under higher turbulence 
conditions than to the ones obtained under lower turbulence 
conditions. 
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Figure 16. Variation of pressure coefficients along normalized 
length of Grande Ravine viaduct cross section (a) S1 and (b) 
S2 contour, obtained from wind tunnel tests (dashed line) in 
(1) turbulent and (2) uniform conditions and from full-scale 

measurements (solid line). 
Although limited in terms of discretisation, it can be 

concluded that the instrumented section S1 is sufficient to 
characterise the effects of lower edge flow detachment for 
wind coming from the sea. 

For incidence angles close to the horizontal, the flow tends 
to be detached from the lower upstream edge of the deck cross 
section (point G in Figure 14 and normalized length 0.806 m 
in Figure 16 (a)). 

The magnitude of pressure coefficients registered in the 
lower upstream edge for lower turbulence conditions is higher 
for wind tunnel test results than for full-scale measurement 
results. This effect is mostly due to the real flow turbulence 
conditions which are higher than simulated in wind tunnel and 
affect the flow detachment in the lower upstream edge of the 

section. Consequently the flow reattachment length point 
tends to become near to the lower downstream edge (point F 
in Figure 14, and normalized length of 0,699 m in Figure 16 
(a)), leading to an increase of the pressure magnitude at this 
edge. This effect can also be observed in the magnitude of the 
lift coefficient which decreases for higher turbulence 
condition. 

Figure 17 presents the aerodynamic force coefficients Cx, Cz 
and CM estimated from wind tunnel tests and from full-scale 
measurements, for the two instrumented sections S1 and S2. 
The wind tunnel data presented are obtained for two flow 
velocities, 6m/s (dotted) and 12m/s (dashed). The markers 
represent the synthesis of full-scale measurements. 

Full-scale results are close wind tunnel test data obtained 
for the two wind velocities, although data from the higher 
turbulent condition better approximates full-scale 
measurements. 
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Figure 17. Comparison of aerodynamic force coefficients 
obtained from full-scale measurements and wind tunnel test 

under (a) uniform and (b) turbulent flow conditions. 

4 CORRELATION BETWEEN WIND AND 
AERODYNAMIC FORCE MEASUREMENTS 

The correlation between the aerodynamic forces estimated 
from pressure measurements at section S1 and the wind 
velocity are investigated in this section. For this purpose, the 
relation between the mean pressures measured in section S1 
and the mean wind velocity is represented in Figure 18. 
Observation of this Figure evidences the dependence of the 
measured mean pressures with the square of the mean wind 
velocity. It is reminded that the data presented herein is 
estimated for wind coming from the sea, with a direction 
perpendicular to the viaduct. 

The relation with the mean wind velocity of the 
aerodynamic forces estimated from integration of pressures 
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along the contour of cross section S1 is represented in Figure 
19 for the drag and lift directions. The parabolic curve fitted 
to this data using the force coefficients estimated in Section 3 
and presented in Table 2 is also represented in Figure 19. 

 
Figure 18. Relation between mean wind velocity and mean 

pressure. 
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Figure 19. Relation between the aerodynamic forces estimated 

by integration of pressures at section S1 and the mean wind 
velocity. 

The relation between the aerodynamic forces and the bridge 
response is explored in Figure 20. This figure shows the 
variation with the mean wind velocity of the ratio between 
lateral and vertical rms values of acceleration measured close 
to the mid-span and the drag and lift forces. It is noted that the 
records of acceleration are filtered in such a way that only the 
contributions of modes excited by the wind are included (first 
vertical mode, with a natural frequency of 0.81 Hz, and first 
lateral mode, with a natural frequency of 0.78 Hz), in order to 
reduce as much as possible the effects in the bridge response 
induced by traffic. The significant scatter evidenced in the 
plots of Figure 20 shows that for the lowest wind velocities 
traffic is still governing the response. For mean wind 
velocities greater than 7 m/s, a linear relation is observed 
between filtered acceleration and aerodynamic forces, 
although this relation turns out more evident for the ratios 
between vertical acceleration component and the lift force. 
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Figure 20. Relation between the ratio of (1) horizontal and (2) 
vertical acceleration and aerodynamic forces estimated for (a) 

drag and (b) lift direction at section S1 and the mean wind 
velocity. 

5 CONCLUSIONS 
This paper presents a comprehensive study of the 
aerodynamic characteristics of the Grande Ravine viaduct, 
crossing a deep ravine. The research is based on the analysis 
of wind and pressure collected by a monitoring system 
installed in the structure over a 2-year period. 

Based on the full-scale measurements, a wind model is 
proposed. Comparison between this model and the one 
adopted in design evidences that the mean wind component of 
the full-scale wind model is less severe than the one fixed for 
design, while turbulence intensities are much higher. These 
characteristics are not necessarily conservative, as they can 
lead to higher structural dynamic response. 

Aerodynamic force coefficients are then assessed based on 
the integration of full-scale pressure measurements along the 
contour of deck sections. Comparing with detailed wind 
tunnel tests results, it is concluded that the sensors installed in 
section S1 are sufficient to accurately characterise the 
aerodynamic wind forces for a wind coming from the sea. 

The correlation between the full-scale derived aerodynamic 
forces and the mean wind velocity is analysed, as well as 
variation with the mean wind velocity of the ratio between the 
bridge measured response and the aerodynamic forces. It is 
concluded that traffic effects are important for low wind 
velocities, while a linear behaviour is found for mean wind 
velocities greater than 7 m/s. 
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Simplified Fatigue Assessment for Slender Structures
using adjusted Damage Equivalence Factors
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ABSTRACT: Wind excited stress range spectra may lead to structural failures caused by fatigue. Therefore, a proper determination
of the expected gust induced vibrations and a subsequent stress analysis including a Rainflow cycle counting is needed. Whereat
for the former spectral methods are well established, for the latter various simplifying suggestions have been made in recent
years. In the present paper, the Dirlik Equation is used for the counting of short termed structural responses. Convolving with
site related wind statistics, realistic predictions of the lifetime related distribution of stress cycles are enabled. Based on the
presented methodology, an extensive parameter study has been perfomed in order to discover the dependencies between structural
and aerodynamic properties on the resulting stress range distributions. Finally, a simplified approach is presented, which suggests
damage equivalence factors, taking into account an individual and realistic shape of the cycle count distribution.

KEY WORDS: Gust Response, Fatigue Design, Damage Equivalence Factors

1 INTRODUCTION

Wind affected structures generally have to withstand fluctuating
load cycles. For an appraisement whether the resulting
stress range spectra may lead to structural failures during the
designed lifetime, standard methods are still rare because the
influencing parameters are manifold. A realistic determination
of structural stress range spectra provoked by the natural wind,
requires profound knowledge about the statistical properties
of the wind flow at the considered site, as well as about the
dynamic structural behavior. Eventually, the interpretation of
the resulting structural responses in terms of stress amplitudes
∆σ and associated frequencies of occurrence N(∆σ)Li f e over the
expected lifetime are the main task to allow fatigue verifications.

2 APPROXIMATIVE CLOSED FORM SOLUTIONS

The statistical description of the wind flow succeeds in two time
categories, to consider both, the short-termed flow fluctuations
which may lead to resonant structural responses and the long-
termed fluctuations, which mainly influence the load level at
which structural vibrations occur over the expected life-time.
Accordingly, the fatigue relevant loading over the lifetime can
be expressed as a combination of the short-termed dynamic
effects at a mean load level, which is influenced by the long-
termed average flow conditions. With respect to possible
resonant wind effects under extreme wind conditions, site
related power spectral densities (PSD) of the wind velocity are
needed.

Already 50 years ago, Davenport [2] laid the foundation and
introduced the probabilistic theory for a usage in the field of
wind engineering. Meanwhile nearly all wind codes in the
world adopted procedures which are based on his early work for
the rating of extreme (short-termed) gust effects. Concerning
the long-termed changes of the wind velocity, the probability
density function (PDF), e.g. using the two-parametric Weibull

distribution, allows the determination of the wind performance
under usual conditions.

Structural system properties are generally described by the
mechanical admittance function H(iω), whereat in most cases
a simplified consideration of single degree of freedom systems
deems to be sufficient. Decisive for the susceptibility to
wind induced resonant vibrations and the associated bandwidth
of the structural response, are the natural frequency and the
damping ratio of the system. Namely, with increasing structural
frequency, the excited responses decrease as a consequence of
the falling spectral density, furthermore the response becomes
wider by reason of the quasi-static range in the structural
admittance function up to the natural frequency.

For the interpretation of structural responses with respect
to fatigue, the rain-flow counting method is admittedly the
best instrument [17]. The procedure has been developed by
Matsuishi and Endo [12] for the application with time histories
of stress and can therefore not be used directly in frequency
based analyzes. Hence, during the last decades a lot of research
effort has been focussed on the finding of approximative
solutions.

3 PSD BASED CYCLE COUNTING

Although the numerical rainflow method is an efficient, reliable
and widely accepted tool for determining the amplitude
distribution of stochastic responses, it requires the existence of
plausible stress time series. In case of a non-linear structural
behavior a fatigue life prognosis requires a considerable
diversity of time series which belong to different wind speeds.

For the above reasons, it is more desirable that the
determination of the rainflow classifications of stochastic
processes is enabled in the frequency domain. This task
has been extensively treated in recent decades by researchers
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from different disciplines, especially in aviation and space
technology. In the following sections different approaches are
presented (which are partially described in [6]) and evaluated
in the light of the particular problem of gust excited structural
responses. All methods have in common that they do not
consider an influence of the mean stress amplitude, which is in
accordance e.g. with Eurocode 3-1-9 [4].

The initial point of most stochastic fatigue methods represents
the level crossing formula from Rice according to Eq. (1).
It describes the density of the positive crossings of a given
amplitude level σ based on the standard deviation σσ of the
process to:

f (σ) =
σ

σ2
σ

· exp
(
− σ2

2σ2
σ

)
(1)

For the determination of stress range collectives, an extension
has been proposed by Bendat. Using the spectral moments of a
response power spectral density Saa( f ):

mi =
∫

∞

0
fi ·Saa( f ) d f (2)

The cycle rate EP and the rate of the positive level crossings E0
(as expected value of the frequency ν) is calculated as:

E0 = ν =

√
m2

m0
EP =

√
m4

m2
(3)

Finally an approach for estimating the probability density of
the collective stress can be derived [1]. The Bendat solution
takes into account the rate of the positive extremes associated
with the distribution of these extreme values. It is assumed, that
the distribution of the extreme values of a narrowband process
can be described by a Rayleigh distribution. Since the number
of closed stress cycles are relevant for the fatigue design,
the double stress amplitude ∆σ is used for the calculation.
Consequently, the estimate of the stress range cycles of a
narrow-band process is given by:

N(∆σ) = ν ·T · fr(∆σ ,σ∆σ ) = ν ·T · ∆σ

σ2
∆σ

·exp
(
−∆σ2

2 ·σ2
∆σ

)
(4)

Under gusty wind load narrow-band responses can be
expected for low frequent structures and weakly damped
systems. A distinction between narrow-band and wide-band
signals is shown in Fig. 1(a) and Fig. 1(b). With increasing
bandwidth of the signal, the presented methodology fails to
calculate appropriate level crossings. With respect to structural
responses of different dynamic systems, alternative methods are
needed in order to describe the frequency distribution of the
extreme values. The Rice formula overestimates in these cases
the actual stress range distributions significantly.

Especially in the field of mechanical engineering an empirical
approach for estimating the Rainflow distribution based on the
power spectral density is meanwhile well established. Dirlik
derived this method based on continuous random processes and
subsequent numerical Rainflow counting [3]. He discovered an
empirical relationship between the frequency range description
of the signal and the Rainflow distribution.
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Figure 1. Visualization of Time Series with different
Bandwidths and Effect on the Distribution of Extremes

His studies were directed to stationary, ergodic random
processes with arbitrary bandwidth. Consistently, the Dirlik
probability density function of peak values of a process with
any bandwidth is a weighted sum of a normal distribution and
a Rayleigh distribution. In previous studies of Wirsching and
Shehata [18], a similar approach was chosen, but there an
attempt was made to describe the Rainflow distributions by
Weibull functions. The simulations of Dirlik, as well as own
simulations showed, that the Rainflow distributions of peaks
often differs significantly from a Weibull distribution. For this
reason, the Wirsching-Factor, which has been used for instance
from Holmes [7], is not realistic in case of higher response
bandwidth [9].

With Dirlik’s formula, the density of the number of cycle
counts N′ of a given stress level ∆σ can be computed to:

N′(∆σ) = EP ·T · fD(∆σ) (5)

fD(∆σ) =

D1
Q · e

−Z(∆σ)
Q + D2·Z(∆σ)

R2 · e
−Z(∆σ)2

2·R2 +D3 ·Z(∆σ) · e
−Z(∆σ)2

2

2 ·√m0
(6)

where:

xm =
m1

m0
·
√

m2

m4
R =

γ− xm−D2
1

1− γ−D1 +D2
1

D1 =
2 · (xm− γ2)

1+ γ2 D2 =
1− γ−D1 +D2

1
1−R

D3 = 1−D1−D2 Z(∆σ) =
∆σ

2 ·√m0

Q =
1.25 · (γ−D3−D2 ·R)

D1

are auxillary values.
The accuracy of the method has been verified with respect

to gust excited structures by comparing the results to corre-
sponding transient simulations. In all cases, the discrepancies
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between transient Rainflow count and Dirlik formula where
negligible [10]. Even geometrical nonlinear structures can
be analyzed based on the presented spectral approach. The
necessary stochastic description of the mechanical system has
been presented in [11].

4 FATIGUE BEHAVIOUR AND STRUCTURAL INFLU-
ENCE ON THE LIFETIME

4.1 Assessment of Gust Repsonse with the NLi f e-Formula

Making use of the presented PSD based cycle count algorithm,
the assessment of stress cycles is enabled. But so far, only
the impact of a short-termed extreme wind on the stress range
distribution has been considered. For the computation of the
expected cycles during the designated life-time with respect to
fatigue phenomena, the prevalent wind events during this time
period have to be taken into account as well.

Hence, the resulting cycle count spectrum during the foreseen
lifetime originates from a convolution of short termed stress
range spectra and a long-termed wind statistics. It can be
computed by the following expression:

N′Li f e(∆σ) =
∫ u

0

TLi f e

Tre f
· f (u) ·N′(∆σ ,u)du (7)

where: TLi f e is the designed Lifetime, Tre f is the average time
of the mean wind speed, f (u) is the probability density function
of the wind velocity and N(∆σ ,u) is the stress range spectra for
a given mean wind speed within the average time period. The
latter expression is computed based on the Dirlik formula.

The probability density function for the frequency of
occurrence of mean wind speeds can be derived based on the
Weibull-Distribution:

f (u) =
k
A

(
u
A

)k−1

exp

[
−
(

u
A

)k
]

(8)

where: A is the scale and k is the form parameter of the
distribution. Site dependent values for these parameters can be
taken from the European Wind Atlas [16].
Based on appropriate assumptions for the site dependent
extreme wind impact and the probability of exceedance of
the prevalent wind speeds, a realistic consideration of fatigue
impact is possible. Using the direction related Weibull
Parameter, even a directional design is possible. Finally, the
fatigue verification succeeds based on an appropriate damage
accumulation approach in conjunction with a suitable s-N-
Curve. For example, using a elementary Miner-Rule:

D =
∫

∆σ

N′Li f e(∆σ)

Nc ·
(

∆σc
∆σ

)m d∆σ (9)

It is important to consider, that the cycle count density
N′Li f e(∆σ) has to be integrated over the range of possible stress
amplitudes in order to evaluate the cumulative number of cycles
and hence, the total damage.

Figure 2. Regression of the Cycle Count Distribution

4.2 Shape of Cycle Count Distribution and influencing
Parameters

Due to the analytical formulation of Eq. (7), parametric studies
of the relation between structural and aerodynamic character-
istics on the resulting cycle count distribution can be studied
comparatively easy. The described procedure is significantly
faster than time-domain methods, which require wind field
generations and transient dynamic analyzes. Nevertheless, in
case of linear structural systems, the computation succeeds
without limitations.

In order to allow a general usage of the cycle count
distribution, a normalization of the curve is necessary. It is
postulated, that the maximum stress amplitude ∆σmax occurs
exactly once in the designated lifetime. This demand requires
the consideration of the cumulative function NLi f e, as only in
this notation a frequency of occurence of N = 1 can be found.
The cumulative function is defined as:

NLi f e(s) =
s∫

0

N′Li f e(t) dt (10)

As a result, the NLi f e-Function allows a quantifiable description
of the influences on the damage life. The individual cumulative
stress cycle count distributions can now be normalized by the
maximum amplitude ∆σmax at N = 1 and finally be fitted by a
logarithmic polynomial 2nd order:

∆σ

∆σmax
(NLi f e) = α · log2NLi f e +β · log NLi f e +100 (11)

where the normalized stress ∆σ/∆σmax is given in percent. A
general distinction has to be made concerning parameters, which
affect the amplitude (scaling) of the cycle count distribution and
those which affect the distribution (shape). Concerning the first,
the normalization of stress amplitude to its maximum separates
scaling from shape. Concerning the second, the variation in
shape is expressed in the polynomial coefficients α and β .

4.2.1 Location

The of the Weibull parameters A and k on the fatigue loading
of structures was desribed by Höffer and Görnandt [15].
Assuming a quasi-static structural behavior, they showed how
different Weibull distributions of wind speeds at German sites
affect the cumulative number of cycles. They discovered that
this influence is significant and a that a simplified, unique
assumption for the shape of cumulative cycle counts like in
Eurocode 1 is not realistic.
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Stochastic calculations have been performed in order
to identify the influence of different aerodynamic related
parameters on the shape of the cycle count distribution. For
these investigations, a designated lifetime of TLi f e = 50 a
has been assumed. As structural system a single degree of
freedom oscillator with a natural frequency of f = 1.0 Hz and
a logarithmic damping decrement of δ = 0.01 has been chosen.
The cycle count density N′(∆σ ,u) has been determined based
on the Dirlik formula according to Eq. (6) at a given level of
mean wind speed u and for a reference period of Tre f = 3600 s.

Different aerodynamic values have been modified in order to
evaluate the influence on the fatigue life. It has been discovered,
that the basic wind speed on site ub, the turbulence intensity Iu,
the integral length scale Lux and the quasi-static force coefficient
affect mainly the scaling of the cycle count distribution [8].
Hence, all mentioned parameters primarily affect the maximum
stress amplitude ∆σmax. Therefore, their influence is already
covered by a standard gust response factor approach [13], [14].

Nevertheless, also aerodynamic influences on the shape of the
cycle count distribution have been observed. Mainly the shape
coefficient k of the long-termed wind statistic is to mention in
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Figure 5. Influence of structural dynamic properties on the
cumulative cycle count distribution NLi f e within 50 years

this regard. In the investigations, both parameters of the Weibull
modell for the long-termed wind statistic A and k have been
modified. In Fig. 3 the regression parameter α and β are plotted
for a wide range range of A-k-pairs. Additionally, 18 pairs of
Weibull distributions, representing existing German locations
and assuming different roughness lengths z0 have been marked
in this plot.

It becomes clear that the parameter of the Weibull distribution
have a significant influence on the regression function of the
NLi f e histograms. In order to evaluate the influence on the
actual fatigue damage, the obtained cycle count distribution
have been used with a linear damage accumulation strategy
(modified Miner Rule) and based on following assumptions:
• As a quasi-static maximum stress ∆σmax = 300 N/mm2 is

assumed
• The slopes for the S-N-curve are assumed with m1 = 3 und

m2 = 5
• A cut-off level of dynamic stress of ∆σL = 25,5 N/mm2 is

considered, below this level no damage growth is considered
In Fig. 4, the effect of different locational wind statistics on
the actual fatigue damage is plotted for two different structural
notch cases ∆σC.

4.2.2 Dynamic Properties of the considered Structure

It is well known, that the dynamic structural properties affect
the maximum response stress ∆σmax of a structure considering
the gust response behavior. Using the presented stochastic
approach, it is furthermore of interest, to which extent these
properties do effect the shape of the long-termed cycle count
distribution as well. For this aim, a parameter study has
been performed, in which both parameters eigenfrequency and
damping ratio have been changed within structurally relevant
limits. The influence on the regression parameter α and β of
the NLi f e function has been plotted in Fig. 5 for a specific
pair of Weibull parameters. It becomes apparent that both
dynamic properties are of significant importance considering the
distribution of cycles.

Again, the influence on the actual fatigue damage has been
considered under the same assumptions than in section 4.2.1. In
Fig. 6, the associated absolute values of damage are plotted.
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4.3 Bilinear Regression of Cycle Count Distributions for
various Systems

In the preceding section mainly four parameters have been
identified, which affect the shape of the cycle count distribution.
These parameters are:
• Eigenfrequency f
• Logarithmic Damping δ

• Scale Parameter A of the Weibull distribution of wind speeds
• Shape Parameter k of the Weibull distribution of wind speeds

In order to enable a combined consideration of all these parame-
ters, besides exemplary calculations (like those presented in Fig.
5), a wide matrix of Weibull pairs A-k has been investigated in
order to achieve a broader database concerning the influences
on the cycle count distributions. All in all, over 14.000 dynamic
calculations have been performed. For a tight provision of
these results, in the following a reduction of the 4-dimensional
problem is described. The two-dimensional result surfaces for
α and β (in the f -δ -plane) of each Weibull-pair can be fitted
by an appropriate shape function with a least-squares method
(s. Fig. 2). Subsequently, the parameters of the chosen
shape function can be plotted dependent on A and k. Hence,
the 4-dimensional problem has been broken down into two 2-
dimensional problems, which can be easily plotted in surface
diagrams.

The mathematical separation of the 4-dimensional result
matrices for α and β succeeds with introduction of the auxillary
matrices κ and λ and the shape function Ω:

α( f ,δ ,A,k) = κ(A,k) ·Ω( f ,δ ) (12)
β ( f ,δ ,A,k) = λ (A,k) ·Ω( f ,δ ) (13)

Different shape functions have been investigated. As a most
detailed approach, a biquadratic polynominal with 6 parameters
has been used. Further simplifications showed, that the number
of necessary parameters could be reduced to 3, representing a
simplified bilinear approach:

Ω(δ , f ) = c1 · log δ + c2 · log f+ c3 (14)
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Figure 7. Exemplary fitting of the computation results with a
bilinear shape function (Weibull parameter: A=5,0 m/s and
k=1,9) after first optimization step

Using a two-dimensional optimization according to the least-
squares method allowed the description of the surface with the
mentioned parameters:

∑
i

∑
j
[Ω(δ , f )−Ψ( f ,δ ,A,k)]2→min (15)

Where Ψ represents the result matrices for α and β .
Accordingly, the conditional equations are given by:

α =κ1(A,k) · log δ +κ2(A,k) · log f+κ3(A,k) (16)
β =λ1(A,k) · log δ +λ2(A,k) · log f+λ3(A,k) (17)

The planar representation of the regression results of
the NLi f e-distribution showed partially appreciable deviations
between the exact calculation and the approximation to the
bilinear shape functions, see Fig. ??. This was mainly caused by
the fact that there is a dependency between the variables α and
β , so the choice of a slightly larger α-value leads to a slightly
smaller β value and vice versa. With regard to the optimization
strategy, this means that there may be no clear optima, and the
local minimum of Eq. (15) lies in a shallow valley and thus
the optimization found is not particularly stable. Therefore, a
second constrained optimization step has been made. In this
step, the former linearized results for α have been kept and the
corresponding, optimum values for β have been determined.

The final results of the bi-linear optimization of all considered
dynamic calculations are plotted in Fig. 8. In combination with
Eq. (16) and (17) the values κi and λi can be used directly to
determine a site and structure related cycle count distribution.

5 DAMAGE EQUIVALENCE FACTOR CONCEPT

In the preceding sections the main computation strategy and
a simplified possibility for the determination of realistic cycle
count distributions is presented. The latter allows a detailed
verification of the actual fatigue life considering appropriate
S-N curves and damage accumulation strategies. However,
at least for a pre-design stage, the damage assessment might
be still too extensive, as the damage integral has still to be
solved. For this reason some additional considerations have
been made, allowing to reduce the fatigue assessment to a really
simple check of the fatigue endurance. The following items are
addressed in order to allow a further simplification:
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Figure 8. Parameter κ and λ for the simplified determination
of realistic cycle count Spectra considering dynamic
structural properties and the wind statistic on site

• Consideration of a realistic shape of the NLi f e-curve based on
α( f ,δ ,A,k) and β ( f ,δ ,A,k)

• Assumption of a certain shape of the structural S-N curve
(trilinear or single slope)

• Linear damage hypothesis (elementary or modified Miner
rule)

Based on these preconditions, an equivalent stress amplitude
∆σE at a given number of cycles can be computed which leads
to an identical damage than the original collective. The ratio
between the maximum stress amplitude ∆σmax and ∆σE , is
therefore denoted as a damage equivalence factor.
In order to calculate the damage due to the NLi f e cycle count
distribution in a general form, the density of cycle numbers
N′Li f e(s) in accordance to Eq. (7) is needed. The deviation of
the cumulative cycle count function is given by:

N′Li f e(s) =
dNLi f e(s)

ds
=− ln(10)

γ(s)
· exp

[
−β + γ(s)

2α
· ln(10)

]
(18)

where:

γ(s) =
√

β 2−400 ·α +4 · s ·α
s = ∆σ/∆σmax

The general formulation of the structural damage under
consideration of the elementary Miner rule leads to:

D =
∫

∆σ

N′Li f e(∆σ)

Nc ·
(

∆σc
∆σ

)m d∆σ (19)

where ∆σc is the notch case of the structural detail and m ist
the slope of the S-N curve. As the NLi f e curve represends the
cumulative cycle counts within 50 years, Eq. (19) yields to the
associated damage within this period.

5.1 Elementary Miner-Rule (acc. to Palmgren)

In this section the steps are described, which allow the devel-
opment of damage equivalence factors using the elementary
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Figure 9. Computation of partial and cumulative Damage for
a NLi f e-function with α=0.7 and β=-17.4 and ∆σmax =
500 N/mm2 considering a notch case ∆σC = 100 N/mm2

according to elementary and modified Miner rule

Miner rule. The equivalent stress range ∆σE can be calculated
implicitly by the definition of the number equivalent of cycles
nE = ND = 5 ·106 and by the demand of an identity of damages:

nE

NE
=

ND

NE

!
= DMiner,elementary (20)

The associated stress range amplitude ∆σE is defined based on
the structural S-N curve:

∆σE =

(
∆σ

m
D ·

ND

NE

) 1
m

(21)

and hence, if the damage D is known:

∆σE = (∆σ
m
D ·D)

1
m (22)

Under consideration of Eq. (19), the equivalent stress amplitude
can finally be derived to:

∆σE =

 1
ND
·

∞∫
0

N′Li f e

(
100 · s

∆σmax

)
· sm ds

 1
m

(23)

The damage equivalence factor KF for the consideration of the
shape of the stress range collective is given by:

KF = ∆σmax/∆σE (24)

The fatigue endurance verification can be performed consider-
ing characteristic values as follows:

∆σmax/KF
!
≤ ∆σD (25)

A realistic damage assessment is enabled using the bearable
cycle counts NE , which are associated with the stress amplitude
∆σE :
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NE =

(
∆σD

∆σE

)m

·ND (26)

Finally, the corresponding damage value is defined as:

D =
nE

NE
=

ND

NE
(27)

The verification now includes implicitly the individual shape of
the stress and leads to the same collective damage value as the
integral of the actual collective consideration based on Eq. (19).

5.2 Modified Miner-Rule (acc. to Haibach)

The derivation of the damage equivalence factor KF is slightly
more complex, when a S-N curve ∆σW (N) with different slopes
is considered. Depending on the particular slope, the equivalent
stress amplitude ∆σE can be determined by a distinction of cases
to:

∆σE =
(
∆σ

m1
D ·D

) 1
m1 for NE < ND (28)

∆σE =
(
∆σ

m2
D ·D

) 1
m2 for ND ≤ NE (29)

Using the modified Miner rule in the damage calculation, the
value of D is is generally lower, but for most materials more
realistic than according to Eq. (27). For the further computation,
Eq. (24) till Eq. (27) remain valid.

5.3 Damage Equivalence Factors for Application

For an enabling of a preferably simple and general fatigue
assessment concept, it was essential to avoid dependencies of
the damage equivalence factor KF to other parameters than the
shape of the cycle count distribution. Especially an influence
of the maximum stress amplitude ∆σmax and the notch case
∆σC would complicate the concept. Considering Eq. (22), it
becomes apparent that the equivalent stress range depends on
the fatigue endurance limit ∆σD in a direct way and indirectly
by the damage D. Therefore, the equivalent stress range ∆σE ,
and thus the damage equivalence factor KF , are not dependent
on the notch case ∆σC. However, as soon as a S-N curve with
different inclinations is used, this independency is lost, due to
the necessary case distinction according to Eq. (28) and (29).

KF
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Figure 11. Damage Equivalence Factors KF dependent on the
regression parameter of the NLi f e-function and assuming
the elementary Miner rule

Generally, the maximum value of the stress collective ∆σmax
affects the computed structural damage. In case of a simple
linear S-N curve (elementary Miner rule) it follows for different
collective maximums ∆σmax,1 and ∆σmax,2:

D2 = D1 ·
(

∆σmax,2

∆σmax,1

)m

(30)

Consequently, in conjunction with equation (22) it follows, that
the equivalent stress range ∆σE acts linear to the maximum
stress amplitude ∆σmax of the collective. Thus, the damage
equivalence factor KF is also independent of the collective
maximum amplitude ∆σmax.

When the modified Miner’s rule is used, the damage
equivalence factor KF depends on both the collective maximum
and the notch case of the S-N curve. For the establishment of an
easy concept it is therefore advantageous to use the conservative
elementary Miner rule with a unique slope of m1 = 3.

In Fig. 11, the damage equivalence factors are plotted for
arbitrary combinations of the regression parameter α and β of
the cycle count distribution NLi f e. Considering the influence
of wind characteristic and structural dynamic properties, the
equivalent stress factors can be read directly from the chart.
Therefore, the bi-linear regression model from Section 4.3 has
been used. As the plot is restricted to three different values for
the shape parameter k of the Weibull distribution, the usage is
limited to rather approximative calculations, for example as a
part of a pre-dimensioning. For the accurate determination of
the damage equivalent factors it is recommended to determine
the parameter α and β in advance using the equations described
in section 4.3.

For the fatigue assessment finally Eq. (25) can be simplified
to:

γF f ·
∆σmax

KF

!
≤ ∆σD

γM f
(31)

Due to the implicit form of the elementary Miner rule this proof
is generally on the safe side.
The corresponding damage value can be calculated as follows:
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D =

(
∆σD

∆σmax
·KF

)−m

(32)

6 EXAMPLE

In this section the presented methods are demonstrated briefly
using the example of a steel chimney, which is located at the
Institute for Steel Structures, see Fig. 12. Several years ago,
Gahlemann conducted measurements on-site and he calculated
a fatigue Damage, which is associated with measured the gust
response behavior of the structure [5]. In his investigations he
computed a maximum dynamic stress amplitude of ∆σmax =
142.9 N/mm2 and a damage value of DGust = 0.21 within a
period of 50 years using the modified Miner rule.

Considering the structural and site dependent aerodynamic
parameter, given in Fig. 12, a damage equivalence factor of
approximately KF = 6 can be extracted from Fig. 11. For the
notch case of ∆σC = 36 N/mm2, the fatigue endurance limit
derives to ∆σD = 26.5 N/mm2. Based on these values a damage
of:

D =

(
26.5

142.9
·6.0

)−3

= 0.72

is estimated. Taking into account, that the simplified approach
is based on the elementary Miner concept, the correlation of the
damage values is quite impressive.

7 CONCLUSIONS

It has been shown, that reliable fatigue verifications based on
cumulative damage predictions are possible by means of closed
form spectral methods. Due to the tight manageability of the
presented formulas, the procedure is advisable for the fatigue
verification of arbitrary structures under gusty wind loads.

As main influencing parameters of the stress cycle count
distribution, mainly the structural frequency, the damping
behavior and the wind statistic on site has been identified.
Under consideration of appropriate shape function, the four
independent parameters have been brought together in order to
enable a simplified, graphical description.

Finally, the damage equivalence factor concepts has been
introduced on the base of the regression parameters which
describe the actual shape of the cycle count distribution. In
combination with the elementary Miner rule it was possible to
calculated divisors, which allow a reduction of the maximum
stress level in order to consider the distribution of cycle counts.
The methodology is very simple in use and it is demonstrated
for an exemplary structure.
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ABSTRACT: The excessive vibration in a building due to along-wind and across-wind excitations can affect the health and/or 

interrupt the activities of the inhabitants. Perception curves, in terms of mean peak acceleration or standard deviation of 

acceleration have been developed and adopted in codes as serviceability criteria for designing buildings. Some of these criteria 

do not incorporate the uncertainty in structural properties and wind characteristics. The main purpose of this study is to carry out 

a comparison between some of the major serviceability criteria for designing buildings and to estimate the reliability level for 

structures designed according to such perception curves, incorporating the uncertainty in structural properties, wind 

characteristics, and in the human perception of motion. For the analyses, the probability distribution of the peak acceleration 

response proposed by Davenport is adopted, and the random vibration approach is employed to determine the maximum 

response of a structure. Results of the analysis indicate that the reliability (the probability that the wind-induced vibration of a 

designed structure is not perceived within a service period) associated with structures designed according to different 

serviceability criteria is not the same, even if the structures are designed for the same perception level.  

KEY WORDS: Wind; Vibration; Acceleration; Perception Curves; Reliability. 

1 INTRODUCTION 

The design of tall buildings includes the consideration of an 

ultimate limit state and a serviceability limit state. Even if the 

ultimate limit state is satisfied, tall buildings can experience 

excessive vibration under wind loading. This excessive 

vibration can deteriorate health of the inhabitants of the 

buildings, disrupt the activities or cause discomfort.  

Some studies on the acceleration limits for human comfort 

levels were carried out in the 70’s by Van Koten, Chen and 

Chang [2, 3, 4]. These studies related acceleration levels with 

subjective descriptors. From these studies, it is possible to 

identify levels of perception of acceleration at about 15 milli-

g. To take into account the excessive vibration during the 

design stage, codes and/or standards propose the use of 

criteria to limit the excessive wind-induced motion [5, 6, 7]. 

The criterion proposed by ISO10137 [5] suggests the use of 

the mean peak acceleration, as a function of the frequency of 

vibration, to limit the discomfort level and disruption of tasks 

of inhabitants of buildings. The NBCC [6] also employs the 

mean peak acceleration as a perception limit; this criterion is 

independent of the frequency of vibration. The AIJ [7] 

suggests the use of perception curves with different perception 

levels; this criterion is frequency dependent and uses the mean 

peak acceleration to limit the wind-induced motion. All these 

criteria consider a 1-year return period value of wind speed, 

except for the NBCC [6] that considers a 10-year return 

period of wind speed. 

Figure 1 presents a comparison of the three criteria 

described above. All the curves correspond to a 10-year return 

period value of the mean wind speed.   

 

 

 

 

Figure 1. Limits of perception. 

 

It is observed in Figure 1 that the perception levels suggested 

in ISO10137 [5] and the NBCC [6] depends on the use of the 

structure, while the criterion suggested by the AIJ [7] 

considers the use of curves associated with different 

probability of perception levels.  

The serviceability criteria suggested by ISO10137 [5] and the 

AIJ [7] is employed to estimate the reliability levels for 
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structures designed according to such perception curves, 

incorporating the uncertainty in structural properties, wind 

characteristics, and in the human perception of motion.  

  

2 RESPONSE OF TALL BUILDINGS UNDER WIND 

LOADING 

2.1 Mean peak acceleration 

The action of wind around a structure induces aerodynamic 

forces that can cause excessive vibration (acceleration).  The 

amplitude of vibration depends on the dynamic properties of 

the structure. Two types of measures are usually adopted to 

study wind-induced vibration, one is the mean peak 

acceleration and the other one is the standard deviation of 

acceleration. The former is associated with the search for 

safety while the latter is associated with physical discomfort 

(dizziness for example). These measures are related through 

the following expression: 

  vga aˆ  (1) 

 

where â  is the mean peak acceleration, a  is the r.m.s. of 

acceleration for a given wind speed v given by: 

    00
0)( fSfv

m

F
va   (2) 

where 0F is a transformation factor from mean wind speed to 

force, m is the mass of the structure (it is considered that the 

structure can be modeled as a single-degree-of-freedom 

system), f is the natural frequency of the structure in Hz, 

 0fS  is the power spectral density function of turbulent wind 

at f0,  is the ratio of damping of the structure, and g is a peak 

factor defined as: 

  
 Tf

Tfg
0

0
ln2

577.0
ln2   (3) 

where T is the duration of the application of the wind loading, 

in s.  

 

In this study we use the mean peak acceleration as a 

measure of wind-induced vibration. The following section 

describes how uncertainty in structural properties, wind 

characteristics, and the human perception of motion are 

considered in this paper. 

  

2.2 Consideration of uncertainty 

According to Davenport [1], the probability distribution of the 

peak acceleration (response), Â , conditioned on a given 

mean wind speed v is written as:  

 

)))ln2ˆ(ln2exp(exp(ˆ 00ˆ (v)σT)(fa(v)/σT)(f)a(F aaA   (4) 

 

where the mean and standard deviation of Â , are given by: 

 )(ˆ vgm aA
  (5) 

and, 

  )ln(26/)( 0ˆ TfvaA   (6) 

If the annual maximum mean wind speed V is modeled as a 

Gumbel variable, its probability distribution is given by: 

 

))))/6577.01()(6(exp(exp( vvvvV mvm/(v)F    (7) 

 

where v is the coefficient of variation (COV) of v, and mv is 

the mean value of v, defined as: 

    ))/6(/11lnln577.01(/ vrTv Tvm   (8) 

where vT is the maximum wind speed for a given return period 

Tr. 

 

According to Burton [8], the probability of perception for a 

given peak acceleration is defined by a standard normal 

distribution and is written as: 

  
 
















2

1/ˆln
ˆˆ c

ca
aaPP  (9) 

where c1 and c2 are parameters of the model that depend on 

the frequency of vibration. 

 

To take into account the uncertainty in structural properties 

(associated with f, , and 0F , we considered that they are 

lognormally distributed [9, 10, 11]. 

 

By using the total probability theorem and integrating over the 

domain of the random variables considered, the unconditional 

probability of perception can be written as: 

         advdFdfddfffFfvfafav
a

RaPPP DnnfDFVAfP
nD

~~~~~~
)

~
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~
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(10) 

where 0
~

DF , nf
~

 and 
~

 represent normalized random 

variables (normalized with respect to their mean value) with 

probability density functions denoted by  0~
~

0 DF Ff
D

, )
~

(~ nf ff
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and  
~

~f , respectively;  v
a
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  (11) 

 

where acr is a target acceleration that can be used for a design 

review; mfn is the mean value of fn, and Iv is the turbulence 

intensity of wind. 

 

Equation (10) is used in the following section to estimate 

the reliability or probability that the wind-induced vibration of 

a designed structure is not perceived within a service period.  
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3 PARAMETRIC ANALYSIS TO ESTIMATE THE 

UNCONDITIONAL PROBABLITY OF PERCEPTION  

For the parametric analyses, a combination of parameters of 

the random variables is employed to estimate the reliability 

associated with the criteria suggested by ISO10137 [5] and the 

AIJ [7]. Note that the criterion suggested by the NBCC [6] is 

not included since it is frequency independent. 

3.1 Procedure to estimate the unconditional probability of 

perception 

The procedure employed to calculate PfP associated with each 

of the criteria considered is as follows: 

1) From any of the criteria used, select a target value acr,  

2) Characterized each probability density function with its 

parameters, 

3) Using 1) and 2) solve Eq. (10) to determine PfP, 

4) Associate the obtained PfP with the target value acr, 

5) Repeat Steps 1) to 4) for different values of acr. 

 

The parameters used to estimate the reliability are 

summarized in Table 1. 

 

Table 1. Summary of parameters used in the analysis.  

Parameter Value Parameter Value 

T 3600s COV of 0
~

DF  0.125 

  0.01 COV of nf
~

 0.175 

0f  0.1-1.0 Hz COV of 
~

 0.275 

vT 30 m/s COV of v  See plots 

    

 

3.2 Unconditional probability of perception associated 

with ISO10137 (2007) 

For the analyses, the mean peak acceleration curves for 

residences and offices (see Fig. 1) are considered. The 

procedure described in Section 3.1 is applied and the results of 

the analysis are presented in Figure 2, for two different values 

of v. 
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Figure 2. ISO10137 (2007) perception curves and calculated 

curves for different Pfp values: a) v = 0.15; b) v = 0.30. 

 

It is observed in Figure 2 that Pfp is very sensitive to the 

uncertainty in wind speed. Another important observation is 

that forv = 0.15, the curve for residences suggested by [5] 

could be associated approximately with a Pfp value equal to 

0.67, whereas that for offices could be associated with a Pfp 

value equal to 0.84.  For v = 0.30, the values of Pfp for 

residences and offices are equal to 0.40 and 0.54, respectively. 

 

3.3 Unconditional probability of perception associated 

with AIJ (2004) 

For the analyses, the H-90 and the H-10 curves (90% and 10% 

of perception level) are considered. The results obtained are 

presented in Figure 3. 
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Figure 3. AIJ (2004) H-90 and H-10 curves and calculated 

curves for different Pfp values: a) v = 0.15; b) v = 0.30. 

 

Similar conclusions to those drawn from Figure 2 are 

applicable to Figure 3, except that the H-90 and H-10 could be 

associated approximately with a Pfp value equal to 0.67 and 

0.12 for v = 0.15, respectively. These Pfp values are 

approximately equal to 0.40 and 0.095 for v = 0.30. 

 

3.4 Comparison of results 

Table 2 presents a summary of the results obtained from the 

parametric study. 

 

Table 2. Summary of results 

Code or standard AIJ (2004) 

Pfp 

ISO10137 (2007) 

Pfp 

Residences (v=0.15) - 0.67 

Offices (v=0.15) - 0.84 

Residences (v=0.30) - 0.40 

Offices (v=0.30) - 0.54 

H-10 (v=0.15) 0.12 - 

H-90 (v=0.15) 0.67 - 

H-10 (v=0.30) 0.09 - 

H-90 (v=0.30) 0.40 - 

   

 

It is observed in Table 2 that the impact of v on Pfp is very 

significant. This observation is important since the wind 

climate (v) of a particular site could affect the value Pfp 

associated with a particular criterion, although some 

researchers have proposed the use of serviceability factors that 

can be used for design checking; these factors were calibrated 

to take into account a range of v values [12]. When using the 

criterion proposed by ISO10137 [5], Pfp for residences is 

smaller than that for offices, as expected. With respect to the 

H-90 curve, it is observed that it is associated with values of 

Pfp within 0.40 to 0.67 for the parameters considered; these 

values are smaller than the original 90% of perception level. 

Similar observations can be drawn from the H-10 curve. It is 

also interesting to note that the Pfp values associated with 

ISO10137 [5] for residences are similar to those from the H-

90 curve proposed by the AIJ [7]. This can be explained by 

noting that the limits of perception (see Figure 1) from both 

curves are very similar. 

 

4 FINAL COMMENTS 

A comparison between some of the major serviceability 

criteria for designing buildings and to estimate the reliability 

level for structures designed according to such perception 

curves, incorporating the uncertainty in structural properties, 

wind characteristics, and in the human perception of motion 

was carried out. For the analyses, the probability distribution 

of the peak acceleration response, and the random vibration 

approach was employed. The analyses results indicate that the 

unconditional probability of perception associated with 

structures designed according to different serviceability 

criteria is not the same, even if the structures are designed for 

the same perception level. 

 

Other conclusions that can be drawn from the results are: 

 

 Pfp is very sensitive to the COV of wind speed. 

 When considering uncertainty in structural 

properties, wind characteristics, and the human 

perception of motion, the Pfp values calculated for 

each criterion are different than the probability of 

perception associated with each criterion. 
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ABSTRACT: The goal of this paper is to propose a non-linear dynamic model based on experimental data and NBR-6123:1987 
[1] to accomplish a non-linear dynamic analysis of slender structures subjected to wind loading. Several tests were conducted do 
asses the effective stiffness of slender structures as function of the internal loads. Once we have one equation to represent the 
real stiffness we proceed the dynamic analysis. At first we compute the static response given by the mean wind speed. In this 
part of the problem we consider the concept of effective stiffness to represent the physical non-linearity of material and a P-
Delta method to represent the geometrical non-linearity. Considering the final stiffness obtained in that P-Delta method we 
compute the dynamic response given by the floating wind speed, according to the discrete dynamic model given by NBR-
6123:1987 [1]. A 40 m RC telecommunication tower was analyzed and the results obtained were compared with those given by 
linear static and dynamic models. We conclude that the non-linear dynamic analysis proposed here leads to values of internal 
loads 15% larger than the traditional linear dynamic analysis and 50% larger than the static analysis. 

KEY WORDS: Nonlinear dynamic analysis; wind loading; optimization; experimental data. 

1 INTRODUCTION 
The models proposed by Brazilian Code NBR-6123:1987 [1] 
to accomplish a dynamic analysis of structures subjected wind 
loading are based on linear dynamic models. In RC structures 
where the effective stiffness changes continuously due to non-
linear material behavior and the level of strength, linear 
models could not describe precisely the structure behavior. 
Computation of cross-sections properties, and consequently 
the displacements and internal loads, in slender RC structures 
subjected to wind loading is a very difficult task because as 
the loads change along time, cross-sections properties change 
too. Which stiffness considers? Wind speed is defined by two 
components, one is the mean wind speed and another is the 
floating wind speed. Mean wind speed applies on the 
structures static loads, while floating wind speed applies 
dynamic loading. The models given by NBR-6123:1987 [1] 
are based on linear dynamic models, in other words, they 
consider a constant stiffness along time, what does not happen 
in practice. 

In this work the authors analyze a pre-fabricated 40 m RC 
telecommunication tower (Fig. 1) similar to others erected at 
Minas Gerais and Espírito Santo states of Brazil. For the 
effects of the mean wind speed on structure, the authors 
consider a non-linear behavior. In this phase, a P-Delta effect 
will be considered on the structure. In each iteration, the 
effective stiffness is given by Brasil et Silva [4]. After this 
method converging, we initiate the computation of the 
dynamic effects of wind given by the floating wind speed. The 
authors consider that the structure vibrates around an 
equilibrium position. This position is that one gave by the last 
iteration of P-Delta method. Then, the natural modes and 
frequencies of vibration are computed considering the 
effective stiffness given by the last iteration of P-Delta 
method. Once the natural shapes and frequencies are known, 

the dynamic analysis can be done according to NBR-
6123:1987 [1]. The sum of the static, given by P-Delta 
method with Brasil and Silva [4] curves, and dynamic 
components, provided by the discrete dynamic model of 
NBR-6123:1987, gives structural behavior. 

 
Figure 1. Typical RC telecommunication tower: original 

and discretized structure. 

2 NONLINEAR DYNAMIC ANALYSIS 

2.1 Linear static analysis (LSA) 

According to NBR-6123:1987 [1] V0 (meters per second) is 
the mean wind speed computed on 3 seconds, at 10 meters 
above ground, at a plain terrain with no roughness, with 
recurrence of 50 years. The topographic factor is S1, while the 
terrain roughness is given by factor S2, which is a function 
given by 

  p
r zbFS )10(2 =  (1)  

where b, p and Fr are factors which depend on the terrain 
characteristics, and z is the height above ground in meters. 
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The statistic factor is S3. Both S1, S2 e S3 are given by tables in 
Brazilian Code NBR-6123:1987 [1]. The characteristic wind 
speed (meters per second) and the wind pressure (Pascal) are 
respectively 

 3210 SSSVVk ⋅⋅⋅=    2613.0 kVq ⋅=  (2) 

The wind load (Newton) on an area A (projection on a 
vertical plane of a given object area in square meters) is 
computed as 

 ACqF a ⋅⋅=  (3) 

where Ca is the aerodynamic coefficient. The Brazilian Code 
NBR-6123:1987 presents tables for Ca values. 

2.2 Linear Dynamic Analysis (LDA) 

According to NBR-6123:1987 [1], for the j-th degree of 
freedom, the total load Xj due to direct along wind is the sum 
of the mean and floating load given by: 

 
jjj XXX ˆ+=  (4) 

where the mean load   is: 

 
p

r

j
jjoj z

z
ACbqX

2
2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=  (5) 

being  

 2613.0 po Vq =    31069.0 SSVVp =  (6) 

b and p indicated in Table 20 of NBR-6123:1987 [1]; zr is the 
level of reference, equal to 10 meters in this work; pV   is 
design wind speed corresponding to the mean speed during 10 
minutes at 10 meters above the ground level, for a terrain 
roughness (S2) category II. 

The floating component, is given by: 

 
jjHj FX ϕψ=ˆ  (7) 
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being mi, m0, Ai, A0, ξ and Cai, respectively, the lumped mass 
at the i-th degree of freedom, a reference mass, the equivalent 
area at the i-th degree of freedom, a reference area, the 
dynamic amplification coefficient (Fig. 17 of NBR-6123:1987 
[1]) and the area Ai aerodynamic coefficient.  

Note that ϕ = [ϕi] is a given mode of vibration. To compute 
ϕi and ξ is necessary to consider the structure mass and 
stiffness. The lumped mass can be easily calculated by 
summing the mass around an influence region of the node. 
The total homogenized moment of inertia of the cross-section 
is given by 

 hom total sc III +=   )1(
sec

hom −=
c

s
ss E

E
II    

) (     5.366009.0sec MPafE ckc +×=      (9) 

 
being Es, Ec sec, Is, Is,hom, Ic and fck, respectively, the elasticity 
modulus of steel, the secant elasticity modulus of concrete 
(NBR-6118:1978[2]), moment of inertia related to the 
structure axis of the total longitudinal steel area, the 
homogenized moment of inertia of the longitudinal steel area, 
the moment of inertia of the total cross-section area and the 
characteristic compressive resistance in MPa at 28 days old 
concrete. Since this model is based on linear dynamic models, 
we consider the cross-section moment of inertia the total 
stiffness, such as: 

 I = Itotal, (10) 

of each section to compute stiffness matrix of the structure. 
This assumption may be justified because if this is a linear 
elastic model, any cross-section damage can be considered in 
this analysis, so the stiffness to be considered must be the total 
stiffness. 

When r modes are considered in the analysis, the 
combination of these modes, for a given dynamic variable  , is 
computed as 
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is transversal dynamic load. 

2.3 Nonlinear Dynamic Analysis 

As stated before, the loads due to the wind speed present two 
components, the static loads due to mean wind speed and the 
dynamic loads due to the floating wind speed. The static loads 
are computed as given in Eq. (5) and (6). We call the first 
results obtained using these equations as the first order static 
internal loads. At this point, we consider that the structure 
under those static loads is subjected to the P-Delta Effect. The 
static displacements ( ), at the i-th node and the j-th iteration 
of the P-Delta method, are computed considering the effective 
stiffness. Differently of what occurs in Section 2.2, we 
consider the following expressions to compute the moment of 
inertia (Brasil and Silva [4]) at the i-th node and the j-th 
iteration of the P-Delta method: 

 
ijijiEFji IwII   total)()(  )( ==        ( ))()( jiji xww = ,   

 
ui

jik

ji M

M
x )1(

)(
−=  (32) 

being IEF, w, x,   and Mu, respectively, the effective moment of 
inertia, the parameter of effective stiffness, the level of 
strength, the working bending moment due to mean wind 
speed and the ultimate code based moment of a given cross-
section. In Eq. (12) we consider that the damage occurred in 
the cross-sections is represented by the effective stiffness 
concept. 

Finally, the P-Delta effect is computed, at the i-th node and 
the j-th iteration of the P-Delta method, as 
 

 )( )1()()( −−Δ=Δ jijiikjik NM δδ  
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l

jlkjikjik MMM )()1()(
 (43) 

 
We call the final results obtained using these equations as 

the second order static internal loads. Considering the stiffness 
obtained in final iteration of P-Delta method we compute the 
modes and frequencies of vibration of the structure and so 
accomplish the dynamic analysis, according to described by 
equations (7) and (8). We considered that the structure 
displaces around the equilibrium position given by the P-Delta 
Method. 

3 THE SAMPLE STRUCTURE 
The structure analyzed here is an RC telecommunication 
tower with 40 m long and diameter of 60 cm. The structure is 
cylindrical with cross-section in circular ring. Properties 
changes along the structure axis, because the thickness and 
steel area vary along the axis. The concrete used in the 
fabrication of the structure presents characteristic resistance 
(fck) at 28 days old equal to 45 MPa, what represents, 
according to Eq. (9) Ec sec = 41.4 GPa. We consider the 
elasticity modulus of the structure E = Ec sec. The concrete 
covering is 25 mm. The concrete design resistance is fcd = 
45/1.3 MPa. The steel used in confection of structure presents 
fyd = 500/1.15 MPa (steel design resistance) and Es = 210 GPa. 
The structure is discretized into 40 elements of one meter long 
each one. The properties are shown in Table 1. 

In Table 1 we used the following notation: Node – the node 
number in the Finite Elements Method (FEM) Program; 
Height – level related to the ground level; Øext – external 
diameter of the cross-section; Thick. – thickness of the cross-
section; M – nodal mass (lumped mass); A total – cross-section 
area; Ic – moment of inertia of the circular ring; nb – is the 
number of longitudinal bars of the reinforced concrete section; 
øb – diameter of longitudinal bars; As - – is the total 
longitudinal steel area; Rb – is the radius of the circle that pass 
along the longitudinal bars axis; Is - is the total moment of 
inertia of the steel area; Is hom - is the homogenized total 
moment of inertia of the steel area; Itotal - is the total 
homogenized moment of inertia of the reinforced concrete 
cross-section; Is/Itotal = ws – is the lower boundary value for w 
in each section. 

According to NBR-6123:1987 [1], we consider the basic 
wind speed of V0 = 35 m/s, the topographic factor is S1=1, 
terrain roughness category IV, class B, what gives S2 ≡ (b; p; 
Fr) and the statistic factor is S3=1,1. As we stated before, the 
wind load on an area A is ACqF a ⋅⋅= , where Ca is the 
aerodynamic coefficients. Several equipment are installed on 
the structure, they are: stairway with anti-falls cable, platform 
with antennas supports, night signer lights, protection against 
atmospheric discharges system and installed antennas. The 
values of A and Ca are: tower, 0 ≤ z ≤ 40 m, A = 0,6 m2/m and 
Ca = 0,6; stairways, 0 ≤ z ≤ 40 m, A = 0,05 m2/m and Ca = 2; 
cables, 0 ≤ z ≤ 40 m, A = 0,15 m2/m and Ca = 1,2; platform 
and antennas supports, z= 40 m, A = 1 m2 and Ca = 2; 
antennas, z= 40 m, A = 3 m2 and Ca = 1. Table 2 shows the 
nodal mass and area for the structure analyzed. 

Based on the results obtained by Brasil and Silva [4], in this 
section we adopt the following equation (Fig.2) for the 
effective stiffness parameters:  

 1,15,23,35,1 23 +−+−= xxxw    

niwws  ..., ,1 ,0   para   ,1 =≤≤   (54) 
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Figure 2. Effective stiffness adopted. 

. Because of the safety coefficients adopted for materials and 
design process, usually in tests structures present values of x = 
Mk/Mu ≥ 1,0. For a 30 m structure tested by Brasil and Silva 
[4], the maximum value assumed by x was 1.33 and for other 
similar 40 m structure the maximum was x = 1.53. 

Considering the lumped mass given in Table 1, the total 
homogenized moment of inertia for the LDA model and the 
effective moment of inertia of the final iteration of P-Delta 
Method for the NDA, we compute the natural modes and 
frequencies of vibration (Fig. 3). Note that in non-linear 
model the frequencies are smaller than in LDA. The 
coefficient of amplification ξ presented values up to 2.35 for 
LDA and 2.65 for NDA. 

 

 
Figure 3. Natural modes and frequencies (Hz) of vibration. 

 
The values obtained for bending moment in both models 

analyzed are shown in Fig. 4. In this figure we can see the 
following bending moments obtained: Mlsa (LSA), Mlda (LDA), 
Mnda (NDA), Md (design bending moment) and Mt (bending 
moment applied in tests). The LDA presented values of 
bending moment 1.3 times those given by the LSA, while the 
NDA presented values 1.5 times those from LSA. The design 
moments are 1.4 times those given by LSA and 1.1 times those  
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Table 1.  Structure Properties. 

 
N o d e H e ig h t φe x t th ick . M A to ta l Ic n b ø b As R b Is Ito ta l Is /Ito ta l

(m ) (c m ) (c m ) (k g f) (cm 4 ) (c m 4 ) (m m ) (cm 2 ) (c m ) (cm 4 ) (c m 4 )
1 4 0 60 10 80 2 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
2 3 9 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
3 3 8 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
4 3 7 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
5 3 6 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
6 3 5 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
7 3 4 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
8 3 3 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %
9 3 2 60 10 42 0 1 52 1 50 0 4 1 7 2 0 1 3 25 27 8 64 3 5 3 5 65 0 7 %

1 0 3 1 60 13 53 1 1 96 3 57 6 6 7 8 2 0 1 3 25 27 8 64 3 6 1 1 91 1 6 %
1 1 3 0 60 12 83 1 1 85 0 56 0 2 1 1 1 5 1 6 30 26 1 0 4 8 3 6 0 2 94 5 7 %
1 2 2 9 60 11 47 3 1 73 1 54 0 5 4 2 1 5 1 6 30 26 1 0 4 8 3 5 8 3 27 5 7 %
1 3 2 8 60 11 46 9 1 71 6 53 7 8 5 2 1 5 1 6 30 26 1 0 4 8 3 5 8 0 58 5 7 %
1 4 2 7 60 11 46 9 1 71 6 53 7 8 5 2 1 5 1 6 30 26 1 0 4 8 3 5 8 0 58 5 7 %
1 5 2 6 60 11 46 9 1 71 6 53 7 8 5 2 1 5 1 6 30 26 1 0 4 8 3 5 8 0 58 5 7 %
1 6 2 5 60 11 46 9 1 71 6 53 7 8 5 2 1 6 1 6 32 26 1 1 1 8 2 5 8 3 43 4 8 %
1 7 2 4 60 11 46 9 1 71 6 53 7 8 5 2 1 7 1 6 34 26 1 1 8 8 1 5 8 6 28 3 8 %
1 8 2 3 60 11 46 9 1 71 6 53 7 8 5 2 1 8 1 6 36 26 1 2 5 7 9 5 8 9 13 2 9 %
1 9 2 2 60 11 46 9 1 71 6 53 7 8 5 2 1 9 1 6 38 26 1 3 2 7 8 5 9 1 98 1 9 %
2 0 2 1 60 11 46 9 1 71 6 53 7 8 5 2 2 0 1 6 40 26 1 3 9 7 7 5 9 4 83 0 1 0%
2 1 2 0 60 14 53 3 1 97 3 57 8 1 0 0 2 0 1 6 40 26 1 3 9 7 7 6 3 5 07 7 9 %
2 2 1 9 60 15 89 6 2 11 2 59 5 3 9 5 1 5 2 0 47 26 1 6 1 3 6 6 6 1 17 4 1 0%
2 3 1 8 60 16 59 9 2 23 8 60 8 5 0 5 1 5 2 0 47 26 1 6 1 3 6 6 7 4 28 4 1 0%
2 4 1 7 60 13 52 0 1 92 1 57 0 7 2 9 1 6 2 0 50 26 1 7 2 1 2 6 4 0 89 4 1 1%
2 5 1 6 60 13 52 0 1 92 1 57 0 7 2 9 1 6 2 0 50 26 1 7 2 1 2 6 4 0 89 4 1 1%
2 6 1 5 60 13 52 0 1 92 1 57 0 7 2 9 1 7 2 0 53 26 1 8 2 8 8 6 4 5 27 9 1 2%
2 7 1 4 60 13 52 0 1 92 1 57 0 7 2 9 1 8 2 0 57 26 1 9 3 6 4 6 4 9 66 4 1 2%
2 8 1 3 60 13 52 0 1 92 1 57 0 7 2 9 1 9 2 0 60 26 2 0 4 3 9 6 5 4 05 0 1 3%
2 9 1 2 60 13 52 0 1 92 1 57 0 7 2 9 1 9 2 0 60 26 2 0 4 3 9 6 5 4 05 0 1 3%
3 0 1 1 60 13 52 0 1 92 1 57 0 7 2 9 2 0 2 0 63 26 2 1 5 1 5 6 5 8 43 5 1 3%
3 1 1 0 60 13 52 0 1 92 1 57 0 7 2 9 2 2 2 0 69 26 2 3 6 6 7 6 6 7 20 6 1 4%
3 2 9 60 16 59 9 2 23 8 60 8 5 0 5 2 2 2 0 69 26 2 3 6 6 7 7 0 4 98 1 1 4%
3 3 8 60 16 93 0 2 24 9 60 9 5 7 9 1 5 2 5 74 26 2 4 7 4 4 7 1 0 44 8 1 4%
3 4 7 60 17 60 5 2 26 1 61 0 6 2 2 1 5 2 5 74 26 2 4 7 4 4 7 1 1 49 1 1 4%
3 5 6 60 14 55 6 2 06 3 58 9 6 5 8 1 6 2 5 79 26 2 6 3 9 4 6 9 7 25 1 1 5%
3 6 5 60 14 55 6 2 06 3 58 9 6 5 8 1 6 2 5 79 26 2 6 3 9 4 6 9 7 25 1 1 5%
3 7 4 60 14 55 6 2 06 3 58 9 6 5 8 1 7 2 5 83 26 2 8 0 4 3 7 0 3 97 6 1 6%
3 8 3 60 14 55 6 2 06 3 58 9 6 5 8 1 7 2 5 83 26 2 8 0 4 3 7 0 3 97 6 1 6%
3 9 2 60 14 55 6 2 06 3 58 9 6 5 8 1 7 2 5 83 26 2 8 0 4 3 7 0 3 97 6 1 6%
4 0 1 60 18 62 8 2 35 1 61 8 1 3 7 1 7 2 5 83 26 2 8 0 4 3 7 3 2 45 5 1 6%
4 1 0 60 18 33 4 2 35 1 61 8 1 3 7 1 7 2 5 83 26 2 8 0 4 3 7 3 2 45 5 1 6%  

 
 
 

given by LDA. Comparing the results we conclude that the 
design bending moment is satisfactory to the LDA, but is not 
satisfactory for NDA. 

Other important conclusion is about the excellent 
performance of the structure related to the safety coefficient 
near to the failure. The structure resisted a load around 1.53 
times the design moment. As we stated before, this is due to 
the safety coefficients applied on material strength. Results 
from tests show that the structure resists satisfactorily the 
bending moments given by NDA. 

Others important considerations here are related to the 
elasticity modulus of concrete. In this work we considered E = 
41.4 GPa, computed according to NBR-6118:1978 [2] 
Brazilian Code. This value is larger than values measured in 
tests, around 21 GPa, and larger than the value given by the 
revision of that Code, the new NBR-6118:2003 [3], around 
31.9 GPa for the adopted concrete. Tests showed that when 
we compute a certain function w1(x) considering a given 

elasticity modulus of concrete E1 and solve the problem again 
using another value E2, the new value of w is w2(x) = E1w1/E2, 
in other words, the quantity E1w1 = E2w2 = Eiwi is a constant 
for different values of E adopted. 
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Figure 4. Bending moments. 
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4 CONCLUSIONS 
In this work we propose a Non-Linear Dynamic model based 
on experimental data and the discrete dynamic model given by 
NBR-6123-87 [1]. We adopted the effective stiffness concept 
to represent the physical non-linearity and used a P-Delta 
Method to compute the geometrical non-linearity. We 
considered a cubic equation to represent the effective 
stiffness. We accomplished the NDA considering the effective 
stiffness in function of the strength level in each iteration of 
the P-Delta Method. The effective stiffness obtained in final 
iteration of P-Delta Method was used to compute the natural 
frequencies and modes of vibration. We considered that the 
structure displaces around the equilibrium position given by 
P-Delta Method. Finally, we computed the sum of non-linear 
static and dynamic strength. We compared the values ob-
tained from NDA with those from LSA and LDA. The LDA 
presented values of bending moment 1.3 times those given by 
the LSA, while the NDA presented values 1.5 times those 
from LSA. The de-sign moments are 1.4 times those given by 
LSA and 1.1 times those given by LDA. We conclude that the 
design bending moment is satisfactory to the LDA, but is not 
satisfactory for NDA. Results from tests show that “in 
practice” the structure resists satisfactorily the bending 
moments given by NDA. 

Suggestions for future works are: 1) process this structure 
considering different equations for the ef-fective stiffness; 2) 
accomplish this NDA using the synthetic wind method 
(Franco [5]). 
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ABSTRACT: This paper describes the work carried out to assess the dynamic properties of the historical construction of the 
Clérigos Tower in Porto, Portugal. A brief description of the Church, Infirmary and Tower is presented followed by a quick 
survey of the construction in terms of geometry and damages. Later it is discussed the dynamic test plan, and the first results 
from the modal identification tests are presented and discussed. Finally, a preliminary numerical analysis to tune the mechanical 
properties is presented as a first attempt to evaluate the structural behaviour and safety of this historical construction. 

KEY WORDS: dynamic identification; historical construction; model updating. 

1 INTRODUCTION 
The Church, Infirmary and Tower of Clérigos (Figures 1-3) 
are located in the historical city center of Porto, Portugal. 
These were designed by the Italian Architect Nicolau Nasoni 
during the XVIII Century, a famous architect that had already 
built several of the most important baroque buildings in Porto. 
Owing to its complexity and its innovative character in the 
context of the architecture of that time, this construction is 
now considered the most relevant baroque complex in Porto 
and a key attraction for tourism. The bell tower (“Torre dos 
Clérigos”) can be seen from various points of the city and it is 
one of its most characteristic symbols. Due to its significant 
importance to the city it was chosen for the present study. 

 

  
Figure 1. Photos from the past [1]. 

The aim of the study was to characterize the structure in 
terms of its geometry, used materials and present damages and 
to evaluate the structural behaviour and safety. Several non-
destructive test methods were carried out to collect as much 
information as possible. Among the several survey works a 
dynamic identification test was performed aiming at 
measuring the dynamic properties of the entire complex. 
Ambient actions were used to excite the structure and 

different output-only system identification methods were 
adopted to estimate modal parameters. In a second instance a 
simplified numerical model was built to tune the mechanical 
properties of the construction.  

This paper is mainly focused on the work developed to 
assess the dynamic properties of the construction. First a brief 
description of the construction is presented followed by a 
quick survey in terms of geometry and damages. Later it is 
discussed the measuring test plan and the first results from the 
modal identification tests are presented and discussed. Finally, 
a preliminary numerical analysis to tune the mechanical 
structural parameters is presented as a first attempt to evaluate 
the structural behaviour and safety of this historical 
construction. 

2 THE HISTORY OF CONSTRUCTION 
The complex of Clérigos is located on the northern side of the 
Douro River (Rio Douro), among the streets Rua Senhor 
Filipe de Nery, Rua da Assunção and Rua dos Clérigos.  
     The documentation regarding the construction and the 
subsequent alterations of the building allows to follow all 
phases of construction. The most important historical sources 
are the official documents of the council of the Irmandade dos 
Clérigos, which describe in detail the dates, the steps of the 
construction process, the problems that have occurred, the 
payments of the works, the architects and all the people 
involved, and the evolution of the original project [2,3].  
     The history of the construction of this complex, which goes 
back from 1732 to 1773, can be divided into three main 
phases: the construction of the church (1732-1750), the 
construction of the infirmary and the tower (1754-1763) and 
the alteration of the main chapel (1767-1773). 

Dynamic identification and modelling of Clérigos Tower: initial studies 
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Figure 2. Drawings of the complex: on the left, the ground 

floor plan and, on the right, the roof plan (adapted from [4]). 

 

2.1 The Church 

The church, 37 m long and 19 m wide, is constituted by a big 
oval space, typically baroque, between two rectangular areas, 
the entrance and the main chapel. The church occupies a high 
platform which compensates the slope of the ground. The part 
of the façade is a real scenography frontispiece. The plant of 
the building consists of a single elliptical nave, rectangular 
chancel, sacristy, house clearance and a square tower, 
horizontally aligned but with various heights. The façade of 
the church and tower is made in rigged stonework, whereas 
the side elevation masonry is plastered with rhythmic pilaster. 

2.2 The Infirmary 

The Infirmary (“Casa dos Clérigos”) is a polygonal building, 
30.0 m long and 14.0 m wide, with four floors. It is divided 
into two parts, one, rectangular, with the staircase and the 
three principal rooms for each floor, and a smaller one, 
trapezoidal, at the western side, linking the building to the 
tower. The infirmary has two façades, north and south; none 
of them can be considered, for regularity or loftiness, the 
principal façade. The aspect is of a simple architecture, proper 
of an infirmary which constitutes a necessary pause between 
the monumental façade of the church and the majesty of the 
tower. About 30 windows are open in each façade. 

2.3 The Tower 

The tower is a synthesis of style, in which Nasoni, at the end 
of his career, expressed all the quality of his architecture [2]. 
Being one of the greatest monuments of that time, it is 75.60 
m high and has a base of 7.70×8.15 m, with 225 stairs to get 
to the top. Divided into 6 parts, the tower represents the 
western façade of the complex. The edges are rounded, as it is 
characteristic of the architecture of the XVIII century. 
The predominance of volumes and shapes on decoration 
decreases from the base to the top. Over the bells, from the 
first balustrade, for structural reasons that nicely combine with 
aesthetical values, the structure gets an octagonal shape, from 
the original rectangular shape. A second balustrade constitutes 
the last horizontal element before the verticality of the spire. 

 
Figure 3. North elevation (adapted from [4]). 

 

3 STRUCTURAL SURVEY 
The structural survey was carried out by a sequence of tasks. 
Starting by the geometrical survey, drawings provided by the 
Direção Regional da Cultura do Norte - Direção de Serviços 
de Bens Culturais [4] have been compared with the 
dimensions on site, with focus on the structural elements. 
Dimensions of the cross section of beams, columns, trusses 
and vaults were measured using laser meter and measuring 
tape. The morphology of the masonry walls, timber floors and 
roofs was also inspected.  

This first check was followed by a damage survey, 
including the material deterioration and other structural 
damages, such as cracks. Damage maps were drawn as can be 
seen in Figure 4. Damage map from the Bell Tower [5]. 
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Figure 4. Damage map from the Bell Tower [5]. 

A series of non-destructive tests were conducted aiming at 
collecting more accurate information about the construction 
[5]. Baroscopic camera, sonic testing, flatjack, and tubejack 
tests were applied to the masonry walls for a better 
understanding about the morphology and mechanical 
characterization. For timber elements, moisture meter, pilodyn 
and registrograph were used mainly to quantify the damage. 
Finally, a dynamic identification test was performed to assess 
the global structural properties. Only the last one will be 
presented in this paper. 

The various bodies of the building are arranged in an 
unusual way, but with great virtuosity and taking advantage of 
the sloping ground. From a structural point of view, the 
structural layout of the building consists of a system of 
bearing walls built with Oporto granite (both yellow granite 
and blue granite). The thick lateral walls of the church have 
inside a gallery that separates, at least locally, the wall into 
two parts. From the observed crack pattern and from 
hypotheses on the technique of construction, it is possible to 
infer that the walls might have been constructed with two 
leaves with rubble filling. The characteristics of the section of 
these walls were studied with ND tests. The same can be said 
about the walls of the tower, built in the same material, which 
have a significant thickness and need to be investigated.  

In the church the walls thickness varies from 3.0 m at the 
base and between 0.5 and 1.3 m at the dome. In the Infirmary 
the walls thickness is constant and equal to 0.83 m, and in the 
Bell Tower it starts with 2.5 m at the entrance and ends with 
circa 2.0 m at the top.  

The vaults of the church are three, with the biggest one on 
the elliptical nave. The thickness and the technique of 
execution cannot be determined without specific inspections. 
The floors are built with timber elements, as well as the 
original roofs. Iron elements were used, as usual, for the 
joints, particularly for the trusses of the roof. The presence of 
iron in the masonry has to be checked.  

The roof of the church and, partially, of the Casa dos 
Clérigos, was substituted (probably in 1984) by a (heavy) 
reinforced concrete roof. Some original elements (tie beams of 
timber trusses) were left, adding some steel ties, as can be 
seen in Figure 5.   

 

  
Figure 5. Configuration of the roof structure. 

 

4 DYNAMIC IDENTIFICATION TEST 

4.1 Test Planning 

The dynamic identification was applied as a non-destructive 
test able to measure the parameters describing the global 
behaviour of the structure [5]. The dynamic identification 
procedure is meant to provide the data, in terms of natural 
frequencies, damping and modal shapes which will allow to 
calibrate a FEM model of the structure, “validating” the 
results that can be taken from it.  

The test procedure consisted in the measurement of the 
dynamic structural response to natural excitation in 29 
different points of the structure, chosen to be adequate to 
describe the global structural behaviour of all parts (tower, 
infirmary, church) and identify the most relevant natural 
frequencies. The measurement system was provided by 
ViBest/FEUP (www.fe.up.pt/vibest). As the number of points 
to be measured is much larger that the number of available 
accelerometers, the solution was to perform the test in several 
setups, leaving three accelerometers (Ref 01, Ref 02, and Ref 
03) in fixed points as references for the data processing. In 
this way it was possible to analyse the whole complex relating 
accelerograms that were not recorded simultaneously. No 
forced excitation was adopted for the structure; the recorded 
accelerations came from ambient vibration induced by traffic, 
wind and people. The equipment, as shown in Figure 6, 
consisted of 6 strong motion recorders, including tri-axial 
accelerometers, with 24 bits, DC-200 Hz dynamic range, duly 
synchronized using GPS sensors. Three of them were left as 
references and four were moved along the structure. A set of 
10 setups were needed to cover the defined measurement 
points. Each setup involved the recording of 16 minutes of 
ambient vibrations with a sampling rate of 100 Hz. The 
location of the measurement points in plan view is presented 
in Figure 7 and the position along the building elevation is 
shown in Figure 8. 

The test was carried out on the 24th January, 2014. 
The average air temperature was equal to 12°C and a soft rain 
was falling with no wind. 

The accelerometers recorded accelerations in three 
orthogonal directions. In the data analysis only the two 
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horizontal directions were considered, as the vertical 
component was small and not of interest in the measurement 
points. 

 

  
Figure 6. Six strong motion recorders. 
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Figure 7. Location of the measurement points in plan view for 

the Church and Infirmary: on the left, the first level; and on 
the right, the second level. 

 
 
 

 
Figure 8. Location of the measurement points along the 

Church, Infirmary and Bell Tower. 

 

4.2 Time Signal Analysis 

Figure 9 shows the time signals of the three reference 
transducers at the Church (Ref 01), the Infirmary (Ref 02) and 
the Tower (Ref 03) on the x and y directions during Setup 01. 
The amplitudes of accelerations were lower than 2.5 mg in 
both directions, although they were slightly higher in the y 
direction for the Tower. The average Root Mean Square of the 
signals in the three directions for the Church, Infirmary and 
Tower were equal to 0.031 mg, 0.038 mg, and 0.049 mg, 
respectively. This demonstrates that for the condition of no 
wind the structure exhibits similar amplitudes of vibrations in 
all main parts. The signals were also rather broad banded in 
frequency. 
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Figure 9. Time signals at the reference points in the x and y 

directions. 
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4.3 Results of the Frequency Domain Method 

The first estimation of modal parameters was based on the 
Enhanced Frequency Domain Decomposition (EFDD) method 
[6,7], which extracts the modal parameters from inverse FFTs 
of each spectral density function for each mode , calculated 
from  the Singular Value Decomposition (SVD) of the 
response spectral density matrix. 

Figure 10 shows the average of the normalized singular 
values of the spectral density matrix where one can easily 
observe seven clear peaks corresponding to the first seven 
modes. The values of the estimated natural frequecies and 
modal damping coefficients are presented in Table 1. 
Frequencies range from 1.022 to 3.861 Hz and they are well 
spaced. The standard deviation values of the estimates are 
quite low, associated with Coefficients of Variation (CoV) 
lower than 0.5%. In terms of modal damping coefficients, the 
average value is equal to 0.57%. However, damping estimates 
exhibit higher CoV, up to 66%. 

 
 

 
Figure 10. Singular decomposition values. 

Table 1. EFDD method results. 

Mode 
Shape 

f 
 [Hz] 

σf 
[Hz] 

CoV 
[%] 

ξ 
[%] 

σξ 
[%] 

CoV 
[%] 

Mode 1 1.022 0.004 0.376 0.688 0.073 10.598 
Mode 2 1.213 0.003 0.236 0.494 0.147 29.828 
Mode 3 1.993 0.005 0.253 0.766 0.286 37.376 
Mode 4 2.848 0.008 0.284 0.742 0.112 15.133 
Mode 5 3.190 0.006 0.202 0.373 0.236 63.210 
Mode 6 3.312 0.013 0.391 0.554 0.164 29.570 
Mode 7 3.861 0.019 0.496 0.373 0.247 66.210 
 
The mode shape configurations are presented in Figure 11. 

As expected, the first two modes are mainly related to the first 
bending modes of the tower in two perpendicular directions at 
1.022 and 1.213 Hz. The modes are separated by 0.2 Hz 
demonstrating that the tower does not present a symmetrical 
cross section in the x and y directions. This is confirmed by 
the non-symmetrical location of the internal stairs along one 
third of the tower elevation, as can be seen in Figure 4. 
Another remark is the apparent good connection between the 
masonry walls of the Infirmary and the Tower, since similar 
small modal displacements can be observed both at the top of 
the Infirmary masonry walls and at the lower part of the 
Tower. 

The third and the fourth mode shapes involve more mass of 
the Church and the Infirmary. They correspond to the lateral 
bending modes of the longitudinal body of the construction. 
The Tower is only mobilized on the fourth mode with a 

configuration similar to a second bending mode of a cantilever 
beam, at 2.848 Hz.  

 
Mode 1 – 1.022 Hz  Mode 2 – 1.213 Hz  

 
Mode 3 – 1.993 Hz  Mode 4 – 2.848 Hz  

 
Mode 5 – 3.190 Hz  Mode 6 – 3.312 Hz  

 
Mode 7 – 3.861 Hz 

Figure 11. First seven identified mode shapes with the EFDD 
method. 

The fifth mode is again a second bending mode of the 
Tower, which now bends in the longitudinal direction of the 
building at 3.190 Hz. 

The sixth mode (3.312 Hz) is the first torsion mode for the 
Tower, combined with a lateral bending configuration for the 
masonry walls of the Church and Infirmary, very similar to 
the first mode shape of a simply supported beam. 

The higher modal displacements for the seventh mode 
(3.861 Hz) are again concentrated on the Tower, which 
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exhibits a combination between bending and torsional mode. 
The main façade walls also presents an out-of-plane bending 
mode shape close to a second order bending mode shape of 
simply supported beam. 

A final remark concerning the modal configurations goes to 
the fact that in all the estimated modes the parallel walls of the 
Church and Infirmary have similar modal displacements on 
the horizontal plane, meaning that the pavements and the roof 
have good connections for low level vibrations. 

4.4 Results of the Time Domain Method 

A second method was used to evaluate the quality of data and 
the accuracy of the first estimates. In this case, the Stochastic 
Subspace Identification (SSI) method [7, 8], dealing directly 
with time series (SSI-DATA, driven stochastic subspace 
identification) was used. A Time domain method was chosen 
for this second evaluation because it allows modal parameter 
estimations not depending on the frequency resolution. 

Figure 12 presents the stabilization diagram for all the 
setups, where stable poles (red dots) can be clearly observed 
in seven aligned columns, indicating the structural natural 
frequencies. The estimated results are further presented in 
Table 2. The seven natural frequencies range from 1.022 to 
3.86 Hz with very low coefficients of variation (lower than 
0.5%). The average damping is equal to 0.91 % with a 
maximum coefficient of variation equal to 54 %. The mode 
shape configurations present similar results when compared 
with the EFDD method. This comparison is presented in the 
next section. 

 

 
Figure 12. Stabilization diagram for all the setups of the SSI-

PC method [7]. 

Table 2. SSI-PC method results. 

Mode 
Shape 

f 
 [Hz] 

σf 
[Hz] 

CoV 
[%] 

ξ 
[%] 

σξ 
[%] 

CoV 
[%] 

Mode 1 1.022 0.003 0.338 0.593 0.065 10.904 
Mode 2 1.213 0.004 0.299 0.836 0.228 27.269 
Mode 3 1.993 0.005 0.261 0.784 0.129 16.429 
Mode 4 2.848 0.007 0.246 0.994 0.108 10.846 
Mode 5 3.179 0.014 0.448 1.536 0.829 53.997 
Mode 6 3.315 0.010 0.288 0.846 0.096 11.312 
Mode 7 3.860 0.013 0.343 0.806 0.099 12.230 
 

4.5 Comparison between the identification methods 

A simple comparison between the results of the two 
identification methods is presented here. The Modal 
Assurance Criterion (MAC) [9] was calculated to compare the 
mode shape vectors. Figure 13 presents the MAC matrix in a 
bar plot, where the lower MAC value for the diagonal terms is 
equal to 0.982 and all the other values are lower than 0.437, 

demonstrating a good correlation between the two sets of 
estimates. 

 
Figure 13. MAC matrix between the two methods. 

Table 3 presents the differences between frequencies and 
damping coefficients for the two methods. In terms of 
frequencies, one can conclude that the results are very 
accurate, since the maximum absolute difference is smaller 
than 0.011 Hz. In case of damping, a maximum difference of 
1.163 % was observed for the fifth mode shape. This higher 
difference can be explained by the higher variability of the 
damping estimates observed in the two methods. These results 
might be improved with a more detailed processing with 
alternative identification techniques, reserved for future 
works. 

Table 3. Comparison between identification methods. 

Mode 
Shape 

EFDD 
f 

 [Hz] 

SSI 
f 

 [Hz] 

Diff. 
[Hz] 

EFDD 
ξ 

 [%] 

SSI 
ξ 

 [%] 

Diff. 
[%] 

Mode 1 1.022 1.022 <0.001 0.688 0.593 -0.095 
Mode 2 1.213 1.213 <0.001 0.494 0.836 0.343 
Mode 3 1.993 1.993 <0.001 0.766 0.784 0.018 
Mode 4 2.848 2.848 <0.001 0.742 0.994 0.252 
Mode 5 3.190 3.179 -0.011 0.373 1.536 1.163 
Mode 6 3.312 3.315 0.003 0.554 0.846 0.293 
Mode 7 3.861 3.860 -0.001 0.373 0.806 0.434 

 
Considering the above results, it can be concluded that the 

modal identification tests estimated with good accuracy at 
least the first seven modes of the Clérigos complex. 

5 PRELIMINARY NUMERICAL MODELING 
To better understand the structural behaviour and safety of the 
construction a simple global numerical model was built with 
the Finite Elements method. The model was tuned to the 
experimental modal results of the previous Section and later 
used for several structural nonlinear analyses. Here, only the 
construction of the model and the results of the calibration 
analysis are discussed. 

5.1 Construction of Numerical Model 

The 3D model was built with a mesh of 3463 elements [10]. 
All walls were modelled through 8-node quadrilateral shell 
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elements. For simplicity in this preliminary model, the 
openings were not modelled in detail, but a reductive factor 
was applied to the elastic properties of the lateral walls to take 
into account the reduced stiffness for the openings. Concrete 
beams were modelled through 3-node beam elements to have 
the same shape functions of the shells to which they are 
connected, as it is the case of the ring beam.  

Tyings between nodes were added to simulate the in plane 
stiffness of timber floors. The floors were considered stiff 
only in the direction of the main beams, leaving free the 
displacements in the other direction. The stiffness of the 
concrete roof was implemented in a simplified way 
considering two diagonal beams between the main beams to 
simulate the concrete slab. The elastic modulus of these 
diagonal beams was calibrated comparing the results of a 
partial model. The diaphragms of the church, the arches and 
the elliptical vault were modelled through shells with their 
geometry.  

Since the connection between the tower and the building 
has a particular geometry that reduces considerably its 
stiffness, a first approach was ignoring this detail and 
considering equal displacements for the tower and the wall. 
As this assumption is rather unrealistic, a second model was 
developed with springs simulating the stiffness of this 
connection. An estimation of the stiffness of the springs was 
achieved through a second partial model with volume 
elements. 

Figure 14 presents an overall picture of the numerical 
model. 

 

 
Figure 14. Numerical model. 

 

5.2 Calibration  

The model was calibrated using the results of the dynamic 
identification. A preliminary check was made on the 
assumptions on the deformability of floors and connections, 
confirming that the timber floors have a good stiffness, at least 
for small vibrations, in the direction of the main beams, but do 

not provide the same stiffness in the other direction; another 
validation was on the connection of the tower with the 
building, that cannot be neglected, and was finally modelled 
through springs in the direction of the building and a rigid 
connection in the transversal and vertical direction. A stiff 
connection, anyway, provided acceptable results.  

The calibration was based on the updating of the elastic 
properties of the walls. Four materials were defined to 
differentiate the types of masonry: (a) a material for the 
masonry of the tower; (b) another for the walls of the 
infirmary with a reduced stiffness to compute the presence of 
openings; (c) another for the arches and the dome of the 
church; and (d) another for the elliptical wall of the church 
that has a corridor in the middle.  

The calibration was performed manually, progressively 
updating a set of parameters to find the best fit between 
frequencies and eigenvectors estimated by the SSI method. It 
was used the relative error for frequencies and the MAC value 
for mode shapes to minimize the differences between the 
experimental and numerical modal estimates. As updating 
parameters, it was chosen the four different Young’s modulus 
for the masonry walls and the spring stiffness used to connect 
the Infirmary walls to the Tower. The mass for all the walls 
was kept constant and equal to 2.2 ton/m3. The updating 
parameters and their final values are presented in Table 4. 

Table 4. Final values for the updating parameters. 

Updating Parameters  Final values 
Young’s modulus of Arches 
and main façade of the Church E1 3.80 GPa 

Young’s modulus of the 
Infirmary E2 1.45 GPa 

Young’s modulus of the Church  
longitudinal walls E3 1.80 GPa 

Young’s modulus of the Tower E4 3.05 GPa 

Springs’ stiffness K 40.000 kN/m 

 
The tuning of the elastic properties led to reasonably good 

correspondence between experimental and numerical natural 
frequencies. The maximum relative difference was about 16% 
for the sixth mode shape and the average absolute error is less 
than 6.5%, see Table 5. However, analysing the MAC values 
between the two different sets of mode shape vectors 
presented in Figure 15 one can conclude that only the first 
three mode shapes have a good correlation, meaning that the 
model needs a more careful and robust calibration analysis. If 
only the first three natural frequencies are taken into account, 
the relative difference between experimental and numerical 
frequencies decreases to 2.9%.  
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Table 5. Comparison between experimental and numerical 
frequencies. 

Mode Shape fexp 
[Hz] 

fnum 
[Hz] 

Dif 
[%] 

Mode 1 1.02 1.03 0.98 
Mode 2 1.21 1.16 -4.13 
Mode 3 1.99 2.06 3.52 
Mode 4 2.85 3.15 10.53 
Mode 5 3.18 3.22 1.26 
Mode 6 3.32 3.84 15.66 
Mode 7 3.86 4.22 9.33 

 

 
Figure 15. MAC matrix between experimental and numerical 

estimations. 

 

6 CONCLUSIONS 
This paper presents the first dynamic identification of the 
Clérigos Tower building, a remarkable icon of the City of 
Porto, Portugal. After a brief description of the construction 
and the several different activities carried out to assess the 
structural condition of the structure, the dynamic ambient 
identification test and the corresponding results are presented, 
followed by the first numerical modal updating analysis. 

The first seven natural frequencies range from 1.0 to 3.9 Hz 
and the average damping coefficients calculated with two 
different identification methods vary from 0.6 to 0.9 %. The 
mode shapes were well estimated, since no significant 
differences were found between the mode shape vectors 
estimated by the two applied methods. 

A FE model was built as a first attempt to evaluate the 
safety and the behaviour of this historical construction. 
The model was calibrated manually using the experimental 
modal parameters. The modal updating analysis shows good 
results in terms of natural frequencies (relative differences 
lower than 6.5%), but in terms of mode shape correlations a 
better calibration is needed, since only the first three modes 
have good correlation.  

For further updating  analysis, especial attention must be 
paid to the connections between the masonry walls of the 

building and the Tower, a better simulation of the structure 
geometry, a better selection of the updating parameters, and 
the use of different and robust updating methods. 
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ABSTRACT: The dynamic behavior of the Basilica S. Maria di Collemaggio has been studied since 1988 by researchers of 
University of L’Aquila by both experimental testing and numerical models. This activity has allowed to build reliable numerical 
models of the structure in the undamaged configuration before the 2009 earthquake and to interpret the collapse of the transept 
during the seismic action. Nowadays, the actual configuration of the monument, with a series of temporary scaffolding inserted 
in the seriously damaged structures, is the object of permanent monitoring, both for the static and dynamic behavior. The paper 
summarizes the results of numerical investigations devoted to the simulation of the dynamic behavior of the Basilica under the 
2009 seismic actions. Results of static and dynamic analyses conducted by FE element models with increasing complexity and 
computational efforts are used to evaluate the role played by the three-dimensional mechanical behavior, especially in the 
collapsed transept area.  Main seismic vulnerabilities of the monument are discussed. The investigations are integrated with the 
results obtained through the permanent structural monitoring installed after the earthquake and continuously enhanced. 

KEY WORDS: Monumental structures, masonry, seismic analysis, dynamic testing, nonlinear analyses, finite element 
modeling. 

1 INTRODUCTION 
Monumental churches have an inestimable value for the world 
cultural heritage. For this reason, continuous efforts are 
devoted to understanding their structural behavior. 
Nonetheless, monumental churches quite often undergo 
structural failures due to both static conditions and dynamic 
forces, sometimes with catastrophic consequences; and 
lengthy reconstruction works often leave the seismic 
vulnerability issues unsolved [1]. 

Because of this, great efforts are being made to comprehend 
the structural behavior of historical and monumental churches, 
mainly in Europe, with attention both to understanding cases 
of structural damage resulting from specific static conditions 
[2,3] and to evaluating vulnerability to earthquake-induced 
activity, if located in an active seismic area [4,5]. Due to the 
inherent complexity of tackling the physical problems, 
whether this means reconstructing the reasons for structural 
damage appearing under usual conditions (caused by 
permanent loads, boundary displacements slowly evolving in 
time and seasonal thermal changes) or predicting dynamical 
behavior under rare circumstances, such as those caused by 
earthquakes, the structural analysis of monumental churches is 
often accompanied by the extensive use of modern non-
destructive testing techniques which permit the acquisition of 
valuable information at both the local (material) and the 
global (structural) levels. 

Notwithstanding the common framework used by 
researchers in this specific field, the unique features of each 
church require the adoption of specially-tailored and well-
balanced approaches in all the aspects and activities of the 
analysis. This includes historical investigations devoted to 
understanding the specifics of how the structure has evolved 
over the course of past interventions (such as are often 

performed on ancient monuments), the geometrical and 
material characterization, the information received by global 
dynamic testing (if performed), and the structural analysis and 
modeling. Moreover, the structural assessment and retrofitting 
of important churches in L’Aquila, some of them having a 
monumental value, has been a deeply studied theme.  Results 
concerning the seismic behavior of masonry churches have 
shown that the dynamic excitation due to the seismic ground 
motion activates many vibration modes of the structure, 
though all of them are characterized by small participation 
factors. Therefore, churches are not behaving through a 
superposition of global modes but more as dynamic 
interaction of localized modes. Consequently, in many 
examined case studies, the ratio between the total base shear 
and the church total weight ranged between 20% and 30% 
evidencing a reduction with respect the plateau value of the 
spectral acceleration provided by Italian Code. Therefore, 
appropriate choices of the force reduction factor should be 
adopted for these monumental buildings different from the 
case of traditional residential buildings characterized by shear 
type behavior. Further, the activation of many local modes 
also calls for retrofit interventions, which should ‘‘tie up’’ the 
building, thus avoiding the local failure modes that are often 
observed [6]. Consequently, the process of preserving 
historical monuments today still remains a challenging issue 
[7-11]. The occurrences of failures are particularly important 
to study, in order to bring the critical points in the overall 
process into focus, and to clarify how to enhance optimal and 
sustainable paths of investigation and intervention [1, 12, 13].  

The present study collects most of the information available 
on the structural behavior of the church in order to present a 
possible scenario of its seismic behavior. Several finite 
element models have been developed for this purpose, many 
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of which take advantage of information acquired during 
different dynamic test campaigns. Seismic actions are 
described either through the national Italian code or using the 
registered main shock of the April 6, 2009 earthquake 
recorded at the station, AQK, located close to the Basilica. 

The effects of the modeling of masonry elements, such as 
the vaults and the dome in the transept by bi-dimensional or 
three-dimensional finite elements are discussed. 

Spectrum linear analysis and nonlinear static analysis have 
been performed to determine the range of possible values for 
the seismic response of the masonry structures, considering all 
the limiting hypotheses typical of this kind of analysis. The 
results obtained have been used, in combination with the 
authors’ engineering expertise, to explain the observed partial 
collapse of the Basilica that occurred during the earthquake. 

2 THE BASILICA S. MARIA DI COLLEMAGGIO  
The Basilica is placed on top of a hill in the city of L'Aquila, 
just outside the ancient walls. The Basilica’s facade, made of 
pink and clear stones arranged to form crosses, is beautifully 
adorned with three rosettes and three Romanesque-Gothic 
portals (Figure 1). 

The hall of the Basilica has a nave and two side aisles. The 
nave measures 61×11.3 m. The two side aisles measure 61×8 
m (to the right of the nave) and 61×7.8 m (to the left). The 
maximum height of the nave is 18.3 m; each of the aisles is 
12.5 m. The octagonal columns separating the three naves are 
seven on each side. The columns have an approximate relative 
distance of 7.5 m, a height of 5.25 m, and are about 1.0 m in 
diameter. They hold a total of 16 ogival arches. The double 
layer walls are for the most part constructed of two distinct 
external panels, well-spaced, with a filling of small stones 
realizing the so-called rubble masonry.    

The transept of the Basilica, the area set crosswise to the 
nave, does not completely produce the so-called “Latina cross 
shape” because the transversal parts, or “arms,” are not 
extended across the external longitudinal walls. Thus the main 
part of the church presents a long and slender longitudinal 
shape before reaching the sanctuary area. The construction of 
the Basilica began in 1287. In later centuries, the structure has 
undergone many alterations and continuous renovations [14], 
in part as a result of the frequent earthquakes that have 
affected the territory of L'Aquila. In the seventeenth century 
the church, of medieval origin, underwent renovation in the 
baroque style in its inner parts. After the earthquake of 1703, 
the longitudinal walls had partially collapsed and were 
lowered. The earthquake in Fucino, in 1915, significantly 
damaged only the upper left corner of the facade. In 
subsequent years, interventions were made to improve out-of-
plane stiffness and resistance: a reinforced concrete grid, a 
leaf of brick masonry at the rear of the facade, and two 
reinforced concrete spurs on longitudinal walls.  

In the early 60s, the demolition of the dome above the 
transept, heavily damaged by the previous earthquake, was 
concluded, and a new one, made in reinforced concrete, was 
rebuilt with a similar shape. Between 1970 and 1972 the 
church was restored to its medieval appearance, laying bare 
the ancient octagonal columns and pointed arches, and 
increasing the height of the longitudinal walls (for the lateral 
wall  Δh = 3.15 m; for the central wall Δh = 3.65 m). 

 
Figure 1. The Basilica S. Maria di Collemaggio. 

In more recent years, for the Jubilee 2000, works were 
performed on the Basilica to improve its transverse behavior 
and to reduce the seismic vulnerability of the longitudinal 
walls. In order to reach this goal, two main interventions were 
made: grout injections to enhance the mechanical 
characteristics of the masonry walls, and a light steel bracing 
system under the nave roof, which is provided with two 
special elements at its ends for limiting the transfer of forces 
to the facade on one side and to the transept arches sustained 
by the pillars on the other side. 

2.1 The structural system and its modal characteristics  

The structural system of the Basilica is the result of its 
peculiar geometry and the material characteristics of the 
masonry. The monument was composed by three main 
subsystems: (i) the nave which are closed transversally by the 
facade and covered by a light wooden roof; (ii) the transept 
composed by the main arch, two barrel vaults, a central main 
dome and four pendentives; and (iii) the chancel, the sacristy 
and the apse, the dome, and the main arch closing the nave. 
The masonry walls, which delimit the space of the naves and 
the transept, are quite slender. In the masonry it is possible to 
recognize different patterns due to successive reconstruction 
phases, which generally occurred after partial collapses 
caused by earthquakes (Figure 2). The structural dynamics of 
the Basilica has been the object of studies in recent years. In 
particular, dynamic testing has been conducted, at small 
oscillation amplitudes, to characterize the dynamic behavior 
of the slender  macro-elements, the nave  walls and the facade, 
in order to extract the main modal signature of the system. 
 

 
Figure 2. Different patterns in the Porta Santa masonry wall. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1455 

 

 
Figure 3. Models: a) L-FEM, b) 2D NL-FEM c) 3D NL-FEM. 

Vibration tests were performed using an instrumented 
hammer and a vibrodyne [14]. In a updating model, identified 
modal characteristics have been compared to those obtained 
by finite element models to produce a reliable representation 
of the whole church dynamics for seismic behavior prediction.  

Along these lines, FE models of the whole church, in 
different environments (SAP2000, MIDAS), have been 
developed taking into account the most relevant macro-
elements of the Basilica with different levels of description 
either in the geometric assumptions or the constitutive laws 
characterizing the material behavior of the masonry. Two-
dimensional and three-dimensional finite element models 
were used in the linear and nonlinear structural analyses. In 
constructing the refined models, attention has been devoted to 
fit the dynamic features identified from the experimental 
measurements. In particular, at low frequencies, the local 
modes involving mainly the nave walls have been considered, 
at higher frequencies, the local modes representing the out-of-
plane facade oscillations were obtained.  

The mechanical parameters of these models have been 
updated by minimizing the errors between experimentally-
determined modes and frequencies and the numerical ones. 
The results obtained are shown through Figure 4 in which two 
selected modes of the global model of the church involving 
mainly the walls of the nave are in good agreement with the 
ones identified during the dynamic test campaign [14]. In the 
updated model, modes involving mainly the facade can also 
be recognized, starting from the tenth one. Table 2 shows a 
direct comparison between the main natural frequencies of the 
model and those detected during the dynamic test campaign. 
The errors are very small in all the available identified modes 
captured during the testing and therefore the selected model 
can be considered representative in the range of small 
oscillations. However, this updating process may be 
significant in the construction of a reliable nonlinear finite 
element model able to represent the dynamic behavior of the 
Basilica under strong earthquakes, such as the one occurring 
in 2009. Two nonlinear models have constructed, the first one 
uses mainly bi-dimensional elements (Fig. 3b), while the 
second one is made of three-dimensional solid elements (Fig. 
3c), both preserve the modal characteristics of the previous 
linear one (Fig.3a).  

 
Mode 1 (f =1.45 Hz) Mode 2 (f =2.21 Hz) 

Figure 4. Selected modal shapes. 

Table 1. Synthesis of evaluated modal frequencies (Hz). 

 I mode II mode III mode 
Experimental 1.45 2.12 2.60 

L-FEM 1.45 2.21 2.47 
2D NL-FEM 1.45 2.20 2.46 
3D NL-FEM 1.45 2.33 2.65 

3 STRUCTURAL ASSESSMENT   
The structural assessment of historic monumental buildings in 
seismic area is a challenging matter. Even though continuous 
efforts are done in this thematic area we are far from 
possessing a full and well categorized procedure, retained 
valid by all the different specialists involved in the problem. 
Furthermore, in Italy, as in other seismic countries, the 
seismic code has evolved continuously in response to the 
dramatic events that have occurred in recent years. Due to the 
extensive damage caused to the Italian monumental heritage 
in all the cases mentioned, increasing attention has been 
devoted specifically to the issue of the seismic vulnerability of 
monuments. Within this complicated matter, the main findings 
of the conducted structural analyses are here summarized. 

3.1 Static and design spectrum response analyses  

Static analysis of an ancient monument may appear a minor 
task in the structural assessment of monumental building in 
seismic area where the main concerns are related to the 
horizontal loads, which are detrimental for masonry 
structures. However, the prediction of the stress state in 
ancient masonry elements, generally induced or removed and 
induced again along the years, may be a useful indicator of the 
successive seismic vulnerability. In the studied case, particular 
attention is due to the transept and specially to the pillars 
sustaining the vaults and the dome. Figure 5 reports, 
synthetically, the results of two stress analyses induced by live 
loads conducted by using three-dimensional finite elements 
(Fig. 5a,b) or bi-dimensional ones (Fig. 5c,d). It is evident as 
the stress flux is more clearly defined in the arches and in the 
pillars by the more refined model, even if the level of stress 
amplitude is comparable in the two cases.  At the same time 
the analysis evidences that in the pillars is present an 
important flexural deformation induced by the differences of 
thrusts in the longitudinal direction between the arches 
belonging to the nave walls and the arches of the transept on 
which are laying the dome and the vaults. 

a) b) 
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Figure 5. Principal stresses due to static loads in the transept: 
3D FE a) radial b) vertical; 2D FE c) radial d) vertical; 

 
Among the procedures provided by the national code, the 

classical linear design spectrum analysis has, here, been 
adopted to furnish an estimation of the seismic adequacy of 
the monument. In the adopted procedure, the elastic response 
spectra provided by the code have been reduced adopting a 
ductility factor, q=2.25, and opportunely combined to take 
into account the spatial variability [14]. Stresses have been 
determined in all the main structural members utilizing in the 
spectrum analysis more than two-hundred modes of the linear 
finite element model. For each of them, the adequacy ratio has 
been evaluated, revealing the most vulnerable regions.  

Vertical loads and seismic actions in the longitudinal and 
transversal direction of the monument were considered. The 
results obtained for all combinations in terms of adequacy 
with respect to shear and moment in the columns show that 
the minimum adequacy was found for the transversal seismic 
action. It can be observed that the columns can sustain only a 
portion of the expected stresses and, among these, the flexural 
moment turns out to be the most critical. Looking at the 
different columns along the nave, the large pillars, close to the 
transept, are the ones for which the minimum adequacy ratio 
is found, around 0.2. 

Large internal forces are induced for an earthquake with a 
prevailing transversal direction, a direction in which the 
structural system is very weak. This occurrence is confirmed 
by the results obtained looking at selected masonry panels, for 
which the most critical condition is the one related to the out-
of-plane flexure. The effectiveness of the light horizontal steel 
bracings under the nave roof, as a structural retrofitting, has 
been ascertained by the performed analyses which show that 
the intervention realizes a cooperative resistant system and it 
enables the slender nave walls to benefit from the supporting 
internal elastic links attached to their tops, significantly 
increasing the seismic adequacy with respect to the out-of-
plane flexure of the slender walls, which is the most critical 
one, with a light increment of the seismic demand in the 
transversal direction for the pillars.  

3.2 Comparison between code and registered earthquake 
response spectrum  

The 2009 L’Aquila earthquake is an event deeply studied by 
the scientific community due to the extensive amount of 
available data [16]. The event caused an up-dip slip 
movement with the main shaking registered by 55 stations of 
the National Accelerometric Network. The highest 
accelerations were recorded at the AQV station, with values 
of PGAEW = 0.67g, PGANS = 0.56g and PGAZ=0.52g. At 
AQK station a higher value of the vertical acceleration 
(PGAZ=0.35g) relative to the horizontal ones (PGAEW,NS = 
0.34g) was found. In order to analyze the characteristics of the 
earthquake, reported in Figure 6 in relation to its effects on the 
Basilica, the acceleration motion trajectory (Fig. 6a) and the 
elastic response spectrum (Fig. 6b,c) of the AQK natural 
records were calculated. It should be noted that the recording 
station has a distance from the church approximately equal to 
380 m. This proximity permits the possibility to relate the 
observed damage to the registered accelerations. 

At AQK station, located in stiff soil, the maximum recorded 
peak ground acceleration in the NS component is 0.35 g. It 
must be emphasised that L’Aquila was located in the vicinity 
of the normal fault, and because of that the recorded vertical 
acceleration (UP) of 0.37 g is slightly bigger than the 
horizontal one in the NS component. It is interesting to 
compare the recorded accelerations with those provided by the 
Italian code for buildings at L’Aquila city. Fig. 6b represents 
the elastic response spectra for the two horizontal components 
of the accelerations recorded at AQK (5% damping ratio), 
compared with elastic spectra provided by the Italian code, 
while Figure 6c is related to the vertical (UP) component. The 
response spectra of the horizontal EW time history presents 
the highest values at the period T = 0.18s, with acceleration 
1.17g, while the NS and Z (UP) components have a 
significant peak at the period T=0.07s, with 1.00g and 0.95g, 
respectively. The Italian code, using the return period of 
Tr=475 years and B-type soil, underestimates the spectral 
values of the recorded signals. Finally, the reported data 
evidence that the prevailing direction close to the site of the 
main shock was oriented in such a way that prevailing 
longitudinal actions in the church may have occurred (Fig. 6a) 
and the modes of the Basilica are in the frequency range 
where the earthquake had concentrated the most part of the 
energy (Fig. 6b,c).  
 
 

NN

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
T [sec]

0

0.4

0.8

1.2
a/g

NTC 08 EL

AQK E‐W
AQK N‐S

Mode 1
Mode 500

Cat. B, T1, ξ=5%, SLV

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
T [sec]

0

0.4

0.8

1.2

a/g AQK UPMode 1
Mode 500

NTC 08 EL UP

Cat. B, T1, ξ=5%, SLV

Figure 6. AQK registration of L’Aquila earthquake: a) 
acceleration trajectory; b) elastic response spectra (horizontal 

components) vs Italian Code provision; c) elastic response 
spectra (vertical component) vs Italian Code provision. 
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Notwithstanding the absence of earthquake data recorded at 
the Basilica basement, the available AQK measurements have 
been used to perform a design spectrum analysis taking into 
account the effective direction of the excitation with respect to 
the Basilica. Indeed, it should be noted that the inclination of 
the longitudinal axis with respect to the E-W direction is equal 
to 17° while the polarized direction of AQK is inclined of 
about 45° with respect to the same direction. Therefore, it can 
be estimated in 28° degree the inclination of the main shock 
with respect to the longitudinal Basilica axes. Consequently, 
E-W and N-S AQK spectra components are combined to take 
into account the earthquake direction with respect to the 
Basilica axis. 

Details on the comparison of responses obtained by using 
the spectra combination provided by the code and the AQK 
case, are, here, omitted for sake of brevity; however the 
results show clearly that the previously selected prevailing 
longitudinal combination of the Italian code furnishes a 
seismic response similar to the one obtained by using the 
AQK spectra. Even if the seismic adequacy related to the 
prevailing longitudinal combination is greater than the one 
obtained considering the transversal action, the calculated 
adequacy levels are small, and therefore compatible with the 
damage observed at the site immediately after the event.  

3.3 Seismic nonlinear static analyses  

Thanks to peculiar aspects developed in the modelling 
environment used for the nonlinear analyses (MIDAS), a 
preliminary study has been conducted to evaluate the effects 
of orthotropic behavior of the masonry treated as 
homogenized media. An equivalent homogenized material 
based on a strain energy concept has been obtained [17]. A 
sensitivity analysis of moduli ratios characterizing the 
orthotropic behavior of the masonry, with respect to the 
mechanical and geometrical parameters of the material, has 
been conducted around reasonable values for the case of the 
Basilica. The analysis has shown the occurrence of small 
modifications with respect to the isotropic behavior. 
Therefore, with the aim of preserving the results obtained by 
the model updating process through the experimental 
dynamic, an isotropic behavior has been assumed for the 
nonlinear analysis.  

In modelling the internal progressive damage during the 
inelastic behaviour induced by the earthquake two approaches 
(STRUctural MASonry, named STRUMAS [18] and Total 
Strain Crack, named TSC [19]) have been compared by a 
plane stress model for the Basilica nave wall containing the 
lateral entrance, the so-called “Porta Santa” - named macro-
element D (Fig.3b) in the global model [14]. Moreover the 
STRUMAS approach permits a good evaluation of the macro-
element limit shear force V, which is coherent with the ones 
evaluated in the TSC cases. However, the estimated limit 
value is reached without considering stiffness-degradation, 
which should be direct consequence of the cracking 
progression. This occurrence does not permit the direct 
evaluation of the ultimate displacement of the macro-element.     
The TSC computational effort is greater than the STRUMAS 
one, in which the obtained results are however comparable, 
therefore the nonlinear analyses for the global model of the 
Basilica (Fig.7) have been conducted using this last approach 
and the main results are here synthetically described. 

 
Step 1 Step 4 Step 7 

 
Figure 7. Varied configurations obtained by longitudinal 
pushover analysis with force distribution proportional to 

masses  (+ x dir). 

Because of the adopted modelling approach, which is able 
to simulate both the in-plane and out-of-plane nonlinear 
behavior of the masonry macro-elements, it was possible to 
perform incremental static analyses either in both longitudinal 
and transversal directions. As in [4,6], through a spectrum 
modal analysis, the global model has also been used to 
evaluate the seismic demand in each macro-element. In the 
analysis, a large number of modes have been retained (up to 
500). Seismic demands of each macro-element are determined 
assuming an earthquake coming only in longitudinal (x-
direction) or transversal (y-direction) in order to compare 
these directly with the capacities evaluated through 
incremental static analysis in the same directions. In doing 
this, both the NTC and AQK spectra have been utilized, 
assuming that the NS component is completely transversal 
while the EW component is longitudinal.  

The results of the linear elastic spectrum analysis are 
synthesized in terms of macro-element shear resultants in 
Table 2. It is pertinent to notice that there are not significant 
differences in the results using the spectrum given by the 
National code or the spectrum derived by the registration 
AQK, even in the total shear. Moreover, the results show 
again significant differences when a prevailing longitudinal or 
transversal earthquake hit the Basilica. 

Table 2. Seismic demand: shear force resultants for each 
macro-element  (see Fig. 3b) expressed as ratios with respect 

to weight. (V/W) evaluated by elastic response spectrum 
analysis (AQK and NTC spectra). 

Macro-
element 

Weight Longitudinal 
seismic action 

Transversal 
seismic action 

 
% 

of total 
AQK EW 

% 
NTC  

% 
AQK NS 

% 
NTC  

% 

A 17 35 34  23 23 
B 20 45 51 28 27 
C 20 46 51 30 28 
D 16 44 45  23 23 
E 5 - - 56 56 
G 8 2 2 64 70 
H 6 16 16 74 83 

facade 8 17 19 20 18 
Total 100 35 37  34 34 
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Figure 8. Minimum stresses on nave wall B at different steps 
of the longitudinal pushover analysis: (+x dir), (-x dir). 

Indeed, the behavior under prevailing longitudinal seismic 
action permits engaging several masonry panels in their in-
plane behavior, while in the transversal case, especially with 
regard to the nave walls, the seismic loads should engage their 
out-of-plane carrying capacity. The shear resultants evaluated 
by the elastic spectrum analysis evidence that in both 
directions (longitudinal and transversal) the total shear 
demand is about 35% of the total weight of the church. 
However, the greatest seismic demand concerns the central 
nave walls (B, C) in which resistance is required to balance 
27% of the longitudinal action and 17% of the transversal 
action. Also, the external nave walls are strongly stressed by 
action coming in both directions (17% longitudinal and 12% 
transversal), while the apse walls (G, H) are working 
primarily under the transversal condition  (2% longitudinal 
and 15% transversal). 

In the evaluation of the limited capacity of each macro-
element through the global model, incremental static analyses 
have been performed considering two different load 
distributions: concentrated forces at the element top and mass 
proportional. Figures 7 shows selected deformed 
configuration of the church under longitudinal or transversal 
horizontal actions with a distribution proportional to the 
masses at different load amplitude. The figures permit 
appreciation of the modifications in the shape of the 
deformation for increased loads (steps). Both in the 
longitudinal and in the transverse cases, the area of the 
transept is the one in which the shape change is most evident, 
confirming the localization of inelastic deformation and 
stiffness reduction. Figures 8 depict the distribution of the 
minimum principal stress in the nave walls named B (see Fig. 
3b), obtained for different values of the increased longitudinal 
action in both positive and negative x-directions. Looking at 
both the stress distributions and the deformed configuration, 
the asymmetric behavior with respect to the sign of the 
horizontal action evidences that the longitudinal motion from 
the transept towards the facade  (+ x dir) creates large 
deformations and stresses at relatively low levels of horizontal 
action. Moreover, in this situation it can be noticed that the 
arches connecting the large pillars closing the nave with the 
wall of the apse are affected by large tensile stresses in the 
area of the voussoirs at 30° (“reni”), even for small horizontal 
actions (step 1). Increasing the load, the area that overcomes 
the tensile strength (ft=0.3 N/mm2), which is evidenced by 
black crosses, becomes larger, evidencing smaller cracks also 
at the interconnection between the nave wall and the facade.  

Table 3. Seismic capacity: shear force resultants expressed as 
ratios with respect to weight (V/W). 

Macro-
element 

Longitudinal seismic 
action 

Transversal seismic 
action 

 
Positive 

% 
Negative 

% 
Positive 

% 
Negative 

% 

A 169 134 7 5 
B 61 50 4 3 
C 62 62 4 3 
D 162 141 4 6 
E - - 31 31 
G 50 43 105 103 
H 41 60 85 83 

facade 22 17 64 64 
 

This picture is truly representative of the mechanism of 
collapse in the transept area, as evidenced by the numerous 
previous observations regarding the damage scenario and the 
seismic action. A larger increase of lateral forces (step 7) will 
cause damage also at the nave wall. The observation of the 
behavior for horizontal forces applied from the façade towards 
the transept again shows, at step 4, the possible opening of 
cracks above the pillars in the transept arches.  

Table 3 summarizes the load capacities of each macro-
element of the church, obtained through the capacity curves, 
evaluating the shear value for a conventional displacement 
equal to 0.001 of the macro-element height [14]. Comparing 
these load capacities with the seismic demand on Table 3 
confirms all the observations previously presented. In 
particular, the low ductility of the macro-elements B and C 
with respect to the actual and expected seismic action 
becomes clear. Also evident is the low load capacity of the 
nave walls with respect to transversal actions; this capacity is 
not completely null only thanks to a mechanism, which 
involves the longitudinal and the transverse walls all 
functioning together in a way that permits to carry larger 
horizontal forces.    

4 DAMAGE AND MONITORING  
The major damage suffered by the Basilica in 2009 was in the 
region of the transept (Figure 9) with a mechanism of 
implosion of all the structures that compose it: the great multi-
lobed pillars, the triumphal arch and the wall above, the barrel 
vaults, the dome and the roofing structures. Observing the 
area immediately after the earthquake, the collapse took place 
without involving the exterior walls, not even their top parts, 
while a pile of debris fell entirely within the masonry walls. In 
particular, no debris was observed outside the external walls. 
These observations of a probable collapse mode shape suggest 
the likely sudden structural failure of the two large pillars 
which supported the structural system constituted by the 
triumphal arches, the pendentive supporting the drum and the 
dome above it, the barrel vaults, and finally the wooden roof 
on top of everything else. 

It should be pointed out that the transept is realized through 
a structural system in which the arch and vault thrusts, 
induced  by  permanent  vertical  loads,  play   an  important 
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 a) b) 
Figure 9. The transept collapse immediately after the 

earthquake: a) aerial view of left side, b) internal view 
 
stabilizing role. During the 2009 earthquake, due to the 
proximity to the epicenter, the vertical and horizontal 
acceleration components had similar amplitudes, producing a 
potentially destructive destabilizing effect induced by large 
vertical upward accelerations. The intrinsic vulnerability of 
the transept area to earthquakes such as the one that took place 
on 6 April 2009 is evidenced by the fact that the recent 
transept collapse was probably similar to a collapse that had 
occurred previously in the fourteenth century.  
    The collapse, involving the first pair of arches of the nave 
and the walls above the first pillars, left the remaining part 
quite clean and sharp. The last columns of the nave were 
practically undamaged because, as previously illustrated, they 
were completely rebuilt in the restoration of the '70s, in 
distinction from the collapsed pillars. These pillars, in despite 
of their diameter dimensions, resulted to be weaker than what 
it was possible to evaluate without reliable data on the 
material characteristics of their core.  

The interconnection between the orthogonal walls proved 
very ineffective, mainly due to the poor quality of the 
masonry, especially in the area above the arch and for the wall 
orthogonal to the nave in the plane of the triumphal arch. 

Several of the threaded rods of the bracing system under the 
central nave roof were broken, almost all in the vicinity of the 
large crack on the north side wall of the church. In the north 
aisle, slippage of bolts designed to anchor the wooden trusses 
was noticed. Both of these cases of damage show the presence 
of transverse deformation of the longitudinal walls mainly 
located in the north. In the nave columns there were deep 
cracks due to heavy compression, initially appearing only in 
the central columns of the nave and then progressively 
emerging, with the after-shocks, in almost all the others as 
well.  The area of the apse was also characterized by severe 
damage, affected by clear cracking in the mortar joints of the 
hewn stone blocks of the main apse, where there were also 
expelled blocks forming a wedge shape above the mullioned 
window. Observation of the interior reveals cracks in the apse 
vault, which is one of the most loaded elements, a partial 
detachment, and the presence of permanent relative 
displacements, which occurred in one of the ribs. More 
serious damage was suffered by the lateral chapels; in 
particular the Celestine chapel  to the right of the altar exhibits 
three extensive sub-vertical cracks, one central and two almost 
symmetrical, starting from the intersection of the vault with 
the vertical walls and going down to the ground level.  
 

 

Figure 10. Installation phases of the monitoring system at the 
Basilica S. Maria di Collemaggio. 

4.1 Structural Monitoring System 

The assessment of the changes occurred in structural behavior, 
together with the analysis of the structural modifications 
coming out from successive consolidation and restoration 
interventions, has been followed by a permanent monitoring 
system. The system development can be broadly divided into 
two distinct phases: the design and deployment of an 
accelerometric monitoring network and the design and 
deployment of a second network for wall inclination and crack 
width local measurement. The main goal was an accurate 
measurement of the building dynamic response, both to 
environmental action and to seismic events. 
The monitoring systems uses 16 Imote2, wireless sensing 
platform with SHM-A sensor board from ISHMP and 8 
Westmote  custom developed sensing solution, to acquire the 
measurements from 16 LIS3DSH tri-axial MEMS 
accelerometers for acceleration measurements, 16 Sensirion 
SHT11 temperature and humidity sensor; 8 OTR OG400B 
crackmeter and 3 OTR OG307 inclinometer. Performance 
characteristics of MEMS accelerometer relevant to the present 
analysis are resumed in Table 4. 

During the months following the installation, the monitoring 
system has been continuously enhanced and brought to 
complete and automatic management to sense seismic induced 
vibrations. During this path, test campaigns have been 
conducted with different induced source of vibrations such as 
hammer, ambient vibrations and free-vibration tests. To date, 
six major events have been detected. Three are associated 
with the Emilia region and three are events at L’Aquila. Table 
5 shows the maximum accelerations registered during each 
earthquake. Recorded structural responses show prevailing 
out-of-plane oscillations of the nave walls.  

Table 4. LIS344ALH mechanical characteristics 

Feature Value 
Input Range ±2, ±6 g 
Sensitivity Vdd/5 @ ±2 g 

Vdd/15 @ ±6 g 
Bandwidth 1.8 KHz 

Noise Density 50 µg/√Hz 
Non linear behavior ±0.5 % FS 

Cross Axis ±2 % 
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Table 5. Recorded response of Basilica of Collemaggio. 

Earthquake Date Time 
(UTC) Magnitude 

 Peak       
Response 

Acceleration 
[g] 

Main Shock 
Emilia 5/5/2012 2:03 AM 5.9 0.0054 

Aftershock 
Emilia 5/5/2012 1:18 PM 5.1 0.0018 

Main Shock  
Ravenna 6/6/2012 6:08 AM 4.5 0.0014 

L’Aquila 14/10/2012 4:32 PM 2.8 0.0072 
L’Aquila 30/10/2012 2:52 AM 3.6 0.0073 
L’Aquila 16/11/2012 3:37 AM 3.2 0.0082 

5 CONCLUSIONS  
The complete understanding of the structural behavior of 
ancient monumental buildings, especially during seismic 
shaking, will require a long and difficult path. The present 
study, which is not exhaustive on the matter, furnishes a series 
of observations from different perspectives involving the use 
of damage observations, information derived from dynamic 
tests, and computational mechanics.  

Starting from data available from previous researches on the 
monument, the present work has been conducted to 
comprehend the seismic damage scenario. The results of the 
structural analysis here presented are compatible with the on-
site observations and the available seismic measurements and 
can be summarized as follows. 

The seismic accelerations, which occurred at the base of the 
Basilica, were polarized with a prevailing component nearly 
aligned with the longitudinal direction of the Basilica. Debris 
from the damage was found mainly inside the church, very 
little outside of it. The observed cracked elements (for 
example the concrete beam) seem not to have conserved 
significant permanent displacements caused by transversal 
accelerations.  

Linear structural analyses using the design response 
spectrum provided by the Italian code have evidenced the 
strong vulnerability of the nave walls, especially the interior 
ones, with respect to transversal seismic actions, even in the 
presence of the light steel bracing systems connecting them. 
The combination of AQK spectra that preserves the 
directionality of the occurred earthquake has produced a 
structural response comparable with one of the prevailing 
longitudinal combination provided by the code. Nonlinear 
static analyses have used to describe the crack propagation 
increasing the action intensity.  A plane model of the external 
wall in which is located the second entrance to the Basilica, 
has been used to compare results obtained with the 
STRUMAS and TSC approach, which evidence that the first 
one requires less computational effort preserving a sufficient 
level of approximation in the evaluation of the limit horizontal 
force sustainable by the studied element. Based on this 
approach, a complete model of the Basilica has been used to 
evaluate the seismic capacity of all the masonry macro-
elements in their global behaviour. The transept structural 
systems formed by arches, penditives and barrel vaults 
transferring the vertical loads onto the multi-lobed pillars, has 
been demonstrated to be vulnerable with respect to both 
transversal and longitudinal actions. In particular, even in the 
case of longitudinal actions, the nonlinear static analysis 

evidences the presence of high tensile stress in the arches 
connecting the pillars to the apse walls. This mechanism, 
observed in the numerical simulations, and amplified by the 
strong vertical acceleration component registered close to the 
site, together with the minimal resistance of the material 
inside the core of the collapsed pillars, is the most probable 
explanation of the implosion of the transept structures in the 
church as observed and reported in the numerous figures 
enriching the present study.   
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ABSTRACT: Since Autumn 2011 a permanent dynamic monitoring system was installed by Politecnico di Milano in the San 
Michele bridge, a centenary iron-arch bridge which crosses the Adda river about 50 km far from Milan. During the first 13 
months of monitoring, the automated identification of modal parameters from continuously recorded acceleration data has been 
performed using two different procedures: the first one is based on the Frequency Domain Decomposition technique, whereas 
the second one involves the Covariance-based Stochastic Subspace Identification algorithm. The paper summarizes the results 
obtained in the first year of monitoring, also with the aim of comparing the performance of the developed automatic procedures 
within the framework of vibration-based Structural Health Monitoring. Differences in terms of modal identification and 
frequency tracking are discussed and the correlation between natural frequencies and environmental/operational conditions was 
explored in order to distinguish between the normal response of the structure to changes in its environmental/operational 
conditions and possible damage or structural anomaly. Furthermore, a methodology of structural anomaly detection based on 
mode shape variation is discussed. 

KEY WORDS: Dynamic monitoring; Iron-arch bridge; Automated OMA techniques; Structural anomaly detection. 

1 INTRODUCTION 

1.1 State of the art 

In Europe, a significant number of railway and roadway 
bridges consists of outstanding masonry or iron structures. 
Especially historic railway bridges are often architectonic 
masterpieces and innovative structures, solving problems of 
environmental impact with bold engineering solutions related 
to the requirements of the railways loads, so that the 
structural dimensions of piers and spans stem from the 
optimisation of the planned railway routes. In addition, these 
structures were the top of the technology, engineering and 
architecture of the time, showing a deep knowledge of 
materials and technological solutions no more in use. 

Along the time, since the construction days to date, many of 
these bridges have become critical nodes within the current 
transportation system. This criticism is mainly due to two 
unavoidable reasons: (a) progressive degradation of materials 
caused by the natural aging and/or lack of maintenance; (b) 
increasing of service loads due to the change of the type of 
traffic. Consequently, the reliability assessment as well as the 
Structural Health Monitoring (SHM) of such structures needs 
to be one of the priority actions by the manager of the 
infrastructure or the local administrative authority. 

In this context, ambient vibration-based monitoring can be 
considered as one of the most promising tools for SHM 
purposes. In fact, continuous dynamic monitoring systems do 
not interfere with the bridge normal use and, at the same time, 
provide useful information about the dynamic characteristics 
(i.e. natural frequencies, mode shapes and modal damping 
ratios) of the structure under operational conditions; the 
dynamic characteristics, in turn, might be used as features 
sensitive to structural condition. 

Since dynamic monitoring is generally aimed at estimating 
the dynamic characteristics at different times, an important 
role is played by the development of automatic modal 
identification algorithms. Several procedures have been 
proposed in the literature, based on both Frequency Domain 
Decomposition (FDD) [1]-[2] and Stochastic Subspace 
Identification (SSI) [3]-[4]. 

Once the evolution of the identified dynamic parameters 
have been tracked, it becomes necessary to select and check 
the ones that are more sensitive to structural changes or 
damage. Here relies the basic idea behind vibration-based 
health assessment, assuming that any change in the dynamic 
parameters is related to structural change or damage. In the 
literature, several vibration-related features for damage 
detection have been proposed, such as modal parameters, 
flexibility matrix, modal curvature and modal strain energy 
[5]. 

However, in practical application concerning permanent 
dynamic monitoring, mainly natural frequencies variation 
have been explored [6]. To such purpose, an extensive 
investigation about the operational and environmental factors 
which affect the frequency variation is mandatory, in order to 
filter out the "normal" response to changes in 
environmental/operational conditions. 

Beside this, damage identification on structures under 
operational condition and without artificially induced damage 
remains still a challenging task: successes are mainly limited 
to simulations, laboratory studies and controlled on-site 
experiments [7]-[9]. 

1.2 Bridge description and objectives of the investigation 

The San Michele bridge is an iron arch bridge that links the 
small towns of Paderno and Calusco d’Adda,  about 50 km far  
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Figure 1.  Layout of the monitoring system and view of the San Michele iron arch bridge (1889). 

 
from Milan. The bridge, built in 1889 [10]-[11] to complete 
one of the first Italian railway lines, is still used as a combined 
road and railway bridge. 

As shown in Figure 1, the bridge is characterized by the 
main parabolic iron arch, the upper truss box metal girder and 
its supporting piers. The arch spans 150 m and rises 37.5 m. It 
is composed by two ribs that are canted inward with a planar 
distance of about 16 m at the basement and 5 m at the crown. 
The upper girder is 266 m long and it is supported by nine 
equally spaced bearings. The deck vertical trusses support two 
slabs: the upper one for alternate road traffic and pedestrians, 
and the lower for a single rail line. 

The state of preservation of the bridge is rather poor due to 
the difficulty of carrying out regular maintenance, especially 
on the arches, and a wide number of structural members are 
significantly damaged by corrosion. Hence, within an 
assessment program of the main infrastructures owned by the 
Province of Lecco, ambient vibration tests were performed on 
the roadway and railway deck between June 2009 and June 
2011 [1], [12]. The first results highlighted a different state of 
preservation between the structural iron members on the 
downstream and upstream side, and the dependence of the 
bridge dynamic characteristics on the amplitude of 
excitation/response. Therefore, in agreement with the Italian 
Railway Authority (RFI, that is the main institutional owner 
of the bridge), it was decided to install a dynamic monitoring 
system on the railway deck, since maintenance operation are 
more practical with the support of RFI technical staff. 

The permanent dynamic monitoring system is fully active 
since 28 November 2011 [1]. The wired system consists of 21 
MEMS accelerometers, seven data acquisition (DAQ) units, 
two thermocouples, two Ethernet switch devices and one 
industrial PC. Three accelerometers (two to measure the 
vertical accelerations on the downstream and upstream sides 
and one to measure the lateral acceleration) were mounted in 
7 different cross-sections, corresponding to the bearings of the 
truss-box girder between the abutments (Figure 1). The two 
temperature sensors are placed on the second and the fifth 
instrumented cross sections, respectively. The two switch 
devices collect the Ethernet cables from each group of 
channels and transmit the digitized data to the industrial PC 
on site. A new binary file, containing 21 acceleration time 
series (sampled at 200 Hz) and the temperature data, is created 
every hour, stored on the local PC and transmitted to 

Politecnico di Milano. 
It should be remarked, that the present investigation 

constitutes a quite unique example of continuous dynamic 
monitoring of a centenary bridge. Other studies performed on 
historic bridges were limited to ambient vibration tests [13]-
[14]. 

Within this framework, the paper summarizes the main 
results obtained during the first year of dynamic monitoring. 
The first objective is to compare the performance of two 
different automated modal identification algorithms for SHM 
purposes: the first one is based on the FDD technique [1], 
whereas the second involves the Covariance-based Stochastic 
Subspace Identification method (SSI-Cov). Differences in 
terms of modal identification and tracking are discussed. 

A second goal is to exemplify the application of possible 
methodologies to detect structural anomalies or damage. To 
this purpose, two strategies based on the variation of modal 
parameters are examined. 

In the first one, the natural frequencies are assumed as 
features sensitive to structural condition. This approach [6] 
involves study of the correlation between natural frequencies 
and environmental (e.g. temperature) or operational 
conditions (e.g. traffic intensity). Once the normal response of 
a structural system to changes in its environmental and 
operational conditions has been explored and can be filtered 
out to normalize response data, any further changes in 
dynamic characteristics should rely to structural changes, 
which could be either a slow degradation (e.g. reduction in 
member stiffness due to corrosion) or some sudden change. 

The second procedure is based on the variation in time of 
mode shapes and related modal complexity. 

2 AUTOMATED OMA TECHNIQUES 
As it is usual, before applying the automated modal 
identification algorithms, the collected acceleration time series 
are firstly pre-processed [1]. Since the responses induced by 
the railway traffic do not comply with some basic assumptions 
of OMA, such as white noise and stationarity, pre-processing 
is especially aimed at recognizing and extracting the time 
series associated to the railway traffic, so that one "train-free" 
dataset per hour, having a duration of 2400 s, is created. 

In more details, the data files received from the monitoring 
system are managed by a software [1] developed in LabVIEW 
and including the following tasks: (a) creation of a database 
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with the original data (in compact format) for later 
developments; (b) preliminary pre-processing (i.e. de-
trending, automatic recognition and extraction of train 
passages, creation of 1 dataset per hour); (c) statistical 
analysis of data, including the evaluation of averaged 
acceleration amplitudes and temperature trends; (d) low-pass 
filtering and decimation of each dataset; (e) creation of a 
second database, with essential data records, to be used in the 
modal identification phase. 

2.1 FDD based procedure 

The FDD is a well-known non-parametric technique for 
OMA, based on the estimation of the spectral matrix G(f) and 
subsequent Singular Value Decomposition (SVD) of G(f) at 
each frequency line. If one vibration mode is dominant at a 
certain frequency line, the spectral matrix is of rank one and 
only one non-zero singular value will appear. Therefore, the 
local maxima of the first singular values plot provides the 
resonant frequencies, whereas the mode shapes are estimated 
from the associated singular vectors. 

The automated FDD approach herein adopted is described 
in [1]. Basically, this procedure joins together the modal 
identification and tracking process. To better clarify, a prior 
reference SV function needs to be selected, together with the 
matrix of the corresponding singular vectors. Once the local 
maxima of the reference SV functions and the associated 
reference mode shapes have been defined, appropriate 
comparison in terms of MAC coefficient is performed 
between each reference mode shape and the current singular 
vectors. Therefore, if a pre-defined number (M) of such 
singular vectors provide a MAC value higher than a pre-
selected threshold value, a modal domain is identified. For 
each identified modal domain the natural frequency and the 
mode shape are estimated. 

2.2 SSI-Cov based procedure 

The SSI-Cov algorithm is a parametric identification method 
that makes use of correlation functions (estimated from the 
acquired vibration responses) and the classical state-space 
form of the discrete-time equations of motion of linear and 
time invariant systems, in order to identify the state matrix. 
After that, the eigenvalue decomposition of the identified state 
matrix provides the system modal parameters [3]-[4]. 

Within the OMA context, such technique is widely 
recognized for its fast computational time, accuracy of the 
identification of closely spaced modes and suitability to be 
automated (due to its algebraic nature). Nevertheless, setting 
the proper input parameters, such as the model orders and the 
time lag to compute the correlation matrix, deserves a 
preliminary manual analysis [4]. 

The automated approach of modal identification is 
described with more details in [4]. Such procedure involves 
two independent steps: (a) dynamic identification, making use 
of the automatic interpretation of stabilization diagrams 
(based on sensitivity of frequency and mode shape to model-
order variation and a further check of corresponding damping 
ratio and modal complexity values); (b) once a set of modal 
parameters have been estimated for each dataset, a tracking 
procedure is carried out based on frequency and MAC 
variation with respect to a pre-selected modal baseline-list. 

3 ONE YEAR DYNAMIC MONITORING: RESULTS  

3.1 Identification and tracking of vertical bending modes 

The automated OMA procedures have been applied to 13 
months of recorded vertical accelerations (from 01/12/2011 to 
31/12/2012). The vertical bending modes, that were identified 
with high occurrence by the two procedures, are shown in 
Figure 2. 

Two different modal tracking strategies were followed:     
(a) for the FDD procedure the reference mode shapes were 
kept constant during all the tracking process; (b) conversely, 
for the SSI-Cov approach the reference mode shapes were 
updated every 4 months (December-April-August). The latter 
strategy was suggested by the results of the FDD procedure, 
exhibiting a loose of modal tracking associated to mode 5 and 
mode 6, during the spring-summer period (Table 1). As it will 
be discussed in section 4, the tracking failure was determined 
by changes of the mode shapes. 

The automated identification of the natural frequencies of 
vertical bending modes (Figure 2) from the datasets collected 
during the period from 01/12/2011 to 31/12/2013 provided the 
frequency tracking shown in Figure 3a (SSI-Cov) and in 
Figure 3b (FDD). 

The inspection of Figures 3a-b suggests the following 
comments: 

Figure 2.  Vertical bending modes (28/11/2011) commonly identified by using the FDD based and the SSI-Cov based 
automated procedures. 
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Figure 3. Identified vertical bending modes using: a) SSI-Cov 

method; b) FDD technique (01/12/2011-31/12/2012). 

Table 1.  Vertical bending modes: SSI-Cov and FDD results 
between 01/12/2011 and 31/12/2012 (excluding the periods 

with low temperature and ice/snow on the bridge). 

Mode fmean 
[Hz] 

σf 
[Hz] 

fmin 
[Hz] 

fmax 
[Hz] 

Tracking 
rate [%] 

1 SSI 
FDD 

2.539 
2.545 

0.023 
0.022 

2.436 
2.451 

2.610 
2.607 

99.1 
99.0 

2 SSI 
FDD 

3.415 
3.418 

0.008 
0.009 

3.377 
3.379 

3.444 
3.447 

99.8 
99.8 

3 SSI 
FDD 

4.508 
4.511 

0.019 
0.020 

4.375 
4.375 

4.543 
4.551 

99.8 
99.7 

4 SSI 
FDD 

5.211 
5.217 

0.012 
0.018 

5.163 
5.146 

5.241 
5.264 

99.8 
99.6 

5 SSI 
FDD 

10.731 
10.745 

0.025 
0.020 

10.614 
10.664 

10.798 
10.811 

97.9 
75.6 

6 SSI 
FDD 

11.866 
11.891 

0.036 
0.037 

11.716 
11.719 

11.972 
11.982 

89.2 
67.5 

 
1. the two automated algorithms exhibits good and robust 

performance; 
2. the natural frequencies exhibit relatively small but clear 

variations, that are well described by both procedures; 
3. during the examined time period, some interruptions of the 

monitoring occurred due to maintenance operations in the 
electric cabin providing power to the monitoring system 
and owned by the municipality of Paderno. The longest 
interruption occurred between 14/05/2012 and 17/06/2012 
and allowed to completely solve the related issues; 

4. Figures 3a and 3b show anomalous increase of all modal 

frequencies in winter time. This phenomenon − observed in 
the first weeks of February 2012 and in December 2012 − 
is related to snowfalls and low temperatures. 

Since the stiffening due to low temperature and ice has to be 
considered as temporary, the correlation analysis between 
modal frequencies and environmental/operational conditions 
was performed excluding the "ice periods" in order to 
consider the evolution referred only to a "normal" behaviour 
of the structure. 

Statistics of the natural frequencies automatically identified 
using SSI-Cov and FDD are summarized in Table 1. The 
statistical properties are computed excluding the data 
associated to the "ice periods". It is evident, that no significant 
differences in terms of tracking rate are detected for the first 4 
modes; conversely lower tracking rates are obtained for the 
FDD procedure for the higher modes. 

3.2 Environmental and operational effects 

A closer inspection to Figure 3 reveals cyclic evolutions of 
natural frequencies, over short and long periods, with those 
oscillations being related to temperature variation and to 
different levels of road traffic intensity during the day.  

As mentioned before, the more usual approach to vibration-
based damage detection consists in identifying any shift of 
natural frequencies that is not dependent on environmental 
and operational factors. 

A possible way to tackle the problem is to build, for each 
natural frequency, a prediction model based on the 
relationship between environmental/operational conditions 
and natural frequencies observed in a specified "training" 
period, covering all the possible thermal and operational 
conditions. Subsequently, the residual error, computed as the 
difference between the identified and the predicted frequency, 
is adopted as an index to detect structural anomalies: increase 
of the prediction error implies a change of the structural 
condition. In the present case, the first 9 months (December 
2011-August 2012) were selected as "training" period (P1). 
Conversely, the data associated to the remaining months (P2) 
were used for structural anomaly detection. 

Since temperature and acceleration simultaneously act on 
the structure (producing a combined effect), a bi-variate 
prediction model for each mode was built: 

iiiiiii ttataf εβββββ +++++= 2
2,01,11,00,10,0    (1) 

 

 
Figure 4.  Mode 1: frequency response surface based on two 

predictors. 
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where ε is the prediction error, β are the model coefficients, a 
and t refer to the acceleration amplitude (expressed in RMS) 
and temperature, respectively. 

Figure 4 exemplifies the response surface model 
approximately describing the dependence of the natural 
frequency of the first vertical bending mode on the changes in 
the environmental (t) and operational conditions (a). 

The response surface models estimated for the natural 
frequencies of vertical bending modes allow to observe that: 
(a) the natural frequencies of modes 1 and 2 increase with 
increased temperature (especially for temperatures higher than 
17°C), whereas, the frequencies associated to the upper modes 
exhibit an opposite trend; (b) the natural frequencies of all 
modes decrease with increased acceleration level. In order to 
better quantify the different degrees of dependence, Tables 2-
3 report: (a) the correlation coefficient ρFT between natural 
frequencies and temperature; (b) the correlation coefficient 
ρFA between modal frequencies and acceleration; (c) the 
standard deviation σ of the prediction error and the coefficient 
of determination R2; (d) the prediction error. 

Table 2.  Frequency prediction models based on SSI-Cov 
results: correlation and goodness of fit indices. 

Mode ρFT ρFA σ R2 Error [%]

1 P1 
P2 

0.609 
0.480 

-0.287 
-0.475 

0.0129 
0.0153 

0.627 
0.536 

0.40 
0.52

2 P1 
P2 

0.476 
0.478 

-0.290 
-0.401 

0.0061 
0.0063 

0.459 
0.476 

0.14 
0.14 

3 P1 
P2 

-0.843 
-0.848 

-0.234 
-0.140 

0.0096 
0.0056 

0.779 
0.732 

0.14 
0.11 

4 P1 
P2 

-0.757 
-0.517 

-0.366 
-0.217 

0.0064 
0.0063 

0.724 
0.445 

0.10 
0.10 

5 P1 
P2 

-0.895 
-0.816 

-0.435 
-0.481 

0.0090 
0.0073 

0.884 
0.793 

0.06 
0.06 

6 P1 
P2 

-0.583 
-0.589 

-0.418 
-0.414 

0.0269 
0.0233 

0.439 
0.415 

0.18 
0.18 

Table 3.  Frequency prediction models based on FDD results: 
correlation and goodness of fit indices. 

Mode ρFT ρFA σ R2 Error [%]

1 P1 
P2 

0.587 
0.480 

-0.289 
-0.435 

0.0125 
0.0171 

0.586 
0.459 

0.37 
0.64 

2 P1 
P2 

0.430 
0.424 

-0.325 
-0.440 

0.0064 
0.0066 

0.435 
0.461 

0.15 
0.15 

3 P1 
P2 

-0.819 
-0.768 

-0.227 
-0.157 

0.0112 
0.0074 

0.732 
0.608 

0.17 
0.14 

4 P1 
P2 

-0.582 
-0.270 

-0.304 
-0.101 

0.0136 
0.0158 

0.425 
0.127 

0.18 
0.20 

5 P1 
P2 

-0.834 
-0.669 

-0.325 
-0.393 

0.0095 
0.0111 

0.427 
0.558 

0.13 
0.10 

6 P1 
P2 

-0.472 
-0.530 

-0.299 
-0.294 

0.0328 
0.0239 

0.328 
0.318 

0.21 
0.21 

 
Figures 5 and 6 show the results of the bi-variate prediction 

model applied to the natural frequency of Mode 1. Figure 5 
clearly demonstrates a fairly good match between predicted 
and identified frequencies during the period P1, leading to a 
coefficient of determination R2 equal to 0.627 (Table 2). 

Generally, the prediction errors are lower than two times the 
standard deviation (represented by the dashed orange line in 
Figure 6). On the contrary, during period P2, the residuals 
gradually increase in time; accordingly, Table 2 confirms the 
increase of standard deviation and mean error (expressed as 
percentage), as well. 

Hence, the prediction error clearly highlights a variation of 
the characteristics of Mode 1 in period P2, through the 
comparison with the previous period with similar operational 
and environmental conditions. Indeed, the evidence of change 
is even detectable by inspecting the evolution in time of the 
examined mode (Figure 5). 

It is further noticed that the prediction errors corresponding 
to the upper modes do not exhibit significant differences of fit 
between the training period P1 and the subsequent period P2. 

Furthermore, Tables 2-3 allow to draw some observations 
concerning the different automated OMA procedures: 
a) both approaches are perfectly able to detect the structural 

anomaly associated to Mode 1 during the period P2; 
b) the significant differences, in terms of R2, detected for 

modes 5 and 6 are mainly related to the higher 
identification rate provided by the SSI-Cov procedure; 

c) the SSI-Cov results are usually associated to lower values 
of standard deviation and mean error of the residuals. 

 

 
Figure 5.  Identified and predicted evolution of natural 

frequency of Mode 1 (SSI-Cov). 

   
Figure 6.  Variation of the prediction error corresponding to 

the natural frequency of Mode 1 (SSI-Cov). 

3.3 PCA tool to detect the hierarchy variation of 
environmental and operational effects 

One way to further investigate the previous detected structural 
anomaly of Mode 1 is to explore if the hierarchy outlined by 
Tables 2-3 (highlighting that during the period P1 the 
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frequency changes are mostly tied to temperature effects) 
changes in time. A first evidence of the latter hypothesis is 
given by the increase of the correlation between the natural 
frequencies of the first two modes and the acceleration during 
P2 (Tables 2-3). However, such correlation indices only 
provide a shallow information, since they are computed over 
several months during which environmental and operational 
factors differently affect the dynamic response. Hence, the 
whole examined period was divided in different sub-periods, 
gathering together the months sharing similar thermal 
conditions, and Principal Component Analysis (PCA) [15] 
was carried out for each sub-period. Such an operation should 
provide two benefits: a) it permits a dimension reduction of 
the problem; b) it permits to visualize the most dominant 
patterns within the data. 

The whole set of the SSI-Cov identified frequencies are 
divided in 5 sub-periods: 1) December 2011 - February 2012; 
2) March - May 2012; 3) June - August 2012; 4) September - 
October 2012; 5) November - December 2012. For each sub-
period, the PCA exhibits two significant singular values, so 
that two main PCs (or two new axes) are identified: along the 
main PCs, the data are characterized by the most dominant 
variances (65-80 % of the total variance). 

In order to appropriately associate these two variables to 
environmental or operational factors, the PC scores need to 
computed. To this purpose, the PCs (which define the main 
pattern of the data) constitute the weights that linearly project 
the original frequencies onto the two new axes defining two 
set of PC scores for each sub-period. 
 

 
Figure 7.  Variation of the hierarchy of the singular values. 

 

 
Figure 8.  RMS of the measured vertical accelerations. 

Figure 7 shows that the first singular values of the first four 
sub-periods are always associated to the PC accounting for the 
temperature variation; conversely, the second singular values 
are related to the RMS acceleration. It appears clear that 
temperature is the most dominant factor, especially during 
summer. However, during the last sub-period the physical 
interpretation of the singular values changes because: (a) the 
variances became quite similar (2.0-1.8) and (b) the largest 
singular value is longer associated with the thermal effect but 
it seems to account for the variation of acceleration (as 
confirmed by the correlation equal to -0.72). 

In other words, during the last two months of 2012 the 
global dynamic response of the structure seems to become 
more sensitive to the road traffic intensity than in previous 
periods. It is worth remarking that no appreciable increase of 
the acceleration level was detected in November-December 
2012 (Figure 8), and also the measured temperatures were 
quite similar to those recorded in the same period of previous 
year (Figure 5). 

It is further noticed that the results obtained by the FDD 
procedure yield to the same conclusions. 

4 SHM BASED ON MODE SHAPE VARIATION 
The use of natural frequency variation was extensively 
investigated to determine structural anomalies due to its 
expedient measurement and high identification accuracy. 
Furthermore, case studies reported in the literature encourage 
such kind of strategy [6], [8], also providing methods able to 
filter out ambient and environmental effects. 

In any case, any automated OMA procedure usually 
provides mode shape and damping information associated to 
each natural frequency. Considering that the identification of 
damping phenomena in civil structures is characterized by the 
largest uncertainties, the investigation of mode shape 
variations may constitute a valid alternative for damage 
assessment; in fact, it is well-known that changes in the mode 
shapes are more sensitive indicators of damage than natural 
frequencies [7], [9] because mode shapes provide both local 
and global information. In addition, mode shapes might be 
less sensitive to temperature effects. 

Nevertheless, mode shape based methods are not commonly 
used in practical application. This trend can be easily 
explained by recalling that accurate identification of mode 
shapes is strictly connected to the necessity of having a well 
distributed measurement grid on the structure and a good 
signal-to-noise ratio. In addition, some proposed damage 
detection indices [5], [7] based on mode shapes involve 
procedures that are highly sensitive to error propagation. 

Within this context, the strategy of structural anomaly 
detection adopted herein is simply based on mode shape 
variation in terms of MAC (Modal Assurance Criterion) and 
MPD (Mean Phase Deviation) [16]. This approach was 
adopted due to the high quality of the sensors installed in the 
bridge and because a sufficient number of vertical 
measurements are available. Furthermore, the evaluation of 
both MAC and MPD require minimal post-processing steps. 

4.1 Tracking of MAC and MPD values 

The MAC index is a measure of the similarity between two 
modal vectors. A value of 1 corresponds to a perfect match 
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and a value of 0 means they are completely dissimilar. 
Geometrically, and only if both mode shapes are real, the 
MAC represents the square of the cosine of the angle between 
the two modal vectors [16]. Therefore, as more the modal 
vectors have a mono-phase behavior as much the MAC index 
is suitable to measure their correlation.  

In application to damage assessment, the MAC index has to 
be computed between a pre-selected set of reference mode 
shapes (which might represent the "undamaged" or just a 
reference state of the structure) and the currently identified 
mode shapes. In order to coherently use the results of the SSI-
Cov procedure, it was applied again without updating the 
initial modal baseline list (Figure 2), and the threshold MAC 
value was fixed at 0.65. On the other hand, as previously 
stated, the FDD procedure was already used in this way. 

In order to summarize the results, Figures 9 and 10 show the 
evolution in time (SSI-Cov) of the MAC and MPD value of 
modes 1 and 5: it should be noticed that the MAC variation of 
modes 2-4 exhibits a trend similar to the one of the first mode 
(Figure 9), whereas the MAC variation of mode 5 (Figure 10) 
is similar to the one of mode 6. 
 

 
Figure 9.  Mode 1: MAC and MPD tracking. 

 

 
Figure 10.  Mode 5: MAC and MPD tracking. 

 
Unlike the corresponding natural frequencies (Figure 5), the 

MAC variations do not depend on environmental effects. 
Furthermore, as shown in Figure 9, the MAC of Mode 1 
remains quite constant until the end of April 2012. 
Subsequently, a clear decrease takes place until the end of 
September; the last months − when a possible structural 

anomaly was identified also by the natural frequency shift − 
are characterized by a slight increase of the MAC, which 
remains still lower than the initial value. On the other hand, 
Mode 5 exhibits a step-wise decrease of MAC: the first 
decrease occurs after the ice period at the end of February 
2012; subsequently, a second and more significant decrease is 
detected, again at the end of April 2012. 

Some possible explanations of the above trends could be 
related to: (a) increase of the traffic intensity during the 
summer period; (b) worsening of the global structural 
condition; (c) increase of the modal complexity, which could 
be intrinsically related to the previous reasons. 

As previously stated, as much the modal vectors have a 
mono-phase behavior, as much the MAC is suitable to 
measure the correlation between two modal vectors. In fact, 
Figures 9-10 also show that the MPD variation is similar to 
the MAC variation. The MPD quantifies the modal 
complexity measuring the phase scatter (in degree) of each 
modal vector component from the mean phase of the whole 
modal vector. For well-identified and real mode shapes, the 
MPD value should tend to 0. However, the mode complexity 
depends on various factors, such as measurement errors, 
identification issues (i.e. weakly-excited modes, noise effects) 
and non-linearity of the structure (i.e. hysteretic damping). 
Nevertheless, assuming good test conditions, an increasing of 
complexity could be related to a possible worsening of the 
global structural condition, as well. 
 

(a) █ 28/11/2011                                      █ 20/04/2012 
 

(b) █ 28/11/2011                                      █ 12/08/2012
 

(c) █ 28/11/2011                                      █ 25/12/2012
 

Figure 11.  Mode 5: evolution in time and comparison with 
the reference mode shape. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1468 

4.2 Variation of the mode shapes 

Figures 11a-c illustrate the progressive change of the mode 
shape corresponding to mode 5. The blue surface refers to the 
reference mode shape, whereas the red surfaces refer to 
subsequent estimates of the mode shape. Three different 
estimates have been selected to represent the variation in time 
of Mode 5; the estimates date back to the end of April 2012 
(Figure 11a), August 2012 (Figure 11b) and the end of 
December 2012 (Figure 11c). The corresponding MAC values 
(referred to the reference mode shape) are 0.85, 0.73 and 0.84. 

Figures 11a-c show that the regions mainly involved in the 
changes correspond to the crown of the arch. It is interesting 
to observe that the changes firstly began on the Paderno side 
of the bridge but, after some evolution, the main changes 
moved to the region corresponding to the crown of the arch on 
Calusco side of the bridge. Indeed, visual inspection of this 
region did not reveal any concentrated damage but highlighted 
that the arch crown exhibits a state of preservation worse than 
neighbouring regions, with higher corrosion of the structural 
members. 

It is further noticed that also Mode 6 exhibited slight 
changes of its mode shape in the same region of the bridge, 
whereas no significant variation of mode shapes 2-4 was 
detected. 

5 CONCLUSIONS 
The results of one year of dynamic monitoring of the San 
Michele bridge were summarized. 

Within this context, the performance of two different 
automated OMA procedures were compared, for SHM 
purposes: the first one is based on the FDD technique, 
whereas the second one involves the SSI-Cov. Despite the 
different nature of the two algorithms and the different 
strategies of modal tracking adopted in their application, it 
should be remarked that both procedures provided the same 
information in terms of structural anomaly detection. More 
specifically, the main variations of natural frequencies and 
mode shapes were perfectly detected by using both 
techniques. 

The results of one-year dynamic monitoring carried out on a 
centenary bridge clearly indicate that the strategies of damage 
detection based on the analysis of mode shapes deserve more 
attention in vibration-based SHM. It was shown that the 
inspection of the time variation of mode shapes leads to more 
specific information about the occurrence of possible 
structural anomalies. Furthermore, mode shape based methods 
seem to detect − at least in the presented application 
characterized by widely spread corrosion damage − any 
structural anomaly earlier than frequency-based techniques. 
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ABSTRACT: The Gabbia Tower, about 54.0 m high and dating back to the XIII century, is the tallest tower in Mantua, 
overlooking the historic centre listed within the UNESCO Heritage. After the seismic sequence of May 2012, an extensive 
research program was carried out to assess the structural condition of the tower. The post-earthquake investigation (including 
direct survey, historic and documentary research, testing of materials and ambient vibration tests) highlighted the poor state of 
preservation of the upper part of the building and suggested the installation of a dynamic monitoring system to evaluate the 
response of the tower to the expected sequence of far-field earthquakes and check the possible evolution of the structural 
behaviour. After a brief description of the tower and the post-earthquake survey, the paper presents the results of the continuous 
dynamic monitoring for a period of 8 months, highlighting the effect of temperature on automatically identified natural 
frequencies, the practical feasibility of damage detection methods based on natural frequencies shifts and the key role of 
permanent dynamic monitoring in the diagnosis of the investigated historic building. 

KEY WORDS: Automated modal analysis, Dynamic monitoring, Masonry towers, Seismic assessment. 

1 INTRODUCTION 
Ambient vibration testing (AVT) and continuous monitoring 
of the structural response under ambient excitation are well-
known non-destructive methodologies, generally aimed at 
identifying the dynamic characteristics of a structure from 
output-only records using operational modal analysis (OMA) 
techniques (see e.g. [1]). 

Although AVT has become the primary modal testing 
method of civil engineering structures, its application to 
historic structures can be considered a rather recent topic and 
only a few complete case studies are reported in the literature 
[2]-[12]. On the other hand, there is an increasing interest on 
this topic since the preservation of Cultural Heritage is of 
primary concern in many countries all over the world. In 
addition, AVT is especially suitable to historic structures 
because it is a fully non destructive and sustainable way of 
testing, that does not interfere with the normal use and does 
not involve additional loads rather than those due to normal 
operational conditions. 

Often AVTs have been performed to investigate the 
dynamic behaviour of historic towers and minarets [3]-[5], 
[8]-[9], [11]-[12] because these structures, that are usually 
slender and subjected to significant dead loads, might exhibit 
high sensitivity to dynamic actions, such as traffic-induced 
micro-tremors, swinging of bells, wind and earthquakes. In 
addition, the cantilever-like behaviour of towers suggests the 
use of continuous monitoring systems (consisting of few 
sensors placed in the upper part of the structure), with 
preventive conservation and/or structural health monitoring 
purposes [9], [13]. 

The paper presents the results of a continuous dynamic 
monitoring program carried out on the tallest historic tower in 
Mantua, Italy [14]. This project follows an extensive 
diagnostic investigation [15] carried out, between July and 

October 2012, to assess the state of preservation of the tower 
after the seismic events of May 2012. The diagnostic 
procedures included detailed visual inspection and geometric 
survey, single and double flat jack tests, pulse sonic tests, 
laboratory tests on sampled materials and preliminary AVTs. 

The results of the post-earthquake investigation [15] 
highlighted the poor structural condition and the high 
vulnerability of the upper part of the tower, pointing out the 
need for structural interventions to be carried out. In order to 
allow either inspection of inner load-bearing walls or the 
planned strengthening, a metal scaffolding and a light wooden 
roof have been installed inside the building; furthermore, it 
was decided to install a simple dynamic monitoring system in 
the tower, as a part of the health monitoring process helping 
the preservation of the historic structure. 

The instrumentation installed inside the tower consists of a 
4-channel data acquisition board, with 3 piezoelectric 
accelerometers and 1 temperature sensor. A binary file, 
containing 3 acceleration time series (sampled at 200 Hz) and 
the temperature data, is created every hour, stored in an 
industrial PC on site and transmitted to Politecnico di Milano 
for being processed. 

The main objectives of the long-term monitoring are: (a) 
evaluating the dynamic response of the tower to the expected 
sequence of far-field earthquakes; (b) evaluating the effects of 
temperature on the natural frequencies of the building; (c) 
detecting any possible anomaly or change in the structure 
behavior and (d) evaluating the effects of the strengthening 
intervention. 

After a brief description of the investigated tower and the 
results of the post-earthquake assessment, full details are 
given in the paper on the monitoring system, the software 
used to process the collected data and the results of the 
continuous dynamic monitoring for a period of 8 months. 
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Figure 1.  (a) East view of the Gabbia Tower; (b) Section of the tower (dimensions in m); (c)-(d) Details of the upper S-W front. 

 

 
Figure 2.  Views of the tower dating back to: (a) XVII 

century; (b) 1830; (c) 1852 and (d) present days. 

2 THE GABBIA TOWER IN MANTUA, ITALY 

2.1 Description of the tower and historic background 

The Gabbia Tower (Figures 1 and 2) [14], about 54.0 m high, 
is the tallest tower in Mantua and is named after the hanged 
dock built in the XVI century on the S-W front and used as 
open-air jail. 

The tower, built in solid brick masonry, has almost squared 
plan and the load-bearing walls are about 2.4 m thick until the 
upper levels (Figure 1b), where the corner masonry section 
decreases to about 0.7 m. The upper part of the building has a 
two level lodge, which hosted the observation and telegraph 
post, used for military and communication purposes during 
the XIX century and at the beginning of the XX century. 

A wooden staircase was used to reach the lodge but it has 
not been practicable for a long time due to lack of 
maintenance. The inner access to the tower was re-established 
only recently (October 2012) through provisional scaffoldings 

in order to allow visual inspection and geometric survey of the 
inner load-bearing walls as well as the installation of a 
continuous dynamic monitoring system inside the building. 

Few historic documents are available on the tower and its 
evolution [14]. Despite the construction starting date is 
unknown, some recent research dates it back to the late XII 
century and assumes that the construction was probably 
concluded in 1227. The tower was part of the defensive 
system of the Bonacolsi family, governing Mantua at the time. 
According to the past building tradition of defensive 
structures, the entrance is not located at the ground level but at 
a higher position. At present, the entrance to the tower is at 
about 17.7 m (Figure 1b) and the access to the lower portion 
and to the base of the building is not possible. 

As it can be observed in Figure 1, during the centuries a 
palace evolved around the tower, complicating the geometry 
of the structure and the mutual links between the walls. In 
general, the load bearing walls of the palace seem not 
effectively linked but just drawn to the tower’s masonry walls, 
while the tower supports directly several floors and vaults. 

No extensive information is available on the tower past 
interventions but the stratigraphy survey and the masonry 
texture reveals passing-through discontinuities in the upper 
part of the building, with those discontinuities being 
conceivably referable to the tower evolution phases (Figures 2 
and 3). Traces of past structures are visible on all fronts and 
the presence of merlon-shaped discontinuities (Figures 1c and 
3) suggests modifications and successive adding in the upper 
part of the tower. Moreover, at about 8.0 m from the top, a 
clear change of the brick surface workmanship (the bricks of 
the lower part are superficially scratched) suggests a first 
addition; in the same region concentrated changes of the 
masonry texture reveal local repair. 
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(a)    (b)  

Figure 3.  Probable merlons embedded in the masonry texture. 

 
A first hypothesis, based on the surface discontinuity 

survey, could recognize the main building phases partially 
illustrated in Figures 1d and 2 and difficult to date: i) erection 
of the main building until the height of 46 m (probably 
concluded in 1227); ii) subsequent addition until the merlon 
level; iii) adding of 4 corner piers supporting a four side roof; 
iv-v) opening infilling and construction of windows, crowning 
and new roof; vi) repair of the South corner. 

2.2 Visual inspection and on site tests 

After the earthquakes on May 2012, accurate on-site survey of 
all outer fronts of the tower was firstly performed using a 
movable platform and, once the inner access was re-
established through a metallic scaffolding, the inner fronts 
were inspected as well. 

On-site survey was aimed at both providing details on the 
geometry of the structure and identifying critical areas, where 
more refined inspection is needed. At the same time, visual 
inspection and stratigraphy survey provides an important 
support to historical research by identifying undocumented 
interventions as well as the regions where masonry is 
homogeneous and/or characterized by discontinuities (Figure 
1c). This survey of masonry textures provides the evidence of 
local damages and is crucial especially in detecting local 
vulnerabilities and possible overturning mechanisms of 
unlinked masonry portions within a seismic assessment 
framework. Moreover, visual inspection triggers the 
subsequent investigations. 

In the present case, on-site survey highlighted two different 
structural conditions, that were associated to the main part of 
the building (until the height of about 46 m from the ground 
level) and to the upper 8 m of the tower, respectively. 

Visual inspection of outdoor load-bearing walls highlighted 
the critical situation of the upper part of the tower (i.e. the 
upper region about 8.0 m high, Figure 1c) exhibiting damage 
related to the abovementioned detachment of several 
construction phases, worsened by the natural decay (Figures 
1c and 3). The infillings between merlons (Figure 3) are 
conceivably the most critical areas because they are supported 
only by few courses of thin masonry bricks, due to the 
unusual layout of the scaffolding holes. The extension of the 
scaffolding holes at the base of the infillings significantly 
weakens the local resistance, so that the prevention of local 
overturning mechanism should be one of the priority 
interventions. 

It is worth underlining that the local structural issues in the 
top part of the building are worsened by the change in the 
masonry resisting section shown in Figure 1b: at the upper 
Levels 3 and 4, the nearly squared plan, about 2.4 m thick, 

turns into corner masonry piers and un-toothed infillings. The 
section decrease is especially significant at level 4 for the 
piers on the corners North and particularly South; in this last 
case an embedded water pipe weakens the corner link. 

Visual inspection of the outer bearing walls did not reveal 
evident structural damage in the lower part of the tower, 
where only superficial decay of the materials (i.e. mainly 
erosion of the mortar joints) was observed, due to the natural 
ageing and the lack of maintenance. Rare thin cracks were 
detected in the corners and the masonry section turned out to 
consist of solid bricks and lime mortars. On site tests, pulse 
sonic tests and double flat jack tests confirmed the masonry 
section compactness and soundness. Similar information on 
the good quality of masonry materials results from the 
laboratory tests on sampled bricks and mortars. Thermo-
vision inspections applied on several walls of the tower 
portion embedded in the surrounding palace detected local 
niches and openings infilled even recently. 

3 PRELIMINARY AMBIENT VIBRATION TESTS 

3.1 Testing procedures and modal identification 

Two AVTs were conducted on the tower: between 31/07/2012 
and 02/08/2012, and on 27/11/2012. In the first test, the access 
to the inner walls of the tower was not available so that the 
accelerometers were mounted on the outer walls (Figures 4a-
b) making use of the movable platform employed in the same 
days for visual inspection. On the contrary, inner mounting of 
the sensors (Figures 4a and 4c) was preferred in the second 
test, performed after the installation of a metallic scaffolding 
and a wooden roof inside the tower. Indeed, the second test 
was carried out mainly to check the possible effects of those 
additions on the dynamic characteristics of the structure, 
before installing the continuous monitoring system in the 
tower. 

Assuming that the building should have been excited by low 
level ambient vibrations because the Mantua historic centre is 
closed to road traffic, the acceleration responses of the tower 
were measured by using high sensitivity accelerometers (WR 
model 731A, 10 V/g sensitivity and ±0.50 g peak). The 
frequency range for the accelerometer is 0.05 Hz to 500 Hz, 
which far exceeds the typical frequency range of interest for 
dynamic characterization of masonry towers. A short cable (1 
m) connected each sensor to a power unit/amplifier (WR 
model P31), providing the constant current needed to power 
the accelerometer’s internal amplifier, signal amplification 
and selective filtering. Two-conductor cables connected the 
amplifiers to a 24-channel data acquisition system (24-bit 
resolution, 102 dB dynamic range and anti-aliasing filters). 

In both AVTs, the response of the tower was measured in 
12 points, belonging to the same pre-selected cross-sections 
along the height of the building. The sensor layouts adopted in 
the two tests are shown in Figure 4a. 

In the first test, acceleration data were acquired for 28 
hours: between 16:00 and 23:00 of 31/07/2012 and from 9:00 
of 01/08/2012 to 6:00 of 02/08/2012. Figure 5 shows a sample 
of the acceleration recorded at the upper instrumented level 
and highlights that a very low level of ambient excitation 
existed during the tests, with the maximum recorded 
acceleration being lower than 0.4 cm/s2. The amplitude of 
responses was very similar in the second test, as well. 
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(a) (b)

 (c)

Figure 4.  (a) Sensors layout adopted in the dynamic tests of Summer 2012, November 2012 and in the continuous dynamic 
monitoring (dimensions in m); (b)-(c) Typical mounting of accelerometers in Summer 2012 (b) and November 2012 (c). 

 

 
Figure 5.  Sample of acceleration recorded in Summer 2012 at 

the top of the tower. 

 
During the first AVT, a second acquisition system was used 

to measure the temperature in three different points of the 
tower: on the S-W front both indoor and outdoor temperature 
were measured, whereas only the outdoor temperature was 
measured on the S-E front. It is worth mentioning that the 
changes of outdoor temperature were very significant, ranging 
between 25°C and 55°C, whereas slight variations were 
measured by the indoor sensor (29°C-30°C), due to the high 
thermal inertia of the load-bearing walls. 

During the second test, about two hours of data were 
collected, with the outdoor temperature being almost constant 
(10°C-11°C). 

The modal identification was performed using time 
windows of 3600 s and applying the data-driven Stochastic 
Subspace Identification method (SSI-Data) [16] available in 
the commercial software ARTeMIS [17]. 

3.2 Dynamic characteristics of the tower 

Notwithstanding the very low level of ambient excitation 
(Figure 5) that characterized the tests, the application of the 
SSI-Data technique to all data sets generally allowed to 
identify 5 vibration modes. 

Typical results of the first test, in terms of natural 
frequencies and mode shapes, are shown in Figure 6 whereas 

Figure 7 shows the modal characteristics identified in the 
second test. The inspection of Figures 6 and 7 allows the 
following comments: 
 

 
Figure 6.  Vibration modes generally identified in the first 

AVT (SSI-Data, 31/07/2012, 21:00-22:00). 

 

 
Figure 7.  Vibration modes identified in the second AVT 

(SSI-Data, 27/11/2012). 
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1. two closely spaced modes were identified around 1.0 Hz. 
These modes (Figures 6a-b and 7a-b) are dominant bending 
(B) and involve flexure in the two main planes of the 
tower, respectively; 

2. the third mode (Figures 6c and 7c) involves dominant 
bending in the N-E/S-W plane with slight components also 
in the orthogonal N-W/S-E plane; 

3. beyond the difference in terms of natural frequency (that 
are conceivably related to the temperature effects), the 
mode shapes of bending modes B1-B3 did not exhibit 
significant changes (see Figures 6a-c and 7a-c). Hence, the 
metallic scaffolding and the wooden roof practically do not 
affect those modes; 

4. the upper modes identified in the first test involved torsion 
(T) of the entire structure (Figure 6d) and coupled torsion-
bending of the upper portion of the tower (Figure 6e), 
respectively. The presence of this local (L) vibration mode 
provided further evidence of the structural effect of the 
change in the masonry quality and morphology observed 
on top of the tower during the visual inspection; 

5. in the second test, the fourth mode (Figure 7d) involves 
dominant torsion of the tower until the height of 46 m and 
coupled torsion-bending of the upper level. The identified 
frequency did not change appreciably with respect to the 
first dynamic survey, but the mode shape looks 
significantly different. The torsion component is still 
dominant in the lower portion of the structure, while the 
upper part is also characterized by dominant bending. In 
other words, after the installation of the wooden roof, the 
shape of mode T1 becomes a sort of superposition of 
previous modes T1 (Figure 6d, lower part of the structure) 
and L1' (Figure 6e, upper part of the structure); 

6. in the second test, the previous local mode L1' (Figure 6e) 
has been "replaced" by another local mode, with higher 
frequency of 9.89 Hz and involving torsion of the upper 
part of the tower (Figure 7e). This local mode, not 
identified before, is probably related to the increase of 
connection between the masonry walls of the upper part of 
the tower induced by the new covering. 

As a further comment, it seems that especially the wooden 
roof, even if very light, significantly affects the dynamic 
characteristics of the upper part of the building. Although the 
roof seems to mainly act as a mass added in a vulnerable area, 
probably it exerts also some binding effect on the dismantled 
masonry characterizing the upper part of the tower. 

4 DYNAMIC MONITORING AND RESULTS 
Few weeks after the execution of the second AVT, a simple 
dynamic monitoring system was installed in the tower. The 
system (Figure 4a) is composed by: (a) one 4-channels data 
acquisition system (24-bit resolution, 102 dB dynamic range 
and anti-aliasing filters); (b) 3 piezoelectric accelerometers 
(WR model 731A, 10 V/g sensitivity and ±0.50 g peak), 
mounted on the cross-section at the crowning level of the 
tower; (c) one temperature sensor, installed on the S-W front 
and measuring the outdoor temperature; (d) one industrial PC 
on site, for the system management and data storage. 

A binary file, containing 3 acceleration time series and the 
temperature data, is created every hour, stored in the local PC 
and transmitted to Politecnico di Milano for being processed. 

The continuous dynamic monitoring system has been active 
since late December 2012. The data files received from the 
monitoring system are managed by a software [18] developed 
in LabVIEW and including the following tasks: (a) creation of 
a database with the original data (in compact format) for later 
developments; (b) preliminary pre-processing (i.e. de-
trending, automatic recognition and extraction of possible 
seismic events, creation of 1 dataset per hour); (c) statistical 
analysis of data, including the evaluation of averaged 
acceleration amplitudes and temperature trends; (d) low-pass 
filtering and decimation of each dataset; (e) creation of a 
second database, with essential data records, to be used in the 
modal identification phase. 

Until June 2012, the modal identification was performed by 
applying both the same manual SSI-Data technique [17] used 
in the previous section [19] and the automated SSI-Cov 
technique described in [20]. 
 

(a)

(b)

(c)

(d)

Figure 8.  Samples of the tower seismic response. 
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Figure 9.  Variation of the outdoor temperature measured on 

S-W front between 17/12/2012 and 13/08/2013. 

 

 
Figure 10.  Variation of the automatically identified (SSI-Cov) 

natural frequencies between 17/12/2012 and 13/08/2013. 

 

Table 1. Statistics of the automatically identified (SSI-Cov) 
natural frequencies between 17/12/2012 and 13/08/2013. 

Mode fave (Hz) σf (Hz) fmin (Hz) fmax (Hz) 

1 (B1) 0.989 0.035 0.910   1.102 
2 (B2) 1.029 0.031 0.961   1.148 
3 (B3) 3.940 0.073 3.758   4.194 
4 (T1) 4.768 0.082 4.621   5.010 
5 (L1) 9.076 0.573 8.298 10.327 

 
This section summarizes the results obtained in a period of 

8 months, from 17/12/2012 to 13/08/2013, using the 
automated SSI-Cov procedure [20] for modal identification 
(5760 datasets). 

During the examined time period, the monitoring system 
acquired the tower’s response to different earthquakes 
occurred in the neighbouring regions. Figure 8 shows 
examples of the accelerations recorded during some seismic 
events, with the maximum response exceeding several times 
the highest level of normally observed ambient vibrations 
(0.4-0.5 cm/s2, Figure 5). It should be noticed that the 
strongest seismic event (Figure 8d, corresponding to the 
earthquake which hit the Garfagnana area in Tuscany on 
21/06/2013) produced significant effects on the Gabbia 
Tower, as it will be discussed in the last part of this section. 

Figure 9 presents the evolution of the outdoor temperature 
on the S-W front during the period from 17/12/2012 to 
13/08/2013 and shows that the temperature changed between 
−2°C and 45°C with significant daily variations in sunny days. 

Automated identification of the modal frequencies from the 
datasets collected in the same period provided the frequency 
tracking shown in Figure 10, whereas the corresponding 
statistics of natural frequencies are summarized in Table 1. 
This table includes the mean values, the standard deviations, 
and the extreme values for all natural frequencies. It should be 
noticed that standard deviations are larger than 0.03 Hz for all 
global modes and especially significant for the local mode 
whose natural frequency varies from about 8.30 to 10.33 in 8 
months. 

The inspection of Figure 10 firstly suggests that the slight 
fluctuation of the natural frequencies of global modes (B1-B3 
and T1, Figures 7a-d) follows the temperature variation. In 
order to better demonstrate the effect of changing temperature 
on the fluctuations of the modal frequencies, the simplest 
approach is to plot each frequency with respect to 
temperature. For example, Figure 11 shows the natural 
frequencies of modes B1 and B2 plotted with respect to 
temperature along with best fit lines. The plots in Figure 11, 
referring to the period from 07/01/2013 to 14/06/2013, reveal 
a clear dependence of the investigated natural frequencies on 
temperature and confirm what already observed in the first 
dynamic survey [15]: the natural frequency of global modes 
tends to increase with increased temperature. This behaviour, 
observed also in past experiences on masonry towers [9], [13] 
can be explained through the closure of superficial cracks, 
minor masonry discontinuities or mortar gaps induced by the 
thermal expansion of materials. Hence, the temporary 
"compacting" of the materials induces a temporary increase of 
stiffness and modal frequencies, as well. 
 

(a) Mode B1 

(b) Mode B2 

Figure 11.  Natural frequency of modes B1 (a) and B2 (b) 
plotted with respect to the outdoor temperature in the period 

between 07/01/2013 and 14/06/2013. 
 

The time evolution of the natural frequency of the upper 
mode, i.e. the local mode L1 (Figure 7e), deserves some 
concern because the trend of this frequency is very different 
from the others (Figure 10): the modal frequency exhibits 
more significant fluctuations and clearly decreases in time, 
from an initial value of about 10.0 Hz to a final value of about 
8.5 Hz at the end of the examined time period. 

A careful inspection of Figure 10 reveals that 3 clear drops 
of  the  natural  frequency took place:  (a) between 03/02/2013  
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Figure 12.  Natural frequency of local mode L1 plotted with 

respect to the outdoor temperature in the period between 
07/01/2013 and 14/06/2013. 

 
(a) Mode B1 

(b) Mode B2 

Figure 13.  Zoom of the natural frequency of modes B1 (a) and 
B2 (b) in the period between 01/06/2013 and 10/07/2013. 

 
and 04/02/2013; (b) between 14/03/2013 and 15/03/2013 and 
(c) between 13/04/2013 and 15/04/2013. These drops divide 
the analyzed time period in 4 parts, that are also easily 
observable by plotting the modal frequency versus the 
measured outdoor temperature, as shown in Figure 12. This 
figure highlights that the clouds of temperature-frequency 
points, corresponding to each of the 4 different periods, are 
characterized by similar slope of the best fit line, whereas the 
average frequency value significantly decreases. 

The observed behaviour suggests the progress of a possible 
damage mechanism, conceivably related to the effect exerted 
by the wooden roof with increased temperature, and confirms 
− once more − the poor structural condition and the high 
seismic vulnerability of the upper part of the tower, 
highlighting the urgent need for preservation actions to be 
carried out. 

As previously pointed out, data sets related to far-field 
seismic events were recorded on 25/01/2013, 04/05/2013, 
19/06/2013 and 21/06/2013. The latter event, corresponding to 
a significant earthquake occurred in the Garfagnana region, 
determined acceleration responses (Figure 8d) on the top of 
the tower, that were more than 40 times larger than the usual 
ambient vibration responses (Figure 5). 

Zooming the time evolution of the natural frequencies of 
lower modes B1 and B2, as shown in Figure 13, highlights a 

clear drop of those modal frequencies, corresponding to the 
occurrence of the seismic event on 21/06/2013. The frequency 
shift is even more clear by inspecting the frequency content of 
the data recorded in the hour before and after the seismic 
event, respectively. 

In order to investigate whether the frequency shifts are 
permanent or not, the frequency-temperature relationship were 
inspected, including data collected in the 3 weeks before and 
after the earthquake. The results of this check are summarized 
in Figure 14, where best fit lines have been added as a 
visualization aid: the regression lines exhibit a remarkable 
variation after the seismic event, with the range of 
temperature variation being almost unchanged. Both the 
variation of the regression lines and the arrangement of the 
frequency-temperature points before and after the earthquake 
seem to indicate that the observed slight frequency shift is non 
reversible. 
 

(a) Mode B1 

(b) Mode B2 

Figure 14. Change in the frequency-temperature correlation 
induced by the seismic event of 21/06/2013: (a) Mode B1; (b) 

Mode B2. 

5 CONCLUSIONS 
The paper focuses on the post-earthquake assessment of a 
historic masonry tower in Mantua, Italy and summarizes the 
results of visual inspection, preliminary ambient vibration 
tests and long-term dynamic monitoring of the building. 

Visual inspection of load-bearing walls clearly indicated 
that the upper part of the tower is characterized by the 
presence of several discontinuities due to the historic 
evolution of the building, local lack of connection and 
extensive masonry decay. The poor state of preservation of 
the same region was confirmed by the observed dynamic 
characteristics and one local mode, involving the upper part of 
the tower, was clearly identified in the first dynamic test. 

The previous results highlighted the need for preservation 
actions to be carried out. Hence, a light wooden roof and a 
metallic scaffolding were installed in the tower to allow both 
inspection of inner load-bearing walls in view of the planned 
strengthening and the installation of a continuous dynamic 
monitoring system. To check the effect of both wooden roof 
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and scaffolding on the dynamic characteristics of the building, 
a second dynamic survey was carried out. The comparison 
between normal modes identified in the two dynamic tests 
provided the following evidences: 
1. the mode shapes of the lower vibration modes are 

practically unchanged; 
2. the first torsion mode changed its mode shape in the upper 

part of the building. More specifically, the torsion 
component continues to be dominant in the lower part of 
the tower, whereas the upper region is characterized by 
coupled bending and torsion; 

3. a new local mode was identified, involving torsion of the 
upper part of the tower. 

Few weeks after the second dynamic survey, a simple 
dynamic monitoring system was installed inside the building, 
as a part of the health monitoring process aimed at helping the 
preservation of the historic structure. 

The time evolution of the modal frequencies automatically 
identified between 17/12/2012 and 13/08/2013 (8 months, 
5760 datasets of 1 hour each) clearly highlights: 
1. the impact of temperature on natural frequencies of the 

vibration modes (i.e. the modal frequencies increase with 
increased temperature); 

2. the quick progress of a damage mechanism, involving the 
upper part of the building, and clearly identified through 
the remarkable fluctuations and the significant decrease 
(about 15% in 8 months) of the natural frequency 
corresponding to a local mode. In the authors’ opinion, this 
anomalous behaviour is conceivably related to the thrust 
determined by the thermal expansion of the wooden roof 
on the dismantled masonry characterizing the top region of 
the tower; 

3. the decrease of the natural frequencies of the fundamental 
modes detected after the occurrence of a far-field seismic 
event, demonstrated by the comparison of the modal peaks 
identified before and after the earthquake, and confirmed 
by the subsequent frequency tracking. 
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ABSTRACT: During experimental investigations on the dynamic behavior of the tie-rods of the Cathedral of Milan, a frequency 
splitting phenomenon, also known as “dispersive phenomenon”, was detected in the structural response of 4 ties. The present 
paper reports on the techniques adopted to investigate the observed behavior. The recorded data were first analyzed by 
estimating the Frequency Response Functions, then by applying classic Operational Modal Analysis techniques to confirm the 
presence of the phenomenon. Subsequently, the possibility of reproducing the frequency splitting was verified by implementing 
a linear model which takes into account an imaginary dispersion matrix D. Since, according to the literature, dispersive 
phenomena are supposed to be associated to the response of damaged structural elements, accurate visual inspections and further 
dynamic tests (hammer and ambient vibration tests) of the ties exhibiting the mentioned behavior have been scheduled in the 
near future. 

KEY WORDS: Frequency splitting; Dispersion; Iron; Tie-rods; Cathedral of Milan; Non Destructive Techniques. 

1 INTRODUCTION 
The Cathedral of Milan (Duomo di Milano, 1386) [1]-[3] is 
one of the greatest heritage structures ever built, having the 
highest main nave (45.22 m) when compared to other Gothic 
cathedrals from the same period. The complex structural 
system of the Cathedral includes metallic tie-roads under the 
vaults of all five naves, taking a portion of the lateral thrust 
provided by vaults and arches. 

Taking advantage of recent maintenance interventions 
performed inside the Cathedral through an aerial platform, the 
tensile forces in several tension bars were estimated from 
dynamic tests: each tie-rod was instrumented with 3 
accelerometers and subjected to classic hammer tests [4] in 
order to estimate the Frequency Response Functions (FRFs) 
and the relevant axial force [5]. 

The inspection of FRFs highlighted the presence of 
frequency splitting phenomena on 4 out of about 50 tested 
ties. Frequency splitting is a feature frequently observed in the 
dynamic response of cracked structural elements [6], 
determining a beat phenomenon. It consists of the appearance 
of two closely-spaced spectral peaks in the free-damped 
response of damaged systems, with very close associated 
modal components. 

For systems with a single degree of freedom (SDOF) the 
frequency splitting can be successfully described through a 
linear model by considering an imaginary damping term [6], 
referred to as “dispersion“ (from which comes the name 
“dispersive phenomena” usually adopted for the described 
behavior). An extension of the SDOF model [6] to the case of 
MDOF systems, proposed by Saccone et al. [7], defines the 
velocity-dependent term (in the equation of motion) as a linear 
combination of 4 matrices: the classic damping matrix C (real 
and symmetric), the gyroscopic matrix G (real and skew-
symmetric), an imaginary and symmetric dispersion matrix D 
and an imaginary and skew-symmetric matrix T. 

Starting from these assumptions, the present study was 
developed with the two-fold objective of: 
 investigating the structural response of the 4 tie-rods 

exhibiting the frequency splitting also with classic 
Operational Modal Analysis techniques [8]-[10], to check 
whether the results highlighted by the FRFs were 
confirmed by applying different identification tools; 

 implementing a linear model based on the methodological 
approach applied in [7] to verify the reproducibility of the 
frequency splitting phenomenon. 

The performed analysis allowed to only partially reproduce 
the observed experimental behavior, providing results that 
have still to be considered preliminary and qualitative. In fact, 
even if a frequency splitting of the first mode was actually 
obtained, the same phenomenon was detected for other modes 
as well. The discordance with the experimental outcomes has 
probably to be related to the lack, in the implemented 
procedure, of a dissipative term. A future enhancement of the 
model including both the dispersion matrix D and the 
damping matrix C should likely provide a satisfactory 
correspondence between experimental and numerical 
outcomes. 

Nevertheless, the preliminary results described in the paper 
seem to indicate the presence of active dispersion phenomena. 
Since the occurrence of such behavior is often associated in 
the literature to the presence of damage (non-visible cracks) 
[6], it is of primary importance to further investigate the ties 
exhibiting the frequency splitting by performing accurate 
visual inspections including ultra-sonic surveys and more 
dynamic tests (hammer and ambient vibration tests). 

2 EXPERIMENTAL PROCEDURES 
The Cathedral of Milan was built over five centuries, starting 
from the 1386 [1]. The inner space is characterized by rather 
slender columns, apparently modest buttressing system and 

Frequency splitting in the tie-rods of the Cathedral of Milan 
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Figure 6. Dataset recorded for tie 3: (a) FRFs; (b) SV lines 
and identification of natural frequencies (FDD); (c) 

stabilization diagram (SSI-data). 

The inspection of the obtained results allows the following 
general comments on the dynamic characteristics of the 
investigated tie-rods: 
(a) the first mode exhibits a splitting phenomenon of the 

associated modal peak detected in the frequency domain. 
Therefore, two resonance peaks with very similar modal 
components were identified. The detected mode shapes 
(Figure 7a-b) are in accordance with the typical 
fundamental mode of a tie clamped at both ends, even if 
do not show a perfect symmetry with respect to the centre 
of the element; 

(b) the second identified mode (Figure 7c), characterized by 
a natural frequency of about 24 Hz, corresponds to the 
first anti-symmetric mode of the considered structural 
scheme; 

(c) a third vibration mode was detected at about 41 Hz 
(Figure 7d). The mode shape presents three maximum 
points, with the side ones opposed in phase with respect 
to the central one; 

(d) the fourth identified mode (Figure 7e), characterized by a 
frequency of about 64.4 Hz, appears significantly 
different than the one expected for the considered 
structural scheme. In fact, the fourth mode of a double 
embedded tie is anti-symmetric and characterized by 4 
maximum points, not visible in the obtained mode shape. 

This behaviour is due to the so called “spatial aliasing”, 
in analogy with the typical phenomenon of the signal 
analysis: the instrumentation of a low number of sections 
makes it impossible to obtain the amount of information 
needed to correctly reproduce the articulated mode shapes 
associated to the higher modes. For this reason, such 
modes can be only approximately represented. The same 
phenomenon described for the fourth mode affects the 
mode shapes of fifth and sixth modes (Figures 7f-g), 
identified at 91.1 Hz and 123.9 Hz, respectively. 

a) f = 10.16 Hz b) f = 10.79 Hz

c) f = 24.27 Hz d) f = 41.11 Hz

 
e) f = 64.36 Hz f) f = 91.16 Hz

 
g) f = 123.9 Hz 

Figure 7. Vibration modes identified via FDD from vibration 
data recorded for tie 2. 

 
(a) (b) 

 
(c) (d) 

Figure 8. Frequency splitting of the first natural mode: (a) tie 
2, FRFs; (b) tie 2, first SV line; (c) tie 3, FRFs; (d) tie 3, first 

SV line. 

(c) 

(b) 

(a) 
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It should be noted that none of the detected mode shapes 
shows a perfect symmetry. This is clearly visible in the mode 
shape of the second mode, where the two maximum 
displacements exhibit a different amplitude and the inflection 
point does not coincide with the centre of the tie. The lack of 
symmetry is conceivably related to possible differences in the 
boundary conditions. 

Specific considerations should be made about the first 
vibration mode. As already mentioned, the first mode of the 
ties considered in the present study is characterized by the 
frequency splitting of the modal peak, clearly visible in both 
the FRF diagram and the plot of the SV lines (Figure 8). The 
phenomenon, described in detail in the following paragraph, 
consists of the replacement of the usual single modal peak 
with two closely spaced spectral peaks with similar associated 
mode shapes (Figures 7a-b) [6]. 

3 MODELING OF DISPERSIVE PHENOMENA 

3.1 Dispersive phenomena 
The frequency splitting is a feature, first reported in [6], 
belonging to the so called “dispersive phenomena” and 
frequently observed in the response of cracked structures. It 
consists of the splitting of a single resonance peak ˗ in the 
frequency domain ˗ that is replaced by two closely spaced 
spectral peaks, determining the appearance of an additional 
mode of vibration. The mode shapes associated to the two 
peaks are essentially the same, differentiating this behavior 
from the case of the frequency uncoupling. 

According to Zonta and Modena [6], for SDOF systems it is 
possible to mathematically explain the dispersive 
phenomenon through a linear model by admitting the presence 
of an imaginary damping term δ (called “dispersion rate”) in 
the following generalized equation of motion: 

 2 i 0 (2) 

The solutions of the characteristic equation associated to (2) 
lead to the following two natural frequencies: 

 √1  ; √1   (3) 

An extension of the above mentioned model to the case of 
MDOF lumped-parameter systems was proposed by Saccone 
et al. [7] by generalizing the classic equations of motion in a 
formulation where the velocity-dependent operator can be 
expressed as the linear combination of four matrices: 
 the classic viscous matrix C, real and symmetric; 
 the gyroscopic (or rotational) matrix G, real and skew 

symmetric; 
 the dispersion matrix iD (i is the imaginary unit), 

imaginary and symmetric; 
 iT is an imaginary and skew symmetric matrix. 
In this generalized form, the equation of motion can be 

expressed as: 

 i i  (4) 

Model (4) has been implemented to check the 
reproducibility of the observed frequency splitting and to 
associate this phenomenon to the presence of actual 
dispersion. The employed procedure and the results of the 

preliminary analysis are described in the following 
paragraphs. 

3.2 Interpretative model for the tie-rods 
The adopted model is a lumped-mass model consisting of 8 
elastic beam elements (Figure 9). Two rotational springs, with 
stiffness ka and kb, were defined at the two ends of the beam 
to correctly model the boundary conditions, along with the 
axial load N. As previously stated, for each of the investigated 
ties the axial force N and the rotational stiffness ka and kb 
were calculated from the estimated natural frequencies and 
eigenvalue ratios [5]. It should be noted that, since the 
frequency splitting of the first mode made it impossible to 
evaluate a single estimate for parameters N, ka and kb: a first 
tentative value was assumed by averaging the two different 
estimates obtained from the double peak. 

Direct tensile test and density measurements performed on 
material samples obtained from original tie-rods provided 
average values of the Young’s modulus E and of the mass 
density ρ equal to 205GPa and 7792 Kg/m3, respectively. 
Therefore, these values were assumed for all the ties analyzed 
with the implemented model. 

 
Figure 9. Adopted lumped-mass model. 

The global stiffness matrix K was formed starting from the 
element stiffness matrices Ke, defined for all the elements 
forming the structure. For each element, Ke was obtained as 
the sum of two contributions: geometric and elastic stiffness 
matrices. Subsequently, matrices Ke were assembled to obtain 
the global stiffness matrix K. 

As mentioned, the routine is based on the use of model (4) 
described in [7], where the authors demonstrate that the 
appearance of the frequency splitting phenomenon is related 
to the dispersion matrix D and occurs if and only if the two 
following conditions are fulfilled: 
(a) matrix D is not equal to zero; 
(b) the following proportionality condition is fulfilled: 

  (5) 

Therefore, since the main objective of the paper was to 
check the reproducibility of the dispersive phenomena 
observed in the tie-rod by using eq. (4), this equation was 
firstly re-written considering the velocity-dependent term as 
formed only by matrix D: 

 i  (6) 

In order to solve the associate eigenvalues problem, the 
second order linear system defined by (6) can be re-modeled 
as a first order system by introducing the state variable vector: 

 ;  (7) 

where  and  represent velocities and displacements of 
the dynamic system, respectively. Therefore, by using the new 
introduced coordinates, equation (6) can be re-written as: 
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 t  (8) 

representing a 2N×2N system, where matrices A and B and 
vector p are defined as: 

 ; i ;  ; (9) 

Matrix A can be decomposed by using the Cholesky 
decomposition: 

  (10) 

where L is defined as a lower triangular nonsingular real 
matrix. If the linear transformation: 

  (11) 

is considered, the 2N×2N system defined in (8) can be 
reduced to the form: 

  (12) 

where  and . 
Considering the homogeneous problem , the 

corresponding eigenvalue problem provides two sets of 
eigenvectors defined as right-hand qR and left-hand qL. Matrix 
R can be diagonalized by eigenvectors qR and qL as: 

 H H;  (13) 

where S is a diagonal matrix containing 2N eigenvalues of the 
system and symbol H indicates the Hermitian transpose. 

3.3 Preliminary analysis 
The core of the implementation process consisted of defining 
the dispersion matrix D and performing a sensitivity analysis 
of the obtained MDK system, to check how the dispersive 
terms affect the dynamic behavior of the model. 

A proportional distribution of the dispersive elements of 
matrix D (e.g. all the diagonal elements are equal to 0.1 Nm-

1s) would lead to a dispersive matrix fulfilling condition (5). 
Therefore, N pairs of identical eigenvectors associated with 
two different natural frequencies would be obtained. These 
outcomes, although in perfect accordance with the definition 
of “dispersive phenomenon” (different natural frequencies 
associated to identical mode shapes), would not correspond to 
the observed behavior of the tie-rods, which highlighted the 
existence of a double peak for the first mode only. 

Hence, a different distribution of the dispersive elements 
has been assumed, where only one dispersive term at a time is 
defined different than zero. It should be noticed that the 
matrix D obtained in this way does not satisfy the 
proportionality condition (5) and, therefore, it is not possible 
to obtain strictly identical pairs of eigenvectors. However, 
since small values of dispersion have been considered, N pairs 
of fairly identical eigenvectors can still be found [7]. 

The sensitivity analysis, performed by introducing one non-
zero dispersive element at a time, allowed the following 
considerations: 
(a) different positions of the dispersive element along the 

diagonal of matrix D produce a frequency splitting of 
different modes. Therefore, not all the dispersive 
elements di affects the dynamic behavior of the structure 
in the same way. Since each diagonal element of matrix 
D is associated to a specific degree of freedom, this 

outcome might be particularly interesting in view of the 
possible localization of damage; 

(b) the first modal peak results affected by the central 
positions of the diagonal of matrix D, as a frequency 
splitting of this mode is obtained only when either 
elements d3, d4 or d5 are assumed different than zero. 
Since, as mentioned, this piece of information may 
indicate the possible localization of damage, particular 
attention should be paid to the central area of the tie-rods 
when further visual inspections and ultra-sonic 
investigations will be performed; 

(c) all the dispersive elements provide a frequency splitting 
of at least two modes. This result is not in accordance 
with the experimental outcomes, which highlighted a split 
of the first mode only, and points out the need for a more 
refined theoretical model able to correctly reproduce the 
phenomenon. In this sense, it should be noted that the 
described results have been obtained by using a model 
where the damping effect is completely neglected. In fact, 
the introduced imaginary dispersive terms di, even if 
proportional to velocity, are proved to be conservative 
and not associated to energy dissipation [6]; 

(d) as a consequence, a necessary development consists of a 
model where both the dispersion matrix D and the 
damping matrix C are defined. It should be noted that the 
modal damping can be determined from experimental 
results for all modes but the first one, characterized by the 
frequency splitting. In fact, the presence of the double 
peak makes it impossible to correctly apply any of the 
methods known in the literature to this mode, since none 
of the values obtained from each peak would correspond 
to the real modal damping. In this sense, the presence of a 
damping matrix C where the modal damping of the first 
mode is not defined, might lead to a smoothing of the 
higher modal bells and, therefore, to a frequency splitting 
of the first natural mode only. 

4 CONCLUSIONS AND FUTURE DEVELOPMENTS 
Taking advantage of recent maintenance interventions 

performed inside the Cathedral of Milan, several tie-rods were 
tested by performing a classic hammer test in order to 
estimate the FRFs and the effecting axial force. Dynamic 
analysis of the recorded data highlighted the presence of a 
frequency splitting of the first mode for 4 of the tested ties. 
Since this dispersive phenomenon is often associated to the 
presence of damage (non-visible cracks), further studies were 
conducted. 

The recorded response was re-analyzed by using classic 
OMA techniques: Frequency Domain Decomposition (FDD) 
and data driven Stochastic Subspace Identification (SSI-data). 
The application of different identification tools confirmed the 
presence of splitting of the first modal peak highlighted by the 
FRFs. 

Subsequently, the reproducibility of the frequency splitting 
phenomenon by using the methodological approach proposed 
in [7] was verified. The adopted model partially reproduced 
the phenomenon, since a double peak was obtained for more 
than just the first mode. For this reason, the obtained results 
have still to be considered preliminary and qualitative. 
Nevertheless, the performed sensitivity analysis pointed out 
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some interesting results in view of the possible localization of 
damage. More specifically, the splitting of the first modal 
peak was obtained only when one of the central dispersive 
elements (i.e. d3 or d4 or d5) was assumed different than zero. 
This observation suggests to perform, in any case, accurate 
inspections (visual and local tests) of the central region of the 
considered ties. For this reason, and in order to better correlate 
the numerical and the experimental results, different future 
developments are needed. 

From a methodological standpoint, the obtained preliminary 
results highlighted the need for a more refined model able to 
accurately reproduce the frequency splitting phenomenon for 
the first mode only. In this sense, since in the initial MDK 
system the viscous damping term was completely neglected, 
an enhanced model has to be implemented by defining at the 
same time both the dispersive matrix D and the modal 
damping matrix C; subsequently, a new sensitivity analysis 
has to be performed. 

From an experimental point of view, since the examined 
literature describing the dispersive phenomenon pointed out 
the correlation with the response of cracked structural 
elements [6], it is of primary importance to perform more 
experimental surveys. In particular, a new series of 
experimental tests on multiple tie-rods has been scheduled in 
the near future; therefore, the occasion will be used to re-
examine the tension bars exhibiting the frequency splitting 
and to: 
 check possible differences and evolutions of the dynamic 

behavior by repeating the hammer tests; 
 perform visual inspections and ultra-sonic surveys to 

detect the presence of possible damage, with particular 
attention to the central area of the ties; 

 execute ambient vibration tests with highly sensitive 
accelerometers. The purpose of these surveys is more 
methodological than practical. In fact, the dispersive 
phenomenon was originally observed in the free damped 
response of cracked PRC structures [6], but further 
studies highlighted the possibility of detecting the same 
behavior also in ambient vibration responses [16]. 
Therefore, the objective is to check whether the frequency 
splitting phenomenon is detected only in free-damped 
response or also in operational conditions. 
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ABSTRACT: This paper presents the analytical and experimental dynamic analysis of a historic masonry bell-tower: the bell-
tower of the Basilica of San Pietro in Perugia, Italy. The tower, about 61.50 m high, is considered one the symbols of the city of 
Perugia; due to its location on top of a hill on the southern part of the ancient city, the tower dominates the city skyline and is 
visible from many neighboring towns. The tower includes three main parts: (i) the shaft with dodecagonal cross section reaching 
the height of about 26 m including basement, (ii) the belfry with hexagonal cross-section reaching the height of about 41 m and 
(iii) the cusp that completes the tower on the top. The basement is about 8 m high and has a cone shape with width varying from 
3.5 to 2 m. Several brick vaults are placed inside the tower at irregular heights. The bells are supported by a recently constructed 
metallic structure. 

KEY WORDS: Ambient vibration testing; Historic structures; Operational modal analysis. 

1 INTRODUCTION 
In the last decade, ambient vibration testing (AVT) and 
operational modal analysis (OMA) have become the primary 
methods of modal testing in civil engineering and the number 
of applications and case studies reported in the literature is 
very abundant. This is particularly true for roadway and 
railway bridges but reported applications include almost every 
type of large structures. In particular, the application of AVT 
and OMA to Cultural Heritage structures seems especially 
promising, although the number of reported case studies is 
still quite limited [1-12]. 

AVT and OMA are performed by measuring the dynamic 
response under unknown ambient/operational excitation and 
by extracting modal parameters estimates from output-only 
data. AVT turns out to be particularly suitable to historic 
structures because it is fully non-destructive and does not 
require any source of artificial loading so that interferences 
with the normal use of the structure are minimized. Moreover, 
the necessary equipment for testing is based on relatively 
inexpensive sensors (usually high sensitivity accelerometers) 
and devices for data acquisition, storage and analysis that can 
be easily raised in the market. 

Investigations currently carried out to assess the structural 
safety of Architectural Heritage involve several tasks: historic 
and documentary research, visual inspection and accurate 
geometric survey (including the survey of crack pattern for 
masonry structures), non-destructive and slightly destructive 
tests of materials on site, laboratory tests on cored samples, 
finite element (FE) modeling and theoretical analysis. In this 
context, AVT and OMA can be very useful for providing 
effective and accurate validation of the model prior to its use 
in numerical analysis. Furthermore, they can constitute the 
key elements of dynamic monitoring systems aimed at the 
vibration-based health assessment. 

In this paper the authors present ambient vibration testing, 
operational modal analysis and finite element modeling of the 

San Pietro bell-tower in Perugia. The tower dates back to the 
13th century and is considered one of the symbols of the city 
of Perugia. Considering its monumental relevance, the results 
presented in this paper will serve as the basis for the future 
installation on the tower of a permanent vibration-based 
structural health monitoring system. 

 

2 THE SAN PIETRO BELL-TOWER IN PERUGIA 

2.1 Description of the tower and historical background 

The bell-tower of the Basilica of San Pietro [13] is considered 
one the symbols of the city of Perugia (Figure 1). Because of 
its location on top of a hill on the southern part of the ancient 
city, it dominates its skyline and is visible from many 
neighboring towns.  

The Benedictine Abbey of San Pietro was erected in 996 
over the ancient cathedral. The monastery that exists today is 
the result of several modifications and extensions occurred 
over the centuries. The first erection of the bell-tower dates 
back to the 13th century. An ancient tradition reports that the 
tower was built over an Etruscan grave and, more recently, 
some scholars have proposed a theory according to which the 
tower would cover the grave of an Umbrian Roman Emperor 
of the 3rd century [14]. 

Throughout the centuries the bell-tower has been subjected 
to several structural and architectural interventions, not only 
for consolidation, but also for changing its intended use, as 
between 1387 and 1393 when it was completely demolished 
to be then rebuilt as a defense tower. Owing to the peculiarity 
of this tower for the city, there are many paintings that 
document the historical evolution of this structure. Among 
them, Figure 2 presents three paintings showing the tower 
before and after the rebuilt of the 14th century. 

A first significant restoration of the bell-tower took place in 
the 15th century and the final design, in a beautiful Florentine 
Gothical style, is attributed to Bernardo Rossellino. Among 
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the various restoration interventions that came after, often 
made necessary to repair damages caused by lightning shocks 
that several times threatened the stability of the structure, 
three are especially worth mentioning. The first one, dating 
back to 1932, was aimed at reducing the levels of vibration of 
the tower under the action of the swinging bells and consisted 
of the construction of a metallic structure at the three quarter 
of the shaft with the partial demolishment of the vault at the 
base of the belfry. More respectful were the restorations that 
took place on 1951 and on 2002. This last is especially 
meaningful as it repaired the damages occurred after the 
strong Umbria-Marche earthquake occurred in 1997. 

2.2 Geometrical and material survey 

The bell-tower has a total height of 61.45 m but it is free to 
move only in the last 45 m being restrained between the 
Basilica, the main cloister and the convent for the first 17 m. 
It comprises three main parts: (i) the shaft with dodecagonal 
cross section reaching the height of about 26 m including 
basement, (ii) the  belfry with hexagonal cross-section 
reaching the height of about 41 m and (iii) the cusp that 
completes the tower on the top. Figure 3 summarizes the main 
geometrical characteristics of the tower through an external 
view, a longitudinal section and the plans at the base of the 

(a)  (b)   
 
Figure 1. (a) North view of the bell-tower. (b) South-west view of the tower from one of the inner abbey courtyard. 

(a)  (b)   (c)  

 

Figure 2. (a) Matricola of the Collegio del Cambio, by Matteo di Ser Cambio (1377). (b) Painting inside Palazzo dei Priori in 
Perugia by Benedetto Bonfigli showing traslation of the corpse of San Ercolano towards the church of San Pietro (1455-1479). 
(c) Painting by Gaspar van Wittel showing the bell-tower of San Pietro (XVIII century). 
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belfry and of the cusp. The recent interventions of 
consolidations [15] gave the possibility to have a detailed 
architectural survey (courtesy of Arch. Francesco Ventura), 
allowing to build an accurate solid model of the structure 
(Figure 3(a)) that represents a useful tool for the subsequent 
numerical modeling. The basement is about 8 m high and has 
a cone shape with width varying from 3.5 to 2 m. Several 
brick vaults are placed inside the tower at irregular heights 
(Figure 3(c)). The bells are supported by a recently 
constructed metallic structure. 

The external wall surface of the shaft is made of regular 
calcareous stone masonry blocks with some brick 
replacements. The internal wall surface is made of a less 
regular stone masonry. The internal core of the walls is 
probably made of heterogeneous material with some line 
bonder. The external surface wall of the belfry is made of a 
mixed travertine-calcareous stone masonry with some brick 
replacements. The internal wall is instead made of brick 
masonry. The cusp is made of a mixed travertine-calcareous 
stone masonry with an external cover in brick masonry.  

 

Figure 3. (a) Tri-dimensional CAD model of the bell-tower and the surrounding buildings of the Basilica and the Abbey, with 
details of the plans at a level of 29.1m (left) and 40.8m (right) high. (b) West elevation of the bell-tower (dimensions in m). 
(c) Longitudinal section of the bell-tower (dimensions in m). 
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3 AMBIENT VIBRATION TESTS AND ANALYSIS 
PROCEDURES 

3.1 Experimental procedures 

The authors have recently started a research project whose 
main goal is the installation of a permanent, vibration-based, 
structural health monitoring (SHM) system on the San Pietro 
bell-tower. This paper reports on some preliminary dynamic 
tests and numerical modeling of the structure, aimed at 
collecting some useful information that will serve as the basis 
for the design and setup of the aforementioned SHM system. 

The dynamic response of the bell-tower in operational 
conditions was measured during three consecutive days in 
December 2013, with the main purpose of identifying the 
baseline dynamic characteristics and, in particular, the lowest 
natural frequencies of the structure.  

The AVT was conducted by installing five uni-axial MEMS 
accelerometers, model PCB 3711B112G (1 V/g sensitivity), at 
the base of the cusp, at a height of 49.25m. The hexagonal 
geometry of the plan suggested to address three sensors to the 
motion along the three directions perpendicular to the sides of 
the hexagon, while two sensors have been related to the 
torsional motion (Figure 4). Data acquisition was performed 
using a 24-channel system, carrier model cDAQ-9188 with  
NI 9234 data acquisition modules (24-bit resolution, 102 dB 
dynamic range and anti-aliasing filters). The layout of the 
sensors is shown in Figure 4. 

The measurements outlined very low levels of vibration of 
the tower in operational conditions. However, during the 
three-days of continuous recording of the structural response 
in December 2013 a small earthquake occurred. Moreover, 
one day with some significant wind excitation was observed. 
Therefore, the modal parameters of the bell-tower have been 
estimated from a 120 s long window of the signals containing 
the earthquake response of the tower and from another, longer 
(15 minutes long), window containing its wind-excited 
response. Some modes of vibration were clearly identified 
from the two series of vibration data by using a well-
established OMA technique. 

The series of ambient vibration tests provided by the 
earthquake is related to the event of December 22nd, 2013, at 
11:06 am, with a magnitude of 4.0 on the Richter scale. The 
epicenter was located near Gubbio, about 30 km far from 
Perugia. The PGA at such a distance was estimated of about 
0.005g. 

The experimental investigation was complemented by the 
development of a 3D Finite Element (FE) model. The model 
was first developed, as it is usual in the current investigation 
of historic structures, based on accurate geometric survey and 
on-site visual inspections: even though experimental data on 
mechanical properties of the materials were not available, the 
dynamic behavior of this preliminary model exhibited small 
differences with the experimental results. 

3.2 Data processing and operational modal analysis 
techniques 

Modal parameters of the bell-tower have been extracted 
from ambient vibration data using the classic Frequency 
Domain Decomposition (FDD) [16] implemented in the 
commercial software ARTeMIS [17]. 

The FDD technique is based on the evaluation of the 

spectral matrix G(f) (i.e. the matrix of cross-spectral 
densities), whose diagonal terms are the (real valued) auto-
spectral densities (ASD) while the other terms are the 
(complex) cross-spectral densities (CSD). In the present 
application of the FDD technique, the re-sampled time series 
were processed in order to estimate G(f) with a frequency 
resolution of about 0.01 Hz. Subsequently, the natural 
frequencies were identified from resonant peaks in the plot of 
the singular values (SVs) of the spectral matrix G(f). The 
corresponding mode shapes were identified using the 
information contained in the singular vectors of matrix G(f) at 
the resonant frequencies. 

 

 
Figure 4. Sensors’ layout and measurement channels 
configuration. 

 

 
Figure 5. Output signals from sensor no. 1 under wind (a) and 
earthquake (b) excitations. 
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4 DYNAMIC CHARACTERISTICS OF THE TOWER 
Figure 5 shows typical output signals recorded by the 
accelerometer number 1 under both wind and earthquake 
excitations. The very low levels of vibration are especially 
noteworthy. 

The modal parameters have been estimated by FDD from 
120 sec of earthquake-induced response and from a 15 
minutes long window of wind-induced response. Data have 
been sampled at 1653 Hz and down-sampled to 41.32 Hz prior 
to  carrying modal identification. Data have been also low-
pass filtered below 20 Hz before decimation. 

Two lateral modes, denoted as Fx1 and Fy1, were identified 
from data recorded under wind excitation, while the same 
modes with the addition of one torsional mode, denoted as T1, 
were identified from the data recorded under earthquake 
excitation. Figure 6 shows the first two singular values of the 
spectral matrix of the measurements in both series of ambient 
vibration tests. Resonant frequencies identified from the 
inspection of such SV plots are summarized in Table 1 while 
mode-shapes (motion of the instrumented floor of the tower) 
are presented in Figure 7. 

 

 
Figure 6. Singular value plots of the data recorded under wind 

(a) and earthquake (b) excitations. 

 
Figure 7. Identified mode shapes from seismic data. 

 

Table 1. Identified natural frequencies of the bell-tower. 

Mode 
number 

Frequency 
[Hz] 

Mode type 

Wind data 
1 1.437 Fx1 
2 1.517 Fy1 

Seismic data 
1 1.402 Fx1 
2 1.473 Fy1 
3 4.197 T1 

 

5 NUMERICAL MODELING AND SENSITIVITY 
ANALYSIS 

The numerical model has been built by means of a Finite 
Element commercial code and is constituted by both 
hexahedral and tetrahedral elements due to the irregular 
geometry of some structural parts. In particular, a structured 
mesh has been used in the shaft and the basement regions, and 
a free mesh in the belfry and the cusp. In order to properly 
consider the restraining effect provided by the neighboring 
blocks, a volume part of them has been inserted in the model 
and a coarse mesh has been considered to limit computational 
costs. All the parts have been joined by means of tie internal 
constraints with a nod-to-surface formulation. A sketch of the 
numerical model is shown in Figure 8. 

As mentioned before, throughout the centuries the bell-
tower was subjected to several restoration interventions, such 
as the insertion of significant brickwork regions in the 
external leaf of the shaft, or the construction of the steel 
structure at the base of the belfry. In this first step of the 
research these local details have been not taken into account 
in order to simplify the procedure and to avoid worthless 
computational costs. 

At the constitutive level, the model has been subdivided in 
three different regions and homogeneous orthotropic materials 
have been assigned: the shaft, the belfry and the cusp. The 
choice of these regions is linked to the tuning operations for 
the correlation between the experimental and numerical modal 
characteristics. The mechanical characteristics assumed in the 
model are summarized in Table 2. These values are chosen in 
accordance with the range proposed by the Italian code for the 
following materials considered in each structural part, 
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respectively: a squared stone masonry for the shaft and the 
belfry and a mix of stone masonry and brick masonry for the 
cusp. In addition, the corrective coefficients suggested in the 
case of good conditions of mortar (γ1=1.2) and thickness of 
mortar joints less than 1cm (γ2=1.2) have been considered in 
the case of the elastic moduli of the shaft and the belfry. In 
this first investigation the restraint effect provided by the 
lateral buildings has been considered in a simplified way by 
using an isotropic model with low stiffness (Young modulus 
E=970MPa, Poisson coefficient υ=0.15).  

A linear modal analysis has been carried out with the 
numerical model. The identified modes are summarized in 
Figure 9 where the flexural or torsional type and the related 
frequency data are indicated. The comparison between 
identified (Table 1) and calculated (from FE model) 
frequencies outline that the FE model, although not tuned 
from experimental data, already provides an accurate 
representation of the dynamic behavior of the actual structure, 
at least for the lowest three modes (see Table 3).  

In order to allow to perform a tuning of the FE model, so to 
even improve the agreement observed in Table 3, a modal 
sensitivity analysis has been carried out by varying the 
mechanical parameters of the materials. The results in terms 
of sensitivity coefficients are presented in Table 4 and Figure 
10. Sensitivity coefficients have been calculated as 

 

 100
FEM

k i
ik FEM

i k

X f
S

f X

Δ
=

Δ
,  (1) 

 
Xk being the k-th uncertain parameter, fi

FEM being the i-th 
natural frequency predicted by the numerical model and Δ 
being the difference operator. By adopting this definition, 
sensitivity coefficients represent the percentage changes in 
modal frequencies produced by a 100% change in parameter. 
These results show that, as it had to be expected, bending 
modes are highly sensitive to materials’ Young modulus, 
especially to the one of the shaft. On the contrary, the first 
torsion mode is primarily sensitive to the shear modulus of the 
belfry. 

The results of the sensitivity analysis allowed to easily carry 
out a one-step manual tuning where the Young modulus of the 
shaft has been adjusted for tuning modes Fx1 and Fx2 and the 
shear modulus of the belfry has been varied for tuning mode 
T1. Variation of k-th structural parameter for manual tuning 
has been simply computed as 

 

100
FEM ID

MT i
k

ik

f
X

S

−Δ
Δ = ⋅ ,  (2) 

 
where , Δfi

FEM−ID is the relative percentage difference between 
identified and computed i-th natural frequency (corresponding 
to Δ in Table 3). Natural frequencies calculated from the 
updated FE model are summarized and compared with 
identified frequencies in Table 5. Updated values of structural 
parameters are summarized in Table 6. These results highlight 
a very good agreement between numerical model and 
experimental data. 

Table 2. Mechanical characteristics of the orthotropic 
constitutive model. 

Structural 
part 

Young 
modulus 
[MPa] 

Shear 
modulus 
[MPa] 

Poisson 
coefficient 

 
Shaft 4032 1238 0.25 
Belfry 4032 1238 0.25 
Cusp 1500 500 0.25 

 

Table 3. Natural frequencies calculated from initial finite 
element model (IFE) and identified (ID) natural frequencies 
(Δ denotes relative difference). 

Mode IFE [Hz] ID [Hz] Δ [%] 
Fx1 1.416 1.402 1.0 
Fy1 1.482 1.473 0.8 
T1 4.250 4.197 1.3 

 

Table 4. Sensitivity coefficients (%) of the numerical model. 

Mode Eshaft Gshaft Ebelfry Gbelfry 
1 24.76 3.99 12.20 3.72
2 23.94 3.84 13.40 4.10
3 0.69 9.36 18.37 20.86
4 3.82 6.46 16.07 1.90
5 3.53 5.85 15.71 2.08

 
 

 
Figure 8. FE model of the bell-tower. 
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Figure 10. Representation of the sensitivity coefficients of the 
numerical model. 

Table 5. Natural frequencies calculated from manually tuned 
finite element model (TFE) and identified (ID) natural 
frequencies (Δ denotes relative difference). 

Mode TFE [Hz] ID [Hz] Δ [%] 
Fx1 1.400 1.402 0.14 
Fy1 1.465 1.473 0.54 
T1 4.195 4.197 0.05 

 

Table 6. Mechanical characteristics of the update FE model. 

Parameter Initial 
value 
[MPa] 

Variation 
(%) 

Updated 
value 
[MPa] 

Eshaft 4032 −3.69 3883 
Gbelfry 1238 −6.23 1161 

 

6 CONCLUSIONS 
The paper has presented geometrical and material survey, 

dynamic investigations and finite element modeling of the San 
Pietro bell-tower, a major symbol of the City of Perugia. 

The results presented in this paper will serve as the basis for 
the future installation on the bell-tower of a permanent 
vibration-based structural health monitoring system.  

                     
                 Fx1 – 1.416 Hz      Fy1 – 1.482 Hz       T1 – 4.250 Hz            Fx2 – 4.729 Hz           Fy2 – 4.814 Hz 

                             
      Fx3 – 7.253 Hz             Fy3 – 7.632 Hz         Fxy1 – 8.838 Hz         Fx4 – 10.588 Hz           Fy4 – 10.729 Hz 

 

Figure 9. Flexural (F) and torsional (T) modes derived by the numerical model. 
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A three-days long continuous acquisition of the dynamic 
response of the tower in operational conditions was carried 
out in December 2013, by locating sensors over its top floor, 
below the cusp. Recorded data outlined a very low level of 
vibration due to both structural rigidity and absence of 
significant excitation sources in the neighborhood of the 
tower. During the acquisition, however, a small earthquake 
occurred, having a Richter's magnitude of 4.0 and whose 
epicenter was located at a distance of about 30 km from the 
tower. Though very low in terms of amplitude, the response of 
the tower to this earthquake was clearly measured.  

Modal identification of the tower was performed using short 
data from earthquake induced response and a longer window 
containing dynamic response under wind excitation. The 
results permitted to identify the frequencies of the lowest two 
bending modes and of the first torsion mode.  

A finite element model of the tower was also setup based on 
an accurate geometrical survey of the structure. The model is 
a linearly elastic orthotropic representation of the tower based 
on the use of brick and tetrahedral finite elements. Due to a 
lack of direct experimental investigations on the mechanical 
properties of the parameters, the model has been constructed 
by assuming material properties derived from the Italian 
standard code.  

The results of the modal analysis carried out with the 
numerical model highlighted almost negligible differences 
with respect to the dynamic behavior identified from 
experimental data. In particular, the real structure proved to be 
slightly stiffer than expected from the numerical model 
probably due to a small underestimation of materials' elastic 
coefficients.  

With the purpose of obtaining an even more accurate 
numerical representation of the real structure, a modal 
sensitivity analysis and a one-step manual tuning of the 
numerical model has been performed based on the identified 
eigen-frequencies. The results highlighted a very good 
agreement between numerical model and experimental data, 
although investigation was limited only to the first three 
natural modes of vibration. 

Before installing the continuous permanent monitoring 
system in the tower, the dynamic tests will be repeated using a 
larger number of sensors of higher sensitivity (10 V/g) in 
order to increase the knowledge of the mode shapes of lower 
modes and to conceivably identify some  higher mode. 
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ABSTRACT: In 2003, people working in the San Luzi, Zuoz, bell tower reported excessive tower vibrations when ringing bells. 
Measurements performed in 2004 showed a maximum amplitude of 16 mm/s which is more than five times the allowable value. 
In 2008 the two large bells (out of four) were equipped with cranked yokes and their pendulum frequency was reduced to get a 
larger distance to the tower natural frequency. Measuring again in 2009 yielded the two large bells no longer exciting large 
tower vibrations. However, this was not true for bell No. 3. Subsequently, this bell's pendulum frequency was also reduced. In 
2011, measurements showed that this last measure had negative instead of positive effects. And, disposing now of three values, 
the tower natural fundamental frequency was found to be somewhere in the f = 1.43...1.50 Hz region. It was then decided to 
monitor the tower dynamic behavior for one year to get reliable information on the natural frequency scatter. Monitoring started 
June 11, 2012, and ended October 7, 2013. Instrumentation consisted of 2D-acceleration plus air temperature sensors as well as 
getting weather data from a company operating a station in Zuoz, a village in the Upper Engadin Valley. Ambient vibration data 
was acquired every hour during 20 minutes, a time window usually free of bell action. In addition, all bell excited tower 
vibrations were acquired upon a trigger level having been crossed. The results: a) The tower fundamental frequency varied in an 
f = 1.41...1.59 Hz range, b) The tower is stiffer in winter than in summer, c) On a daily or weekly schedule, the tower 
fundamental frequency is following the temperature curve: increasing stiffness with increasing temperature and vice versa. A 
possible explanation for this contradiction is given. Possible measures to solve the problems with bell No. 3 are discussed. 

KEY WORDS: Bell tower, ambient parameters, natural tower vibrations, non-linear structures. 

1 SAN LUZI BELL TOWER 
 

 
 

Figure 1. This inscription at the San Luzi Church in Zuoz, 
the "Capital" of the Upper Engadin, tells us that the lowest 
part of the bell tower walls stem from the year 1139. This 

inscription is written in Putér, one of the five idioms of 
Romanch Ladin, the Swiss National Language spoken by 
some 50'000 people in the Canton Graubünden (Grisons). 

 

Figure 2. 
San Luzi Church and 
bell tower. 
Total tower height: 
some 60 m. 
Cross section dimen-
sions: 5 x 5 m. 
Bell arrangement un-
changed since 1793. 
1954: Electric bell 
control introduced. 
1990: Tower top part 
rehabilitated and 
strengthened. 
2003: Church and 
tower facade 
rehabilitated. 

 
The tower is equipped with four bells. No. 1: m = 1'700 kg, 
No. 2: m = 648 kg, No. 3: m = 400 kg, No. 4: m = 260 kg. 

 In about 2003, people working close to the bells reported 
excessive tower vibrations when ringing the bells.  
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2 LINGUISTIC BOUNDARY CONDITIONS 
"Tower frequency", f1a: For the sake of simplicity, we will be 
talking of "tower frequency" in this paper only. The exact 
meaning of this expression is: The tower first fundamental 
natural vibration (mode) frequency as derived from 
(measured) vibrations excited by ambient sources like wind 
and micro tremors. 

We will also mention the dominant modal motion direction 
of this mode being the same as the one of the dynamic forces 
exerted through bell's ringing, also called the "ringing 
direction", here only. 

The tower second natural mode, with a frequency f2a, also 
being mentioned some times in this paper, exhibits a dominant 
modal motion perpendicular to the ringing direction. Mode 
f3a is in ringing direction, f4a perpendicular again. The latter 
two are mentioned in Figure 3 only. 

"Bell frequency": A bell's dynamic motion is defined by its 
pendulum frequency. Since the horizontal dynamic forces 
generated by a bell ringing with a "usual" (±45°...80°) ringing 
angle are dominated by the 3rd harmonic of the pendulum 
frequency, "bell frequency" means here: The 3rd harmonic of 
the pendulum frequency. 

"Bell 1": Means bell No. 1. 

3 TESTING HISTORY 

 Tests performed in 2004 3.1

Experimental modal analysis under ambient excitation as well 
as bell ringing excited tower vibration measurements were 
performed in May 2004. 

The main results were the tower frequency being f1a = 1.43 
Hz and that ringing bell 1 as well as bell 2 excited unaccep-
table tower vibrations (Figs. 3 to 5). 

Rating of the tower vibrations is based on the Codes [1], [2] 
and [3]. Maximum vibration intensity reached v = 16.5 mm/s 
whereas the Codes allow v = 2.5...3 mm/s. 

It took, however, several years until countermeasures were 
undertaken. In 2008, bells 1 and 2 were equipped with a 
cranked yoke and their frequency was decreased to get more 
distance to the tower frequency. 

 Tests performed in 2009 3.2

An analogous set of tests as in 2004 was performed in June 
2009. 

The main results were the tower frequency now being f1a = 
1.496 Hz and that the changes applied to bells 1 and 2 were 
fully successful. The tower vibrations generated were less 
than v = 1 mm/s now. 

However, probably due to the change in tower frequency, 
bell 3 ringing with f = 1.47 Hz now generated tower 
vibrations with v = 6.4 mm/s which was still unacceptable 
(Figs. 4, 5). 

In the context of the measures taken in 2008, both belfries, 
one for bells 1 and 2 and a second one for bells 3 and 4, had 
been replaced. Since no room was available to equip bell 3 
with a cranked yoke, two measures with less incidence to the 
belfry were taken now. To reduce the bell 3 dynamic forces, 
some steel plates were added at the upper yoke side and the 
bell frequency was reduced to f = 1.36 Hz to achieve a nice 
distance to the (new) tower frequency, f1a ≈ 1.5 Hz, in 2010. 

 Tests performed in 2011 3.3

An analogous set of tests as in 2004 and 2009 was performed 
in November 2011. 

The main results were the fundamental natural tower 
frequency being f1a = 1.43 Hz again, bells 1 and 2 still pro-
ducing tower vibrations with v < 1 mm/s, bell 3 such with v = 
8.6 mm/s and bell 4 such with v < 2 mm/s. 

In other words: The situation was worse than in 2009. 
Considering the fact of the tower frequency showing clear 

signs of instability, meaning a non-linear tower behavior, 
meaning a cracked state of the tower walls, it was decided to 
look closer into this phenomenon before taking further 
measures. 

Codes propose a certain "resonance distance" between 
tower and bell frequencies. It is however difficult to follow 
this prescription with the tower frequency having one value 
today and another one tomorrow. 

 Test results 2004, 2009 and 2011 3.4

The results of the three "historical" tests are summarized in 
Figures 3 to 5. 

 

 May 5, 2004 June 15, 2009 Nov. 15, 2011 

 f [Hz] ζ [%] f [Hz] ζ [%] f [Hz] ζ [%] 

f1a 1.430 1.6 1.496 1.8 1.435 1.6 

f2a 1.785 1.2 1.848 2.1 1.805 1.3 

f3a 2.485 1.5 2.397 1.6 2.474 1.3 

f4a 2.666 1.3 2.681 1.8 2.667 1.1 
 

Figure 3. Tower natural frequencies and damping 
coefficients as derived from ambient tests. 

 

 2004 2011 

 [Hz] [Hz] 

Bell 1 1.33 1.13 

Bell 2 1.40 1.23 

Bell 3 1.48 1.36 

Bell 4 1.61 1.63 
 

Figure 4. Bell frequencies. 
 

 2004 2009 2011 

 [mm/s] [mm/s] [mm/s] 

Bell 1 11.0 0.6 0.7 

Bell 2 5.4 0.4 0.6 

Bell 3 3.6 6.4 8.6 

Bell 4 1.5 1.9 1.6 

Bells 1...4 16.5 7.6 10.3 
 

Figure 5. Maximum tower vibration velocity. 
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4 MONITORING TEST LAYOUT 

 Instrumentation 4.1

The following parameters should be subject of monitoring: 
• tower acceleration in both horizontal directions 
• air temperature 
• air relative humidity 
• wind speed 
• wind direction. 

 
 

 

 

 
 

Figure 6. Acceleration 
measurements were per-
formed on level B. The 

location of bells 1 and 2 and 
of bells 3 and 4 is also 

indicated. 

 
Figure 7. Location of the 
acceleration measurement 

point (blue box). S-chanf is 
the village neighboring Zuoz 

in downstream direction. 

 

 
 

Figure 8. Wind directions as for San Luzi Bell Tower. 
(Published with swisstopo permission BA130458). 

Checking the market lead to choosing GeoSIG equipment 
(www.geosig.com). The crucial point were the GeoDAS 
software capabilities to deal with the requirements: 

The aim of the monitoring test was twofold: a) keeping 
track of the four first tower frequencies and, b) keeping track 
of the tower vibrations excited through the bell's ringing. 

The software should therefore be capable of 
• acquiring a 20 minutes-time window of the tower 

ambient vibrations every hour, and 
• acquiring tower vibrations excited through crossing 

of a trigger level when ringing bells. 
This was easily covered by GeoDAS and we were lucky to 

not having to reinvent the wheel for this purpose. And 
GeoSIG also delivered an IP68-protected 1g accelerometer 
with sufficient dynamic and frequency ranges (AC-23).  

Meteo data could be received from the local Meteomedia 
(www.meteocentrale.ch) station every 10 minutes (Fig. 8). 

 Data acquisition time schedule 4.2

Fortunately, the bell ringing schedule of San Luzi is quite 
simple: The clock is signalled twice an hour only. This lets 
open two windows to acquire time signals of enough length to 
perform a nice FFT-analysis. Bells ringing schedule for a 
normal working day is: Bell 2 at 5.01 am, bell 1 at 12.01 pm 
and bells 1 to 4 in the evening, with "evening" meaning a time 
depending on the time of the year (6...9.15 pm). 

As an exception, not only bell 2 but bells 1 to 4 are operated 
together at 5.01am on Sundays. 

Ringing duration is 1...6, rarely up to 15 minutes (services). 
The initially chosen time schedule for the ambient tests, 

once every 2 hours from hh.05 to hh.25, was changed to once 
every hour soon. It was noticed that not all "ambient" time 
windows were "bell-free". Especially when choosing the even 
hours, problems arose at 12 pm and at 6 pm. With the hourly 
schedule of the finally acquired 5'280 time windows, some 
400 had to be discarded due to bells ringing inside of the 
ambient window. 

After some pre-tests, a 0.15 mm/s2 trigger level was found 
to being nice to acquire time windows being triggered through 
bell action. 

 Data acquisition and transfer 4.3

The GeoSIG GMS-24 electronic device (hidden in the plastic 
box visible in Figure 7) sampled the acceleration signals with 
sR = 100 Hz and a 24-bit resolution. Local storage capability 
was 2 GB. With the exception of data transfer facilities' 
problems, this was never used but to a minor extent. 

The data is stored in .msd format (.msd = mini seed), a 
format obviously common in the earthquake but unknown to 
the structural dynamics communities. The good news with this 
format is: The resulting files are small. Per month of system 
operation, some 500 MB had to be transferred to our office 
via a G3 mobile phone connection. This is about what is 
possible using this technology without ending in bankruptcy, 
subsidizing our beloved Swiss Telephone monopolist. 

 Monitoring time period 4.4

Monitoring started June 11, 2012, and ended October 7, 2013. 
Due to problems with the G3-link, a loss of data occurred 
from July 14, 2012, to July 20, 2012. Besides of this, the 
monitoring hard- and software worked flawlessly. 
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5 SIGNAL PROCESSING 

 Dealing with the raw ambient data 5.1

We had to find out that the GeoDAS software package is well 
suited for the on-line data management but not for post 
processing purposes. Checking again the market we found a 
reasonable solution making use of the NI Diadem software 
package and relying on colleagues in Hamburg, Germany, 
who are using this tool on a daily basis (www.baudyn.de). 

As a Diadem data plug-in for .msd-Files did not exist we 
chose the possibility offered by GeoDAS to export the 
ambient files to ASCII format. Changing an existing data-plug 
to a minor extent (header lines) allowed easy data transfer into 
Diadem. The only disadvantage is the fact of the ASCII files 
being about ten times larger than the .msd-Files. This 
extended the originally 8 GB of raw data to a total of some 
120 GB which is however daily routine today. 

The Diadem routine written by Oliver Witter did three 
things with the three data streams acquired: 

• extracting Min, Max and RMS values, 
• calculating an FFT spectrum for the ranges 

f = 0.8...2 Hz and f = 2...4 Hz respectively. 
The first frequency range aimed at the tower frequencies f1a 

and f2a, the latter at f3a and f4a (see Fig. 3). The respective 
values were stored in two .xls-Files covering 24 rows per day 
and 35 columns per hour monitored. 

In addition, this software also produced the .png-Files 
shown in Figures 9 and 10, presenting the time and spectrum 
data dealt with. The PSD-spectra shown were determined 
through transforming one single 20-minute-time-window, 
Hanning weighted, into the frequency domain.  

Including the .xls-meteo-data-file delivered by Meteomedia, 
we finally disposed of three .xls-data-files per day covering all 
raw data necessary to get information on the tower behavior 
over a total of 477 days, 68 weeks or 16 months. 

 Putting the raw ambient data into graphics form 5.2

Again, we had to find out that standard software packages 
like, in this case, Microsoft Excel, do not fulfill more than 
basic requirements. Do not try to present more than three 
columns of data in the same diagram! Here, help arrived from 
Holzer Informatik, a company we  found through an internet 
search (www.holzer-informatik.ch). 

In three steps, Christian Holzer wrote a Visual Basic routine 
allowing graphic presentation of up to nine parameters on the 
Y-axis versus time on the X-axis. And: These parameters can 
be scaled individually and they can be filtered based on a 
second and on a third parameter. To illustrate this strategy: 
We can, e.g., present the tower frequency together with air 
temperature, X-acceleration-PSD-spectral density and wind, 
the latter for wind speeds W ≤ 4 km/h and for wind in the 
ringing direction only. Distinguishing between wind in 
ringing direction and perpendicular means: Separating wind 
directions 0...90 and 180...270 degrees from 90...180 and 
270...360 degrees (Fig. 8). 

 Dealing with bell excited tower acceleration data 5.3

Here, GeoDAS proved to be feasible again. Manually 
separating the half and full hour bell activities from real bell 
ringing based on the file storage time and file length was 
somehow lengthy. However, high-pass filtering with a cut-off 

frequency at fc = 0.2 Hz and subsequent integration of the 
files of interest was easily possible. 

It came as a surprise that, based on the trigger level 
crossing, 103 files were acquired and stored without any 
relation to bell activities. Checking these files in detail yielded 
the reason for this being what we subsequently called "strong-
wind"-excited tower vibrations. 

 
 

Figure 9. Tower acceleration and air temperature signals 
acquired May 15, 2013, 12.05 pm to 12.25 pm. 

 
Figure 10. Tower acceleration PSD-spectra for f = 0.8...4 Hz 

for the X- and Y-directions derived from the time signals 
shown in Figure 9. 
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6 RESULTS: 16 MONTH'S ANGLE OF SIGHT 

 Tower frequencies f1a and f2a as a function of time 6.1

The tower fundamental frequency varied in the range f1a = 
1.42...1.59 Hz in the 16 months monitored (Fig. 11). The 
second tower frequency with the dominant modal motion 
being perpendicular to that of the fundamental mode, varied in 
the range f2a = 1.78...1.96 Hz (Fig. 12). 

 Fundamental tower frequency as a function of time 6.2
and meteo parameters 

Figure 13 shows the tower frequency f1a being higher in 
winter than in summer. This indicates the tower generally 
being stiffer in winter than in summer. It may be mentioned 
here that the temperature range valid for the 16-month's-
period monitored is T = +28°C...-27°C (Fig. 13). Zuoz is 
located at a height of about 1'750 m above sea level. 

The average wind speed is lower in winter than in summer. 
However, the highest peaks observed, W ≈ 30 km/h, occur in 
winter as well as in summer (Fig. 14). 

Relative air humidity scatters in a smaller range in winter 
than in summer (Fig. 15). 

Limiting wind speed to W ≤ 2 km/h yields the tower fre-
quency scatter becoming noticeably smaller than for all wind 
speeds (Fig. 16; compare to Fig. 11). However, the f1a fre-
quency range reduces to f1a = 1.44...1.58 Hz only. For f2a, 
the numbers are now: f2a = 1.83...1.96 Hz. 

Trying to isolate an air humidity effect on f1a through 
splitting rel.H. into the ranges rel.H. = 0...85% and rel.H. = 
85...100% yields, that this is not possible: The respective 
diagrams for f1a as a function of time look the same. 

 

 
 

Figure 11. Tower frequency f1a as a function of time. 
 

 
 

Figure 12. Tower frequency f2a as a function of time. 

 
 

Figure 13. Tower frequency f1a and air temperature T as a 
function of time. 

 

 
 

Figure 14. Tower frequency f1a and wind speed W as a 
function of time. 

 

 
 

Figure 15. Tower frequency f1a and air relative humidity 
rel.H. as a function of time. 

 

 
 

Figure 16. Tower frequency f1a for wind speeds 
W ≤ 2 km/h as a function of time. 
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7 RESULTS: 1 MONTH'S ANGLE OF SIGHT 
Out of the 16 months observed two months delivering a 
distinct message are shown in Figures 17 and 18. 

In summer, the mean values of f1a and air temperature T are 
changing in parallel: high temperature means high frequency 
f1a (Fig. 17). 

Although not appearing in the same simple form, the same 
is true in winter (Fig. 18). 

This is a straightforward contradiction to what was found 
using a 16 month's angle of view. This needs further dis-
cussion. 

No simple relationship between the monthly development 
of the mean values of f1a versus wind speed as well as air 
humidity can be observed. 

8 RESULTS: 1 WEEK'S ANGLE OF SIGHT 
Checking the graphs for all 68 weeks monitored yields that for 
the case with the air temperature exhibiting large daily 
amplitudes between 0°C and about +20°C the tower frequency 
shows a similar behavior over time as temperature: Increase in 
temperature also means increase in frequency (Figs. 19, 20). 
This result is similar to the one found in the last Paragraph. 

9 RESULTS: A COUPLE OF HOUR'S ANGLE OF 
SIGHT 

Whereas the tower frequencies as well as the meteorological 
parameters generally change with a rhythm of days, weeks, 
months or seasons, wind is a parameter changing with a 
rhythm of hours, minutes or seconds. 

This became clear when checking the graphs for the 68 
weeks monitored, now including tower frequency, air 
temperature, wind speed WX in X-direction and Xrms-value 
of the tower acceleration. As an example, such a diagram for 
week 30/2012 is presented in Figure 21. 

Going into the details of this graph yields the tower 
frequency decreasing from f1a = 1.505 Hz to f1a = 1.445 Hz 
and increasing back to the original value within a time 
window of one to two hours (Fig. 22). 

Going into details even further yielded the tower vibrational 
velocity reaching values of v = 4.6 mm/s and v = 1.52 mm/s 
in the two orthogonal directions X and Y respectively. 

A second example for a case of a wind generated drop in 
tower frequency is given in Figure 23. Here, f1a drops from 
f1a = 1.48 Hz to f1a = 1.415 Hz and recovers within one to 
two hours. 

 

 
 

Figure 17. Tower frequency f1a and air temperature T for 
August 2012. 

 
 

Figure 18. Tower frequency f1a and air temperature T for 
February 2013. 

 

 
 

Figure 19. Tower frequency f1a and air temperature T for 
April 15 to 19, 2013. 

 

 
 

Figure 20. Tower frequency f1a and air temperature T for 
October 17 to 26, 2012. 

 

 
 

Figure 21. Tower frequency f1a, air temperature T, wind 
speed WX and rms-value for the tower acceleration in X-

direction for week 30/2012, July 23...29, 2012. 
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Figure 22. Tower frequency f1a, air temperature T, wind 
speed WX in ringing direction and rms-value for the tower 

acceleration in X-direction for July 27...28, 2012. 
 

 
 

Figure 23. Tower frequency f1a, air temperature T, wind 
speed WX in ringing direction and rms-value for the tower 

acceleration in X-direction for September 16...17, 2013. 
 

 
 

Figure 24. Maximum tower velocity v for ringing bell 3. 
 

 
 

Figure 25. Maximum tower velocity v for ringing all four 
bells versus tower frequency f1a for W ≤ 2 km/h. 

 
 
Figure 26. Maximum tower velocity v for ringing bell 2 vs. 

tower frequency f1a for a wind speed W ≤ 2 km/h. Time axis 
is split into September/October 2012 (f1a < 1.5 Hz) and 

January/February 2013 (f1a > 1.5 Hz). 
 

 
 
Figure 27. Maximum tower velocity v for ringing bell 4 vs. 

tower frequency f1a for a wind speed W ≤ 2 km/h. Time axis 
is split into September/October 2012 (f1a < 1.5 Hz) and 

January/February/March 2013 (f1a > 1.5 Hz). 

10 BELL RINGING EXCITED TOWER VIBRATIONS 

 General 10.1

San Luzi Bell Tower bell ringing schedule is discussed above. 
In a first attempt, bells 1 and 2 were not included in the in-
vestigation. They both produce less than v = 1 mm/s tower 
vibrations. 

At the beginning, we also did not concentrate on bell 4. 
However, since this bell produced vibrations with a maximum 
in X-direction v = 1.8...2.1 mm/s an eye was kept on this. 

The primary subject of investigation was, however, bell 3. It 
has to be mentioned here that this bell has been taken out of 
service from August 15, 2012, to January 27, 2013. This 
happened subsequently to a visual inspection of the tower 
state of health by a specialist for "old stones". After discussing 
the situation with all people involved in this project it was 
decided to take the risk of further operating this bell. 
Otherwise, a very important piece of information would have 
been lost: Is there a relationship between bell 3 excited 
vibrations and the tower frequency? 

 Ringing Bell 3 10.2

Bell 3 is operated as a single once a week at the Saturday  
6.01 pm schedule only. Figure 24 gives the maximum tower 
velocity values for these events having occurred in the 16-
month's monitoring period. 
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To include more values, Figure 25 shows the maximum 
tower velocity for all cases where bell 3 has been included in 
the ringing. In addition to the 6.01 pm single ringings shown 
in Figure 24, this includes the 5.01 am multiple bell ringings 
and those related to probable funerals in some afternoons. 

The result is disappointing: No relationship between the 
maximum tower vibration and its frequency can be esta-
blished. The tower velocity is always more or less the same, 
showing signs of increase with time. Telling us that something 
should be done with bell 3 as soon as possible. 

 Ringing bells 2 and 4 10.3

To check, whether or not San Luzi Bell Tower is following 
some rules of basic (linear) physics, tower vibrations excited 
through bell 2 were subsequently investigated into. Because 
bell 2 is single activated in the daily 5.01 am schedule except 
on Sundays, much more values are available than for bell 3. 

And: The results are encouraging (Fig. 26). With the bell 
frequency being f = 1.23 Hz, tower vibrations are larger for 
f1a < 1.5 Hz (in summer) than for f1a > 1.5 Hz (in winter). 

A similar check was performed for bell 4. Not very many 
values are disposable here again because bell 4 is operated in 
the Saturday's 6.01 pm schedule only. 

But again: The candidate "theoretical (linear) physics" gets 
100 points: With the bell frequency being f = 1.63 Hz, tower 
vibrations are smaller for f1a < 1.5 Hz (in summer) than for 
f1a  > 1.5 Hz (in winter) (Fig. 27). 

11 SUMMARY, RESULTS, DISCUSSION 

 General 11.1

San Luzi Bell Tower vibrations under ambient as well as bell 
operation excitation were monitored together with the meteo-
rological boundary conditions from June 11, 2012, to October 
7, 2013. This sums up to about 477 days, 68 weeks or 16 
months. Continuous vibration and temperature monitoring 
was performed during 20 minutes every hour. Bell operation 
excited tower vibrations were acquired upon crossing of a 
0.15 mm/s2 trigger value. Meteo values were determined 
every 10 minutes. 

Monitored data was transferred via 3G-link to our office. 
Meteorological values were determined and delivered by 
Meteomedia Schweiz. 

8 GB raw data in .msd-format was acquired primarily. The 
final project file was of a 120 GB size. This is mainly due to 
the need of transforming the raw data into ASCII-format. 

Data processing included the GeoDAS, NI Diadem and 
Holzer Informatik software packages. 

 Tower fundamental frequency f1a 11.2

The fundamental tower frequency varied in the range f1a = 
1.42...1.59 Hz. This corresponds to a change of system 
stiffness for the tower of 22...23% between the two extremes. 

Frequency variation has two sources: 
• change in air temperature, 
• change in wind activity. 

In more detail: 
• The system "tower" is stiffer in winter than in summer. 
• With temperature changes on a monthly, weekly or 

daily schedule, the system "tower" is stiffer for high 
temperatures than for low ones. 

• Strong wind results in a sudden decrease of the tower 
frequency. 

 Bell excited tower vibrations 11.3

Bells 1 and 2 produce tower vibrations v < 1 mm/s. This is 
definitely non-critical. 

Bell 4 produces tower vibrations up to v = 1.8...2.1 mm/s. 
This is not critical but worth to keep an eye on. 

Bell 3 produces tower vibrations up to v = 11.4 mm/s. This 
is not acceptable. 

It is not possible to establish a simple relationship between 
bell 3 excited vibrations and the tower frequency. 

Strong wind produces tower vibrations up to v = 4.6 mm/s. 
This is more than the Codes allow. 

 Discussion 11.4

The scatter in tower frequencies is much larger than expected. 
Obviously, the tower is significantly cracked. What may 
happen: Upon exciting the tower with forces with f < f1a 
(including wind!), the cracks open. For f > f1a, they don't. 

 It might therefore be a good idea to distinguish the two 
cases when discussing resonance distances for old (cracked) 
bell towers in Codes like [1]. 

The influence of air temperature on the tower frequency is 
ambivalent. Based on a one-year scale, the tower is stiffer for 
low than for high temperatures. Based on a monthly, weekly 
or daily scale, the contrary is true. 

The first behavior is known: In winter, a structural system 
including its foundation freezes and its stiffness increases. 

The second behavior has been mentioned (to our 
knowledge) once in the literature only. The explanation 
presented by Saisi and Gentile in [4] is: Due to increasing 
temperature the single stones expand, the cracks close and, as 
a result, the system is better "compacted" and therefore stiffer. 

12 PROBLEM SOLUTION 
The problem with bell 3 cannot be solved through moving the 
bell frequency far enough from the tower frequency range. 
We cannot go low enough (to f = 1.23 Hz, e.g., where bell 2 
is). And we cannot go high enough (higher than f = 1.63 Hz, 
e.g., where bell 4 is). There are technical limits with changing 
bell frequencies. Solutions with using TMD's or cranked 
yokes for bells 3 and 4 are looked for, now. The problem with 
cranked yokes is finding a solution not killing the bell's sound. 
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ABSTRACT: The use of modal testing through ambient vibration to assess the changes in rehabilitated structures and to enable 
the evaluation of the actual effectiveness of different rehabilitation strategies emerge as an extremely important topic, since the 
current knowledge in this field is short and therefore demands an improvement in order to achieve more cost-effective designs 
without lowering the required safety levels. This paper presents the ambient vibration tests conducted on centenary steel bridges 
before and after their rehabilitation, with the purpose of evaluating the changes in their dynamic properties as a result of the 
adopted strengthening strategies. The implemented testing programs, experimental setups, data processing and modal 
identification techniques are described. Field data validated numerical models for the analysis of the structural changes produced 
by the strengthening process are presented. Significant conclusions were drawn by comparing the experimental and numerical 
results between the pre and post-rehabilitation conditions, namely in what concerns the vibration levels experienced by the 
structures, their stiffness variation and suitability of the adopted modeling methodologies. 

KEY WORDS: Centenary steel bridges; Rehabilitation assessment; Ambient vibration testing; Modal analysis; Numerical 
modeling. 

1 INTRODUCTION 
The use of nondestructive testing tools is emerging as a 
valuable solution to assist the condition assessment of existing 
structures, both in terms of its load-carrying capacity and 
serviceability [1]. Moreover, data obtained through these 
means are essential for the quantification of parameters and 
identification of mechanisms that are to be integrated in the 
numerical models that support reliable and objective structural 
evaluation [2]. 

While some researchers have pointed out the intrinsic 
difficulties in performing vibration testing in large bridges, 
such as non-stationary excitation [3], non-linear boundary or 
continuity conditions and non-ideal connections/interfaces 
between structural members and components [2], is 
unquestionable that dynamic testing stands as an innovative 
way of great potential in the structural identification of 
bridges for condition assessment [4-6]. It can play a decisive 
role in the rehabilitation of centenary steel bridges, both in 
supporting the design and in validating their performance for 
the new structural condition. Several examples of dynamic 
tests performed in old steel bridges have been reported in 
technical literature related to repair, rehabilitation, upgrade or 
strengthening projects [7-13]. 

2 THE BRIDGES AND THEIR REHABILITATIONS 
The first bridge, named as Pinhão Bridge, was commissioned 
in 1907 and stands as a vital link in the road infrastructure that 
serves the Douro vineyard region where the Porto wine is 
produced. The superstructure is constituted by three truss 
spans of about 68.60  m between supports and a skewed deck 
plate girder span measuring no more than 10  m in length (see 
Figure 1a)). The simply supported main girders of the longer 
spans have a semi-parabolic arch shape at the upper level, 

varying its height from 2.67 m at the supports to 8.86  m at the 
centre of the span. The bridge deck is formed by a concrete 
slab resting on a steel grid of stringers and crossbeams, and in 
its present condition it carries a single roadway lane and two 
side walkways, 4.60 m and 0.62 m wide, respectively. 

 

 
Figure 1. The bridges under analysis: (a) Pinhão Bridge; (b) 

Luiz I Bridge. 
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The Luiz I Bridge is the second structure under analysis, 
and has been in continuous operation since its completion in 
October 1886. This bridge constitutes a unique example of 
bridge engineering, worldwide known (see Figure 1b)), being 
characterized by having a single parabolic double-hinged arch 
supporting simultaneously two decks at different levels, 172 m 
long and 45.1 m high. The 391.25 m long upper deck is 
formed by two 5 m high truss girders, comprising 13 spans 
that rest on five metallic piers and two masonry piers. The two 
lattice girders of the lower deck are suspended from the arch 
by four tie-trusses spaced at 36 m intervals, crossing a total 
span length of 174 m. The loads applied on both decks are 
transferred to the abutments and piers through bearings that 
allow longitudinal displacements and rotations, except in the 
piers supported on the arch. 

For both bridges, the main elements pertaining to the 
original structure have I, T or box shaped sections, built by 
joining several plates and angles through riveted connections, 
a typical technique of the steel construction of that time. Since 
their construction, both structures have experienced some 
rehabilitation and maintenance operations or minor changes in 
order to make possible the crossing of new types of vehicles. 
However, recently these bridges have undergone extensive 
rehabilitation and strengthening processes. In the case of the 
Pinhão Bridge, these construction works aimed at endowing 
the structure with the necessary resistance to carry the current 
loads, whereas for the Luiz I Bridge the prime objective was 
to allow the integration of its upper deck in the infrastructure 
of the Porto Metro Network. 

The rehabilitation of the Pinhão Bridge comprised: i) the 
strengthening of the deck floor system by attaching a new 
steel grid on its top; ii) the replacement of the old concrete-
steel composite slab by a reinforced concrete one; iii) the 
addition of reinforcement angles and plates to the chords, 
verticals and to the end diagonals; iv), the replacement of the 
remaining diagonals by pairs of shear connected C-sections; 
v) the replacement of the original roller and pin bearings by 
modern pot and disk bearings, respectively; and vi) 
hydroblasting of the whole steel surface followed by its 
painting. Regarding the Luiz I Bridge, the major operations 
undertaken were: i) the complete replacement of the upper 
deck bridge floor system by a suitable metallic profile grid, 
capable of properly transmitting the new railway traffic loads 
to the truss girders; ii) the replacement of the I-beams that 
constitute the upper deck girders at the arch crown due to 
insufficient strength and to enable the direct support of the 
railway sleepers; iii) the strengthening of the upper deck 
girders, suspension ties, arch diagonals and bracing elements 
all over the bridge with addition of steel profiles; iv) the 
cleaning and lubrication of all original roller bearings, except 
for the supports at the upper deck abutments which were 
replaced by disk bearings due to their severe damaged 
condition; and v) the removal of the old coating through 
hydroblasting and subsequent 3-layer epoxy painting. 

3 SCOPE AND OBJECTIVES  
The rehabilitation and strengthening projects of the bridges 
were carried out after the favorable recommendations 
obtained in viability studies, which were performed to analyze 
the feasibility of the structures to carry the current vehicles in 

accordance with the contemporary standards (Pinhão Bridge) 
or to withstand the action of new vehicles (Luiz I Bridge). 
Under the scope of these studies, dynamic analyses were 
conducted through the complete modal identification of the 
structures, based on the development of 3D numerical models 
and on the execution of ambient vibration tests. Therefore, 
these first tests were mandatory to support the rehabilitation 
projects by enabling the bridges condition assessment and by 
supplying in-situ data for the validation of the models to be 
used in the selection and optimization of alternative 
intervention strategies. 

After the completion of the construction works, second field 
tests sought to determine the changes introduced in the 
bridges dynamic properties and to verify the behaviors 
predicted at the design stage. Moreover, the effectiveness of 
the implemented strengthening schemes in terms of stiffness 
variation of the decks, either vertical or transverse, was also 
appraised. Complementarily, the updated models enable the 
simulation of the structural responses in the new service 
stages, and consequently turn possible their integration into 
health monitoring systems to identify alterations in the bridges 
behavior over the time. 

4 AMBIENT VIBRATION TESTING 
The ambient vibration tests conducted before and after the 
rehabilitation and strengthening of the bridges, henceforth 
generally termed as Test 1 and Test 2, respectively, sought to 
measure their vibration response under natural excitation, 
mostly induced by the wind and traffic, in order to identify the 
modal parameters for both conditions. 

4.1 Testing program 

For the Pinhão Bridge acceleration time series were recorded 
at 7 measurement sections of the three main spans (see Figure 
2a)), at both sides of the roadway, so that vertical and 
torsional mode shapes could be properly identified. Four 
strong motion recorders were used to collect the accelerations, 
two of them permanently stationed at section 3, serving as 
reference, and the remaining two were successively placed at 
the other six sections. Additionally, a supplementary setup 
was performed by simultaneously measuring the accelerations 
at the mid-span sections of all spans. This has allowed to 
unveil an unexpected global mode shape of the whole bridge. 

 

 
Figure 2. Layout of the measurement sections: (a) Pinhão 

Bridge; (b) Luiz I Bridge. 

For the Luiz I Bridge 28 measurement sections were 
adopted to record the structural vibrations (see Figure 2b)), 19 
in the upper deck and 9 in the lower deck. However, in Test 1 
the accelerations of the lower deck were only collected at the 
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suspension ties’ joints and during Test 2 no measurements 
were taken at section 19. All sections of the upper deck were 
instrumented with two seismographs, one positioned at each 
side of the deck, upstream and downstream. On the lower 
deck a single device recorded the upstream accelerations, even 
though for Test 2 the vibration response has also been 
occasionally acquired from the downstream side to identify 
likely torsion modes. For the entire duration of the tests two 
reference stations were set on the upper deck at section 15, 
and for Test 2 an additional reference was introduced at the 
upstream side of section 23 during the test of the lower deck. 
The remaining recorders acted as moving sensors. 

In both tests, and for both bridges, the accelerations were 
recorded along three orthogonal directions oriented according 
to the natural reference axes of the structures (longitudinal, 
vertical and transverse). All measuring devices integrate one 
tri-axial force balance accelerometer with linear behavior 
from DC to 100 Hz, an 18-bit A/D converter, a 1-day test 
autonomy battery, a memory card for data storage, and an 
external GPS sensor to enable an independent and 
synchronized operation. However, in Test 1 of the Luiz I 
Bridge the resolution of the converter was only 16 bits and no 
GPS sensors were used. Since each unit was autonomous and 
pre-programmed by a laptop, the need for cables and hard 
labor in preparing the tests was overcome. The acceleration 
time series were collected in setups of 6 to 16 minutes, with 
sampling frequencies ranging between 50 and 100 Hz, thus 
making possible the identification of the frequency content of 
interest for both bridges (below 20 Hz).   

4.2 Modal identification 

The experimental identification of the most relevant modal 
parameters was firstly performed using the Peak-Picking 
method (PP), and afterwards these estimates were confirmed 
with the results produced by applying more sophisticated 
identification techniques [14, 15]. 

Before the application of the method, for each instrumented 
bridge section, three combined signals were calculated from 
the records collected at the upstream and downstream sides of 
each section: half-sum of vertical acceleration components, 
half-difference of vertical acceleration components and half-
sum of transverse acceleration components. In this way, an 
adequate separation of the natural frequencies in the 
bandwidth of interest was assured.  

The adopted identification process can be summarized in 
the following steps: i) determination of the normalized power 
spectral density functions (NPSD) for each pre-combined 
signal in each instrumented section; ii) calculation of the 
coherence functions in correspondence to the simultaneous 
measurements at different locations; iii) estimation of the 
average normalized spectra (ANPSD) of all signals of the 
same type; iv) identification of the natural frequencies from 
the peaks in the spectra; and v) identification of the mode 
shapes by evaluating the transfer functions relating the 
response at each section with the one collected at the 
reference sections. In order to obtain a suitable frequency 
resolution (at least 0.02 Hz), in this process each record was 
properly divided into time segments with adequate 
overlapping. 

5 NUMERICAL MODELING  
For each bridge two base finite element (FE) models were 
developed to simulate their behavior before and after the 
rehabilitation, which will be henceforth generically termed as 
Models A and Models B, respectively. These models use a 3D 
mixed meso-micro level modeling approach by means of 
frame and shell elements, in which all nodes present six 
degrees-of-freedom. Although a detailed description of the 
models can be found in [12], herein a summarized version is 
presented. 

 

 
Figure 3. FE models of the bridges: (a) Pinhão Bridge; (b) 

Luiz I Bridge. 

The models replicating a single main span of the Pinhão 
Bridge hold a deck modeled through shell elements, shear 
connected to the grid constituted by the crossbeams and 
stringers (see Figure 3a)). These structural members were 
simulated by simple frame elements or by a combination of 
these with shell elements, depending on the level of 
discretization required to analyze the data from the static field 
tests [16]. Similar procedure was adopted in modeling the 
girders’ U-chords, whereas for the diagonals and verticals, as 
well as for the bracings and transverse sway trusses, frame 
elements were used. The two supports at one end of the span 
only enable the longitudinal rotation, while in the other end 
the longitudinal displacements are also permitted. 

In what concerns the models created for the Luiz I Bridge, 
for the vast majority of the structural members the modeling 
was accomplished on the basis of frame elements (see Figure 
3b)). However, shell elements were also adopted in the 
following cases: i) to improve the connection between some 
important elements of the bridge wherein a higher accuracy in 
replicating the force transmission mechanisms was needed; 
and ii) to properly simulate the upper deck’ I-girders response 
at the two spans over the arch crown. The supports of both 
decks at the abutments only prevent vertical and transverse 
displacements. However, restrictions of the decks longitudinal 
displacements had to be considered, which were caused by the 
extreme degradation of the steel bearings and by the very 
nature of the expansion joints at the decks ends [17]. These 
constraints were simulated by springs, whose stiffness 
coefficients were estimated through a calibration procedure by 
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matching the relevant numerical modal parameters to the 
corresponding experimental ones. The compatibility of the 
longitudinal rotations and displacements between the upper 
deck and the piers was disabled, except for those two 
supported by the arch. With respect to the bearing conditions 
of the arch, these were replicated by pinned supports. 

Sensitivity analyses aimed at identifying the factors that 
control the effective stiffness of the bridges, and in turn the 
natural frequencies associated to the vibration modes, were 
conducted. For this purpose, sub-models were generated by 
sequentially changing key quantities. The variables under 
analysis were: i) level of restriction of the decks longitudinal 
displacements; ii) effect of the concrete slabs; iii) contribution 
of the decks’ stringers and crossbeams; iv) transverse bending 
stiffness of the decks; and v) level of continuity at the joints 
between the floor systems and the girders. 

6 ANALYSIS OF RESULTS 

6.1 Vibration levels 

6.1.1 Pinhão Bridge 
As both ambient vibration tests were conducted without 
significant restrictions to the traffic on the bridge, it was 
possible to assess the level of vibration induced by the 
vehicles. A reduction to less than one third was identified, 
with the peak vertical acceleration presenting a decrease from 
approximately 1.5 m/s2 to 0.5 m/s2. The records of the 
transverse accelerations revealed that the level of vibration for 
the new condition became considerable lower, not exceeding 
in general one sixth of the vertical accelerations. This 
difference in the vibration response of the structure was 
caused by the excessive vibration of the slender flat plates that 
constituted the diagonals in the previous condition, which had 
been well noticed during the viability study. 

6.1.2 Luiz I Bridge 
The peak value of the vertical accelerations acquired in Test 2 
was around 2.0 m/s2, much higher than 1.2 m/s2 recorded in 
Test 1. This difference was attributed mainly to the change of 
the dynamic loading on the upper deck (road to rail traffic), 
and to the higher acquisition frequency adopted in Test 2, 
which has allowed to capture significant high frequency 
contributions, and therefore less relevant in terms of 
pedestrian comfort. In addition, it is also noteworthy the fact 
that for both bridge conditions the magnitude of the vertical 
accelerations was almost 4 times that of the transverse 
accelerations.  

6.2 Natural frequencies 

6.2.1 Pinhão Bridge 
Table 1 lists the average natural frequencies identified before 
and after the bridge rehabilitation for the three main spans, 
and compares those values with the estimates calculated from 
Models A and B, respectively. It is worth pointing out that for 
some vibration modes detected after the rehabilitation no 
correspondence could be found in the experimental data of the 
first test. 

On the one hand, the results reveal that for all vibration 
modes the corresponding frequency value remained unchanged 
or increased, which combined with the widespread increment 

of the mass, close to 22 %, clearly indicates a stiffening of the 
structure. On the other hand, and in general, the correlation 
between the experimental and numerical frequencies is very 
good, except for the 6th vibration mode, a pure torsional one, 
whose deformed configuration can be described in simple 
terms as corresponding to the anti-symmetric vertical bending 
of the main girders with a small lateral deformation. After 
performing a numerical sensitivity study, it was found that 
this discrepancy was caused by the overestimation of the 
rotational rigidity of the connections at the common joints of 
the verticals with the crossbeams and upper truss girders [18]. 

Table 1. Summary of natural frequencies of the Pinhão Bridge. 

  Before rehabilitation After rehabilitation  

Mode Type
Exp.[1] 
(Hz) 

Num.[3]

(Hz) 
Δa 

(%) 
Exp.[2] 
(Hz) 

Num.[4]

(Hz) 
Δa 

(%) 
Δb 

(%) 
1st T–T* 1.721 1.684 -2.15 1.912 1.972 3.14 11.10
2nd V 2.779 2.752 -0.97 2.779 2.754 -0.90 0.00
3rd T–T* 3.210 3.267 1.78 3.454 3.487 0.96 7.60
4th T 4.273 4.359 2.01 5.510 5.417 -1.69 28.95
5th V 5.460 5.341 -2.18 6.189 6.022 -2.70 13.35
6th T* 5.937 6.670 12.35 6.368 7.078 11.15 7.26
7th V 8.293 8.403 1.33 9.578 9.677 1.03 15.49
8th V 10.604 10.814 1.98 12.573 12.618 0.36 18.57
9th V 12.577 13.025 3.56 15.304 16.307 6.55 21.68

Note: Vibration modes are numbered according to the order of the identified modes after 
the rehabilitation; T – Transverse mode; V – Vertical mode; T* – Torsional mode; 
Δa = �Numerical / Experimental - 1; Δb = �Experimental[2]

 / Experimental[1]
 - 1; [3] – 

Model A; [4] – Model B. 

6.2.2 Luiz I Bridge 
In this section an analysis of the natural frequencies identified 
in both tests within the range of 0-3.6 Hz is performed, which 
are listed in Table 2. Comparing the values for the same 
vibration modes, small differences are found, not reaching 
6.6 %, except for the 6th mode in which the reduction 
exceeded 17 %. Nevertheless, a slight increase of the natural 
frequencies appears to be the tendency. A switch of the 
relative position of the 4th and 5th modes is also detected, 
potentiated by the close proximity of the values. 

Table 2. Summary of natural frequencies of the Luiz I Bridge. 

  Before rehabilitation After rehabilitation  

Mode Type
Exp.[1] 
(Hz) 

Num.[3]

(Hz) 
Δa 

(%) 
Exp.[2] 
(Hz) 

Num.[4]

(Hz) 
Δa 

(%) 
Δb 

(%) 
1st T 0.757 0.759 0.26 0.732 0.738 0.82 -3.30
2nd T 0.903 0.908 0.55 0.952 0.925 -2.84 5.43
3rd T 1.343 1.400 4.24 1.416 1.399 -1.20 5.44
4th T 1.660 1.657 -0.18 1.611 1.650 2.42 -2.95
5th V–L 1.636 1.636 0.00 1.636 1.662 1.59 0.00
6th T 2.124 2.016 -5.08 1.758 1.737 -1.19 -17.23
7th T --- 2.042 --- 2.026 2.015 -0.54 --- 
8th T --- 2.626 --- 2.148 2.131 -0.79 --- 
9th T --- 3.227 --- 2.368 2.404 1.52 --- 

10th V 2.295 2.274 -0.92 2.393 2.365 -1.17 4.27
11th V --- 2.806 --- 2.856 2.801 -1.93 --- 
12th V --- 2.949 --- 3.125 2.998 -4.06 --- 
13th V 3.125 3.126 0.03 3.247 3.198 -1.51 3.90
14th V 3.369 3.399 0.89 3.589 3.362 -6.32 6.53

Note: Vibration modes are numbered according to the order of the identified modes after 
the rehabilitation; T – Transverse mode; V – Vertical mode; L – Longitudinal 
mode; Δa = �Numerical / Experimental - 1; Δb = �Experimental[2]

 / Experimental[1]
 -

 1; [3] – Model A; [4] – Model B. 
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One peculiar aspect that is highlighted from the 
identification of the natural frequencies is the fact that the 
value of the 1st vertical bending mode (5th mode) remained 
unaltered, in spite of the significant operations performed on 
the upper deck. From a structural point of view, this fact is a 
fortunate coincidence, since it was not specifically planned by 
the rehabilitation design. In addition, given the close 
proximity of the natural frequencies and the frequency 
resolution achieved for both tests (of about 0.02 Hz) the 
estimated values may fall within the same measuring interval. 
Still, with the use of alternative identification methods a small 
difference could be found [15]. 

Table 2 also presents the natural frequencies calculated 
from the numerical Models A and B (fourth and seventh 
columns), as well as the percentage variation from the field 
estimates, Δa. In general, with regard to the estimates supplied 
by the models of this work the correlation with the 
experimental values can be classified as very good, being the 
average of the absolute deviations of 1.35 % and 1.99 %, 
respectively for the pre and post-rehabilitation phases. 
Consequently, the constructed models proved to be extremely 
accurate in estimating the natural frequencies of the bridge, 
with model A showing a clear improvement with respect to 
the one developed for the viability study [19]. 

Another aspect of interest in the numerical results is the 
change in the ordering of the vibration modes. The close 
proximity of the natural frequencies of the 9th and 10th modes 
(8th transverse and 2nd vertical bending modes) after the 
rehabilitation made their numerical calculation more difficult, 
resulting in the inversion of the modes. More importantly, the 
ordering of the vibration modes from the 8th to the 12th 
position is completely altered between the two models. 

6.3 Mode shapes 

6.3.1 Pinhão Bridge 
The vibration modes supplied by the Model A are illustrated 
in Figure 4, where the deformed configuration of the girders is 
represented in elevation (left-hand side) and that of the chords 
is depicted in plan view (right-hand side). It should be noted 
that the experimental components are plotted only for the 
lower level of the north span and that vertical coordinates are 
displayed for the vertical bending and torsional modes 
whereas for the transverse modes only the lateral 
displacements are represented.  

The analysis of the correlations between the identified and 
computed parameters was performed either by a graphical 
comparison of the experimental modal coordinates with the 
numerical mode shapes or using the Modal Assurance 
Criterion (MAC). For both bridge conditions all vibration 
modes present a MAC indicator above 0.96, with an average 
value higher than 0.98, which reveals a very good correlation.  

The assessment of the variation experienced by the mode 
shapes was performed by calculating the MAC indicator, 
either correlating the modal parameters provided by Models A 
and B, MAC(n), or comparing the experimental mode shapes 
obtained from both tests in the north span, MAC(e). Although 
both indicators reveal a declining trend as the modes order 
increases, values of MAC(n) remain always above 0.98, 
whereas MAC(e) exhibits lower levels for the 4th, 5th and 7th 
vibration modes (yet, no less than 0.93). In spite of some level 

of degradation of the bridge prior to the rehabilitation, the 
results have shown that no significant change in the deformed 
configuration of the mode shapes has occurred due to the 
rehabilitation process. 

Last but not least, a major feature highlights from the 
comparison of the results supplied by both tests, which is the 
identification of a global vertical bending vibration mode 
encompassing all the three main spans after the bridge 
rehabilitation, contrary to the expected decoupled behavior. In 
order to investigate the role played by the new expansion 
joints and by the bolt-bars linking the bridge main spans, a 
global model was constructed by assembling three models of 
type B connected together via double hinged bars, linking the 
slabs in the alignment of each of the five stringers, as well as 
the end verticals at three different levels. A combined analysis 
of the experimental and numerical results led to the 
conclusion that almost all bolt-bars were blocked due both to 
the misalignment of the eye supports and to the small 
clearance as result of the new coating. This anomaly was 
confirmed after a thorough survey of the bridge in the new 
condition. 

 
Figure 4. Mode shapes of the Pinhão Bridge identified before 

the rehabilitation - Upstream girder / lower chords: ; 
Downstream girder / upper chords: ; Experimental: . 
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6.3.2 Luiz I Bridge 
Mode shapes provided by the numerical Models A and B are 
shown in Figure 5, represented in the left- and right-hand 
sides, respectively. The deformed shape of the bridge is 
defined by the upper chords of the upper deck and by the 
lower chords of the lower deck. Transverse bending modes 
are represented by plan views whereas the vertical bending 
modes are presented in elevation. Simultaneously, the modal 
coordinates extracted from both tests are plotted over the 
numerical mode shapes in order to enable an easy and 
immediate evaluation of the results. 

 

 
Figure 5. Mode shapes of the Luiz I Bridge identified before 
(left) and after (right) the rehabilitation: (a) transverse; (b) 

vertical 

 
In general, the experimental modal components compare 

well with the mode shapes estimated by the models, 

exhibiting a slightly better match for the post-rehabilitation 
condition, particularly with respect to transverse modes, 
which is a consequence of the upgrade in the measuring 
devices and improvement of the testing parameters and data 
processing. These conclusions are also supported by the MAC 
values for the pre and post-rehabilitation conditions, labeled 
as MAC(1) and MAC(2), respectively, presented beside each 
mode shape in Figure 5. However, it should be pointed out 
that for some vibration modes the similarity level is less good 
as a consequence of the lower quality of the field test data. 
These are the cases of the 5th transverse bending mode (6th 
mode) before the rehabilitation and of the 6th vertical bending 
mode (14th mode) in the new condition. Nevertheless, if these 
two modes are excluded, the average value of MAC(1) is 0.96 
and of MAC(2) is 0.98, which proves once again the 
reliability of the numerical models developed in this work for 
the accurately replication of the bridge modal parameters. 

Additionally, the changes produced in the structure response 
regarding its stiffness can also be inferred by a careful 
examination of the mode shapes. The transverse bending 
modes after the rehabilitation reveal a less smooth deformed 
shape of the upper deck near the steel piers. Since the 
strengthening of the steel piers was very limited this fact 
suggests a clear decrease of the transverse bending stiffness of 
the upper deck, which will be properly analyzed in the 
following section. 

 

6.4 Stiffness variation 

In any rehabilitation process of a bridge involving 
strengthening works both the structure mass and stiffness will 
be altered to a greater or lesser degree depending on the 
strategy adopted. If for the former its quantification is easily 
accomplished through the amounts of material removed from 
or added to the bridge, with respect to the latter its variation 
can only be accurately assessed by conducting field tests. In 
the case of modal testing the parameters that can be directly 
estimated are modal properties, such as the natural frequencies 
and mode shapes, both depending mainly on the relation 
between mass and stiffness. Therefore, knowing the variation 
of the structure mass and its spatial distribution, as well as the 
deformed shape of the vibration modes, it is possible to 
estimate the stiffness shifts produced for the main 
components, in the vertical and transverse directions, which 
may turn the execution of static field tests not mandatory. 

The evaluation of the stiffness variation based on modal 
data requires a judicious selection of the vibration modes, but 
also an accurate quantification of the mobilized mass. The 
expression for the modal calculation of this parameter, ΔK 
(modal stiffness), between two structural conditions is given 
by the following equation: 

 ΔK = (Δf)2
 × ΔM (1) 

where Δf and ΔM are correspondingly the proportional 
variations of the natural frequency and modal mass, computed 
as a post to pre-rehabilitation condition ratio. 

6.4.1 Pinhão Bridge 
As the natural frequencies obtained from both tests for the 
second mode are exactly the same and most of the bridge 

(a) 

(b) 
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mass is displaced in the vertical direction (see Figure 4) it is 
possible to conclude that the stiffness of the structure for 
symmetric vertical loadings increased in the same proportion 
of the mass, i.e. its increment was approximately 22 %. 
Furthermore, the variation of the modal mass in the vertical 
direction associated with the second mode shape, computed 
from Models A and B, is around 21.9 %, thus validating this 
finding. This conclusion is also confirmed by the results 
collected during the static tests, from which a general increase 
of 20.5 % for the vertical bending stiffness was inferred [16]. 

Although the first mode presents some torsion it is 
predominantly transverse, both lower and upper level masses 
are mobilized, and the deformed shape is symmetric. The ratio 
increase of the bridge transverse stiffness can then be 
approximately evaluated by equation (1), considering the 
corresponding natural frequencies of the vibration mode. The 
modal stiffening variation was estimated close to 45 % by 
assuming ΔM = 1.18. It is worth noting that the modal 
transverse displacements of the upper level are, in average, 
three times higher than at the lower level, which substantially 
reduces the modal mass variation. Static results from the 
numerical analysis aim at the same value, which proves the 
excellent correlation between experimental and numerical 
estimates. 

6.4.2 Luiz I Bridge 
In order to appraise the variation of the vertical bending 
stiffness experienced by the upper deck, the vertical vibration 
mode to be selected must have a configuration for which the 
deformation shape of the remaining elements is minimal. The 
most suitable candidate is therefore the 6th vertical vibration 
mode (14th mode) where the deformation is almost restricted 
to the four north spans. A stiffness reduction of 18 % was 
estimated, a value very close to that inferred from the static 
load tests carried out on the bridge [12].  

With regard to the change of the transverse bending 
stiffness of the upper deck, the task is made more difficult due 
to the fact that in all transverse modes the arch and piers are 
deformed. The selection of the candidate vibration mode met 
the following criteria: i) non-existence of rotation at the arch 
crown; ii) minimization of the transverse deformation of the 
arch and metallic piers; and iii) existence of at least one upper 
deck span whose deformation has inflection points and small 
transverse displacements at the supports. The most suited 
vibration mode is the 7th transverse (8th mode) and the best 
fitting span the 11th. The reduction of the transverse bending 
stiffness of the upper deck was estimated to be 58 %. A static 
analysis of span 11, considered as a single simply supported 
bridge, points to a close value of stiffness decrease (54 %) 
when a uniform transverse load is applied, thus proving the 
adequacy of the adopted procedure. 

6.5 Parameters controlling the bridges dynamics 

In order to evaluate the influence of several parameters in the 
bridges dynamics, sensitivity studies were carried out by 
performing modal analyses based on the models described in 
section 5. The conclusions are drawn bellow. 

6.5.1 Pinhão Bridge 
• The slab mainly affects the transverse modes and has a 

greater impact on the vertical bending modes as the order  

increases; 
• The stringers influence both the transverse and vertical 

modes, even though their contribution to the latter is higher 
and more evident as the order of the mode rises; 

• A decrease of 25% in the crossbeams stiffness has no 
significant effect on the vibration frequencies, even for the 
torsional mode where these elements are under in-plane 
bending; 

• The flexural stiffness of the diagonals pertaining to the 
upper sway truss girders has no influence on the vertical 
bending modes, yet has some impact on the transverses 
modes and clearly influences the torsion mode; 

• The rotational rigidity of the connections at the joints of the 
sway frames, which are formed by the verticals, crossbeams 
and upper truss girders, controls the natural frequency of the 
torsional mode with a lower influence in the transverse 
modes. 

6.5.2 Luiz I Bridge 
• Constraints on the longitudinal displacements of the decks 

ends only influence a limited number of vibration modes, 
the two transverse modes where the deformed shape of the 
lower deck is predominant (local modes) and the first 
vertical to which is associated a significant component of 
longitudinal movement on the upper deck (see Figure 5); 

• There is no cross effect of the support conditions at both 
decks ends on the vibration modes influenced by them, e.g. 
restrictions to the longitudinal displacements of the upper 
deck do not generate changes in the natural frequencies of 
the vibration modes associated with the movement of the 
lower deck. This fact has enabled the calibration and/or 
update of the elastic coefficients of the longitudinal springs, 
on the basis of a small number of vibration modes (1st, 5th 
and 7th modes) by matching the numerical frequencies with 
the experimental values; 

• The light-weight concrete slabs caused a general stiffening 
of the bridge in its pre-rehabilitation condition. The influence 
on the transverse modes associated to large deformation of 
the lower deck was very strong, but the impact on the 
remaining transverse modes was also very significant. For 
the new condition, the influence of the remaining lower 
deck concrete slab is substantially smaller, yet influencing 
in the same extent the transverse local modes of the lower 
deck and only slightly the vertical vibration modes;  

• With respect to the upper deck, and for the new service 
condition, both the stringers of the new steel grid (main) 
and of the new floor system (secondary) have a minor 
influence on the global transverse modes, and also affect the 
first vertical mode which holds a significant longitudinal 
movement of the upper deck. 

7 SUMMARY AND CONCLUSIONS 
This paper has presented a set of dynamic field tests 
conducted on centenary steel bridges before and after their 
rehabilitation. These tests provided a unique opportunity to 
evaluate the changes in the dynamic properties of the 
structures as a consequence of the adopted strengthening 
strategies and construction works carried out.  

The data from the first tests were used to assist the viability 
studies of the projects, and subsequently also their designs, 
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whereas the measurements from the second tests helped to 
identify the changes produced in the behavior of the bridges 
for the new service conditions, as well as to confirm the 
adequacy of the rehabilitation plans. The procedures adopted 
for the ambient vibration tests, the instrumentation of the 
bridges, the acquisition systems and the testing sequences 
were comprehensively described. Attention was also paid to 
data processing and modal extraction techniques implemented 
for the systems identification. Three-dimensional FE models 
were constructed to support the modal analyses, and in turn 
experimental data served to validate and/or update the 
numerical models. Besides simulating the pre and post-
rehabilitation conditions of the bridges, the base models have 
enabled the assessment of the influence of several structural 
parameters on the dynamic properties of both bridges. 

The results have led to the following general conclusions: 1) 
modal parameters identified from both tests, either the natural 
frequencies or mode shapes, corresponded very well with the 
estimates supplied by the numerical models; 2) in general 3D 
frame systems are well suited to simulate the dynamic 
behavior of the bridges, even though hinged or semi-rigid 
connections for some joints might improve the accuracy of the 
modal estimates; and 3) detailed analyses to the changes 
produced in some natural frequencies has permitted to obtain 
excellent estimates for the variations of the bridges stiffness. 
Additionally, for the Pinhão Bridge: i) field data confirmed a 
large reduction of the vibrations at the deck level after the 
rehabilitation under similar traffic scenarios; ii) the natural 
frequencies of all identified vibration modes remained 
constant or increased with the rehabilitation process, whereas 
the mode shapes did not indicate any significant variance 
between the pre and post-rehabilitation conditions; iii) while 
the stringers stiffness influences both the vertical and 
transverse modes, the slab mainly impacts on the latter and a 
significant variation of the crossbeams stiffness has little 
effect on the vibration frequencies; and iv) a global vertical 
bending mode was identified after the bridge rehabilitation, 
which was confirmed by the numerical analysis and ascribed 
to the blocking of the bolt-bars. Regarding Luiz I Bridge these 
are the specific conclusions: i) measured natural frequencies 
for the same vibration modes have experienced small changes, 
presenting a slight tendency to increase after the bridge 
rehabilitation; ii) with respect to the mode shapes the 
deformed configuration of the upper deck became less smooth 
near the steel piers for the transverse vibration modes, 
particularly as the order increases; iii) constraints on the 
longitudinal displacements of both decks decisively contribute 
to control the natural frequencies of specific vibration modes, 
which has allowed a simple and reliable calibration procedure 
to quantify the stiffness constants adopted in the longitudinal 
springs of the models supports; and iv) the light-weight 
concrete slab of the decks clearly stiffen the bridge and the 
new floor system and steel grid of the upper deck have 
comparatively a smaller impact in the natural frequencies. 
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ABSTRACT: A strategy based on feedforward control for gust loads alleviation of a nonlinear aeroelastic model is considered. 
The model is representative of a typical wing section with a trailing-edge flap and with a polynomial nonlinearity in the 
structural model. The aerodynamics is given by thin aerofoil theory. First, the effects of structural nonlinearity in the dynamic 
response of the open-loop system are evaluated. Then, it is shown that the performance of the controller is greatly affected by 
the approximations made in the internal model of the controlled plant. To suppress gust-induced vibrations of an intrinsically 
nonlinear plant, the control performance is degraded when using a linear representation for the internal model. The control 
strategy performs well when including all nonlinearities in the model. 

KEY WORDS: Feedforward control, aeroelastic model, gust response 

1 INTRODUCTION 
Time-domain analyses of highly flexible aerial vehicles 
encountering atmospheric turbulence are still expensive 
despite the increase in today’s computing power. The 
simulation costs become prohibitive when high-fidelity 
numerical models are introduced in an industrial environment 
with a very large number of simulations required. Parametric 
searches are performed to estimate the critical loads that the 
aircraft will encounter during the expected life cycle and these 
are used for structural sizing. Inaccuracies in the load 
estimates can jeopardise the entire project or result in a very 
conservative (and inefficient) design. 

Active control has the potential to increase aircraft 
performance (by reducing structural weight) and extend the 
flight envelope. The design of a gust-tolerant vehicle needs an 
accurate model to realistically simulate the non-linear 
interactions that dominate such aerial platforms. Nevertheless, 
the use of fairly large non-linear physics-based models 
introduces a complication in the design, synthesis, and testing 
of control strategies. 

Traditionally, model reduction techniques are used to 
generate a system of small size that is less expensive to solve 
than the original full order model. There are two approaches 
to model reduction. The first approach is based on system 
identification, where known inputs and measured outputs are 
used to create a model of the original system, which is treated 
as a black-box. These methods lack robustness and are limited 
by the amount of training data used to generate them, but have 
been applied successfully, see Ref. [1]. The second approach 
is based on a manipulation of the equations of the original 
system to make calculations more efficient. These methods 
are only limited by the approximations introduced in the 
model formulation, see Ref. [2]. 

With the previous paragraphs as background, to make 
progress in this research work, we explore the use of a 
nonlinear control strategy to control the gust-induced 
vibrations of a nonlinear aeroelastic model. The test case is for 

a typical wing section with structural nonlinearities, with the 
aerodynamics given by two-dimensional thin aerofoil theory. 
The future direction of this work is to expand the approach 
herein described to larger computational models by using the 
nonlinear model reduction of Ref. [2]. This would open up the 
possibility of investigating the performance of novel nonlinear 
control strategies applied to a smaller system that retains the 
most dominant nonlinear effects of the original full order 
model. 

The feedforward algorithm used herein is well-established 
in active control and is mainly used for linear systems [3]. In 
contrast to feedback control, feedforward control requires the 
knowledge of the disturbance signal; therefore it is more 
attractive for systems where the frequency of the disturbance 
signal is known. As one example, in helicopters the 
disturbance frequency is multiple integer of the blade passing 
frequency or, in cars, the engine noise frequency can be 
determined from the engine speed. The control force will be 
obtained by minimizing the error between the disturbance 
signal and the secondary force generated by the actuators. To 
achieve this, an estimate of the physical system, known as 
internal model, is required. If the internal model does not 
include the effect of nonlinearities and is only based on the 
information of the linear system, the performance of the 
control system is reduced and vibration suppression cannot be 
achieved. 

The paper continues with a formulation of the aeroelastic 
model used to model the dynamics of a typical wing section. 
A control strategy based on feedforward control is then 
described. The performance of the controller is illustrated on 
the aeroelastic model with and without the structural 
nonlinearities. Finally, conclusions are given. 

2 AEROELASTIC MODEL FORMULATION 
The coupled aeroelastic model follows the formulation 
presented in Ref. [2]. The aerofoil section shown in Fig. 1 has 
two degrees of freedom that define the motion about a 
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reference elastic axis (e.a.). The plunge deflection is denoted 
by , positive downward, and  is the angle of attack about 
the elastic axis, positive with nose up. The motion is 
restrained by two springs,  and , and is assumed to have a 
horizontal equilibrium position at   0. Structural 
damping in both degrees of freedom is also included in the 
system. A trailing-edge flap, which is assumed massless in 
this study, is used in combination with an active control 
system to extend the stable flight region and for gust loads 
alleviation. 

 
Figure 1. Schematic of the typical wing section; the wind 

speed is from the right and horizontal 

 
Several options for the aerodynamics can be used. For an 

irrotational and incompressible two-dimensional flow, the 
aerodynamic model is given by the classical theory of 
Theodorsen. The total aerodynamic loads consist of 
contributions arising from the section motion (pitch and 
plunge), flap deflection, and the penetration into a gusty field. 
The aerodynamic loads due to an arbitrary input time-history 
are obtained through convolution against a kernel function. 
Since the assumption is of linear aerodynamics, the effects of 
the various influences on the aerodynamic forces and 
moments are added together to find the variation of the forces 
and moments in time for a given motion and gust. 

A detailed derivation of the aeroelastic model can be found 
in Ref. [4]. In this work, the structural nonlinearity in the 
stiffness terms is modelled using a polynomial form. The 
resulting coupled aeroelastic model is expressed in the form of 
a set of nonlinear ordinary differential equations. The system 
parameters, here not included for brevity, are chosen from 
Ref.  [5]. 

3 WORST-CASE GUST 
The aeroelastic response to a gust vertical disturbance is 
studied at 95% of the linear flutter speed. At this flight 
conditions, the pitch and plunge frequencies are close to each 
other, and will coalesce for increasing speed at the instability 
point (flutter). For the “one-minus-cosine” gust family, a 
parametric search was done to find the gust wavelength that 
causes the largest structural response. The response in the 
pitch degree of freedom (wing torsion) was taken as figure of 
merit. Once the gust wavelength that causes the largest pitch 
response is identified, the gust vertical velocity was increased 
in the range of 0.005 to 0.1 (normalized by the freestream 
speed) to evaluate the effect of the structural nonlinearity. 

Here, the cubic term of the pitch stiffness is chosen to be 3.0 
(hardening spring type). The time domain response of the 
typical wing section was then used to calculate the transfer 
function for each particular gust vertical velocity. 

4 FEEDFORWARD CONTROL 
Feedforward control is used to control the vibrations of the 
pitch and plunge modes. Here single-input-single-output 
control is considered. The transfer function of the physical 
system  is obtained from the above aeroelastic calculations 
and w is the adaptive filter or controller.  

 
Figure 2. Adaptive feedforward control 

 
In the block diagram in Fig. 2,  is the disturbance signal 

(gust vertical velocity in the aeroelastic model),  is the 
reference signal, r̂ is the filtered reference signal, and  is the 
vibration error signal. The objective is to design a control 
force  to minimize the vibration level  at the location on the 
wing. This vibration signal can be represented as 

 )()()()( nxnGwndny +=  (1) 

The coefficient of the controller is updated at each iteration 
n to adjust the amplitude and phase of the reference signal  in 
order to cancel the disturbance  [6]. This requires an estimate 
of the internal model Ĝ . The performance of the feedforward 
algorithm depends on the accuracy of the estimated internal 
model.  

 )()(ˆ)()1( nynrnwnw α−=+  (2) 

In Eq. (2),  is the convergence coefficient and for the 
linear model the maximum convergence rate is 2/ . If 
the physical system is nonlinear, and the estimate of the 
internal model is based on the linear model, then the 
performance of the controller is reduced and the convergence 
of the algorithm is also affected. 

4.1 Linear Plant 

The transfer functions of the pitch and plunge motions are 
plotted in Figs. 2 and 3. A curve fitting technique in Matlab is 
used to obtain the transfer function of the physical model in 
the complex s-domain. The curve fitted technique is detailed 
in Ref. [7] for pole placement using feedback control. The 
curve fitted model is accurate near the pitch and plunge 
modes, around 1.5 to 2.5Hz. 

A Simulink model is built to control the pitch and plunge 
modes using the block diagram in Fig. 2. The internal model 
is obtained from the curve fitted model at the frequency of the 
pitch and plunge modes. A reference signal is 
generated  0.01  , where  is the frequency of 
pitch (2.52 Hz) or plunge (1.74 Hz) mode. The coefficient of 
the controller is updated to minimize the vibration at that 
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particular frequency. The convergence rate is defined as 
5 · 10 .   

 

 
 

Figure 2. Pitch mode: Receptance: physical model (blue solid 
line) and curve fitted model (red dashed line) 

 

 
Figure 3. Plunge mode: Receptance: physical model (blue 

solid line) and curvefitted model (red dashed line) 

 
Pitch control. The disturbance signal and the controlled 

response are shown in Fig. 4. The internal model is estimated 
to have the value of  306 442  at the pitch 
frequency. It can be seen that the vibration level is minimized 
after 60 iterations. The real and imaginary part of the control 
force  required to cancel the vibrations are shown in Fig. 5. 
From Fig. 6, the real and imaginary parts of the filter 
coefficient are converged to 1.8 · 10  and 
1.7 · 10 , respectively. 
 

  
(a) (b) 

 
Figure 4. Pitch control: (a) disturbance , (b) controlled 

response  versus iteration 

 
Figure 5. Pitch control: real and imaginary part of the 

control force  

 
Figure 6. Pitch control: real and imaginary part of the filter 

coefficient )(nw  
 

Plunge control. Simulations were carried out to control the 
plunge mode at 1.74 Hz.  The internal model at that frequency 
is  15.11 27.3 , and the convergence rate is 
chosen equal to 5 · 10 . 

The disturbance and the controlled plunge response are 
shown in Fig. 7. 
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(a) (b) 

 
Figure 7. Plunge control: (a) disturbance , (b) controlled 

response  versus iteration 
 
The response is controlled after 20 iteration. This is due to 

the accurate estimation of the physical model. The control 
force and the filter coefficient are also shown in Figs. 8 and 9. 
The coefficients of the filter are converged to 1.7 · 2 
and 2.8 · 10 , respectively. 

 
Figure 8. Plunge control: real and imaginary part of the 

control force  

 
Figure 9. Plunge control: real and imaginary part of the 

filter coefficient  
 

4.2 Nonlinear Plant 

 In this section, the physical system has nonlinear behavior 
and the performance of the control algorithm when the 
internal model is based on the linear model, in which the 

nonlinearities are neglected, will be compared with the case 
when the internal model is an accurate representation of the 
physical nonlinear model. 

The transfer functions are obtained for two degrees of 
freedom with different input amplitudes. By increasing the 
amplitude of the gust load, the nonlinearities in the response 
become more evident as shown in Figs. 10 and 11. This 
clearly demonstrates that nonlinearity has effect on the 
response and the performance of the control algorithm is 
affected. 

 
Figure 10. Nonlinear behavior for different input levels: 

transfer function represents the pitch mode 
 

 
Figure 11. Nonlinear behavior for different input levels: 

transfer function represents the plunge mode 
 

The receptances are curve fitted to obtain the transfer 
function in the s-domain to represent the physical model. 
There is a good agreement between the physical and the fitted 
model in the vicinity of the pitch and plunge modes, as can be 
seen from Figs. 12 and 13. 

Pitch control. Simulations were carried out to control the 
pitch mode using feedforward control. Two estimates of 
internal model are considered for comparison.  
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Case1. The nonlinearity is neglected and  is based on the 
linear model. The value at the pitch frequency is 306
442 . 

Case2. The nonlinearity is included and  is based on the 
nonlinear model. The value at the pitch frequency is 
199 108 . 
 

 

Figure 12. Nonlinear receptance for high input amplitude: 
physical model (blue solid line) and curve fitted model (red 

dashed line): location 

 

Figure 13. Nonlinear receptance for high input amplitude: 
physical model (blue solid line) and curve fitted model (red 

dashed line): location 

 
The results are compared for the two casesin Figs 14 to 16.  

The blue dashed line represents case 1, when the 
nonlinearities are ignored in the internal model and the red 
solid line represents case 2, when the nonlinear model is 
considered.  For case 2, the control algorithm converges faster 
and the vibration response is minimized with smaller number 
of iterations as shown in Figs. 14 and 15. The convergence of 
the controller gains as function of the iterations is shown in 
Fig. 16 for the linear and nonlinear cases. 

 
Figure 14. Pitch control: vibration response using linear (blue 

dashed line) and nonlinear model (red solid line) 

 

 
Figure 15. Pitch control force: linear (blue dashed line) and 

nonlinear model (red solid line) 

 

 
Figure 16. Pitch control: Filter coefficient for the linear (blue 

dashed line) and nonlinear model (red solid line) 

 
Plunge control. Similarly, we control the plunge mode, 

considering the two cases.  
Case1. Nonlinearity is neglected and  is based on the 

linear model. Its value at the pitch frequency is 15.11
27.3 . 
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Case2. The nonlinearity is included and  is based on the 
nonlinear model. Its value at the pitch frequency is 
18.03 16.13 . 

Again, the use of the nonlinear model results in a better 
performance and faster convergence for the plunge control 
compared to the linear model (Figs. 17 to 19). 

 
Figure 17. Plunge control: vibration response for the linear 

(blue dashed line) and nonlinear model (red solid line) 

 
Figure 18. Plunge control force: linear (blue dashed line) and 

nonlinear model (red solid line) 

 
Figure 19. Plunge control: Filter coefficient for the linear 

(blue dashed line) and nonlinear model (red solid line) 

 

5 CONCLUSIONS 
In this paper, a technique based on feedforward control is 
explored to alleviate the gust response of a nonlinear 
aeroelastic model. The model is representative of a typical 
wing section with a trailing-edge flap. The effects of structural 
nonlinearity, here modeled using a hardening-type spring in 
the torsional degree of freedom, are first explored in the 
dynamic response of the open-loop aeroelastic model. As the 
control strategy requires an approximate model of the plant to 
be controlled, the effects of structural nonlinearity are then 
evaluated for the closed-loop response. It is shown that the 
controller performance is greatly affected by the 
approximations made in the internal model. To suppress gust-
induced vibrations of an intrinsically nonlinear plant, the 
controller performance is degraded when using a linear 
representation for the internal plant. Directions for future 
work include the extension of the current strategy to a multi-
input multi-output aeroelastic model and different sources of 
nonlinearity in the coupled system. 
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ABSTRCT: Elastic bearings have been used on simply supported bridges on high-speed railway in Taiwan to isolate train-induced 
vibration. However, their influence on dynamic behavior of the vehicle and bridge has not been fully investigated, and their 
vibration attenuation has not been quantificationally discussed. In this study, spring-damper elements with 12 degrees of freedom 
are established to simulate elastic bearings, and added to Train-Track-Bridge System. To explore the influence of elastic bearings 
on isolation performance, a simply supported box-girder bridge with a span of 32 m, was simulated as a case study. Based on the 
Train-Track-Bridge coupled vibration system, the influence of the elastic bearing on the response of the vehicle and bridge are 
firstly discussed. Wheel unloading rate and vertical acceleration of the vehicle are hardly influenced by the vertical stiffness of the 
bearing, yet influenced by the vehicle speed significantly. With the vertical stiffness of the bearing decreasing, the static 
component of the bridge response increases gradually, while the dynamic component of the bridge response firstly decreases and 
then increases. The analysis shows that the elastic bearing with suitable vertical stiffness won’t have negative effects on the 
response of the vehicle and bridge. Then the influence of elastic bearings on vibration isolation is researched. The analysis shows 
that, besides affected by the vertical stiffness of the bearing, the vibration isolation performance of elastic bearings might be also 
influenced by the vehicle speed. For the elastic bearing with vertical stiffness of 1800 kN/mm, the vibration attenuation is 14.64 
dB in the frequency band of 0~80 Hz, and the vibration attenuation is 15.50 dB in the frequency band of 20~80 Hz, which makes 
the significant contributions to the vibration attenuation in the whole range. Because the natural frequency of the elastic bearing 
vibration isolation system exists in the frequency band of 10~20 Hz, vibration in the middle and high frequency band can be 
absorbed, and the vibration in its natural frequency range can be amplified. Based on the results, it can be seen that elastic bearings 
can be used to isolate vibration in the region where the environmental vibration needs to be controlled rigorously. 

KEY WORDS: elastic bearing; train-track-bridge system; coupled vibration; 1/3 octave; vibration isolation

1. INTRODUCTION 
In recent years, environmental influence problems due to 
traffic-induced vibration at high-speed railway bridges, such 
as ground vibration, have occurred here and there. Elastic 
bearings have been used in high-speed railway bridges in 
Taiwan to reduce the environmental influence of 
traffic-induced vibration[1]. For the same reason, elastic 
bearings have also been used in Yichang Yangtze River bridge 
of Yiwan railway and the Minjiang River bridge of Fuxia 
railway in China[2]. Japanese scholar Mitsuo Kawatani 
analysed dynamic response of a highway bridge with elastic 
bearings by combining theoretical analysis with experiments. 
Elastic bearings’ performance was evaluated[3-5]. It was then 
reported that dynamic response analysis of vehicle-bridge 
system with elastic supports was conducted by Jiangtong[6]. 
Recent years, the 3-D seismic isolation bearings, which offer 
certain flexibility at vertical direction to isolate some vertical 
vibration, were studied [7-9].  

As described above, elastic bearings have been utilized in 
highspeed railway bridges to isolate vibration induced by 
trains traveling across bridges. Then some accompanying 
questions appear. What abut the vibration isolation effects of 
elastic supports? How the reduced vertical stiffness influences 
the dynamic response of train-track-bridge system and the 
running safety of trains? These are worth exploring problems.  

In this study, three-dimensional analysis of the dynamic 
response of train-track-bridge system while moving vehicle 
across the bridge is carried out due to replacing steel bearings 

with elastic bearings. Elastic bearings are simulated as 
spring-damper elements. To explore the influence of elastic 
bearings on its vibration isolation performance, a typical 
double tracks simply supported box-girder bridge with a span 
of 32 m, was simulated as a case study. 

2. VIBRATION ISOLATION THEORY AND 
ANALYSIS MODEL  

2.1 Vibration isolation theory of elastic bearings 

Bridges with elastic bearings can be regarded as mass-spring 
system. Its vibration isolation theory is analogous to steel 
spring floating slabs[10-12]. And vibration isolation model 
has been shown in Figure 1. The mass block m and the 
foundation were assumed to be rigid body. The mass 
block m is subjected to the external load 0( ) sinθ=F t F t . 
Then the vibration transmission coefficient of the 
spring-damper system can be derived based on theory of 
structure dynamics[13].  

2

2 2 2

1 (2 )

(1 ) (2 )

ξβ

β ξβ

+
=

− +
T              (1) 

Where m is the mass of the block, k is the spring stiffness of 
the vibration isolation system, c is its damping, ω  is natural 
circular frequency of the system, θ is frequency of the 
exciting force, /β θ ω=  is the frequency ratio, ξ is the 
damping ratio.  
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Figure 2 shows the vibration transmission coefficient 
T changing with the frequency ratio β  and the damping 
ratio ξ . It can be seen that the transmission coefficient 1<T , 

while 2β > . So the fundamental principle of isolating 
vibration is to increase frequency ratio β  as far as possible, 
namely reducing natural frequency ω  of the vibration 
system while the exciting frequency θ  is not easy to be 
changed.  

 
Figure 1. Isolation system of single degree of freedom 

 

Figure 2. Transfer coefficients of isolation system 

Although the above vibration isolation theory is derived on 
the basis of assuming the mass block and the foundation to be 
rigid, which is not so accordant with the practical situation, it 
has still been widely used and provides clear ideas for elastic 
vibration isolation research. Based on the thought, the 
vibration isolation is explored by properly reducing stiffness 
of bridges’ bearings.  

2.2 Dynamic analysis model  

Although specific models for different high-speed trains or 
tracks and for different bridge structures can be very different, 
they all have the same basic framework, which takes into 
account the train, track, bridge subsystem components 
coupled with the wheel-rail interaction and the track-bridge 
interaction[14-16]. For example, Figure 3 shows the 
schematic diagram of a high-speed train-track-bridge 
dynamic interaction model for simply supported composite 
box-girder bridge with slab track structure on it.  

Research techniques of vehicle dynamics, track dynamics 
and bridge dynamics are utilized to establish equations of 
motion of the vehicle, track and bridge subsystem separately. 
Then a fundamental model is established for analyzing the 
train-track-bridge dynamic interactions, in which the vehicle 
subsystem is coupled with the track subsystem through a 
spatially interacted wheel-rail model; and the track 
subsystem is coupled with the bridge subsystem by a 
track-bridge dynamic interaction model. An explicit-implicit 
integration scheme is adopted to numerically solve the 
equations of motion of the large non-linear dynamic system 

in the time domain. Then the dynamic response of the 
train-track-bridge system, the running safety and the ride 
comfort of trains passing through bridges can be analyzed.  

The matrix equations of motion of the vehicle, track and 
bridge subsystem can be formed as follows: 

   v v v v v v v+ + =&& &M u C u K u R           (2) 

t t t t t t t+ + =&& &M u C u K u R     (3) 

b b b b b b b+ + =&& &M u C u K u R     (4) 
where M , C and K are the mass, damping, and stiffness 
matrices, R , u , &u and &&u are the vectors of generalized load, 
displacement, velocity and acceleration, and the subscripts v, 
t and b denote the vehicle, track and bridge respectively.  
 

 
Figure 3. Dynamic model of train-track-bridge system 

Bridges’ supports are simulated as rigid couplings in the 
traditional train-track-bridge coupled vibration system. In 
practical engineering, bridges’ bearings are not rigid generally. 
And elastic bearings’ stiffness is even lower than the common 
ones. So it’s necessary to establish elastic bearing model. Then 
the spring-damper element is introduced in train-track-bridge 
system. The entire system, as shown in Figure 3, is still 
composed of vehicle, track and bridge model with elastic 
bearings as a whole.  

Spring-damper element contains two nodes, connecting the 
girder and the pier. There are three directions of linear 
displacement and three directions of angular displacement. 
The entire bearing element contains 12 degrees of freedom. 
The stiffness matrix of spring-damper elements under the 
local coordinate system is shown as equation (5).  
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               (5) 
where xk , yk and zk are three directions’ linear rigidity, 

rxk , ryk and rzk are three directions’ angular rigidity 
respectively. If xk , yk and zk are replaced by xc , yc and zc ,and 

rxk , ryk and rzk are replaced by rxc , ryc and rzc  separately, 
then the damping matrix of spring-damper element is derived. 

xc , yc and zc are three directions’ linear damping factors. 

rxc , ryc and rzc  are three directions’ angular damping factors.  
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3. CASE STUDY 

3.1 Project profile  

A typical double tracks simply supported box-girder bridge 
with a span of 32 m used on high-speed railway is a single box 
single chamber structure. The overall length is 32.6 m, and the 
computed span is 31.5 m. Depth at the centre of the beam is 
3.078 m. The beam width is 12 m. Distance between centers of 
tracks is 5 m. Center distance of bearings in the transverse 
direction of the bridge is 4.5 m. Bridge beam structure is 
constructed with C50 concrete. The secondary dead load is 
140 kN/m. The pier is uniform cross section. The section 
dimension is 680 cm×330 cm, and the thickness is 0.5 m. The 
pier’s height is 20 m. The typical cross sections of the bridge 
beam and pier are shown as Figure 4.  
 

 
(a) Typical cross section of the girder 

 
(b) Cross section of the pier 

Figure 4. Typical cross section of the girder and pier 
unit：mm） 

The dynamic analysis model of bridges, as shown in Figure 5, 
contains 5 spans beam and 6 piers. Each pier and the bridge 
beam are connected by two bearing elements. The vertical 
stiffness of bearings is decided by reference to the parameters 
of Taiwan high-speed railway elastic bearings. In this study, 5 
kinds of bearings parameters are discussed. They are rigid, 
3000, 2400, 1800, 1000 kN/mm respectively.  
 

 
Figure 5. Dynamic analysis model of the bridge  

3.2 Results and analysis 

The train model contains 16 Germany ICE3 cars. Train 
formation is 2 × (locomotive +carriage +4×locomotive 
+carriage+locomotive). The vehicle speeds discussed are 200, 
250, 300, 350 and 400 km/h separately. Trains running across 
the bridge on the left track is simulated. And travelling 
distance is 150 m before and after the train travelling on 
bridges.  

3.2.1 Influence of bearings’ vertical rigidity on vehicle running 
characteristics 

To investigate the influence of bearings’ vertical stiffness on 
vehicle’s running characteristics, wheel unloading rate and 
vertical acceleration of the first locomotive and the last 
carriage are analyzed.  

Figure 6 shows the isolines of the wheel unloading rate 
amplitude of the locomotive and carriage while the train 
driving across bridges with different stiffness’s bearings in 
different speeds. No matter the locomotive or the carriage, the 
wheel unloading rate changes with vehicle speeds, and 
increases with the speeds rising. By contrast, Influence of 
bearings’ vertical stiffness can be almost neglected. Under the 
same conditions, the carriage’s wheel unloading rate is a little 
higher than the locomotive’s.  

Figure 7 shows the isolines of the vertical acceleration 
amplitude of the locomotive and carriage while the train 
driving across bridges with different stiffness’s bearings in 
different speeds. The vertical acceleration of both the 
locomotive and the carriage are mainly influenced by vehicle 
speeds, and increases with the speed raising. Slight 
fluctuations can be found from the maximum acceleration 
isolines. Influence of bearings’ stiffness is rather small 
compared with vehicle speeds.  

Generally, vehicle’s wheel unloading rate can reflect its 
running safety. And its vertical acceleration affects riding 
comfort of passengers. From the above analysis, we know that 
vehicle’s running safety and passengers’ riding comfort are 
mainly influenced by train’s travelling speed. In contrast, 
influence of bearings’ vertical stiffness can be almost 
neglected.  
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Figure 6. Isolines of wheel unloading rate amplitude 
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(b)  Carriage 

Figure 7. Isolines of vertical acceleration amplitude (unit: 
m/s2) 

3.2.2 Influence of bearings’ vertical rigidity on bridge’s 
dynamic response 

To investigate the influence of bearings’ vertical stiffness on 
bridge’s dynamic response, vertical displacement and 
acceleration of midspan cross section at the third span are 
analysed. Figure 8 shows the vertical displacement amplitude 
of the bridge middle span. It can be seen that vertical 
displacement amplitude increases with vehicle speed raising 
from 200 km/h to 400km/h, except for the condition when the 
bearings’ stiffness is 1000 kN/mm. In addition, vertical 
displacement amplitude increases with bearings’ vertical 
stiffness decreasing due to the natural frequency of the bridge 
diminishing.  

Figure 9 shows time histories of vertical acceleration root 
mean square(RMS) at bridge’s midspan section while the train 
travelling with the design speed of 350 km/h. Vertical 
acceleration response firstly decreases with bearings’ vertical 
stiffness varying from rigidity to 2400 kN/mm. However, it 
gradually increases with bearings’ vertical stiffness continuing 
decreasing from 2400 kN/mm to 1000 kN/mm.  

To analyse the influence of bearings’ vertical stiffness on 
bridge’s acceleration response any further, Figure 10 shows 
acceleration Fourier spectrum of the bridge’s midspan section 
while the train travelling with the design speed of 350 km/h. 
No matter what kind of bearings discussed, the vertical 
acceleration response of bridge’s midspan section is rather 
small while the frequency greater than 54.68 Hz. The low 
frequency vibration response is the dominant part in the 
acceleration response of bridges. Peak frequency of Fourier 
spectrum is 3.91 Hz or its multiples. It can be found the 
cyclical loading phenomenon of train travelling. 3.91 Hz 
corresponds to the train’s loading frequency, that is 

350 / 3.6 / 24.775 3.92Hz= ≈f . 

200 250 300 350 400
1.0

1.2

1.4

1.6

1.8

2.0

Speed [km/h]

D
is

pl
ac

em
en

t a
m

pl
itu

de
 [m

m
]

 rigid
 3000
 2400
 1800
 1000

 
Figure 8. The vertical displacement amplitude of the bridge 
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Figure 9. The time-history of the vertical root-mean-square 

acceleration at the middle span  
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Figure 10. Acceleration Fourier spectrum at the bridge 

middle span  

Combining Yang’s idea of studying beam’s displacement 
response with elastic bearings by superposition method[17], 
some results can be derived through the above analysis. With 
bearings’ vertical stiffness decreasing, the static part of 
bridge’s response gradually increases, while the dynamic part 
of which firstly decreases and then increases gradually. The 
results agree well with study conclusions from Jiangtong [6].  

3.2.3  Vibration isolation effects of elastic bearings 

To investigate vibration isolation effects of elastic bearings, 
vibration responses of piers are discussed. The 1/3 octave 
bands is applied to acceleration vibration signals of piers. 
Since the vibration signal contains various frequency 
components, Z weighting processing has been applied.  

Figure 11 shows comparison of the third pier’s vibration 
level in the frequency band from 0 to 400 Hz for different 
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vehicle speeds. To illustrate vibration isolation effects of 
elastic bearings with different stiffness, Figure 12 shows 
vibration attenuation corresponding to conditions as shown in 
Figure 11. And vibration attenuation is defined as the 
difference value of the pier’s vibration level while bearings 
are rigid and elastic. If vibration attenuation is positive value, 
then vibration response of the pier is decreased by elastic 
bearing, and vice versa. 
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Figure 11. Vibration level in the frequency band of 0~400 Hz  
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Figure 12. Vibration attenuation of elastic bearings in the 

frequency band of 0~400 Hz  

Figure 11 and 12 show that vibration isolation effects of 
elastic bearings are not only affected by vertical stiffness of 
bearings, but also affected by vehicle speeds. Compared with 
the above-mentioned single degree of freedom system, 
vibration isolation effects are not better with lower vertical 
stiffness. Since the bridge and the pier are not rigid body, it’s 
different from the single degree of freedom system. 
Train-track-bridge system is a complex time-varying system. 
The excitation frequency changes while the train travelling 
across bridges with different speeds and different vehicles. 
The natural frequency of the bridge is influenced by vertical 
stiffness of elastic bearings. So in Figure 11, the pier’s 
vibration level is different with bearings’ stiffness varying. 
And in Figure 12, vibration attenuation is quite different with 
different vehicle speeds although the bearing’s vertical 
stiffness is the same. In Figure 12, the pier’s vibration 
attenuation appears positive value while the bearing’s vertical 
stiffness is 1800 kN/mm while the train speed less than 400 
km/h.  

Based on the above analysis, elastic bearings with stiffness 
of 1800 kN/mm, have no negative influence on dynamic 
response of vehicles and bridges and offer obvious vibration 
isolation effects. Figure 13 shows 1/3 octave spectrum 
comparison of the pier’s vertical acceleration while the 
bearings’ stiffness is rigid and 1800 kN/mm respectively.  
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(a) At speed of 200 km/h 
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(b) At speed of 250 km/h 
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(c) At speed of 300 km/h 
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(d) At speed of 350 km/h 
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(e) At speed of 400 km/h 

Figure 13. 1/3 octave of the Z direction vibration level at the 
pier top for different vehicle speeds 
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In Figure 13, vibration frequency spectrums of the pier with 
the same bearings are quite different because of different 
speeds. However, Z vibration level of the pier’s acceleration 
appears peak values in the frequency band of 20~80 Hz. Then 
the conclusion can be obtained that the frequency band of 
20~80 Hz is the dominant band of the pier’s vertical vibration. 
In frequency band of 100~400 Hz, Z vibration level of the 
pier’s acceleration appears a fast attenuation, and the 
attenuation is even faster with elastic bearings of 1800 kN/mm 
than the rigid bearings. It is observed that vibration isolation 
effects of elastic bearings in high frequency band are rather 
remarkable. However, the concerned frequency band for 
environmental vibration is usually 0.1~80 Hz on the basis of 
Environmental vibration standard in urban region 
(GB10070-88). 

Figure 14 shows comparison of Z vibration level of the 
pier’s acceleration in frequency band of 0~80 Hz. To analyze 
the dominant band of elastic bearings’ vibration isolation 
effects, Figure 15~17 show comparison of Z vibration level of 
the pier’s acceleration in frequency band of 0~10 Hz, 10~20 
Hz and 20~80 Hz respectively.  
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Figure 14. Z direction vibration level of the vertical 

acceleration in the frequency band of 0~80 Hz  
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Figure 15. Z direction vibration level of the vertical 

acceleration in frequency band of 0~10 Hz  
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Figure 16. Z direction vibration level of the vertical 

acceleration in frequency band of 10~20 Hz  
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acceleration in frequency band of 20~80 Hz 

In Figure 14, in the frequency band of 0~80 Hz, Z vibration 
level of the pier’s vertical acceleration is decreased compared 
elastic bearings with rigid bearings while the vehicle speed 
varying from 200 to 350 km/h, yet increased when the vehicle 
speed is 400 km/h. In Figure 15, in the frequency band of 0~10 
Hz, Z vibration levels of the pier’s vertical acceleration with 
elastic bearings and rigid ones are close to each other. In 
Figure 16, in the frequency band of 10~20 Hz, Z vibration 
level of the pier’s vertical acceleration with elastic bearings 
makes a little increase than rigid bearings. In Figure 17, in the 
frequency band of 20~80 Hz, Z vibration level of the pier’s 
vertical acceleration with elastic bearings appears obvious 
attenuation than rigid bearings. Comparing Figure 14~17, the 
value of the pier’s vibration level in the frequency band of 
0~80 Hz, is closest to that in the frequency band of 20~80 Hz. 
It can be concluded that the vibration level in the frequency 
band of 20~80 Hz has the maximum contribution to that in the 
frequency band of 0~80 Hz. From the above analysis, the 
frequency band of 20~80 Hz is the dominant band of the pier’s 
vertical vibration. The vibration contribution of the dominant 
frequency band is the most remarkable to the whole frequency 
band. Figure 18 shows vibration attenuation in different 
frequency bands.  
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Figure 18. Vibration attenuation in different frequency bands   

In Figure 18, vibration attenuation effects of elastic bearings 
in different frequency bands have much difference. When the 
train speed is 350 km/h, vibration attenuation in frequency 
band of 0~80 Hz is 14.64 dB, and that in the frequency band of 
20~80 Hz is 15.50 dB. Since the frequency band of 20~80 Hz 
is the dominant band, vibration isolation effect in this band 
makes the most contribution to that in the whole frequency 
band of 0~80 Hz. 

On the basis of the above analysis, vibration attenuation 
effects of elastic bearings is obvious in the frequency band of 
20~80 Hz. This is because that the natural frequency of the 
bridge with elastic bearings is 

0
0

1 11.7 Hz
2 2
ω
π π

= = =
K

f
M

( K is the stiffness of the 

bearings, and M is the mass sum of the bridge’s deadweight 
and secondary dead load). Vibration energy in middle and 
high frequency band can be isolated to some extent. Vibration 
attenuation effects mainly depend on that in the dominant 
band. So as for vibration isolation analysis, what needs to do 
firstly is to determine the dominant frequency band, then to 
reduce vibration in this band.  

4. CONCLUSIONS 
In this study, a 3-D train-track-bridge interaction solution was 
used to investigate the dynamic response of the train and a 
simply supported box-girder high-speed railway bridge seated 
on elastic bearings. Then vibration isolation effects of elastic 
bearings were discussed in detail. The results are summarized 
as follows: 
1) The wheel unloading rate and vertical acceleration of the 
vehicle are mainly affected by vehicle speeds. The influence 
of bearings’ vertical stiffness, by contrast, can be almost 
ignored.  
2) With the vertical stiffness of bearings decreasing, the 
static component of bridge’s response increases gradually, yet 
the dynamic component of which firstly decreases and then 
increases by degrees.  
3) Vibration isolation effects of elastic bearings are not only 
influenced by its vertical stiffness, but also affected by vehicle 
speeds. Although the stiffness of bearings is the same, obvious 
differences exist in the vertical acceleration frequency 
spectrum as a result of different vehicle speeds. When the 
vertical stiffness is 1800 kN/mm, elastic bearings can obtain 
reasonable vibration isolation effects in a relatively wide 
speed range.  

4) Through the analysis of the pier’s Z vibration level by 
comparing elastic bearings and rigid bearings, we can get to 
know that the difference of the pier’s vibration is really small 
in the frequency band of 0~10 Hz. The pier’s vibration in the 
band of 10~20 Hz is increased, yet is decreased in the band of 
20~80 Hz by replacing rigid bearings with elastic bearings. 
Since 20~80 Hz is the dominant frequency band, vibration 
isolation effects in this band make a greater contribution. The 
natural frequency of elastic bearings exists in the band of 
10~20 Hz. Elastic bearings are able to decrease vibration in 
the middle and high frequency band, yet vibration in their 
natural frequency band is usually increased.  

AKNOWLEDGEMENTS 
This work was supported by the National Natural Science 
Foundation of China (Grant Nos. 51378429, 51308469), 
Program for New Century Excellent Talents in University of 
China (Grant No. NCET-10-0701), the National High 
Technology Research and Development Program of China 
(“863” Program) (Grant No. 2011AA11A103), and 
Specialized Research Fund for the Doctoral Program of 
Higher Education of China (Grant No. 20110184110020).  

REFERENCES 

[1] Marioni, L. Chen, J. T. Hu. Application of EBP on Taiwan high-speed 
railway. Earthquake Resistant Engineering and Retrofitting, 33(2), 
63-66, 2011. 

[2] X. Y. Hu, G. Z. Yu. Brief discusssion about bridge vibration isolation 
bearing products. "Rubber cup in Donghai'' Conference proceedings of 
the fifth nationwide rubber products technical seminar, Ningbo, 
publishes on line, 2010. 

[3] M. Kawatani, Y. Kobayashi, and H. Kawaki. Influence of Elastomeric 
Bearings on Traffic-Induced Vibration of Highway Bridges. In 
Transportation Research Record: Journal of the Transportation 
Research Board, No. 1696, TRB, National Research Council, 
Washington, D.C., 76-82, 2000. 

[4] C. Kim, M. Kawatani, and W. S. Hwang, Reduction of traffic-induced 
vibration of two-girder steel bridge seated on elastomeric bearings. 
Engineering Structures, 26(14), 2185-2195, 2004. 

[5] M. Kawatani, C. Kim and N. Kawada, Three-Dimensional Finite 
Element Analysis for Traffic-Induced Vibration of a Two-Girder Steel 
Bridge with Elastomeric Bearings. In Transportation Research 
Record: Journal of the Transportation Research Board, CD 11-S, 
TRB, National Research Council, Washington, D.C., 225-233, 2005. 

[6] T. Jiang, C. Y. Ma, X. Zhang. Dynamic analysis of train-bridge system 
with elastic supports. Chinese Quarterly of Mechanics, 25(2), 256-263, 
2004. 

[7] L. S. Wei, F. L. Zhou, M. Ren, et al. Application of three-dimensional 
seismic and vibration isolator to building and site test. Journal of 
Earthquake Engineering and Engineering Vibration, 27(3), 121-125, 
2007. 

[8] G. Y. Gao, Z. Y. Li, Ch. Qiu, et al. Three-dimensional analysis of 
rows of piles as passive barriers for ground vibration isolation. Soil 
Dynamics and Earthquake Engineering, 26(11), 1015-1027, 2006. 

[9] X. Y. Li, S. D. Xue and Y. C. Cai, Three-dimensional seismic 
isolation bearing and its application in long span hangars. Earthquake 
Engineering and Engineering Vibration, 12(1), 55-65, 2013. 

[10] G. Lombaert, G. Degrande, B. Vanhauwere, et al. The control of 
ground-borne vibrations from railway traffic by means of continuous 
floating slabs. Journal of Sound and Vibration, 297(3-5), 946-961, 
2006. 

[11] Hui, C.K. and C.F. Ng, The effects of floating slab bending 
resonances on the vibration isolation of rail viaduct. Applied 
Acoustics, 70(6), 830-844, 2009. 

[12] L. Auersch, Dynamic Behavior of Slab Tracks on Homogeneous and 
Layered Soils and the Reduction of Ground Vibration by Floating 
Slab Tracks. Journal of Engineering Mechanics, 138(8), 923-933, 
2012. 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1524 

[13] R Clough, J Penzien, Structural dynamics. Translated by G. Y. Wang, 
et al. Beijing: Higher education press, 27-34, 2006. 

[14] W. M. Zhai, H. Xia , C. B. Cai, et al. High-speed train–track–bridge 
dynamic interactions–Part I: theoretical model and numerical 
simulation. International Journal of Rail Transportation, 1(1-2), 3-24, 
2013. 

[15] W. M. Zhai, H. Xia, et al. Theory and engineering application of 
train-track-bridge dynamic interaction. Beijing: Science press, 145-318, 
2011. 

[16] X. Z. Li. Studies on theory and application of train-bridge system 
coupling vibration in high-speed railway. Chengdu: Southwest 
Jiaotong University, 2000. 

[17] Y. B. Yang, C. L. Lin, J. D. Yau, et al. Mechanism of resonance and 
cancellation for train-induced vibrations on bridges with elastic 
bearings, Journal of Sound and Vibration, 269(1-2), 345-360, 2004. 

 



Inerter-based Vibration Suppression Systems for Laterally and Base-Excited
Structures
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ABSTRACT: The paper discusses the design and performance of a novel type of passive control system used for suppressing
unwanted vibrations in civil engineering structures subjected to both lateral and base excitation. The new control system is inspired
by the traditional tuned mass damper (TMD) with the modification that the mass is replaced by an inerter. An inerter has a
two-terminal flywheel device capable of generating high apparent mass and its application is now extended from Formula 1 car
suspension systems to train suspensions and building base isolation systems. The new control device is named the tuned inerter
damper (TID). The tuning of the TID is based on existing tuning guidelines for damped vibration absorbers. We are assessing the
performance of the TID in comparison to an equivalent TMD and an equivalent viscous damper, to show the advantages brought
by the inerter’s capacity of generating extra apparent mass. The analysis shows that the TID is capable of suppressing the response
of higher vibration modes, while the TMD can only control the single mode targeted during the tuning of the device. Moreover, the
TID is most efficient when located at the bottom of the structure, which is a potential advantage compared with TMD installation.
A multi-degree-of-freedom (DOF) structure is presented as a numerical study to verify our theoretical results. The structure was
subjected to base excitation in the form of unit impulse and earthquake load, and to lateral excitation based on wind tunnel tests
data. Its performance was similar or superior to that of an equivalent TMD or viscous damper. Therefore, the TID represents a
potentially attractive alternative to traditional passive control techniques.

KEY WORDS: inerter; tuned inerter damper; vibration suppression.

1 INTRODUCTION

The present paper is focused on the application of TID systems
for vibration suppression in multi-storey laterally and base
excited structures.

The TID, introduced by the authors in [1], is a passive control
system consisting of a spring and a damper mounted in parallel
and connected in series with an inerter.

The inerter was introduced by Smith [2] and it completes
the force-current analogy between mechanical and electrical
networks The force generated by the inerter, the equivalent of
a capacitor in an electrical network, is

F = b(ẍi − ẍ j) (1)

where b, the constant of proportionality and is named inertance
and is measured in kilograms and ẍi − ẍ j represents the relative
acceleration between its terminals.

The TID has initially been used in Formula 1 racing cars and
then its use was extended to several types of suspension systems
in vehicles [3], [4], [5], trains [6] and buildings [7], [8]. The
optimality of inerter- based vibration isolation systems is studied
in [9], [10], [11].

More recently, inerter-like mechanisms have been employed
in vibration suppression systems for base excited structures.
The authors of [12] study the performance of a device
called tuned viscous mass damper (TVMD) and the modal
response characteristics of a multiple-degree-of-freedom system
incorporated with TVMDs [13]. TVMD systems have also been
installed in a multi-storey steel structure built in Japan [14].

The TID has a similar layout to that of a passive TMD where
the mass element has been replaced by an inerter. This change is
aimed at overcoming the TMD mass limitation to 5−10% of the
mass concentrated on the targeted vibration mode, by exploiting
the inerter’s ability of generating an apparent mass that can be
much greater than their physical mass. This can be realised
through a range of mechanisms such as rack and pinions or ball-
screw mechanisms. More recently, inertial hydraulic devices,
with a helical tube providing “gearing”, have also been patented
[15].

An analytical tuning method for TID systems is given in
[1] and their performance is assessed in comparison to that of
equivalent TMD and viscous damper systems. It was shown
through modal analysis that the device is most efficient when
located at bottom storey level.

The existing literature is mostly focused on inerter-based vi-
bration suppression systems installed in base excited structures.
In [16], the authors study the behaviour of TID systems installed
in a laterally-excited structure. The lateral load is represented by
sine waves distributed triangularly along the building’s height.
It was shown that the similar performance is obtained for both
TID and TMD systems. However, the TID had the advantage
of being installed at bottom storey level and was capable of
suppressing the response of superior modes of vibration.

Building on the results obtained in [16], this paper is studying
the performance of TID systems when the host structure is
subjected to realistic load patterns in the form of earthquake and
wind loads.
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In Section 2, we recall the n-DOF structure presented in
[16], alternatively controlled using a TMD, a TID or a viscous
damper. The structure is subjected to unit impulse and
earthquake excitation and wind excitation based on the Tokyo
Polytechnic University aerodynamic database, [17], as shown in
Fig. 1. The TMD system parameters are based on Den Hartog’s
guidelines for tuned vibration absorbers [18]. The TID system
is then finely tuned using the iterative approach described in
[19], leading to the numerical values used in [16]. Sections 3
and 4 are dedicated to the assessment of the various systems
performance under base and lateral excitation. Conclusions are
drawn in Section 5.

2 BACKGROUND & STRUCTURAL SYSTEM

The structural system considered is a n = 5 storeys plane frame
described in [16]. The system will be reduced to a shear beam
building model with 5 DOFs. Three types of control are studied
with the aim of assessing and comparing their performances.
The structural system and the control systems are shown in
Figure 1.

In our previous theoretical studies we have generally
considered that the uncontrolled structure has null structural
damping. This was done in order to preserve the similarities
between the design of TID and of the damped vibration
absorbers introduced by Den Hartog in [18]. Since this study
is focused on realistic base and lateral excitation inputs, the
structural damping is assumed to be 2%.

Building on the results obtained by the authors in [16],
the tuning of the control systems components is carried out
following the same steps. The values of all parameters are given
in Tables 1 and 2. For the TID we use the values obtained
through fine tuning, ensuring that the device performs optimally.

The equations of motion of each of the systems are expressed
in state space form

ż(t) = Az(t)+BdF
y(t) = Cz(t)
z(0) = z0

(2)

where A is the system matrix of dimensions (2n×2n), Bd is the
disturbance matrix of dimensions (2n× n), y(t) represents the
output, C is the (2×2n) output matrix, z(0) represents the initial
condition and z(t) of dimension (2n × 1) is the state vector.
F(n× 1) represents the exterior disturbance that can be either
base or lateral excitation.

The state vector has the form z(t) = [x(t), ẋ(t)], where x(t) is
the displacement vector of dimensions (n×1),

A =

[
On,n In,n

−M−1K −M−1C

]
and Bd =

[
On,n
M−1

]
(3)

where On,n and In,n are the (n × n) null and unit matrices
respectively. M (n× n), C(n× n) and K(n× n) are the mass,
damping and stiffness matrices respectively. These matrices
are particularised for each structural system (uncontrolled and
controlled using either a TMD, a TID or a viscous damper),
following the notations in Figure 1 and the assumptions valid
for shear beam building models. Please note that in case of the
TMD and TID systems, the number of DOFs increases to n+1.
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Figure 1. (a) Uncontrolled system; (b) Base excited system
with a TMD installed at top storey level and a TID installed
at bottom storey level; (c) Laterally excited system with a
TMD installed at top storey level and a TID installed at
bottom storey level.

The uncontrolled system parameters given in Figure 1 are
m = 1kNs2/m and k = 1500kN/m. The damping matrix,
C, was evaluated using Rayleigh’s method for 2% structural
damping in the first and second vibration modes. Using this
set of parameters, the fundamental frequencies obtained are
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ω1 = 1.75Hz, ω2 = 5.12Hz, ω3 = 8.07Hz, ω4 = 10.37Hz and
ω5 = 11.83Hz.

For each type of excitation we will show the response in terms
of displacement time histories and (or) Fourier spectra.

3 BASE EXCITATION

For base excited structures it is convenient to write the equation
of motion in relative coordinates. Therefore, the disturbance
force F in Equation 2 becomes F = −MIn,1r̈(t), where r̈(t)
represents the ground acceleration. After the evaluation of the
M, C and K matrices for each of the four systems, we can
calculate matrices A and Bd for each control system and find
the structural response by solving Equation 2.

The tuned parameters evaluated in [16] for the base-excited
structure are given in Table 1. Please note that the damping
value of the viscous damper was selected such that the response
in the first mode of vibration is similar to the TID and the TMD
when the structure is subjected to sinusoidal ground excitation.
Further details can be found in [16].

Control system TMD TID Damper
µm(µb) (-) 0.03 0.37 -
md(bd)(kNs2/m) 0.13 1.63 -
kd(kN/m) 14.89 196.6 -
cd(kNs/m) 0.3 4.5 43.72

Table 1. Control systems tuning parameters for base-excited structures.

3.1 Unit impulse input

In order to assess the control systems performance, the structure
has first been subjected to a unit impulse input over a period of
50 seconds. Figure 2 shows the displacement response obtained
at top storey level for each of the four systems. It can be seen
that the TMD and TID controlled systems response is similar
and superior to those of the uncontrolled and damper controlled
structures.

Figure 3 shows the Fourier spectra of the displacement
response described above. As expected, these are matching the
results obtained in [16] where a sinusoidal base excitation was
considered.

While all control system are capable of improving the
uncontrolled structure response, the TMD and TID system
outperform the damper controlled system in the vicinity of
the first fundamental frequency. In addition, due to the fine
tuning procedure applied for the TID system, the two split
peaks obtained by targeting the first vibration mode have equal
amplitudes leading to a better structural performance. As
concluded in our previous work, the TID and damper systems
are capable of suppressing the response of upper modes of
vibration.

3.2 Earthquake load

The same structural systems have also been subjected to
earthquake excitation using the NS acceleration recording of El
Centro, shown in Figure 4.
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Figure 2. Impulse displacement response at top storey level.
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Figure 3. Fourier spectra of the displacements obtained at top
storey level under impulse base excitation.

Figure 5 shows the displacement time histories at top storey
level. Two zoomed plots are included for a better evaluation
of the response in the high displacement regions. Once again,
the TMD and TID systems show similar performance, while the
damper system is less efficient.

The remarks above are verified by means of the Fourier
spectra in Figure 6. Looking at the zoomed plot, it can be seen
that the damper system does not affect the first fundamental
frequency of 1.75Hz and has a poorer performance in its
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Figure 4. El Centro ground acceleration time history.
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Figure 5. Displacement time history at top storey level.

vicinity. The TID and TMD systems create two lower amplitude
peaks in this region (see Figure 3), leading to an improved
performance of the controlled structure.
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Figure 6. Fourier spectra of the displacements obtained at top
storey level under earthquake excitation.

4 WIND LOAD

In the case of lateral excitation, the disturbance force, F , in
Equation 2 becomes F = [F1,F2, . . . ,Fn], where Fi, i = 1 : n
represents the force applied at each storey level.

The structural response is evaluated following the procedure
described in the previous section.

The tuned parameters obtained in [16] for laterally-excited
structures are given in Table 2. It can be noted that the values

are similar to those obtained for base-excited structures. This is
beneficial as in practice only one set of parameters may be used.
However, for this numerical study we will consider slightly
different parameters, as described in [16].

Control system TMD TID Damper
µm(µb) (-) 0.03 0.37 -
md(bd)(kNs2/m) 0.13 1.63 -
kd(kN/m) 15.11 199.6 -
cd(kNs/m) 0.29 4.5 43.72

Table 2. Control systems tuning parameters for laterally-excited structures.

The wind load considered in this paper is based on a set of
data obtained through wind tunnel simulations on small scale
models described in detail in [17] . Using the database provided
by the authors of [17], we selected all necessary parameters and
obtained a realistic wind-type excitation time history. Figure
7 shows the generalised model of a low-rise building without
eaves having a flat roof subjected to an along-wind component
acting on face 1 under the angle θ . D and B represent the depth
and the breadth of the building, while H represents its height.
For this study, we have chosen B=D=H=16m as given in [17].
This is convenient as it leads to a realistic storey height of 3.2m
for the 5 storey building considered. The angle θ is null and
therefore, the wind is perpendicular on face 1 of the building.

Figure 7. Wind direction and building plan as given in [17] .

Figure 8 shows the distribution of the points where the
pressure was measured on each face of the building.

For a better understanding, Figure 9 shows five such time
histories obtained from the tests in points situated on each face
of the building. As expected, face 1, where the wind load is
applied, is subjected to pressure, while all others are subjected
to suction.

For convenience, we only take into consideration the
coefficients obtained for faces 1 and 3. In order to evaluate the
most unfavourable situation, their effect will be superimposed.

Using the wind pressure coefficient time histories in the
database, we were able to determine the wind pressure in all
points based on the formulas in Equations 4 and 5, given in [20].

p(t) = cp(t)
1
2

ρu2 (4)

u = umax

(
Z
Z0

)α
(5)
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Figure 8. Measuring points distribution on the building surface
[17] .
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Figure 9. Wind pressure coefficients time history.

where cp is the wind pressure coefficient in one point, ρ =
1.229kg/m3 is the air density and u is the wind velocity
calculated using Equation 5. umax is the maximum wind velocity
measured at reference hight Z0. It is common practice to
consider Z0 equal to the roof height and therefore we considered
Z0 = 16m. Z represents the height of the point where we want to
evaluate the wind velocity, u. α = 0.25 is a constant coefficient
called power-law exponent depending on the building location
(urban or rural) and stability class. This value in appropriate for
stability class D. The maximum wind speed at reference height
was chosen as umax = 15m/s.

The wind pressure time histories obtained are concentrated
at each story level. The force time histories, Fi, are evaluated
by multiplication with the afferent area of each storey. As the
wind load frequency content is low, we have scaled it such that
it excites the structural system under investigation. Figure 10

shows the Fourier spectra of the top storey displacements for
the four systems. It can be seen that the TMD and TID systems
performance is higher than that of the viscous damper system.
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Figure 10. Fourier spectra of the displacements obtained at top
storey level under lateral excitation.

5 CONCLUSION

The present study was focused on the analysis of a five storey
structure subjected to base and lateral excitation. Building on
previous results obtained by the authors in [16], the performance
of four structural systems is assessed (uncontrolled structure,
structure having a TMD installed at the top, structure having
a TID installed at the bottom and structure having a viscous
damper installed at the bottom). All systems are carefully tuned
such that the best outcome is obtained.

First, they were subjected to impulse ground excitation
which offers a basic understanding of the frequency response
of each structure. Then, an earthquake recording is used in
order to evaluate the structure’s performance under realistic
loading. In both cases the behaviour of the TMD and
TID controlled structures was superior to that of the damper
controlled structure. However, only the TID and the damper are
capable of suppressing the vibration of upper modes. In the last
section, the same structures were subjected to a realistic wind
load based on wind tunnel tests performed at Tokyo Polytechnic
University in Japan, with near identical performance obtained
using the TID or TMD devices and poorer performance of
the viscous damper. Although the tuning was done separately
for each type of excitation, the TID parameters remain almost
unchanged, implying that once tuned for either forcing, its
performance will be near to optimal for both cases.

The potential advantage of the TID system over the TMD
is that a similar performance can be obtained using a lighter
device due to the gearing in the inerter and that the control
system is placed at the bottom of the building and that it acts
as a damper at higher frequencies. Future research is focused on
experimental testing and implementation of TID systems.
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ABSTRACT: Tuned liquid column dampers consist of a U-shaped tank filled with a Newtonian liquid. The tuned parameter of 

the liquid damper enables the liquid mass to oscillate with a phase shift with respect to the motion of the structure, leading to 

damping forces on the primary structure. The oscillation energy of the damper liquid dissipates by turbulence effects and friction 

caused local pressure loss. Due to its geometric flexibility and the low prime costs tuned liquid column dampers are a good 

alternative to other damping measurements, in particular for slender structures like wind turbines. The effectiveness of the 

vibration behavior improvement obtained with the TLCD depends not only on the natural frequency and the damping ratio but 

also on the geometric layout of the damper. This paper presents an expanded optimization approach, which considers the 

mathematical description of the damper geometry within the tuning procedure. The numerical verification of the novel approach 

is demonstrated by means of a three-bladed 5 MW reference wind turbine, which is during normal operational conditions 

periodically and stochastically excited by non-uniform steady state and turbulent wind flow. The acquired results show that 

TLCD can effectively mitigate wind induced resonant tower vibrations and improve the fatigue life of wind turbines. 

KEY WORDS: Wind turbines; Structural control; Vibration control; Tuned liquid column damper. 

1 INTRODUCTION 

Wind turbines count as one of the most important techniques 

of renewable energy production increasing constantly its share 

within the electric power market. According to the statistics 

presented in the annual report of Global Wind Energy Council 

(GWEC) [1] the energy generation capacity of the worldwide 

operating wind farms has increased in 2012 about 20 % and 

reached in total 283 GW. 

A further growth of the wind energy industry depends 

mainly on the technological developments especially 

considering production and construction methods of the 

plants. From the certification authorities specified minimum 

design lifetime of a new wind turbine is currently only 20 

years, which is compared to the production and maintenance 

costs economically not sufficient enough. Main challenge by 

the design of a wind turbine is caused by alternation loadings 

initiated by wind induced dynamic excitation forces. For 

instance the load change of the rotor blades and thereby of the 

entire tower of a wind turbine designed for 20 years 

corresponds to approximately 2∙108 [2], which is about 100 

times more than a standard highway bridge. 

The performance of a wind turbine is primarily determined 

by its tower height and rotor diameter. For the purpose of 

realizing taller structures and more effective plants, it is 

necessary to improve the structural dynamics of wind turbines 

with respect to lifetime problems. 

2 VIBRATION MITIGATION METHODS 

In order to prevent excessive tower vibrations and generator 

loading most of the modern wind turbines have blade pitch 

control and brake systems which regulate automatically the 

angle and speed of rotor blades depending on the wind 

velocity and operational conditions. By means of these 

measurements the turbines can generate constant power and 

avoid critical high wind speeds. 

Generally wind turbines feature very low damping 

characteristics compared with other civil structures. Resulting 

from structural and aerodynamic damping, the total damping 

ratio of a wind turbine tower is equal to 1-2 %. With the use 

of auxiliary dampers the damping properties of wind turbines 

can be improved. For instance, hydraulic dampers with 

viscose liquids as a passive application or with 

magnetorheological and electrorheological fluids as a 

semiactive damper can dissipate the oscillation energy locally 

at installation spots of the turbine similar to the buffers used 

by the automobile industry. Hereby due to their adaptation 

characteristic semiactive dampers can mitigate vibrations over 

a broader frequency range compared with passive elements. 

In order to control tower vibrations in all directions, both 

the passive and semiactive dampers are to be positioned in the 

inner side of the turbine tower in polar formation, which 

however can block the tower shaft and disturb the 

accessibility of the nacelle. Material costs and obligatory 

maintenance effort make the effective application of the 

auxiliary dampers difficult. 

To mitigate vibrations of wind turbines also tuned mass 

dampers (TMD) can be used. A standard TMD consists of an 

auxiliary mass, which is attached to the main structure by 

means of spring and dashpot elements. The natural frequency 

of a TMD is defined by its spring constant and the damping 

ratio caused by the dashpot. The tuned parameter of the TMD 

enables the auxiliary mass to oscillate with a phase shift with 

respect to the motion of the structure, leading to damping 

forces on the structure. TMD can suppress especially 

harmonic vibrations very effectively. Nevertheless because of 

mechanical challenges it is not easy to find a suitable spring 
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element, which can be tuned to the fundamental frequencies 

of wind turbines, as they are generally lower than 0.4 Hz. 

Therefore standard TMDs can only be used to mitigate higher 

tower modes. 

A pendulum damper consists also of an auxiliary mass, 

which can be hanged below the nacelle of a wind turbine and 

supported by dampers or friction plates. The pendulum length 

is to be tuned to the natural frequencies of the turbine tower 

modes. For a wind turbine with a fundamental frequency of 

0.4 Hz the resulting pendulum length is more than 1.5 m. For 

lower frequencies this value increases exponentially. To solve 

this problem multi-step pendulum dampers can be used. 

Hereby the auxiliary mass is attached to multiple pendula, 

which are interlinked with each other by various mechanical 

joints. 

Tuned liquid dampers such as tuned sloshing damper (TSD) 

and tuned liquid column damper (TLCD) have naturally very 

low fundamental frequencies and therefore can be easily tuned 

to the tower frequencies of wind turbines. As these dampers 

use as auxiliary masses commonly only water and do not need 

any mechanical elements like springs or joints, they feature 

for wind turbines a better alternative to other vibration 

mitigation methods. 

TSD consist of an open tank filled with a Newtonian liquid 

such as water with antifreeze. Depending on the tank 

geometry and liquid depth different frequencies can be 

achieved. In order to control the vibrations effectively TSD 

should be installed like TMD and pendulum damper close to 

tower top, for instance in nacelle. As turbine tower starts to 

vibrate the movement of the TSD-tank causes the liquid to 

slosh and develop waves, which dissipate the oscillation 

energy. Hereby the fundamental frequency of TSD depends 

on nonlinear phenomena, which are caused by sloshing and 

tank-liquid interaction. Further research is needed for a better 

prognosis of the efficiency of this damper for the wind 

turbines. A more stable vibration mitigation process can be 

achieved by TLCDs, which will be describe in the fallowing. 

Figure 1 and Figure 2 show a wind turbine with TMD, 

pendulum damper, TSD and TLCD attached to the nacelle. 

The dimensions of the mass dampers vary depending on the 

modal mass of the turbine and wind excitation forces. The 

exact geometry and the number of the dampers can also differ. 

Hereby the integration of TLCD inside the nacelle is easier 

than other damping methods thanks to its geometric 

versatility. 

 

a b

 

Figure 1. Wind turbine with tuned mass damper (a) and 

pendulum damper (b). 

a b

 

Figure 2. Wind turbine with tuned sloshing damper (a) and 

tuned liquid column damper. 

 

3 TUNED LIQUID COLUMN DAMPER 

Already in 1910 by Frahm [3] patented the tuned liquid 

column damper (TLCD) consists of a U-shaped tank, which is 

filled similar to TSD with a Newtonian liquid. Originally 

invented to mitigate rolling motions of ships TLCD counts as 

one of the first damping devices. The oscillation energy of the 

streaming damper liquid dissipates by turbulence effects and 

friction caused local pressure loss. In civil engineering TLCD 

has become known first after the publications and patent 

application by Sakai [4], [5]. In addition to low material and 

maintenance costs because of the geometric flexibility TLCD 

is assumed to be a better alternate to the other damping 

measurements particularly for slender structures like wind 

turbines. Figure 3 shows a TLCD attached to a horizontally 

excited structure. 

 

Vu(t)
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H
x(t) + xg(t)
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Figure 3. A horizontally excited structure with TLCD. 

 

3.1 Mathematical Description 

The liquid motion and oscillation effects can be derived with 

the nonlinear Bernoulli equation, whereas the natural 

frequency of the liquid damper depends only on the geometry 

of the tank. The equation of motion and the fundamental 

circular frequency of TLCD are given in Eq. 1 and 2 below. 

  gD xxuuuu   1
2

 (1) 

  sin
L

g
D

1

2
 (2) 

Hereby the stream of the liquid column is defined by u(t) and 

the motion of the structure, which is caused by a dynamic 

force and base excitation, is equals to )()( txtx g  . The 
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coefficient δ specifies the pressure loss, which is caused by 

turbulence and friction effects induced by changes in the 

stream direction and sectional area of the tank. The geometric 

factor γ1 scales the interaction force between structure and 

TLCD depending on the geometry of the tank. The 

fundamental circular frequency ωD of TLCD depends on the 

so called effective length L1 of the liquid column, inclination 

angle α of the vertical tank parts and the acceleration g due to 

gravity. 

The geometric factor γ1 and the effective length L1 are given 

in the following equations, which depend on the angle α, 

vertical length V and the horizontal length H of the liquid 

stream and cross sectional areas AV, AH. 
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cosVH 
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The damping forces resulting from the impulse of the liquid 

mass are given in the following equation for a structure, which 

is idealized as a single-degree-of-freedom (SDOF) oscillator. 

Hereby DH and ωH are the damping ratio and fundamental 

circular frequency of the structure, µ the mass ratio of total 

liquid mass to modal mass of the structure, xg the base motion, 

f(t) an excitation force and γ2 a further geometric factor of 

TLCD. 
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As described above the fundamental frequency of TLCD 

depends on five geometric variables: V, H, Av, AH and α. An 

increasing mass ratio µ causes an increase of the TLCD 

efficiency. The geometric factors γ1 and γ2 also influence the 

efficiency of TLCD. Damping effect reaches its maximum, if 

the geometric factor γ1 multiplied by γ2 also has its maximum. 

The interaction force of the structure acting on TLCD 

increases if the geometric factor γ1 also increases and if the 

TLCD tank has a short height, the liquid can even slop over. 

To avoid this it is better to keep γ1 as low as possible and 

compensate the efficiency loss by maximizing the second 

geometric factor γ2. 

3.2 Calculation of Optimal Parameters 

The optimal parameters of the TLCD can be derived by 

applying tuning criteria of mechanical mass dampers, which 

can be easily adapted through analogy approaches. For TMD 

especially the criteria developed by Den Hartog [6] and 

Warburton [7] are commonly used. The results of these 

applied criteria are optimal values for the natural frequency 

and damping ratio of the TMD. 

Using the resonance curves of a harmonically excited SDOF 

oscillator Den Hartog derived the optimal frequency and the 

damping ratio as the following Eq. 8 and 9. 
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Hereby µ* is the mass ratio between effective mass of the 

TMD and modal mass of the structure. In order to use these 

equations with a TLCD the parameters of an equivalent TMD 

must be calculated. The analogy can be derived from the 

equation motion of TLCD by substituting liquid stream 

deflection u by u* = u / γ1 [8], [9], [10], [11]. The mass ratio 

µ* of TLCD can then be calculated by the following equation. 

By using µ* in the equation of Den Hartog the optimum 

frequency and damping ratio of TLCD can be find out. 
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The same procedure can also be used with the tuning criterion 

of Warburton. Warburton has enlarged the criterion of Den 

Hartog also for other stochastic excitations such as 

earthquake. The tuning parameters of a TMD attached to a 

stochastically excited SDOF can by calculated by the 

following equations. To use these equation for a TLCD the 

above described mass ratio µ* must be applied. 
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The effectiveness of the vibration behavior improvement 

obtained with the TLCD depends not but only on the natural 

frequency and the damping ratio but also on the geometric 

layout of the damper. Therefore the mathematical description 

of the damper geometry must be considered within the tuning 

procedure taken most important aspects such as the inclination 

of the vertical stream line of the fluid flow, the sectional area 

and the length of the liquid column into account. To achieve 

this purpose a new expanded optimization approach is derived 

from the standard criteria such as Den Hartog and Warburton. 

To calculate the optimum geometric parameters of TLCD 

an optimization problem with constraints has to be 

formulated. The target function (Eq. 13) is defined as 

maximization of the effective liquid mass of TLCD. By 

minimizing the passive liquid mass, which is used only to 

reach the requested frequency, the efficiency of TLCD will be 

maximized. 

 maxJ  21  (13) 
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The variables of the target function are V, H, Av, AH and α. 

The solution of the nonlinear optimization problem can be 

calculated numerically such as by using the Trust-Region-

Method with the fmincon command in Matlab [12]. 

The geometric constraints are defined by physical 

conditions considering available space of the structure, where 

TLCD is going to be installed. For instance the height of the 

damper must satisfy the requirements regarding to the floor 

height. TLCD geometry can be defined by using the following 

constraints. 
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The start values of the geometric parameters can be defined as 

requested TLCD geometry. In order to simplify the solving 

process of the optimization problem and to avoid local 

maxima of the target function it is recommended to 

precalculate the frequency of TLCD using the start parameters 

and compare it with the optimum TLCD frequency. The 

geometric parameters of the TLCD must fulfill the frequency 

requirements of the tuning criteria. Furthermore the liquid 

mass must correspond with the requested mass ratio. For these 

two constraints a tolerance range is to be defined, which 

allows certain deviations. With this flexibility the solution of 

the optimization problem will be simplified. Nevertheless the 

effective damping of TLCD depends mainly on its frequency 

tuning. For slender structures with low damping ratio, such as 

wind turbines, the tolerance range for the frequency must not 

be greater than 0.01 Hz. Otherwise TLCD can lose its 

efficiency. Figure 4 shows the steps of the optimization 

procedure. 

4 WIND TURBINE WITH TUNED LIQUID COLUMN 

DAMPER 

4.1 Reference Wind Turbine 

The effectiveness of TLCD is numerically verified by means 

of a 5 MW reference onshore wind turbine. The turbine 

specifications are described by U.S. Department of Energy’s 

National Renewable Energy Laboratory (NREL). The relevant 

system properties are summarized in Table 1. Some of the 

dimensions of the reference wind turbine can also be found in 

Figure 5. 

 

Yes

Den Hartog

or Warburton

µTarget
* V0 ; H0 ; AV,0 ; AH,0 ; α0

i = 0

Vi ; Hi ; AV,i ; AH,i ; αi

mD,i

L1,i ; L2,i ; γ1,i ; γ2,i

mD,i ; µi
* *

µTarget - µi ≤ µerr
* * *

!

Yes

fD,opt ; DD,opt

fD,opt - fD,i ≤ fD,err

!

Yes

J = γ1,i ∙ γ2,i → max

Vopt ; Hopt ; AV,opt ; AH,opt ; αopt

i = i +1

Vi = Vi + ΔV

Hi = Hi + ΔH

AV,i = AV,i + ΔAV

AH,i = AH,i + ΔAH

αi = αi + Δα 

 

Figure 4. Optimization procedure to calculate geometric 

parameters of TLCD. 

 

Table 1. Relevant system parameters of the reference wind 

turbine. 

Rating / configuration 5 MW / 3 Blades 

Control Variable speed, collective 

pitch 

Cut-in, rated, cut-out wind 

speed 

3 m/s, 11.4 m/s, 25 m/s 

Cut-in, rated rotor speed 6.9 rpm, 12.1 rpm 

Hub height 90 m 

Rotor diameter 126 m 
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Figure 5. 5MW-Reference wind turbine. 

 

The dynamic parameters of the turbine tower modes in fore-

aft direction are listed in Table 2. In Figure 6 the tower 

fundamental frequency and the number of rotor revolutions 

per minute are presented. As shown by this diagram the first 

fore-aft tower frequency is placed between the one- and three-

per-revolution frequencies to avoid the occurrence of a 

resonant condition. However the tower frequency is still quite 

near the three-per-revolution frequency. Therefore especially 

by low wind speeds resonant tower vibrations are to be 

expected. 

 

Table 2. Natural frequencies, modal masses and the structural 

damping ratio of tower fore-aft modes. 

Natural frequency f1 = 0.324 Hz f2 = 2.900 Hz 

Modal mass m1 = 379.752 t m2 = 480.606 t 

Damping ratio D1 = 1 % D2 = 1 % 
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Figure 6. One- and three-per-revolution frequencies of the 

reference wind turbine. 

Further specifications relating to the reference wind turbine 

can be found in the technical report by NREL [1]. 

4.2 Tuned Liquid Column Damper Parameter 

To suppress wind induced tower vibrations of the onshore 

reference wind turbine a damper system is designed, which 

consists of one TLCD. The parameters of TLCD are listed 

below in Table 3. Still using the parameters by dividing the 

vertical and horizontal sections of the TLCD tank and keeping 

the given ratios a system with several TLCD can also be 

designed. 

The TLCD parameters are calculated by the optimization 

approach, which is described before in section 3.2. Hereby the 

optimum frequency of the TLCD is calculated by the tuning 

criterion of Den Hartog. The used geometric constraints are 

shown in Table 3. In this table also the tolerance ranges for 

the mass ratio and frequency deviation are given. 

 

Table 3. TLCD parameter constraints used for the 

optimization procedure. 

min  max 

1 m H 18 m 

1 m V 3 m 

1 m² AH 5 m² 

1 m² AV 5 m² 

90° α 90° 

- Δµmax 0.1 % 

- Δfmax 1 % 

 

Using the parameter of Table 3 the optimum geometric 

parameters of the TLCD are calculated. The calculated TLCD 

parameters are listed in Table 4 below. In this table also the 

total liquid mass mD of TLCD can be found. With these 

geometric parameters calculated factors γ1∙γ2 are about 60 %. 

With a distributed TLCD system or by changing the geometric 

constraints even a further efficiency improvement can be 

achieved. 

 

Table 4. Optimum TLCD parameters calculated by solving the 

nonlinear optimization problem. 

H 9.932 m 

V 1 m 

AH 3.086 m² 

AV 1 m² 

α 90° 

mD 32.650 t 

γ1∙γ2 0.58 

 

For the purposes of comparison the parameters for an 

equivalent TMD are shown Table 5. Hereby kD and cD are 

spring constant and damping coefficient of the equivalent 

TMD. 

 

Table 5. Parameters of an equivalent TMD. 

µ* 5.01 % 

fD,opt 0.309 Hz 

DD,opt 12.7 % 

mD 18.903 t 

kD 71.043 kN/m 

cD 9.336 kN s/m 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1535



The total TLCD volume equals to 32.7 m³, which is about 5 % 

of the entire nacelle volume. For practical purposes the TLCD 

can also be divided in several TLCDs or integrated in the 

outer shell of the nacelle. 

4.3 Simulation Parameter 

The simulation of the reference wind turbine with TLCD is 

carried out by the stochastic inflow turbulence simulator 

TurbSim [15] and the aero-elastic dynamic horizontal axis 

wind turbine simulator FAST [16] with FAST-SC [17]. 

TurbSim and FAST are developed by NREL. FAST-SC is an 

expanded code of FAST, which can simulate wind turbines 

with TMD. FAST-SC is developed by University of 

Massachusetts. FAST can simulate two fore-aft and two side-

to-side bending-modes of turbine tower. 

The wind turbine is simulated with a TLCD connected in 

nacelle close to the tower top. TLCD controls hereby wind 

induced vibrations in fore-aft direction. 58 % of liquid mass of 

TLCD participates actively to the vibration mitigation. The 

remaining passive liquid mass must be added to the nacelle 

mass of the wind turbine. This secondary mass causes a minor 

shift of the first fore-aft tower frequency to 0.317 Hz. 

During the simulations the wind turbine is assumed to be in 

operation and system controls for variable speed and blade 

pitch are active. The simulation is carried out for normal wind 

conditions with a normal wind profile model as described in 

IEC 61400-1 [18]. The relevant simulation parameters of the 

wind field are listed in Table 6. 

 

Table 6. Wind field simulation parameters. 

Number grid-points 31 x 31 

Grid dimension 145 x 145 m 

Simulation time 1030 s 

Time step 0.05 s 

Turbulence model Kaimal 

Turbulence type Normal turbulence model 

Wind profile type Power law 

Height of the ref. wind speed 90 m 

Mean wind speeds 3 – 25 m/s 

 

4.4 Simulation Results 

From the total 1000 s simulation time of the turbine response 

the last 600 s is used for the evaluation. Hereby the specified 

time step of the simulations equals to 0.0125 s. To eliminate 

the static tower deflection, which cannot be reduced by TMD, 

a high-pass filter is applied with a cutoff frequency at 0.1 Hz. 

Figure 7 compares the time histories of tower deflection for 

the cut-in, rated and cut-out wind speeds. The frequency 

spectra of the tower responses are shown in Figure 8. 

As in section 4.1 predicted before at cut-in wind speed 

resonant tower vibrations occur. This can be seen also in the 

frequency spectrum, where mainly two particular frequencies 

are being excited: First natural frequency of tower fore-aft 

mode and three-per-revolution frequency. At rated and cut-out 

wind speeds the response of the tower is more stochastic with 

broadband frequency spectra. TLCD similar to TMD can 

suppress especially the resonant vibrations. Therefore the 

efficiency of the TLCD at cut-in wind speed is expected to be 

much higher than at rated and cut-out speeds. 
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Figure 7. Tower deflection time histories for the cut-in, rated 

and cut-out wind speeds. 

 

The TLCD efficiency is calculated by means of RMS-values 

of the turbine tower top displacement response in fore-aft 

direction. From the results with and without TLCD a 

reduction factor R is calculated by using the fallowing 

equation. This factor is equivalent to the vibration energy, 

which is dissipated by TLCD. 

 1001 









TLCDwithout

TLCDwith

RMS

RMS
R  (15) 

Figure 9 shows the resulting RMS-values for the analyzed 

wind speeds. The difference between the RMS-values of 

tower deflection with and without TLCD is shown in Figure 

10. The reduction factor R of the TLCD can be found in 

Figure 11. As can be seen from these results TLCD can 

mitigate tower vibrations especially at wind speeds lower than 

9 m/s. As wind speed increases also the transient tower 

vibrations dominate.  

 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1536



3 m/s

11.4 m/s

25 m/s

0 0.1 10

[Hz]

Without TLCD             With TLCD

1

 

Figure 8. Frequency spectra for the cut-in, rated and cut-out 

wind speeds. 
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Figure 9. RMS-Values of turbine tower deflection with and 

without TLCD. 
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Figure 10. Difference between RMS-values of turbine tower 

deflection with and without TLCD. 
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Figure 11. Reduction factors of TLCD for different wind 

speeds. 

5 CONCLUSION 

Depending on wind speed and structural properties wind 

turbine tower vibrations in fore-aft direction occur in the form 

of a periodic and transient oscillations. These vibrations 

threaten the structural stability and reduce the lifetime of wind 

turbines significantly. In this research paper the efficiency of 

TLCD is analyzed for wind induced tower vibration of 

onshore wind turbines. The numerical verification is carried 

out by means of a 5 MW reference onshore wind turbine. 

During low wind speeds the three-per-revolution frequency 

of the reference wind turbine is quite close to the fundamental 

frequency of the tower bending mode in fore-aft direction. 

Therefore near the cut-in wind speed 3 m/s the reference wind 

turbine responses mainly with resonant tower vibrations. 

These vibrations can be effectively reduced by TLCD. 

Depending on the wind speed TLCD reaches a reduction of 

vibration energy by 20-80 %. At higher wind speeds the 

resonant character of the vibrations disappears and tower 

oscillations become more stochastic. The vibration energy 

acquired by TLCD reaches hereby up to 20 %. 

The acquired results show that TLCD can effectively reduce 

resonant wind induced tower vibrations and improve fatigue 

life of wind turbines. 
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ABSTRACT: A robust decentralized control method, recently proposed in the literature, applies to multi-story buildings under 

seismic excitation. The stability is checked by Lyapunov theory. Adjustments of the method are introduced and a performance 

criterion is added. Heuristic optimization tools are adopted to manage the highly nonlinear problem. The performance of the 

control method and the validity of the performance criterion are assessed through numerical examples. 

KEY WORDS: Robust decentralized control; Global stability; Performance function; Heuristic optimization. 

1 INTRODUCTION 

When developing a control scheme for large scale systems, 

such as the ones typically involved in civil engineering 

applications, the complexity of analysis and design, together 

with the challenges for exchanging information in real-time 

and the requirement of robustness with respect to actuators 

failure, suggest to resort to decentralized control strategies. 

The objective of decentralized control is to design the 

controllers based on individual subsystems such that only 

local feedback is needed in the derivation of the control force 

assigned to the associated actuators, and yet the desired 

reduction of the global system response is achieved. In this 

context, the effects of interconnections between adjacent 

subsystems are represented as additional loads applied to each 

subsystem so that it can be studied autonomously. The 

resulting control scheme must be globally stable in the 

presence of uncertain structural parameters and excitations as 

well as imperfect knowledge of the interconnections. 

In this paper, a performance function is formulated in order 

to optimally determine the design parameters of a 

decentralized robust control method which is based on the 

theory of sliding mode control. The interactions between the 

adjacent subsystems are treated as uncertain (but bounded) 

disturbances to the individual subsystems. The control signal 

of each subsystem is calculated by combining a linear 

feedback component, which guarantees the local stability of 

each subsystem, and a nonlinear feedback term, which 

guarantees the global stability in the presence of parameter 

uncertainties, disturbances, and interconnections. The stability 

property of the resulting control scheme is proven 

mathematically by Lyapunov theory [1]. The effectiveness of 

the method in reducing vibrations of seismically excited 

building structures, and its robustness to factors such as 

variation of structural parameters and nonlinearities are 

studied in literature by means of numerical examples [2]. 

Furthermore, a modified version of the method [3] is 

implemented by removing a term from the control forces 

definition so that less information about material properties 

and geometrical parameters of the building is needed, and the 

selection of the control design parameters is more flexible.  

The benefit of determining the control force without precise 

information about the structural parameters is that greater 

model uncertainty can be accommodated. The resulting 

controller might be more robust and more suitable to complex 

structures application. However, in order to appropriately 

select the control parameters so that the desired control 

performance is achieved, one has to first understand the roles 

played by these parameters in the behavior of the closed-loop 

system. For this purpose, a sensitivity analysis has been 

preliminary performed [4]. 

The need of formulating an optimization problem to drive 

the controller design, which should tradeoff between the 

control performance and control efforts, motivates the present 

study. The mitigation of the seismic response of a two-story 

building with nonlinear stiffness is considered as case-study. 

The search toward the global optimum is carried out by 

adopting a differential evolution strategy, due to its simplicity 

in managing the problems characterized by high 

nonlinearities.  

2 PROBLEM STATEMENT 

In this study, a robust decentralized control method is utilized 

to mitigate the vibrations of a multiple-story, lumped-mass, 

shear-type model of a building structure with nonlinear 

stiffness subjected to a seismic record segment. Focusing the 

attention on the performance evaluation of the control 

algorithm, only the idealized case is considered, without 

discussing implementation issues such as time delays, sensor 

and actuator dynamics, sensor noise, and actuator saturation. 

Furthermore, simplifying assumptions are introduced as 

follows: 

 

• the structure is decomposed into N subsystems, where 

each sub-system consists of a single floor of mass mi and 

is equipped with a sensing-actuating unit; 

• the same controller design is used for all subsystems; in 

other words, the optimal values of the control parameters 

are the same for every subsystem. 

Heuristic optimization to support a decentralized structural control method 
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Let 
gx&& be the ground acceleration. At a given time instant t, 

the i-th sub-system (i=1,2,…,N) is subjected to a generalized 

force: 

 )())(),(())()((:))(),(( txmttrtx,txutt giiiiii
&&&&& −−=Γ xxxx  (1) 

where the control force ui only depends on the local states 

)()( tx,tx ii
& , and the interconnection force ri is a function of the 

states of all subsystems, )(),( tt xx & , being )(tx  the vector of the 

inter-story drifts with the dot indicating its time derivatives. 

For the particular case under consideration of a non-linear 

elastic two-story frame (N = 2), let the interconnection forces 

be defined as 
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having indicated with ci, ki, and kin the damping coefficient, 

the linear stiffness coefficient, and the non-linear stiffness 

coefficient of the i-th story, respectively. 

Hence, the equations of motion governing the two adjacent 

sub-systems can be written in matrix form as 
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by letting 








 −
=







 −
=







 −
=








=

n

nn

n
k

kk

k

kk

c

cc

mm

m

2

21

2

21

2

21

22

1

0
:

~
;

0
:

~
;

0
:

~
;

0
:

~
KKCM

(4) 

and  
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For each i-th sub-system (i=1,2), a sliding mode variable is 

defined as 

 
iii xxs &Ω+=:  (6) 

with: 

 )/(max
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ii
i
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The proposed local control force [3] reads 

 )(: iii sgsLu +−=  (8) 

where the positive-definite linear local feedback gain L 

ensures the local stability and performance of each subsystem 

in the absence of uncertainties, and the generally non linear 

term g(si) accounts for the uncertainties. When a favorable 

behavior of the controller is obtained in terms of small 

structural response, the following approximation holds 

 +
→−≈ 0,)(

2

iii sssg
ε

δ  (9) 

Note that a controller designed using large feedback gains 

may offer good performance in terms of response reduction, 

but it may also demand too large control forces, being the 

capacity of the actuators limited. If the capacity of the actuators 

to be used is of primary concern, a small number N of subsystems 

and a low δ  value should be used. Indeed, the peak control force 

uP is bounded as follows  

 
rP Nmu +≤ 3δ  (10) 

where mr is the maximum of the ratios between the upper and 

lower values of the masses in the ith subsystem, and is equal 

to 1 for single story subsystems as in the case under 

investigation (N=2). If N is decreased (N=1), the control scheme 

becomes a centralized one. Selecting a smaller value of δ  may 

lower the bound of peak control force; however, excessively 

small δ  may cause the condition for convergence to be violated. 

In this work, the task of balancing the control performance with 

the control efforts is pursued by evaluating the vector of the 

controller design parameters: 

 { }
T

L Ω= δε:θ  (11) 

at the solution point of the following constrained optimization 

problem 

 ULF θθθθ
θ

≤≤=:s.t.)(:min  (12) 

where θθθθ
U
 and θθθθ

L
 define the upper and lower bounds of the 

search domain, respectively. As a first attempt, the following 

basic formulation of the performance function is adopted 

 )(*)(*:)( θxwθuvθ
TTF +=  (13) 

where an asterisk is used to denote the root mean square 

(RMS) values of the components of the associated vectors. 

Hence, all the optimization tasks are combined into a single 

objective function which is computed as a weighted sum. The 

weighting factors v and w in Eq.(13) are manually tuned on a 

case specific basis, and they are used to define the relative 

importance of the different objectives and constraints, as well 

as to normalize different physical units.  

The differential evolution approach [5] is herein adopted as 

a robust statistical, parallel direct search method for cost 

function minimization. Besides its good convergence 

properties and simplicity in handling highly nonlinear 

problems, the attractiveness of the method also consists of 

requiring only few input parameters which remain fixed 

throughout the entire optimization procedure [6]. 

 

3 RESULTS FROM NUMERICAL ANALYSES 

The data in [3] are used to perform the numerical analyses and 

they are given as follows 
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The natural frequencies of the corresponding linear system 

are 5.93 and 14.30 rad/s with the damping ratios being 2.2 and 

5.4%, respectively. Control forces are assumed to be limited 
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by 2 kN (20% story weight). The first 20 seconds of the 1940 

N-S El Centro record are used as external excitation 

Assuming the values of the parameters of the decentralized 

controller found in [3] as initial guess 

 { }
T

5.9800800800:0
=θ  (15) 

the search domain is bounded by setting  

 { }
TL 5.6600600600:=θ  (16) 

and 

 { }
TU 5.12100010001000:=θ  (17) 

First, the weighting factors v and w in Eq.(13) are calibrated 

so that the convergence is reached within a reasonable number 

of iterations. For this purpose, the analyses are run for small 

values of the population size (cases A and B in Table 1) and 

repeated for varying weighting factors until the convergence 

is met within a number of iterations lower than the fixed 

maximum (case B). The robustness of the approach is then 

tested by slightly increasing the maximum number of 

iterations and running a further analysis for an enlarged 

population and the previously identified values of the 

weighting factors (case C in Table 1). 

 

Table 1. Numerical examples. 

Case 

ID 

NP Imax v1 w1 v2 w2 

Case A 40 20 1 1.1e08 0.5 1.e08 

Case B 40 20 0.5 2e08 0.5 2e08 

Case C 60 50 0.5 2e08 0.5 2e08 

 

The results obtained from all the three cases defined in 

Table 1 are presented in terms of the time history plots of the 

control force and the interstory drift calculated at each floor 

during the last iteration of the analyses, and they are shown in 

Figures from 1 to 3, respectively. The point at which the 

algorithm ends in the solution space and the corresponding 

value of the objective function are given as follows 

{ }

{ }

{ } 04e49.7)ˆ(;50.693.71185.96470.769ˆ

04e50.7)ˆ(;52.654.61987.91429.651ˆ

04e45.5)ˆ(;57.679.65969.61206.943ˆ

==

==

==

C

T

C

B

T

B

A

T

A

F

F

F

θθ

θθ

θθ

 (18) 

The iteration numbers at which these values appear for the 

first time during the solving procedure are: 20, 12, and 36, 

respectively. Furthermore, the root mean squares of the 

control forces and the drift ratios evaluated at the solution 

points are reported in Table 2 

 

Table 2. Root mean square values of the control forces and 

drift ratios at the solution points. 

Case ID )ˆ(*

1 θu  

[N] 

)ˆ(*

1 θx  

[m] 

)ˆ(*

2 θu  

[N] 

)ˆ(*

2 θx  

[m] 

Case A 7.18e03 6.52e-05 2.82e04 2.60e-04 

Case B 1.29e04 3.65e-05 5.73e04 1.63e-04 

Case C 1.30e04 3.61e-05 5.78e04 1.61e-04 

 
 (a) 

 (b) 

 

Figure 1. (a) Control forces and (b) response time histories 

as calculated from case A (see Table 1). 

 

From the plots in Figures 1 and 2, it can be seen that the 

sub-optimal solution obtained in case A, when the maximum 

number of iterations is met, corresponds to a lower level of 

control forces at the price of a higher level of response, with 

respect to the ones resulting from the optimal solution of case 

B. The extremant feature which characterizes the latter 

solution is further investigated by enlarging the population 

size and accordingly increasing the maximum number of 

iterations, as specified for case C in Table 1. The resulting 

time histories are plotted in Figure 3 and do not show 

significant differences with respect to the ones obtained in 

case B (Figure 2). When the associated values of the cost 

function are compared using Eq.(13), a slight improvement of 

the optimal solution can be discerned as moving from case B 

to case C (see Eq.(18)). Indeed, the last case yields to a further 

decrease of the RMS values of the drift ratios by means of a 

small increase of the RMS values of the associated control 

forces, as reported in Table 2. Hence, the influence of 

formulating a performance or cost function in terms of the 

RMS values of the competing objectives is emphasized.  
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(a) 

 
(b) 

 

Figure 2. (a) Control forces and (b) response time histories as 

calculated from case B (see Table 1) 

 

4 CONCLUSIONS 

A decentralized control method originally proposed for 

robotic arms implementation has recently been investigated 

for civil structural control applications with promising results 

also for systems affected by nonlinearities. The removal of the 

explicit dependence on the structural properties from the 

control forces definition yields an increase of the robustness 

of the method and a flexibility in the parameters selection. 

Nevertheless, the latter task should be performed so that the 

control law achieves the control objective of maximizing the 

reduction of structural response with minimum control energy 

or control force. To drive the design of the optimal control 

system, a performance criterion is here introduced as a 

weighted sum of the competing objectives. Considering the 

RMS values of the design variables increases the sensitivity of 

the method to the different parameters assumptions. As a 

consequence, the selected cost-function is highly nonlinear 

and differential evolution techniques are adopted to handle the 

solution procedure. The results from the numerical analyses 

confirm that slight changes in the parameters assumption  

 
(a) 

 
 (b) 

 

Figure 3. (a) Control forces and (b) response time histories 

as calculated from case C (see Table 1). 

 

cannot be discerned from the time histories of the design 

variables, but only by considering their RMS values. In all the 

considered cases, the obtained control forces are below the 

available actuators capacity of 2kN. 
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ABSTRACT: Pendulum tuned mass dampers (PTMDs) are common auxiliary damping devices used to attenuate excessive 
motion in tall structures. The concept of effective or equivalent damping is commonly referenced when quantifying tuned mass 
damper (TMD) performance. Effective damping refers to determining the damping in a single-degree-of-freedom (SDOF) 
oscillator operating at the same natural frequency that would produce an equal mean squared displacement response as the 
combined main and auxiliary system. Despite its simplicity, effective damping introduced by a TMD has experienced relatively 
little use in describing the performance of in-service TMDs, since its theoretical computation is based on the displacement 
response of the structure, which is seldom measured. Instead, acceleration response measurements are taken from which 
displacements need to be inferred. The proposed method applies the extended Kalman filter for combined state and parameter 
estimation for the purpose of estimating the effective damping introduced by a PTMD. The acceleration response measurements 
are fitted to the response of a SDOF system, where the unknown modal damping is appended to the state vector and estimated. 
The assumption of known bare structure natural frequency is subsequently relaxed and the natural frequency of the structure 
without the PTMD is estimated alongside the effective damping. The algorithm is first demonstrated using a numerical example 
and compared to the theoretical calculation. The methodology is also shown using full-scale acceleration response 
measurements collected from a structure equipped with a PTMD. The results of the study demonstrate the approach is an 
accurate and reliable means of quantifying the performance of in-service PTMDs without a direct measure of the displacement 
response of the attenuated structure and a priori knowledge of the underlying structure’s natural frequency. 

KEY WORDS: Effective damping, Equivalent damping, Tuned mass dampers, Extended Kalman filter 

1 INTRODUCTION 
Tuned mass dampers (TMDs) are devices, used in structures 
susceptible to vibrations, which introduce supplemental 
damping to attenuate the responses. TMDs consist of a small 
inertial mass with stiffness and damping elements. The 
stiffness element is generally a spring used to adjust the 
frequency characteristics of the device to closely match the 
main structure frequency for the mode of vibration to be 
controlled; alternatively, a suspended mass is used where 
frequency adjustment is performed by changing the 
suspension length, known as a pendulum tuned mass damper 
(PTMD). TMDs are designed to minimize the root mean 
square (RMS) displacement or acceleration response of the 
structure, or to maximize the effective or equivalent damping 
introduced. The latter term refers to the level of modal 
damping in a single-degree-of-freedom (SDOF) oscillator 
operating at the same frequency as the controlled mode of 
vibration (generally the mode with the largest contribution to 
the overall response) that would produce the same RMS 
displacement response as the attenuated system. Theoretical 
equations relating the various main and auxiliary system 
parameters (frequency ratio, mass ratio, main mass damping 
ratio, and auxiliary mass damping ratio) to the effective 
damping [17, 11, 16] are commonly used in predicting the 
performance of a TMD during the design phase; however, the 
measure has experienced relatively little use in describing the 
performance of in-service TMDs. This is because the 
computation is based on the measured RMS displacement 

response of the main structure, which is generally impractical 
to measure directly. This is particularly true for flexible tall 
structures, which are most susceptible to wind-induced 
vibrations and commonly employ TMDs. The acceleration 
responses are usually measured, from which the 
displacements need to be inferred. The noisy nature of 
acceleration response measurements preclude direct 
integration for the displacement response, and initial and final 
at-rest assumptions to correct accelerometer bias are generally 
not appropriate for wind-excited structures. The issue is of 
particular significance when it must be demonstrated that a 
prescribed level of effective damping has been achieved.  

The current work proposes using a concept known as state 
estimation to determine the effective damping introduced by 
the PTMD. PTMDs are considered exclusively hereafter, but 
the concepts can be readily applied to conventional TMDs. 
State estimation is performed by modeling a process in order 
to provide an estimate of an internal (generally unobserved) 
state given the measurement of the actual system. A 
mathematical model of a known physical system is developed 
relating the known inputs, measured outputs, and unknown 
internal states to be determined. Classically, this has been 
accomplished using the Kalman filter [9, 18]. Estimating the 
effective damping is a combined state and parameter 
estimation problem, which is inherently nonlinear, and 
requires the related extended Kalman filter (EKF).  

The paper is organized as follows. First, a brief theoretical 
background of PTMDs and effective damping is introduced. 

Estimating effective damping introduced by a Pendulum Tuned Mass Damper 
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Second, the concept of combined state and parameter 
estimation using the EKF is presented. Third, the effective 
damping for a simple numerical model with known natural 
frequency is estimated and compared with the theoretical 
calculation. Finally, the effective damping of a full-scale 
structure is estimated using acceleration response 
measurements; in this instance, the requirement of a known 
frequency for the controlled mode of vibration for the bare 
structure is relaxed.  

The findings demonstrate that the proposed methodology is 
accurate and reliable for estimating the effective damping 
introduced by a PTMD on an in-service structure.  
 

 
Figure 1. Schematic geometry of a PTMD attenuated system 

expressed in modal coordinates. 
 

2 THEORETICAL COMPUTATION OF EFFECTIVE 
DAMPING 

The concept of effective or equivalent damping introduced by 
a TMD was first proposed by Vickery [17] and McNamara 
[12]. The method seeks to match the mean square 
displacement response of the TMD-attenuated system with a 

SDOF oscillator operating at the same frequency of the 
controlled mode. The damping in the SDOF system is the 
effective damping of the attenuated structure. Equations 
relating the parameters of the main and auxiliary systems of 
the TMD-equipped structure to the effective damping have 
been developed for main mass excited [12] and base excited 
structures [8] with conventional translational TMDs and 
PTMDs. PTMDs are considered herein, but the concepts can 
be easily applied to conventional TMDs.  

The equations of motion for a PTMD attenuated structure 
(Figure 1) expressed in modal coordinates are as follows: 

 

Mr
&&y(t)+Cr

&y(t)+ Kr yj (t)+ ma
&&θL = Fr (t)

maL2 &&θ (t)+ cah
2 &θ (t)+ magL+ kah

2( )θ(t)

+maL&&y(t) = 0

 (1) 

where rM , rC , rK , and ( )rF t  are the modal mass, 

damping, stiffness, and force and ( )y t  is the modal 

coordinate. ( )tθ  is the rotation of the auxiliary mass, am , 

with auxiliary damping, ac  , and stiffness, ak . L  is the 

length of the pendulum and h  is the length to the attachment 
of the auxiliary spring and damping. The function 

( ) i tF t e ω=  is selected in order to compute the complex 

frequency response functions, ( )yH iω  and ( )H iθ ω , 
where ω  is the forcing frequency. The responses are then 

 

( )

( )

( )( )

( )( )

r
y

r

r

r

F t
y t H i

K

F t
t H i

K Lθ

ω

θ ω

=

=
  (2) 

Computing the first and second derivative of the responses 
in Equations (2) and substituting into Equations (1) gives 

 

( )2 2

2 2 2 2 2

/ 1
/ 0

y rr a r r a

ra a a a

H KM m i C K m L

H K Lm L m L i c h k h θ

ω ω ω
ω ω ω

⎡ ⎤− + + + − ⎧ ⎫ ⎧ ⎫
=⎨ ⎬ ⎨ ⎬⎢ ⎥− − + + ⎩ ⎭⎩ ⎭⎣ ⎦

  (3) 

 

where rn rK Mω =  is the circular natural frequency.  
Equation (3) is solved simultaneously for the complex 

frequency response functions, replacing some of the terms 
with their non-dimensional counterparts. The non-dimensional 
forcing frequency is 

 
n

ωφ
ω

=  (4) 

The non-dimensional auxiliary to main mass ratio is 

 a

r

m

M
μ =   (5) 

ζ  and aζ  are the main and auxiliary damping ratios. The 
complex frequency response functions are 
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H
y

iω( ) = −φ2 + 2iφ frζ a + fr
2

φ4 − 2iφ3A−φ2B+ 2iφC + f
r
2

Hθ iω( ) = φ 2

φ4 − 2iφ3A−φ2B+ 2iφC + f
r
2

  (6) 

where 

 

  

A= ζ + 1+ μ( ) frζ a

B= 1+ 1+ μ( ) fr
2 + 4 frζζ a

C = fr frζ +ζ A( )
D = ζ + 1+ μ( ) frζ a

  (7) 

For the case of white noise with constant spectral density, 0S , 
the mean square responses are [8] 
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∞

∞
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∫

∫
  (8) 

 
For a SDOF oscillator operating at the same frequency as the 
attenuated system with modal damping, eζ , the mean square 
response is [6] 

 
2

2 0
2( )

2
n

r e

S
E y t

K

ω
ζ

⎡ ⎤ =⎣ ⎦   (9) 

Equating the Equations (8) and (9) for the main structure 
modal responses, the theoretical value for the effective 
damping for the combined main and auxiliary system is 

 
( )

( )
2 2

2 22 2 1
r

e

r a

C BD C f D

f BD C A C
ζ

ζ

− −
=

− + − ⎤
⎣ ⎦ +
⎡

  (10) 

where A , B , C , and D  are defined in Equation (7).  

3 EXTENDED KALMAN FILTER FOR COMBINED 
STATE AND PARAMETER ESTIMATION 

State estimation requires a known mathematical model to 
represent a physical system, and seeks to estimate unknown 
internal states by relating them to measured outputs. The 
Kalman filter addresses the problem of estimating the state 

kx  based on knowledge of the linear discrete-time process 
given by 

 11111 −−−−− ++= kkkkkk wuGxAx  (11) 

with noisy measurement kz  given by 

 kkkk vxCz +=  (12) 

where kA , kG , and kC  are the system, input, and 

measurement matrices, ku  is the known input, and kw  and 

kv  are the unknown process and measurement noises with 

covariance kQ  and kR , respectively. When the model 
parameters are unknown (as is the case when the effective 
damping parameter is to be estimated), the conventional 
approach is to append the unknown parameters to the state 
vector with constant transitions, and perform traditional state 
estimation. However, the system of equations become 
nonlinear (despite the fact that underlying system is linear) 
due to the presence of states (appended parameters) in the 
system and measurement matrices, producing a product of 
states within the transition and measurement equations. The 
EKF is applied for nonlinear state estimation. The EKF is a 
Kalman filter that linearizes about the current mean and 
covariance.  

For wind-excited structures, the input is generally unknown. 
For the case of acceleration response measurements of wind-
excited structures, there is also a direct feed-through of the 
unknown input in the measurement equation. For the case of 
unknown feed-through stochastic disturbance noise, kd  with 

covariance kS , the transition of the states is governed by the 
following nonlinear difference equation: 

 ( ) 111, −−− += kkkk f wdxx  (13) 

with noisy measurement given by 

 ( ) kkkk h vdxz += ,  (14) 

For the sake of brevity, the reader is referred elsewhere for a 
detailed derivation of the EKF for the above system [14]; a 
summary is provided next. For each time step, the filter 
equations are 

 

( )
( ) ( )

( ) ( )
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| 1 1| 1 1 1 1| 1

| 1 1 1 1 1| 1 1 1 1

1 1 1 1 1 1 1 1

ˆ ˆ ˆ, ,

T T
k k k k k k k k

k k k k k k k k

T

k k k k k k k k k k

T T
k k k k k k k k

f h

−

− − − − − − −

− − − − − − − − −

− − − − − − − −

= +

⎡

+

⎤= + −⎣ ⎦

= − −

+ −

J E S F F S F R

x x 0 J z x 0

P A J C P A J C

E S E Q J F S E

(15) 

kJ  is a one-step predictor gain matrix, 1|ˆ −kkx  is the a priori 

(when all measurements up to 1−k  are available) estimate 
of the state kx , and 
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  (16) 

are the Jacobian matrices of partial derivatives of ( ),f x 0 , 

( ),f x d , ( ),h h 0 , and ( ),h x d  with respect to x  and d , 
evaluated at the current or previous a priori state estimate. 

| 1k k−P  is the a priori state estimate error covariance. After a 
new measurement is taken, the measurement update equations 
are 

 

( )
( )

( )
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| 1 | 1

| | 1 | 1

| | 1
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−

= + +

⎡ ⎤= + −⎣ ⎦
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K P C C P C F S F R

x x K z x 0

P I K C P

  (17) 

kK  is the Kalman gain, |ˆ k kx  is the a posteriori (when all 

measurements up to and including k  are available) state 
estimate and |k kP  is the corresponding state estimate error 
covariance. An updated estimate of the measurement is given 
by [7] 

 
( )

( ) ( )
|

1

|

ˆ ˆ

ˆ ,

k k k

T T
k k k k k k k k k k

h

h
−

=
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z x

F S F F S F R z x 0
 (18) 

The algorithm is initialized as follows: 

 
[ ]
( )( )[ ]TE

E

0|000|000|0

00

ˆˆ

ˆ

xxxxP

xx

−−=

=
 (19) 

Kalman filtering requires knowledge of the unknown 
stochastic disturbance noise, process noise, and measurement 
noise covariance matrices kS , kQ , and kR . These statistics 
are generally unknown for ambient vibration measurements of 
wind-excited structures, and therefore must be first estimated 
from the measured data. A noise covariance estimation 
approach first proposed by Bélanger [3] and adapted by Roffel 
[14] for the case of the direct feed-through of an unknown 
disturbance noise is used in this analysis.  

4 ESTIMATING EFFECTIVE DAMPING USING THE 
EXTENDED KALMAN FILTER 

The effective damping of an in-service PTMD can be 
computed using Equation (9), provided the displacement 
response measurements are available. Estimating the effective 
damping introduced by the PTMD using the EKF is proposed 
to overcome the challenge of lack of available displacement 
response measurements of the attenuated system. In the 
simplest case, the natural frequency of the main structure 
(without the PTMD) and main mass is known, and the only 
unknown parameter is the effective damping.  

4.1 Effective Damping Estimation for a SDOF Oscillator 
with a PTMD 

The EKF algorithm is first applied to synthetic acceleration 
response data generated for a SDOF main system equipped 
with a PTMD; the estimated effective damping is compared 
with the theoretical value computed using Equation (10).  

Since the effective damping is estimated in the modal 
domain, the measurements are fit to a SDOF system expressed 
in modal coordinates. The modal displacement and 
acceleration are selected as the states of the system. 

 x(t) = x1(t) x2(t) x3(t)⎡
⎣

⎤
⎦ = y(t) &y(t) ζ e

⎡
⎣

⎤
⎦

(20) 

Following discretization, the nonlinear transition equations 
are 
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2 1 3 2
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x k x k w k
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⎛ ⎞
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⎝ ⎠
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 (21) 

where [ ]1 2 3[ ] [ ] [ ] T

k w k w k w k=w  are the additive 

process noise terms with covariance kQ  and [ ]d k  is the 

unknown stochastic input with covariance kS . The 
measurement equation is 

 1 1 3 2
1[ ] [ ] 2 [ ] [ ] [ ] [ ]k k

z k x k x k x k d k v k
m m m

= − − + +  (22) 

where [ ]v k  is the additive measurement noise with 

covariance kR .  
The synthetic acceleration response data from the PTMD 

attenuated structure is generated using the mathematical 
model of the system using a white noise excitation with the 
following parameter values. The main and auxiliary masses 
are 100m =  kg and 1am =  kg, respectively. The main 

structure stiffness is 1000k =  N/m, resulting in a natural 
frequency of 0.5f =  Hz ( 3.16nω =  rad/s). The damping 
coefficient is selected based on a modal damping ratio of 
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0.01ζ = . The frequency ratio is 0.9926rf = , resulting in 

an optimal pendulum length of L=0.995 based on the 
selection of optimal PTMD parameters available in the 
literature [8].  

The initial estimate of the appended parameter is 

,0
ˆ 0.01eζ = . The initial state estimate error covariance is 

selected as 1% of the initial state estimate. One hundred 
realizations of a filter that was 10 seconds long were run. The 
average final estimate of the effective damping was 
ˆ 0.0332eζ =  with a coefficient of variation (COV) of 

ˆ 9.55%vc = . This represents a 1.31%  error when 
compared to the theoretical value of the effective damping 
computed earlier. This demonstrates that the EKF algorithm is 
can accurately and consistently estimate the effective damping 
introduced by the PTMD.  

The theoretical effective damping for the attenuated system 
is 0.0328eζ =  based on Equation (10). The estimation of 
the effective damping is plotted with time and compared to 
the theoretical value in Figure 2. The methodology is now 
extended for uniaxial multi-degree-of-freedom systems 
equipped with a PTMD.  

 

 
Figure 2. Effective damping estimation for a SDOF PTMD-

attenuated system. 
 

4.2 Effective Damping Estimation for a MDOF Structure 
With a PTMD 

For a MDOF system, the added complication is the greater 
number of measurements and the increased number of modes 
in the structure without the PTMD.  The strategy is to perform 
a modal transformation within the measurement equation in 
order to relate the states (modal displacements and velocities 
for the controlled mode of vibration) to the measurements at 
the degrees of freedom (DOF) using the mode shape vector. 
Therefore, the modal mass and mode shape vector for the 
controlled mode, in addition to the natural frequency, must be 
known a priori. For the MDOF system, the transition 
equations are as follows (using the same selection of states as 
previously): 
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where ,n jω , T
jφ , and ,r jM  are the natural frequency, mode 

shape vector, and modal mass for the controlled mode, 
respectively. The measurement equations are 
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The performance of the effective damping estimation for the 
PTMD-equipped MDOF system is demonstrated next using 
measurement data from a full-scale structure.  

5 EFFECTIVE DAMPING ESTIMATION FROM FULL-
SCALE MEASUREMENT DATA 

The Apron Tower at Pearson International Airport in Toronto, 
Ontario, Canada is considered as the test bed for 
demonstrating the algorithm for estimating effective damping 
introduced by a PTMD (Figure 3). The tower rises 49 m 
above the terminal roof below. It is a steel structure, with rigid 
diaphragm floors and a combination of braced and moment 
frames to resist lateral loads. The tower consists of six main 
columns and rests on a series of large transfer girders at the 
roof level of the supporting terminal. The fundamental mode 
of vibration is approximately 0.67 Hz in the north-south (y-) 
direction.  

 

 
Figure 3. Apron Tower at Toronto Pearson International 

Airport. 
 

Due to the structure’s inherent flexibility and susceptibility 
to wind loads, it is equipped with a pair of PTMDs located 
within the truss roof structure (Figure 4). The PTMDs were 
installed to reduce user discomfort due to motion during high 
wind events. Each mass is 25,000 kg, representing a mass 
ratio of 12.4%μ = .  



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1548 

 

 
Figure 4. PTMD installed in roof structure of Apron Tower. 

 
The PTMDs are suspended by a series of cables from the 

structural steel above; each cable is exactly vertical when the 
PTMD is at rest, preventing a rocking mode and ensuring the 
PTMD behaves as a point mass. It is generally difficult to 
predict the actual frequencies of the bare structure during the 
design phase to the degree of accuracy necessary to tune the 
PTMD. Therefore, it is equipped with an adjustment 
mechanism to adjust the pendulum length. The measured 
length was 0.572 m.  

Each mass is equipped with four double-acting fluid viscous 
dampers (two in each horizontal direction) with a peak 
damping force of 31.1 N and a maximum stroke of 178 mm. 
The damping force is velocity-squared proportional; the 
equivalent linear viscous damping coefficient was calculated 
to be 3111.3 10ac = ×  N m/s [13].  

5.1 Measurement Program 

An extensive measurement program was conducted, where the 
structure was instrumented with 12 seismic accelerometers 
along the height of the structure. Several significant wind 
events were measured, during which high-fidelity 
measurements were obtained contain energy in several modes. 
The structure was instrumented with PCB Piezotronics high 
sensitivity seismic ceramic flexural ICP accelerometers. These 
sensors are ideal for low-frequency vibrations and provide 
strong output signal with higher signal to noise ratios. The 
data was measured continuously at a sampling rate of 200 Hz.  

Ten sensors were installed horizontally on the third and first 
uppermost floors as well as the top chord of the roof truss 
structure. The sensors were arranged such that the lateral 
motion in each direction as well as the rotation about the 
vertical axis could be measured. The remaining sensors were 
installed in each horizontal direction on one of the PTMDs to 
gather lateral acceleration response measurements of the 
auxiliary mass. A total of approximately 3 hours and 20 
minutes of data were collected during a significant wind 
event. 

The EKF effective damping algorithm is applied separately 
in each response direction. Since the fundamental mode of 
vibration is known to be in the north-south (y-) direction, only 
the y-direction response is considered further.  

5.2 Filter Initialization 

The effective damping estimation has so far relied on a priori 
knowledge of the frequency and modal mass for the controlled 
mode of vibration. Alternatively, the equations of motion for a 
PTMD-equipped structure can be cast in such a way that the 
modal characteristics of the bare structure (natural frequency, 
damping ratio, and mode shape vectors of the structure 
without the PTMD) can be estimated either in advance of or 
simultaneously with the effective damping. A detailed 
treatment of this approach has been developed by Roffel [14], 
and is used in the present analysis for providing the current 
estimate of the natural frequency and mode shape vector for 
the effective damping estimation filter. Therefore, two 
simultaneous EKFs are run. The first filter estimates the bare 
structure natural frequency, damping ratio, and mode shape. 
The second filter uses the current estimate of the natural 
frequency and mode shape vector for the bare structure and 
estimates the effective damping of the combined main and 
auxiliary mass system.  

A reasonable estimate of the modal mass for the controlled 
mode used throughout the filter operation, as well as the initial 
natural frequency and mode shape estimates, was established 
by developing a finite element model of the structure using 
software package SAP2000 [5]. The initial estimate of the 
natural frequency of the controlled mode is 0.656 Hz; the 
initial damping estimate for the bare structure was selected as 
2.5%. The noise covariance matrices were established using 
the estimation approach mentioned earlier.  

The data sets were split into 20 non-overlapping data sets 
each with a total length of 10 minutes. Each set was 
resampled at 400 Hz in order to limit the effect of the 
approximation introduced by the discretization approach.  

5.3 Effective Damping Identification Results 

The first mode natural frequency, averaged over the 20 
realizations of the filter, is shown in Figure 5. There was 
reasonably fast convergence on the final estimate of 

,1 0.676nf =  Hz with a high degree of confidence  

( ˆ 0.98%vc = ). The initial and final converged estimate of 
the mode shape vector for the controlled mode is shown in 
Figure 6. The final estimate of the bare structural damping 

ratio is 1̂ 0.0118ζ = .  
 

 
Figure 5. Natural frequency estimate for the controlled mode 

of vibration. 
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Figure 6. Initial and final estimate of the mode shape vector 

for the controlled mode of vibration. 
 

The effective damping EKF is run simultaneously with the 
filter estimating the bare structural modal characteristics. At 
each time step, k , the current estimate of the circular natural 
frequency, ,n jω , and the mode shape vector, jφ , are used to 
update the known model parameters in the effective damping 
filter (Equations 23 and 24). The initial estimate of the 

effective damping is 7.5% ( ,0
ˆ 0.075eζ = ). The noise 

covariance matrices, kS  and kR , are the same used for the 
bare structure modal identification filter.  

The performance of the effective damping estimation, 
averaged over the 20 realizations of the filter, is shown in 

Figure 7. The final converged value is ˆ 0.0306eζ =  with a 

COV of ˆ 18.1%vc = . This represents an increase in damping 

introduced by the PTMD of 1 0.0188ζΔ = . The results are 
within the range of the expected performance of PTMDs [15].  

 

 
Figure 7. Estimation of effective damping introduced by the 

Apron Tower PTMDs. 
 

The variation in the final converged estimate of the 
effective damping across the 20 data sets is due to the fact that 
damping in structures is believed to be dependent on the level 
and nature of the excitation. Although the concept of viscous 
damping is independent of the amplitude of the excitation 
[10], it is used in this case to model an inherently more 
complex phenomenon. This value is expected to vary 
depending on the return period of the specific wind events. A 
more comprehensive assessment of the performance would 

perform a statistical analysis using various events over a 
period of time in order to better establish the performance of 
the PTMD. The proposed approach is very amenable to this, 
as the algorithm can easily be implemented in real time and 
can continuously provide an estimate on the effective 
damping of the system.  

6 CONCLUSIONS 
The EKF algorithm is an accurate and reliable means of 
estimating the effective damping introduced by the PTMD. 
When the operating frequency of the effective damping 
system is known, the error in the estimate was only 1.3% 
when compared to the theoretical value. The algorithm was 
extended to estimate effective damping when the modal 
characteristics of the underlying structure were unknown. The 
algorithm can be implemented online, and provide a real time 
measure of the effective damping for the particular loading 
event. The primary advantage of the approach is overcoming 
issues related the lack of a reliable means of measuring or 
inferring the displacement response of the attenuated 
structure.  
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ABSTRACT: In this paper, a bi-directional multi-passive tuned mass damper is presented. The application for the damper is on 
vertical hangers of an existing steel arch railway bridge. The hangers have been found susceptible to resonance and the resulting 
stresses results in a reduced service life due to fatigue. Due to different boundary conditions, the natural frequencies of the 
hangers are different in the longitudinal and the transverse direction. In addition, the natural frequencies increase during train 
passage, due to increased tensile force in the hangers. A prototype of the damper has been developed, consisting of two 
suspended masses coupled in series. Different lateral suspensions are used to obtain different natural frequencies in the 
longitudinal and the transverse direction. One mass is tuned to the conditions of the fully loaded bridge and the other mass to the 
unloaded bridge. The performance of the damper is verified using controlled loading under laboratory conditions and the results 
are compared with a finite element model. The damper is shown to perform as expected and the motion of the two masses is 
near uncoupled. Finally, the performance of the damper is verified by in-situ testing on the case study bridge. 

KEY WORDS: Tuned Mass Damper; Railway Bridge Dynamics; Resonance; Frequency Response Function. 

1 INTRODUCTION 
There is constant demand on railway authorities to increase 
both the allowable axle loads and allowable train speeds on 
existing railway lines. For bridges on non-high speed railway 
lines, dynamic effects are often accounted for by increasing 
the static response with dynamic amplification factors, not 
accounting for the risk of resonance. For bridges with low 
mass, low natural frequencies and low damping, resonance 
may however occur even for moderate train speeds. In 
combination with long and heavy trains, resulting stresses 
may cause a significant reduction in the fatigue service life. 

Previous studies of a steel arch railway bridge [1] and [2] 
have shown that some of the vertical hangers are susceptible 
to resonance during train passage, which results in a reduced 
service life due to fatigue. A system of passive pendulum 
dampers were installed [3], tuned to the natural frequencies of 
the unloaded bridge. During train passage however, the 
increased tensile force in the hangers show in a significant 
increase in natural frequencies. This may cause a detuning to a 
passive damper system. In addition, the boundary conditions 
of the hanger to main beam connection, Figure 1, results in 
different frequencies in the longitudinal and transverse 
direction. 

Simulations of different adaptive and semi-active systems 
showed great potential in improving the performance [4], 
accounting for both the loaded and unloaded bridge 
conditions. Implementations of such systems are however a 
challenge, especially when based on variable stiffness control. 
A proposed compromise is instead a system of passive 
dampers with several natural frequencies to account for both 
the loaded and unloaded conditions as well as the difference 
in the longitudinal and transverse direction.  

In this paper, the development of a bi-direction multi-
passive tuned mass damper (bi-MTMD) is presented. The 

performance of the damper is verified under controlled 
loading and compared with numerical models. From free 
vibration tests of the unloaded bridge hanger, the natural 
frequencies f1x = 4.3 Hz and f1y = 3.6 Hz and appertaining 
damping ratios ζ1x = 0.15 % and ζ 1y = 0.30 % was estimated. 
During train passages, the natural frequencies increased to f1xF 
= 6.3 Hz and f1yF = 5.5 Hz. The modal mass of the hanger is 
calculated to 135 kg. 

y
z

x
z

 
Figure 1. Details of a bridge hanger. 

2 NUMERICAL MODEL OF THE DAMPER 
The initial design of the damper is based on the model 
illustrated in Figure 2. It works as a combination of a tuned 
mass damper and a pendulum damper. The mass consists of 
two steel rings that are suspended in wires and coupled in 
series. The length L is chosen sufficiently long to avoid 
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significant coupling between the upper and lower ring. Each 
ring is also connected to the hanger by horizontal springs and 
dashpots. The upper ring is tuned to the natural frequencies of 
the loaded hanger and the lower ring to the natural frequencies 
of the unloaded hanger. 

During experimental testing, the prototype damper is 
connected to a sliding base and excited using a load shaker. 
The mass mb of the sliding base is lumped to a single point 
and the properties of the load shaker estimated by a stiffness 
kb and damping cb. The rings and the wires are modelled with 
Euler-Bernoulli beam elements. From an eigenvalue analysis, 
the modes in Figure 3 are obtained. The modes show that the 
upper and lower rings are near uncoupled. 

kb

cb

x y

z

rigid links
wire

hanger

upper ring

lower ring

base

base plate mass

mb

L

L
1)

2)

 
Figure 2. FE-model of the bi-MTMD. 

x y

z

a) b) c) d)  
Figure 3. Modes of vibration. 

3 EXPERIMENTAL TESTING 
The prototype of the bi-MTMD is depicted in Figure 4. Each 
steel ring has a mass of 2.3 kg. The wires consists of 2 mm 
nylon strings and has a length L = 110 mm. The mass of the 
base mb = 5.3 kg and from a separate test of only the base and 
the load shaker, a natural frequency of 9 Hz and damping of 
32% is estimated. 

The horizontal connection between the ring and the hanger 
consists of coil springs and blocks of foam material, 
illustrated in Figure 5. The damper is primary tuned by 
modifying the coil springs. The foam is primary used to 
prevent excessive vibrations and to add additional damping, 
but also contributes to the stiffness. 

a2

a1

ab

db

F

L

base

shaker

hanger

x y

z
upper mass

lower mass

 
Figure 4. Prototype damper during load shaker tests. 

steel ring

coil spring
hose clamp

foam

wire support

x y

z

 
Figure 5. Illustration of the components of the bi-MTMD. 

3.1 Setup and instrumentation 
The damper is calibrated under controlled laboratory 
conditions using the setup illustrated in Figure 4. The system 
is instrumented with uni-axial accelerometers a1, a2 and ab. 
The base displacement db is measured with an LVDT and the 
input force F is measured with a load cell. The sensor 
specifications are provided in Table 1. 

Table 1. Sensor specifications. 

sensor: make: range: 
a1 ,a2 Entran EGCS-A2 ±2g 
ab Sensotec 060-F482-02 ±5g 
F Vishay, Model 615 ±50 kg 
db Sangamo DC25 LVDT ±25 mm 

 
The laboratory equipment consists of the following: 
– LDS V455 Electro-dynamic shaker. 
– LDS PA1000L Linear Power Amplifier. 
– Tektronix TDS 210 Oscilloscope. 
– TGA1241 waveform generator. 
– Vishay 7000-32-SM data acquisition system (24 bit). 
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The effective data resolution for the system is about 18 bit, 
corresponding to about 1×10-3 m/s2 for the accelerometers, 
0.4×10-3 mm for the LVDT and 0.2 N for the load cell. The 
performance of the sensors is studied in a separate test, by 
mounting all sensors onto the sliding base and removing the 
damper. The difference in peak acceleration between a1 and a2 
is about 4%. Integrating the acceleration two times give 
similar results as measured with the LVDT and differentiating 
the measured displacement two times give similar results as 
the acceleration. Also, dividing the measured force with the 
known mass of the base results in similar acceleration. 

3.2 Frequency Response Function 
The dynamic characteristics of the damper can be studied by 
the frequency response function (FRF) of the measured 
response. An input load with linearly variable frequency and 
constant amplitude is sent to the load shaker via the 
oscilloscope and the linear power amplifier. A 10 min sweep 
is performed with a 3V input gain and a frequency range from 
2 to 10 Hz and then back to 2 Hz. All results are normalized 
with respect to a unit base displacement. The corresponding 
transfer function is calculated as the time domain response of 
the single sided Fourier transform of the measured base 
displacement. 

The displacement of the damper is estimated based on time 
integration of the corresponding acceleration. The FRF is 
obtained directly from the peaks of the resulting time 
response. A comparison between the FRF obtained from the 
experimental data and the FE-model is presented in Figure 6. 
The natural frequencies 1) to 4) corresponds to the modes a) – 
d) in Figure 3. The resulting dynamic characteristics estimated 
from the experiment are summarized in Table 2. The damping 
is estimated using the Half-Power Bandwidth method. 
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4) experiment
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Figure 6. FRF, comparison between experiment and FE-

model. 

Table 2. Estimated natural frequencies and damping ratio of 
the complete prototype damper, based on a 10 min sine sweep 

load. 

 (Hz)  (%)  (mm)  (N) 
f1x 4.3 ζ1x 5.5 d1x 9.2 F1x 20.4
f1y 3.9 ζ1y 6.5 d1y 7.4 F1y 14.0
f2x 6.6 ζ2x 6.1 d2x 8.4 F2x 35.3
f2y 5.6 ζ2y 7.2 d2y 5.5 F2y 17.2

To study the influence of the foam material, a separate test of 
the damper is performed with the foam removed. The results 
are presented in Table 3. 

Table 3. Estimated natural frequencies and damping ratio of 
the prototype damper without foam material, based on a 

10 min sine sweep load. 

(Hz) (%)  (mm) (N) 
f1x 3.2 ζ1x 2.2 d1x 16.5 F1x 23.9
f1y 3.4 ζ1y 2.4 d1y 15.5 F1y 27.1
f2x 4.9 ζ2x 1.0 d2x 23.1 F2x 49.8
f2y 4.9 ζ2y 1.6 d2y 14.8 F2y 30.7

 
The FE-model is calibrated based on the experimental data, 

with the natural frequency and steady-state displacement as 
the primary objective functions. All calibrated input 
parameters are given in Table 4, both with and without the 
foam material. The foam results in a stiffness increase of 
about a factor of 2 in the x-direction and about 40% in the y-
direction. As illustrated in Figure 5, the foam is only present 
in the x-direction and the increase in the y-direction is mainly 
due to shear. The increase in viscous damping is about a 
factor 2 for both directions of the lower ring, a factor 3 and 4 
for the upper ring in the y- and x-direction correspondingly. 
The large ratio of increase is due to the inherent low damping 
of the setup with only coil springs. 

Table 4. Input parameters for the FE-model of the damper, 
calibrated based on experimental data. 

Complete damper Damper with no foam 
(kN/m) (Ns/m)  (kN/m) (Ns/m) 

k1x 0.75 c1x 3.65 k1x 0.38 c1x 1.60 
k1y 0.61 c1y 4.22 k1y 0.45 c1y 1.81 
k2x 1.70 c2x 5.21 k2x 0.80 c2x 1.25 
k2y 1.14 c2y 6.43 k2y 0.79 c2y 1.91 

3.3 Response to harmonic load blocks 
To simulate the conditions on the bridge, the damper is 
subjected to a harmonic load block. The base displacement is 
about 1.5 mm and the frequency change from 6.3 Hz to 
4.2 Hz, Figure 7. This corresponds to the loaded and unloaded 
hanger conditions. The frequency in Figure 7b is estimated by 
a Short Time Fourier Transform with a 2 second window and 
95% overlap. 

The response of the damper is presented in Figure 8. The 
displacement is estimated by time integration of the measured 
acceleration. As a verification, the integrated base acceleration 
shows good agreement with the measured base displacement 
presented in Figure 7a. The measured base displacement is 
also used as input to the FE-model. 

During loading, the upper ring is first activated, Figure 8a. 
The amplitude of the lower ring is about 2 mm, slightly higher 
than the base displacement of 1.5 mm. During the change in 
frequency, the displacement of the upper ring is rapidly 
attenuated and the lower ring activated. The FE-model is 
shown to reproduce a similar response. 
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Figure 7. Input for harmonic load block, a) base plate 

displacement, b) forced frequency. 
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Figure 8. Damper displacement due to the forced vibrations, 
a) upper ring, b) lower ring. 

4 NUMERICAL MODEL OF THE BRIDGE 
A 3D FE-model of the bridge has been developed, illustrated 
in Figure 9. The properties of the bridge are described in 
detail in [1] and [2]. It is a simply supported tied arch steel 
railway bridge, carrying a single unballasted track. The span 
length is 45 m. The bridge deck consists of main girders, 
secondary stringer beams and cross beams. 

The whole bridge is modelled with 3D Euler-Bernoulli 
beam elements. To simulate the detail depicted in Figure 1, 
the lower end of the hanger is assumed pinned in the 
transverse direction and clamped in the longitudinal direction. 
The upper end of the hanger is assumed pinned in both 
directions. The natural frequencies of FE-model shows good 
agreement with previous field measurements reported in [1]. 

The FE-model of the damper, Figure 2, is assembled into 
hanger 5 in the global FE-model of the bridge, Figure 9. The 
length of hanger 5 is 6.95 m, the upper ring of the damper is 
located at 2.1 m from the lower end of the hanger. This is not 
the most optimal location, but is the same as used during later 
full-scale testing. 

yx

z

main beam
rigid link

hanger

bi-MTMD

arch

 
Figure 9. 3D FE-model of the bridge. 

Passing trains are simulated by moving point loads directly 
onto the stringer beams. The dynamic simulations are 
performed using direct time integration and geometrical 
nonlinearity, to account for the increase in axial force of the 
hangers during train passage. A typical freight train is studied, 
consisting of 19 wagons and an axle load of 225 kN. 
Simulations are performed at different speeds, to investigate 
resonance in different hangers. The resulting displacement of 
hanger 5 when running at 90 km/h is shown in Figure 10. For 
the current speed, resonance is obtained for longitudinal 
bending. The damper is shown effective it mitigating both the 
forced vibrations during the train passage and the following 
free vibrations. 
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Figure 10. Displacement of hanger 5 during train passage,  

from the FE-model. 

The frequency content from the displacement of hanger 5 is 
shown in Figure 11. In the x-direction, the unloaded frequency 
is 4.3 Hz and the loaded frequency 7 Hz. The damper is able 
to mitigate both these frequencies. In the y-direction, the 
unloaded frequency is 3.5 Hz and the loaded frequency 
5.3 Hz. The damper is mainly able to mitigate the unloaded 
frequency and may be slightly detuned for the loaded 
frequency. 
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Figure 11. FFT of the displacement from hanger 5. 

5 FULL-SCALE TESTING 
The performance of the damper was further studied during in-
situ tests on the case study bridge. Measurements of passing 
trains were recorded both with and without the damper 
mounted on the hanger. The installed damper is shown in 
Figure 12. 

 

 
Figure 12. Photo of the installed damper on hanger 5. 

The displacements of hanger 5 during train passages were 
estimated based on measured accelerations. The time response 
is shown in Figure 13. The displacements in the x-direction is 
of similar magnitude as the FE-model, but larger in the y-
direction. One reason may be different train speeds or axle 
distances in the FE-model and the real train. 

A clear tendency of vibration mitigation is found for all 
except the forced vibration in the x-direction. Studying the 
corresponding frequency content in Figure 14, it is found that 
the damper is slightly detuned at that frequency. 
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Figure 13. Displacement of hanger 5 during train passage, 

estimated from measured acceleration. 
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Figure 14. FFT of the displacement from hanger 5. 

6 CONCLUSIONS 
From the development of the bi-MTMD, the following 
conclusions are drawn. 

- The developed damper was found to be relatively 
uncoupled, although the two masses were connected in 
series. 

- A combination of coil springs and foam material was 
used to achieve the target tuning frequencies and 
sufficient damping. The foam contributed to both 
stiffness and damping. 

- Good agreement was obtained when comparing the 
experimental results with the numerical model under 
various loadings. 

- Simulations using a 3D FE-model of the bridge showed 
significant vibration mitigation when implementing the 
damper. 

- In-situ measurements verified that the damper is able to 
mitigate vibrations during both forced and free 
vibrations in two directions simultaneously. It may 
however be rather sensitive to detuning. 
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ABSTRACT: Active Mass Dampers  are mainly employed for the reduction of wind-induced vibrations in high-rise buildings, 
in order to meet appropriate comfort criteria. When such active devices are subjected to seismic events, they can experience 
large amplitude vibrations and exceed stroke limits. This can reduce the performance of the control system or even produce 
damages to the control device as well as to the structural system. In this paper, a non-linear control strategy is proposed for 
handling stroke limits of an Active Mass Driver system. The control force is given by the sum of a linear function of the state of 
the system and  a dissipative force that becomes effective close to the physical limit of the actuator. The skyhook strategy is 
adopted for the linear term while the variable gain term is moduled by a nonlinear coefficient dependent on the relative 
displacement of the AMD. Experimental and numerical free vibration tests are carried out on a scaled-down five-story frame 
structure equipped with an AMD. The proposed non linear control law proved to be effective in reducing the structural response 
and avoiding the stroke limit crossing, at the expense of a small increase of structural displacements and a slight increase of 
structural accelerations.  

KEY WORDS: active structural control, non-linear control strategy, stroke limits, active mass driver, control performance. 

1 INTRODUCTION 
Although active control systems are in principle very effective 
for the mitigation of the structural response, their use in 
practical applications is still limited by some technical 
reasons, among which the physical bounds of the devices. In 
the case of strong earthquakes, the limits of the actuators may 
be exceeded, thus worsening the performance of the 
controlled structure.  

The problem of exceeding the stroke limits is perhaps the 
most important constraint for application of AMD systems to 
actual structures. While the problem of force saturation has 
been deeply studied in the literature [1-10], the problem of the 
stroke limits needs a deeper investigation. Nagashima and 
Shinozaki [11] developed a variable gain feedback (VGF) 
control for buildings equipped with AMD systems. The 
variable feedback gain is a function of a variable representing 
the trade-off between the reduction of the building response 
and the amplitude of the mass stroke, and this variable is on-
line controlled to keep the stroke within its limits. Yamamoto 
and Sone [12], utilized a linearly variable gain proportional to 
an index representing the activity of an AMD, that is a 
function of its stroke displacement, the first modal frequency 
of the controlled building, and the stroke limit of the AMD. 
Within the framework of the State-Dependent Riccati 
equation, Friedland [13] proposed to apply to the system a 
physical constraint modeled by a nonlinear spring which 
provides a state dependent restoring force that is accounted for 
in the controller design. 

The Authors have recently started a research program on 
innovative solutions for structural control [14-17]. In this 
paper a non-linear control strategy is proposed that is capable 
to prevent crossing of the stroke limits of an AMD system. To 
this aim, a skyhook control algorithm is modified by adding to 

the control force a nonlinear term that increases in the vicinity 
of the stroke bounds. To reduce the impulsive effect of this 
additional braking term, the function smoothly varies within 
the fixed boundaries. To demonstrate the effectiveness of the 
proposed approach, experimental tests were carried out on a 
reduced-scale five-story frame structure equipped with the 
AMD and subjected to free vibration tests. The effect of a 
variation in the parameters defining the non-linear control 
force is discussed and the optimal choice of such parameters 
is identified. Numerical analyses are also carried out to 
correctly interpret the experimental results. The effectiveness 
of the proposed control algorithm is compared to that of the 
classical skyhook algorithm highlighting the validity of the 
new approach. 

2 CONTROL SYSTEM DYNAMICS 

2.1 Equations of motion 
A n-story planar frame structure equipped with an Active 
Mass Driver (AMD) system placed on top is considered (Fig. 
1). Horizontal displacements of the stories relative to the 
ground are denoted as qi, i = 1, ..., n, while storey masses and 
stiffnesses are denoted as mi and ki, i = 1, ..., n, respectively. 

The AMD system is composed of a ball screw that converts 
the rotational motion of an electric torsional servomotor into 
the translational motion of a mass ma. The displacement of the 
movable mass relative to the ground is denoted by qa, while 
the rotation of the ball screw is denoted by ϑ .  
The following kinematic relation holds for the AMD:  

 
2

T
a n a

l
q q qϑ

π
= − = −F q  (1) 

where θ is the rotation angle and l is the pitch of the screw,  
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Figure 1. Multistory frame structure with AMD. 

 
[ ]Tnqqq ,,, 21 K=q  and [ ]T1,,0,0 K=F  is the n-dimensional 

collocation vector of the AMD. 
The free response of the system is governed by the following 
equation of motion, readily obtained using Lagrange’s 
equations [14]:  

 
( )
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4 2

T a
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a a
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m l
m

m l m l
J u

ϑ
π
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π π

+ + + = −
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+ = −⎜ ⎟

⎝ ⎠

M FF q Cq Kq F

Fq

&&&& &

&& & &&

 (2) 

where M, C and K are nn ×  mass, damping and system 
matrices of the structure, J is the torsional mass moment of 
inertia of the ball screw and ( )ϑ&Tu  is the torque provided by 
the servomotor for the commanded angular velocity. 

Acting on the movable mass it is possible to regulate the 
inertial force, u, that it is simply given by:  

 a au m q= &&  (3) 

Substituting Eq. (1) into Eq. (3) and integrating in time under 
the assumption of zero initial conditions yields the following 
equation:  

 ( )
0

2 2
d

t

n
a

u q
m l l
π πϑ τ τ= −∫& &  (4) 

which provides the angular velocity to be commanded to the 
motor for providing the desired control force u. 
 

2.2 Non-linear control strategy for handling stroke limits 
The relative displacement, x, of real inertial actuators (in the 
present case na qqx −= ) is limited by a maximum value, 
xmax, corresponding to the physical stroke extension.  

When x reaches the value xmax, an impact occurs with a 
consequent exchange of an impulsive force between the mass 
and the substructure. This can reduce the performance of the 

control system and produce damages to the control device as 
well as to the structural system. 
The control signal regulated by the constant gain controller, 
denoted by u0, is expressed as:  

 ( )0u f x= −  (5) 

where [ ]Tqq,x &=  is the state vector of the system and f is an 
appropriate function. This last is, usually, a linear function 
that can be designed in such a way to guarantee the 
asymptotic stability of the system and to satisfy some optimal 
performance criteria. In order to handle the physical 
limitations imposed on the stroke extension, being impossible 
to act on xmax, it is necessary to gradually stop the actuator 
when x approaches xmax. The easiest way to do it is to 
introduce in Eq. (2) a dissipative force that becomes effective 
close to the physical limit and is nil elsewhere. Such a force 
can be obtained with a derivative term with a variable gain 
GNL moduled by a nonlinear x-dependent coefficient εNL(x) 
comprised between 0 and 1:  

 ( )0 NL NLu u G x xε= − &  (6) 

Eq. (6) is in the following referred to as "NLC algorithm" 
where NLC stands for "Non-Linear Control". 
The simplest function ( )xNLε  is the Heaviside step function 
that assumes a nil value when |x| is less than a fraction k (with 
0 ≤ k ≤ 1) of the stroke limit xmax and a unit value elsewhere. 
However, this function is discontinuous for x = k xmax which 
determines the application of an abrupt brake force requiring a 
very large electrical power. In order to solve this problem it is 
necessary to consider a function which smoothly varies 
between 0 and 1. In particular ( )xNLε  is 1 for max1xkx ≥ , is 

0 for max0 xkx ≤ and for intermediate values is given by the 
following equation:  

 ( ) 2
0 max

1 max 0 max

11 exp 1

1

 NL x
x k x

k x k x

ε

⎛ ⎞
⎜ ⎟

−⎜ ⎟= − +⎜ ⎟−⎛ ⎞⎜ ⎟− ⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠

 (7) 

 
Figure 2. εNL(x) for a particular choice of k0 and k1 (top); εNL(x) 

for various k0 and k1 (centre); derivative of εNL(x) (bottom). 
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It is worth noting that ( )xNLε  given by Eq. (7) is an 
infinitely differentiable function. In particular it does not 
exhibit any discontinuity and its slope is always finite. This 
ensures the gradual application of the brake force and the 
reduction of the associated power. A graphical representation 
of function ( )xNLε  is represented in Fig. 2. It can be shown 
that ( )xNLε  tends in norm in the L2 functional space to the 
Heaviside function when k0 and k1 tend to the same value k.  

It should be noticed that the linearization of Eq. (6) in the 
origin of the state space, here assumed as a fixed equilibrium 
point of the system, coincides with the linearization of Eq. (5). 
Therefore, the asymptotic stability of the closed-loop system 
with control algorithm given by Eq. (6), also ensures the local 
asymptotic stability of the NLC algorithm with ( )xNLε  given 
by Eq. (7). 

A classic skyhook control algorithm is chosen in this work 
for specializing Eq. (6). This strategy results in applying an 
inertial force to the movable mass that is proportional to the 
velocity of the top floor relative to the ground and offers the 
main advantages of being relatively simple to implement and 
resulting in a significant damping effectiveness. 
By regulating u0 through a skyhook control algorithm, Eq. (7) 
is specialized as follows:  

 ( )L n NL NLu G q G x xε= −& &  (8) 

where GL is the constant gain of the skyhook strategy. 
The demand value of the angular velocity corresponding to 

Eq. (8) is obtained by substituting such equation into Eq. (4) 
and by time integration under the assumption of zero initial 
conditions. The following control algorithm is thus obtained 
where integration by parts of the nonlinear term in Eq. (9) has 
been carried out:  

 
( ) 02

t

NL NL
NL NLL n

n
a a a

G xx
G x xG q

q
l m m m

ε τ
επϑ

⎛ ⎞
′⎜ ⎟

⎜ ⎟= − + −
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

∫ &
& &

d

 (9) 

In this work, the integral term appearing in Eq. (9) is 
disregarded under the assumption that it is small compared to 
the term containing ( )xNLε . This is true for k0 sufficiently 
smaller than k1, that is, for a small value of ( )xNLε ′ , also 
because the product between x and nx&  is small compared to x. 
Moreover, nq& and nq  in Eq. (9) are obtained by online 
double and single integrations of acceleration signals, 
respectively. 

3 EXPERIMENTAL SET-UP 
The proposed control strategy was tested in the laboratories of 
the School of Engineering of University of Perugia. A 
physical model of the structure-AMD system was designed 
and constructed. The experimental set-up is made of the 
following components: (i) frame structure; (ii) active mass 
driver; (iii) monitoring sensors; (iv) controller.  

The test structure is a five-story single-bay S 235 steel 
frame, shown in Fig. 3, having a total height of about 1.9 m. 

Each floor is made of 70 x 30 x 2 cm steel plates of about 32.8 
kg weight. The structural configuration consists of the use of 
0.5 x 3 x 34 cm columns for the lowest two stories and 0.4 x 3 
x 34 cm in the remaining ones. The structure is fixed to a 
support table. 

The AMD, installed on the top floor, is shown in Fig. 4. It is 
composed of a 60 cm long ball screw that converts the 
rotational motion of a Kollmorgen AKM33H AC servomotor 
into the translational motion of a 4 kg mass block (the 2.5% of 
the structural mass). The maximum stroke of the small mass is 
± 30 cm, while the ball screw has a diameter of 25 mm and a 
pitch of 25 mm. The whole AMD system, except for its 
control unit (drive of the servomotor), is mounted on an 
aluminum plate designed for the purpose, that also serves as 
top floor of the structure.  

The servomotor is commanded by assigning an angular 
velocity to the servo-drive of the motor which amplifies such 
a signal and provides proportional electric current to the 
motor. An encoder reports the actual status (actual value of 
the angular velocity) of the motor to the servo drive, which 
corrects input current by calculating the deviation between 
commanded and actual status. Because the device actuation is 
imperfect, the demand value of the angular velocity and its 
actual value are in general different. However, if the movable 
mass and the inertia of the screw are small compared to the 
torque capacity of the servomotor and if the command signal 
is not excessively fast, imperfect actuation of the device can 
be neglected and demand and actual values of the angular 
velocity can be considered approximately coincident. 

 
Figure 3. Experimental set-up: overview of the frame system. 
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Based on the obtained results it can be concluded that the 
NLC is effective in reducing the structural response and 
avoiding the stroke limit crossing, at the expense of an almost 
negligible increase in structural displacements and a slight 
increase in structural accelerations. For free response 
vibrations, the increase in power demand with respect to the 
LC case is important only for the first braking peak. 

5 NUMERICAL  TESTS 
Several numerical simulations were performed to better 
interpret the experimental results and further discuss the 
effectiveness of the control strategy.  

Preliminarily, a numerical model was built and tuned to the 
free vibration response of the uncontrolled system. A modal 
identification allowed to obtain an accurate numerical model 
of the system, considered as a shear-type structure having 5 
degrees of freedom. The signals provided by 5 accelerometers 
located on the floors, recorded with a sampling frequency of 1 
kHz and a total duration of 1 hour, were used for modal 
identification. The structural response signals were acquired 
with excitation provided by microtremors in the laboratory. 
The Frequency Domain Decomposition (FDD) was used to 
perform the modal identification after decimation of the 
measured time history signals to 50 Hz and using a frequency 
resolution to compute the power spectral density matrix of the 
measurements equal to 0.0122 Hz. The results of modal 
identification are summarized in Table 3. After identifying the 
dynamic characteristics of the physical system, a model tuning 
was performed to obtain the masses and stiffness coefficients 
of the frame to be adopted in the numerical model, as detailed 
in [14]. In Table 4 are reported the updated floors’ stiffness 
and mass coefficients. 

In Table 3 are also reported the modal damping ratios 
obtained by analyzing the envelopes of the free decay 
responses of the structural modes. In Fig. 8 is shown the free 
vibration response of the uncontrolled structure and the 
estimated decay envelopes for the first mode. Single mode 
responses are obtained by harmonically exciting the structure 
with the AMD working as a shaker providing excitation in 
resonance with a specific mode. As the modal damping ratios 
vary slightly with the amplitude of vibration, their values are 
estimated in intermediate ranges of the response. 

The experimental tests were reproduced numerically 
applying at the top of the structure a sinusoidal inertial force 
corresponding to the acceleration of the AMD. Fig. 9 shows 
the comparison between numerical and experimental AMD 
displacements for both LC (GL = 150) and NLC strategies 
(GNL = 150, k0 = 0.2, k1 = 0.8). The comparison is limited to 
the controlled part of the response. The experimental and 
numerical results are very close to each other. The smaller 
AMD displacement obtained with the NLC is due to the fact 
that the numerical model does not consider the imperfect 
actuation of the physical system.     

Also the comparison between the numerical and 
experimental top floor displacements, shown in Fig. 10, shows 
a good correspondence. 

Fig. 11 reports the comparison between the numerically 
predicted control force obtained with LC and NLC strategies. 
The NLC algorithm leads to an important increase in the 
control force at the beginning of the actuation. 

 

 
Figure 8. Free vibration responses of uncontrolled structure 
and estimated decay envelopes for the 1st mode (top) and the 

second mode (bottom). 

Table 3. Identified modal characteristics of the system. 

Mode Natural frequency  
(Hz) 

Modal damping 
ratio (%) 

1 1.76 0.3 
2 4.92 0.4 
3 7.34 1.1 
4 9.62 1.2 
5 12.15 1.3 

 

Table 4. Parameters of the updated numerical model. 

Story kopt 
(N/m) 

mopt 
(kg) 

1 17286 31.93 
2 16404 32.19 
3 8619 31.92 
4 8698 32.33 
5 8959 28.55 
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It is clear from the results that, being equal the gain GNL, the 
braking performance is reduced with the increase of the 
coefficient k0. The indices J2, J3 and J4 are equal to 1 for all 
analyzed cases, meaning that, at the first peak, the LC and 
NLC algorithms provide the same structural response. The 
values assumed by the J6 index suggest that the difference 
between the control force yielded by NLC and LC strategies 
increases as k0 increases. The discrepancy between the results 
reported in Tables 2 and 4 can be ascribed to the imperfect 
experimental actuation and the small differences between the 
physical and numerical models.           

6 CONCLUSIONS 
In this paper, a non-linear control strategy based on a 
modified direct velocity feedback algorithm is proposed for 
handling stroke limits of an AMD system. In particular, a non-
linear braking term proportional to the relative AMD velocity 
is included in the control algorithm in order to slowdown the 
device in the proximity of the stroke limits.  

Experimental and numerical tests were carried out on a 
scaled-down five-story building equipped with an AMD under 
free vibrations. 

The proposed non linear control law proved to be effective 
in reducing the structural response and avoiding the stroke 
limit crossing, at the expense of a small increase of structural 
displacements and a slight increase of structural accelerations.  

The growth in power demand with respect to the linear case 
is important only for the first braking peak and the possible 
force saturation does not interfere significantly with the 
control performance. The parametric analysis showed that an 
increase of the ratio (k1/k0) between the parameters defining 
the nonlinear restoring force results in an improved 
performance in terms of braking efficacy. On the contrary, the 
same braking efficacy can be obtained with a lower k1/k0 ratio 
and a higher gain GNL, at the expense of an increase in the 
structural response, especially in terms of accelerations. The 
optimal choice of the k1/k0 ratio should be obtained as a 
compromise between the need of limiting the power demand 
and that of limiting the structural response 
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ABSTRACT: In this paper, a linear active mass damper is proposed and developed to reduce vibration of long-span bridges 
subjected to wind loads. The system was designed and built for a scaled bridge deck model. Laser sensors measure the dynamic 
response of the bridge deck model subjected to wind loads, and the linear active mass dampers control vibration in the vertical 
direction and rotation using the measured data. Linear Quadratic Gaussian (LQG) algorithm determines the controlling force of 
the dampers using the collected bridge deck response data. Wind tunnel tests were carried out to evaluate the performance of the 
linear active mass damper system. Test variables consisted of the natural frequency of the bridge deck, moving mass of the 
linear active mass damper, effective damping ratio of the damper, number of dampers activated, and wind load condition. Test 
results showed that the linear active mass damper system was able to control wind-induced torsional rotation and vertical 
displacement with high efficiency. 

KEY WORDS: Active Mass Damper; Bridge; Wind Tunnel Test. 

1 INTRUDCTION 
Long-span bridges are vulnerable to vibration when subjected 
to wind loads. Wind induced vibration may lead to instability 
and may result in severe damage of the structure. Therefore, it 
is important to reduce wind induced vibration.  

In this study, a linear active mass damper (AMD) is 
proposed and developed to reduce vibrations of long-span 
bridges when subjected to wind loads. Performance evaluation 
of the active mass system was carried out for a scaled model 
wind tunnel test. The active mass damper system was 
designed to control vibration in two-degrees-of-freedom 
(vertical displacement and rotation) of the bridge model. 
Furthermore, the active mass damper system was designed to 
control vortex-induced vibration and buffeting vibration. 

2 ACTIVE MASS DAMPER 

2.1 Algorithm 

Linear Quadratic Gaussian (LQG) algorithm was used to 
determine the controlling force of the active mass dampers 
from the collected displacement response data of the bridge 
deck [1], [2]. The LQG algorithm is composed of Linear 
Quadratic Regulator (LQR) algorithm to determine the control 
force and Kalman filter to determine the state variables [1].  

2.2 AMD System 

The AMD system consisted of four AMD devices to produce 
control force for vibration reduction, eight laser sensors for 
displacement measurements, and a computer to determine the 
control force for the AMD devices and collect the laser 
displacement data. The AMD device was designed and 
manufactured based on numerical simulation of a scaled 
model test to control vertical and rotational vibration when 
subject to wind load. The device consisted of a servo motor, 
LM guide, moving mass, motor driver, and limit sensors, as 

show in Figure 1. The moving mass of the AMD device had a 
maximum moving distance of ±45mm and maximum speed of 
600mm/s. Limit sensors were installed to limit the maximum 
range of the moving mass. The moving mass of the AMD 
device was changeable to 75g to 300g. The device was 
designed to control vibration of the test model within the 
frequency range of 1Hz to 4Hz.  

The AMD system collects laser displacement sensor 
measurements to determine the response of the test bridge 
model. Then, optimal vibration control force is determined 
with the collected displacement data based on the LQR 
algorithm by the computer. The computer outputs control 
signals to the motor controller to generate rotational 
movement of the motor; the motor rotational movement is 
converted to linear displacement through the LM guide. The 
linear moving mass reduces the bridge vibration in the vertical 
and rotational direction. Figure 2 shows the conceptual 
diagram of the AMD system.  

 

 
Figure 1. Linear AMD device. 

Performance evaluation of linear active mass damper for bridges 
through wind tunnel test 
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Figure 2. Conceptual diagram of AMD system. 

3 WIND TUNNEL TEST 

3.1 Test Setup 

The wind tunnel test was carried out at Daewoo Institute of 
Construction Technology. The wind tunnel laboratory is a 
boundary layer circuit type wind tunnel with a test area 
dimension of 3m x 2m x 20m (width x height x length) and a 
maximum wind speed capacity of 30m/s. 

Two 1:60 scaled bridge section models were tested to 
evaluate the performance of the AMD system. H-section, a 
bluff body section, was used to introduce vortex-induced 
vibration, and a prototype section model, a typical wind-
resistant design section, was used for comparison, as shown in 
Figure 3. Another variable for the test was the spring stiffness; 
the natural frequency of the model was varied by changing the 
spring stiffness. Two types of wind condition were tested: 
uniform wind flow and turbulent wind flow. The section 
model was attached to a spring support system (Figure 4 and 
Figure 5), and a grid was installed to replicate turbulent wind 
flow, as shown in Figure 6 and Figure 7. The AMD system 
(consisted of four AMD devices) was installed at both ends of 
the section model, as show in Figure 8. The moving mass of 
the AMD device was varied, and the number of activated 
AMD device was varied to evaluate the effectiveness of the 
AMD system (Figure 4 and Figure 5).  Furthermore, the 
effective damping ratio of the AMD system was varied to 
evaluate the efficiency of the system. Table 1 shows the test 
matrix that was conducted in the wind tunnel.  

Four laser displacement sensors were installed to the test 
setup to measure the vertical displacement and rotation of the 
test model, and additional four laser displacement sensors 
were installed to measure the displacement of the moving 
mass of the AMD devices. The laser displacement sensors 
recorded data at 100 samples per second and had a resolution 
of 0.05mm.   

67
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Figure 3. Test model dimensions. 
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Figure 4. Test setup with two AMD devices. 
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Figure 5. Test setup with four AMD devices.  

 
Figure 6. Uniform wind flow setup. 
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Figure 7. Turbulent wind flow setup. 

 
Figure 8.AMD system installed on section model. 

Table 1. Test matrix. 

Test 
No. Model Spring 

Stiffness 
Wind 
Flow 

AMD 
moving 

mass 
Note 

1 

H-section 

K1 

Uniform 

0g  
2 4x 75g  
3 4x150g  
4 2x150g  
5 2x300g  
6 

Turbulent 

0g  
7 4x 75g  
8 4x150g  
9 2x150g  

10 2x300g  
11 

Uniform 4x150g 

ζ1 
12 ζ2 
13 ζ3 
14 ζ4 
15 ζ5 
16 

K2 Uniform 

0g  
17 

4x150g 

ζ1 
18 ζ2 
19 ζ3 
20 ζ4 
21 ζ5 
22 ζ6 
23 

Prototype K1 
Uniform 0g  

24 4x150g  
25 Turbulent 0g  
26 4x150g  

3.2 Test Results 

Prior to the wind tunnel test, free vibration test was carried out 
to determine the dynamic properties of the test model and to 
determine the effective damping ratio of the AMD system.  
Figure 9 and Figure 10 shows the test results of a free 
vibration test for the vertical displacement and rotation, 
respectively. Table 2 and Table 3 shows the dynamic 
properties of the test model determined based on the free 
vibration tests. Table 4 compares the damping ratio of the H-
section test model with various AMD setting. Table 5 shows 
the damping ratio from free vibration test results of Test No. 
11 through Test No. 22. Table 6 shows the comparison of 
damping ratio of the prototype test model with the AMD 
system activated and deactivated.  

The effective damping ratio was calculated based on the 
vertical displacement between 2mm to 10mm and rotation 
between 0.2º to 1.0º. The following equation was used to 
calculate the effective damping ratio: 

 
ji

i

u

u

j +

= ln
2

1
π

ζ  (1) 

where j is the number of cycles, ui is ith the displacement, and 
ui+j is the i+jth displacement.  
 

 
Figure 9. Free vibration test results of vertical displacement. 

 
Figure 10. Free vibration test results of rotation.  

Table 2. Model dynamic properties in the vertical direction.  

Model Spring 
Stiffness 

Natural 
Frequency (Hz) 

Damping Ratio 
(%) 

H-section K1 1.8840 0.43 
K2 2.6855 0.30 

Prototype K1 1.9043 0.44 

Table 3. Model dynamic properties in the rotational direction. 

Model Spring 
Stiffness 

Natural 
Frequency (Hz) 

Damping Ratio 
(%) 

H-section K1 2.4536 0.49 
K2 3.4566 0.17 

Prototype K1 2.5269 0.44 
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Table 4. Damping ratio comparison for Test No. 1 to 10. 

Setup 
Damping Ratio (%) 

Vertical 
Direction 

Rotational 
Direction 

AMD off 0.43 0.49 
AMD 4x  75g 2.87 3.53 
AMD 4x150g 2.70 4.45 
AMD 2x150g 1.99 3.11 
AMD 2x300g 1.96 2.26 

Table 5. Damping ratio for Test No. 11 to 22. 

Test No. Spring 
Stiffness 

Damping Ratio (%) 
Vertical 

Direction 
Rotational 
Direction 

11 

K1 

0.56 0.70 
12 0.94 1.31 
13 1.55 2.47 
14 2.07 3.35 
15 3.06 4.86 
16 

K2 

0.30 0.17 
17 0.58 0.53 
18 0.92 1.16 
19 1.57 2.15 
20 2.05 3.14 
21 2.73 3.96 
22 2.969 4.69 

Table 6. Damping ratio comparison for Test No. 23 to 26. 

Setup 
Damping Ratio (%) 

Vertical 
Direction 

Rotational 
Direction 

AMD off 0.44 0.41 
AMD 4x150g 2.73 4.36 

 
Figure 11 and Figure 12 shows the root mean square (RMS) 

wind tunnel test results in the vertical direction and rotation, 
respectively. The AMD system was able to reduce vibration 
for all four setups. Figure 13 compares time history response 
at the peak RMS (vortex-induced vibration). The AMD 
system was able to reduce vibration in the vertical direction 
by more than 50%. Figure 14 and Figure 15 shows the time 
history response comparison at peak RMS, and it is shown 
that the AMD system was able to reduce vibration by more 
than 90%.       

Figure 16 and Figure 17 shows wind tunnel test results for 
turbulent wind flow condition, and Figure 18 and Figure 19 
shows the comparison of peak RMS in the vertical direction 
and rotation, respectively. The AMD system was able to 
reduce vibration in the vertical direction more effectively than 
when the model was subjected to uniform wind load 
conditions. However, vibration reduction effectiveness of the 
AMD system was less in turbulent wind flow conditions than 
uniform wind load conditions.   

Figure 20 and Figure 21 shows the wind tunnel test results 
of the AMD system with various effective damping ratios. 
Both vertical direction and rotation showed effective vibration 
reduction. Furthermore, as the effective damping ratio of the 
AMD system was increased the vibration reduction 
effectiveness increased.  

Figure 22 and Figure 23 shows the wind tunnel test results 
for Test No. 16 to 22. The natural frequency of the model was 
increased by approximately 1Hz, and the AMD system was 
able to reduce wind-induced vibration both in the vertical 
direction and rotation.   

Figure 24 and Figure 25 shows wind tunnel test results of 
the prototype test model when subjected to uniform wind load 
condition, and Figure 26 and Figure 27 shows test results at 
peak RMS in the vertical direction and rotation, respectively. 
The AMD system was able to effectively control buffeting 
vibration in both vertical direction and rotation simultaneously. 

Wind tunnel test results of the prototype test model when 
subjected to turbulent wind flow conditions are shown in 
Figure 28 and Figure 29. The AMD system was able to reduce 
buffeting vibration in the vertical direction and rotation 
simultaneously, as shown in Figure 30 and Figure 31. 
However, the effectiveness of the AMD system decreased 
when the prototype test model was subjected to turbulent wind 
flow.  
 

 
Figure 11. Wind tunnel test results of vertical displacement 

for Test No. 1 to 5. 

 
Figure 12. Wind tunnel test results of rotation for Test No. 1 

to 5. 

 
Figure 13. Test No. 1 and 3 peak RMS comparison of vortex-

induced vertical vibration. 
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Figure 14. Test No. 1 and 3 peak comparison of vortex-

induced rotational vibration. 

 
Figure 15. Test No. 1 and 3 peak comparison of buffeting 

rotational vibration. 

 
Figure 16. Wind tunnel test results of vertical displacement 

for Test No. 6 to 10. 

 
Figure 17. Wind tunnel test results of rotation for Test No. 6 

to 10. 

 
Figure 18. Test No. 6 and 8 peak comparison of vortex-

induced vertical vibration. 

 
Figure 19. Test No. 6 and 8 peak comparison of buffeting 

rotational vibration. 

 
Figure 20. Wind tunnel test results of vertical displacement 

for Test No. 11 to 15. 

 
Figure 21. Wind tunnel test results of rotation for Test No. 11 

to 15. 

 
Figure 22. Wind tunnel test results of vertical displacement 

for Test No. 16 to 22. 

 
Figure 23. Wind tunnel test results of rotation for Test No. 16 

to 22. 
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Figure 24. Wind tunnel test results of vertical displacement 

for Test No. 23 and 24. 

 
Figure 25. Wind tunnel test results of rotation for Test No. 23 

and 24. 

 
Figure 26. Test No. 23 and 24 peak comparison of buffeting 

vertical vibration. 

 
Figure 27. Test No. 23 and 24 peak comparison of buffeting 

rotational vibration. 

 
Figure 28. Wind tunnel test results of vertical displacement 

for Test No. 25 and 26. 

 
Figure 29. Wind tunnel test results of rotation for Test No. 25 

and 26. 

 
Figure 30. Test No. 25 and 26 peak comparison of buffeting 

vertical vibration. 

 
Figure 31. Test No. 25 and 26 peak comparison of buffeting 

rotational vibration. 

4 CONCLUSION 
A linear active mass damper system to control wind induced 
vibration of long-span bridges was investigated. A scaled 
model test was test in the wind tunnel to evaluate the 
performance of the AMD system. The result of the experiment 
showed that the AMD system was able to control vortex-
induced vibration and buffeting vibration with high efficiency 
for vertical displacement and rotation. 
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ABSTRACT: Proof-mass actuators are highly advantageous for active control of structures, due to their large force-to-weight 

ratio and their ability to provide inertia without a ground reference. These devices comprise a proof-mass suspended in a 

magnetic field that is accelerated by an input voltage, in order to provide a reaction force on the actuator casing and the structure 

itself. However, if the input voltage is large, the proof-mass will hit the end-stops, thereby imparting large shocks to the 

structure that may destabilise the closed-loop system.  

To ensure that the closed-loop system is asymptotically stable, a control law that counteracts the destabilising effects of 

stroke saturation must be designed. First, a numerical study is conduced, where a dynamic model of a Micromega IA-01 proof-

mass actuator is coupled to a flexible structure in a collocated pure-gain velocity-feedback closed-loop configuration. Using 

Lyapunov’s direct method, it is shown that stroke saturation greatly reduces the closed-loop stability margin, due to large 

increases in the kinetic energy as the proof-mass moves from one end stop to the other. Finally, an alternative on-off feedback 

control strategy is briefly investigated, and its merits and drawbacks are discussed.  

 

KEY WORDS: Active control, proof-mass actuator, Lyapunov stability. 

1 INTRODUCTION 

The ever-increasing demand for smart, flexible structures in 

recent times has necessitated the use of active control as a 

means of damage detection and limiting structural vibration. 

Passive control methods typically add mass to the structure, 

which conflicts with the requirements for lightness and 

flexibility, and is not usually effective at low frequencies. In 

order to apply active control to a structure, its velocity or 

displacement is fed back to a collocated actuator to generate a 

control force, such that the effective stiffness or damping of 

the closed-loop system is increased in relation to the open-

loop system [1].  

Proof-mass actuators, which generate a control force by 

means of accelerating an inertial mass in response to an input 

voltage, are highly advantageous for this purpose, due to their 

ability to provide a large inertial force without a ground 

reference [2]. However, one significant drawback of these 

actuators is that the displacement of the proof-mass is limited 

by the actuator stroke length; therefore, if the input voltage is 

large, the proof-mass will collide with the end stops and the 

displacement amplitude is saturated [3]. This phenomenon is 

known as stroke saturation.   

In general, stroke saturation is detrimental to the 

performance of the closed-loop system, for a number of 

reasons. Firstly, large impulses are generated from the 

collisions of the proof-mass and the end stops, which are 

transmitted to the structure and may result in damage. 

Secondly, it limits the effect of active control. Thirdly, it has 

been observed experimentally that stoke saturation can 

destabilise the closed-loop system [4]. This is problematic for 

systems that are frequently subjected to large disturbances, 

such as seismic excitation, and so it is desirable that the 

closed-loop system remains stable for large inputs [5]. 

Furthermore, destabilization is particularly severe in MIMO 

systems that utilise multiple actuators, since instability in one 

loop will induce instability in the other loops [6] 

In this study, the stability of a nonlinear proof-mass actuator 

coupled to a linear structure in a two-degree-of-freedom 

closed-loop configuration is investigated. Recently, 

Wilmshurst et al. [7] modelled a proof-mass actuator [8] using 

a lumped parameter system, based on experimental 

measurements and previous work by Baumann and Elliott [4]. 

It was found that a piecewise linear stiffness model was able 

to reasonably emulate the dynamics of a stoke-saturated 

actuator, which were obtained using experimental 

measurements. Section 2 covers the theoretical aspects of the 

study, and shows that the closed-loop system exhibits limit-

cycle oscillations, even if the Nyquist gain and phase margins 

are not exceeded. Section 3 describes the application of 

Lyapunov’s direct method to the nonlinear system, where it is 

found that the instabilities can be related to a sequence of 

events that results in a large increase in the kinetic energy of 

the proof-mass as it moves from one end stop to the other. 

Section 4 briefly investigates the effect of on-off feedback 

control on the overall closed-loop stability. Conclusions and 

future work are stated in Section 5.  

2 THEORY  

The general state-space equation for the nonlinear actuator 

dynamics is,  

    pfBf(x)x       (1) 
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where 
T

pp ]x x [x  is the actuator displacement and 

velocity respectively, f(x)  represents the nonlinear system 

equations, B is the input matrix and pf is the primary input 

signal. The linear piecewise model obtained in [7] can be 

written as,  
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Here, pm  is the mass of the internal proof-mass, pk and 

pc  are the stiffness and damping terms of the actuator 

suspension, satk  is the equivalent stiffness associated with 

stroke saturation, d is the stroke length, and g is the actuator 

gain. By incorporating this model in the actuator-structure 

configuration, as shown in Figure 1, the closed-loop system 

dynamics can be described using, 

 sp ff sp BBf(x)x   (4) 

where  ]x  x  x  x  T
ppss

[x  represents the respective  

displacements and velocities of the structure and actuator, 

f(x)  is a vector of nonlinear equations that describes the 

open-loop dynamics, sp BB ,  are the input and control 

matrices respectively, and sp f,f are the input force and 

control signal respectively.  

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Actuator-structure configuration. 

From Figure 1, the closed-loop dynamics can be written as, 
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where ss c,k are the stiffness and damping coefficients of the 

structure, )(xk tottot is the total nonlinear stiffness of the 

proof-mass suspension, and sprel xxx   is the relative 

displacement between the proof-mass and the structural mass. 

Since the output structural velocity sx   is fed back to the 

system, the control signal sf  is,  

                   0100 ,hf             s  vv C    xC (6) 

where h is the feedback control gain. By incorporating the 

control force into f(x) , a new set of nonlinear equations g(x) 

is obtained that describes the closed-loop dynamics,   

             pfpBg(x)x                                   (7) 

where 
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  g(x)   (8) 

vc  being hps cc  . By comparing Eq. (8) with Eq. (5), it 

is apparent that the control signal has the effect of increasing 

the damping of the structure whilst increasing the effective 

negative damping of the proof-mass. The result is that the 

structural vibration will decrease at the expense of the proof-

mass vibration, which may destabilize the closed-loop system 

if the control gain is too large.  

Provided that the relative displacement is small 

( d  x rel  ), the open-loop dynamics can be described using 

the second-order realization, 

                                 fKqqCqM                           (9) 
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The nonlinear state equations f(x)can then be linearized 

to Ax , where,  
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By setting u to zero and using the control signal v as the 

input, the open-loop input-output transfer function ω)(Gs j is 

obtained by applying Eq. (11) to Eq. (4) and taking the 

Fourier transform, 

                          vv BAIC
-1

s )-ω(ω)(G jj                    (12) 

To assess the stability of the linearized closed-loop system, 

the Nyquist plot ω)(hG- s j is shown in Figure 2 using the 

parameters in Table 1 and a control gain 20h  . Here, it is 

apparent that the system is conditionally stable at 9.8 Hz; 

increasing the control gain will eventually result in the locus 

encircling the (-1, 0) point, thereby destabilizing the closed-

loop system. This particular frequency corresponds to the 

peak resonance frequency of the actuator when attached to the 

flexible structure. 

 

Table 1. Parameter values. 

 

Parameter Value 

sm  0.05 kg 

sc  0.32 Ns/m 

sk  5000 N/m 

pm  0.032 kg 

pc  1.3 Ns/m 

pk  124 N/m 

satk  1.3 x 106 N/m 

d  1 mm 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Nyquist plot of the linearized system.  

The maximum stable feedback gain sh of the closed-loop 

system is obtained from the Nyquist plot as, 

                                 168
1186.0

20
h s                             (13) 

Thus, the linearized system is stable if shh  . This gain 

margin is relatively large, and so it should be possible to 

implement a reasonable increase in the effective structural 

damping that is well within the stability limits.  

However, if the relative displacement between the proof-

mass and the structural mass is sufficiently large, the actuator 

becomes stroke-saturated, and shh  is no longer a sufficient 

condition for global closed-loop stability. This is apparent 

from the presence of limit-cycle oscillations observed in the 

closed-loop dynamics, even if h is well below the linear 

stability threshold sh . As an example, the absolute and 

relative displacement-time histories of the structural mass and 

proof-mass, as specified in Table 1, are simulated using 

MATLAB’s ode45 solver, as shown in Figure 3. The 

structural mass is excited by a 20 N impulse, with a duration 

of 5 milliseconds, and the control gain is 10h  . Here, it can 

be seen that the closed-loop system is unstable, and that the 

relative displacement enters a limit-cycle oscillation.  

 
Figure 3. Time series depicting the displacement responses 

of the proof-mass and the structure. 

 

A crude indication of the nonlinear relative closed-loop 

stability is obtained by approximating the state matrix A  for 

a given state vector as follows,  
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0gh
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         )xd/1(   x,xkk)x,x(k relsatsatsatppstot   (15) 

The eigenvalues of )  A(x, h , denoted as )h,x(λ reli , are 

then ascertained over different values of relx and h, and the 

real part is analysed to ensure that the stability criterion 

0)}h,x(Re{λ reli  is satisfied. An illustration of these 

eigenvalues, as shown in Figure 4, reveals that the real part 

increases abruptly once the stroke limit d is exceeded. This 

phenomenon becomes more pronounced as h increases, such 

that the real part of the eigenvalues becomes positive around 

the stroke limit for control gains as small as small as 10h  . 

In this case, the closed-loop system may become unstable and 

enter a limit-cycle oscillation, as illustrated in Figure 3. 

 

 
Figure 4. Real part of eigenvalues iλ against relx and h. 

 

Clearly, stroke saturation is highly detrimental to the 

closed-loop stability margin, which is reduced by an 

approximate factor of 17.    

 

3 LYAPUNOV ENERGY ANALYSIS 

In order to minimize the effect of stroke saturation on the 

closed-loop stability margin, it is necessary to consider the 

underlying physical behaviour of the system, such that an 

appropriate control law can be devised. For this purpose, we 

utilize Lyapunov’s direct method [9] to assess the closed-loop 

stability and to identify the physical causes of destabilization. 

Here, the total mechanical energy E is chosen as the basis of 

the Lyapunov function (x)V  to provide physical intuition. 

The total mechanical energy is the sum of the structural 

kinetic energy sT , the proof-mass kinetic energy pT , and the 

total potential energy U . From Eq. (4), the appropriate 

expressions for these terms are, 
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The Lyapunov function is then defined in the quadratic 

format Px,x(x)
TV  where, 
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For local asymptotic stability to be assured, the Lyapunov 

function must satisfy LaSalle’s invariance principle [10], 

which can be summarised by the following conditions, 

(1) 0V (x)  if and only if 0x   

(2) 0V (x)  for set ,:S
n

x 0x    

(3) 0V (x)  if and only if 0x  

(4) 0V (x)  for set ,:S
n

x 0x    

First, we consider the local stability of the linear region of 

the closed-loop system, with set d}x,:S rel  x{x . Here, 

it is apparent that the set satisfies conditions (1) and (2), since 

P is positive-definite. The Lie derivative of the Lyapunov 

function can be expressed as, 

                                   qCq h
T

-(x)  V                                (20) 

which clearly satisfies condition (3). For condition (4) to be 

satisfied, hC should be a positive-definite matrix, which is 

true for the open loop. However, it is apparent from Eq. (15) 

that the feedback control disrupts the symmetry of hC , and so 

it is necessary to utilize Cholesky decomposition to determine 

the positive-definiteness of hC . Here, hC is expressed by a 

lower triangular matrix cL  that satisfies 
T

cch LLC  . 

Provided that the diagonal terms of cL are non-negative, then  

hC is positive-definite and Eq. (20) satisfies conditions (3) 

and (4). These diagonal terms are plotted against the feedback 

control gain in Figure 5. Surprisingly, one of the diagonal 

terms becomes negative at 0.89h  , which implies that the 

closed-loop system becomes unstable when 0.89h  . This 

result is inconsistent with the gain margin stated in Eq. (13), 

where h must exceed 168 for instability to occur.  

The reason for this discrepancy is that the total mechanical 

energy of the system can increase with time without inducing   
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Figure 5. Diagonal terms of cL against h. 

 

closed-loop destabilization. This is illustrated in Figure 6, 

where the total closed-loop energy is shown against time, with 

an impulse excitation of 20 N and a control gain 

.20h  Here, it is apparent that whilst the total energy decays 

asymptotically towards zero, the feedback control is sufficient 

to increase the total energy at certain times. It is believed that 

these regions of potential instability are caused by a large 

increase in the kinetic energy of the proof-mass as it moves 

from one side of the stroke to the other, since the feedback 

control amplifies the proof-mass vibrations.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6: Total energy of the closed-loop system against time. 

Although the total energy decays asymptotically to zero, the 

feedback control increases the energy at certain times. 

 

It is evident from this analysis that although the total 

mechanical energy is useful for revealing the underlying 

physics of the actuator-structure system, it is not a suitable 

Lyapunov function for assessing closed-loop stability. To 

overcome this problem, an alternative form of the Lyapunov 

function is sought. First, the Lie derivative of the Lyapunov 

function is defined in the more generalized form,  

                                    Qx
T

x(x) V                                 (21) 

such that (x)V is dependent on x  rather than q . The matrix 

Q  is related to P  via the Lyapunov equation, 

                                 QPAPA
T                               (22) 

It should be noted that this formularization is only valid 

within the linear regime of the actuator. In this case, Q  is 

specified as the identity matrix I  and P is obtained from Eq. 

(22). Since the Lyapunov function is quadratic and Q  is 

negative-definite, conditions (1), (3) and (4) are satisfied. 

Therefore, if the P matrix is positive-definite, then condition 

(2) is satisfied and the closed-loop system is asymptotically 

stable. This is assessed by obtaining the eigenvalues of P and 

establishing the real part is negative. An illustration of the 

eigenvalues against the feedback control gain, as shown in 

Figure 6, indicates that P is positive-definite up to 168h  , 

which is consistent with Eq. (13). 

 

 
Figure 7: Eigenvalues of P against h. 

 

Now that it has been established that the closed-loop system 

is locally stable if 168,h  the global closed-loop stability is 

assessed, with no restrictions on x.  Here, the effects of stroke 

saturation are accounted for using the general Lyapunov 

function in Eq. (19). The Lie derivative is specified in Eq. 

(20), such that the regions of potential instability observed in 

Figure 5 remain present. However, whilst the regions of 

potential instability are not sufficient to destabilize the closed-

loop system in the linear regime, they have a significant effect 

whenever stroke saturation occurs. This is apparent in Figure 

8, which illustrates the total mechanical energy of the closed-

loop system, accounting for stroke saturation. In this case, the 

total energy increases over time, resulting in a limit-cycle 

oscillation.      

To further investigate the underlying physics of the 

actuator-structure configuration, the energy curve shown in 

Figure 8 is sub-divided into the energy groups defined in Eqs. 

(16-18). By analysing these individual contributions, as shown 

in Figure 8, it is evident that there are several features of 

interest. Firstly, the stroke saturation phenomenon has the 

initial effect of reducing the total energy of the system, which 

is mostly transferred as kinetic energy to the structural mass. 

Secondly, the total potential energy rises to a maximum once 

the impulses associated with stroke saturation have decayed. 

Thirdly, the increase in the total energy E can be attributed to 

the kinetic energy of the proof-mass, as with the linear case. 

Therefore, we can determine from this analysis that stroke 

saturation destabilizes the closed-loop system by accentuating  
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Figure 8. Total energy of the closed-loop system, in 

response to a 20 N impulse. The control gain is 20h  . 

 

 
Figure 9. Contributions of proof-mass kinetic energy 

pT structural energy ,Ts and potential energy U to the total 

energy E  in Figure 8 over a restricted period of time. The 

arrows show the times of stroke saturation. 

 

potential instabilities that are already present in the underlying 

linear system. Furthermore, instability only occurs once the 

proof-mass has undergone stroke saturation, as indicted by the 

arrows in Figure 9, and, with the aid of the control signal, 

moves rapidly from one end stop to the other.  This needs to 

be taken into account when considering a control strategy, 

which is discussed in the next section.  

In order to establish a link between stroke saturation and the 

accentuation of the instability regions, it is necessary to 

examine the total potential energy of the closed-loop system. 

Since stroke saturation is modelled as a series of viscoelastic 

collisions, the maximum potential energy during each cycle is 

greater than that of the underlying linear system, as 

demonstrated in Figure 10.  

In addition, Figure 9 shows that the potential energy is 

converted into the kinetic energy of the proof-mass once the 

collisions have subsided. Therefore, the increased levels of 

potential energy due to stroke saturation results in the 

accentuation of the instability regions caused by the kinetic 

energy of the proof-mass, in conjunction with the feedback 

control. This describes the sequence of events that lead to the 

destabilization of the closed-loop system. 

 

 
Figure 10. Potential energy of the open-loop system, with 

and without stroke saturation. 

By considering other common types of actuator 

nonlinearities, such as an amplitude-dependent suspension 

stiffness, it can be seen that the issue of destabilization is not 

limited to stroke saturation; any type of hardening 

nonlinearity that increases the potential energy is capable of 

inducing instability in the closed-loop system. Therefore, 

these findings confirm that weak nonlinearities in a dynamic 

system have the potential to detrimentally affect the stability 

margin of the closed-loop system, and can invalidate the 

predictions made using linear Nyquist theory. 

4 CONTROL STRATEGY SIMULATIONS  

From the analysis of the previous section, it is apparent that 

stroke saturation, in conjunction with the feedback control, 

destabilizes the closed-loop system by increasing the potential 

energy, which in turn increases the kinetic energy of the proof 

mass. Since the open-loop system is globally asymptotically 

stable, one of the simplest possible control strategies, in 

principle, is to switch off the feedback control at critical 

moments in each cycle, such that the increase in pT is 

prevented. This strategy is a variation of on-off control [11], 

and is advantageous for increasing the closed-loop stability 

margin whilst retaining good control performance in the linear 

regime. However, the implementation of this control strategy 

requires careful consideration if these objectives are to be 

achieved.  

First, it is necessary to detect the onset of stroke saturation 

in the displacement-time signals, such that the feedback 

control can be switched off to counteract the destabilizing 

effects. This could be accomplished, for example, by placing 

an accelerometer on the actuator casing and examining the 

resulting signal for large, abrupt variations that represent the 

impacts associated with stroke saturation. To remove the 

contributions of higher-order modes within the frequency 

range of the impacts, the control signal should be low-pass 

filtered before being applied to the actuator. In addition, it is 

necessary to band-pass filter the accelerometer signal to 

prevent aliasing and to remove the intended low-frequency 

control signal from the detection process. For these purposes, 

two 10th order Butterworth low-pass and band-pass filters 
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were utilized in this simulation, with a cut-off frequency of 10 

k-rad/s for the low-pass filter and a bandwidth of 10 k-rad/s to 

100 k-rad/s for the band-pass filter. A simple detection 

threshold can then be set up for the filtered acceleration signal 

which, if exceeded, indicates the presence of stroke saturation.   

The next step is to overcome the potential issue of 

chattering, where the acceleration signal crosses the detection 

threshold many times in quick succession due to multiple 

transient impacts. This is achieved by specifying a hold time 

 once the detection threshold is exceeded, such that the 

acceleration signal remains above the detection threshold for 

  seconds once stroke saturation is detected. In addition, the 

acceleration signal is then converted into a bi-valued 

“detection signal” that is unity if the threshold is exceeded 

(control off) and is zero if the acceleration signal is beneath 

the threshold (control on). This provides a useful indication of 

where the control is switched on and off during the cycle.  

The choice of  is a trade-off between control performance 

and closed-loop stability; the larger the value of  , the longer 

the time that feedback control is switched off, resulting in 

greater assurance of closed-loop stability at the expense of 

worsening the control performance in the linear regime. 

Therefore, the smallest possible value of  that assures 

closed-loop stability up to the linear Nyquist threshold should 

be chosen. Figure 11 illustrates the effect of different values 

of  on the detection signal.  

 

 
Figure 11. Detection signal for three different values of 

 after detection at t = 7 milliseconds.  

 

In this case,   is defined as 7  milliseconds as a 

compromise between performance and stability. 

Since the aim of switching off the control signal is to 

prevent the increase in pT after stroke saturation occurs, it is 

necessary to ensure that control deactivation occurs as the 

proof-mass is moving from one end stop to another rather than 

during stroke saturation. In order to achieve this, a delay  is 

applied to the detection signal to aid synchronization. In 

practice, the time between the onset of stroke saturation and 

the increase in pT varies with the magnitude of the impacts, 

and so it is impossible to achieve perfect alignment using a 

constant delay time. Nevertheless, an approximation of this 

ideal delay time can be accomplished by examining the total 

energy of the closed-loop system and establishing what value 

of  results in the fastest decay time. This is shown in Figure 

12 for a control gain ,100h  an excitation impulse of 20 N, 

and a variety of delay times. The delay ms 5  is chosen as 

the best parameter value for stabilizing the closed-loop system 

In addition, the relative displacement is shown in relation to 

the appropriate detection signal in Figure 13. 

 

 

Figure 12. Total energy of the closed-loop system with on-

off control. If no delay is applied to the detection signal, the 

system is unstable, whereas a 5 millisecond delay results in a 

stable system with a fast decay time. 

 

Figure 13. Synchronization of the detection signal (dashed 

line) with the relative displacement (solid line). Whereas a 

delay of 2 milliseconds results in control deactivation during 

stroke saturation, a delay of 5 or 7 milliseconds results in 

control deactivation whilst the proof-mass moves from one 

end stop to the other, as intended. 

 

In order to demonstrate that the closed-loop system remains 

stable near the linear Nyquist threshold, two examples are 

illustrated in Figure 14, which shows a comparison of the 

relative displacement-time signals obtained using on-off 

control and conventional velocity feedback control 

respectively. The first example features a relatively large 

control gain 150h  and an excitation amplitude of 50 N, 

whereas in the second example, the control gain 165h  is 

very close to the linear Nyquist threshold, and a smaller 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1578 

excitation amplitude of 40 N is utilized. Here, it is apparent 

that the conventional velocity feedback control results in an 

unstable system and a limit-cycle oscillation, whereas the on-

off control is able to stabilize the closed-loop system.    

It should be noted that the methods used to implement the 

on-off control are fairly crude and based on little more than 

the trial-and-error of the time parameters. However, they are 

sufficient for demonstrating that on-off control has the 

potential to prevent stroke saturation destabilizing the closed-

loop system.    

 

 
Figure 14. Relative displacement of the closed-loop system 

using conventional velocity feedback control (VFC) and on-

off control. In the two examples described in the text, the VFC 

results in a limit-cycle oscillation, whereas the on-off control 

ensures the relative displacement decays asymptotically to 

zero. 

 

To summarize, the application of on-off control is perhaps 

best suited to inherently linear or weakly nonlinear systems 

that are only occasionally subjected to large disturbances. In 

this case, the controller can perform as intended in the linear 

regime, whilst the closed-loop system remains stable when 

large disturbances occur. However, on-off control may not be 

suited to systems that regularly feature large excitation 

amplitudes that need to be controlled, since the controller 

emphasizes closed-loop stability rather than control 

performance. Furthermore, the dynamics of a closed-loop 

system with on-off feedback control are extremely complex, 

and it is difficult to develop a rigorous proof of closed-loop 

stability. To overcome these problems, additional control 

strategies, such as including the relative or structural 

displacement in the control signal, should also be considered.  

 

5 CONCLUSIONS  

 

This paper presents an analysis on the stability of a stroke-

saturated actuator when coupled to a flexible structure. Whilst 

the underlying linear system is conditionally stable, 

accounting for stroke saturation greatly reduces the closed-

loop stability margin, resulting in limit-cycle oscillations. It 

was found that the total energy of the closed-loop system 

increases with the kinetic energy of the proof-mass when it 

moves from one end stop to the other, with the aid of the 

feedback control. The resulting regions of potential instability 

have little effect for the underlying linear closed-loop system. 

However, the increased potential energy levels associated 

with stroke saturation are sufficient to destabilize the closed-

loop system through these instability regions. 

A simple control deactivation scheme was considered for 

the purpose of stabilizing the closed-loop system when stroke 

saturation occurs. It was found that by carefully choosing the 

hold time and delay time of the stroke saturation detection 

signal, the control is deactivated as the kinetic energy of the 

proof-mass increases, thereby stabilizing the closed-loop 

system. 

Future work will involve utilizing a more rigorous approach 

to prove that on-off control can stabilize the closed-loop 

system, and comparing the on-off control with other possible 

nonlinear controllers with regards to simplicity, stability, and 

performance.  
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ABSTRACT: This paper describes the work involving an implementation of a Tuned Mass Damper in a very flexible footbridge 

located at FEUP campus. The ultimate objective of this project is to implement a semi-active system integrated in the 

functioning of that device. Meanwhile, the TMD was installed in the structure and worked passively for one year. The analysis 

of the behaviour of the device during that period is essential to understand the dynamics of the structure under pedestrian loads 

and how such system can contribute to reducing vibrations. The laboratory tests performed with the TMD are described in this 

document, as well as the results obtained by analysing data collected by a dynamic monitoring system installed locally.  

KEY WORDS: Footbridges; Vibration problems; Vibration control; Tuned Mass Damper; Dynamic Monitoring System. 

1 INTRODUCTION 

The stress-ribbon footbridge located at FEUP campus is a 

slender two-span structure that connects the main buildings of 

the University to the students’ canteen with a total length of 

60m (see Figure 1). Its dynamic behaviour has been studied 

over the last few years in several areas of the system 

dynamics.  

First, the modal parameters in terms of natural frequencies, 

damping ratios and modal shapes were identified, and a 

complex non-linear numerical model of the structure that 

takes into account the various construction phases was 

calibrated using that information [1]. Then, a comprehensive 

study of the analysis of the vibration levels of the footbridge 

involving both regular and vandal loads was developed [2]. 

This was done in the context of the European research project 

SYNPEX (Advanced load models for synchronous pedestrian 

excitation and optimized design guidelines for steel 

footbridges), in which FEUP was one of the partners. 

Given the perceptible levels of vibration that frequently 

affect that structure, an active vibration control system was 

implemented for research purposes [3]. Since 2009, a dynamic 

monitoring system composed of 4 accelerometers and 4 

thermal sensors collects time series, enabling the Operational 

Modal Analysis and the Vibration-based Structural Health 

Monitoring of the footbridge [4,5].  

 

Figure 1. View of the footbridge and TMD. 

 

More recently, a Tuned Mass Damper (TMD) was installed 

in the context of a research project related to smart inertial 

vibration control systems. In a first stage, this device is 

working passively, tuned close to the critical natural 

frequencies in terms of proneness to resonant pedestrian loads. 

In this context, this paper aims to describe the laboratory 

tests developed to identify the main dynamic characteristics of 

the control device and to analyse the behaviour and the effect 

of the TMD in controlling vibrations levels in the structure 

over the last year. 

2 CHARACTERISATION OF THE FOOTBRIDGE  

2.1 Natural frequencies and damping ratios 

The natural frequencies of the structure were identified 

through ambient vibrations tests using four seismographs 

including force-balance accelerometers, duly synchronized via 

GPS [1]. The ambient response of the system was recorded 

according to several setups, using two fixed reference stations 

and eighteen other measurement stations distributed over the 

total length of the deck. 

Using the conventional peak peaking method applied to the 

set of FRFs, it was possible to identify the natural frequencies 

(listed in Table 1) as well as the corresponding vibration mode 

shapes, some of which are represented in Figure 2. 

Table 1. Identified and calculated natural frequencies. 
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The numerical model developed to represent the dynamic 

characteristics of the system was obtained by considering the 

experimental results, by taking into account the geometrical 

nonlinearity of the structure and given the different phases of 

the construction process [1]. Table 1 and Figure 2 also include 

a comparison between analytical and experimental results in 

terms of natural frequencies and modal shapes. 

2.2 Damping Ratios 

An expedite method adopted to estimate the damping ratios 

associated with the first vibration modes consists of exciting 

the structure with a frequency close to a natural frequency 

using a pedestrian skipping at a fixed position. After 

achieving a resonant response, the excitation stops suddenly 

and the free motion of the structure is recorded. By analysing 

the free decay curve, it is possible to estimate the respective 

damping ratio by using the logarithmic decrement method. 

Figure 3 shows the results obtained by using excitation 

frequencies around 1Hz and 2Hz and by measuring 

displacements obtained when double integrating the signal 

from piezoelectric accelerometers. It is possible to identify a 

damping factor of about 1.7% for the 1st vibration mode and 

2.6% for the 2nd one.  
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Figure 2. Identified and calculated vibration modes. 

3 ANALYSIS OF THE VIBRATION LEVELS 

3.1 Evaluation according to design guidelines 

The levels of vibrations measured in the footbridge can be 

compared with recommendations indicated in several design 

guidelines like the SÉTRA French code [6] or the SYNPEX 

report [7]. According to these documents, it can be understood 

that, in order to provide an adequate level of comfort, the 

vibrations should not exceed the limit of 0.5 – 1 m/s2. 

Previously developed studies involving either single 

pedestrians or groups of pedestrians crossing the bridge [2] 

concluded that the level of vibrations of the structure can be 

considered acceptable, taking into account that 

recommendation. However, even considering this evaluation, 

the levels of vibration are clearly perceptible by pedestrians, 

which often leads to the occurrence of purposely induced 

vibrations by synchronized groups of students that cross the 

bridge. 

3.2 Measured vibrations during long periods of time 

Taking advantage of a dynamic monitoring system that was 

installed in 2009, it is possible to evaluate the vibrations levels 

of the footbridge over long periods of time. As an example, 

the graph in Figure 4 plots the maximum acceleration levels 

of the deck at the 1/3rd section of 1st span (next to canteen 

side) during 2012, with respect to the identified dominant 

frequency of the signal at each occurrence. 

It is important to mention that each occurrence was selected 

taking into account several criteria: i) time signals are filtered 

to remove frequency contributions above 5Hz, ensuring that 

only harmonic vibrations of the first vibration modes are 

considered; ii) the signal should be clearly dominated by a 

single frequency, in order to facilitate the construction of 

graphs of this type; iii) only amplitudes higher than 0.2m/s 

were considered, which are deemed to be representative of the 

higher levels of vibration. 

In this graph, a total of 90,000 points are plotted, whose 

probability distribution is indicated in Figure 5. It can be seen 

that 96% of the cases have amplitudes lower than 0.6m/s2, and 

values higher than 0.8m/s2 are residual.          

 

 

Figure 3. Identification of damping ratios 
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4 PROPOSAL OF A CONTROL SYSTEM 

4.1 Critical vibration modes 

Although the vibration levels of the structure may not be 

considered excessive, the perceptibility of vibrations gives 

rise to the possibility of installing a control system for 

research purposes.  

By consulting Table 1, it can be stated that the structure has 

3 natural frequencies in the range of 2 – 2.5Hz, which is 

considered critical in terms of the possibility of occurring 

resonance phenomena with the pedestrians’ step frequency. 

From this point of view, 1st vibration mode with a frequency 

close to 1Hz is not critical, and the same can be concluded for 

the vibrations modes higher than the 4th order.  

4.2 Number and position of control units 

Assuming that the 2nd to 4th vibration modes (inside the 

critical range) are the candidates to be controlled, it is 

important to mention that 2 of these 3 modes are local, i.e., 

have significant modal components only in one (and different) 

span of the footbridge. As a result, it is not possible to control 

the dynamics of all these modes with only one control device. 

Moreover, even adopting one device in each span, it is 

necessary to study their proper location in order to get 

significant modal components of the modes under control in 

each span.  

To consider this problem, Figure 6 represents a 

superposition of the numerical main vibration modes of the 

system. The small dots define equal modal amplitudes of the 
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Figure 4. Maximum vibration levels during 2012 
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Figure 5. Statistical distribution of the vibration levels 

 

critical vibration modes in each span. In the first span, section 

13 has equal modal amplitudes of the 2nd and 3rd vibration 

modes with natural frequencies of 1.99 and 2.14Hz, 

respectively. In the second one, section 49 equalizes modal 

amplitudes of the 2nd and 4th vibrations modes with natural 

frequencies of 1.99 and 2.42Hz, respectively. 

Knowing that it will be possible to use only one control 

device composed of a Tuned Mass Damper existing at the 

Laboratory of Vibrations and Monitoring of FEUP, it was 

decided to study its application to the second span, mainly 

because it is more accessible for installation and has vibration 

modes with more separate frequencies. In this case, it will be 

possible to reduce the dynamics of the 2nd (global) vibration 

mode and the 4th (local) one.    

5 LABORATORY TESTS OF THE TMD 

5.1 Description of the TMD and equipment used 

The TMD developed for this application is represented in 

Figure 7, which is composed of several layers of individual 

masses that are connected to each other and can be added or 

subtracted in order to achieve a desired level of total mass 

with a maximum of 550kg. The mass is guided by means of 

shafts and has 4 compression springs connecting it to the 

structure. The damper used in this device is of 

magnetorheologic type (MR damper) because the ultimate 

goal of this device is to work as semi-active. However, it can 

also work passively by not inducing magnetic fields in the 

fluid. 

This device was installed in a slab existing in the laboratory 

which can be excited either manually or by means of a shaker 

installed at the top of that structure. 

 
Figure 6. Superposition of the first vibration modes 

 

 

 
 

 
Figure 7. Laboratory tests of the TMD 
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The TMD is instrumented with an LVDT to measure 

relative displacements between the mass and the structure, and 

the damper force is measured by means of a load cell. 

Additionally, a thermal sensor records changes in the 

temperature of the outer surface of the damper. The vertical 

motion of the slab and the TMD mass is measured by 2 

accelerometers. All these sensors and equipment are 

controlled by a PXI from National Instruments.     

5.2 Determination of natural frequency 

In order to characterize the dynamic parameters of the 

passive device, a first test consists of evaluating its natural 

frequency for different levels of mass. In this case, the motion 

of the slab was blocked and the TMD was excited manually in 

its natural frequency. By counting the number of cycles 

developed in a pseudo-steady-state response of the device, the 

natural frequencies at each setup were estimated.  

Figure 8 represents the results obtained which are compared 

with a numerical model of a single degree-of-freedom 

representing the TMD, assuming a linear stiffness constant of 

the springs. It is clear that the springs do not follow the 

numerical curve, which means that these elements are not 

linear. In fact, for higher compression levels (minor length) 

the stiffness of the springs becomes greater, leading to an 

increase of natural frequencies. This non-linear behaviour is 

expected since the active number of turns in a spring 

decreases with the decrease of its length. 

With the total mass attached to TMD, this device has a 

natural frequency of 2.06Hz. 

5.3 Estimation of damping ratio 

There are several simplified models that can be used to 

represent the damping mechanism associated with the 

functioning of MR dampers [8]. Most of them use certain 

arrangements of springs, viscous dampers and Coulomb 

friction elements. In other words, MR dampers do not have 

pure viscous damping. As a result, in order to keep using the 

traditional formulas in the study of this TMD, it is necessary 

to evaluate the equivalent damping ratio obtained by the use 

of such MR device. This can be done by equalizing the energy 

loss in each cycle to the energy dissipated by an equivalent 

viscous damper [9].   

To this effect, a test was performed by trying to manually 

impose a steady-state response of the TMD in its natural 

frequency. The time signal obtained relative to the motion of 

the mass is represented in Figure 9. The corresponding 

displacement vs force curves and velocity vs force curves are 

represented in Figures 10 and 11, respectively.   
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Figure 8. Natural frequency vs total mass 

The area defined by each cycle in displacement vs force 

curves represents the energy dissipated in one period of the 

harmonic motion. The evaluation of the equivalent damping 

ratio for different displacement amplitudes is indicated in 

Figure 11, allowing to conclude that, for maximum 

displacements higher than 5mm, this parameter varies 

approximately between 6 and 8%.       
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Figure 12. Estimated equivalent damping ratio 
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5.4 Evaluating minimum acceleration for TMD to work  

Due to the static friction developed in the MR damper and in 

the guides of the mass, the TMD does not move for small 

vibrations. This means that there has to exist an inertial force 

higher than the force associated with the static friction to 

make the TMD start to work. Because the inertial force is 

proportional to acceleration, the method adopted to find the 

minimum acceleration that causes TMD to have relative 

motion consisted of exciting the support where the device is 

attached with growing levels of acceleration, and noting the 

value of acceleration from which that happens. This was done 

for different excitation frequencies. 

The measurements show a great similarity of the shape of 

the envelope curves, regardless of the adopted excitation 

frequency. In Figure 13 and 14, a typical case is demonstrated. 

Figure 13 shows the displacement of the mass of the TMD 

relative to structure and Figure 14 shows the corresponding 

slab’s acceleration. In this case, it can be clearly seen that the 

relative motion starts to grow for 40 seconds and reaches zero 

offset again for 85 seconds, approximately, and at those 

instants, the acceleration amplitude of slab is about 0.15m/s2, 

meaning that the TMD has a clear functioning for 

accelerations of the structure greater than this value.  

6 PREDICTION OF THE TMD PERFORMANCE 

6.1 Theoretical FRF curves 

Considering the installation of this TMD in 2nd span of the 

footbridge in section 49, the dynamics of the 2nd and 4th 

vibration mode of the structure, with natural frequencies of 

1.99 and 2.42Hz, respectively, can be affected. In this case, it 

is important to emphasize that, given the greater proximity of 

the step frequency of the pedestrians in normal walk with the 

frequency of 1.99Hz, this vibration mode can be considered 

critical when compared to the other one. 
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Besides, this vibration mode has a global configuration, 

meaning that its attenuation can also be observed in the other 

span of the footbridge. In this regard, knowing that only one 

TMD is available, this would be the selected vibration for 

tuning. 

Given the limited number of existing additional masses of 

the TMD, the lowest frequency that can be achieved is 

2.06Hz, which does not correspond to the optimal tuning of 

1.99Hz vibration mode. As a result, the TMD is assumed to 

have a natural frequency not optimized for any of the two 

important modes in this span. On the other hand, given the 

relative proximity of the natural frequencies of the structure 

and the TMD, it is expected that, even in this situation, the 

control device may have a significant influence on the 

dynamic of these vibration modes.  

This can be concluded by observing the Frequency 

Response Functions (FRF) associated with section 49 in the 

situation of both uncontrolled and controlled structure, shown 

in Figure 15. The dynamics of the previously mentioned 

vibration modes are significantly reduced, which does not 

happen with any of the other modes of the footbridge, 

including the 1st one of 0.95Hz natural frequency. It’s worth 

mentioning that 3rd and 5th vibration modes are essentially 

local in the first span, and therefore are not represented in this 

FRF.  

6.2 Parameters that affect the footbridge response 

The attenuation of the dynamic response of the footbridge 

may not be correctly evaluated by merely consulting of the 

FRF system curves of Figure 15 due to several practical 

aspects. The first one is related to the fact that external 

excitations do not induce a steady-state response because of 

the limited period of actuation time. In this regard, Figure 16 

aims to demonstrate how system response may be corrected, 

by showing a particular situation where the 1.99Hz vibration 

mode acts alone. 

In this case, it is considered a typical external excitation 

consisting of two synchronized pedestrians walking along the 

second span of the footbridge, starting in the right abutment 

and moving to the left direction till they arrive at the middle 

support of the structure. It is considered that the step 

frequency ranges from 1.5Hz to 2.5Hz and the velocity of the 

pedestrians is in all cases 1.5m/s. The load function is 

modelled by a sinusoidal curve with a maximum amplitude 

limited by the Fourier coefficient of the first harmonic of the 

step load function [10], which was assumed in this case as 

having a constant value of 0.48. Considering pedestrians with 

700N of weight each, the maximum value of the load function 

is 2×0.48×700 = 672N.        

 The dashed curves of Figure 16 represents a first case 

where the sinusoidal function is applied at the middle of the 

2nd span till it reaches a system steady-state amplitude in 

terms of maximum accelerations at section 49. These curves 

are naturally associated with the FRF graphic of Figure 15 in 

the vicinity of 1.99Hz frequency. On the other hand, the solid 

curves represent the maximum structure response at same 

section, considering the transient excitation applied by the 

pedestrians walking along the footbridge without inducing a 

steady-state response. 

Naturally, steady-state excitations produce curves with 

peaks higher than those obtained with transient excitations. In 
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the uncontrolled structure, the maximum transient response is 

about 20% lower than the steady-state response, which is in 

proper agreement with the estimations produced by simplified 

methods in this area [11]. This is not verified in the controlled 

case, where the steady-state response is just slightly higher 

than the transient response. This is also expectable due to the 

higher level of damping that characterizes structures with 

TMDs [11]. However, the important conclusion to draw about 

this, is that the consult of FRF curves tends to overestimate 

the reduction of the response obtained with TMDs. 

Another parameter that must be considered in evaluating the 

efficiency of TMDs is related to the acceleration of the 

structure needed to activate the motion of the inertial mass. 

Due to existing static friction in the control device elements, 

like dampers or shafts used to guide the mass, the TMD is not 

activated by small vibrations, constituting a classic drawback 

in the using of these devices. 
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Figure 15. FRF of the structure at section 49 
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Figure 17. System response for different unblocking 

accelerations 

To consider this problem, numerical simulations including 

the cross of pedestrians along the footbridge were performed 

by introducing this nonlinearity. In this case, the excitation 

scenario is the same considered before, composed of two 

pedestrians in normal walk, as the TMD connection to the 

structure is released when the structure reaches a certain level 

of acceleration. Figure 17 represents the results obtained. The 

case where the TMD unlocks for accelerations higher than 

zero (a>0) corresponds to the situation where the device 

moves freely without friction. On the other hand, when a>0.31 

the inertial mass never unblocks, which is the equivalent of 

having to control action on the structure. Both extreme cases 

are already represented in Figure 16. 

Intermediate levels of unblocking accelerations are 

represented in Figure 17, namely for a>0.20 and a>0.25. Until 

these values are reached, the structure behaves as if there is no 

control. After these thresholds are exceeded, the TMD starts 

to work limiting the vibrations amplitude. As a result, it can 

be concluded that the higher the level of acceleration required 

to unblock the TMD, the lower is its ability to reduce 

vibration levels in the structure. 

7 ANALYSIS OF THE FUNCTIONING OF THE TMD  

7.1 Description of the sensors and instrumentation 

In order to measure the main variables related to the 

functioning of the TMD installed in the footbridge, a 

supplementary dynamic monitoring system was developed. It 

is composed of 2 accelerometers adapted in the mass of the 

TMD and in the section 49 of the deck where the control 

device is attached. As in laboratory tests, an LVDT measures 

the relative displacement between the moving mass and the 

structure, and a load cell measures the force installed in the 

damper. A thermal sensor was also adapted to the outside 

body of the damper, aimed at recording temperature variations 

resulting from energy dissipation. 

The acquisition system is composed of a compact DAQ 

hardware platform from National Instruments. The data is 

stored locally in a digital computer and, after verified and 

validated, is organized in a robust database. 

7.2 Measured equivalent damping ratio  

Considering the first month of operation (March 2013), and 

given that the force and the relative displacement of the TMD 

are monitored, it is possible to estimate the dissipated energy 

during the TMD functioning, and therefore the corresponding 

equivalent damping ratio. For this purpose, a Matlab routine 

was developed, which first selects signals suitable for this 

analysis, characterized by having stable pseudo-harmonic 

functions of both damper force and relative displacement. 

Then, by analysing each cycle, it calculates the dissipated 

energy and equivalent damping ratio in a way similar to what 

was done in laboratory tests. 

Figure 18 shows the results obtained in terms of equivalent 

damping ratios versus displacement amplitudes higher than 

2mm. This plot agrees with the previous laboratory results 

expressed in Figure 12. For lower displacement amplitudes, 

the equivalent damping ratio tends to increase due to the 

higher weight of the friction force relative to viscous damping 

force. According to these estimations, the equivalent damping 

ratio may vary from 6% to 14% approximately.                  
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7.3 Evaluation of acceleration that activates the TMD  

Figure 19 shows a plot representing the maximum 

acceleration of the deck with respect to the maximum relative 

displacement of the TMD. Three months of regular operation 

are considered. This type of plot can be useful for estimating 

the minimum acceleration level of the structure that enables 

unblocking the relative motion of the TMD mass. In fact, 

although it is not possible to clearly state the value at which it 

happens, there is a relative consistency with the prediction 

indicated by laboratory tests, which point to an acceleration 

about 0.15m/s2. However, it is also observable that this 

unblocking acceleration can reach values up to 0.35m/s2 

approximately. 

It is important to mention that, in the current functioning, 

the TMD is controlling vibration modes with vertical and 

bending modal components, which did not happened in the 

laboratory tests where just a pure vertical motion was 

considered. This bending component may lead to an increase 

of the lateral force installed in the guide shafts, and conduct a 

larger static (and dynamic) friction force. This may explain 

the scatter values found regarding this parameter.     

7.4 Temperature variation due to dissipated energy 

At this stage, there is no interest in carefully analysing the 

variations of temperature in the damper of the TMD produced 

by the dissipated energy as heat. The objective is only to 

measure and register how the damper activity interferes with 

the temperature of the outer surface of the damper. This will 

probably be a good complementary procedure to evaluate the 

damper’s health over time and to decide its eventual 

replacement. 

In order to demonstrate how temperature varies with the 

TMD activity, a particular example involving a vandal 

excitation of the footbridge that occurred at 1 AM of 8th 

March 2013 was selected.       

 
Figure 18. Estimated equivalent damping ratios 
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Figure 19. Max. relative displacement vs max. acceleration 

Figure 20 shows the time series of the displacement of the 

mass relative to structure and Figure 21 shows the 

corresponding measured temperature variation. In this case, 

the maximum displacement range of the TMD was achieved 

(45mm peak-to-peak) which caused an immediate increase in 

the temperature of the outer surface of the damper of 1.2ºC 

approximately. The external excitation lasted about 25 

seconds. After that period, the temperature decreased slowly 

and stabilized in its ambient value.      

8 TMD EFICIENCY IN REDUCING VIBRATIONS 

8.1 Representation of the vibration levels over last few 

years 

The effect of the TMD in reducing vibrations in the structure 

can be observed by analysing Figures 22 to 25, where the 

maximum acceleration values over the last 3 years are plotted. 

The maximum vibration levels are represented, taking into 

account the dominant frequency of the signals. 

The TMD was installed in early 2013, meaning that in 2011 

and 2012 the structure is considered uncontrolled (in 

correspondence with the first 2 left graphs) and in 2013 the 

footbridge is considered controlled by that device (graph on 

the right side). The organization of the graphs in four Figures 

aims to represent the vibrations in the four critical sections of 

the deck, corresponding approximately to the anti-nodes of the 

main vibration modes. The section where the TMD was 

positioned is close to the 1/3rd span of FEUP side and, in that 

span, another section was considered in correspondence with 

its mid-section. In the span of canteen side (left side in Figure 

2), similar sections were adopted. In the analysis of vibrations, 

it is important to associate each critical section with the 

vibration modes that have significant modal components in 

those points, and at same time, consider the vibration modes 

that are affected by the dynamics of the TMD. 
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Figure 22. Maximum vibration levels at 1/3rd span FEUP side 

     

Figure 23. Maximum vibration levels at mid-span FEUP side 

     

Figure 24. Maximum vibration levels at mid-span canteen side 

     

Figure 25. Maximum vibration levels at 1/3
rd span canteen side  

8.2 Analysis of the results 

From the analysis of previous figures, it cannot be said that 

there is a significant reduction of vibration levels in the 

footbridge due to the installation of the TMD in 2013. 

However, it is also clear from Figures 22 to 24 that, in 

sections where the dominant vibration modes are those that 

are under the influence of the TMD (2nd and 4th modes), a 

slight reduction in the number of occurrences of higher levels 

of acceleration is observed. 

It is also interesting to notice by consulting Figure 24 that, 

although the TMD is positioned FEUP’s side span, it seems to 

slightly reduce the dynamics of the other span of the 

footbridge. The same doesn’t happen with the vibrations 

measured in the section located at 1/3rd span in canteen side 

(Figure 25), which is mainly dominated by the contribution of 

a local vibration mode (3rd mode) of 2.28Hz frequency. In 

fact, a certain tendency of higher levels of vibration in that 

frequency is even perceptible, which does not happen in the 

other cases. Due to the amplitude of those vibrations, it can be 

concluded that the maximum vibration levels in the footbridge 

can be observed at 1/3rd span of canteen side due to the 

dynamics of the 3rd vibration mode of the structure. However, 

the control of that mode at that section is hampered by the 

difficult access caused by the intense car traffic existing in the 

main street just below that place.  

9 FINAL REMARKS 

The implementation of a TMD in FEUP footbridge working in 

passive mode in a section located at 1/3rd of its spans, allowed 

to gain sensitivity with respect to its effect on the dynamics of 

the whole structure. The TMD is not optimally tuned for any 

vibration mode, which raises the interest in the evolution of 

this control device to a semi-active system that enables its 

operation in a wider frequency range.  
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ABSTRACT: This paper presents a practical project example for the successful application of 32 Tuned Mass Dampers (TMDs) 
to the Chong Qi Bridge in China (total length 7km - main bridge span 944 m) to reduce vortex shedding induced oscillations of 
the bridge’s girder sections (section span 184 m). The application of such devices is a beneficial alternative to aerodynamic and 
aeroelastic optimization of the bridge deck by increasing structural damping to reduce the vertical dynamic response for the case 
that vortices shed off with a frequency that corresponds with the fundamental vertical bending frequency of the bridge.  While 
aerodynamic measures only shift the critical wind speed for which these resonance effects occur, passive TMDs reduce the 
bridge’s dynamic response.  In detail, this contribution describes the TMD concept and the realized optimization of the Tuned 
Mass Damper units to achieve an optimum reduction effect whilst reducing the mass additional mass that has to be applied to 
the bridge. Results of preliminary work shop tests will be presented as well as the experimental dynamic analysis of several 
bridge segments that has been performed during the commissioning of the TMD. This analysis included the determination of the 
bridges relevant vibration modes and the corresponding structural damping from ambient vibration tests using several system 
identification techniques such as FDD, SSI and Rand Decrement Method algorithms. Especially the damping values of the 
bridge are within the scope of interest to verify the optimum performance of the applied TMD systems.  
 
KEY WORDS: Passive Tuned Mass Damper Systems, Ambient Vibration Tests, Vortex Shedding induced oscillations  

 

1 INTRODUCTION 

1.1 Vortex Shedding at Girder Bridge Decks 

When an air stream flows perpendicular to a bridge deck, it 
would be slowed down when in contact with its surface and 
forms boundary layer. At some location, this boundary layer 
tends to separate from the bridge body. This separation 
produces a force on the bridge deck – pressure on the 
windward side and suction at the leeward side. This results in 
the formation of vortex which revises the pressure distribution 
over the bridge surface causing structural deflections of the 
bridge deck. The vortex formed may not be symmetric about 
the bridge body and different lifting forces are formed around 
the body. As a result, the motion of bridge body subject to 
these vortexes shall be transverse when compared with the 
incoming wind flow. As the frequency of vortex shedding 
approaches the natural frequencies of the bridges, resonant 
vibrations often occur, the amplitude of which depends on the 
damping in the system and the motion of the wind relative to 
the bridges. Such oscillations may “lock-on” to the system 
and lead to hazardous amplification and fatigue failure.  
 

1.2 Reduction of vortex shedding induced oscillations 

Basically there can be two strategies to reduce the fatigue 
loading of the bridge deck resp. the occurring vortex shedding 
induced oscillations. One attempt would be to change the 
aerodynamic parameters such as the Strouhal number by 
optimizing the design of the bridge deck’s cross section to 
shift the critical wind speed for which the lock-in effect 

occurs to values that are unlikely to occur or at least very 
seldom. Another kind of aerodynamic optimization is to shape 
the bridge deck cross section, so the resulting displacement 
amplitude for a vortex shedding remains smaller – for 
example by changing aerodynamic excitation force 
parameters. Far less intricate and also easier to apply for a 
subsequent retrofitting is the second strategy – to increase the 
structural damping of the bridge structure and by doing so - 
reducing the dynamic response of the bridge for the case of a 
resonance-like excitation due to vortex shedding. One 
possibility to increase the structural damping is the application 
of active or passive Tuned Mass Dampers. 

 

1.3 Principle of Tuned Mass Damper Systems 

A TMD is a vibrating mass that displays movements which 
are contrary to those of the main structure. To attain these 
contrary movements, the mass is elastically support and tuned 
for the frequency that has to be eliminated. The contrary 
movements cause inertial forces that compensate the 
structures movements by depriving vibration-energy from the 
structure. That leads to an increase of damping. Additionally 
the interaction between TMD and structure causes a 
subdivision of the natural frequencies (Fig. 1). 
 
The advantage of using TMDs is that, unlike with the use of 
dampers, shock absorbers etc., no fixed-point are required. It 
is simply force-fitted to the structure. Compared to the 
additional structural mass that is required to increase the 
structural damping conventionally, the necessary TMD mass 
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is only fraction, which allows also a subsequent application 
with no bigger improvements in the structural design.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. TMD effect 
 

2 PRACTICAL APPLICATION 

2.1 Project Example – Chong Qi Bridge /Jiangsu Province 
(China) 

The Chong Qi Bridge which connects the Shanghai-
Chongming Cross-River Tunnel and Ning Qi Highway, is an 
integral part of the Shanghai-Xi'an highway. The span of the 
bridge is 6.8 kilometers. After the bridge has been 
constructed, it only takes 50 minutes to travel from Qidong 
City to Shanghai City. The bridge is constructed as a girder 
box bridge on supported by concrete columns. The span of the 
main bridge segments varies between 102 m and 185 m.  
After its completion a susceptibility to wind induced vibration 
has been observed which required a further investigations and 
solutions to reduce the occurring vibrations. Therefore 
theoretical and experimental analysis have been performed 
which will be described herein. 
 

2.2 Theoretical Bridge Performance with applied TMD 
systems 

To assess the susceptibility of the bridge to vortex shedding 
induced oscillations, a modal analysis of the bridge structure 
is required from which the critical wind speed for which the 
above describe lock-in effect occurs can be assessed. This 
critical wind speed is a function of the bridge deck’s height b, 
the natural frequency of the bridge f and the Strouhal number 
St (see Eq. 1) 

St

fb
vcrit


  (1) 

A numerical modal analysis has been performed to determine 
the relevant natural frequencies and corresponding mode 
shapes. Figure 3 shows the relevant susceptible vibration 
modes that were determined to be in a in a range between 
0.45-0.6 Hz.   
The critical wind-speed as a function can be estimated for the 
mentioned frequency range and a range for the Strouhal 
number as an aerodynamic parameter (see Fig. 4).  It can be 
seen that for low Strouhal numbers and low natural 
frequencies, the critical wind speeds are in a range that are 
likely to occur very often to cause fatigue issues for the steel 

structure of the bridge deck – depending on the resulting 
deflection for the case of lock-in. 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Main Bridge sections of the Chong Qi Bridge – 
above: photograph – centre: dimensions of the main bridge 
segments spans– below: cross section 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Relevant vertical bending mode shapes for the 
natural frequencies of 0.47 Hz and 0.59 Hz 
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Figure 4. Critical Wind Speed for which vortex shedding can 
occur as a function of the Strouhal number and the 
fundamental vertical frequency of the bridge deck 
 
The resulting deflection again is a function of the bridge 
sections geometry, modal parameters of the bridge deck 
(mode shape and modal mass) and the structural damping. 
The dynamic response of the bridge has been determined with 
wind tunnel tests and a standard computational fluid dynamic 
analysis but for an initial estimation the following approach 
can be used (see Equation (2)- [3]) to determine the bridge 
deck deflection yF the using aerodynamic excitation force 
parameter clat and the Strouhal Number as well as factors that 
consider the mode shape K and the length of exposure KW. For 
this approach the bridge parameters are being considered 
within the formulation for the Scruton Number Sc which 
incorporates the modal mass mi, the structural damping  and 
the bridge geometry (height b) – see Eq. 3. The standard 
design of the bridge’s cross section allows a relatively precise 
assumption of clat = 0.4. Figure 5 shows the estimated 
resulting deflection of the bridge deck depending on the 
inherent structural damping for a variation of the factor KW. 
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Figure 5. Estimated bridge deflection for vortex 
shedding lock-in depending on the structural 
damping for variations of the exposure length factor 
KW.  

In addition the dynamic behavior of the bridge deck has been 
tested in wind tunnel tests [2] (see Figure 6). The resulting 
amplitudes from the wind tunnel tests correlated very well 
with the above described theoretical approach.  
 
 
 
 
 
 
 
 
 
 
Figure 6. Wind Tunnel Tests of the bridge deck sections 
 
Critical wind speeds for the examined 4 sections were 
determined to be in a range between 15-27 m/s for Mode 1 
and 30-35 M/s for Mode 2. Depending on the pitch angle of 
the air flow the max. deflection of the bridge deck for a lock 
in of Mode 1 was determined to be +/- 144 mm.  
To reduce the vortex shedding induced oscillations of the 
bridge deck it was proposed to install 32 Tuned Mass Damper 
Systems – each with an effective mass of 3600 kg at the 4 
central segments of the main bridge. Again the resulting 
dynamic response with applied TMD systems can be 
analytically assessed in the frequency domain for a 2-degree 
of freedom model, assuming that the vortex shedding 
excitation is a harmonic excitation (see Fig. 7).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7. Analytical Analysis of the TMD effectiveness - 
resulting deflections with applied TMD system and resulting 
TMD deflection 
 
Furthermore the dynamic behavior of the bridge sections with 
applied TMD systems as well as the resulting TMD travel 
have been investigated with a Finite Element model for which 
the TMDs have been discreetly modeled (see Figure 8). The 
vortex shedding excitation was simulated as a harmonic 
loading scaled so the resulting deflections for the model 
without TMDs would correlate with the results from the wind 
tunnel tests.  

2.3 Resulting TMD specification 

Based on the above described numerical analysis and the 
technical feasibility to design and fabricate a TMD system 
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with regards to the low tuning frequency, the requirements 
regarding the maximum TMD deflection, the necessary tuning 
range, it was decided to remain with a ratio between the 
modal mass of the bridge segments for the relevant modes and 
the effective mass of the TMD system of  = 1.2%. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. Above: Numerical model of the relevant bridge 
segments- Below: Resulting Deflection of the bridge deck for 
vortex shedding lock-in, resulting TMD deflection from the 
numerical time domain analysis 
 
Based on the required reduction of the bridge deck deflection 
during a lock-in respectively the required increase of 
structural damping the TMD the internal damping ratio was 
optimized to reduce the resulting movement/ acceleration of 
the TMD mass should be kept within certain limits (+/- 120 
mm) to ensure a maintenance free design, reduce the fatigue 
load, and to reduce the additional dynamic load.  Therefore 
the internal damping was increased to be D=10% instead of 
D=6.5% which is the optimum value according to the Den 
Hartog optimization criteria [3]. Furthermore the TMD 
systems should have been adjustable for a frequency range of 
0.45 Hz – 0.6 Hz, with a tuning increment of 0.025 Hz. 

 

2.4 TMD design 

Vertically effective, passive Tuned Mass Damper Systems are 
often designed as elastically supported masses. The elastic 
support is usually being realized with helical steel springs. But 
to achieve the required low frequencies, these steel springs 
have to provide only small stiffness values while the load 
capacity has to bear the effective mass of the TMD system.  
The relation between the required stiffness and the effective 
mass can be expressed as static deflection u = mg/cspring. 
Figure 8 shows the static deflection depending on the tuning 
frequency. It can be seen that the static deflection has - a) an 
influence of the TMD systems dimensions and- b) requires an 
elastic system with a spring type that can bear the big 
deflections without buckling. According to these demands, a 
TMD system has been designed that is adjustable for the 
required frequency range while the static deflection remains 
constant, so no geometric adaptations have to be done for the 

tuning process. Furthermore the system is operating with 
tension springs to avoid any instabilities or buckling. Finally 
the system was designed to fit within the designated mounting 
space. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. Resulting static deflection of a conventional 
elastically supported system depending on the tuning 
frequency. 

 

2.5 Work Shop Tests of the TMDs key components 

Before the TMD systems were assembled inside the bridge 
decks, the key components – steel springs for the elastic 
support and damping devices for the internal damping ratio of 
the TMD were tested. For each spring type force/deflection 
diagrams have been recorded on a test stand that had extra 
been developed to test tension springs of the dimensions that 
were required for this type of TMDs (see Figure 9).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. Above: Test stand to verify the parameters of the 
applied tension springs – Below: Typical force-deflection 
diagram for the applied tension springs. 
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To verify the damping coefficient of the examined damping 
units shaking table tests – using a hydropulse cylinder to 
excite the damping unit’s piston were used to obtain a 
displacement/ force diagram, from which all relevant data can 
be withdrawn. The used facility is equipped with a 
displacement transducer and load cells to measure a force 
displacement diagram, as shown in Fig. 10. For these shaking 
table tests, the damping units were examined to obtain the 
damping coefficient. By recording the time history of the 
force F (applied by a hydro pulse cylinder) and the resulting 
deflection s of the dampers plunger are recorded. The values 
can be displayed in a Force/ Motion Diagram. The damping 
coefficient can be established from the area that is described 
by the hysteresis of this diagram (see also Figure 10). 
 
 
 
 
 
 
 
 

 
 
 
Figure 10. Conceptional setup of the shaking table test facility 
– force displacement diagram to determine   the   damping 
coefficient 
 

2.6 Installation 

The installation of the TMDs had to be done subsequently to 
the erection of the bridge decks, so the TMD systems had to 
be transported to the mounting location in separate pieces and 
assembled inside the bridge sections cross section. Figure 11 
shows some of the assembly work for one TMD unit inside 
the bridge deck. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11. Impressions of the installation works for a TMD 
unit 

3 IN-SITU VIBRATION TESTS 

3.1 Determination of relevant frequencies 

To adjust the TMDs to their optimum setup, the determination 
of the relevant natural frequencies of the bridge sections was 
required. To determine this information, the accelerations in 
vertical direction for an ambient excitation have been 
recorded for a time period of 1500 seconds. These recorded 
time histories were transferred into the frequency domain. To 
extract the deterministic component of the bridge deck’s free 
vibration a stochastic processing has to be applied to eliminate 
the random vibrations due to the stochastic ambient excitation. 
Therefore the time records were split into segments of 100 
seconds. Each segment was transferred into the frequency 
domain using the FFT method, the resulting spectra were 
multiplied with its complex conjugate and averaged. The 
resulting averaged spectra for the time records shown above 
are displayed in Figure 12 together with a FFT spectrum of 
the complete time history for one of the examined bridge 
segment. The relevant natural frequencies were determined 
for this section to be at 0.52 Hz and 0.67 Hz. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 12. Above: recorded time history of the ambient 
vertical vibrations of a bridge deck section – Below: FFT –
spectrum of the complete time record and resulting averaged 
power spectrum 
 
Further to the above described Averaged Power Spectrum 
Method – which assumes that the ambient excitation  causes a 
sufficient dynamic response in the vibration modes of interest 
to gain stochastic security- the natural frequencies were 
determined using the commercial signal processing software 
ARTEMIS which incorporates Enhanced Frequency Domain 
Decomposotion and Stochastic Subspace Identification 
Methods [8]. The Enhanced Frequency Domain 
Decomposition (EFDD) and the Stochastic Subspace 
Identification are widely used techniques for output-only 
modal parameter identification. The EFDD method relies on 
computation of response spectra. Long records are, therefore, 
required to keep low the error on spectrum estimation and to 
extract modal parameters in a reliable way. The stochastic 
subspace identification algorithm was applied to identify 
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bridges using an output–only model. Stochastic Subspace 
Identification methods work in time domain and are based on 
a state space description of the dynamic problem. The system 
identification results at different model orders are compared to 
distinguish true structural modes from spurious modes in so-
called stabilization diagrams. These diagrams are a popular 
way to select the identified system model, as the true 
structural modes tend to be stable for successive model orders, 
fulfilling certain stabilization criteria that are evaluated in an 
automated procedure. Figure 13 shows a resulting stability 
card for the tested bridge section, from which the relevant 
modes could be determined. 

 
 
 
 
 
 
 
 

 
 

 
 
Figure 13. Stability Card Spectrum from the Stochastic 
Subspace Identification Analysis to identify the relevant 
natural frequencies of the bridge section 
 
 

3.2 TMD tuning and verification of TMD parameters 

The TMD parameters have been verified once all systems 
were assembled inside the bridge deck. For that purpose the 
TMD mass has been manually excited so the deflection would 
be in range of the max. TMD travel. After this excitation the 
decaying behavior of the TMD mass has been recorded and 
analyzed to determine the tuning frequency and the internal 
damping ratio of the TMD system (see Figure 14). Since the 
mass ratio between only one of the 32 TMD systems and the 
modal mass of the bridge is so small, an influence of the 
interaction bridge deck/TMD could be neglected when 
assessing the TMD parameters.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 14. Decaying curve of the TMD mass oscillations after 
manual excitation to determine the TMD – Tuning frequency 
0.51 Hz /D=10.4%. 
 

3.3 Determination of structural damping ratios with 
blocked and activated TMDs 

To assess the effectiveness of the applied TMD systems and 
to evaluate the dynamic response of the bridge with activated 
TMD systems, it is required to determine the structural 
damping for the relevant modes. A method that is also 
applicable for structures which not only display vibrations in 
one dominant natural frequency is the Random Decrement 
Method (Fig. 15). Based on the theory that the random 
excitation consists of a deterministic component which 
corresponds to free vibration terms and a random component 
which corresponds to forced vibrations, the random part can 
be eliminated by averaging a large number of blocks extracted 
from the time domain signal with a length . The blocks are 
chosen with the help of a threshold level. The Random 
Decrement Signature (RDS) results from the mathematical 
formulation shown in Figure 15 and the resulting damping 
ratio can be derived by the know logarithmic decrement, 
whereas the quality of the RDS strongly depends on the 
selection of the segment duration   and the threshold yS. The 
structural response for ambient excitation usually occurs in 
several modes. To withdraw the damping ratio for a single 
mode, the time records have to be processed with a bandpass 
filter for each relevant natural frequency. 
 
 
 
 
 
 
 
 
 

 
 
 
Figure 15. Principle of the Random Decrement Method 
 
 
The Random Decrement method has been approved for 
system identification analyses of structures and buildings ([9], 
[7]). Figure 16 shows the resulting Random Decrement 
signature of the bridge section for which the determination of 
relevant natural frequencies have been previously presented. 
The signatures are shown for the state with locked TMD 
systems and with activated systems. It can be seen that the 
bridge section displays a far more significant decaying curve 
in the RD-Signature.  
The determined damping with locked TMDs was D=0.28% 
and could be increased by the application of TMDs so a 
structural damping ratio of D=1.95% could be determined.  
To confirm these results, the already mentioned commercial 
software has been used again to determine the modal damping 
ratios from the stabilization cards.  

 
Figure 17 shows the Mode List stating the structural damping 
ratio for Mode 1 to be 1.98 % of critical damping. It also 
shows that the applied TMD systems also affect Mode 2 so 
also for this mode, the structural damping ratio was increased 
to be 1.18% of critical damping.  
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Figure 16. Resulting Random Decrement Signatures – above 
for the bridge section with blocked TMDs (D= 0.28%) – 
below: for the bridge section with activated TMDs (D=1.95%) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 17. Determined Modal Structural Damping ratios from  
the ambient vibration records using the Stochastic Subspace 
Identification Algorithm (ARTEMIS Software) 
 

4 SUMMARY 
Since the main sections of the Chong Qi Bridge in China 
displayed a high dynamic response to wind induced 
vibrations, theoretical and experimental analysis have been 
performed to assess the resulting deflections for the lock-in 
case for vortex shedding and the resulting fatigue loading of 
the bridge deck. The results from a basic assessment 
according to Eurocode 2 [3], a detailed numerical analysis and 
wind tunnel tests showed a good correlation and revealed 
 that the structure would display oscillations of                +/- 
150 mm for the determined inherent structural damping of 
D=0.3%. Also it was determined that a structural damping 
ratio of D=1.1% is required so the resulting oscillations are 
within an acceptable range. Based on this requirement for the 
overall structural damping, the specification of TMD systems 

that should be applied to the bridge sections was optimized 
with regards to minimize the additional mass to the bridge, the 
resulting TMD deflections and the installation effort, while 
achieving the required overall structural damping. Despite 
ambitious demands resulting from the low tuning frequency 
and the relatively broad tuning range as well as the limitations 
from the available mounting space and installation 
possibilities, a proper TMD system was designed and it’s key 
components - such as the internal damping system and the 
steel springs that are used for an elastic support – were tested 
prior to the installation.  
Since the application of the TMD system was a retrofit 
measure, the TMD systems had to be assembled inside the 
bridge decks, so all parts needed to be demountable. After the 
assembly, tests of the completed TMD systems were 
performed to verify their specification. Furthermore the 
dynamic parameters of the bridge sections were determined 
using several system identification techniques and the TMDs 
were adjusted accordingly. To verify the effectiveness the 
retrofit measures- the structural damping ratio with activated 
TMD systems was determined – again using several system 
identification techniques (SSI, FDD, RDM). It was 
determined, that the structural damping was increased to a 
value of D=1.95% so it is expected that the vortex shedding 
induced oscillation remain within an acceptable range. 
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ABSTRACT: One of the specific difficulties encountered in active control of structures subjected to moving loads consists of 
the time varying nature of the matrix parameters that adds to the modal mass, damping and stiffness matrix that describes the 
system in modal coordinates.  
The proposed paper presents a novel approach to the problem of robust structural control of a beam subjected to a stream of 
random moving loads. In this approach the time varying matrix parameters characteristics of the modal space equation of the 
system are described as structured uncertainties. The uncertain parameters are determined based on the probabilistic description 
of the loads action and are bounded in frequency domain. This way the time-varying problem is transformed into a stationary 
problem and it is possible to rewrite the control problem within a classical H-infinity framework whereas the moving loads 
action is modelled as both structured uncertainty and input disturbance. The paper presents and tests a method of approximating 
the non-Gaussian processes characteristic of the moving load problem with a Gaussian filtered noise and their influence on the 
controller design. Two simple design methods are evaluated and their solutions for the robust control problem analysed.  

KEY WORDS: Random stream of moving masses; non-Gaussian stochastic processes, Uncertainty description, Robust control. 

1 INTRODUCTION 
Vibration control of beams subjected to a moving mass/load 
has been studied mostly in relation to vehicle-bridge 
interaction problem [1][2] although the mathematics behind it 
applies to a larger class of problems. As compared to the 
general problem of structural control [3][4] a particularly 
distinct difficulty arises from the time varying nature of the 
systems’ equations. Even though a time invariant or a passive 
control method [5] is able to provide a simpler controller this 
cannot always guarantee the expected dynamic behaviour 
improvement [6]. The effect of the time-invariant controller 
on the time-varying structural model depends on the 
supporting structure model and the particular sensor-actuator 
placement. 

Some particular aspects of this problem like the knowledge 
of the excitation can provide a way of improving the 
controller design efficiency by taking into account directly the 
input disturbance and concentrate the control effort toward 
reducing the structure’s response to the moving load action 
[7]. The main problem with this solution is that the 
synthesised control depends on the particular excitation 
considered. There are other inconveniences related to this 
approach and one of them is that the method usually leads to 
an off-line design of the controller or in the cases of bounded 
control even to an open-loop control system. Another moving 
load acting on the structure at the same time with the one for 
which the controller was designed or a stream of moving 
loads makes even this control solution difficult to use. 
Although on-line time varying methods were studied [6][7][8] 
the robustness of such an approach was not presented in this 
context. 

The main idea of this study is to take advantage of the 
stationary nature of the excitation characteristic of a random 

stream of moving masses and transform the control problem 
from a time-varying into a time-invariant problem. To this 
end, the time-varying modal matrices describing the excitation 
are written as additive uncertainties and the system is cast into 
an M-Δ form [9][10][11] whereas the time invariant part of the 
system is separated from the time-varying part and described 
by M and the uncertainties are lumped into a separate block 
with the advantage of focusing the control design on the 
input-output relation only. This gives a certain flexibility 
whereas the controller can be designed as a regulator or as it 
can be designed for disturbance rejection focusing on the 
moving load action. There still exists the possibility that the 
synthesised controller may be conservative for the modelled 
system as the uncertainties are thought to cover all the 
possible variations of the system and this issue still needs 
investigation effort. 

This study focuses on this novel approach to uncertainty 
description based on the probabilistic description of the 
stochastic processes representing the action of the moving 
loads and presents and evaluates a simple and straightforward 
solution to the controller design problem. 

2 STRUCTURE – MOVING MASSES INTERACTION 
MODEL 

Different aspects of the dynamics of a beam or plate structure 
under the action of different moving loads have been object of 
numerous studies [2]. For this study the beam-random masses 
interaction model consists of an Euler-Bernoulli beam 
structure of mass per unit length ρA and flexural rigidity EI 
subjected to a stream of independently and normally 
distributed moving masses  that enter the beam at a set of 
N(T) Poisson distributed arrival times τi. Under these 
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assumptions the excitation process becomes a filtered Poisson 
process [12][13]. 
The dynamic equation in modal coordinates writes:  

∆ ∆ ∆  (1) 

where the (constant) modal matrices ,  and  can be 
expressed as function of the modal shape vectors , mass 
per unit length ρA, damping ρAc and stiffness EI [1]. 

   

   

   

(2) 

The time dependent matrices ∆ , ∆  and ∆  
elements are stationary stochastic processes and are explicitly 
described by: 

∆ ,  

∆ 2 ,  

∆ ,  

 

(3) 

with , ⁄  a window function that equals 1 
when moving mass  is on the beam and 0 otherwise 
(6) and  the elements of the dyadic product of 
the modal shape vectors (7). 

A sample of the process (ΔM(t))11 describing the time 
variable mass matrix element which corresponds to the first 
vibration mode of the beam is graphically represented in 
Figure 1. 

 
Figure 1 Representation of a sample of the stochastic process 

representative of the mass variable matrix elements 

The time history was limited to half a second and represents 
the action of three different masses entering the beam at 
around 50.09, 50.11 and 50.45 seconds.  

As the process is composed by a finite number of sine 
functions which are bounded it itself is bounded. This allows 
to find a limit to how much actually the constant modal mass 
component is modified by the time varying component (3) and 
this is of great importance in the design control process as it 
gives a way to assess the robustness of the controlled system. 

3 UNCERTAINTY DESCRIPTION 

3.1 Approximation of a non-Gaussian process by a filtered 
Gaussian white noise 

Consider a set {mk}N(T)≥k≥1 of N(T) identically distributed and 
independent random variables with a given distribution and 
N(T) a Poisson counting process with constant arrival rate λ. 

The process composed by the superposition of a stream of 
random pulses described by a deterministic function W(t,tk ) 
arriving at random times tk scaled by the elements of the set 
{mk}N(T)≥k≥1 can be represented by 

                              ∑ ,                        (4) 

This type of process is a filtered Poisson process as presented 
in section 3.1 consistent with the process describing the action 
of a set of random loads {mkg}k≥1travelling at constant speed v 
along a beam. In this case the random pulses are functions 
taken from the set of beam modal shape functions restricted to 
a finite time interval and are only functions of the time 
difference t-tk: 

                g ,            (5) 

In the above equation, 

              ,            (6) 

represents a rectangular window function that restricts the 
action of the load only to the interval of time it acts on the 
beam. 

As an example the elements of matrix ∆  presented in 
(3) which represents the time-varying damping in the dynamic 
equations describing the action of a random stream of N(T) 
point masses moving at constant speed along a beam written 
in modal coordinates are filtered Poisson processes with the 
weighting functions: 

   ,    (7) 

A more general and realistic approach will allow for the 
moving speed to be a random variable as well which may be 
jointly distributed with the random mass distribution. A 
typical example will be the correlation between the moving 
speed and the mass of a vehicle. A heavier vehicle is expected 
to be slower than a light vehicle. For the case the vehicles’ 
speed is different, the mode shape functions write: 

             sin                      
(8) 

corresponding to a structure modelled by a simply supported 
Euler-Bernoulli beam. 

The action of a filtered Poisson process like the one 
presented in (4) for the case of a simply supported beam can 
be represented as a system fed in with a Poisson compound 
process eventually with delayed arguments [13]. Although 
this allows for the dynamic problem to be solved from a 
control perspective it generates a rather complicated filter. 

One of the main ideas of this study is that the frequency 
distribution function of a filtered Poisson process like the ones 
described above can be approximated on a frequency range by 
the output of a low order filter feed in with a Gaussian white 
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noise w(t) with unit spectral density. The result is a filtered 
Gaussian process  which can approximate the initial non-
Gaussian process at least for the frequency range of interest. 

          2                        (9) 

The advantage of this approximation is that the original 
non-Gaussian process can now be represented as the output of 
a low order filter with an input bounded all over the frequency 
range |Δ(ω)|<β but more importantly it changes the 
perspective of the control problem. 

 
Figure 2 Approximation of the non-Gaussian process by a 
second order filter. non-Gaussian process (blue, dashed) 
filtered Gaussian approximation (green, continuous) 

For a simply supported beam as described in section 2 and 
for a normally distributed set of masses the process describing 
the contribution of the masses to the constant modal mass 
matrix is represented in Figure 1. This time process can be 
approximated by a filtered Gaussian white noise process 
realised by the second order filter: 

                      
.  

                         (10) 

Based on this filter the non-Gaussian process can be 
accurately approximated at low frequencies (up to 50 Hz) as 
seen in Figure 2. 

When the effect of the time-varying matrix elements 
presents a maximum at a certain frequency the approximation 
needs to be realised by at least a third order filter. Figure 3 
shows that a white noise process approximated by an initial 
second order filter cannot approximate correctly the low 
frequency range, which is of interest for this type of system 
modelling and therefore it was corrected by a high-pass first 
order filter that improved the dynamics up to 30 Hz. The 
resulting third order filter 

                 .  
.  

                 (11) 

approximates correctly the frequency distribution of the 
process up to 59 Hz. The addition of another filter to limit the 
bandwidth which will result in a fourth order filter will not 
improve drastically the approximation but will limit the high-
frequency range. 

 

 
Figure 3 Approximation of the non-Gaussian process ΔD11(t) 
by a second order filter. Non-Gaussian process (blue, dashed) 

order four filtered Gaussian approximation (green, 
continuous); order two filtered Gaussian approximation (red, 

dotted) 

A situation similar to the approximation of mass matrix 
elements occurs for the time-varying stiffness matrix elements 
whereas the stochastic process can be approximated by a 
white noise filtered by a second order filter:  

                       .  
.

                         (12) 

It should be mentioned that the shape of the  
weighting functions are similar only the amplitude and sign 
differ. Using a higher order filter obtained by a multiplicative 
first order decaying filter will not improve drastically the 
approximation (Figure 4) but will limit the high frequency 
values. The approximation is good over the low frequency 
range which is of interest for this type of problem. 

 
Figure 4 Approximation of the non-Gaussian process by a 
second order filter; non-Gaussian process (blue, dashed), 

order 3 filtered Gaussian approximation (green, continuous), 
order 4 filtered Gaussian approximation (red, dotted) 
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3.2 Modelling of the time-varying system as an uncertain 
system 

For this study, the dynamic equation describing the structure-
moving masses interaction in modal coordinates is modelled 
as uncertain elements whereas the dynamic effect of the time-
varying matrices is described as parametric uncertainties. 

The uncertain elements are lumped into a single diagonal 
perturbation block Δ. This way the system is separated from 
the uncertainties. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

One idea in using this approach is to find a minimum factor µ 
such that the determinant det(I-µ-1MΔ) is not null. The 
transfer function of the above system with matrix M 
partitioned in four submatrices is obtained by the upper linear 
fractional transformation  

            ,           (13) 

The uncertain block Δ in a very general scenario may 
include both structured and unstructured uncertainties with the 
only requirement that these uncertainties can be separated. In 
the subsequent study block matrix Δ containing n uncertain 
elements will be of strictly of the form: 

                   Δ   , … , :                     (14) 

The above defined linear fractional transformation (13) 
allows to represent the uncertainty in a unique form. In 
particular not only the whole system but each uncertain 
component of the system can be replaced by an M-Δ diagram 
[9]. For instance in the case of a particular system parameter 
modelled by an additive uncertainty  the M 
matrix can be identified via its partitions from (12) as: 

                                    0 1                                    (15) 

In this study the method is used to model the dynamic 
parameters of a beam-moving mass system modelled as 
uncertain elements (the uncertainty being related to the time-
varying dynamics). For instance, based on the approximations 
presented in 3.1 the uncertain damping matrix elements will 
be modelled in frequency domain as 

                                1  ΔC                        (16) 

where the components of  are approximating filters as 
shown in (11). 

4 CASE STUDY 
For this study the vibration control of a simply supported 
beam of length 0.5 m modelled using only the first mode is 
considered. The beam is under the action of a stream of 
normally distributed moving masses running at non-equal 
speeds [14]. The dynamic equations in modal coordinates are 
as described by (1) and subsequently explained in Section 2. 
The time span for analysis is 250 seconds and the intensity of 
the Poisson process describing the action of the masses is 
λ=0.15. 

A simple control design is chosen whereas the control input 
is one actuation force applied at the midspan  and the 
output is the deflection response at the same location . 

The state space system corresponding to this model is given 
by: 

 
 (17) 

where the matrices are: 

           

0  
(18) 

The state vector is made up by the modal coordinates 
   and the disturbance  by the time-varying 

modal forces. 

4.1 Uncertainty Modelling 
In this design setup the states variable matrix A is uncertain. 

Following the procedure described in section 3.1 the 
perturbation due to the moving masses w is also modelled via 
a filtered a white noise process. The block diagram of the 
system with uncertainties is represented in Figure 6.  

The uncertainty associated to the modal force input has 
been represented in a separate block to point clearly that δp 
and the disturbance is related to the time-varying elements of 
the excitation process. Thus the uncertainty represents 
samples of the stochastic processes as seen in Figure 7. 

The block diagram presented in Figure 6 allows some 
flexibility in the design process. By rearranging the blocks the 
controller can be designed for disturbance rejection or it may 
take a similar form to a classical LQG based design whereas 
weights are given to the controlled outputs and control effort. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Δ 

M 

Figure 5 Standard M-Δ open-loop 
configuration of the system 

  

Δ 

G Wd w 

u 

y 

Figure 6 Block diagram of the system GΔ with 
uncertainties 

d 

δp 
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The frequency response function of the open-loop perturbed 
system (from disturbance w to output y) computed for a set of 
values of the disturbance [-1 -0.5 0 0.5 1] is represented in 
Figure 7. 

 
Figure 7 Frequency analysis of the open-loop uncertain 

system (dotted lines) versus the baseline system (continuous 
line). 

The frequency analysis shows a high level of variability in 
the system which may be a disadvantage when assuring the 
robust performance requirements.  

The robust control of a system of this type can be achieved 
by using different frequency based methods [15] [16] where 
the uncertainty is represented as a template or if possible as an 
uncertainty circle plotted over the range of frequencies of 
interest. For this study the solution proposed is based on the 
classical H-infinity two Riccati equations method or LTI 
method already accessible through Matlab Robust Control 
Toolbox [17].    

4.2 Linear H-infinity Controller Design 
It is possible to design an H-infinity controller for the system 
presented in the above section. The controller K will minimize 
the norm of the lower linear fractional transformation 
FL(GΔ,K) over all stabilizing controllers. The standard H-
infinity synthesis achieves the performance objectives via a 
set of minimizing weighted transfer functions. 

The state-space description of the generalized 
interconnected system GΔ is completed to [9][10]: 

   
 

 
(19) 

where        is the exogenous input vector and 
contains the input disturbance and the sensor noise n,  is the 
output vector and yv is the measurement vector. The matrices 

, ,  and  which were not explicitly given are 
related to the weighted performance matrices Figure 8. 

A block diagram of the H-infinity interconnection for the 
structural problem considered is presented below. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The control force is limited by the weighting function Wu 

The magnitude of Wu is chosen to increase at frequencies 
higher than the natural frequency of the structure in order to 
limit the bandwidth of the controlled system. 

The Wp weight magnitude rolls off above 500 rad/sec. 
In this design a suboptimal H-infinity controller for the 

nominal system can be achieved  

   .   . . .  
. . . .

     (20) 

This controller assures a peak magnitude reduction by 
almost 2.6, but it does not assure completely the performance 
requirement for all the variability in the system. 

 
Figure 9 Closed loop nominal performance of the system. 
(green dashed – uncontrolled system; blue continuous – 

controlled system) 

In terms of the transient time response the controller 
achieves a reduction by a factor of 2.6 of the settling time. 

4.3 µ-synthesis method 
The H-infinity design approach was unable to achieve the 
required robust performance against the structured uncertainty 
considered. 

Wp GΔ Wd

Wu 
control

sensor noise

yv 

y d

Figure 8 Block diagram of the open-loop system used for 
H-infinity synthesis 

z1 

z2 
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A more efficient approach in terms of robust performance 
are design methods based on the structured singular value . 
The design solution adopted is based on the D-K iteration 
method [10] and uses the standard configuration presented in 
Figure 10 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
The method consists in finding a stabilizing controller 

method through an iteration process that starts with a scaling 
matrix D chosen as the identity matrix. The iteration consists 
of two steps one in which a controller is synthesised for the 
scaled problem with a fixed D then a matrix D is found that 
minimizes the singular value of the system [10].  As the H-
infinity method, the D-K iteration method is implemented in 
Matlab [17]. 

 

 
Figure 11 Samples of the controlled system (green-dotted) 
samples of the uncontrolled system (blue-dashed) and the 
nominal value of the uncontrolled system (red-continuous) 

The controller realised is a lot more complex that the initial H-
infinity controller. The closed loop system obtained is 
presented in Figure 11 against the nominal value system and 
the samples of the uncontrolled system. Due to the variability 
in the system the effort of the controller is a lot stronger than 
in the H-infinity case. 

5 CONCLUSION 
The problem of vibration control of a structure subjected to a 
random steam of moving loads was addressed. The novelty of 
the approach consists of describing the time-varying 
parameters as structured uncertainties. A probabilistic based 
approximation method for description of the uncertain 
parameters was presented and two solutions for the vibration 
control were presented and analysed. 

The control solution taking into account the uncertainty 
shows a certain improvement of the frequency response but 
most importantly the description of the uncertainty which is 
the most important part of this study seems to be the right 
method to address the robust control problem for this type of 
system at least in absence of a nonparametric method. The 
presented method also opens the possibility to extend the 
description of uncertainty method presented herein to different 
type of structures subjected to filtered Poisson processes. 
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ABSTRACT: This paper presents an observer based linearised control of semi-active tuned mass damper (OSTMD) with a 
controllable magnetorheological (MR) damper. The proposed model replaces a passive damping element with a controllable 
semi-active damper to emulate controllable stiffness and controllable damping, which distinguishes it from the classical passive 
tuned mass damper (TMD). As a result, the frequency of the tuned mass damper could be tuned in real time to changing 
frequencies of the main structure. Many semi-active control algorithms measured the damper force with load-cells, and the 
piston displacement of the damper, e.g. with a linear variable differential transformer (LVDT). However, the implementation of 
force transducers and LVDT sensors are difficult, and expensive in practice. They also increase the complexity of system. In this 
study, by proposing a non-linear observer, these data are estimated by using two simple, low cost accelerometers which are 
placed on the structural mass and on the tuned mass. The observer gain matrix is evaluated by using a pole placement method 
based on Luenberger theory. Both the damping and the natural frequency are tuned according to classical theory. The proposed 
theory is validated by numerical and experimental testing under the broadband excitation and the results are compared to a 
passive tuned mass damper which is precisely tuned to the main structure. The comparison shows that, the observer based 
linearised semi-active tuned mass damper with controlled MR damper is able to reduce the vibration amplitude as much as the 
optimal passive tuned mass damper.  
 

 

KEY WORDS: Semi-active tuned mass damper; Observer. 

1 INTRODUCTION 
Excessive vibration has been a common problem throughout 
engineering history which can result from a variety of sources; 
human body motions, rotating, oscillating and impacting 
machines, wind flows, earthquake induced vibration, road 
traffic, railway traffic, construction works etc. [1]. Often the 
most effective and economic way to reduce vibration is to 
apply an additional dynamic system at a discrete point on the 
existing structure, to change the system dynamics in a desired 
way [2]. Simple mass-spring-damper systems attached to a 
selected point of the vibrating structure (as seen in Figure 1-
(a)), are one example. They are called tuned mass dampers 
(TMD), tuned vibration absorbers [3], or vibration neutralisers 
[2]. Historically, the first time tuned mass dampers were used 
to reduce the rolling motion of ships by Frahm in 1911 [4]. 
Later, TMDs were implemented to reduce the amplitude of 
the single degree of freedom systems by Ormondroyd and 
Den Hartog [5], and Brock [6]. Den Hartog developed closed 
form expressions of optimum damper parameters which are 
frequency ratio and damping ratio of the TMD [7]. These 
expressions are only for un-damped main systems with a 
single degree of freedom. Later, damping in the main system 
was included by several researchers [8-9]. To summarise, 
simple optimum solutions to excessive vibration problems 
using passive tuned mass damper have been widely 
investigated and implemented on real structures [10]. 
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Figure 1. Lumped parameter model of tuned mass damper 

system. (a) Classical passive TMD, (b) adaptive TMD with an 
MR damper, modified from [11]. 

 
However, all these proposed tuning methods for optimal 

passive TMD system assumed that the natural frequency and 
structural mass are known and do not change. If the modal 
properties of the main structure are changed (e.g. due to 
environmental effects) after the TMD has been installed, the 
performance can be significantly reduced [12-13]. These 
environmental effects could be the time-varying pay loads, 
estimation errors or temperature changes. All these problems 
will result in the de-tuning of the pre-tuned mass damper. As a 
solution to this generic de-tuning problem, many adaptive 
TMD control concepts have been proposed to develop new 
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designs and concepts by controlling the properties of the TMD 
in real time to match the changing properties of structure. 
Such concepts and their control were summarised by Fisco 
and Adeli [14]. Due to high power requirements, expense and 
fail-safety problems of the active system, adaptive tuned mass 
damper systems are designed mostly based on semi-active 
approaches [15]. After seven decades of first passive TMD 
damper implementation, Hrovat et al. introduced the concept 
of a semi-active TMD for wind-induced vibrations in a high 
rise building [16]. 

Semi-active dampers require simpler hardware and have 
lower power requirements than active systems, thus reducing 
operational costs. These devices can provide variable damping 
and/or stiffness and have been used for vibration reduction of 
mechanical and civil engineering structures. Semi-active 
tuned mass damper concepts have considered a tuned mass, a 
tuned passive spring, or a controlled semi-active damper. A 
variety of semi-active dampers have been proposed, such as 
piezo stack [17], active smart materials (shape memory alloy) 
[18], piezoelectric materials [19], controllable friction devices 
[20], and magnetorheological (MR) damper [21-22]. Weber 
et. al. presented a semi-active approach where a rotational MR 
damper was used to emulate both controllable damping and 
stiffness force under harmonic excitation [15]. In addition to 
this, the same authors extended this numerical work by 
experimental implementation of proposed theory on a 
laboratory footbridge, using accelerometers and a force 
transducer to implement force tracking control [11]. They 
were able to reduce the vibration amplitude between 38% to 
63% relative to a passive TMD system, but they did not 
investigate the performance of proposed system under random 
or broadband excitation which is more-likely to be realistic 
case. In addition the use of a force transducer also increases 
the complexity of the system. In this study, these two 
drawbacks have been explored using an observer based 
linearised semi-active tuned mass damper system. The lumped 
parameters/block diagram model of this system is shown in 
Figure 2. 

   

 
 

 
 

Figure 2. Observer base semi active tuned mass damper 
control scheme. 

This paper offers a description of the proposed observer 
based linearised control of semi-active tuned mass damper 
(OSTMD), along with a dynamic analysis of the optimal 
passive tuned mass damper (OPTMD) that is based upon 
numerical simulations (optimal tuning). Before introducing 
OSTMD, this paper describes a classical passive tuned mass 
damper to help distinguish the two systems. Lastly, this paper 
summarizes the dynamic performance of the observer base 
tuned systems and suggests the best control method for the 

proposed observer based semi-active system, based upon the 
numerical results. 

2 NUMERICAL MODELLING AND OPTIMAL 
TUNING 

A classical model of force-excited ( exF ) passive TMD 
configuration is shown in Figure 1-(a). The main structure is 
coupled with a classical passive vibration absorber, and the 
mass of the structure and absorber are defined by ms and ma 
with their corresponding displacements as xs and xa, 
respectively. The absorber’s spring (ka) and damper (ca) are 
mounted on the structure. The stiffness and damping of the 
structure are represented by ks and cs, respectively. 

The equations of motion of the force-excited passive TMD 
in matrix form is; 
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The steady state solution of equation 1 can be obtained; 
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By defining the following parameters 

as mm=μ , Mass ratio (Absorber mass/main mas) 

sexst kF=δ , Static deflection of the system 
5.0)( sss mk=ω , Natural frequency of the main structure 
5.0)( aaa mk=ω , Natural frequency of the absorber 

)2( ssss mc ως = , Damping ratio of main structure 

)2( aaaa mc ως = , Damping ratio of absorber 

sag ωω= , Ratio of natural frequencies 

sr ωω= , Forced frequency ratio 

)( aaaa mc ωη = , Loss factor of absorber 

)( ssss mc ωη = , Loss factor of main structure 
the final transmissibility equations for the forced-excited 
system become; 
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The transmissibility Equation 5 provide the means of tuning 
TMDs using Mead’s [6] description. The target of the 
techniques is to minimize the maximum transmissibility. 

3 SEMI-ACTIVE TMD DESIGN 
The proposed observer base semi-active tuned mass damper 
(TMD) model replaces a passive damping element with a 
controllable semi-active damper to emulate controllable 
stiffness and controllable damping, which distinguishes it 
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from the classical passive system. Figure 1-(a) shows a 
conventional passive TMD model, and the proposed semi-
active tuned mass damper model is shown in Figure 1-(b). A 
controllable damper, such as an MR damper, is the key 
element for the proposed system. It can provide a wide 
dynamic force range, can offer a real-time control 
environment at low power, and can be quite cost-effective. 
The unified model of MR damper [23] is chosen for this 
numerical study, due to not only it is flexibility in the choice 
of the model’s damping function, but also the performance of 
the unified model has been proved by experimental testing of 
Lord Corporation’s RD-1005-3 short stroke MR damper by 
Batterbee and Sims [24] under the broadband mechanical 
excitation.  
 Incorporating this versatile damper into the proposed model 
will significantly enhance its performance, combining the 
benefits of both passive and active systems. The new system 
is anticipated to surpass the performance of classical passive 
TMD in reducing the maximum vibration levels of the 
primary structure and robustly adapt to the primary system’s 
parameter changes. 

Figure 3 was used to derive the dynamic equations of 
motion for the semi-active model: 
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Where FMR is the force produced by the semi-active 
magnetorheological damper. Equation 6 will be used in the 
development of the numerical model of the semi-active TMD. 

 

 
Figure 3. Lumped-parameter models of proposed semi-active 
tuned mass damper model, where semi-active element is the 

magnetorheological damper. 
 

4 OBSERVER DESIGN 
The linear and non-linear observer designs are discussed in 
Chapter 3 and the same design theory will be used to develop 
a non-linear observer for semi-active tuned mass damper 
system. In this study the main focus was to evaluate the 
performance of the observer base feedback linearisation of the 
MR damper as a case study. Therefore, the purpose of the 
observer was to be able to estimate the absolute velocities of 
the absorber mass and structural mass for the proposed control 
algorithms, and estimation of the MR damper force for 
feedback linearisation. Referring to Figure 3 the equation of 

motion 6 was used to design the basic state matrices, where 
the state space model of the system is; 

)()()(
)()()(
tHwDutxCty

tGwButxAtx

++=
++=&

                    (7) 

The state vector is chosen [ ]'4321 xxxxx = , 

where sa xxx −=1 , sxx =2 , axx &=3 , and sxx &=4 . Here 
y  is the matrix of measured accelerations of absorber mass 

and structural mass, [ ]'sa xxy &&&&= , )()( ⋅=⋅ exFw  is the 

system disturbance and system control input is MRFu = . 
Thus the system state space representation is; 
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The following dynamical system 9 is considered as an 
observer. 

ex

ex

FHDuxCy
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Where yyz ˆ−= , x̂  is the observer state, ŷ  is the observer 

output, exF̂  is the estimated disturbance force signal 
(Equation 10) and L is the observer gain matrix. The error 
between the actual state x and the observed state x̂  is defined 
as 

xxe ˆ−=             (11) 
Where the dynamics of the state estimation error is then 

given by; 
)ˆ)(()( exex FFLHGeLCAe −−+−=&                     (12) 

Here L is the 4x2 observer gain matrix. Several numerical 
test results showed that with a proper observer matrix the 
estimated disturbance force and the actual disturbance force 
matched each other. The pole placement method was used to 
evaluate the observer gain matrix [25]. 

5 MAIN PRINCIPLES AND CONTROL CONCEPTS 
The proposed approach uses the feedback linearisation control 
of an MR damper which has been proposed by The University 
of Sheffield [26]. But the goal of this paper is to emulate 
controllable viscous damping and/or controllable spring 
stiffness of the equivalent optimal passive system. As seen in 
Figure 2, this desired damper force is produced by control 
concept part, which uses the estimated states of the system. 
Two types of control concept are proposed, which are 
explained as; 
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5.1 Control concept 1 

The first control concept is intended to simply linearise the 
non-linear dynamics of the MR damper, so it behaves as a 
linear viscous damper with varying linear damping. With 
reference to Figure 4 the estimated desired set-point force is; 
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Figure 4. Lumped parameter models of tuned mass damper 

configurations. (a) passive tuned vibration absorber, (b) Semi-
active MR based tuned vibration absorber (concept 1). 

 
Where desiredF̂  is the estimated desired damper force, ac is 

the optimal absorber damping, and )ˆˆ( as xx && − is the relative 
piston velocity. In this concept, the MR damper just emulates 
the optimal viscous damping of the passive tuned mass 
damper system. 

5.2 Control concept 2 

In the second control concept, the MR damper tries to emulate 
the optimal viscous damping and optimal spring stiffness of 
the passive tuned mass damper system. In this concept, 
optimal controllable spring stiffness is the sum of the 
emulated controllable stiffness and passive spring stiffness of 
the proposed system (as seen in Figure 1-(b)) due to parallel 
installation of the passive spring and controllable MR damper. 
This will enable frequency tuning of the TMD system by 
attempting to emulate the controllable positive or negative 
spring stiffness, and controllable damping force. Referring to 
Figure 1 -(b), the estimated desired set-point force is given by; 

)ˆˆ()ˆˆ(ˆ
, saaddedasoptimaladesired xxkxxcF −+−= &&  

Where )ˆˆ( sa xx −  is the relative piston displacement, and 

addedk  is the controllable stiffness which was assumed to be 
zero for control concept 1. But, for the control concept 2, 

aoptaadded kkk −= ,  
These two control concepts are investigated by numerical and 
experimental testing. Tests are carried out in four steps with 
assumption that the absorber mass ( am ), absorber stiffness 

( ak ), structural spring stiffness ( sk ) and structural damping 

( sc ) do not change at any step of testing. Then, optak , and 

optac , can be adjusted to the actual frequency of the main 

structure according to Mead’s formulae without any 
constraints [2]. The testing steps are: 
• Step 1; tuning of the absorber, where the spring stiffness 

and damping level of the absorber are optimally tuned, 
and the desired force is driven by the control concept 1. 

• Step 2; de-tuning of the main structure. In this step, the 
service load of main structure is changed by adding or 
removing masses to/from main structure. The new 
structural mass becomes, dss mmm +=w

, where dm  
represents change of the service load (which could be 
negative or positive).  Assuming the structural stiffness 
does not change, the system frequency ratio changes, and 
this leads to the detuned system, as shown in Figure 5.  
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Figure 5. Detuned lumped parameter models of detuned mass 
damper configurations. (a) passive detuned vibration absorber, 
(b) Semi-active MR based detuned vibration absorber (step 2). 

 
In this de-tuned case, the adaptive TMD with controllable 
MR damper is linearised to emulate the pre-tuned viscous 
damping of the optimal passive pre-tuned damper system 
as in concept 1. 

• Step 3; retuning of the damping. The analytical frequency 
retuning of the detuned absorber is done according to 
Mead’s optimisation theory [2] by using the de-tuned 
structural mass ( sm

w
) and unchanged structural stiffness  

( sk ) as seen in Figure 5.  
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Figure 5. Detuned lumped parameter models of retuned mass 
damper configurations. (a) passive retuned vibration absorber, 
(b) Semi-active MR based retuned vibration absorber (step 3). 

 
In this study, it is assumed that, structural mass of this 
new detuned could be estimated by empirical mode 
decomposition and Hilbert transform (EMD/HT) [27], or 
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modified cross-correlation (MCC) method [13] in the 
real-time control process. So that, the frequency of the 
absorber system could be tuned to the actual frequency of 
the main structure by adjusting ak  to optak ,  and ac  

to optac , . This retuned passive TMD system is called as 
ideal adaptive TMD and expected to equalize the 
response peaks according to theory. In this step, just 
viscous damping was retuned so that MR damper only 
emulates the viscous damping of the passive TMD and 
estimated desired force was chosen by control concept 1. 

• Step 4; retuning of damping and stiffness. In this step 
retuning of the stiffness element of the passive TMD was 
done according to theory. The estimated desired force 
was chosen by the control concept 2 so that the MR 
damper is forced to emulate the retuned viscous damping 
and retuned spring stiffness of the new retuned ideal 
adaptive TMD as seen in Figure 6. 
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Figure 6. Detuned lumped parameter models of retuned mass 
damper configurations. (a) passive retuned vibration absorber, 
(b) Semi-active MR based retuned vibration absorber (step 4). 

6 NUMERICAL TESTING 
In this study it is aimed to implement the proposed observer 
based linearised control of an MR damper system to the tuned 
mass damper problem, so that MR damper could emulate the 
controllable viscous and spring stiffness of the passive TMD. 
This section intends to numerically investigate this scenario. 
Parameters of passive tuned mass damper system are given in 
Table 1 with the mass ratio of 0.0243. 

Table 1. Parameters of passive tuned mass damper. 

Parameter Symbol Unit Value 
Mass of absorber ma kg 448 
Mass of structure ms kg 18425 
Absorber stiffness ka Nm-1 250760 
Structural stiffness ks Nm-1 10821000 
Absorber damping ca Nsm-1 2000 
Structural damping cs Nsm-1 50 

 
The observer gain matrix is than evaluated by using pole 
placement method such as that; 
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The main structure with optimal passive TMD and a observer 
based adaptive TMD with controllable MR damper is 
simulated for varied de-tuned structural masses 

ssss mmmm 5.1,...,6.0,5.0=w
and for each mass the 

structure is excited with high-pass filtered random white noise 
force signal with bandwidth of 0-15 Hz of duration 300 
seconds, for each of the four steps. The first ten seconds of 
this excitation force signal is shown in Figure 7.  

 
Figure 7. First ten seconds of the excitation force signal. 

 
The test results will indicate the damping potential of the 

proposed theory. The entire system is solved in 
MATLAB/Simulink using the ode4 (Runge Kutta) solver with 
fixed sampling frequency of 0.0002 Hz. The absorber viscous 
damper is replaced by the numerical unified model of MR 
damper where depending on the control concept; the MR 
damper will track the estimated desired force. 

7 TEST RESULTS 
Frequency response curves are used to analyse the 
performance of the each control concepts for numerical and 
experimental testing, which is evaluated by using tfestimate 
method of Simulink software. The Figure 8 indicates that the 
passive TMD is able to equalise the peaks at resonance 
amplitude, according the Mead’s theory (solid line, step 1 
tuning). But, the damping performance dramatically decreases 
with detuning of the system (dashed and dash-dotted lines, 
step 2).  

 

 
Figure 8. Frequency responses of the passive TMD, for 

optimally tuned case (step 1, solid line) and detuned cases 
(step 2,  dashed and dash-dotted lines).  
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Also it is clear that from the Figure 8, if the detuning is 
done with increased structural mass, the host structure is over-
damped with an almost un-damped absorber resonance 
frequency; whereas if the detuning process is done with 
decreased structural mass, the resonance frequency amplitude 
of the absorber is over-damped and the structural resonance is 
un-damped. As expected, Figure 9 illustrates that the 
amplitude reduction of the ideal adaptive TMD (with retuned 
damping and stiffness), depends on the frequency of the main 
structure. 

 

 
Figure 9. Frequency responses of the ideal adaptive TMD, for 
step 1 (solid line), and step 3 (dashed and dash-dotted lines). 
 
The frequency response of the observer based adaptive 

TMD with linearised MR damper controlled according to 
concept 1 is shown in Figure 10. It is clear that if the desired 
force gain is chosen as the viscous damping ac  of the passive 
tuned mass system, then it is expected to achieve the same 
amplitude reduction for tuned and detuned cases of passive 
TMD. Comparing Figure 8 and Figure 10 clearly proves that 
for the step 1, the observer based adaptive TMD with 
linearised MR damper is able to equalize the peak for tuned 
values (solid line). In addition, also for the step 2 (detuned 
case), it is also able to follow the performance of the passive 
TMD (dashed and dash-dotted lines). 

 

 
Figure 10. Frequency responses of the adaptive TMD with 

linearised MR damper, for optimally tuned case (step 1,solid 
line), and de-tuned cases (step 2, dashed and dash-dotted 

lines). 
 
If the detuned system is retuned as in step 3 with control 

concept 1, then the observer based adaptive TMD with 
linearised MR damper improves the amplitude reduction 
compared to the passive TMD as seen in Figure 11. But, if the 
system is detuned with increased structural mass the 
frequency of the detuned structure get closer to the frequency 

of the absorber, which has greater effect on the system 
response. On the other hand, if the system is detuned with 
decreased mass, frequencies of host structure and the 
absorbers move away from each other. 

 

 
Figure 11. Frequency responses of the adaptive TMD with 

linearised MR damper, for optimally tuned case (step 1,solid 
line), and re-tuned cases (step 3, dashed and dash-dotted 

lines). 
 
However, the aim of this study to investigate that whether the 
observer based linearised MR damper can emulate the 
controllable stiffness and viscous damping or not. To find this 
out, the last numerical tests step 4 and control concept 2 are 
implemented, where the linearised MR damper will emulate 
both damping and stiffness forces. The results are shown in 
Figure 12, where up to several 100% amplitude reduction is 
achieved for the observer based adaptive TMD with linearised 
MR damper. 

 

 
Figure 12. Frequency responses of the adaptive TMD with 

linearised MR damper, for optimally tuned case (step 1, solid 
line) and re-tuned with controllable viscous damping and 

controllable stiffness cases (step 4, dashed and dash-dotted 
lines). 

 
In conclusion, these numerical test results show that the 
observer based linearisation of an adaptive TMD is able to 
emulate the positive or negative stiffness in addition to 
providing energy dissipation in the TMD. 
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ABSTRACT. Up to now, much of the research into active vibration suppression pays little attention to energy usage, 
concentrating on response performance often at the expense of power consumption. Our work focuses on developing energy 
efficient solutions, ideally self-powered, to control unwanted responses. To do so, we explore the idea using electromagnetic 
components to enable vibration control, minimum energy usage and energy recovery. Energy can be harvested by recovering 
part of the energy traditionally dissipated as heat in a damper. We investigate how this harvested power together with the 
electromagnetic unit can be used for semi-active vibration control. The strategy presented in this work shows how, using passive 
capacitances, we can design an electromagnetic vibration absorber (EVA) that is able to change its natural frequency and 
damping ratio in real time at minimum energy cost. This strategy is being tested experimentally by performing real 
time dynamic substructuring testing (RTDS). 
 
KEY WORDS: Vibration absorption, Energy usage, Electromagnetic tuning 

 
1 INTRODUCTION 
In the last decade, as a consequence of the development of 
energy harvesting technologies [1], the idea of combining 
vibration adsorption and energy harvesting has been 
investigated. Most recent work relies on substituting the 
damper of a traditional tuned mass damper (TMD) for an 
electromagnetic device connected to a passive resistive load, 
allowing the conversion of mechanical vibration into 
electricity [2,3,4]. A TMD that is able to harvest energy and 
provide variable controllable damping has recently been 
presented [5].  Going a step further we present in this paper a 
configuration that allows not only controllable damping but 
controllable natural frequency obtaining a substantial 
improvement in terms of vibration absorption. 
 The paper is structured as follows; the next section reports the 
studied system and describes its elements. Section 3 details an 
adaptive energy efficient control law. Section 4 describes the 
new control routine, based on switching capacitors. Section 5 
draws conclusions and refers to ongoing and future work 

2 ELECTROMAGNETIC VIBRATION ABSORBER 
HOST STRUCTURE MODEL 

We first define the problem being considered: interaction 
between a host structure and a vibration absorber, see Figure1. 
An electromagnetic device is connected in parallel with the 
spring and damper of a traditional TMD. Ideally there will not 
be any parasitic damping Cs ,but this is not normally the case. 
 
The equations of motion for the couple system when subjected 
to forcing Fo, can be written as  
 

        

€ 

M p ˙ ̇ x p + C p ˙ x p + K p xp −Cs ˙ x s − Ksxs − FEM = Fo

M s ˙ ̇ x p + ˙ ̇ x s( ) + Cs ˙ x s + Ksxs + FEM = 0
         (1) 

 

were Mp, Cp, Kp are the mass, damping and stiffness of the 
host structure. The electromagnetic vibration absorber is 
defined by (Ms, Cs, Ks, FEM). FEM is the electromagnetic force 
reflected back to the mechanical domain. xp is the 
displacement of the host structure relative to ground and xs the 
displacement of the vibration absorber relative to the host 
structure. 

 
Figure 1 Vibration absorber - host structure coupled system. 

 
In this work a moving magnet DC voice coil linear actuator 
was chosen as the conversion device for its nearly ideal 
mechanical properties over a specific range of displacement 
together with its constant electromagnetic coupling constant. 
The device is governed by the Lorentz Force Equation FEM = 
(Bl)I where Bl is the Flux density or electromagnetic coupling 
coefficient and I is the current. The mass in the vibration 
absorber is the moving magnet plus a lumped mass mounted 
onto the shaft, the stiffness is given by two springs acting in 
parallel with the shaft. Figure 2 shows the tested arrangement. 
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When the magnet is excited, a voltage is generated as the 
magnet moves through the magnetic field. This voltage V is 
proportional to the velocity of the magnet, 

€ 

V = (Bl) ˙ x s. With 
the coil open-circuit, damping is due to internal losses. 
Electrical damping results when a circuit is completed 
between the ends of the coil with a resistive load, and is the 
means by which mechanical energy can be converted into 
electrical energy. 
 

 
 

Figure 2 Picture of the tested vibration absorber 
 

If the circuit is completed with a resistive load, the force 
reflected back into the mechanical domain, taking into 
account Lorentz equation and velocity-voltage relationship, 
can be written as: 

 

                                  

€ 

FEM =
(Bl)2

Rc + RL
˙ x s            (2) 

 
where Rc and (Bl) are the internal coil resistance and 
electromagnetic coupling respectively. RL is a resistive load 
connected across the motor terminals. 
The electromagnetic force reflected back into the mechanical 
domain becomes a damping force. The electrical damping 
value is given by  
 

         

€ 

Celec =
(Bl)2

Rc + RL
            (3) 

 
The average power available to harvest with this configuration 
is give by [5]: 

          

€ 

Pavg =
1
T

I 2RL dt =0
T∫

1
T

(Bl)2 ˙ x 
s

2

(Rc + RL )2 RL dt0
T∫                 (4) 

3 LIMITATIONS OF AN ADAPTIVE VARIABLE 
DAMPING CONTROL SCHEME 

 

3.1 Adaptive damping 
When studying possible low powered control strategies, we 
started by considering an adaptive controllable damping 
scheme, reported in [5], in the context of sinusoidal excitation.  
The strategy was derived from the optimal values estimated 
by Den Hartog [6] with the extension of allowing the 
possibility of the damping value to be adaptive. We defined 
resonance interval as the frequency interval defined by the 
fixed points ωa and ωb.  It was found that inside the resonance 
interval the optimal value of the electrical damping was zero 
and outside the interval the optimal value was infinity. Since 

these two values are not possible for energy recovery, and 
taking into account that the electrical damping value is 
inversely proportional to the resistive load, we obtain the 
control law depicted in Figure 3. 

 
Figure 3 Adaptive damping control law 

 
The values for Rmax and Rmin have to be chosen such that 

a minimum of energy can always be recovered. The more 
extreme the values the better the performance as a vibration 
absorber and the worst the performance as a harvester [5]. In 
our case we choose 50mW as the minimum required power. 

 
When applying the control law depicted in Figure3, we obtain 
a reduction in the displacement of the primary mass for all 
frequencies expect for ωa and ωb. For these two frequencies 
the displacement remains the same. See Figure 4 

 

Figure 4 Displacement of the Host structure with a passive 
TMD and a adaptive EVA. 

 
Figure 5 shows the power available to harvest when using 

the adaptive control law. 

Voice coil Ks/2 Ks/2 Ms 
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Figure 5 . Power available to harvest. Minimum power set to 
50mW. 

3.2 Experimental results 
This strategy was tested experimentally by developing real-
time dynamic substructuring [7]. In this technique, the tested 
specimen is divided into two parts: a numerical one and a 
physical one. In our case the host structure was simulated 
numerically while the EVA was physically tested. Both 
substructures interact in real time so the response of the whole 
system under load can be studied. Figure 6 depicts the 
substructuring loop [7]. 

 
Figure 6 . Substructuring loop. 

 
To implement the real-time tasks a dSpace DS1104 RD 

controller board is used. MATLAB/Simulink is used to build 
the substructured model. The dSpace module ControlDesk is 
used for on line analysis and control. All these elements 
together provide one integrated tool to manage real-time 
experiments. The transfer system is an electrically driven ball 
screw actuator, that imposes the displacement calculated by 
the numerical model onto the physical substructure, The force 
at the interface is derived from the signal from an 
accelerometer connected to the EVA moving mass. 

 
The variable resistive load unit consists of three modules: a 

rectification module, a pulse width modulation (PWM) 
module and a flyback converter. Although the converter 
emulates a resistance, the power is not simply dissipated as 
heat as with a passive resistance, but most (between 85%-
90%) is transferred to the output, a rechargeable battery, 
where it is available to supply the control circuit itself and a 
wireless conditioning- monitoring system, details of this 
circuit can be found in [5]. 

Figure 7 shows the experimental set up: physical 
substructure, actuator transfer system and the variable 
resistive load unit.  

Figures 8 to 11 show the experimental results, which 
confirm the analytical analysis of the previous section 

 

 
Figure 7. Experimental set up 

 
Figure 8. Experimental results. Host structure and EVA 

displacements. 
 
Figure 8 shows the displacement of the EVA (xs) and the 

displacement of the host structure (xp) when applying the 
adaptive control law. xpo refers to the displacement of the 
uncontrolled host structure.  

Minimum harvestable power 
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Figure 9. Experimental results. Power available to harvest. 

 
Figure 9 shows the measured power available to harvest, the 

analytical estimation was shown in figure 5. 
The measured voltages pre and post rectification are shown 

in figure 10. 

 
Figure 10. Experimental results. Efficiency of the 

rectification module: voltages pre (V1)  and post (V2)  
rectification. 

 
 

Figure 11. Experimental results. External loading a 
measured feedback force. 

 

In figure 11 the exciting sinusoidal force Fo (external) and 
measured and feedback into the numerical model (Fedback) 
are shown. 

 

4 CAPACITANCES SWITCHING CONTROL LAW 
Due to the existence of the fixed points, the adaptive control 
law has a limited improvement capability. One strategy to 
overcome its limitation is to change the natural frequency of 
the EVA by connecting capacitors into the circuit.   

4.1 Preliminary study: isolated EVA 
We first star studying the effects of connecting a capacitor to 
an isolated EVA, see Figure 12. The equation of motion of the 
device is given by: 

 
                   

€ 

M s˙ ̇ x + Cs ˙ x + Ksx + FEM = −M s˙ ̇ u g = Fo               (5) 
 

The electromagnetic force for this configuration, in the 
Laplace domain, is given by:  

                      

€ 

FEM= (Bl)I = (Bl)2 Cas
2

1+ RcCas
                    (6) 

 

 
 Figure 12. Connecting a capacitor to an EVA device. 

Substituting eq. (6) into eq. (5) and grouping terms together, 
the following change on apparent mass and damping is 
obtained: 

 

€ 

ΔM = (Bl)2 Ca

1+ RcCaω( )2

ΔM = (Bl)2 (Caω)
2Rc

1+ RcCaω( )2

 

                   (7)

 

€ 

ΔC = (Bl)2
Caω( )2Rc

1+ RcCaω( )2
 

 
It can be seen from eq. (7) that the maximum amount of mass 
that can be simulated by a capacitor is a property of the 
electromagnetic device and it only depends on (Bl) and Rc. 
 
If Rc=0 we can simulate any value of mass, provided an 
appropriate capacitor value, and the added damping will be 
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zero. As Rc increases, we start to add damping into the system 
and the mass we can add will be limited, see Figure 13. 

 
Figure 13 Increments of mass and damping as a function of Ca 

for a range of Rc values. 

Figure 14 show experimental results for our EVA device. 
We obtained a 20% reduction of the natural frequency of the 
device by connecting a 14000µF electrolytic capacitor. It is 
important to note that the weight of the capacitor is negligible. 

 

 
Figure 14 Experimental results. (Bl)=11N/A, Rc=3Ω, 

Ca=14000µF.  

4.2 Analytical control law 
We now develop an adaptive control law that “detaches” the 
fixed points so we can obtain a performance improvement for 
all frequencies, when comparing to a passive device. It is 
important to take into account that by adding capacitors one 
can reduces the natural frequency of the device, so we have to 
define the interval of natural frequencies that need to be 
covered and design an EVA that has initially, or open circuit, 
a natural frequency equal to the maximum value of the desired 
range. 

For a given µ, host structure to EVA mass ratio, the optimal 
natural frequency ratio estimated by Den Hartog [6] is given 
by 1/(1+ µ). We define three frequency intervals for our EVA, 
see figure 15. 

 
Figure 15. EVA frequency intervals I: different natural 

frequencies. 

First interval, for frequencies below 1.1ωa, second interval 
[1.1ωa 0.9ωb]  and third interval for frequencies above 0.9ωb. 

We design an open circuit EVA lighter than the initial 
value, so the new natural frequency is 10% above Den Hartog 
ωs. We need to take into account that due to the losses in the 
coil, Rc, we will be adding damping as well as mass. As 
shown in Figure 3, optimum damping is small inside the 
interval [ωa ωb] and big outside the interval. We break further 
our intervals to accommodate optimal damping values. Figure 
16 shows the interval for frequencies above a 0.9ωb being 
broken into two, for frequencies outside the resonance interval 
[ωa ωb] a resistance R1 is emulated and for frequencies [0.9ωb 
ωb] a resistance R2 is emulated. R2>R1 so the damping inside 
the resonance interval is smaller than that outside. R1 and R2 
are again chosen so a minimum amount of power is always 
available for harvesting. 

 
Figure 16. EVA frequency intervals II: right side. 

 

We now study the central part of the graph [1.1ωa 0.9ωb] , 
where the natural frequency has to be equal to ωs and the 
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damping has to be as small as possible, to achieve this we 
connect a capacitor Ca1 so the apparent mass increases and the 
natural frequency falls by 10% from the previous value.  

 
Figure 17. EVA frequency intervals II: central part and right 

side. 
 
For frequencies below 1.1ωa a lower natural frequency 

(0.9ωs) is required. This interval needs to be divided into two 
parts so the damping requirements inside and outside the 
resonance interval are satisfied. In order to achieve this two 
different capacitor values, Ca2 and Ca3, are connected. 
Caa1<Ca2<Ca3 so 

€ 

ωca1 >ωca2 >ωca3  and 

€ 

Celec{Ca1} < Celec{Ca2} < Celec{Ca3} . 
The adaptive control law will operate as follows: the 

frequency of excitation will be monitored via voltage zero 
crossings at a predetermined rate of occurrence, typically 
several periods of forcing. 

The excitation frequency will belong to one of the five 
intervals defined by ωa and ωb, which must be known and can 
be experimentally extracted. The appropriate switch will be 
closed, see figure 18, depending on the excitation frequency. 

 

 
Figure 18 Switching capacitors strategy. Electronics circuitry. 

 
Figure 19 shows analytical results of the performance of the 

capacitances switching strategy. A reduction of 18% of the 
displacement of the host structure is achieved, when 
comparing maximum host structure displacements, with the 
added advantage than the device is lighter than the passive 
one. 

 
Figure 18 Switching capacitors strategy. Analytical results. 

Note that with this strategy we are harvesting energy at 
frequencies above 0.9ωb via R1 and R2. Resistive loads can 
be connected to any of the branches with capacitors in figure 
17 in order to be able to harvest energy for all frequencies. 
The values of the capacitors should be modified to 
compensate the effect of adding this extra resistance. 

Since the energy consumption of the switching is minimal, 
we can define this adaptive strategy as low powered, provided 
we program our controller (frequency discriminator) using 
low powered technology, as for example eXtreme Low Power 
PIC Microcontrollers [8]. 

5 CONCLUSIONS  
In this paper we have presented two adaptive strategies, 

both low powered. The first one, based on adaptive damping, 
presents an improvement from a passive device for all 
frequencies but the fixed points. This adaptive damping 
control law was experimentally tested and analytical results 
were confirmed.  

In order to overcome the fixed point limitation a second 
adaptive control law, based on switching capacitors, was 
developed. In this scheme the EVA has adaptive natural 
frequency since the apparent mass in the mechanical domain 
can be changed by connecting different capacitors in the 
electrical domain. The analytical results for this scheme are 
very promising. We obtain a reduction for the host structure 
displacement of 18%, the control law is low powered and the 
resulting device should be lighter than the equivalent passive 
device. This second adaptive control law is currently being 
tested. 
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ABSTRACT: This work presents a multibody model of a small three wheeled car with one rear wheel and two front steered 
wheels. Considering vehicles small size and weight, it has been decided to model the influence of additional weight driver on 
the vehicle’s dynamics. Then the proposed kinematics of the three-wheeler is designed with respect to the desired dynamic 
properties by applying a detailed multibody system model. The unstable nature of the motion of a three-wheeled vehicle with 
the additional weight driver, suggest the application of a dynamic control system suitable of controlling the lateral motion of 
vehicle in driving maneuvers. In accordance to the present available technology, the performance of vehicle dynamics control 
actuation systems can be based on the individual control of each wheel braking and/or traction forces, which are known as 
differential braking and traction control systems. So, in order to investigate the effectiveness of a dynamics control system, a 
control strategy that takes over the stabilization task will be developed and, numerical simulations will be presented. 

KEY WORDS: vehicle Dynamics, lateral control, three-wheeled vehicles. 

1 INTRODUCTION 
A three wheeled car, also known as a tricar or tri-car, is an 
automobile having either one wheel in the front for steering 
and two at the rear for power, two in the front for steering and 
one in the rear for power, or any other combination of layouts. 
Nowadays, automobile companies are involved in the design 
of more efficient vehicles improving the energetic efficiency 
and making them smaller for the best use of the current roads 
and streets [1]. The idea of smaller and energy-efficient 
vehicles for personal transportation have renewed naturally 
the interest by the three wheel platform. Nevertheless, three 
wheeled vehicles have been produced as long as those with 
four wheels [2]. In fact, three wheels is the minimal number of 
wheels required to have static stability of a vehicle. Opinions 
normally run either strongly against or in favor of the three 
wheel platform. Smaller costs of production and maintenance 
are some of the weighting factors that turn in favor of the 
three-wheeled vehicles, whereas its reduced stability, when 
compared to four-wheel vehicles, especially during cornering, 
is a factor that weights against. In fact, three-wheelers are 
lighter and less costly to manufacture, but when are poorly 
designed or used in the wrong application, a three wheel 
platform is the less forgiving layout [1]. 

The number of vehicle models that have been developed is 
relatively huge, especially in the case of four wheeled 
vehicles, but the detail and complexity of those models is not 
always similar. There are many works describing only certain 
aspect of vehicles [2], namely tire-ground friction [3] and 
Lateral and longitudinal car dynamics [4-6], suspension and 
modeling of active suspension control [7-9], ground vehicles 
including tire characteristics, longitudinal and lateral 
dynamics, suspension dynamics and aerodynamics [9-14]. 
The models of vehicles with three wheels have not been 
described extensively as those with four wheels. Nevertheless, 
different configurations of three wheeled vehicles and their 

stability analysis are com-pared to a four wheeled vehicles in 
the work of Huston et al. [15] and of the Saeedi and Kazemi 
[1, 15]. The modeling procedure and the safety analysis of a 
three-wheeled Indian rickshaw with one forward and two rear 
wheels is presented by Mukherjee et al [16, 17], while a three 
wheeled vehicle for solar power racing cars is described by 
Starr [18] and three wheeled tilting vehicles are analyzed by 
Berote et al and Amati et al [19, 20]. 

Many efforts are being made in automotive industries to 
develop vehicle dynamics control (VDC) systems able of 
improving the lateral vehicle response in critical cornering 
situations by distributing asymmetric brake forces to the 
wheels [1]. The target of the VDC system is to assure that the 
vehicle’s lateral motion follows the path that is commanded 
by the driver’s steering action. To achieve this, the controller 
is responsible for the development of the additional yaw 
moment that can restore the stability on a critical situation. In 
vehicles without VDC, the yaw moment can be generated 
only by the driver’s steering action. For VDC systems, the 
yaw moment control is considered as way of controlling the 
lateral motion of a vehicle during a severe driving maneuver. 
In accordance to the present available technology, the 
performance of VDC actuation systems may be based on the 
individual control of wheel braking force known as the 
differential braking [21]. The transverse distribution of the 
vehicle braking force between the wheels is the most common 
approach to generate the required yaw moment. 

Nevertheless, in modern concepts of electric vehicles (EVs), 
known as motorized wheels EVs, the VDC actuation system 
can work on the principle of controlling the vehicle traction 
force rather than the braking force. The power train of this 
type of vehicles consists of two or four electric motors, which 
are integrated into each one of the drive wheels and can be 
con-trolled independently [21]. In this configuration, the 
traction force of each individual wheel can be independently 
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controlled by means of controlling the corresponding electric 
drive motor.  

It must be noted that direct yaw moment control can 
become highly important and crucial for EVs when compared 
with the traditional type vehicles. As a matter of fact, with the 
installation of heavy battery boxes, the mass center of the 
vehicle may be shifted to an undesirable position, making the 
car inherently unstable. Moreover, since a small light weight 
three wheeled car is being modeled, the extra weight of the 
driver in the car has a significant effect on the position of 
center of gravity (COG) and car’s moments of inertia. The 
three-wheeled electric car presented in this work has the 
batteries placed at the front of the car and has one rear drive 
wheel and two steered front wheels. 

An alternative to the differential braking or traction 
systems, which are used to improving the lateral vehicle 
response in critical cornering situations, is the active steering 
system [22]. The main control idea of active front steering is: 
feedback of the yaw rate to a controller which is coupled to an 
actuator that can increase or decrease the driver applied 
steering angle. The system used can be steer by wire or a 
mechanical link with planetary gears and an electric motor 
which adds the additional angle [23]. 

There is a number of commercial and non-commercial car 
simulators of different levels of detail and complexity, created 
using different tools and formulations [24-28]. The multibody 
code DAP3D, based on the multibody methodology proposed 
by Nikravesh and others [29-33], is used to support the 
implementation of the developments reported in this work. 

One of the most effective methods for improving the 
handling performance and active safety of ground vehicles in 
non-linear regimes is the direct yaw moment control (DYC) 
[1, 34]. In the present study, comparing the stability control of 
three-wheeled vehicles and a four-wheeled one is presented. 
In order to do this, a linear control system for direct yaw 
moment control, to improve the vehicle handling, is 
developed. The control law is developed by minimizing the 
difference between the predicted and the desired yaw rate 
responses. 

2 VEHICLE MODELING 
In this research, the vehicle modeling is based in the dynamic 
Multibody model methodology presented by Ambrósio et al 
[30, 31, 35]. Multibody models of two small vehicles are 
considered: a four-wheeled vehicle and a three-wheeled 
vehicle. Both vehicles have two steered wheels at front, which 
are assembled to the chassis by a MacPherson suspension 
type. The four-wheeled vehicle has an oscillation rear 
suspension and two stabilization bars, one at front and one at 
rear, while the three-wheeled car has only one stabilization 
bar at front and, the third wheel is assembled to the chassis by 
an oscillation suspension. All the data for the vehicle models 
presented in this work results from the work of Pedro [36] and 
Ferreira [37]. The development of all vehicle components was 
supported by a geometric modeling using the software 
SolidWorks [38]. None of the data reported here is part of a 
manufactured vehicle. 

2.1 Multibody formulation for vehicles 

A rigid body is defined by the position of a body fixed 
reference frame, ξηζ, and its orientation with respect to an 
inertia frame, XYZ. The position and orientation of the rigid 
body i is defined by a set of translation coordinates, 
represented by ri and rotational coordinates pi. The body 
coordinates are then grouped in a vector qri=[ri

T pi
T]T. The 

coordinate vector of the complete system, q =[qr1
T … qrn

T]T, is 
composed by the coordinate vector of the n individual bodies. 

For a multibody system it is necessary to define a set of 
kinematic constraints associated to the joints that restrict the 
relative motion between the bodies of the system, denoted as 
[39] 

 ( , )t ≡Φ q 0  (1) 

where t refers to the kinematic constraints that depend on 
time. The constraint equations are added to the Lagrange 
equations using Lagrange multipliers, λ , as 

 T+ = +qMq Φ λ g s&&  (2) 

where s  groups the quadratic velocity terms and the vector g  
are the external forces applied with respect to rigid body 
motion. The second derivatives of the constraint equations, 
are given as 

 ( ) qt 0, ≡ − =Φ q Φ q γ&& &&  (3) 

by putting together equations (2) and (3) the system of 
equations to be solved is [24] 

 
T⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

q

q

M Φ q g s
Φ 0 λ γ 0

&&
 (4) 

The Jacobian matrix Φq
T and the right-hand-side vector γ 

depend on the type of kinematic constraints used. The external 
forces include joint constraint forces which result from the 
coupling with the others components. The equation of motion 
Equation (4) does not use explicitly the position and velocity 
constraint equations. Therefore, during the integration 
process, the accumulation of numerical errors in the positions 
and velocities might lead to a drift in the sys-tem constraints. 
To minimize these constraints violations the numerical 
integration the Baumgarte stabilization is used [40]. 

Apart from the aerodynamic forces, all the forces 
influencing the vehicle dynamics are created in the contact 
surface between the tire and the road [1]. Thus, for the 
simulation of the vehicle dynamic behavior, the tire model 
plays an important role and, in this work, is included in the 
vehicle model by means of the tire model developed in the 
university of Arizona by Gim and Nikravesh [41]. 

The steering angle is used to drive the vehicle such that a 
desired path is followed. The attitude angle imposed on each 
of the steered wheels is defined by the steering geometry. 
More-over, when a road vehicle performs a curved path, 
outside and inside wheels have different radius of curvature. 
So the inside wheel must steer to a larger angle than the 
outside wheel [39]. The ideal difference in angles is defined 
by the Ackerman geometry [22], which is the steering system 
implemented in the DAP3D [29, 39]. 
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2.2 Control design of the vehicle trajectory 

The control of the vehicle trajectory is based on the attitude 
angle of the steering system, on the wheels traction and 
braking possibilities and, alternatively, on an active front 
steering sys-tem. The steering input is described by the 
kinematic constraint that imposes that the angle between the 
forward direction of the front wheels and the chassis follows 
prescribed values, which are defined by the driver. The 
traction and braking of the vehicle wheels are described by 
torques applied to the wheels and the chassis, being calculated 
by the controller and, are added to the force vector g in 
Equation (4). 

The control of the vehicle handling and stability is based on 
the measurement of the yaw rate of the vehicle during a lane 
maneuver, such that the yaw rate of the vehicle is controlled 
to follow its target value to a given steering angle and vehicle 
speed. The objective of the controller is to track the desired 
yaw rate by minimizing the yaw rate error. For this purpose, a 
linear control system based on the disturbance of the yaw 
moment signal is formulated as 

 ( )( ) ( ) ( )z r desM t K r t r tΔ = −  (5) 

where zMΔ  represents the control input, which is a 
compensating yaw moment, r  is the yaw rate at time t, desr  is 
the desired yaw rate and rK  is the constant feedback gain of 
the yaw rate. 

The evaluation of the desired yaw rate is based on a 
conventional linear two-degree of freedom model for vehicle 
handling [1]. For stationary manoeuver is possible to establish 
a relationship between the steering angle and the yaw rate, as 
[10]. 

 
( )2des

us

U
r

l k U
δ=

+
 (6) 

where usk  is the under steer coefficient and U  is the forward 
velocity of the bicycle model, while l  is the wheelbase and δ  
is the steering angle at the front wheel. 

The yaw rate at the time t is obtained as presented by Antos 
and Ambrósio [33] and can be obtained from the 
transformation matrix A between the inertial frame (X Y Z) 
and the vehicle model reference frame ( ), ,ξ η ζ  , which is can 
be written as 

 

2 2
0 1 1 2 0 3 1 3 0 2

2 2
0 1 0 3 0 1 2 3 0 1

2 2
1 3 0 2 2 3 0 1 0 1

1 2
1 2

1 2

e e e e e e e e e e

e e e e e e e e e e

e e e e e e e e e e

⎡ ⎤+ − − +
⎢ ⎥= + + − −⎢ ⎥
⎢ ⎥− + + −⎣ ⎦

A  (7) 

The transformation matrix at equation (7) is written in terms 
of Euler parameters, which are the rotational coordinate used 
in DAP3D program [29]. Nevertheless, this transformation 
matrix can be interpreted using the set of Bryant angles 1ϕ , 

2ϕ  and 3ϕ  associated to the trans-formation, as 

 

( )

( )

( ) ( )

2 13

23
1 2 1

2

12 11
3

2 2

arcsin

arcsin
cos 2 2

arctan ,
cos cos

a

a
for and

a a

ϕ

π πϕ ϕ ϕ
ϕ

ϕ
ϕ ϕ

⎫
⎪

= ⎪
⎪

⎛ ⎞ ⎪= − < ≤⎜ ⎟ ⎬⎜ ⎟
⎪⎝ ⎠
⎪⎛ ⎞⎪= −⎜ ⎟⎜ ⎟⎪⎝ ⎠⎭

 (8) 

and, the time derivatives of the Bryant angles are calculated as 

( )

( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1 3 3

2 3 2 2 3
2

3 3 2 3 2 2

cos sin 0
1 sin cos cos cos 0

cos
cos sin sin sin cos

w

w

w
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η

ζ

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

⎡ ⎤−⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎢ ⎥ = ⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥ −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

&

&

&

 (9) 

The yaw rate of the full model vehicle is approximately 
equal to the time derivative of the third Bryant angle time 
derivative, i.e. 

 ( ) ( )r t tϕ= &  (10) 

The control moment can be generated by a number of 
actuation systems, namely using a differential breaking 
system, which distributes the brake force [4], and or in 
combination, dis-tributes also the motor torque over the four 
wheels (ESP) or using an active steering system[22]. This 
work is not focus in the mechanisms that can be used to apply 
the compensate moment, thus for the case of simulate a 
differential breaking systems it is assumed that the 
compensate moment is applied directly over the gravity center 
of the vehicle while for the case of active steering is assumed 
that the additional moment is applied directly over the wheels. 
In the case of differential braking or traction systems the 
control moment must satisfy some physical constraints due to 
both the actuation systems and the road-tire performance 
limits. Nevertheless, none of these limits is accounted for in 
this work 

3 SIMULATION RESULTS 
To study the transient performance of the proposed 
controllers, the numerical simulations are carried out using the 
simulation software DAP3D, during a lane maneuver between 
the cases with and without control. The effectiveness of the 
controller is shown considering a steering angle input of a 
single lane change maneuver completed in 2s with two 
triangular pulses ( )03δ = ± . 

During this maneuver it is assumed that vehicles run on a 
dry road with a friction coefficient of 0.7 with a constant 
speed of 110 Km/h and the steering angle input is shown in 
Figure 1.  
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(b)  

Figure 1. Steering angle for the lane maneuver: (a) four-wheel 
car; (b) three-wheel car. 

In Figures 2, 3 and 4 the simulation results of vehicle 
dynamic characteristics are compared for two different 
vehicles. 

 

 
Figure 2.Vehicle trajectory. 

 

(a)  

(b)  

(c)  

Figure 3. Simulation results of vehicles at lane maneuver: (a) 
longitudinal velocity; (b) lateral velocity; (c) lateral 

acceleration. 

 
Figure 4. Yaw angular velocity vehicles at lane maneuver. 

Based on the results presented in Figure 2, at the speed of 
110 Km/h both vehicles are highly unstable and deviates from 
the desired trajectory. Moreover, the three-wheeled vehicle 
with the extra driver weight of 70kg showed a clear tendency 
to slowly turn to one side. This behavior is due to the extra 
driver height that changes the position of the COG of the 
empty car, which influences the yaw motion of the car, see 
Figure 4. Nevertheless, after applying the desired control, both 
vehicles become completely stable and, the desired yaw rate 
can be followed exactly. Notice that the desired yaw rate 
depends of the wheelbase and of the under steer coefficient of 
a vehicle, thus different values of the desired yaw rate 
between vehicles are expected. In Figures 2, 3 and 4 the 
results of the three-wheeled vehicle, controlled by steering or 
by differential breaking systems, are overlap. Meaning that 
this vehicle did not show sensitivity to the kind of control 
system used, while the four-wheeled vehicle showed to be 
sensitivity to the nature of the control system used. In figures 
3 (b) and (d) is possible to see that the use of a steering 
control on the four-wheeled vehicle leads to a smaller lateral 
velocity and accelerations.  

4 DISCUSSION 
In this work, the dynamic performance and stability of three-
wheeled and four-wheeled cars were investigated and 
compared. Later, two control systems were designed based on 
the two degree of freedom bicycle model. The simulation 
results during a lane manoeuver of 03±  show that: 
• at the velocity of 110 km/h, both vehicles are highly 

unstable 
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• controlled vehicles have a better performance in 
comparison to the uncontrolled vehicles. 

• Both control systems trace the desired response with a 
satisfactory accuracy 

• the lateral stability of the controlled four-wheeled vehicle 
for the steering control strategy led to a better 
performance than for the differential breaking strategy. 
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ABSTRACT: Vibrations of civil engineering structures, generated by dynamic loads, may be very dangerous to the structures 
themselves as well as may have significant influence on human perception and comfort. A number of different methods have 
been proposed in order to minimize such situations. This concern newly designed structures as well as those which dynamic 
properties have to be modified due to problems with excessive vibrations. One of the methods is to increase stiffness of the 
structure so as to avoid resonance with the excitation. Another approach assumes installation of additional dampers so as to 
increase dissipation of energy during vibrations.  
In this paper, an idea of using polymer dampers, in the form of tapes, is proposed. An experimental study on aluminum 
cantilevered beam has been conducted. Two different models have been considered and analyzed. One of them presents a plain 
cantilevered beam, while the second one considers beam with the polymer tape attached. The behavior of both models under 
different loads has been investigated. Two cases have been analyzed and damping ratios have been identified.  
The results of the study clearly show that the response of the beam with and without polymer damper is substantially different. 
They indicate that the application of the polymer tape may lead to even five times higher values of damping ratio. Therefore, the 
method can be considered as an effective one in reduction of structural vibrations.  
 

KEY WORDS: experimental study, dynamic loads; reduction of vibrations; polymer dampers; damping ratio. 

1 INTRODUCTION 
Dynamic loads are often found to be the most important ones 
at the design stage of civil engineering structures [1]. Newly 
designed and erected metal structures are often composed of 
very slender and light components that are easily excitable by 
different types of dynamic load. Wind, earthquake or crowd 
load effects determine the design procedure of metal 
structures that are regularly subjected to such significant 
dynamic loads (see, for example, [2, 3, 4]). If the induced 
vibration excites a natural frequency of the affected part of the 
structure, resonance might occur. It may lead to severe 
damages of civil engineering structures, their collapse or panic 
among the people [4, 5].  

One of the methods to avoid resonance with the excitation is 
to increase stiffness of the structure. However mentioned 
solution in some cases is not possible or difficult to be 
adopted. There is proposed using of elasto-visco-plastic 
materials, which has been proposed and used [6] as a 
technique of filling the cracks with the elastomeric polymer 
mass to repair damaged masonry structures. The polymer 
mass is a specially designed flexible two-component grout, 
which is based on polyurethane resin. The method is mainly 
dedicated to masonry and historical objects where minimal 
intervention is allowed. Based on previous experimental 
study, that were aimed to obtain parameters of the special 
prepared polymer mass, it has been proven that this kind of 
material has also additional damping properties [7], [8], [9]. 

In this paper, the application of polymer mass, in the form 
of tapes as dampers, is proposed and analyzed. The aim of an 
experimental study is to analyze the response of aluminum 

cantilevered beams (with and without polymer dampers) 
subjected to impact loads. 

2 EXPERIMENTAL STUDY 
An experimental study has been conducted at Cracow 
University of Technology (Poland). Two different models of 
aluminum cantilevered beams have been tested. One of them 
presents a plain cantilevered beam, while the second one 
considers beam with the polymer damper installed. Aluminum 
beam, which has been examined in the study, has a total 
length of 0.965 m, width of 0.03 m and thickness of 0.009 m. 
Polymer mass, which have been used during an experiment, 
has been applied in the form of tape of the same width and the 
total thickness of 0.007 m. Both models of beams are 
presented in Figure 1 and Figure 2.  

 

 
Figure 1. An aluminum cantilevered beam. 
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Figure 2. Aluminum cantilevered beam with polymer tape 

attached at its top surface.  

Aluminum cantilevered beams have been excited by impacts 
of modal hammer applied at the middle of the elements 
length. The behavior of the beams has been observed and 
recorded by two accelerometers that were installed on the 
metal side at the end of each beam (see Figure 1 and  
Figure 2). Moreover, the response of cantilevered beams has 
been analyzed under various values of vertical load (from  
10 N to 60 N) also applied at their ends. Total time duration of 
each measurement was equal to 12.5 seconds. 

The aim of an experimental study was to analyze the 
response of aluminum cantilevered beams subjected to 
dynamic loads. The first stage of the study concerns the 
estimation of modal characteristics for the plain aluminum 
beam as well as for beam with polymer damper. In this paper 
modal characteristics, such as natural frequencies of vibration 
modes and damping ratios, are described. 

A large number of tests have been conducted. The results of 
the experimental study have been presented in the form of 
acceleration time histories, based on which modal 
characteristics have been determined. The results for three 
representative load cases are described in this paper in details. 
The results for each load case show the comparison between 
behavior of beam without and with polymer damper. 
Acceleration time histories describing the behavior of 
aluminum beams with additional load of 10 N are presented in 
Figure 3 and Figure 4. 

 

 
Figure 3. Acceleration time history of the plain aluminum 

cantilevered beam (load 10 N). 

 
Figure 4. Acceleration time history of the aluminum 
cantilevered beam with polymer damper (load 10 N). 

 
Two modes of free vibrations and corresponding natural 

frequencies for each case have been determined by conducing 
Fast Fourier analysis. The results of the analysis are shown in 
Figure 5 and Figure 6, for the beam without and with polymer 
damper, respectively. 

 

 
Figure 5. Spectral response of the plain aluminum 

cantilevered beam (load 10 N). 

 

 
Figure 6. Spectral response of the aluminum cantilevered 

beam with polymer damper (load 10 N). 

 
Two natural frequencies observed during experimental 

study have been analyzed separately by filtering out the 
components with other frequencies from the measured 
acceleration time histories. The results for the first modes of 
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vibrations (corresponding to the natural frequencies of 3.1 Hz 
and 3 Hz) are presented in Figure 7 and Figure 8.  

 

 
Figure 7. Vibrations with the 1st natural frequency determined 

for the plain aluminum cantilevered beam (load 10 N). 

 

 
Figure 8. Vibrations with the 1st natural frequency determined 

for the aluminum cantilevered beam with polymer damper  
(load 10 N). 

 
In Figure 9 and Figure 10, the second modes of vibrations 

(corresponding to the natural frequencies of 37.3 Hz and  
32.8 Hz), for both model of beams are shown. 
 

 
Figure 9. Vibrations with the 2nd natural frequency determined 

for the plain aluminum cantilevered beam(load 10 N). 

 

 
Figure 10. Vibrations with the 2nd natural frequency 

determined for the aluminum cantilevered beam with polymer 
damper (load 10 N). 

 
The next load case analyzed in this paper describes the 

response of aluminum cantilevered beams (without and with 
polymer damper) when additional load of 35 N is applied. 
Figure 11 and Figure 12 present the acceleration time histories 
for both models of beams. 

   

 
Figure 11. Acceleration time history of the plain aluminum 

cantilevered beam (load 35 N). 

 

 
Figure 12. Acceleration time history of the aluminum 
cantilevered beam with polymer damper (load 35 N). 

 
The results of the Fast Fourier analysis, for this load case, 

are shown in Figure 13 and Figure 14, for the beam without 
and with polymer damper, respectively. 
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Figure 13. Spectral response of the plain aluminum 

cantilevered beam (load 35 N). 

 

 
Figure 14. Spectral response of the aluminum cantilevered 

beam with polymer damper (load 35 N). 

 
Two natural frequencies observed during experimental 

study have been analyzed separately by filtering out the 
components with other frequencies from the measured 
acceleration time histories. The results for the first modes of 
vibrations are presented in Figure 15 and Figure 16. 

 

 
Figure 15. Vibrations with the 1st natural frequency 

determined for the plain aluminum cantilevered beam  
(load 35 N). 

 

 
Figure 16. Vibrations with the 1st natural frequency 

determined for the aluminum cantilevered beam with polymer 
damper (load 35 N). 

 
In Figure 17 and Figure 18, the second modes of vibrations 

(corresponding to the natural frequencies of 36.5 Hz and  
31.9 Hz), for both models of beams are shown. 
 

 
Figure 17. Vibrations with the 2nd natural frequency 

determined for the plain aluminum cantilevered beam  
(load 35 N). 

 

 
Figure 18. Vibrations with the 2nd natural frequency 

determined for the aluminum cantilevered beam with polymer 
damper (load 35 N). 

 
The last analyzed in details load case concerns the behavior 

of aluminum cantilevered beams (without and with polymer 
damper) when additional load of 60 N has been applied. In 
Figure 19 and Figure 20, the acceleration time histories have 
been presented for this load case. 
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Figure 19. Acceleration time history of the plain aluminum 

cantilevered beam (load 60 N). 

 

 
Figure 20. Acceleration time history of the aluminum 
cantilevered beam with polymer damper (load 60 N). 

 
The results of the Fast Fourier analysis, for this load case, 

are shown in Figure 21 and Figure 22, for the beam without 
and with polymer damper, respectively. 

 

 
Figure 21. Spectral response of the plain aluminum 

cantilevered beam (load 60 N). 

 
 
 

 
Figure 22. Spectral response of the aluminum cantilevered 

beam with polymer damper (load 60 N). 

 
Two natural frequencies observed during experimental 

study have been analyzed separately by filtering out the 
components with other frequencies from the measured 
acceleration time histories. The results for the first modes of 
vibrations (corresponding to the natural frequencies of 1.4 Hz) 
are presented in Figure 23 and Figure 24. 

 

 
Figure 23. Vibrations with the 1st natural frequency 

determined for the plain aluminum cantilevered beam  
(load 60 N). 

 

 
Figure 24. Vibrations with the 1st natural frequency 

determined for the aluminum cantilevered beam with polymer 
damper (load 60 N). 

 
In Figure 25 and Figure 26, the second modes of vibrations 

for both models of beams are shown. 
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Figure 25. Vibrations with the 2nd natural frequency 

determined for the plain aluminum cantilevered beam  
(load 60 N). 

 

 
Figure 26. Vibrations with the 2nd natural frequency 

determined for the aluminum cantilevered beam with polymer 
damper (load 60 N). 

 
All results obtained from the experimental tests have been 

grouped in the form of tables. Table 1 shows values of the 
natural frequencies of the plain aluminum cantilevered beam 
under different values of additional loads.  

 

Table 1. Natural frequencies of the plain aluminum 
cantilevered beam under different values of loads. 

 
 

Load 
[N] 

1st 

natural 
frequency 

[Hz] 

2nd 

natural 
frequency 

[Hz] 
0 7.5 47.5 

10 3.1 37.3 
25 2.1 36.6 
35 
50 
60 

1.8 
1.5 
1.4 

36.6 
36.6 
36.6 

 
Values of natural frequencies corresponding to both modes 

of vibrations calculated for aluminum cantilevered beam with 
polymer damper are presented in Table 2. 

 

Table 2. Natural frequencies of the aluminum cantilevered 
beam with polymer damper under different values of loads. 

 
 

Load 
[N] 

1st 

natural 
frequency 

[Hz] 

2nd

natural 
frequency 

[Hz] 
0 6.4 42 

10 3 32.8 
25 2 32 
35 
50 
60 

1.8 
1.4 
1.4 

31.9 
31.8 
31.8 

 
The next aim of analysis was to determine the second modal 

parameter, i.e. the damping ratio, so as to quantify the 
effectiveness of reduction of structural vibrations. The 
damping ratio, ξ, has been calculated according to the formula 
(1): 

 
1

ln
2
1

+
=

j

j

a
a

nπ
ξ  (1) 

where j = number of cycles; an = amplitude of n-th cycle;   
an+1 = amplitude of (n+1)-th cycle. 

 
Damping ratios have been separately determined for both 

frequencies of natural vibrations for the loaded beams. Values 
of these modal characteristic estimates for plain aluminum 
cantilevered beam and beam with polymer damper, are 
summarized in Table 3 and Table 4, respectively. 

 

Table 3. Damping ratio for both frequencies of the plain 
aluminum cantilevered beam under different values of loads. 

 
 

Load 
[N] 

Damping 
ratio of 1st 
frequency 

[%] 

Damping 
ratio of 2nd 
frequency 

[%] 
10 0.46 0.58 
25 0.67 0.35 
35 
50 
60 

0.72 
0.57 
1.11 

0.49 
0.47 
0.32 

 

Table 4. Damping ratio for both frequencies of the aluminum 
cantilevered beam with polymer damper under different 

values of loads. 

 
 

Load 
[N] 

Damping 
ratio of 1st 
frequency 

[%] 

Damping 
ratio of 2nd 
frequency 

[%] 
10 1.06 1.67 
25 0.71 1.21 
35 
50 
60 

1.21 
1.67 
2.99 

1.24 
2 

1.54 
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3 DISSCUSSION OF OBTAINED RESULTS 
The carried out experiment confirmed that adding of mass to 
the cantilever structure causes shifting of natural frequencies 
to lower value (Figures 27 and 28). The changes are of 
exponential character for the 1st natural frequency and quickly 
convergent to a constant value for the 2nd natural frequency.  
The obtained results indicate that application of a polymer tap 
to a cantilever structure increase damping properties of it 
(Figures 29 and 30).  
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Figure 27. Change of the 1st natural frequency of the tested 

beams according to the applied load (with trend lines and R2). 
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Figure 28. Change of the 2nd natural frequency of the tested 

beams according to the applied load (with trend lines and R2). 
 

1st natural frequency

0,46
0,67 0,72

0,57

1,111,06

0,71

1,21

1,67

2,99

0,0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

10 N 25 N 35 N 50 N 60 N

Load

da
m

pi
ng

 ra
tio

 [%
].

plain aluminum cantilevered beam

aluminum cantilevered beam with polymer damper

 
Figure 29. Comparison of damping ratio of the tested beams 

determined for the 1st natural frequency and for various loads. 
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Figure 30. Comparison of damping ratio of the tested beams 

determined for the 2nd natural frequency and for various loads. 
 

The increase ratio of damping is generally higher for the 2nd 
natural frequency than for the 1st one (Figure 31) and can 
reach even the value of almost 5, what implies that this 
method of the structural damping increase can be effective. 
There was not observed clear correlation of the damping ratio 
with the load increase even though the values of damping 
increase ratio are higher for the higher load level in the case of 
the 2nd natural frequency (Figure 31).  
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Figure 31. Comparison of effectiveness of damping using 

polymer tape, calculated for both natural frequencies and for 
various loads.  

4 CONCLUSIONS 
This paper has been devoted to experimental study of the 
response of aluminum cantilevered beams. Effectiveness of 
application of polymer dampers, in the form of tapes, in 
reduction of structural vibrations has been considered. The 
experiment has been conducted so as to determine values of 
natural frequencies and damping ratios for the aluminum 
cantilevered beams without and with polymer damper. Three 
representative load cases have been presented and described 
in details in the paper. 

The results of the study have confirmed that installation of 
additional polymer dampers may lead to even five times 
higher values of damping ratio. Therefore, the method can be 
considered as an effective one in reduction of structural 
vibrations. Further detailed experimental and numerical study 
is planned to be conducted so as to verify the effectiveness of 
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the method on real metal structures, such as metal 
grandstands. 
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ABSTRACT: The paper reports a structural optimization problem for a flextensional piezoelectric actuator which consists of the 
high power piezoelectric stack and polymeric composite shell intended to amplify the stroke. This shell was optimized to 
overcome the principal drawback of the piezoelectric transducers, which is a very small stroke at relatively high operating force. 
The considered flextensional transducer should supply needed stroke amplification at a presence of counteracting forces that 
significantly reduce the initial actuator’s stroke. The main cause of such stroke fall and of the drop of actuator’s performance is 
the mechanical compliance of the shell. But on the other hand, increase of the shell’s stiffness can reduce the free stroke. The 
optimization of the actuator design, which simultaneously provides sufficient stroke and stiffness, has been implemented using a 
parameterization the shape of the composite shell by the rational Bezier curves. We shortly reported the used optimization 
technique, its results, and then consider dynamic properties of obtained design by using its 3D finite element model compared 
with experimental data. Finally, the effectiveness of the proposed method and usefulness of the developed actuator design in 
active flap control of the helicopter rotor blade are discussed. 

KEY WORDS: Helicopter; Active vibration control; Piezoelectric actuator; Stroke amplification; Structural optimization; Finite 
element modeling; Genetic algorithm, Dynamic transient analysis. 

1 INTRODUCTION 
The helicopter vibrations and noise are mainly excited by 
periodic forces generated especially in forward flight by the 
main rotor due to blade vortex interaction (BVI), high Mach 
numbers at the advancing blade, etc. These vibrations are 
transferred through the rotor hub and the gearbox into the 
fuselage that limits the operation capability, performance, 
reliability, handling qualities, and efficiency of helicopters. 
Due to these troubles the field of active control of helicopter 
rotor blades has raised a consequent interest in the last 30 
years, and most attempts to solve the problem of noise and 
vibrations reduction associated with active control of the rotor 
blades were taken.  

The first theoretical studies for the rotor vibration reduction 
have been implemented by higher harmonic control (HHC) 
which is based on actuators located below the swashplate, to 
enforcing oscillations of fixed frame with frequencies 

bnkk ..1, =Ω , where Ω  is the rotor angular frequency, and 

bn  is the total number of blades [1, 2]. The other solution 
than HHC is Individual Blade Control (IBC), which is based 
on actuators in the rotating frame, where actuators 
independently change the aerodynamic properties of each 
blade in the real time [1-4]. Both concepts allow to reduce 
vibration and BVI noise. IBC systems are better suitable for 
simultaneous vibration and noise reduction, shaft power 
reduction and a flight envelope extension. These technologies 
work with a higher harmonic excitation of the blade pitch at 
the blade root, which is a very energy-consuming, and also 
can lead to the blades excitation on a first twisting vibration 
mode [5]. With an active trailing edge (ATE) flap the 
excitation is localized at a distance 75-90% of the blade span 

from the rotation axis [6-9]. ATE concept can be implemented 
in the form of turned discrete trailing edge flap (see Fig. 1) [6-
11] or as flexible locally morphing airfoil [3, 12-13]. The 
actively controlled flaps are generally 15% of a chord length 
and most known structures are driven by the power 
piezoelectric transducers. The power required by the trailing-
edge flap is an important parameter, which needs to be 
considered for practical implementation [6, 14-16]. Generally, 
the most important requirements to the piezoelectric actuator 
for the active flap design are the following [3, 6, 10]. 
High force and large displacement of actuators should be 
provided in compact sizes. Force actuation must be able to 
react operational hinge moments, and stroke actuation must be 
capable of ±5 deg of flap motion; 

High resolution within the micrometer range and very short 
response time below 1 ms are necessary to effectively operate 
under control of adaptive open-loop and closed-loop regulator 
at the higher harmonics (> 5/rev) [17].  

The actuation mechanism of an active blade must either be 
protected against or withstand these forces and the large 
strains of the blade structure, and life time must exceed 1010 
cycles. 

Low voltage supply below 150V DC is preferable; low 
power consumption when static. 

Actuator must be able to operate at the severe flight and 
environment conditions (broad temperature and moisture 
ranges). 

Due to the high operating forces and frequency, the 
piezoelectric actuators are well adapted to drive the trailing 
edge flaps, but relatively large displacements require some 
sort of mechanical amplification of these devices movement. 
Because of the very small displacements created by the 
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piezoelectric devices some different design to amplify the 
stroke of PZT actuators are proposed. Among these design are 
X-frame [9, 10], “Diamond” [10], with lever-based 
amplification [10, 11] actuators, and those with pre-stressed 
piezoelectric stack, which is located along the major axis of 
elliptic shell made from metal or composite materials (see Fig. 
2) [5, 14-16]. In this last design, sometimes called as the 
flextensional actuator, the elliptic shell supplies the stroke 
amplification. These actuators provide a relatively large 
displacement. In order to improve the mass of these 
flextensional actuators the carbon or glass fiber composites 
are used instead of metal for the shell frame [3, 18, 19]. At 
operating mode the aerodynamic forces are transmitted to the 
actuator through the levers. These forces deflect the flap in 
opposite direction to its active deflection. Because of acting 
aerodynamic forces a higher flap deflections require larger 
and therefore heavier actuators, but additional mass is needed 
to equilibrate the center of mass of the blade close to active 
flap mounting. 

In our previous works [18, 19] we reported the technique 
for the performance optimization of the considered 
flextensional actuator. This technique assumed the maximum 
stroke at the given external force as the objective function. 
The dimensional, weight limits, permissible operating voltage, 
all parameters of given piezoelectric material, and curvature 
of the outer generatrix were considered as the constraints. The 
shape of the shell has been described by the rational Bezier 
curves that are defined by the coordinates of the control points 
with the corresponding weights. These coordinates and 
weights are considered as the design variables. Because a total 
number of degree of freedom for this problem is very big, the 
genetic algorithm implemented in MATLAB (Genetic 
Algorithm Toolbox) was used to change these design 
variables and call one-quarter of actuator’s 2D FEM model on 
each iteration step. After short explanation of used 
optimization approach we present here the optimized 
actuator’s design, some simulation results obtained at the 
dynamic analysis of optimized actuator, which are compared 
with the experimental data. Degradation of the actuator 
performance, which was observed at the high frequencies and 
loading forces, is discussed in connection with insufficient 
stiffness of piezoelectric ceramic, adhesive interlayers, and 
low output current limit of high-voltage amplifiers. 

 
Figure 1. View on the CAD model of turned trailing edge flap 

driven by two flextensional actuators [18]. 
(Lower skin is removed) 

 
Figure 2. Piezoelectric actuator used to drive the ABC active 

trailing edge flap [5]. 

2 ACTUATOR’S FEM MODELING AND 
OPTIMIZATION 

Due to the structural and weight constraints only the actuators 
that have the overall dimensions ( )2464172 ×× mm with the 
elliptic shell made from polymeric composite material have 
been considered. We adopted glass fiber epoxy polymeric 
composite with the longitudinal Young modulus 3× 1010 Pa 
and density 1850 kg/m3. The size of the finished shell should 
provide a pre-stress for the assembled piezoelectric stack for a 
double-side acting actuator. Stack was constructed of a 
multilayer piezoelectric ceramic PZT-5H, the thickness of 
each layer polarized along the thickness, was 0.5 mm. Driving 
electric potential for each PZT layer electrically connected in 
parallel was taken up to 500 V. Geometry of a preliminary 
studied FEM model is presented on a Fig. 3. At the fixed 
dimensional, mechanical and electric properties of PZT stack 
the dependence of the actuator’s operational parameters on the 
thickness of the elliptic shell and its axes ratio has been 
studied. 

 
Figure 3. Initial FEM model of actuator. 

The FEM static analysis was performed as follows. After 
applying of the driving potential the stack expands, deforming 
the shell and causing it to contraction in the vertical direction 
(see Fig. 3). Then to the executive surfaces of the shell (small 
quadrilateral planes) the gradually increasing tensile stress 
was applied. When the structure is loading, the values of 
operating stroke, applied reaction force and deformation of 
piezoelectric stack were monitored. As soon as the executive 
surfaces displacement returns to zero, the blocking forces 
were recorded. 

As might be expected, more thick shell has larger stiffness, 
but less free stroke. It has been established also that more 
shallow shells provide greater stroke amplification, but less 
ability to counteract external loads. The total compliance of 
actuator is determined by the shell, not PZT stack, which has 
approximately two times greater stiffness. Hence, the shell 
structural optimization is necessary to enhance its stiffness 
without significant loss of the stroke. 
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Figure 4. Plot of numerical test scenario and shapes of the 

shell before (a) and after applying the tensile force 

The basic element of the optimization process is a good way 
to choose the design parameterization [20, 21]. Optimization 
of the shell has been fulfilled by varying the shape of the 
generatrix and thickness distribution of the shell. As a 
performance criterion (the objective function) the operating 
stroke oph  at the given external load actF  has been chosen. 
To describe the shape of the generatrix with the necessary 
flexibility the rational Bezier curves have been used. Due to 
symmetry of the shell only its one-quarter has been modeled 
and optimized. The symmetrical shell geometry is presented 
as two branches, each of which consists of three 3rd order 
Bezier curves (see Fig. 5). The rational Bezier curve of nth 
order defined by the (n+1) control points iP  is described by 
the weighted sum 
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niwi ...1,0, =  are the weights of the control points, and u  is 
parameter, which runs through the values from 0 to 1.  
At optimization process, only three points of the shell marked 
with asterisks (see Fig. 6) remain unchanged, so, only shape 
of the generatrices is optimized. In order to supply 1C  
continuity at the connection points (denoted by × ) the 
additional constraints on the location of the control points, 
which are adjacent to the point connection of two curves were 
imposed. If cP  is the coordinates of connection point, lcP  is 
a coordinates vector of a point adjacent to the left-to-point 
connection, then coordinates of a point adjacent to the right-
to-point connection are 

lcccr PPP −= 2 .   (3) 

 
Figure 5. Representation of the shell’s profile by the 3rd order 

rational Bezier curves. 

Figure 5 shows the equality of the adjacent edges of the 
control polygon. The placement on the vertical (horizontal) 
lines of points nearby the terminal points (denoted as ×) of the 
generatrices allows to automatically satisfy condition of 1C  
continuity due to symmetry of the shell (see Fig. 6). So, we 
have 21 degree of freedom for the points coordinates, and 18 
degree of freedom for the weights, total number of DoFs is 39.  

All control points positions are constrained by the system of 
inequalities 
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where the dimensions of the external generatrix outout ba ,  are 
fixed, but the dimensions of the internal generatrix are 
satisfied by the relationships 
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All weights in (1) were constrained by the system of 
inequalities. Each of the three Bezier curves, which form the 
generatrices, is described by its own equation (1). But to 
ensure the smoothness of generatrix, end points of one curve 
and the initial point of the connecting curve have the same 
weight. So, we have the following system of constraints for 
weights 
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In order to narrowing the range of the coordinates of control 
points and reducing the search area some additional 
restrictions are introduced [18]. In particular, due to 
constraints by the whole flap design and technological 
difficulties at the winding and molding the shell its outer 
contour has been restricted by the curves with only positive 
curvature. Contact surfaces of shell and D-like aluminum 
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inserts, which should be installed between PZT stack and the 
shell are strongly assigned as cylindrical with R=10.5 mm.  
Such restriction is very important for a problem with large 
number of DoFs. To solve this optimization problem the 
Genetic Algorithm Toolbox MATLAB© has been used, since 
it has the advanced optimization means and direct access to 
the FEM computation.  

All materials properties and displacements are considered as 
linear. Quadrilateral FEM mesh consists of near 500 elements. 
FEM model works in the Structural Mechanics – Piezoelectric 
mode. At each iteration step GA Toolbox rebuild the shell 
geometry, remesh it, and perform the static analysis. 
Calculated value of the actuator stroke is passed to the GA 
Toolbox, which changes the value of the design variables 
according to the constraints (4) – (7). All computation 
flowcharts were controlled by MATLAB © which in turn 
refers to the developed program modules that performs the 
finite element analysis. These modules are implemented as 
standard MATLAB’s m-files. Most important GA settings 
are: population size – 20, elite count – 4, crossover – 
scattered, mutation – adaptive feasible, hybrid function – 
“fminsearch”. 

The interesting result of this optimization is the fact that the 
most efficient design is very similar to the four-bar 
mechanism, which four stiff bars are connected by the 
revolute joints in the form of parallelogram. These rods are 
thicker shell’s wall with high bending and tensile stiffness. 
This analogy allows us to present a simple analysis of 
actuator's amplification factor dependency on the ratio 
between big ( )a  and small ( )b  semi-axes of the pseudo-
elliptical shell. Assuming the lengths of all bars are identical 
and constant, the dependence between changes of the small 
and big semi-axes lengths can be expressed in the form of 
derivative 

11)( 22 −−= acadadb ,  (8) 
which implies that amplification factor increases rapidly at 
growing the ratio ba .  

The optimized shape of the shell was chosen for the 
following static and dynamic analysis, and as the source for 
CAD design of real world structure (see Fig. 6). 

 (a) 

  (b) 
Figure 6. 3D FEM model of actuator with optimized shell 

(a) and CAD model of the composite shell (b). 

3 NUMERICAL AND EXPERIMENTAL TECHNIQUE 
All numerical simulations have been performed with 3D FE 
model of actuator with optimized shell (see Fig. 6, a) using 
dimensions, electrical, mechanical properties of the used 
materials, and parameters of driving voltage similar to 
experimental study. These numerical simulations fully 
repeated the experimental testing conditions. To create pre-
stress for the piezoelectric stack, the shell was compressed 
along the shorter axis, then stack was inserted inside the shell 
together with aluminum inserts (see Fig. 7). Next compressed 
force was ceased resulting in compression of stack with the 
force of about 3000 N. This value of compressed force was 
chosen to eliminate loss of contacts between PZT stack and 
aluminum inserts at applying the voltage with negative 
direction, which lead to the stack contraction. The 
piezoelectric stack consisted of 276 bonded thin plates, but 
our model didn’t take into account a mechanical compliance 
of interlayer glue due to absence of experimental data.  

Static test scenario was the following. Once driving voltage 
was applied and settled, the testing machine starts to increase 
the tensile force with the speed of 1500 N/s up to its 
maximum value. At the dynamic test, the counteractive elastic 
force was supplied by the spring with tuned stiffness. This 
force has been proportional to the actuator’s displacement, 
which was driven by the applied voltage. Driving voltage and 
loading cycle’s parameters were chosen unsymmetrical in 
order to eliminate a depolarization of PZT plates. The driving 
voltage was produced by PA94 high voltage operational 
amplifier – piezodrivers (APEX Microtechnology), which 
supply the output potential up to ±450 V at the current 100 
mA into capacitive load. Driving signal was formed by 
computer MF624 AD/DA converter, which work under 
control of Real Time Toolbox, Simulink MATLAB©. Such 
solution allowed the use of the controlling electrical signal 
with an arbitrary form. At FE simulation the output resistance 
of the driving potential source was assumed to be zero and 
with infinite allowing output power. 

Displacement of the loaded upper surface of actuator was 
monitored using optical interferometer and digital 
oscilloscope with saving measured data on the hard disk. To 
exclude an influence of gaps between contact surfaces and to 
observe a possible hysteresis, actuators have been unloaded, 
then twice reloaded before each testing. 

The modeled value of forces, displacements, electric 
currents were calculated by integration (i.e., by averaging) 
over the surface where acts the calculated value. In our finite 
element model we used the elastic parameters of the 
composite shell that have been preliminary refined after 
testing of the alone shell both by compression and tensile.  

 
Figure 7. Outline of the tested actuator 
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4 RESULTS AND DISCUSSION 
The time histories of the applied voltage and counteracting, 
force at the static test are demonstrated in Figs. 8, where the 
red lines represent dependencies for the forward stroke of 
actuator (expanding PZT stack), whereas the blue lines 
represent applied voltage and loading force at the backward 
stroke (contracting PZT stack). The ultimate values of the 
forward and reverse potentials are limited by their permissible 
values 450 V and -150 V respectively. 

 
Figure 8. Typical time histories of driving potential and 

external force at the static test of actuator  
(numerical simulation results) 

Most important in numerical simulations is an investigation 
of the dependencies experimentally inaccessible. In the 
considered device there are dependencies of reaction forces 
applied to the PZT stack from the shell, which are presented 
in Fig.9. After applying voltage in the forward direction (solid 
red line) reaction force increases from the initial value 3 kN 
caused by pre-stressing up to 7 kN, and further increases 
linearly with the external tensile force (red dash-dot line). 
Clearly, this force will reduce the stroke and efficiency of the 
actuator due to elastic compliance of PZT stack. At the 
backward stroke of the actuator dependence of the reaction 
force is different. 

 
Figure 9. The dependencies of reaction forces acting on the 

PZT stack at applying the external force to the actuator 

Applying of opposite driving potential together with the 
compressive loading force lead to the reduction of the 
compressive reaction force until its zero value. This is 
achieved when loading force is near 450 N. It’s a point of 
breaking contact between stack and shell, and such loading 
force should not be used in any way. To eliminate this event 
the limiting loads have been reduced according to the safety 
factor 1.5 (red and blue hexagrams in the Figs. 9, 10). All 
numerical simulations and experimental testing have been 
fulfilled at the loading forces, which does not exceed these 
limiting values. 

Figures 10, 11, where lines represent the modeled data, and 
“diamond” markers relate to the measured displacements, 
show the significant reducing of the stroke, especially at the 
stroke forward. On these plots the solid lines denote the 
actuator stroke – red lines relate to the forward stroke, 
whereas the blue lines relate to the backward stroke; dotted 
lines denote the PZT stack displacements, and dash-dot lines 
depict the external forces dependencies. 

No hysteretic phenomena have been detected at the static 
testing in the ranges of driving potential (+450…-150 V) and 
loads (+750…-325 N). 

 
Figure 10. The time histories of the actuator’s parts 

displacements under action of the counteracting forces 

 
Figure 11. The loading diagrams of the actuator at the forward 

(red lines) and backward (blue lines) stroke 
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The origin of discrepancy between modeled and experimental 
data has been identified comparing the values of tested and 
modeled mechanical stiffness of alone PZT stack. This 
stiffness measured by the high precision extensometer was 67 
N/μm, i.e. 25% less than the same quantity calculated using 
stack dimensions and data of PZT-5H material. Because all 
elastic parameters of the shell, which were used in the finite 
element simulation, have been preliminary agreed with the 
experimental data obtained after mechanical testing of the 
shell alone, this discrepancy can be explained by a lack of 
stiffness of adhesive layers between set of PZT plates. This 
phenomenon was great impact on the experimental results, but 
in the numerical calculations, it was not considered. 

At the modeling of actuators dynamics we varied the 
driving frequency and counteracting external force in the 
ranges that mention above, whereas amplitude of the driving 
potential always was supplied as sin wave with the 
frequencies 2, 5, 10, 20 Hz and amplitude 300 V with offset 
150 V due to requirements of PZT material. The typical time 
histories of the actuator stroke together with PZT stack 
displacement are demonstrated in Fig. 12. After second sine 
wave the external force plotted in Fig. 13 is applied. This 
force gradually increases and stabilizes after two periods of 
oscillation.  

 
Figure 12. The time histories of the actuator’s parts 

displacement at driving frequency 10 Hz 

 
Figure 13. The time histories of the actuator’s stroke and 

counteracting elastic force applied to the actuator 

The significant fall of the operating stroke resulted by the 
action of external force is observed both in Figs. 12 and 13. 
However, our simulations have no revealed any changes of 
the actuator stroke in the studied frequency range. This result, 
which has been subsequently disproved by experiment, can be 
explained by the assumption of power supply with infinite 
performance, as well as the fact that the first natural frequency 
of the actuator according to his operating movement is very 
high and is 680 Hz. In the frameworks of these assumptions 
the operating actuator’s stroke depends on the external 
counteracting force only. This dependence is shown in Fig. 
14, and it corresponds to the case of an ideal power supply 
and lack of adhesive layers that debilitate stiffness of PZT 
stack. 

 
Figure 14. Actuator’s stroke dependence on the counteracting 

loading force (FE simulation results) 

The time dependence of the mechanical power that actuator 
develops is shown in Fig. 15. This plot corresponds to the case 
depicted in Fig. 13. Periodical change of the power sign is due 
to elastic resistance of the force, which acts against actuator’s 
stroke. According to the elastic nature of this force one quarter 
of the period actuator overcomes the external force and 
another quarter of period actuator moves along the force 
direction. The peak value of the output actuator’s power 
depends linearly both on the acting force and driving 
frequency (see Fig. 16). 

 
Figure 15. Output mechanical power of actuator 

(FE simulation results) 
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Figure 16. Frequency and external force dependence of peak 

output mechanical power of the actuator 
(FE simulation results) 

Time dependence of electric power consumed by the actuator 
is similar to the same for mechanical power that is presented 
in Fig. 15, but the amount of peak electric power is 
significantly larger. And besides, the magnitude of this power 
is essentially independent of the load of the actuator. These 
results can be understood taking into account the capacitive 
reactance of the PZT stack, which has electrical capacitance 
~12 μF. Even simple rough estimation for the reactive part of 
the electric power reactW  and current reactI  consumed by 
this actuator at the limit frequency 20 Hz gives 

3051012202450 622 ≈⋅⋅⋅⋅=⋅≈ −πω CUW react  W 
and 

7.01012202450 6 ≈⋅⋅⋅⋅=⋅≈ −πω CUI react  A, 
where ω  is the angular frequency, and C  is electric 
capacitance of PZT actuator. The active part of the power, 
which consumes by actuator for the operating displacement, is 
very small comparing to the reactive electric power. These 
estimation of required electric power and peak current 
imposes very high demands to the piezoelectric drivers. 

 
Figure 17. Dependence of the peak electric power, which is 

consumed by actuator, on the driving frequency 
(FE simulation results) 

These results have been verified at time the experimental 
Investigation. Some dependencies of actuator’s stroke 
amplitude on the loading force and driving frequency are 
presented in Fig. 18, where red lines (solid and dotted lines) 
represent the modeled dependencies obtained by the FE 
simulation, and circle, “diamond” and triangle markers 
represents the measured experimental values. All solid lines 
represent the values of the forward strokes, whereas the dotted 
lines represent the values of the backward strokes. In the plot 
inset the values of the counteracting forces for each 
dependency are depicted. 

The points located on the vertical coordinate axis coincide 
to the points that presented in Fig. 11 (static test). This figure 
demonstrates that used electronic driving system cannot 
supply the necessary current. At the frequency 2 Hz peak of 
current is approximately 70 mA that is close to the 
permissible limit for used PA94 piezodrivers. The actuator’s 
performance drops drastically with increasing frequency. 
These results showed that such high-power actuators require 
very high output peak current and power dissipation of the 
electronic driving system. 

 
Figure 18. Dependencies of the actuator’s strokes on the 

external loading and driving frequency 

5 CONCLUSIONS 
To provide an actively controlled flap for a helicopter rotor 
blade an optimization method for flextensional piezoelectric 
actuator has been developed. Such kind of actuator has 
important advantages over the other, as it provides the great 
stroke amplification and has no joints with the friction 
surface. The proposed method is based on the representation 
of the shape of polymeric composite shell by the rational 
Bezier curves, whose parameters (coordinates and weights of 
the control points) are the design variables for the 
optimization algorithm. The optimization process is controlled 
by the genetic algorithm Toolbox MATLAB, which access a 
finite element model of device, calculates the objective 
functional (the stroke of actuator against given external load), 
and modifies design variables to achieve the optimal solution. 
By the comparative static finite element analysis of the 
developed structure with elliptic shape of the composite shell 
we established half times best stiffness and stroke at the action 
of external forces. The finite element dynamic analysis and 
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experimental study of the ready actuators reveals the most 
important causes that reduce the performance of actuator. 
Among these reasons are the decrease of the multilayered PZT 
stack’s stiffness, caused by the adhesive layers between PZT 
plates, and also lack of peak output current and power 
generated by the electronic driving system. This peak power 
may be many times greater than the useful power developed 
by the actuator against external forces. We have shown also 
that by providing the required parameters of the driving 
electronics, the characteristics of actuator should change little 
in the frequency range up to twenty hertz and more. 
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ABSTRACT: Base isolation systems have demonstrated a high performance in buildings seismic protection. Important 
applications have been developed in countries with higher seismic vulnerability. Base isolation success is due to its high 
reliability, simplicity of design and its low cost, when compared with other systems. This paper presents an experimental and 
numerical study of a building model with base isolation using elastomeric and cylindrical rollers bearing. Several experimental 
methodologies were developed to characterize the proposed seismic isolation, as well as the physical model of the building. In 
order to validate the motion equations, both numerical and shake table testing responses of the physical model with and without 
base isolation system were correlated. The results are presented in terms of modal parameters, frequency response functions 
(FRFs), and time history. A good correlation between experimental and numerical results confirms the appropriate use of the 
methodologies developed.  

KEY WORDS: Base isolation systems, elastomeric bearing, roller bearing, seismic isolation. 

1 INTRODUCTION 
In the last decade, base isolation systems have proved to be 
very efficient in building seismic protection. Important 
applications were developed in the countries with higher 
occurrence of earthquakes.  The success of the base isolation 
systems is due to their reliability, stability, simplicity of 
design and low cost when compared to other methodologies 
[1]. 

Seismic base isolation systems are intended to partially 
decouple the horizontal components of ground movement by 
placing low lateral stiffness elements between the structure 
and its foundation.   

According to [2], the main concept of base isolation is to 
shift the fundamental period of the structure out of the range 
of dominant earthquake energy frequencies and increasing the 
energy absorbing capability. 

Several isolation systems have been proposed to protect 
buildings and bridges from seismic excitation. A wide review 
of these systems was presented by [3], [4], and [5]. These 
systems are classified into three groups: (i) elastomeric 
bearings, (ii) sliding bearings and, (iii) roller bearings through 
cylinders and spheres, characterized by a rolling friction 
coefficient significantly lower than the sliding friction 
coefficient. In this manner, it is possible to decouple the 
seismic excitation on the structures. 

The main objective of this study is to experimentally 
validate a numerical model for the analysis of buildings with 
elastomeric and the roller seismic isolation bearing. 

The experimental methodologies of analysis used in the 
validation and characterization of the different systems 
constructed are shown in this paper.  Numerical models of the 
buildings and the isolation systems are adjusted and verified 
by modal identification and laboratory tests. 

2 BUILDING MODELWITH SEISMIC 
ISOLATIONBEARINGS 

The dynamic models of the structural systems were obtained 
through the finite element method (FEM). The building (B) 
with n floors was discretized in frame elements whose 
mechanical and geometric properties are defined by the 
modulus of elasticity  , the moment of inertia , the section 
area , and the specific material weight ρ. The mass of each 
floor was simulated by concentrated masses , , 

... , located at heights  , , ... , as shown in 
Figure 1. Additionally, flexure springs were considered, to 
partially inhibit rotation of each building level. A structure 
with linear behavior was assumed, with nonlinearities caused 
only by the isolation system adopted.  

 

(a) (b) 

Figure 1. Kinematics of the building due to a base 
displacement : (a) Building with elastomeric bearings 

(B+E.B) (b) Building with roller bearings (B+R.B) 

Particularly, elastomeric bearing (E.B) seismic isolation is 
characterized by the stiffness , , , of the horizontal, 
vertical and rotational directions, respectively.  In the same 
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way, the damping coefficient of the system was defined for 
each direction, i.e., , , and . On the other hand, with 
regard to isolation by roller bearings (R.B) the system was 
characterized by the restoring force , the angle  of the 
bearing’s sloping surface and the friction coefficients μs and 
μr for sliding and rolling, respectively.  

The conditions generalized in the building base, Figure 1(a), 
allows representing each of the situations studied, for 
instance, the conditions of the roller bearing system are 
obtained nullifying the damping coefficients and restricting 
the degrees of freedom (DOF) in the vertical and rotational 
direction (see Figure 1(b)), while partial restrictions in the 
three directions represent the elastomeric bearing system, 
(Figure 1(a)). Finally, inhibiting all the DOF of the base, the 
model of the fixed base building system is obtained.  

In general, the equation that describes the motion of the 
three mentioned systems can be defined by the following 
differential equation:  

 
 (1) 

 
where , , and  represent the system mass, damping and 
stiffness matrices, while ,  and  are vectors that store 
acceleration, velocity  and displacement of the considered 
DOF. The term  corresponds to the influence coefficient that 
relates the excited DOF according to the direction of the 
seismic excitation . The dimension of this coefficient 
depends on the number of excitations used. Thus, the 
coefficient has as many columns as acceleration components 
are applied and their elements take values equal to one for the 
degrees of freedom that correspond to the direction of the 
seismic excitation and zero for the other degrees of freedom. 
The vector  gives the position of the restoring forces , of 
rolling friction  and sliding friction  developed in the 
R.B system.   

To describe the kinematics of each of the three models 
approached, we must consider the following in Equation (1): 
(i) in the modeling of the building (B), the damping is the 
proportional type and the terms ,  and  are not 
considered in the equation; (ii) to describe the motion of the 
B+E.B system it is sufficient to cancel the  terms ,  and 

 and consider non-proportional damping in the definition 
of matrix C, while the stiffness matrix K takes into 
consideration the properties of the E.B in the DOF 
correspondent to the base; (iii)  in B+R.B the stiffness matrix 
is non-singular conducting  to null frequencies in the 
eigenvalue problem, however, it is possible to solve the 
system applying the restoring and friction forces in the degree 
of freedom of the base through the mapping vector R. The 
restoring and friction forces are described by Equations (2)-
(4): 

 
0.5 sin  (2) 

 
  (3) 

 
 

 
(4) 

where  is the coefficient of sliding,  is the normal force 
applied to the sliding interface, and  is the acceleration of 
gravity. The function was substituted for the Equation 
(5) where d represents yield displacementand  is an auxiliary 
variable, respectively.  
 

1
–

1
 (5) 

 
To solve the equation of motion the variable step-size 

RungeKutta method was used, therefore it was necessary to 
re-write  Equation (1) in the form of state equation  i.e.:  
 

,      (6) 
 

0 0  
 

0  

    (7) 

 
The terms  and   represent the state 

matrix and the state vector of the system. The nonlinearity of 
Equation (6) is represented by the term ,  which 
contains the effects of the friction mechanism previously 
described. In the construction of matrix , two damping 
models, proportional and non-proportional, were considered. 
The first corresponds to classical Rayleigh damping, while the 
second uses the method of complex modal superposition 
proposed by [6]. The TR-BDF implicit integration algorithm 
was used to solve the equation of motion [7]. This algorithm 
is available for Matlab users through the ode23tb integrator.    

Taking into consideration the modal data of the building B+ 
E.B system it is possible to verify that the FRFs of non-
proportional damping systems are determined by Equation 
(8). 
 

 (8) 

 
where the roots  and  are the conjugated pairs of the 
eigenvalues and the  and the complex residues . To 
determine those terms, the B+E.B eigenvalue problem of the 
system was solved through the QZ algorithm, which routine is 
available in Matlab®.  

3 DESCRIPTION OF THE BUILDING PHYSICAL 
MODEL  

A physical model of a building where base excitations could 
be imposed was constructed at the Laboratory of Dynamics 
Analysis and Image and Signal Processing (Ladepis) of 
COPPE-UFRJ (the Graduate Institute of Federal University of 
Rio de Janeiro) with the purpose of validating the motion 
equations of buildings with and without seismic isolation 
under base excitation. 

Figure 2 presents the physical model of the building which 
is a four-story frame supported by four columns. The floors 
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were made of 4.0 mm thickness aluminum plates and the 
columns were polymer blades. The ceiling average height is 
194 mm. The columns had a cross-section of 20 x 2.94 mm 
and were fixed to floors through aluminum connectors. In 
addition, two masses of 0.50 kg each were considered on the 
second and third floor. The objective of these masses was to 
separate the bending modes from the torsional modes, which 
are the focus of the present study.  

A 320 x 250 mm aluminum plate was placed at the base of 
the framefor fixing the frame to the excitation and isolation 
systems. 
 

 
Figure 2.Physical model of the building 

 
In this model it is possible to couple in a versatile manner 

both seismic isolation methodologies studied. To determine 
the elasticity modulus of the columns material, bending 
stiffness tests were performed in a simply supported beam 
with a 50 cm span. A displacement sensor was placed in the 
beam and the loads were imposed in the middle of the span 
through known weights. The test was performed ten times in 
order to verify the repeatability of the measures, obtaining 
standard deviations smaller than 4%. A mean value of 31 GPa 
was estimated for the elasticity modulus and used as reference 
in the calibration of the building numerical model.  

Having in mind the adjustment of the building numerical 
model, in terms of its modal parameters, modal identification 
tests were conducted. These tests allowed identifying the 
flexural vibration modes in the x direction, indicated in Figure 
2. During the tests, the base was locked to ensure that only the 
frame was vibrating.  

The first floor of the frame was excited with impacts and 
the response was measured by acceleration sensors placed on 
the floors of the building in the x direction. The data 
acquisition system was composed by signal 
conditioners,sensors and an acquisition board installed in a 
PXI NI computer. It was used samples of 516 seconds (8.6 
minutes) with a time interval of 0.002s (500 Hz sampling 
frequency).   

The modal parameters were determined from the time series 
measured using the Short Time Fourier Transform (STFT) 
method, which implementation was performed by [8]. Taking 
into consideration the modal parameters estimated in each 
impact, the standard deviations and mean values of the natural 
frequencies and damping ratios were obtained. The modal 
parameters numerically and experimentally obtained through 
the equations of motion presented in the previous section, are 

shown in Table 1. The following properties were assumed in 
the numerical modeling:  65.4  , 
19.74 10 m4,  2.54 10  m2, 1800  ⁄ , 

7.5x10 ⁄ , concentrated masses 2.2  , 
1.023  , 1.5217  , 1.5213   and 

height between floors 0.1923  , 0.1946  , 
0.1949  , 0.1942  . It must be noted that the 

adjusted value of the elasticity modulus is approximately 
twice the value obtained experimentally by the test of the 
simple element. This is due mainly to the size of the 
connections of the floors, which increased the lateral stiffness 
of the columns.   
 

Table 1. Modal parameters identified in the frame. 

Mode fexp(Hz) fnum(Hz) ξexp(%) ξnum(Hz) 

1 6.82±0.02 6.82 0.59±0.03 0.59 

2 20.44±0.03 20.43 0.51±0.01 0.51 

3 31.70±0.02 31.74 0.30±0.01 0.66 

4 36.65±0.03 37.01 0.34±0.02 0.74 
 

This table shows an excellent agreement between the 
numerical natural frequencies and the experimental ones, 
however, there is divergence in the values estimated for 
damping ratios of the third and fourth vibration modes.   

Figure 3 shows a comparison of the three first vibration 
modes obtained numerically and experimentally. The 
experimental modal forms were obtained from the resonance 
amplitudes and phase of the signals of the accelerometer 
response spectra.  An excellent correlation was obtained, 
confirming that the numerical model accurately represents the 
physical model of the building. 

 

  
Figure3.Vibration modes identified 

 
The results of modal parameter identification were 

confirmed through a set of FRFs, relating the response 
measured in terms of the acceleration of each level of the 
building, with the force imposed by the hammer. A Hamming-
type window with 65 % series overlapping was chosen to 
estimate the FRFs, and the number of samples was always 
higher than 100. 

From the building modal analysis and with the exact 
location of the output and excitation points, the FRFs were 
calculated according to the formulation described in the 
theoretical basis. The comparison of the FRFs of the second 
floor of the building is shown in Figure 4. It must be enhanced 
that, in this figure the resonance amplitudes correspond to the 
three first bending modes of the building. We can also observe 
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that the frequencies of those amplitudes are practically the 
same than the results shown in Table 1, allowing to conclude 
that the numerical model efficiently represents the physical 
model of a two-story building. The comparison of the FRFs of 
the remaining floors presented similar results to those 
indicated in Figure 4.    
 

Figure 4. Comparison of FRFs of the second floor of the 
building 

Finally, the numerical model was verified on the time 
domain. The response time series to a random excitation 
imposed in the base were obtained through the equation of 
motion of the fixed base building. Figure 5 presents the 
comparison between the response experimentally measured 
and the calculated response in terms of acceleration. 

 

Figure 5. Time series of acceleration response of the fourth 
floor of the building 

 
Similar results were found in the remaining floors of the 

building.  The excellent correlation of these results indicates 
the adequate representation of the building physical model.  

4 CHARACTERIZATION OF ELASTOMERIC AND 
ROLLER BEARING 

Aiming at reducing the dynamic response of the frame, in 
terms of building stresses and accelerations, two types of 
isolation systems were constructed as shown in Figure 6. The 
first is the classical elastomeric bearing system and the second 
is a system of roller bearings composed by aluminum sloping 
surfaces and PVC rollers. The slope of the surfaces allows the 
development of a restoring force, which, during base 
excitation conditions returns the system to its initial state. 

 

 
(a) (b) 

Figure 6. Seismic isolation systems: (a) E.B (b) R.B 

4.1 Elastomeric seismic isolation bearing 

Impact tests using an instrumented hammer were conducted to 
identify the modal parameters.  The experimental 
methodology included two cases classified according to the 
mass supported by the system and the direction of the 
imposed impulse.  In particular, in the case number one, the 
mass has an equivalent value to the total mass of the building 
physical model. On the other hand, case two corresponds to 
the characterization of the system in the vertical direction. 
Each case was excited with thirty impacts. The 
instrumentation of the identification tests comprises 
acceleration sensors placed in the vertical and horizontal 
directions. Acceleration and impulse response signals were 
recorded and analyzed again by the STFT method. Table 2 
presents a summary of the modal parameters identified, as 
well as the standard deviation associated to those 
measurements. 

Table 2. Modal parameters identified elastomeric bearing. 

Case Mass (Kg) fexp(Hz) ξexp(%)  (N/m)

1 7.54 6.61±0.03 1.42±0.03 12979 

2 1.82 35.51±0.04 1.68±0.02 90800 

 
The parameters identified for the horizontal direction were 

also checked through the FRFs. To this end, base excitation 
tests were conducted in the two cases previously described. 
The system was excited with random functions in the 
frequency range of 0-50 Hz by the base excitation system 
(E.S). Acceleration sensors placed on the E.S and the bearing 
allowed estimating the FRFs of the isolation system. On the 
other hand, the FRFs were calculated considering the 
numerical model of the isolator, relating the base excitation 
with the acceleration response of the isolation system. 

 

Figure 7. FRFs for elastomeric bearings (Case 1).
 

The comparison of the results between experimental and 
numerical FRFs is shown in Figure 7. According to the good 
agreement of the estimated FRFs, it is possible to state that the 
modal parameters were properly identified.  It is also possible 
to observe that the frequencies on the resonance amplitudes of 
the FRFs coincide with the frequencies identified in the 
impact excitation tests. 

4.2 Roller seismic isolation bearing 

The main advantage of the roller bearing systems compared to 
other methodologies such as the friction pendulum bearing 
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system is that generally, the rolling friction resistance is 
significantly lower than the sliding friction resistance, thus 
getting to efficiently uncouple the seismic excitation on the 
structures.  

In this context, a roller bearing isolation system was 
constructed to be installed in the physical model of the 
building. The system was composed by two PVC rollers with 
the following geometric properties: length 0.340 , 
outside diameter 0.0254   and thickness 0.0026  . 
The rollers had a mass of  84.67   and their motion 
occurred on aluminum sloping surfaces with a five-degree 
slope ( =5º). The displacement capacity of the bearing was 70 
mm.  

Restoring force is an important parameter in R.B 
characterization, which behavior is bilinear composed by a 
relatively constant maximum force and an elastic force 
proportional to the displacement. The elastic force develops 
when the rollers are in the transition region between sloping 
surfaces while the constant force is associated to the 
movement of the roller on the sloping surface.  

To characterize the R.B restoring force some experimental 
tests were performed measuring the displacement of the 
system due to an imposed force on the bearing. The test 
assemblage was composed by a LVDT and a load cell 
arranged as shown in Figure8. The system was manually 
moved from right to left and vice versa, while the sensors 
recorded the measures of each cycle. The characterization was 
performed with a mass (7.58 kg) approximately equal to the 
mass of the structure. 

 

 
Figure 8.Tests for the characterization of the restoring force of 

the roller bearing system (R.B) 
 
Figure 9 shows the graph force versus displacement that 

characterizes the behavior of the system with an equivalent 
mass. The bilinear behavior mentioned above can be observed 
in this figure.  

 

 
Figure 9. Restoring force  of the R.B supporting an 

equivalent mass 
 
 

The adjustment of the theoretical curve was made through 
the parameter d that defines the interval of elastic behavior of 
the system. Satisfactory results in the comparison of the levels 
of force were obtained assuming a displacement 
1.20 mm. This value is consistent with the typical values of 1 
to 1.5 mm reported by [9].  On the other hand, assuming a 
slope  5° in Equation (2), a maximum restoring force in 
the bearing of 3.2 N was estimated, which is very close to the 
experimental value. The good agreement between theoretical 
and experimental results indicates that the system of roller 
bearings developed is adequate to be installed in the physical 
model of the proposed building.   

The roughly rectangular shape of the experimental curve is 
due to the rolling friction force . Thus, free vibration (F.V) 
tests were performed to adjust the rolling friction coefficient 

. The F.V test consists in pulling and suddenly releasing the 
system’s top fixation plate. Acceleration sensors arranged in 
the horizontal direction were installed to measure bearing 
accelerations.   

On the other hand, assuming a system with one DOF 
without energy dissipation, in F.V conditions with initial 
displacement of 35 mm and zero initial speed, and 
representing the function ·  by a continuous function 

 defined through the parameter  1.20 mm, the 
Equation (6) was solved using the  RungeKutta 4th-order 
method. The value of coefficient  was estimated using a 
trial and error procedure such that the time numerical response 
was very close to the experimental one. Assuming a value of  

0.005, very satisfactory results were obtained as shown 
in Figure 10. Despite the good agreement between the results, 
small phase differences were observed between the responses, 
especially at the point where the sloping surfaces meet, which 
are probably due to imperfections associated with warping of 
aluminum plates and PVC rollers. These imperfections cause 
clearances on the system making it unstable.  A better 
finishing of the plates and rollers, together with a smoothing 
of the vertex, would be sufficient to improve their behavior 
and limit that clearance. 

 

Figure10. Temporal series of the R.B system in F.V 
conditions. 

Values of rolling friction coefficients are scarce in 
literature, however it is possible to calculate an order of 
magnitude of this coefficient based on the expressions 
presented by [10]. Thus, assuming that the contact surfaces 
are made of steel, and considering the roller diameter 
25  , the coefficient 0.004 was calculated. 
Comparing this value with the coefficient estimated in the 
adjustment 0.005 , we conclude that the identified 
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value is reasonable and, therefore can be used in the 
correlation of results that use the R.B system.   

The R.B system was tested in forced vibration (Fo.V) 
conditions to verify the parameters identified in this section. 
To this end, harmonic excitations with 2 Hz frequency and 

0.11  amplitude were imposed to the system. 
Acceleration sensors placed on the excitation system and the 
R.B allowed measuring the dynamics response of the isolator.  

 

Figure11. Adjustment of the time series of the R.B  
system in Fo.V 

Assuming the parameters identified in the F.V tests and 
solving Equation (5), the time series of the system 
acceleration responses to a harmonic base excitation were 
obtained. Figure 11 presents a comparison of the typical 
acceleration series obtained experimentally and numerically. 
The excellent agreement of these results confirms the 
adequate representation of the roller bearing system. It can 
also be observed that the system responds with a maximum 
acceleration about 0.05 , value that was forecasted according 
to the theoretical base presented.  

5 VALIDATION EXPERIMENTAL 
Modal identification tests were performed with the B+E.B 
system aiming at correlating the finite element model 
described with the experimental results. The test methodology 
was similar to the methodology applied to the fixed base 
building characterization. Acceleration sensors were placed in 
each frame level, while impact excitations were imposed on 
the building first floor. Table 3 shows the first four modes 
identified using the STFT method. It must be noted that 
modes one, two and four represent the bending modes, while 
the third corresponds to the axial mode. On the other hand, 
based on the properties of the fixed base building and 
assuming the following properties of the elastomeric bearings 

12979  ⁄ , 114900  ⁄ , 1850 ⁄ , 
8.89  ⁄ , 30.42  ⁄ , the problem of 

complex eigenvalues was solved. It can be observed that 
lateral stiffness coincides with the stiffness identified in the 
characterization of E.B with equivalent mass (Table 2), while 
the damping coefficients  ,  were calculated through the 
damping ratios identified in cases  4 and 5, respectively. 
Otherwise, a small variation of the vertical stiffness , was 
assumed in order to calibrate the system axial mode.    

 
 
 
 
 

Table 3. Modal parameters identified in the building 

Mode fexp (Hz) fnum (Hz) ξexp (%) ξnum (%) 

1 3.67±0.01 3.80 2.13±0.12 1.13 

2 11.63±0.02 11.62 1.51±0.091 2.09 

3 19.50±0.04 19.50 1.55±0.02 2.13 

4 22.88±0.03 22.87 0.30±0.005 0.93 
 

The analysis of Table 3 shows an excellent correlation 
between the numerical and experimental natural frequencies. 
It is also possible to observe significant differences in the 
values estimated for damping ratios. These differences may 
come from the difficulties in the precise identification of the 
damping ratios, but also because the hypothesis of viscous 
damping may not be true. Despite the differences in the 
estimation of damping ratios, a later validation in the time 
domain demonstrates that the construction of the matrix C 
assuming the hypothesis of non-proportional damping is quite 
acceptable in this type of system.    

In the same way, the modal shapes identified in the system 
B+E.B were correlated with those calculated and the results 
are presented in Figure 12. This figure shows a good 
correlation between numerical and experimental results, 
proving that the developed model is adequate for the analysis 
of buildings with elastomeric bearing isolation systems.    
 

 
Figure12 Vibration modes of a building with elastomeric 

bearings 

The second verification of the B+E.B was performed by 
estimating the FRFs relating the base excitation and the 
responses of the floors. In this context, base excitation tests 
allowed correlating the FRFs numerically and experimentally 
obtained. Figure 13 presents a comparison of the FRFs of the 
first floor of the building. In order to assess the performance 
of the E.B building in reducing vibration, the FRFs identified 
in the fixed base building (B) were also included in this graph. 

Figure 13 shows a reduction of the resonance amplitudes 
associated to the first three bending modes, indicating that the 
isolation system is efficient in reducing the structure dynamic 
response. For instance, reductions of 61, 34 and 71%, 
corresponding to the 1st, 2nd and 3rd modes respectively, 
were obtained in this floor. These reductions confirm that the 
developed methodology can be used in building design with 
earthquake isolation through elastomeric bearings.  
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Figure13. FRFs relating the response measured with 
random base excitation 

The third and final verification of the numerical model was 
confirmed through the response time series of the B+E.B 
system due to the random excitation imposed to the base.  
Thus, the equation of motion was solved using the Matlab ® 
TR-BDF implicit integration algorithm. The correlation, in 
terms of second floor acceleration of the system B+E.B is 
shown in Figure 14. This figure shows an excellent agreement 
between measured and calculated accelerations, indicating not 
only that the non-proportional damping hypothesis is certainly 
reasonable, but also suggests a different methodology for the 
calculation of damping ratios, such as QR algorithm, 
interaction by subspaces.  Similar results were found in the 
remaining levels of the system.  

 

Figure14. Acceleration time series in the system B+E.B 

The results presented in this section confirm that the 
numerical model of the system B+E.B accurately represents 
the physical model of the building with elastomeric bearings. 
Thus, we concluded that the developed methodology is 
adequate for the analysis of B+E.B systems under the 
earthquakes action.   

Aiming at validating the numerical model of the building 
with roller bearings free vibration and base excitation tests 
were conducted. The first test consisted in pulling and 
releasing the base of the B+R.B system. The instrumentation 
was composed by acceleration sensors placed at the different 
levels of the frame and a PXI NI computer to acquire the 
measured signals. 

The time series of acceleration response measured were 
correlated with those obtained through numerical simulations 
of the B+R.B system. Considering the properties of the 
building, and assuming that the system is at rest before 
suffering an initial displacement 0.025  , response time 
series were obtained using the Matlab ® ode45tb integrator. 
The series, in terms of acceleration of the B+R.B system were 
determined, assuming the following parameters of the isolator 

0.0054, 1.20  , and 5°. It can be noted that 

these parameters practically coincide with the values obtained 
in the tests of the isolator supporting an equivalent mass of the 
structure. Small differences in the coefficient  are probably 
associated to imperfections of the system, mainly to warping 
of bearing rollers and plates and to the discontinuity of the 
vertex where the sloping surfaces cross. 

 

Figure15. Correlation of the acceleration time series of the 
B+ R.B system in conditions of free vibration 

Examining the good correlation among the time series of 
the F.V test (Figure 15) we can conclude that the identified 
parameters are consistent and can be adopted in the dynamic 
analysis of the B+R.B system in conditions of base excitation. 
In this context, the system was excited through the random 
functions in the frequency range 0-6 Hz. This range was 
selected such that the system kinematics was complete, i.e., 
base displacements greater than the transition interval defined 
by d. 

Similarly to the F.V test, in the base excitation test the 
accelerations time series were obtained. To correlate these 
results, the equations of motion were solved assuming the 
building properties and the parameters identified in the F.V 
test. Figure 16 presents the correlation between the 
acceleration time series measured and calculated on second 
floor. 

Analyzing this figure, we can observe certain degree of 
dispersion of the obtained results; however the correlation is 
quite satisfactory. The dispersion is probably associated with 
the rotational movement of the frame base, observed in the 
test campaigns. These undesired movements made the system 
unstable allowing the emergence of torsion modes, which 
were not considered in the theoretical models.  

 

Figure16. Correlation of acceleration time series of the 
system B+R.B in base excitation conditions 

The results obtained with the B+R.B system allows to 
conclude that the numerical model satisfactorily represents the 
physical model of a building with roller bearings, and 
consequently the methodology developed is adequate for the 
analysis of structures under the action of earthquakes. 
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6 CONCLUSIONS 
This paper presents a numerical and experimental study 
aiming at validating a model of a building with and without 
elastomer and roller seismic isolation bearing under base 
excitations.   

The methods of characterization of both base isolation 
systems were efficient and therefore these can be used in the 
dynamic identification of similar seismic protection systems. 

The modal parameters, the FRFs, and the response time 
series numerically obtained presented an excellent correlation 
with those obtained experimentally, confirming the accuracy 
of the analysis methods approached. However, it is still 
possible to improve the correlation, mainly relating to 
damping ratio.  
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ABSTRACT: The twin rotor damper is a recently developed active mass damper. Its feasibility has already been proven in 
principle, and its ability to damp structural vibrations, e.g. wind-induced or pedestrian-induced bridge vibrations, has been 
demonstrated [1]. Two eccentric masses rotate with the same angular velocity about parallel axes generating a dynamic control 
force that can be used for damping vibrations. Various control algorithms can be applied. For example, the masses can rotate 
with a constant angular velocity that is set to a natural circular frequency of the system. The phasing to the vibration of the 
structure is chosen such that the control force opposes the velocity of the system. The correct phasing is checked and corrected 
only once per half cycle (closed loop control with large time intervals). Alternatively, the target position of the rotors can be 
determined and set continuously (closed loop control with short time intervals). Such control algorithm can be preferable when 
the motion to be damped is non-harmonic. However, this leads to a rotor velocity that is not constant but variable. The degree of 
variability should be kept small to ensure an efficient mode of operation. A continuous state feedback control is developed for 
this purpose. 

KEY WORDS: Structural vibrations; Active structural control; Active damping; Twin rotor damper. 

1 INTRODUCTION 

1.1 Twin rotor damper 
The basic unit of the twin rotor damper (TRD) consists of two 
eccentric masses (control masses) that rotate about two 
parallel axes (Fig. 1) [1]. In one operational mode, both 
eccentric control masses rotate in opposite directions with a 
constant circular control frequency ωc (= rotor speed = 
angular velocity) that is set to the natural circular frequency of 
the system. If, as indicated in Fig. 1, the control position φ(t) 
of both rotors is also the same, a vertical harmonic control 
force fc(t) is generated that can be used for damping. The 
control force fc(t) is given by the expression 

 ( ))(cos)( 2 trmtf cccc ϕω=  (1) 

where φ(t) = the time-dependent control position, mc = the 
total control mass, and rc = the control radius. The dot 
operator indicates differentiation with respect to time. 

 
Fig. 1: Twin rotor damper. 

The (rotational) control position φ(t) is given by  

 0)( ϕωϕ += tt c  (2) 

where φ0 = the initial damping phase. In absence of external 
excitation the equation of motion of the system is given by  

 ( ) ( )0
2 cos ϕωω +=+++ trmkxxcxmm ccccc &&&  (3) 

where m + mc = the total mass of the system, c = the damping 
constant, and k = the stiffness. The optimal initial damping 
phase φ0 depends on the initial conditions, in particular, on the 
initial velocity and the initial displacement of the system. For 
the particular initial conditions, 

 0)0( 0 >== xtx      and     0)0( 0 === xtx &&  (4) 

the optimal initial damping phase φ0 is -π/2 for systems 
without structural damping. Further information on the twin 
rotor damper, especially the determination of the optimal 
initial damping phase, can be found in [1]. The described 
mode of operation leads to a low power demand of the twin 
rotor damper shown in [1] or [2]. 

1.2 Objective 
In this paper a continuous feedback control for the TRD is 
presented. To do this, we compute the position of the system, 
which is an observable state. Please note that the position of 
the system is not the displacement x(t), and this position will 
be defined in the following chapter. With the continuously 
measured position of the system, a target position φtar(t) is 
computed in such a way that the resulting control force 
opposes the velocity of the system. A controller will ensure 
that the control position φ(t) achieves the target position φtar(t) 
in a short time. The difference between the control position 
and the position of the system is the decisive point for the 
continuous feedback control and the resulting oscillations of 
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the rotor speed. This position difference is studied in 
chapter 2. 

2 DIFFERENCE BETWEEN CONTROL POSITION 
AND POSITION OF SYSTEM 

2.1 Neglecting structural damping 
Neglecting structural damping, but introducing the mass 
ratio µc, and the natural circular frequency of the system ωn, 
which are 

 
mm

m

c

c
c +
=μ       and      

mm
k

c
n +
=ω , (5) 

Eq. 3 can be rewritten  

 ( )0
22 cos ϕωωμω +=+ trxx ccccn&& . (6) 

The displacement response x(t) is obtained by solving Eq. 6 
analytically, for which the circular control velocity ωc is set to 
the natural circular frequency of the system ωn 

 
( )tttr
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nnncc

n
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sinsin)sin(
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...sincos)(

00

0
0

−+

++=
&

.          (7) 

Differentiating with respect to time yields the velocity 
response of the system )(tx&  and further differentiating yields 
the acceleration response of the system )(tx&&  [1]. 

 
Fig. 2: Normalized displacement response of the system, 

initial conditions according to Eq. 4, c = 0, µcrc/x0 = 0.05 and 
φ0 = -π/2. 

Fig. 2 shows the normalized displacement response x(t) of the 
system [1]. The time axis is normalized to the natural period  

 
n

nT
ω
π2

= . (8) 

Up to the point in time tcs the control force provides positive 
active damping to the system [1]. Positive and negative 
displacement peaks decay linearly. After the point in time tcs 
the control force excites the system giving negative active 
damping to the system [1]. This paper focuses on the time 
range in which positive active damping is provided by the 
control force (t < tcs). In addition, a control method is 

presented that enables a continuous state feedback control for 
this time duration. Two additional states of the system to 
describe the progress of the system in one vibration cycle are 
introduced and we term these additional observable states 
positions of the system  

  ( ))(,)(2arctan1 txtx n &&& ωψ =   and 

   ( ))(,)(2arctan2 txtx n &ωψ = . (9) 

The arctan2 is the arc tangent function, which uses two inputs 
as arguments to additionally obtain information about the 
quadrant. Positions of the system range in radians and have a 
value range from -π to π. Differences between the control 
position φ(t) (Eq. 2) and the positions of the system (Eq. 9) 
are  

 )()( 11 tt ψϕα −=   and  )()( 22 tt ψϕα −= , (10) 

and we term α1 and α2 position differences. 
The control position φ(t), the positions of the system ψ1(t) 

and ψ2(t), and the positions differences α1(t) and α2(t) are in 
radians. The control position φ(t) or the positions of the 
system ψ1(t) and ψ2(t) can be added or subtracted by arbitrary 
multiples of 2π. This can also be done with the position 
differences α1(t) and α2(t) and this is done in such a way that 
they have a value range from 0 to 2π (Fig. 3). 

 
Fig. 3: Position differences α1(t) and α2(t), c = 0, initial 

conditions according to Eq. 4, µcrc/x0 = 0.05 and φ0 = -π/2. 

Fig. 3 shows the position differences α1(t) and α2(t) for the 
described operational mode. Up to the point in time tcs 
position difference α1(t) is nearly π/2 and it coincides the 
constant value π/2 at those points in time where positive and 
negative displacement peaks occur. In the time intervals 
between two displacement peaks the position difference α1(t) 
slightly falls below the value π/2 for t < tcs. After the point in 
time tcs the position difference α1(t) slightly exceeds the 
constant value 3/2π. A similar behavior can be identified for 
the course of the position difference α2(t). For t < tcs it 
coincides with the value π at the points in time displacement 
peaks occur exceeding it slightly between two successive 
peaks. After the point in time tcs it is slightly below the 
value 2π between two successive peaks. For both position 
differences α1(t) and α2(t), it can be stated that the deviations 
from their constant values increases with smaller amplitudes. 
This can be clearly seen in Fig. 4, in which only one vibration 
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cycle is plotted for different values µcrc/x0. Displacement 
peaks are indicated by crosses. It can be seen that the 
deviations from a constant value approach zero if the 
value µcrc/x0 goes to zero. The higher the value µcrc/x0 is the 
more the position differences α1(t) and α2(t) deviate from the 
value π or 3/2π. In Fig. 4 the maximum deviation from the 
constant position difference π/2 is approximately 0.027, which 
corresponds to 1.5°. A very similar tendency can be identified 
for the position difference α2(t) shown in Fig. 5 but the values 
for the position difference α2(t) exceed the constant value π 
between two successive displacement peaks t < tcs. 

 

 
Fig. 4: Position differences α1(t) when considering one 

vibration cycle with the period Tn, c = 0, initial conditions 
according to Eq. 4 and φ0 = -π/2 for different values of µcrc/x0. 

 
Fig. 5: Position differences α2(t), c = 0, initial conditions 

according to Eq. 4 and φ0 = -π/2 for different values of µcrc/x0. 

The maximum deviations of the position differences α1(t) and 
α2(t) from their constant values indicated by the D1 in Fig. 4 
and by D2 in Fig. 5 for µcrc/x0 = 0.05 are approximately 0.027 
and 0.028 radians. The absolute value of the deviations from π 
or π/2 are approximately equal; however, the deviations have 
opposite signs. Comparing Fig. 4 with Fig. 5, a similar 
conclusion can be drawn for different µcrc/x0. Therefore, we 
also compute the sum of the position differences  

 )()()(2)()()( 2121 tttttt ψψϕααα −−=+= . (11) 

The reason for computing this will be clarified in the 
following discussion (chapter 3). Fig. 6 shows the sum of the 
position differences α(t) for one vibration cycle. In one 
vibration cycle it exceeds its constant value 3/2π two times 
and also falls below its constant value 3/2π two times. 
Compared to the maximum deviation D2, the absolute value of 
the deviation is reduced by 98 % to a maximum 
deviation Dsum (Fig. 6) of about 5.0e-4.  

In this subsection we discovered that the position 
differences oscillate close to a specific constant value in the 
specified operational mode for t < tcs. This simple fact is 
essential for the continuous feedback control presented below. 
Moreover, we discovered that by superposing these two 
position differences the oscillations are significantly smaller 
than the oscillations of the individual position differences α1(t) 
or α2(t). 

 

 
Fig. 6: Sum of position differences α(t), c = 0, initial 

conditions according to Eq. 4, µcrc/x0 = 0.05, considering one 
vibration cycle and φ0 = -π/2. 

2.2 Considering structural damping 
In this subsection we consider structural damping (ζ  > 0). 
The damping ratio is defined by 

 ( ) ncmm
c

ω
ζ

+
=

2
 . (12) 

If structural damping is present, the circular control frequency 
ωc is set to the damped natural circular frequency of the 
system ωd [1], which is defined in standard literature, e.g., [3] 
and [5]. From Eq. 3 it follows the canonical form 

 ( )0
22 cos2 ϕωωμωζω +=++ trxxx ccccnn &&& . (13) 

The optimal initial phase φ0 for systems with structural 
damping and for the initial conditions according to Eq. 4 can 
be computed by the following equation [1] 

 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ −
+=

ζ
ζ

πϕ
2

0
1

2arctan      for     00 >x  . (14) 

Following the same procedure as in the previous subsection 
leads to the position differences α1(t) and α2(t) when structural 
damping is present. The natural circular frequency ωn in Eq. 9 
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is replaced by the damped natural circular frequency ωd. Fig. 
7 and Fig. 8 show the position differences α1(t) and α2(t) for 
different damping ratios. The time axes are normalized to the 
damped natural period 

 
d

dT
ω
π2

= . (15) 

Each time a displacement peak occurs the position 
difference α1(t) coincides with the constant value α1C(ζ ) 

 ( )
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ −
=

ζ
ζ

ζα
2

1
1

2arctanC . (16) 

From Fig. 7 it can be concluded that the higher the damping 
ratio ζ  is the more the constant values α1C(ζ ) indicated by 
the dashed lines are reduced. Moreover, the deviation from the 
constant value α1C(ζ ) is higher the larger the damping ratio 
ζ  and the values µcrc/x0 are. 

 
Fig. 7: Position differences α1(t) for different parameters 

µcrc/x0 and ζ; initial conditions and φ0 according to Eqs. 4 and 
16, respectively. 

A similar behavior can be detected for the position 
difference α2(t) coinciding with its constant value  α2C(ζ ) 
(Eq. 17) each time a displacement peak occurs. Moreover, the 
constant value α2C(ζ ) is also smaller when the damping ratio 
ζ  is larger. Furthermore, the deviations from the constant 
value are higher with larger damping ratios ζ  values of 
µcrc/x0 are. Interestingly, the change of the constant values of 
the position differences α1(t) and α2(t) are equal identifiable 
by the first term in Eq. 16 and Eq. 17. 
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⎛ −
=C . (17) 

Even though structural damping is considered, the absolute 
value of the deviations of the position differences α1(t) and 
α2(t) from their constant values are equal but have different 
signs. To reduce the value range, we compute the sum of the 
position differences 

 )()()( 21 ttt ααα += . (18) 

It oscillates about the constant value 
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Fig. 9 shows the sum of the position differences α(t) for one 
vibration cycle when structural damping is considered. The 
curves coincide with the constant value (Eq. 19) each time a 
displacement peak occurs (t = 0, t = 0.5 TD, and t = TD in 
Fig. 9). The deviations from the constant value increase with 
higher damping ratios and with higher values of µcrc/x0 but the 
value range is much smaller than the value range of the 
individual position differences of α1(t) and α2(t).  
 

 
Fig. 8: Position differences α2(t) for different parameters 

µcrc/x0 and ζ; initial conditions and φ0 according to Eqs. 4 and 
14, respectively. 

 
Fig. 9: Position differences α(t) for different parameters 

µcrc/x0 and ζ; initial conditions and φ0 according to Eqs. 4 and 
14, respectively. 

In this subsection we determined that even though structural 
damping is considered, the position differences between the 
control position and the position of the system oscillate about 
a constant value in the specified operational mode. It can  be 
pointed out that the deviation from its constant position of the 
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sum of the position differences α(t) is significantly smaller 
than the deviation of the individual position differences α1(t) 
or α2(t). 

3 CONTINUOUS FEEDBACK CONTROL FOR TWIN 
ROTOR DAMPER 

We will now take the step towards the continuous feedback 
control for the twin rotor damper. We will only consider 
systems without structural damping (c = 0, Eq. 6). The same 
continuous feedback control can be applied for systems with 
structural damping as the position difference is also nearly 
constant. So far, we have assumed that the circular control 
frequency ϕω &=c  (= rotor speed) is constant. If the circular 
control frequency is not constant, the inertial forces of the 
control masses also act on the system. These inertial forces 
have to be taken into consideration when establishing the 
equation of motion. Eq. 6 then has an additional force term on 
its right hand side [1] (Eq. 20). However, the influence of the 
inertial forces in the specified operational mode on the motion  
is small as the circular control frequency is nearly constant. 
The circular control frequency ωc(t) (= rotor speed) is the first 
derivative with respect to time of the control position φ(t). 

 ( ) ( )( ))(sin)()(cos)( 22 ttttrxx ccn ϕϕϕϕμω &&&&& +=+ . (20) 

Taking the position difference α2(t), it can be approximated 
in the specified operational mode for t < tcs as follows (Fig. 3 
for t < tcs and Eq. 11) 

 πψϕα ≈−= )()( 22 tt . (21) 

Eq. 21 says that the difference between the control position 
and the position of the system is approximately π in the 
described operational mode. The position of the system ψ2(t) 
is measurable at all points in time. Renaming the control 
position φ(t) in Eq. 21 in target position φtar(t) and solving 
Eq. 21 for φtar(t) leads Eq. 22. It describes the target position 
depending on the position of the system ψ2(t) 

 )()()( 222 ttttar ψπψαϕ +≈+= . (22) 

Inserting Eq. 9 into Eq. 22 yields 

 ( ))(,)(2arctan)()( 022 txtxtttar &ωπψαϕ +≈+= . (23) 

The displacement x(t) and the velocity )(tx&  are measured 
continuously and are used to determine the target 
position φtar(t). This target position φtar(t)  is compared to the 
actual control position of the TRD φ(t), which is also 
measured continuously (Fig. 11). The error e(t) is defined by 
the difference 

 )()()( ttte tar ϕϕ −= . (24) 

This is input for the computation of the control error ce(t). We 
want the input of the controller ce(t) (Fig. 11) to be restricted 
to values between -π to π (Fig. 10) because the absolute 
deviation of the actual position from the target position cannot 
exceed π (half a turn). If the control error ce(t) is positive 
(0…π), the target position precedes the actual control 
position φ(t). To compensate for the control error, the rotor is 
required to accelerate. When the control error ce(t) is negative 

(-π …0), the target position φtar(t) lags behind the actual 
position and the TRD needs to decelerate. 

Let us now turn to Fig. 10. If the system is set in motion by 
any initial conditions and fc(t) → 0, the target position would 
rotate counterclockwise with a rotor speed that is equal to the 
natural circular frequency of the system. In this case the 
position difference α2 is equal to π (Eq. 21) [1]. If the control 
force affects the motion, the target position φtar(t) would not 
rotate with a constant rotor speed due to the approximation we 
made in Eq. 22. The influence of the control force is the 
reason for the target position not to rotate with a constant rotor 
speed. 

If the actual control position φ(t) is equal to the target 
position φtar(t), the control error would be zero. To minimize 
the control error the controller is tuned in such a way that the 
actual control position tracks the target position for a short 
time - indicated by a low transient response of the control 
error ce(t) (Eq. 24 and Eq. 25). The example target 
position φtar(t) in Fig. 10 indicates a point in time at which the 
target position precedes the actual position of the TRD (0 < ce 
< π). 

 

 
Fig. 10: Computation of the control error ce(t). 

According to Eq. 22, the target position varies between 0 
and 2π as the position of the system has a value range from -π 
to π. The control position φ(t) has a value range between 0 and 
2π (Fig. 1). Thus, the value of the error e(t) is in the range of 0 
to 4π. As mentioned in Section 2.1, we can add or subtract 
arbitrary multiples of 2π to the target position as well as to the 
position of the system ψ2(t). To ensure that the value of the 
control error ce(t) is in the desired range of -π and π, 
appropriate multiples of 2π  are added or subtracted from the 
error e(t). In this way, the rotors are driven to the closest 
target position by the controller (Fig. 10). 

A similar method can be used to apply the position 
difference in Eq. 10 or the sum of the position differences 
(Eq. 12), which is not presented - here. In general, it can be 
said that this method ensures that the controller drives the 
rotor to the closest target position. 

For applying the specified operational mode the rotors have 
to be close by the target position and must nearly rotate with 
the natural circular frequency of the system. The controller 
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continuously steers towards a target position φtar(t) whose 
derivative with respect to time is approximately the natural  
circular frequency of the system. Thus, both conditions for the 
specified operational mode are valid. 

To minimize the control error ce(t), a linear PD-controller is 
used [4]. The control error is a rotational position difference, 
which is the difference between the target position φtar(t)  and 
the actual position φ(t) of the TRD and is measured in radians. 
The output of the controller )(tϕ&& is given by 

 ( ))()()( tecTtceKt DP &&& +=ϕ . (25) 

where KP = the proportional gain, and TD = the derivative 
time. The controller is tuned by varying these gains. 
Increasing KP leads to a smaller transient response of the error 
ce(t), larger peak overshoot and oscillation [4]. The derivative 
time TD can be used to change the damping ratio of the 
controller independently of the natural circular frequency of 
the controller [4]. In the following numerical simulations, it is 
assumed that the actuators achieve the angular acceleration 

)(tϕ&& , which can be ensured by an internal motor controller. 
Since the control error ce(t) has the unit radians and the output 
of the controller is the angular acceleration of the control 
position )(tϕ&& , which has the unit rad/s2, the proportional gain 
KP has the unit 1/s2, and the derivative time TD has the unit 
seconds. Proportional- and derivative-gain are hand-tuned and 
constant (linear time invariant controller).  

 

 
Fig. 11: Continuous state feedback control for twin rotor 

damper. 

4 NUMERICAL SIMULATIONS 

4.1 Assuming a constant difference between control 
position and position of system 

Performing a simulation with the described feedback control 
(chapter 3) for different controller gains yields the response 
given in Fig. 12. The system is subjected to the initial 
conditions of Eq. 4. A target position is continuously 
computed and the rotors are driven to it by the controller. At 
the beginning of the simulation the control error ce(t) becomes 
(relatively) large since the rotor speed is zero, and thus 
deviates from the desired quantity - target 
ωc(t) = ntar t ωϕ =)(& . First the rotor speed ωc(t) must increase 
to equal the natural circular frequency of the system ωn to 
achieve the specified operational mode where ωc(t) = ωn. As 
can be seen from the Fig. 12, the rotor speed initially 
overshoots and then oscillates about the natural circular 
frequency of the system ωn. After three vibration cycles the 
TRD has reached its specified operational mode signified by 

an almost constant rotor speed (ωc(t) = )(tϕ&  ≈ ωn) and a small 
control error ce(t) (ce < 0.1 ≈ 5.72°). The resulting track of the 
actual control position φ(t) leads to a control force that has a 
direction opposite to that of the velocity of the system. It can 
be seen from Fig. 12 that the positive peaks as well as the 
negative ones of the displacement response decay almost 
linearly with time. The simulation is stopped before the 
vibrations come to rest since this paper is focusing on the time 
range 0 < t < tcs. 

 

 
Fig. 12: Simulation with initial conditions according to Eq. 4 

µcrc/x0 = 0.015, ωn = 2π 1/s, step size = 0.0001 s. 

The simulation is also performed with increased controller 
gains leading to a controller which produces higher control 
effort. This means that the transient response of the control 
error is lower and the TRD achieves the specified operational 
mode quicker. However, when the TRD is operated in the 
specified mode (4 s < t < 20 s), the occurring oscillations of 
the rotor speed are larger (Fig. 12). 

Let us now turn to the unwanted oscillations of the rotor 
speed. As the position difference α2 is not exactly constant 
(Eq. 22), the resulting target position φtar(t) does not increase 
linearly, and thus the rotor speed ωc(t) is not constant. The 
oscillations of the rotor speed vanish if the amplitude of the 
vibrating structure approaches infinity or if µcrc approaches 
zero [1]. This is verified by this simulation since the 
oscillations of the rotor speed become larger with smaller 
amplitudes. Similar results are obtained if the position 
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difference defined in Eq. 10 is used for control. In this case, 
the acceleration and the velocity are used as input to compute 
the target position. In a practical application, the acceleration 
signal is sensitive to disturbances and thus the target position 
φtar(t) may contain significant noise. Therefore, to avoid the 
high effort for filtering, it is recommended to use the approach 
described above. 

4.2 Optimized computation of target position by 
considering the exact position difference 

In section 4.1 it was determined that the assumption of a 
constant position difference leads to the unwanted oscillations 
of the rotor speed. Therefore, a target position φtar(t) is 
computed for which the exact position difference is 
considered. Eq. 10 gives the exact position differences. 
Position difference α2(t) is  

 ( ))(,)(2arctan)()()( 022 txtxtttt nn &ωωϕψϕα −+=−= .(26) 

Solving Eq. 26 for φ(t), replacing φ(t) by φtar(t) yields 

 ( ) )()(,)(2arctan)( 20 ttxtxtt

differencepositionexact

refnrefrefntar ψωωϕϕ +−+=
4444444 34444444 21

&   

  (27) 

where the first three terms describe the exact position 
difference with respect to tref. This was approximated before 
(see Eq. 21). The fourth term ψ2(t) is given by Eq. 9 and is 
measured continuously. The position differences are equal to 
the respective values π/2 and π at the points in time 
displacement peaks occur (Fig. 3). At those points in time we 
start to compute the exact position difference as a function of 
tref. The following procedure may be used for a corresponding 
control algorithm: 
• The initial value of the exact position difference is π 

(approximation as in the previous subsection). 
• If a displacement peak is detected, following parameters 

are set. The running time variable tref = 0, x0 = x(t), 
0x& = 0, φ0 = - π/2 for x(t) > 0 and φ0 =  π/2 for x(t) < 0, 

µcrc and ωn are known constants. 
• Computation of the exact position difference with Eq. 26 

as a function of the running time variable tref.  
• If tref > 0.5 Tn, the position difference is approximated 

with π. The reason for doing this will be explained in the 
following paragraph. 

• A target position (Eq. 27) is computed continuously with 
the exact position difference and the continuously 
measured state ψ2(t). 

 
Due to external excitation the actual period length can be 
shortened or elongated. Then, the next displacement peak 
occurs before or after the point in time t = 0.5Tn, indicated in 
Fig. 13 by black dots and due to the control algorithm the 
computed position difference jumps from its current value to π 
as the variable tref is set to zero when a displacement peak 
occurs. If the period length is shortened, meaning that a 
displacement peak occurs at points in time tref < 0.5 Tn, the 
position difference jumps to the value π (see dotted line with 
arrows indicated by tref < 0.5 Tn in Fig. 13). These 
discontinuities can be avoided for tref > 0.5 Tn (displacement 

peak occurs at a later point in time) by approximating the 
position difference with π for tref > 0.5 Tn (see Fig. 13). Thus 
we compute the target position φtar (t) by 
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  (28) 
where rect = the rectangular function operator and ɛ = the step 
function operator. The rectangular function outputs the value 
1 for tref < 0.5 Tn and the value 0 for tref > 0.5 Tn with the given 
argument (see Eq. 28). The step function outputs the value 0 
for tref < 0.5 Tn, the value 0.5 for tref = 0.5 Tn, and the value 1 
for tref > 0.5 Tn with the given argument (see Eq. 28). Thus, 
the optimized target position φtar(t) (Eq. 28) considers the 
exact position difference for time values tref < 0.5 Tn and it 
considers the approximation for time values tref > 0.5 Tn. By 
doing this, discontinuities in the trajectory of the target 
position are avoided if the period length is elongated. 
Discontinuities are not avoided if the period length is 
shortened. The last term in Eq. 28 is the state to be measured 
continuously, which is the position of the system. The 
computed exact position difference is shown in Fig. 13 
indicated by a solid line. 
 

 
Fig. 13: Computation of exact position difference with 

µcrc/x0 = 0.05; solid line indicates the position difference 
computed by Eq. 28, blue dotted lines with arrows indicate a 

jump if displacement peaks occur earlier or later. 

Simulations when applying the optimized computation of the 
target position (section 4.2 and section 4.3) are not plotted for 
brevity. The ramp up process (t < 4 * Tn in Fig. 12) is quite 
similar and we are only taking into consideration the 
oscillations of the rotor speed ωc(t) about the natural circular 
frequency of the system ωn in the specified operational mode. 
Comparisons regarding this are made in section 4.4. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1654 

4.3 Optimization of computation of target position by 
superposition of position differences 

In the following section we use the sum of the position 
differences to compute the target position (Fig. 6). If structural 
damping is not present in the system, the sum of the phase 
differences is 

 πψψϕαα
2
3)()()(2)()( 2121 ≈−−=+ ttttt . (29) 

Replacing φ(t) by φtar(t) and solving Eq. 29 for  φtar(t) yields 
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Displacement, velocity and acceleration are continuously 
measured, whereas ωn is constant. 

4.4 Comparison 
In this section, the different possibilities to determine the 
target positions given above are compared regarding the 
oscillations of the rotor speed. For all simulations the same 
controller is applied.  Corresponding time histories of the 
rotor speed ωc(t) are plotted in Fig. 14. The time interval from 
6 Tn to 16 Tn  is of interest as in this time period the TRD is 
operated in the specified operational mode. To compare the 
results in terms of oscillations of the rotor speed ωc(t), the 
standard deviation σ is calculated. Results are listed in Tab. 1. 
Four cases labeled (1) to (4) are considered.  

For case (2), for which a constant position difference 
between the control position and the position of the system is 
considered, the standard deviation of the rotor speed ωc(t)/ωn 
is 2.4e-3. With the first optimization (case (3)), this value is 
reduced by 86 % to a standard deviation of 3.2e-4. With the 
second optimization (case (4)), the standard deviation can 
even be reduced by 96.3 % to a standard deviation of 8.8e-5. 
The latter two reductions are due to an improved computation 
of the target position (Fig. 11, section 4.2 and section 4.3).  

On the other hand, oscillations of the rotor speed vary with 
the controller gains. Fig. 12 shows that the standard deviation 
of the normalized control speed is increased by 367 % to a 
standard deviation of 1.1e-2 if both controller gains are 
doubled. In this case, however, the twin rotor damper 
approaches the desired rotor speed in a shorter time (lower 
transient response of the control error ce(t)). 

The control of the TRD can be further improved - using 
controller gains KP and TD that dependent on system states,  
e.g., the rotor speed ωc(t) and the control error ce(t). A useful 
modification may be the use of variable controller gains. For 
large errors, larger gains may be used to approach the desired 
control position and rotor speed in a short time. When the 
control error is smaller and the rotor speed nearly equals the 
natural circular frequency of the system, the gains may be 
reduced to lower the oscillations of the rotor speed.  

 

 
Fig. 14: Control speed histories when using different 

approaches to compute target position. 

Tab. 1. Standard deviation σ of the normalized rotor speed 
ωc(t)/ωn. 

Case σ(ωc(t)/ωn) Variation 
1 1.1e-2 +367 % 
2 2.4e-3 Ref. value 
3 3.2e-4 -86.6 % 
4 8.8e-5 -96.3 % 

5 CONCLUSIONS 
In this paper a continuous feedback control for the twin rotor 
damper is presented. It is shown analytically as well as by 
simulations that the applied continuous feedback control leads 
to unwanted oscillations of the rotor speed, which are due to 
an approximation made in the closed-loop design. For 
example to minimize the required energy these oscillations 
should be kept small. This can be done by improving the 
computation of the target position. Two optimizations for the 
computation of the target position are presented. Numerical 
simulations prove that these procedures can reduce the 
oscillations effectively. In addition, it is shown that the 
controller yields favorable output when the controller gains 
are adapted. 
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ABSTRACT: The twin rotor damper is a newly developed active mass damper. Two eccentric masses rotate with the same 
velocity about parallel axes generating a dynamic control force that can be used for the damping of vibrations. The device has 
already been studied in detail for the damping of harmonic vibrations. In that case, the two masses preferably rotate with a 
constant velocity leading to a highly efficient mode of operation. For the damping of non-harmonic vibrations, the twin rotor 
damper is expected to be less efficient but potentially still useful. In this paper, the applicability and modes of operation of the 
twin rotor damper for the damping of non-harmonic vibrations are studied. Time series of stochastic excitation forces are 
generated and the response of a one-degree-of-freedom oscillator to such stochastic loading is simulated. The simulations are 
then repeated including the action of the twin rotor damper. Two different modes of operation are used. One mode uses radial 
forces (rotational mode), the other mode uses tangential forces (swinging mode). The damping efficiency and energy demand of 
both operational modes are compared. 

KEY WORDS: Twin rotor damper; Active damping; Stochastic loading; One-degree-of-freedom oscillator. 

1 TWIN ROTOR DAMPER 

1.1 Introduction 
Passive dampers can mitigate structural vibrations and their 
implementation in structures, e.g. bridges, is quite common. 
Compared to active dampers, the major advantage of such 
dampers is the high reliability. On the other hand, passive 
dampers have their limits regarding damping efficiency. 
Active mass dampers can be more efficient. In contrast, active 
devices need energy, and have to be controlled properly. 

The twin rotor damper (TRD) is a newly developed active 
mass damper, which has a low self-weight and is simple with 
respect to mechanical design. A great advantage of this device 
is the manner in which the control force is generated and the 
resulting energy consumption, which is low in comparison to 
conventional active mass dampers [1]. Moreover, the 
applicability of controlling pedestrian-induced bridge 
vibrations and wind induced bridge vibrations using small 
mass ratios was proven numerically [2], [3]. 

This paper is organized as follows. In chapter one the layout 
of the TRD is presented along with two different operational 
modes for generating the control force. In the second chapter 
the type of excitation forces acting on the one mass oscillator 
and how they are generated are explained. Excitation forces 
are applied to the one mass oscillator and the response is 
computed both with and without the action of the twin rotor 
damper for both operational modes. Responses are compared 
regarding energy consumption and damping efficiency. 
Finally, the conclusions are drawn. 

1.2 Layout and equations of motion 

The twin rotor damper consists of two eccentric masses 
(control masses) hinged with the radius rc (control radius) to 
two parallel axes [4] (Figure 1). The product of the control 

radius rc and the total control mass mc is the control 
eccentricity mcrc.  

 
Figure 1. Twin rotor damper [4]. 

As indicated in Figure 1, we assume that the position of both 
rotors φ(t) is the same at any point in time. It is given by 

 00
0 0

)()( ϕϕϕϕ ++= ∫ ∫ tdtdttt
t t

&&&  (1) 

where 0ϕ&  = the initial circular control frequency, and 0ϕ  = 
the initial control position. The dot operator indicates 
differentiation with respect to time. If the rotors are in motion 
( 0)( ≠tϕ& ), radial forces that draw away from the center of 
both axes are generated. If the rotors are accelerated 
( 0)( ≠tϕ&& ), also tangential forces are generated. These two 
force components can be used for damping. The entire mass 
m + mc can move only in simple translation (see Figure 1). 
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Thus the displacement coordinate x(t) completely defines its 
position. Assuming that a loading fe(t) is acting on the system, 
the equation of motion is given by 

( ) ( ) ( )( ) )()(sin)()(cos)( 2 tfttttrmkxxcxmm eccc ++=+++ ϕϕϕϕ &&&&&&

 (2) 

where m + mc = the total mass of the system, k = the stiffness, 
c = the damping coefficient, mc = the total control mass, and 
rc = the control radius [4]. The equation of motion for each 
actuator is given by 

 ( ))(sin)(5.0)()( trmtxtMtJ cc ϕϕ &&&& +=  (3) 

where J = the rotational inertia of one actuator and M(t) = the 
moment of one actuator. The power of both rotors is given by 

 )()(2)( ttMtP ϕ&= . (4) 

1.3 Modes of operation 
For the TRD two modes of operation have been developed 
[4]. One uses almost only radial forces. In this operational 
mode, the so-called rotational mode, both rotors rotate with a 
preferable constant circular control frequency )(tϕ&  ( 0)( =tϕ&& ) 
in opposite directions. If, as assumed before, the position of 
both rotors φ(t) is the same, a harmonic control force is 
generated. To provide positive active damping, this harmonic 
control force has to be set in such a way that it counteracts the 
movement of the system [4]. This is ensured by a continuous 
feedback control [4], [6]. With the measured states of the 
system a target position (commanded position, reference 
position) is computed and continuously compared with the 
measured position of the TRD φ(t). The controller ensures that 
the measured position nearly tracks the target position. 
Applying this continuous feedback control leads to a circular 
control frequency )(tϕ&  that nearly equals the damped natural 
circular frequency of the system ωd, which can be found in 
standard literature [5], [6].  

 

 
Figure 2. ON-OFF hysteresis [4]. 

When the energy stored in the system E(t) becomes small, 
the target position cannot be computed properly. Because of 
this, the rotors do not rotate with a constant circular control 
frequency for small values of E(t) leading to a high energy 
consumption of the TRD. To prevent this, the TRD is turned 
off and homed when the energy of the system falls below a 
certain energy threshold EOFF [4]. When it exceeds another 
higher chosen energy threshold EON the TRD is turned on 
again. This ON-OFF hysteresis is shown in Figure 2 and the 
energy of the system is given by 

 ( ) ( )22 )(5.0)(5.0)()()( txktxmtEtEtE potkin +=+= &  (5) 

where Ekin represents the kinetic energy, and Epot the potential 
energy of the system. In another mode of operation - the so-
called swinging mode - mostly tangential force components 

are used for damping. With regard to the coordinate system of 
Figure 1, the rotors would swing about the control positions 
φ = - 90° or φ = + 90°. To stabilize the system using the 
swinging mode a linear parameter-varying (LPV) state 
feedback controller is designed [8],  [9], where the dynamics 
of the system are described by the set of non-linear 
differential equations (Eq. 2 and Eq. 3), which are written in 
the form of  

 ).())(()())(()( tMtBtztAtz θθ +=&  (6) 

Here, [ ]Ttttxtxtz )()()()()( ϕϕ &&= = the state vector, ))(( tA θ  = 
the parameter dependent state matrix, ))(( tB θ = the parameter 
dependent input matrix and )(tθ  = the parameter vector which 
depends nonlinearly on )(tϕ  and )(tϕ& . Using state feedback 
the control law to stabilize the system will be of the form 

)())(()( tztFtM θ= , where 41))(( xtF ℜ∈θ = an LPV state 
feedback gain. Based on Eq. 6, the problem of finding a 
stabilizing state feedback gain ))(( tF θ , such that the closed-
loop system described by 

 ( ) )()(())(())(()( tztFtBtAtz θθθ +=&  (7) 

is asymptotically stable for Θ∈)(tθ  can be cast as a convex 
feasibility problem in form of linear matrix inequalities 
(LMIs) and is based on Lyapunov stability theory (see [9] for 
more details). Assuming a Lyapunov function of the form 

 Θ∈≠∀>= )(,0)(,0)())(()()),(( ttztztPtzttV T θθθ , (8) 

where 0))(())(( >= tPtP T θθ , i.e., ))(( tP θ  is a symmetric 
positive-definite Lyapunov matrix, asymptotic stability is 
ensured for a given range of Θ∈)(tθ  and Ω∈)(tθ&  if 

 ))(,)(,0)(,0)),(),(( Ω∈Θ∈≠∀< tttztttV θθθθ &&&  (9) 

holds. Eqs. 8 and 9 can be cast in form of LMI conditions and 
can be solved by semi-definite program solvers as in [11] such 
that a stabilizing state feedback controller is obtained. 
Although it was stated that the rotational mode uses primarily 
radial forces and the swinging mode uses mainly tangential 
forces, however, it has to be noted that in practice in both 
operational modes both kinds of forces (tangential and radial) 
occur. 

2 SIMULATIONS 

2.1 General 
To study the damping efficiency and the energy consumption 
of the different modes of operation, the system (Table 1) is 
subjected to different types of loading fe(t). At the point in 
time t = 0 the system is at rest. Initially the loading is 
harmonic. The frequency of the loading f is set to the damped 
natural frequency of the system ωd. The amplitude A is set in 
such a way that the standard deviation (STD) of the 
uncontrolled displacement response (UDR) reaches a certain 
value. Simulation time is 100 s. The simulations are then 
performed including the action of the TRD. Control 
eccentricities mcrc are dimensioned in a way that the STD of 
the UDR is reduced by certain values. In the rotational mode, 
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this reduction is mainly influenced by the control 
eccentricity mcrc as the control eccentricity determines the 
amplitude of the control force in this mode of operation. The 
simulation is then also performed when using the swinging 
mode with the same control eccentricities mcrc. In contrast to 
the rotational mode, the reduction of the STD of the UDR in 
the swinging mode can additionally be modified by tuning the 
controller. In the swinging mode the control position oscillates 
about the control position - 90° or + 90°. If the controller is 
tuned in such a way that it generates higher control effort 
(aggressive controller), the working range of the TRD 
increases, and thus the damping effect of the TRD. 

The procedure of the foregoing paragraph is then repeated 
while applying a harmonic loading with frequencies f that do 
not equal the damped natural frequency fd = ωd/(2π) of the 
system. 

Finally the system is subjected (Table 1) to an arbitrary 
loading. Control eccentricities mcrc are again dimensioned in 
the rotational mode by requiring a certain reduction of the 
STD of the UDR. The system is then actively damped using 
the swinging mode and the control eccentricities mcrc 
dimensioned in the rotational mode. 

 
Table 1. System properties of the tested system and of the 

damping device. 
Property Value Unit 
ωd 2π [1/s] 

m + mc 1.0 [kg] 
ξ 0.5 [%] 

2J  1.8e-5 [kgm2] 
 
Displacement histories are compared in terms of STD to 

evaluate the damping effect. Energy consumption E is used as 
the evaluation criterion for energy efficiency. Energy is only 
taken into consideration at the points in time when the power 
is positive (Eq. 10), meaning that breaking energy is lost. 
Energy consumption E is expressed by 

 ∫ += dttPE )( . (10) 

2.2 Generation of arbitrary loading 
Different arbitrary loading series fe(t) containing different 
frequency contents are generated by using a band pass filter 
(Figure 3). Initially a time series with pseudorandom values 
drawn from the standard normal distribution is generated 
(fundamental time series). Using the Fast Fourier Transform 
(FFT), the signal is transformed into frequency domain. It 
contains random distributed phases. In the frequency domain 
the signal is multiplied with a rectangular function (Figure 3). 
This multiplication acts as a band pass filter, which is 
characterized by the center frequency fc and the 
bandwidth 2∆f. Re-transforming the signal leads to a time 
domain signal with the specified frequency spectrum. The 
values of the generated time domain signal are given the units 
N (Newton) and for time s (seconds). Figure 3 shows the FFT 
of the generated time series. It only contains frequencies in the 
desired frequency range between fc – Δf and fc + Δf. Frequency 
shares are not uniformly distributed. 

In the next step, we let the generated time domain signal act 
on the system without the action of the TRD and compute the 

STD. The fundamental time series is then scaled in such a 
way that the STD of the displacement response reaches a 
certain value. The product of this scalar and the fundamental 
time series is the arbitrary loading history with the specified 
frequency band leading to a certain value of the STD of the 
displacement response, which is the UDR. By doing this, we 
generate different arbitrary loading histories with different 
frequency spectra leading to the same displacement response 
in terms of STD for the defined system (Table 1). 

 
Figure 3. Generation of arbitrary loading. 

2.3 Twin rotor damper applied to harmonic loading 
In this section we compare the rotational mode with the 
swinging mode when the system is subjected to a harmonic 
loading. The frequency of the harmonic loading f is equal to 
the damped natural frequency of the system fd. Figure 4 shows 
histories of the uncontrolled and the controlled displacement 
response. At the beginning of the simulation the system and 
the TRD are at rest. The amplitude of the loading is 7.53e-3 N 
and the frequency is equal to the damped natural frequency of 
the system. This amplitude leads to a STD of the UDR of 
0.01 m and this is reduced by the action of the TRD with both 
operational modes by 50 % to a STD of about 0.005 m. One 
can see that the controlled displacement responses are quite 
similar. After about 40 s they nearly reach steady state. 

Figure 5 shows the energy consumption of both operational 
modes. Please note that the energy consumption of the 
rotational mode is scaled by a factor of ten to illustrate its 
qualitative course. In the rotational mode energy is only 
consumed when the TRD is ramped up. This occurs at the 
point in time t = 5 s. Once the TRD is ramped up (t > 6 s), no 
more energy is consumed. The TRD is operating in the 
operational mode, in which the circular control frequency is 
nearly equal to the damped natural circular frequency ωd. The 
energy amount for ramping both rotors up can be 
approximated by 

 2)2(5.0 dru JE ω≈ , (11) 

which is the rotational energy stored when both rotors rotate 
with the damped natural circular frequency of the system ωd. 
For the given total rotational inertia 2J and the given damped 
natural circular frequency ωd this is 3.6e-4 J. In the simulation 
the TRD consumed 4.2e-4 J in the rotational mode. 
Differences are due to 
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• Coupling between the system and the actuators (Eq. 3, 
second term on the right hand-side), 

• overshoot of the circular control frequency when ramping 
up, and 

• positioning the rotors. 
 

 
Figure 4. Uncontrolled and controlled displacement histories. 

 
Figure 5. Energy consumption of both operational modes. 

 
Figure 6. Control effort generated by the controller for both 

operational modes. 

As indicated in Figure 5, the energy consumption of the 
swinging mode differs. Energy is continuously being 
consumed. The higher the amplitudes of the controlled 
response are, when applying the swinging mode, the higher 
the power of the actuators identifiable by the steeper slope of 
the energy consumption history. At the end of the simulation 
(t = 100 s) the swinging mode has consumed about 1.1e-1 J, 
whereas the rotational mode has only consumed 4.2e-4 J, 
which is 99.6 % less. If we would continue the simulation, the 
energy consumption of the rotational mode compared to the 
swinging mode would perform even better as the energy 
consumption of the swinging mode would continue to 
increase, whereas the energy consumption of the rotational 
mode would remain constant. 

Let us now turn to Figure 6, which shows the moment 
histories for both actuators. In the rotational mode high 
control effort is only required when the TRD is ramped up. 

Once the TRD has reached the desired circular control 
frequency (t > 8 s) only small control effort with negative sign 
is generated by the controller. This is in accordance with the 
energy consumption for this time period. When the circular 
control frequency )(tϕ&  of the rotors has a positive sign 
( nt ωϕ ≈)(& , which follows from the applied continuous 
feedback control), the power is negative (Eq. 3 and Eq. 4). 
Due to the assumption of Eq. 10 negative power is not taken 
into consideration. Therefore, the energy consumption 
remains constant once the TRD is ramped up. In contrast to 
this, high control effort is permanently and cyclically required 
when applying the swinging mode. This is in accordance with 
the previous paragraph, in which we observed that energy is 
permanently being consumed. 

These simulations were performed for different STD of the 
UDR, 0.01 m, 0.03 m, and 0.05 m. The STD of the UDR are 
reduced by 25 %, 50 %, and 75 %. The results are listed in 
Table 2. In the rotational mode a reduction of 25 % of the 
UDR is obtained with a control eccentricity of 0.50e-4 kgm. 
To double or triple this reduction to 50 % or 75 %, the control 
eccentricity mcrc must approximately be doubled or tripled, 
respectively. A positive correlation between the reduction and 
the control eccentricity mcrc can be identified. One can see 
that the energy consumption for the rotational mode is 
approximately constant, which is in accordance with the 
previous thoughts (Eq. 7 and following paragraph). 
Interestingly, twice the energy consumption E is below this 
value, which is listed Table 2 (Erot, STD UDR = 0.05 m, 50 % 
and 75 %). This is caused by a moment acting on the rotors 
due to an acceleration of the system )(tx&& . This moment 
couples the system with the rotors (Eq. 2 and Eq. 3). In the 
two mentioned cases, energy stored in the system is 
transferred into rotational energy of the rotors. The system 
accelerates the rotors in the desired direction and supports the 
actuators to ramp the TRD up. This transferred energy does 
not have to be provided by the actuators. The fact that energy 
is already being absorbed from the system when the TRD is 
ramped up is an additional positive effect. However, the ramp 
up process at present is random and not properly controlled. 
The design of pilot control trajectories for a fast and energy 
efficient ramp up process, while applying continuous 
feedback control, is part of future work. 

With regard to Table 2 one can see that, when the rotational 
mode is applied, the TRD consumes much less energy than 
when applying the swinging mode. When applying the 
rotational mode the energy consumption is almost constant for 
all required reductions and for all STD of the UDR as the 
rotational inertia J is constant and the TRD needs to be 
ramped up only once. The energy consumption when applying 
the swinging mode Esw is mainly influenced by the coupling 
between the system and the rotors (Eq. 3). The moment given 
from the system to each actuator is ( ))(sin)(5.0 trmtx cc ϕ&&  (Eq. 
3). When the amplitudes of the acceleration response of the 
system or the control eccentricity mcrc increase, the moment 
from the system to the actuators is larger. As the control 
eccentricity mcrc is not constant for different reductions, it is 
difficult to draw a clear conclusion regarding the energy 
consumption for the swinging mode. It became apparent that 
if the control eccentricity mcrc is chosen to be adequately high 
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for the swinging mode, the power of the actuators is negative. 
Simulations regarding this are not presented in this paper. 
However, control eccentricities mcrc of that size are not 
practical as the control radius rc and the control mass mc have 
to be chosen high, which results in a large size of the damping 
device and in a high mass ratios mc/m.  

Table 2. Control eccentricities mcrc and energy 
consumptions E. 

 Reduction of 
 25 % 50 % 75 % 

STD UDR  Control eccentricities mcrc [kgm] 
0.01 m 0.50e-4 1.0e-4 1.5e-4 
0.03 m 1.5e-4 2.9e-4 4.4e-4 
0.05 m 2.4e-4 4.9e-4 7.3e-4 

STD UDR Erot [J] 
0.01 m 4.5e-4 4.2e-4 4.3e-4 
0.03 m 3.9e-4 3.7e-4 3.7e-4 
0.05 m 3.9e-4 3.5e-4 3.5e-4 

STD UDR Esw [J] 
0.01 m 9.6e-2 1.1e-1 9.8e-2 
0.03 m 8.9e-2 1.4e-1 9.8e-2 
0.05 m 9.4e-2 6.7e-2 7.5e-2 

In the next step the system is subject to a harmonic loading 
with different frequencies f normalized to the damped natural 
frequency of the system fd. Frequency ratios f/fd lower than 0.9 
or higher than 1.1 are not considered as the system does not 
fundamentally swing up for these frequencies. The amplitude 
A of the harmonic force is scaled in such a way that the STD 
of the UDR is 0.01 m. The STD of the UDR is then reduced 
by 25 %. Figure 7/A shows that the control eccentricity mcrc 
with respect to the frequency ratio f/fd. The more the 
frequency f of the harmonic excitation force differs from the 
damped natural frequency of the system fd, the higher the 
amplitude A to obtain the same STD of the UDR. Therefore, 
the control eccentricity mcrc has to be increased the more, the 
more the excitation frequency f differs from the damped 
natural frequency fd. However, as indicated in Figure 7/B, the 
ratio between the control eccentricity mcrc and the amplitude 
A of the loading is nearly constant. 

In all simulations shown in Figure 7 the controller ensures 
that the control force of the TRD nearly counteracts the 
velocity of the system )(tx&  when the rotational mode is 
applied. However, the control force of the TRD does not 
counteract the harmonic excitation at all points in time. The 
damping effect of the TRD might be improved by computing 
the target position in such a way that the control force 
counteracts the excitation force. Figure 7/C shows the energy 
consumption when the rotational mode is applied. It increases 
with lower excitation frequencies, which are caused by 
oscillations of the circular control frequency, whereas it 
remains constant with higher excitation frequencies. As 
indicated in Figure 7/D, the TRD consumes evidently less 
energy when the rotational mode is applied. 

The same simulations were performed and a reduction of 
the STD of the UDR of 50 % and 75 % was required. Similar 
trends were obtained. 

 

 
Figure 7. Normalized control eccentricies mcrc/(min(mcrc)), 
control eccentricities mcrc normalized to the amplitude A of 

the harmonic loading and energy consumption for a required 
reduction of 25 % for harmonic loading with different 

excitation frequencies f for rotational and swinging mode 

2.4 Twin rotor damper applied to arbitrary loading 
Figure 8 shows the displacement histories of the 

uncontrolled and the controlled displacement responses. The 
system is excited by an arbitrary loading containing 
frequencies between 0.95 Hz and 1.05 Hz. The standard 
deviation of the uncontrolled displacement response is 0.01 m, 
and this is reduced with the action of the TRD by 50 % to a 
standard deviation of 0.005 m. The controlled displacement 
response when applying the rotational mode is almost equal to 
the controlled response when applying the swinging mode. 

Figure 9 shows the control effort of the controller for the 
swinging mode and the rotational mode. The moment history 
belongs to the simulation of Figure 8. In the swinging mode 
moments and working range are the higher, the larger the 
amplitudes of the displacement response are. When the 
rotational mode is applied, high control effort is required from 
the controller only when the TRD is ramped up which occurs 
four times in this simulation. For the rest of the simulation the 
moment is close to the value of 0 Nm. 
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Figure 8. Displacement histories for arbitrary loading with 

fc = 1 Hz, ∆f = 0.05 Hz, mcrc = 2.1E-4 kgm and a reduction of 
50 %. 

 

 
Figure 9. Control effort generated belonging to Figure 8 by 

the controller for both operational modes. 

Figure 10 shows the energy consumption belonging to the 
simulation in Figure 8 and Figure 9. The energy consumption 
of the rotational mode is once again scaled by ten. When the 
swinging mode is applied, an energy amount of 7.3E-2 J is 
consumed, whereas only 2.6E-3 J is consumed when using the 
rotational mode. This represents a reduction of 96.4 %.  

When the TRD is driven in the rotational mode the largest 
proportion of energy is consumed to ramp the TRD up. The 
proportion of energy consumption for all ramping up 
processes is approximately 1.5E-3 J. Moreover, when the 
system changes its actual frequency due to the applied 
loading, the controller of the TRD has to set the control force 
again in such a way that it counteracts the velocity of the 
system. This readjustment process we name phasing and the 
additional energy consumption for doing this is shown in 
Figure 10/phase corrections. Furthermore, due to the applied 
control method, oscillations of the circular control frequency 
occur. These oscillations additionally increase the energy 
consumption. For the phasing processes, and for the 
oscillations of the circular control frequency, approximately 
1.1E-3 J are consumed.  

The simulation is then repeated with a modified rotational 
inertia J, which is doubled. Control eccentricity mcrc is 
unchanged. The system properties also remain constant and 
the reduction of the standard deviation in terms of the 
displacement history again is 50 %. With regard to Figure 10 
and Figure 11, one can clearly see that the energy 
consumption of both operational modes increases if the 
rotational inertia is doubled. The energy consumption of the 
rotational mode is increased by 127 % to an energy 

consumption of 5.9E-3 J, which is approximately the double. 
The energy consumption for ramping the TRD up is 
approximately twice as much as due to Eq. 11. The energy 
consumption of the swinging mode is increased by 439 % to 
an energy consumption of 3.9E-1 J. The steep slope of the 
energy consumption in the time interval between 35 s to 45 s 
is in Figure 11 quite apparent. In this time interval the 
displacement amplitudes are relatively high, and therefore the 
TRD operates in a larger working range. 

 

 
Figure 10. Energy consumption belonging to Figure 8 and 

Figure 9 for both operational modes. 

For both operational modes it can be stated that the energy 
consumption increases with larger rotational inertia J. 
Therefore, the rotational inertia J should be kept small to 
minimize the energy consumption. 
 

 
Figure 11. Energy consumption belonging to Figure 8 and 

Figure 9 for both operational modes but with twice as much 
rotational inertia, 2J = 3.6E-5 kgm2. 

In the last step the system is subject to an arbitrary loading 
with different bandwidths. Table 3 shows the different 
bandwidths ∆f in the first column. The control eccentricities 
mcrc are dimensioned in the rotational mode. No strong 
correlation between the bandwidth of the loading spectra and 
the dimensioned control eccentricities mcrc has been found. 
However, one can detect a positive correlation between the 
energy consumption when applying the rotational mode ECrot 
and the bandwidth. With the same control eccentricities mcrc 
the required reduction of 25 % has not been achieved for all 
frequency spectra when applying the swinging mode, as 
indicated by n.a. in Table 3. A correlation between the energy 
consumed when applying the swinging mode Esw and the 
bandwidth is not detected. However, one can say that the 
energy consumption in the rotational mode Erot is much lower 
in all cases and that the TRD can damp vibrations more 
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effective in the rotational mode when the same control 
eccentricities mcrc are used. 

 
Table 3. Control eccentricities mcrc and energy 

consumptions E for a center frequency fc of 1 Hz for different 
bandwidths and for a reduction in terms of standard deviation 

of 25 %. 
∆f [Hz] mcrc [kgm] Erot [J] Esw [J] 

0.00 5.0E-05 4.7E-04 n.a. 
0.10 1.8E-04 3.7E-03 9.9E-02 
0.20 1.6E-04 3.7E-03  n.a. 
0.30 5.5E-05 2.7E-03  n.a. 
0.40 7.5E-05 5.0E-03  n.a. 
0.50 2.2E-04 4.3E-03 8.5E-02 
0.60 6.8E-05 5.4E-03 2.2E-01 
0.70 1.1E-04 8.4E-03 3.8E-01 
0.80 2.4E-04 1.5E-02  n.a. 
0.90 1.2E-04 7.7E-03 9.9E-02 
1.00 1.2E-04 1.1E-02  n.a. 

 
The simulations are also performed with a required 

reduction of 50 % and 75 %. Results for the rotational mode 
are listed in Figure 12/A. Positive correlations have been 
found between the energy consumption when applying the 
rotational mode Erot and the bandwidth ∆f, as well as between 
Erot and the desired reduction. Moreover, Erot is extremely low 
when the bandwidth ∆f is zero.  

 

 
Figure 12. Energy consumption of rotational mode Erot and 
swinging mode Esw for different bandwidth with a center 

frequency fc of 1 Hz. 

Using the same control eccentricities the simulations were 
performed when applying the swinging mode. Desired 
reductions are adjusted by tuning the controller. Figure 12/B 
shows the results. One can see that only some reductions are 
achieved. Furthermore, the energy consumption when using 
the swinging mode Esw is higher than the energy consumption 
when applying the rotational mode Erot.  

 
 

3 CONCLUSIONS 
In this paper the damping efficiency and the energy 
consumption for the twin rotor damper (an active mass 
damper) are studied. This is done for two different operational 
modes, the swinging mode and the rotational mode. 

It is found that the rotational mode has the best damping 
efficiency when the excitation is harmonic and its frequency is 
close to the natural frequency of the system. The more the 
excitation differs from this type of loading the higher the 
energy consumption of the device and the higher the control 
eccentricity has to be set. This results in an increase in cost for 
the damping device. 

In the swinging mode the twin rotor damper nearly acts as a 
conventional active mass damper. In almost all simulations 
the energy consumption is higher when the swinging mode is 
applied. Required reductions are not always achieved in this 
mode of operation, which means that vibrations can be 
reduced more effectively in the rotational mode. 

Moreover, the rotational inertia of the device should be kept 
small for the rotational mode as well as for the swinging mode 
to minimize the energy consumption. 
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ABSTRACT: Base isolation systems have been proposed for reducing the transmission of seismic forces and energy to 

buildings when subjected to earthquake loads. Passive devices are often prescribed to reduce displacements at the isolation level 

but in certain circumstances structural interstorey drifts and absolute accelerations can increase. This work explores the use of 

semi-active devices whose input is obtained from an output nonlinear control law resulting from the transformation of the 

nonlinear system into a linear one which is then controlled by a proportional controller. Within this nonlinear feedback control 

strategy the whole system formulation is considered for deriving the control law. A two degree of freedom experimental model 

representative of a typical base isolated building, currently under development at LNEC, is used as an example to evaluate the 

performance of the proposed strategy when subjected to accelerograms for the Portuguese territory. The results of the 

experimental characterization of the model components and for a magneto-rheological damper are presented. Numerical 

simulation results show that the proposed strategy to command the damper in real time can reduce the base relative displacement 

with better performance at the superstructure level (interstorey and accelerations) than the damper working in the passive mode. 

Although a small increase in the base acceleration for one type of seismic action is observed when compared to the original 

structure, it is always lower than the one resulting with the passive case. 

KEY WORDS: Semi-Active Control; Nonlinear Feedback Control; MR dampers; Hybrid Base Isolation; Seismic Protection. 

1 INTRODUCTION 
*New concepts for vibration control of structures when 

subjected to seismic actions have been proposed in recent 

years: passive, semi-active, active and hybrid control systems 

[1-6]. Passive energy dissipation systems comprise a range of 

materials and devices placed at specific points on the structure 

for enhancing damping, stiffness, and strength [1-2]. Semi-

active (SA) and active systems use force devices and sensors 

attached at specific points on the structure together with 

controllers to enhance its structural behaviour for improving 

service and safety. Semi-active systems use force devices that 

comprise small power sources used to change its mechanical 

properties in order to modify the behaviour of the structural 

system, which can be seen as controllable passive devices. On 

the other hand, active systems comprise force devices that 

need considerable power sources to input energy into the 

structure in order to improve its dynamic behaviour. Hybrid 

systems are referred as a combination of passive and semi-

active systems or passive and active systems [3-6]. 

Base isolation is a type of passive system that has been 

considered for reducing the transmission of seismic forces and 

energy to buildings. Its main purpose is to decouple the 

structure (superstructure) from the foundation so that it 

behaves like a rigid body with reduced interstorey drifts, as 

demanded by structural safety, and reduced absolute 

accelerations as related to human comfort and equipment 

safety [7]. However, higher displacements could result due to 

large pulse-like ground motions generated at near fault 

                                                           
*Principal Investigator, Institute of Mechanical Engineering (IDMEC/IST), 

Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal 

locations. To reduce those displacements supplementary 

devices are often prescribed but it is found that structural 

interstorey drifts and absolute accelerations may increase. One 

way to overcome this is by introducing controllable devices 

on structures and the semi-active control technique has 

received much attention in recent years [8-17]. 

Typical SA devices considered in this type of problems are 

the Magneto-rheological (MR) and fluid viscous dampers 

(FVD). MR fluids consist of micron-sized particles in a carrier 

fluid (usually oil) whose characteristics can be reversibly 

changed from a free-flowing to a semi-solid state in 

milliseconds when subjected to a magnetic field. The FVD 

consists typically of a hydraulic cylinder filled with oil with a 

piston head separating its two chambers. A hydraulic link with 

a control valve is used to control the amount of fluid that 

flows from one chamber to the other [2-4, 14]. 

The use of semi-active systems even when both structure 

and device are described by linear models, leads to a nonlinear 

system (structure plus device) with bounded inputs. The 

analysis and design of nonlinear systems can be made using a 

set of available procedures which are known as nonlinear 

control. It is intended to derive feedback control laws that 

force the closed loop to follow the intended specifications. 

Several methods have been used in semi-active control: 

Lyapunov based methods [15]; sliding mode control [11]; 

quantitative feedback theory [16]; backstepping control 

technique [16]; intelligent paradigms, like neural networks or 

fuzzy-logic [12]; and force-tracking. The last one in particular 

has been successfully applied in semi-active control and 

comprises different control schemes: force feedback and 

model-based feed-forward. In both cases a linear controller is 

Semi-active control of base-isolated structures using a nonlinear feedback strategy 
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designed to derive a desired force (optimal control [9, 12, 15], 

proportional plus integral [17], force derivative [13]), which is 

converted in the control variable by using a bang-bang rule 

taking into account the measured force by the device (force 

feedback) or, using the inverse model of the device when it is 

possible (model-based feed-forward). 

In this work a control law is formulated taking into account 

the whole system formulation to find the desired input for a 

SA device (MR damper) in real time based on feedback from 

the acceleration at the base level. The system is a two degree-

of-freedom (2DOF) structure representative of base isolated 

buildings. A nonlinear feedback control strategy is proposed 

to tackle this problem, which involves a transformation from a 

nonlinear system into a linear and controllable one which can 

then be controlled by using linear control strategies. Since the 

device is physically bounded in the control variable (input 

voltage), an adjusting damping rule is used to correct the 

value provided by the non-linear control law. The paper starts 

with the formulation of the control law for hybrid base-

isolated buildings with MR dampers, then with the system and 

device description, as well as with its experimental 

characterization, and finally the results of numerical 

simulations considering typical input ground motions for the 

Portuguese territory. The comparisons with the original 

system and with the SA device working in passive mode show 

the advantages in using SA control. 

2 PROBLEM FORMULATION 

2.1 Hybrid System 

The structural system under study belongs to the class of 

hybrid systems, namely base-isolated structures with semi-

active devices installed at the base level. Let’s consider a 

base-isolated building whose superstructure is described by a 

linear model with mass Ms, stiffness Ks and damping Cs, a 

base isolated system Фbi connecting the base floor to the 

ground and additional semi-active devices fad. The structural 

system is subjected to input ground motions developed by 

earthquakes with an unknown time history described by gx  

(see Figure 1). 

 
Figure 1. Base isolated building with SA devices. 

The equations of motion for the base and superstructure are: 
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where: mb is the mass of the base floor; ɸbi describes the 

bearings behaviour; )()( 0r1r10r1r1c10 xxkxxcf    is 

the coupling force between the base and the superstructure; 

)( 0r10r11c1 xkxcf  s  is a force component that results 

from the decoupling with s1=[1 0 … 0]T; x0r=x0-xg is the base 

floor relative displacement to the ground; xsrg=[x1r x2r ... xnr]
T 

is the vector of superstructure relative displacements to the 

ground (at each floor); and 1 is a unitary column vector. 

Several types of bearings can be found, each one described by 

a specific mathematical model. Here bearings are described by 

a linear model (linear elastic and viscous model) with 

damping cb and stiffness kb: 

 0rb0rbbi xkxc  Φ  (2) 

The additional force fad developed by semi-active devices is 

function of the system variables (states z) and from the input 

control variable uSA: 

 maxSA,SAminSA,SASA ),,( uuuuff  z  (3) 

Thus, the goal is to find the control variable uSA (inside the 

admissible region) that minimizes the structural accelerations 

and relative displacements. 

2.2 Semi-Active Devices 

Magneto-Rheological (MR) dampers were used in this study 

to dissipate the energy. A common type MR device is the 

linear displacement damper that consists of a cylinder with a 

piston head inside connected to the piston rod, which 

separates it in two chambers, filled with a MR fluid. During 

operation the fluid is forced to flow from one chamber to the 

other through special orifices (depending on the type of 

device) where a magnetic field is applied perpendicular to the 

direction of fluid flow. The magnetic field (or current) aligns 

the magnetic particles of the MR fluid which modifies the 

flow characteristics and thus the mechanical properties of the 

device. The normalized Bouc-Wen model [18] was used to 

describe the mechanical behaviour of the device: 
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(4) 

where: kx is an elasticity due to the internal accumulator used 

to compensate the volume variations in single ended dampers; 

f0 is an offset force due to the accumulator, for the same 

reason; c0 is the post-yield damping coefficient; kw is the yield 

force; ρ, σ and n are parameters used to model the hysteresis 

loop; w [-1,1] is an internal variable (normalized) used to 

describe the force-velocity hysteresis. 

In order to model different magnetic field strengths 

polynomial relationships are considered to represent the 

dependence of some parameters with the applied input voltage 

V (referring to (3), uSA=V). In this work quadratic 

relationships were considered based on the analysis of the 

identified parameters from the experimental data (section 4.2), 

with the following characteristic parameters: c0i, kwi, and ρi, 

are the constant coefficients for each parameter; Veq is an 

intrinsic variable function of the input voltage V to the current 

driver; Vt is a transition voltage that delimits the dead zone 

and the controllable zone of the device, meaning that the input 

current to the coils (or the magnetic field) is modified for 

input voltages Veq≥Vt. The relationship is given by: 
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(5) 

A first order model which accounts for the dynamics of the 

MR damper is considered: 

 )(
1

eqeq VVV 


  (6) 

where τ is a time constant. Equations (4-6) constitute the 

semi-active device model. 

3 NONLINEAR FEEDBACK 

3.1 Strategy description 

An output nonlinear feedback control strategy was considered. 

This approach involves a transformation of a nonlinear system 

into a linear and controllable one by a suitable nonlinear 

feedback law, which can then be tackled using linear control 

strategies [19] (see Figure 2). 

 
Figure 2. Output nonlinear feedback control strategy loop. 

3.2 System under control 

The system described by equations (1-6) is considered in 

the formulation of the control law. In base isolated structures 

it is well accepted that the movement of the superstructure is 

very close to the one of a rigid body since the interaction 

forces (damping and elastic forces developed between the 

base and first floor) will be small in comparison with the rest 

of the forces acting on the base [10, 13]. Consequently, the 

controller design will be made considering the equation (see 

equation (1)) of the base with fc10=0. Taking the acceleration 

at the base as an output for feedback 0xy  , the system can be 

described in state-space form by: 
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where: z=[ eqVwxx ,,, 0r0r
 ]T is the state vector; g0r0 xxx    is 

the base floor acceleration; f(z), g(z), p(z) and h(z) are given in 

equation (8). Note that only one MR damper is used in the 

formulation. If more dampers were needed fad would include 

the force of all dampers, the state vector z would be 

complemented by the correspondent internal variables w and 

Veq for each damper, and the correspondent inputs for each 

one will define the input vector. In this situation rules would 

be implemented to determine the input for each damper. 
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3.3 Control law formulation 

Taking into account the system described by equation (7) and 

assuming that disturbance (earthquake) gx  is available for 

measurement then a control law can be established as [19]: 

 g)()()()( xcvbau  zzzz  (9) 

Terms a(z), b(z) and c(z) are obtained by finding the time 

derivative r of the output which has the input explicitly 

dependent, and set it equal to a reference v. Solving in order to 

u(z), results in: )(L)()(
r

zzz hba f , )(LL/1)(
1r

zz hb fg
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kk

zzz fhhf   as the 

k derivative of h(z) along f(z), (k Lie derivative). The number 

of the r time derivatives evaluated to find that relationship is 

called relative degree. For the problem described in 3.2 the 

relative degree is r=1 if 0)(LL
1r




zhfg
. In order to 

accomplish this requirement the input vector is modified by 

adding a small constant in the first entry, without modifying 

significantly the solution, and changing the relative velocity 

and the internal variable by their maximum values in b(z). The 

additional vector to add to the input vector g(z) is given by: 

  T000ε)(  zg  (10) 

The terms for the control law in (9) are then given by: 
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As stated before, in equation (11) b(z) is modified by using 

the following approximation: 

 
)sgn(

)sgn(

0r

0rmax0r

xw

xvx








 (12) 

where vmax is an estimate of the maximum velocity. 

Under these circumstances the relative degree is always 

well defined and the controllability matrix Co has full rank, 

rank(Co)=ns, where ns is the number of state variables, in this 

case ns=4, being the controllability matrix given by: 
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where:   )(,)( 1
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f
k
f

 , with   )(,)(
1

zz gffad f   and 

)()(
0

zz ggad f  ;   )(L)(L)(, zzz fggf gf   is the Lie 

bracket. Thus, it is possible to move the states form the origin 

to any state within some finite time window. 

Reference v in equation (9) is the output of a linear 

controller having as input the tracking error, which for the 

present problem (regulation) is a negative feedback from the 

acceleration 0xy  . A linear and controllable system will be 

obtained between the output and the reference v that can be 

tackled by a suitable control law: 

 
ykvykv

vyvy
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whose parameters kj=k0 should be chosen so that the roots lie 

in the left half plane in order to achieve convergence to zero 

as time goes to infinity. 

In equation (9) the control variable u(z) was used instead of 

V because the input voltage to the damper is bounded 

Vmin≤V≤Vmax. Thus the following rule is applied to meet that 

restriction: 
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Finally, the design of the control law should keep the 

variables that represent the system internal behaviour 

bounded. Thus, the stability of the internal model should be 

verified so that the resulting linear system is controllable and 

stable. Considering u(z)=V and substituting (9) in (7) the 

following system is found: 
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 (16) 

As stated before the system represented in (15) has a 

relative degree r=1 meaning that there are ns-r=3 unobserved 

states whose stability must be checked. The following term 

must be analyzed: 
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(17) 

According to [18] any physical system that includes 

hysteretic components dissipates energy. The model described 

by (4) includes not only an hysteretic component but also an 

elastic and a damping component described by the terms 

wk w
, 

0rx xk   and 
0r0 xc   respectively. Thus, the original 

mechanical system, the structure which is stable in open loop, 

when including these components will be stable too and the 

states x0r and 
0rx  are bounded. As stated before and according 

to [18] the internal variable w is also bounded, since the Bouc-

Wen model is in the normalized form, w [-1,1]. Finally, the 

intrinsic variable Veq is also bounded due to the working 

principle of the device as stated by equation (5). Then the 

autonomous closed loop system of (16) is stable. 

4 EXPERIMENTAL MODEL 

4.1 Structural System 

The experimental model that is being developed at LNEC is a 

2DOF mechanical model representative of typical base 

isolated buildings excited by one dimensional earthquake 

loads. The model is intended to reproduce the characteristics 

of a typical base isolated building. The superstructure 

considered is a typical 10-storey dual frame-wall structure 

with a fundamental frequency fs1=1,6 Hz and a structural 

damping ratio of ξ1=5 % (first mode, fixed base 

characteristics). It is supported on a base isolation system with 

a mass mb=1,4·mf (with mf as the mass of each floor) and 

laminated rubber bearings made of natural rubber represented 

by a linear model (elastic and viscous characteristics), with a 

target frequency fb=0,4 Hz and an equivalent damping ratio of 

ξb=10 %, which are representative of typical base isolated 

structures. The 2DOF model was developed (Figure 3) such 

that the first two modal characteristics (frequency and 

damping ratio) as well as the anti-resonance (fixed base 

frequency) were similar to the ones of the base isolated 

building. 

 

 

Property 

(Units) 
Value 

mb 

(kg) 
1750 

ms 

(kg) 
4000 

kb 

(kN/m) 

17,0+ 

16,8 

ks 

(kN/m) 

201,1+ 

205,8 

Figure 3. Schematic representation of the 2DOF model 

employing an SA device. 

Two springs with a total stiffness kb link the ground to the 

base floor mass mb, and two other springs with a total stiffness 

ks link the mass mb to mass ms. The four springs were tested in 

a universal testing machine at a velocity of 1 mm/s where the 

force and displacement were measured using a laboratory 

traceable measurement chain. Springs kb have around 180 mm 

of diameter, 370 mm of free length, a coil diameter of 13,5 

mm, and were tested in compression in the range of 190 mm 

and 3,5 kN. Both springs ks have a free length and diameter 

around 300 mm, a coil diameter around 38 mm, and were 

tested in compression up to 90 mm and 19 kN. The linear 

model f=k·x fit well to the data and the corresponding values 

of stiffness are presented in Figure 3. Masses mb and ms were 

adjusted to fit the intended natural frequencies. 
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The experimental model under development is represented 

in Figure 4. The two masses are supported by rolling bearings 

over the shaking table platform and are linked by the 

correspondent springs. It is expected that the damping 

associated with this mechanism will be mainly due to the 

rolling friction. For the range of magnitudes considered 

damping values below 5 % are expected. Figure 4 shows the 

values assumed for the base system (index ‘b’, second DOF 

rigidly linked to the first one) and for the fixed base (index ‘s’, 

first DOF rigidly linked to the ground), as well as the 

correspondent modal properties. 

 

 

Fixed Base Properties Modal Properties 

fb=0,39 Hz, ξb=5 % f1=0,38 Hz, ξ2=4,7 % 

fs=1,6 Hz, ξs=1,5 % f2=2,97 Hz, ξ2=4,2 % 

Figure 4. Schematic representation of the experimental model 

for test in the shaking table. 

4.2 Semi-active device 

An MR damper model RD-8041-1 with a current controller 

RD-3002-03 manufactured by LORD Corporation were used 

as the SA device in this work. The damper has a stroke of 74 

mm and can reach up to 1,5 kN at 0,2 m/s for a current in the 

coils around 2 A. The current controller uses the pulse width 

modulation (PWM) technique to control the current in the 

damper coil using an input voltage as reference. In order to 

characterize the mechanical behaviour of the assembly 

(damper plus current controller) several tests were performed. 

The damper was provided with a force transducer HBM U9B 

(range 5 kN) and a displacement transducer Sifernice 34L 

(range 200 mm) which were connected to the signal 

conditioners and to the acquisition system. This measurement 

chain was calibrated using laboratory traceable reference 

standards. The extended uncertainties U95% associated with the 

measurement were evaluated for both quantities: 

displacement, U95%=60 μm in the range ±60 mm (0,05 % Full 

Scale); force, U95%=14 N in the range ±4 kN mm (0,18 % Full 

Scale). The tests were performed on a universal testing 

machine as depicted in Figure 5. 

The goal of the experimental tests consisted in identifying 

the Bouc-Wen model parameters described in section 2.2. 

Three different tests were performed: i) static tests to identify 

the static components of the device, described by the stiffness 

kx, the offset force f0 and eventual frictional forces; the tests 

consisted in application of three displacement cycles between 

-34 mm and 34 mm in steps of 8,5 mm; ii) dynamic tests 

under sinusoidal displacement wave to identify the stationary 

components of the device, described by the post-yield 

damping c0, the yield force kw and the hysteresis loop 

parameters ρ, σ and n; 10 cycles of a 12,5 mm amplitude 

sinusoidal signals with frequencies from 0,25 Hz to 2 Hz were 

used as input displacement, to cover the range of peak 

velocities up to 150 mm/s approximately, and input voltages 

from 0 V to 5 V were applied to the damper (current 

controller); iii) dynamic tests using a triangle displacement 

signal and imposing a step voltage to the damper between 

inversions were used to identify the transient characteristics, 

described by the time constant τ; the tests were performed at 

12,5 mm of amplitude, frequencies from 0,25 Hz to 0,75 Hz, 

and input steps from 0 V to 5 V and 5 V to 0 V. The static test 

was the first to be performed and the stiffness kx and the offset 

force f0 were identified. A little dependence of the frictional 

force was verified but it was not accounted due to its lower 

magnitude when compared to the damper maximum value 

(less than 1 %). In the second set of tests, the average results 

considering the values of the 9 intermediate cycles were used 

for identification of the parameters. An optimization problem 

was formulated and a non-linear optimization algorithm, the 

interior point method, was used to identify the parameters for 

each configuration (frequency and input voltage). It was found 

that parameters c0 and ρ have also a dependence on the peak 

velocity beyond the input voltage dependence. The average 

values for each input voltage were taken to find the 

relationship parameter-input voltage described by equation 

(5). Finally, the transient tests were performed and the results 

showed that the assembly is faster from 0 V to 5 V in reaching 

the stationary regime than the opposite. The time constant was 

then evaluated as the average of both cases. Table 1 resumes 

the identified values for the MR damper assembly. 

 

 
Figure 5. MR damper test set-up. 

Table 1. MR damper assembly identified parameters. 

Parameter value Parameter value 

kx (kN/m) 8,014x10
-4

 ρi (1/mm) 6,888 

c0i (kN s/m) 7,923x10
-4

 ρi0 (1/mm) 6,166 

c00 (kN s/m) -2,481x10
-3

 ρi1 (1/mm/V) -2,326 

c01 (kN s/m/V) 4,585x10
-3

 ρi2 (1/mm/V
2
) 3,082x10

-1
 

c02 (kN s/m/V
2
) -4,836x10

-4
 f0 (kN) -1,513x10

-1
 

kwi (kN) 9,065x10
-2

 σ 1,043x10
2
 

kw0 (kN) -2,192x10
-1

 n 2 

kw1 (kN/V) 4,987x10
-1

 τ (s) 0,018 

kw2 (kN/V2) 5,248x10
-2

 Vt (V) 0,778 

clamp 

MR 

damper 

Disp. 

Transd. 

Force 

Transd. 

Acquisition System & 

Signal Conditioner 

Testing 

Machine 

Detail of MR damper 
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5 NUMERICAL EVALUATION 

5.1 General Description 

In this section the model previously described is subjected to 

typical Portuguese seismic actions to evaluate the 

effectiveness of the proposed control strategy. Comparisons 

were made with the original structure (without any additional 

device) and with the passive case (MR damper at constant 

current). 

5.2 Input Ground Motion 

The input actions considered were artificial accelerograms 

generated using the extreme response spectrums provided in 

the Eurocode 8 for Portugal [20]: Type 1 (far field) seismic 

action; and Type 2 (near field) seismic action. Ten 

accelerograms were generated for each spectrum and for zone 

1, soil type D and for structures of class II importance. The 

accelerograms and the spectrums are presented in Figure 6. It 

can be seen that Type 1 input action has a longer duration and 

has more energy content for higher periods of vibration (or 

lower frequencies) than type 2 seismic action. 
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Figure 6. Input ground motions considered in the numerical 

simulations. Left: one of ten artificial accelerograms; Right: 

computed response spectra for the 10 accelerograms. 

The input ground motions presented in Figure 6 were scaled 

so that the experimental model displacement limits are not 

exceeded (±37 mm for the MR damper). The scale values 

used were: 0,13 for type 1 accelerograms; and 0,32 to type 2 

accelerograms. 

5.3 Results 

Numerical simulations were performed in the time domain 

using the MATLAB/Simulink environment was used. 

The implementation of the output nonlinear feedback 

strategy requires that the control gain k0 is defined. It was 

found in section 3.3 that k0>0 always lead to stable solutions. 

However, this parameter could have influence on system 

responses and thus its design will be made considering the set 

of accelerograms available. It will be shown that a well 

designed controller could improve the system performance 

(relative displacement and absolute acceleration) even better 

than the passive solution. An example showing a comparison 

of results between the original structure and the same one with 

an SA device is presented in Figure 7. It is shown that 

structural responses are decreased by changing the SA device 

characteristics in real time through the input voltage V, 

although a little increase at the base acceleration can be 

observed in some time series. 
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Figure 7. Results of the simulation for the 2DOF model with 

and without SA devices commanded using the output 

nonlinear strategy. Left: time response for one Type 1 

accelerogram; Right: peak values statistics for 10 type 1 input 

time series. 

In order to identify a suitable gain for the controller 

numerical simulations were performed for different values of 

the gain. The results of simulations were analyzed in terms of 

peak responses. Peak responses evolutions with the controller 

gain k0 have a typical trend as the one shown in Figure 8. 
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Figure 8. Peak responses evolution with controller gain k0 of 

the 2DOF system with an MR damper in semi-active mode, 

for 10 input type 1 accelerograms. 

The minimum mean peak response of the top mass 

acceleration ( 1x ) was chosen as a criteria to design the 

controller gain. Under this criteria, reductions in base relative 

displacement (x0g), interstorey drift (x10) and top mass 

acceleration ( 1x ) are obtained when compared with the lower 

gain solutions, although a little increase in base floor 

acceleration ( 0x ) is verified. The lower gain solutions 

(approximately k0<10) correspond in fact to the passive 

damper with V=0 V, since the contribution of terms a(z) and 

c(z) to the control law of equation (9) lead to the first 

condition of equation (14), u=Vmin, for the cases under study. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1669 

This can be verified by comparison with results obtained for 

the passive case (Figure 9). The gain for seismic actions 

considered (type 1 and type 2) is between 55 s-1 and 75 s-1, 

and thus k0=65 s-1 was chosen. 

In the analysis of the passive case, i.e. the structural system 

with the MR device at a constant voltage, the same procedure 

was considered to identify a suitable value for the input 

voltage. This passive case is defined as the ‘best passive’ (in 

terms of acceleration) and will be used for comparison with 

the SA solution. An example of peak responses evolutions 

with the input voltage is shown in Figure 9. The input voltage 

for the best passive case considering both type 1 and type 2 

seismic actions was found to be V=1 V. 

The passive case with maximum input voltage (V=5 V) was 

also considered for comparison with the SA case. 
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Figure 9. Peak responses evolution with input constant voltage 

V of the 2DOF system with an MR damper in passive mode, 

for 10 input type 1 accelerograms. 

In order to evaluate the performance of each structural 

system, several evaluation criteria were considered for 

comparison. Peak values and RMS values of systems 

responses were calculated for each accelerogram. Statistics 

(minimum, mean and maximum values) for each set of 

responses resulting from each type of accelerograms were 

evaluated and used to compare systems performance. Figure 

10 and Table 2 show the results for type 1 seismic actions and, 

Figure 11 and Table 3 show the results for type 2 seismic 

actions. 

The results show that passive and semi-active solutions can 

reduce the base relative displacements. However the semi-

active solution can achieve better results in terms of inter-

storey drifts and accelerations. Conversely, any passive 

solution is better than the semi-active one in terms of base 

relative displacements being the one with maximum input 

voltage the best, although higher amplifications in inter-storey 

drifts and accelerations are observed. It is also verified an 

increase in base acceleration with the inclusion of the device, 

although the SA solution is the one that increases it less. This 

trend is in general verified for each statistical result as can be 

verified in Figure 10 and Figure 11. In particular for the mean 

values, the SA solution shows to be the best one in terms of 

responses at the superstructure level (accelerations and inter-

storey drifts), as can be observed in tables 2 and 3 (bold 

values). Looking for the mean values parameters it is found 

that bigger improvements are achieved in terms of RMS 

parameters than in terms of peak ones. The results show also 

that the peak force in the SA mode is about 2 to 3 times of the 

peak force for the passive mode at 1 V and is approximately 

between 1 % and 2 % of the structural system weight. In 

contrast, the passive mode at maximum voltage can reach a 

peak force up to 3 % of the structural system weight. 
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Figure 10. Comparison of results in terms of peak responses 

and RMS values for type 1 input ground motions: statistics 

from responses of 10 accelerograms. 

Table 2. Comparison of results in terms of peak responses and 

RMS values for type 1 input ground motions: mean values. 

Syst./Var. x0g (mm) x10 (mm) a0 (m/s2) a1 (m/s2) f (N) 

Peak Values 

Original 48,2 2,9 0,292 0,296 - 

Pass. 1 V 
20,2 

(-58) 

2,0 

(-33) 

0,295 

(1) 

0,199 

(-33) 
354,6 

Pass. 5 V 
8,5 

(-82) 

4,2 

(45) 

0,536 

(84) 

0,428 

(45) 
1393,1 

SA 
22,7 

(-53) 
1,9 

(-35) 

0,273 

(-6) 

0,192 

(-35) 
668,5 

RMS Values 

Original 19,9 1,2 0,114 0,121 - 

Pass. 1 V 
6,8 

(-66) 

0,7 

(-40) 

0,094 

(-17) 

0,073 

(-40) 
231,8 

Pass. 5 V 
2,8 

(-86) 

1,6 

(38) 

0,161 

(41) 

0,166 

(38) 
736,1 

SA 
8,2 

(-59) 
0,6 

(-45) 

0,073 

(-36) 

0,066 

(-45) 
182,7 

(values in brackets are relative to the original in %) 
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Figure 11. Comparison of results in terms of peak responses 

and RMS values for type 2 input ground motions: statistics 

from responses of 10 accelerograms. 
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Table 3. Comparison of results in terms of peak responses and 

RMS values for type 2 input ground motions: mean values. 

Syst./Var. x0g (mm) x10 (mm) a0 (m/s2) a1 (m/s2) f (N) 

Peak Values 

Original 43,6 2,8 0,322 0,287 - 

Pass. 1 V 
21,1 

(-52) 

2,4 

(-16) 

0,504 

(57) 

0,242 

(-16) 
377,7 

Pass. 5 V 
8,7 

(-80) 

5,2 

(85) 

0,971 

(202) 

0,532 

(86) 
1510,9 

SA 
23,8 

(-45) 
2,2 

(-23) 

0,417 

(30) 

0,222 

(-23) 
841,2 

RMS Values 

Original 17,9 1,1 0,114 0,110 - 

Pass. 1 V 
7,4 

(-59) 

0,8 

(-22) 

0,151 

(33) 

0,086 

(-22) 
238,6 

Pass. 5 V 
2,8 

(-84) 

1,8 

(67) 

0,297 

(161) 

0,185 

(67) 
771,9 

SA 
8,4 

(-53) 
0,8 

(-28) 

0,111 

(-2) 

0,080 

(-28) 
217,5 

(values in brackets are relative to the original in %) 

6 CONCLUSIONS 

A nonlinear feedback control law was derived to obtain the 

desired input voltage to drive a MR damper of a non-linear 

system representative of a hybrid base-isolated building with 

an SA device installed at the base level. To derive the control 

law the whole system formulation was taken into 

consideration. It involved the transformation of the non-linear 

system into a linear and controllable one, in order to be 

controlled using a standard linear proportional controller. 

Since the device is physically bounded in terms of input 

voltage, an adjusting damping rule was used to correct the 

values provided by the non-linear control law. 

An example resulting from an experimental model that is 

being developed at LNEC was used to numerically verify the 

effectiveness of the proposed strategy. The results of the 

experimental characterization of each component of the 

model, i.e. springs, masses and MR damper, are presented and 

used in the numerical studies. Input ground motions 

characteristic of the Portuguese territory were used to tune the 

controller and in simulations with the model. Comparisons 

with the original structure performance and with two 

commonly used passive cases show that the SA solution can 

reduce the relative displacement at the base and at the same 

time reduce the responses at the superstructure level 

(interstorey drifts and accelerations) even when considering 

different types of input ground motions (type 1 and type 2). 

Although a small increase in the peak base acceleration can be 

found, namely with type 2 seismic actions, those are inferior 

to the ones achieved with the best passive case. 
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ABSTRACT: To reduce resonant response of high-speed railway bridges, a combination of a tuned mass damper system and a 
magnetorheological damper (MR-STMD) is proposed in this paper. An H∞ control algorithm for uncertain models with norm-
bounded parameters is derived to drive magnetorheological damping forces. The results of the optimal control problem are 
obtained based on the approach of linear matrix inequalities (LMIs). Besides, adaptive neuro-fuzzy inference system technology 
(ANFIS) is also used to build the inverse model of MR dampers and enhance the tracking ability of MR dampers. It can lead to 
quite exact command voltage predictions. Finally, the effectiveness of the MR-STMD controlled by the proposed scheme is 
evaluated and compared with traditional tuned mass dampers through some numerical simulations. The results show that the 
MR-STMD controlled by the proposed algorithm can significantly reduce the resonant response of beams when compared with 
tuned mass dampers. Especially, it can improve the drawbacks of passive TMDs due to the de-tuning effect in manufacturing. 

KEY WORDS: High-speed railway bridge, Tuned mass damper, Magnetorheological damper, H∞ control, Uncertain model, 
Linear matrix inequalities, ANFIS inverse model. 

1 INTRODUCTION 
One of the common characteristics of civil structures is that 
the inherent structural damping to suppress vibrations is very 
small, and as a result, disturbances applied to these structures 
may induce long lasting and sometimes severe structural 
vibrations. Therefore, many kinds of energy dissipation 
systems such as tuned mass dampers (TMD), active tuned 
mass dampers (ATMD), fluid viscous dampers (FVD), piezo 
actuators and so on for vibration mitigation of civil and large 
scale mechanical structures have been investigated and 
developed.  

It is well-known that the tuned mass damper is a simple, 
inexpensive and reliable damping device. It has been 
successfully implemented in real structures to reduce their 
dynamic responses due to environmental loadings such as 
wind and earthquakes. However, as a passive damper, the 
performance of TMD is limited. The very narrow band of 
suppression frequency, the ineffective reduction of non-
stationary vibration, and the sensitivity problem due to 
detuning effect in manufacturing are the drawbacks of the 
TMD. 

To overcome these problems, some previous studies [1,2] 
developed the traditional TMD model by using semi-active 
TMD systems with tunable damping and stiffness elements. 
The mechanical structures, in which their geometry 
parameters can be controlled by actuators, were suggested to 
adjust the damping and stiffness elements of TMD in these 
studies. However, it can be seen that they make TMD systems 
become very complicated and not easy to apply them in 
practice. More simply and applicably, some other researchers 
[3,4] replaced the damping elements in TMD systems with 
magnetorheological dampers. For MR dampers, they are 
known as a semi-active device with a very small energy 
required when compared with an active damper. Hence, it 
provides an extremely promising alternative to passive and 
active tuned mass dampers. To control MR dampers, the 
displacement based on-off groundhook (on-off DBG) control 

was employed in these studies. The effectiveness of this 
solution was also proved. However, it should be noted that the 
on-off DBG algorithm can make the tracking ability of MR 
damper follow the desired control forces not exactly because 
its output commands only have the “on” or “off” state. 

To improve the problems mentioned above and make MR-
STMD dampers more effective, the semi-active H∞ control 
algorithm for uncertain models and the ANFIS technology to 
control MR-STMD dampers are proposed in this paper.  The 
optimization algorithm with linear matrix inequalities (LMIs) 
is also used to get feasible solution to the problem. The 
numerical simulations and comparison with the traditional 
TMD dampers are presented to evaluate the effectiveness of 
MR-STMD dampers controlled by the proposed algorithm. 

2 MODELING OF STRUCTURE AND DAMPER 

2.1 Train and structural system 
The high speed load model A8 (HSLM-A8), one of high 
speed passenger trains in accordance with the requirements of 
the European Technical Specification [5], is used as a 
prototype of a moving train in what follows. The train has 
sixteen cars and the full length of each car is D = 25 m. The 
rated distance between the two bogies of a car measures d = 
2.5 m. All required properties of the train are given in table 1 
and figure 1. The train loads are applied at the centerline of 
single-track bridges with straight decks, and they move along 
the longitudinal direction at a constant speed. 

Then, the equations of motion can be derived by using 
standard techniques: 

 
( ) ( ) ( )

( )
, , ,

, 0

IV
B B B B B B v d

s s s s

EI Z x t m Z x t c Z x t F F
m z x t U F

⎧ + + = −⎪
⎨ + + =⎪⎩

&& &

&&
 (1) 

where ZB and cB are the vertical displacement and the viscous 
damping per unit length of the beam, respectively; Fv is the 
total vertical force of the train applied to the beam and Fd is 
the total force generated by the damper STMD-MR. Fv is 
determined by 
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1
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vN

v k k k
k

F F x vt a t tδ
=

= − − −∑  (2) 

where Nv is the total number of axles; Fk is the gravity force of 
the kth wheel-axle set; v is the speed of the train; ak is the 
longitudinal distance from the ith wheel-axle set to the first 
wheel-axle set; tk is the time when the kth wheel-axle reaches 
the bridge; Lb is the total length of the bridge; δ(x − a) and H(t 
− tk) = H0(t − tk) − H0(t − tk − v/Lb) are the Dirac delta and 
Heaviside functions. 
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Figure 1. Train–bridge system with STMD-MR. 

 
Fd  is determined as following: 

[ ]( )( ) ( ) ( )d s s s s s s Bs sF x d F U x d k z Z Uδ δ= − + = − − +  (3) 
where ds is the distance from the left end of the beam (x=0) to 
the TMD; Us is the force of the MR damper and ks is the 
spring stiffness of TMD obtained by using Den Hartog’s 
formulae [6] as following 

 
2

;
1
⎛ ⎞

= =⎜ ⎟+⎝ ⎠
Bi s

s s si
si Bi

mk m
m

ω μ
μ

 (4) 

where ms is the mass of TMD; μsi is the mass ratio; ωBi and 
mBi are the frequency and the generalized mass associated 
with the ith mode of the beam. 

Table 1. Properties of the HSLM-A8 high-speed train [5] 

Universal 
train 

Number of 
coaches 

Coach 
length 

Bogie axle 
spacing 

Point 
force 

N D (m) d (m) F (kN) 
A8 12 25 2.5 190 

 

2.2 Dynamic modeling of MR damper 
Several widely used models of MR dampers are briefly 
introduced, and their abilities to reproduce the hysteresis 
behavior of MR dampers are compared [7]. One well-known 
model that is numerically tractable and has been used 
extensively for modeling hysteretic systems is the Bouc-Wen 
model. The schematic of this model is shown in figure 2. 

Bouc-Wen

0c

0k

x

Us

 
Figure 2. Bouc-Wen model [7]. 

The Bouc-Wen model is based on a phenomenological 
model, which is described by the following nonlinear 
differential equations (5) - (6) 
                      0 0 0( )sU c x k x x zα= + − +&  (5) 
where z is a hidden variable governed by 

                    1n nz x z z x z Axγ β−= − − +& & &&  (5a) 
in which c0 is viscous damping; k0 is stiffness; and x0 is initial 
displacement. By tuning the parameters γ, β, α and A, this 
model is able to simulate a variety of hysteretic material of 
MR dampers. 

For the large-scale damper used in this paper, the optimal 
identified equations for α and c0 as functions of the input 
voltages u are written as 
                0 0 0( ) ; ( )a b a bu u c u c c uα α α= + = +  (6) 
and the identified parameters are given in table 2. 

Table 2. Model parameters identified for the large-scale 
damper. 

Parameter Value Unit Parameter Value Unit 
A 6 cm-1 n 2   
γ 30 cm-1 x0 18.6 cm 
β 30 cm-1 k0 10 N/cm 

c0a 0.08 Ns/cm c0b 300 Ns/cm 
αa 2.1 kN/cm αb 34 kN/cm 

 

Inverse model of MR damper for control force: 

An inverse model of MR dampers as one part of a damping 
force control scheme is a model that predicts a control input 
voltage signal for a given displacement, velocity and force. 
The predicted input voltage, which is the input to MR 
dampers, is used to produce the desired force. In this section, 
the adaptive neuro-fuzzy inference system technology 
(ANFIS), a part of Fuzzy Logic Toolbox in MATLAB® [9], 
to build the inverse model is used. 

A flowchart to calculate the input voltage signals u(t) is 
suggested in figure 3. The predicting voltage signal is based 
on the voltage and previous history of measured velocity v(t), 
v(t−1), desirable control force Us(t), Us (t−1) and the previous 
input voltage signal u(t − 1). 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1673 

U  (t)s

v(t-1)

v(t)

u(t-1)

Adaptive neuro fuzzy
inference system

u(t)

U  (t-1)s

 
Figure 3. Flowchart of the inverse model of MR damper by 

using ANFIS. 

To ensure creation of a valid model, the data used for 
training must thoroughly cover the spectrum of operation in 
which the dampers will function. For this reason, the training 
data contains displacements that range from -40 mm to 40 mm 
and whose frequency content ranges from approximately 0 to 
6 Hz. Signals used for training are produced using band-
limited and Gaussian white-noise. A sample rate of 1000 per 
second is used to produce a total of 40000 sets of data for a 
simulation time of 40 seconds. Similarly, ranges of the voltage 
signal and frequency are 0 − 15 V and 0 − 6 Hz, respectively. 
Signals used for training are also produced using band-limited 
and Gaussian white-noise.  

Of the 40000 original data sets, 14000 are used as training 
data while the remaining data is used as checking data. After 
several trials, best results can be found as shown in figures 4. 
It shows that the behavior of the ANFIS model matches very 
well with that of the mathematical model (the target model). 
 

 

 
Figure 4. Input voltage for validation between the ANFIS 
model and mathematical model (the target model) and its 

tracking error. 

3 MODAL SPACE CONTROL 

3.1 Equation of motion in modal state space 
In the equations of motion (1), the displacements of the main 
beam, ZB(x, t) can be expressed in a series as 

             T

1
( , ) ( ) ( ) ( ) ( )

BN

B Bi Bi B B
i

Z x t x q t x tφ
=

= =∑ Φ q  (7) 

and         T

1
( ) ( ) ( ) ( )

BN

Bs Bi s Bi B s B
i

Z d q t d tφ
=

= =∑ Φ q  (8) 

where

{ } { }TT
1 2 1 2( ) ... ; ( ) ...= =Φ q

B BB B B BN B B B BNx t q q qφ φ φ
and NB is the number of modes to be considered for the main 
beam; qBi is the generalized coordinate of the main beam 
corresponding to the ith mode. 

By using the orthogonality properties of the normal modes 
to simplify the equations of motion of the MDOF system, then 
equation (1) can be written as 

22 ; 1,...,
( ) 0

Bi Bi Bi Bi Bi Bi vi si si B

s s s s Bs s

q q q F F U i N
m z k z Z U

ζ ω ω⎧ + + = + + =
⎨

+ − + =⎩

&& &

&&
(9) 

where ζBi , ωBi are the damping ratio and frequency of the 
main beam for the ith mode, respectively. 

 
The ith modal external force Fvi(x, t) can be determined as 

[ ]
10

1

1( ) ( ) H( ) ( )d

1 H( ) ( )

v

v

L N

vi k k k Bi
kBi

N

k k Bi k
kBi

F t F x vt a t t x t
m

F t t vt a
m

δ φ

φ

=

=

= − − −

= − −

∑∫

∑
(10) 

 
and the MR force is  

( ) ( )( ) ; ( )= = =Bi s Bi s
si s mBi s s mBi s

Bi Bi

d dU U d U d
m m

φ φφ φ  (11) 

 
The purpose of the presented method is to predict the 

optimal parameters of the control force by minimizing the 
structural transfer function in the resonant frequency band. It 
may be known that the structural transfer function at the ith 
resonant frequency is approximately equal to the ith modal 
transfer function at its resonant frequency. Therefore, for the 
ith resonant mode, the spring force of TMD can be expressed 
approximately as 

( )( ) ( ) ; ( )Bi s
si s s Bi s Bi Bs Bi s Bi

Bi

dF k z d q Z d q
m

φ φ φ≈ − ≈⎡ ⎤⎣ ⎦  (12) 

 
Then, the equations of motion for the ith mode can be 
rewritten as following: 

[ ]

2
2

(13)

( ) ( )
2

( ) 0
( )

Bi Bi

Bi

s s
Bi Bi Bi Bi Bi s Bi vi si s s

Bi Bi

Bi
s s s s Bi s Bi si

s
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m m

mm z k z d q U
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φ φ
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φ
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+ + + = + +⎪ ⎢ ⎥
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&& &

&&

 
In general, the modal active control force Usi makes the 

above equations coupled because it depends on all the modal 
coordinates. However, if each modal control force is designed 
to depend on the modal state vector T{ }i Bi s Bi sq z q z=v & &  
alone [10] as 
 1 2 3 4si i Bi i s i Bi i s i iU G q G z G q G z= + + + =G v& &  (14) 

where the ith modal control gains 1 2 3 4{ }i i i i iG G G G=G  
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and the ith modal state vector T{ }i Bi s Bi sq z q z=v & & . 
Then, equations (10) become mutually independent. More 

commonly, this design procedure is called independent modal 
space control (IMSC) [10]. 

It is convenient to rearrange each modal equation system, 
given in equation (13), in the modal state-space form as 
following 
 i i i di si wi viU F= + +v A v B B&  (15) 
where 

0 0 0

2 2

0 0 1 0
0 0 0 1

; ;
0

( ) 0 0
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3.2 H∞ controller design 
Every vibration mode is individually controlled in the 
independent modal space control. The selection of the modal 
control gains Gi must ensure suitable disturbance attenuation 
ability for the controlled mode. For this purpose, the H∞ 
controller design is adopted here. 

In the H∞ based control system design, a controller is 
selected to internally stabilize the system in such a way that 
the H∞ norm of a transfer matrix, which describes certain 
design objectives, is minimized or becomes smaller than a 
specified value γi. 

System of the
ith mode

yi

Usi

G i

ziFvi

H    controllerh

 
Figure 5. Framework of the static state feedback control 

system in modal state space. 
 

A controlled output considered as a design objective in the 
H∞ control is formulated here. To satisfy the limit acceleration 
requirement of the main beam in [5], the controlled output is 
defined as 
 i i i i wi vi di siz q D F H U= = + +C v&&  (16) 
where 

0 0 0 0 ; 1; 1i i si i wi diK K C D H⎡ ⎤= = =⎣ ⎦C  
 

From equations (15) and (16), the mathematical model of 
the control system can be rewritten as 

                    

i i i di si wi vi

i i i di si wi vi

i i

si i i

U F
H U D F

U

⎧
⎪
⎪
⎨
⎪
⎪⎩

v = A v + B + B
z = C v + +

y = v
= G v

&

 (17) 

 
Then, by taking the Laplace transform for equations (17) the 

ith modal system transfer function Ti(s) from the disturbance 
Fvi to zi as figure 5 is given by 

{ } { }=T ( ) ; j=i i viz s F s ωL L  
where 

 ( )( ) 1T ( )i i di i i di i wi wis H s D−= + − + +C G I A B G B (20) 
 

The problem now is to design a static state feedback control 
law Usi = Givi such that: 

- The resulting closed-loop system is asymptotically stable, 
and 

- The H∞ norm of the closed-loop transfer function Ti(s) 
denoted by T ( )

∞i s  is bounded by a constant γi > 0. 
 

They can be rewritten in a mathematical expression as 
following 
 min T ( ; )

∞∈
<

GG
G

i i
i i is γ

S
 (18) 

with { }{ }| Re [T ( ; )] 0
i i i isσ <G G GS , 

where σ represents the singular values of Ti(s). 
The solution of inequality (18) can be found through Robust 

Control Toolbox in MATLAB®.  
 

For the uncertain model, equations (17) can be rewritten as 
following: 

( ) ( )i i i i di i wi vi

i i i di si wi vi

i i

si i i

F
H U D F

U

⎧ +Δ +Δ
⎪
⎪
⎨
⎪
⎪⎩

v = A A v + B B + B
z = C v + +

y = v
= G v

&

 

where iΔA and iΔB are real matrix functions representing 

time-varying parameter uncertainties; 1( ) ;i tΔ =A LF E  

1 2( ) ; ( ) ; ( ) 1i it t tΔ = Δ = ≤A LF E B LF E F ; L, E1 and E2 
are known real constant matrices which characterize how the 
uncertain parameters in F(t) enter the normal matrices Ai and 
Bi. 

A powerful tool for approaching the solution of the above 
control problem is linear matrix inequalities (LMIs) [11]. 
 
By choosing a Lyapunov function ( ) ( ) ( )= PT

i iV t v t v t , in 

which T 0=P P f , after some algebraic manipulations by 
using the standard techniques in [11], then the above 
optimization problem can be rewritten as 
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where Y is a matrix with appropriate dimensions, μ1 is a 
positive constant and I is an identity matrix.  

Then, the control gain vector is obtained by using 
1

i
−=G YX . 

In practice, there is an upper limit of the force that MR 
damper can produce, which depends on the motion of the 
piston and the input voltage. Therefore, the actuator saturation 
nonlinearity needs to be implemented in the optimization 
problem (20) as following 

 
max≤si siU U  (21) 

 
Equation (21) can be rewritten in LMI form as 

 
T max

0
00; siUρ
ρ

ρ
⎡ ⎤−

=⎢ ⎥−⎣ ⎦

X Y
Y I

p  (22) 

where 0ρ  is a positive upper bound;  ρ  is a positive real 
constant to be chosen. 

To this end, the semi-active H∞ control system can be 
depicted in figure 6. 
 

hBeam
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Command voltage
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Figure 6. Structure of the semi-active controller for reducing 

vibration of beams with STMD-MR damper. 

4 SIMULATION RESULTS  
In this section, the performance of the semi-active static 
output feedback H∞ controller applied to the simply supported 
beam under the high-speed train HSLM-A8 is evaluated. The 
physical properties of the beams are listed in table 3. 

Table 3. Properties of the main beam 

LB (m) mB (kg/m) ζB (%) ω1 ω2  ω3

30 2.5 × 104 1.0 20.0 80.5 183.8 
Note: LB is the length of each span; mB and ζB  are the mass 
per unit length and damping ratio of the beam, respectively; ω 
(rad/s) is the ith natural frequency of the beam. 

 
In simply supported bridges experiencing resonant 

situations, the maximum response will most likely be 
associated to the contribution of the fundamental mode [12]. 
Under this circumstance, the response of modes different from 
the resonant mode is practically negligible in the optimization 
process. 

The design objective of the H∞  controller is to find the 
control gain G1. By setting the mass ratio μs1=2%, then the 
spring stiffness ks, obtained by equations (4), is 2.91×106 N/m 
and ρ0=0.01 in inequality (22). After more than 50 iterations 
of the optimization process for LMIs (20) and (22) for the 
certain model, the control gain is G1 = [-19.231  0.081  -0.266  
0.125] and the upper bound γ1 = 5.629. These results are also 
presented in figure 7. 
 
 

 
Figure 7. Magnitude of closed-loop transfer functions T1 

versus frequency. 
 

In figure 7, it may be seen that the control gain vector 
determined above can lead to the minimum response of the 
main system in a large frequency range. 

By using the control gain obtained above, the response of 
the main beam under the train is analyzed in figure 8. It can be 
found that the actual damping force generated by the MR 
damper can track the desired control force quite well except 
some deterioration ranges because of the limitation constrains 
of the MR damper in which its force is only produced in the 
first and third quadrants of the hysteretic force-velocity plane 
meanwhile the desired force can be produced in any of the 
four quadrants. The upper and lower limits of the MR force 
are also its constrains. Besides, figures 8 also prove that the 
phenomenon of the control spillover is not evident in this 
case.  
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Figure 8. Response in time domain: (a) acceleration of the 

main beam without STMD-MR damper and with STMD-MR 
damper versus time; (b) comparison of the actual STMD-MR 
force and the desire control force; (c) input commend voltage 

to STMD-MR damper. 
 
 

 
Figure 9. Acceleration of the main beam versus speed of the 

train. 
 

Considering the frequency or speed domain, the 
accelerations at midspan of the main beam are presented in 
figure 9. The maximum accelerations at midspan of the main 
beam with the passive damper, the STMD-MR damper and 
the active damper decrease about 67.3 %, 73.8% and 80.3%, 
respectively, if compared to the case without any damper. 
These results demonstrate the effectiveness of the active and 
semi-active dampers controlled by the proposed algorithm. 

Detuning effect: It is well-known that optimal control gains 
used to generate the desired control force are significantly 
affected by the controlled structure frequencies. Therefore, 
knowledge of the controlled primary structure is required in 
order to accurately calculate control forces. However, 
structural property estimation and fabrication errors, the time-
variant characteristics of the combined system may also make 

primary frequencies be tuned. This is called the detuning 
effect. Thus, the combination of TMD and MR with the 
uncertain model proposed above to optimize control forces is 
expected to be a solution to reduce the detuning effect, and is 
more reliable and applicable for vibration control. To clarify 
the effectiveness of the proposed model, a numerical 
simulation for the above beam system is presented here. 
Firstly, uncertain parameters in equation (19) are set as 
follows: L, E1 and E2 are the 4 × 1, 1 × 4 and 4 × 1 matrices, 
respectively. Their elements are defined as following: 

( ) ( ) 2 2
1 0 1 21 1

0

0, 2,4
0, 3

; ( 1) , 1 ; 0
1, 3

2( 1) , 3
Bi i

B Bi

i
i

k i E
i

k i
ω
ζ ω

=⎧ ⎫
≠⎧ ⎫ ⎪ ⎪= = − − = =⎨ ⎬ ⎨ ⎬=⎩ ⎭ ⎪ ⎪− − =⎩ ⎭

L E

where the factor k0 =1.1. 
The control gains obtained by solving the optimization 

problem (20) are G1 = [47.15  0.27  0.43  0.16]. Then, the 
maximum response of the main beam with STMD-MR 
damper versus detuned primary frequencies is shown in figure 
10. It shows that when the original frequency of the main 
beam (ωB) is detuned by increasing ωB to (ωB+Δω), where 
0 10%ω≤ Δ ≤ , the maximum acceleration of the main beam 
with the passive damper increases significantly. This is 
equivalent to the attenuation of the effectiveness of the 
traditional tuned mass damper. Meanwhile, the semi-active 
damper controlled by the proposed algorithm shows very little 
influence. This can confirm that the presented STMD-MR 
damper model is much more stable than the passive damper if 
the detuning effect happens. 
 

 
Figure 10. Maximum acceleration of the main beam versus 

the detuned frequencies on the uncertain model. 

5 CONCLUSION 
Semi-active vibration control of railway bridges under the 
high-speed train has been investigated. The static output 
feedback H∞ controller combined with the ANFIS inverse 
model of MR dampers model proposed in this work can 
achieve compatible performance. It can be seen that the 
proper selection of the input data for the ANFIS model in this 
paper can lead to the quite exact command voltage predictions 
and this also makes the control voltage diagram versus time 
become smoother and avoids changing the MR forces 
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suddenly. Moreover, the proposed control scheme, validated 
by the numerical simulations, shows that the band of 
suppression frequency is extended. This can show that the 
main drawback of the traditional TMD systems is 
significantly improved.  
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 ABSTRACT: The dynamic response of tall buildings plays a significant role in determining both design wind loading and 
seismic behavior. The degree of energy dissipation, or damping, that a building can provide directly affects the resonant 
response and thus the effective design loading. In this paper, Replacement Beam Method as a Sandwich beam is presented for 
coupled shear walls and a one-dimensional finite element method (FEM) has been adopted for lateral analyses of building 
systems. In this method in addition to structural elements stiffnesses, the damping mechanism has been defined as Distributed 
Internal Viscous Damping (DIVD) model along shear walls and connecting beams, while acting as bending and shearing 
mechanisms. Then, an equivalent continuum model of coupled walls, the so called Generalized Sandwich Beam (GSB), has 
been provided capturing both elastic and dissipative performance by adopting strain and dissipation energy balance of the set of 
connecting beams, respectively. By means of such GSB model, a non-uniformly distributed damping model has been also 
modeled simulating dissipation at higher elevations of coupled walls as an equivalent damping effect of additional dissipative 
devices. A reference example has been analyzed numerically to investigate the performance of proposed damping models in 
basic dynamic characteristics of coupled shear walls such as damped eigenproblems, damping ratio, and near-resonance 
transversally response. The results have shown the proper efficiency of such damping models in addition to simple application 
in analysis and primary design of tall building coupled shear wall systems. 
 

KEY WORDS: Tall building; Couple shear wall; Damping; Replacement beam method; DIVD 

1 INTRODUCTION 
With respect to some up-to-date technical literature [1-3], 
simple continuum models called Replacement Beams can 
often provide a useful initial tool as an approximately 
equivalent model to capture basic features of dynamic 
response of a wide class of regular buildings, especially for 
tall and super-tall ones. This approach basically consists in the 
replacement of the complex building (3D) structure by a 
continuous equivalent (1D) beam. Depending on the structural 
characteristics of the building, this replacement beam is 
characterized by a proper kinematical model and equivalent 
stiffness parameters, which properly represent the real 
stiffness of the system as a whole. Up to now, the research 
works carried out on the replacement beams approach are 
mostly focusing on the equivalent stiffnesses of the tall 
building systems, but there is no specific work on the 
equivalent damping properties assigned to the replacement 
beams. However in this study it is tried to develop a proper 
damping model in continuum replacement models and also 
convertible into the structural and additional damping systems 
in tall building structures especially coupled shear walls.  
   Indeed, considering the significant influence of damping on 
vibration characteristics of continuous beams, wide and deep 
investigations on the effects of internal and external, 
distributed or lumped dissipation sources have been 
conducted. An exhaustive overview on the most used damping 
models can be found in literature [4-8]. Conceiving damping 
properties as a mechanism of vibration reduction or 
suppression, many studies on the characterization of the 

vibrational behavior of externally damped beam structures 
have been proposed throughout the past decades.  
   More recently many authors dedicated their researches on 
the vibration of elastic systems with viscoelastic damping. 
Kocatürk and Şimşek [9] studied the dynamic response of 
eccentrically prestressed viscoelastic Timoshenko beams 
under a moving harmonic load, characterized by a Kelvin-
Voigt damping model. The results indicated that the 
eccentricity of the compressive load, the shear deformation, 
the excitation frequency of the moving harmonic load and the 
internal damping significantly affect the dynamic response of 
the beam. Kayacik et al. [10] proposed a wide dissertation on 
the damped natural frequencies of a cantilever beam with 
Kelvin-Voigt damping and a piezo-patch actuator and sensor 
bonded onto it, evaluating the effect induced by their locations 
on the damped fundamental frequencies of the system.  
   Also more recently, the effect of the location of damped 
segments on the vibrations of beams with partially distributed 
internal viscous damping (DIVD) was investigated by Tsai et 
al. [11]. The vibration equations of a Timoshenko beam with 
DIVD subjected to transverse loading were derived and the 
transfer matrix method (TMM) has been used to determine the 
frequency equations and to study the vibration characteristics. 
To demonstrate feature of DIVD effects, various damping and 
restraining conditions have been taken into account. The 
influence of the damping, length and location of damped 
segments on the vibration of beams with DIVD has been 
investigated and discussed. Wei-Ren Chen [12] extended this 
latter research considering the vibration of an axially loaded 
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Timoshenko beam with locally distributed Kelvin–Voigt 
damping and different boundary conditions. Using a finite-
elements approach, the quadratic eigenvalue problem of a 
damped system was formulated to evaluate the 
eigenfrequencies of the damped Timoshenko beams. The 
effects of damping amount, lengths and locations of the 
damped segment, axial load and restraint types on the damped 
natural frequency of beams have been investigated and 
discussed. 
   This consideration prompted the authors to investigate the 
application of such DIVD model in the replacement beam 
models (i.e. Sandwich Beam) of coupled shear walls. In the 
present study vibration equations of a laterally loaded 
sandwich beam with DIVD are derived through Hamilton’s 
principle by taking into account two damping models: the 
Kelvin-Voigt model, composed by shear and bending 
components in both walls and connecting beams (i.e. with 
independent cs and cb coefficients), and the classical external 
linear viscous damping model (i.e. c) only in walls which 
introduces dissipative forces linearly proportional to the beam 
vibration velocity.  
   By means of a proper space discretization based on Finite 
Element, the partial differential equations (PDE) of motion are 
discretized and the time controlled problem is then solved 
through classical Newmark’s method for a specific loading 
choice. At the same time a direct solution of the quadratic 
eigenvalue problem leads to the determination of 
eigenfrequencies and decay characterization of the damped 
systems. Also an equivalent continuum model of coupled 
walls, the so called Generalized Sandwich Beam (GSB), has 
been provided capturing both elastic and dissipative 
performances by adopting strain and dissipation energy 
balance of the set of connecting beams, respectively. 
   The developments herein introduced with respect to most 
recent previous works [11-13] consists of evaluating the 
effects of different damping mechanism combinations (cs and 
cb, and c), in order to observe the respective and relative 
damping effects. Considering a reference coupled shear walls 
system, the influence of DIVD has been evaluated in both real 
sandwich beam and GSB replacement models.  
   A further insight improvement of the analysis is finally 
represented through the GSB and by addressing the problem 
of the optimal distribution length of non-uniformly partial 
DIVD such to minimize beam dynamic response (i.e. tip 
displacement) and control its vibration due to a lateral 
sinusoidal dynamic load with a near-resonance frequency. It is 
finally worth noticing that this modeling approach has been 
primarily conceived as a first step in dealing with practical 
structural problems such as approximate dynamic modeling of 
high-rise and tall buildings by means of the replacement beam 
analysis, where the (continuous) DIVD density reflects the 
shear wall system dissipation and the smeared equivalent of 
the (discrete) presence of external damping devices. 

2 DAMPED REPLACEMENT BEAM MODELS 

2.1 The Real Sandwich Beam (RSB) 
In this study, a cantilevered Real Sandwich Beam (RSB) 
consisting of two main Timoshenko beams connected by a 
certain number of connecting beams subjected to a 
homogeneously, sinusoidal in time, distributed transverse load 

is considered (see Fig.1). The connecting beams are also 
assumed as Timoshenko beams without axial deformation. In 
this model, all the beams are able to contain the DIVD model 
inside.  
 

 
Figure 1. Real sandwich beam (RSB) with DIVD and 

distributed external force f(x,t) 

The transverse equations of motion of such a beam are readily 
obtained by applying Hamilton’s Principle to the Lagrangian 
L and the Rayleigh dissipation function R of the system 
obtained by assuming the kinematic model and the 
constitutive law of the classical Timoshenko’s theory:  

 ( ) ( )
1 1

0 0

0
t t

f
t t

dt T V W dtδ δ− = − + − =∫ ∫L R R  (1)   

Where Total Kinetic Energy T, the Potential Energy V, and 
the Work Wf produced by the external transversal load are 
respectively expressed as:  
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 ( )
0

,  
L

fW f x t u dx= ∫  (4)   

Where A1 and A2 are cross-section area of two main 
Timoshenko beams, and I1 and I2 are moment of inertia of two 
beams. The Kinetic Energy due to connecting beams is 
neglected in this study. Young’s elastic modulus E, the shear 
elastic modulus G and the shear correction factor κ  are also 
defined. 
   Also parameters v and φ defined in Eq.3 refer to lateral and 
rotational deflections in connecting beams. n and lb are the 
number and length of connecting beams. 
   The damping model herein assumed is such to introduce 
retarding and dissipative forces arising from damping effects 
during the motion. The DIVD is originated from the Kelvin-
Voigt strain velocity damping, where shear and bending 
dissipative additional stresses, d

xyτ  and d
xσ , linearly 

proportional to the strain velocity through internal damping 
coefficients, have to be introduced leading to the following 
stress-strain relations for left and right main beams (walls) and 
also connecting beams, respectively: 
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A further contribution is represented by the classical 
dissipative force directly proportional to the transverse 
velocity ( ),u x t& of the beam, through the external linear 
viscous damping coefficient c only in walls. Therefore, the 
Rayleigh dissipation function can be obtained assuming the 
subsequent expression:  
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It is worth noticing that the relationship between the viscous 
damping coefficients cb and cs can be assumed analogously to 
that between Young’s elastic modulus E and shear elastic 
modulus G for an isotropic material. Thus, in view of the 
stress-strain relations of Eq.5 the bending and shear damping 
coefficients are assumed to be proportional to Young and 
Shear elastic modules by two independent amplification 
factors for both main beams and connecting beams, as Eq.7 
shows [11-12]: 

 
1 1 1 1

2 2 2 2

;
;

;

b b s s

b b s s

b b b s s b

c E c G
c E c G
c E c G

η η
η η
η η

= =⎧
⎪ = =⎨
⎪ = =⎩

 (7)   

Substituting all the required terms (Eq.2, Eq.3, Eq.4, and 
Eq.6) in Hamilton’s Principle (Eq.1), PDEs of motion of the 
real sandwich beam system under investigation can be 
straightforwardly obtained. 

2.2 A Six Degrees of Freedom FE System for RSB 

In order to investigate the dynamic response and damping 
effects of the sandwich beam with DIVD model combined 
with the classical external viscous damping contribution, the 
classical FEM approach is adopted in reducing the PDEs of 
motion into linear second-order ordinary differential equations 
with time as independent variable. A simple low order beam 
FE model is therefore introduced for two main beams with 
linear variation in displacement u(x) and rotations θ(x) and 
ψ(x) resulting in six degrees of freedom (DOFs) (Fig.2). 
Dimensionless coordinateζ and nodal displacements vector of 
the eth generic FE are: 

 
 
 

         [ ]1 1 1 2 2 2
2 ;   , , ,, , T

e
x u uζ θ ψ θ ψ= =
l

U                 (8)

The generalized displacement vector ( ),e x ts  of the eth  FE 
can be expressed as: 
 ( ) [ ] ( ) ( ), T

e ex t u x tθ ψ= =s N U  (9) 

 
Figure 2. FE model for the proposed sandwich beam with six 

DOFs 

Where N(x) represents the shape functions matrix shape 
functions matrix containing linear function interpolations. 
In this study, in order to accurately take into consideration the 
connecting beams effects, each FE is assumed between two 
subsequent connecting beams elevation. It should be 
mentioned that because of connecting beams connection to 
shear walls, the displacement v(y) and rotation φ(y) along 
connecting beams are attained as functions of the main beams 
rotations θ(x) and ψ(x) at the connection positions (see 
Appendix). However assuming the connecting beams end 
rotations equal to θ and  and also a flexural deflection of 
connecting beams, following expressions as end boundary 
conditions of connecting beams can be defined: 
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By applying Lagrange’s equation to any DOF (i=1,…,6) of 
the sandwich beam FE, the resulting system of equations of 
motion of assumes the subsequent expression: 
 
 
 

       e e e e e e eM C UU K U Q+ + =&& &   (11)  

Me, Ce, and Ke represent respectively the mass, damping and 
stiffness matrices of the eth  generic FE and Qe the generalized 
forces vector. Considering the expressions of the Kinematic 
and Potential energy (Eqs.2-3), of the Rayleigh function 
(Eq.6) and of the Work due to the external forces (Eq.4), the 
above matrices can be readily evaluated (see Appendix). 

It should be noted that the damping contribution of 
connecting beams (C1, C2, and C3 in Appendix) is obtained by 
expanding the second term in Rayleigh Function (Eq.6) with 
respect to connectivity of connecting beams to the walls.  
By simply assembling and imposing the appropriate boundary 
conditions, the global system of equations of motion of the 
sandwich cantilever beam is thus determined, assuming the 
classical form: 
 
      M U CU KU Q+ + =& &&   (12)

In order to allow simple assemblage of the matrices and to 
solve the dynamic system of equations of motion, a FEM-
based code has been implemented in Matlab. Newmark’s step-
by-step method of direct integration over discrete time steps 
[14] has been preferred to other algorithms (e.g. non-classical 
modal analysis which would have provided complex 
conjugate pairs of eigenvalues and eigenvectors) due to its 
higher flexibility in dealing with the different damping and 
loading situations of the (non-classical) problem at hand. 

2.3 Damped Eigefrequency Analysis 
The system of equations of motion of the damped freely 
vibrating sandwich cantilever beam assumes the following 
form: 
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Accordingly, introducing U=φeωt into Eq.13 yields the 
Quadratic Eigenvalues Problem (QEP): 
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The solution of Eq.14 provides the eigenvalues ωi of the QEP 
and the associated eigenvectors φ, which occur in 2n complex 
conjugate pairs for a non-classical n-DOFs system, such as the 
cantilever beam under analysis. The QEP requires to identify 
eigenvalues ωi and associated non-zero eigenvectors φi 
(i=1,…,2n), satisfying the subsequent associated characteristic 
equation: 
 
 
 

2det  0ω ω+ + =M C K   (15)

Considering the first eigenvalue ω1, which is associated to the 
first mode of vibration, by adopting a notation common to the 
one used for a viscous-damped SDOF system [14], the Real 
and Imaginary part of ω1 can be identified by the subsequent 
relation:  
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In Eq.16, ωN,1 represents the natural frequency, 1ζ  the modal 
damping factor and ωd,1  the damped natural frequency of first 
eigenmode according to following expressions: 
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It is worth noticing that Real(ω1)  represents a parameter 
proportional to the decay rate of the first mode shape of free 
vibration of the damped system due to the damping effect, 
whereas Im(ω1) represents the frequency of such a damped 
free oscillation. The subsequent investigations will focus only 
on the first mode of vibration of the structure i.e. on the first 
eigenvalues ω1 of the QEP of Eq.15. By considering 
separately different damping mechanisms on the system, the 
modal critical damping of the single mechanism can thus be 
determined.  

2.4 Generalized Sandwich Beam (GSB) of Coupled Shear 
Walls  

In order to generalize the initial sandwich beam as a 
continuum model, the discrete set of connecting beams 
is replaced by an equivalent homogeneous core 
characterized by the elastic moduli Eeq and Geq (see 
Fig.3a). The achieved continuum model can be attained, 
under the following assumptions: 
• The wall system is in plane stress condition. 
• Shear walls have rigid cross section and connecting 

beams are inextensible. 
 
As suggested in [15], the elastic curtain equivalent to 
connecting beams is obtained by equating the stress energy of 
a typical connecting beam to the one of its equivalent 
continuum. When the equivalent elastic modulus Eeq of the 

continuum core is assumed equal to zero, the equivalent 
shear modulus of the continuum core Geq equivalent with a 
typical connecting beam reads 
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b b

G
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−
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Where E and G are elastic and shear modulus of a typical 
connecting beam with moment of inertia Ib and area Ab.s In 
evaluating Geq, the stiffness due to local deformation in 
between connecting beams and walls junctions is also taken 
into account through the relation  

 
 

2'
3b b d≅ +l l  (19)

Where d is the connecting beam height. Compatibility 
between shear walls and continuum core (shear beam-like) 
rotations [Fig.3b] in correspondence to the vertical centroidal 
axis of walls is assumed as 
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(a) 

 

 
 
 

(b) 

Figure 3. a) A Generalized Sandwich Beam (GSB) with 
equivalent continuum core and DIVD b) Compatible rotation 

field indicated in a typical portion of GSB 
 

Furthermore, in order to attain the equivalent damping in core 
ceq, Dissipation Energy due to internal bending damping cb 
and shearing cs in a typical connecting beam with DIVD is 
equated with the dissipation due to the curtain damping. The 
resulted expressions associated to bending and shearing 
damping are presented in following equation: 
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Where m1, m2, m3, and m4 are defined in Appendix. It should 
be noted that wall rotations θ and ψ can be assumed 
approximately the same when two walls widths ratio is 
between0.25 and 4. Consequently the Potential Energy and 
Rayleigh Dissipation Function in the proposed GSB are 
specified respectively with  

 ( )
( )

2 2
1 1*L

2 2
2 2*

0 2

( ) ( ' )
1, , =  ( ) ( ' )
2

( ' )eq b

EI GA u

V u EI GA u dx

G t u

θ θ

θ ψ ψ ψ

κ ρ

′⎧ ⎫+ − +
⎪ ⎪

′ + − +⎨ ⎬
⎪ ⎪−⎩ ⎭

∫
l

 (22)

 

 
 ( )

( ) ( )

2 2
1 1 1 1L

2 2
2 2 2 2

0 2

( ) ( )
1, , =  ( ) ( )
2

'

s b

s b

eq b

c A u c I

R u c A u c I dx

c t u

κ θ

θ ψ κ ψ

κ ρ

⎧ ⎫+ +
⎪ ⎪⎪ ⎪+ +⎨ ⎬
⎪ ⎪

−⎪ ⎪⎩ ⎭

∫

&&

&&

&&l

 (23)



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1683 

Note that ρ& can be defined as a function ofθ&  and ψ& , and ceq 

performs internally as a shearing damping mechanism in core. 
Both Eq.22 and Eq.23 are accompanied with the same shape 
functions of u(x), θ(x) and (x) applied for the real sandwich 
beam, and accordingly the stiffness and damping matrices 
related to a FE of GSB are derived.  

3 NUMERICAL EXAMPLE INVESTIGATION 
In order to verify reliability of the introduced FE-model, a set 
of verifications has been accomplished. Firstly applying the 
undamped equation of motions, the lateral deflection and 
eigenfrequency of the undamped sandwich cantilever beam 
(Fig.1) can be easily evaluated and verified. For this purpose, 
a coupled shear walls system [16] which is a practical sample 
is investigated (see Fig.4). The tip displacement, 0.0159 m 
with literature and 0.0161 m by present method, and first four 
undamped eigenfrequencies (for fundamental frequency, 
13.09 Hz with literature and 13.06 Hz through present 
method) calculated with the FE-model exhibit good agreement 
with the benchmark results.  

 
Figure 4. A coupled shear walls system  

3.1 Influence of DIVD in Connecting Beams on 
Fundamental Eigenfrequency 

In order to better understand the damped vibration 
characterization of the replacement sandwich beam having 
DIVD only along connecting beams, the trend of first 
eigenfrequency ω1 of the whole system is investigated with 
regard to internal bending cb and shear damping cs. The trend 
of first eigenfrequency oscillating and damping parts is shown 
in Fig.5a to Fig.6b. It can be observed in Fig.5a that the both 
damping mechanisms diagrams are stable up to a damping 
multiplier ηb=ηs=0.06. It can then be seen that from ηb=0.16 
on bending diagram, the oscillating part grows up suddenly up 
to ηb=1 where the branch tends again to a stable situation. The 
value of oscillating part is about 65.3 Hz at the final situation 
of the bending branch (Fig.5a). This value is corresponded to 
the eigenfrequency of whole system while the DIVD has 
damped out the bending mechanism in the set of connecting 
beams. In the case of shear damping mechanism cs, there is a 
similar behavior to cb but the dramatic growing occurs at 
higher damping multiplier ηs. Comparing the influence of 
bending and shear damping, it can be easily understood that 
the damping bending mechanism cb is more effective than the 
shear one because it influences on oscillating part with lower 
damping multipliers η. It means that the internal bending 
damping cb in connecting beams is the most prone mechanism 
to change dynamic performance of the whole structure. It 
should be noted that in practice, internal damping multipliers 

have small values [11]. However it is zoomed in the initial 
part of diagrams for bending and shear damping mechanisms 
(Fig.5b). It can be observed that both diagrams are coincided 
with no sensible variation in oscillating part for small values 
of damping multipliers.  

 
Figure 5a. Complete trend of oscillating part of ω1 versus 

damping multiplier η  

 
Figure 5b. The practical trend of oscillating part of ω1 versus 

damping multiplier η  

Similarly, it is investigated also the trend of damping part of 
first eigenfrequency in Fig.6a. A single-peck diagram is 
obtained for both damping mechanisms. It can be seen that 
increasing the bending damping multiplier ηb, a maximum 
damping part 40 Hz is obtained for ηb=0.2, while in case of 
shear mechanism the same peck value is resulted for at ηs=6. 
It confirms again that the internal bending damping cb is 
dominant in connecting beams in comparison with the shear 
one.  

 
Figure 6a. Complete trend of damping part of ω1 versus 

damping multiplier η  

The first modal damping ratio ξ1 associated to any damping 
mechanism can be also determined by means of Eq.17 for the 
numerical reference problem (see Fig.6b). It is clear from 
Fig.6b that both damping mechanisms diagram vary relatively 
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as linear, but the bending one is dominantly more effective 
than the shear one. It means that the bending damping 
mechanism in the set of connecting beams is more prone to 
dissipate the lateral vibration in the whole system. 

 
Figure 6b.The practical trend of modal damping ratio ξ1 

versus damping multiplier η 

3.2 Influence of DIVD in Main Beams (Walls) on 
Fundamental Eigenfrequency 

In order to realize the importance of each damping mechanism 
in shear walls, the trend of oscillating and damping part of ω1 
is plotted by real sandwich beam versus corresponding 
damping ratio in Fig.7 and Fig.8, respectively. Firstly 
concerning the oscillating part, three damping mechanisms 
produce the same amount up to about 5% of critical damping 
(Fig.7). It means that there is no difference in applying each of 
damping mechanisms when a damping ratio less than 0.05 is 
required. According to Fig.7, the curve related to internal 
shear damping begins from natural eigenfrequency 13.09 Hz 
and slightly increases up to 13.35 Hz at the critical damping. 
Thus the shear damping is not so effective in the walls. Even 
in case of damping part in Fig.8, there is no sensible effect 
due to shear damping. Fig.7 clearly shows that both internal 
bending cb and external viscous damping c are able to destroy 
the oscillating part of ω1. Note that when the oscillating part 
vanishes, the damping is reached its critical level.  
   Concerning the damping part diagrams (Fig.8), the external 
damping curve linearly varies up to the critical value. There is 
an overlap with bending diagram form origin to 0.2 damping 
ratio. For damping ratios higher than 0.2, the bending diagram 
goes up in comparison with the external damping one and 
finally gives a critical damping part at 17.89 Hz, while the 
value produced by external damping mechanism is 13.09 Hz.  

 

 
Figure 7. Trend of oscillating part of ω1 versus modal 

damping ratio in walls 

 
Figure 8.Trend of damping part of ω1 versus modal damping 

ratio in walls 

 

3.3 Verification of Damped GSB Model 
In order to verify the accuracy of damped GSB, maximum 
dynamically deflection of the reference problem subjected to a 
harmonic sine load is graphed by both real (Fig.1) and 
generalized sandwich beams (Fig.3) while the internal 
bending damping multiplier ηb in connecting beams is 
uniformly 0.005 (see Fig.9). Note that only the bending 
damping is taken into account because of its dominant 
performance. It can be observed that maximum difference 
between two methods is about 1.16 % in tip-displacement 
value. Additionally, the comparison of first damped 
eigenfrequency is plotted for both damping and oscillating 
parts in Fig.10. There can be also observed a good agreement 
between discrete sandwich beam and continuum GSB results. 

 

 
Figure 9. Maximum dynamically lateral deflection resulted by 

damped real and generalized models  

 
Figure 10.Trend of damping and oscillating parts of ω1 

resulted by damped RSB and GSB  
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3.4 Efficiency of GSB with DIVD models in dynamic 
deflection and vibration control  

Concerning the DIVD model, previous investigations have 
been performed with identical internal damping in all 
connecting beam, but imagining the structural deformation of 
coupled shear walls subjected to lateral loads, the most 
impressive effect on vibration control is corresponded to 
connecting beams located at higher elevations [17]. 
Accordingly by means of the GSB, there is possible to 
investigate the equivalent effect of non-identical internal 
damping in connecting beams in order to simulate the 
existence of additional dissipation devices in coupled walls 
(i.e. viscous or friction dampers). For this purpose, a non-
uniformly DIVD model eqc , is defined in the continuum core 
of GSB model with a zero damping coefficient at its lower 
end and a maximum coefficient at higher end (see Fig.11). 
Further analysis is devoted to controlling tip-displacement 
dynamic magnification factor by such non-uniformly damping 
model and optimization of damping length Ld, while having 
uniformly full damped walls with 5% of bending critical 
damping cb1,2;5% [N.s/m2]. Because of variation in non-
uniformly DIVD along Ld of core, its maximum amount 
( )

maxeqc is considered as the core damping candidate for 

assigning the damping value. Therefore two main damping 
contributions are conceived acting on the beam system and 
defined as follows:  
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Where A1 and A2 are cross-section areas of left and right walls, 
and t and bl are core thickness and width. According to 
Eq.24, a parameter η is defined as the ratio between resultant 
damping in the continuum core Ceq and the one in walls Cb in 
order to consider different values of core damping. The 
cantilevered GSB model is loaded by an external distributed 
sinusoidal dynamic load, f(t), with amplitude F=16500 N and 
frequency ratio 0.9 between excitation and fundamental 
frequency, as a near-resonance situation.  
   The tip-displacement dynamic magnification factor of the 
reference structure is plotted versus the ratio between damped 
core length Ld and total building height L for different η 
values (see Fig.12). It can be observed that for the damped 
length ratio Ld/L=0.05, there is a suddenly decrease in the 
dynamic magnification factor for all damping values η. This 
length ratio corresponds to a damped core length as 2.8 m 
(equivalent with having damping device at the top). It means 
that even having a short damped core length Ld at the structure 
top can control considerably the dynamic response. Increasing 
the core damping length from 0.05 suppresses the 
magnification factor up to a minimum value which is 
associated to optimal length of damping distribution. This 
optimum value is indicated on each diagram related to each η 
by a small circle (see Fig.12). For example with η=10-4, its 
optimum length is about 75 % of total height producing the 
response as 4.26. It can be also seen that from η=2×10-4 to 
η=5×10-4, the optimum damping length is the same as 0.75L. 
For η=7.5×10-4 and η=1×10-3, the optimum length is 

positioned at 0.85 and 0.9 of total height, respectively. Also 
when η is η=5×10-3, η=1×10-2, and η=5×10-2, the whole 
structure height should be damped in order to get minimum 
response. It can be concluded from Fig.12 that greater the 
damping amount η, generally higher the optimal core damping 
length Ld.  

 
Figure 11. GSB system provided with uniform bending 
damping in walls and an additional shear damping non-

uniformly distributed in core  

 
Figure 12. Trend of tip displacement dynamic magnification 
factor for the case with additional core damping as a linear 

distribution (ω/ω1 =0.9) 
 
In order to realize the vibration control efficiency of DIVD 
models by GSB, three dissipation levels including no 
damping, 5 % bending critical damping in walls, and 
homogeneous 5 % bending critical damping in walls plus a 
non-homogeneous core damping along with Ld= 0.2 and 
η=5×10-4 are considered. Tip-displacement vibration is 
compared with these three damping levels in Fig.13. It can be 
seen a good performance of vibration control by modeling 
uniform and non-uniform DIVD applied in the GSB system. 

 

 
Figure 13. Tip-displacement vibration control by GSB with 

different damping model levels 
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4 CONCLUSION 
The replacement beam method can be an approximate and 
simple tool for capturing some basic dynamic characteristics 
of tall building structural systems such as coupled shear walls. 
Dealing with such method in literature, there is focused 
mostly on equivalent stiffness properties addressing bending 
and shear behavior. However this study gives an opportunity 
to generalize this kind of tall building modeling by 
introducing proper dissipation mechanisms (i.e. bending and 
shear DIVD) associated to the corresponding stiffness 
mechanisms in all structural elements. There is also definable 
an external viscous damping accompanied with internal 
damping mechanisms. As it is indicated, coupled shear walls 
can be modeled by real sandwich beam (RSB) and even 
simpler with continuum generalized sandwich beam (GSB) 
both equipped with DIVD model inside elements. It is shown 
that application of such damping model is simple and 
effective as uniformly by RSB reflecting the shear wall 
system dissipation and also non-uniformly by GSB simulating 
also smeared equivalent of the (discrete) presence of external 
damping devices. By means of such replacement beam models 
with DIVD, the damped eigenproblems, modal damping 
ratios, and also transversal dynamic responses can be 
controlled properly. It was shown that bending DIVD is 
dominant in both walls and connecting beams and can be used 
as proper damping mechanism in tall coupled walls. These 
modeling approaches can be primarily conceived as a first 
step in dealing with practical structural problems such as 
approximate dynamic modeling and pre-design of high-rise 
and tall building sub-systems. 
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ABSTRACT: In this paper, the authors investigate the control of the seismic response of a three dimensional asymmetrical tier-

building model, with a combination of three tuned mass dampers (TMD) located on the upper floor of the building. The 3D 

frame model represents a 3-story steel building designed for the SAC project in Los Angeles, California. All the dynamic 

analyses of the 3D structure are performed in ANSYS. The frequencies of the three TMD’s and excitations are tuned to the 

appropriate fundamental frequencies of the model. The optimal number and location of the TMD’s on the top floor are 

investigated, to reduce the horizontal displacements in two orthogonal directions, and the in plane rotation of each story. The 

authors compare the dynamic response of the 3D asymmetrical building under unidirectional and bidirectional sinusoidal 

excitations and real earthquake excitations with no TMD’s, or with combinations of one, two, and three TMD’s.   In this last 

configuration, two TMD’s are parallel to each other, while the third one is placed perpendicular to the other two.  The 

combination of three TMD’s yields the largest response reduction.  A practical application is investigated, where a “floating” top 

floor, resting on rubber bearings, provides the mass for the three TMD’s. The influence of nonlinear behavior on the 

effectiveness of the control scheme is studied. The results show a significant reduction of the displacements and rotations o f the 

building.  

KEY WORDS: 3D asymmetrical model; Tuned mass dampers; sinusoidal and seismic excitation; non-linear behavior. 

1 INTRDUCTION 

Earthquakes may cause extreme structural and economic 

damage. Assessing earthquake risk and improving engineering 

strategies to mitigate damage are thus the only viable options 

to create more resilient cities and communities. One of the 

methods to reduce the tragic consequences of natural hazards 

is using structural damping control devices that can reduce the 

response of civil engineering structures and protect them from 

damage under seismic or wind load. The challenge for control 

systems, whether passive, semi-active, or active is to reduce 

both the lateral swings, as well as the in-plane rotation of an 

asymmetrical building. 

A tuned mass damper (TMD) system is one of the most 

popular passive systems. The tuned mass damper (TMD) is a 

passive energy absorbing device consisting of a mass, a 

spring, and a viscous damper attached to a vibrating system to 

reduce undesirable vibrations [3] which is shown in Figure 1. 

We can adjust the natural frequency of the TMD to be the 

same or close to the fundamental frequency of the structure. 

When the main structure is excited, the tuned mass damper 

through its inertial response will absorb energy and reduce the 

response of the structure. 

Most of the analytical studies of TMD’s have been done on 

2D models.  The main goal of this paper is to study an 

effective tuned mass damper system to reduce not only 

displacements in two orthogonal directions, but also the in 

plane rotation of each story of a building. We compared the 

dynamic response of a 3D asymmetrical building under 

unidirectional and bidirectional sinusoidal excitations and real 

earthquake excitations with no TMD’s, or with combinations 

of one, two, and three TMD’s. The concept of a “floating” top 

floor of the structure as part of a TMD is then investigated.

 
Figure 1. Tuned mass damper mounted on a main structure 

 

2 ANALYTICAL MODELING 

In this study, a 3-story steel building designed for the SAC 

project in Los Angeles, California, is modeled as a tier-

building. Figure 1 shows the detail of this 3-story building 

from Ohtori et al. (2004) [2]. The building is symmetric in the 

N-S direction, but in the E-W direction there is an eccentricity 

between center of mass and center of stiffness ex=3.42m 

The 3-story benchmark-building model depicted in Figure 2 

was modeled in ANSYS as a three-dimensional, nonlinear, 

isotropic finite element model. Figure 3 shows the meshed 

finite element model. In both directions, the connections 

between perimeter beams and perimeter columns are moment-

resisting connection, except for the northern most bay in the 

N-S direction, according to Figure 2. The rest of the 

connections between columns and beams are pin connections. 

All the central columns are pin connected at the base. All the 

perimeter columns are fixed at the base in one direction. 
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Figure 2.  3-Story benchmark building N-S MRF [2] 

 

 
(a) NS elevation 

 
(b) EW elevation 

 
(c) Isometric view 

Figure 3. Building elevations and isometric view 

 

 Frequencies and mode shapes of the building 2.1

The first three natural frequencies of the 3-story model are 

1.19, 1.72, and 2.26Hz. Figure 4 shows the first three mode 

shapes for the 3-strory building, which correspond to one 

translational mode in the NS direction, a combination of 

translation in the EW direction and rotation, and a 

predominantly rotational mode.  

 
Mode 1(1.19 Hz) 

 
Mode 2 (1.72 Hz) 

 
Mode 3 (2.26 Hz) 

Figure 4.  First three mode shapes of the 3-story benchmark 

buildings in ANSYS 

 

 Analysis of tuned mass damper systems 2.2

The building model was then retrofitted with a combination of 

one, two, or three TMD’s, installed on the third floor of the 

3D model. The mass of each TMD is 5% of the mass of the 

building, and the damping ratio of each TMD’s is 2%. The 

stiffness and damping value of TMD are following Eq. (1) to 

(6) 

                                                             (1) 

f =
 

  
√
 

 
                                (2) 

  
  

  
                                  (3) 

    √                               (4) 

                                     (5) 

  
   

 

 
                                (6) 

m- the mass of TMD 

  - the mass of entire building 

f – the modal frequency of the building. 

 - the damping ratio = 2%. 
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  - the critical damping value.  

  – the damping value of TMD 

k – the stiffness of the TMD 

Table 1 lists the stiffness and damping value of the TMDs. 

The TMD’s in the NS direction were tuned to the first mode 

of the building, while the TMD’s in the EW direction were 

tuned to the second mode.  Notice that in this preliminary 

study the parameters of the TMD’s were not set to their 

optimal values as recommended in [4] or by Zadek et al. [3].  

The analyses included five cases: 1-TMD model A, 1-TMD 

model B, 2-TMD model, 3-TMD model A and 3-TMD model 

B. Figure 5 shows all five cases. In the directions with only 

one TMD, the TMD was aligned with the center of mass. 

Table 1.  Properties of the TMDs 

Position 
Frequency 

(Hz) 

Mass 

(kg) 

Stuffiness 

(kN/m) 

Damping 

(kNs/m) 

TMD in the 

NS direction 
1.19 147500 8238 44 

TMD in the 

EW direction 
1.72 147500 17287 64 

 

   
1-TMD-A                 1-TMD-B             2-TMD 

  
3-TMD-A                3-TMD-B 

Figure 5.  All five cases TMD models (TMD installed on the 

third floor). 

 

Unidirectional and bidirectional sinusoidal excitations were 

applied to all models. The frequencies of the sinusoidal 

excitations were tuned to the frequency of the first two modes 

of the model without damper, with an amplitude of 2 m/sec
2
.  

We compared the peak displacement in each direction and 

rotation between no-TMD, 1-TMD-A, 1-TMD-B, 2-TMD, 3-

TMD-A, and 3-TMD-B. Figure 6 to 8 show the results for the 

case of bidirectional excitation.  

Figure 9 compares the time histories of the third floor 

(between No TMD mode, 2-TMD model and 3-TMD-B 

model) under bidirectional sinusoidal excitation. The green 

line is the time history of No TMD model. The purple line is 

the time history of 2-TMD model and the red line is the time 

history of 3-TMD-B model. 

In every model, it was verified that the most effective 

location of a single TMD is when it is aligned with the center 

of mass of the story.  The 3-TMD-A model is 10% more 

effective than the other models with one or two TMDs in 

reducing orthogonal displacements, under both the NS and the 

bidirectional excitations. Similarly, the 3-TMD-B model is 

10% more effective than the other models with one or two 

TMDs in reducing orthogonal displacements, under both the 

EW and the bidirectional excitations.  In addition, the 3-TMD-

B model is 20% more effective than the single TMD model B 

or the two TMDs model, in reducing rotation under both the 

EW and the bidirectional excitations.  It is also 5% and 10% 

more effective than the 3-TMD-A model in reducing rotation 

and displacements, under the same conditions. It is therefore 

clear that the most effective configuration of TMDs is with 

two TMDs in the direction where there is an eccentricity 

between centers of mass and stiffness, and a third TMD in the 

orthogonal direction aligned with both center of mass and 

stiffness, i.e. the 3-TMD-B model. 

 

Figure 6 Peak displacement in NS direction under 

bidirectional sinusoidal excitation  

 

 

Figure 7 Peak displacement in EW direction under 

bidirectional sinusoidal excitation 
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Figure 8 Peak in-plane rotation under bidirectional sinusoidal 

excitation  

 

 
(a) Top story NS displacement 

 
(b)  Top story EW displacement 

* 

 
(c)  Top story rotation 

Figure 9. Comparison between no-TMD model, 2 TMD model 

and 3-TMD-B model . – Bidirectional sinusoidal excitation 

 Analysis of roof isolation system 2.1

If concrete were used for the mass of each TMD, the required 

volume would be approximately 4x4x4m³. Because 3 masses 

of that size would be too large to be installed on the third 

floor, we investigated the use of the top floor mass as the mass 

of the TMD’s.  Feng et al. (1995) [1] and Sadek et al. (1997) 

[3] investigated the concept of mega substructure as part of 

the mass of a TMD. The concept was extended by Villaverde 

et al. (1999) [4] who first explored using the mass of the upper 

floor as the mass of the TMD.  The intent here is to apply this 

concept to the case of an asymmetric 3D tier building 

subjected to bidirectional excitation.  The roof becomes a 

“floating roof” isolated from the rest of the structure, 

supported for example on elastomeric bearing. An 

intermediate horizontal frame structure with full X-bracing 

was added to provide a rigid support to the floating roof. The 

“floating” roof model in ANSYS is shown in the Figure 10.  

The first three natural frequencies of the model without the 

top floating roof are 1.7, 2.3, and 3.12Hz. Figure 11 shows the 

first three mode shapes for the 3-story building without the 

top floating roof. 

The three connections between the building floating roof 

and the top supporting frame are modeled as three spring-

damping elements. The resulting 3 TMDs are tuned to the first 

2 natural frequencies of the building without the floating roof 

mass. See Table 2.  The position of these three spring-

damping elements is identical to the position of the 3-TMD-B 

model. The first three natural frequencies and mode shapes of 

the model with top plate are 1.0, 1.31, and 1.52Hz. Figure 12 

shows the first three mode shapes for the 3-story building.  In 

practice, the spring damping connecting elements could be a 

series of elastomeric bearing distributed in both directions. 

The floating roof model was tested under bidirectional 

sinusoidal excitations. Figures 13 compares the third floor 

time histories between No TMD model, 3 TMD-B model and 

floating roof model, The green line is the time history of No 

TMD model. The purple line is the time history of 3-TMD-B 

model and the red line is the time history of floating roof 

model.  Figures 14 to 16 compare the reductions in peak 

displacement and rotation between no-TMD, 3-TMD-B, and 

“floating” roof models, for each story. 

The floating roof model is 20% to 25% more effective than 

the 3-TMD-B model in reducing orthogonal displacements 

and rotations, under the NS, the EW, and the bidirectional 

excitations. 

 

 
Figure 10a: Building with floating roof NS elevation 
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Figure 10b: Building with floating roof EW elevation 

 

 
Figure 10c: Building with floating roof (isometric view) 

 

  
Figure 11a.  ANSYS floating roof model Mode 1(1.7 Hz)   

 

  
Figure 11b.  ANSYS floating roof model Mode 2 (2.3 Hz) 

 

 
Figure 11c.  ANSYS floating roof model Mode 3 (3.12 Hz) 

 

Table 2.  Properties of TMD in the floating roof model 

Position 
Frequency 

(Hz) 

Mass 

(kg) 

Stiffness 

(kN/m) 

Damping 

(kNs/m) 

TMD on the 

NS direction 
1.7 1.04x10

6 
121075 449 

TMD on the 

EW direction 
2.3 1.04x10

6 
218008 602 

 

 
Mode 1(1.0 Hz)   

 
Mode 2 (1.31 Hz) 

 
Mode 3 (1.52 Hz) 

Figure 12: First three mode shapes of the floating roof model 

in ANSYS 
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(a) Top story NS displacement 

 
(b) Top story EW displacement  

 
(a) Top story in plane rotation 

 

Figure 13. Comparison between no-TMD, 3-TMD-B, and 

floating roof  models – Bidirectional sinusoidal excitation  

 

 
 

Figure 14: Peak displacement in NS direction under      

bidirectional sinusoidal excitation 

 

 

 

Figure 15: Peak displacement in EW direction under 

bidirectional sinusoidal excitation 

 

 

 

Figure 16: Peak in-plane rotation under bidirectional 

sinusoidal excitation 

 

 Nonlinear analysis of “floating” roof model 2.2

In the previous analyses, the authors assigned a large value to 

the steel yield stress to force the structure to behave linearly.  

Next, they reduced the values of the yield stress for beams and 

columns to 248 MPa and 354MPa (see Figure 2). The 

amplitude of the sinus excitations was also increased to 10 

m/sec
2
 in order to activate the nonlinear behavior of the 

model.  Figures 17 to 19 show the difference of the response 

between linear and nonlinear behavior of the floating roof 

model.  These results show that, as expected, the nonlinear 

behavior of the structure leads to a degradation of the 

effectiveness of the “floating” roof of up to 23%. 
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Figure 17: Reduction of NS displacement between linear and 

nonlinear model under sinusoidal excitation 

 

 
 

Figure 18: Reduction of EW displacement between linear and 

nonlinear model under sinusoidal excitation 

 

 
 

Figure 19: Reduction of rotation between linear and nonlinear 

model under sinusoidal excitation 

 

 Testing of the floating roof model under real 2.3

earthquake excitation 

To evaluate the proposed control strategies under seismic 

excitation, two historical records were selected: the N-S and 

E-W components of the Imperial Valley, California 

earthquake of May 18, 1940, recorded at the Imperial Valley 

Irrigation District substation in El Centro, California. The 

preliminary results reported here are for the simultaneous 

application of the NS seismic record to the NS direction of the 

model and the EW direction of the seismic record to the EW 

direction of the model. In addition, to insure nonlinear 

behavior of the structure, the amplitudes of the records were 

multiplied by two.  Figure 20 shows the EW translation and 

rotation time-histories of the third floor for no TMD model 

and floating roof model.  The green line is the No-TMD 

model and the purple line is floating roof model. 

In this particular case, with minimal non-linear behavior, 

there is a 44% reduction in the peak EW translation and a 

49% reduction in the peak rotation of the third story.  

However more studies are needed, with different earthquake 

records with different frequency content, to assess the 

effectiveness of the proposed control strategy, and the 

influence of nonlinear behavior. 

 

 
Non-linear Time history of EW displacement (EC) 

 
Non-linear Time history of rotation (El Centro) 

 

Figure 20.  Time histories of third floor EW translation (in 

meters) and rotation (in radians) for no TMD model and 

floating roof model under seismic excitation 
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3 CONCLUSION 

This preliminary study investigated the effectiveness of 

combining 2 TMD’s in conjunction with a third TMD in an 

orthogonal direction to control translations and in-plane 

rotations of an asymmetric structure subjected to in-plane 

dynamic torsion.  The 3 TMDs scheme proved to be more 

effective than a one TMD or two TMDs scheme, when 

subjecting an asymmetrical 3D 3-story tier-building to 

bidirectional sinusoidal excitations tuned to the first two 

natural frequencies of the structure.  The concept was 

extended to the case of a “floating roof”, where the mass of 

the roof of the building, which could be supported on 

elastomeric bearing, could provide the mass for the 3 TMDs. 

The floating roof model was 30% more effective than the 3 

TMDs model.  However, the studies also show, as expected, 

that the nonlinear behavior of the structure, which leads to 

detuning of the TMD’s degrades the effectiveness of the TMD 

scheme. 

A preliminary study explored the behavior of the building 

with a floating roof under seismic excitation.  Not 

surprisingly, the effectiveness of the control appeared to be 

highly dependent on the earthquake characteristics, including 

amplitude and frequency contents, as well as the amount of 

non-linear behavior of the structure.   

Future studies will investigate different optimization 

criteria for the TMD’s, and will explore the suitability of the 

proposed scheme to taller buildings, and the possibility of 

replacing the connection of the TMD mass with semi-active 

magneto-rheological dampers.  Practical issues regarding the 

possible implementation of a “floating roof” need also to be 

investigated, as well as the alternative use of other 

substructure elements to provide the mass of the TMD.   
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ABSTRACT: In this paper, the design sensitivity of dynamic characteristics of planar frames with viscoelastic (VE) dampers 
mounted on them is considered in detail. A family of models with fractional derivatives are adopted to describe the VE dampers’ 
behavior. The fractional derivatives are used to model VE dampers. The dynamic characteristics of structures are determined as 
a solution to the appropriately defined nonlinear eigenvalue problem. The direct method is used to determine the above 
mentioned sensitivity. In particular, the design sensitivity of dynamic characteristics of the considered system with respect to 
damper’s parameters is analyzed. Moreover, the results of typical calculations are presented and discussed.  

KEY WORDS: Structures with VE dampers, Fractional models of dampers, Dynamic characteristics, Design sensitivity. 

1 INTRODUCTION 

The design sensitivity analysis of structures and mechanical 
systems is a very important part of the solution procedure in 
many engineering problems, such as optimization of 
structures, parametric identification problems, structural 
health monitoring problems, model updating problems [1], 
structural reliability problems, damage detection [2] and 
others. The concept of stochastic sensitivity was proposed by 
Szopa in [3]. Recently, the idea of the so-called global 
sensitivity analysis is developed in [4].  

Sensitivity methods and problems are reviewed, for 
example in [5]. Computational methods for sensitivity 
analysis, particularly related to the eigenvalue problems, have 
received much attention in the last few decades. In general, 
methods for calculating the design sensitivity of structures can 
be divided into three groups, i.e., the semi-analytic methods, 
the direct sensitivity method [2, 6] and the adjoint variable 
methods [7, 8]. The design sensitivity of eigenvalues and 
eigenvectors of undamped structures and systems is 
considered in many papers (see, for example [1, 9]). Methods 
for the sensitivity analysis of systems or structures with 
proportional and/or nonproportional damping are presented in 
[6, 10-13].  

In the context of the dynamics of viscoelastic (VE) 
structures, the eigensensitivity analysis is presented in [14], 
where the concept of complex modulus is used to describe the 
VE properties of surface damping layers. A systematic design 
sensitivity analysis of structures with VE dampers is not 
presented at all. 

In this paper, the design sensitivity of dynamic 
characteristics of planar frames with VE dampers mounted on 
them is considered in detail. The influence of damper’s 
parameters on the above-mentioned characteristics is most 
interesting. A family of models with the fractional derivatives 
are adopted to describe the VE dampers’ behavior. 

The rest of this paper is organized as follows: a description 
of VE dampers together with the equation of motion and 
derivation of nonlinear eigenvalue problem from which the 

dynamic characteristics of the system under consideration 
could be determined, is presented in Section 2; Section 3 
describes the direct method of sensitivity analysis used in this 
paper, moreover, a set of useful formulae connected with 
sensitivity analysis for different models of VE dampers are 
presented; in Section 4, results of typical calculations are 
described and briefly discussed while some concluding 
remarks are formulated at the end of this paper. 

2 DYNAMIC CHARACTERISTICS OF STRUCTURES 
WITH VE DAMPERS 

2.1 Rheological models of dampers 

Many rheological models of dampers have been proposed in 
the literature. The most popular ones are two classics: the 
Maxwell and the Kelvin models. The Kelvin model consists 
of the spring and the dashpot connected in parallel, while the 
Maxwell model is built of a spring and a dashpot connected 
serially (see Fig. 1). 

 
 
 

 
 

 

 

 
 

Figure 1.Classical models of dampers a) Maxwell model  
b) Kelvin model. 

 
Forces in dampers are described by means of evaluation 

equations. For the Maxwell model, the equations take the 
following form: 

 ( ) ( ) ( )( )tqtqktu iw −= 1  (1) 

Sensitivity analysis of dynamic characteristics of frame with dampers described  
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 ( ) ( ) ( )( )tqtqctu wj && −= 1  (2) 

where: k1 – stiffness, c1 – damping factor, qi and qj – nodal 
displacements of damper and qw is an additional variable, 
often called the internal variable or internal displacement. 
After eliminating qw from Equations (1) and (2), the following 
one is obtained: 

 ( ) ( ) ( )tqctutu && ∆=+ 11τ  (3) 

where: 111 / kc=τ  and ( ) ( ) ( )tqtqtq ij −=∆  is relative 

displacement of nodes of damper. The evaluation equation for 
the Kelvin model is expressed as: 

 ( ) ( ) ( )tqctqktu &∆+∆= 00  (4) 

where: k0 – stiffness and c0 – damping factor. 
In order to better describe the damper, so-called fractional 

models are often used. They describe the rheological 
properties of dampers more efficiently than the classical ones 
[15]. A damping element (called “a springpot element”) is 
now described by two constants c and α, where α denotes the 
order of the fractional derivative. The fractional Maxwell and 
Kelvin models are shown in Fig. 2.  

 
 
 
 
 
 
 
 
 
 

Figure 2. Fractional models of dampers a) Maxwell model  
b) Kelvin model. 

 
Evaluation equations for the Maxwell model can be written 

as follows: 

 )()()( 11 tqDktuDtu tt ∆∆∆∆αατ =+  (5) 

and for the Kelvin model they could be described in the 
following way: 

 )()()( 00 tqDctqktu t ∆∆∆∆∆∆∆∆ α+=  (6) 

where the symbol α
tD  denotes the Riemann-Liouville 

fractional derivative of the order α with respect to time [16, 
17]. 

The classical Kelvin and Maxwell models could be obtained 
by the introduction of 1=α  in Equations (5) and (6). On the 
basis of simple models of dampers, multi-parameter models 
can be created.  

In this paper, the fractional five-parameter model of damper 
is also considered (see Fig. 3). As special cases, it contains a 
number of specific models, e.g., the three-parameter Maxwell 
and Kelvin models, the four-parameter fractional Maxwell 
model. 

The force in the considered model of damper is written as: 

 )()()( 10 tututu +=  (7) 

where )(0 tu  is the force in the fractional Kelvin element and 

)(1 tu  is the force in the fractional Maxwell element. They are 

calculated using Formulae (6) and (5), respectively. 
 
 
 
 
 
 

Figure 3. Five-parameter model of damper. 
 
After taking the Laplace transform, Equation (7) can be 

written in the form: 

 )()()( 10 sususu += , (8) 

and Equations (5) and (6) take the following form: 

 )()()( 000 sqscsqksu ∆∆∆∆∆∆∆∆ α+=  (9) 

 )()()( 1111 sqscsussu ∆∆∆∆αατ =+  (10) 

where: [ ])()( tqLsq ∆∆∆∆∆∆∆∆ = , [ ])()( 00 tuLsu = ., [ ])()( 11 tuLsu = , 

[ ])()( tuDLsus t
αα = , and s  – Laplace variable. Finally: 

 )()()( sqsGsu ∆∆∆∆=  (11) 

where: 

  α

α
α

τ
ττ

s

s
ksksG

1

1
100

1
)1()(

+
++=   (12) 

  000 / kc=τ  ,  111 / kc=τ . (13) 

 

 

 

 

Figure 4. Four-parameter Maxwell model. 
 
 
 
 
 
 

Figure 5. Four-parameter Kelvin model. 
 

In order to obtain the function G(s) given by relationship (12) 
for specific models of dampers, let us substitute: 

 00 =c ,   00 =k   

for the three-parameter Maxwell model (see Fig. 2a) and 

 01 =c ,   01 =k  

for the three-parameter Kelvin model (see Fig. 2b) and 

u u 
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 00 =c  

for the four-parameter Maxwell model (see Fig. 4). In the case 
of the four-parameter Kelvin model (see Fig. 5) the function 
G(s) is following: 

 α

α

τ
ττ
s

sk
sG

c

ck

+
+

=
1

)( 1  (14) 

where 
10

0

kk

c
c +

=τ , 
10

10

kk

kk
k +

=τ . 

2.2 Equations of motion of structure with VE dampers 

The equation of motion of structures with VE dampers can be 
written in the following form: 

 )()()()()( ttttt sss fpqKqCqM +=++ &&&  (15) 

where: sM , sC  and sK  denote the mass, the damping and 

the stiffness matrix of structure, respectively. The structure is 
modeled as the shear frame with mass lumped at the storey 

level. [ ]Tnqqt ...)( 1=q  is the vector of displacements of 

the structure, [ ]Tnppt ...)( 1=p  is the vector of excitation 

forces and [ ]Tnfft ...)( 1=f  is the vector of the 

interaction forces between the frame and the dampers (see 
Fig. 6). 

Vector )(tf  is a sum of the vectors )(tif . Each of them is 

formed if only the damper i is located on the frame, i.e.: 

 ∑
=

=
m

i
i tt

1

)()( ff . (16) 

 

 

 

 

 

 

 

 

 

 

Figure 6. Diagram of frame with VE dampers. 
 
For the damper located between the floors j and j + 1 (see 

Fig. 6) it is possible to write: 

 ( )tut iii ef =)( ,     [ ]Tjji ee 0...11...0 1 === +e .(17) 

After taking the Laplace transform, the equation of motion 
could be written as: 

 ( ) )()()( 2 sssss sss fpqKCM +=++  (18)  

where: [ ])()( tLs qq = , [ ])()( tLs pp = , [ ])()( tLs ff = .  

For m dampers, the following equation is obtained: 

 )()(
1

sus i

m

i
i∑

=

= ef  (19) 

Substituting Equation (11) written for damper i to Equation 
(19) leads to: 

 )( )()(
1

ssGs i

m

i
i qLf ∑

=

−= , (20) 

where: T
iii eeL = . After substituting Equation (20) to (18) the 

equation of motion of structure with VE dampers is: 

 ( ) ( )sssGss
m

i
iisss pqLKCM =













+++ ∑

=

  )(
1

2  (21) 

If the vector of external forces equals zero ( 0p =)(s ), 

Equation (21) leads to the following nonlinear eigenproblem: 

 0qD =)( )( ss  (22) 

where: 

∑
=

+++=
m

i
isss ssss

1

2  )()( GKCMD ,    ii sGs LG )( )( i= . 

In the papers [18-21], methods to solve a nonlinear 
eigenproblem for the structure with damping forces described 
by using fractional derivatives are shown. In this paper, the 
nonlinear eigenproblem was solved by the continuation 
method, described in detail in paper [21]. 

A solution to the eigenproblem is obtained in the form of a 
set of eigenvalues is  and eigenvectors )(siq  for i = 1,2....,2n, 

where n is the number of degrees of freedom of the structure. 
After determination of eigenvalues it is possible to calculate 
the natural frequencies ωi of structures with dampers and non-
dimensional damping factors γi. They are defined as: 

 222
iii ηµω += ,     iii ωµγ /2 −=  (23) 

where )Re( ii s=µ , )Im( ii s=η .  

3 DESIGN SENSITIVITY ANALYSIS  

3.1 Sensitivity of eigenvalues and eigenvectors with 
respect to design parameters 

In this paper the direct method to calculate the design 
sensitivity presented in [6] is used. Differentiating Equation 
(22) with respect to the design parameter p leads to: 

 )()(
)(

)( 1 s
p

s
s

s

s

p
s hq

Dq
D =

∂
∂

∂
∂

+
∂
∂

 (24) 

where: 
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∂
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∂
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Equation (24) has (n+1) unknowns, where n denotes the 
number of degrees of freedom of the structure. The equation 
to be added to Equation (22) is the condition of normalization 
of the eigenvector. The equation is taken in the form: 

 1)(
)(

)(
2

1 =
∂

∂
s

s

s
sT q

D
q  (25) 

Differentiating Equation (25) with respect to the design 
parameter p leads to: 

      )()(
)(

)(
2

1)(
)( 22

2

sh
p

s
s

s

s
s

ps

s
s TT =

∂
∂

∂
∂

+
∂
∂

∂
∂

q
D

q
qD

q  (26) 

where: 

)( 
)()(

2)(
2

1

1
2

22

2 s
p

s

s

s

ps

s

pp
ssh

m

i

iissT q
GGCM

q


























∂
∂

∂
∂−

∂∂
∂+

∂
∂+

∂
∂−= ∑

=

 

Equations (24) and (26) form a set of equations which should 
be solved with respect to p∂∂ /q  and ps ∂∂ / . 

Sometimes, in engineering practice, it is necessary to 
calculate only the sensitivity of eigenvalues. It could be 

reached after a pre-multiplication of Equation (24) by )(sTq  

and taking into account relationships (22) and (25). Finally, 
the following is obtained: 

 )()(
2

1
1 ss

p

s T hq=
∂
∂

 (27) 

It is useful to write the formulae describing the matrix )(1 sh  

and the scalar function )(2 sh in the form: 

 )( )()( 11 sss qhh −=      )( )( )(
2

1
)( 22 ssssh T qhq−=  (28) 

where: 

∑
=
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h . 

In the calculation of sensitivity with respect to a chosen 
parameter of structure or damper, only the matrices )(1 sh  and 

)(2 sh  change and can be reduced to a much simpler form. 

The formulae which enable the calculation of sensitivity with 
respect to a change of the chosen design parameter of 
different models of dampers are introduced in the next 
subsection. 

3.2 Useful formulae needed in design sensitivity analysis 
of structures with VE dampers 

3.2.1 Three-parameter Maxwell model 

In order to calculate the sensitivity of eigenvalues and 
eigenvectors with respect to the change of only one parameter 
of damper with number i, it is necessary to modify the 

matrices )(1 sh  and )(2 sh . In the case of the three-parameter 

Maxwell model (see Fig. 2a), these matrices take the 
following form: 

i
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α
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when the design parameter p is the damping factor c1i and 
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when the stiffness k1i is the design parameter and 
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when αi is the design parameter. 

3.2.2 Three-parameter Kelvin model 

In the case of the three-parameter Kelvin model (see Fig. 2b) 
matrices 1h  and 2h  are as follows: 

 i
iss Lh α=)(1  ,     ii

iss Lh 1
2 )( −= αα  

when the design parameter p is the damping factor c0i and 

 is Lh =)(1  ,      0h =)(2 s  

when the stiffness k0i is the design parameter and 

 iii ssks i Lh ln)( 001
ατ=  ,   iiii ssks i Lh  )ln1()( 1

002 ατ α += −  

when αi is the design parameter. 

3.2.3 Four-parameter Maxwell model 

Let us consider the four-parameter Maxwell model (see Fig. 
4). The matrices )(1 sh  and )(2 sh  take the following form: 

is Lh =)(1  ,     0h =)(2 s  

when the design parameter p is the stiffness k0i and 
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when the damping factor c1i is the design parameter and 
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when the stiffness k1i is the design parameter and 
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when αi is the design parameter. 

3.2.4 Four-parameter Kelvin model 

We also can consider the four-parameter Kelvin model (see 
Fig. 5). Now, the matrices )(1 sh  and )(2 sh  are written as: 

i
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when the design parameter p is the damping factor c0i and 
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when the stiffness k0i is the design parameter and 
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when the stiffness k1i is the design parameter or 
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when αi is the design parameter. 

3.3 Sensitivity of natural frequencies and non-dimensional 
damping factor 

The obtained formulae (24) and (26) enable determination of 
the sensitivity of further dynamic characteristics, such as: 
natural frequencies and the non-dimensional damping factor. 
Differentiating Equations (23) and using the relationship: 

 
ppp

s

∂
∂+

∂
∂=

∂
∂ ηµ

i  (29) 

leads to the following formulae: 
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ω
γµ

ω
γ 1

 (31) 

where here 1i −= . 

The sensitivity of dynamics characteristics for structures 
with classical dampers could be obtained by introducing 

1=α  in the derived formulae. 

4 RESULTS OF TYPICAL CALCULATION 

Two examples are shown in this section. The results of  
sensitivity of natural frequencies and non-dimensional 
damping factor with respect to the change of design 
parameters of structure as well as dampers are presented in 
order to check the correctness of the derived formulae. The 
values of sensitivity which are calculated from the derived 
formulae were compared with the ratio of increment of the 
dynamic characteristics to increment of the values of the 
respective design parameters. A two-storey building with a 
three-parameter Maxwell damper (see Fig. 2a) situated on the 
second storey is considered (see Fig. 7). The following data 
are adopted: the mass of every floor m = 1000kg, the storey 
stiffness ks = 100000N/m and the damper parameters: 
k1 = 50000N/m, c1 = 8000Nsα/m and α = 0,6. Damping in the 
structure is neglected. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. Diagram of the considered frame 
 

Table 1. Sensitivity of natural frequencies. 

Design 
parameter p∂

∂ 1ω
 

p∂
∂ 2ω

 

m1 -0.9548∙10-3 -0.6201∙10-2
 

m2 -0.2220∙10-2
 -0.2830∙10-2

 

ks1 0.2411∙10-4
 0.2009∙10-4

 

ks2 0.6553∙10-5
 0.5656∙10-4

 

k1 0.3808∙10-6 0.9325∙10-5 
c1 0.1105∙10-4 0.1126∙10-3 
α 0.1393 0.2602∙101 

 
The results of calculation are presented in Tables 1–6 for 

increment of design parameters equaling 1%, 5% and 10%. 
The calculations were performed with respect to a change in 
the design parameter of the structure (mi and ksi, where i 
denotes number of floor) and the parameter of damper (k1, c1 
and α). The results presented in Tables 1-6 confirm the 
correctness of the derived formulae. 
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Table 2. Ratio of increment of first natural frequency to  
              increment of design parameter. 

Design 
parameter 

p∆
∆ 1ω

 

%1=∆p  %5=∆p  %10=∆p  

m1 -0.9540∙10-3 -0.9490∙10-3 -0.9430∙10-3 
m2 -0.2209∙10-2 -0.2168∙10-2 -0.2119∙10-2 
ks1 0.2400∙10-4 0.2357∙10-4 0.2306∙10-4 
ks2 0.6500∙10-5 0.6294∙10-5 0.6057∙10-5 
k1 0.3800∙10-8 0.3600∙10-6 0.3440∙10-6 
c1 0.1100∙10-4 0.1085∙10-4 0.1068∙10-4 

   α 0.1400 0.1433 0.1482 
 
Table 3. Ratio of increment of second natural frequency to  
              increment of design parameter. 

Design 
parameter 

p∆
∆ 2ω

 

%1=∆p  %5=∆p  %10=∆p  

m1 -0.6150∙10-2 -0.5942∙10-2 -0.5702∙10-2 
m2 -0.2800∙10-2 -0.2690∙10-2 -0.2564∙10-2 
ks1 0.2010∙10-4 0.2014∙10-4 0.2019∙10-4 
ks2 0.5650∙10-4 0.5616∙10-4 0.5578∙10-4 
k1 0.9200∙10-5 0.8960∙10-5 0.8580∙10-5 
c1 0.1125∙10-3 0.1100∙10-3 0.1073∙10-3 

   α 0.2617∙101 0.2680∙101 0.2755∙101 
 

Table 4. Sensitivity of non-dimensional damping factors. 

Design 
parameter p∂

∂ 1γ
 

p∂
∂ 2γ

 

m1 -0.8284∙10-5
 0.8934∙10-5

 

m2 0.7577∙10-5
 -0.8695∙10-5

 

ks1 0.1211∙10-6
 -0.1235∙10-6

 

ks2 -0.1993∙10-6 -0.2440∙10-6 
k1 0.1235∙10-6 0.7461∙10-6 
c1 0.2939∙10-6 -0.9941∙10-7 
α 0.2656∙10-1 0.8051∙10-1 

 
Table 5. Ratio of increment of first non-dimensional damping  
              factor to increment of design parameter. 

Design 
parameter 

p∆
∆ 1γ

 

%1=∆p  %5=∆p  %10=∆p  

m1 -0.8250∙10-5 -0.8128∙10-5 -0.7977∙10-5 
m2 0.7520∙10-5 0.7306∙10-5 0.7047∙10-5 
ks1 0.1210∙10-6 0.1206∙10-6 0.1202∙10-6 
ks2 -0.1968∙10-6 -0.1873∙10-6 -0.1765∙10-6 
k1 0.1226∙10-6 0.1196∙10-6 0.1159∙10-6 
c1 0.2888∙10-6 0.2668∙10-6 0.2413∙10-6 

   α 0.2662∙10-1 0.2683∙10-1 0.2707∙10-1 

Table 6. Ratio of increment of second non-dimensional  
              damping factor to increment of design parameter. 

Design 
parameter 

p∆
∆ 2γ

 

%1=∆p  %5=∆p  %10=∆p  

m1 0.8900∙10-5 0.8746∙10-5 0.8564∙10-5 
m2 -0.8640∙10-5 -0.8444∙10-5 -0.8203∙10-5 
ks1 -0.1234∙10-6 -0.1230∙10-6 -0.1224∙10-6 
ks2 -0.2427∙10-6 -0.2379∙10-6 -0.2320∙10-6 
k1 0.7434∙10-6 0.7328∙10-6 0.7196∙10-6 
c1 -1.1625∙10-7 -1.8175∙10-7 -2.5588∙10-7 

   α 0.8000∙10-1 0.7772∙10-1 0.7432∙10-1 
 

In the second example, an eight-storey frame with three 
bays is considered (see Fig. 8). The frame is designed 
according to the EC8 Part 1. Construction data with the 
exception of the unit mass of the floor, were adopted on the 
basis of the work [22]. The height of the columns is 3m and 
the span of the beams is 5m. Young's modulus (E) of concrete 
equals 31GPa. Dimensions of columns and their replacement 
stiffnesses are presented in Table 7.  

 

Table 7. Dimensions and replacement stiffness of columns. 

Storey 
level 

Lateral 
column 

[cm]

Central 
column 
[cm] 

Replacement 
stiffness 
[kN/m] 

1,2 50x50 60x60 441119 
3,4 45x45 53x53 275351 
5,6 40x40 45x45 152948 
7,8 35x35 40x40 93244 

 

Table 8. First natural frequencies and non-dimensional  
damping factor for structure without and with 
fractional dampers. 

Structure 
without 
dampers 

 Structure with fractional dampers 

natural 
frequency   

1ω [rad/s] 

natural frequency  

1ω  [rad/s] 
non-dimensional damping 

factor 1γ  

Maxwell 
model 

Kelvin 
model 

Maxwell 
model 

Kelvin 
model 

3.10396 3.40570 3.34162 0.04045 0.04045 
 

Table 9. First natural frequencies and non-dimensional  
damping factor for structure with classical dampers. 

natural frequency  

1ω  [rad/s] 
non-dimensional damping 

factor 1γ  

Maxwell 
model 

Kelvin 
model 

Maxwell 
model 

Kelvin 
model 

3.54368 3.33702 0.07215 0.09897 
 

The mass per unit length of every floor equals 60000 kg/m. 
The dampers are attached on the fifth, sixth and seventh floors 
of the structure. Such locations were chosen according to 
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paper [22]. Two models of dampers are considered: a four-
parameter Maxwell model (see Fig. 4) and a three-parameter 
Kelvin model (Fig. 2b). The parameters of the dampers were 
adopted in such a way that the first non-dimensional damping 
factor was 04,01 ≥γ . The following parameters of dampers 

are adopted: kN/m100000 =k , kN/m3000001 =k , 

/mkNs50000 α

1 =c  and 6.0=α  for the four-parameter 

Maxwell model and kN/m200000 =k , /mkNs27000 α

0 =c  

and 6.0=α  for the three-parameter Kelvin model. In Tables 
8-9 the values of first natural frequencies 1ω  and the non-

dimensional damping factor 1γ  for the structure without 

dampers and for the structure with fractional ( )6.0=α  and 

classical ( )1=α
 

dampers are presented. Damping in the 

structure is neglected. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Diagram of the considered frame 
 

Table 10. Sensitivities of dynamic characteristics of structure 
 with the four-parameter Maxwell model of dampers 
( )6.0=α  

Design 
parameter 
of damper  p∂

∂ 1ω
 

p∂
∂ 1γ

 

k01 0.1033∙10-8 -0.1404∙10-9 
k02 0.6565∙10-9 -0.9428∙10-10 
k03 0.5175∙10-9 -0.1125∙10-9 
k11 0.4670∙10-10 0.2285∙10-10 
k12 0.3104∙10-10 0.1447∙10-10 
k13 0.3479∙10-10 0.1109∙10-10 
c11 0.1564∙10-8 0.2932∙10-10 
c12 0.1005∙10-8 0.1251∙10-10 
c13 0.8777∙10-9 -0.3631∙10-10 
α1 0.8776∙10-1 0.3876∙10-1 
α2 0.5814∙10-1 0.2452∙10-1 
α3 0.6375∙10-1 0.1852∙10-1 

 
In Tables 10-13 the values of sensitivity of first natural 

frequency and non-dimensional damping factor with respect 

to change of parameter of VE dampers are presented. The 
classical ( )1=α and fractional ( )6.0=α

 

models of dampers 

are considered. The parameters of the damper are marked as 
follows: k0i, k1i, c0i, c1i and αi, where i denotes the number of 
damper. 
 
Table 11. Sensitivities of dynamic characteristics of structure  

with the four-parameter Maxwell model of dampers 
( )0.1=α  

Design 
parameter 
of damper  p∂

∂ 1ω
 

p∂
∂ 1γ

 

k01 0.4928∙10-9 -0.2261∙10-9 
k02 0.2893∙10-9 -0.1458∙10-9 
k03 0.9001∙10-10 -0.1196∙10-9 
k11 0.1034∙10-9 0.6720∙10-10 
k12 0.7116∙10-10 0.4152∙10-10 
k13 0.8174∙10-10 0.2469∙10-10 
c11 0.2343∙10-8 -0.3440∙10-9 
c12 0.1443∙10-8 -0.2334∙10-9 
c13 0.8291∙10-9 -0.2512∙10-9 
α1 0.2487 0.3242∙10-1 
α2 0.1594 0.1859∙10-1 
α3 0.1258 0.3279∙10-2 

 
Table 12. Sensitivities of dynamic characteristics of structure  

with the three-parameter Kelvin model of dampers 
( )6.0=α  

Design 
parameter 
of damper  p∂

∂ 1ω
 

p∂
∂ 1γ

 

k01 0.1248∙10-8 -0.1427∙10-9 
k02 0.8023∙10-9 -0.9751∙10-10 
k03 0.6983∙10-9 -0.1355∙10-9 
c01 0.2272∙10-8 0.4662∙10-9 
c02 0.1493∙10-8 0.2930∙10-9 
c03 0.1587∙10-8 0.1957∙10-9 
α1 0.6175∙10-2 0.4474∙10-1 
α2 0.6017∙10-2 0.2897∙10-1 
α3 0.2323∙10-1 0.2702∙10-1 

 
Table 13. Sensitivities of dynamic characteristics of structure  

with the three-parameter Kelvin model of dampers 
( )0.1=α  

Design 
parameter 
of damper  p∂

∂ 1ω
 

p∂
∂ 1γ

 

k01 0.1271∙10-8 -0.3774∙10-9 
k02 0.7844∙10-9 -0.2576∙10-9 
k03 0.2954∙10-9 -0.3114∙10-9 
c01 0.3783∙10-8 0.1382∙10-8 
c02 0.2609∙10-8 0.8618∙10-9 
c03 0.3370∙10-8 0.3953∙10-9 
α1 -0.8594∙10-1 0.9584∙10-1 
α2 -0.4542∙10-1 0.6312∙10-1 
α3 0.4988∙10-1 0.5818∙10-1 

k1 
2 

k4 
2 k3 
2 
k2 
2 

k5 
2 

k6 
2 

k7 
2 

k8 
2 

5m 
2 

5m 
2 

5m 
2 
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5 CONCLUDING REMARKS 

The design sensitivities of dynamic characteristics of 
structures with VE dampers are investigated. The obtained 
formulae enable determination of the sensitivity of dynamic 
characteristics of structures with VE dampers with respect to 
the chosen design parameter. The considered model of damper 
can be used for the analysis of structures with different 
dampers described by selected rheological models with 
fractional derivatives. The design sensitivity was calculated 
by using the direct method. Sensitivities with respect to 
damper’s parameters are analyzed in particular. The 
correctness of the presented method was proved in the first 
example. The analytical formulae for derivatives with respect 
to the parameters of dampers of the matrix )(sG  are derived. 

For dampers modeled using fractional derivatives, the design 
sensitivities of dynamic characteristics of structures are 
analyzed for a first time. The method used to calculate the 
sensitivities of dynamic characteristics of structures with VE 
dampers is easy to formulate, systematic to apply, simple to 
code and it agrees well with the exact results.  
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ABSTRACT: The development of a complete “6-dimensional” seismic input model is addressed for the analysis of large 
structures resting on rigid mat foundations. The topic is first illustrated within the framework of the linearized theory of dynamic 
soil-structure interaction and the nature of the kinematic transformation between the free-field seismic motion and the motion of 
the rigid mat is cleared and discussed.  
On this basis, the complete spectral description (direct and cross power density functions) of the 6D motion of the rigid mat is 
derived from the space-time stochastic model of the free field displacement. To this aim different forms of the coherency 
function relating the horizontal and vertical motion at a point are proposed and tested. 
The rigid-mat excitation model is then applied to the dynamic analysis of the reactor building designed within the IRIS 
international project, this being a classical example of rigid system, i.e. of a structural system which, once base-isolated, tends to 
behave as a rigid body. 
The effect of the rotational input components is studied, by a classical random vibration approach, in view of characterizing 
their effect on the isolators, especially in term of imposed relative displacement and of applied axial forces. The result show how 
the torsional rotation input has a negligible effect on the horizontal relative displacement of the isolators, while rocking inputs 
are responsible for a more significant increase in the axial load variation. The effect of the model assumed for the correlation 
between the horizontal and vertical free-field motion at a point is also enlightened. 

KEY WORDS: Seismic excitation; Isolated structures; Soil-structure systems; Kinematic interaction; Rotational input, Random 
vibration analysis 

1 INTRODUCTION 
The introduction of seismic isolation systems is likely to 
become almost mandatory, in the next future, in the design of 
buildings and facilities for which superior performances are 
needed against design actions and whose functionality after 
the event is of utmost importance. This is the typical case of 
Nuclear Power Plants; in fact, almost all recent (Generation 
III and IV) designs of nuclear reactor buildings rely on base 
isolation for reducing the risk associated to earthquake-
induced events to the same order of magnitude of the one 
deriving from internal faults. In addition, the reduction of the 
acceleration values transmitted to the equipment and their 
more uniform pattern throughout the building, which tends to 
behave as a rigid body, is of great help in the standardization 
of the equipment itself. 

It must be observed, however, that in such conditions the 
isolation devices themselves are prone to become the critical 
components in terms of seismic fragility, since the response 
attenuation is obtained at the price of large relative 
displacements between the building and the foundation; thus, 
all factors affecting the isolators performance become of 
utmost importance in risk evaluation. Among these factors, 
some input related issues have captured the attention of 
designers and researchers, namely: 

• the effect of the torsional rigid-body mode on the 
isolator shear strain, which is usually taken into 
account by code provisions in terms of accidental 
mass eccentricity, 

• the effect of rocking on the variation of the axial 
forces applied to the isolators. 

Both aspects can be affected by the rotational input 
transmitted by the foundation, which can be usually assumed 
as rigid in reactor buildings, to the isolated structure; to this 
topic is addressed the research effort whose preliminary 
results are summarized in this paper in which, after a 
presentation of the excitation model, an example is shown, 
regarding a reactor building resting on HDRB (High Damping 
Rubber Bearing) devices, these representing one of the most 
diffused and reliable solutions for seismic isolation. For a 
preliminary evaluation, the response analysis is here based on 
a linearized model; the use of non-linear models for the 
isolation devices is left to future developments of the research. 

2 EQUATIONS OF MOTION 
According to a standard procedure, the motion of the system 
can be decomposed into a pseudo-static and a dynamic 
component, i.e. 

 ( ) ( )( ) ( ) ( )p dt t t= +q q q  (1) 

where the pseudo-static component is defined as the motion 
occurring when the mass and the damping of the structure are 
set to zero, i.e. the one due to kinematic interaction, while the 
dynamic component accounts for inertial interaction. Note 
that the q(t) vector has here the dimensions n of the number of 
degrees of freedom of the structure+foundation system, since 
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the ground behavior is represented through impedance 
functions referred to the “contact” displacements  qc  i.e. the 
ones of the nodes at the ground-foundation interface. 
Assuming that the system is supported by a single rigid 
surface foundation, the latter displacement components can be 
expressed, in pseudo-static conditions, as 

 ( ) ( ) ( )( )
0( ) ( ) ( ) ( )pf ap

c c ct t t t= + =q q q γq  (2) 

where γ is a constant matrix accounting for the kinematic 
constraint, while the superscripts f and a denote respectively 
the motion in free-field conditions and the added motion due 
to the introduction of the rigid mat. The vector 0 ( )tq  lists the 
6 motion components of the latter; the displacement  
components in this vector are the ones of the centroid of the 
contact surface (Fig. 1). 

 
 
 
 
 
 
 
 
 

 
 
 

Figure 1. Rigid mat foundation 

Given the above definitions, standard manipulation allows 
for expressing the relationship between the foundation motion 
in pseudo-static conditions ( )

0 ( )p tq  and the free-field motion 

of the contact points ( ) ( )f
c tq , this being the one for which 

established models, based on experimental observations, are 
largely available in the literature. This relationship turns out to 
be frequency dependent and is thus expressed below in terms 
of Fourier Transforms (denoted by a tilde) of time functions 
as 

 
( ) ( )

( )

( ) ( )
0 0

( )

( ) ( ) ( ) ( )

( ) ( )

p fg T g
cc c

fg
c

f f f f

f f

=

=

% %

%

q H γ E q

β q
 (3) 

where ( ) ( )
0 ( ) andg g

ccfH E denote respectively the frequency 
response function (FRF) matrix of the rigid foundation resting 
on an elastic soil and the ground impedance matrix (inverse of 
the FRF one) referred to the contact displacements qc; note 
that no confusion should arise from using the letter f for 
frequency as well as for free-field motion. 

In the case study here shown a simplified, frequency 
independent definition of the transformation matrix β has 
been adopted, as usual done in practical applications, based on 
the following simplified criteria: 

• the translational components in ( )
0 ( )p tq at the 

centroid are defined as the average of the 
corresponding free-field components at the contact 
points; 

• the rotational components are defined as the average 
of the rigid body rotations obtained for all contact 
points and projected onto the reference axes; each 
rotation is obtained by subtracting from the relevant 
local displacement component (e.g. vertical for 
rocking components) the value at the centroid 
(average value) and dividing the result by the 
distance between the two points.  

Once the model for the pseudostatic motion of the 
foundation is established, the equations delivering the 
dynamic portion, i.e. the motion relative to the rigid mat, can 
be written in the standard form 

 ( ) ( ) ( ) ( )
0 ( )pd d d t+ + = −&& & &&mq cq kq mRq  (4) 

where m, k and c are respectively the mass, stiffness and 
viscous damping matrix, while R is a (n,6) matrix expressing 
the rigid body motion of the structure as a function of the 
foundation motion. 

3 COMPUTATION OF RESPONSE TO RANDOM 
GROUND MOTION 

To apply equations (3) and (4) a complete space-time 
description of the 3D free-field seismic motion at contact 
points is required. Input stationarity has been here assumed to 
the aim of investigating the effect of the rotational input and 
of the correlation between ground motion components; the 
extension to quasi-stationary excitation is under development. 

3.1 Ground motion model 
To simplify the formal definition of the model the vector of 
contact point free-field motion has been partitioned between 
the three translational components (along x,y,z) as 

 { }( ) ( ) ( ) ( ) ( )f T
c t t t t=q u v w  (5) 

where w(t) is the vector of vertical components. The model is 
defined by means of the cross spectral density between two 
components of the seismic motion at two contact points; a 
problem arises, in this respect, since available literature 
models for seismic motion are restricted to the correlation 
between parallel components, while the vertical component at 
a point is usually taken as uncorrelated with respect to the 
horizontal ones. 

Pursuing a more general approach, a complete model has 
been here formulated, whose form has been suggested by the 
one currently adopted for turbulence components in wind 
modeling; accordingly, and focusing, for example, on the 
horizontal v component at point j and on the vertical 
component w at node k, the model is first expressed in the 
usual form 

 ( ) ( ) ( ) ( ) exp ( )
j k j k j kv w v w v w v wS f S f S f C f i fθ⎡ ⎤= ⎣ ⎦  (6) 

where andv wS S  are the direct spectral densities, assumed to 
be equal at all contact points, 

j kv wC is the absolute value of the 

coherency function (lagged coherency) and the complex 
exponential accounts for the delay effect, which is usually 
neglected in wind engineering. The lagged coherency is then 
modeled as the product of a ”point” coherency, modeling the 
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correlation among the components at a point, times a “space” 
coherency, modeling the correlation between parallel 
components at different points; the latter is in turn introduced 
as the geometrical average between the coherency functions 
characterizing the two components, i.e.  

 

( )( )

( )

( ) ( ) ( )

( ) ( ) ( )

j k j k

j k j k

SP
v w vw v w

P
vw v v w w

C f C f C f

C f C f C f

= =

=
 (7) 

Note that the delay effect as well can be ascribed to both 
local (systematic phase difference between components) and 
spatial properties (wave-passage) of the seismic motion field. 

In the case study here shown, available literature models 
have been assumed for space coherency functions, 
e.g. ( )

j kv vC f , between parallel components; some rather 

crude assumptions, on the other hand, have been introduced 
for the expression of the point coherency, especially when the 
correlation between horizontal and vertical components have 
been considered. These assumptions seem to be justifiable 
within the context of an initial investigation of the effect of 
the ground motion properties on the response of isolated 
systems; in parallel activity, a number of real three-component 
acceleration records are under examination to the aim of 
establishing more reliable models. 

More precisely, two assumptions have been tested for the 
properties of the point correlation between horizontal and 
vertical free-field motion, summarized in the following. 

The first model, named Constant Coherency model (CCM) 
in the following, is based on the assumption that the cross 
“point” spectral density between the vertical component and 
each of the horizontal ones is real (no local delay effect) and 
characterized by a constant point-coherency function, whose 
value ( )( ) ( )( ) ( ) PP P

vw uwC f C f C= =  is computed by assigning a 
value to the correlation coefficient = =uw vwρ ρ ρ ; horizontal 
components are here assumed as uncorrelated. 

In the second model, termed the linear combination model 
(LCM), it is assumed that the components of the free-field 
motion at a generic point can be defined as the sum of totally 
uncorrelated time functions and a coherent wave. This is the 
case, for example, of the contribution of simple Rayleigh 
waves, propagating at an angle ϕ  with respect to the x axis; 
the free-field motion at a point can be expressed, in such 
situation, as 

 
1 2

1 2

1 2

( ) ( ) ( )
( ) ( ) cos ( )
( ) ( ) sin ( )

w t w t w t
u t u t w t t
v t v t w t t

β ϕ
β ϕ

= +

= + +

= + +

 (8) 

where 1 2 1 1( ), ( ), ( ) and ( )w t w t u t v t  are uncorrelated time-
histories, 0.6813β =  at the surface and t  is equal to one 
quarter of the wave period. 

If we assume that 1 2( ) and ( )w t w t  share the same spectral 
shape and that the contribution of the correlated wave can be 
defined, in terms of standard deviation, as 

2w c wσ α σ= , the 
local correlation model turns out to be the following:  

 

2

2

2

( ) sin 2 ( )
2

( ) cos ( ) exp( )
2

( ) sin ( ) exp( )
2

c
uv w

uw c w

vw c w

S f S f

S f S f i

S f S f i

α
ϕ

πα β ϕ

πα β ϕ

=

= −

= −

 (9) 

from which point coherency functions can be easily derived. 
The stochastic model of the free-field motion is thus 

established once the direct spectral densities of the local 
components are defined, along with the space coherency 
functions: both aspects are largely covered in the literature. 
The matrix of the spectral densities of the pseudostatic motion 
can in turn be obtained, from (3), as 

 ( ) ( )
0

( ) ( )( ) ( )p f
c

g g Tf f= qqS β S β  (10) 

where ( )f
cqS  is the spectral density matrix of the free-field 

motion, resulting from the above described model. 

3.2 Random response computation 
Once the stochastic model for the input (see equations 10) is 
defined, the spectral density matrix of the response, can be 
expressed, according to equations (4) and to classical random 
vibration theory, in the following form  

 ( ) ( )
0

*( ) ( ) ( ) ( )d p
Tf f f f=

&&q qS H mRS R mH  (11) 

where ( )
12( ) 2 2 V Hf f i f iπ π

−
⎡ ⎤= − + + +⎢ ⎥⎣ ⎦

H m c c k   

is the matrix of frequency response functions of the model, in 
which a combined damping model has been introduced, 
encompassing both a viscous and a hysteretic damping matrix, 
named andV Hc c respectively. From (11) all quantities which 
are linearly related to relative motion, such as internal forces, 
stresses, etc., can be derived. In fact, if ( )( ) ( )T dZ t t= b q is, for 
example, an internal force component, its spectral density can 
be computed as  

 ( )( ) ( )d
T

ZS f f= qb S b  (12) 

Finally, if the total motion is needed, e.g. in terms of 
accelerations, taking (1) and the definition of R into account, 
the following expression can be derived 

  ( )
0

*( ) ( ) ( ) ( )p
Tf f f f=&& &&q qS G RS R G  (13) 

where ( )2( ) 2 ( )f f fπ⎡ ⎤= +⎢ ⎥⎣ ⎦
G I H m  

4 EXAMPLE OF APPLICATION 

4.1 The IRIS reactor building 
A medium power (335 MWe) pressurized light water reactor, 
the International Reactor Innovative and Secure (IRIS), was 
preliminary designed by an international consortium which 
includes more than 20 partners from 10 countries (Carelli et al 
[1]). A site characterized by a low-to-average seismicity level 
has been herein assumed as possible installation. In a tentative 
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design of the Nuclear Steam Supply System (NSSS) building 
(see Fig. 2), the introduction of an isolation system was 
considered; the system is made by 120 High Damping Rubber 
Bearings (HDRB) installed between the foundation slab and 
the base (Fig. 3). HDRB devices are made of alternated rubber 
layers and steel plates, glued through vulcanization. Damping 
factor intrinsic to this technology ranges generally from 10% 
to 20%, shear modulus in the range 0.8-1.4 MPa. 

Steel plates give a high vertical stiffness to the isolator with 
low deformability under dead loads (structural weights), 
though allowing large horizontal deformations. Therefore, the 
isolated building has lower natural frequencies, with respect to 
the fixed base version, for motions lying in the horizontal 
plane (typically 0.5 - 0.7 Hz), moving the natural vibration 
characteristics of the structure where the spectrum of ground 
motion has generally quite low energy. Consequently, the 
isolated building moves like a rigid body (Forni et al [2]) over 
the isolation system, which is strained in shear, continuously 
carrying the dead load. Furthermore, the absolute acceleration 
of the building is much smaller than the PGA, avoiding 
amplification at highest floors. This result is reached at price 
of large relative displacements between the building and the 
foundation slab. 

 

 
Figure 2. Overview of the IRIS reactor building 

In this light, the design of the isolation system must reach a 
reasonable compromise between limitation of absolute 
accelerations and relative displacements. For the case of the 
IRIS NSSS this led to a 0.7 Hz isolation frequency, i.e. to a 
value which can be seen as an upper limit for the parameter. It 
is worth noting that, for the IRIS non-isolated case the lowest 
natural frequency of the building, associated to a global 
rocking mode, is in the range 2-6 Hz according to the soil 
stiffness (shear modulus approx ranging from 0.1 to 1 GPa). 

In view of the above considerations, a 0.7 Hz was set as 
isolation frequency, thus leading to a somehow limited degree 
of decoupling between the structural and ground motion, but 
limiting the relative displacement between the isolated 
building and the ground to a value of 10 cm at the SSE level 
(Peak Ground Acceleration equal to 0.3 g). 

This is advantageous both for the performance of the 
isolators in beyond design conditions (limitation of the 
maximum span displacements under severe earthquakes) and 
for the design of steam lines connecting the NSSS building 
with the turbine units.  

 

50 m

23
 m

21
 m

56 m

~ 1 m gap

Horizontal Fail -safe System

~ 1 m thick

 
Figure 3. IRIS reactor building: scheme of the foundation and 

isolation system 

Table 1. Characteristics of the isolator. 

Isolator external diameter d 1000 mm 
Steel reinforcing plate diameter d’ 980 mm 
Thickness of internal steel plates ts 4 mm 

Number of elastomeric layers n 10 
Thickness of elastomeric layers tr 10 mm 

Total elastomeric thickness Tr 100 mm 
First shape factor S1=d’/4tr 24.5 

Second shape factor S2= d’/ntr 9.80 
Full isolator height Tb 195 mm 

Nominal dynamic shear modulus G 1.4 MPa 
Hardness  75 Shore A3 

Nominal damping factor 10/15 % 
 

Table 2. Natural frequencies of the dynamic model [Hz]. 

Mode Fixed base With SSI Mode description 

1 0.685 0.683 rotation about 
vertical axis  

2 0.697 0.675 horizontal translation 
5 7.836 4.235 rocking  
6 10.52 2.96 vertical translation 
 
The characteristics of the isolators are given in Table 1. The 

resulting natural frequencies of the NPP isolated model are 
given in the Table 2 both for the fixed-base building and for 
the model taking soil-structure interaction into account (for 
comparison with the IRIS non isolated version see also De 
Grandis et al. [3]). In Perotti et al. [4] a methodology for the 
computation of the seismic fragility for the IRIS isolation 
system is presented as well as an overview of numerical 
models for the numerical simulation. 

4.2 Simplified dynamic model of the building 
The model here adopted for the IRIS reactor building is based 
on the assumption that the building moves as a rigid body 
supported by the isolation system; this hypothesis is justified 
for translational and torsional global modes. When the vertical 
and rocking modes are considered, the assumption leads to 
significant errors in the corresponding natural frequencies of 
the fixed-base model, in which soil structure interaction is 
neglected. This is because the deformability of the isolated 
structure is not negligible when compared to the vertical 
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stiffness of the isolators. For this reason the latter values have 
been fictitiously corrected for matching the natural 
frequencies of the first six normal modes of the fixed-base 
model, which were known from a refined FE 3D analysis. 

As a further simplifying hypothesis, a rigid-body behavior 
has been assumed for the foundation as well; in this respect it 
must be observed that the horizontal foundation slab is 
stiffened by two contributions. First by the “box effect” due to 
the vertical walls; secondly by the isolators which, by virtue 
of their large axial stiffness, introduce an efficient vertical 
connection between the slab and the superstructure. Given the 
stiffness of the latter, the assumption that the 
building+foundation system behaves as a rigid body for the 
vertical and rocking modes involving ground deformation 
seems a very sound one (Figure 3). In addition, the foundation 
slab provides enough in-plane stiffness to justify the 
assumption of rigid-body motion for the translational and 
torsional global modes. 

 
 
 
 
 
 
 
 
 
 
 

 
 
 

 

 

 

Figure 4. Plan layout of the isolators. 

Summing up, the simplified dynamic model of the building 
encompasses two rigid bodies connected by a set of springs 
representing the isolators; the damping of these spring is 
modeled as hysteretic, according to a damping factor 
(equivalent viscous) equal to 10 %. The plan layout of the 
isolation system is depicted in Figure 4. 

The lower rigid body is in turn connected to the reference 
system by means of six springs and six dashpots, modeling the 
effect of an homogeneous soil having a tangential elastic 
modulus G =200 MPa and a Poisson ratio equal to 0.25. 

4.3 Seismic excitation model 
As previously stated the definition of the stochastic model of 
the free-field excitation needs to be completed by assigning: 

• the direct spectral densities of the three components 
of motion, which assumed to be the same at all 
contact points, 

• the form of the lagged space coherency functions. 

The direct Power Spectral Densities of the components of 
motions are based on the well known one by Kanai-Tajimi, as 
modified by Clough and Penzien,  here denotes as MKT PSD: 

( ) ( )
4 2 2 2 4
1 1 1

0 2 22 2 2 2 2 2 2 2 2 2
1 1 1 2 2 2

4

4 4
MKTS S

ω ξ ω ω ω

ω ω ξ ω ω ω ω ξ ω ω

+
=

- + - +
    (14) 

The MKT PSD can be viewed as the effect of a filter, 
representing the soil, on a white noise process of intensity S0, 
which in turn represents the motion of the bedrock. The 
parameters ω1 and ξ1 represent the soil natural frequency and 
damping ratio, respectively, while ω2 and ξ2 are the 
parameters of an additional high-pass filter introduced by 
Clough and Penzien to guarantee finite-power displacements.  

The values for the parameters in (14) were selected so that 
the corresponding horizontal and vertical acceleration 
response spectra RSa are on average compatible with the 
elastic ones in EN 1998-1 [9] for a selected spectral type, 
either Type 1 for a far field (FF) event, or Type 2 for a near 
field (NF) one, and a selected soil type (“C”). The procedure 
for selecting the parameters is thoroughly described in 
Martinelli et al. [5]. These values are listed in table 3, where 
the lower rows are relative to the vertical spectra Sve; the latter 
satisfy, in terms of PGA (last column in the table), the ratios 
given in Table 3.4 of  EN 1998-1. 

Table 3. SPD parameters matching Eurocode [9] response 
spectra (ωg  in rad/s, S0 in m2 s-4 Hz-1, ag in g units) 

 
 ωg ζg ωf ζf S0 

x 103 
ag 

Se, T1 12.02 0.6926 0.318 3.97 1.953 0.30 
Se, T2 30.46 0.6326 0.634 4.25 2.023 0.30 
Sve, T1 53.95 0.6338 3.50 1.22 0.3382 0.27 
Sve, T2 53.95 0.6338 3.50 1.22 0.3382 0.135 

5 LAGGED COHERENCY MODELS 
As explained in Section 3, the lagged coherency is obtained 
by the composition of a spatial coherency and a point 
coherency. Beside the two models for the point coherency, 
described in Section 3, three forms of the space coherency 
functions are considered in this work. One is suggested for 
short separation distances (Abrahamson et al [8]), one can be 
also used for the vertical component of the seismic motion 
(Abrahamson [6]) and one is widely adopted and retained as 
valid for large separation distances (Luco and Wong [7]). 

5.1 Abrahamnson et al. (1991) Lagged Coherency 
The first model of the lagged coherency function we consider 
is the one developed by Abrahamson et al. [8] by performing 
non-linear regression analyzes of coherence function 
estimates:  

( ){ }
e

1 ftanh ( f , ) ( a b ) exp c d f gγ ξ ξ ξ
−

− ⎡ ⎤
= − − − + +⎢ ⎥

3⎢ ⎥⎣ ⎦
 (15) 

where the values of the parameters are given in the Appendix. 
The model is effective for the evaluation of the coherency in 
the case of short separation distances (<100 m) between the 
pairs of recording stations. 

X 
Y 

105

109 

113 117 

3 
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5.2 Abrahamson (1993) Lagged Coherency [6] 
Is one of the few functions available in the literature for the 
vertical component of the seismic ground motion. It is defined 
by the following two equations: 

( ) 3

1

1
12

2 4
4 8 0 35

1

H

H

H c ( ) fH
H H

tanh ( f , )

c ( )
. c ( ) e .

c ( ) f c ( ) f
ξ

γ ξ

ξ
ξ

ξ ξ

-

é ù
ê úë û

=

= + - +
+ +

(16) 
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c ( ) e

1 c ( ) f
ξ

γ ξ

ξ
ξ

ξ

     (17) 

where the functions HH cc 41 L  and VV cc 31 L  can be found in 
the Appendix. 

It should be noted that most of the recordings considered in 
deriving the previous two forms of the lagged coherency 
functions (Eq 15-17) were obtained on alluvial soils, and 
therefore the above relations can be seen as valid parametric 
models for this soil type. 

5.3 Luco & Wong (1986) Lagged Coherency 
The Luco and Wong [7] model is regarded as being 
particularly effective in the case of large distances between 
the recording locations. It is defined by the following 
equations: 

 ( )−
= = =

2 2 2 24

0 s

R v( f , ) e ; v ;
r V

α π ω ξ
γ ξ μ α  (18) 

In these: Vs represents an estimate of the propagation 
velocity of the S-waves, R is the distance from the source 
traveled by the waves, r0 is an index of the lengthscale of the 
inhomogeneities in the soil medium, μ is a measure of the 
variation of its elastic properties. The parameter α, having 
dimension [s/m], is also an index of the properties of the 
ground and is related to the inverse of Vs. In practice, α 
regulates the exponential decay of the lagged coherency with 
frequency and distance; Luco and Wong suggest for it a value 
equal to 2.5 · 10 -4 s/m. 

A plot of the lagged coherencies herein considered is 
presented in Figure 5, from which one can appreciate the 
different behavior of the considered coherency functions. The 
ones from Abrahamson and Abrahamson et al. are always 
very close, while the one by Luco and Wong shows higher 
correlation at short distances (10 m) and lower correlation at 
larger distances and higher frequencies (50 m and f >11 Hz) 
also when a reduced value (α = 2.0⋅10-4) has been adopted for 
the correlation parameter. 

6 PARAMETRIC ANALYSES AND RESULTS 
Results are presented in terms of the relative displacement 
components over the isolation devices, being the vertical one  
directly related to the axial force variation. The isolation 
devices here considered are those on the x axis in Figure 4. 

In Figure 6 the spectral power density of the vertical relative 
displacement across isolator 113 is given, as an example, for 
the Abrahamson coherency model; the Constant Coherency 

Model (CCM) is here tested with two values of the correlation 
coefficient ( ±0.5 ) while for the Linear Combination Model a 
large value of the cα parameter, i.e. 0.8, is adopted. 

 

 
Figure 5. Lagged coherencies at representative separation 

distances (top 50  m, bottom 10 m) 

The SPD curves show a sharp peak at the translational 
modes frequency and other significant frequency components 
in the range of rocking modes (4 to 8 Hz). The figure clearly 
shows how the different local correlation models affect only 
the response in the latter range, while the overturning moment 
effect due to the rigid-body translation of the building over the 
isolators is independent both of the point and, as it can be 
shown, of the space correlation models. The largest response 
appears to be induced by the local CCM assumption, while the 
results of the LCM on, in spite of the high value of cα , 
remain very close to the ones obtained by neglecting any 
correlation among local components of free-field motion. 

In Figure 7 the results of the same analyses are shown in 
terms of horizontal relative displacement across the isolator, 
showing negligible influence of the point correlation model; 
practically identical results are obtained for different space 
correlation models. 

In Figure 8 the effect of the various input components is 
compared by showing, for the CCM case ( ± 0.5ρ ), the 
results obtained with the full, named 6D, excitation model, by 
applying (3D) only the translational components and by 
neglecting (2D) the vertical input; again, the effect is visible 
in the range of vertical and rocking natural frequencies. The 
2D case is clearly the less severe in terms of axial loading of 
the isolators, with a significant “well” at the frequency (3 Hz) 
of the vertical mode.  
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Figure 6. Isolator 113; (top) SPD of horizontal relative 
displacement for model (16)+(17) and type 1 spectrum, 

(bottom) enlargement between 4 and 10 Hz 

 
Figure 7. Isolator 113; SPD of horizontal relative 

displacement for model (16)+(17) and type 1 spectrum. 

 
Figure 8. Isolator 113; SPD of vertical relative displacement 

for model (16)+(17) and type 1 spectrum –comparison 
between 6D, 3D and 2D excitation 

 
Figure 9. Isolator 3; SPD of vertical relative displacement for 
model (16)+(17) and type 1 spectrum –comparison between 

6D, 3D and 2D excitation 

 
Figure 10. Isolator 113; SPD of vertical relative displ. for 

model (16)+(17) – comparison between type 1 and 2 spectra 

In Figure 9 isolator 3, located close to the building center, is 
considered, showing a small effect of the overturning moment 
due to the first mode response; removal of the vertical 
excitation causes here a one-order-magnitude drop in the 
response at intermediate frequencies. 

Figure 10 compares responses to different Eurocode 8 
response spectra, illustrating the more severe effect of type 1 
excitation, characterized by a richer spectrum in the 
intermediate-to-low frequency range. 

In the following Tables 4 to 6 a rough estimation of the 
extreme values of axial load variation is given, listing the 
3σ  levels for the worst case response between isolators 3 and 
113, for the two Eurocode 8 spectra (T1 and T2). The 
Abrahamson et al space coherency is considered in Table 4 
along with different parametrization of the point coherency, 
while Table 5 and 6 show the response to the Luco and Wong 
spatial model with two different values of the coherency 
decay coefficient. Note that the static axial load on the 
isolators is about 6600 kN. In the tables, point coherency 1 
and 2 denote respectively the CCM and LCM models.  

Results in terms of horizontal relative displacements across 
isolators are not given, since the rotational input effect on 
them is totally negligible. 

As already detected from the spectral curves, the axial force 
variation is smaller for the type 2 (here T2) Eurocode 
spectrum. The effect of rotational and twisting components of 
the ground motion is responsible for a 5% increase in the case 
of no local correlation and for a 8% increase in the worst case 
here considered (CCM model with correlation coefficient 
between horizontal and vertical components equal to 0.5).  
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Finally, it can be noted that, in spite of the much higher 
correlation at short distances (see Figure 5), the effects of the 
Luco and Wong coherency function are of the same order of 
magnitude as those due to the other models here considered.  

 
Table 4. Extreme axial load variation on isolators for space 

coherency model (15)+(17) 
 

Point coh. 6D T1 3D T1 6D T2 3D T2 
NULL 8022 7674 5206 5073 

1-ρ=0.2 7930 7740 5169 5136 
1-ρ =0.5 7948 7837 5175 5229 
1-ρ=-0.2 8135 7740 5324 5136 
1-ρ=-0.5 8302 7837 5498 5229 
2-αc=0.2 8023 7679 5206 5075 
2-αc =0.5 8030 7704 5209 5084 
2-αc =0.8 8043 7750 5214 5102 

 
Table 5. Extreme axial load variation on isolators for space 

coherency model (18)+(17) with α= 2.5E-4 
 

Point coh. 6D T1 3D T1 6D T2 3D T2 
NULL 8044 7697 5297 5167 
1-ρ=0.2 7953 7765 5262 5231 
1-ρ =0.5 7973 7865 5270 5326 
1-ρ=-0.2 8160 7765 5417 5231 
1-ρ=-0.5 8330 7865 5592 5326 
2-αc=0.2 8046 7702 5298 5169 
2-αc =0.5 8053 7728 5301 5178 
2-αc =0.8 8066 7776 5306 5196 

 
Table 6. Extreme axial load variation on isolators for space 

coherency model (18)+(17) with α= 8.0E-5 
 

Point coh. 6D T1 3D T1 6D T2 3D T2 
NULL 8057 7711 5355 5226 
1-ρ=0.2 7965 7780 5319 5291 
1-ρ =0.5 7983 7882 5324 5387 
1-ρ=-0.2 8167 7780 5478 5291 
1-ρ=-0.5 8353 7882 5657 5387 
2-αc=0.2 8059 7716 5355 5228 
2-αc =0.5 8065 7743 5358 5238 
2-αc =0.8 8077 7792 5362 5256 

 

7 CONCLUSIONS 
The results here shown demonstrate how for an isolated 
building of fairly compact plan (diameter is 56 m) the effect 
of rotational excitation due to kinematic interaction can be 
appreciated only in terms of axial load variation on the 
devices. These findings are to be regarded as qualitative and 
must be confirmed by the point of view of both excitation and 
structural models; for the first aspect an ongoing activity is 
devoted to the analysis of recorded events in order to confirm 
and refine the point coherency models.  

On structural grounds, the effect on non-linear behavior of 
the isolators on the response to rotational excitation must be 
careful analyzed, with particular reference to beyond design 

conditions and to the behavior of buildings having a larger 
plan size. 
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Parameters for Abrahamson et al [8] lagged coherency 
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ABSTRACT: Inter-storey isolation has gained more and more interest in recent years as an alternative mitigation strategy, 
effective for new and existing buildings, to base isolation, whenever the latter results to be impractical, technically difficult or 
uneconomic. The technique consists in implementing a non-conventional Tuned Mass Damper (TMD) via flexible isolators 
inserted at floor levels along the height of a multi-storey building. An optimal design methodology is proposed in the present 
paper by ensuring the compatibility between the control function and the resistance and serviceability of the tuned structural 
masses. Aimed at the global protection of both the structural portions separated by the isolation system, i.e., the substructure and 
the isolated superstructure, the optimization procedure is based on an energy performance criterion that requires the 
maximization of the ratio between the energy dissipated in the isolation system and the seismic input energy globally transferred 
to the entire structure. Numerical simulations, performed under natural accelerograms with different frequency content and 
considering increasing isolation levels along the height of a reference frame structure, are used to evaluate the seismic 
performance of the optimized inter-storey isolation systems. The influence of the structural flexibility is investigated and 
comparisons with base isolation are finally provided.  

KEY WORDS: passive control, non-conventional Tuned Mass Damper (TMD), inter-storey isolation, optimal design, seismic 
analyses. 

1 INTRODUCTION 
Although base isolation is a well-known and mature technique 
for mitigating the seismic risk of multi-storey buildings, it 
may encounter in practice important limitations due to 
technical and economic reasons, especially in retrofitting 
applications. In such cases, an alternative mitigation strategy, 
effective for both new and existing buildings, is represented 
by inter-storey isolation, meaning by this definition the use of 
seismic isolators at levels other than the base along the height 
of the structure. The technique involves the insertion of 
flexible isolators on the top of the frame columns below the 
chosen storey slab and possible stiffening measures to create a 
rigid diaphragm underneath the isolators. Literature studies 
dealing with roof isolation systems [1-4] as well as segmented 
and isolated upper storeys [5-9] recognize their potential for a 
widespread application. 

The principle of operation of inter-storey isolation 
essentially differs from the one of base isolation and is 
correctly framed into the concept of Tuned Mass Damper 
(TMD): while base isolation aims at reducing the input energy 
transmitted to the structure by lengthening its fundamental 
period, the purpose of inter-storey isolation is to provide 
supplemental damping by inducing a vibration energy transfer 
from the substructure to the isolated superstructure. Unlike the 
conventional TMD, which consists in a small auxiliary mass 
installed ex novo on the structure to be protected, inter-storey 
isolation is however implemented by converting masses 
already present on the structure into tuned masses and 
retaining their structural function in addition to the control 
function: it can be properly described, therefore, as a non-
conventional TMD [10].  

In the present paper, an optimal design methodology is 
proposed for non-conventional TMDs implemented via inter-
storey isolation. To ensure the compatibility between the 
control function and the resistance and serviceability of the 
tuned structural masses, the design objective is identified with 
the global protection of both the structural portions separated 
by the inter-storey isolation system, i.e., the substructure and 
the isolated superstructure. With this aim, an energy 
performance criterion consisting in maximizing the ratio 
between the energy dissipated in the isolation system and the 
input energy globally transferred to the entire structure is 
defined for the optimization procedure. Ground acceleration is 
modelled, in the design phase, as a Gaussian random process 
with white noise spectral density, while subsequent seismic 
analyses are carried out under a selection of natural 
accelerograms with various frequency content. To evaluate 
seismic effectiveness and robustness, the seismic response of 
an inter-storey–isolated frame is compared with those of the 
reference fixed-base frame and base–isolated frame. The 
seismic performance is also investigated for different 
structural flexibilities and with increasing elevations of the 
isolation level. 

2 OPTIMIZATION OF INTER-STOREY ISOLATION 

2.1 Structural models 

A five-storey shear-type frame structure is considered and 
modelled by assuming masses lumped at floor levels, purely 
translational motion and linear elastic behaviour during 
seismic excitation.  
The uncontrolled configuration is given by the frame with  
Fixed-Base  (FB): a five-Degree-Of-Freedom  (5-DOF) model 
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Table 1. Natural frequencies and periods of the (FB) frame. 

 Mode 
 1 2 3 4 5 
ω [rad/s] 12.17 35.52 55.99 71.93 82.04 
T [s] 0.52 0.18 0.11 0.09 0.08 

 
 

with mass Ms = 50 kNs2/m and stiffness Ks = 91.385MN/m 
for each floor is introduced; the mass matrix M is therefore 
diagonal, with all the diagonal entries equal to Ms, while the 
stiffness matrix KFB occurs to be in the banded form typical of 
shear-type frames. A proportional damping matrix CFB is also 
assigned, which results in a damping ratio of 2% in all the 
vibration modes. Natural frequencies and periods of the (FB)  
frame are listed in Table 1. 
Three different configurations of inter-storey isolation are 
hence considered, corresponding to increasing elevations of 
the isolation level along the height of the frame structure: each 
one is denoted as ISI-i (i = 3, 4, 5) to mean that the Inter-
Storey Isolation system is located below the i-th floor (Figure 
1(a)).  

 

Figure 1. Shear-type frame structure provided with inter-
storey isolation below the i-th floor: (a) 5-DOF model;  

(b) 2-DOF model. 

A reduced-order two-Degree-Of-Freedom (2-DOF) model 
is introduced to represent the dynamic behaviour of the inter-
storey isolated frame in the design phase [11]. The isolation 
system below the i-th floor segments the  
5-DOF structure into a lower (L) substructure and an upper 
(U) isolated superstructure, corresponding to 1L −= iN  and 

15U +−= iN degrees of freedom, respectively. The two 
structural portions are assumed to be represented by the 
coupled oscillators illustrated in Figure 1(b): the L portion is 
represented by the primary oscillator, with mass, stiffness and 
damping coefficients m1, k1 and c1; the U portion is 
represented by the secondary oscillator, with mass, stiffness 
and damping coefficients m2, k2 and c2.  

Considering the L portion, it is defined 
[ ]T

11L )()()( txtxt i−= Kx as the (NL×1) vector listing the 
floor horizontal displacements relative to ground; ML, KL and 
CL as the (NL×NL) mass, stiffness and damping matrices, with 
CL proportional and formed on the basis of 2% damping ratio 
in all the natural modes; TL ]11[)( K=tτ  as the (NL×1) 

influence vector. Vector )(L tx  is supposed to be 
approximated as )()( 1L txt i−= φx , where )(1 txi−  is the 
displacement of the floor below the isolation system and φ  is 
a proper shape vector, normalized for its )1( −i -th element to 
be unitary )1( 1 =−iϕ . Under this assumption, coefficients m1, 
k1 and c1 are obtained as the generalized mass, stiffness and 
damping of the L portion. 

Considering the U portion, mass m2 is taken as equal to the 
total mass MU of the isolated superstructure, sum of the 
masses Ms lumped at each floor from the i-th one to the 5-th 
one, while stiffness and damping coefficients k2 and c2 are 
equal to the coefficients Kiso and Ciso of the isolation system. 

Being u1(t) and u2(t) the displacements of the two oscillators 
relative to ground, the equations of motion of the 2-DOF 
model excited by base acceleration )(g tu&&  are written as 

1
1

2
11111 2

m

f
uuuu g +−=++ &&&&& ωωζ           (1a) 

1
2

m

f
uu g −−= &&&& μμ            (1b) 
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where the over-dot indicates differentiation with respect to 
time t and the following parameters have been introduced: 

111 / mk=ω  and ( )1111 2/ mkc=ζ  are the uncoupled 
natural frequency and damping ratio of the primary oscillator; 

( )2222 2/ mkc=ζ  is the uncoupled damping ratio of the 
secondary oscillator; 12 / mm=μ and 12 /ωωα =  are the mass 
ratio and the frequency ratio of the 2-DOF model, denoting 
with 222 / mk=ω  the uncoupled natural frequency of the 
secondary oscillator. 

2.2 Optimization problem 

Within the set of parameters that govern the response of the 
reduced-order 2-DOF model, mass ratio μ  and dynamic 
properties 1ω  and 1ζ  are known data depending on the 
characteristics of the structure endowed with inter-storey 
isolation, while frequency ratio α  and damping ratio 2ζ  are 
the design parameters of the isolation system, to be 
determined through an optimization procedure. 

An energy performance index is set as the objective 
function for the optimization problem [12]. Such an approach 
is favoured as it takes into account, in a synthetic and 
effective way, the different response quantities influenced by 
inter-storey isolation. The proposed procedure is formulated 
to aim at the global protection of the frame structure, or, in 
other terms, at reducing the seismic response of both the 
isolated superstructure and the substructure in the mean time. 
The probabilistic nature of seismic excitation is taken into 
account by modelling the base acceleration )(g tu&&  as a 
stationary Gaussian stochastic process with zero mean and 
white noise power spectral density. With reference to the 
stochastic energy balance [13], the energy performance index, 
named Energy Dissipation Index (EDI), is defined as 

]E[][E
][EEDI
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EE

E
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Δ
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and is equal the ratio, in terms of expected values ][E ⋅ , 
between the incremental energy dissipated in the isolation 
system and the incremental input energy globally transferred 
to the 2-DOF model in a time increment tΔ . The former is 
given by  

[ ] tuuE Δ−=Δ 212122d )(E2][E &&αωμζ            (3) 

while the latter can be computed as 
[ ] [ ] tuutuEE Δ−+Δ=Δ+Δ 21212

2
111i2i1 )(E2E2][E][E &&& αωμζωζ

               (4) 
In Eqs. (3) and (4), [ ]2

1E u& and [ ]212 )(E uu && − are equal to the 
variances, respectively, of the velocity 1u&  of the primary 
oscillator relative to ground and of the velocity 1221 uuu &&& −=  
of the secondary oscillator relative to the primary oscillator. 

A single-objective optimization problem is formulated by 
requiring the objective function, or EDI, to be maximized over 
the space of the design parameters ),( 2ζα : 

[ ]

0.10.0and0.0 tosubjected

),(EDImaxfind

2

2
, 2

≤≤> ζα

ζα
ζα  

The global maximum EDImax and the corresponding optimal 
values optα  and opt2ζ  of the design parameters are found 
through a numerical search algorithm, with α  and 2ζ  
spanning their ranges with increments of 10−4 to reach the 
desired accuracy. Noteworthy is that, having the design input 
a white noise power spectral density, optα  and opt2ζ  are 
obtained as independent of the frequency content of seismic 
excitation and of the natural frequency 1ω  of the primary 
oscillator. 

The optimal design parameters optα  and opt2ζ  of the 
reduced-order 2-DOF model are finally used to determine the 
engineering design parameters of the optimized isolation 
system, the stiffness optiso,K  and the damping optiso,C  
coefficients 

2
1

2
opt2opt2optiso, ωαmkK ==           (5a) 

opt22opt2opt2optiso, 2 kmcC ζ==           (5b) 

In Table 2, the design parameters and modal properties of the 
reduced-order 2-DOF model, as well as the stiffness and 
damping coefficients of the optimized inter-storey isolation 
system, are reported for each of the considered ISI 
configurations. As the isolation level moves down along the 
height of the structure, i.e., from ISI-5 to ISI-3, mass ratio μ  
increases, optα  decreases and opt2ζ  increases. In dimensional 
terms, the optimal stiffness optiso,K  and damping optiso,C  
coefficients of the isolation system both result to increase. 
To verify the accuracy of the reduced-order 2-DOF model in 
representing the dynamic behaviour of the frame structure 
endowed with inter-storey isolation, its modal properties are 
compared with those of a 5-DOF model with mass matrix 
equal to M, stiffness matrix in the banded form typical of 
shear-type frame and with a constant floor stiffness equal to 
Ks except for the i-th floor, where it is optiso,K . Considering 
for instance the ISI-5 configuration, the stiffness matrix of the 
5-DOF model is given as 

⎥
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Since the damping matrix of the 5-DOF model is non-
proportional, frequencies and damping ratios associated with 
the complex modes of vibration are obtained from the 
complex eigenvalues computed in the first-order state-space 
formulation and reported in Table 3.  
In the presence of the optimal design parameters optα  and 

opt2ζ , the vibration modes of the 2-DOF model are 
characterized by large and approximately equal damping 
ratios,  as shown  in Table 2  and illustrated, as an example, in  
 

Table 2. Optimal inter-storey isolation systems  
at various elevations. 

 ISI-3 ISI-4 ISI-5 

Optimal design parameters of the 2-DOF model 
μ 2.171 1.086 0.431 

1ω [rad/s] 26.42 19.03 14.85 

1ζ  0.0200 0.0200 0.0200 

optα  0.3076 0.4690 0.6871 

opt2ζ  0.4103 0.3582 0.2729 

Modal properties of the 2-DOF model 
1Ω  [rad/s] 7.73 8.24 9.19 

2Ω  [rad/s] 27.78 20.61 16.47 

1η  0.3088 0.2412 0.1646 

2η  0.3137 0.2456 0.1680 

Optimal design parameters of the isolation system 
optiso,K  [kN/m] 9908 7961 5204 

optiso,C  [kNs/m] 1000 639 278 

 

Table 3. Optimal inter-storey isolation systems at various 
elevations: frequencies, periods and damping ratios associated 
with the vibration modes of the 5-DOF model. 

  Mode 
  1 2 3 4 5 

IS
I-

3 

ω [rad/s] 7.55 31.11 40.12 68.12 73.29 
T [s] 0.83 0.20 0.16 0.09 0.09 
ζ  0.2812 0.3203 0.1157 0.0649 0.0106 

IS
I-

4 

ω [rad/s] 8.10 21.03 54.58 59.04 76.80 
T [s] 0.78 0.30 0.12 0.11 0.08 
ζ  0.2288 0.2329 0.0680 0.0531 0.0283 

IS
I-

5 

ω [rad/s] 9.11 16.51 43.01 65.56 80.36 
T [s] 0.69 0.38 0.15 0.10 0.08 
ζ  0.1609 0.1605 0.0443 0.0283 0.0219 
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Figure 2. ISI-5 configuration, reduced-order 2-DOF model. 
(a) EDI under stochastic white noise input vs design 

parameters α  and 2ζ ; (b) damping ratios 1η  and 2η  vs α  
and 2ζ ; (c) 1η , 2η  and EDI vs α  for 2729.0opt22 == ζζ ; 

(d) 1η , 2η  and EDI vs 2ζ  for 6871.0opt ==αα . 

 
Figure 2 for the ISI-5 configuration. By comparing Table 2 
with Table 3, it is apparent that the vibration modes of the 2-
DOF model accurately represent the first two vibration modes 
of the 5-DOF model: in ISI-5 and ISI-4 configurations, 
differences in terms of frequencies and damping ratios are 
limited below 5%; in ISI-3 configuration, differences are 
slightly greater (about 10%). 

3 SEISMIC ANALYSES AND DISCUSSION 

To assess the seismic performance of the interstorey isolation 
systems designed according to the proposed optimization 
procedure, a series of seismic analyses is performed under a 
selection of ground acceleration time histories. Four historical 
accelerograms, selected from the databases of National 
Geophysical Data Center (NOAA-NGDG) [14] and Pacific 
Earthquake Engineering Research Center (PEER) [15] are 
used with the values of the Peak Ground Acceleration (PGA) 
recorded on site: Tokachi-oki earthquake 16/05/1968, 
Hachinohe Station, NS (PGA=0.229 g, with g as the 
acceleration due to gravity); Imperial Valley earthquake 
18/05/1940, El Centro Station, NS (PGA = 0.313 g); Kobe 
earthquake 17/01/1995, KJMA Station, NS (PGA = 0.821 g); 
Northridge earthquake 17/01/1994, Sylmar Station, NS  
(PGA = 0.843 g). 

3.1 Evaluation of seismic effectiveness 

Seismic analyses are carried out on the 5-DOF models of the 
fixed-base and of the inter-storey isolated  frame structure. In 
both the uncontrolled (FB) and the controlled (ISI) 
configurations, the frame structure is assumed to remain 
within the elastic range and linear time-history analyses are 
performed. This assumption, apparently unrealistic under the 
higher values of PGA, is however motivated by the aim of 
providing comparisons between the controlled and the 
uncontrolled responses. 

Monitored response quantities are floor displacements 
relative to ground, inter-storey drifts, floor absolute 
accelerations and floor shear forces. Figure 3 illustrates the 
variation of their peak values over the height of the frame 
structure under Kobe accelerogram, in FB and ISI 
configurations. On the left, the graphs depict the peak values 
normalized as follows: floor displacements are divided by the 
peak displacement obtained for the top storey; inter-storey 
drift ratios are computed by considering an inter-storey height 
of 3.50 m; floor absolute accelerations are expressed in terms 
of g; floor shear forces are divided by the structural weight. 
On the right, Performance Indices (PI) are presented in order 
to quantify comparatively the seismic effectiveness of the 
isolation systems at various elevations. Such indices are 
defined as the ratio of the peak floor responses between each 
controlled ISI configuration and the reference uncontrolled FB 
configuration: a value of PI smaller than one implies a 
reduction of the floor response in the ISI configuration as 
compared to the FB configuration; conversely, a value greater 
than one means an amplification. 

Broadly speaking, numerical simulations prove the 
effectiveness and robustness of the inter-storey isolation 
systems: in all the ISI configurations and under all the seismic 
excitations, considerable reductions with respect to the FB 
configuration are obtained for the monitored responses. From 
the results reported for Kobe accelerogram in Figure 3, the 
following remarks are highlighted. 

Peak values of floor relative displacements grows along the 
height of the frame structure, undergoing a substantial 
increase corresponding to the isolation system. As compared 
to the FB configuration, they are reduced over the 
substructure, with reductions constant along the height and 
increasing with the decreasing elevation of the isolation 
system, i.e., from 45% to 55% when going from ISI-5 to ISI-
3. Conversely, over the isolated superstructure, they result to 
be slightly amplified. 

Peak values of inter-storey drifts are reduced over the entire 
height of the frame structure except on the floor 
corresponding to the isolation system. Reductions are almost 
constant and equal over substructure and superstructure, while 
increasing from 45% to 55% with the decreasing elevation of 
the isolation system. 

As to the floor absolute accelerations, peak values are 
always reduced in ISI configurations, but reductions are not 
constant over the height of the frame structure, with the 
greatest values, up to 55%, recognized on mid and top storeys. 
As to the peak floor shear forces, significant reductions (50%–
55%) are obtained, with a constant distribution over the height 
of the frame structure and slight differences between the 
various ISI configurations. 
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Figure 3. Kobe accelerogram, monitored responses of the frame structure: (a) peak values; (b) performance indices (PI). 
Fundamental period of the FB structure equal to 0.52s. 
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Figure 4. Kobe accelerogram, performance indices (PI) of the monitored responses of the frame structure for different structural 
flexibilities: (a) fundamental period of the FB structure equal to 0.1s; (b) fundamental period of the FB structure equal to 1.0s.  
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3.2 Influence of the structural flexibility 

The influence of the structural flexibility on the seismic 
performance of inter-storey isolation is investigated by 
modifying the floor stiffness Ks of the frame structure and 
keeping the floor mass Ms unchanged. The following values 
are assumed: Ks = 2436.516 MN/m, corresponding to a 
fundamental period of the FB frame structure equal to  
T1 = 0.1 s; Ks = 24.365 MN/m, corresponding to T1 = 1.0 s. 

As stated before, the use of a design input with white noise 
spectral density makes the optimal design parameters optα  
and opt2ζ  independent of the fundamental period of the 
structure. Conversely, the engineering design parameters 

optiso,K and optiso,C  of the inter-storey isolation systems do 
change and the seismic performance is expected to vary. 
Seismic analyses are carried out on the modified 5-DOF 
models in ISI and FB configurations and the resulting 
performance indices are illustrated in Figure 4.  

For the different structural flexibilities, numerical 
simulations confirm the effectiveness of inter-storey isolation 
in controlling the seismic response of both the substructure 
and the isolated superstructure. Main differences can be 
noticed, however, in terms of values of the performance 
indices and of their dependence on the elevation of inter-
storey isolation. For the stiffer structure, performance indices 
are essentially independent of the isolation level, while for the 
more flexible structure, they indicate an increase of the 
seismic effectiveness with the decreasing elevation of the 
isolation system. In addition, their values appear to be 
significantly smaller in the latter than in the former case, 
showing greater reductions of the seismic response: in detail, 
for the stiffer structure, reductions amount to 10% - 15% in 
terms of all the monitored response quantities, while for the 
more flexible structure, reductions range between 40% and 
65% on average. 

More extended results and discussion of the seismic 
analyses under different accelerograms (Hachinohe. El Centro 
and Northrigde), not discussed in the present paper for 
brevity, can be found in [13]. 

3.3 Comparisons with base isolation 

For comparison purposes, the seismic response of the frame 
structure with Base Isolation (BI) is also investigated. 

In BI configuration, the 5-DOF model is characterized by 
the same floor mass Ms and stiffness Ks as in the reference FB 
configuration; in addition, an isolation system is supposed to 
be located below the first floor of the frame. The design 
parameters of the isolation system, that is, its stiffness 
coefficient Kiso and the damping coefficient Ciso, are obtained 
by setting the targeted values of the nominal isolation period 
Tiso and of the nominal damping ratio isoζ , defined as 

isotot

iso
iso

iso

tot
iso

2
,2

KM

C

K

M
T == ζπ            (7) 

with Mtot as the total mass of the frame structure. In the 
present study, customary values Tiso = 3.0 s and isoζ  equal to 
either 15% (configuration BI-a) or 30% (configuration BI-b) 
are chosen, consequently obtaining Kiso = 1096 kN/m and  
 

Table 4. Frequencies, periods and damping ratios associated 
with the vibration modes of the 5-DOF model in BI 

configurations. 

  Mode 
  1 2 3 4 5 

B
I-

a ω [rad/s] 2.08 26.57 50.30 69.19 81.32 
T [s] 3.02 0.24 0.12 0.09 0.08 
ζ  0.1469 0.0215 0.0082 0.0032 0.0007 

B
I-

b ω [rad/s] 2.08 26.55 50.26 69.15 81.31 
T [s] 3.01 0.24 0.13 0.09 0.08 
ζ  0.2943 0.0431 0.0165 0.0063 0.0015 

 

Table 5. Normalized peak values of displacement Δiso across 
the isolation system and of base shear Fb for the different 

controlled configurations and accelerograms. 

  BI-a BI-b ISI-3 ISI-4 ISI-5 

H
A

C
 

Δiso 1.00 0.62 0.20 0.21 0.21 
Fb 1.00 0.72 3.11 3.61 3.05 

EL
C

 

Δiso 1.00 0.70 0.26 0.33 0.44 
Fb 1.00 1.00 4.31 4.99 5.98 

K
O

B
 

Δiso 1.00 0.75 0.51 0.55 0.58 
Fb 1.00 0.87 7.42 7.69 8.54 

N
O

R
 

Δiso 1.00 0.76 0.18 0.24 0.32 
Fb 1.00 0.97 2.77 3.70 4.74 

 
 
Ciso = 157.08 kNs/m, for 15% damping ratio, or Ciso = 314.16 
kNs/m, for 30% damping ratio. Modal frequencies, periods 
and damping ratios of the 5-DOF model in BI configurations 
are listed in Table 4.  

Comparing the design parameters of the isolation systems in 
BI-a and BI-b configurations and in ISI configurations (Table 
2), a first observation is that the inter-storey isolation systems 
designed according to the proposed optimization procedure 
result to be considerably stiffer than customary base isolation 
systems. As a consequence, the controlled frame structure is 
overall stiffer: the first modal period ranges from 0.69 s to 
0.83 s in ISI configurations, versus a value of about 3 s in BI 
configurations. A second significant difference pertains the 
damping ratios associated with the vibration modes: the 
dissipative properties of the isolation system result to be 
activated in two out of the five structural vibration modes in 
ISI configurations, while in just the fundamental mode in BI 
configurations. These differences affect significantly the 
values of displacement Δiso across the isolation system and of 
base shear Fb. In Table 5, the peak values of Δiso and Fb are 
compared for the different controlled configurations and 
accelerograms; both the quantities are normalized with respect 
to the corresponding values obtained in BI-a configuration, 
highlighting possible reductions or increases. 

As to BI configurations, an increase in the nominal damping 
isoζ  of the isolation system from 15% in BI-a to 30% in BI-b 

causes a reduction of 25% - 35% of Δiso. Meanwhile, the 
effects on Fb are not homogeneous for the various seismic 
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excitations: under Hachinohe and El Centro accelerograms, 
reductions of about 30% and 15% are respectively obtained, 
while no reductions are found under El Centro and Northridge 
accelerograms.  

The values of Δiso and Fb in BI configurations are then 
compared with the values obtained in ISI configurations. Δiso 
is significantly lower for the inter-storey isolation systems 
than for the base isolation systems, although its normalized 
values vary according to the seismic excitation: under 
Hachinohe accelerogram, reductions of Δiso with respect to 
BI-a configuration are equal to about 80%, with negligible 
differences between the various ISI configurations; under El 
Centro, Kobe and Northridge accelerograms, decreasing 
values of Δiso are obtained as the isolation level moves down 
along the height of the structure, with reductions with respect 
to BI-a configuration ranging from 55% to 80%, from 40% to 
60% and from 75% to 80%, respectively. On the other hand, 
Fb is found to be far increased in presence of the inter-storey 
isolation systems as compared to the base isolation systems, 
expectedly due to the greater stiffness of the frame structure in 
ISI configurations than in BI configurations. 

 

4 CONCLUSIONS AND FUTURE RESEARCH 
In the present paper, an optimal design methodology for non-
conventional TMDs implemented via inter-storey isolation 
has been proposed and its seismic effectiveness has been 
investigated by means of numerical simulations. 

The design methodology makes use of a reduced-order  
2-DOF model to represent the dynamic behaviour of a multi-
storey shear-type frame structure endowed with a single inter-
storey isolation system below the i-th floor: the two coupled 
oscillators represent indeed the two structural portions 
separated by the isolation system, the substructure and the 
isolated superstructure, the latter converted into a tuned mass 
for the global seismic protection of the entire frame structure. 
With this aim, the design parameters of the isolation system, 
or, its stiffness and damping coefficients, are optimized by 
maximizing an energy performance index defined as the ratio 
between the incremental energy dissipated in the isolation 
system and the incremental input energy globally transferred 
to the 2-DOF model. The energy balance is formulated in 
stochastic terms by modelling the ground acceleration as a 
Gaussian stochastic process with white noise power spectral 
density. 

Numerical simulations have investigated the seismic 
response of a 5-storey frame structure with optimized inter-
storey isolation systems at various elevations. Time history 
analyses under historical accelerograms with different 
frequency content have been performed on the controlled 
(inter-storey isolated) and on the uncontrolled (fixed-base) 
configurations. Considerable reductions of the structural 
response, as compared to the fixed-base configuration, have 
been obtained in all the controlled configurations and under 
all the seismic excitations. Depending on the structural 
flexibility, a lesser or greater dependence on the isolation 
level, i.e., reductions increasing with the decreasing elevation 
of the inter-storey isolation system, has been recognized for 
the monitored responses. Comparisons with base isolation 
have finally made apparent the differences pertaining the 

control mechanisms materialized by the two mitigation 
technologies. 

Future research will deal with the experimental behaviour of 
inter-storey isolated frames. Shaking table tests on reduced-
scale models, aimed at investigating their seismic response 
and validating the optimization methodology proposed in the 
present paper, are currently on going in the “Materials and 
Structures Laboratory” of the Department of Structural and 
Geotechnical Engineering at Sapienza Università di Roma.  
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ABSTRACT: Semi-active damping control of oscillating devices and structures is a challenging field that conjugates a relative 
actuators simplicity together with the chance of studying new algorithms and system architectures. This paper proposes an 
overview of the investigation recently developed by the authors in the field of semi-active damping using the variational optimal 
control. The method produces a general class of controllers that can be applied to linear as well as nonlinear suspension systems 
and vibrating structures. Their performances are systematically investigated and compared with the sky-hook benchmark.  

KEY WORDS: Variational, Control, Suspension, Vibration, Algorithm, Semi-Active, Damping  

1 INTRODUCTION 
Control and actuation techniques are the basis for many 
innovations in vehicle dynamics, especially in vibration 
attenuation. Actual industrial production is populated by 
two families of actuation technology: active and semi-
active. While the first generally guarantees the finest 
performances, it is accompanied by several drawbacks 
related to heavy and large actuators, high power motors, 
heavy energy consumption and as a direct consequence, by 
expensive devices. The class of semi-active controls 
represents indeed a very valuable alternative and effective 
choice. These devices are in fact characterized by 
reasonable costs, light modification of the original passive 
mechanical design, limited dimensions and weight. 
Moreover, the combination of lightness and poor energy 
absorption, makes the semi-active technology tuned with 
market requirement of eco-compatibility and “green” 
standards.    

The active technology provides the designer with a 
complete freedom in following the performance 
requirements of vibration reduction with impressive results. 
On the other hand, the semi-active philosophy, because of 
the restraint imposed to the actuators to be energetically 
passive, would benefit, in a remarkable way, of suitable 
selections of the control strategy. In particular, the 
equations of the mechanical system under control is in this 
case characterized by the presence of time-varying 
mechanical damping and/or stiffness and in some cases of 
time-varying inertial properties. These modifications are 
indeed produced using a very low amount of energy, 
compared to the average energy of the vibrating masses. 

Automotive production in the last decade made a large 
use of semi-active vibration technology [1,2], because of 
the available techniques, for example, to simply modify the 
dissipation characteristics of the suspension systems. 
Therefore, one can find a wide scientific and technical 
literature on the subject together with many control 
algorithms [3-5]. Hydraulic, pneumatic and electrical 
solutions were patented along the last twenty years to 

control the mechanical damping and/or stiffness  in a semi-
active way, leading to many industrial products. Among 
them even purely mechanically controlled systems 
developed by Boge (the Nivomat system) are present. 
However, the advantage of an electrical control of damping 
at a reasonable low cost, discloses new possibilities for 
vibration attenuation and suitably designed control 
strategies. Among them, certainly the original magneto-
rheological (MR)  [6] technology developed originally by 
Lord Corporation [7] presents many advantages in terms of 
simplicity with electronic interfaces. One of the most 
successful control algorithm in this field is the famous sky-
hook [8].  

This paper is focused on dedicated control algorithms to 
be used in this industrial context, and finalized to produce a 
new controller to optimize the suspension performances. 
Some of these results, are part of a university project in 
progress at the Department of Mechanical and Aerospace 
Engineering of Sapienza, and have been recently patented 
as a part of an integrated semi-active technology for 
vibration suppression [9]. 

The present paper is finalized to the synthesis of a new 
algorithm for the optimal control of semi-active dampers in 
a prototype suspension system. The results are obtained 
using a variational approach to the optimal control, together 
with a special form for the objective function. The theory is 
developed in general but, interestingly, for particular cases 
of engineering interest, a closed form dependency of the 
damping on the actual measured states of the suspension 
system is obtained, the basis for a direct synthesis of a new 
controller. The presented control strategy is an original 
engineering application of variational control as part of a 
powerful mathematical field, the theory of control of partial 
differential equations [10-13]. In fact, although the theory 
of variational control is an established tool in the context of 
control theory [14-17], its systematic application to optimal 
semi-active damping has not yet explored in the technical 
literature. 
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The organization of the paper is as follows. In section 2, 
the theory is synthetically presented, illustrating its general 
mathematical basis,  the prototype equations of the 
controlled system, the master equation for the controller 
and the clipping technique to adapt the method to the semi-
active requirement. Section 3 shows indeed numerical 
simulations to test the effectiveness of the found control 
laws.       

2 A VARIATIONAL APPROACH TO DAMPING 
CONTROL 

Usually the variational approach is used in the control 
theory for finding an optimal control finalized to minimize 
or maximize some objective function in integral form. 

Before describing how a variational approach can be 
suitably used in our context, some preliminary concepts are 
introduced. In control theory the mathematical description 
of the system is expressed as a set of 𝑛𝑛 coupled first-order 
ordinary differential equations, known as the state 
equations, in which the time derivative of each state 
variable is expressed in terms of the state variables 
𝑥𝑥1(𝑡𝑡), . . . , 𝑥𝑥𝑛𝑛(𝑡𝑡) and the system inputs 𝑢𝑢1(𝑡𝑡), . . . ,𝑢𝑢𝑟𝑟(𝑡𝑡). In 
the general case, the form of the 𝑛𝑛-state equations is: 

�̇�𝑥1 = 𝑓𝑓1(𝒙𝒙,𝒖𝒖, 𝑡𝑡)  
�̇�𝑥2 = 𝑓𝑓2(𝒙𝒙,𝒖𝒖, 𝑡𝑡) 
 ⋮   =        ⋮
�̇�𝑥𝑛𝑛 = 𝑓𝑓𝑛𝑛(𝒙𝒙,𝒖𝒖, 𝑡𝑡)

 (1) 

where �̇�𝑥𝑖𝑖 = 𝑑𝑑𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑

  and each of the functions 𝑓𝑓𝑖𝑖(𝒙𝒙,𝒖𝒖, 𝑡𝑡), (𝑖𝑖 =
 1, . . . ,𝑛𝑛) may be a general nonlinear, time varying function 
of the state variables, the system inputs, and time. It is 
common to express the state equations in a vector form, in 
which the state variables are collected into the  vector 
𝒙𝒙(𝑡𝑡)  =  [𝑥𝑥1(𝑡𝑡), 𝑥𝑥2(𝑡𝑡), . . . , 𝑥𝑥𝑛𝑛(𝑡𝑡)]𝑇𝑇, and the set of 𝑟𝑟 inputs 
into the vector 𝒖𝒖(𝑡𝑡)  =  [𝑢𝑢1(𝑡𝑡),𝑢𝑢2(𝑡𝑡), . . . ,𝑢𝑢𝑟𝑟(𝑡𝑡)]𝑇𝑇.  

Given a set of initial conditions (the values of the 𝑥𝑥𝑖𝑖 at a 
given time 𝑡𝑡0) and the inputs for 𝑡𝑡 ≥  𝑡𝑡0,  the evolutionary 
equation for the state is: 

�̇�𝒙 = 𝒇𝒇(𝒙𝒙,𝒖𝒖, 𝑡𝑡)   (2) 

where 𝒇𝒇(𝒙𝒙,𝒖𝒖, 𝑡𝑡) is a vector function with 𝑛𝑛 components 
𝑓𝑓𝑖𝑖(𝒙𝒙,𝒖𝒖, 𝑡𝑡). The system (2) can represent, for example, a 
mechanical system, written as first order differential 
equation where 𝒖𝒖  is the control action.  

Note that in many cases, the inputs undergo some 
restrictions, that is 𝒖𝒖 ∈  𝐶𝐶 where 𝐶𝐶 represents a subset of 
ℝ𝑟𝑟, is the set of admissible controls. This restriction is 
always encountered in technical applications, and also in 
our devices, since, whatever the physical nature of the 
control systems, actuators have limits in their performances 
like forces, currents, voltages that cannot exceed prescribed 
values.  

In general, the optimal control problems, 𝑜𝑜𝑜𝑜𝑡𝑡 𝐽𝐽, 
considered in the variational approach can be summarized 
as a control algorithm that minimizes or maximizes, for a 
given dynamic system, an objective function (also called 
cost function) of the form 𝐽𝐽 = ∫ 𝐿𝐿(𝒙𝒙,𝒖𝒖, 𝑡𝑡)𝑑𝑑𝑡𝑡𝑑𝑑𝑓𝑓

𝑑𝑑0
 that may 

depend on the status of the system and the vector of inputs. 
In this way a control algorithm minimizing or maximizing a 

given cost function with possible constraints is introduced 
and in particular, in the present work, we state the problem 
as: 

𝑜𝑜𝑜𝑜𝑡𝑡 𝐽𝐽 = � 𝐿𝐿(𝒙𝒙,𝒖𝒖, 𝑡𝑡)𝑑𝑑𝑡𝑡
𝑑𝑑𝑓𝑓

𝑑𝑑0
   

𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑡𝑡𝑠𝑠𝑑𝑑 𝑡𝑡𝑜𝑜 

�̇�𝒙 = 𝒇𝒇(𝒙𝒙,𝒖𝒖, 𝑡𝑡)   

(3) 

In order to encompass the constraint conditions, the cost 
function can be completed by using Lagrangian multipliers 
𝝀𝝀(𝑡𝑡) =  [𝜆𝜆1(𝑡𝑡), 𝜆𝜆2(𝑡𝑡), . . . , 𝜆𝜆𝑛𝑛(𝑡𝑡)]𝑇𝑇, which are also called 
adjoint variables. The modified cost function becomes: 

𝐽𝐽 = � 𝐿𝐿(𝒙𝒙,𝒖𝒖, 𝑡𝑡) + 𝝀𝝀𝑇𝑇��̇�𝒙 − 𝒇𝒇(𝒙𝒙,𝒖𝒖, 𝑡𝑡)�𝑑𝑑𝑡𝑡
𝑑𝑑𝑓𝑓

𝑑𝑑0
 (4) 

In general, these types of problems of the calculus of 
variations are called bounded problems, or Lagrange-
Pontryagin problems that can be generalized in this way: 

⎩
⎪
⎨

⎪
⎧𝐽𝐽 = � 𝐿𝐿(𝒙𝒙(𝑡𝑡),𝒖𝒖(𝑡𝑡), 𝑡𝑡)𝑑𝑑𝑡𝑡

𝑑𝑑𝑓𝑓

𝑑𝑑0
  ∶    𝑜𝑜𝑜𝑜𝑡𝑡𝒖𝒖 ∈ ∁  𝐽𝐽

�̇�𝒙 = 𝒇𝒇(𝒙𝒙,𝒖𝒖, 𝑡𝑡)
𝒙𝒙(𝑡𝑡0) = 𝒙𝒙𝑑𝑑0

  (5) 

that is it specifies physical limits for the control variables 
𝑢𝑢1(𝑡𝑡),𝑢𝑢2(𝑡𝑡), . . . ,𝑢𝑢𝑟𝑟(𝑡𝑡). 

The problem (5) is called optimal control and its solution 
𝒖𝒖∗, in the maximum case, specifies the condition: 

𝐽𝐽(𝒖𝒖) ≤  𝐽𝐽(𝒖𝒖∗) , 𝒖𝒖∗ ∈  ∁  𝑎𝑎𝑛𝑛𝑑𝑑     ∀    𝒖𝒖 ∈  ∁ (6) 

𝒙𝒙∗ associated to 𝒖𝒖∗ is called optimal trajectory. 
The approach to determine the optimal control leads to 

the Euler-Lagrange equations, that permits conceptually to 
determine simultaneously 𝒙𝒙∗ and 𝒖𝒖∗. The form and 
characteristics of these equations, and additionally the 
chance of finding a closed form for 𝒖𝒖∗ in terms of 𝒙𝒙∗, much 
depends on the considered problem and related constraints. 

This paper is specifically devoted to establish an optimal 
control algorithm acting on a variable damping of a 
mechanical system. In fact, the existing technology, 
especially that based on the use of magneto-rheological 
dampers, allows for a very effective modification of the 
viscosity of a fluid through the control of electric currents 
in solenoids. 

The following section 2.1 is therefore devoted to the 
statement of the prototype equations of this type of control. 
In section 2.2, the explicit form of Euler-Lagrange 
equations, is derived, focusing on closed form solution for 
𝒖𝒖∗, indeed an important aspect in engineering. In fact, the  
controller is required to act in real-time, without the chance 
of solving complicated differential equations at any instant 
t to determine the control action at the following time step 
𝑡𝑡 + 𝛥𝛥𝑡𝑡. 𝛥𝛥𝑡𝑡, in practical cases of interest, should be as small 
as possible, since the frequency of the controllable 
mechanical vibration is of order 1/𝛥𝛥𝑡𝑡: the larger 𝛥𝛥𝑡𝑡, the 
slower the dynamic of the control system. 
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2.1 Prototype equations of the controlled system 

In this section we specialize the calculus of variation to the 
case of semi-active control by the Euler-Lagrange 
equations. Before to start with a detailed analysis, the 
benefits that this method provides are briefly illustrated.  

First of all, the evolutionary equations of the system are 
very general and any nonlinear effect can be included, so 
frequently appearing in mechanical systems, such as those 
due to the kinematic linkages in the suspension architecture 
or/and those related to constitutive relationships of elastic 
and visco-elastic components. Moreover, the optimal 
control may include any type of nonlinear control laws.  

Based on these observations we can start from a general 
approach of one degree of freedom system (Figure 1) that 
consists of a damper located between a sprung mass and the 
incoming noise signal 𝑦𝑦(𝑡𝑡). 

 
 

Figure 1: A sprung mass with a damper controlled 
suspension system. 

As a very general statement, that will be specified later 
for different required control strategy, we let: 

𝐽𝐽 = � 𝐸𝐸(𝑧𝑧, �̇�𝑧, 𝑦𝑦, �̇�𝑦, 𝑠𝑠)𝑑𝑑𝑡𝑡
𝑑𝑑𝑓𝑓

𝑑𝑑0
 

𝑂𝑂𝑜𝑜𝑡𝑡
𝑐𝑐∈∁

𝐽𝐽     

𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑡𝑡𝑠𝑠𝑑𝑑 𝑡𝑡𝑜𝑜  

�
𝑚𝑚�̈�𝑧 + 𝑠𝑠(𝑡𝑡) 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) + 𝑘𝑘 𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦) = 0  
𝑧𝑧(𝑡𝑡0) = 𝑧𝑧𝑑𝑑0 ;  �̇�𝑧(𝑡𝑡0) = �̇�𝑧𝑑𝑑0 
𝑠𝑠(𝑡𝑡) ∈ [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥] , 𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 > 0 ,  𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥 > 𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛

 

(7) 

where: 
- 𝐸𝐸(𝑧𝑧, �̇�𝑧,𝑦𝑦, �̇�𝑦, 𝑠𝑠) is an objective function that will be 

chosen in function of some physical intuition;  
- 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) and 𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦) are nonlinear functions of 

the argument (�̇�𝑧 − �̇�𝑦) and (𝑧𝑧 − 𝑦𝑦) respectively, 
typically such nonlinearity include geometric or 
constitutive nonlinearity of the suspension system; 

-  𝑠𝑠(𝑡𝑡) describes the control action and 𝑠𝑠(𝑡𝑡) ∈
[𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥] , 𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 ≥ 0, which implies the device is 
semi-active; 

- 𝑘𝑘 is the spring constant; 
- 𝑚𝑚 is the sprung mass; 
- 𝑧𝑧(𝑡𝑡) is the absolute sprung mass displacement; 

- 𝑦𝑦(𝑡𝑡) the noise signal. 
Note that the initial conditions 𝑧𝑧(𝑡𝑡0) = 𝑧𝑧𝑑𝑑0 and 𝑧𝑧(𝑡𝑡𝑓𝑓) =

𝑧𝑧𝑑𝑑𝑓𝑓  are substituted by 𝑧𝑧(𝑡𝑡0) = 𝑧𝑧𝑑𝑑0 and �̇�𝑧(𝑡𝑡0) = �̇�𝑧𝑑𝑑0 .  
The procedure to extract the optimal control law is 

described in the following. 
Considering the equation (4) we have: 

𝛿𝛿 𝐽𝐽 = 𝛿𝛿 � 𝐸𝐸(𝑧𝑧, �̇�𝑧, 𝑦𝑦, �̇�𝑦, 𝑠𝑠)
𝑑𝑑𝑓𝑓

𝑑𝑑0
+ 𝜆𝜆�𝑚𝑚�̈�𝑧 + 𝑠𝑠(𝑡𝑡) 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)
+ 𝑘𝑘 𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)�𝑑𝑑𝑡𝑡 = 0 

(8) 

In the problem of actual interest, we are faced with the 
restraint 𝑠𝑠(𝑡𝑡) ∈ [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥].  This is not explicitly included 
in the minimization analysis that leads to a solution in 
terms of 𝑧𝑧∗(𝑡𝑡) and 𝑠𝑠∗(𝑡𝑡) that does not satisfy the condition 
𝑠𝑠(𝑡𝑡) ∈ [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥] at any 𝑡𝑡. However, the actual value of 
𝑠𝑠∗(𝑡𝑡) is managed by the simple clipping procedure:  

�
𝑠𝑠(𝑡𝑡) = 𝑠𝑠∗(𝑡𝑡)          ∀       𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 ≥ 𝑠𝑠∗(𝑡𝑡) ≥ 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥
𝑠𝑠(𝑡𝑡) = 𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛           ∀               𝑠𝑠∗(𝑡𝑡) < 𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛
𝑠𝑠(𝑡𝑡) = 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥           ∀                𝑠𝑠∗(𝑡𝑡) > 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥

   (9) 

If equation (8) admits a solution for 𝑧𝑧∗ and 𝑠𝑠∗, then (9)  
provide the desired result.  

For some choices of the objective function 
𝐸𝐸(𝑧𝑧, �̇�𝑧,𝑦𝑦, �̇�𝑦, 𝑠𝑠), it may happen that the optimal solution does 
not exist. In this cases, the control is abandoned. These 
cases, under some conditions, could be approached by the 
Pontryagin’s theorem. However, because the application of 
the variational approach becomes very difficult, we prefer 
to skip the analysis of these cases in this engineering 
context. 

We can further manipulate equations (8):  

𝛿𝛿 𝐽𝐽 = � �𝜕𝜕𝐸𝐸
𝜕𝜕𝑧𝑧

 𝛿𝛿𝑧𝑧 +
𝜕𝜕𝐸𝐸
𝜕𝜕�̇�𝑧

 𝛿𝛿�̇�𝑧 +
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

 𝛿𝛿𝑠𝑠 + 𝜆𝜆𝑚𝑚 𝛿𝛿�̈�𝑧
𝑑𝑑𝑓𝑓

𝑑𝑑0
+ 𝜆𝜆𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)𝛿𝛿𝑠𝑠

+ 𝜆𝜆𝑠𝑠
𝜕𝜕𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)

𝜕𝜕�̇�𝑧
𝛿𝛿�̇�𝑧

+ 𝜆𝜆𝑘𝑘
𝜕𝜕𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)

𝜕𝜕𝑧𝑧
𝛿𝛿𝑧𝑧�  𝑑𝑑𝑡𝑡

= 0 

(10) 

Using the variational method and assuming that 𝛿𝛿𝑧𝑧(𝑡𝑡0) =
0, 𝛿𝛿𝑧𝑧�𝑡𝑡𝑓𝑓� = 0, 𝛿𝛿𝑠𝑠(𝑡𝑡0) = 0, 𝛿𝛿𝑠𝑠�𝑡𝑡𝑓𝑓� = 0, we obtain: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧�̈�𝜆𝑚𝑚 −

𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐸𝐸
𝜕𝜕�̇�𝑧

+ 𝜆𝜆𝑠𝑠
𝜕𝜕𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)

𝜕𝜕�̇�𝑧
� +

𝜕𝜕𝐸𝐸
𝜕𝜕𝑧𝑧

                                   +𝜆𝜆𝑘𝑘 
𝜕𝜕𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)

𝜕𝜕𝑧𝑧
= 0

𝑚𝑚�̈�𝑧 + 𝑠𝑠(𝑡𝑡) 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) + 𝑘𝑘 𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦) = 0
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

+ 𝜆𝜆𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) = 0

𝑧𝑧(𝑡𝑡0) = 𝑧𝑧𝑑𝑑0  ;  �̇�𝑧(𝑡𝑡0) = �̇�𝑧𝑑𝑑0

 (11) 

an algebraic-differential problem in terms of 𝑧𝑧, 𝑠𝑠, 𝜆𝜆. 

 

 

 

𝑘𝑘 𝑠𝑠(𝑡𝑡) 

𝑚𝑚 
𝑧𝑧(𝑡𝑡) 

𝑦𝑦(𝑡𝑡) 
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2.2 Master equation of the optimal controller 

It is important to remark the way equations (11) are used in 
this context. In fact, although they represent a system of 
algebraic-differential equations, our goal is not their 
solutions. The engineering goal is to determine how 𝑠𝑠(𝑡𝑡) 
should be modified depending on some measured quantities 
during the operating conditions. Therefore, equation (11) 
must be used considering they provides an implicit 
relationship between 𝑠𝑠(𝑡𝑡) and the variables 𝑧𝑧(𝑡𝑡), 𝑦𝑦(𝑡𝑡). 
Once these last quantities are measured by suitable sensors, 
equations (11) permit to determine the best values of 𝑠𝑠(𝑡𝑡) 
at any instant 𝑡𝑡 to minimize the desired objective function 
𝐽𝐽. Part of the following analysis is devoted to find explicit 
form of 𝑠𝑠(𝑡𝑡) in terms of 𝑧𝑧(𝑡𝑡) and 𝑦𝑦(𝑡𝑡), by suitable 
selection of the form of the function 𝐸𝐸.  

From equation (11), for 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) ≠ 0, we have: 

⎩
⎪⎪
⎨

⎪⎪
⎧�̈�𝜆𝑚𝑚 −

𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐸𝐸
𝜕𝜕�̇�𝑧

+ 𝜆𝜆𝑠𝑠
𝜕𝜕𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)

𝜕𝜕�̇�𝑧
� +

𝜕𝜕𝐸𝐸
𝜕𝜕𝑧𝑧

                                 +𝜆𝜆𝑘𝑘 
𝜕𝜕𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)

𝜕𝜕𝑧𝑧
= 0

𝜆𝜆 = −
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

1
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)

 (12) 

When substituting the second equation into the first one 
equation: 

�̈�𝜆𝑚𝑚 −
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐸𝐸
𝜕𝜕�̇�𝑧

−
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

1
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) 𝑠𝑠

𝜕𝜕𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)
𝜕𝜕�̇�𝑧

�

+
𝜕𝜕𝐸𝐸
𝜕𝜕𝑧𝑧

−
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

𝑘𝑘
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) 

𝜕𝜕𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)
𝜕𝜕𝑧𝑧

= 0 

(13) 

and integrating two times 

𝜆𝜆𝑚𝑚

= ��
𝜕𝜕𝐸𝐸
𝜕𝜕�̇�𝑧

−
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

1
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) 𝑠𝑠

𝜕𝜕𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)
𝜕𝜕�̇�𝑧

� 𝑑𝑑𝑑𝑑

− ���
𝜕𝜕𝐸𝐸
𝜕𝜕𝑧𝑧

−
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

𝑘𝑘
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) 

𝜕𝜕𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)
𝜕𝜕𝑧𝑧

� 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑′ + 𝑠𝑠0 𝑡𝑡

+ 𝑠𝑠1 

(14) 

Substituting this last expression into the second of (12), 

𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

𝑚𝑚
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)

+ ��
𝜕𝜕𝐸𝐸
𝜕𝜕�̇�𝑧

−
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

1
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) 𝑠𝑠

𝜕𝜕𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦)
𝜕𝜕�̇�𝑧

� 𝑑𝑑𝑑𝑑

− ���
𝜕𝜕𝐸𝐸
𝜕𝜕𝑧𝑧

−
𝜕𝜕𝐸𝐸
𝜕𝜕𝑠𝑠

𝑘𝑘
𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) 

𝜕𝜕𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)
𝜕𝜕𝑧𝑧

� 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑′ + 𝑠𝑠0 𝑡𝑡

+ 𝑠𝑠1 = 0 

(15) 

This equation, together with equation (11), is the basis to 
derive several control laws for different choices of the 
objective function 𝐸𝐸 extracting the control function 𝑠𝑠(𝑡𝑡) 
from the equation (15), as in the following examples.  

However, it is useful to remark that this equation does 
not always provide the desired optimal control solution. 
The first obvious case is met when none relative maximum 
or minimum exists for the functional 𝐽𝐽. A second case is 
met when not a unique solution can be determined. 

2.3 Semi-active active implementation and the clipping 
technique 

One must observe we adopted a Lagrangian approach that 
skipped the use of the Pontryagin’s theorem, in that the 
condition 𝑠𝑠(𝑡𝑡) ∈ [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥] is not directly included into 
the problem formulation, but indeed introduced a posteriori 
through the clipping operation. Although this simplifies the 
method, a legitimated question arises about the 
characteristic of the solution we found. It is possible to 
show easily, that (i) if the solution is unique, in the sense 
that a single relative minimum or maximum exists for 𝐽𝐽, 
and (ii) under some reasonable regularity conditions for 𝐽𝐽, 
then the clipping procedure produces the best solution, 
compatible with the restraints on the control function. This 
means 𝑠𝑠∗(𝑡𝑡) found solving equations (11) or (15), and 
subjected to the clipping restriction (9) produces the 
smallest (or the largest) possible value for 𝐽𝐽 within the 
admissible range for 𝑠𝑠(𝑡𝑡), i.e. an absolute minimum (or 
maximum) is obtained for 𝐽𝐽.  

This can be easily understood from Figure 2 where a 
simplified illustration of the question in two dimensions is 
represented. 

 

Figure 2:Control law in the case of limited ranges 

𝐽𝐽 is on the vertical axis, while 𝑠𝑠(𝑡𝑡) is on the horizontal 
one. If there is a unique relative minimum for 𝐽𝐽 determined 
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by an unconstrained Lagrangian approach, then we can 
distinguish three cases. If the minimum is located within 
the interval [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥], (Figure 2: case 1), then the 
Lagrangian approach keeps directly 𝑠𝑠(𝑡𝑡) = 𝑠𝑠∗(𝑡𝑡), that is 
the minimum for 𝐽𝐽. If the minimum falls outside of the 
interval [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥], (Figure 2: case 2 and case 3), then the 
Lagrangian approach identifies again 𝑠𝑠(𝑡𝑡) = 𝑠𝑠∗(𝑡𝑡) as the 
minimum solution, but the clipping operation puts the 
solution on the boundary of the interval [𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥] closest 
to 𝑠𝑠∗(𝑡𝑡). However, this is still the best minimum solution 
compatible with the control function restraint. 

2.4 Analysis of special class of objective functions 

Let us specify the objective function as: 

𝐸𝐸(𝑧𝑧, �̇�𝑧, 𝑦𝑦, �̇�𝑦, 𝑠𝑠) = 𝛼𝛼�̈�𝑧2 + 𝛽𝛽�̇�𝑧2 + 𝛾𝛾𝑧𝑧2 (16) 

In this case, a combination of acceleration, speed and 
displacement are considered for the optimization. The 
coefficients 𝛼𝛼, 𝛽𝛽 and 𝛾𝛾 are responsible for the weights the 
designer desires to assign to each of the three terms.  

Therefore: 

𝑂𝑂𝑜𝑜𝑡𝑡 𝐽𝐽 

𝐽𝐽 = � 𝛼𝛼�
𝑠𝑠(𝑡𝑡)
𝑚𝑚

 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) +
𝑘𝑘
𝑚𝑚

 𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)�
2𝑑𝑑𝑓𝑓

𝑑𝑑0
+ 𝛽𝛽�̇�𝑧2 + 𝛾𝛾𝑧𝑧2𝑑𝑑𝑡𝑡     

�
𝑚𝑚�̈�𝑧 + 𝑠𝑠(𝑡𝑡) 𝑓𝑓𝑐𝑐(�̇�𝑧 − �̇�𝑦) + 𝑘𝑘 𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦) = 0  
𝑧𝑧(𝑡𝑡0) = 𝑧𝑧𝑑𝑑0 ;  �̇�𝑧(𝑡𝑡0) = �̇�𝑧𝑑𝑑0  

(17) 

where the equation of motion is used to replace �̈�𝑧 in (16). 
Using equation (15) with 𝑠𝑠0 = 0, we obtain, for 𝑓𝑓𝑐𝑐(�̇�𝑧 −
�̇�𝑦) ≠ 0, 

𝑠𝑠∗(𝑡𝑡)  = −𝑘𝑘
𝑓𝑓𝑘𝑘(𝑧𝑧 − 𝑦𝑦)
𝑓𝑓𝑠𝑠(�̇�𝑧 − �̇�𝑦)

+
𝑔𝑔1

𝑓𝑓𝑠𝑠(�̇�𝑧 − �̇�𝑦)
� ż 𝑑𝑑𝑑𝑑
𝑑𝑑

𝑡𝑡0

+
𝑔𝑔2

𝑓𝑓𝑠𝑠(�̇�𝑧 − �̇�𝑦)
� � 𝑧𝑧𝑑𝑑𝑑𝑑

𝑑𝑑

𝑡𝑡0

𝑑𝑑𝑑𝑑′
𝑑𝑑

𝑑𝑑0
+ 𝑔𝑔3 

(18) 

The coefficients  𝑔𝑔1, 𝑔𝑔2 and 𝑔𝑔3 are tuning parameters: 

⎩
⎪
⎨

⎪
⎧𝑔𝑔1 = −

𝑚𝑚𝛽𝛽
𝛼𝛼

𝑔𝑔2 =
𝑚𝑚𝛾𝛾
𝛼𝛼

 
𝑔𝑔3 = −𝑠𝑠1

 (19) 

In the section 3 the control law (18) is analyzed by using 
numerical simulations. 

 

Figure 3: Diagram of the control system 

The synthesis of determined controller is depicted in the 
block scheme of Figure 3, emphasizing the structure of the 
determined feedback filter. 

3 NUMERICAL RESULTS 
The non-linear control law (18) is an explicit solution for 
𝑠𝑠(𝑡𝑡) in terms of 𝑧𝑧(𝑡𝑡), 𝑦𝑦(𝑡𝑡) and their derivatives, that are 
measured by suitable sensors.  In fact, the general control 
system is equipped, at least, with two sensors, as illustrated 
in Figure 3, to determine the best values of 𝑠𝑠(𝑡𝑡) that 
minimize the desired objective function 𝐸𝐸 specified by 
equation (16). The sensors 𝑆𝑆1 and 𝑆𝑆2 of Figure 3 are 
generally accelerometers. The sensors are connected to an 
electronic controller implementing the structure depicted in 
Figure 3. The performance  of the actual controller is 
applied to a quarter-car model and compared with the sky-
hook technique, synthesized as follows: 

𝑠𝑠𝑠𝑠𝑘𝑘𝑠𝑠−ℎ𝑜𝑜𝑜𝑜𝑘𝑘(𝑡𝑡) = �𝑠𝑠𝑚𝑚𝑖𝑖𝑛𝑛 𝑖𝑖𝑓𝑓 �̇�𝑧(�̇�𝑧 − �̇�𝑦) ≤ 0
𝑠𝑠𝑚𝑚𝑚𝑚𝑥𝑥 𝑖𝑖𝑓𝑓 �̇�𝑧(�̇�𝑧 − �̇�𝑦) > 0 (20) 

The numerical experiments reported are obtained using 
ISO8608, using  a power spectral density (PSD): 

𝐺𝐺(𝑛𝑛) = 𝐺𝐺(𝑛𝑛0) �
𝑛𝑛
𝑛𝑛0
�
−2

 (21) 

where 𝑛𝑛 is the spatial frequency 𝑠𝑠𝑦𝑦𝑠𝑠𝑐𝑐𝑠𝑠/𝑚𝑚𝑠𝑠𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠, and 𝑛𝑛0 and 
𝐺𝐺(𝑛𝑛0) are constant, for the following simulation, equal to: 

𝑛𝑛0 = 0.1
𝑠𝑠𝑦𝑦𝑠𝑠𝑐𝑐𝑠𝑠
𝑚𝑚

  (22) 
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𝐺𝐺(𝑛𝑛0) = 32 ∙ 10−6
𝑚𝑚3

𝑠𝑠𝑦𝑦𝑠𝑠𝑐𝑐𝑠𝑠
 

In the figures 4 and 5 the displacement and acceleration 
of the sprung mass are reported. Note that the variational 
control law tested with the gain 𝑔𝑔1 = 𝑔𝑔2 = 𝑔𝑔3 = 0 
produces a very low acceleration, although, a higher value 
for the sprung mass displacement. 

In fact for 𝑔𝑔1 = 𝑔𝑔2 = 𝑔𝑔3 = 0 the objective function is: 

𝐸𝐸(𝑧𝑧, �̇�𝑧, 𝑦𝑦, �̇�𝑦, 𝑠𝑠) = 𝛼𝛼�̈�𝑧2 (23) 

that collapses into a simple acceleration requirement. 
 The same considerations are valid for the displacement 

and acceleration PSD represented in the figures 6 and 7. 
Finally a probability density function PDF of the two 
signals is presented in the figures 8 and 9. 

 

Figure 4: Displacement of the sprung mass 𝑧𝑧(𝑡𝑡). 

 

Figure 5: Acceleration of the sprung mass �̈�𝑧(𝑡𝑡). 

 

Figure 6: PSD displacement of the sprung mass 𝑧𝑧(𝑡𝑡). 

 

Figure 7: PSD acceleration of the sprung mass �̈�𝑧(𝑡𝑡). 

 

Figure 8: PDF displacement of the sprung mass 𝑧𝑧(𝑡𝑡). 

 

Figure 9: PDF acceleration of the sprung mass �̈�𝑧(𝑡𝑡). 

 

CONCLUSIONS 
The presented control is based on a variational formulation 
and applied to a simple suspension model. It introduces a 
general control  law that includes a variable damper with a 
semi-active device.  
The obtained Euler-Lagrange equations provide the 
damping in a closed form in terms of the suspension 
measured state variables. 
The new control strategy, minimizes the sprung mass 
acceleration. The numerical simulations show very good 
results and an excellent uniformity and robustness of the 
control. There are still many parameters to tune to improve 
the controller performances, the scope of future activities.  

REFERENCES 
[1] E. Guglielmino, T. Sireteanu, C. W. Stammers et al., Semi-active 

Suspension Control, Springer, 2008. 
[2] M. S. Savaresi, C. Poussot-Vassal, C. Spelta et al., Semi-Active 

Suspension Control Design for Vehicles, Elsevier, 2010. 
[3] C. Poussot-Vassal, C. Spelta, O. Sename et al., Survey and 

performance evaluation on some automotive semi-active suspension 
control methods: A comparative study on a single-corner model, 
Annual Reviews in Control, vol. 36, no. 1, pp. 148-160, 4, 2012. 

[4] S. M. Savaresi, E. Silani, and S. Bittanti, Acceleration-Driven-
Damper (ADD): An Optimal Control Algorithm For Comfort-
Oriented Semiactive Suspensions, Journal of Dynamic Systems, 
Measurement, and Control, vol. 127, no. 2, pp. 218-229, 2004. 

[5] S. M. Savaresi, and C. Spelta, Mixed Sky-Hook and ADD: 
Approaching the Filtering Limits of a Semi-Active Suspension, 
Journal of Dynamic Systems, Measurement, and Control, vol. 129, 
no. 4, pp. 382-392, 2006. 

[6] M. R. Jolly, J. W. Bender, and J. D. Carlson, Properties and 
Applications of Commercial Magnetorheological Fluids, Journal of 
Intelligent Material Systems and Structures, vol. 10, no. 1, pp. 5-13, 
1999. 

[7] Lord Corporation site: www.lord.com 
[8] D. Karnopp, Crosby, M., and Haewood, R., Vibration control using 

semi-active force generators., Journal of Engeneering for Industry, 
vol. 2, no. 96, pp. 619-626, 1974. 

[9] A. Carcaterra, G. Pepe, Sospensione per veicolo con regolazione 
della forza di smorzamento delle vibrazioni, Patent 
RM2014A000040, 2014 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1726



[10] P. Loreti, and G. V. Caffarelli, Variational solutions of coupled 
Hamilton-Jacobi equations, Applied Mathematics and Optimization, 
vol. 41, no. 1, pp. 9-24, 2000. 

[11] V. Komornik, P. Loreti, and E. Zuazua, On the Control of Coupled 
Linear Systems, Control and Estimation of Distributed Parameter 
Systems, International Series of Numerical Mathematics W. Desch, 
F. Kappel and K. Kunisch, eds., pp. 183-189: Birkhäuser Basel, 
1998. 

[12] A. Avantaggiati, and P. Loreti, Lax type formulas with lower 
semicontinuous initial data and hypercontractivity results, Nonlinear 
Differential Equations and Applications NoDEA, vol. 20, no. 3, pp. 
385-411, 2013/06/01, 2013. 

[13] A. C. Lai, and P. Loreti, From discrete to continuous reachability for 
a robot’s finger model, Communications in Applied and Industrial 
Mathematics; Vol 3, No 2 (2012), 2013. 

[14] D. E. Kirk, Optimal Control Theory: An Introduction: Dover 
Publications, 2012. 

[15] A. E. Bryson, Applied Optimal Control: Optimization, Estimation 
and Control. Taylor & Francis, 1975. 

[16] A. A. Agrachev, P. Nistri, G. Stefani et al., Nonlinear and Optimal 
Control Theory, Lectures Given at the C.I.M.E. Summer School 
Held in Cetraro, Italy, June 19-29, 2004: Springer, 2008. 

[17] D. Liberzon, Calculus of Variations and Optimal Control Theory: A 
Concise Introduction: Princeton University Press, 2011. 
 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1727



 



Analysis on the optimum performance of Tuned Mass Damper devices
in the context of earthquake engineering

Jonathan SALVI1, Egidio RIZZI1,∗, Michele GAVAZZENI1
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ABSTRACT: The mitigation of the dynamic response of buildings and structures to earthquakes is one of the fundamental aims
within the design of vibration control devices. In this sense, Tuned Mass Damper (TMD) devices are generally conceived as
useful and efficient means for the control of the dynamic response of structures and constructions, especially when considering
ideal dynamic excitations. However, their optimum tuning and relevant performance in effectively reducing the seismic response
of civil structures is currently an open topic, mostly due tothe intrinsic nature of the (passive) device and the uncertainty and
unpredictability of the earthquake event. The present paper deals with the concept of optimisation of the TMD at given seismic
input, to assess the optimum TMD parameters for each seismicevent. In this study, the optimisation of TMDs is firstly carried
out within a range of earthquakes and primary frame structures, in order to achieve the ideal optimum setting for each considered
case. Then, the outcomes of the investigation are gathered and analysed all together, to outline general trends and characteristics,
towards possible effective design of TMDs in the seismic context. The output of this paper should enrich the current knowledge on
this topic towards potential extensive applications of TMDs in the field of earthquake engineering.

KEY WORDS: Tuned Mass Damper (TMD); Optimum Seismic Tuning;Seismic Input Signal; Shear-Type Frame Structure.

1 INTRODUCTION

This paper presents an investigation on the effectiveness of
optimum Tuned Mass Dampers in the context of earthquake
engineering, by considering a range of different frame structures
and earthquakes. The values of the optimum TMD parameters
are obtained for each case and the performance of the control
device in reducing the seismic response of the primary structure
is assessed. The TMD parameters are optimised through a
previously proposed seismic-tuning procedure [1–3], which
allows to obtain the optimum TMD parameters for a specific
earthquake event. This study lays within a wider research
project on TMD tuning under development at the University of
Bergamo [1–8].

From their first introduction, which may likely be represented
by the patent of Frahm [9], TMDs have been one of the most
investigated control devices. First studies have established firm
theoretical bases on the tuning of TMDs for harmonic loading
and undamped primary structure [10–12], and afterwards many
works focused on the optimum tuning in the presence of inherent
structural damping and ideal excitations, such as harmonicor
white noise loadings [13–15]. In this sense, the mainstream
research on TMD tuning dealt with the numerical optimisation
of the control device, since the analytical tuning appears to
become quite complex in the presence of inherent damping and
general loading [14]. This wide group of studies established
a considerable knowledge on the basic tuning of TMDs and
enforced the opinion that such control devices shall basically
be effective in reducing different types of structural vibrations.

An important effectiveness issue is represented by the
potential validity of TMDs in the context of seismic engineering,
in order to mitigate the earthquake response of civil structures

and possibly prevent structural failure under seismic excitation.
First, important works tried to study the level of benefit of
a TMD optimised for ideal excitations added to different
structures, subjected to seismic events. In this sense, the
work of Kaynia et al. [16] analysed the performance of a
TMD added to elastic and inelastic single-degree-of-freedom
(SDOF) primary structures subjected to several earthquake
signals, concluding that small differences are recorded when
the seismic excitation is modeled as a white noise and that
TMDs are less effective than expected towards the reduction
of the earthquake response. Further similar indications were
provided by the study of Sladek and Klingner [17], where the
TMD was found to be not significantly effective in reducing
the seismic response of a multi-degree-of-freedom (MDOF)
prototype frame building. Another research front concerned the
TMD tuning for seismic applications through a complex modal
analysis [18–22], therefore leading to a tuning independent of
the dynamic excitation, which affirmed instead that a heavily
damped TMD could induce remarkable benefits in terms of
structural seismic behaviour.

Recently, many works concerned the investigation, with
different approaches, on the actual efficiency of passive TMDs
in earthquake engineering. A first group of studies considered
the earthquake signal within validation tests on previously
tuned TMDs, such as those of Paredes et al. [23], where the
TMD tuning took advantage from Villaverde’s formulas [18,
19], Miranda [21], where the proposed tuning procedure
was based on an energy-based model and whose obtained
results confirmed those positive obtained by Sadek et al. [20].
Another group of studies embedded the seismic signal into the
tuning procedure by means of specific models. In this sense,
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remarkable works where the seismic signal was modeled in
the frequency domain through the Kanai-Tajimi formula were
those of Hoang et al. [24], where the TMD tuning was carried-
out within a numerical optimization based on the Davidon-
Fletcher-Powell algorithm and that of Leung et al. [25], where
the seismic input was modeled as a non-stationary process
and TMD tuning was carried-out within a Particle Swarm
Optimization algorithm.

Despite this large number of studies, the potential effective-
ness of TMDs in the realm of earthquake engineering is still
debated, essentially due to the intrinsic nature and inertia of the
passive TMD device, random and unique nature of the seismic
input and large variety of structural characteristics [26–28].
Furthermore, such features recently encouraged the introduction
of different numerical optimisation methods with the task of
improving and shortening the tuning process [25,29–32].

The present paper attempts a first investigation on the
potential role of TMDs in earthquake engineering. The actual
values of optimum TMD parameters are sought, intended as
tuned specifically on a given seismic input signal, and the
relevant level of effectiveness of the so-conceived control device
is measured in the abatement of the primary structure response
to an earthquake. Moreover, the study focuses on the possible
relationships between the obtained structural dynamic behaviour
and the characteristics of the considered strong motion signals.

The paper is organised as follows. First, the structural and
dynamic context is presented, composed of a range of SDOF
and MDOF shear-type frame buildings, characterised by five
typologies and numbers of storeys and two values of floor
masses, i.e. ten buildings in total. A TMD is added on
top of them. The primary structure characteristics have been
chosen in order to suitably cover the entire seismic response
spectrum, and therefore to represent adequate scenarios of
real buildings. Such structural systems are subjected to five
selected real earthquake base accelerations, referring tostrong
motion data with different characteristics. Hence, fifty different
instances are considered in the present optimisation study. The
TMD mechanical parameters are tuned on each specific seismic
input, by an implemented seismic-tuning method [1–3]. The
main features of the proposed tuning procedure are explained
in detail, with focus on the numerical method and on the
optimisation variables. The outcomes of this ensemble of
numerical optimisation processes have been gathered in the
form of tables and bar charts, so as to represent the main features
of the obtained results. Such output is then briefly discussed,
in order to tracing first possible indications towards potential
seismic engineering applications.

2 STRUCTURAL AND DYNAMIC CONTEXT

A linear structural system, composed of a shear-type frame
building as primary structure and a TMD added on top, has
been assumed as benchmark model for this study, supposed to
be subjected to a generic seismic base acceleration ¨xg(t).

The primary structure is characterised by a diagonal mass
matrix MS, a tridiagonal stiffness matrixKS and a tridiagonal
viscous damping matrixCS [33]. However, the latter has
been modeled through classical Rayleigh damping as simply

proportional to the stiffness matrix [18,19]:

CS = β KS , β =
2ζS,I

ωS,I

(1)

whereζS,I andωS,I are respectively the given structural damping
ratio and the angular frequency of the primary structure, referred
to its first mode of vibration. In particular, the first mode
damping ratio has been assumed here asζS,I = 0.05, which is a
suitable (relatively high) value for real structures, and thus quite
challenging in the present TMD effectiveness context (TMD
vibration reduction expected to increase at lowering inherent
damping ratio).

The TMD mechanical parameters are the massmT , the
constant stiffnesskT and the viscous damping coefficientcT .
The TMD angular frequency and damping ratio are classically
defined as follows:

ωT =

√
kT

mT

, ζT =
cT

2
√

kT mT

(2)

Besides the TMD damping ratioζT , the other free parameters
useful for the optimum tuning process of the control device
are the mass ratioµ and the frequency ratiof , defined as
follows [20]:

µ =
mT

ΦT
S,I

MSΦS,I

, f =
ωT

ωS,I

(3)

where ΦS,I is the first mode shape of the primary structure,
normalised so as to exhibit a unit value at the top storey.

The different primary structures are characterised by common
structural parameters [5]. Indeed, for the present study the
following data have been assumed:

• Elastic modulus: E = 30000 MPa;
• Square column dimension:lc = 0.3 m;
• Number of columns:nc = 20;
• Column height:hc = 3 m;
• Number of storeys:ns = 1, 2, 5, 10, 20;
• Floor mass:mS,i =50000kg = 50 t ormS,i =100000kg = 100 t.

Such parametric choice allows for a wide range of modal
frequencies, with periods varying from about 0.1 s to 2 s, so
as to investigate at the same time short, medium and long period
structures. In this sense, the modal analysis of such structures
provided data reported in Tables 1–3 (where the subscriptj
denotes thej-th mode of vibration).

The five considered seismic input signals (with features listed
in Table 4) are the following: Imperial Valley 1940 (I1940,
El Centro station, S00E component [18, 20]), Loma Prieta
1989 (L1989, Corralitos station, 0 component [20]), Kobe 1995
(K1995, Takarazuka station, 90 component [23]), L’Aquila 2009
(A2009, Valle Aterno station, WE component [3]), Tohoku 2011
(T2011, Sendai station, NS component [3]). Such earthquake
events are often quoted in the literature and exhibit different
characteristics, magnitude and duration, in order to exploit
possible consequences in the tuning process.
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Table 1. Modal periods TS, j [s], mS,i = 50 t.

Mode
1 storey 2 st. 5 st. 10 st. 20 st.

(mtot = 50 t) (mtot = 100 t) (mtot = 250 t) (mtot = 500 t) (mtot = 1000 t)

I 0.10472 0.16944 0.36791 0.70065 1.3670
II 0.064720 0.12604 0.23530 0.45656
III 0.079955 0.14331 0.27501
IV 0.062240 0.10471 0.19759
V 0.054570 0.083978 0.15490
VI 0.071427 0.12799
VII 0.063371 0.10960
VIII 0.058115 0.096326
IX 0.054794 0.086370
X 0.052951 0.078698
XI 0.072669
XII 0.067868
XII 0.064015
XIV 0.060914
XV 0.058426
XVI 0.056452
XVII 0.054919
XVIII 0.053774
XIX 0.052980
XX 0.052513

Table 2. Modal periods TS, j [s], mS,i = 100 t.

Mode
1 storey 2 st. 5 st. 10 st. 20 st.

(mtot = 100 t) (mtot = 200 t) (mtot = 500 t) (mtot = 1000 t) (mtot = 2000 t)

I 0.14809 0.23962 0.52031 0.99087 1.9332
II 0.091528 0.17825 0.33276 0.64567
III 0.11307 0.20268 0.38892
IV 0.088021 0.14809 0.27944
V 0.077174 0.11876 0.21906
VI 0.10101 0.18101
VII 0.089620 0.15500
VIII 0.082187 0.13622
IX 0.077490 0.12214
X 0.074884 0.11129
XI 0.10277
XII 0.095980
XII 0.090531
XIV 0.086145
XV 0.082627
XVI 0.079835
XVII 0.077667
XVIII 0.076048
XIX 0.074926
XX 0.074265

Table 3. Effective modal masses Me f f, j [%].

Mode 1 storey 2 st. 5 st. 10 st. 20 st.

I 100.00 94.72 87.95 84.79 83.00
II 5.27 8.71 9.14 9.15
III 2.42 3.09 3.24
IV 0.75 1.42 1.61
V 0.15 0.74 0.94
VI 0.40 0.60
VII 0.22 0.41
VIII 0.11 0.29
IX 0.04 0.20
X 0.01 0.15
XI 0.11
XII 0.08
XII 0.06
XIV 0.04
XV 0.02
XVI 0.01
XVII 0.01
XVIII 0.00
XIX 0.00
XX 0.00

3 TMD SEISMIC-TUNING METHOD

The tuning process adopted in this study is obtained through
a specific procedure, which has been presented in previous
works [1–3]. It consists of the optimisation of the TMD for a
specific seismic input, by involving the earthquake signal within

Table 4. Seismic input signals main data.

Name M Duration [s] PGA [g] PSamax [g] T(PSamax) [s]

I1940 6.9 40 0.359 0.907 0.253
L1989 7.0 25 0.801 2.693 0.329
K1995 7.0 48 0.694 2.506 0.471
A2009 5.8 50 0.676 1.803 0.111
T2011 9.0 300 1.547 2.562 0.655

the optimisation routine. The main task of such operating way is
the achievement of the optimum TMD for each selected seismic
event. In particular, such a method has been developed in
the time domain, i.e. the optimisation process is looped with a
time solver based on classical Newmark’s average acceleration
method. A complete flowchart and further details on the related
features of the tuning procedure are reported in [1–3].

In general, the tuning of the TMDs can be easily stated and
managed as a classical optimisation problem, where the free
parameters of the control device play the role of optimisation
variables:

min
p

J(p), lb ≤ p ≤ ub (4)

wherep, J(p), lb andub represent the optimisation variables,
the objective function, the lower and upper bounds on the
optimisation variables, respectively.

In the present context, the usual approach adopted in the
literature will be considered, where the frequency ratiof and
the TMD damping ratioζT are taken as optimisation variables,
namelyp = [ f ,ζT ], while the mass ratioµ is assumed to be
given from scratch. Here, it is taken equal toµ = 0.02, which
is a value that may be representative of real application cases.
Since the main goal is the reduction of the structural seismic
response, the displacement of the primary structure has been
taken here as objective function, assumed as a Root Mean
Square (RMS) estimation. Motivations of this choice have been
widely explored in [1–3,5].

The solution of the optimisation problem through a numerical
optimisation method is basically due to the large dimensionof
the problem and to the random nature of the seismic excitation.
In particular, the numerical optimisation takes advantageof
a classical nonlinear gradient-based optimisation algorithm
available within MATLAB [34], based on Sequential Quadratic
Programming (SQP), which guarantees fast and reliable tuning.
Indeed, the values assumed for the tolerances and the maximum
value of iterations and function evaluations were able to ensure
both fast convergence and high level of accuracy [1,2].

In order to start the optimisation process, an initial evaluation
of the tuning variables must be computed. This is obtained here
through the well-known Den Hartog’s tuning formulas [12],
depending on the assumed mass ratioµ :

f 0 =
1

1+ µ
, ζ 0

T
=

√
3µ

8(1+ µ)
(5)

which shall provide a good starting approximation for the tuning
process [3]. In particular, for the adopted value ofµ = 0.02 one
obtains:

f 0(µ = 0.02) = 0.980392, ζ 0
T
(µ = 0.02) = 0.0857493 (6)

which configures a TMD quite close to the resonance condition
with respect to the first mode of vibration and lightly damped.
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However, the assumption of different possible tuning formulas
(e.g. those proposed in [6], or others) for the initialisation guess
would not change the final estimation of the optimum TMD
parameters.

4 ANALYSIS OF SEISMIC-TUNING RESULTS

The outcomes of the proposed tuning process on the selected
cases of primary structures and earthquake events are repre-
sented in Tables 5–6 and Figs. 1–8, in terms of optimum TMD
parameters and percentage response reduction, respectively.

4.1 Optimum TMD parameters

The optimum frequency ratiof opt (Table 5) takes values mainly
from about 0.9 to 1, i.e. close to resonance conditions on thefirst
mode, but it appears that no specific trend could be outlined.The
average values confirm somehow the classical results, which
establish an exactly resonant TMD for a virtual mass ratioµ
close to zero (f opt = 1) and a decreasing frequency ratio at
increasing mass ratio.

Table 5. Optimum frequency ratiof opt (Den Hartog’s ref.
value [12], Eqs. (5)–(6):fDH (µ = 0.02) = 0.980392).

Structure I1940 L1989 K1995 A2009 T2011

50 t

1 st. 0.957932 0.840197 1.04629 0.932728 0.961677
2 st. 1.01663 0.890821 0.975869 0.967520 0.918909
5 st. 0.937887 1.03015 0.967220 0.926385 0.972470
10 st. 1.02345 0.804186 0.997930 0.967308 0.943341
20 st. 0.995848 1.01890 0.987987 0.970454 0.955676

100 t

1 st. 0.902234 0.945464 0.935821 0.979243 0.947657
2 st. 0.906119 1.00737 0.889979 0.905931 0.998331
5 st. 0.938291 0.882076 0.955918 0.957847 0.962374
10 st. 0.986089 0.992377 0.979035 0.921196 0.975995
20 st. 0.968208 0.998243 1.00224 0.954614 0.997559

A first group of values not belonging to the main range
described above is that of values slightly higher than 1, which
is something not recognised by various tuning formulas, since
f opt = 1 is typically indicated as a sort of upper threshold. These
values look to be randomly distributed within the results. A
second case out of the average trend, is represented by the value
of f opt near to 0.8 for the 10-storey structure withmS,i = 50 t,
subjected to the Loma Prieta earthquake.

The optimum TMD damping ratioζ opt
T

values are presented
in Table 6. As previously obtained forf opt, it appears that
no apparent trend could be outlined from the point of view of
either the number of floors, the floor mass or the earthquake
event. The majority of the values states a lightly damped TMD,
since the average value is placed asζ opt

T
< 0.1, except for three

cases, localised for the 5-, 10- and 20-storey buildings, with
mS,i = 100 t, where the parameters reach valuesζ opt

T
> 0.1.

However, these latter values are just slightly higher than the
average values. In general, within the optimisation process a
limited sensitivity has been recovered onζ opt

T
with respect to

the choice of the building and, most important, of the given
seismic input, especially if compared tof opt. Actually, ζT may
be seta priori even to higher values, also in order to reduce
the TMD stroke [26, 27], and this may lead to a similar single
variable optimisation process based only onf . This approach is
not further pursued here.

Table 6. Optimum TMD damping ratioζ opt
T

(Den Hartog’s ref.
value [12], Eqs. (5)–(6):ζT,DH (µ = 0.02) = 0.0857493).

Structure I1940 L1989 K1995 A2009 T2011

50 t

1 st. 0.0833859 0.0672752 0.0399561 0.0691284 0.0600775
2 st. 0.0488832 0.0610556 0.0734991 0.0648160 0.0840450
5 st. 0.0579924 0.0296280 0.0664836 0.0308040 0.0574330
10 st. 0.0330782 0.0200000 0.0259262 0.0591488 0.0652691
20 st. 0.0777593 0.0234133 0.0589682 0.0656034 0.0722782

100 t

1 st. 0.0675043 0.0824066 0.0559911 0.0424983 0.0590355
2 st. 0.0623518 0.0548905 0.0400777 0.0732743 0.0995966
5 st. 0.0587246 0.0229060 0.0390583 0.128111 0.0839710
10 st. 0.110842 0.0709814 0.0406915 0.0569847 0.0334780
20 st. 0.0720089 0.116005 0.0517711 0.0601580 0.0655906

4.2 RMS response reduction

Figs. 1–2, respectively formS,i = 50 t andmS,i = 100 t, display the
percentage response reduction in terms of RMS displacementof
the top storey, which represents the response index assumedas
objective function within the optimisation process.
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Figure 2. Percentage reduction ofxRMS
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with mS,i = 100 t.

First, for all the cases the remarkable result of an always
positive response reduction has been recovered, which should
denote, in principle, a beneficial effect of the TMD in these
terms. In general, an average reduction from 10% to 25% has
been obtained, with noticeable peaks of performance at about
40%. Just a small group of cases exhibits a very small response
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reduction, i.e. less than 5%. In this sense, noticeable cases are
represented by 1- and 20-storey buildings, when subjected to the
Kobe and Loma Prieta earthquakes, respectively. Notice that
the present gains in earthquake vibration response reduction are
obtained for a quite high value of inherent structural damping
(ζS,I = 0.05); larger response abatements could be achieved at
lower values ofζS,I .

The achieved percentage reduction of the RMS seismic
kinetic energy of the primary structure (not an objective
function) is depicted in Figs. 3–4. It leads to the following
considerations.
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Figure 3. Percentage reduction ofTRMS
S

with mS,i = 50 t.
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Figure 4. Percentage reduction ofTRMS
S

with mS,i = 100 t.

Again, for the overall sample of buildings and earthquakes,
positive reduction values have been obtained. The general level
of reduction is quite remarkable, from 11% to 43% on average
of overall kinetic energy loss. Such a fact underlines the benefit
coming from the addition of the TMD. Moreover, many cases
display values of about 50%–60% reduction, which represent
outstanding results, especially if considering thatζS,I = 0.05
has been assumed. A case that exhibits an almost negligible
effectiveness of the control device in terms of kinetic energy
is represented by the 20-storey building,mS,i = 100 t, when
subjected to the Loma Prieta earthquake, which confirms the
low TMD efficiency already detected previously for the RMS

displacement reduction; low reductions are also obtained for the
L’Aquila and Tohoku earthquakes.

4.3 Peak response reduction

Within the evaluation of the TMD global effectiveness, it is
worth considering also the peak response indexes, even if
not being assumed as objective function, and therefore not
optimised. The percentage reduction of the primary structure
top storey peak displacementxmax

S,n
(Figs. 5–6) displays an

average value of about 12%, but the distribution of the values
appears to be quite random, and different cases display very
small reduction, or even negative values (though of quite small
magnitude). These irregularities could be due to the absence
of correlation between the optimised response quantity andthe
peak response. Indeed, it is somehow expected that, within
the overall response, also the peak displacement could be
reduced, but this expectation is not guaranteed by the present
tuning process, which is focused on the primary structure RMS
displacement as objective function.
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Figure 5. Percentage reduction ofxmax
S,n

with mS,i = 50 t.
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Figure 6. Percentage reduction ofxmax
S,n

with mS,i = 100 t.

The considerations reported above hold true also by further
observation of Figs. 7–8, where the performance in reducingthe
peak kinetic energy is depicted. Also for such peak responseone
may observe that the kinetic energy is in general much reduced
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than the displacement, with an average value of about 22% and
the highest value even at 60%.
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Figure 7. Percentage reduction ofTmax
S

with mS,i = 50 t.
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S

with mS,i = 100 t.

An interesting issue is represented by the similarity, for both
floor masses, between the values of the displacement and the
kinetic energy bar charts, for both RMS and max values, which
could suggest possible connections between these quantities, at
least from the point of view of the performance of the control
device. Notice again that the reduction gains reached here are
obtained for a quite high value of assumed inherent damping
ratio, namelyζS,I = 0.05. Even better outcomes could be
obtained for lower values of damping. Also, results are derived
here for a mass ratioµ = 0.02 and possible effects of TMD mass
increase may also lead to better performances [5].

4.4 Resuḿe on average performances

As a further investigation, the average performance valuesof
vibration reduction in terms of all the considered indexes (RMS
and max measures, displacement and kinetic energy) have been
gathered in Figs. 9–10, at assumed building (number of storeys),
and in Figs. 11–12, at considered earthquake.

As expected, the reduction of the RMS response is higher
than that of the peak response, for all the considered cases.
However, in general, a good effectiveness of the TMD in the

abatement also of the peak response is recovered. A deeper look
at the reduction values point out an overall better performance
obtained for the kinetic energy indexes with respect to the
displacement indexes, many times with outstanding values,
especially for the RMS index. This feature is confirmed here as
a noticeable effect of the TMD addition, as also obtained from
previous studies [1–3].
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Figure 9. Average percentage response reduction at assigned
building (number of storeys),mS,i = 50 t.
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Figure 10. Average percentage response reduction at assigned
building (number of storeys),mS,i = 100 t.

The best case is likely represented by the 5-storey building,
with mS,i = 50 t, as especially noted in Fig. 9, while from
the point of view of the assigned seismic event, quite different
results are recovered. It is interesting to note that the global
performance is almost the same for the different assumed floor
masses, i.e. of about 20%, with a slightly better results forlighter
floor masses, in the present setting. Such information would
likely be confirmed through the possible relationships between
the modal values of the building and the characteristics of the
seismic signal, topic that is not discussed in the present study.
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Figure 11. Average percentage response reduction at assigned
earthquake,mS,i = 50 t.
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5 CONCLUSIONS

The present paper dealt with the optimum tuning of passive
Tuned Mass Damper devices at given seismic input signals.
In particular, the investigation involved five earthquake events
and five shear-type frame structures, for two values of floor
masses, for a total of fifty cases, with a (relatively high) fixed
value of the primary structure damping ratio (ζS,I = 0.05,
for the first mode of vibration) and of a selected value of the
mass ratio (µ = 0.02), consistently with possible engineering
applications.

The proposed optimum tuning has considered the primary
structure RMS displacement of the top storey as objective
function, since it concerns the whole time history, also in the
seismic engineering context, and allows for a good level of
robustness of the optimisation process. At the same time this
leads to improve also other kinematic and energy response
indexes.

The outcomes of the so-conceived research framework have
been presented in the form of tables and bar charts, where
the optimum TMD parameters and the percentage response
reduction have been reported, respectively, by providing the

following indications:

• The obtained optimum TMD parameters exhibit values that
globally reflect the possible classical tuning for generic ideal
excitations (either harmonic or white noise loading), witha
frequency ratiof opt of about unity and a TMD damping ratio
ζ opt

T
lower that 0.10. However, some particular cases report

more unusual results, such as frequency ratios higher than 1and
TMD damping ratios close to 0.15.

• The percentage reduction of the RMS response globally
displayed positive values, thus proving that a general benefit
coming from the addition of the control device is always
achieved. In particular, an average reduction of about 18% for
xRMS

S,n
and 30% forTRMS

S
has been obtained, with lower peaks

of performance of about 5% and higher peaks larger than 50%.
A general better performance has been recorded forTRMS

S
with

respect to the targetedxRMS
S,n

. Such a fact somehow confirms the
ability of the TMD device in the abatement of the main structure
kinetic energy, in the seismic context [16].

• A further analysis on the overall average TMD performance,
developed at assumed buildings (number of storeys) and at given
earthquake, revealed that a mean abatement of about 20% is
obtained. A slightly better effectiveness is recovered forlighter
buildings, even if confined to the considered combination of
buildings and earthquakes.

• Overall, the effect of a seismic-tuned TMD on a 2×(5×5)
matrix array significant ensemble of regular frame structures
and earthquakes has been analysed, by providing important
indications especially on the main expected behaviour of the
so designed structural system and seismic performance of the
control device.

• Mostly, at this stage the TMD can be considered, in principle,
a healthy solution in view of seismic retrofitting or design for
normal buildings, since it produces a global visible abatement
of the seismic response, in terms of the main response quantities.

The present work rather analyses agnostically the theoretical
possibility of performing an optimum tuning of the TMD
device at a given seismic input; the consequent reduction of
the structural response to earthquake excitation is quantified
all along, in terms of different kinematic and energy response
indexes, on both mean (RMS) and max values.

First, it appears that the optimum tuning has been achieved
consistently for all the considered cases and specifically for all
the adopted seismic input signals, referring to strong motion
data. Second, it is found that the added TMD is always effective
in reducing the seismic response of the structure, with a level of
vibration reduction that looks rather uncorrelated to the type of
building, number of storeys, floor masses and input earthquake
excitation.

Additional correlation and explanation attempts may address:
wider databases of buildings and earthquakes; mutual collo-
cation of the structural mode spectrum with respect to the
earthquake response spectrum. This shall lead to further more
definite conclusions on the potential effectiveness of TMD
devices in reducing the earthquake response of civil engineering
structures.
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ABSTRACT: Post-earthquake damages investigation in past and recent earthquakes has illustrated that the ground motion 
spatial variation plays an important role in the structural response of long span bridges. For the structural control of seismic-
induced vibrations of cable-stayed bridges, it is extremely important to include the effects of the ground motion spatial variation 
in the analysis for design of an effective control system. The feasibility and efficiency of different vibration control strategies for 
the cable-stayed bridge under multiple support excitations have been examined to enhance a structure’s ability to withstand 
earthquake excitations. Comparison of the response due to non-uniform input ground motion with that due to uniform input 
demonstrates the importance of accounting for spatial variability of excitations. The performance of the optimized designed 
control systems for uniform input excitations gets worse dramatically over almost all of the evaluation criteria under multiple-
support excitations. The assumption of uniform earthquake motion along the entire bridge could be unrealistic for long span 
bridges since the differences in ground motion among different supports result in quantitative and qualitative differences in 
seismic response. Design codes and retrofitting techniques must be upgraded to take into account the spatial variation of the 
seismic input. 

KEY WORDS: Cable-stayed bridges; Structural control; Ground motion spatial variation; Wave passage; Loss of coherence.

1 INTRODUCTION 

Long span cable-stayed bridges represent aesthetically 
appealing lifeline structures, the increasing popularity of these 
bridges can be attributed to the full and efficient utilization of 
structural materials, increased stiffness over suspension 
bridges, efficient and fast mode of construction, and relatively 
small size of substructure [1-4]. However, from the structural 
dynamics point of view, long span cable-stayed bridges 
exhibit flexible and complex behavior in which the vertical, 
lateral, and torsional motions are often strongly coupled that 
raises many concerns about their behavior under 
environmental dynamic loads [5-6]; the spatial variation of the 
ground displacements and accelerations plays an important 
role in the determination of the structural response, as has 
been shown in recent earthquakes. So, it is extremely 
important to include the effects of the ground variation spatial 
variation in the analysis, design and tuning of vibration 
control system of seismic induced vibrations of cable-stayed 
bridges [7]. In this way, the control system should be designed 
not only to mitigate the dynamic component of the structural 
response but also to counteract the effects of the pseudo-static 
component of the response. 

This study scope is to use ASCE benchmark bridge model 
[8-10] to investigate the feasibility and efficiency of different 
control strategies for seismic protection of cable-stayed 
bridges under multiple support excitations. The effect of 
ground motion spatial variation including wave passage and 
coherence loss on the effectiveness of seismic control systems 
of cable-stayed bridges is studied to enhance a structure’s 
ability to withstand dynamic loading, the prospects for active; 
semi-active and passive control systems of the bridge motion 
are explored. Passive systems do not require an external 

power source and respond to the local motion of the structure 
[2-4, 11-12]. Semi-active systems generate a control force 
based on measurements of the structure’s responses at 
designated points, hence can adapt to a wide range operating 
conditions and structures [3, 4, 8-10]. Control forces are 
developed based on feedback from sensors that measure the 
excitation and/or the response of the structure, the feedback of 
the response may be measured at locations remote from the 
active control system. With the Hysteretic Device Systems; 
HYDE-frb [13] being independent of the vertical load bearing 
system, a wide variety of link hysteresis loops are possible for 
optimal performance. A systematic comparison of the 
performance of passive and active systems in reducing the 
structure’s responses is performed.  

Past research studies have demonstrated that seismic ground 
motion can vary significantly over distances comparable to 
the length of highway bridges on multiple supports. In several 
cases, these differential (asynchronous) motions at the bridge 
supports can induce additional internal forces in the structure 
compared to the case where all supports are subjected to 
identical support ground motion. This in turn might have a 
potentially detrimental effect on the safety of a bridge during 
a severe earthquake event [14-19]. The main causes of spatial 
variability are considered: the incoherence effect, which 
represents random differences in the amplitudes and phases of 
seismic waves due to reflections and refractions that occur 
during wave propagation in the heterogeneous medium of the 
ground and due to differential superposition of waves arriving 
from different parts of an extended source; the wave-passage 
effect, which describes the differences in the arrival times of 
waves at separate locations. The spatial variation of seismic 
ground motions been studied by many researchers. Most 
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research is focused on stochastic methods in the frequency 
domain [18, 20-24]. Meanwhile, several response spectrum 
methods that take into account the effect of correlated ground 
motion have been developed [25-28]. However, both the 
stochastic methods and response spectrum methods use a 
linear hypothesis. This assumption is not valid for most 
structures that are relatively flexible and behave nonlinearly. 
In such cases, time domain analysis using step-by-step 
numerical integration techniques is essential. For time domain 
analyses, correlated earthquake ground motions should be 
simulated from a variety of positions along the span of a given 
structure [29, 30]. The velocity of the travelling wave plays an 
important role in the transverse response of the long bridges. 
When the travelling wave velocity was greater than 1000 m/s 
the response was dominated by the dynamic component while 
the response was dominated by pseudo-static component 
when the travelling wave velocity was less than 300 m/s [19]. 

The effect of the spatial variability of the ground motion in 
the analysis of seismically controlled long span bridges is 
considered based on the decomposition of the total structural 
response into a dynamic component and a pseudo-static 
component. The system response using uniform support 
excitation is compared with that using multiple support 
excitations which is a more realistic assumption. The control 
systems are shown to perform well when earthquake motions 
are uniform at all supports along the entire cable-stayed 
bridge, however, under multiple-support excitations, the 
performance of the control system with these parameters get 
worse dramatically over almost all of the evaluation criteria. 
Moreover, bridges subjected to spatially variable input 
motions are characterized by excitation of higher modes 
which are primarily anti-symmetric. The differences in input 
excitations along bridge  supports could result in quantitative 
and qualitative differences in seismic response as compared 
with those produced by uniform motion at all supports. 
Design codes and retrofitting techniques must be upgraded to 
take into account the spatial variation of the seismic input. 

2 FINITE ELEMENT MODEL PROCEDURES 

Based on detailed drawings of the cable-stayed bridge, which 
is located in Cape Griardeau, Missouri, USA, a 3D finite 
element model has been developed by Dyke et al. (2000) to 
represent the complex behavior of the full-scale benchmark 
bridge shown in Figure 1. The linear evaluation model was 
developed as a basis of performance comparison using various 
protective systems. Three earthquake records, each scaled to 
peak ground accelerations of 0.36g or smaller, used for 
numerical simulations are (i) El Centro NS (1940), (ii) 
Mexico City (1985), and (iii) Gebze N-S (1999). Evaluation 
criteria J1 to J18 have been established [8-10]; however, only 
the evaluation criteria J1 to J13 are relevant to semi-active and 
passive systems and hence used in the present study, these 
evaluation criteria have been normalized by the corresponding 
response quantities for the uncontrolled bridge. 

2.1 Equation of motion  

The equation of motion for a cable-stayed bridge subjected to 
uniform seismic loads can be written as 

�U� + �U� + �U = −�ΓU�� + Λf                               (1) 

where U is the displacement response vector; M, C and K are 
the mass, damping and stiffness matrices of the structure, f is 
the vector of control force inputs, U��  is the longitudinal 
ground acceleration, Γ is a vector of zeros and ones relating 
the ground acceleration to the bridge degrees of freedom 
(DOF), and Λ is a vector relating the force produced by the 
control device to the bridge DOFs. This is appropriate when 
the excitation is uniformly applied at all supports of the bridge 
structure. For the analysis of the bridge with multiple-support 
excitation, the model must include the supports degrees of 
freedom. The dynamic equilibrium equation for all the DOFs 
is written in partitioned form [9]. 

��							��		���					���� �
U�
U��
� � + ��							��		���					���� �U

��U�� � + ��							��		���					���� �U
�

U�� 
																																								= � 0P�� + �Λf0 �                             (2) 

Where Ut and Ug are the superstructure absolute displacement 
vector and the supports enforced ground displacement vector, 
respectively; Mg, Cg and Kg are the mass, damping and 
elastic-coupling matrices expressing the forces developed in 
the active DOFs by the motion of the supports. Mgg, Cgg and 
Kgg are the mass, damping and stiffness matrices of the 
supports, respectively. Since the control forces f are only 
applied to the superstructure DOFs. The total displacement Ut 
is expressed as its pseudo-static displacement Us due to static 
application of the ground motion, plus the dynamic 
displacement U relative to the quasi-static displacement. 

U� = U� + U                                                       (3) 

The seismic movement of the bridge supports excites the 
superstructure of the bridge through the influence matrix. The 
pseudo-static influence vector could be defined as follow 

R� = −�����                                               (4) 

Then the equation of motion could be written as follow:  

�U� + �U� + �U = Λf −  �R! +��"U�� −  �R! + ��"U��        (5)    

U��  and U��  are the ground accelerations and velocities at each 
bridge support, respectively.  

2.2 Bridge benchmark evaluation model 

The model resulting from the finite element formulation, 
which is modeled by beam elements, cable elements, and rigid 
links as shown in Figure 1, has a large number of degrees-of 
freedom and high frequency dynamics. Application of static 
condensation reduction scheme to the full model of the bridge 
resulted in a 419 DOF reduced order model, the first 100 
natural frequencies of the reduced model (up to 3.5 Hz) were 
compared and are in good agreement with those of the 909 
DOF structure. The damping in the system is defined based on 
the assumption of modal damping, the damping matrix was 
developed by assigning 3% of critical damping to each mode, 
and this value is selected to be consistent with assumptions 
made during the bridge design. The evaluation model is 
considered to portray the actual dynamics of the bridge and 
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will be used to evaluate various control systems. Because the 
evaluation model is too large for control design and 
implementation, a reduced-order model, design model of 30 
states, of the system was derived from the evaluation model 
by forming a balanced realization of the system and 
condensing out the states with relatively small controllability 
and observability Grammians. 

 
Figure 1. Bridge finite element model. 

3 SPATIAL VARIABILITY OF GROUND MOTION 

The cross-power spectral density function of spatial ground 
motions at point i and j on ground surface can be written as 

#$%&'( = #�&'()$% ', +$%"                     (6) 

The coherency-loss function at points i and j was derived from 
SMART-1 array data [31] as follow: 

)$% ', +$%" = ,)$% ', +$%",. exp 1− $23456 7            (7) 

,)$% ', +$%", = exp −8+$%" . exp9−:&'(;+$%&'/2>(?          (8) 

In which dij is the projected distance in the wave propagation 
direction between points i and j on ground surface, β is a 
constant, and α(ω) is a function with the following form: 
 

:&'( = �@AB
2 + C2

@A + D	,			0.314	 HB3� ≤ ' ≤ 62.83	 HB3�0.1L + 10M + D								' ≥ 62.83	OL+/P					 Q    (9) 

 
a, b, c, and β can be obtained by least-squares fitting the 
coherency function of recorded motion. To study the 
influences of ground motion spatial variation on the Seismic 
Performance of Structural Control of Cable-Stayed Bridges, 
an intermediate correlated ground motions are considered. 
The apparent wave velocity is vs = 1000m/s, the constant 
values for intermediate correlated ground motions are given as 
a =11.94×10−3, b =−1.811×10−5, c =1.177×10−4, and β = 
3.697×10−4, which were obtained by processing recorded 
motions during event 45 at the SMART-1 array [31]. In this 
study input seismic ground motion time histories are 
generated using a variation of the spectral representation 
method. An artificial accelerogram time history at bridge 
supports are obtained by properly modifying real 
accelerogram time history with coherence loss function due to 
incoherence and wave passage effects with separation 
distance. The generated time histories are compatible with 
prescribed response spectra and duration of strong ground 
motion, and reflect the ground motion spatial variation effects. 

4 CONTROL STRATEGY 

For a seismically excited structure, assuming that the forces 
provided by the control devices are adequate to keep the 

response of the structure from exiting the linear region, the 
equations of motion can be written in the following state-
space form description as follow: 

R� = SR + TU + VWU� X		Y 			U� X		Y ZY                 (10) [\ = �]R + ^]U + _                                  (11) 

` = �aR + ^aU                                           (12) 

In which x is the state vector, ym is the vector of measured 
outputs, z is the regulated output vector, ν is the measurement 
noise vector. The measurements typically available for control 
force determination include the absolute acceleration of 
selected points on the structure, the displacement of each 
control device, and a measurement of each control force. A 
description of the approach used to model and control each of 
these devices is provided in the following sections. 

4.1 Passive control system 

Conventional base isolation devices of Lead Rubber Bearings 
(LRBs) are considered to passively reduce seismic responses 
of the studied bridge. The design shear force level for the 
yielding of lead plugs is taken to be 10% of the deck weight 
carried by bearings [32, 33]. The control forces applied to the 
structure are only dependent on the motion of the structure are 
function of the relative displacement and velocity across the 
device. Isolation bearings that installed in the bridge deck 
tower/bent connection are designed to accommodate large 
displacement demands and to mobilize damping mechanisms, 
typically through material yielding of a lead column within 
the isolator. The nonlinear dissipative Bouc-Wen model is 
adopted in order to represent the dynamic behavior of LRB 
isolators under a severe earthquake. The horizontal nonlinear 
restoring force is expressed as the sum of three forces acting 
in parallel in which, k0 and c0 are the horizontal stiffness and 
viscous damping coefficient of the rubber composite of the 
bearing. α = (1-k0 /ke).Qy is the yield force of the lead plug; Qy 
is the yield force from both the lead plug and the rubber 
stiffness. The properties of the LRB are ke initial elastic shear 
stiffness and k0 post-yield shear stiffness, k0 /ke = 0.10. To 
model the initial stiffness properly, it is required that A = ke 
/Qy , A = 140 m-1 and γ = β = 70 m-1, c0 = 100 kN.s/m, ke = 68 
MN/m, and Qy = 400 kN. 

 

Figure 2. LRB device hysteretic model. 

4.2 Semi-active control system 

The H2/LQG control algorithm based on the minimization of a 
performance index is used for the controller design using the 
reduced order model of the system [9]. The active control 
force fc is found by minimizing the performance index 
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subjected to a second order system. A nonlinear control law is 
derived to maximize the energy dissipated from a vibrating 
structure by the frictional interface using the normal force as 
control input. The required normal force is determined using 
optimal controller; the LQG control problem is to devise a 
control law with constant gain to minimize the quadratic cost 
function in the form 

Ub = −�R                                                    (13) 

K is the full state feedback gain matrix for the deterministic 
regulator problem. An infinite horizon performance index is 
chosen that weights the regulated output vector, z 

c = limg→i
1j V klm&�aR + ^aU(′o&�aR + ^aU( + UbpqUbr

s

t
+uv(14) 

where Q and R are weighting matrices for the vectors of 
regulated responses and control forces, respectively. Clearly, 
many states in realistic systems are not easily measurable. The 
optimal controller (13) is not implemental without the full 
state measurement. However, Kalman filter could be used for 
an optimal state estimate Rw generation such that Ub = −�Rw 
remains optimal based on the measurements.  
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          (15) 

In which L is the gain matrix for state estimator with the state 
observer technique, determined by solving an algebraic 
Riccati equation, the estimator uses the known inputs f and the 
measurements ym to generate the output and state estimates [w 
and	Rw. A Kalman filter is used to estimate states of the 
reduced-order model required for the applications of semi-
active controller using selected acceleration and displacement 
measurements. The proposed approach is to append a force 
feedback loop to induce the friction device to produce 
approximately a desired control force fc. A linear optimal 
controller Kc (s) is then designed that provides the desired 
control force fc based on the measured responses ym, and the 
measured force f as Follow 

Ub = x�� �−yb&P(	x&z[\U {(�                      (16) 

where L(.) is the Laplace transform. The force generated by 
the friction device cannot be commanded; only the voltage ν 
applied to the current driver for the friction device can be 
directly changed, consequently, the air pressure could be 
changed. To generate approximately the desired optimal 
control force fc, the command signal ν is selected as follows 

)}({||)/( maxmax fffHffVv cc −=                      (17) 

where Vmax and fmax is the device maximum voltage and force, 
and H (.) is the Heaviside step function. The friction device 
UHYDE-fbr dissipates energy as a result of solid sliding 
friction, Figure 3. Bouc–Wen’s model is used to characterize 
the hysteretic force-deformation characteristic of the devices. 
The forces mobilized in the control device (UHYDE-fbr and 
LRB) can be modeled by biaxial model: 

U| = D}~|� + �}~| + :`| 	,				U] = D}~]� + �}~] + :`]    (18) 

Where zi is an evolutionary shape variable, internal friction 
state, bounded by the values ±1; and account for the 

conditions of separation and reattachment. The model for 
biaxial interaction of the resultant hysteretic forces is given as 
first order differential equation (Park et al., 1986): 
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c0, k0, β, γ and A are called the characteristic parameters of the 
Bouc-Wen model [34]. β controls the nature of the 
constitutive law (hardening or softening). The determination 
of the most appropriate yielding level or slip load level at 
different placement locations in the structure is, thus, an 
important design issue which must be resolved for devices 
effective utilization in practice. The average friction 
coefficient is determined to be 0.45; the normal force is 
proportional to the input voltage. The dynamics involved in 
the UHYDE-fbr pneumatic servo system equilibrium are 
accounted for through the first order filter 

                                        (20) 
Where v is the command voltage applied to the control circuit, 
η = 50 sec-1 is time constant associated with filter. Analog 
voltage control, cover range 0-10 Volt is applied to air 
pressure regulator to set the desired analog output air pressure 
signal. The functional dependence of the device parameters on 
the command voltage u is expressed as: 

ucccu baba 000; +=+=    ααα                      (21) 

 

 

 

Figure 3. UHYDE-fbr friction device and hysteretic model  

α = µN is a function of N the clamping force and µ the 
coefficient of sliding friction, c0 describes the force associated 
with viscous dissipation due to compressed gas. The UHYDE-
fbr device has a capacity of 1000 kN and displacement 

)( vuu −−= η&
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capacity of 500mm (the tested friction device scaled: 2.5 for 
the frictional force; 1.5 for displacement), as follow: A = 1000 
m-1 and γ = β = 500 m-1, c0a = 10 kN.s/m, c0b = 25 kN.s/m.volt, 
k0 = 25 kN/m, αa = 22.5 kN, αb = 101.25 kN/volt.  

5 NUMERICAL RESULTS AND DISCUSSION 

To verify the effectiveness of the presented seismic control 
design, simulations are done for the three earthquakes 
specified in the benchmark problem statement. An 
intermediate correlated ground motions are considered. The 
apparent wave velocity is v = 1000m/s, the input seismic 
ground motion time histories are generated using a variation 
of the spectral representation method. An artificial 
accelerogram time history at bridge supports are obtained by 
properly modifying real accelerogram time history 
with coherence loss function due to incoherence and wave 
passage effects with separation distance. To evaluate the 
ability of various control systems to reduce the peak 
responses, the normalised responses over the entire time 
record, and the control requirements, evaluation criteria J1–J13 
that have been presented [8, 10] are considered. Evaluation 
criteria J1–J6 are related to peak response quantities, where J1 
= the peak base shear of towers, J2 = the peak shear force of 
towers at the deck level, J3 = the peak overturning moment at 
the bases of towers, J4 = the peak moment of towers at the 
deck level, J5 = the peak deviation in cable tension, and J6 = 
the peak displacement of the deck at the abutment. Evaluation 
criteria J7–J11 are related to normed response quantities 
corresponding to response quantities for J1–J5. Evaluation 
criteria J12–J13 are related to control system information; J12 = 
the peak control force, J13= the peak device stroke. 
- Passive Control Strategy, 24 LRBs are placed between the 
deck and pier/bent at eight locations in the bridge, eight 
between the deck and pier 2, eight between the deck and pier 
3, four between the deck and bent 1, and four between the 
deck and pier 4. The device parameters are optimized for 
maximum energy dissipation and to minimize the earthquake 
forces and displacements. 
- Active Control Strategy, 24 friction devices are used for 
semi-active control through the bridge with configuration as 
in passive strategy, while 24 actuators are for sample active 
control described in the benchmark. In addition to fourteen 
accelerometers, eight displacement transducers and eight force 
transducers to measure control forces applied to the structure 
are used for feedback to the clipped optimal control algorithm. 
To evaluate the ability of the friction device system to achieve 
the performance of a comparable fully active control system, 
the device is assumed to be ideal, can generate the desired 
dissipative forces with no delay, hence the actuator/sensor 
dynamics are not considered. Appropriate selection of 
parameters (z, Q, R) is important in the design of the control 
algorithm to achieve high performance controllers. The 
weighting coefficients of performance index are selected such 
that; R is selected as an identity matrix; z is comprised of 
different important responses for the overall behavior of the 
bridge that are constructed by the Kalman filter from selected 
measurements. Extensive simulations have been conducted to 
find the most effective weighting values corresponding to 
regulated responses, and accordingly the optimized weighting 
matrix Q can be selected as follows: 

Semi-active control with feedback corresponding to deck 
displacement and tower top velocity regulated output response 
and weighting values as follow: 
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Sample active control with feedback corresponding to deck 
displacement and mid span acceleration regulated output 
response and weighting values as follow: 
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Simulation results of the proposed control strategies are 
compared for uniform and multiple excitations. Tables 1∼3 
show the evaluation criteria for all the three earthquakes, from 
which, it can be concluded that the different control strategies 
are very effective in reducing the force and displacement 
response, especially for ground motions with a high frequency 
content such as El Centro with dominant frequencies of 1.1, 
1.3 and 2.1 Hz, as shown in Table 1, while the efficiency of 
control strategies under Mexico earthquake (dominant 
frequency of 0.45 Hz) and Gebze earthquake (dominant 
frequencies of 0.25 and 2.0 Hz) that has a lower frequency 
content, is decreased  and resulting in a larger force and 
displacement responses dominated by low-order modes 
compared to El Centro earthquake case as shown in Tables 
1&2.  It is also shown the dependency of the seismic response 
of the controlled bridge on the frequency content of the input 
motion, since lower and higher order fundamental modes with 
frequencies close to Gebze earthquake wide range dominant 
frequencies are excited, resulting in higher force and 
displacement responses, and higher control force is required. 
The maximum deck displacement is less than allowable 
displacement (0.3 m), the tension in the stay cables remains 
within allowable values. 
   A comparative study is also performed on Cable-stayed 
bridge benchmark equipped with passive, semi-active or 
active control system with the control device numbers and 
configurations. The passive control strategy can be designed 
to achieve peak response (J1 –J6) reduction comparable to the 
active/semi-active control strategy, while it is difficult to 
attain the same response reduction efficiency over the entire 
time history (J7 –J11), the member force responses can be 
minimized, but of course in the expense of increasing deck 
displacement. The passive control system creates a larger deck 
displacement reduction response compared to active 
controlled system, while sacrificing the acceleration and force 
responses of the bridge structure. To reduce the excessive 
displacement, higher stiffness is needed between the deck and 
the towers. An optimum performance with passive control 
system can be obtained by balancing the reduction in forces 
along the bridge against tolerable displacements. For the 
cable-stayed bridge control, it is observed that unlike the 
passive damper case, the proposed active/semi-active control 
strategies are able to effectively and simultaneously reduce 
the maximum displacement and force responses. But the 
passive control system for this benchmark problem is a little 
better than the semi-active control strategy in some responses. 
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Table 1 Maximum evaluation criteria for  El Centro  earthquake 

Criteria 

Passive Control Semi-Active Control Sample Active Control 

Uniform 
Multiple excitation 

  vs  = 1000 m/s 
Uniform 

Multiple excitation  

vs  = 1000 m/s 
Uniform 

Multiple excitation  

vs  = 1000 m/s 

J1 0.2816  0.3326  0.2908 0.3329 0.2703 0.3232 

J2 0.8258  1.1981  0.9058 0.8373 0.7580 1.1105 

J3 0.3144  0.3738  0.2339 0.2699 0.2818 0.3378 

J4 0.6998  0.5699  0.4805 0.4734 0.5713 0.5574 

J5 0.2826  0.3258  0.2732 0.3013 0.2357 0.3117 

J6 1.6461  1.3551  1.1012 0.6228 1.1745 1.0155 

J7 0.2604  0.2877  0.2336 0.2381 0.2125 0.2626 

J8 0.8381  0.9530  0.8528 0.9546 0.7872 1.0089 

J9 0.2791  0.2975  0.2040 0.2066 0.2255 0.2704 

J10 0.5054  0.4790  0.5060 0.4928 0.5960 0.6029 

J11 2.56E-02 3.13E-02 2.68E-02 2.82E-02 2.64E-02 3.16E-02 

J12 2.92E-03 2.53E-03 1.96E-03 1.96E-03 2.84E-03 1.80E-03 

J13 1.0082  0.8300  0.6745 0.3815 0.7194 0.6220 

Table 2 Maximum evaluation criteria for Mexico earthquake 

Criteria 

Passive Control Semi-Active Control Sample Active Control 

Uniform 
Multiple excitation 

  vs  = 1000 m/s 
Uniform 

Multiple excitation  

vs  = 1000 m/s 
Uniform 

Multiple excitation  

vs  = 1000 m/s 

J1 0.45767  0.3613  0.4197 0.4964 0.3618 0.3714 

J2 1.29301  1.0260  1.2012 1.2111 0.8845 1.0270 

J3 0.62230  0.3957  0.4156 0.3483 0.4231 0.3714 

J4 0.79743  0.5692  0.6293 0.5895 0.7430 0.6705 

J5 0.10862  0.1783  0.1429 0.1687 0.1034 0.1821 

J6 2.50670  1.4457  1.0023 0.9801 1.7902 1.4890 

J7 0.39788  0.3880  0.3501 0.3144 0.2492 0.2985 

J8 1.00144  1.0223  1.0309 1.1575 0.8331 1.0343 

J9 0.49848  0.4324  0.3047 0.2594 0.2986 0.3312 

J10 0.75602  0.5224  0.5612 0.5836 0.7502 0.7574 

J11 1.65E-02 2.18E-02 1.52E-02 1.62E-02 1.38E-02 1.76E-02 

J12 2.45E-03 1.72E-03 1.96E-03 1.96E-03 1.64E-03 1.43E-03 

J13 1.36506  0.7873  0.5458 0.5337 0.9749 0.8109 

Table 3 Maximum evaluation criteria for Gebze earthquake 

Criteria 

Passive Control Semi-Active Control Sample Active Control 

Uniform 
Multiple excitation 

 vs = 1000 m/s 
Uniform 

Multiple excitation 

vs = 1000 m/s 
Uniform 

Multiple excitation 

vs = 1000 m/s 

J1 0.41542  0.4554  0.4988 0.5431 0.4194 0.4907 

J2 1.06076  1.0434  1.1234 1.0309 0.7431 0.9563 

J3 0.47482  0.4359  0.3552 0.3706 0.3852 0.4486 

J4 0.75625  0.7864  0.6491 0.7951 0.7916 0.8619 

J5 0.21171  0.2212  0.2208 0.2221 0.1874 0.2180 

J6 1.84583  1.6892  1.7130 1.4006 2.2876 2.2259 

J7 0.41097  0.3978  0.3270 0.3184 0.2987 0.3276 

J8 1.04535  1.0852  0.9583 1.0758 0.8603 1.0125 

J9 0.47358  0.4696  0.3386 0.3504 0.3880 0.4219 

J10 0.54162  0.7018  0.6828 0.7077 0.6988 0.8675 

J11 1.88E-02 2.16E-02 1.76E-02 2.06E-02 1.68E-02 2.07E-02 

J12 2.42E-03 2.27E-03 1.96E-03 1.96E-03 2.88E-03 2.06E-03 

J13 0.80544  0.7371  0.7475 0.6132 0.9982 0.9713 
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 It is observed that passive control strategy is quite effective in 
reducing response quantities of the bridge whenever 
predominant period of ground motions is close to the 
fundamental natural period of the bridge. The analyses 
performed shows that the spatial variation of the earthquake 
ground motion can significantly affects the structural 
response; consequently efficient control systems must be 
appropriately designed and tuned. From the statistical analysis 
of the variation of the evaluation criteria of different control 
strategies, the semi-active control has almost the same 
robustness stability of active control regard of the spatial 
variability of earthquake ground motions.  

Figures 4 and 5 show the hysteretic loops of control device for 
passive and semi-active control strategy under uniform 
excitations. Furthermore, multiple-support excitation can 
cause a significant increase in structural force responses 
hence, should be included in the analysis. Multiple-support 
excitation needs to be considered since it can excite entirely 
different modes than uniform-support excitation. Moreover, 
multiple-support excitation induces forces that are caused by 
pseudo-static displacements and cannot be controlled. The 
force peak responses and normed responses over the entire 
record are significantly increased with the multiple excitation 
of low shear wave velocity, while the deck displacement 
response J6 is decreased. Special attention needs to be given 
to the coupled modes since their control can lead to an 
increased force response of the structure. Figure 6 shows the 
shear force response at pier 2 for El Centro earthquake ground 
motion with uniform and non-uniform ground motion with 
shear velocity 1000 m/s for different control strategies, the 
spatial variation of ground motion affects the internal force 
demands, and consequently could affect the control efficiency. 

Nevertheless in most engineering cases this effect is still 
ignored by the practical structural designers since seismic 
design codes remain unsatisfactory in terms of the ground 
motion spatial variations. This ignorance could reduce the 
degree of seismic safety and control system reliability of CSB 
structure.  

 
Figure 6 shear time history response El Centro earthquake 

6 CONCLUSIONS 

The effectiveness of the proposed control strategies has been 
demonstrated and evaluated through application to the ASCE 
benchmark cable-stayed bridge problem subject to three 
historically recorded earthquakes. Three types of control 
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Figure 4. Hysteretic loops of control device under non-uniform excitation ( vs  = 1000 m/s) 
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devices are used to reduce the response of the deck which 
includes actuators for active control, UHYDE-fbr friction for 
semi-active control and LRBs for passive control base 
isolations. The modified Bouc-Wen model is considered as a 
dynamic model of control devices. Significant reduction in 
earthquake induced forces along the bridge can be achieved 
with the different control strategies as compared to the case of 
using conventional connections. Simulation results show that 
the control systems can significantly reduce the seismic forces 
transferred to the towers of the bridge with an acceptable 
increase in deck displacement, and simultaneously keep 
tensions in the stay cables within a recommended range of 
allowable values with very small deviation from the nominal 
pretension. It is also shown the dependency of the seismic 
response of the controlled bridge on the frequency content of 
the input motion. It is observed that unlike the passive damper 
case, the proposed active/semi-active control strategies are 
able to effectively and simultaneously reduce the maximum 
displacement and force responses. But the passive control 
system for this benchmark problem is a little better than the 
semi-active control strategy in some responses. The control 
systems are shown to perform well when earthquake motions 
are uniform at all supports along the entire cable-stayed 
bridge, however, under multiple-support excitations, the 
performance of the control system with these parameters get 
worse dramatically over almost all of the evaluation criteria. 
Moreover, bridges subjected to spatially variable input 
motions are characterized by excitation of higher modes 
which are primarily anti-symmetric. The assumption of 
uniform earthquake motion along the entire bridge, however, 
may be unrealistic for long span bridges since the differences 
in ground motion among different supports due to travelling 
seismic waves may result in quantitative and qualitative 
differences in seismic response as compared with those 
produced by uniform motion at all supports. Design codes and 
retrofitting techniques must be upgraded to take into account 
the spatial character of the seismic input.  
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ABSTRACT: In a high-tech laboratory, sensitive equipment are usually subjected to various vibrations with low amplitude. 
Personnel walking on the laboratory slab, systems and machineries that produce noise and many other vibrations with a very 
low amplitude are examples of micro vibrations in a laboratory that degrade performance of a high-tech equipment mounted on 
the platform. The most important source of micro vibrations for sensitive equipment in these laboratories is floor vibrations. In 
this research, a batch of high-tech equipment isolated from the floor of laboratory subject to noise and environmental vibrations. 
Performance of the high-tech equipment during various excitements, without control, with passive control and with hybrid 
control has been studied for comparison purposes. The hybrid platform is mounted on the laboratory with passive mounts. Also, 
the platform actively controlled by four electromagnetic actuators with optimal control algorithm. Three kinds of vibrations 
consist of low band frequencies, high band frequencies and ambient vibrations with wide range of frequencies are considered 
and time history responses of some points in the region of the platform center where high-tech equipment designated, is 
obtained. Numerical simulations show that with applied optimal active control, disadvantages of passive control, specially, in 
low frequencies eliminated. Performance of the active control in the low band frequencies is greater than high band frequencies 
because of the nature of passive mounts with low stiffness. 

KEY WORDS: 1- System identification; 2- Precision Equipment; 3- Optimal control; 4- Ambient vibration 

1 INTRODUCTION 
Many of processes and activities that are in connection with 
highly advanced technology in the industry are very sensitive 
to the ambient vibrations. These activities require an 
environment that is almost free of vibration. Among these 
processes are precision metrology, high-energy physics, long-
beam-path laser applications, biotechnology research and the 
R&D and production of semiconductors[1, 2].  
Example of vibration sensitive equipment can be seen in 
figure 1. 

 
Figure 1. Electronic Microscope SEM 

 
The purpose of this research is to isolate sensitive 

equipment from base vibrations. Isolation can be done using 
different ways and through a variety of equipment. The 
isolation operation is a kind of vibration control that can be 
classified into 3 groups: passive control, semi-active control 
and active control. 

Including efforts in passive control field is Mahvash 
mohammadi research[3] about isolation of sensitive 
equipment from ambient vibrations in Sharif University of 
Technology. His laboratory research is about isolating a steel 
table from base vibrations using air springs. Then Mahboobi 
continues the Mahvash mohammadi research on the isolation 
of a concrete slab from base vibrations. He tried to find the 
effective parameters of concrete table and optimizing them to 
reduce the vibrations level of the concrete slab[4]. 
Research on the active vibration isolation systems1, starts 
decades ago with the work of the first researchers. At about 
the same time, AVIS was used by Mormon et al[5]. (1982)  

When an isolator is used, the actuator can be in series or 
parallel with the isolator. The first option was studied by 
beard et al using piezoelectric actuators[6]. Prueumont et al 
compare between force feedback control and speed feedback 
control with skyhook damper to isolate a flexible structure 
from ambient vibrations [7]. Yen et al use from sliding mode 
control algorithm for active isolating a sensitive 
microscope[8]. Also a special control algorithm for an isolated 
table with air springs used by tomonori kato et al[9]. This 
table is seen in the picture below. 
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Figure 2. The table used in the reference 9 [9] 

 

Active vibration control of beams using piezoelectric 
materials has been studied by Bailey et al and Crawley, Luis 
and Tzou[10]. Shen investigated on one dimensional 
mathematical model of a beam dynamic response with 
piezoelectric actuator. His beam had been modeled based on 
the Timoshenko beam model and used separated elements for 
the beam and piezoelectric[11].  

Thin plates theory with piezoelectric layers as sensors and 
actuators has been proposed by Lee [11]. Active vibration 
control of a plate that its surface is covered by separated 
sensors and actuators has been studied by Tzou and 
Tseng[11]. They used thin six dimensional elements with 3 
degrees of freedom per node for modeling the piezoelectric. 
Finite element model of the plate classical theory has been 
developed by Lam et al in order to make active control of 
these plates. Also Lammering studied the vibration control of 
composites with piezoelectric polymers[12]. There are full 
details about the background of sensors and actuators 
modeling used in smart structures in reference 13. In another 
research, instead of piezoelectric, 4 electromagnetic actuators 
have been used parallel with 4 isolation systems that installed 
between the floor and flexible structure. The ground can be 
considered rigid or flexible[14]. For each actuator also, the 
absolute velocity of sensitive equipment mounted on the table, 
considered as separately feed backed answer. 

Systems have been studied in most researches, including 
structures with small dimensions and very flexible plates with 
very low thickness. In these structures, in addition to mode 1, 
the first few modes of system are effective in the vibration of 
structure. As a result, to control the system effectively, more 
various modes should be controlled and system control 
characteristics must be set to many various modes resulting in 
reduced control and monitoring performance. 

In this article, the much larger system that is similar to a 
concrete deck is investigated. Relatively large dimensions and 
thickness of the concrete table that its fabrication has no high 
costs make the system stiff enough. The high stiffness of the 
system decreases the effective modal mass that vibrates with 
flexural and torsional modes. After isolation of higher modes 
passively, LQR control algorithm applied to the system for 
controlling the rigid modes. However the control of rigid 
modes, active control, has no negative effect on the flexible 
modes. Unlike previous papers, instead of using physical 
dimensions of the structure, modal coordinates of the system 
have been used to control the system. These coordinates, 
using one of the observation methods, is estimated.  

This procedure reduces the vibration level of all of the 
points on the table significantly 
 

2 MODELING AND FORMULATION 
The first step of a structural vibration analysis is to obtain the 
equations governing the dynamic equilibrium of the structure. 
In this section, using the finite element method, the equations 
governing the dynamic equilibrium of the system is obtained 
for active vibration control of the system.  

1( ) ( ) ( ) ( ) ( )n m m gMu t Cu t Ku t B F t Mlu t× ×+ + = −&& & &&
% % % % % %% % % %

  (1) 

Where M, K, C, B, F, l, m, n and u are total mass matrix, total 
stiffness matrix, total damping matrix, location matrix of 
control forces, control forces vector, impact vector 
corresponding to the vibration direction of the earth, actuator 
numbers, degrees of freedom of the system, respectively. Also 

( )u tg&&  shows the vibration in the vertical direction. Because 

of more important for the sensitive equipment vibration in the 
vertical direction, in this paper, only the vibrations in the 
vertical direction are used. 

In the air springs used in the following table there is no 
damper with high damping values. But because of its 
performance, there is an inherent low damping in the system. 
In situation the damping percentage in the structure is very 
low, using the assumption of classical damping dose not lead 
to large errors. By assuming the damping factor of two modes, 
the following formula is used to calculating the percentage of 
damping of the other modes. Damping percentage of two 
modes achieved using the previous experiments. 

1 1
2 2n n

n

C K M
αβ α ζ βω
ω

= + ⇒ = +   (2) 

Where C, nζ , nω  are damping matrix, modal damping 
factor of mode n, nth mode natural frequency, respectively. 
Also α  and β  are mass and stiffness factors that specify the 
dependence of the damping matrix to the stiffness and mass 
matrices.  

In the flexible structures like the plates, there are infinite 
degrees of freedom. So the n variable becomes very large and 
leads to difficult and long calculations. To reduce 
computations, modal analysis of structural system is used to 
reduce the degrees of freedom of the structure. 

The number of modes affecting the final response of the 
system, according to the criteria of modal mass of the 
structure is determined. After determination the number of 
effective modes in the final response of the structure, modal 
analysis should be done. Because of the real symmetric 
matrices of stiffness and mass and classical damping 
assumption, modes have property of orthogonality relative to 
each other. So using the modal vectors, the independent 
equations obtained as the same number of structural degrees 
of freedom that the S differential equations of these equations 
should be used for analyzing the control procedure. S is the 
number of effective modes that are dominant in the final 
response of the structure and obtained using the effective 
modal mass of the various modes. Following assumption is 
considered for the displacements of the structure. 
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 ( ) ( )u t q tφ=
% % %

  (3) 

In above equation, ( )u t
%

, φ
%

 and ( )q t
%

 are 

displacements total vector of the structure, eigenvectors 
matrix and modal generalized coordinates vectors, 
respectively. Each column of the eigenvector matrix is 
related to a particular mode.   
Finally by simplification and using formulation 3 and 
taking active control, the following expression is 
achieved for the dynamic equilibrium of the system. 
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G
S SK ×

%
 and G

S SC ×
%

 are generalized modal stiffness matrix and 
generalized modal damping matrix respectively. 

The important point that must be considered here is that, 
eigenvectors are normalized such that the generalized modal 
mass matrix is equal to unity matrix. 

In this paper, unlike most previous studies, instead of using 
the physical dimension of the system such as displacement, 
velocity or acceleration, modal coordinates of the system are 
used for the state variables. 
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( )z t
%

 is the state variables vector. 
Finally the state space equations of the system will be 

written in the following form. 
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In the context of environmental vibration, an important 
criterion for measuring the vibration rate is the velocity of the 
sensitive equipment. In this paper, the 1/3 octave spectrum is 
used for indicating the velocity of environmental vibrations. 
The 1/3 octave spectrum, is a spectrum that width of each of 
its frequency band is equal to %23 of the frequency band 
center. On the other hand, environmental vibrations are 
defined as random vibrations and their properties determined 
as properties of the random signals. 

In the random signals discussion, root mean square value 
(RMS value) of the signal has special importance. Root mean 
square of a random signal shows the energy of that’s signal. 
The more performance of the active control is applied to the 
system; further the RMS value of the signal in the frequency 
domain can be reduced. Also, in this article, due to the 

random vibrations of the environment, 10 vibration signals of 
the ground are used as input excitations.  

Consequently, using the discrete Fourier transform, root 
mean square of the random speed of various points on the 
table in the form of 1/3 octave is calculated as follows. 

 
1
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, 2
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RMSV f x k
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−

= =
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Where m, N, lk , uk , ( )[ ]ix k&  and ,i cf  are random 
signals number that is 10 in this paper, the number of intervals 
of a random signal, the lower limit frequency of each band of 
1/3 octave spectrum, the upper limit frequency of each band 
of 1/3 octave spectrum, spectrum speed in the k-th frequency 
and the center frequency of 1/3 octave band, respectively. The 
spectrum speed in the k-th frequency is obtained from discrete 
Fourier transform of the signal. 
 
LQR algorithm 

In this article, a linear optimal control algorithm is used as 
an active vibration control algorithm. This algorithm uses the 
minimizing an appropriate performance index that consists of 
the system state variables and control forces to govern the 
equation of the control forces. Performance index J and the 
control force are calculated as follows. 

 
0

( ) ( ) ( ) ( )ft T TJ z t Qz t F t R F t dt⎡ ⎤= +⎣ ⎦∫ % % % % %%
  (8) 

 11( ) ( ) ( ) ( ) ( )
2

T
RF t L t z t L t R B P t−−

= =

  (9)
 Where (R & Q), L and ( )RP t  are weight matrices, control 

gain matrix and riccati matrix that is obtained by solving the 
riccati equation, respectively. 

Numerical simulations show that during the time the active 
control is applied on the structure, riccati matrix remains 
almost constant and thus the control gain matrix is a constant 
matrix. 

From equation 9, it is understood that to obtain the control 
forces at any given time, all of the state variables are required. 
All state variables at any instant of time cannot be measured, 
because the state variables of the system are not physical 
dimensions of the system but linear combination of all system 
responses. In this study, in every moment, an appropriate 
estimator is used. 

In the reality, to obtain the structural response at any 
moment of time, the sensors have been used. The number of 
sensors to obtain information about all parts of the structure at 
any given time must be enough. The location of placement of 
the sensors is also very important. To record the information 
of all of the modes, Sensors should not be placed on the modal 
nodes. 

Estimated operation and control system has been 
programmed using MATLAB software based on the below 
loop: 
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Figure 3. Schematic diagram of the control of a dynamic system with an observer 

 

3 SIMULATION AND MODELING VALIDATION 
In this paper, a large concrete slab that fabricated in the Sharif 
University of Technology has been used for example of the 
simulation. The square slab, with dimensions of 3.5 m and 3.5 
m in thickness is 25 cm. below the slab; two cruciate beams 
with a width of 1 m and a height of 25 cm are used. This slab 
is isolated from the ground using 4 air springs below the 
cruciate beams. 
In figure 4, investigated system is observed. 
 
 

 
Figure 4. Concrete deck used with 2 cruciate beams below it 

 
This system has been modeled based on the finite element. 

After considering the various elements, the 8 nodes brick 
element with 3 translational degrees of freedom in each node 
and dimensions of 12.5cm was selected for analysis of the 
total structure. 

With MATLAB programming, the element stiffness and 
mass matrices are obtained using strain and kinetic energies 
for the 3-D element and principle of Hamilton. The 
dimensions of these matrices are 24 in 24. With the assembly 
of the matrices for the entire structure, the mass and stiffness 
matrices for the whole structure are obtained. 

The total number of equations of system dynamic 
equilibrium is 10207 which are involved and dependent to 
each other. Using modal analysis, 10207 independent 
differential equations, governing the dynamic stability of the 
system are obtained. The effective modal mass of mode 1 is 
greater than 95 percent of the total mass of the structure and 
this is what we were looking for it. In fact, the effective modal 
mass along  
 
 

 
 

 
with the higher modes is very low and higher modes well 

isolated from the ground. But for investigating the effect of 
the control forces on the other modes (especially flexible 
modes) the first 10 modes of the structure are used as 
dominant and effective modes in the final response of the 
structure. The total effective modal mass of first 10 modes is 
close to 99 percent of the structure total mass. 

To validate the model and MATLAB coding and check 
whether the size of the elements are appropriate or not, we 
used the previous experiments in the Sharif University of 
Technology. For validation, two important criteria are used; 
The natural frequencies of the structure and mode shapes of 
10 modes of the structure. The results of simulation show a 
very good matching with experiments. In the rigid modes, 
mode shapes and natural frequencies show almost 100 percent 
agreements between simulations and experiments. But in the 
flexible modes, the maximum error is about 10 percent and is 
acceptable. 

For a number of flexible modes, validation is done. 
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Figure 5. Comparison of mode shape 4 between MATLAB and experiment- left figure: MATLAB, right figure: experiment 

 

Figure 6. Comparison of mode shape 7 between MATLAB and experiment- left figure: MATLAB, right figure: experiment 

 

Figure 7. Comparison of mode shape 9 between MATLAB and experiment- left figure: MATLAB, right figure: experiment 

 
In all of the first 10 modes, there is a very good 

correspondence between the program and experiment and it 
reflects that the size of the elements is appropriate and 
MATLAB code is correct. 

 

3.1 Location of actuators 

For controlling all the state variables, more than one actuator 
is required, Due to the large number of degrees of freedom 
and large number of modes that is limited to 10 modes and 
thus the 20 state variables in this paper. For the control of 
various modes, the mode shapes must be considered exactly. 
Considering 10 first mode shapes, location of the sensors and 
actuators are selected as below. 
 

 
Figure 8. Location of sensors and actuators- left figure: 

sensors, right figure: actuators 

4 RESULTS 
By taking the following values for the matrix R and matrix Q, 
LQR algorithm control is used to control the system. 
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By the values of R and Q, the eigenvalues of the system 
under control change in comparison with the uncontrolled 
system. Eigenvalues of the first three modes which are rigid 
modes are negative real numbers. This indicates that after 
applying active control, these modes dose not vibrate 
sinusoidal and damped quickly. Thus for these three modes 
the operation of active control well done. Damping percentage 
of modes 4 to 10 increases but the natural frequencies of these 
modes change so that resonance occurs in the modes. 
However, because of the high damping that is about 10 per 
cent for 4-th mode, this mode is well controlled too. 

To see the effect of the active control in reducing responses, 
uncontrolled responses at the one of the critical points in the 
corner of the table plotted in the form of 1/3 octave. 
 

 
Figure 9. Point 1 RMSV graph on the table and VC-A, VC-B 

& VC-C criterion curves 

 
As indicated in the figure 11, the maximum velocity of 

point 1 is occurred in the low frequencies and thus the rigid 
modes. In the high frequencies and flexible modes, isolation 
the table by 4 air springs well done without applying further 
active control forces. In the range of low frequencies, even the 
VC-A criterion is not satisfied. In the frequencies below the 
16Hz, the VC-D criterion is not satisfied. Also at frequencies 
below the 64Hz the vibrational criterion VC-E is not 
respected. 

By applying active control to the structural system, the 
vibration of all the points on the table reduced significantly. 
The results is shown in the figure below 
 

 
Figure 10. The RMSV controlled response of point 1on the 

table and VC-D & VC-E criterion curves 

 

As can be seen, the VC-D criterion curve is satisfied in all 
of the frequencies below the 100Hz. Also, in the very low 
frequencies (below 6Hz), even the VC-E standard is respected 
and VC-E is satisfied for frequencies higher than 50Hz too. 
The 1/3 octave graph for controlled speed of point 1 is more 
dropped than the uncontrolled system. Also the maximum of 
controlled curve has been moved to the write relative to the 
uncontrolled system and show the system has been hard.  

One of the most important results is that the knowledge the 
modal properties of the system in the flexible structures can 
play a significant role to better control the system. 

The proper understanding, can help to control the system in 
various modes separately and independent from each other. 

In this paper, it is demonstrated that the mode 1 has the 
maximum effect in the final response of the structure and 
properly control this mode, can reduce the vibration level of 
all of the points in the system significantly. Indeed by 
isolation the table from ground using air springs, the effective 
modal mass of the flexible modes reduces severely. Thus, by 
only controlling the rigid modes, we can achieve the desired 
level of vibration on the table that sensitive equipment 
mounted on. 

Also find the optimum locations for the installation of 
actuators is of great importance. In this study by locating the 
actuators in the most critical parts of the concrete slab with 
highest response, the speed of all the points on the table well 
controlled. 

Using modal coordinates of the system rather than the 
physical dimensions of the system has many advantages such 
as reduced degrees of freedom and thus the reduced 
computational costs. 

Another important result of this study, effect of the mode 1 
on the other modes can be mentioned. Although active control 
system increases responses of some of the higher  modes, but 
due to the good control performance of rigid modes 1 to 3, 
controlled 1/3 octave curves has good condition in the high 
frequencies and even the responses of structure in higher 
modes is better relative to the uncontrolled system. 

Proof of this claim is that for uncontrolled system, VC-E 
standard is satisfied only for frequencies above the 64Hz, but 
for controlled system, VC-E criterion is satisfied for 
frequencies above the 50Hz. 
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ABSTRACT: The main objective of this work is to illustrate an application of angular active control in a sectioned airfoil using 
shape memory alloys. In the proposed model, one wants to establish the shape of the airfoil profile based on the determination of 
an angle between its two sections. This angle is obtained by the effect of the shape memory of the alloy by passing an electric 
current that modifies the temperature of the wire through the Joule effect, changing the shape of the alloy. This material is 
capable of converting thermal energy into mechanical energy and once permanently deformed, the material can return to its 
original shape by heating. Due to the presence of nonlinear effects, especially in the mathematical model of the alloy, this work 
proposes the application of a control system based on fuzzy logic. Through numerical tests, the performance of the fuzzy 
controller is compared with an on-off controller applied in a sectioned airfoil model. 

KEY WORDS: Adaptive sectioned airfoil; Shape memory alloys; Fuzzy control; On-off control. 

1 INTRODUCTION 
The aircraft design has been developed in an extraordinary 
way since the first manned flight in 1903. In just a century, 
engineers built aircraft that can travel beyond the speed of 
sound, crossing the circumference of the earth without making 
refueling and even crossing the atmosphere into space. 

Modern aircraft are able to transport large load, landing and 
takeoff vertically, achieving high speeds and have high ability 
to execute maneuvers. For each flight condition, aircraft are 
required in specific geometric features that allow this 
condition to achieve maximum efficiency. It is a problem, 
since there is not a project that meets all aircraft flying 
possible conditions. Thus, a proposed solution is the aircraft 
being able to modify its main geometric features (modifying 
the shape of its wing) to meet all phases of the mission with 
maximum efficiency [1]. In this scenario, it was emerged the 
concept of adaptive or morphing wings that are structures able 
to change its shape to enable greater controllability of the 
aircraft mainly the maneuvers ([2]-[6]). Aircrafts with the 
ability for adapting promise a distinct advantage compared to 
conventional aircrafts, since they are able to fly in different 
types of missions and perform extreme maneuvers. The first 
aircraft to use the concept of adaptive wings was X-5 in 1951. 
After that came the F-111 and F14 that were equipped with 
such wings [4]. 

Several mechanisms were proposed to create an adaptive 
wing [2]. The main difficulty of trying to recreate artificially 
such system is to find a lightweight actuator, as efficient as 
the muscles, able to perform such and still deform 
considerably. A synthetic material that has this characteristic 
is the Shape Memory Alloy (SMA) [7].  This material is 
capable of converting thermal energy into mechanical energy 
and once deformed the material can return to its original shape 
by heating. There are a large number of research works 
carried out in recent years focusing on the use of shape 
memory alloys in aeronautical wings adaptive ([8]-[10]). It 
proves the scientific and technological relevance of this issue. 

However, because it is a relatively new topic of study, 
which are being continuously incorporated technological 
developments and new possibilities for practical applications, 
much research effort still has to be done. For this purpose, the 
control of aeronautic adaptive profiles should be developed, 
including, particularly, the application of control techniques 
based on artificial intelligence for adaptive wings. 

Due to the presence of nonlinear effects, especially in the 
mathematical model of the SMA [7], this paper proposes an 
angular control system based on Fuzzy Logic type Mamdani 
[11]. One obvious issue is that system exhibits highly 
nonlinear behavior and some of the system parameters are 
unknown and/or environment-dependent. Fuzzy control has 
the advantages of being robust to disturbances and reduces the 
design complexity for control problems untreatable by 
classical techniques [8, 9]. 

In this paper, fuzzy controllers are chosen as the object of 
study for three main reasons: a) they are essentially nonlinear 
and therefore have great potential to control complex systems; 
b) they present facility for incorporation of expert knowledge 
through linguistic rules and c) they don’t need the 
mathematical model of the elements of the process to be 
controlled (plant, sensors and actuators). 

This work focuses on the design and numerical results of 
active angular control of a particular sectioned airfoil actuated 
by a pair of SMA wires. The profile consists of a NACA-0012 
model and has approximately 500 mm chord. By using a pair 
of SMAs as actuators, a fuzzy controller is designed to control 
the profile angle actively. The control system consists of 
independent SISO loops, i.e. decentralized active angular 
control with local fuzzy controllers. 

The organization of the paper is as follows. Next section 
presents a description of the system used for the angular 
control of the proposed sectioned airfoil with a pair of SMA 
wires. Then the mathematical model for the system is 
presented. The theoretical concepts and the main features of 
used fuzzy controller are described. Numerical simulations 

Numerical tests of an adaptive sectioned airfoil actuated by shape memory alloys 
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tests with both fuzzy and on-off controllers are carried out in 
order to compare and verify the effectiveness of the proposed 
fuzzy control system. Finally, the concluding remarks are 
presented. 

2 SYSTEM DESCRIPTION 
Figure 1 shows a schematic sectioned airfoil with a pair of 
SMA wires. The profile consists of a NACA-0012 model and 
has approximately 500 mm chord. By using a pair of SMAs as 
actuators, a fuzzy controller is designed to control the profile 
angle actively. 
 

 
 
Figure 1. Schematic drawing of the sectioned airfoil with SMA 

wires. 
 

As shown in Fig. 2, when one of the wires is heated, it 
contracts and induces tension in the other SMA wire and the 
airfoil profile (parts P3 and P4) rotates around point O. 

 
(a)  

 
(b) 

Figure 2. Behavior of the sectioned airfoil when (a) SMA 1 is 
heated and (b) SMA 2 is heated. 

 
When the second wire is heated, its contraction will result in 

the extension of the opposing SMA actuator mechanically. 
Thus it recovers the strain and moves the sectioned airfoil in 
the opposite direction. The position of the profile is 
determined by heating and cooling the two SWA wires. By 
heating one of the wires in an initially deformed state, a 
reduction in wire length due to transformation strain in the 
SMA will create a relative rotation between airfoil parts (P3 
and P4) while straining the opposing, cooling wire. After the 
actuation is complete and the desired angular position is 
reached, no additional energy is required to maintain the 
deformed shape. The purpose of the system is to force the 
rotation angle  of the profile to follow the desired trajectory 

. 

3 MATHEMATICAL MODEL 
The mathematical model of the system is composed of a 
thermal model, a phase transformation model, and a 
description of the system dynamics. 

3.1 Thermal model 

SMA actuators are most commonly used in the wire form and 
the phase transformation is commonly induced by electrical 
heating. In the conventional method of actuation, each SMA 
wire is continuously heated by electric current. 

A common model of the heat transfer associated with 
electrical heating (also known as Joule heating) of the wire is 
[12]: 

 (1) 

where  is the density of the shape memory material,  is the 
cross-sectional area ( /4 , where  is the diameter of 
the wire),  is the specific heat of the wire and  is the 
resistance per unit length of the material. The parameter  is 
the heat transfer coefficient and  is the circumferential area 
of the unit length of wire ( ). The ambient temperature 
is denoted  and the electric voltage  across the SMA wire 
is the control variable of the system. 

Assuming that the voltage is constant and the initial 
temperature is equal to the ambient temperature, the solution 
to this differential equation (1) is 

/  (2) 

where  is defined as time constant associated with 
the heat transfer process. 

The temperature increase causes the SMA wire to go 
through the phase transformation, resulting in contraction of 
the wire. When cooled, the wire returns or stretches back to 
the original length. The amount of contraction or stretch is 
determined by the martensite fraction, which can be obtained 
from the phase transformation model described below. 

3.2 Phase transformation 

The SMA model used in the numerical simulations is derived 
by [13]. This particular model was chosen due to excellent 
accuracy between the simulation and experimental results, 
which clearly justify the use of the model for describing the 
transformation between martensite ( ) and austenite ( ) 
phases [7]. This model replicates the behavior of the SMA at 
the phenomenological level. During heating, the 
transformation occurs from martensite to austenite, and during 
the cooling phase, the opposite transformation occurs. 

The SMA constitutive model defines the thermomechanical 
characteristics of the material, i.e. the effect of the 
temperature on the stress as the SMA undergoes phase 
transformation. The relationships between stress ( ), strain 
( ), temperature and martensite fraction within the SMA wire 
during phase transformation (ξ) can be defined as [13]: 

Θ Ωξ (3) 

where  is Young’s modulus of the alloy, Θ is the thermo-
elastic factor, Ω is the phase transformation coefficient and 
ξ ξ ξ  is decomposed further into a summation of two 
variables: ξ  is the fraction of stress-induced martensite in the 
material and ξ  is the fraction of temperature-induced 
martensite in the material. 
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[13] demonstrated that despite the thermo-elastic effect one 
can obtain the following relation based on Eq. (3), considering 

 as the maximum strain that can recovered through the 
transformation phase: 

ξ ξ  (4) 

where the actual Young’s modulus ξ  is assumed to be a 
linear function of the martensite fraction: ξ
ξ , and  and  are, respectively, the elastic 
modulus in the austenite and martensite state. 

According [13], the transformation equations also require 
modification to account for the transformation between the 
different types of martensite. The kinetic law for conversion 
from martensite to austenite is: 

For  and : 

ξ ξ , where     

ξ , ξ ,
ξ ,

ξ
ξ ξ  

(5) 

The kinetic laws of transformation from austenite to 
martensite become more elaborate, due to the fact that the 
fraction of stress- and temperature-induced martensite must 
also be computed during the process. For temperatures above 

 and : 

ξ
ξ

ξ
 

ξ ξ
ξ

ξ
ξ ξ  

(6) 

and for temperatures below  and : 

ξ
ξ ξ

 

ξ ξ
ξ

ξ
ξ ξ ∆ ξ (7) 

The variable ∆ ξ  is defined as 

∆ ξ 
ξ

 (8) 

if    and . Otherwise, ∆ ξ  0. 

where , ,  ξ  and ξ  are the initial 

martensite fractions;  and  are the initial and final 
temperature of austenite transformation, respectively;  and 

 are the initial and final temperature of martensite 
transformation, respectively. 
3.3 System dynamics 

Figure 3a shows the inertial frame -  of the airfoil profile 
centered at point O. The task consists in forcing the profile to 
follow a specified angular trajectory. The trajectory lies on the 
plane defined by the coordinate frame - . Note that this 

frame is a non-inertial reference frame, i.e. it is moving with 
the profile ( 3 and 4 parts) and its position and orientation 
are related to the sectioned airfoil’s initial configuration. 

 
 (a)  

 

 

 
(b)  

Figure 3. (a) Inertial (XY) and non-inertial (xy) reference axes 
and (b) SMA wire connection point positions. 

As shown in Fig. 3b, the position vector of points , ,  
and  (SMA wire connections) with respect the frame -  
is defined, respectively, as: 

; ;  and   

 

(9) 

where  is the rotation matrix between frames ( , , ) and 
( , , ) given by: 

 (10) 

Finally, the length of each SMA wire (  and ) are 
defined as follows: 

 

 

 

(11a) 

(11b) 

 
 
 
 

Figure 4. External forces acting on the sectioned airfoil. 

Therefore, according Fig. 4, the external forces applied to 
the points  and  with respect the frame -  are given 
by: 

 

 

 

(12a) 

(12b) 

where      denotes the modulus of a vector,  and  are 
the generated forces due to the stresses ( ) in the SMA wires 
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(Eq. 4) and thus can be described as:  and 
, where  is the cross sectional area of the wire 

(assumed equal for both SMA wires), and the maximum 
strains ( ) (Eq. 4) for both SMA wires are derived as follows: 

 

 

 

(13a) 

(13b) 

where  and  are respectively, the maximum and 
minimum angle of the sectioned airfoil. 

The acting moments applied in points  and  are 
defined as: 

 
 

 

(14a) 

(14b) 

Substituting Eqs. (12) and (9) in (14) yields: 

 

 

(15a) 

(15b) 

Then the resulting equation of angular motion for the 
sectioned airfoil is given by: 

 (16) 

where  is the moment of inertia of part 3 and  is the 
dynamic friction coefficient in articulation point O. 

During the investigation of the various ways of controlling 
SMAs without using complex mathematical models, two 
methods for controlling the sectioned airfoil were tested and 
compared. The first one is a simple Bang–Bang controller that 
activates each SMA wire until the desired angular position is 
reached. The second one consists of a rule based controller 
that activates each SMA individually depending on the 
proximity of the airfoil to the desired angular position. The 
latter takes into account the error of the angular position ( ) 
as well as the rate of change of that error with respect to time 
( / ). A detailed description of the rule based controller is 
presented in the following section. 

4 CONTROLLER DESIGN 
The design of a fuzzy controller for the sectioned airfoil 
consists of the following three basic steps: (1) fuzzification of 
input and output variables using sets of membership functions, 
(2) development of fuzzy control rules and (3) defuzzification 
of output membership values. 

4.1 Fuzzification 

Figure 5 shows seven equally spaced triangular membership 
functions that were employed to convert the input variables 
(the angular error  and angular error derivative / ) and 
output variable (applied electric voltage ) into linguistic 
fuzzy variables. 

The labels or membership functions try to translate 
verbally the meaning of a specific variable in its universe of 
discourse. For input variable / , each membership 
function was assumed as: “Negative Big” ( ), “Negative 
Medium” ( ), “Negative Small” ( ), “Zero” ( ), 
“Positive Small” ( ), “Positive Medium” ( ) e “Positive 
Big” ( ). For the input variable : , 1, 2, 3, 4, 5 
and 6 (for SMA 1); 6, 5, 4, 3, 2, 1 and  (for SMA 
2) and for the output : , 1, 2, 3, 4, 5 and 6. 

 
 
 
 
 
 
 

 

 
 

Figure 5. A set of membership functions used for input and 
output variables. 

For the input variables, it is necessary to define the range 
,    of the input membership functions. In the case of 

the sectioned airfoil, 0, 5  degrees and 5, 0  degrees were 
used as the range of the input membership functions for the 
angular error ( ) to SMA 1 and SMA 2, respectively, 5, 5  
degrees/seconds for the angular error derivative ( / ) for 
both SMAs, and 0, 6.75  Volts for the applied electric voltage 

. 

4.2 Fuzzy control rules 

In order to emulate the use the intuitive knowledge, and to 
avoid the use of any mathematical models of the SMA 
actuators, a rule based control system is used in the present 
study. The rule-based controller is essentially a fuzzy logic 
controller with triangular membership functions. 

In this paper, the rule base was built from the intuitive 
knowledge of the dynamic behavior of the sectioned airfoil 
considering the electric voltage applied in SMA 1 and SMA 2. 
The fuzzy control rules that are associated with the fuzzified 
values of the error ( ) and its derivative ( / ) that are 
formulated in order to improve the system response and 
compensate for the nonlinearities and parametric uncertainties 
of the individual SMA actuators employed in the system. 
Tables 1 and 2 give the complete set of the fuzzy control rules 
for the SMAs 1 and 2 (e.g., for the first rule, when  is  and 
/  is  then  is ). The “max–min” method with the 

logical operator AND has been used as the inference method. 
For example, considering the extreme situation where the 

sectioned airfoil has a large angular error ( 6) and variation 
of error equal to , the maximum control action ( 6) applied 
in SMA 1 or 2 is required to cause the rotation of the profile 
(clockwise or unclockwise) achieves the reference angle 
quickly. In other situation, when the sectioned airfoil is 
rotating fast ( /  is ) with a large angular error ( 6), 
then a high control voltage ( 5) is required to maintain the 
speed rotation of the profile. Otherwise, when the airfoil is 
rotating very slow ( ) with a large error ( 6) then a 

  μ

0

1
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maximum voltage ( 6) must be applied in SMA wire to 
increase the speed rotation of the sectioned airfoil until it 
achieves the desired angular value. This intuitive knowledge 
can be extended to other situations where the profile has 
smaller input values (  and  / ). 

Table 1.  Fuzzy control rules for the SMA 1. 

   
  Z E1 E2 E3 E4 E5 E6

 

NB Z V1 V3 V3 V4 V5 V5
NM Z V2 V3 V4 V5 V5 V5
NS Z V3 V4 V4 V5 V6 V6
Z Z V3 V4 V5 V6 V6 V6

PS Z Z Z Z Z Z Z 
PM Z Z Z Z Z Z Z 
PB Z Z Z Z Z Z Z 

 

Table 2. Fuzzy control rules for the SMA 2. 

   
  E6 E5 E4 E3 E2 E1 Z 

 

NB Z Z Z Z Z Z Z 
NM Z Z Z Z Z Z Z 
NS Z Z Z Z Z Z Z 
Z V6 V6 V5 V5 V4 V3 Z 

PS V6 V5 V5 V4 V4 V3 Z 
PM V5 V5 V4 V4 V3 V2 Z 
PB V5 V5 V4 V3 V3 V1 Z 

 

 
The controller is designed to set the activation of each 

SMA based on the overall configuration of the sectioned 
airfoil. Based on the angular error , the control system 
selects the appropriate activation voltage for each SMA wire 
according to equation below: 

    0
    0 (17) 

where  and  are the electric voltages applied to 
SMA wires 1 and 2, respectively, by using the fuzzy/on-off 
controllers. 

4.3 Defuzzification 

The defuzzification, i.e. the transformation of fuzzy set output 
on a numerical control action, is performed using the centroid 
method [11]. 

5 SIMULATION RESULTS 

In order to improve the motion control performance, it is 
essential to understand the effects of these parameters on the 
sectioned airfoil motion. Thus, in order to show the 
effectiveness of the proposed controller, the numerical results 
from the control of the airfoil at different angular positions are 
presented. A simple on-off control scheme is used for 
comparison. This controller corresponds to the so-called 
Band–Bang controller that activates the SMA actuator until the 
desired angular displacement is reached. 

Figure 6 shows a block diagram representation of the 
overall mathematical model of the representative system, with 

the added fuzzy/on-off controller (Eq. 17). The modeling of 
the proposed sectioned airfoil system is composed of four 
parts: the heat transfer model between the SMA wires and the 
surrounding environment (Eq. 2); the phase transformation 
model between the martensite and austenite phases of the wire 
(Eqs. 5-8); the constitutive model of its thermomechanical 
characteristics (Eq. 4); as well as the dynamic model of the 
system that describes the motion of the airfoil profile (Eq. 16). 

 
 
 
 
 
 
 
 

Figure 6. Overall control block diagram for the sectioned 
airfoil profile. 

Table 3 shows the main parameters of the system. The SMA 
wire parameters were obtained from the specifications 
provided by the manufacturer (Nitinol Company). The 
geometric parameters were directly measured from the actual 
system. Based on the models developed and the parameter 
values obtained, a numerical code was built in Visual C++ to 
simulate the motion of the sectioned airfoil profile. 

Table 3. Parameters used for the system model. 
 

Parameter Value Parameter Value 

 5.08 10  67  
 6450 /  26  
 2.02 10   13 /  
 1.6 10 /    8 /  
 70 /  50  
 25   40  

 1.44 10   55  
 2 10 /   70  
,  54 10  100  
,  17 10   170  
,  50 10  3.75 Ω/  
,  13 10   837 /  

 
Due to the SMA actuator stroke limitations as well as 

mechanical constraints, the range of motion of the airfoil 
profile is given by: , 15°, 10° . Thus, the 
maximum strains ( ) for both SMA wires (Eqs. 13a and 13b) 
are given respectively by: 0.0593 and 0.0703. 

The differential equation (16) is solved by using the 
subroutine rk4 given in C++ library which implements a 
simple Runge–Kutta method for an initial value problem. The 
time step used in solving the differential equation is 
0.1  . The sectioned airfoil is initially stretched out with the 
minimal angular position ( 15°). Therefore, at 0, 
the material for SMA 1 has no stress-induced or temperature-
induced martensite: ξ 0 and ξ 0, and the material for 
SMA 2 is assumed to be at a state of zero stress and zero strain 
(ξ 1 and ξ 0). 
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The task consists in forcing the parts P3 and P4 to follow a 
specified angular trajectory ( ). The objective of the 
subsequent tracking tests is to verify the ability of the 
proposed fuzzy/on-off controllers to follow commanded 
trajectories. Figure 7 compares the closed-loop control 
simulation results obtained from both the original on-off 
controller and the enhanced fuzzy controller when two 
angular position step inputs (10° and 0°) were given as 
command signals ( ). 

 
Figure 7. Angular responses of the sectioned airfoil using 

fuzzy and on-off controllers. 
 

Note that the return to the desired angular position 0° 
from the overshoot is faster with the fuzzy controller, whereas 
the on-off controller must rely on cooling of the SMA actuator 
to return to the desired position. 

According to Fig. 7, there is an initial overshoot due to the 
thermal inertia from the hysteresis in the SMA, which causes a 
sudden contraction of the SMA wire when its temperature is 
increased to the austenite phase as shown in Figs. 8, 9, 10 and 
11. 

 
Figure 8. Temperature responses of the SMA wires using on-

off controller. 

 
Figure 9. Fraction of martensite of the SMA wires using on-off 

controller. 

 
Figure 10. Temperature responses of the SMA wires using 

fuzzy controller. 

 
Figure 11. Fraction of martensite of the SMA wires using 

fuzzy controller. 
The fuzzy control capability results in better control 

performance in terms of smaller overshoots with faster 
response and smaller control voltages (see Figs. 12 and 13). 
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Figure 12. Control voltage applied to the SMAs actuators 
using on-off controller. 

 
Figure 13. Control voltage applied to the SMAs actuators 
using fuzzy controller. 
 

In the case of the on-off controller, the RMS of the control 
voltage was 5.28 V for SMA 1 and 4.20 V for SMA 2, while in 
the case of the fuzzy controller, the RMS of the control 
voltage was only 1.83 V for SMA 1 and 1.72 V for SMA 2. 

Numerical results consistently showed that the control 
performance of the fuzzy controller is better than that of the 
on-off controller. These plots show that the fuzzy controller is 
able to track the angular trajectory of the sectioned airfoil 
profile very well. 

6 CONCLUSIONS 
A fuzzy controller has been developed to control the angular 
displacements of a sectioned airfoil containing a pair of SMA 
wires. The control system consists of a decentralized active 
angular control with local fuzzy controllers acting to each 
SMA actuator. 

The proposed fuzzy controller activates each one of the 
wires using a pre-defined rule base along with the angular 
position error and its first time derivative. The control strategy 
mimics the human learning process, requiring only minimal 
information on the environment. In order to design the 
proposed controller, a dynamic model of the system was used 
to perform a numerical parametric analysis. The simulation 

results confirmed that the fuzzy controller outperformed the 
on-off controller. The fuzzy controller showed improvements 
in both control voltage and response time over the on-off 
controller in a numerical step response test. 
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ABSTRACT: Tuned mass dampers (TMDs) are control devices consisting of a mass-spring-dashpot system connected to the 
structure in a way to vibrate out of phase with the main structure, if tuned to the appropriated frequency. In this way the energy 
is transferred to the TMD reducing amplitude vibration on the main system. The use of TMD to reduce floor vibration has been 
studied by many researchers lately, however there are still many topics to further development. Through preliminary numerical 
analysis this work aims to design a TMD to be installed on a platform for dynamic tests located in the University of Brasilia 
Structure Lab. This platform behaves like reinforced concrete buildings floors subjected to conventional human activity that can 
cause critical excessive vibrations. Reducing vibration amplitudes using TMD improve human comfort and guarantee structural 
safety. Numerical modeling of the structure with TMD installed is performed using the finite element ANSYS computational 
package. The modal analysis of the platform defines natural frequencies and vibration modes, this information allows tuning the 
TMD properly. The TMD design is based in the study of different parameters such as geometry, material, amount of mass, TMD 
positioning and the number of devices needed. This study will contribute to vibration control of building floors. 

KEY WORDS: Structural dynamics, vibration control, tuned mass damper TMD, slabs, finite element.  

1 INTRODUCTION 
Nowadays there are more and more flexible and  slender civil 
structures.  A high structural flexibility leads to major 
vibration amplitudes that can be transmitted to people at 
buildings, causing discomfort, loss of work efficiency due to 
weariness and even serious health changes. To solve this kind 
of problem it can be used tuned mass dampers (TMDs) that 
are spring-mass-dashpot systems designed to have it 
fundamental frequency next to some structure frequency, in a 
way that part of the main system energy be transmitted to the 
TMD. This type of damper has been used successfully also on 
concrete slabs ([1],[2],[3],[4],[5],[6]). There are several 
practical cases of structures that present excessive vibrations 
to pedestrians, among them is the Millenium Footbridge in 
London, that excessive vibrated laterally right after its 
opening. The main cause of the vibrations was the lateral 
force component caused by people walking. The solution for 
this problem was the placing of passive dampers like showed 
on Figure 1 ([7], [8]). 

 
Figure 1. Millennium Bridge, London [7] 
 
The luxury hotel  located in Singapore, 
presented at the slab cantilevered slab free end large 
oscillations caused by strong winds, rain and pedestrians. To 
reduce undesirable vibrations it was designed a TMD with a 

5000 kg mass, resonance frequency of 1.0472 Hz with 
maximum damping of  3978 Ns/m, which the location and the 
structure can be observed on  Figure 2. 

Localization TMD

 
Figure 2.   Bay Sands Hotel, Singapore 9] 
 
Another case that deserves to be mentioned is the Rio-Niteroi 
bridge in Rio de Janeiro, that presented high oscillations 
between 25 and 60 cm in the three mid spans due to wind 
gusts that very between 90 and 100 Km/h. The solution 
proposed was to install 32 TMDs with a total mass of 2,2 tons, 
that reduced more than 80% the vibration amplitudes giving 
more security to drivers. The dampers were tuned to the 
bridge first mode. On Figure 3 it is show a drawn on 
perspective of the TMD placed inside of one of the cellular 
beams. [10] 
 
This Work proposes a design and construction of a TMD to 
control excessive vibrations on an experimental dynamic 
platform at the Structures Laboratory of University of 
Brasilia, designed to better understand concrete floors 
vibrations.  
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Figure 3. TMD installed at the Rio-Niterói bridge. [10] 
 

2 COMPUTATIONAL MODELLING 
Platform slab discretization is performed using ANSYS finite 
element library [11]. The elements chosen are those that better 
simulate the behavior of each structural member: SHELL63 
and COMBIN40.  That are show on Figure 4 and Figure 5 
respectively. 
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Figure 4. SHELL63 Geometry 
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Figure 5. COMBIN40 Geometry 
 
SHELL63 element has six degrees of freedom in each one of 
its four nodes, X, Y and Z translations and torsion around the 
same axis, it is recommended to simulate membranes behavior 
and allow loading on its own plane and on the orthogonal one. 
COMBIN40 is a element that combines springs (one of them 
sliding) and a parallel dashpot. It is defined by two nodes and 
has only one degree of freedom at each node, translation, 
rotation or even pressure and temperature. This element can 
be used in any type of analysis. The transient and harmonic 

dynamics solution [11]. The structure equations of motion is 
 

[ ]{ } [ ]{ } [ ]{ } { }FuKuCuM =++  (1) 
 

The damping matrix adopted is the proportional or Raylegh 
matrix. 
 

[ ] [ ] [ ]KMC +=  (2) 

First it were performed modal and harmonic analysis using 
ANSYS [11] for several TMD configurations. The harmonic 
analysis results obtained were discussed and evaluated to 
choose the better solution to be designed. Only for the best 
model it was performed transient analysis. 

3 PLATFORM DESCRIPTION 
The dynamics platform considered in this paper consist on a 
concrete slab with two semi-rigid edges and other two free 
edges. Constructed on Structures Laboratory of University of 
Brasilia, it is shown non Figure 6 with its corresponding 
measures. The platform has length 6.1 m, width 4.9 m 
thickness of 0.1 m, with the concrete compressive strength of 
25 MPa and elastic modulus of 29 GPa. Experimental 
measuring of natural frequencies of the platform were 
performed exciting the structure by impacts made with a 
sledgehammer knocking at specific points placed n the middle 
of  the free edges. Another tests were performed exciting the 
structure by impact of people jumping and knocking they heel 
at the center of a the slab. A piezoelectric accelerometer 4366 
type of Brüel & kjaer (mass = 10 g and 4.80 pC/ms-2 
sensitivity) was used attached to ADS2000 acquisition 
system.  

 

 
Figure 6. Dynamic platform to test TMD performance. 
 
Data acquisition system was configured to acquire from the 
records of a channel (Channel 0) corresponding to the 
accelerometer fixed in the platform slab at the time 5x10-3 s 
resulting in a Nyquist sampling rate of 100 Hz and the 
duration was 15 s.  Figure 7 shows data acquirement through 
the accelerometer and Figure 8 and Figure 9 present the way 
the structure was excited by impact loads of a sledgehammer 
and jumping, respectively. 
 

 
Figure 7. Accelerometer and data acquisition system. 
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Figure 8. Sledgehammer impact to excite the platform. 
 
 

Heel drop excitation

 
Figure 9. Exciting the platform through jumping. 
 

Experimental results are shown on Figure 10.  Time domain 
results are from the impulse generated by jumping, it is 
analyzed through 15 seconds. Frequency domain results were 
obtained processing data on MATLAB [12] through Fast 
Fourier Transform (FFT) algorithm. Three structure 
harmonics associated to its corresponding natural frequencies 
can be observed. 

4 NUMERICAL ANALYSIS 
Aiming to design a vibration control system based on TMD a 
detailed study was perform. The first case considered was to 
place a single TMD at the center of the slab.  
A second analysis combine more than one TMD and also 
varies it positioning. 
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Figure 10. Experimental results (time and frequency domains) 
 

4.1 TMD design 

From the modal experimental analysis of the platform  it was 
designed a TMD in a way to reduce platform vibrations. The 
TMD mass corresponds to various steel plate masses placed 
one at the top of the other placed vertically over a steel shaft 

that is hanging under the slab. TMD stiffness represents the 
stiffness of steel spirals, in a spring shape, that are positioned 
between the steel shafts, in a way to generate a resetting force 
to the steel shaft system and still generate damping through 
Coulomb forces that create friction between  guide shafts and 
the steel shaft junction. On Figure 11 and Figure 12  it is 
presented the TMD model proposed to be constructed. 
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4.2 Numerical results 

The platform slab and the steel profiles that constitute the 
columns and beams were modeled using SHELL63 element 
and  the damper was modeled with COMBIN40 and MASS21 

 
 

 
Figure 11. TMD in perspective view. 
 

 
Figure 12. TMD in frontal view. 
 
To validate the TMD model it is considered only the first 
vibration mode associated to the fundamental frequency. 
On Figure 13 it is present the first platform modal shape. 

 
Figure 13. First platform modal shape [13] 
 

From the two proposed studies varying parameters, number 
and positioning a total of 20 cases of TMD configurations 
were studied through harmonic and transient ANSYS analysis 
[14]. The best result obtained is shown on Figure 14 and 
Figure 15 corresponds to the case of a single TMD positioned 
on the slab center with the following properties: m=50 kg ; 
k=25000 N/m ; c=350 Ns/m. 
 

 
Figure 14. Response frequency of both controlled and 
uncontrolled cases. 
 

 
Figure 15. Time history displacement center node: controlled 
and uncontrolled. 

5 BUILDING OF TMD 
Based on numerical results and the above TMD drawings it 
was constructed the TMD that will be future installed and 
tested at the dynamic platform. From numerical simulations it 
was obtained optimal values to a good tuning of the platform 
fundamental frequency. To obtain the value of 50 kg for TMD 
mass it was needed 10 steel plates of 12.5 mm thickness 
shown on  Figure 16.  
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Figure 16. Dimensions in mm of the steel plates of the TMD 
mass. 
 
To obtain the stiffness of 25000 N/m, it is necessary 10 spiral 
springs in compression working in parallel with the following 
parameters: Ø diameter of the spirals of 2.4 mm, external 
diameter of spring of 27.9 mm, 6 active spirals. To obtain the 
theoretical value of stiffness the above parameters are 
replaced on the following equation of spring stiffness: 

3
64

4

=
nR

Gd
K  (3) 

where: 
G = shear modulus 
d= diameter of the wire section 
n= number of active spirals 
R= spring radius 
 
On Table 1 it is shown the material and geometrical 
parameters of the spring. 
 
Table 1. Material and geometrical parameters of the TMD 
spring. 

Parameters 

E 2E+11 N/m² 
v 0.3 
G 8E+10 N/m² 
d 0.0024 m 
R 0.01395 m 
n 6 
K 2509.4 N/m 

 
To find the damping coefficient for the TMD it is needed to 
calculate an equivalent viscous damping coefficient, that 
equalize the energy lost per cycle in friction case to the lost 
energy due to viscous effect. The equivalent damping is 
calculated through the following expression [15]. 
 

0

4
=

X
N

Ceq  (4) 

 

Where: 
= Friction coefficient 

N= Normal force 
= Resonance frequency 

X0= Displacement amplitude 
 
From equation (4) it is possible to obtain the normal force that 
must be done on the bolt (friction Coulomb force) of Figure 
11. 
 
Table 2. Normal force on the bold in function of equivalent 
damping coefficient. 

Ceq 350 Ns/m 
 3.1416 
 3.8 Hz 

X0 0.026 m 
k 0.57 

Normal 47.648 N 
 
In order to set the torque needed on the screw to achieve the 
corresponding normal force, it is used the following equation 
[16]. 
 

fLd
LdfWd

T
nm

nmm

-cos
cos+

2
=  (5) 

 
On Table 3 it is shown values to be used to find needed torque 
for a screw of ½ inches and screw pitch of 13 thread/inch. 

Table 3. Torque needed on the screw (Coulomb force). 

Advance of screw      1/13 0.0769 
Screw external diameter 0.0127 m 
Root diameter of the screw 0.0103 m 
Average diameter of  the screw thread, dm 0.0115 m 
Coefficient of friction in the threads, f 0.12 
W = Normal force 47.6475 N 
  64.8421 

n= 13.7901 
Torque, T 0.8375 N m  

 
The torque de 0.8375 can be obtained with a torque wrench. 
As it can be seen on Figure 11 there are two screws, so the 
torque applied at each one will be of  0.4188 Nm. 
 

5.1 Experimental steps for building the TMD 

To build the TMD it was necessary the following procedures. 
The steel plates were cut and drill the holes to prepare the 
vibration mass as it was shown on Figure 16. Plates were cut 
with torch, for this reason the dimensions of the pieces were 
not calculated according to the exact measure in millimeters 
and as a consequence the previous weights were slightly 
below the expected value. The plates were drilled in blocks of 
five plates with a template to ensure the same distance 
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between holes on all parts. The process of making the radial 
drill holes is shown in Figure 17. 
 

A B

 
Figure 17. A) drilling of steel plates that compose the 
vibrating mass, B) drilling of the steel plate serving as a 
support TMD. 
 
Finished the drilling  process it was obtained the weight of all 
pieces of the TMD. The electronic scale in which the weights 
were obtained has an accuracy of 0.1 grams and is illustrated 
in Figure 18. 
 

 
Figure 18. Weights obtained in electronic scale of the 
different steel pieces of TMD. 
 
Table 4 presents all the weights of the different pieces of the 
TMD set. Weight found experimentally Figure 18. Weights 
obtained in electronic scale, the different pieces of steel TMD. 
Has a very close value of the calculated numerically, the 
difference between the two values is about 288 g.  
The following step was to measure experimentally the 
stiffness of the springs bought in a shop and compare to the 
values obtained through equation (3). 
 
Table 4. Weight of the TMD mass pieces. 

Piece No Weight 
[gr] 

1 4871.7 
2 4864.5 
3 4834.8 
4 4776.7 
5 4798.4 
6 4769.6 
7 4823 
8 4863.1 
9 4791.1 

10 4862.9 
Friction piece 1 513.2 
Friction piece 2 527.6 

Screw 1 e 2 415.4 
Total vibrating mass 49712 

To find stiffness experimentally of each spring it was 
necessary to measure the compression deformation made by a 
weight hanging at the bottom. The deformation was measured 
by a clock depth gauge with precession of 0.01 mm, 
fabrication of Huggenberger Zurich, that recorded the initial 
and final length of the spring. Masses of 4889.0 g e 2443.0 g 
were hanging the spring and several times in a way to obtain 
the mean of the spring stiffness. The mounting of the test to 
measure spring stiffness is shown on Figure 19.  

 
Figure 19. Mounting of the test to measure spring stiffness 
 
Table 5 present the mean values of spring stiffness, adding 
these values it can be obtained the total stiffness of the TMD 
parallel springs of 24742.1 N/m, that has a value next to the 
one found numerically. 

 
Table 5. Mean value of experimental spring stiffness 

Spring  
# 

Average 
 [N/m] 

1 2410.17 
2 2432.51 
3 2441.33 
4 2499.86 
5 2501.27 
6 2422.47 
7 2381.84 
8 2499.43 
9 2466.48 

10 2522.85 
11 2488.22 
12 2467.65 

 
Figure 20. Show all the pieces for TMD construction: 
 

1. Guide shaft (friction damping) 
2. Support shaft 
3. Screw to join the mass plates 
4. Piece to friction guide shaft. 
5. Springs 
6. Supporting plate of springs 
7. Supporting plate  
8. Supporting plate of the masses 
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Figure 20. Pieces of the TMD. 

 
A summary table comparing experimental and numerical 
values of mass and stiffness of the TMD is show on Table 6. 
 
Table 6. Comparative summary of numerical and 
experimental values of TMD mass and stiffness 
 

Numeric Experimental 
Mass [M] 50.000 kg 49.712 kg 
Stiffness [k] 25000 N/m 24742 N/m 

 
The TMD with all pieces assembled is shown on Figure 21. 
After construction it was hanging under the platform, placed 
on the point of the greater first modal displacement, the center 
of the slab, as it can be observed on Figure 13. 
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Figure 21. TMD constructed with all pieces assembled. 
 
Finally on Figure 22 it is shown the TMD placement on the 
platform bottom center aiming to reduce vertical vibrations. 

 
Figure 22. TMD hanging at the bottom center of the platform. 
 

6 CONCLUSÕES 
From the numerical simulations performed the optimal 
calibration parameters TMD were found. Construction and 
installation of the TMD in the dynamic test platform was 
done. Next research steps are perform experimental studies 
with pedestrian exciting the structure with human activities. 
These experimental tests will prove the performance of TMD 
in reducing vibrations in floors. 
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ABSTRACT: Many new viscoelastic materials have been developed recently to help improve noise and vibration levels in 
mechanical structures for applications in automobile and aeronautical industry.  The viscoelastic layer treatment applied to solid 
metal structures modifies two main properties which are related to the mass distribution and the damping mechanism. The other 
property controlling the dynamics of a mechanical system is the stiffness that does not change much with the viscoelastic 
material. The model of such system is usually complex, because the viscoelastic material can exhibit nonlinear behavior, in 
contrast with the many available tools for linear dynamics. In this work, the dynamic behavior of sandwich beam is modeled by 
finite element method using different element types which are then compared with experimental results developed in the 
laboratory for various beams with different viscoelastic layer materials. The finite element model is them updated to help 
understand the effects in the damping for various natural frequencies and the trade-off between attenuation and the mass add to 
the structure. 

KEY WORDS: Dynamics, Viscoelastic Materials, Damping, Finite Element Method (FEM). 

1 INTRODUCTION 
With the growing need of the industry to develop new 
materials and seek solutions for enhancing physical systems, 
the development of smart materials becomes a challenge 
necessary in many engineering applications; from the 
aerospace, marine, metal / mechanical reaching even to the 
area biomechanics areas. In many of these applications, there 
is the need of reducing weight using slender structures built in 
light materials. These material in turn, may exhibit flexible 
dynamics originating problems related to noise and vibration. 
Many studies have been based on the development of 
composite structures build of different types of materials, such 
as steel alloys, new ceramic materials, laminates composites 
and others. Others have been based on combining different 
materials to achieve a structural purpose, as in the case of 
combined beams with viscoelastic materials. Viscoelastic 
materials have the characteristic of dependence on the 
magnitude of the condition of the effort involved as well as 
the speed at which this stress is applied to it. This is the basic 
feature of polymeric materials, for example. When a system is 
subjected to external excitations (mainly forced vibration), it 
oscillates with the same frequency of oscillation of a source. 
A major problem in structures of buildings, bridges, airplane 
wings, and other beams is caused when the excitation 
frequency matches the system’s natural frequency (resonance 
problem). These dynamic effects are often induced by both 
natural causes (earthquakes, wind and other) and other causes 
such as machines and other sources, causing operating 
problems, discomfort, fatigue, structural damage and even 
collapse. A moving structure dissipates energy through 
internal stresses generated by the links of the molecular 
chains, friction between the structure and the environment, 
plastic deformation and others. The vibration amplitudes are 
lower the greater the ability of the structure to dissipate 

energy. Some materials used in aircraft structures, and 
industrial plants for buildings exhibit very low damping, 
which results in higher vibration amplitude, hence the interest 
in application of such materials with improved ability, as is 
the case of viscoelastic materials. The treatment of vibration 
using viscoelastic materials is not new, Mead [1] illustrate the 
use of this type of material using constrained and 
unconstrained layer for structural damping. 

Concerning relevant work involving unconstrained layer 
damping may be cited in chronological order, the first work of 
Lunden [2] where it conducted a study on the best distribution 
of added damping in beams subjected to free vibration 
(bending effort). One of the important conclusions of their 
work was to reduce the resonant frequency response with 
reduced cost of adding damping regions conveniently 
distributed. Later, Yildiz and Stevens [3] published their work 
on optimizing thick plates with viscoelastic layer damping and 
subjected to vibration free. In their conclusion the authors 
present the gain of the system loss factor increased by over 
100% through distribution also convenient thickness of the 
viscoelastic material system. More recently, Kim and Kim [4] 
also conducted a publication on optimized distribution layer 
of viscoelastic material for a flexible beam, Mead [5] 
addressed in their work measuring the loss factors for beams 
and plates with free and forced vibration involving layers of 
viscoelastic materials. Kim and Lee [6] published on the use 
of model parameters involving fractional-derivative-free 
beams strung with added layer of viscoelastic material, 
quantizing these parameters in their conclusion. As for 
publications involving constrained layer damping, in 
chronological order, important works: Mead [7] presented a 
comparison between models for equational representation of 
vibration bending beams with damping sandwiches. Later Lall 
et al. [8] conducted an analysis of sandwich beams with 
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partial layer of viscoelastic material, making a comparison 
between the formulations by Markus method, Rayleigh-Ritz 
Method and Method Classic. More recently, Lee [9] discussed 
in their publication the use of active controllers in beams with 
added viscoelastic damping layer and constraint, aiming to 
maximize the loss factor Li and Crocker [10] have published 
their study on the effects of thick viscoelastic material 
structure with honeycomb sandwich beams and Blais et al. 
[11] conducted an approach to solutions of equations of 
motion of beams impacted composition with partial layer 
viscoelastic damping. A similar approach was also carried out 
by Granger and Ross [12], presenting experimental and 
numerical results. 

In this work, a study of different methodologies for analysis 
of damping in a beam with unconstrained layer of viscoelastic 
material is studied (Finite Element Method, FEM, and 
Spectral Element Method, SEM). Despite the fact that these 
materials have strong nonlinear effect, the analysis considers 
only small displacements, such that linear models can be used. 
Experimental tests are used to validate the numerical models. 

1.1 Numerical Modeling 

The bending motion of a beam can be represented by a partial 
differential equation using Euler-Bernoulli theory as described 
in Bishop and Johnson [13]: 
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where E is the beam Young’s Modulus, I is the second 
moment of area, ρ is the mass density and S is the area of the 
beam cross section, x is the distance along the beam length, t 
is the time variable, ω is the transverse displacement of the 
beam and f is a distributed force applied transversely to the 
beam cross section. Damping can be introduced by making 
the Young’s Modulus complex, such that 
 

)1(* ηjEE +=                               (2) 
 
where η is the structural loss factor and j2 = -1. In most of the 
materials used in mechanical applications, η is low on the 
order of 10-2. Viscoelastic materials in turn can exhibit loss 
factor on the order of 0.1 to 1.0. 

Assuming time harmonic motion of the form 
w(x,t)=W(x)ejω, the solution for this equation is of the type: 
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where CR and DR are an evanescent waves decaying to the 
right, CL and DL are an evanescent waves decaying to the left; 
k now is the flexural wavenumber and is given by 
kb=ω1/2(ρS/EI)1/4. The dynamic stiffness or receptance for a 
beam can be calculated by applying appropriate boundary 
conditions to equation 3. When connecting the beam with 
other systems or applying boundary conditions, it is the free-
free beam that must be used, so the impedance corresponding 
to some degrees of freedom can be summed with other 
impedance or canceled according to the boundary conditions. 

In this work two different models were developed to 
represent a beam with free-free boundary conditions. The first 
model was obtained using the solutions of the wave equation 
using the Dynamics Stiffness matrix (also known as Spectral 
Element Matrix). The second model was developed using 
Finite Element Method (FEM) with an eight-node brick 
element with reduced integration. These results where them 
compared with experimental results to analyze damping in a 
series of beams with different viscoelastic materials. In the 
following sections, the development of these numerical 
models is explained. 

1.2 Dynamic Stiffness Model 

The use of spectral element method has the advantage of 
using exact solutions of the wave equations, allowing accurate 
estimation of frequency response functions for a beam. To 
obtain the dynamic stiffness for a beam, equation 3 can also 
be written in terms of trigonometric and hyperbolic functions 
described in Lee [14] 
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where A, B, C and D are constants. 
 

Considering the beam shown with free-free boundary 
conditions, the receptance/dynamic stiffness terms for the 
beam are calculated first for a force per unit length applied at 
end 0, where F has the form Fejωt and second for a moment per 
unit length at end 0, where M has the form Mejωt. The 
procedures for finding the terms of the dynamic stiffness 
matrix described in Lee [14] and Fahy and Walker [15], the 
dynamic stiffness matrix for a free-free beam, at low 
frequencies, is given by 
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where the subscripts 1 and 2 are related to the ends of the 
beam. F are forces, M are moments, Q are linear 
displacements and Q´ are angular displacements. The other 
terms in the dynamic stiffness matrix are presented in the 
appendix. 

1.3 Finite Element Model 

The beams was divided in Eight-node brick element with 
reduced integration with the shape functions described by 
Lapidus and Pinder [16], so that the equation of motion for the 
undamped system can be written as 

 
)()()( tftKwtwM =+&&                           (6) 

 
where M is the mass matrix, K is the stiffness matrix, q is the 
displacement vector, f is the force vector. The system has 
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been divided with different elements numbers, as illustrated in 
figure 1. 
 

 
(a)                                               (b) 

Figure 1. (a) The finite element model; (b) Detail of the 
structured mesh. 

After obtained the system mass and stiffness matrix, the 
frequency response function can be calculated in terms of the 
mode shapes and natural frequencies. These are assuming 
harmonic motion and the eigenvalue problem: 
 

( ) 02 =− WMK ω                              (7) 
 

Equation 8 is solved using Lanczo´s Method to obtain the 
system’s eigenvalues (natural frequencies squared) and 
eigenvectors (mode shapes). The first three bending natural 
modes are illustrated in figure 2. 

After obtaining the natural frequencies and mode shapes, it 
is possible to calculate the frequency response using the 
modes summation method described by Maia and e Silva [17]: 
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1.4 Experimental Test 

Experimental tests were conducted in four different beams 
using the setup shown in figure 4. The setup consisted of a 
device to connect the ends of the beams and an accelerometer 
positioned at one beam free end. An instrumented impact 
hammer was used to provide impulse response to the system. 
Both signals (impact force and acceleration) where recorded 
in time domain for later post-processing. 

The properties of the first beam used (beam “A”) in the 
experiment are showed in table 1 and the properties of others 
beams (beams “B”, “C” and “D”) are showed in table 2. 

 

 
Figure 2. Modes shapes 1 to 3 for the free-free beam (flexion 

on y axis): (a) first mode, (b) Second mode and (c) Third 
mode. 

 
Figure 3. Experimental setup: 1-Data Acquisition Module, 2-
Accelerometer, 3-Impact Hammer, 4-Beams and 5-Base type 

free-free. 

Table 1. Properties of the metallic beam (beam “A”) used in 
the experimental tests. 

Property Value 

Type of material Stainless Steel AISI 
304 ASTM A240 

Young´s Modulus (GPa) 200 
Density (kg/m3) 7850 

Length (m) 0.40 
Thickness (m) 1.21x10-3 

Cross Section Area (m2) 29.04x10-6

Second Moment of Area (m4) 1.39392x10-9

Table 2. Properties of the sandwich beams (“B”, “C” and “D”) 
used in the experimental tests. 

Property Beam “B” Beam “C” Beam “D”
Type of viscoelastic 

material 3M 113 3M 4411 3M 4910 

Thickness of 
viscoelastic layer  (m) 1.0x10-3 1.0x10-3 1.0x10-3 

Thickness of metallic 
material (m) 1.21x10-3 1.21x10-3 1.21x10-3 

Density of 
viscoelastic material 

(kg/m3) 
95 234 960 

Poisson’s Coef. 0.5 0.5 0.5 
Estimated Young’s 

Modulus of 
viscoelastic layer (Pa)

114x107 109.5x107 144x107 

 
Impulse response was applied to the system and 

acceleration was measured. After obtaining the time domain 
signals, where obtained and the transfer function estimator 
(Accelerance) was used to obtain the point frequency response 
functions for the various beams used in the test. 

Figure 4 shows the comparing the results of experimental 
tests for all analyzed beams and table 3 shows the maximum 
value for each mode of vibration. 

Comparing the results of experimental and numerical beams 
tests (figures 5, 6, 7 and 8) we can perceive the distinct 
variation of vibration amplitudes and peak points well 
defined, indicating the threes vibration modes of the beams 
bending in y. The values of natural frequencies obtained by 
the experiment and the numerical models for each beams (A, 

1

2

3

4

5
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B, C and D) used are showed in tables 4 to 11, comparing the 
frequency response function with other two numerical models: 
one obtained by the Spectral Element Method (SEM) and the 
other obtained by the Finite Element Method (FEM). For 
comparative percentage was used as the reference value 
experimental 

 

 
Figure 4. Comparison between experimental results for all 

beams (A, B, C and D). 

 

Table 3. Modes of vibration of the beams used in the 
experimental tests. 

Beam 1st Mode 
(Hz) 

2nd Mode 
(Hz) 

3rt Mode 
(Hz) 

A 34.50 97.75 192.00 
B 35.75 100.00 195.50 
C 33.75 95.50 187.80 
D 33.25 93.00 183.80 

 

 
Figure 5. Beam A: Comparison between Experimental, SEM 

and FEM results. 

 

Table 4. Modes of vibration for beam “A”: SEM, 
Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(Hz) 

Experimental 
(Hz) 

FEM 
(Hz) 

1st 34.75 34.50 39.49 
2nd 96.25 97.75 110.20 
3rt 188.70 192.00 221.40 

Table 5. Percentage difference of modes of vibration for beam 
“A”: SEM, experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(%) 

Experimental 
(%) 

FEM 
(%) 

1st - -0,72 13,64 
2nd - 1,56 14,49 
3rt - 1,75 17,33 

 

 
Figure 6. Beam B: Comparison between Experimental, SEM 

and FEM results. 

 

Table 6. Modes of vibration for beam “B”: SEM, 
Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(Hz) 

Experimental 
(Hz) 

FEM 
(Hz) 

1st 34.75 35.75 39.47 
2nd 96.25 100.00 110.20 
3rt 189.00 195.50 221.40 

Table 7. Percentage difference of modes of vibration for beam 
“B”: SEM, Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(%) 

Experimental 
(%) 

FEM 
(%) 

1st - 2.88 13.58 
2nd - 3.90 14.49 
3rt - 3.44 17.14 

 

 
Figure 7. Beam C: Comparison between Experimental, SEM 

and FEM results. 

Beam A

Beam B

Beam C
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Table 8. Modes of vibration for beam “C”: SEM, 
Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(Hz) 

Experimental 
(Hz) 

FEM 
(Hz) 

1st 34.75 33.75 39.49 
2nd 96.25 95.50 110.30 
3rt 189.30 187.80 221.50 

Table 9. Percentage difference of modes of vibration for beam 
“C”: SEM, Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(%) 

Experimental 
(%) 

FEM 
(%) 

1st - -2.88 13.64 
2nd - -0.78 14.60 
3rt - -0.79 17.01 

 

 
Figure 8. Beam D: Comparison between Experimental, SEM 

and FEM results. 

Table 10. Modes of vibration for beam “D”: SEM, 
Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(Hz) 

Experimental 
(Hz) 

FEM 
(Hz) 

1st 34.75 33.25 39.47 
2nd 96.25 93.00 109.90 
3rt 189.30 183.80 221.40 

Table 11. Percentage difference of modes of vibration for 
beam “D”: SEM, Experimental and FEM. 

Mode 
(flexure 
y axis) 

SEM 
(%) 

Experimental 
(%) 

FEM 
(%) 

1st - -4,32 13,58 
2nd - -3,38 14,18 
3rt - -2,91 16,96 

1.5 Conclusions 

The typical behavior expected in the analysis of the 
experimental results of the beams is a reduction of the 
oscillation amplitude with respect to frequency, especially at 
the points representing the natural frequencies that 
characterizes the vibration modes of structures. This reduction 
should be greater in beams with viscoelastic material, as this 
represents more structural damping. This behavior can be 

observed in figure 4, except for the beam at the third mode 
vibration amplitude showed that the smaller beam cases 
involving the addition of viscoelastic material. This unusual 
fact is related to condition free-free is not really true, the 
presence of noise and precision of the hammer and 
accelerometer, ±15% and ±10%, respectively). 

Analyzing the results for the beams we can observe that 
when the frequency increases the values of modes of 
vibrations are distant relative to the adopted modeling 
(Experimental, FEM or SEM). This fact reinforces the idea 
that adopting a linear problem for the proposed simplified 
model can indeed be valid, especially for low first mode of 
vibration (low frequency) and, as the frequency increases 
(other vibration modes) this simplification makes template is 
no longer viable. 
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ABSTRACT: Dry stone masonry building technique is one of the oldest techniques which has survived to the present. Most of 
ancient dry stone masonry structures were constructed by assembling regular stone blocks without the addition of mortar 
between bed and head joints, and if used, the mortar was usually of low strength and hence it has experienced mechanical 
degradation over time which means that its influence on the behaviour of such structures is negligible. 
This paper presents the performance of a combined finite-discrete element method (FEM/DEM) for seismic analysis of dry 
stone masonry structures. In the proposed modelling approach each stone block is modelled as a discrete element which is 
discretized by constant strain triangular finite elements. Material non-linearity including fracture and fragmentation of discrete 
elements as well as cyclic behaviour during dynamic load are considered through contact elements which are implemented 
within a finite element mesh. The interaction between discrete elements is considered through the contact interaction algorithm 
for the normal forces and through the Coulomb-type law for friction. The contact interaction is resolved on the principle of 
potential contact forces. The method uses an explicit numerical integration of the equation of motion. 
The numerical analysis based on experimental test data has been carried out to simulate the main features of dry stone structures. 
The performed analysis shows high accuracy of the numerical results in comparison with the experimental ones and 
demonstrates the potential of the FEM/DEM method for realistic modelling of the response of dry stone masonry structures. 

KEY WORDS: Finite-discrete element method (FEM/DEM); Cyclic load; Seismic load; Dry stone masonry structures. 

1 INTRODUCTION 
The dry stone masonry building technique is one of the oldest 
techniques which have survived to the present. Most of 
ancient dry stone masonry structures were constructed by 
assembling regular stone blocks without the addition of 
mortar between bed and head joints, and if used, the mortar 
was usually of low strength and hence it has experienced 
mechanical degradation over time which means that its 
influence on the behaviour of such structures is negligible. 

The main characteristic of the stone structure is its 
composite nature consisting of stone blocks separated by bed 
and head joints which may or may not be filled with mortar. 
The composite nature of dry stone masonry structures is the 
cause of extremely complex behaviour which represents a real 
challenge for numerical modelling. 

The main motivation for writing this paper was to present a 
numerical model suitable for seismic analysis of dry stone 
masonry structures. Its application enables the evaluation of 
the seismic resistance of dry stone masonry structures and 
assists in making right decisions when undertaking certain 
interventions to increase the seismic resistance.  

The FEM/DEM was developed mainly for the simulation of 
fracturing problems considering deformable blocks that may 
split and separate during the analysis. Within the framework 
of this method the blocks are discretized by constant strain 
triangular finite elements. Material non-linearity including 
fracture and fragmentation of discrete elements as well as 
cyclic behaviour during dynamic load are considered through 
contact elements which are implemented within a finite 
element mesh. The interaction between discrete elements is 

considered through the contact interaction algorithm for the 
normal forces and through the Coulomb-type law for friction. 
The contact interaction is resolved on the principle of 
potential contact forces. The method uses an explicit 
numerical integration of the equation of motion.  

The advantage of the combined finite-discrete element 
method in the analysis of the response of dry stone masonry 
structures is the possibility of modelling the fragmentation of 
each block which is especially interesting when analysing the 
failure modes of structures under hazardous loads. 

2 THE COMBINED FINITE-DISCRETE ELEMENT 
METHOD 

The combined finite-discrete element method simulation [1] 
comprises a large number of particles which are represented 
by a single discrete element that interacts with discrete 
elements close to it. Each discrete element has its own finite 
element mesh which is used to analyze the particle 
deformability. The material non-linearity including elastic 
hysteresis, fracture and fragmentation of discrete elements is 
considered through contact elements which are implemented 
within the finite element mesh. The main processes included 
in the FEM/DEM method are contact detection, contact 
interaction, finite strain elasticity as well as fracture and 
fragmentation. 

A contact detection algorithm has to detect couples of 
discrete elements close to each other and eliminate couples 
which are too far and cannot possibly be in contact. In the 
FEM/DEM code a Munjiza NBS (no binary search) contact 
detection algorithm [2, 3] is implemented.  

Seismic analysis of dry stone masonry structures based on 
combined finite-discrete element method 
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The contact interaction between discrete elements including 
Coulomb-type law for friction is taken into account by a 
distributed potential contact force [1]. 

The stress and strain relation, in constant strain triangular 
finite element, is implemented using Hooke's law according 
to:  

 DEET μ
υυ

+
−

+
+

= sd
EE ((

211
 (1) 

where T is the Cauchy stress tensor, E is the modulus of 
elasticity, υ is Poisson ratio, dE

(
 is the shape changing part 

and sE
(

 is the volume changing part of Green-St. Venant 
strain tensor, μ is the damping coefficient and D is the rate of 
the deformation tensor [4, 5]. 

Fracture and fragmentation are realized by a combined 
single and a smeared crack model [6], where the behaviour of 
the stone in compression is linear elastic while a stress–strain 
curve for stone in tension is divided into two sections (Fig. 1): 
strain-hardening prior to reaching the peak stress ft, which is 
implemented through the constitutive law [6] and strain-
softening which is based on an approximation of the 
experimental stress-displacement curves. 

The cracks are assumed to coincide with the finite element 
edges which are achieved in advance through the topology of 
adjacent elements being described by different nodes. 
Separation of these edges induces a bonding stress which is 
taken to be a function of the size of separation δ (Fig. 1).  

 
(a) 

 
(b) 

Figure 1. (a) Strain hardening and strain softening curves 
defined in terms of strains and (b) the strain softening curve 

defined in terms of displacements. 

In this paper the experimental stress-displacement curve for 
softening branch is taken according to [7] where is an existing 
constitutive interface model extended to capture the main 

features related to cyclic tensile behaviour with stiffness 
degradation between cycles [8]. 

Discretization of dry stone masonry structure in the 
framework of FEM/DEM method is shown in Fig. 2. Each 
stone block is modelled as a discrete element which is 
discretized by triangular finite elements. Material non-
linearity, fracture and fragmentation are considered through 
contact elements which are implemented within the finite 
element mesh. 

 
Figure 2. Discretization of dry stone masonry structure. 

3 NUMERICAL EXAMPLES 

3.1 Shear behaviour of stone masonry joints 
Shear behaviour between two stone blocks was analyzed in 
order to validate the relation between normal and shear 
stresses in dry stone masonry joints. This example was tested 
by Vasconcelos and Lourenço [9] with two different pre-
compression stresses (0.5 MPa, 0.75 MPa and 1.0 MPa). After 
applying the pre-compression vertical load the shear tests 
were carried out under displacement control by imposing 
reversal displacement history shown in Fig. 3. 
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Figure 3. Displacement history for cyclic shear test on dry 

masonry joints. 
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The geometry of the blocks and finite element mesh are 
shown in Fig. 4.  

In the numerical analyses the penalty term for friction kt was 
equal to 88·109. 

 
(a) 

 
(b) 

Figure 4. Test specimen: (a) geometry of the blocks and       
(b) finite element mesh. 

The results of this model based on the FEM/DEM method 
were compared with the experimental results in Fig. 5.  

The shear stress-displacement curves show very good 
agreement of the results obtained by the code based on the 
FEM/DEM method with the experimental ones. These results 
show that the FEM/DEM model is capable of predicting the 
shear behaviour of dry joints between stone blocks. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 5. Shear stress-shear displacement diagrams under 
cyclic loading for the pre-compression stress: (a) 0.5 MPa;   

(b) 0.75 MPa and (c) 1.0 MPa. 

3.2 Seismic analysis of the Prothyron in Split – Croatia 
The following example shows the application of the 
FEM/DEM method for the simulation of the dynamic 
response of the structure of the Prothyron in Split (Fig. 6) to 
seismic load. 

Prothyron is a space which connects or separates the north 
part of Diocletian’s Palace, which was used by servants, army 
etc., from the south part where the emperor’s apartment was 
situated. The Prothyron is located on the south side of the 
Peristyle (the square in front of the Cathedral of St. Domnius). 

Four massive granite columns with Dorian capitals are 
located at the entrance of the Prothyron. The capitals support 
the broad gable with an arch in the middle. The structure was 
originally built of stone blocks with mortar of very low 
strength, so that its influence on the mechanical characteristics 
and behaviour of the whole structure do not have to be 
considered. Throughout history deformations of the stone 
blocks which constitute the broad gable have occurred with 
the movement of the central columns. Due to the movement of 
the blocks, restoration of the structure was performed using 
metal clamps during the period of the Austro-Hungary 
Empire. 
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Figure 6. The Prothyron entrance at the Peristyle in Split. 

In order to evaluate the dynamic response of the structure, 
the incremental dynamic analysis of the original structures 
before the restoration was applied. The structure was exposed 
to horizontal ground acceleration (Fig. 7) which was recorded 
on 15.4.1979. in Dubrovnik on rock soil during an earthquake 
with the epicentre in Petrovac (Montenegro). The 
accelelogram was firstly scaled on peak ground acceleration 
ag=0.22g which is valid for Split. After that the acceleration 
was gradually increased to the collapse of the structure. 
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Figure 7. Horizontal ground acceleration recorded during 

the Petrovac earthquake (1979. Montenegro). 

Fig. 8 and Fig. 9 respectively show the geometry of the 
structure and finite element mesh.  

 
Figure 8. Geometry of the Prothyron structure. 

In the numerical analysis it was assumed that a collapse 
would be caused due to the loss of stability of the structure, so 
fracture and fragmentation of stone blocks were not 
considered. 

 
Figure 9. Finite element mesh of structure. 

Material characteristics used in the numerical analysis are 
shown in Table 1. 

Table 1. Material characteristics of the stone. 

Young’s 
Modulus 
 
E (MPa) 

Static 
sliding 
friction 

µst 

Dynamic 
sliding 
friction 

µdin 

Dumping 
coefficient 

 
μ  

48400 0.6 0.6 35·106 
Dynamic analysis of the structure showed that for the 

acceleration of ag=0.22g, the movement of the blocks, i.e. 
opening of the joints appeared, as shown in Fig 10.  

 
(a) 

 
(b) 

Figure 10. The Prothyron structure for acceleration ag=0.22g: 
(a) whole structure and (b) enlarged central section between 

the two central columns. 

Subsequently, the acceleration was gradually increased. For 
ag=0.35g the displacements of the gable stone blocks were 
significant. Fig. 11a shows the form of the structure for the 
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applied accelelogram, while Fig. 11b shows the enlarged 
central section between the two central columns. The figures 
show major displacements of the blocks in the upper part of 
the central columns with separation of the capitals from the 
upper beams. 

 
(a) 

 
(b) 

Figure 11. The Prothyron structure for acceleration ag=0.35g: 
(a) whole structure and (b) enlarged central section between 

the two central columns. 

The form of the structure for acceleration ag=0.5g is shown 
in Fig. 12.  

The collapse of the structure occurred at an acceleration of 
ag=0.6g. Fig. 13 shows gradual separation of the two central 
columns, with the ultimate collapse of the central part of the 
structure after the central columns were sufficiently separated. 

 

 
(a) 

 
(b) 

Figure 12. The Prothyron structure for acceleration ag=0.50g: 
(a) whole structure and (b) enlarged central section between 

the two central columns. 

 
(a) 

 
(b) 

 
(c) 
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(d) 

 

 
(e) 

 
(f) 

Figure 13. Collapse mechanism of the Prothyron structure for 
acceleration ag=0.60g in time: (a) t=0.0 s; (b) t=11.91 s; (c) 

t=13.27 s; (d) t=16.33 s; (e) t=17.86 s; (f) t=18.54 s. 

The performed analysis shows that the original structure 
before its restoration with the metal clamps had low seismic 
resistance because the significant displacement of the central 
block occurred at design acceleration ag=0.22g. Large 
displacement of the blocks arises for peak ground acceleration 
of ag=0.35g (which is 59% higher in relation to the design 
acceleration), while the collapse of the structure occurs for 
ag=0.5g. The purpose of this analysis was to show the 
possibility of the presented model based on a combined finite 
discrete element method in seismic analyses of dry stone 
masonry structures. Relevant conclusions for the seismic 
resistance of this structure can be carried out on the basis of 

an analysis for a set of seven accelelograms compatible with 
the soil type [10]. 

4 CONCLUSIONS 
This paper presents the application of the FEM/DEM method 
for a 2D analysis of dry stone masonry structures. The model 
based on a combined finite discrete element method has the 
capability to describe the monotonic and cyclic behaviour of 
dry stone masonry walls with the possibility of the 
fragmentation of each block which can be important in the 
analyses of structures under high compressive loads.  

 The comparison between numerical results obtained by a 
model based on a combined finite discrete element method 
and the experimental results shows that this numerical model 
simulates the main features of dry stone structures such as 
shear behaviour in dry joints between stone blocks.  

The performed incremental dynamic analysis of a real 
historical structure showed that the model is capable of 
predicting the collapse mechanism of dry stone masonry 
structures under seismic loads as well as determining the 
safety of the structure with regard to the occurrence of the 
collapse load. 
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ABSTRACT: In terms of safety and environment, reduction of the noise generated by tire vibrations on a road is very 
significant.  In order to study the vibration properties of vehicle tires, various methods have been presented in literature.  In most 
of these methods, the global structure of tires has been modelled as circular ring, orthotropic plate, periodic or full 3-
dimensional models.  A brief review of the characteristics of these models and comparison of their dynamic behaviour are the 
main purpose of the current study.  The tire is supposed to be subjected to an excitation caused by contact of the tire and road.  
Study of vibrational responses demonstrates that the validity of each model is limited to a certain frequency range.  To employ 
the circular ring and orthotropic plate models, first, we require to estimate some structural and material data associated to the 
nature of these models. To this end, the vibrational response of a 3D model is considered to determine some properties such as 
radial and tangential stiffnesses in circular ring model or bending, foundation stiffness, and tension in orthotropic plate model.  
Furthermore, the effect of inflation pressure on the dynamic behavior of the mentioned models is examined. For verification, the 
dynamical behaviour of a tire is studied experimentally.  Application of the present study can be contemplated in the prediction 
of rolling noise and rolling resistance. 

KEY WORDS: Tire models; Circular ring; Orthotropic plate; Periodic FEM. 

1 GENERAL GUIDELINES 

A lot of research on the vibration properties of vehicle tires 
has been done during the last decades. In this purpose, one of 
the simplest methods is the model of rotating ring on the 
elastic foundation.  Due to the completeness and simplicity, 
since the 1960s, this method has drawn the attractions of 
numerous researchers.  Development of the method is 
pioneered by Clark [1], Tielking [2], and Bohm [3] who 
presented a method for calculating the dynamic behavior of a 
loaded pneumatic tire modeled as an elastically supported 
cylindrical shell.  In these works, the tire sidewall effects were 
modeled by the radial springs.  Pacejka [4] modeled the tire as 
a circular ring under pressure.  By considering the 
circumferential springs for the elastic foundation, he 
developed models for the lateral vibration.  The effect of 
structural damping on the study of dynamic response of the 
classical ring on the foundation for the first time was 
considered by Padovan [5] in 1976.  Later, Potts et al. [6] 
studied the vibration of a rotating ring on an elastic foundation 
in terms of the material and geometric properties of the tire.  
In order to study the free vibration of a circular ring tire 
located on an elastic foundation, a finite element method was 
presented by Kung et al. [7] in 1987.  Huang [8,9] studied the 
response of a rotating ring subjected to the harmonic and 
periodic loadings.  In 2008, Wei [10] proposed an analytical 
approach to analyze the forced transient response of the tires 
modeled based on the ring on the elastic foundation.  The next 
method to model the tire structure is the model of Timoshenko 
beam.  In the recent decade, Pinnington and Briscoe [11] 
developed a one-dimensional wave model to describe the tire 
dynamics.  The tire belt is represented as a tensioned 
Timoshenko beam in order to derive arbitrary sidewall 

impedance. The waves, which propagate along the tire, take 
shear and rotational effects into account.  The validity of the 
circular ring models is limited to the frequency less than 
400Hz, when the wavelength is large enough compared to the 
width of the tire. 

 
In order to study the vibrational tire properties in higher 
frequencies in 1989 Kropp [12] proposed the orthotropic plate 
model on a winkler foundation, where the tire belt is modeled 
as a finite plate which has different tangential and lateral 
properties. The foundation represents the effect of sidewalls as 
well as the inflation pressure.  Also, the external tension 
forces due to the inflation pressure are considered in this 
model. In 2001, Hamet [13] proposed an analytical approach 
to study the impulse response of a tire modeled by a thin 
orthotropic plate under tension supported by an elastic 
foundation.  Later, Larson and Kropp [14] developed a 
double-layer tire model including the tangential motion and 
the local deformation of the tread.  Their model is appropriate 
for the modeling of radial and tangential vibrations at the 
high-frequency range. However, the model of the orthotropic 
plate is completely dependent on the results of experiments.  
In order to estimate the structural properties of the orthotropic 
plate tire model, Perisse et al. [15] presented a procedure for 
the experimental modal testing of a smooth tire in low and 
medium frequency. 

 
However, applying finite element (FE) approaches, one can 
model more accurately the structural features of a tire.  Thus, 
especially during the past decade, a considerable number of 
studies have been focused to investigate the wave propagation 
in  a  symmetrical   periodic  element  of  a  tire  based  on  FE  
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techniques. Brillouin [16] and Mead [17] applied the Flo-
quet’s principle or the transfer matrix to study the wave
propagation in a 3-dimensional(3D) periodic structure. In
2005, Houillon et al. [18] and Mace et al. [19] developed
a FE method to determine the propagation constants and
wave modes. Their works were focused to obtain disper-
sion relations and their application in energetic methods.
Recently, Duhamel et al. [20] employed a similar method
to calculate dispersion relations but for point force re-
sponses. Their approach was called the Waveguide Finite
Element (WFE). Furthermore, this technique was applied
by Waki et al. [21] to predict the free wave propagation
and the forced response of a tire. The results obtained
by using WFE method is similar to those obtained with
the classical FE approach. But, the computational cost
of the WFE method is very low compared to the usual
FE. To this end, one can easily use this model to analyze
structures with complex geometries and material distri-
butions. In addition, applying a reduction technique, the
number of degree of freedom (DOF) in a periodic element
can be greatly reduced so that it can significantly shorten
the computation time.

In the current work, we mainly review the above men-
tioned models of tire with a focus on their vibrational
response. For this purpose, we calculate the dynamic
behavior of these models, discuss their assumptions and
limitations, and compare their results with the experi-
mental results. In case studies, the effects of inflation
pressure in tire is studied. In order to verify the results
given by periodic 3D model, a full 3D tire model is
analyzed numerically via a FE technique.

2 BRIEF REVIEW ON TIRE MODELS

In this section, we summarize the existing models of tire
proposed in literature and discuss the assumptions, limi-
tations, and drawbacks of each model. The models can be
classified into five categories; rotating ring, Timoshenko
circular beam, orthotropic plate, periodic 3D and full 3D
models. The properties of these models are demonstrated
in detail at the following.

2.1 Rotating Ring Model

The rotating ring model is one of the simplest methods
used to model a tire. In this model, it is supposed that
the automobile tire is composed of two main parts; the
belt band (tread) and the sidewalls. Based on the infla-
tion pressure of the tire, the sidewall may provide three-
way (radial, tangential, and lateral) elastic foundation for
the belt. Here, the tread is modeled as a rotating ring and
the elastic properties of sidewall are modeled by the dis-
tributed springs, kr and kθ in radial and circumferential
directions, respectively, i.e. the lateral stiffness is ignored
(Fig. 1). It is assumed that there is a punctual contact be-
tween the ring and the road. In addition, the slip between
the ring and the road surface is ignored. Considering ur
and uθ as the displacements in radial and tangential di-
rections, respectively, for the rotating tire with no contact,

the equations of motion are written as [9]

EI

R4
(u

′′′′

r − u
′′′

θ ) +
EA

R2
(ur + u

′

θ) +
pb

R
(ur + 2u

′

θ − u
′′

r )

+ krur + ρAΩ2(2u′θ − u′′r ) + ρA(ür − 2Ωu̇θ) = qr

EI

R4
(u′′′r − u′′θ )−

EA

R2
(u′r + u′′θ ) +

pb

R
(uθ − 2u′r − u′′θ )

+ kθuθ − ρAΩ2(2u′r + u′′θ ) + ρA(üθ + 2Ωu̇r) = qθ (1)

where, R, b, h, and ρ are mean radius, tread with, aver-
aged thickness, and density of the tire, respectively. EI
and EA indicate the bending and the membrane stiffness,
respectively. I and A is moment inertia and surface of ring
cross-section and E corresponds to the Young’s modulus of
tire. p denotes the internal pressure and Ω indicates the
rotational velocity. q(qr, qθ) applys the external load of
the system. In these equations, primes and dotes indicate
the differentiations with respect to theta and t, respec-
tively. The displacements, ur and uθ, can be obtained by
applying modal analysis as the following

(ur, uθ) =
n=+∞∑
n=−∞

An(1, iCne
i(nθ+ωnt)),

Cn =
n3EI

R4 + nEA
R2 + 2npb

R + 2ρAΩ(nΩ− ωn)

n2(EI
R4 + EA

R2 ) +
pb(n2+1)

R + kθ + ρA(n2Ω2 − ω2
n)

(2)

where, ωn indicates the natural frequencies of the system
and An and Cn are constants. During the rotation, the
circular ring is subjected to the two external loadings; the
first one is corresponding to the weight of vehicle and the
other is the excitation due to the contact between the ring
and the road. In the current study, the weight of vehicle
is ignored. Generally, the equation of motion in the time
domain can be expressed as

Mü(t) + Cu̇(t) +Ku(t) = q(t) (3)

where M , C, and K are the mass, damping and stiffness
matrices, respectively, while u and q denote the displace-
ment and force vectors. Substituting Eq.(3) into Eq.(2)
and considering the harmonic function einθ, one can ob-
tain matrix kn as[

−i(d1 − 2Ωωn) d2 − ω2
n

d3 − ω2
n i(d1 − 2Ωωn)

]
(4)

where,

d1 =
1

ρA
[n3

EI

R4
+ n

EA

R2
+ 2n

pb

R
+ 2nρAΩ2]

d2 =
1

ρA
[n2

EI

R4
+
EA

R2
+
pb(n2 + 1)

R
+ ρAn2Ω2 + kθ]

d3 =
1

ρA
[n4

EI

R4
+
EA

R2
+
pb(n2 + 1)

R
+ ρAn2Ω2 + kr]

If the determinant of kn equals zero, the natural frequen-
cies of the system are easily computed as the roots of this
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equation

ω4
n − (4Ω2 + d2 + d3)ω

2
n + 4d1Ωωn + d2d3 − d21 = 0 (5)

In the frequency domain, we have

u(ω) = G(ω)Q(ω), (6)

where G is the Green’s function which can be approxi-
mated by a linear combination of Nm modes as

G(ω) = [−ω2M + iωC +K]−1

=

Nm∑
n=1

φnφ
t
n

(−ω2 + 2iξnωnω + ω2
n)
, (7)

where, ωn and ξn indicate the natural frequency and
damping of each mode and φn are the mass-normalized
mode shape for mode n.

Fig. 1- Circular ring model

2.2 Timoshenko Circular Beam Model

In Timoshenko circular beam model, the belt is modeled
as a Timoshenko beam to accommodate bending, shear,
and the rotary inertia effects that are significant at high
frequencies. Similar to the circular ring model presented in
the previous section, the sidewall of the tire is replaced by
the radial and tangential springs, kr and kθ. Considering
R as the mean radius of the tire, in the linear case, one can
obtain the equations of motion of the Timoshenko circular
beam as the form of

(
GA

R
+
GI

R3
)(
u

′′

r − u
′

θ

R
+ α

′
)− EA

R
(
ur + u

′

θ

R
)

− EI

R3
(
ur + u

′

θ

R
− α

′
) + p− krur + ρAΩ2

(−R+ u
′′

r − 2u
′

θ − ur) + ρA(ür − 2Ωu̇θ) = qr

EA

R
(
u

′

r + u
′′

θ

R
) +

EI

R3
(
u

′

r + u
′′

θ

R
− α

′
) + (

GA

R
+
GI

R3
)

(
u

′

r − uθ
R

+ α)− kθuθ − ρAΩ2(u
′′

θ + 2u
′

r − uθ)

+ ρA(üθ − 2Ωu̇θ) = qθ

EI

R2
(−u

′

r + u
′′

θ

R
+ α

′′
)−GA(

u
′

r − uθ
R

+ α)− ρIΩ2α
′′

= 0 (8)

where, G and ν indicate the shear modulus and Poisson’s
coefficient, respectively, and α denotes rotation along the
z axis. The general format of the equation of motion in
time domain is referred by Eq.(3). For the current model,
in order to obtain matrix K, a numerical approach based
on the finite difference approximation technique accom-
panying by the Newton-Raphson method is applied. The
finite difference operators are defined as

u
′
(θi) =

u(θi+1)− u(θi−1)

2h

u
′′
(θi) =

u(θi+1)− 2u(θi) + u(θi−1)

h2
(9)

where, θ = (θ1 = 0, θ2, . . . , θN = 2π(N−1)
N ), N is the num-

ber of points considered on the circular beam. Note that
u(0) = u(2π).
After calculating K matrix, we can determine the fre-
quency response function of the system by applying the
modal analysis.

2.3 Orthotropic Plate Model

In this model, the tire is simulated by the three dimen-
sional plate as the tire belt, which has different tangential
and lateral properties, and the sidewalls modeled by a thin
plate under tension on an elastic foundation (due to the
inflation in the tire), Fig. 2. Based on the Kirchhoff hy-
pothesis for thin plates, the equation of motion can be
written as

[−T0x
∂2

∂x2
− T0y

∂2

∂y2
+Bx

∂4

∂x4
+ 2
√
Bxy

∂2

∂x2
∂2

∂y2

+By
∂4

∂y4
+ s+m

′′ ∂2

∂t2
]u(x, y, t) = F

′′
(x, y, t) (10)

where, T0x and T0y are membrane tensions caused by
the inflation air in the tire. Bx, By, and Bxy are the
longitudinal bending, transversal bending, and the cross
stiffness of the belt, respectively. For the orthotropic
plates Bxy ≈

√
BxBy. s, indicates the stiffness of the

elastic support of the belt. m
′′
and F

′′
are the mass of

plate and the acting force per unit area, respectively.
In the analysis, only harmonic motion is considered and
the common factor eiωt is omitted. Material losses are
introduced by adding an imaginary part to the bending
stiffness, tension and the stiffness of the foundation. Note
that only, the radial motion of tire (the vertical motion
of the plate) is considered. The corresponding boundary
conditions are defined as
u(x+ lx, y, t) = u(x, y, t), i.e. the belt is circular
u(x, y, t) = 0 at y = 0, y = ly, i.e. the plate is simply
supported at the sides,

and, ∂2

∂y2 (x, y, t) = 0 at y = 0, y = ly.
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Fig. 2- Orthotropic plate model

Using Green’s function technique the solution of the equa-
tion can be expressed as following

u(x, y, t) =

∫ ∫ ∫
F

′′
(x0, y0, τ)G(x, y, t)dx0dy0dτ (11)

where G(x,y,t) is solution of

[−T0x
∂2

∂x2
− T0y

∂2

∂y2
+Bx

∂4

∂x4
+ 2
√
Bxy

∂2

∂x2
∂2

∂y2

+By
∂4

∂y4
+ s+m

′′ ∂2

∂t2
]G(x− x0, y − y0, t− τ)

= δ(x− x0)δ(y − y0)δ(t− τ) (12)

Modeling the circular tire by an infinitely long strip and
calculating the corresponding Green’s function in terms
of the superposition of normal modes one can obtain
[13]

G(x, y, t) =
4

lxly

1

m′′

∞∑
n=1

sin(kyny0)sin(kyny)

∞∑
m=0

ϵm

× cos[kxm(x− x0)]sin[Ωnm(t− τ)]

Ωnm
e−ηnmΩnm(t−τ)H(t− τ)

(13)

where Ωnm are the eigenfrequencies associated to the
wavenumbers kxm = 2πm

lx
and kyn = πn

ly
. Ωnm is defined

as

Ωnm =Re([k4xmBx + 2k2xmk
2
yn

√
BxBy + k4ynBy

+ (k2xm + k2yn)T0 + s]
1
2 /m

′′
) (14)

The constant ϵ has the values ϵ0 = 1
2 and ϵm ̸=0 = 1. η is

damping for each mode which it is calculated as

η =
1

Ωnm
Im([k4xmBx + 2k2xmk

2
yn

√
BxBy + k4ynBy

+ (k2xm + k2yn)T0 + s]
1
2 /m

′′
) (15)

2.4 Periodic 3D Model

A symmetrical periodic element of the tire, as shown in
Fig. 3, is considered. The equation for time harmonic
motion of a periodic section can be written as

Du = q (16)

where, D = K + iωC − ω2M , is the dynamic stiffness
matrix, u and q denote nodal DoFs and force vector, re-
spectively. K, C, and M are stiffness, viscous damping
and mass matrices which are obtained from conventional
FE methods. If D is decomposed into left (L) and right
(R) boundaries, interior degrees of freedom are indicated
by I, and also it is assumed that there are no external
forces on the interior nodes, the equation of motion may
be expressed asDLL DLR DLI

DRL DRR DRI

DIL DIR DII

×

 uL
uR
uI

 =

 qL
qR
0

 (17)

By eliminating the interior degrees of freedom this equa-
tion can be condensed, also in order to decrease the num-
ber of degrees of freedom, a reduced basis can be used
[20]. After calculation of equivalent mass and stiffness of
the system, one can apply modal analysis to obtain the
frequency response function.

Fig. 3- Symmetrical periodic element of a tire

2.5 Full 3D Model

The last model considered is full 3-dimensional tire model.
This model is devoted solely to the verification of the
results obtained by periodic 3D model. For this purpose,
the tire is analyzed numerically by the finite element
techniques. Abaqus software is applied to model and
analyze the tire.

3 PREDICTION OF STRUCTURAL PROPERTIES RE-
QUIRED IN CIRCULAR RING AND ORTHOTROPIC
PLATE MODELS

As described in the previous sections, in order to study the
dynamic behavior of tires, two models of circular ring and
orthotropic plate models, beside of 3D models, are em-
ployed. In order to apply these models, first, we require
to estimate structural and material data associated to the
nature of these models. For this purpose, a homogeneous
grooved tire is modeled by Abaqus software. We consider
that the inflation pressure in the tire is equal to 2 bars.
The mechanical and structural properties of the tire are

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1786



Table 1: The mechanical and structural properties of the
homogeneous tire

Internal radious 165.1 mm
Width of tread 165 mm
Height of sidewall 115.5 mm
Young modulus 80 MPa
Poisson coefficient 0.49

summerized in Table 1. In the present study, a propor-
tional damping system is considered, so that the viscous
damping matrix C is defined as

C = αM + βK (18)

where, M and K are mass and stiffness matrices of the
model respectively. α and β are damping factors whose
values are computed based on an experimental measure-
ment on the tire of Michelin R13/165/65 in which, α =
14.4 and β = 8×10−5. The computed radial driving point
mobilitiy is shown in Fig. 4.
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Fig. 4- The computed radial driving point mobility

Substituting the first and second resonance frequencies of
the given results into Eq.(5), one can determine the stiff-
ness of the radial and tangential springs kr and kθ as
defined in circular ring model. Table 2 displays the re-
sults.

In case of orthotropic plate model, based on the method
described by Andersson et al. [22], foundation stiff-
ness, s, tension, T0x and T0y, and bending stiffness,
Bx, By, and Bxy, and their corresponding damping val-
ues can be estimated. The results are presented in Table 3.

4 RESULTS AND DISCUSSIONS

To compare the various models of tire, several numerical
studies will be addressed in this section. Furthermore, the
effect of inflation pressure is addressed. In all the studies

Table 2: Structural and material properties required in
circular ring model

kr 1.273e6 N/m2

kθ 9.643e5 N/m2

Table 3: Structural and material properties required in
orthotropic plate model

T0x 4.8e4(1 + 0.09i) N/m
T0y 8.3e4(1 + 0.09i) N/m
bx 2.3(1 + 0.3i) Nm
by 1.2(1 + 0.3i) Nm
bxy 1.6(1 + 0.3i) Nm
s 3e4(1 + 0.01i) N/m3

presented in this section, the models are subjected to a
punctual excitation force and the reported results are
corresponding to the excitation point.

In the first study, the radial point mobility calculated
by the models of circular ring, orthotropic plate and
periodic 3D are compared in Fig. 5. As it is expected,
the models of rotating ring and Timoshenko circular
beam are in a good correspondence with the periodic 3D
model at low frequencies whereas, at high frequencies, the
point mobility given by orthotropic plate model is very
similar to the corresponding results of periodic 3D model.
In order to verify the results given by tire models, an
experimental measurement is done. The results displayed
in Fig. 5 approve that there is a good agreements between
the calculated and measured mobilities.

Second, the results of a full 3D and a periodic 3D models
are compared. Fig. 6 demonstrates the point mobilities
pertinent to each model. As it is seen, the results of
two models have a good agreement with each other,
whereas, the computation time for the periodic 3D model
is significantly less than the full 3D model.

Finally, the effect of inflation pressure is examined. The
point mobilities given by the periodic 3D model at pres-
sures 0, 1, and 2 bars are plotted at Fig. 7. It is observed
that, at the low frequencies enhancement of the pressure
causes the mobilities decline while the resonance frequen-
cies increase. But, at the high frequencies the
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Fig. 5- Comparison of the radial driving point mobility
obtained by the numerical and experimental models of
tire
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variation of the inflation pressure has no essential influ-
ence on the mobility.

5 CONCLUSION

In summary, we outlined the characteristics of various
models of tire as circular ring, orthotropic plate and 3D
models. When the tire is subjected to an excitation, we
compared the vibrational responses of the models. Gen-
erally, the results approve that the circular ring models
are valid for low frequencies while the orthotropic plate
model provides reasonable result in high frequencies. In
addition, the effect of the inflation pressure was studied.
It is observed that there is a significant discrepancy
between the calculated point mobility and also resonance
frequency for different pressures at low frequency but
by increasing the frequency the discrepancy fades away.
Moreover, the results given by the models of tire were
verified by the experimental results. The presented study
may find potential applications in study of rolling noise
and rolling resistance.
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ABSTRACT: The use of curvilinear fibres to reinforce composite plates leads to Variable Stiffness Composite Laminates 
(VSCL) and opens the design space, in some cases allowing for more efficient designs than when straight fibres are used. Often 
Equivalent Single Layer (ESL) theories are employed to study the behaviour of composite laminates and there are a few papers 
dealing with VSCL symmetric plates. On the other hand, the number of works on unsymmetric plates is much smaller. Here, a 
new model based on a p-version finite element approach is presented for VSCLs which are not necessarily symmetric about 
their middle plane. The element follows a layerwise theory, based on a linear zig-zag variation of displacements through the 
thickness of the laminate. The model developed allows to, quite accurately, account for cross-sectional warping; therefore, thick 
VSCL laminates can be investigated. Vibrations are of interest here, and natural frequencies and mode shapes of vibration of 
unsymmetric VSCL plates are computed. First the model is verified by comparisons with published results; after, the modes of 
vibration of unsymmetric VSCL plates are investigated. 

KEY WORDS: VSCL; Natural modes; vibration; unsymmetric plates; p-version finite element. 

1 INTRODUCTION 
As composite materials are widely utilized and innovative 
manufacture methods are employed, more knowledge is 
needed about their performance. Tow placement machines 
have the ability to produce composite plies with curvilinear 
fibres, which are considered as Variable Stiffness Composite 
Laminates (VSCL) [1], [2]. The novel structure and potential 
applications of VSCL laminates encouraged researchers to 
investigate their behaviour and to attempt to discover their 
optimized performance. References [3], [4] and [5] present 
studies on vibration of VSCLs following Classic Laminate 
Theory (CLT). Models developed following CLT are 
applicable only to thin plates. In [6] a Third-order Shear 
Deformation, still Equivalent Single Layer (ESL), theory is 
used to find the natural frequencies of VSCL, from thin to 
moderately thick. Non-linear vibrations of VSCL are studied 
in [7], [8] and [9] by taking into account the geometrically 
non-linear terms and adopting ESL theories. In addition, in [9] 
thin unsymmetric VSCL plates were investigated. Buckling 
and vibration of VSCL plates – but with variable fibre 
spacing, not curvilinear fibres – are investigated in [10] 
employing a finite element formulation. Since the ability to 
manufacture specimens with curvilinear fibres is relatively 
recent, the amount of research carried out to date is somewhat 
small and there are still many doors to open [11]. For 
example, more work can be done on accurate models for thick 
laminates, which may be important in industrial practice. To 
the best of the authors’ knowledge, only one paper considered 
unsymmetric vibrations of VSCL plates, this is reference [9] 
where an ESL-CPT model was proposed. 

Here, linear natural frequencies of symmetric and 
unsymmetric VSCL plates are considered, focusing on the 
latter. The present work is based on a recently developed p-
version layerwise formulation for laminates proposed by the 

authors in [12]. The accuracy of the model is improved in 
comparison with ESL theories, with a more truthful 
representation for cross-sectional warping. Moreover, it 
becomes possible to have continuous transverse stress at 
interfaces between layers. Piecewise linear variation of in-
plane displacements is considered in this layerwise theory and 
their continuity at the interfaces is guaranteed, but with 
different derivatives with respect to the transverse coordinate, 
so that displacements vary in a zig-zag way with thickness. 
The p-version finite element applied shows relatively fast 
convergence to accurate results. Naturally, however, the 
number of degrees of freedom is larger in layerwise than in 
ESL approaches. The accuracy of the model is to some extent 
verified here, by means of comparisons with previously 
published results. 

2 FORMULATION 
Linear variation of displacements through the thickness of 
each lamina is considered. The displacement components Uk, 
Vk, and Wk in the x, y, z directions, respectively, for layer k are 
assumed to be, in terms of the corresponding top and bottom 
displacement components, the following: 
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k k k
k k k k

k

k k k
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k k

u x y t u x y t zU x y z t u x y t u x y t
h

v x y t v x y t zV x y z t v x y t v x y t
h

W x y z t w x y t

+

+

+

+

+
= − −

+
= − −

=

  (1) 

where superscripts k and k+1 specify the displacement 
components at the bottom and top of layer k, respectively; hk 
is the thickness of layer k, t is time, and the transverse 
displacement is assumed to be independent from z. 
Concerning the depicted model, each ply is modelled 
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Eq. (7) is employed to define the fibre orientation: 

1 0
0

2( )
( )

k k
k kT T

x x T
a

θ
−

= +    (7) 

where a is the length of the laminate. 
The principle of virtual work is adopted to obtain the 

equation of motion; it states: 

0in ext VW W Wδ δ δ+ + =                             (8) 

where δWin, δWext, and δWV are the virtual works done by 
internal, external and inertia forces, respectively. To obtain 
the undamped natural frequencies, we consider the free, 
conservative, vibration case. By utilizing the Eq. (8), we 
arrive at the equation of motion: 

( ) ( )t t+ =Mq Kq 0&&                                       (9) 

where M and K are the mass and stiffness matrixes, 
respectively; q(t) is the generalized displacement vector and 
( )tq&&  its second derivative with respect to time. In the next 

section the model is verified and the natural modes of 
vibrations of asymmetric VSCL are investigated. 

3 NUMERICAL TESTS 
The natural modes of vibration of VSCL are investigated 
focusing on unsymmetric lay-ups, because the literature on 
vibrations of this type of VSCL is very reduced and resorts to 
a model only applicable to thin plates [9]. The material and 
geometric properties of the plates analysed are available in 
Table 1, where a, b, and h are the length, width, and thickness 
of plates, respectively; E11 and E22 are Young moduli along 
and transverse to the fibres, respectively; v12 is Poisson’s 
ratio; Gij are the in-plane (i=1, j=2) and transverse (i=1, 2; 
j=3) shear moduli which are considered to be equal; ρ is the 
density. In this paper, all plates are fully clamped at the edges; 
it is again mentioned that the number of in-plane and out-of-
plane shape functions is equal in all cases and that – like in [9] 
– warping out-of-plane after curing is not taken into account. 

Table 1. Material and geometric properties of composite 
plates in numerical tests. 

Type a  
(m) 

b 
(m) 

h  
(m) 

E11/E22  
(GPa) 

Gij/E22 
 (GPa) v12 ρ 

Plate 1 [9] 0.5 0.5 0.005 24.028 0.522 0.29 - 
Plate 2 1 1 0.01 40 0.5 0.25 1540
Plate 3 0.5 0.5 various 25 0.5 0.25 1600

 
The first plate considered is Plate 1 with four layers. The 

natural frequencies of this plate are presented in Table 2. Eq. 
(10) is used to nondimensionalize the frequencies: 

22

a
E

Ω =
ρω                                          (10) 

where ω is a natural  frequency of vibration. The convergence 
with the number of shape functions, in the computation of the 
natural frequencies, is analysed and the values of the 

fundamental frequencies are compared with the ones given in 
[9]. 

When the number of shape functions exceeds six, the 
fundamental natural frequency has almost converged: taking 
the p=10 case as reference, the relative difference is, for p=6, 
equal or lower than 0.11 %. Moreover, the maximum 
difference between results with 6 and 10 shape functions is 
1.53%, and occurs in the fourth natural frequency of plate 
[±<40°|80°>]2. In the other modes, the difference is generally 
well below 1 %. Table 2 also shows that the present results are 
close to the ones of reference [9], but slightly lower. This 
small difference is probably due to the fact that the layerwise 
model does not constrain so much the deformation of the plate 
as the CPT model employed in [9]. 

Table 2. Non-dimensional linear fundamental frequencies of 
unsymmetric VSCL Plates 1. 

Fibre 
orientation Mode

Theory 

CLT
[9]

Layerwise theory 
Number of shape functions (p) 

5 6 7 8 9 10 

[±<40°|10°>]2

1 0.320 0.3174 0.3170 0.3169 0.3168 0.3167 0.3167
2 

- 

0.4996 0.4985 0.4983 0.4980 0.4979 0.4979
3 0.7505 0.7461 0.7427 0.7423 0.7418 0.7417
4 0.7878 0.7752 0.7676 0.7667 0.7665 0.7664
5 0.9426 0.9382 0.9372 0.9366 0.9365 0.9362

[±<40°|20°>]2

1 0.312 0.3097 0.3095 0.3094 0.3093 0.3093 0.3093
2 

- 

0.5146 0.5136 0.5133 0.5132 0.5131 0.5131
3 0.7120 0.7077 0.7057 0.7054 0.7051 0.7050
4 0.8323 0.8192 0.8118 0.8109 0.8106 0.8106
5 0.9372 0.9336 0.9327 0.9321 0.9320 0.9317

[±<40°|30°>]2

1 0.303 0.3008 0.3007 0.3006 0.3005 0.3005 0.3005
2 

- 

0.5299 0.5289 0.5285 0.5284 0.5283 0.5283
3 0.6686 0.6650 0.6641 0.6638 0.6637 0.6635
4 0.8809 0.8659 0.8583 0.8573 0.8570 0.8567
5 0.9306 0.9281 0.9272 0.9266 0.9265 0.9260

[±<40°|40°>]2

1 0.293 0.2908 0.2906 0.2905 0.2905 0.2904 0.2904
2 

- 

0.5447 0.5433 0.5429 0.5428 0.5427 0.5426
3 0.6203 0.6182 0.6177 0.6176 0.6175 0.6174
4 0.9211 0.9130 0.9050 0.9039 0.9036 0.9035
5 0.9313 0.9198 0.9188 0.9182 0.9180 0.9177

[±<40°|50°>]2

1 0.282 0.2804 0.2803 0.2802 0.2801 0.2801 0.2800
2 

- 

0.5589 0.5569 0.5564 0.5562 0.5561 0.5560
3 0.5700 0.5692 0.5690 0.5688 0.5687 0.5686
4 0.9099 0.9085 0.9073 0.9067 0.9065 0.9062
5 0.9800 0.9584 0.9501 0.9488 0.9485 0.9484

[±<40°|60°>]2

1 0.273 0.2712 0.2709 0.2708 0.2707 0.2706 0.2706
2 

- 

0.5229 0.5218 0.5215 0.5214 0.5212 0.5212
3 0.5727 0.5701 0.5693 0.5690 0.5690 0.5689
4 0.8875 0.8856 0.8845 0.8839 0.8835 0.8832
5 0.8993 0.8956 0.8941 0.8934 0.8931 0.8928

[±<40°|70°>]2

1 0.265 0.2643 0.2639 0.2637 0.2637 0.2636 0.2636
2 

- 

0.4852 0.4812 0.4809 0.4808 0.4807 0.4807
3 0.5864 0.5837 0.5826 0.5823 0.5822 0.5822
4 0.8047 0.7972 0.7949 0.7936 0.7931 0.7928
5 0.8916 0.8835 0.8818 0.8809 0.8806 0.8804

[±<40°|80°>]2

1 0.262 0.2604 0.2601 0.2600 0.2599 0.2599 0.2599
2 

- 

0.4594 0.4519 0.4516 0.4514 0.4514 0.4513
3 0.6005 0.5981 0.5970 0.5969 0.5968 0.5967
4 0.7486 0.7359 0.7292 0.7257 0.7249 0.7248
5 0.8882 0.8749 0.8738 0.8728 0.8728 0.8725

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1792 

The study on Plate 1 and the comparison with reference [9] 
indicates that the present layerwise model allows one to 
predict the natural frequencies of unsymmetric VSCL plates. 
Other comparisons, but on symmetric laminates (not shown 
here), were carried out to test the layerwise model. In these 
numerical tests, six unidimensional shape functions per 
displacement component led to reasonably accurate results 
and this will be the number of functions employed in the 
remaining of the present paper.  

Continuing the investigations on VSCL plates, unsymmetric 
VSCL plates are examined parametrically and compared with 
symmetric laminates. The aim is to analyse the combined 
effect of fibre curvature variations and asymmetry on the 
natural frequencies of vibration of VSCL plates. In the type of 
VSCL under analyses here, unsymmetry can be prescribed by 
varying the fibre curvature at the centre (T0) or at the edges 
(T1). Therefore, we will separately consider the two cases: in 
one of them change T0, in the other T1.  

To investigate the effect of changing the fibre orientation at 
the edges, Plate 2 is chosen with two layers and fibre 
orientation defined as [<T0

1|T1
1>,<T0

1|T1
2>]. Although fibre 

kinking might appear in manufacturing when the fibre 
presents large curvatures, in the numerical tests the fibre 
curvature is not restrained, for comparison purposes. The 
natural frequencies of this case study are reported in Table 3. 

Table 3. Linear natural frequencies of symmetric and 
unsymmetric VSCL Plate 2 with [<T0

1|T1
1>,<T0

1|T1
2>] layup. 

Fibre orientation 
Mode 

1 2 3 4 5 
[<10°|20°>,<10°|-20°>] 245.7 306.8 424.2 621.6 636.3 
[<10°|20°>,<10°|-10°>] 259.7 318.5 431.7 631.4 678.7 
[<10°|20°>,<10°|0°>] 279.9 334.5 443.4 643.4 736.8 
[<10°|20°>,<10°|10°>] 303.4 350.3 456.0 659.3 802.1 
[<10°|20°>,<10°|20°>] 310.1 354.9 463.1 825.4 857.7 
[<10°|20°>,<10°|30°>] 291.2 344.7 461.7 675.8 766.7 
[<10°|20°>,<10°|40°>] 266.7 331.0 457.4 662.4 693.8 
[<10°|20°>,<10°|50°>] 247.7 321.8 455.1 606.7 675.9 
[<10°|20°>,<10°|60°>] 235.0 317.5 455.2 556.4 666.6 
[<10°|20°>,<10°|70°>] 226.8 316.2 456.3 519.5 643.1 
 

As is seen in Table 3, significant reduction in natural 
frequencies generally occurs in Plate 2 by employing 
unsymmetric lay-ups. All natural frequencies decrease, being 
the third natural frequency the least affected by changes in T1 
(maximum change -8%, whilst the fourth natural frequency 
can change -37%). The reductions in natural frequencies occur 
even when the changes in fibre orientation are small, but are 
greater in the extreme cases of plates [<10°|20°>,<10°|-20°>] 
and [<10°|20°>,<10°|70°>].  

In the next example, unsymmetric VSCL plates where 
unsymmetry is imposed by changing the fibre orientation at 
the centre, but which remain symmetric at the edges, are 
compared. Again Plate 2 is considered; the natural frequencies 
are reported in Table 4. 

Table 4. Linear natural frequencies of symmetric and 
antisymmetric VSCL Plate 2 with [<T0

1|T1
1>,<T0

2|T1
1>] layup. 

Fibre orientation 
Mode 

1 2 3 4 5 
[<20°|10°>,<-20°|10°>] 273.5 337.9 455.7 659.6 694.3 
[<20°|10°>,<-10°|10°>] 283.1 341.1 451.4 650.7 729.3 
[<20°|10°>,<0°|10°>] 297.1 348.8 455.2 656.5 775.9 

[<20°|10°>,<10°|10°>] 311.9 358.1 465.7 677.2 823.9 
[<20°|10°>,<20°|10°>] 315.8 363.4 479.8 710.3 838.7 
[<20°|10°>,<30°|10°>] 305.3 362.6 493.9 743.7 805.3 
[<20°|10°>,<40°|10°>] 290.9 360.8 509.4 734.5 788.5 
[<20°|10°>,<50°|10°>] 279.2 363.4 529.9 688.0 791.4 
[<20°|10°>,<60°|10°>] 271.2 372.0 556.3 649.2 767.7 
[<20°|10°>,<70°|10°>] 266.4 385.7 585.4 619.1 755.7 

 
The change in the curvilinear fibres orientations has diverse 
effects in the different natural frequencies of Table 4. All 
fundamental natural frequencies of unsymmetric plates 
decrease, with relation to the one of the symmetric plate. 
However, unlike in the former study, in the present one – 
where T0 is changed instead of T1 – the third and fourth 
natural frequencies increase in some unsymmetric plates.  

To extend the investigations on unsymmetric laminates, a 
three layered plate with lay-up [<T0

1|T1
1>,<T0

1|T1
2>,<T0

1|T1
3>] 

is now analysed. The third ply induces the unsymmetry when 
T1

3≠T1
1. Plate 2 is considered and the natural frequencies are 

compared in Table 5.  

Table 5. Linear natural frequencies of symmetric and 
unsymmetric VSCL Plate 2 with [<T0

1|T1
1>,<T0

1|T1
2>, 

<T0
1|T1

3>] layup. 

Fibre orientation Mode 
T0

1 T1
1 T1

2 T1
3 1 2 3 4 5 

10° 20° 30°

20° 309.1 354.3 463.0 672.8 821.4 
30° 292.4 345.6 462.5 676.8 769.8 
40° 269.1 333.3 459.4 666.1 698.9 
50° 251.9 325.0 458.1 618.7 680.4 
60° 242.3 322.0 459.6 580.3 678.0 
70° 237.3 321.6 462.4 556.4 661.6 

 
Although the middle layer introduces some symmetry in this 
plate, a reduction of the natural frequencies is again observed. 
This reduction is larger in the fundamental frequency, 
attaining 23.2%, but is also quite large in the fourth and fifth 
natural frequencies, 17.3% and 19.5% respectively. With the 
exception of the third mode, the reduction is more significant 
when the fibre curvature of the third layer at the edges (T1

3) 
increases; probably due to the smaller bending stiffness that 
results. 

To better illustrate the effect of unsymmetry in the lay-up, 
the mode shapes of symmetric plate with lay-up 
[<10°|20°>,<10°|30°>,<10°|20°>], and of unsymmetric plates 
with lay-up [<10°|20°>,<10°|30°>,<10°|30°>] and 
[<10°|20°>,<10°|30°>,<10°|70°>] are depicted in Figure 3. In 
order to better predict the mode shapes, especially for higher 
order modes, ten shape functions are employed. 
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Figure 3. Mode shapes of VSCL plates: 

     a) Symmetric with [<10°|20°>,<10°|30°>,<10°|20°>]; 
b) Unsymmetric with [<10°|20°>,<10°|30°>,<10°|30°>]; 
c) Unsymmetric with [<10°|20°>,<10°|30°>,<10°|70°>]. 

 
As was concluded in [6] for symmetric plates, by changing 

the fibre curvature various mode shapes can be achieved. 
Herein, it is proved that even minor unsymmetry in material 
properties may lead to substantial differences in mode shapes. 
However, by increasing warping in material properties with 
respect to the geometrical middle surface of the laminate, the 
difference in mode shapes is more obvious, as occurred with 
the natural frequencies’ value. 

To perform an investigation on unsymmetric thick 
laminates, Plate 3 with lay-up [<10°|20°>,<20°|10°>,<-10°|-
30°>,<-30°|-10°>] is explored. Different length to thickness 
ratios are considered and the natural frequencies are reported 
in Table 6.  

Table 6. Linear natural frequencies of VSCL Plate 3 with 
[<10°|20°>,<20°|10°>,<-10°|-30°>,<-30°|-10°>] layup. 

a/h Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 
100 491.7 597.7 831.5 1242 1305 1383 
50 954.8 1164 1609 2367 2459 2595 
20 2025 2530 3538 4524 4910 5109 
10 2930 3893 5595 5803 6140 6551 

To improve the layerwise model during the numerical 
calculations, 16 layers were employed in the formulation of 
all plates. By doing so, better approximations of displacement 
variations through the thickness are achieved. It is observed 
that, by increasing the thickness of the plate, the natural 
frequencies increase significantly. This feature has already 
been observed in symmetric, constant stiffness laminates (see, 
for example, reference [15]).  

4. CONCLUSION 
A p-version finite element model, based on a layerwise 
theory, for obtaining the natural frequencies and mode shapes 
of VSCL multilayered composite plates is presented. Linear 
variation of in-plane displacements through each layer is 
assumed in this model. This formulation is directly applicable 
to the determination of natural frequencies and mode shapes 
of vibration of unsymmetric VSCL plates. Moreover, thick 
VSCL plates can be investigated.  

The accuracy of the model is examined for unsymmetric 
thin VSCL plates and its convergence is verified. The results 
obtained agree with data available in the literature. In all 
unsymmetric VSCL plates considered, a reduction in 

fundamental frequencies is observed with respect to the ones 
of symmetric laminates. However, a reduced number of the 
higher natural frequencies increase by using unsymmetric 
instead of symmetric VSCL laminates. Mode shapes of 
unsymmetric laminates show different patterns than the ones 
of a somewhat similar symmetric laminate. As occurs in 
constant stiffness symmetric laminates, the natural frequencies 
of unsymmetric laminates increase significantly by reducing 
their length to thickness ratios. 
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Efficient vibration fatigue simulations using a multiple-scale periodic
homogenization method
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ABSTRACT: A periodic time-homogenization method is proposed here for the efficient simulation of material fatigue. It allows a
drastic reduction of the computational cost by defining several distinct time scales and allowing to solve a time transient evolution
model at a slow time scale only. This homogenized solution takes into account the averaged effect of the fast frequency cycles on
the slow evolution of the system under study. An academic example, as well as an industrial case of study, are presented.

KEY WORDS: periodic homogenization; time multiscale; material fatigue; dynamics.

1 INTRODUCTION

When dealing with the numerical simulation of material fatigue,
it seems more relevant to use a time transient evolution model
describing how internal variables, such as plastic strain,or
isotropic damage, evolve with respect to time, rather than
classical fatigue life estimations, such as those described
in [1]. However, the computational cost associated with such
simulations can be prohibitive if each individual cycle hasto be
computed: this is all the more prohibitive as combined cycle
fatigue is studied, where two periodic loads, whose associated
frequencies are very different one from the other, are applied to
the structure.

Therefore a specific method is proposed here to drop the
calculation cost by factors up to several thousands: this method
relies on periodic time homogenization, which is similar towhat
is usually developed in space homogenization. Moreover, the
method is based on a sound mathematical framework, which can
guarantee the accuracy of the derived equations and solutions.
A first formulation of this method has been proposed in [2]:
it is based on the assumption that two different time scales (a
fast one, associated with the fast cycles, and a slow one) can
be defined and decoupled. Using asymptotic expansions of the
scale ratio, it then allows to solve the different equationsof the
reference problem at the slow time scale only, by taking into
account the averaged effect of the fast cycles in the homogenized
solution. Since this reference, several extensions have been
studied, such as the dynamic framework [3] or how to describe
an isotropic damage evolution [4], [5].

More recently, the study of a three-scale framework has been
proposed in [6]. It allows to further reduce the computational
cost using the fact that, in combined cycle fatigue, the
loading is periodic with respect to the slow time scale, thus
introducing a ’macro’ slow time scale. Examples on academic
as well as industrial examples show the high reduction of
the computation costs when compared with the reference
calculations. Eventually, the interactions occurring between
fatigue and vibrations can be enlightened.

2 BASIC PRINCIPLES OF THE PERIODIC TIME HO-
MOGENIZATION METHOD

Now are presented the basic principles defining the periodic
time homogenization method as it was initially introduced in
[2]: however, instead of considering a quasi-static problem
with a single cyclic loading, we present the dynamic case
with a two-frequency periodic loading, which corresponds to
the framework used for the Combined Cycle Fatigue (CCF)
simulation.

2.1 Main hypotheses and notations

The method relies upon the definition of two different
time scales associated with the frequencies characterizing the
periodic loading:
• a slow time scale, denotedt, associated with the low frequency
F ;
• a fast time scale, denotedτ, associated with the fast frequency
F/ξ .
ξ < 1 stands for the ratio between the two frequencies defining
the loading, as well as the ratio between the two time scales:

ξ =
t
τ

(1)

Two main hypotheses are then assumed.

2.1.1 Scale separation

The smaller the ratioξ , the more decoupled the two time scales
can be considered. Eventually, it can be assumed that the latter
are actually two independent variables. As a result, any time-
dependent quantity can be written as a functionα(t,τ) and the
chain rule has to be applied as far as the total time derivative
dα/dt is considered :

dα
dt

=
∂α
∂ t

+
1
ξ

∂α
∂τ

= α̇ +
1
ξ

α ′ (2)

whereα̇ et α ′ stand for the partial derivatives ofα(t,τ) with
respect to the slow and fast time scales respectively.
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Practically, the scale separation is obtained by means of an
averaging operator relatively to the fast time scaleτ:

< α >= F
∫ 1

F

0
α(t,τ)dτ (3)

The resulting quantity< α > then only depends on the slow
time scalet. The residual associated with this fast-time average
is written as:α∗ = α − < α >, and can depend on both time
scales.

2.1.2 Quasi-periodicity

It is further assumed that every time-dependent quantityα(t,τ)
is periodic with respect to the fast time variableτ: relatively to
this latter, the corresponding period is then 1/F and it can be
written that:

α(t,τ) = α
(

t,τ +
1
F

)

∀t,τ (4)

Figure 1 gives an illustration of such a quantity. Once again,
this assumption is all the more valid that the ratioξ is small,
provided that, of course, the fast loading is periodic. On the
contrary, the slow loading does not have to be periodic: the
homogenization method performs well for cases with arbitrary
slow components.

Figure 1. Illustration of the two main assumptions requiredin
the periodic time homogenization method.

In addition, the quasi-periodicity assumption can be rewritten
by means of the fast-time average as:

< α ′ >= 0 (5)

In the following, this result will be extensively used to separate
the two time scales.

2.2 Generic reference problem

The generic problem to be solved is associated with an elastic
viscoplastic material, and consists in finding in a spatial
domainΩ the variations with respect to time of the displacement
field u(x,t,τ), the total strain fieldε(x,t,τ), the plastic strain
field εp(x,t,τ) and the stress fieldσ(x,t,τ), satisfying the

following equations:

Divx σ + fb = ρ
d2u
dt2

(6)

σ = C (ε − εp) (7)

ε =
1
2
(Dxu+DxuT) (8)

dεp

dt
= a(σ) (9)

whereDivx andDx stand for the divergence and the gradient
spatial operators respectively. The material properties are given
by the mass densityρ , the elasticity tensorC and the operatora
describing the viscoplastic evolution law.

The generic loading consists of body forcesfb(x,t,τ), defined
at each pointx ∈ Ω, and of surface loadsfs(x,t,τ) on the
boundary∂Ω:

σ n = fs (10)

wheren is the outward unit normal atx ∈ ∂Ω. This surface
load is not necessarily defined on the whole boundary, but may
be applied to a given part of it only: in this case, constrained
displacements are set on the complementary part.

Eventually, initial conditions have to be specified: here, for
the sake of simplicity, they are chosen equal to zero, but this is
not restrictive for the results to come:

u(x,0,0) = 0 du
dt (x,0,0) = 0 εp(x,0,0) = 0 (11)

2.3 Asymptotic expansions

Starting from the reference equations, which are to be rewritten
in a non-dimensional form, an asymptotic expansion with
respect to the ratioξ is proposed for every field to be found.
For example, we can derive for the stress field the following
expression up to order two:

σ(x,t,τ) = σ0(x,t,τ)+ ξ σ1(x,t,τ)+ ξ 2σ2(x,t,τ)+O(ξ 3)
(12)

Using these expansions in the normalized equations of the
reference problem, we can balance each order in order to find
the associated expressions. Some relations, such as the dynamic
equilibrium equation (6) and the evolution law (9), are further
detailed below.

2.3.1 Dynamic equilibrium equation and associated assump-
tion

Equation (6) after normalization gives:

Div x̂ σ̂ +
fbL
||C ||

f̂b =
ρL2F2

||C ||

d2û
dt̂2

(13)

whereL is the size of the domainΩ, fb the order of magnitude
of the body force, and||C || stands for a norm representing the
order of magnitude corresponding to the elasticity tensor.In the
following, the hat symbol ˆ• is dropped for the sake of clarity.

Using the asymptotic expansion for the displacement, as well
as Equation (2), the acceleration term gives, up to order one:

d2u
dt2

=
1

ξ 2u′′
0 +

1
ξ
(

2u̇′
0 +u′′

1

)

+
(

ü0 +2u̇′
1+u′′

2

)

+ξ
(

ü1 +2u̇′
2+u′′

3

)

+O(ξ 2) (14)
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whereas the left hand side of (13) only consists of positive-order
quantities, provided thatfbL/||C || ≤ O(1), which is usually the
case.

Different cases arise, depending on the order of magnitude of
ρL2F2/||C ||. If this latter is at mostO(ξ ), thenu′′

0 vanishes, and
this implies that the zeroth-order displacementu0 is a function
of the slow time scalet only, and so are all the other quantities
in this case. The vanishing of the fast time scaleτ means that
the two time scales can not be separated in this case, and thatno
homogenized equation can be obtained.

For most materials, however, and for typical values of the size
L of the domain and of the low frequencyF of the loading, it can
be assumed that:

ρL2F2

||C ||
= β ξ 2 (15)

whereβ = O(1). Using this assumption allows to rewrite the
right hand side of Equation (13) as, up to order one:

ρL2F2

||C ||
ρ

d2u
dt2

= βu′′
0 + ξ β

(

2u̇′
0 +u′′

1

)

+O(ξ 2) (16)

Only positive-order terms are thus present in this rescaling of
Equation (13), preventing the fast time scale to vanish at the
zeroth-order. This process is classically used in periodicspace
homogenization, such as in [7].

2.3.2 Evolution law

In the same way, for most of the possible expressions of the
operatora, the evolution law (9) gives, after normalization, up
to order one:

1
ξ εp

0
′ +
(

ε̇p
0 + εp

1
′
)

+ ξ
(

ε̇p
1 + εp

2
′
)

+O(ξ 2)

= a(σ0)+ ξ Dσ a(σ0)σ1 +O(ξ 2) (17)

where Dσ a(σ0) is the directional derivative ofa with respect to
σ , atσ = σ0.

First, the 1/ξ -order has to be considered, giving:εp
0
′ = 0.

This is equivalent to say that the zeroth-order plastic strain only
depends on the slow variable:

εp
0(x,t,τ) = εp

0(x,t) (18)

The physical interpretation of this latter result is that viscoplas-
ticity is a slow-evolving phenomenon, even if the material
withstands a high-frequency loading. This slow variation is
described by the zeroth-order evolution law, which can be
expressed as:

ε̇p
0 + εp

1
′ = a(σ0) (19)

In order to make the contribution of the first-order plastic
strain disappear from this relation, the fast-time average(3) of
this latter is evaluated. Since, on the one hand, Equation (18) is
equivalent to say that< ε̇p

0 >= ε̇p
0, and, on the other hand, the

quasi-periodicity assumption (5) implies that< εp
1
′ >= 0, this

average eventually gives that:

ε̇p
0 =< a(σ0) > (20)

with a zero initial condition.

2.4 Zeroth-order time-homogenized problem

Going further with the remaining equations of the reference
problem, then keeping the zeroth-order terms and applying
the fast-time average (3), along with the quasi-periodicity
assumption (5), eventually gives the following system to be
solved at the slow time scalet:

Divx < σ0 > + < fb >= 0 (21)

< σ0 >= C
(

< ε0 > −εp
0

)

(22)

< ε0 >=
1
2
(Dx < u0 > +Dx < u0 >T) (23)

< σ0 > n =< fs > (24)

with the addition of the zeroth-order evolution law (20). The
resulting system then corresponds to a quasi-static, elastic
viscoplastic problem, where the loading consists of the slow
components of the body and surface forces.

Of course, the fast components do have an effect on these
homogenized equations, by means of the evolution law (20):
since a is not necessarily linear,< a(σ0) > 6= a(< σ0 >),
which means that it is required to calculate the zeroth-order
‘instantaneous’ stress fieldσ0 instead of directly using the
corresponding homogenized quantity< σ0 >. To do this,
it is mandatory to estimate the ‘residual’σ∗

0(x,t,τ), defined
accordingly to the following relation:

σ0(x,t,τ) =< σ0 > (x,t)+ σ∗
0(x,t,τ) (25)

This residual is then the solution of the following system:

Divx σ∗
0 + f∗b = βu∗

0
′′ (26)

σ∗
0 = C ε∗

0 (27)

ε∗0 =
1
2
(Dxu∗

0 +Dxu∗T
0 ) (28)

σ∗
0n = f∗s (29)

u∗
0(x,t,0) quasi-static solution, andu∗

0
′(x,t,0) = 0(30)

obtained by subtracting the equations of the homogenized
problem to those of the reference problem. This ‘residual’
system consists in solving, at the fast time scaleτ, a dynamic
problem for a purely elastic material.

Formally, writing these two systems is equivalent to say that
the physical phenomena have been separated accordingly to
their respective characteristic times: viscoplasticity corresponds
to the slow time scale, whereas vibrational effects range with the
fast time scale. The zeroth-order evolution law (20) is thenthe
link between these two time scales, which allows to take into
account in an averaged way all these effects together.

Finally, the initial conditions for the two problems have
to be detailed. For the ‘fast’ residual problem, they are
associated with the ‘residual’ loadingf∗s,b(x,t,0) at fast time
τ = 0, for a fixed slow timet. In the quasi-static case
(by taking β = 0 in Equation (26)), there is no actual initial
condition, since the displacementu∗

0 to be calculated is directly
the quasi-static solution of Equations (26)-(27)-(28)-(29)at each
fast time τ. In the dynamic case, the displacement initial
condition can be considered as the quasi-static solution of
these same equations atτ = 0, meaning that the ‘residual’
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loading acts as a preload:u∗
0(x,t,0) is the quasi-static solution

corresponding tof∗s,b(x,t,0). Concerning the velocity initial
condition, using Equation (2) to express the initial condition
makes it straightforward thatu∗

0
′(x,t,0) = 0, since it is the

only 1/ξ -order term in the associated asymptotic expansion.
Eventually, the initial condition for the zeroth-order time-
homogenized problem is given by:

< u0 > (x,0) = −u∗
0(x,0,0) (31)

which is the only required condition, since the associated
problem is quasi-static.

For a loading of the CCF kind, which is characterized by the
mere superposition of two periodic terms, it is possible to solve
the ‘fast’ residual system independently from the homogenized
one. Since, in this case,fs,b(x,t,τ) = fs,bs(x,t)+ fs,bf(x,τ), the
residual loading depends on the fast timeτ only: f∗s,b(x,t,τ) =

fs,bf(x,τ). The solution of Equations (26)-(27)-(28)-(29) can
then be calculated once and for all.

3 COMBINED CYCLE FATIGUE SIMULATION WITH
TWO TIME SCALES

In this section, two different examples using the periodic time
homogenization as described above are presented: an academic
case study, and a fatigue simulation on an actual test specimen.
A CCF loading is assumed.

3.1 Bar under a two-frequency normal load

We present here a very simple case study in order to validate the
periodic time homogenization method and to assess its overall
performance.

3.1.1 Reference problem

We consider a straight bar of lengthL and of uniform area: it
is rigidly clamped inx = 0 and withstands a normal surface
force fs at the other end (inx = L). This force is defined as
the sum of two periodic terms of frequenciesF andF/ξ :

fs(t,τ) = fss(t)+ fsf(τ) =< fs > (t)+ f ∗s (τ) (32)

which typically corresponds to a CCF loading: in addition, the
low frequency component corresponds to an eigenfrequency of
the bar. No other load is applied to this latter.

The reference problem consists in finding the longitudinal
displacementu(x,t,τ), the normal stressσ(x,t,τ) and the
longitudinal plastic strainεp(x,t,τ) within every section of

coordinatex∈ (0,L), which verify the following equations:

∂σ
∂x

+cK
d
dt

∂σ
∂x

= ρ
d2u
dt2

(33)

σ = E

(

∂u
∂x

− εp
)

(34)

u|x=0 = 0 (35)

σ|x=L = fs (36)

u|t=0,τ=0 = 0 =
du
dt |t=0,τ=0

(37)

dp
dt

=

〈

|σ −X|−R−k
K

〉n

+

(38)

dεp

dt
=

dp
dt

sign(σ −X) (39)

dX
dt

=
2
3

C
dεp

dt
− γ0

dp
dt

X (40)

dR
dt

= b(Q−R)
dp
dt

(41)

where ρ et E are the material’s mass density and Young’s
modulus respectively, which are assumed homogeneous within
the bar. Since the loading is resonant, damping has to be
introduced in Equation (33): here,cK is the damping ratio
associated with Rayleigh’s damping, which is proportionalto
stiffness.

The evolution equations (38)-(39)-(40)-(41) come from [8]
and correspond to a uniaxial viscoplasticity model with two
hardenings. The associated quantities are the equivalent
plastic strain ratedp

dt (x,t,τ) and the kinematic and isotropic
hardening variables (X(x,t,τ) andR(x,t,τ) respectively), which
are initially equal to zero, as well as some material constants (k,
K, n, C, γ0, b andQ). Eventually,< α >+ stands for the positive
part ofα, defined as(α + |α|)/2.

3.1.2 Zeroth-order time-homogenized problem

By applying the steps presented in Sections 2.3 and 2.4, similar
results are found: it is first obtained that the internal variables
associated with the evolution laws depend on the slow time scale
t only:

p0(x,t,τ) = p0(x,t) εp
0(x,t,τ) = εp

0(x,t)

X0(x,t,τ) = X0(x,t) R0(x,t,τ) = R0(x,t)

Then, to rescale Equation (33), a second assumption is proposed
in addition to the first assumption (15) (made with‖C ‖ =
E here): for most materials, and typical values of the low
frequencyF of the loading, it is possible to state that:

cK

F
= γξ (42)
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whereγ = O(1), which implies the following zeroth-order time-
homogenized equations:

∂ < σ0 >

∂x
= 0 (43)

< σ0 >= E

(

∂ < u0 >

∂x
− εp

0

)

(44)

< u0 >|x=0= 0 (45)

< σ0 >|x=L =< fs > (46)

< u0 >|t=0= −u∗0|t=0,τ=0 (47)

ṗ0 =

〈〈

|σ0−X0|−R0−k
K

〉n

+

〉

(48)

ε̇p
0 =

〈〈

|σ0−X0|−R0−k
K

〉n

+

sign(σ0−X0)

〉

(49)

Ẋ0 =
2
3

Cε̇p
0 − γ0ṗ0X0 (50)

Ṙ0 = b(Q−R0)ṗ0 (51)

which correspond to a quasi-static elastic viscoplastic problem.
To evaluate the ‘instantaneous’ normal stress (25) acting in

the right hand sides of the evolution equations (48) and (49), the
following ‘fast’ residual problem has to be solved:

∂σ∗
0

∂x
+ γ

∂σ∗
0
′

∂x
= βu∗0

′′ (52)

σ∗
0 = E

∂u∗0
∂x

(53)

u∗0|x=0 = 0 (54)

σ∗
0|x=L = f ∗s (55)

u∗0|τ=0 quasi-static solution, andu∗0|τ=0
′ = 0 (56)

with β = ρL2F2/(Eξ 2), according to assumption (15). Since
the loading is of the CCF kind, these equations depend on the
fast time scaleτ only, and can then be solved independently
from the time-homogenized problem.

The evaluation of the fast-time averages appearing in the right
hand sides of Equations (48) and (49) can be achieved by means
of a numerical integration formula, such as the trapezoidalrule
with N+1 points, defined as:

< α > (t)≈
1
N

(

α (t,0)

2
+

N−1

∑
j=1

α
(

t,
j
N

1
F

)

+
α
(

t, 1
F

)

2

)

(57)

3.1.3 Validation results

For this case of study, the two loading frequencies areF =
0.129 Hz andF/ξ = 1290 Hz, this latter being the first
eigenfrequency value for the clamped-free bar. The material
considered here is the TA6V titanium alloy, whose properties
at 350◦C are well known and described in [8]. It is the same
material as the one considered in the actual example presented
in Section 3.2. The damping ratiocK is equal to 10−5 and
verifies assumption (42). The reference calculations consist in
solving the equations (33)-(34)-(35)-(36)-(37)-(38)-(39)-(40)-
(41) of the reference problem for a time interval corresponding
to the first slow loading period[0,1/0.129]s: the time step is

chosen accordingly to the classical rule of thumb of 20 time
steps per fast loading period,i.e. 2 ·10−5s.

The zeroth-order time-homogenized equations (43)-(44)-
(45)-(46)-(47)-(48)-(49)-(50)-(51) are solved with the same
algorithm, but the chosen time step is 0.04s, which reduces by
2000 the number of iterations required for the calculation.The
‘fast’ residual problem, consisting in Equations (52)-(53)-(54)-
(55)-(56), is solved in the frequency domain once and for all.

The associated results are compared in Figure 2 presenting the
evolution, for the first slow period, of the longitudinal plastic
strain in x = 0 and x = L : the estimates are in excellent
agreement. These results allow to validate with this typical
example the periodic time homogenization method, and to get
an estimate of the computational gain it affords through the
drastic reduction in the number of required time steps for the
numerical simulation. This number is indeed the main criterion
concerning the computational cost, since the only additional
calculations when compared with the reference problem lie in
solving the ‘fast’ residual system (once and for all) and in
estimating the fast-time averages with the trapezoidal rule (57).

Figure 2. Reference (in red) and zeroth-order (in blue)
estimates, inx = 0 andx = L, of the longitudinal plastic
strain in the case of a resonant loading.

3.2 Real case study: aeronautical blade

Now a real case example, coming from the European Project
PREMECCY about CCF, related to gas turbine blades, and
briefly described in [9], is presented. Phenomena resulting
from CCF amount to nearly one half of the issues encountered
with such blades: indeed, during operation, these latter
withstand a loading with two periodic components: a fast one,
corresponding to the aerodynamical forces, and a slow one,
associated with the centrifugal forces the blade has to withstand
during a typical cruise. The ratioξ between the two associated
frequencies is close to 10−4.

The PREMECCY project’s principle was to experimentally
study CCF with several blade-shaped specimens, such as the one
depicted in Figure 3, which is characterized by an asymmetric
section with different leading and trailing edges. The testrigs
consist of two I-shaped steel parts, which can be considered
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as elastic joints, allowing to apply the slow tensile load along
with the fast bending resonant force. As it was expected,
experimental results have shown that CCF caused by the
combination of the two periodic loads implies a significant
reduction of the specimens fatigue life when compared with
simple HCF with only one periodic fast load.

Figure 3. LEMH specimen, after [9].

The idea here is to be able to achieve a numerical simulation
of such a specimen under CCF loading in order to explain
the fatigue life reduction, for example by estimating the time
evolution of specific internal variables. Of course, using
the periodic time homogenization method is mandatory here,
because of the very small value of the ratio (ξ = 10−4), which
would imply a far too high number of time steps for the
reference calculation. Therefore preliminary results, coming
straight from the academic study developed in Section 3.1, are
proposed to check the efficiency of this strategy: the specimen of
interest is the blade-shaped titanium-alloy ‘LEMH’ specimen,
depicted in Figure 3, which withstands a CCF loading at
350◦C. The reference model proposed here is similar to the one
described in Section 3.1.1: a three-dimensional viscoplasticity
model with two hardening variables, according to [8], is chosen.
Of course, more elaborate models could have been used, but the
aim here is to estimate the computational gain in this actualcase
of study.

Numerical simulations have been run on the specific
geometry depicted in Figure 3, consisting of about 100 000
DOFs. A CCF loading with frequenciesF = 0.14 Hz and
F/ξ = 1 400 Hz is applied, this latter value corresponding to
the specimen’s second bending eigenfrequency. The loading
amplitudes are such that there would be plasticity even if there
was no fast frequency component. Since no damping value is
provided experimentally, its value has been arbitrarily set to
cK = 10−5, which corresponds to a modal damping of about
5%. The associated results are shown in Figure 4: it is easily
seen that the highest values of the longitudinal plastic strain are
located at the specimen’s edges, and that these values nearly
vanish everywhere else. Even if the computational gain has
been significant when compared with the reference calculation,
which would have not been possible to achieve, calculating a
few hundreds of slow cycles still requires several days on a
typical workstation, which could be insufficient if more cycles
had to be calculated, or if a more complex FE model had to be
used. Therefore the introduction of a third time scale is proposed
for that purpose in the following Section.

4 THREE-TIME SCALE HOMOGENIZATION METHOD

The aim of a three-time scale scheme is to further decrease the
computational cost by taking advantage of the CCF loading,
which is characterized by a periodic slow component. A
simple way of implementing this consists in starting from the
zeroth-order time-homogenized equations previously described,

Figure 4. Bending II at 1 400 Hz and local longitudinal plastic
strain after 100 slow cycles).

and in applying the homogenization process once more: this
hierarchical ‘double’ homogenization process is detailedbelow.

4.1 Principle

The principle of this three-time scale scheme has recently been
exposed in [6], and an application to a simple case of study has
been proposed in the quasi-static framework. In addition tothe
two previously described time scalest andτ, a third time scale,
denotedθ , is defined as:

θ = ηt (58)

whereη is arbitrarily chosen, however small. A theoretical
relation could be introduced betweenξ and η , but, since a
hierarchical homogenization scheme is proposed here, it isnot
required. Even if the use of multiple time scales has been
extensively investigated in perturbation problems, as summed
up in [10] for example, it seems that such a scheme has not been
proposed before for the periodic time homogenization method,
especially in the dynamic framework.

The starting point consists of the zeroth-order time-
homogenized Equations (20)-(21)-(22)-(23)-(24)-(31): since
the involved forces< fb > and< fs > are periodic, it is possible
to use the ‘super-slow’ time scaleθ to apply the periodic time
homogenization method on these equations considered as a new
reference problem. The resulting twice-homogenized problem
is then solved using time steps far bigger than those previously
used to solve Equations (20)-(21)-(22)-(23)-(24)-(31), which
allows practically the scale separation between the two time
scalest andθ .

Using this latter assumption gives a new rule for the total time
derivative of a quantityα(θ ,t):

dα
dt

=
∂α
∂θ

+
1
η

∂α
∂ t

= α̌ +
1
η

α̇ (59)

with α̌ standing for the partial derivative ofα with respect to
the ‘super-slow’ time scaleθ . An additional quasi-periodicity
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assumption, based on the periodicity of the forces< fb > and
< fs >, is also introduced:

α(θ ,t) = α
(

θ ,t +
1
F

)

∀θ ,t (60)

which can be rewritten as:

[α̌] = F
∫ 1

F

0
α̌(θ ,t)dt = 0 (61)

using the slow-time averaging denoted by[•].
The whole homogenization process is then achieved as in

Section 2: an asymptotic expansion inη is introduced for every
quantity involved in the initial zeroth-order time-homogenized
system, consisting of Equations (20)-(21)-(22)-(23)-(24)-(31);
for example, the zeroth-order time-homogenized stress field can
be expressed up to order one as follows:

< σ0 > (x,θ , t) = σ00(x,θ , t)+ ησ01(x,θ , t)+O(η2) (62)

Similarly, it can be found that the zeroth-order twice-
homogenized plastic strain depends on the ‘super-slow’ time
scaleθ only:

εp
00(x,θ , t) = εp

00(x,θ ) (63)

Eventually, the zeroth-order twice-homogenized problem to be
solved is as follows:

Divx [σ00]+ [< fb >] = 0 (64)

[σ00] = C
(

[ε00]− εp
00

)

(65)

[ε00] =
1
2
(Dx[u00]+ Dx[u00]

T) (66)

[σ00]n = [< fs >] (67)

[u00](x,0) = −u∗∗
00(x,0,0) (68)

ε̌p
00 = [< a([σ00]+ σ∗∗

00+ σ∗
0) >] (69)

As previously, an additional residual problem has to be solved:

Divx σ∗∗
00+ < fb >∗∗= 0 (70)

σ∗∗
00 = C ε∗∗

00 (71)

ε∗∗00 =
1
2
(Dxu∗∗

00+ Dxu∗∗T
00 ) (72)

σ∗∗
00n =< fs >∗∗ (73)

This quasi-static pure elastic problem can be solved once and
for all, and allows to calculate additional residual fields such as
the additional residual stress fieldσ∗∗

00 defined by:

σ00(x,θ , t) = [σ00](x,θ )+ σ∗∗
00(x,θ , t) (74)

The solution of this additional residual system is required, along
with the solution of residual Equations (26)-(27)-(28)-(29), to
solve the zeroth-order twice-homogenized evolution law (69).

4.2 Application to a simple example

This three-time scale scheme is validated on the same academic
example as previously: the bar under a two-frequency normal
load, with F = 0.05 Hz andF/ξ = 500 Hz. A simulation
for a one-day time interval, which is equivalent to 4 000 slow

cycles, is considered: for this case, a calculation using the
reference problem is clearly impossible, for it would require
almost one billion of time steps, using the classical rule of
thumb of 20 time steps per fast loading period. Even the
calculation using the periodic time homogenization methodwith
two time scales can be seen as prohibitive with two million
time steps considered, but it is still feasible because of the
simplicity of the case of study considered here, which implies
just a few DOFs. Therefore considering three different time
scales becomes unavoidable for industrial cases of study such
as the one presented in Section 3.2: in [6], a validation of the
three-time scale scheme has been proposed in the quasi-static
framework.

Here, Figure 5 shows the comparison between the two-time
scale estimate, taken as a reference, and the three-time scale
estimate of the plastic strain at the two extremities of the bar, in
the dynamic framework. The two curves are in good agreement,
hence validating the three-time scale scheme, which implied
about 500 ‘macro’ time steps only: these latter have been chosen
finer in the beginning of the time interval (θ = 2s for the first
slow cycle, thenθ = 200s), because first studies showed that
a greater accuracy was required for the computation of the first
slow cycle, for which the increase in the plastic strain is the most
significant. The computational cost reduction is significant, with
a gain of 40 000 in the number of required time steps, whereas
only an additional elastic problem has to be solved once and for
all, when compared with the two-time scale scheme. This gain
rises as high as 2 000 000 as far as the reference calculation is
concerned.

Figure 5. Zeroth-order time-homogenized estimates with two
scales (in red) and three scales (in blue), of the longitudinal
plastic strain, inx = 0 andx = L, for a one-day simulation.

5 CONCLUSION

Here, a periodic time-homogenization method for the efficient
simulation of material fatigue has been exposed. It allows a
drastic reduction of the computational cost by defining several
distinct time scales and allowing to solve a time transient
evolution model at a slow time scale only. The method has
been validated on a simple academic case of study, for two
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and three time scales respectively. First interesting results have
been shown concerning the application of the strategy to more
complex cases, such as the simulation of CCF for blade-shaped
specimens. Work is in progress concerning the implementation
of the three-time scale scheme for such cases.

The results presented here have focused on the use of a
viscoplastic evolution law, but other laws are currently under
study: in particular, for the CCF simulation, a model combining
viscoplasticity (for example, after [8], as previously) with an
isotropic damage law, such as the one developed in [11]. This
should lead to a finer description of the physical phenomena
involved, with no specific difficulty of implementationa priori.

Eventually, the question of multiscale identification should be
addressed: to improve the fatigue life prediction, the parameters
of the considered material laws have to be correctly tuned. One
could then use the experimental information available (with
classical HCF tests for instance) and apply the periodic time
homogenization method to achieve a multiscale identification
process similar to what is proposed in [12] in the framework
of space homogenization. A strategy using an adjoint state
formulation, such as the one presented in [13], could then be
adopted for improving the efficiency of the identification.
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ABSTRACT: This study focuses on reduced-order models to analyse non-linear oscillations of rectangular variable stiffness 

composite laminated (VSCL) plates. Each lamina of these VSCL plates has curvilinear fibres that are distributed by shifting 

along one of the Cartesian directions. Two model reduction approaches are applied: modal reduction alone and static 

condensation followed by modal reduction. In both cases, a p-version finite element that takes into account the effect of large 

amplitude displacements in the framework of third-order shear deformation theory (TSDT) is used to compute the linear modes, 

which are used as a basis. In the first approach, a reduced set that contains bending and in-plane modes is selected. The mode 

selection is discussed and it is confirmed that, also in this TSDT based model and in the non-linear regime, in-plane modes are 

essential for accuracy. In the second approach, the in-plane inertia is neglected in the full model and static condensation is 

applied, so that the influence of in-plane displacements is kept; only then is modal reduction implemented. This model has the 

advantage of leading to a smaller number of degrees of freedom and of automatically taking care of the in-plane displacements, 

but loses the effect of in-plane inertia. The accuracy and computational performance of both models in the definition of periodic 

responses of VSCL plates is compared. For that purpose, the laminates are subjected to transverse harmonic loads and the 

frequency responses are determined using the shooting method, with fifth-order Cash-Karp Runge-Kutta method and adaptive 

stepsize control. For excitation frequencies around the first natural frequency, the amplitudes of vibration, the time histories and 

the stability status of the diverse solutions are compared.  

KEY WORDS: Variable stiffness; Curvilinear fibres; Non-linear; Periodic vibration; Reduced-order model. 

1 INTRODUCTION 

Variable stiffness composite laminated (VSCL) plates are a 

general type of composite plates, in comparison to constant 

stiffness composite laminated (CSCL) plates, see Ref. [1]. In 

the VSCL plates investigated here, fibres follow a curvilinear 

path (their path is straight in CSCL plates). Mechanical 

properties of composite plates with curvilinear fibres can 

change with fibre paths. Using curvilinear fibres instead of 

straight ones can improve these properties in specific 

structures (e.g. at the corners of aircraft fuselage windows). 

Some favourable factors of VSCL against CSCL plates in 

static non-linear analyses and free linear vibration are 

mentioned, for example, in Refs. [2-5]. Few works [6-8] 

addressed free and forced non-linear vibration of VSCL plates 

by using thin plate theory (CPT) and first-order shear 

deformation theory (FSDT). In references [2-8], the p-version 

finite element, with hierarchic shape functions, is used. In 

references [6, 7] the harmonic balance method (HBM) is 

applied, whereas in ref. [8] Newmark method is used. A 

comprehensive review on VSCL plates and methods used to 

analyse them can be found in Ref. [1]. 

In the current paper, we intend to apply a p-version finite 

element model, based on a third-order shear deformation 

theory (TSDT), to VSCL plates with shifted curvilinear fibres 

[9]. The finite element model may be condensed statically 

[10] and is reduced using modal coordinates [11]. The choice 

of modes is analysed in two model reduction procedures. 

Periodic solutions of the plate under harmonic loading, in the 

non-linear regime, are calculated using the shooting method. 

The monodromy matrix, which is a by-product of the shooting 

method, is employed to define the stability of the solutions. 

The response of VSCL plates to harmonic excitations with 

frequencies close to their fundamental frequencies is 

investigated. For that purpose, the frequency response curves 

are given, as well as phase plots and time histories. Fourier 

spectra are used to evaluate the harmonic content of the 

solution.  

2 PERIODIC VIBRATION OF VSCL PLATES  

2.1 p-Version finite element model 

Rectangular, symmetric about the middle plane, clamped 

laminates are displayed in Figure 1, as well as Cartesian 

coordinates with origin at the plate centroid. Fibres in the ith 

lamina can be either straight (
0Τ =

1Τ ), where 
0Τ  and 

1Τ  are 

the fibre angles at the centre and vertical edges, or curvilinear 

(
0Τ ≠

1Τ ). The fibre angles in the ith lamina change as 

   1 0 02iθ x Τ -Τ  x a Τ  . Then, a configuration like [〈
0Τ ,

1Τ 〉1,…, 〈
0Τ ,

1Τ 〉i,…, 〈
0Τ ,

1Τ 〉k]sym represents a 2k-layered 

symmetric laminate with different fibre angles in each layer. 

Displacement field,   wvuitzyxi ,,,,,,  , following a 

third-order shear deformation theory (TSDT) in zyx ,,

coordinates, respectively, is (with        ) 

 ,030 xwczzuu xx    
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in which   wvuityxi ,,,,,0   are displacements at the mid-

plane and   yxityxi ,,,,   are rotations around axis y and x. 

 

Figure 1. Up is a ply with a reference curvilinear fibre path 

and down is a four-layer symmetric laminate. T0 and T1 have 

negative values in this picture. 

 

A p-version finite element method (FEM) with hierarchical 

basis functions that can be applied to thin and thick plates, 

because it is based on a TSDT [2-4], is used. The 

displacement components are related to the generalized 

displacements by 
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where   yx

i
,w,u,iN ,, yx  are vectors composed of in-

plane, out-of-plane and rotational shape functions, found for 

instance in [12, 13]. The strain-displacement relations can be 

approximated using the von Kármán strains by  
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Each ply with curvilinear fibre is a non-homogenous 

orthotropic fibrous composite layer, in which stresses and 

strains are related as [14] 
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where subscripts 1, 2, and 3 represent, respectively, the fibre 

orientation, the in-plane orientation perpendicular to 1, and 

the transverse direction. Stresses and strains in plate 

coordinates x and y are found using transformation matrices 

(see Ref. [14]). Comparing constant stiffness to variable 

stiffness composites, it is worthy to say that due to curvilinear 

fibres in VSCL, directions 1 and 2 are not anymore constant.  

Defining virtual works of inertia, internal and external 

forces and then applying them in the principle of virtual work, 

leads to the equations of motion, as shown below (details on 

the matrices are given in [3]).  
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 (5) 

The vector on the right-hand side of equation (5) represents 

generalized external forces.  

For example, taking 7 shape functions in x and y directions 

– equal to a vector of forty nine 2-D shape functions – for 

each of five variables in equation (2), leads a full model in 

x 

y 

a 

T0 

T1 

T1 

h 

x 

z 

 

y 
 z 

b 
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equation (5) with n=245 DOF (hereafter, n represents the 

number of degrees of freedom, or “order”, of the full model). 

2.2 Static condensation 

Due to the clamped boundaries of the plate, absence of in-

plane external force and the fact that the transverse deflection 

is not bigger than two times the plate’s thickness, the in-plane 

displacements are very small and the corresponding in-plane 

inertia is not vital to the solution. Then the in-plane inertia can 

be eliminated from the formulation. This elimination process 

is known as static condensation [10] and reduces the order of 

the problem. Although it generally changes the bandwidth of 

the stiffness matrix, in the present TSDT formulation – and as 

occurs with Kirchhoff [15] or FSDT [12] approaches – the 

bandwidth of the linear matrices are not increased by static 

condensation. The equations of motion (5) are condensed as 
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with 
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If the full model is of n=245 DOF, the condensed model 

would be of n=147 DOF. Both equation (5) and (6) may 

simply be written as  

           .ttttt fqqKqKqM NLL   (8) 

2.3 Analysis in modal coordinates 

If we know that the excitation of the VSCL plate centres 

around a specific frequency, many of the modes probably will 

not be excited and we can assume the forced vibration to be 

the superposition of only a few modes [11], let’s say m modes. 

The truncated modal matrix mn  assembled by m normal 

modes ( i  as eigenvectors of linear matrix) can appear as 

   nmmi  ,...   (9) 

Then the displacements can be written as  

    tt mqq   (10) 

Pre-multiplying equation (8) by the transpose T  reduces the 

n-DOF system to one with a dimension equal to the number of 

modes used, m-DOF. Subsequently, instead of solving n 

coupled equations (8), we need to solve the m coupled 

equations represented by 

           .ttttt pqqKqKqM mmNLmLm   (11) 

We are using the modes of the linear system in a non-linear 

problem; therefore, the generalized mass matrix M  and the 

linear stiffness matrix LK  are diagonal, but the generalized 

non-linear stiffness matrix NLK  is not. In the above example, 

the full model was of order n=245 DOF, taking m=10 modes 

results in the reduced modal model of m=10 DOF. 

2.4 Shooting method 

To apply the shooting method [16], the system of m second-

order ordinary differential equations of motion (11) is 

transformed to a system of 2m first-order ordinary differential 

equations using yqm  , 
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Shooting with fifth-order Runge-Kutta method with stepsize 

adjustment algorithm based on the embedded fourth-order 

Runge-Kutta formulas [16] (with constant parameters found 

by Cash and Karp) is applied, starting by using as first guess 

of 








mq

y
 the solution of equation (12) only with linear 

stiffness terms. Apart from the improvements in the 

integration of first-order differential equations (12), the 

procedure here applied is similar to the one described in Refs. 

[17, 18]. 

3 NUMERICAL TESTS AND VALIDATION 

3.1 How to select modes in two reduced-order models 

In the first approach, reduced-order model I (model I, in 

brief), the full model of equation (5) is transferred to a 

reduced set of modal coordinates. The modes to include in the 

truncated modal matrix  , should be the more influential 

bending modes along with influential in-plane modes. Here, 

expression “bending mode” refers to normal modes of the 

linear system that actually contain transverse and rotational 

generalized displacements; on the other hand, “in-plane 

mode” identifies the normal modes with only membrane 

generalized displacements. It is obvious from the mass and 

linear stiffness matrices of equation (5), of model I, that 

membrane and bending modes are uncoupled. We note that 

shear is also present in the model, and we may have bending 

coupled with shear, and modes where shear is more important; 

for the sake of simplicity, we will designate modes where 

bending is important as “bending modes”. 

In the second approach, reduced-order model II (model II), 

the condensed model of equation (6), which has not in-plane 

inertia but is still affected by the influence of in-plane 

displacements, is transformed to modal coordinates. In this 

second approach, only bending modes are selected.  

The procedure of selecting influential modes is programmed 

and implemented as an in-house code in FORTRAN. In 

reduced-order model I, firstly all modes of vibration of the 

linear problem, including in-plane normal modes, are found. 

Then, equation (11) is solved in modal coordinates by the 

shooting method, using only one bending mode. A symmetric 

distributed transverse load with a fixed excitation frequency is 

applied, because this is the type of load considered in this 

work. The process is repeated for all non-in-plane modes, one 

by one. As an example, taking a vector of forty nine 2-D 
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shape functions for each variable of equation (2), this step 

(Step 1) repeats for each of 3×49 modes, where transverse 

displacements are coupled with cross section rotations. In this 

step, those bending modes that result in bigger central 

deflection are candidates to enter the next step.  

In the next step, Step 2, equation (11) is again solved, but 

with two or three modes. One of these modes is the bending 

mode selected from the previous step, while the other one or 

two modes is/are selected among the in-plane modes of the 

linear problem. This stage may be repeated for all candidate 

bending mode selected in Step 1, combined with different in-

plane modes. Again, like in the end of step one, groups of 

bending and in-plane modes with bigger deflections are 

selected. The procedure ends when enough influential modes 

are found. Here, the word enough means a number of modes 

that gives convergence in deflection computation. 

To select normal modes for reduced-order model II, the 

same procedure is applied, but the first step is sufficient, due 

to the lack of in-plane modes in linear model II. In this model, 

the influence of in-plane displacements is considered in the 

reduced non-linear matrix.  

Then, the analysis to find forced responses of vibration of 

VSCL plates is performed by applying enough influential 

modes, which were selected by one of the aforementioned 

procedures, resulting in two types of reduced-order models. In 

the following section the two types of reduced order 

procedures are compared. 

Table 1. Frequency ratio       against amplitude of vibration for an isotropic plate. 

    

 
 

HFEM and 

shooting 

Ref. [18] 

FEM 

without IDI 

Ref. [19] 

Elliptic 

function 

[20, 21] 

Newmark 

method 

 

Model I 

(8 modal 

coordinates) 

Model I 

(15 modal 

coordinates) 

Model II 

(3 modal 

coordinates) 

Model II 

(15 modal 

coordinates) 

             

±0.2 0.2707 0.1180 0.1200 0.2400 0.131 0.2797 0.1338 0.1203 

 1.4387 1.4195 1.4195 1.4394 1.418 1.4418 1.4202 1.4189 

±0.6 0.8950 0.8905 0.8951 0.8961 0.914 0.9044 0.8905 0.8904 

 1.2114 1.2083 1.2117 - 1.225 1.2674 1.2106 1.2102 

±1 1.0777 1.0700 1.0822 1.0825 1.126 1.1007 1.0744 1.0748 

 - 1.2429 1.2540 - 1.298 1.3332 1.2494 1.2498 

 

3.2 Comparison of two reduced-order models 

First, a square isotropic plate with fully clamped boundaries is 

analysed. Table 1 compares the amplitude ratios        of 

transverse central deflection of an undamped steel plate, as a 

function of excitation frequency, calculated in Refs. [18-21] – 

where models and methods of solution different from the ones 

here proposed were applied – with: the proposed reduced-

order models I and II and the shooting method; the full model 

and Newmark method. Newmark method [22] is applied to 

the full model, equation (5), to find deflections without 

transformation to the modal coordinates, providing reference 

solutions of the present model. Two sets of results are taken 

from Ref. [19]. In one of them, an approach close to a 

harmonic balance procedure with one harmonic is applied to 

an h-version finite element model. In the other, following [20] 

and [21], a one mode approach (one linear mode, from a 

model with in-plane deformation but without inertia) is 

employed to obtain a Duffing type equation that is exactly 

solved using elliptic functions, while in Ref. [18] the shooting 

method was applied. The plate is square with length a=500 

mm and thickness h=2.0833 mm, and is subjected to a 

harmonic distributed load    ,  ,                   N/m2. 

In Ref. [18], the p-version finite element method (HFEM) has 

just three out-of-plane and six in-plane unidimensional shape 

functions. In the table, IDI stands for in-plane displacement 

and inertia. In the full model plus Newmark method, 245 DOF 

are used; the same 245 DOF full model is employed to obtain 

the reduced models that lead to the four columns with results 

from the present paper, solved with the shooting method. 

Increasing the number of modal coordinates from 3 to 15 in 

model II, the frequencies change slightly. With either 3 or 15 

modal coordinates, model II frequencies are close to the ones 

provided by the full model, Newmark solution, with the 

exception of the far away from resonance case Wmax/h=0.2. 

Also, convergence to the full model solutions was not yet 

achieved in model I using 15 modal coordinates; the values 

are generally close but marginally worse than the ones of 

model II. It should be mentioned that the run-time of model I, 

with the same number of modal coordinates, is larger than the 

run-time of model II. 

Table 2. Comparison of the non-linear frequency ratio       in function of the amplitude of vibration       , for a CSCL 

angle-ply plate, by the full model plus Newmark method. 

                             

p-version FEM CPT 

[24] 

p-version FEM 

FSDT [23] 
 

h-version FEM 

CPT [25]  

Newmark method 

245 DOF 

0.2016 0.7340 0.2 0.7268  0.7219 
 

0.7275 

0.5997 1.0085 0.6 1.005  1.0085 
 

1.0097 

1.0005 1.1756 1 1.171  1.1787 
 

1.1814 
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In Table 2, a comparison is carried out with data available 

on Refs. [23] and [24] (computed using the p-version FEM, 

FSDT and thin plate theory, or CPT, theories, respectively) 

and with data computed by the h-version FEM using CPT in 

Ref. [25]. The full model (245 DOF) is solved in the time-

domain by Newmark method [22], with a small stiffness-

proportional damping parameter       , [26]. The CSCL 

plate analysed is an angle-ply three-layer plate [45, -45, 45], 

with the following mechanical and geometric characteristics: 

         ,          ,              ,    
         ,             ,       ,   
                The amplitude of deflection at centre of 

the plate with a sinusoidal wave with 3454.665      is 

given. The comparison of Table 2 allows us to verify the full 

TSDT model. 

Table 3. Comparison of the amplitude of vibration        of a CSCL angle-ply plate, in function of frequency,      , using 

different combinations of modes in modal coordinates and a full model by Newmark method. 

 

   
 

 

       

by Newmark method, 

245 DOF 

        by Reduced-order model I 

Bending modes  Including bending/in-plane modes 

20 modes  30 modes  40 modes  19 modes 

0.7275 0.2  0.1935  0.1935  0.1935  0.1979 

1.0097 0.6  0.5089  0.5091  0.5092  0.5925 

1.1814 1.0  0.8244  0.8239  0.8243  0.9706 

Table 4. Influence of bending modes and bending/in-plane modes in the amplitude of vibration       , for an angle-ply plate 

in function of excitation frequency  . 

Frequency 

of external 

load, 

          

Deflection 

ratio by 

Newmak 

method, full 

model, 

       

      , reduced-order model I 

Only bending modes are taken 

19 

bending 

and 

in-plane 

modes are 

taken 5 modes 10 modes 15 modes 20 modes 25 modes 

600 0.1175 0.1174 

(-0.04%) 

0.1172 

(-0.22%) 

0.1173 

(-0.19%) 

0.1173 

(-0.16%) 

0.1174 

(-0.11%) 

0.1178 

(0.23%) 

650 0.1275 0.1273 

(-0.15%) 

0.1271  

(-0.29%) 

0.1272 

(-0.23%) 

0.1272 

(-0.22%) 

0.1273 

(-0.15%) 

0.1280 

(0.37%) 

700 0.1404 0.1401  

(-0.24%) 

0.1398 

(-0.46%) 

0.1399 

(-0.38%) 

0.1399 

(-0.36%) 

0.1400 

(-0.25%) 

0.1457 

(3.76%) 

750 0.1572 0.1566 

(-0.40%) 

0.1562 

(-0.61%) 

0.1564 

(-0.50%) 

0.1565 

(-0.46%) 

0.1567 

(-0.32%) 

0.1571 

(-0.04%) 

800 0.1799 0.1780 

(-1.05%) 

0.1783 

(-0.89%) 

0.1786 

(-0.71%) 

0.1787 

(-0.66%) 

0.1791 

(-0.46%) 

0.1798 

(-0.05%) 

850 0.2115 0.2074 

(-1. 94%) 

0.2087 

(-1.33%) 

0.2091 

(-1.11%) 

0.2094 

(-1.01%) 

0.2100 

(-0.70%) 

0.2114 

(-0.04%) 

900 0.2570 0.2516 

(-2.09%) 

0.2513 

(-2.20%) 

0.2524 

(-1.78%) 

0.2528 

(-1.65%) 

0.2540 

(-1.15%) 

0.2569 

(-0.03%) 

950 0.3233 0.3120 

(-3.50%) 

0.3112 

(-3.75%) 

0.3137 

(-2.97%) 

0.3143 

(-2.77%) 

0.3172 

(-1.88%) 

0.3231 

(-0.08%) 

1000 0.4160 0.3929 

(-5.55%) 

0.3927 

(-5.61%) 

0.3967 

(-4.65%) 

0.3979 

(-4.35%) 

0.4033 

(-3.06%) 

0.4163 

(0.07%) 

1050 0.5315 0.4886 

(-8.07%) 

0.4909 

(-7.64%) 

0.4977 

(-6.36%) 

0.4998 

(-5.96%) 

0.5097 

(-4.11%) 

0.5320 

(0.10%) 

1100 0.6572 0.5952 

(-9.44%) 

0.5976 

(-9.07%) 

0.6069 

(-7.66%) 

0.6107 

(-7.08%) 

0.6246 

(-4.96%) 

0.6575 

(0.05%) 

1150 0.7839 0.7046 

(-10.1%) 

0.7054 

(-10.0%) 

0.7179 

(-8.42%) 

0.7224 

(-7.85%) 

0.7406 

(-5.53%) 

0.7839 

(0.00%) 

1200 0.9062 0.7920 

(-12.6%) 

0.8103 

(-10.6%) 

0.8258 

(-8.87%) 

0.8312 

(-8.27%) 

0.8532 

(-5.84%) 

0.9065 

(0.03%) 

1250 - 0.9086 0.9087 0.9298 0.9363 0.9622 1.0241 

1300 - 1.0041 1.0053 1.0301 1.0375 1.0670 1.1371 
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The full model, to some extent validated in Table 2, is used 

as reference in Table 3, in another test of the model reduction 

procedures. The plate is the one of Table 2. In Table 1, 

increasing modal coordinates from 8 to 15 in model I, so that 

more in-plane modes are considered, the relation between 

frequency and amplitude of vibration was more accurately 

computed. Table 3 also shows that, in reduced-order model I 

and in the non-linear regime, in-plane modes are essential for 

accuracy. Here, four analyses of non-linear frequencies of 

undamped plate [45, -45, 45] are performed using modal 

coordinates (of a model with 245 DOF): three of them include 

only the first 20, 30, and 40 bending modes of vibration and 

the last analysis involves a combination of 19 bending and in-

plane modes of vibration, selected by the technique written in 

section 3.1. 

In reduced-order model I, the results demonstrate that 

increasing the number of bending modes alone cannot 

guarantee the accuracy in the non-linear regime, but taking 

less bending modes along with in-plane modes can profoundly 

improve the precision of the model. Again, it is worthy to note 

that reduced-order model II (that excludes in-plane inertia) 

already considers the in-plane displacements, during static 

condensation.  

For the same plate and loading, a smaller model (using 9 bi-

dimensional shape functions, i.e. 45 DOF) is applied in Table 

4 to compare the amplitudes of vibration computed by 

Newmark method (full model) with the ones computed by the 

shooting method (reduced-order model I). Again, different 

reduced-order models with different number of bending 

normal modes in modal coordinates (5 to 25 modes) are 

considered and compared with a model that incorporates a 

combination of 19 bending/in-plane modes chosen as 

explained in section 3.1. In this table, the numbers in 

parenthesis represent the percentage of the difference with 

respect to Newmark results (full model). The table verifies 

that deflections using reduced-order model I and taking into 

account only bending normal modes are always smaller than 

reference deflections. Away from resonance, models only 

with bending modes give accurate results. However, when the 

non-linearity is more important, deflections with 19 bending 

and in-plane modes are in a better agreement with the 

reference data, than deflections computed with more bending 

modes, but without in-plane modes. 

 

a) 

 

b)

 
c)

 

d) 

 

Figure 2. Plate’s frequency response: a) maximum transverse displacement at centre of the plate with respect to frequency with 

stable and unstable solutions; b), c) and d) displacements along one cycle, phase plot, and Fourier series at excitation frequency 

equal to 0.378   , stable solution. 
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3.3 Forced vibration of VSCL plates with reduced-order 

model 

A test case of a clamped three-layered VSCL plate with fibre 

configuration [〈45,T〉,〈-45,-T〉,〈45,T〉] is analysed, taking 

constant 450 Τ  in all layers and different TΤ 1
 as 0, 25, 45 

(while 451 Τ  exemplifies the angle-ply CSCL plate [45,-

45,45]). The plate characteristics are:          ,   
       ,           ,            ,          ,   
    ,               The thickness of all layers is the 

same. Reduced-order models with 6 modal coordinates are 

used in the analysis; the corresponding full models had 245 

DOF (49 bi-dimensional shape functions per displacement and 

cross section rotation component) and the statically condensed 

models had 147 DOF.  

The responses of two VSCL plates, T=0 and 25, and a 

CSCL plate, T=45, to a uniform distributed harmonic 

excitation of amplitude 3454.665      are represented in 

Figure 2. The plates are undamped. Instabilities when the 

Floquet multiplier crosses the unit circle through +1 are found 

and represented by a dashed line. The displacements along 

one cycle, phase plots and Fourier spectra show that, at some 

excitation frequencies, higher harmonics have a large 

influence in the response. The width of the resonant region 

shrinks slightly by changing T from 45 (i.e. CSCL plate) to 0 

or 25 (i.e. VSCL plate). If the excitation frequency is equal to 

0.378   , a similar pattern of displacements along a period of 

vibration and similar phase plots are observed for CSCL and 

VSCL plates, but the vibration period changes from plate to 

plate. 

4 CONCLUSION 

A procedure based on the shooting method and on a Third-

order Shear Deformation p-version finite element was 

proposed to investigate the geometrically non-linear forced 

vibration of variable stiffness composite plates. The method 

can find instabilities and periodic oscillations with higher 

harmonics, when they occur, for instance due to the 

appearance of superharmonics in the response. The technique 

takes advantage of two reduction methods, namely static 

condensation and modal coordinates, to decrease the order of 

matrices. If static condensation is not applied, then in-plane 

modes must be considered in the reduced order model, to 

achieve accurate results in the non-linear regime. Static 

condensation permits to take in-plane displacements into 

account indirectly, so that one only has to select bending 

modes. 
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ABSTRACT: There is great variability of walking behaviours both between pedestrians and for the same pedestrian. This 
complicates the prediction of structural response to human-induced excitation. This work provides a methodology to account for 
the variability of the forces induced by humans during a loading event. Instead of simulating many different ground reaction 
forces, the force spectrum is itself used to estimate the response directly. The pseudo-excitation method (PEM) is coupled with 
the recently-developed modal precise integration method (MPIM). Arbitrary force spectra are included in this MPIM-PEM 
framework to arrive at a root mean square response. The approach is compared with a more common means of carrying out this 
work via Newmark integration and Monte Carlo simulation. The method is extremely accurate and quicker than the alternative. 

KEY WORDS: Footbridge; vibration; pedestrian; response. 

1 INTRODUCTION 

1.1 Context 

In the consideration of footbridge serviceability, pedestrian-
induced vibrations are one of the main challenges facing 
designers. Several well-known footbridges experienced 
excessive vibrations, including the Millennium Bridge, 
London [5], the Pont du Solferino, Paris [6] and the T-Bridge, 
Japan [8]. Consequently, recent years have seen much 
research into characterizing human-induced vibration, well-
summarized in the reviews [12,28,34]. 

Differences between individual pedestrians, termed inter-
pedestrian variability, are accounted for in many pedestrian 
loading models for vertical vibration response. However, 
walking is commonly idealized as a perfectly periodic force, 
even though it is well known that this is not true, and this is 
sometimes termed ‘imperfect walking’. This difference 
between the models and reality of walking-induced forces and 
the resulting vibration response is probably one of the main 
causes of the inaccuracy of predictions and the outcomes of 
experiments noted in the literature [1,13]. 

Following comprehensive experimental programmes, 
several recent works propose spectral modelling of the 
walking-induced forces for improved accuracy [1,26,27,35]. 
This work illustrates an efficient computational means for 
calculating the vibration response caused by an arbitrary 
footfall force spectrum. It compares the responses by some of 
the models in the literature, and shows how a simple spectral 
model can replicate the results of the more complex models. 

1.2 Pedestrian Vertical Loading 

The vertical loads imparted during walking can be described 
by a Fourier series  [28,34]: 

 ( ) ( )
1

sin 2
n

j p j
j

F t W W jf tη π ϕ
=

= + −∑  (1) 

The terms jη   are the Fourier coefficients of the jth harmonic 
in the series, and represent the dynamic loading factor (DLF). 
Differing numbers of coefficients, n, are used in the literature 
[27,34,35]. There is also great variability in the measured 
values, even for the same pedestrian and DLFs are found to 
vary with the frequency of the harmonic [34]. By using a 
continuous force spectrum to represent the walking forces, 
recent works have attempted to overcome these problems 
[1,14,24,27,35]. However, using these spectra usually requires 
extensive Monte Carlo simulations to estimate the response 
statistics. This can limit the usefulness of these models for 
practitioners. A means of overcoming this obstacle is 
described here. 

2 MODAL PRECISE INTEGRATION METHOD 

2.1 Background 

Zhong and Williams [33] introduced the Precise Integration 
Method (PIM) which allows calculation of vibration response 
to extreme accuracy, even for very long simulation time steps, 
making the method extremely efficient. The accuracy comes 
from accurate calculation of a transition matrix by iteration, 
and closed form solutions to loads that vary during the time 
step according to a given expression.  

2.2 Formulation of PIM 

The basic equations for a multi-degree of freedom model of a 
structure are: 

 ( ) ( ) ( ) ( )t t t t+ + =Mx Cx Kx F&& &  (2) 

with initial conditions: ( ) ( )0 00 ; 0= =x x x x& & . Writing this is 
state-space form we have: 

 = +v Hv r&  (3) 

Where: 

Vibration response from a pedestrian with arbitrary ground reaction force spectrum
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 -1 -1 -1; ;
⎧ ⎫ ⎡ ⎤ ⎧ ⎫

= = =⎨ ⎬ ⎨ ⎬⎢ ⎥− −⎩ ⎭ ⎣ ⎦ ⎩ ⎭

x 0 I 0
v H r

x M K M C M F&
 (4) 

The general solution to (4) is [23,33]: 

 ( ) ( ) ( ) [ ] ( )0
0

exp exp exp
t

t t t dτ τ τ= + −∫v H v H H r  (5) 

For calculation, the time is divided into steps of length tΔ . 
The kth time step occurs at kt k t= Δ . Re-writing (5) for the 
time period between steps k and k+1, and introducing notation 
for the transition matrix ( ) [ ]expt t≡T H  gives: 

 ( ) ( ) ( ) ( ) ( )
1

1 1

k

k

t

k k k

t

t t t t dτ τ τ
+

+ += Δ + −∫v T v T r  (6) 

The second term on the right hand side is the particular 
integral and depends on the loading through the time step.  

2.3 Particular Solutions 

For a given loading function over the time step tΔ  the 
particular integral can be evaluated. Table 1 gives a summary 

of relevant results. Other evaluation methods of the particular 
integral exist, depending on the description of the loading 
function, such as: Gauss quadrature, Simpson integration, 
Romberg integration [30]; orthogonal polynomials [10]; and 
Fourier series [18].  

2.4 Modal PIM 

Equation (2) can be transformed into a set of uncoupled 
equations by coordinate transform from physical to natural (or 
modal) space [11]. Each mode is then described by an 
equivalent single degree of freedom equation 

 22i i i i i i iq q q Qξ ω ω+ + =&& &  (7) 

In which iq  is the ith modal coordinate, iξ  its damping ratio 
and iω  its natural frequency. For a continuous system, the 
effective modal force is given by: 

 i
i

i

F
Q

M
=  (8) 

where the modal mass and modal force are given by: 
 

Table 1. Summary of particular solutions relevant to PIM. 

Loading 
variation in 
( )1,k kt t +  

Equation for ( )tr  Particular solution: ( ) ( )
1

1

k

k

t

k

t

t dτ τ τ
+

+ −∫ T r  Ref. 

Constant 
 

0r  ( )1 1
0 0t− −− + ΔH r T H r  [33] 

Linear 
 

( )0 1 kt t+ −r r  ( )1 1 1 1
0 1 1 0 1t t− − − −⎡ ⎤ ⎡ ⎤− + + Δ + Δ +⎣ ⎦ ⎣ ⎦H r H r r T H r H r  [33] 

Sinusoidal 
 

1 2sin cost tΩ + Ωr r  ( ) ( ) ( )1p k p kt t t+ − Δv T v  

where: ( ) 1 2sin cosp t t t= Ω + Ωv v v ; and [ ]12 2
1 1 2

−
⎡ ⎤= +Ω − +Ω⎣ ⎦v H I Hr r ; 

[ ]12 2
2 1 2

−
⎡ ⎤= +Ω −Ω −⎣ ⎦v H I r Hr  

[18] 

Sinusoidal 
with phase 
 

( )
( )

1

2

sin

cos

t

t

φ

φ

Ω +

+ Ω +

r

r
 

( ) ( ) ( )1p k p kt t t+ − Δv T v  where: 

( ) ( ) ( )1 2sin cosp t t tφ φ= Ω + + Ω +v v v  
and 1v  and 2v  are as before. 

[2] 

Product 
Sinusoid 
(sin-cos) 
 

( )
( )

0 sin

cos

t

t

α φ

β ψ

+ ×

+

r
 

( ) ( ) ( )1p k p kt t t+ − Δv T v  where: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 2

1 2

sin cos

sin cos

p t t t

t t

+ + + + + +

− − − − − −

= Ω Ω +Φ + Ω Ω +Φ

+ Ω Ω +Φ + Ω Ω +Φ

v v v

v v
 

and: α β−Ω = − ; α β+Ω = + ; φ ψ−Φ = − ; φ ψ+Φ = +  

and where: 
12 2

1 0
1
2

−
⎡ ⎤= − +Ω⎣ ⎦v H I Hr ; 

12 2
2 02

−Ω ⎡ ⎤= − +Ω⎣ ⎦v H I r  

[2] 

Product 
Sinusoid 
(sin-sin) 
 

( )
( )

0 sin

sin

t

t

α φ

β ψ

+ ×

+

r
 

( ) ( ) ( )1p k p kt t t+ − Δv T v  where: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 2

1 2

sin cos

sin cos

p t t t

t t

− − − − − −

+ + + + + +

= Ω Ω +Φ + Ω Ω +Φ

− Ω Ω +Φ − Ω Ω +Φ

v v v

v v
 

and: 

( ) 12 2
1 02

−Ω ⎡ ⎤Ω = +Ω⎣ ⎦v H I r ; ( ) 12 2
2 0

1
2

−
⎡ ⎤Ω = − +Ω⎣ ⎦v H I Hr  

[2] 
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 ( ) ( )2

0

L

i iM m x x dxφ= ∫  (9) 

 ( ) ( )
0

,
L

i iF F x t x dxφ= ∫  (10) 

and ( )i xφ  is the mode shape. In the case of a moving varying 

point load ( )F t  with constant velocity, v, on a beam of length 
L, the modal force is: 

 ( ) ( ) ( ) ( ) ( )
0

L

i i iF F t x vt x dx F t vtδ φ φ= − =∫  (11) 

Writing (7) in first order form gives 

 ( )2

00 1
2

q q

Q tq qω ξω
⎧ ⎫⎧ ⎫ ⎡ ⎤ ⎧ ⎫

= +⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥− −⎩ ⎭ ⎣ ⎦ ⎩ ⎭ ⎩ ⎭

&

&& &
 (12) 

This is in the same form as (3) and the transition matrix (6) for 
this system is [23]: 

 ( ) ( ) ( )1 exp
d

t t tξω
ω

= −T A  (13) 

Where ( )tA  is given by: 

 ( ) 2

cos sin sin
sin cos sin

d d d d

d d d d

t t t
t

t t t

ω ω ξω ω ω
ω ω ω ω ξω ω

+⎡ ⎤
= ⎢ ⎥− −⎣ ⎦

A (14) 

and the damped natural frequency is 21dω ω ξ= − . Using 
(11), the particular solution in the case of a moving arbitrary 
load, ( )F t , is then given by: 

 ( ) ( ) ( )
0

1 t

d

t d dτ τ τ τ τ
ω

− =∫ ∫T r B  (15) 

Where, writing ( )d tφ ω τ≡ − :  

( ) ( ) ( ) ( )sin
exp

cos sin
i

d i

F t vt
t

M

φ φ
τ ξω τ

ω φ ξω φ
⎧ ⎫

= − −⎡ ⎤ ⎨ ⎬⎣ ⎦ −⎩ ⎭
B  (16) 

Table 2 gives a summary of the analytic solutions of (15) for 
various forms of arbitrary load. In the table, the determinant 
of the matrix 

12 2 −
⎡ ⎤+Ω⎣ ⎦H I  for (12) (see Table 1) is given by: 

 
( ) ( ) ( )22 2 2 2

1

2 1
γ

ξω ω
=

Ω − + Ω −
 (17) 

 

Table 2. Summary of particular solutions relevant to MPIM (see [2]). 

Modal load 
variation in 
( )1,k kt t +  

Equation for ( )Q τ  or ( )tr  
Particular modal solution: ( ) ( )

1

1

k

k

t

k

t

t dτ τ τ
+

+ −∫ T r   

Constant 
 

( ) 0Q Qτ =  

( ) ( )0
T

Qτ τ= ⎡ ⎤⎣ ⎦r  

1
0

2

Q
λ
λ
⎧ ⎫
⎨ ⎬
⎩ ⎭

 where: 

( )( )

( )( )

1

2
2

1 exp cos sin

1 exp sin

d d d d
d

d
d

t t t

t t

λ ω ξω ω ω ξω ω
ω ω

λ ξω ω ω
ω ω

2

2

= − − Δ Δ + Δ⎡ ⎤⎣ ⎦

⎡ ⎤= − Δ Δ⎣ ⎦

 

Linear 
 

( ) ( )kQ Q t dQτ τ= +  

( ) ( )0
T

Qτ τ= ⎡ ⎤⎣ ⎦r  

( )
( )

1 3

2 1

k

k

Q t dQ

Q t dQ

λ λ
λ λ
⎧ + ⎫⎪ ⎪
⎨ ⎬+⎪ ⎪⎩ ⎭

 with 1λ  and 2λ  as above and 

( )
( )( )

1

3 1

2 sin1
2 exp cos sin

d d

d d d d

t t

t t t

ξω ω ω
λ

ω ω ξω ξω ω ω ξω ω

−

2 −

⎡ ⎤Δ − − Δ +
⎢ ⎥=
⎢ ⎥− Δ Δ + Δ⎣ ⎦

 

Sinusoidal 
with phase 
 

( )
( )

1

2

sin

cos

t

t

φ

φ

Ω + +

Ω +

r

r
 

[ ] [ ]1 20 ; 0T T

S CQ Q= =r r  

As per PIM solution (Table 1) with 
1 2

1
3 4

C S

C S

Q Q

Q Q

λ λ
γ

λ λ
+⎧ ⎫

= ⎨ ⎬+⎩ ⎭
v  and 2 1

2
4 3

C S

C S

Q Q

Q Q

λ λ
γ

λ λ
−⎧ ⎫

= ⎨ ⎬−⎩ ⎭
v  where: 

( ) ( )2 2 2 2 2
1 2 3 42 ; ; ; 2λ ξω λ ω λ ω λ ξω= Ω = − Ω − = Ω Ω − = Ω  

Product 
Sinusoid (sin-
cos) 
 

( ) ( )0 sin cost tα φ β ψ+ +r  

[ ]0 00 T
Q=r  

As per PIM solution (Table 1) where:  

( ) 20
1

42
Q λγ

λ
⎧ ⎫

Ω = ⎨ ⎬
⎩ ⎭

v  and ( ) 10
2

32
Q λγ

λ
−⎧ ⎫

Ω = ⎨ ⎬−⎩ ⎭
v  and ; 1, , 4j jλ = K  are as 

above 
Product 
Sinusoid (sin-
sin) 

( ) ( )0 sin sint tα φ β ψ+ +r  

[ ]0 00 T
Q=r  

As per the last case with: ( ) 10
1

32
Q λγ

λ
⎧ ⎫

Ω = ⎨ ⎬
⎩ ⎭

v  and ( ) 20
2

42
Q λγ

λ
⎧ ⎫

Ω = ⎨ ⎬
⎩ ⎭

v  
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2.5 Application 

For a simply-supported bridge beam, the natural frequencies 
and mode shapes are given by: 

 
2

i

i EI

L m

πω ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (18) 

 ( ) sini

i x
x

L

πφ =  (19) 

From (9) the modal mass is 2mL  and from (8) and (11) the 
modal force is: 

 ( ) ( )2i
i i

i

F
Q F t vt

M mL
φ= =  (20) 

For a pedestrian forcing function described by n sinusoidal 
components, writing the amplitude of the jth force component 
as jη  and introducing: 

 2i j p

i v
jf

L

πα β π= =  (21) 

We find the modal force to be: 

 ( )
0

sin cos
n

i j i j j
j

Q t tη α β ϕ
=

= +∑  (22) 

The product sin-cos MPIM solution in Table 2 can then be 
used to solve for the modal response of (7). The physical mid-
span acceleration response for m modes is then: 

 ( ) ( )
1 1

, sin
2 2 2

m m

i i i
i i

L L i
u t q t q t

πφ
= =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∑ ∑&& && &&  (23) 

3 PEDESTRIAN PSEUDO-EXCITATION METHOD 

3.1 Basis 

The Pseudo Excitation Method (PEM) was introduced by Lin 
and others [15,20] and is explained in a number of 
publications [17,19,32]. It has several computational 
advantages over other methods and is ideally suited to systems 
with a large number of degrees of freedom with closely 
spaced frequencies, typical of real bridges. PIM and PEM 

have been used together as an accurate and efficient means of 
establishing stochastic response to stationary and non-
stationary loads [19]. 

3.2 Stationary Excitation 

Figure 1 illustrates the pseudo-excitation method. The 
response spectral density for a linear system is (Figure 1(a)): 

 ( ) ( ) ( ) ( ) ( ) ( )2*
YY Y Y XX Y XXS H H S H Sω ω ω ω ω ω= =  (24) 

For transfer function ( )yH ω . The response to a complex 

sinusoidal input ( ) ( )0 expx t F i tω=  is (Figure 1(b)): 

 ( ) ( ) ( ) ( ) ( )0 expy t H x t H F i tω ω ω= =  (25) 

Therefore, if the sinusoidal excitation is replaced by a pseudo 
excitation (Figure 1(c)): 

 ( ) ( ) ( ), expXXx t S i tω ω ω=%  (26) 

Then the pseudo complex response is: 

 ( ) ( ) ( ) ( ), expXXy t H S i tω ω ω ω=%  (27) 

Multiplying each side by its complex conjugate gives: 

 ( ) ( ) ( ) ( )2*, , XXy t y t H Sω ω ω ω=% %  (28) 

Therefore, by virtue of (24), we find the spectral density of the 
response to be given by (Figure 1(d)): 

 ( ) ( ) ( )*, ,YYS y t y tω ω ω= % %  (29) 

where the pseudo response (27) is got by analysing the 
structure when subjected to the pseudo excitation of (26). 
Thus, the spectral density of a structure’s response, ( )YYS ω , 

to an input spectral density, ( )XXS ω , can be obtained by 
subjecting it to a range of pseudo excitations (26) covering the 
range of frequencies of interest, establishing its pseudo 
response at each of those frequencies and then using (29). 

 

   

   

   

(b) 

(c) 

(a) 

 (d) 
 

Figure 1. Illustration of the pseudo-excitation method for a linear system subject to stationary excitation (after [16]): (a) input-
output spectral density relationship; (b) complex frequency input-output relationship; (c) pseudo excitation input and output, 

based on (b); (d) fundamental identity of pseudo-excitation method from (c) and (a). 
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3.3 Non-stationary excitation 

When considering random loads traversing bridges, the 
response is non-stationary [7,29]. PEM has recently been used 
to analyse these problems [21,22,31]. Considering only one 
response (e.g. midspan acceleration), ( )y t , the ‘force’ 
causing this response can be thought of as a modulated 
version of the random moving load [25]: 

 ( ) ( ) ( )f t g t x t=  (30) 

where ( )g t  is the uniformly modulating function. It is 

assumed that variations in ( )g t  occur at a lower frequency 

than the lowest of ( )x t . If the modulated force is replaced by 
a pseudo excitation: 

 ( ) ( ) ( ) ( ), expXXf t S g t i tω ω ω=%  (31) 

then the pseudo response is: 

 ( ) ( ) ( ), ,XXy t S I tω ω ω=%  (32) 

where the evolutionary frequency response ( ),I tω  is given in 

terms of the system impulse response function ( )h t  by [20]: 

 ( ) ( ) ( ) ( ), expI t h t g i dω τ τ ωτ τ
∞

−∞

= − −∫  (33) 

From (32), the evolutionary power spectral density (PSD) of 
the response, ( ),YYS tω , is found by multiplying each side by 
its complex conjugate [17,20]: 

 ( ) ( ) ( ) ( ) ( ) ( )* *, , , , ,XX YYy t y t S I t I t S tω ω ω ω ω ω= =% %  (34) 

For moving load problems, the modulation is implicit [7]. 
Thus, pass the pseudo-excitation ( ) ( ) ( )expXXx t S i tω ω=%  

across the beam to calculate the pseudo-response, ( ),y t ω% . 
Then, using (34), the non-stationary response can be found.  

3.4 Application of PEM 

The procedure to evaluate the non-stationary response due to 
intra- and inter-pedestrian variability using MPIM-PEM is 
illustrated in Figure 2 and described as follows: 
1. Establish the spectral density of the pedestrian forcing 

function. 
2. Divide the force spectrum into N frequency points of 

width fΔ . For broadband excitation 100N =  is reported 
to be satisfactory [17]. For the narrowband excitation 
studied here a dense discretization of 100 steps per unit 
frequency is used. 

3. For each of the 0, , 1j N= −K  frequencies:. 
• Determine the spectral density ( )XXS j fΔ ; 
• Apply the pseudo excitation 

( ) ( ) ( ), expXXx t j f S j f ij ftΔ = Δ Δ%  to the beam as a 
moving point load of constant velocity v. The real 
and imaginary parts of the pseudo excitation 

( R Ix x ix= +% % % ) are applied separately to obtain the real 
and imaginary pseudo responses, which are then 
combined to find the complex pseudo response 
( R Iy y iy= +% % % ). MPIM [2] is used to get the response 
at 0, , 1k M= −K  time or distance steps, though any 
suitable integration can be used. 

• The spectrum ( ),YY kS t j fΔ  of response when the 
load is at point k kx vt=  is found from (34). 

4. The mean-square of the response is found at each position 
of the load, k, or time, t, by integration of the response 
spectrum, for example: 

 ( ) ( )
1

2

0

,
N

YY k
j

E Y t S t j f f
−

=

⎡ ⎤ = Δ Δ⎣ ⎦ ∑  (35) 

This is repeated for all time steps. For a zero mean process, 
such as acceleration at mid-span, the mean square and 
variance are equal, and so the root-mean-square (RMS) or 
standard deviation is: 

 ( ) ( )2
Y t E Y tσ ⎡ ⎤= ⎣ ⎦  (36) 

This methodology relates to single pedestrian crossing events 
only where a constant velocity is assumed during the traverse. 
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Figure 2. Illustration of the algorithm for footbridge vibration 

response from an arbitrary footfall force spectrum. 
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4 APPLICATION 

4.1 Bridge 

As an example application, a simply-supported 50 m long 
beam with 500 kg/m linear mass is used [4]. It has natural 
frequency of 2.00 Hz and a damping ratio for all modes of 
0.5% is taken [9]. The pedestrian is considered to traverse the 
bridge at a constant velocity of 1.25 m/s with fundamental 
pacing frequency of 2 Hzpf = , matching the bridge as an 
example of a critical case. The pedestrian weight is taken to 
be 80 kg. A moving force model is used, and the structure 
response is found using the MPIM [2]. 

4.2 Pedestrian Spectral Models 

The DLFs of [1] are used as the basis for comparing the 
spectral models. The spectral densities are scaled so that all 
spectral models have the same energy as the assumed ideal 
walking model, namely 2 2iηΣ .  

4.2.1 Empircal Spectral Model (Emp-SM) 
Caprani [3] describes an adaptation of the spectral model of 
Brownjohn et al [1] so that discontinuities are removed, and 
there is no overlap  in the models for adjacent harmonics. The 
experimental data of Fig. 11 from [1] is fit with three 
weighted symmetrical Gaussian functions. Lagrange 
polynomial interpolation is used to approximate the low-
amplitude frequencies between each harmonic. The complete 
DLF model is given by: 

 ( ) ( )
2

3

,
1 1 ,

1exp
2

N
i

o i i j
i j i j

f B
f L f A

C
η η

= =

⎡ ⎤⎛ ⎞−⎢ ⎥= + − ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑∑  (37) 

Caprani [3] gives the parameters of this model. Figure 3 
shows the model and fit to the data of [1]. 

4.2.2 Zivanovic Spectral Model (Ziv-SM) 
Zivanovic et al [35] use treadmill tests to obtain DLFs from 
measured force histories. They use a function composed of 
three exponential functions and a normal distribution to model 
the measured DLF around the ith harmonic. In total, the 
resulting model contains 75 empirical parameters, but is found 
to well-represent real walking. The PSD obtained from this 
model is shown in Figure 4. 

4.2.3 Simple Spectral Model (Sim-SM) 
The simple spectral model proposed by Caprani [3] is: 

 ( ) ( )
2

1

; ,
2

n
i

XX i i
i

S f f
η

φ μ σ
=

= ∑  (38) 

where ( )fφ  is the normal probability density function with 
mean of the ith harmonic μi = ifp and the standard deviation 
found from an assumed coefficient of variation (CoV), 
μi = σi×CoV. Numerically, a discrete number of frequency 
intervals, N, are used of width Δf. The force spectrum from a 
single pedestrian, or a population of pedestrians, can be 
matched by calibrating the CoV [3]. For example, as will be 
seen in the next section, a CoV of 0.6% gives similar results 

to Ziv-SM [35] and a CoV of 1.0% gives similar results to 
Emp-SM [1]. 
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Figure 3. The Empirical Spectral Model, adapted from [1] 
assuming 2.0 Hzpf = : (a) data and fitted Gaussian curves 
and Lagrange polynomial interpolation; (b) the DLFs, and 
those of [1] for each harmonic; and (c) the resulting PSD. 
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Figure 4. The Zivanovic spectral model [35] for a single 

pedestrians mean DLF (a) and resulting spectral density (b) 
assuming 2.0 Hzpf = , per unit weight of the pedestrian. 
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Figure 5. Simple spectral model for 2.0 Hzpf = assuming 5% 
CoV showing: (a) idealized walking and normally-distributed 
discrete spectral densities of equal energy; (b) idealized and 

distributed discrete DLF spectrum, transformed from (a). 

4.3 Results 

Using the MPIM-PEM approach described above, the 
influence of the pedestrian walking variation on the vibration 
response is assessed using the Sim-SM. The results are shown 
in Figure 6. As may be expected, it can be seen that the RMS 
response reduces with increasing variability of the walking 
forces. Indeed this corresponds to increasing dispersion of the 
imparted energy across the frequency spectrum leading to 
reduced excitation of the bridge harmonics. For the problem 
specifications, ideal walking with no imperfection gives a 
peak RMS value of 0.95 m/s2. The level to which the RMS 
response reduces for a small variation away from ideal 
walking (e.g. CoV of 1-5%) may not have been expected, and 
may help explain differences between experimental and 
numerical results. 
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Figure 6. Vibration response using Sim-SM. 

Figure 7 shows a comparison between the three described 
spectral models and ideal walking Since Sim-SM is quite 
flexible, it suffices to show that it can yield similar results to 
Emp-SM and Ziv-SM for calibrated CoV. Again it is clear 
that the variability of the response depends on pedestrian 
variability. It is interesting that the considered spectral models 
from the literature [1,35] which were both developed from 
extensive treadmill testing of subjects do not yield the same 

results, but are reasonably in agreement. Interestingly the 1-
parameter Sim-SM can give quite close agreement to these far 
more complex models (with up to 75 parameters) and may 
find good application in technical guidance documents. 
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Figure 7. Comparison responses for ideal walking and the 

spectral models: (a) Ideal walking, Ziv-SM and Emp-SM; (b) 
Ziv-SM and Sim-SM with 0.6% coefficient of variation 

(CoV); (c) Emp-SM and Sim-SM with 1.0% CoV. 

5 SUMMARY AND CONCLUSIONS 

5.1 Summary 

This paper presents an efficient methodology for assessing the 
influence of pedestrian walking variability on footbridge 
vibration response. A modal precise integration method is 
presented which is accurate and efficient for the computation 
of pedestrian response. Closed-form solutions for several 
common loading variations are given, in particular those 
relevant to pedestrian footbridge excitation. The influence of 
imperfect walking on footbridge response can be efficiently 
assessed using the modal precise integration method together 
with the pseudo-excitation method. Vibration response due to 
ideal an imperfect walking is determined for a range of 
spectral models. The results show that small deviations from 
ideal walking reduce footbridge vibration significantly. 

5.2 Conclusions 

The modal precise integration method, coupled with the 
pseudo-excitation method is found to be an efficient and 
accurate framework for estimating footbridge response when 
subject to pedestrians with the natural variability of walking 
considered. The proposed methodology is far quicker and 
more accurate than using the Monte Carlo approach. 
Consideration of intra-pedestrian variability using the 
proposed simple spectral model is found to give close results 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1818 

to a more complex model based closely on measurements. 
Both methods are found to yield lower (and in some cases 
significantly so) responses than ideal walking and this may 
help to explain the observed differences in the literature 
between numerical models and experimental values. The 
simplicity of the simple spectral model could lend itself well 
to codified values for walking force spectra. This work should 
therefore find value in understanding the differences between 
observed and modelled responses, and should help to inform 
further numerical model development. 
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ABSTRACT: A new family of unconditionally stable integration methods for structural dynamics has been developed which 
possesses the favorable numerical dissipation properties that can be continuously controlled. In particular, it can have zero 
damping. This numerical damping is helpful to suppress or even eliminate the spurious participation of high frequency modes 
while the low frequency modes are almost unaffected. The most important improvement of this family method is that it involves 
no nonlinear iterations for each time step and thus it is very computationally efficient when compared to a general second-order 
accurate integration method, such as the constant average acceleration method. 

KEY WORDS: Non-iterative method; Explicit method; Unconditional stability; Time integration; Numerical dissipation. 

1 INTRODUCTION 
For an inertia-type problem, only the low frequency responses 
are of interest while the high frequency responses contribute 
insignificantly to the total responses. This type of problems is 
best suited to being solved by unconditionally stable methods 
since a relatively large time step might be adopted for time 
integration when compared to conditionally stable methods. In 
general, the product of the highest natural frequency of the 
system and time step should be smaller than a certain value 
for a conditionally stable method, for example, it should be 
less than 2 for the Newmark explicit method [1] for a linear 
elastic system. This restriction might entail using a time step 
much smaller than that required for accuracy consideration 
when only low frequency responses are of interest. Hence, an 
unconditionally stable method is generally preferred over a 
conditionally stable method for an inertia-type problem since 
it has no constraint on time step for stability consideration. On 
the other hand, it is well recognized that the computing cost of 
a single time step for an explicit method is much cheaper than 
for an implicit method since it involves no nonlinear 
iterations. Thus, some integration methods have been 
proposed [2-5] and seem promising for solving the inertia-
type problems since they can have unconditional stability and 
involve no nonlinear iterations. 

In addition to unconditional stability, it seems advantageous 
for an integration method to have numerical dissipation [6-10] 
to suppress any spurious growth of high frequency modes 
when only low frequency responses are of interest since the 
high frequency responses of the spatially discretized equations 
generally do not represent the real behavior of the original 
problem. It is natural to use viscous damping to filter out the 
higher modes. However, it has been shown by Hilber et al. [6] 
that the viscous damping is ineffective for this purpose when 
dealing with the high frequency modes of a linear elastic 
system. Many efforts have been made to develop the second-
order, dissipative integration methods that have much high 
frequency dissipation with little low frequency damping. As a 
result, some integration methods with favorable numerical 

dissipation have been proposed, such as, α−HHT  method [6], 
α−WBZ  method [7], generalized α−  method [8], −α function 

method [9] and −γ function method [10]. 
Although the α−HHT method, generalized α−  method and 

α−WBZ  method are unconditionally stable and have desired 
numerical dissipation, they are implicit and will involve an 
iterative procedure. On the other hand, the α − function and 
−γ function methods have numerical dissipation and involve 

no iterative procedure. However, they are only conditionally 
stable. Recently, some non-iterative, unconditionally stable 
integration methods have been proposed [2-5]. However, they 
possess no numerical dissipation. Thus, it seems promising for 
an integration method if it can have unconditional stability 
and desired numerical dissipation in addition to involving no 
nonlinear iterations. For this purpose, a family of integration 
methods with numerical dissipation has been proposed and is 
presented herein. Its numerical properties will be explored. In 
addition, numerical examples will be employed to confirm the 
numerical properties predicted by the basic analysis. Finally, 
the computational efficiency of the proposed family method is 
also assessed. 

2 NEW PROPOSED FAMILY METHOD 
In general, the proposed family method for a single degree of 
freedom system can be simply expressed as: 
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where m , c  and k  are the mass, viscous damping coefficient 
and stiffness, respectively; id , iv , ia  and if  are introduced 
to represent the nodal displacement, nodal velocity, nodal 
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acceleration and nodal external force at the i th−  time step, 
respectively. The coefficients 0β  to 3β  are found to be: 
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where 0 1 1β β+ =  is found; ξ  is a viscous damping ratio; and 

mk /00 =ω  is the natural frequency determined from the 

initial stiffness of 0k  and ( )0 0 tωΩ = Δ  is defined. Numerical 
properties are governed by the parameters α , β , γ  and σ . 
This proposed family method is referred as NDM for brevity 
since it is a family of non-iterative, dissipative methods. It is 
apparent that NDM is a two-step method since the data of the 
previous two time steps are needed in determining the next 
step displacement. Note that NDM reduces to the previously 
published family method [5] if 0α =  is taken. 

To avoid solving an eigenvalue problem, 0 02c mξω=  and 

( ) ( )22
0 0t k mΩ = Δ  are used to replace the expressions of 0Ωξ  

and 2
0Ω  in equation (2) [2-5]. As a result, it becomes 
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It is clear that the coefficients 0β  to 3β  are functions of initial 
structural properties and step size; and they remain unchanged 
for a whole step-by-step integration procedure. 

3 RECOMMENDED SUBFAMILY METHOD 
Although any combination of the parameters α , β  and γ  
can be a member of NDM, only the members with favorable 
numerical properties are of interest. Hence, it is needed to 
determine the members of NDM so that they have favorable 

numerical properties. For this purpose, the basic analysis of 
the NDM for a linear elastic system is conducted first. The 
evaluation details will not be elaborated here for brevity. As a 
result, the characteristic equation is found to be: 
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Using this characteristic equation, the local truncation error 
for NDM is found to be 
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This equation reveals that a minimum order of accuracy 1 can 
be achieved and thus the consistency of NDM is verified for 
any combinations of α , β , γ  and σ . In addition, an order 
of accuracy 2 can be obtained if 1 / 2α γ+ =  is satisfied for 
either 0ξ =  or 1 / 2γ = . 

In order to compete with the currently available integration 
methods, a second order accuracy is generally required. Hence, 
the restriction of 1 / 2α γ+ =  must be met in the subsequent 
derivations. Based on the Lax’s equivalence theorem, a finite-
difference approximation to an initial value problem that 
meets the consistency condition, stability is the necessary and 
sufficient condition for convergence. Hence, the parameters of 
α , β  and γ  are also constrained by stability consideration. 
For brevity, the stability conditions in the limiting cases of 

0Ω→  and Ω→∞  are used to find out the restrictions. Here, 
1σ =  is considered first since it will be shown later that it can 
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be used to extend an unconditional stability range if 1σ ≥  is 
adopted. In the limit 0Ω→ , the characteristic equation will 
reduce to ( )2 2 1 0λ λ λ− + =  and thus 1,2 1λ →  and 3 0λ → . 

On the other hand, in the limit Ω→∞ , it becomes 
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and its roots are found to be 
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To simplify the analysis of the principle eigenvalues, they are 
assumed to be identical and real roots. As a result, it leads to 
 

 ( )21
4
α

β
−

=  (9) 

 
After substituting equations (9) into (8), the eigenvalues of 
equation (8) are plotted in figure 1 as functions of α . It is 
manifested from this figure that NDM is stable in the limit 
Ω→∞  whenever 1 / 2 0α− ≤ ≤ . In addition, the decrease of 
α  below 1 / 3−  will increase the spectral radius. Hence, it is 
implied that the range of 1 / 3 0α− ≤ ≤  is of practical interest 
for a linear elastic system. 
 

 
Figure 1. Variations of eigenvalues with α  as Ω→∞ . 

 
As a summary, the following relationships are recommended 
for NDM for practical applications:  

 ( )211 10 , and
3 4 2

α
α β γ α

−
− ≤ ≤ = = −  (10) 

 
In general, this subfamily method, which is referred as SNDM 
subsequently, can have unconditional stability, a second order 
accuracy and favorable numerical dissipation.  

4 IMPROVING STABILITY PROPERTY 
In the previous section, it is well shown that SNDM can have 
unconditional stability, second order accuracy and favorable 
numerical dissipation for a linear elastic system. However, its 
applications to nonlinear systems still need further studies. To 
illustrate that SNDM may become conditionally stable for a 
nonlinear system and the stability amplification factor σ  can 
be used to overcome this difficulty, a parameter is introduced 
to monitor the stiffness change and is called the instantaneous 
degree of nonlinearity [3]. This parameter plays an important 
role in the evaluation of the numerical properties of NDM for 
a nonlinear system. In general, it is defined as the ratio of the 
stiffness at the end of the ( ) thi −+1  time step over the initial 
stiffness and is 1 1 0/i ik kδ + += . It is clear that 1 1iδ + =  means the 
instantaneous stiffness at the end of the ( ) thi −+1  time step 
equal to the initial stiffness. Whereas, a case of instantaneous 
stiffness hardening 1 1iδ + >  implies that the instantaneous 
stiffness is larger than the initial stiffness at the end of the 
( ) thi −+1  time step; and a case of instantaneous stiffness 
softening 10 1iδ +< <  implies that the instantaneous stiffness is 
less than the initial stiffness. 

After introducing 1iδ +  to monitor the stiffness change, the 
characteristic equation for NDM for a nonlinear system can be 
also expressed as equation (4) with the coefficients: 
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where 2 2

0i iδΩ = Ω  and 2 2
1 1 0i iδ+ +Ω = Ω .  

 

 
Figure 2. Variations of upper stability limit with 1iδ +  for 

0α = . 
 
To verify the effectiveness of the stability amplification 
factor, the variation of upper stability limit with 1iδ +  is 
displayed in Figures 2 and 3 for 0=α  and 3/1− , 
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respectively. In these figures, the curve, where part of it is 
absent, implies that its upper stability limit is infinite. In 
Figure 2, SNDM with 0=α  has unconditional stability in the 
range of σδ ≤+1i  while it becomes conditionally stable in the 
range of σδ >+1i  for the different viscous damping ratios of 

0=ξ , 0.1 and 0.2. The case of 1=σ  implies that the stability 
amplification factor is not applied to SNDM and thus its 
corresponding curves in Figure 2 imply that SNDM can have 
unconditional stability only if 1 1iδ + ≤  is satisfied. Whereas, 
for the cases of 2=σ  and 3, the unconditional stability range 
is effectively enlarged from 1 1iδ + ≤  to 1 2iδ + ≤  and 1 3iδ + ≤ , 
respectively. It is also found that the upper stability limit in 
the conditionally stable range decreases with increasing 1+iδ .  
 

 
Figure 3. Variations of upper stability limit with 1iδ +  for 

1 / 3α = − . 
 
A similar phenomenon is also found in Figure 3 for 3/1−=α . 
It is found that for 3/1−=α  the stability amplification factor 
extends the unconditional stability range to be slightly larger 
than that of σδ ≤+1i . Figures 2 and 3 confirm that the stability 
amplification factor σ  can alter the unconditional stability 
range from 11 ≤+iδ  to σδ ≤+1i . This indicates that a large 
value of σ  will result in a large unconditional stability range. 
However, it is very rare to experience that for a real structure 
its instantaneous stiffness is larger than twice of that of the 
initial stiffness, i.e., 1 2iδ + >  although the variation of stiffness 
is not known as a prior before the nonlinear dynamic analysis. 
Hence, the case of 21 ≤+iδ  is generally considered in this 
study for practical interest. 

5 NUMERICAL PROPERTIES 
The choices of the governing parameters of α , β , γ  and σ  
for NDM are recommended after an intensive study, where a 
linear elastic system is generally considered except the study 
of σ . Hence, it is needed to further examine its performance 
in the solution of a nonlinear system. The following basic 
analysis for a nonlinear system is essentially based on the 
classic Von Neuman assumption of a solution in exponential 
form and is performed only for the thi −+ )1(  time step but 
not for a whole step-by-step integration procedure. However, 
it still gives valuable information since a complete step-by-

step integration procedure consists of each time step. Many 
combinations of iδ  and 1+iδ  can be used to simulate a variety 
of nonlinear cases. However, for brevity but without losing 
generality, only the cases of 5.01 == +ii δδ , 1.0 and 2.0 are 
considered since iδ  is close to 1+iδ  for the consecutive time 
steps during the step-by-step integration procedure. Numerical 
properties of SNDM for a nonlinear system can be obtained 
based on the currently available evaluation techniques [3-5]. 
 

 
Figure 4. Variations of upper stability limit with 0/t TΔ  for 

different α and iδ . 
 

5.1 Relative period error  

Variations of relative period errors with 0/t TΔ  are shown in 
Figure 4 for both 1σ =  and 2. In general, the relative period 
error increases with the increase of 0/t TΔ  as 1iδ +  and α  are 
given. Period elongation is generally found for SPFM and its 
amount increases with decreasing α  for a given 1iδ +  while it 
decreases with increasing 1iδ +  for a specific α . Comparing 
figures 5a to 5b for each corresponding curve, it is found that 
the relative period error for 2σ =  is slightly larger than that 
of 1σ =  for a small 0/t TΔ . In fact, it can be shown by 
numerical experiments that the increase of σ  will lead to the 
increase of period distortion. Thus, although a large value of 
σ  can extend the unconditional stability range from 11 ≤+iδ  
to σδ ≤+1i , it leads to more significant period distortion. Both 
plots of figure 4 reveal that the relative period error is small in 
the range 0/ 0.05t TΔ ≤ . This implies that SNDM can give a 
reliable solution with comparable accuracy for a nonlinear 
system, if 0/ 0.05t TΔ ≤  is met for the modes of interest. 

5.2 Numerical dissipation 

Figure 5 shows the variation of numerical damping ratio with 
0/t TΔ  for both 1σ =  and 2. It is revealed by the two plots of 

figure 5 that there is no numerical dissipation for the case of 
0α =  for both 1σ =  and 2. Whereas, the numerical damping 

ratio increases with 0/t TΔ  for SNDM with 1 / 6α = −  and 
−1/3 as 11 ≤+iδ . In addition, it also increases with the decrease 
of σ  for a given 0/t TΔ  as 11 ≤+iδ . However, very different 
phenomena are found between 1σ =  and 2 for the case of 
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21 == +ii δδ . In Figure 5a, the curves for 0α = , −1/6 and 
−1/3 stop at their bifurcation points for 21 == +ii δδ  where the 
complex conjugate roots become real roots. Meanwhile, in 
Figure 5b, the curve for 0α =  has zero numerical damping, 
and the curves for 1 / 6α = −  and −1/3 still have favorable 
numerical dissipation. As a summary, a favorable numerical 
dissipation property can be obtained from SNDM with a value 
of 1≥σ  and the choice of 1 / 3 0α− ≤ <  if σδ ≤+1i  is met 
during the step-by-step integration procedure. 
 

 
Figure 5. Variations of numerical damping ratios with 0/t TΔ  

for different α and iδ . 
 

 
Figure 6. Variations of spectral radii with 0/t TΔ  for different 

α and iδ . 

5.3 Stability 

Variations of spectral radii with 0/TtΔ  for different α  and iδ  
are plotted in Figure 6. In Figure 6a, the spectral radius is, in 
general, less than or equal to 1 as 11 ≤= +ii δδ  and finally 
tends to a certain constant while it will become greater than 1 
after a certain value of 0/TtΔ  as 11 >= +ii δδ  and finally 
approach a certain constant. Whereas, in Figure 6b, the 
spectral radius is always less than or equal to 1 as 

21 ≤= +ii δδ . This is consistent with the analytical result that 
the application of the stability amplification factor σ  to 
SNDM can extend the unconditional stability range from 

11 ≤+iδ  to σδ ≤+1i . In general, each curve has a unit spectral 

radius for small 0/TtΔ  while it decreases gradually and finally 
tends to a certain constant. For given 1+= ii δδ  and 0/TtΔ , the 
spectral radius decreases with decreasing α . Whereas, for 
given 0/TtΔ  and α , it decreases with the increase of 

1+= ii δδ . 

5.4 Overshooting 

Overshooting is adverse to an integration method [11-12]. In 
order to evaluate the tendency of an integration method to 
overshoot the exact solution one can calculate the free 
vibration response of a single degree of freedom system for 
the current time step based on the previous step data. Since 
only convergent methods are of interest, there is no overshoot 
as 0iΩ → . The behavior as iΩ →∞  gives an indication of 
the behavior of the high frequency mode, where the values of 

/ it TΔ  are large for the high-frequency modes. Thus, the 
following equations can be obtained for the limiting condition 
of iΩ →∞ . 
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 (12) 

 
The first line of this equation reveals that there is s no 
overshoot in displacement for any member of NDM while it 
generally has a tendency to overshoot linearly in 0Ω  in the 
velocity equation due to the initial displacement term. 

6 IMPLEMENTATION 
To examine the actual performance of NDM in solving linear 
and nonlinear systems, it is implemented for a multiple degree 
of freedom system and can be expressed as:  
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where M , 0C  and K  are mass, viscous damping and 
stiffness matrices; id , iv , ia  and if  represent the nodal 
vectors of displacement, velocity, acceleration and external 
force, respectively; ( ) ( ) ( )2

0 01t tγ α βσ= + Δ + + ΔD M C K  
and 0K  is used to represent the initial stiffness matrix and the 
stiffness matrix K  in equation (13) is generally different from 
the initial tangent stiffness 0K  for a nonlinear system. 

The displacement vector can be computed by the second 
line of equation (13). Next, the velocity vector is obtained 
from the substitution of the first line into the third line of 
equation (13) and is found to be: 
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(15) 

 
Finally, the acceleration vector can be calculated by using the 
equations of motion. 

The use of the second line of equation (13) to obtain the 
displacement vector 1i+d  is numerically equivalent to solve 
the equation of: 
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 (16) 

 
This equation must be solved to yield 1i+d . In general, a direct 
elimination method can be used to solve equation (16) and it 
consists of a triangulation and a substitution. The triangulation 
of the matrix of D  is needed to be conducted only once since 
it is invariant for a whole step-by-step integration procedure. 
This triangulation consumes much more computational efforts 
than substitution. Since the triangulation is performed only 
once in the solution of a nonlinear system for a whole step-by-
step integration procedure, NDM will consume commensurate 
computational efforts per time step when compared to an 
explicit method, such as the Newmark explicit method 
(NEM).  
 

 
Figure 7. A 5-story shear-beam type building and its initial 

structural properties. 

7 NUMERICAL EXAMPLES 
Some numerical examples are examined for the confirmation 
of the numerical properties of SNDM. In these simulations, 

the numerical properties of accuracy, unconditional stability 
and numerical dissipation are addressed. The computational 
efficiency of SNDM is also examined in contrast to NEM and 
AAM (constant average acceleration method). For brevity, 
SNDM-1 and SNDM-2 represent the SNDM with 0α =  and 

1 / 3−  in addition to 1σ =  in the following numerical study. 
Meanwhile, SNDM-A and SNDM-B denote the SNDM with 

0α =  and 1 / 3−  in addition to 2σ = . 

7.1 Example 1  

In this examine a 5-story shear-beam type building is studied. 
The stiffness of each story consists of linear and nonlinear 
parts. The linear part is a constant stiffness and the nonlinear 
part is a function of the story drift. The explicit expression of 
the stiffness can be written in the following form: 
 

 ( )0 1k k p u= + Δ  (16) 

 
where 0k  is the initial stiffness at the start of the motion; p  is 
an arbitrary constant and uΔ  is a story drift. The building and 
its structural properties are shown in figure 7. To confirm the 
effectiveness of the numerical dissipation, two different initial 
conditions are considered. One consists of the pure first mode 
only, i.e., 1 1(0) φ=v , and the other consists of the first and 
fifth modes with equal weight, i.e., 2 1 2(0) φ φ= +v . In addition, 
two different p  values are specified so that the systems with 

11 <+iδ  and with 11 >+iδ  for each story can be simulated. The 
specified p  values for the two systems are given as below: 
 
 SYSA     0.2p = −  11 <+iδ  for each mode 
 SYSB      0.2p =  11 >+iδ  for each mode 

 
The free vibration response to 1(0)v  is calculated from the 
Newmark explicit method with 0.001tΔ = sec  and is denoted 
by NEM. On the other hand, the free vibration responses to 

2 (0)v  are computed by AAM and SNDM-1 and SNDM-2 for 
SYSA while for SYSB, SNDM-A and SNDM-B are used. In 
general, 0.01tΔ = sec  is used for all the computations. 
 

 
Figure 8. Free vibration responses of SYSA. 
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The displacement responses of the 1st and 5th stories for SYSA 
are shown in Figure 8 while those for SYSB are plotted in 
Figure 9. Only part of the displacement responses are shown 
in the bottom plot of the two figures in order to have a closer 
examination of using numerical damping to suppress the 5th 
modal response. The top plot of Figure 8 reveals that the four 
curves are coincided together. This can be explained by two 
considerations. The first is that there is no contribution from 
the 5th mode to the total response at the 1st story. Secondly, the 
time step of 0.01tΔ = sec  is small enough to very accurately 
integrate the 1st mode. It is manifested from the bottom plot of 
Figure 8 that SNDM-2 can effectively suppress the 5th high 
frequency mode after about 0.1sec . Whereas, both AAM and 
SNDM-1 has no numerical dissipation and thus the total 
response at the 5th story is contaminated by the distorted 5th 
modal response. It should be mentioned that significant period 
distortion is found in the response of the 5th mode either using 
AAM or SNDM-1. 
 

 
Figure 9. Free vibration responses of SYSB. 

 
Unlike the phenomena found in Figure 8, it is manifested from 
Figure 9 that instability occurs early in the responses obtained 
from SNDM-1 and SNDM-2 for SYSB. This is because that 
SYSB experiences the instantaneous stiffness hardening, i.e., 

11 >+iδ , for each mode; and SNDM-1 and SNDM-2 becomes 
conditionally stable as 11 >+iδ . Hence, an unstable solution is 
achieved if the upper stability limit is violated. On the other 
hand, SNDM-A and SNDM-B can still lead to stable 
solutions. In fact, very reliable responses are obtained for the 
1st story. The bottom plot of Figure 9 also reveals that SNDM-
B can effectively eliminate the 5th modal response while 
SNDM-A is unable to remove the high frequency mode. 
Consequently, it is important to note that the stability 
amplification factor of 2σ =  is not only to extend the 
stability range from 11 ≤+iδ  to 21 ≤+iδ  but also to preserve 
the desired numerical dissipation. 

7.2 Example 2 

A n -degree-of-freedom spring-mass system is designated for 
exploring the computational efficiency of NDM. The system 
and its structural properties are shown in figure 10. It is clear 
that the stiffness ik  of each spring increases after the system 

deforms due to the nonlinear term of 9
110 i iu u −− . Hence, 

the case of 1iδ >  is found for each mode in each time step. 
Three different n  values of 500, 1000 and 2000 are specified 
and thus the three systems with the degrees of freedom of 500, 
1000 and 2000 are simulated. The lowest natural frequency of 
the 500D system is 3.14 rad/sec  before it deforms. Similarly, 
it is found to be 1.57 and 0.785 rad/sec  for the 1000D and 
2000D systems, respectively. Meanwhile, the three systems 
have the same highest natural frequency and are found to be 
2000.0 rad/sec . In this study, NEM, AAM and SNDM-B are 
applied to calculate the displacement responses. All the three 
systems are excited by a sine load of ( )sin / 2t . 
 

 
Figure10. A n-degree-of-freedom spring-mass system. 

 
The displacement responses of the three systems are shown in 
Figure 11. Since the highest natural frequency is as large as 
2000.0 rad/sec  for the three systems a time step less than 

0.001tΔ = sec  must be chosen to satisfy stability for NEM. 
This is because that the upper stability limit for NEM is found 
to be ( )

0 2 /u

iδΩ ≤  [3] and thus 0.001 / it δΔ ≤ sec  must be 

met. On the other hand, the nonlinear term of 9
110 i iu u −−  is 

always positive and thus 1iδ >  is found for all the three 
systems. Numerical experiments reveal that 0.008tΔ = sec  is 
required to meet the upper stability limit for the 500D and 
1000D systems for NEM while a time step of 0.007tΔ = sec  
is needed for the 2000D system. Numerical solutions obtained 
from these time steps can be considered as “exact” solutions 
for the three systems since they are much smaller than that 
required by accuracy consideration. 

 

 
Figure 11. Displacement responses to three different 

spring-mass systems 
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Numerical results obtained from NEM with 0.0009tΔ =  sec  
for the 500D and 1000D systems blow up very early and a 
similar phenomenon is also found for 2000D system if using 
NEM with 0.0008tΔ = sec . Thus, 0.0008tΔ = sec for the 
500D and 1000D systems and 0.0007tΔ = sec  for the 2000D 
system, are the maximum time steps to yield reliable 
solutions. On the other hand, AAM and SNDM-B yield the 
numerical results with roughly the same accuracy by using 

0.05tΔ = , 0.10 and 0.15 sec corresponding to 500D, 1000D 
and 2000D systems. In addition, these time steps seem to be 
the largest time steps to yield reliable solutions for AAM and 
SNDM-B. It is recognized that it is inappropriate to use a 
conditionally stable method to solve a problem where high 
frequency modes contribute insignificantly to the total 
responses. However, it is illustrative to solve this problem by 
using NEM to emphasize the importance of the possibility of 
unconditional stability for NDM. 
 

Table 1. Comparison of CPU time. 

 
 

To evaluate the computational efficiency of NDM, the CPU 
time involved for each analysis is recorded and listed in Table 
1 for NEM, AAM and SNDM-B. The 4th column reveals that 
SNDM-B involves much less computational efforts when 
compared to both NEM and AAM. This is also manifested 
from the 5th and 6th columns. Clearly, the use of NEM to solve 
this type of problems is computationally inefficient since it 
costs a large CPU time for each analysis. This is because that 
the time step is limited by the upper stability limit and thus a 
very small time step is needed. This time step is much small 
than accuracy consideration. Although a relatively large time 
step can be applied for AAM based on accuracy consideration 
due to its unconditional stability, it still consumes a large CPU 
time as shown in the 3rd column. This is because it involves an 
iteration procedure for each time step. Two considerations can 
explain why SNDM-B can save many computational efforts. 
One is the unconditional stability in the range of 1 2iδ + ≤  and 
thus a relatively large time step can be employed and other is 
involving no nonlinear iterations. The last two columns of this 
table also reveal that the computational efficiency increases as 
the number of the degrees of freedom increases for SNDM-B 
in contrast to NEM and AAM. It is amazing to find that the 
CPU time consumed by SNDM-B is only about 0.3% of that 
consumed by AAM for the 2000D system. 

8 CONCLUSIONS 
A new family of integration methods has been proposed 
herein for structural dynamics. In general, it has unconditional 
stability and favorable numerical dissipation. The numerical 
damping properties can be continuously controlled and it is 
possible to achieve zero damping. In addition, this numerical 

damping can be used to suppress or even remove the spurious 
growth of high frequency responses while the low frequency 
modes can be very accurately integrated. In contrast to the 
currently available dissipative integration methods, the most 
important advantage of this family of integration methods is 
that it involves no nonlinear iterations for each time step and 
thus it can save many computationally efforts when compared 
to currently available dissipative integration methods. 
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1 INTRODUCTION 
Nonlinear response computation from finite element models 
requires significant computational resources.  Many times the 
majority of the model is linear and the nonlinearity comes 
from point discrete locations in the model where the linear 
components are interconnected with highly nonlinear 
connection elements such as bushings, bearings, isolation 
mounts, etc.   Nonlinear response analysis on these types of 
models can be challenging especially when the nonlinear 
connector is also affected by temperature, humidity, preload 
and other factors.  Often times the model cannot be run in a 
multitude of configurations due to time and cost 
considerations, and then only very selected few “assumed 
worst case” scenarios are evaluated.  Obviously any 
efficiency that can be made will assist in the design and 
analysis process for these typical applications involving 
components mounted together to form a system model. 

At times, reduced order models are used to characterize the 
system configuration.  These reduced order models can then 
be utilized in a nonlinear model to identify the response.  
However, while the system response at the reduced space may 
provide response characteristics, the description of the full 
space deformations may be needed for stress and strain 
calculations.  Expansion of the reduced order system response 
to the full space of the finite element model is therefore 
necessary. 

Although most of the work on model expansion has been 
for linear mode shapes, Chipman [1] demonstrated that real 
time operating data could also be expanded using the same 
transformation matrix, which allowed a better visualization of 
the response.  Pingle [2] further studied this work and 
demonstrated that linear displacement results from either a 
model or test could also be expanded and used for further 
post-processing such as strain. 

The work by Chipman [1] and Pingle [2] has been very 
useful for linear systems.  However, the extension to 

nonlinear system needs to be addressed.  Recent work by 
Thibault [3] and Marinone [4] involved the development of 
efficient techniques by treating the nonlinear elements as 
piecewise linear, which allows multiple linear models to be 
used depending on the state of the nonlinearity.  Figure 1 is a 
schematic overview of an efficient method to calculate 
response that compares both techniques; the Equivalent 
Reduced Model Technique (ERMT) uses highly accurate 
physical space reduced order models, while the Modal 
Modification Response Technique (MMRT) uses mode 
superposition in conjunction with structural dynamic 
modification (SDM). 

While both techniques were shown to be very efficient and 
accurate, the solution was again solved at the reduced ‘a’ 
degrees of freedom (ADOF).  Unlike the linear models which 
only have one transformation matrix, the nonlinear model 
requires reduced order components for each possible state, 
which requires multiple transformation matrices to be formed.   

This paper shows that even though the nonlinear solution 
may experience multiple system states, only one 
transformation matrix that spans the modes of interest for all 
states of the system is needed to expand the nonlinear 
response solution from ADOF to the full ‘n’ space degrees of 
freedom (NDOF).   

The work presented in this paper combines the expansion 
work on linear systems [5, 6] with the highly efficient reduced 
order nonlinear response approach [3, 4].  This work presents 
a methodology for computing nonlinear response very 
accurately and efficiently in reduced space followed by the 
expansion of the nonlinear response to the full space of the 
finite element model.  All of this is done using only the 
original unmodified, uncoupled component modes of the 
unassembled system.  First some of the underlying theory is 
reviewed followed by the results of two cases to illustrate the 
methodology and accuracy of the solution. 
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Peter Avitabile1, Julie Harvie1, Sergio Obando1 

1Structural Dynamics and Acoustic Systems Laboratory, Department of Mechanical Engineering,  
University of Massachusetts Lowell, Lowell, Massachusetts 01854 USA  

email: peter_avitabile@uml.edu, julie_harvie@student.uml.edu, sergio_obando@student.uml.edu 
 

 
 

ABSTRACT :  Nonlinear system level response requires significant computational resources, especially when the component
models are very large.  Often times the majority of the system and its components are linear but are connected with highly
nonlinear connection elements.  Several reduced order component models interconnected with highly nonlinear connection
elements have been studied, and very efficient models have been developed which substantially minimize the computational
effort required.  In addition to the reduced order model response prediction, a very efficient expansion process has been 
developed which only requires the use of the uncoupled component modes to facilitate the expansion process.  Both the 
reduction and expansion are presented in this paper with results from several test cases that have been used to validate the
approach. 

 
Keywords : Reduced Order Model ; Nonlinear Response ; Expansion of Nonlinear Response 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1828 

  N-space (FEA)

Guyan 
Reduction

Eigen solution
(UN & ΩN)

n-space

KM_AMI
(using Un & Ωn)

SEREP 
Reduction

Modal Modification 
Response Technique

Perform numerical 
integration for next Δtxa(t) pn(t)

Formulate model database(s) 
for all possible configurations

Transform to 
modal space

Determine force / ICs

Check for 
gaps/nonlinearity in 

physical space

Update physical 
database 

as appropriate

Update modal 
database 

as appropriate

Equivalent Reduced 
Model Technique

Reduce to a-space 
with SEREP

Expand to N-space

xN(t)

Post-process for full field 
stress/strain

Solve Dynamic 
Time Response
(full nonlinear 

solution)

Discretization

Loads & BCs

Nonlinear 
Element 

Modeling

TRADITIONAL 
APPROACH

EFFICIENT 
APPROACHES

Large 
comp. 
cost

Significantly 
reduced 

comp. cost

 
Figure 1. Overview Schematic of ERMT and MMRT 
and Expansion to Full Space Finite Element Model 

 

2 THEORY 
The theory related to the solution of this problem involves 
model reduction, model expansion, system modeling, 
structural dynamic modification and nonlinear response using 
linear components interconnected with nonlinear connection 
elements.  Each of these approaches is very briefly described 
with reference to other papers that cover the theory in more 
detail. 
 
Model Reduction and Model Expansion 

The most common techniques to relate the large ‘n’ space 
FEM to the very reduced ‘a’ space model are Guyan 
Condensation [7], Dynamic Condensation [8], Improved 
Reduced System (IRS) [9], System Equivalent Reduction 
Expansion Process (SEREP) [10], and Hybrid-Kammer [11].  
While any of these techniques could be used for model 
reduction, only SEREP is used within this study due to its 
unique properties to exactly preserve modal characteristics.  
SEREP has been presented in many papers and the most 
important relation is the mapping transformation between the 
full set of finite element DOF and the active set of DOF.   

The main concept behind model reduction and expansion 
involves the mapping between a large model containing 
NDOF and a reduced model containing a limited ADOF.  The 
general transformation between the full model and reduced 
DOF is given as 
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=  (1) 

 
where the full ‘n’ space model is made up of ‘a’ master DOF 
and ‘d’ deleted DOF.  The transformation matrix, [T], 
contains the appropriate mapping information to relate the full 
and reduced models.  The reduced mass and stiffness matrices 
can then be written as 
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The general SEREP transformation matrix is given by 

 
 [ ] [ ][ ]ganU UUT =  (3) 
 

The critical item to note is that because the transformation 
matrix is formed from the eigenvectors of the full system, the 
solution preserves those modes in the reduced model in an 
exact sense, which is not true of most model reduction 
methodologies. This exactness also implies that the expansion 
preserves the mode shape characteristics. 
 
System Modeling and Structural Dynamic Modification 

Several techniques have commonly been used in structural 
dynamic studies for generating system models from both 
analytical and experimental component model representations 
for a variety of applications.  The proposed approach utilizes 
system models to represent nonlinear contact and component 
interconnections as piecewise linear approximations at each 
time step throughout the forced nonlinear response solution; 
these techniques are covered in recent work [3, 4, 12] and are 
not detailed here. 

The development of system models from component mode 
information is well understood.  Basically, the component 
modes of each of the individual components must have 
sufficient modal information to be used for the development 
of the final system model modes.  The system model can be 
comprised of modal components or physical reduced 
components or a combination of both.  Previous work [3, 4, 
12, 13] has shown that these approaches provide essentially 
the same response results.  For the work presented here only 
the physical reduced order component approach (ERMT) is 
shown.   

The physical system assembly set of equations used to tie 
two components together with a general tie matrix (which can 
consist of several different tie arrangements) is given by 
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If there are an insufficient number of modes (i.e. truncated) 
then the final system modes will contain inaccuracies.  
Reference 14 contains background material supporting the 
development of system models and the effects of truncation.  
The proper set of modes to be used is best identified by the 
relationship forming the final system modes [U2] in linear 
combination of the original uncoupled component modes [U1] 
defined by 

 
 [ ] [ ][ ]1212 UUU =  (5) 

 
The [U12] is the heart of the development of the final modes 

from the original starting modes.  The [U12] identifies the 
mode contribution necessary in order to have a successful 
system model representation.  This is best illustrated by the 
schematic in Figure 2. 
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Figure 2 - [U12] matrix for final system mode shapes 

 
The mode contribution has also been expressed in an 

alternate form as 
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and is detailed in more depth in other recent work by Thibault 
[12] and others [3, 4, 13].  Details pertaining to the approach 
used for identifying key contributing modes in the reduced 
order models developed in this work are provided in [3, 4, 
12].  This is an important step to assure that the proper modes 
are included in the reduced order models used to develop the 
system models. 

The resulting mode contribution matrix is the key to 
identifying the necessary set of modal vectors to accurately 
obtain the final modified system modes.  This is similar to 
using the [U12] matrix that is computed in Structural Dynamic 
Modification (SDM) to identify the contributions of 
component modes in the assembled system modes.  The [U12] 
matrix contains the scaling coefficients needed to form the 
final modified set of modal vectors [U2] from the initial 
unmodified set of modal vectors [U1].  Figure 2 illustrates 
how the [U12] matrix is used in forming the final modified set 
of modes [U2], where ‘m’ modes of the [U12] matrix are used, 
and ‘n-m’ modes are excluded. 
 
Expansion of System Modes from Component Modes 

Expansion is generally used for providing full ‘n’ space mode 
shape information extracted from limited ‘a’ space 
information.  Recent work [6, 7] has shown that full ‘n’ space 
mode shape information for an assembled system model can 

be obtained using the expansion matrices for the uncoupled, 
unconnected, original component modes of each component.  
Details of the expansion process of component modes can be 
found in those references. A schematic of the overall process 
is shown in Figure 3.   

The component model modes are extracted from the full 
space component models (which are typically available in the 
design process) as shown in the upper portion of Figure 3.  
These component models are then reduced with the 
component transformation matrices and used to develop the 
reduced order system model from the reduced order 
component models as shown in the center portion of Figure 3.  
The individual, uncoupled component models are used to 
develop the transformation/expansion matrix shown on the 
left and right middle section of the figure; this 
transformation/expansion matrix already exists because it was 
used to reduce the components.  These expansion matrices are 
used to expand the reduced order system model modes to 
obtain the full space system model modes for the assembled 
system model shown at the bottom of the figure. 

This same approach can be applied to the time response for 
the assembled reduced model time response to obtain full 
field system ‘n’ space response.  This has been shown to 
produce accurate results for linear systems.  However, 
because the nonlinear response models are shown to be 
generated from linear combinations of an appropriate set of 
modes that span the space of all possible configurations [3, 4], 
then the expansion methodology for linear systems can be 
extended to these types of nonlinear systems.  This is the basis 
for the expansion methodology described in this paper. 

U
Component A Component B

TuA TuB

UnA = TuA UaA UnB = TuB UaB

[ ]UA

UB

=[ ]Un

UaA

UaB

Full Space Component Models

Reduced Order System Model 

Reduced Order System Modes

Expanded System Modes

Expansion 
Matrix

Expansion 
Matrix

 
Figure 3 - Overall Expansion Process Schematic 

 
Nonlinear Response 

Nonlinear response analysis is performed using either the 
ERMT or MMRT [3, 4, 12, 13] to produce the nonlinear 
response at the reduced order ADOF space of the system 
model representation.  The response proceeds using the 
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Newmark direct integration of the equations of motion and 
uses one configuration of system model modes until such time 
that the linear state of the system changes due to the change in 
one of the nonlinear connection elements.  Once a 
nonlinearity comes into play in the set of system matrices, 
then the appropriate modification to the original linear system 
model is made to address the nonlinearity.  The integration 
process then continues with the new linear state of the system 
and continues until some other nonlinear condition occurs.  
This process continues, considering all the different 
nonlinearities that may possibly exist, to obtain the entire 
solution. 

Once the reduced order system model response is obtained, 
then the expansion is performed to obtain the full space 
solution.  The transformation matrix used to perform the 
expansion must include all the different modes for each of the 
components that were necessary to form the nonlinear 
response.  This collection of modes that are defined from the 
mode contribution matrix to form the nonlinear response are 
the same set of modes that are needed for the expansion of the 
nonlinear response to the full space of the finite element 
model. 

3 EXAMPLE 
The nonlinear reduced order system model response analysis 
and expansion process is shown for two different analytical 
structures to demonstrate the usefulness and accuracy of the 
technique; the technique has also been used to compute 
characteristics other than displacement such as dynamic strain 
[15, 16] which is outside the scope of this paper. 

 
Example 1 

Due to the complexity of the nonlinearities introduced into 
actual structural systems, a representative structure was 
fabricated to demonstrate the proposed technique.  The 
laboratory structure is comprised of two cantilevered 
aluminum beams that are mounted to a common frame and 
base plate, as shown in Figure 4.  Beam A is shown in red and 
Beam B is shown in blue to distinguish the two components 
apart from one another. This structure was designed to be a 
simplified representation of a typical structural system that 
contains various contact and component interconnection 
features, such that the forced nonlinear response of the system 
would have similarities to real-world structures of interest. 

 

 
Figure 4. Laboratory Structure Representation 

 
Two planar beam element models were generated using 

MAT_SAP [17], which is a finite element modeling (FEM) 

program developed for MATLAB [18].  Beam A consists of 
72 elements with 73 nodes for 146 DOF; the beam is 
aluminum 18 inches long, 2 inches wide and 0.123 inches 
thick.  Beam B consists of 64 elements with 65 nodes for 130 
DOF; the beam is aluminum 16 inches long, 4 inches wide 
and 0.123 inches thick.  An eigensolution was then computed 
for the component models.  The beam bending frequencies for 
the first 10 modes of Component A span 3500 Hz, whereas 
the first 10 modes of Component B span 5700 Hz. 

The cantilevered beam component models developed were 
assembled into a common matrix space as a linear system and 
are shown in Figure 5.  Note that the FEM nodes for 3 inches 
of each beam are clamped for the cantilevered boundary 
condition; this condition was achieved analytically using 106 
pounds/inch translational springs and 106 pound-inch/radian 
rotational springs.  This was performed to simulate the 
boundary condition that exists on the actual test fixture shown 
in Figure 4, where the beams are clamped between a top plate 
and a base block.  Translational and rotational springs were 
used to allow for fine-tuning of the models in order to account 
for possible flexibility of the test fixture if this was a concern 
for the cases where test data is introduced. 

 

Beam A

Beam B

Full ‘n’ Space

 
Figure 5. Schematic of Full Space Linear Beam Models 

The full space linear component models were then reduced 
down to ‘a’ space using SEREP. SEREP reduction was 
performed for the case where the number of ADOF and 
modes retained in the reduced order models are equal.  The 
ADOF were selected to correspond with transducer locations 
on the actual test structure along with potential contact 
locations in order to formulate system models for possible 
contact configurations.  Arbitrary additional ADOF were 
retained to match the desired number of modes to be retained 
in the reduced model.  The full space and reduced space 
component models are shown in Figure 6, where the red 
points indicate the ADOF retained in the reduced order 
models and the black arrow denotes the force pulse input 
location.  The retained DOF and modes in the reduced 
component models are also listed in Figure 6.  Note that only 
translational DOF were retained in the reduced component 
models. 

An analytical force pulse was designed to be frequency 
band-limited, exciting modes up to 1000 Hz while minimally 
exciting higher order modes.  The force pulse was applied at 
the location denoted in Figure 6 for all analytical cases 
studied.  The force pulse input DOF was selected to avoid 
being located at the node of a mode, where minimal response 
of a particular mode could result. 
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F

Full ‘n’ Space

‘a’ Space

F

F

Beam A

Beam A

Beam B

Beam B

Reduced 
Model

# of 
DOF

Retained 
Modes Retained DOF

Beam A
'a ' Space 17 1-17

33,41,49,57,65,73,81,
89,97,101,105,113,121,

129,137,141,143

Beam B
'a ' Space 14 1-14

149,151,155,163,171,
179,187,191,195,203,

211,219,227,235

 
Figure 6. Full/Reduced Space Models with Retained Modes 

and DOF Information 

The Newmark direct integration method [19] was used to 
compute the system response to the input force pulse. The 
initial conditions defined at time t = 0 were zero initial 
displacement and zero initial velocity.  The time step (Δt) 
used was 0.0001 seconds.  Damping was also defined in the 
direct integration process; for the analytical models developed 
in this work, the modal damping ζ was assumed to be 1 % of 
critical damping for all component modes as well as for all 
system modes. 

Although many cases were studied [4], the case described 
here consists of Beam A coming into contact with Beam B in 
three different configurations at two possible contact 
locations.  The beams change configurations once a specified 
gap distance is closed between the beams (set at 0.05 inches 
for this case). Once the gap is closed, a contact can be 
approximated using a translational spring; hence a nonlinear 
spring element is used to simulate the complete gap-spring 
interface. Each system is a potential configuration of the two 
components depending on the relative displacements of the 
two beams, where no contact is also a possible configuration. 

The spring element used at the contact locations was a 1000 
lb/in translational spring and can be considered to be a 
relatively hard contact for the system studied in this work.  
The spring stiffness is applied to the full space physical model 
for each system configuration and an eigensolution is 
computed using the modified system mass and stiffness 
matrices.  The contact for configuration 1 occurs near the tip 
of Beam A and the respective location on Beam B.  The 
contact for configuration 2 occurs near the tip of Beam B and 
the respective location on Beam A.  The contact for 
configuration 3 occurs when both contacts for configurations 
1 and 2 are closed simultaneously.  A diagram of the 
configurations is shown in Figure 7 along with the first 10 
natural frequencies of the different system configurations and 
the unmodified components. The mode contribution matrices 

are used to identify the unmodified component modes that 
contribute in the modified system modes for system 
configurations 1, 2, and 3.  The mode contributions are 
computed using full space models such that modal truncation 
is not of concern.  For brevity these mode contribution 
matrices are not shown although they were used to identify 
the modes of importance for the response analysis. 

 
Full ‘n’ Space

SEREP REDUCTION

Reduced ‘a’ Space

Beam A

Beam B

Beam A

Beam B

Beam A

Beam B

Beam A

Beam B

Beam A

Beam B

Beam A

Beam B

Beam A

Beam B

Beam A

Beam B

Config. 1

Config. 2

Config. 3

Config. 1

Config. 2

Config. 3

Mode #

Frequency (Hz)

Unmodified 
Components

Modified System - Hard Contacts

Config. 1 Config. 2 Config. 3

1 A - 12.915 21.254 15.496 36.217

2 B - 22.625 67.744 69.517 113.686

3 A  - 84.119 127.044 119.785 228.570

4 B - 141.561 236.020 234.136 312.678

5 A - 252.339 338.309 325.850 339.402

6 B - 396.604 424.257 467.087 504.557

7 A - 519.587 532.039 527.491 532.406

8 B - 776.916 786.594 786.040 790.327

9 A - 806.163 809.246 828.779 833.736

10 A - 1256.551 1256.688 1257.170 1257.216  
Figure 7. Full/Reduced Space Models and Natural 

Frequencies for Two Beams with Multiple Contacts 
 
For this case, three potential modified system 

configurations exist, which results in three separate mode 
contribution matrices.  The ‘a’ space reduced model 
developed for this case retains 17 DOF and modes 1 to 17 of 
Beam A and 14 DOF and modes 1 to 14 of Beam B.  The 
models developed for this case are shown in Figure 7 for the 
full ‘n’ space and reduced ‘a’ space models. 

 
To confirm that the 31 DOF ‘a’ space models are sufficient 

for this case, the system response at DOF 141 is plotted in the 
time and frequency domain for the reduced model with 
comparison to the full space solution in Figure 8. 

The response shown is for one particular measurement 
location.  The good correlation is typical for all the other 
DOFs.  The solution obtained using the ‘a’ space model was 
then expanded to ‘n’ space using the linear transformation 
matrix developed from the uncoupled component modes.  
Figure 9 shows the MAC and TRAC plots over the first 0.2 
seconds calculated for all 276 DOF. The y-axis scale for the 
MAC and TRAC plots is 0.9-1.0 so that the slight differences 
between the full-space and reduced space solutions could be 
observed.  The 276 DOF ‘a’ space expanded model for the 
two beam system with multiple hard contacts produces very 
good results as well.  (NOTE: The MAC is a vector 
correlation tool used to check the deformation of the 
expanded data to the reference solution at each time step 
during the response whereas the TRAC is a vector correlation 
tool used to check the similarity of the expanded time 
response to the reference time response for every individual 
DOF; values approaching 1.0 indicate very good correlation.) 
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Figure 8. Comparison of 276 DOF ‘n’ and 31 DOF ‘a’ Space 

Models for Two Beams with Multiple  
Hard Contacts – DOF 141 Time Response  

and FFT of Time Response 

 
Figure 9. MAC and TRAC Comparisons Between 276 DOF 

‘n’ and 276 DOF ‘a’ expanded Space Models  
for Transient Portion of Time Response  

– Two Beams with Multiple Hard Contacts 

The results of the analysis were performed very efficiently 
where significant reduction in computation time was achieved 
without any loss in accuracy.  For the simple beam models 
here, the 276 DOF model was reduced to 31 DOF and the 

solution time of 88 sec was dramatically reduced to less than 
5 seconds.  If the model of the cantilever beam was developed 
for a more realistic structure comprised of a model with 
typical features included in the structure, then the finite 
element model would consist of several thousand DOF at 
least.  While the full system model description would be much 
larger, the same reduced order model would be appropriate 
for the accurate time response prediction of the nonlinear 
response.  The computational savings for this type of 
industrial model would certainly be many orders of magnitude 
reduced. 

The other key point of this case study is that the expansion 
to obtain the nonlinear time response was achieved using the 
modes of the originally uncoupled component beam models. 
Even though the linear mode shapes used in expanding the 
time responses were not identical to the mode shapes used 
when the configuration was in a different linear state, a 
separate expansion matrix for each nonlinear perturbation was 
not required. Because a sufficient number of modes have been 
used to span the space of the analytical model and all 
perturbed nonlinear variations of the model, the expansion 
does not distort the data and allows for very accurate 
expansion for all perturbed configurations of the two beam 
system.  As a result, the highly accurate expanded time 
solution was obtained very efficiently. 

Example 2 

A finite element model was generated using Abaqus/CAE.  
The two-beam system, as illustrated in Figure 10, was 
generated to imitate a large, complicated model to accurately 
demonstrate the principles at hand while maintaining a 
feasible model size on which reference calculations are 
performed; note that the diagram shown in Figure 10 is not to 
scale. The main beam, Beam B, is 140 inches in length and 
joined to the smaller Beam A, 50 inches in length, using 106 
lb/in translation springs; the main beam is grounded using 103 
lb/in translation springs.  

 

140 in

80 in

10e3 lb/in 10e3 lb/in

10e6 lb/in 10e6 lb/in

50 in

Beam A

Beam B

F

 
Figure 10. Physical Representation of Two-Beam System 

 
The full space model contains nodes with 0.2 inch spacing 

on each beam; therefore there are 251 nodes on Beam A and 
701 nodes on Beam B.  Each node contains a shear DOF and 
a rotational DOF to capture planar beam bending only.  
Details on the properties of the structure can be found in 
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Table 1; note that the modeling properties are only applicable 
for the large N-space model. 

 
Table 1. Geometric, Modeling, and  

Material Properties of Two-Beam System 
 

Property Beam A Beam B

Beam width (in) 2 2

Beam height (in) 1 1

Length (in) 50 140

# of elements 250 700

# of nodes 251 701

# of DOF 502 1402

Node Spacing (in) 0.2 0.2

Material Aluminum Aluminum

Density (lb/in3) 2.538e-4 2.538e-4

Young’s Modulus (psi) 10e6 10e6
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To introduce discrete nonlinearities to the system, a gap-
spring interface was used to simulate a contact; the stiffness 
of the spring contact is either set to a predefined stiffness 
value when the specified gap distance is closed, or set to zero 
when the specified gap distance is open.   The nonlinear cases 
have two contact locations between the beams, as shown in 
Figure 11; these contact locations were chosen so that both 
contact springs could engage during the response.  The initial 
gap distance was set to 0.003 inches for the nonlinear cases; 
once again this value was chosen merely so that both contact 
springs would engage during the response.  The three possible 
configurations that the beams can encounter with the springs 
engaged are also shown in Figure 11.  An eigensolution was 
performed on the model to determine natural frequencies and 
mode shapes for the original system and with the possible 
spring attachments.  

A frequency band-limited analytical force pulse was 
utilized to excite a frequency range of roughly 400 Hz.  Such 
a force pulse is used to demonstrate the technique; this allows 
for minimal excitation of higher modes and controls the 
number of modes that substantially participate in the system 
response due to the impulse.  The force was applied at the 
left-most node of Beam B, and the force was applied 
perpendicular to the beam to excite modes along the weak 
axis; this approximation was made to demonstrate the 
principles at hand and could be extended to different forcing 
functions and locations. 

 
 

12 in 20 in 18 in

Configuration 2

Configuration 3

Configuration 1

Original State

 
Figure 11. Contact Locations/Configurations for Nonlinear 

Cases 
 
The large ‘N’ space model was reduced from 1904 modes 

and DOF to an ‘n’ space model with 194 modes and DOF by 
retaining every 10th node from the full space model.  A 
comparison of model sizes for this reduction is shown in 
Figure 12.  All nodes in both models contain both shear and 
rotary DOF.  This reduction was performed to produce a more 
reasonable sized model.  The ‘n’ space model was reduced 
further for use with ERMT to a 24 ADOF reduced order 
model.  Details on the levels of modeling are shown in Figure 
12 including the specific DOF and modes that remain active 
in each model. The ‘a’ space model includes modes of the 
original system up to approximately 1300 Hz.  The mode 
contribution matrices were calculated at full space for the 
modified system in all configurations.  The force pulse excites 
roughly 13 modes of the system in all configurations.  The 
mode contribution matrices shows that 24 modes of the 
original system are required to accurately represent the first 
13 modes of the system in the different configurations; 
therefore the ‘a’ space model contains enough modal 
information to span the space of the problem for all 
configurations encountered.  Direct integration of the 
equations of motion was performed using Newmark time 
integration to compute the time response for all cases.  The 
damping of the system was approximated using one percent 
of critical damping for all modes.   

The nonlinear response was computed using the ERMT to 
provide an accurate reduced order response.  Expansion was 
performed to obtain the full space nonlinear response.  The 
full space displacements were determined using both a full 
space solution and the proposed efficient technique.  The 
displacement results for the full and predicted displacement 
are shown in the time and frequency domains in Figure 13.  
The comparison of displacement overlays nearly perfectly 
compared to the reference solution.  Other models with fewer 
modes were also investigated (not shown in this paper) but 
lacked the level of accuracy due to the obvious truncation of 
necessary modes; only the 24 mode model, with sufficient 
number of modes, and accurate solution, is shown. 
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Model # of DOF Modes Active DOF

N-space 952 1-1904 1-1904
n-space 194 1-194 1-2, 21-22, 41-42, ….1903-1904

a-space 24 1-24
1,101,201,301,401,501,601,701,801,
861,921,1021,1121,1301,1341,1401,

1403,1463,1523,1623,1723,1803,1903
 

a-space
• 24 nodes (shear, variable spacing, max 10”) 
• 24 DOF
• 24 modes

n-space
• 97 nodes (shear & rotary, with 2” spacing) 
• 24 DOF
• 24 modes

 
Figure 12. Model Sizes for Reduced Order Models 

 
Comparisons of the computation time and accuracy for this 

case again show significant time reductions in the 
computation.  The full space 1904 DOF model ran for more 
than 0.2 hours whereas the efficient reduced order 24 DOF 
model ran in less than 0.3 seconds with very accurate full 
space prediction with MAC = 0.9998 and TRAC = 0.9999.  
This clearly shows that the proposed technique provides very 
accurate reduced order model predictions for the nonlinear 
response calculation. 
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Figure 13. Time Response and Corresponding FFT on Beam 

A for Hard Contact Case with More Modes 
 

4 CONCLUSIONS 
This paper demonstrates the usefulness and efficiency of the 
proposed nonlinear response of highly reduced order system 
models followed by the accurate expansion of the nonlinear 
response to the full space of the finite element mode.  

The proposed approach involves using highly reduced order 
models to solve the piecewise linear response of systems with 
discrete nonlinear elements rather than utilizing a nonlinear 
solution scheme on a large finite element model.  This 
approach was shown to have very accurate results compared 
to the traditional full space solution.   

In order to calculate accurate displacements, the sufficient 
set of modes of the system in all perturbed combinations is 
imperative.  This is easily determined by utilizing the mode 
contribution matrix to determine these sufficient sets of 
modes.  If not enough modes are included then the truncation 
will affect the results as expected.  Over-specification of the 
number of modes used to define the component characteristics 
does not cause any distortion or smearing of the results. 

This approach offers significant computational benefits that 
allow many different combinations to be studied without 
sacrificing accuracy in the solution.  Extensions of this 
approach to study the dynamic strain are very easy to 
implement.  Future work is underway to show this technique 
applied to identify nonlinear dynamic strain obtained from 
reduced order models expanded to full space utilizing the 
technique described. 
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ABSTRACT: In this paper, two alternative strategies to update finite element models of multi-axis machine tools are analyzed. 
The aim is to obtain improved numerical models that simulate adequately the dynamic behavior of the machine tool over a wide 
range of operating conditions. First, one- and multiple-configuration strategies are defined according to the number of spatial 
configurations of the selected machine tool. Then, using experimental modal data and iterative updating techniques, both 
strategies are tested on a three-axis machining center. Results show that, whatever the strategy selected, relative differences 
between numerical and experimental natural frequencies are decreased considerably after model updating. Nevertheless, one-
configuration strategy provides much better results in the configuration selected as reference than in the other, while multiple-
configuration strategy leads to attractive results for any spatial configuration. Thus, machine tool designers have at their disposal 
two possible strategies, so that depending on the characteristics of the machine tool and machining processes, may choose the 
most convenient. In addition, it is shown that multiple-configuration strategy enables to generate efficient finite element models 
for multi-axis machine tools using experimental data from a few specifically selected spatial configurations. As a result, the 
improved models will facilitate to establish reliable valuations about the necessity of performing design modifications, and will 
be the basis to accurately obtain the stability ranges of the machine and consequently diminish chatter vibrations. 

KEY WORDS: Updating strategies; Multi-axis machine tools; Finite element method; Experimental modal analysis. 

1 INTRODUCTION 
Today, machine tool manufacturers devote strong efforts to 
improve the dynamic behavior of machine tools under 
different operating conditions and subsequently to ensure the 
accuracy of the finished workpieces [1,2]. This is a complex 
task because machine tools are made up of components or 
substructures connected by guidance systems and drives that 
allow the relative movement between components, so natural 
frequencies and mode shapes are changed when different 
machine configurations are defined. 

In the engineering field, and especially concerning on 
machine tools, it is of great interest to have efficient and 
flexible design methodologies, like the finite element method 
(FEM), to guarantee accurate predictions of the real behavior 
of the machines. However, there are still some drawbacks that 
limit the quality and reliability of the results achieved by this 
method, mainly related to physical uncertainties in material 
properties and loads, and numerical uncertainties in the 
modeling and meshing processes. 

Another important tool to study the dynamic characteristics 
of a mechanical system is experimental modal analysis 
(EMA). Using this technique it is possible to obtain 
information about the natural frequencies with an error lower 
than 1 %, and the corresponding mode shapes and modal 
damping factors. In addition, the last ones can be obtained 
only experimentally [3,4]. 

The advantages of EMA make it interesting to validate and 
improve FE models, so the adapted models may simulate 
more adequately the dynamic behavior of mechanical 
systems, such as machine tools. Updating techniques [5,6] are 
the most appropriate for achieving this objective, because 

using them it is possible to modify the finite element model so 
that its dynamic characteristics resemble those obtained 
experimentally in the frequency range of interest. 
Garitaonandia et al. [7,8], Bais et al. [9] and Houming et al. 
[10] have successfully applied these techniques to machine 
tools. 

The purpose of this work is to analyze different strategies to 
improve finite element models of multi-axis machine tools 
using iterative updating techniques. First, one-configuration 
strategy has been studied; in this option, the improvement is 
developed over one configuration and updated parameters are 
directly used for any other configuration. Second option is 
multiple-configuration strategy, where experimental and 
numerical data coming from several configurations are used 
altogether to update parameters of the FE model. 

The final aim of this study is to provide elements of 
judgment that allow to the designer the selection of the 
adequate strategy, depending on the characteristics of the 
machine tool and machining processes, and eventually obtain 
an improved finite element model that simulates the dynamic 
response of the machine tool over a wide range of working 
configurations. The ultimate goal would be to optimize the 
design to eliminate stability problems under variable operating 
conditions and avoid the pernicious effects of chatter 
vibrations. 

2 UPDATING STRATEGIES TO IMPROVE A FINITE 
ELEMENT MODEL OF A MACHINE TOOL 

2.1 Survey of the updating process 

In this work, the starting point is that there will be two models 
for each machine tool configuration: numerical (finite 
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element) and experimental, which provide different modal 
analysis results. Updating techniques may be used to take 
advantages of both models and can be classified into two 
major groups: 
• Direct methods [11,12], where the individual terms of the 

system FE matrices K and M are directly adjusted and 
consequently any physical meaning is lost, and  

• Iterative methods [13,14], where changes are made on 
specific properties of the finite element model, as mass 
density, modulus of elasticity, etc., providing more 
flexibility, physical meaning and interpretability. These 
methods are developed into two different phases: 1) error 
localization and subsequent parameter selection, and 2) 
error correction by minimizing an objective function. 

Regardless of the selected method, first task must be to assess 
the degree of correspondence between FE and experimental 
models, because it is necessary that both models show a 
considerable degree of correlation, in order to develop the 
updating procedure successfully. 

First, geometrical correlation is developed to match the 
different coordinate and unit systems used in the models, and 
then, mode shape correlation is performed to establish a 
reliable pairing between numerical and experimental modes, 
usually by means of the Modal Assurance Criterion (MAC) 
[15]. 

Anyway, it is important to emphasize that FE model 
updating is heavily dependent on the quality of test data [16]. 
Therefore, special attention must be paid to carry out 
experimental modal analysis in the machine tool adequately, 
in order to minimize errors during execution. 

2.2 Error localization and parameter selection 

This is the first phase of the updating process and its aim is to 
select those physical parameters of the FE model which have 
been modeled incorrectly or whose values show significant 
uncertainties. Different error localization techniques may help 
in this matter [17,18]. In this work, sensitivity analysis has 
been used to find out which parameters cause main changes in 
the selected responses (natural frequencies and MAC values). 

In the finite element method, a sensitivity analysis provides 
a sensitivity matrix S, whose terms show how a particular 
response quantity Y changes with respect to a variation of a 
model parameter P. If there are a set of parameters n, their 
influence on a set of responses m can be expressed in matrix 
form as 

 PSY ΔΔ ⋅=  (1) 

where 

 jiij P/Ys δδ=  (2) 

Due to its lower computational cost, it is convenient to 
determine sij using an analytical approach based on the 
differentiation of the structural undamped eigenvalue equation 
[19]. Hence, sensitivity expressions for natural frequencies 
and MAC are as follows: 
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But, in finite element models, it is common that there are 
significant differences between the magnitudes of the 
parameters which are in the denominator of (2). For instance, 
in cast iron – one of the main materials of the machining 
center analyzed here – modulus of elasticity and mass density 
are 175 GPa and 7100 kg/m3 respectively. Hence, the values 
of the sensitivity coefficients sij will be different by several 
orders of magnitude and erroneous conclusions when 
analyzing S matrix could be extracted. Therefore, it is 
appropriate to use normalized sensitivities instead, defined as 

 ( ) j
j

i
normij P

P

Y
s ⋅=

δ
δ

 (5) 

Higher sensitivity values in (5) would show parameters whose 
influence on responses is high, and some of them could be 
modeled incorrectly. So, at this moment, engineering 
judgment plays an important role to establish a first selection 
of parameters. 

2.3 Iterative updating 

In this step, the previously selected parameters of the FE 
model will be modified to adjust experimental and numerical 
responses. An iterative updating procedure based on 
sensitivity analysis has been used to estimate the optimal 
parameter changes ΔPopt that minimize differences between 
FEM and EMA frequencies and bring MAC values to 100 % 
[3]. 

Recalling (1), when applying ΔP to the initial FE model, 
vector of responses YFEM will be modified as 

 PSYYYY FEMFEMMFEM ΔΔ ⋅+=+=  (6) 

The objective would be to obtain an ideal vector of parameter 
changes, ΔPideal, so 

 EMAexactFEMidealFEMMFEM YYYPSYY =+=⋅+= ΔΔ (7) 
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But, in general, it will be impossible to achieve the exact 
change of the model responses, ΔYexact. Instead, an optimal 
vector ΔYopt will be obtained as 

 EPSEYY optoptexact +⋅=+= ΔΔΔ  (8) 

And rearranging (7) and (8) leads to 

 ( ) optFEMEMA PSYYE Δ⋅−−=  (9) 

Applying a least-squares criterion [20], an optimal solution 
ΔPopt would be obtained minimizing the sum of the squared 
terms of vector E. 

But, if different types of responses are selected, for 
example, natural frequencies and MAC values, sensitivity 
levels will be quite different between finite element model 
parameters, as explained in paragraph 2.2, and matrix S might 
be ill-conditioned. 

Therefore, it is highly recommended to use relative 
responses differences and relative parameters instead of 
absolute ones, and normalized sensitivities as well. Moreover, 
it is possible to apply weighting coefficients w to parameter 
and response values, expressing the degree of confidence on 
these terms. For instance, values of natural frequencies are 
more reliable than MAC ones, which involve mode shapes. 

So, any component of the error vector E would be 
expressed as 
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or, in matrix form 

 { }opt
w

rel
w

rel
PY PBYE ΔΔ ⋅−=  (11) 

In addition, as vector of response differences contains large 
values and Taylor’s expression in (1) is truncated after the 
first term, it is advisable to impose upper and lower bounds to 
parameter changes. Hence, in order to achieve the desired 
changes, it will be necessary to develop several iterations. 

2.4 Updating strategies 

At this point, two updating strategies can be selected to 
improve the FE model. The first one, simplest and classical, is 
based on one configuration, so that an experimental modal 
analysis over that configuration is considered; then, physical 
parameters of the FE model are updated and finally used for 
other configurations of the machine. In this case matrix B in 
(11) is derived from matrix S of the configuration selected for 
the strategy (Figure 1). 
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Figure 1. Flowchart of one-configuration strategy. 

But, if several experimental modal analyses are available, 
related to different configurations of the machine tool, it 
would be possible to update physical parameters of the FE 
model for all configurations simultaneously (Figure 2). 

So, extending expression (1) to take into account multiple 
configurations, z 
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The previous expression shows z parameter vectors, one for 
each configuration. But, in this case, the differences between 
FE models are only due to the changing position of the main 
components. Therefore, it is possible to establish a unique set 
of parameters for the complete set of configurations, and 
hence, expression (12) is now 
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which is the base expression for iterative updating (1), but 
taking into account all the configurations. This technique is 
known as multi-model updating and has been used by 
Lauwagie [21] to identify the elastic properties of layered 
materials.  
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Figure 2. Flowchart of multiple-configuration strategy (two 

configurations). 

3 MULTI-AXIS MACHINE TOOL: MODELING 
DETAILS AND UPDATING 

In this section, the dynamic characteristics of the DANOBAT 
SISTEMAS DS630 machining center are presented. This 
three-axis machine tool is made up of four main components –

bed frame, column, framework and ram – connected by roller 
type linear guideways and driven by ball-screws and linear 
motors. These components can move along X (longitudinal), 
Y (vertical) and Z (transverse) axes for 1000, 800 and 630 
mm, respectively. 

First, a finite element model of the machine has been 
defined. This model, which consists of 12795 nodes and 
14980 elements is displayed in figure 3. Mainly shell and 
solid elements have been used in the modeling procedure. 

Special attention has been paid to the modeling of the 
connections between components. Linear guideways have 
been modeled using spring elements, assigning high stiffness 
values in two directions, perpendicular and transverse to the 
direction of movement, based on stiffness curves provided by 
the guideway supplier, and very low stiffness values along 
directions where the movement is developed. A similar 
modeling has been followed for ball-screws, although in this 
case high stiffness values have only been established in the 
direction of movement [22]. 

Connections to the foundation have been modeled using 
also spring elements, and motors and the milling head as 
lumped masses. This initial configuration – Figure 3- has been 
named RCC (column Right, framework Centered and ram 
Centered). 

ram &
framework

bed  frame

ram

Z

Y

615

 
Figure 3. FE model of the machine tool (RCC configuration). 

A second finite element model of the machine tool has been 
defined centering the column on the bed frame by sliding it 
along the X axis, and moving forward the ram along Z axis. 
This configuration has been named CCF (Figure 4). 

column

765.25

 
Figure 4. FE model of the machine tool (CCF configuration). 

Eigenvalues and eigenvectors have been calculated from the 
assembled mass and stiffness matrices of both numerical 
models. According to several tests developed under chatter 
conditions [23], the frequency range of interest has been 
defined as 10 Hz to 150 Hz. Then, experimental modal 
analyses of the machine tool in RCC and CCF in situ 
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configurations have been carried out. Table 1 shows paired 
numerical and experimental frequencies and corresponding 
MAC values for both models [24]. 

Table 1. Numerical and experimental frequencies. 

FEM 
(RCC) 

EMA 
(RCC) MAC FEM 

(CCF) 
EMA 
(CCF) MAC 

35.75 33.83 91.2 35.78 34.68 97.3 
82.96 69.54 57.4 53.19 52.93 77.1 
92.15 84.66 77.5 75.70 56.95 80.8 
139.61 107.15 70.1 81.77 68.70 74.0 
177.80 145.38 92.1 127.30 109.44 62.4 

   182.52 152.05 85.6 
 

Looking into RCC configuration, it can be seen that there are 
two high MAC values (91.2 and 92.1) which express a great 
degree of correspondence, two intermediate values (77.5 and 
70.1) and a lower one of 57.4, which show less confidence. 
Nevertheless, the last paired ones have been selected due to 
their great influence on the frequency response function [23]. 

On the other hand, in CCF configuration there is a very high 
value (97.3) and a lower value (62.4), whereas the remaining 
are quite adequate. So, it may be considered that correlation 
results are satisfactory, and will serve as a basis for an 
updating phase. 

Then, the selection of updating parameters has been done. 
In this type of machine tools, the main uncertainties in the FE 
model are concentrated on the stiffness values of the 
connection and driving elements among main components of 
the machine tool (Figure 5), on the inertia contribution of the 
moving concentrated masses (motors and milling head), on 
the material properties of the cast iron components, and on the 
stiffness values assigned to the connection elements to the 
machine foundation. Table 2 shows the selected parameters 
and their initial values according to the manufacturer. 

 

 
Figure 5. Guideway between column and bed frame: FE 

model and photograph. 

Table 2. Parameters selected for updating. 

Connection or 
component 

Parameters Values Numbering 
(Figure 6) 

Bed frame-
column 

Stiffness 
Y,Z 

1350,1500 
N/μm 5,9 

Column-
framework 

Stiffness 
X,Z 

1000,950 
N/μm 1,3,10 

Framework-
ram 

Stiffness 
X,Y 

950,900 
N/μm 2,6 

Y Ball-screw Stiffness Y 176.7 N/μm 7 
Z Ball-screw Stiffness Z 172.7 N/μm 11 
Machine tool-

foundation 
Stiffness 
X,Y,Z 

140,1200,140 
N/μm 4,8,12 

Column Young’s 
modulus  125 GPa 13 

Framework,ram Young’s 
modulus 175 GPa 14 

Bed frame Young’s 
modulus 125 GPa 15 

Milling head Lumped 
mass 120 kg 16 

Motor Z 
direction 

Lumped 
mass 100 kg 17 

Motor Y 
direction 

Lumped 
mass 100 kg 18 

 
Figures 6 and 7 show the normalized sensitivity coefficients 
for RCC and CCF configurations. Highest values appear in 
parameters 13 to 18 depending on the responses, while the 
sensitivities corresponding to stiffness values are smaller. 
Furthermore, MAC value for the fifth paired mode shapes and 
second frequency in CCF configuration show a high 
sensitivity to some stiffness changes. 

  
Figure 6. Sensitivity matrix for RCC configuration. 

 
Figure 7. Sensitivity matrix for CCF configuration. 
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These results have been considered appropriate and selected 
parameters have been used in the following error correction 
phase. 

Figures 8 and 9 show frequency differences between 
numerical and experimental models for both configurations 
after updating using the following three possible strategies: 
• RCC first: updating parameters in RCC configuration and 

then using for CCF configuration (one-configuration 
strategy).  

• CCF first: updating parameters in CCF configuration and 
then using for RCC configuration (one-configuration 
strategy). 

• M-C: updating parameters for both configurations 
simultaneously (two-configuration strategy). 
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Figure 8. Frequency differences for RCC configuration after 

updating. 
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Figure 9. Frequency differences for CCF configuration after 

updating. 

For any configuration, it can be noticed that: 
• In nearly all paired mode shapes, it has been managed to 

reduce the difference between numerical and 
experimental frequencies – see Table 1 -, so that the 
updated FE model is closer to the real mechanical system 
than the initial one. This result is solid whatever the 
strategy selected. 

• When the updating process is based on one configuration, 
the best improved FE model is that corresponding to the 
configuration selected and frequency differences are 
lower than 1 %, in most cases. But, in this strategy, 
results obtained for the other configuration are deficient 
and even unacceptable. For instance, a pair of results 

displayed in figures 8 and 9 show frequency differences 
greater than 10 %. 

• For the two-configuration strategy, frequency differences 
show intermediate values for both configurations, and 
most of them lower than 2.5 %. So, they can be 
considered as acceptable results. 

 

4 CONCLUSIONS 
Multi-axis machine tools are complex mechanical systems 
made up of sliding substructures connected by specific 
elements, so relative movement is allowed, which causes 
variable dynamic characteristics. 

In this work, two updating strategies to improve finite 
element models of multi-axis machine tools based on 
experimental modal data have been studied. Both strategies 
provide better FE models than initial ones, but substantial 
differences exist. Thus, in one-configuration strategy, the 
basic configuration is much more improved than the other, 
which could be unsatisfactorily adapted. This strategy would 
only be attractive if basic configuration was mostly used 
under working conditions and other configurations were much 
less important and used. 

Multiple-configuration strategy provides mean errors on the 
updated FE model for any configuration, so it can be expected 
that dynamic characteristics are reproduced over a wide range 
of working conditions. 

The methodology presented can be generalized to any 
multi-axis machine tool and will allow obtaining an improved 
finite element model by selecting critical configurations in the 
main working processes of the machine. This model would 
represent the starting point to optimize the machine design 
and eliminate stability problems under operating conditions. 
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ABSTRACT: In this paper a mixed variationally consistent beam-column element is proposed for the inelastic analysis of frame 
structures under dynamic loading. By interpolating internal forces and displacements separately the inaccuracies of the 
conventional displacement based beam elements with cubic shape functions are resolved. Problems arise due to the inability of 
these elements to describe nonlinear curvature distribution and to satisfy pointwise equilibrium along the element’s length. 
Although force based elements are generally able to address the aforementioned deficiencies, their numerical formulation in 
many cases is complex and variationally inconsistent. On the other hand two and three field mixed methods are able to 
overcome these problems providing a solid basis for a variationally consistent formulation. Based on this notion the proposed 
element is derived according to the two field Hellinger-Reissner potential that provides the grounds for an efficient and robust 
computational approach to the beam problem with material nonlinearity. In this work inelastic behavior is considered in stress-
strain form through hysteretic constitutive relations which are directly derived from classical plasticity and are incorporated in a 
2D Euler-Bernoulli beam element. Resulting element equilibrium and compatibility equations are solved following two different 
numerical methods. The first one is in their linearized form following a standard Newton-Raphson iterative scheme and the 
second method is in state space form along with the global equations of motion. Finally, a numerical example is presented that 
demonstrates the validity and accuracy of the proposed method as well as its computational advantages with respect to existing 
methods. 

KEY WORDS: Hysteretic functions; Independent rate plasticity; Euler-Bernoulli kinematics; Two field variational formulation; 
Elastoplastic time history frame analysis. 

1 INTRODUCTION 
In order to fully define the state of a deformable body under 
body forces, tractions and kinematic boundary conditions, 
displacements, stresses and deformations should be calculated 
at any distinct point of the body. In structural analysis and 
earthquake engineering a set of beam elements usually based 
on the Euler Bernoulli theory are used to model skeletal 
structures. In the nonlinear case a common problem is set as 
follows: “Given nodal displacements at the element’s end 
nodes, calculate nodal resisting forces and current tangent 
stiffness taking into account the elastoplastic material 
behavior”. This process is called state determination of the 
beam element and should be consecutively performed during 
the iteratively solution of a nonlinear procedure. After this, 
elements contributions are assembled to define the structure’s 
current state. 

The first beam elements used were based in classical 
stiffness method or displacement based method in which 
displacements where considered as the only independent field. 
Following a classical FEM formulation [1], cubic and linear 
shape functions are utilized respectively for the transverse and 
axial displacements. This assumed displacement field leads to 
constant axial deformation and linear curvature which in not 
the case when plastic deformations occur. Also, equilibrium 
equations are satisfied in weak form as they are valid only for 
the particular selected displacement field satisfying essential 
boundary conditions. 

To address this problem, force based models have been 
proposed that interpolate nodal forces inside the element 
maintaining equilibrium. The first consistent and general 
implemented force based model was proposed by Spacone et 
al. [2] and was later simplified numerically by Neuenhofer 
and Filippou [3]. Although force based models have been 
proved very efficient algorithmically and are currently widely 
used, there are some concerns about their variational 
consistency [4]. Hjelmstad and Taciroglu in [5] verified such 
claim by formulating a non variational consistent force based 
element. On the other hand Saritas and Soydas [6] proposed a 
beam formulation that removed any doubts about the 
variational consistency of the early force based models of [2] 
and [3].  Generally, mixed methods seem to dominate recent 
research for the formulation of numerical strategies for the 
nonlinear beam problem as they are proved more efficient 
considering also the works of Taylor et al. [7], Alemdar and 
White [8] and Alsafadie et al [9]. 

In all previous works plasticity is incorporated in its 
classical form. However, cyclic behavior of some materials, 
especially quasi-brittle, is better simulated using hysteretic 
differential equations. Following this approach Simeonov et 
al. [10] have developed a force based element where material 
constitutive relations are considered in rate form and they are 
solved simultaneously in state space form with the global 
differential equations of motion. Jafari et al. [11] have 
extended this formulation in large displacement analysis. In 
addition Triantafyllou and Koumousis [12], [13] proposed a 

Mixed formulation for an inelastic beam element based on 
hysteretic constitutive relations 
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generic finite element procedure where material nonlinearity 
is treated at the elemental level through proper 
implementation of the Bouc-Wen hysteretic rule. Herein, a 
two field mixed beam element that incorporates hysteretic 
constitutive relations is developed and numerical solution 
procedures are proposed.  

2 INELASTIC EULER-BERNOULLI BEAM THEORY 

2.1 1-D Rate Independent Plasticity 
A hysteretic model is the model that incorporates the whole 
inelastic loading path of a deformable body, namely elastic 
loading, yielding, hardening and unloading, in a single 
differential equation. Sivaselvan and Reinhorn in [14] derived 
a hysteretic model in stress resultant terms explicitly from 
classical plasticity which is similar to the parallel Bouc-Wen 
hysteretic model [15]. The same procedure is followed herein 
in order to clearly show that the proposed stress-strain 
constitutive relation used in this work is based solely on 
classical plasticity considerations.  

The stress-strain constitutive law of an elastoplastic bar 
subjected to uniaxial tension is given, according to the 
decomposition rule of strain, in rate form as: 

( )pσ E ε ε= −& &&                            (1) 

For the same bar a yield function with linear kinematic 
hardening and equal initial yield stress in tension and 
compression ( )0 0 0y y yσ σ σ+ −= =  has the following form:  

 ( ) 0Φ , , 0yo yσ h σ σ h σ= − − ≤   (2)  

where h being the back stress considered as the difference 
between the current yield stress in tension yσ

+  and 

compression yσ
− . Plastic strain pε&  is given according to the 

flow rule: 

 
Φ ( )pε λ λ sign σ h
σ

∂
= ⋅ = ⋅ −

∂
& &&   (3)  

with 0λ ≥&  being the plastic multiplier rate which is actually 
the magnitude of the strain rate and the signum function 
defining its sign. Axial stress σ and plastic multiplier are 
restricted by Karush-Kuhn-Tucker conditions which can be 
expressed in the following compact form: 

 0Φ( , , ) 0yλ σ h σ⋅ =&   (4) 

Focusing on the plastic response ( 00,  Φ( , h, ) 0yλ σ σ> =& ) 
and taking the time derivative of equation (4) the consistency 
condition is derived: 

 0 0Φ( , , ) 0 Φ( , , ) 0y yλ σ h σ σ h σ σ h⋅ = ⇒ = ⇒ =& && & &   (5) 

When the bar deforms elastically ( 00,  Φ( , h, ) 0yλ σ σ= <& ) 
the sign of the rate of the yield function provides the 
information of loading/unloading condition with Φ 0<&   
declaring unloading and Φ 0>&  loading. 

Taking into account equation (5) that equates the rate of the 
back stress during plastic loading to the rate of the axial stress 
the following equation can be obtained: 

 ( )ph H ε H λ sign σ h= ⋅ = ⋅ ⋅ −& &&   (6) 

Where H is the hardening ratio or the slope of the stress strain 
curve after the elastic strain component is removed. By 
substituting equations (1), (3) and (6) in equation (5) the 
following result is obtained: 

 ( ) Eλ sign σ h ε
E H

= − ⋅ ⋅
+

& &   (7) 

The relation between the hardening ratio H and tangent 
modulus Et is given as: 

 
1 /

t

t

EH
E E

=
−

  (8) 

If the ratio between the post-yield tangent modulus and the 
elastic modulus is introduced ( /ta E E= ), equation (3) 
together with equations (7) and (8) is expressed as: 

 (1 )pε a ε= − ⋅& &   (9) 

Equation (9) holds in the case of plastic deformation. 
During elastic loading or unloading plastic strain vanishes as 

0λ =& . This condition is controlled by the compact form of 
KKT equation (4). In the following steps an effort is made to 
merge these two equations in order to incorporate all loading 
phases in a total one. Hence, equation (9) is extended by 
inserting two Heaviside type functions as follows:  

 1 2 (1 )pε h h a ε= ⋅ ⋅ − ⋅& &   (10) 

where h1 controls yielding and h2 controls loading/unloading 
condition. Consequently the following distinct phases can be 
described in a single equation: 

 
( )

( )1

2

elastic deformation 0   0,
1,   plastic flow (1 )

p

p

ε
h

ε h a ε

=⎧
= ⎨

= ⋅ − ⋅⎩

&

& &
  (11) 

 
( )

( )2

1

unloading 0               0,
  

1, loading (1 )

p

p

ε
h

ε h a ε

=⎧
= ⎨

= ⋅ − ⋅⎩

&

& &
  (12) 

Function h1 is an alternative form of the yield function (2) 
when the latter is properly modified by expressing the back 
stress with the following relation when plastic behavior is 
considered: 

 ( )0y y yh σ σ α E ε σ+ −= − = ⋅ ⋅ −   (13) 

Taking into account equation (13), yield function can be 
written as follows: 

 0

0

( )
Φ 1y

y

σ α E ε σ
σ

− ⋅ ⋅ −
= ≤   (14) 
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In the above equation, one can observe that in the limit case 
of yielding (σ=σy0, ε=εy0) it results Φ=1. If the above equation 
is raised in a power of n the absolute value approximates the 
step function with distinct values [0,1] as n →∞ . 
Consequently the following relation holds: 

 0
1

0 0

( )
 

(1 )

n n

y

y y

σ α E ε σ σ α E εh
σ α σ

− ⋅ ⋅ − − ⋅ ⋅
= =

− ⋅
  (15) 

The physical meaning of the n parameter is that as it gets 
bigger and bigger yielding tends to occur at a single point. On 
the other hand when it obtains smaller values, yielding occurs 
gradually and the transition between pre-yield and post-yield 
region becomes smooth. 

The purpose of function h2 is to define the sign of the rate of 
the yield function so as to indicate while loading or unloading 
occurs. The modification of the signum function in order to 
yield zero result when unloading occurs is performed as 
follows: 

 
( )

( )( )
2

2

1 Φ 1 ( ) ( )
2 2

,   0.5

sign sign σ h sign σ hh

h β γ sign σ α E ε ε β γ

+ + − ⋅ −
= = ⇒

= + ⋅ − ⋅ ⋅ ⋅ = =

& &&

&

 (16) 

In the above equation the rate of h is zero, 0h =&  as 0λ =&  
and the sign of the stress was replaced by the sign of the 
strain. After defining functions h1 and h2 equation (10) is 
substituted in equation (1) and the final form of the 
constitutive equation is obtained as: 

 1 21 (1 )   tσ α h h E ε E ε⎡ ⎤= − − ⋅ ⋅ ⋅ ⋅ = ⋅⎣ ⎦ & &&   (17) 

In the case of isotropic hardening with yield function 
( )Φ , 0y yσ σ σ σ= − ≤  and p

yσ H ε H λ= ⋅ = ⋅ &&&  after 
repeating the previous steps equation (17) is derived with the 
following step functions: 

 
( )

( )

1 00

2

 ,  max ( ) ,

,   0.5

n

y yτ t
y

σh σ σ τ σ
σ

h β γ sign σ ε β γ

≤ ≤
= =

= + ⋅ ⋅ = =&

  (18) 

where current yield stress σy is the maximum stress calculated 
throughout the whole nonlinear path but not smaller than the 
initial yield stress σy0. 

2.2 Cross-Sectional Constitutive Relations 
In the beam formulation presented herein cross-sectional 
constitutive relations are derived from integration of the local 
constitutive equations in the cross-sectional area. Following 
the Euler-Bernoulli beam theory, at a single point of a cross-
section the necessary entities are the normal stress σ1(x,y), the 
axial strain ε1(x,y) and the axial and transverse displacement 
u1(x,y), u2(x,y). By considering the kinematic assumption that 
plane sections before deformation remain plane and normal to 
the elastic line after deformation, axial strain and 
displacement can be expressed in terms of the deformation 
and displacement of the beam reference axis as: 

 1 2
( )( , ) ( ) ,   ( , ) ( )w xu x y u x y u x y w x
x

∂
= − ⋅ =

∂
  (19) 

The same kinematic condition holds also for the axial strain: 

 [ ]1 0( , ) ( ) ( ) 1 ( )ε x y ε x y φ x y x= − ⋅ = − ⋅d   (20) 

Where, deformation field { }0( ) ( ), ( )
T

x ε x φ x=d consists of the 

axial deformation ε0(x) and curvature φ(x) at the reference 
axis. Euler-Bernoulli beam theory considers only the effects 
of axial stress σ1, thus by applying equilibrium conditions in a 
cross section, the stress resultants are calculated as follows: 

 1 1( ) ( , )    ,    ( ) ( , )
A A

N x σ x y dA M x y σ x y dA= = − ⋅∫ ∫  (21) 

The same relations can be casted in matrix form as: 

 [ ] 1( ) 1 ( , )
T

A

x y σ x y dA= − ⋅∫D   (22) 

where ( ){ }( ) , ( )
T

x N x M x=D . By eliminating rates in 
equation (17) and replacing this equation along with equation 
(20) in (22) the cross sectional constitutive relation is derived: 

 ( ) ( ) ( )x x x= ⋅D k d   (23) 

with  

 [ ] [ ]( ) 1 1 
T

t
A

x y E y dA= − ⋅ ⋅ −∫k   (24) 

Also, the flexibility matrix at a particular cross section is 
simply calculated as the inverse of the cross-sectional 
stiffness. 

 1( ) ( )x x −=f k   (25) 

3 BEAM ELEMENT VARIATIONAL FORMULATION 
In the previous section the inelastic constitutive equation was 
derived at an internal section of a beam in the form of a cross 
sectional force-deformation relation. The next step is to define 
the overall non-linear response of the element, namely its 
displacement, deformation and stress field across its length 
and its tangent stiffness matrix. Considering these three fields 
as unknown in every time or pseudo-time step, problem’s size 
can be reduced if some of the unknown fields are chosen to 
depend on others.   

In the beam boundaries the three fields are expressed as 
nodal values. Apart from the standard six nodal displacements 
and rotations { }1 2 1 4 5 2, , , , , Tu u θ u u θ=u , after eliminating rigid 

body motion the deformation 1 2{ , , }Tφ φ ε=q  and stress 

resultants { }1 2, , TM M N=Q  are presented in Figure 1. 
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Figure 1: Basic forces and deformations of the beam element     

The transformation between the general and the natural 
system is accomplished with the transformation matrix T that 
removes rigid body motion from the displacement vector and 
for the case of linear geometry obtains the form: 

  

1 0 0 1 0 0
1 1,  0 1 0 0

1 10 0 0 1
L L

L L

⎡ ⎤−⎢ ⎥
⎢ ⎥= ⋅ = −
⎢ ⎥
⎢ ⎥−⎣ ⎦

q T u T   (26) 

Element equilibrium for an element with distributed applied 
loads ( ), ( )

T

x yb x b x⎡ ⎤= ⎣ ⎦b(x)  in both directions x, y requires: 

 

2

2

( ) ( ) 0

( ) ( ) 0

y

x

M x b x
x

N x b x
x

∂
− =

∂
∂

− =
∂

  (27) 

In the next paragraphs the basic two field formulation is 
presented based on the Hellinger-Reissner potential. Both 
displacement and stress fields are introduced as independent 
while deformation field is expressed as function of either of 
the two independent ones. 

3.1 Two Field Variational Formulation 
Classical stiffness analysis of frame structures is based on the 
continuity of the displacement field between elements that 
share the same nodes. This is accomplished explicitly as the 
cubic interpolation functions satisfy the kinematic boundary 
conditions at the end nodes. In a pure force based formulation 
based on the principle of virtual forces, stress field is the only 
independent one and interpolation functions based on element 
equilibrium relate internal forces with the nodal ones. For a 
single element analysis force based method is straightforward 
as interpolation base function that satisfy essential boundary 
conditions and external applied loading can easily be defined. 
However, in a redundant structure it is difficult to obtain 
explicit relation for the calculation of nodal element’s forces. 
A set of redundant forces must be introduced which is 
however a difficult process to automate. For these reasons 
stiffness formulation is the only efficient way to express 
equilibrium in structural level. The advantages of the 
flexibility approach in enforcing element equilibrium in strong 
form and deriving an exact stiffness matrix in the non-linear 
range and in elastic non-prismatic elements are exploited at 
the element level. Flexibility approach for the element state 
determination needs the independency of the stress field, 

while stiffness based formulation for the structural level 
introduces the displacement field as independent. The 
consideration of the two fields as independent is treated by the 
Hellinger-Reissner two field energy principle [17]. Cross 
sectional deformations now depend either on displacements 
d(u) or on stress resultants d(D). 

For a material under uniaxial deformation with stress σ1 and 
strain ε1, the Hellinger-Reissner functional can be stated in 
terms of the two independent variables of stress σ1 and 
displacement u1 as follows: 

 { }1 1 1 1 1 1 1Π ( , ) ( ) ( ) Π ( ) HR ext
V

σ u ε u σ χ σ dV u= ⋅ − −∫  (28) 

where 1( )χ σ  is the complementary energy density function 
from where strains can be calculated in terms of stresses, 

1Π ( )ext u  is the functional of external loading and integration 
is performed on the undeformed volume V of the element. 
Substituting equations (20) and (22) into (28) the above 
functional can be written also in stress and deformation 
resultants terms and for simplicity reasons the dependence of 
the variables in the integrals in space is omitted, i.e. 

( )x =D D .  

 { }
0

Π ( ) ( ) ( ) Π ( )
L

T
HR extχ dx= ⋅ − −∫D,u d u D D u   (29) 

Complementary energy function can now expressed as:  

 
( )( ) Wd ∂

=
∂
D

D
D

  (30) 

Also, the functional of external loading for nodal loads nF  

and distributed loads ( ) ( ), ( )
T

x yx b x b x⎡ ⎤= ⎣ ⎦b  has the form: 

 
0

Π  
L

T
ext dx= ⋅ + ⋅∫nu F u b   (31) 

In order to calculate the state of the element, stationarity of 
the Hellinger-Reissner functional is imposed by setting its 
first variation with respect to the two independent fields equal 
to zero. Then for all variations δu(x) and δD(x) the state 
defined by (u(x), D(x)) satisfies the classical equilibrium and 
strain-displacement compatibility equations. 

( ) ( )
0 0

0

Π ( )  ( ) ( )  

             0

L L
T T

HR

L
T T

δ δ dx δ dx

δ δ dx

= ⋅ + ⋅ −

− ⋅ − ⋅ =

∫ ∫

∫n

d u D D d u d D

u F u b

  (32) 

The independent fields are approximated with respect to 
their boundary values as linear combination of base functions. 
For the displacement field the standard cubic polynomials are 
used and the deformations related to the displacements are 
calculated as derivatives of the latter. 
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( ) ( )
( ) ( )

( ) ( ) ( ) ( )

x x

x x x x

= ⋅

= ∂ ⋅ = ⋅ = ⋅ ⋅
u

u d d

u N u

d u N u N q N T u
  (33) 

For the stress field expressed in stress resultant terms, cross 
sectional internal forces are calculated from nodal forces 
based on equilibrium considerations. More precisely 
equilibrium equations (27) are directly integrated and by 
applying as essential boundary conditions the nodal forces, the 
following interpolation relation is derived. 

 
1 0 0

( ) ( )  ,    ( )  
0 1

x x x x x
L L

⎡ ⎤
⎢ ⎥= ⋅ + =
⎢ ⎥−
⎣ ⎦

D p DD N Q D N  (34) 

where, pD  is the particular solution of direct integration and 
can be completely determined by the applied loads. More 
precisely it corresponds to the additional stress resultants 
created form the distributed loads under internal equilibrium. 
Since pD  is a known function, interpolation of the variation of 
the stress field has the following form 

 ( ) ( )δ x x δ= ⋅DD N Q   (35) 

Substituting equations (33) and (34) in the functional (32) 
the distinct form is derived: 

( )

( )
0 0

0

Π   

          + ( )  0

L L
T T T T

HR

L
T T

δ δ dx dx

δ dx

⎧ ⎫⎪ ⎪= ⋅ ⋅ + − −⎨ ⎬
⎪ ⎪⎩ ⎭
⎧ ⎫⎪ ⎪⋅ ⋅ − =⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫

∫

d D p u n

D d

u T N N Q D N b F

Q N N T u d D

  (36) 

Since equation (36) is valid for any arbitrary variation of the 
two independent fields, vanishing of the functional holds if 
the two expressions inside the brackets are equal to zero 
respectively. Also, it is easy to verify that according to the 

selected interpolation functions it results that
0

 
L

T dx⋅ =∫ d DN N I . 

Thus, the following system of equations that describes the 
state of the element under external loading and nonlinear 
material behavior is determined. 

 

0

0

( ) 0

T

L
T dx

⋅ − =

⋅ − ⋅ =∫

ext

D

T Q P

T u Ν d D
  (37) 

where the vector of equivalent nodal external actions has the 
form: 

 
0 0

  
L L

T T Tdx dx= + ⋅ − ⋅ ⋅∫ ∫ext n u d pP F Ν b T Ν D   (38) 

The first equation in (37) is the equilibrium equation and the 
second one is the compatibility equation. Interelement 
continuity is imposed by mapping the structures nodal 
displacements to the element local displacements u . The only 

source of non-linearity in the above equations is the derivation 
of the cross sectional deformations from the cross sectional 
stress resultants ( )d D . Two approaches are presented in the 
following section for the solution of the non-linear system of 
equations. First the classical linearization technic of the non-
linear constitutive equation is presented accompanied with a 
standard Newton-Raphson procedure. Alternatively the 
constitutive equation in rate form is exploited and the 
element’s equilibrium and compatibility equations are solved 
simultaneously with the global structure’s dynamic equations 
as an ODE system. 

3.1.1 Linearization process 
Various technics have been proposed for the linearization of 
the equations that describe the non-linear problem. Alemdar 
and White [8] have linearized the constitutive along with 
equilibrium and compatibility equations in terms of the 
independent variables for the case of geometric and material 
non-linearity. In the present study linearization process is 
similar to Hjelmstad and Taciroglu [5] as only elastoplastic 
behavior is considered. Consequently, the constitutive 
equation is linearized with respect to a current configuration i, 
which is not necessarily an equilibrium configuration, 
according to the forward Euler method as follows: 

1 21 (1 ) Δ   Δi i i i i i i
tσ σ α h h E ε σ E ε⎡ ⎤= + − − ⋅ ⋅ ⋅ ⋅ = + ⋅⎣ ⎦   (39) 

and the current tangent material modulus obtains the form: 

 1 21 (1 )i i i
tE α h h E⎡ ⎤= − − ⋅ ⋅ ⋅⎣ ⎦   (40) 

Then the current cross sectional flexibility matrix can be 
evaluated as the inverse of the stiffness matrix calculated in 
equation (24) and constitutive equation in stress resultant 
terms is linearized as: 

 ( ) ( ) ( ) Δ ( )i i ix x x x= + ⋅d d f D   (41) 

Substituting equation (41) in (37) results in the linearized 
incremental equations: 

 
1 1

1

0

Δ 0

T i i

i i i i

+ +

+

⋅ − =

⋅ − − ⋅ =

extT Q P

T u q F Q
  (42) 

where the element’s flexibility and nodal deformations are 
derived from integration over the length as: 

 ( )
0

( )  
L

T x dx= ⋅ ⋅∫ D DF N f N   (43) 

 ( )
0

( )  
L

T x dx= ⋅∫ Dq Ν d D   (44) 

Taking into account the expressions 1 Δi i i+ = +Q Q Q , 
1

Δ
i i i+

= +u u u  and by eliminating the increment of nodal 

forces Δ iQ , the increment of nodal displacements alone Δ
i

u  
can be derived provided that the element flexibility matrix iF  
is invertible. 
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1

Δ ( )   

Δ

i ii i T i i i i

i ii i

+ −

+

⋅ = − ⋅ − ⋅ − ⋅ ⇒

⋅ = −

ext

intext

K u P T Q F q K u

K u P Q
 (45) 

where, 1( )i T i −= ⋅ ⋅K T F T  is the element’s tangent stiffness 
matrix. This stiffness matrix has the advantage of being exact 
as internal forces satisfy equilibrium equations in strong form. 
On the other hand compatibility is satisfied in weak form as 
nodal deformations are calculated as weighted average of the 
cross sectional deformations. Nukala and White in [18] have 
proposed four different solution procedures according to 
which of the element’s equilibrium or constitutive equations 
are linearized and solved iteratively in their non-linear form. 
Herein, the fact that cross sectional residuals are pushed to the 
element’s residuals and then in structure’s residuals classifies 
the method as an L-L algorithm.  

All the integrals that are related to cross sectional 
equilibrium are calculated according to the fiber discretization 
technique, while the integrals that are related to element 
equilibrium and compatibility are calculated according to the 
Gauss-Lobatto numerical scheme [2]. Following a Newton-
Raphson procedure for the global equilibrium equations, the 
procedure of calculating updated global stiffness matrix and 
internal nodal forces proceeds as follows: 

After solving an incremental step for the whole structure’s 
equilibrium equation the vector of incremental nodal 
displacements is given and nodal total displacements are 
updated. Mapping the global structure’s displacements to 
every element, element’s nodal displacements 

1i+
u  are defined 

and the element state determination begins. 
• Element incremental nodal forces Δ iQ  are calculated from 

equation (42) and total nodal forces are updated 
( )1 Δi i i+ = +Q Q Q .  

• Cross sectional forces are then calculated from 
interpolation: 1 1i i+ += ⋅ +D pD N Q D  .  

• Cross sectional deformations are evaluated from the 
linearized cross sectional constitutive equation: 

( )1 1( ) ( ) ( ) ( ) ( )i i i i ix x x+ += + ⋅ −d D d D f D D  and updated 

fiber strains 1iε +   are derived from equation (20). 
• The linearized material equations (39) and (40)  are solved 

and updated material modulus 1i
tE +  and material stress 

1iσ +  are calculated. Then integration over the cross section 
gives updated tangent stiffness 1( )ix +k  which gives cross 
sectional flexibility 1( )ix +f  by its inverse.  

• Integration over the length through equations (43) and (44) 
provides element flexibility matrix 1i+F  and element’s 
nodal deformations 1i+q .  

• Equations (45) gives nodal internal forces 
1i+

intQ  and by 
assembling every element’s contribution, global 
structure’s stiffness matrix KS

i+1 and nodal internal forces 
i+1
intP  are derived. 

• Every element’s residual is pushed to the structural level 
and tolerance is checked. tol− ≤i+1 i+1

ext intP P . 

3.1.2 Solution in state space form 
In this formulation constitutive rate equations are not 
linearized but maintained in their original rate form. Hence, 
by taking the rates of equations (37) the element’s equilibrium 
and compatibility equations in rate form are derived: 

 

0

0

( ) 0

T

L
T dx

⋅ − =

⋅ − ⋅ =∫

& &

&&

ext

D

T Q P

T u Ν d D
  (46) 

This results the following expression for the rate of internal 
nodal forces: 

 1 1 − −= ⋅ ⋅ = ⋅Q F T u F q& &&    (47) 

In the dynamic case the 2nd order differential equation of 
motion has the following standard form: 

 ( )t⋅ + ⋅ + =S S S S int extM u C u P P&& &   (48) 

These equations are solved simultaneously with every 
element’s constitutive evolution equations in state space form. 
All three fields should be included in the system’s unknowns 
each one with its own representation as it appears in equation 
(46). The displacement field is inserted as nodal 
displacements at the element’s ends. As far as the stress field 
is concerned, although cross sectional forces are calculated 
from nodal forces through equilibrium considerations, cross 
sectional stresses at fiber points are difficult to evaluate as 
there isn’t a unique stress field that satisfies cross sectional 
equilibrium. This fact leads to the introduction of all fiber 
stresses in the beam element’s unknown vector. Finally, the 
dependence of the deformation field to the stress field as 
appeared in equation (46) leads to the evaluation of the fiber 
strains from fiber stresses. Adding also the velocities as 
additional unknowns in the dynamic case, results in the 
following global unknown vector for the whole structure 
{ } { }= i iσ ε T

S Sx u u& . A structure is considered that 
consists of elN  elements each one having CSN  control 
sections and each control section is discretized in fibsN  fibers. 
Stress and strain arrays σi and εi contain all stress and strains at 
all fibers ( )tot el cs fibsN N N N= ⋅ ⋅  of all elements where 
elastoplastic behavior is monitored. Consequently, the 
following 1st order ODE system is formed.  

( )
( )

1

, ,

1, 2,

( )

,  i 1... ,  j 1...

1 (1 ) ,  1...

S

S S S

T
i j j i i j el cs

i
k k k k k tot
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ε N N
σ α h h E ε k N

−

⎧ ⎫
⎧ ⎫ ⎪ ⎪
⎪ ⎪ ⋅ − ⋅ − +⎪ ⎪⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬

⋅ ⋅ ⋅ + = =⎪ ⎪ ⎪ ⎪
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S

int ext
S

D p

u
u

M C u P Pu
x

l f N Q D

&
&

&&&
&

& &&

& &

  (49) 

In every step of the solution process the global vector of 
internal nodal forces intP  should be evaluated. This is 
accomplished by the following steps:  
• Given the fiber stresses and strains σi and εi calculate the 

updated material modulus Et from (17). 
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• Calculate cross sectional flexibility ( )xf  as the inverse of 
cross sectional stiffness ( )xk  derived from (24) and cross 
sectional stress resultants ( )xD from (22). 

• Calculate cross sectional deformations as: 
( ) ( ) ( )x x x= ⋅d f D . 

• Define element’s flexibility matrix F  and nodal 
deformations q  in order to calculate nodal internal forces 
from equation (47) if the rates are eliminated. 

• Assemble every element’s full set of internal forces 
T= ⋅intQ T Q   to the structure’s level to form the 

vector intP . 

4 NUMERICAL EXAMPLE 
A 2-story, 2-bay fixed based steel frame is analyzed under the 
seismic excitation of Figure 2. Bay span is 5m while each 
floor height is 3m. The frame consists of HEB 400 column 
sections and IPE 300 beam sections and the steel material is 
S235. Also, 50 tn of additional mass per meter are assigned to 
the frame’s beams. Stress-strain constitutive law is considered 
bilinear with kinematic hardening of 2% ratio between the 
post-yield and pre-yield material modulus. The results 
obtained are compared against those of Opensees Software 
[19] using the classical force based beam element.  
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Figure 2: Seismic excitation time history 

For simplicity reasons the analysis is performed using the 
state-space formulation of the proposed model as the 
linearized approach produces identical results. After the 
analysis is performed, upper story horizontal displacements 
are compared and the results are presented in the following 
figure: 
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Figure 3: Upper story displacements time history comparison. 

The satisfactory agreement of the results verifies the 
accuracy of the proposed model. After validating the overall 
response of the frame, the internal force-deformation results 
are compared. For this reason, moment-curvature diagram in 
the exterior end of the 1st story beam is derived by post-
processing each fiber’s stress-strain results in the cross 
section. The final outcome is presented in Figure 4 along with 
the respective result as extracted from Opensees code. 
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Figure 4: Moment-curvature loops in the first story beam.  

Larger curvatures than those predicted from Opensees are 
attributed to the slightly larger tip displacements in the global 
frame response as presented in Figure 3. 

5 CONCLUSIONS 
In this paper a new nonlinear two field mixed beam element is 
proposed that incorporates material elastoplastic behavior 
using hysteretic relations. The hysteretic model used is 
derived from classical plasticity considerations and has the 
advantage of incorporating all nonlinear phases in a single 
differential equation. The introduction of these equations in 
the general formulation of mixed beam finite elements, results 
in two different methods of numerical solution. First, 
linearization of the differential constitutive equation leads to 
the standard incremental equilibrium and compatibility 
equations which are solved using a Newton type iterative 
numerical scheme. Alternatively, maintaining the constitutive 
equations in rate form offers the ability of solving them 
simultaneously with the global differential equations of 
motion in state space form. Irrelevantly of the solution 
method, the main beneficial feature of the proposed 
formulation is that solving the hysteretic constitutive equation 
ensures in every time step the explicit and direct calculation of 
stresses without the need of predictor-corrector schemes, 
which are computationally expensive. Verification of the 
proposed model was performed by analyzing a frame structure 
under seismic time history excitation and the results are in 
satisfactory agreement with those of the classical force based 
formulation as implemented in Opensees software leading to 
faster solutions with the same accuracy.  
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ABSTRACT: In general, simulating the nonlinear behavior of systems needs a lot of computational effort. Since researchers in 
different fields are increasingly targeting nonlinear systems, attempts toward fast nonlinear simulation have attracted much 
interest in recent years. Examples of such fields are system identification and system reliability. In addition to efficiency, the 
algorithmic stability and accuracy need to be addressed in the development of new simulation procedures. In this paper, we 
propose a method to treat localized nonlinearity in a structure in an efficient and accurate way. The method is conditionally 
stable. The system will be separated by a linearized part and a nonlinear part that is considered as external pseudo forces that act 
on the linearized system. The response of the system is obtained by iterations in which the pseudo forces are updated. Since the 
method is presented in linear state space model form, all manipulations that are made on these, like similarity transformations 
and model reduction, can easily be exploited. To do numerical integration, time-stepping schemes like the triangular hold 
interpolation can be used to the advantage. To increase the accuracy and stability of the method, second-order hold equivalent is 
derived and implemented. We demonstrate the efficiency, stability and accuracy of the method on numerical examples. 

KEY WORDS: Nonlinear structure; Efficient simulation; Second-order-hold. 

1 INTRODUCTION 
Simulating the nonlinear behavior of structures demands a lot 
of computational effort and therefore developing efficient 
simulation tools are necessary. Researchers in different fields 
that normally involve much computation, such as system 
identification and system reliability, are increasingly 
interested in nonlinear systems which has spurred in the 
attempts to develop fast nonlinear simulation methods[1-4]. 
Nonlinearity in structures can be characterized as being either 
local or global. Locally nonlinear structures are structures that 
are mainly linear but have one or more locally nonlinear 
devices/properties that make the structural behavior nonlinear. 
Local nonlinearity in mechanical structures often stems from 
nonlinear structural joints and can make its response highly 
nonlinear. There are two difficulties in simulating a nonlinear 
structure; the first one is the efficiency in simulation in order 
to simulate the structural behavior fast enough for 
convenience and the next one is numerical stability of the 
method.  

To speed up the simulation of nonlinear structures, several 
methods have been proposed. Avitabile and O’Callahan[5] 
presented three efficient techniques to treat the nonlinear 
connection between linear parts. They called them the 
Equivalent Reduced Model Technique (ERMT), the Modal 
Modification Response Technique (MMRT), and the 
Component Element Method (CEM). In MMRT, the 
coefficient matrices governing the structural response should 
iteratively be updated using structural dynamics modification 
[6] in a process done in modal space, then intermediate result 
should be returned to physical space to check for possible 
change in linear response. Marione et al[3] applied MMRT to 
three different cases and it was shown that the main efficiency 
gain was obtained by doing model reduction of  the systems. 

In ERMT, the well-known SEREP[7] method was used to 
reduce the linear system before discrete nonlinear connections 
were assembled to the system.  Thibault et al[8] applied 
ERMT and performed case studies. 

One of the well-established methods to consider the effect 
of structural system nonlinearity is the pseudo-force 
method[9]. In this method the nonlinearity is considered as 
nonlinear external forces. Felippa and Park[10] used this 
method to treat the nonlinearity in nonlinear structural 
dynamics. They implemented the method on first-order 
system and used the Linear Multistep Method to discretize the 
equations, i.e. the whole response history of the system was 
used to find the response of the system in the next iteration. 
To reduce the required time for finding the response of the 
system in the next iteration Brusa and Nigro[11] presented a 
one-step method for discretizing a first-order system. They 
applied the method on linear systems only. Feng-Bao et al[12] 
presented an iterative pseudo-force method for second order 
systems to treat the non-proportional damping in the 
structures. 

In this paper, we propose a method to efficiently treat 
localized nonlinearity in a structure. The system is separated 
by a linearized part and a nonlinear part. The non-linear part is 
considered as external pseudo forces that act on the linearized 
system. The response of the system is obtained by iterations. 
Since the method is presented in linear state-space form, all 
linear manipulation like similarity transformations and state-
space model reduction can easily be exploited.  

The method is conditionally stable, so to make the method 
more stable and accurate but still efficient, we will present a 
second order hold interpolant that besides having a larger area 
of stability than that of first order or triangular hold, it has 
more accurate results. A parabola was fit to the input force to 
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find the coefficient of the second order hold interpolant. Since 
three points are required to fit a parabola, these three points 
can be chosen in three different ways, namely forward, center 
and backward. These schemes are investigated in the second 
part of the paper.  

Efficiency, accuracy and stability of the method will be 
shown by comparing with the MMRT method and adaptive 
time-step Runge-Kutta method. At the end, the effect of 
increasing hold-order equivalent to increase the stability of the 
method will be investigated.  

2 PROPOSED METHOD 
The method can be regarded as an iterative pseudo force 
method applied on first order system that was discretized 
using linear single step method. We call the method the 
Pseudo Force in State Space (PFSS) method.  
The governing second-order equation of motion for a 
mechanical structure is 

 L NL , L NL  (1) 

in which M, C and K are the mass, damping and stiffness of a 
structure respectively. Subscript L stands for linearized part of 
the matrices and NL is for the state-dependent nonlinear part. 
f is the force vector. 

Without approximation all nonlinearity can be moved to the 
RHS side of the equation and to be treated like external force 
caused be nonlinearities as 

 L L NL (2) 

Here, 

 NL   NL , NL  (3) 

Equation (2) can be rewritten in state-space formulation as 

 
 

 
(4) 

in which x and y are the system’s states and output 
respectively. A, B and C are state-space matrices and the 
matrices A and B of the dynamic equation along with x can be 
obtained by the following. 

 
  ,

L L
, 

     ,  
(5) 

C is a matrix that locates the location of most important 
deformations. u is loading and can be find using following 
formulation, 

    NL  (6) 

To obtain a numerical solution, the continuous-time 
ordinary differential equation (ODE) of Equation (6), needs to 
be discretized in a time-marching algorithm with time step T. 
This can be made through the recursive formula 
  
  (7) 

in which the state at time t=kT+T is obtained from data given 
by the previous step at t=kT. The exact coefficient matrices of 
the discretized form can be shown to be 

 

 

e  

e  (8) 

The integral expression for the source term  can be 
established only approximately for a general loading p(t). We 
use a triangular hold interpolation [13] for this approximation. 

To conclude, we use the following algorithm to achieve a 
solution to the simulation problem: 

1. Find KL, CL and M of the underlying linear system 
2. Establish the state-space matrices (5) 
3. Do the time discretization as in (7) 
4. Find the response of the linear system at time step k 

(uk = uL,k + uNL,k) 
4.1.  For first iteration set the nonlinear force to zero 
4.2.  Evaluate the non-linear source term by use of 

Equations (3) and (5) 
5. Check if there is any change in response of the 

system from previous iteration 
5.1.  If YES : Update nonlinear force and go to step 4 
5.2.  If NO: go for next time step and start a new 

iteration sequence at step 4 

2.1 Efficiency and stability analysis 

In order to investigate the efficiency of the PFSS method, A 
3DOF system is considered and the results are compared with 
results of the MMRT method and an adaptive time-step 
Runge-Kutta (RK) method. 

The structure as shown in Figure 1 consists of three equal 
masses, four linear springs and one spring with cubic stiffness. 
Numerical values are: k1 = k3 = 200 N/m, k2 = k4 = 100 N/m, 
and m1 = m2 = m3 =1 kg, and ci = 0.001ki . 

The system stimulus is a chirp function with frequency 
range of 0.1-10 Hz, which includes natural frequencies of the 
system, applied on 2nd mass in 1 s. Cubic-stiffness-spring with 
coefficient of 1000 N/m3 is placed between 2nd and 3rd mass. 
To analyze the stability of the method, the structure is 
simulated for 40s with excitation levels from 1 to 200 N. with 
time samples from 1ms up to nyquist sampling frequency, 
50ms.  

The algorithmic deviations of the PFSS and MMRT 
methods are presented in equation (9).The deviations are 
defined by 

 

 
| RK|
| RK|

100 (9) 

 
where x is either given by the MMRT or the PFSS method 
and xRK is given by the adaptive time-step Runge-Kutta. 

Accuracy, efficiency and stability of the methods are shown 
in Figure 2 and Figure 3.  
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(a) 

 
(b) 

   Figure 1. a) 3DOF system with nonlinearity between two 
masses, k1 = k3 = 200 N/m, k2 = k4 = 100 N/m, and m1 = m2 = 
m3 =1 kg, and ci = 0.001ki , fNL = 1000x3  b) chirp excitation 

with frequency range of 0.1-10 Hz 

 

 

Figure 2. results for the 3DOF system simulated with load 
level 15N and time samples from 1ms to 50ms with the step 
of 1ms. a)required simulation time in second; b) deviation in 

percent. 

 

 

Figure 3. logarithmic contour plot of required time for 
simulating the structure using PFSS method in second, white 
area is unstable area. simulated with force levels 1:200 N and 

time samples 0.001:0.001:0.05 s. Colorbar shows the 
magnitude of required time. 

2.2 Discussion  

Figure 2a indicates required time for simulating the structure 
with the force level 15 N and time samples from 1ms to 50ms 
with steps of 1ms. The structure simulated using all three 
methods, PFSS method, MMRT method and Runge-Kutta 
method. Comparison between the methods reveals their 
efficiency in comparison with Runge-Kutta. It shows that for 
bigger time samples both PFSS and MMRT method are more 
efficient than Runge-Kutta. For instance, PFSS simulated the 
system about 100 times faster and MMRT about 10 times 
faster than RK method for time sample 0.05s. 

Figure 2b, presenting accuracy of the methods comparing to 
Runge-Kutta method, indicates PFSS method is more accurate 
than MMRT method. For the biggest sampling time, which is 
nyquist sampling frequency and is 50ms, PFSS method 
deviates from Runge-Kutta less than 20% but MMRT method 
deviates about 200%. By decreasing time sample both method 
becomes more accurate. In the sense of accuracy, the optimal 
time sample for MMRT is about 5-10ms which its deviation is 
about 15% but there is no optimal time sample for PFSS 
method; on the other hand, the smaller time samples, the more 
accurate the results. for time sample 1ms, its deviation is less 
than 1%.  

Besides efficiency analysis for different force levels and 
time samples for PFSS method, stability of the methods is 
investigated in Figure 3. White area is for time samples and 
force levels that PFSS method become unstable.  

3 STABILITY CONSIDERATION 
As it was mentioned and shown previous section, the PFSS 
method is a fast and accurate method for structures with local 
nonlinearity but for some cases, like big time samples and 
high force level (see Figure 3), it lost its accuracy to some 
extent and for some others become unstable. In this section we 
will present a method to increase accuracy of the method and 
also decrease unstable area. The main reason for instability 
and less accurate results originates from the integral 
expression for the source term  in (9) which can be 
established only approximately for a general loading p(t). On 
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the other hand, since to perform the integration (9), we need to 
do interpolation on loading, accuracy and stability of the 
discrete system’s response (equation 8) depends on how well 
this interpolation has been done on loading and if polynomial 
function selects for interpolation, the degree of polynomial 
will be important for both stability and accuracy.  

In the last section we did interpolation with triangular hold 
or non-causal first-order hold (FOH) equivalent. In this 
section we will derive an expression for the second-order hold 
(SOH) equivalent.  

3.1 Second Order Hold (SOH): 
With SOH interpolation on loading, we have   

 

 
T T  

     T   T T (10) 

 
a,b and c are coefficient of the interpolant that will be found in 
the following. 

By substituting equation 11 into equation 9 and doing some 
manipulation, we have  
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T
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e
T
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T

 

(11) 

By analytical integration over time period we have 
 

  (12) 
in which, 

 

 

T I  

TI  

2 T I  
(13) 

 
And I is and Identity matrix. 
To complete the integration, the coefficients a, b and c 

should be obtained. These coefficients depend on time 
samples selected to interpolate on loading. In the following 
the coefficients of second order hold interpolation are derived. 

3.1.1 Forward Second Order Hold (FSOH) : 
To obtain system response at time (KT+T), x(KT+T) in eq. 
(8) if the force samples at time samples kT, (k+1)T and 
(k+2)T are used to interpolate on loading, the interpolation 
will be called forward second-order hold (FSOH) and the 
coefficients a, b and c will be derived in following. 
For second-order hold, input force is in the form of 

 

 
  

      2  (14) 

Or  

 
          

0   2  (15) 

By using FSOH, we have 
 

 

 

 

2 4 2  
(16) 

 
where uk = u(kT) and so on. 

By manipulating eq.(20) the coefficients are obtained by 
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3.1.2 Central Second Order Hold (CSOH) : 
By using force samples at (k-1)T, kT and (k+1)T, the 
coefficients of central second-order hold (CSOH) are derived 
in following, 

 

   

 

 
(18) 

And then, 
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3.1.3 Backward Second Order Hold (BSOH) : 
Force samples at (k-2)T, (k-1)T and kT are used to find the 
coefficients of backward second-order hold (BSOH). The 
results presented in eq.(24) 
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3.1.4 Taylor series based Second-Order Hold (TSOH) 
Zhang and Chong presented a second-order hold based on 
Taylor series expansion[14]. Its coefficients are as follows 
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3.2 Efficiency and stability analysis 

In order to investigate the effect of different SOHs on 
efficiency and accuracy of the PFSS method, the 3DOF 
system, presented in the last part, simulated with load level 
15N and different time samples, from 1ms to 50ms with the 
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step of 1ms and with all different second-order hold 
equivalents. The results presented in Figure 4.  

Figure 5 displays the stable region for the PFSS method 
using different SOHs equivalent.  

 

Figure 4. results for the 3DOF system simulated with load 
level 15N and time samples from 1ms to 50ms with the step 
of 1ms. a)required simulation time in second; b) deviation in 

percent 

 

Figure 5. logarithmic countor plot for simulation time and 
stability analysis for the 3DOF system, simulated with load 

levels 1 to 200N and time samples from 1ms to 50ms with the 
step of 1ms; White area is unstable area. a)Forward second-
order hold (FSOH), b) Central second-order hold(CSOH), c) 
Backward second-order hold(BSOH), d) Taylor series based 

Second-Order Hold(TSOH) 

4 DISCUSSION 
Figure 4a, presenting required simulation time, indicates that 
using SOH schemes doesn’t make PFSS slower while Figure 
4b shows SOH schemes increase accuracy of the results. 
Among different schemes, forward second-order hold (FSOH) 
has the best effect on accuracy. 

 For instance, for sample time 50ms, deviation of forward 
second order hold (FSOH) from RK method is about 1.3%  
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FOH equivalent the same accuracy can be obtained with 
sampling time of 6ms and the simulation time of 60ms. 
Figure 5 displays efficiency analysis for all SOH schemes, 
FOSH, CSOH, BSOH and TSOH. White area in the plots 
shows unstable areas, i.e. for time samples and force levels 
that the PFSS method becomes unstable. Comparing with 
stable area for triangular-hold equivalent, shown in Figure 3, 
FSOH increase the stability of the method, while CSOH has 
almost the same stability as triangular-hold. Surprisingly, 
BSOH, Figure 5c has smaller stable area comparing with 
triangular hold and almost the same as TSOH.  

5 CONCLUSION 
In this paper Pseudo Force in State Space method, has been 
presented. This is a method for fast simulation of structures 
with local nonlinearity. The method has been applied to three 
different cases and the obtained results have been compared 
with results of the Runge-Kutta method and Modal 
Modification Response Technique method.  

The results are presented in figures and tables which show 
three aspects, stability, accuracy and rapidness. In the sense of 
stability, the method PFSS is conditionally stable but the 
MMRT and Runge-Kutta produces stable results in these 
cases. Regarding accuracy, PFSS gives the same accuracy as 
the adaptive time-step Runge-Kutta method while MMRT in 
some cases gives the same accuracy and in some other cases it 
performs worse.  Finally, about fastness, the PFSS method is 
shown to be the fastest of the three while MMRT is faster than 
Runge-Kutta.  
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ABSTRACT: The geometrically non-linear axisymmetric free vibration of thin isotropic annular plates having both edges 
clamped has been examined theoretically in order to the determine the effects of  large vibration amplitudes on the fundamental 
axisymmetric mode shape and the corresponding non-linear frequencies and associated membrane and bending stress 
distributions. The governing equations have been derived by using Hamilton’s principle and spectral analysis. By neglecting the 
in-plane inertia, the theoretical formulation reduces the non-linear free vibration problem to solution of a set of non-linear 
algebraic equations in terms of the contribution coefficients of the transverse displacement only. The governing non-linear 
eigenvalue problem has been then linearised in the neighborhood of each resonance and a new one-step iterative technique has 
been proposed as an alternative simple method of solution to determine the basic function contribution to the non-linear mode 
considered. By comparison with the iterative method previously used for the analysis of the geometrically non-linear free 
vibrations of simply supported isotropic thin circular plates [1], it has been demonstrated that the present procedure is efficient 
even for much higher amplitudes of vibration, up to at least 1.5 times the plate thickness, since the numerical results obtained in 
the present study are in good accordance with the published ones. 

KEY WORDS: Non-linear vibrations; Annular plates; Large amplitudes. 

1 INTRODUCTION 
Thin annular plates have many applications in various modern 
engineering problems and they are often forced to vibrate with 
large amplitudes inducing significant geometrical non 
linearity. When the amplitude of vibration is of the same order 
of the plate thickness, a significant geometrical non linearity 
is induced and linear models are not sufficient to predict the 
dynamic behavior of the plate. One of the fundamental 
characteristics of non linear vibrations is the dependence of 
the frequency on the vibration amplitude.  

In the literature, the Von Karman geometrical non-linearity 
assumptions and the separation of time and space variables 
and the use of an assumed space or time mode are the most 
widely used. The governing equations are coupled non-linear 
partial differential equations. Since exact solutions are most of 
the time not available, recourse has been made to approximate 
analyses. Also, no general and systematic approach to 
nonlinear problems is available which allows all or most of 
the various non-linear effects to be described in a unified 
manner [2].  

The different methods of solution used in the literature 
related to the subject of interest have been presented in [3]. 
Although the single mode approach is used to obtain 
analytical solutions for the amplitude-frequency dependence, 
this approach is not sufficient for completely studying the 
geometrically non-linear vibration of thin structures, it is 
limited in a sense that it does not lead to any information 
concerning the deflection shapes amplitude dependence, 
which is of crucial importance for determining the associated 
non-linear bending stress patterns, as shown in [4, 5]. To 
remedy this insufficiency, multimodal models are used.  
Various methods have been developed for approximately 

analyzing non-linear systems, including Galerkin’s method 
and the methods based on the perturbation and asymptotic 
analyses. These methods expand the unknown functions into a 
series of basic functions and allow determination of the 
contribution of each function. By using these methods, 
approximate solutions to deterministic differential equations 
can be obtained [6, 7, 8]. 

In the present paper, the non-linear vibration of thin 
isotropic annular plates having both edges clamped is studied 
by taking into account in the model both the in-plane and the 
transverse displacements. The method used is based on the 
principle of Hamilton and spectral analysis for non-linear free 
vibration occurring at large displacement amplitudes. The 
problem is then reduced to solution of a non-linear algebraic 
system using numerical or analytical methods. 

In an attempt to contribute to the development of a sort of 
non-linear modal analysis theory, allowing direct and easy 
determination of non-linear frequencies and the associated 
bending and membrane stresses of thin straight structures, for 
the amplitude ranges of interest in practical applications, a 
new procedure using a simplified multimode approach is 
proposed in this paper. This procedure, which may be 
appropriate for engineering purposes or for further analytical 
investigations is based on the linearization of the governing 
non-linear eigenvalue problem, in the neighborhood of each 
resonance, leading to the solution of a modified linear 
eigenvalue problem, and a new one-step iterative technique is 
used to determine the basic function contribution to the non-
linear mode shapes considered. It is shown that the new 
procedure of solution is as accurate as the iterative method of 
solution for a large range of amplitudes of vibration. 
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2 GENERAL FORMULATION 

2.1 Problem definition 

The thin annular plate is considered to have a uniform 
thickness  with outer radius  , inner radius  and both edges 
clamped. The plate material is assumed to be homogeneous, 
isotropic with mass density  , Young’s modulus  and 
Poisson’s ratio  . The annular plate geometry and dimensions 
are defined in an orthogonal cylindrical coordinate 
system  , , . The origin of this coordinate system is taken 
at the center of the plate, as shown in Fig. 1. 

 

 

Figure 1. Annular plate geometry, dimensions and notation. 

 
In the case of large amplitude axisymmetric vibrations of the 
annular plate, the displacements and the strains are similar to 
those given in [9]. 

, , , ,                             (1) 

    , ,                                       (2) 

                              (3) 

 
                                            (4) 

2.2 Total strain and kinetic energies expressions 

In large vibration amplitudes, the total strain energy is the sum 
of the strain energy due to bending and the strain energy due 
to the membrane forces induced by the non-linearity, that is: 

 
                                           (5) 

 
The bending strain energy of an annular plate is as given by 

[5] for the circular plate with axisymmetric vibrations: 
 

                        (6) 

 

The membrane strain energy of an annular plate is as given 
by [10] for the circular plate with axisymmetric vibrations: 

 

     2

                               (7) 

 
where      12 1⁄  

 
Now, the total strain energy is: 
 

         

2      (8) 
 

The kinetic energy of an annular plate with neglecting the 
rotary inertia is: 

 

                        (9) 

 

2.3 Discretisation of the total and kinetic energy 
expressions 

The most common approach in seeking an approximate 
solution of geometrically nonlinear vibration is by separation 
of the space and time functions and the assumption of a 
harmonic time function. The transverse displacement function 
is then given by: 
 

, cos                            (10) 
 

and the in-plane radial displacement is given by [11]: 
 

, cos                             (11) 
 

In the form of finite series of  and  , transverse and in-
plane basic functions, denoted by  and  
respectively, which gives: 

 
 ;                  (12) 

 
Now, the discretized forms for the total strain and kinetic 

energies are: 
 

cos
cos                                                       (13) 

 
 

sin sin 2      (14) 
 

where,  ;  ;  ;  are the mass and stiffness 
tensors associated with  and  respectively, and  and 

 are fourth order and third order non-linearity tensors 
respectively. These tensors are given by: 
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2      ; 2       (15a) 
 

2                 (15b) 
 

(15c)  
 

           (15d)   
 

                      (15e) 
 

The mass and stiffness tensors are symmetric, and the 
fourth and third order tensors are such that: 

 

 ;                     (16) 

 

2.4 Governing equations 

Hamilton’s principle governs the dynamic behaviour of the 
structure.  It is symbolically written as: 

 
  0⁄

                                 (17) 
 

Substituting Eqs. (13) and (14) into Eq. (17), integrating the 
time functions and differentiating with respect to  ’s and ’s 
leads to the following set of non-linear algebraic equations: 

 
2 3 2 0  (18a) 

   1, … ,    
 

2 2 0  ; 1, … ,   (18b) 
 

In order to generalize the analysis, the following non-
dimensional parameters may be used; 

 
⁄ ;     ⁄ ; ;     (19) 

 
where,    ⁄  
 

Now, Eqs. (17) may be written as: 
 
2 3 2 0      (20a) 

1,… ,    
 

2 2 0  ;    1, … ,    (20b) 
 

where   is the non-dimensional non-linear frequency, which 
is defined by: 

 
                                        (21) 

 
The dimensional terms in (15a); (15b); (15c); (15d) and 

(15e)   may be written in non-dimensional forms as: 
 

, 3 , 2                     (22a) 

, , , 1 2

2 , , , 1              (22b) 
 

These non-dimensional terms are given by: 
 

  ;              (23a) 
 

                (23b) 

 
12 2 (23c) 

 

12       (23d) 
 

3                   (23e) 
 

If the effect of λ in the second set of Eqs.(20b) is neglected 
due to its very small values, which is an acceptable 
assumption in all fields of engineering applications of thin 
plates [12], it can be solved for the  ’s coefficients leading to 

   
  ;      1, … ,                              (24) 

 
where,  , is a third order terms expressing 
the coupling between the transverse and in-plane motions, and 

represents the inverse of the stiffness tensor . 
Substituting Eq. (24) into the first set of Eqs.(20a) leads to 

an uncoupled set of non- linear algebraic equations in terms of 
the  ’s coefficients only 

 
0  ;   1, … ,  (25) 

 
where, the fourth order tensor is given by: 

 
                           (26) 

 
If the in-plane radial displacement is neglected, the set of 

non- linear algebraic equations depends only on the 
contribution coefficients    1, … , , and becomes  

 
0  ;    1, … ,  (27) 

 

2.5 Bending and membrane stress expressions 

At the instant of maximum amplitude, i.e.  2⁄ , the 
surface bending strains  and  , obtained for   2⁄ , are 
given by: 

 
  ;                  (28)  

 
The in-plane membrane strains  and  are given by: 
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  ,                        (29) 
 

By using the classical thin plate assumption of plane stress 
and Hooke’s law, the surface radial and circumferential 
bending stresses are given by: 
 

                       (30)  
 

                     (31)   
 

and the radial and circumferential membrane stresses are 
given by: 

                 (32)  

  

              (33) 

 
The non-dimensional surface radial and circumferential 

bending stresses can be defined in terms of non-dimensional 
parameters defined previously by: 
 

                     (34) 
 

                  (35) 
 

and the non-dimensional membrane stresses are given by: 
 

               (36) 

  

           (37) 

 
The dimensional and non-dimensional bending and membrane 
stresses are related by the following relationship: 

 
                                       (38) 

 
The non-dimensional maximum radial total stress is defined  
as: 

                             (39) 
 

The appropriate sign is chosen depending on the location of 
the maximum total stress on the upper or down surfaces of the 
annular plate. 
 

2.6 Transverse and in-plane basic function expressions 

The problem of transverse vibrations of thin annular plates 
requires the solution of transcendental equations involving 
ordinary and modified Bessel functions of the first and second 
kinds, of order as explained in [13].  

The transverse basic functions   for the axisymmetric 
annular plate having both edges clamped are given by: 

       (40) 
 

 is chosen such that 
 

  1                                      (41) 
 

The eigenvalues  are obtained from the fourth–order 
determinant of homogeneous equations which are obtained by 
applying the boundary conditions at each edge. The 
constants  ,  and   are obtained by back –substitution of 
the eigenvalues in the usual manner. 

The chosen in-plane basic functions    for an 
axisymmetric annular plate having both edges clamped are 
given by [14]. 

 
                    (42) 

 
where is the real positive root of the transcendental 
equation 

 
0                    (43)  

 
  ⁄  is the radius ratio between inner and outer radii of 

the plate. 
The first six numerical values of   and are computed and 
listed in table1. 

 
Table 1. Numerical values of  annular plate having both edges 
clamped parameters   and intervening in the expressions of 

transverse and in-plane basic functions respectively,               
for  1, … ,6    0.1  

 
   

1 5.2230785582 3.9409416102
2 8.6813739217 7.3305686595
3 12.174305329 10.748378826
4 15.667958848 14.188636635
5 19.161818951 17.643305155
6 22.655432446 21.107307418

 
The parameter and   are related to the  non-

dimensional linear frequency parameter  of the annular 
plate by 

 
;                            (44)  

  
The functions  and     are normalized in such a 

manner that 
 

  ;   (45)   
     

where   is the Kronecker symbol. 
The first six basic functions   and    , are plotted 

respectively in Fig.2and Fig.3 
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Figure 2. The first six transverse basic functions    of an 

annular plate having both edges clamped 0.1  

 
Figure 3. The first six in-plane basic functions    of an 

annular plate having both edges clamped    0.1    

3 NEW PROCEDURE OF SOLUTION 
The set of nonlinear algebraic equations (25) involving the 
parameters  ;   1  and   , which have been computed 
numerically.  
It can be written in matrix form as: 

 
0                  (46) 

 
The terms of the matrix  are: 

 
3 2⁄                               (47) 

 
Neglecting the term from Eq. (48) gives the classical 
eigenvalue problem: 

 
0                      (48) 

 
In this equation each eigenvalue have a corresponding 
eigenvector while the nonlinear Eq. (46) lead to a set of 
amplitude-dependent eigenvectors with their amplitude 
dependent associated eigenvalues. 

The single mode assumption, which neglects all of the 
coordinates except the single resonant coordinate, has been 
used widely in the geometrical non-linearity’s due to the great 
simplifications it introduces[6]. Also this approach does not 
give any information about the amplitude dependence 

between the deflection shape and distribution of stresses [15]. 
To remedy this insufficiency, multimodal approach is used.  
In order to obtain the numerical solution for the non-linear 
problem in the neighbourhood of a given mode, the 
contribution of this mode is chosen and those of the other 
modes are calculated numerically generally using the iterative 
method “Harwell library routine NS01A”. For the first mode, 
the procedure consisted on fixing  and calculating the higher 
mode contributions from the system:  

 
0  ;    1      (49) 

 
A new one-step iterative technique has been proposed as an 

alternative simple method of solution to determine the basic 
function contributions to the non-linear mode considered. 
The main idea behind this procedure is illustrated in table II, 
in which data obtained via the numerical solution of the non-
linear algebraic system (49) are presented for the first non-
linear axisymmetric mode shape of an annular plate having 
both edges clamped. It can be seen from this table that the 
contribution coefficient   of the basic function corresponding 
to the first non-linear mode shape, remains predominant for 
the whole range of vibration amplitudes considered. So, the 
others basic function contribution coefficients    ;   1  
may be regarded as small compared to   . Based on this result, 
an assumption is made here, in the neighborhood of the first 
resonance, consisting on writing the general term of the non-
linear geometrical stiffness matrix in a simplified form as:  
 

3 2⁄                                     (50) 
 

The non –linear eigenvalue problem (46) becomes:  
 

0                              (51) 
 

In which   is the non-dimensional simplified global stiffness 
matrix of the structure given by 

 
3 2⁄                           (52) 

 
Thus, for a given value of the predominant first mode 
contribution  , the rigidity matrix   is constant and the 
eigenvalue problem (51) is a linearized one. The direct 
solution of this linearized eigenvalue problem for a specified 
value of  , corresponding to a given maximum non-
dimensional amplitude of vibration  , leads the value of 
the eigenvalue   (the smallest one for the first mode) and 
the corresponding eigenvector   , normalized in such a 
manner that its first component is precisely the specified value 
of  . 

The new procedure consists on injecting the components of 
the eigenvector  , , … . . , determined in a 
given iteration in the non linear term   3 2⁄ , 
before performing the following iteration. 
In the next section, a comparison is made between the two 
solutions, the iterative solution of the non-linear eigenvalue 
problem (46) and the direct solution of the new procedure, in 
order to determine the range of validity of this approach. 
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Table 2.  Contribution coefficients to the first non-linear 
axisymmetric mode shape of an isotropic thin annular plate 

having both edges clamped   0.1 , obtained numerically 
from iterative solution of the non-linear algebraic system 

 
       

0.0109  0.005  1.026E‐7  5.090E‐9  ‐9.752E‐8  ‐7.97E‐10  ‐3.62E‐10 
0.0219  0.010  4.035E‐9  8.007E‐8  ‐1.833E‐8  2.801E‐8  5.105E‐9 
0.0657  0.030  1.090E‐7  2.159E‐6  ‐4.944E‐7  7.559E‐7  1.377E‐7 
0.1094  0.050  5.054E‐7  9.973E‐6  ‐2.284E‐6  3.495E‐6  6.364E‐7 
0.2189  0.100  4.067E‐6  7.888E‐5  ‐1.812E‐5  2.780E‐5  5.045E‐6 
0.6556  0.300  1.108E‐4  1.903E‐3  ‐4.502E‐4  7.086E‐4  1.247E‐4 
1.0904  0.500  4.565E‐4  7.290E‐3  ‐1.807E‐3  2.958E‐3  5.004E‐4 
1.5240  0.700  9.545E‐4  1.592E‐2  ‐4.167E‐3  7.102E‐3  1.159 E‐3 

 

4 NUMERICAL RESULTS AND DISCUSION 
It may be seen from fig.4 the amplitude dependence of the 
first non-linear axisymmetric mode shape of the annular plate 
having both edges clamped.  
The dependence of non-linear frequency on the no-
dimensional vibration amplitude is plotted in fig. 5, for the 
first non-linear axisymmetric mode shape of the annular plate 
having both edges clamped. For this mode shape, a hardening 
type of non-linearity is observed.  
Fig.6 shows the effect of large vibration amplitudes on the 
maximum radial total stress associated with the first non-
linear axisymmetric mode shape of the annular plate, and 
exhibits a higher increase of this stress near to the clamped 
edges. 
The amplitude dependence of the radial bending and 
membrane stresses distribution associated with the first non-
linear axisymmetric mode shape at the clamped edges of the 
annular plate is shown in Figs. 7, 8 and 9. 
 

To have an accurate conclusion concerning the limit of 
validity of the new procedure in engineering applications, a 
criterion was adopted, based on the effect of the assumptions 
made on physical quantities, such as the nonlinear frequency 
and maximum bending and membrane stresses obtained at the 
clamped inner and outer edges of an annular plate. 
It appears in table 3 and may be seen in Fig.4, that for 
maximum non-dimensional vibration amplitudes up to 1.5, the 
error induced by the new procedure solution does not exceed -
1.24% for the non-linear frequency. It may be seen also in 
fig.5, that for maximum non-dimensional vibration amplitudes 
up to 1.5, the error induced by the new procedure solution, is 
about 10% for the maximum radial bending stress  , and is 
8.55% for the maximum radial membrane stress at the 
clamped inner edge of the annular plate.  
It can be noticed in fig.6, that for the same amplitudes, the 
error induced by the new procedure solution, is about -0.56% 
for the maximum radial bending stress  , and is 8.05% for 
the maximum radial membrane stress at the clamped outer 
edge of annular plate. 
Concerning the radial total stress results at the clamped inner 
and outer edges of the annular plate, , it can be seen from 
fig.7 that the error induced by the present solution at the 
clamped outer edge  for maximum non-dimensional vibration 
amplitudes up to 1.5 is negligible +0.34% but is about 7.96% 
at the clamped inner edge. 

It may be observed also from fig.8, that the normalized 
fundamental non-linear mode shape obtained by the new 
procedure is an excellent agreement with that obtained by the 
iterative method of solution for a maximum non-dimensional 
vibration amplitude =1.5 

It appears from these results that the new procedure for 
geometrically non-linear free vibrations of thin straight 
structures, applied here for the determination of the 
fundamental mode of an annular plate having both edges 
clamped, is as accurate as the iterative method of solution at 
least up to the maximum non-dimensional vibration amplitude 
equal to 1.5 

 
 

 
 

Figure 4.Normalized fundamental first linear and non linear 
axisymmetric mode shape of an annular plate having both 

edges clamped at various non-dimensional amplitudes. 
 
 

 
Figure 5.Comparison of frequencies of the first non-linear 
mode shape of an annular plate having both edges clamped 

0.1  obtained by iterative and present solutions.  
 

In table 3, numerical results are given for the frequency ratio 
⁄  associated to the first non-linear mode shape of an 

annular plate having both edges clamped, calculated here via 
the iterative and the present solutions for some values of 
maximum non-dimensional vibration amplitudes varying from 
0.1 to 1.6. 
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Table 3. Non-dimensional frequency ratio ⁄  of an 
annular plate having both edges clamped 0.1  

 
 Iterative 

solution 
Present 
solution 

Deviation 
     (%) 

0.1 
0.2 

1.0027 
1.0107 

1.0024 
1.0096 

-0.029 
-0.108 

0.5 1.0643 1.0583 -0.563 
0.7 
0.9 
1,0 
1.2 
1.5 
1.6 

1.1209 
1.1902 
1.2285 
1.3112 
1.4460 
1.4932 

1.1106 
1.1759 
1.2126 
1.2932 
1.4280 
1.4762 

-0.918 
-1.201 
-1.294 
-1.372 
-1.244 
-1.138 

 
 
 

 
 
Figure 6: Non-dimensional radial total stress associated with 
the first non-linear axisymmetric mode shape of an annular 

plate having both edges clamped at various non-dimensional 
amplitudes. Iterative solution  α 0.1 , υ 0.3  

 
 

 
 

Figure 7.Effects of large vibration amplitudes on the non-
dimensional radial bending and membrane stresses associated 
with the first non-linear mode shape at the clamped inner edge 

of an annular plate  α 0.1, υ 0.3  
 

 
 

Figure 8.Effects of large vibration amplitudes on the non-
dimensional radial bending and membrane stresses associated 
with the first non-linear mode shape at the clamped outer edge 

of an annular plate  α 0.1, υ 0.3  
 

 
 

Figure 9.Effects of large vibration amplitudes on the non-
dimensional maximum radial total stress associated with the 
first non-linear mode shape at the clamped inner and outer 

edges of an annular plate  α 0.1, υ 0.3  
 
 

 
 

Figure 10.Comparison of the normalized fundamental non-
linear mode shape of an annular plate having both edges 

clamped 0.1  at maximum non-dimensional amplitude 
1.5 
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5 CONLUSION 
A practical simple multi-mode theory for the geometrically 
non-linear free vibrations of thin straight structures, based on 
the linearization of the governing non-linear eigenvalue 
problem in the neighborhood of each resonance, has been 
developed here and applied to thin isotropic annular plates 
having both edges clamped. 
This procedure, which is expected to be very useful in 
engineering applications and in further analytical 
developments, allows direct and easy determination of the 
non-linear modes shapes, the non-linear frequencies and the 
associated bending and membrane stresses.  In the case of the 
fundamental non- linear mode of an annular plate having both 
edges clamped; the numerical results obtained by this 
technique show that the present approximate theory is valid 
for vibration amplitudes at least up to 1.5 times the plate 
thickness. 
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ABSTRACT: Real-time hybrid testing combines testing of physical components with numerical simulations. The concept of the 
method requires that the numerical simulations should be executed in real time. However, for large numerical models including 
nonlinear behavior a combination of computationally costly assembling of the internal forces element by element at each 
equilibrium point and a strict requirement for small time steps to maintain accuracy and stability often prevents real time 
execution. Thus, enhanced numerical capacity is required. In the present study a basis reduction method is used to reformulate 
kinematic nonlinear equations of motion into a sum of constant matrices each multiplied by a reduced coordinate decreasing the 
assembling time. Furthermore the method allows for cutting off some of the higher frequency content not representing real 
physics decreasing the stability requirement for the time step. However, it is important that the chosen basis can represent the 
nonlinearities of the system. If not locking of the system can be a consequence ruining the accuracy of the results. To 
demonstrate the potential of the method in a real time simulation perspective and the importance of choosing a sufficient basis a 
composite beam and a cantilever beam including kinematic nonlinearities and exposed to harmonic loadings are analyzed. To 
reduce locking modes with higher order terms are included. From the analysis it is concluded that the method exhibits 
encouraging potential with respect to real time execution if a sufficient basis is chosen. 

KEY WORDS: Kinematic Nonlinearities, Basis reduction, Real-time simulation, Finite Element Analysis. 

1 INTRODUCTION 
Hybrid testing is a testing method that was developed by 
Japanese scientists in the 1960’s, cf. [1]. If conducted in real-
time in order to include dynamic effects the method is often 
referred to as real-time hybrid testing (RTHT). 

The principle of the method is that the considered structure 
is partitioned into two parts; a physical substructure and an 
analytical substructure. The physical component is a structural 
part that displays complicated or unknown structural behavior 
and therefore has to be tested in a physical test setup. The 
analytical substructure on the other hand is well understood. 
Thus, this part does not have to be tested but can instead be 
modeled numerically and solved by a time integration scheme. 
As only the component displaying complicated behavior has 
to be build and tested physically a full scale test can be 
conducted in more modest physical frames which makes it 
highly economically profitable. 

During the hybrid test an iterative loop is running where the 
response of the numerical model found from the time 
integration is imposed onto the physical substructure through 
servo-hydraulic actuators in a finite number of points. The 
force response from the physical component is then measured 
by the actuators and sent to the numerical model. Together the 
experimental substructure(s), the analytical substructure(s), 
the integration algorithm and the servo-hydraulic actuators are 
integrated through an IT control system to form the real-time 
hybrid simulation system. For further details about the 
principle of Hybrid testing see e.g. [2-3]. 

For RTHT to be successful it is required that servo-
hydraulic actuators are able to impose the displacements 
accurately onto the physical substructure in real time, that the 
communication between the analytical and physical 
substructure has a minimum delay and that the time 
integration is robust, accurate and fast to ensure real time 
execution.  

The requirement that the numerical time integration has to 
be executed in real time limits the size of the nonlinear 
numerical substructures that can be applied in RTHT. Main 
part of the computation time in nonlinear analysis is due to the 
internal nodal forces computed element by element followed 
by an assembling into the global set of equations before each 
time step. When increasing the size of the numerical models 
the assembling time is obviously increased as well. 
Simultaneously, when increasing the size and complexity of 
the models higher frequencies are introduced, which calls for 
smaller time steps in the integration schemes in order to 
maintain stability and accuracy. Decreasing the time steps 
increases the computational time further as the number of 
assemblings of the internal nodal forces within a given 
simulated time interval are increased. Thus, increasing the 
size and complexity of the numerical substructures increases 
the computational time, which work against the real time 
execution requirement. 

Both implicit and explicit algorithms and combinations of 
these are considered among researchers in RTHT context, see 
e.g. [4-10]. In [10] a selection of implicit and explicit 
integration schemes is evaluated in a RTHT setup with 
nonlinear substructures. The study concludes that explicit 
schemes are preferable. These schemes are simpler and do not 
require equilibrium iterations, making them less time 
consuming than implicit algorithms. However, the downside 
of explicit schemes is that smaller time steps are required to 
maintain stability of the system compared to implicit schemes.  

The study in [10] also concludes that due to the 
performance of the time integration schemes the capacity with 
respect to degrees of freedom (dof) in the discretized system 
is very modest if real time execution should be performed. 
Under the given circumstances around 50 dofs in a nonlinear 
context dictates the upper limit. As far as known the 
maximum number of dof’s used in a RTHT with a nonlinear 
analytical substructure is 134, cf. [11]. Thus, a very interesting 
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and important issue related to RTHT is how to improve the 
computational capacity in order to be able to simulate the 
response of large and complex numerical substructures 
including nonlinear effects in real time. 

One way of decreasing the computational time is by using 
reduced order modeling (ROM) reducing the discretized 
nonlinear equations of motion by projecting them onto a 
subspace represented by a reduced basis. This is a simple way 
to reduce the number of dof’s and at the same time to cut off 
some of the higher frequency content contained in the model 
not representing real physics. The latter allows one to increase 
the time steps whereby the assembling frequency of the 
internal nodal forces and thereby the computation time are 
reduced.  

In [12] the concept of ROM is described together with an 
overview and evaluation of the most common used bases for 
kinematic nonlinear structures considering robustness and 
accuracy. From the study it is concluded that linear normal 
modes are among the best performing bases under the given 
circumstances despite the fact that they neglects the nonlinear 
nature of the system.  

In [13] is considered a material nonlinear structure. To 
model the response a reduced basis consisting of a number of 
Ritz vectors encapsulating the material nonlinear response is 
used. The Ritz-basis is derived from a combination of linear 
normal modes and a number of plastic deformation shapes 
found from a static analysis. The basis is introduced into a set 
of linear equation of motion whereby the costly assembling 
every time step is avoided. This enables the authors to model 
the response of a 50-dof nonlinear plastic model with three 
elastic and six plastic modes in real time. However, the plastic 
modes obtained in this way possessed high frequencies which 
had to be decreased artificially by including additional inertia 
to be able to perform real-time simulations. Furthermore, the 
approach is not very suitable for systems with alternately 
increase and decrease in stiffness which is the case for 
kinematic nonlinear structures. 

When using ROM for nonlinear systems the time 
consuming assembling of the nonlinear internal nodal forces 
is still required in every time step before projecting them onto 
the reduced subspace. As an answer to this problem 
researchers in [14] have presented a reduced basis formulation 
(RBF) where the discretized equations of motion by a simple 
mathematical reformulation can be written as a sum of 
stiffness matrix terms that remain constant throughout the 
entire analyses each multiplied by a reduced coordinate in the 
projected subspace. For a subspace consisting of m modes 
1+m+m2 constant matrix terms are arranged. This 
reformulation enables a much faster assembling of the 
nonlinear internal nodal forces compared to the usual 
assembling element by element. 

To the best of the present authors’ knowledge no study has 
been performed illustrating the potential of the method in [14] 
in a real-time perspective. Thus, in the present study the RBF 
is used to analyze kinematic nonlinear structures in a real-time 
perspective to illustrate the applicability in nonlinear real time 
analysis. Two examples are considered. The first example 
constitutes a composite beam exposed to harmonic loadings. 
The beam parameters are based on inspiration from a 
composite beam planned to be tested in a RTHT arrangement 

at the Technical University of Denmark (DTU) in the spring 
2014, making the example relevant in that perspective.  

As will be evident to the reader the analysis of the 
composite beam is exposed to the phenomena of locking 
ruining the results. The locking effect is introduced through 
the choice of basis consisting of purely linear modes. To 
reduce the effect of this, modes containing higher order terms 
can be included. This is illustrated in a second example 
considering a simple cantilever beam. 

In section 2 the RBF by [14] is presented together with a 
reduction of the formulation taking symmetry conditions into 
account. In section 3 an approach to include higher order 
terms to the linear normal modes are presented. Finally in 
section 4 and 5 the examples of the composite and cantilever 
beams, respectively, are described, analysed and discussed. In 
section 6 the conclusion is given. 

2 REDUCED BASIS FORMULATION 

In the following section the RBF developed by [14] is used to 
reduce a set of discretized kinematic nonlinear equations of 
motion. Furthermore an improvement of the formulation 
taking into account symmetry conditions is presented. 

2.1 Nonlinear modal equations 

The starting point of the method is the global set of discretized 
nonlinear equations of motion in physical coordinates 
containing n dofs written in matrix notation 

 ( ) ( )t+ + =MV CV g V F&& &  (1) 

where M and C are n x n mass and damping matrices, F(t) a n 
x 1 external load vector which is a function of time and g(V) a 
n x 1 vector containing internal restoring forces. Finally V is a 
n x 1 vector representing the nodal displacement in global 
format where a dot above the vector denotes a time derivative. 
In the given case the discretized system in (1) is based on 
continuum mechanics with Green strain characterizing the 
state of deformation and with the Second Piola-Kirchoff 
stresses as conjugate stress components, cf. Appendix 1. 

In the present only the internal restoring forces, g(V), are 
assumed to be a nonlinear function of the nodal 
displacements. The nonlinear restoring forces consist of a 
constant, linear and a quadratic stiffness matrix contribution in 
V 

 0 1 2( ) ( ( ) ( , ))= + +g V K K V K V V V  (2) 

where K0 is the constant stiffness matrix known from linear 
elastic theory and K1 and K2 are linear and quadratic 
functions of the V, respectively, introduced due to the 
kinematic nonlinearities. 

The discretized nonlinear equation of motion in physical 
coordinates can be projected onto a reduced subspace by 
introducing a relation between the physical and reduced 
coordinates given as 

 
1

m

i i
i

s
=

= = ∑V ΦS φ  (3) 

where Ф is a m x m matrix containing m basis’, φi, arranged 
as columns and S a m x 1 vector containing the m reduced 
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coordinates, si. The number of reduced basis are usually much 
smaller than the number of dofs, i.e. m << n. 

Projecting the discretized equations in (1) onto the reduced 
subspace represented by (3) yields the general formulation 

 ( ) ( )t+ + =MS CS g S F&& % &% %%  (4) 

with the introduced vectors and matrices  

 

( ) ( )

T

T

T

=

=

=

M Φ MΦ
C Φ CΦ
g S Φ g ΦS

%

%

%

 (5) 

In [14] the nodal restoring forces in (5) are written as a sum 
using the right hand side of (3). This leads to the general 
formulation for the reduced internal nodal forces  

 0 1 2

1 1 1

 ( ) ( )
m m m

i i ij i j
i i j

s s s
= = =

= + +∑ ∑∑g S K K K S% % %%  (6)  

where all matrices appearing in (6) are constants. In Appendix 
2 the formulation of the matrices based on Continuum 
mechanics are presented. 
   As the matrices appearing in (6) are constants these can be 
built before initiating the time integration if keeping the same 
basis throughout the analysis. This allows for a fast 
assembling of the nodal forces in (6) between each time step 
compared to the usual costly assembling of the internal nodal 
forces performed element by element. 

2.2 Symmetry reduction of quadratic sum 

The formulation of the restoring forces in (6) can compacted 
even further by taking advantage of the symmetry of the 
products of the reduced coordinates 

 i j j is s s s=  (7) 

By introducing the definition  

 2* 2 2(1 )ij ij ij jiδ= + −K K K% % %  (8) 

The symmetry condition in (7) allows the quadratic sum in (6) 
to be written as  

 2 2*

1 1 1 1

m m m i

ij i j ij i j
i j i j

s s s s
= = = =

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∑∑ ∑ ∑K K% %  (9) 

This reduces the number of sums by the number 

 
2 2

2

2 2reduced

m m m m
m m

− −
= − =  (10) 

corresponding to a relative reduction of magnitude 

 2
(m 1)

2
reducedm

r
m m

−
= =  (11) 

In the limit state this approaches a reduction of magnitude 

 
1lim 50%
2m

r
→∞

= =  (12) 

3 MODES INCLUDING HIGHER ORDER EFFECTS 
Choosing a reduction basis consisting of linear modes from 

the undeformed stage might causes the nonlinear coupling 
effects of the structure to be locked as these effects are not 
accounted for by the linear normal modes. This will increase 
the stiffness of the system and thereby affect the accuracy of 
the results. To prevent these locking phenomena modes 
containing higher order terms can be included. 

 Considering a linear normal mode i, Фi, an estimate for a 
mode, Фi

h, representing the higher order terms of the linear 
mode can be found by performing a nonlinear static 
calculation considering an equivalent formulation of the 
eigenvalue problem (EVP). Considering the mass times the 
considered linear mode as an external load and replacing the 
square of the natural frequency by a scaling factor α a 
nonlinear static system of equations can be arranged as 

 ( ) iα=K Ф MФ Ф  (13) 

By scaling the load factor α such that the solution vector Ф 
deviates slightly from the linear solution a vector estimate for 
the higher order terms of  Фi, can be taken as the difference 
between the linear normal mode and the static solution  

 h
i i= −Ф Ф Ф  (14) 

These modes will be applied in the analysis of the cantilever 
beam in section 5. The modes Фi

h used in this example case 
are based on solutions where the maximum deviation in a 
discretization point between the linear and nonlinear response, 
Ф and Фi, was around 1%. 

4 ANALYSIS OF COMPOSITE BEAM 
In the following section a composite beam is analysed to 
illustrate the potential of the RBF described in section 2 in a 
real-time perspective. Furthermore the example illustrates the 
consequence of locking introduced if the chosen basis cannot 
represent the nonlinear coupling effects. 

First is presented the description of the composite geometry, 
boundary conditions, general stiffness parameters and loading. 
Next the numerical modeling of the beam and the analysis 
approach is described. In the final section the analysis results 
are presented and discussed. 

4.1 Geometry and boundary conditions of composite beam 

In Figure 1 is sketched the composite beam in the x-z plane. 
The beam is of length L and simply supported at the beam 
ends with the rotation axis arranged in the bottom of the 
composite. The distance Lc marks a part of the beam where a 
section cut is made to increase the effect of the kinematic 
nonlinearities. 
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Figure 1. Composite beam in x-z plane.  

   In Figure 2 the cross section through section A-A marked in 
Figure 1 is sketched. From the figure the composite is seen to 
be hollow with an exterior height B and a width H. The wall 
thicknesses are t1 and t2 along the height and width 
respectively and the curvature along the edges of the profile is 
r. The introduced section cut is of width h and is placed in the 
flange in a distance t2+r from the outer edge of the web. 
Finally point A marks an edge point at the section cut which 
will be considered in the analysis. 

 
Figure 2. Composite cross section at section A-A. 

In Table 1 are listed the geometry parameters of the composite 
beam. 

Table 1. Geometry parameters of composite beam 

Parameter Magnitude Unit 
L 5 m 
Lc 1 m 
H 0.132 m 
B 0.054 m 
R 0.006 m 

t1, t2 0.002 m 
H 0.004 m 
A 680 mm2 

4.2 Loading of composite beam 

The beam is loaded by a periodic loading 

 1 1 2 2( ) sin( ) sin( )p t F t F tω ω= +  (15) 

with F1 and F2 denoting the load amplitudes and ω1 and ω2 the 
load frequencies  

Table 2. Loading parameters for composite beam 

Parameter Magnitude Unit 

F1 2 kN 
F2 1.25 kN 
ω1 5.20 Hz 
ω2 58.20 Hz 

As illustrated in Figure 1 the resultant loads are applied a 
distance L/3 from the beam edges. They are distributed over a 

square area of size (0.4 x H)2 at the bottom flange. The load 
parameters are presented in Table 2. The load frequencies 
span the frequency domain of the ten first modes of the 
composite in the undeformed stage. 

4.3 Stiffness parameters 

The composite beam consists of a synthetic matrix material 
reinforced with longitudinal fibers in one direction of the 
beam. In Table 3 are listed the stiffness’s parameters used in 
the analysis with the subscript referring the global direction 
indicated in Figure 1 and Figure 2. The parameters are taken 
from [19]. 

Table 3. Stiffness and material parameters of composite 

Parameter Magnitude Unit 
Ex 23 GPa

Ey, Ez 8.5 GPa
G 3 GPa 

νxy, νxz   0.230 - 
νyx, νzx 0.085 - 
νyz, νzy 0.230 - 
ρ 1825 kg/m3

 
   Ex, Ey, Ez denote the orthotropic moduli of elasticity and G 
denote the orthotropic shear moduli for shear deformation 
assumed equal in all planes, respectively. The term νxy is a 
Poisson ratio characterizing the strain in the y-direction 
produced by the stress in the x-direction. Similar 
interpretations are given for the remaining Poison ratios listed 
in Table 3. Finally ρ denotes the density of the composite. 
   In the given case it is assumed that the fibers are aligned 
parallel with the length of the beam leading to maximum 
stiffness moduli in the x-direction 

4.4 Numerical Modeling 

The composite beam is modeled in a local MATLAB based finite 
element program named BYGFEM. To model the structure the 
10-nodal isoparametric tetrahedral element sketched in Figure 
3 is used. The element can describe displacement fields up to 
2nd order and stress fields up to 1st order correctly. Three 
translations describe the deformation in each node. For a more 
thorough description of the element, see e.g. [15]. 

 
Figure 3. 10-nodal tetrahedral element. 

   To perform the time integration when using the RBF is used 
the central difference method (CDM) which is an explicit 2nd 
order method, see e.g. [15]. The reason for picking this 
integration scheme is that it is simple whereas the 
disadvantage is that the time step has to be below a critical 
value in order to prevent instability. To check the accuracy of 
the RBF solution this is compared to a full solution found with 
an implicit Newmark algorithm (NA). 
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In Table 4 are listed some of the algorithm parameters used 
in the analysis with tact denoting the actual time simulated, ∆t 
the time step magnitude with the superscript referring to the 
method applied and the algorithm parameters α and β applied 
in the full implicit analysis. The latter two are set equal to a 
magnitude corresponding to unconditionally stability in the 
linear analysis case. Finally ϵ is the equilibrium tolerance. 

Table 4. Algorithm parameters 

Parameter Magnitude Unit 
tact 0.25 s 

∆tNA / ∆tCDM  10-3 /  3·10-5 s 
ϵ 10-3 - 
γ ½ - 
β ¼ - 

 
   Two different mesh sizes were used in the analysis. In the 
region spanning the section cut of length Lc (cf. Figure 1) the 
mesh density is set to ten times finer than in the remaining 
structure in order to model the curvature at the section cut 
sufficient. A total of 65523 dofs were contained in the model. 

The basis used in the RBF is taken as the lowest 25 linear 
normal modes of the composite in the undeformed stage.  

4.5 Analysis results and discussion 

In Figure 4 is plotted the displacement, uz, in point A (cf. 
Figure 2) in the time interval t ϵ [0, 0.04] sec. The blue curve 
shows the solution obtained with the implicit NA representing 
the full solution. The red curve shows the RBF solution. 

From the figure it is observed that the RBF curve starts to 
deviate significantly from the full model solution already from 
around t = 0.02 seconds. Around this point the RBF curve 
reaches a local maximum whereas the NA response keeps 
increasing rapidly. The behavior of the two curves indicate 
that the RBF solution exhibits a much higher stiffer than the 
NA solution. As indicated previously and as will be 
demonstrated in the example in the next section the increased 
stiffness is introduced through the choice of modes included 
in the model. Due to the kinematic nonlinearities coupling of 
the transverse and axial deformations take place. If the chosen 
modes do not represent these coupling effects sufficiently 
locking will appear increasing the stiffness of the system.  

 
Figure 4. Displacement, uz, at point A in the composite 

beam found using a NA and the RBF, respectively. 
 
One way to overcome the locking phenomena is by 

increasing the number of modes until a sufficiently number of 

modes can represent these nonlinear effects. However, in 
order for the RBF to be performed in real time it is necessary 
to keep the number of modes as few as possible while still 
being able to describe the response as good as possible. 
   In Table 5 is presented how many modes that can be 
contained in the model for different time step magnitudes if 
the RBF should be executed in real time. It should be stressed 
that the results are based on simulations on a standard PC. 

Table 5. Mode limit vs. time step magnitude 

Time step [s] No. of modes 
10-3 35 
10-4 12 
10-5 1 

The table shows a decrease in number of modes as the time 
step is decreased, which should be expected. For a time step 
of magnitude ∆t = 10-5 a model approximated by one mode 
only can be executed in real time, whereas by increasing the 
time step to ∆t =10-4 sec enables one to describe the response 
with up to 12 modes. Decreasing the time step further to ∆t 
=10-3 sec up to 35 modes can be applied. As the time step is 
dictated by the highest frequency of the system through the 
stability requirement, the time step that can be applied is 
restricted by the nature of the considered system. Thus, the 
RBF is most suitable for low frequency ranges as this allows 
for larger time steps.  From the table it is also evident that 25 
modes are way beyond the limit for real time execution for the 
given time step applied analyzing the composite beam. 
However, the example in the next section indicates that by 
using only a few higher order modes the results can be 
improved significantly. 

5 ANALYSIS OF CANTILEVER BEAM 
A cantilever beam exposed to a harmonic loading is analysed 
next. The example serves to illustrate that the locking effect of 
a nonlinear response can be reduced significantly by 
introducing few modes including higher order effects. 

5.1 Geometry, loading & stiffness parameters of cantilever 

The cantilever is of length L and has a cross section of width 
and height w and h, cf. Figure 5. 
 

 
Figure 5. Sketch of cantilever exposed to sinusoidal load 

(left) and it cross section dimensions (right).  
 
It is exposed to a sinusoidal load with amplitude F and 
excitation frequency ω. 

 ( ) sin( )p t F tω= ⋅  (16) 

The cantilever is isotropic and made from steel. The load 
amplitude F is chosen such that the response is significantly 
nonlinear. The frequency, ω, corresponds to 1/25 of the lowest 
natural frequency in the undeformed stage. 
   In Table 6 are presented the beam and load parameters. 
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Table 6. Cantilever parameters 

Parameter Magnitude Unit 
E 210 GPa 

ν 0.3 GPa 
h, w 1 m 

L 4 m 
F 2 GPa 
ω 2 Hz 

5.2 Numerical modeling 

   The cantilever is modeled with a mesh consisting of four 
elements along the height, twelve elements along the length 
and one element in the width direction with the tetrahedral 
element presented previously. 
   As for the composite beam the response of the cantilever 
beam is analysed numerically using the implicit NA and the 
CDM algorithm for the RBF with the algorithm parameters in 
Table 4.  
    In the present analysis the basis chosen for the RBF 
analysis consists of a varying number of modes. To reduce the 
locking effects linear modes and their corresponding higher 
order modes are included as determined by (13)-(14) using a 
Newton-Raphson algorithm. In Table 7 are listed three 
combinations of modes used. 

Table 7. Modes included in RBF solutions 

Case Linear modes 
no. 

Higher order 
modes no. 

RBF 1 1-4 - 
RBF 2 1 1 
RBF 3 1, 4 1, 4 

 
In the ‘RBF 1’-case the linear modes 1 to 4 are included 
without higher order terms. These modes constitute bending 
modes in the load direction (mode 1 and 4) whereas mode 2 
and 3 constitute a bending mode opposite to the load direction 
and a torsional load around the beam axis. In the ‘RBF 2’- and 
‘RBF 3’-case only the bending modes in the load plane 
together with their higher order modes are considered. 

5.3 Analysis of Cantilever 

   In Figure 6 is plotted the response of the cross-sectional 
midpoint node at the loaded beam end. The blue curve 
represents NA solution whereas the remaining curves 
represent the RBF solutions. 

 
Figure 6. Deformation of midpoint node at loaded end.  

 

   Considering the full response the deformation it is seen to be 
dominated by a frequency equal to the excitation frequency 
with amplitude around 2 m corresponding to the static 
nonlinear response of the beam if exposed to the load 
amplitude, F. Local oscillations appear with a frequency 
around 50 Hz corresponding to the first linear bending mode 
of the beam. This mode is only slightly excited due to the 
relatively slower load frequency. The response in the ‘RBF 
1’-case identifies a similar locking phenomenon indicated by 
the relatively small global amplitude and the increased local 
frequency response. By including the higher order modes the 
locking effects are seen to be significantly reduced as the 
curves ‘RBF 2’ and ‘RBF 3’ attain amplitudes close to the NA 
solution. The solutions ‘RBF 2’ and ‘RBF 3’ are not fully 
converged, but their results indicate that by adding few 
additional modes with higher order terms the response can 
improved significantly. 

6 CONCLUSION 
It has been demonstrated how to reduce a set of kinematic 
nonlinear equations of motion applying a reduced basis 
formulation (RBF) introduced by [14] making it possible to 
perform fast nodal force assembling. The formulation was 
improved using a symmetry condition reducing the number of 
assembling terms by fifty percent in the limit state. A 
composite beam exposed to a periodic loading was used as 
example to demonstrate the potential of the RBF. The results 
were influenced by locking introduced through the choice of 
included linear modes increasing the stiffness of the model. 
However, by adding a few higher order modes to the basis it 
was shown that the locking could be significantly reduced. 
This was illustrated in a simple example considering a 
cantilever beam. Furthermore it was concluded that time steps 
of magnitude 10-3 s, 10-4 s and 10-5 s allow the simulations to 
be performed in real time with up to around 35, 12 and 1 
mode(s), respectively, on a standard PC. Based on this it is 
concluded that the RBF has potential to perform real time 
simulations if choosing a sufficient basis and if possible to go 
beyond a time step of 10-5 sec. 

7 APPENDICES 
In Appendix 1 the Continuum mechanics theory required for a 
finite element formulation is presented. In Appendix 2 the 
discretized equations of motion are derived based on the 
presented Continuum mechanics. Finally in Appendix 3 the 
definitions of the constant matrices in the sum-formulation in 
(6) are presented. 

7.1 Appendix 1 – Generalized Strains and Stresses 

In the present Continuum theory required to arrange the finite 
element formulations is presented. The Green Strain measure 
is chosen to characterize the state of deformation of the 
continuum considered with the conjugate stress given as the 
Second-Piola Kirchoff stress measure. A detailed description 
of the theory can be seen in e.g. [16-17]. 
   The starting point is the general Green strain tensor 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1873 

 

( )

0 0 0 0
1 1
2 2

1
2

ji
ij

j i j i

T
ik kj ij

u u uu
E

x x x x

F F

γ γ

δ

⎛ ⎞∂ ∂ ∂∂
= + +⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

= −

 (17) 
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Where ijδ is Kronecker’s delta, F the deformation gradient, 
and D the displacement gradient given as 
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As stated on the right hand side of (19)-(21) the tensors can be 
arranged as column vectors. This formulation is used to 
organize the finite element formulation in the following 
section. 
   The seond Piola-Kirchoff stress measure, S, is related to the 
Green strain tensor, E, through the constitutive relation 
assuming a Saint Venant-Kirchoff material 

 
ij ijkl klS C E=  (22) 

where Cijkl is a fourth-order tensor of elastic moduli which are 
constant. It is often computationally convenient to represent 
the stress and strain components as a one-dimensional array. 
These are therefore organized in Voigt notation. For the given 
case considering orthotropic material this is given as, se e.g. 
[18] 
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Introducing the definition in (19)-(20) into the green strain 
tensor in (17) this can be written in Voigt notation as   
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7.2 Appendix 2 – Finite Element Formulation 

In the present appendix the formulation of the element local 
discretized equations of motion are presented. The element 
local variation, u, is interpolated in terms of the end point 
nodal degrees of freedom contained in the vector v as  

 =u Nv  (25) 

Where N is the displacement interpolation matrix N for an 
element with m degrees of freedom. With this the vectors dj in 
(18) can be formulated as  

 
0 0
i

j j
j j

u

x x

∂ ∂
= = =
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d Nv B v  (26) 

The corresponding virtual components to (27) is 

 j jδ δ=d B v  (27) 

Introducing the notations 
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The nonlinear vector Enonlin in (24) can be written as  

11 22 33 23 13 12          1
2

1 ( )
2

TT T T T T T
non ⎡ ⎤= ⎣ ⎦

=

E v B v B v B v B v B v B v

C v v

(30) 

Where C(v) is a linear function of v. Furthermore by 
introducing the general expression for the linear strains known 
linear elastic theory  

 
lin =E Bv  (31) 

With B denoting the strain interpolation matrix. The Green 
strain tensor in (24) can then be written in compact form as 

 1 ( )
2

= +E Bv C v v  (32) 

Due to symmetry of matrices in (33) the virtual Green strains 
on Voigt notation can be found as  
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Now the internal nodal load vector g(v) can be organized from 
the virtual work equation in static context 

 

0

0

int 0

0
1( )   

   

( )
2

( )

T

V

T

V

T

V dV

dV

δ δ

δ δ

δ

=

+ +=

=

∫

∫

E S

B v C v D Bv Cv

v g v

 (34) 

With D denoting the material stiffness matrix. The matrix 
contribution in g(v) are constant terms, terms linear in v and 
terms quadratic in v, respectively. These are defined as 
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The nonlinear equations of motion are found by adding inertia 
and damping terms 

 ( ) ( )t+ + =mv cv g v f&& &  (36) 

With m being the mass matrix, c the damping matrix and f(t) 
the external load vector. 

7.3 Appendix 3 – Formulation of modal matrices 

In the following the expressions for the modal matrices in (6) 
based on the continuum theory presented in Appendix 1 are 
identified. 
   The local element dofs in v and the global dofs V are related 
through the element local topology array L 

 i is= =v LV Lφ  (37) 

Where the reduced basis formulation in (3) is introduced. 
Introducing this relation into the nonlinear part of the nodal 
forces in (33) and projecting this onto the reduced basis in (3) 
yields the expression 
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From where the local element stiffness’s in reduced 
coordinates are identified as  
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The global stiffnesses in reduced coordinates presented in 
general form in (6) are found by summing over the total 
number of elements (nel)   

 1 1 2 2
,el ,

1 1

    ,
nel nel

i i ij ij el
el el= =

= =∑ ∑K k K k% % % %  (40) 
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ABSTRACT: In this work, large amplitude vibrations of a heated Timoshenko composite beam having delamination is studied. 
The model of delamination considers the contact interaction between sublaminates including normal forces, shear forces and 
additional damping due to the sublaminate interaction. Numerical calculations are performed in order to estimate the influence 
of the delamination, the geometrically nonlinear terms and elevated temperature on the response of the beam. 

KEY WORDS: Timoshenko beam, delamination, large amplitude vibration, contact interaction, damping, temperature 
influence. 

1 INTRODUCTION 
Delamination is a major problem in multilayer composite 
structures. Due to this reason the development of adequate 
models describing the phenomena arising in the delaminated 
part of the structure is a very important topic in real 
engineering applications. Models which describe the dynamic 
behaviour of the delaminated structures could be very useful 
in the development of the vibration based methods for 
delamination detection. 

There are many models in the literature which may predict 
the dynamic behaviour of beams with delamination. In [1] 
Wang et al. introduced the so-called “free model” where 
sublaminates were free to vibrate, which resulted in 
interpenetration of the delaminated sublaminates. In [2] the 
so-called “constrained model” was developed assuming that 
delaminated sublaminates were constrained to have identical 
transverse displacements. This model excluded the possible 
opening vibration mode of sublaminates, which is observed in 
experimental studies. Lou and Hanagud, [3] proposed a model 
according to which the contact separation phenomenon 
between sublaminates is considered by using a piecewise 
linear spring model. Then, in [4] an extended model was 
suggested where the sublaminate interaction was presented by 
a nonlinear interpenetration model.  A detailed review of the 
dynamics of earlier works on beams with delamination can be 
found in  Luo’s and  Hanagud’s works [3]  and in the recently 
published article for free vibrations of beams with 
delamination  [5]. In most of the models of dynamic 
behaviour of beams with delamination, the shear forces during 
the sublaminate interaction and the additional damping arising 
due to friction between sublaminates are neglected. A model 
of the dynamic response of a composite Timoshenko beam 
which takes into account the above mentioned phenomena 
was recently developed by the authors of this study in [6]. In 
this paper a numerical analysis of the dynamic behaviour of a 
composite beam was performed and some comparisons with 
experimental results were provided.  The experimental tests, 
however, were performed only for the case of composite 
beams without delamination. In [7] an experimental study of 

the dynamic behaviour of beams with delamination was 
performed. In order to model the delamination in layered 
composite beams small inclusions of different materials were 
inserted, modelling the delamination. In this way the model of 
dynamic behaviour of the contact interaction introduced in [6] 
was verified and the importance of the additional damping due 
to sublaminate interactions was proved. 

In all of the above mentioned papers the beam vibrations 
were modelled by using the small deflection beam theory. In 
order to take into account the longitudinal deflections in the 
delaminated parts of the beam in the previous studies [ 2, 4, 6 
and 7 ] these parts of the beam were assumed to be subjected 
to artificially introduced axial force. An attempt to consider 
the large deflections of a beam with delamination was done in 
[8]. The present work is an extension of the work presented in 
[8]. The influence of the temperature changes are taken into 
account in the equation of motion. 

In most of the analysis of the dynamic behaviour of a beam 
with delamination the environmental conditions are neglected. 
A very important condition which has to be considered is the 
temperature, which may vary in high ranges in real 
applications. Temperature changes can and do affect 
substantially the vibration response of a structure. Thermal 
loads introduce stresses due to a thermal expansion, which 
lead to changes in the modal properties. Although the 
temperature and elastic behaviours are in fact coupled [9, 10], 
for thin structures it is often reasonable to assume that the 
temperature distribution is independent of the deformation of 
the structure or that the structure gets the elevated temperature 
instantly. This approach is widely used to model the 
thermoelastic behaviour of structures. The geometrically 
nonlinear vibrations of structures at elevated temperature are 
studied by many authors ( see, for example  [10] - [13]) . It is 
shown in [14] that on a lot of occasions the presence of a 
temperature field can either mask the effect of damage 
(delamination in our case) or increase it, which will render a 
vibration based damage detection method ineffective - it 
might give no alarm when a fault is present or might give a 
false alarm. 
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In the present work the model of dynamic behaviour of beam 
with delamination suggested in [6] and [7] is extended by 
introducing the geometrically nonlinear terms in the equations 
of motion considering large amplitude vibrations. The beam is 
considered to be subjected to temperature loading as well.  A 
numerical procedure and a computer code for solution of the 
problem of the large amplitude vibrations of heated 
Timoshenko beams with delamination are developed. 
Numerical results of the large amplitude vibration of intact 
and damaged beams were provided and comparisons with the 
case of small amplitude vibrations were performed. The 
influence of the elevated temperature on the response of the 
damaged beam is also studied. 

2. BASIC EQUATIONS 

2.1. Equations of motion and boundary conditions 

The considered composite laminated beam was conditionally 
considered to consist of four sections (Fig. 1). Section 1 and 
section 4 are without defects. The cross-section between these 
two parts contains a delamination.  Sections  2 and 3 denote 
the parts of the beam’s cross-section divided by the 
delamination. 

 

 

Figure 1. Geometry of the beam. x1 and x2 denote the 
beginning and the end of delaminated area. 

By hi (i = 2, 3) the thicknesses of the delaminated parts of 
the cross-section are denoted and zd is the coordinate of the 
delamination. 

According to the model suggested in [6] for section 2 and 3 

we assume that normal and shear forces Nσ  and  Sσ  act 
when these two sections are in contact. An additional damping 
due to delamination, which is experimentally observed, is also 
included by adding rate dependent terms in the expressions for 
the contact forces: 

 2 3 2 3( , ) ( ) ( )N N Nx t K w w K w wσ = − + −ɺ ɺ ɺ  (1) 

[ ]32
2 2 3 3 3 3 2 2( , )S S Sww

x t K h h K h h
x x

σ ψ ψ ψ ψ
 ∂ ∂   = − − − + −   ∂ ∂    

ɺ ɺ ɺ   (2) 

Here by wi the transverse displacements of ith  section of the 
beam is denoted, ψi is the angle of rotation of the normal of 
the cross-section to the beam mid-axes. In (1) and (2) NK , 

SK , NKɺ  and SKɺ  are coefficients. They are connected with 

the mechanical properties of the material. NKɺ  and SKɺ  are 
related directly with the coefficients of the dry friction of the 
material. The contact phenomenon between section 2 and 3 is 
modelled according to this model by considering each 
contacting sublaminate acting as a two parametric elastic 
foundation (with spring constants KN and KS) on which the 
other contacting sublaminate is resting. The possibility of 
separation (opening of the delamination) and friction between 
delaminated layers is taken into account. The spring constants 
KN and KS  are presented by the following formulas ([4] and 
[6]) : 

 2 3
2 2 3 3

2
( )

/ /
N b

K H w w
h E h E

≈ −
+

  (3) 

 [ ]2 2 3 3 2 3( / ) ( / ) ( )sK b h h G h h G H w w≈ + −  (4) 

where by H(.) is denoted the Heaviside step function  , 

 
0 for 0

( )
1 for 0

H
δ

δ
δ

≤
=  >    

(5) 

In Eqs. (3)  Gi (i=2,3)  denote the shear modulus of the cross 
section i. 

In the following considerations the longitudinal inertia 
effect is neglected. Thus, the governing equations for the large 
amplitude thermoelastic vibration of the beam could be 
written as follows: 

2 2

2 2
i i i T

i i i i i iT

u w w
E F E F E b

x xx x

γ
α

∂ ∂ ∂ ∂
= − +

∂ ∂∂ ∂
,

 (6 a-c)  
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2 2
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γ ψ ψ γ ψ ψ

ψ
ρ

α
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∂ − − − − − − − ∂ 

 ∂ ∂ ∂ ∂
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h
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h
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/
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/
/

, , , ( , , )  

Here  ui  denotes the longitudinal displacement of i-th beam 
section. The parameter γ  has been introduced to take into 

account the fact, that for section 1 and 4 the terms containing 

, , ,N S N SK K K Kɺ ɺ  disappear, i.e.:  

 

1 for  =2 and 3

0 for  =1 and 4

i

i
γ 

= 


 (7) 

The notations of the geometrical parameters in (6) are 

defined by the following expressions: 

Section 4 Section 2 

Section 3 

Section 1 

b

h 

x 

z 

l 

x1 
x 2 

h2 

h3 
zd 
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3 3

3 3

2 3

2 3

2 2
, , ,

3 3 3 3

/ 2 , / 2

d d
i i

d d

h h
z z

F bh I b I b

h h z h z h

      −      
      = = − = −
   
   
      

= − = −

 (8) 

Equations (6) are solved at the following boundary 

conditions (clamped-clamped beam): 

1 1(0, ) 0, (0, ) 0,w t tψ= = 4 4( , ) 0, ( , ) 0,w l t l tψ= =         (9) 

and the continuity conditions:  
 

1 1 2 1 1 1 3 1

1 1 2 1 1 1 3 1

1 2 3 1

1 2 3

( , ) ( , ), ( , ) ( , ),

( , ) ( , ), ( , ) ( , )

w x t w x t w x t w x t

x t x t x t x t

M M M x x

Q Q Q

ψ ψ ψ ψ
= =
= =

= + =
= +

     (10) (10) 

4 2 2 2 4 2 3 2

4 2 2 2 4 2 3 2

4 2 3 2

4 2 3

( , ) ( , ), ( , ) ( , ),

( , ) ( , ), ( , ) ( , )

w x t w x t w x t w x t

x t x t x t x t

M M M x x

Q Q Q

ψ ψ ψ ψ
= =
= =

= + =
= +

  

where Mi and Qi are the bending moments and the shear 
forces of i-th beam’s section. 

2.2. Solution of the problem 

In order to consider the longitudinal displacements in a 
delaminated beam it could be assumed that it consists of two 
parallel beams - I and II.  Beam  I consists of section 1,2 and 
4 and beam II consists of sections 1, 3 and 4. 
From Eq. (6 a), it can be seen  that  

 
2

0.5I I
I

u w
C

x x

∂ ∂ = −  ∂ ∂ 
  I=1,2  (11) 

where index I denotes a number of the beams defined above.  
This means that the geometrically nonlinear term GL in Eqn. 
(6 c) could be presented as: 

 
2 2

2

1

2
iI I

L I
wu w

G C
x x x

∂∂ ∂ = + = ∂ ∂ ∂ 
, I=1,2 (12) 

The constants CI can be determined from the boundary 
condition uI(1,t)=0. 
After integration it could be written in the form 

 
21

2
0

I I
I

w w
C dξ ξ

ξ ξ
∂ ∂

= −
∂ ∂∫  . (13) 

Thus, the geometrical nonlinear term for sections 1 and 4 of 

the beam is 
2

22
I II

L
C C w

G
x

+ ∂ =   ∂ 
- for section 2 it is  

2

2L I
w

G C
x

∂=
∂

 and for section 3 it is  
2

2L II
w

G C
x

∂=
∂

.  

Using this approach the possibility of arising different 
longitudinal deflections in the part of the beam having 
delamination (in the opening mode of the delamination) is 
taken into account. Thus, the inclusion in the governing 
equations of the axial force  P , to which section 2 and 3 of the 
beam are assumed to be subjected  in  [2], [4] and [6], is 
avoided. 

The governing equations of motion are solved numerically 
by the finite difference method. The following dimensionless 
variables are introduced for the numerical solution: 

 w w l= ,  x x l= ,  t tc l= ,  
2 /c E ρ====   (14a-d) 

The governing equations (6), the boundary conditions (9) 
and the continuity conditions (10) are discretized along x by 
the finite difference method using the central difference 

formulas with order 
2( )O s  (where s is the discretization 

step): 
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1 1

2 2
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2
,

2
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j j jj
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ii i i
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w w ww

x s

j
x s

x s

ψ ψ ψψ

ψ ψψ

−+

+ −

− −

− +∂
=

∂
− +∂

= =
∂

−∂
=

∂

      (15 a,b) 

In the applied notation in Eq. (12) the upper index in 
brackets denotes a number of the beam sections and the 
subscript i  is the number of the discretization node in the 
space domain. A doubled numeration of the nodes in sections 
2 and 3 is introduced. If section 1 is discretized by  N1 nodes, 
section 2 and 3 are discretized by  N2  nodes (they coincide) 
and section 4 – by  N4  nodes, then the total number of the 
second order ordinary differential equations (ODE) obtained 
after the discretization is N=N1+N4+2N2 . By a simple 
substitution they are transformed in 4N first order ODE with 
respect to the variables: 

 { }, , ,
T

w wψ ψ=y ɺ ɺ , 

 y = [A]y + qɺ  (16 a,b) 

The ordinary differential equations (16) are solved 
numerically by an implicit method using the backward 
differentiation formulas (well known as the Gear’s method 
(see [15] ) and   the IMSL Fortran Library software package. 
An iteration procedure is used to recalculate the reaction 
forces in the sublaminates when a contact interaction arises. 
First, the problem is solved by using the small deflection 
beam theory (SDBT). Then the derivative ( ) /j

iw x∂ ∂ , 
2 ( ) 2/j

iw x∂ ∂ , the longitudinal displacements (according to 

Eqn (12) ) and LG  were calculated numerically, and the 

problem was solved again by using the large deflection  
beam theory (LDBT). At each time step the difference 
between the deflections of the nodes with a doubled 
numeration was checked and if penetration appeared the 
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recalculation of the equation for the same time step was 
performed introducing the normal and shear contact forces. 
In this way the interpenetration between sublaminates was 
prevented. When the corresponding nodes from the 
sublaminates are not in contact the reaction forces and the 
corresponding damping terms are set to zero. 

3. NUMERICAL RESULTS AND DISSCUSSION 

A numerical study was performed in order to test the created 
algorithms and the computer programmes and to study the 
influence of the geometrically nonlinear terms and the 
elevated temperature on the response of the beam with 
delamination.  

The first task was to repeat the calculations performed in [7] 
and to compare them with the experimental results published 
in the same article.  In the above mentioned article inclusions 
were embedded in small parts of two adjacent layers of 12-ply 
unidirectional composite layered beam, in order  to model 
delamination. Then, the beams with and without inclusions 
were subjected to short pulses and the numerical and 
experimental results were compared. In the present work this 
calculations were repeated by using the large deflections 
beams theory. Obtained results practically coincide with the 
experimentally obtained results in [7]. As far as the 
deflections are small the results obtained by SDBT and LDBT 
are practically indistinguishable. That is why these results are 
not shown here. 

The tested beam had the following dimension l=0.23 m, 
h=0.00325 m b=0.01815 m. The material properties of the 
beam without delamination (inclusions) were measured as: 
E=47065.19 MPa, ρ=1900 kg/m3, ν=0.3189. The 
delamination was considered to have a length of 0.03 m 
located at  zd =-0.00054m  at  the central part of the  beam 
along its length.  

The beams were discretized by 139 nodes along the beam 
length. In order to describe the delamination in the numerical 
model 21 nodes with doubled numeration were used in the 
middle of the beam. This means, that for beams with 
delamination, section 1 and section 4 had 59 nodes each, 
whereas section 2 and 3 had 21 nodes each. Each node from 
section 2 had a corresponding node from section 3 with the 
same x coordinate. The total number of nodes for the beam 
with delamination was 160. Thus, the total number of solved 
ODE was equal to 640. The calculations were performed with 
different numbers of nodes. The chosen number of nodes 
guaranteed the obtaining of the mesh independent results.  
Тhe dynamic responses of the beams with delamination 

subjected to a harmonic loading was studied by using SDBT 
and LDBT. The case of a beam without delamination was also 
considered. In order to avoid the influence of the inclusions 
which has different density and rigidity in the next example 
the mechanical properties of sections 1,2,3 and 4 are accepted 
to be the ones for a glass-epoxy material.  The beam was 
subjected to harmonic loading with amplitude p0=2.4 kN at 
the beam centre with  excitation frequency ωe=1360 rad/s. The 
first eigen-frequency of the intact beam was obtained to be  
ω1=1366.8 rad/s. The results from the numerical calculations 
are plotted in Figure 2 

 

 
Figure 2. Time history diagram of the response of the beam 

subjected to a harmonic loading with P0=2.4 kN and ωe=1360 
rad.s-1  . 1 (blue line) – SDBT with delamination; 2 (Red line) 
– large deflections with delamination; 3 (black line) – LDBT  

without delamination. 
 

Due to the fact that the excitation frequency is very close to 
the first natural frequency of the beam, in the results 
computed according to SDBT strong beating can be observed. 
The deflections in this case are much larger than the ones 
computed by LDBT. As can be expected the deflections of the 
beam with delamination are larger than the one of the intact 
beam (see curve 2 and 3). This case shows the importance of 
the consideration of the large deflections in the governing 
equations of beams with delamination. 

The next examples were computed for a beam with the 
following physical properties and geometrical dimensions: E 
= 7000 MPa ρ= 2778 kg/m3 ν=0.34 l=0.5 m h=0.005m 
b=0.05m . The delamination was larger – 0.07 m at the centre 
of the beam and located at zd = -0.000325 m.  The 
discretization of the beam was the same as in the previous 
example. The loading is distributed along the whole beam 
length according to the formula 

0( , ) sin( / ) sin( )ep x t P x l tπ ω=  

The exciatition frequency for this case was ωe=1360 s-1 and 
P0=300N/m.  

Results from the response of the beam’s centre for the 
selected period of time are shown in Fig 3. It is seen that the 
deflections computed according to LDBT differ from the one 
obtained by SDBT. The deflections computed by LDBT lead 
to an amplitude smaller than the ones obtained by SDBT. The 
presence of delamination increases the amplitude of the 
vibrations.  

In the next figures (4 and 5) the opening and closing modes 
of the delamination for a short period of time can be oserved. 
It is interesting to note that the opening of the delamination is 
larger in the case of consideration of the beam according to 
LDBT. The normal reaction force during the contact between 
the sublaminates for the same period of time shows the 
opposite trend – the reaction force for the case of SDBT is 
larger than the one in the case of LDBT. It is seen that the 
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simple consideration of  the longitudinal displacements by 
introducing an artifically longitudinal force which acts at both 
ends of delamination (with oposite signs) cannot describe 
adequately the influence of the large deflections on the 
response and especially on the contact interaction between 
sublaminates. 

 

 
Figure 3. Time history diagram of the beam center subjected 

to harmonic loading. 1 – (black colour) – SDBT , no 
delamination; 2 (red colour) – SDBT beam with delamination; 

3 (green colour) -LDBT , delamination; 4 – LDBT, no 
delamination. 

 
 

 
Figure 4. The differences between the deflections from section 
2 and section 3 in the centre of delamination (w70-w91) in time. 

Red colour – SDBT; Green colour – LDBT. 

 
 

Figure 5. The normal reaction forces (dimensionless) between 
the sublaminates  at the centre of the delamination. Red colour 

– SDBT; Green colour – LDBT. 
 

In the next examples the influence of the temperature on the 
vibration of the beam was studied.The same beam like  the 
one from the previous example was subjected to the same 
mechanical loading but was subjected to the temperature 
changes. A more complicated case when the delamination was 
located close to the left beam edge was considered. The 
delamination , placed at zd = -0.000325 m was located between 
nodes 24 and 45, i.e. it had a length of 15 % of the beam’s 
length.  

The responces of the centre of the delamination of the beam 
subjected to uniformly distributed along beam’s length load 
p= 150sin( )etω N/m are plotted in Fig.5. The excitation 

frequency was 324eω = rad/s ( 1 647.95ω = rad/s). The beam 

are subjected to 3 different temperature changes ∆T =10, 20 
and 39 K. Also the response of the beam without delamination 
at node 35 was plotted.  Inspecting the curves plotted there it 
is clearly seen that the elevated temperatures lead to larger 
amplitudes. After a long transition regime the vibrations in all 
cases become periodic. The Poincaré maps of the responses 
are plotted in Fig. 7 for 5000t > . Comparisons between the 
responses of the beams with and without delamination can be 
made in Figs. 8 and 9. As can be expected the amplitude of 
vibration is larger for the beam having delamination. The 
differences between the responses, however, increase with the 
increasing temperature, i.e. the elevated temperature enhances 
the influence of the delamination on the response of the beam. 

4. CONCLUSIONS. 

An extension of the model (proposed by the authors of this 
study) of the dynamic behaviour of composite beams having 
delamination has been developed. The proposed model, 
considering a contact-separation of the sublaminates during 
forced response, has been extended for the case of large 
amplitude vibrations of thermally loaded beams. The 
influence of the geometrically nonlinear terms and the 
delamination on the response of the beam have been studied 
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numerically in the case of the harmonic loading of heated and 
unheated beams. The numerical studies have shown that the 
results of the extended model considering large deflections 

 
Fig. 6. Responses of the beam  (at the centre of the 

delamination)  subjected to harmonic loading . P0=150 N/m , 
324eω = rad/s. 1 (black color) – beam without delamination 

∆=0.; 2 (green color) - ∆T =10; 3 (blue color) - ∆T =20; 4 (red 
color) - ∆T =30.  

 

 
Fig. 7. Poincare maps of the responses of the beam  (at the 
center of the delamination)  subjected to harmonic loading. 

P0=150 N/m , 324eω = rad/s. 1 (black colour) – beam without 

delamination, ∆Τ=0; 2 (green colour) - ∆T =10; 3 (blue 
colour) - ∆T =20; 4 (red colour) - ∆T =30. 

 
Fig. 8. . Responses of the beam at node 35 for ∆T =0. 1 – 

black solid line - beam without delamination; 2 red dashed 
line beam with delamination . 

 

 
Fig. 9. Responses of the beam at node 35 for ∆T =30. 1 (black 
solid line) - beam without delamination; 2 (red dashed line) - 

beam with delamination . 
 

differ from the ones obtained by using SDBT beam theory. 
The differences between the responses of the beam according 
to LDBT model and the SDBT model can be essential when 
the excitation frequency is close to the first natural frequency 
of the beam. The increased temperature leads to vibration with 
larger amplitude. The influence of the delamination on the 
response of the beam becomes more essential when the 
temperature increases. 
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ABSTRACT: The presented research discusses the coupled flexural-torsional vibrations of a thin walled composite box beam 
made of a ply composite material attached to a rotating hub. The observed coupling between flexural and torsional modes is 
resulting from the directional properties of the composite material with assumed a priori fibers’ orientation. Moreover, several 
non-classical effects like shear deformation, cross-sectional rotatory inertia and driving hub inertia are taken into account. Based 
on authors previous research a system of partial differential equations for the discussed structure is given. Next, this system is 
solved and the eigenvalues and eigenmodes are obtained by the Extended Galerkin method. A simple parametric analysis of 
hub’s inertia impact on systems dynamic characteristics is performed by considering aluminium and steel hub design. Within 
this analysis resonance curves obtained for excited vibrations have been plotted. Next, graphs representing natural frequencies of 
the beam-hub system against hub’s mass moment of inertia are shown. Finally, time histories of the transversal displacement, 
shear deformation angle and twist angle are given for both considered rotor assembly variants.  
 

KEY WORDS: Rotating beam; Timoshenko beam model; Non-classical effects; Composite material; Coupled vibrations. 

1 INTRODUCTION 
Rotating beams are important structural elements widely used 
in mechanical and aerospace engineering as turbine blades, 
various cooling fans, windmill blades, helicopter rotor blades, 
airplane propellers, flexible robotic arms etc. Introduction of 
composite materials technology has significantly influenced 
their design and opened new directions for the scientific 
research. Various elastic couplings, resulting from the 
directional-dependent properties of composites and ply-
stacking sequences combinations are becoming commonly 
exploited to enhance structural response. One of the most 
striking applications of this idea with respect to rotating 
beams is the XV-15 tilt rotor aircraft design. A proper 
tension–twist elastic coupling has been implemented in the 
structural design to ensure two different rotor’s blades twist 
distributions corresponding to various systems operation 
modes (i.e. airplane and helicopter flight mode) [3], [10]. 

Due to the complex static and dynamic behavior of 
composite blades and possible shaft-hub-blades interactions 
the proposed topic needs to be extensively studied to provide 
the accurate prediction of rotor’s assembly characteristics, 
which are essential for the reliable design of modern 
mechanical structures and aeronautical crafts. 

In the past few years, a number of analytical models of 
anisotropic thin-walled beams have been proposed and 
validated either numerically or experimentally. Numerous 
results concerning the structural dynamic behavior of 
composite thin-walled beams can be found in the professional 
literature; also several review papers containing an extended 
assessment of rotating beam modelling methods with special 
regard to helicopter rotor blades have been published e.g. [9] 
[20].  

A versatile and comprehensive work devoted to thin-walled 
composite beam analysis has been done by Librescu and Song 
[18], [17], [11]. Authors elaborated a theory of thin-walled 
composite beams of an arbitrary, closed or open cross-section. 
The work-out approach encompassed a number of non-
classical effects such as the material anisotropy and 
circumferential stiffness non-uniformity, transverse shear 
deformation, Vlasov effect etc. under the initial assumption of 
the beam's cross-section to be rigid in its own plane. In the 
performed analysis of rotating systems [17], [11] the effects of 
centrifugal and Coriolis forces were taken into account; also 
effects of pretwist and presetting were studied [13].  

A very extensive theory of rotating slender beams has been 
developed since the nineties by D. Hodges and his co-
workers. It was presented in a series of papers and later 
collected in a book by D. Hodges [5]. The modelling was 
based on asymptotic procedures that exploited the magnitude 
of system's parameters such as strain and slenderness. The 
proposed approach derived from a three-dimensional elasticity 
formulation the two sets of analyses: one over the cross 
section, providing elastic constants that might be used in a 
suitable set of beam equations, and the other set being the 
beam equations themselves. Authors developed a software 
code called Variational Asymptotic Beam Sectional Analysis 
(VABS) which used the originally worked-out analysis 
method. The VABS software was later verified and validated 
within the frame of several works e.g. by Yu et al. in [23], by 
Kovvali et al. in [8]. The worked out theory is especially well 
suited for helicopter rotor blades modelling since it accounts 
for initial twist and geometrical nonlinearities. Moreover, it 
allows for arbitrary cross-sectional geometry and material 
properties as well. The elaborated theory in its current state 
seems to miss explicit dependencies for the case when 
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nonlinear couplings arise from nonconstant angular velocity. 
This phenomenon is essential in studying the so called non-
ideal system when energy source e.g. DC motor interacts with 
the rotating structure. 

Coupled bending-twist vibrations were also studied by other 
researchers. By way of example Kaya and Ozgumus in [7] 
investigated the free vibration response of an axially loaded, 
closed-section composite Timoshenko beam which featured 
material coupling between flapwise bending and torsional 
vibrations due to ply orientation. The governing differential 
equations of motion were derived and next, the impact of 
various couplings, as well as the slenderness ratio on the 
natural frequencies was investigated. Only the cases of 
constant rotating speed were considered and interactions with 
a hub-shaft subassembly were omitted. 

Similarly Sina et al. in [15] and [16] analyzed a rotating 
thin-walled composite Timoshenko beam in linear regime by 
following Librescu's approach. In the performed analysis 
centrifugal and Coriolis forces were taken into account; 
however no variable rotating speed nor hub-beam interactions 
were taken into account. A discussion of taper and slenderness 
ratio impact on natural frequencies and mode shapes was 
furthermore presented in [15], while in [16] effect of beam 
pretwist was studied. 

Apart from analytical based models composite thin walled 
beams are studied also by means of finite element method. 
Altenbach et al. [2] based on a generalized Vlasov theory for 
thin-walled composite beam developed an isoparametric finite 
element with arbitrary nodal degrees of freedom. The element 
was tested for multiple cases of open and closed cross-section 
cantilever designs, although only static cases were considered. 
The 3D model of a rotating beam with geometric 
nonlinearities was investigated in [19] by the p-version of 
finite element method. The two models, Bernoulli-Euler and 
Timoshenko, were studied and the importance of warping 
function for different rectangular cross-sections was shown. 
Moreover, authors concluded that additional shear stresses 
which appeared while bending and torsion were coupled have 
an essential influence on the beam's dynamics. 

A number of researchers investigated the dynamics of a 
whole rotor assembly by taking into account interaction of a 
blade bending vibration with shaft torsional modes. As a way 
of example a comprehensive analysis was done by Huang and 
Ho in [6]. In the analytical model authors incorporated shaft 
flexibility and analyzed the dynamic coupling between shaft 
torsion and blade bending of a rotating shaft-hub-blade unit. 
The given approach allowed the shaft to vibrate freely around 
its rotation axis instead of assuming a periodic perturbation of 
the shaft speed that might accommodate the shaft flexibility 
only to a limited extent. Numerical examples were given for 
cases with between two and six symmetrically arranged 
blades. The results showed not only coupling between the 
shaft, the disk, and blades, but also coupling between 
individual blades where the shaft acted only as a rigid support 
and experienced no torsional vibration. Finally, the effect of 
shaft speed on the modal frequencies was investigated. 
Furthermore, plots illustrating the occurrence of critical 
speeds and flutter instabilities were presented.  

Also Al-Bedoor [1] analyzed elastic blade attached to a disk 
driven by a shaft flexible in torsion. The shaft torsional 

flexibility is lumped in the form of flexible coupling that is 
usually employed in rotor systems. The Lagrangean approach 
in conjunction with the finite element method was employed 
in deriving the equations of motion. The dynamic coupling 
terms between the system reference rotational motion, shaft 
torsional deformations and blade bending deformations were 
accounted for. The simulation results showed strong 
dependence and interaction between the shaft torsional 
deformations and blade bending deformations. The presented 
study confirmed the necessity for including both the shaft 
torsional flexibility and the blade lead-lag deformations when 
a reliable model for either rotating blades or rotor torsional 
dynamics is requested. 

Research on hub inertia effect and payload on the vibration 
of a flexible slewing link was done by Low in [12]. The 
author analyzed an actuator at the base represented by a hub 
with given inertia and an attached flexible beam with uniform 
linear mass density and an additional payload. The beam was 
modelled by Euler Bernoulli approach and lead-lag bending 
was considered. Natural frequencies of a system with respect 
to hub’s and payload inertia’s were determined. These by 
virtue of the developed model were next compared with 
results obtained experimentally. The obtained findings 
suggested that the exact natural frequencies for the discussed 
systems are intermediate between the clamped and pinned 
cases.  

Warminski and Balthazar in [21] modelled a rotating Euler-
Bernoulli beam made of isotropic material driven by a non-
ideal energy source. In the performed analysis geometrical 
nonlinearities and nonconstant rotating speed were taken into 
account; moreover the hub inertia was considered. The 
authors showed transitions through the resonances for a 
reduced order discrete system. 

More research on blades and hub interactions on complete 
rotor assembly dynamic characteristics was done by 
Warminski et al. in [22]. In that paper a model of a nonlinear 
system composed of a hub with attached two pendula rotating 
in a horizontal plane was studied. Each single pendulum was 
treated as a massless, non-deformable rod with a lumped mass 
at the tip and connected to the hub by a flapping hinge. The 
system has been excited by an external torque generated by a 
DC motor which has been considered as an ideal system with 
torque given by a harmonic function. An influence of the 
structural parameters like mass of the hub and pendula length 
on natural end excited vibrations was. The complete 
synchronization, phase synchronization, bifurcations and 
transition through resonances were analyzed considering the 
influence of the mass of the hub. The existence of chaotic 
oscillations of the system and paths leading to chaos was 
demonstrated as well. 

In the current paper the research is extended to the analysis 
of a system with deformable beam exhibiting coupled lead-lag 
bending and torsional vibrations. In the analysis several non-
classical effects like shear deformation, cross-sectional 
rotatory inertia and driving hub inertia are taken into account. 

2 PROBLEM FORMULATION 
The structural model used in this paper is a straight, prismatic, 
single-cell, fiber reinforced composite thin-wall box beam 
clamped at the rigid hub of radius R0 experiencing rotational 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1885 

motion as shown in Figure 1. The length of the beam is 
denoted by l, its wall thickness by h and it is assumed to be 
constant spanwise. The composite material is assumed to be 
linearly elastic. 

 

 
Figure 1. A model of a rotating thin-walled beam. 

 
The following coordinate systems are defined to describe 

the motion of the beam: 
• global and fixed in space Cartesian coordinate system (X0, 

Y0, Z0) attached at the center of the hub O, 
• Cartesian coordinate system (X1, Y1, Z1) with origin O set 

at the center of the hub, rotating with arbitrary angular 
velocity dψ/dt about axis OZ1=OZ0 (Figure 1a), 

• beam Cartesian coordinate system (x,y,z) located at the 
blade root and oriented with respect to plane of rotation 
X1Y1 at angle θ denoting blade presetting (pitch) angle 
(Figure 1b). Axis ox is directed along beam span and oz 
axis is normal to the beam chord. The origin o of the 
(x,y,z) coordinates is set at the center of the beam cross-
section, therefore axes ox and OX1 coincide, 

• local, curvilinear coordinate system (x,n,s) related to 
blade cross-section---see Figure 1c. Its origin is set 
conveniently at the point on a mid-line contour. The 
circumferential coordinate s is measured along the 
tangent to the middle surface in a counter-clockwise 
direction, whereas n points outwards and along the 
normal to the middle surface. 

2.1 Assumptions 

For the development of the equations of motion the following 
kinematic and static assumptions are postulated: 
• the original shape of the cross-section is maintained in its 

plane, but is allowed to warp out of the plane,  
• the concept of the non-uniform torsional model is adopted, 

so the rate of beam twist ϕ'=dϕ/dx  depends in general on 
the spanwise coordinate x, 

• in addition to the primary warping effects (related to the 
cross-section shape) the secondary warping related to the 
wall thickness is also considered, the transverse beam shear 
deformations γxy, γxz, are taken into account. These are 
assumed to be uniform over the beam cross-section, 

• the ratio of wall thickness to the radius of curvature at any 
point of the beam wall is negligibly small while compared 
to unity. In a special case of the prismatic beams made of 
planar segments this ratio is exactly 0, 

• the stress in transverse normal σnn direction and the hoop 
stress resultant (Nss) are very small and can be neglected, 

• the beam is attached to the hub with a given ‘a priori’ 
inertia as defined with respect and no torsional 
deformations of the hub’s shaft are accounted for. 

 

2.2 Lamination scheme and mode couplings 

As reported in the professional literature two fabric 
configurations that induce special elastic mechanics are 
commonly encountered in composite structural design. These 
are achievable by skewing the ply-angles with respect to the 
longitudinal axis x. Considered first by Rehfield and Atilgan 
[14], these structural configurations are referred to as 
circumferentially uniform stiffness (CUS) and 
circumferentially asymmetric stiffness (CAS) configurations.  

For a thin-walled beam of rectangular cross-section CUS 
arrangement implies the ply-angle distribution α1(y) = α1(-y) 
of the top and bottom walls of the box beam (flanges) and  
α1(z) = α1(-z) on the lateral walls (webs). On the other hand 
CAS design corresponds to the formula α1(y) = - α1(-y) and 
α1(z) = - α1(-z) respectively. In the above α denotes the 
dominant ply orientation measured from the positive s-axis 
toward the positive x-axis (see Figure 2). 

To induce the intended elastic coupling between flapwise-
bending and twist, the use the circumferentially asymmetric 
stiffness ply-angle distribution [11] is necessary. This scheme 
decouples the full set of equations of motion (6 d.o.f.) into 
two sub-systems: one exhibiting flapwise bending/shear – 
twisting coupling and the second one where axial and 
chordwise bending/shear modes are coupled. 

  
 

 

Figure 2. Lamination schemes commonly encountered in 
structural composite design. 

 

2.3 Analytical model of the beam; equations of motion 

The equations of motion and boundary conditions of the 
rotating beam are derived according to the extended 
Hamilton's principle of the least action: 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1886 
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where J is the action, T is the kinetic energy, U is the potential 
energy and the work of the external forces is given by the Wext 
term.  

Full derivation of the equations of motion for a complete 
model including both transversal/lateral bending directions, 
shear deformations and primary and secondary warping effect, 
as well as arbitrary presetting angle and non-constant 
rotational speed can be found in authors paper [4]. Here, the 
simplified system of equations is just given, where presetting 
angle θ is fixed at π/2. To discard out-of-plane bending CAS 
fabric arrangement is considered as reported in the previous 
section. Moreover, warping restraint is neglected in further 
analysis. 

After accounting for the given above simplifications one 
arrives at the following equations:    
 
• Hub rotation  

2  

2 0  
 

• Axial direction   

2
0 

with boundary conditions,   

| 0, 

| 0, 

 
• Lead-lag displacement   

2
0 

with boundary conditions,   

| 0, 

| 0 

 
• Cross-section rotation (considering shear effect)   

0 
with boundary conditions,   

| 0, 

| 0, 

 
• Twist angle   

0, 
with boundary conditions,   

| 0, 

| 0, 

 
In the foregoing relations the prime symbol corresponds to 
spatial derivative and overdot one to time derivative; 
moreover the following notation is used:  

 
• Inertia coefficients 

, , , , 1, , , ,    

2
/

/
 

where ρ is material density, 

• Stiffness coefficients 
 

Extensional 
 

Flapwise bending 2

 

Flapwise 
transverse shear 

 

Twist  

Flapwise bending-
twist 

 

 
In the above formula the integration operation ·  is 

performed along profile circumference and Kij coefficients 
represent stiffnesses in 2D constitutive equations and are 
expressed by means of classical laminate theory stiffness 
quantities Aij, Bij, Dij. Again, for more details regarding the 
definitions of these coefficients please refer to paper [4]. 

3 NUMERICAL STUDIES 
For the purpose of numerical analysis a rectangular box beam 
is analyzed. As reported in the previous section, the 
lamination scheme exhibits the circumferentially asymmetric 
stiffness scheme (CAS). To get the strongest possible 
coupling between beam’s bending and twisting motion an 
analysis of a twist-bending coupling coefficient a37 has been 
performed. The generic data were used to provide versatile 
conclusions; the outcomes are given in Figure 3.  
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Figure 3. Stiffness coupling coefficient a37 with respect to 

composite fiber orientation (/2 corresponds to fibers along 

the beam length). 

 

It is evident, that the increase of fiber orientation angle 

raises the magnitude of coupling coefficient until about 72°. 

Above that value the coupling decreases and at the /2 angle 

(fibers along the beam length) both modes fully decouple. 

Following this results the numerical simulations were 

performed for fibers orientation set to 70°. 

The material data of the graphite/epoxy composite material 

and geometry properties of the thin-walled beam used in the 

numerical analysis is listed in Table 1. 

Table 1. Material properties and geometric characteristics of 

a thin-walled beam featured by CAS lay-up. 

Material properties 
 

E1 = 206.751 × 109 Pa G12 = G13 = 3.11 × 109 Pa 

E2 = E3 = 5.17 × 109 Pa G23 = 2.55 × 109 Pa 

21 = 31 = 0.00625  

32 = 0.25  

 = 1528.15 km/m3  

Geometry 
 

d = 0.0254 m c = 0.00508 m 

h = 0.001 m  

l = 0.254 m  

 

 

4 RESULTS 

Equations of motion after one mode reduction take the form: 

 
                            

               
 (1) 

 

where ζ1 and ζh  are accepted modal dampings of the beam 

and the hub system respectively. The external torque  is 

assumed to be a harmonic function t = e cost, where e 

and  are amplitude and frequency of excitation respectively. 

Coefficients ij are obtained after modal reduction and they 

take the following values: 

 

12 111 3 21

0.000713
154923, 0.89496, 0.9995,

0.0006769 hJ
      



 

Parameter 21 is expressed with respect to the mass moment 

of inertia of the hub Jh which is treated as a bifurcation 

parameter. 

We may notice that Eqs. (1) are coupled by inertia terms. 

Moreover the natural frequency of the whole system differs 

from that obtained for a separate composite beam.  

In order to show the hub influence we neglect in equations 

(1) damping, rotation of the hub and excitation terms. Then 

separating second derivatives we find the natural frequency of 

the hub-beam system assembly to be 

  

        
   

        
 

This frequency is a function of parameter 21 which 

depends on the hub’s mass moment of inertia. We can observe 

in Fig. 4 that the natural frequency approaches asymptotically 

the beam’s natural frequency while hub’s mass moment of 

inertia tends to infinity.  Thus for a relatively light hub the 

dynamics may differ essentially from a heavier hub system. 

 

 
Figure 4. Natural frequency of the beam-hub system against 

hub’s mass moment of inertia. 

 

Figure 5. Resonance curves obtained for excited vibrations, 

 = 100, ζ1 is 0.01 of beams natural frequency, ζh = 0.1, 

aluminium hub: Jh = 1.7653 × 10-5 – black curve;  

steel hub Jh = 5.68819 × 10-5 – blue curve. 
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Figure 6. Time histories of the displacement w(l,t)  (a),  
angle of cross-section rotation y(l,t) (b), angle of twist ϕ(l,t) 

(c) at the tip point,  and angular velocity of the hub Ωh(t)  (d) , 
computed for data as in Fig. 5. Aluminium hub – back colour, 

Steel hub – red colour. 

 
On the resonance curves (Fig. 5) we see in fact that for a 

light hub made of aluminium (back curve) the resonance zone 
is shifted into higher frequency zone. For a heavier made of 
steel hub (blue curve) the resonance occurs earlier and with 
larger amplitudes. 

In Figure 6 we present time histories of the motion of the 
beam’s tip point for (a) transversal displacement w(l,t), (b) 
angle of rotation of the cross-section y(l,t) related to 
Timoshenko beam model, (c) angle of twist ϕ(l,t) and (d) 
angular velocity of the hub Ωh computed for data as given in 
the Figure 5.   

We can observe that in fact bending and twisting modes are 
coupled and the dynamics of the system strongly depends on 
hub mass moment of inertia. For the same excitation 
magnitude the response of a rotor assembly (hub and blade) 
composed of a heavier steel hub is much higher (red colour) 
than for a case with aluminium hub. 

 

5 CONCLUSIONS 
Dynamics of the thin walled composite beam attached to the 

rotating hub is analyzed in the paper. The mathematical model 
represented by partial differential equations has been reduced 
to the ordinary differential equations considering one mode 
reduction. The composite fibres orientation resulted in 
coupled bending and torsion vibrations. Therefore, it required 
solving a coupled eigenvalue problem which has been solved 
by the method of assumed modes. We have demonstrated that 
apart from the beam’s structural parameters also mass 
moment of inertia of the hub essentially influences the full 
beam-hub system dynamics. For the heavier hub made of steel 
the resonance zone has been shifted to lower frequencies and 
with the higher amplitudes comparing to the lighter one made 
of aluminium.     
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Computing failure boundaries by continuation of a
two-point boundary value problem

Hinke M. Osinga
Department of Mathematics, the University of Auckland, Auckland, New Zealand
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ABSTRACT: We propose a novel approach to investigating the parameter dependence of system behaviour for models that are
subject to an external force. As a particular example we consider the analytical model of a tied rocking block on an elastic
foundation, which exhibits dynamics equivalent to that of a planar, post-tensioned frame on a shake table; we are interested in
predicting behaviour of models subject to an aperiodic external force (an earthquake), but in this paper we restrict to periodic
external forcings only. The failure boundary separates initial conditions, given by the angle and angular velocity of the rocking
block, for which trajectories starting from time 0 move past a given maximum angle (in absolute value) from those that remain
in the admissible regime for arbitrarily long time integration. There are no methods to compute such a failure boundary directly.
Instead, numerical studies have, so far, applied brute-force simulations over a grid of initial conditions.

This paper presents an efficient method, based on the fact that the failure boundary must consist of initial conditions that graze
the maximum-angle line. We set up a two-point boundary value problem (2PBVP) that defines trajectory segments starting from a
given initial condition and ending at the maximum angle (or its negative) with zero angular velocity. We use continuation to find a
one-parameter family of initial conditions that solve this 2PBVP; more precisely, we compute two continuous curves of solutions,
one for the positive and one for the negative maximum angle. The failure boundary is a piecewise-smooth curve composed of a
finite subset of bounded segments from these two families. We describe properties of the failure boundary in detail and discuss
how parameter variation can cause the admissible regime to split into two disjoint pieces.

KEY WORDS: Post-tensioned frame; Failure boundary; Grazing trajectory; Two-point boundary value problem.

1 BACKGROUND

The possibility of an earthquake is a constant threat in many
countries. For example, New Zealand has recently been
experiencing quite a number of earthquakes that resulted in
minor to severe damage to buildings. Most notorious is the
2011 Christchurch earthquake, which followed a series of
earthquakes starting in September 2010; buildings constructed
using reinforced concrete suffered only minor to moderate
damage in this first series of earthquakes, but 135 of the
833 reinforced-concrete buildings were severely damaged in
the earthquake on 22 February 2011, including the complete
collapse of two such mid-rise buildings [5].

The system studied here models the behaviour of precast
concrete frames with post-tensioned tendons connecting ele-
ments. This type of frame is an example of a nonlinear elastic
moment resisting frame, which have received a lot of attention
in the past two decades, because such frames are capable
of exhibiting large deformations while still remaining elastic
(although nonlinearly). Experimental tests are very promising,
with only a minimal amount of damage observed all the way up
to design level, and satisfactory performance up to 50% beyond
it [11]. More recently, research has shifted from studying quasi-
static and slow dynamic behaviour, to the nonlinear dynamic
behaviour at a fast time scale for this class of structures [4]. This
works builds upon the mathematical models developed by civil
engineers at the University of Bristol [1], [2], [8], [9]. More

specifically, we use the model from [1] of a tied rocking block
on an elastic foundation as the representative example in this
paper. This model is given in non-dimensionalised form by the
second-order non-autonomous equation

ϕ̈ +2γ ϕ̇ +µ(ϕ) = Asin(ω t), (1)

which is valid only for the admissible regime |ϕ(t) |= 10. The
function µ(ϕ) is defined as

µ(ϕ) =

{
µ≤1(ϕ) := ϕ, |ϕ |≤ 1,

µ>1(ϕ), |ϕ |> 1,
(2)

with

µ>1(ϕ) :=
(

3
β
+ 12

β 2 +
8

β 3

)
ϕ+(

3+ 9
β
+6 1−√ψ

β 2 −6
√

ψ

β 3 −2 ψ
√

ψ

β 3ϕ2

)
sgn(ϕ),

and ψ = (1+ β )
(
ϕ2 +β |ϕ |

)
. Note that µ(ϕ) is continuous

and continuously differentiable at |ϕ |= 1. For the purpose of
this short paper, we use the parameters β = 85 and γ = 0.05
and we fix the frequency of the periodic ground motion to ω =
0.575; see [1] for more details on this model.

The dynamics of system (1) is equivalent to that of a planar,
post-tensioned frame on a shake table [1], and the force term
on the right-hand side of this equation can be thought of as the
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ground motion. System (1) provides information about the post-
earthquake structural integrity of the frame for any given forcing
amplitude A and frequency ω . In particular, we are interested in
the safe region

B∞ := {|ϕ(t) |< 10, for all 0≤ t ≤ Tend}, (3)

where Tend is some maximum integration time representing the
total duration of the earthquake.

Our goal is to compute the boundary of B∞. In [1] this was
done with a brute-force simulation that integrates system (1)
over a large grid of initial conditions and selects those points
that lie in B∞. In this paper, we present a direct approach by
computing curves of initial conditions with the special property
that their corresponding trajectories graze the boundary |ϕ(t)|=
10 for some time 0≤ t ≤ Tend. We use the set-up of a two-point
boundary value problem (2PBVP) so that the boundary of B∞

can be found by continuation. This idea is based on the general
approach of computing invariant manifolds via the continuation
of a suitably formulated 2PBVP; see [6] for an overview.
We have used these ideas successfully for studying transient
effects in neurone models [7], [10]. Here, we apply this same
framework to study the transient effect of an earthquake lasting
over a time interval [0,Tend].

Initially, we fix A = 0.6, for which system (1) has three
periodic orbits. Two of these periodic orbits are attracting and
one is of saddle type. All three periodic orbits lie in B∞, that is,
ϕ(t) ∈ [−10,10] for all points on the periodic orbits. The main
purpose of this paper is to show how the failure boundary, that
is, the boundary of B∞ is formed by a combination of left- and
right-grazing trajectories, that is, trajectories that are tangent to
the line ϕ = −10 or the line ϕ = 10, respectively. We also
discuss this for amplitudes just beyond the value A = 0.6 to
show how the nature of the boundary changes.

This paper is organised as follows. In the next section, we
discuss how to set up a two-point boundary value problem
and use continuation to trace the families of left- and right-
grazing trajectories. We then discuss the properties of the failure
boundary for A = 0.6 in detail in Section 3. We increase the
forcing amplitude A in Section 4 to illustrate how the failure
boundary, and thus, how B∞ changes with A. Finally, we
conclude with a discussion in Section 5.

2 COMPUTING THE FAILURE BOUNDARY

We are interested in computing the failure boundary in the
(ϕ, ϕ̇)-plane of initial conditions at time t = 0. Points on one
side of this boundary lie in B∞, while points on the other
side of this boundary correspond to trajectories that will leave
the regime ϕ(t) ∈ [−10,10] for some 0 < t < Tend. In the
computations discussed here, we used Tend = 9× 2π

ω
, where 2π

ω

is the period of the external forcing.

2.1 Set-up of the two-point boundary value problem

We use a direct approach to compute the failure boundary by
considering the families of left- and right-grazing orbits as
solutions of a two-point boundary value problem (2PBVP). This
2PBVP is solved with continuation in the software package
AUTO [3]. Recall that any trajectory of the non-autonomous

system (1) is uniquely defined by selecting values ϕ and ϕ̇

associated with a particular time; we consider points in the
(ϕ, ϕ̇)-plane at time t = 0. Trajectories that graze the admissible
regime |ϕ(t)|= 10 satisfy the additional constraint ϕ(T ) =±10
and ϕ̇(T ) = 0 for some time t = T , where 0 ≤ T ≤ Tend is
not known. We formulate these constraints in a 2PBVP set-
up of three first-order differential equations with three boundary
conditions. To this end, we consider orbit segments u= {u(s) =
(ϕ(sT ), ϕ̇(sT )) | 0 ≤ s ≤ 1}, where t = 0 if s = 0 and t = T if
s = 1; note that u is simply a grazing trajectory with rescaled
time such that the orbit segment is always defined on the interval
[0,1]. This set-up allows us to formulate the moment of grazing
as a boundary condition on the end point u(1). By extending
system (1) with one additional equation for time, the system is
given as {

u̇(s) = T f(u(s), t(s)),
ṫ(s) = T, (4)

where the total integration time T is treated as a parameter.
In total, there are three first-order equations, because u(s) is
a two-dimensional variable. The three boundary conditions are
defined as follows:

t(0) = 0, (5)
u(1) = (±10,0). (6)

Here, boundary condition (5) specifies time at the begin point
of the orbit segment, and (6) gives the other two boundary
conditions, namely, that the end point of the orbit segment
should be a grazing point (ϕ̇ = 0) on the line ϕ = 10 or
ϕ = −10. The 2PBVP (4)–(6) defines two solution families
in the (ϕ, ϕ̇)-plane for t = 0 that are each parametrised by T ;
one family is the case u(1) = (10,0) and the other is the case
u(1) = (−10,0). Since system (1) is continous, the two solution
families are single continuous curves in the (ϕ, ϕ̇)-plane for
t = 0.

It is important to realise that solutions u to the 2PBVP (4)–(6)
do not necessarily lie on the boundary of B∞, because we only
consider the grazing trajectories up to the moment of grazing,
at t = T , instead of resolving the trajectory until t = Tend.
In particular, the trajectory corresponding to u may leave the
regime ϕ ∈ [−10,10] before time Tend is reached, which could
be either before or after the moment of grazing. It turns out
that solutions with T ≤ Tend are quite useful and help interpret
the structure and geometry of the failure boundary; see already
Section 3.

2.2 Start solution for the 2PBVP

To start the continuation of solutions to the 2PBVP (4)–(6) in
AUTO [3], one needs to have a first solution. For each of the
two cases, we actually know one solution explicitly, namely the
initial conditions (±10,0) at the left- and right-grazing points
solve (4)–(6) with T = 0. Of course, (±10,0) are mere points,
but as soon as T > 0, they give rise to proper orbit segments
that correspond to left- or right-grazing trajectories. Hence, for
each forcing amplitude A under consideration, we perform two
continuation runs: one starting from (−10,0) and one starting
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Figure 1. Families of left- and right-grazing trajectories of (1)
with A= 0.6; the curve of left-grazing trajectories (orange)
is labelled gL and the curve of right-grazing trajectories
(brown) is labelled gR.

from (10,0). Starting from T = 0, we continue the 2PBVP (4)–
(6) in T until T = Tend is reached, at which point we stop the
computation.

3 CONTINUATION OF THE 2PBVP WITH A = 0.6

As an example, we consider system (1) with A = 0.6. We
continue the two solution families of the 2PBVP (4)–(6)
with AUTO [3], starting from the ‘orbit segments’ {u(s) =
(±10,0) | 0 ≤ s ≤ 1}, which start and end at (±10,0), and
with T = 0; we denote the two families gL and gR, indicating
whether the grazing is on the left, at ϕ = −10, or on the right,
at ϕ = 10, respectively. Figure 1 shows the corresponding two
curves in the (ϕ, ϕ̇)-plane. Even though all points on these two
curves correspond to trajectories that graze the lines ϕ = 10
(brown curve) or ϕ = −10 (orange curve) for some time 0 ≤
T ≤Tend, most of them contain segments that lie well outside the
admissible domain ϕ ∈ [−10,10]. This is the case, because all
trajectories converge to either one of the two attracting periodic
orbits, which lie in B∞. Hence, all initial conditions outside
the domain ϕ ∈ [−10,10] will eventually enter this domain,
and some of these do so while grazing the lines ϕ = −10 or
ϕ = 10. Furthermore, there are also initial conditions that start
with ϕ(0) ∈ [−10,10], but leave this domain (and then return to
it) before the moment of grazing.

The curves gL and gR extend forever further in the (ϕ, ϕ̇)-
plane as Tend increases. However, the boundary of B∞ must be
contained in the subset of those segments from gL and gR that
correspond to solutions u(s) with |u(s)|≤ 10 for all s∈ [0,1]. In
fact, for the case A = 0.6, these admissible segments on gL and
gR satisfy 0≤ T < 4× 2π

ω
. All points on gL or gR with T ≥ 4×

2π

ω
already correspond to trajectories that leave the admissible

domain before grazing. Hence, the chosen Tend = 9× 2π

ω
is more

than large enough to find the boundary of B∞.
Figure 2 shows only the admissible segments on gL and gR,

namely, the segments that correspond to trajectories entirely
contained in the admissible domain ϕ ∈ [−10,10]; they all lie
in the region (ϕ, ϕ̇)∈ [−10,10]× [−8,7], as shown in panel (a).
There are two admissible segments, labelled g(0)L and g(0)R that
start at (−10,0) and (10,0), respectively, and go to the other
side of the admissible domain; g(0)L ends on ϕ = 10 and g(0)R

ends on g(0)L , just before reaching ϕ = −10. Points on these
two segments (roughly) correspond to trajectories that move to
the left (ϕ̇(0)< 0) or right (ϕ̇(0)> 0) and immediately leave the
admissible domain. The other admissible segments all appear in
the top-left corner, and an enlargement of that region, namely,
(ϕ, ϕ̇) ∈ [−10,−2.8]× [−1.3,6.3] is shown in Figure 2(b). The
additional segments are labelled as follows. The next segment
from gL that satisfies the constraint ϕ(t) ∈ [−10,10] for all
0 ≤ t ≤ T , that is, up to the moment of grazing is labelled
g(1)L ; the superscript indicates that the trajectories corresponding
to points on this segment make (almost) a full rotation with
respect to the (ϕ, ϕ̇)-plane. Indeed, most points on g(1)L satisfy
ϕ̇(0) > 0, such that the trajectory first moves to the right, then
passes ϕ̇(t) = 0 for some 0 < t < T and moves to the left until
the moment of grazing with ϕ(T ) = −10 and ϕ̇(T ) = 0; there
is a short segment on g(1)L with ϕ̇(0) > 0, which correspond to
trajectories that move through ϕ̇(t) = 0 twice before reaching
ϕ(Tend) = −10 with ϕ̇(Tend) = 0. The segments g(2)L and g(3)L

are defined in the same way; these segments both lie entirely
in the region with ϕ̇(0)> 0, and trajectories will pass ϕ̇(t) = 0
three and five times, respectively, before reaching ϕ(T ) =−10
with ϕ̇(T ) = 0. Similarly, the segments g(1)R and g(2)R lie entirely
in the region with ϕ̇(0)> 0, so that trajectories starting at points
on these segments make one and two oscillations, respectively,
plus another about half a turn until the moment of grazing with
ϕ(Tend) = 10 and ϕ̇(Tend) = 0.

The admissible segments from gL and gR intersect at a
number of points. More precisely, each additional segment
g(k)L on gL starts at a point on g(0)R , labelled ϕ

(0,k)
RL and ends at

a point on g(k−1)
R , labelled ϕ

(k−1,k)
RL ; we gave the last point on

g(1)L label ϕ
(0,−1)
RL , because the label ϕ

(0,1)
RL is already in use for

its first point. All these points correspond to trajectories that
satisfy ϕ(T ) = −10 with ϕ̇(T ) = 0, as well as ϕ(t) = 10 with
ϕ̇(t) = 0, for some 0 < t < T . Hence, each trajectory has a
double grazing, namely, a first one at ϕ = 10 and a second one
at ϕ =−10. These six double-grazing trajectories are shown in
Figure 2(c), where the horizontal axis marks integer multiples of
the forcing period. As we can see in Figure 2(c), each successive
pair of double-grazing orbits makes an additional oscillation,
which takes slightly more time than the forcing period 2π

ω
. Note

that the trajectories ϕ
(0,k)
RL (t) satisfy ϕ = 10 when ϕ̇

(0,k)
RL (t) = 0

for the first time, that is, within the first oscillation, while the
trajectories ϕ

(k−1,k)
RL (t), for k = 2,3, graze ϕ = 10 only within

the (k−1)st oscillation.
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Figure 2. Admissible segments selected from the families gL (orange) and gR (brown), which define the boundary of B∞ for
A = 0.6; the superscripts (k) with k = 0,1,2,3 represent the number of oscillations until grazing, as an indication of the
moment of grazing at t = T . Panel (a) shows all admissible segments and panel (b) is an enlargement that includes the points
labelled ϕ

(0,k)
RL or ϕ

(k−1,k)
RL at which the left-grazing trajectory also grazes the boundary ϕ = 10 for some time t < T ; here,

the point on g(0)R ∩ g(1)L with ϕ̇(0) < 0, is labelled ϕ
(0,−1)
RL . Time series of these six double-grazing trajectories are shown in

panel (c).

The right-grazing segments g(k)R , for k = 1,2,3, similarly start
at points on g(0)R and end at points on g(k)L . The first points on
g(k)R , k = 1,2,3, graze ϕ = 10 upon crossing ϕ̇ = 0 for the first
time and again at t = T , while the last points graze ϕ = −10
within the kth oscillation and ϕ = 10 at t = T .

The boundary of B∞ itself is piecewise smooth and consists
of parts of each of the admissible segments shown in Figure 2.
Indeed, a trajectory corresponding to any point above g(0)R

will leave the admissible domain more or less immediately
through the line ϕ = 10; similarly a trajectory corresponding
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to any point below g(0)L will leave the admissible domain well
within the first oscillation through the line ϕ =−10. However,
points on the other sides of these segments do not necessarily
correspond to trajectories that remain inside the admissible
domain. For example, points inside the region bounded by
g(0)R and g(1)L will ‘miss’ the line ϕ = 10, but then leave the
admissible domain through the line ϕ = −10. Since it takes
about half a forcing period to make half an oscillation, the
time it takes for these points to leave the admissible domain
is about π/ω longer than for nearby points above g(0)R . In other
words, the admissible segment g(0)R marks a line of discontinuity
in the time it takes to leave the admissible domain. This
discontinuity manifests itself in a complicated way, because the
gap is different across each of the segments g(k)L with k = 1,2,3,
as well as the segments g(1)R and g(2)R . For example, points in the
region bounded by the three admissible segments g(0)R , g(1)R and
g(2)L take about 2× 2π

ω
to leave the admissible regime, through

the line ϕ = −10, while points in the region bounded by the
three admissible segments g(0)R , g(2)R and g(2)L take about 2.5× 2π

ω
,

and leave through the line ϕ = 10.
It is this alternating behaviour of trajectories leaving through

the lines ϕ =−10 and ϕ = 10 that characterises the piecewise-
smooth nature of the boundary of B∞; in particular, this is
not caused by the fact that system (1), or more precisely, the
function µ(ϕ) given by equation (2) is piecewise smooth. The
discontinuities in the second derivative of µ(ϕ) at | ϕ |= 1
cause the slight kinks on the segments g(0)L and g(0)R observed
in Figure 2(a); these slight kinks occur repetitively along the
curves gL and gR, as shown in Figure 1. However, the
admissible segments of gL and gR that lie entirely in the regions
|ϕ |> 1 are all smooth curves (with boundary).

4 INCREASING THE FORCING AMPLITUDE

If we vary the forcing amplitude A, we find a similar set
of admissible segments on the curves gL and gR of left- and
right-grazing trajectories that collectively define the boundary
of B∞. Figure 3 shows the admissble segments on gL and
gR for A = 0.61. This small increase in forcing amplitude
creates more admissible segments, namely, there are now six
admissible segments on gL and also six on gR. Even though
the total area of B∞ is somewhat reduced, overall, the situation
is much the same as in Figure 2(a): the segment g(0)L starts on
the line ϕ = −10 and ends on ϕ = 10; the segment g(0)R starts
on the line ϕ = 10 and ends on g(0)L ; each admissible segment
g(k)L with k = 1, . . . ,5 starts on g(0)R and ends on g(k−1)

R ; and
each admissible segment g(k)R with k = 1, . . . ,5 starts on g(0)R and
ends on g(k)L . As for A = 0.6, it is not really necessary to use
Tend = 9× 2π

ω
, because all left- and right-grazing trajectories

with grazing times T ≥ 6× 2π

ω
are not admissible. This fact

changes when we increase the forcing amplitude to A = 0.611.
The situation for A = 0.611 is shown in Figure 4. The

number of admissible segments has increased again, but now,
the segments g(7)L and g(7)R do not connect to the segments g(6)R
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Figure 3. Admissible segments selected from the families
gL (orange) and gR (brown) that define the boundary of
B∞ for A = 0.61; the superscripts (k) with k = 0,1, . . . ,5
represent the number of oscillations until grazing.
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Figure 4. Admissible segments selected from the families
gL (orange) and gR (brown) that define the boundary of
BR

∞ and BL
∞ for A = 0.611; the superscripts (k) with

k = 0,1, . . . ,7 represent the number of oscillations until
grazing. Note that not all admissible segments are labelled.

and g(7)L , respectively. Instead, they end on the line ϕ = 10.
Similarly, the segment g(6)R starts on g(0)R as expected, but ends
on the line ϕ = 10, and then ‘returns’ through ϕ = 10 before
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ending on g(6)L ; only the latter segment of g(6)R is labelled in
Figure 4. As soon as an admissible segment that starts on g(0)R

ends on the line ϕ = 10, the region B∞ is no longer connected.
It now consists of two regions, which we label BR

∞ and BL
∞,

depending on whether part of the boundary is contained in g(0)L

or in g(0)R , respectively. The region BL
∞ is bounded by the

admissible segments g(0)L –g(6)L and g(1)R –g(5)R , together with the
first segment of g(6)R (not labelled in Figure 4). The region BR

∞

is bounded by only two admissible segments, namely, g(0)R and
g(7)R . Note that not all admissible segments on gL and gR play a
role in defining the failure boundary; in particular, g(7)L nowhere
acts as a separatrix.

Apart from the fact that B∞ is disconnected for A = 0.611,
the nature of the failure boundary related to BR

∞ has also
changed. More precisely, the boundary of BL

∞ does not depend
on the finite maximal integration time Tend; just as for the
failure boundaries shown in Figures 2 and 3, it remains the
same even if Tend → ∞. However, the boundary of BR

∞ does
depend on Tend. The segments g(7)L and g(7)R are the beginning
of an accumulation of (ordered) segments g(k)L and g(k)R , with
k > 7, that need integration times T > Tend. The limit of this
accumulation is not an admissible segment on either gL or gR,
but a finite curve segment on the basin boundary that separates
the two attracting periodic orbits (not shown). Hence, in the
limit Tend→∞, the boundary of BR

∞ no longer consists solely of
left- or right-grazing orbits.

The failure boundary changes rapidly as A increases. Figure 5
shows the situation for forcing amplitude A = 0.612. We find
that g(6)L now consists of two segments, but not because this
admissible segment ends on ϕ = 10, but because it ends on g(0)L .
Only the second segment of g(6)L , which starts on g(0)L and ends
on g(5)R , is part of the boundary of BL

∞. Hence, the total number
of admissible segments that are part of the boundary of BL

∞ has
decreased. As before, the boundary of BL

∞ is independent of
Tend. On the other hand, the region BR

∞ is now bounded by
g(0)R and g(7)L , but this depends on the value chosen for the total
integration time Tend. Here, the admissible segment g(6)R plays
no role in defining the failure boundary.

5 CONCLUSIONS

We presented a numerical method for the direct computation
of the failure boundary. Our approach is to use a two-
point boundary value problem set-up and continue curves of
left- and right-grazing trajectories in the (ϕ, ϕ̇)-plane for time
t = 0. These two families, denoted gL and gR, contain
segments corresponding to trajectories that lie entirely inside
the admissible domain ϕ ∈ [−10,10] and the failure boundary
is obtained by selecting only those admissible segments. As an
example, we used the model of a rocking block on an elastic
foundation subject to a periodic force with fixed frequency. We
focussed on a small interval of forcing amplitudes near A = 0.6.
The failure boundary is piecewise smooth, but this is not due to
the piecewise-smooth nature of equation (2). It is organised by
the fact that the grazing occurs either at the left (ϕ = −10) or
right (ϕ = 10) side of the admissible domain. For small enough
forcing amplitudes, the failure boundary is a piecewise-smooth
curve that consists of a finite number of segments alternatingly
from gL and gR and encloses a single region denoted B∞. The
points at which two admissible segments intersect correspond
to double-grazing trajectories. These points also mark a
discontinuity along the failure boundary with respect to the
total integration time needed to reach the moment of grazing;
the discontinuity is roughly given by half the forcing period,
because this is about the time needed to complete half of an
oscillation. The failure boundary does not depend on the value
used for the total integration time Tend (provided it is large
enough). If the forcing amplitude A increases, the nature of
the failure boundary changes. It splits into two piecewise-
smooth curves that enclose two regions denoted BL

∞ and Bs f R
∞ .

The boundary of BL
∞ is independent of Tend and similar in

nature to the failure boundaries for smaller A. However, the
boundary of Bs f R

∞ now depends on Tend. The fact that the failure
boundary may enclose two disjoint regions is related to the fact
that there are two attracting periodic orbits for our choice of
forcing amplitudes. The presence of more than one attractor,
of a saddle periodic orbit and its role in changing the nature of
the boundary of Bs f R

∞ needs further investigation and will be
reported elsewhere.

Our direct computational approach complements brute-force
methods that use simulation on a grid of initial conditions. For
example, brute-force simulation was used to produce Figure 18
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in [1]. In particular, when one compares [1, Figure 18(a)]
with Figure 2, which are both for A = 0.6, our computed
piecewise-wise smooth curve of left- and right-grazing orbit
segments precisely delimits the failure boundary obtained from
the brute-force simulation. Furthermore, a colour-coding is
used in [1, Figure 18(a)] to indicate the integer multiples of the
forcing period needed before a trajectory through a given initial
condition leaves the admissible regime. Our computations
provide information about when the colour changes in [1,
Figure 18(a)]. Indeed, the subsets of admissible segments
from the families of left- and righ-grazing orbits can also
be viewed as discontinuity boundaries in the time it takes to
leave the admissible regime ϕ ∈ [−10,10]. We found that
the discontinuity jumps are of the same order as half a period
of the forcing, which may explain why the colour seems to
change precisely upon crossing admissible segments from the
family of right-grazing orbits. These observations need further
investigation and will also be reported elsewhere.
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ABSTRACT: The overlaying mesh method (OMM) is an analytical approach that overlaps two or more independent different-
sized-mesh models in the finite element analysis. In the OMM, detailed mesh model is used in the target area under 
consideration, with coarse mesh model elsewhere, in order to optimize calculation effort. In this study, we first derived the 
governing equations in which different type of elements i.e., solid element and beam element are used and then performed 
parametric study to investigate the accuracy of the analysis results by changing the mesh sizes, pile characteristics in pile-ground 
interaction system. The results showed the validity of the method. 

KEY WORDS: Finite element method; Overlaying mesh method; Pile-ground system.

1 INTRUDUCTION 

The Overlaying mesh method (OMM) is an analytical 
approach that overlaps two or more independent different-
sized-mesh models. In the OMM, detailed mesh model is used 
in selected area under consideration, with coarser mesh model 
elsewhere, in order to optimize calculation effort. In a 
previous study, different size mesh models are used to express 
a complex area with different material constants, but same 
type elements, such as two dimensional plane strain elements 
are used [1]. In this research, we propose a new application 
method of the overlaying mesh method using different type 
elements such as beam elements and solid elements. We 
analyzed two types of pile foundation models using OMM, 
and proved that the proposed method is valid. 

2 THEORY OF THE PROPOSED METHOD  

2.1 Derivation of the fundamental equations for the OMM  

In the OMM, two or more different-sized-mesh models are 
used, one is for modeling the wide area, which we call Global 
area, the other/others is/are used to model detailed area(s), 
which we call Local area(s), where we want to know the 
detailed behavior. In the soil-structure interaction problem, for 
example, the former is used to model the ground which widely 
extends, and the latter is used to model the structure of which 
shape is complex. 

Let designate the Global area as Ω
G, the Local area as ΩL 

and the boundary between these areas as Γ
GL. The image of 

the relationship of them is illustrated in Figure 1. 
Displacement fields are independently defined in each ΩG 

and ΩL, i.e., ui
G and ui

L, respectively.  The actual displacement 
ui in ΩL is defined as the sum of ui

G and ui
L, while ui is equal to 

ui
G outside the ΩL. Namely, the displacement ui is defined as 

the following equations. 
 

LL
i

G
ii uuu Ω+= in                                 (1) 

  
LGG

ii uu Ω−Ω= in                                  (2) 

 
Figure 1. Superimposition of global and local areas. 

 
 
To satisfy the continuity of the displacement at the 

boundary ΓGL, the following condition is needed. 
 

 on                     0 GLΓ=L
iu                             (3) 

 
Displacements ui

G and ui
L in ΩG and ΩL are expressed by 

using shape function matrices NG and NL and nodal 
displacement vectors ui

G and  uj
L as follows. 
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By partially differentiating Eq. (1) and using above 

equations, we obtain strain ijε  as, 
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In which 
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By using the principle of virtual work, we can obtain the 
next equation. 

 

∫∫∫ ΓΩΩ
Γ+Ω=Ω dtudbudD iiiiklijklij δδεδε             (9) 

 
Where, δεij, δui, bi, ti, Dijkl are virtual strain, virtual 

displacement, body force, surface traction and constitutive 
tensor, respectively.  The left side of the equation stands for 
the virtual work due to the internal strains and the right side 
represents the virtual work done by the external forces.  By 
substituting Eqs. (1), (6), (7) and (8) into Eq. (9), we can 
obtain the following equations. 
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By rewriting the above equations in the matrix form, we 

obtain the following equation, i.e.,  the governing equation. 
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  Where, 
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In which KG and fG are stiffness matrix and external force 
vector for the global area ΩG, and KL and fL are stiffness 
matrix and external force vector for the local area ΩL, 
respectively. 

2.2 Linking the beam element and the plane strain solid 

element  

According to the previous work, linkage matrices between 
global and local plane strain elements, KGL and KLG, are 
obtained from Eq. (13). Linkage matrices between plane strain 
elements and beam elements, however, cannot be obtained in 
the same manner, because the strains are different between the 
beam element and the solid element. It is, therefore, necessary 
to develop a new method to link them.  

The global nodal displacement at the same position as that 
of the local node, u’G can be obtained by using the global 

shape function NG and global nodal displacements uk
G as Eq. 

(14).  
 

G
k

G
kl

G
l uNu =′                                         (14) 

 
Global strain at arbitrary point, εij

G, can be obtained from 
Eq. (7), and also obtained using other element if the point is 
included inside the element and the coordinate of the nodal 
points of the element. Therefore, global strain can be obtained 
by using u’G and local shape function BL . 
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Using Eq. (14), we can obtain the following relationships. 
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Therefore, [KLG ] can be obtained as follows. 
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In the same manner, KGL is expressed in the following way. 
 

[ ] [ ] [ ]LTGLG KNK =                               (18) 
 
 

2.3 Constitution of the local mesh  

Figure 2 shows the total system which includes global model 
and local model. The local model contains beam elements of 
which area is designated by ΩC. The local area modeled by 
solid elements is expressed by Ω

B and the global area by ΩA. 
It is assumed that the areas Ω

A and ΩC are not in contact. The 
constants of elasticity in the areas Ω

A and ΩB are the same and 
expressed as D1

ijkl and in the area ΩC, D1
ijkl in the global model 

and DL
ijkl in the local model. 

As for the boundaries, the boundary between Ω
A and ΩB is 

designated by ΓAB, in the same manner, the boundary between 
Ω

B and ΩC is designated by ΓBC. The boundary is divided into 
Γ

A, ΓB and ΓC according to the division of the areas Ω
A, ΩB 

and ΩC, respectively. 
With the definitions above, KG, KL and KGL are obtained as 

follows. 
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∫∫ ΩΩ
Ω+Ω=

CB
dBDBdBDBK L
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klijkl
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GL 1             (21) 

 
Equation (10) can be written in the tensor form as; 
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Figure 2. Superimposition of solid and beam elements. 
 

The displacements, ui, can be written in the following 
equation, in which symbols G, L, A, B and C stand for Global, 
Local and areas A, B and C. 
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As for the global displacement concerning the virtual 
displacement G

iuδ , and strain G
ijδε , we can obtain the 

following equation. 
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By partially integrating the left part of Eq. (24) using the 

Green’s formula, the following equation is obtained. 
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As the global displacements ui

G is continuous in area ΩG, 
the following relations can exist. 
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On the other hand, as for the local displacement concerning 

the virtual displacement L
iuδ , and strain L

ijδε , we can obtain 

the following equation. 
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In the same manner as in the global area, Eq. (28) can be 

written as, 
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And, 

 
ABon       0 Γ=LB
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In Eqs. (25) and (29), as the virtual displacements are 
arbitrary, we obtain the following equations. 
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By subtracting Eq. (34) from Eq. (33), Eq. (38) from Eq. 

(37), Eq. (41) from Eq. (40), we obtain Eqs. (42), (43), (44), 
respectively. 
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From Eqs. (43) and (44), equilibrium of stress is 

independently satisfied within the global model on the 
boundaries ΓBC and ΓC, and normal stress outward direction is 
0. From Eqs. (42), (43) and (44) we can get the next 
relationship. 

 
CGC

kl
L
ijklijkl DD Ω=− in              0)( 1 ε                      (45) 

 
This means that the stress of beam elements due to global 

model is 0 on the boundary of area Ω
C.  And from Eq. (45), 

 
CGC

kl Ω= in              0ε                           (46) 

 
Eqs. ( 33) and ( 34) become 
 

C
i

LC
lkl

L
ijkl bD Ω=+ in            0,ε                     (47) 

 
In the same way, Eq. (40) and (41) become 

 
{ } BCB

j
LC
kl

L
ijkl

LB
kl

GB
klijkl nDD Γ=−+ on             0)(1 εεε       (48) 

 
This means that the stresses due to displacements in local 

model within area ΩC on the boundary ΓBC, equilibrium to 
those within area ΩB. Stresses in the beam elements, therefore, 
can be expressed only by the local model and obtained only 
by the stiffness of the beam elements [2]. 

3 ANALYTICAL EXAMPLES  

3.1     Vertical model 
The vertical pile-footing-ground model used in this analysis is 
illustrated in Figure 3. Ground and piles and footing are 
assumed to be elastic materials. 

Young’s modulus, sectional area, and   moment inertia of 
the section of the pile are 200GPa, 0.2366×10-5m2, and 
0.3940×10-5m4, respectively. Parameter of the plane elements 
are listed in Table  1. 

 

 
Figure 3. Vertical pile model. 

 
 

Table 1. Parameters of the plane elements. 

 
Finite element model with OMM is shown in Figure 4. This 

model is divided into 800 global solid elements of which area 
is 1.0m2, 16800 local solid elements whose area is 0.01m2 and 
160 local beam elements whose length is 0.1m (OMM FEM). 
To compare the accuracy, the ordinal finite mesh model 
(ordinal model) and coarse-mesh model (mesh 800) are also   
analyzed. The ordinal finite mesh model is divided into 80000 
solid elements whose area is 0.01m2 and 160 beam elements, 
the coarse-mesh model corresponds to the Global solid 
elements of the model shown in Figure 4. 

 

 
Figure 4. Finite element mesh of vertical piles with OMM. 

 
Numerical analysis results are compared in Figures 5, 6 and 

7. Horizontal placements of the beam elements are illustrated 
in Figure 5, vertical displacements in Figure 6 and rotational 
angles in Figure 7. From these figures, it can be recognized 
that the differences of vertical response displacements 
between these models are very small but for the horizontal 
and rotational angle the differences are not so small.  

The difference of the horizontal response displacements 
between the ordinal FEM and OMM FEM is about 0.1mm, 
and this is very small compared with the maximum response 
of the system of 2.9mm, in the vertical direction, the 

 Shear wave 
velocity(m/s) 

Unit 
weight(kN/m3) 

Poisson’s 
ration 

Soil A 150 17 0.3 
Soil B 450 17 0.3 
Footing 1500 17 0.3 

(40) 

(41) 
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Figure 11. Distribution of vertical displacement 
    from normal finite element mesh with OMM. 

 

Figure 10. Distribution of vertical displacement 
    from normal finite element mesh. 

 

difference is about 0.03mm, while the maximum response is 
about 13.5mm.  

On the other hand, the differences of them between the 
ordinal FEM and mesh 800 are 0.02mm in horizontal 
direction and 0.08mm in vertical direction respectively, and 
they are about 4 times of the differences between the ordinal 
FEM and OMM FEM. This means the validity of the 
proposed method. The distributions of the response 
displacements in the total system are shown in Figures 8, 9, 10 
and 11. From these figures the results are almost same in two 
models. 
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Figure 5. Comparison of horizontal displacements. 
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Figure 6. Comparison of vertical displacements. 
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Figure 7. Comparison of rotational angle of pile. 
 

 
Figure 8. Distribution of horizontal displacement 

                       from normal finite element mesh. 

 
Figure 9. Distribution of horizontal displacement 

                       from finite element mesh with OMM. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

3.2     Battered pile model 
Figure 12 shows the battered pile-ground-footing model. The 
material constants are the same as those of the vertical pile 
models. Figure 13 is OMM model. The OMM model is 
divided into 800 global solid elements whose area is 1.0m2, 
16960 local solid elements whose area is 0.01m2 and 160 local 
beam elements. This model is called “OMMcase1”. The 
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ordinal model is divided into 80652 solid elements whose area 
is 0.01m2 and 160 beam elements. This model is called 
“ordinal FEM”.  

The mesh of the ordinal model is very complicated to 
express the battered piles, on the other hand, the mesh is very 
simple for the OMM model as shown in Figure 13. Same 
global mesh as in the vertical pile is used for the OMM.  In 
addition to these two models, two more models, “OMMcase2” 
and “OMMcase3” models were analyzed. The size of global 
mesh of "OMM case2" and "OMM case3" is equal to the 
global mesh of "OMM case1" i.e. 1m.  But the local mesh of 
"OMM case2" is 0.25m and coarser than that of "OMM 
case1"(0.1m), and the local mesh width of "OMM 
case3"(mesh size is 0.1m same as "OMM case1") is 6m and 
narrower than that of "OMM case1". 

The comparisons of horizontal and vertical displacements 
and rotational angle are made in Figures 14, 15 and 16. In 
these figures, the differences between these models are little 
larger than those from the vertical piles model, especially for 
rotational angle. 

The CPU time to analyze “ordinal FEM” and “OMMcase1” 
models are almost same in both cases. However, to generate 
the OMM model is very easy, because we just put the battered 
piles models on the global model (ground model). This is a 
typical advantage of using the OMM. 
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Figure 12. Battered pile model 

 
Figure 13. Finite element mesh of battered piles with OMM 
 
 

4    CONCLUSIONS 
 

We derived the governing equations for the OMM in 
application of the soil-structure interaction system. Then we 
examined the validity of the method. For vertical pile model, 
we could get good agreement between the ordinal model and 

the OMM, but in the analysis of battered pile model, the 
difference is little larger than those for vertical pile models.  

We need to examine the reason and establish the better 
analysis method for the soil-structure interaction problem, and 
more we need to extend the method to dynamic problems and 
to three dimensional problems in which the advantage of the 
method will be remarkable. 
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ABSTRACT: A method for reducing enormous degree of freedoms in a dynamic equilibrium system was intended to reduce 
considerably storage capacity and computation time.  The most popular Guyan's method which is based on superposition of 
lower modes from the modal analysis is widely adopted as a basis for further improvements in dynamic reduction procedures.  
In principle, the higher modes are neglected and the dynamic responses of structures are evaluated by using only the lower 
modes frequencies, thus it is not possible to recover back precisely the responses of the other reduced degree of freedoms which 
are sometimes more dominant in higher modes.  A new method for reducing and recovering the degree of freedoms in the 
dynamic equilibrium system which is based on the concept of dynamic substructuring method is formulated.  The effectiveness 
and efficiencies of the formulated reduction and recovering method will be verified through a numerical example. 

KEY WORDS: Dynamic Reduction; Substructuring; Dynamic analysis; DOF. 

1 INTRODUCTION 
The safety and performance of building from damages during 
the occurrences of earthquake have been given the highest of 
importance. Therefore, it is necessary to have an 
understanding of the dynamic responses behavior of the 
buildings. 
  To achieve the accuracy for design analysis, a designer is 
often been given an alternative either by using a simple design 
procedure as a design tool combined with seismic design 
codes or by using more complex structural model with ground 
accelerations applied at the base of the ground. The later tool 
is often called as the time history analysis with nonlinearities 
to evaluate the dynamic responses of the building structures. 
  Even though the present rapid development in computing 
technology and hardware, it seems like for design calculation 
and practical analysis purposes there is still a need in seeking 
for a simple and easy yet reliable design procedure. 
  Most of seismic design codes including charts, tables and 
graphs are developed based on an equivalent single DOF 
model for evaluating dynamic responses of MDOF building 
structures against the ground motion excitations. The response 
spectral of accelerations, velocities and displacements are still 
a valuable and practical tool for design practice due to its 
simplicity. 
  Although in the current state of the art in the dynamic 
vibration analysis techniques and computing progressions, 
computers are capable of solving systems with million 
hundred degrees of freedoms, still they are not adequate for 
treating directly the mathematical idealizations used in the 
analysis of complex structures. Moreover, it is seldom of 
interest to determine more than dozen vibration mode shapes 
even in the most complex structural system because the mode-
superposition method generally is applied to structures in 
which the loading excites significantly only at the lowest 
modes.  For these reasons, various eigensystem enhancements 
procedures have been proposed to predict the lower modes 
precisely for the reduction purposes. Therefore, simplification 
against the secondary DOF is made forward-wise and not 

reversible. Once the responses of reduced structures evaluated 
by using modes lower frequency modes, it is not possible to 
get the responses of the reduced higher frequencies of the 
secondary DOF precisely. 
  In present study, a new theory for reduction and recovering 
degree of freedoms is derived base on the Rayleigh-Ritz 
method in the concept of dynamic substructuring.  Figure 1 
shows a schematic of the proposed reduction and recovering 
method between the secondary DOF and main DOF systems.   
  Present study is a continuation work of previous research 
works [2-5] in an attempt for eliminating the role of modal 
analysis in the reduction and recovering methods for dynamic 
analysis problems. 

 
Figure 1. The schematic concept of reduction and recovering 

methods. 

Dynamic reduction and recovering based on substructuring method 
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2 RAYLEIGH-RITZ METHOD 
The differential equation of motion for a damped multi-DOF 
system can be written in the following 

 [ ]{ } [ ]{ } [ ]{ } { } { }(2) (1) (0) (0) 0i i i iM y C y K y f+ + − =  (1) 

where, [ ]M , [ ]C , [ ]K , { }(0)
if , { }(0)

iy  and { }(2)
iy  are the 

mass matrix, damp matrix, stiffness matrix, external loading 
vector, displacement vector and acceleration vector, 
respectively. The time dependent displacement, velocity and 
acceleration vectors are generally can be expressed in 

differential form as ( ) ; 1, 2,...,
n

n i
i n

d y
y n N

dt
= = in which t is 

the time and n is the order of derivative with respect to time.  
The displacement { }(0)

iy , velocity { }(1)
iy and acceleration 

{ }(2)
iy  vector are then separated into two parts of vectors, a 

main DOF vector { }( )
1

ny  and the remaining secondary DOF 

vector{ }( )
2
ny . The secondary DOF vector and its characteristic 

properties, such as mass and stiffness matrices, are going to be 
reduced into the main DOF vector and its characteristic 
properties. 
  Rewriting Eq. (1), the following expressions can be obtained 
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iF+
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and the following relationship can be expressed as, 
(0) (0) (0)
2 21 1y T y f= +        (3) 

where [ ]T , 11I , 21T  being the transformation matrix, unit 
matrix and main to secondary transformation matrix, 
respectively. By applying the principle of virtual 
displacement,  the Eq. (1) becomes, 

{ } [ ]{ } [ ]{ } [ ]{ } { }( )(0) (2) (1) (0) (0) 0
T

i i i i iy M y C y K y fδ + + − = . 

The dynamic equation of motion in Eq. (1) can be rewritten 
in the following equation 

[ ]{ } [ ]{ } [ ]{ } { } { }(2) (1) (0)
1 1 1 0m y c y k y f+ + − =  (4) 

where the mass matrix, stiffness matrix and external loading 
vector are given as 
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3 REDUCTION THEORY 
By using matrix notation, the main and secondary DOF 
vectors and matrices of the damped multi-DOF dynamic 
equilibrium equation can be separated into two rows of 
equations as given in the following, 
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            (5) 
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− − −        (5a) 

(2) (1) (0)
22 2 22 2 22 2

(0) (2) (1) (0)
2 21 1 21 1 21 1

m y c y k y

f m y c y k y

+ + =

− − −       (5b) 

where the subscript notations are showing the index of vectors 
or matrices, and the superscript number in brackets are 
showing the number of derivative with respect to time. 

3.1 Guyan's reduction 

The oldest theory in the dynamic reduction theory was firstly 
introduced by Guyan [1], where Eq. (5b) was solved for the 
secondary DOF vector (0)

2y  as, 

( ) ( )
( )

(0) 1 (0) (0) 1 (2) (2)
2 22 21 1 2 22 21 1 22 2

1 (2) (2)
22 21 1 22 2

y k k y f k c y c y

k m y m y

− −

−

= − − − +

− +
 

and by neglecting the second derivative terms, 
(0) (0) (0)
2 21 1y T y f= +         (6) 

where, the transformation matrix which relates the main DOF 
and secondary DOF vectors is given by 1

21 22 21T k k−= − and the 
loading vector is given by (0) 1 (0)

22 2f k f−= . 

The reduction method introduced by Guyan is used as a 
transformation method to recover the secondary DOF vectors 
from the main DOF vectors which can be solved by Eq. (4).  
Because the reduction method proposed by Guyan is only 
make use of Eq. (5b) to obtain the transformation matrix 21T , 
which contains only parts of the stiffness matrix of the 
dynamic equation, hence the computed displacement modes 
are approximated values.  Therefore, further improvement is 
needed to increase the accuracy of the reduction method.  In 
order to solve the problems, current work is introduced based 
on the substructuring concept combined with subsequent 
substitution of transformation matrices formation. 
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3.2  0th order transformation matrix 

In this study, a new concept is introduced by having the 
dynamic equation of motion in Eqs. (5a-b) are further derived 
one time with respect to time which results in the following 
equations, 
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after elimination of (2)
1y term and substitution into Eqs. (5a-b), 

the secondary DOF vector can be obtained as, 
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ˆ ˆ ˆ ˆ, ,f f k k f f f k k f− −= − = −

 
1 1

11 11 12 22 21 12 12 12 22 22
1 1

21 21 21 11 11 22 22 21 11 12

ˆ ˆˆ ˆ ˆ ˆ, ,
ˆ ˆ, ,

m m k k m m m k k m

m m k k m m m k k m

− −

− −

= − = −

= − = −

 1 1
11 11 12 22 21 12 12 12 22 22

1 1
21 21 21 11 11 22 22 21 11 12

ˆ ˆˆ ˆ ˆ ˆ, ,
ˆ ˆ, ,

c c k k c c c k k c

c c k k c c c k k c

− −

− −

= − = −

= − = −

 1
22 22 21 11 12

ˆ .k k k k k−= −  
The number above the variables indicates an index of 

numbering series to be summarized at the end of the 
formulations. 

By neglecting the third derivative terms in Eq. (8), the 
equation becomes 

00
(0) (0) (0) (0) (2)
2 21 1 22 2y T y f m y= + + .                       (9) 

Because Eq. (5a) is used in solving the secondary DOF 
vector (0)

2y term, the parts of mass matrix from the dynamic 
system of equation are considered; therefore it will give better 
approximation and higher accuracy compared to the Guyan’s 
approach.  

3.3 1st order transformation matrix 

Equations (7a-b) are further derived two times with respect to 
time results in the following equations, 

(5) (4)
11 12 11 121 1

(5) (4)
21 22 21 222 2

(3) (3)
11 12 1 1

(3) (3)
21 22 2 2

0
0

m m c cy y

m m c cy y

k k y f

k k y f

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎪ ⎪+ +⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎩ ⎭

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎧ ⎫⎪ ⎪ ⎪ ⎪− =⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪ ⎪ ⎪ ⎩ ⎭⎣ ⎦ ⎩ ⎭ ⎩ ⎭

          (10) 

(5) (4) (3)
12 2 12 2 12 2

(3) (5) (4) (3)
1 11 1 11 1 11 1

m y c y k y

f m y c y k y

+ + =

− − −           (10a) 

(5) (4) (3)
22 2 22 2 22 2

(3) (5) (4) (3)
2 21 1 21 1 21 1

m y c y k y

f m y c y k y

+ + =

− − −          (10b) 

after elimination of (4)
1y term, the secondary DOF vector can 

be obtained as, 
(2) (2) (0) (2) (2) (5) (2) (5) (2) (4)
2 21 1 2 22 2 21 1 22 2y k y F c y c y m y= + + + +    (11) 

where, 
(2) (2) 1 (0) (0)

21 22 21 11

(2) (2) 1 (2) (2) (2) 1 (2)
2 22 2 2 2 21 11 1

,

, ,

k k k k

F k F F f m m f

−

− −

= −

= = −% %% %% %% %

(2) (2) 1 (2) (2) 1
22 22 22 22 22 21 11 12, ,m k m m m m m m− −= − = −% % % %% % % %

 
(2) (2) 1 (2) (2) (2) 1 (2)

22 22 22 21 22 21, ,c k c c k c− −= =

 
(2) 1 (2) 1
22 22 21 11 12 21 21 21 11 11, ,c c m m c c c m m c− −= − = −% % % % % % % %% % % % % % % %

 
(2) 1
22 22 21 11 12 ,k k m m k−= −% %% %% %% %

 
(2) (2) (0) (2) (2) (0)

1 1 11 1 2 2 21 1, ,f f k F f f k F= − = −
( (% %% % % %

 11 11 11 11 12 12 11 12

21 21 21 11 22 22 21 12

, ,

, ,

m m k c m m k c

m m k c m m k c

= − = −

= − = −

( (% %% % % %
( (% %% % % %

 
11 11 11 11 12 12 11 12

21 21 21 11 22 22 21 12

, ,

, ,

c c k m c c k m

c c k m c c k m

= + = +

= + = +

( (% %% % % %
( (% %% % % %

 (0) 1 (0) 1
11 11 11 11 12 22 21

(0) 1 (0) 1
12 11 11 12 12 22 22

ˆˆ ˆ ,
ˆˆ ˆ ,

m c k m c k m

m c k m c k m

− −

− −

= +

= +

(

(

 (0) 1 (0) 1
11 11 11 11 12 22 21

(0) 1 (0) 1
12 11 11 12 12 22 22

ˆˆ ˆ ,
ˆˆ ˆ ,

c c k c c k c

c c k c c k c

− −

− −

= +

= +

(

(

 (0) (0) (0) 1 (3) (0) 1 (3)
1 1 11 11 1 12 22 2

ˆ ˆ ˆ .F F c k f c k f− −= + +
(

 
By neglecting the fifth derivative terms in Eq. (11), the 

equation becomes 
11

(0) (0) (0) (2) (4)
2 21 1 22 2y T y f m y= + + .                    (12) 
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Because Eq. (5a) is used in solving the secondary DOF 
vector (0)

2y term, the parts of mass matrix from the dynamic 
system of equation are considered; therefore it will give better 
approximation and higher accuracy compared to the 0th order 
transformation.  

3.4 Mth order transformation matrix 

By repeating the similar derivation procedures as given in 
previous sub-sections, the Mth order transformation matrix can 
be obtained by further making (N-1) derivations with respect 
to time which results in, 

(2 ) (2 1)
11 12 11 121 1

(2 ) (2 1)
21 22 21 222 2

(2 2) (2 2)
11 12 1 1

(2 2) (2 2)
21 22 2 2

0
0

n n

n n

n n

n n

m m c cy y

m m c cy y

k k y f

k k y f

−

−

− −

− −

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎪ ⎪+⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎩ ⎭

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎧ ⎫⎪ ⎪ ⎪ ⎪+ − =⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪ ⎪ ⎪ ⎩ ⎭⎣ ⎦ ⎩ ⎭ ⎩ ⎭

                 (13) 

(2 ) (2 1) (2 2)
12 2 12 2 12 2

(2 2) (2 ) (2 1) (2 2)
1 11 1 11 1 11 1

n n n

n n n n

m y c y k y

f m y c y k y

− −

− − −

+ + =

− − −    (13a) 

(2 ) (2 1) (2 2)
22 2 22 2 22 2

(2 2) (2 ) (2 1) (2 )
2 21 1 21 1 21 1

n n n

n n n n

m y c y k y

f m y c y k y

− −

− −

+ + =

− − −        (13b) 

  Under the same assumption at 0t = , the initial conditions of 
the main DOF vector (2 2)

1 0ny − = , and secondary DOF vector 
(2 2)
2 0ny − = … ( 0,1,2,3,..., )n N= are detained, the solutions for 

the homogeneous equations in Eq. (5) are exist and hence, all 
of its derivatives equations can be used to obtain the 
approximation of the transformation matrix. 
  And in a form of series, all the derivatives of (*)

2y terms can 
be expressed as 

( ) ( ) ( )0 0 2 2(0)
2 21 1 22 2

MM M
My T y f m y += + +                  (14) 

where 

( ) ( ) ( ) ( )2 2 2 2(0)
21 0 22 21 0 22 2

0 0
, ,

MM MM
n m n mm m

n n
m m

T m k f m F= =
= =

= Π = Π∑ ∑  

( ) ( ) ( ) ( ) ( )2 2 2 1 0 21
22 0 22 22 22 22 22 22, , ,

M
n n nM

nm m m m m m I− −+
== Π = = =  

herewith, theΠ is an infinite product operator. 

4 RECOVERING OF SECONDARY DOF 
The recovering of the secondary DOF can be done by using, 

( ) ( ) ( ) ( )( )
( )

0 0 2 2 2 2(0)
2 21 1 1 2

0 (0)
21 1

,
MM M

M M

MM

y T y f O y y

T y f

+ += + +

≅ +

                (15) 

It can be noted that from Eq. (15), the tolerance of the 
present reduction theory is due to the negligence of the twice 
higher order derivatives terms which are considered very 
small. 

( ) ( ) ( )( )0 2 2 2 2(0)
21 1 1 2,

MM M
M MT y f O y y+ ++ 〉〉                 (16) 

Hence, the main DOF and secondary DOF vectors can be 
written by using a series form as follow, 

( )

( )
( )

0
11 01

10 (0)
2 21

0
MM

Iy
y

y T f

⎧ ⎫⎧ ⎫⎧ ⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪= +⎨ ⎬ ⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭ ⎩ ⎭

.                       (17) 

The second row of the above equation can be used to 
recover and reduced the secondary DOF vector from the main 
DOF vector as a result from solving the reduced dynamic 
equation in Eq. (4). 

5 DIFFERENTIAL DOF REPLACEMENT MEHOD 
In a complex dynamic system, there are many occasions 
where the difficulties to determine the main DOF and 
secondary DOF appeared, because different boundary of 
conditions and loadings will affect the behavior of solutions.  
If there is a case, still the above formulations can be applied 
by using relative differences between DOFs instead of each 
independent DOF.  The relative differences between DOFs 
will make the secondary DOF vector consists of small values.  
Components of the secondary DOF vector (0)

2y  are then 
replaced by (0)

ijy , where the secondary DOF components 
vector now consist of relative difference values to an 
arbitrarily selected component DOF (0)

iy from the main DOF 
which is given as, 

 (0) (0) (0)
j i ijy y y= − .                                   (18) 

As a result, all the components vector of the multi-DOF 
dynamic system consist of only either (0)

iy or (0)
ijy terms, where 

the values of (0)
ijy  are very small compared to the 

components (0)
iy  in the main DOF vector. 

 (0) (0) (0) (0)
ij i j jy y y y= − <                                    (19) 

From Eq. (16), the margin or error of the 0th and 1st order 
reduction and recovering can be obtained as, 

( ) ( )
0 1

(2) (3) (3)
2 1 2

0 10 1
(0) (0) (0) (0)

21 1 21 1

,
1 1

O y O y y
and

T y f T y f

<<< <<<
+ +

         (20) 

6 CONCLUSIONS 
A theory for reduction and recovering methods of large 
degree-of-freedom in structural dynamic analysis is proposed.  
The theory is based on the Rayleigh-Ritz method, and then 
further developed to create a transformation matrix which is 
finally summarized in a series form; the series form of 
transformation matrix implies the inclusions of higher order 
modes inside the formulations.  This newly developed theory 
is expected to give a new kind of reduction theory without 
using the modal analysis. 
  By using the DOF vectors transformation matrix, calculation 
results from the main DOF equations can be used to recover 
back the reduced secondary DOF while retaining high 
accuracy results. 
  The present proposed method is suitable and recommended 
for practical design method. 
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Modal synthesis applied to a Reissner mixed plate finite element dynamic
model
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Ecole Centrale de Lyon, 36 avenue Guy de Collongue 69134 Ecully Cedex, France

{apierre.garambois, bsebastien.besset, clouis.jezequel}@ec-lyon.fr

ABSTRACT: This paper deals with the application of component mode synthesis on thick and thin plate finite element
model, built with a Reissner mixed formulation. The Reissner mixed formulation is a structural mechanical formulation
mostly used in plate problems that uses both displacement and generalized stress variables. Thus, the access to the
stress in the plate is easier than with a primal method. The Mindlin theory for thick plates, permits to take into
consideration shearing phenomenon inside the plate, whereas the Kirchoff-Love for thin plates only deals with bending
and twisting phenomenons. The Reissner-mixed and primal models show the exact same results, both for Mindlin and
Kirchoff-Love theory. Nevertheless, the Kirchoff-Love mixed model shows a much better convergence than the Mindlin
mixed model for thick plates.
The inconvenience of a mixed model, whatever the chosen plate theory is, is the numerical size of the finite element
model that is much bigger. That’s the reason why we use modal synthesis to reduce our model. The idea is to build
our model with both primal and mixed formulation at the same time. Then we reduce the mixed model using a sub-
structuring method and bases composed of ”fixed interface modes” obtained from a Craig & Bampton method applied
on the primal model. That method also shows a good convergence and permits us to reduce significantly the numerical
size of our model on a certain frequency band, keeping the advantages of the Reissner mixed model.

KEY WORDS: Reissner, Mindlin, Kirchoff-Love, plate, mixed formulation, finite element, sub-structuring, vibrations.

1 INTRODUCTION

Most of the finite element plate models used in industry are
based on a dynamic primal formulation. They are fast and
efficient, but they need an extra calculation and integration
to get the strains and thus the constrains. Another point
of view developed by Reissner [1] aims at defining a new
Lagrangian using both displacement fields, and generalized
stress fields, called Reissner mixed function. Thus, devel-
oping this function and discretising the displacements and
generalized stress fields, we obtaine a Reissner mixed finite
element formulation with displacement and stress fields
parameters. That method has already been used for static
problems [2] [3] and more rarely for dynamic problems [4].
Most of the time, the Reissner mixed formulation is used
for Mindlin thick plate theory. In this paper, we develop
a Reissner mixed formulation both for thick Mindlin plate
and thin Kirchoff-Love plate.

An inconvenient of the mixed formulation is the numer-
ical size of the problems, due to the addition of generalized
stress fields parameters to the displacements fields param-
eters of the primal method. Many sub-structuring method
exist to reduce primal finite element such as ”fixed inter-
face mode” method (Craig & Bampton method [5]), free
mode method (Mac Neal method [6]) and boundary mode
method (Balmes method [7]). In this paper, the idea is to
use those methods applied on the primal model to build a
new reduced base for the sub-structured mixed model.

First of all, the article talks about a Reissner mixed
variational dynamic formulation of finite element for
Mindlin thick plates and set the conditions of the following

finite element model. Then a Reissner-Kirchoff-Love model
is also studied. Afterwards, we study the convergence of
the two mixed models. In the fifth part, we deal with
the application of component mode synthesis on the finite
element mixed model, based on ”fixed interface modes”,
obtained through a Craig & Bampton method applied on
the primal plate problem. In the last part, we show the
convergence of our problem on a simple example and the
main results.

2 VARIATIONAL FORMULATION OF REISSNER
MIXED FINITE ELEMENT BASED ON THICK
MINDLIN PLATE

2.1 The Reissner mixed formulation

The Reissner mixed function is given by:

ΠRD =

∫∫∫
V

−σijeij +
1

2
σijSijklσkl + biui +

1

2
ρu̇i

2 dV

(1)
considering σij the generalized stress, eij the strain, ui the
displacement, bi the body force, ρ the volumic mass and
Sijkl the elastic compliance matrix. We consider 3 main
fields in the function:

• Mixed strain energy: σijeij − 1
2σijSijklσkl

• Body force work: biui

• Kinetic energy: 1
2ρu̇i

2

1
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2.2 Definition of the Mindlin theory

The displacement is given by:

ui =

{
w
θx
θy

}
(2)

considering w the transverse displacement, θx and θy the
normal rotation around the -x and -y axis. The three dis-
placement fields are independent in the Mindlin thick plate
theory whilst the rotations depend on the transverse dis-
placement in the Kirchoff-Love theory. Thus, the shearing
phenomenon doesn’t exist in that theory which simplify a
lot our system and gives us smaller matrix sizes and so re-
duce the computational time.

The strain is given by:

eij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
εxx
εyy
γxy
γxz
γyz

⎫⎪⎪⎪⎬⎪⎪⎪⎭ = Dui (3)

where D is the following operator:

D =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 0 ∂
∂x

0 − ∂
∂y 0

0 ∂
∂x

∂
∂y

∂
∂x 0 1
∂
∂y −1 0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(4)

The generalized stress field is given by:

σij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Mx

My

Mxy

Qx

Qy

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (5)

where {Mx,My,Mxy}T represents the bending and twist-

ing moments and {Qx, Qy}T represents the transverse shear
force.

The elastic compliance matrix is given by:

Sijkl =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

12
Et3 − 12ν

Et3 0 0 0
− 12ν

Et3
12
Et3 0 0 0

0 0 24(1+ν)
Et3 0 0

0 0 0 2,4(1+ν)
Et 0

0 0 0 0 2,4(1+ν)
Et

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(6)

where E is the Young Modulus, t is the thickness of the
plate element and ν is the Poisson ratio.

The positive directions of the generalized stress field are
shown in Figure 1.

2.3 Interpolation of nodal displacement in element

We assume that w, θx and θy, for a 4-node quadrilateral
element, are interpolated in terms of nodal displacements

Figure 1. Bending and twisting moment and transverse
shear force

{wi θxi θyi} (i = 1,2,3,4), as follows:

w(x, y) =
4∑

i=1

Ni(x, y)wi (7)

θx(x, y) =
4∑

i=1

Ni(x, y)θxi (8)

θy(x, y) =
4∑

i=1

Ni(x, y)θyi (9)

Which gives us:

ui =

{
w
θx
θy

}
= NU (10)

Chosing a 4-node quadrilateral element, the shape func-
tions have 4 conditions and thus can be quadratic as fol-
lows:

Ni(x, y) = ai + bix+ ciy + dixy (11)

That condition is essential to observe shearing phenomenon.

2.4 Interpolation of stress

We assume that each field of the generalized stress is in-
terpolated with linear function but does not depend on
the nodal values, which gives a large choice of possibilities
when choosing the functions. Thus, each generalized stress
is interpolated with 3 parameters β, as follows:

σij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Mx

My

Mxy

Qx

Qy

⎫⎪⎪⎪⎬⎪⎪⎪⎭ = Pβ

σij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 x y 0 0 0 0 0 0 ...
0 0 0 1 x y 0 0 0 ...
0 0 0 0 0 0 1 x y ...
0 0 0 0 0 0 0 0 0 ...
0 0 0 0 0 0 0 0 0 ...

⎫⎪⎪⎪⎬⎪⎪⎪⎭
⎧⎪⎪⎪⎨⎪⎪⎪⎩

β1

β2

.

.
β15

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(12)

Those choices give us a total of 27 parameters per element
matrix, as we have 12 displacement paremeters U and 15
generalized stress parameters β.
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2.5 Variational function and mixed finite element formu-
lation

ΠRD =

∫∫∫
V

−σijeij +
1

2
σijSijklσkl + biui +

1

2
ρu̇i

2 dV

ΠRD =

∫∫
S

1

2
(NU̇)Tm(NU̇)− (PU)T (DNU)

+
1

2
(Pβ)TS(Pβ) dS +

∫∫
V

biUdS

(13)

where

m = ρ

⎧⎨⎩
t 0 0

0 t3

12 0

0 0 t3

12

⎫⎬⎭ (14)

and ρ is the density.
The matrix development gives us:

ΠRD =
1

2
U̇

T
MU̇ − βTGU − βTHβ + F TU (15)

where

M =

∫∫
S

NTmNdS (16)

G =

∫∫
S

PTDNdS (17)

H =

∫∫
S

−PTSPdS (18)

and F is the force vector applied to the mesh nodes.
Then we have:{

M 0
0 0

}{
Ü

β̈

}
+

{
0 GT

G H

}{
U
β

}
=

{
F
0

}
(19)

3 VARIATIONAL FORMULATION OF REISSNER
MIXED FINITE ELEMENT BASED ON THIN
KIRCHOFF-LOVE PLATE

3.1 The Reissner mixed formulation

The Reissner mixed function is still given by:

ΠRD =

∫∫∫
V

−σijeij +
1

2
σijSijklσkl + biui +

1

2
ρu̇i

2 dV

(20)
considering σij the generalized stress, eij the strain, ui the
displacement, bi the body force, ρ the volumic mass and
Sijkl the elastic compliance matrix.

3.2 Definition of the Kirchoff-Love theory

The displacement is given by:

ui =

{
w
θx
θy

}
=

⎧⎨⎩
w
∂w
∂y

−∂w
∂x

⎫⎬⎭ (21)

considering w the transverse displacement, θx and θy the
normal rotation around the -x and -y axis. The theory of

Kirchoff-Love assume that the 2 rotations θx and θy de-
pend on the transverse displacement w.

The strain is given by:

eij =

{
εxx
εyy
γxy

}
= Dui (22)

where D is the operator

D =

⎧⎨⎩
0 0 ∂

∂x

0 − ∂
∂y 0

0 ∂
∂x

∂
∂y

⎫⎬⎭ (23)

The generalized stress field is given by:

σij =

{
Mx

My

Mxy

}
(24)

where {Mx,My,Mxy}T represents the bending and twist-
ing moments. The transverse shearing force is not taken
into consideration using the Kirchoff-Love theory.

The elastic compliance matrix is given by:

Sijkl =

⎧⎨⎩
12
Et3 − 12ν

Et3 0
− 12ν

Et3
12
Et3 0

0 0 24(1+ν)
Et3

⎫⎬⎭ (25)

3.3 Interpolation of nodal displacement in element

We assume that w, θx and θy, for a 3-node triangular el-
ement, are interpolated in terms of nodal displacements
{wi θxi θyi} (i = 1,2,3), as follows:

w(x, y) =
3∑

i=1

Ni(x, y)wi (26)

θx(x, y) =

3∑
i=1

∂Ni(x, y)

∂y
θxi (27)

θy(x, y) =
3∑

i=1

−∂Ni(x, y)

∂x
θyi (28)

Which gives us:

ui =

{
w
θx
θy

}
= NU =

⎧⎨⎩
N1 N2 ... N9
∂N1

∂y
∂N2

∂y ... ∂N9

∂y

−∂N1

∂x −∂N2

∂x ... −∂N9

∂x

⎫⎬⎭U

(29)

Chosing a 3-node triangular element, the shape func-
tions have 9 conditions each and thus are 3rd order poly-
nomials as follows:

Ni(x, y) = ai+bix+ciy+dixy+eix
2+fiy

2+gix
3+hiy

3+iixy
2

(30)
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3.4 Interpolation of stress

As the Mindlin theory, we assume that each field of the
generalized stress is interpolated with linear function and
does not depend on the nodal values. Each generalized
stress is interpolated with 3 parameters β, as follows:

σij =

{
Mx

My

Mxy

}
= Pβ

σij =

{
1 x y 0 0 0 0 0 0
0 0 0 1 x y 0 0 0
0 0 0 0 0 0 1 x y

} ⎧⎪⎪⎪⎨⎪⎪⎪⎩
β1

β2

.

.
β9

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(31)

Those choices give us a total of 18 parameters per ele-
ment matrix, as we have 9 displacement paremeters U and
9 generalized stress parameters β.

3.5 Variational function and mixed finite element formu-
lation

As the Reissner-Mindlin theory, the matrix development of
the Reissner-Kirchoff-Love theory gives us the same result
as equation 19:{

M 0
0 0

}{
Ü

β̈

}
+

{
0 GT

G H

}{
U
β

}
=

{
F
0

}
(32)

4 CONVERGENCE STUDY OF THE MIXED MODEL

4.1 Mindlin theory

The example we study in this part is a rectangular thick
plate built with Reissner-Mindlin mixed quadrangular fi-
nite elements described in the the section 2. The plate is
clamped on one edge, and free on the three other edges. It
is made of steel (see characteristics 1) and the thickness t
of the plate is a variable of the different simulation. That
example is shown in figure 2.

Table 1. Steel characteristics

Young Modulus (Pa) 2.1× 1011

Poisson ratio 0.33

Density (kg.m−3) 7.5× 103

The numerical simulations we make shows the exact
same convergence for the Reissner-Mindlin mixed model
and the Mindlin primal model. Nevertheless, the results
obtained with the Mindlin theory for various thickness of
the plate (Table 2 and Table 3) show that the convergence
of the model needs a high number of elements. It appears
that the characteristic size of the element needs to be at
least equal or even smaller than the thickness of the plate
to get acceptable results, which means that the smaller the

Figure 2. Rectangular thick plate built with
Reissner-Mindlin quad elements

Table 2. Relative error for the first eigenfrequencies for
the example 1 with t = 0.05m and Reissner Mindlin

mixed model

Element size (cm)
9.5 4.8 3.2 2.4 1.9

�������Mode
Elt

100 400 900 1600 2500

1 44.3 12.7 5.7 3.2 0.01
2 15.5 1.9 0.6 0.16 0.00
3 46.2 12.9 5.9 3.2 0.02
4 12.0 3.2 1.4 0.7 0.00
5 19.0 13.5 6.0 3.3 0.002
6 15.21 5.9 2.5 1.4 0.01
7 26.3 14.9 9.0 0.13 0.00
8 29.5 5.3 1.7 0.9 0.00
9 34.0 8.6 3.7 2.0 0.01
10 16.50 2.4 1.0 0.48 0.00

Table 3. Relative error for the first eigenfrequencies for
the example 1 with t = 0.01m and Reissner Mindlin

mixed model

Element size (cm)
2.4 1.9 1.6 1.35 1.19

�������Mode
Elt

1600 2500 3600 4900 6400

1 64.2 43.7 32.4 24.2 19.1
2 8.1 5.6 4.0 2.9 2.3
3 100 44.5 32.4 32.4 19.3
4 24.9 10.3 7.3 7.3 4.2
5 100 44.2 32.2 32 19.0
6 44.5 18.06 12.7 12.8 7.4
7 35.8 20.4 17.2 17.2 13.2
8 45.6 33.9 19.3 19.3 8.7
9 46.9 26.0 8.5 5.5 3.0
10 59.6 25.3 18.0 18.0 10.4
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thickness is, the smaller the elements need to be, which
can cause a lot of numerical problems (mass and stiffness
matrix with big numerical sizes, especially with the mixed
model).

4.2 Kirchoff-Love theory

The example we study in this part is a rectangular thick
plate built with Reissner-Kirchoff-Love mixed triangular fi-
nite elements described in the the section 3. The plate is
clamped on one edge, and free on the three other edges.
It is made of steel (see characteristics in Table 1) and the
thickness t of the plate is a variable of the different simu-
lation. That example is shown in figure 3.

Figure 3. Rectangular thin plate built with
Reissner-Kirchoff-Love triangular elements

Table 4. Relative error for the first eigenfrequencies for
the example 1 with t = 0.01m and Reissner Kirchoff-Love

mixed model

Element size (cm)
47.5 23.8 32.9 5.9

�������Mode
Elt

16 64 256 1024

1 2.94 1.47 0.53 0.21
2 8.13 1.90 0.42 0.10
3 6.80 1.19 0.40 0.13
4 - 7.58 1.63 0.33
5 - 2.87 0.24 0.06
6 - 11.59 2.28 0.41
7 - 1.72 0.01 0.01
8 - 4.90 0.27 0.00
9 - 3.35 0.06 0.00
10 - 20.35 3.29 0.43

The numerical simulations we make also shows the ex-
act same convergence for the Reissner-Kirchoff-Love mixed
model and the Kirchoff primal model. Nevertheless, the
results obtained with the Kirchoff-Love theory for various
thickness of the plate (Table 4 and Table 5) show a sig-
nificantly higher convergence than the Mindlin theory. It
appears that the characteristic size of the element doesn’t
influence the convergence of the model, as long as we stay
in small thickness, as the Kirchoff-Love theory defines.

5 MODAL REDUCTION

As described in the first sections, the numerical sizes of the
Reissner-Mindlin thin plate mixed model and the Reissner-

Table 5. Relative error for the first eigenfrequencies for
the example 1 with t = 0.001m and Reissner

Kirchoff-Love mixed model

Element size (cm)
47.5 23.8 32.9 5.9

�������Mode
Elt

16 64 256 1024

1 3.16 2.11 1.05 0.00
2 8.14 1.67 0.42 0.00
3 6.68 1.17 0.33 0.00
4 43.16 7.55 1.63 0.32
5 24.84 2.86 0.24 0.18
6 - 11.56 2.26 0.38
7 - 1.77 0.01 0.00
8 - 4.85 0.26 0.00
9 - 3.60 0.29 0.06
10 - 20.36 3.72 0.41

Kirchoff-Love thick plate mixed model are significantly higher
than primal models using the same theories. The idea of
this part is to reduce the numerical size of the model with
a sub-structuring method, using ”fixed interface modes”
method obtained with a primal model (considering the
same characcteristics and meshes). We describe this modal
reduction in the following section.

5.1 Projection of displacements: Craig & Bampton Method

The Craig & Bampton Method is a sub-structuring primal
method that separates, for each sub-structure a, boundary
DOF’s Ua

j and internal DOF’s Ua
i . It projects the initial

DOF’s of the sub-structure a on a new smaller base com-
posed of the same boundary DOF’s Ua

j (we also call them
”physical DOF’s”) and truncated modal DOF’s ηa

eU (which
will be DOF’s only for the displacements), as follows:{

Ua
i

Ua
j

}
=

{
Φa

eU Ψa
ij

0 I

}{
ηa
eU
Ua

j

}
(33)

where Φa
eU is a truncated base composed of eigenmodes

of the structure a assuming that the boundary nodes are
held fixed (concerning the displacement fields), Ψa

ij is the

attachment modes matrix Ψa
ij = −Ka

ii(K
a
ij)

−1.

5.2 Projection of generalized stress field: Craig & Bamp-
ton Method on the stress

For each sub-structure a, in order to access to the gener-
alized stress field parameters, we use the relation between
βa and Ua: βa = −(Ha)−1GaUa. We also use a Craig
& Bampton method to access to the displacement fields
Ua corresponding to the generalized stress fields βa, as
follows:

βa =

{
Pa

{
Φa

eU
0

}
Pa

{
Ψa

ij

I

}}
.

{
ηa
eβ

Ua
j

}
(34)

where Pa = −(Ha)−1Ga, ηa
eβ are the modal DOF’s for

the generalized stress fields and Φa
eβ is a truncated base

composed of eigenmodes of the structure a assuming that
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the boundary nodes are held fixed and concerning the gen-
eralized stress fields.

5.3 Reduction of a sub-structure

Considering the sections 5.1 and 5.2, the reduction of the
whole sub-structure a is given by:

{
Ua

i
Ua

j

βa

}
=

⎧⎪⎨⎪⎩
Φa

eβ 0 Ψa
ij

0 0 I

0 Pa

{
Φa

eβ

0

}
Pa

{
Ψa

ij

I

}
⎫⎪⎬⎪⎭
⎧⎨⎩ηa

eU
ηa
eβ

Ua
j

⎫⎬⎭
(35)

5.4 Assembly

We assemble two the sub-structures a and b considering
Ua

j = U b
j = U i, which gives us the following form:⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ua
i

U j

U b
i

βa

βb

⎫⎪⎪⎪⎬⎪⎪⎪⎭ = T

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ηa
eU

ηa
eβ

U j

ηb
eU

ηb
eβ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (36)

where

T =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Φa
eU 0 Ψa

ij 0 0
0 0 I 0 0
0 0 Ψb

ij Φa
eU 0

0 Pa

{
Φa

eβ

0

}
Pa

{
Ψa

ij

I

}
0 0

0 Pb

{
Ψb

ij

I

}
0 0 Pb

{
Φb

eβ

0

}

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(37)

6 CONVERGENCE STUDY OF THE REDUCTION

6.1 Example

This section focus on the convergence of the Reissner mixed
model using the method described in section 5 with the the-
ory of Kirchoff-Love, depending on the number of modes
”fixed interface modes” kept in the truncation both for dis-
placement fields and generalized stress fields. The exam-
ple used in this part is composed of two different plates,
meshed with Reissner-Kirchoff-Love triangular mixed ele-
ments described in section 3. It is made of steel (see char-
acteristics in table 1) and we choose a thickness of 1e−3m.
That example is shown in figure 4.
The first plate is clamped on one edge (102 DOF’s clamped)
and composed of 414 elements and 5064 DOF’s (of which
1338 are displacement parameters and 3726 stress parame-
ters), whereas the second plate is composed of 510 elements
and 6294 DOF’s (of which 1722 are displacement parame-
ters and 4572 stress parameters). The jonction is composed
of 102 boundary DOF’s.

Figure 4. Rectangular thick plate built with
Reissner-Mindlin quad elements

6.2 Results

The results are shown in figure 5. We calculate the FRF of
the test structure with different modal synthesis applied on
each sub-structure. In each case, the number of displace-
ment field modes and generalized stress field modes are the
same for the sub-structure 1 and the sub-structure 2. The
results show a good convergence, even with a low number
of modes.
It appears that choosing 20 displacement field modes and
20 generalized stress field modes permits a good conver-
gence of the model until 100Hz (27 first modes observable),
whereas choosing 10 modes both for displacement field and
generalized stress field give good results until 70Hz (20
first modes observable) and 5 modes until 35Hz (12 first
modes observable). Those results confirm the choice of us-
ing the ”Craig & Bampton method” both for displacement
field and generalized stress field, and permit to greatly de-
crease the numerical size of the mixed model (see table 6).
The figure 6 shows the Von Mises stress distribution in the
plate for the 12th mode (f = 331Hz) and the shape of the
mode for our example, obtained with a modal synthesis
with 20 displacement field modes and 20 generalized stress
field modes.

Table 6. Maximum frequency of convergence and number
of observable modes in function of the number of modes

chosen for the truncation

DOF’s
Displacement & Maximum Observed
stress modes frequencies (Hz) modes

11256 Non-reduced model

502 200 & 200 1700 >200
182 20 & 20 100 27
142 10 & 10 70 20
122 5 & 5 35 12

6.3 Prospects

Even though the convergence of our mixed reduced model
appears to be quite good, others modal synthesis have
been studied to decrease the number of DOF’s such as free
modes method [6] and interface modes method [7]. We can
also change the truncation in function of the displacements
or generalized stress fields and change the types of synthe-
sis (fixed interface modes or free modes).
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(b) 10 displacement modes & 10 stress modes for each
sub-structure (black: reference / grey: reduced)
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(c) 5 displacement modes & 5 stress modes for each sub-structure
(black: reference / grey: reduced)

Figure 5. FRF of the test structure calculated with modal
synthesis on the mixed model in function of the

truncation

7 CONCLUSIONS

This article deals with a new Reissner mixed finite element
plate model applied to a thick plate model (Mindlin theory)
and a thin plate model (Kirchoff-Love theory). First of all,
the mixed and the primal model show exactly the same
convergence with the same amount of elements. Then,
if we focus on the difference between thin plates theories
(which considers only bending and twisting moments) and
thick plates theory (which also considers transverse shear
forces), the calculations we make with our code on sim-
ple examples show a significantly different convergence be-

1 2 3

x 109

Figure 6. Von Mises stress distribution in the 2 plates for
the 12th mode (f = 331Hz) obtained with the β
parameters of the model with reduction figure 5a

tween the 2 theories. The Kirchoff-Love Reissner mixed
model for thin plate shows a quite good convergence as it
needs about 250 elements for a thickness of t = 0.01m to
get a good convergence (ε < 3%), and those results doesn’t
depend on the thickness. Nevertheless, the Mindlin Reiss-
ner mixed model for thick plate shows a much worse con-
vergence as it needs about 1600 elements for a thickness
of t = 0.05m to get good results. Furthermore, the results
with the Mindlin theory look dependent on the thickness:
in fact, the smaller the thickness is, the smaller the element
have to be. As a results, the same example with a thickness
of t = 0.01m needs more than 6400 elements to converge.
As the Kirchoff-Love mixed model shows a much better
convergence, even for a 0.01m thickness which is quite high
for a plate model, we decide to choose it for the rest of the
study.

The inconvenience of a mixed model, be it for Kirchoff-
Love or Mindlin theory, is the numerical size of the finite
element model that is much bigger as it uses parameters
for the generalized stress fields and the elementary mass
and stiffness matrix are bigger. That’s the reason why we
try use modal synthesis to reduce our model. The reduc-
tion we make aims at using modes obtained with a primal
model of the same meshes and same theory, which means
we build both primal and Reissner mixed assemblage at
the same time for each examples. We reduce the mixed
model using a sub-structuring method and bases composed
of ”fixed interface modes” obtained from a Craig & Bamp-
ton method. That modal synthesis, both applied on dis-
placements and generalized stress fields parameters show a
good convergence with our case (double plate with a thick-
ness t = 1e−3m) as we can reduce the size from about 11
000 DOF’s to about 200 DOF’s and still be able to observe
the 30 first modes. It improves considerably the computa-
tion time and, keeps the advantages of a Reissner mixed
model with access to both the displacements and general-
ized stresses.
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ABSTRACT: This paper compares the effectiveness of different schemes of dynamic relaxation method (DRM) for the 
analysis of cable and membrane structures. DRM is an iterative process that is used to find static equilibrium. DRM is not used 
for the dynamic analysis of structures; a dynamic solution is used for a fictitious damped structure to achieve a static solution. 
The stability of the method depends on the fictitious variables (i.e. mass a damping) and time step. The effect of mass 
distribution along the structure is also studied in the paper. Eight different schemes DRM will be used in this paper. Schemes A 
and B are based on the theory of viscous damping. Schemes C, D and E are based on the theory of kinetic damping (KD) with a 
peak in the middle of the time step and schemes F, G and H are based on the theory of KD with parabolic approximation. 

A cable is approximated as a tension bar, a catenary (several tension bars) and a perfectly flexible element. For membrane 
structures a triangular element is considered. The chosen methods are applied to six constructions. The cable structures are 
analyzed in Examples 1 to 3, the membrane structures are analyzed in Examples 4 to 6. 

The results imply that that it is impossible to determine the best scheme. In this context, it may be noticed that the methods 
based on kinetic damping appear more stable and faster. For bar element, catenary and cable elements the results confirm that it 
is beneficial to divide the same amount of mass into all nodes of the structure proportionally to the stiffest node of the solved 
structure (schemes C and F). For membrane element it is preferred to use the kinetic damping method with the approximation of 
the kinetic energy peak in the middle of the time step tΔ . 
 
KEY WORDS: Dynamic relaxation, Cable structures, Membrane structures, Kinetic damping.  

1 INTRODUCTION 
The load analysis of cable-membrane structures is a 
geometrical nonlinear problem. For numerical modelling of 
cable structures can be used idealization of the structure into 
the elements and nodes. The surface of membrane structure is 
discretized into a system of joints and triangle membrane 
elements. The edges of the triangle form the connection 
between the joints and they are called links.  

The joints can be divided into two groups – supported or 
unsupported ones. The equilibrium of position unsupported 
nodes loaded by the nodal loads can be searched iteratively. 
Large displacements of the structure and small deformation of 
elements are considered. 

Several methods exist to solve these structures. The 
dynamic relaxation method (DRM) will be examined in this 
paper. The stability of the method depends on the fictitious 
variables (i.e. mass a damping) and time step. This paper 
compares the effectiveness of different schemes of DRM for 
the analysis of cable and membrane structures. The effect of 
mass distribution along the structure is also studied in the 
paper. This paper develops papers [1] and [2]. 

2 ELEMENTS 
A cable can be approximated as a tension bar, a catenary 
(several tension bars) and a perfectly flexible element (where 
bending moments to zero). Homogeneous material with a 
constant cross-section throughout its length is assumed in all 
cases. For membrane structures a triangular element is 
considered. 

2.1 Tension bar 
The bar connects the endpoints and carries only positive 
normal force. The internal force T  (normal force) in one bar 
element can be calculated according to the well-known 
Equation (1). 

 ( )0
0

sr
s
EAT −= , (1) 

where: 

E   is the Young’s modulus of elasticity, 
A   is the cross-sectional area, 
r   is the distance between two end joints in the chord 

direction (current length), 
0s   is the un-elongated length of element (slack length). 

If the force T  is negative, then it is equal to zero. The 
deadweight of strut has been assumed to be concentrated 
equally at its two end joints. The used bar element can be seen  
in Figure 1. 

 
Figure 1. Bar element. 
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2.2 Catenary 
The basic assumption of this theory is that the behaviour of a 
cable can be approximated by a few bars. These bars are 
interconnected by joints and sustain only positive normal 
force. The behaviour of individual bars is described in 
Chapter 2.1. As found in [3], five bars are well enough to 
describe correctly the characteristics of the cable. 

2.3 Cable element 
The basic assumption of the analysis of a flexible elastic cable 
is that the cable is regarded to be perfectly flexible and is 
devoid of any flexural rigidity. Load on a cable, which must 
include at least self-weight, is distributed uniformly along the 
curve of the cable which is assumed to be a parabola. The 
detailed analysis can be found in [4] and [5]. 

It is necessary for the aim of the study to use an internal 
force T , which is always positive and the importance of 
which is shown in Figure 2.  

 
Figure 2. Cable element. 

Force T  can be calculated iteratively from Equation (2). 
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where: 
E   is the Young’s modulus of elasticity, 
A   is the cross-sectional area, 
r   is the distance between two end joints in the chord 

direction (current length), 
0s   is the un-elongated length of element (slack length). 

l   is the horizontal distance between the two end joints, 
c   is the vertical separation between joint j  and joint i  

(can be negative), 
Q   is the resultant of the vertical uniform load q  acting 

vertically the entire length of parabolic curved cable, 
while 0qsQ = . 

For reasons of clarity, Equation (2) introduces two more 
substitutions: 

 crQTTlTcrQa 444 222222 +++= , (3) 

 crQTTlTcrQb 444 222222 −++= .  (4) 

2.4 Membrane element 
For a membrane structures the natural stiffness element can be 
used for calculation of internal forces. The original 
formulation of the natural stiffness element is credited to 
Argyris [6] but the formulation here follows the work of 
Barnes [7] and Topping [8]. For the formulation of the natural 
stiffness element a triangular element is considered. This 
element has only in-plane stiffness so the element formulation 
is with respect to displacements in the local coordinate 
directions. Using equations of equilibrium, it is possible to 
convert the surface stress within the element into forces along 
the sides of the triangle. General application of this element is 
described e.g. in [8]. 

In this case the idealization of a typical element is as shown 
in Figure 3 where the local coordinate system is conveniently 
chosen such a way that the axis coincides with the first side. 
The stresses in the element with respect to x′  and y′   
directions, with z′σ  equal to zero, are the standard plane 
stress formulation for an isotropic material [9]. 

 

Figure 3. Membrane element. 

In Figure 3 is: 

1l , 2l , 3l  is the length of the edge 1, 2, 3 

2θ  is the inclination of the edge 2 to the local x′  axis, 

3θ  is the inclination of the edge 3 to the local x′  axis. 
The initial forces 1T , 2T  and 3T  of sides 1, 2 and 3 are 

defined for membrane element as: 
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where: 
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A  is the area of the membrane element, 
d  is the thickness of the membrane, 
E  is the Young’s modulus of elasticity, 
ν  is the Poisson’s ratio, 

0
1l  is the length of the edge 1 of the unloaded element, 
0
2l  is the length of the edge 2 of the unloaded element, 
0
3l  is the length of the edge 3 of the unloaded element, 

1lΔ , 2lΔ , 3lΔ  is the elongation of the edge 1, 2 and 3 
Furthermore, they are used substitutions (for h  = 1, 2, 3): 

 hha θ2cos= , (7) 

 hhb θ2sin= , (8) 

 hhhc θθ cossin= , (9) 

and 

  2332 cbcbQ −= . (10) 

The direct stiffness hS  of side h  ( h =1, 2, 3) is defined for 
membrane element as: 

 
( )

2
02

3

h

h

l

EAdS ⋅=  .  (11) 

3 DYNAMIC RELAXATION 
The dynamic relaxation method (DRM) is an iterative process 
that is used for the static analysis of structures. DRM is not 
used for the dynamic analysis of structures; a dynamic 
solution is used for a fictitious damped structure to achieve a 
static solution. 

The theory of this method was first described by Day [10]. 
During several years, the DRM have been improved 
progressively. The kinetic damping technique was suggested 
by Cundall [11]. Topping [8] and Lewis [12] also contributed 
to the kinetic damping method. Practical examples of the 
application can be seen in [1,2,3,12,13]. 

3.1 Principle 
The basic unknowns are nodal velocities, which are calculated 
from nodal displacements. The discretization from timeline 
with time step tΔ  will be performed. During the step tΔ  a 
linear change of velocity is assumed. The acceleration during 
the step tΔ  is thus considered to be constant. By substituting 
the above assumptions the velocity for joint i  in direction m  
( x , y  and z ) can be expressed in a new time point ( t + tΔ /2) 
thus:  

 
2//2//

2//)2/()2/(

imim

t
im

imim

imimtt
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= Δ−Δ+ ,(12) 

where: 
t
imR   is the residual force at the nodal point i , in the 

direction m  and at the time t , 
imM  is the fictitious mass at the nodal point i  and in 

the direction m , 

imC  is the fictitious damping factor for the nodal point 
i  and in the direction m , 

)2/( tt
imv Δ+   is the velocity at the nodal point i  in the direction 

m  and at the time t . 
The current coordinates of the nodal point i  at the time 

instant ( t + tΔ ) may then be expressed as follows: 

 )2/()( tt
ix

tt
i vtx Δ+Δ+ ⋅Δ= . (13) 

Similarly, equations may be written for the y  and z  
coordinate directions. From the imbalance (between external 
and internal forces) in the node i , we may calculate the 
residual forces t

imR ( m  = x , y , or z ) for the corresponding 
node at the time t . 
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where: 
k  is the index of the link (element or edge) 

entering the nodal point i . 
j  is the second endpoint on the link k . 

ixP   is the external load at the nodal point i  in the 
direction x , 

iyP   is the external load at the nodal point i  in the 
direction y , 

izP   is the external load at the nodal point i  in the 
direction z , 

kQ  is the resultant of the vertical uniform load for 
each link k , 

t
ix , t

iy , t
iz  are the current coordinates of the nodal point i , 

t
kr  is the distance between two end joints for each 

link k .  
The internal force t

kT  for each link k  can be calculated 
from Equation (2) – for the cable element; from Equation (1) – 
for the bar element; and from Equations (5) – for the edge of 
membrane element.  

If the sum of the forces t
kT  in the link k  is less than zero so 

it must be set equal to zero. 
In order to start calculations, the velocity at the time point 
tΔ /2 must be calculated. Using the initial conditions for the 

time t  = 0 where 00 =imv , we obtain: 

 0)2/(

2 im
im

t
im R

M
tv Δ

=Δ , (15) 

where 0
imR  are residual forces at the time t  = 0. 
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At each time instant, it is also possible to calculate the 
kinetic energy kinU  throughout the structure: 

 ( )2)2/()2/(
kin

tt
im

n

i

p

m
im

tt vMU Δ+Δ+ ∑∑= , (16) 

where n  is the number of joints and p  is the number of 
dimensions (3D or 2D). 

3.2 Schemes 
Eight different schemes DRM will be used in this paper. 
Schemes A and B are based on the theory of viscous damping 
[10]. Schemes C, D and E are based on the theory of kinetic 
damping (KD) with a peak in the middle of the time step [8] 
and schemes F, G and H are based on the theory of KD with 
parabolic approximation [12]. 

3.2.1 Scheme A 
Discretized mass M  is chosen in this scheme the same for 
each node and all directions from follows Equation (17): 

 ( )imStM max
2

2Δ
= , (17) 

where imS  is the largest direct stiffness of the i -th joint in the 
m  direction. 

The stiffness kS  of each link k  (entering into joint i ) is for 
the element (cable or bar) represented by two components – 
namely, the geometric stiffness G

kS   and the elastic stiffness 
E
kS . 
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Stiffness kS  2D membrane element should be determined 
for each edge of the equation (11).  

Hence, the following Equation (17) applies to the stiffness 
of the node imS :  

 ∑=
k

mkim SS , , (19) 

where mkS ,  is the stiffness kS  - from Equation (18), 
respectively from Equation (11)  - distributed in the m  
direction. 

Viscous damping coefficient C  for the whole structure is 
calculated using the coefficient of critical damping [12]:  

“The iterative algorithm converges fastest when using the 
critically damped mode. In an undamped mode, the structure 
will oscillate around its position of equilibrium, and the 
viscous damping coefficient, known as critical damping, may 
be found from Equation (20): 

 
tN

M
MSC im

imim Δ
=⋅=

π4
2 , (20) 

where N  denotes the number of iterations required to 
complete one cycle of oscillation. It may now be seen that in 
order to obtain the value of the viscous damping coefficient, 
an additional computer run is necessary, with C  set to zero.” 

3.2.2 Scheme B 
In this scheme, the fictitious values iM  and iC  are calculated 
for each joint i  separately. 

The discretized mass iM  for each joint i  is calculated from 
Equation (21): 

 ii StM
2

2Δ
= , (21) 

where 

 ( )iziyixi SSSS ,,max= . (22) 

The viscous damping coefficient iC  for the nodal point i  is 
calculated as follows: 

 
t

MMSC i
iii Δ

⋅=⋅= 82  (23) 

3.2.3 Scheme C 
This scheme is based on the theory of KD with a peak in the 
middle of the time step [8]. 

“When the technique of kinetic damping is employed, the 
viscous damping coefficient is taken as zero. The system is 
brought to rest by following a process stopping the iterations, 
whenever a peak in the kinetic energy of the entire system is 
detected, and then restarting the computation from the current 
configuration, but with zero initial velocity [12].” 

The coordinates are set to )2/( tt
ix Δ−  when the peak is 

assumed to have occurred. Then 

 )2/()2/(

2
tt
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t
i

tt
i vtxx Δ−Δ− ⋅

Δ
−= . (24) 

Similarly, equations may be written for the y  and z  
coordinate directions. 

The mass for whole structure is calculated from 
Equation (17). 

3.2.4 Scheme D 
This scheme is similar to the Scheme C, but the discretized 
mass iM  for each joint i  is calculated separately from 
Equation (21). 

3.2.5 Scheme E 
This scheme is similar to Scheme D but masses iM  are 
recalculated after each restart of the kinetic energy. 

3.2.6 Schemes F, G and H 
These schemes are similar to Scheme C (respectively D 
and E) but there is used the theory of KD with parabolic 
approximation [12]. 

The trace of kinetic energy near the peak can be 
approximated by a parabolic curve. The coordinates are set to 

)( tt
ix Δ−β when the peak is assumed to have occurred. Then 

 )2/()( tt
ix

t
i

tt
i vtxx Δ−Δ− ⋅Δ−= ββ , (25) 

where 
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and where ( )2/
kin3

ttUKE Δ+=  is the kinetic energy at the time 

point ( 2/tt Δ+ ), ( )2/
kin2

ttUKE Δ−= , ( )2/3
kin1

ttUKE Δ−= . 

4 EXAMPLES 
The chosen methods are applied to six structures. The cable 
structures are analyzed in Examples 1 to 3, the membrane 
structures are analyzed in Examples 4 to 6. The initial 
geometry (no internal stress) is evident from individual 
figures.  

The calculations were terminated when the kinetic energy of 
the structure was less than 1.10-6 kJ and while the residual 
forces of all the degrees of freedom were less than the limit 
value limR (defined individually for each example). The 
maximum number of iterations is chosen according to the 
elements – max. 500000 iterations for bar elements max. 5000 
iterations for cable and membrane elements. The time step is 
chosen tΔ   = 1 s in all calculations. 

Self-created scripts in MATLAB 7.14.0.739 (2012a) was 
used for all calculations. The calculations were carried out on 
the computer ASUS processor AMD E-450 APU – 1.65 GHz, 
memory 4GB RAM. 

The results of the calculations (the number of iterations and 
the CPU time) are presented in Tables 1 to 9. 

4.1 Example 1 
A suspended cable ring shown in Figure 4, which has been 
discussed in [3], is analysed here to show the accuracy and 
speed of the computations developed in this paper. 

 
Figure 4. A plan view of Example 1. 

The structure consists of 16 cables connected to 16 joints 
(1-8 are free, A-H are fixed) with an inner radius of 35 m and 
outer radius of 75 m. The structures have 8 radial cables and 8 
tangential cables. All cables have the same cross-sectional 
area A = 1.96344·10-3 m2 and the same Young's modulus 
E = 170 GPa. The slack length 0s  of all radial cables is 40 m, 
and that of all ring cables is 32 m. Any external node loads 

acts on the structure. An uniform load q  = 1.5105·10-1 kN/m 
acts on each cable. The coordinates z  of the unsupported 
nodes were always set to zero. 

The limit value of a residual force is limR  = 0.01 kN. The 
accuracy of the calculation is approximately ± 1 cm. 

 

Table 1. The number of iterations – Example 1. 

scheme/element bar catenary cable 
viscous 
damping 

A 1420 - 1266 
B 128759 - - 

kinetic 
damping 
Δt/2 

C 278 39894 799 
D 484 - 913 
E 546 14874 1591 

kinetic 
damping 
βΔt 

F 270 114559 777 
G 385 - 904 
H 535 16680 1554 

 

Table 2. Time of solution (CPU time in seconds) – Example 1. 

scheme/element bar catenary cable 
viscous 
damping 

A 0.72 - 306.20 
B 52.80 - - 

kinetic 
damping 
Δt/2 

C 0.28 63.60 249.20 
D 0.30 - 278.90 
E 0.36 28.80 527.30 

kinetic 
damping 
βΔt 

F 0.28 184.80 247.50 
G 0.30 - 275.20 
H 0.38 36.20 539.50 

 

4.2 Example 2 – Hypar net 
The example is taken from Lewis [12]: “Two sets of straight 

line cables generate a model of a hyperbolic paraboloid 
surface, shown in Figure 5. 

 
Figure 5. Topology of Hypar net. 

 The structure has 36 degrees of freedom. The load izP  of 
0.0157 kN is applied at all internal nodes, except for nodes 17, 
21, and 22. The cross-sectional area of the cables is 0.785 
mm2 and Young’s modulus is 124.8 kN/mm2. The pre-tension 
force in all cables is 0.2 kN. The previous analysis and 
experimental measurements of the same structure are reported 
in [14].” 

The limit value of a residual force is limR  = 0.01 kN. The 
accuracy of the calculation is approximately ± 1 mm. 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

1924 

 

Table 3. The number of iterations – Example 2. 

scheme/element bar catenary cable 
viscous 
damping 

A 177 1042 135 
B 8889 - 5920 

kinetic 
damping 
Δt/2 

C 214 1176 149 
D 197 - 139 
E 376 3078 237 

kinetic 
damping 
βΔt 

F 215 1161 145 
G 209 - 165 
H 252 2894 234 

Table 4. Time of solution (CPU time in seconds) – Example 2. 

scheme/element bar catenary cable 
viscous 
damping 

A 0.12 3.40 52.00 
B 6.90 - 3246.70 

kinetic 
damping 
Δt/2 

C 0.15 4.10 55.80 
D 0.14 - 52.80 
E 0.32 12.10 88.40 

kinetic 
damping 
βΔt 

F 0.15 3.73 55.00 
G 0.15 - 66.90 
H 0.32 11.39 86.90 

 

4.3 Example 3 – Tram stop 
Furthermore, one real structure was tested, see Figure 6. 

 

 
Figure 6. Barrandov tram stop. 

It is a cable-membrane structure with a central symmetry, 
only one fourth of the structure was subjected to modelling. 
The canvas was represented by forces exerted by the 
structure’s own weight and prestressi in the model. The 
background for the creation of the model was the geodetic 
survey of the existing structure made in November 2013, see 
Figure 7. The measurement of forces in cables has been 
discussed in [15]. 

The anchoring of the cables into anchor blocks was 
modelled as a fixed support. The point where the cables were 
anchored into anchor blocks was modelled as a sliding joint 
allowing the joint’s motion only in the direction of the x and y 
axes. The structural scheme of the structure considered is 
evident from Figure 8. 

The parameters of cables are as follows: 
cables 1 – 7: E = 140 GPa,  A = 230 mm2, q = 0.021 kN/m 
cables 8 – 30: E = 140 GPa, A = 180 mm2, q = 0.017 kN/m. 

The following cable lengths (selected cables) were 
considered: 
cable 1 – 11.221 m, cable 2 – 13.618 m, cable 3 – 14.340 m, cable 
4 – 13.020 m, cable 5 – 14.530 m, cable 6 – 13.820 m. 

The load is applied at joints 18 and 19 where the forces 
exerted by the canvas act. These forces amount to: 

zP18  = 12 kN and 19P  = 16 kN. 
The limit value of a residual force is limR  = 0.1 kN. The 

accuracy of the calculation is approximately ± 5 cm. 

 
Figure 7. The perspective view of Barrandov tram stop. 

 
Figure 8. A plan view of a tram stop. 

Table 5. The number of iterations – Example 3. 

scheme/element bar catenary cable 
viscous 
damping 

A 488 11461 448 
B 1353 - 1290 

kinetic 
damping 
Δt/2 

C 136 2767 120 
D 115 - 121 
E 309 5320 301 

kinetic 
damping 
βΔt 

F 125 2880 118 
G 130 - 135 
H 332 4446 313 
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Table 6. Time of solution (CPU time in seconds) – Example 3. 

scheme/element bar catenary cable 
viscous 
damping 

A 0.36 38.60 175.40 
B 1.11 - 475.10 

kinetic 
damping 
Δt/2 

C 0.12 9.72 59.60 
D 0.11 - 60.40 
E 0.45 23.56 130.20 

kinetic 
damping 
βΔt 

F 0.10 10.00 58.20 
G 0.12 - 64.20 
H 0.33 19.81 132.30 

 

4.4 Example 4 
It is a membrane structure with 6 nodes (of which 2 are 
unsupported) interconnected with 4 membrane elements. This 
structure is shown in Figure 9. The load izP  = 3 kN acts on 
both unsupported joints. The parameters of membranes are 
always E = 500 MPa, d = 1 mm and ν = 0.3. 

The limit value of a residual force is limR  = 0.1 kN. The 
accuracy of the calculation is approximately ± 1 mm. 

 

Figure 9. Topology and initial geometry of Example 4. 

Table 7. The number of iterations and time of solution (CPU 
time in seconds) – Example 4. 

scheme number of 
iterations 

time of 
solution 

viscous 
damping 

A 66 0.32 
B 981 2.45 

kinetic 
damping 
Δt/2 

C 42 0.27 
D 42 0.27 
E 43 0.28 

kinetic 
damping 
βΔt 

F 24 0.21 
G 24 0.20 
H 26 0.18 

 

4.5 Example 5 

 
Figure 10. Topology and initial geometry of Example 5. 

It is a membrane structure with 15 nodes (of which 11 are 
unsupported) interconnected with 16 membrane elements. 
This structure is shown in Figure 10. The load P = 0.75 kN. 
The parameters of membranes are always E = 500 MPa, 
d = 1 mm and ν = 0.3. 

The limit value of a residual force is limR  = 0.1 kN. The 
accuracy of the calculation is approximately ± 1 mm. 

Table 8. The number of iterations and time of solution (CPU 
time in seconds) – Example 5. 

scheme number of 
iterations 

time of 
solution 

viscous 
damping 

A 224 2.82 
B 3285 34.20 

kinetic 
damping 
Δt/2 

C 231 2.35 
D 113 1.14 
E 189 1.92 

kinetic 
damping 
βΔt 

F 249 2.81 
G 114 1.30 
H 199 2.34 

 

4.6 Example 6 
It is a membrane structure with 65 nodes (of which 57 are 
unsupported) interconnected with 96 membrane elements. The 
topology and initial geometry of this structure is shown in 
Figure 11.  

 

 
Figure 11. Topology and initial geometry of Example 6. 

The load izP  =  10 kN for internal joints and izP  = 5 kN for 
all external joints. The parameters of membranes are always 
E = 500 MPa, d = 1 mm and ν = 0.3. 

The limit value of a residual force is limR  = 1 kN. The 
accuracy of the calculation is approximately ± 2 cm. 

Table 9. The number of iterations and time of solution (CPU 
time in seconds) – Example 6. 

 
scheme number of 

iterations 
time of 

solution 
viscous 
damping 

A 617 33.90 
B 7065 345.60 

kinetic 
damping 
Δt/2 

C 449 20.70 
D 781 39.00 
E 1310 62.80 

kinetic 
damping 
βΔt 

F 1427 66.20 
G 1641 76.10 
H 1222 59.00 
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5 FINAL COMMENTS 
The overall ranking of methods sorted by the number of errors 
(sum of all examples), the total number of iterations and the 
total CPU time are shown in Tables 10 to13. 

The results imply that that it is impossible to determine 
clearly the best scheme. In this context, it may be noticed that 
the methods based on kinetic damping appear more stable and 
faster, which confirms the conclusions presented in [1,2,13]. 
For bar element, catenary and cable elements the results 
confirm that it is beneficial to divide the same amount of mass 
into all nodes of the structure proportionally to the stiffest 
node of the solved structure (schemes C and F). For 
membrane element it is preferred to use the kinetic damping 
method with the approximation of the kinetic energy peak in 
the middle of the time step tΔ .  

6 CONCLUSIONS 
It may be concluded that the Scheme C based on kinetic 
damping with a peak in the middle of the time step and the 
equal mass divided into all nodes proportionally to the stiffest 
node has proved the most comprehensive results. 

 

Table 10. The summary of results – bar element. 

scheme number of 
iterations 

time of 
solution 

errors rank 

viscous 
damping 

A 2085 1.20 0 7 
B 139001 60.81 0 8 

kinetic 
damping 
Δt/2 

C 628 0.55 0 2 
D 796 0.54 0 4 
E 1231 1.13 0 6 

kinetic 
damping 
βΔt 

F 610 0.53 0 1 
G 724 0.57 0 3 
H 1119 1.03 0 5 

Table 11. The summary of results – catenary. 

scheme number of 
iterations 

time of 
solution 

errors rank 

viscous 
damping 

A 12503 41.95 1 5 
B 0 0 3 8 

kinetic 
damping 
Δt/2 

C 43837 77.42 0 3 
D 0 0 3 8 
E 23272 64.46 0 1 

kinetic 
damping 
βΔt 

F 118600 198.55 0 4 
G 0 0 3 8 
H 24020 67.40 0 2 

Table 12. The summary of results – cable element. 

scheme number of 
iterations 

time of 
solution 

errors rank 

viscous 
damping 

A 1849 533.65 0 5 
B 7210 3721.75 1 8 

kinetic 
damping 
Δt/2 

C 1068 364.60 0 2 
D 1173 392.12 0 3 
E 2129 745.88 0 7 

kinetic 
damping 
βΔt 

F 1040 360.81 0 1 
G 1204 406.23 0 4 
H 2101 758.71 0 6 

Table 13. The summary of results – membrane element. 

scheme number of 
iterations 

time of 
solution 

errors rank 

viscous 
damping 

A 907 37.04 0 2 
B 11331 382.25 0 8 

kinetic 
damping 
Δt/2 

C 722 23.32 0 1 
D 936 40.41 0 3 
E 1542 65.00 0 5 

kinetic 
damping 
βΔt 

F 1700 69.22 0 6 
G 1779 77.60 0 7 
H 1447 61.52 0 4 
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ABSTRACT: Dated 1287, the bell from the church of S. Pedro de Coruche is the oldest recognized bell in Portugal. 

Unfortunately, being fragmented and incomplete, its original sound cannot be heard anymore. This paper deals with the 

dynamical analysis of this 13
th

 century bell, as well as a reconstruction of the possible original bell response through physical 

modeling techniques. As a first step, based on the measured bell shape and material properties of bell bronze, numerical modal 

computations through the Finite Elements Method (FEM) where used to predict the relevant dynamic properties of the bell and 

to access the tuning frequencies of its partials, for an adequate number of modes. Then, using the modal parameters estimated 

through the FEM analysis, modal vibration synthesis techniques have been applied in order to simulate the dynamical bell 

responses to percussive excitations. Although the sound radiation is not addressed in the present analysis, realistic "sounds" can 

be produced based on the model vibratory responses. Several possible dynamical responses were computed, for different 

assumptions concerning the unknown bell clapper mass, shape and contact properties, as well as the strike location. From the 

musicological point of view, the bell of interest to the present study is located in a time period of transition between the use of 

two different bell shape profiles, which would lead to major musical consequences. In this context, the frequency ratios found 

for the first modes (partials) of this bell are of historical significance - as is, in the same vein, the greater or lesser musical 

attractiveness of the simulated response sounds. 

KEY WORDS: Nonlinear time domain simulation, FEM modal analysis, Bell, Musical acoustics, Physical modeling. 

1 INTRODUCTION 

Exhumed from a crypt-ossuary in an archaeological 

excavation carried out near Lisbon in Portugal, the bell from 

the church of S. Pedro de Coruche is one surviving example 

of early bells cast prior the introduction of bell shape tuning 

techniques by the 17
th

 century [1]. Of particular significance, 

it is believed to pertain to a period in which bell profile has 

evolved noticeably, from conical to the actual bell shape, and 

which has undoubtedly led to major changes in bell sounding 

qualities.  

To sound pure and clean, bells usually require to be tuned 

after casting. It remains a job for experienced founders which 

consists in changing locally the mass and stiffness properties 

of the bell structure in order to obtain a given set of modal 

frequencies. For a traditional minor-third bell, bell founders 

typically tune the lowest five normal modes according to 

specific musical frequency ratios, which are typically 0.5fo, fo, 
1.2fo, 1.5fo and 2fo . One challenging issue raised by historical 

bells then deals with their tuning characteristics. In particular 

asserting whether the frequency ratios of their partials, which 

form the overtone structure of the sound radiated, contain any 

similarities with the frequency relationships usually found in 

modern bells.  

A straightforward approach to pursue that objective would 

consist in performing a precise modal identification of the bell 

vibrational properties on the basis of impact testing and then 

analyze the partials frequency ratios. To that end, Debut et al. 

[2] have recently proposed an effective analysis technique 

based on a polyreference implementation of the Eigensystem 

Realization Algorithm [3], and proved its effectiveness by a 

close examination of the tuning properties of a collection of 

102 historical bells. However, for the present work, this 

approach is seldom feasible since the bell was found 

fragmented and incomplete (see Figure 1), therefore 

preventing any vibrational measurement and any trace of its 

original sound. 

This work was motivated by the opportunity to apply our 

physical modelling techniques developed in previous work [4-

6], in order to answer to some relevant questions in historical 

musicology. To examine the tuning characteristics of this 13
th
 

century bell, we use the Finite Elements Method (FEM) and 

then, based on the computed modal data, a modal vibration 

synthesis technique has been developed for computing the bell 

responses. As a result, the simulations provide a musical taste 

of the bell from Coruche which can be somewhat “heard” 

again after a long period of silence. 

In this paper, we present the overall developed procedure to 

address the vibratory aspects of the historical bell and present 

some parametric simulations of its dynamics when struck by a 

clapper. The approach comprises measurements of the bell 

geometry, FEM modal computations and nonlinear numerical 

simulations. The first stage consists in measuring the bell 

geometry to infer its profile and construct a 3D finite element 

model. Based on the bell shape and material properties of 

bronze, estimates of the bell modal parameters are computed 

through FEM modal computations for a given frequency 
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range. Numerical time-domain simulations are finally 

performed from a theoretical model of the transient structural 

dynamic responses of bells to percussive excitation, based on 

a modal representation of the system dynamics and using the 

modal parameters computed by FEM as inputs of the model. 

Specifically on that aspect, our approach is very similar to the 

one developed by Roozen-Kroon [7] for the optimization of 

the sounding characteristics of bells. For validation of our 

approach, a comparison of simulated and measured bell 

responses is presented for a modern laboratory bell, and then 

calculations of the dynamic response of the bell from Coruche 

are presented for different assumptions concerning the 

unknown bell clapper mass, shape and contact properties, as 

well as the strike location.  

 

 

Figure 1. The bell from the church of S. Pedro de Coruche. 

 

2 BELL GEOMETRY DESCRIPTION 

Adopting a modal-based description of the bell response 

imposes a good knowledge of its modal parameters. In 

practice, one can identify the dynamical properties of a 

structure either experimentally, by a classical modal testing 

technique, or numerically, by eigenvalue computations. In this 

work, the preservation state of the bell motivates the use of 

the numerical approach for computing the bell modal 

parameters. However, prior to performing any modal 

computation, a detailed description of the actual geometry of 

the historical bell is essential. 

For this purpose, a method enabling the reconstruction of the 

bell profile from a series of geometrical measurements at 

some grid points has been developed, including mean radii, 

absolute position and thickness measurements. A mesh of 936 

points was defined, with 36 points regularly space azimuthally 

at 26 height locations. The bell stood on a rotating support, 

with its head down, and profile measurements were performed 

for every 10-degree over the bell circumference. Absolute 

position measurements were contactless, using a single point 

optical displacement transducer (Bullier Automation, ML5 

model), and radii and horizontal thicknesses were measured 

using a slide gauge as illustrated in Figure 2. Typical errors in 

measurements are less than 0.3mm. 

The locations of the grid points in three-dimensional space 

were then computed from the geometrical data. Since absolute 

position measurements only describe deviations from a 

reference surface, a centerline had to be defined in order to 

assemble the 26 successive cross-sections along the height of 

the bell. We estimate the mean radius and corresponding 

deviations of each bell “ring” from the measured diameters 

and absolute position data, and then minimize the deviations 

from the mean radius using a least-squares procedure. Care 

was also taken to accommodate possible errors due to offset 

alignment of the bell on the support. Once known the bell 

radius for each cross-section, the complete bell is simply 

reconstructed as a pile of rings, by assuming that all cross-

sections are based on a common center. Finally, simple 

geometric transformations allow the description of both inner 

and outer profiles of the original bell. 

Figure 3 shows the actual inner and outer radii over the bell 

circumference. Not surprisingly, the bell geometry shows 

deviations from a perfect axisymmetric structure, with 

maximum deviations of about 2.5 mm. As it will be evidenced 

from our numerical simulations, one side-effect of the small 

irregularities in bell design will be the presence of beats in the 

bell sound. Finally, we mention that the bell is 18.4 cm in 

height to its shoulder, with a diameter of about 21.7 cm at the 

rim. Its weight is estimated 4.8 Kg without the crown.  

 

 
 

Figure 2. Experimental set-up for measuring the bell profile 

geometry. Left: contactless position measurement. Right: 

horizontal thickness measurements. 

 

 

Figure 3. Measured outer (left) and inner (right) radii along 

the bell circumference.  
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3 FINITE ELEMENT MODAL ANALYSIS 

From the knowledge of the bell geometry, a 3D model of the 

historical bell was constructed by means of finite elements. 

We here used the freeware finite element package CAST3M 

[8] developed by the CEA (France) to construct the FEM 

model as well as to carry out the numerical computation.  

The mesh - see Figure 4 - consists of 28512 solid elements 

(20-node hexahedral), which appears fine enough for accurate 

modal computations on the basis of preliminary convergence 

tests. Eigenvalue computations were performed as if the bell 

was suspended, by assuming free boundary conditions. The 

bronze material properties, namely its Young modulus and 

density, were assessed from an elemental analysis carried out 

by one of the co-authors (E.F.), using energy dispersive X-ray 

fluorescence. Results showed that the bell bronze has ~22% 

Sn. Based on this composition, the bronze  density was 

estimated to be approximately 8.7 g/cm
3
 [9] and the Young 

Modulus has been tentatively assumed at 90 GPa following 

the work of Subrahmanyam [10]. Also, a value of 0.34 was 

used for the Poisson coefficient.  

 

 
Figure 4. FEM mesh and vertical cross-section of the 

historical bell. 

 

Because modelling the damping properties of structures 

remains challenging, modal computations were performed 

neglecting dissipation phenomena. It means that undamped 

eigensolutions were used to define the modal basis of our 

physical model. However, to assert the bell responses, energy 

dissipation will be accounted in our modelling by assuming 

that damping is proportional in the system. Vibrational and 

acoustical dissipation will then be expressed in terms of modal 

damping values by using appropriate estimates obtained from 

a detailed modal identification of a laboratory bell. 

Identification results showed that modal damping increases 

with frequency, and can be as small as 0.007% for the lowest 

modes. Incorporating frequency-dependent damping effects 

can be easily achieved using the modal approach. 

Figure 5 presents the mode shapes of the first five partials 

stemming from FEM computations (although computed, rigid 

body modes are not introduced here). As expected, normal 

modes appear in pairs for axisymetrical structures. One partial 

is therefore constituted by a pair of modes. However, because 

small asymmetries are present in bell shape (see Figure 3), 

slight difference in frequency exists between the two modal 

components of each partial. As a consequence, the frequency 

of a given partial is taken as the mean of the two modal 

frequencies. 

 

 
 

Figure 5. FEM-computed modeshapes for the five lowest 

partials of the historical bell. 

 

If one now compares the vibrational patterns presented in 

Figure 5 with the ones usually found for modern bells - see for 

instance the book on bells by Rossing [11] –, it can be 

concluded that the mode shapes are very similar. However, a 

difference exits concerning the order of appearance of the 

modes with the modal frequency. This would lead to audible 

differences between a modern and this historical bell if both 

bells would have the same modal frequencies and would be 

excited under similar conditions.   

Table 1 gives the frequency ratios of the partials for a typical 

modern bell and the ones computed from FEM analysis for 

the historical bell, referred to the frequency of the second 

mode, often accepted as a suitable reference.  

 

Frequency ratio f1/f2 f2 f3/f2 f4/f2 f5/f2 

Modern bell 0.5 1 1.2 1.5 2 

Bell from Coruche 0.58 1 1.37 1.55 2.29 

 

Table 1: Typical frequency ratios of a modern minor third 

bell and computed estimates for the historical bell. 

 

As can be seen, except for the fourth mode, differences of 

about 15% are evidenced in comparison with the typical 

frequency ratios. According to these values, one can conclude 

that this particular 13
th

 century bell did suffer from poor 

tuning compared to what founders will later believe to be the 

ideal tone.  

A quantification of the significance of beats in each partial 

can also be done by examining the frequency differences 

between modal-pair components. By doing so, we quantify 

the so-called warble of a bell [11,12], which is perceived as a 

low-frequency pulsating beat in the sound radiated, and which 

strongly affects our perception of bell sounds. For the lowest 

modes, FEM computations showed that the warble ranges 

from 1 to 20 Hz, while a value of less than 1 Hz is typically 

accepted as required for today good quality minor-third bells 

[12]. This result also reveals the limitation of the technical 
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know-how of the early founders to cast a perfect axisymmetric 

bell. Obviously, the significance of beats perceived in the 

radiated sound would also depends on the damping and 

radiation efficiency of each partial.   

 

4 FORMULATION OF THE DYNAMICAL SYSTEM 

We now turn to the description of the nonlinear physical 

modelling of a bell impacted by a clapper. The computational 

method relies on modal synthesis techniques and involves a 

modal discretization of the bell dynamics in terms of its modal 

properties.  

In a modal framework, the physical motion of the bell at 

generic position r  = (r,  , h) is assumed to be given by 

)()(),(
1

rtqtry n

N

n

n 


             (1) 

where )(rn represents the mode shape of the n-th mode of 

the bell and )(tqn
 represents its corresponding modal 

amplitude.  

The wave equation of the bell motion is then replaced by a set 

of N second-order equations which govern the time-dependent 

amplitudes of each mode, following the form: 

NntFtqktqctqm nnnnnnn ,,1)()()()(
...

           (2) 

where 
nm , 

nnnn mc 2 and 2

nnn mk   are the 

system modal masses, damping values and stiffnesses, 

n being the circular modal frequency and 
n the modal 

damping value which accounts for both internal and acoustical 

dissipation. 

The modal forces )(tFn
 are obtained by projecting the 

external force ),( trf on the mode shape )(rn  of the 

modal basis, as: 


r

nn drrtrftF )(),()(    (3) 

so that, for the case of a localized impact excitation at 0r , 

Eq.(2) becomes 

)()()()()()( 00 rtfdrrrrtftF nc

r

ncn         (4)  

where minus sign comes from the convention that positive 

force acts toward  positive radial direction.  

The bell/clapper interaction force )(tfc
 must then be 

determined during the contact time. To that end, a theoretical 

contact model between the bell and the clapper is needed. An 

elegant choice is given by the theory of linear elasticity 

developed by Hertz, referred to the Hertz’s law, for which the 

contact force, which acts perpendicular to the tangent plane 

including the contact point, is a nonlinear power function of 

the local compression [13]. The Hertz law expresses the 

interaction force )(tfc
between two elastic contacting bodies 

as 

b

cc tKtf )()(    (5) 

where )(t is the relative normal deformation (compression) 

between the contacting solids, and Kc and b are two contact 

parameters which depend on the surface geometry and the 

elastic properties of the two solids. The exponent b is typically 

equal to 3/2 for a sphere in contact with an elastic half-space 

and the contact stiffness Kc is given by [14]: 
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where E1 and E2 are the Young modulus, 1 and 2 the 

Poisson coefficients and R1 and R2 the radius of the two 

contacting bodies. 

The simplicity of Eq.(5) makes Hertz’s model particularly 

attractive for the present case. First, the model can be easily 

handled within the modal representation and second, its 

nonlinearity enables to properly reproduce the significant 

spectral changes observed in bell sounds when a bell is struck 

at different impact forces. In this work, this feature 

significantly favors Hertz model in comparison to other 

classical simple contact models based on a linear behavior 

during contact [13].  

However, besides its compactness, Hertz’s theory remains a 

crude representation of the real interaction dynamics. 

Actually, the model ignores any form of energy 

transfer/dissipation during the contact process although 

internal dissipation, plastic deformation and/or wave 

propagation phenomena surely influence the contact time. An 

alternative model to account somewhat for such limitations 

would consist in modifying the values of the exponent b in a 

semi-empirically manner, for instance by fitting vibrational 

data obtained on a bell/clapper experimental set-up 

instrumented with accelerometers. Other limitation of the 

model resides in the fact that Hertz’s model considers solids 

submitted to static constraint, neglecting inertial effects, and 

thus cannot be readily applied to dynamical problems for 

which force evolves with time. Nevertheless, a quasi-static 

approximation may sound physically reasonable if the time of 

impact tends to be short compared with the time scale of 

propagation of waves.  

Denoting )(tz  the motion of the clapper, the bell/clapper 

interaction force is given by: 
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As the force acts perpendicular to the bell surface, only radial 

component of the bell are prone to be excited in our modeling, 

whereas all components - along radial, tangential and vertical 

directions - would be excited for a more general excitation. 

In a modal description, Eq.(7) becomes 

 
b

N
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nn

b

c rtqtzKtrytzKtf 



1

00 )()()(),()()(          (8) 

Interestingly, Eq.(8) highlights that all bell modes become 

coupled through the nonlinearity, which therefore redistributes 

the impact energy across all the modes during the contact 

duration. Furthermore, for b>1, it is obvious that the impact 
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stiffness increases with compression. Therefore, for impacts 

of increasing energy, high-frequency modes will be 

progressively more excited. 

The model for the excitation has now to be completed by 

writing the clapper dynamics. The clapper is modeled as a 

rigid body of mass M, neglecting any elastic deformation 

during the impact beyond the contact deformation. Its normal 

motion )(tz is simply governed by the rigid-body dynamical 

equation: 

),()( 0 trftzM              (9) 

The model just described represents the essential physics of 

the bell dynamics, and surely includes enough details to 

obtain satisfactory simulations. A refined modeling of the 

contact force, as proposed in [15], could have been 

implemented but does not appear necessary for the purpose of 

this paper.  

5 TIME DOMAIN NUMERICAL SIMULATIONS 

5.1 Time-step integration 

There are many time-step integration algorithms which might 

compute the time-domain responses of the bell to a given 

clapper excitation. In our implementation, we used the explicit 

velocity-Verlet integration scheme [16] which computes 

positions, velocities and accelerations at time 
1nt  from the 

same quantities at time 
nt . At each time step, the system 

motion is computed by integrating the modal equations 

excited by the modal excitations by projecting the normal 

interaction force on the modal basis, see Eq.(4). 

On the computational ground, the main difficulty here comes 

from the short duration of the contact time, which typically 

falls in the range 0.2-0.5 ms [15, 17]. We thus expect to 

strongly excite a large number of modes, up to 5000 Hz. In 

order to achieve accurate simulations, a modal basis covering 

the frequency range from 0 to 10000 Hz was used, and time-

domain responses were sampled using a convenient time step 

of 4.10
-6 

s.  

At the beginning of contact, the clapper is subjected to a 

normal velocity –V0. A null displacement of the bell and 

clapper were assumed initially. The numerical simulations 

presented here were performed using b=1.5 for the Hertz law, 

and extend for 10 seconds. 

 

5.2 Laboratory bell 

The simulation model was first applied to a laboratory bell in 

order to assert the correct physical behavior of our modelling 

approach. The laboratory bell is about 25.5 cm in height, 29.7 

cm in diameter, with a mass of 16.2 Kg and is cast from 

bronze.  Its actual clapper is cast from steel, with a mass of 

0.585 Kg.  

For the purpose of the simulations, the modal properties of the 

laboratory bell were previously estimated by FEM 

computations as well.  A spatial discretization into 28260 

solid elements was used for the FEM mesh, and contrary to 

the historical bell, the spatial model was constructed by 

assuming a perfect axisymmetric shape, using the geometrical 

data of one vertical cross-section of the bell, measured with a 

precision of 0.1mm.  The value of the Young modulus for the 

bronze has been updated in our modal computations, in order 

to reproduce the experimentally identified modal frequency of 

the fifth partial. In the numerical computations, material 

properties for the laboratory bell were E1= 101 GPa, =0.34 

and for the clapper, E2= 120 GPa, =0.27. A number of 124 

real modes were computed. 

For reference, Figure 6 shows a time-frequency analysis of the 

bell acceleration with the original time recorded signal at the 

rim location.  In the experiment, the bell was manually struck 

with its own clapper. Qualitatively, the overall vibratory 

response of the bell decays with an exponential profile and a 

large number of modes are excited over the frequency 

spectrum. Perceptively, the sound is rich. 

 

 
Figure 6. Time-history response and spectrogram of the bell 

acceleration measured on a laboratory bell. Acceleration was 

measured in the plane of the rim, and normalized with respect 

to its energy content. Impact location hc=0.04 m. 

 

Typical results stemming from our nonlinear time-domain 

simulations are presented in Figure 7, where the time-history 

and spectrogram of the bell acceleration “measured” at the 

contact point are plotted for an impact velocity of 0.1m/s.  

A comparison of the spectrograms presented in Figures 6 and 

7 shows a quite satisfactory agreement between the simulated 

and measured bell responses. It is also evident that some 

discrepancies exist regarding the decay rate of some higher 

partials. The most likely explanation is found in our crude 

modeling of damping effects in the system. Actually, we 

expect that the modal damping values used for the 25 lowest 

modes are appropriate since they stem from a detailed 

experimental modal analysis of the laboratory bell. For the 

higher modes however, such information was not available 

and modal damping values were estimated by using a fitting 

extrapolation procedure involving the 25 lowest modes, 

therefore leading to differences in the decay rate of the higher 

partials inevitably. Other factor for the observed differences 

may be the small uncertainty about the impact location during 

tests. 

Figure 8 shows the simulated bell/clapper interaction and the 

corresponding bell and clapper motions in order to illustrate 

the correct behavior of our computational approach. It can be 

seen that the simulated contact time is as short as observed 

experimentally [15, 17]. The corresponding contact stiffness, 
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calculated from Eq.(6), is approximately 10
10

 N/m
1.5

, which 

characterizes a very hard contact as one could expect for the 

bell/clapper interaction. Also, note that the force is 

symmetrical as it should. Overall, these results show that the 

quasi-static Hertz model performs well for modeling the 

dynamic bell/clapper contact. 

Finally, from a perceptual point of view, it must be mentioned 

that the sounds produced by our simulations – which, when 

sound radiation computations are not available, can be 

somewhat inferred from the bell velocity signals - are of good 

quality compared to the original sounds.  

 

 
Figure 7. Time-history response and spectrogram of the bell 

acceleration computed for the laboratory bell for an impact 

velocity of 0.1 m/s at height hc=0.04 m. Acceleration, 

“measured” near the rim, was normalized with respect to its 

energy content.  

 

 
Figure 8. Computed bell/clapper interaction force for an 

impact velocity of 0.1m/s at height hc=0.04 m, and 

corresponding time-histories responses of the bell and clapper.  

 

From these results, it was concluded that our physical model 

is sufficiently accurate to reproduce the vibrational responses 

of a bell to a stroke excitation. 

We can now discuss some features of bell dynamics through 

parametric computations and illustrate some interesting 

musical effects. A significant feature of bells, which has been 

essential regarding the evolution of their tuning [7], is the 

possible selective excitation of every partial when striking a 

bell at some specific location along the vertical direction. 

Clearly, impacting the bell near an antinode results in large 

bell motions, and the corresponding partials will be heard 

louder (within the assumption that the vibrational energy will 

be efficiently transmitted to the pressure field). Figure 9 

represents the power spectra computed from the bell 

accelerations for two distinct impact locations. When hc=4 

cm, a large amount of the clapper energy is transmitted to the 

first partial while the second mode is only slightly excited 

since the impact is close to one vibrational node. Striking the 

bell at a different height result in a different distribution of the 

clapper energy between modes, thus yielding significant 

audible timbral variations in the sound radiated.  

 

 
Figure 9. Acceleration spectra computed for the laboratory 

bell when impacted at two different heights, for an impact 

velocity of 0.2m/s.  

 

5.3 The bell from Coruche 

A set of simulations pertaining to the bell from Coruche is 

now presented to give insight in its vibrational and sound 

properties. Parametric simulations were performed for 

different assumptions concerning the unknown clapper 

characteristics. By modifying the clapper mass and material 

properties, the duration of the contact time is affected and in 

consequence, audible changes in the sound spectrum are 

perceived. Here, the effects of the clapper mass, shape and 

contact stiffness are studied. Unless stated, the impact velocity 

is V0=0.2 m/s, the clapper mass is assumed M = 0.2 Kg with a 

ball clapper radius of R=0.029m, the contact stiffness is about 

Kc ~ 10
10

 N/m
1.5, 

and the impact location corresponds, in the 

vertical direction, to hc=0.03 m (measured from the rim). 

The first set of simulations concerns the influence of the 

clapper mass. Figure 10 shows the computed spectra of the 

bell accelerations at the contact point, when the clapper mass 

is varied by a factor three. For comparison, bell acceleration 

signals were normalized relative to their energy contents 

before being post-processed. Similar to what observed in 

impact tests, increasing the clapper mass restricts the transfer 

of the initial energy to the higher modes, but strongly excites 

the lower ones. This low-pass filtering effect of the clapper 

mass clearly affects the sound radiated, which loses its 

brightness. 

Figure 11 shows the time-domain responses and 

corresponding spectrograms of the bell acceleration at the 
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contact point for two distinct contact stiffness values. The 

case of softer clapper and harder clapper are considered by 

testing contact stiffnesses of about 10
8 

N/m
1.5 

and 10
10 

N/m
1.5 

respectively. As seen, the contact stiffness influences the 

energy transfers significantly: as expected, a hard clapper 

excites more efficiently a larger number of modes than a light 

one. In bell sounds, using a soft clapper will therefore enhance 

the low-order partials. Note also in Figure 11 the beating 

pulsation in the time responses of the bell, which is the 

consequence of the splitting of one partial into two modal 

components as already mentioned. 

The radius of the clapper ball influences the vibrational 

responses of the bell since the contact width region affects the 

contact stiffness. This is illustrated in Figure 12 where the bell 

acceleration power spectra for two clapper ball radii are 

plotted. For a constant clapper mass, enlarging the clapper 

radius significantly reduces the time duration of the contact, 

and thus increases the number of modes excited.   

Finally, as already discussed, an appropriate choice of the 

modal damping values is a key ingredient to simulate the bell 

responses properly. It is also highly significant for human 

perception. Up to now, the simulations of the historical bell 

were performed on the basis of damping values estimated 

through a fitting procedure of modal damping values 

experimentally identified from a laboratory bell. Figure 13 

shows the bell response at the contact location when damping 

in the system is three times greater than the values used until 

now. Unexpectedly, the overall decay of the bell vibration is 

affected and because higher partials disappear quite rapidly, 

the perceived sound spectrum is dull.  

Other results presented in Figure 14, concerns the simulated 

responses as a function of the strike location. For hc=0.15 m, 

one clearly notes the strong excitation of the second partial 

when compared to the results plotted in Figure 11 where 

hc=0.03 m was used. 

Although not considered in this work, local plastic 

deformation effects at the clapper ball could have been 

somewhat accounted in our modelling, by varying the value of 

the parameter b in the Hertz contact law [14]or by introducing 

a velocity-dependent dissipation term, see Hunt and Crossly 

[18]. 

 

 
Figure 10. Bell from Coruche. Power spectrum of the bell 

acceleration at the contact point (hc=0.03 m) as function of the 

clapper mass. The contact stiffness is about 10
10

 N/m
1.5

 and 

the impact velocity is 0.2m/s. R=0.029 m. 

 

 

 
Figure 11. Bell from Coruche. Time-history responses and 

spectrograms of the bell acceleration at the contact point 

(hc=0.03 m) as function of the contact stiffness, for an impact 

velocity of 0.2m/s. Up: Kc ~ 10
8
 N/m

1.5
 ; Bottom: Kc ~ 10

10
 

N/m
1.5

. M=0.2 Kg, R=0.029 m. 

 

 
Figure 12. Bell from Coruche. Power spectrum of the bell 

acceleration at the contact point (hc=0.03 m) as function of the 
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clapper mass. The contact stiffness is about 10
10

 N/m
1.5

 and 

the impact velocity is 0.2m/s.  

 
Figure 13. Bell from Coruche. Time-history response and 

spectrogram of the bell acceleration at the contact point 

(hc=0.03 m). Modal damping values were multiplied by a 

factor three. Kc ~ 10
10

 N/m
1.5

, M=0.2 Kg, R=0.029 m. 

 

 

 
Figure 14. Bell from Coruche. Impact height hc=0.15 m. 

Time-history response and spectrogram of the bell 

acceleration at the contact point (hc=0.03 m). Kc ~ 10
10

 N/m
1.5

, 

M=0.2 Kg, R=0.029 m. 

 

6 CONCLUSIONS 

In this paper, we asserted, by physical modeling, the tuning 

properties of a 13
th

 century bell and developed a simulation 

model to provide a musical taste of its sound qualities. Our 

general approach was based on modal techniques and 

comprised FEM modal computations and sound synthesis 

through nonlinear physical modeling. The simulation model 

was exploited to produce an extensive set of realistic time-

domain response computations of both a laboratory bell and 

the old bell, for different assumptions concerning the 

unknown bell clapper and impact characteristics, as well as 

for various strike locations.  

The present approach focused on the vibrational aspects of the 

bell and still lacks the computation of the pressure field 

radiated by the bell. Such delicate and important aspects will 

be soon addressed by the authors.  

From the musicological view point, our results revealed the 

poor tuning qualities of the bell from Coruche in comparison 

to traditional minor-third bells.  
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ABSTRACT: In this study, Adomian Decomposition Method (ADM) is employed to investigate   free vibration of nonuniform 
Euler beams with variable stiffness resting on an elastic foundation. ADM is an efficient technique for the solution of problems 
defined by linear or nonlinear differential equations. ADM produces an analytical approximate expression which is continuous 
in the solution domain. This work shows that ADM is an effective method for free vibration analysis of nonuniform Euler beams 
on elastic foundation. Several case problems have been solved by using the technique and solutions have been compared with 
those available in the literature.  

KEY WORDS: Adomian Decomposition Method; Elastic Foundation; Vibration; Beam  

1 INTRODUCTION 
In geotechnical engineering, beam on elastic foundation 
model is widely used in the formulation of practical 
application. There are several foundation models such as 
Winkler, Pasternak, Vlasov, etc. that have been used in the 
analysis. The most used foundation model in the analysis of 
beam on elastic foundation problems is the Winkler 
foundation model in which the soil is modeled as uniformly 
distributed linear elastic vertical springs which produce 
distributed reactions in the direction of the deflection of the 
beam.  
   There are also different beam models in theory. The mostly 
used model is the Euler-Bernoulli beams which is suitable for 
slender beams. If the beam is short and thick then Timoshenko 
beam model has to be preferred in the analysis.  
   Vibration of an uniform Euler beam on elastic foundation 
was studied previously by Balkaya et al. [1] and Ozturk and 
Coskun [2]. Balkaya et al. [1] used Differential Transform 
Method while Ozturk and Coskun [2] used Homotopy 
Perturbation Method (HPM) in their studies. Avramidis and 
Morfidis [3] analyzed beam bending problem  on three-
parameter elastic foundation. De Rosa [4] analyzed free 
vibration of Timoshenko beams on two-parameter elastic 
foundation. Matsunaga [5] studied vibration and elastic 
stability of deep beam-columns on two-parameter elastic 
foundations. El-Mously [6] investigated fundamental 
frequencies of Timoshenko beams on Pasternak foundation. 
Chen [7-8] analyzed vibration of beam resting on an elastic 
foundation by using the differential quadrature element 
method (DQEM). Coskun [9] investigated the response of a 
finite beam on a tensionless Pasternak foundation under 
harmonic load conditions. Chen et al. [10] described a mixed 
technique for bending and free vibration of beams resting on a 
Pasternak elastic foundation. Maheshwari et al. [11] studied 
the response of beams on a tensionless soil reinforced with 
extensible geosynthetic subjected to moving loads. Auciello 
and De Rosa [12] proposed different analysis techniques for 
the dynamic analysis of beams on soils subjected to 
subtangential forces. Mutman [13] determined free vibration 
frequencies of rectangular Euler beams with linearly and 

exponentially varying width on elastic foundation by using 
HPM. 

 

2 THE EQUATION OF MOTION AND BOUNDARY 
CONDITIONS 

An Euler beam resting on Winkler foundation shown in Fig. 1 
is taken into consideration in this study. The equation of 
motion for this problem is given as follows.  
 

( ) ( )
2 2 2

2 2 2( ) 0w w
EI x k x w A x

x x t
ρ

⎛ ⎞ ⎛ ⎞∂ ∂ ∂
+ + =⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠

      (1) 

 

where k is the spring constant, w is deflection, ρ is the mass 
density, A is the cross sectional area, EI is the beam stiffness 
and I is the area moment of inertia about the neutral axis. The 
deflection is a function of both space and time, i.e., 

( ),w w x t=  in which space variable x is measured along the 
length of the beam and t represents any particular instant of 
time. 
 

 

 

 

 

Fig. 1. The model for an Euler beam on Winkler foundation 
 
   Due to the end conditions for the beam, different boundary 
conditions have to be imposed to the solution produced by the 
method to determine unknowns included in final 
approximation. These conditions are as follows: 
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a) For clamped-clamped beam the end conditions are: 

0    at    0,  w
w x L

x

∂
= = =

∂
            (2) 

b) For cantilever beam (clamped-free) the end conditions are:    

0    at   0w
w x

x

∂
= = =

∂
          (3a)   

2 3

2 3 0    at    w w
x L

x x

∂ ∂
= = =

∂ ∂
                (3b) 

c) For simply supported beam (pinned-pinned) the end 

conditions are: 
2

2 0   at   0,w
w x L

x

∂
= = =

∂
            (4) 

d) For clamped-simply supported (pinned) beam the end 

conditions are: 

0    at    0w
w x

x

∂
= = =

∂
          (5a) 

2

2 0    at   w
w x L

x

∂
= = =

∂
          (5b) 

   Now, free vibration analysis of the nonuniform Euler beams 
including variable stiffness  will be formulated. 
   The solution is separated due to its variables as given in the 
following form to formulate the analysis of the presented 
problem. 

 
( ), ( ) i tw x t W x e ω=                                                            (6)                                                  

where ω is the circular frequency for the vibration. 
Substituting Eq. (6) into Eq. (1), equation of motion becomes 
as follows: 

2 2
2

2 2( )d d W
EI x kW A W

dx dx
ρ ω

⎛ ⎞
+ =⎜ ⎟

⎝ ⎠
           (7)                                                  

Eq.(7) can be expanded to produce following form. 

( )
( )

( )
( )

( )
( )

( )
( )

4 3 2

4 3 2

2

2

2

0

EI x EI xw w w

x EI x x EI x x

k x A x w
w

EI x EI x t

ρ

′ ′′∂ ∂ ∂
+ +

∂ ∂ ∂

⎛ ⎞∂
+ + =⎜ ⎟∂⎝ ⎠

              (8) 

where ( )′  denotes total derivative with respect to x. The 
governing equation is now rearranged to obtain its non-
dimensional form. This procedure is provided from [1] in 
which a constant stiffness beam was analyzed. The same 
notation is maintained in this study for the comparison 
purposes. The non-dimensional parameters for the Euler-beam 
on the Winkler foundation are defined as [1]. 

4

,    ,    ,    x W kL A
x W

L L EI k

ρλ ω ω= = = =           (9) 

   Using these parameters, non-dimensional form of the 
equations and formulation procedures will be defined in the 
following sections. 

3 ADOMIAN DECOMPOSITION METHOD 
In the ADM a differential equation of the following form is 
considered  

 

 Lu + Ru + Nu = g(x)                          (10) 

where, L is the linear operator which is highest order 
derivative, R is the remainder of linear operator including 
derivatives of less order than L, Nu represents the nonlinear 
terms, and g is the source term. Eq.(10) can be rearranged as 
 

 Lu = g(x)− Ru − Nu               (11) 

   Applying the inverse operator L-1 to both sides of Eq.(11) 
and employing given conditions we obtain 

 

 u = L−1{g(x)} − L−1(Ru)− L−1(Nu)          (12) 

   After integrating source term and combining it with the 
terms arising from given conditions of the problem, a function 
f(x) is defined in the equation as 

 

 u = f (x)− L−1(Ru)− L−1(Nu)           (13) 

 
   The nonlinear operator Nu=F(u) is represented by an 
infinite series of specially generated (Adomian) polynomials 
for the specific nonlinearity. Assuming Nu is analytical, we 
write 

 

 
F(u) = A

k
k=0

∞

∑              (14) 

   The polynomials Ak’s are generated for all kinds of 
nonlinearity, so that they depend only on uo to uk components.  
The reader can refer to [14, 15] for the algorithms used in 
formulating Adomian polynomials. The solution u(x) is 
defined by the following series 

 
u = u

k
k=0

∞

∑              (15) 

where, the components of the series are determined 
recursively as follows: 

 

 u0 = f (x)             (16) 

 uk+1 = −L−1(Ru
k
)− L−1(A

k
) ,     k ≥ 0          (17) 
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4 ADM FORMULATION 
As the study, a linearly varying stiffness is assumed for the 
beam resting on elastic foundation. The variation of stiffness 
is due to the linearly varying width and is formulated as: 

 
( ) ( )0 1b x b xα= −            (18) 

where the dimension of α is [1/L]. By the use of variable 
width, both cross-sectional area and flexural stiffness becomes 
as:  

 
( ) ( ) ( )0 01 1A x b h x A xα α= − = −          (19) 

( ) ( ) ( )
3

0 01 1
12
h

EI x Eb x EI xα α= − = −           (20) 

where A0 and I0 are the cross-sectional area and moment of 
inertia of the section at the origin, respectively.  Inserting 
Eqs.(19-20) into Eq.(8) 

 

( )
( )

( )
4 3

0
4 3

0 0

2
0

2
0

2
1 1

0

k xEIw w
w

x EI x x EI x

A w

EI t

α
α α

ρ

∂ ∂
− +

∂ − ∂ −

⎛ ⎞∂
+ =⎜ ⎟∂⎝ ⎠

        (19) 

   This equation can be rewritten as 

  

( )4 3

4 3
0

2
0

2
0

1 12
1 1

0

k xw w
w

x x x EI x

A w

EI t

α
α α

ρ

∂ ∂⎛ ⎞ ⎛ ⎞− +⎜ ⎟ ⎜ ⎟∂ − ∂ −⎝ ⎠ ⎝ ⎠

⎛ ⎞∂
+ =⎜ ⎟∂⎝ ⎠

                    (21) 

 

   Employing Eq.(6)  

( ) ( ) ( ) 20

0 0

2 0iv k x A
W x W x W W

EI EI

ραξ ξ ω′′′− + − =         (22) 

   Eq.(24) can be made non-dimensional in view of Eq.(9) as 

follows: 

( ) ( )( )2
2 0

iv
W x W x Wαξ λ ξ ω′′′− + − =         (23) 

where 

4
0

0

,    ,    ,    Ax W kL
x W

L L EI k

ρλ ω ω= = = =         (24) 

( ) 1    ,               
1

x L
x

ξ α α
α

= =
−

         (25) 

 

   By the application of ADM, following formulation is 
obtained with the previously defined fourth order linear 
operator. 

( ){ }αξ λ ξ ω−

= + + +

′′′+ − −

2 3

1 2

2 6
2 ( ) ( )

x xW A Bx C D

L x W x W
         (26) 

5 SOLUTION PROCEDURE 
A cubic polynomial with four unknown coefficients can be 
chosen as initial approximation. There exist four boundary 
conditions, i.e., two at each end of the column, due to the end 
supports of the beam in the presented problem. Hence, the 
initial approximation is: 

 

 
W0 = A + Bx + C

x 2

2
+ D

x3

6
          (26) 

   Twenty iterations are conducted through the analysis 
procedure and four boundary conditions for each case are 
rewritten by using the solution for displacement of the beam. 
Each boundary condition produces an equation containing 
four unknowns due to the initial approximation. These 
boundary conditions in non-dimensional form are: 

 
Clamped-Clamped beam: 

0    at   0,1 dW
W x

dx
= = =           (27) 

Clamped-Free (Cantilever) beam:    

0   at   0dW
W x

dx
= = =         (28a)   

2 3

2 3 0   at   1d W d W
x

dx dx
= = =         (28b)    

Pinned-Pinned (Simply supported) beam: 
2

2 0   at   0,1 d W
W x

dx
= = =                         (29) 

Clamped-Pinned beam:  

0    at   0 dW
W x

dx
= = =         (30a) 

2

2 0   at   1d W
W x

dx
= = =         (30b) 

   Hence, four equations in four unknowns may be written 
with respect to the boundary conditions of the problem. These 
equations can be represented in matrix form as follows: 

 

( ) { } { }0M Aω =⎡ ⎤⎣ ⎦             (40) 
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where 
 

A{ }T
= A B C D{ } . For a nontrivial 

solution, determinant of coefficient matrix must be zero.    
Determinant of coefficient matrix yields a characteristic 
equation in terms ofω . Positive real roots of this equation are 
the normalized free vibration frequencies for the case 
considered.   

6 NUMERICAL RESULTS  

6.1  Constant Stiffness Case 

 An Euler beam of constant stiffness, (i.e. EI is constant), with 
different boundary conditions is considered first. To provide 
comparison with previous studies [7], all the values are set to 
unity such as I=E=A=ρ=1, hence λ=1. The algorithm given 
for varying stiffness case lead to constant stiffness when α=0.  
   In Table 1, ADM results of normalized free vibration 
frequencies for simply supported (pinned-pinned) beam are 
compared with available results in the literature and the exact 
solution. Excellent agreement is observed for ADM with the 
exact solution.  
 

Table 1. Normalized free vibration frequencies of simply 
supported beam resting on Winkler foundation 

Method ω1 ω2 ω3 ω4 ω5 
ADM 9.92014 39.4911 88.8321 157.9168 246.7421 
HPM 
[13] 9.92014 39.4911 88.8321 157.9168 246.7421 

DTM 
[2] 9.92014 39.4911 88.8321 - - 

DQEM 
[3] 9.92014 39.4913 89.4002 - - 

Exact 
Solution 
[2] 

9.92014 39.4911 88.8321 - - 

 

   The first five natural frequencies for clamped-clamped beam 
and cantilever (clamped-free) beam are also presented in 
Table 2 and Table 3, respectively.  
 

Table 2. Normalized free vibration frequencies of clamped-
clamped beam resting on Winkler foundation 

Method ω1 ω2 ω3 ω4 ω5 

ADM 22.3956 61.6809 120.908 199.862 298.557 

HPM 
[13] 

22.3956 61.6809 120.908 199.862 298.557 

DTM 
[2] 

22.3733 61.6728 120.903 199.859 298.556 

DQEM 
[3] 

22.3956 61.6811 120.910 199.885 298.675 

 
 
 
 
 

Table 3. Normalized free vibration frequencies of cantilever 
beam resting on Winkler foundation 

Method ω1 ω2 ω3 ω4 ω5 
ADM 3.65546 22.0572 61.7053  120.906 199.862
HPM 
[13] 

3.65546 22.0572  61.7053  120.906 199.862

DTM 
[2] 

3.65546 22.0572 61.7053 120.906 199.862 

DQEM 
[3] 

3.65544 22.0572 61.7057 120.911 199.894 

 
Excellent agreement is observed for HPM with previous 
available results for both cantilever and clamped-clamped 
beams. Clamped-pinned beam was only included in [9]. 
Hence, only HPM results are tabulated for this case in Table 
4. 

 
Table 4. Normalized free vibration frequencies of clamped- 
               pinned beam resting on Winkler foundation 
 

 
According to obtained results, perfect agreement is obtained 
for constant stiffness case. This issue is mainly due to constant 
coefficient governing equation. In the following sections, a 
variable stiffness case is investigated. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Method ω1 ω2 ω3 ω4 ω5 

ADM 3.65546  22.0572  61.7053  120.906  199.862 

HPM 
[13] 3.65546  22.0572  61.7053  120.906  199.862 

DTM 
[2] 3.65546 22.0572 61.7053 120.906 199.862 

DQEM 
[3] 3.65544 22.0572 61.7057 120.911 199.894 
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6.2 Varying Stiffness 

A number of case studies are conducted with respect to 
parameter α  that lead to a linear variation in flexural stiffness 
of the beam. The results are given in Tables 5-8 below.  

 
Table 5. Normalized free vibration frequencies of cantilever 

beam resting on Winkler foundation with linearly 
varying flexural stiffness 

α Method  0.10  0.30  0.50
ω1 HPM 

[13]  3.77785  4.08113  4.50571 
ADM  3.77785  4.08113  4.50571 

ω2 HPM 
[13]  22.2779  22.8129  23.5506 
ADM  2.22779  22.8129  23.5506 

ω3 HPM 
[13]  61.9182  62.4458  63.2104 
ADM  6.19182  62.4458  63.2104 

ω4 HPM 
[13]  121.1194  121.6528  122.4434 
ADM  12.11194  121.6528  122.4434 

ω5 HPM 
[13]  200.0755  200.6117  201.4172 
ADM  200.0755  200.6117  201.4172 

 

Table 6. Normalized free vibration frequencies of clamped-
pinned beam resting on Winkler foundation with 
linearly varying flexural stiffness 

α Method  0.10  0.30  0.50 

ω1 
HPM 
[13]  15.5615  15.8069  16.0879 

ADM  15.5615  15.8069  16.0879 

ω2 
HPM 
[13]  50.0781  50.3052  50.5685 

ADM  50.0781  50.3052  50.5685 

ω3 
HPM 
[13]  104.3556  104.5836  104.8544 

ADM  104.3556  104.5836  104.8544 

ω4 
HPM 
[13]  178.3756  178.6036  178.8785 

ADM  178.3756  178.6036  178.8785 

ω5 
HPM 
[13]  272.1358  272.3640  272.6418 

ADM  272.1358  272.3640  272.6418 
 
 
 
 
 
 
 
 
 
 
 
 

Table 7. Normalized free vibration frequencies of clamped-
clamped beam resting on Winkler foundation with 
linearly varying flexural stiffness 

α Method 0.10  0.30  0.50 

ω1 
HPM 
[13]  22.3922  22.3477  22.2120 

ADM  22.3922  22.3477  22.2120 

ω2 
HPM 
[13]  61.6752  61.6114  61.4183 

ADM  61.6752  61.6114  61.4183 

ω3 
HPM 
[13]  120.9009  120.8302  120.6144 

ADM  120.9009  120.8302  120.6144 

ω4 
HPM 
[13]  199.8549  199.7803  199.5512 

ADM  199.8549  199.7803  199.5512 

ω5 
HPM 
[13]  298.5499  298.4729  298.2351 

ADM  298.5499  298.4729  298.2351 
 

 
Table 8. Normalized free vibration frequencies of simply-

supported beam resting on Winkler foundation with 
linearly varying flexural stiffness 

 
α Method 0.10  0.30  0.50 

ω1 
HPM 
[13]  9.9217  9.9170  9.8932 

ADM 9.9217 9.9170  9.8932

ω2 
HPM 
[13]  39.4928  39.5047  39.5340 

ADM 39.4928  39.5047  39.5340

ω3 
HPM 
[13]  88.8340  88.8511  88.8986 

ADM 88.8340  88.8511  88.8986

ω4 
HPM 
[13]  157.9189  157.9389  157.9966 

ADM 157.9189  157.9389  157.9966

ω5 
HPM 
[13]  246.7443  246.7661  246.8302 

ADM 246.7443  246.7661  246.8302

7 CONCLUSIONS 
In this study, ADM is used for the free vibration analysis of 
Euler beams with variable flexural stiffness on elastic 
foundations. For the description of the application of the 
method, a uniform Euler beam, i.e. beam with constant 
stiffness, is considered and ADM results are compared with 
the available results in literature. Excellent results are 
obtained for the uniform beam and that encourage the 
application of the presented technique for Euler beams with 
variable stiffness. To represent a variation in stiffness, a 
rectangular beam with varying width is considered. The 
analyses are expanded for various cases. ADM also produced 
reasonable results for the vibration of variable stiffness Euler 
beams on elastic foundation showing the efficiency of the 
method. In the case of variation in flexural stiffness, the 
governing differential equation becomes an equation with 
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variable coefficients, and it is not easy to obtain analytical 
solutions for these types of problems. However, ADM would 
produce very good approximations after performing some 
iteration with the method. ADM also automatically provides 
an initial approximation for the solution procedure that is 
considered to be a superiority of the method. 
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Limit Cycle stability of two degree of freedom system under deterministic and random
perturbation
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ABSTRACT: Multi-degree of freedom (MDOF) non-linear systems are characterized by a number of response types. Limit Cycles
(LC) are of the most important representing typical post-critical response type of many systems. They can be encountered in aero-
elasticity, earthquake engineering, high speed traffic mechanics, plasma physics, optics, etc. Stable and unstable LCs should be
distinguished. The aspect of stability and non-stability impresses on LC the character of an attractor or a repulser. Normal form of
governing stochastic differential system with Gaussian white noise perturbations is considered. LC stability investigation is conducted
on the basis of the relevant Fokker-Planck (FP) equation. The stochastic differential system with multi-component additive and
multiplicative perturbation is then constructed and transformed into FP equation with respect to special toroidal coordinate system
around the LC. Perturbation of PDF stability is then analyzed in the meaning of the mean value and variance using stochastic moments
decomposition. As a demonstration one and two degree of freedom non-linear systems are discussed. This illustrating cases were
selected because of their relevance with the aero-elastic post-critical response types of a slender beam in a cross-flow. Strong and weak
attributes of the approach used are evaluated together with an outline of the future works.

KEY WORDS: Non-linear dynamics; Dynamic stability; Limit cycles; Random vibrations; Markov processes.

1 INTRODUCTION

Limit Cycles (LC) are encountered very often when studying
multi-degree of freedom (MDOF) non-linear systems. Their
features should be investigated carefully, especially the basic
existence, their emergence and extinction, or shape and type
identification. These factors are closely related to the stable or
unstable character of the LC in question. The aspect of stability
or non-stability impresses on LC the character of an attractor or a
repulser. A few special effects can accompany LC. It is primarily
the stability rate which should be observed carefully. Being at
low level it can result in quasi-periodic processes moving around
the LC and leading to a certain toroidal formation around the
LC, see e.g. [1]. In this case an easy transition into the chaotic
state is possible as demonstrated in papers, e.g. [2], as well as
in monographs, e.g. [3]. On the other hand the response of
many non-linear systems cannot include LC for principal reasons.
Indeed, regarding the same dynamic system, LCs can disappear
due to an internal damping increase or to changes in excitation
strategy. Various aspects of these effects have been discussed in
[4] or [5].

In practice the dynamic systems are subdued to various types of
perturbations acting as random excitations. Due to these external
effects the LC can change into a toroidal body. If deterministic
stability level of a particular LC is low and excitation power
large enough, the system energy barrier can be overcomed and
its stochastic stability lost.

Random component of the LC has principally different
character from possible chaotic response type and should be

investigated by means of special techniques. Therefore, it seems
that the generalization of the LC stability assessment into the
stochastic domain is worthy of consideration as it represents a
qualitative step in a reliability assessment of real physical and
technical problems.

Despite the fact that LCs are very important for many
reasons, their investigation has not progressed rapidly especially
concerning MDOF systems. Many papers appeared in the past
that dealt with various but very specific systems, see e.g. [6], [7],
and many others. Concerning the deterministic approach, many
aspects as mentioned above have been discussed as well, however,
dealing mostly on Single Degree of Freedom (SDOF) systems.
Let us make a reference to [8], [9] and other monographs, where
many aspects of LCs from the viewpoint of the pure mathematics
are summarized and discussed on the level of Banach space.
Nevertheless some different focus is necessary to prefer when
particular physical systems should be analyzed. Therefore,
it seems there is worthy of consideration an attempt to form
some general theory of LCs, in particular regarding the stability
assessment closely associated with real physical and technical
problems.

As regards stochastic formulation of MDOF system dynamics,
many well known monographs appeared during the last four
decades, see among others [10] or [11]. Also some important
papers are referenced in this study, see the last section. Relevant
models are based mostly on Markov processes and related tools.
However there are only a few papers focused to LC in stochastic
domain. So we try to outline in following parts some stochastic
approach of a general idea of an MDOF Limit Cycle (if any)
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analysis when the relevant trajectory is attacked by excitation of
Gaussian white noises.

2 GENERAL FEATURES OF LIMIT CYCLES

2.1 Geometry of Limit Cycle neighborhood

Limit cycle is a typical phenomenon which can be encountered
on a non-linear dynamic system only, although not every non-
linear system should include an LC as a special type of
the homogeneous differential system solution. As a general
mathematical model of the above physical objects an MDOF
autonomous Hamiltonian dynamic system with n degrees of
freedom being characterized by a stochastic differential system
is considered:

ẋ = P(x)+H(x) w(t) ; (1)

x = [x1, ...,x2n]
T ∈ R

2n ; x j = x j(t) ; j = 1, . . . ,2n (2)

P(x) = [P1(x), ...,P2n(x)]T ∈ R
2n; H(x) ∈ R

2n×m

w(t) = [w1(t), ...,wm(t)]T ∈ R
m

where
X - 2n space arithmetized by coordinates x j,
x2i−1(t), x2i(t) - displacements, velocities; i ∈ (1,n),
P(x), H(x) - smooth functions of state variables x,
w(t) - Gaussian white noises;

For MDOF system holds:

P2i−1(x) = x2i ; H2i−1,l(x) = 0 i = 1, . . . ,n, l = 1, . . . ,m (3)

Only single and smooth LCs in the system (1) are supposed
being described by a radius vector in the space X :

L0 : x j = ϕ j(s) ; j1, . . . ,n (4)

where s is a coordinate along the LC, for some details see
[12]. Whatever more complex LC types (multiple, multi-periodic,
multi-point, etc.) are not regarded. Following assumptions have
been adopted: (i) functions ϕ j(s) are considered to be continuous
and smooth enough without any singular points; (ii) the LC curve
is closed being passed through within a single period T ; (iii)
the LC is a unique function with respect to at least one central
point, (iv) the LC portrait is identical within every period, so
that the process can be taken as cyclic-stationary, (v) response in
consecutive periods continues smoothly one by one; (vi) relation
between parameters s and t meet the condition

ds
dt

= 1. (5)

Respecting random perturbation in Eq. (1), one can assume
that a perturbed curve L∗

0 represents the LC being mildly deflected
from the trajectory L0, but almost sure remaining within a
narrow neighborhood of the LC. To investigate it’s stability,
a toroidal domain with an arbitrarily narrow cross-section is
constructed. This geometry is arithmetized by the vector q(s) =
[ϕ ′

1(s), ...,ϕ
′
2n(s)] ∈ R

2n tangential to the LC together with a
system of (2n− 1) vectors n j(s) ∈ R

2n which are orthogonal

Figure 1. Limit Cycle trajectory in 2D and 3D and local
coordinates in the relevant hyper-cube K.

to the tangential vector q(s) and orthogonal mutually as well, see
Figure 1. Coordinates on vectors n j are given by parameters n j
summarized into the vector n. Vectors q and n j can be gathered
into a square matrix:

Q = [q,n1, ...,n2n−1] ∈ R
2n×2n (6)

The matrix Eq. (6) forms an orthogonal basis depending on s
of the toroidal domain surrounding the limit cycle. Thanks to
the assumptions (i)-(v) concerning the type of LC investigated
the orthogonal matrix Q exists and its determinant DQ = det[Q]
never vanishes. Hence Q can represent a regular linear transform
in 2n-dimensional space, where DQ is its Jacobi determinant.

The subspace specified by normals n j and attached to the LC
curve L0 is also curvilinear. Nevertheless the problem will be
dealt within a small neighborhood of the L0. Therefore, the
problem will be studied inside the domain which can be defined
as a hyper-cube K:

K : (0 < s < T,−δ < n j < δ ), j ∈ (1,2n−1) (7)

where δ < ε is a small real number approaching zero and T is
one period of s running around the LC. Let us observe that under
conditions specified above the relevant normals of the length
approximately 2δ ·Δs coming out of two adjacent points with a
small distance Δs on the trajectory L0 don’t intersect.

To construct normals n j for a given tangential vector q in
matrix Q represents a multi-sense task. Indeed, if the vectors
n j are normalized, they can be rotated around the tangential

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1944



vector q keeping mutual orthogonality. A square matrix H ∈
R

2n−1,2n−1 may exist including column eigen-vectors of a square
positive definite matrix. Then every matrix Q̃ being obtained by
multiplication:

Q̃ = Q ·

[
1, 0T

0, H

]
; 0T = [0, ...,0] ∈ R

2n−1 (8)

satisfies the above conditions. It means that the matrix Q can be
selected with a certain degree of freedom taking advantage of the
particular problem. With respect to this feature it is convenient to
define the matrix Q (and to outline the vectors n j) in the following
form (prime means the derivative with respect to s):

Q = [q,n1, ...,n2n−1] =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ ′
1, κ11, κ12, κ13,..., κ1,2n−1

ϕ ′
2, κ21, κ22, κ23,..., κ2,2n−1

ϕ ′
3, 0, κ32, κ33,..., κ3,2n−1
...

...
...

...
. . .

...

ϕ ′
2n−1, 0, 0, 0, ..., κ2n−1,2n−1

ϕ ′
2n, 0, 0, 0, ..., κ2n,2n−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(9)

where κ jk = κ jk(s) are components of the vectors nk.
In order to determine κi j following algorithm can be applied.

One select κ j, j−1 = 1(1 < j ≤ 2n − 1) in the first step, e.g.
κ21 = 1,κ32 = 1, .. etc. To determine the remaining components
κ jk, 2n−1 linear equation systems should be solved successively
one at a time, using orthogonality of q and n j vectors: A
recurrent process of κ jk determination can follow the Gram-
Schmidt orthogonalization procedure, see [13]. One select
κ j, j−1 = 1(2 < j ≤ 2n) in the first step, e.g. κ21 = 1,κ32 = 1, ..
etc. To determine the remaining components κ jk, 2n− 1 linear
equation systems should be solved successively one at a time,
using orthogonality of q and n j vectors:

nT
1 q = 0 ⇒ κ11 ·ϕ ′

1 +1 ·ϕ ′
2 =0 (10a)

nT
2 q = 0 ⇒ κ12 ·ϕ ′

1 +κ22 ·ϕ ′
2 +1 ·ϕ ′

3 =0 (10b)

nT
2 n1 = 0 ⇒ κ12 ·κ11 +κ22 ·1 =0 (10c)

nT
3 q = 0

nT
3 n2 = 0 ⇒ . . . . . . (10d)

nT
3 n1 = 0

. . . . . .

. . . . . .

nT
2n−1q = 0

nT
2n−1n2n−2 = 0 ⇒ . . . . . . (10e)

nT
2n−1n1 = 0

In other words, in the first step κ11 is evaluated using Eq.
(10a). Then Eq. (10b) represent the second linear system for two
parameters κ12,κ22. The last system consists of 2n−1 equations
for κ1,2n−1, ...,κ2n−1,2n−1. Using procedure (10a-d) individual

vectors n j are determined with the exception of multiplicative
constants. They are convenient to be selected as normalizing
constants: Nj = (nT

j n j)
−1/2, or to eliminate denominators. Any

another way is applicable as well. These factors finally represent
parameters κ j, j−1.

2.2 Perturbation of the Limit Cycle trajectory

Let’s address briefly the deterministic case, as it will be referred
in later sections. In this case H = 0 in (1) and random noises w
are not taken into account. The LC being mildly deflected from
its trajectory L0 can be described as follows:

L∗
0 : x∗j = ϕ∗

j (s,n) = ϕ j(s)+
2n−1

∑
k=1

nkκ jk(s) ;

j = 1, . . . ,2n ; n = [n1, ...,n2n−1]

(11)

where −δ < nk < δ are values of respective coordinates on
the vectors nk. For a slightly different approach see also [14].
Respecting the system Eq. (1) the following differential system
involving the perturbed LC state can be carried out:

dx∗j
dt

=
∂ϕ∗

j

∂ s
· ds

dt
+

2n−1

∑
k=1

∂ϕ∗
j

∂nk
· dnk

dt
= P∗

j (12)

where P∗
j = P∗

j (ϕ∗
1 (s,n), ...,ϕ

∗
2n(s,n)) ; j = 1, . . . ,2n. Eqs (12)

represents the governing system of the LC perturbed trajectory in
the K domain, where |L∗

0 −L0|< δ for every s ∈ (0,T ).
Substituting to Eqs (12) for ϕ∗

j following Eq. (11), an easy
rearrangement gives:(

ϕ ′
j +

2n−1

∑
k=1

nk ·κ ′
jk

)
· ds

dt
+

2n−1

∑
k=1

κ jk ·
dnk

dt
= P∗

j (13)

or in the matrix form:
Q∗n∗ = P∗ (14)

where Q∗, u∗ are defined as :

Q∗ =

(
Q +

2n−1

∑
k=1

n j ·Qκk

)

n∗ =

[
ds
dt
,

dn1

dt
, . . . ,

dn2n−1

dt

]T

and the matrices Qκ j

Qκ j = n′
j · eT

1 ; eT
1 = [1,0, . . . ,0]T ∈ R

�� (15)

Eqs (13) or (14) can be regarded as a system of 2n
linear algebraic equations for 2n unknowns: ds/dt, dn j/dt, j =
1, . . . ,2n− 1. Due to regularity of all elements on both sides of
the system Eq. (14), its solution can be formally expressed using
the Cramer’s rule in the form:

ds
dt

= Ds(s,n) ·DQ∗(s,n)−1 (16a)

dn j

dt
= D j(s,n) ·DQ∗(s,n)−1 (16b)
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where DQ∗(s,n) = det Q∗ is the determinant of the system matrix
in (13) and Ds(s,n), D j(s,n) are determinants subsistent to
individual unknowns with respect to right-hand side P∗. Dividing
Eq. (16b) by Eq. (16a), one obtains:

dn j

ds
= D j(s,n) ·Ds(s,n)−1= r j(s,n) ; j = 1, . . . ,2n−1 (17)

The system (17) describes behavior of the LC in the
δ−neighbourhood of the basic trajectory L0 in the form of small
deviation in orthogonal basis n j with regard to stationary point
n = 0, which represents the basic trajectory L0. Therefore, the
decision concerning LC stability will be evaluated on the basis of
the system (17) and its behavior in the δ−neighbourhood of the
origin n = 0.

Systems Eqs (16), (17) are meaningful if it holds:

Ds(s,n) �= 0 (18a)
DQ∗(s,n) �= 0 (18b)

It can be shown that the following identities are valid almost
everywhere on the LC L0:

DQ∗(s,0) = DQ(s) (19a)
Ds(s,0) = DQ(s) �= 0 (19b)
D j(s,0) = 0 (19c)

and in the same time:

dn j

dt

∣∣∣
n j=0

= 0 =⇒
dn j

ds

∣∣∣
n j=0

= 0. (20)

With respect to smoothness and regularity of all functions taking
part in matrices investigated and selecting satisfactorily small δ
it can be concluded that both inequalities (18a,b) are in force not
only on the trajectory L0 but in the whole domain K.

Let us take a notice that the solution of the system (17) is
significantly dependent on a set of initial conditions n j(s)|s=0 =
n j,0. Let us expand a notation of Eq. (17) into the form:

dñ j(s|0,n0)

ds
= r j(s, ñ(s|0,n0)) ; j = 1, . . . ,2n−1 (21)

where:

ñ = [ñ1(s|0,n0), . . . , ñ2n−1(s|0,n0)]
T ;

n0 = [n1,0, . . . ,n2n−1,0]
T

Let us differentiate Eq. (21) with respect to individual
components of the vector n0:

dñ
ds

·dT =
1

2n−1
r ·

2n−1︷ ︸︸ ︷
d̃T · ñ ·dT (22)

where

r = [r1, ...,r2n−1]
T ;

d̃T = [∂/∂ ñ1, ...,∂/∂ ñ2n−1] ;

dT = [∂/∂n1,0, ...,∂/∂n2n−1,0] .

Scalar identity d̃T · ñ = 2n−1 has been included into Eq. (22).
Due to smoothness of functions ñ, the sequence of differentiation
d/ds and dT on the left-hand side can be interchanged. Regarding
the right-hand side, the operator d̃T or dT will be applied on r or
ñ respectively (diadic products). Then Eq. (22) reads as follows:

d
ds

N(s) =
1

2n−1
R(s) ·N(s) ; N(s),R(s) ∈ R

2n−1,2n−1

N(s) =

⎡⎢⎢⎣
∂ ñ1/∂n1,0 , ..., ∂ ñ1∂n2n−1,0

...
. . .

...

∂ ñ2n−1,0/∂n1,0 , ..., ∂ ñ2n−1,0/∂n2n−1,0

⎤⎥⎥⎦ ;

R(s) =

⎡⎢⎢⎣
∂ r1/∂ ñ1 , ..., ∂ r1/∂ ñ2n−1,0

...
. . .

...

∂ r2n−1/∂ ñ1 , ..., ∂ r2n−1/∂ ñ2n−1,0

⎤⎥⎥⎦

(23)

Relation (23) represents the linear differential equation for an
unknown square matrix N and matrix R is the Jacobi matrix
associated with the system (17) and (21). The solution of Eq.
(23) can be symbolically expressed in the form:

N(s) = N0 · exp

⎛⎝ s∫
0

R(θ) dθ

⎞⎠ (24)

Decreasing or increasing the shape of N(s) components indicates
stable or unstable LC. The decision can be made following the
state for the full length of the LC, i.e. s = T . In principal
the LC is stable if the real part of all eigen-values of N(s)
for all s is negative. In this particular case, the detailed
evaluation can be tuned adjusting the matrix of initial values N0
to particular circumstances. This means, for instance, introducing
only one perturbation component and successively the other, e.g.
separating the influence of individual imperfection components.

A certain information can be obtained inspecting the determi-
nant det[N(s)] = DN(s). Employing the Liouville theorem the
following equation can be deduced:

d
ds

DN =
1

2n−1
TR(s) ·DN

⇓

DN(s) =
1

2n−1
DN,0 · exp

⎛⎝ s∫
0

TR(θ) dθ

⎞⎠ (25)

where TR(θ) is the trace of the corresponding Jacobi matrix R(s).
Hence the LC is stable if it holds:

Re{
s∫

0

TR(θ)}< 0. (26)

for s = T , then LC can be taken as stable. For n = 1, e.g. for an
SDOF system, both variants (24) and (26) are identical. However
for n > 1 the criterium (26) should be used with care. The
negative trace Re{TR(θ)} doesn’t necessarily guarantee that the
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real part of at least one eigen-value is positive. Consequently, the
condition (26) provides only general information. This condition
should be considered as necessary but not satisfactory. Another
way can represent the case when eigen-values and eigen-vectors
of the matrix R are available. Then the normal space can be
rotated adequately and all coordinates j = 1, . . . ,2n− 1 assessed
separately. Notice that the upper limit of the integral is rather free
which can give possibilities of a wide generalization.

Some analogy with the Lyapunov exponent widely used for
the stability testing of numerical analysis of non-linear dynamic
systems can be observed taking into account the exponential
character of formulae Eq. (24) and (26), see e.g. [15], [16], [17],
[18] and particularly [7]. Some numerical approaches very close
to those discussed here by an analytical way can be found also in
literature, e.g. [19]. A common influence of both looks to be very
promising. Some above conclusions and formulae can be fruitful
for development of such hybrid procedures.

2.3 Limit Cycle reflecting random excitation effect

This section is partly based on the deterministic procedure
described in the previous section. Random excitation results in
LC perturbation. Therefore an approximate solution following
from Eqs (1) and (4) can be adopted in a form:

L∗
0 : x∗j = ϕ∗

j (s,Ξ) = ϕ j(s)+
2n−1
∑

k=1
ξkκ jk(s) ;

j = 1, . . . ,2n ; Ξ = [ξ1, . . . ,ξ2n−1]

(27)

where ξk are independent random processes fluctuating on
coordinates given by vectors nk, cf. Eq. (6) or (9) and
deterministic counterpart of this equation (11). Random
processes ξk are collected into the vector Ξ. Functions ϕ∗

j (s,Ξ)
represent parametric equations of the perturbed Limit Cycle L∗

0
and hence ϕ∗

j (s,0) = ϕ j(s).
The system of Eqs (27) represent a linear approximation of L∗

0
in a small neighborhood of the Limit Cycle L0 being valid only
within the hyper-toroid KT following Eq. (7).

In order to express the behavior of the system within the Limit
Cycle neighborhood, approximation (27) should be inserted in
Eq. (1). After some modifications, the following expressions can
be written:

dx∗j
dt

=
∂ϕ∗

j

∂ s
ds
dt

+
2n−1

∑
k=1

∂ϕ∗
j

∂ξk

dξk

dt
= P∗

j (x)+
m

∑
l=1

H∗
jl(x)wl(t) (28)

where P∗
j = P∗

j (ϕ∗
1 (s,Ξ), . . . ,ϕ

∗
2n(s,Ξ)) ; j = 1, . . . ,2n and

similarly for H∗
jl . Eqs (28) represent the governing system of

the LC perturbed trajectory in the KT domain, where |ξk(s)| < δ
for every s ∈ (0,v0 ·T ).

Following the deterministic procedure (13) and taking ϕ∗
j from

Eq. (27) we have:(
ϕ ′

j +
2n−1

∑
k=1

ξk ·κ ′
jk

)
· ds

dt
+

2n−1

∑
k=1

κ jk
duk

dt
= P∗

j +
m

∑
l=1

H∗
jlwk(t) (29)

or in the matrix form:

Q∗Ξ∗ = P∗+H∗w(t) (30)

where :

Q∗ =

(
Q +

2n−1

∑
k=1

ξ j ·Qκk

)

Ξ∗ =

[
ds
dt
,

dξ1

dt
, . . . ,

dξ2n−1

dt

]T

and the matrices Qκ j are defined in (15).
Eqs (29) or (30) constitue a system of 2n linear algebraic

equations for 2n unknowns: ds/dt, dξ j/dt, j = 1, . . . ,2n − 1.
Since every element on both sides of the system (29) is regular,
solution of the system can be expressed as:

ds/dt = Ds∗(s,Ξ, t) ·D−1
Q∗ (s,Ξ); (31a)

dξj/dt = D j∗(s,Ξ, t) ·D−1
Q∗ (s,Ξ) ; j = 1, . . . ,2n−1 (31b)

where DQ∗(s,Ξ) = det Q∗ is the determinant of the system matrix
in (30) and Ds∗(s,Ξ, t), D j∗(s,Ξ, t) are determinants subsistent to
individual unknowns with respect to right hand side P∗+H∗w(t).

It can be shown, that:

L∗
0 : DQ∗(s,Ξ) �= 0; Ds∗(s,Ξ, t) �= 0 ;

L0 : DQ∗(s,0) = DQ(s); Ds∗(s,0, t) = DQ(s) �= 0;
(32)

and therefore solutions (31) are meaningful.
Let us go through the internal structure of the above

determinants. Making use the matrix Q∗ internal structure being
obvious from Eqs (30), and particularly profiting from ”the first
column” character of Qκ1, ...,Qκ,2n−1 following Eq. (15), the
determinant DQ∗(s,Ξ) enables to be expressed in a closed form.
Hence the determinant DQ∗(s,Ξ) is a linear function of all random
variables Ξ which are supposed to remain in the δ neighborhood
of the LC. Therefore the reciprocal value of DQ∗(s,Ξ) can be
approximately expressed in the form:

D−1
Q∗ (s,Ξ)≈ D−1

Q (s)
(

1−D−1
Q (s)

2n−1
∑

k=1
qk(s)ξk

)
qk(s)=

2n
∑

h=1
κ ′

h,k(s)Dh,1(s)
(33)

where DQ(s) is the determinant of Q(s) matrix, i.e. on the LC
itself, and Dh,1(s) are sub-determinants of Q following the 1-st
column and h−th row.
Determinant Ds∗(s,Ξ, t) can be written out as follows:

Ds∗(s,Ξ, t)=Ds(s)+
2n−1
∑

k=1
gsk(s)ξk +

m
∑

l=1
rsl(s) wl(t)

gsk(s) =
2n
∑

h=1
Dh,1(s)Shk(s) ; rsl(s) =

2n
∑

h=1
Dh,1(s)Hhl(s)

Shk = κhk(s) (h−odd); Shk = ∂Ph(s,0)/∂ξk (h− even)

(34)

Similarly also determinants D j∗(s,Ξ, t) can be written out:

D j∗(s,Ξ, t)=D j(s)+
2n−1
∑

k=1
g jk(s)ξk +

m
∑

l=1
r jl(s) wl(t)

j = 1, . . . ,2n−1
(35)
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where g jk(s),r jl(s) are expressions analogous to gsk(s),rsl(s)
introduced in Eqs (34). They are functions of sub-determinants
Dk, j(s) of the matrix Q(s).

Let us substitute partial expressions for determinants, Eqs (33),
(34) and (35), into equations (31). With respect to relations
(32) and omitting terms of the order higher than Δt following
stochastic system can be carried out:

ds
dt

= 1+D−1
Q (s)

2n−1

∑
k=1

(gsk(s)−qk(s))ξk+

+D−1
Q (s)

m

∑
l=1

2n−1

∑
k=1

rsl(s)
(

1−D−1
Q (s)qk(s)ξk

)
wl(t)

(36a)

dξ j

dt
=D−1

Q (s)

(
D j(s)+

2n−1

∑
k=1

(
g jk(s)−D−1

Q (s)D j(s)qk(s)
)

ξk+

+
m

∑
l=1

2n−1

∑
k=1

r jl(s)
(

1−D−1
Q (s)qk(s)ξk

))
wl(t)

j = 1, . . . ,2n−1

(36b)

Stochastic system Eqs (36) is linear including additive and
multiplicative excitations. Omitting terms of the order higher than
Δt a relevant Itô system related with a physical system Eqs (31)
or (36) can to be expressed in the form:

ds = Fs(s,Ξ) ·dt +
2n−1

∑
k=1

Gsk(s,Ξ) ·dBk(t) (37a)

dξ j = Fj(s,Ξ) ·dt +
2n−1

∑
k=1

G jk(s,Ξ)·dBk(t)
j = 1, . . . ,2n−1

(37b)

Symbols introduced in Eqs (37) have a following meaning:

Fs(s,Ξ) = 1+D−1
Q (s)

2n−1

∑
k=1

(gsk(s)−qk(s))ξk +Zs(s,Ξ) (38a)

Fj(s,Ξ) = D−1
Q (s)

(
D j(s)+

+
2n−1

∑
k=1

(g jk(s)−D−1
Q (s)D j(s)qk(s))ξk

)
+Z j(s,Ξ)

(38b)

2n−1

∑
l=1

G jlGkl = D−2
Q

m

∑
r=1

Krrr jrrkr

(
2n−1

∑
l=1

1−D−1
Q qlξl

)2

(38c)

j,k = s,1, ...,2n−1

Zs,Z j - Wong-Zakai terms, [20], [21]
Bk(t) - unit Wiener processes
Krr - intensity of the wr(t) process (Krs = 0,r �= s)

System of Eqs (37) is closed and could be investigated as a
stochastic differential system of the Itô type. It is useful to realize
that the Limit Cycle is stable if the response is stationary in the
second moment meaning. In such a case the stochastic averaging
in limits of one LC pass should be applied in order to assess the
asymptotic stability of LC.

Assuming that the response in a form of the LC is stationary
(deterministic/stochastic), the stochastic averaging can be used

to verify the dynamic system stability. This strategy has been
widely used in a number of variants in analytical studies, see
among others [22], [23] and in numerical simulations, e.g.
[24], [25], [26]. It can be shown that the application of
the averaging operator on the Eq. (37a) comes to conclusion
(on the Δt level) that the influence of random inputs on the
time behavior of s coordinate running along the Limit Cycle is
negligible. Therefore, s(t) as a result of the deterministic analysis
is satisfactory to be introduced. Hence we can apply the averaging
operator on Eqs (37b) where s = s(t) is considered. In the first
step a very simple approximation can be adopted, in particular:
s= v0 ·t, where v0 is a mean velocity along the LC. This value can
be easily obtained from the deterministic analysis of the relevant
deterministic system, where it represents one of partial results.
Finally following system of (2n− 1) equations can be obtained
after a donkey work:

dξ A
j = FA

j (Ξ) dt +
2n−1

∑
k=1

GA
jk(Ξ) ·dBk ; j = 1, . . . ,2n−1 (39)

where
FA

j (Ξ) = E {Fj(s,Ξ)} ; GA
jk(Ξ) = E {G jk(s,Ξ)}

E {·} - averaging operator employing on one LC pass

Components ξ A
j represent certain integral assessment or

average value of amplitudes in framework of one LC pass. If
all of them are approaching zero, then the LC investigated is
asymptotically stable with respect to random input processes
w(t).

The above general procedure leads in particular cases to matrix
exponential containing in the exponent an integral in limits of
one pass through the LC. This result closely remembers various
techniques related with Lyapunov exponent testing, see e.g. [27],
[28], [15] and many others.

3 SINGLE DEGREE OF FREEDOM SYSTEM

3.1 General case

The general background outlined in the previous part can be
applied in different ways in view of the complexity of the system
investigated. Descending from the general theory to the particular
case, the process of stability assessment of a Single Degree of
Freedom (SDOF) system will be discussed (keeping in mind
that n = 1). Due to simplicity of an SDOF system many steps
only being indicated on the level of a general formulation can
be brought to analytical results and applied immediately for
particular cases, see e.g. [29], [1].

The governing system in compliance with Eqs (1) - (3) gains
the form:

ẋ1 = x2 ; ẋ2 = P2(x1,x2) (40)

where it applies for a possible Limit Cycle, see Eq. (4), and
consequently for L0 trajectory and its perturbed modification in
δ neighborhood L∗

0:

x1 = ϕ1(s)

x2 = ϕ2(s)
−→

ϕ∗′
1 (s,ξ1) = ϕ∗

2 (s,ξ1)

ϕ∗′
2 (s,ξ1) = P∗

2 (s,ξ1)
(41)
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Geometry of a narrow strip bordering the Limit Cycle (the domain
Ω in the previous section) in plane (x1,x2) follows from Eqs (9),
(10). For some alternative formulation of this idea, see [30].
Using Eq. (11), then ϕ∗

1 ,ϕ
∗
2 containing linear approximation of

a small perturbation can be formulated:

Q =[q,n1] =

[
ϕ ′

1, ϕ ′
2

ϕ ′
2,−ϕ ′

1

]
=⇒ (42a)

=⇒
ϕ∗

1 (s,ξ1) = ϕ1(s)+ξ1ϕ ′
2(s)

ϕ∗
2 (s,ξ1) = ϕ2(s)−ξ1ϕ ′

1(s)
(42b)

The second column in the matrix Q represents the normal vector
(non-normalized) to the relevant LC. The system behavior in the
surrounding strip can be outlined first following Eqs. (12) and
then respecting the general form (14):[

ϕ∗′s
1 , ϕ∗′ξ1

1

ϕ∗′s
2 , ϕ∗′ξ1

2

]
·

[
ds/dt

dξ1/dt

]
=

[
ϕ∗

2

P∗
2

]
=⇒

=⇒

[
ϕ ′

1 +ξ1ϕ ′′
2 , ϕ ′

2 + 0

ϕ ′
2 −ξ1ϕ ′′

1 ,−ϕ ′
1 + 0

]
︸ ︷︷ ︸

Q∗=Q+ξ1·Qκ1

·

[
ds/dt

dξ1/dt

]
=

[
ϕ∗

2

P∗
2

] (43)

where ϕ∗′s = ϕ∗′s(s,ξ1) or ϕ∗′ξ1 = ϕ∗′ξ1(s,ξ1) means derivatives
with respect to s or ξ1. A normal coordinate ξ1 follows the
general system (16) or (31) which degenerates to a scalar form.
Determinants D∗

Q,D
∗
s ,D

∗
1 which appear in system (31) should be

evaluated using formulae Eqs (33), (34) and (35) with respect to
relevant matrix Q∗ following (43) and relations (41) as they are
valid on L0 or L∗

0:

DQ∗ = −(ϕ ′2
1 +ϕ ′2

2 )−ξ1(ϕ ′
1ϕ ′′

2 −ϕ ′′
1 ϕ ′

2)

Ds∗ = −ϕ ′
1(ϕ2 −ξ1ϕ ′

1)−ϕ ′
2(ϕ

′
2 −ξ1ϕ ′′

1 )

D1∗ = P∗
2 (ϕ

′
1 +ξ1ϕ ′′

2 )−ϕ2ϕ ′
2 +2ξ1ϕ ′

1ϕ ′′
1 −ξ 2

1 ϕ ′
1ϕ ′′

1

(44)

Tedious and fragile procedure following steps in the section 2.2
finishes in a main criterium of the LC stability of the SDOF
system Eq. (40) corresponding to (25) and (26). In this particular
case it reads:

λ =

T∫
0

P2(x1,x2)ds < 0 (45)

where T is the time of one LC period or T ·v0 its length. Details of
individual steps including proves can be found in [12]. Analogy
with the Lyapunov exponent technics is evident as it follows from
[31], [32], [33] and many other papers.

3.2 Van der Pol related system - deterministic case

Let us demonstrate this approach on the SDOF system modeling
the reduced flutter effect emerging on a slender prismatic beam
in a cross flow. Although more complicated response types
exist, e.g. TDOF flutter, divergence, see [34], many important
aero-elastic effects can be represented using the SDOF system.
Experimental investigation in a wind channel or in situ shows

Figure 2. Attractive and repulsive LCs: stable and unstable
Limit Cycles meet at a certain point creating the separatrix
manifold.

for certain parameters of the beam and the flow that following
sequence of the response type can occur: (i) beam remains in
standstill (stable trivial solution); (ii) beam performs Limit Cycle
oscillation (heave or rotation); (iii) beam response is raising
beyond all limits (ultimate stability loss), see for instance [35],
[36] and other papers dealing with SDOF aero-elastic models
from the experimental viewpoint. In such a case the response
of the beam can be characterized by an equation of the Van der
Pol type, see e.g. [29], [37]:

ü+αu+βu3 = (η −νu2 +ϑu4)u̇ . (46)

It should be particularly noticed, that the right hand side of
Eq. (46) includes the fourth degree of the response in order
to encompass possibly both stable and unstable Limit Cycles
as they have been observed also experimentally in a wind
channel, see [34], where authors attempted to coincide non-
linear experimental and theoretical models. Existence of LCs
is predetermined by a certain ratio of parameters η ,ν ,μ . The
theoretical solution of the above equation shows the considerable
sensitivity of the system self-excited vibration with respect to
particular values of these parameters.

Let us remark that including the terms with odd powers of u on
the right hand side of Eq. (46), the shift of the origin in the phase
plane would appear, which doesn’t correspond with experimental
observations. So the structure of the polynomial on the right hand
side of Eq. (46) is well substantiated.

With respect to Eqs (40) the Eq. (46) can be rewritten as
follows:

ẋ1 = x2 ;

ẋ2 =−αx1 −βx3
1 +(η −νx2

1 +ϑx4
1)x2 = P2(x1,x2)

(47)

Referring the formula (45), the potential Limit Cycle is stable if
the relevant integral along the whole period is negative. In other
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Figure 3. Attractive and repulsive LCs: stability diagram a =
f (ϑ) for ϑ varying in the interval ϑ ∈ 〈−0.2,ϑmax〉.

words the following inequality should be fulfilled:

λ =

T∫
0

(η −νx2
1 +ϑx4

1)dt < 0 (48)

Generalizing the common harmonic assumption for the response,
we assume x1 in a form:

x1 = a(t)cosψ(t) (49)

taking advantage of the system (47) which is symmetrical with
respect to origin (0,0). In this formula, the generalized phase
ψ(t) is used. It can be explained as a function given by a
relation dψ(t)/dt = Ψ(ψ). The generalized frequency Ψ(ψ) is
the periodic function with the period 2π . The coefficient a(t) is a
function of time working as a modulating factor of x1. Functions
Ψ(ψ) and a(t) can be searched using an iterative method which
is based on the harmonic balance procedure, see e.g. [19], [29].
Then the LC period can be evaluated by means of formula:

T =

2π∫
0

dψ
Ψ(ψ)

(50)

where Ψ(ψ) resulting from an adequate iteration step should be
used.

Some selected numerical results are plotted in Figures 3.2 and
3.2. The former one exhibits a pair of LCs provided they exist.
Their attractive or repulsive character is obvious. The graph in
Figure 3.2 gives an overview about conditions producing (i) one
stable LC: ϑ < 0, (ii) a pair of LCs, one stable and one unstable:
0 < ϑ < ϑmax, (iii) no Limit Cycles, system is unstable: ϑ >
ϑmax. Consequently, the outer or unstable LC can be understood
as a limit of the attractive area with attractor being represented by
the inner LC.

3.3 Van der Pol related system - random noises

Let us complete system Eqs (40) or Eq. (47) by Gaussian
white noises. From the viewpoint of physical applications

(various auto-parametric systems encountered in aero-elasticity,
earthquake or traffic engineering, etc.) the random perturbations
occur the most frequently among terms specifying stiffness or
being a simple additive process. The modified equation system
reads:

ẋ1 = x2 ;

ẋ2 = P2(x1,x2, t)+ x1 ·w1 +w3 =

=−αx1 −βx3
1 +(η −νx2

1 +ϑx4
1)x2 + x1 ·w1 +w3

(51)

where w1(t),w3(t) are independent Gaussian white noises.
Physical equations characterizing random behavior of the

system Eqs (56) on a relevant LC and in its close neighborhood
can be derived. Although investigating slightly different
problems, similar considerations have been applied in papers,
e.g. [38], [39], [40] or monograph [41]. Using the geometry
introduced in subsection 3.1, a stochastic system analogous to
Eqs (31) and reflecting system (43) can be carried out at the Δt
level:

ds/dt = 1−ξ1(1+Φ12)+ϕ ′
2(1−ξ1Φ12)(ϕ1 ·w1 +w3);

dξ1/dt = Px2
2 (1+2Ψ12)−ϕ ′

1(1+ξ1Φ12)(ϕ1w1 +w3)+

+(2Px2
2 (1+Ψ12)Φ12 −2Ψ12)ξ1;

(52)

where

Φ12 =
ϕ ′

1ϕ ′′
2 −ϕ ′′

1 ϕ ′
2

ϕ ′2
1 +ϕ ′2

2
;

Ψ12 =
ϕ ′

1ϕ ′′
1 +ϕ ′

2ϕ ′′
2

ϕ ′2
1 +ϕ ′2

2
= lg′(ϕ

′2
1 +ϕ

′2
2 );

Px2
2 = η −νϕ2

1 +ϑϕ4
1 .

Let us adopt similar approximations which we used when
deriving Eqs (37). As Wong-Zakai terms vanish here, Eqs (52)
can be easily converted to the Itô type stochastic differential
equations as follows:

ds = Fs(s,ξ1) ·dt +Gs1(s,ξ1) ·dB1(t); (53a)
dξ1 = Fξ1

(s,ξ1) ·dt +Gξ11(s,ξ1) ·dB1(t); (53b)

where B1(t) is a unit Wiener process. Other symbols introduced
in Eqs (53) represent abbreviations of the following expressions:

Fs(s,ξ1) = 1−ξ1(1+Φ12)+ϕ ′
2(1−ξ1Φ12);

Fξ1
(s,ξ1) = Px2

2 (1+2Ψ12)+(2Px2
2 (1+Ψ12)Φ12 −2Ψ12)ξ1;

Gs1(s,ξ1) = |ϕ ′
2(1−ξ1Φ12)|(ϕ2

1 ·K11 +K33)
1/2;

Gξ11(s,ξ1) = |ϕ ′
1(1+ξ1Φ12)|(ϕ2

1 ·K11 +K33)
1/2.

(54)
Let us remember once again that the role of Eq. (53a) is a bit
different from Eq. (53b), similarly like a comparison of Eq. (31a)
and remaining equations given by Eqs (31b). The LC perturbation
ξ1(t) can be considered as a stationary process in correlation
meaning with repetition at least within one period. Therefore a
certain integral value characterizing amplitude variability along
the LC can be used to assess its stability. In the same time it
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can be shown that a process s(t) defining a movement along the
LC is influenced very weakly due to said random excitations.
In other words we can compare the random component of s(t)
with phase shift random fluctuation. As it is well known this
process influences fluctuation of the amplitude and the result itself
unnoticeably. It means that the time averaging can be applied in
order to obtain parameters which enable to decide about the LC
stability in stochastic meaning.

To render the time averaging procedure in limits of one LC
period, one can omit Eq. (53a) and to insert s(t) into Eq.
(53b) as a deterministic function of t which is known from the
deterministic analysis of the LC shape analysis or to use (in
the first step) a simple formula: s = v0 · t. Then the averaging
operation on Eq. (53b) with respect to detailed expressions Eqs.
(54) can be carried out:

dξ A
1 = FA

ξ1
dt + GA

ξ11 ·dB1 (55)

where FA
ξ1
,GA

ξ11 are drift and diffusion coefficients averaged
within one LC period. They hava a detailed form which follows
from relations:

FA
ξ1
=E {Fξ1

(s,ξ1)},
(GA

ξ11)
2=E {(Gξ11(s,ξ1))

2}.
(56)

Symbol ξ A
1 means a time averaged one dimensional Markov

process characterizing integral increase/decrease of LC random
deviation from a nominal mean value being given by a
deterministic solution of Eq. (46).

As mentioned above several strategies can be used to assess
stability of the ξ A

1 process. The Eq. (55) is not complicated and
so it comes into consideration to get and subsequently inspect
the PDF of this process. On the basis of Eqs (55), (56) the
relevant Fokker-Planck (FP) equation can be easily derived. As
the process ξ A

1 is stationary, FP equation loses the evolutionary
character and converts to homogeneous ordinary differential
equation. So it reads as follows:

d
dξ A

1
(FA

ξ A
1

p(ξ A
1 )) +

1
2

d2

d2ξ A
1
(GA

ξ11 p(ξ A
1 )) = 0 (57)

where p(ξ A
1 ) is the Probability Density Function (PDF) of the

amplitude ξ A
1 . Its existence will serve for further stability criteria

determination. Indeed, doing the first integral of Eq. (57), it
holds:

FA
ξ A

1
p(ξ A

1 ) +
1
2

d
dξ A

1
(GA

ξ11 p(ξ A
1 )) = C1 (58)

In principle ξ A
1 ∈ (−∞,∞) and therefore to keep the integrability

of the PDF within these limits, the constant of integration C1
should vanish. Finally a homogeneous linear differential equation
of the first order is to be integrated which yields:

p(ξ A
1 ) =C2 ·

exp(−2
∫

FA
ξ A

1
/ GA

ξ11dξ A
1 )

GA
ξ11

(59)

where the above integral is indefinite providing a primitive
function and C2 is the normalization constant. The LC can be

considered to be stable if C2 is a finite value or in other words
if the integral of p(ξ A

1 ) on infinite interval exists. It means
for the first view that the exponent should be negative almost
on the whole interval. However this condition is obviously not
satisfactory. The exponent should be descending at least as
−(ξ A

1 )
2. Considering FA

ξ A
1
,GA

ξ11 following Eqs (56) and with

respect to Eqs (54), we can conclude that p(ξ A
1 ) can always be

normalized as long as the additive excitation w3(t) is present. If it
is not the case, the multiplicative excitation intensity K11 should
be strictly limited to avoid the LC stability loss.

Although the stability assessment procedure of deterministic
and stochastic versions of the same Van der Pol type equation
reveals to be quite different, some basic steps and forms can
be compared. It refers for instance to the strategy of one
period integration around the LC orbit. This operation emerges
as a result of the differential equation integration resulting,
for instance, in the condition (45) or in particular (48) in the
deterministic case and as a part of the stochastic averaging in
the latter case. Both of them avoid short excesses in the detailed
course of the response dealing with the whole LC period. Both of
them are close to Lyapunov exponent assessment method.

4 TWO DEGREE OF FREEDOM SYSTEM

The Two Degree of Freedom (TDOF) systems are used very
frequently to model various physical phenomena in aero-
elasticity, earthquake engineering, traffic engineering and other
branches. TDOF models quite often have the character of
auto-parametric systems. Therefore, auto-parametric systems
requiring at least two degrees of freedom are very suitable to
provide a true picture of relevant physical systems exhibiting
their typical attributes. Although the post-critical response of
TDOF auto-parametric systems can be widely diversified, LC
response types are encountered very often and are among the
most important. Their stable or unstable character provides very
significant information concerning a possible system collapse or
recovery, see e.g. [1]. Many applications in aero-elasticity and
stability of slender systems in cross-flow are related with TDOF
model and their stability. In post-critical state very often LC type
response can be encountered, see e.g. [35] or [34].

The particular differential system of the type Eq. (1) can be
written as follows (n = 2, x = [x1,x2,x3,x4]

T ):

ẋ1=x2 ,

ẋ2=P2(x) ,
ẋ3=x4 ,

ẋ4=P4(x) ,

L0−→

x1=ϕ1(s) ,

x2=ϕ2(s) ,

x3=ϕ3(s) ,

x4=ϕ4(s) ,

L∗0−→

ϕ∗′
1 (s,n)=ϕ∗

2 (s,n) ,
ϕ∗′

2 (s,n)=P∗
2 (s,x,n) ,

ϕ∗′
3 (s,n)=ϕ∗

4 (s,n) ,
ϕ∗′

4 (s,n)=P∗
4 (s,x,n) .

(60)

The coefficients κ12, ...,κ43 of the matrix Q following Eqs (6)
can be obtained using linear system solutions in the first step, see
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Eqs (9) and (10):

κ11ϕ ′
1 +ϕ ′

2 = 0 ⇒ κ11 =−ϕ ′
2

ϕ ′
1

;

κ12ϕ ′
1 +κ22ϕ ′

2+ϕ ′
3 = 0

κ12κ11+ κ22 = 0

}
⇒

κ12 =− ϕ ′
3ϕ ′

1
ϕ ′2

1 +ϕ ′2
2

;

κ22 =− ϕ ′
3ϕ ′

2
ϕ ′2

1 +ϕ ′2
2
.

κ13ϕ ′
1 +κ23ϕ ′

2 +κ33ϕ ′
3+ϕ ′

4=0

κ13κ12+κ23κ22+ κ33 =0

κ13κ11+ κ23 =0

⎫⎪⎬⎪⎭⇒

κ13 =− ϕ ′
4ϕ ′

1
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
;

κ23 =− ϕ ′
4ϕ ′

2
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
;

κ33 =− ϕ ′
4ϕ ′

3
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
.

(61)

Let us multiply columns 2, 3 and 4 in (9) by denominators coming
from (61), e.g. −ϕ ′

1, −(ϕ ′2
1 +ϕ ′2

2 ) and −(ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3 ). Then

the matrix Q can be written out in this form:

Q =

⎡⎢⎢⎢⎢⎣
ϕ ′

1, κ11, κ12, κ13

ϕ ′
2, κ21, κ22, κ23

ϕ ′
3, 0, κ32, κ33

ϕ ′
4, 0, 0, κ43

⎤⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎣
ϕ ′

1, ϕ ′
2, ϕ ′

3ϕ ′
1, ϕ ′

4ϕ ′
1

ϕ ′
2,−ϕ ′

1, ϕ ′
3ϕ ′

2, ϕ ′
4ϕ ′

2

ϕ ′
3, 0,−(ϕ ′2

1 +ϕ ′2
2 ), ϕ ′

4ϕ ′
3

ϕ ′
4, 0, 0, −(ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3 )

⎤⎥⎥⎥⎥⎦
(62)

Expression for perturbed LC trajectory which follows from Eq.
(11) reads ( n = [n1,n2,n3]

T ):

x∗1 = ϕ∗
1 (s,n) = ϕ1(s) + n1 ·ϕ ′

2 + n2 ·ϕ ′
3ϕ ′

1 + n3 ·ϕ ′
4ϕ ′

1

x∗2 = ϕ∗
2 (s,n) = ϕ2(s) − n1 ·ϕ ′

1 + n2 ·ϕ ′
3ϕ ′

2 + n3 ·ϕ ′
4ϕ ′

2

x∗3 = ϕ∗
3 (s,n) = ϕ3(s) −n2 · (ϕ

′2
1 +ϕ ′2

2 ) + n3 ·ϕ ′
4ϕ ′

3

x∗4 = ϕ∗
4 (s,n) = ϕ4(s) −n3 · (ϕ

′2
1 +ϕ ′2

2 +ϕ ′2
3 )

(63)

The above basics enable to formulate the differential system

dn1/ds = D1(x,n) ·Ds(x,n)−1 ;

dn2/ds = D2(x,n) ·Ds(x,n)−1 ;

dn3/ds = D3(x,n) ·Ds(x,n)−1 .

(64)

The argument s was omitted in Eqs (64) and in the further text
for the sake of conciseness. Ds,D1,D2,D3 are determinants of
following matrices:

Ds(x,n) = det[P∗(x,n),n1,n2,n3]

D1(x,n) = det[q∗,P∗(x,n),n2,n3]

D2(x,n) = det[q∗,n1,P∗(x,n),n3]

D3(x,n) = det[q∗,n1,n2,P∗(x,n)]

(65)

The detailed form of these matrices is obvious from the following
system, for details see Eqs (14) and (15):

⎡⎢⎢⎣q+
3

∑
k=1

ukn′
k , n1 , n2 , n3

⎤⎥⎥⎦
⎡⎢⎢⎢⎢⎣

ds/dt

du1/dt

du2/dt

du3/dt

⎤⎥⎥⎥⎥⎦=

⎡⎢⎢⎢⎢⎣
ϕ∗

2

P∗
2

ϕ∗
4

P∗
4

⎤⎥⎥⎥⎥⎦ (66)

where first column of the system matrix in (66) is denoted q∗

in (65).
Individual elements Ri j of the Jacobi matrix R introduced in

Eqs (23) should be expressed as partial derivatives of the right-
hand sides of Eqs (64) with respect to components of the vector
n = [n1,n2,n3]

T being evaluated on the LC, i.e. for n = 0:

Ri j =
∂

∂n j

(
Di(x,n)
Ds(x,n)

)∣∣∣∣
n=0

(67)

Now we outline the operation in Eq. (67). Taking into account
that the determinants Ds,Di are dependent simultaneously on both
x,n which are related by the transformation (63), one can write:

Ri j =

(
4
∑

k=1
Dxk

i ϕ∗n j
k +Dn j

i

)
Ds −Di

(
4
∑

k=1
Dxk

s ϕ∗n j
k +Dn j

s

)
D2

s

∣∣∣∣∣∣∣∣
n=0

(68)

where the following notification has been used:

Dxk
i =

∂Di(x,n)
∂xk

; Dn j
i =

∂Di(x,n)
∂n j

;

ϕ∗n j
k =

∂ϕ∗
k (n)

∂n j
= κk j

(69)

It can be shown that Di(x,n)|n=0 = 0, see Eq. (19c).
Consequently, the second term in the numerator of Eq. (68)
vanishes for n = 0. Therefore only Di should be subdued to
differentiation. So the simplified Eq. (68) reads:

Ri j =

4
∑

k=1
Dxk

i ·ϕ∗n j
k +Dn j

i

Ds

∣∣∣∣∣∣∣∣
n=0

(70)

Let us outline an evaluation of R11. In the meaning of Eqs (67)
and (70) following partial expressions can be obtained:

Ds|u=0 =(ϕ ′2
1 +ϕ ′2

2 )(ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3 )·

·
(
ϕ ′

1ϕ2 +ϕ ′
2P∗

2 +ϕ ′
3ϕ4 +ϕ ′

4P∗
4
) (71a)

∂D1

∂u1

∣∣∣∣
u=0

=
(
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3
)
·

·
((

ϕ ′2
1 +ϕ ′2

2
)(

P∗
2 ϕ ′′

2 +ϕ2ϕ ′′
1
)
+

+
(
ϕ ′

1ϕ ′′
1 +ϕ ′

2ϕ ′′
2
)(

P∗
4 ϕ ′

4 +ϕ4ϕ ′
3
)
+

+
(
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3 +ϕ ′2
4
)(

Px1
2 ϕ ′

2 −Px2
2 ϕ ′

1 +ϕ ′
2
)

ϕ ′
1

)
(71b)
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For exact limit cycle (n = 0) following relations can be used:

ϕ ′
i−1Pi = ϕiϕ ′

i ; i = 2,4

The relevant quotient or R11 reads after minor simplification:

R11 =
ϕ ′2

1 (ϕ ′
1Px2 −ϕ ′

2Px1 −ϕ ′
2)

ϕ2(ϕ ′2
1 +ϕ ′2

2 )
− (ϕ ′

1ϕ ′′
1 +ϕ ′

2ϕ ′′
2 )

(ϕ ′2
1 +ϕ ′2

2 )
(72)

Employing assumption (5), following relations can be used in
further simplification:

ϕ ′′
1 = ϕ ′

2 ; ϕ ′′
2 = P∗

2
′ =

4

∑
k=1

Pxk
2 ϕ ′

k (73)

Finally, we can conclude the quotient R11 in the form of

R11 = Px2
2 −

ϕ ′
2(ϕ

′
3Px3

2 +ϕ ′
4Px4)

ϕ2(ϕ ′2
1 +ϕ ′2

2 )
− 1

2
lg′
(

ϕ
′2
1 +ϕ

′2
2

)
(74)

Considering the exponential character of Eq. (25), the logarithmic
part of R11 leads to a positive multiple constant in a specific final
form of (25). It means that only the first part will be examined
integrating this one within one LC period.

Similarly also R22,R33 can also be evaluated. They consist like
R11 of a part which should be included into the R matrix trace and
the logarithmic part which can be omitted for the same reason as
before. Hence the remaining parts intended for the testing:

R22 =
((ϕ ′2

1 +ϕ ′2
2 )−Px4

2 ϕ ′
2ϕ ′

3)ϕ
′
4ϕ ′

3(
ϕ ′2

1 +ϕ ′2
2

)(
ϕ ′2

1 +ϕ ′2
2 +ϕ ′2

3

) − Px3
2 ϕ ′

2ϕ ′
3

ϕ ′2
1 +ϕ ′2

2

R33 = Px4
4 −

Px4
2 ϕ ′

2 +ϕ ′
3ϕ ′

4

ϕ ′2
1 +ϕ ′2

2 +ϕ ′2
3

(75)

The stability of a particular LC can be assessed now using
the Jacobi matrix trace respecting the structure of the right-hand
sides P2(s,x),P4(s,x) of the TDOF system Eqs (60). Finally
the criterium Eq. (26) can be used. Of course, a more reliable
result can be obtained by means of a detailed evaluation of matrix
exponential in Eq. (24). However the eigen-value problem of
the Jacobi matrix should solved in order to enumerate the matrix
exponential. Apparently complicated form of expressions R j j and
certainly of other elements of the matrix R do not prevent easy
evaluation of the criterium Eq. (26). In a particular case only
partial derivatives of P2,P4 with respect to x must be determined.
Subsequently x j components should be substituted by ϕ j using
Eqs (63) with n = 0. The LC form given by ϕ j(s) is known either
from successive approximations or other analytical or numerical
procedure, which enables immediate evaluation of relevant matrix
exponential (24) or (26). Parameters within expressions P2,P4
are multiplicative constants and their influence on the final results
can be investigated similarly to that of the SDOF system in the
section 3.1.

To illustrate the procedure let us suppose the coupled Van der
Pol-Duffing system

ẍ−αx+βxx3 +δ (y− x) = μ
(
η −νxx2 +ϑx4) ẋ

ÿ−αy+βyy3 +δ (x− y) = μ
(
η −νyy2 +ϑy4) ẏ

(76)

x,x′ y,y′

x,y x′,y′

Figure 4. Example of the stable limit cycle of the coupled
Van der Pol-Duffing oscillator. Parameters used: α =
0.2,βx = 0.3,βy = 0.4, η = 1, νx = 1.8, νy = 1.5, ϑ =
0.2, δ = 0.04, μ = 0.2. The LC is characterized by
the initial conditions x1(0) = 0.244,x2(0) = 0.803,x3(0) =
−0.793,x4(0) =−1.22 and period T = 22.692.

(A)

(B)

Figure 5. Stability analysis of a limit cycle: (A) Course of
trace integral (26) (solid line) and integrals of individual
diagonal elements (dashed) of matrix R in (23) for s∈ (0,T ).
(B) Course of real parts of eigenvalues of the integral in (24).
Three eigenvalues are plotted, two of them coincide.
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The corresponding right hand sides P2 and P4 are given by

P2 = αx1 −βxx3
1 +δ (x3−x1)+μ

(
η − x2

1νx +ϑx4
1
)

x2

P4 = αx3 −βyx3
3 +δ (x1−x3)+μ

(
η − x2

3νy +ϑx4
3
)

x4
(77)

There are several method for identification of limit cycles
themselves, among others see [42], [14], [19], [43]. Example
of a stable limit cycle of the Eq. (77) is shown in Figure 4. It
is described by functions ϕ1, . . . ,ϕ4 passing through certain point
x0 with period T . Coefficients κi, j follow from Eq. (62) and the
desired coefficients Ri j of the Jacobi matrix R are to be evaluated
according to (67) or (74) and (75).

Figure 5 (A) shows course of the diagonal elements integrals
as used in (26) through one period of a stable limit cycle for
s ∈ (0,T ). Values of individual diagonal elements are shown
in dashed lines, whereas the whole trace (25) is depicted as a
solid line. Negative value of the final point of the trace integral
indicates stability of the LC. Although the integral value of the
single diagonal element R22 is positive including its final value,
integral of the whole trace of matrix R is negative.

Part (B) of Figure 5 shows course of the real parts of three
individual eigenvalues of integral of the Jacobi matrix R. Two
of them coincide. The most important are the last values of the
curves, which stand for the complete integral over the whole limit
cycle. They are negative in this case and thus confirm stability of
the LC. This criterium is safe but its applicability is limited.

In case of analysis of an unstable limit cycle are the results
analogous. Example of such unstable limit cycle of the coupled
Van der Pol-Duffing system introduced in Eq. 77 is shown in see
Figure 6. System parameters are the same as in the case of the
stable LC; the both LCs differ only by initial conditions. The
analysis is illustrated in Figure 7. Although one of three integrals
of diagonal elements of R for s = T is slightly negative (dashed
line in Figure 7A), the integral of the complete trace (solid line)
as well as real parts of all eigenvalues in part (B) are positive.

Let us take a note that the procedure presented in sections
two and four indicate explicit points where the analytical way of
investigation can be stopped and where an adequate numerical
process can continue in the LC analysis, which brings us to the
desired result. However, this technique more or less decreases
an insight into the sensitivity of individual components n1,n2,n3
against the stability loss compared with the analytical procedure
above. On the other hand more detailed results are accessible
especially in cases where partial saddle points can be expected.
This makes it possible to detect and analyze cases of complex
LCs with a different character of individual normal vectors n j.
Important applications of this concept emerge in aero-elasticity,
earthquake engineering and other areas.

5 CONCLUSION

Stability of Limit Cycles encountered in the MDOF system
response is investigated. Referring to deterministic version of
the problem, the system including additive and multiplicative
types of random Gaussian white noises is discussed. A new
method combining analytical and numerical steps in stochastic
domain has been outlined. The general formulation dealing
with the MDOF has been presented and later demonstrated

x,x′ y,y′

x,y x′,y′

Figure 6. Example of the unstable limit cycle of the coupled Van
der Pol-Duffing oscillator. Parameters used: see Figure 4.
The LC is characterized by the initial conditions x1(0) =
0.0444,x2(0) = −0.3243,x3(0) = 5.612,x4(0) = 4.733 and
period T = 3.626.

(A)

(B)

Figure 7. Stability analysis of an unstable limit cycle: (A) Course
of trace integral (25) (solid line) and integrals of individual
diagonal elements (dashed) of matrix R in (23) for s∈ (0,T ).
(B) Course of real parts of eigenvalues of the integral in (24).
Three eigenvalues are plotted, two of them coincide.
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through a detailed working out of SDOF and TDOF system.
An approximate geometry of a subspace being orthogonal to the
LC trajectory has been introduced. It facilitates an effective
investigation of an LC behavior in a close neighborhood of
the basic trajectory. Some analogies and associations with the
Lyapunov exponent are referred too. Closed form results being
obtained as a special case for an SDOF system in deterministic
and stochastic domain correspond with those developed and
published in other studies devoted to specific systems. It is
becoming apparent that closed form analytical results applicable
for a priori assessment of LC stability will be limited only
to SDOF and partly to TDOF systems. However, numerical
procedures can be widely used in particular phases interlacing
them with an analytical background.

Particular case of a single degree of freedom system of the
generalized Van der Pol type is discussed using the previous
background. The illustrating case was selected with respect
to its relevance with the post-critical response of the reduced
flutter type. Exponential and asymptotic stability types are
outlined and compared. The real system is characterized by
inner (stable) and outer (non-stable) LCs. The conditions of
the energy barrier breakthrough are investigated with respect to
nonlinearity structure and random noises intensities. On the other
hand several types of non-symmetric aero-elastic terms can lead
under certain circumstances of multiplicative noise excitations
to some reduction of the operator ”non-symmetry rate” and
consequently to an increase of the stability level of the inner LC.
Experiments in a wind channel validate a significant influence of
random noises on the inner LC stability. They excite this LC
until a total destabilization when overcoming the energy barrier
towards the outer LC and final system collapse. Concerning more
complicated cases combined analytical-numerical procedures
will be necessary to postpone the above general results. However,
new algorithms should be developed to support the general tool
of the stability mapping. Some types of multiple LCs can be
also investigated, but care should be taken from the point of
view of numerical stability. Although the primary motivation for
this study comes from an area of post-critical aero-elastic effects,
applicability can be expected in analysis of most auto-parametric
systems exhibiting post-critical response of steady state type.

As to an outlook for the future, it is probable that one cycle
closed loop will not have to represent a strict limitation of a
particular LC. Therefore, this generalization would not present
a principal problem. Indeed, taking into account the way of
matrix exponential evaluation, the integration path length is not
in principal fixed and could be introduced arbitrarily. As regards
randomly perturbed LC, principal complications are not expected
as well. The step of stochastic averaging can be managed on an
analytical basis.

Nevertheless, various effects can emerge due to the ”multi-
cycle” character of the ”generalized LC”. For instance an
influence of super and basic period length ratio and other low
frequency effects producing beating processes will have to be
investigated carefully. This extension is worthy to be attempted
particulary in stochastic approach where attractors/repulsers can
emerge and disappear when changing intensity and character of
random excitations. It could enable investigation of at least

simple cases of attractors/repulsers or quasi-periodic processes
with rational frequency ratio. A few papers dealing with this area
using analytical tools have appeared only recently.
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eds). Elsevier, London, pp. 315-327, 1988. 02

[25] W. Q. Zhu, J. S. Yu, Y. K. Lin, On improved stochastic averaging procedure.
Probabilistic Engineering Mechanics, 9, 3, 203-211, 1994.

[26] W. Q. Zhu, Z. L. Huang, Stochastic averaging of quasi-nonintegrable
Hamiltonian systems. In: Proc. 4th Int. Conference on Stochastic Structural
Dynamics (B. F. Spencer, E. A. Johnson eds). Univ. Notre Dame, Balkema,
Rotterdam, pp. 361-368, 1999.

[27] P. H. Baxendale, Lyapunov exponents and stability for the stochastic Duffing
- Van der Pol oscillator. In: Proc. IUTAM Symp. Non-linear Stochastic
Dynamics (N. Sri Namachchivaya, Y. K. Lin eds). Kluwer, Dordrecht, pp.
125-135, 2003.

[28] P. H. Baxendale, L. Goukasian, Lyapunov exponents for small random
perturbations of Hamiltonian systems. Annals of Probability, 30, 101-134,
2002.
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Investigation of stochastic resonance effects in problems of wind induced vibration
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ABSTRACT: We study the response of a dynamic non-linear single degree of freedom system with cubic characteristic to a
combination of additive random noise and external deterministic periodic force. We apply the principles of stochastic resonance
in the field of wind engineering to investigate vibration of a slender prismatic beam in a cross flow with a turbulence component.
The aim of the study is to find such parameter combinations which should be avoided in practice to eliminate response amplitude
increase due to the effect of the stochastic resonance. We assume the non-linear oscillator (beam) with one generalized degree
of freedom in the divergence-like regime. It is described by the version of the Duffing equation. We conduct the theoretical
investigation with the use of relevant Fokker-Planck equation together with a verification by numerical simulation of corresponding
stochastic differential system. Real characteristics of the beam sectional model investigated in the wind tunnel are employed.
Complex tunnel testing combining generated noisy background of variable intensity (additive noise) with harmonic excitation
produced by the linear motor attached to the experimental stand. The special appliance related with the stand allows the snap-
through effect to be respected.

KEY WORDS: Nonlinear aero-elasticity; Stochastic resonance; Turbulence; Aeroelastic divergence; Wind induced vibration; Wind
tunnel experiments

1 INTRODUCTION

The response of various types of non-linear dynamic systems
under random excitation has been studied during many years,
as this mathematical model is inherent in a number of areas of
physics including wind engineering and aero-elasticity, see e.g
[1], [2]. Both latter branches deal very often with the vibration
of slender structures under the excitation of deterministic
(pseudo-steady wind) wind load with the combination of noisy
(turbulence) additive force. It is still often assumed that
contribution of the noise in the non-resonant part of the
frequency spectra is decreasing the overall response of the
structure, because it is acting in the disordering manner. It seems
however, that concurrently acting additive deterministic and
random excitation can produce the response process containing
several effects well applicable in practice not only in the
beneficial, as in the case of signal amplification, but also in
the negative meaning which may be the case of undesired
mechanical vibration and amplification of the response of a
structure.

The counter-intuitive property of the noise, its ability to
induce ordering in non-linear non-equilibrium systems, has been
demonstrated in the effect of the phenomenon called stochastic
resonance (SR). This effect has proven to be general and has
been found in many natural systems [3]. Stochastic resonance is
a phenomenon, which has been surmised in physical chemistry
in early forties, see e.g. [4]. Many years later several branches in
theoretical and experimental physics identified this phenomenon
and applied this one in optics and plasma physics, see e.g. [5],
or review paper [6]. Hundreds papers have been published until
now, including also a couple of monographs, for instance [7].

Basically, SR occurs when the dynamical systems are perturbed
by noise and in particular, when the system is subdued to
an external periodic force applied together with some noise.
The response of a bistable system heads towards the periodic
switching between the semi-stable states. The dependence of
the response on the additive noise intensity has a resonant form,
hence an optimal (in the structural engineer’s point of view -
undesired) value of the noise intensity can be found. Moreover,
in [8] it has been shown that a high-frequency periodic force can
work as a noise and amplify the response to the low-frequency
periodic signal in bistable systems.

In this paper, the response of a dynamic non-linear single
degree of freedom (SDOF) system with cubic characteristic to
a combination of additive random Gaussian white noise and
external deterministic periodic force is studied. It is motivated
by the most important and dangerous phenomenon of aero-
elastic post-critical state - divergence - occurring at a prismatic
slender beam in a cross-flow. This phenomenon manifests
by stable periodic hopping between two nearly constant limits
perturbed by random noises. This jumping between wells of the
bistable elastic potential can occur under certain circumstances.
The frequency of this hopping can be for certain combination of
input parameters nearly constant and corresponding to external
periodic force frequency. This state leads to high ratio of
periodic component amplitude and intensity of the random
component of the response process. In such a case the system
can be used as a harmonic selective resonator detecting the
useful weak harmonic signal in the high noisy background.
The aim of this paper is to investigate whether the undesired
- harmfull - SR can be achieved in the field of structures
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loaded by the turbulent wind. For this purpose we consider and
model a beam vibration subjected to a weak periodic forcing
with a double well potential and certain potential barrier. The
wind force consists of a low frequency harmonic part and the
turbulence modelled as a white noise. When the harmonic force
(low frequency pseudo-static loading) and turbulence synergy
occur, the response of the beam goes beyond the potential barrier
and the stochastic resonance take place. The signal-to-noise
ratio is studied for this system.

2 MATHEMATICAL MODEL AND BASIC CONSIDERA-
TIONS

Let us assume the nonlinear mass-unity oscillator with one
degree of freedom, where ξ stands for a Wiener process and
represents the noise level.

u̇ = v;
v̇ = −2ωb · v−V ′(u)+P(t)+ξ (t).

(1)

The potential energy V (u) being introduced in a form
corresponding with the Duffing equation

V (u) =−
ω2

0
2

u2 +
γ4

4
u4 (2)

and
V ′(u) = dV (u)/du =−ω

2
0 ·u+ γ

4 ·u3 (3)

ξ (t) - Gaussian white noise of intensity 2σ2 respecting
conditions:

E{ξ (t)}= 0 ; E{ξ (t)ξ (t ′)}= 2σ
2 ·δ (t− t ′) (4)

P(t) = Po exp(iΩt) - external harmonic force with frequency Ω.
Amplitude Po should be understood per unit mass.

Symbols ω0 and ωb have a usual meaning of the circular
eigen-frequency and circular damping frequency of the asso-
ciated linear system. The linear part of the V ′(u) is negative
making the system metastable in the origin, while the cubic
part acts as stabilizing factor beyond a certain interval of
displacement u. The system is drafted in the Fig. 1 in two
versions: (a) system with symmetric potential typical by an
equivalent energy needed for hopping from the left into the
right potential well and in opposite direction (b) system with
asymmetric potential due to the supplementary linear string
which could be able (when rising its stiffness) to bring the
oscillator to monostable type.

If the intensity ξ is small enough, it will oscillate around
either of the stable points with very small probability of
switching to the other. If we increase the noise amplitude,
then there is some higher probability that the the response will
jump from one basin to the other. If the noise level is just
right, then the periodic forcing leads to oscillation between the
wells with period Ω. In more general terms, there is stochastic
resonance whenever adding noise to a system improves its
performance or increases its signal-to-noise ratio. Note that the
noise amplitude cannot be too large or the system can become
completely random.

For the symmetric potential (∆V− = ∆V+) the approximate
frequency of escape from one well into the second (bistable

system) is given by the following estimate published in the
comprehensive study, see [4]:

ωe = ωo · exp(−∆V/D), (5)

where ∆V is height of the barrier separating potential minima
and D is proportional to 2σ2 introduced in Eq. (4. The Eq. (5)
is a result of theoretical and empirical investigation motivated
by problems of nonlinear optics. However, it is widely used
and works very well. It should be noticed that also other
types of non-linearity can produce a significant periodic part of
the response when excited by additive random noise. See for
instance [10], where influence of bistable nonlinear damping is
discussed.

Being reciprocal of Kramer’s frequency, the periodicity or
waiting time of the stochastic transition between two noise-
induced inter-well transition is given by Tk(D) = 1/rk. This
stochastic synchronization happens if the mean waiting time
satisfies the time-scale matching requirement [6]

Tω = 2Tk(D), (6)

where Tω is the period of the input periodic forcing term.
Response of the system defined by Eq. (1) can be significantly
enhanced introducing an optimal amount of additive random
noise.

3 FOKKER-PLANCK EQUATION - STARTING POINT

Taking into account that random noise in Eq. (1) has an additive
character, the appropriate Fokker - Planck (FP), e.g. [11]
equation with the diffusion and drift coefficient can be easily
written out:

κu = v κv =−2ωb · v−V ′(u)+P(t) κvv = 2σ
2 (7)

∂ p(u,v, t)
∂ t

=−v
∂ p(u,v, t)

∂u
+

+
∂

∂v
[2ωb · v+V ′(u)−P(t)]p(u,v, t)+σ

2 ∂ 2 p(u,v, t)
∂v2 (8)

together with boundary conditions:

lim
u,v→±∞

p(u,v, t) = 0 ; p(u,v,0) = δ (u,v) (9)

If the external excitation is only due to random component,
the Eq. (8) admits the closed form stationary solution of the
Boltzmann type. For its various aspects and details, see e.g.
[12], [13], [14] and other papers and monographs:

po(u,v) = K · exp(−2ωb

σ2 H(u,v)) (10)

where K is the normalizing constant and H(u,v) represents the
Hamiltonian function of the basic system. In particular:

H(u,v) =
1
2

v2 +V (u) =
1
2

v2− 1
2

ω
2
o u2 +

1
4

γ
4u4 (11)

It is evident that solution of the (10) type can be provided
for any arbitrary symmetric/non-symmetric potential including
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Figure 1. Bistable nonlinear system: a) Symmetric potential; b) Non-symmetric potential.
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Figure 2. Response PDF of the system excited by white noise only: (a) Symmetric potential; (b) Non-symmetric potential.

cases passing the system into monostable type. Probability
density of the response has significantly non-Gaussian form, see
Figure 2.

When excitation force consists of both component, stationary
solution of FPK Eq. (8) no more exists. In order to approximate
its solution, the formula (10) can be used as a basic part which
should be multiplied by a space and time dependent series. The
probability distribution function (PDF) can be expected periodic
or cyclic-stationary in a certain meaning of the term in time
coordinate for t → ∞ and the Floquet theorem or the maximum
entropy principle, e.g. [12] could also be alternatively used as a
basic tool for the solution.

With respect to the linearity of the FPK equation the
periodicity of the PDF should be corresponding to the frequency
of the deterministic excitation component Ω and to its entire
powers. Therefore the series can be written in the following
form:

p(u,v, t) = po(u,v)
∞

∑
j=0

q j(u,v) · exp(ijΩt) (12)

We try to estimate several first functions q j(u,v) in () using the
generalized method of stochastic moments as it can be found
e.g. in [11]. For some special details dealing with non-Gaussian

closure, see [15]. The generalization means that moments are
introduced with polynomials and not only with factors ukvl . The
choice of suitable orthogonal polynomials makes possible to
simplify several further steps. Physical interpretation, however,
could be some times a bit unclear. Therefore some compromise
should be selected.

Let us introduce the expression (3) into Eq. (8) and multiply
the right and left sides of (8) by the factor α(u,v), being a
polynomial in variables u,v, as mentioned above. Subsequent
integration over the whole phase space u,v including several
per-partes operations and employing that the probability density
function (PDF) approaches to zero together with all derivatives
for u,v→±∞, yields:

dE{α(u,v)}
dt

=

E{∂α(u,v)
∂u

v}−E{∂α(u,v)
∂v

[2ωb · v+V ′(u)−P(t)]}+

+E{σ2 ∂ 2α(u,v)
∂v2 } (13)
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E{·} represents the operator of mathematical mean value with
respect to PDF p(u,v, t). As the series (3) contains unknown
q j(u,v), it is convenient to express Eq. (13) with reference to
the known PDF po(u,v, t) given by (10). Taking into account
(3), following general expression can be obtained:

E{A(u,v)}(t) =
∞∫
−∞

A(u,v) · p(u,v, t)dudv =

∞∫
−∞

A(u,v) · po(u,v)
∞

∑
j=0

q j(u,v) · exp(i jΩt)dudv =

∞

∑
j=0

Eo{A(u,v) ·q j(u,v)}exp(i jΩt) (14)

Let us adapt Eq. (13) using formula (14) and apply further
per partes operations similarly as before. Resulting equation is
dependent on time as corresponds with (3). As this equation
must hold in every time and factors exp(ijΩt) are independent,
the identity must be valid separately for every individual j
producing the following system of time-independent equations:

i jΩEo{αq j}+
σ2

2ωb
Eo{

∂α

∂v
∂q j

∂u
− ∂α

∂u
∂q j

∂v
}+σ

2Eo{
∂α

∂v
∂q j

∂v
}

= PoEo{
∂α

∂v
q j−1} (15)

where α = α(u,v), q j = q j(u,v) for brevity has been introduced
and q−1 ≡ 0 chosen. As it has been mentioned, the function
α(u,v) should have a form of a product of two polynomials
separately in u, v. The series of applicable orthogonal
polynomials starts: Po(x) = 1,P1(x) = x, .... Therefore it holds
qo(u,v) = 1.

Respecting the above notices and taking into account that
the system (15) involves not only one but a set of systems
for various α(u,v) representing a hierarchy of generalized
stochastic moments, we can write the functions α(u,v) and
q j(u,v) in a form:

α(u,v) = αr,s(u,v) = ur ·Hs(βv);r = 0, ...,R ; s = 0, ...,S (16)

q j(u,v) =
R,S

∑
k,l=0

q j;k,luk ·Hl(βv) (17)

where Hs(βv) are Hermite polynomials and β =
√

ωb/σ .
Substitution of series (16), (17) into Eq. (15) and employing
orthogonality of Hermite polynomials yields after laborious
adaptations a linear algebraic system for unknown coefficients
q j;k,l :

2β (i jΩ+2ωbs)Aq j;s−2(s+1)Cq j;s+1 +Bq j;s−1

= 2β
2PoAq j−1;s−1 (18)

q j;s = [q j;1,s,q j;2,s, ...,q j;R,s]
T - column vector (R compo-

nents)and A,B,C - square arrays (R×R components) containing

moments:

Ar,k =
∞∫
−∞

ur+kΦ(u)du ; Br,k =
∞∫
−∞

kur+k−1Φ(u)du ;

Cr,k =
∞∫
−∞

rur+k−1Φ(u)du ; Φ(u) = exp(βω2
o u2− 1

2 γ4u4)

(19)
Let us deal with the main idea of the solution method from
other point of view. The Eq. (8) represents a linear partial
differential equation of the second order with non-symmetric
operator defined on an infinite domain, with homogeneous
boundary conditions and parametric ”excitation”. It can be
shown, that the weak solution exists and can be found using
variational methods. Nevertheless some properties of the
operator (non-symmetry, etc.) are limiting in a choice of
methods. For instance Ritz method cannot be used due to
operator non-symmetry. The modified Galerkin method seems
to be acceptable. The presented solution process corresponds
in principle to this method. The basic series employed is
given by the formula (3) together with (17). Because q j(u,v)
are polynomials and po(u,v) can be interpreted as a weight
function, every term of the series (3) separately fulfils the
boundary conditions requested for the unknown p(u,v, t) and
its derivatives in u, v. The series (3) with respect to (10),
(11) is then substituted in fact into the Eq. (8) and then the
orthogonality to the function α(u,v) for any arbitrary r,s is
requested. The process of orthogonalization corresponds to the
application of mathematical mean value operator with respect to
the PDF (10). Equivalence appeared ascertains the convergence
of the approximate formula (17), see e.g. [16]. Therefore the
PDF can be reached with any prescribed accuracy. Due to
structure of Eq. (3) the same holds also for stochastic moments
which are to be used studying various physical effects related
with PDF.

4 RESPONSE PROPERTIES

4.1 Basic parameters

The most representative parameter characterizing the response
as a result of combined random and harmonic excitation seems
to be the first moment of the displacement u. The structure
of the series (3) makes possible to investigate each harmonic
component of the PDF and appropriate moments separately in a
form of their amplitudes. The mutual dependency of individual
components can be estimated analysing the general structure
of the algebraic system (18) and accompanying formulae (19).
It is evident that the only independent part j = 0 corresponds
to state with no-harmonic excitation component as it is given
by the Boltzmann’s type solution (10). The part j = 1 being
influenced by j = 0 implies the basic part of the PDF reflecting
the combined random/harmonic excitation. Higher harmonics,
if any, are described by j > 1. The dependency tends upwards
only, i.e. the parts for j ≤ jo are not influenced by parts for
j > jo. As regards subscripts r,k they control evaluation of
displacement moments, while A,B,C are independent from s, l.
The pair of indices s, l reduces to s only due to orthogonality of
Hermite polynomials. It is useful to put R = S or to introduce
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Figure 3. The sketch of the experimental stand adjusted for the
measurement of stochastic resonance phenomenon. The
harmonic excitation is controlled by the electric motor.
Turbulent wind is adjusted by the turbulence grids in front
of the vibrating beam. Amplitude of the vibration is u or
rather the ϕ = u/l.

the same upper limit of r,k,s. The algorithm of q j;s evaluation
is now obvious.

To assess the individual parts of the response the first
moment (mathematical mean value) of the displacement should
be analyzed. The most important among them is the basic
harmonic part, i.e. j = 1. Respecting orthogonality of Hermite
polynomials it follows from (10):

U1 = Eo{uq1(u,v)}=
R,R

∑
k,l=0

Eo{q1;k,l ·uk ·Hl(βv)}=

=
R

∑
k=0

q1;k,0Eo{uk+1} (20)

Some illustrative numerical results are outlined in the
following subsection. We apply the numerical simulation on the
system sketched in Figure 3 to test the sensitivity of the stand to
the SR .

4.2 Example-harmonically excited beam under influence of
turbulence noise

The response of a beam, loaded by the wind with turbulent
component, known as the aeroelastic divergence, initiated the
idea to use the theory of stochastic resonance for the explanation
of hopping of the beam in between two meta-stable positions,
see [9]. This kind of response has been observed during the wind
tunnel measurement focused on the self-induced vibration with
the large amplitudes in the non-linear range using the special
experimental stand. It represents the working mechanism
sensitive to the excitation by the wind. The stand and the
experiments are described more in detail in the papers [17]
and [18].

In order to arrange the clear modulation signal at the system,
the excitation mechanism is attached which is able to excite
harmonically the system with desired amplitude and the driving
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Figure 4. The spectral amplification of the system response due
to stochastic resonance effect.

frequency. The SR mechanism works well with the almost over-
damped system, however, low damping is not excluded from the
analysis, because the SR mechanism is sensitive to any optimal
combination of many parameters.

The system Eq. (1) for the unknown response u = ϕ · r can be
rewritten:

ϕ̇ = ψ;
ψ̇ = −α ·ψ−βϕ− γϕ3 +Asin(Ω · t)+ξ (t)

(21)

with: α = 2ζ ω0, β = ω2
0 − kpd0/(mr)< 0 and γ = kpr/(2mL).

The values of the parameters are the following:
- damping of the system ζ = 0.05;
- system frequency ω0 = 2.0 [s−1];
- driving amplitude A = 0.15o;
- mass m = 5 [kg]; pre-stressing stiffness kp = 820 [N/m];
- initial deformation d0 = 0.05 [m] of the pre-stressing spring;
- lever length r = 0.5 [m];
- length of the pre-stressing spring L = 0.25 [m].

The equation has been solved numerically for the time period
1000s with the time step ∆t = 0.01s.

The results of the stochastic resonance analysis are illustrated
starting by the Figure 4, which presents the results (Fourier
spectra) of the numerical simulations using the basic system
(21). In the individual spectral lines it can be seen the influence
of rising white noise intensity σ2, which acts together with a
harmonic force onto the system. For very low level of the noise
the harmonic component is hardly able to overcome the inter-
well barrier and therefore only seldom irregular jumps between
stable points occur. In local regimes the system response is
relatively small and nearly linear. Optimal ratio of the noise
intensity and the amplitude of the harmonic force results for its
certain frequency in the system response containing a visible
spectral peaks (amplification) corresponding with the frequency
of the external harmonic modulation. Another important graph
is shown at Figure 5. It represents the signal-to-noise ratio
(SNR) as the function of the noise intensity expressed by σ2.
The single peak (in the case of coloured noise more peaks may
appear) and thus the ”optimal” noise strength can be identified.
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Figure 6. Response of the system with combined excitation - white noise and harmonic. The curves (a), (b), (c) and (d) correspond
to harmonic component frequency Ω = 0.09 and noise intensity σ2 = 0.1,0.5,1.0 and 2.0 respectively.
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Figure 5. The signal-to-noise ratio (SNR) as the function of
various noise strengths (σ2) due to stochastic resonance
effect.

Generally, the response is not harmonic and contains many
higher harmonics. However its basic frequency is stable
making possible to reconstruct the original harmonic component
hidden in the background. The Figure 6 demonstrates the
state of large superiority of the noise. Increasing the noise
level can counteract the aforementioned process and thereby
the stochastic resonance effect can vanish. This figure shows
also the sensitivity of the system. The curves (a), (b), (c)
and (d) correspond to harmonic component frequency Ω =
0.09 and noise intensity σ2 = 0.1,0.5,1.0 and 2.0 respectively.
Basically, certain frequency Ω leads to the stochastic resonance
for a certain noise intensity and damping level. To achieve
this effect in practice, some sweeping of parameters or their
optimization is necessary, because the dangerous effects of
aeroelastic divergence should be avoided.

The influence of the noise is clearly shown also in Figures 7
and 8. When the noise strength is small, the mass remains in one
well (say in the upper part of the response, or in the divergent
position). Increasing the noise strength - case b) and case c) - the
response is jumping from one well to another with clear periodic
pattern. Further increase of the noise intensity - case d) - leads
to the more random jumping between the meta-stable positions
of the mass.
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Figure 7. Probability density functions (histograms) of the
response due to change of the noise intensity. The
curves (a), (b), (c) and (d) correspond to harmonic
component frequency Ω = 0.09 and noise intensity σ2 =
0.1,0.5,1.0 and 2.0 respectively.
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Figure 8. Phase plots of the system response due to change
of the noise intensity. The curves (a), (b), (c) and (d)
correspond to harmonic component frequency Ω = 0.09
and noise intensity σ2 = 0.1,0.5,1.0 and 2.0 respectively.
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5 CONCLUSIONS

The response of a dynamic non-linear single degree of freedom
system with cubic characteristic to a combination of additive
random noise and external deterministic periodic force were
studied. The principles of the stochastic resonance has been
applied investigating the response of the system represented by
a prismatic beam subjected to the turbulent wind.

The effect of stochastic resonance has been described
firstly theoretically using the FPK equation and method of
generalized stochastic moments for its approximate solution.
The convergence of this method can be expected with respect
to theoretical properties of the solution process being similar to
Galerkin method applied to the equations with non-symmetric
operator. The convergence has also been observed when
numerical evaluation of formula and algorithms obtained has
been done. The non-stationary character of the response PDF
with the basic and the higher harmonics has been verified
and used for periodic component detection in the input signal
containing both random and deterministic parts. Therefore
adding noise to a system can improve its ”ability of the
information transfer”.

The paper describes also the numerical simulation of the
experimental stand used for the aeroelastic testing of profiles,
before it will be tested in the turbulent flow. It shows, that under
certain ”optimal” value of the parameters, the signal-to-noise
ratio of the response increases and the resonant-like peak occurs
in the amplitude spectra. This makes an optimistic perspective
for the experimental analysis, which together with the analytical
and numerical ones should continue to obtain better insight into
the general tendencies when individual parameters of the system
and the input signal are changed.

Moreover possibilities of other analytical solution procedures
should be also investigated (Floquet theorem, maximum entropy
principle, FEM, etc.). Also other types of non-linearities in the
system stiffness (especially non-symmetric) should be carefully
studied. Other application areas like post-critical processes
in aero-elasticity or vehicle dynamics should be thoroughly
examined from the point of view of the adverse effects of the
response amplification due to stochastic resonance effects.
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ABSTRACT: This paper analyzes the validity of assuming that the behavior of a nonideal energy source in a vibration problem 
is well described by its stationary torque-speed curves, which means neglecting the motor dynamics. In particular, this work 
considers an unbalanced induction motor as the energy source of a linear mechanical system, and compares the results obtained 
with the stationary curves to those yielded by the dynamical equations of the motor. Besides these numerical calculations, some 
analytical tools are used to discuss if it is always acceptable to neglect the energy source dynamics when solving vibration 
problems with non-ideal excitation. Results show that, for the selected parameter values, electrical state variables respond with a 
characteristic delay which is much shorter than the characteristic time of the problem. This allows using the torque-speed curves 
of the motor, what considerably reduces the order and complexity of the problem. 

 
 
KEY WORDS: Nonideal excitation; Induction motor; Torque-speed curves. 

 
1 INTRODUCTION 
In vibration problems, an excitation is said to be ideal if it is 
unaffected by the vibrating system response. In this case, the 
amplitude and frequency of the excitation are known data. 
When this assumption is not valid, the vibrating system 
motion and that of the energy source are coupled, and the 
excitation is said to be nonideal. This usually happens when 
the energy source has a limited power supply. 

In other words, if the excitation is considered to be ideal, it 
is implicitly being supposed that the motor is able to provide 
any torque at the desired rotational speed which, obviously, is 
not realistic. However, it can be a good approximation if the 
energy source is sufficiently powerful. Systems excited by 
nonideal energy sources are usually referred to as nonideal 
systems. 

Nonideal systems have received considerable attention from 
researchers since the pioneering work of Sommerfeld in 1904 
[1]. He mounted an unbalanced electric motor on an 
elastically supported table and measured the consumed power 
as well as the frequency and amplitude of the vibration. Some 
unexpected issues were found, such as jump phenomena and a 
great increase in the input power without significant change in 
the motor rotational speed near the natural frequency of the 
system (Figure 1). These and other nonlinear phenomena 
associated to nonideal vibrating systems are known as the 
Sommerfeld effect. 

There have been numerous contributions in this field since 
the surprising results obtained by Sommerfeld. Without trying 
to be exhaustive, we will cite some of the most relevant ones. 

The most extensive work dealing with nonideal systems was 
conducted by Kononenko [2], who devoted an entire text to 
this subject. He faced the problem on how a nonideal energy 
source affects different kinds of oscillating systems, with 
particular attention on stationary conditions.  

Rand et al. [3] reported the importance of nonideal 
excitations in a particular failure of dual-spin spacecrafts 
during despin, referred to as precession phase lock. He built 

an analytical model of the system, considering no damping 
and a constant torque provided by the motor. 

 
 

 
Figure 1. Results from Sommerfeld’s experiment [4] 

 
Krasnopolskaya [5] studied the effect of a limited power 

supply on an electromotor-pendulum system, finding chaotic 
behavior under some conditions. Other authors [6, 7] 
investigated the conditions under which a system is captured 
at resonance. This is a direct consequence of the motor not 
having enough power to overcome the energy sink created by 
structural damping when the oscillation amplitude increases. 
Dimentberg [6] found that the motor torque needed to pass 
through resonance is much less for a quick passage than under 
quasistatic conditions. 

El-Badawi [8], among many others, investigated the effect 
of including some nonlinear terms when modeling the 
structure behavior. The reason to add these higher order terms 
is that, near resonance, it is expected a large-amplitude 
response of the structure not captured with the linear model. 

The reader interested in an extensive review on nonideal 
vibration problems is referred to [9]. 

The fact that we would like to recall is that the motor 
behavior has usually been described by its torque-speed 
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curves. This is a delicate point, as these motor curves are 
stationary, that is to say, the curves are a collection of 
equilibrium points, reached once the motor internal variables 
have stabilized at constant values. It means that, rigorously, 
the curves should not be used unless stationary conditions 
have been attained.  

The alternative consists in using the dynamical equations 
describing the motor behavior. These equations, that would 
model the internal dynamics of the energy source, should be 
obtained specifically for the particular type of motor being 
considered. In this paper, a three phase induction motor is 
modeled [10]. When using the motor dynamical equations, 
some new state variables (the electrical ones) appear in the 
formulation. Logically, the number of new variables will 
equal the number of new equations.  

It is clear that this second approach increases the problem 
dimension, what complicates finding approximate analytical 
solutions and raises the computational cost of numerical ones. 
On the other hand, it is a more complete description of the 
physical problem, as it considers the motor dynamics as a part 
of the model.  

In this paper we analyze whether it is reasonable to use the 
stationary torque-speed curves, instead of the motor 
dynamical equations, without losing essential information on 
the system dynamics. In section 2, we present the governing 
equations of the system, including the electrical variables. 
Section 3 deals with the meaning and applicability of 
stationary torque-speed curves. The characteristic response 
time for electrical and mechanical variables is investigated in 
Section 4. Section 5 shows some numerical results for passing 
through resonance in both directions, comparing the use of 
stationary curves to that of the dynamical motor equations. 
Finally, section 6 presents the main conclusions of this study.  
 

2 GOVERNING EQUATIONS 
A linear mechanical system excited by an unbalanced electric 
AC motor will be considered (Figure 2). This simple system, 
which has 2 degrees of freedom (the position x and the rotor 
angle ), could represent any machine that includes rotating 
equipment such that, at certain angular velocities, a 
considerable amplitude vibration is produced in its supporting 
structure [8].  

The governing equations for this system are well known [2, 
4, 11, 12]. They are immediately obtained by using 
Lagrange’s equations or Hamilton’s principle. 

 
cos sin 0

cos
      (1) 

 
where  represents the unbalanced rotating mass,   is the 
mass of the motor,  is the moment of inertia of the rotor and 
other rotating parts except ,  is the distance between  
and the rotor axis,  is the spring constant,  is the damping 
coefficient,  is the torque produced by the motor,  is the 
resisting moment (due to windage and mechanical losses if 
there is no load torque), which will be considered to be 
proportional to the rotor angular speed, and the dots denotes 
derivation with respect to time. 

 

 
Figure 2. System scheme [4] 

 
It is illustrative to take the rotating velocity as a constant, 
which is the usual assumption when modeling the excitation 
of an ideal unbalanced motor. 
 

sin
cos

            2  

 
The first of the above equations is that of a 1 d.o.f. linear 

system excited by the harmonic centrifugal force of the 
unbalanced mas. The second equation states the torque that 
must be applied by the motor, which is not constant. 
Therefore, this situation would only be possible if the motor 
was capable of producing any torque for the same angular 
velocity. This could be an acceptable hypothesis if its torque-
speed curves (assuming those curves can legitimately be used) 
are almost vertical.  

In the second of equations (1), it has been intentionally 
unspecified the dependence of torque L on other system 
variables. The classical approach [2, 4, 6, 8, 11, 12] consists in 
taking the motor torque as a function of its rotational velocity,  
 

 
 

This is equivalent to characterizing the motor behavior by 
means of its stationary torque-speed curves which, for an 
induction motor have the shape shown in Figure 3. As far as 
the authors know, the use this approach has not been properly 
justified yet. 
 

 
Figure 3. Typical torque-speed curve for an induction motor 

 
The alternative formulation requires including the induction 

motor dynamics in the model. Using the rotating frame model 
for a two-pole, three phase symmetrical induction machine, 
neglecting leakage inductances, iron losses and stray losses, 
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and assuming linear magnetic circuits, the electrical equations 
[10] are 

 

         3  

 
where V is the r.m.s line stator voltage (assuming the stator is 
star connected). ,  are the rotor magnetic fluxes and 

,  are the stator currents in a ,  reference frame 
which rotates at  velocity, with axis  always aligned with 
the stator voltage vector.  is the frequency of the stator 
sinusoidal voltages. The constant model parameters are: rotor 
and stator windings resistances ,  and inductances 

, , and mutual inductance . The rest of parameters are 
functions of them: 

 1 , , ,      4
  

Let us note that, according to the motor dynamical model, 
torque L is a function of rotor magnetic fluxes and stator 
currents. Combining equations (1) and (3), a system of 6 
nonlinear differential equations with 6 unknowns 
, , , , ,  is obtained. The motor can be 

controlled by means of the input variables , .  
Let us focus on the mechanical part of the problem i.e. 

equations (1). It is classical to use the averaging method in 
order to simplify the system of equations and better 
understand its behavior [2, 4, 8, 11]. Firstly, a hypothesis will 
be made on the relative sizes of the terms in equations (1). 
The inertial and stiffness terms in the first equation are 
considered to be predominant with respect to the rest of them 
and the three terms in the second equation are assumed to be 
much less than , where  is the natural 
frequency of the linear mechanical system. It is convenient to 
use dimensionless variables and introduce a small parameter 
ε: 

cos sin 2
cos

           (5) 

 
 

; ⁄

; 2

;

              6  

 
where the primes denote derivation with respect to a 
dimensionless time  and  is a characteristic length of 

the amplitude of the motion. It is useful to make a change of 
variables  

 
1 Δ 1

cos                   (7) 

 
The first of the above equations expresses that motions being 
considered are those where the rotation velocity of the motor 
is near the natural frequency of the system. 

The second equation substitutes the variable u for two new 
variables: amplitude  and phase . This allows imposing an 
additional constraint in order to have as many equations as 
unknowns. The formulation becomes simpler if this condition 
is selected as 
 

sin                  8  
 

which is the form of ’ supposing  and  were constants and 
’ was equal to 1. The direct consequence of this restriction is 

 
cos Δ sin 0       (9) 

 
Substituting (7) in (5) and using (9), a linear system of 3 
equations is obtained for ’, ’and ’. By solving the system 
and neglecting terms , we obtain 
 

sin 2 sin sin
1
2 sin sin cos

Δ cos cos
1 Δ

    10  

 
Based on the fact that ’, ’and ’ are small quantities 
compared to ’, the method of averaging [2] can be applied. 
With this approximate technique, each equation is averaged 
along a revolution of the rotor, taking ,  and Δ as constants 
during one cycle, so that variable  no longer appears in the 
formulation. For a detailed explanation of the method and its 
applicability, the reader is referred to [11, 13]. After 
averaging, the system becomes 
 

cos

sin

Δ cos

                        (11) 

 
It has been obtained an autonomous system of three ordinary 
nonlinear differential equations. It is interesting to find the 
equilibrium points in system (11): 
 

0
0

Δ 0 sin 2 cos 2
      (12) 

 
Combining the first two equations in (12), we arrive to 
 

4                                        13  
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Using dimensional variables 
 

2 4
            14  

 
This can be rewritten as follows 
 

                               15  
 
where a vibrational torque S [12] has been defined as 

 

2 4
                16  

 
Equation (15) means that, in stationary conditions, the 

torque provided by the motor, , must be equal to the sum of 
resisting moment, , and the torque demanded by the 
vibrating system, . As we are looking for stationary 
solutions, the characteristic torque-speed curves of the motor 
can legitimately be used. The solutions of equation (9) can 
easily be found in a graphical way by plotting the torque-
speed curves (Figure 4). For the particular case shown in 
Figure 4, the system exhibits 3 stationary points. Although a 
detailed stability analysis will not be carried out here, it can be 
shown that the middle equilibrium point in Figure 4 is 
unstable, while the other two are stable [2, 4, 6]. 
 

 

 
Figure 4. Graphical calculation of the equilibrium points  

a) general view, b) zoom near resonance 
 

3 STATIONARY TORQUE-SPEED CURVES 
This section is intended to give some insight into the nature of 
the different torques acting on the rotor, and their dependence 
on the system state variables. 

Maintaining all the assumptions of the previous section, 
system (3) can be added to system (11), using dimensionless 

time  and writing the rotor speed in terms of Δ. Thus a 
dynamical system of dimension 7 is obtained in the form 
 

, Δ, ,
Δ , Δ,

, Δ
                                17  

 
where the state vector x has been decomposed in three parts 
 

Δ  , ,                18  

 
and functions f, g and h have the following expressions. 
 

, Δ, ,
1

1 Δ

1 Δ
1 Δ
1 Δ

 

 
, Δ,   Δ                   19  

 

, Δ

1
2
cos

Δ
2

sin
 

 
Torques , and  are given by 
 

Δ

2 cos

                      20  

 
It is clear that the rotor angular acceleration is proportional to 
the difference between an active torque, produced by the 
electric motor, and two resisting torques (one is due to 
vibration and the other one corresponds to mechanical losses 
in the rotating parts).  

Let us focus on the first vector equation in (17), i.e., the one 
concerning the evolution of the electrical variables. If we 
solve  
 

, Δ, ,                            21  
 
an expression can be obtained for the electrical variables as 
functions of the inputs V and ω0, which can be directly 
controlled by means of a variable frequency drive, and the 
rotor angular velocity  
 

Δ, ,                              22  
 

The interpretation is clear: given the amplitude and 
frequency of the stator voltages and a particular value of the 
rotor speed, there is a set of values of the electrical variables 
that makes them constant. This could be called a partial 

a) 

b) 
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equilibrium, as it refers only to a set of the 7 equations that 
govern the complete problem. We shall see in next section 
that this partial equilibrium points are stable, which means 
that, when the variation of the input variables and/or the rotor 
velocity is slow enough, the electrical variables will follow 
the values given by , , .  

If, during the evolution of the system, the electrical 
variables were always close enough to their partial 
equilibrium values, it could be assumed that (22) holds at 
every instant and, substituting in the first of equations (20), 
the torque produced by the motor would be a function of the 
rotor speed and the input variables. 

 
Δ, , Δ, ,                     23  

 
Following this procedure, the expression of  can easily be 

obtained but, because of its long and complicated form, it is 
not shown here. It may be consulted in [10]. For fixed values 
of the input variables,  is a function of the rotor angular 
velocity and its shape is shown in Figure 3, which is the well-
known torque-speed characteristic curve of an induction 
motor. Although in Figure 3 and Figure 4a the complete curve 
is shown, the only part that must be considered in this 
problem is the one near the natural frequency of the system 
(Figure 4b), as the rotor velocity is supposed to be close to . 

Thus, the stationary torque-speed curves of the motor are 
the consequence of assuming that the electrical variables take, 
at every instant, their partial equilibrium values given by the 
rotor speed and the input variables. 

It is obvious that the above analysis could also be applied to 
the vibrational torque  

 
, Δ Δ

Δ Δ
4 Δ

 

 
The last expression had already been obtained when 

calculating the equilibrium points of system (11). The 
interpretation of  is analogous to that of . Moreover, it 
will be shown that the partial equilibrium given by Δ  is 
also stable. 

If both torques  and  were used in the second of 
equations (10), then a single differential equation would be 
obtained for a single state variable, Δ. However, it will be 
justified in next sections that, while replacing  with 

Δ, ,  may not essentially alter the system dynamics, 
replacing  with Δ  does. 

4 RESPONSE VELOCITY OF ELECTRICAL AND 
MECHANICAL VARIABLES 

Section 3 has shown that using stationary torque-speed curves 
means assuming that certain state variables always take their 
partial equilibrium values given by the rotor speed. For this to 
be acceptable, the partial equilibrium must be stable and, as it 
is known from classical local theory of dynamical systems, 
the stability is given by the eigenvalues of the jacobian matrix 
evaluated at the equilibrium points. 

 
 

1

0
0

1 Δ

1 Δ

1 Δ

1 Δ         24  

 
 

Δ
Δ                              25  

 
 

Let us give numerical values to the parameters. The electrical 
parameters have been taken from [10]. 
 

0.0075
5.3Ω
3.3Ω

0.365
0.375
0.34

2 · 16.7 ⁄

3
2 · 110

 

 
 and  are the nominal values for the sinusoidal input 

voltages. In order to control the motor, input variables can be 
modified by means of a Variable Frequency Drive. The 
simplest control method is the so called V/f control, shown in 
Figure 5 2⁄ . We will consider the motor to be 
working in the constant flux region, which means  
 

·
·                                        26  

 
Mechanical parameter values will be taken as 
 

6
0.2
0.01
0.2

69 ⁄
1

,    0.008 ⁄

 

 
And the rest of parameters can be obtained from these ones. 

Figure 6 shows the eigenvalues of (13) for three different 
values of  and the rotor velocity varying from 0 to . All 
of the eigenvalues have negative real parts, so the partial 
equilibrium points are stable. In addition, it is known that the 
time needed by the variables to reach their equilibrium values 
is related to the inverse of the absolute value of the 
eigenvalues real parts.  
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Figure 5.V/f control of the motor 

 
The eigenvalues that control the dynamics are the slowest 

ones i.e. those with a closest to zero real part. In this case, it 
can be observed that the closest to zero real parts are in the 
order of -0.1. Then, turning back to dimensional variables, the 
time needed by electrical variables to follow their partial 
equilibrium values can be estimated 

 

~
1

0.1 0.14  

 
Figure 6. Eigenvalues of (13) 

 
On the other hand, the eigenvalues of (14) can easily be 

calculated: 
 

Δ 0.0016 
 

~
1

0.0016 9  
 

Then, the time response of mechanical variables is much 
greater than that of electrical variables. The conclusion is that, 
if along the system evolution Δ, ,  varies with a 
characteristic time that is much greater than , then the 
electrical variables will be able to closely follow their partial 

equilibrium values and, therefore, the stationary torque-speed 
curves of the motor can be used.  

The characteristic time of Δ, ,  will depend on that 
of Δ, and . While  and  can be directly controlled, Δ 
will vary according to the dynamic behavior of the complete 
system. The same can be stated about mechanical variables 
with respect to . 

5 NUMERICAL SIUMULATIONS 
Some simulations have been carried out in which  and  
have been varied linearly with time in order to pass through 
resonance in both directions (Figure 7 and Figure 8), 
according to (26).  Figure 9  shows the evolution of the rotor 
angular velocity for different values of duration  and various 
assumptions on the system behavior. 

 

 
Figure 7. Evolution of parameter p during simulations 

 
The meaning of the colours in Figure 9 is as follows: 

• Magenta, the evolution of the rotor velocity 
supposing the motor was at rest and had no inertia 
i.e. the collection of equilibrium velocities of the 
balanced motor. 

• Blue, numerical solution of equations (17). It is 
sometimes unobservable because of its overlapping 
with the red curve. 

• Red, numerical solution of (17) assuming  . 
This means that the motor internal dynamics are 
neglected. 

• Green, numerical solution of (17) assuming  
and . In this case, both electrical and 
mechanical variables are assumed to perfectly follow 
their partial equilibrium values. 

 

 
Figure 8. Limiting torque-speed curves in the simulations 
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Figure 9. Evolution of the rotor velocity, a) 100 , 
b) 10 , c) 1 , d) 0.1  

 
Let us remark some issues concerning the results: 

• Curves red and blue virtually coincide in every case 
except d), which is the only one with ~  

• The only case in which the Sommerfeld effect can be 
clearly observed is a). The rotor velocity remains 
almost constant when it approaches ω and, after that, 
there is a jump through resonance. The reason why 
this phenomenon is not observed in the rest of cases 
is that duration d is not much greater than . This 
means that variables  are not able to follow their 
partial equilibrium values. As the vibration 
amplitude does not have time to grow up, the energy 
sink which produces the Sommerfeld effect does not 
appear. Note that the effect can be observed in b) and 

c) when assuming (green curves). In 
simulation d) even the green curve is unable to 
clearly show the jump phenomenon but, in this case, 
the reason is that the inertia  prevent  
from varying so rapidly. 

• In case a), although  is much greater than , the 
characteristic time associated to the variation of the 
rotor velocity immediately after the jump (around 2s) 
is not. This justifies that, assuming  
considerably alters the system response (the green 
curve shows no oscillation after the jump), while 
taking  is consistent 2 . 

 
Finally, Figure 10 compares the solution of equations (17)  

for 100  with the solution of the original equations 
1 3  for the same input, in order to show that the 

averaging method is suitable for this case. 
 

 
Figure 10. Comparison between the solution of the averaged 

equations and that of the original ones 
 
 

6 CONCLUSIONS 
We have investigated how the internal dynamics of an energy 
source affects the dynamical behavior of the whole system in 
a nonideal vibration problem. The following conclusions have 
been extracted: 

In the case of an induction motor, and for the particular 
values assigned to the model parameters, the internal motor 
dynamics can be neglected (i.e. the stationary torque-speed 
curves can be used) without essentially altering the system 
behavior when studying the Sommerfeld effect.  

The reason is that, for the electrical dynamics to be 
significant, the variation of the motor input voltage needs to 
be so fast that the mechanical part of the system is not able to 
respond and, therefore, the Sommerfeld effect does not 
manifest. Electrical variables respond in a characteristic time 
that is much less than that of mechanical variables. In other 
words, motor stationary curves should not be used if the 
characteristic time response for electrical and mechanical 
variables were of the same order. 

For any other kind of nonideal energy source producing 
vibrations e.g. an internal combustion engine, the same 
procedure could be followed in order to investigate whether 
its dynamical equations should be included in the model. The 
eigenvalues associated to internal motor variables (analogue 
to those in Figure 6) should be calculated. This would allow 
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knowing the characteristic response time of these variables. If 
it was much less than the characteristic time of variation of the 
motor input variables and of the rotor angular velocity, then 
the motor dynamics could legitimately be neglected. 
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ABSTRACT: This paper presents an investigation into some practical issues that may be present in a real experiment, when 

trying to validate the theoretical frequency response curve of a two degree-of-freedom nonlinear system consisting of coupled 

linear and nonlinear oscillators. Some specific features, such as detached resonance curves, have been theoretically predicted in 

multi degree-of-freedom nonlinear oscillators, when subject to harmonic excitation, and the system parameters have been shown 

to be fundamental in achieving such features. When based on a simplified model, approximate analytical expression for the 

frequency response curves may be derived, which may be validated by the numerical solutions. In a real experiment, however,  

the practical achievability of such features was previously shown to be greatly affected by small disturbances induced by gravity 

and inertia, which led to some solutions becoming unstable which had been predicted to be stable. In this work a practical 

system configuration is proposed where such effects are reduced so that the previous limitations are overcome. A virtual 

experiment is carried out where a detailed multi-body model of the oscillator is assembled and the effects on the system 

response are investigated.  

KEY WORDS: Nonlinear oscillations; Detached resonance curves; Cubic stiffness; Parameter estimation. 

1 INTRODUCTION 

When a nonlinear oscillator is attached to a linear host 

structure, which is excited by a harmonic force, multi-

valuedness of the steady-state response can occur [1]. In this 

situation, a closed detached curve may appear within the main 

continuous frequency response curve (FRC). The co-existence 

of two types of the steady-state solutions, one of which is an 

outer detached curve, was shown theoretically for a purely 

cubic attachment [2], and experimental results confirmed 

qualitatively the existence of this distinctive feature of the 

response. The existence of an outer detached curve was also 

identified in [3-6], where a purely nonlinear oscillator was 

attached to a linear two degree-of-freedom system, illustrating 

the changes in the FRCs when increasing the amplitude of 

excitation. 

Motivated by the dynamic testing of a nonlinear system, the 

authors of this paper have recently shown [7,8] that if excited 

by a harmonic force, a system consisting of a nonlinear 

oscillator weakly coupled to a linear oscillator can have a 

multivalued primary resonance response in which closed 

detached resonance curves can appear also as inner detached 

curves. These detached curves were found analytically and 

their presence was confirmed numerically, both for the purely 

cubic oscillator [7], and for the linear-plus-cubic oscillator [8-

10] - the effects of the system parameters on the existence of 

inner and outer detached curves were also investigated.  

Recently, to investigate the effects related to the practical 

implementation of an experimental rig used for validating the 

theoretical predictions of such inner detached resonance 

curves, the authors of this paper determined that gravity and 

some of the physical parameters of the mechanical 

components are critical in achieving a specific system 

response [11, 12].  

The aim of this paper is to investigate the reduction of 

unwanted dynamic effects in a practical system configuration 

so that a specific frequency response curve can be obtained. A 

virtual experiment is carried out where a detailed multi-body 

model of the system is assembled, and physical dimensions, 

mass distribution and gravity are taken into consideration. As 

in a real experiment, where some of the systems parameters 

are usually unknown, parameter estimation is performed 

based on the data obtained by the virtual experiment, so that 

the performance of the nonlinear identification technique [13-

15] is also tested in case of disturbances. 

2 SYSTEM DESCRIPTION AND MODELLING 

2.1 Experimental rig and motivations 

The practical system of interest in this work is depicted in 

Figure 1(a) and (b). A suspended mass m, is attached to a 

shaker via a support frame. The four springs between the 

suspended mass and the support frame, which are made of 

fishing line, are modelled as four elements of stiffness k and a 

damper c. The initial tension in the wires was adjusted to have 

a quasi-zero stiffness behavior [6]. When the suspended mass 

vibrates in the horizontal direction, the springs stretch and this 

generates a geometric nonlinearity.  

Experimental tests (not reported in this paper) performed on 

the real system depicted in Figure 1(a) did not confirm the 

theoretical predictions, and this is why some further work on 

this system has been recently performed [11, 12]. As shown in 

that work, due to the low initial tension in the wires – which 

was necessary to ensure a quasi-zero stiffness characteristic 

and the consequent appearance of an inner detached resonance 

curve [6] – and the physical dimensions of the suspended 

mass, a rocking motion of this mass due to gravity was 

observed. This was the main cause of the asymmetry, and the 
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reason why some branches in the FRC were not observed in 

practice. 

A modification to the system, which is shown in the virtual 

model shown in Figure 2, is proposed in this paper to 

overcome the previous practical limitations. In this case, four 

more springs are used in parallel to the previous set of springs 

in order to limit the rocking motion, i.e. the “wobbling”, 

caused by the physical length of the suspended mass and the 

unbalance related to the offset between the center of gravity of 

the mass and the point of intersection of the spring direction 

lines. 

 

 
(a) 

 
(b) 

Figure 1. Preliminary experimental rig: photo (a) and virtual 

model (b). 

 

 

Figure 2. Virtual model of the proposed system modification. 

 

2.2 Amplitude-frequency equations 

The relationship between the applied static force  fs  in Figure 

2, and the resulting relative displacement z is given by 

 

0

2 2

8 1 


 
 
 
 

s

d
f kz

z d
  (1) 

 

where 
0
d d  is the length of the unstretched spring. Using 

the Taylor-series expansion to the third order for small z, Eq. 

(1) can be written as 

 
3

1 3 sf k z k z    (2) 

 

where  1 08 1 k k d d  and 3

3 04k k d d .  

The electro-dynamic shaker, which is used to excite the 

system, can be modelled as a linear system consisting of a 

parallel combination of a spring ks and a damper cs connected 

to a mass ms, which is made up of the moving mass of the 

shaker and the support frame.  

Using the approximate expression for the spring restoring 

force, the equations of motion of the system depicted in 

Figure 2 are 

 

 3

1 3

3

1 3 0

     

    

s s s s s s

s

m x c x k x cz k z k z f t

mx mz cz k z k z
 (3a,b) 

 

where xs is the shaker displacement, x is the displacement of 

the suspended mass and  sz x x  is the corresponding 

relative displacement. If the shaker is driven with a constant 

current at each frequency, the excitation can be modelled as a 

harmonic force with constant amplitude,    cos f t F t , 

and Eqs. (3a,b) can be written in non-dimensional form as 

 

   
2 3

0

1 2 cos

2

s s s s

s

y y y w

w w w w y

   

  

       

    

  (4a,b) 

 

where    d d   , in which   st  is non-dimensional 

time; 
0s sy x x , 0  y x x and 

0w z x  are the normalized 

absolute displacements and normalized relative displacement, 

respectively, in which 0  sx F k ;    s  is the non-

dimensional frequency in which s s sk m  and   sm m  

is the mass ratio; 2

3 0  sk x k  is the nonlinear coefficient; 

2 s s s sc m  and 2  sc m  are the damping ratios; and 

the following non-dimensional parameter is also defined 

0 1   s
, where 1 1 .  k m  

Approximate solutions for the equations of motion given by 

Eqs. (4a,b) are found by applying the harmonic balance 

method. For this purpose, the normalized absolute 

displacement of the shaker and the normalized relative 

displacement between the shaker and the suspended mass, 

given respectively by  cos    s s sy Y  and

  cos    w W , are substituted into Eqs. (4a,b) to give  
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Equations (5a,b) form a set of coupled algebraic equations in 

which Eq. (5a) is cubic in W
2
 , and Eq. (5b) gives the 

displacement amplitude of the shaker as a function of the 

relative displacement amplitude between the suspended mass 

and the shaker. This means that the system of equations Eqs. 

(5a,b) may yield up to three steady-state solutions for W and 

Ys, the type of which depends on the discriminant  of the 

cubic polynomial on the left-hand side of Eq. (5a), which is 

given by  

 
2 2 3 2 2 318 27 4 .4    abcd a b b c cd ad    

   

 

If 0   then there are three distinct real roots, which 

correspond to three steady-state solutions (two stable, one 

unstable);  if 0   there is one real root and a pair of 

complex conjugate roots, which corresponds to a single 

steady-state solution, and if 0   then at least two roots 

coincide so there are at least two coincident solutions, which 

occur at the jump-up and jump-down frequencies [16,17]. 

These are the frequencies when there is a sudden 

discontinuous change of the amplitude of the response when 

the frequency is varied very slowly.  

To determine the FRCs of Ys and W as functions of , Eqs. 

(5a,b) are solved for particular values of the system 

parameters, and the stability of these steady-state solutions is 

calculated by applying Floquet theory as described in [18]. 

Unstable solutions are shown as dashed lines in the FRCs 

shown in this paper.  

3 PARAMETER IDENTIFICATION 

In order to verify the analytical expressions for the FRCs 

obtained theoretically in the previous section and to validate 

the approximation used in Eq. (2), a multi-body model of the 

system is implemented and shown in Figure 2. Each wire is 

modelled as a linear spring and the suspended mass is 

modelled as a cylindrical body with a specified length, Lm, and 

radius, Rm. Its center of mass is defined relative to the 

intersection point of the wires by the offset LG, while the wires 

are pinned at the outer surface of the cylindrical body. The 

dynamic and geometric parameters are listed in Table 1 and 

Table 2, respectively, and the numerical values approximately 

correspond to those of the experimental rig shown in Figure 

1(a). By then applying the approximate relation given in 

Eq.(2), the linear and cubic stiffness coefficients are found to 

be 
1 28.235k N/m and 8

3 1.382 10 k  N/m
3
. 

Table 1. Dynamic parameters of the physical system. 

ms  

[kg] 

ks  

[N/m] 

cs  

[Ns/m] 

m  

[kg] 

k  

[N/m] 

c  

[Ns/m] 

0.154 1.88∙10
4 

9.86 0.0052 4∙10
4
 0.026 

  

Table 2. Geometric parameters of the physical system. 

d  

[m] 

d0  

[m] 

Lm  

[m] 

Rm  

[m] 

LG  

[m] 

0.034 0.033997 0.025 0.004 Lm/8 

 

The Nonlinear Subspace Identification (NSI) method [14] is 

used to identify the nonlinear coefficient k3 and the frequency 

response functions (FRFs) of the underlying linear system (i.e. 

of the linear part of the system equations of motion), from the 

system response to a random force excitation. The physical 

parameters of the underlying linear system are then extracted 

from those FRFs in a classical way, as discussed below. 

According to the proposed method, it is assumed that 

nonlinearities are localized and that an underlying linear 

regime of vibration exists. In this case, the equations of 

motion may be written in the following general form 

         
1

   
p

j j j

j

t t t s v t t
n

Mz Cz Kz L f      (7) 

 

where M, C and K are the mass, damping and stiffness 

matrices respectively, z(t) is the generalized displacement 

vector, f(t) is the generalized force vector, and the nonlinear 

term is expressed as a summation of p nonlinear components, 

which depends on a scalar nonlinear coefficient sj, a location 

vector Lnj related to the location of the nonlinear element in 

the system equation of motion (whose entries may assume the 

values 1, -1 or 0), and a scalar nonlinear function vj(t), which 

specifies the class of the nonlinearity (e.g. friction, clearance, 

quadratic damping, cubic stiffness, etc.). The summation of 

the nonlinear terms in Eq. (7) may be interpreted as an 

internal feedback force vector and may be shifted to the right-

hand side of the equation, so that it may be conveniently 

turned into a discrete r-sampled state space model [14] as  

 

1  

 

r r r

r r r

x Ax Bu

y Cx Du
   (8) 

 

where the output yr contains the experimental measurements 

(displacements, accelerations etc.), the input ur  includes both 

the applied forces and internal nonlinear feedback forces, the 

state vector is xr, whose dimension defines the order of the 

model, and A, B, C and D are the state space matrices, which 

depend on the system parameters.  

The nonlinear identification procedure is based on the 

computation of system parameters (sj and those included in 

M, C, K), once the state space matrices have been estimated 
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by a subspace method in the time domain [19], which involves 

a Singular Value Decomposition. 

An extended FRF matrix HE() of the system, which also 

includes nonlinear terms, may be then calculated as [14] 

 

   
1

1


   te
E

H D C I A B             (9) 

 

where t is the discrete-time step and I is the identity matrix.  

The matrix HE() obtained as a result of Equation (9) is 

then equated to its equivalent form [14] as  

 

       1 1      p ps s
E n n

H H H L H L  

 

which is solved, at each frequency, for the nonlinear 

coefficients sj and for the matrix H(), which is the FRF 

matrix of the underlying linear system.  

In particular, the nonlinear coefficients identified from 

HE() are complex-valued and frequency-dependent, but an 

appropriate selection of the nonlinear functional forms vj(t) 

should make the imaginary parts much smaller than the 

corresponding real parts. The frequency dependence of the 

coefficients should also remain small in a successful 

identification. 

In order to apply the NSI method to the actual two degree-

of-freedom mechanical system, Eqs. (3a,b) are rewritten in 

terms of the absolute displacements of the two masses and 

then put in a matrix form, yielding 
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where it is noted that the number of nonlinear terms is  p=1, 

the scalar coefficient is s1=k3, the location vector is 

 1 1 1 
T

n
L and the scalar nonlinear function is v1(t)=(xs–

x)
3
. The direct point receptance and cross point receptance of 

the underlying linear system are given as  

 

 11   sX

F
H      and      21  

X

F
H  

 

where sX  and X  are the complex displacement amplitudes 

of the shaker and of the suspended mass, respectively. 

The extended FRF matrix is a square 2×2 matrix, because 

two displacements are measured (outputs) and two inputs are 

considered in the model (the physical force and the internal 

nonlinear feedback force). Taking into account the reciprocity 

relationship 2112 HH  , the second column of  EH  is 

transformed into 
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and the extended FRF matrix becomes 
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2111111
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s
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From this matrix the underlying linear system FRFs 2111,HH  

and 22H are extracted, together with the nonlinear coefficient 

13 sk  . In the first step, the first column is extracted, then the 

nonlinear coefficient is obtained and finally 22H  is estimated. 

It should be noted that errors on both the first column and the 

nonlinear coefficient strongly affect the 22H estimate. Also 

note that the latter function can be obtained only because the 

equations of motion are coupled via the nonlinearity – in the 

classical (linear) modal analysis it is impossible to get an 

estimate of the direct receptance of a degree of freedom 

without applying any force directly to it. 

Time histories were then generated by running a multi-body 

simulation where gravity was set to 9.81 m/s
2
 and the system 

was excited by a Gaussian random force (1.115 Nrms) 

sampled at 2000 Hz for a total time of 100 seconds. The 

estimated nonlinear coefficient is shown in Figure 3, where it 

is noted that it has a mean value of 1.380·10
8

 N/m
3
, which is 

very close to the nominal value, the frequency dependence is 

small and the imaginary part (not shown here) is one order of 

magnitude smaller. The NSI estimated natural frequencies ni 

and modal damping ratios ni for the two modes (i=1,2) of the 

underlying linear system are summarized in Table 3. 

 

 

Figure 3. NSI estimate of the cubic coefficient (real part). 

Table 3. NSI estimated modal parameters. 

Mode i 
ni  

[Hz] 
ni 

1 11.7186 0.0339 

2 55.7434 0.0917 

 

A direct calculation of the FRFs yields 
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which appear as ratios of polynomials. The coefficients of 

these polynomials are computed by applying the Rational 

Fraction Polynomial (RFP) method [20] to the FRF estimates 

(reported in Figure 4 by solid blue lines), and then physical 

parameters are obtained by solving a nonlinear parameter 

estimation problem [12]. In Figure 4, it is noted that the FRFs 

estimated by NSI (blue solid lines) are indistinguishably 

overlaid to the FRFs computed by applying RFP (red dashed 

lines). 

All the estimated physical parameters of the system are 

reported in Table 4, where it is noted that they are in excellent 

agreement with the nominal pre-set parameters reported in 

Table 1 and the corresponding value for k1 – the max 

percentage error is less than 0.06%. 

Furthermore, the clear evidence of a jump in the singular 

value plot of Figure 5 confirms the appropriateness and 

effectiveness of the identification process. 

 

Table 4. Identified parameters of the physical system. 

ms 

[kg] 

ks  

[N/m] 

cs 

[Ns/m] 

m  

[kg] 

k1 

[N/m] 

c  

[Ns/m] 

0.1540 1.8862·10
4
 9.8642 0.0052 28.2212 0.0260 

 

 

 
(a) 

 
(b) 

 
(c) 

Figure 4. FRFs H11 (a), H21 (b) and H22 (c) of the underlying 

linear system estimated by NSI and fitted by RFP.  

 

 

Figure 5. Singular value plot for the NSI method, based on 

multi-body simulations. 

 

4 HARMONIC RESPONSE 

The numerical values estimated for the physical system 

parameters are then used to compute the corresponding non-

dimensional parameters as used in Eq. (4a,b). They are 

reported in Table 5, and are adopted to plot the FRCs in 

Figure 6 by using the amplitude-frequency relations given in 

Eqs. (5a,b). 
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Table 5. Non-dimensional system parameters. 
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(c) 

Figure 6. FRCs of the system. Shaker (a), suspended mass (b), 

and relative (c) displacement. Stable solution (−), unstable 

solution (- -), multi-body solution (o). 

From Figure 6 it is noted how a closed detached curve is 

present, which lies inside the main continuous FRC of the 

relative displacement amplitude and of the absolute 

displacement amplitude of the suspended mass. This feature 

seems to appear only for certain particular values of the 

system parameters [7, 8], and in particular for a quasi-zero-

stiffness oscillator [6], which is the case under investigation. It 

should be noted that the parameters used in the actual case are 

such that the wires in the attachments are only slightly 

tightened. For the configuration reported in Figure 1, this 

causes the dynamics of the system be much more affected by 

the undesired wobbling of the suspended mass due to its 

inertia effects and its weight distribution [12], but in the actual 

arrangement of Figure 2, unwanted dynamics are greatly 

reduced.  

Simulations are then used to determine the response of the 

system to harmonic excitation, and to compare it to that 

predicted by the analytical solutions of the FRCs given by 

Eqs. (5a,b). To this purpose, gravity is added to the multi-

body simulation and a harmonic force of constant amplitude 

equal to F=3.18N is applied to the shaker, where the initial 

conditions of the system (in terms of the absolute 

displacements and velocities of the two masses) are all set to 

zero, as in a practical experimental condition. Simulations are 

run for 3s and time histories of the displacements of the two 

masses are recorded. Fourier coefficients, corresponding to 

the excitation frequency, are then extracted from the recorded 

time histories, and plotted as circles in the FRCs shown in 

Figure 6.  

It was observed that, for the case where the system is 

excited from rest, after the initial transient a specific 

amplitude of oscillation is achieved, corresponding to the 

lower stable branch in the detached curve of the FRCs. When 

multi-valuedness in the FRC is present at a specified 

frequency, the higher branch, corresponding to the highest 

amplitude for the response, is attained due to a perturbation of 

the system, which is practically applied as a relatively light 

impulsive force to the suspended mass. This would be 

equivalent to “touching” the suspended mass when vibrating 

during an experimental test, thus physically forcing a jump to 

occur.  

It was observed that, for the actual system configuration, at 

all frequencies tested and for the parameters used, the 

response of the system in terms of mass displacements was 

predominantly harmonic at the frequency of excitation. The 

amplitudes of the higher and lower harmonics were found to 

be negligible – their magnitude given as a percentage of the 

amplitude of the response at the excitation frequency was less 

than 5%. The results reported in Figure 6 clearly show the 

agreement between the analytical solution obtained for the 

simplified 2-DOF model and the numerical solution obtained 

from the detailed multi-body system. The results thus confirm 

the effectiveness of the proposed experimental setup shown in 

Figure 2, to validate the approximate analytical model given 

in Section 2. 

 

5 CONCLUSIONS 

In this paper a mechanical system has been proposed for the 

validation of the dynamic behavior of a two degree-of- 
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freedom nonlinear oscillator, when subject to harmonic 

excitation. Practical issues relating to an experimental 

implementation have been discussed and a configuration has 

been proposed which overcomes the limitations of previous 

solutions. In particular, when gravity was added to the model, 

it was observed that the weight of the suspended mass and its 

mass distribution play an important role, generating a 

wobbling motion, which prevents some of the specific 

features in the FRC to be identified. The proposed system 

configuration, whose effectiveness was verified using a virtual 

experiment in a multi-body environment, appears to be 

suitable for the implementation of a real experimental rig to 

validate the analytical model described in the paper. It was 

shown that the response of the virtual multi-body model had 

detached resonance curves in the frequency response curve. 

Furthermore, the proposed parameter identification method, 

based on random input excitation, was shown to effectively 

estimate the system parameters when gravity was included in 

the simulations and related dynamics are present. 
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ABSTRACT: In this paper we discuss how backbone curves can be used to guide the design and optimisation of weakly nonlinear
systems with multiple degrees-of-freedom. After decomposing the system using the modes of the equivalent linear system (the
linear modes), we show how the backbone curves of the unforced, undamped equivalent system can be calculated. These consist
of pure responses in each of the linear modes and, in certain parameter regimes, responses which are a combination of two or
more linear modes - a feature which can be linked to internal resonance. Using an example system we will investigate how these
backbone curves can be used to describe particular characteristics of the response. An energy balancing technique is also employed
to relate the backbone curves to the response of the forced and damped system, and anticipate the conditions for which a particular
characteristic will be seen. Finally, we discuss how the analytical nature of these techniques enables us to precisely design and
optimise characteristics of such systems and how this can be expanded to systems with a greater number of degrees-of-freedom.

KEY WORDS: Nonlinear dynamics; Backbone curves; Second-order normal forms; Energy balancing.

1 INTRODUCTION

A major challenge for structural engineers is dealing with
nonlinear behaviours. The demand for lighter and more efficient
structures brings with it a requirement that structures operate
beyond the limits where linearity may be assumed. To design
structures with nonlinear characteristics, engineers must be able
to predict their response and understand how these charac-
teristics may be exploited and designed into structures. One
existing approach to modelling nonlinear dynamic behaviour
is using numerical continuation programmes, such as AUTO-
07p [1], which provides an accurate solution to the differential
equations describing the system. However this provides little
insight into the relationships between the characteristics of the
system and the response and becomes increasingly complex
and involved for large systems, making it unsuitable for many
practical applications.

Analytical and semi-analytical techniques provide greater
insight into the relationships within systems and offer greater
scalability. Nonlinear normal modes, see [2] and [3], are
one such technique and can provide insight into the behaviour
of nonlinear structures, and their resonant interactions. Ap-
proaches such as perturbation and harmonic balance techniques
[4] provide good, analytical approximations to weakly nonlinear
systems, although they also become increasingly complex with
scale and thus ill-suited for large systems. Methods for
automating these techniques do allow for an expansion in the
complexity of the systems they are used to model, see for
example [5] and [6].

In this work an approach based on the second-order normal
form technique is presented. This is used to not only
describe the response of the nonlinear system, but also to
derive expressions relating the behaviours in the response to
the physical parameters describing the system. This allows

for the development of expressions that may be used for the
optimisation of systems operating in the nonlinear regime.
The backbone curves, describing the response of the unforced,
undamped equivalent system, provide a simple description of
the system and hence are used in this work as a starting point.
They also highlight the interactions that may occur within the
system whilst relating to the behaviour of the response when the
system is forced and damped.

Section 2 gives a step-by-step description of the application of
the second-order normal form technique when used to calculate
the backbone curves for systems with multiple-degrees-of-
freedom (MDOF), and the motivation for each transform is
explained. In Section 3, this approach is demonstrated for a
two-mass oscillator with a nonlinear spring, where the nonlinear
component is described by a single parameter. This results in a
set of expressions describing the backbone curves of the system,
which are then used to derive expressions for the relationship
between particular aspects of the response of the system and
the nonlinear parameter. Section 4 introduces an energy-
based technique which allows the relationship between the
backbone curves and the forced response to be specified. These
descriptions of the dynamics of the system are then combined in
Section 5, where the system is optimised. Conclusions are then
drawn in Section 6.

2 THE SECOND-ORDER NORMAL FORM TECHNIQUE

The second-order normal form technique allows the behaviour
of weakly nonlinear systems to be described analytically; where
here, analytical solutions are also assumed to be approximate.
This enables the design and optimisation of the response of
such systems based on their physical characteristics, making it a
valuable tool for the analysis considered here. This technique
is applied directly to systems described in the second-order
differential form; a more natural formulation of engineering
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problems. This gives advantages over the first-order (state-
space based) approach [7] with regard to both the ease of
formulation, and improved accuracy [9]. The approach also
has advantages over numerical techniques, such as continuation
approaches (for example AUTO-07p, [1]) and nonlinear normal
modes (where an analytical solution can only be found in certain
circumstances), see for example [2] and [3]. The second-
order normal form technique is limited to smooth, lightly
damped, weakly-nonlinear systems – i.e. systems operating in
regimes where the nonlinear (and damping) terms are small in
comparison to the undamped linear terms.

A number of works describe the technique, for example [8],
[9] and [10], for a broad range of systems. For completeness,
a description is given of the application of the technique to
the class of system considered here (i.e. for computation of the
backbone curves of MDOF systems).

2.1 PROBLEM FORMULATION

Consider a forced and damped nonlinear system with N degrees-
of-freedom, whose equation of motion can be written

Mẍ+Cẋ+Kx+ΓΓΓx(x) = Px cos(Ωt), (1)

where: x is an N × 1 vector of displacements; M, C and K
are N ×N mass, damping and stiffness matrices respectively;
ΓΓΓx(x) is an N × 1 vector of nonlinear terms; and Px is an N × 1
vector of forcing amplitudes. Note that ΓΓΓx(x) is a function of
displacement only – i.e. the system has no nonlinear damping or
forcing. To find the backbone curves of this system, we require
the underlying conservative system, which may be written

Mẍ+Kx+ΓΓΓx(x) = 0. (2)

2.2 LINEAR MODAL TRANSFORM (x → q)

The system described by Eq. (2) can now be projected onto the
underlying linear system by applying the linear modal transform
x = ΦΦΦq. Here, ΦΦΦ is an N × N matrix where the nth column
describes the modeshape of the nth linear mode. These can be
found as the eigenvectors of M−1K, where the corresponding
eigenvalues are ω2

nn (the square of the natural frequency of the
nth linear mode). This transform leads to the modal dynamic
equation

q̈+ΛΛΛq+Nq(q) = 0, (3)

whereΛΛΛ is an N×N diagonal matrix where nth leading diagonal
element is ω2

nn.
In its typical formulation, the next step of the second-order

normal form technique is the forcing transform, which removes
all forcing terms that are not close to the response frequencies
of the linear modes. As this formulation only concerns unforced
systems, this step is omitted.

2.3 NONLINEAR NEAR-IDENTITY TRANSFORM (q → u)

The final step in the technique is the nonlinear near-identity
transform. Here, the transform q = u + h(u) is applied to
Eq. (3), leading to

ü+ΛΛΛu+Nu(u) = 0. (4)

Here, u is an N × 1 vector describing the fundamental response
of q, and h is an N × 1 vector containing all of the harmonic

contents of q. By defining h as a function of u (i.e. treating
the harmonic contents of the response as a function of the
fundamental response) we may determine the total response of q
from a solution for u. In this transform we require h to be small,
such that the transform is near-identity. Using ε , a bookkeeping
parameter denoting smallness, we may write h as h = εĥ,
indicating the smallness of h. By applying a power series
expansion in ε , we may write h as h = εĥ1 + ε2ĥ2 + ε3ĥ3 + ...,
from which we can approximate h ≈ h1. As we are assuming
the nonlinear terms to be small (i.e. Nq = εN̂q and Nu = εN̂u),
we can also make the approximations Nq ≈ nq1 and Nu ≈ nu1.

We may now find a solution for Eq. (4) using the substitution
for the nth element of u

un = Un cos(ωrnt −φn),

= unp +unm =
Un

2

(
e+j(ωrnt−φn) + e−j(ωrnt−φn)

)
, (5)

where Un, ωrn and φn are the amplitude, frequency and phase of
the response un. The subscripts p and m denote the positive and
negative powers of the exponentials respectively. Note that the
response frequency, ωrn, of un is distinct from the linear natural
frequency, ωnn, of qn.

We now make the approximation q = u = up + um, true to
first-order accuracy as h is small, an substitute this into Eq. (3).
From this we can define the L×1 vector u∗(up,um), containing
the L unique combinations of up and um. We may also define
the N×L matrices [nq], [nu] and [h] containing all coefficients of
the terms in u∗, such that

nq1 = [nq]u∗ , nu1 = [nu]u∗ , h1 = [h]u∗ . (6)

The �th element of u∗ can be written

u∗� =
N

∏
n=1

{u
sn�p
np usn�m

nm }. (7)

From this we can determine which terms resonate at the
response frequencies ωrn. These terms will contribute to the
fundamental response, u, whilst the non-resonant terms will be
stored in the vector of harmonic components h. The resonant
terms can be determined as the elements in the N ×L matrix βββ
with a value of zero. Element (n, �) of βββ is calculated as

βn� =

[
N

∑
k=1

{
(s�kp − s�km)ωrk

}]2

−ω2
rn, (8)

where s�kp and s�km are defined in Eq. (7). Now, the elements in
[nu] and [h] corresponding to those in βββ can be calculated as

βn� = 0 → nu,n� = nq,n� & hn� = 0, (9a)

βn� �= 0 → nu,n� = 0 & hn� = nq,n�/βn�. (9b)

From Eq. (6) we can now use [nu] and u∗ to find nu1, and
hence Nu. Substituting this into Eq. (4) we can then calculate u.
To find the harmonic content, we can substitute the calculated
values of u into the expression for h (found using Eqs. (6) and
(9)). The total modal response can then be found using q =
u+h, and the response in the physical coordinates is calculated
by x =ΦΦΦq.
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m mk1 k2
(k1, κ)

c1 c2 c1

Pcos(Ωt) Pcos(Ωt)
x1 x2

Figure 1. Schematic diagram of a two-degree-of-freedom
oscillator. The underlying unforced, linear system is
symmetric and a nonlinearity creates an asymmetry.

3 EXAMPLE: A TWO DEGREE-OF-FREEDOM SYSTEM

Figure 1 shows a forced, damped system with two degrees-
of-freedom. The underlying linear, conservative system is
symmetric, the damping is symmetric and linear, and the forcing
is antisymmetric. The spring connecting the second mass to
ground is nonlinear, creating an asymmetry in the system. This
is a Duffing-type spring with the force-deflection relationship
F = k1(Δx) + κ(Δx)3, where (Δx) is the displacement of the
spring. The linear spring grounding the first mass has spring
constant k1, and the linear dampers connecting the masses to
ground both have damping constants c1. The linear spring
and damper connecting the two masses have constants k2 and
c2 respectively. A sinusoidal forcing, with amplitude P at
frequency Ω, acts on both masses, but in anti-phase. This is
equivalent to writing the forcing amplitudes acting on the first
and second mass as P1 = P and P2 =−P respectively.

For the system considered, we use the parameter values

m = 1, k1 = 1, k2 = 0.105,
P = 0.005, c1 = 0.005, c2 = 0.005,

(10)

whilst κ > 0 and may be varied. This system may be described
in the form of Eq. (1) where

M =

[
1 0
0 1

]
, C =

[
0.01 −0.005

−0.005 0.01

]
,

K =

[
1.105 −0.105
−0.105 1.105

]
, ΓΓΓx =

(
0
κx3

2

)
, (11)

Px =

(
0.005
−0.005

)
cos(Ωt). (12)

Finding the eigenvalues and eigenvectors of M−1K, results in

ΛΛΛ=

[
1 0
0 1.21

]
, ΦΦΦ=

[
1 1
1 −1

]
. (13)

Hence, the linear natural frequencies are ωn1 = 1 and ωn2 = 1.1.
Now, performing the linear modal transform results in

q̈+ΛΛΛq+Nq = Pq, (14)

where:

Nq =

(
+1
−1

)
κ(q1 −q2)

3

2m
+

[
0.005 0

0 0.015

]
q̇,

Pq =

(
0

0.005

)
cos(Ωt). (15)

Here, the damping and forcing terms have been included for
use in the energy balancing technique considered later. First,
however, the backbone curves of this system are calculated, in
order to identify the underlying behaviour. This is achieved by
neglecting the forcing and damping terms, and substituting qn ≈
un = unp +unm, such that

Nq =
κ(u1p+u1m −u2p−u2m)

3

2m

(
+1
−1

)
. (16)

Expanding this and using Nq = [nq]u∗ gives

[nq]
T =

κ
2m

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1
3 −3
3 −3
1 −1
3 −3
6 −6
3 −3
3 −3
6 −6
3 −3
−3 3
−3 3
−6 6
−6 6
−3 3
−3 3
−1 1
−3 3
−3 3
−1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, u∗ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u3
1p

u2
1pu1m

u1pu2
1m

u3
1m

u1pu2
2p

u1pu2pu2m

u1pu2
2m

u1mu2
2p

u1mu2pu2m

u1mu2
2m

u2
1pu2p

u2
1pu2m

u1pu1mu2p

u1pu1mu2m

u2
1mu2p

u2
1mu2m

u3
2p

u2
2pu2m

u2pu2
2m

u3
2m

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (17)

As ωn1 and ωn2 are close, it is assumed that the two modes will
respond at the same frequency, which we will denote at Ω (i.e.
Ω= ωr1 = ωr2). From u∗, and using Eq. (8), we calculate βββ as

βββ T =Ω2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

8 8
0 0
0 0
8 8
8 8
0 0
0 0
0 0
0 0
8 8
8 8
0 0
0 0
0 0
0 0
8 8
8 8
0 0
0 0
8 8

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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The zero terms in βββ satisfy the condition given by Eq. (9a),
which we use to find the matrix [nu], and using Eq. (6) the
nonlinear components of the fundamental response are found
to be

nu1 =
3κ
2m

(
(2u2pu2m +u1pu1m)u1 +u1pu2

2m +u1mu2
2p

(2u1pu1m +u2pu2m)u2 +u2
1pu2m +u2

1mu2p

−(2u1pu1m +u2pu2m)u2 −u2
1pu2m −u2

1mu2p

−(2u2pu2m +u1pu1m)u1 −u1pu2
2m −u1mu2

2p

)
. (18)

This may be written in the form

nu1 = ñu1e+jΩt + n̄u1e−jΩt , (19)

where ñu1 and n̄u1 are complex conjugates. Substituting the
expansions of unp and unm, given in Eq. (5), and using φd =
φ1 −φ2, the ñu1 component may be written

ñu1 =
3κ

16m

( [
U2

1 +
(
2+ e+j2φd

)
U2

2 −U−1
1 U3

2 e+jφd[(
2+ e−j2φd

)
U2

1 +U2
2 −U3

1 U−1
2 e−jφd

−
(
2e+jφd + e−jφd

)
U1U2

]
U1e−jφ1

−
(
2e−jφd + e+jφd

)
U1U2

]
U2e−jφ2

)
. (20)

Substituting this into Eq. (4), and using Nu ≈ nu1 and ü=−Ω2u,
we find that Eq. (4) may be separated into complex conjugate
parts, akin to Eq. (19). Taking the conjugate part corresponding
to e+jΩt gives

1
2

( (
ω2

n1 −Ω2
)

U1e−jφ1(
ω2

n2 −Ω2
)

U2e−jφ1

)
e+jΩt + ñu1e+jΩt =

(
0
0

)
, (21)

which can be rearranged to{
ω2

n1 −Ω2 +
3κ
8m

[
U2

1 +
(

2+ e+j2φd

)
U2

2 −U−1
1 U3

2 e+jφd

−
(

2e+jφd + e−jφd

)
U1U2

]}
U1e−jφ1 = 0, (22a){

ω2
n2 −Ω2 +

3κ
8m

[(
2+ e−j2φd

)
U2

1 +U2
2 −U3

1U−1
2 e−jφd

−
(

2e−jφd + e+jφd

)
U1U2

]}
U2e−jφ2 = 0. (22b)

Assuming U1 �= 0 and U2 �= 0 this can be written

ωd1 +
3κ
8m

[
U2

1 +
(

2+ e+j2φd

)
U2

2 −U−1
1 U3

2 e+jφd

−
(

2e+jφd + e−jφd

)
U1U2

]
= 0, (23a)

ωd2 +
3κ
8m

[(
2+ e−j2φd

)
U2

1 +U2
2 −U3

1 U−1
2 e−jφd

−
(

2e−jφd + e+jφd

)
U1U2

]
= 0, (23b)

where we have used

ωd1 = ω2
n1 −Ω2, and ωd2 = ω2

n2 −Ω2. (24)

Taking the imaginary parts of Eqs. (23) leads to

U2
2 sin(2φd)−U1U2 sin(φd)−U−1

1 U3
2 sin(φd) = 0, (25a)

U2
1 sin(2φd)−U1U2 sin(φd)−U3

1U−1
2 sin(φd) = 0, (25b)

which may be satisfied by either

sin(φd) = sin(φ1 −φ2) = 0, (26a)

or cos(φd) = cos(φ1 −φ2) =
U4

1 −U4
2

2U1U2(U2
1 −U2

2 )
. (26b)

Taking the real parts of Eqs. (23) leads to

ωd1 +
3κ
8m

[
U2

1 +(cos(2φd)+2)U2
2

−
(
3U1U2 +U−1

1 U3
2

)
cos(φd)

]
= 0, (27a)

ωd2 +
3κ
8m

[
U2

2 +(cos(2φd)+2)U2
1

−
(
3U1U2 +U3

1U−1
2

)
cos(φd)

]
= 0. (27b)

From this it can be found that the phase relationship described
by Eq. (26b) cannot be satisfied. Hence, from Eq. (26a), the
phase difference between u1 and u2 on the backbone curves is

|φd |= |φ1 −φ2|= 0,π . (28)

We now define p = cos(φd) where p = +1 describes backbone
curves where |φd | = 0, and p = −1 describes backbone curves
where |φd |= π . This allows Eqs. (27) to be written

ωd1U1 +
3κ
8m

[U1 − pU2]
3 = 0, (29a)

ωd2U2 − p
3κ
8m

[U1 − pU2]
3 = 0, (29b)

which leads to the relationship between U1 and U2

U1 =−p
ωd2

ωd1
U2. (30)

Recalling Eqs. (24), and using the restriction that both U1 and U2

must be real and positive, we can conclude that p = +1 when
ωn1 <Ω<ωn2 and p =−1 in all other cases. Next, substituting
Eq. (30) into Eq. (29a) leads to

ωd2 +
3κ
8m

[
ωd2

ωd1
+1

]3

U2
2 = 0, (31)

hence U2 may be determined using

U2
2 =

−8mωd2

3κ

(
ωd1

ωd1 +ωd2

)3

, (32)

showing that U2 is independent of p. For U2 to be real, and
assuming κ > 0, we require

ωd2

(
ωd1

ωd1 +ωd2

)3

< 0. (33)

There are three cases to consider. Firstly whenΩ>ωn2, ωd1 < 0
and ωd2 < 0, applying Eq. (33) leads to

ωd1

ωd1 +ωd2
> 0, (34)

which is satisfied. Hence, a valid solution is possible.
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When Ω<ωn1, ωd1 > 0 and ωd2 > 0, applying Eq. (33) gives

ωd1

ωd1 +ωd2
< 0, (35)

which cannot be satisfied.
Whenωn1 <Ω<ωn2,ωd1 < 0 andωd2 > 0, applying Eq. (33)

leads to ωd1

ωd1 +ωd2
< 0, (36)

which requires that ωd1 +ωd2 > 0. Substituting Eqs. (24) and
rearranging gives the inequality

Ω<
√

1/2
(
ω2

n1 +ω2
n2

)
. (37)

Hence, backbone curves only exist when ωn1 < Ω <√
1/2
(
ω2

n1 +ω2
n2

)
and Ω> ωn2.

If the harmonic content of the response is small (i.e. h is
small) then we may make the approximation q ≈ u (see Section
2.3). Using the relationships x1 = q1 + q2 and x2 = q1 − q2

determined from the linear modal transform (see Section 2.2) we
can then make the approximations x1 ≈ u1+u2 and x2 ≈ u1−u2.
As u1 and u2 are both responding at frequency Ω: X1 ≈U1 +U2

and X2 ≈ |U1 −U2| when u1 and u2 are in-phase (i.e. p = +1);
X1 ≈ |U1 −U2| and X2 ≈U1 +U2 when u1 and u2 are anti-phase
(i.e. p =−1). Using Eq. (30), these can be written:

p =+1 : X1 ≈

(
1−

ωd2

ωd1

)
U2, X2 ≈

∣∣∣∣1+ ωd2

ωd1

∣∣∣∣U2, (38a)

p =−1 : X1 ≈

∣∣∣∣1− ωd2

ωd1

∣∣∣∣U2, X2 ≈

(
1+

ωd2

ωd1

)
U2. (38b)

Therefore the physical coordinate amplitudes may be written

X1 ≈

∣∣∣∣1− ωd2

ωd1

∣∣∣∣U2, X2 ≈

∣∣∣∣1+ ωd2

ωd1

∣∣∣∣U2, (39)

regardless of the value of p. Combining this with Eqs. (24) and
(32), leads to

X1 =

∣∣∣∣ω2
n1 −ω2

n2

ω2
n1 −Ω2

∣∣∣∣U2, X2 =

∣∣∣∣ω2
n1 +ω2

n2 −2Ω2

ω2
n1 −Ω2

∣∣∣∣U2, (40a)

where U2 =

√
8m
(
Ω2 −ω2

n2

)
3κ

(
ω2

n1 −Ω2

ω2
n1 +ω2

n2 −2Ω2

)3

. (40b)

From this we can calculate the backbone curves in the projection
of the response frequency, Ω, against the physical coordinates,
X1 and X2, as shown in Figure 2. The backbone curves
originating at Ω = 1 and Ω = 1.1 are labelled S1 and S2
respectively. It can be seen that S1 tends asymptotically to

Ω =
√

1/2
(
ω2

n1 +ω2
n2

)
≈ 1.0512, and that no backbone curve

exists between 1.0512<Ω< 1.1, as predicted.
The backbone curves of a system are representative of its

underlying behaviour, and the forced response of the system will
tend to envelope them. This allows conclusions regarding the
forced response of the system to be drawn from the backbone
curves. It is found that S1 has a composition dominated by the
first linear mode, q1. As this system is forced purely in q2 – see
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Figure 2. Backbone curves of the system when κ = 5 in the
projection of response frequency, Ω, against displacement
amplitude of the first and second mass, X1 and X2, in panels
(a) and (b) respectively.

Eq. (15) – we can conclude that this forced response has only
a weak tendency to envelope this backbone curve. Meanwhile
S2 is composed primarily of q2, making the forced response
strongly attracted to it. S2 shows the properties of a response
that is well suited for use as a vibration absorber or energy
harvester, as the response amplitude of the first mass, X1, is held
at a low value across a large bandwidth, whilst X2 the response is
high, showing that most of the energy is held in the second mass.
Although the response of X1 is high in S1, the weak attraction of
the forced response to this backbone curve means that this high
amplitude should be avoided.

4 ENERGY BALANCING

Backbone curves describe the underlying behaviour of a system,
however they cannot be used directly to determine which
specific behaviours will be seen when a particular forcing and
damping are applied. Energy balancing allows these behaviours
to be determined, providing a method of relating backbone
curves to specific forced responses. It is based on the concept
of the boundary of a system, over which energy may only cross
due to the forcing and damping. For a steady-state response,
the net energy crossing the boundary of a system must be zero
over one period of motion. Hence the total energy transfer, due
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to the forcing and damping terms in the equation of motion of
the system, must be zero over one period. This must be true
for all steady-state solutions in the forced response; however it
requires trial solutions that are compatible with the remaining
terms. Making the assumption that the forced response crosses
the backbone curves, the backbone curves provide a set of trial
solutions meeting this requirement. Therefore any points on the
backbone curves that satisfy this energy balancing requirement
must also represent a point crossed by the forced response.

For the system considered in Section 3, projected onto the
linear modes q – see Eqs. (14) and (15), the terms that may
transfer energy over the boundary can be written(

D1q̇1
D2q̇2 −P2 cos(Ωt)

)
, (41)

where D1 = 0.005, D2 = 0.015 and P2 = 0.005. Each of these
terms is representative of a time-varying force acting on the
motion of the corresponding mode. Hence, allowing term m for
mode n to be written fn,m(t), then the power transferred at time
t can be written fn,m(t)q̇n. Therefore, the net energy transferred
by this term over one period, t ∈ [0,T ], can be written

En,m =

∫ T

0
fn,m(t)q̇ndt, (42a)

≈ −UnΩ
∫ T

0
fn,m(t)sin(Ωt −φn)dt. (42b)

The terms in the form Dnq̇n can be approximated to

Dnq̇n ≈−DnUnΩsin(Ωt −φn), (43)

which may be substituted into Eq. (42b) to give

En,m = DnU2
nΩ

2
∫ T

0
sin2(Ωt −φn)dt, (44a)

=
1
2

DnU2
nΩ

2
[

t −
sin(2Ωt − 2φn)

2Ω

]t=T

t=0
, (44b)

= πDnU2
nΩ, (44c)

where T = 2π/Ω has been used. For the remaining term, the
energy may be calculated as

En,m = P2U2Ω
∫ T

0
cos(Ωt)sin(Ωt −φ2)dt, (45a)

=
1
2

P2U2Ω
[

t sin(φ2)−
cos(2Ωt −φ2)

2Ω

]t=T

t=0
, (45b)

= πP2U2 sin(φ2). (45c)

Therefore, the net energy crossing the system boundary is

πD1U2
1Ω+πD2U

2
2Ω+πP2U2 sin(φ2) = 0. (46)

when in steady-state. On the backbone curves, the inertia of
all components of the two modes are balanced. Hence, for the
response of the forced system to cross the backbone curve, the
forcing must balance with the damping without interfering with
other components. As the damping is acting on the velocity
component of the motion, it is always at an angle −π/2 behind
the displacement. Hence, to balance this, the forcing must be

+π/2 ahead of the displacement, i.e. φ2 = −π/2. Therefore,
we can write

(D1U2
1 +D2U2

2 )Ω= P2U2. (47)
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Figure 3. Backbone curves and forced response of the system
when κ = 5 in the projection of response frequency, Ω,
against displacement amplitude of the first and second
mass, X1 and X2, in panels (a) and (b) respectively. Thick
grey lines represent the backbone curves and the forced
response is shown as thin black lines and dashed red lines
for the stable and unstable branches respectively. Green
crosses represent the crossing points predicted by energy
balancing and the fold points on the forced response are
represented by black dots.

Figure 3 shows the energy balancing technique applied to the
example system, with the parameters given in Eq. (12) where
κ = 5. The backbone curves and the crossing points predicted
by the energy balancing technique are compared to the forced
response. It can be seen that, as expected, the forced response
does not tend towards S1, due to the low q2 component in S1.
Hence, no crossing point has been predicted here. The predicted
crossing point on S2 is good, although not precise. This is due
to the fact that on the backbone curves, there is no net energy
transfer between q1 and q2. However, as q1 is damped but
unforced, the forced response must be such that there is a net
energy flow from q2 to q1. Therefore, the assumption that the
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forced response crosses the backbone curves precisely cannot
be true.

5 OPTIMISATION

As an example of how the technique may be used to optimise
a system, consider the case where an energy harvesting device
connects the second mass to ground. As this device acts like a
damper, it does not affect the backbone curves but does affect the
point at which the forced response crosses the backbone curves,
as predicted by the energy balancing technique. Therefore, by
varying the nonlinear parameter, κ , we can describe the change
in the underlying behaviour using the backbone curves and
the change in the forced response using the energy balancing
technique. This approach can be used to optimise the system
with respect to κ .

For this example, it is required that the maximum displace-
ment of the first mass, X1, must not exceed 0.125, whilst it
is desirable to maximise the potential of the system to harvest
energy. As the basin of attraction of the upper branch decreases
with Ω, we estimate the probability that the response will settle
to the upper branch of the response, as

P(Ω) =
ΩEB −Ω

(ΩEB −ωn2)
[
1000(Ω−ωn2)

2 +1
] , (48)

where ΩEB is the value of Ω at the crossing point determined by
the energy balancing.

5.1 FINDING THE MAXIMUM VALUE OF X1

From Figure 2 it can be seen that the maximum value of X1

occurs at the point where dX1
dΩ = 0. From Eqs. (40), this can be

found using

d
dΩ

[
ω2

n2 −ω2
n1

Ω2 −ω2
n1

U2(Ω)

]
= 0, (49a)

−2Ω
(
ω2

n2 −ω2
n1

)(
Ω2 −ω2

n1

)2 U2(Ω)+
ω2

n2 −ω2
n1

Ω2 −ω2
n1

U ′
2(Ω) = 0, (49b)

2Ω
ωd1

U2(Ω)+U ′
2(Ω) = 0, (49c)

where •′ represents d•
dΩ and, from Eq. (32)

U2(Ω) =

(
8m
(
Ω2 −ω2

n2

)
3κ

) 1
2 ( ω2

n1 −Ω2

ω2
n1 +ω2

n2 −2Ω2

) 3
2

, (50a)

= (A)
1
2 (B)

3
2 , (50b)

where

A =
−8mωd2

3κ
, B =

ωd1

ωd1 +ωd2
. (51)

From this, we can calculate

U ′
2(Ω) = A

1
2

d
dΩ

[
B

3
2

]
+B

3
2

d
dΩ

[
A

1
2

]
, (52a)

=
3
2

A
1
2 B

1
2 B′+

1
2

A− 1
2 B

3
2 A′, (52b)

where A′ =
d

dΩ

[
8m
(
Ω2 −ω2

n2

)
3κ

]
, (53a)

=
16mΩ

3κ
, (53b)

and B′ =
d

dΩ

[
ω2

n1 −Ω2

ω2
n1 +ω2

n2 −2Ω2

]
, (53c)

=
2Ω(ωd1 −ωd2)

(ωd1 +ωd2)
2 . (53d)

Substituting Eqs. (53b) and (53d) into Eq. (52b) leads to

U ′
2 = (AB)

1
2

(
3Ω(ωd1 −ωd2)

(ωd1 +ωd2)
2

)
+

B
3
2

A
1
2

(
8mΩ
3κ

)
. (54)

Substituting Eqs. (50b) and (54) into Eq. (49c) and simplifying
gives

ω2
d1 +ω2

d2 −4ωd1ωd2 = 0. (55)

This can then be written as a quadratic in Ω2, using Eq. (24),
and solved to give

2Ω2 = ω2
n1 +ω2

n2 ±
√

3
(
ω2

n2 −ω2
n1

)
. (56)

As Ω must be real, the positive root must be chosen, leading to

Ω=

√√√√(1−
√

3
2

)
ω2

n1 +

(
1+

√
3

2

)
ω2

n2, (57)

which shows that the frequency at which the maximum value of
X1 occurs is independent of κ . Substituting this into Eqs. (39),
(32) and (24) it is found that the maximum value of X1 on the
backbone curve is given by

X1,MAX =

√
4
√

3
(
ω2

n2 −ω2
n1

)
m

27κ
. (58)

For X1 to be less than 0.125, it is required

κ >
4
√

3
(
ω2

n2 −ω2
n1

)
m

27(0.125)2 , (59a)

> 3.45 (to 3 significant figures). (59b)

5.2 OPTIMISING FOR X2

With a minimum value for κ defined by Eqs. (59) we can
now optimise the system with respect to its potential to harvest
energy. The energy harvested from the device is proportional
to the velocity of x2, i.e. proportional to ΩX2. Using Eq. (48),
we can define the probabilistic energy harvesting capability at
a given Ω (where Ω ∈ [ωn2,ΩEB]) as P(Ω)ΩX2. Therefore, the
overall capability of the system in harvesting energy over all
forcing frequencies is given by the proportional relation

EH ∝
∫ ΩEB

ωn2

P(Ω)ΩX2dΩ, (60)

where ΩEB can be found from Eq. (46).

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

1987



3.5 4 4.5 5 5.5 6 6.5 7

4.64

κ

E
H

Figure 4. Nonlinear coefficient, κ , against proportional energy
harvesting capability of the system. The red dot shows
the point at which the energy harvesting capability is at
its maximum.

This may be calculated for a range of values of κ , where
κ > 3.45 in keeping with Eq. (59b). Figure 4 shows κ against
proportional energy harvesting capability of the system. The
point of maximum capability is represented by a red dot, and
corresponds to κ = 4.64. At this value the maximum value of
X1 is given by X1 = 0.1078, which is below the limit of 0.125.

6 CONCLUSION

This work shows how the second-order normal form technique
can be used to develop analytical expressions describing the
response of MDOF nonlinear systems. We have demonstrated
that by describing the backbone curves of such systems we
can interpret the underlying behaviour, independent of forcing
and damping. This provides a simple method for determining
the characteristics of nonlinear systems, and is well suited
for use in the analysis of larger systems. Backbone curves
also allow some features of the response of a system to
be optimised independently of forcing and damping. This
provides a simplification of the response along with a design
tool for nonlinear systems where the forcing and damping
characteristics are unknown.

The relationship between backbone curves and the forced
response can be determined using the energy balancing tech-
nique introduced here. This may allow further simplification of
systems by disregarding backbone curves that are not followed
under particular forcing and damping conditions. As the energy
balancing technique is also analytical, it may be used alongside
the analytical design and optimisation enabled by the second-
order normal form technique. The accuracy may be further
increased by accounting for the harmonic terms in both the
backbone curves and the energy balancing technique, and by
allowing for a higher order of accuracy in the second-order
normal form technique.

The limitations of this approach are dictated by the need for
the systems to be weakly nonlinear, in order for the second-
order normal form technique to be valid. It is preferable
that, when the system is forced, the energy transfer within the

system is small. This allows the forced response to approach
the backbone curves, increasing the accuracy of the energy
balancing technique.
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ABSTRACT: The next generation of nuclear power plants is being designed worldwide with consideration for the effects of 

impact from a large commercial aircraft as a malevolent act.   Detailed, realistic nonlinear structural analyses are required to 

assess the physical damage caused by an impact in order to meet regulatory requirements.  In the U. S., industry developed 

methodology for conducting aircraft impact analyses have been accepted by the U.S. Nuclear Regulatory Commission (NRC) 

and requires advanced constitutive modeling of reinforced concrete, detailed and realistic structural modeling, appropriate 

material failure criteria, and realistic application of the impact load using robust explicit dynamics analysis software.  The most 

common approach for load application is the Riera method that uses a force time history applied over a representative contact 

area as a pressure load.  Sample studies demonstrate that the Riera method offers good analytical results for structural 

configurations that can fully resist the impact.  For structural configurations that are insufficient to withstand the impact forces, 

the Riera method is useful for assessing the failure mode of the impacted wall, but the method fails to quantify the consequences 

of aircraft debris that penetrates beyond the initial point of impact.  The sample studies also demonstrate that for some cases the 

design-basis structure can adequately meet aircraft impact requirements.  For other cases where reinforcement is minimal or the 

span of the impacted wall is large, design enhancements can be made to offer the necessary resistance to limit damage to the 

exterior wall.  If the impacted wall fails, the consequences of debris entering the plant can be determined by an alternative 

approach for load application called the missile-target interaction method.  Further sample studies demonstrate that with this 

approach, the aircraft can be explicitly modeled and used to investigate a realistic extent of damage, which may be acceptable. 

KEY WORDS: Aircraft Impact; Nuclear Power Plants; Nonlinear Structural Dynamics; Advanced Concrete Material Modeling. 

1 INTRODUCTION 

The next generation of nuclear power plants is being designed 

worldwide with consideration for the effects of impact from a 

large commercial aircraft as a malevolent act.  Nuclear power 

plants have always had extremely robust designs considering 

impacts from accidental and natural causes, such as tornado 

driven debris or missiles generated from failures in high 

energy systems within the plant, and even military aircraft if 

sited near areas of frequent military maneuvers.  Nuclear plant 

designs also consider what if scenarios for large fires or 

explosions from any cause that could damage an area of the 

plant.   

The new standards for consideration of intentional impacts 

from large commercial aircraft are requiring detailed 

structural modeling for damage assessments and detailed 

system engineering assessments to quantify the consequences.  

These structural and systems assessments are used to identify 

design enhancements, if needed, for the plant to mitigate the 

consequences of aircraft impact and maintain the plant in a 

safe condition with minimal operator actions. This paper 

focuses on the methods needed for assessing structural 

performance in regards to aircraft impact.  

2 METHODOLOGY 

2.1 Structural Assessment Methods 

The Nuclear Energy Institute (NEI) has issued document 

number NEI 07-13 [1] that addresses methodology for 

performing aircraft impact assessments of nuclear power 

plants.  A critical ingredient in the assessment of structural 

response to aircraft impact is the constitutive model for 

reinforced concrete, which must be highly detailed in its 

representation of material behavior and numerically sound to 

permit the calculation of severe damage.  Also important is a 

numerically robust explicit dynamics platform for capturing 

eroding contact surfaces, managing rebar and concrete 

interaction under severe cracking, and allowing efficient 

computations of large problems.  For this work, the ANACAP 

concrete material model [3] coupled with the TeraGrande 

explicit dynamics software [4] are employed.  The concrete 

material model has been extensively tested for loading leading 

to extensive damage in reinforced concrete [5,6,7,8,9].  This 

model was used extensively in EPRI research studies as the 

basis for the structural methodology incorporated into NEI 07-

13, and is explicitly accepted for use in NEI 07-13. 

2.2 Advanced Concrete Material Modeling 

The behavior of concrete is highly nonlinear with small tensile 

strengths, shear stiffness and strength that depend on crack 

widths, and compressive capacity degradation after the 

compressive strength is reached. Modeling of concrete 

material, especially under conditions where extensive damage 

can develop, requires advanced and detailed constitutive 

models. 

In the compression regime, the continuous stress-strain 

curve is defined from uniaxial test data, which is then 

Nonlinear structural dynamics for assessing aircraft impact 

at nuclear power plants 
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generalized to multi-axial stress/strain states in the 

conventional way using the effective stress and the effective 

strain.  The uniaxial behavior is generalized to multi-axial 

behavior, within the analytical framework of isotropic-

hardening plasticity formulation, using a Drucker-Prager 

surface to represent the loading surface under multi-axial 

compression.  In this formulation, the loading surface is a 

function of the hydrostatic pressure, the second invariant of 

the deviatoric stress tensor and the material yield strength.  

This type of formulation is well suited for low to moderate 

confinement stress levels, which typifies the behavior of civil 

structures.  Typical stress-strain curves for concrete under 

monotonic and unconfined uniaxial compression show linear 

behavior up to about 50% of its uniaxial compressive strength.  

For stresses above this level, the material exhibits strain 

hardening until it reaches its ultimate strength.  When the 

compressive strains are increased further, damage due to 

crushing continues to accumulate, thus causing rapid strain 

softening.  Figure 1 shows the strain hardening and softening 

behavior of the model for unconfined uniaxial loading.  

Highly confined concrete exhibits considerably more strength 

and ductility.  For situations where significant concrete 

confinement exists, such as impact on pre-stressed concrete 

containments, the compressive concrete behavior is better 

simulated using non-softening plastic flow since the material 

can sustain larger compressive strains as well as increased 

compressive strength.   

 

 

Figure 1. Behavior of Unconfined Concrete in Uniaxial 

Compression. 

In the tension regime, cracking is mathematically treated at 

the element integration points using an approach that is called 

the smeared cracking model [10].  If cracking occurs, the 

normal stress across the crack is reduced and the distribution 

of stresses around the crack is recalculated.  Cracks are 

assumed to form perpendicular to the directions of largest 

tensile strains, which exceed the cracking criterion.  Multiple 

cracks are allowed to form, but they are constrained to be 

mutually orthogonal.  Once a crack forms, the normal stress 

across the crack is removed.  The shear stiffness and stress is 

also reduced upon cracking and further decays as the crack 

opens.  Once a crack forms, the direction of the crack remains 

fixed and can never heal.  However, a crack can close, resist 

compression, and re-open under load reversals. 

The concrete material model allows cracking to develop in 

three directions at any material point as dictated by the state of 

stress and strain.  This allows stress redistribution and load 

transfer to reinforcement or other load paths in the structure.  

The cracking criterion, illustrated in Figure 2, forms a crack 

when the generalized stress and strain state normal to the 

crack exceeds the diagonal criterion line. Thus, cracking of 

biaxial and triaxial stress states are treated consistently with 

uniaxial cracking, but they occur at a slightly higher stress and 

slightly lower strain.  Split cracking occurs at near zero stress 

and a tensile strain approximately twice that of uniaxial tensile 

cracking.  This agrees well with the observed behavior of 

concrete test specimens. 

 

 

Figure 2. Illustration of Crack Initiation Criteria 

The surfaces of cracks that develop due to excess tensile 

stress in concrete are usually rough and irregular.  When a 

shear force is applied along a crack, both tangential shear 

sliding and normal displacements result.  When the normal 

displacement is restrained by rebars crossing the crack, tensile 

stresses will develop in the reinforcement, which will then 

induce compressive stresses across the crack.  The resistance 

to sliding is provided by the frictional force generated by the 

compressive stress across the crack.  This mechanism of shear 

transfer in cracked concrete is called "interface shear 

transfer".  In order to take the shear stiffness of concrete into 

account in the modeling, a reduced shear modulus is retained 

in the stress-strain matrix.  Al-Mahaidi [11] suggests a 

hyperbolic variation of the shear modulus with the strain 

normal to the crack, and a variation of this is used in the 

ANACAP concrete model, as illustrated in Figure 3. 

 

 

Figure 3. Modeling for Interface Shear Transfer 

An important modeling consideration is the treatment of 

shear stress across open cracks.  The ANACAP model is 

equipped with a shear shedding feature to limit the buildup of 

shear stress across an open crack.  The shear retention model 
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reduces the incremental shear modulus across an open crack 

as discussed earlier.  The shear stresses that can be 

accommodated across an open crack also reduce as the crack 

continues to open.  Since cracks form in the principal strain 

directions there is, in general, no shear across a crack when it 

first opens.  Figure 4 illustrates the behavior of shear stress 

capacity in cracked concrete for a tight crack, for example 

cracking well controlled by reinforcement, compared to a 

crack that continues to open. 

 

 

Figure 4. Illustration of Shear Capacity for Open Cracks 

2.3 Material Properties and Failure Criteria 

Impact of large commercial aircraft due to malevolent act is 

considered a beyond-design-basis event and is thus treated 

using best estimate methods rather than design minimum 

standards.  The material properties used in the structural 

analyses are based on best estimate or nominal values along 

with factors to account for dynamic loading rate effects.  For 

concrete material, the concrete strength delivered during 

construction must always meet the minimum compressive 

strength specified in the design.  Thus, the nominal or 

expected value for the compressive strength is specified in the 

analysis.  In addition, an aging factor can be applied since the 

plant will not become operational for an extended period of 

time after construction is completed.  A 25% increase in 

compressive strength is also allowed for rate effects due to the 

impulsive nature of the loading.  Similarly, steel material 

properties are based on nominal values of yield and ultimate 

strength along with dynamic increase factors for strain rate 

effects.  Steel behavior is based on typical nonlinear stress-

strain relationships for strain hardening of the material. 

Because extensive structural damage can occur and is 

allowed for beyond design basis events, specification of 

material failure criteria is important in the structural 

assessments to determine the extent of damage to the 

structure.  For concrete, the material limit states are enforced 

by the concrete material model, e.g. very small tensile 

strength, shear stiffness and strength as a function of crack 

opening strain, and compressive plasticity.  In addition, 

element deletion is enforced for 5% tensile strain or 10% 

compressive strain in the concrete material.  Similarly, failure 

criteria for steel material are enforced that accounts for 

meshing fidelity and biaxial loading effects.  Table 1 

summarizes the dynamic rate factors allowed for common 

steel material and the associated failure criteria to be enforced. 

Table 1. Summary of Steel Material Allowances 

Material 
Rate Factor 

Failure Criteria 
Yield UTS 

Grade 60 Rebar 1.10 1.05 
5% Tension 

10% Compression 

Carbon Steel Plate 1.29 1.10 7% Effective Strain 

Stainless Steel Plate 1.18 1.00 13.8% Effective Strain 

2.4 Loading Methods 

The methodology for structural response assessment allows 

two methods of applying the load representative of an aircraft 

impact; one is based on the Riera method using a force time 

history applied over a representative contact area, and the 

other is called the missile-target-interaction method where a 

model of the impacting aircraft is explicitly included in the 

analysis.  Experience [12,13,14,15] has shown that using 

time-dependent pressure loading, based on specified force-

time histories and loading areas, provides good results when 

sufficient structural resistance exits, and also provides a good 

indication that structural failure will develop when sufficient 

resistance does not exist.  For conditions leading to structural 

failure, the analysis using applied pressure loading is also 

capable of identifying the mode of failure, such as bending, 

shear plug, compressive strut, plastic hinging, etc.  However, 

continuing the pressure load analysis past the point of 

extensive structural damage or failure to assess the subsequent 

extent of damage or structural consequences is possible, but 

relies heavily on engineering judgment to establish the time of 

failure or remaining momentum and how to subsequently 

define and distribute this remaining momentum on the 

surrounding structural components.  When extensive 

structural damage develops, such as failure of the impacted 

wall, an explicit model of the aircraft is preferred in the 

structural analyses to better assess the extent and 

consequences of the damage.  Using an aircraft model that 

adequately represents the impact event described by the 

specified force time history and loading areas allows natural 

progression of damage and redistribution of loads through 

contact with the structural components and material failure 

limits enforced in the analysis.  Another application for use of 

an airplane model is for oblique impacts where the strike is 

off-normal to the surface, such as for a roof strike on a curved 

roof structure or an angled strike on a flat wall.  The key is 

developing a model of an aircraft that adequately represents 

the impact loading.  This is done by developing a finite 

element model of an aircraft and then distributing mass points 

along the length so that impact of this aircraft model on a rigid 

wall provides a force time history compatible with the desired 

force time history for a given impact velocity. 

2.5 Finite Element Modeling 

To meet licensing requirements for aircraft impact, it is 

important that all models accurately represent the actual 

structure being considered.  Aircraft impact assessments 

involve a large extent of loading, and therefore finite element 

models must encompass a broad extent of the structure.  The 

size of the model is generally large enough such that the 

quality of the analytical results will not be adversely affected 

in the particular area of interest due to an artificial boundary 
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condition.  The models have boundaries that represent cut 

sections through walls, floor slabs, girders and columns of the 

building.  Displacement boundary conditions are enforced on 

these cut surfaces with the intent to simulate the effect of the 

remainder of the structure that is not included in the model.   

The cut planes in the vertical direction are generally chosen at 

locations that coincide with the mid-span of key structural 

features such as floor slabs and girders.  A roller type 

boundary condition (displacement normal to the surface of the 

cut) is applied to this type of cut plane.  Typically just one cut 

plane is required in the lateral direction and is generally 

chosen at the top surface of a floor slab at or near grade.  A 

fully-fixed boundary condition is applied to this type of cut 

plane to simulate the embedment of the structure into the 

ground. 

The finite element models are constructed using element 

types that are considered standard practice for explicit 

dynamic analyses. Concrete components of the structure are 

modeled with 8-node hexahedral brick elements and 

reinforcing bars are modeled with 2-node “truss like” 

elements that are embedded in the solid elements.  Each 

individual reinforcing bar is explicitly included in the model.  

In addition, 4-node quadrilateral shell elements and 2-node 

beam elements are used as necessary to model other 

components of the structure.  

 

3 STUDY ASSESSMENTS 

Example results are provided to illustrate the methods 

employed for aircraft impact assessment.  The loading used in 

these studies is arbitrary and was developed to demonstrate 

the modeling and analysis methodology; however, it is 

considered representative of a large commercial aircraft.  

Similarly, the structural configurations considered are 

arbitrary and for illustration only, but are considered 

representative of typical reinforced concrete configurations 

used in nuclear power plants. 

3.1 Finite Element Study Model 

A single finite element model was constructed with large 

enough extents so that multiple strike locations could be 

considered to demonstrate a variety of structural 

configurations and impact scenarios.  The geometry of this 

particular model is arbitrary but is representative of the spent 

fuel pool (SFP) area of a typical nuclear power plant.  An 

illustration of the finite element model is provided in Figure 5 

showing a cut section view of the complete model. Two strike 

locations are considered for the study cases which are 

indicated in the figure with red arrows.   

The lower strike location is positioned vertically at the 

midpoint between floor slabs and laterally at the midpoint 

between transverse interior walls. This impacted bay is 

representative of a typical size wall that spans one floor 

vertically and about two to three times this distance in the 

lateral direction. The upper strike location is positioned at the 

midpoint of the span of the external wall above the spent fuel 

pool. This impacted bay is representative of a large size wall 

and is therefore particularly vulnerable to aircraft impact.  

 

 

Figure 5. Section Cut View of Finite Element Study Model 

The rebar included in the finite element model is illustrated 

in Figure 6, which shows the complete model. The 

reinforcement considered in the impacted wall varies 

depending on the strike location and is discussed later for each 

corresponding scenario.  All of the other concrete components 

in the model include a nominal amount of reinforcement that 

is consistent with typical reinforcing schemes for nuclear 

power plants.  

 

Figure 6. Illustration of Rebar in Study Model 

3.2 Strike on Typical Wall Span 

This example examines the structural response of a typical 

sized wall span that can fully resist the aircraft impact loading. 

The impacted wall contains reinforcement consistent with 

standard design-basis requirements for the structure. For the 

purposes of this study, a 5’ thick wall is considered with two 

layers of bars in each direction and on each face and no shear 

tie bars.  The force of the aircraft impact is applied to the 

structure with a pressure loading using the Riera method. 
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An explicit dynamic analysis was performed for a duration 

that extends beyond the time period of the pressure load to 

investigate the adequacy of this configuration.  The reaction 

forces in the direction of the applied load were recorded and 

summed across the entire model.  The impulse of the reaction 

forces was computed and plotted against the impulse of the 

applied force, which is illustrated in Figure 7.  The impulse 

values are normalized to the total impulse of the applied force, 

which is equal to the momentum of the impacting aircraft.  

This figure demonstrates that the structure can absorb the total 

impulse of the applied load. 

 

 

Figure 7. Impulse Comparison, Strike on Typical Wall Span 

using Riera Method Pressure Load 

The accumulated plastic strain in the longitudinal 

reinforcement on the internal face of the impacted wall is 

illustrated in Figure 8.  The contour limit has been set at 2% 

which is below the failure strain of the rebar.  Two horizontal 

bands of rebar yielding have developed above and below the 

center of the strike location in positions that correspond to the 

location of the supporting transverse floor slabs.  A moderate 

amount of damage is caused to the longitudinal bars in the 

vicinity of the strike location but this figure demonstrates that 

none of the rebar in the wall is ruptured due to the aircraft 

impact. 

 

 

Figure 8. Accumulated Plastic Strain in Rebar, Strike on 

Typical Wall Span using Riera Method Pressure Load 

This study demonstrates that the external wall will survive 

an aircraft impact at this location, even with a reasonable 

amount of reinforcement that is feasibly within the existing 

design-basis of the structure.  This study also demonstrates 

that for structural configurations with sufficient resistance, the 

Riera method provides good analytical results for damage 

assessments.  

3.3 Strike on Large Wall Span 

This example examines the structural response of a large wall 

span with strengthening measures so that it can fully resist the 

aircraft impact loading.  This type of scenario is of particular 

interest if all debris and wreckage is to be kept out of the 

building to meet licensing regulations, therefore the design-

basis must be enhanced in order to satisfy this requirement.  

For this study, the impacted wall is increased to 6’ thick, and 

the reinforcement considered is three layers of heavier bars in 

each direction and on each face with medium sized shear tie 

bars.  The force of the aircraft impact is applied to the 

structure with a pressure load using the Riera method.  

A comparison of the impulse of the reaction forces against 

the impulse of the applied force is illustrated Figure 9.  The 

behavior of the time history of the impulse is generally 

indicative of the level of damage in the structure.  When 

damage is low, the impulse of the reaction forces tends to 

closely follow the impulse of the applied force, similar to the 

impulse response for the strike on the typical wall span. For 

this case, a shift occurs in the impulse comparison between 

normalized analysis time 0.3 and 0.4 which suggests heavy 

damage to the structure.  Since the impulse of the reaction 

forces ultimately achieves the momentum of the aircraft, this 

indicates that despite the damage, the structure can still absorb 

the total impulse and survive the applied load. 

 

 

Figure 9. Impulse Comparison, Strike on Large Wall Span 

using Riera Method Pressure Load 

The displacement history of the concrete at the center of the 

strike location is provided in Figure 10.  The impacted wall 

undergoes a peak displacement of about 18” with a good 

amount of elastic recovery, which further indicates that the 

wall can adequately resist the applied loading.  Some residual 

damage is indicated. 
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Figure 10. Concrete Displacement History under Impact, 

Strike on Large Wall Span using Riera Method Pressure Load 

Figure 11 provides a contour of maximum principal strain in 

the concrete for a section cut view through the impacted wall.  

Here the contour limit is set at 2% to indicate the areas with 

more extensive damage.  Large extents of cracking occur on 

the outer face of the wall extending beyond the diameter of 

the fuselage.  More extensive cracking damage propagates 

through the thickness of the wall diagonally from the strike 

location towards the supporting transverse slabs as the wall 

transfers the load to the supports. 

 

 

Figure 11. Section Cut View of Concrete Cracking Damage, 

Strike on Large Wall Span using Riera Method Pressure Load 

The accumulated plastic strain in the longitudinal 

reinforcement on the internal face of the impacted wall is 

illustrated in Figure 12.  The contour limit has been set at 

1.5% which is below the failure strain of the rebar.   This 

figure demonstrates that despite the significant rebar yielding 

in the longitudinal bars, no bars have ruptured, and the 

bending capacity of the wall has not been fully exhausted.  

The accumulated plastic strain in the shear tie reinforcement 

in the impacted wall is illustrated in Figure 13.  The contour 

limit has been set at 5% which is equal to the failure strain in 

the rebar.   This figure shows the extensive rebar yielding in 

the tie bars across nearly the entire span of the impacted wall, 

with some bars exceeding the failure strain and rupturing.  

This also illustrates the high shear forces involved and 

provides further evidence that the wall can survive the impact 

loading. 

 

 

Figure 12. Accumulated Plastic Strain in Longitudinal Rebar, 

Strike on Large Wall Span using Riera Method Pressure Load 

 

 

Figure 13. Accumulated Plastic Strain in Shear Tie Rebar, 

Strike on Large Wall Span using Riera Method Pressure Load 

This example shows that even large span walls can be 

configured to fully resist the impact forces if needed.  For 

these types of configurations, the design-basis must be 

enhanced in order to add sufficient resistance.  For this 

example in particular, the addition of dense tie bars to the 

impacted wall is essential to withstand the large shear forces 

and maintain the composite action of the R/C wall.  The 

required design enhancements can only be determined by 

analysis, and with some iteration, an optimized structural 

configuration can be determined to minimize the added 

construction costs.  This study also further demonstrates that 

the Riera method provides good results when the wall is able 

to resist the aircraft impact, even with extensive damage. 

3.4 Missile-Target Interaction 

For this next example a slightly modified configuration of the 

typical wall span is considered to demonstrate a scenario 

where the impacted wall fails due to aircraft impact.  The 

amount of longitudinal reinforcement remains at two layers 

but the bar size is reduced.  The force of the aircraft impact is 

first applied to the structure with a pressure load using the 

Riera method and then again with the missile-target 

interaction method through the use of an explicitly modeled 

aircraft impacting on the structure. 
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For the analysis using the Riera method pressure load, a 

contour of maximum principal strain of the impacted wall at 

the time point when the first wall is nearing failure is shown 

in Figure 14.  A large circular extent of heavy cracking 

damage forms on the external face of the wall that is 

approximately the size of the fuselage. Additionally, a ring of 

elements has reached the failure strain criteria and have been 

deleted.  The damage pattern clearly demonstrates that the 

impacted wall is failing due to punching shear.     

 

 

Figure 14. Point of Failure, Strike on Under-reinforced 

Typical Wall Span using Riera Method Pressure Load 

The damage in the concrete at the end of the analysis is 

illustrated in Figure 15 to demonstrate the complete failure of 

the wall as predicted with the Reira loading method.  

Furthermore, the accumulated plastic strain in the longitudinal 

bars on the inside face of the wall is illustrated in Figure 16 to 

show the extensive rebar rupturing.  Although it is difficult to 

discern the level of damage beyond the failed wall with the 

Riera method, it does demonstrate that the mode of failure of 

the wall is captured which is useful for developing design 

enhancements. 

 

 

Figure 15. Residual Damage, Strike on Under-reinforced 

Typical Wall Span using Riera Method Pressure Load 

Since the Riera method is inadequate for assessing the 

consequences of wreckage entering into the building, the 

missile-target interaction method must be utilized.  For this 

particular study, the spent fuel pool sits behind the impacted 

wall so it is important to understand the potential for damage 

to the pool.   

 

 

Figure 16. Rebar Failure, Strike on Under-reinforced Typical 

Wall Span using Riera Method Pressure Load 

A finite element model was constructed that is 

representative of a typical large commercial aircraft and that 

can be used for the loading.  An illustration of the aircraft 

model is provided in Figure 17.  The key geometric features 

of the aircraft, such as the various lengths, fuselage diameter, 

and width of the wings, are modeled for consistency with the 

Riera based force time history.  The mass distribution along 

the length of the aircraft is calibrated to the Riera method 

force time history by impacting the aircraft model into a rigid 

wall and comparing the calculated reaction forces with the 

Riera forces.   

 

Figure 17. Illustration of Representative Aircraft Model 

The previous example case was re-assessed using the 

aircraft model with an initial velocity consistent with the Riera 

based force.  The analysis software uses a contact tracking 

algorithm to facilitate the interaction between aircraft and 

concrete.  Figure 18 provides a velocity contour at the point in 

time when the impacted wall is nearing failure, which is 

equivalent to the result provided for the Riera method in 

Figure 14.  The velocity contour is normalized to the initial 

velocity of the plane, which is plotted in red color.  This figure 

demonstrates the crushing of the aircraft as it impacts the wall.  

The velocity of the rest of the fuselage away from the wall has 

only slowed by approximately 10% at this time point.  

Therefore, a large portion of the aircraft is able to pass 

through the opening caused by the external wall failure and 

impact subsequent structures inside the building.     
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Figure 18. Point of Failure, Strike on Under-reinforced 

Typical Wall Span using Missile-Target Interaction Method 

A section cut view is illustrated in Figure 19 that shows the 

extent of wreckage inside the building by the end of the 

analysis.  The velocity contour demonstrates that by this time 

the momentum of the aircraft is almost entirely stopped with 

most of the wreckage crushing up against the subsequent 

interior wall.  The tail of the aircraft has rotated slightly 

upward impinging against the upper portion of the external 

wall.  The consequences of failure of the exterior wall can be 

assessed by considering the subsequent structural response of 

the interior walls. 

 

 

Figure 19. Section Cut View of Wreckage Propagation, Strike 

on Under-reinforced Typical Wall Span using Missile-Target 

Interaction Method 

4 SUMMARY AND CONCLUSIONS 

It is becoming the new international standard in nuclear safety 

to consider the effects of an impact of a large commercial 

aircraft as a beyond-design-basis event through the application 

of advanced structural analyses.  Performing physical damage 

assessments for aircraft impact requires the combination of 

robust explicit nonlinear structural dynamics software with 

advanced constitutive modeling of reinforced concrete and 

realistic, detailed modeling of the structural elements.   

A large, three-dimensional finite element model was 

developed to provide illustrative examples of various aircraft 

impact scenarios.  The first case considers a strike on a typical 

size wall span and demonstrates that the design-basis 

configuration of the external wall is adequate to fully resist 

the impact.  For other cases where the wall span is large or the 

design based reinforcement is inadequate, design 

enhancements can be configured for physical protection if 

needed.  For typical bay sizes, a moderate increase in the 

reinforcement is generally sufficient to adequately strengthen 

the wall.  For very large wall spans, an increase in concrete 

thickness and heavier reinforcement, both longitudinal 

bending bars and shear tie bars, may be required.   Increasing 

the concrete strength is also a good way to achieve more 

resistance to impact forces. 

These studies also demonstrate that the Riera method 

provides good analytical results for configurations with 

sufficient structural resistance, even with extensive damage.  

The Riera method is also a useful approach to determine if a 

wall cannot withstand the applied load and identify the failure 

mode that limits the strength of the structure.  However, if the 

actual consequences of structural failure are needed, then the 

missile-target interaction method provides a more realistic 

assessment. 
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ABSTRACT: Three-dimensional (3D) finite element (FE) fully parametric model of the human larynx was developed and used 
for numerical simulation of stresses during vibrating vocal folds with collisions. The complex model consists of the vocal folds, 
arytenoids, thyroid and cricoid cartilages. The vocal fold tissue is modeled as a three layered transversal isotropic material. First, 
the basic frequency-modal properties of the model are presented for a given pre-stress of the vocal folds. Then the results of 
numerical simulation of the vocal folds oscillations excited by a prescribed intraglottal aerodynamic pressure are presented. The 
FE contact elements are used for modelling the vocal folds collisions and the stresses in the vocal fold tissue are computed in 
time domain. The results show significant dynamic stresses in all there directions (horizontal, vertical and anterior-posterior) 
and similar maxima of stresses were obtained for closed and open phase of the vocal folds motion. The values of computed 
stresses are comparable with the impact stress measured on the developed physical vocal folds model made of silicon rubber. 

KEY WORDS: biomechanics of human voice, FEM, impact stress 

1 INTRODUCTION 
Voice problems are common, especially among professional 
voice users like teachers, actors and singers. The main reason 
can be fatigue due to the mechanical loading of the vocal fold 
tissue during voice production. For example, symptoms of 
vocal fatigue reflecting type of voice production and the 
effects of vocal loading were studied by Laukkanen et al. 
(2008) and consequences of the mucosal waves travelling on 
the vibrating vocal folds surface were discussed from the 
point of view of mechanical stress in phonation and the 
formation of vocal fold traumas .by Sonninen and Laukkanen 
(2003).  

Designing a model of the human vocal folds enabling to 
model some pathological situations and voice disorders is 
becoming an important part of voice research and such 
computer models are becoming also applicable in 
phonosurgery (Mittal et al. 2011, Chen T. et al. 2011). The 
mechanical loading is caused by a combination of the 
aerodynamic, inertial and impact forces during vocal fold self-
oscillations with collisions. And, moreover, regarding the 
complicated three-dimensional (3D) structure and material 
properties of the living tissue, many unknown mechanisms for 
tissue damage remain to be investigated and explained. 
Mechanical stress is always encountered in phonation. This 
includes tensile stress, shear stress, impact stress during 
collision, inertial stress, and stress caused by aerodynamic 
pressure (Titze, 1994). Excessive collision and acceleration 
may be responsible for most tissue damage. Some simplified 
lumped mass dynamic models of phonation can be used for a 
rough estimate of the impact stress or acceleration level 
depending on various phonation parameters like e.g. 
prephonatory glottal gap, subglottal pressure and fundamental 
frequency (Horáček et al., 2005, 2007). Maximum impact 
stress about 4 kPa resulted from the aeroelastic model of vocal 

folds self-oscillations numerically simulated by Horáček et al. 
(2009).  

However, more sophisticated models based on Finite 
Element (FE) modelling enable us to estimate all main normal 
and shear stresses in the different vocal fold tissue layers in all 
three directions, even if the computational demands on 
computers and computer time needed are much higher and 
still limited. The first FE models of the vocal fold vibration 
were developed from the basic laws of continuum mechanics 
to obtain the oscillatory characteristics of the vocal folds (see 
e.g. Alipour et al., 2003; Titze, 2006). A three-dimensional 
model was developed by Rosa et al. (2003) to simulate the 
larynx during vocalization. The FE method was used to 
calculate the airflow velocity and pressure along the larynx as 
well as tissue displacements. Following the hypothesis that 
vocal fold tissue lesions such as nodules and polyps are 
developed in response to mechanical stress occurring during 
vocal fold collision Gunter (2003, 2004) designed a 3D FE 
model of the vocal folds for predicting the entire stress tensor. 
The hypothesis was supported by predictions from the FE 
model that three components of normal stress and one 
component of shear stress are increased during collision in the 
typical locations of lesions. Given that stress estimation 
during phonation in the vocal folds is helpful in understanding 
vocal traumas, a self-oscillating FE model was developed by 
Tao et al. (2006) and Tao and Jiang (2007). They used the 
model for simulating vocal fold vibration during phonation. 
The spatial and temporal characteristics of mechanical stress 
in the vocal folds were predicted by this model. Spatially, the 
computed normal stress was significantly higher on the vocal 
fold surface than inside of the vocal folds. The peak-to-peak 
amplitude of the normal stress reaches its maximum value 
about 6 kPa at the midpoint of the medial surface for the 
subglottal pressure 2.5 kPa. In the inferior-superior direction 
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the maximum impact pressure was related to the narrowest 
glottis.  

Maximum impact stress 5,34 kPa was measured in the 
canine excised larynges by Verdolini et al. (1998, 1999) and 5 
kPa in humans by Reed et al. (1992). Recently, three methods 
of the contact pressure measurements were tested on a silicone 
replica of human vocal folds by Chen and Mongeau (2011) 
during the self-oscillations. the maximum impact stress 
measured by a probe microphone was found 0.59 kPa for the 
subglottal pressure 2.84 kPa, the airflow rate 0.72 l/s and the 
vibration frequency 140 Hz. 

With the intention to estimate the stresses in the vocal fold 
tissue during phonation, a 3D FE fully parametrical model of 
the larynx was developed. The model considers the phonation 
position of the vocal folds given by the possible independent 
motion of the cricoid, thyroid and arytenoid cartilages, i.e. 
enables uncomplicated variation of the geometrical 
configuration, the changes of the longitudinal tension (pre-
stress) and abduction of the vocal folds as well as the shape 
and the nonlinear material properties of the individual vocal 
fold tissue layers. First, the frequency-modal properties of the 
model are presented. Then the results of the numerical 
simulation of the vocal folds oscillations excited by a 
prescribed periodic intraglottal aerodynamic pressure are 
presented and the stresses in the vocal fold tissue are 
analyzed. For simplicity, no fluid structure interaction is 
considered here, and the main attention is concentrated on the 
magnitudes of the vocal folds displacements in the 
longitudinal and lateral directions, and on the normal and 
shear stresses. The stresses are compared with the impact 
stress measured on the physical vocal folds model. 

2 3D FE MODEL OF THE HUMAN LARYNX 
The geometry and relations between the arytenoids, thyroid 
and cricoid cartilages was derived from CT images of an 
enlarged synthetic resin model of the human larynx from the 
collections of the Anatomical Institute of the 3rd Medical 
Faculty of the Charles University in Prague and on the bases 
of the anatomy textbook by Standring (2004). This model is a 
copy of the original physical model from Germany (Deutches 
Hygiene-Museum, Institute für biologisch-anatomische 
Anschauungsmaterialen, Dresden).  

The 3D complex dynamic FE model of the human larynx 
was developed by transferring the CT image data from the 
DICOM format to the FE mesh. The geometrical 
configuration of the cross-section of the vocal fold was taken 
according to Hirano (1975). Three layers of vocal fold tissue 
are considered (Titze, 2006): epithelium, vocal ligament and 
muscle with different physical and material properties - see 
Figure 1.  

The developed fully parameterized 3D FE model enables to 
vary the thickness and material properties of the individual 
layers and to take into account longitudinal pretension and 
adduction of the vocal folds by positioning of the arytenoids 
and thyroid cartilages – see Figure 2. The initial position of 
the model corresponds to the following geometrical 
parameters: the total length of the vocal folds L=18 mm, 
measured from the vocal process to the anterior commissure, 
the prephonatory glottal gap in the middle 2g0=0.4 mm, and 
the vocal fold thickness T=7.8 mm. 

 
Figure 1. Schema of the vocal fold with three tissue layers. 

The complete FE model of the larynx developed in the FE 
programme system ANSYS consists of linear and quadratic 
3D volume elements for the vocalis muscle and for the vocal 
ligament. The shell elements were used for the epithelium and 
tetrahedral elements for other tissues. Contact elements were a 
used for modelling the contact between left and right vocal 
fold during vibrations with collisions. Implementation of the 
contact elements on the vocal folds surface enabled to model 
the impact stresses in the vocal fold tissue layers during the 
collision of the vocal folds. The total number of elements 
were about 500 000. The parametric vocal folds model, 
created by finite elements for ligament and muscle and shell 
elements for epithelium, enables to modify the tissue structure 
relatively easily and to simulate some pathological changes. 
 

 
Figure 2. FE model of the human larynx with the vocal folds 
between the arytenoids and thyroid  cartilages. 
 
The nonlinear elasticity theory for large-strain deformations 
with linear strain-stress relationship was implemented in the 
computer program. The linear transversal isotropic material 
model was used for the vocal fold tissue, where the matrix of 
the elastic constants in strain-stress relations is defined as 
follows: 
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where Ep =2 Gp (1+µp) is the Young modulus, μp is the 
Poisson number and Gp is the shear modulus in perpendicular 
plane xy to the ligament fibres, and analogical constants are 
denoted by the index l for the longitudinal direction z. The 
cartilages were modelled by isotropic material. For a loose 
connective tissue between the vocal fold muscle and the 
thyroid cartilage a model of an incompressible material was 
used. The tissues material constants considered are 
summarized in Table 1. 
 
Table 1. Nominal values of material constants of individual 
tissue layers according to Mital (2008) - E=Epithelium, 
L=Ligament, M=Muscle, C=Cartilage, LT=Loose connective 
Tissue. 

  E L M C LT 
Gp [kPa] 0.530 0.870 1.050 - - 
Gl [kPa] 10 40 12 - - 
μp 0.3 0.3 0.3 0.47 0.4999 
Et(ε) [kPa] 26 104 31 - - 
ρ [kgm-3] 1020 1020 1020 1020 1020 
μpl = μlp 0.3 0.3 0.3 - - 

 

3 FREQUENCY - MODAL CHARACTERISTICS OF 
THE MODEL 

The modal analysis and consequently also the numerical 
simulations were performed for the pre-stressed vocal folds. 
The tissue prolongation in the longitudinal z direction ε = 5% 
of the original length L of the vocal folds was realized by 
rotating the thyroid cartilage against the cricoid cartilage.  

The frequency-modal properties of the FE model are 
presented for the first four eigenfrequencies and the mode 
shapes of vibration in Figure 3. Because the model is not 
perfectly symmetric, the fundamental eigenfrequencies for the 
left and right vocal fold are slightly different, however the 
mode shapes are very similar. The displacements in the 
vertical y and horizontal x directions are dominant for the first 
and second eigenmode, respectively. 

 

4 NUMERICAL SIMULATIONS OF VOCAL FOLDS 
VIBRATION 

4.1 Driving intraglottal pressure 
The motion of the vocal folds was numerically simulated for a 
prescribed intraglottal pressure given by a periodic function in 
the time domain. The intraglottal pressure signal loading the 
vocal fold surface was generated by the 2D aeroelastic model 
(see Horáček et al., 2005) of the vocal folds during the vocal 
folds self-sustained vibrations for the airflow rate Q=0.179 l/s, 
the prephonatory glottal half-gap g0=0.2 mm and the 
fundamental frequency F0=100.766 Hz, that corresponded to 
the subglottal pressure Psub=378.4 Pa, and the resulted vocal 

folds vibration were characterized by the open quotient 
OQ=0.725, defined as the open time of the glottis divided by 
the period length of the vocal folds vibrations, by the 
maximum glottis opening GO=1.27 mm and the maximum 
impact stress estimated by the Hertz theory IS=1328 Pa. The 
intraglottal periodic pressure p(y,t) used for excitation of the 
3D FE model of the vocal folds is shown in Figure 4 for two 
periods of the oscillation cycle. The pressure loading of the 
vocal fold surface was applied to all nodes in the intraglottal 
region, i.e. on the surface from the inferior to the superior 
vocal fold margin and along the length of the vocal folds. 
 

 
 

Figure 3. First four eigenmodes of vibration of the right 
vocal fold. 

 

 
Figure 4. Intraglottal pressure pulses loading the vocal folds  

4.2 Transient analysis 

Transient analysis within ANSYS program code was used for 
simulation of the vocal folds vibration in time domain. The 
Newmark method was used for integration of the equations of 
motion which can be written in the FE formulation as 

 ( , , , )x y z t+ + =M u B u K u P&& &  (2) 

where M, B, K are the global mass, damping and stiffness 
matrices, u is the vector of nodal displacements and P is the 
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vector of nodal excitation forces given by prescribed the 
intraglottal pressure. The damping matrix B was chosen 
proportional to matrix M and K.  

 α β= +B M K , (3) 

where Rayleigh damping constants where α=31 and β=0.001. 
First the simulation accuracy was tested by increasing the 
mesh density of the vocal folds tissue and by decreasing the 
time step of the integration ∆τ.  

Ten pulses were considered as sufficient in order to obtain a 
periodic dynamic time response of the system.  

4.3 Computed displacements 

The computed trajectories ux(t), uy(t), uz(t) in the selected 
nodes of the vocal fold tissue during stabilized oscillation 
cycles are shown in Figure 5 and the displacements of the 
node 1 are presented in Figure 6 in time domain. 

 
 

Figure 5. Numerically simulated plane (xy) trajectories of the 
right vocal fold in the middle cross-section. 
 

 
Figure 6. Displacements ux(t), uy(t) and uz(t) of the node 1 
during the vocal folds excitation by the pressure signal. 

A very complicated motion is evident. The mucous Rayleigh 
type waves are propagating near the vocal fold surface, 
especially in the upper part of the vocal fold (Fig. 5). The 
maximum value of the peak to peak displacement in the 
medial (x) direction is about 0.8 mm from and inferior-
superior (y) direction is about 1.5 mm. The medial 
displacement in x direction is limited by the vocal fold 
collisions. The anterior–posterior vibration amplitude in z 
direction is negligible. The maximum vibration amplitudes are 
on the vocal fold surface near the node 1, the vibration 
amplitudes are decreasing in the deeper tissue layers. 

4.4 Computed stresses 

The computed normal stresses σxx, σyy and the shear stresses 
σxy are shown in time domain in Figure7. 

Because of a significant phase shift (ca 180 deg) between 
the vertical and horizontal motion of the vocal folds (see Figs. 
5 and 6) the stresses maxima are not reached during the vocal 
folds contact but in the open phase of the glottis. The normal 
stresses σxx and σyy, have the compression maxima in the 
ligament (node 2) of about -0.8 kPa and -0.4 kPa, 
respectively, and only slightly lower values are presented in 
the muscle (node 3), see Fig. 7. The maximum of the tensile 
stress σyy ≅ 0.3 kPa is in the muscle. The maximum of the 
shear stresses σxy ≅ 0.6 kPa and σxy ≅ 0.5 kPa were obtained 
in the ligament (node 2) and in the muscle (node 3), 
respectively. From the perspective of tissue damage, the most 
dangerous tensile and shear stresses appeared in the open 
phase of the glottis. 

The distribution of the normal stresses σxx, σyy and the shear 
stresses σxy inside the vocal fold tissue in the middle cross-
section is shown in the Figure 8 at the time instant of a 
maximal opening of the glottis and in Figure 9 at the time 
instant of a vocal folds position during collision. 

An important cumulative stress in strength and fracture 
mechanics of materials is the so called “equivalent stress” or 
“Von Mises stress” defined as a function of all components of 
the stress tensor: 

 
( ) ( ) ( ) ( )[ ]222222 62

1
yzxzxyxxzzzzyyyyxxeqv σσσσσσσσσσ +++−+−+−= .(4) 

 
The computed equivalent stresses in the ligament (node 2) and 
in the muscle (node 3) are shown in Figure 10 in time domain 
during the oscillation cycles considered. The maximum 
equivalent stress of about 6 kPa was obtained in the ligament 
(node 2) reaching this stress magnitude during the impact. 
However, in the muscle (node 2) the maximum σeqv ≅ 2.3 kPa 
was obtained in open phase of the glottis oscillation period. 
The equivalent stress inside the tissue decreases with the 
depth under the vocal fold surface, see σeqv in the nodes 2 and 
3. We can also note here, that the differences between the 
maximum and minimum of the equivalent stresses σeqv ≅ 2.5 
kPa in the ligament and σeqv ≅ 1.1 kPa in the muscle 
correspond to the dynamics of the system pre-loaded by the 
contact (impact) forces during the vocal folds collisions, 
which are superimposed on the pre-stress due to the static 
vocal folds pre-tension, i.e. of about 5 kPa in the ligament and 
1.5 kPa in the muscle (see Fig. 10). 
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Figure 7. Computed normal stresses σxx(t), σyy(t) and shear 
stresses σxy(t) in the ligament (node 2) and in the muscle 
(node 3). 

 
From the point of estimation of the material damage 

initialization and fatigue crack propagation, knowledge of the 
principal normal stresses is very important. The three 
principal normal stresses were calculated from the tensor 
stress solving the condition: 

 

0.det =
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Figure 8. Distribution of the normal stresses σxx (upper 

panel) and σyy (middle panel) and shear stress σxy (lower panel) 
computed in the middle cross-section of the vocal folds for the 
open glottis at the time instant t= 1.06613 s.  

 
The principal normal stresses σ1(t), σ2(t) and σ3(t) computed 

in the vocal fold tissue are presented in time domain in Figure 
11. Maximum of the most dangerous tensile principal stress σ1 ≅ 6 kPa appears in the ligament (node 2) during the vocal 
folds collision. Maximum magnitudes of the tensile principal 
stress σ1 ≅ 1.8 kPa in the muscle (node 3), are much less, but 
they appeared during the open phase of the glottis. The 
maximum compress principal stresses are seen in σ3(t) during 
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the open phase of glottis oscillation, up to about σ3 ≅ -1 kPa 
in the ligament and σ3≅ -0.9 kPa in the muscle. 

In conclusion, none of the sixth stresses can be simply 
neglected; all stresses create a complicated 3D loading of the 
vocal fold tissue that changes during the vibration cycle, 
creating a complicated stress-strain wave propagating in the 
tissue in the anterior-posterior and inferior-superior directions, 
similarly like the mucosal waves on the vibrating vocal folds 
that may move in anterior-posterior, mediolateral and in 
caudal-cranial direction (Sonninen and Laukkanen, 2003). 

 
 

 

 

 
Figure 9. Distribution of the normal stresses σxx (upper 

panel) and σyy (middle panel) and shear stress σxy (lower panel) 
computed in the middle cross-section of the vocal folds for the 
closed glottis at the time instant t= 1.06987 s.  

 
 
 
 
 

 

 
Figure 10. Computed equivalent stresses σeqv, in the ligament 
(node 2) and in the muscle (node 3). 

 

5 EXPERIMENTAL SIMULATIONS OF VOCAL 
FOLDS VIBRATION 

The in vitro measurements of voicing were performed on a 
developed artificial larynx based on the CT images of human 
larynx taken during phonation (Guzman et al. 2013). The CT 
examination was done for a trained male singer (34 years old). 
The subject was placed in a CT scanner in supine position and 
phonated a sustained vowel [a:] in a habitual pitch and 
comfortable loudness. The CT images were segmented and 
processed into volume model of the vocal tract (Vampola et 
al. 2013).  

The 1:1 scaled model of the larynx was prepared of the 
commercial addition (platinum)-cure two-component silicon 
rubber Ecoflex 00-10 (Smooth-On, US). The mixture was 
casted into the mould made by 3D printing from the volume 
model of the human vocal tract. After mixing, the viscous 
liquid was poured into the tube-like mould and degassed in 
vacuum oven to get rid of the bubbles and then sealed with 
wax and cured for 4 hours at the room and at the last 30 
minutes at the temperature elevated to 50°C. After curing and 
cutting out the part above the vocal folds with a sharp 
puncher, the rubber model was ready for tests (see Figures 12 
and 13). 

The viscoelastic properties of the silicone rubber were 
measured by oscillatory rheometer. The complex shear 
modulus G= G’+i G’’ close to the phonation frequency 100 
Hz revealed significant viscous response, at G’=11 kPa and 
G’’=3.5 kPa. 

The experiments with the artificial larynx were performed 
in a test stand that enables synchronous registration of the 
airflow induced vocal fold vibrations using a high speed 
camera, measurement of impact stress between the vocal folds 
during collisions, the subglottal dynamic and mean air 
pressure and the generated acoustic signal (Horáček et al. 
2013). 
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Figure 11. Principal normal stresses σ1(t), σ2(t) and σ3(t) 
computed in the ligament (node 2) and in the muscle (node 3).  

 
 
 
 
 
 

 
 

a)  b)   
Figure 12. a) Mould produced by 3D-printing and b) the 
casted larynx model made of silicone rubber. 
 
Example of the simultaneously recorded time signals for the 
impact stress (IS) measured by a miniature pressure 
transducer, the subglottal pressure (Psub) and the glottis 
opening (GO) evaluated from the images of the self-
oscillating vocal folds are presented in Figure 14. When the 
glottis was opened during the vibration period, the contact 
sensor measured the intraglottal air pressure of about 2.5 kPa 
in the airflow between the vocal folds. As a result the 
maximum of impact stress was MaxIS ≅ 2.6 kPa. The 
maximum of Psub ≅ 1.7 kPa was delayed after the MaxIS and 
the maximum GO ≅ 1.5 mm was delayed behind Psub.  

Depending on the mean flow rate Q = 0.15-0.65 l/s the 
measured MaxIS ≅ 0-7.5 kPa and the sound pressure level  
SPL ≅ 60-92 dB of the acoustic signal in a distance of 20 cm 
from the vocal folds were increasing approximately linearly. 
The mean subglottal pressure varied in the interval 

sub 1 1.85 kPaP ≅ −  and the fundamental frequency of the vocal 
folds self-oscillations varied in the interval F0 ≅ 94-98 Hz. 

The measured phonation characteristics are in good 
agreement with the values found in human excised larynges 
(Reed et al. 1992; Verdolini et al. 1999).  

 
 

                  
 
Figure 13. Larynx replica with self-oscillating vocal folds at 

the time instants of minimum and maximum glottis opening. 
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Figure 14. Impact stress (IS), subglottal pressure (Psub) and 
glottis opening (GO) measured for the airflow rate Q=0.3 l/s). 

6 CONCLUSIONS 
The geometry of the parametric 3D FE model of the vocal 
folds developed as a part of the complex larynx model can be 
easily modified, enabling tuning and optimisation procedures 
for finding proper model geometric and material parameters 
related to the vocal fold vibration characteristics. 

The results suggest that the model enables to predict stresses 
in the layered vocal fold tissue due to the vibration of the 
vocal folds in phonation regimes with collisions. The motion 
of the vocal folds excited by periodic intraglottal pressure 
pulses seems to be qualitatively similar to the vibration 
patterns known from clinical observations.  

The computed normal and shear stresses show a significant 
triaxial state of stress in the vocal fold tissue and no 
compound of the stress tensor can be neglected. Three 
principal normal stresses are periodically changing their 
magnitude and direction. The maximum stresses were found 
mainly in the ligament near the vocal folds surface, decreasing 
with the depth inside the tissue. The important finding is that 
the maximum stresses are not present only in the closed phase 
of the vocal folds motion during their collision but 
approximately similar maximum magnitudes of the stresses 
were found in the opening phase of the glottis. 

The changes of the stresses due to the vocal folds collisions 
were found in a good general agreement with the impact stress 
measured in the rubber vocal folds model. The differences 2.5 
kPa found between the computed contact and contactless 
equivalent stresses (recall Fig. 10) were close to the maximum 
impact stress 2.6 kPa measured in the artificial larynx. 
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ABSTRACT: This study deals a MEMS device, which consists of a shallow arched microbeam, with axial load deliberately 

added and electrostatic and electrodynamic actuation. The microstructure is characterized by a bistable static configuration. A 

single degree of freedom model is derived and extensive numerical simulations are performed. They highlight a considerable 

versatility of behavior, which may have many feasible applications. After analyzing the attractors coexisting in each parameter 

range, we focus on each rest position, and we investigate the final outcome, when the electrodynamic voltage is suddenly 

applied. Our aim is to describe if the suddenly applied electric load will lead to dynamic pull-in or to a bounded motion. To 

summarize the overall scenario, we build the theoretical charts. They illustrate the final response, when, starting from each rest 

position, the microstructure is suddenly excited with different values of frequency and electrodynamic voltage. Nevertheless, 

these results represent a theoretical limit, which never occurs in practice. This is because, under realistic conditions, disturbances 

exist and are unavoidable, as, for instance, the noise from the pump, a transient not completely removed, imperfections due to 

the microfabrication, etc. Disturbances give uncertainties to the operating initial conditions, which may lead to an outcome 

different from what theoretically predicted. In the literature, a similar discrepancy has been highlighted in many different 

dynamical systems. To take disturbances into account, a dynamical integrity analysis is performed. After introducing the 

dynamical integrity tools of safe basin and integrity measure, for each initial condition of rest we examine the practical 

vulnerability to dynamic pull-in. This is performed via integrity profiles and integrity charts. A small integrity enhances the 

sensitivity of the system to disturbances. Consequently, the parameter range where the device, subjected to a suddenly applied 

load, can operate in safe conditions is smaller, and, sometimes, considerably smaller, than in the theoretical predictions. The 

obtained integrity charts are able to provide quantitative information about the changes in the structural safety. They may be 

used in the engineering design to establish safety factors and operate the device according to the desired behavior. 

KEY WORDS: Microelectromechanical systems; Nonlinear dynamics; Dynamical integrity; Extended local integrity measure. 

1 INTRODUCTION 

Several nonlinear static and dynamic phenomena may occur 

in micro- and nano-electromechanical systems (MEMS and 

NEMS), as multistability, jump, snap-through and escape [1, 

2]. Many recent research studies emphasise the importance of 

these complex nonlinear features, since there is a growing 

attention toward the variety of their possible applications [3]. 

Mestrom et al. [4] investigate a clamped-clamped beam 

MEMS resonator. Depending on the excitation parameters, 

both softening and hardening behavior is observed. A 

combined numerical and experimental analysis of the 

nonlinear behavior is addressed extensively, which enables 

parameter study and design optimization of microsystems 

with respect to nonlinear dynamic features. Cho et al. [5] 

fabricate a nanomechanical resonator based on a doubly 

clamped carbon nanotube incorporating intrinsically 

geometric nonlinearity. They operate the device in highly 

nonlinear regime. Extreme broadband resonance is observed. 

Both tunability over a broad frequency range, which spans up 

to many times the device natural frequency, and enhanced 

sensitivity to external perturbations are explored. Kylov et al. 

[6] fabricate an electrically actuated microstructure which is 

able to exhibit large amplitude stable resonant oscillations, 

while the resonant frequency may be tuned by the dc voltage. 

Bahrami and Nayfeh [7] explore grazing dynamics of tapping 

mode atomic force microscopes, Rhoads et al. [8] nonlinear 

features in electromagnetically actuated microbeam 

resonators, Garcia and Herruzo [9] multifrequency force 

microscopy, Arlett et al. [10] mechanical biosensors, Hacker 

and Gottlieb [11] internal resonance in non-contact atomic 

force microscopy, Tusset et al. [12] chaotic dynamics in 

MEMS comb-drive actuator, etc.  

Numerous papers investigate the MEMS response when a 

driving parameter is gradually changed (e.g. the frequency or 

the electric voltage). However, there is another important 

category of applications, in which the system, initially at rest, 

is subjected to a suddenly applied load [13]. Applications 

arise in many different fields, ranging from mechanical shock 

and seismic monitoring, up to molecular detection and 

biosensors. Younis et al. [14] investigate the effects of shock 

and electric excitation to the failure of MEMS devices. Their 

interaction lowers the instability threshold, which can be used 

to design smart MEMS switches triggered at a predetermined 

level of shock and acceleration. Ghisi et al. [15] numerically 

and experimentally analyze the main features of the transient 

response in a polysilicon MEMS accelerometer subject to 

shocks. Ramini et al. [16] design a resonant switch for 

earthquake detection and low-g seismic applications. By 

careful tuning, the resonator can be made to enter the pull-in 

instability zone upon the detection of the earthquake signal. 
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Such a switching action can be functionalized for alarming 

purposes or can be used to activate a network of sensors for 

seismic activity recording. 

Motivated by the increasing relevance of nonlinear features in 

MEMS applications, the present paper analyzes the nonlinear 

response of a MEMS device at rest, subjected to a suddenly 

applied electrodynamic excitation. We consider the theoretical 

MEMS represented in Fig. 1, which is able to exhibit a 

considerable versatility of behavior. Our aim is to develop a 

confident practical estimate of the device response. 

Extensive numerical simulations are performed. However, as 

previously observed in Thompson [17] and recently in Lenci 

and Rega [18, 19], the theoretical existence of an attractor 

does not guarantee that a certain motion can be actually 

observed under realistic conditions, but a different outcome 

may arise in practice. This discrepancy is related to the 

presence of disturbances, which always exist and are 

unavoidable. They give uncertainties to the operating initial 

conditions. To tolerate them, the “safe basin” is required to be 

sufficiently “robust,” otherwise the actual response may differ 

from what theoretically predicted. To address this issue, we 

perform a dynamical integrity analysis. 

Many papers analyze and develop in depth the main 

dynamical integrity tools, as the dynamical integrity measure 

and the definition of safe basin. Different measures are 

proposed to investigate the engineering integrity. Soliman and 

Thompson [20] introduce the Global Integrity Measure and 

the Local Integrity Measure. To overcome some critical points 

arising in these definitions, Lenci and Rega suggest the 

Integrity Factor [21] and the Actual Global Integrity Measure 

[18]. We refer to [22] for a detailed overview on this topic and 

a deep comparison among the different methods. Dynamical 

integrity investigations have been applied to interpret and 

predict experimental data in many different mechanical 

systems, e.g., capsize of a ship [23], driven oscillators [24, 

25], suspension bridge [26], cylindrical shell [27], pendulum 

excited by wave motion [28], etc.  

In a MEMS capacitive accelerometer [29], the experimental 

pull-in bands exactly “follow” the integrity curves. The 

integrity chart is observed to provide valuable interpretation 

of the unavoidable existence of disturbances, i.e. to serve as a 

design guideline in order to ensure the safety of the 

microstructure. In beam-based MEMS devices [30], the 

dynamical integrity analysis is used not only to detect the 

range of existence of a certain motion, but also to forewarn 

where a jump to another attractor should be expected and 

where, instead, there is the danger of dynamic pull-in. In a 

MEMS based on an imperfect electrically actuated microbeam 

[31], it is underlined that the integrity curves may be used to 

detect the range of applicability of the model, after which the 

theoretical results slowly start to decrease their accuracy. In 

atomic force microscopy [32], integrity profiles are developed 

to investigate the possible lack of robustness in the attractors 

and to ensure a priori design safety target. Special attention is 

devoted to the analysis of different initial conditions of rest. In 

a thermoelastic electrically actuated microbeam [33], starting 

from the results achieved in the dynamical integrity analysis, a 

controller is designed, which is able to avert the pull-in 

threshold and to shift it toward higher excitation amplitudes. 

In the present research study, we develop a dynamical 

integrity analysis to investigate the MEMS dynamical 

response to sudden excitations. To this purpose, an extended 

definition of the Local Integrity Measure is introduced. The 

paper is organized as follows. The mechanical model is 

presented and the overall scenario of achievable theoretical 

dynamics is described (Sect. 2); the theoretical response to 

suddenly applied electrodynamic excitations is analyzed (Sect. 

3); after investigating the global dynamics via attractor-basins 

phase portraits (Sect. 4), an extended dynamical integrity 

measure is introduced and the dynamical integrity analysis is 

performed (Sect. 5); the main conclusions are summarized 

(Sect. 6). 

 

 

Figure 1. A schematic model of the MEMS device. 

 

2 MECHANICAL MODEL AND OVERALL 

THEORETICAL DYNAMICS 

The analyzed MEMS device is represented in Fig. 1. It 

consists of a slender imperfect microbeam, which is actuated 

by an electrostatic voltage load VDC and an electrodynamic 

harmonic load of amplitude VAC and frequency Ω. The 

microbeam has length 𝑙 and a constant rectangular cross 

section of width 𝑏 and thickness ℎ. The shallow arched initial 

shape, which simulates the imperfections possibly due to the 

microfabrication process is expressed by 𝑦0(𝑧) =
(1 2)⁄ 𝑦0(1 − cos(2𝜋𝑧)), where 𝑦0 is the maximum initial 

rise. The microbeam is subjected to a constant axial load 𝑃, 

which produces the axial displacement 𝑤𝐵 at the right end B. 

The authors previously analyzed this microstructure in [30], 

where a simple single mode reduced order model was 

obtained via the combined use of Galerkin technique and Padé 

approximation, and extensive theoretical simulations were 

performed. In this section we briefly recall the major results, 

since they represent the starting point of the present paper. 

The nondimensional governing equation of the transverse 

deflection can be written as  

�̈�(𝑧, 𝑡) + 𝜉 �̇�(𝑧, 𝑡) + 𝑣 ′′′′(𝑧, 𝑡) + 𝛼 (𝑣 ′′(𝑧, 𝑡) + 𝑦′′
0

(𝑧)) = 

−𝛾
(𝑉𝐷𝐶 + 𝑉𝐴𝐶 cos(Ω𝑡))2

(1 + 𝑣(𝑧, 𝑡) + 𝑦0(𝑧))2
 

 

 

(1) 

with 

𝛼 = 𝑛 − 𝑘𝑎 (∫ (1

2
(𝑣′(𝑧, 𝑡))

2
+ 𝑣′(𝑧, 𝑡)𝑦′

0
(𝑧))

1

0
𝑑𝑧 ) (2) 

where the boundary conditions are 

𝑣(0, 𝑡) = 0,  𝑣(1, 𝑡) = 0,  𝑣′(0, 𝑡) = 0,  𝑣′(1, 𝑡) = 0. (3) 

The nondimensional variables used in (1)-(3) are (the hats are 

dropped in (1)-(3) not to burden the notation) 

�̃� =
𝑧

𝑙
 �̃� =

𝑣

𝑑
 �̃�0 =

𝑦0

𝑑
 �̃� =

𝑡

𝑇
 (4) 

l

d

y, v

z, w
uB

P

p

y (z)
0

v(z,t)
A B

VDC
VAC
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and the nondimensional parameters are 

 
𝑘𝑎 = (𝐸𝐴)𝑑2/(𝐸𝐽) 𝑛 = (𝐸𝐴) 𝑙 𝑤𝐵/(𝐸𝐽)   

 𝛾 =
1

2
𝜀0𝜀𝑟𝐴𝑐𝑙3/(𝑑3𝐸𝐽)  𝜉 = 𝑐 𝑙4/(𝐸𝐽 𝑇)   

 𝑇 = √(𝜌𝐴 𝑙4)/(𝐸𝐽) Ω̃ = Ω 𝑇 (5) 

where 𝜌𝐴 is the mass density per unit length, 𝐸𝐴 is the axial 

stiffness, 𝐸𝐽 is the bending stiffness, 𝐴 and 𝐽 are the area and 

the moment of inertia of the cross section, 𝐸 is the effective 

Young’s modulus, 𝜌 is the material density, 𝑑 is the gap width 

between the stationary electrode and the imaginary rectilinear 

axis connecting the ends of the microbeam, 𝑛 is the 

nondimensional axial load, 𝐴𝑐 = 𝑏𝑙 is the overlapped area 

between the microbeam and the stationary electrode, 𝜀0 is the 

dielectric constant in the free space, 𝜀𝑟 is the relative 

permittivity of the gap space medium with respect to the free 

space,  𝑐 is the viscous damping coefficient.  

Assuming realistic parameters, l = 400 μm, h = 1.4 μm, b = 

25μm, d = 2.2 μm, y0 = 0.1 μm, n = 60 (i.e. wB = 25nm), VDC = 

1.2V, the single-mode reduced order model becomes: 

�̈� + 0.17247 �̇� − 0.325217 − 256.704 𝑌 − 445.54 𝑌2 

+2866.89 𝑌3 + (1.2 + 𝑉𝐴𝐶 cos(Ω𝑡))2 ∙ 
(0.0168156 + 0.123945 𝑌 + 0.353178 𝑌2 + 0.461589 𝑌3 

+0.233094 𝑌4)/(1.44 (0.596 + 𝑌)6) = 0 
(6) 

Analyzing the static response [30], it can be easily observed 

that the system has a double potential well, with escape 

direction, Fig. 2. Accordingly, the device may exhibit a 

bistable static behavior, i.e. at rest has two stable equilibrium 

configurations, an upper one and a lower one.  

 

Figure 2. The total potential energy. 

We focus on the nonlinear dynamics. The frequency response 

diagram in Fig. 3 shows the presence of several competing 

attractors, leading to a considerable versatility of behavior. 

This feature may have feasible applications. We note the in- 

well attractors belonging both to the principal well (denoted 

by A, right-hand side in Fig. 3) and to the secondary well 

(denoted by B, left-hand side in Fig. 3). Both A and B exhibit 

both nonresonant and resonant branch, which undergo 

softening behavior. We can see the bending toward lower 

frequencies at Ω ≅ 26 (primary resonance) and at Ω ≅ 13 

(superharmonic resonance) in A, and at Ω ≅ 20.15 (primary 

resonance) in B. Also large cross-well motion C may appear, 

whose maximum amplitude is considerably wider. 

 
Figure 3. Frequency response at VAC= 3.5V. 

Collecting information from several frequency response 

diagrams, we draw the frequency-dynamic voltage behavior 

chart, Fig. 4, which describes the overall scenario of the 

device response, when both the frequency and the 

electrodynamic voltage are varied. Theoretical bounds of 

existence of each attractor and theoretical ranges of 

multistability are carefully described. For instance, we can 

observe: (i) the Δ-shaped region, where both the nonresonant 

and the resonant oscillations B coexist, which is bounded by 

the SN of the nonresonant branch and by the SN and the BC 

of the resonant one; (ii) the V-shaped region, where these two 

attractors disappear, which have vertex at about (Ω; VAC) 

equal to (16.5; 5.32); (iii) the theoretical range of existence of 

oscillations C; etc. 

To distinguish the final behavior that is theoretically expected 

to occur when an attractor disappears, we add symbols to 

these curves: a circle, a triangle, a square and a star denote 

respectively safe jump to a bounded motion in the same well, 

in the other well, unpredictable behavior and unsafe escape. 

They highlight that the vanishing of an attractor may activate 

jumps between the nonresonant and the resonant branches 

belonging to the same potential well, between the two wells, 

and, remarkably, from the large oscillations C to other 

attractors, without leading to pull-in. 

 

 Figure 4. Behavior chart with symbols about the theoretical behavior after the disappearance of each attractor: safe jump to a 

bounded motion (○) in the same well, () in the other well, (□) unpredictable; () unsafe escape. 
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3 THEORETICAL RESPONSE AT SUDDENLY 

APPLIED ELECTRODYNAMIC EXCITATION 

After observing the possible dynamics that the device may 

exhibit, we consider each initial condition of rest, and analyze 

the trajectory when the electric excitation is suddenly applied. 

Our aim is to understand if there will be a bounded motion 

(one of those detected in Fig. 4) or dynamic pull-in.  

We can observe a considerable versatility of behavior, 

although we are operating the device at the same frequency 

and voltage parameters. For instance, giving a suddenly 

applied excitation with Ω = 11 and VAC = 7.5V, a bounded 

motion occurs if the starting rest condition is in the right well 

(upper stable configuration), Fig. 5(a), whereas dynamic pull-

in directly appears if the starting rest condition is in the left 

well (lower stable configuration), Fig. 5(b). 

 

(a)  

(b)  

 

Figure 5. Time histories for a suddenly applied excitation of Ω 

= 11 and VAC = 7.5V. Starting rest condition: (a) in the right 

well (upper stable configuration); (b) in the left well (lower 

stable configuration)  

Collecting information from several time histories, we 

summarize the overall scenario by drawing the behavior 

charts for each initial condition of rest, Fig. 6. Starting from 

each rest position, each chart describes which final outcome 

will theoretically occur when a certain VAC and a certain Ω are 

applied. Green, orange and white denote oscillations in the left 

well, oscillations in the right well, and escape, respectively.  

We analyze the rest position in the left well, Fig. 6(a). We can 

observe a wide parameter range (green) where the device 

exhibits oscillations in the same well of the rest initial 

configuration. This area consists of a wide compact region, 

which extends along about the same range of existence of the 

resonant and nonresonant attractors B shown in Fig. 4. 

Similarly to Fig. 4, we can observe a V-shaped area, which 

occurs in a neighbourhood at the left of the resonant 

frequency, and has vertex at about (Ω; VAC) equal to (18; 

1.75). This fall is deeper than in Fig. 4, which results in a shift 

of its vertex toward the resonance value and a deepening 

toward considerably lower voltages. In addition to this fall, 

similarly to Fig. 4, another small fall occurs at about Ω = 13.5, 

after which, decreasing the frequency, the compact region 

slightly decreases.  

The large compact green area denotes that there is a wide 

parameter range where a suddenly applied excitation from the 

rest configuration in the left well produces oscillations in the 

same well. We can observe also a wide parameter range where 

the green area is replaced with the orange one, i.e. the system 

may jump to the other well, where oscillations have wider 

amplitude, Fig. 6(a). This takes place in the V-shaped region. 

This is the only range where jump from the left to the right 

well may occur at relatively small voltage values. The V-

shaped region is not compact, but fractal tongues of green area 

penetrate and make this part of the phase space completely 

fractal. From a design viewpoint fractal areas produce 

unpredictability, since we cannot know exactly in advance 

which final state of the system will arise because a very small 

change in the parameter values may lead to a completely 

different behavior. As far as the voltage remains small, 

fractality involves only two bounded motions, and there is no 

risk of dynamic pull-in.  

 

(a)  

(b)  

Figure 6. Behavior chart for initial condition of rest (a) in left 

well; (b) in the right well 

 

In addition to the V-shaped region, orange areas extend at 

elevated voltage values, where the green area looses 

compactness, e.g. at VAC > 5 V. In this case, the voltage is 

significantly high and fractality involves not only green and 

orange areas, but also the escape. Accordingly, at high 
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voltages, both a motion in the left well, a motion in the right 

well and dynamic pull-in may occur.  

Analyzing the chart for the initial condition of rest in the right 

well, Fig. 6(b), we can observe that the device may endure 

more elevated excitation loads before leading to dynamic pull-

in. Also in this case, the orange area is very wide and compact 

at low voltages. Along the boundary with the escape region, 

instead, it presents fractal tongues, which, however, are rather 

small. No green area can be observed, i.e. the initial condition 

in the upper configuration never leads to the lower one.  

 

4 ATTRACTOR-BASINS PHASE PORTRAITS 

Each range of existence denoted in Fig. 6 is a theoretical limit. 

Disturbances are inevitably encountered in experiments and 

practice. They give uncertainty to the operating initial 

conditions. Consequently, the aforementioned theoretical 

limits never occur in applications. Our aim is to estimate the 

practical vulnerability of each initial condition of rest to 

dynamic pull-in under realistic conditions, in order to detect 

the parameter ranges where an excitation will lead in practice 

(and not just in theory) to a bounded motion or to dynamic 

pull-in. To this purpose, it is essential analyzing the response 

not only locally, by studying the response of each single initial 

condition of rest to sudden electric excitation, but also 

globally, by focusing on the attractor-basin scenario.  

 

  

  
Figure 7. Attractor-basins phase portraits at:  

Ω = 17 and (a) VAC = 0.5 V, (b) VAC = 3.2 V, 

Ω = 20 and (c) VAC = 5.5 V; (d) VAC = 8.0 V. 

 

Figure 7 reports some attractor-basins phase portraits. The 

basins are orange for A, green and red for the non-resonant 

and resonant B, purple for large oscillations C, and white for 

the escape. We focus on attractors B. Approaching the 

resonance, the resonant branch appears and competes in 

robustness with the non-resonant one. Until the voltage is low, 

the two basins are close to each other (Fig. 7a). Increasing the 

voltage, instead, they separate with fractal tongues (Fig. 7b-c) 

and successively reduce in size up to vanish (Fig. 7d). 

Increasing the voltage VAC, the escape enters with fractal 

tongues (white). Initially it erodes small parts of the phase 

space, which are far from the compact areas around the 

attractors and the initial conditions of rest. Then, it develops 

more rapidly (especially near VAC = 4.5–5.0 V), and, 

remarkably, separates and isolates some of the basins. This 

separation generally concerns at first the large oscillations C, 

then B, and finally A. 

A wide compact area (basins of bounded motions) is essential 

to tolerate disturbances and reliably operate the device since 

all these initial conditions lead to a safe bounded attractor. 

Conversely, a non-compact area, instead, is sensitive to 

disturbances, since a small uncertainty in the initial conditions 

may lead in practice to dynamic pull-in, despite theoretical 

simulations predict a safe bounded attractor. From these 

observations, it follows that dynamic pull-in is expected to 

occur in practice when the compact area around the initial 

condition of rest becomes too much reduced. 
 

5 PRACTICAL RESPONSE AT SUDDENLY APPLIED 

ELECTRODYNAMIC EXCITATION 

In MEMS as well as in NEMS, bounded motion and pull-in 

usually refer to two different kinds of applications. Where a 

bounded motion is desirable, pull-in is unwanted, and vice-

versa. For example, a bounded motion is an attractive feature 

in resonators, filters, detection, whereas pull-in may have 

applications is switches, lifesavings, etc. Here comes the 

importance of detecting the range where the device exhibits 

safe oscillations and the range where it directly fails. Because 

of the importance of distinguishing them, in the forthcoming 

simulations we detect the parameter ranges where each initial 

condition of rest subjected to a suddenly applied electric 

excitation may practically lead to dynamic pull-in because is 

not robust enough to tolerate disturbances.  

To perform this analysis, we need to identify the selected safe 

basin and to choose a suitable measure for its robustness. 

Since we focus on the robustness to dynamic pull-in, we 

consider as safe basin the union of all the basins of attraction. 

In fact, in this case, the safe condition is represented by 

having at the steady-state dynamics, a bounded motion, 

whereas the unsafe condition by having the escape (pull-in). 

To measure the dynamical integrity, we introduce the 

Extended Local Integrity Measure (ELIM), which extends the 

definition of LIM introduced by Soliman and Thompson in 

[20], in order to consider initial conditions different from each 

single attractor. In particular, ELIM may be defined as the 

normalized radius of the largest circle entirely belonging to 

the safe basin and centered at the initial condition under 

consideration. Examples of circles used in the definition of 

ELIM are reported in Fig. 8. Note that ELIM is an appropriate 

measure for our case-study. It considers only the compact 

“core” of the safe basin, ruling out the fractal parts, which are 

dangerous in practice. ELIM keeps all the advantages of LIM, 

and, in addition, is able to investigate the initial condition we 

are interested in (and not only the attractor). In the following, 

we normalize each radius with the analogous radius drawn for 

the initial condition of rest in the right well in the unforced 

dynamics. 
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Figure 8. Attractor-basin phase portrait at Ω = 16, VAC = 1.5V. 

Initial conditions of rest in the left and right well are in red 

dots. Examples of circles used in the definition of ELIM are in 

solid line. 

We draw integrity profiles, which describe the practical safety 

by illustrating the loss of ELIM dynamical integrity of the 

considered initial condition of rest, when the frequency is 

varying. Operatively, we investigate several attractor-basin 

phase portraits, which are sampled using a grid with step 

equal or less than 1.0 in the frequency and 0.5 in the voltage. 

We compute the ELIM integrity and plot it versus frequency. 

Some of the results are reported in Fig. 9.  

Focusing on the initial condition of rest in the left well, we 

can observe that, at low voltage, e.g. VAC = 2V, it has a nearly 

constant plateau, with ELIM ≅ 95%. The elevated robustness 

comes both from the basin surrounding the initial condition of 

rest and from the other basins surrounding it. These last ones 

are essential to prevent dynamic pull-in when the basin 

surrounding the initial condition of rest is equipped with a 

small area. Increasing the voltage, at VAC = 4.5V, a sudden fall 

of ELIM dynamical integrity develops very quickly at Ω = 

[14; 15] producing deterioration in the reliability of the 

system. This fall is particularly dangerous, because it occurs 

in a small region and does not stop except when the dynamical 

integrity is nearly destroyed. Due to this fall, the initial 

condition of rest subjected to a sudden excitation may not 

tolerate the disturbances, and may practically lead to dynamic 

pull-in. Consequently, the final outcome may be different 

from what was predicted in Fig. 6.  

Further increasing the voltage, e.g. at VAC = 5.0V, ELIM is 

practically residual along nearly all the considered frequency 

range, thus alerting the occurrence in practice of dynamic 

pull-in, despite the chart in Fig. 6 theoretically predicts a safe 

bounded motion. 

To describe the overall scenario of structural safety of the 

initial condition of rest when subjected to a suddenly applied 

excitation of different frequency and voltage, we build the 

ELIM integrity chart, which shows the curves of constant 

percentage of ELIM, Fig. 10. They are obtained by collecting 

information from several integrity profiles at different values 

of VAC. We can identify three parameter ranges with three 

different scenarios.  

 

 

Figure 9. ELIM integrity profiles for the initial condition 

of rest in the left well, at VAC = 2.0 V, VAC = 4.5 V, and 

VAC = 5.0 V 

 

The first range is up to VAC = 4.0V, where we can find safe 

conditions since the initial condition of rest, when subjected to 

a suddenly applied electric excitation, is very robust to 

dynamic pull-in. ELIM dynamical integrity is really elevated, 

at about the 90-95%. Only exception is represented by a small 

region in correspondence of the V-shaped area where the 

theoretical final attractor is no more in the left well but in the 

right one. However, also in this range, ELIM never falls 

below 60%, confirming that, up to VAC = 4.0 V, the device is 

expected to exhibit a safe bounded motion. 

The second range is VAC = [4; 5] V. Here, the contour curves 

are close to each other, and the system quickly switches from 

ELIM ≅ 90 %, where it is able to tolerate considerable 

disturbances in safe conditions, to ELIM < 10 %, where it is 

totally vulnerable. This clearly detects the voltage range 

where the escape penetrates inside the double well, wraps and 

shrinks the safe basin surrounding the initial condition of rest 

and separates it from the other bounded motions. Thus, the 

initial condition of rest becomes paralleled with a narrow safe 

basin, which enhances the sensitivity of the system to 

disturbances, provides a significant deterioration of the safety 

of the device, and makes the initial condition of rest 

vulnerable in practice to dynamic pull-in. The chart alerts that 

this deterioration occurs suddenly, within a very small 

interval. To protect the microstructure, we are required to 

assume in the design adequate coefficients of safety, which 

are able to keep any application far from this threshold.  

The third range is VAC > 5 V, where ELIM dynamical integrity 

never exceeds the 10 % and keeps slowly decreasing up to the 

inevitable escape. In this range, disturbances typically 

encountered in experiments and practice likely will lead to 

dynamic pull-in, despite theoretical simulations in Fig. 6 

predict a bounded motion. 

Summarizing, the integrity chart shows that dynamic pull-in is 

expected to be practically shifted at lower voltages than in the 

theoretical predictions. Note that the curves of constant 

percentage of ELIM are a valuable guideline for the design, 

since, depending on the expected disturbances, they can be 

used to establish safety factors, in order to operate the device 

in safe conditions, according to the desired outcome.  
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Figure 10. ELIM integrity chart for the initial condition of 

rest in the left well. 

 

6 CONCLUSIONS 

An electrically actuated MEMS device with considerable 

versatility of behavior has been analyzed. The device has a 

bistable static configuration, with possibility of escape. 

Systematic theoretical investigations have been performed to 

explore the nonlinear behavior in a neighborhood of the two 

natural frequencies of the two stable equilibrium positions. 

Some robust competing attractors with different 

characteristics exist and coexist, providing a considerable 

versatility of behavior, which is desirable in many MEMS and 

NEMS applications.  

Special attention is devoted to analyze the response when the 

device, from rest, is subjected to a suddenly applied electric 

excitation. Theoretical behavior charts have been performed 

to analyze the theoretical final outcome.  

To take into account the inevitable presence of disturbances, a 

dynamical integrity analysis is carried out, in order to extract 

valuable information about the expected dynamics under 

realistic conditions, which is essential for design and 

applications. To this purpose, the ELIM integrity measure has 

been introduced, which extends the classical definition of 

LIM. We have focused on the practical vulnerability to 

dynamic pull-in. ELIM integrity profiles and integrity charts 

have been performed. We have highlighted that we cannot 

rely on the theoretical range of existence of a certain outcome, 

since disturbances are inevitably encountered in practice, and 

reduce the safe parameter range. The practical safe area is 

smaller, and sometimes remarkably smaller, than theoretical 

one. 

We have emphasised that these charts may be applied in the 

design to identify lower bounds of safety where we can 

operate the device with a certain motion in safe conditions. 

We have stressed the general applicability of the obtained 

results, both in MEMS, and, more in general, in systems. 
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ABSTRACT: The consideration of nonlinearities in mechanical structures is a question of high importance because several 

common features as joints, large displacements and backlash may give rise to these kinds of phenomena. However, nonlinear 

tools for the area of structural dynamics are still not consolidated and need further research effort. In this sense, the Volterra 

series is an interesting mathematical framework to deal with nonlinear dynamics since it is a clear generalization of the linear 

convolution for weakly nonlinear systems. Unfortunately, the main drawback of this non-parametric model is the need of a large 

number of terms for accurately identifying the system, but it can be overcomed by expanding the Volterra kernels with 

orthonormal basis functions. In this paper, this technique is used to identify a Volterra model of a nonlinear buckled beam and 

the kernels are used for the detection of the nonlinear behavior of the structure. The main advantages and drawbacks of the 

proposed methodology are highlighted in the final remarks of the paper. 

KEY WORDS: Volterra series, detection of nonlinearities, nonlinear buckled beam, orthonormal basis function 

1 INTRODUCTION 

In real-world engineering structures it can be necessary to take 

into account the nonlinearities depending on the level of 

excitation, type of material, joints, level of displacement, and 

applied load [1,2]. Different experimental effects can be 

observed analyzing the response of the system operating in 

nonlinear conditions, as jumps, harmonics, limit cycle, 

discontinuities, etc. [3]. 

Unfortunately, even with the recent development, the 

nonlinear identification approach is not mature as the classical 

linear techniques. Thus, there is a growing search for general 

and easy methods able to treat the most common 

nonlinearities in engineering structures, mainly the 

polynomial stiffness effect [4]. Several methods have been 

used for detection, identification and analysis of nonlinear 

behavior in structural systems, as for example: nonlinear time 

series [5], nonlinear normal modes [6], harmonic probing 

method using Volterra series [7], principal component 

analysis [8], extended constitutive relation error [9], frequency 

subspace methods [10], harmonic balance method [11], and 

others. However, all of these methods have drawbacks in 

some aspects. So, there is no general approach for the analysis 

nonlinear systems. 

Among these methods the Volterra series is very powerful 

because it is a clear generalization of the convolution of the 

input force signal with the impulse response function and 

several properties of the linear systems can be extended for 

nonlinear systems [12,13]. However, problems associated 

with overparameterization, ill-posed convergence, etc. have 

motivated criticism to this approach [14]. Partially this is a 

true statement; although, there exist some techniques to 

overcome this inconvenience. In order to make easier the 

practical application of this technique for engineers, the 

present work shows the use of discrete-time version of the 

Volterra series expanded with orthonormal functions [15]. 

The main contributions of this paper is to detect and 

identify, in the same time and with the same experimental 

data, the nonlinear behavior in function of the level of input 

signal applied in a geometrically nonlinear buckled beam. The 

paper is organized in four sections. First of all, a background 

review in the Volterra series expanded in orthonormal 

functions is discussed. Next the description of the test rig and 

the experimental tests performed are described in full details. 

Nonlinear features detection using classical metrics and the 

Volterra kernels contribution in the experimental output are 

also presented. Finally, the concluding remarks are presented. 

2 DISCRETE-TIME VOLTERRA SERIES  

The output of a system can be described by a combination of 

linear and nonlinear contributions given by [12]: 

                     
1 2 3( ) ( ) ( ) ( )y k y k y k y k                      (1) 

where 
1( )y k  is the linear term of the output ( )y k and 

2 3( ) ( )y k y k   are the nonlinear terms of the response. 

Each th   order component can be written using a 

multidimensional convolution: 
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where 1,( ),n n   is the th   Volterra kernel 

considering 1, ,N N  the memory length of each kernel and 

( )u k  is the input signal. The order   of the model can 

generally be truncated in 3 to represent most part of structural 

nonlinearities with smooth behavior. 
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Unfortunately, there are several problems associated with 

ill-posed problems of convergence due to the high number of 

terms 1, ,N N . An effective way to overcome these 

problems is to reduce the number of terms in the Volterra 

kernels by using orthonormal Kautz functions [16]. Thus, the 

Volterra kernels can be described by: 
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               (3) 

where 1, ,J J  is the number of samples in each 

orthonormal projection of the Volterra kernels  1, ,i i   

and ( )
ji in  are the Kautz functions that are applied in the 

representation of underdamped oscillatory systems. Details 

about the application of Kautz functions can be found in [17] 

and [18]. In this sense, the Volterra series can be rewritten as: 
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which is now a multidimensional convolution between the 

orthonormal kernel  1, ,i i   and ( )
jil k  which is the input 

signal ( )u k  filtered by the Kautz function ( )
ji in : 
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                         (5) 

where 1max{ , , }V J J  . Since the Volterra series is 

linear with relationship to the parameters of the model, the 

terms of the orthonormal kernels can be grouped in a vector 

  and can be estimated by a classical least-squares 

approximation: 

                                 
1( )T T y                                (6) 

where the matrix   contains the filtered input ( )
jil k  and 

 (1), , ( )y y Ky . The estimation of the orthonormal 

kernels can also be done in two steps since the linear and 

nonlinear components of the response are represented in a 

separated way. It is possible to estimate the linear kernel using 

a dataset where it is known that the system behaves in a linear 

way. A second dataset can then be used to estimate the 

nonlinear kernels, considering that the time series shows some 

relevant nonlinear behavior. This two step methodology is 

applied in this work in order to ensure a coherent model. 

3 EXPERIMENTAL APPLICATION IN A NONLINEAR 

BEAM 

This section shows the main results of the application of 

Volterra series in a test rig. The results show the applicability 

of this technique in the identification of nonlinear structures. 

3.1 Buckled beam description 

The test structure is composed by an aluminum beam with 

dimensions of 460×18×2 mm in a clamped configuration with 

a preload applied in the top. The structure can be axially 

loaded by a compression mechanism until the buckling of the 

beam. An electrodynamic shaker is attached 65 mm from the 

clamped end of the beam. A laser vibrometer is focused in the 

center of the beam measuring the velocities in this position. 

Four accelerometers were also used for monitoring the 

vibration in the length of the beam, but these signals are not 

used in this work. Figures 1 and 2 shows the experimental 

setup and a schematic figure of the test rig respectively. 

 

Figure 1. View of the test rig. 

 

Figure 2. Schematic figure showing the test rig. 

This structure was tested in growing levels of input 

amplitude configured in the signal generator in order to 

observe the nonlinear behavior of the system. It was used a 

chirp input sweeping up the frequency range from 20 to 50 Hz 

and a white noise sequence filtered in the same range of 

frequency in order to excite essentially the first mode of the 

system (around 37 Hz).  

A sampling frequency of 1024 Hz was used and 4096 

samples were recorded. Stepped sine and random excitation 

were also applied in order to observe some interesting 

nonlinear phenomena in the studied system. The next section 

shows the effects of the nonlinear behavior. 

3.2 Detection of nonlinear behavior 

The signal data measured in the tests can be analyzed in order 

to detect some nonlinear behavior through the violation of the 

superposition principle. The presence of harmonic frequencies 
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in the response of the system is the simplest way to do it [1]. 

Figure 3 shows the spectrogram of the response of the 

structure when a chirp excitation is applied. In the time from 0 

to 2 seconds it is possible to observe a stronger diagonal line 

that follows the input frequency. However, some parallel lines 

starting around 1 s can be also observed representing the 

second and third harmonics of the input frequency. This 

clearly shows the nonlinear behavior of the system. 

 

Figure 3. Spectrogram of the output signal to a chirp input 

(input at 0.1 V). 

Figure 4 shows the frequency response function (FRF) in 

three different levels of excitation for the chirp signal.  The 

levels of input correspond to 0.01 V (low input), 0.05 V 

(medium input) and 0.1 V (high input) applied in the signal 

generator. The natural frequency of the system presents a 

stiffening effect since it moves to the right. This is another 

violation on the superposition principle since for a linear 

system the ratio between the response and the excitation is 

kept constant for different levels of the input signal. One can 

also observe differences in the peak amplitude of the FRF. 

 

Figure 4. FRF of the system in different levels with a chirp 

input. 

The random excitation can also be used to estimate the FRF. 

This is a common test done in the industry. However, as 

showed in Fig. 5 there is no clear effect of nonlinear behavior 

caused by changes in the amplitude of excitation. The random 

excitation is usually not very appropriate to excite 

nonlinearities of the system since the input energy is spread in 

a broadband of frequency [1]. 

 

Figure 5. FRF of the system in different levels with a random 

input. 

Another test performed was done exciting the structure with 

stepped up sinusoidal excitation. The big advantage of this 

kind of input signal is that it concentrates the energy in a 

single frequency and  in this case it is possible to clearly 

observe some nonlinear phenomena like the jump [18]. Figure 

6 shows the frequency response using a frequency resolution 

of 0.1 Hz in three diferent levels of stepped sines with 

comparison to the FRF based on the random excitation 

(linear). The frequency response of the stepped sine with a 

low input stepped sine is very close to the one calculated with 

random excitation. For higher amplitude levels,  it is possible 

to observe the change in the natural frequency of the system 

and a sudden drop in the amplitude of the FRF characterizing 

the jump phenomenon. 

 
Figure 6. Frequency response of the stepped sine testing in 

different amplitude levels. 

All this results demonstrated the nonlinear effects of the test 

rig in different conditions of the excitation signal. The 

presented behavior show some features available in systems 

with the restoring force of the stiffness with nonlinear 

polynomial shape. 

3.3 Volterra kernel identification 

In this section the Volterra kernels are computed in order to 

extract a model describing the behavior of the first mode of 
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the structure when the nonlinearity is activated. The procedure 

can also be used to detect the level of nonlinearity presented. 

A discrete-time Volterra model is truncated until the third 

kernel to consider even and odd harmonics that are presented 

in the response of the system as shown in Fig. 3. All datasets 

used were based on a chirp input and the corresponding 

response measured. The random input signal was not 

employed for this task since this kind of signal is not 

appropriate to excite the nonlinear behavior of the structure as 

shown in Fig. 5. The low chirp input dataset (0.01 V) was 

used to calculate the first Volterra kernel and the high input 

dataset (0.1 V) was used to estimate the second and third 

kernels using the two step methodology previously described. 

One pair of Kautz functions was used in order to represent 

each Volterra kernel. These functions have complex conjugate 

parameters representing the dynamics of the kernel. These 

parameters can be represented in terms of the frequency (  ) 

and the damping ratio (  ). These values are generally close 

to the values describing the linear dynamics of the system. 

Methodologies to find these parameters are available [18] but 

they are generally very limited since previous knowledge of 

the shape of the Volterra kernel is needed. In this paper the 

frequencies and damping ratios of the first three kernels were 

defined using an optimization algorithm with the objective to 

minimize the prediction error of the model. The algorithm was 

based on a first global search by a genetic algorithm [20] 

followed by a local search using sequential quadratic 

programming [21]. Table 1 shows the results of the 

optimization algorithm. As stated before, the frequency of the 

third pole is close to the frequency of the first pole and the 

second frequency has a value around two times the first one. 

Table 1. Kautz parameters of the orthonormal filters. 

1 [Hz] 
1 [%] 

2 [Hz] 
2 [%] 

3 [Hz] 
3 [%] 

35.74 1.04 78.33 1.76 35.90 0.14 

 

 
Figure 7. 1

st
  Volterra kernel 

1 1( )n . 

Now it is possible to identify the orthonormal kernels 

through eq. (6). Figures 7, 8 and 9 show the Volterra kernels 

1 1( )n , 2 1 2( , )n n  and 3 1 2 3( ,, )n n n . The first kernel 1 1( )n  

is equal to a vector representing the impulse response function 

of the system while the second kernel 
2 1 2( , )n n  is a matrix 

and the third kernel 
3 1 2 3( ,, )n n n  is a tridimensional matrix. 

This last kernel is illustrated through the main diagonal of the 

matrix since the full representation is not possible in a 

conventional way. 

 

Figure 8. 2
nd

 Volterra kernel 
2 1 2( , )n n . 

 

Figure 9. Main diagonal of the 3
rd

 kernel 
3 1 2 3( ,, )n n n . 

 

Figure 10. Response to chirp excitation of the Volterrra model 

(input at 0.1 V). 
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The identified Volterra kernels can be used to predict the 

output obtained by multiple convolutions using eq. (4). The 

predicted response to a chirp excitation is shown in Fig. 10. 

A powerful feature of the Volterra series is that it represents 

the response of the system separating the linear contribution 

and many different levels of nonlinear components as showed 

previously in eq. (1). This can be an interesting tool for the 

analysis of nonlinear systems. Figures 11 and 12 shows the 

separated responses of the system to a chirp input in a low 

(0.01 V) and high level (0.1 V) respectively. 

Clearly the nonlinear components of the response increase 

with the input amplitude. While 
2y  and 

3y are negligible 

compared to 
1y  at a low level of input amplitude as seen in 

Fig. 11, these components have a relevant effect in the 

response with a higher level (Fig. 12). This effect is a 

consequence of the polynomial nature of the stiffness in this 

kind of structure that was also seen analyzing Fig. 3. It can 

also be observed that the third kernel has more influence than 

the second kernel since the contribution of 
2y  is lower 

compared to 
3y . 

 

Figure 11. Components of the response of the Volterra model 

to a low level chirp input (0.01 V). 

The system was also excited in the natural frequency of the 

system (around 37 Hz). Figure 13 shows the comparison 

between the power spectral density (PSD) of the responses of 

the model and from the experimental data. Some even and odd 

harmonics appear in the measured response and it is possible 

to observe that the second and third harmonics are well 

represented by the Volterra model until the third kernel. 

Furthermore, the second kernel represents the second 

harmonics of the response and the third kernel has the third 

harmonics. This fact shows that the representation of the 

harmonic content of the response of nonlinear systems can 

only be achieved using an appropriate nonlinear 

representation. The fact that the th   Volterra kernel 

represents the th   harmonic frequency of the response is 

directly related to the functional form of the model since the 

the th   component of the response has a power of order   

in the input. This feature was also observed in [17] in a 

numerical Duffing oscillator. 

 
(a) Linear component of the response. 

 
(b) Second order component of the response. 

 
(c) Third order component of the response. 

Figure 12. Components of the response of the Volterra model 

for a high level chirp input (0.1 V). 

 

 

Figure 13. PSD of the measured response in comparison to the 

one estimated by the Volterra model. 

 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2017



The results showed the capabilities of the Volterra series to 

model the nonlinear dynamics of a buckled beam considering 

different levels of nonlinear behavior. The separation of the 

response of the system in linear and nonlinear components 

was exploited in this paper and it was shown that it has some 

physical sense with the level of excitation. This means that 

with a good model it is possible to observe the degree of 

nonlinearity in the response of the system by evaluating the 

response of the model. However, one of the main drawbacks 

of this technique is the limitation in the representation of 

effects like jumps and bifurcations that are common in this 

kind of nonlinear system [22]. Other possible limitation of the 

method is in the representation of discontinuous nonlinearities 

(e.g. Coulomb friction, clearance, gaps and others). However, 

some authors claim that abrupt nonlinearities can be easily 

approximated using polynomials enabling the Volterra 

representation with a few terms [7]. Parametric identification 

(model updating) can be also performed based on the 

objective function using the identified Volterra kernels [14]. 

4 FINAL REMARKS 

This work showed that discrete-time Volterra series 

expanded in orthonormal Kautz functions can be used 

effectively to detect and identify nonlinear features. The 

approach was validated using experimental the dataset of a 

buckled beam which gave similar conclusions comparing with 

classical tools to detect the nonlinear behavior. Additionally, 

the feature of the separation of the response of the system in 

linear and nonlinear components is a powerful aspect found in 

the results. With this property, one can identify and analyze 

separately the part of the model that corresponds to linear and 

nonlinear response in a further parametric identification. 
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ABSTRACT: The way in which a nonlinear spring affects the reflection coefficients at the end of a rod and a beam is 

investigated in this paper. The specific type of nonlinearity considered is of the hardening and softening Duffing-type, which has 

both linear and cubic stiffness. The magnitudes and the phases of the reflection coefficients for longitudinal and flexural waves 

are determined. This is achieved by using the harmonic balance approach and the results are verified by comparing the incoming 

and the outgoing power from the boundary. It is shown that the main effect of the nonlinearity is to change the phase, except in 

the case of an incident evanescent wave when there is also a jump in the magnitude of the reflection coefficient. In addition, 

when the nonlinearity is of the softening type, a jump phenomenon occurs in the reflection coefficients. 

 

KEY WORDS: Wave motion, nonlinear stiffness boundary. 

1 INTRODUCTION 

Prediction of wave propagation up to high frequency is 

fundamental in a number of applications, e.g. shock 

response, structure-borne sound, acoustic emission and 

structural health monitoring (SHM). Many approaches are 

based on linear models, e.g. [1]. In the analysis of wave 

propagation, a linear discontinuity is described locally in 

terms of reflection, transmission, or absorption of incident 

waves. Reflection and transmission of waves at linear 

discontinuities in beam-like structures has been studied 

previously, e.g. [2]. More recently a hybrid WFE/FE 

approach has been used to determine the reflection and 

transmission coefficients of joints connecting homogeneous 

waveguides [3].  

In some situations there are nonlinear effects, for example 

due to nonlinear behaviour of adhesive joints and cracks 

and non-perfectly bonded interfaces in laminates [4]. 

Methods to detect nonlinear effects have proven to be 

sensitive to the experimental set-up and the state of the 

discontinuities [5], which means that it can be difficult to 

interpret the results.  

The motivation for the work in this paper is the physical 

insight into the way in which wave motion is affected when 

it interacts with a nonlinear stiffness boundary. One paper, 

which reports closely related work to that discussed here, is 

authored by Vakakis [6]. He investigated the scattering of 

longitudinal waves from a nonlinear hardening stiffness 

boundary. In this work Vakakis showed that a single 

frequency wave incident on the boundary will potentially 

generate higher frequency components that are 

harmonically related to the frequency of the incident wave. 

However, the amplitudes of these harmonics are generally 

very small. In the present paper both a rod and beam are 

considered as are softening as well as hardening stiffness 

nonlinearities. To determine the magnitude and the phase 

of the reflection coefficients the Harmonic Balance Method 

(HBM) is used [7]. As the higher harmonics are general 

small, the paper concentrates on the coefficients at the 

excitation frequency. 

2. LONGITUDINAL WAVE REFLECTION  

Figure 1(a) depicts the system considered in this section. It 

consists of a semi-infinite rod with cross-sectional area A, 

Young’s modulus E and density ρ, connected to a nonlinear 

spring which exerts an axial force on the rod of  

     3
1 30, 0,Lf t s u t s u t  , where  0,u t  is the axial 

displacement at the end of the rod, and corresponds to 

hardening or softening elastic behaviour of the spring.  

 
(a) 

 
(b) 

 

Figure 1. Semi-infinite one-dimensional structure 

connected to a nonlinear spring. (a) a rod, (b) a beam. 

 

 1 3,s s

IU

RU x

u(x,t)

1 3,s s

,  IP INW W

w(x,t)

,   and ,  PP NP PN NNW W W W



x

Wave reflection at the end of a waveguide supported by a nonlinear spring  
 

M.J. Brennan
1
, E. Manconi

2
, B. Tang

3
, V. Lopes Jr

1 

1
Department of Mechanical Eng., UNESP, Ilha Solteira, SP15385-000, Brazil.  

2
Department of Industrial Eng., University of Parma, Parma, Italy. 

3
Institute of Internal Combustion Engine, Dalian University of Technology, Dalian 116023, China. 

email: mjbrennan0@btinternet.com 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

2019



The behaviour of the system in Figure 1(a) is governed by 

the wave equation given by [8] 

   2 2

2 2

, ,
0

u x t u x t
E

x t


 
 

 
 (1) 

and the boundary condition at 0x   

  3
1 3

0,
(0, ) (0, )

u t
EA s u t s u t

x


   
 

 (2) 

Assuming time harmonic motion at frequency  , the right-

going (incident) propagating wave in the rod is given by 

( , ) cos( )I Lu x t U t k x   in which Lk E   is the 

longitudinal wavenumber and IU  is the incident wave 

amplitude. The wave impinges on the boundary at 0x  , 

giving rise to a reflected wave RU  as shown in Fig. 1(a). 

The reflected wave can potentially have several frequency 

components because of the cubic nonlinearity at the 

stiffness boundary: the frequency of the incident wave and 

odd harmonics of this frequency [9]. However, in what 

follows it is assumed that the nonlinear effect is relatively 

weak so that the reflected wave is predominantly at the 

same frequency of the incident wave. The longitudinal 

displacement at any point x  in the rod is thus given by 

 , cos( ) cos( )I L R L Lu x t U t k x U t k x        (3) 

Combining Eqs. (2) and (3) results in 

 

 

 

1

3

3

sin( ) sin( )

cos( ) cos( )

cos( ) cos( ) 0

L I R L

I R L

I R L

EAk U t U t

s U t U t

s U t U t

  

  

  

 

  

   

 (4a) 

When the stiffness is fixed and the frequency is changed, 

then Eq. (4a) can be written in non-dimensional form as 

 

 
3

sin( ) sin( )

cos( ) cos( )

cos( ) cos( ) 0

L L L L L

L L L L

L L L L L

R

R

R

     

    

     

 

  

   

  (4b) 

where L R IR U U , L L    in which 

 1L s A E   is the frequency when the modulus of 

the impedance of the linear stiffness at the boundary is 

equal to the impedance of the rod, Lt   and 

2
3 1 =L Is U s  is the normalised ratio of the nonlinear 

stiffness of the spring to its linear stiffness. 

Equation (4b) is solved using the first order HBM. Note 

that the amplitude of the reflection coefficient is unity 

because of the assumption that the reflected wave is at the 

same frequency as the incident wave so that R IU U  , 

which means that there is no leakage of energy to higher 

harmonics. Equating the coefficients associated with each 

harmonic component yields 

 
sin 3

1 1 cos
1 cos 2

L L
L L

L

 
 



 
   

  
 (5) 

If the spring is linear (i.e.,
L   ), then an explicit 

expression can be written down for the phase as a function 

of the non-dimensional frequency as 

  1 2tan 2 1L L L    . Once the phase has been 

calculated then the normalised displacement at the end of 

the beam can be calculated by     jˆ 0 0 1 L
IU U U e 

   . 

The displacement at the end of the beam, together with the 

phase between the reflected and in the incident waves for 

various values of the hardening and softening nonlinear 

parameter L  are plotted in Figs. 2(a,b) and 3(a,b) 

respectively. It is evident from these figures that the 

softening spring has a much greater effect on the behaviour 

of the rod compared to the hardening spring.  

        

 
Figure 2. Effect of the nonlinear hardening stiffness 

boundary on the rod. (a) Magnitude of the non-dimensional 

displacement at the end of the rod. The magnitude of the 

reflection coefficient LR is also shown. (b) phase of the 

reflection coefficient. —, L   (linear case); ∙∙∙∙∙∙, 

L  ; −∙−, L   ; —, L   . Numerical results; 

○, □, ◊, . 
 

It can be seen that although the modulus of the reflection 

coefficient is unity for all frequencies, the non-dimensional 

displacement at the end of the rod changes dramatically, 

from tending to zero at low frequencies to being 2 at high 

frequencies. This is because the reflected wave is in anti-

phase with the incident wave at low frequencies and is in-

phase with the incident wave at high frequencies, 

corresponding to fixed and free boundary conditions 

respectively. In the linear case, when the frequency is such 

that the impedance of the rod is equal to the modulus of the 

impedance of the spring ( 1)L  , then the phase angle 

between the reflected and the incident wave for the linear 

case is 90° and the modulus of the normalised displacement 

at the end of the rod is 2 . 
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The nonlinearity only has a significant effect when the 

displacement at the end of the rod is such that the stiffness 

force due to the nonlinear stiffness is comparable with the 

force due to the linear stiffness. For the hardening spring it 

can be seen that the primary effect of the nonlinearity is to 

increase the phase angle, and this effect is pre-dominant in 

the frequency range 1 10L  . This is because at low 

frequencies the motion at the end of the rod is small and 

hence the stiffness nonlinearity only has a very small effect. 

At high frequencies, the displacement at the end of the 

beam is much higher, but the stiffness of the support has 

much less effect on the reflected wave motion because the 

relative impedance of the stiffness is much smaller than 

that of the rod. 

     

 
Figure 3. Effect of the nonlinear softening stiffness 

boundary on the rod. (a) Magnitude of the non-dimensional 

displacement at the end of the rod. The magnitude of the 

reflection coefficient LR  is also shown. (b) phase of the 

reflection coefficient. Same legend as Fig. 2. 

 

For the softening nonlinear stiffness, the effects on both the 

displacement and the phase shift are much more 

pronounced, and jumps occur in the displacement at the end 

of the rod and the phase between the reflected and the 

incident wave. This can be seen in Figs. 3(a) and 3(b), and 

is because the nonlinear stiffness counteracts the linear 

stiffness unlike the hardening case when the linear stiffness 

and nonlinear stiffness combine in a positive sense. The 

softening stiffness is equal and opposite to the linear 

stiffness when    ˆ 0 2 3 LU   and the force from the 

spring is equal to zero when  ˆ 0 2 3 LU  . For 

   ˆ 0 2 3 LU   the spring has a positive stiffness, and 

for    ˆ 0 2 3 LU   the spring has a negative stiffness. 

In the particular case of 1 3L  , as L  is increased, 

when the phase reaches 90° the amplitude jumps to 2 and 

the phase jumps to 0°. Effectively the beam behaves as if it 

were free for values of 1 3 2L L   . When L  is 

reduced from a high value, both the amplitude and the 

phase remain fixed as if the rod were free. The 

displacement cannot reach the point where the stiffness that 

is presented to the beam is positive and hence can have an 

effect on the boundary. 

 

3. FLEXURAL WAVE REFLECTION 

 

Figure 1(b) depicts the system considered in this section. It 

consists of a semi-infinite beam with the same parameters 

as the rod and with second moment of area I, connected to 

a nonlinear spring which exerts a lateral force on the rod of 

     3
1 30, 0,Ff t s w t s w t  , where  0,w t  is the 

transverse displacement at the end of the beam. The 

behaviour of the system is governed by the wave equation 

given by [8] 

   4 2

4 2

, ,
0

w x t w x t
EI A

x t


 
 

 
                  (6) 

and the boundary conditions at 0x   

   3 2
3

1 33 2

0, 0,
(0, ) (0, ) , 0

w t w t
EI s w t s w t

x x

 
  

 
   (7a,b) 

The reflection coefficients are determined for an incident 

propagating wave cos( )IP FW t k x   and incident 

evanescent wave cos( )Fk x
INW e t

, where 

 
1 41 2

Fk A EI   is the flexural wavenumber. When a 

propagating wave impinges on the boundary at 0x   then 

a reflected evanescent wave cos( )Fk x
NP NPW e t   and 

propagating wave cos( )PP F PPW t k x   are generated, 

and when an evanescent wave impinges on the boundary, a 

reflected evanescent wave cos( )Fk x
NN NNW e t   and a 

propagating wave cos( )PN F PNW t k x   are generated. 

The reflected waves can potentially have several frequency 

components because of the cubic stiffness nonlinearity as 

with longitudinal wave, however, in what follows it is 

assumed that the nonlinear effect is relatively weak so that 

the reflected waves are predominantly at the same 

frequency of the incident wave.  

The transverse displacement at any point of the beam due 

to an incident propagating wave is given by  

 , cos( ) cos( )

cos( )

Fk x
IP F NP NP

PP F PP

w x t W t k x W e t

W t k x

  

 

   

               
  (8a) 

and for an incident evanescent wave by 

 , cos( ) cos( )

cos( )

F Fk x k x
IN NN NN

PN F PN

w x t W e t W e t

W t k x

  

 


  

               
 (8b) 

Combining Eq. (7a) with Eq. (8a) results in 
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2

1

3
3

sin( ) sin( ) cos( )

cos( ) cos( ) cos( )

cos( ) cos( ) cos( ) 0

F IP PP PP NP NP

IP PP PP NP NP

IP PP PP NP NP

EIk W t W t W t

s W t W t W t

s W t W t W t

    

    

    

      

      

       

 

 (9a) 

and applying the moment constraint in Eq.(7b) yields 

cos( ) cos( ) cos( ) 0IP PP PP PN NPW t W t W t         

   (9b) 

When the stiffness is fixed and frequency of the incident 

propagating wave frequency is changed, Eqs. (9a,b) can be 

written in non-dimensional form as 
3 2

3

sin( ) sin( ) cos( )

cos( ) cos( ) cos( )

cos( ) cos( ) cos( )

0

cos( ) cos( ) cos( ) 0
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PF F PP F PP NP F NP

F PP F PP NP F NP

R R

R R

R R

R R

        

       

        

       

      

      

      



     

 

 (10a,b) 

where F F
    in which    

1 2 1 62 3
1F s A EI  

  
 

is the frequency when the modulus of the impedance of the 

linear stiffness at the boundary is equal to 2  the 

modulus of the impedance at the end of the beam, F t   

and 
2

3 1FP IPs W s   is the normalised ratio of the 

nonlinear stiffness of the spring to its linear stiffness;  

/PP PP IPR W W  and /NP NP IPR W W  are the reflection 

coefficients for the propagating wave and evanescent wave 

respectively. The factor 2  occurs because of the phase of 

the mobility of the beam. Combining Eq. (7a,b) with Eq. 

(8b) results in 
3

1

3
3

cos( ) sin( ) cos( )

cos( ) cos( ) cos( )

cos( ) cos( ) cos( ) 0

cos( ) cos( ) cos( ) 0
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 (11a,b) 

When the stiffness is fixed and frequency of the incident 

propagating wave frequency is changed, Eqs. (11a,b) can 

be written in non-dimensional form as 
3 2

3

cos( ) sin( ) cos( )

cos( ) cos( ) cos( )

cos( ) cos( ) cos( )

0

cos( ) cos( ) cos( ) 0
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R R
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 (12a,b) 

where /PN PN INR W W  and /NN NN INR W W  are the 

reflection coefficients for the propagating wave and 

evanescent wave respectively, and 
2

3 1FN INs W s   is the 

normalised ratio of the nonlinear stiffness of the spring to 

its linear stiffness. 

Equations (10a,b) and (12a,b) can be solved using the 

first order HBM resulting in a system of four equations. 

These can also be solved numerically. Note that 1PPR   

because the boundary does not dissipate any energy. The 

magnitude of the reflection coefficients and the associated 

phases for an incident propagating wave, and for a 

hardening stiffness boundary, are shown in Fig. 4. Note 

that here it is assumed that F FP FN    . Note also that 

the frequency range is 
1 11 10 1 10F     rather than 

2 21 10 1 10F     for the rod as the wavenumber is 

proportional to 3 2  rather than  . The non-dimensional 

displacement at the end of the beam has similar 

characteristics as frequency changes compared to the rod. It 

tends to a pinned condition at low frequencies when the 

modulus of the impedance of the beam is much less than 

the modulus of the impedance of the spring, and tends to a 

free condition at high frequencies when the opposite is the 

case. However, unlike in the case of the rod, in the linear 

case the displacement peaks with a non-dimensional value 

of 4, which occurs when 
2 32F  . This frequency also 

corresponds to when the phase 0NP PP    , 90PN   .  

It can be seen in Fig. 4 that, as with the rod, the hardening 

stiffness boundary does not have a large influence on the 

magnitude and phase of the reflection coefficients. The 

main influence of the nonlinearity occurs around non-

dimensional frequencies close to 4. The main effects are to 

increase the frequency at which the peak occurs in the 

amplitude of the reflected nearfield wave, and to increase 

the phase angles of both reflection coefficients. It has no 

effect on the amplitude of the reflected propagating wave, 

which is unity because there is no energy dissipation at the 

boundary. Figure 5 shows the magnitude and phase of the 

reflection coefficients for an incident nearfield wave. Note 

that for a reflected nearfield wave the amount of energy 

that is incident on the boundary is a function of the stiffness 

of the boundary. The time-averaged energy flow through 

the beam cross-section is given by [10] 
2 2 sin( )PN IN NN NNP W W W                     (13) 

and this power balance has been checked for all the cases in 

which a nearfield is incident on the boundary. The amount 

of energy that is incident on the boundary can be 

determined by examining the amplitude of the reflected 

propagating wave, as this is related to the energy that 

leaves the boundary. It can be seen that the amplitude of the 

propagating reflected wave is zero as low frequencies 

(corresponding to the pinned case), peaks at around 
2 32F   or slightly higher frequencies depending on the 

degree of nonlinearity, and tends towards 2  at high 

frequencies, which corresponds to the free case. The 

amplitude of the nearfield reflected wave has similar high 

frequency behaviour, but peaks at 
1 32F   or slightly 

higher frequencies depending on the degree of nonlinearity, 

and tends to unity at low frequencies. The effect of the 

nonlinearity on the phase is similar to that for the incident 

propagating wave; the phase increases slightly with 

increasing nonlinearity within a similar range of 

frequencies.  

The general situation for a softening spring is, however, 

far more complicated as in the case with the rod. The 
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magnitude and phase of the reflection coefficients for an 

incident propagating wave are shown in Fig. 6 and for an 

incident nearfield wave in Fig. 7. For an incident nearfield 

wave, the softening stiffness is equal and opposite to the 

linear stiffness when    ˆ 0 2 3 FPW   and the force 

from the spring is equal to zero when  ˆ 0 2 3 FPW  . 

In the particular case of 1 12FP  , as F  is increased, 

when the phase reaches 90° the amplitude jumps to a value 

between 4 and 2 . Effectively the beam behaviour tends 

to a free condition above the jump frequency. When F  is 

reduced from a high value, the amplitude of the end of the 

beam remains high, increasing from that of a free end of 

2  to a value of 4 at very low frequencies. The 

displacement at the end of the beam cannot reach the point 

where the stiffness that is presented to the beam is positive 

and hence can have an effect on the boundary. Examination 

of Fig. 6 shows that for a large enough nonlinearity, there is 

a jump in the phase of the reflection coefficient NP , and 

the corresponding magnitude of the NPR . There is also a 

jump in PP  but that 1PPR   for all frequencies.  The 

most complicated case is when a nearfield wave is incident 

on the boundary. The displacement at the end of the beam 

is similar to that when there is an incident propagating 

wave, but the behaviour of the reflection coefficients is 

quite different as can be seen by examining Fig. 7.  Of 

particular interest is the behaviour of NNR . As frequency 

increases, then for a certain value of nonlinearity a loop, 

occurs in magnitude of the reflection coefficient, with the 

upper part of the loop being an unstable solution. 

Examining Figs. 6 and 7, it can be seen that NP PNR R . 

Although the respective phases NP  and PN  have similar 

shapes, 45 90NP      and 90 180NP    . 

 

4. CONCLUSIONS 

 

Reflection coefficients for hardening and softening stiffness 

boundaries on both a rod and a beam have been 

determined. For the rod it has been shown that the 

nonlinearity has no effect on the magnitude of the 

reflection coefficient, has marginal effect on the phase of 

the reflection coefficient for a hardening stiffness 

boundary, but has a profound effect on the phase for a 

softening stiffness boundary. For the softening boundary it 

was found that a jump can occur in the phase of the 

reflection coefficient, which results in a jump in the 

displacement at the end of the rod. The maximum value of 

the non-dimensional displacement at the end of the rod is 2, 

and for a linear stiffness boundary this occurs at high 

frequencies when the stiffness boundary has little influence 

on the behaviour of the rod. When the jump occurs, the 

non-dimensional  displacement takes a value close to 2, and 

this occurs when the frequency is such that the impedance 

of the rod is similar to the modulus of the impedance of the 

linear part of the stiffness boundary. If the nonlinear 

stiffness coefficient has a minimum value of 1/3, then when 

the frequency is decreased from a very high frequency, the 

non-dimensional displacement of the end of the rod 

remains at 2 for all frequencies. It does not jump to a low 

amplitude that corresponds to the case of a linear stiffness 

boundary.  

The reflection coefficients for a beam, which have more 

complicated behaviour than the rod for a linear stiffness 

boundary, also have more complicated behaviour for a 

nonlinear stiffness boundary. However, the effects of the 

nonlinearity are generally similar to those for the rod; the 

hardening stiffness has very little effect on the reflection 

coefficients, but the nonlinear stiffness has a profound 

effect. When a propagating wave is incident on the 

boundary there is a jump in the amplitude of the reflected 

nearfield wave and the phase of both the nearfield and 

propagating reflection coefficients. This results in a jump in 

the displacement at the end of the beam to a maximum non-

dimensional value of 4 rather than 2 as for the rod. If the 

nonlinear stiffness coefficient has a value of 1/12, then 

when the frequency is decreased from a very high 

frequency, the non-dimensional displacement of the end of 

the bean remains at 4 for all frequencies. It does not jump 

to a low amplitude that corresponds to the case of a linear 

stiffness boundary. When the incident wave is a nearfield 

there is a jump in the magnitude and phase of all the 

reflection coefficients. Of particular note is the behaviour 

of the reflected nearfield wave, the magnitude of which has 

a loop above a certain value of nonlinearity. However, even 

though the reflection coefficients are very different for an 

incident propagating and nearfield wave, the displacement 

at the end of the beam is the same in both cases.             
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Figure 4. Effect of the nonlinear hardening stiffness boundary on the beam for an incident propagating wave. Magnitudes of the 

reflection coefficients PPR  and NPR , and the phases of the reflection coefficients, PP  and NP . —, F   (linear case); ∙∙∙∙∙∙, 

F  ; −∙−, F   ; —, F  . Numerical results; ○, □, ◊,  . 

 

 

 

   

Figure. 5. Effect of the nonlinear hardening stiffness boundary on the beam for an incident nearfield wave. Magnitudes of the 

reflection coefficients PNR  and NNR , and the phases of the reflection coefficients, PN  and NN . Same legend as Fig. 4. 
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Figure 6. Effect of the nonlinear softening stiffness boundary on the beam for an incident propagating wave.  

Magnitudes of the reflection coefficients PPR  and NPR , and the phases of the reflection coefficients, PP  and 

NP . Same legend as Fig. 4. 

 

 

   

Figure. 7. Effect of the nonlinear softening stiffness boundary on the beam for an incident nearfield wave. 

Magnitudes of the reflection coefficients PNR  and NNR , and the phases of the reflection coefficients, PN  and 

NN . Same legend as Fig. 4.
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ABSTRACT: In this paper, an equivalent one-dimensional beam model immersed in a three-dimensional space is introduced to 
study the aeroelastic behaviour of tall buildings or towers. The beam is internally constrained, so that it is capable to experience 
shear strains and torsion only. The elasto-geometric and inertial characteristics of the beam are identified from a discrete model 
of 3D-frame, via a homogenization process. The model accounts for the torsional effect induced by the rotation of the floors 
around the tower axis and the nonlinearities generated by the stretch of the columns; the macroscopic shear strain is produced by 
bending of the columns, accompanied by negligible rotation of the floors. Aerodynamic forces are evaluated through the quasi-
static theory, referring to a sectional model under steady wind. Goal of the analysis is to study the critical (galloping) and 
postcritical behavior of the beam. 

KEY WORDS: Equivalent beam model, homogenization procedure, aeroelastic instability, perturbation approach 

1 INTRODUCTION 
Tower buildings are usually slender structures very sensitive 
to wind-induced vibrations. Wind excitation may induce high 
vibrations and stresses; furthermore, if these structures are 
lightweight and with low damping capacity, they can be 
potentially subjected to aeroelastic instability phenomena 
called galloping. 

Lateral load effects on tall shear wall structures can be dealt 
with numerical Finite Element (FE) models or semi-analytical 
approaches. FE models are not in question for the detailed 
design and analysis; however, semi-analytical approaches 
offer interpretive advantages compared to purely numerical 
modeling in terms of structural global behavior, and they may 
be very useful at the early stage of design. Different models 
have been proposed in the literature with the aim of 
introducing semi-analytical approaches that allow to analyze 
the distribution of the external forces among the different 
structural elements (e.g., [1][2][3]). In this paper, a continuous 
model of beam immersed in a three dimensional space and 
capable to experience shear strains and torsion only is 
introduced with the aim of studying the aeroelastic behavior 
of slender tower-buildings. A coarse model is adopted for 
shear-type frames under planar excitation transverse to the 
axis and torsion around the longitudinal axis. In this model, 
the macroscopic shear strain is produced by bending of the 
columns, accompanied by negligible rotation of the rigid 
floors, prevented by the high axial stiffness of the columns. 
The torsional effect induced by the rotation of the floors 
around the tower axis is included. Furthermore, the 
nonlinearities generated by the stretch of the columns are 
accounted for: a nonlinear constitutive law is thus introduced, 
which relates the internal forces to the three strain 
components. Aerodynamic forces are evaluated through the 
classic quasi-steady theory, referring to a sectional model. 
Goal of this analysis is to study the critical and postcritical 
behavior of the tower-building. This paper derives the full 

nonlinear fundamental problem including kinematics 
relationships, balance equations, elastic law and external 
forces. Based on the proposed beam model, the critical wind 
velocity and the post-critical behavior of tower buildings can 
be determined taking into account the mechanical and 
aerodynamic coupling among torsional and lateral vibrations. 
The linearized problem is then derived and expressed in 
nondimensional form, which allows to perform a linear 
bifurcation analysis in order to analyze critical instability 
conditions as a function of the mechanical characteristics of 
the structure. Taking into account cubic nonlinearities only, a 
preliminary post-critical analysis is carried out applying the 
Multiple Scales Method. A numerical example considering a 
square building excited along a symmetry axis is proposed, 
and the role of mechanical eccentricities and nonlinearities on 
the galloping stability is analyzed. 

2 THE STRUCTURAL MODEL 
A planar shear-beam is a beam in which the shear strains are 
much larger than the flexural ones: it is a coarse model for 
shear-type frames under planar excitation transverse to the 
axis. In this Section, it is first described the kinematics of this 
model (Sect 2.1), then its dynamics (Sect 2.2); finally it is 
introduced a non-linear constitutive law through a 
homogenization procedure (Sect 2.3). 

2.1 Kinematics 
The beam is considered as a one-dimensional polar continuum 
whose points, in the reference configuration, lie on the 
segment s∈[0,l] (assumed to be coincident with the 
centroidal axis of the underlying three-dimensional model). 
The beam is endowed with a rigid local structure, described 
by mutually orthogonal unit vectors attached to the material 
points. Let 1a , 2a , 3a  be the triad in the reference 
configuration, with 1a  aligned on the beam axis (Fig. 1), and 
let a1(s,t), a2(s,t), a3(s,t) be the transformed triad in the current 

An equivalent nonlinear beam model for the aeroelastic analysis 
of shear-type buildings 
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configuration, occupied at time t (Fig. 2). The beam is 
assumed internally constrained, namely unflexurable and 
clamped at one end. Therefore 1a ≡a1 and a2= 2a cosθ+ 3a sinθ, 
a3=− 2a sinθ+ 3a cosθ, where θ is the twist angle. 
Consequently, the current configuration of the beam is 
described by three scalar configuration variables, the 
transverse displacement of the centroidal axis u:=u2(s,t) 2a + 
u3(s,t) 3a  and the twist θ(s,t) (Fig. 2). 
The vectors : ′=γ u , ( ) 1: s,t′=κ aθ , where a dash denotes 
differentiation with respect to s, are defined as the shear strain 
and torsion, respectively. Note that they, indeed, are (exact) 
strain measures, since the rigid-body rotations of the beam are 
prevented by the clamp. By letting γ:=γ2a2+ γ3a3, κ:= κt 1a , the 
scalar components in the current configurations are: 

 
2 2 3

3 2 3

cos sin
sin cos

t

u u
u u

γ θ θ
γ θ θ
κ θ

′ ′= +
′ ′= − +

′=

 (1) 

Geometrical boundary conditions at the clamped end D 
require: 

 2 3 0D D Du u θ= = =  (2) 

a3

a2

G

a1

s

p(s,t) c(s,t)

 
Figure 1. Tower building configuration and external loading. 

2.2 Dynamics 
External forces p:=p2(s,t) 2a +p3(s,t) 3a  and couples 
c:=c(s,t) 1a  act on the beam (Fig. 1). The internal contact force 
t:=T2(s,t)a2+T3(s,t)a3 and the couple m:=Mta1 are assumed as 
stress measures, and referred as the shear force and the 
torsional moment. Equilibrium in the current configuration, 
requires t′+p=0 and m′+( 1a +u′)×t+c=0. When forces are 
projected onto the reference configuration, the scalar balance 
equations read: 

 

( )

( )
( ) ( )

2 3 2

2 3 3

2 2 3 3 2 3

cos sin 0

sin cos 0

sin cos cos sin 0t

T T p

T T p

M T u u T u u c

θ θ

θ θ

θ θ θ θ

′− + =

′+ + =

′ ′ ′ ′ ′+ − + + + =

 (3) 

The mechanical boundary conditions, to be satisfied at the 
free end E, are: 

 
2 3 2

2 3 3

cos sin 0

sin cos 0
0

EE E E E

E E E E E

tE E

T T P

T T P
M C

θ θ

θ θ

− − =

+ − =

− =

 (4) 

where PE:=P2E(t) 2a +P3E(t) 3a  and CE:=CE(t) 1a  are a known 
force and a couple, respectively, acting at E. 
External forces are here distinguished in (a) aerodynamic, (b) 
inertial, and (c) damping forces; accordingly: 

 

( )

1 1 1

1 1

a u

a

E Ea E E uE E

E Ea E E E E

m

I
M

I

θ

θ

ξ

θ ξ θ

θ θ

= − −

= − −
= − − Ξ

= − − Ξ

p p u u

c c a a
P P u u

C C a

&& &

&& &

&& &

&& &

 (5) 

where the index a denotes aerodynamic; m is the mass per unit 
length of the beam; I1 is the inertia mass moment of the cross 
section with respect to 1a ; ME is a lumped mass, possibly 
attached at the free end of the beam, and I1E its inertia 
moment. External damping forces are taken proportional to 
the masses, via the damping coefficients ξ, Ξ; internal 
damping, if any, must be accounted via a visco-elastic 
constitutive law. Note that the centroidal axis was taken as the 
beam axis in order to simplify the expression of the inertia 
forces. 

G a2

a3

a2

a3

u

T2T3 mt

 
Figure 2. Tower building: reference and current bases, configuration 

variables and internal forces. 

 

2.3 Hyperelastic law 
A nonlinear hyperelastic law is introduced starting from an 
expression of the density of elastic energy that takes into 
account the stretching effect of the single columns. In order to 
account for the stretching effect, an axial displacement is 
allowed to occur. This, however is condensed by requiring 
that, during the motion, the resulting axial force remains 
constant. The condition entails that, in the fine model, when a 
floor rotates with respect to an adjacent one, the columns 
undergo axial strains, which depend on their position with 
respect the center of rotation; therefore, axial forces arise. 
Their integral however, must be zero, and therefore a 
shortening of the interfloor distance occurs. However, 
although the average value of the axial forces is zero, their 
individual values are not zero and, therefore, an elastic energy 
is stored in the cell. The same mechanism, in contrast, does 
not occur when the two floors experience a relative 
translation, since all the columns undergo the same stretch; 
the condition of zero integral entails the vanishing of all the 
individual forces, so that no elastic energy is stored in the cell. 
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In this section, at first a single column is analyzed. Then, the 
elastic energy for a cell is obtained and, by enforcing that the 
resulting axial force is zero, a relation between the axial 
displacement (slave variable) and the transverse displacement 
and twist of the floor is obtained. Thus, by the Green law, 
starting from the density of elastic energy, the nonlinear 
elastic law is derived. 

2.3.1 Single column analysis 
Let us consider a column c of axis 1a , and principal inertia 
axes 2a , 3a , clamped at both ends C and B, undergoing a 
displacement uB=u1B 1a +u2B 2a +u3B 3a  and a twist θB, assigned 
at B (Fig. 3). In the framework of the linear theory, the 
column experiences a displacement field u(s)=u1B g(s) 1a +f(s)⋅ 
⋅(u2B 2a +u3B 3a ), where g(s):=s/h, f(s):=3(s/h)2-2(s/h)3, s being 
an abscissa with origin at C and h the length of the column. 
Based on a perturbation approach, we substitute this first-
order solution in the expression for the (Biot) axial strain, and 
we find: 

 
( ) ( ) ( ) ( )( )

( ) ( ) ( )

2 2
1 2 3

2 2 2
1 2 3

1
2

1
2

c

B B B

s u s u s u s

u g s u u f s

ε ′ ′ ′= + + =

′ ′= + +
 (6) 

Then, by invoking the absence of external axial forces 
distributed along the beam axis, we assume that εc = const. 
Integration of this equation between C, B, provides the 
unknown value of the axial strain: 

 
( ) ( ) ( )

( )

2 2 21
2 3

0 0

2 21
2 32

1d d
2

3
5

h h
B

c B B

B
B B

u
g s s u u f s s

h h
u

u u
h h

ε ′ ′= + + =

= + +

∫ ∫
 (7) 

The contribution of the axial strain to the elastic energy stored 
by the column is: 

 ( )
2

2 2 21
2 32

0

1 1 3: d
2 2 5

h
a B
c c c c B B

uU EA s EA h u u
h h

ε ⎡ ⎤= = + +⎢ ⎥⎣ ⎦∫  (8) 

By considering all the energy contributions: 

 ( )
2

2 2 2 2 2
2 2 3 3 1 2 3

1 3:
2 5

f f t a
c c B c B c B c B B BU k u k u k k u u u

h
θ

⎧ ⎫⎪ ⎪⎡ ⎤= + + + + +⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭ (9) 

where 2
f
ck :=12EI3c/h3; 3

f
ck :=12EI2c/h3 are flexural stiffnesses, 

t
ck :=GJt/h is the torsional stiffness and a

ck :=EA/h is the axial 
stiffness. The energy is therefore quartic in the displacements. 
Note that, in order the column experiences the assigned 
displacements, not only moments and shear forces are needed 
at the ends, but also the axial force: 

 ( )2 2
1 2 3

1

3
5

ac
c c B B B

B

U
N k u u u

u h
∂ ⎡ ⎤= = + +⎢ ⎥∂ ⎣ ⎦

 (10) 

Thus, if we do not apply any axial force, Nc=0, and therefore: 

 ( )2 2
1 2 3

3
5B B Bu u u
h

= − +  (11) 

This equation expresses the shortening of the column. It, 
moreover, states that u1B is a variable slave of the transversal 
displacements. 

a2

C

a1

s a3

B

h

u2B

u3B

u2(s)

u3(s)

 
Figure 3. Single column deformation. 

2.3.2 Cell analysis 
Let us consider a cell made of two floors, parallel to the 

2a , 3a  plane, connected by N columns of equal height h 
aligned along 1a . Let us consider the relative motion of the 
upper floor with respect to the lower, consisting in a 
translation uG=u1G 1a +u2G 2a +u3G 3a , with G the centroid, and 
in a rotation θ around the axis 1a  through the centroid. By 
linear kinematics, the displacement of the top point of the i-th 
column, of coordinates x2i, x3i, is ui=u1i 1a +u2i 2a +u3i 3a , 
where: 

 
1 1

2 2 3

3 3 2

i G

i G i

i G i

u u
u u x
u u x

θ
θ

=

= −

= +

 (12) 

Assuming that all the columns have principal axes aligned 
with 2a , 3a , the elastic energy of the N columns can be 
expressed through Eq. (9) as: 

 ( )
2

2 2 2 2 2
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∑ (13) 

Then, by using Eq (12): 

 ( ) ( )2 3 1 2 3
ft a

G G G G GU U u ,u , U u ,u ,u ,θ θ= +  (14) 

where: 
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are the flexural-torsional and axial contributions, respectively. 
The axial force necessary to enforce such displacements is: 
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If no axial forces are applied, then Nt = 0, and therefore: 
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where 
1

: Na a
jj

K k
=

=∑  is the total axial stiffness and, moreover: 
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ρ
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are, in the order, the squared polar inertia radius of the axial 
stiffnesses with respect to the centroid, and the coordinates of 
the center A of the axial stiffness (please note that generally A 
does not coincide with the flexural center F). 
By substituting u1G in Eq. (15)2, the passive variable is 
eliminated, and we obtain: 
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2 3( , , )a
G GU u u θ  is therefore a 4-degree homogeneous 

polynomial. As noticed before, if θ = 0, then 0aU = . 

2.3.3 Constitutive law identification 
The constitutive law of the coarse model is obtained by 
expressing: 

 2 2 3 3G G tu h u h hγ γ θ κ= = =  (20) 

Furthermore, let us express the elastic energy per unit length 
of the equivalent beam as φ=U/h. By using Eq.(20) we obtain: 
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φ γ κ γ κ κ

ρ κ γ κ

γ κ

 (21) 

By the Green law: 

 2 3
2 3

t
t

T , T , M∂ ∂ ∂
= = =

∂ ∂ ∂
φ φ φ
γ γ κ

 (22) 

a constitutive law with a linear and a nonlinear (cubic) part is 
obtained: 

 2 2 2 3 3 3l nl l nl t tl tnlT T T , T T T , M M M= + = + = +  (23) 

The linear part is given by: 
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where 2 21
: Nf f

ii
K k

=
=∑  and 3 31

: Nf f
ii

K k
=

=∑  are the total flexural 
stiffnesses, 

1
: Nt t

ii
K k

=
=∑  is the total torsional stiffness and 

( )2 2
3 22 31

: Ntf f f
i ii ii

K k x k x
=

= +∑  is the contribution to the torsional 
stiffness given by the flexural stiffness of the columns. 
Furthermore, x2F and x3F are the coordinates of the center F of 
the flexural stiffness: 

 2 32 33 2
1 13 2

1 1: :i i

N N
f f

F Fi if f
i i

x k x x k x
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= =∑ ∑  (25) 

The nonlinear (cubic) part accounts for pure torsion and 
coupling between shear and torsion; it vanishes if the twist 
angle vanishes. It can be expressed in the following form: 
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where the coefficients are given by: 
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being δ:=18/25Kah, and ρA the inertia radii with respect to the 
center A of the axial stiffness: 
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(28) 

3 THE AERODYNAMIC MODEL 
Under the assumption of the quasi-steady theory, the 
aerodynamic forces pa and couple ca acting on the beam can 
be expressed as a function of the relative wind velocity as 
follows ([4], [5]): 
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Vb c c

V b c
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=

p V a V
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ρ α α

ρ α
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where ρa is the air density, b is a characteristic dimension, 
V:=U- u&  is the relative wind velocity, difference between the 
absolute velocity of the wind U and the local velocity of the 
structure 2 2 3 3u u= +u a a& & & ; furthermore cd(α), cl(α), cm(α) are 
aerodynamic coefficients, evaluated for the instantaneous 
angle of attack α: 
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α β θ  (30) 

being β the angle of attack of the absolute wind velocity U 
with respect to the reference configuration, Fig. 4. The 
components of the aerodynamic forces at the third order are 
obtained from Eq.(29) by expanding the relative wind velocity 
V and the angle of attack α in MacLaurin series of structural 
velocities u& . 

For simplicity's sake and according to the results obtained in 
[6], the quadratic terms are neglected and only the leading 
cubic term are retained; thus, the aeroelastic forces (in the 
alongwind, crosswind and torsional directions) may be 
expressed as follows: 
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where c′d, c′l, c′m represent the derivatives of the aerodynamic 
coefficients with respect to the instantaneous angle of attack 
α, evaluated at the angle β. 

 
Figure 4. Absolute (U) and relative (V) velocities, aerodynamic 

angles. 

4 THE LINEARIZED PROBLEM 
The fundamental problem is governed by the kinematic 
relationships (1), (2), the balance equations (3), (4) with 

external forces given by Eq.(5) and the elastic law (23). The 
linearized equations of motion may be expressed as follows: 
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where the linearized expressions for the aeroelastic forces are 
given by the linear terms in Eq. (31). Assuming zero angle of 
attack of the absolute wind velocity (β=0), then 

2a ap /U= ⋅p U , ( )3 1a ap /U= ⋅ ×p a U . 
In absence of external applied forces at the free end E, the 
boundary conditions are given by: 
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By inspection, the exact solution of the boundary value 
problem (32)-(33) is expressed as follows: 
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The resulting non-dimensional system of second-order 
ordinary differential equations is: 
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where the non-dimensional parameters are defined as: 
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being ω2, ω3 and ωθ the circular frequencies of the building in 
the uncoupled case (i.e., symmetrical cross-section with 
respect to the reference axes) given by: 

 
( )2 2 2

2 2 232
2 3

12 2 2

t tfff h K KhKhK
, ,

m m I

+⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

θ
π π πω ω ω
l l l

(37) 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2032 

It should be noted that, in Eq.(35) the nondimensional wind 
velocity μ acts as a bifurcation parameter. 

5 LINEAR BIFURCATION ANALYSIS 
The linearized reduced equations of motion, Eq. (35), can be 
rewritten in the following state-space form: 

 =x Gx&  (38) 

Being { }T
2 3 2 3t tq q q q q q=x & & &% % % % % %  the state-space vector 

and G the state-space matrix given by: 
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Linear bifurcation analysis can carried out by evaluating the 
complex eigenvalues and eigenvectors of the state-space 
matrix G as functions of μ. It should noted the presence of 
both mechanical and aerodynamic terms in the matrices 
governing the bifurcation problem. 

The classic Den Hartog criterion corresponds to the critical 
velocity DHμ  of the sole crosswind degree of freedom, 3q% , 
and it is achieved when C(2,2)=0: 
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6 POST-CRITICAL ANALYSIS 
The state-space form of the nonlinear equation of motion can 
be expressed as: 

 ( ), ,ε= +x Gx F x x x&  (41) 

where εF represent the nonlinear forcing functions, being ε a 
dimensionless small parameter. Based on Eqs. (26) and (31), 
the vector F can be expressed as: 

( )
( )

3

3

2 3 2

2 2 3 3
1 22 2 23 3 2 2

2 2 3 3
1 33 3 32 2 3 3

2 2 3
2 2 3 3

1 2 2
22 33 23 3

t t t

t t t

t t t

t t t

tt tt ttt a

tt tt ttt a

t tt t tt tttt

t t t t t t

C q q C q q C q C q

, C q q C q q C q C q

C q q C q q C q

C q q C q q C q q q

+ + +
⎧ ⎫

= = + + +⎨ ⎬
⎩ ⎭

⎛ + + +

+ + +⎝

0
F f

f

% % % % &% % % % % %

% % % % &% % % % % %

% % %% % % % %

% % %% % % % % % %

α

α

α
3

3
taC q

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪⎪ ⎪
⎨ ⎬
⎪ ⎪

⎞⎪ ⎪
⎜ ⎟+⎪ ⎪⎜ ⎟⎪ ⎪⎠⎩ ⎭

% &%

(42) 

where the following non-dimensional parameters are 
introduced: 
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Furthermore, the non-dimensional coefficients abcdC%  
(a,b,c,d=1,2,t) are strictly related to their dimensional 
counterparts in Eq. (27): they are given by abcdC /δ , with the 
inertia radii ρ substituted by their corresponding non-
dimensional counterparts / bρ ρ=% . 

The matrixes in the definition of G, Eq. (39), may be 
decomposed into their structural and aerodynamic 
contributions as follows: 

 2
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where Ks, Ka, Cs, Ca are given by: 
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Assuming a small perturbation of μ around its critical value 
μ0, μ=μ0+εμ1, then the stiffness and damping matrixes may be 
expressed as: 

 0 1 0 1ε ε= + = +K K K C C C  (46) 

where: 
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Thus, also the state-space matrix G may be expressed as: 

 0 1ε= +G G G  (48) 

To apply the Multiple Scales Method, the solution is 
expanded as: 

 0 1ε= +x x x  (49) 

After introducing two independent time scale t0:=t and 
t1:=εt, the derivative with respect to the time assumes the 
expression d/dt=d0+εd1, where di= ∂/∂ti. As a consequence, 
the perturbation equations read as: 
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Eq. (50)1 admits the generating solution: 

 ( ) 0i
0 1 0e tA t ccω= +x u  (51) 

where u0={u02 u03 u0θ u02p u03p u0θp}T is the right critical 
eigenvector of G0 and cc denotes the complex conjugate. 

Substituting Eq. (51) into Eq. (50)2, the resonant forcing 
terms Fr at the ε order can be obtained. The solvability of Eq. 
(50)2 is enforced by imposing: 

 T
0 0r =v F  (52) 

being v0 ={v02 v03 v0θ v02p v03p v0θp}T the conjugate critical left 
eigenvector of G0. 

The amplitude modulation equation assumes the expression: 
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where the overbar denotes complex conjugate and 
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By introducing the polar form i1 2A / ae θ=  and separating real 
and imaginary parts of c1 and c2 coefficients ( ii iR iIc c c= + , 
i=1,2), the amplitude modulation equation is obtained: 

 3
1 2

1
4R Ra ac a c= +&  (55) 

By imposing 0a=& , the stationary amplitude a is estimated: 

 1

2
2 R

R

ca
c

= −  (56) 

7 NUMERICAL APPLICATIONS 
A first numerical application is proposed, considering a 
building with an external square shape. The columns are 
supposed to be disposed symmetrically with respect to 2a  
axis, so that 3Fx% =0. Furthermore, it is assumed that the 
uncoupled natural frequencies in the two orthogonal directions 
are coincident (α23=1). The non-dimensional coefficients ν 
and η are fixed as ν=0.004, η=1/6. The damping ratios are set 
as ξ2=ξ3=ξθ=0.01. Effects on critical conditions of the 
eccentricity between flexural and inertia center 2Fx%  and of the 
torsional-to-shear frequency ratio αθ 3 are analyzed. The mean 
wind velocity is assumed to be aligned with 2a , so that β=0. 
The aerodynamic coefficients for the square section are 
chosen as cd=2, c′l=-5, c′m=0.2. 

Figure 5 plots the real part of the eigenvalues λk (black line 
k=1,2 dark grey k=3,4, light grey k=5,6) as a function of the 
non-dimensional mean wind velocity μ, for different values of 

the involved parameters (αθ 3 and 2Fx% ). It is evident that the 
real part of the (k=3,4)-eigenvalue couple (referred to 
alongwind vibrations, along the symmetry axis) is almost 
independent of the non-dimensional mean wind velocity μ, 
while the other two couples of eigenvalues (referred to 
potentially coupled crosswind-torsional vibrations) are 
strongly affected by μ. In particular, the increase of μ has a 
stabilizing effect (the real part decreases) on the (k=1,2)-
couple while the (k=5,6)-couple has a real part that becomes 
smaller with increasing μ. Therefore, there exists a critical 
value of velocity, μcr, that is significantly influenced by both 

2Fx%  and αθ 3; in particular, for the example examined, it 
decreases when the eccentricity diminishes and the frequency 
ratio approaches to one. 
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Figure 5. Real part of the eigenvalues on varying αθ3 and 2Fx% . 

Fig. 6 shows the absolute value of the first three 
components of the critical eigenvector u0 for different values 
of αθ 3, as a function of 2Fx% . It clearly shows that the critical 
mode is a coupled vibration in the crosswind 3a  and torsional 
directions while the alongwind mode is decoupled for this 
particular (symmetric) example. In particular, the vibration is 
purely crosswind for negligible eccentricity between the 
flexural and inertia center ( 2Fx%  close to zero); on increasing 

2Fx% , the coupling between torsional and crosswind vibrations 
becomes remarkable. Furthermore, the coupling increases on 
decreasing the frequency ratio, αθ 3→1. In any case, the 
coupling is significant even for large frequency ratios if the 
eccentricity 2Fx%  is sufficiently large. 

Figure 7 shows the ratio between the critical non-
dimensional mean wind velocity and the Den Hartog limit 
value for different values of αθ3, as a function of 2Fx% . It is 
evident that the coupling between shear and torsion has 
always a stabilizing effect, causing a significant increase of 
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the critical wind velocity with respect to the classic Den 
Hartog criterion. 
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Figure 6. Absolute value of the components of the critical 

eigenvector for different values of αθ3. 
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Figure 7. Ratio between the critical galloping velocity and the Den 

Hartog criterion for different values of αθ3. 

As a preliminary numerical application, the stationary 
amplitude has been evaluated for a specific case, in which the 
following parameters are assumed: 2Fx% =0.05, 2

22 0 17A .ρ =% , 
2

33 0 17A .ρ =% , 2
23 0Aρ =% , 4

2233 0 025A .ρ =% , 3
2 0Aρ =% , 3

3 0 008A .ρ =−% , 
2 0 34.ρ =% . In order to assess the role of mechanical 

nonlinearities on the postcritical amplitude, analyses have 
been carried out both taking into account and neglecting such 
nonlinearities. Figure 8 plots the stationary amplitude of 
oscillation deduced by Eq. (56). It can be observed that, at 
least in the specific case analyzed, mechanical nonlinearities 
increase the postcritical response amplitude in a non-
negligible way. 

8 CONCLUSIONS AND PROSPECTS 
In this paper, a nonlinear equivalent beam model for the 
aeroelastic stability analysis of shear-type tower buildings has 
been introduced. The model allows to take into account the 
mechanical coupling between shear and torsion due to the lack 
of symmetry in the mechanical properties of the structure and 
to nonlinear terms related to the stretching of the columns. A 

nonlinear expression of the aerodynamic forces is also 
considered. 
An analysis of the critical conditions for a square building 
excited by the wind along a symmetry axis has been carried 
out. The influence of the lack of symmetry and of the 
coupling between shear and torsion on the critical galloping 
conditions has been studied. In the case here studied, the 
coupling between shear and torsion has a stabilizing effect, 
since it produces an increase of the critical wind velocity. A 
preliminary example has shown that mechanical nonlinearities 
can modify the postcritical response amplitude too. 
Based on the equivalent model here introduced, the critical 
wind velocity and the post-critical behavior can be estimated 
for different building shapes and wind angles of attack, when 
the elastic/inertial properties vary, in order to investigate the 
effect of the mechanical coupling on aeroelastic behavior, the 
influence of higher modes, the possible interaction among 
close modes (1:1 resonance) or 1:2, 1:3 resonant modes. 
Furthermore, the postcritical behaviour can be analyzed by 
applying the MSM directly to the partial differential equations 
of motion. Finally, the procedure can be extended to non-
homogeneous beams. 
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Figure 8. Postcritical amplitude. 
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3D interaction in bladed rotor-to-stator contact
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ABSTRACT: Reducing the clearance between blade tips and casing is an important factor in increasing the performance
of turbomachines such as turbofan engines. However, small clearances lead to more chances of rotor-stator contact, which
can cause unstable vibrations. To improve the prediction of such contact-related phenomena, this paper proposes a model
that includes potential contacts between the fan blade tips and their surrounding casing. This phenomenological model
consists of a fully flexible bladed rotor and a flexible casing. The bladed rotor model is built according to the method
developed by Lesaffre [1] and based on the approximations used by Sinha [2]. The casing model is composed of an elastic
ring with isotropic suspension. Two different contact formulations have been developed: a 3D contact detection law,
which incorporates 3D model kinematics along with 3D local geometry of the contact area, is compared to a simpler
formulation. For both formulations, once the clearance has been consumed, contact forces are introduced with normal
contact stiffness, and friction is considered using Coulomb’s Law. In an initial step, linear harmonic results serve to
compare these contact formulations in their ability to detect contact. Next, the stability of balanced static solutions
is studied and transient analyses are carried out to confirm the static results. Study results highlight the influence of
3D kinematics and 3D local geometry on both contact detection and the dynamic stability of the system subjected to
blade-casing contact.

KEY WORDS: rotor dynamics, bladed assembly, nonlinear dynamics, blade-tip/casing contact

introduction

The clearance between rotating and fixed parts is
a governing factor of turbomachine performance. By
reducing the leakage flows, smaller clearances lead
indeed to a more efficient turbomachine. The physical
disadvantage however is an evolution of the blade tip-
casing contacts capable of generating unstable vibrations.
Consequently, in order to reduce clearances, aero-engine
mechanical engineers must properly predict the occurrences
of contact and ensure that the possible contacts do not
trigger damaging phenomena.

Most of the literature reviewed on blade tip-casing
contact is divided into two areas of study [3]: bladed
assembly vibration and rotor dynamics.
- The study of bladed assembly vibration takes into

account the blades and disk flexibility while neglecting
shaft dynamics [4], [5]. As part of this area of study, we
encountered extended finite element models of the bladed
disk and casing [5]. Appropriate contact models were built
to handle the discretization due to meshing [6], [7]. Other
investigations included the mechanical properties of the
abradable coating that covers the inner surface of the casing
[8] or the thermal effects of friction [9].
- The field of rotor dynamics focuses on shaft vibrations

while neglecting both the blades and disk flexibility.
Most numerical investigations were found to use simplified
models, whereby the blade tip-casing contact is introduced

using nonlinear springs. Such models typically consider
contact between two cylindrical surfaces [10–14].

Beside tip clearance, weight is a recurring governing
factor in aircraft engine design. Reducing the mass
generally increases the global flexibility and/or eases the
dynamic couplings between the various components of the
engine. The contact events can thus jointly affect and
be influenced by the global engine dynamics. Hence,
lighter designs bring out the need to extend the dynamic
considered in the prediction model. Moreover, the present
work focuses on the contact that may occur between the fan
blade tips and fan casing of a turbofan engine. This contact
localization underscores the need to consider the fan blades
and fan casing dynamics. Modern turbofan designs present
indeed a high bypass ratio i.e. a wide fan casing and slender
fan blades. These design characteristics imply including
the blades, shaft and casing dynamics into the prediction
model. The model presented in this paper thus merges
both areas of study : bladed assembly vibration and rotor
dynamics. It is based on the bladed-shaft models proposed
by [1, 2, 15].

The phenomenological model proposed introduces these
components while minimizing the number of degrees of
freedom (dofs) considered. The reasonable size of the
model limits the computation time and allows conducting
influence analyses on various parameters. However, a light
model necessitates focusing on a proper approximation of
the dynamics properties while the geometric aspects of the
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Figure 1. Model components

components can be locally altered. Since contact is a local
event that exerts a strong effect on global dynamics, we
propose herein a 3D contact formulation so as to regain
accuracy in contact detection without increasing the model
size.

Once the model assumptions and the contact formula-
tions described, the results provided in this paper will be
exhibited in the final three sections. Linear results will be
presented first so as to draw a comparison of the ability
to detect contact with the developed contact formulations.
Then, stability of the balanced static solutions will be
analyzed, before concluding with transient analyses that
confirm the static results.

1. model description

The model consists of a flexible bladed rotor and
suspended flexible casing. To eliminate time-dependent
terms resulting from the periodicity of the bladed disk, the
entire model has been developed in the rotating frame.

Bladed rotor - The bladed rotor model discussed in the
present paper has been based on the same approximations
as the one described by Sinha [2]; it has been developed
through application of an energy approach by Lesaffre [1]
and Gruin [15]. The shaft is modeled by a Euler-Bernoulli
beam suspended by isotropic viscoelastic bearings. The
shaft beam has a hollow circular cross-section and includes
two displacements defined in the rotating frame: the two
orthogonal translations in the cross-section plane. Rigid
disks connected to the shaft are modeled by a point
mass and rotational inertia. Lastly, a set of ten flexible
blades are clamped to the representative fan disk; they
are all modeled by Euler-Bernoulli beams with a constant
rectangular cross-section and can deflect along their more
flexible direction. The model sketch with some rough
dimensions is drawn in Figure 1.
The shaft and blade deformations are discretized through
use of the appropriate Rayleigh-Ritz functions (the detailed
equations can be found in [1] and [15]). The gyroscopic
effect is taken into account along with the stress stiffening
of the blades. Two degrees of freedom (dof) are assumed to
model the deformation of each blade. The shaft contains

ten dofs: two rigid-body dofs related to the suspensions,
and eight dofs introduced to model its deformation.

Casing - The casing model consists of an elastic
ring with radial and tangential deformations [16], whose
discretization considers the nodal diameter modes of the
axisymmetric structure, as described in [1]. We have chosen
to include the modes with two and three nodal diameters
because for the considered settings, the natural frequencies
of these modes lie within the studied range. In addition
to its four deformation dofs, the casing contains four
rigid-body dofs, contributed by its viscoelastic isotropic
suspension: the two orthogonal translations and rotations
in the cross-section plane of the shaft.

2. contact formulations

This section presents the 2D and 3D contact formulations
developed. They both follow the same sequence of steps:
first, a minimum distance function is developed in order to
evaluate the blade-to-casing distance; afterwards, if contact
is detected, then the opposing contact and friction forces
are applied to the rotating and fixed parts. For both
formulations, the normal contact forces are proportional
to penetration: the radial stiffness kr is introduced.
Tangential friction forces are obtained using Coulomb’s
Law: −sgn(Vrel)μFN where μ is the friction coefficient and
FN the normal contact force. The sign of Vrel, the relative
speed between contact surfaces, is assumed to be constant
and opposite to the sliding speed direction due to shaft
spin. We can thus define a constant tangential stiffness
parameter: kt = −sgn(Vrel)μkr.
The contact formulations developed differ in their

minimum distance function and in the distribution of
contact forces on the blade tip. For the 2D formulation,
the contact reactions are concentrated on a point-like blade
tip, while the 3D formulation allows distributing contact
reactions along the chord.

2D contact formulation - The 2D formulation
considers a point-like blade tip, and its minimum distance
function solely takes into account the disk and casing
translations and the radial deformation of the casing:

g(2D)

j
=g0 + lb + rd + u(αj , t) + (xc(t)− xd(t)) cosαj

+ (yc(t)− yd(t)) cosαj

(1)

where:
• αj : angular position of the jth blade,
• g0: initial tip clearance,
• lb: blade length,
• rd: fan disk radius,
• u(αj , t): radial deformation of the casing,
• xd, yd: disk translations,
• xc, yc: casing translations.

If g(2D)

j
< 0, then contact is detected and the normal and

tangential contact reactions are given by:

if g(2D)

j
< 0 ⇒

{
F (2D)

jN
= krg

(2D)

j

F (2D)

jT
= ktg

(2D)

j

(2)
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Figure 2. Contact region geometry

The contact reactions relative to each blade tip j are then
projected onto the general coordinates of the model in order
to include the contact forces in the system of equations.

3D formulation - The 3D minimum distance function
takes into account more model kinematics: in addition
to the disk and casing translations and normal casing
deformation, this function introduces the disk and casing
rotations as well as blade flexure. The 3D contact
formulation also includes the 3D geometry of the contact
region, i.e.: chord length and inclination of the casing inner
surface (see Figure. 2). To simplify the formulation, we
propose the following kinematic assumptions:

• Disk and casing rotations are assumed to be sufficiently
small so as to linearise their trigonometric functions.
• The influence of the casing tangential deformation on

the minimum distance value is neglected.
• The influence of casing thickness on deformations

along the casing inner surface is neglected: the normal
deformation is calculated at the mid-surface.
• The influence of overall blade tip displacement on

the angular position is neglected: the normal casing
deformation input into the minimum distance function is
measured at the initial blade tip point position.

A number of simplifications to the 3D local geometry
have also been considered, namely:

• The minimum distance function along the chord is
obtained by linear interpolation: the gap is only calculated
at the Leading Edge (LE) and Trailing Edge (TE)
points.(see Figure 3).
• The inner surface of the casing is considered to be

perfectly conical.

To obtain the minimum distance function at both the
LE and TE points of the blade tip chord, we begin
by determining these positions in a frame attached to
the casing. The selected points P (LE) and P (TE) are
identified in Figure 2 and 3, with their final position being

Figure 3. 3D view of the clearance values interpolated
along the chord line

given by:

P ′ = Pφxc

Pφyc

⎛⎝PT

φy
d

PT

φx
d

PT

αj

⎛⎝P +PT

β

⎧⎨⎩xb(lb, t)0
0

⎫⎬⎭
⎞⎠

+

⎧⎨⎩xd(t)− xc(t)
yd(t)− yc(t)

−zc

⎫⎬⎭
⎞⎠

(3)

where:
• P : initial coordinates of the selected point (P (LE) or
P (TE)),
• P ′: final coordinates of the selected point,
• zc: the casing center of gravity position along the z axis,
• xd, yd: disk translations,
• xc, yc: rigid-body casing translations,
• xb(lb, t): blade deflection at its tip,
• Pβ and Pαj

: blade positioning matrices,
• Pφx

d

and Pφy
d

: disk rotation matrices,
• Pφxc

and Pφyc

: rigid-body casing rotation matrices.
Once the P ′(LE) and P ′(TE) values are known, the

minimum distance to the LE and TE points of the blade
tip chord is obtained by using the following expression:

g(3D)

j
=

(
−
Rb

h
P ′
z +Rb −

√
P ′2
x + P ′2

y + u(α(P ), t)

)
cos θ

(4)

where:
• Rb, h: the base radius and height of the cone

representing the casing inner surface,
• θ: angular characteristic of the cone aperture (see

Figure 2),

• P ′ =
{
P ′
x, P

′
y, P

′
z

}T
: the selected point coordinates

defined by (3),
• α(P ): initial angular position of the selected point,
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• u(α(P ), t): normal deformation of the casing at α(P ).
The contact reactions are then obtained by integrating

the contact pressure distributed along the chord line. If
g(3D)

j
(LE) and/or g(3D)

j
(TE) is negative,then contact occurs

and the normal and tangential pressures distributed along
the chord line are given by:

pjN (c) =
kr
lc
(ζc+ η) and pjT (c) =

kt
lc
(ζc+ η)

where ζ =
g(3D)

j
(TE)− g(3D)

j
(LE)

lc

and η =
g(3D)

j
(TE) + g(3D)

j
(LE)

2

(5)

with
• c: position along the chord,
• lc: chord length.

Contact reactions are thus given by:

F (3D)

jN
=

∫
c2

c1

pjN (c)dc and F (3D)

jT
=

∫
c2

c1

pjT (c)dc (6)

Distribution along the chord also creates reaction torques,
given by:

M (3D)

jN
=

∫
c2

c1

c pjN (c)dc and M (3D)

jT
=

∫
c2

c1

c pjN (c)dc

(7)
The limit values for integration (c1 and c2) depend on

the minimum distances results:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
g(3D)

j
(TE) ≤ 0 and g(3D)

j
(LE) ≤ 0 ⇒ c1 = −

lc
2
; c2 =

lc
2

g(3D)

j
(TE) ≤ 0 and g(3D)

j
(LE) ≥ 0 ⇒ c1 = −

lc
2
; c2 = −

η

ζ

g(3D)

j
(TE) ≥ 0 and g(3D)

j
(LE) ≤ 0 ⇒ c1 =

η

ζ
; c2 =

lc
2

(8)
As for the 2D formulation, the contact-related reaction

forces and torques are then projected onto the general
coordinates to create the nonlinear force vector included
in the system of equations.

3. resolution methods

This section describe the methods used to obtain the
results presented in this paper. Three different sets
of results will be presented in the following sections:
contact detection, permanent contact stability analyses,
and nonlinear transient analyses.

Contact detection - The contact detection results
are obtained by including the linear imbalance response
into the minimum distance functions defined above. In
the rotating frame, the displacement field of the system
subjected to imbalance is obtained by solving the following
static equation:

K̃(Ω)q = F(Ω2)

K̃ = K+Ks(Ω
2) +N(Ω) +C(Ω)

(9)

where:

• K: elastic stiffness matrix,
• Ks(Ω

2): stress stiffening matrix of the blades,
• N(Ω): spin softening matrix,
• C(Ω): viscous damping circulation matrix,
• q: general coordinates vector,
• F(Ω2): vector of imbalance forces projected onto the

general coordinates.

The spin speed Ω is assumed to be constant at each
considered step. The resulting displacements are then
introduced into the 2D and 3D minimum distance functions
(1) and (4). This method neglects the nonlinear aspect of
the contact: contact detection brings indeed contact forces
affecting the displacement field and in turn, modifying the
contact configuration. The results output must not be used
in a refined analysis of the contact configurations. This
method does however provide a quick way to obtain contact
detection limits: it allows to compare the ability of each
formulation to detect contact and identify the parameters
that influence the contact detection range.

Permanent contact stability analyses - Unlike the
previous method, the permanent contact analyses include
nonlinear contact forces in the static system of equations.
The static solution q0 is found by solving the following
nonlinear system of equations:

K̃(Ω)q0 = Fnl(q0) + F(Ω2) (10)

where:

• M: mass matrix,
• D: viscous damping matrix,
• G(Ω): gyroscopic effects matrix,
• Fnl(q0): nonlinear contact forces vector projected onto

the general coordinates of the system.

In order to study the local stability of the solution q0, we
introduce a time-dependant perturbation q̄(t). Stability
information is obtained by performing an eigen-analysis on
the perturbed system: the static solution q0 being unstable
if at least one of its eigen-values has a positive real part.
The perturbation is assumed to be sufficiently small to
allow the linearisation of contact forces. The linearised
system of equations of the perturbed system is given by:

M¨̄q(t) + (D+G(Ω)) ˙̄q(t) +
(
K̃(Ω)− JqFnl(q0)

)
q̄(t) = 0

(11)
where JqFnl(q0) is the Jacobian matrix of the contact force
vector at q0.

Non-linear transient analyses - The nonlinear
transient analyses enable including the nonlinear contact
forces in the dynamic system of equations:

Mq̈(t)+ (D+G(Ω)) q̇(t)+ K̃(Ω)q(t) = Fnl(q(t))+F(Ω2)
(12)

The transient results reported herein were obtained by
applying the explicit central differences algorithm, as
presented in [5, 17]. The imbalance considered at the fan
disk location for inducing contact is applied over a 1 sec
ramp.
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Figure 4. Imbalance response at the fan disk

4. contact detection results

A reasonable imbalance is considered at the fan disk
coordinate; the response recorded at the same location is
plotted in Figure 5. The peaks observed in the diagram
indicate the presence of two critical speeds. Imbalance
indeed introduces a harmonic excitation of the same
frequency as the shaft’s rotation. Consequently, when the
rotational frequency equals one of the system’s natural
frequencies, the corresponding mode will resonate and this
spin speed will be referred to as critical speed. The first
peak encountered at the normalized spin speed Ω ≈ 3.5
displays an amplitude more than five times greater than
the peak observed at Ω ≈ 8. This finding means that
the mode excited at Ω ≈ 3.5 contains more deformation
energy in the fan module than the mode whose critical
speed equals Ω ≈ 8. The most critical contact events can
thus be expected near Ω ≈ 3.5.

By introducing the harmonic response into the minimum
distance formulations, we determine whether or not contact
would have occurred at the considered spin speed Ω and for
the chosen initial tip clearance g0 (see Section 3). Then,
by varying these parameters, we map the contact areas:
i.e. the parameter sets (Ω, g0) for which at least one blade
is touching the casing. The maps obtained with the 2D
and 3D formulations are plotted in Figure 6: the darker
area corresponds to 3D contact detection and the clearer
area plotted on top corresponds to 2D contact detection.
For g0 = 0mm, contact occurs for all the considered spin
speeds. Then, as the g0 parameter increases, contact
is detected for less spin speeds. The upper contours of
the maps indicate thus the maximal initial tip clearance
for which contact occurs at a given spin speed, i.e. the
maximum clearance closure due to imbalance. As expected
by the harmonic response at the fan disk, the maximum
clearance closure is reached around Ω ≈ 3.5 for both
formulations. The diagram also shows the efficiency of
the 3D minimum distance function with respect to the 2D
formulation: the area covered by the 3D formulation is
wider, and the difference between clearance values reaches
1.3mm at the first critical speed.

As described in Section 2, the 3D formulation enriches
the minimum distance function on two aspects: the
model kinematics and the local geometry of contact. To
determine which aspect is more relevant, we considered
them individually. Figure 7 presents the difference with

Figure 5. Maps of the contact detected with the 2D and
3D minimum distance function, for various spin speed
and initial tip clearance values

Figure 6. Difference between 2D and 3D clearance
closures for various configurations of the 3D minimum
distance function

the 2D clearance closures for three configurations of 3D
minimum distance functions:

• a full 3D configuration as described in Section 2,
• a configuration that includes 3D kinematics and

neglects chord length and the conical property of the casing
inner surface (θ = 0 ◦ and lc = 1mm),
• a configuration that includes 3D geometry yet neglects

the disk and casing rotations and blade flexure.
The results plotted in figure 7 indicate that for the
considered parameters, both degraded 3D configurations
are of no utility in comparison with the full 3D version.
The clearance difference between 2D and full 3D actually
amounted to 1.3mm, while the difference remained less
than 0.1mm for the other 3D configurations. These
findings highlight the combined effect of 3D geometry and
kinematics: to consider 3D geometry without enriching the
kinematics would be useless and vice versa.

Lastly, the contact detection analyses allow comparing
the influence of geometric parameters on the occurrences
of contact. Figure 8 shows the contact areas according
to θ, the inclination of the casing inner surface, while
figure 9 presents the contact areas obtained for various
chord lengths. When unspecified, the default settings are:
θ = 5 ◦ and lc = 20 cm. Both parameters enlarge the
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Figure 7. Contact detection maps vs the inclination of the
casing inner surface: from θ = 0 ◦ to 30 ◦

Figure 8. Contact detection maps vs chord length at the
blade tip: from lc = 1 cm to 30 cm

contact detection area. However, for the parameter ranges
considered herein, the conical property of the casing inner
surface seems to exert more influence than the blade length
on the contact detected using the 3D formulation.

5. permanent contact stability analyses

By introducing an asymmetric elastic and inertial
coupling, the rotor-stator contacts can create dynamics
instabilities [18–20]. Stability then depends on the
contact stiffnesses brought to the system vs. its damping
properties. The results presented in this section analyze
the stability of balanced static solutions, as described in
Section 3.
Figure 10 maps the contact configurations resulting from

balanced static solutions calculated with the 2D and 3D
contact formulations. The outer map contours match the
contact areas obtained in the previous section. Within the
contact area, the color scale indicates how many of the
10 blades are touching the casing for each balanced static
solution. Figure 11 provides stability information on the
balanced static solutions. The color scale represents the
sum of all positive real parts of the system eigenvalues at
each balanced solution. Summing the real parts of each
unstable mode offers one way to indicate the degree of
destabilization created by the contacts. A small positive
real part of the eigenvalue indicates that the instability
can be compensated by a reasonable damping supply.

Conversely, various unstable modes with a high real part
suggest a strong contact-related asymmetry.
As could be expected, the stability maps globally

resemble the contact configuration maps: the greater
the number of blades touching the casing, the greater
the number of unstable modes with high positive real
parts. Some differences in appearance are observed
however between the stability results of the two contact
formulations. For the 2D configuration, the unstable
region covers almost the entire contact detection area,
while contact does not necessarily lead to an unstable
solution for the 3D configuration. A strip of stable
contact configuration surrounds the unstable area in the 3D
formulation solutions and another stable strip exists within
the peak of the first critical speed. The 2D formulation
stability map clearly reveals delimited colored patches
whose contours match those of the contact configuration
observed in figure 10.
For the 2D contact formulation, each new touching

blade contributes a new equivalent spring with radial and
tangential stiffness (kr and kt). For the 3D formulation
on the other hand, stability results are smoother due
to the linear distribution of contact pressure along the
chord. Blade involvement is indeed more gradual for the
3D formulation: contact begins at the LE or TE point of
the chord, and the length of chord in contact gradually
increases as does the equivalent stiffness input into the
system.
Since the contacts are more easily detected with the 3D

formulation, the unstable region is, on the whole, wider
with this formulation. The stable strip that appears within
the peak of the first critical speed corresponds however
to an unstable zone in the 2D formulation. This strip
indicates a detected area with three contacts for both
minimum distance functions. Since the 2D formulation will
include three ”full” contacts, the contacts detected by the
3D function do not involve an entire chord length and will
thus introduce the equivalent ”partial” stiffness.

6. nonlinear transient simulations

To confirm the accuracy of permanent contact stability
results, we carried out transient simulations. The analyses
are carried out at Ω = 3.3 and for an initial tip clearance of
0.8mm. This configuration lies within the strip described
in the previous section: the balanced solution is unstable
for the 2D formulation and stable for the 3D one. The
evolution of normal contact forces at the blade tips
(F (2D)

jN
and F (3D)

jN
) is plotted in figure 12. The 2D blade

tip reactions diverge after the full imbalance is applied,
whereas the 3D simulation leads to a stable static solution.
These results confirm those predicted by the stability
analysis on static balanced solutions. For both simulations,
three blades are in contact at 1 sec although for the 3D
formulation, the third blade touches at 88% of its chord
length. This difference is sufficient to maintain stability for
the 3D results while the 2D simulation, which introduces a
stiffness equivalent to all three blades, is unstable. Lastly,
we can remark that at 1 sec, the contact reaction at the
blade tip is greater for the 3D formulation than for the 2D.
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Figure 9. Contact configurations resulting from the static
nonlinear resolution

Figure 10. Contact detection and stability results

This finding illustrates the fact that dynamic stability is
determined by the asymmetric stiffness link input into the
system and not by the contact force amplitude.

conclusion

A phenomenological model has been developed to
investigate phenomena related to blade-to-casing contacts
in turbofan aircraft engines. The model developed contains
38 dofs and comprises a flexible bladed shaft and a flexible
suspended casing. Two contact formulations have been
tested: the first one includes 3D model kinematics and
local geometry of the contact region while the second one

Figure 11. Contact detection and stability results

is a simpler 2D formulation. Three distinct results were
presented:
• The linear results allow comparing the ability of each

minimum distance function to detect contacts. For the
considered settings, these linear results prove that the
3D minimum distance function is more efficient than
the 2D. Other investigations have indicated that the 3D
function loses its benefit if one of its 3D attributes is
removed, i.e. considering a 3D local geometry without 3D
kinematics would be useless and vice-versa. Moreover,
the analysis of geometric parameter influence indicates
that the inclination of the casing inner surface heavily
influences contact detection while chord length affects
detection results to a lesser extent.
• The stability of a balanced static solution was also

studied and the results obtained with each formulation
compared. Thanks to overall contact detection efficiency,
the range of unstable static solutions is generally broader
with the 3D formulation, yet some configurations are stable
for 3D solutions and unstable with the 2D solutions. The
3D formulation actually distributes contact pressure along
the chord, hence implying a more gradual evolution in the
asymmetric stiffness responsible for system destabilization.
• As a final item, nonlinear transient analyses were

carried out at a spin speed and initial tip clearance value
at which the balanced solution is unstable for the 2D
formulation and stable for the 3D. The results generated
confirm the stability analysis findings on balanced static
solutions.

The 3D contact formulation presented in this paper con-
stitutes an efficient means for improving the predictability
of this phenomenological model. The enriched minimum
distance function has proven to be more efficient at contact
detection and has expanded the parameter set to be
investigated. In addition to geometric contact detection,
the 3D formulation affects stability results. By allowing
the contact to be distributed along the chord, the 3D
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formulation more effectively models the real involvement
of the blade tip in the casing. In closing, the proposed
formulation has the significant advantage of offering these
improvements without increasing the model size.
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ABSTRACT: This work investigates the influence of physical parameters and geometrical imperfection uncertainties on the 
nonlinear vibration of simply-supported axially excited cylindrical shells. The Donnell nonlinear shallow shell theory is used to 
study the nonlinear vibrations of the shell and the uncertainties are considered as uncertain parameters with a known probability 
density function in the partial differential equations of motion of the cylindrical shell. To solve the stochastic differential 
equation, the uncertainties are discretized as a generalized polynomial chaos (gpc). To discretize the resulting deterministic 
partial differential equations of motion obtained from the Galerkin stochastic procedure, first an orthogonal polynomial that 
represents the probability density function of the uncertainties is chosen in the gpc procedure. Then, a general expression for the 
transversal displacement is obtained by a perturbation procedure which identifies all modes that couple with the linear modes 
through the quadratic and cubic nonlinearities. So, a particular solution is selected which ensures the convergence of the 
response up to very large deflections. Substituting the obtained modal expansions into the deterministic equation of motion and 
applying the standard Galerkin method, a discrete system in time domain that considers the uncertainties is obtained. Several 
numerical strategies are used to study the nonlinear behavior of the shell considering the uncertainties in the physical parameters 
or initial geometric imperfections. Special attention is given to the influence of the uncertainties on the parametric instability, 
time response and bifurcation diagrams of simply-supported axially excited cylindrical shells. 

KEY WORDS: Uncertainties; generalized polynomial chaos; cylindrical shells; nonlinear vibrations. 

1 INTRODUCTION 
From theoretical and experimental results found in literature it 
is possible to observe that cylindrical shells subjected to static 
loads are susceptible to buckling, and they may have a load 
capacity much lower than the theoretical critical load. This 
difference may be due to the randomness of physical and 
geometric properties, including geometric imperfections, or 
load noise. It may occur in the manufacturing process, when it 
comes to physical and/or geometrical properties, or during the 
service life of such structures. 

The pioneering technique for quantifying the effect of 
randomness applied to problems involving structural systems 
has been the method of Monte Carlo, which rely on repeated 
random sampling to obtain numerical results; i.e., by running 
simulations many times over in order to calculate probabilities 
heuristically just like recording a large number of 
experiments. However, to access the influence of uncertainties 
on the nonlinear dynamics of structural systems, a large 
enough number of samples is necessary to obtain reliable 
results and for each simulation the equations of motion must 
be integrated numerically during a sufficiently long time to 
capture the behavior of the structure. Therefore, the Monte 
Carlo method requires a costly processing time. So, an 
alternative method not based on sampling processes is ideal 
for nonlinear dynamic systems. 

Stochastic Galerkin method has been proposed as an 
alternative for solving stochastic problems. This method 
adapts the standard numerical methods in order to consider the 
uncertainties in the input parameters and to quantify their 
influence on the system solution. In the stochastic Galerkin 

method the statistical characteristics of random response, such 
as mean value and variance, is determined without the need to 
carry out a usually high set of samples, as shown in [1, 2]. 

Recently, [3, 4] investigated the use of polynomial chaos 
and [5-7] used the method of generalized polynomial chaos 
with the stochastic Galerkin method to analyze several 
stochastic problems in applied mechanics. 

The nonlinear stochastic static analysis of cylindrical shells 
has been carried out by [8, 9]. However, none of these works 
uses the stochastic Galerkin method together with the 
expansion of the generalized polynomial chaos. Silva et al. 
[10] studied the influence of uncertainties on the nonlinear 
dynamic response of cylindrical shells. 

So far, we cannot find in the literature any work that uses 
the stochastic Galerkin method together with the expansion of 
the generalized polynomial chaos to study the influence of 
uncertainties of physical or geometrical parameters on the 
nonlinear dynamics of cylindrical shells. Therefore, the aim of 
this work is to study the effects of randomness in the Young´s 
modulus and in the amplitude of an initial geometrical 
imperfection on the dynamic buckling of axially excited 
cylindrical shell using the stochastic Galerkin method 
associated with the generalized polynomial chaos. 

2 PROBLEM FORMULATION 

2.1 Shell equations 
Consider a simply supported cylindrical shell with radius R, 
thickness h, length L and an initial geometric imperfection 
given by a function wi, made with an elastic material with 
Young’s modulus E, Poisson coefficient υ and density ρ. The 
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Augusta F. Brazão1, Frederico M. A. Silva1, Zenon J. G. N. del Prado1, Paulo B. Gonçalves2 

1School of Civil Engineering, Federal University of Goiás, Av. Universitária, no 1488,74605-200, Goiânia, Goiás, Brasil  
2Department of Civil Engineering, Pontifical Catholic University, Rua Marquês de São Vicente, 22451-900, Rio de Janeiro,  

Rio de Janeiro, Brasil  
email: augustafb@gmail.com, silvafma@ufg.br, zenon@ufg.br, paulo@puc-rio.br 



Proc

2044

shel
both
disp

Fig

U
disp
imp

 

whe
and

T
Kar
func

 

 

whe
and
D =
the 
the 

4∇
T

app

 

whe
axia
the 

ceedings of the 9t

4 

ll is subjected
h ends. The 
placements (u

gure 1. Geome

Using Donnell
placement rel
perfect cylindr

(

θ

θθ

γ

ε

ε

xxx

xx

xx

wk

v

v
R

u

,

,

,

,

1
2

−=

+=

=

+=

ere εx, εθ and 
d kxθ are the ch
The nonlinear
rmán-Donnell 
ction F and th

([
(

xx

Pf

f
R

wD

,

,2

4

(

1

2

−+

+

+∇

θθ

η

( ,

41

xxw

f
hE

+−

∇

ere η1 and η 2
d the visco
= E h3/12(1 – ν

lowest vibrati
bi-harm

22 /[ ∂+∂∂= x
The shell is su
plied along the

ere P0 is the a
al harmonic lo
time. 

th International C

d to an axial co
geometry, co
, v, w) are sho

etry, coordinat
of the

l non-linear s
lations and th
rical shell are 

)

(

θ

θ

θ

x

ixx

w
R

k

wu
R

R
w

www

2

,,

2

,
2
,

1,

1
2

1
2
1

−=

++

++

+

γxθ are the mi
hanges of curv
r equations o
 shallow she

he transversal 

( )
)( xixx

i

wwt

ww

wh

,,

,,

01

)( −

−

+

θθθθ

ηωρη &

) θθ,,

,
1

xxi

xx

ww

w
R

−

+−=

2 are, respectiv
oelastic ma
ν 2) is the flex
ion frequency
monic o

2222 ]/ θ∂∂ R . 
ubjected to a 
e edges, of the

PtP )( 0 +=

axial static pre
oad, ωf  is the

Conference on Stru

ompressive lo
oordinate sys
own in Figure 

te system and 
e shell. 

shallow shell 
he changes o
given by 

(

θθθ

θθ

θθ

x

xi

ix

x

R
kw

www

www

,

,,,

,,
2
,

,

, −=

+

+

id-plane defor
vature of shell
of motion ba
ell theory, in 
displacement 

) (
) ]xx

xx wf

wD

,,

4
2

2−

+∇

θθ

ρη &

[
]θθ

θ

,,

2
,2 21

ixx

x

ww

w
R

+

vely, the linea
aterial damp
xural stiffness
y, P(t) is the a
operator 

harmonic axi
e form: 

( )tP fωcos1+  

e-load, P1 is th
e frequency of

uctural Dynamics

oad, P(t), appli
tem (x, θ, z)
1. 

 
displacement

theory, the s
of curvature o

)
)

θ

θθ

θ

x

xi

w
R

ww

,

,,

1

+

rmations and 
s middle surfa
ased on the 
terms of a 
w, are given b

)xi

xx

w

f
R

wh

,

,
1

+

=

θθ

ρ &&

θθ ,,2 xix ww

ar viscous dam
ping coeffic
s of the shell, 
axial load and 

defined 

ial load, unifo

he amplitude o
f excitation an

s, EURODYN 20

ied in 
) and 

t field 

train-
of an 

(1) 

kx, kθ 
ace. 

Von 
stress 
by: 

 (2) 

(3) 

mping 
cients. 

ω0 is 
∇4 is 

as: 

ormly 

(4) 

of the 
nd t is 

Th
the 
shell

wher
impe

Fo
cond

In 
have

 

wher
load 

2.2

The 
trans
circu
inve
cylin
in or
of m
must
desc
shell

By
and 
supp
solut
desc
shell

014 

he initial geom
fundamental 
l: 

wi

re X11 is t
erfection. 
or a simply-
ditions must be

( ) (,0 =θ ww

the foregoing
e been introdu

,
h
wW == ωτ

re PCR = E h2/
of the shell [1

General so
perturbatio

numerical 
sversal displa
umferential 
stigations on m
ndrical shells u
rder to obtain 

modes, the sum
t express the 
ribe consisten
l. 
y applying the
by consideri

ported cylindr
tion that acco
ribes consiste
l thickness is o

( )

( )

( )

( )

( )

( )

( )

θ

htB

htB

htB

htB

htB

htB

txw

j

j

j

j

j

j

j,,

7

6

5

4

3

2

+

+

+

+

+

+

metrical imper
driven vibra

mhX sin11 ⎜
⎝
⎛=

the amplitud

supported sh
e satisfied in t

( ) and0, =θL

g, the followin
uced: 

0
0 ,t f

f =Ω
ω
ω

ω

/[R (3-3ν 2)1/2

11, 12]. 

olution of the
on technique 
model is d

acement com
and axial 
modal solutio
under axial lo
a consistent m
m of shape fu
nonlinear cou

ntly the nonli

e perturbation
ing the boun
rical shell, E
ounts for the 
ently the vibra
obtained: 

( )

π

π

π

L
xmh

L
xm

h

h

m
h

m

L
xm

htB jj

3sin

3
sin

2
cos

4
3

2
cos

4
3

2
cos

4
3

ssin

sin1

⎠

⎞
⎜
⎝

⎛
⎠

⎞
⎜
⎝

⎛

⎢
⎣

⎡
⎜
⎝

⎛−

⎢
⎣

⎡
⎜
⎝

⎛−

⎢
⎣

⎡
⎜
⎝

⎛−

⎟
⎠

⎞
⎜
⎝

⎛

=

rfection is giv
ation mode o

( θ
π n
L

xm cos⎟
⎠
⎞

de of the i

hell, the foll
the transversa

( ),0 =θ MM x

ng non-dimen

CR

0
0 a,

P
P

=Γ

] is the classi

e shell displac

developed by
mponent, w, 

variables. 
ons for the non
oads [13-17] i
modeling with
functions for t
upling betwee
inear displace

n procedures d
ndary conditio
Eq. (5), the 
nonlinear mo

ation amplitud

(

( )

( )

( )θ

θ

π

π

π

θ

π

n

n

L
xm

L
xm

L
xm

n

L
xm

sin

cos

si
4
1

co
4
1

4
1

sin

cos

⎟
⎠

⎞

⎟
⎠

⎞

⎥
⎦

⎤
+⎟

⎠

⎞

⎥
⎦

⎤
+⎟

⎠

⎞

⎥
⎦

⎤
+⎟

⎠

⎞

⎟
⎠

⎞
⎜
⎝

⎛

ven in the form
of the cylind

)θ

initial geom

lowing boun
al direction: 

( ) 0, =θLM x

nsional parame

CR

1
1and

P
P

=Γ

cal axial buck

cement field b

y expanding 
in series in 
From prev

nlinear analys
t is observed 

h a limited num
the displacem
en the modes 
ement field of

described in [
ons for a sim
following m

odal coupling 
des up to twice

( )

( )

( )θ

θ

θ

n

n

n

2in

2os

m of 
drical 

(5) 

metric 

ndary 

(6) 

eters 

 (7) 

kling 

by a 

the 
the 

vious 
is of 
that, 

mber 
ments 

and 
f the 

[16], 
mply 

modal 
and 

e the 

(8) 



2.3 

In 
con
unc
imp
bou
rem

T
dist

 

whe
vari
mod
imp

S
equ
diff
tran
diff
desc
poly

 

whe
of t
a st
an u

T
func
Ask
four

0Φ

T
give
ana
solu
sub
disp
the 

 

a d
equ
The
defi

 

whe
func

Stochastic
this work th

nsidering an 
certainty on 
perfection. Th
undary conditi
main constant. 
The uncertain
tribution, φ, gi

ere g0 and σg 
iation from th
dulus or th
perfection). 
ubstituting th

uations, Eqs.
ferential equ
nsforms a sto
ferential equ
cribed by Eq.
ynomial chaos

(w

ere Φ is the g
the random va
tochastic proc
uncertainty in 

The random v
ction, so the
key-Wiener sc
r terms of the 

/;1 1 φ=Φ=

The modal solu
en by Eq. (9
lytically the 
ution for the 
stituting the 
placement tog
Eq. (2) and by

discretized de
uations of moti
e inner produc
ined as: 

( )φf1

ere W(φ) is 
ction: 

c Galerkin me
he stochastic

uncertainty 
the amplitud

he others sys
ions and phys

ties are con
iven by: 

(gg = 0

are, respectiv
he nominal val
he amplitude

he random 
 (2-3), they

uations. The 
ochastic equat
uations where
. (8) and the 
s given by [2]

( )φθ
j

tx =∑
=

;,,
3

0

generalized po
ariable φ. The
cess because 
the system. 
variable has 

e orthogonal 
cheme are th
Hermite-Cha

(;!1 2
2 φ −=Φ

ution for the 
9) is now sub

partial diffe
stress funct
adopted ex

gether with th
y applying the

( ) ,2. =ΦEq k

eterministic s
ion is derived
ct between tw

) ( ) [∫
∞+

∞−

=φf2,

the normal

ethod 
c Galerkin m

in Young’s 
de of the i
stem paramet
sical and geom

sidered as a

)φσg+1  

vely, the nom
lue of the par

e of the in

parameter in
y become 

stochastic 
tion into a se
e the rando
solution is ob
: 

( )θ jtxw Φ∑ ,,
0

olynomial chao
 transversal so
the random v

a normal p
polynomials 

he Hermite-Ch
aos polynomia

) ;!2/1 3 =Φ−

lateral displac
bstituted into
erential equat
tion f is obta
xpansion for
he obtained s
e stochastic G

2,1,00 == k

system of ord
d. 
wo functions gi

( ) ( )φφ Wff 21

l standard p

Pr

method is ap
modulus o

initial geome
ter as axial 
metrical prop

a standard no

minal value an
ameter g (You
nitial geome

nto the nonl
stochastic p
Galerkin me

et of determi
om paramete
btained by a s

( )φj  

os written in t
olution w bec
variable introd

probability de
chosen from

haos [2]. The
als are given b

( ) 3/33 φφ −=

cements, w(x,
o Eq. (3). So
tion, a cons
ained. Finally
r the transv
tress function

Galerkin metho

3,2  

dinary differ

iven by Eq. (

( )] φφ dW

probability de

roceedings of the

pplied 
or an 
etrical 

load, 
erties 

ormal 

(9) 

nd the 
ung’s 

etrical 

linear 
partial 
ethod 
nistic 
er is 
set of 

(10) 

terms 
comes 
duces 

ensity 
m the 
e first 
by: 

!3 (11) 

θ,t;φ) 
olving 
istent 
y, by 
versal 
n into 
od: 

(12) 

ential 

11) is 

(13) 

ensity 

3
Cons
L = 4
made
Youn
and 
coeff
η2, i
assoc

Fig
rand
99,6
an u
σg =
samp
stoch

Figu

 

cyli

Fig
shell
the c
The 

9th International

NUMERICA
sider a perfec
4 m, radius R
e of a homog
ng´s modulus
density ρ = 

fficient, η1, is 
is 0.0001. Fo
ciated with th
gure 2 show
om variable 
% of all samp

uncertainty in 
0.05, it is po

ples are in th
hastic analysis

ure 2. Probabi

Figure 3. Par
indrical shell. 

gure 3 display
l under axial e
critical load o
two vertical l

l Conference on S

( )
2

φ =W

AL RESULTS
ct thin-walled
= 2 m and thi

genous and is
s E0 = 210 GP

7850 kg/m³.
0.001 and the

or this geome
he lowest natur
ws the probab

φ. It can be 
ples are in the

the Young´s
ossible to ass
e range 178.5
s must be able

ility density fu
φ

ametric instab
Uncertainty i

and X1

ys the parame
excitation. Th
of the statical
lines identify t

Structural Dynam

2

2

exp
2
1

φ

π

−
 

 
d cylindrical 
ickness h = 0.
sotropic mater
Pa, Poisson co
. The linear 

e viscoelastic m
etry the vibrat
ral frequency 
bility density

observed fro
e range -3 < φ
s modulus in 
sert that 99,6%
5 GPa < E < 
e to represent 

unction of the
φ. 

bility curves fo
in Young´s mo
1 = 0.0. 

etric instability
he dashed hori
ly loaded she
the lowest nat

mics, EURODYN 

shell with le
02 m. The she
rial with nom
oefficient ν =
viscous dam

material damp
tion mode (m
is (1, 5). 

y function of 
om Figure 2 
φ < 3. Conside

the Eq. (8)
% of all poss
241,5 GPa. S

this variability

 
e random varia

 
for the perfect 
odulus. Γ0 = 0

y for a cylind
izontal line sh
ell, ΓCR = Γ0 +
tural frequenc

 2014 

2045 

(14) 

ength 
ell is 

minal 
= 0.3 

mping 
ping, 
m, n) 

f the 
that 

ering 
with 
sible 
So a 
y. 

able 

0.50 

drical 
hows 
+ Γ1. 
cy of 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2046 

the shell and twice this value. These correspond to the main 
resonance regions. The first region around ωp corresponds to 
direct resonance, while the second region around 2ωp 
corresponds to the main parametric resonance region. The 
region below the parametric instability boundary corresponds 
to the stable region of the breathing axi-symmetric mode, 
which, in the dynamic analysis, is described by a trivial 
solution of the equations of motion (null perturbation).  

The parametric instability boundary moves to the left (φ = -
3) or to the right (φ = +3) of the parametric instability curve 
for the nominal value E0 = 210 GPa (φ = 0). This is related 
with the decrease (moving to the left) or with the increase 

(moving to the right) of natural frequency due to the variation 
of the Young’s modulus.  

So the non-deterministic instability boundary must capture 
this variability of response. Figure 3 shows the non-
deterministic instability boundaries using respectively three 
and four Hermite polynomials. 

To illustrate the reliability of the results, Figures 4a-d show 
for different values of Ωf and Γ1 the deterministic bifurcation 
diagrams where the control parameter is the Young´s 
modulus. In these figures, it is possible to note that the 
increase of Young’s modulus changes the Poincaré sections of 
the permanent response in the range -3 < φ < 3. 

 

  
(a) Ωf = 1.35 and Γ1 = 0.01 (b) Ωf = 1.35 and Γ1 = 0.3 (c) Ωf = 1.70 and Γ1 = 0.2 (d) Ωf = 1.70 and Γ1 = 0.3 

  
(e) Ωf = 1.35 and Γ1 = 0.01 (f) Ωf = 1.35 and Γ1 = 0.3 (g) Ωf = 1.70 and Γ1 = 0.3 (h) Ωf = 1.70 and Γ1 = 0.3 

Figure 4. (a-d) Deterministic bifurcation diagrams with Young´s modulus as control parameter and (e-h) non-deterministic time 
response of the perfect cylindrical shell. Γ0 = 0.50 and X11 = 0.0. 

 
Figures 4e-h show the non-deterministic time response for 

the same values of Ωf and Γ1 related to the bifurcation 
diagrams of Figures 4a-d. It can be observed that there is an 
interval where no stable solution occurs. In Figures 4b and 4d, 
the mean non-deterministic time response goes to infinity 
because there are values of Young’s modulus E for which the 
associated time response is unstable. While in Figures 4a and 
4c the response is stable in whole range of E here analyzed. In 
such case, the non-deterministic time response has zero mean 
value, as shown in Figures 4e and 4g. These results are in 
agreement with the stability boundaries shown in Figure 3. 

Now the influence of an uncertainty in the amplitude of the 
initial geometric imperfection, X11, is investigated. For this, 
X11 is assumed as the random variable with a normal standard 
probability density function given by Eq. (8) and a fixed value 
for Young´s modulus E0 =210 GPa. The initial geometric 
imperfection is considered to vary in the range -
0.75 < X11 < 0.75 (-3 < φ < 3), which is within the range 
prescribed by most design codes, considering a nominal value 
for the initial geometric imperfection equal to zero (perfect 
shell) and σg = 0.25. This range encompasses 99.6% of all 
samples. 

 
Figure 5. Parametric instability boundaries for the cylindrical 

shell. Uncertainty in the amplitude of initial geometric 
imperfection. Γ0 = 0.50 and E0 =210 GPa. 

Figure 5 compares the parametric instability boundary for a 
perfect cylindrical shell under axial excitation and the 
parametric instability boundary for an imperfect cylindrical 
shell, considering a normal probability density function.  
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ABSTRACT: This study presents a direct comparison of measured and predicted nonlinear vibrations of a clamped-clamped 
steel beam. A multi-harmonic comparison of simulations with measurements is performed at the vicinity of the primary 
resonance. First of all, a nonlinear analytical model of the beam is developed taking into account non-ideal boundary conditions. 
The Harmonic Balance Method is implemented to estimate the nonlinear behavior of the clamped-clamped beam. This nonlinear 
method enables to simulate the vibration stationary response of a nonlinear system projected on several harmonics. This study 
then proposes a method to compare numerical simulations with measurements on all these harmonics. A signal analysis tool is 
developed to extract the system harmonics’ frequency responses from a temporal signal of a swept sine experiment. An 
evolutionary updating algorithm (Covariance Matrix Adaptation Evolution Strategy), coupled with highly selective filters is 
used to identify both fundamental frequency and harmonics’ amplitude in the temporal signal, at every moment. This tool 
enables to extract the harmonic amplitudes of the output signal as well as the input signal. The input of the Harmonic Balance 
Method can then be either an ideal mono-harmonic signal or a multi-harmonic experimental input signal. Finally, the present 
work focuses on the comparison of experimental and simulated results. From experimental output harmonics and numerical 
simulations, it is shown that it is possible to distinguish the nonlinearities of the clamped-clamped beam and the effect of the 
non-ideal input signal. 

KEY WORDS: Nonlinear Dynamics, Experiments, Numerical Simulation, Harmonic Balance Method 

1 INTRODUCTION 
The frequency response of mechanical structures often exhibit 
nonlinear behaviors such as dependency of eigenfrequencies 
and dissipation with input amplitude, discontinuities and 
hysteresis in the frequency response, multi-harmonic response 
to a mono-harmonic excitation. The sources of these 
nonlinearities are well known and a various simulation 
methods have been developed to compute a nonlinear 
frequency response [1], [2]. Among these methods, the 
Harmonic Balance Method enables to compute easily the 
multi-harmonic frequency response of a nonlinear system [3], 
[4], [5]. This paper proposes a process to compare this multi-
harmonic response with experiments. Such a comparison 
needs an efficient signal processing tool to extract the 
experimental multi-harmonic frequency response from a 
temporal signal. Several time-frequency methods have been 
developed for the structural vibration analysis [6] and most of 
them have been designed to extract frequencies from a 
transient response. In the case of stationary responses, the 
identification of fundamental frequency and harmonic 
amplitudes in the temporal signal can be treated as an 
optimization problem, because of experimental data 
abundance. Among optimization methods, the Covariance 
Matrix Adaptation Evolutionary Strategy (CMAES) [7] 
provides a quick convergence, with very little sensitivity to 
the noise. 

Beams are among the few systems whose nonlinear 
vibrations have been studied both experimentally and 
theoretically. Nayfeh and Mook [1] studied nonlinear 
vibrations of beams under several boundary conditions and 

Tabaddor [8] pointed out the importance of non-ideal 
boundary conditions in the modeling of beams. 

In the second part of this article, the clamped-clamped beam 
experiment is presented with the method used to compute the 
experimental multi-harmonic frequency response. Then the 
model and the simulation process using the Harmonic Balance 
Method are detailed. Finally the multi-harmonic measurement 
to simulation comparison is presented and interpreted. 

2 EXPERIMENTS 

2.1 Experimental set-up 

 

 
Figure 1. A schematic and a picture of the experimental set-up 

which includes 3 accelerometers (P1,P2,A1). 
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The experimental set-up is presented in figure 1. The system 
studied is a steel beam with the dimensions 470 x 20 x 5 mm. 
At both ends, the beam is bonded to a heavy steel block, with 
the dimension 100 x 100 x 85 mm. The whole piece (beam 
and blocks) has been manufactured from a unique bulk piece 
of steel. Hollows between the beam and the blocks have been 
designed to avoid stress concentration. The blocks are 
screwed on a large circular aluminum plate, itself screwed on 
the shaker. The system has been instrumented with 3 three-
dimensional accelerometers as depicted in figure 1. Each 
signal is denoted by the sensor name followed by the direction 
of measure. The entrance signal ½(P1Z+P2Z) is the shaker’s 
feedback control signal. The response signal is the 
acceleration at the middle of the beam, in the reference frame 
of the blocks, that is A1Z − ½(P1Z+P2Z). 

2.2 Experimental results 
Experimental results for three levels of excitation are plotted 
in figure 2. The arrows indicate the direction of sweep, which 
highlight the jump and hysteretic phenomena. 
 

 
Figure 2. Harmonic response of the beam to 3 levels of 

excitation: in blue 2 m.s−2, in green 4 m.s−2 and in red 6 m.s−2. 

2.3 Multi-harmonic response measures 
The vibrator is piloted with a logarithmic swept sine signal. 
The frequency evolves slowly enough (0.1 octave/min in the 
vicinity of the resonance) to consider the response to be 
stationary. In the vicinity of each time point, both input and 
output signals are periodic and can thus be developed in 
Fourier series. The signal analysis tool developed in this study 
aims at identifying at each time the fundamental frequency 
and the harmonics’ amplitudes of both input and output 
signals. It is separated in four main steps; the windowing of 
the temporal signals, the identification of the mean 
fundamental frequency of each time slot, the band-pass 
filtering of the signals around the harmonic frequencies and 
finally the identification of the harmonic amplitudes. The 
overall process is summed up in figure 3 

The windowing step drives the frequency increment of the 
response curve. The temporal distance between 2 time slots 
can be directly linked to a frequency increment through the 
logarithmic speed of sweep. In this work, a constant distance 
of 0.5 s between 2 time slots has been chosen. Then the time 
slot duration shall be chosen. There should be enough points 
to perform the identification steps but the corresponding 

frequency length of the slot should be low enough to consider 
the harmonic amplitudes to be constant along the sample. In 
this work, a constant length corresponding to 5 periods of the 
lowest excitation frequency has been chosen. 
 

 
Figure 3. Harmonics’ extraction algorithm scheme. 

The frequency identification step is detailed in figure 4. The 
mean fundamental frequency of each slot is firstly estimated 
from the pilot’s sweep profile. This prediction is then updated. 
In order to cancel the higher order harmonic signals, the input 
signal is filtered by a band-pass filter around the estimated 
fundamental frequency Fest. A band-pass Finite Impulse 
Response (FIR) filter between 0.9 Fest and 1.1 Fest has been 
chosen because its effect on the signal phase can be corrected 
by a simple time translation. The length of the FIR is a 
compromise between rejection of the higher order harmonics 
and attenuation in the selected frequency band, a length of 
1000 has been chosen. In order to get rid of transient signal 
introduced by the filter, a larger sample of the input signal is 
filtered and the original slot is then selected in this filtered 
sample. Once filtered, the input signal is mono-harmonic; the 
fundamental frequency can then be identified by fitting a 
synthetic signal. The synthetic signal chosen is a 4 parameters 
logarithmic swept sine function (”chirp” function). The four 
parameters are the constant amplitude A, the frequency at the 
beginning and the end of the sample Fbeg, Fend and the initial 
phase ϕ0. 
 

 
Figure 4. Frequency estimation block scheme. 

 
This identification is treated as a nonlinear optimization 

problem. The optimization function is the root mean square 
difference between the sample and the synthetic signal. The 
four parameters are evaluated, bounded and then optimized 
using an evolutionary algorithm: the "Covariance Matrix 
Adaptation - Evolution Strategy” (CMAES) [7] which has 
been chosen because of its quick convergence and its weak 
noise sensitivity. The amplitude A is estimated by the 
maximal absolute value in the sample, the estimated value of 
both Fbeg and Fend is Fest. As the phase ϕ0 is a very sensitive 
parameter, it is previously estimated by a zero-crossing 
scheme. The beginning of the synthetic signal is set at the first 
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point after zero crossing. There the phase ϕ0 is estimated by 
±arccos(y/A), where y is the value of the first point, the sign 
depends on the direction of the zero crossing. Once estimated, 
the parameters are bounded for the optimization algorithm. A, 
Fbeg and Fend are bounded to their estimation ±10%, ϕ0 is 
bounded to its estimation ±10 degrees. At the end of the 
optimization process, the fundamental frequency F of the 
sample is defined as the logarithmic mean between Fbeg and 
Fend.  

For each harmonic n computed, the samples of input and 
output signals are filtered around n.F using the FIR filter 
described previously. Each filtered sample is then fitted to a 
two parameters swept sine function, which is the same chirp 
function presented previously where the beginning and end 
frequencies are fixed as n.Fbeg and n.Fend. The amplitudes 
identified are the harmonic amplitudes  and  . 
For the output signal, the acceleration amplitudes are 
translated into displacement by dividing by (2.π.n.F)2. The 
experimental harmonic curves obtained by this process are 
plotted in figure 5. Note that this identification method also 
enables to extract harmonics’ phase information but this 
information has not been studied in this work. 

(a) 

 
(b) 

Figure 5. Input (a) and output (b) experimental harmonics for 
the experiment with a constant excitation level of 6 m.s−2. 

Other identification methods could have been used (for 
example methods based on Discrete Fourier Transform or 
Auto-Regressive formulations [6]). This process based on an 

optimization algorithm measures the error between 
experimental and fitted data and thus ensures the precision of 
the identification. On synthetic multi-harmonic signals, this 
identification method provides errors < 0.1% for the 
frequencies and < 1% for all harmonics amplitudes. 

3 MODELING AND SIMULATION 

3.1 Modeling 
The beam equations developed by Nayfeh [9] are used and the 
beam properties are assumed to be constant along the length. 
The low thickness-length ratio of the beam and the boundary 
conditions enables to neglect the inertial and curvature 
nonlinear terms pointed out by Nayfeh ([9], equation (14)). A 
linear viscous damping is added in order to take into account 
dissipation in the dynamical differential equation:  

  cos  (1) 

The variables are defined as follows: ρ is the mass density, 
A is the cross-sectional area, μ is the linear viscous damping 
coefficient, E is Young’s modulus, I is the cross-sectional 
moment of inertia, aexcit is the acceleration of both clamped 
ends of the beam, t is time, x is the abscissa, w is the 
transverse displacement in the reference frame of the clamped 
ends, u is the axial displacement and T (t) is the tensile force 
in the beam, invariant along the length, that satisfies the 
relation:  

              0,  (2) 

As the structure and its excitation are symmetric, the 
response w is symmetric and only half of the beam shall be 
studied. The boundary conditions in x = 0 and x = l = L/2 are 
detailed in equations (3), (4) and (4), and illustrated in figure 
6. These non-ideal boundary conditions are due to the 
deformable block and hollow at each end of the beam.  

 
Figure 6. Schematic of the modeling. 

 0 0;   0 0  (3) 

 0;  0 (4)  

 0 ;   0 (5) 

Considering equations (2) and (5), we can express T as a 
function of w and write the continuous transverse dynamical 
equation (6), which defines the dynamical nonlinear problem 
once associated to the boundary conditions (3) and (4). 

       cos  (6)  

 1
 

 (7) 
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The springs krot and kbound are unknown parameters that are 
updated. The two other unknown parameters are the linear 
viscous damping coefficient μ and the effective half length of 
the beam l. The effective half-length of the beam is introduced 
to take into account the influence of both the hollows at the 
ends of the beam and the static constraints due to the 
mounting. The model has been updated using a process based 
on the method of the multiple scales. This updating process is 
largely inspired from an article written by Malatkar and 
Nayfeh [10]. All the values of the physical parameters are 
given in Table 1. 

Table 1. Values of the physical parameters of the beam. 

ρ Mass density 7850 kg.m−3 
E Young’s modulus 205.109 Pa 
A Cross-sectional area 1.10−4 m2 
I 
l 
μ 
krot 
kbound 

Cross-sectional moment of inertia 
Effective half-length of the beam 
Viscous damping coefficient 
Rotational boundary spring 
Longitudinal boundary spring 

2,08.10−10 m4 
0.510 m 
2.4 kg.m−2.s−1 
5,66.104 N.rad−1 

8,11.107 N.m−1 
 

3.2 Modal projection 

The numerical simulation methods, such as the Harmonic 
Balance Method used in this work, can only solve a set of 
discrete differential equations. The continuous equation (5) 
has thus been projected on the modal basis of the associated 
homogeneous equation (8), with boundary conditions (3), (4). 

 0 (7) 

The modal basis of (7) is: 

 cos tan sin  

                                          cosh tanh cos   (8) 

With λi root of: 

 1
²
cos sinh 1

²
sin cos    

 
Figure 7. First 2 modal shapes. 

In the experiment, the transverse displacement is measured 
at the middle of the beam. The modal projections have been 
normalized at this point in order to get the simple relation  
w (l) = Σ wi. The set of index corresponding to the selected 
modes is named M. As only the first resonance is studied, the 
set M = {1, 2} is chosen, the shapes of the selected modes are 

plotted in figure 7. The projection gives the set of equations 
(9). 

      (9) 

with:  .  ;   ; 

Diag Ω  ;  Ω ; 

. cos Ω .   

∑ Γ, ,   

Γ 1
 

  

3.3 Harmonic Balance Method 
The Harmonic Balance Method [3], enables to solve 

numerically the discrete problem (9). As the excitation term is 
periodic, it is assumed that the nonlinear dynamical response 
and the force vector may be approximated by finite Fourier 
series with Ω as fundamental frequency. 

 sin kΩt cos kΩt  (10) 

 sin kΩt cos kΩt  (11) 

 , sin kΩt , cos kΩt (12) 

Note that in the problem (9), the excitation term is harmonic 
and thus has only one coefficient ( , ) in its Fourier series. 
With the same formalism, a multi-harmonic excitation can be 
easily introduced through the terms ,  and  , .  

p, the order of the Fourier series is selected on the basis of 
the number of significant harmonics expected in the non-
linear dynamical response. For our application, p = 5 has been 
chosen. The equation (9) is rewritten in the Fourier basis. For 
every order k, the problem becomes:  

 
Ω Ω

Ω Ω
. ,

,
(13) 

where  is the identity matrix. 
The coefficients  and  are calculated by applying an 

Alternate Frequency Time domain method (AFT-method) that 
has been presented by Cameron and Griffin [11]. This method 
is summed up by the following scheme, where DFT means 
Discrete Fourier Transform: 

 , ,        , ,  
 
This link between  ,  and  enables a nonlinear solving of 
the problem (13) which can be written as H(X,Ω) = 0. 

3.4 Continuation 
In order to compute a continuous response curve in the 
frequency-amplitude domain, a pseudo-arclength continuation 
method has been used. The frequency Ω is considered as a 
variable as well as the Fourier coefficients X. The arc length 
between two consecutive points (X(i), Ω(i)) and (X(i+1), Ω(i+1)) is 
given by:  

 Δ |Ω Ω |  (14) 
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α is a numerical coefficient introduced in order to take into 
account the difference of magnitude between Ω (≈ 103 s−1) 
and ||X|| (≈ 10−3 m). This coefficient plays a key role in the 
numerical convergence of the algorithm, in particular in the 
vicinity of a singular point. The continuation method is 
illustrated in figure 8. It starts with a prediction step. 
Considering that 3 points are already computed (Yi−2, Yi−1 and 
Yi, where Yi = [X(i), Ω(i)]), the next point is extrapolated. A 
second degree Lagrangian polynomial prediction has been 
chosen, so that the prediction point at the abscissa si+1 is:  

 ∑ ∏ ;   (15) 

Then comes the correction step.  needs to be a zero of 
the function H. The Newton algorithm is used to move the 
prediction  closer to a zero of H. As Ω is considered as a 
variable, a path of research needs to be defined. In the pseudo-
arclength continuation method, the direction of research − 

 is orthogonal to the direction of the prediction  − , 
as illustrated in figure 8. The (j+1)th iteration of the correction 
algorithm is:  

 
0

 (16) 

The calculation of the jacobian  is made by finite 
difference where the two values of H are evaluated using the 
AFT-method. 

 
Figure 8. Schematic of the continuation process.  

The black curve is the solution. The dashed curve leads to the 
polynomial prediction. The arrow represents the correction 

process. 
 
Once the Fourier coefficients X calculated, the nth harmonic 

of w is given by the formula  , so that 
the frequency response may be plotted for every harmonic. 
 
 
 
 
 
 
 
 
 
 
 

4 RESULTS 
In this section, experiments and numerical simulations with 
ideal or real experimental input are compared. 

4.1 Simulation with ideal input 

 
Figure 9. Experimental (crosses) and simulated (dashed 

curves) harmonic responses. The excitation levels are 2 (blue), 
4 (green) and 6 (red) m.s−2. 

Figure 9 presents the comparison of measurements with 
numerical simulation of the harmonic response for various 
excitation levels. It is clearly seen that the hardening effect is 
well reproduced via the numerical simulations. These results 
validate the modeling of the beam with non-ideal boundary 
conditions. 

In order to highlight the importance of identifying non-ideal 
boundary conditions, figure 10 and 11 present the frequency 
responses of models with ideal clamps in the longitudinal 
direction (kbound ∞), with ideal clamps in rotation (krot ∞) 
and with underestimated values of these parameters. It is 
clearly shown that correct estimation of krot and kbound are 
necessary to simulate the real structure response. It can be 
observed that krot drives the modal participation factor while 
kbound drives the nonlinear curvature of the frequency 
response. 

 
Figure 10. Kbound influence. Experimental data (red crosses) is 
compared with numerical simulations with updated kbound (red 

thin curve), ideal clamps kbound ∞ (blue plain curve) and 
kbound =0 (green dashed curve)  
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Figure 11. Krot influence. Experimental data (red crosses) is 

compared with numerical simulations with updated kbound (red 
thin curve), ideal clamps krot ∞ (blue plain curve)  

and krot =1/2 krot updated  (green dashed curve)  

4.2 Simulation with experimental input 
In the Harmonic Balance Method presented in section 3.2, the 
excitation is assumed to be harmonic so that it only 
contributes to ,  in the Fourier series. Anyway, with the 
same method, the response to a multi-harmonic excitation can 
be simulated by using coefficients ,  ≠ 0. The excitation 
can thus be the measured input signal, whose harmonic 
amplitudes are extracted using the method presented in 
section 2.3. Then the multi-harmonic response of the model to 
a multi-harmonic input excitation is computed using the 
following equation: 

 , .  (14) 

Note that in this work only the amplitude of the input signal 
has been used but through  , , the phase information of 
the input signal can also be taken into account in the 
simulation. From the authors’ experience, changes in the input 
signal phases do not affect significately the harmonic 
amplitudes of the output. 

The input signal is not independent from the structure 
response and hysteretic phenomena happen as indicated in 
figure 5(a). The input signal is not the same during the 
increasing and decreasing swept experiments. For each point 
of simulation, there should be a choice of experimental input 
signal (either increasing or decreasing experiment). In this 
work, simulations reproduce the increasing and decreasing 
experiments until the jump phenomena happen. That means 
that for the first calculation, the continuation method starts 
from the minimum of the experimental frequency range and 
increases frequency until the jump phenomenon. This 
calculation takes the increasing swept sine experimental data 
as an input. Analogously, the second calculation starts from 
the maximum of the frequency range, decreasing frequency 
until the second jump phenomenon. This second calculation 
takes the decreasing swept sine experimental data as an input. 
The frequency response obtained is not continuous. The 
continuation method with an ideal input enables to calculate a 

continue frequency response beyond singular points but the 
experimental input cannot be available in the branch beyond 
singular points 

At the end, the simulation with experimental input can be 
compared to a simulation with ideal mono-harmonic 
excitation. These two numerical multi-harmonic responses are 
then compared with experimental output, whose harmonic 
amplitude has also been extracted using the method presented 
in section 2.3. These three processes are summed up in figure 
11. 

 
Figure 11. Logical processes.  

From top to bottom; Experimental data treatment, Simulation 
with ideal input and Simulation with experimental input. 

 
The comparison between experimental data, ideal input 

simulation and experimental multi-harmonic input simulation 
is displayed in figure 12 and 13 for the second and third 
harmonic responses at three levels of excitation. Simulations 
with the two distinct inputs help understanding the origins of 
each harmonic response. For the reader’s comprehension, it 
can be noted that the first harmonic experimental response 
corresponds to the system frequency response. It is predicted 
by the ideal input simulation, as illustrated in figure 9. On the 
contrary, the ideal input simulation does not predict any 
second harmonic signal whereas it is measured. The 
experimental second harmonic signal must thus be due to the 
non-ideal input signal. As indicated in figure 12, the 
simulations with experimental input confirm this hypothesis: 
the levels of response predicted are in good agreement with 
the experimental data for the three levels of excitation.  

The third harmonic experimental response is explained both 
by the nonlinearity of the system and by the non-ideal input 
signal. The simulation with ideal input predicts the third 
harmonic response in the vicinity of the resonance (see figure 
13, around 110 Hz). Away from this resonance, the third 
harmonic experimental response must be due to the non-ideal 
input. The very good agreement between measurements and 
multi-harmonic input simulation results substantiates this 
diagnosis (see figure 13, in the ranges [80-100] Hz and [120-
160] Hz). 
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(a) aexcit = 2  m.s-2 

 
(b) aexcit = 4  m.s-2 

 
(c) aexcit = 6  m.s-2 

Figure 12. Second harmonic experimental (crosses) and 
simulated with experimental input (plain curve) response. 

(a) aexcit = 2  m.s-2

(b) aexcit = 4  m.s-2

(c) aexcit = 6  m.s-2 

Figure 13. Third harmonic experimental (crosses), simulated 
with ideal input (dashed curve) and simulated with 

experimental input (plain curve) response. 
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5 CONCLUSION 
This clamped-clamped beam experiment has been made to 
exhibit, model and simulate nonlinear behaviors in the 
vibration response of a simple structure with non-ideal 
boundary conditions. The excellent agreement between 
simulation and experimental results on the harmonic response 
of the system validate the modeling of the beam. 

Beyond the analysis of the harmonic frequency response, a 
multi-harmonic comparison of measurements with simulation 
has been performed. A signal processing tool has been 
developed to extract the experimental multi-harmonic 
frequency response of a structure from a swept-sine 
experiment. The Harmonic Balance Method enables to 
compute the multi-harmonic frequency response of a 
nonlinear model of the structure. The input signal for this 
simulation can be either an ideal sinusoidal signal or the 
experimental multi-harmonic input. The comparison between 
measurements and simulation with these two different inputs 
enables to distinguish in the frequency response what is due to 
the system nonlinear response and what is due to the non-ideal 
input signal. 

This study has thus outlined the accuracy of the Harmonic 
Balance Method to predict multi-harmonic responses, and 
presented a way to interpret the origins of multi-harmonic 
signals that are often unexpected in the structural frequency 
responses. 
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Analysis of the nonlinear dynamics of a horizontal drillstring
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ABSTRACT: A drillstring is a long column under rotation, composed by a sequence of connected drill-pipes and auxiliary
equipment, which is used to drill the soil in oil prospecting. During its operation, this column presents a three-dimensional
dynamics, subjected to longitudinal, lateral, and torsional vibrations, besides the effects of friction and shock. Due to
the relevance of this equipment in some engineering applications, this work aims to analyze the nonlinear dynamics of a
drillstring in horizontal configuration. A computational model, which uses a nonlinear beam theory with rotatory inertia
and shear deformation of the beam cross section, as well as the coupling between longitudinal, transverse, and torsional
vibrations is proposed. This model also takes into account the effects of friction and shock, induced by the lateral impacts
between the drillstring and the borehole wall. The model equations are discretized using the Galerkin/finite element
method, and then projected in vector space of low dimension to reduced the computational cost of the simulation. The
initial value problem that results from the discretization is integrated using the Newmark method. Numerical simulations
are conducted to investigate the effects of the lateral shock in nonlinear dynamic of the column. The simulation results
show that the lateral shock induces geometrical configurations “close” to flexural modes of higher order. It is also noted
that the geometric nonlinearity induces a coupling between the mechanisms of longitudinal and transverse vibration, so
that the system responds longitudinally despite not being excited in this direction.

KEY WORDS: nonlinear dynamics, drillstring dynamics, nonlinear beam theory, geometric nonlinearity

1 Introduction

Oil prospecting uses an equipment called drillstring,
which is a long column under rotation, composed by a
sequence of connected drill-pipes and auxiliary equipment.
The dynamics of this column is very complex because,
under normal operational conditions, it is subjected to
longitudinal, lateral and torsional vibrations, which present
a nonlinear coupling, and the structure is also subjected
to shocks due to the drill-bit/soil and drill-pipes/borehole
impacts [1].
By being a matter of practical interest, with many

applications in engineering, the dynamics of a drillstring
has been analyzed in many scientific papers [2], [3], [4],
[5], [6], [7], [8]. These works investigate the couplings
between the different mechanisms of vibration to which the
structure is subject, and most of them use probabilistic
approaches to quantify the uncertainties in the system
response that are induced by the variability of the model
parameters and the errors made in the conception of the
model. A common feature to all these works, is that

the drillstring configuration considered is vertical. To the
best of the authors’ knowledge, there is only one study in
the open literature that models a horizontal drillstring [9],
which takes into account only the longitudinal dynamics
of the structure. Therefore, the scientific literature lacks
models to describe the nonlinear dynamics of a horizontal
drillstring.
In this sense this work intends to analyze the

three-dimensional nonlinear dynamics of a drillstring in
horizontal configuration. For this purpose, it is presented a
deterministic computational model which uses a nonlinear
beam theory that takes into account the rotatory inertia
and shear deformation of the beam cross section, as
well as the coupling between longitudinal, transverse and
torsional vibrations. This model also includes the effects
of torsional friction and lateral shocks induced by the
impacts between the drillstring and the borehole wall.
Numerical simulations are conducted in order to investigate
the influence of the lateral shocks in the nonlinear dynamic
behavior the mechanical system under analysis.
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2

The organization of the paper is as follows. The section 2
presents the mathematical modeling of the physical system
of interest. In the section 3 are presented the numerical
results of simulations which were performed to analyze the
nonlinear dynamics of the horizontal drillstring. Finally, in
the section 4, the conclusions of the work are reemphasized,
and some paths for future works are pointed out.

2 Mathematical modeling

2.1 Mechanical system of interest

The bottom part of the horizontal drillstring is modeled
as an annular beam, blocked to move transversely in both
extremes, and blocked to rotate transversely in the left
extreme. This beam is free to rotate around the x axis,
and to move longitudinally. It has a length L, cross section
area A, and is made of a material with mass density ρ,
elastic modulus E, and shear modulus G. Due to the
horizontal configuration, it is subject to a gravitational
field, which induces an acceleration g. It loses energy
through a mechanism of viscous dissipation, proportional
to the mass operator, with damping coefficient c. The
advance of the beam is controlled by the imposed constant
velocity V0 at the left end. A sketch of this physical system
can be seen in the Figure 1.

x

L

y

z

Rext

Rint

Figure 1 Sketch of the annular rotating beam used to model
the bottom part of the horizontal drillstring.

In this beam model, it is supposed small rotations in the
transversal directions and large displacements for the beam
neutral fiber displacements, so that the following kinematic
hypothesis is adopted

ux(x, y, z, t) = u− yθz + zθy, (1)

uy(x, y, z, t) = v + y (cos θx − 1)− z sin θx,

uz(x, y, z, t) = w + z (cos θx − 1) + y sin θx,

where ux, uy, and uz respectively denote the displacement
of a beam point in x, y, and z directions, at the instant t.
Also, u, v, and w are the displacements of a beam neutral
fiber point in x, y, and z directions, respectively, while θx,
θy, and θz represent rotations of the beam around the x,
y, and z axes respectively.
Note that, to analyze the dynamics of this beam, the

physical quantities of interest are the fields u, v, w, θx, θy,
and θz, which depend on the position x and the time t.

2.2 Friction and shock effects

The effects of normal shock and torsional friction
between the beam and the borehole wall are modeled in
terms of a measure of penetration in the wall of a beam
cross section [10], dubbed indentation, which is defined as

δFS = r − gap, (2)

where the lateral displacement of the neutral fiber is

r =
√
v2 + w2, (3)

and gap denotes the spacing between the undeformed beam
and the borehole wall. One has that δFS > 0 in case of an
impact, or δFS ≤ 0 otherwise, as can be seen in Figure 2.

gap

r

gap

r

r − gap ≤ 0 r − gap > 0

Figure 2 Illustration of the indentation parameter in a
situation without impact (left) or with impact (right).

When an impact occurs, it begins to act on the beam
cross section a normal force of the form

FFS = −kFS1 δFS − kFS2 δ
3
FS − cFS |δ|3δ̇FS , (4)

and a Coulomb frictional torque of the form

TFS = −μFS FFS Rbh sgn
(
θ̇x

)
. (5)

In the above equations, kFS1
, kFS2

and cFS are constants
of the Hunt and Crossley shock model [11], while μFS is a
friction coefficient, Rbh is the borehole radius, and sgn (·)
the sign function.
It is adopted the hypothesis that the mechanical contact

between the beam and the borehole wall occurs exactly in
the nodes of the finite element mesh, so that the forces and
torques of shock are modeled as concentrated forces and
torques in these nodes.

2.3 Weak formulation of the nonlinear dynamics

Starting from a modified version of the extended
Hamilton’s principle, to include the effects of dissipation,
one can write the weak form of the nonlinear equation of
motion of the physical system as
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3

M
(
ψ, Ü

)
+ C

(
ψ, U̇

)
+K (ψ,U) = FNL

(
ψ,U , U̇ , Ü

)
,

(6)
where M represents the mass operator, C is the damping
operator, K is the stiffness operator, and FNL is the
nonlinear force operator. Also, the field variables and their
weight functions are lumped in the vectors fields

U =

⎛⎜⎜⎜⎜⎜⎜⎝
u
v
w
θx
θy
θz

⎞⎟⎟⎟⎟⎟⎟⎠ , and ψ =

⎛⎜⎜⎜⎜⎜⎜⎝
ψu

ψv

ψw

ψθx

ψθy

ψθz

⎞⎟⎟⎟⎟⎟⎟⎠ . (7)

The weak form of the initial conditions reads

M
(
ψ,U(0)

)
= M (ψ,U0) , (8)

and

M
(
ψ, U̇(0)

)
= M

(
ψ, U̇0

)
, (9)

where U0 and U̇0, respectively, denote the initial
displacement, and the initial velocity fields.

2.4 Discretization of the model equations

The Galerkin/finite element method [12] is employed
to construct an approximation to the solution of the
boundary/initial value problem corresponding to the weak
formulation given by Eqs.(6), (8) and (9).
To interpolate the longitudinal displacement and the

axial rotation fields, linear shape functions are used, while
the other fields are interpolated by cubic splines.
In this way, one gets an initial value problem of the form

[M] Q̈(t) + [C] Q̇(t) + [K]Q(t) = FNL

(
Q(t), Q̇(t), Q̈(t)

)
,

(10)

Q(0) = Q0, and Q̇(0) = Q̇0, (11)

where Q(t) is the generalized displacement vector, Q̇(t)
is the generalized velocity vector, Q̈(t) is the generalized
acceleration vector, [M] is the mass matrix, [C] is the
damping matrix, [K] is the stiffness matrix. Also, FNL,
Q0, and Q̇0 are vectors which, respectively, represent the
nonlinear force, the initial generalized position, and the
initial generalized velocity.
The initial value problem defined by Eqs.(10) and (11)

is integrated using the Newmark method [13], [12], which
is an integration scheme proper for differential equations
that comes from of structural dynamics. The nonlinear
system of algebraic equations, resulting from the time
discretization, is solved by a fixed point iteration [14].

3 Numerical experimentation

In order to simulate the nonlinear dynamics of the
mechanical system defined in the section 2.1, the physical
parameters presented in the Table 1 are adopted. The
dynamics is investigated during the interval of time
[t0, tf ] = [0, 1.5] s, being adopted as initial conditions:
a zero displacement; a constant angular velocity Ω around
the x axis; and a constant longitudinal velocity V0.

Table 1. Physical parameters used in the simulation.

parameter value unit

ρ 7900 kg/m3

E 203 GPa
G 78 GPa

Rint 50 mm
Rext 80 mm
Rbh 95 mm
A 5500π mm2

L 100 m
c 1× 10−2 —
g 9.81 m/s2

Ω 50 rpm
V0 5 m/h

kFS1
1× 1010 N/m

kFS2
1× 1016 N/m3

cFS 1× 10−3 N/m4s
μFS 5× 10−4 —

The discretization of the structure uses a finite element
mesh with 500 elements. As each element has 6 degrees
of freedom per node, this results in a semi-discrete model
with 3006 degrees of freedom, which is projected in a vector
space of dimension 56 to generate a reduced order model
to efficient computation.
For temporal integration, the numerical scheme uses as

nominal time step Δt = 2.5 ms, which is refined when
necessary to capture the effects of shock on the dynamics.

3.1 Transverse dynamics of the drillstring and the
lateral impacts

In this section it is analyzed the transverse dynamics
of the beam, whose neutral fiber displacement in the z
direction is presented, for some instants, in the Figure 3.
Illustrations of the mechanical system, sectioned by the
plane y = 0, for the same instants, can be seen in the
Figure 4.
One can note that, for none of the instants analyzed the

neutral fiber assumes a parabolic shape, as occurs when
a beam is subjected to its own weight. For t = 18 ms,
this is a pure consequence of the nonlinear inertial effects,
induced by the rotation of the beam, combined with the
geometric nonlinearity due to the large displacements. At
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Figure 3 This figure presents the beam neutral fiber
displacement, in the z direction, for some instants.

this moment, the beam configuration is “close” to the first
flexural mode, as can be seen in the Figure 4(a).
Then, the beam begins to impact the wall of the

borehole, which generates configurations “close” to high-
order flexural modes, as shown in the Figure 4(b), for
t = 1.153 s. Note that, at this instant, the beam/wall
contact is not punctual, it occurs along three line segments.
This mechanical interaction between the two bodies

generates a nonlinear elastic deformation in both bodies,
but without residual deformation effects. In this contact
also occurs energy dissipation, due to the normal shock,
and the torsional friction, induced by the rotation of the
beam.
In the instants of analysis that follow, additional

impacts do not occur, and the beam continues to assume
configurations that are “close” to flexural modes of order
higher than one, as can be see Figures 4(c) and 4(d).

3.2 Coupling between the longitudinal and the transverse
dynamics of the drillstring

In what follows, it is analyzed the longitudinal dynamic
behavior of the beam. The reader can see the beam neutral
fiber displacement, in the x direction, for several instants,
in the Figure 5.
Note that, before impact, for time t = 18 ms, the beam

has virtually no longitudinal displacement. However, after
the beginning of the impacts the entire structure presents
longitudinal displacement, alternating between traction (on
the left part) and compression (on the right part) around
the center of the beam.
Finally, it is worth mentioning that it is surprising

that the beam presents a longitudinal dynamics, since
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(a) t = 0.018 s
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(b) t = 1.153 s
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(c) t = 1.343 s
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(d) t = 1.5 s

Figure 4 This figure illustrates the mechanical system under
analysis, sectioned by the plane y = 0, for the several
instants.
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Figure 5 This figure presents the beam neutral fiber
displacement, in the x direction, for several instants.

the mechanical system is not excited longitudinally by no
charge. This behavior is a result of the nonlinear coupling
between the transverse and longitudinal dynamics of the
dynamic structure, that is carried by the forces coming
from the geometric nonlinearity of the problem.

4 Final remarks and future works

In this work it was discussed the the effects induced
by lateral shock in nonlinear dynamic behavior of a
annular beam that emulates a drillstring in horizontal
configuration. The analysis of the system was performed,
through the spatial configurations adopted by the beam at
different instants, and the respective power spectral density
functions.
The results show that the shock significantly modifies

the dynamics of the mechanical system, inducing config-
urations “close” to high-order flexural modes. It is also
observed a nonlinear coupling between the mechanisms
of longitudinal and transverse vibrations, caused by the
geometric nonlinearity of the problem. This coupling
generates a longitudinal dynamics in the mechanical
system, even in the absence of axial excitation.
In a future work, in order to have a drillstring

deterministic model more realistic, it is expected includes in
the modeling the effects of fluid-structure interaction, that
results from the flow of drilling fluid inside and outside
of the drillstring. The authors also intend to develop a
stochastic modeling of the problem, in order to quantify the
uncertainties of the model [15], [16]. Uncertainties that are
due to the variability of its parameters, and/or epistemic
in nature, i.e, result of the ignorance about the physics of
the problem [17].
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decomposition of coupled axial/bending vibrations of beams
subject to impacts,” Journal of Sound and Vibration, vol. 279,
pp. 1015–1036, 2005, doi:10.1016/j.jsv.2003.11.057.

[4] R. Sampaio, M.T. Piovan, and G. Venero Lozano, “Coupled
axial/torsional vibrations of drill-strings by means of non-linear
model,” Mechanics Research Communications, vol. 34, pp. 497–
502, 2007, doi:10.1016/j.mechrescom.2007.03.005.

[5] T. G. Ritto, C. Soize, and R. Sampaio, “Non-linear dynamics of
a drill-string with uncertain model of the bit–rock interaction,”
International Journal of Non-Linear Mechanics, vol. 44, pp.
865–876, 2009, doi:10.1016/j.ijnonlinmec.2009.06.003.

[6] T. G. Ritto, C. Soize, and R. Sampaio, “Stochastic dynamics
of a drill-string with uncertain weight-on-hook,” Journal of the
Brazilian Society of Mechanical Sciences and Engineering, vol.
32, pp. 250–258, 2010, doi:10.1590/S1678-58782010000300008.

[7] T. G. Ritto, C. Soize, and R. Sampaio, “Robust optimization
of the rate of penetration of a drill-string using a stochastic
nonlinear dynamical model,” Computational Mechanics, vol. 45,
pp. 415–427, 2010, doi:10.1007/s00466-009-0462-8.

[8] T. G. Ritto and R. Sampaio, “Stochastic drill-string
dynamics with uncertainty on the imposed speed and
on the bit-rock parameters,” International Journal for
Uncertainty Quantification, vol. 2, pp. 111–124, 2012,
doi:10.1615/Int.J.UncertaintyQuantification.v2.i2.

[9] T. G. Ritto, M. R. Escalante, R. Sampaio, and M. B.
Rosales, “Drill-string horizontal dynamics with uncertainty on
the frictional force,” Journal of Sound and Vibration, vol. 332,
pp. 145–153, 2013, doi:10.1016/j.jsv.2012.08.007.

[10] G. Gilardi and I. Sharf, “Literature survey of contact dynamics
modelling,” Mechanism and Machine Theory, vol. 37, pp. 1213–
1239, 2002, doi:10.1016/S0094-114X(02)00045-9.

[11] K. H. Hunt and F. E. Crossley, “Coefficient of restitution
interpreted as damping in vibroimpact,” Journal of Applied
Mechanics, vol. 42, pp. 440–445, 1975, doi:10.1115/1.3423596.

[12] T. J. R. Hughes, The Finite Element Method, Dover
Publications, New York, 2000.

[13] N. M. Newmark, “A method of computation for structural
dynamics,” Journal of the Engineering Mechanics Division, vol.
85, pp. 67–94, 1959.

[14] R. W. Hamming, Numerical Methods for Scientists and
Engineers, Dover Publications, New York, 2nd edition, 1987.
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ABSTRACT: One of the undesirable phenomena in turbomachinery is linked to the contact between rotating and
stationary parts, which is more likely to occur when clearance is minimized in order to improve aerodynamic efficiency.
These mechanical characteristics favor energy exchanges between the two structures, and this in turn may lead to
high dynamic excitations of the impeller and stator or even to unstable vibrations. Lot of numerical studies have
been conducted in order to derive a better understanding of the dynamic behavior taking place during blade-to-casing
contact. However, the influence of other physical phenomena, such as wear and heating, remain poorly understood. A
recent experimental study shows that the dynamic behavior of structures is significantly influenced by both wear and
thermal expansion. The focus of this paper therefore is show some effects associated with friction and wear.
The numerical study reported in this paper is based on a simplified finite element model of a rotating bladed disk and
a flexible casing. The contact algorithm uses an explicit time marching scheme with the Lagrange multipliers method.
Friction and wear are formulated respectively by Coulomb’s and Archard’s Laws.

KEYWORDS: modal interaction, spectral analysis, blade-casing contact, blade vibration, wear.

1 INTRODUCTION

Lot of work has been devoted to highlighting the physical
phenomena associated with contact and prioritizing their
respective influence on possible unstable behavior exhibited
in some specific cases by rotating machines. However, the
influence of certain phenomena such as wear still require
further study. The bibliographical study conducted in [1]
has allowed identifying the predominant phenomena during
rotor-stator / blade-casing contact. The system’s dynamic
behavior is determined to be of a nonlinear type, with these
non-linearities being introduced by means of phenomena
like friction, wear and heating.
Torkhani [2] has highlighted chaotic system behavior in

the presence of friction, which becomes “increasingly com-
plex” upon reaching certain coefficient of friction values.
The experimental and numerical studies examined in [3,4]
reveal the significant influence of wear and heating phe-
nomena on the dynamic behavior during contact. As a
general rule, these two phenomena are handled separately
in the simulations. Nonetheless, we have been able to ob-
serve the importance of coupling dynamics, thermal expan-
sion and wear, to yield a better understanding of the cor-
responding interaction phenomena. The modeling of wear
has been addressed in the literature according to various
approaches. Strömberg [5] and Salles [6] modeled wear
using Archard’s Law, while Williams [7] and Batailly [4]
proposed a plastic behavior law for the abradable coating.
Within the scope of this paper, we will be using an Ar-
chard Law formulation [8] given its effective representation
of the wearing problem, while remaining rather simple to
integrate into the simulations.
During contact, the processes of friction and wear influ-

ence the dynamic behavior of structures, thus making it
necessary to establish the mathematical formulation of an
elastodynamic contact problem with friction and wear, for
subsequent application to a case of rotor-stator / blade-

∗Address all correspondence to this author.

casing contact. Figure 1 illustrates the entire array of phe-
nomena to be taken into account in this work when setting
up the equation.

FN

FT

w

Ω

- Dynamic

- Friction

- Wear

Figure 1. Physical phenomena encountered during

blade-casing contact

2 DYNAMICAL MODEL

In this paper, we have implemented a finite element model
of a bladed wheel placed in contact with a flexible cas-
ing [9]. This bladed wheel model contains four blades mod-
eled by two Euler-Bernoulli beams per blade with six de-
grees of freedom per node (three displacements and three
rotations). The disc is also modeled by Euler-Bernoulli
beams that couple the blade to one another, with two de-
grees of freedom per node: radial displacement and rota-
tion along the axis of rotation. The link with the rotor axis
will be set by means of radial tension-compression springs.
Moreover, stiffeners have been introduced to connect the
blades so as to control tune the modal organization of the
bladed wheel.
The casing is modeled by a continuous elastic ring [10]

containing two degrees of freedom at every point, i.e. radial
displacement us (θ, t) and tangential displacement ws (θ, t).
The points will be identified by θ, which corresponds to the
angular position with respect to the stationary reference.

1
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Ring displacements will be expressed through use of Ritz
functions, in accordance with the procedure described by
Love [11]:

ws (θ, t) =

ktot∑
nd=1

And
(t) cos (nd θ) + Bnd

(t) sin (nd θ) (1)

where ktot is the number of nodal diameters (or modes)
taken into consideration. The ring is assumed to be inex-
tensible, which implies that radial displacement is corre-
lated with tangential displacement [12]:

us (θ, t) =
δws (θ, t)

δθ
(2)

The ring thus features 2 ktot degrees of freedom.
The mass and stiffness matrices of the ring are derived

by applying the Lagrange equations. For the bladed wheel,
the mass and stiffness matrices will be obtained through a
conventional finite element formulation. In this manner,
resolving the contact problem, with the inclusion of both
the friction and wear phenomena, consists of solving the
set of bladed wheel - casing system motion equations:

Mü + Du̇ + Ku + Fc = Fext (3)

where u is the displacement field, M the mass matrix, K

the stiffness matrix, D the structural damping matrix, Fext

the external force vector and Fc the contact force vector
will be obtained through the Lagrange multipliers method.

3 TIME STEP INTEGRATION OF THE CONTACT
PROBLEM

An explicit time step finite difference method is used to
solve the equations above (9). The stability of an explicit
scheme is provided for a time increment Δt less than the
critical time increment Δtstab. Following a convergence
study, the time increment was set at a value close to a
small fraction of the smallest characteristic period of the
structures.
The (nonlinear) contact problem is solved by a succes-

sion of prediction steps, yet without taking into account
the contact forces, followed by corrections in cases where
contact has been detected. These steps can be detailed as
follows [12, 13].

3.1 Prediction step

The displacements un+1 are predicted 1, yet without taking
into account contact forces and based on known values at
previous times n and n − 1:

un+1,p =

[
M

Δt2
+

D

2Δt

]
−1 (

Fextn +

(
2

M

Δt2
− K

)
un

+

(
2

M

Δt2
− K

)
un +

(
D

2Δt
−

M

Δt2

)
un−1

)
(4)

The initial distance between the two structures g must
be updated using the predicted values, in order to ver-
ify Signorini’s conditions relative to the unilateral contact.

1The index p will be used to declare the prediction step.

Wear is taken into account by applying a law similar to Ar-
chard’s Law [8] and then following the method described
by Salles [14]. To proceed, let’s introduce the distance
function g

(
u

M
N , w

M
)
, which is dependent on normal dis-

placement variables as well as wearing depth.

g
(
u

M
N , w

M
)

= u
M
N − w

M − g
M (5)

where u
M
N , w

M and g
M are respectively the normal dis-

placement, wearing depth and initial gap calculated on a
set of contact points x

M .
The contact takes place if g

(
u

M
N , w

M
)
fails to satisfy the

non-penetration condition predicted during step n + 1:

g
(
u

M
N , w

M
)

n+1,p
≤ 0 (6)

The normal displacement vector in step n + 1 is deduced
from Equation (4). On the other hand, the wearing depth
vector will be calculated after the correction step (see Eq.
(14)) since the normal contact force needs to be known first;
this force will be determined during the next step. The
wearing depth vector value will thus be introduced during
step n in order to verify the non-penetration conditions (7).

u
M
Nn+1,p − w

M
n − g

M ≤ 0 (7)

3.2 Correction step

If according to the predicted values the rotor penetrates
into the stator, the degrees of freedom would need to be
corrected to ensure verification of the non-penetration con-
dition (8) as well as the force equilibrium condition (9):

g
(
u

M
N , w

M
)

n+1
= g

(
u

M
N , w

M
)

n+1,p
+ t

CNn+1,p · δu
M
n+1

(8)

(
M

Δt2
+

D

2Δt

) (
un+1 + δu

M
n+1

)
= Fextn + Fcn+1

+

(
2

M

Δt2
− K

)
un +

(
D

2Δt
−

M

Δt2

)
un−1 (9)

where δu
M
n+1 are the corrections to consider for the pur-

pose of validating both conditions, and CN is the linearized
vector yielding the normal force direction along with the
displacement corrections direction. Fcn+1 is the vector of
forces due to the contact and may be expressed according
to the Lagrange multipliers method by:

Fc = FcN + FcT = − [CN + CT] λN = −CNTλN (10)

where CT is the linearized vector yielding the friction force
direction and λN is the Lagrange multiplier. CT was de-
rived by using Coulomb’s Law during its sliding phase (per-
manent sliding), thus meaning that it depends on the co-
efficient of friction μ.
The compatibility conditions of displacements and equi-

librium forces that need to be verified by the corrected
degrees of freedom are written, in the case of several con-
tacts (i.e. a contact occurs at the different points belonging
to the subset x

M ), just like equations (8) and (9), but in
vector form:

gn+1 ≈ gn+1,p + t
CNn+1,p · δu

M
n+1 = 0 (11)
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(
M

Δt2
+

D

2Δt

)
δu

M
n+1 = −CNTn+1,pλNn+1 (12)

The system of equations resulting in λNn+1 and δu
M
n+1 still

needs to be solved.⎧⎪⎨
⎪⎩

λNn+1 =

[
CN

T

n+1,p

(
M

Δt
2

+
D

2Δt

)−1

CNTn+1,p

]
−1

gn+1,p

δu
M

n+1 = −

(
M

Δt
2

+
D

2Δt

)−1

CNTn+1,p
λNn+1

(13)
At each time interval, the expressions for gn+1,p, CNn+1,p

and CNTn+1,p must be calculated on the basis of predicted
values and with the accuracy required to ensure conver-
gence.
Once the contact force calculation has been executed,

we are in a position to calculate the wearing depth vector
obtained by:

w
M
n+1 =

Δt

2

(
kw|PNn+1|

∥∥u̇
M
T n+1

∥∥ + ẇ
M
n

)
+ w

M
n (14)

where kw is the coefficient of wear intensity appearing in
Archard’s Law and PN the normal contact pressure.

4 SIMULATION RESULTS

The objective of this work program is to test the influence
of both friction and wear on the dynamic behavior in a
situation of blade-casing contact. To achieve this objective,
the values of the coefficient of friction and Archard Law’s
coefficient of wear intensity will be varied.
Contact is initiated by exciting a mode with one diame-

ter on the stator with a stationary wave whose amplitude is
sufficient to cover the clearance between the two structures.
The simulations presented were run at the constant rota-
tional speed corresponding to case A in Figure 2, where a
modal interaction is expected between the backward mode
of the casing and the counter-rotation mode of the bladed
wheel with one diameter [1].
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Figure 2. Campbell diagram in stationary frame

The frequency content of simulations will be analyzed
with two spectral analysis tools. The Short-Time Fourier

Transform - or STFT - will then serve to visualize spec-
trum changes vs. time [15]. The two-dimensional Discrete
Fourier Transform - 2D DFT - will determine the spatial
decomposition into nodal diameters for each spectrum fre-
quency. An analysis of the complete spatial spectrum re-
veals the modal decomposition in forward (FW) participa-
tion and backward (BW) participation for a given diam-
eter [16]. The frequency analysis will be carried out over
the range of initial bending modes [0 − 4000Hz].

4.1 Reference simulation

Different simulated cases will be compared to a reference
configuration, whose values are: μ = 0.1 and kw = 0. The
time-frequency analysis (see Fig. 3) was conducted in us-
ing both the tangential displacement of the blade tip and
the radial displacement of the casing. On these same fig-
ures, indications are provided of the eigenfrequencies of the
respective free structures, the rotational speed harmonics
present within the spectrum and the excitation frequency
with associated main rays coming from modulations by the
rotational speed. Figure 3a shows the stator response to
the external excitation introduced to initiate contact. As
it may be observed, the excitation frequency Fexct does in-
deed excite the mode at one diameter from the structure
ω1

s , since Fexct = ω1
s . It can be checked that the response

has actually one nodal diameter in Figure 4. Note that
the frequency Fexct of the main component in the stator
response known to be a one nodal diameter would be seen
at Fexct + 1 Ω where a dominant component actually takes
place. This could be interpreted as the system transmit-
ting vibration frequencies from one structure to the other
by means of contact forces.
Moreover, the presence of the fourth harmonic of rotational
speed (4 Ω) can be seen as well as the excitation frequency
modulation by four times the rotational speed Fexct + 4 Ω.
Frequency components appearing within the signal spec-
trum will be called side-bands [17] in the remainder of this
paper. This will related to an amplitude modulation at
frequency Ω of the excitation frequency Fexct.
The bladed wheel spectrum (Fig. 3b) is characterized by

a component closed to the rotor ω1
r (a rotor mode with one

diameter), which coincides with the mode with one diam-
eter from the stator, as observed in the rotating reference
frame ω1

r = ω1
s + 1 Ω = Fexct + 1 Ω. The second har-

monic (2 Ω), fourth harmonic (4 Ω), sixth harmonic (6 Ω)
and twelfth harmonic (12 Ω) of rotational speed are also
found, along with the odd side-bands from Fexct ± 1 Ω to
Fexct ± 3 Ω. The second harmonic of excitation frequen-
cies 2 Fexct is also present, as are its even side-bands at
2 Fexct ± 2 Ω, 2 Fexct − 4 Ω and 2 Fexct − 6 Ω.

It can be demonstrated that these side-bands are non-
linear combinations of the excitation frequency and the ro-
tational speed harmonics (see §5). The frequencies of these
side-bands track the relation:

fk
SB = Fexct + k Ω for k ∈ Z (15)

where fk
SB is the side-band frequency of order k and Fexct

is the excitation frequency of the casing.
The two-dimensional Discrete Fourier Transform or

frequency-nodal diameter diagram shown in Figure 4 indi-
cates that a stationary wave with one diameter at Fexct =
1417Hz is indeed present, while the bladed wheel response
is dominated by a backward wave at one diameter to
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Figure 4. 2D DFT diagram of the first-family modes of both

structures with μ = 0.1

4.2 Influence of friction

Firstly, attention will be solely paid to the influence of
the coefficient of friction (calculations without wear) based
on the following values: μ = 0; 0.05; 0.1; 0.15; 0.2. Figure
5 shows the time response of the tangential displacement
of a particular blade tip. Two distinct types of behavior
can be observed depending on the chosen value of μ. For

μ = 0; 0.05; 0.1, the blade bends and vibrates around its
static equilibrium position with intermittent contact. For
μ = 0.15; 0.2, after a short transient response, the blades
exhibit a quasi-static behavior. The vibration response of
the bladed wheel thus depends on the coefficient of fric-
tion and displays a maximum at an intermediate μ value.
For higher μ values, the blades are in permanent contact
with the stator and exhibit a static deformation with a
zero diameter spatial shape. On the stator side, the fre-
quency response is dominated by a 4 Ω component with a
four-diameter deformed shape that propagates in the for-
ward direction at propagation speed Ω. This could be in-
terpreted has a rotating deformed shaped imposed to the
flexible stator by the four blades. This indeed results in a
vibration at 4 Ω frequency.
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Figure 5. Influence of friction

The spectrograms shown in Figure 6 for μ = 0 and
μ = 0.05 will be compared to the spectrogram of Figure
3b. Aside from the amplitude difference, as highlighted by
examining the temporal responses (Fig. 5), it can be ob-
served that for a zero coefficient of friction (see Fig. 6a),
the second harmonic of the excitation frequency and its
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side-bands are absent from the spectrum, as are the sec-
ond (2 Ω) and fourth (2 Ω) rotating frequency harmonics.
On the other hand, with a coefficient of friction equal to
μ = 0.05, all of the frequency components present in the
reference simulation are available, yet at lower levels.

4.3 Influence of wear

Starting with the reference configuration at μ = 0.1,
the value of Archard Law’s coefficient of wear intensity
will be varied. The following values will be used herein:
k∗

w = 0.1; 1; 10. In order to facilitate the interpretation,
these values were normalized. The introduction of wear re-
sults in an attenuation of the vibrations given that abrad-
able material is removed by the wear process; hence, the
clearance between the casing and blade tips increases. The
wear maps shown in Figure 7 indicate that contact occurs
in two diametrically opposite places. This map corresponds
to a two-lobe wear profile. A comparison of these maps re-
veals that for higher values of Archard Law’s coefficient,
the wear lobes will be generated more quickly.
In Figure 8, the temporal response of the tangential dis-

placement of a blade has been plotted for the three tested
coefficients. It can be noticed that as the wearing coeffi-
cient rises, the response decay is faster.
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Figure 8. Influence of wear

As opposed to the influence of the coefficient of friction,
the variation in Archard’s coefficient of wear intensity ex-
erts no influence on the spectrum content. In other words,
all simulations run with wear expose the same side-bands

and rotational speed harmonics with respect to the refer-
ence simulation. Nonetheless, as the coefficient of wear in-
creases, its terms will gradually drop their level over time.
As such, it is observed that all side-bands and rotational
speed harmonics disappeared after two seconds for the sim-
ulation at k∗

w = 10, although they remain present after ten
seconds with the simulation at k∗

w = 0.1.

5 RESULTS INTERPRETATION

During simulation runs, we mainly encountered rotational
speed harmonics and side-bands. In the spectrograms un-
der analysis, side-bands are actually observed at a distance
of multiple Ω relative to an excited frequency. The presence
of the rotational speed harmonics is obviously expected as
part of a rotating system. In contrast, such is not the case

for the side-bands ; consequently, this section of the paper
is intended to offer a qualitative explanation of the spectral
content found numerically.
To pursue this objective, let’s begin by assigning a defi-

nition of side-bands, before introducing an analytical model
that will lead to discovering the various terms encountered
in the simulations. Let’s also note that the qualitative com-
parison with the numerical part will take place between the
calculated force and the measured displacements.
In the simplified approach below, structural displace-

ments are forced and the focus lies on the resultant contact
force spectrum.

5.1 Side-bands definition

Side-bands appearing within a signal spectrum are the out-
come of an amplitude modulation of a so-called carrier fre-
quency by a so-called modulating frequency. The spectrum
will then be characterized by two side bands offset by the
modulating frequency and centered around the carrier fre-
quency.
If we consider ω0 as the carrier frequency and Ω as the

modulating frequency, the modulated signal will thus be
given in the temporal domain by the expression (16) :

s(t) = cos (ω0 t) cos (Ω t) (16)

The shape of the signal resulting from a current multiplica-
tion of beats within the temporal domain. In the spectral
domain, this signal will be:

S (ω) = δω0−Ω + δω0+Ω (17)

The spectrum therefore contains two bands ω0 − Ω and
ω0 + Ω, which have been called side-bands herein.

5.2 Problem set-up

Note that the definition above can explain a limited num-
ber of observed side-bands. To better understand the origin
of side-bands encountered during simulations, we will be
introducing an analytical model of the contact force law
between a blade on the bladed wheel and its casing (see
Fig. 10), which will be tested by entering into a reference
displacement.
The displacements of both structures will be modeled

by harmonic functions, while the contact force will obey
to a law that contains a linear part and a nonlinear part.
For purposes of this paper, let’s take a closer look at the
frequency content of the contact force with a second order
polynomial non-linear function.

ur

f
NL

Ω

b
la
d
e

casing us

Figure 10. Simplified model of a blade in contact with the

casing
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The (purely radial) displacement of a blade will be de-
fined within the rotating reference frame by:

ur (t, θR) = Ur · cos (ωr t) · cos (nr
d θR) (18)

with Ur being the blade displacement amplitude, ωr the
eigenfrequency of the bladed wheel, nr

d the number of diam-
eters in the bladed wheel wave and θR the angular position
of the blade within the rotating reference frame. Accord-
ing to Equation (18), the field ur is a stationary wave. In
a more general case, ur will be of the following form:

ur (t, θR) = U bw
r ·cos (ωr t + nr

d θR)+Ufw
r ·cos (ωr t − nr

d θR)
(19)

where U bw
r and Ufw

r are respectively the counter-rotating
and co-rotating component amplitudes of the displacement
wave for a blade on the bladed wheel. Although, the form
given in Equation (18) is sufficient for the demonstration.
Let’s note that the expressions in (18) and (19) are equiv-

alent with respect to the reference θR whenever Ufw
r =

U bw
r = Ur/2.
The casing displacement will also be defined by a sta-

tionary wave within the stationary reference frame:

us (t, θS) = Us · cos (ωs t) · cos (ns
d θS) (20)

with Us the casing displacement amplitude, ωs the eigen-
frequency of the casing, ns

d the number of diameters of the
casing wave and θS the angular position of the blade rela-
tive to the stationary reference frame.
The displacements of both structures will be expressed

in the rotating reference frame prior to being injected into
the force function. To proceed, we will use Equation (21)
to transition from the stationary reference frame to the
rotating one:

θS = θR + Ω t (21)

Within the rotating frame, the casing displacement then
becomes:

us (t, θR) = Us · cos (ωs t) · cos (ns
d θR + ns

d Ω t) (22)

Let’s note that in decomposing the second term into cos,
only the stationary stator wave is actually exposed. Given
the rotating reference frame, this decomposition step gives
rise to two waves traveling in opposite directions.
The contact force between the two structures will be de-

fined by Equation (23), which comprises a linear part and
a second-order nonlinear part. We have actually selected a
regular non-linearity that is both even and simple to pro-
cess analytically to ensure being representative of the con-
tact law in some point.

f (t, θR) = α1 (ur − us) + α2 (ur − us)2 (23)

where α1 and α2 are contact stiffness coefficients.
By inserting (18) and (22) into (23) and in adopting the

special case in which α1 = α2 = α out of simplification, the
contact force expression will assume the following form:

f (t, θR) = α

[
U

2
r

4
+

U
2
s

4

+
Ur

2
cos (ωr t ± n

r

d
θR)

−

Us

2
cos (ωs t ± (n

s

d
θR + n

s

d
Ω t))

+
U

2
r

4
(cos (2 ωr t) + cos (2 n

r

d
θR))

+
U

2
s

4
(cos (2 ωs t) + cos (2 (n

r

d
θR + n

s

d
Ω t)))

+
U

2
r

8
cos (2 ωr t ± 2 n

r

d
θR)

+
U

2
s

8
cos (2 ωs t ± 2 (n

s

d
θR + n

s

d
Ω t))

−

Ur Us

4
cos (ωr t ± n

r

d
θr ± ωs t ± (n

s

d
θR + n

s

d
Ω t))

]
(24)

The previous equation and subsequent expressions
make use of a contracted notation for the multiplica-
tion of two cosines; instead of writing cos(a) · cos(b) =
1
2 [cos(a + b) + cos(a − b)], we will write cos(a) · cos(b) =
1

2
cos(a ± b). This notation may also be generalized. The

final row of (24) contains eight terms according to this no-
tation.
The expression in (24) displays in order: nonlinear static

terms (ω = 0), the linear terms, and some other nonlinear
terms. The frequencies and corresponding nodal diameters
presents in the system are listed in Tables 1 and 2. Table
1 provides the nodal diameters and frequencies obtained
when only considering a linear contact, whereas Table 2
shows the nodal diameters and frequencies obtained when
solely accounting for a second-degree nonlinear force. The
spectral content of the contact force will be composed of
frequencies stemming from both the linear and nonlinear
contact forces. Terms appearing in the analytical force
expression are in good accordance with the spectrum of the
numerically simulated response. In particular, one could
notice the presence of several even terms associated to the
contact nonlinearity.

Linear force law fL = α (ur − us)
Frequencies [rad/s] ωr ωs ± ns

d Ω
Nodal diameters nr

d ns
d

Table 1. Frequencies and nodal diameters obtained with a

linear contact force interaction in the rotating frame

The purely linear case enables identifying the angular
eigenfrequencies of both structures expressed in the rotat-
ing reference frame. From a spatial perspective, the force
field is a superposition of the two fields with ns

d and nr
d

nodal diameters (second and third rows in (24)).
The purely nonlinear case exbibits the presence of static

terms (i.e. zero frequency), the second harmonic of the an-
gular eigenfrequencies of structures expressed or not in the
rotating frame (2 ωr, 2 ωs, 2 (ωs ± ns

d Ω)), the 2 ns
d rotating

speed harmonic and lastly the combination of eigenfrequen-
cies of structures within the rotating frame (this term was
not numerically observed). The presence of the second har-
monic is correlated with the chosen non-linearity, which in
this case is of the second order.
From this analysis, it seems that the presence of the

rotational speed harmonics and side-bands will be guided
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2nd-order nonlinear force fNL = α (ur − us)
2

Frequencies [rad/s] 0 2 ωr 2 ωs 2 ns
d Ω 2 (ωs ± ns

d Ω) ωr ± ωs ± ns
d Ω

Nodal diameters 0 2 nr
d 2 nr

d 2 ns
d ±nr

d ± ns
d

Table 2. Frequencies and nodal diameters obtained with a 2
nd

-order nonlinear contact force interaction with an harmonic input

by the contact law, and more specifically by the degree of
non-linearity. Consequently, we are able to improve the
contact law approximation for any order N by applying
Equation (25):

fN =

N∑
n=0

αn (ur − us)
n

=

N∑
n=0

αn

[
n∑

p=0

Cp
n up

r (−us)
n−p

]

(25)
where fN is the contact force formulated with a degree of
non-linearity extending all the way to order N .
We can see that a mean to increasing the number of side-

bands and rotational speed harmonics would be to raise the
value of N in Equation (25).
The same would apply in the frequency domain, as spa-

tially the number of harmonics will depend on the selected
degree of non-linearity.
One could easily understand that if the polynomial de-

gree approximating the contact law were to be raised, then
the contact force spectrum would become richer. The Fig-
ure 11 shows the spectrum of a contact law that follows
exactly Signorini’s unilateral law with a single harmonic
input. It is observed that only the fundamental (input fre-
quency) and even harmonics are noteworthy and therefore
characterize this contact law. In the case of the rotating
blade with Signorini law the spectrum will therefore con-
tains for instance every terms in the form 2 p ns

d Ω with
p = 0, 1, 2, ... (see Table 2).

OUT

ω

2ω

4ω 6ω

IN

−U +U

U sin(ω t)

Figure 11. Output amplitude spectrum of the Signorini’s

unilateral contact law with an harmonic input

6 CONCLUSION

A numerical model allowing for the incorporation of blade-
casing friction and wear contact has been built herein.
The integration method has used the Lagrange multipli-
ers method along with an explicit time marching scheme.
A sensitivity study with respect to both Coulomb Law and
Archard Law parameters has been conducted in conjunc-
tion with a campaign of numerical simulations. A one di-

mensional spectral analysis on the time and a two dimen-
sional analysis in space domain has been used to charac-
terize the frequency content and type of waves.
Depending on the coefficient of friction value, we have

observed two distinct types of behavior from the perspec-
tive of the bladed wheel, one dynamic the other quasi-
static. In the case with dynamic behavior, two wearing
lobes were obtained on the stator per each revolution.
These findings were derived with synchronous vibrations
at one diameter on both stator and rotor. Put otherwise,
all blades touch twice per revolution and always in the same
stator zone. The introduction of wear into the system has
made it possible to attenuate vibration amplitudes.
The spectral analysis has demonstrated the presence of

many side-bands and harmonics as a function of the level of
vibration; as shown with a simple analytical model, these
features can be explained by the contact non-linearity be-
tween rotor and stator.
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ABSTRACT: In this contribution, a new method for a deflection shape determination of an infinite beam on a visco-elastic 

foundation traversed by uniformly moving mass is presented. The method invokes the dynamic stiffness matrix concept and for 

the sake of simplicity the results are shown on Euler-Bernoulli beams. The solution is presented in the context of a review of 

some methods for solution of uniformly moving mass and load problems on finite and infinite beams. Advantages and 

disadvantages of these methods are summarized. 

KEY WORDS: Moving load; Moving mass; Eigenvalue expansion; Dynamic stiffness matrix. 

1 INTRODUCTION 

Dynamic analyses of beam structures under moving loads 

have attracted the engineering and scientific community from 

the middle of the 19th century, when railway construction 

began. Increasing demands on the railway network capacity 

leads to a necessity of better understanding of dynamic 

phenomena related to train-track-soil interactions and 

therefore questions regarding the moving load and moving 

mass problems are the still important subjects in nowadays 

investigations. New modelling approaches, as well as their 

solving methods, are needed to perform simulations that could 

reflect important features of dynamic systems. In this context 

analytical and semi-analytical solutions have the undoubted 

advantage of possibility of direct sensibility analysis on 

parameters involved in the problem. 

Moving force problem is far simpler. It has a semi-

analytical or analytical solution available for finite as well as 

infinite beams. Generalizations affecting the beam theory and 

foundation models, like extension from the Euler-Bernoulli 

theory to the Timoshenko-Rayleigh theory, or generalizations 

of Winkler foundation to Pasternak or other foundation 

models, introduction of foundations of finite depth or 

alterations from viscous to hysteretic damping models do not 

present substantial difficulty [1], except in cases when 

numerical solution of complex frequencies is necessary. In 

finite beams eigenvalue expansion techniques can be used and 

in infinite beams either Fourier transform or the concept of the 

dynamic stiffness matrix can be exploited [2, 3]. In the latter 

case two semi-infinite beams are connected by the continuity 

conditions at the load application point. Such a solution can 

easily be extended to the moving force with harmonic 

component [4] or non-uniform foundation [5, 6]. 

The inertial effects of both the beam and the moving vehicle 

were studied as early as in 1929 by Jeffcott [7] by the method 

of successive approximations. The moving mass problem does 

not have fully analytical solution. Analysing finite beams, it is 

seen that the governing equations in modal space remain 

coupled [3]. There is however a classical work [8], which is 

often taken as a bench-mark solution, but this solution does 

not consider all effects at the contact point as already depicted 

by others [9]. There are other papers repeating the same error 

[10], some of them corrected by Letters to the Editor [11].  

If a steady-state solution exists for an infinite beam, then it 

exactly matches the solution for the moving force and the 

mass has no contribution as indicated in [2, 12]. If the solution 

is not steady, there is an oscillation around the steady-state 

deflection and the amplitude and frequency of this oscillation 

has to be determined. In this paper a new method for their 

determination is presented.  

2 PROBLEM STATEMENT 

Let a uniform motion of a constant vertical force and a mass 

along a horizontal beam on a linear visco-elastic foundation 

be assumed (Figure 1). The foundation is modelled as 

homogeneous distributed spring-and-dashpot sets. 

Simplifications for the analysis of vertical vibrations are 

outlined as follows: 

(i) the beam obeys linear elastic Euler-Bernoulli theory; 

(ii) the beam damping is proportional to the velocity of 

vibration; 

(iii) the beam and mass are in continuous contact; 

(iv) no other loading is added; 

(v) the vertical displacement is measured from the equilibrium 

deflection position caused by the beam mass; 

(vi) the velocity is maintained constant and no restriction is 

imposed on its magnitude. 

 

 

 

 

 

 

 

 

 

 

Figure 1. Structure under consideration. 
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The objective is to solve the time dependent deflection 

shape w(x,t). 

3 FINITE BEAMS 

Equations If the previous model has a finite length designated 

as L, then several boundary conditions can be considered. 

Here we will show examples only for simply supported beam 

and left cantilever. Thus:  
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respectively, and, for the sake of simplicity initial conditions 

are assumed as homogeneous 
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The equation of motion for the unknown field w(x,t) is 

written as: 
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which means that the loading term can be written in terms of 

the unknown field w(x,t) as: 
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(6) 

here EI and m represent the flexural rigidity and the mass per 

unit length of the beam, c and k are the damping coefficient 

and Winkler’s constant of the foundation, P and M are the 

travelling force and mass. w(x,t) and w0(t) stand for the 

vertical displacement of the beam and of the point of load 

application (mass contact point), v is the constant velocity, x is 

the spatial coordinate, t is the time and δ is the Dirac function. 

x has its origin at the left extremity of the structure. Zero time 

corresponds to load position at x=0. 

In Equation (6) the terms are as follows: the vertical loading 

force, the mass inertial force acting along the direction of 

deflection of the beam, the Coriolis force related to the rate of 

inclination of the beam; and the centrifugal force associated 

with the curvature of the beam. The last two terms are not 

used in [8, 10]. In some cases they can be neglected, but 

generally not. 

Solution can be obtained by implementing the Fourier 

method of variable separation and assuming the existence of 

free harmonic vibrations: 

    , i tw x t w x e  , 1i    (7) 

The frequency ω of these vibrations is named as the natural 

frequency and it is determined from the eigenvalue problem 

obtained from the homogeneous governing equation. Then the 

transient response in the time domain is expressed as infinite 

series of these modes, where each vibration mode (function of 

the spatial coordinate x) is multiplied by a generalized 

displacement (modal coordinate, amplitude function) that is a 

function of time. 

      
1

, j j

j

w x t q t w x




  (8) 

For the moving load problem, the modal analysis is facilitated 

by the uncoupling in the modal space. Nevertheless, even in 

self-adjoint systems, modal expansion is commonly governed 

by undamped vibration modes, because this allows their 

determination within the real domain and completeness of the 

eigenspace is guaranteed.  

In moving mass problem the previous statements are not 

valid. Two methods can be used: (i) usually the expansion is 

performed over beam modes calculated without the moving 

mass contribution; (ii) the other possibility would be to 

include the moving mass in the beam mass. In the former case 

modal equations cannot be uncoupled; have the following 

form: 

              t t t t t t t     M q C q K q q  (9) 

where matrices M, C, K are defined by introduction of 

vibration modes in their exact analytical form (without any 

discretization) as: 
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Here δij is the Kronecker delta and upper primes stand for the 

derivation with respect to the spatial variable. Standard 

techniques [2, 5, 6] can be used for wave numbers λj/L 

determination, it is only recalled that 
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The modes in equations above are normalized by 
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0

L

j jN mw x dx   (14) 
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The system cannot be solved analytically, but numerically. 

Computational time increases exponentially with the number 

of modes involved. Precision of a solution obtained for a 

certain number of modes cannot be simply increased by 

including one more mode, but the whole system must be 

completely recalculated. If there is no elastic foundation, 

usually low number of modes is sufficient (around 10). With 

foundation included the number of modes must be much 

higher, depending on several factors it ranges around 100-200 

or more [3]. Numerical solution can be obtained in 

commercial software, it is convenient to rewrite the system as 

a set of first order equations and use Matlab [12], but then the 

numerical precision is compromised, [2, 5, 6]. Double 

precision may not be sufficient for higher number of modes, 

especially when hyperbolic functions are involved in mode 

shapes. 

As an example, solution of the moving mass and its 

corresponding weight on a cantilever is shown (Figure 2). 

This is the example presented in [8], [9]. It is seen that in this 

case the effect of Coriolis and centrifugal forces is significant. 

Numerical data are taken from [9] as: L=7.62m, P=25.79kN, 

M=2629kg, EI=9480.6kNm
2
, m=46kg/m, v=50.8m/s. This is 

however not a very good example, since the deflection is quite 

large and the validity of the Euler-Bernoulli beam theory is 

compromised. 

 

Figure 2. Deflection of the cantilever free end, “partial” means 

that some terms were omitted as in [8], “full” means that all 

terms are included. 

 

Figure 3. Deflection of the simply supported beam on an 

elastic foundation, initial 40m of the full length, defelections 

related to mass position at each 2m. 

Another application is a simply supported beam on an 

elastic foundation (Figure 3). The input data are: L=100m, 

P=100kN, M=10ton, EI=6.4MNm
2
, m=60kg/m, k=4MN/m

2
, 

v=100m/s. The beam and foundation data are related to 

railway applications. The beam stands for one single rail. In 

this case 150 modes were necessary for a good accuracy of the 

solution, but for over 50 modes (even if in this case with 

purely sinusoidal shape) accumulated numerical errors caused 

unphysical excessive oscillations when the load approached 

the right support. 

If the moving mass is added to the beam mass, then it is 

necessary to solve the vibration modes at each mass position. 

The modes are orthogonal at each such a position and can be 

determined following [3, 5, 6]. Due to adaptable numerical 

precision, Maple [13] is one of the most adequate software. 

Then the modes change their shape and frequency with the 

moving mass position and in fact only moving force problem 

should be solved [14]. It is necessary to introduce sufficiently 

small time discretization and it is possible to assume linear 

modes variation between discrete force positions. For uniform 

discretization Δt=ti-ti-1 is constant. An intermediate value 

reads as: 
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where τ is a local time starting at ti-1  and wj(vti) designates j-th 

mode determined for mass position at xi=vti. It holds: 

 

   
 

  

   

     

2
, ,

, 0

2
1 ,

2
1 1 ,

,

1
sin

cos

1
sin

2

t c
t

m
j i i j i j

i j

c
t

m
j i i j

c
t

m
j i j i i j

i j

q t Pw v e b t d
b

q t e b t

c d
q t q t e b t

b m dt



  


  

 



 

 

   

 

 
  

 



(16) 

with 
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After some manipulations: 
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where 
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Expressions above are only approximations to the analytical 

solution, but their advantage is that they are very quick to 

evaluate. The other advantage is that the precision can simply 

be improved by adding more modes. There are some 

alterations that must be introduced. One of them is switching 

the modes in the way that the same order moves smoothly its 

shape and does not jump to the other side of the structure. 

Some results are shown in Figure 4, numerical data are related 

to the previously introduced cantilever. 

 

Figure 4. Deflection under the moving mass. 

It is seen, however, that even for fine discretization, there is 

an error in the deflection under the load, which does not get 

better with finer discretization. These values are governed by 

the first vibration modes at each separate position. 

4 INFINITE BEAMS 

If an infinite beam is under consideration, a moving 

coordinate system can be introduced by x x vt  , t=t. Then 

the left hand side of Equation (4) can be written as: 
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where  ,w x t  is the unknown deflection field and the right 

hand side simplifies to: 
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If M=0, then the problem can be solved following [2] or 

other known literature. Other possibility is to use the dynamic 

stiffness matrix. The definition is usually introduced in 

structures separated into n-subdomains. The local dynamic 

stiffness matrix of the n-th sub-domain can be calculated in 

the following way. The degrees of freedom are represented in 

Figure 5a). Excitation with unit amplitude and given circular 

frequency   is assumed in the direction of one of the degrees 

of freedom, while the other degrees of freedom are kept fixed. 

Figure 5b) exemplifies implementation of the first degree of 

freedom and orientation of the corresponding terms of the 

stiffness matrix. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. a) Degrees of freedom, b) construction of the local 

dynamic stiffness matrix of the n-th sub-domain. 

For such an excitation, member-end generalized harmonic 

forces in the steady-state regime can be calculated. The 

procedure is repeated for the other degrees of freedom. More 

details can be found in [5]. If semi-infinite sub-domains are 

considered, then only two degrees of freedom have to be 

considered, as shown in Figure 6.  

 

 

 

 

 

 

 

 

 

 

 

Figure 6. Degrees of freedom of semi-infinite sub-domains: a) 

negative, b) positive. 
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Wave equation is determined based on Equation (23). Four 

roots are separated according to the sign of the real part. Only 

the real negative-valued ones are used in the positive semi-

infinite sub-domains to ensure vanishing of the displacements 

and rotations for x tending to positive infinity, and vice versa. 

General form of all involved terms for moving harmonic 

force fi t
Pe


 where 

f  is the excitation frequency is presented 

in [4]. Four constants defining deflection shapes of the two 

semi-infinite sub-domains are then determined from the four 

continuity equations, which are the continuity of 

displacements, rotations and bending moments and, in 

addition, internal shear force must be in equilibrium with the 

externally applied force. In the case of the harmonic force, the 

constants are time-dependent. For excitation directed by sine, 

imaginary part of the solution corresponds to the beam 

deflection. 

The case with a moving mass can be solved in a similar 

way. According to [15], if the final solution is steady, then the 

mass effect is cancelled and the solution has the same form as 

if only moving force was introduced. When the solution is not 

steady, but stable, then periodic oscillation occur in the 

deflection shape around the steady state line. The frequency 

and amplitude of this additional movement has to be 

determined. The frequency can be solved by exploiting the 

fact that in the point of mass contact the vertical force exerted 

on the beam is equal to 
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where M  is the corresponding frequency of these 

oscillations. Therefore, the infinite beam can be solved for an 

externally applied harmonic force and tested that the force 

value is correct. One can just start with some frequency 

estimate, solve the wave numbers, establish the four 

continuity equations and compare the force with the expected 

result. Since the problem is linear, the actual estimated force 

value is not import, because for the same frequency the ratio 

of the introduced and obtained value will be the same. This 

allows defining a simple iteration procedure, where after the 

first iteration the forcing frequency is recalculated, and so on. 

This procedure has very quick convergence ratio and is also 

very stable. Frequencies do not have to be searched in a 

complex domain as suggested in [15].  

 

Figure 7. Deflection of the simply supported beam on an 

elastic foundation, initial 40m of the full length, deflections 

related to mass position at 18m and 36m. 

Naturally, a good initial estimate will always help. In such a 

case one can use results on finite beams. In the case shown in 

this paper (Figure 3) it is seen that the lowest deflection 

shapes happen when the mass is at positions equal to 18m, 

36m, etc. In this particular case it is seen that the deflection 

practically vanishes (Figure 7).This prediction indicates that 

the frequency should be around 34.91rad/s. In two steps this 

value can be corrected to 34.857rad/s, with difference 

between the two approximations less than 0.003%. This result 

also fits well the relation established [15]. Other cases were 

tested and same conclusions were taken. Then the solution 

procedure is finished following [15]. 

5 CONCLUSION  

In this contribution several aspects related to the dynamic 

analysis of beam structures under moving loads were 

summarized. Differences in solution techniques and results 

were given for moving force and moving mass problems, as 

well as for finite and infinite beams. The concept of the 

dynamic stiffness matrix was posted as a general principle for 

finite, semi-infinite and infinite beams. This forms the base 

for the new solution technique for moving mass problem on 

infinite beams. 
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ABSTRACT: In this paper, the problem of energy harvesting with a parametric harvester is presented.  A single degree-of-
freedom (SDOF) mechanical oscillator with time-varying stiffness subject to a harmonic base excitation is considered as a 
parametric harvester. A periodic time-varying stiffness is introduced to the harvester in order to generate parametric resonance. 
The performance of the harvester is analysed with and without the periodic stiffness coefficients. Relative displacement and the 
average harvested power are obtained both numerically and analytically. It is demonstrated that a small excitation can produce a 
large response when the system is parametrically excited with a frequency near to twice of its fundamental frequency. This 
enhancement of the displacement response results in an increase in the harvested energy. This response is higher when the base 
excitation frequency and the harvester fundamental frequency are equal. Also, it is possible to tune the parametric harvester to 
have parametric frequencies twice of the base excitation frequencies in order to increase the frequency bandwidth. The optimum 
parametric stiffness, parametric frequency and base excitation frequency are obtained to maximise the peak power. 

KEY WORDS: Parametrically excited; Energy harvesting; Damped Mathieu equation; Base Excited. 

1 INTRODUCTION 
Energy harvesting is the transformation of ambient energy 
present in the environment into electrical energy. This energy 
is derived from different external sources such as solar power, 
thermal energy, wind energy, salinity gradient and kinetic 
energy. In our modern cities, vibrations are among the most 
widespread environmental energies. They occur in urban 
infrastructures such as buildings, bridges, underground 
structures, ships or even in the human body. The frequency of 
the mechanical excitation depends on different sources, for 
example in bridges, the frequency of excitation due to wind, 
ground movement, and human movement is less than 30 Hz. 
The mechanical energy from the harvester then converts to 
electrical energy. The electrical energy can be used to power 
wireless transducers such as those used in condition health 
monitoring, and as less maintenance is needed this makes 
them deployable on a large scale or at inaccessible locations. 
In recent years, energy harvesting has become a popular 
research topic and different vibration-based energy harvesting 
methods have been used [1-4], but little work has been done 
in exploiting parametric excitation in the context of vibration 
energy harvesting. Most of the harvesters are based on a 
vibrating mechanical structure, usually with additional seismic 
mass, where the driving force is applied parallel to the 
direction of the oscillatory displacement (see Figure 1a). In 
linear SDOF systems, the maximum displacement occurs at 
the resonance frequency. Linear harvesters harvest the most 
energy when the natural frequency of the harvester and 
environment frequency match. However, when the response 
frequency of the energy harvester does not match with the 
ambient frequency, the output power will decrease. This 
restricts the development and performance of linear 

harvesters. In order to solve the problem, different tuning and 
broadband method have been proposed [5]. 

Here parametrically excited systems are considered and 
compared with linear harvesters. Parametric resonance can 
occur in parametrically excited systems, when the parametric 
frequency is near twice the fundamental frequency [6-8]. This 
phenomenon can be used to harvest more vibration energy. In 
2009, Daqaq et al. [9] investigated the process of energy 
harvesting via a parametrically excited cantilever beam. The 
cantilever beam was excited vertically, perpendicular to the 
direction of the oscillatory displacement. In this case, when 
the beam is excited at twice of its fundamental frequency, 
parametric resonance can be internally induced in the 
cantilever. This establishes an autoparametric resonance [10]. 
Autoparametric resonance which externally induced by 
parametric resonance, happens when the vibration of the 
primary system act as parametric excitation of the secondary 
system [10] . In Daqaq’s study, the dynamic response of the 
system was explained by a lumped parameter non-linear 
model. The broadband characteristic of the harvester was 
obtained by optimising the coupling coefficient and the load 
resistance of the harvester. In 2011, Abdelkefi et al. [11] 
considered the same parametrically excited harvesting beam 
configuration but included  higher modes and nonlinear 
effects of the piezoelectric patch in their analysis. In 2013,  Jia 
and Seshia [12] presented a feasibility study on the use of 
parametrically excited bi-stable systems to increase harvested 
power. Recently,  Jia et al. [13] investigated, numerically and 
experimentally, a parametrically excited MEMS vibration 
energy harvester. They explained the usability of parametric 
resonance over the fundamental mode, which was not limited 
by the system damping ratio. They also demonstrated an 
increase in power density and frequency bandwidth for the 
parametrically excited MEMS vibration energy harvester [14]. 
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The above studies are based on autoparametric systems. In 
this paper a parametric harvester is introduced, which is a 
single degree-of-freedom (SDOF) mechanical oscillator with 
time-varying stiffness subject to a harmonic base excitation is 
introduced. In this system both parametric frequency (rate at 
which stiffness is harmonically varying) and base excitation 
frequency can change in order to achieve the maximum power 
and frequency bandwidth. This is an idealised study that, 
although does not take into account the energy spent for the 
generation of the parametric stiffness, can give indication of 
optimal condition of operation. Analytical and numerical 
approaches are used to simulate a SDOF harvester with time-
varying stiffness. The nonlinearity of the system has not been 
considered here. A linear time invariant SDOF harvester, 
introduced by William and Yates [15], is compared with the 
parametric harvester. Analytical and numerical solutions for 
the transmissibility and the average harvested power for both 
systems are derived based on the Harmonic Balance Method 
and the time integration Runge-Kutta method. The analytical 
results are compared with numerical simulations. Different 
stability regions (different parametric stiffness and parametric 
frequencies) are considered to investigate the performance of 
the harvester in terms of the amount of the harvested energy. 

 
Figure 1. Single degree-of-freedom base excited system 

with (a) constant stiffness (b) periodic time-varying stiffness. 
System (a) is called the non-parametric harvester and system 

(b) is called the parametric harvester. 

2 THEORY 
A parametrically excited system is a harmonic oscillator 
whose parameters oscillate periodically in time. 
Parametrically excited systems are linear in their equation of 
motion with respect to displacement but their behaviour is as 
complex as non linear systems. The behaviour of the 
parametrically excited harvester and its performance is 
investigated. A SDOF system (parametric harvester) as shown 
in Figure 1b, which is subjected to a harmonic base excitation, 
where m  is the mass, )(tk is the time-varying stiffness, c  is 
the viscous damping coefficient, y  is the mass displacement 
and x  is the base displacement. The overall damping 
coefficient c  is associated with both dissipation and 
harvesting of energy, i.e  the overall damping coefficient is 
the combination of the mechanical damping coefficient mc

and the electrical damping coefficient ec . The electrical 
damping ec  represents an ideal electrical load and it is the 
kind of damping from which the energy can be harvested.  

The governing differential equation of motion for the 
parametric harvester is the generic damped Mathieu equation 

when there is no base excitation, with respect to the relative 
displacement of the mass xyz −=   

xmztkzczm &&&&& −=++ )( . (1) 

For a harmonic base excitation,  
)cos( tXx ω=  (2) 

where ω is the base excitation frequency. )(tk is a time-
varying stiffness  

)cos()( tkktk pc Ω+= , (3) 

where ck is the constant stiffness and pk is the parametric 

stiffness with the parametric frequency Ω . Since the system 
is parametrically excited, the harvester does not only respond 
at the fundamental frequency nω , but also at its combined 
resonances such as Ω±nω  [8].  

In order to find the response of the harvester, the Harmonic 
Balance Method is used. Considering )(tz as a Fourier series 
results in: 

.)sin(,)cos(,

...)sin()cos()(

1

00

tmDCtmBA

tBtAtz

mm
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m
mm Ω±+∑ Ω±+

++=

=
ωω
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(4) 

By substituting Equation (2) into Equation (1), the Fourier 
series coefficients can be found. The coefficients of sine and 
cosine of all harmonics are partitioned. Here, N=6 is 
considered to take into account the combined resonances up to

Ω± 6nω . For 6=N , a matrix of 2626×  is produced, 
finding the determinant of the matrix lead to define the 
coefficients of the combined harmonics. Putting each 
coefficient back to Equation (2) gives the solution of Equation 
(1). 

A damped Mathieu equation has an unbounded solutions 
(unstable regions) as well as bounded solutions (stable 
regions)[8]. Similarly Equation (1) has unbounded and 
bounded solutions for different value of parametric stiffness, 
parametric frequencies and damping coefficients. Different 
instability regions for the parametric harvester without base 
excitation ( 0) are found here. If the solution of the 
homogeneous equations is asymptotically stable, then the 
particular solution which presents the base excitation response 
of the periodic system is also stable. Therefore, there is no 
need to find the stability curves for the base excited system 
since the excitation does not affect the stability curves.  

For the study of the odd-occurrence stability regions, 
periodic solutions of period 2T are considered. To determine 
the even occurrence stability boundaries, periodic solutions of 
period T must be investigated. Periodic solutions of period 2T, 
can be expressed as a Fourier series of the form: 

.2sin2cos)( 2
1
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Substituting Equation (5) into Equation (1) and setting the 

coefficients of ⎟
⎠
⎞

⎜
⎝
⎛ Ω

T

tm2sin  and ⎟
⎠
⎞

⎜
⎝
⎛ Ω

T

tm2cos  to zero, leads to 

a set of equations. The non-trivial solution of this set results in 
the stability threshold given as a  relation between Ω  and pk . 
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Similarly, periodic solutions of the period T can be expressed 
as a Fourier series of the form: 

)12(sin)12(cos)( 12
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Using the same procedure as for periodic solutions of period 
2T, substituting Equation (6) into Equation (1), and setting the 

coefficients of ⎟
⎠
⎞

⎜
⎝
⎛ Ω−

T

tm )12(sin and ⎟
⎠
⎞

⎜
⎝
⎛ Ω−

T

tm )12(cos to zero 

leads to another set of equations. Each of this equation 
represents one line in the stability curves. Finding the stability 
curves are important as the parametric harvester could be 
tuned in the stable regions. 

Throughout this paper the average harvested power, Pave, 
has been calculated both analytically and numerically in the 
stable regions. An average harvested power for one period can 
be found as: 

∑=
T

eave zc
T

P
0

21
& dt. 

(7) 

3 INSTABILITY CHART FOR THE PARAMETRIC 
HARVESTER 

Considering the method explained above, the instability chart 
can be found analytically. Parameters shown in Table (1) have 
been used throughout the work as an exemplary case to 
discuss more general behaviour. Parameters have been chosen 
to match with the work has done by Ghandchi Tehrani and 
Elliott [1] on energy harvesting using nonlinear damping. The 
instability chart for this parametric system is shown in Figure 
2.  In the chart, stable regions are for the system with bounded 
solutions, and unstable regions correspond to unbounded 
solutions, resulting in unstable dynamics. When the system 
has damping, the instability region moves upwards depending 
on the value of the damping ratio. This can increase the 
stability regions, especially at parametric frequency twice of 
the fundamental frequency.  

Table 1. System parameters. 

Parameters Non 
Parametric Parametric 

Mass m (kg) 31075.0 −×  31075.0 −×  
Stiffness ck (Nm-1) 4.107  4.107  

Electrical damping coefficient 
mc  (Nsm-1) 

3104.1 −×  3101.85 −×  

Harvested damping coefficient 
ec  (Nsm-1) 

3104.1 −×  3104.1 −×  

Base excitation amplitude 
X (m) 

3101.0 −×  3101.0 −×  
Parametric stiffness 

pk ( Nm-1) 0 64 

As a result of showing the behaviour of the system, the 
response of the Equation (1) is plotted analytically and shown 
in Figure 3. The steady state response for a system when the 
base excitation is equal the natural frequency,  and 
parametric excitation is twice of the base excitation frequency 

is considered. In order to be in the stable regions, the 
parametric stiffness is chosen pk = 64 Nm-1 which is close to 
the instability curve when the instability curve starts at pk = 
64.7 Nm-1. In the frequency response, it can be seen that the 
combination frequencies are exist in the signal. Peaks at 1 and 
3 in Figure 3a show that the signal has frequencies at  
as well as the combined frequency Ω±nω .  

 
Figure 2. Analytical instability chart of the Equation (1) for 

a system with mass 30.75 10m −= ×  kg and constant stiffness 

ck =107.4 Nm-1. 

 
Figure 3. (a) Analytical solution and (b) the Fast Fourier 

Transform of the solution of Equation (1).  

4 PARAMETRIC HARVESTERS VERSUS NON-
PARAMETRIC HARVESTERS 

In this section, the performance of the parametric harvester 
shown in Figure 1b is examined and compared with the non-
parametric harvester of Figure 1a. The transmissibility of the 
harvester with parameters in Table 1 is found both analytically 
and numerically with the Harmonic Balance and the Runge-
Kutta method. The two systems have the same mass, constant 
stiffness and electrical damping. If the same mechanical 
damping is considered the parametric harvester would present 
an enormous peak value at resonance. Such comparison would 
bring to a distorted result since in real case the stroke of the 
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harvester is limited by the case in which is contained. For this 
reason an increased mechanical damping is used for the 
parametric harvester so that both non-parametric and 
parametric systems have the same quality factors.  

First, the transmissibility and average harvester power for 
the parametric harvester are plotted analytically for different 
value of parametric stiffness and parametric frequency when 
the base excitation is equal the natural frequency, . 
The results for the transmissibility and average harvested 
power are shown in Figure 4. The instability chart found 
previously (section 3) is now plotted here to show the 
instability regions. The unstable regions are not used for 
harvesting power. The closer to the unstable region in which 
the parametric frequency is twice of the natural frequency, the 
greater energy can be harvested. At this frequency the stability 
curves start at pk  = 64.7 Nm-1. For this system, the optimum 

parametric stiffness pk  is found close to 64Nm-1. Also, it can 
be seen that when the parametric frequency is equal to the 
natural frequency the power is increased although it is not at 
the minimum of an instability region.  

The average harvested power also is plotted numerically 
with ODE45, in order to show the instability regions 
numerically. In figure 5 the instability regions are found for 
the solution of Equation (1) when it was unbounded (where 
the solution could not go to steady sate position) and stable 
regions show the harvested power. The analytical instability 
chart has been compared with the numerical instability chart, 
and it is found that there is a need to increase the number of 
truncation order (from N=6 to higher) to have a more precise 
solution when pk is increasing. It can be seen that as pk is 
increasing there is a difference between analytical and 
numerical instability regions. 

Now the comparison between non-parametric and 
parametric harvester is carried out when the parametric 
stiffness is equal to the optimal value found above ( pk = 
64Nm-1) and the parametric frequency is twice the natural 
frequency. The transmissibility and the average harvested 
power are found analytically and numerically as shown in 
Figure 6. The transmissibility of both systems has been 
intentionally considered the same by putting the different 
mechanical damping coefficients as shown in Table (1). The 
solution of Equation (1) is found analytically with Harmonic 
Balance Method which is explained in section 2. The 
numerical solution of Equation (1) is found with ODE45 and 
the steady state response is considered to find the 
transmissibility and average harvested power of the 
parametric harvester. The displacement of the mass )(ty is 
found from the relative displacement of the mass xyz −= . 
The transmissibility is calculated by considering the peak to 
peak amplitude of the displacement for harmonic base 
excitation. The average harvested power for one cycle is 
calculated by equation (7). For the parametric harvester, two 
different parametric resonances are expected: nωω = and

Ω+= nωω , where nω2=Ω . Although, there is not a 
difference between the power at nωω = for the parametric 
harvester and non-parametric harvester, at nωω 3= the 

parametric has a peak which comes from its combined 
resonance frequencies.  

 
Figure 4. Analytical solution of the parametric harvester 

subjected to different parametric frequencies and parametric 
stiffness when the base excitation is equal the natural 

frequency, : (a) natural logarithm of transmissibility 
and (b) natural logarithm of average harvested power.  

 
Figure 5. Numerical solution of the parametric harvester 

with ODE45, subjected to different parametric frequencies 
and parametric stiffness when the base excitation is equal the 

natural frequency,   in order to find the natural 
logarithm of average harvested power.  
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Figure 6. Analytical and numerical solution of the non-

parametric and parametric harvesters with the parameters of 
Table 1 when pk = 64Nm-1 and nω2=Ω : (a) transmissibility 

and (b) average harvested power. In parametric harvester, two 
different parametric resonances are expected: nωω = and

Ω+= nωω , where nω2=Ω . 

4.1 Parametric harvester at different base excitation 
frequencies and parametric frequencies  

Eventually, keeping the parametric stiffness equal to its 
optimal value of 64Nm-1, the transmissibility and average 
harvested power are considered at different parametric 
frequency and base excitation frequency as shown in Figure 7.  
As in previous studies [11-13], when the parametric frequency 
is near twice of the natural frequency, greater oscillation 
occurs. This phenomenon can be checked for a parametric 
harvester subjected to a base excitation.  

In Figure 7, close to the region in which the base excitation 
frequency is equal to the natural frequency nωω = , and the 
parametric frequency is twice of the natural frequency, greater 
energy can be harvested. Also, most surprisingly, this happens 
when the base excitation frequency is equal to the natural 
frequency and parametric frequency ( nn ωωω 3=Ω+= ). 
Furthermore, it can be seen that in a line where both 
parametric and base excitation frequencies are changing 
(shown with Line A and B in Figure 6), the harvested power 
can be more broadband compared with the case in which 
parametric frequency is fixed and base excitation changes 
(Line C in Figure 6). Transmissibility and average harvested 
power of the parametric harvester, when the parametric 

frequencies are equal to ω2=Ω (Line A), 
3

2ω
=Ω (Line B) 

and nω2=Ω (Line C) are compared with the non-parametric 
harvester shown in Figure 9. From Figure 7, when the 
parametric frequency is ω2=Ω (Line A), the peak power at 

nωω =  is increased, compare with the power from the 

parametric frequency nω2=Ω  (Line C) and non-parametric 
harvester. Also it has more broad frequency bandwidth. 
However, the power does not have any peak at nωω 3= .  

 
Figure 7. Parametric harvester subjected to different base 

excitation frequency and parametric frequency ( pk = 64Nm-

1): (a) transmissibility and (b) average harvested power. Close 
to the area which the base excitation frequency is equal to the 
natural frequency and the excitation frequency is twice of the 

natural frequency the higher power is harvested. 

 
Figure 8. As Figure 7. Lines show the choice of the 

parametric frequency and base excitation frequency. 
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For the case when, the parametric frequency is 
3

2ω
=Ω (Line 

B), the peak power at nωω 3= is increased compared with the 

power with parametric frequency nω2=Ω  (Line C) and non-
parametric harvester. It has a more broad frequency 
bandwidth. However, the power does not have any peak at

nωω = . 

 
Figure 9. Analytical solution of the transmissibility (a) and 

average harvested power (b) when the parametric frequency is 

ω2=Ω (Line A) and 
3

2ω
=Ω (Line B), are compared with 

the parametric harvester transmissibility and harvested power 
when parametric frequency is nω2=Ω and also with the 

general harvester. 

5 PARAMETRIC HARVESTERS VERSUS 
AUTOPARAMETRIC HARVESTERS 

The recent work on the parametric harvesters [9-14], were 
based on the fact that when a cantilever beam is excited 
perpendicular to its oscillatory displacement, the cantilever 
resonates parametrically at twice of the base excitation 
frequency. This system has been introduced in the past as an 
autoparametric system. In order to harvest energy from the 
autoparametric excitation, the system should be tuned near 
twice of the natural frequency. This phenomenon can be 
investigated in the parametric harvester introduced here 
posing the base excitation equal to the natural frequency. The 
transmissibility and average harvested power for the 
parametric harvester when the parametric frequency is 
changing and the base excitation frequency is equal to the 
natural frequency of the harvester were found analytically as 
shown in Figure 10. Comparison of Figure 9 and Figure 10, 
shows that when the parametric frequency is ω2=Ω (Line 
A), the peak power is higher and also it has a larger frequency 
bandwidth. At lower frequencies, less than the natural 
frequency, the autoparametric system can harvest more power. 

 
Figure 10. Analytical solution of the transmissibility (a) and 

average harvested power (b) when the parametric frequency is 
changing at different frequencies. The base excitation 

frequency is kept equal to the natural frequency nωω = . 
 

6 CONCLUSION 
A linear SDOF harvester is compared with the parametric 
harvester. Analytical and numerical solutions for the 
transmissibility and average harvested power for both systems 
are derived based on the Harmonic Balance Method and the 
time integration Runge-Kutta method. The analytical results 
are compared with numerical simulations. The numerical and 
analytical results agree. 

Stability regions for harvesters with different parametric 
stiffness and parametric excitation frequencies are simulated 
to find the optimum configuration in order to harvest more 
power. It was found that the parameter set closest to the start 
of the unstable region in which the excitation frequency is 
twice of the natural frequency yielded the greater energy 
harvest. However, in order to increase the frequency 
bandwidth changing the parametric frequency with the change 
of the base excitation were considered, as the parametric 
frequency can be tuned independent from the base excitation 
frequency. It was found that changing the parametric 
frequency with the change of the base excitation can broad the 
peak harvested power. Also these tests were compared with 
the fix base excitation frequency and the change of the 
parametric frequency (Method used in autoparametric 
system). The peak of the power and frequency bandwidth of 
the case of parametric harvester was found to be greater than 
autoparametric harvesters. For future work, the amount of 
power required to harvest energy in the proposed method will 
be calculated. In order to investigate furthers, experiments 
will be carried out to demonstrate and validate these 
theoretical results. 
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ABSTRACT: In order to study the effects of temperature changes on cable tension forces and mode frequencies, the thermal 
stressed configuration is introduced and an analytical model of the suspended cable is proposed. Numerical results show that the 
temperature effects do not change the natural relationships between tension forces and frequencies. Moreover, it is shown that 
the temperature changes and tension forces have the negative correlations, and it is the same for the relationships between the 
frequencies of the anti-symmetric (higher order symmetric) modes and temperature changes. Nevertheless, as to the frequency 
of the first symmetric mode, both the negative and positive correlations which are largely dependent on the initial horizontal 
tension force are found. Furthermore, the sensitivity analysis show that the sensitivities of tension forces and frequencies to 
warming and cooling are not symmetric, but with the growth of the initial tension forces, the differences become smaller and 
smaller. 

KEY WORDS: Suspended cable; Temperature effects; Tension force; Frequency; Sensitivity analysis. 

1 INTRODUCTION 
Cables have been widely applied in many mechanical systems 
and engineering structures, and these structures are always 
subjected to time-variant environment conditions, such as the 
temperature, humidity, traffic load and wind. Generally 
speaking, the temperature effects on the material properties 
and vibration characteristics of engineering structures are 
obvious, according to the literature review by Xia [1]. 

Nevertheless, the investigation of cable dynamics when 
thermal effects are taken into account has not been received 
too much attention, although the thermal effects on these 
typical structures were considered by Irvine as early as 1981 
[2]. Recently, with the development of temperature sensitive 
materials and the practical need in engineering, numerical 
studies addressed the thermal effects on suspended and 
inclined cables [3][4][5], cable-stayed bridge[6] and the long-
span suspension bridge[7]. Actually, some existed experiment 
results also reveal that the temperature changes could affect 
the nonlinear dynamic phenomena of suspended cables 
apparently [8]. 

Although many analysis methods are proposed to study the 
temperature effects in cable structures, such as the regression 
model [9] and the neural network technique [10]. However, 
both in the estimation of cable tension force and structural 
health monitoring, it is still a challenge task to separate the 
effects of temperature changes on vibration properties of 
structures. Therefore, it is necessary to reveal the relationships 
between the temperature changes and tension forces and 
frequencies of cables based on a mathematical model, 
therefore, such an investigation is attempted in this study. 

The structural of the paper is organized as follows: firstly, 
the thermoelastic equilibrium equations of suspended cables 
including the static and dynamic state are derived in section 2. 
In section 3, the governing equations are solved by numerical 
method (eg. Newton-Raphson method), and the effects of 

temperature changes on cable horizontal tension forces, the 
symmetric and anti-symmetric mode frequencies are 
illustrated and analyzed. Moreover, the sensitivity analysis of 
tension forces and frequencies to temperature changes are 
given at the end of this section. Finally, some concluding 
remarks are drawn in section 4. 

2 GOVERNING EQUATION 

 
Figure 1 Three configurations of the suspended cable 

 
Fig. 1 shows the coordinate system and three configurations 

of the suspended cable. The left support O is the origin of the 
coordinate and the direction OB is taken as the x-coordinate, 
and the direction perpendicular to OB is the y-coordinate of 
which the descending direction is taken as positive. L , b and 
T are the span, sag and initial tension force of the suspended 
cable, respectively; H and V are the horizontal and vertical 
support reaction; mg is the self-weight per unit length; Lx is 
the arc-length of the cable; the displacement of the point are 
denoted by u(x, t) and v(x, t) along the x and y directions, 
respectively. 

For the sake of brevity, the following assumptions are 
proposed in this study:  

(1) The sag-to-span ratio is sufficient small (b/L < 1/8) and 
the profile of the suspended cable could be expressed by a 
parabola;  

(2) Only a perfectly-flexible transversal behavior is 
considered, and any flexural, torsion and shear effects are 
negligible; 
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(3) The cable is very long, and the temperature changes are 
uniform along the length and cross-section; 

(4) The Young modulus and boundary conditions are 
independent on the temperature changes. 

Firstly, as to the state of initial static under self-weight, the 
static equilibrium of the x and y directions of the cable located 
as (x,y) requires that 
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where the approximate profile of the suspended cable could be 
expressed as 
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Secondly, assuming that the temperature of environment 
condition changes, the equations of static equilibrium 
configuration under temperature effects are as follows 

( )

( ) ,=
d
d

0,=
d
d

mg
s

v

s

y
TT

s

s

u

s

x
TT

s

−⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+′+
∂
∂

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+′+
∂
∂

                (3) 

where u and v are the additional cable displacement owing to 
temperature effects and T ′ is the additional tension force 
( HsxT ′′ =d/d ). 

Moreover, adopting an exact kinematic formulation and 
linear elasticity of the material, the following dimensionless 
cubic equation for the additional tension h is expressed as 
follows [3] 
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where 
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whereα  is the thermal expansion coefficient, tΔ  is the values 
of the temperature changes and 2λ is the Irvine parameter 
which collects the geometrical and mechanical properties of 
suspended cables. 

Finally, giving a slightly disturbance to the suspended cable, 
and the dynamic equilibrium equations are expressed as 
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where u  and v are the dynamic component of the x and y 
directions and T  is the additional dynamic tension. 
Neglecting the longitudinal component displacement and 
substituting the afore-mentioned static equilibrium equations, 
therefore, the equation of motion is finally reduced to 

 ,=)( 2
2

2
H

HH

mg
vm

t

v
HH

′+
+

∂
∂′+ ω               (8) 

where H is the external horizontal dynamic tension and ω  is 
the circular frequency.  

Furthermore, the boundary conditions are as follows 
0.=)( , 0=(0) Lvv                            (9) 

Therefore, it is convenient to obtain the solutions of Eq. (7), 
and the symmetric and anti-symmetric modes are 
distinguished in our study. 

On the one hand, in the case of the anti-symmetric mode, 
no overall additional tension would be generated ( 0=T ), and 
the expression for the circular frequencies is given by 
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On the other hand, in the case of the symmetric mode, the 
additional tension is induced. Therefore, the frequencies of 
symmetric modes are obtained by solving the following 
transcendental equation 
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3 NUMERICAL RESULTS AND DISCUSSIONS 
In the following numerical analysis, the dimensional 
parameters and material properties of the suspended cable are 
selected [3]: the cable span 200=L m, the area of cross 
section 2107.069= −×A m2, the Young modulus 

11102.0= ×E  Pa, the density 7800=ρ  kg/m3 and the thermal 

expansion coefficient o/101.2= 5−×α C. 
 

 
Figure 2: Comparison of the results obtained by Zhao et al. 
and Treyssede for the first two symmetric/anti-symmetric 

natural frequencies versus temperature changes( 11/ as ff : the 
first symmetric/anti-symmetric mode natural frequency, 

22/ as ff : the second symmetric/anti-symmetric mode natural 
frequency) 
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First of all, in order to guarantee the validity of the 
following numerical results, a comparison of the solutions 
obtained in literature [3] is performed. Fig. 2 shows the first 
two symmetric and anti-symmetric mode frequencies when 
the temperature effects are taken into account. In this case, the 
initial horizontal tension force 6109.38= ×H N. As could be 
clearly observed in this figure, a very good agreement is 
presented. 

3.1 Effects of temperature changes 

In this section, the equation which involves the relationships 
between the frequencies and cable tension forces when the 
temperature changes are taken into consideration is solved by 
the iterative method (eg. Newton-Raphson method). Moreover, 
as a variable parameter, the initial horizontal tension H ranges 
from 6107.0× N to 7102.5× N and the corresponding sag-to-
span ratio ranges from 4105.5 −×  to 3102.0 −× . 

 
Fig. 3 shows the three dimensional graphs of temperature 

changes with the first two symmetric and anti-symmetric 
mode frequencies and the horizontal tension. As a matter of 
fact, a comparison of the anti-symmetric modes (Fig. 3(a) and 
3(b)) and symmetric modes (Fig. 3(c) and 3(d)) evidences that 
the temperature effects on the first symmetric modes are much 
more complicated than those on the anti-symmetric ones and 
the higher order symmetric ones. Nevertheless, with the 
increase of the order of symmetric mode, the temperature 
effects on the symmetric modes tend to be more identical to 
that on anti-symmetric modes, as shown in Fig. 3. 
(a)                                             (b) 

 
(c)                                             (d) 

 
Figure 3. Three dimensional graphs of temperature changes 

with the first two symmetric/anti-symmetric mode frequencies 
and the horizontal tension: (a) the first anti-symmetric mode, 
(b) the second anti-symmetric mode, (c) the first symmetric 

mode, (d) the second symmetric mode. 
 
In Fig. 4, the relationships between the first symmetric 

(anti-symmetric) mode frequency 1sω / 1aω and the horizontal 
tension under three different temperature conditions are 
illustrated. It should be pointed out that the temperature 
effects do not change the natural relationships between the 
frequencies and tension force. Furthermore, because the sag 

effect on the first symmetric mode frequency is significant, in 
a particular range of tension force, with the decrease of the 
tension force, the frequency is increasing. Referring to Zui et 
al. [11] and Fang and Wang [12], the same conclusion based 
on the experiment results was proposed. For this reason, in the 
estimation of cable tension force, provided that the tension 
force in the cable is not large, higher order modes would be 
adopted [12]. 
 

 
Figure 4.  Relationships between the horizontal tension 

HH ′+  and the first symmetric/anti-symmetric mode 
frequencies ( )/ 11 as ωω . 

 
From a physical viewpoint, most of the cables in 

engineering are made of steel. Provided that the environment 
temperature changes, the length of the cable varies, 
correspondingly. Fig. 5 shows the effects of temperature 
changes on horizontal tension forces of suspended cables. As 
could be observed in Fig. 5, no matter the initial tension force 
is, the temperature changes have a global negative effect on 
the tension forces. Therefore, in practical designing, the 
effects of temperature changes on the pre-stressed losses 
should be taken into consideration seriously. More 
importantly, it is noted that the slope of every curve in Fig. 5 
is different. In other words, as to different initial horizontal 
tension, the sensitivity of tension force to temperature changes 
is different. 

 

 
Figure 5. Effects of temperature changes on horizontal tension 

forces of the suspended cable. 
 

Fig. 6 exhibits the relationships between the temperature 
changes and the first symmetric (anti-symmetric) mode 
frequency 1sω / 1aω  respectively. In the case of anti-symmetric 
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mode (Fig. 6(a)), with the increase of temperature changes, 
the frequency 1aω decreases. In contrast, in the case of 
symmetric mode (Fig. 6(b)), provided that the temperature 
changes are rising, whether the frequency 1sω is ascending or 
descending is largely dependent on the initial horizontal 
tension force, as shown in Fig. 6(b). Specifically, when the 
initial horizontal tension is small (eg. 6107.0= ×H N), the 
frequency has a positive correlation with the temperature 
changes. The conclusion was confirmed by the finite element 
results obtained by Treyssede [3]. On the other hand, provided 
that the initial tension is large (eg. 7102.5= ×H N), the sag 
effect is negative. Therefore, with the increase of the 

temperature changes, the frequency is decreasing. It should be 
pointed out that, as to the moderate initial horizontal tension 
(eg. 7101.5= ×H N), the frequency is not a monotonic 
function with the temperature changes. More importantly, it is 
interesting to find out that there are some cross-points in Fig. 
6(b). Hence, assuming that the temperature changes are 
properly chosen, the suspended cables which have different 
initial tension forces may have the same first symmetric mode 
frequency, it is because of that the temperature changes may 
lead to the variation of the Irvine parameter. By comparison, 
no cross-points are found in the case of the anti-symmetric 
mode (Fig. 6(a)). 

 

 
Figure 6. Temperature changes versus the frequencies: (a) the first symmetric mode, (b) the first anti-symmetric mode. 

 

3.2 Sensitivity analysis 

In practical, the researchers could not estimate the tension 
forces and mode frequencies of suspended cables at the same 
environment conditions, especially the temperature. Moreover, 
different cables, even the same cable, have different values of 
tension forces during different stages. Therefore, it is very 
important and necessary to investigate the sensitivity of 
tension forces and frequencies to different values of 
temperature changes. For the sake of brevity and simplicity, 
only the first symmetric and anti-symmetric mode frequencies 
are considered in this study. Hence, three following non-
dimensional parameters are defined: 
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where tH Δ , t
s
Δ
1ω and t

a
Δ
1ω  are the values of tension forces, the 

first symmetric and anti-symmetric mode frequencies when 
the value of temperature changes is tΔ . Correspondingly, 0H , 

0
1sω  and 0

1aω  are the relative ones when 0=tΔ . 
Generally speaking, Figs. 7 and 8 show the sensitivity of 

tension forces and frequencies ( 1sω  and 1aω ) to four different 
values of temperature changes. It manifests from these figures 
that the effects of warming and cooling are not symmetric, but 
with the increase of the initial horizontal tension forces, the 
differences become smaller and smaller. 

Figs. 7(a) and 8(a) exhibit the sensitivity of tension forces to 
temperature changes. In Fig. 7(a), there are critical values of 
initial horizontal tension forces, no matter the initial tension 

force is larger or smaller than the critical one, the sensitivity 
of tension forces is decreasing. In other words, as to the non-
prestressed and high-prestressed cables, the temperature 
effects could be neglected. Furthermore, the critical value is 
largely dependent on the value of the temperature changes. In 
Fig. 8(a), it is noted that the effect of cooling is more apparent 
than that of warming in a large range of initial horizontal 
tension force. Figs. 7(b) and 8(b) report the sensitivity of 
frequency 1sω  to four different values of temperature changes. 
As described in Fig. 7(b), with the increase of the initial 
tension force, the sensitivity behavior of the frequency is very 
complex and oscillatory. Moreover, in a particular range of 
initial tension forces, it is interesting to figure out that even 
the absolute value of temperature changes is smaller, but the 
sensitivity of this frequency may be larger. In Fig. 8(b), it is 
recognized that the sensitivity of frequency to cooling is not 
always larger than that to warming. In other words, different 
ranges of initial forces would draw different conclusions on 
the sensitivity of frequency 1sω . In addition, the sensitivity of 
frequency 1aω  to different temperature changes is shown in 
Figs. 7(c) and 8(c). By comparing Figs. 7(a) and 7(c), not too 
many differences could be observed. Nevertheless, by 
comparing Figs. 8(a) and 8(c), it is easily to realize that when 
the initial tension force is small, the sensitivity of frequency to 
cooling is a little higher that to warming. However, provided 
that the initial tension force is large, the sag effect is small, in 
this case, slightly higher sensitivity behavior of frequency to 
warming than that to cooling could be observed. 
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Figure 7. Initial horizontal tension forces versus three parameters of the cable under different values of temperature changes: (a) 

tension force; (b) the first symmetric mode; (c) the first anti-symmetric mode 
 

 
Figure 8. Initial horizontal tension forces versus the sensitivity difference under different values of temperature changes: (a) 

tension force; (b) the first symmetric mode; (c) the first anti-symmetric mode 
 

4 CONCLUSIONS 
In this study, the thermal stress equilibrium configuration of 
suspended cable is introduced, and then an analytical model is 
proposed to study the influences of temperature changes on 
tension forces and frequencies. 

Generally speaking, the temperature changes have a global 
negative effect on the tension forces, the anti-symmetric mode 
and higher order symmetric mode frequencies. Whereas for 
the first symmetric mode frequency, both negative and 
positive effects are found, and they are largely dependent on 
the initial tension forces of the suspended cable. Furthermore, 
there are some peak values in the sensitivity analysis of 
tension forces and frequencies, and these values are largely 
dependent on the temperature changes. On the other hand, it is 
important to emphasize that the sensitivity of tension forces 
and frequencies to warming and cooling is not symmetric, 
although with the increase of the initial tension force, the 
difference becomes smaller and smaller. Finally, it should be 
pointed out that the temperature effects do change the values 
of tension forces and frequencies, but it does not change the 
natural relationships between frequencies and tension forces. 
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ABSTRACT: In a recent work, a discrete model for geometrically nonlinear transverse free constrained vibrations of beams 
with various end conditions has been developed and validated via comparison with known results corresponding to nonlinear 
vibration of continuous beams.  It is extended here to beams carrying a concentrated mass at various locations and subjected to 
large vibration amplitudes. The discrete model used is an N-dof (N-Degrees of Freedom) system made of N masses placed at the 
ends of solid bars connected by springs, presenting the beam flexural rigidity. The large transverse displacements of the bar ends 
induce a variation in their lengths giving rise to axial forces modeled by longitudinal springs.  The calculations made allowed 
application of the semi-analytical model developed previously for nonlinear structural vibration involving three tensors, namely 
the mass tensor mij , the linear rigidity tensor kij and the nonlinearity tensor bijkl presenting the effect of the change in the bar 
lengths. The addition of the concentrated mass studied here induces a change in the mass matrix, compared with the uniform 
beam case.  By application of Hamilton’s principle and spectral analysis, the nonlinear vibration problem is reduced to a 
nonlinear algebraic system, examined for increasing numbers of dof. The results obtained by the physically discrete model of 
nonlinear vibrations of beams carrying a concentrated mass show a good agreement with the previously published results 
corresponding to similar cases of clamped-clamped beams carrying a concentrated mass.  

KEY WORDS: Nonlinear transverse constrained vibration; Multi-degrees-of-freedom; Discrete system; Hamilton’s Principle; 
Spectral analysis; Explicit procedure; Concentrated mass. 

1 INTRODUCTION 
Lightweight structures, like thin beams, subjected to high 
levels of dynamic excitation, especially in the neighborhood 
of one of their resonance frequencies, exhibit large vibration 
amplitudes. When a beam with restrained ends vibrates 
laterally, there is a stretching of its median line. As a direct 
consequence of the nonlinear strain-displacement 
relationships, the governing partial differential equations will 
turn to be nonlinear, giving rise to what is usually called the 
geometrical nonlinearity. Various methods of approximation 
and techniques for solution have been proposed in the last few 
decades to examine the nonlinear structural dynamic behavior. 
The subject of this contribution is the development of a 
discrete model to study bending vibrations of beams 
presenting singularities in the mass distribution. The beam is 
presented by a series of concentrated masses, connected by 
bars considered as longitudinal springs. The nonlinear 
stiffness tensor is defined in order to examine the effects of 
traction in these bars. In the nodes, torsional springs are 
placed to present the flexural rigidity of the beam. 

The mass matrix defined in [1] was modified in accordance 
with the dimensionless concentrated mass location and the 
ratio of the concentrated mass to the clamped-clamped beam-
mass. The method previously developed by Benamar and al, 
based on Hamilton’s principle and spectral analysis [2], has 
been applied here reducing the problem to solution of a set of 
nonlinear algebraic equations, involving a fourth order tensor 
due to the geometrical nonlinearity, in addition to the classical 
mass and rigidity matrices. The formulation has been 

developed in the modal basis, in the neighborhood of the 
fundamental resonance and the explicit method elaborated in 
[3] has been used to determine the frequency amplitude 
dependence of the N-dof of discreet system presenting the 
nonlinear transverse vibration of a clamped-clamped beam 
carrying a concentrated mass at different positions.  Then, 
Comparison of the present results has been developed with 
those obtained in [4]. 

2 GENERAL THEORY  

2.1  Presentation and nomenclature 
The objective of this paper is to study nonlinear transverse 
free constrained vibrations of clamped beams with 
concentrated mass M as shown in Figure 1: 
 

 

 

 

 

 

Figure 1.  Clamped-clamped beam carrying a concentrated 
mass M. 

Figure 2 shows the N-dof system considered in the present 
work, made of N masses m1, …, M+ms-1, … , mN and N+2 
linear spiral torsional springs.  Cr is the linear rigidity of the 
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2 2
2 2 121 1

1 2 2
( ) ( )( ) (1 ) (1 )

2
i i i i

i i i i i i
i i

y y y yl l y y l l
l l

− −
−

− −′ = + − = + ≅ +
 

(19) 

The relationship existing to the first order between the 
longitudinal elongation Δli of bar i and the transverse 
displacements yi and yi-1 of masses mi and mi-1 is: 

 

2
1( )

2
i i

i i i
i

y yl l l
l

−−′Δ = − ≅
 

(20) 

The potential energy stored in bar i, modeled by an axial 
spring of stiffness ki, is given directly in terms of the stiffness 
ki and the bar length variation Δli, by the very well known 
relationship: 

 
21 ( )

2i i iV k l= Δ
 

(21) 

Replacing the expression for Δli given in (20) to (21) leads 
to: 

 

4
2 1

2
( )1 ( )

2 8
i i i

i i i
i

k y yV k l
l

−−
= Δ ≅   (22) 

So, the nonlinear energy stored in the (N+1) bars, presented 
by longitudinal springs, due to large transverse displacements 
is: 
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1

nl 0 12
1 1

( ) with 0
8

N N
i i

i i N
i i i

y yV V k y y
l

+ +
−

+
= =

−
= ≅ = =∑ ∑

 
(23) 

 Assuming that (li= l), for i=1 to N, leads to: 

 

1
4 3 2 2 3 4

nl 1 1 1 12
1
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i

N

kV y y y y y y y y
l

y y

+

− − − −
=

+

≅ − + − +

= =

∑ (24) 

It may be worth noticing here, that the last expression for 
the potential energy stored in the (N+1) linear longitudinal 
springs is expressed in terms of

4 4 3 2 2 3
1 1 1 1, , , and .i i i i i i i iy y y y y y y y− − − − This corresponds 

obviously to a nonlinear behavior, in spite of the fact that the 
springs are assumed to be linear.  The assumed linearity of the 
longitudinal springs corresponds to the assumed material 
linearity of the beam modeled by the discrete system, and the 
nonlinearity of expression (24) comes from the geometry of 
the system, and is due to the large displacements. The purpose 
of the following section is to use expression (24) in order to 
determine the general terms of the nonlinear rigidity tensor 
bijkl, usually encountered in similar studies [2]. To do so, the 
nonlinear potential energy is assumed to be written, in the 
usual manner as (15) in which the summation convention for 
repeated indices is used. On the other hand, the symmetry 
relations usually encountered in the previous cases examined 
by the present method [3] are adopted here as follows: 

 

, ,

, , , 1, ...,
ijk l ijlk ijk l k lij ijk l ik jlb b b b b b

i j k l N

= = =

=  
(25) 

Adopting the symmetry relations (25) in the relation (15), 
we get: 
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(26) 

By identification between equations (24) and (26), the 
general terms of the nonlinear rigidity tensor bijkl can be 
expressed as:  
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≅ − =
 (30) 

The other values of ijklb  are equal to zero. Equations (27 to 
30) allow the transition from the mechanical and geometrical 
characteristics of the physical discreet model, i.e. l, E and S, to 
the nonlinear dynamic characteristics of the abstract general 
semi analytical model, i.e. the bijkl’s. 

2.4  Solution of the amplitude equation  

2.4.1  Theoretical formulation 
It is well known that Lagrange’s equations for a conservative 
system, having N degrees of freedom corresponding to N 
parameters yr (t), r =1 to N can be written if no forcing term is 
considered, as [5]: 

 
( ) 0 1,....,

r r r

d T T V r N
dt y y y

∂ ∂ ∂
+ − = =

∂ ∂ ∂&  
(31) 

The nonlinear differential equations governing the system 
dynamic behavior are obtained by substituting the expressions 
for T, Vl  and Vnl given in (13) to (15), leading to: 

 

i ir i ir i j k ijkry m y k 2 y y y b 0

r 1,...,N

+ + =

=

&&

 
(32) 

This can be written in a matrix form as: 

 [ ]{ } [ ]{ } ( ) { } { }Aω− + =⎡ ⎤⎣ ⎦
2 3K A M A B A 0

2
 (33) 

where [M], [K], and [B(A)] are the mass matrix, the linear 
rigidity matrix, the nonlinear rigidity tensor.   
The solution of the above equation has been obtained by 
various procedures. The method of solution adopted here is 
presented in subsection (2.4.2).  The above matrix equation 
can be written in tensorial form as: 
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nl 2
disc3 +2 -2 ( ) =0

, , , =1,...,
ir irijkri j k i ia a a b a k a m

i j k r N

ω

 
(34) 

Where nl
discω  is the nonlinear frequency parameter of the 

discrete model, the expression of which can be obtained by 
pre-multiplying Equation (33) by { }Ta  from the left hand 
side, which leads to the following equation:  

 

1nl 2
disc

3+
2( ) =

ij ijkli j i j k

iji j

a a k a a a a b

a a m
ω  (35) 

So that system (34) can then be written as:  

 

1
3+
23 +2 -2 =0

=1,

ij ijk li j i j k
ir irijk ri j k i i

iji j

a a k a a a a b
a a a b a k a m

a a m

r N

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

(36) 

This is a nonlinear algebraic system, formally identical to 
those derived previously in many cases of continuous systems 
[2, 3, 5] or discrete systems [1], which has to be solved for 
determination of the nonlinear mode shapes and the nonlinear 
frequencies of the N-dof systems treated.  

2.4.2 Procedure of solution of the equation 
Equation (34) is a nonlinear algebraic system which has to be 
solved to obtain the nonlinear mode shapes and the associated 
amplitude dependent frequencies of the system under  
consideration. There is no systematic way for solving such a 
nonlinear system, which requires, when numerical iterative 
methods are adopted, a good estimate of the solution for 
initializing the iterative procedure.  In recent works [3], an 
explicit method of solution has been developed and shown to 
be very successful for a quit large interval of vibration 
amplitudes. This method, adopted here, is briefly summarized 
at what follows. 

The formulation is based on an approximation which 
consists on assuming, when the first nonlinear mode shape is 
under examination that the contribution vector 
{ } [ ]1 2 N= .....Ta a a a   can be written as { } [ ]1 2 N= ... ...T

ia a ε ε ε  with 

iε  small compared to 1a  , for i=2,….., N. Neglecting in the 
expression ijkri j ka a a b  of equation (34), which involves 
summation for the repeated indices i, j, k over the range 
{1,2,…, N}, the first, the second and third order terms with 
respect to sε , i.e., terms of the type 2

111 vrva bε , of the type 

11 ijri ja bε ε

 
or of the type ijkri j k bε ε ε , so that the only 

remaining term is 3
1111 ra b

 
, leads to : 

 
( )nl 2 3

111disc 1
3-( ) + =0 for =2,.....,
2

jr rjr jk m a b r Nω ε
 

(37) 

In which the repeated index j should be summed over the 
range r = 2 to N. Since use of N-dof linear mode shapes as 
basic functions leads to diagonal mass and rigidity matrices,  
equation (37) can be written as : 

 
( )nl 2 3

disc 1 111
3-( ) + =0 for =2,..., 
2rr rr r rk m a b r Nω ε

 
(38) 

In which no summation is involved. The above system 
permits one to obtain explicitly the modal contributions

2,...., Nε ε , in MB, of the other basic functions, 
corresponding to a given value 1a  of the assigned first basic 
function contribution, i.e., the rth linear mode shape of the N-
dof discreet system contributes as follows: 

 

3
1 111

nl 2
disc

3
2=- for =2,.....,

( -( ) )

r
r

rr rr

a b
r N

k m
ε

ω  
(39) 

In the above equation, the rε ’s (for r ≠ 1) depend on the 

classical modal parameters rrk , rrm , the nonlinear modal 

parameter 111rb , the assigned first modal contribution 1a , and 

the nonlinear frequency parameter nl
discω , given from equation 

(38) as : 

 
nl 2 211 1111
disc 1

11 11

3( ) = +
2

k b a
m m

ω
 

(40) 

By substituting equation (40) in equation (39), one obtains: 

 

3
111

2
11 1 1111 11

3= for =2,....,
2(( +3/2 ) / - )

i r
r

rr rr

a b r N
k a b m m k

ε
 
(41) 

Expression (41) is an explicit simple formula, allowing 
direct calculation of the higer modal function contributions to 
the first nonlinear mode shape, as functions of the assigned 
modal function contribution, and of the known dynamical 
parameters rrm , rrk  and 111rb  (given in the next sections for 
the cases treated). This defines the first nonlinear amplitude-
dependent N-dof system mode shape n 1{ ( )}l Nay , for a given 
assigned value of the first modal function contribution 1a , as a 
series involving the N -dof modal parameters depending on 
the N -dof linear mode shapes 1 2{ } ,{ } ,.....,{ }N N N NΦ Φ Φ  : 

 

n 1 1 1

3
1111

2
11 111 1111

3
1111

2
11 1111111

{ ( )} { } ...

3 { }
((2 3 ) / 2 )

3... { }
((2 3 ) / 2 )

l N N

i
i N

ii ii

N
N N

NN NN

a a

a b

k a b m m k

a b

k a b m m k

= +

+
+ −

+ +
+ −

y Φ

Φ

Φ

  

(42) 

In which the predominant term, proportional to the first 
linear mode shape 1{ }NΦ  of the N-dof system, is 1 1{ }Na Φ ; 
and the other terms, proportional to the other mode shapes 

2{ } ,......,{ }N N NΦ Φ  are the corrections due to the 
nonlinearity. The estimate of the nonlinear frequency 
parameter nl

discω  given by equation (40), based on the single 
mode approach is generally good. However, it may be slightly 
improved using the multimode formula (35), written in MB. 
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3 VALIDATION OF RESULTS OBTAINED IN THE 
CASE OF CLAMPED-CLAMPED BEAM CARRYING 
A CONCENTRATED MASS AT VARIOUS 
LOCATIONS 

3.1  Case of linear vibration 
At the clamped ends, the corresponding bars, which are bars 
n° 1 and n° (N+1), cannot rotate, and consequently C1 and 
CN+2 are infinite, which implies that y1=0 and yN =0. These 
two conditions are taken into account numerically by 
suppressing the first and the last lines and the first and the last 
columns of [KccN] and of the mass matrix [M] and 
diagonalizing the obtained reduced (N-2) square matrix  
[Kcc(N-2)] defined by [1]: 

 

3

cc( -2) 3

3
'
cc( -2)3

6 4 1 0 . . . 0
4 6 4 1 0 . . .

1 4 6 4 1 0 . .
0 . . . . . . .( 1)
. . . . . . . .
. . . . . . . .
. . . 0 1 4 6 4
. . . . 0 1 4 6

( 1)

N

N

N EI
L

N EI
L

−⎛ ⎞
⎜ ⎟− −⎜ ⎟
⎜ ⎟− −
⎜ ⎟

+ ⎜ ⎟⎡ ⎤ = ⎜ ⎟⎣ ⎦
⎜ ⎟
⎜ ⎟
⎜ ⎟− −⎜ ⎟⎜ ⎟−⎝ ⎠

+ ⎡ ⎤= ⎣ ⎦

K

K

(43) 

The eigenvalues of the matrix '
cc( -2)[ ]NK  were computed 

numerically by using Matlab’s software. The values have been 
then compared to the non-dimensional natural frequencies 

cc
contω  of the corresponding uniform clamped-clamped beam-

mass   given in [4]: 
 

The results obtained for N = 49 are given in tables Table 1, 
Table 2 and Table 3 and compared to the theoretical values of 
the CC uniform beam carrying a concentrated mass, showing 
a good agreement using the relative percentage error p defined 
as: 

 cont i disc i

cont i
p

cc ccω ω
ω
−

=  (44) 

 
It can be seen that there is a convergence of the linear 

frequency to that of a uniform beam-mass for N=49 since the 
relative error p does not exceed in all cases 9%.   

Table 1. Comparison of the first three natural frequencies, 
between continuous beam-mass [4] and 49-dof discrete 

system, for 1α =  and various values ofη . 

 
η  0 0.1 0.2 0.3 0.4 0.5
s 1 5 10 15 20 25 

cc
disc 1ω  

22.37 22.62 18.32 14.44 12.61 12.24 

cc
cont 1ω  22,37 22,95 18,34 14,40 12,40 11,82 
p 0% 1% 0% 0% -2% -4% 
       

cc
disc2ω  64.18 52.96 42.33 47.25 57.76 63.63 
cc
cont 2ω  61,67 53,84 40,94 44,30 53,52 61,67 

p -4% 2% -3% -7% -8% -3% 
       

cc
disc3ω  125.65 90.70 99.21 120.33 113.82 100.42

cc
cont 3ω  120,90 89,86 93,33 112,56 114,60 95,76 

p -4% -1% -6% -7% 1% -5% 
       

 

Table 2. Comparison of the first three natural frequencies, 
between continuous beam-mass [4] and 49-dof discrete 

system, for 0.1=α  and various values ofη . 

η 0 0.1 0.2 0.3 0.4 0.5 
s 1 5 10 15 20 25 

cc
disc 1ω 23.30 23.24 22.74 21.79 20.99 20.78 

cc
cont 1ω 22,37 22,33 21,94  21,10  20,29 19,98 
p ‐4% ‐4% ‐4% ‐3% ‐3% -4% 
       

cc
disc2ω 64.18 63.17 59.26 58.65 62.22 64.04 
cc
cont 2ω 61,67 61,01 57,46  56,20  59,11 61,67 
p ‐4% ‐4% ‐3% ‐4% ‐5% -4% 
      

cc
disc3ω 125.65 120.24 115.08 123.71 121.86 116.78

cc
cont 3ω 120,90 117,11 110,50 117,71 119,01 112,12

p -4% -3% -4% -5% 2% -4% 
       

 

Table 3. Comparison of the first three natural frequencies, 
between continuous beam-mass [4] and 49-dof discrete 

system, for 10=α  and various values ofη . 

η 0 0.1 0.2 0.3 0.4 0.5 
s 1 5 10 15 20 25 

cc
disc 1ω 23.30 15.80 7.86 5.48 4.61 4.45 

cc
cont 1ω 22,37 17,00 8,19 5,55 4,57 4,30 
p -4% 7% 4% 1% -1% -3% 
       

cc
disc2ω 64.18 30.97 34.94 43.45 55.99 63.41 
cc
cont 2ω 61,67 30,39 32,76 40,24 51,41 61,07 
p -4% -2% -7% -8% -9% -4% 
       

cc
disc3ω 125,65 78,40 95,49 119,25 110,94 95,04 

cc
cont 3ω 120,90 74,15 89,25 110,04 112,84 90,25 

p -4% -6% -7% -8% 2% -5% 
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3.2 Case of nonlinear vibration of a CC beam carrying a 
concentrated mass at different positions 

Regarding to the nonlinear stiffness tensor, it must be the 

same order as '
cc( -2)[ ]NK  (see Eq. (43)). By identifying Eqs. 

(24) and (26) for the reduced discrete system, resulting from 
the fact that the first and the last bars in the real discrete 
system cannot rotate, the coefficients of the new fourth-order 
tensor b′ijkl of dimension N−2 are deduced from those of the 
tensor bijkl of dimension N using appropriate translations of the 
indices i, j, k, l as follows: 
 '

1 1 1 1 , , , 2,...,( 1)i j k l ijklb b i j k l N− − − − = = −  (45) 

 
Figure 5. The backbone curves corresponding to discrete 

systems with N= 49 for uniform clamped–beam-mass taken 
from [4] (α=1 and η with values indicated in legend). 

 
From this study of a model with N=49 (see Figure 5), it can 

be deduced that it is unnecessary to choose a very high 
number of dof since the model with 49-dof is already good 
enough.  The results obtained for nonlinear frequencies of the 
discrete system compare well with those corresponding to a 
continuous CC beam carrying a mass presented in [4]. 

4 CONCLUSION   
In the present work, the discrete model developed and 
validated in the case of uniform beams in [1] has been 
extended here to beams carrying a concentrated mass. Both 
the linear and nonlinear vibration have been examined 
showing a good agreement with previously published results. 
This shows the efficiency of the discrete model and the 
associated software for the study of linear and nonlinear 
constrained vibration of beams with various types of 
discontinuities.  
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ABSTRACT: During past decades, increasing database of recorded ground motions demonstrated that near fault ground motions 
are significantly different than other ground motions. These pulse-type motions have the strongest at longer periods and they can 
place severe demands on structures in the near-fault region. In this study, it is aimed to use equivalent pulses of near fault 
ground motions as actual records for investigating seismic response of base-isolated structures. A new wavelet is used for 
simulating equivalent pulses of actual near fault ground motions. In order to evaluate the seismic response of base-isolated 
structures, different detailed 3D nonlinear analytical models with different characteristics are developed and analyzed under 
significant pulse like near fault ground motions and their equivalent pulses. The parametric study is concentrated on base shear, 
accelerations and displacements of isolated models. Also the comparison between hysteretic responses of models as a main 
criterion for energy dissipation of system has been investigated and evaluated. The results indicated that base displacement 
responses of base-isolated models under equivalent pulses almost completely match with base displacement responses under the 
related actual records of near fault ground motions. 

KEY WORDS: Equivalent Pulses; Near Fault Ground Motions; Base-isolated Structures. 

1 INTRODUCTION 
Today by increasing the number of earthquake records, it is 
obvious that dynamic characteristics of ground motions 
between different stations (even stated in a specific zone) are 
considerably different. This distinction is much more 
highlighted in surrounding areas due to epicenter. Seismic 
events all over the world have shown that ground motions in 
vicinity of causative faults (within a distance of 15 km from 
the fault) may be categorized as large-velocity pulse and 
large-displacement fault which have the potential to cause 
considerable structural damage. Consequently, the main cause 
of long-period pulse formation is the cumulative effect of 
shear wave propagation along the fault rupture according to 
seismological investigations. Near-fault ground motions are 
severely affected by fault mechanism, rupture propagating 
direction relative to site and finally the permanent 
deformation of ground; these parameters will cause two 
significant effects called directivity and fling step which have 
been identified by the seismologists as the primary 
characteristics of near fault ground motions [1].    

The forward-directivity depends on rupture mechanism and 
slip direction relative to the site and is characterized by a large 
pulse occurring at the initiation of the record and oriented in a 
perpendicular direction relative to the fault plane; but in 
contrast, the fling-step is affected by tectonic deformation in 
the fault and commonly generates permanent static 
displacement which happens parallel to the strike of the fault 
for strike-slip events, and normal-to-fault direction for dip-slip 
earthquakes [2]. 

Spite their varying characteristics, representations of near 
fault pulse-type ground motions using one or more simplified 
pulses have been shown to be adequate in predicting the 
dynamic response of structures [3-7]. Therefore, a complete 

understanding of the salient features of simple pulses is of 
paramount importance for their application in structural 
design procedures. 

In response to the realization of the importance of 
considering pulse-type motions when predicting structural 
performance. a number of studies have established predictive 
relationships for the period and amplitude of the dominant 
pulses in the near fault forward directivity motions [4, 5, 8 and 
9]. In the meantime, significant work towards developing 
equivalent pulse models characterizing the special effects of 
pulse-type motions have been carried out [4, 5, 7, 10, 11 and 
12]. These studies included development or equivalent pulse 
models for the dynamic performance analysis of elastic and 
inelastic single degree of freedom system or multiple degree 
of freedom systems subjected to simple pulses. 

Pulse-type motions can place severe demands on structures 
in the near fault region. Seismic base isolation is an 
earthquake resistant design method that is based on decreasing 
the seismic demand instead of increasing the seismic capacity. 
The estimation of seismic response of base-isolated structures 
for a project site close to an active fault should account for 
special aspects of near fault ground motions [13].  

This study compares seismic response of a typical base-
isolated building under full record of near fault ground 
motions versus their prevalent pulses to enhance the 
understanding of their unique impacts on building. . A new 
wavelet is used for simulating equivalent pulses of actual near 
fault ground motions [14]. The parametric study is 
concentrated on base shear, accelerations and displacements 
of isolated models. Also the comparison between hysteretic 
responses of models as a main criterion for energy dissipation 
of system has been investigated and evaluated. 

Influence of equivalent pulses of near fault ground motions  
on base-isolated RC structures 
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2 STRUCTURAL MODELS 
In order to analyze the structural models, 3D-BASIS-ME-MB 
that is a computer program for nonlinear dynamic analysis of 
seismically isolated structures, was used [15, 16]. Structural 
models prepared for analysis include 15-story buildings. The 
models consist of LRB (Lead Rubber Bearing) (Figure 1). 
Following assumptions are made for the structural system 
under consideration: The effects of soil–structure interaction 
are not taken into consideration, The columns are inextensible 
and weightless providing the lateral stiffness, The floors are 
assumed rigid in its own plane and the mass is supposed to be 
lumped at each floor level, The system is subjected to single 
horizontal component of the earthquake ground motion.  

 
Figure 1. Typical plan 

 

The structural models were analyzed under 3 records of near 
fault ground motions and their equivalent pulses. Three 
earthquake events selected as near source ground motions: the 
1994 Northridge, the 1979 Coyote Lake and the 1979 Imperial 
Valley earthquakes (Figures 2). These records contain strong 
velocity and displacement pulses of relatively long periods 
which distinguish them from typical far field earthquakes. 
These pulses are extracted from actual records using 
Equations 1 to 4 proposed by Hoseini vaez et al. in 2013 [14]. 
The characteristics of both earthquakes and the equivalent 
pulses are presented in Tables 1 and 2 respectively. 

In Figure 2 the equivalent pulses of all components of 
mentioned near fault ground motion records have illustrated. 
Focusing on the Figures, it is obvious that the proposed 
model-based elastic response spectra are compatible with that 
of the near fault record in neighborhood of the prevailing 
frequency, of the pulse. Consequently, it could be declared 
that the function models the long-period portion of actual near 
fault record with high level of precision. 
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Figure 2. Equivalent pulse, shown by red trace, to actual time histories, shown by blue trace [14]. 
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Table 1.  Characteristics of earthquakes used for analysis 

Event Northridge-01 
Coyote 
Lake 

Imperial 
Valley-06 

Year 1994 1979 1979 
Mw 6.69 5.74 6.53 

Station LA Dam 
Gilroy 

Array #6 
Agrarias 

Closest to Fault 

Rupture (km) 
5.92 3.11 0.65 

PGA (g) 0.57 0.45 0.31 
PGV (cm/sec) 77.1 51.54 53.79 
PGD (cm) 20.11 7.1 14.85 

Table 2.  Characteristics of equivalent velocity pulses 

Event Northridge-01 
Coyote 
Lake 

Imperial 
Valley-06 

fp  (Hz) 0.58 0.99 0.54 
t0 (sec.) 3.00 2.66 7.77 
Stat point time (sec.) 2.01 2.02 6.29 
End point time (sec.) 3.99 3.30 9.25 

 

2.1 Identifying the isolators design characteristics 

The isolators are modeled by a bilinear model based on the 
three parameters: 21 K,K  and Q [17]. Isolators will have high 
initial stiffness, 1K , and after yielding they will have lower 

stiffness, 2K . The initial stiffness 1K is estimated from a 
hysteresis loop from lead rubber bearing tests or as a multiple 
of 2K  for lead–plug bearings. The characteristic strength, Q, 
is estimated from the hysteresis loops for lead rubber 
isolators. For lead–plug isolators, Q is given by the yield 
stress in the lead and the area of the lead. The hysteretic 
damping of this bearing is due to the plastic deformation of 
the lead. A procedure to determine the post-yield stiffness, 

2K , is shown below [18]. 
The effective stiffness, effK , is defined as the secant slope of 
the peak values in a hysteresis loop, and is given as 

  y2eff DD;
D
QKK ≥+=                         (6) 

The effective horizontal stiffness of the structure for a 
specified period is given by  

2

eff T
2

g
WK ⎟

⎠
⎞

⎜
⎝
⎛ π

=                                  (7) 

yD is the yield displacement, which is given by 

21
y KK

QD
−

=                                     (8) 

Which D is final displacement or maximum design 
displacement in a horizontal direction for bearing, and it is 
given by 

T
B

C
4
gD v

2 ⎟⎠
⎞

⎜
⎝
⎛

π
=                                  (9) 

In which T is target design period of the structure; VC is 
seismic design coefficient and B is damping coefficient 
corresponding to the effective damping ratio. 
Effective damping effξ  is given by 

SD

D
eff E

E
4
1
π

=ξ                                  (10) 

Where SDE is the energy stored. 

2
effSD DK

2
1E =                                (11) 

2
effeffD DK2E πξ=                             (12) 

In which DE is energy dissipated in one cycle which is equal 
to the area of the hysteresis loop. The area of the hysteresis 
loop, DE , is given as  

)DD(Q4E yD −=                             (13) 

)DD(Q4
EQ

y

D

−
=                              (14) 

From equation 14 it is clear that Q is dependent upon yD , and 

yD in equation 8 is dependent on Q. Initially either Q or yD  
should be assumed as zero and then final values should be 
calculated by iterative procedure. The convergence procedures 
of modal parameters are presented in Erro! A origem da 
referência não foi encontrada.. 

Table 3.  Convergence Procedures of Modal Parameters 

TD (sec.) 2 2 2 
DD (m) 0.24874 0.24874 0.24874 
Keff (ton/m) 10294.4 10294.4 10294.4 
WD (ton) 400 400 400 
Q (ton) 402.02 409.65 409.83 
K2 (ton/m) 8678.17 8647.50 8646.79 
K1 (ton/m) 86781.7 86475 86467.9 
Dy (m) 0.00463 0.00474 0.00474 
Q (ton) 409.65 409.83 409.83 

 

3 ANALYTICAL RESULTS 
In this section the analytical results are presented and 
evaluated. Time variation of base displacement at center of 
mass for each model is illustrated for investigating the effect 
of large displacement pulses in the records of near fault 
ground motions. Since reduction of acceleration in 
superstructure and energy dissipation capability of system are 
two principle and substantial parameters in isolation systems, 
top floor acceleration against time and hysteretic response of 
isolation system are shown. Figure 3 illustrate dynamic 
responses of the Structural models calculated from 1994 
Northridge earthquake record (LA Dam station), 1979 Coyote 
Lake earthquake record (Gilroy Array #6 station), 1979 
Imperial Valley earthquake record (Agrarias),   and their main 
pulses. Although the main pulses lasts only about 1.98s for 
Northridge earthquake record, 1.28 for Coyote Lake 
earthquake record and 2.96 for Imperial Valley earthquake 
record compared to the approximately 25s strong motion time 
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histories; the dynamic responses of the structural models 
under the equivalent pulses match over 95% of the dynamic 
responses of the structural models under the related full 
records. Hence, the prominent pulses control the dynamic 
performance of structures and the remainder of the ground 
motion can only make some contributions at certain 
frequencies in the near fault ground motions. 
From the Figures it can be declared that base displacement 
responses under equivalent pulses almost completely match 
with base displacement responses under the related full 
records. 
Maximum amounts of response for different models is 
summarized in Table 4; these responses include maximum 
base shear to weight of superstructure, maximum base 
displacement at center of mass and maximum acceleration.  

 
 
 
 

Table 4.  Maximum responses of different structural models 

Event 

Coyote 
Lake 1979 

Station 
Gilroy 

Array #6 

Imperial 
Valley-06 

1979 
Station 

Agrarias 

Northridge-
01 1994 
Station  

LA Dam 

Type Record Pulse Record Pulse Record Pulse 

Maximum  

Top Floor 

Acceleration 
 (g) 

0.419 0.391 0.327 0.272 0.478 0.379 

Maximum  
Base 

Displacement 
(cm)

4.28 4.10 6.24 7.28 8.60 8.36 

Maximum 
Base Shear/ 

Weight
0.076 0.073 0.101 0.106 0.136 0.129 

 

Dynamic responses under 1979 
Coyote Lake earthquake 

Dynamic responses under 1979 
Imperial Valley earthquake 

Dynamic responses under 1994 
Northridge earthquake 

Figure 3. Dynamic responses of Equivalent pulse, shown by red trace, to actual time histories, shown by blue trace. 

4 CONCLUSIONS 
This study shows that simple pulse representations are capable 
of capturing the salient response features of base-isolated 
structures subjected to near fault pulse-like ground motions. 
Equivalent pulses extracted from the actual records using a 
new wavelet which not only have simplicity in form but also 
simulates the long-period portion of actual velocity near fault 
record by a great degree of precision. An evaluation of the 
seismic response of structural models under pulse motions 
indicates that the effect of the pulse is significantly dominant 
despite its short duration when compared to the full ground 
motion record. From the results it can be declared that base 

displacement responses of base-isolated models under 
equivalent pulses almost completely match with base 
displacement responses under the related full records of near 
fault ground motions. 
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ABSTRACT: A methodology in order to obtain the nonlinear frequency response of structures, whose nonlinearities can be 
considered as localized sources, is presented. The work extends the well-known Structural Dynamic Modification Method 
(SDM) to a nonlinear set of modifications, and allows getting the Nonlinear Frequency Response Functions (NLFRFs), through 
an ‘updating’ process of the Linear Frequency Response Functions (LFRFs).  
In the linear case, the Transfer Function (TF), defined, for each degree of freedom, as the ratio between the output acceleration 
and the input force, is an invariant of the system. But, if the structure acts nonlinearly, the Transfer Function depends on 
magnitude of the input force. It means that the constitutive equations of the nonlinear lumped elements need to include a 
dependency on the relative displacement experienced by the elements. 
It implies that the time-domain and the frequency-domain need to be opportunely mixed in order to obtain the Nonlinear 
Frequency Response. 
A brief summary of the analytical concepts is given, starting from the linear formulation and understanding what the 
implications of the nonlinear one, are. The nonlinear case requires an algorithm to get the convergence. It is explained step by 
step, taking as example a bilinear stiffness element. The nonlinear SDM Method has been implemented in MATLAB. 
For testing the strength and robustness of the method on a real industrial application, the Finite Element (FE) Model of the 
Auxiliary Power System (APU) Suspension System, is considered. The nonlinear behavior of this system is characterized by the 
rubber mounts, which present a dynamic stiffness with softening effect. In the FE Model these elements are simulated by linear 
springs. First the LFRFs are extracted by the FE run; secondly the LFRFs are updated through the nonlinear SDM Method, 
introducing in the system nonlinear springs instead of the linear ones. The NLFRFs are obtained and the nonlinear dynamic 
behavior of the structure is analyzed to check the coherency with the type of nonlinearity introduced in the system. 
The conclusions highlight a feasible and robust procedure, which allows a quick estimation of the effect of the localized 
nonlinearities on the dynamic behavior. As it is shown in the example, the method is particularly powerful when most of the FE 
Model can be considered acting linearly and the nonlinear behavior is restricted to few degrees of freedom. The procedure is 
very attractive also from a computational point of view because the FE Model needs to be run just once in order to obtain the 
LFRFs. After that, the estimation of the nonlinear behavior in frequency domain is obtained without any need to re-run the 
model, being just an updating, by means of the nonlinear SDM Method, of the linear one. 
 
KEY WORDS: Frequency Response, Nonlinear dynamics, Structural Dynamic Modification, Softening Effect, Rubber 

 

1 INTRODUCTION 

   Finite Element Models (FEMs) are widely used in order to 
study and predict the dynamic properties of structures and 
usually, the prediction can be obtained with much more 
accuracy in the case of a single component than in the case of 
assemblies. For example as the number of components in the 
assembly increases, the calculation quality declines because 
the connection mechanisms between components are not 
represented sufficiently. Especially for structural dynamics 
studies, in the low and middle frequency range, most of 
complex FEMs can be seen as assemblies made by linear 
components joint together at interfaces. From a modelling and 
computational point of view, these types of joints can be seen 
as localized sources of stiffness and damping and can be 
modelled as lumped spring/damper elements, most of time, 
characterized by nonlinear constitutive laws. 

Most of finite element programs are able to run nonlinear 
analysis in time-domain. They treat the whole structure as 
nonlinear, even if there is one nonlinear degree of freedom 
(DOF) out of thousands of linear ones, making the analysis 
unnecessary expensive from computational point of view. The 
situation is even more complicated if the nonlinear results are 
required in frequency-domain because frequency response 
solutions are based on linear modal decomposition approach. 
Hence, if NLFRFs are required, one possible approach can be 
run as many time-domain runs as many frequency points are 
required. Evidently the harmonic input force has a different 
frequency of excitation for each time-domain run. 

After that, the output response at steady-state conditions 
should be considered and finally the frequency nonlinear 
response can be built-up.  

From the above considerations, the need to make these 
types of calculations more efficient is really deemed. The 
strategy for challenging the problem takes advantages from 
the following concepts: 
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• Localized nonlinearity: the nonlinear behavior is 
restricted to few degrees of freedom out of thousands of 
linear ones. It can be simulated by the use of nonlinear 
lumped elements, which connect pairs of DOFs. Hence 
the nonlinear properties can be expressed in terms of 
stiffness and damping nonlinear properties. 

• Steady-state conditions: the frequency response analysis, 
for definition, considers the response of the structure in 
steady-state conditions. In literature it is also called 
‘harmonic response’, because the response is expected to 
be harmonic and at the same frequency of the harmonic 
excitation. It means that the response in the transient 
period can be avoided during the calculation and only the 
steady-state phase is of interest. 

• Modal Decomposition Approach: as consequence of the 
first two concepts, it can be said that the NLFRFs can be 
obtained updating the LFRFs, because the ‘nonlinear 
modifications’ don’t affect significantly the linear modal 
base.   

The methodology presented in this work extends the SDM 
Method, usually applied to a linear set of lumped 
modifications [1] [2], to the nonlinear field. 

2 LINEAR SDM METHOD. 
   The linear SDM has been widely discussed in many papers 
even if, few of them deal with the method and implement it 
numerically in order to face industrial applications. A very 
good theoretical approach can be found in the work [1]. 
Significant effort and work can be found in the publications 
[2], [3]. In this paragraph a quick view to the linear SDM is 
given, because the understanding of the nonlinear algorithm 
requires the deep understanding of the linear one. 
   SDM is defined as the procedure which permits one to 
evaluate the impact of a set of changes on the structural 
dynamic behavior, without the need to continuously re-run the 
FEM Model. The modified dynamic behavior can be 
expressed as function of the baseline FEM Dynamic Database 
and the set of modifications. Many authors have formulated 
and completed the theoretical problem, highlighting that the 
method becomes particularly efficient if into the modification 
lumped elements are involved. Lumped modifications consist 
of whatever relationship between two degrees of freedom, 
both of the structure or one degree of freedom belonging to 
the structure and another one belonging to an external fixed 
point. Usually the relationship is expressed as a combination 
of lumped masses, spring and damper elements. 
   The baseline FEM Dynamic Database can be expressed in 
terms of Modal Base [3] or LFRF [1, 2]. In this study the 
LFRF Database is considered, in which case the ‘baseline’ 
Transfer Function Matrix (TFM) needs to be available. 
By means of SDM one can expresses the modified TFM as 
follow: 

      [ ] )()()()( 0
1

0mod ωωωω HBHIH −∆+=         (1) 

Where )(0 ωH  is the baseline TFM, 

   [ ])()()()( 2 ωωωωωω KCjMB ∆+∆+∆−=∆        (2) 

ΔB the Modification Matrix, being M, C, K, the Mass, 
Damping and Stiffness Matrices of the Baseline Finite 
Element Model and ΔM, ΔC, ΔK the increments of these 
terms due to the modification.  
   It is clear that, the knowledge of the baseline TFM and the 
definition of the modification matrix, allow the direct 
calculation of the modified TFM without any need to re-run 
the FEM. Seeing at the equation (1), it is worth pointing out 
that the linear SDM formulation allows dealing with 
frequency-dependent lumped elements. The use of frequency 
dependent Modification Matrix, in frequency domain, is still a 
linear problem. Also it is to be notice that the size of the 
FEMs, in terms of DOFs, is not a matter, in fact, the baseline 
TFM can be restricted to few DOFs. This set must, at least, 
include the DOFs where the change is required and those ones 
where the dynamic response needs to be evaluated. More 
details on this last point are given in references [1], [2], [3]. 

3 NONLINEAR SDM METHOD. 
The frequency-dependency of the modification matrix doesn’t 
affect the linearity of the problem; therefore nonlinear lumped 
elements are considered those elements, whose constitutive 
equations, express dependency on the relative amplitude. In 
the linear case, the Transfer Function (TF), defined, for each 
degree of freedom, as the ratio between the output 
acceleration, or displacement, and the input force, is an 
invariant of the system. But, if the structure acts nonlinearly, 
the TF depends on magnitude of the input force. Hence in the 
nonlinear case, even if, the same symbols are still used, it is 
more correct to speak about NLFRFs Matrix instead of TF 
Matrix. The NL TF Matrix can be obtained later dividing the 
NLFRFs Matrix by the input force value. Evidently the NL TF 
Matrix is not unique and is dependent on the magnitude of the 
input force. The equations (1) and (2) are still valid but if we 
define ‘ u ’ as the relative displacement experimented by the 
lumped elements, the Modification Matrix, in the nonlinear 
case looks like: 

[ ]),(),(),(),( 2 uKuCjuMuB ωωωωωω ∆+∆+∆−=∆  (3) 

Hence the amplitude dependency of the Modified FRFs 
Matrix is obtained: 

     [ ] )(),()(),( 0
1

0mod ωωωω HuBHIuH −∆+=           (4) 

   This nonlinear equation, where all the nonlinear terms are 
included in the Modification Matrix, requires an iterative 
algorithm in order to be solved. 
   The algorithm is explained by the following example. 
Considering a bilinear stiffness element:  

 
Figure 1 – Bilinear Stiffness Element 

The Modification Matrix associated with this element is: 
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   Being the constitutive equation of the element: 
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   Even if not strictly required, it is expected that the underline 
linear element has the stiffness value  0k , which is not so far 

from the nonlinear values. For instance  0k could be the mean 

value between  1k and  2k . 
   Fixed a point in the frequency-domain and assuming that the 
first condition of the equation (6) happens, the Modified FRFs 
Matrix is obtained by mean of equation (5). Clearly, this is a 
trial value because the initial hypothesis on the relative 
displacement needs to be confirmed.  Therefore, the next step 
transforms the displacements of both DOFs, from frequency-
domain to time-domain. The period of time depends on the 
frequency value, being the inverse of this, and the number of 
points in time period has to be sufficient to get properly the 
peak of the oscillatory response. 
The Inverse Fourier Transform is: 

{ }))))(((exp())(()( ,, ωωω lcalcaa HphasetiHabsrealtu +=

{ }))))(((exp())(()( ,, ωωω lcblcbb HphasetiHabsrealtu +=
                                                                                          (7) 

Where: 
• ))(( , ωlcaHabs and ))(( , ωlcaHphase are, respectively, 

the module and the phase of the displacement at the DOF 
‘a’ of the lumped element, obtained from the Modified 
TFM and in the load case of interest ‘lc’. 

• ))(( , ωlcbHabs and ))(( , ωlcbHphase are, respectively, 
the module and the phase of the displacement at the DOF 
‘b’ of the lumped element, obtained from the Modified 
TFM and in the load case of interest ‘lc’. 

The relative displacement is: 

                               )()()( tututu ab −=                            (8) 

The convergence is required in each point of the time period 
and is achieved when: 

              toler
tu

tutu

Nstep

NstepNstep <=
−+ 100*

)(
)()(

,

,1, [%]           (9) 

The tolerance value is usually in the range [0.5% - 1%]. 
   This process is clearly required for each point in frequency-
domain. At the end of each frequency step the maximum 

values of the time-domain displacements, at all the DOFs 
involved in the LFRFs Baseline Matrix, will be stored in order 
to built-up the NLFRFs Matrix. 
   If more than one lumped element is involved into the 
modification, the Modification Matrix is: 

                     ∑
=

∆=∆
elemN

p
pBB uBuB

1
),(),( ωω                    (10) 

The index ‘BB’ specifies the DOFs of the baseline FRFs 
Matrix affected by the modifications [1], [2]. 
   In this case the convergence criteria need to be satisfied for 
all the relative displacements of the nonlinear lumped 
elements. Alternately, an objective function, involving all the 
relative displacements, can be defined, to speed-up the 
convergence of the problem. 

                
2

1
,, ))()(()( ∑
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And coherently: 
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4 NONLINEAR SDM APPLIED TO THE APU 
SUSPENSION SYSTEM FE MODEL. 

   The focus of this study is on the interfaces between the 
Auxiliary Power Unit (APU) and its Suspension System. The 
APU is installed in the A346 Tail-Cone by its Suspension 
System, which has a double purpose: to sustain the inertia 
loads at which the APU is submitted and to isolate the 
airframe from the APU’s vibrations. 
The Suspension System consists of 3 principals subassembly 
called: 

• Left-Hand: 3 rods, 3 APU lugs on structure side, 1 
Rubber Mount 

• Right -Hand: 2 rods, 2 APU lugs on structure side, 1 
Rubber Mount  

• Aft –Hand: 2 rods, 2 APU lugs on structure side, 1 
Rubber Mount 

Each rubber mount is done by a steel isolator housing with an 
elastomeric inside. 
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Figure 2 – APU Suspension System 

Experimentally, it is seen that the dynamic stiffness of the 
rubber mounts depend, both, on the frequency and on the 
dynamic amplitude.  The following figure shows an example 
of the trend of the dynamic stiffness when the rubber mount is 
stretched by an axial force: 

 

 
Figure 3 – Dynamic Stiffness of Rubber Mount 

 

 
Figure 4 – Rubber Mount Axial Test 

In the FE Model the rubber mounts can be modelled by 
mean of spring/damper elements connecting pair of nodes.           
Each rubber mount is described by three lumped 
spring/damper elements, one for the axial direction and other 
two for the radial one. In this work the focus is on the stiffness 
properties, the damping is assumed to be fixed and its values 
is calculated from the area of the hysteretic loop. It is 
introduced in the FE Model as localized structural damping. 

 

 
Figure 5 – Hysteretic Loop of Rubber Mount 

The model used is the overall A340-600 model. The overall 
model is used in order to show that the methodology doesn’t 
present any limitation concerning the size of the model. In the 
figure (6), (7), (8) some details can be seen. NASTRAN is 
used for the linear FEM. The linear behavior of the rubber 
mounts is introduced by CBUSH cards. As highlighted, the 
frequency dependent behavior in frequency-domain is still a 
linear problem. It can be directly considered in NASTRAN by 
the combined use of PBUSH and PBUSHT cards. 

  

 
Figure 6 – A340-600 FE Model 

Axial Test 
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Figure 7 – Detail: Tail-Cone FEM of A340-600 

 
Figure 8 – Detail: APU Suspension System 

Summarizing, the book-case presents the following: 
- Overall linear A340-FE Model is used 
- Constraints are applied to nose and main landing gear. 
- The input load is applied to the APU Centre of Gravity 

in vertical (Z+) direction, see figure (9). The APU is 
modelled like a heavy mass, using the CONM2 card of 
NASTRAN.  

- The rubber mounts in the linear NASTRAN model are 
modelled via CBUSH elements.  

- The results are evaluated at the DOFs of the rubber 
mounts and at the DOFs of the interfaces between the 
suspension system and the structure of the Tail-Cone, 
see figure (9). 

- The linear TF Matrix, at the DOFs of interest, is 
obtained running the SOL111 of NASTRAN code, 
considering the overall aircraft. 
 

Nonlinear ‘update’:  
- The dynamic stiffness of the rubber mounts has been 

considered according a polynomial function of the type 
in Table (1). The parameters which define this type of 
function come from a fitting of the rubber mount 
experimental data, as illustrated in figure (3). Normally 
each rubber mount has its own fitting but, in this case, 
mean values are considered and applied to the three 
isolators.  

- 3 load cases are considered: 250 N, 500 N, and 800 N. 
The LFRFs database, for each load case, is obtained 
multiplying the linear TF Matrix for the respective 
input. 

- The NL TFs are expected to be dependent on the load 
case. They are obtained by mean of the nonlinear SDM 
Method. 

Table 1 – Nonlinear Stiffness 

Relative Displacement Stiffness 
≤)(tu minu  )())((

min

max tu
u

K
tuK NL =  

>)(tu minu  
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δ
−
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)(
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min tu

uKK
KtuK NL

 

maxK  
0*4.1 K  

minK  
0*5.0 K  

minu  0.0006 [mm] 

δ  03.0−≈  
 

The dynamic behavior, evaluated at the DOFs of interest, is 
expected to change according the type of nonlinearity 
introduced in the system. Having a softening effect, some 
peaks of the TF are expected moving to lower frequencies. 

In spite of the size of the FE Model, the LFRFs Matrix need 
to contain only the DOFs involved into the modifications, the 
DOFs where the input load is applied, and those where the 
dynamic response is required. The DOFs involved into the 
modification are 18 (3 rubber mounts x 3 spring/rubber x 2 
DOFs/spring), 1 where the load is applied and 21 at the 
interfaces with the structure. 

According the equations (3) and (4), and following the 
iteration procedure, the NLFRFs, for each of the load cases, 
are obtained and divided by the respective input load. This 
allows evaluating the NL TF Matrix for each case. 

 

 
Figure 9 – Scheme of APU Suspension System 

The following figures show the results for the DOF ‘27’ in 
terms of output accelerations divided by input force. The 
frequency range of interest is between 10 and 20 Hz where the 
APU Suspension System Modes are. Experimentally it is also 
known that the rubber mount dynamic behavior affects the 
response above the 12-14 Hz. 

The effect of the localized nonlinear stiffness is very 
important:  

- Figure (10) shows that comparing the black dashpot 
line (linear TF) against the other ones (NL TFs), 
particularly above the 14 Hz, when the rubber mount 
behavior plays a very important role, the TF changes 
completely.  In this case for instance it can be seen how 

APU CoG 
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the linear behavior overestimated the dynamic 
amplification in the range 10 – 18 Hz. 

- Figure (11) shows a detail of the TF’s peaks for 
different load cases. As expected the higher the load, 
the lower is the frequency of the peak. 

 
           Figure 10 – Nonlinear TF comparison DOF 27 

 
Figure 11 – Detail of Figure (10): shift of the TF’s peak  

5 CONCLUSION 
A novel approach to update the linear FRFs with localized 

nonlinearities has been presented. It extends the well-known 
SDM Method, based on FRFs updating, to a set of nonlinear 
modifications by mean of an iterative procedure. The linear 
method is reviewed and the nonlinear one is explained 
through a bilinear stiffness element. 
   The procedure is very attractive from a computational point 
of view because the FE Model needs to run just once in order 
to obtain the LFRFs Matrix.  No matter about the size of the 
model because the LFRFs Matrix is required only to contain 
the DOFs involved into the Modification Matrix, those ones 
where the loads are applied and those ones where the dynamic 
response is required. After that, the estimation of the nonlinear 
behavior in frequency domain is obtained without any need to 
re-run the model, being just an updating, by means of the 
nonlinear SDM Method, of the linear one. 

The approach is very practical and theoretically whatever 
type of nonlinear lumped element can be implemented. Both 
dependency, on frequency and dynamic amplitude can be 
considered at the same time. The method has been 
successfully implemented in MATLAB and an industrial case 

is presented. The APU Suspension System is studied, because 
its dynamic behavior is affected by the nonlinearities 
introduced in the path load through the rubber mounts.  

This is a clear case where most of the FE Model can be 
considered acting linearly and the nonlinear behavior is 
restricted to few degrees of freedom. In these cases the 
method is particularly powerful. Comparing the linear and the 
nonlinear behavior, the importance of taking into account the 
nonlinearities in the frequency response is highlighted: in the 
frequency range where the effect of the nonlinearities is 
dominant, the dynamic response of the system changes 
completely. Comparing different load cases, with increasing 
level of load, the TF’s peaks move to lower frequencies, as 
expected by the type of nonlinearity introduced in the system. 

Finally, even if in this paper only the nonlinear stiffness is 
treated, the same concept can be extended to the damping 
properties of the elements, allowing in a pretty easy and 
straight way, dealing with structural dynamics behavior, most 
of times, very complex to simulate. 
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ABSTRACT: An excitation force that is not influenced by the system’s states is said to be an ideal energy source. In real 
situations, a direct and feedback coupling between the excitation source and the system must always exist. This manifestation of 
the law of conversation of energy is known as Sommerfeld Effect. In the case of obtaining a mathematical model for such 
system, additional equations are usually necessary to describe the vibration sources and their coupling with the mechanical 
system. In this work, a cantilever beam and a non-ideal electric DC motor that is fixed to the beam free end is analyzed. The 
motor has an unbalanced mass that provides excitation to the system proportional to the current applied to the motor. During the 
motor's coast up operation, as the excitation frequency gets closer to the beam first natural frequency and if the drive power 
increases further, the DC motor speed remains constant until it suddenly jumps to a much higher value (simultaneously the 
vibration amplitude jumps to a much lower value) upon exceeding a critical input power. It was found that the Sommerfeld 
effect depends on some system parameters and the motor operational procedures. These parameters are explored to avoid the 
resonance capture in Sommerfeld effect. Numerical simulations and experimental tests are used to help insight this dynamic 
behavior. 
 

KEY WORDS: Sommerfeld Effect, Non-Ideal Energy Source 

1 INTRODUCTION 
Rotating machines suffer from unbalance and alignment 
problems that can lead to excessive levels of vibration, 
causing various undesirable problems and failures. All 
rotating machines are never perfectly balanced and therefore 
critical speeds must always exist. In summary, critical speed 
occurs when the shaft angular speed matches the shaft 
bending natural frequency. 
According to reference [1], Laval was the first to perform an 
experiment with a steam turbine to observe that quick passage 
though critical speed would reduce significantly the levels of 
vibration when compared to steady state excitation. 
This procedure would require a motor with enough power to 
be accelerated quickly in the range of resonance frequency. In 
some cases motors may have limited power to perform such 
operation and the angular velocity increases slowly such that 
the passage through resonance may be a problem.  
Another class of problem related to unbalanced motors with 
limited power was discussed by Arnold Sommerfeld in 1902 
[2]. He proposed an experiment of a motor mounted on a 
flexible wood table and observed that the power supplied to 
the motor was wasted in the form of table vibration, instead of 
been converted to angular velocity of the motor. This 
observation was used to explain a class of motors called non-
ideal energy sources.  
The interaction of non-ideal motors and flexible structures has 
been studied by many authors. A review of non-ideal Energy 
source is presented by references [1] and [3]. Eckert [4] 
presents a brief review of the problem investigate by 
Sommerfeld.  

Ref [5] discusses the motion of an unbalanced rotor when 
passing through a resonance zone solved by the iteration 
method combined with the method of the direct separation of 
motions. 

Dimentberg [6] presents a method to avoid resonance 
capture by switching on and off a mechanism to change the 
stiffness of an engine mount. 

In this work, a motor mounted on a cantilever beam is 
studied. The system is modeled as motor mounted on a single 
degree of freedom spring-mass-damper oscillator.  
Experimental setup is used to validate the model. Results of 
the experimental test show agreement with the results 
obtained with numerical simulations. 

2 SYSTEM MODELING 
In the following sections, the equations of motion of an 
electrical motor attached to a structure are developed based on 
Hamilton's principle. The model is related to a physical 
system presented in the experimental section described 
hereafter. 

2.1 Model Definition 

Figure 1 shows the system considered in this work, which is a 
cantilever beam and a concentrated mass positioned at its free 
end. Represented by , the concentrated mass can take into 
account the mass of an electric motor, for instance. The motor 
has moment of inertia  and is considered to be unbalanced, 
with unbalanced mass  that rotates at a distance   from the 
motor shaft center. 

 

Numerical and experimental investigation of a vibration system 
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Two different numerical integration algorithms were used. 
The first is the well-known explicit Runge-Kutta method of 
order (4,5) used for non-stiff ordinary differential equations. 
The second is the 5-th order algorithm for stiff ordinary 
differential equations described in reference [8].  The 
parameters which are of interest in the simulations are the cart 
displacement (or velocity) and the motor angular velocity. The 
motor angular position is a parameter that is confined in the 
range 0-2π. 

4.2 Stationary Conditions 

This numerical example considers the case of setting the 
motor angular velocity to a fixed value. The motor is 
accelerated from rest to a fixed velocity by changing the 
parameter Ω  The simulations where performed for 
frequencies around the cart resonance frequency ( Ω  and are 
presented in figures 7 and 8. 

Figure 7 shows that when  Ω  is slightly bigger than  Ω  the 
angular velocity does not increase.  

For instance, when setting  Ω 1.1 the motor does not 
reach the angular velocity  1.1Ω , instead it will oscillate with 
angular velocity  Ω . The consequence is that this energy is 
transferred to cart displacement amplitude. 

 
Figure 7. Angular Velocity as a function of Ω0 

The cart RMS (root mean square) magnitude of the 
acceleration was plotted in figure 8 as a function of the 
oscillation frequency as the parameter Ω increases. 

 
Figure 8. Root Mean Square Acceleration as a function of the 

Oscillation Frequency 

It is possible to note in 7 and 8 a region between C and D 
with no data points. This region corresponds to a jump 
phenomenon described previously by Sommerfeld. 

 

4.3 Non Stationary Conditions 

The acceleration profile for the motor operation of coast up 
can be obtained by setting the variable Ω  time dependent as 
follows 

 
 Ω

Ω Ω
 (15) 

 
where, Ω  is the desired final angular velocity, Ω  is the initial 
angular velocity,  is the amount of time to accelerate from  
Ω  to  Ω  and  is the instant time. The torque applied to the 
motor is then defined as 

 
 

1 Ω  (16) 

 
The typical results obtained in these simulations are 

illustrated in figures 9 and 10. The vertical axis of figure 9 
shows the angular velocity of the motor normalized by the 
cart resonance frequency Ω . The two curves in this figure 
show two situations when passing through the cart resonance 
frequency. The ticker line indicates the case of resonance 
capture and the thin line is the case of no resonance capture.  
The correspondent cart displacements curves are shown in 
figure 10. In the case of resonance capture (Sommerfeld 
effect) the cart displacement amplitude increases and the 
motor angular velocity varies around the cart resonance 
frequency Ω .  

 
Figure 9. Angular velocity for the cases with Resonance 

Capture and No Resonance Capture 



 

5 
Thi
veri
num
con
bea
mot
the 

Fig

A
freq
obta
app
mic
with
to D
mas
mot

T
incr
DC 
in t
figu

Figure 10. D
resonan

EXPERIME
s section exp
ify some of

merical mode
nsisted of mea
m using an 
tor positioned
experiment 

gure 11. Clamp

An encoder d
quency of the 
ained using a

plied to the
crocontroller. 
h nominal sen
Digital Acqui
ss of the acce
tor are represe

The experim
reasing/decrea
motor in orde

the numerica
ures 12 and 13

Displacement a
nce capture an

ENTAL TEST
plains the ex
f the charac
el studied in
asuring accele
excitation pr

d in the free e

ped beam and
the exp

device was b
DC motor. Th

an Arduino On
e motor w
To measure 

nsitivity of 100
sition System
elerometer and
ented by the m
mental proc
asing various 
er to identify 

al simulations
3. 

amplitude for 
d no resonanc

TS 
xperimental p
cteristics inv
n this work.
eration in the 
roduced by a
end. Figure 7 

d experimental
periment. 

built to mea
he motor rotat
ne microcontr

was also co
the vibration
0 mV/g was u

m. The mass o
d the armatur

mass  shown
cedure cons

steps of volt
the Sommerfe

s. The results

Pr

the cases with
ce capture 

procedure use
vestigated by
 The experi
tip of a canti

an unbalanced
shows a pictu

l apparatus us

asure the rot
ting frequency
roller. The vo

ontrolled by 
n an accelerom
used and conn
of the encode
re mass of th
n in figure 1.
sisted of 
tage applied t
eld effect obs
s are presente

roceedings of the

 
h 

ed to 
y the 
iment 
ilever 
d DC 
ure of 

 
sed in 

tating 
y was 
oltage 

the 
meter 

nected 
r, the 
e DC 
 
slow 

to the 
erved 
ed in 

Fig

Fig

6
A si
with
prese
Som
expe

REF

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

 
 

9th International

gure 12. Root 
function of th

gure 13. Root 
function 

CONCLUSI
mplified num
an unbalance

ents the con
mmerfeld Effe
eriment tests w

FERENCES 
 
Balthazar, J.M., 
2003. 38(6): p. 6
Sommerfeled, 
Festigkeitslehre.
Cvetićanin, L., 
review. Journa
Mechanics/Vol, 2
Eckert, M., De
bemerkenswerten
1996. 17(5): p. 2
Blekhman, II, D
systems with ine
Manufacture and
Dimentberg, M.F
with a limited po
187. 
Harris, C.M. and
Vol. 5. 2002: Mc
Wanner, G. and 
Vol. 1. 1991: Spr

l Conference on S

mean square a
he unbalanced

mean square a
of the voltage

ONS 
merical model 
ed DC motor 
ndition of r
ect. The mod
which show th

et al., An overvie
13-621. 
A., Beitrage 
Physikalische Ze
Dynamics of th

al of the Se
2010. 4(2): p. 75-
erSommerfeld-Eff
n ResonanzphÃ¤n
85. 

D.A. Indeitsev, 
ertial excitation 

d Reliability, 2008
F., et al., Dynam
ower supply. Non

d A.G. Piersol, H
cGraw-Hill New Y
E. Hairer, Solvin

ringer-Verlag, Be

Structural Dynam

amplitude of t
d mass rotatio

amplitude of t
e applied to th

of a cantilev
has been pres

resonance ca
del has been

he resonance c

ew on non-ideal v

zum dynamis
eitschrift, 1902. 1
he non-ideal me
erbian Society 
-86. 
fekt': Theorie u
nomens. Europea

and A.L. Fradk
of vibrations. J

8. 37(1): p. 21-27
mics of an unbala
nlinear Dynamics

Harris' shock and
York. 
ng Ordinary Diff
erlin. 

mics, EURODYN 

the beam tip a
n frequency.

the beam tip a
he motor. 

ver beam cou
sented. The m
pture known
n validated 
capture effect.

vibrations. Mecca

schen Ausbau 
12: p. 13. 
echanical system

for Computat

und Geschichte 
an Journal of Ph

kov, Slow motio
Journal of Mach
7. 
anced shaft intera
s, 1997. 13(2): p.

d vibration hand

fferential Equatio

 2014 

2117 

 

as a 

 

as a 

upled 
model 
n as 
with 

anica, 

der 

ms: A 
tional 

eines 
ysics, 

ns in 
hinery 

acting 
. 171-

dbook. 

ons II. 



 



MS12 

Experimental techniques and smart structures 

(incl. non-contact measurements) 



 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 
Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 
ISSN: 2311-9020; ISBN: 978-972-752-165-4 

2121 

ABSTRACT: Structural vibrations can be measured with optical digital holography. Such a method provides measurements 
with a very high spatial resolution. Using a high speed camera, it can also be implemented in the time domain to investigate non 
stationary problems. Parameters constraining the design of the set-up are discussed and optimization rules are provided through 
a numerical simulation to establish guidelines. Experimental results obtained for a polymer beam, excited with a shaker and at 
high frame rate recording, confirm the suitability of the proposed approach. 

KEY WORDS: Digital holography; Full field measurement; Vibration field. 

1 INTRODUCTION 
Structural vibrations are usually measured using 
accelerometers or laser-vibrometers. Accelerometer is an 
intrusive sensor as vibrometer doesn't. Both provide point-
wise measurements. So as to obtain a full field imaging of the 
vibration, a x-y scanning of the surface of the structure is then 
required. This operation needs long time and the excitation 
must be stationary. To avoid any scanning of the surface, 
optical digital holography [1-2] is an alternative way because 
it provides contact less full-field measurements. In previous 
works, such method was applied to stationary vibration fields 
[3-9]. 

Historically, vibration analysis with optical holographic 
techniques started with the works of Powell and Stetson [10], 
who first established the principle of time-averaging and the 
possibility of studying vibrations. The first applications were 
described, showing a large variety of possibilities: tympanic 
investigations [11], vibration measurements of plates [12], 
mode discrimination or study of loudspeaker membranes [13]. 
Hybrid techniques combining heterodyne holography with 
time-averaging or frequency shifting were also proposed 
recently [14,15]. Other vibration regimes can also be used to 
study vibrations: pulsed and pseudo-pulsed stroboscopic 
regime, or quasi-time-averaging regime. At LAUM, such 
methods were investigated in the past years. As illustrative 
examples, figure 1 shows the time averaging method applied 
to the detection of default in the resonant mode of a dome 
loudspeaker [16] ; Fig.1 b) illustrates the stroboscopic pulsed 
regime applied to the investigation of high amplitude auto 
oscillation of a clarinet reed under playing conditions [17]; 
Fig.1c) shows the measurement of the amplitude of a 
loudspeaker using the pseudo-pulsed regime [18]. Fig.1 d) 
shows application of the quasi-time averaging regime to the 
visualization of acoustic waves propagating at the surface of 
human skin [19]. Simultaneous multidimensional vibration 
measurements are also possible [20]. 

 
Figure 1 : Illustration of holograms result. (a) Vibration mode 

of a loudspeaker [16]. (b) Amplitude auto oscillation 
displacement of a clarinet reed [17]. (c) Amplitude 

displacement of a loudspeaker [18]. (d) Sequence of 30 
successive images over time of surface acoustic waves on the 

human skin [19]. 
 

The stationary regime is a particular useful case for 
investigating the structure vibration behavior. Usually, 
characterization of structures under operational or real 
functioning conditions requires analysis in the time domain. 
As examples, problems that can not be addressed by a 
stationary approach are: vibrations of panels induced by hydro 
or aeroacoustic sources, structural vibration induced by 
squeak and rattle noise. A full field and contact less method 
having the capability of measuring vibrations at their time 
scale and evolution has then to be invented. Nowadays, 
performances of high power continuous wave lasers (>6W) 
and high speed CMOS sensor (rate up to 100 kHz) have been 
improved very significantly since 10 years. These new 
technologies give the opportunity of bringing back digital 
holography and vibration analysis to build an adapted 
approach for analyzing transient phenomena. We would like 

Design of a vibration probe based on high-speed digital holography 

Julien Poittevin1, Pascal Picart2, François Gautier2, Charles Pezerat2 

1 IRT Jules VERNE, Chemin du Chaffault, 44340 BOUGUENAIS, FRANCE 
2  LUNAM Université, Université du Maine, CNRS UMR 6613, LAUM,  

Avenue Olivier Messiaen, 72085 LE MANS CEDEX 9, France 
email: julien.poittevin@irt-jules-verne.fr, pascal.picart@univ-lemans.fr, francois.gautier@univ-lemans.fr, 

charles.pezerat@univ-lemans.fr 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2122 

to take the opportunity of the EURODYN 2014 meeting to 
present the design of a vibration probe based on high-speed 
digital holography and adapted to the investigation of non 
stationary vibration problems.  

2 PRINCIPLE OF THE HOLOGRAPHIC METHOD 

2.1 Hologram recording 
Basically, digital holography consists in recording an 
interference pattern using a sensor arranged as a matrix of 
pixels. In the set-up, the structure under interest is illuminated 
by a laser beam. The laser beam is then scattered and 
diffracted by the object to give a wave propagating to the 
recording sensor (Fig.2).  

 

 
Figure 2 : Basic scheme for the optical set-up 

 
In the case of digital Fresnel holography, the object of 

interest is illuminated by a laser beam having a wavelength λ. 
The recording plane is localized at distance d0, in a free space 
geometry. The object surface generates a wave front that will 
be noted according to Eq. (2-1): 

 
( ) ( ) ( )[ ]YXiYXAYXA ,exp,, 00 ψ= ,   (2-1) 

 
Amplitude A0 describes the object reflectivity and phase ψ0 

describes its surface or shape. Phase ψ0 is random and 
uniformly distributed over the range ]-π,+π]. When taking 
into account the diffraction theory within the Fresnel 
approximations, the object wave diffracted at distance d0 is 
expressed by the following relationship [21]: 
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In the recording plane, the object wave is mixed with a 

plane reference wave written as: 
 

 ( ) ( )( )yvxuiayxR r 002exp, +−= π    (2-3) 
 

with ra  the modulus and (u0,v0) the carrier spatial 
frequencies. The recording sensor includes M×N pixels with 
pitches px=py. We consider here the case of “off-axis digital 
holography” for which (u0,v0)≠(0,0). The total intensity 
received by the recording sensor is the digital hologram, 
written as: 

 ROORROH **22 +++=  (2-4) 
A typical example of such a digital hologram is shown in 

Fig.3. It appears as a random pattern encoding both the 
amplitude and phase of the object wave. Decoding of the 
hologram by a numerical reconstruction provides the 
amplitude and phase of interest. 

 

 
Figure 3 : Digital hologram recorded by the sensor 

The decoding of the hologram is performed by numerically 
calculating the diffraction along a distance related to d0. For 
vibration metrology and analysis, the optical phase of the 
numerically diffracted field is the main parameter of interest. 
Vibration field reconstruction is calculated from the optical 
phase variation between two instants. For this, the phase is 
extracted from reconstruted holograms. The optical phase 
variation between two successive holograms is proportional to 
the displacement of the structure between these two instants. 

2.2 Hologram to displacement field 
The recorded hologram includes complex information related 
to the amplitude and phase. The phase is proportional to the 
optical path i.e. the distance between the object and the 
sensor. The displacement can be calculated from the phase 
according to [22]: 

 

θ
φ

π
λ

cos1
),(

2
),(

+
=

yxyxuz , (2-5) 

 
where uz is displacement field, λ the optical wavelength, θ the 
illumination angle, and φ optical phase change. 

With two successive phase maps, a phase difference can be 
calculated. This phase is calculated through an inverse tangent 
function and is then obtained modulo 2π. It exhibits 
“numerical fringes” that can be interpreted as contour lines of 
the vibration. These numerical fringes need to be unwrapped 
to obtain a continuous phase map being directly proportional 
to the displacement field (cf. Fig.4). 
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Figure 4 : Illustration of the digital hologram post-processing 

This measurement method requires a high spatial and 
temporal resolution to correctly record the vibration field. 
Many parameters of the set-up are governing the 
recording/reconstruction process. So, the optimization of the 
digital holographic probe requires a numerical simulation to 
investigate the influence of these parameters. 

3 DESIGN OF THE METROLOGICAL TOOLS 
The numerical simulation was developed by taking into 
account the full acquisition and reconstruction process, 
starting from the structure excitation, optical wave 
propagation, interference pattern recording and processing, to 
the final vibration field recovery. Fig. 5 shows the scheme of 
the full simulation. 

This numerical simulation is illustrated in the paper by 
considering an alloy plate submitted to a shock which 
generates a transient vibration of the structure. 
 

 
Figure 5 : Scheme for simulating the holographic process  

 
Physical parameters included in the model are related to, 

first, mechanical inputs of the vibrating plate (young modulus, 
Poisson ratio, thickness, modal density), second, optical wave 
propagation (laser illumination, diffraction, interferences), 
third, recording process (sensor with spatial and temporal 
rates), last, numerical post-processing to calculate the 
vibration field.  

An error is evaluated by comparing the theoretical and the 
reconstructed vibration fields. This error is the key to optimize 
the probe sensitivity according to the parameters.  

The temporal and spatial parameters of the recording are 
related to the pixel size and pixel number. The temporal 
sampling is imposed by two factors. The first is the frame rate 
which defines a periodic time between holograms. The second 
factor is the exposition time, which corresponds to the time 
during which the sensor is accumulating photons. This 
temporal integration influences the error-free vibration 
reconstruction from a digital holographic sequence. 
For the simulation, these parameters were chosen: exposure 
time at 10μs, frame rate at 100 kHz, and spatial resolution at 
512×512 pixels. 

The aluminum plate is considered to be supported at its 
edges, and excited by a local impact [23-24]. The excitation is 
performed at any location, and a bandwidth between 100 Hz 
to 20 kHz. Physical parameters are: size of 0.3 x 0.5 meter, a 
thickness of 5 mm, Young modulus at 70 Gpa, a Poisson ratio 
of 0.33 and a damping ratio of 2.10-3. The displacement field 
is calculated by using a truncated modal basis of the plate and 
is considered to be the exact displacement in the following. As 
shown in fig 6, the displacement obtained at the impact point 
exhibits large amplitude at the first instants. For large 
amplitude (>>λ), the optical phase becomes wrapped, because 
the gauge of the method is related to the optical wavelength 
(micrometric range). To illustrate this, three examples at three 
different amplitude levels are considered. Fig 6 shows these 
three instants in the time evolution of the displacement at the 
impact point. 

 

 
Figure 6 : Vibration magnitude at the impact point vs time 

evolution 

 
For the T1 instant, the displacement field from t=0 to t=T1 is 

reconstructed and the results are presented in Fig 7. 
 

 
             (a)         (b) 

Figure 7 : Simulation result at T1  
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Fig. 7a) shows the reconstructed displacement field (meter) 
and Fig. 7b) represents the error map of the reconstructed 
displacement, which is calculated using the difference 
between the exact and the reconstructed displacements. A 
distortion is observed on the reconstruction, at the impact 
point. This distortion is due to the time integration of the 
vibration during the exposure time, where the slope of the 
motion is very high (see Fig 6). The slope is related to the 
velocity of the struture between two instants. This slope 
depends on the modal density of the structure, the damping 
coefficient and the nature of the impact. So, for a few specific 
practical cases, the post-correction of this distortion might be 
required to get an error-free measurement.  
Fig.8 and 9 shows the different maps few instants later, T2 and 
T3. 
 

 
                  (a)         (b)            

Figure 8 : Simulation result at T2 instant 

No distortion on the measurement is observable because the 
slope effect is not significant. 

 

 
                    (a)               (b)  

Figure 9 : Simulation result at T3 instant 

The results presented in Fig. 8 and 9 show that few instants 
after the shock, there is no error in the vibration measurement. 
This numerical analysis exhibits the effect of the temporal 
integration in the vibration measurement. When the vibration 
field has a rapid time evolution, an error-free measurement 
might be not obtained. Then, for the few first intants of the 
vibration, compensation algorithms have to be developped to 
overcome this effect. 

4 EXPERIMENTAL VALIDATION 

4.1 Experimental set-up 
The experimental set-up is described in Fig. 10. The light 
source is a green laser (λ=532nm) with maximum power at 
6W (VERDI). The studied structure is a polymer beam, 
suspended at one of its end, and excited by a shaker at its 
center. The light diffracted from the illuminated beam onto 
the recording area constitues the object wave. 

 

 
Figure 10 : Experimental set-up 

The laser beam issued from the laser is separated into the 
reference and the object wave by use of a polarizing beam 
splitter (PBS). The polarization of the object wave is rotated 
from 90° to be parallel with that of the reference wave, so as 
to get contrasted interferences. Using a lens assembly and 
mirrors, the object wave is then spatially expanded to 
illuminate the structure. Negative lenses are inserted between 
the object and the sensor and permit to increase the studied 
area, regarding the Shannon condition of the hologram 
recording [25]. This negative lens induces a change in the 
object-to-sensor distance, which is now d’0. 

From the polarizing beam splitter, the reference wave is 
spatially expanded and filtered by using a telecentric system 
associated to a micrometric pinhole, to get a smooth and plane 
wave. This wave remains unperturbed by the vibration 
structure. The object and reference waves are mixed with the 
50% cube splitter to produces interferences in the sensor 
plane. 

The recording sensor is a high-speed camera (Phantom V5), 
with pixel size 14.8μm and a maximum resolution of 
M×N=1024×1024 pixels. At the full spatial resolution, the 
maximum frame rate is 1200Hz. 

4.2 Reconstruction 
The reconstruction of the amplitude and phase of the encoded 
object is based on the numerical calculation of light 
diffraction [26]. The reconstructed field at distance –d’0 is 
given by the following relationship, the unnecessary factors 
and phase terms being removed: 
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where l, k, n, m are indices corresponding to the discrete 
versions of X, Y, x, y, respectively and Δη=λd’0/Lpx, 
Δξ=λd’0/Kpy are the sampling pitches in the reconstructed 
plane. Due to Shannon conditions, the minimum distance that 
can be set in the algorithm is given by 
d’0≥max{Npx

2/λ,Mpy
2/λ}, and depends on the spatial 

resolution of the sensor. The computation leads to complex-
valued results, from which the amplitude image (modulus) 
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and the phase image (argument) can be extracted. The 
numerical reconstructions were performed with K=L=2048. 

4.3 Harmonic excitation 
We aim at presenting demonstration of the potential of the 
proposed approach by considering first the case of a harmonic 
excitation. The beam is excited by a sinusoidal signal at 
925Hz. Holograms are recorded with M×N=719×128 pixels 
with a frame rate at 6400Hz.  

Fig. 11a,b shows respectively the wrapped and unwrapped 
phase differences between two instants. The unwrapped phase 
is proportional to the displacement field (eq. 2-5). In this 
experiment, the illuminated area is 9×2cm2. 

 
          (a)     (b) 

Figure 11 : Phase change between two instants. (a) Modulo 
2π, (b) unwrapped phase map 

 
The displacemet field observed in Fig. 11b is quite similar 

to what can be expected according to the known theory of 
beam vibrations. The measurement zone represents 11500 
independents and synchronous points that are obtained in a 
“one shot” measurement (i.e. without any scanning). 

4.4 Transient excitation 
In a second step, the mechanical set-up is excited by a pulse 
signal with a bandwidth 100Hz-3000Hz. Recording is 
performed by using M×N=512×128 pixels with a frame rate at 
8kHz. 

Fig. 12 shows a set of displacement maps according to the 
time evolution. The time delay between each map is 125μs. 

 
Figure 12 : Displacement map vs time evolution 

 
A mechanical wave-front emitted at the excitation point, 

and propagating along the beam can be clearly observed in the 
measured area.  

Fig 12 shows that the proposed method is quite able to 
provide full-field contact less measurements of vibrations at 
its time scale evolution. 

5 CONCLUSION 
This paper presents a feasibility study to design a new 
metrological tool adapted to the recording of the spatial and 
temporal pattern of the vibration of a structure. This 
unconventionnal tool is based on optical digital holography 
and a high-speed hologram recording. The main parameters 
governing the performances of the set-up were inversigated 
using a numerical simulation of the full acquisition process, 
including physical behavior of the structure, optical 
diffraction, electronic recording, and digital reconstuction of 
holograms. The first instants of the vibration are the critical 
point, since distorsion due to the finite value of the exposure 
time might occur, thus requiring the development of 
correction strategies. The experimental set-up was tested both 
with an harmonic and a transient excitation and the 
experimental results confirm the ability of the method to 
provide full-field contact less measurements of vibrations at 
its time scale evolution. 

As perspectives, such experimental methodology will give 
opportunities to solve vibroacoustic problems related to 
friction-induced vibrations or structure deformation due to 
impacts for example. This kind of optic measurement can also 
be particularly interesting for the analysis of displacement 
field due to non coherent excitations like aero or hydro-
acoustic sources. The next developments of the method should 
then be certainly coupled with industrial applications where 
the full field measurement is required. 
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ABSTRACT: The use of piezoelectric sensors for Structural Health Monitoring is in a continuous expansion not only due to 
their low costs but also to their proven versatility to be used in a wide range of applications. The development of the 
sensors/actuators relying on piezoelectric materials, especially lead zirconate titanate (PZT), have followed closely the 
development of structural integrity assessment methods that have been developed through the years. Recently, a new type of 
piezoelectric transducer, the macro fibre composite (MFC), was developed at NASA Langley laboratory.  The MFCs have been 
initially intended for the use in elastic wave based diagnostic procedures, which rely on the raw time history data, rather than on 
accurate measurements of strain or force. The latter, are usually required in modal based structural identification. The present 
research analyses the possibility to use these piezoelectric sensors for accurate strain measurements, opening the path towards 
the unification, under the same sensorial network, of continuous modal-based low frequency methods with triggered high-
frequency guided waves methods. The theoretical challenges regarding the prediction of the strain field based on the 
piezoelectric effect are reviewed and discussed. Experiments have been conducted in order to obtain the sensitivities of the 
MFCs with respect to strain in dynamic conditions. The MFCs strain was compared to that obtained from fibre Bragg (FBG) 
strain sensors. Two sets of experiments were performed, one on a fixed-free aluminium beam, for preliminary evaluation of the 
sensitivities and one on a free-free Sokol W3 helicopter main rotor blade for a frequency-response model based structural 
identification. The results of all tests are presented and the capability of the MFCs to be used as strain sensors is analysed. 

KEY WORDS: Structural Health Monitoring, Macro Fibre Composites, Strain Measurements 

1 INTRODUCTION 

Structural Monitoring is the process of permanent, 
continuous, periodic or periodically continuous recording of 
parameters over a certain period, [1]. Depending on the 
structure and on the integrity information of interest, there is a 
great variety of parameters that can be recorded, mechanical 
(strain, curvature, stress), chemical (ph, Cl, SO3, etc) or 
environmental (temperature, humidity). Generally, the aims of 
monitoring systems are to detect the presence, locate and 
classify failures and to estimate the remaining service life of 
structures. Such insights into structural integrity can confer 
considerable safety benefits and reduce the inherent scheduled 
maintenance costs and down-times. In the field of aerospace 
structures, composite materials have been increasingly utilised 
in the past few decades. Such materials open the possibility to 
embody between the fabric-resin layers sensors as part of a 
permanent monitoring system. The embedding of sensors into 
composite materials is a branch of SHM that has seen great 
development recently, especially with the emergence of low-
profile sensor solutions suitable for such application. Among 
such solutions, the Fibre Bragg Gratings (FBG) and the Macro 
Fibre Composites (MFC) have become of high interest due to 
the good signal-to-noise (SNR) levels, high life-time 
expectancy and reliability. On the other hand, embedding 
raises some critical technical challenges because the sensors 
and corresponding cabling, as foreign bodies in the structure, 
can disrupt the macroscopic properties of the host structure. 
Also, a highly dynamic environment, like the case for 
helicopter rotor blades, can accelerate the deterioration of 

sensor-structure bonding, thus conducting to failure of the 
monitoring system. Such challenges are increasingly been 
addressed in the literature, and solutions are being proposed, 
[2], [3]. It is, nevertheless, clear that design process of a smart 
composite component with embedded sensors is expected to 
be much more expensive than a classic design paradigm. The 
considerably additional effort manufacturers have to make 
comes not only from surpassing the technical uncertainties, 
but also from surplus costs with new manufacturing 
procedures and certification. Such a drastic design shift can be 
pushed forward by the previously enumerated benefits offered 
by an SHM system. 

The present research focuses on the use of 
piezoelectric materials as strain sensors in an attempt to 
evaluate their capabilities to act as observers for a model-
based helicopter main rotor blade (HMRB) monitoring 
system. The HMRB, being one of the key components of the 
helicopter, providing the thrust, lift and enabling manoeuvres, 
dictates the capabilities and performance characteristics of the 
entire apparatus. The work is part of the endeavour to employ 
a single sensor solution in a hybrid monitoring strategy 
composed of model-based frequency response methods and 
ultrasonic Lamb wave methods. Such approaches have been 
suggested in literature for some time, [4] but have yet to be 
implemented in practice in the harsh technical requirements 
and airworthiness design restrictions within the helicopter 
industry. The MFC have been proven good acoustic wave 
emitters and transmitters, [5], [6] but have yet to be verified 
completely as accurate strain sensors. Previous research in this 
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sense has been conducted by Wait and Todd, [7], in which 
they present the prediction of the  MFC strain response for 
simple single-harmonic signals. This research does not treat 
the problem of calibration of broadband stochastic signals, 
usually encountered in real operation condition. It has been 
shown in the present research that the response of the MFC 
has to be corrected for the inherent transfer distortions 
induced by the measurement channel. These distortions occur 
both in phase and in magnitude and vary with the excitation 
frequency. The sensitivity-frequency calibration curve has 
been determined analytically and validated experimentally. 
The calibration procedure developed in the present study 
enabled the calibration of stochastic broadband signals.  

2 SENSOR SOLUTIONS FOR STRAIN MONITORING 

There exist a multitude of methods to register this 
fractional change in structure strain. Among the ones suitable 
for permanent monitoring are the optical based FBG sensors 
and the piezoelectric based MFC sensors. 

 Fibre Bragg Grating sensors 2.1

For the present research, the FBGs were utilized as 
reference strain measurements, the response in time and 
frequency domain is compared with the response from the 
MFC for the purpose of performance evaluation and 
calibration of the latter. The Fibre Bragg Grating sensing 
relies on a distributed Bragg filter that is constructed within 
the fibre core such that it reflects a particular wavelength of a 
broadband continuous light signal and allows the transmission 
of the others. The local strain field and temperature cause the 
deformation of the Bragg filter, in turn resulting in the change 
of the particular wavelength reflected by the filter:  

 
∆��
��
� C� ∙ ε 	 C
 ∙ ∆T           (1) 

Where, 
λ – central wavelength of the FBG [nm]; 
C� – strain sensitivity [1/µε]; 
ε – strain [µε]; 
C
 – temperature sensitivity [1/0C];; 
∆T – temperature change [0C]; 

 
Figure 1 presents the operation principle of the FBG 

sensors. For the present work, FiberSensing 10mm Bragg 
length FBGs were used, but the measurement gage length was 
settled during the attachment phase to be 30mm. 

 

 

Figure 1. FBG working principle, [8] 

 Macro Fiber Composite 2.2

Some outstanding characteristics of piezoelectric 
materials like compactness, high sensitivity over a large strain 
bandwidth, reliability and high service life have brought them 
among the top technologies used for development of sensing 
solutions. 

Originated at NASAs Langley Research Centre, the 
Macro Fibre Composites provides a new, low-cost 
piezoelectric device that brings together the benefits of 
piezoceramics in a compact, flexible product. Invented in 
1996 and commercialized since 2002 by Smart Material 
Corporation, the MFC has been mainly utilized for SHM 
applications, although this technology has been employed for 
a wide range of other applications, range-measuring or 
vibration/noise control in aircraft, aerospace structures and 
automobiles. The MFC architecture manages to relieve the 
concern of brittleness and lack of conformity to curved 
surfaces that monolithic piezoceramic sensors present. 

The MFC sensor consists of rectangular piezoceramic 
rods sandwiched between layers of adhesive, electrodes and 
polyimide film. The electrodes are attached to the film in an 
inter-digitized pattern which transfers the applied voltage 
directly to and from the ribbon shaped rods, Figure 2. 
 

 

Figure 2. MFC architecture, [9] 

. 
There exist two different operational modes for the 

MFCs that have been enabled by the two different design 
approaches, P1 and P2 types. 

The P1 type, also called “elongator”, exploits the d33 
effect for actuation and sensing and can elongate up to 1800 
µε if operated at maximum voltage rate of -500 to +1500 V. 
Besides being a powerful actuator this type of MFC is also a 
very sensitive strain sensor. The configuration and working 
principle of the P1 actuator are presented in Figure 3. 

 

 

Figure 3. P1 MFC working principle, [9] 

 
The elongator MFC has the electrodes distributed 

along the piezo-ceramic fibre distributed at 90o. This 
configuration ensures that the direction of the polarisation 
effect exploited is the same as the elongation direction, i.e. the 
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d33 effect. In this configuration, the MFC is expected to 
produce the highest output and it is the solution of focus for 
the present study. SmartMaterial Corp. offers a large variety 
of standard inventory sizes for MFCs. The MFC model 
selected for the current study is presented in Table 1. 

Table 1 MFC parameters 

MFC 
model 

d33 
[pC/N] 

Young 
Modulus 
(mat/ 
substrate) 
[GPa] 

Poisson’s 
ratio 

Length 
[mm] 

Width 
[mm] 

Fibre 
thickness 
[mm] 

Cap. 
[nF] 

M-
2814
-P1 

400 
30.3 / 
2.5 

0.31 28 14 0.3 0.61 

 

3 ANALYTICAL DETERMINATION OF MFC STRAIN 

RESPONSE  

The intent of this section is to introduce the 
theoretical considerations covering the piezoelectric use as 
sensors and make a review of the methods and models utilised 
by researchers to predict and understand the behaviour of 
these materials.  Ultimately, the aim is to develop the MFC 
strain formulation starting from existing research. The study 
follows closely the work of Sirohi and Chopra, [10] for the 
evaluation of the strain response of piezoelectric elements and 
has been adapted accordingly to the MFC. Subsequently, this 
model will be verified and validated experimentally. 

 Piezoelectric constitutive equations 3.1

A piezoelectric material has the ability to convert 
stresses, consequently strains, into electrical charges that are 
proportional, via the dielectric coefficients to the original 
stress/strain input. This behaviour is valid for the reverse 
effect as well, i.e. the piezocrystal produces a displacement 
when a voltage is applied. In literature, these physical 
behaviours are referred as direct respectively converse 
piezoelectric effects, and they can be described 
mathematically by the following relations: 

 
 �� �	���

� ∙ �� 	 ���
� ∙ ��                          (2) 

 
�� �	���

� ∙ �� 	 ���� ∙ ��                 (3) 
 

Where, 
�� 	– electric displacement [Coulomb/m2]; 
���
�  ** – dielectric permittivity [Farad/m]; 
�� – applied electric field [V/m]; 
d� 
!  * – direct piezoelectric coefficients [Coulomb/N]; 
σ  – the stress vector [N/m2]; 
���
�  – strain vector [µε]; 
���
�  * – converse piezoelectric coefficients [m/V]; 
����  ** – elastic compliance [m2/N]; 
* superscripts c and d differentiate between converse and 
direct effect; 

** superscripts σ and E indicate that the quantity is 
measured at constant stress and constant electric field 
respectively. 

A piezoelectric sensor can be treated as a parallel 

plate capacitor. The relation between the charge stored,	q$%&  

and the voltage generated across the electrodes, V()* of the 

capacitor C()* is 
 

  V()* �
+,-.
*,-.

                               (4) 

 
Given that there is no applied electric field, the direct effect 
constitutive equation (2), can be rewritten as 
 

�� �	���
� ∙ ��                 (5) 

 
And knowing that, 
 

/ � ∬���1�                (6) 
(index i=1, 2, 3 accounts for the direction of the polarisation) 
 
and considering only the effect of the strain on the 
longitudinal direction (considered here direction 1), based on 
(4), (5) and (6), the voltage produced by the sensor as a 
response to strain can be expressed as 
 

2$%& �
�34∙56∙76
&89:

; �< �=>6
                    (7) 

 
Where, 
Y@ – the modulus of the piezoelectric material; 
b@ – the active width of the MFC; 
l@ – the active length of the MFC; 
 
If the value of ε< is assumed to be the average over the gage 
length then 
 

2$%& �
�34∙56∙76
&89:

∙ �< ∙ C�                (8) 

 
The quantity 
 

DE �
�34∙56∙76∙>6
&89:

             (9) 

 
is referred to as the sensitivity parameter, entailing the 
particular characteristics of the sensor. 

Thus, the equation relating the strain to the voltage 
generated by the MFC becomes: 

	
V()* � ε< ∙ S+              (10) 
 

Understood as a set of capacitors in parallel, the 
dynamic impedance of the MFC is dependent on frequency 
and thus the expected voltage as estimated in (10) depends on 
frequency. Moreover, the actual value of the voltage 2$%& is 
measured not at the pins of the MFC but through a 
measurement channel that induces its own distortions 
according to its particular functioning parameters. These 
problems are analysed in next section. 

 Evaluation of the transfer function of the MFC 3.2

There exist a large variety of modelling techniques of 
piezo-materials, [11]: 

• equivalent circuit; 
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• spring model; 
• thermal analogy; 
• finite element method. 

 
In the present research, the MFC was modelled using 

the equivalent circuit method. The piezoelectric transducer is 
seen as an element that generates an electrical magnitude 
(voltage or charge) when withstands a mechanical magnitude. 
The simplified equivalent circuits of a piezoelectric 
transducer, both as a voltage source and as a current source of 
a piezoelectric sensor are presented in Figure 4. 

 

Figure 4. Simplified equivalent circuits for a piezoelectric 
transducer. Left – charge source, right – voltage source 

This representation enables the possibility to evaluate 
analytically the expected response of the proposed system. 
Before that step, the issue regarding the influence of the 
measurement channel needs to be addressed. The output 
voltage, Vout(t) was measured not at the pins of the sensor but 
through a complicated measurement channel that involved 
cables, connectors and an acquisition device that hold 
properties which influence the response of the sensor.  

The whole generic MFC measurement channel from the 
sensor to the acquisition setup is represented in Figure 5. 

 

 
Figure 5. MFC generic measurement channel 

 
Here CMFC is the MFC static capacitance (given in 

the specifications), Ccab is the cable capacitance (measured), 
Cin corresponds to the acquisition device input capacitance 
(given in the specifications) and Rin corresponds to acquisition 

device input impedance (given in the specifications). During 
the tests, two acquisition devices for the MFC were used, the 
LMS Scadas and the Lecroy Oscilloscope. The relevant input 
characteristics of these devices are presented in Table 2. 

Table 2 Acquisition devices input parameters 

Acquisition device Input 
impedance 

Input 
capacitance 

LMS Scadas 1 MΩ 50 pF 
Lecroy Oscilloscope 10 MΩ 12 pF 
 

The response of the equivalent circuit of the 
measurement channel can be expressed in function of the 
input of the system by computing the transfer function of the 
system, [12]: 

 

GHIJ � KLMN
KOP
� QOP
QOPR�SQOP&T6U

� �SQOP&T6U
<R�SQOP&T6U

         (11) 

 
Where, (V$%&//V�X7//V�Y), 
 

VZ�[ � V$%& 	 V�X7 	 V�Y         (12) 
The magnitude and phase of the transfer function can 

be expressed as: 
 

G � |GHIJ| � SQOP&T6U
]<RHSQOP&T6UJ^

         (13) 

and 

_ � ∠GHIJ � a
b
− <

def	HSQOP&T6UJ
      (14) 

 
The representations of the magnitude and the phase for 

the acquisition systems utilized are presented bellow. 
 

  
Figure 6. LeCroy Oscilloscope. Left: magnitude vs 

frequency. Right: phase vs frequency 
 

 
 

Figure 7. LMS Scadas. Left: magnitude vs frequency. 
Right: phase vs frequency 

 
The transfers function for both measurement systems 

considered look similarly in terms of shape, revealing the 
high-pass filtering characteristic of the MFC. Both magnitude 
curves have a transition zone, where the output is being 
attenuated and at some point they reach the passing band and 
the output is not affected anymore. 

What dictates the shape of the transfer function is the 

system time constant, g defined as: 
 

g � hZ�[ ∙ VZ�[           (15) 
 

The higher the time constant, the faster the pass-band 
of the transfer function is reached. It is desired to squeeze the 
transition band as close to zero, and this is done using a higher 
time constant of the measurement channel. The value of the 
time constant can be made very high for low frequency 
measurements, but since the transfer function always tends to 
0 when the frequency tends to 0, static or quasi-static 
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measurements are not possible using piezoelectric sensors. 
Use of higher time constant is also followed by the attenuation 
of the signal and this is why amplifiers are usually utilized for 
piezoelectric based measurements. Because the raw response 
of MFC was very good, the use of the amplifier was avoided 
in the present research. 

In equation (11), Vin is the actual voltage produced 
by the MFC, VMFC that was calculated in the previous section. 
Thus, by substituting (10) in (11) and rearranging, the 
complete analytical relation between the measured voltage 
and the input strain can be obtained: 

 
KLMN
i4 � 	GHIJ ∙ 	DE         (16) 

 Poisson effect correction 3.3

Unlike the case of the FBG sensor, the response of 
the MFC is in fact the result of both transversal and 
longitudinal fields. Consequently, in the voltage response of 
the MFC, a component accounting for transverse strain is to 
be expected and needs to be corrected accordingly, [10]: 

 
KLMN
i4
�	jk ∙ GHIJ ∙ 	DE         (17) 

Where, jk � H1 − m<bJ is the correction coefficient 
accounting for the Poisson effect. Multiple sensors (usually 3 
in rosette configuration) are required to account for complex 
strain fields.  

 Shear-lag correction 3.4

The procedure refers to compensation for the 
bonding layer between the structure and the sensor. The 
derivation follows the lines of the work of Crawley and de 
Luis and a complete exposition of the calculation can be 
found in [13]. The assumptions considered for the 
computation are the excitation of the beam in pure bending 
and linear strain distribution across the thickness. With these 
assumptions, the forces and moments acting on the 
instrumented beam can be represented as shown in Figure 8. 

 
Figure 8. Forces acting on the sensor-structure 
 
By solving the force and equilibrium equations, 

enforcing everything in terms of strains and applying the 
boundary conditions, the relation describing the relative strain 
between the host structure and the sensor is obtained: 

				

ζ � @opq
HrstJ-<

p�fqHrstJ
coshHΓxJ-coshHΓxJ        (18) 

Where  

-the quantity | � }

56~6~�
− �76}

5�7�~�~� 
is accounting for base 

structure (subscripted “b”) and for the MFC properties 
(subscripted “c”). � is the shear modulus of the adhesive. 

It is important to observe at this point, that in the 
case of MFC the strain is transferred to the PZT crystal not 
directly but via the polyimide substrate, so the elasticity 

modulus of the substrate needs to be considered in the 
estimation, not that of the PZT material. Also, any shear-lag 
between piezoelectric fibres and substrate materials has been 
ignored. 
- the quantity � � ��

��
− � is a measure allowing to estimate 

how much of the strain of the beam transfers to the sensor. 
The shear-lag function described in (19) was plotted 

for the widths and length of the MFC sensor and the 
corresponding curves were obtained for both acquisition 
conditions. 

 

 
Figure 9. Shear-lag function for the length of MFC 

 

 
Figure 10. Shear-lag function for the width of MFC 

 
The values of the effective length and width 

fractions, leff and beff respectively, that relate to the actual 
strain transferred from the structure to the sensor can be 
obtained by integrating the area under the curves. 

The shear-lag correction coefficient is given by: 
 

j7 � CZ�� ∙ �Z��          (20) 
 

Thus, eq. (17) becomes: 
 

KLMN
i4
�	jk ∙ j7 ∙ GHIJ ∙ 	DE         (21) 

 

4 EXPERIMENTS 

 Experimental set-up 4.1

Two sets of experiments were conducted for this 
research, first on an aluminium beam with the main purpose to 
validate the previously described model and second on a full 
scale rotor blade for frequency response structure 
identification methods. The general architecture for both 
experiments was similar and is presented in Figure 11. 

The structure (1) was instrumented with collocated 
FBG and MFC sensors (2 and 3). The structure was excited 
using an electromagnetic shaker (8) driven by a signal 
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generator (9) and an amplifier (10). The two sensors responses 
were connected with single mode optical fibre (7) with the 
optical interrogator (4) and with electrical cables (6) to the 
Scadas and LeCroy oscilloscope (5).  

 

 
Figure 11. Generic experimental setup 

 
Also, The LeCroy Oscilloscope was utilised for the 

aluminium beam validation experiment, while LMS Scadas 
was utilised for the case study on the helicopter main rotor. 
Figure 12 and Figure 13 present the experiments together with 
detail on the collocated FBG and MFC sensors.  

 

 
Figure 12. Experimental campaign: aluminium blade 

 

 
Figure 13. Experimental campaign: W3 Sokol rotor blade  

 

The main difference between the two set-ups resided 
in the fixing of the structure, the aluminium beam was in a 
cantilever configuration while the rotor blade was in a free-
free condition. 

 Method 4.2

4.2.1 Validation of the analytical model 

The acquisition conditions of the optical interrogator 
and of the oscilloscope were set at 5000 samples per second a 
total of 100000 samples registered for each single test, 
resulting in a total of 20 seconds of measurement time. Both 
measurements for the FBG and MFC were turned on at the 
same time. At second 5 of the acquisition the excitation of the 
beam was introduced, shaker-on. The constant excitation was 
kept for 10 seconds, after which the shaker was turned off.  
The beam movement is registered for another 5 seconds and 
the optical interrogator and the oscilloscope is stopped. 
Exemplary signals resulting from application of this procedure 
are presented in Figure 14.  

 

 
Figure 14. Exemplary signals. Up-MFC, down - FBG 

 
One full experiment consisted of multiple single 

tests. Each test was carried out with the beam excited in only 
one constant harmonic frequency. Thus, harmonics of the 
beam were measured over a 700 Hz bandwidth with steps of 
1, 4, 50 Hz between two subsequent measurements. The 
sweep was dense, step of 1 Hz at the low frequencies 
(1÷10Hz), coarser, step of 4 Hz, at higher frequencies 
(10÷220 Hz), and very coarse, step of ~ 50 Hz, at frequencies 
above 220Hz. A total of 146 measurements, 73 with the MFC 
and 73 with FBG, were conducted for one experiment. The 
procedure was repeated 3 times and final results were 
averaged. The measurement bandwidth covered the first 12th 
natural modes of the beam. 

The sensitivity of the MFC was computed at each 
moment measured using a unitary rectangular window of 
width � � 2�, where T is the period of the measured 
frequency. The period T was approximated as 

 

� � � <
��T��M�T�

�           (22) 

 
The selection window was defined as: 
 

���j� � �1, ���	|j c �/��Z�| � 0	
0, �� ��¡¢��       (23) 

 
Here N is the number of samples, k is current index 

and Tres is the time resolution. The rectangular window was 
swiped along the MFC and the FBG signals and at each 
sample the code computed the corresponding peak to peak 
amplitudes equivalent with: 
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1$%&�j� � £¤=H��j� ∙ =$%&�¥�J − £¢¥H��j� ∙ =$%&�¥�J 

(24) 
and 
 
1%¦}�j� � £¤=H��j� ∙ =%¦}�¥�J − £¢¥H��j� ∙ =%¦}�¥�J 

(25) 
The instant sensitivity vector in term k was defined as: 
 

V$%&�j� �
§89:���

§9¨©���
         (26) 

 
The plot of this vector, Figure 15 was somehow 

predictable in that it shows the time-invariant regime of the 
MFC, the sensitivity being constant along the time axis, under 
constant excitation conditions. It can be also observed that the 
values of the sensitivities are dispersed in the noisy regions 
and more coherent where information is present. 

 

 
Figure 15. Experimental campaign: aluminium blade 

 

4.2.2 Full scale rotor blade measurements 

The rotor was excited using linear sweep and burst 
random input signals (Figure 16). The resulting movement of 
the blade was recorded using all the attached sensors (3 MFC 
and 3 FBG), and the corresponding frequency response 
function was determined. The SIMO (singe input, multiple 
output) approach considered in the present research relied on 
the Scadas unit (5) for input signal generation and data 
acquisition of MFC signals.  

 
Figure 16. Exemplary signals rotor measurements (FBG) 

 
During the rotor blade measurements, additional 

signals using uniaxial (normal direction) accelerometers and 
strain gages were collected for validation and synchronization. 

5 RESULTS 

 Validation of the analytical model 5.1

The actual sensitivities determined experimentally 
were compared with the analytical curve – equation (21). The 

result shows very good agreement and it is presented in Figure 
17. 

 
Figure 17. Calibration curve vs measurements 

 
Good agreement between measurements with FBG 

and MFC was obtained along the entire investigated spectrum, 
with little exceptions. Figure 18 shows the agreement between 
the frequencies determined with MFC, FBG and the actual 
input frequencies considered. 

 
Figure 18. Frequency agreement 

 
The only situation when the agreement between the 

actual input and the output of the sensor was for low 
frequencies. The inability of the piezoelectric to measure 
static or quasi-static condition, of few Hz, has been 
underlined. 

 Full scale rotor blade measurements 5.2

Figure 19 shows the good qualitative and quantitative 
agreement between resonant frequencies registered with 
different technologies employed. The only situations where 
the signals didn’t match were the torsional and longitudinal 
modes. This situation was expected since the MFCs and the 
strain gages were aligned on the longitudinal direction, and 
thus, the sensitivity to transversal strains caused by the 
torsional modes was greatly reduced. 

 
Figure 19. Frequency agreement between different 

technologies 

Torsional mode 

Lead-lag mode 
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To enable the use of the MFC for monitoring 
applications, the calibration needs to be performed also on 
signals with broad frequency content. Moreover, operational 
behaviour is often stochastic in nature. For such signals, the 
MFC calibration needs to be performed in frequency domain 
according to the schematic bellow.  
 

 
Figure 20. Calibration procedure for broadband stochastic 

signals 
 
The sweep and burst random signals collected from 

the helicopter rotor blade were calibrated according to the 
procedure presented and Figure 21 and Figure 22 show good 
agreement both in phase and in amplitude. 

 

 
Figure 21. Calibration of sweep test (with detail)  

 
Figure 22. Calibration of burst-random test (with detail) 

6 CONCLUSIONS 

The development of SMART materials opens a 
doorway in the helicopter blade monitoring, towards a 
“hybrid” approach comprised of both model-based and 

ultrasonic NDT methods. This possibility is enabled by the 
capability of piezoelectric materials to describe with good 
confidence the spectral response in low frequency domain, in 
range of hertz to few kHz, as well as in high ultrasonic range, 
of hundreds of kHz, for fault evaluation.  

MFC responses have been compared in frequency 
and time domain with responses obtained using FBG. The 
agreement has been found to be qualitatively and 
quantitatively good. In all cases, the MFC was utilised without 
any signal conditioning which offers a great advantage over 
technologies which require such expenses, like accelerometers 
or strain gages. Sensor response has been predicted 
analytically and it has been validated on a simple aluminium 
beam.  

MFC can be used to measure dynamic strain starting 
with frequencies of few hertz. A calibration procedure for 
strain calibration of stochastic signals, commonly encountered 
during component operation, has been derived and validated 
experimentally.  
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ABSTRACT: This paper addresses the optical-based 3D displacement measurement system applied in the structural dynamic 
observation of the 25th of April long-span suspension bridge in Lisbon (Portugal), namely, in its main span central section. The 
lack of nearby absolute reference points and the structure’s dynamic behaviour do not allow applying conventional solutions. 
Being a metallic suspension bridge, other recently developed non-contact measurement solutions, such as global navigation 
satellite systems and microwave interferometric systems are not recommended since their measurement accuracy is affected by 
the multi-path effect resulting from reflections of electromagnetic waves in the bridge’s structural components. 

The optical system comprised a high focal length digital camera, rigidly connected to the lower surface of the stiffness beam 
and orientated towards a tower foundation, where a set of four active targets was installed. Based on the pinhole camera model 
and being the camera’s intrinsic parameters and targets world coordinates previously quantified, the targets image coordinates 
allowed determining the camera’s projection centre world coordinates which, in the adopted measurement configuration, are 
considered representative of the central section spatial position, making possible its 3D displacement measurement. 

This paper describes the experimental procedures and results obtained in the camera’s intrinsic parameterization and also in 
the field calibration test of the optical system. Displacement measurements related to a train passage in the mentioned 
suspension bridge are also shown and analysed. It was concluded that the described optical system is suitable for vertical and 
transversal displacement bridge observation within the determined measurement uncertainty. 
   

KEY WORDS: Optical Metrology; Computer vision; Non-contact displacement measurement; Suspension bridges. 

1 INTRODUCTION 
Structural dynamic observation of suspension bridges (or 
other types of large structures) provides relevant information 
for management entities responsible for safety assessment of 
their condition. In this context, several quantities – 
temperature, wind speed and direction, rotation, acceleration, 
extension and displacement – can be observed in critical 
regions, namely, in the bridge’s main and side spans, towers 
and stiffness beam. 

3D displacement measurement in long-span suspension 
bridges can be considered an instrumentation challenge since 
conventional solutions are not suitable for dynamic 
observation of its structural behaviour. For instance, contact 
measurements by displacement transducers in the bridge’s 
main span central section are not possible due to the lack of 
nearby absolute reference points. Other instrumental 
approaches, such as geodesic observation or hydrostatic 
levelling, are not compatible with the dynamic nature of the 
measurement problem. 

Recently, several non-contact measurement solutions have 
been explored in the structural observation context, namely, 
global navigation satellite systems [1] and microwave 
interferometric systems [2]. However, in the case of metallic 
suspension bridges, the multi-path effect due to reflections of 
electromagnetic waves in the structural components is indeed 
an obstacle to accurately measure displacements. In addition, 
the vast majority of the proposed methods and non-contact 
systems still lack the metrological background related to 

International System of Units (SI) traceability established by 
dimensional calibration and measurement uncertainty 
evaluation, which are required for a suitable assessment of 
their accuracy according to the international guidelines given 
by ISO GUM uncertainty framework [3-5]. 

Within non-contact measurement approaches, optical 
systems composed of cameras and active targets, have the 
advantage of not being affected by the multi-path effect in a 
metallic suspension bridge observation scenario [6] and are, 
therefore, considered to be a promising solution for the 
previously mentioned measurement requirement. Their 
vulnerabilities are mainly related to atmospheric phenomena 
(refraction, turbulence, fog or rain) in the optical propagation 
path. 

This paper presents the research and main results obtained 
to support the development and characterization of a 3D 
displacement optical measurement system applied in the 
structural dynamic observation of the 25th of April long-span 
suspension bridge (P25A) in Lisbon (Portugal).  

The proposed optical measurement approach is described in 
terms of the system’s architecture, composition and applied 
mathematical models. The adopted experimental procedures 
used to establish complete traceability to the International 
System of Units (SI) are presented, namely, the camera’s 
intrinsic parameterization by diffractive optical element 
(DOE) and the field calibration of the optical system 
supported by the use of movable reference targets traceable to 
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dimensional standards. The experimental results are presented 
and discussed in this paper.  

The performed experimental activity includes the actual 
implementation of the optical system in the P25A, being the 
obtained displacement estimates also presented and analysed 
in this paper. The corresponding measurement uncertainty 
evaluation, performed according to ISO GUM uncertainty 
framework, is described in a dedicated section, containing the 
combined dimensional measurement uncertainty obtained 
from the propagation of the identified input uncertainty 
sources related to the method and optical measurement 
system.  

In the last section, conclusions are drawn about the 
suitability to perform structural dynamic observation of      
long-span suspension bridges by optical systems. 

2 OPTICAL MEASUREMENT APPROACH 
The optical measurement approach for 3D displacement 
measurement of long-span suspension bridge dynamics 
consists in the establishment of a rigid connection between the 
region of interest for structural analysis and a digital camera 
aligned with a set of targets placed in a static region of the 
observation scenario. In structural safety assessment 
supported by displacement measurements in the bridge’s main 
span, the regions of interest usually correspond to its ¼, ½, 
and ¾ sections of its stiffness beam, which justifies placing 
the set of active targets in the nearest suitable static region, 
namely, tower foundations. This geometrical configuration of 
the system’s main components (camera and set of targets) 
leads, in general, to optical propagation paths ranging from        
200 meters up to 1000 meters in long-span suspension 
bridges. 

The pinhole camera model will be used to geometrically 
model light propagation between camera and targets. Provided 
camera’s intrinsic parameterization (focal length, principal 
point coordinates and distortion parameters) are previously 
and accurately determined, seven unknown variables must 
still be determined: four quaternion components and three 
coordinates, related to the camera’s orientation and position in 
a world coordinate system, respectively. 

In this geometrical model and by establishing a rigid 
connection between the camera and the bridge, the 3D 
dynamic displacement of the camera’s projection centre is 
considered representative of the bridge’s movement relative to 
a world coordinate system. In addition, observed changes in 
the camera’s orientation are considered representative of the 
bridge’s rotation where the camera is located. 

Since each target allows establishing two observation 
equations, a minimum of four targets is proposed in order to 
mathematically determine all the unknowns, provided targets 
positions in a world coordinate system are known. In fact, the 
world coordinate system can be materialized in a referential 
composed by the four targets, where one of them defines the 
origin and the remaining are aligned according to the bridge’s 
displacement longitudinal, transversal and vertical directions. 
The accurate knowledge of the targets relative positions can 
be previously achieved by dimensional testing in a 
metrological laboratorial facility.  

An unconstrained non-linear optimization procedure [7] can 
be used to the determine the unknowns by minimizing the 

residuals between measured and ideal targets image 
coordinates, once camera’s intrinsic parameters and targets 
world coordinates are accurately known. 

The main advantages of this optical measurement approach 
are: (i) it avoids recurring to multiple cameras optical 
approaches which are more complex and expensive to 
implement and maintain requiring, for instance, the 
establishment of long-distance synchronous observation 
conditions; (ii) it has a reduced number of unknowns, 
improving the numerical stability of the algorithms; (iii) it 
allows using cameras equipped with high focal length lenses, 
improving the 3D displacement measurement sensitivity; (iv) 
the directions of bridge displacement can be defined by the set 
of targets placed in the tower foundations.  

The dynamical environment which the camera is subjected 
to – namely, high frequency vibrations – is a main concern of 
the method because, in the long-term observation or 
monitoring scenario, it can eventually cause damage to the 
measurement system. The use of vibration isolator materials 
in the bridge/camera interface is, therefore, recommended in 
order to mitigate the mechanical transmission of high 
frequency vibrations. Although modern off-the-shelf cameras 
are subjected to environmental normative tests before their 
commercial release, camera’s intrinsic parameterization 
should be repeated periodically to assess its geometrical 
stability through the intrinsic parameters drift. 

A second major concern is related to atmospheric 
phenomena which can affect the operational conditions of the 
measurement system by the occurrence of fog or rain. This 
justifies using active targets in which the light’s intensity can 
be set to different observation atmospheric conditions in order 
to be detected by the camera whose sensor must be spectrally 
compatible with the light emitted by the active targets.  

In particular, the use of near-infrared radiation is 
recommended, since most available off-the-shelf cameras 
have an acceptable spectral response in the wavelength range 
between 700 nm up to 900 nm (where atmospheric 
transmittance of light is higher) therefore, reducing the effect 
of fog or rain in the image of targets [6]. LEDs are available 
for this wavelength range and can be used as primary sources 
for the active targets of the optical measurement system. In 
addition, optical filters can also be used to eliminate visible 
radiation when the camera’s sensor has a high spectral 
response in the visible wavelength range. 

Vertical thermal gradients in the optical propagation path 
between the camera and the targets are a third major concern 
since refraction and turbulence phenomena can arise and 
affect the targets position in the obtained images [8]. In the 
case of refraction, corrections can be applied to the targets 
vertical image coordinates in order to compensate the 
systematic effect of this phenomenon. In the case of 
turbulence, if not corrected, its random effect on the targets 
image coordinates must be quantified (by static target 
observation tests) and accounted for in the dimensional 
measurement uncertainty budget. The camera integration time 
and the number of frames to acquire are key variables to 
characterize and account for turbulence effects in operational 
conditions. 
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3 EXPERIMENTAL PROCEDURES AND RESULTS 

3.1 Dynamic structural observation scenario and optical 
measurement system 

The optical measurement approach was deployed for the 
dynamic structural observation monitoring of the P25A in 
Lisbon (Portugal), shown in Figure 1, which connects the 
north and south banks of the Tagus river. The main features of 
this bridge and nearby north viaduct are summarised in           
Table 1. 

 
Figure 1. The 25th of April suspension bridge (P25A). 

 

Table 1. Main features of the P25A. 

General dimensions of the suspension bridge 
Height of the road deck 74 m 
Height of the suspension towers 191 m 
Stiffness beam section 21 m x 11 m 
Main span (P3-P4) 1 013 m 
Side spans (P2-P3; P4-P5) 483 m; 483 m 
Non-suspended spans (P5-P6; P6-P7; P1-P2) 100 m; 100 m; 99 m 
Total length (P1-P7) 2 278 m 

Dimensions of the north viaduct spans 
P7-P8 82 m 
P8-P9-P10-P11-P12; P15-P16-P17-P18 76 m 
P12-P13-P14-P15 74 m 
P18-P19 53 m 
P19-P20 32 m 
P20-A21 24 m 
Total length (P7-A21) 945 m 

Main construction milestones 
4-way road upper deck 1966 
Structural reinforcement, 6-way road upper 
deck and 2-way train lower deck  1999 

 
According to past records, high amplitude displacements – 

namely, in the vertical direction at the central section of its 
main span – are expected to occur as shown on Table 2, 
showing the static load testing results obtained in 1966 and 
1999. 

 

Table 2. Static load testing results of the P25A                        
in the central section of its main span. 

Year Load type Load 
(kN) 

Length 
(m) 

Distributed 
load 

(kN/m) 

Vertical 
displacement 

(m)* 

1966 Concentrated 2 400 14,1  -0,65 
Distributed 15 500 345 44,9 -3,27 

1999 Concentrated 2 294 15,5  -0,44 
Distributed 13 950 180 77,5 -2,37 

* Indirectly estimated from extension measurements. 

Being a steel suspension bridge, the previously described 
optical approach is a promising solution for accurate 
determination of its 3D dynamic displacement, namely, in the 
central section of its main span. In this scenario where an 
observation distance of, approximately, 510 m is established 
between the central section of the main span and the towers’ 
foundations, the following requirements for measurements 
were defined: (i) ± 3 m vertical measurement range;               
(ii) ± 0,5 m transversal measurement range; (iii) ± 0,2 m 
longitudinal measurement range; (iv) 1 mm resolution; (v)   
10 mm accuracy; (vi) 5 Hz acquisition frequency. 

In order to achieve these requirements, the applied optical 
system is described in Table 3 and some of its components are 
displayed in Figure 2. Due to the high cost related to telephoto 
lenses with focal lengths above 300 mm, an optical 
teleconverter was used in order to achieve a higher focal 
length (close to 600 mm), in order to improve the sensitivity 
of the measurement system. 

 

Table 3. Main elements of the optical system. 

Element Manufacturer Model Specifications 

Digital 
camera IMPERX IPX 

2M30H-LM 

Monochromatic CCD     
1080 x 1980 pixels 

7,4 μm squared pixel 
Telephoto 

lens SIGMA 300 mm F2.8 
EX APO DG 300 mm focal length 

Optical 
teleconverter SIGMA 2.0 x            

EX APO DG 2 x focal length 

Optical filter Schneider 
Kreuznach 

B+W 
infrared filter 

092 

ø46 mm 
100 % transmissivity 

above 730 nm 
wavelength 

Active target LNEC Prototype 16 LEDs distributed in 
a ø40 mm circle 

LED Avago 
Technologies HSDL-4260 

875 nm infrared 
wavelength 

ø5 mm 

 
 

 

 

 

 

 

Figure 2. Active target and camera of the                               
optical measurement system. 

 

3.2 Intrinsic parameterization by DOE method 

As mentioned in section 2, the camera’s intrinsic parameters 
– focal length, principal point coordinates and distortion 
parameters – must be previously and accurately known before 
its installation in a structural observation scenario. 

Intrinsic parameterization can be achieved using diffractive 
optical element (DOE) [9] even for high focal length lenses, 
such as the one studied in this paper, where conventional 
parameterization methods can be difficult to implement 
because of ill-conditioned matrixes in least squares 
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estimation. The methods based on DOE’s use a collimated 
laser beam which passes through the DOE originating a 
regular spatial distribution of diffraction points in the 
camera’s sensor.  

The accurate knowledge of input quantities related to the 
laser wavelength, DOE grating constant, observed diffraction 
orders and image coordinates of the corresponding diffraction 
points allows determining the required intrinsic parameters, 
using only one image in a controlled laboratorial environment 
– the method is therefore accessible and simple when 
compared with other complementary methods such as the 
field test method and the goniometric method. 

 Figure 3 shows the experimental apparatus for this study, 
which includes SI traceable laser source, neutral and spatial 
filters, reference lens, aperture, mirrors, adjustment 
micrometers and DOE (see Table 4 for DOE main 
specifications). 

 
 
 
 
 
 
 
 
 
 
 

 

Figure 3. Experimental apparatus for intrinsic 
parameterization by the DOE method. 

 

Table 4. DOE technical specifications. 

Manufacturer HOLOEYE 
Model DE-R-241 
Dimensions ø8 mm x 1,2 mm 
Material Policarbonate 
Diffraction pattern Dot matrix 
Number of diffraction points 21 x 21 
Grating constant 151 μm 
Full angle of diffraction (λ = 635 nm) 4,8º               

 
Besides intrinsic parameters – such as the camera’s focal 

length, f, and the principal point coordinates, u0 and v0 – only 
one first order radial distortion parameter, k1, was considered 
as necessary, due to the large value of the focal length. 

Since the available camera has narrow angle of view     
(close to 1º) and the DOE’s full angle of diffraction is larger, 
only a limited set of diffraction points (7x3) could be imaged. 
Their accurate image coordinates were determined by a 
Gaussian fit to each diffraction spot and applied to an 
unconstrained non-linear optimization procedure [7] in order 
to minimize the residuals between the ideal and measured 
diffraction points. Results are shown in Table 5. 

A significant deviation between the nominal (600 mm) and 
the estimated (close to 535 mm) lens focal length can be 
noticed. A new set of intrinsic parameterization tests was 
performed without the optical teleconverter and did confirm 
the nominal focal length (300 mm) of the telephoto lens. The 

focal length amplifying constant of the available teleconverter 
corresponds therefore to, approximately, 1,8 which reduces 
the sensitivity of the measurement system, namely, for the 
longitudinal observation direction. 

 

Table 5. Intrinsic parameterization results. 

Intrinsic 
parameter Test # 1 Test # 2 Test # 3 Average 

value 
Standard 
deviation 

f (mm) 533,2 533,4 536,8 534,5 2,0 
u0 (pixel) 565,6 565,2 565,2 565,3 0,24 
v0 (pixel) 958,1 958,5 958,7 958,4 0,30 
k1 (m-2) Below 1·10-3  

 
The order of magnitude of the first order radial distortion 

parameter is negligible – it will therefore be set to zero – and 
does not affect the measurement accuracy of the image 
coordinates of the active targets. 
 

3.3 Traceability of the dimensional measurements 

In order to establish SI dimensional traceability, a field 
calibration method is proposed: both the camera and the set of 
targets are placed in static regions of the structural observation 
scenario, in a geometrical configuration close to the adopted 
configuration in terms of observation distance and               
line-of-sight elevation for the displacement measurement 
situation. In the case of the P25A, this can be achieved by 
placing the set of targets in the tower foundation while the 
camera is installed in the nearest anchorage or river bank 
slope. 

A dedicated calibration device (see Figure 4) was built for 
the installation of the set of targets and application of 
reference displacement in the vertical, transversal and 
longitudinal observation directions, allowing to acquire 
images of the set of targets in different but well-known 
positions. A comparison can therefore be performed between 
the reference displacement values and the values measured by 
the optical system, thus establishing SI dimensional 
traceability. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Dimensional testing of the calibration device with 
the set of targets in the initial position. 

 
The reference displacement values were obtained from the 

dimensional testing of the calibration device. In this study, a 
traceable 3D coordinate measuring contact machine (partially 
shown in Figure 4) was used to determine the spatial 
coordinates of the targets LEDs in all the four reference 

Measuring probe 

Target #3 

Target #1 

Target #4 

Target #2 

Calibration 
device 

Set of targets 
(World referential) 
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positions: initial position; 250 mm in the longitudinal 
direction; 350 mm in the transversal direction; 250 mm in the 
vertical direction. 

As mentioned in section 2, the set of targets implements the 
world reference system for optical measurements, being  
target #3 the coordinate system’s origin while the observation 
directions are defined as: (i) target #3/target #4 − longitudinal 
direction; (ii) target #3/target #2 − transversal direction;      
(iii) target #3/target #1 − vertical direction. 

The tests allowed determining the targets world coordinates 
(relative to target #3), as shown in Table 6, and the reference 
displacement estimates in all directions, as shown in Table 7. 

 

Table 6. Targets world coordinates (relative to target #3). 

Direction Target #1 Target #2 Target #4 
Transversal  -0,001 4 m 0,249 3 m 0,000 1 m 

Vertical  0,251 4 m 0,002 0 m -0,002 3 m 
Longitudinal 0,000 1 m -0,000 3 m 1,157 3 m 

 

Table 7. Reference displacement estimates                                     
for the calibration device. 

Direction 
Nominal 

displacement 
(m) 

Average measured 
displacement 

(m) 
Transversal 0,350 0,350 44 

Vertical 0,250 0,250 38 
Longitudinal 0,250 0,249 39 

 
The obtained targets world coordinates and reference 

displacement values were used in the field calibration of the 
optical measurement system performed at the P25A on July 9, 
2013.  

The calibration method was implemented by placing the set 
of targets in the south tower foundation, orientated towards 
the bridge’s south anchorage, establishing an observation 
distance of, approximately, 582 m. The operational 
configuration of the optical measurement system included: (i) 
LED electrical current of 300 mA; (ii) f/32 camera aperture; 
(iii) camera focus set for infinity; (iv) exposure time equal to 
20 ms.  

Targets image coordinates were obtained from a Gaussian 
fit of the corresponding image spots and applied to an 
unconstrained non-linear optimization procedure [7] in order 
to minimize the residuals related to ideal and measured image 
points, based on the camera’s intrinsic parameters and targets 
world coordinates, mentioned in Table 5 and 6, respectively.  

The dimensional calibration results are presented in Table 8, 
while the recorded environmental conditions are shown in 
Table 9. 
 

Table 8. Calibration dimensional deviations. 

Direction 
Reference     

displacement 
(m) 

Measured 
displacement 

(m) 

Deviation 
(m) 

Transversal 0,350 4 0,359 0,008 6 
Vertical 0,250 4 0,264 0,014 

Longitudinal 0,249 4 0,327 0,078 

Table 9. Environmental conditions during calibration test. 

Location 
Air 

temperature 
(ºC) 

Relative 
humidity 

(%) 

Wind speed 
(m/s) 

Wind 
direction 

South 
anchorage (22,3 ± 0,5) (80,5 ± 2,1) (1,2 ± 0,7) 

Northwest Tower 
foundation (30,4 ± 1,1) (40,2 ± 3,9) (6,4 ± 2,0) 

 
In the transversal displacement direction, the results 

presented in Table 8 show a calibration deviation lower than 
the required measurement accuracy (10 mm) while, in the 
vertical displacement direction, the calibration deviation is, 
almost, twice as high. This fact can be justified by vertical 
refraction since high amplitude thermal vertical gradients 
were observed during the calibration test. In fact, an average 
air temperature difference of, approximately, 8 ºC was 
recorded between the tower foundation and the anchorage (see 
Table 9). 

Based on the results mentioned in [8], dimensional 
corrections related to the systematic refraction effect, were 
applied to the targets vertical world coordinates, taking in 
account the height of each target relative to the foundation 
surface in the two vertical calibration positions (before and 
after the reference vertical displacement). The results are 
presented in Table 10, showing a 55% reduction in the final 
vertical calibration deviation, better than the required 
measurement accuracy.  

 

Table 10. Calibration results of the optical measurement 
system with vertical refraction effect correction. 

Measured vertical 
displacement 

(m) 

Reference vertical 
displacement 

(m) 

Deviation 
without 

correction 
(m) 

Deviation 
with 

correction 
(m) 

0,244 3 0,250 4 0,014 -0,006 1 

 
A high amplitude deviation was found in the longitudinal 

displacement direction due to the system’s low measurement 
sensitivity in that direction, as a result of measurement 
uncertainty related to the targets image coordinates combined 
with a camera focal length value of 535 mm, lower than the 
expected value of 600 mm. Therefore, the dimensional 
measurements performed in the longitudinal direction do not 
comply with the required measurement uncertainty. In the 
case of the P25A, this limitation can be minimized by 
complementary instrumentation, namely, displacement 
transducers installed in the both anchorages where 
longitudinal maximum displacements of 70 mm, have been 
recorded during train circulation on the bridge. 

 

3.4 Displacement measurement in the P25A 

The optical measuring system was applied to the dynamic 
structural observation of the P25A on July 18, 2013, aiming to 
measure vertical and transversal displacements of its central 
section when subjected to passenger train circulation since 
higher displacements, namely, in the vertical direction, are 
expected in this situation.  
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The passenger trains circulating on the bridge are 
composed by four cars – one front engine car, two middle 
trailer cars and one rear end engine car – reaching a total 
length of 106,6 m. In general, travelling speeds go from        
40 km/h up to 60 km/h, while the passenger load varies along 
the week and time of day. The train’s design loads scenarios 
can be seen in Table 11. 

 

Table 11. Design loads for the passenger trains                   
circulating on the P25A. 

Design scenarios Empty Normal Maximum Overload 

Load (kN) 2 207 608 794 862 
Distributed load 

(kN/m) 20,7 5,7 7,4 8,1 

Total 
distributed load 

(kN/m) 
20,7 26,4 28,1 28,8 

 
The set of four active targets was placed on the south tower 

foundation (see Figure 5) orientated towards the bridge’s main 
span central section, where the camera was connected to the 
stiffness beam lower surface by a dedicated rigid structure, as 
seen in Figure 6. High frequency vibrations were mitigated by 
the use of rubber washers and expanded polystyrene foam 
between the camera’s support structure and the stiffness beam 
lower surface. 

 
Figures 5 and 6. Set of active targets in the south tower 

foundation and camera installation on the stiffness beam. 

 
An image acquisition frequency of five hertz was defined 

for an observation time period of three minutes during which 
a passenger train passed on the bridge in the north/south 
direction. The operational configuration of the optical 
measurement system was similar to the one mentioned in 
section 3.3 related to the field calibration tests. 

During the observation time period, environmental 
conditions such as air temperature, relative humidity and wind 
speed, were recorded for the camera and target installation 
regions and the obtained results are summarized in Table 12. 

 

Table 12. Recorded environmental conditions. 

Location 
Air 

temperature 
(ºC) 

Relative 
humidity 

(%) 

Wind speed 
(m/s) 

Wind 
direction 

Central 
section (19,4 ± 0,04) (80,8 ± 0,4) (1,1 ± 0,3) 

Southwest Tower 
foundation (30,9 ± 1,2) (39,4 ± 4,5) (0,6 ± 0,2) 

 

Figures 7 and 8 present the recorded temporal evolution of 
the camera’s vertical and transversal positions, respectively, 
which are considered representative of the bridge’s central 
section displacement during the observation period. Due to the 
(known in advance) high calibration deviation in longitudinal 
direction (see section 3.3), the corresponding displacement 
was not analysed.  
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Figure 7. Temporal evolution of the bridge’s central section 

vertical displacement. 
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Figure 8. Temporal evolution of the bridge’s central section 

transversal displacement. 

 
Based on Figure 7 and on the dimensional design features of 

the bridge and nearby north viaduct, it was possible to 
estimate the train’s speed and position in the structure during 
the observation period. This was achieved by identification of 
the instants related to the maximum upward vertical (around 
75 s) and downward displacements (near 126 s) of the 
bridge’s central section since they are connected to the train 
passage in middle section of north side span (½ P5-P4) and 
main span (½ P4-P3). An estimate of 53 km/h was obtained 
for the train’s speed, assumed to be constant during 
circulation on the bridge and north viaduct. The corresponding 
estimated train temporal position in the structure is mentioned 
in Figures 7 and 8. 

From Figure 7 it is possible to see an increasing upward 
vertical displacement of the central section even when the 
train is circulating in the initial region of the north viaduct. 
Taking the first observed vertical position as the initial 
reference, this displacement increases up to +0,572 m which 
corresponds to the train passage by the middle section of north 
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side span (½ P5-P4). From this point forward, the central 
section starts moving downward reaching a constant vertical 
position when the train reaches the north tower region (P4). 
As the train approaches the central section of the main span, it 
starts to move again downwards, reaching a displacement 
value of -0,557 m when the train is over the studied section. 
After the train passage, this structural region immediately 
moves upwards reaching a peak-to-peak amplitude of 1,82 m 
(from -0,557 m to +1,263 m). Afterwards, it was only possible 
to register a reduced initial stage of the central section 
dynamic response to the train passage. 

In the observation period between 133 s and 139 s, it was 
not possible to perform any displacement measurements due 
to blurring in the obtained targets images. This effect was 
caused by an excessive camera exposure time (20 ms) which 
was not suitable for the fast vertical displacement of the 
bridge’s central section immediately after the train passage – 
this suggests that camera settings must be controlled 
dynamically to cope with such extreme conditions. 

Although being a static load, the 1999 load test results (see 
Table 2) can be used to estimate the maximum downward 
vertical displacement of the central section, expected for the 
observed train passage in 2013, assuming that the suspension 
bridge maintains the same structural behaviour and 
considering suitable distributed static loads for the observation 
period. Two train load scenarios were considered – empty 
load and 25% of normal passenger load – which are 
compatible with the typical passenger load in the observation 
time period (around 11:30 am). The results are presented in 
Table 13. 

 

Table 13. Estimated vertical displacements. 

 1999  
static load test Empty load 25% of normal  

passenger load 
Distributed load 

(kN/m) 77,5 20,7 22,1 

Vertical 
displacement (m) -2,37 -0,63 -0,68 

 
From Table 13 it is possible to observe that the calculated 

estimates are close to the measured vertical displacement       
(-0,557 m), namely, in the case of the empty load scenario 
where a difference of 0,05 m was found. 

The temporal evolution of the measured transversal 
displacements, represented in Figure 8, shows that, as the train 
approaches the suspension bridge from north side, the central 
section moves towards the west direction, reaching a       
+0,059 m transversal displacement when the train is near the 
¼ P5-P4 side span region. From this point forward, the 
transversal displacement suddenly changes its direction in the 
opposite side, reaching a -0,070 m value when the train is in 
the ¾ P5-P4 side span region.  

Then, the central section moves again towards the west 
direction, reaching a local maximum of +0,017 m as the train 
passes the ¼ P4-P3 main span segment. As the train 
approaches the central section of the main span, it moves east 
again, and a -0,074 m transversal displacement was recorded 
slightly after the train passes over the central section.  

This structural region then suddenly moves in the opposite 
direction and a peak-to-peak amplitude of 0,172 m is 

observed, as the trains moves from the central section to the  
¼ P3-P2 side span region, noticing a reduced transversal 
movement when the train passes by the south tower region 
(P3). From 160 s to 180 s, another sudden change in the 
transversal displacement direction is noticed from west to 
east. 

4 MEASUREMENT UNCERTAINTY EVALUATION 
The quality of the dimensional measurements was assessed by 
performing a dedicated evaluation, according to the guidelines 
of the ISO GUM uncertainty framework [3-5].  

The experimental activity regarding the camera’s intrinsic 
parameterization (section 3.2) and the determination of the 
targets world coordinates (section 3.3), allowed to quantify 
the standard measurement uncertainties of the input quantities, 
following a type A evaluation based on repeated observations. 
In the performed evaluation, the measurement standard 
uncertainty related to the targets image coordinates, 
combining the digital image processing and turbulence 
components, was considered a variable ranging from 0 pixel 
up to 2 pixels, in order to quantify its influence on the 
displacement quantity. The adopted probabilistic formulation 
of the mentioned input quantities is summarized in Table 14. 

 

Table 14. Probabilistic formulation of input quantities. 

Quantity 
Probability 

density 
function 

Standard 
measurement 
uncertainty 

Focal length 

Gaussian 

271,6 pixels 
Principal point coordinate 

(x direction) 0,24 pixels 

Principal point coordinate 
(y direction) 0,30 pixels 

Targets world coordinates 10 μm 
Targets image coordinates From 0 up to 2 pixels 

 
Due to the non-linear nature of the mathematical models 

and the complexity of the optimization procedure, the Monte 
Carlo method [4] was used for the uncertainty propagation 
from the input quantities to the displacement quantity. The 
expanded measurement uncertainties (corresponding to 95 % 
confidence level) in the three displacement directions, are 
presented in Figure 9, being based on 100 000 simulations 
performed with validated algorithms – the numerical accuracy 
level is below 1 mm. 

 
 
 
 
 
 
 
 
 
 
 

 

Figure 9. Expanded measurement uncertainty of the 3D 
displacement measurement. 
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In the Figure 9, it is possible to see that the measurement 
uncertainty related to the longitudinal displacement is 
significantly higher than in the remaining two directions 
(vertical and transversal), confirming the results obtained in 
the system’s calibration in that direction, even for a low 
standard uncertainty of the target’s image coordinates. 

The expanded measurement uncertainty obtained for the 
vertical and transversal displacements is quite similar, ranging 
from 10 mm up to 30 mm, depending on the standard 
uncertainty of the target’s image coordinates. In fact, during 
the field calibration test (section 3.3), the standard uncertainty 
source was quantified to be between 0,6 pixel and 0,9 pixel, 
depending on the observation environmental conditions, 
namely, the existence of shadow over the set of targets. 
Taking into account the variation limits (marked on Figure 9), 
the expanded uncertainty of the vertical and transversal 
displacement measurements are expected to be between              
15 mm and 20 mm, above the required measurement accuracy 
of 10 mm. 

5 CONCLUSIONS 
We described the experimental procedures to assess the 
optical system measurement quality, namely: (i) the camera’s 
intrinsic parameterization by the DOE method; (ii) SI 
dimensional traceability through the use of a developed device 
and calibration method; (iii) measurement uncertainty 
evaluation by Monte Carlo simulation. 

An implementation of the measurement system was 
achieved in the P25A in Lisbon (Portugal), allowing to 
measure the vertical and transversal displacement of its 
central section during a passenger train circulation. An 1,82 m 
peak-to-peak displacement was measured in the vertical 
direction. The peak-to-peak displacement in the transversal 
direction reached 0,17 m.  

The uncertainty evaluation revealed an expanded 
measurement uncertainty (in a 95% confidence level) of       
15 mm up to 20 mm in the vertical and transversal directions, 
considering a standard uncertainty of, respectively, 0,6 and 
0,9 pixel in the targets image coordinates resulting, mainly, 
from the observed turbulence phenomenon. 

In the longitudinal direction, the measurement results were 
compromised by the camera’s lens focal length resulting from 
the applied telephoto lens and optical converter. The 
experimental evaluation of this intrinsic parameter revealed 
that its magnitude was lower than required for suitable 
measurement sensitivity in longitudinal direction. However, 
the lens revealed an insignificant radial distortion which was, 
therefore, neglected in the dimensional measurements. 

Calibration results in the field confirmed the low 
measurement sensitivity of the optical system in longitudinal 
direction since a calibration deviation of 78 mm was obtained 
in that direction. In the remaining displacement directions, the 
obtained calibration deviations – 8,6 mm in the transversal 
direction and -6,1 mm in the vertical direction – were below 
the required measurement accuracy of 10 mm. It should be 
noted that the reduced magnitude of the vertical calibration 
deviation was only achieved by applying suitable systematic 
corrections in the targets world coordinates, taking in account 
vertical refraction. 

Future dimensional structural observation of the P25A will 
strive to decrease the measurement uncertainty related to the 
optical system, namely, improving the targets image quality 
by increasing the camera’s aperture and decreasing the 
exposure time to avoid blurring. 

The results presented in this paper confirm the suitability of 
optical measurement systems to overcome the 3D 
displacement measurement constrain in long-span suspension 
bridges and can also be applied to other dimensional 
observation contexts of large structures. 
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ABSTRACT: Microwave remote sensing is the most recent experimental methodology suitable to the non-contact measurement 
of deflections on large structures, in static or dynamic conditions. After a brief description of the radar measurement system, the 
paper describes the application of microwave remote sensing to ambient vibration testing of a cable-suspended bridge. The 
investigated bridge crosses the Ebro River at Amposta, Spain and consists of two steel stiffening trusses and a series of equally 
spaced steel floor beams; the main span is supported by inclined stay cables and two series of 8 suspension cables. 
The dynamic tests were performed in operational conditions, with the sensor being placed in two different positions that were 
aimed at measuring the response of both the steel deck and each array of suspension elements. 
The experimental investigation confirms the simplicity of use of the radar and the accuracy of the results provided by the 
microwave remote sensing as well as the issues often met in the clear localization of measurement points. 

KEY WORDS: Ambient vibration testing; Bridge dynamics; Microwave remote sensing; Operational Modal Analysis; Radar 

1 INTRODUCTION 
Microwave remote sensing is emerging as an innovative 
technology, suitable to the non-contact measurement of 
deflections with high accuracy. 

A microwave interferometer [1], based on a commercial 
Gunn diode transceiver unit, was firstly used to remotely 
measure the deflection response of the I-40 bridge over the 
Rio Grande in Albuquerque; this sensor was not capable to 
detect different targets in the scenario illuminated by the radar 
beam. More recently, the combined use of high resolution 
waveforms [2] and microwave interferometry [3] has led to 
the development of an innovative technology [4], apt to 
simultaneously measure the (static or dynamic) deflection of 
several points on a large structure with high accuracy. Using a 
radar to simultaneously measure the displacement of several 
points on a large structure involves two main steps [5]: 
 acquiring consecutive radar images of the structure at an 
appropriate sampling rate. Each radar image represents a 
distance map of the intensity of radar echoes coming from 
the reflecting targets: for example, each discontinuity of a 
structure (such as the "corner zones" corresponding to the 
intersection of girders and cross-beams in the deck of 
bridges) represents a good reflecting target, so that 
reflecting zones act as a series of virtual sensors; 

 evaluating the displacement of each target using the phase 
variation of the back-scattered microwaves coming from 
each target at different times. 
The practical implementation of the above principles in a 

sensor prototype was carried out by the Italian company IDS 
(Ingegneria Dei Sistemi, Pisa, Italy). Before the industrial 
production of the sensor, named IBIS-S (Image By 
Interferometric Survey of Structures), a joint research started 
between IDS and the Politecnico di Milano, mainly aimed at 
validating the equipment results and at assessing its 
performances in ambient vibration testing of full-scale bridges 

[5]-[7]. Successful applications to chimneys [8] and high-rise 
buildings are reported [9] as well. 

After a brief description of the radar measurement system, 
the paper describes the application of microwave remote 
sensing to dynamic testing of the Amposta bridge [10]-[11]. 
The investigated bridge has a main span of 134.0 m and 
crosses the Ebro river in Spain. The bridge [10], completed in 
1921, was destroyed in 1938 and rebuilt in 1941 according to 
the original design; subsequently, the bridge underwent two 
important strengthening interventions, in 1972 and 2007 [11]. 

The dynamic tests were performed in operational 
conditions, with the excitation being mainly provided by the 
road traffic on the bridge; during the tests, the radar sensor 
was installed: (a) at the base of one tower (under the bridge) 
to measure the response of the steel deck; (b) in the close 
neighbourhood of the main towers (at the level of the bridge 
deck) in order to record the response of each array of 
suspension cables and inclined stay cables on both sides. 

Within the frequency range 0-3.5 Hz, several vibration 
modes of the deck were successfully identified from radar 
measurement, using different output-only techniques and a 
good agreement was generally found between the different 
methods in terms of both natural frequencies and mode 
shapes. Similarly, the application of classic spectral estimation 
to the data collected on the cables seems to provide accurate 
estimation of the cable frequencies, although typical issues of 
radar-based survey have been met in the identification of 
closely spaced reflecting targets. 

2 THE RADAR MEASUREMENT SYSTEM 
The radar sensor used in this work (Figure 1) is an industrially 
engineered microwave interferometer (IDS, IBIS-S system). 
Only few information about the main characteristics of the 
radar sensor will be summarized herein. The interested reader 
is referred to [5] for a more extensive background. 

Ambient vibration testing of the Amposta cable-suspended bridge 
by microwave remote sensing 
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Figure 1.  View of the radar sensor (IDS, model IBIS-S). 

(a)

 
(b) 

Figure 2.  (a) Typical scenario corresponding to a bridge deck 
and (b) relevant (radar image) range profile. 

The microwave interferometer consists of a sensor module, 
a control PC and a power supply unit. The sensor unit is a 
coherent radar (i.e. a radar preserving the phase information of 
the received signal) generating, transmitting and receiving the 
electromagnetic waves. Electromagnetic signals are emitted at 
a central frequency of 17.2 GHz with a maximum bandwidth 
of 300 MHz, so that the radar is classified as Ku-band, 
according to the standard radar-frequency letter-band 
nomenclature from IEEE Standard 521-1984. 

The sensor unit is installed on a tripod equipped with a 3D 
rotating head (Figure 1), allowing the sensor to be orientated 
in the desired directions. Data control and acquisition are 
completely managed through a laptop via a standard USB 
interface; the control PC is provided with the software [12] for 
the system management, data storage, basic signal processing 
and preliminary view of the results in real time. 

(a)

(b)

Figure 3.  (a) Typical scenario corresponding to an array of 
stay cables and (b) relevant (radar image) range profile. 

The main information provided by the microwave 
interferometer is the synthetic image of the scenario and the 
time histories of the points in the scenario that are 
characterized by a good electromagnetic reflectivity. 

The synthetic image of the scenario, or range profile, is 
simply a 1-D map of the intensity of the received radar echoes 
in function of the distance of the target points generating the 
echoes themselves. The scenario illuminated by the radar 
beam is sampled at distance intervals corresponding to the 
range resolution. (i.e. the minimum separation that can be 
detected along the radar’s line of sight). The peaks in the 
range profile identify the position/range of the targets 
characterized by a good electromagnetic reflectivity. 

The phase differences between (the corresponding peaks of) 
two range profiles acquired at different time instants are 
proportional to the motion of the targets along the radar line of 
sight. 

Real range profiles corresponding to different scenarios are 
exemplified in Figures 2 and 3. Figure 2 refers to reflecting 
targets consisting of equally spaced steel transverse cross-
beams, as shown in Figure 2a; the corresponding range profile 
(radar image) of Figure 2b exhibits several equally spaced 
peaks marking the relative (projected) distance from the 
sensor of the transverse cross-beams and identifying with 
excellent accuracy the position of the reflecting cross-beams. 
Figure 3 refers to a different scenario, where the reflecting 
targets are the stay cables placed on one side of the curved 
cable-stayed bridge erected in the commercial harbour of 
Porto Marghera, Venice, Italy [5]. Figure 3a shows the radar 
position in the test of the cables on Mestre side: again, the 
corresponding range profile exhibits well defined peaks, 
clearly identifying the position of the cables, as it is shown in 
Figure 3b. 

The main technical characteristics of the IBIS-S sensor are 
the following: 
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(a) 

(b) 

   
Figure 4.  Bridge crossing the Ebro river at Amposta: (a) General view of the bridge; (b) Elevation (dimensions in m); (c) 

Original drawing illustrating the deck cross-section [10]; (d) Side view of deck, tower and suspension system. 

 
 maximum range (distance) resolution: 0.50 m; 
 maximum sampling frequency:  200 Hz; 
 maximum operational distance:  500 m; 
 displacement accuracy:   < 0.02 mm. 
It should be noticed that the maximum operational distance 

and the displacement accuracy are strongly related to the 
intensity of the reflected signal. 

It is worth underlining that the microwave interferometer 
has only 1-D imaging capabilities, i.e. different targets can be 
unambiguously detected if they are placed at different 
distances from the radar; hence, measurement errors may arise 
from the multiplicity of contributions coming from different 
points placed at the same distance from the radar. 
Furthermore, the sensor measures displacement along the line 
of sight (LOS) only so that the evaluation of actual deflections 
requires the prior knowledge of the direction of motion. 

3 THE AMPOSTA SUSPENSION BRIDGE 
The Amposta bridge [10]-[11] (Figure 4) crosses the Ebro 
river and consists of a main span of 134.0 m and two side-
spans of 46.90 m each. The bridge was originally designed in 
1913 by Josè Eugenio Ribera, one of the most outstanding 
Spanish engineers of the early 20th century. The bridge was 
destroyed in 1938, during the Civil War, and rebuilt in 1941 
according to the original design; subsequently, the bridge 
underwent two important strengthening interventions, in 1972 
and 2007 [11]. 

The bridge deck consists of 2 steel (longitudinal) stiffening 
trusses (Figure 4d), transverse girders (that are equally spaced 
every 1.25 m, with the exception of the first two and the last 
two cross-beams) and a concrete slab. The transverse floor 
beams are of varying depth (Figure 4c) and directly support 
one central carriageway slab, 5.35 m wide, and two lateral 
cantilever slabs, 0.75 m wide, for the passage of pedestrians. 

The steel structure of the deck is braced on the underside by 
means of U-profiles, spanning 5 cross-beams each. 

The main suspension system consists of 2 series of 4 
suspension cables (72 mm galvanized steel locked coil 
cables); as shown in Figure 4d, the two series of suspension 
cables run along the right and left side of the bridge. The main 
cables, about 240.0 m long, cover the entire structure, passing 
over the piers through a saddle, and are anchored to the 
original massive concrete anchorage blocks. 

The central part of the deck is supported by 69 equally 
spaced hangers on each side, whereas in the regions 
neighboring the towers the deck is supported by 5 inclined 
stay cables (40 mm diameter) on each side. These stay cables 
are anchored to secondary beams that are, in turn, connected 
to the transverse beams. 

On both sides of the bridge (Figure 4) there are stone 
masonry towers, organized around a large slightly oval arched 
door and hosting the saddles over which the main cables pass; 
it should be noticed that the saddles also provide the upper 
anchorage to the inclined stay cables. 

 

(c) (d)

← Amposta          Tarragona →
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Figure 5.  Radar position under the bridge (to measure the 
displacements of the steel deck). 

 Figure 6.  Radar position close to the masonry pier (to 
measure the displacements of stays and suspension cable). 

 

Figure 7.  Radar range profile of the test scenario provided by 
the underside of the bridge deck. 

 Figure 8.  Typical radar range profile of the test scenario 
provided by the stays and the main suspension cables. 

 
The last strengthening intervention [11], completed in 2009, 

involved demolishment and re-construction of the concrete 
slab, reinforcement of the original steel lattices, substitution of 
the suspension system and of bearings, rehabilitation of 
saddles and anchorage grids. 

4 DYNAMIC TESTS AND DATA ANALYSIS 
After a preliminary radar survey, carried out on September 
17th 2012 and mainly aimed at investigating the dynamic 
response of the steel deck, dynamic tests in operational 
conditions of the bridge and all arrays of stay cables were 
performed on July 24th 2013. As previously pointed out, the 
position of the microwave interferometer was arranged 
according to two different acquisition geometries, exemplified 
by the pictures in Figure 5 and Figure 6. 

In order to measure the response of the steel deck, the radar 
sensor was installed at the base of the Tarragona-side tower 
(Figure 5), in eccentric position and inclined 13° upward. 
During this test, 3600 s of radar data were acquired at a rate of 
100 Hz. It should be mentioned that during the previous test 
of September 2012, the sensor position was aligned with the 
deck centerline and the acquired time window was 1800 s. 

In the second acquisition geometry, aimed at recording the 
response of each array of inclined stays and suspension 
cables, the radar was placed, at the level of the bridge deck, in 
the close neighbourhood of each side of the two towers 
(Figure 6). The sensor was inclined 33° upward and the 
response of each array of suspension cables was acquired for 
3600 s at a rate of 200 Hz. This experimental set-up has been 
repeated for both sides of the two towers, for a total of four 
measurement positions; the corresponding investigated arrays 
of suspension elements will be referred to as: 
- Array A1: Tarragona / Upstream; 
- Array A2: Tarragona / Downstream; 
- Array A3: Amposta / Downstream; 
- Array A4: Amposta / Upstream. 

The range profile of the test scenario provided by the steel 
deck is presented in Figure 7. The peaks in the plot of Figure 
7 identify the position in range of the points with good 
electromagnetic reflectivity; as it had to be expected, a large 
number of peaks (corresponding to the deck cross-beams) is 
detected in Figure 7. Since the test scenario is quite complex, 
due to the presence of steel members characterized by an 
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excellent electromagnetic reflectivity, only the 12 dominant 
peaks, indicated by red dots in Fig. 5a, were selected in the 
range profile and before extracting the displacement data from 
the raw radar data, the quality of the radar data was assessed 
and verified through the phasor analysis procedure outlined in 
[12]. 

A similar procedure was applied to the arrays of suspension 
elements: in this case, the range profiles are simpler since few 
reflecting elements, corresponding to the stays and the 
suspension cables, are encountered along the path of the 
electromagnetic waves. Nevertheless, only the first two stay 
cables and the main suspension cables were clearly detected in 
the range profiles of each array, as it is exemplified in Figure 
8. The reason is related to the distance of the stay cables along 
the radar LOS. As shown in Figure 8, the two stays closer to 
the tower, about 2.00 m apart, are clearly distinguishable 
through a couple of well defined and well separated peaks; the 
successive three stays, only 1.0 m apart , are not individually 
detected Hence, the experimental evidence shows that, 
although the minimum range resolution of the radar 
interferometer is in principle equal to 0.5 m, the minimum 
distance required in the practice to individually detect two 
targets in a range profile needs to be larger than twice the 
minimum range resolution (i.e. 1.20-1.5 m). 

Once the position/range of the reflecting targets has been 
identified through the range profile − representing the 
amplitude of the IDFT of back-scattered electromagnetic 
waves at each time sample [5]-[9], [12] − the corresponding 
displacement along the radar LOS is computed from the phase 
information of the IDFT of the electromagnetic echoes 
collected at consecutive time instants [4-6]. 

The evaluation of actual displacements is finally completed 
by projecting the LOS displacement along the expected 
directions of vibration of the deck (i.e. the vertical direction in 
the plane of the sensor) and cables (i.e. orthogonal to the 
chord in the plane of the array). 

Figure 9 shows typical displacement time histories of the 
bridge deck, associated to the passage of a truck, at different 
distances x from the Tarragona-side tower. It should be 
noticed the maximum vertical (projected) displacement is 
lower than 20 mm (i.e. 1/6700 times the length of the main 
span). 
 

 
Figure 9.  Sample of vertical deflections measured by the 

radar at different positions along the bridge deck. 

5 DATA ANALYSIS AND RESULTS 

5.1 Bridge deck and main suspension cables 

The modal identification of the deck was performed by 
considering the 12 "measurement points" along the bridge, 
that are characterized by the best quality of radar data (Figure 

7). It should be noticed that the furthest point is placed at a 
distance of 69.50 m from the Tarragona-side tower, so that the 
collected data covered about half deck. As previously pointed 
out, the acquired time window was 3600 s long, 
corresponding to more than 2000 times the fundamental 
period of the deck. 

The displacement responses of the deck were recorded with 
a sampling frequency of 100 Hz, which is fairly larger than 
that required for the considered structure, whose dominant 
natural frequencies are below 3.5 Hz. Hence, low pass 
filtering and decimation were applied to the data before the 
use of the identification tools; more specifically, data were 
down-sampled to 6.25 Hz. 
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Figure 10.  Identification of natural frequencies from the data 
measured on the bridge deck: (a) Singular value lines (FDD); 

(b) Stabilization diagram (SSI). 

 
Figure 11.  Auto-spectra (ASD) of the data measured on the 

main suspension cables. 
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(a) Mode 1: fFDD = 0.757 Hz  (b) Mode 2: fFDD = 0.989 Hz 
 

(c) Mode 3: fFDD = 1.147 Hz  (d) Mode 4: fFDD = 1.239 Hz 
 

(e) Mode 5: fFDD = 2.039 Hz  (f) Mode 6: fFDD = 2.124 Hz 
 

Figure 12.  Vibration modes identified (FDD technique) from the deflections measured on the bridge deck. 
 

Two different tools were adopted for extracting the modal 
parameters from ambient vibration data: the Frequency 
Domain Decomposition (FDD) [13] and the Stochastic 
Subspace Identification (SSI) [14] techniques, as implemented 
in the commercial software ARTeMIS [15]. 

Six vibration modes were clearly identified in the frequency 
interval 0.0-3.5 Hz using the FDD technique (Figure 10a), 
whereas only 5 of those modes were identified by applying 
the SSI (Figure 10b). 

Table 1 summarizes the modal parameters identified by the 
two complementary methods and clearly shows that the 
natural frequencies estimated by the two techniques are 
practically coincident and a similar correspondence was found 
for the mode shapes, as well. The damping ratios identified 
via SSI are summarized in Table 1, as well. 

Figure 12 summarizes the modes identified via FDD: it 
worth mentioning that the mode shapes are generally very 
regular and “smooth” so that the good quality of the 
displacement data provided by the microwave interferometer 
seems to be further confirmed. It is further noticed that the 
identified modes occur in closely spaced couples that are 
characterized by similar shape on the downstream border of 
the deck. Since only the odd modes (Figures 12a, 12c and 
12e) were identified in the previous test of September 2012, 
with the radar sensor being aligned with the deck centerline, 
those modes turn out to be conceivably associated to dominant 
bending, whereas the even modes (Figures 12b, 12d and 12f) 
are probably associated to deck torsion. 

The inspection of Figure 12 also suggests a slight non-
symmetric behavior of the bridge deck. 

As it has to be expected, the dominant frequencies of the 
deck also characterizes the oscillations of the main suspension 
cables in all measurement configurations A1-A4, as shown in 
Figure 11. The suspension cables also exhibit (Figure 11) 
dominant frequencies at 1.79, 3.02 and 3.10 Hz. 
 

Table 1. Statistics of the automatically identified (SSI-Cov) 
natural frequencies between 17/12/2012 and 13/08/2013. 

Mode fFDD (Hz) fSSI (Hz) ζSSI (%) 
1 0.757 0.757 0.36 
2 0.989 0.990 0.38 
3 1.147 1.144 1.06 
4 1.239 1.245 1.37 
5 2.039 2.058 2.10 
6 2.124 − −

 

 
Figure 13.  Sample of deflection time-history measured on 

stay cable 1, Array 4 (Tarragona, upstream side). 

← Tarragona ← Tarragona

← Tarragona ← Tarragona

← Tarragona ← Tarragona
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Figure 14.  Auto-spectra (ASD) of the displacement measured 
of stay cable 2 in the different arrays: (a) Array 1 (Tarragona, 
upstream side); (b) Array 2 (Tarragona, downstream side); (c) 
Array 3 (Amposta, downstream side); (d) Array 4 (Amposta, 

upstream side). 

5.2 Inclined stay cables 

As previously pointed, only the first two inclined stay cables 
(i.e. the stays that were closer to the masonry towers) of each 
array were clearly identified in the radar survey. Figure 13 
exemplifies 200 s of the displacement recorded on the stay 
cable 1 of array 4 (Tarragona, upstream side). 

Figure 14 show the auto-spectral densities (ASD) associated 
to the ambient responses of stay cable 2 on the different arrays 
1-4. 

The plots of Figure 14 show that the frequency content of 
the response is characterized by a large number of well-

defined peaks in the frequency range 0-30 Hz, so that the 
tension forces can be accurately estimated (provided that the 
appropriate information on the cable geometric and mechanic 
characteristics are available). On the other hand, the 
inspection of Figures 14a-d allows formulating the following 
comments: 
 as it has to be expected, peaks corresponding to the natural 
frequencies of the bridge are detected in ASD of stay 
cables; 

 the local natural frequencies are not equally spaced, 
indicating that the cables do not behave as taut-strings; 

 the natural frequencies of corresponding stay cables exhibit 
clear shifts, indicating different tension forces (that should 
be in principle be equal for the corresponding cables on the 
four Amposta/Tarragona/Upstream/Downstream sides of 
the bridge). This lack of symmetry strengthens and 
corroborates the previous comments on the unevenness of 
the identified vibration modes (Figure 12); 

 more specifically, the fundamental frequencies of each 
cable are the following: 
- Stay cable 1, array 1 f1 = 3.418 Hz; 
- Stay cable 1, array 2 f1 = 4.388 Hz; 
- Stay cable 1, array 3 f1 = 3.925 Hz; 
- Stay cable 1, array 4 f1 = 3.748 Hz; 
- Stay cable 2, array 1 f1 = 4.822 Hz; 
- Stay cable 2, array 2 f1 = 3.833 Hz; 
- Stay cable 2, array 3 f1 = 4.077 Hz; 
- Stay cable 2, array 4 f1 = 3.906 Hz. 

6 CONCLUSIONS 
The paper focuses on the application of microwave remote 
sensing to the measurement of dynamic deflections on the 
steel deck and the suspension system of the cable-suspended 
bridge. The experimental survey, involving 5 different 
positions of the radar sensor to measure the response to 
ambient excitation of the deck and the arrays of suspension 
elements, was quickly and safely carried out in one day (July 
24th, 2013). 

The application of output-only identification techniques and 
spectral analysis to the displacement data collected on the 
bridge deck and the main suspension cables allowed 
identifying 6 vibration modes in the low frequency range. The 
mode shapes identified on half bridge (Tarragona side) 
suggests a slight non-symmetric behavior of the bridge deck. 
Furthermore, few other global natural frequencies were 
identified from the response of the main suspension cables. 

Although it was not possible to measure the response of 
some closely spaced stay cables of each array, the spectral 
analysis of the data recorded on the two series of stay cables 
closer to the towers clearly highlighted that: (a) a large 
number of natural frequencies can be identified from radar 
data on each cable and (b) the number of frequencies 
identified was sufficient to establish if the cable behaves as a 
taut string or deviates from a taut string, so that accurate 
estimate of the cable tensions can be retrieved from the 
identified natural frequencies. Furthermore, remarkable 
differences between the natural frequencies of suspension 
elements that should be in principle equal were clearly 
detected. 
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ABSTRACT: Image processing techniques are used to understand the local specimen behavior in tests of large-scale civil
structures. One such technique is Digital Image Correlation (DIC), which monitors the motion of a speckle pattern on the surface
of a specimen. This paper introduces the Motion Component Analysis (MCA) method, which is based on (a) a principal component
analysis decomposition of image appearance variations, and (b) a conversion of those appearance variations into motion patterns.
MCA will be demonstrated using images from a hybrid simulation test of the seismic response of a squat reinforced concrete shear
wall. Results from the MCA analysis and a comparison to DIC results will be shown.

KEYWORDS: image analysis; principal component analysis; digital image correlation; shear wall.

1. INTRODUCTION

Traditional displacement potentiometers and strain gages
can measure global specimen behavior in large-scale tests of
civil specimens, but they cannot adequately capture detailed
information about local phenomena such as crack locations
and crack widths. Researchers are increasingly using image
processing techniques to gain insight into local specimen
behavior.

By applying a random speckle pattern to the surface of a
specimen, Digital Image Correlation (DIC) can monitor the
motion of the pattern in a sequence of images and distinguish
local behavior. DIC has been commonly used for small-scale
mechanical device and biomechanics applications, but has only
recently been extended to large civil structures (1). This paper
introduces an alternative method, Motion Component Analysis
(MCA). MCA is the extension of recent work (2; 3) that views
scenes with repeated (though not necessarily periodic or exactly
repeated) variations, and seeks to use the redundancy in the data
to push the boundaries of detecting small motions. This paper is
the first exploration of how to adapt and use the method from (2)
with civil structures.

The advantage of the MCA-based method is that it
simultaneously solves for the (arbitrarily shaped) regions of
correlated motion and the motions within those regions. The
method is based on (a) a principal component analysis (PCA)
decomposition of the image appearance variations, and (b) a
conversion of those appearance variations into motion patterns
across the wall. Because MCA solves for motions based on large
regions of temporally correlated changes, it allows sensitivity to
very small motion magnitudes.

The implementation details of MCA will be described by
processing images from a hybrid simulation test of a large-scale
reinforced concrete squat shear wall exposed to an Operational
Basis Earthquake (OBE) level ground motion excitation. A
summary of the experimental design of the wall test and details
about the wall photography are provided in the next subsections.
Then the MCA method will be discussed, and results from the

MCA analysis will be provided, with comparison to a DIC
analysis.

1.1 Experimental Design

The hybrid simulation test of the seismic response of the
wall was performed at the nees@Berkeley Laboratory at the
University of California, Berkeley. The wall was 3 m (10 ft)
long and 1.6 m (5 ft, 4-1/8 in) tall to the height of the actuator
axis (aspect ratio 0.53). The actuator was located on the right
side of the wall, and a steel plate, visible along the upper part
of the wall in Figure 2, was used to distribute the load from the
actuator across the top of the wall. Further details about the wall
test can be found in (4). During the initial OBE motion, which is
the focus of this paper, the wall developed minor shear-induced
cracking at about a 45 degree angle, distributed throughout the
wall web.

1.2 Wall Photographs

The concrete surface of the wall was painted with a flat white
paint and then a random speckle pattern was drawn with a
Sharpie marker. A 21 megapixel Canon 5D mark II with a
Canon 24-70mm f/2.8L lens captured images of the random
pattern throughout the experiment. The base camera sensitivity
(ISO 100) was used to minimize the sensor noise and the
aperture was adjusted to f/9. These camera settings require the
use of powerful light sources. Each of three Elinchrom 1200W
AC powered flashes was equipped with either a softbox or a
shoot-through umbrella to provide a soft and even light. The
shutter speed of the camera was set to its maximum sync speed,
so the image contribution from continuous light sources that
might be variable (daylight through windows, ceiling lamps etc.)
were negligible relative to the contribution of the flash.

1.3 Contributions

The contributions of this paper include:

1. The derivation of a approach to visualize measurements of
local phenomena in large-scale tests of civil structures.
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Fig. 1. From top to bottom, this shows the ROI of the wall used
for this explanation, then the mean image, then the first,
second, third basis images from the PCA decomposition.
The bottom row shows the coefficients through time.

2. Exposition of the approach with image data from a large-
scale test of a reinforced concrete squat shear wall.
3. A comparison of the sensitivity of the MCA approach to DIC
methods.

We will also publicly share code for MCA analysis as well as
simulation data suitable for testing this approach.

2. MOTION COMPONENT ANALYSIS

Images that capture the motion of civil structures responding
to a load pattern are highly correlated. PCA is one way to
automatically capture the ways that elements of a data set
are correlated. When applied to a set of images {I1, I2, ...In},
PCA solves for the mean image μ , a set of basis images
{B1,B2, . . .Bk} and a set of coefficients {�c1,�c2, . . .�cn}. The
coefficients for each time ct are k-element vectors that define
how the basis images can be combined to approximate the image
I(t), as expressed in the following linear equation:

I(t)≈ μ +∑
i

Bi�ct(i)

For any fixed basis size k, the PCA decomposition is optimal in
the sense that no other linear basis has a lower error (measured

Fig. 2. The x-gradient of the mean image, which appears similar
in form to PCA components that capture changes due to
image motion.

by the sum of squared pixel differences) in approximating the
set of images.

For images captured of the reinforced concrete squat
shear wall during ground motion excitation sequences, this
decomposition leads to very characteristic patterns. For a small
part of the wall, Figure 2 shows a representative part of the
scene, the mean image, and the first three PCA component
images. These three component images capture the three
most important variations in the image appearance. The final
row shows the coefficient trajectory that defines how those
components are combined to reconstruct each of the frames in
the original video.

Components 1 and 3 are qualitatively different from
component 2, and this is visible by inspecting both the
component images themselves and the coefficient trajectory.
Adding component 1 or 3 to the image would change that overall
appearance of brightness of the scene, making the left side of
that ROI brighter and the right side darker. This component
captures lighting in the room that changed for a few frames
before frame 60 (we believe that one of the flashes misfired), and
otherwise the coefficients for these components are very close to
zero.

Component 2 has a much more interesting coefficient
trajectory, and a image component that is similar to the
difference of the mean image and a shifted version of the mean
image. To emphasize this point, in Figure 1 we show the x-
gradient of the mean image. Adding the x-gradient to the mean
image approximates the appearance change due to a one-pixel
shift of the image, and adding component 2 to the mean image
simulates some pattern of motion. The Motion Component
Analysis (MCA) solves for the motion pattern (vector fields)
that explains the PCA component.

The basis of differential motion estimation is the “Optical
Flow Constraint Equation”. This starts with the assumption
that all changes in the image are due to motion instead of, for
example, the lighting getting brighter. It also assumes that the
motion is small, so that over the distances that the scene may
move from frame to frame, the intensity variation is linear.

Under these assumptions, the spatial intensity variation can be
locally approximated by a Taylor Series so that for small values
of u and v:

I(x+u,y+ v, t) = I(x,y, t)+
∂ I(x,y, t)

∂x
u+

∂ I(x,y, t)
∂y

v (1)

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2152



3

If the only image variation is due to motion of the scene, then
there must be some image motion u,v so that

I(x,y, t +1) = I(x+ v,y+ v)

Combining these equations, we get what is known as the Optical
Flow Constraint Equation (5):

I(x,y, t +1)− I(x,y, t) =

I(x,y, t)+
∂ I(x,y, t)

∂x
u+

∂ I(x,y, t)
∂y

v− I(x,y, t).

The motion vector u,v may be different at each pixel, and
we can write I(x,y, t +1)− I(x,y, t) as the temporal change It at
pixel (x,y). Then, the above equation can be re-written in a form
that is valid for all pixels:

It(x,y) = Ix(x,y)u(x,y)+ Iy(x,y)v(x,y)

This relates the frame to frame intensity change It to the motion
(u,v) and to the x and y-derivatives of the intensity Ix, Iy, each
measured at the pixel location (x,y). This constraint is most
often used to estimate scene motion by assuming that in a small
neighborhood around (x,y) the motion (u,v) is constant, and
using all the Ix, Iy, and It estimates in that region to solve for
u,v. This creates a trade-off — if a larger region is used, there
are more measurements, and therefore more robustness to noise,
but if a smaller region is used, then the motion estimates can
capture smaller scale motion variations.

For the case of motions that appear in squat shear wall
failure, there are large regions of the wall that experience similar
motions, separated by cracks in the concrete. If we can find
these regions, then we can avoid this trade-off by integrating
measurements across an entire region. While this seems like it
might be a chicken-and-egg problem, because these regions are
defined by their consistent motion, the PCA components have
already captured patterns of consistent appearance change.

Those patterns are captured in the PCA component bases Bi.
For components that are only due to image motion, then the
correlated image (intensity) change Bi(x,y) must be related to
a motion vector field ui(x,y),vi(x,y) such that:

Bi(x,y) = Ix(x,y)ui(x,y)+ Iyvi(x,y) (2)

This vector field ui(x,y),vi(x,y) defines one motion compo-
nent pattern. The next section gives formal implementation
details of this method.

3. MCA METHOD

A program for performing the MCA decomposition is
implemented in Matlab. The program allows the selection of
an ROI in the image. For images from the ROI, the procedure
includes the following steps, which are expanded upon below:

MCA algorithm

1. Blur each image using a Gaussian blur kernel of size σ .
2. Compute the mean image and subtract it from all images.
3. Compute the PCA basis of the mean subtracted images.
4. Compute the motion vector field implied by each basis.

Fig. 3. Top to bottom shows the conversion of the first 4 PCA
components for the ROI from Figure 2, and their conversion
into motion components. For each component, we show,
from left to right, the PCA component, then the residual
error of interpreting this component as motion (values closer
to 0 indicate lower error), then a color coded motion field of
what this motion encodes, and then the mapping of color
to motion. Here, the first and third components code for
brightness changes, and the second and fourth code for
motions. The second encodes variations in the horizontal
motion of the wall, and the fourth component captures very
very small vertical motions.

5. Evaluate whether each basis codes for motion or not.
6. Visualize the vector fields.

Figure 3 illustrates the endpoints of steps 1, 3, 5 and 6.
Step 1 is important because of the Taylor series approx-

imation that defines the relationship between motion and
appearance change. To ensure that this relationship is
approximately linear, the blurring kernel size should be about
the size of the maximum motion (in pixels) in the scene.

Steps 4 has the goal of converting the components in Figure 1
into the motion field that would cause that type of image change.
Equation 2 defines a constraint between an image basis and its
motion field, but this gives one equation for the two unknowns
at each pixel. Using a standard optic flow consistency check,
we divide the image into small blocks and solve for a single u,v
vector using the constraint for all the pixels in that block.

Step 5 has the goal of distinguishing component 1 from
component 2 in Figure 1. This is done by evaluating the residual
of linear system solved in step 4. Components that relate to
image motion have a residual near 0. Components that relate to
lighting change are not consistent with any constant motion, and
therefore, a very high error results from using a u,v for all pixels
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Fig. 4. Top shows the ROI selected from the test wall, and the
bottom shows the MCA motion component.

in a block in Equation 2. The second column of Figure 3 shows
this residual error and highlights that it clearly differentiates
components that are and are not related to motion.

Step 6 visualizes the motion field as a color map. Because the
motions of the wall were small and highly correlated, displaying
the vector field as a set of arrows would be difficult to interpret.
Instead the vector field is color coded, where the mapping of
color to vector may differ for each component. The third column
of Figure 3 is the color coded vector field and the final column
is the mapping of color to motion vector.

4. RESULTS

Applying MCA to images of a reinforced concrete squat shear
wall gives a motion vector field of the dominant motion pattern
of this wall during the OBE motion. The motion component and
the mapping of colors to motion vectors is displayed in Figure 4.
This motion field highlights crack locations as locations in the
motion field where there is a rapid change in the motion vector,
which leads to a boundary where one color (corresponding to
a motion vector) differs from a neighbor on the far side of the
crack.

Figure 5 shows the analysis repeated just on a smaller subset
of the wall. Note that the color coding is different in the two
plots, in each case the entire color space is used to emphasize
relative motions in the ROI.

We compare the motion fields we compute with a frame to
frame displacement map computed with DIC (6). The motion
fields capture correlated motions visible in the scene over the
entire image sequence. To compute the motion field between
two specific images, we multiply the motion component by

Fig. 5. Top shows the ROI selected from the test wall, and the
bottom shows the MCA motion component.

the difference of coefficients for those two frames. Figure 6
shows our motion fields and the DIC motion estimates. The
x-component motion estimates are very similar and only differ
slightly in the smoothness term applied within the estimates (our
approach has no smoothing between motion blocks). The y-
component motion has some discrepancy, but this is due to DIC
comparing only two frames and MCA correlating motions over
all images in the OBE ground motion.

5. CONCLUSIONS

Traditional measurement devices in large scale tests of civil
specimens cannot adequately capture detailed information about
local phenomena such as crack locations and crack widths.
Image processing techniques are used to gain insight into
local specimen behavior. This paper introduced the Motion
Component Analysis (MCA) technique and applied it to a series
of images from a hybrid simulation test of the seismic response
of a squat reinforced concrete shear wall, exposed to a ground
motion excitation.

MCA solves for regions of correlated motion and the motions
within those regions. It is based on principal component analysis
(PCA) decomposition of the image appearance variations and
conversion of those appearance variations into motion patterns.
The results from the MCA implementation, which computed
correlated motions over the entire sequence of images, were
compared to results from a frame to frame DIC analysis.
The similarity between the MCA and DIC results verifies this
technique for capturing local cracking behavior of the wall.
Small discrepancies result from the difference between MCA
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Fig. 6. A comparison between the DIC vector field computed
between two frames, and the MCA estimate of the motion
between those frames. Top left shows the DIC x-component
motion estimate, and the top right shows the MCA x-
component estimates. The bottom shows the y-components.

looking at the entire image set and DIC looking at comparing
two distinct images. Future studies will include MCA analysis
of larger ground motions that the wall experienced after the OBE
motion, and further comparison to DIC.
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ABSTRACT: The field of structural health monitoring and damage detection has been studied intensively for the last thirty 

years due to the aging of expensive critical components for safety, mainly in the field of aeronautics and civil engineering. Such 

systems rely on dynamic signatures of structures which are either generated by the ambiance, or generated by the monitoring 

system itself. The latter solution can provide more local information on damages since the monitoring system can generate high 

frequency (ultrasonic) signals. Ideal candidates for the generation of such signals are piezoelectric PZT transducers, due to their 

small size, low cost and large bandwidth. Embedded piezoelectric transducers (Smart Aggregates) have been recently developed 

for concrete applications. In this study, these transducers are used to assess the damage in a concrete cylinder subject to 

compression. In the past, these transducers produced in the Civil Engineering Laboratory at ULB-BATir have been successfully 

used both for in-situ estimation of the P-Wave velocity at early age of concrete and for crack monitoring. The previous 

monitoring system has the limitation of being very slow and not adequate to monitor fast behavior alteration. In this study, we 

develop a completely new and fast data acquisition system which enables to reach up to 150 ultrasonic measurements per 

second. The efficiency of the system is demonstrated on a concrete cylinder with a pair of embedded transducers which is 

monitored under compression until failure. 

 

KEY WORDS: Non Destructive Testing, Concrete Damage Monitoring, Fast Sensing, Embedded Piezoelectric Transducers, 

Smart Aggregates, Acoustic Emission Event 

1 INTRODUCTION 

Several factors can affect a concrete structure and can lead it 

to be turned out of service or in the most dramatic cases to the 

complete failure. To avoid such kind of situation it is 

important to evaluate regularly the state of the structure. In the 

past, visual inspection and destructive tests were the only 

possibilities for assessing the state of the structure. The 

number of inspections was really reduced due to the cost 

related to these tests. Furthermore, it only allowed a 

macroscopic identification of damage at accessible places. 

The recent development of Non Destructive Tests (NDT) has 

given the opportunity of more automatic tests that greatly 

improves the repeatability and the efficiency of the tests. 

Nowadays, large structures are commonly monitored by 

several sensors as strain gauges, temperature sensors, etc. The 

field of structural health monitoring for civil engineering 

structure can be divided in two main different domains. The 

first is the detection of large scale effects by analyzing the 

firsts vibration modes excited by ambient vibration (wind, 

traffic…) using accelerometers or more recently fiber optic 

dynamic strain sensors [1]. The second domain is more 

focused on local damages for which higher frequencies 

analysis is needed. For such type of signals, ideal candidates 

are piezoelectric PZT transducers, due to their small size, low 

cost and large bandwidth. 

During the last twenty years, ultrasonic techniques have 

started to be applied to concrete structures using first surface 

mounted devices [2]. More recently the concept of Smart 

Aggregates (SMAGs) has been developed by researchers at 

the University of Houston [3]. SMAGs are embedded 

piezoelectric transducers. This concept has among others the 

advantages of the flexibility in the choice of their location in 

the structure and a better integration in the design of the 

structure. Furthermore the efficiency of these transducers is 

greatly improved in comparison to external transducer since it 

avoids the use of any coupling agent.  They are composed of a 

thin PZT patch surrounded by several coating layers. 

In the Civil Engineering Laboratory at ULB-BATir, Smart 

Aggregates has been developed and successfully used both for 

in-situ estimation of the P-Wave velocity during the setting of 

concrete [4] and for crack monitoring ([5], [6]).  

 Damage dependency of ultrasonic (US) waves in concrete 

specimens under compression has been extensively studied. 

Most of them concerned the evolution of the intensity [7] and 

the velocity [8] of the ultrasonic waves in the transverse 

direction of the load. It was demonstrated that the evolution of 

the intensity is more sensitive than the velocity. Recently, 

ultrasonic waves in the direction of the load have been used 

both for assessing acousto-elastic properties of concrete at low 

level of load [9] and microcraking monitoring [10].  

Performing such ultrasonic tests requires either the 

modifications of the loading plates or the addition of an 

intermediate ring in order to set up the external ultrasonic 

transducers.  

In this study two Smart Aggregates are cast in a concrete 

cylinder under compression. The use of such embedded 

transducers has the great advantage of avoiding modifications 

in the loading equipment.  

Real-time fast ultrasonic monitoring of cracking in a concrete cylinder subject to 

compression  
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In a previous study, a damage indicator has been defined 

[5]. It has been used successfully for tests where tensile 

stresses were prevailing such as bending tests or pull-out tests. 

One of the main goals of the current study is the investigation 

of the use of this damage indicator for compression tests. 

Early results with compression tests show that this damage 

indicator is no longer suitable. It is mainly due to the 

acoustoelastic effect which increases the velocity with the 

stress intensity. In this study, other indicators such as 

amplitude, velocity and energy of the transmitted wave are 

studied with the aim of identifying those that do not seem be 

sensitive to with the acousto-elastic effect.  

In the previous ultrasonic studies performed at ULB-BATir 

the main limitation was the weak measurement rate of the 

monitoring system. It only allowed one measurement every 

ten seconds which was not adapted for damage monitoring in 

the case of a very sudden and brutal events. In this study, a 

new fast low voltage monitoring system has been developed 

which allows to record up to 150 measurements every second. 

The system is used for a compression test with a cylinder 

where SMAGs have been cast. The results show that the fast 

ultrasonic monitoring system developed in this study is both 

suitable for ultrasonic monitoring and for the detection of 

acoustic events. 

 

2 NEW MONITORING SYSTEM 

The aim of the current study is to detect the appearance of 

cracks and to continuously follow the level of damage of a 

concrete structure using ultrasonic measurements. The 

appearance of cracks or microcracks in concrete can be a very 

fast, random and brutal phenomenon. In order to follow each 

step of deterioration of concrete during the test, the number of 

measurements must be very large. A short pulse excitation 

signal has the advantage of exciting broadband frequencies in 

a short time. It has been observed that response signals to such 

excitation signals are generally totally attenuated after 3ms. 

The new fast data acquisition system developed in this study 

is able to reach up to 150 ultrasonic measurements per second. 

The data acquisition card used in the system is the NI-PXI-

6115. The monitoring system also uses a specific analog 

preamplifier designed by Smartmote.  Both instruments are 

controlled with an in-house software based on LabVIEW 

environment. The main characteristics of the system are 

summarized on Table 1. It is important to note that the 

developed system is a low voltage system (10 Volts). 

However the system achieves a good signal-to-noise ratio 

especially through the performance of the preamplifier at the 

sensor side. The system is also designed to record average 

signal measurements with the goal of increasing the SNR. 

 

3 EXPERIMENTAL PROGRAM AND SPECIMEN 

The present experiment consists of an uni-axial compression 

test on a concrete cylinder (diameter 11.3 cm and height 22 

cm). A pair of SMAGs has been cast inside the cylinder at a 

distance of 13 cm. The concrete used for this experiment is an 

ordinary concrete for which the components are described in 

Table 2. Six sixty millimeters strain gauges (SG) have been 

glued on the face of the cylinder. Three have been placed for 

longitudinal strain measurement and three have been used for 

the measurement of the transversal strain (see Figure 1). The 

SGs are located at 120° from each other. This eliminates the 

bending component from the strain measurement (see section 

4 stress-strain results).  

 

Table 1 - Characteristic of ultrasonic monitoring system 

Number of outputs   2 Sampling Rate 4 M/s 

Number of inputs 4 Sampling Rate 10 M/s 

Output Signal Pulse 

5µs 

Amplitude 10V 

Duration of 

measurement 

3ms  Measurement 

Rate 

Up to 

150 /s 

 

Table 2 - Composition of concrete. 

Constituent Density 

[kg/m³] 

Cement (CEM I 52.5 N PMES CP2) 340 

Sand (Bernière 0/4) 739.45 

Aggregates (Bernière 8/22) 1072.14 

Water 184.22 

 

 

 

Figure 1 – Specimen. The diameter of the cylinder is 11.3 cm 

and the height is 22 cm. The strain gauges are disposed at 

120° from each other around the cylinder. 

 

The loading machine used for the experiment is a 1000kN 

hydraulic jack compression machine (see Figure 2). The 

machine is controlled by a digital controller (Digicon).  The 

reaction of such machine is very slow and makes hazardous 

the measurement of the complete softening curve. Since the 

main goal of the test was to evaluate the evolution of the 

damage level with the load increase using ultrasonic 

techniques, it was decided to control the test in force. The 

loading rate has been fixed at 0.5 kN/s which corresponds (in 

the linear part) to a strain rate of 0.1 10−3/s. This is an usual 

recommendation for uni-axial concrete tests [11].  

The force, the displacement and the strains have been 

recorded on a computer using a NI DAQ system, respectively 

the NI PXI-4461 card for the displacement and the force 

measurements and the NI PXIe-4330 card for the strain 
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gauges measurements. The SGs have been wired with a 

quarter-bridge configuration.  

 

 

Figure 2 - Loading machine - hydraulic jack controlled by 

Digicon. 

 

 

Figure 3 – Monitoring system developped for fast damage 

monitoring at low voltage. 

The ultrasonic measurement rate has been fixed at 70 

measurements every second. The excitation signal is a low 

voltage short pulse (5µs, 10V). The duration of each 

measurement is 3ms which allows a complete attenuation of 

the ultrasonic wave in the cylinder before the next 

measurement. The test is summarized on Figure 3.  

 

4 STRESS-STRAIN RESULTS 

The force-strain curves are given on Figure 4 (longitudinal 

strain) and Figure 5 (transversal strain). The value of each 

strain gauge (SG) and the mean value are shown both for the 

longitudinal and transverse strains measurement. One can 

observe the dispersion between the different SGs. It mainly 

results of the small decentering of the load and the non-

symmetric appearance of damage due to initial weak zones 

[12]. In order to properly interpret the evolutions in the 

ultrasonic waves, it is essential to understand the failure 

mechanism of the cylinder. It can be observed in Figure 6 that 

the failure mode seems to be a mixed mode with splitting 

(longitudinal cracks) and shear failure.  

 

 

 

Figure 4 – Longitudinal strain measured with 3 strain gauges 

disposed at 120° around the cylinder 

 

 

Figure 5 - Transversal strain measured with 3 strain gauges 

disposed at 120° around the cylinder 

 

 

Figure 6 - Failure mechanism of the cylinder. The failure 

mode is a mixed mode with splitting and shear failure 

 

5 ULTRASONIC RESULTS 

This section aims to present the analysis of the ultrasonic 

signals. The first part is dedicated to the detection of Acoustic 

Events. Indeed, the important number of US measurements 

has allowed the observation of Acoustic Emission Events in 

addition to measured ultrasonic tests. Next, the early wave 

damage index as defined in [5] will be analyzed. In the third 

part the evolution of the ultrasonic pulse velocity will be 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2159



illustrated, then the evolution of the amplitude of the signal 

and finally the evolution of the energy contained in the signal 

will be discussed. For each case the results are compared with 

the evolution of the strains. 

 

5.1 Acoustic Emission events detection 

The high ultrasonic measurement rate has allowed the 

detection of acoustic emission events (AE). Such events are 

undesirable effects for accurately analyzing ultrasonic signals 

especially since the amplitude of these events is of the same 

order of magnitude as the transmitted ultrasonic signals (see 

Figure 7). These parasite signals are produced by the 

appearance of damage in the structure and as a consequence 

the number of AE events is a good indicator for damage 

assessment. It was therefore decided to count these parasites 

signals. 

 

 

Figure 7 - Ultrasonic wave measurement parasitized by an 

acoustic emission event 

The signals are detected by comparing the energy contained 

is each signal with the average of the last ten sane signals 

(without AE parasites) preceding the analyzed signal. The 

value of the RMSD (Root Main Square Deviation) between 

these signals (Equation 1) is used as criterion for comparison.  

 

 

AEj = R

0

tf
x
2
m(t)dt

R

0

tf
(xj(t)àxm(t))

2dt

s

 (1) 

where xj(t) and xm(t) are respectively the signal j and the 

local averaged signal. tf is the last sample of the measured 

signal. 

 

This indicator approaches zero when the signals are the 

same. When the indicator is noticeably higher than its baseline 

value that is generally 0.1 to 0.2 it is considered that an 

acoustic event has been observed. The baseline value of the 

indicator results of small differences and the noise that 

necessarily differentiates two successive signals even when 

they are both sane.   

 

The cumulative sum of the number of detected acoustic 

event is presented on Figure 8. It can be observed that the 

number of AE grows exponentially in the non-linear part of 

the stress-strain curve.   

 

 

Figure 8 - Evolution of the cumulated sum of AE events with 

the compressive stress in comparison to the strain 

 

5.2 Early wave Damage Index 

This damage indicator is based on the simple reasoning that 

the first period of the recorded wave corresponds to the 

shortest wave path, which is affected only by the mechanical 

properties of the concrete between the transducers. The 

damage indicator is defined by the RMSD value between the 

healthy signal and a damaged signal computed in the time 

window corresponding to the first half-period of the 

undamaged signal (Equation 2):  

 

 

 

Ij = R

t1

t2
x
2

0
(t)dt

R

t1

t2
(xj(t)àx0(t))

2dt

v
u
u
t

 
(2) 

where xj(t) and x0(t) are respectively the signal j and the 

original undamaged signal. t1and t2 correspond to the limits 

of the first half period of the healthy signal.  

 

The general trend of the evolution of this indicator (Figure 

9) can give information on the level of damage. Indeed, it 

increases continuously and it stabilizes after a certain load 

which approximately corresponds to the limit of the linear part 

of the force-strain curve. Nevertheless this indicator is 

expected to tend to one as the damage. Unfortunately, it is not 

the case here due to the acousto-elastic effect.  

The acousto-elastic effect is the relation between the stress 

intensity and the wave velocity in the material. For an uni-

axial test the relation is given by Equation 3 [13] 

 

 Vij =Vij;0 1àAij ûzz
à á

 (3) 

 

where Vij is the velocity of the wave  in direction i and 

polarization in direction j and Aij is the corresponding 
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acousto-elastic constants. û is the stress (û>0 corresponds 

to a tensile stress) and z is the direction of the load. For 

concrete the value of the acousto-elastic constants varies from  

0:1 10à3 to 2 10à3[MPaà1] depending of the concrete 

formulation [14].  

 The damage indicator in equation 2 was built with tests in 

which tensile stresses were predominant. In this case the 

acousto-elastic effect affected the velocity in the same way as 

the appearance of damage (reduction of the velocity), on the 

contrary to a compression test. This is confirmed by analyzing 

the evolution of the wave velocities (see section 5.3).  

Furthermore the magnitude of this effect was reduced due to 

the weak strength of concrete to tensile stresses. The 

transmitted wave was therefore more affected by the 

appearance of damage than the acousto-elastic effect. For the 

compression test the level of stress is much higher and the 

acousto-elastic effect has a higher impact. In summary, the 

high level of stress implies an increase of the velocity which 

makes the damage indicator not suitable and demonstrates the 

need of new features for damage assessment.   

 

 

Figure 9 - Evolution of the early wave damage index with the 

compressive stress in comparison to the strain 

 

5.3 Evolution of relative pulse velocity 

Figure 10 shows the evolution of the relative pulse velocity 

during the test. The relative velocity is defined by Equation 4. 

 

 ÷=
V0

VàV0 =
V0

îV
 (4) 

where V  is the velocity of the propagated wave, V0 is the 

average velocity of the baseline signals (before any load) and 

îV is the deviation. The velocity is measured with TOF (Time 

of Flight) of the propagated wave.  

 

During the compression test the relative velocity first 

increases due to the closure of the voids in the concrete. After 

that, the damage induces a decrease of the average stiffness 

and as a consequence the relative pulse velocity. It is shown 

that the relative velocity is stabilized after the first peak and 

decreases again near the failure. This behavior defines three 

different phases which can be compared to the phases 

observed by Shokouhi et al. [15].  

 

 

Figure 10 - Evolution of the relative velocity with the 

compressive stress in comparison to the strain 

 Phase I: The acousto-elastic effect results in an 

increase in the measured velocities. The stress 

causes the closure of initial microcracks which 

leads to an increase in the stiffness and therefore 

the wave velocities. Appearance of damage (here 

in the form of new microcracks) results in a 

decrease of the wave velocities. Although the 

stress-strain curve seems to be linear it has been 

shown that microcracks appear when the external 

load is applied [12]. After a certain load the latter 

phenomenon gets dominant and a peak of velocity 

appears. 

 

 Phase II: The relative velocity decreases due to 

appearance of micro-cracks. Above a certain load 

the velocity seems to be stabilized during a broad 

range of load. It can be explained by the 

appearance of macrocracks parallel to the load 

direction. Such cracks have therefore almost no 

impact in the wave velocity since the wave path 

does not change. This reasoning can be confirmed 

by observing the failure mechanism of the cylinder 

(Figure 6). 

 

 Phase III: At high level of load all the cylinder is 

subjected to severe damage. It results in a fast 

decrease of the stiffness and therefore a fast 

decrease of the wave velocities until the complete 

failure of the cylinder. 

 

Since the evolution of the velocity does not evolve 

continuously it cannot be used as such as an indicator of the 

evolution of the damage. As an alternative, the evolution of 

the amplitude will be studied in the next section.   

 

5.4 Evolution of the amplitude 

In this section the evolution of the wave velocity is compared 

to the evolution of the amplitude. Three different amplitudes 

are studied. The first is the maximum amplitude (Am) of the 
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transmitted signal (Figure 11) and the two others are the 

amplitude of the first and the second peaks (respectively Am1 

and Am2) of the received signal (Figure 12). The results are 

given in terms of relative amplitude A=A0 where A is the 

amplitude of the current signal and A0  is the average 

amplitude of the baseline signals. 

 

 

Figure 11 - Evolution of the relative amplitude of the 

maximum peak of the received signals with the compressive 

stress in comparison to the strain. 

 

 

Figure 12 - Evolution of the relative amplitude of the 1st and 

2nd peaks of the received signal with the compressive stress 

in comparison to the strain. 

 

The phases defined in section 5.3 have also been used to 

analyze the evolution of the amplitudes. In phase I, until 

5MPa the amplitude of Am1 is practically steady while Am 

and Am2 increase. This tends to show that  Am1 is not affected 

by the acousto-elastic effect and may represent only the level 

of damage. Consequently, Am1 is the only relevant damage 

indicator in terms of amplitude. After 5MPa, Am1 decreases 

due to the appearance of microcracks in the specimen, which 

is earlier than the evolution of the number of acoustic 

emission events in Figure 8. 

In the second phase one can observe a certain dwelling step. 

This is due to the appearance of longitudinal macrocracks 

which do not strongly affect the wave path.    

Finally the value of the amplitude decreases quickly in the 

third phase due to the generalized failure of the cylinder.  

It is important to note that the amplitude of the first peak is 

very low after a certain load and cannot be accurately 

distinguished from the level of noise. Nevertheless the first 

peak amplitude is the most appropriate indicator since it 

continuously decreases with stress induced damage.   

 

5.5 Evolution of Energy 

In order to evaluate the evolution in the transmitted signal one 

can also compute the evolution of the total energy contained 

in each recorded signal. The energy of the signal is given by 

Equation 5: 

 Ej =
R

0

tfx2

j
(t)dt (5) 

 

where xj(t)is the recorded signal j.  

 

The evolution of the transmitted energy is shown on Figure 

13. The results are presented in terms of relative energyE=E0 

where E is the total energy of the current signal and E0 is the 

average energy of the baseline signals. 

The curve is also cut in three different phases but the 

general trends of the three phases are less marked than 

previously. 

This indicator is particularly difficult to interpret as it is 

affected by all alterations in the internal structure of the 

cylinder. Accordingly this indicator has no clear tendency and 

cannot be used to assess the level of damage. 

 

 

Figure 13 - Evolution of the total energy of the received signal 

with the compressive stress in comparison to the strain. 

 

6 CONCLUSIONS 

In this study a compression test has been performed on a 

cylinder in which two smart aggregates have been cast in 

order to evaluate damage using ultrasonic waves. It has been 

shown that the acousto-elastic effect has a strong impact on 
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the wave transmission in concrete when a high level of 

compressive stresses is applied.  

It implies that damage index based on the evolution of the 

velocity of the propagated wave cannot be used since the 

effect of damage on the wave velocity cannot be distinguished 

from the acousto-elastic effect. 

As an alternative, the amplitude of the signal can be used. 

The first peak amplitude indicator is interesting since it both 

continuously evolves and follows well the three different 

phases which describe the failure mechanisms that are the 

microcracks initiation, the appearance of longitudinal 

macrocracks and the complete failure.  

It could be concluded from the results of this test that the 

amplitude of the first peak is more sensitive than counting the 

number of acoustic emission events since it evolves for lower 

levels of load. This interesting finding will be investigated in 

more details in the future.  
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ABSTRACT: In this paper results of  investigation of elastic wave mode conversion due to different discontinuity types in thin 
aluminum panel was presented. The concept is based on the guided elastic wave propagation phenomenon.  Guided waves are 
widely utilized in Structural Health Monitoring. In research presented in this paper piezoelectric transducer was utilized in order 
to excite guided waves in aluminum  panel. The generated signal was amplified before applying it to the transducer in order to 
ensure measurable amplitude of excited guided wave. Measurement of the wave field was realized using laser scanning 
vibrometer that registered the velocity responses at a points belonging to a defined mesh. This non-contact tool allowed to 
investigate phenomena related to wave propagation in considered specimen. Different types of discontinuities (notch, through-
thickness cut, drilled hole, riveted stiffener) were introduced to the panel during the research. Signal processing procedures were 
developed in order to visualize the interaction of guided elastic waves with introduced discontinuities. Research was focused on 
problem of guided waves mode conversion. Three commonly know fundamental modes of guided wave were noticed during the 
research: symmetric S0,  anti-symmetric A0 and shear horizontal SH0.  
 

KEY WORDS: Guided waves; Mode conversion; Laser vibrometry. 

1 INTRODUCTION 
The research towards creating a Structural Health 
Monitoring (SHM) systems is more and more popular due 
to numerous possible advantages of SHM applications.  
Such a systems can significantly increase the safety of 
various structures due to the fact that diagnostic process 
can be conducted in real time during normal structure 
operations. Moreover SHM system allows to reduce 
structure operation costs which are directly linked to 
expensive application of classic non-destructive testing 
methods. In Structural Health Monitoring very often elastic 
waves propagation method is utilized in order to assess the 
state of structure [1],[2]. Principle of operation utilize fact 
that any discontinuities existing in the structure change 
elastic wave propagation. These discontinuities can be in 
the form of structural element boundary, thickness change, 
stiffeners, joints or damage like notch, crack or 
delamination. 

Generally elastic wave propagating in solid media with 
discontinuity can reflect, scatter and transmit due to this 
discontinuity. During elastic wave reflection one type of 
wave mode can convert to another [3],[4]. In the case of 
guided elastic waves in thin panels three types of  modes of 
these waves propagate: symmetric (S), antisymmetric (A) 
and shear horizontal (SH) [1]. Mode reflection or 
conversion occurs at boundaries, discontinuities or 
structural defects, resulting in complicated multimode 
wave signals. After the wave mode conversion, the 
converted A0 mode and the fundamental horizontal shear 
wave SH0, are two candidates for indication of a crack [5]. 
In [6] the scattering problem was treated with two different 
approaches. The first approach was based on 3D theory, 

expressing the wave fields as superposition of Lamb modes 
and SH modes, both propagating and evanescent modes. 
The second approach is based on a combination of 
Kirchhoff plate theory for flexural motion and elementary 
Poisson theory for extensional motion. These theories are 
only valid for very low frequencies and/or very thin plates. 
Thus, accurate results can only be expected for very low 
frequencies using the plate theory approach. For instance, 
at a moderately low frequency equal one-third of the cut-
off frequency of the second flexural mode, a total of nine 
Lamb modes were required in the calculations. For higher 
frequencies, more terms would be needed in the expansions 
which would result in a slower convergence rate. Due to 
this, a computationally more efficient method is required 
for inverse solutions. In [7] hybrid Boundary Element 
Method for simulation of Lamb wave propagation was 
utilized. In the case of the plate the incident A0 wave mode 
from one edge propagates and then interacts with the notch, 
undergoing mode conversion. If the notch spans over the 
full depth, then the A0 wave is fully reflected with no 
conversion. If notch does not span over the full depth, the 
incident A0 wave will undergo mode conversion, partially 
transmitted and partially reflected containing both A0 and 
S0 components. For surface cracks deeper than 1/7 
wavelength, the reflection coefficients of A0 wave may be 
used to characterize the presence of a notch as it increases 
with notch depth. If S0 mode is input, a similar 
phenomenon can be observed where mode conversion is 
maximum when notch depth is about half through the plate 
thickness. Unlike A0, S0 exhibits good sensitivity even for 
a shallow notch. The existence of surface crack destroys 
the symmetry of the wave, resulting in mode conversion. In 

Investigations on guided wave interaction with various discontinuities 
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general, the reflection increases with increase in notch 
depth. The depth of the notch is shallow when both 
reflection and mode conversion coefficients are both low, 
close to mid-depth when reflection coefficient is of 
intermediate value and mode conversion coefficient is 
relatively high and deep when the reflection coefficient is 
high and mode conversion is low. In [8] crack detection 
using PZTs was realized. The working frequency is 
controlled to that below the first cut-off frequency of the 
Lamb modes to allow only the two fundamental modes, A0 
and S0, to be generated. Each mode will undergo mode 
conversion and result in multiple wave packages when 
reflected from cracks or boundaries. In the [9] mode 
conversion phenomenon due to the fatigue crack was 
investigated.  When Lamb waves propagate through a 
crack, mode conversion occurs. Because of this mode 
conversion, a single Lamb wave mode is divided into 
multiple modes at the discontinuity point such as a crack. 
The uniqueness of the proposed crack detection technique 
is that this mode conversion due to a crack is instantly 
identified without using prior baseline data. Mode 
conversion of Lamb waves occurs if Lamb waves 
propagating along a thin plate with a uniform thickness 
encounter a discontinuity such as a sudden thickness 
variation of the plate. When a S0 mode arrives at the 
discontinuity, the transmitted wave is separated into S0 and 
A0 modes (denoted as S0/S0 and A0/S0, respectively). In a 
similar manner, an A0 mode is also divided into S0 and A0 
modes (S0/A0, and A0/A0). In this section, the polarization 
characteristic of the PZT material is utilized to detect this 
mode conversion due to crack formation without using any 
prior baseline data. Note that a notch was simulated in the 
numerical model while a fatigue crack was introduced in 
the subsequent experimental study. As long as a notch or a 
crack produces sudden reduction in thickness, it is 
expected that they do produce mode conversion. However, 
the characteristics of a breathing crack can be different 
from those of a notch because the breathing crack can 
produce crack opening and closing while the notch remains 
open. Therefore, the amplitude of the mode conversion 
may decrease for the crack when the crack is closed. 
Therefore, the applicability of the proposed technique to 
fatigue crack detection was investigated in the following 
experimental study. In [10] three kinds of discontinuities 
that enable mode conversions are considered: steps down, 
steps up and asymmetrical notches.  The paper presents 
firstly, a numerical study of the fundamental Lamb waves 
interaction with the step down (DAA), the step up (IAA) 
and asymmetrical notches (AN). These discontinuities 
enable mode conversions from the incident mode A0 to the 
converted mode S0 and inversely. In [11] the interaction of 
the fundamental Lamb waves with symmetrical 
discontinuities has been investigated by the authors. It is 
well known that this kind of discontinuities does not 
produce any mode conversion in the case of the A0 or the 
S0 Lamb mode. In [12] authors concluded that 
experimental data of guided wave scattering and 
particularly mode conversion at non-symmetric defects is 
scarce. Moreover authors proposed to use Mindlin plate 
theory, which is a commonly accepted better model of the 

A0 mode instead of Kirchhoff plate theory for flexural 
waves. Mindlin model is still numerically easy and fast to 
solve while it also shows an increased range of validity. 
Due to mode conversion the pure incident mode will be 
scattered into all three fundamental guided wave modes. In 
this paper a model for guided wave scattering from non-
symmetric blind holes in isotropic plates using Poisson and 
Mindlin plate wave theories for in-plane and flexural wave 
modes, respectively, is presented. It makes use of the wave 
function expansion technique and coupling conditions at 
the defect boundary in order to evaluate the scattered far 
fields of the three fundamental guided wave modes. The 
results were compared to other analytical models as well as 
experimental measurements for mode conversion from S0 
to A0. Results show that the mode conversion from S0 to A0 
at the defect is a convenient way to measure the scattered 
A0 field directly since the incident mode is barely received 
by the laser vibrometer (1D) while it is very sensitive. 

In this paper influence of different discontinuities on 
elastic wave mode conversion is investigated. Research is 
related to simple thin square aluminum panel and panel 
with riveted stiffeners coming from aircraft wing. In the 
research 3D scanning laser vibrometer working in 1D mode 
was utilized. Moreover full-field measurements were 
conducted that allow to visualize elastic wave modes 
propagation. Application of full-filed measurements using 
laser vibrometer in order to analyse elastic wave mode 
conversion is new in the literature.  

2 MEASUREMENT SET-UP 
Research presented in this paper was conducted for two 
metallic specimens. First specimen was in the form of 
simple aluminium panel with dimensions 1 m x 1 m x 
0.001 m (Figure 1a). Surface of this panel was divided in 
four square parts. In one of the parts aluminium stiffener 
with dimensions 0.33 m x 0.02 m x 0.002 were attached 
using five rivets (Figure 1b). The rest three parts was 
without any stiffeners. In each part one type of 
discontinuities simulating damage was introduced: notch 
and through-thickness cut (as one type), drilled hole, one 
rivet loss and thickness change. The last one simulated 
corrosion however it did not cause any significant changes 
in elastic wave propagation. Piezoelectric transducer 
(material: SONOX P502, diameter: 10 mm, thickness: 0.5 
mm) was placed in the middle of the panel on the same 
side where stiffener was placed. Piezoelectric transducer 
was used to excite elastic waves. Laser vibrometry 
measurements were taken from the second panel face. 

Second sample comes from the wing of an aircraft 
structure. It was an aluminium riveted panel (thickness: 0.7 
mm) that is a part of PZL-101 "Gawron" aircraft (Figure 2). 
A piezoelectric transducer was placed at the middle of one 
of the sections (Figure 2a). Measurements were generally 
divided into two approach. In the first approach elastic 
waves were excited in the side of panel with stiffeners 
(visible in Figure 2a) and measurements of elastic waves 
were conducted on the second side. This means, that 
neither the presence of sensor nor additional mass 
influenced the measurements. In the second approach 
excitation and sensing processes were realized on the same 
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side of panel (Figure 2b). Measurements were conducted 
for the referential state of panel as well as for the panel in 
damaged state. Damage was simulated as drilled hole and 
as a removed rivet connecting stiffener with the panel.  

In both cases the measurements were conducted using 3D 
scanning laser vibrometer (Polytec PSV400). The 
measured surface was covered with retroreflective tape in 
order to enhance the signal level. It should be underlined 
that only 1D mode was utilized what allow to measure 
effectively out-of-plane velocities and displacements 
related to elastic wave propagation. Excitation signal in the 
form of five cycle tone burst was applied to the 
piezoelectric transducers. Two values of excitation 
frequency were utilized: 100 kHz and 200 kHz. 
 

a)  b)   

Figure 1 Investigated square aluminum panel with riveted 
stiffener: a) measured side of panel, b) back side of panel with 

visible stiffener. 

 

a)  b)    

Figure 2 Aluminum panel with riveted stiffeners comes from 
aircraft wing: a) bottom side of panel with visible riveted 

stiffeners, b) upper side of panel. 

 

SIGNAL PROCESSING ALGORITHM 
The registered signals were processed in order to create 
maps that present elastic waves energy distribution in 
investigated structure. In this purpose signals are mapped 
into surface of the panel by calculating the signal energy 
(the RMS index [13]) using the vibrometer software. The 
index for measurement point j was calculated from signal S 
of length N using following formula: 

 2
,

1

1 N

j j k
k

RI S
N =

= ∑  (1) 

Logarithmic scale was chosen for plotting these maps.  
Besides, simple analysis of animation of elastic wave 

propagation were conducted based on single frame. 
 
 

RESULTS FOR SIMPLE SQUARE ALUMINIUM PANEL 
In this section results from square aluminum panel were 
presented. In the Figure 3a) frame from animation of 
elastic wave propagation in the quarter of whole panel area 
as was presented. It should be mentioned that panel was at 
referential state (without discontinuities). In Figure 3b) 
signal taken from one scanning point marked in the Figure 
3a) was presented. 

 

a) 

b) 

Figure 3 Elastic wave measurement result in quarter of 
aluminum plate (excitation frequency 100 kHz): a) frame 
from animation of elastic wave propagation, b) voltage time 
signal taken in one scanning point.  

Analyzing Figure 3a) it can be noticed that three types of 
elastic wave modes with different wavelengths propagate 
in this panel. It is clearly visible in Figure 3b) where three 
wave packages can be distinguished at the beginning of 
signal. Wave package number 1 is related to fundamental 
symmetric S0 mode (fastest), second with fundamental 
shear horizontal mode SH0 and the third with fundamental 
antisymmetric mode A0. These wave modes are typical for 
guided waves propagating in the thin panels.  
In Figure 4a) one frame from animation of elastic wave 
propagation in the quarter of panel area with introduced 
notch 10 mm long and 0.5 mm deep was presented. Elastic 
wave mode conversion can be noticed during the 
interaction of S0 mode with the notch. Symmetric S0 mode 
is converted to the A0 mode which is denoted in literature 
as S0/A0. It can be concluded observing wavelength of 
converted mode that is equal the wavelength of A0 mode. 
In Figure 4b) results were presented for the same panel 
area with introduced through-thickness cut (made based on 
previously introduced notch). Here the same situation can 
be observed: symmetric S0 mode was converted to the A0 
mode. However in this case this phenomenon is much 
stronger visible. Amplitude of converted mode S0/A0 is 
much larger than in the previously investigated case. 
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a)  
 

b)  

Figure 4. Mode conversion S0 to A0 due to elastic wave 
interaction with: a) notch 0.5 mm deep, b) through-thickness 

cut; excitation frequency 100 kHz. 

 

 
Figure 5. Mode conversion S0 to A0 due to elastic wave 
interaction with not through-thickness hole; excitation 

frequency 100 kHz. 

In the second part of the sample firstly half-thickness 
hole was drilled (diameter 3 mm) and in the next step 
through-thickness hole was drilled (the same diameter). 
However in the first case wave mode conversion 
phenomenon was not observed. Result for the second case 
was present in Figure 5. However wave mode conversion 
S0 to A0 is very poorly visible. 
In third part of the panel stiffener was attached using five 
rivets. Measurements were taken firstly for panel with 
stiffener attached using full set of rivets. In the next step 
measurements were taken after removing of one rivet. 
Frames from animation of elastic wave propagation for 
both cases were presented in Figure 6a) and Figure 6b) 

respectively. Analyzing results presented in Figure 6a) it 
can be clearly noticed that S0 mode due to its interaction 
with rivets is converted to A0 mode. 

Wave mode S0/A0 is created for each rivet. Similar 
situation can be noticed in Figure 6b). However in the 
place where one rivet was removed mode conversion 
phenomenon was not observed. It should be emphasised 
that rivet was completely removed and after that only 
through-thickness hole remained. This situation is better 
visible in Figure 7a) and Figure 7b) where RMS energy 
maps were presented for the case of full sets of rivets 
(Figure 7a) and case were one rivet was removed (Figure 
7b).  After removing of the rivet one do not see the 
‘shadow’ behind the rivet. These RMS maps were created 
for results obtained for excitation frequency 100 kHz. In 
the fourth part of  the panel corrosion was simulated as 
thickness reduction (approximately few hundredths of 
millimeter) approximately in the area 10 mm by 10 mm. 
However it have not caused any significant changes in 
elastic wave propagation: wave mode reflection as well as 
mode conversion. 

 
 

a)  

b)  

Figure 6. Interaction of symmetric mode S0 with riveted joints 
in simple aluminum panel: a) full set of rivets, b) second rivet 

on the left removed; excitation frequency 100 kHz. 
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a)  
 

b)  

Figure 7 RMS maps for elastic wave signals taken from 
simple aluminum panel with stiffener and riveted joints: a) 

full set of rivets, b) second rivet on the left removed; 
excitation frequency 100 kHz. 

RESULTS FOR RIVETED AIRCRAFT PANEL WITH 
STIFFENERS 
In Figure 8 two frames from animation of elastic wave 
propagation in riveted panel with stiffeners were presented. 
Excitation frequency was equal 100 kHz. This animation was 
created in the vibrometer software based on full-field 
measurements. Analyzing results presented Figure a) it can 
be easily noticed that two modes of guided waves 
propagate symmetric (faster with larger wavelength) and 
antisymmetric (slower with shorter wavelength). In the Figure 
8b) frame from the animation taken after propagation of 
waves through stiffener was presented. In both cases elastic 
wave mode conversion S0/A0 can be noticed as a result of 
interaction of symmetric mode with riveted stiffeners. Mode 
conversion occurs for each rivet. 

It should be mentioned that due to the fact that 1D 
scanning mode is used (sensing of out-of-plane velocities 
and displacements) sensitivity to symmetric mode (mainly 
in-plane displacements) is much lower than for 
antisymmetric mode (mainly out-of-plane displacements).  

In the next step RMS map was created based on full-field 
measurements for referential state panel. This map was 
presented in Figure  logarithmic scale was chosen for 
plotting. One can easily notice the highest energy is at the 
middle of the panel section where the piezoelectric 
transducer was placed. Some imperfections in wave 
excitation can be noticed because the energy is not 
distributed equally around the sensor. 

a)  

b)  

Figure 8 Two selected frames illustrating elastic wave 
propagation in the riveted panel for excitation frequency 100 
kHz: a) a frame taken when elastic waves reach the rivets – 

mode conversion visible, b) frame taken after propagation of 
waves through stiffener. 

The rivets can be clearly noticed due to a contrast in 
relation to neighbouring areas. Another important 
observation is that the wave energy penetrate the first and 
second rivet line but after the second rivet line the energy 
level is rather low.  

 

 
Figure 9 RMS maps for elastic wave signals taken from panel 

with stiffeners and riveted joints; excitation  
frequency 100 kHz.  

In Figure 10 frames from animation of elastic wave 
propagation behind the stiffener were presented. This time 
in the part of panel behind the stiffener through-thickness 
hole (diameter 5 mm) was drilled. In the Figure 10a) frame 
from animation illustrating S0 mode integration with drilled 
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hole is presented. In this case mode reflection as well as 
mode conversion was not observed. On the other hand in 
the Figure 10b) frame from animation illustrating A0 mode 
interaction with drilled hole is presented. This time A0 
mode reflection from drilled hole can be noticed. Wave 
mode A0 conversion to S0 mode was not observed. This can 
be caused by much smaller sensitivity of laser vibrometer 
working in 1D mode to the in-plane velocities related with 
S0 mode. Even when the S0 mode would be created as 
result of mode conversion probably it will not be visible if 
amplitude of new mode will be very small. In order to 
investigated this phenomenon 3D scanning mode need to 
be utilized. However this approach is much more time 
consuming and was not utilized in research presented in 
this paper.  

 

 
Figure 8 Interaction of elastic wave modes with  drilled hole 

in riveted panel, propagation of: a) mode S0, b) mode A0; 
excitation frequency 200 kHz. 

In Figure 11 one frame from animation presenting S0 
mode propagation and interaction with drilled through-
thickness hole (diameter 5 mm). Now this hole is located 
before stiffener and S0 mode has larger amplitude because 
does not propagate through the stiffener like in previous 
case. However this time also mode conversion from S0 to 
A0 was not observed. 

 

 
Figure 9 Lack of interaction of symmetric mode S0 with 

drilled hole in riveted panel; excitation frequency 200 kHz. 

In the next step elastic wave propagation measurements 
were taken for the panel with stiffener mounted by full sets 
of rivets and for the case where one rivet was removed. 
Chosen frames from elastic wave animation for both cases 
were presented in Figure 12a) and Figure 12b) 
respectively. In Figure 12a) mode conversion S0 to A0 is 
clearly visible in the location of every rivet. On the other 

hand, in Figure 12b) mode conversion was not observed for 
location where the rivet was removed (first rivet on the 
left). It should be emphasised that also this time rivet was 
completely removed and after that only through-thickness 
hole remained. 

 

a)  
 

b)  

Figure 10 Interaction of symmetric mode S0 with riveted joint: 
a) full set of rivets, b) first rivet on the left removed; 

excitation frequency 200 kHz. 

CONLUSIONS 
The results of investigations show that the full wave field 
registration can provide useful information of the elastic 
wave interaction with discontinues in structures. This 
approach is very useful especially for structure with 
complicated geometry.   

During research influence of different type of 
discontinuities on mode conversion from S0 to A0 was 
investigated. It can be summarized that discontinuities in 
the form of notch, through-thickness cut, not through-
thickness drilled hole and rivet caused S0 to A0 mode 
conversion.  Each rivet causes mode conversion of elastic 
waves - symmetric mode is converted into antisymmetric 
mode (S0 to A0). However, after removing a rivet, mode 
conversion on remain hole was not observed.  

In the case of discontinuity in the form of drilled through-
thickness hole wave mode conversion phenomenon was not 
observed. This needs to be investigated deeper in the 
further investigations. 

Further research will be also focused on application of 
mode conversion phenomenon for damage detection.  
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ABSTRACT: A compact and integrated electronic node for local integrity assessment of a mechanical structure is presented in 
this paper. The electronic node is referred to as EMILIA (Electromechanical Impedance for Local Integrity Assessment). It 
consists of an electronic circuit that can be realized as a handheld impedance analyzer for local measurements or directly 
installed on a piezoelectric patch for performing of distributed monitoring applications. 

The damage detection of the mechanical structure is based on the method of Electromechanical Impedance (EMI). The EMI 
requires only a single piezoceramic transducer for in order to monitor a local part of a structure in the vicinity of the transducer. 
The developed impedance analyzer can perform free adjustable impedance and optional temperature measurements of the 
observed structure. To verify the accurate operation of EMILIA, laboratory measurements with a high precision impedance 
analyzer as reference were performed and compared with measurements of the electronic node carried on an aerospace 
compliant structure of carbon fiber reinforced plastic (CFRP). Additional, detection of added mass next to a piezoceramic 
transducer applied to a CFRP-panel was realized with the EMI-node. 

KEY WORDS: Electromechanical impedance; Impedance analyzer; Piezoceramic transducer; Structural health monitoring. 

1 INTRODUCTION 
The use of carbon fiber reinforced composites has found 
considerable attention in the construction of lightweight 
structures like aircrafts within the last decade. However, the 
advantageous mechanical properties of a high specific 
strength and fatigue durability comes along with a new class 
of damages, i.e. impact damages or delamination, that have to 
be paid enhanced attention compared to traditional metal-
based construction materials.  Oftentimes, these damages are 
invisible for the naked eye and have to be detected with non 
destructive inspection methods, because not detecting these 
damages possibly leads to fatal accidents [1]. Thus, structural 
health monitoring (SHM) systems for critical composite 
components is strongly demanded from the aeronautic 
industry. [2] 

A proven approach for the detection of structural changes in 
a mechanical structure is the electromechanical impedance 
method. This method offers a reliable health monitoring 
procedure that can be realized with only a single piezoceramic 
transducer applied on the surface of the structure to be 
monitored. Due to the electromechanical coupling within 
piezoceramic materials, piezoceramic transducer bonded to a 
structure can be used to excite the structure to vibration. A 
simultaneously measured electrical impedance at the 
transducer reflects the mechanical characteristics of the host 
structure. Based on that, modifications of the host structure 
like stiffness loss, bolt-loosening or cracks are detectable. [3] 
Finite Elements modeling of the EMI also allows for the 
simulation of different damages, prediction of damage 
severity and laying-out EMI-based SHM-systems. [4] 

SHM-systems for aerospace have to comply with numerous 
requirements. Besides the ability to perform intelligent 
monitoring, these systems should have available scalability, 

reliability, openness, flexibility, robustness and extendibility. 
Due to the huge dimensions of aeronautic structures, 
scalability plays an important role which has to be taken into 
account, when SHM-systems are developed. Also crucial is 
the choice of the system topology realization – centralized or 
distributed architectures. Both architecture kinds have 
contrary advantages and disadvantages, whereas for 
aeronautic applications the distributed one is the most 
appropriate one. [5] 

Recent research activities are concerned with development 
of electronic nodes based on EMI for the detection of 
structure damages on different materials and for different 
cases. Exemplary, the realization of wireless SHM-nodes 
based on EMI for detection of condition of CFRP laminated 
concrete structures, using piezoceramic sensors, were 
performed. [6] Bolt-loosening within a metal fitting plug, 
which connects a composite aircraft wing to a fuselage under 
realistic environmental conditions, was also successfully 
realized with an EMI-based system, especially developed for 
this purpose. [7] 

In this work, the development of two versions of a compact 
and flexible impedance analyzer, based on centralized and 
distributed architecture concept, is presented. Due to its small 
physical dimensions, a full integration into the laminated 
piezoceramic transducer and in this way the increase of the 
robustness of the whole SHM-system can be achieved. 
Completely replacing a bulky laboratory impedance analyzer, 
the introduced compact node can achieve high precision 
measurements and therefore realize a basis SHM-platform, 
which can be easily adapted to specific application 
requirements. In the performed study, a verification of the 
monitoring node is successfully achieved under laboratory 
conditions. 

EMILIA – A compact impedance analyzer for local integrity assessment 
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2 ELECTROMECHANICAL IMPEDANCE METHOD 
The EMI-method is based on a single piezoelectric transducer 
applied to the structure to be monitored. Due to the 
electromechanical coupling inside the piezoceramic and the 
mechanical coupling between the piezo and the host structure, 
an oscillating excitation voltage at the transducer induces 
mechanical vibration in the host structure. The simultaneously 
measured electrical impedance at the piezo terminals is then a 
function of the piezo characteristics as well as of the 
mechanical characteristics of the host structure. The 
mechanical properties depend on e.g. stiffness, damping, 
mass, or geometric properties of the structure. If structure 
changes occur, shifts in the resonance frequencies of the 
measured impedance are accurately and immediately 
determinable. The practical implementation of the 
electromechanical impedance method is shown in Figure 1. 
 

 
Figure 1. Principle of electromechanical impedance method. 

 
The electrical impedance can be expressed as the relation of 

the input voltage U  and the resulting current I  in the piezo. 
A more precise description yields the following Formula (1). 
Here, Z  is the electrical impedance measured at the piezo 
coupled to the host structure, C  is the zero-load capacitance, 

31κ  is the electromechanical cross coupling coefficient, StrZ  

is the impedance of the host structure and AZ  is the 
mechanical impedance of the un-bonded piezo. Due to the 
higher sensitivity to structural changes, only the real part of 
the complex electrical impedance is taken into account for 
monitoring purposes. [8, 9] 
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If the imaginary part of the admittance (the inverse of the 
impedance) is taken into consideration, piezo health 
monitoring can be also performed with EMI. [11] 

 
 
 

3 EMILIA - ELECTRO-MECHANICAL IMPEDANCE 
FOR LOCAL INTEGRITY ASSESSMENT 

Alongside several investigations based on electromechanical 
impedance method and detection of host structure and 
piezoceramic damages, there is the requirement to replace the 
bulky, standard used, expensive laboratory impedance 
analyzer with a compact, lightweight and much cheaper 
impedance analyzer, which can be implemented into a 
networkable SHM-system on an airplane. For the 
development of the EMI-node, low weight and compact 
design are the two pivotal requirements. The realization of 
two versions of the node – one for centralized and a second 
for distributed topology, is taken into account during the node 
designing. 

3.1 Electrical Characteristics 

The electric specifications of EMILIA are mainly based on the 
core component in the node circuit, the impedance converter 
AD5933 from Analog Devices, and on the voltage regulator 
which is responsible for providing a stable supply voltage to 
the node (Table 1). 
 

Table 1. System Specifications. 

Parameter Min Max Units/Note 
Supply Voltage 3.20 12.00 V 
Load Current - 200 mA 
Excitation Freq.  1 100 kHz 
No. of Increments 1 511 - 
Excitation Ampl. 0.19 1.98 V p-p 
Imp. Meas. Range  1k 10M Ohm 
System Accuracy 0.50 - % 
Temp. Sensor - - on board 
Temp. Range - 40 + 125 °C 

 
The compact impedance converter AD5933 is the heart of 

the developed EMI-node. It can precisely measure complex 
impedances connected to its output and input pins. Integrated 
on the chip are a frequency generator with 12-bit resolution 
and direct digital synthesizer, an internal clock and also a 
temperature sensor. For each measured frequency, the 
response of the measured impedance is calculated by an on 
board data signal processor, which computes the discrete 
Fourier transformation. As result, the real and imaginary part 
of the measured impedance is sent back via two-wire 
communication Inter-Integrated-Circuit (I2C) bus to the 
control unit, e.g. a microcontroller (MCU) or another I2C-
compatible device, which drives the AD5933. The settings for 
the impedance measurements, e.g. measuring point, start 
frequency, output excitation range, etc., are submitted to the 
register of the I2C-converter. For a proper function, the 
AD5933 needs a feedback resistor on the receiving stage of 
the chip, which sets the gain of the transimpedance amplifier, 
followed by a programmable gain amplifier (PGA), 
antialiasing filter and Analog-Digital-Converter.  It has to be 
selected cautiously to ensure that the ADC is working in its 
linear range to achieve high accuracy. For calibration of 
AD5933, a justification measurement of a calibration resistor 
with known value is connected to the output and input stage. 
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3.2 Function Diagram 

Figure 2 illustrates the basic function topology parts of 
EMILIA. The control of the impedance analyzer is realized by 
a personal computer and a USB to I2C bridge. This 
conversion element also delivers the supply raw voltage of 
5 V to the node. 
 

 
Figure 2. EMILIA Function Diagram. 

 
EMILIA consists of three main circuits: the clock, 

impedance converter and the voltage regulator circuit. Despite 
the on board clock generator, for precise measurements under 
variable temperature the usage of an external clock is highly 
recommended. The function of the voltage regulator is to 
transform higher than the recommended 3.3 V operational 
voltage for AD5933 and to ensure stable voltage supply 
required for proper operation. 
 

3.3 Stages of Development 

In first step, a central configuration of the EMI-node named 
EMILIA-V01 is developed. 

Due to the I2C-communication interface of the impedance 
converter, an external USB to I2C bridge from ELV 
Elektronik AG is used (Figure 3). This compact device 
utilizes CP210x USB to UART Bridge Virtual COM Port 
(VCP) Drivers from Silicon Labs and in this way provides a 
basic possibility to control the impedance node via COM-port 
implementation in Matlab or another programming 
environment. The bridge disposes three I2C connectors for 
external devices and can manage up to 128 nodes connected 
with a bus clock rate from 245 Hz until 400 kHz. 

 

 
Figure 3. USB-I2C Bridge from ELV. 

The design of EMILIA-V01 is adapted to the dimensions 
and especially to the fixing of the I2C bridge, two drillings 
(Figure 4). Thus, a mount of EMILIA-V01 to the bridge can 
be realized by plugging it on the top of the bridge and in this 
way simple housing can be achieved. 

In this first version, the voltage regulator circuit responsible 
for the supply of AD5933 with stable 3.3 V is placed on the 
bottom of a double sided printed circuit board (PCB). As 
shown in Figure 4, on the top of the node the clock generator 
circuit and the AD5933 circuit are located. Left, connections 
for the needed feedback resistor are designed. On the right 
side, the connections for the piezoceramic transducer or 
unknown impedance are placed. The size of EMILIA-V01 is 
45 x 20 mm with weight of 2.8 g. 
 

 
Figure 4. Design of EMILIA-V01. 

 
Embedded into the housing of the USB-I2C (Figure 5), the 

developed EMI-node acts as a compact and central impedance 
analyzer which offers connection to multiple piezos 
consecutively. The control of EMILIA-V01 is realized in 
Matlab. 
 

 
Figure 5. Assembly of EMILIA-V01 with USB-I2C. 

 
In the next development stage, the impedance analyzer is 

realized by a flexible PCB named EMILIA-V02, which is 
designed and optimized for application on a piezoceramic 
module from PI Ceramic GmbH, series DuraAct, type SP-
876.A13. This configuration allows for a distributed solution 
for structural health or piezo monitoring purposes (Figure 6). 
Due to the flexibility, given by this concept, no influences on 
the piezoceramic module from the EMI-node exist. An 
advantage of this concept is, that the temperature at the piezo 
can be measured by AD5933 directly and be used for 

Quarz AD5933 Circuit 

USB-I2C Bridge 

EMILIA-V01 
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temperature compensation issues of the temperature 
dependent piezo behavior. The concept of EMILIA-V02 
provides positioning of all needed circuits on the top of the 
board. The size of the system is 58.5 x 30 mm with a weight 
of 1.5 g. The bottom of the PCB is kept free for later 
implementation purposes. At this realization status, short 
distance networks due to the used I2C-communication can be 
performed. 
 

 
Figure 6. Applied EMILIA-V02 on DuraAct SP-876.A13. 

 
In the preparation of the system validation, impedance 

measurements with the system are realized and lead to 
following conclusions: a) the calibration resistor needed for 
the initial calibration of the system should have the same 
value like the feedback resistor; b) the calibration resistor 
should have the arithmetical average value of expected 
impedance; c) the smaller the measurement resolution is, the 
higher is the system accuracy; d) the usage of precise resistors 
as calibration and feedback resistor increase also the accuracy 
of the system especially at high frequencies. 

4 EMILIA VERIFICATION 
For accuracy system verification, a comparison between 
measurements conducted with a lab precision impedance 
analyzer, Wayne Kerr 6500B, and the developed EMI-node 
are performed (Figure 7). Here, measurements with both 
systems are performed at identical environmental conditions 
and on the same CFRP-panel. The measurements are 
performed with an excitation voltage of 1 Vp-p due to the 
limitation of the lab impedance analyzer excitation voltage. 

 

 
Figure 7. Laboratory Impedance Analyzer vs. EMILIA. 

 
Figure 8 shows the EMI-data comparison measured with the 

laboratory impedance analyzer (continuous line) versus 
EMILIA (dotted line) in the frequency range 20 kHz to 
45 kHz. The average deviation between the measurements is 
less 2 % in the frequency range of 20 kHz to 45 kHz. 

2 2.5 3 3.5 4 4.5

x 10
4

100

150

200

250
Measurement 20 kHz to 45 kHz with PGA=5x

Frequency in Hz

re
al

(Z
(ω

) 
in

 O
h

m

 

 

Reference
EMILIA@CR200 PGA 5x

2 2.5 3 3.5 4 4.5

x 10
4

0

1

2

3

4
Measurement 20 kHz to 45 kHz, Deviation from Reference

Frequency in Hz

D
ev

ia
ti

o
n

 in
 %

 
Figure 8. EMI-Data Comparison. 

5 DETECTING OF STRUCTURAL CHANGE 
After investigation of the developed system and factors 
responsible for the precise function, measurements on an 
airplane conform structure under laboratory environment are 
carried out. Here, all investigations are realized with the first, 
centralized version of the node EMILIA-V01. 

5.1 Test Setup 

For system verification, a setup consisting of control personal 
computer (PC), CFRP-panel with applied piezoceramic 
transducer and EMILIA is conduced (Figure 9). 

The used CFRP-specimen has a size of 500 x 400 mm with 
a thickness of 2 mm and is manufactured of unidirectional 
prepreg material. Two stringers are bonded on the surface. 
 

 
Figure 9. Test Setup with EMILIA-V01. 

 
The measurement performed to detect a structural change, 

here adding of  27.4 g heavy mass 20 mm distant from the 
piezo was conducted in Matlab on the control PC (Figure 10). 
First, the entire measurement frequency range between 1 kHz 
and 100 kHz is measured. After data analysis, the most 
sensitive frequency band for the induced structure change 
detection is selected and a new set of measurements with 
higher frequency resolution within this frequency range are 
performed. 

 

Personal 
Computer CFRP-Panel with 

Piezotransducer 

EMILIA
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Figure 10. Adding a Mass, 20 mm away from Piezo. 

 

5.2 Experimental Results 

In the following, the measured impedance analysis for the 
setup illustrated in Figure 9 and Figure 10 is introduced. The 
most dynamic frequency band is between 10 kHz and 15 kHz 
for the realized setup configuration and the raw data streams 
for the structure status without (continuous line) and with 
added mass (dotted line) are shown in Figure 11. Obviously, 
characteristic and amplitude changes of the resonance peak at 
11.4 kHz are observed after modifying the structural mass. 
The same observation exists for the resonance peak at 
10.8 kHz and for the run of curve at 14 kHz. 
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Figure 11. Detection of Mass Adding. 

 

6 CONCLUSION 
In this paper, the development of a compact impedance 
analyzer node is presented. Two versions of the node are 
implemented, one version is appropriate for realization of a 
local impedance analyzer (EMILIA-V01) and second version 
(EMILIA-V02) for the integration on the surface of a 
piezoceramic module (PI DuraAct SP-876.A13). Both designs 
offer different advantages of an EMI-system for realization of 
a monitoring system dependent of specific application 
requirements. 

Successful detection of a mass modification on a CFRP 
structure is realized by the means of the developed EMI-node. 
The comparison of measurements conducted with a laboratory 
precision impedance analyzer and EMILIA is carried out. This 
investigation reveals that the developed node offers precise 
measurements of a complex unknown impedance. The 
presented compact impedance analyzer can be used for 
structural heath monitoring and also for piezo health 
monitoring purposes. 

In future steps, an implementation of a MCU on the PCB of 
EMILIA-V02 is planned. In this way the realization of SHM-
network for large scale structures can be achieved. 

ACKNOWLEDGMENTS 
The research leading to these results has gratefully received 
funding from the European Union Seventh Framework 
Programme (FP7/2007- 2013) under Grant Agreement 
n° 284562. 
 

REFERENCES 
[1] K. Diamanti, C. Soutis, Structural health monitoring techniques for 

aircraft composite structures, Progress in Aerospace Science 46 342-
352, 2010. 

[2] S. Grondel, J. Assaad, C. Delebarre, E. Moulin, Health monitoring of a 
composite wingbox structure, Sciencedirect Ultrasonic 42 819-824, 
2004. 

[3] H. Song,H.J.Lim,H.Sohn, Electromechanical impedance measurement 
from large structures using a dual piezoelectric transducer, Journal of 
Sound and Vibration 332 6580–6595, 2013. 

[4] Pierre Selva, Olivier Cherrier, Valérie Budinger, Frédéric Lachaud, 
Joseph Morlier, Smart monitoring of aeronautical composites plates 
based on electromechanical impedance measurements and artificial 
neural networks, Engineering Structures 56 794–804, 2013. 

[5] Mukkamala, R., Distributed scalable architectures for health 
monitoring of aerospace structures, ieeexplore.ieee.org, 2010. 

[6] Seunghee Park, Ju-WonKim, Changgil Lee, Sun-KyuPark, Impedance-
basedwirelessdebondingconditionmonitoringofCFRPlaminated concrete 
structures, NDT&E International l44 232–238, 2011. 

[7] Hyung Jin Lim, Min Koo Kim, Hoon Sohn, Chan Yik Park, Impedance 
based damage detection under varying temperature and loading 
conditions, NDT&E Internationa l44 740–750, 2011. 

[8] G. Park, H. Sohn, C. R. Farrar, D. J. Inman, Overview of Piezoelectric 
Impedance-Based Health Monitoring and Path Forward, The Shock 
and Vibration Digest, Vol. 35, No. 6 451–463, 2003. 

[9] A. N. Zagrai, V. Giurgiutiu, Electro-Mechanical Impedance Method for 
Crack Detection in Thin Plates, Journal of Intelligent Material Systems 
and Structures 12 709-718, 2001. 

[10] T. Siebel, M. Lilov, Experimental Investigation on Improving 
Electromechanical Impedance based Damage Detection by 
Temperature Compensation, Key Engineering Materials 569 – 570, 
2013. 

[11] T. Siebel, M. Lilov, Health Monitoring piezoelektrischer 
Flaechenwandler durch in situ Messung der Elektrischen Admittanz, 
Workshop DVM-Arbeitskreis Zuverlässigkeit mechatronischer und 
adaptronischer Systeme, 2014. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Mass 
Piezo 



 



ABSTRACT: In wind tunnel test, laser displacement transducer is widely used to extract displacement of scaled bridge induced 

by wind force. But, laser displacement transducer is not appropriate to measure multipoint displacements and it has a restriction 

that mounted location cannot be movable. Furthermore, it need to keep a certain distance from each other in order to avoid the 

error caused by the electrical interference.  

In this study, the motion tracking technique is proposed to overcome these shortcomings of the conventional measurement. 

The motion tracking technique is the method to extract the displacement from images which have regular time intervals 

sequentially. And according to improve on measurement method, the motion tracking technique reduces the errors which are 

occurred by having no consideration for lateral degree of freedom (DOF) and by mounting the location of laser. 

As a Fast Fourier transform (FFT) analysis result, displacement from images extract the frequencies by own degree of 

freedom effect, whereas the displacement from laser. And the time history analysis represents that displacement from images is 

more exact to extract vertical displacement compared with displacement of laser.  

KEY WORDS: Motion tracking technique, Errors, Displacement, Frequency 

1 MOTION TRACKING TECHNIQUE 

In this paper, Digital Image Correlation (DIC) is used to 

measure the displacement from images. DIC has been 

established as effective image matching technique for 

deformation measurement. The matching process calculated 

by the convolution moves the template image to all possible 

positions. Template matching correlation values are 

determined by Equation 1. ( , )u v  has a value between +1 and 

-1. +1 value means completely agreement with undeform 

image. And 0 value means never agreement with undeform 

image. -1 value means opposite correlation value with 

undeform image. Lewis’ sum-table based algorithm is used 

for fast calculation [1][2][3][4][5]. 
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 (1) 

· ( , )u v : Correlation coefficients 

· ( , )f x y : Pixel intensity in the un-deformed image 

· ( , )t x u y v  : Pixel intensity in the deformed image 

· ,u vf , t : Mean value of the intensity matrices 

 

2 THEORITICAL BACKGROUND 

The result of motions which have arbitrary natural frequencies 

can be changed according to types of DOF. Additional DOF 

leads to the additional displacement contributed by the 

direction of degree. 

In general case, vertical and torsional frequencies are 

considered when bridge wind tunnel test is performed. This 

measurement method includes errors because lateral 

frequency is neglected. 

2.1 2DOF motion 

Equation of 2DOF is shown as below.  
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When adapting modal form, Equation 3 can be derived.  
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Equation 3 can be rewritten like Equation 4 which contain 

frequency informations.  
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To extract displacement, relation of Equation 5 need to be 

adapted. 
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2.2 3DOF motion 

Equation of 3DOF is shown as below.  
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When adapting modal form, Equation 7 can be derived.  
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Equation 7 can be rewritten like Equation 8 which contain 

frequency informations.  
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To extract displacement, relation of Equation 9 need to be 

adapted. 
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2.3 Effect of increased DOF 

Displacement of function with frequencies can be expressed 

as the Equation 10~11. The Equations show that the 

amplitude of the displacement can be changed, as the degree 

of freedom added. 

Typically, wind tunnel test is conducted like Figure 1. In 

that case, the test section has the 3DOF motion and method 

considering horizontal displacement effect can reduce the 

errors in high wind velocity region because small deformation 

effects are disappeared by increasing wind velocity. 

 

Figure 1.  System of dynamic motion 

In case of 2DOF, displacement can be expressed like 

Equation 10. 
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In case of 3DOF, displacement also can be expressed like 

Equation 11. 

 

 
1 2 3

1 2 3

1 2 3

( , , )

( , , )

( , , )

v f

l f

f

  

  

   







 (11) 

 

In the same way, the type of measuring method can cause 

result with errors because of mounted location of lasers. As 

the results, total errors can be written like Equation 12. For 

guarantee result of test data, both errors by DOF and 

measuring method need to be minimized. In this study, motion 

tracking technique is used to reduce errors. 
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2.4 Errors by measuring method 

Errors by measuring method are caused by mounted location 

of lasers. When wind blowing, bridge deck has tilted motion. 

And errors of vertical motion are influenced by lateral motion 

as shown Figure 2~3. These errors are formulated by 

geometric relation like Equation 13~16. In the conventional 

measurement method, lateral displacement cannot be 

considered. And also vertical displacement includes the error 

by mounted location of lasers. 

 

 

 

Figure 2. Lateral motion induced by wind 
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Figure 3. Concept of geometrical error. 
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3 COMPARISON OF RESULT BETWWEN IMAGE 

AND LASER DISPLACEMENT TRANSDUCER 

 

3.1 Static test 

Static test is performed for indicating accuracy validation of 

displacement extraction through images. The experimental 

setup is shown in Table 1. The average, variance and standard 

deviation are calculated with 12000 frame images and laser 

dots fixing the target on the zero point. The Table 2 below 

illustrates that displacement from images is accurate enough 

comparing with displacement from laser. 

 

Table 1. Experimental setup in static test 

Test number Value(unit) 

CCD camera 
640(H) × 480(V) 

pixel 

Distance between the 

camera and the target 
650(mm) 

Distance between the 

image target points 
40(mm) 

Distance between the 

laser target points 
60(mm) 

 

Table 2. Displacement extraction on the zero point 

Average 
( )E X  

Image -3.081102 

laser -8.567102 

Variance 
2 2( ) (( ) )Var X E X     

Image 4.262106 

laser 3.596107 

Standard deviation 

( )Var X   
Image 2.064103 

laser 5.997104 

 

Experiment setup for extracting images is shown in Figure 

4~5. 

 

 

 

Figure 4. Experimental setup of camera and target 

 

 

 

Figure 5. Target on the bridge 

 

Each static displacement is slightly different as shown 

Figure 6, which compares laser with image displacement. 

 

 

Figure 6. Displacement comparison between image and laser 

 

Distance between the image target points: 

40mm 

Distance between the laser target points: 

60mm 

Distance between the camera and the target: 

650mm 
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3.2 Dynamic test 

3.2.1 Free vibration test 

 

In the dynamic test, vertical image displacement is compared 

with laser displacement by Equation 17~18 [6]. The both 

image and laser sampling ratios are 120Hz. 
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The test result shows that vertical motion from images has 

0.025 percent error and 0.428 RMS error respectively. And 

graph shows that time history tendency is similar between 

displacement of images and displacement of laser.  

 

Table 3. Percent and RMS error from images 

Test number 
Percent error 

(%) 

RMS error 

(mm) 

Vertical motion 0.025 0.428 

 

 

Figure 7. Displacement comparison for vertical motion 

 

3.3 Wind tunnel test of bridge model 

In this section, the displacement is computed by laser and 

images according to each wind velocity. Achieved data is 

analyzed by frequency domain and time domain. And 

differences of vertical displacement is compared by using 

laser and images. 

 

3.3.1 Bridge model section test 

Experimental setup is shown in Table 4. Displacement of 

bridge section model is measured until 70m/s wind speed by 

using images and laser simultaneously. Wind tunnel test 

results of bridge deck is shown in Figure 12 [7]. 

 

Table 4. Bridge model section test 

Test number Value(unit) 

Scale 100 : 1 

Width 410(mm) 

Length 880(mm) 

Depth 40(mm) 

Vertical frequency 2.1 

Torsional frequency 2.9 

Weight 2884 (g) 

 

 

 

Figure 8. Bridge cross section. 

 

 

 

Figure 9. Target view 

 

 

Frequency domain analysis through FFT (Fast Fourier 

transformation) is shown in Figure 10~11. When seeing 

measured result with laser, the number of representative 

frequencies is three. But two representative frequencies must 

be computed. It can be shown that mounted laser is contained 

the errors. In contrast, In the case of results which are 

measured by images, desired representative frequency can be 

achieved like Figure 11 because displacements of each DOF 

are measured separately. 
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Figure 10. Vertical displacement FFT by laser 

 

 

Figure 11. Vertical displacement FFT by Images 

 

As shown Figure 12, it can be found that the faster wind 

velocity is, the more error increase. One of the reasons for 

increasing error is that unnecessary error information is 

reflected to data.  

 

 

Figure 12. Comparing vertical image displacement with laser 

by increasing wind velocity 

 

Figure 13 is the measured data under specific wind velocity. 

To begin with, black line is the laser data, which is not 

modified by lateral displacement and rotational angle. Then, 

red line is the image data from images. Both displacements 

have a difference caused by total errors. Finally, laser is 

modified with lateral image displacements by each angle like 

blue line. The displacement of modified laser is nearly similar 

to displacement of images. A slight difference between blue 

and red line is assumed that other factors like scattering and 

refraction of light are a cause. 

 

 

Figure 13. Displacement comparison 

 

4 CONCLUSION 

In this paper, motion tracking technique is proposed to 

overcome shortcomings of laser. The following results are 

obtained: 

 

Each error by DOF and measuring method is indicated. 

The motion tracking technique has the advantage of 

extracting the target coordinate instead of the 

displacement from mounted location. For that reason, 

motion tracking technique can reduce the errors with 

extracting lateral and vertical coordinate respectively. 

 

The static test shows that image displacement accuracy 

is good enough comparing with laser displacement. 

 

In the dynamic test, vertical motion from images has 

0.025 percent error and 0.428 RMS error respectively. 

And also time history tendency is similar between 

displacement of images and displacement of laser. 

Accordingly, displacement extraction using images is 

suitable for dynamic test on the above tested 

frequencies region. 

 

In the case of using laser, the unintended frequencies 

could be obtained because the conventional experiment 

method has total errors. 
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ABSTRACT: The article discusses a proposal of displacement measurement using a unique digital camera aiming at to exploit 
its feasibility for Modal Analysis applications. The proposal discusses a non-contact measuring approach able to measure 
multiple points simultaneously by using a unique digital camera. A modal analysis of a reduced scale lab building structure 
based only at the responses of the structure measured with the camera is presented.  It focuses at the feasibility of using a simple 
ordinary camera for performing the output only modal analysis of structures and its advantage. The modal parameters of the 
structure are estimated from the camera data and also by using ordinary experimental modal analysis based on the Frequency 
Response Function (FRF) obtained by using the usual sensors like accelerometer and force cell. The comparison of the both 
analysis showed that the technique is promising noncontact measuring tool relatively simple and effective to be used in 
structural modal analysis 

 
 

KEY WORDS: Image processing; Output only modal analysis, Non-contact. 

1 INTRODUCTION 
Vibration analysis of structures is a common task in many 
areas of engineering and there is a variety of techniques using 
different types of sensors (contact or non-contact), however 
when it is desired to measure simultaneously the vibration of a 
large set of points it is still difficult and sometimes a very 
expensive task. This occurs because most sensors measure 
only a point and the number of available sensors usually is 
limited.  The use of many contact sensors together can also 
interfere in some way on the behavior of structure, mainly, in 
small or microstructures which suggest the use of non-contact 
sensors.  

The vibration measurement by using non-contact sensors as 
ultrasonic sensors [1-2] or laser sensor [3] are among the 
techniques and methods more commonly used, however, for 
structural vibration application and modal analysis, they are 
still expensive. Actually, the use of digital images (CCD or 
CMOS sensors) as non-contact sensor for measuring of 
vibration is becoming an available technology, which is 
getting more and more space in different engineering 
applications. The use of CCD and CMOS sensors can be an 
interesting option for measuring of a set of vibration points 
simultaneously, since they allow one to obtain a picture of the 
whole set of points of interest. The vibration movement of the 
system is captured by a video camera during the measuring 
process and the sequence of the frames of the video, when 
properly processed and analyzed, provides the necessary 
information to reconstitute the vibration movement of the 
whole set of points. 

The methods of displacement measurement using digital 
cameras usually require two cameras positioned at different 
angles to capture the displacement of a target object. The 
corresponding registered images of the movement of the 

target point are processed aiming at to extract some useful 
features that allow to the displacement of the target point 
registered in images. In case of structural vibration, the 
movement of the target point or set of points is generally 
obtained by processing a video of the vibrating structure, 
frame-by-frame, and using correlation analysis techniques and 
pattern recognition to extract the characteristics and 
parameters that allow to estimate the movement of the target 
set of points on the images. These extracted parameters are 
used to calculate the vibration of the target set of points [4]. 

An alternative approach to the use of two cameras for 
displacement measurement has been discussed by the authors 
[5-6]. This is an extension of a proposal of using measuring 
distance of a target object using a unique camera discussed by 
Hsu et al. [7]. In this case a video of the movement of the 
system is analyzed, frame-by-frame, and the change of the 
positions of those pixels of a set of points on the target object 
are determined and use to calculate the movement of points. 
This paper discusses the usefulness of the approach for 
application in the experimental structural modal analysis. 

The structural modal analysis using digital cameras is 
already an available technology [8] but the cost is still 
relatively high, making it use limited for only specialized and 
high technology companies. Actually this technology is 
prohibitive for basic applications mainly due to the costs of 
the cameras and their accessories that are very special cameras 
which make their access limited.  

The modal analysis of a reduced scale lab building structure 
based only at the responses of the structure measured with the 
camera is presented. The article focuses at the feasibility of 
using a simple ordinary camera for performing the output only 
modal analysis of structures and its advantage. The modal 
parameters of the structure are estimated from the camera data 

Output only based modal analysis of a reduced scale building 
using digital camera images 

Danilo Damasceno Sabino1, João Antonio Pereira1, Gustavo Luiz C. M. Abreu1 
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 ( ) ,
2 2

, max min max m n
i

iX X Y
P X Y

Y+ +⎛= ⎞
⎜ ⎟
⎝ ⎠

 (4) 

 
Once identified the center of the position of the target 

object, this position is compared with the found positions of 
the targets objects of the previous frame and correlated 
between yourself. When the correlation is less that a stipulated 
value, it means that the target object found is not corresponds 
to the compared target object in the previous frame. However, 
if this value is greater than the stipulated then the targets of 
both frames are corresponding. 

4 OUTPUT ONLY MODAL ANALYSIS USING A 
DIGITAL CAMERA 

Structural modeling is an important step for high performance 
and reliable operation of structures and equipments. Usually, 
the identification of the dynamic parameters of a model is 
done through classical experimental modal tests, which are 
based in the input-output relationship of the model or, 
alternatively, based only in the response of the model, the 
called output only based modal analysis. Unlike the classical 
modal analysis, the output only based modal analysis allows 
one to obtain the modal parameters of the model without 
measuring the input forces actuating at on model. The latter 
case it is much more attractive, since the modal parameters of 
the model can be estimated using only the responses, avoiding 
the difficulties and limitation to measure the excitation of the 
model. 

The proposed approach of using only a digital camera for 
displacement measurement fit the requirements of output only 
modal analysis and their use appears as a promising option to 
study and evaluate the structural dynamic behavior of models 
in laboratory or even in real operation conditions. In this case, 
the proposed approach was used to obtain the displacement 
responses of a structure and the modal parameters of the 
model were estimated using a proper implemented output only 
based algorithms [15]. 

4.1 Reduced scale building structure analyzed 
In this section the capability of the digital camera 
measurement displacement is discussed aiming at evaluating 
its functionality for structural modal analysis applications. A 
two-floor controlled building lab structure was used for the 
tests. 

The building structure is assembled on a moving base, 
which was coupled a mini-shaker, in order to receive the 
excitation force and vibrates according the form of the applied 
force. 

Initially the displacement of the structure (two-floor 
building) was measured and the whole structure was measured 
at different points and used to estimate the modal parameters 
of the model. The results were compared with the data 
obtained with the use of conventional sensors 
(accelerometers). 

4.2 Experimental apparatus 
The measurement system includes a digital camera placed 

in front of the building structure, a tripod, a mini-shaker to 
excite the structure and the corresponding the acquisition 
system and the corresponding sensors (accelerometers and 

force cell) used to obtain the FRF(s) for the ordinary 
experimental analysis. 

The structure is a two-floor controlled building lab structure 
manufactured by Quanser Consulting Inc. It has 1125 mm in 
height, with each column being steel with a section of 1.75 × 
108 mm. The total mass of the structure is 4.52 kg.  

In this case it was not used the control system the structure 
and the condition of excitation of the building consisted 
essentially of the excitation signal provided by a mini-shaker 
positioned on the base of the building.  

The structure was excited in a point and the responses at 
different points were measured by using the camera. Figure 6 
shows schematically the experimental set-up, it was defined a 
set of 20 measuring points, that received adhesive labels 
aiming at facilitating their definition in the whole image 
during the image processing step. Each column received 5 
labels at the back part of the column and 5 labels at the front 
part, totalizing 20 measuring points. 

 

 
Figure 6. Experimental Set Up of the measuring vibration of a 

two-floor building to the measure of the camera. 

The image acquisition rate used was 120 fps at a resolution 
of 640x480 and the camera was triggered to initiate the 
recording according to its excitation.  

The excitation signal inputted to the shake-table was a 
random type from 0 to 40 Hz provide by the mine-shaker, 
Figure 7.  The responses were all measured in the same 
direction of the excitation.  

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2189 

 
Figure 7. Mine Shaker and load cell. 

The data used to provide the ordinary modal analysis were 
also measured in the same test that was used the camera.  It 
was used a system of acquisition from Vibpilot MP, five ICP 
mini accelerometers and force cell, both from PCB. The 
structure was instrumented with the accelerometers and the 
force cell before the test such that the data for both analyses 
were measured at the same condition. 

4.3 Image processing and measuring signals 
After the acquisition of video, the image processing step 
allowed obtaining the position of the target points in the 
image for each frame and corresponding pixels number. The 
image was cropped at the region of interest in order to 
eliminate the undesired points or components that can appear 
in the scene that are not of interest. This decrease the 
processing time and facilitate the identification of the target 
points in the image. Figure 8a and 8b shows respectively the 
image of the whole scene and the cropped one.  After defined 
the region of interest the threshold, erosion and dilation tools 
[9] were used to separate the target objects from the rest of the 
scene and the position of the centroid of each target point for 
each frame was calculated. The changing of its position from 
the reference frame was calculated in terms of pixels to be 
used to calculate the corresponding displacement of each 
target points (adhesive labels). 

  

 
(a) (b) 

Figure 8. Original image - (a) and cropped image in the region 
of interest (b). 

In the Figure 9 it shown some step of the image 
processing stage to identify and separate the target point from 
the rest of the scene according to the employed tools.  

 
  

 
(a) (b) 

 
(c) (d) 

Figure 9. Threshold - (a), Erosion – (b), Dilation – (c) and 
calculating the centroids - (d). 

 
Once defined the position of each target point and knowing 

the value of the correction factor Δd (section 2) it is possible 
to obtain the displacements of the targets in the corresponding 
measuring unit. 

The displacement of each point of the measuring mesh was 
estimated processing the video images of the movement of the 
structure.  The displacement signals for all points represents 
the movement of the structure in the horizontal direction. In 
the Figure 10 is presented the map of measuring points and in 
the Figure 11 it is shown the measured displacement signals 
of each measured point of the building. 
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ABSTRACT: When studying dynamic behaviour of railway bridges subjected to (high-speed) trains, monitoring of these 
bridges is a very useful tool. Reactions to different train types at different crossing velocities can be investigated as well as 
subsequent free decay processes. Nevertheless a certain amount of work is required to analyse the recorded data. Especially long 
term monitoring of frequently crossed bridges can lead to a large number of recorded reactions of train passages. In any case the 
respective train type and its crossing velocity have to be known to be associated with a certain reaction of the bridge, e.g. 
resonance phenomena. Using the example of a monitored German filler beam bridge, it is shown how this information can be 
derived directly from the measured data. At this bridge longitudinal strain and tri-directional acceleration measurements were 
performed at measuring points placed underneath the bridge. The strain measurements were used to identify the respective train 
type and its crossing velocity. Crucial for the identification of the train type and respective velocity is the knowledge of the 
carriage formation (number and order of engines, passenger coaches, etc.) and the length over buffers of each component. In the 
paper the methods used are presented and examples of the automatically identified train types are given by illustrations of 
measurements. 

KEY WORDS: Railway bridge, Long term monitoring, Train induced vibrations, Filler beam bridge. 

1 INTRODUCTION 
Permanent or long term monitoring systems of railway 
bridges are installed for various reasons, e.g. surveillance of 
critical structural members or research of dynamic behaviour 
of bridges subjected to crossing train loads. Certain bridge 
reactions, e.g. resonance phenomena are of special interest. 
These have to be associated with crossing train types and 
crossing velocities. If train type and velocity can be directly 
derived from the measured bridge reaction, no additional 
measurements of the velocity and comparison of time tables to 
identify the train type are required. 

As presented in [1] a long term monitoring system was 
installed on German filler beam twin bridge Erfttalstraße as 
part of a European research project [2]. The single span bridge 
consists of two decks separated by a longitudinal gap but with 
a continuous ballast layer. The monitoring system consists of 
four measuring rows with eleven measuring points each, 
placed underneath the two bridge decks. Each deck carries 
one track. Longitudinal strain and tri-directional acceleration 
measurements were carried out. An analysis routine [3] was 
developed which included the algorithm given in [1] to 
calculate bridge deformations from strain measurements. The 
routine was expanded [4] and now includes amongst other 
functions an automated train type identification which is 
presented in this paper.  

2 METHODS 
The routine [4] uses strain measurements obtained during 
train crossings (in the diagrams in section 3 depicted in red) 
for the train type identification. The subsequent free decay 
process and ambient oscillations before and after the 
excitation are illustrated in blue. 

Three options for the identification of a train type are 
provided. At least one of them has to be defined to enable the 
automatic train identification.  

 
1. Determination of total number of local maxima.  
2. Definition of system reaction. 
3. Comparison of the measured train passage characteristic 

to a reference characteristic. 
 
The first method was already part of [3]. As can be easily seen 
when comparing the characteristics of passenger trains to the 
characteristics of freight trains in the following sections, 
method 1 is only valid for freight trains. These trains consist 
of higher numbers of carriages and thus cause a higher 
number of local maxima. Passenger train types usually have 
lower numbers of carriages similar to each other. On the other 
hand comparison to a reference characteristic cannot be used 
for the identification of freight trains as they differ very much 
in their carriage configurations.  

The second method requires a definition of the train 
configuration. Each train consists of a defined number of 
carriages, each with specific carriage “length over buffers” 
(Figure 1), which are arranged in a certain order. In [4] four 
carriage types were defined: 

 
r engine 
b end vehicle 
c centre coach 
v centre coach with speed determination 
 

Several carriages of one type in a row can be combined in one 
command. The definition of a centre coach with speed 

Automatic train type identification in railway bridge monitoring 
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determination is as follows, the definition of the other carriage 
types can be carried out analogously. 
 

v[<number of wagons>](<length over buffers>) 
{<normalised exciter amplitude average>} 

 

 
Figure 1. Illustration of “length over buffers” and position of 

axle loads 

The normalised exciter amplitude average has to be defined 
as a train with n carriages always causes a minimum of n + 1 
local maxima. Figure 2 shows schematically the train type 
definition. The exciter amplitudes are illustrated in light blue, 
the normalised averages in red. The example in Figure 2 
shows the reaction (nine local maxima) to a train consisting of 
eight coaches.  

 

 
Figure 2. Illustration of train type definition [4] 

The number of local maxima strongly depends on the 
crossing velocity. A higher velocity leads to a smaller number 
of local maxima (minimum n + 1). At a low speed the system 
can respond to single axle loads while at higher velocities one 
local maximum combines the reactions to several axle loads. 

This circumstance also affects method 3. There reference 
characteristics are defined. Measured reactions caused by 
known train types are stored at a database and new 
measurements can be compared with them. The reference 
reaction with the smallest difference defines the most 
probable train type. 

The routine [4] has a graphical user interface where the 
results obtained can be checked by the user. At this point the 
user can control and if necessary adjust automatically 
determined indexes, e.g. the points defining beginning and 
end of the train crossing. In the strain diagrams in section 3 
these are the red dots. Furthermore falsely determined train 
types can be revised before further analyses or eliminated 
from the overall assessment. Not all measured data are suited 
for further evaluation, e.g. sometimes both decks are crossed 
at the same time by trains with opposite direction of travel. 
Reactions cannot be assigned to one crossing train as both 
decks influence each other. 

3 CONSIDERED TRAINS 
The bridge Erfttalstraße is located between Cologne and 
Aachen and thus part of the European railway network 
connecting Germany e.g. with Brussels, Paris or London. 
Currently Inter-City-Express ICE and Thalys are the only 

high-speed trains passing over the bridge. Maximum speeds 
are limited to 250 km/h. Furthermore there is local traffic and 
freight transportation as well as individual engines. 

The diagrams given in this section show typical examples of 
reactions to trains crossings. The numbered pink dots mark 
the local maxima which are used for the estimation of the 
crossing speed. As the carriage lengths are known (except for 
freight trains and single engines) the velocity can be easily 
calculated. Only centre coaches with the same “lengths over 
buffers” are considered for the estimation of the crossing 
speed. 

3.1 ICE 1 

ICE 1 can drive with velocities up to 280 km/h, which 
exceeds the speed limit of 250 km/h. Configurations with up 
to 14 coaches are possible, the respective axis-centre distances 
and design loads are given in [6], as well as the “length over 
buffers” of 26.4 m of the centre coaches. The ICE 1 used 
between Aachen and Cologne consists of six centre coaches, 
one control car and one engine. Using the second method 
introduced in section 2 it can be defined as follows: 

 

Table 1. ICE 1 configuration 

    
r [1] (19.78) {0.9} 
c [1] (26.4) {0.85} 
v [5] (26.4) {0.75} 
b [1] (24.9) {0.7} 

 
Of the six centre coaches the latter five are suited for the 

speed estimation; the resulting six local maxima used by the 
routine [4] are numbered in the diagrams. 

 

 
Figure 3. Measured strains due to an ICE 1 train crossing [4] 

 
Figure 4. Measured strains due to an ICE 1 train crossing [4] 

Comparison of Figure 3 and Figure 4 shows that ICE 1 
trains are used with the engine in front as well as at the end of 
the train (pull/push operation). The defined routines always 
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check both directions. The durations of the train crossings and 
thus the crossing velocities differ slightly (Figure 3: v = 
46.65 m/s = 168k km/h; Figure 4: v = 41.8 m/s = 150.6 km/h; 
Figure 5: v =28.5 m/s = 103 km/h). All figures show the 
respective reaction on the loaded deck; in case of Figure 3 this 
is the south bridge deck, while the other two show reactions 
on the north deck.  

 

 
Figure 5. Measured strains due to an ICE 1 train crossing [4] 

3.2 ICE 3 

ICE 3 trains basically can be put to many different coach 
configurations. It is also usual to couple two trains. The latter 
enables decoupling of the two trains after covering part of the 
railway line together. Each train then terminates for a different 
destination. Possible maximum speeds in Germany are 
300 km/h. 

The biggest difference between ICE 3 and ICE 1 (or ICE 2 
respectively) is that in the ICE 3 does not have a dedicated 
engine car. It is driven by powered bogies distributed along 
the train. The ICE 3 configuration used between Aachen and 
Cologne can be characterised as follows: 

 

Table 2. ICE 3 configuration 

    
b [1] (21.605) {0.65} 
v [6] (24.775) {0.9} 
b [1] (21.605) {0.7} 

 
The “length over buffers” of the centre coaches is the one 

also given in [6]; the end lengths of the end coaches differ 
slightly. The configuration given in [6] describes the 
maximum possible number of 16 coaches.  

 

 
Figure 6. Measured strains due to an ICE 3 train crossing [4] 

 
Figure 7. Measured strains due to an ICE 3 train crossing [4] 

 
Figure 8. Measured strains due to an ICE 3 train crossing [4] 

 
Figure 6 to Figure 8 show phenomena related to the 

interaction of bridge and train characteristics. The diagrams in 
Figure 6 and Figure 8 have very distinct free decay curves; the 
one in Figure 7 does not. This is usually called “cancellation 
phenomena” [7]. It occurs when at the end of the train 
crossing the two components of the oscillation -forced and 
free vibration- cancel each other. This can be related to the 
crossing velocity; a “cancellation velocity” can be defined as: 

 Scancel Ln
j

v ⋅⋅
+

= 012
2        ,....,j 21=  (1) 

The equation considers fundamental frequency n0 and span 
LS of the bridge. In case of the Erfttalstraße those are 3.5 Hz 
and 24.6 m, respectively [1]. Table 3 summarises the first 
three values for vcancel.  

 

Table 3. Cancelation velocities Erfttalstraße 

j 1 2 3 
vcancel [m/s] 57.4 34.4 24.6 

vcancel [km/h] 206.6 124.0 88.6 
 
Comparison of the crossing velocities of the presented 

ICE 3 train crossings (Figure 6: v = 71.2 m/s = 256 km/h; 
Figure 7: v = 59 m/s = 212 km/h; Figure 8: v = 70.0 m/s = 
251 km/h) shows that crossing velocity and cancelation 
velocity are close together in Figure 7 which already shows 
the cancelation effect. Damping also influences the 
cancelation effect; strictly speaking formula (1) applies only 
to undamped systems. Therefore even train crossings at the 
exact cancellation velocity are followed by a small decay 
process. 

Again examples obtained from both decks are presented; 
Figure 6 shows a reaction of the loaded south deck, while the 
other two diagrams show reactions on the loaded north deck. 
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3.3 Thalys 

The Thalys train traveling between Aachen and Cologne 
(Thalys PBKA) can be defined as follows: 
 

Table 4. Thalys configuration 

    
r [1] (17.145) {0.7} 
c [1] (21.845) {0.7} 
v [6] (18.7) {0.6} 
c [1] (21.845) {0.7} 
r [1] (17.145) {0.7} 

 
The four outer coaches differ slightly from the six centre 

coaches. The configuration given above differs from the one 
given in [6] for design purposes.  

The centre coaches have significantly smaller “lengths over 
buffers” than ICE trains and a different arrangement of 
bogies, which support commonly two coaches. This leads to 
higher excitation frequencies at the same speed level.  

 

 
Figure 9. Measured strains due to a Thalys train crossing [4] 

 
Figure 10. Measured strains due to a Thalys train crossing [4] 

 
Figure 11. Measured strains due to a Thalys train crossing [4] 

 
Comparison of the three curves (Figure 9: v = 57.5 m/s = 

207 km/h; Figure 10: v = 57.8 m/s = 208 km/h; Figure 11: v = 
25.7 m/s = 93 km/h) again shows the occurrence of the 

cancellation effect in Figure 9. The first two diagrams were 
obtained on the north deck, the one in Figure 11 on the south 
deck. 

3.4 Local trains 

The bridge Erfttaltraße is frequently crossed by local trains. 
Respective train configurations, especially the number of 
centre coaches depend on the expected number of passengers. 
Between Aachen and Cologne there are local trains with three, 
four or five centre coaches; they can respectively be defined 
as follows: 
 

Table 5. Local train configuration with three centre coaches 

    
b [1] (23.4) {0.6} 
v [1] (26.8) {0.7} 
c [1] (26.8) {0.7} 
r [1] (14.65) {0.95} 

 

Table 6. Local train configuration with four centre coaches 

    
b [1] (23.4) {0.6} 
v [2] (26.8) {0.7} 
c [1] (26.8) {0.7} 
r [1] (14.65) {0.95} 

 

Table 7. Local train configuration with five centre coaches 

    
b [1] (23.4) {0.6} 
v [3] (26.8) {0.7} 
c [1] (26.8) {0.7} 
r [1] (14.65) {0.95} 

 
The local trains are either pushed by an engine (Figure 12, 

v = 39.8 m/s = 143 km/h, obtained on the north deck) or 
pulled (Figure 13 v =38.0 m/s = 137 km/h; obtained on the 
south deck). 

 

 
Figure 12. Measured strains due to a local train RE crossing 

[4] 
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Figure 13. Measured strains due to a local train RE crossing 

[4] 

3.5 Freight train 

Freight train configurations differ very much from each other 
as do the bridge reactions to their crossings. Different lengths 
of coaches often lead only to a partially periodic excitation 
and response of the bridge during the train crossing. There are 
very long trains with identical coach lengths, so called block 
trains. These train characteristic has led to a discussion if 
resonance phenomena have to be considered in the design 
loads of freight trains. 

 

 
Figure 14. Measured strains due to a freight train crossing [4] 

 
Figure 15. Measured strains due to a freight train crossing [4] 

 
Figure 16. Measured strains due to a freight train crossing [4] 

The presented case in Figure 15 shows a periodic behaviour 
during the passage of the centre coaches without resonance 

effects. The reaction to the heavy engine exceeds the reactions 
to the coaches.  

 

 
Figure 17. Measured strains due to a freight train crossing [4] 

In [4] no estimation of the crossing velocities of freight 
trains is provided. Not only because the freight train 
configurations differ so much but also because the respective 
“lengths over buffers” were unknown. 

3.6 Engine 

Individual engines sometimes cross the bridge, being sent 
from one operation to another. In their case the estimation of 
the crossing velocity is not implemented in [4]. It would be 
possible to include lengths of certain engine models to the 
programme and expand the train type identification to a more 
differentiated engine type identification. As the routine was 
developed to analyse dynamic behaviour and especially 
resonance phenomena due to train crossings with regular axis-
centre distances, the implementation of engines was not scope 
of the development.  

 

 
Figure 18. Measured strains due to an engine crossing [4] 

 
Figure 19. Measured strains due to an engine crossing [4] 

4 CONCLUSION 
The correct identification of train types is an important part of 
research of bridge reactions to train crossings. This paper 
shows examples how this information can be derived from 
measured train reactions. 
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ABSTRACT: sonic testing is a Non-Destructive Technique (NDT) that is used for studying the characteristics of single fairly 
homogeneous materials and composite structures. If properly applied to, and with the right configurations, this technique allows 
detecting material variations, cracks and other discontinuities. Since many years, this technology is used on masonry structures, 
mostly to quantify the compactness of the material through its thickness using direct configurations. The joints, either dry or 
filled in with mortar, have an important effect on the propagation of the sonic waves, changing the velocities and detecting, 
indirectly, the influence of these discontinuities on the mechanical characteristics of the masonry. This work presents the results 
of sonic direct and sonic echo tests conducted on individual stones and triplets with dry and lime mortar joints to assess the 
reliability of the technique to detect the influence of the joints on the propagation of sonic waves. 
  

KEY WORDS: sonic direct test; sonic echo test; joint effect; stone masonry, P waves. 

1 INTRODUCTION 
Since the diffusion of diagnostic techniques applied to the 
assessment of the mechanical and physical characteristics of 
construction elements that the potentialities of sonic 
technology have been explored for this effect. The application 
of acoustic tests to fairly homogeneous materials is nowadays 
a quite normal procedure, and standards are available for 
some materials (e.g. concrete [1]).  

According to existing standards and studies, the 
measurements consider mainly the P-wave velocities, i.e., the 
fastest waves crossing a material that are commonly obtained 
through direct type tests (emitter and receiver placed on 
opposite sides of the crossed material). In fact, most of the 
information that concerns sonic propagation applied to 
masonry refers to P-wave velocities and to direct testing 
configurations [2-6]. 

Notice that stone masonry is a very complex and 
heterogeneous composite material that follows “artisan” 
construction procedures. To assess its properties it is 
necessary to take into account the mechanical and geometrical 
characteristics of the stone blocks (a natural material) and of 
the joints between blocks. Moreover, the properties of stone 
masonry can be quite sensitive to the manner the blocks are 
positioned one above the other: with or without wedges and 
(or) mortar, filling completely, or partially the joints surfaces. 

In this work, the authors characterize masonry samples 
made of large granite blocks using sonic echo tests. In 
particular, it is evaluated the effect of the joints on the 
propagation of sonic waves through the masonry samples. The 
results of sonic direct and echo tests are compared for each 
specimen condition. 

 

2 SONIC WAVES PROPAGATION 
Sonic tests consist on the analysis of the propagation of a pack 
of waves between two points through a vehicle of 
propagation: a simple or complex material. The first point 
corresponds to the place where the pack of waves is produced 
and the second where the waves are received, i.e. to the 
position of an emitter and a receiver, respectively. Sonic and 
ultrasonic tests are very similar, but, due to their wave content 
(lower frequencies than ultrasonic) sonic tests are more 
efficient for long propagation paths and (or) less 
homogeneous materials.  

Sonic tests have three typical configurations, depending on 
the relative position of the emitter and the receiver, which 
usually correspond to an instrumented hammer and an 
accelerometer, respectively: direct, if emitter and receiver are 
placed in opposite sides; indirect or surface, if emitter and 
receiver are on the same side; and semi-direct when emitter 
and receiver are placed in adjacent sides (see Figure 1). 

 

Figure 1, Sonic tests layouts 
 
The choice of a particular configuration is related to the site 

conditions (users do not have always access to both sides of 
an onsite wall, for instance) and to the investigation purposes 
(e.g. detect discontinuities, estimate the material modulus of 
elasticity, or the deepness of a joint in a multiple leaf wall…). 
Moreover, depending on the configuration, there are wave 
types that are more easily assessed than others, namely: 

The influence of joints and stone properties on sonic tests 
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a) Longitudinal or P-waves - mostly detected through direct 
tests, but also through indirect tests; 

b) Shear or S-waves - mostly detected through semi-direct 
tests and more rarely through direct tests; 

c) Surface or R-waves – mostly detected through indirect 
tests. 

Sonic echo test is a technique based on the impact echo test 
[7], being considered a variation of the indirect test: both the 
emitter and the receiver are placed one close to the other on 
the same surface. The results of the experimental campaign 
here presented show that sonic echo tests give interesting 
results when applied to masonry specimens with fairly solid 
sections. However, when using this technique, the results must 
be analysed in frequency domain and not in time domain, as it 
happens when applying the sonic “traditional” testing 
configurations expressed in Figure 1; the reflections caused 
by the presence of discontinuities, such as joints or material 
changes, are recognized in the frequency domain. Knowing 
the waves propagation path length, i.e. the distance between 
the impact and the reflection surface, e (m), and the 
frequency, f (Hz), that corresponds to the successive 
reflections, it is possible to determine the velocity of the 
waves on that sample, using  Equation 1: 
 

fe2V ××=  (1) 
 

3 EXPERIMENTATION ON STONE MATERIALS 

3.1 Experimental campaign 

A set of sonic direct and sonic echo tests were performed on 
individual stones and triplets with both dry and lime mortar 
joints to assess the reliability of the technique in detecting the 
influence of the joints on the propagation of sonic waves. The 
tests were conducted at the Laboratory for Earthquake and 
Structural Engineering (LESE) of the Faculty of Engineering 
of Porto University (FEUP). 

 

3.2 Equipment and data elaboration 

The sonic tests were performed by using a 0.32-kg 
instrumented hammer with a range of frequencies between 0–
1 kHz (flat response). In its upper limit, the hammer can send 
a pack of frequencies up to 6 kHz, a value much lower than its 
own resonant frequency, which is greater than 22 kHz. The 
receivers consist of unidirectional miniature accelerometers 
with a flat response up to 10 kHz. The accelerometers were 
coupled to the stone surfaces with grease to promote a good 
wave transmission [8]. The data acquisition system is a NI-
9233 compact module with a resolution of 24 bits and a 
maximum sampling rate of 50 kHz. 

 

3.3 Granite specimens 

The tests were performed on four large granite stones referred 
to as A, B, C and D, with similar characteristics (taken from 
the same quarry). The specimens consisted of prismatic 
stones, with dimensions of around 0.85 × 0.85 × 0.24 m3 each, 
and having rough surfaces, (see Figure 2). Afterwards, each 
stone was sawed into three samples (A1, A2, A3; B1, B2, B3; 
C1, C2, C3; D1, D2, D3) with dimensions of approximately 

0.85 x 0.275 x 0.24 m3, which were superposed to construct 
four triplets, each one being made of the three samples of the 
same original stone (see Figure 3). 

 

3.4 Tests layouts 

The experimental campaign consisted on performing sonic 
tests on the granite samples by using the acoustic technique 
applied with two different configurations: direct and echo. 

The tests were performed in two steps. First, each specimen 
A, B, C and D was tested separately using sonic direct tests 
performed between pairs of opposite lateral faces. Four 
directions (from L–E, from E–L, from M–H, and from H–M) 
were considered (see Figure 2). The tests were carried out 
using three points per face and repeating the measurements 
once per path, summing a total of 24 tests per specimen, i.e. 
96 tests in total. The results allowed assessing the first wave 
arrival propagating along the stones in its original state. 

Afterwards, each specimen was sawed into three samples 
(see Figure 3) that were individually tested, using direct 
configurations, to ensure that the same results were obtained 
before and after de blocks being sawed. 

 

Figure 2, Layout of the granite block and paths of the tests. 

Figure 3, Layout of the sawn samples obtained from blocks 
A, B, C and D. 

After this step, where the stones were tested and analysed 
alone, the pre-cut original specimens A, B, C and D were 
reconstituted by assembling the sawn specimens to create four 
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triplets made of regular stones that were placed in the upright 
position (horizontal bed joint surfaces). 

The second step consisted on applying a campaign of sonic 
direct and sonic echo tests to these triplets, a first time with 
dry joints, i.e. with the stones superposed without any mortar, 
and afterwards with the joints filled in with lime mortar, being 
repeated during the mortar curing process. In particular, it 
consisted of: 
a) sonic direct tests, with the emitter placed at the top and the 

receiver at the bottom of the triplets, in opposite positions, 
so that the waves propagation path becomes perpendicular 
to the bed joints. In this configuration it is supposed that P-
waves are the first ones to arrive and those that are 
detected with higher energy content; 

b) sonic echo tests, with the emitter and the receiver placed at 
the top of the triplets, to study the reflections of the 
emitted signal.  

Erro! A origem da referência não foi encontrada. 
illustrates the testing layouts applied to the triplets obtained 
from specimen A. The same procedure was applied to the 
triplets B, C and D. 

 

Figure 4, Layouts of the sonic direct and echo tests applied to 
the (a) dry joints triplets and the (b) mortar joint triplets. 

 

4 RESULTS 

4.1 Specimens and sawn samples 

The tests carried out in the first step allowed measuring the 
velocity of propagation of P-waves on the single stones. The 
analysis of the results of the sonic direct tests gave the 
following average velocities for each of the four stones (see 
Table 1). 
 

Table 1. P-waves average velocities measured by sonic direct 
tests on the specimens A, B, C and D. 

Stone Specimens Velocity (m/s)  

A  1890 

B  2123 

C 1336 

D 1996 
 

These results show that, apart from specimen C that seems 
to be less compact, or stiff, the three other stones are expected 
to have similar mechanical properties. In fact stone C 
appeared to be in worst conditions than the other stones and, 
certainly, having internal defects, which induce lower wave 
propagation velocities. Notice that stone is a natural material, 
and the fact that the four specimens come from the same 
quarry doesn’t imply they have equal properties. 

The sonic direct and sonic echo tests on the samples 
obtained from sawing the specimens have shown results that 
are identical to those of the initial specimens, as it is shown by 
Table 2. However, the average velocity obtained on stone C 
samples through the sonic echo tests was around 30% lower 
than the velocity obtained through the sonic direct tests. 

 

Table 2. P-waves average velocities measured by sonic direct 
and sonic echo tests on the sawn samples 

Swan stone 
samples 

Sonic Direct 
Velocity (m/s)  

Sonic Echo 
Velocity (m/s) 

A (1, 2, 3) 1813 1851 

B (1, 2, 3) 2167 2163 

C (1, 2, 3) 1321 1048 

D (1, 2, 3) 1885 1817 
 
 

4.2 Triplets with dry joints 

The tests carried out on the triplets that represent the 
reconstituted specimens A, B, C and D with dry joints, 
provided the following results (see also table 3): 
a) sonic direct tests: average velocity around 1000 m/s; 
b) sonic echo tests: the presence of dry joints made quite 

difficult the acquisition of data through this technique. The 
Fast Fourier Transform (FFT) of the registered 
accelerations presented several dominant peak frequencies, 
denoting the existence of a large number of reflections 
inside the triplets. The adopted criterion to obtain the sonic 
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echo velocity was to use the frequency associated to the 
highest FFT peak. The correspondent velocity was 
achieved through Equation 1 and using the longest vertical 
path for each triplet, i.e. the total high. 

 

Table 3. P-waves average velocities obtain by sonic direct 
(with % decrease compared to the stones alone in parenthesis) 

and sonic echo tests on the triplets with dry joints. 

Triplets with dry 
joints  

Sonic Direct 
Velocity (m/s) 

Sonic Echo 
Velocity (m/s)  

A1-2-3 1171 (-35%) 435 

B1-2-3  908 (-58%) 1005 

C1-2-3  862 (-34%) - 

D1-2-3  1020 (-46%) 932 
 

As it was expected, the FFT of the accelerations obtained 
from the echo tests on the triplets with dry joints contains lots 
of important peaks, which indicate lots of intermediate 
reflections. Figure 5 represents an example of an FFT, 
obtained on a reconstituted stone (stone A). Nevertheless, in 
few cases the frequency that corresponds to the first reflection 
point was accessed. However, it wasn´t found any objective 
criterion which enables to relate a peak with a certain 
reflection surface and, consequently, with a certain wave 
velocity. 
 

Figure 5, FFT of the received signal on a sonic echo test 
applied to the triplet A with dry joints. 

 
When compared to the individual results on stones, the 

results on the triplets show that the existence of dry joints 
between stones made the velocity decrease, in average, around 
40%. Notice that the stone with the higher average P-wave 
propagation velocity, stone B, was the one that corresponded 
to the higher decrease percentage, 58%. On the contrary, the 
stone with the lower average of the very first arrival 
(supposed to be the P-wave) stone C, was the one that 
corresponded to the lower percentage decrease, 34%. In 
reality, the velocities of the four specimens after being sawed 
and reassembled were much closer than before, around 
1000m/s. This indicates that, apparently, the mechanical 
properties of stone masonry may be dominated more by the 
joints than by the stones quality. 
 

4.3  Triplets with lime mortar joints 

The testing campaign with the previous four triplets was 
repeated, but now with the reconstituted specimens A, B, C 
and D with lime mortar joints, allowing going further in the 
investigation on the propagation of sonic waves. The same set 

of tests was then applied to the triplets, providing the 
following results, in particular after 28 days mortar curing: 
a) sonic direct tests: average velocity around 1600 m/s; 
b) sonic echo tests: 1360 m/s. 

In this case, the triplets presented a good contact and 
continuity between stones, which caused an increase of about 
60%, on average, on the velocity obtained by sonic direct tests 
(see Table 4) when compared to the dry joints triplets.  

 

Table 4. Average velocities obtain from direct tests on the 
four specimens (with % decrease compared to the stones alone 

in parenthesis) in different conditions: individual stones, 
triplets with dry joints and with mortar joints. 

Triplets 
Sonic Direct 

Velocity (m/s) 
(before cutting) 

Sonic Direct 
Velocity (m/s) 

(Triplets with dry 
joints) 

Sonic Direct 
Velocity (m/s) 
(Triplets with 

mortar joints after 
28 days curing) 

A1-2-3 1890 1171 (-35%) 1788 (-5%) 

B1-2-3  2123 908 (-58%) 1795 (-15%) 

C1-2-3  1336 862 (-34%) 1259 (-6%) 

D1-2-3  1996 1020 (-46%) 1801 (10%) 
 
Moreover the sonic echo test identified the main reflection 

surface of each triplet as the bottom surface of the lower 
stone. In opposition to what happened in the case of dry joints, 
when the joints were filled in with mortar, just one dominant 
frequency peak is obtained in the FFT of the received signal 
when using the sonic echo configuration. For instance, Figure 
6, presents the FFT of the accelerations obtained in this 
configuration for stone A, again. The main frequency peak 
(718Hz) is the one that corresponds to the multiple reflections 
on the bottom and top surface of the triplet, i.e. that 
corresponds to the wave propagation along the total high of 
the triplet. 

 

Figure 5, FFT of the received signal of a sonic echo test 
applied to the triplet A with joints filled in with mortar.  

 
Figure 5 presents the velocities obtained with the specimens 

before being sawed, after assembling with dry joints and 
during the hardening process of the mortar joints until the age 
of 28 days, using sonic direct tests. 

The comparison between the dry and mortar joints shows 
that the mortar was able to restore most of the compactness of 
the original stones, i.e. before being sawed. Moreover, the 
wave’s propagation velocities determined by the application 
of the direct sonic tests to the triplets considering different 
mortar curing times show, with some exceptions, a tendency 
for the velocity to increase with curing time. 

 

First reflection peak?  

V = 2x0,86x718 = 1235m/s (Eq. 1) 
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Figure 6, Average wave propagation velocities obtained on 
the different samples using sonic direct tests. 

 
Although the results of sonic echo tests show the same 

tendency for the velocity to increase with the mortar curing, as 
it can be seen in Figure 7, these results indicate a higher 
velocity decrease from the values of the single stones to the 
triplets with mortar joints when compared to the results 
obtained with sonic direct tests. In the case of stone C, the 
triplets with mortar joints showed an even higher propagation 
velocity when compared to the single stones, suggesting that 
the mortar improve the compactness, or the stiffness of the 
stone. 
 

Figure 7, Average wave propagation velocities obtained on 
the different samples using sonic echo tests. 

 

5 CONCLUSIONS 
This paper presents a study on granite samples following a 
sequence that goes from stones without joints, triplets with 
dry joints and, finally, triplets with mortar joints, using sonic 
direct and sonic echo tests. It was verified that sonic echo tests 
don´t give clear results when performed on samples with dry 
joints in opposition to what happens with sonic direct tests. 

 It was noticed a great decrease (about one half) on the sonic 
propagation velocities (very first arrival) on the triplets with 
dry joints when compared to the single stones. Notice that also 

the modulus of elasticity obtained by mechanical tests on 
samples with identical characteristics, i.e. with dry joints, 
presents a considerable decay [9]. 

After filling in the joints with mortar, the velocity increases 
again, but without reaching the values of the single stone 
(granite). An exception is made for the case of stone C, which 
seemed to be in worst physical conditions than the other 
stones. In this case the echo sonic tests showed a higher 
propagation velocity for the triplets with mortar when 
compared to the single stones, suggesting that the mortar 
improve the compactness, or the stiffness of the stone. 

Finally, although the mortar curing process of lime mortar is 
slow and extends over a long period of time, both, sonic direct 
and sonic echo tests presented a tendency for the wave 
propagation velocity to increase with curing time. 
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ABSTRACT: The development of lightweight materials has increased during the last years. The knowledge of the mechanical 
behavior of these materials is essential for the development of numerical models of the components of which they are specific 
constituents. This paper presents a hybrid method for identifying the modal parameters of lightweight materials by using 
vibration test data. The characterization methodology is based on mixed numerical-experimental procedures which are able to 
evaluate the natural frequencies and mode shapes of the sample under test in a wide range of frequency. 
The procedure is divided in two subsequent steps. The first ones involves the use of an experimental setup based on a non-
contact measurement technique of the vibrational state of the sample under test. The response of the sample due to a random 
excitation is measured by a Scanning Laser Doppler Vibrometer (SLDV). The vibration test data are used to describe the 
frequency dependence of the material properties and to validate the numerical model within a narrow frequency range. The 
second step foresees the extension of the characterization of the test sample into the high frequencies through the numerical 
model previously validated and the linear relationship between frequency and material properties. The comparison between the 
experimental and numerical results in a wider frequency range allowed to validate the entire procedure. 
This approach allows to overtake the crucial issues related to the experimental step, i.e. difficulties in forcing the vibration of the 
ultra-light material in a wide frequency range without altering its mechanical behavior, in order to extend the dynamic 
characterization up to high frequencies. 
 

KEY WORDS: Ultra-light material; Hybrid characterization; Experimental Modal Analysis, Numerical model. 

1 INTRODUCTION 
Nowadays, ultra-light materials represent a class of materials 
which has been widely employed in several fields. Due to 
their characteristics, these materials provide the mass 
reduction of the components of which they are specific 
constituent and, at the same time, they increase the 
mechanical performance in terms of greater strength, rigidity 
and improved resistance to fatigue. The numerical modeling 
of these ultra-light structures is a current challenge. In fact, in 
order to validate the accuracy of structural dynamic models, 
great efforts have been made within the characterization of the 
mechanical behavior of these materials. 

Although the identification of static properties is well 
documented in the literature for different kind of ultra-light 
structures [1][3], the dynamic characterization has several 
issues to deal with. Over the last few years, some researchers 
have used numerical methods and, when possible, 
experimental approaches in order to characterize dynamically 
the ultra-light material by means of vibration modes and 
frequencies. However, when a characterization up to high 
frequencies is required, both approaches reveal some 
limitations. 

First of all, because of the intrinsic characteristics of the 
ultra-light materials, i.e. extremely low mass, an accurate 
experimental investigation requires the development of a 
measurement procedure that does not alter their mechanical 
behavior. Indeed, the most critical aspects are the added mass 
due to the sensors and the high resonant frequencies. These 

are the major issues within the characterization of the modal 
parameters of the ultra-light structures through the 
Experimental Modal Analysis (EMA). On the other hand, it 
has been observed that some ultra-light materials, i.e. 
paperboard, show elastic constants which vary with the 
vibrational frequency [4]. This is a potential weakness of the 
finite element models, which consider a constant value of the 
mechanical material properties as a function of frequency. 

Taking these issues into account, this paper presents a new 
hybrid method for identifying the dynamic characteristics of 
lightweight materials by using vibration test data. This 
innovative methodology is based on mixed numerical-
experimental procedures that allows to overcome the intrinsic 
limitations of the two approaches by exploiting their inherent 
capacities. Thanks to this hybrid method, the modal 
parameters of the sample under test, i.e. the natural 
frequencies and mode shapes, in this specific case, can be 
evaluated in a wide range of frequency. 

The principle used for the determination of the modal 
parameters is organized in two subsequent steps. First, the 
experimental tests allow the computation of Young's modulus 
E of the material under examination by means of a reverse 
calculation based on an analytical model. This allows to 
describe the trend of E as a function of frequency within 20 ÷ 
20000 Hz. 

Once the experimental curve is obtained, a finite element 
model has been implemented. The special feature of this 
numerical model is to consider the Young’s modulus of the 
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material under test not as a constant but as a function of 
frequency on the basis of the relationship obtained 
experimentally. Indeed, the knowledge of the experimental 
natural frequencies allows  to calculate the numerical ones by 
means of an average elastic modulus Emean computed within 
several frequency subdomains. Indeed, the subdivision of the 
entire range of frequencies in subdomains lets a better 
numerical simulation to be obtain by implementing a 
parametric numerical model having the parameter Emean as a 
frequency function. 

The procedure thus provides the validation of the model in 
the frequency range of 20 ÷ 5000 Hz by comparing the 
experimental and the numerical frequencies. Within this 
narrow range, indeed, the identification of the experimental 
natural frequencies is simplified by the presence of a low 
modal density. Moreover, the correct interpretation of the 
experimental mode shapes allows a proper application of the 
analytical model for the calculation of the Young’s modulus. 

However, at frequencies higher than 5000 Hz, difficulties 
are encountered in correctly interpreting the experimental 
modal parameters due to the high modal density and the 
presence of complex mode shapes. Indeed, at high 
frequencies, damping plays an important role and this could 
hide certain natural frequencies. Furthermore, the extremely 
light mass of the material makes difficult, nearly impossible, 
to force the vibration of the sample within the overall 
frequency range without altering its mechanical behavior. In 
this context, the numerical model appears to be crucial since it 
enables the determination of the modal parameters up to high 
frequencies using an extrapolation technique. 

Nevertheless, since few mode shapes can be estimated 
experimentally above 5000 Hz, a further validation of the 
model has been performed in the high frequency range. 

2 EXPERIMENTAL PROCEDURE 
The experimental procedure is one of the crucial aspects of 
this work. Starting from the specific characteristics of ultra-
light materials, great importance must be given to the design 
and implementation of a test bench that allows to perform 
dynamic tests without being intrusive on the mechanical 
properties of the material. 

As it is well known from the literature [5][1], EMA is a 
procedure whose main result is a modal model consisting of 
natural frequencies, damping ratio and mode shape vectors. 
For this purpose, an admissible set of test data should be 
obtained, i.e. forcing excitations and motion responses for 
various pairs of Degrees of Freedom (DoFs) of the test object. 
Actually, the vibratory behavior of a structure is generally 
obtained by the structural Frequency Response Function 
(FRF) measurements with accelerometers and hammer or 
shaker. 

When dealing with ultra-light materials, the excitation 
technique must be carefully designed in order to be as less 
intrusive as possible and vibration responses should be 
measured by a non-contact devices. 

Despite the non-contact measurement of the vibration 
responses can be easily accomplished thanks to the 
instrumentation now available, the choice of the optimal 
excitation mode is still an open question. Several solutions 
have been adopted to reduce this issue. Among them, it is 

possible to identify the use of an acoustic source that allows to 
distribute the sound pressure throughout the structure. In this 
case, a force response function is measured instead of the 
conventional FRF [6]. Moreover, acoustic sources generate 
low excitation energy that unlikely can be transmitted to a 
lightweight structure operating largely below its coincidence 
frequency. Another interesting solution is the use of eddy 
currents whose magnetic field opposes the change in flux 
resulting in a force between the source and conductor. 
However, this technique requires the structure under test to be 
conductive [7]. 

In this work we use an electrodynamic shaker typically used 
in EMA allowing to transfer a sufficient vibration energy to 
the test piece. However its coupling to the lightweight 
structure has been designed in order to have a punctual 
connection and to remain as less invasive as possible, in terms 
of geometry, mass and stiffness variation. Moreover the use of 
a shaker let us measure the input force by means of a high-
sensitive load cell. This information is extremely important 
when implementing a hybrid numerical-experimental 
procedure. In general, a finite element model provides mass-
normalized eigenvectors as it has the full system mass matrix. 
In order to evaluate the correlation between the experimental 
and numerical results, the mass-normalized eigenvectors 
should be extracted from the full FRFs measured set. Indeed, 
mass-normalization leads to a unique set of eigenvectors from 
the numerical model and from the experimental results and 
these can be quantitatively compared [8]. 

Finally, the issues regarding the use of an electrodynamic 
shaker are overcome by an appropriate modeling of the 
experimental conditions using the finite element model. In 
fact, it takes into account the effect of the mass loading that 
occurs when the apparent mass of a structure at a given DoF is 
similar to or less than the mass of the attached transducer. 
This shows up through a shift of the natural frequencies of the 
structure towards lower values, since these parameters are 
strongly dependent on the effective modal mass [9]. However, 
a proper modeling of the masses involved in the 
structure/exciter system and the boundary conditions allows to 
predict and simulate this effect. 

In this paper, an electrodynamic shaker is used in order to 
provide force in a broadband frequency range, i.e. 20 ÷ 20000 
Hz. The force is applied in a punctual manner by a steel 
stinger (Ø = 0.8 mm), which is constrained to the barycenter 
of the sample. A non-contact Scanning Laser Doppler 
Vibrometer (SLDV) is used to measure the vibration of the 
sample [10]. Starting from a complete set of frequency 
responses, a modal analysis is performed in order to identify 
the natural frequencies of the sample and the corresponding 
eigenmodes. These parameters let the computation of the 
Young’s modulus of the material as a function of the 
frequency by means of an analytical model. 

2.1 Test samples 
The ultra-light material under test is a common cardboard. 
Modal testing was conducted on rectangular-shaped samples 
in order to compare the experimental results with the 
analytical solutions obtained assuming a beam model. 

Three beam samples with different geometry have been 
tested, as reported in Table 1. Figure 1 shows the beam 
sample. Using different lengths for the same material has 
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allowed to extend the range of observed frequencies towards 
higher values. In fact, the natural frequency related to the 
same mode shape shows higher values in samples with shorter 
length as a result of the stiffening conferred by the shape. 
Therefore, we decided to analyze the same sample but with 
different lengths through subsequent cuts. This procedure 
allowed to reduce and control any irregularities due to the 
preparation stage of the sample by decreasing the operator 
interventions in the specimen. 

Finally, ten samples for each length have been tested in 
order to take into account the geometric variability through a 
statistical analysis. 

 

Table 1. Geometry and mass of the test specimens. 

Sample 1 2 3 
L [mm] 140 100 60 
b [mm] 10 10 10 
h [mm] 0.42 0.42 0.42 
m [g] 0.43 0.31 0.18 
ν 0.3 0.3 0.3 

 

 
Figure 1. Test specimen. 

2.2 Experimental setup 
A schematic of the experimental setup is shown in Figure 2. It 
is possible to notice that the excitation is provided to the plate 
through the electrodynamical shaker (TIRAvib S 50009) and 
the bond between them is realized by a steel stinger. A signal 
generator sends a white noise in the frequency range of 20-
20000Hz, which is received by the shaker via the power 
amplifier. The force exerted on the sample is then measured 
by a load cell (PCB 208C01). The induced vibration is 
measured by a SLDV (Polytec OFV 050 Optical Scanning 
Head), whose control unit allows the signal acquisition of 
both measuring instruments.  

The vibration of the sample is measured in terms of 
transverse velocity by SLDV on a variable grid of points 
depending on the size of the specimen. Thus, this signal is 
used as the output in the computation of the FRF. On the other 
hand, the input signal is provided by the load cell. In this work 
the PolyMAX method was used for the modal parameter 
estimation, based on the measured FRF dataset, as described 
in [11], by means of LMS Test.Lab software. 

 

 
Figure 2. Experimental setup. 

2.3 Young’s modulus calculation 
The determination of the material Young’s modulus is carried 
out with an inverse calculation. As was mentioned above, the 
sample is assumed to be a Euler-Bernoulli beam. Given the 
specific bonding condition, the analytical solution for the 
natural frequencies of a free-pinned-free (FPF) double-span 
beam, as specified in [12], is: 

 
m
EI

L
f i

i 2

2

2π
λ

=  (1) 

where fi is the natural frequency in Hz corresponding to the 
mode shape i, L is the length of the beam [mm], E is the 
Young’s modulus [MPa], m is the mass per unit length 
[kg/m], λi is a frequency parameter and I is the area moment 
of inertia of beam about its neutral axis [mm4]. The last 
parameter, for a rectangular cross-section beam, is given as: 

 
12

3bhI =  (2) 

where b is the width of the beam [mm] and h is its thickness 
[mm]. 

The frequency parameters λi depend on the boundary 
conditions. In this case we could consider the sample as a FPF 
double-span beam and the values of these parameters can be 
obtained by solving the governing equation for the Euler-
Bernoulli beam in each span [13]. These values are reported in 
Table 3. Applying the reverse of Eq. (1), it is possible to 
compute the Young’s modulus E of the material 
corresponding to each resonance frequency, i.e. by means of 
Eq. (3): 

 
I
mLfE

i
i 4

42
2 4

λ
π

=  (3) 

However this model applies only in the low frequency range 
(below 5000 Hz) where the sample can be approximated to 
Euler-Bernoulli beam. In the highest frequency range mode 
shapes are not anymore beam-like ones and therefore above 
5000 Hz the Young modulus cannot be calculated. However, 
having estimated its value between 20-5000 Hz it can be 
extrapolated up to 20 kHz by using a regression method.  
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3 NUMERICAL MODEL 
A COMSOL Multiphysics finite element model was 
developed to predict the behavior of the ultra-light structure 
within the frequency range of interest. This model is based on 
an isotropic material because we want to keep the same 
assumptions adopted for the calculation of the Young's 
modulus. In addition, great importance has been given in 
modeling both the condition of the bond between the sample 
and the stinger steel and the added mass due to the load cell 
that is interposed between the sample and shaker. 

The Structural Mechanics Module of COMSOL 
Multiphysics is used to calculate the eigenfrequencies and the 
mode shapes for a test beam with the fixed dimensions 
specified in Table 1. The measured frequencies of the test 
samples are than compared with the computed frequencies to 
validate the model within the frequency range 20 ÷ 5000 Hz. 

The model validation allows to extrapolate the 
characterization of the ultra-light material within the entire 
range of frequencies. Indeed, this is done by inferring the 
Young’s modulus of the material up to 20000 Hz thanks to the 
extrapolation procedure described in Section 4. A detailed 
flowchart of the hybrid dynamic characterization procedure is 
given in Figure 3, showing that COMSOL Multiphysics and 
the experimental results are closely connected in solving this 
reverse engineering problem. 

 

 
Figure 3. General flowchart for the hybrid dynamic 

characterization procedure. 

 

4 EXPERIMENTAL RESULTS 
A complete set of FRF measurements was obtained from each 
beam sample, considering the three lengths of interest. The 
first step of the procedure requires the computation of the 
Young’s modulus in the frequency range of 20 ÷ 5000 Hz. In 
this case, the frequency band of interest includes only eight 
modes for sample 1, six modes for sample 2 and 4 modes for 
sample 3. This is related to the hypothesis that the 
antisymmetric modes should not be excited because of the 
barycentric position of the excitation. In Figure 4 the complex 
sum of the FRFs of all the measured points for each sample 
are shown. 
In Table 2 the experimental natural frequencies related to the 
symmetric modes are reported. The values of the relative 
standard deviation (RDS) are mainly due to the geometric 
variability between samples because of the preparation phase, 
which is extremely operator-dependent. Indeed, any geometric 
irregularities due to the cut of the specimen are factors which 

have an important influence in the dynamic behavior of ultra-
light materials, i.e. the dimension-dependency of the 
frequency as stated by Eq. (1). 

Table 2. Experimental natural frequencies and relative 
standard deviation (RSD). 

Sample Mode 
number 

Mean frequency ± SD 
[Hz] 

% RSD 

1 

1 26.1 ± 2.2 8.1 
3 163.8 ± 12.4 7.5 
5 465.5 ±33.1 7.1 
7 912.8 ± 65.1 7.1 
9 1519.0 ± 106.2 6.9 

11 2264.3 ± 154.9 6.8 
13 3143.7 ± 210.4 6.7 
15 4164.6 ± 268.8 6.5 

2 

1 52.0 ± 3.9 7.5 
3 324.3 ± 26.4 8.1 
5 911.2 ± 69.3 7.6 
7 1798.5 ± 135.4 7.5 
9 2949.9 ± 219.7 7.5 

11 4339.5 ± 289.5 6.7 

3 

1 147.4 ± 10.9 7.5 
3 931.9 ± 72.9 7.8 
5 2586.6 ± 202.9 7.9 
7 4860.5 ± 314.5 6.5 

 

 
Figure 4. Sum of FRFs of (a) sample 1, (b) sample 2, (c) 

sample 3, respectively. 

 
The identification of the mode shapes associated to the 

experimental natural frequencies allows the calculation of the 
Young’s modulus E of the ultra-light material in the frequency 
range of interest by means of Eq. (3). The results are shown in 
Table 3.  

Figure 5 points out the distribution of the E values obtained. 
It reveals the existence of a linear relationship between E and 
the frequency, which can be modelled as: 

 cmxy +=  (4) 

where m and c are unknown coefficients. We applied the 
linear least squares fitting technique, which is the most 
commonly applied form of linear regression that provides a 
solution to this problem. This procedure allows to compute 
the regression coefficients as [14]: 
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Table 3. Values of the Young's modulus E via the Euler-
Bernoulli beam theory. λi are the frequency parameters for a 

FPF double-span beam [13]. 

Sample Mode 
number 

λi Young’s modulus 
[Pa] 

1 

1 3.75 2.58E+9 
3 9.39 2.60E+9 
5 15.71 2.67E+9 
7 21.99 2.68E+9 
9 28.27 2.71E+9 

11 34.56 2.70E+9 
13 40.84 2.70E+9 
15 47.12 2.64E+9 

2 

1 3.75 2.68E+9 
3 9.39 2.65E+9 
5 15.71 2.67E+9 
7 21.99 2.71E+9 
9 28.27 2.66E+9 

11 34.56 2.58E+9 

3 

1 3.75 2.79E+9 
3 9.39 2.83E+9 
5 15.71 2.79E+9 
7 21.99 2.56E+9 

 
Once the linear regression line is known, the values of E can 

be straightforward extrapolated within the entire range of 
frequency. Hence, the regression coefficients, achieved 
through Eqs. 5 and 6, are m= -4.06 104 [Pa/Hz] and c=2.74 
109 [Pa]. 

Assuming the probability distribution of E as a function of f 
and its combined standard deviation σ is approximately 
normal, it is possible to define an interval:  

 σσ ⋅+≤≤⋅− kEEkE ~
 (7) 

within which the estimation of the Young’s modulus Ẽ is 
believed to lay with a level of confidence of approximately 
95%, whether the coverage factor k is equal to 2, as described 
in [15]. Therefore, as σ is equal to 7.58·108 [Pa], Figure 5 
shows the best fit line and confidence band thus calculated. 

Then, the frequency values computed within the finite 
element model using the linear function between E and f are 
listed in Table 4. The percent error between the two sets of 
natural frequencies, i.e. the experimental natural frequencies 
fexp and the numerical natural frequencies fnum, is evaluated as: 

 
i

inumi
if f

ff

exp,

,exp,
, 100%

−
×=ε  (8) 

where i=1,…,Nf and Nf stands for the number of the identified 
natural frequencies. 

 

Table 4. Comparison between the experimental frequencies 
fexp and the frequencies fcomp derived from COMSOL 

Multiphysics finite element model. 

Sample Mode 
number 

fexp [Hz] fcomp [Hz] % εf,i 

1 

1 26.1 27.7 6.2 
3 163.8 173.5 5.9 
5 465.5 485.8 4.4 
7 912.8 950.8 4.2 
9 1519.0 1568.1 3.2 

11 2264.3 2333.9 3.1 
13 3143.7 3239.9 3.1 
15 4164.6 4277.2 2.7 

2 

1 52.0 54.9 5.5 
3 324.3 343.6 5.9 
5 911.2 959.1 5.3 
7 1798.5 1869.2 3.9 
9 2949.9 3057.6 3.7 

11 4339.5 4496.2 3.6 

3 

1 147.4 156.4 8.9 
3 931.9 972.3 4.3 
5 2586.6 2672.5 3.3 
7 4860.5 5043.9 3.8 

 

 
Figure 5. Linear least squares fit of the experimental results. 

 
A good agreement is obtained between the computational 

and experimental results. As discussed above, the 
experimentally measured frequencies are assumed to lie 
within an error bound of 8.1% around the true values. Taking 
into account the values shown in Table 4, it can be stated that 
the error made in the numerical identification of the natural 
frequencies is within the uncertainty related to the measure of 
them. Hence, this allows to extrapolate the values of E of the 
ultra-light material under test within the frequency band of 
5000 ÷ 20000 Hz. Thus, the vibratory behavior of the three 
samples can be predicted by means of the developed finite 
element model, by using the estimated Young modulus. 

5 VALIDATION 
Regarding the Young’s modulus computation, we decided to 
narrow down the frequency range to 20 ÷ 5000 Hz as in this 
band all samples show experimental mode shapes that can be 
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readily interpreted as those typical of a beam. Indeed, in Eq. 
(3) the frequency parameters λi is related to the mode shape 
and hence since only a proper interpretation of the 
experimental mode shape allows the application of the 
analytical model for the calculus of E. 

Nevertheless, the sums of the FRFs provided in Figure 4 
reveal the presence of a frequency content in each sample 
even for frequencies higher than 5000 Hz. Despite the 
relatively low SNR (Signal to Noise Ratio), the structural 
modes can be identified in the PolyMAX stabilization 
diagram, as shown in Figure 6. Nevertheless, the presence of 
the damping and the higher modal density makes difficult the 
interpretation of these modal shapes as to use the associated 
natural frequencies for the calculus of E. 

 

 
Figure 6. PolyMAX stabilization diagram for sample 2. 

 
Nevertheless, the identified experimental modal parameters 

at high frequencies can be compared with the numerical ones 
in order to validate the finite element model. For this purpose, 
the difference between the natural frequencies and the Modal 
Assurance Criterion (MAC) to compare the mode shapes are 
applied. Indeed, MAC is a statistic indicator of the degree of 
consistency between the two sets of mode shapes, {φexp}m and 
{φnum}n, and is defined as [16]:  
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where {φ} is a column of the modal matrix identifying a 
mode shape, i=1,…,m is the number of the identified 
experimental modes {φexp}, j=1,…,n is the number of the 
identified numerical modes {φnum} and the symbol * denotes 
the complex-conjugate operator. The MAC assumes value 
between 0, which represents no consistent correspondence, 
and 1, which indicates a consistent correspondence. 

Starting from the experimental modal parameters, i.e. the 
set {φexp}m and fexp, we used the experimental frequencies fexp 
for the calculus of the E values by means of the linear 
relationship found above. These values are then entered into 
the finite element model in order to obtain the numerical 
modal parameters, i.e. the set {φnum}n and the associated 
numerical frequencies fcomp, through a parametric study. 

Using the MAC values, the mode pairs defined by the 
experimental and the numerical modal parameters are 
identified as the ones which reveal the higher consistency. In 
particular, 9 mode pairs for sample 1, 9 mode pairs for the 
sample 2 and 7 mode pairs for sample 3 have been identified. 
A list of these modes and their associated natural frequencies 
is given in. The degree of consistency between the two sets 
for the three different lengths under text is shown in Figure 7 
and reported in Table 5. 

 

 
Figure 7. 3-D representation of MAC values for (a) sample 1, 

(b) sample 2, (c) sample 3. 
 

As can be seen from the 3-D maps, the MAC matrix is 
almost perfectly diagonal with the off-diagonal terms close to 
zero. The degree of correlation is higher for the first mode 
shapes with the MAC values closed to 0.9 in all three cases. 
Nevertheless, the consistency tends to decrease until it reaches 
a minimum value of 0.19 for sample 1 in the case of mode 
shape 8. These results may be due to several causes. First of 
all, the low SNR of the FRFs at high frequency. Furthermore, 
the shaker has a resonance around 10000 Hz and this 
determines a nonlinear behavior of excitation at high 
frequencies. Non-linearities could be also due to the behavior 
of the structure under test. Another cause can be attributed to 
the reconstruction of the mode shapes that would need at so 
high frequency an extremely fine resolution both in the 
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numerical and experimental study. Finally the geometrical 
irregularities (e.g. anisotropy and thickness dishomogeneity) 
is not considered in the FE model but they influences the high 
frequency modal behavior of the real sample.  

Figure 8 and Figure 9 show the 3-D representation of the 
correlated mode shapes at low and high frequency, 
respectively, within the 5000 ÷ 20000 Hz band. In the first 
case, the high MAC values is confirmed by the good 
correspondence between mode shapes. In the high frequency 
range also the visual comparison of mode shapes becomes 
difficult, thus justifying the low correlation and MAC value.  

 

 
Figure 8. 3-D representations of the experimental (a) and 

numerical (b) mode shape corresponding to the mode pair 1 of 
sample 2 listed in Table 5 (around 5100 Hz). 

 

 
Figure 9. 3-D representations of the experimental (a) and 

numerical (b) mode shape corresponding to the mode pair 9 of 
sample 2 listed in Table 5 (around 17000 Hz). 

 
Once the correlated mode pairs are identified, the 

uncertainty associated to the estimation of the natural 
frequencies of the ultra-light material until 20000 Hz is 
evaluated as described in Eq (8). Table 5 reveals the 

percentage error %εf,i is within the measurement uncertainty in 
most of the cases. The greater mismatch between the 
prediction of the numerical model and the experimental 
results is mainly found in sample 3, where the percentage 
error reaches its maximum value of 13.5. 

This result may be imputed to some critical aspects related 
to the preparation phase of the sample. Indeed, the use of the 
same specimen with different lengths reduces the influence of 
the irregularities of the thickness on the vibrational behavior. 
However, in order to achieve this condition, the sample should 
not be removed from the experimental setup once the bond 
with the steel stinger is realized. This determines the need to 
effect the cut directly on the mounted sample. This operation 
is extremely critical since it is operator-dependent and, 
according with the ability by which the cut is made, it could 
generate geometrical asymmetries. 
 

Table 5. Comparison between the experimental frequencies 
fexp and the numerical frequencies fcomp within the 5000 ÷ 

20000 Hz frequency band. 

Sample Mode 
number 

fexp [Hz] fcomp [Hz] % εf,i MAC 

1 

1 5455.9 5123.5 6.1 0.84 
2 6530.4 6150.9 5.8 0.78 
3 7675.6 7176.4 6.5 0.37 
4 9860.5 10412.7 5.6 0.34 
5 11191.9 11239.5 0.4 0.23 
6 12129.8 12426.4 2.5 0.21 
7 13568.5 13323.2 1.8 0.28 
8 15350.5 14982 2.4 0.20 
9 18055.9 17322 4.1 0.22 

2 

1 5984.5 5643 5.7 0.86 
2 7466.42 6954.1 6.7 0.43 
3 9310.38 9572.9 2.8 0.64 
4 9945.86 9461.3 4.9 0.38 
5 10527.7 10521.8 0.1 0.43 
6 12952.2 12789.26 1.3 0.35 
7 13764.5 13524.7 1.7 0.38 
8 15002.9 15008.5 0.1 0.39 
9 18426.1 16978 7.9 0.24 

3 

1 6977.5 6584 5.6 0.81 
2 8652 8282.1 4.3 0.66 
3 9667.2 9672.2 0.1 0.65 
4 12213.9 11699.6 4.2 0.61 
5 13861.2 12327.4 11.1 0.55 
6 15498.9 14682.9 5.3 0.28 
7 18348.8 15874.7 13.5 0.28 

 
As sample 3 represents the length obtained as a result of 

two previous cuts, it has higher probability to be affected by 
geometrical irregularities which make it difficult to perform a 
correct experimental modal analysis, especially at high 
frequencies. In this situation, the differences between the 
numerical model and experimental results are higher. 
Nevertheless, within the high frequency range, the largest 
percentage error may be attributed mainly to the experimental 
results affected by error than the predictions of the finite 
element model. 
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6 CONCLUSION 
A new hybrid dynamic characterization of ultra-light materials 
was presented. The procedure was based on the combined 
employment of a finite element method together with the 
experimental results obtained by means of the EMA. 

The use of samples having a shape attributable to that of a 
bream allowed the application of the Euler-Bernoulli beam 
theory to calculate the Young’s modulus of the material 
starting from the experimental natural frequencies. 

A linear relationship was found between the Young’s 
modulus E and the vibrational frequency f within the range 20 
÷ 5000 Hz, where the experimental mode shapes were 
recognized as the ones typical for a FPF double-span beam. 

Inside this band, the finite element model was found to 
properly represent the experimental conditions as the percent 
error associated to the determination of the numerical natural 
frequencies compared to the experimental ones fell within the 
measurement uncertainty related to the latters. This confirmed 
that the numerical model was able to simulate the critical 
conditions concerning the experimental setup, i.e. the mass 
loading due to the usage of an electrodynamic shaker as 
exciter. 

The relationship y=E(f) allowed to extrapolate the Young’s 
modulus up to 20000 Hz, whose values were then entered as a 
parameter within the numerical model. This allowed to 
characterized the dynamic behavior of the ultra-light material 
up to high frequencies. 

The hybrid method was then validated in the range 5000 ÷ 
20000 Hz. The absence of the off-diagonal elements in the 3-
D representation of the MAC value revealed the correlated 
mode pairs between the numerical and experimental results 
were identified. 

The decreased MAC values at high frequencies resulted 
mainly due to the noise on the measured signals, the presence 
of non-linearities of the structure under test and a poor special 
resolution, which is a very important parameter especially at 
high frequencies. 

By comparing the experimental and numerical frequencies 
related to these mode pairs, the percent error was found to be 
within the measurement uncertainty in most cases. One 
exception was represented by sample 3, which showed higher 
percent error at high frequencies. This result suggested the 
need for greater accuracy during the preparation phase of the 
sample, since any eventual geometrical irregularities can 
modify its vibrational behavior, especially at high frequencies. 
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ABSTRACT: This paper describes the development of an orthodynamometer to measure longitudinal and transverse loads in 
wind tunnel testing, and its application to tests of a light weight high speed train model. One of the aims of these tests was to 
assess the differences in the aerodynamic behaviour of the model resulting from minor changes purposely introduced on its 
surface. The existing force measurement devices proved to be inadequate for such assessments, which demand very high 
resolution and low uncertainty. The orthodynamometer developed is based upon the deformation of a parallelogram aligned with 
the model’s longitudinal axis. The resulting displacements, measured with two LVDT, are proportional to the applied loads. All 
the joints are elastic and the LVDT cores are contactless, as to minimize the effects of dissipative forces. The stiffness of one of 
the joints is adjustable through the variation of the distance between its traction and compression elastic elements, allowing for 
the use of the whole measurement range of the longitudinal LVDT according to the maximum expected longitudinal load, thus 
maximizing resolution and accuracy. The two LVDT and their cores are positioned as to minimize the cross-influence of the two 
axes. The longitudinal LVDT that measures the displacement of one of the top joints is positioned in a location far from it. The 
displacement is transmitted through an INVAR wire. This arrangement is used to accommodate the very small vertical and 
transverse displacements of the joint and minimize its influence on the longitudinal measurement. The transverse LVDT has its 
reference frame located on an intermediate component of the main joint as to measure only the transverse displacement of that 
same top joint. Results so far obtained reveal the orthodynamometer’s behaviour is nearly linear and has high repeatability. 

KEY WORDS: Orthodynamometer; Bi-axial balance; Wind tunnel testing. 

1 INTRODUCTION 
The Earthquake Engineering and Structural Dynamics 
Division (NESDE) of the National Laboratory for Civil 
Engineering (LNEC), in Lisbon, recently carried out 
experiments in its closed circuit wind tunnel aimed at 
evaluating the aerodynamics of a model of a light weight high 
speed train. This model was subjected to winds of up to 
50 m/s, with yaw angles of up to 5º and the resulting 
aerodynamic forces on the longitudinal and transverse 
directions (with the model as the reference frame) were 
measured (Figure 1). 

 
Figure 1. Light weight high speed train model and 

displacement directions. 

One of the aims of these experiments was to assess the 
differences in the aerodynamic behaviour of the model 
resulting from minor changes purposely introduced on its 
surface. Thus, there was a need for an external wind tunnel 
balance, capable of measuring two orthogonal independent 

aerodynamic forces with high accuracy, and tailored for such 
experiments in what concerns fixtures for the existing model 
and, more important, force measurement ranges according to 
their maximum expected values. 

In a first stage of the studies the pre-existing wind tunnel 
balance was adapted to conform to the test needs. First results 
soon showed the solution was inadequate and could 
compromise the above mentioned objective of these 
experiments. 

The study and development of a new wind tunnel balance 
for this specific application, the orthodynamometer, based 
itself on the pre-existing device, but aimed at a 
straightforward way to measure the two desired orthogonal 
forces through the use of linear variable differential 
transformers (LVDT). This is a significant breakaway from 
traditional solutions based on bonded-foil strain gauges. On 
comparative grounds, LVDT are generally bigger and heavier 
than bonded-foil strain gauges, which makes them unsuitable 
for internal wind tunnel balances, are more expensive and 
potentially more prone to temperature drifts (strain gauge 
Wheatstone bridges can have full temperature compensation). 
On the other hand LVDT avoid the problems that usually arise 
from the bonding of the strain gauge (namely load-rate and 
age sensitivity dependence) and, depending on their 
configuration within the device, can simplify data reduction. 
Moreover, the usage of a LVDT allows for the separation of 
the elastic element from the measuring element increasing 
global instrument development flexibility. For wind tunnel 
measuring devices that do not require high stiffness, the use of 
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LVDT may be a valid and sometimes more straightforward 
alternative than the traditional strain gauge solutions. The 
study and development of the orthodynamometer, as 
presented on the following sections, besides tackling the very 
practical concerns of NESDE’s experiments on the model of 
the light weight high speed train, should also shed some light 
into this subject. 

2 ORTHODYNAMOMETER’S WORKING PRINCIPLE 
The orthodynamometer can be described in its simplest way 
as a parallelogram that deforms itself when subjected to 
external forces (Figure 2). This parallelogram has four elastic 
joints: two at the bottom, connecting it to its base, and two at 
the top, supporting the fixtures for the model. All of these 
joints are meant to deform elastically. The parallelogram will 
deform itself within its own plane under the action of 
longitudinal aerodynamic forces. On the other hand, 
transverse aerodynamic forces will bend the whole 
parallelogram out of its original plane. 

 

              
Figure 2. Orthodynamometer’s working principle. 

The experiments that were to be undertaken with the use of 
the orthodynamometer placed a special emphasis on the 
measurement of longitudinal aerodynamic forces, as opposed 
to transversal ones. Ideally the measuring range of the device 

should match the maximum expected aerodynamic forces in 
each experiment, as to maximize resolution and accuracy. 
Thus, an adjustable stiffness joint was studied and added to 
the design of the orthodynamometer. This adjustable stiffness 
joint is described in further detail on the next section. As to 
simplify the construction and use of the orthodynamometer, 
only one adjustable stiffness joint was incorporated in the 
device, reacting to longitudinal forces. This called for the need 
to concentrate on that joint the reactions arising from those 
longitudinal forces. This was accomplished through the 
modification of the other joints. 

Let as define a reference frame based on the 
orthodynamometer’s configuration at rest and name the four 
joints as shown in Figure 2. Joint 1 has low moments of 
inertia (i.e. allows rotations) on the x and y axes, with the 
latter being manually adjustable. Joint 2 has low moment of 
inertia on the y axis. Joints 3 and 4 have low moments of 
inertia in all axes. This means that these latter joints work as 
frictionless ball joints, and the rod connecting them only 
allows for tension or compression as if it were a truss 
member. Consequently, this rod is named the secondary rod, 
while the rod connecting joints 1 and 2 is named primary rod. 

Moments about the z axis that tend to bring one of the joints 
out of the plane defined by the other three are transferred 
almost entirely to the primary rod, which is made of a high 
moment of inertia square cross-section steel tube. This could 
render the secondary rod redundant if it weren’t for the 
necessity of maintaining the model’s angle of attack and of 
measuring the resulting longitudinal force independently of its 
point of application along the z axis – this result can be easily 
be shown through the static equilibrium equations for the 
primary rod. 

The two LVDT in use are Solartron DF2.5 with contactless 
cores and a measurement range of 5 mm. The LVDT are 
placed in such a way as to measure independently and 
approximately the horizontal displacements of the top of the 
primary rod along the x and y axes, these displacements being 
approximately proportional to the longitudinal and transversal 
aerodynamic loads, respectively. With the height of the rods 
being approximately 750 mm, an horizontal displacement of 5 
mm, corresponding to the full measuring range of the LVDT, 
implies a rotation of less than 0,4º. This means that the 
vertical displacement (along the z axis) of the model is very 
small and that non-linearities, arising from the 
orthodynamometer’s geometry and the model’s own weight, 
can be neglected. 

3 ORTHODYNAMOMETER’S DETAILS 

3.1 Simple joints 

All joints of the orthodynamometer are theoretically friction 
free elastic joints, their main difference being their angular 
stiffness around the three axes. Joint 2 is made of a spring 
steel foil, clamped at both ends within the yz plane. It presents 
low angular stiffness to rotations about the y axis, high 
angular stiffness to rotations about the other axes, and is 
capable of supporting the expected loads on all directions 
without significant displacements. Joints 3 and 4 are made of 
spring steel wire clamped at both ends. They present low 
angular stiffness to rotations about both x and y axes. The 
possibility of buckling under vertical loads, mainly the 
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model’s own weight, was taken into account, and minimized 
through the choice of an appropriate free length of the wire. 

3.2 Adjustable stiffness joint 

As already mentioned, adjusting the angular stiffness of 
joint 1 for rotations around the y axis makes it possible to vary 
the measurement range of the orthodynamometer according to 
the expected aerodynamic longitudinal force, thus maximizing 
its accuracy. To accomplish this, a spring steel wire was 
coupled to a spring steel foil as the one used in joint 2. This 
spring steel wire was positioned apart from the plane defined 
by the spring steel foil (Figure 3). The couple thus formed 
increases the joint’s moment of inertia around the y axis, this 
increase being dependent upon the distance they are apart 
from each other. This distance can be manually adjusted 
before each experiment, although any such adjustments 
require a subsequent verification of the overall stiffness of the 
device. 

 
Figure 3. Adjustable stiffness joint detail. 

Besides the possibility of adjusting the angular stiffness of 
joint 1 for rotations around the y axis, this joint has another 
stage to allow for rotations about the x axis, as shown in 
Figure 6. 

3.3 LVDT placement 

The two LVDT used in the orthodynamometer are meant to 
measure the horizontal displacements of the upper part of the 
primary rod along the x and y axes. As this rod rotates about 
its lower joint on both axes, and a frictionless device was 
intended, a special arrangement had to be devised for the 
placement of the LVDT. Moving both LVDT apart from the 
top of the primary rod, on the horizontal xy plane, and 
transmitting the displacements via spring tensioned wire was a 
possible solution, as in this case the measurement error, a 
cosine error, could be minimized. This was the solution 
adopted for the LVDT measuring displacements along the x 
axis, i.e. the longitudinal direction. 
 

 
Figure 4. LVDT placement on the orthodynamometer. 

As can be seen in Figure 4, the LVDT was placed on a 
reaction profile attached to the base of the orthodynamometer, 
its core moving inside it through the action of a spring loaded 
wire transmission. This wire is built in INVAR in order to 
minimize the influence of sudden temperature changes. It is 
attached to the upper part of the primary rod through a screw, 
meant to adjust its tension. This tension is maintained by a 
compression coil spring (Figure 5). The dimensions of the 
LVDT, the dimensions of the coil spring, the length of the 
INVAR wire and its maximum expected angular shift are such 
that any further guidance of the LVDT’s core was deemed 
unnecessary, making this a frictionless solution. 
 

 
Figure 5. Detail of longitudinal LVDT’s core guidance. 

The LVDT measuring displacements along the y axis, i.e. 
the transversal direction, was placed differently, avoiding the 
manufacturing costs of another spring and wire solution, and 
the substantial increase in the overall orthodynamometer’s 
size. This was accomplished by attaching its reaction profile 
not to the base, but directly to joint 1, in between its two 
stages (Figure 6). This means that the reaction profile will 
follow the primary rod on its rotations along the y axis, but not 
on its rotations along the x axis, which are the ones that should 
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be measured. In such a configuration, the core will move in a 
circular path in relation to its LVDT, but the centre of rotation 
can be assumed as far enough for the movement to be 
considered approximately linear. 
 

 
Figure 6. Two-stage adjustable stiffness joint. 

3.4 Base 

The base of the orthodynamometer consists of a metal plate 
reinforced with L profiles (Figure 7). Although the loads this 
base will be subjected to are very low (in the order of tenths of 
newton in this application), any resulting deformation will be 
picked up straight away and interpreted as a longitudinal 
aerodynamic force during a wind tunnel test. This isn’t much 
of a problem if the above mentioned loads result from the 
device’s reaction to the aerodynamic loads, as it will only 
mean a slight reduction on its sensitivity. But if the loads arise 
from the way the orthodynamometer is placed on the ground 
or from any other hazard, then a measuring error could result. 
The strengthening of the base is meant to avoid such an error. 
 

 
Figure 7. Reinforced base. 

The base has several holes on it as to allow it to be placed 
over a pre-existing fixture and its orientation adjusted through 
nuts and studs. This was a compromise with the pre-existing 
setup, although a three leg stand should be adopted soon. 

4 MATHEMATICAL MODEL AND EXPECTED 
RESULTS 

 
Figure 8. Coordinate systems used in the mathematical model. 

Let us assume three coordinate systems (Figure 8): S0 the 
coordinate system of the base of the orthodynamometer; S1 the 
coordinate system of the primary rod subjected only to a 
longitudinal force, i.e. obtained from S0 with a rotation α 
about the y0 axis; S2 the coordinate system of the primary rod 
subjected to both longitudinal and transversal forces, i.e. 
obtained from S1 with a rotation β about the x1 axis. Let as 
define an origin O and points A through E as: O the middle 
point of the first stage of joint 1 allowing rotations about the 
y0 axis; A the middle point of the second stage of joint 1 
allowing rotations about the x1 axis; B the insertion point of 
the INVAR wire on the primary rod; C the middle point of the 
transversal LVDT; D the clamping point of the core of the 
transversal LVDT; E the middle point of the longitudinal 
LVDT. Let us also define parameters a through g as the 
distances shown in Figure 9. 

 
Figure 9. Parameters of the mathematical model. 
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It can be shown that the vector DC is given by: 
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the relative displacement between the transversal LVDT and 
its core is given by: 
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and the relative displacement between the longitudinal LVDT 
and its core is: 
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As previously mentioned, both α and β are small, so 

assuming a small-angle approximation the relative 
displacements become: 
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This latter result was also simplified through the elimination 

of terms that become negligible with the numerical values the 
parameters have in this particular study. Taking the first 
degree Taylor series expansions we get: 
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Within the expected measuring range of the device, these 

approximations have theoretical errors smaller than 0,002% of 
its full-scale (FS) if longitudinal and transversal aerodynamic 
forces are considered separately. If these forces are considered 
jointly, then the theoretical error of the latter approximation 
rises to 0,17% FS. A better approximation (theoretical error 
smaller than 0,007% FS) would then consider an extra term 
from the Taylor series expansion: 
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Assuming all joints of the orthodynamometer are perfectly 

elastic and rotations of its elements about the z axis are 
negligible, rotation α becomes directly proportional to the 
resulting longitudinal aerodynamic force. If the height of the 
resulting transversal aerodynamic force (as measured from the 
base of the device along the z axis) is known, then also 

rotation β becomes directly proportional to the resulting 
transversal aerodynamic force. The orthodynamometer’s data 
reduction then becomes: 
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F being the aerodynamic forces applied to the model along its 
longitudinal (L) and transversal (T) axes; LVDT the change in 
the relationship of the output and input voltages of the 
sensors, and k parameters that should be obtained through 
parameterization procedures prior to each wind tunnel test. 

Equations 8 tell us that the results obtained through 
parameterization should be approximately linear, the 
longitudinal force presenting a small non-linear cross-
relationship with the transversal one. This means that the two 
force measurements of the orthodynamometer aren’t strictly 
independent. The magnitude and function type of this 
relationship should be determined through parameterization as 
it is well understood that manufacturing imperfections aren’t 
usually negligible [1] [2]. 

5 EXPERIMENTAL SETUP AND PARAMETERIZATION 
A preliminary parameterization of the orthodynamometer was 
carried out at the Central Laboratory for Metrological Support 
(LCAM) of LNEC, under controlled temperature and 
humidity, through the application of parameterization weights 
(Figure 10). This preliminary parameterization was aimed at 
validating the mathematical model and the overall functioning 
of the orthodynamometer. Further parameterizations should 
occur prior to each wind tunnel experiment, especially after 
joint 1 stiffness adjustments. The device was levelled with a 
precision engineer’s level. Both LVDT were powered by a 
GW Instek GPS3030 power supply, regulated to around 10 
VDC. Input and output voltage data was acquired and 
processed with an NI cDAQ-9172, NI 9219 (24 bit analogue 
input module), Labview Signal Express data acquisition 
system. 

 
Figure 10. Orthodynamometer’s parameterization. 
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Being an almost perfectly elastic deformable structure, the 
orthodynamometer has a low damping ratio and is prone to 
vibration phenomena. This isn’t a drawback as the device is 
intended for use in stationary tests, although it implies the use 
of high sampling rates, the need to filter data and the 
allowance for a settling time [3]. A weighted moving average, 
tuned for the expected natural frequencies of the device was 
enough to assure settling times smaller than sixty seconds. 
The beneficial aspects of these vibration phenomena is they 
help to minimize the influence of any dissipative forces on the 
device and allow for an easier way to assess the placement of 
the cores within the LVDT – a higher than usual vibration 
decay rate being an indication of anomalous behaviour. 
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Figure 11. Longitudinal (FL) and transversal (FT) loads 

chosen for parameterization. Seven outliers identified after 
data processing are marked with an x. 

 
The parameterization weights were applied to the model 

through the use of strings and sheaves. The dry friction of the 
sheaves was assessed at 0,01 N. The height of the point of 
application of the transversal strings was determined through 
numerical simulation of wind flow over the train model. The 
orientation of the strings was checked against reference lines 
and through the use of a precision engineer’s level. A 
mathematical model was developed and used to estimate the 
original misalignments of the strings and their deviations due 
to the deformation of the orthodynamometer under the applied 
loads. Weights were applied on both directions in 496 
combinations covering the whole expected measurement 
range (Figure 11). As the parameterization apparatus used to 
apply transversal loads isn’t exactly the same on both sides of 
the model there was a need to separate the measurement range 
in two halves: “right range” and “left range” according to the 
displacements shown in Figure 1. 

6 RESULTS AND DISCUSSION 
The results shown below relate to the left range of the 
orthodynamometer, the inclusion of the right range being of 
no added value. After the application of the two mathematical 
models (one relating applied forces to the device’s outputs, 
the other relating parameterization weights used to the applied 
forces), the residuals obtained from both regressions are 
shown in Figure 12 and Figure 13. The standard deviations of 

the residuals, relative to the maximum applied forces, are 
0,77% FS for transversal force and 1,00% FS for longitudinal 
force. 
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Figure 12. Residuals of the transversal force data fitting with 

equations 8. 
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Figure 13. Residuals of the longitudinal force data fitting with 

equations 8. 

As can be seen, both residuals present behaviours that aren’t 
completely random, a symptom of physical phenomena not 
grasped by the mathematical model. 
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Figure 14. Residuals of the transversal force data fitting with 

equations 9. 
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Figure 15. Residuals of the longitudinal force data fitting with 

equations 9. 

 
An ad-hoc error and trial procedure over second degree 
polynomials showed that a more appropriate mathematical 
model than the one given by equations 8 would be: 
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The relative residuals of this model helped in the 

identification of 7 outliers amidst 248 data points. Being the 
result of parameterization procedure errors, these data points 
were eliminated from the data set. The residuals obtained 
from this updated model are shown in Figure 14 and Figure 
15. The residuals for the longitudinal axis are now more well-
behaved, but the ones for the transversal axis maintain their 
previous pattern. The standard deviations of the residuals, 
relative to the maximum applied forces, are now 0,57% FS for 
transversal force and 0,66% FS for longitudinal force. 

The previous mathematical model, constructed with a sound 
theoretical background, should still be preferred to the 
updated model. Further improvements in the parameterization 
procedures and the orthodynamometer’s manufacturing details 
are expected to confirm this assertion. 

7 CONCLUSIONS AND RECOMMENDATIONS 
A bi-axial external wind tunnel balance was studied and 
developed using two LVDT as sensor elements instead of the 
more common strain gauge Wheatstone bridges. This balance, 
the orthodynamometer, was specifically designed for 
experiments in LNEC’s closed circuit wind tunnel aimed at 
evaluating the aerodynamics of a model of a light weight high 
speed train. Its adjustable stiffness joint should render it very 
useful in many different scenarios. 

A simplified mathematical model relating applied 
aerodynamic forces to the outputs of the orthodynamometer 
was developed. 

Preliminary parameterization data show that the 
mathematical model thus developed doesn’t grasp all the 
relevant physical phenomena of the orthodynamometer. 
Second order ad-hoc polynomials give a better fit, although 
they don’t help understanding the underlying physical 
phenomena. 

As a preliminary result, the orthodynamometer is capable of 
measuring longitudinal and transversal aerodynamic forces 
with an estimated accuracy below 0,7% FS (standard 
deviation of the residuals). Considering that these are the first 
results obtained so far, they do not rule out the possibility of 
using LVDT as sensor elements in wind tunnel balances. 

Further research should tackle potential improvements in 
orthodynamometer’s joints and other manufacturing details, 
and most of all parameterization procedures, as to shed some 
light into currently unexplained phenomena and to minimize 
the overall device’s uncertainty. Finally, an updated 
mathematical model should be developed, upon which the 
overall uncertainty of the orthodynamometer should be 
quantified. 
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ABSTRACT: Crack formation is the main cause of concrete mechanical properties degradation. Autonomous self-healing
(i.e.SH) encapsulation systems promise material recovery by filling the cracks with healing agent (providing healing and
sealing). The cracking of concrete elements is experimentally investigated by mode-I failure tests in small-dimensioned
concrete beams subjected to three-point bending tests. The perplexing fracture process phenomena require an advanced
monitoring system. In this study, an optical method (i.e. Digital Image Correlation- DIC), Acoustic Emission (i.e. AE) and
an ultrasonic wave propagation technique based on embedded piezoelectric transducers, are combined in order to evaluate
the crack formation and opening of three concrete beams in which embedded SH encapsulated system is applied. The
loading is applied in two stages. The initial loading is responsible for the crack initiation and formation as well as for the
SH capsules breakage. After the healing agent is released and dried, the concrete samples are reloaded. The DIC technique
calculates the crack opening and visualizes the crack formation and propagation path. In parallel, the features extracted by
the AE technique quantify the fracture process at different loading stages and detect the regions in which healing occurs
by indicating the SH capsule breakage. Finally, a few couples of low-cost PZT transducers based on the concept of Smart
Aggregates (i.e. SMAGs) are embedded in the concrete beams for the estimation of the state of damage. Incorporation
of the aforementioned fracture analysis provides a full-field view of concrete failure performance and is the keystone to
characterize healing performance.

KEYWORDS: concrete healing, encapsulated agent, release, acoustic emission, digital image correlation, smart aggregates

1 INTRODUCTION

Traditionally, epoxy and cementitious agent manual injec-
tion into cracks of concrete elements provides local repair
and assures material restoration [1]. Nowadays, the concrete
repairing technologies pursues to substitute the manual in-
jection process by encapsulation of the retrieval compounds.

Damage during service life is restricted when brittle cap-
sules carrying adhesive material embedded into concrete
break as cracking occurs and release their filling. The crack
plane is filled by a durable and resistant recovering mean

and the damaged region regains its original qualities. The
aforementioned pioneering approach is well-established as
self-healing attribute [2].

In the last few years, the research of concrete is focused on
the performance of embedded into structure tubular carri-
ers some centimetres long and a few millimetres thick filled
with healing chemical compounds [3]. Within this frame-
work, our research deals with the healing efficiency of two-
component expansive polyurethane agent placed into glass
tubes and activated as cracking occurs (Figure 1). Heal-
ing recovery is experimentally estimated by bending frac-
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ture tests in concrete beams. Damage is introduced by crack
opening at a pre-notched specimen leading to capsules rup-
ture and healing process activation (Figure 2). Following
the agent curing, the crack is re-opened under bending and
the resistance to fracture performance measured is indica-
tive of healing [4]. To date, the bending load response was
used as a quantitative healing criterion, as drawn in Figure
2. However, the filling of the crack by healing agent and
the mechanisms of the fracture resistance at the healed re-
gions remained unknown [5]. In this direction, the challeng-
ing monitoring of the healing performance is discussed in
this study. More specific, combination of advanced optical
and acoustic experimental techniques contribute providing
an overview of concrete damage reparation (Figure 3).

Figure 1: Concrete casting: Two-component capsules at-
tached on plastic wires fixed into the wooden mould are pre-
sented. Teflon slice used to form the pre-notch is shown at
the bottom of the mould. Embedded SMAG transducers are
also placed facing the pre-cracked notch.

2 EXPERIMENTAL STUDY OF THE PROPOSED
HEALING CONFIGURATION

2.1 Two-cycle three-point bending tests

A bending beam testing set-up is chosen to form a single
crack initiating from a pre-cracked zone at the bottom of
the specimen. Unreinforced concrete beams with dimen-
sions of 840x100x100 mm are tested under slow speed (0.04
mm/min) displacement control. The testing set-up follows
the Rilem Technical Report FMS-50 and is schematically
shown in Figure 2. The recommended testing is formulated
to enlighten fracture response and determine the dominant
damage features [6]. In bending, crack initiates from the
pre-cracked region and reaches the top of the beam. The
testing is stopped when crack opening of 0.3 mm is reached.
As damage occurs, capsules standing at the crack path break
and the healing agent is released. After a 24 hours agent cur-
ing period of the healing agent, reloading of the specimens is

load 

time/crack opening/deflection time/crack opening/deflection 

load 

loading cycle: 
crack formation 

capsule breakage 

reloading cycle: 
healed crack 

reopening 

0,04 mm/min 

800 mm 

100 mm 

strength regain 
          stiffness regain 

 24 hours of curing 

Figure 2: Rilem FMC Technical Report recommendations
on specimen geometry. The simplified drawings present the
loading and reloading stages of testing and an overview of
the potential healing response in terms of strength and stiff-
ness recovery is schematically shown.

performed in order to assess potential regain of the original
strength and stiffness due to healing.

2.2 Acoustic Emission damage capturing
Acoustic Emission (AE) is a sound capturing technique in
which PZT sensors placed at surface receive sound waves
produced when the specimen undergoes fracture deforma-
tion. Sound energy released travel through the material and
reach the specimen surface. The sensors receive the sound
wave transfer the information to a digitized software. Plac-
ing four or more sensors provides three-dimensional con-
tinuous monitoring of fracture evolution by means of AE
waveform hits. AE activity and signal features (amplitude,
energy, duration, frequencies, etc.) are the main damage in-
formation source [7].
A series of eight AE sensors are attached to the concrete
surface (Figure 3), distributed at all different sides of the
beam (all sensors are located at a distance smaller than 50
mm from the pre-notched plane in order to eliminate disper-
sion/attenuation effects). By introducing the attenuation and
the sound velocity (3800 m/sec) characteristics of concrete
a volumetric -3D location- analysis provides the AE source
location and the sensors AE hits features[8]. Scattering of
AE hits energy captured during loading and the activity of
AE features as bending occurs is discussed in this research.

2.3 Ultrasonic testing using Smart Aggregates
The ultrasonic wave propagation technique used in the
present study is based on embedded piezoelectric transduc-
ers which follow the concept of low-cost smart aggregates -
SMAGs. A high voltage short pulse excitation is imposed

2
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Figure 3: DIC speckle pattern is shown at the middle of the
concrete specimen. The CCD cameras setting, fixed on a
metallic tripod, face the grey coloured area surrounding the
pre-crack. AE sensors attached on magnetic base are at-
tached on the surface at different sides of the beam. AE
sensors signal is amplified by pre-amplifiers devices, shown
at the figure, before reaching the AE digital board.

at one of them (i.e. transmitter) and then a compressive
wave (P-wave) is generated. The wave is received by the
remaining SMAGs (i.e. receivers) after travelling through
the concrete. The wave features (e.g. travelling time) can
be used to deduce the mechanical properties of the concrete
and to build a damage indicator representative of the evo-
lution of damage between the transmitter and the receiver
[9, 10]. Two series of SMAGs are embedded symmetrically
at both sides of the pre-cracked cross section with a between
distance of 100 mm, as shown in Figure 4. Two sensors fixed
at height of 20 mm from the bottom of the beam (series A).
Another couple of sensors is placed higher, at the level of 50
mm from the bottom of the beam (series B).

2.4 Optical monitoring by Digital Image Cor-
relation

Digital Image Correlation (DIC) is a well-known non-
contact full field optical technique that computes the dis-
placement fields at the specimen surface. Two CCD cam-
eras are placed facing a grey speckle-patterned area and pe-
riodically capture high resolution images. Each crack de-
formation obtained as variation at the pixels grey intensity.
The principles of DIC displacement fields determination are
well-established in literature. Sequentially, strain fields are
obtained by the derivatives of displacements. DIC is chosen
in order to provide a continuous monitoring of crack ini-
tial formation, closure and reopening during bending. Color
mapping images visualise the healing resistance by means
of cracking fracture [11].
The stereoscopic cameras system is attached on a tripod
and face the speckled pattern area (100x100mm) at the
notched middle area of the beam. The well-focused and cal-
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Figure-Table 4: Experimental parameters chosen at the set-
ting of the methods applied

ibrated DIC cameras set-up captures highly accurate images
(20 px/mm) every 3 seconds during testing. Those images
are analysed by Vic-3D software (analysis characteristics:
subset=21, step=6, strain window size=15) and the full-field
patterns of deformation (measure in mm) and strain (mea-
sure in %) are well derived. At this paper the fields ey of
strain at the direction perpendicular to the loading are pre-
sented. The εy color map chosen indicates the fracture zone
formed around the crack at the range of 0 to 3 % [12].
An overall view of different AE, DIC, SMAG testing fea-
tures are presented at Table and Figure 4.

3 EXPERIMENTAL ANALYSIS - RESULTS

3.1 Two-cycles loading response

Encapsulated healing material is embedded in a series of
three specimens. The healing response is evaluated by com-
paring the healed series with another series of reference con-
crete beams (healing agent is not introduced) [13]. In this
paper, due to space limitations required, the results from
only one healed concrete beam are presented. The speci-
men is chosen since the healing efficiency is representative
of material performance. In particular, it worths mention-
ing that 63 % and 85 % recovery of loading strength and
stiffness respectively is achieved. At the following sessions,
the healing activity is considered with AE, DIC and SMAG
methods at a loading time base. In other words, as shown in
Figure 5, time series plots of load performance in two-cycles
of testing (loading and reloading case) are studied.
The bending performance is the typical tension softening
case in plain concrete. Linear loading initial part indicates

3
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Figure 5: Bending performance of the concrete beam as
measured during loading time. The time based analysis
monitors load tension softening phenomenon. The differ-
ent stages of crack initiation, formation and propagation are
indicated in the figure and are discussed at the following ses-
sions

the material stiffness. As crack forms initiating from the pre-
cracked region, a plateau around the load peak represents
the material resistance to crack propagation. The post-peak
loading stage defines the extended crack opening and leads
to bending failure. In both cycles of loading in Figure 5 the
tension softening behaviour is obtained indicating that the
healing partial strength and stiffness recovery is provided.

3.2 Monitoring of healing activity by Acoustic
Emission

Hits energy is the essential AE feature to differentiate the
bending concrete fracture from the capsules breakage. As
shown in Figure 7 the aforementioned AE hits clustering
specifies the time frame into which capsules healing release
is activated. Previously, it has been proven that brittle and in-
stant capsules rupture release high amount of sound energy
captured by AE sensors.
By filtering out the AE hits originating from capsules break-
age, the cumulative AE energy during bending represents
the material healing performance. More specific, as shown
if Figure 7, the cumulative energy due to concrete cracking
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Figure 6: Scattering plot of AE hits as captured during load-
ing (black font) and reloading (grey font) stage. The hits
emitted due to capsule rupture are differentiated from the
hits due to bending fracture. The clusters of AE hits obtained
are used to filter out the loading response of the healed ma-
terial.

at the loading stage is compared to the energy of crack re-
opening at the reloading stage. As presented in the figure,
the initial rate of energy increase corresponds to the linear
load rise prior to crack formation and is indicative of mate-
rial stiffness response.
In both loading stages, the slope of cumulative energy plot in
Figure 7, changes as crack forms. The rate of AE energy in-
crease remains similar in both cases substantiating the claim
that due to healing recovery crack reforms and a delay of
crack propagation appears.
AE provides a qualitative overview of healing activity. Re-
grettably, the crack plane region covered by the agent is not
specified and the healed areas are not localised.

3.3 Digital image correlation monitoring of
crack resistance due to healing

Linear loading response of concrete is followed by inter-
nal micro-cracking and plastic deformation until the peak
of loading in the case of healthy (formerly uncracked) spec-
imens, as presented in Figure 5. Full-field DIC εy strain
fields detect micro-cracking fracture initiation at the end of
the linear loading stage and locates crack formation up to the
load peak. The a to d labels shown in Figure 8 corresponds
to the number indicator in Figure 5, since the strain fields are
obtained from the respective loading stage.
Healing of concrete can be deduced from the fact that the
fracture resistance up to the peak-load is visualized by DIC
in both the loading and reloading case. By ensuring the same
color map range (0-0.3 % of strain) the extent of fracture and
the damage recovered zone can be located. DIC confirms an
overall crack healing in concrete by global full-field moni-
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Figure 7: AE hits energy activity during loading and reload-
ing stage. The cumulative plot of energy received by AE
sensors is indicative of damage initiation, formation and ex-
tension till failure. The variation at the rate of energy arise
provides the limits between the fracture stages occurred.

toring of strain distribution.

3.4 Results obtained with Smart Aggregates
In figures 9 and 10 the early part of the signal received at
several testing moments during loading and reloading are
respectively presented. The aim of this plotting is to capture
the potential stiffness recovery and the filling of the capsule
by healing material. It is chosen to investigate the wave ar-
rival features of series A since the crack is expected to re-
open at the region above the pre-crack zone during reload-
ing stage of testing. The pulse is released from one of lower
SMAG (series A) and received by the opposite SMAGs.
Figure 9 combines the early part of the signals received in
different loading stages: 0 kN corresponding to bending start
point, 2.5 kN regarding the maximum bending load obtained
and several post-peak loading stages from 2 kN up to 0.5
kN (end of loading stage). The degradation of material me-
chanical response is visualized by the amplitude decrease as
crack propagation occurs. The damage formed in between
the pulse transmitter and the receiver is qualitatively cap-
tured. The recovery of the pulse signal follows when, after
healing curing, the reloading stage initiates. As shown in

b a 

a b 

c d 

c d 

loading stage 

reloading stage 

3 % 

0 % 

ey 

Figure 8: DIC strain fields as visualized in different loading
stages. The number indicators of the figures correspond to
the bending load shown in figure 5. The fracture is progres-
sively formed and is given by the color levels.

Figure 9: Early part of signal as received by SMAG sensor
standing at the opposite side of the cracked cross section at
different stages of loading

Figure 10 the amplitude of the new recorded signal at 0 kN
is almost four times higher than the one received at the last
stage of the loading test. The results obtained with SMAGs
contribute to confirming that healing is successfully applied.
Further information regarding healing efficiency is obtained
when the damage index is plotted at a loading base. The
daage index is defined as the RMSD value between the
healthy signal and a damaged signal computed in the
time window corresponding to the first half-period of the
undamaged signal . The results regarding the reloading
response shown in Figure 11, relatively calculated to the
damaged state before loading, is used as a reference signal
of the following analysis. The evolution of the damage
index can be decomposed in three phases: initially the
damage index value is low (non-zero due to certain noise
level in the signals) indicating the material healthiness,
the second phase in which the damage index increases
corresponds to the crack formation leading to the third
stage of loading where the damage index value is almost
unitary due to severe crack opening damage. In Figure
11, the damage index is obtained from the signals received
from both SMAGs standing at one side of the cracked
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Figure 10: Early part of signal as received by SMAG sensor
standing at the opposite side of the cracked cross section at
different stages of reloading

transmitter:series A 
receiver:series A 
loading 

transmitter:series A 
receiver:series B 
loading 

transmitter:series A 
receiver:series A 
reloading 

transmitter:series A 
receiver:series B 
reloading 

Figure 11: Damage index evolution at loading and reloading
stage for different combinations of SMAG pulse releaser-
receiver sensors

cross section. The variation at the damage slope is related
to the SMAG height position. The delay of the damage
index arise of series B is justified since crack initiates from
the pre-notch and propagates up to the top of the beam.
During the reloading phase, the same three phases can be
confirmed. It is worth mentioning that the index values
corresponding to the pair of SMAGs of series A grow firstly
and before the respective values of the other pair of SMAGs
where the receiver stands higher across the crack height).
This observation concerns the healing agent presence only
at the higher level of the cracked plane. In contrast, the high
value of damage index calculated from the signals received
at the bottom of the beam corresponds to the limited healing
recovery.

4 CONCLUSIONS - DISCUSSION

In this paper, three advanced monitoring techniques have
been applied to monitor the efficiency of healing capsules
to repair cracks in concrete. The three techniques have been
found to provide very useful and complementary informa-
tion about the efficiency of the healing. In particular, it was

demonstrated that coupling DIC with Smart Aggregates was
an efficient mean to obtain local information, which cannot
be obtained using the classical global loading-strain curve.
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ABSTRACT : Through Operational Modal Analysis (OMA) the modal parameters of an operational structure can be monitored
over its lifetime. In recent years several interesting applications have illustrated this concept and it has been applied successfully
at different locations across Europe.
However, one of the disadvantages of most OMA techniques is the poor estimation and reliability in the presence of (varying)
harmonics, e.g. due the passing blades of a wind turbine. Therefore, it is very hard to monitor the modal parameters of these
structures using classic OMA-techniques. TOMA, OMA based on transmissibility functions, is potentially uninfluenced by these
harmonics and could therefore resolve this limitation of OMA.
This paper will discuss the differences between the automation of classic OMA and automating TOMA. It will suggest a strategy
to achieve a fully automated TOMA approach that is uninfluenced by the harmonics present in the measured vibrations.

KEY WORDS: Operational Modal Analysis, Periodical loads, Transmissibility functions, Structural Health Monitoring

1. INTRODUCTION

Operational Modal Analysis (OMA) is the practice of estimat-
ing the modal parameters, i.e. resonance frequencies and damp-
ing ratios, of structures during their normal operation. Rather
than exciting the structure with shakers or a modal hammer, it
is assumed that the operational forces are sufficient to excite
the structure. Therefore OMA is especially interesting for long-
term monitoring campaigns when fully automated techniques
can be used. Several projects across Europe have demonstrated
the applicability of an automated OMA strategy to bridges [1, 2]
, soccer stadia [3] and offshore windturbines [4, 5]. These
projects have shown that OMA was able to identify the influ-
ence of environmental conditions (e.g. traffic load, temperature,
windspeed, tidal levels,...) with regard to the modal parame-
ters. At the same time they demonstrate that OMA is able to
detect small changes in the structure over time, which supports
the concept of detecting structural degradation over a long pe-
riod of time.
Our research is currently focused on applying this concept to the
structural health monitoring of offshore wind turbines. During
parked conditions, with almost no rotor rotation, good consis-
tent results are obtained as can be seen in Fig. 1.a and found
in more detail in [4]. However, during power-production (i.e.
the rotor is rotating) rotor harmonics are often falsely identified
by the algorithm as if they were structural poles, Fig. 1.b. The
incorrect identification of harmonics as poles is a well known
issue of OMA and is discussed in several publications [6, 7, 8].
Yet, for several modes this does not pose a problem as often the
harmonics are well distanced from the structural modes itself
and are easily linked to an harmonic [10], e.g. the blade passing
harmonic between 0.5 and 0.8Hz in grey on Fig. 1(b). Nonethe-
less, it occurs regularly that some harmonics get very close to
structural modes. As such the estimated poles are unreliable as

(a) Parked (b) Power Production

Figure 1. (a) During parked conditions several relevant modes
are consistently tracked (b) during power production tracking
is still possible, but special care w.r.t. harmonics is required.
Many tracked poles are to close to a harmonic and are rejected
from the tracking (yellow). In (b) one can also see that the blade
passing harmonic is often identified from 0.5Hz to 0.8Hz (grey)
but poses no problems as it, by design, is well distanced from a

structural mode. A more detailed discussion is held in [4, 9]

one does not know whether the harmonic, the actual mode or a
combination of both was identified. Therefore these results are
excluded from the monitoring, yellow dots in Fig.1(b). While
still sufficient estimates remain to reliably continue the moni-
toring [9], it would be beneficial to the monitoring campaign
when structural modes are identified as much as possible and
thus also in the vicinity of harmonics.
One possible solution would be to eliminate the harmonics from
the output spectrum. But because the rotorspeed varies over
time and the passing blades introduce aerodynamic loads, these
harmonics have quite a broad spectrum [10, 11]. As a con-
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sequence they are hard to fully remove by techniques such as
Cepstrum-analysis or Time Synchronuous Averaging [10].
An alternative solution is to use transmissibility based OMA
(TOMA) to support classic OMA for datasets in which the har-
monics are close to the structural modes and OMA fails. TOMA
[12] makes no assumption about the force spectrum and should
therefore be unaffected by the harmonics, regardless of their
spectral shape. In [13] we demonstrated that poly-reference
TOMA (pTOMA) is able to correctly estimate the structural
poles of a system without prior knowledge about the harmonic
and without being influenced by it. Even when the harmonic
gets so close to the structural pole that classic OMA is no longer
able to identify both the harmonic as well as the structural pole,
pTOMA still produced good results [13].
While (p)TOMA seems to work in theory it is still hard to apply
to real world data. And before applying it to the wind turbine
we should first invest in a better understanding of the boundary
conditions of (p)TOMA. This knowledge can then be applied to
devise a strategy to automate (p)TOMA.

2. TRANSMISSIBILITY BASED OMA (TOMA)

Transmissibility functions are defined as the relation between
the No outputs ~X(ω) of a mechanical system. They relate Nr

reference outputs ~XR(ω) to No − Nr non-reference outputs
~XL(ω).

~XL(ω) = TLR(ω) ~XR(ω) (1)

One of the key properties of transmissibility functions is that
they are fully independent of the input spectra when Nr equals
the number of input sources [14].
TOMA was first discussed in [12] and it was shown that in
case of a single (distributed) load, i.e. Nr = 1, the transmis-
sibility function is independent of the load spectrum. As the
transmissibility functions are independent of the input spectrum
the dynamics present in the inputs (e.g. harmonics) will not
influence the transmissibility function, nor will they influence
modal parameters obtained through transmissibility functions.
Unfortunately, the modal parameters cannot be derived from a
single transmissibility function, Fig.2(a).

The solution to find modal parameters from transmissibility
functions comes from a different property of the transmissibility
function. While a transmissibility function is independent of the
load spectrum, it is dependent on the load location. Basically, if
the load changes location (or distribution) the transmissibility
function will change accordingly, Fig.2(a). It was shown in
[12] that only in the system poles the transmissibility functions
remain unaffected by a changed loading condition. So when
plotting several transmissibilities associated with different
loading conditions on top of each other the system poles are
found as the intersection of the different transmissibilities. Note
that the actual intersection occurs in the system pole and both
resonance frequency and damping can be found by building
so called base functions using non-parametric estimates of the
transmissibilities and by applying a frequency domain OMA
estimator to these basefunctions, Fig.2(b) [12]. Alternatively, it
is also possible to estimate the coefficients of parametric models
of the transmissibility functions and calculate the intersection of
the different parametrically estimated transmissibilities based
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Figure 2. Illustration of TOMA using the system of Section.
3., (a) Transmissibility functions are dependent on the load lo-
cation/distribution (dotted vertical lines : resonance frequencies
of the system) (b) Through the use of base functions and pLSCF

TOMA is able to estimate the system poles.

on these coefficients. In this paper this methodology was used.
Recently, the idea of TOMA was extended to pTOMA, [13].
In which polyreference (Nr > 1) transmissibility functions are
used to retrieve the modal parameters. This extension allows
to achieve the same result as with regular TOMA but in the
presence of multiple uncorrelated inputs. In this contribution
the discussions are limited to a single load (Nr = 1). However,
the same line of reasoning holds for pTOMA.

3. EXPERIMENTAL SETUP

Throughout this contribution a simple experimental setup is
used to demonstrate the discussed topics. The experiment is
described in Fig.3. The idea behind this particular setup is that a

Figure 3. The system of interest is an aluminum beam, excited
by two shakers (S1 and S2). Vibrations are measured at two lo-
cations using one Laser Doppler Vibrometer (LDV) and a piezo-
electric accelerometer (ICP). The input signal was generated as
a response of a SDOF system to white noise, this signal was
split and crossfaded from one shaker to the other to simulate a

time-varying loading condition.

single (colored) source is exciting the structure, i.e. Nr = 1. By
varying the distribution of this single load over the two shakers
it is possible to simulate different loading conditions and ob-
tain different transmissibility functions as can be seen in Fig. 2 .
Unlike previous experiments to demonstrate TOMA, the applied
loading condition is not fixed over time but varies continuously
by varying the distribution over the two shakers. This set-up
should be closer to real world applications in which the transi-
tion between two loading conditions is most-likely a continuous
proces rather than an instantaneous proces. A more lengthy dis-
cussion on the used set-up is held in [8].
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Figure 4. Estimated frequencies and damping ratios using an
automated OMA algorithm

As a benchmark for this dataset an automated OMA algorithm,
based on the algorithm presented in [4], is used to process a
dataset in which the (linear) cross-fade from S1 to S2 takes ap-
proximately 95s. The modal parameters are estimated for seg-
ments of 10 s., with an overlap of 9 s. Results are provided
in Fig.4 and shown a consistent performance of the algorithm.
As to be expected the OMA algorithm identifies the 4 struc-
tural modes (colored) as well as the pole of the input filter at
300Hz (grey). Fig.4 shows that the considered metal beam is
very lightly damped.

4. CONSIDERATIONS IN AUTOMATING TOMA

It is the goal to incorporate an autonomous TOMA technique
within the framework of the existing automated OMA [4]. In
this framework the continuous dataset is divided in segments
of a predefined length and modal parameters are estimated for
each segment. To incorporate TOMA into this framework the
following steps have to performed for each segment.

• Determine Nr (Sec.: 4.1)

– Choose references (Sec.: 4.1.1)

– Determine the number of required loading conditions
Nl (Sec.: 4.1.2)

• Estimate T (ω) (Sec.: 4.2)

• Combine with (Nl − 1) different loading conditions and
determine the modal parameters (Sec.: 4.3)

The importance of each step is discussed and possible tools to
automate the different steps are suggested in the mentioned sec-
tions.

4.1 The number of references

The goal in using TOMA is to achieve an estimate that is in-
dependent of the input spectrum. Transmissibility functions are
independent of the input spectrum when Nr equals or exceeds
the number of input sources. A tool to determine Nr is thus nec-
essary to obtain reliable results. Keep in mind that the number
of installed sensors No required for (p)TOMA always exceeds
the number of uncorrelated input sources, i.e. No > Nr [13].
In [15] it was shown that the number of input sources, in absence
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(b) Wind turbine

Figure 5. Two examples to show how a gap between singular
values of the output powerspectrum can be used to detect Nr.
(a) A clear gap is present between the first and second singular
value indicating Nr = 1, which is consistent with the design of
the setup. (b) On the windturbine the Nr varies with the fre-
quency range, in the lower range Nr equals 2, then Nr evolves
towards 3, while in the higher frequency range Nr = 1 seems

sufficient.

of noise, is equal to the rank of the output powerspectrum. In the
presence of noise one can still detect Nr by looking for a gap of
several orders of magnitude between two consecutive singular
values. In [15] this property was demonstrated by simulation. In
Fig.5 two additional experimental results are provided. Fig.5(a)
originates from the setup discussed in Section 3., while (b) is
obtained through data of an operational wind turbine. Besides
this non-parametric tool one can also rely on the quality of fit of
the parametrically estimated transmissibility function. As sug-
gested in [13] best fits are obtained when the transmissibility
function is independent of the input spectrum, i.e. when the
correct Nr is selected. A poor quality of fit might imply the ne-
cessity to increase the number of required references.
To automate (p)TOMA we can assume that in general the num-
ber of references does not vary over time. As such the discussed
analysis can be done manually at the beginning of the campaign
and the found Nr is used over the entire campaign. However,
if preferred, the preceding analysis can also be automated by
defining threshold values for the singular value gap and/or the
residual error of the parametric estimate of the transmissibility
function.

4.1.1 Choice of reference

Based on the definition of the transmissibility function, Eq. 1, it
is also required to make a distinction between the reference and
non-reference outputs. However, the influence of this choice is
limited.
This is especially apparent in the implementation of pTOMA as
described in [13]. To simplify the discussion let us consider that
the number of references and non-references are equal. In or-
der to estimate the parametric coefficients of the transmissibility
function T (ω) the observation/regression matrix KΘ is used

KΘ = [Kn( ~XL),−Kn( ~XR),−KI ] (2)

in which Kn is a generic n-th order identification matrix.
Switching the choice of references and non-references, i.e.
switching ~XL and ~XR, only switches the columns within the
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observation matrix KΘ. As a consequence the coefficients of
T−1(ω) are now estimated.
However, from a parameter estimation point of view the
switched columns have no impact at all. Effectively, in the To-
tal Least Squares (TLS) implementation of [13] the parameter
coefficients Θ are found by solving for :

KΘΘ = [Kn( ~XL),−Kn( ~XR),−KI ]

ΘL

ΘR

ΘI

 = e ≈ 0 (3)

Simply switching reference and non-reference will result in the
same coefficients, as only their order in Θ has changed:

KΘΘ = [Kn( ~XR),−Kn( ~XL),−KI ]

 ΘR

ΘL

−ΘI

 = e (4)

This reasoning also holds when a single reference output
is switched to non-reference and a non-reference output is
changed to a reference. Only some changes in the signs of ΘL

and ΘR will occur. As the coefficients are directly used to calcu-
late the modal parameters, the same modal parameters are found
regardless the choice of reference.

4.1.2 The number of required loading conditions

In [13] it was shown that the number of required loading con-
ditions Nl should equal or exceed No

No−Nr
in order to solve the

polynomial eigenvalue problem. In practice this in general im-
plies that Nl equals the first integer greater than No

No−Nr
. For the

considered setup with Nr = 1, two different loading conditions
are sufficient to obtain a result.
As pointed out in [16, 17] it is often beneficial to still consider
more than two loading conditions to resolve some fake poles
that originate from the crossing of two transmissibility functions
not related to a structural mode.

4.2 Estimating the Transmissibility functions

Similar to estimating the FRF’s, crosspowerspectra or subspace
models many system-identification choices can be made. Some
examples are, fixed model orders vs. cluster approaches, param-
eter constraints, boundary conditions, pre-processing decisions,
frequency domain vs. time domain, type of cost function,.... A
full length discussion lies outside the scope of this contribution
and is highly dependent on the intended application.
Currently, we use the Total Least Squares implementation as de-
scribed in [13] with a fixed model order ( Model order : 8 for the
frequency range 160-1600Hz, Model order : 2 if the frequency
range 160-360 Hz is used) to fit a parametric model of the trans-
missibility function. It was observed that on this particular setup
higher model orders resulted in poorer estimates, possibly this
is related with the low damping of the considered system.
In [13] it is assumed that the loading condition is invariant over
a single measurement record. This contradicts to the idea that
in real world applications loading conditions might vary con-
tinuously over time. To allow for varying loading conditions a
time varying model is suggested in [8]. Besides an improved

model this approach also allows to derive the modal parame-
ters directly from a single estimated model as different loading
conditions are contained within the same model.

4.3 Different loading conditions

One of the particularities of (p)TOMA is the necessity to use
Nl different loading conditions in order to retrieve the modal
parameters. For Nr = 1 the modal parameters are found by de-
termining the point of intersection of multiple transmissibility
functions. pTOMA (Nr > 1) also requires Nl different loading
conditions but instead solves a polynomial eigenvalue problem
to find the modal parameters. A polynomial eigenvalue prob-
lem in essence is the multi-dimensional equivalent of finding
the intersection of two functions. For simplicity we will discuss
everything for Nr = 1 but the same conclusions hold for the
multi-dimensional pTOMA approach.
Because TOMA requires multiple different loading conditions
to function, it is necessary for automated TOMA that loading
conditions vary over time. The next consideration is that the
final step of the TOMA algorithm is to combine Nl different
loading conditions to obtain the modal parameters. In order to
automate that particular step of the we have to answer two ques-
tions:

• How can the difference between loading conditions be
measured? (Or, what makes loading conditions different?)

• If different segments belong to different loading condi-
tions, what is the best strategy to combine them in order
to have a reliable estimate of the modal parameters?

4.3.1 Detecting different loading conditions

In theory even the smallest of changes in the loading conditions,
i.e. the force locations or distributions, is sufficient to find the
different modal parameters [13, 15]. However, in the presence
of noise different combinations of loading conditions will result
in different uncertainties on the found results [13].
To find the cause of this we have to look at how the modal pa-
rameters are found. In TOMA the system poles are found by re-
trieving the intersection of two (or more) transmissibility func-
tions, Fig.6(a). Of course noise will always be present and an
error on the estimated transmissibility functions is unavoidable.
In this example we assume that due to errors the estimated trans-
missibility function can run anywhere between the gray dashed
lines . Consequently, due to these uncertainties upon the coeffi-
cients an intersection can potentially be found anywhere within
the orange region.

Now let us assume that the two loading conditions are less
different. In such a scenario the transmissibility functions will
remain closer to each other and the angle between the differ-
ent loading conditions at the system poles will be more shallow
as presented in Fig.6 (b). A similar error on the coefficients of
the transmissibility function will result in a far greater area of
possible intersection. This explains why a larger spread on the
results is possible just because different loading conditions are
combined. In essence the difference between Fig.6 (a) and (b)
is the overall conditioning of the problem to be solved.
So in order to obtain a reliable result it is important that the
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(a) Well conditioned (b) A poorer conditioning

Figure 6. The conditioning of the problem of finding the inter-
section can be used to quantify the difference between loading

conditions

two loading conditions are sufficiently different in order to get a
good conditioning for finding the intersection. This property can
also be used in the other direction; the better the conditioning of
the intersection, i.e. the greater the angle between the two esti-
mated transmissibilities, the larger the difference between load-
ing conditions. So by looking at the conditioning of the prob-
lem we can quantify the difference between loading condition
on output data only.

4.3.2 Different strategies to combine different loading condi-
tions

The driving idea behind an automated TOMA approach is to
combine two different loading conditions as to achieve a well-
conditioned problem. To demonstrate this concept consider the
experimental setup of Section 3. We will discuss three different
strategies to illustrate some possibilities for automated TOMA.

4.3.3 Fixed reference

A first possible strategy would be to consider a first segment
of data as a reference loading condition. Every estimate of
modal parameters is found by finding the intersections of the
first transmissibility function with the transmissibility function
of the considered segment. Fig.8 provides some results of this
approach (segment length : 0.5 s). It is immediately that the
first 50 estimates (index < 30) show a poor result especially
in damping. But past this point the results become consistent
in both resonance frequency as damping estimates. An expla-
nation is easily found, as the distribution of the applied forces
varies linearly over time we can consider that the further two
segments are apart the more the associated loading conditions
differ from each other. As mentioned earlier this improves the
overall conditioning of the problem to be solved. This improved
conditioning results in a smaller spread on the found results,
especially of the first mode. However, while the conditioning
improves for one mode this does not inherently occur for all
modes. If we return to Fig.2 it can be seen that for the first

Figure 7. Fixed reference approach (arcs indicate combined seg-
ments)
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Figure 8. Results with Fixed Reference approach, for two dif-
ferent settings of the algorithm (top) Bandwidth : 160-1600Hz,
Model order : 8 (bottom) Bandwidth : 160 - 360Hz, Model Or-

der : 2

mode T1 ( only shaker S1 is active) and T3 (only S2 is active)
yield a well conditioned intersection. However, for the second
mode the conditioning of T1 and T3 is rather poor (a small angle
between them) compared to the intersection of T1 and T2, with
T2 a loading condition in-between T1 and T3 with the load dis-
tributed over both S1 and S2. As a consequence the best results
obtained for the second mode are located around Index 50 rather
than the last indices.
Note that the input filter at 300Hz was never identified. How-
ever, fake poles do appear and vary over time together with the
loading conditions. The poor results around Index 35 for the
second mode and around index 100 for mode 45 are because
mode 2 and 3 are anti-symmetric modes. As the loading trans-
fers from S1 to S2, there is an index at which both shakers can-
cel each other, this results in a poor excitation of these modes at
those indices.
Figures 8.(c & d) show that a change in bandwidth yields con-
sistent results but the damping estimate does vary considerably.

4.3.4 Closest sufficiently different segment

A disadvantage of the strategy proposed in Section 4.3.3 is that
it relies heavily on the assumption that the system is time in-
variant. By using a fixed reference one does assume that the
fixed reference belongs to the same system as the second con-
sidered dataset. When two segments of two different systems
are combined the identified system is a mixture of both systems.
In the application of structural health monitoring this would im-
ply that the identified system is a mixture of the healthy and
damaged system. While this still might trigger an alarm, some
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Figure 9. Closest sufficiently different approach
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Figure 10. Results with Closest sufficiently different approach

physical relevance is lost as the identified parameters belong to
a fictional mixed system.
A possible alternative is rather to try to use the closest segment

subjected to a sufficiently different loading condition, Fig.9. To
quantify on what is sufficiently different we can use the con-
ditioning of the intersection near the (expected) pole, e.g. for
Nr = 1 the angle between the estimated transmissibilities. By
taking the closest, sufficiently different segment we can expect
a reliable result without jeopardizing the time-invariant assump-
tion too much. However, one can never fully guarantee the va-
lidity of the time-invariant assumption as there still is a distance
between considered segments.
As discussed in the previous section the conditioning of the in-
tersection is also mode dependent. Therefore this approach is
best, but not necessarily, targeted at a single mode. In this ex-
ample we can rely on classic OMA for modes two to four as
the harmonic is well-distanced from these modes. Therefore,
the method is focused on the bandwidth 160-360Hz which con-
tains both the first mode as well as the input coloration. In this
simple example we consider the distance in time between two
combined segments as a measure for the conditioning of the in-
tersection at the first mode. Using a fixed distance of 12.5 sec-
onds between the two combined segments the results presented
in Fig. 10 are found. A consistent estimate of the first mode is
obtained while the input filter was never identified. The damp-
ing estimates are within the same order of magnitude as the
OMA results. The cause of the increasing damping estimate
in function of the considered indices is not readily explained.
However, a similar increase is visible in Fig.8.(b & c), although
much slower. This observation is consistent with the idea that a
fixed reference approach is less likely to be influenced by sud-
den changes in the system.

4.3.5 Time-varying approach

A third possible strategy is to rely on time-varying transmis-
sibility functions as first introduced in [8]. Unlike the previ-
ous strategies a time-varying transmissibility based OMA (Tv-

Figure 11. A time-varying approach (TvTOMA) does not re-
quire different segments to find the modal parameters
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Figure 12. Results with the time-variant approach

TOMA) approach does not rely on the combination of differ-
ent segments. Basically, the TvTOMA approach assumes that
the loading conditions vary slow and continuously during a
single datarecord. The transmissibility function is thus also
varying over time. TvTOMA takes this into consideration and
fits a time-varying transmissibility function to the data T (t, ω).
As for each time instance t∗ the instantaneous transmissibility
T (t∗, ω) is slightly different, Nl instantaneous transmissibilities
can be used to find the model parameters[8].
A monitoring solution based on TvTOMA processes a single
segment of data and estimates the modal parameters solely
based on that single segment of data. A major advantage to this
approach is it does not require to combine different segments
thus eliminating one of the more sensitive steps of automated
TOMA. Although it is no longer visible, one still has to consider
that the problem of finding the intersection of different transmis-
sibilities is still an inherent part of TvTOMA. To achieve a reli-
able result it is important that the considered segment contains
sufficiently different loading conditions (even if they only exist
for a few seconds) as to have a well-conditioned problem. In
this example, with a continuously and linearly changing loading
condition, the conditioning of the TvTOMA result is directly
linked with the considered length of the measurement record.
In this example we will use 10s of data to achieve a suffi-
ciently proper conditioning for each segment with an overlap
of 9s between segments. Note that this far greater than the
amount of data used in previous approaches (1s). However, if
one takes into account that previous strategies also skip a sig-
nificant amount of data (e.g. 12.5s), than TvTOMA actually
requires less data than previous strategies. This is also advan-
tageous considering the assumption of a time-invariant system,
which also is a requirement to TvTOMA.
Results are provided in Fig. 12 Besides some poorer results
around index 50 the time-variant approach performed very com-
parable to earlier results. Even the bump around index 50 seems
correct as a similar, but smaller, bump also occurs around index
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65 in Fig.10. Note that because of a different strategy indices in
Fig. 10. and Fig.12 correspond to different parts of data. Taking
this into consideration the damping estimates also show a sim-
ilar behavior as in Fig. 10.b, The input filter was not identified
as part of the system.

5. CONCLUSION

This paper discussed the applicability of an automated trans-
missibility based operational modal analysis (TOMA) to assist
classic OMA whenever harmonics turn the results of OMA un-
reliable. It tackles the steps required to perform TOMA. And
following conclusions were drawn:

• The number of required reference can be derived from the
singular values of the cross power spectrum

• Which elements that are chosen as reference and non-
reference has no effect on the results

• The difference between loading conditions can be mea-
sured by the angle between the estimated transmissibilities
in the vicinity of the expected poles.

• Strategies to combine different segments best take this
difference-measure into account as to obtain a reliable es-
timate

• A time-variant approach is possible without the necessity
to combine different segments of data

However, still some research is required to improved repeatabil-
ity and reliability of TOMA.
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ABSTRACT: This paper will evaluate different automated operational modal analysis techniques for the continuous monitoring 
of offshore wind turbines. The experimental data has been obtained during a long-term monitoring campaign on an offshore 
wind turbine in the Belgian North Sea. State-of-the art operational modal analysis techniques and the use of appropriate 
vibration measurement equipment can provide accurate estimates of natural frequencies, damping ratios and mode shapes of 
offshore wind turbines. To allow a proper continuous monitoring the methods have been automated and their reliability 
improved. The advanced modal analysis tools, which will be used, include the poly-reference Least Squares Complex 
Frequency-domain estimator (pLSCF), commercially known as PolyMAX, the polyreference maximum likelihood estimator 
(pMLE), and the frequency-domain subspace identification (FSSI) technique. The robustness of these estimators with respect to 
a possible change in the implementation options that could be defined by the user (e.g. type of polynomial coefficients used, 
parameter constraint used….) will be investigated.  In order to improve the automation of the techniques, an alternative 
representation for the stabilization charts as well as robust cluster algorithms will be presented. 

KEY WORDS: monitoring, offshore wind turbine, operational modal analysis, modal parameters estimators, automated 

 

1 INTRODUCTION 
In [5-7], an approach for automatic identification of the 
different dynamic parameters based on the measurement of 
the dynamic response of wind turbines during operating 
conditions has been introduced and validated by performing a 
long-term monitoring campaign on an offshore wind turbine. 
The preliminarily results obtained from this long-term 
validation showed that the proposed approach is sufficiently 
robust to run online basis where it does not need a user 
interaction, providing almost real-time parameters that 
characterize the wind turbine’s condition. Since this approach 
mainly depends on the continuous tracking of the modal 
parameters of the supporting structures as a tool for the 
subsequent damage detection, the used modal parameter 
estimators within this approach plays an important role in the 
success of the monitoring process. Thus, having an accurate 
and robust modal parameters estimator in the framework of 
this monitoring approach is a must. The monitoring results 
shown in [5, 6] have been obtained by performing the 
monitoring on data collected during a period of 2 weeks 
where the OWT was in parked condition. In [5], the modal 
parameters estimation tools , which have been used, included 
the polyreference Least Squares Complex Frequency-domain 
(pLSCF) estimator-commercially known as PolyMAX 
estimator- and the covariance driven Stochastic Subspace 
identification method (SSI-COV). In [6], only the pLSCF is 
used as the modal parameters estimation tool for the 
monitoring process.  
In this paper and in the framework of the automatic 
monitoring approach presented in [5-7], the state-of-the-art 
modal parameters estimators will be implemented and applied 

to a long-term monitoring campaign of an offshore wind 
turbine. The monitoring considered in this paper has been 
performed on a subset (i.e. 100 datasets with 10 minutes for 
each) of data collected during a period of 2 weeks where the 
OWT was in parked condition [5, 6]. The state-of-the-art 
modal parameters estimators that will be considered in this 
paper include the polyreference Maximum Likelihood 
Estimator (pMLE)[8, 9], the PolyMAX estimator [10, 11], 
Frequency-domain subspace identification (FSSI) [12]. The 
applicability of these estimators to identify the modal 
parameters of the fundamental vibration modes of the 
supporting structures of the OWT under test over a long-term 
measurement will be compared and discussed.   

2 OFFSHORE MEASUREMENTS 
 
The presented measurement campaign is performed at the 
Belwind wind farm, which consists of 55 Vestas V90 3MW 
wind turbines. This wind farm is located in the North Sea on 
the Bligh Bank, 46 Km off the Belgian coast. The structures 
instrumented in this campaign are the tower and the transition 
piece. The measurements are taken at four levels on 9 
locations using 10 sensors. The measurement locations are 
indicated in Figure 1by the red arrows. The chosen sensors 
levels are at height of 67m, 37m, 23m, 15m above the sea 
level, respectively 1 to 4. There are two accelerometers 
mounted at the lower three levels and four at the top level. 
Figure 1 shows an example of the accelerations measured in 
the for-aft direction (direction aligned with the nacelle) during 
10 minutes of ambient excitation. 
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Figure 1: Measurement locations and data acquisition system 
(left), Example measured accelerations during ambient 

excitation on 4 levels, with level 1 the highest level, in the 
fore-aft direction (right-top) movement seen from above 

(right-bottom) 

 
In order to classify the operating conditions of the wind 

turbine during the measurements SCADA data (power, rotor 
speed, pitch angle, nacelle direction) is being collected at 10-
minute intervals. In Figure 2, the SCADA data is shown for 
the selected 100 datasets that will be used in this paper. Most 
of the times the wind-turbine was idling with a speed lower 
than 1 rpm and sometimes the wind turbine was in parked 
conditions. Both conditions allow us to sufficiently comply 
with the time-invariant OMA assumptions and avoid the 
presence of harmonic components in the frequency range of 
interest. 
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Figure 2: SCADA data for monitoring period from top to 
bottom: rpm, pitch-angle (deg), Yaw-angle (deg), and wind 

speed (m/s) 

3 FULLY AUTOMATED MONITORING 
 
To allow an accurate continuous monitoring of the dynamic 
properties a fast and reliable solution that is applicable on 
industrial scale has been developed. The different steps of the 
fully automated dynamic monitoring used in this paper are 
discussd in [5-7]. The following steps are followed: 

Step 1: Pre-processing vibration data 

1. Creation of a database with the original vibration data 

collected at 10 minute intervals and sampled at high 
frequency, together with the ambient data and the 
SCADA data with corresponding time stamps.  

2. Pre-processing the vibration-data to eliminate the 
offset, reduce the sampling frequency, transform 
them in the nacelle coordinate system. 

3. Calculate the power spectra of the measured 
acceleration responses using the correlogram 
approach [7,8]. 

Step 2: Automated operational modal analysis 

1. Applying a modal parameter estimator to the calculated 
power spectra to extract the modal parameters in an 
automated way based on a clustering algorithm   

2. Calculate statistical parameters (e.g. mean values, 
standard deviation) of the identified parameters  

Step 3: Tracking frequencies, damping values and mode 
shapes 

1. Creation of a database with processed results  

     
The second step (modal parameter estimation step) in this 

monitoring approach is very crucial step since it will 
determine the success of the monitoring process. In order to 
achieve this step with high confidence, several modal 
parameters estimators have to be tested and compared to each 
other in terms of the quality of the estimated parameters. In 
the presented paper, the applicability of three different 
frequency-domain modal parameters estimators to achieve the 
second step in the monitoring approach will be tested. These 
estimators include the polyreference Maximum Likelihood 
Estimator (pMLE)[8, 9], the PolyMAX estimator [10, 11], 
Frequency-domain subspace identification (FSSI) technique 
[17].  

 
Figure 3 shows the five dominant vibration modes in the 

frequency band of interest that are being tracekd in step 3. 
These five dominant modes are first Fore-aft bending mode 
(FA1), first side-side bending mode (SS1), mode with a 
second Fore-aft bending (FA2) that is coupled mode between 
the tower and the blades, mode with a second side-side 
bending mode tower and nacelle component (SS2N), mode 
with a second Fore-aft bending mode tower and nacelle 
component (FA2N). 

 

 
 

Figure 3: Five dominant mode shapes: from left to right: FA1, 
SS1, FA2, SS2N, and FA2N 
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4 CONTINUOUS MONITORING RESULTS 

In this section, each modal parameter estimator will be 
implemented in the second step of the fully automated 
dynamic monitoring approach shown in Figure 3 and the 
obtained monitoring results will be discussed.  For all the 
estimators, the maximum number of modes to be identified is 
set to 32 and for the pMLE, which is an iterative 
algorithm;vthe number of iterations is set to 20.  For the 
tracking of the five fundamental modes estimated from the 
different consecutive 10 minutes data sets, the needed MAC 
criterion between the estimated modes and the reference 
modes is set to 70% and the allowed frequency difference 
between the estimates modes and the reference modes value is 
set to 3%. All the estimators are applied to the analyzed data 
using different number of modes starting from the maximum 
settled value (i.e. 32) until two with a step 1. Then, all the 
estimated modal parameters (i.e. frequencies, damping ratios, 
and mode shapes) for each mode at each defined number of 
modes are fed to the hierarchical clustering algorithm to 
cluster the parameters that correspond to the same physical 
mode (see Figure 4).   
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Figure 4: Left: stabilization chart constructed by 
PolyMAX estimator showing the estimated modes at different 
model order   Right: the clustering results obtained by feeding 
all the estimated modal parameters ate different model orders 

to the hierarchical clustering algorithm 

In Figure 5 and for each estimator, the evolutions of the 
natural frequencies and the damping ratios of the identified 
modes within the analyzed frequency band during the 
monitoring of 100 consecutive 10 minutes data sets is 
presented. Figure 6 illustrates the different mode shapes 
identified in the 100 successive data sets, where it can be seen 
that the mode shapes from all the estimators are very coherent 
over the different data sets.    

In terms of the damping estimates, it can be seen from 
Figure 6 that all the estimators show again a similar 
performance.  The damping estimates for the highest 3 modes 
are reasonably coherent, while the ones associated with the 
lowest 2 modes present a high scatter.  A part of this scatter is 
attributed to the high dependence of the damping of these 
modes on the ambient parameters, e.g. wind speed.   The 
damping values of those modes are highly dependent on the 
aerodynamic damping that resulted from the wind-nacelle 
interaction and it can be seen from the illustrated mode shapes 
that those modes are accompanied with high movement at the 
nacelle position compared with the other modes. This is also 

explain why those modes have higher damping values 
compared to the other modes.  In addition, this scatter on the 
damping estimate of the lowest 2 modes can be explained by 
the fact that the estimation of the very close spaced modes 
usually faces some difficulties, which increases the 
uncertainty on their estimates, especially on the damping 
values.   
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Figure 5: Evolution of frequencies and damping ratios of 
the 5 dominant modes during the monitoring period using 

different modal parameters estimators. Top: pMLE, Middle: 
PolyMAX, Bottom: FSSI 
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Figure 6: Evolution of the mode shapes of the 5 dominant 
modes during the monitoring of 100 consecutive 10 minutes 

data sets: 1st row (pMLE), 2nd row (PolyMAX), 3rd row 
(FSSI). FA-direction (red lines), SS-direction (green lines). At 
each row from left to right: FA1, SS1, FA2, SS2N, and FA2N. 

4.1 The pMLE results 

 Table 1 presents the results of the continuous monitoring 
routines in the analysis of the 100 data sets using the pMLE. 
In the last column, the success rate of the identification of the 
5 dominant modes is quantified. Also presented in this table 
are the median of the frequency and damping estimates 
together with their standard deviation. The median and the 
standard deviation of each mode (frequency and damping) are 
calculated for the different estimates for that mode over the 
analyzed 100 datasets.  The pMLE is tried four times where 
the implementation variants have been changed at each time 
to check the robustness of the estimator with this variation in 
the implementation options. Different type of polynomial 
coefficients (real/complex-valued coefficients) and different 
equation error (linear/ logarithmic equation error presented by 
equations (2) and (5)) have been tried and the results for each 
case are presented in Table 1. The results presented in this 
table show that whatever the implementation options are the 
pMLE converges to almost the same values and this is for the 
frequency and damping estimates.  The differences between 
the logarithmic and linear equation error are not remarkable 
since the analyzed data is not so noisy.   

However, it can be seen that the logarithmic implementation 
gives a bit lower variability (i.e. std) on the estimated 
parameters over the different analyzed data sets for the 1st 
mode, especially for the damping estimate. This consistency 
of the pMLE results is expected since the expected value of 
the cost function of the pMLE is scale-invariant and hence 
should converge to the same estimates regardless of the nature 
of the used coefficients. Since the pMLE is an iterative 

technique and hence slow, it is found that it needs around 5 
minutes to achieve the estimation process for one data set (10 
minutes data set) and hence it is slow.  This is the only 
drawback we can mention about this estimator based on the 
presented results. 

Table 1: Results of the continuous monitoring using the 
pMLE with different implementation variants  

(from top to bottom: Complex coefficients + logarithmic 
equation error, Complex coefficients + linear equation error, 

Real coefficients + logarithmic equation error, and Real 
coefficients + linear equation error. 

 

 
 

4.2 The pLSCF (PolyMAX) results 

The pLSCF (PolyMAX) estimator is a linear least-squares 
technique and hence inconsistent (i.e. the expected value of its 
cost function is dependent on the parameters used).  It means 
that if the parameter constraint used to solve for the numerator 
and the denominator coefficients changed, the obtained 
estimates will be also changed. Indeed, the extent of the 
differences in the final results depends on the level of the 
noise on the analyzed data [26, 27].  In Table 2 and 3, the 
results of the continuous monitoring of the pLSCF estimator 
are shown in terms of the median, std, and success rate of the 
frequency and damping estimates of the 5 dominant modes 
within the frequency-band of interest. Please note that the 
shown median and std values for each mode are calculated 
over the different 100 estimates of each parameter (i.e. 
frequency and damping) obtained from applying the pLSCF 
estimator on the consecutive 100 data sets.   

Table 2 shows the results when real-valued coefficients are 
used with three different parameter constraint cases used to 
solve for the numerator and denominator coefficients, while 
Table 3 shows the results when complex-valued coefficients 
are used with again three different parameter constraints used.   
The three different parameter constraints that have been tried 
are the maximum order coefficient, the lowest order 
coefficients, and the norm-1 constraint. Before we go to the 
discussion of the obtained results, the computational time 
taken by the pLSCF estimator to process one 10 minutes data 
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set is about 1.8 s. It can be seen that the pLSCF is very fast 
compared to the pMLE and this normal since it is one-step 
approach.  

The results presented in Table 2 and 3 show that the change in 
the frequency parameter values is very small when either the 
type of the coefficient or the parameter constraint is changed.  
The damping estimate, especially for the 2 lowest modes, 
seems to be influenced by the type of coefficients used in 
particular when the maximum order coefficient constraint is 
used. For both the real and complex coefficient cases, it can 
be noted that the parameter constraint used   has an effect on 
the damping estimate values. However, it can be seen that the 
complex-valued coefficients are less sensitive to the parameter 
constraint changing compared to the real-valued coefficients. 
In addition, the complex-valued coefficients give lower 
variability (i.e. std) on the damping estimates in particular for 
the lowest 2 modes, which can be explained by the fact that 
complex-valued coefficients lead to better conditioning 
problem in comparison to the real-valued coefficient since the 
model order is halved for complex-coefficients.  From all 
these remarks about the pLSCF results, it can be seen that the 
final estimates we obtained is highly dependent on the 
parameter constraint and the type of coefficients used. This 
makes the user to feel not confident about what he obtained 
since there are several possible estimates for the same 
problem. 

One possible solution to get out from this problem when using 
such type of estimators (i.e. linear least-squares estimator), is 
to try different model orders and at each model order all the 
possible parameter constraint will be tried. This  means that at 
each model order  we start to constrain the lowest order 
coefficients and consecutively the same is done for the next 
order coefficients and so on till we reach the highest order 
coefficients. Then, the obtained modal parameters estimates 
are sent to the clustering algorithm to obtain the modal 
parameters that correspond with the physical modes within the 
frequency band of interest.  A typical stabilization chart, 
which is obtained  from such approach, is shown in Figure 7. 
In the y-axis of this chart, we have now index that indicates to 
the model order/parameter constraint combination instead of 
having only the model order like the one shown in Figure 4.  
Indeed, this stabilization chart is obviously not clear compared 
to the one in Figure 5 in particular around the lowest 2 modes. 
But, this is not a big issue since our monitoring approach does 
not use the stabilization chart to select the physical modes but 
it uses a clustering algorithm to automatically select them.  

Table 2: Results of the continuous monitoring using the 
pLSCF (PolyMAX) estimator with real-valued coefficients 

and different parameter constraint: Top: maximum order 
coefficient, Middle: lowest order coefficient,   Bottom: norm-

1 constraint 

 

Table 3: Results of the continuous monitoring using the 
pLSCF (PolyMAX) estimator with complex-valued 
coefficients and different parameter constraint: Top: 

maximum order coefficient, Middle: lowest order coefficient,   
Bottom: norm-1 constraint  

 

All the modal parameters estimates obtained by the pLSCF 
estimator with varying both the model orders and the 
parameter constraint used are then processed by the 
implemented clustering algorithm to obtain some clusters 
which correspond to the physical modes. A typical clustering 
result is shown in Figure 7. Indeed, as it is shown in Figure 7 
the number of clusters we obtained have been increased. 
Based on the statistical properties of each cluster and the 
tracking options we defined (e.g. MAC, MPC, frequency 
difference…), the clusters, which correspond to the physical 
modes, will be automatically selected. In Table 4, the 
continuous monitoring results, which are obtained by applying 
the pLSCF estimator to the 100 datasets using the varying 
model order and varying parameter constraint approach, are 
shown.  The results are shown for both the real-valued and 
complex-valued coefficients cases. It can be seen from Table 
4 that the consistency of the estimates, especially the damping 
values, when we change the type of the coefficients is much 
better than we used only one parameter constraint. Also, it can 
be noted that the pLSCF estimates  now are in a good 
agreement with the ones obtained from the pMLE (see Table 
1) whatever real or complex coefficients are used. Moreover, 
one can see from the last column in Table 4 that the success 
rate of the identified modes over the different datasets is 
increased in particular for the 2 lowest modes, which is 
something positive for the continuous tracking purpose.  Since 
the size of the data is increased, it can be noted from Table 4  
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that the variability on the estimates has been also increased 
and this in particular for the 2 lowest modes. The price has to 
be paid when applying this approach is that the computational 
time will be increased a bit compared with the classical 
approach (i.e. applying the pLSCF with only varying order). 
In the varying order/ varying parameter constraint approach, 
the processing of one 10 minutes dataset with the pLSCF 
estimator takes about 4 s, while with the classical approach 
(i.e. applying the pLSCF with only varying order) it takes 1.8 
s. It can be seen that it is still fast compared with the pMLE, 
which takes about 5 minutes to process one 10 minutes 
dataset.    
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Figure 7: Left: A typical stabilization chart constructed 
using all the possible parameter constraint at each model order  

Right : The clustering results 

Table 4: Results of the continuous monitoring using the 
pLSCF (PolyMAX) estimator with real-valued coefficients 
(Top) and complex-valued coefficients (bottom)  when all the 
possible parameter constraints are used at each model order 

 

4.3 The FSSI results 

In the frequency-domain subspace identification (FSSI) 
technique [12], there are no many implementation variants the 
user has to tweak.  Therefore, we used the technique as it is 
introduced by the authors in [12]. So, the FSSI technique has 
been implemented in the framework of the presented fully 
automated dynamic monitoring approach to process the 
consecutive 100 data sets and to extract the modal parameters 
of the 5 dominant modes within the frequency-band of 
interest. We have set the number of modes to be identified to 
32 the same as the one taken for the previous 2 estimators (i.e. 
pMLE and pLSCF). The obtained results of the continuous 
monitoring using the FSSI technique in terms of the median, 
std, and the success rate are presented in Table 5.  In general, 
the computational time taken by the SSI techniques depends 
on the number of outputs and the way by which the matrices 
of the state space-mode are generated. Since the analyzed data 
set  has only 6 outputs and the FSSI technique that we are 

using is optimized with respect to the computational time, the 
FSSI technique takes about less than 1 s to process one 10 
minutes dataset.   

Table 5: Results of the continuous monitoring using the 
frequency-domain subspace identification (FSSI) 

 

The results show a good agreement with the ones obtained 
by the pMLE and the pLSCF that uses the varying model 
order/varying parameter constraint. The FSSI technique 
identifies slightly higher damping values than the pMLE and 
the pLSCF estimators for all the modes except for the first 
one.  In [5], a time-domain subspace identification approach 
called SSI-COV has been used and compared with the pLSCF 
estimator in performing  a continuous monitoring for the 
OWT under test using two-weeks datasets. The results 
presented in this reference showed also that the time-domain 
SSI identifies slightly higher damping values.  What can be 
noticed also from the results presented in Table 4 that the 
frequency-domain subspace identification (FSSI) technique 
gives a bit higher success rate compared with the pLSCF and 
pMLE estimators.  This can be attributed to the fact that the 
mode shapes in the FSSI technique have been estimated 
directly from the state space model, while for the pMLE and 
the pLSCF estimators the mode shapes are calculated in a 
second step using the LSFD estimator. 

5 CONCLUSIONS 

In this paper, the applicability of three modal parameters 
estimators namely the pMLE estimator, the pLSCF estimator 
and frequency-domain subspace identification (FSSI) 
technique to extract the modal parameters of the tower and the 
supporting structure of an offshore wind turbine in a 
continuous monitoring fashion has been investigated. There 
were two main concerns that motivate the work and the 
investigations done in this paper. The first concern was the 
need to check the robustness of these estimators with respect 
to a possible change in the implementation options (e.g. type 
of coefficients, parameter constraint…) that could be defined 
by the user. The second concern was to check if these 
estimators would converge to the same results, although they 
are different algorithms.   The pMLE seems to be very robust 
with respect to the implementations variants that can be used 
where it always converge to the same results. This was 
expected since the asymptotic properties of the pMLE say that 
it is consistent estimator. On one hand, this puts more 
confidence in the pMLE results we got. On the other hand, the 
investigations done in this paper showed that the pMLE is the 
slowest estimator compared with the other two estimators (i.e. 
pLSCF and FSSI). The pLSCF is found to be very fast in 
comparison with the pMLE, but it is found that it is 
inconsistent with respect to any possible change in the 
implementation options (e.g. type of coefficients, parameter 
constraint…). To avoid or decrease the risk of this 
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inconsistency problem of the linear least-squares estimators, e. 
g. the pLSCF estimator, we proposed a global estimation 
approach. In this global approach, we proposed to try the 
different model orders and at each model order, we apply all 
the possible parameter constraint that might be used. Then, all 
the modal parameters estimated over all these modal orders 
and all these parameter constraint are sent to a clustering 
algorithm. The results showed that the proposed approach 
helps to improve the consistency of the pLSCF estimator 
when the implementation options changed and also the 
success rate of the 5-dominant modes has been increased.  The 
investigation done for the FSSI technique using the analyzed 
data sets showed that this technique is the fastest one 
compared with the pMLE and the pLSCF estimators taking 
into account that the computational time of the SSI techniques 
is highly dependent on the number of output that is only 6 in 
our case. The SSFI technique identifies slightly higher 
damping values compared with the pMLE and the pLSCF 
estimator. The reason behind that is still needed to be fully 
understood. In addition, the FSSI technique showed a bit 
higher success rate compared with the pMLE and the pLSCF 
estimator. We can attribute that to the fact that the mode 
shapes of the FSSI technique are estimated directly from the 
state-space model while for the pMLE and the pLSCF the 
mode shapes are estimated in a least-squares sense in  a 
second step using the LSFD estimator.  Therefore, for the 
pMLE and the pLSCF estimator we suggest to estimate 
directly the mode shapes from the used model. It means that 
the mode shapes will be estimated directly from the numerator 
and the denominator coefficients of the right matrix fraction 
description model that is being used to parameterize the 
measured data. This direct estimation of the mode shapes 
from the used model could help to improve the quality of the 
estimated mode shapes and hence the tracking process. The 
effects of the out-of-band model are better modeled in the 
polynomial model than they are in the modal model, which 
could help to improve the quality of the estimated mode 
shapes. The modal model uses only two terms to model the 
effects. 
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ABSTRACT: This paper shows some recent advances on the use of strain-based measurements and mixed strain/acceleration
measurements for experimental modal analysis are shown in this work. The most common and established way of performing
experimental modal analysis is to use accelerometers that lead to the identification of the displacement mode shapes. Since
strain measurements are directly related to stress, fatigue and failure, strain-based measurement methods can be a good option
for structural health monitoring systems or durability related measurements. Moreover, applications where sensor size and
placement might be critical are good candidates for strain-based methods. Helicopters, wind and gas turbines are good examples
where strain gauges are more suited for vibration measurements, since the sensors dont take up as much space when attached to
the blade surfaces. The concepts of strain modal analysis, strain frequency response functions (SFRF), strain fields, as well as
the identification of strain mode shapes are introduced in this paper. Similarly, the basic theory for strain-based modal analysis is
presented, including the fundamental equations for dynamic strain. The similarities and differences between acceleration-based
modal analysis and strain-based modal analysis are pointed out and a comparison is made.

KEY WORDS: Strain Modal Analysis, Dynamic Strain, Strain Field, Modal Analysis, Mode Shape

1 INTRODUCTION

Modal testing has been, for a long time, associated with the use
of displacement responses (or their derivatives with respect to
time). The use of strain sensors for modal testing [1, 2], on
the other hand, has been less accentuated, with the difficul-
ties of using strain gauges slowing down the advent of strain
modal analysis. But the increased interest from both industry
and academia on assessing and evaluating structural integrity
on design prototype stages and also monitoring in real-time
(with structural health monitoring systems (SHM)), has led to
an increase in the number of dynamic strain applications, to
the development of improved identification and measurement
techniques, as well as to improved sensor technology [3, 4].

Strain gauges have been commonly used for static load test-
ing of mechanical products in the aeronautic, automotive and
mechanical industry. Moreover, fatigue testing [5], durability
analysis and lifetime prediction [6] has also been a common
application where strain gauges are used.This sort of testing is
a common part of the product development process, and addi-
tional information on product durability and dynamic perfor-

mance can be assessed by obtaining the modal parameters of
the system, while still using the same instrumentation.

A very important contribution on the field of strain mea-
surement are the fiber optic sensors, or Fiber Bragg Grating
(FBG) sensors [7, 8]. Their robustness to magnetic interfer-
ence, added to the easiness of creating sensor arrays with mul-
tiple sensors, plus the possibility of embedding these sensors
in composite structures, makes for an attractive solution for
use in SHM systems. The availability of such an array of sen-
sors, ready to be used and adequate for modal testing, is an-
other incentive to carrying out a strain modal analysis, saving
up on time and instrumentation.

Another application of dynamic strain measurements is re-
lated to the strain displacement relations [9]. In many sys-
tems, strain gauges are used as the standard vibration sensor,
especially when size or sensor location is an issue. Such is the
case in aerospace applications, like gas turbines, wind turbines
and helicopters [10], where size and weight are very restricted,
and any sensor place on a blade should affect its aerodynamic
properties as little as possible. One particular use of the strain
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measurements and strain to displacement relations is the strain
pattern analysis (SPA), where strain measurements are used to
predict blade displacements.

2 THEORETICAL BACKGROUND

To obtain the strain modal formulation, one can start with the
fundamental theory of modal analysis. Modal theory states
that the displacement on a given coordinate can be approxi-
mated by the summation of a n number of modes:

u(t) =

n∑
i=1

φiqi(t) (1)

where u is the displacement response in x direction, φi is the
ith (displacement) vibration mode, and qi is the generalized
modal coordinate and t is time. For small displacements, given
the theory of elasticity, the strain/displacement relation is:

εx =
∂

∂x
u (2)

And similarly, the same relationship exists between the strain
vibration modes and the displacement modes:

ψi =
∂

∂x
φi (3)

This way, by the relations on equations (2) and (3), the expres-
sion on (1) can be rewritten as:

ε(t) =

n∑
i=1

ψiqi(t) (4)

Moreover, the relationship between the generalized modal co-
ordinate q and an input force F is:

qi = Λ−1
i
φiF , with Λi = (−ω2mi + jωci + ki) (5)

where mi, ci and ki are the ith modal mass, modal damping
and modal stiffness, and ω is the excitation frequency.

Substituting (5) into (4), the relation between a force input and
a strain output, in terms of displacement and strain modes is
represented as:

εi =
n∑

i=1

ψiΛ
−1
i
φiF (6)

And finally, the strain frequency response function (SFRF) can
be obtained, in matrix form:

[Hε] =

n∑
i=1

Λ−1
i

{ψi} {φi} = [ψ] [Λ]
−1

[φ]
T (7)

The expansion of (7) is:

⎡⎢⎢⎢⎣
Hε

11 Hε

12 · · · Hε

1Ni

Hε

21 Hε

22 · · · Hε

2Ni

...
...

...
...

Hε

No1
Hε

No2
· · · Hε

NoNi

⎤⎥⎥⎥⎦ =

=

n∑
i=1

Λ−1
i

·

⎡⎢⎢⎢⎣
ψ1iφ1i ψ1iφ2i · · · ψ1iφNii

ψ2iφ1i ψ2iφ2i · · · ψ2iφNii

...
...

...
...

ψNoi
φ1i ψNoi

φ2i · · · ψNoi
φNii

⎤⎥⎥⎥⎦ (8)

where No represents the number of strain gauge measurement
stations (or the number of output measurements) andNi repre-
sents the number of excitation points (or the number of inputs).

The columns of the matrix correspond to the strain responses
due to the excitation points along the rows of the matrix. Some
important characteristics can be inferred from equation (8).
First of all, differently from displacement FRFs, the SFRF ma-
trix is not symmetric, that is, for instance, Hε

12 �=Hε

21. This
means that reciprocity is not guaranteed for strain modal anal-
ysis - exciting point a and measuring point b will not yield the
same FRF as if exciting point b and measuring point a. More-
over, any column of the SFRF matrix contains all the informa-
tion regarding the strain modes (ψ), while any row of the SFRF
matrix contains information about the displacement modes(φ).
This particular property leads to practical applications - to ob-
tain the strain mode shapes, one must use a fixed excitation
point and measure the strain responses. On the other hand, by
using a strain gauge as a fixed reference sensor and moving
the excitation point (as with impact testing), the displacement
mode shapes can be obtained.

Due to the similarity of the strain modal formulation and the
displacement modal formulation, the same modal identifica-
tion methods can be used in both cases, as long as the appro-
priate caution is taken. In this article, the PolyMAX identifi-
cation method [11] was used without any modifications.

Moreover, there is the possibility of obtaining reciprocal FRFs
in strain modal testing, if the excitation input is not a force
that acts on displacement, but is actually a direct strain input.
This case is achievable if, for instance, a piezo patch actuator
is used, but it will not be covered in this study, as the most
common methods of carrying out modal analysis still use dis-
placement based excitation sources.

The following section on the experimental analysis will show
some experimental examples of the characteristics mentioned
above.

2
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3 EXPERIMENTAL ANALYSIS

Three analysis cases were chosen to illustrate some of the char-
acteristics of strain modal analysis seen in the previous sec-
tion. The first test subject, a small composite wind turbine
blade, was tested with strain gauges and an impact hammer,
and the experimental results were compared with a finite el-
ement (FEM) simulation model. Then, a piccolo tube from
a wing anti-incing system, was tested, using accelerometers,
strain gauges and shaker excitation. Finally, a large composite
helicopter main rotor blade was tested with shaker and ham-
mer tests.

3.1 Wind Turbine Blade

A small composite wind turbine blade was used on the first
strain modal test [12]. For this purpose, 20 strain gauges were
glued to the surface of the blade and an impact hammer with
an impedance head was used to excite the structure at several
locations. The blade was fixed at its root, to impose a can-
tilevered condition. Of the 20 strain gauges, one of them con-
sisted of a strain gauge rosette to measure purely shear strain,
while the other 19 strain gauges were aligned with the radius
of the blade and were measuring normal strain. Figure 1 shows
the wind turbine blade, its sensor locations represented in the
acquisition software and a finite element model of the blade.

The first step of the experimental procedure is to measure the
strain frequency response functions (SFRFs), that are used
later on the modal analysis procedure. Figure 2(a) shows the
SFRF of an arbitrary strain gauge, where the resonance peaks
are clearly visible. Moreover, the phase shift due to the reso-
nances is the same for the SFRF, where the phase shifts in 180
degrees whenever there is a resonance peak.

Additionally for this experiment, a reciprocity check was car-
ried out to verify if the theory for strain modal analysis was
correct - for this purpose, two measurement points were picked
and the impact hammer was used to excite those points. A suc-
cessful reciprocity check should yield identical or almost iden-
tical FRFs for a classical displacement modal analysis. In the
case of the strain modal analysis, as it can be seen on Figure
2(b), reciprocity is not guaranteed for the strain measurements,
since the SFRFs do not match each other.

After the reciprocity check, the modal analysis and strain
modes identification was carried out. For this purpose, the
PolyMAX identification method was used. A bandwidth from
10 to 210 Hz was taken into account as 6 clear modes were
identified in that frequency range - these modes consist of
bending, in-plane and torsional modes. Table 1 shows the
natural frequencies and mode types of the identified modes.
Finally, the strain modes obtained with the modal analysis pro-

(a) Composite small wind turbine blade

(b) Sensor locations on wind turbine blade

(c) Wind turbine blade FEM model

Figure 1: Small wind turbine blade, sensor locations and FEM
model

cedure were compared with the strain modes obtained from a
FEM analysis of the blade, from the model shown on Figure
1(c). The strain modes of the FEM model are extracted via the
strain tensor matrix, where the appropriate strin directions are
taken according to the orientation of the strain gauges on the
blade, and the strain gauge location and size are approximated
to one element of the finite element model.

Two methods of comparison were used to compare the simu-
lation and experimental analysis, the percentage difference in
natural frequency between experiment and simulation, and the
modal assurance criterion (MAC). Table 2 shows the natural
frequencies comparison and percentage difference, as well as
the diagonal MAC value. Additionally, the natural frequency
values obtained using a traditional accelerometer based impact
test are also show, for the purpose of comparison. Moreover,
Figure 3 shows the full MAC matrix for all the considered
modes.

3
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Table 2: Strain modes comparison - experiment and simulation

Mode Natural frequency Natural frequency Natural frequency Difference MAC
number strain gauges [Hz] accelerometers [Hz] Simulation [Hz] %

1 17.25 17.22 15.6 9.56 0.834
2 46.29 46.30 38.6 16.61 0.8
3 63.99 63.95 65.5 2.35 0.75
4 148.97 147.52 148.4 0.38 0.833
5 178.38 178.33 158.6 11.08 0.33
6 199.79 200.0 183.9 7.95 0.863

Table 1: Composite wind turbine blade: natural frequencies
and vibration mode types

Mode Frequency Mode
number [Hz] type

1 17.25 bending
2 46.29 in-plane
3 63.99 bending
4 148.97 bending
5 178.38 torsional
6 199.79 in-plane

An initial analysis of the data from Table 2 shows that there
is good agreement between the simulation model and the ex-
periment. Regarding the natural frequencies, most of them are
within 10 % of difference, except for modes 2 and 5. More-
over, the MAC values show very good correlation, except for
mode 5. The lack of correlation for this mode is understand-
able - it is a torsional mode, which means that most of its
energy comes from shear strain, while only one of the strain
gauges (the strain rosette) is measuring shear strain, and the
others are measuring normal strain.

3.2 Aircraft Piccolo Tube

Wing Anti-Icing Systems (WAIS) are an integral part of a wing
design. Their presence ensures safety in all-weather condi-
tions. In standard designs, the WAIS are fitted in the slat inter-
nal structure and the piccolo tube line runs throughout its span
in between the ribs. The tube tested in this work was initially
part of a vibration qualification test [13].

The piccolo tube and hoses designed are certified and man-
ufactured by SONACA and are part of the whole WAIS-slat
pneumatic line. The system is designed to prevent ice accre-
tion on the slat. Hot air from the engine bleed valve is blown
to the wing’s leading edge through the small holes along the
piccolo tubes. A typical piccolo line is represented on Figure
4. Note that the tested sections are identified as parts 1, 2 and
3.

An additional analysis was done in this work - a combined
strain and acceleration experimental modal analysis was car-
ried out on the piccolo tube. Both displacement and strain
were measured as a means to properly identify and visualize
the modes.

For this modal analysis, only the first tube slat (1) from Fig-
ure 4 was used. In total, 8 strain gauges were instrumented
along the mid part of the piccolo tube to measure the dynamic
strain and 20 uniaxial accelerometers were placed along the
span of the tube, half of them measuring acceleration in one
bending direction, while the other half was used to measure in
the other bending direction. One important aspect of the tube
is its symmetric dynamic characteristics, which leads to sym-
metric modes - modes that occur on the same or almost the
same frequency. To be able to identify the symmetric modes,
2 excitation sources and references must be used. In the ex-
periment, two electrodynamic shakers were used to excite the
structure in perpendicular directions and a burst random signal
was used to excite the structure. The first 3 identified modes
and their symmetric parts are shown in Figures 5(a) through
7(b).

Finally, it is important to verify if the identified modes are
unique, which is especially important for the double poles,
present due to the symmetry. The modes that occur on the
same natural frequency should be orthogonal. This can be ver-
ified by using the auto-MAC, where a diagonal matrix repre-
sents orthogonal modes. Figure 8 shows the auto-MAC for the
6 identified modes.

3.3 Helicopter Main Rotor Blade

The main rotor blade of a PZL SW-3 helicopter was used for
the last strain modal analysis verifications. For this experi-
ment, the blade was suspended with elastic cords to obtain
a free-free boundary condition , as shown in Figure 9(a) and
fiber bragg grating sensors were used to measure the dynamic
strain on the surface of the blade. A close-up of one of these
sensors can be seen on Figure 9. In total, 20 FBG sensors
were instrumented on the surface of the blade, following two

4
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(a) Wind turbine blade - Strain FRF from an arbitrary measurement point
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(b) Wind turbine blade - reciprocity check using strain measurements

Figure 2: Wind turbine blade: (a) strain FRF; (b) reciprocity
check using a strain gauge - reciprocity is not guaranteed

straight fiber lines of 10 sensors each. Figure 9(c) shows the
position of the sensors on the two fiber lines on the surface of
the blade.

The blade was excited using an electrodynamic shaker, and the
driving point was chosen close to the tip of the blade, near the
trailing edge, with a sine sweep excitation. Two acquisition
units were used - an LMS Scadas Mobile with VB8 modules
and a FiberSensing BraggMETER. A frequency range from 8
to 80 Hz was chosen for the experiment - this range excludes
the first vibration mode of the blade (at around 4 Hz), which
was hard to excite with the shaker. From the experiment, 10
vibration modes were identified - 5 bending modes, 3 in-plane
modes and 2 torsional modes. The natural frequencies and
the mode types for these modes are shown on Table 3. The
displacement modes of the blade (and their types) were already
known from previous experiments [14].
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Figure 3: Modal Assurance Criterion - comparison of com-
putational strain modes and experimental strain modes for the
wind turbine blade

Figure 4: Piccolo line elements: 1: Piccolo tube/first slat; A:
Fist Interslat; 2: Piccolo tube/Second Slat; B: Second Interslat;
3: Piccolo tube/Third Slat

(a) Piccolo tube first bending mode

(b) Piccolo tube first symmetric mode

Figure 5: Piccolo tube: (a) first bending mode; (b) symmetric
mode

Figure 10(a) shows a typical SFRF obtained from the exper-
iment. From the Figure, it can be seen that most modes are
clearly visible, except for the second torsional mode at 61.14
Hz. This behavior is understandable, since the sensors were in-
strumented to capture normal strain, while the torsional modes
should induce shear strain. Nonetheless, both torsional modes
are still identified by the identification procedure. The first
identified strain modes are also shown on Figure 10- the first

5
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(a) Helicopter main rotor blade used for tests (b) FBG sensor on helicopter blade

(c) FBG sensor locations on blade

Figure 9: Helicopter main rotor blade: (a) Blade used for the tests; (b) Fiber Bragg Grating sensor; (c) Location of sensors on
blade, corresponding to 2 fiber lines

(a) Piccolo tube second bending mode

(b) Piccolo tube second symmetric mode

Figure 6: Piccolo tube: (a) second bending mode; (b) symmet-
ric mode

bending mode is shown on Figure 10(b), the first in-plane
mode is shown on Figure 10(c) and the first torsional mode
is shown on Figure 10(d).

Moreover, additional tests were carried out with the blade. The
main objective of the second experiment was to assess if strain
gauges could also be used as the reference sensor for a rov-
ing hammer impact testing. For this purpose, an accelerome-
ter measuring the bending direction and a strain gauge aligned
with the span of the blade, were collocated on a chosen refer-
ence point. Then, the impact testing was carried out in 55 dif-

(a) Piccolo tube third bending mode

(b) Piccolo tube third symmetric mode

Figure 7: Piccolo tube: (a) third bending mode; (b) symmetric
mode

ferent points and the identified modes using the accelerometer
as reference were compared with the modes using the strain
gauge as reference.

The natural frequencies obtained with the impact test using an
accelerometer as reference were almost identical as the ones
obtained from the impact test using the strain gauge as refer-
ence, and the MAC between the two sets of modes also yielded
very good results. Figure 11 shows the natural frequencies
and the MAC color values for the comparison between the two
systems. As it can be seen, the MAC values are very well
matched, except for the second torsional mode, which is not
identified when using the strain gauge reference, and also the
last mode, which is an in-plane mode, while the impacts nor-

6
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Figure 8: Piccolo tube modes: Auto-MAC

Table 3: Natural frequencies and mode types for the helicopter
main rotor blade

Mode number Natural frequency (Hz) Mode type

1 10.27 bending
2 13.9 in-plane
3 20.28 bending
4 30.44 torsional
5 33.78 bending
6 37.61 in-plane
7 49.55 bending
8 61.14 torsional
9 67.17 bending
10 75.82 in-plane

mal to the surface of the blade, so this type of mode is very
hard to correlate in these circumstances.

4 RESULTS ANALYSIS AND CONCLUSION

In this paper, the concepts of strain modal analysis were in-
troduced and verified experimentally. For this purpose, 3 ex-
perimental cases were shown - a small composite wind turbine
blade, a piccolo tube and a composite helicopter main rotor
blade.

The first experiment was carried out using impact testing and
multiple resistive strain gauges. Some basic characteristics
and utilities of the strain modal analysis were shown in this
experiment. The first concept is the lack of reciprocity, as de-
scribed in the theory section of this work. Moreover, it was
shown how the strain mode shapes obtained from test can
be correlated with a finite element model, and how torsional
modes, that induce shear strain, are harder to be correlated
when most of the sensors are measuring normal strain.
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(a) Helicopter main rotor blade - Strain FRF from an arbitrary measurement
point

(b) Blade bending mode at 10.27 Hz

(c) Blade in-plane mode at 13.9 Hz

(d) Blade torsional mode at 30.44 Hz

Figure 10: Helicopter blade - (a) SFRF and vibration modes:
(b) bending mode; (c) in-plane mode; (d) torsional mode

Secondly, the piccolo tube was tested. Being a symmetric
structure, it was excited with two shakers, in perpendicular
directions. The strain gauges were effective in capturing the
double poles due to the symmetry of the structure, and the use
of the combined strain and acceleration was helpful to better
visualize the behavior of the modes.

Finally, some other concepts were verified with the helicopter
main rotor blade. Initially, Fiber Bragg Grating sensors were
used to carry out a a strain modal analysis of the blade using
shaker excitation. The sensors were able to capture all mode
types (bending, in-plane and torsional) but the strain mode
shapes were only useful in the visualization of the bending
and in-plane modes. Moreover, a second type of test was car-
ried out - this time, impact testing was done to compare mode
shapes obtained with the test using an accelerometer or a strain
gauge as reference. Like suggested by the theory, both prac-
tices yielded displacement mode shapes and the strain gauge
was effective in obtaining almost all of the mode shapes, with
the exception of a higher frequency torsional mode.

Future studies include the investigation of sensor placement
7
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Figure 11: Modal assurance criterion - comparison between
impact testing using an accelerometer (natural frequencies
shown on the side) and a strain gauge (natural frequencies
shown on top) as reference

for better strain field interpretation, hotspot (high stress and
strain) locations, the time and modal relations between strain
and displacement and methods of scaling the strain modes.
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ABSTRACT: Modal parameter estimation, to obtain natural frequencies, modal damping and mode shapes is a key step to 
characterize the dynamical behavior of a structure. Operational Modal Analysis (OMA), also known as output-only modal 
analysis, is a technique for estimating the modal parameters only on the basis of the measured vibration data without any 
information on the excitation forces. This information can then be used to improve numerical models in order to monitor the 
operating and structural conditions of the system. While application of OMA on parked wind turbines is straightforward, the 
same is not true in case of operational turbines, i.e. in power production configuration. This is due to the fact that most of the 
key OMA assumptions are not respected by an operational wind turbine.  

Coleman transformation, also known as Multi Blade Coordinate (MBC) transformation, is used for having information on 
the dynamic interaction between the nonrotating body (tower-nacelle) and the spinning rotor. It converts the time periodic 
system into a time invariant one with the assumption that the system is isotropic. Standard OMA techniques can then be applied 
to the time invariant model in order to get the modal parameters. This paper shows the application of MBC transformation and 
OMA techniques to wind turbines in operational conditions. Results are compared to the ones obtained applying OMA to the 
corresponding time-variant systems in order to show the improvement in understanding the dynamic behavior of operating wind 
turbines after using MBC transformation. 

KEYWORDS: Wind turbines; Operational Modal Analysis; Multi-Blade (Coleman) transformation; Dynamic characterization. 

1 INTRODUCTION 
The dynamic characterization of a system in terms of modal 
parameters is always a difficult task. It becomes more 
complicated in case of huge structures and even more 
complicated when there are many rotating parts. It is the case 
of an operating wind turbine. Classical Experimental Modal 
Analysis (EMA) cannot be performed if the forces exciting 
the system are not well known. In these cases an innovative 
method based on EMA has been developed: Operational 
Modal Analysis (OMA). It is a technique that uses the output 
data, like accelerations measured in operating conditions, for 
estimating the modal parameters. Natural frequencies, 
damping ratios and mode shapes can be extracted without 
knowing the input forces that excite the structure. For 
performing OMA the excitation forces need to be represented 
by a white noise spectrum. It means that they can be described 
as random signals with a flat power spectral density. In other 
words, they contain equal power within any frequency band 
with a fixed width. 

One of the main problems is that a conventional OMA 
needs a Linear Time Invariant (LTI) system for being applied. 
It is the case of parked wind turbines where the blades are not 
rotating, but it is a strong limitation in an operating case 
because of the blade-to-blade variations and the rotation of the 
rotor. If the angular speed of the rotor is constant with a good 
approximation, then the wind turbine system can be treated as 
Linear Time Periodic (LTP) and its dynamic behavior can be 
characterized by means of different methods than the ones 
used for LTI systems. A number of important dynamic 
systems can be modeled as LTP. When this is the case, it is 

very important to model this behavior in an accurate way 
since it can lead to instability and resonances at different 
frequencies than the ones predicted by theory for LTI systems. 

Floquet and Lyapunov developed some important theories 
regarding linear differential equations with periodic 
coefficients in the late 1800s, so the theory of time-periodic 
systems is also known as Floquet theory [1]. This theory has 
been applied to a variety of systems such as helicopter, wind 
turbines or bladed machines. 

This paper investigates the applicability of OMA technique 
to operating wind turbines. Previous studies have 
demonstrated its applicability in a simulation environment. 
First of all, Multi-Blade Coordinate (MBC) transformation is 
used in order to convert the rotating degrees of freedom into a 
non-rotating frame.  

MBC is widely used for helicopter analysis. Coleman [2] 
used it to analyze the rotor-in-plane motion, also known as lag 
motion, and he was able to identify the ground resonance 
problem. Johnson [3] was the first one to give a mathematical 
basis to the MBC and Bir and Butterfield [4] developed a 
numerical MBC approach providing insights into the rotor in-
plane motion.  

Hansen [5] started applying the technique to a three-bladed 
wind turbine and, then, Jonkman and Bir [6] used MBC to 
study aeroelastic characteristics of a 5-MW wind turbine in 
different configurations. Their work was based on several 
assumptions: the three blades have to be identical both 
aerodynamically and structurally and the rotor speed must be 
constant. In order to overcome these limitations, in successive 
studies, a new approach was developed [7].  

Structural health monitoring techniques applied to operating wind turbines 
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If asymmetries do occur, the MBC transformed system will 
not be time-invariant. This property could be exploited to ease 
the fault diagnosis. In fact, after the MBC transformation, the 
nominal case will have zero-mean residuals, while the faulty 
case will have non-zero-mean residuals.  

In the following sections, the theoretical basis of MBC 
transformation and OMA are given. The experimental setup 
is, then, introduced. Finally, the two techniques are applied 
and the results analyzed underlining the added value, but also 
the limitations of the method.   

2 THEORETICAL BASIS 

2.1 MBC Transformation 

The dynamics of wind turbine rotor blades are generally 
expressed in rotating frames attached to the individual blades. 
The rotor, however, responds as a whole to excitations such as 
tower-nacelle motion, aerodynamic gusts and control inputs. 
All of them occur in a non-rotating frame. The tower and 
nacelle subsystem sees the combined effect of all rotor blades, 
not the individual blades. 

The Multi-Blade Coordinate (MBC) transformation is used 
to convert the rotating degrees of freedom (DOFs) in a fixed 
frame. This transformation is needed in order to combine the 
blade DOFs with the non-rotating DOFs related to the tower 
and the nacelle modeling the dynamic interaction between 
them. It has three main advantages: 

 
• Models the dynamic interaction between the rotor 

and the fixed-system entities; 
• Offers understanding into rotor dynamics; 
• Filters out all periodic terms except the ones which 

are integral multiples of ΩN, where Ω is the rotor 
angular speed and N is the number of rotor blades.  

 
It is a very helpful filter since the harmonics related to the 

angular speed are masking the dynamics of the system itself. 
Anyhow, it is not enough and a harmonic removal tool needs 
to be integrated in order to filter out all the harmonics. 
Considering a typical horizontal axis wind turbine (HAWT), 
the set of three coordinates {q1,i , q2,i , q3,i }T, measured at the 
location i on the blades 1, 2, 3, is converted by means of MBC 
transformation (1) to the three multi-blade coordinates, 
expressed as: {q0,i , qc,i , qs,i }T. 
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bψ  is the instantaneous azimuth angle of the b-th blade and 
b=1,2,3,…, N is the blade number. For a three-bladed rotor, it 
is implicitly assumed that the three blades are uniformly 

distributed, that means one blade each 120° in the rotor plane. 
In this case (b=1, 2, 3), equation (2) is valid. 
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The physical interpretation of the new coordinates is not 

immediate and it is related to the considered degree of 
freedom. q0,i is also known in literature as coning mode, 
whereas qc,i and qs,i are named cosine-cyclic mode and sine-
cyclic mode. Equations (1) determine the rotor coordinates 
once the blade coordinates are known. The inverse 
transformation (3) allows getting the blade coordinates given 
the rotor coordinates. 

 
             )sin()cos( ,,,0, bisbiciib qqqq ψψ ++=          (3) 
 
MBC transformation technique can be applied both to 

constant-speed and variable-speed wind turbines. In both 
cases it does not eliminate all periodic terms, but it basically 
filters out all the terms that are not integral multiples of ΩN. 
In order to perform the transformation, it is necessary that all 
the blades are identical and spaced equally around the rotor 
azimuth and that the operating conditions are time-invariant. 
If the blades are dissimilar, a Floquet analysis [8], [9] is 
needed since MBC cannot be applied if the isotropy 
hypothesis is not valid.  

In principle, MBC transformation can be used as data pre-
processing before applying OMA algorithms. Acceleration of 
several points on the blades and the rotor azimuth angle are 
acquired together with accelerations of points on the tower 
and nacelle (non-rotating parts). These accelerations are 
collected as time histories and they can be the results of a 
measurement campaign on a wind turbine operating in the 
field or data obtained from aeroelastic code for different 
values of wind speed, turbulence, etc. 
 

 
Figure 1. MBC application scheme. 

MBC transformation is applied to the accelerations from the 
blades taking into account the acquired azimuth data. The 
accelerations in multiblade coordinates together with the ones 
from the tower and the nacelle are the input for OMA 
algorithm that will be described in the next section. The 
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outputs of OMA are the natural frequencies, damping ratios 
and mode shapes. The latest are expressed in multiblade 
coordinates and they need to be transformed back to physical 
coordinates by means of the inverse MBC transformation. The 
mode shapes can finally be animated. The whole process is 
shown in Figure 1.   

Several studies have successfully applied MBC 
transformation to data from aeroelastic codes [10], [11], [12]. 
Only few preliminary studies have been accomplished in the 
experimental field [13], [14]. One of the main limiting factors 
is due to the technical difficulties in obtaining experimental 
data while a wind turbine is rotating. Several challenges need 
to be faced: accelerometers should be mounted in the same 
position and orientation on the blades and data from rotor and 
from tower-nacelle must be synchronized. 
In the next sections MBC transformation will be applied to 
data from a measurement campaign. 

2.2 OMA 

Operational Modal Analysis (OMA) technique, also known as 
output-only modal analysis, allows identifying modal 
parameters by using operational measurement such as 
accelerations measured on several points attached to the 
structure.  

OMA technique represents an extension of common input-
output modal analysis techniques when the input forces 
cannot be measured. Rather than impulse and frequency 
responses, it uses auto- and cross-correlation and auto- and 
cross-powers between signals measured simultaneously at 
different locations. So, there is the need to identify several 
reference signals that should be as less noisy as possible and 
that should be able to identify as many modes as possible.  

OMA can be applied when the system complies with the 
following three main assumptions: 

 
1. The system must be Linear Time Invariant; 
2. The excitation forces must be represented by a flat 

white noise spectrum in the band of interest; 
3. The forces acting on the structure must be uniformly 

distributed and uncorrelated both temporally and 
spatially.  

 
The better these assumptions are fulfilled, the better the 

quality of the estimated modal parameters.  
Several OMA techniques have been developed and 

evaluated in the past years. In this paper, the PolyMAX 
method [15] has been selected to perform the operational 
modal analysis. It has been developed as a polyreference 
version of the least-squares complex frequency-domain 
(LSCF) estimation method using a so-called right matrix-
fraction model. 

In case of operational data, output spectra are the only 
available information. The deterministic knowledge of the 
input is replaced by the assumption that the input is white 
noise. The PolyMAX algorithm greatly facilitates the 
operational modal parameter estimation process by producing 
extremely clear stabilization diagrams, making the pole 
selection a lot easier by means of estimating unstable poles 
(i.e. mathematical or noise modes) with negative damping 
making them relatively easy to separate from the stable poles 
(i.e. system modes).  

3 MEASUREMENT SYSTEM AND 
INSTRUMENTATION 

3.1 The MICON 65/13M Wind Turbine 

The United States Department of Agriculture (USDA), under 
contract with US Department of Energy/ Sandia National 
Laboratories (SNL) operated a set of research Micon 65/13M 
Wind Turbines at the Conservation and Production Research 
Laboratory (CPRL) in Bushland, TX.   

 

   
Figure 2. Sandia NL in Bushland (left), Micon 65/13M 

wind turbine (right). 

The three fixed-pitch fixed-speed wind turbines erected on 
the site shown in Figure 2 were modified (Micon 65/13 “M”) 
throughout their lifetimes with upgrades to the rotor, brake, 
yaw, instrumentation and generator systems.  

Turbine B, which is the object of this investigation and is 
shown in Figure 2, has been equipped with three 9m CX-100 
Sensored Rotor 2 blades [16]. SNL fabricated these sensored 
rotor blades to investigate load monitoring and damage 
detection capabilities of accelerometers, strain gauges and 
Fiber Bragg Grating sensors [17].  

3.2 Instrumentation 

The turbine and the meteorological inflow at the Bushland 
test site were being monitored with several instruments. Most 
of the instrumentation was concentrated on the inflow towers 
and the test turbine.  

The meteorological inflow was monitored with cup 
anemometers, wind vanes and a sonic anemometer in order to 
have information on the wind speed and direction. This 
instrumentation was mounted on two meteorological towers. 
The structural response of the blades on the rotor was 
measured with a variety of sensors.  

Each blade was equipped with two triaxial accelerometers 
placed in correspondence of the pitch axis at 2m and at 8m 
from the root of the blade. In addition, two monoaxial 
accelerometers for each blade were positioned close to the 
trailing edge at the same stations along the blade (2m and 
8m).  

The data was transmitted from the rotor to the control 
building in Figure 2, via a wireless connection. The two 
datasets were then merged within ATLAS (Accurate Time 
Linked Acquisition System) using GPS time synchronization. 

The blade coordinate system is described in Figure 3. The X 
axis is facing with the wind direction toward the low pressure 
surface; the Y axis is in the blade plane toward the leading 
edge. Finally the Z axis is along the blade pitch axis toward 
the blade tip. The blades are quite stiff and their small size 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2258 

determines the high rotor speed that is nominally equal to 55 
rpm.  

For MBC transformation, it is important that the orientation 
and the position of the accelerometers mounted at the same 
point on all the three blades are as similar as possible. Small 
variations can cause huge anisotropy of the system making the 
MBC transformation not applicable. 
 

 
 

 
Figure 3. Blade coordinate system. 

In addition, several other turbine parameters were measured 
including yaw position, rotor azimuth, and rotor speed.  

Rotor azimuth and velocity were measured by a brushless 
rotary encoder located adjacent to the low speed shaft on the 
nacelle. The unit was calibrated in order to yield a 0° signal 
output when Blade 1 was vertically up. The blade numbering 
sequence for the rotor is 1-3-2 clockwise as observed from the 
upwind direction. 

3.3 Measurements 

In order to analyze the application of MBC transformation 
to an operating wind turbine, it is important to characterize the 
behavior of the same wind turbine in parked conditions. For 
this reason, two different datasets have been considered in this 
paper. The first one consists of data collected when the turbine 
is in parked conditions at a sampling frequency of 50 Hz on 
July 8th 2011 for approximately 10 hours. The second dataset 
contains 7 hours of continuous measurement with the turbine 
in operating conditions on August 15th 2011. Two startups and 
shutdowns were performed during the acquisition. 

 
Figure 4.Wind speed velocity components from the wind 

vane sensor. 

In order to correlate the readings of the accelerometers with 
the environmental conditions, the signals from the 
anemometer and the wind vane are included. 

During the long period of time in which measurements were 
performed the environmental conditions can be extremely 
different. This is the reason why the readings from the 
meteorological station need to be analyzed.  

In Figure 4, the three components of the wind speed coming 
from the wind vane considering only 20 minutes of 
measurements are extracted from the dataset in parked 
conditions. 

4 RESULTS 

4.1 Parked conditions 

The case in which the wind turbine is parked with the brake 
engaged is the simplest one for the analysis since the rotor is 
fixed and in case of no pitch and yaw activities, the wind 
turbine becomes a time-invariant system. In these conditions, 
the main OMA applicability limitations are not present and 
the wind excitation can be considered as broad-band random 
white noise [18]. 

Many quantities are measured on the structure, but for a 
preliminary study only the accelerometers mounted on the 
blades have been considered. In [19] the data are analyzed in 
parked conditions and the identified modal parameters are 
compared with those from a previously performed modal 
survey. The obtained results are reported in Table 1. The 
identified set of modal parameters can then be used as 
reference for the operational analysis. 

First of all, for a qualitative analysis of the signals, the 
Power Spectral Density (PSD) curves from sensors at the 
blade tip in all the three directions are shown. The PSD of the 
time signals are calculated using the Welch’s estimator. The 
data are divided up into smaller blocks to improve the 
resolution; these blocks are defined by a block size that has a 
number of time samples. To achieve a high calculation 
performance, the algorithm requires that the block size be a 
power of 2; so a value equal to 1024 is chosen with an 
overlapping between the blocks of 66% to compensate the 
effects of using Hanning windows in time domain. 

 

Table 1. Natural frequencies in parked conditions. 

Natural frequencies [Hz] 

No. Mode description Modal 
Survey 

OMA 
Parked

1 1st Tower STS 1,3 1,3 
2 1st Tower FA 1,34 1,341 
3 1st Rotor Torsion 3,19 3,211 
4 1st Flap Yaw 3,26 3,319 
5 1st Flap Pitch 3,45 3,437 
6 1st Flap Sym 4,51 4,480 
7 1st Edge Pitch 5,35 5,423 
8 1st Edge Yaw 5,51 5,569 
9 2nd Flap Yaw 6,57 6,571 

10 2nd Flap Pitch 7,17 7,154 
11 2nd Flap Sym 11,49 11,392 
12 2nd Rotor Torsion 15,41 15,384 

 
All the modes are identified with a very good 

approximation by using the standard Operational PolyMAX 
method available in the LMS Test.Lab software [20]. The 

Z

Y
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reference channels have been chosen at the tip of one of the 
three blades. The peaks can be seen looking at the PSDs in 
Figure 5. The naming of the 12 lowest modes is based on the 
animations of the mode shapes. The sequence of modes is 
typical for a wind turbine of the same size [21].  
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Figure 5.Power Spectral Density (PSD) for a point at the tip 

of one of the three blades. 

Modes 4 and 5 are the 1st pitch/yaw modes involving the 
flapwise blade mode. The yaw mode lies lower than the pitch 
mode because towers are stiffer in pitch than in yaw.  

Mode 6 is the 1st symmetrical flap mode where the blades 
vibrate simultaneously in counter-phase with a longitudinal 
vibration of the tower.The coupling causes the symmetric flap 
mode to be slightly above the flapwise blade mode.  

Modes 7 and 8 involve the edgewise blade mode. In both 
modes the blades vibrate against each other in the edgewise 
direction so that they cancel out the torsional moment at the 
rotor center. The two modes differ from the direction of the 
reaction at the rotor center and their order is given by the 
stiffness of the rotor support in vertical and horizontal 
directions. The level of the flapwise vibrations is higher than 
the level of edgewise vibrations. 

4.2 Operating conditions 

In parked conditions, all the sensors give the acceleration in 
the same fixed reference system, while in operating conditions 
the blades are rotating and the associated sensors give the 
signal in a local rotating frame. The nacelle and tower 
accelerations are still given in the fixed reference frame. If the 
aim is to study the full system (blades-tower-nacelle), 
methods such as MBC transformation or Floquet theory need 
to be used in order to express all the signals in the same fixed 
reference system.  

The natural frequencies of the tower bending modes and the 
shaft torsion mode are constant with the rotation speed, while 
the other frequencies vary with it. The ones of the asymmetric 
modes change owing to gyroscopic effects, while the 
frequency of the symmetric flap mode increases owing to 
centrifugal stiffening of flapwise bending.  

All pairs of asymmetric rotor modes in parked conditions 
become pairs of rotor whirling modes owing to the rotation 
[22]. A backward whirling (BW) mode and a forward 
whirling (FW) mode can be identified. The natural frequency 
for a BW mode decreases with rotation speed; for a FW mode 

the opposite behavior can be seen since the natural frequency 
is increasing with Ω.  

The natural frequency of the symmetric mode is ωk, while 
the frequencies of the whirling components are shifted by ±Ω.  
If blade mode number n is involved in the whirling modes, 
their frequencies split in the ground fixed frame around the 
natural frequency ωn. In the ideal case, the observer on the 
blade will measure the same frequency, given by: 
 

ωn= ωk
BW+Ω= ωk

FW-Ω          (4) 
 

This ideal condition is affected by structural asymmetry of 
the turbine and the coupling of blade modes in the turbine 
modes. The interaction can occur when two turbine modes 
natural frequencies are close to each other. 
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Figure 6.Power Spectral Density (PSD) for a point at the tip 

of one of the three blades in operating conditions. 

 

Table 2. Natural frequencies in operating conditions. 

Natural frequencies [Hz] 

No. Mode description OMA 
Parked 

OMA 
Rotating

1 1st Tower STS 1,3 - 
2 1st Tower FA 1,341 - 
3 1st Rotor Torsion 3,211 - 
4 1st Flap Yaw 3,319 - 
5 1st Flap Pitch 3,437 - 
6 1st Flap Sym 4,480 5,157 
7 1st Edge Pitch 5,423 - 
8 1st Edge Yaw 5,569 - 
9 2nd Flap Yaw 6,571 - 

10 2nd Flap Pitch 7,154 - 
11 2nd Flap Sym 11,392 11,568 
12 2nd Rotor Torsion 15,384 - 

 
Thomsen et al. [23] have estimated that the FW edgewise 

mode is more damped than the BW edgewise mode. The 
structural damping of these two modes is considered the same 
since they have almost identical natural frequencies and mode 
shapes.  

The difference in damping is due to the difference in 
aerodynamic damping. 
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In a first preliminary analysis, all data are analyzed without 
any transformation. Calculating the PSDs, as shown in Figure 
6, it is clear that the rotor harmonics are dominating the 
response and most modes are masked since they are very 
close to harmonic components and it is very difficult to 
properly identify them. 

We can also observe that the level of the flapwise vibration 
is still higher than the level of the edgewise vibrations. At low 
frequencies the response in both directions is heavily 
dominated by rotor harmonics. Two different kinds of 
harmonics can be identified: the firsts are the harmonics of the 
rotor and the seconds are due to the High Speed Shaft (HSS) 
fundamental frequency at 20 Hz (since the shaft is rotating at 
1200 rpm) modulated by the rotor frequency.  

Flapwise vibrations are less affected by the rotor and shaft 
harmonics at higher frequencies. 

The acceleration signals that come from the same point on 
different blades are not identical. It can be due to an imprecise 
mounting in terms of sensors position and orientation or to 
different dynamic characteristic of the blades. Since MBC 
transformation requires the isotropy of the system, the slight 
difference must be taken into account in the results analysis. 

Since no transformation has been performed, only the 1st 
and 2nd flapwise symmetric modes can be identified, as listed 
in Table 2. In order to identify the other modes, a MBC 
transformation can be performed. It helps also filtering out all 
the peaks related to harmonics that are not multiples of 3*Ω. 
The average rotating frequency over the 20 minutes 
measurement is 0.929 Hz (55.74 rpm) with a standard 
deviation of 0.004 Hz. 

4.3 MBC application 

This section describes a preliminary analysis of the measured 
data. Four acceleration signals were selected in order to 
perform the analysis, see Table 3. 

The next step is to apply the MBC transformation to the 
data according to Eq. (1). The instantaneous rotor azimuth 
angle is obtained as explained in Section 3.2.  
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Figure 7.Power Spectral Density (PSD) for the points at the 

tip of the three blades after MBC transformation in the 
flapwise direction. 
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Figure 8. Power Spectral Density (PSD) for the points at the 

tip of the three blades after MBC transformation in the 
edgewise direction. 

 

Table 3. Acceleration signals selected for the analysis. 

Name Description 
8_x 8m from the root, flapwise direction 
8_y 8m from the root, edgewise direction 
2_x 2m from the root, flapwise direction 
2_y 2m from the root, edgewise direction 

 
The spectra of the multiblade coordinates {q0,i , qc,i , qs,i }T 

are shown in Figure 7 for the flapwise direction and in Figure 
8 for the edgewise one.  

It can be observed that the peak at 3Ω (3rd harmonic, the so-
called blade passing frequency) has increased in agreement 
with the fact that MBC filters out all the harmonics except the 
ones that are integer multiples of 3Ω. The anti-symmetric 
coordinates (indicated as ac and as) follow each other with a 
very good approximation, while the symmetric component 
(named a0) has a different behavior. We can state that MBC 
transformation separates the collective blade components 
from the anti-symmetric ones.  

It is also important to note that the peaks seen on the MBC 
coordinates can also be outlined in the nacelle acceleration 
spectra as can be seen in Figure 9. It is possible to identify 
many of the rotor modes only using tower and nacelle data.  
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Figure 9. Power Spectral Density (PSD) for the points at the 

nacelle in the longitudinal and lateral directions. 
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5 CONCLUSIONS 
The structural dynamics of a three-bladed wind turbine is 
quite complex. Blades cannot be considered as separate 
dynamic components of the turbine, but the complete wind 
turbine has to be studied. In fact, blade vibrations are strongly 
affected by the dynamics of nacelle and tower.  

The paper presents the application of Operational Modal 
Analysis (OMA) to an operating wind turbine. The technique 
can be straightforward applied only if the turbine is in parked 
conditions with the brake engaged. If the blades are rotating, 
several steps are needed for converting the Linear Time 
Periodic (LTP) system into a Linear Time Invariant (LTI) one 
in order to apply the classical OMA.  

Previous works have shown the applicability of Multi-Blade 
Coordinate (MBC) transformation to simulated data. In this 
paper, the same procedure has been applied to measured data. 

A Micon 65/13M wind turbine has been instrumented with 
several types of sensors. In a preliminary analysis, only the 
readings of the accelerometers located on the three blades and 
on the nacelle have been considered. In the future also strain 
gauges signals will be taken into account. 

The MBC technique has several limitations due to the fact 
that the harmonics (3Ω, 6Ω, etc) are dominating the response 
making difficult the modal parameter estimation. 

Furthermore, the readings of the accelerometers located in 
the same positions on different blades are not identical; this is 
an obstacle for the application of MBC that requires the rotor 
isotropy as well as the sensors isotropy. These assumptions 
are never completely fulfilled. This is the reason why in the 
future it will be interesting to analyze in depth the application 
of Lyapunov-Floquet analysis approach since it does not set 
any isotropy limitation. 
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ABSTRACT: The Infante D. Henrique Bridge is a concrete arch bridge with a span of 280m that crosses the Douro River at the 
city of Porto. The very delicate construction procedure required the installation of a static monitoring system that has been in 
operation since that phase. In September 2007, it was also implemented a dynamic monitoring system with the aim of 
investigating the feasibility of vibration based damage detection in the long term, by developing and implementing robust and 
objective operational modal analysis tools for continuous monitoring. This effort was preliminary described at Eurodyn 2008 
[1]. This paper, after a description of the bridge and of the monitoring project, presents an overview of the state of the art tools 
that were created to perform the automatic identification of modal parameters, followed by a short description of the statistical 
models developed to study the effects on the continuously tracked bridge modal parameters of environmental and operational 
factors, such as temperature and traffic. At last, using the database collected during the last five years, the fluctuations of the 
bridge dynamic parameters is interpreted, highlighting the long term evolution of the natural frequencies, and it is shown that it 
is possible to minimize the effects of environmental and operational factors on the bridge modal parameters and then evaluate an 
index that is able to automatically detect eventual structural anomalies. 

KEY WORDS: Dynamic Monitoring; Automated Operational Modal Analysis; Structural Health Monitoring. 

1 INTRODUCTION 
The concern with the ageing and structural degradation of a 
large number of civil infrastructures of developed countries 
together with the need to validate the behaviour of new 
structures with a high level of complexity being constructed in 
emerging economies have contributed to significantly increase 
the interest of designers, constructers and owners of important 
structures on vibration-based health monitoring programs. 
Moreover, recent technological advances have contributed to 
make the installation and operation of permanent monitoring 
systems more economical and permit a very efficient 
transmission and processing of large amounts of data. 

However, the need for the development and validation of 
processing strategies to efficiently extract useful information 
from data collected by Dynamic Monitoring Systems is 
evidenced by the huge difference between the number of 
bridges with Monitoring Systems and the number of 
publications showing a clear and useful interpretation of the 
results provided by those systems. 

Consequently, with the main goal of demonstrating the 
potential of structural health monitoring systems based on 
dynamic measurements and on the latest developments in 
Operational Modal Analysis, a monitoring project of a long 
span concrete arch bridge was initiated by the Laboratory of 
Vibrations and Monitoring (ViBest) of FEUP in September 
2007. This project comprehended five main phases: (i) 
numerical modelling and ambient vibration test to characterize 
the dynamic behaviour of the bridge and better design the 
monitoring system, (ii) installation of the monitoring 
equipment, (iii) development of software to retrieve the 
continuously generated data series from the bridge to FEUP 
and perform the on-line automatic identification of the bridge 

modal parameters, (iv) study of the modal parameters 
variations to build numerical models suitable to eliminate the 
effect of environmental and operational variables, and finally, 
(v) evaluation of the capability of the  installed monitoring 
system to detect realistic damages. 

After five years of continuous operation of the monitoring 
system, this paper follows the one presented in Eurodyn 2008 
[1] to make a synthesis of the main features of the monitoring 
program and describe the most relevant results obtained 
during this long monitoring period. 

2 DESCRIPTION OF THE BRIDGE AND 
MONITORING SYSTEM 

The Infante D. Henrique Bridge, over the Douro River, was 
open to traffic in 2004 to link the cities of Porto and Gaia, 
located at the north of Portugal. The bridge is composed of a 
rigid prestressed concrete box girder, 4.50m deep, supported 
by a shallow and thin reinforced concrete arch, 1.50m thick 
(Figure 1). The arch spans 280m between abutments and rises 
25m until the crown. In the 70m central segment, arch and 
deck join to define a box girder 6m deep. The arch has 
constant thickness and its width increases linearly from 10m 
in the central span up to 20m at the springs [2].  

Before the installation of the dynamic monitoring system, 
the most relevant dynamic parameters of the bridge were 
estimated with an ambient vibration test, which involved the 
instrumentation of 16 sections of the bridge deck, including 
measurements on both the upstream and downstream edges. 
The most relevant identified natural frequencies and mode 
shapes are presented in Figure 2. These were very important 
for the definition of the dynamic monitoring system 
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architecture and for the tuning of a finite element model of the 
bridge [3].  

 

 
Figure 1. Infante D. Henrique Bridge. 
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Figure 2. Natural frequencies and mode shapes identified with 
the ambient vibration test (* the numerical model showed that this is an 

arch mode with residual components in the deck, since only points on the 
deck were instrumented the deflected shapes of the arch are not accurate). 

 
Figure 3. Dynamic Monitoring system: distribution of the 

accelerometers and temperature sensors. 

The installed dynamic monitoring system is essentially 
composed by two digitizers that receive the signals collected 
by 12 force balance accelerometers, which are installed inside 
the deck box girder and distributed along the bridge according 
to the scheme presented in Figure 3. In order to obtain a good 
characterization of the lateral bending, vertical bending and 
torsion modes, three sensors equip each section: one to 
measure the lateral acceleration and two for the vertical 
acceleration at the downstream and upstream sides.  

The data produced by the two digitizers is continuously 
transferred to FEUP in the form of ASCII files with as many 
columns as the number of sensors, containing acceleration 
time series with a length of 30 minutes sampled at a rate of 
50Hz. 

This dynamic monitoring system is complemented by an 
independent static monitoring system (performing six 
acquisitions per hour) that was installed in the bridge during 
its construction, comprising strain gages, clinometers and 
temperature sensors. In particular, the temperature sensors 
embedded in the box girder slabs (see Figure 3) were crucial 
for the present study. 

3 MONITORING SOFTWARE 

3.1 Vibration based Structural Health Monitoring 

A Structural Health Monitoring (SHM) system for a civil 
infrastructure is the combination of equipment adequate to 
permanently characterize its actions and responses (or just the 
responses) with processing tools that transform the acquired 
data into relevant information, which should permit to assess 
the structural performance of the instrumented elements. In 
this context, it is very important to develop systems based on 
the permanent acquisition of data and on its online automatic 
processing to provide valuable information to operators and 
owners of relevant infrastructures. 

This paper is focused on the use of the operational modal 
analysis algorithms to process acceleration time series 
collected by permanent dynamic monitoring systems, so that 
the recorded data is transformed into information from which 
the structural performance of the instrumented system can be 
inferred. 

There exist several alternatives for the features to be 
extracted from dynamic measurements. However, in the case 
of civil structures monitored under normal operation, only the 
features that can be extracted from the responses of the 
dynamic system to ambient excitation are adequate. 
Operational modal analysis techniques permit the 
identification of the structure modal parameters under 
operational conditions and therefore, the estimated natural 
frequencies, mode shapes and modal damping ratios can be 
adopted as “fitness for purpose” or damage indicators. 

The present work is focused on the analysis of the time 
evolution of modal parameters with the goal of detecting 
anomalous variations that might be caused by the occurrence 
of damage. As damage is normally associated with a stiffness 
reduction, this necessarily implies abnormal reductions of the 
natural frequencies and therefore this is the modal parameter 
more commonly used for damage detection. Accurately 
identified mode shapes can be adopted for the localization of 
damage only if a quite dense measuring grid is created. The 
modal damping ratios might be also sensitive to damage but 
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the higher uncertainty usually associated with their estimates 
makes more difficult the identification of small variations. 
Besides the detection/localization of damage, modal 
parameters estimated during normal operation can be also 
used to better understand some phenomena such as the 
influence of the wind characteristics on natural frequencies 
and modal damping ratios or the dependency of modal 
damping ratios with vibration levels. 

The characterization of the time evolution of modal 
parameters is only possible with algorithms capable of 
automatically estimate these parameters from acceleration 
time series continuously acquired by permanent dynamic 
monitoring systems. Then, as the identification of very small 
structural changes is aimed to permit the detection of damage 
in an early phase of development, the effects of for instance 
the temperature or the traffic intensity over a bridge on the 
estimated natural frequencies have to be minimized. 
Therefore, monitoring software based on operational modal 
analysis has to include three components (see Figure 4): (i) 
automatic identification of modal parameters, (ii) elimination 
of environmental and operational effects on modal 
parameters, (iii) calculation of a suitable index to flag relevant 
frequency shifts. These tools are briefly described in sections 
3.3 and 3.4 and their application to the Infante D. Henrique 
Bridge will be illustrated in section 4. The integration of the 
three steps in a monitoring software is detailed in the next 
section. 
    

 

Figure 4. Main processing steps of a vibration-based health 
monitoring system. 

 

3.2 Dynamic Monitoring with DynaMo 

DynaMo is a software for dynamic monitoring developed at 
ViBest in the context of a PhD thesis [4] that it is now being 
used in the context of several consultancy services. 

This software was programmed in MatLab, in order to take 
profit from previously developed identification algorithms and 
from the tools included in the MatLab programming 

environment. Then, with the goal of making it flexible, it was 
compiled to become a standalone application that can be 
deployed in any computer with any operating system without 
the need to pre-install Matlab. 

The raw data can either be processed at the instrumented 
structure by the same computer that is responsible for the data 
acquisition or it can be transferred to another computer placed 
in a different location. In any case, the data has to be 
processed right after being acquired or transferred, so that 
timely alerts can be provided to the infrastructure owner or 
operator. The quality of nowadays internet services makes 
feasible the second option, which permits to adopt at the 
remote site a simpler and more robust computer, and therefore 
less prone to problems. 

The software package, adequate to be adopted in both 
system architectures, is essentially composed by three 
components: the main processing routines (DynaMo), a 
graphical user interface (DynaMo Viewer) and a watchdog 
software. This last component is very important to guarantee 
that the monitoring software is always ‘alive’. Since, its 
function is to keep the DynaMo running it was called Wheel. 

The DynaMo software is continuously running in a 
computer that can be placed in any location with an internet 
connection. At the instrumented structure the monitoring 
equipment should create data files with a predefined rate (for 
instance each 30 minutes). After the creation of each new data 
file at the remote site, DynaMo executes the following tasks: 

- download of the most recent data file; 
- archive of the original data in a database; 
- pre-processing of data to eliminate the offset and, if 

necessary, apply filters and reduce the sampling 
frequency; 

- characterization of the signal amplitude by its maxima 
and root mean square values;  

- processing of data for automatic identification of modal 
parameters; 

- post-processing of the identified natural frequencies to 
minimize the effects of the environmental and 
operational factors. 

- construction of control charts for the identification of 
abnormal values; 

- creation of a database with all the results. 
The pre-processing tools include several alternative filters 

(low-pass, high-pass or band-pass) to select the frequency 
range of interest for the subsequent analysis. This can be 
followed by a re-sampling in order to reduce the number of 
points of the time series and so make the subsequent 
processing more efficient. After this, the maxima and the root 
mean square values (RMS) of all the collected time series are 
characterized. This permits the continuous verification of 
serviceability limit states, especially relevant for instance in 
footbridges. In section 4, it will be shown that the signal 
amplitude is also important to explain fluctuations of modal 
parameters. 

The automatic identification of modal parameters is the 
most important task of the DynaMo software, this is further 
detailed in section 3.3. The identified modal parameters can 
then be post-processed by routines that minimize the effects of 
the environmental and operational factors and flag relevant 
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frequency shifts, using the tools briefly described in section 
3.4.  

At the end of the processing, all the important results are 
stored in a database. 

In order to facilitate the access to this database, several 
routines were implemented to create various types of graphics. 
Later, these were integrated in a Graphic User Interface 
(GUI), named DynaMo Viewer. These were also programmed 
in MatLab and then compiled to become a windows 
standalone application. This interface is essentially composed 
by a table in the form of a calendar that displays all the 
available setups. After the selection of a time period, which 
can vary from one day to several months, it is possible to have 
access to a list of setups collected during that period and 
obtain plots with the time evolution of several parameters, 
such as the modal parameters estimated with the selected 
identification algorithm. 

Additionally, all the databases with results produced by the 
DynaMo software are being integrated in a ViBest database 
accessible through a webpage.   

3.3 Algorithms for automated operational modal analysis 

Three different state-of-the-art algorithms were implemented 
to perform the online automatic identification of the modal 
parameters. 

The first to be implemented was the Frequency Domain 
Decomposition (FDD), presented in EuroDyn 2008 [1]. This 
was then complemented by two parametric algorithms: the 
Covariance driven Stochastic Subspace Identification (SSI-
COV) and the poly-Least Squares Complex Frequency 
Domain (p-LSCF). 

The automation of these more powerful algorithms implied 
the developed of a new tool for the analysis of the 
stabilization diagrams produced by parametric algorithms 
based on the fitting of mathematical models with several 
orders. This is grounded on clustering techniques and is fully 
detailed in reference [5]. Considerable better results could be 
obtained with these parametric methods, since the accuracy of 
the identified natural frequencies is not limited by the 
frequency resolution. As is demonstrated in Figure 5, the 
results provided by the SSI-COV method revealed daily 
variations that were hidden by the frequency resolution. 
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Figure 5. Time evolution of two natural frequencies estimated 

with the FDD (top) and with the SSI-COV (bottom) during 
October 2007. 

    All the algorithms present some parameters that have to be 
tuned for each new application. Therefore, the software 
contains routines to perform some preliminary offline 
processing with several intermediate results that facilitate the 
adjustment of the parameters of the algorithms for automatic 
identification. The identification of modal parameters is 
followed by a procedure that links the new set of modes with 
the ones identified in previous setups, also explained in [5]. 

3.4 Algorithms for the post processing of the natural 
frequencies time evolution 

Several statistical tools can be used to minimize the effects of 
the environmental and operational factors, such as the 
temperature and the traffic, in the estimated modal 
parameters. 

The simplest method available is the Multiple Linear 
Regression. This is a statistical technique that can be used to 
analyse the relation between a single dependent variable and 
several independent (predictor) variables. The established 
relation (model) can be useful, in an initial phase, to 
understand the influence of each predictor on the dependent 
variable and then, to predict future values of the response 
when only the predictors are known. In the context of 
Structural Health Monitoring, the dependent variables are the 
estimated natural frequencies and the predictors are factors 
that can be measured and that may influence the natural 
frequencies. A first set of data is used to obtain the model and 
afterwards, the model can be used to minimize the effect of 
the predictors on each new natural frequency estimated from 
the collected acceleration time series. 

 After obtaining features that are insensitive to operational 
and environmental factors, through the use of for instance 
regression models, a procedure has to be used to monitor the 
values of those features in order to detect abnormal 
occurrences. Control charts are statistical tools that can be 
used for that purpose. A control chart typically consists of 
data plotted in time order and horizontal lines, designated 
control limits, which indicate the amount of variation due to 
common causes. Therefore, an observation outside the control 
region is considered to be an out-of-control observation, or in 
other words, an observation suggesting a special cause of 
variation. In the context of structural health monitoring, this 
cause of variation may be associated with the occurrence of 
damage. In the presence of a process characterized by more 
than one feature, multivariate control charts should be applied. 
The most commonly used is the Shewhart or T2 [6]. 

4 MONITORING RESULTS 
The Dynamic Monitoring system of the Infante D. Henrique 
Bridge started its operation in the 13th of September of 2007. 
In the present work, a period of five years, from 13/09/2007 to 
12/09/2012, is analysed. During this period a total of 86 787 
datasets were processed with the routines presented in 
sections 3.3 and 3.4, which include the automatic 
identification of the bridge modal parameters using three 
different methods. Taking into account the deficiencies of the 
FDD method and the similarities between the results provided 
by the two applied parametric algorithms, in the following 
sections only the estimates delivered by the p-LSCF method 
are described. This method permitted the identification of the 
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bridge first 12 modes with success rates higher than 99%, 
which means that all the modes were identified, and were well 
characterized in terms of natural frequency, mode shape and 
modal damping, in more than 99% of the processed setups. 

4.1 Analysis of the modal parameters evolution 

Long Term Variations 

Firstly, the long term variations of the natural frequencies 
during the 5 years are reported. The time evolution of the 
daily average of the bridge first 12 natural frequencies is 
depicted in Figure 6. This already demonstrates the good 
operation of the system during the all period and the stability 
of the estimates. Figure 7 presents a zoom of the previous plot 
around the first natural frequency. This analysed together with 
Figure 8 shows annual fluctuations, with higher estimates 
during the colder periods and lower estimates during the 
summer, superimposed with a consistent increase of the 
annual average frequency.  

As demonstrated in Figure 9, this consistent increase of the 
annual average frequency is observed in the majority of the 
frequencies. Besides the first vertical bending frequency (V1), 
all the remaining 11 natural frequencies present a consistent 
increase during the 5 years with variations between 0.1 and 
0.4%. At this point it should be emphasized the accuracy of 
the adopted processing tools to characterize such small 
variations, which provides good perspectives for the ability of 
these techniques to detect structural anomalies.   

The independent analysis of each mode type (vertical 
bending, lateral bending and torsion) shows that the modes of 
the same type present a proportional variation (except modes 
V1 and V2). The comparison between the frequencies 
evolution and the annual average temperature evolution also 
shows, as expected in light of the already described 
dependency with the temperature, that when there is a 
decrease in the average temperature the increase in the 
average natural frequencies is higher. 

This increase of the frequencies certainly motivated by an 
increase of stiffness is probably explained by the concrete 
hardening, which was for sure more pronounced immediately 
after the construction (ended in 2002), but it is still observable 
after 5 to 10 years. It should be noted that the reported 
variations can be justified by variations of the elasticity 
modulus of about 0.1-0.2% (approx. 0.05GPa).   

The first vertical bending mode presents important 
longitudinal movements, making its frequency very dependent 
on the bearings properties, which certainly justifies its 
different behaviour.  Still, the inverse proportionally with the 
temperature is clearly observed. 
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Figure 6. Time evolution of the bridge first 12 natural 

frequencies from 13/09/2007 to 12/09/2012. 
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Figure 7. Time evolution of the bridge first natural frequency 
(lateral bending mode – L1) from 13/09/2007 to 12/09/2012. 
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Figure 8. Time evolution of the temperatures measure at 

section T4 from 13/09/2007 to 12/09/2012. Top slab – solid 
black line, bottom slab – dashed blue line. 
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Figure 9. Relative variation of the annual average of the 
bridge natural frequencies and temperature at T4 during 5 

years (from 13/09/2007 to 12/09/2012). 
 

Variations during one year 

Figure 10 shows the variation of the first natural frequency 
daily average during the second year of the monitoring period, 
whereas Figure 11 represent the corresponding variation of 
the temperatures measured at sections T1 to T4 (see Figure 3). 
During this year, the already referred annual fluctuations of 
the natural frequency reached their minimum in June and their 
maximum in January, during a day in which snowed, a quite 
rare event in Porto. 
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Figure 10. Variation of the first natural frequency daily 

averages during one year: from 13/09/2008 to 12/09/2009 
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Figure 11. Variation of the temperature daily averages during 
one year: from 13/09/2008 to 12/09/2009. Solid line – sensors 

at the top slab; dashed line – sensors at the bottom slab. 
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The clearly observed inverse proportionality between the 
estimates of the first natural frequency and the temperature 
records is also evident for the remaining 11 bridge modes 
under study. Figure 12 quantifies in percentage the interval of 
variation of each natural frequency during the year under 
analysis (for the remaining years the numbers are similar). 
The first vertical bending mode is more sensitive to the 
temperature, presenting annual variations of about 2.6%, the 
other modes present fluctuations between 1 and 2 %. 
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Figure 12. (Interval of variation)/(annual mean frequency) of 

the first 12 natural frequencies during one year: from 
13/09/2008 to 12/09/2009. 

 
Daily Variations 

The daily variations of the bridge modal parameters are 
influenced not only by the daily temperature variations but 
also by the traffic that crosses the bridge. This bridge is one of 
the main entrances to the Porto city centre and therefore it 
presents dense traffic during the working days. Furthermore, 
the existence of traffic lights at the bridge end in the side of 
Porto motivates important traffic jams over the bridge in the 
begging of the morning from 7:00 to 10:00 (see Figure 13). 
 

   

Figure 13. Traffic over the bridge at 9:00 and at 17:30 of 
07/01/2010. 

 
Figure 14 shows, during one week, the correlation between 

the first vertical bending mode frequency and the vibration 
amplitude, quantified by the root mean square of the vertical 
acceleration measured at section S3 (see Figure 3) and 
represented in inverted scale. This mode is the one from the 
twelve analysed modes that is more sensitive to vibration 
amplitude. This behaviour may be justified by the relevant 
longitudinal component of this mode that mobilizes friction 
forces at the abutments bearings. For low vibration amplitudes 
the bearings behave as a fix connection, whereas for large 
amplitudes the friction forces are overcome and as a 
consequence the natural frequency decreases.   

In order to better understand the effect of the traffic over the 
bridge on its modal parameters, an average daily evolution of 
the natural frequencies and modal damping ratios was 
evaluated. This was obtained averaging the modal parameters 
of all the working days of November 2007 associated with the 
same day period. Figure 15 shows the results for the natural 
frequency of the first mode and for the modal damping ratios 
of all the analysed modes. It is observed that all the modal 
damping ratios show a peak in the period from 7:00 to 10:00 

(morning rush hour) and a less pronounced increase in the 
period from 6:00 to 20:00 (period with higher RMS values), 
both effects being enhanced in the second mode. This 
damping increase is certainly motivated by the dampers of the 
vehicles stopped at the bridge deck. The effects on the natural 
frequencies are less prominent, but still observable due the 
high accuracy achieved in the modal identification. In the case 
of the natural frequency of the first mode (lateral mode), at the 
morning rush hour it is observed a sudden decrease of 
approximately 0.003 Hz, which can only be explained by the 
extra mass of the cars over the bridge. The same phenomenon 
is also observable on modes 3 to 7. Due to the joint influence 
of temperature and vibration amplitude, the remaining daily 
variations have to be interpreted with some caution, as both 
vibration amplitude and temperature decrease from daylight to 
night. 
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Figure 14. Second natural frequency vs vertical vibration 

amplitude at section S3 during one week (from 03/03/2008 to 
09/03/2008). 
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Figure 15. Average day evolution of the modal damping ratios 
(second mode in green) and of the natural frequency of the 

first mode during the working days of November 2007.  
 

4.2 Minimization of the environmental and operational 
effects 

The relation between the bridge modal parameters and the 
environmental and operational factors, essentially represented 
by the temperature and traffic intensity, qualitatively analysed 
in the previous paragraphs, can be quantified with the 
calculation of correlation coefficients. This is performed in 
reference [6] and is a very important step for the 
establishment of models that can minimize the effect of the 
environmental and operational factor on the natural 
frequencies.   

In a first stage [6], the fluctuations of the natural 
frequencies were explained with multiple linear regression 
models using an increasing number of predictors. A set of 
results is illustrated in Figure 16 for the bridge 3rd mode: 
models SM1 includes only temperature measurements, model 
SM2 includes temperature measurements and the RMS of 
selected acceleration time series in order to take into account 
the traffic intensity and finally, model SM3 adopts the 

Porto 
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previous predictors plus the modal damping estimates for the 
second mode, in order to indirectly take into account the 
existence of traffic jams. It is demonstrated that the last model 
can provide very good predictions for the estimated natural 
frequency.   
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Figure 16. Comparison between predicted and estimated 
natural frequencies of mode 3 (2nd vertical bending mode) 

using the regression models SM1, SM2 and SM3. 
 
However, in long term analysis this model fails due to the 

observed slow increase of the natural frequencies annual 
mean. Therefore, in this work it is tested an alternative 
approach that is based on the establishment of multiple linear 
regression models that, for each natural frequency, use as 
predictors the remaining natural frequencies associated with 
mode shapes of the same type (vertical bending, lateral 
bending and torsion). Since, these models are used for long 
term analysis, instead of adopting a time resolution of 30 
minutes, as in Figure 16, the analysis is performed over daily 
averages. The results are illustrated in the following 
paragraphs using just the vertical bending modes. 

The first three years of the monitoring period are used to 
establish the model (reference period), whereas the last two 
are used to check the quality of the predictions. Figure 17 
illustrates the results for the 3rd vertical bending mode during 
two years: the last year of the reference period and the 
following one. It can be observed that the predictions are 
almost coincident with the estimated values. The results for 
modes V4, V5, V6 and V7 present similar quality, while 
modes V1 and V2 present slightly worse results due to their 
peculiar long term behaviour (see Figure 9).  

After their tuning the regression models can be used to 
minimize the natural frequency fluctuations associated with 
the normal behaviour of the bridge, motivated by the 
temperature, traffic and long term behaviour of the materials. 
Figure 18 demonstrates that, using the regression models just 
based on the estimated frequencies, very stable values can be 
obtained. 
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Figure 17. Comparison between predicted and estimated 

natural frequencies of 3rd vertical bending mode using the 
regression model just based on the frequencies. 

This approach provides good results because the factors 
associated with the normal operation of the bridge that 
influence its natural frequencies have a similar effect on the 
frequencies associated with the same mode type. However, 
that appearance of a structural anomaly, depending on its 
location, will impact in a different way the frequencies under 
analysis and therefore, differences between the estimated and 
predicated values should be observed. This aspect is proven in 
the next section using simulated damages.    
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Figure 18. Comparison between estimated and corrected 
natural frequencies of 4th vertical bending mode using a 

regression model just based on the frequencies. 
 

4.3 Structural anomalies detection 

The accurate numerical modelling of damage scenarios 
requires the development of very complex non-linear models 
and the adoption of a large number of assumptions. As these 
models would provide only approximate results and also 
because the construction of very sophisticated numerical 
models is beyond the scope of this work, a simpler approach 
was followed. The likely consequences of extreme events or 
of structural ageing are modelled in a simplified manner by 
reductions of inertia at small segments of selected bridge 
components. 

These damages were simulated using a numerical model 
tuned with the results provided by the ambient vibration test 
(presented in Figure 2). Figure 19 shows the location and the 
extent of the four studied damage scenarios. All damages 
were simulated by a reduction in the vertical bending inertia 
of 10% over the length marked in the figure: D1 – 8.75m; D2 
– 10.0m; D3 – 3.0m and D4 – 5.0m. These are quite small 
damages that do not compromise the safety of the bridge. 
They should be regarded as the consequences of the beginning 
of a deterioration process or as the result of some extreme 
action.  

 

 
Figure 19. Location and extent of the simulated damage 

scenarios. 
 

The impact of the damages on the natural frequencies of the 
vertical bending modes under observation are quantified in 
Figure 20. The natural frequencies variations are one order of 
magnitude lower than the ones motivated by the temperature 
(see Figure 12) and of the order of magnitude of the long term 
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variations (see Figure 9). As a consequence, damages of this 
magnitude are only detectable if good algorithms to remove 
the effects of the factors associated with the normal operation 
of the bridge are applied.   
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Figure 20. Percentage of variation of the natural frequencies 
of the vertical bending modes (V1 to V7) due to the simulated 

damage scenarios (D1 to D4).  
 
The differences between the reference numerical 

frequencies and the average values identified by the 
monitoring system are much higher than the variations 
introduced by the simulated damage scenarios. Therefore, the 
introduction of the damage in the experimental values has to 
be based on the relative differences of the natural frequencies 
(Δ freq.). In the present application, it was assumed that each 
damage scenario occurred on the 13th of September of 2011, 
and consequently, for the test of the damage detection 
procedures, the natural frequencies automatically identified 
after this date were multiplied by the coefficient 1+(Δ 
freq.)/100, where Δ freq. assumes the values presented in 
Figure 20.  

For each damage scenario, the altered time series with the 
natural frequencies were processed by the previously 
described regression models just based on the frequency 
estimates and the outputs were then used to construct control 
charts. Since the results for modes V1 and V2 are less good 
the control charts were constructed using only modes V3, V4, 
V5, V6 and V7. 

The results presented in Figure 21 show that after the 
introduction of each damage the number of points over the 
control line presents a notorious increase, being damage D3 
the one that is more difficult to detect. It is important to refer 
that a correct diagnostic about the appearance of damage is 
only possible after the observation of a considerable number 
of points above the control line.  
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Figure 21. Control Charts associated with the four considered 
damage scenarios. 

5 CONCLUSIONS 
The monitoring program of the Infante D. Henrique Bridge in 
operation during more than 5 years has permitted to create a 
very complete high quality database.  

In a first stage, the time series with the evolution of the 
natural frequencies during 5 years were used to study the 
influence of environmental and operational variables on the 
modal parameters and to quantify a long term increase of the 
natural frequencies. Then, it was demonstrated that regression 
models just based on the estimated natural frequencies are 
able to deliver time series with the evolution of the natural 
frequencies that are immune not only to the operational and 
environmental factors, but also to a hypothetical slow increase 
of the material stiffness. Finally, it was demonstrated that the 
construction of control charts with the outputs of the 
regression analysis permits the detection of very small 
frequency shifts due to numerically simulated damage 
scenarios.  

At the end, it is important to refer that the capability of a 
monitoring system to detect an abnormal behaviour depends 
on the amount of data collected before the occurrence of the 
extraordinary event, as a larger history of data permits to 
characterize the “normal” behaviour with higher accuracy. 
Furthermore, the time needed to detect the damage is 
inversely proportional to the damage extent. Damages with an 
important impact on the natural frequencies can be detected in 
the first dataset collected after its occurrence, whereas 
damages with the magnitude of the ones simulated in this 
work are only successfully detected after some days. This is 
not an important limitation of this technique, as it is not 
crucial to rapidly detect damages with small impact on the 
structural behaviour of the monitored infrastructure. The 
identification some days after the occurrence is adequate for 
the planning of maintenance or retrofitting operations. 
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ABSTRACT: This study is intended to investigate a way of considering temperature and vehicle weight as environmental 
factors for long-term bridge health monitoring by means of the Bayesian regression. Long-term monitoring data observed at a 
seven-span plate-Gerber bridge were examined. Coefficients of the autoregressive model of accelerations taken from the bridge 
are used as a damage-sensitive feature for health monitoring of the bridge. Observations showed that the Bayesian regression 
considering both temperature and vehicle weight led to more accurate results than those considering only temperature. Validity 
of using the data observed at a specified time to reduce the influence of traffic can be confirmed. 
 
KEY WORDS: Bayesian regression; bridge health monitoring; environmental factor; long-term monitoring. 
 
1 INTRODUCTION 
Maintaining and improving civil infrastructure including 
bridge structures are keen technical issues in many countries. 
Developing an effective maintenance strategy relies on timely 
decision on the health condition of the structure. Structural 
health monitoring (SHM) using vibration data has been 
recognized as one of promising technologies for timely 
decision on bridge health condition. Most precedent studies on 
SHM specifically examine changes in modal properties and 
quantities of structures. The fundamental concept of this 
technology is that modal parameters are functions of a 
structure’s physical properties. Therefore, a change in 
physical properties, such as reduced stiffness resulting from 
damage, will detectably change these modal properties [1-3]. 

Many techniques to identify the hidden information of 
structural integrity in the vibration data have been proposed to 
diagnose bridge structures, and have been successfully applied 
in controlled environments such as laboratories. In fact, 
however, real bridge structures are subject to changing 
environmental and operational conditions that affect 
information of structural integrities in a long in-service period. 
The signals affected by those effects lurk in the measured 
vibration data and disguise themselves as structural responses 
[1, 4-6]. Therefore, one of the crucial issues in long-term 
bridge health monitoring (BHM) based on vibration 
measurements is how to consider those environmental and 
operational effects. 

Kim et al. [7] investigated a way of long-term health 
monitoring of a short span bridge to consider temperature as 
an environmental factor by means of the Bayesian regression 
[8] which was apopted to examine long-term monitoring data 
effectively and statistically. The study utilized temperature 
and acceleration data measured during about one year at a 
seven-span plate-Gerber bridge, a short span bridge. The 
study adopted a damage indicator (DI) taken from coefficients 
of the autoregressive (AR) model as a damage-sensitive 
feature [9, 10]. Moreover, the study utilized the monitored 
data at a specified time to reduce influences from varying 

traffic load, since the bridge-weigh-in-motion (BWIM) system 
on the observed bridge suggested that dividing the monitoring 
data according to a specific time resulted in a weak correlation 
between DI and traffic.  

This study is intended to investigate a way for long-term 
BHM to consider temperature as an environmental factor and 
vehicle weight as an operational factor by means of the 
Bayesian regression. The DI is also adopted as a damage-
sensitive feature. This study considers two ways of decision-
making to support BHM using residuals, the differences 
between observed DIs and predicted DIs: first is based on the 
Bayesian hypothesis testing; second is based on how much the 
residuals fit within a 95% confidence interval of the residuals. 
This study applies the approaches to the long-term monitoring 
data of the seven-span plate-Gerber bridge. The influence of 
environmental factors is investigated by comparing three 
cases: case 1 to consider both temperature and vehicle weight 
as environment factors utilizing monitored data at a non-
specified time; case 2 to consider only temperature utilizing 
monitored data at a non-specified time; and case 3 to consider 
only temperature utilizing the moniotored data at a specified 
time.  

2 BRIDGE HEALTH MONITORING BY BAYESIAN 
REGRESSION 

2.1 Bayesian regression 
Regression models can be represented by Equation 1 [8]. 

( ) ( ) ( )xΦωxωx T
1

0

, ==∑
−

=

M

i
iiy φω   (1) 

where ωi stands for a model parameter and ϕi(x) is known as a 
basis function. Typically, 

( ) 10 =xφ            (2) 
M indicates the order of the model equation. ω and Φ(x) stand 
for vector of model parameters and basis matrix respectively. 
T indicates transpose of matrix.  

Considering varying temperature and traffic load  
in long-term bridge health monitoring by means of Bayesian regression 
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Assuming observations from a deterministic function with 
Gaussian noise ε, the trgaet function is written as Equation 3. 

( ) ε+= ωx,yt               (3) 
where x is an input vectors, and the corresponding target is 
denoted as t. Then ε .follows the normal distribution shown in 
Equation 4. 
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where β can be regarded as a hyper-parameter which controls 
the variance of ε. In other words, 
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Given observed inputs X={x1,…,xN} and targets t=[t1,…,tN]T, 
we obtain the likelihood function; 
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In the Bayesian approach, the uncertainty in ω can be 
characterized by a probability distribution p(ω). Observations  
modify the distribution p(ω) by virtue of Bayes' theorem with 
the effect of the data being mediated through the likelihood 
function. Specifically a prior distribution p(ω|α) which 
expresses the uncertainty in ω can be written as 
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where α can be regarded as a hyper-parameter which controls 
the distribution over parameters such as the mean value and 
variance of ω. The Bayes' theorem can be used to express the 
posterior distribution for ω as the product of the prior 
distribution and the likelihood function; 

( ) ( ) ( )βαβα ,,||,,,| XωtωXtω ppp ∝          (8) 

In a Bayesian treatment, predictions are made by 
integrating with respect to the posterior distribution of ω. A 
point estimate for ω can be predicted by using the posterior 
distribution, that is the value of ω is obtainable by 
maximizing the posterior distribution, or equivalently 
minimizing the negative logarithm of the distribution. Taking 
the negative log of the right hand side of Equation 8 and using 
Equation 6 and Equation 7, it is observed that maximizing the 
log of the posterior distribution is equivalent to minimizing 
Equation 9. 
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which represents a specific example of the regularized error 
function: the first term is proportional to the sum-of-squares 
error function; and the second term denotes a penalty term. 
However, there is a key distinction which is that a Bayesian 
treatment provides predictions by integrating over the 
distribution of model parameters ω, rather than by using a 
specific estimated value of ω. Specifically, if a new value of 
x* is given, then the predictive distribution for the 
corresponding target t* is obtained from the sum and product 
rules of probability by marginalizing over ω as 

∫= ωXtωωxxXt dptptp )ˆ,ˆ,,|()ˆ,,|()ˆ,ˆ,,|( **** βαββα (10) 

 
 

Figure 1. Flow of the Bayesian regression. 
 
 

In most applications, suitable values for the updated hyper-
parameters α̂  and β̂  will not be known in advance. 
Therefore a Bayesian treatment will introduce prior 
distributions over these hyper-parameters and then eliminate 
them by marginalization [8]. The flowchart of the Bayesian 
regression is shown in Figure 1. 

2.2 Bayesian hypothesis testing for structural health 
monitoring 

This section describes a Bayesian hypothesis testing 
especially for damage detection in SHM utilizing the 
Bayesian regression [11]. The Bayesian hypothesis testing is 
based on residuals r shown in Equation 11. 

yyr )−=         (11) 
where y and y)  stand for the system measurement and the 
model prediction respectively. In the context of SHM, it is 
conventional to assume that those residuals are normally 
distributed [12]; 
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where μ and σ2 represent the mean and variance of the 
residuals respectively.  
σ2 can be estimated using all available residuals before 
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damage detection, and the hypothesis testing is done only on μ. 
The null hypothesis and the alternate hypothesis are as 
follows; 

H0: No damage 0=μ   (13) 
H1: Damage 0≠μ   (14) 

Damage detection can be achieved through the use of Bayes 
factor, which is defined as the ratio of likelihood of the two 
scenarios: ‘damage’ and ‘no damage’ as follow; 

( )
( )0

1

H|
H|

Dp
DpB =              (15) 

where D refers to the data on the residuals obtained during 
health monitoring. Moreover, Jiang and Mahadevan derived 
the expression for the natural logarithm of Bayes factor shown 
in Equation 16 [12].  
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rrr
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where N denotes the number of the residuals. Note that Jiang 
and Mahadevan [12] defined the Bayes factor as the reciprocal 
of the expression in Equation 15 and hence calculate log(B) as 
the negative of the expression in Equation 16. If the Bayes 
factor is greater than 1, it implies that the data favor the 
hypothesis H1 and hence suggests that there is damage. If the 
Bayes factor is less than 1, then there is no damage. 
According to Jeffreys [13], a Bayes factor such that 1<B<3 is 
‘barely worth mentioning’, 3<B<10 is substantial, 10<B<30 is 
strong, 30<B<100 is very strong, and B>100 is decisive.  

The advantage in using this approach is that the Bayes 
factor easily facilitates the calculation of uncertainty in 
damage detection. The probability that there is damage is; 

( ) ( ) ( )
( ) ( ) ( ) ( )1100

11
1 H|H|HH|

HH||H
DpDppDp

pDpDp
+

=  (17) 

and the probability that there is no damage is; 
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( ) ( ) ( ) ( )1100

00
0 H|H|HH|
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pDpDp
+

=  (18) 

In Equations 17 and 18, p(H0) and p(H1) denote the prior 
probabilities of the hypothesis H0 and H1 being true. If each of 
these prior probabilities is assigned a value of 0.5, then 
Equation 17 and Equation 18 reduce to the following; 

( )
1

|H1 +
=

B
BDp   (19) 

( )
1

1|H0 +
=

B
Dp   (20) 

2.3 Applying Bayesian approach to bridge health 
monitoring 

In the Bayesian regression, DI (Details of DI are described in 
section 3) is used for t, and environmental or operational 
factors, e.g. temperature and traffic loads are used for x. If the 
physical meaning of the model equation (Equation 1) is not 
known, we adopt the simplest basis function shown in 
Equation 21. 

( ) ii x=xφ           (21) 
In the Bayesian hypothesis testing, r is defined as 

)mean(
pr

(mean)
ob DIDI −=r   (22) 

where (mean)
obDI  denotes the mean of the observed DI and 

(mean)
prDI  stands for the mean of the predicted DI from the 

Bayesian regression. 
This study only can utilize data from a healthy bridge. 

Therefore, in addition to the Bayesian hypothesis testing, we 
adopt a method to measure how much the residuals fit within 
a 95% confidence interval of the residuals to investigate the 
influence of environmental factors in BHM utilizing only data 
from a healthy bridge. The fitting percentage is considered as 
a parameter for fault detection of the bridge. The 95% 
confidence interval means that the interval contains 95% of 
the residuals of signals taken from the healthy bridge. 
Therefore, if the fitting percentage is much less than 95%, 
there might be some changes in bridge’s health condition. 

3 DAMAGE INDICATOR FROM AR COEFFIENTS 

3.1 Background 
Bridge health monitoring based on ambient vibration 
measurements has been focusing on the variation of modal 
parameters of bridge structures such as modal frequencies, 
modal damping and mode shapes. Considering BHM for short 
span bridges, the major source of bridge vibrations comes 
from interaction between traveling vehicles and the bridge, so 
called traffic-induced vibration of bridges. Therefore, the 
system parameter identified from the traffic-induced 
vibrations of short span bridges is the parameter of the bridge-
vehicle interactive system, rather than modal parameter of the 
bridge [3, 14]. 

Identifying the system parameter from vibration data by 
means of linear time-series models such as autoregressive 
(AR) model is a promising approach [15, 16]. Those system 
parameters of bridge structures, however, are sometimes 
insensitive to damage, or easily affected by noise. Another 
problem in identifying system frequency and damping 
constant estimated from the time series model is how to 
decide the optimal order of the time series model. Of course 
there are methods to determine the optimal order of a time 
series model, e.g. Akaike Information Criteria (AIC) [17]. 
However, the optimal time series model for vibration 
responses of bridge structures usually comprises a higher 
order term in which some AR coefficients are not associated 
with bridge’s dynamic system. Possibility of including AR 
coefficient, which is irrelevant to bridge’s dynamic 
characteristics, may increase by considering higher orders. As 
a result, the optimal model even causes spurious system 
frequencies and damping constants. The spurious system 
frequencies and damping constants identified using an optimal 
AR order make it difficult to choose proper parameters 
affected by structural damages.  

To overcome these shortcomings, this study adopts a 
damage indicator from the first three AR coefficients of an 
optimal AR model instead of system frequency and damping 
constant. Nair et al. [9] show that the first three AR 
coefficients are the most significant among all the coefficients 
of the AR model. Kim et al. [10] also examine that the DI, 
considering up to the third order of AR coefficients, is a 
promising parameter in BHM, since the DI is observed to be 
the most sensitive to damage through a bridge-moving vehicle 
laboratory experiment.  
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3.2 Derivation of damage indicator 
Linear dynamic systems can be idealized using the AR model 
shown in Equation 23 [3, 18]. 

( ) ( ) ( )keikyaky
p

i
i +−=∑

=1

           (23) 

where y(k) denotes output of a system, ai is the i-th order AR 
coefficient, and e(k) indicates an error term. The AR process 
with the model order of p shown in Equation 23 can be 
expressed in the z-transform domain as shown in Equation 24.  
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where H(z) is the transfer function of the system in the 
discrete-time complex domain, and z-i denotes a forward shift 
operator. The denominator of the transfer function is the 
characteristic equation of the dynamic system shown in 
Equation 25. 
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The frequency and damping constant of each mode can be 
estimated from the complex conjugate poles as; 

( )kkkkk hjhz −±= 1exp ωω   (26) 

Therein, hk indicates the damping constant; ωk is circular 
frequency of k-th mode of the system; and j represents the 
imaginary unit. 

The H(z) in Equation 24 is defined as AR polynomial of the 
model transfer function relating the input to output. The poles 
zk in Equation 25 are obtained by finding the roots of the AR 
coefficient polynomial in the denominator of H(z). Since the 
coefficient of H(z) are real, the roots must be real or complex 
conjugate pairs. The number of poles in z-plane equals to the 
AR model order. Therefore, the AR coefficient also changes 
due to damage. Thus the parameter from AR coefficients 
defined by Equation 27 is adopted as a damage indicator [9] 
[10].  

∑
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1

2

1DI        (27) 

where DI stands for the damage indicator, and also changes 
due to damages. 

The optimal AR model, which is obtainable by means of 
the AIC, is used in this study. AIC is given by Equation 28. 

( ) ( ) NMN M +++= 122logAIC 2σπ )  (28) 

where N indicates the number of data, M represents AR order, 
and 2

Mσ) mean square of Mth prediction error. The AIC consists 
of two terms; the first term is a log-likelihood function and the 
second term is a penalty function for the number of the AR 
order. 

4 LONG-TERM MONITORING ON REAL SHORT 
SPAN BRIDGE 

The seven-span plate-Gerber bridge shown in Figure 2 is the 
observed bridge, which is located on a busy national road in 
Japan. The bridge properties are summarized in Table 1.  

Details of the sensor deployment are summarized in Figure 
3. Therein, UA and DA stand for accelerometers to measure 
acceleration responses of steel girders on up and down lanes 
respectively. US and DS denote strain gauges used to measure 
strain signals of RC (reinforced concrete) deck slabs on the up 
and down lanes respectively. UG and DG denote those strain 
gauges to measure steel girders’ strain signals, which are used 
for identifying traffic in terms of bridge-weigh-in-motion 
(BWIM). The sampling rate is 200Hz for acceleration and 
strain measurements. Thermometers are denoted by T. 
Temperature is measured once every hour.  

This study examined data measured at 7:00, 13:00, and 
19:00 on every Wednesday and Sunday for about one year (6 
August 2008 to 21 June 2009); the number of measurements 
is 276. The reason for investigating data monitored at those 
times is to represent changes of vehicle characteristics in the 
data. Also, a noteworthy point is that all the data are taken 
from the healthy bridge. 

 

 
 

Figure 2. Observation bridge. 
 

 
 16.0 m 6.2 m

DA-1

UA-1

Down
Lane

UA-2

DA-2  
Figure 3. Elevation and plan views with sensor locations on 

the observation bridge. 
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Figure 4. Time windows for estimating DI 

 
Table 1. Properties of the observation bridge. 

Construction year 1960 
Bridge length (m) 187.0 

Span length (m) 
Hanging girder 16.0 
Anchorage girder 6.2+28.4+6.2 

Width (m) 8.0 
 
 

Table 2. Three cases to consider in this study 
Name Observed data Considered factors 

Case 1 Non-specified time 
(7:00, 13:00, and 19:00 on 
Wednesdays and Sundays) 

Temperature & 
vehicle weight 

Case 2 Temperature 

Case 3 Specified time 
(7:00 on Wednesdays) Temperature 

 

5 APPLICATIONS AND DISCUSSIONS 
This study considers three cases summarized in Table 2: case 
1 to consider both temperature and vehicle weight as 
environment factors utilizing the data monitored at 7:00, 
13:00, and 19:00 on Wednesdays and Sundays; case 2 to 
consider only temperature utilizing the data monitored at 7:00, 
13:00, and 19:00 on Wednesdays and Sundays; and case 3 to 
consider only temperature utilizing the data monitored at 7:00 
on Wednesdays to reduce traffic effects. This study considers 
such cases to investigate the influence of traffic loads by 
comparing case 1 to case 2 and case 2 to case 3. Herein, we 
adopted Equation 29 in case 1 and case 2, and Equation 30 in 
case 3, as the regression model equation, where ω1, ω2, and 
ω3 stand for model parameters, x1 denotes temperature, and x2 
denotes total weight of traffic. 

22110 xxy ωωω ++=   (29) 

110 xy ωω +=    (30) 

As described in Section 3, DI is identified from the 
acceleration data. This study identifies 100 DIs  from blocks 
of signals obtaining by means of moving time windows as 
shown in Figure 4. The DIs identified at the sensors of UA-1, 
UA-2, DA-1, and DA-2 monitored at 7:00, 13:00, and 19:00 
on Wednesdays and Sundays are shown in Figure 5, and those 
monitored just at 7:00 on Wednesdays are shown in Figure 6. 
Therein, DIob(M) stands for the mean of DIobs. In Figure 5 and 

Figure 6, variances of the DI at the sensors of UA-2 and DA-2 
are bigger than those at the sensors of UA-1 and DA-1 
respectively, since locations of the sensors of UA-2 and DA-2 
are near the expansion joint of the span and affected by 
impulsive wheel load of traffic. 

Vehicle weights are identified from the strain data by 
utilizing the BWIM system. The Bayesian regression of this 
study considered sum of weights of vehicles traveling on the 
bridge during the time block used in estimating the DI. The 
transitions of vehicle weight on the up and down lanes 
monitored at 7:00, 13:00, and 19:00 on Wednesdays and 
Sundays are shown in Figure 7, and those monitored at 7:00 
on Wednesdays are shown in Figure 8. Figure 7 and Figure 8 
show that the variance of vehicle weight at a specified time is 
smaller than that at a non-specified time. 

Temperatures measured on up and down lanes monitored at 
7:00, 13:00, and 19:00 on Wednesdays and Sundays are 
shown in Figure 9, and those monitored at 7:00 on 
Wednesdays is shown in Figure 10. Figure 9 and Figure 10 
show that change in temperature during ten months is about 
30 degrees Celsius. 

Figure 11, Figure 12, and Figure 13 show predicted DI and 
residuals at the sensor of UA-1 in case 1, case 2, and case 3 
respectively, in which M and SD stand for mean and standard 
division. The horizontal red lines in the graph of the residuals 
indicate the 95% confidence interval of the residuals.  

Table 3 shows Bayes factor and the uncertainty in the 
Bayesian hypothesis testing at the sensors of UA-1 in case 1, 
case 2, and case 3. Those Bayes factors and the uncertainty at 
the sensor of UA-2, DA-1, and DA-2 were similar to Table 3 
and neglected in this paper. The Bayes factor was 1<B<3 as 
shown in Table 3. Therefore, the damage of the observation 
bridge is ‘barely worth mentioning’. This is natural as no 
damage and deteriation was reported during the monitoring 
period. 

Table 4 shows percentage of the residuals in case 1 and 
case 2 to fit within the 95% confidence interval of the 
residuals in case 1 at all sensors. In Table 4, it is clear that the 
fitting percentage in case 1 is greater than that in case 2 at the 
sensors of UA-1, UA-2, and DA-2. It demonstrated that the 
regression analysis considering both temperature and vehicle 
weight as environmental factors leads to more accurate results 
than that considering only temperature as an environmental 
factor.  

Table 5 shows percentage of the residuals in case 2 and 
case 3 to fit within the 95% confidence interval of the 
residuals in case 3 at all sensors. It is apparent that the fitting 
percentage in case 3 is bigger than that in case 2 at all sensors. 
In other words, the fitting percentage considering only 
temperature utilizing data monitored at a non-specified time is 
smaller than that utilizing data monitored at a specified time. 
Therefore, it showed validity of using the data observed at a 
specified time to reduce the influence of traffic.  

Taking the fact that the impracticality of applying a BWIM 
system to monitor traffic load to every bridge into 
consideration, the monitoring method considering data at a 
specified time to reduce traffic effects could be practical. 

 
 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2276 

 
Figure 5. DIs of UA-1, UA-2, DA-1, and DA-2 sensors 
monitored at 7:00, 13:00, and 19:00 on Wednesdays and 
Sundays. 

 
 
 

 

 
Figure 7. Sum of vehicle weight on up and down lanes 

identified from the data monitored at 7:00, 13:00, and 19:00 
on Wednesdays and Sundays. 

 
 
 
 

 
Figure 6. DIs of UA-1, UA-2, DA-1, and DA-2 sensors 

monitored at 7:00 on Wednesdays. 
 
 

 

 
Figure 8. Sum of vehicle weight on up and down lanes 

identified from the data monitored at 7:00 on Wednesdays.  
 
 
 
 

UA-1 

UA-2 UA-2 

UA-1 

DA-1 DA-1 

DA-2 DA-2 
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Figure 9. Temperature on up and down lanes monitored at 

7:00, 13:00, and 19:00 on Wednesdays and Sundays. 
 
 

 
Figure 11. Predicted DIs and residuals at the sensor of UA-1 

in case 1. 

 

 
Figure 10. Temperature on up and down lanes monitored at 

7:00 on Wednesdays. 
 

 

 
Figure 12. Predicted DIs and residuals at the sensor of UA-1 

in case 2. 
 
 

 
Figure 13. Predicted DIs and residuals at the sensor of UA-1 in case 3. 
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Table 3. Bayes factor and uncertainty in the Bayesian 
hypothesis testing at the sensor of UA-1 in case 1, case 2, 

and case 3. 
Name Bayes factor p(H0|D) p(H1|D) 
Case 1 1.06 48.5% 51.5% 
Case 2 1.06 48.5% 51.5% 
Case 3 1.15 46.6% 53.4% 

 
 

Table 4. Percentage of residuals in case 1 and case 2 to fit 
within the 95% confidence interval of the residuals in case 1 

at all sensors 
Name UA-1 UA-2 DA-1 DA-2 
Case 1 98.6% 96.0% 97.5% 97.8% 
Case 2 83.3% 94.2% 97.5% 95.7% 

 
 

Table 5. Percentage of residuals in case 2 and case 3 to fit 
within the 95% confidence interval of the residuals in case 3 

at all sensors. 
Name UA-1 UA-2 DA-1 DA-2 
Case 3 95.7% 93.5% 93.5% 93.5% 
Case 2 70.7% 56.2% 76.1% 49.3% 

 

6 CONCLUSIONS 
This study investigated a way of considering temperature as 
an environmental factor and vehicle weight as an operational 
factor for long-term bridge health monitoring by means of 
the Bayesian regression. The parameter called DI which is 
derived from coefficients of the AR model was used as a 
damage-sensitive feature. This study made a decision on 
bridge condition using residuals, the differences between the 
observed DI and the predicted DI, based on the Bayesian 
hypothesis testing for damage detection and how much the 
residuals fit within a 95% confidence interval of the residuals. 
The proposed approach was applied to the long-term 
monitoring data of a seven-span plate-Gerber bridge. 
Observations through this study could be summarized as 
follows. 
(1) In the Bayesian hypothesis testing utilizing only data 

from the healthy bridge, the damage of the bridge was 
naturally judged as ‘barely worth mentioning’. 

(2) The Bayesian regression considering both temperature 
and vehicle weight led to more accurate results than that 
considering only temperature.  

(3) Validity of using the data observed at a specified time to 
reduce influence of traffic can be confirmed. 

    The bridge is still under a long-term monitoring program, 
and thus the next step for this study is to analyze those long-
term monitoinrg data utilizing the Bayesian regression and 
inspection data. 
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ABSTRACT: Since the times of erection both, traffic loads and density on road bridges, have increased significantly. To assess 
durability and sustainability of sometimes degraded structures, nowadays especially fatigue damage needs to be considered. The 
residual structural lifetime subjected to fatigue can be estimated by different prediction models. Obviously, the prediction should 
be as accurate as possible, but varies significantly w.r.t. a general uncertain input. In this contribution, the focus is set on an 
assessment of these alternatives. In order to minimise input scatter a structural monitoring was conducted on a more than 50-
year-old pre-stressed concrete bridge with documented cracks nearby coupling joints. Strains of the pre-stressing strands and the 
concrete were measured for four weeks under traffic to determine accurate stress amplitudes. Based on the monitoring-results 
and due to well-documented traffic data available, an accurate load history of the structure is created. It serves for numerical 
fatigue analyses and includes time-dependent effects, such as creep and shrinkage. Uncertainty potentially introduced by other 
sources like vibrations and temperature is identified and separated by reference measurements without traffic and a temperature 
profile. Finally several samples of concrete and pre-stressing strands were taken from the bridge and tested in laboratory. The 
determined material parameters enable a precise description of the structure in a calibrated finite element model and a reduction 
of scatter due to uncertain parameters. Finally, two aspects are focused on: The time-dependent structural behaviour which also 
includes a retrofitting of the structure and the assessment of traffic loads based on measurement data. Both increase structural 
lifetime significantly and illustrate the helpful effect of monitoring measures. 

KEY WORDS: pre-stressed concrete, bridges, monitoring, fatigue, damage, lifetime prediction. 

1 INTRODUCTION 
More and more bridges in Europe approach the end of their 
expected structural lifetime. In general, the structural lifetime 
depends on many different parameters like corrosion, 
deterioration of concrete, fatigue of steel and concrete etc. 
Additionally, traffic loads and density raised significantly in 
the last 50 years. So, the demands on these structures 
increased remarkably as well. Regarding the determination of 
fatigue, variable loads – which themselves do not cause 
structural collapse – are accumulated to fatigue damage. 
Generally, vast numbers of load events are certainly relevant 
for the structural lifetime. 

Many bridges, which have been built more than 50 years 
ago, need to be re-assessed with respect to residual safety 
margins acc. to the current knowledge state [1, 2], which has 
changed several times in the meantime. Regarding the time-
dependency of different parameters and new technical rules, 
their impact on structures must be distinguished. Some might 
increase the theoretical structural lifetime (structural reserves), 
whilst others reveal structural deficiencies (progressing 
damage, deterioration). 

Since the quality of forecast essentially depends on scatter, 
all sources of uncertainty (cf. [3]) need to be assessed to 
increase knowledge about them, as much as possible and 
economical. 

Objective of this contribution is the question, which 
accuracy can be achieved by lifetime predictions in a “best 
case” scenario. A quite realistic history of loads and structural 
behaviour, using measurements and results from traffic 

 
Figure 1. Reference structure “Pariser Straße”, Düsseldorf. 

counting, is developed. Focus is set on experimental and 
numerical investigation of a 50-year-old pre-stressed concrete 
bridge. By means of structural monitoring (strains of concrete 
and pre-stressing tendons), material testing of concrete and 
steel, fatigue assessment of the pre-stressing steel and 
deflection measurements in static and dynamic load tests, the 
knowledge about the structure increases. Numerical investiga-
tions base on a FE-model of the structure as well as the 
prediction of structural lifetime applying S-N-curves (cf. [4]). 

2 REFERENCE STRUCTURE 
The investigated structure “Pariser Straße” in Düsseldorf, 
Germany (Figure 1) was a pre-stressed concrete bridge, which 
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connected a national highway and the city centre of 
Düsseldorf on two lanes in one direction and 302 m (span-
length generally variable from 19.9 m to 32.2 m; 25.3 m in the 
focused area) in length. The regular cross-section is a box-
girder, 1.43 m in height and approximately 10.0 m wide. 
Between the abutments the structure was supported by 
concrete columns. 

In 1959, it has been erected in field-wise construction with 
cast-in-place concrete. Two types of concrete have been used: 
strength classes B 300 and B 450, which can be assigned to 
C20/25 and C30/37 respectively [5]. The admissible 
permanent pre-stressing force Fmax = 307 kN, acc. to 
DIN 4227:1953 [6] has been applied to steel bars 
(DYWIDAG, St 80/105, Ø 26 mm). The pre-stressing tendons 
have been coupled at coupling joints. Representing an 
improved alternative of that time, only a small part has been 
coupled directly in the joints. 

In the late 1970s cracks were detected at several joints. So, 
each coupling joint has been retrofitted by two steel columns 
as additional supports. These columns (D = 406.4 mm, 
s = 20 mm, St 370) have been placed in 1978 and 1992. 

In order to be replaced by a new structure, the bridge was 
finally pulled down in October 2012. For more detailed infor-
mation on the structure and the replacement process see [7]. 

3 MONITORING AND MEASUREMENTS 

3.1 Initial calculations and monitoring concept 

Due to the method of construction and the pre-stressing 
process, every single section of the bridge was connected to 
the next one in coupling joints. These joints were located 
close to the expected zero-crossings of bending moments 
induced by steady loads (approx. one-fifth of the span’s 
length), but only one per span. Such connections lead to 
discontinuities in the stress-field prone to fatigue. On a similar 
structure nearby this phenomenon raised serious problems. 

Since cracks were detected in the 1970s, the coupling joints 
were supported by additional steel columns. Further 
investigations concentrate on one coupling joint, denoted 
KF3B (Figure 2). Additionally, a similar but non-coupled and 
probably non-cracked section was equipped with 
measurement devices for comparison (reference section). 
Measured strains here were throughout significantly smaller. 

In order to determine realistic stress states of the pre-
stressing steel in a coupling joint caused by traffic, the 
monitoring measures were focused on the lower tendons. 
These were initially identified to be critical. Hence, both 
lower tendons were uncovered by a specific drilling method. 
This method does not harm the steel but detaches concrete. 
These voids affect the characteristic parameters of the cross-
section only marginally. The cross-section area is reduced 
about 1.2 %, the moment of inertia by 4 %. Then three strain 
gauges were applied to two tendons (S1-3, cf. Figure 2), one 
for redundancy. The same procedure was carried out in the 
reference section (S4-6). Here, two additional strain gauges on 
the concrete surface (B1-2) served for identification of the 
strain distribution. 

For identification of noise caused by traffic as well as to 
prevent from aliasing, the sampling rate has to be sufficient. It 
should be at least twice the highest relevant vibration 
 

Table 1. Measurements. 

measurement material / method frequency 
(period) 

S1-S6 
strains 

strain gauges on 
pre-stressing steel 

100 Hz (4 weeks), 
10 Hz (4 weeks) 

 

B1-B2 
strains 

strain gauges on 
concrete 

100 Hz (4 weeks), 
10 Hz (4 weeks) 

 

T1-T6 
temperature 

temperature 
elements in 

concrete 

1/3600 Hz 
(8 weeks) 

T7-T8 
temperature 

temperature 
elements in air 

1/3600 Hz 
(8 weeks) 

 

N1-6 
vertical deflections 

digital levelling on 
deck slab during load test 

S3-S4 
strains 

strain gauges on 
add. steel columns 

100 Hz 
(during load test) 

 
frequency [8]. Since the first relevant eigenfrequency for 
bending in the coupling joint is determined to 6 Hz (3rd eigen-
mode), a measuring frequency of f = 100 Hz is sufficient. 

Monitoring measures have been conducted for four weeks 
until the bridge was decommissioned. Then, monitoring was 
continued without traffic. So, vibrations induced by trams 
nearby and an interference signal have been identified and 
separated from the data. Temperature has been measured for 
eight weeks. Special devices were placed at six points 
distributed over the cross-section inside the concrete and two 
on air, but in- and outside the box-girder (cf. Table°1). 

Based on construction plans, a simplified numerical model 
of the structure served for initial considerations, like the 
assessment of relevant load positions in load tests. The 
structural behaviour is identified, and the numerical model 
calibrated employing deflections and strains under pre-defined 
static and dynamic loads. A three-axle truck with initially 
known loads per axle was provided for this load tests. For 
detailed information about the calibration process of the 
numerical model see [7]. 

Note that the calibration was carried out shortly before 
deconstruction, when the bridge was already supported by 
additional steel columns (cf. Section 2). These columns affect 
 

 
Figure 2. Monitoring equipment. 
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the results in the coupling joint significantly, but their true 
influence is hard to determine. So, the structural behaviour in 
times before 1992 is assessed by an identical FE-model, but 
without steel columns. 

3.2 Evaluation of monitoring results and traffic counting 

Both, real stress ranges caused by traffic flow and its total 
amount per year are evaluated for further analyses. To recap, 
the general objective is a realistic assessment of traffic loads. 
That way, the individual local situation is reflected and the 
accuracy of lifetime prediction can be increased, at least w.r.t. 
loads.  

In order to determine stress ranges from monitoring, the 
strain-time-series are condensed to histogram-like stress 
ranges (Figure 3) by rainflow-counting [9]. In general, 
Clormann and Seeger’s hysteresis counting method (HCM) 
[10] is adapted. However, their primal algorithm is slightly 
extended by a preliminary classification of data. If maximal 
and minimal strains are approximately known in advance an 
almost real-time processing can be achieved. 

As strains of the pre-stressed steel do not exceed the yield 
limit, stresses are determined acc. to Hooke’s law. Otherwise, 
fatigue failure would occur already after a few load cycles. 
Thus, stress determination assumes the tendons Young’s 
modulus Ep = 205 000 N/mm² acc. to [11]. 

Based on video recordings of the traffic and supplemental 
evaluations, the classes of stress ranges in Figure 3 and thus 
the frequencies are assigned to certain vehicles and loads: 

 
• white noise:  mainly in class no. 1 
• cars and light vehicles: mainly in classes 1 and 2 
• regular trucks: classes 3 to 10/11 
• trucks in both lanes simultaneously: 

  classes 10 to 15 
• temperature and temperature-traffic interaction: 

 classes 16 to 63 
 
An example of a qualitative assignment is given in Figure 4. 
Important to note: The first group entitled “white noise” also 
includes other factors like vibrations induced by trams nearby. 
And, stress ranges exclusively caused by temperature changes 
are filtered for now, since they require specific treatment. 

Obviously, all measured stress ranges induced by traffic are 
significantly below the endurance limit and hence do not 
contribute much to fatigue damage. Although measurement 
data is available for the structure with additional steel 
supports, the non-retrofitted structure needs to be addressed 
too. Here, the stress ranges are expected to be higher. This 
situation is estimated by artificial stresses computed in 
numerical simulation of the structure subjected to the fatigue 
load model FLM 4, acc. to EN 1991-2:2010 [12]. The 
required quantity of load events Nobs is estimated from traffic 
counts at the bridge. Alternatively and for comparison, Nobs 
can be determined acc. to common assumptions in [11, 12]. 

Traffic counts have been provided by the state capital city 
of Düsseldorf. Since 1970, data has been collected regularly 
on three locations nearby. Yearly truck quantities obtained are 
exemplified in Figure°5. Due to local reasons (relocation of 
industries in outer districts etc.) the total quantity of trucks per 
year decreases continuously. This is in sharp contrast to global 

traffic trends, as they are e.g. documented in current 
guidelines, but emphasizes all-times individual load histories 
on structures.  

In our case and due to construction works on the new bridge 
nearby, the number of cars and trucks on road was reduced 
during monitoring. E.g. previous year’s traffic counts gave 
about five times more trucks during an equivalent time slot. 
Hence, the number of stress cycles determined by rainflow-
counting cannot be extrapolated linearly to annual values 
because it underrates real conditions. To scale the measured 
cycles more realistically a factor from 2011 traffic data has 
been derived that is not biased by construction measures.  

Three alternative hypotheses concerning traffic 
development (Nobs) have been assessed in the remainder. For 
the determination of a local load history, an exponential trend-
line has been fitted to the traffic data (dashed line in Fig. 5). 
Additionally two approaches from literature are contrasted. 
The first one assumes constant traffic amounts in time [12], 
the second one a step-wise increase [11]. Obviously, both 
approaches from literature underestimate the traffic amounts 
in the early years. Even the global trend-line runs contrary in 
second case. 

 

 
Figure 3. Stress range histogram. 

 

 
Figure 4. Stress-time series and corresponding vehicles. 
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Figure 5. Traffic loads by means of trucks per year since 1970 

along with alternative trend-lines. 

3.3 Measures to account for time-dependent material 
properties and pre-stressing losses 

In order to increase the accuracy of lifetime prediction the 
time-dependent structural behaviour is considered. Aged 
structures, like the investigated bridge, do no longer show the 
same structural behaviour as in the times they were erected. 
Time-dependent effects like subsequent concrete hardening or 
creep and shrinkage affect the material. For a holistic survey 
of the structure in time, variables are introduced in simulation. 
The increase of Young’s modulus and concrete’s compressive 
strength are considered as well as creep and shrinkage.  

To set up trustworthy a numerical model, which can 
additionally be calibrated in load tests [7], material properties 
known from experiments shall be incorporated. To reflect 
their evolution in time, especially w.r.t. intermediate time 
steps, measured data determined directly at the structure after 
53 years of service, have to be transformed back to initial 
values. Material samples from concrete and steel have been 
taken and tested in laboratory. Altogether 12 drilled cores 
have been tested. Young’s modulus Ec(t = 53 a) and mean 
compressive strength of concrete fcm(t = 53 a) have been 
determined. Since two different types of concrete (B 300 and 
B 450) with different material parameters were used, both 
have been evaluated (Table 2). Details on testing are given in 
[13]. The characteristic compressive strength fck was derived 
from experimental data’s standard deviation. Initial values 
(actual, t = 28 d) for Ec, fcm and fck have been obtained 
applying Eqns. (1) and (2) from EN 1992-1 [14] in reverse. 

Table 2. Time-dependent material properties of concrete. 

material 
parameters 

nominal [5, 6, 14] actual  
t = 28 d t = 53 a t = 28 d t = 53 a 

  
B 300 
Ec [N/mm²] 30000 33500 29400 32800 
fcm [N/mm²] 27 39 50 72 
fck [N/mm²] 20 32 44 66 

B 450 
Ec [N/mm²] 35000 39000 29800 33300 
fcm [N/mm²] 41 59 39 57 
fck [N/mm²] 28 46 27 45 
 

   28  (1) 

  .   28  (2) 

Evolution is driven by a time-dependent coefficient in Eq. (3). 

   /   (3) 

Here, s depends on the type of cement. Since the one used is 
unknown, s = 0.38 for CEM 32.5N is appointed and results in 
βcc = 1.44 after 53 years of service. 

Additionally, Table 2 shows nominal values from codes for 
comparison. Initial values (nominal, t = 28 d) are taken from 
[6] for Ec and from [5] for fc, where the compressive strength 
of ancient German and European classes of concrete and 
corresponding characteristic strengths acc. to current 
guidelines are listed. The corresponding nominal values to the 
time t = 53 a are determined from Eqns. (1) and (2), again. In 
comparison both, nominal and actual characteristic and mean 
compressive strengths differ significantly in case of B 300, 
Young’s moduli match well. In case of B 450 it is vice versa.  

Since in general measured (denoted: actual) values seem to 
be more appropriate they are considered in further 
evaluations. Intermediate values are interpolated and future 
ones extrapolated employing Eqns. (1) and (2). 

In contrast to concrete properties, relevant material 
parameters of the pre-stressing steel are not too much affected 
by time-dependent effects. Nevertheless, in general corrosion 
could decrease its load capacity or fatigue strength and 
relaxation could reduce the applied pre-stress. However in this 
case, no corrosion has been detected. Hence, only the change 
of the initial pre-stress, which is primarily reduced by creep 
and shrinkage, must be considered. Analogue to concrete, the 
time-dependent evolution of pre-stress should finally result in 
values equivalent to the measured ones. The residual pre-
strain in the bottommost strand nearby a coupling section has 
been determined cutting one tendon. In close proximity the 
strain has been measured by strain gauge S3. The strain 
decline measured during cutting complies with the residual 
pre-strain εp,∞ = 1.065 ‰. Thus, this value serves for final 
justification of the creep and shrinkage prediction. Assuming 
a Young’s modulus of the pre-stressing steel (Ep = 
205000 N/mm²) acc. to the German guideline for recalculation 
[11] the residual pre-stress follows to: 

 ,   , 205000 · 1.065 · 10 218.3  (5) 

For comparison, the initially admissible pre-stress of the high-
strength steel St 80/105 in Eq. (6) is determined acc. to 
DIN 4227 [6]: 

 , min 0.75  . , 0.55  566.3  (6) 

Since the applied pre-stress is not known exactly, it is 
expected to equal the admissible value. Construction plans 
and static calculations take this assumption for principle. 
Thus, the total losses of pre-stress (initial, time-dependent, 
caused by the additional steel supports etc.) sum up to 
α = 61 %. In the following, the particular portions of losses 
are calculated: 

Initial losses due to friction in the straight lower tendons 
(k = 0.5 °/m and μ = 0.26, acc. to the tendon’s technical 
approval) are about 6.5 %, considerably less than for other 
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tendons, running in parabolic profiles complementary to the 
bending moment induced by steady loads. 

Basically, creep and shrinkage govern the magnitude of 
time-dependent losses. For appropriate consideration in the 
numerical analyses, creep and shrinkage are primarily 
calculated acc. to RILEM B3 model, developed by Bažant & 
Baweja [15]. While common simplifications allow only for 
calculation of final creep and shrinkage values, this method 
enables an evaluation to any time instant. Furthermore, in 
following publications a justification of the creep and 
shrinkage prediction has been proposed, which incorporates 
measurement results shortly after erection [16] and a long-
term justification by a constant coefficient as well [17]. The 
latter one bases on measurement data gathered on numerous 
bridges. 

Determination of creep and shrinkage depends on many 
different parameters, but only some of them are known 
accurately. By variation of uncertain parameters, time-
dependent losses α range between 17.4 % (φ(∞,t0) = 2.8, 
εcs = 2.67·10-4), cf. [13] and 26.0 % (φ(∞,t0) = 3.0, 
εcs = 4.44·10-4). The second value can be seen as a limit 
obtained under unfavourable but still reasonable conditions. 
However it is still significantly less than the losses measured. 
Even in case of long term justification acc. to [17], α does not 
approach the measured values. Further information on the 
calculation of creep and shrinkage is given in [13]. 

Since only one out of 28 tendons in the coupling joint has 
been cut, the results should not be transferred to all other 
tendons. Nevertheless, they show a certain tendency. Besides, 
a survey and experimental results gained by Schweighofer 
et al. [18] on 50-year-old concrete beams with the same type 
of pre-stressing steel confirm this tendency. Here, measured 
losses of about 40 % also exceed the calculated ones 
significantly (from 25.7 % to 32.2 %). 

Assuming that creep and shrinkage amount the substantial 
part of the losses, their calculated values are adjusted acc. to 
the measured ones. The entire εcc(t)-curve is scaled by a 
constant factor in order to approach the measured values. 

Table 3. Losses of pre-stress in the lower tendons. 

 α calculated α measured 
initial 6.5 %  

creep and shrinkage 17.4 % → 26.0 %  
total 23.9 % → 32.5 % 61 % 

4 NUMERICAL FATIGUE ANALYSES 

4.1 General 

The structural lifetime depends on many different factors, e.g. 
degradation, fatigue of concrete and steel and corrosion. The 
investigations focus on the determination of residual structural 
lifetime in terms of fatigue of the pre-stressing steel, which is 
largely affected by external loads, numerical calculation, 
geometry, material and the factual material damage [2]. The 
objective of investigations is to increase knowledge of 
scattering parameters as much as possible and to reduce and 
analyse their influence by selective measures. In detail, the 
time-dependent structural behaviour and the impact of 
alternative load estimates are investigated. 

Structural analyses are carried out with a time-dependent 
and calibrated FE-model. This primarily serves for the 

calculation of internal forces. These are used to determine the 
stress ranges w.r.t. fatigue Δσs,i from a relation between 
bending moments and pre-stress which incorporates time-
dependent effects (M-σ-relation in Fig. 6).  

In civil engineering, the determination of fatigue damage 
often bases on Palmgren [19] and Miner’s [20] work and an 
application of S-N-curves originally introduced by Wöhler 
[21]. Even though a physical interpretation is not possible, 
damage accumulation also follows Miner’s rule [22, 23]. 
Results are prepared by means of damage propagation curves 
in time and forecast structural lifetimes (TLD) of the bridge 
subjected to fatigue.  

4.2 Relation between bending moment and pre-stressing 
steel stress 

Stress ranges caused by alternating bending moments can be 
determined by the non-linear relation between bending 
moments and pre-stressing steel stresses (M-σ-relation) [24], 
cf. Figure 6. Herein, the stress-strain relation is assumed to be 
non-linear for concrete and bilinear for steel [14]. The M-σ-
relation illustrates clearly the linear-elastic structural 
behaviour, as well as the transition to a cracked section along 
with a non-linear distribution of strains. Four general domains 
are specifiable, which are interpreted as: 
1. The linear-elastic and non-cracked section (in case of 

t = 60 a up to My ≤ 300 kNm, cf. Fig. 6), where loads are 
limited by decompression. Here, stress-ranges basically 
depend on the gradient of the curve. 

2. The transition zone to cross-sectional cracking 
(300 kNm < My ≤ 700 kNm) basically depends on the 
concrete’s tensile strength fct. Here its shape is smooth, 
since the coupling joint exhibits visible cracks and hence 
the tensile strength has been set to zero. If bending 
moments once exceed the decompression state, stresses 
increase progressively. 

3. The second almost linear domain (700 kNm < My ≤ 
2000 kNm) represents a fully cracked section with a non-
linear stress distribution. If bending moments lead to 
stress ranges in this domain these surely limit structural 
lifetime. 

4. The fourth domain is not displayed in Figure 6, because 
the stresses already exceed the yield limit of steel and 
cause plastic deformations (My > 2000 kNm). Such 
effects are not in the focus of this contribution since low-
cycle fatigue would have to be considered. 

 
Figure 6. Time-variable M-σ-relations. 
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The M-σ-relation has been derived w.r.t. time at the coupling 
joint of interest. Clearly it would be different for all other 
locations. In general it depends on very different parameters, 
like the residual pre-strain εp,∞, the Young’s modulus Ep and 
the yield limit fp0.1 of the pre-stressing steel, the compressive 
strength fc and the Young’s modulus Ec of the concrete and 
others. In [25] the sensitivity of lifetime calculations to single 
scattering parameters has been derived. Their influence 
depends basically on the magnitude of loads, which lead to 
cracked or uncracked conditions.  

Figure 6 illustrates the fact, that the increase and decrease of 
time-dependent parameters significantly affects specific 
structural values, such as the position of decompression state. 
Starting from its initial position (fictitious without any loss, 
α = 0), the horizontal and vertical position changes as well as 
the general shape of the relation, due to time-dependent 
effects. E.g. the pre-stress decreases from σp,0 = 566.3 N/mm² 
(“initially”) to σp,∞ ≈ 218 N/mm² (t = 60 a). Intermediate 
curves (28 d ≤ t ≤ 50 a) reflect the justified creep and 
shrinkage calculations acc. to RILEM B3 model and Eqns. (1) 
and (2), as described before. Due to scaling the M-σ-relation 
for t = 53 a corresponds to the calibrated model (named 
“measured” in the remainder). The change of curves during 
simulation must carefully be obeyed, since bending moments 
caused by the indeterminate part of pre-stress reduce with 
time. Hence, the mean bending moment (M0) caused by 
steady loads also decreases at the coupling joint, meanwhile 
alternating parts from traffic remain almost unchanged.  

4.3 Initial model and fatigue damage propagation 

Next is the propagation of fatigue damage D calculated in the 
lower tendons at the coupling joint for different situations 
analogue to the procedure laid out above. First, the influence 
of time-dependent effects which affect the structural 
behaviour is assessed. Therefore, an initial estimate of traffic 
loads and the structural model is fixed as follows: 

The additional steel columns (actually applied in 1992) are 
neglected first, since they reduce stress ranges almost to zero. 
Five different truck types acc. to FLM 4 [12] are applied for 
traffic loads. The relative frequency hi of each vehicle and the 
number of load cycles per year Nobs are initially set constant in 
time acc. to EN 1991-2 [12]. More detailed approaches are 
successively analysed. The damage propagation is determined 
until the time the bridge was pulled down (grey shaded area in 
Figures 7-10) and additionally predicted to 100 years. If 
possible, the value of structural lifetime due to fatigue failure 
TLD is determined as well. 

5 RESULTS AND INTERPRETATION 
Since lifetime prediction is affected by many different 
parameters, the influence of time-dependent material 
properties and different load estimates is assessed in this 
contribution. Furthermore, the influence of additional steel 
columns in its specific application and the benefit of 
monitoring measures are considered. 

5.1 Influence of time-dependent material properties 

In order to assess the influence of creep and shrinkage and 
time-dependent material properties as well, three different 
variations are analysed: 
 

• All stress ranges are determined by application of “time-
variable” structural behaviour, deploying the M-σ-
relations acc. to Figure 6 derived before. 

• For comparison, fatigue damage is once calculated by 
application of the “initial” (“t = 1 a” in Fig. 7) and 

• once by the calibrated (“measured” at t = 53 a) structural 
behaviour. 
 

As defined above, the traffic amount per year is assumed to 
be constant. Figure 7 shows the simulation results of this first 
variation. As expected, the initial system exhibits minimal 
damage, while the damage propagation of the “measured” one 
steeply rises. The reason for this becomes clear if Figure 6 is 
recalled. The initial system remains in decompression for all 
loads applied. In contrast, bending moments exceed the 
decompression state of the “measured” system, hence stress 
ranges increase. Since the time-variable structural behaviour 
is in between both states, the course of damage propagation is 
as well. In this specific situation close to the coupling joint, 
time-dependent effects cause a transition of stresses from the 
linear-elastic to the non-linear structural response. But stress 
ranges do not increase abruptly when the maximal stress 
exceeds the decompression state. Rather, they increase 
continuously, because of the smooth form of the transition 
zone (domain 2 in Fig. 6). 

It is evident that a determination of the structural lifetime 
based on the initial model only would underestimate fatigue 
evolution significantly. The calibrated model (t = 53 a) gives 
more appropriate but still conservative results. The time-
dependent approach is the most accurate of the three 
alternatives. However, the structural lifetime based on the 
calibrated structural behaviour is suitable. The more detailed 
one increases the structural lifetime around 9 %, but requires 
much more computing time and effort in data handling and 
analysis. Nevertheless, the complex time-dependent 
calculation is employed for the following assessments. 

5.2 Influence of alternative load estimates 

Second, the effect of a more detailed approach for traffic loads 
is analysed. All three alternatives are based on FLM 4. They 
vary in the total number of trucks per year Nobs and in the 
distribution of relative frequencies hi of the five vehicle types: 

 

• The reference state is the same as before, the one acc. to 
[12]. The frequencies hi of the five types of trucks are 
constant in time as well as the total number of trucks per 
year Nobs = 550000 (cf. Fig. 5). 

• A more detailed approach is a modified FLM 4 [11]. It 
considers the general increase of traffic loads by the 
number of load cycles per year Nobs and the relative 
increase of heavy trucks hi. Generally and for the sake of 
simplicity, values rise stepwise every 20 years, beginning 
in 1950 (cf. Fig. 5). 

• For the third approach the relative frequency of trucks hi 
increases acc. to [11] as well, but the total number of 
trucks per year Nobs decreases acc. to traffic counting as 
described above (cf. Fig. 5). For times after bridge’s 
decommission (t > 53 a) values are extrapolated. 

 
In Figure 8 the damage propagation for all alternatives is 
shown. Note, that even if traffic loads are constant, the level 
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of stress ranges increases due to time-dependent effects. The 
decreasing traffic approximation (“Nobs = extrapolation”) 
affects the results significantly. Both, the constant approach 
and the one acc. to [11] result in similar structural lifetimes 
(TLD = 119 and 113 years). In contrast, the simulation “traffic 
counting” increases the structural lifetime to TLD >> 200 a. A 
detailed estimation cannot be carried out, since a precise 
prediction of traffic is hardly possible, especially over more 
than 100 years. 

5.3 Influence of additional supports 

Third, the influence of the additional steel columns is 
assessed. These supports were installed in 1992, which 
corresponds to 33 years of lifetime. The damage propagation 
curves for the structure with and without additional supports 
(“w/” and “w/o retrofitting”) are shown in Figure 9. The 
calibrated system with time-dependent structural behaviour 
and loads acc. to traffic counting serves for the simulation. 
Their influence on structural behaviour is essential. Once they 
are applied, they reduce all stress ranges close to zero and 
hence the theoretical structural lifetime tends to infinity. So it 
can be stated that their application was meaningful. 

5.4 Influence of a realistic load assessment by monitoring 

Finally, the benefit of structural monitoring by means of real 
stress range measurements is analysed. Since the 
determination of real stress ranges before placing steel 
columns is not possible, the damage propagation until 1992 is 
determined by simulation only. Thereafter it is determined by 
measured stress ranges which result from rainflow-counting. 
These results from four weeks have been scaled to Nobs from 
traffic counting, cf. Section 3.2. For comparison, this 
simulation is given as well.  

Since no global difference between measured and simulated 
stress ranges becomes apparent at a first glance, a detail is 
zoomed in Figure 10. Damage values by measured stress 
ranges are slightly smaller, than the simulated ones. This is 
due to the simplification of FLM 4, which represents five 
characteristic trucks (fully loaded). In fact, not all trucks, 
which are summed up to Nobs, are that heavy as expected for 
the investigated bridge. Hence, real loads are wide-ranging 
(cf. Fig. 5), but total damage is less. 

 

 
Figure 7. Damage propagation for the time-variable system, 

initial and measured system. 

 
Figure 8. Damage propagation for alterative estimates of load 

cycles Nobs and hi. 

 

 
Figure 9. Damage propagation with and without additional 

supports placed after 33 years of lifetime. 

 

 
Figure 10. Damage propagation acc. to FLM 4 and applying 

measurement results. 

6 CONCLUSIONS 
The determination of structural lifetime for pre-stressed 
concrete bridges depends on many different parameters, each 
with certain scatter. The influence of material parameters such 
as Young’s modulus of concrete and steel or on the 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2286 

calculation of fatigue has been reported elsewhere already [7] 
but also confirmed herein. 

This contribution focuses on the scattering effect of traffic 
quantities and the benefit of a detailed load-time-history, 
which also depends on a variable structural behaviour in time. 
Creep, shrinkage, concrete curing and others contribute. Also, 
the benefit of additional steel columns for support is analysed. 

By monitoring of an aged road bridge in Düsseldorf, 
Germany real strains were gathered at a coupling joint. In 
order to determine stress ranges the strain-time-series was 
processed adapting a rainflow-counting algorithm. Additional 
measures, like a deflection survey during load tests and 
experimentally derived material properties, allow an initial 
FE-model being calibrated. Two situations, with and without 
additional supports have been analysed for a prediction of the 
entire structural lifetime, since they affect the structural 
behaviour and the magnitude of stress ranges significantly. 
Time-dependent effects of creep, shrinkage and material 
properties have been visualized by M-σ-relations. These non-
linear relations between bending moment and pre-stressing 
steel stresses help to identify relevant structural characteristics 
(e.g. decompression state) clearly. Hence, stress ranges 
increase with time and superimpose with the number of load 
cycles applied. Detailed knowledge of load frequencies has 
significant impact, too.  

Comparing simulation and monitoring results, it turns out 
that current load models overestimate the real demands on the 
investigated structure. Detailed knowledge of loads helps to 
attain potential reserves of bearing capacity. However, in 
comparison to uncertain material parameters influence on 
structural simulation results the influence of load frequencies 
and time-dependent effects is minor but still relevant. In the 
investigated case, the absolute benefit of structural monitoring 
was small due to only small stress ranges detected. The 
significant structural change to place additional steel columns 
effectively stopped damage propagation in 1992. 
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ABSTRACT: Civil and mechanical structures are exposed to natural ageing and accidental overloading. To increase safety and
reduce costs simultaneously, current classical maintenance strategies can be supported by advanced fully automatic vibration-based
structural health monitoring (SHM) systems.

Such vibration-based SHM systems consist of a data acquisition system with sensors applied on a structure. From recorded
time histories, damage indicators are generated and can be monitored in control charts. Sensitivity to damage and insensitivity to
confounding effects are essential properties for a well-designed indicator. To design such damage indicators, experimental tests are
inevitable. As such tests can be expensive with respect to time and labor costs, researchers are interested in replacing these tests
by numerical simulations. Recently, a semi-analytical probabilistic framework has been proposed by the authors to determine the
statistical properties of damage indicators based on the known statistical properties of a random excitation in the time domain and
a finite element model. Therefore, a time consuming numerical time integration scheme, as typically applied for each sample of a
sample-based stochastic structural analysis, can be avoided.

In the presented paper this probabilistic framework is applied to compare efficiently two different damage indicators based
on modal filters using a numerical cracked concrete beam model. For this numerical example, the statistical properties of the
damage indicators will be investigated with progressing damage. From these statistical properties, it can be determined under
which conditions the distribution of the damage indicators can be assumed to be normal and, therefore, if the application of certain
control charts is justified.

KEY WORDS: Uncertainty quantification, damage detection, structural health monitoring, structural dynamics, random vibrations

1 INTRODUCTION

Vibration-based structural health monitoring can be a very
effective tool to support efficiently traditional maintenance
strategies, and therefore reduce operational costs of civil or
mechanical structures and systems. An advantage of vibration-
based structural health monitoring (SHM) in comparison to
other structural health monitoring systems, is the use of ambient
excitation sources to introduce energy into the structure. Hence,
no additional artificial excitation source is needed, which allows
keeping the structure in operation during investigations.

Such a vibration-based SHM system consists of a data
acquisition system with sensors applied on a structure. The
recorded time histories are postprocessed and features are
extracted to construct damage indicators. These damage
indicators are then monitored over the life time of the structure
using for example control charts, from which alerts are triggered
if certain control limits are crossed. Finally, the alerts initiate the
decision making. Therefore, the damage indicators are a very
important part of the whole structural monitoring system. They
need to be sensitive to damage and insensitive to confounding
effects, like measurement noise, operational, and environmental
conditions. In addition, several control charts (e.g., X-bar,
Hotelling-T2) require normally distributed damage indicators
to set meaningful control limits. Due to the variation of
the excitation for each time interval and random measurement

errors, responses and respectively damage indicators are time
variant even if damage is not propagating. Consequently, the
statistics of damage indicators as a function of the statistics
of random excitations and measurement errors are important
for the definition of control limits and the assessment of the
suitability of damage indicators.

The motivation of this paper is the investigation of the
statistical properties of two indicators based on modal filters,
Ip and m4, proposed in [1][2][3] and applied on laboratory
structures in [4][5], with respect to the time length of measured
response time histories and intensity of measurement errors.
Traditionally, such investigations were performed by the use
of experimental data gained from expensive testing campaigns
[6]. More and more, such experimental tests have been replaced
by numerical simulation strategies using, for example, intrinsic
Monte Carlo sampling coupled with a time integration scheme
[7] or more advanced with the application of meta models [8].

In this paper, a recently proposed approach for uncertainty
quantification [9][10] is applied to derive analytically the
statistics of linearly combined response Fourier transforms.
Based on these statistics, the statistics of damage indicators are
obtained by generating and evaluating Latin hypercube samples.
The numerical representation of the structure is assumed to be
deterministic. To create realistic damage patterns, the results
of the damage propagation calculations performed in [11] are
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reused. Therein, the constitutive law parameters have been
determined by an optimization-based model calibration strategy
[12].

For the variation of time length and measurement error
intensity, the investigations of the probability density functions
of the two damage indicators show a very different behavior. By
assessing the performance of the indicator with the false positive
probability, strong similarities between both indicators can be
observed. Finally, both indicators are equally capable to identify
small damages.

2 UNCERTAINTY QUANTIFICATION OF DISCRETE RE-
SPONSE FOURIER TRANSFORMS

This section reviews the main theoretical aspects of the
probabilistic framework introduced in [10], applied in this paper.

2.1 General concept and problem description

Assuming a set of continuous response time signals x(t) ∈ Rmx

for mx degrees of freedom over time t of a structure is given by

x(t) = xf(t)+xn(t). (1)

The random continuous time signal xf(t) ∈ Rmx is the true
errorless response resulting from a random continuous weakly
stationary non-periodic excitation signal f(t) ∈ Rm f at m f
degrees of freedom. The random continuous time signal xn(t) ∈
Rmx is the weakly stationary measurement error at the respective
degrees of freedom. In practical applications, many pre- and
postprocessing techniques are applied on the measured response
signal. A typical operator is a linear combiner, which is defined
as

g(t) = Ax(t) = A xf(t)︸ ︷︷ ︸
gf(t)

+A xn(t)︸ ︷︷ ︸
gn(t)

(2)

in the time domain, with g(t) ∈ Rmg and the time-invariant
matrix of linear combination coefficients A ∈ Rmg×mx . In
addition, windowing in the time domain is often applied prior
to a further signal processing, such as Fourier transformation.

From now on, the random continuous excitation f(t) is
assumed to be a multivariate normal distribution with known
expectations and covariances. By extracting a finite discrete
random excitation signal f j from f(t) with N discrete values
for each excited degree of freedom j = 1,2, . . . ,m f , the
corresponding random discrete vector

f̄ =
[

fT
1 fT

2 · · · fT
m f

]T
(3)

of dimension Nm f can be defined as multivariate normally
distributed

f̄∼N
(
E(f̄),C(f̄, f̄)

)
(4)

with an expectation vector E(f̄)∈RNm f and a covariance matrix
C(f̄, f̄) ∈ RNm f×Nm f , including correlations in time and space.

The random continuous signal of measurement errors xn(t)
is also assumed to be multivariate normally distributed. The
finite discrete random errors xn j obtained from xn(t) with N
discrete values for each measured response degree of freedom
j = 1,2, . . . ,mx are collected in a random discrete vector

x̄n =
[

xn
T
1 xn

T
2 · · · xn

T
mx

]T
. (5)

This random vector can be described as normally distributed

x̄n ∼N (E(x̄n),C(x̄n, x̄n)) (6)

with the expectation vector E(x̄n) ∈ RNmx and the covariance
matrix C(x̄n, x̄n) ∈ RNmx×Nmx , which takes correlations in time
and space into account. In this paper, it is assumed that
measurement errors and excitations are independent from each
other.

To derive the statistics of the discrete Fourier transform of a
linear combiner of responses based on the known statistics of the
excitations and the measurement errors, a linear deterministic
operator Z̄f is derived to perform analytically the uncertainty
propagation between the random excitations in the time domain
and the response Fourier transforms of the linear combiner. The
uncertainty propagation of the measurement errors defined in
the time domain can also be realized by a linear operator Z̄n.

The mean value of the discrete Fourier transform of the
errorless linear combiner can be obtained by

E
([

Re
(
F ḡf

)
Im
(
F ḡf

) ])=

[
Re
(
Z̄f
)

Im
(
Z̄f
) ] E

(
f̄
)

(7)

and its corresponding covariance matrix by

C
([

Re
(
F ḡf

)
Im
(
F ḡf

) ] ,[ Re
(
F ḡf

)
Im
(
F ḡf

) ])
=

[
Re
(
Z̄f
)

Im
(
Z̄f
) ]C

(
f̄, f̄
)[ Re

(
Z̄f
)

Im
(
Z̄f
) ]T

,

(8)

where Re(·) and Im(·) are the real and imaginary part
of a complex scalar, vector, or matrix. In analogy,

the mean value E
([

Re(F ḡn)
Im(F ḡn)

])
and covariance matrix

C
([

Re(F ḡn)
Im(F ḡn)

]
,

[
Re(F ḡn)
Im(F ḡn)

])
of the measurement errors

can be obtained applying x̄ and Z̄n instead of f̄ and Z̄f. As
the measurement errors are assumed to be independent from the
errorless response signal and the excitations, the statistics of the
discrete Fourier transform of the linear combiner of the noise-
disturbed discretized signal ḡ is obtained by

E
([

Re(F ḡ)
Im(F ḡ)

])
=E

([
Re
(
F ḡf

)
Im
(
F ḡf

) ])+E
([

Re(F ḡn)
Im(F ḡn)

])
(9)

and

C
([

Re(F ḡ)
Im(F ḡ)

]
,

[
Re(F g)
Im(F g)

])
= C

([
Re
(
F ḡf

)
Im
(
F ḡf

) ] ,[ Re
(
F ḡf

)
Im
(
F ḡf

) ])
+C

([
Re(F ḡn)
Im(F ḡn)

]
,

[
Re(F ḡn)
Im(F ḡn)

])
.

(10)

A detailed description of the assembly of the vector ḡ and its
discrete Fourier transform F ḡ will be given in the following
subsections. In this paper, discretization errors are assumed to
be negligible by choosing a sufficiently small time step.

In the following subsections, the derivations of the linear
operators, Z̄n and Z̄f, are explained in detail. The time-invariant
modal system properties are assumed to be deterministic.
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2.2 Analytical uncertainty propagation for errorless signal

Using Duhamel’s integral for multiple inputs and multiple
outputs given in [13, p.95], the linear combination of the
continuous response displacements in the time domain of a
proportional viscously damped linear system under continuous
excitation f(t) ∈ Rm f for t ≥ 0 can be obtained by

gf(t) =
t∫

0

h(t− τ)f(τ)dτ (11)

with gf(t) ∈ Rmg and the matrix of linear combination
coefficients A ∈ Rmg×mx . The impulse response function h(t) ∈
Rmg×m f is given by

h(t) = AΦΦΦxd(t)ΦΦΦf
T, (12)

where d(t) ∈ Rmλ×mλ represents the time dependent diagonal
matrix with diagonal elements

(d(t))l,l =
sin(
√
(λλλ )l(1− (ζζζ )2

l )t)√
(λλλ )l(1− (ζζζ )2

l )
exp(−

√
(λλλ )

l
(ζζζ )lt). (13)

It is assumed that the modal properties of the system are time
invariant. The modal properties for mλ considered modes are
the classical undamped eigenvalues λλλ ∈Rmλ , the corresponding
modal damping ratios ζζζ ∈ Rmλ , and the eigenvector matrix ΦΦΦ.
The mode shape matrices of response degrees of freedom ΦΦΦx ∈
Rmx×mλ and of excitation degrees of freedom ΦΦΦf ∈ Rm f×mλ are
assembled from the mass normalized eigenvector matrix ΦΦΦ.

From the continuous infinite linear combiner g(t), a finite
time frame is extracted through a window function w(t) with
finite compact support within ts < t ≤ te. The application of this
window function leads to the response of the ith linear combiner
of the finite time frame

gwi(t) = w(t)
m f

∑
j=1

t∫
0

(h(t− τ))i, j (f(τ)) jdτ. (14)

By introducing a time step ∆t and defining ts = (s− 1) ∆t and
te = e ∆t with the positive integer values s,e ∈ Z and 0 < s < e,
the discrete form of Eq. (14)

gwi = w◦
m f

∑
j=1

qi, j f j (15)

is derived in the time step interval [s,e] with gwi ∈Rmw and mw =
e− s+ 1. The symbol ◦ denotes the Schur product (e.g., [14]).
The vector w ∈Rmw represents the discretization of the window
function w within the support [s,e]. The vector of the jth degree
of freedom of the excitation f j ∈RN is given for all discrete time
steps [1,N] with N = e. The matrix qi, j ∈Rmw×N is derived from
the impulse response function related to the linear combiner i

and the excitation degree of freedom j.

qi, j = ∆t



hi, j,s hi, j,s−1 hi, j,s−2 . . . 0
hi, j,s+1 hi, j,s hi, j,s−1 . . . 0
hi, j,s+2 hi, j,s+1 hi, j,s . . . 0
... hi, j,s+2 hi, j,s+1 . . . 0

hi, j,e−2
... hi, j,s+2 . . . 0

hi, j,e−1 hi, j,e−2
...

. . . 0
hi, j,e hi, j,e−1 hi, j,e−2 . . . hi, j,e−N+1


∀ n≤ 0 : hi, j,n = 0

(16)
In a next step the discrete Fourier transformation is applied to

Eq. (15) through a complex matrix operator B ∈ C(mw
2 +1)×mw

containing the coefficients [15, p. 50]

(B)k,n = ∆t exp
(
−ι

2π

N
(k−1)(n−1)

)
(17)

with the imaginary unit ι =
√
−1 for n = 1,2, . . . ,mw and k =

1,2, . . . , mw
2 +1. This yields

F gw i = B

(
w◦

m f

∑
j=1

qi, j f j

)
(18)

with F gw i ∈ C(mw
2 +1). Eq. (18), which represents the Fourier

transform of the ith linear combination for windowed responses,
can be reformulated to

F gw i =

m f

∑
j=1

Zfi, j f j (19)

using
Zfi, j = B

((
11×N ⊗w

)
◦qi, j

)
, (20)

where ⊗ denotes the Kronecker product. The matrix 11×N is an
integer matrix of dimension 1×N only filled with the value 1.

By combining the evaluations of Eq. (19) for all linear
combinations i = 1,2, . . . ,mg and all excitation degrees of
freedom j = 1,2, . . . ,m f in the random vector and linear
deterministic operator,

F ḡf =


F gw 1
F gw 2

...
F gw mg

 (21)

and

Z̄f =


Zf1,1 Zf1,2 . . . Zf1,m f

Zf2,1 Zf2,2 . . . Zf2,m f
...

...
. . .

...
Zfmg,1 Zfmg,2 . . . Zfmg,m f

 , (22)

respectively, a simple linear relation

F ḡf = Z̄f f̄ with Z̄f ∈ C(mw
2 +1)mg×Nm f (23)

between the random discrete excitation time series f̄ defined
in Eq. (4) and the discrete Fourier transform of the linearly
combined windowed response displacement signals represented
by F ḡf can be derived.
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2.3 Analytical uncertainty propagation for measurement
errors

The ith linear combiner related to the measurement errors is
given by

gnwi =
mx

∑
j=1

(A)i, jqw xn j (24)

with gnwi ∈ Rmw . The vector xn j ∈ RN represents the
measurement error of the jth degree of freedom of the response
signal. The matrix qw ∈ Rmw×N is defined as

qw =
[

0mw×s−1 wImw
]
, (25)

where Imw represents the identity matrix of dimension mw. The
vector w is assembled by the discrete values of the support
values of the window function w(t) as defined in Subsection
2.2. The matrix 0mw×s−1 is a zero valued matrix of dimension
mw× s− 1. The expression qwxn j is the windowed time frame
of the measurement errors at the jth degree of freedom.

Similar to Section 2.2, the matrix of discrete Fourier
coefficients B is applied to Equation (24) to obtain the
discrete Fourier transform of linearly combined windowed
measurements errors

F gnw i = B
mx

∑
j=1

(A)i, j qw xn j, (26)

which can be rewritten as

F gnw i =
mx

∑
j=1

Zni, j xn j (27)

with
Zni, j = (A)i, j B qw, (28)

where F gnw i ∈ C(mw
2 +1) and Zni, j ∈ C(mw

2 +1)×N .
The expressions

F ḡn =


F gnw 1
F gnw 2

...
F gnw mg

 (29)

and

Z̄n =


Zn1,1 Zn1,2 . . . Zn1,mx
Zn2,1 Zn2,2 . . . Zn2,mx

...
...

. . .
...

Znmg,1 Znmg,2 . . . Znmg,mx

 (30)

can be derived by evaluating Equation (27) for all possible linear
combinations i = 1,2, . . . ,mg and all possible response degrees
of freedom j = 1,2, . . . ,mx.

Finally, a linear combination

F ḡn = Z̄n x̄n with Z̄n ∈ C(mw
2 +1)mg×Nmx (31)

can be found that relates the random measurement errors of the
responses indicated by x̄n ∈RNmx defined in Equation (5) to the
discrete Fourier transform of the linearly combined windowed
measurement errors summarized in F ḡn ∈ C(mw

2 +1)mg .

3 DAMAGE DETECTION WITH PEAK INDICATORS

3.1 General concept

As shown in [7], the application of modal filters combined with
peak indicators is very efficient to detect early damage using
measured vibration data. The modal filters are designed with
respect to a certain mode by defining the coefficients of a linear
combiner matrix A in order to eliminate the remaining modes
within a certain frequency range of the Fourier transforms.
Hence, only one significant peak is visible in the power spectral
densities of the undamaged structure. The linear combination
coefficients are defined once for the undamaged or reference
state. With increasing damage, peaks at the eigenfrequencies
of the modes previously eliminated appear. This appearance
can be detected for each time frame of a vibration signal by a
peak indicator. Figure 1 shows qualitatively the power spectral
density of linearly combined responses. The applied modal
filter was designed for the second mode of a structure. Due
to the presence of random measurement errors and random
excitation, the peak indicators are not constant over time (i.e.
not deterministic) and can be characterized by its empirical
probability density function. If a damage occurs, a change
of the statistical properties can be observed, which can be
monitored in control charts. The exceedance of control limits
indicates a possible damage and initiates further decision
making processes.

In order to obtain the statistics of the peak indicator for a
certain load step within a virtual testing scheme, as foreseen
in this paper, the following procedure is applied. First, the
approach explained in Section 2 is used to define analytically
the statistics of the Fourier transforms of linearly combined
responses. From this multivariate distribution, Latin hypercube
sample sets are generated to compute sample sets of power
spectral densities. For each sample set of power spectral
densities, one sample of a peak indicator can be obtained.
Using all samples of the peak indicator an estimation of the
probability density function and the corresponding statistics can
be obtained. The aim of this paper is to investigate the suitability
of two different peak indicators, Ip and m4, to detect small
damages.
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Figure 1: Example of a power spectral density of a linear
combiner using a modal filter tuned to the second eigenmode
of the system. The grey frames indicate the frequency ranges
used to calculate the peak indicators.
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3.2 Peak indicator Ip

In [16] a peak indicator was proposed that interprets any
function of interest S with discrete equidistant values (S )k
defined in the interval [ka,kb] as a discrete probability density
function. In this application S corresponds to the power
spectral density (see Figure 1). Refs. [2][3] applied successfully
this indicator in the context of damage detection.

According to [16], the peak indicator

Ip = σ
2
k

12
(kb− ka)2 (32)

is derived from the quotient between the variance σ2
k of the

investigated probability density function S within the interval
[ka,kb] and the variance of a fitted uniform distribution, which

is equal to (kb−ka)
2

12 . Consequently, if the function S is constant
within [ka,kb] the indicator will be equal to one. Otherwise,
the indicator is lower than one. Investigations of [16] showed
that the indicator is close to one, even if the function S is not
constant in the interval [ka,kb], but follows a monotonic trend.
Higher values than one are possible, if a peak appears near the
boundaries ka or kb of the interval.

The mean value of a discrete distribution calculated from a
nonnormalized discrete probability density function S defined
in the interval [ka,kb] is given by

µk =
kb

∑
k=ka

k (S )k

(
kb

∑
k=ka

(S )k

)−1

. (33)

The second centered statistical moment, which is the variance,
yields

σ
2
k =

kb

∑
k=ka

(k−µk)
2(S )k

(
kb

∑
k=ka

(S )k

)−1

. (34)

3.3 Peak indicator m4

An alternative to the indicator Ip is the indicator m4, which
has been originally introduced in [17] and has been adapted
by [3][4] for the detection of damage using modal filters. The
lower limit of this peak indicator is zero. The indicator tends to
increase with increasing damage.

In contrast to the indicator Ip, the discrete values (S )k of
a discrete function are interpreted directly as a set of samples.
Their first order central moment

µs =
1

kb− ka +1

kb

∑
k=ka

(S )k (35)

and respective fourth order central moment

κs =
1

kb− ka +1

kb

∑
k=ka

((S )k−µs)
4 (36)

are given. A scaling of κs has been introduced by [2] to decrease
the sensitivity with respect to different loading intensities.
Finally, the normalized indicator m4 can be written as

m4 = (κs)
1
4

(
kd

∑
k=kc

(S )k ∆ω

)−1

(37)

with ∆ω being the discrete frequency step.

4 BENCHMARK STUDY: SIMPLY SUPPORTED BEAM

4.1 Static loading and damage progress

In [11] a simply supported plain concrete beam has been studied
under quasi static loading with progressing damage using an
implicit gradient damage law [18]. The material and damage
law parameters have been obtained from a model calibration
[12]. Hence, the results of this study with respect to the damage
patterns are very realistic, which is the motivation to use them
in the subsequent investigation of damage indicators.

The geometry of the beam and the loading configuration is
presented in Figure 2. The red patterns in Figure 2 describe a
predamage (50% of original tensile strength) to enable multiple
cracking of the beam. The load-deflection-curve for a three-
point-bending test with measured displacements in vertical
direction at the position of the loading is shown in Figure 3
with indications of the load steps (LS). A first crack growth has
been observed at LS 17. By means of two selected load steps,
the evolution of the damage pattern with progressing damage is
illustrated in Figure 4. The damage severity related to LS 50 can
be considered as small.

For the numerical simulations, the structure is modeled in 2D
with a plane stress formulation and 9-node rectangular elements
of side length between 2.5 and 5mm.

P
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[mm] 2000

x 1000 50

Figure 2: Geometry of investigated simply supported plain
concrete beam with static loading.
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Figure 4: Young’s modulus distribution around the cracks using
the implicit damage law for load steps (LS) 50 and 60.
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4.2 Dynamic loading and response

The first three circular bending frequencies of the undamaged
structure are 227.1 rad

s , 874.8 rad
s , and 1703.7 rad

s . The modal
damping coefficient are assumed to be damage invariant and
are set to 2.5% for each mode, which is a typical value for
concrete. For the dynamic calculation, the damaged systems
at each load step are linearized by extracting the global secant
stiffness matrix.

The linear systems are excited by a random excitation
introduced at five positions in vertical direction as shown
in Figure 5. The excitation is realized by independent and
identically distributed (i.i.d.) random variables with respect
to time and space following a normal distribution with mean
value zero and variance 218N2. The unit of the (co)variances of
excitation is Newton to the power of two

[
N2]. Therefore, the

random excitation can be described by

f̄∼N
(
E(f̄),C(f̄, f̄)

)
(38)

with(
E(f̄)

)
i = 0 and

(
C(f̄, f̄)

)
i, j = δi, j218N2 ∀i, j (39)

using the Kronecker delta

δi, j =

{
0 : i 6= j
1 : i = j . (40)

The resulting strains of the structure are measured by an
embedded chain of three fiber bragg grating sensors (FBGS)
with a measurement length of 5cm each. The location is given
in Figure 5. It is assumed that the level of dynamic excitation is
low enough to avoid a further damage of the structure, but high
enough to obtain a sufficient resolution of the measured strains.
The excitation leads after 2s to response strain distributions
with constant properties of a zero mean value and a variance
of approximately 10−8 for the undamaged system. For load step
65 a strain variance of about 1.25 ·10−8 has been observed.

The measurement errors are defined as i.i.d. random variables
connected directly to the three measured strains of the responses
with respect to time and space. They follow a normal
distribution with a zero mean value and a variance of ν22.5 ·
10−11. The intensity factor of measurement errors ν is varied
in Subsection 4.4 and is set to one if not otherwise stated.
Consequently, the measurement errors can be described by

x̄n ∼N (E(x̄n),C(x̄n, x̄n)) (41)

with

(E(x̄n))i = 0 and (C(x̄n, x̄n))i, j = δi, jν
22.5 ·10−11 ∀i, j.

(42)
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Figure 5: Geometry of investigated simply supported plain
concrete beam with dynamic loading.

The statistics of the measurement errors are identical for all
damage levels. For ν = 1 a signal-to-noise ratio between 400
(undamaged) and 500 (LS 65) can be expected. In other words,
the standard deviation of the measurement error is about 5%
resp. 4.5% of the standard deviation of the errorless response
signal, which are realistic values.

From the generalized eigenvalue problem the mode shape
vectors related to the displacements can be extracted for each
linearized system. The modal strains can be easily obtained
by multiplying these mode shape vectors by a transformation
matrix. By tuning the modal filter to the first and second bending
mode shape, the matrix of linear combination coefficients A is
finally given by

A =

[
−1.4016 2.7383 −1.3868
−0.2012 0.3291 −0.1289

]
103, (43)

where the first and second row correspond to the coefficients of
the first linear combiner (lc1) and second linear combiner (lc2),
respectively. To calculate the statistics of the linear combiner of
response Fourier transforms according to Section 2, the first 10
modes (mλ = 10) until a circular frequency of about 10000 rad

s
and a time step ∆t = 2−11s are chosen. All investigations
consider a time frame that is extracted by a rectangular window
function after the steady state has been reached (i.e. after a
start time ts = 2s). In the focus of subsequent studies is the
position around the first eigenfrequency of the second linear
combiner. As the investigated peak indicators are designed to
detect the early damage and therefore early peak appearance,
only damages until load step 65 are considered.

In the following, the effects of time length and measurement
error intensity are investigated on both damage indicators. The
results are derived by following the virtual testing scheme
explained in Subsection 3.1. The sample statistics of the damage
indicators are obtained from the evaluation of 500 000 Latin
hypercube samples, from which the probability density function
can be estimated using kernel densities. By following the
philosophy of control charts, the false positive probability (the
probability of unobserved, but existing damage) is used as a
criterion to assess the performance of the indicators. Based
on the undamaged structure, the control limits are defined at
the 2.5% and 97.5% quantiles, for Ip and m4 respectively. The
limits are defined using the estimation of the inverse cumulative
distribution function based on kernel densities. Therefore, the
normality assumption for the indicators does not need to be
fulfilled. Nevertheless, as standard procedures assume often a
normal distribution, the obtained distributions of the indicators
are discussed in the light of the normality assumption.

4.3 Influence of time length

Based on the structural system described in previous subsec-
tions, the probability density function estimates of the indicator
Ip with respect to the time length and the load step are calculated
and shown in Figure 6a. It can be observed that for all load
steps an increasing time length reduces the width (variance) of
the probability density function, but keeps the position of the
mean value almost constant. The probability density functions
of the indicator m4 are depicted in Figure 6b. A change of the
width and the position of the probability density function can be
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Figure 6: Influence of time length on the indicators’ probability
density functions related to load steps (LS) 15, 50, and 60.
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observed with changing time length. With increasing damage
the variance and the mean value of the indicator increases
significantly. Hence, the results of load step 60 are out of the
range of Figure 6b.

Figure 7 illustrates the evolution of the false positive detection
probability in dependency of the load step and the time length.
With increasing time length both indicators become more
sensitive to damage. A false positive probability of 10−2 or
lower can be interpreted as sensitive to detect damage. While
for a time length of 2s the indicator m4 outperforms the indicator
Ip, it is vice versa for a time length of 16s.

For both indicators, a large time length is beneficial for the
detection of damage.

4.4 Influence of measurement errors

The results of the probability density function estimates based
on the indicator Ip with increasing measurement error intensity
ν are presented in Figure 8a for a time length of 8s. For
the load step 15 related to the undamaged structure, the
measurement error intensity has no influence on the probability
density functions. If damage is present (see load step 50), the
probability density functions are notably different. The higher
the signal-to-noise ratio, the larger the mean value shift and the
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Figure 8: Influence of measurement error intensity ν on the
indicators’ probability density functions related to load steps 15
and 50.
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lower are the variances, which is beneficial for damage detection
as expected.

The probability density functions of the indicator m4 are
shown in Figure 8b. For this indicator, the probability density
functions related to the undamaged and damaged structure
depend strongly on the measurement error intensity. The higher
the signal-to-noise ratio is, the larger the mean value and the
larger the variance of the indicators.

By assessing the false positive probability shown in Figure 9,
it can be observed that the evolution of both indicators is almost
identical with respect to the variation of the measurement error
intensity.

4.5 Normality assumption

In practice, control charts with certain control limits are applied
to monitor damage indicators over time. Most of the control
charts assume a normally distributed variable. Hence, it needs
to be investigated, if the normality assumption is at least
approximately fulfilled. This will be exemplarily illustrated by
a representative configuration using a time length of 8s with a
measurement error intensity of ν = 1 for load step 50. The
histogram, the probability density function estimation using
kernel densities, and the probability density function related to
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Figure 10: Distribution fitting for a time history of length 8s, a
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a fitted normal distribution are compared in Figure 10. It can be
observed that the distribution of the indicator Ip deviates slightly
from a normal distribution while the distribution of the indicator
m4 is significantly different from a normal distribution. This
observation is also valid for other combinations of time length
and damage intensity. However, for both indicators, a large time
length and an undamaged structure lead to distributions very
close to normal.

5 CONCLUSIONS

In this paper the variation of the statistical properties of
two different damage indicators based on modal filter were
investigated within a virtual testing scheme with respect to
damage intensity, measurement error intensity and time length
of the considered vibration response time history. An implicit
gradient damage law was applied to define realistic damage
pattern for a simply supported beam with progressing damage.
Assuming an ambient vibration experiment with known
statistics of a multivariate normally distributed excitation, the
statistics of the damage indicators are derived in a two step
approach. First, the statistics of the dynamic response Fourier
transforms of a modal filter was derived by using the approach
proposed in [9][10]. This avoids the computationally very
demanding numerical time integration as typical needed in
standard Monte Carlo methods. Secondly, a Latin hypercube
sampling has been applied to derive the sample statistics of the
indicators for each load step. This operation is computationally
very inexpensive, which allows generating a large number of
500 000 Latin hypercube samples.

Due to the different definitions of the indicators, the effects of
the investigated influences on the probability density functions
are very dissimilar. Nevertheless, if the false positive probability
is used as an assessment criterion, both indicators show a
similar performance to detect damage. It could be derived
that the increase of the time length increases significantly the
performance of both indicators. With a large time length and a

typical signal-to-noise ratio, both indicators were able to detect
a rather small damage.

The shape of the probability density functions has been
discussed for both indicators with respect to damage intensity
and time length. The normality assumption, as usually required
for the application of control charts in practice, is approximately
fulfilled for the indicator Ip with a sufficiently large time length.
For the indicator m4 the assumption of a normal distribution was
hardly justified for the investigated example, but the similarity
can be improved by increasing the time length.

Further research will be related to the investigation of
correlated excitations, as for example, typical for wind induced
excitations.
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ABSTRACT: Structural Health Monitoring (SHM) techniques can provide information on the induced loads and actual 
condition of various engineering structures, based on (e.g.) operational vibration measurements. Unfortunately, ensuring high 
data quality is typically a challenging problem in SHM applications, where low-cost sensors are deployed in rough 
environments. An online algorithm, which checks (and possibly also corrects) the data prior to the actual condition estimation, 
would therefore be very valuable. In this paper, an online spike removal algorithm, which indeed checks and corrects acquired 
accelerometer data, is proposed. Spikes are commonly encountered measurement anomalies which can affect several subsequent 
data samples. The proposed spike removal algorithm fits an Auto-Regressive (AR) model to the acquired acceleration data. As 
the spikes can be considered as non-physical events in the data, they cannot be predicted by the AR model, so that they can be 
detected by observing the AR residual error term. The robustness of the spike detection can be further improved by applying a 
Bayesian estimator in combination with the estimated AR model. Moreover, it is also possible to obtain a corrected signal 
(where all spikes are removed) as a by-product of the Bayesian estimator. The performance of the spike removal algorithm is 
assessed using real acceleration data, whereby accelerometers are instrumented on the wheel hubs of a car. The results 
demonstrate that the algorithm is indeed able to remove the non-physical spike events, while at the same time it retains the real 
physical (road-induced) transient events. 
 
KEY WORDS: Structural Health Monitoring; Data Preprocessing; Spike Removal; Auto-Regressive Modeling; Bayesian 
Estimation; Vehicle Damper Systems 
 

1 INTRODUCTION 
Structural Health Monitoring (SHM) techniques extract 
damage-sensitive features from operational (vibration) 
measurements, in order to assess the actual condition and the 
remaining lifetime of civil, aerospace or mechanical 
engineering structures [1][2]. It is envisioned that these SHM 
techniques will also see an increased application in the 
automotive and ground vehicle industries in the future [3]. 
Monitoring the condition of critical vehicle components (such 
as the damper in a car suspension) can be very valuable in 
itself, e.g. for guaranteeing passenger safety. It also allows for 
preventive maintenance actions [3], i.e. where the SHM 
system indicates that a component requires a repair before the 
component has broken down completely.  

It is crucial that the acquired sensor data are of sufficient 
quality: anomalous (non-physical) phenomena in the data may 
lead to incorrect condition estimates [4]. However, sufficient 
data quality is typically a challenging problem in SHM 
applications, where low-cost sensors are deployed in rough 
environments. An online preprocessing method, which checks 
(and possibly also corrects) the data prior to the actual 
condition estimation, is therefore very valuable. 

So-called “spikes” are commonly encountered measurement 
anomalies, which may affect one or multiple subsequent data 
samples. They can originate from several sources, for example 
capacitive or inductive noise in the analog signal path [4], 
communication errors in asynchronous communication 
protocols [4], and “mechanical” causes such as stones hitting 

the sensor [5]. Spikes often have large amplitudes, so that they 
can introduce significant errors in SHM algorithms which 
assess the damage of a structure, especially considering that 
damage is exponentially related to cycle amplitude [4]. For 
the same reason, the occurrence of spikes should be detected 
during road load data acquisition (RLDA) measurement 
campaigns for vehicle durability testing [5][6]. Therefore, it is 
clear that both applications require an (online) spike removal 
algorithm, which detects and removes spikes during a 
preprocessing step. 

In this paper, an online spike removal algorithm, which 
indeed checks and corrects the acquired spike-contaminated 
data, is proposed. The spike removal algorithm first fits an 
Auto-Regressive (AR) model to the acquired data. As the 
spikes can be considered as non-physical events in the data, 
they cannot be predicted by the AR model, so that they appear 
as outliers in the AR residual error term. The robustness of the 
spike detection can be further improved by applying a 
Bayesian spike detector, which maximizes the so-called 
likelihood function, in combination with the estimated AR 
model. Moreover, it is also possible to obtain an optimal (in 
least-squares sense) corrected signal as a by-product of the 
Bayesian spike detector.  

The performance of the Bayesian spike removal algorithm 
is assessed using real experimental signals, which were 
acquired by low-cost accelerometers instrumented on the 
wheel hubs of a vehicle. The results demonstrate that the 
algorithm is indeed able to remove the non-physical spike 

Online Bayesian spike removal algorithms  
for structural health monitoring of vehicle components 

 
Bram Cornelis1, Bart Peeters1 

1LMS International nv, Interleuvenlaan 68, Researchpark Z1, 3001 Leuven, Belgium  
email: bram.cornelis@lmsintl.com, bart.peeters@lmsintl.com 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2296 

events, while at the same time it retains the real physical 
(road-induced) transient events. 

The remainder of the paper is organized as follows. Section 
2 describes the assumed spike noise process model and the 
Bayesian spike removal algorithm and theory. In Section 3, 
the results of an experimental validation of the Bayesian spike 
removal algorithm are discussed. Finally, Section 4 presents 
the conclusions of the paper.  

2 BAYESIAN SPIKE REMOVAL  

2.1 Definition of “spike” and problem statement 

In general, there is no clear definition as to what constitutes a 
spike. Qualitatively, a spike is a non-physical event in the data 
which is characterized by a sudden (or fast) signal change to a 
different signal level, followed by a sudden (fast) return to (or 
near) the original signal level [6]. The terms “sudden” and 
“fast” have no absolute scale, but should be seen relative to 
the normal (physical) signal behavior. The simplest spikes 
only affect a single data sample, but in practice it is also 
possible that a spike is stretched out over several (subsequent) 
data samples.  

In this paper, we consider an additive spike noise process 
model (see Figure 1). This model was originally proposed in 
[8][9][10], to characterize local degradations (such as 
scratches) in gramophone audio recordings. The measured 
signal is denoted as  (in vector notation, i.e., a block of N 
samples is considered). The following equation then holds: 

   (1) 

In Eq. (1), the operator     is the Hadamard product which 
calculates an element-wise matrix or vector multiplication. 
Vector  is the “clean” signal vector (i.e. without degradations 
due to spikes),  is a vector with binary values (a value of 1 
corresponds to a sample which has a spike), and finally,  is a 
vector which is assumed to be independent from  and which 
contains samples of a corrupting noise process. This unknown 
noise process determines the amplitude of the spikes. It should 
be noted that this model is not limited to spikes only, but can 
be used to characterize a broad range of local signal 
degradations or anomalies. 

The goal of the spike removal procedure is to find the 
vector  (i.e., find the position of the spikes) and, if possible, 
to also reconstruct the clean signal , purely based on the 
observation of the degraded signal   .  

 
 

 
Figure 1. Spike noise process model 

2.2 Auto-Regressive Modeling and threshold detection  

In the presented “spike definition”, it was indicated that the 
characteristics of a spike should always be seen relative to the 
normal (physical) signal behavior. It is well-known that 
(physical) timeseries data can typically be modeled by an 
Auto-Regressive (AR) model [11], where a data sample is 
linearly dependent on P previous data samples. Conversely, it 
is to be expected that a non-physical, sudden event in the data, 
(such as a spike) cannot be predicted from previous physical 
data samples. A spike can thus be identified by assessing 
which part of the timeseries data cannot be modeled by the 
AR model. 

The AR model of order P  is given by:  

   ∑   . (2) 

The term  in Eq. (2) will be referred to as the residual 
error term. It is usually modeled as a white noise process with 
Gaussian distribution. However, as previously mentioned, any 
spikes in the data are also expected to be part of the residual 
error term.  

As we will process the data in an online procedure where 
the data becomes available in blocks of N samples, Eq. (2) is 
now rearranged into matrix-vector form:  

    , (3) 

where    is a     Toeplitz matrix which contains 
the AR coefficients [9][10][11]. Note that  is a vector of 
length , which implies that the first  samples of    
(with ) are assumed not to contain any spikes. This is 
however not a crucial limitation to the considered online spike 
removal algorithm, where data is acquired and processed per 
block: each new block can be appended with the P last 
samples of the previous processed (hence spike-less) block. 
The AR coefficients in  and, consequently, the residual error 
term  can be estimated from the degraded signal vector     by 
a least-squares analysis in the time domain [11], which boils 
down to solving the Yule-Walker equations. 

To illustrate the AR modeling on data which includes local 
degradations, the synthetic signal in Figure 2 is considered. 
The signal vector     consists of 2048 samples of a sinusoidal-
type excitation, to which three local degradations have been 
added as in Eq. (1).  

 

 
Figure 2. Signal vector     with 3 local degradations. 
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The AR coefficients are estimated from the signal vector     
by a least-squares analysis, and subsequently the residual error 
term     can be calculated from Eq. (3). The result is plotted in 
Figure 3. The local degradations are clearly visible as outliers 
in the residual error term. Compared to Figure 2, it can also be 
seen that the contrast between the (non-physical) degradations 
and the (physical) signal is larger than in the original degraded 
signal, so that the residual error allows for an easier estimation 
of the positions of the local degradations. This effect is similar 
to other spike detection procedures, which apply either a 
differentiation or a high-pass filtering in order to accentuate 
the spikes [4][6]. However, it will be demonstrated in the next 
section that the AR modeling also allows for a more robust 
Bayesian spike estimation and an optimal reconstruction of 
the clean signal  . 

 

 
Figure 3. Residual error term  . 

 
The previously discussed AR modeling framework can now 

be utilized to formulate a straightforward spike detection 
procedure. As illustrated in Figure 3, spikes will show up as 
outliers in the error residual term. We can thus assume that a 
data sample  is degraded by a spike (i.e. 1), if  
| | is above a certain threshold. This threshold can be fixed 
a priori, or adapted according to the residual error statistics 
(e.g. by calculating a moving variance estimate on the residual 
error term). An obvious drawback is that this threshold 
detection procedure becomes sensitive to the used threshold 
value (leading to either missed detections or false positives 
depending on the used threshold value), similar as in other 
spike removal procedures [4][6]. Moreover, it was also 
observed that, for spikes occurring over multiple subsequent 
samples, the end point of the spike is often not detected 
correctly due to a smearing effect introduced by the AR 
modeling [8]. For these reasons, we will instead use the 
superior Bayesian spike detector which is discussed in the 
next section. However, the threshold detection procedure is 
still useful as it provides a rough initial estimate of the spike 
detection vector , which greatly reduces the computational 
complexity of the Bayesian spike detector.  

2.3 Bayesian Spike Detection 

Our goal of finding the location of the spikes in the data is 
now formulated in a Bayesian probabilistic framework. In 
essence, the algorithm should find the most likely binary 
vector  (which indicates the location of the spikes), solely 

based on the observed corrupted signal vector   . This 
corresponds to finding the vector     which leads to the 
maximum a posteriori (MAP) probability: 

    argmax
 

  |   (4) 

The posterior probability |  in Eq. (4) cannot easily be 
expressed in a direct, closed-form formula. In contrast, it was 
demonstrated in [9][10] that the so-called likelihood function 
  |  can be expressed in a closed-form formula using the 
AR framework which was discussed in the previous section. 
The posterior probability and likelihood are related by the 
Bayesian theorem: 

 |   
|   (5) 

The denominator  in Eq. (5) is independent of    and can 
thus be treated as a normalization constant. The factor  is 
the so-called noise generator prior, which reflects the prior 
knowledge of the noise generation process (see Figure 1). In 
practice, it is more likely that spikes will occur in bursts, 
where several subsequent samples are affected, so that binary 
vectors with subsequent values “one” have a higher prior 
probability. However, for simplicity, it will be assumed that 

 has a uniform distribution (i.e. each binary vector is 
equally probable). The prior probability can then also be 
treated as a normalization constant. By combining Eqs. (4)-(5) 
and the previous assumptions, it can then be seen that the 
MAP binary vector  can be found by maximizing the 
likelihood function: 

    argmax
 

  |   (6) 

As in [9], it is now assumed that the corrupting noise 
process (see Figure 1) consists of independent samples drawn 
from a zero-mean Gaussian distribution with (unknown) 
variance   . As noted in the previous section, the residual 
error term  of the AR model is also assumed to be a white 
(Gaussian) process with variance   . A final assumption in 
[9], which further simplifies the equations, is that the 
corrupting noise process has significantly larger amplitudes 
than the residual error term (as in Figure 3), so that 

⁄ 1.  
Using the previous assumptions and the AR model of Eqs. 

(2)-(3), it can be shown [9][10] that the likelihood function is 
equal to: 

 |    
     

  | | ⁄
 (7) 

where     is the number of samples which are affected by 
spikes (   ), and where   and    are given by: 

    (8) 

    (9) 

    (10) 

    (11) 

      (12) 
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The subscripts in Eqs. (8)-(12) are used to partition the signal 
vectors and AR matrices into two parts:  are the samples 
of the signal vector which are unaffected by a spike, while  

 are the samples which contain a spike. Similarly,  
is the submatrix of  which only contains the columns that 
correspond to the unaffected samples, while  contains 
the columns that correspond to samples with a spike.  

From Eqs. (7)-(12), it can be seen that the likelihood 
function can be fully calculated by plugging in the binary 
vector , the AR model  and corresponding residual error 
term variance   , and finally, the unknown process noise 
variance   . The latter of these inputs poses a problem, as 
there is no direct way to measure the process noise variance 
(if a training database is not available). Fortunately, the 
process noise variance only occurs as the ratio ⁄  in Eq. 
(7), which can be assumed being a small number. It is 
therefore sufficient to set the ratio ⁄  equal to a small 
number   1. 

By using Eq. (7), which evaluates the likelihood function 
for a given binary vector , it is now possible to solve the 
maximization  problem (6) so that the most probable binary 
vector  can be found. This procedure is henceforth 
referred to as the Bayesian spike detector. As the search space 
of the maximization procedure can be large (i.e. in principle 
there are 2 possible solutions for binary vector  ), it 
may prove infeasible to find the solution in a reasonable 
amount of time. However, the calculation time can be reduced 
significantly if an initial estimate of the binary vector is 
available. In this work, we make use of the threshold detector 
(as discussed in the previous section), which provides a rough 
initial estimate of the binary vector . The Bayesian detector 
then only needs a few iterations to refine the rough initial 
estimate into the superior  solution. Moreover, the 
disadvantages of the threshold detector (such as the threshold 
parameter setting) become less crucial, as the threshold 
detector only has to provide a rough initial estimate, which is 
then refined by the Bayesian detector. 

2.4 Clean signal reconstruction 

Once the location of the spikes has been determined (i.e. the 
binary vector    has been determined), the algorithm should 
also reconstruct the clean signal    (at the affected samples). 
In typical spike removal algorithms [4][6][7], the affected 
samples are (linearly) interpolated from the nearest clean 
(unaffected) samples. Unfortunately, this interpolation may 
remove interesting features of the signal . With the AR 
model of Eqs. (2)-(3), it is instead possible to “predict” the 
signal values at the affected samples, which allows for a 
superior clean signal reconstruction. It will be demonstrated 
that the optimal solution (in least-squares sense) is 
automatically obtained as a by-product of the previously 
presented Bayesian spike detector, so that no additional 
computations are required. 
      As in the previous section, the clean signal vector is 
partitioned into two parts:  are the samples of the clean 
signal vector to which no noise is added (a “zero” is added in 
Eq. (1)), while  are the samples of the clean signal 
vector to which a noise term is added in the spike noise 
generation model (Figure 1). By Eq. (1), it is then obvious that 
  , while in general . The samples 

 are unknown and should now be reconstructed by the 
algorithm. We have assumed that the clean signal can be 
modeled by an AR model, so that the following must hold: 

      (13) 

Intuitively, the optimal  is the vector which results in the 
smallest residual error term  in Eq. (13). The residual error 
term will be minimized in least-squares sense, which leads to 
the following optimization problem:   

   min
 

min
 

      

      

      

         (14) 

By calculating the gradient with respect to  of the cost 
function in Eq. (14), and setting the gradient equal to zero, it 
can be seen that the solution for the optimal (in least-squares 
sense)  is equal to: 

      (15) 

From Eq. (15), and reminding that   , it is now 
apparent that the optimal (least-squares) signal reconstruction 
was actually already obtained as a by-product in the Bayesian 
spike detector calculations. Namely, the term  in Eqs. 
(8)-(12) is equal to the least-squares solution in Eq. (15), i.e. 

    (16) 

 
 

 
Figure 4. Reconstruction of clean signal  . 

 
An example of clean signal reconstruction by means of Eqs. 

(12) or (16) is illustrated in Figure 4. Again, a synthetic 
sinusoidal-type signal is considered. The signal is degraded by 
two local degradations over several subsequent samples, using 
the spike noise process model of Figure 1. The amplitudes of 
the additive noise are random values drawn from a Gaussian 
zero-mean distribution. The original degraded signal    is 
shown in red, the reconstructed clean signal  is shown in 
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black, and the “true” clean signal     is shown in green. It can 
be seen that a good reconstruction is achieved in the spike-
degraded samples. Moreover, the reconstruction algorithm 
only affects the degraded samples (i.e. the samples where the 
corresponding binary vector  contains a “one”), while it fully 
preserves the samples that are not affected by a spike. 
 

3 EXPERIMENTAL VALIDATION 

3.1 Introduction 

The Bayesian spike removal algorithm is now validated on 
real experimental data. The experimental data was previously 
measured for a prospective structural health monitoring 
application where the health state of a vehicle damper system 
is monitored [3]. A promising technique for this application is 
based on the so-called transmissibility function [12][13]. To 
compute this transmissibility function, accelerometers are 
instrumented at the wheel hub and at the strut mount of each 
damper system. The transmissibility function can then be seen 
as a frequency response function (FRF) between the input 
(acceleration at the wheel hub) and output (acceleration at the 
strut mount) signals which are acquired during the normal 
running condition of the vehicle [3]. However, to obtain an 
accurate transmissibility function, the operational acceleration 
data has to be preprocessed so that any signal anomalies (such 
as spikes) are removed.  

3.2 Setup 

In order to assess the reliability of the sensors and their 
effectiveness in monitoring the health state of the damper 
systems, two types of accelerometers were instrumented on a 
vehicle [3]. 

A first group of sensors are low-cost MEMS accelerometers 
(Continental BSZ05D) which are typically instrumented in 
chassis control and active suspension systems. The advantage 
of using these sensors (besides their low cost) is that they are 
already commonly instrumented in vehicles. The acquired 
signals, which are now only used for the chassis control 
system, could thus be re-used to also monitor the health state 
of the damper system. However, the signal quality and 
robustness of these sensors may be compromised in practice, 
so that preprocessing of the acquired data is required. 

A second group of sensors are high-end piezoelectric ICP 
sensors (B&K 4524B) which are normally only used in 
laboratory environments (due to their higher cost).  Although 
these sensors are less suitable for deployment in an SHM 
application, they provide accurate data which can be used as a 
reference benchmark in these investigations. 

The two types of sensors (i.e. low-cost and high-end) were 
instrumented together at the damper systems of a vehicle (i.e. 
four sensors per damper system – two sensors at the strut 
mount and two sensors at the wheel hub). Figure 5 shows an 
example of this instrumentation setup, where the low-cost 
sensor is visible on the left and the high-end sensor is visible 
on the right.  

It was previously observed in [3] that the low-cost sensors 
have a lower signal quality than the high-end sensors, in 
particular when considering the signal-to-noise ratio (SNR). It 
was concluded that this lower SNR does not compromise the 
applicability of these sensors in the SHM method. However, 

upon closer inspection the low-cost sensor signals also seem 
to be degraded by local spike anomalies, which can be more 
problematic for the (frequency-domain) transmissibility 
computations. In the next section, the Bayesian spike removal 
algorithm will therefore be applied to the spike-degraded low-
cost acceleration data. As previously discussed, the algorithm 
detects the locations of the spikes and also yields an optimal 
reconstructed signal. To assess the quality of this 
reconstruction, the resulting signal will be compared to the 
(spike-free) acceleration signal which is acquired by the 
closely-located high-end sensor.  

 

 
Figure 5. Instrumentation of low-cost and high-end 

accelerometers on the wheel hub at the rear suspension. 

 

3.3 Results 

The results of the Bayesian spike removal algorithm are 
shown in Figures 6 to 9. The accelerometer signals are 
sampled at 1024 Hz. The algorithm processes the signals in 
blocks of    1024 samples (corresponding to 1 second of 
data). The AR model order is chosen as    20. 

Figure 6 shows an example of the measured acceleration 
signals during a test drive on the road (350 seconds of the 
signals are displayed). The original low-cost sensor signal is 
plotted in red, the processed low-cost signal (after Bayesian 
spike removal) is plotted in black. The black signal overlays 
the red signal most of the time, as the algorithm has to retain 
the original signal in samples which are unaffected by spikes. 
However, it can be seen that multiple spikes are indeed 
present in the low-cost sensor signal (visible as red spikes), 
which are subsequently removed by the Bayesian spike 
removal algorithm. It can also be observed that there are other 
local, transient events which are present in both the low-cost 
and the high-end sensor signals. These events are real physical 
events (e.g. cleat passages), which should not be removed by 
the Bayesian spike removal algorithm. To assess if the 
algorithm is indeed capable to achieve this, we can make use 
of the high-end sensor signal (plotted in green) to distinguish 
the physical events from the anomalous spikes. 

In Figures 7 to 9, close-ups of the earlier displayed signals 
in Figure 6 are shown. These figures illustrate that the 
removed spikes are indeed non-physical events which only 
occur in the low-cost sensor data. Moreover, the quality of the 
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reconstructed signal at the affected samples can be assessed 
by comparing the corrected signal trends with the high-end 
sensor signal trends. The reconstruction quality is satisfactory, 
especially for the signal segment displayed in Figure 8. 

Finally, Figure 10 demonstrates how spikes can affect 
frequency-domain computations (such as for a transmissibility 
function), which motivates preprocessing the data with the 
Bayesian spike removal algorithm. A power spectral density 
(PSD) was calculated on the signal segment displayed in 
Figure 9, for each of the three plotted signals. The original 
low-cost sensor signal contains a spike in this segment. The 
spike can be seen as a high-frequency noise component which 
raises the overall noise floor, so that the resulting PSD 
becomes “flat”. Therefore, any high-frequency features in the 
original signal are lost because of the spike. After applying the 
Bayesian spike removal algorithm, it can be seen that the 
high-frequency features are again restored in the PSD. 
Moreover, the corrected low-cost signal PSD matches the 
high-end signal PSD, which is a final check of the 
effectiveness of the algorithm. 

 
 

 
Figure 6. Bayesian spike removal result; 

red: original low-cost sensor signal (with spikes),  
black: corrected signal (Bayesian spike removal), 

green: high-end sensor signal (spike-free reference). 

 

 
Figure 7. Bayesian spike removal result – zoomed in  

 

 
Figure 8. Bayesian spike removal result – zoomed in  

 
 

 
Figure 9. Bayesian spike removal result – zoomed in  

 
 

 
Figure 10. Bayesian spike removal result – power spectral 

density before and after Bayesian spike removal  
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4 CONCLUSIONS 
In this paper, an online Bayesian spike removal algorithm was 
proposed. The algorithm is an online procedure where spikes 
can be removed on-the-fly, i.e. each acquired data block can 
immediately be processed and corrected. This makes the 
algorithm especially suited for (real-time) SHM applications. 
The Bayesian spike removal algorithm fits an AR model to 
the spike-contaminated data, and then finds the most likely 
position of the spikes by maximizing a likelihood function. A 
reconstruction of the clean (spike-free) signal is automatically 
obtained as a by-product of the Bayesian detector. The 
performance of the algorithm was assessed on real 
experimental data measured on a vehicle. The results 
demonstrate that the algorithm is indeed able to remove the 
non-physical spike events, while at the same time it retains 
real physical (road-induced) transient events.  
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ABSTRACT: In the design of structural health monitoring (SHM) systems, it is important to know how damage detection 
performance is affected by environmental or operational variability to decide the number of sensors in the structure. The 
detection performance is influenced by the data dimensionality and the number of environmental or operational variables. The 
monitoring data can be divided into two subspaces: the signal space and the noise space. The environmental or operational 
influences are contained in the signal space. Changes in the data due to damage can appear in either subspace. Damage can be 
detected in the noise space, whereas in the signal space it may remain undetected. Because no measurements from the damaged 
structure are usually available in advance, the effect of damage and the corresponding subspace remain unknown. In the 
statistical study, it is assumed that the orientation of the damage vector is uniformly distributed in the data space and that 
damage can be detected in the noise space only. The projection of the data onto the noise space determines the detection 
performance. The result of the statistical analysis is the average detection performance as a function of the data dimensionality 
and the number of environmental or operational variables. Also, the probability that the detection performance is at least 0.5 of 
that of the ideal case is plotted. These diagrams can be used in the design of SHM systems. 

KEY WORDS: Structural health monitoring; Environmental or operational effects; Damage detection; Design of SHM systems; 
Sensor network. 

1 INTRODUCTION 
Vibration-based structural health monitoring is based on 
detecting changes in the dynamic behaviour of the structure. It 
is well known that environmental or operational variations 
also have an influence on the vibration characteristics of 
structures [1–7]. If these effects are not taken into account, 
they can result in false indications of damage. Fortunately, the 
environmental or operational influences can be eliminated 
using methods in which the measurement of the underlying 
variables is not necessary [8–23].  

Even if the environmental or operational influences can be 
removed from the data, the damage detection performance can 
be degraded so that damage remains undetected or the size of 
the minimum detectable damage is too large. This is due to 
the fact that damage may cause partly similar changes as the 
environmental or operational variables, which would then be 
eliminated together with the environmental or operational 
effects. 

It is important to know how damage detection performance 
is affected by environmental or operational variability. The 
detection performance is influenced by the data 
dimensionality and the number of environmental or 
operational variables. For the designers of structural health 
monitoring (SHM) systems, this result is valuable in order to 
decide the number of sensors in the structure. 

The signal-to-noise ratio is very important in detection. It 
should be as high as possible. In this paper, this parameter is 
constant and its effect is not studied. This study is focused on 
the degrading effect of the environmental or operational 
variables on damage detection compared to an ideal case in 
which those effects do not exist. 

The monitoring data can be divided into two subspaces: the 
signal space and the noise space. The environmental or 
operational influences are contained in the signal space. 
Changes in the data due to damage can appear in either 
subspace. Damage can be detected in the noise space, whereas 
in the signal space it may remain undetected. Because no 
measurements of the damaged structure are usually available 
in advance, the damage effect and thus the corresponding 
subspace also remain unknown. In the statistical study, it is 
assumed that the orientation of the damage vector in the data 
space is arbitrary. The direction is uniformly distributed. It is 
also assumed that each variable is of equal importance, 
measured with equal accuracy, and that damage can be 
detected in the noise space only. 

The damage vector is divided into two perpendicular 
components: projections onto the signal space and the noise 
space. The projection onto the noise space determines the 
detection performance. In the ideal case, the direction is 
perpendicular to the signal space, and the detection 
performance is one. In other cases it is less than one. If the 
data dimensionality is large compared to that of the signal 
space, it is more probable that the damage vector hits the 
noise space. 

The paper is organized as follows. The signal and noise 
spaces are introduced and illustrated with a simple example. 
Sample SHM simulations of a beam structure are performed 
in which different environmental or operational variables are 
present. The effect of the number of sensors on the detection 
performance is studied. These case studies do not give very 
useful general tools for the SHM system designers, because 
each structure is different. A statistical analysis is therefore 

Statistical analysis of the damage detection performance 
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performed to facilitate the decision of the number of sensors 
in the monitoring system. The result of the statistical analysis 
is the average detection performance as a function of the data 
dimensionality and the number of environmental or 
operational variables. Another result is the probability that the 
detection performance is at least 0.5 of that of the ideal case in 
which the noise space is the same as the data space. The 
resulting diagrams can be used in the design of SHM systems. 
Finally, concluding remarks are presented. 

2 SIGNAL AND NOISE SPACES 
Let p be the number of sensors or features, or the dimension 
of the data space. The data space can be divided into two 
subspaces: the signal space and the noise space. These two 
spaces are illustrated with a simple example. A more general 
discussion follows. 

2.1 An illustrative example 

As an illustrative example of signal and noise spaces, consider 
a simply-supported beam with length 1.4 m, a uniform 
rectangular cross-section of 5 mm × 50 mm (Figure 1). The 
structure was modelled with 144 simple beam elements in 
plane. A variable unknown static load F acted 612.5 mm from 
the left end (node 64). Static displacement was measured at 
two points, the midpoint (node 73) and 262.5 mm from the 
left end (node 28).  

The unknown static load was the operational variable 
varying uniformly between 1 and 2 kN. Measurement error 
was simulated by Gaussian white noise with a standard 
deviation of 0.1 mm which was added to the displacement 
measurements.  

Damage was a uniform decrease of the beam stiffness along 
the damaged length. Four different damage scenarios with 
three damage levels were simulated. The damage scenarios 
(damaged regions) were: 
• D1: Left quarter (Figure 1) 
• D2: Left half 
• D3: Three quarters from the left 
• D4: Whole beam 

The ratio of the remaining beam stiffness to the original 
stiffness at different damage levels was: 
• Level 1: 0.79 
• Level 2: 0.63 
• Level 3: 0.5 
 
 F 

 v2 v1  
Figure 1. Beam model with a static point load and two 

deflection measurements. Damage scenario D1 is shown in 
red. 

 
Measurements of the displacement pairs for each damage 

scenario are plotted in Figure 2. The blue data points are 
measurements from the undamaged structure. It can be seen 
that they have a large variation and fall close to a straight line. 

If there were no noise (measurement error), the data points 
would lie exactly on the line. The two variables are linearly 
correlated, because when the static load changes, both 
displacements also change, but not independently.  

The two-dimensional space has been divided into two 
subspaces: the signal space consists of the one-dimensional 
line plotted in Figure 2. Its complement is the noise space, 
which is also one-dimensional and perpendicular to the 
aforementioned line. 
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Figure 2. Measurements of two static displacements from the 

undamaged (blue) and damaged (red) structure with four 
different damage scenarios. The damage level is indicated 

with numbers 1–3. The red lines represent the effect of 
damage.  

 
If it is assumed that the load can have any possible value, 

the measurement of one displacement alone is not sufficient 
for damage detection. Either another displacement or the load 
has to be measured. In this example, two displacements are 
measured simultaneously. The static load is unknown, acting 
as an operational latent variable. Then, data points on the line 
(in the signal space) are interpreted to have been acquired 
from a healthy structure. Data points appearing outside the 
line (in the noise space) can only indicate damage. 

With two variables, detection is possible. However, the 
detection performance depends on the damage scenario and 
level (Figure 2). The red data points are samples from the 
damaged structure. The red line shows the effect of damage. 
Its starting point represents the displacements without 
damage, which would be unknown in practice. In a real case, 
the red data point only would be available and the line length 
and orientation remain unknown.  

The data point number in Figure 2 indicates the damage 
level. It can be seen that with an increasing damage level the 
damage effect (the length of the red line) increases. The 
orientation of the red line is constant (if the noise is zero) 
within each damage scenario. If the damage scenario changes, 
so does the orientation of the red line. In an ideal case, the red 
lines would be perpendicular to the dashed line, indicating 
that the damage effect is different to the environmental or 
operational effects. However, this would occur by chance 
only.  
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The red vector can be divided into two perpendicular 
components: one component lies in the signal space and the 
other in the noise space. The user or the analysis software 
observes the noise space component only. In the worst 
possible case, the data points would lie in the signal space and 
damage remains undetected. 

It can be seen from Figure 2 that damage scenarios D1 and 
D2 are easy to detect, while D3 and D4 are more difficult, even 
if the damaged region increases from D1 to D4. The 
explanation is that the correlation between the two 
displacements in D3 or D4 is similar as in the undamaged 
structure. Both the undamaged structure and D4 have uniform 
stiffness distribution. The displacement shapes are equal, 
although the absolute values of the displacement with equal 
loads are not. Because load F is unknown, the displacement 
pattern of D4 lies in the same subspace as that of the 
undamaged structure.  

It should be emphasized that detection of D3 and D4 did not 
fail, because the variables were insensitive to damage, but 
because damage had a similar effect as the operational 
variable.  

The length of the red line corresponds to damage sensitivity. 
Damage level 1 of D1 and D2 was difficult to detect, because 
the effect of damage in the noise space did not exceed the 
measurement noise level. Higher levels of damage could be 
observed in the noise space. 

The displacement pattern of D1 differed most from that of 
the undamaged structure. The correlation structure changed 
and the data points entered the noise space. Part of the 
correlation still remained, which can be seen from Figure 2 in 
that the shift is not perpendicular to the dashed line. 

2.2 Signal spaces in SHM 

In structural health monitoring, vibrations (accelerations or 
strains) are measured at different locations of the structure. 
Damage detection can be made using the measurement data 
directly or first extracting some characteristic features of the 
structure, which are assumed to be sensitive to damage. In 
either case, statistically significant changes in the dynamic 
behaviour of the structure are interpreted as an indication of 
damage.  

It is well known that also environmental or operational 
variability has an effect on the dynamic properties of the 
structure. For example, the natural frequencies of the structure 
may change due to normal temperature variation, and the 
effect is often larger than that of damage. Therefore, small 
damage may remain undetected. 

One possible solution is to measure the underlying variable, 
for example temperature. Another, and sometimes a more 
effective solution, is to measure redundant variables as in the 
static example above (Section 2.1).  

In the former option, a mathematical model between 
temperature and the feature must be found. For example, if the 
lowest natural frequency and temperature are measured, a 
regression model between them can be created. The problem 
is that the functional form is often unknown and must be 
identified. The relationship can be linear or non-linear. 

In the second option, temperature is unknown, and the 
correlation between the features is only studied. If the 
functional form is similar between temperature and the two 
features, a linear model is sufficient to eliminate the 

underlying effect even without knowing the functional form. 
For example, consider that two features, x1 and x2 are 
measured, which are influenced by unknown random scaled 
temperature T according to  

 2,1,3 =++= ieTbax iii  (1) 

where ai and bi are unknown constants and e is Gaussian 
noise. The two variables as functions of T are plotted in 
Figure 3. The variation of both variables is large, but the 
correlation between x1 and x2 is linear (Figure 4), which can 
be utilized to eliminate the temperature effect by dividing the 
data space into one-dimensional signal and noise spaces. 
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Figure 3. Two variables as non-linear functions of T according 

to Equation (1). 
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Figure 4. Correlation between two variables generated using 

Equation (1). 

However, if the functional form is 

 3,2,1,3 =+++= ieTcTbax iiii  (2) 

where ai, bi, and ci are unknown constants, then the correlation 
is a non-linear one-dimensional curve, which is the signal 
space (Figure 5). However, if T and T3 are treated as two 
different variables, three features would be needed in linear 
analysis to remove the effect of temperature. In the linear 
analysis, the dimension of the signal space is 2. In other 
words, in the linear analysis, damage can be detected from a 
one-dimensional noise space, whereas in a non-linear analysis, 
the dimension of the noise space is higher. A high-
dimensional noise space is advantageous, because it makes 
damage vector orientation in the noise space more probable. 
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On the other hand, linear analysis is easy to automate, it is 
robust, and works well in most cases. Therefore, linear 
analysis is assumed in subsequent discussions. See [24] for 
another example. 
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Figure 5. Correlation between three variables generated using 

Equation (2). 

 
Other environmental variables in SHM are humidity, wind, 

water level, etc. Operational variables include traffic, rotating 
speed of a machine, and the spatial load distribution [24]. The 
varying mode shape amplitudes are also underlying variables, 
especially in time-domain analysis. 

The dimension of the signal space can be approximated by 
estimating the number of underlying variables and their effect 
on the measured features. Each environmental or operational 
variable increases the dimension of the signal space by one.  

Another and a more accurate estimation can be obtained by 
monitoring the structure in service. Principal component 
analysis (PCA) or factor analysis (FA) could be used to 
estimate the dimensionality of the signal space by counting 
the non-zero eigenvalues of the data covariance matrix [25]. 
In PCA, the spaces are called the score space and the residual 
space [26]. However, due to measurement noise, these 
methods are subjective. A more relevant issue is that long-
term monitoring should be made to acquire data under normal 
environmental or operational variability, which would take a 
long time. This option is not always possible in SHM system 
design. 

The relevant questions for the designer are: How many 
environmental or operational variables exist? How many 
modes will be measured? What features are used in the data 
analysis? 

3 DAMAGE DETECTION WITH MMSE ESTIMATOR 
One technique to remove environmental or operational 
influences from the data is the minimum mean square error 
(MMSE) estimation, in which each sensor in the network is 
estimated in turn directly in the sensor space. Simultaneous 
sampling of each sensor is assumed and the number of sensors 
must be high enough to ensure redundancy. The sensors are 
divided into observed sensors v and missing sensors u: 

 
⎭
⎬
⎫

⎩
⎨
⎧

=
v
u

x  (3) 

with a partitioned covariance matrix Σ of the training data 
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ΓΓ
ΓΓ

ΣΣ
ΣΣ
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where the precision matrix Γ is defined as the inverse of the 
covariance matrix Σ and is also written in the partitioned 
form. A linear MMSE estimate is [27] 

 )(ˆ 1
vuvuuu μvΓΓμu −−= −  (5) 

where μu and μv are the mean of u and v, respectively. The 
error covariance matrix is 

 1)cov( −= uuΓvu  (6) 

The feature used for damage detection is the subgroup mean 
x  or the sample standard deviation S [28] of the first principal 
component of the residuals [29] 

 uuε ˆ−=  (7) 

The residuals lie in the noise space. In the example below, 
the subgroup consists of 100 subsequent observations.  

3.1 SHM example 

As a structural health monitoring example, consider a simply-
supported beam with length 1.4 m, a uniform rectangular 
cross-section of 50 mm × 5 mm (Figure 6). The beam was 
also supported with a spring 612.5 mm from the support, with 
the spring constant k depending non-linearly on temperature: 

 3
0 aTkk +=  (8) 

where k0 = 100 kN/m, a = –0.8 (with compatible units), and T 
is temperature with a uniform random distribution between –
20 and +40°C. 

The beam was divided into three sections of equal length. 
The Young’s modulus Ei at each section of the beam had a 
linear relationship with a corresponding independent and 
dimensionless environmental variable zi: 

 3,2,1,0 =+= izEE iii σ  (9) 

where E0 = 207 GPa, zi are standardized Gaussian variables: 
)1,0(~ Nzi , and the standard deviations σi of different 

sections are: σ1 = 5 GPa, σ2 = –3 GPa, and σ3 = –7 GPa.  
 
 

 463635 26 25 23 2221201221 24 4737

F2(t)  k F3(t) F1(t) 

 
Figure 6. Beam model. 

 
The structure was modelled with 144 simple beam elements 

in plane and a single spring element. Independent random 
excitations with different amplitudes in each measurement 
excited the structure at three points (Figure 6). Transverse 
acceleration was measured at 47 equidistant points along the 
beam. Gaussian noise with standard deviation σ = 0.01 m/s2 
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was added to each sensor. In the average the noise level was 
approximately 1% of the signal. The sampling frequency was 
571 Hz and the number of samples was 200 in each 
measurement. The first 50 measurements were from the 
undamaged structure. A slow environmental variability was 
assumed, justifying a constant environment during each 
measurement. 

As a conclusion, the environmental or operational 
variability thus introduced originated from (1) a variable 
spring with a non-linear relationship between temperature and 
the spring constant, (2) three regions with independently 
varying Young’s moduli, and (3) random load distribution at 
three points. Theoretically, the dimension of the signal space 
was 6 + 1 + 3 + 3 = 13 (six active modes, temperature, three 
independent environmental variables, and three independent 
spatial load distributions). At least 14 sensors would then be 
needed for damage detection. 

Alternatively, principal component analysis (PCA) was 
applied to the data to estimate the dimension of the signal 
space. The eigenvalues of the data covariance matrix are 
plotted in Figure 7 top, and the percentage of the total 
variance explained by the largest principal components in 
Figure 7 bottom. Due to noise, the last eigenvalues are not 
equal to zero. Therefore, subjective decision was needed. 

There is a drop in the eigenvalue when the number of 
principal components is 6, 7, or 8. The first 7 principal 
components explain 99.98 % of the variability of the training 
data. The dimensionality of the signal space was 
approximated as 7. There was a large discrepancy between the 
dimensionality of the signal space obtained by physical 
assessment and that using the measurement data. It is possible 
that some underlying variables had a negligible effect on the 
dynamic behaviour. 

 

0 10 20 30 40
0

10

20

Number of PC

E
ig

en
va

lu
e

0 10 20 30 40
0

50

100

Number of PC

V
ar

ia
nc

e 
E

xp
la

in
ed

 (
%

)

 
Figure 7. Eigenvalues of the data covariance matrix (top) and 
the percentage of the total variance explained by the largest 

principal components (bottom).  

 
Damage was a decrease in the beam depth at the spring 

support in two elements along a total length of 19.4 mm. This 
type of damage could represent local corrosion around the 
spring joint. Sensor 21 was located in the middle of the 
damaged region (Figure 6). The height of the beam varied in 

five different levels: 4.5, 4, 3.5, 3, and 2.5 mm. Each damage 
level was monitored with 10 measurements at variable 
unknown environmental conditions. 

The training data were the first 25 measurements. These 
were also used to design the control charts. The damage 
detection algorithm was MMSE followed by PCA. The first 
principal component of the residuals (Equation 7) was plotted 
on the S control chart.  

The detection performance depends not only on the data 
dimensionality (number of sensors) but also on the sensor 
locations. An attempt was made to select the given number of 
sensors out of the total 47 sensors resulting in either good or 
poor detection performance. The result is shown in Figure 8 
for each number of sensors. The plotted variable is a ratio 
σ1/σ0, where σ0 and σ1 are the standard deviations of the first 
principal component of the residuals from the undamaged and 
damaged structure, respectively. Damage is indicated if the 
ratio is significantly greater than one. 

It can be seen that with a careful selection of five sensors 
only, detection was possible. In that case, most of the sensors 
had to be located close to the damaged region sensing the 
local shape changes. This can be considered an exception, 
because the damage location is usually not known in advance. 
On the other hand, the number of sensors needed for damage 
detection in the worst case clearly exceeded the minimum 7. 
This can be explained with the fact that some sensors were 
insensitive to damage at the given location. With a random 
sensor selection, the detection performance would fall 
somewhere between the two extremes of Figure 8. An average 
detection performance will be studied in the next section. 

As an example, S control charts using 12 sensors are 
plotted. For good detection, the sensors were {9 12 15 16 17 
18 21 24 29 31 41 43}, resulting in the control chart in Figure 
9. For poor detection, the sensors were {6 9 13 16 29 32 34 36 
38 39 41 47}, resulting in the control chart in Figure 10. The 
detection performances are notably different. In the successful 
case, detection is evident without too many false alarms 
(Figure 9). In the bad case, there are too frequent false alarms 
and the data from the undamaged and damaged structure look 
very similar (Figure 10). 
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Figure 8. Detection performance with good/poor selection of 

different number of sensors. 
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Figure 9. Successful detection with 12 sensors: {9 12 15 16 17 

18 21 24 29 31 41 43}. 
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Figure 10. Poor detection with 12 sensors: {6 9 13 16 29 32 
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4 STATISTICAL DETECTION PERFORMANCE 
Finally, a statistical analysis was made to provide a designer 
of SHM systems with an estimate of the number of sensors or 
features p for required detection performance.  

Damage vectors of unit length with a random orientation in 
the data space were simulated. These vectors, representing the 
effect of damage, were divided into two components, one 
lying in the signal space and the other in the noise space. 
Figure 11 shows an example, where damage detection is made 
in a three-dimensional space (p = 3). The dimension of the 
signal space is m = 2. Due to damage, the new data point is 
shifted unit distance in a random direction (blue line). This 
shift is partly contained in the signal space (full red line) and 
partly in the noise space (dashed red line). 

Given the data dimensionality p and the dimension of the 
signal space m, N = 10 000 random vectors were simulated 
and the average detection performance computed. Without a 
loss of generality, the simulated vectors had unit length and 

were randomly oriented in the data space. It was assumed that 
damage can be detected in the noise space only. Therefore, 
each random vector was projected onto the noise space 
(Figure 12), where its length was d. Compared to the ideal 
case corresponding to the unit vector lying in the noise space 
with length 1, d represents the degraded performance due to 
environmental or operational effects. Also seen from Figure 
12, the minimum damage that can be detected is larger than in 
the ideal case (h = 1/d times that of the ideal case). Without 
environmental or operational influences damage can be 
detected with equal performance in any direction, provided 
the data point hits outside the unit circle in Figure 12. Notice 
that the noise level needs not be defined if the degrading 
effect of detection is only studied. 

 
Figure 11. A data point (blue cross) in a three-dimensional 
space (p = 3). The dimension of the signal space is m = 2 
(black data points). Due to damage, the new data point is 

shifted unit distance in a random direction (blue line). This 
shift is partly contained in the signal space (full red line) and 

partly in the noise space (dashed red line). 

 d

 1

 h = 1/d 1

 
Figure 12. Randomly oriented unit vector in two dimensions 
(p = 2). The dimension of the signal space is m = 1. d is the 

projection onto the noise space. The circle represents normal 
variability, or measurement noise without environmental or 

operational influences. Length h corresponds to the minimum 
damage that can be detected 
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The simulation proceeds as follows. All vector dimensions 
are equal to p. 
• Select the dimension of the data space p 
• Select the dimension of the signal space m 
• Create m randomly oriented unit vectors to form the basis 

for the signal space. Assemble these vectors in matrix A 
)( mp × . 

• Create N randomly oriented unit vectors x, representing 
the data points. 

• Project the vectors onto the signal space and the noise 
space. The projection onto the signal space is 

 Pxx =s  (10) 

where P is the projection matrix for the signal space [30]: 

 TT AAAAP 1)( −=  (11) 

The projection onto the noise space, or the residual, is  

 xPIxxx )( −=−= sn  (12) 

• Compute the length of vector nx :  

 nd x=  (13) 

The average degraded detection performance dave is plotted 
in Figure 13 as a function of p and m. The closer dave is to 1, 
the better is the detection performance. This can be achieved 
if mp >> .  

For example, in the static example of Section 2.1, p = 2, m = 
1, and the mean detection performance is dave = 0.6391. The 
theoretical value is dave = 2/π = 0.6366. If this detection 
performance is not acceptable for an SHM system, p must be 
increased until dave exceeds the required value. For example, 
required that dave > 0.9, p > 6 must be chosen. Thus, more than 
six sensors would be needed at different locations of the 
beam. 

Another way to utilize the same analysis is to compute the 
probability that d is greater than some value. For example, the 
probability P(d > 0.5) is plotted in Figure 14 as a function of p 
and m.  

In the static example of Section 2.1, p = 2, m = 1, the 
probability that the detection performance is greater than 0.5 
was 0.6672. If this detection performance is not acceptable for 
an SHM system, p must be increased until the probability 
exceeds the required value. For example, required that P(d > 
0.5) > 0.9, p > 4 must be chosen. 

In the example in Section 3.1, m = 8 or less. In order to 
design for dave > 0.9, p > 43 must be chosen. If the required 
probability P(d > 0.5) > 0.9, p > 16 must be chosen. 
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Figure 13. Average detection performance dave as a function of 

the data dimensionality p and the dimension of the signal 
space m.  
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Figure 14. Probability that the detection performance is 

greater than 0.5 as a function of the data dimensionality p and 
the dimension of the signal space m.  

5 CONCLUSION 
A tool for SHM system design is introduced, which facilitates 
finding the number of sensors or features in the monitoring 
system under varying environmental or operational 
conditions. It is assumed that each feature can be measured 
with equal accuracy and is equally important for damage 
detection. The smallest damage size that can be detected 
increases due to environmental or operational influences, 
because the dimensionality of the noise space decreases. 

The designer can use the diagrams in Figure 13 and Figure 
14 to decide the number of sensors or features by the 
following input: 
• number of active modes 
• number of environmental or operational variables  
• number of different load distributions 
• required detection performance compared to the ideal 

case without environmental or operational effects. 
It is difficult to assess how conservative the results of the 

statistical analysis are, because the similarity of the damage 
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effect to the other effects is unknown. It depends on the 
structure, damage, and environmental or operational 
influences, which are all unique. Therefore, an attempt was 
made to have a quite general and simple tool for the designer, 
giving a rough estimate of the number of sensors required in 
the monitoring system. If physical reasoning can be utilized, it 
might be possible to have more accurate results, but with 
much greater effort. 

The dimension of the signal space can be estimated using 
PCA. However, the decision would be subjective. The 
designer may not have measurement data available from the 
structure. In that case experience would be needed to define 
the possible underlying variables.  

It would be important to validate the statistical analysis with 
structural SHM systems. This would, however, be quite 
complicated, because even in numerical simulations, a limited 
sample of different damage scenarios would only be acquired. 
A large project would be needed to study different structures, 
environmental or operational effects, and damage scenarios. 
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ABSTRACT: Due to differences in stiffness, mass, damping, internal connections, external boundary conditions between a real 
structure and a FE model, differences will exist in the vibration characteristics including natural frequencies and mode shapes. 
To solve this discrepancy, FE updating has been widely used in civil engineering. The uncertain parameters in the FE model are 
adapted to minimize the differences. The Jalon Viaduct along the high-speed railway line between Madrid and Barcelona is 
selected as a case study. The viaduct is a continuous box girder supported on high piers. From ambient vibration, mode shapes 
have been derived in vertical, lateral and longitudinal direction. For the updating the natural frequencies and the three-
dimensional mode shapes of the first five lateral and first five vertical modes of the viaduct are used. For this calibration, 14 
updating parameters including 12 spring stiffnesses and 2 Young’s moduli are selected. The fact that also longitudinal 
components of the mode shapes are considered helped the updating process. Due to the existence of some local minima of the 
objective function induced by interfering modes, a Multistart Solver is used to obtain the global solution. It is shown that the 
relative weight of some residuals has to be adjusted in order to have better results for the longitudinal components of the vertical 
modes. The updating results in a much better agreement between the measured and the predicted natural frequencies and mode 
shapes. 

KEY WORDS: FE updating; dynamic properties; bridge structure; updating parameter; multistart solver. 

1 GENERAL GUIDELINES 
FE model updating method has been widely used in civil 
engineering, especially for structural identification based on 
measured modal parameters. Because of differences in 
stiffness, mass damping, connections and boundary conditions 
between the real structure and the FE model, dissimilarities 
will exist in the vibration characteristics including natural 
frequencies and mode shapes [1]. The uncertain parameters in 
the FE model are adapted to minimize these differences. This 
optimization procedure is also called FE-updating. Levin and 
Lieven indicated that there are two methods to adapt the FE 
model, one is via updating the mass and stiffness matrices, the 
other is parametric updating, an indirect but physically 
meaningful way [2]. 

In the past decades, the form of the objective function and 
the solution strategy in parametric optimization have been 
studied by many researchers. Jaishi presented a finite element 
(FE) model updating method for a real bridge structure under 
operational condition using modal flexibility, in which the FE 
mass matrix together with the Guyan technique is used for the 
mass normalization of the mode shapes extracted from the 
ambient modal test to calculate the modal flexibility [3].  

During the optimization procedure, some parameters are 
considered as updating variables, to make the calculated 
dynamic properties closer to the experimental ones. Spring 
stiffnesses at the boundaries and material properties, are 
commonly chosen as updating parameters. Before starting the 
optimization, initial values of the updating parameters should 
be selected. This selection might influence the result of the 
updating if local minima exist. Methods such as 
“Globalsearch”, “Multistart”, simulated annealing, and 

coupled local minimizers could be used in the optimization 
procedure [4].  

In this paper, a FE model updating analysis for the 
prestressed concrete Jalon Viaduct in Spain is executed using 
a solid model, based on the data from 303 measurement 
points. 14 updating parameters are chosen, including the 
values of spring stiffnesses at the supports and Young’s 
moduli of the materials. The updating procedure is performed 
by using the command lsqnonlin from Matlab, and a multistart 
solver is used to obtain the global optimum. 

2 UPDATING METHOD 
The FE model of the system can be treated as an objective 
function F(p) that generates the correct measured model 
frequencies (f) and mode shapes (ϕ) of the structure upon 
providing the actual physical parameters as ideal inputs to the 
model (p).  

Thus, the FE model updating is formulated as an 
optimization problem, where the difference between the initial 
experimental structural model and the predictive FE model is 
minimized. The minimization of the objective function is 
stated by the following nonlinear least square problem.  

[ ]21arg min ( ) arg min ( )
2 i i

p p i

p F p w R p= = ∑            (1) 

The residual vector R(p) can be split into two parts: the 
frequency residual vector, R f (p)∈R, and the mode shape 
residual vector R ϕ (p) ∈R. 

The residual vectors for frequency and mode shape are 
shown as follows. 

Residual of mode shape: 
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where conj(A’) represents the non-conjugated transposed 
matrix of A. 

Residuals of frequency: 
2 2 2( , ) ( ( ) ) /
j j j

R f p f p f f= − % %          (1,2, )j m∈ ⋅⋅⋅             (3) 

where, respectively, f  and f%  represent the predicted and 
experimental modal displacements; f and f% represent the 
predicted and experimental frequencies; wf  and fw represent 
weight factors of mode shape and frequency; n is the number 
of mode shapes, and m the number of frequencies. 

During the optimization procedure, the predicted and 
experimental results will match well when the objective 
function is close to a minimum. To evaluate the consistency 
quality between the measured and the FE-computed mode 
shape, the modal assurance criterion value MAC is used, 
which is expressed as 

( ) ( )
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= =
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                    (4) 

where, f  and f%  represent, respectively, the FE computed 
and experimental modal displacements at the measurement 
point j. The MAC value is between 0 and 1. 

The updating work is based on the trust region Newton 
method, which is a gradient-based iterative algorithm. The 
procedure is performed by using the command lsqnonlin from 
Matlab.  

3 MODAL ANALYSIS OF THE JALON BRIDGE 

3.1 Description of the Jalon Bridge 
The Jalon viaduct is a six-span continuous railway bridge 
located in Spain. The bridge consists of (35+45+45+45+45 
+35) m span PC box girders, supported by concrete piers with 
round section, as shown in Figure 1(a) and (b). 

 

 
(a) 

 
(b) 

Figure 1. Configuration of the Jalon Bridge 

To determine the dynamic characteristics of the bridge, a 
vibration measurement campaign was carried out. In total, 
vibrations at 303 nodes were measured in 38 setups by using 
twelve triaxial wireless sensors [5].  

Shown in Figure 2 are the locations of the 303 measurement 
nodes, which are arranged in three lines inside the box girder. 
It can be seen the measurement nodes are arranged at left, 
right and off-center positions on the bottom slab of the 
viaduct. The measured vibration data are analyzed by using 
the Modal Analysis of Civil Engineering Constructions 
(MACEC) toolbox [5], by which both ambient vibration data 
and free vibration data after the train passage are analyzed. 

 

 
Figure 2. Arrangement of the measurement nodes 

3.2 FE model of the Jalon Bridge 
A finite element model with solid elements is built in ANSYS. 
Beam4 elements for the piers and Solid45 elements for the 
box girder and the ballast are used, as shown in Figure 3. In 
total, there are 22886 nodes, 35 beam elements and 15812 
solid elements in the FE model. This model is used for the 
updating calculation. 

 

 
Figure 3. Solid element model of the Jalon Bridge 

In the FE Model, the connections between girder and piers 
are set to be rigid in lateral, vertical and rotational directions, 
as shown in Figure 4. 
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Figure 4. Rigid in plane connection between the girder and the 

pier 
In this model, Combine 14 elements are used to simulate the 

lateral stiffnesses at the fixed and the sliding end of the 
viaduct. Other Combine14 elements are built at the foundation 
of the piers to simulate the vertical stiffness and the rotational 
stiffness along the longitudinal direction. The other degrees-
of-freedom at the foundation are fixed. 

3.3 Modal results of the Jalon Bridge 
By FE calculation, the dynamic properties such as mode 
shapes and frequencies of the bridge are obtained, and the 
results are compared with the experimental ones [5], as shown 
in Table 1.  

Table 1. Modal results by FE analysis and experiment 

Nr 

Frequency  
(Hz) 

Mode  
shape Description FEM 

result 
Exp 

 results 
MAC 
value 

1 0.601 0.648 0.995 1st lateral bending 
2 1.182 1.238 0.993 2nd lateral bending 
3 2.201 2.230 0.989 3rd lateral bending 
4 3.279 3.279 0.990 Vertical bending  
5 3.595 3.536 0.973 4th lateral bending 
6 3.778 3.758 0.990 Vertical bending 
7  4.094 - Vertical bending 
8 4.421 4.471 0.961 Vertical bending  
9 5.211 4.917 0.969 5th lateral bending 

10 5.015 5.056 0.967 Vertical bending 
11 5.717 5.309 0.865 Torsion 
12 5.966 6.036 0.980 Vertical bending 

 
In the table, MAC is the modal assurance criterion value 

defined in Eq. (4). If the experimental and the FE computed 
mode shapes match perfectly, the MAC value will be 1.0. 

Shown in Figure 5 are the lateral and the longitudinal 
components of the experimental and the FE modal 
displacements of the first lateral mode. Mode shapes are 
normalized to unit maximum modal displacement. In the 
figure, the lines with blue asterisks represent the experimental 
modal displacement, and the red lines represent the modal 
displacements obtained by ANSYS. The red and blue lines 
match quite well, which means that the lateral mode shapes 
obtained by the FE model are in good accordance with the 
experimental ones. 

 

  
Figure 5. Comparison of the experimental and the FE modal 

displacements of the first lateral mode 

Shown in Figure 6 are the vertical and the longitudinal 
components of the experimental and the FE modal 
displacements of the 4th vertical mode. 

    
 Figure 6. Comparison of the experimental and the FEM 

modal displacements of the fourth vertical mode 

A good correspondence can be found from the figures 
between the vertical components of the modal displacements, 
while in the longitudinal direction there are obvious 
differences in modal displacements. The further from the 
fixed end, the bigger the deviation. 

4 FE UPDATING OF THE JALON BRIDGE 
As seen from Table 1, there exist clear differences between 
the calculated and the measured frequencies and mode shapes. 
Therefore, the FE model of the Jalon Bridge should be 
updated by correcting the uncertain parameters of the bridge 
structure. 
   From Table 1, one can see that the MAC values of the 1st, 
2nd, 3rd, 4th, 5th, 6th, 8th, 9th, 10th and 12th modes are 
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higher than 0.96, therefore the updating process will be 
carried out toward improving the frequencies and mode 
shapes of these modes. 

4.1 Choice of updating parameters 
To update the FE model, fourteen uncertain parameters of the 
bridge structure are selected in the updating calculation, as 
listed in Table 2. The layout of the spring elements in the 
model is shown in Figure 7. In the figure, the x-axis, y-axis 
and z-axis represent, respectively, the longitudinal, lateral and 
vertical directions. 

 
Figure 7. Layout of the spring elements in the bridge model 

Table 2. Description of the updating parameters 

Nr Parameter Details 

P1 stiffness 
longitudinal springs at the bottom of 
the cross-section at the fixed end of 
the girder 

P2 stiffness 
lateral springs at the bottom of the 
cross-section at the fixed end of the 
girder 

P3 stiffness longitudinal springs in the center of 
the cross-section at the fixed end 

P4 stiffness lateral springs in the center of the 
cross-section at fixed end 

P5 stiffness longitudinal springs between the 
girders and the piers  

P6 stiffness lateral springs at the foundation 

P7 stiffness longitudinal springs at the 
foundation 

P8 stiffness rotational springs at the foundation 
along the vertical direction 

P9 stiffness rotational springs at the foundation 
along the lateral direction 

P10 stiffness rotational springs at the foundation 
along the longitudinal direction 

P11 stiffness 
longitudinal springs at the bottom of 
the cross-section at the sliding end 
of the girder 

P12 stiffness 
lateral springs at the bottom of the 
cross-section at the sliding end of 
the girder 

P13 elastic 
modulus box girder 

P14 elastic 
modulus ballast 

4.2 Multistart solver 
The FE model is updated using the optimization procedure 
defined in Eqs. (1)-(3). The predicted and the experimental 
results will match well when the objective function is close to 
a minimum. The optimization procedure will stop after 
reaching a convergence criterion.  

To illustrate the possibility of the occurrence of local 
minima and hence the need of a multistart solver, a simulation 
example is presented. Only one updating parameter P1 will be 
considered. The initial value Pinit is set to 10% of the “true” 
(“experimental”) result, so the scale factor θ1=10 corresponds 
to the “true” (“experimental”) results. Figure 8 shows the 
square value of the objective function as a function of θ1. The 
peak A in the function curve of Figure 8 will be analyzed.  

 

 
Figure 8. Local minima of the objective function 

The MAC values (at θ1=1.9) between the experimental and 
the predicted mode shapes of the 1st, 2nd, 3rd, 4th and 5th modes 
are shown in Table 3. 

Table 3. MAC values between the experimental and predicted 
modes 

FEM 
Nr 

Experimental Nr 
1 2 3 4 5 

1 1.000  0.000  0.000  0.000  0.000  
2 0.000  1.000  0.000  0.000  0.000  
3 0.000  0.000  1.000  0.000  0.000  
4 0.000  0.000  0.000  0.992  0.000  
5 0.000  0.000  0.000  0.972  0.000  
6 0.000  0.000  0.000  0.000  1.000  

 
There are two predicted modes (the 4th and 5th modes) that 

can be matched with the 4th experimental mode. The detailed 
comparisons are shown in Figure 9. 
 

    
(a) The 4th mode 

  
(b) The 5th modes 

Figure 9. Experimental (blue) and predicted (red) modal 
displacements of the 4th and 5th modes 
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In Figure 9(a) and (b) are the vertical modal displacements, 
with the blue dotted lines representing the 4th experimental 
mode, the red line in Figure 9(a) the 4th predicted mode, and 
the red line in Figure 9(b) the 5th predicted mode.  

By comparing the modal displacements of the 4th 
experimental mode and the 4th and 5th predicted modes, the 
local minimum of the objective function can be explained by 
an interference effect of a longitudinal and a vertical mode.  

In a next simulation, local minima due to a change of P1 and 
P3 (both are stiffnesses of longitudinal springs at the fixed end) 
will be explored. 

Firstly, let  

init

= P
P

q                                  (5) 

   P should converge to the true value of this updating 
parameter. Pinit is the initial value of the updating parameter in 
the initial FE-model. P1init and P3init are chosen, and their 
values are set as 0.1P1 and 0.1P3. The calculated results 
correspond to different values of P1(θ1) and P3(θ3). The exact 
solution for θ1 and θ3 will be 10. A 3D plot in Figure 10 
shows the relationship between the objective function and the 
updating parameters. 

 

 
Figure 10. Objective function composed of mode shapes and 

frequencies of the first five lateral and vertical modes 

From Figure 10, a number of local minima can be seen in 
the undulation of the blue area. To solve this problem, a 
method named “Multistart solver” is adopted. This method 
considers several starting points in the hope that at least one of 
them can reach the global minimum. These starting points can 
be set manually, and they can also be chosen at random by 
using the function of “x0rndgen” in the CLM toolbox [4]. 

The convergence paths of these different starting points are 
shown in Figure 11. 

 

 
Figure 11. Convergence process for different starting points 

In this figure, the “red Asterisks” represent the starting 
points, the “black Asterisks” represent different points during 
iteration, and the “red circles” represent the final solution of 
the optimization process. The convergence paths for different 
starting points are connected by “black lines”. It shows that 
some of the starting points converge to several local minima 
of the objective function, but most points converge to the 
global minimum.  

Although the “Multistart solver” costs more computational 
time, the feasibility of this method has been proved. 
Therefore, this method will be adopted in the updating 
analysis using the real experimental data. 

The calculation results are shown in Table 4. It can be seen 
that there is a clear improvement for the natural frequencies, 
especially of those modes which are affected by the 
foundation stiffness.  

Table 4. Comparison of experimental results, initial FEM 
results and updated results 

Nr 

Experimental 
results 

Initial FEM 
results 

Updated  
results 

Freq 
(Hz) 

Freq 
(Hz) MAC Freq 

(Hz) MAC 

1 0.648 0.601 0.9877 0.647 0.9905 
2 1.238 1.182 0.9827 1.232 0.9802 
3 2.230 2.201 0.9782 2.242 0.9774 
4 3.279 3.279 0.9773 3.255 0.9906 
5 3.536 3.595 0.9708 3.573 0.9714 
6 3.758 3.778 0.9802 3.778 0.9461 
8 4.471 4.421 0.9283 4.446 0.9103 
9 4.917 5.211 0.9487 4.916 0.9306 

10 5.056 5.015 0.9327 5.085 0.9463 
12 6.036 5.966 0.8874 6.083 0.9846 

 
For the MAC values of the mode shapes that are improved 

compared to the results without updating, the reduction of the 
differences between predicted and experimental results are 
mainly due to the longitudinal components of the vertical 
modes. Normally, the updating work is focused on natural 
frequencies and lateral and vertical components of the mode 
shapes, as the longitudinal modal displacements are normally 
not measured. Therefore, the results in the Table 4 can be 
treated as good results. 
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4.3 Sensitivity test of the updating parameters 
The sensitivity of the frequencies and mode shapes to the 
parameters provides useful information for the updating 
process. 

The frequency sensitivity with respect to the selected value 
of any of the first 12 parameters pi, is computed. 

⎟
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where, Sij is the sensitivity, i represents the number of the 
considered updating parameter, j represents the mode number, 
p is the value of updating parameter, and ω is the value of the 
measured frequency of mode j. 

The sensitivity will be almost zero, when the value of the 
updating parameter is close to the minimum of the objective 
function. In this study, the values of pi are 90% of the final 
values of the updating parameters, the values of ∆pi are 10% 
of pi.   

The calculated sensitivity values for the most influencing 
parameters 5 and 10 in Table 2 are shown in Figure 12. 

From this figure, it can be found that the frequencies of the 
1st, 2nd, 3rd, 5th and 9th modes are sensitive to the updating 
parameters P5 (longitudinal springs between girders and piers) 
and P10 (rotational springs at foundation along the longitudinal 
direction). Moreover, these two parameters mainly influence 
the frequencies of the lateral 1st, 2nd and 3rd modes.  
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Figure 12. Sensitivity values of the frequencies with respect to 

the first 12 parameters 

Then, a similar study can be done to investigate how the 
variations in any of the 14 identified parameters impact the 
FE-computed mode shapes. In the analysis, the values of the 
lower and upper bounds are 90% and 110% of the final values 
of pi. 

The results show that the most influencing updating 
parameter is parameter P1 (stiffness of the longitudinal spring 
at the fixed end of the girder). An increment to it will result in 
the changes of all MAC values, especially for the 2nd, 3rd, 4th, 
5th, 6th, 8th and 10th vertical modes. The updating parameter P10 

(rotational springs at the foundation along longitudinal 
direction) influences the lateral modes. The influence of small 
increments of other updating parameters to the MAC values is 
not obvious. 

4.4 Adjustment of weight factors 
The objective function is composed by the mode shapes and 
frequencies of the 1st, 2nd, 3rd, 4th, 5th, 6th, 8th, 9th, 10th and 12th 
modes. In the previous calculation, the weight factors for all 
frequencies (wf) and all mode shapes (wϕ) were set as 1.0.  

In the next analysis, the weight factors for the longitudinal 
modal displacements of the 4th, 6th and 8th vertical modes are 
set as 3.0, and those for the other modal displacements and all 
frequencies are set as 1.0. 

The comparison of the experimental to the initial and 
updated FEM results is shown in the Table 5. It is found that 
although the predicted frequencies are less good than the ones 
without adjustment of weighting factors, most of the MAC 
values are clearly improved. 

Table 5. Comparison of experimental results, initial FEM 
results and updated results with different weights 

Nr 

Experimental 
results 

Initial FEM 
results 

Updated  
results 

Freq 
(Hz) 

Freq 
(Hz) MAC Freq 

(Hz) MAC 

1 0.648 0.601 0.9877 0.644 0.9928 
2 1.238 1.182 0.9827 1.226 0.9845 
3 2.230 2.201 0.9782 2.239 0.9796 
4 3.279 3.279 0.9773 3.256 0.9946 
5 3.536 3.595 0.9708 3.576 0.9723 
6 3.758 3.778 0.9802 3.758 0.9870 
8 4.471 4.421 0.9283 4.502 0.9890 
9 4.917 5.211 0.9487 4.906 0.9251 

10 5.056 5.015 0.9327 5.113 0.9714 
12 6.036 5.966 0.8874 6.154 0.9848 
 
Detailed comparisons of the 4th and 12th experimental, 

initial and updated FEM mode shapes are shown in Figures 13 
and 14. 

 

      
 

 
Figure 13. Comparison of the experimental (blue), initial 

(black) and updated (red) FEM modal displacements:  
vertical mode 4 
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Figure 14. Comparison of the experimental (blue), initial 

(black) and updated (red) FEM modal displacements:  
vertical mode 12 

In these figures, the blue lines represent the experimental 
modal displacements, the black lines represent the modal 
displacements obtained by the initial FE model, and the red 
lines represent the predicted modal displacements after 
updating. 

5 CONCLUSION 
A FE model updating analysis for the dynamic properties of a 
prestressed concrete viaduct is performed by using the 
command lsqnonlin from Matlab. The following conclusions 
can be drawn: 

(1) A good correspondence has been obtained between the 
measured and the calculated dynamic characteristics, 
especially for the natural frequencies and the vertical and the 
longitudinal components of the vertical mode shapes, by 
adapting 12 spring stiffnesses and 2 Young’s moduli as 
updating parameters in the FE model.  

(2) Among these parameters, the stiffness of the 
longitudinal springs between the girder and piers and the 
stiffness of the rotational springs at the foundation along the 
longitudinal direction are the most influencing parameters on 
the frequencies of the first five lateral and vertical modes. The 
updating with regard to the frequencies of the first 12 modes 
is mainly performed through adjustments of the foundation 
stiffnesses. 

(3) The stiffness of the longitudinal springs at the fixed ends 
of the girder is the most influencing parameter of the MAC 
values of both lateral and vertical modes. Another influencing 
parameter is the stiffness of the rotational spring at the 
foundation along the longitudinal direction.  

(4) Because of the expected local minima of the objective 
function due to interfering modes which appear with the 
change of stiffness of the springs in the longitudinal direction, 
it is difficult to select an initial searching point that will 
converge directly to the global minimum.  

(5) The relative weight factors play an important role in the 
updating process. To have better results for the longitudinal 
components of the vertical modes, some weights have to be 
adjusted. 
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ABSTRACT: The ambient air temperature and solar radiation are affecting the soil and asphalts’ stiffness and hence the 
eigenfrequencies of a bridge. Very often eigenfrequencies are automatically determined by special algorithms from structural 
response data generated by ambient excitation and measured by permanently installed sensors that is sometimes called “output 
only analysis” or “operating modal analysis”. Additionally the ambient air temperature is registered and finally the 
eigenfrequencies are analyzed versus the air temperature. The graph is normally a scatter diagram and each point is one 
measurement. In general the eigenfrequencies decrease with increasing temperature, whereas often linear regression is used to 
determine the line of best fit. But the slope of this straight line and the width of the scatter around the regression line differ from 
bridge to bridge. Especially this scatter field around the mean value at a determined temperature complicates the detection of 
damage, which is also often based on eigenfrequencies’ reduction. Hence the difficulty among others consists in separating 
damage from environmental effects.  

In Luxembourg the eigenfrequencies of a new two field composite bridge with steel girder, concrete slab and a relative thick 
asphalt layer were monitored over years. Additionally several temperatures at different points of the structure were registered. 
The eigenfrequencies were determined by Stochastic Subspace Identification (SSI). It turned out that the slope of the first 
eigenfrequency versus temperature is extremely high with 7‰ per °C and that any part of the bridge has at any moment its own 
temperature. Hence the bridge is not characterized by only temperature and moreover the temperature difference between steel 
and concrete is essential for the deviation from the mean value of the eigenfrequency at a given structural temperature. 
Especially in summer the day and night variations of ambient temperature are high due to the high solar radiation and hence the 
temperature gradients in the bridge are important, whereas in winter with overcast sky the gradients are small. It can be shown 
that the temperature gradient between steel base frame and top concrete slab is influencing the measured eigenfrequency. This 
knowledge is of high importance prior to the analysis of the data for damage detection and a simple reduction of the related 
uncertainty is possible by using only days with low temperature gradients for damage detection.  

KEY WORDS: damage detection; bridge inspection; temperature influence on eigenfrequencies. 

1 INTRODUCTION 
For structural health monitoring the eigenfrequencies are seen 
very important characteristics of a structure and often 
monitored and used among other parameters as damage 
indicators. It is known that damage reduces the stiffness and 
hence the eigenfrequencies of a bridge; unfortunately there are 
other environmental parameters aside, also influencing the 
eigenfrequencies as for instance the ambient temperatures. 
These environmental conditions also change the structures’ 
stiffness and hence the modal parameters, though they are 
independent of damage. Hence it is very important to separate 
temperature effects from damage effects.  

For instance, Peeters et al. [1] show in Figure 1 the first 
eigenfrequency of a bridge in Switzerland versus the ambient 
temperature. In the range between 0°C and 40°C one may use 
linear regression to approximate the data and to establish a 
relation between the first eigenfrequency and the temperature 
f1= a·T+b. In this example the slope “a” is approximately 1‰ 
per °C and the bandwidth of the scatter diagram is 
approximately 2,5%. Neither this bandwidth nor this slope “a” 
are general constants, but are different for individual bridges. 
Some other examples of monitored bridges may be found for 
 

 
Figure 1: First eigenfrequency f1 of the Z24-bridge versus 

ambient temperature [1] 
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instance in Link et al.[2] and Moaveni et al. [3]. In Figure 1 
another interesting effect may be seen at temperatures below 
0°C, where the stiffness of the structure and/or the bearing 
conditions change significantly probably due to freezing. 
One may summarize that the characteristic eigenfrequencies 
versus temperature of an individual bridge has to be known 
prior to damage assessment to separate temperature effects 
from damage effects. The larger the bandwidth of this scatter 
diagram the more difficult becomes damage detection, as it 
adds uncertainty to any identified eigenfrequency. Severe 
damages of concrete bridges cause reductions of the 
eigenfrequencies in the order of magnitude of 10% as for 
example may be found in Waltering [4], Bungard [5], Maas et 
al. [6] and Mahowald [7]. 

It is hence of great importance to reduce the bandwidth and 
to know, what parameters are effecting it prior to temperature 
effect correction and prior to damage assessment. It will 
subsequently be shown by measurements that temperature 
gradients within the structure are also influencing the 
eigenfrequencies.   

2 MONITORING SYSTEM 
The investigated bridge is located in Useldange over the river 
Attert in Luxembourg. It is a composite two-span bridge with 
a total length of 37.3m divided into two fields of 23.9m and 
13.4m span lengths as sketched in Figure 2. The upper plate 
has a thickness of 25cm and is made of concrete C45/55. This 
concrete plate is held by four main longitudinal steel girders 
of S355 with heights ranging from 0.5m to 1.3m following the 
bending moment. Two steel longitudinal girders are connected 
to each other with transversal girders every 4m. Above the 
concrete plate is an asphalt layer of 25cm, which is relatively 
heavy compared to common thicknesses of 8cm to 10cm 
(Bungard [5]). It should also be highlighted that this bridge 
has two fixed (or let us better say more or less clamped) 
supports: one at the south side and one at the column in the 
middle. A sliding support is located at the north abutment.    

Figure 2: Positions of the temperature transducers and the 
accelerometers on the bridge for monitoring (Bungard [5]). 

The time data is recorded using 8 accelerometers of type 
PCB 602A13 with sensitivity of approximately 1000mV/g and 
by 7 temperature sensors PT-100 JUMO WTH 90.2522 
installed on the bridge as shown in Figure 2. The acceleration 
data was captured daily from 2:00 to 22:00h with a sample 
rate of 200Hz while the temperature sampling was done with 
1Hz by the acquisition system HBM MGC-Plus and the 
software Catman professional. The data is written in ASCII-
format and zipped in order to reduce file size. The installation 
of the transducers and the acquisition system took place in 

2006 and the monitoring began in January 2007. The analysis 
of the data and the identification of the modal parameters are 
done with the Stochastic Subspace Identification (SSI) [8] 
method, which was programmed in Matlab. First the files 
were unzipped and then the 1Hz and 200Hz data were 
identified. In order to find a relation between the 
eigenfrequencies and temperatures a matrix containing the 
identified eigenfrequencies and temperature values of the 
seven transducers versus time was established. To shorten the 
size of the data the analysis time period is reduced from 1s to 
a time period of 15 minutes in the following way. The 
temperature values are simply averaged over 15 minutes, 
whereas the eigenfrequencies are more difficult to be grouped 
into these time intervals. Therefore an arbitrarily threshold 
value of 0.0015m/s2 is defined and the acceleration data is 
scanned, using a rolling window of 4s (800 samples) in length 
and 1s (200 samples) moving rate to identify dynamic events, 
i.e. events when the bridge is under vibration. Figure 3 shows 
for instance acceleration data, where clear traffic periods can 
be recognized. For each dynamic event, Stochastic Subspace 
Identification (SSI) is performed to identify the 
eigenfrequencies from the data of 4 accelerometers. The 
average of the eigenfrequencies for each eigenmode is 
calculated over all events in the 15-minute time period and 
written in the final data matrix. 

 
Figure 3: Example of time data of one accelerometer 

describing traffic periods and non-traffic periods. 

3 MONITORING RESULTS 
Figure 4 shows the 7 temperatures of the steel girders at the 
lower side of the bridge and inside the concrete plate, which is 
located more topside but still underneath the asphalt layer. 
The exact positions of the transducers are shown in Figure 2 
with the same colors as in the figures below. There are 4 
temperature transducers at the steel bars (T1, T3, T5 and T7) 
and 3 within the concrete plate (T2, T4 and T6). Additionally 
the first eigenfrequency is shown in green with a second 
vertical axis on the right side. It has to be explained that the 
empty spaces in April and November are due to an acquisition 
system failure. Furthermore it should be noted that the system 
paused also between 22:00 and 2:00h, which cannot be seen in 
Figure 4. We see clearly a yearly temperature variation and in 
an anticyclical pattern the first eigenfrequency. Hence a strong 
dependency of the latter on the temperature is evident.  
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Figure 4: Different temperatures of steel and concrete (in blue 
and red) and the first eigenfrequency (in green) of the bridge 

in the year 2008. 
 

We zoom now into smaller time intervals to see the daily 
influences of the temperature, why one should distinguish 
between winter and summer months. Figure 5 shows the daily 
temperatures of a sunny day in June 2008 and Erro! A 
origem da referência não foi encontrada. of a sunny day in 
February 2008. During the summer months variations 
between day and night of 10K for the steel are registered. 
Furthermore differences between steel and concrete of around 
6K can be noticed. The variations of the steel-temperatures 
are higher than the concrete temperature variations due to the 
smaller thermal inertia, which additionally leads to a phase 
shift of approximately 7 hours between steel and concrete. 
This is due to the fact that the temperature transducers for the 
steel girders are attached to the outside on the surface of the 
steel work and not inside the material as the concrete sensors 
are. The eigenfrequencies are higher during the night than 
during the day due to the changed stiffness. Considering now 
some sunny winter days in Figure 6 the temperature variations 
at the steelwork between day and night are 8K and the 
differences between steel and concrete are only 3K. Here the 
time shift of approximately only 5 hours is observed and the 
eigenfrequencies also vary inversely to the structure 
temperature. Now we look in Figure 7 to a time period with 
overcast sky in December, when the temperature differences 
between the steel and the concrete are not so pronounced and 
thus clearly lead to smaller variations of the eigenfrequency. 
These weather periods are far better for measurement and 
damage detection than sunny days with high gradients. 

 
Figure 5: Some sunny summer days of June 2008 

 
Figure 6: Some sunny winter days of February 2008 

 

 
Figure 7: Some cloudy winter days of December 2008 

 
The question arises how exactly the temperatures of steel 

and concrete are linked to the eigenfrequencies and whether 
there is at all a temperature which may be denoted as “the” 
structure temperature. Therefore the first eigenfrequency is 
plotted against the concrete temperature T2 in Figure 8. We 
can clearly see increasing eigenfrequencies (black “+”) with 
lower temperatures as expected. The relation is quite linear as 
the regression line in red shows. Moreover the standard 
deviation σ=0.10 Hz was calculated with respect to the 
regression line and not with respect to a constant mean value. 
The eigenfrequency band of ±3·σ width is shown; meaning 
for one specific temperature an uncertainty of 0.60Hz which is 
equal to 0.60Hz/4.5Hz ≈ 13% and hence an extremely high 
value. 

 
Figure 8: First eigenfrequency f1 versus the concrete 

temperature T2 of the bridge in Useldange for the year 2008. 

6K
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This band width of ±3 times the standard deviation (σ=0.10 
Hz) is reflecting measurement uncertainties and non-linear 
effects of the structure and the bearings. A big truck for 
example creates a far higher excitation than a small 
motorcycle. For instance Waltering [4] and Mahowald [7] 
showed that concrete structures and big bridges behave non-
linear in the sense that their eigenfrequencies are a bit 
dependent on the level of force excitation. Bungard [5] 
showed for this bridge in Useldange a variation range of the 
eigenfrequencies of less than 2.5% with swept sine excitation. 
High excitation forces lead to lower eigenfrequencies and 
vice-versa. But relative variations of 13% are really high and 
can not only be caused by this non-linear effect of force 
excitation dependency. Therefore the same eigenfrequencies 
were analyzed in Figure 9 for different temperature gradients 
∆T=T1-T2=TSteel-TConcrete. Again, linear regression lines were 
calculated for different temperature gradient intervals. One 
can recognize that for each regression line the slope “a” is 
approximately the same for all ∆T-intervals, whereas the 
offset value “b” (eigenfrequency at 0°C) is lower for high 
temperature gradient ∆T intervals. These “b”-values vary 
about 5% from low ∆T to high ∆T, which is due to changed 
boundary conditions and Young’s modulus and not due to 
damage (see also Table 2). Additionally it should be noted 
that the slope-value “a” is extremely high and extremely 
uncomfortable with ≈ 0.032Hz/°C ≈ 0.032Hz/4.5Hz/°C ≈ 7‰ 
per °C. This means that 20°C of concrete temperature change 
will result in 14% change of the first eigenfrequency, which is 
even higher than typical changes due to severe damage [4], 
[5], [6], [7]. 
 

 
Figure 9: First eigenfrequency versus the concrete temperature 
T2 of the bridge in Useldange for the year 2008. ∆T = T1 – T2. 
 

In Figure 10 the concrete temperature T2 is not indicated 
and all sampling points in each temperature interval ∆T are 
shown, which are of course not equally distributed as the 
intervals with small ∆T appear more frequent and thus are 
statistically more confident. Additionally the standard 
variations σ with respect to the linear regression lines in 
Figure 9 (and not with respect to constant values) were 
calculated for each interval. The ∆T-intervals with absolute 

large values occur of course less frequent and are hence less 
confident though the standard-variations σ are quite similar.  
 

 
Figure 10: Identified first eigenfrequencies with SSI in 2008 

versus temperature gradients ∆T with indication of number of 
identifications n and standard deviation σ with respect to the 

linear regression line per interval. 
 

Hence the different gradients ∆T are very important and 
should be further studied in order to reduce the bandwidth 
±3·σ, the bandwidth of uncertainty for a given concrete 
temperature. The temperatures between 0°C and 15°C were 
now selected because freezing effects and high radiation 
effects in summer were considered as extreme scenarios 
where measurements should be avoided. In Figure 11 the days 
of constant thermal conditions as indicated in Figure 7 were 
selected by imposing a limit for temperature changes, i.e. 
imposing d(∆T)/dt < 0.1°C/h and dT2/dt < 0.1°C/h (blue data).       

 

 
Figure 11: First eigenfrequency versus the concrete 

temperature T2 of the bridge in Useldange for the year 2008. 
The green “o” are all data and the blue “x” are only data with 
T2 between 0-15°C and slope d(∆T)/dt < 0.1°C/h and dT2/dt < 

0.1°C/h 
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For the blue selected data in Figure 11 the standard 
deviation σ=0.076 Hz was calculated with respect to the 
regression line and a band of ±3·σ=±0.229 width is shown.  
Hence the bandwidth could be reduced by 24% from 0.3 to 
0.229 Hz.   

In 2009 there were again problems with the monitoring 
system and the number of sampled eigenfrequencies was very 
small and hence these measurements are not presented here. 
The data of 2010 are not shown as they are quite similar to the 
data of the year 2008. 

The following Table 1 and Table 2 summarize now the 
calculated slope values “a” and the offset values “b”. For the 
year 2009 the values were not very accurate, since the data 
acquisition broke down. The inaccuracies occur if only very 
few values within a ∆T interval are available, especially for 
the intervals -10K to -7K and from 3K to 6K. These rather 
unsure values are marked by an asterisk (*). 

 

Table 1: Slope “a” in [Hz/°C] for some years for the bridge in 
Useldange. 

∆T [°C] -10 to -7 -7 to -3 -3 to 0 0 to 3 3 to 6 

2007 -0.025* -0.033 -0.033 -0.033 -0.025* 

2008 -0.032 -0.032 -0.033 -0.033 -0.032 

2010 -0.028 -0.030 -0.031 -0.031 -0.029 

 

Table 2: Eigenfrequency at 0°C or “b”-value in [Hz] for some 
years for the bridge in Useldange. 

∆T [°C] -10 to -7 -7 to -3 -3 to 0 0 to 3 3 to 6 

2007 4.76* 4.86 4.79 4.73 4.57* 

2008 4.89 4.84 4.78 4.74 4.66 

2010 4.93 4.89 4.82 4.77 4.70 

One can clearly see the parameters “a” does not vary a lot, 
considering small temperature gradients only. Over the years a 
constant value can be assumed. Also the “b” values stabilize 
in a specific interval, but clearly show an increase of 
approximately 0.05 Hz or 1% per ∆T-interval.   

4 SUMMARY AND CONCLUSIONS 
The Useldange-bridge in Luxembourg was monitored for four 
years. 7 different structural temperatures were registered and 
furthermore the eigenfrequencies were determined based on 
output only measurements with the Stochastic Subspace 
Identification (SSI) algorithm. The two span bridge has the 
specialities of two fixed or strongly clamped supports and an 
additional sliding support. Furthermore it has a very thick 
asphalt layer. Both characteristics lead to a high temperature 
dependency of the eigenfrequencies with slope value of 7‰ 
per °C. The characteristic behavior of eigenfrequency over the 
structural temperature must be known prior to damage 
assessment for any individual bridge in order to separate 

environmental effects from damage. The bridge of Useldange 
which was discussed here is perhaps an extreme case and 
therefore an interesting example. 

It could additionally be shown that the temperature 
difference between outer steel work and the concrete slab 
influence the first eigenfrequency by approximately 5% in 
average (Table 2). This important effect has to be considered 
when temperature compensation is done. A very simple but 
effective way for reducing this effect is to use the data only, 
when the temperature differences are small. Small 
temperature gradients occur after sufficiently long cloudy 
weather periods with overcast sky. For these days the 
uncertainty or ±3·σ bandwidth can be reduced by ¼. 

Further research has to be done in order to reduce this 
bandwidth by more detailed analysis of the temperature 
effects and other influencing parameters, as for instance the 
excitation amplitude dependency and measurement noise in 
general.      
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ABSTRACT: The objective of this paper is to provide a new theoretical basis to localize damage in structures using highly 
incomplete modal information, such as a small subset of the spectrum. The paper employs well-established ideas from 
sensitivity-based model updating and offers a new perspective on the problem by using the l1 norm to solve the inverse problem. 
It is shown that in contrast with the more traditional l2 (Euclidean) norm minimization, the proposed l1 norm minimization 
approach enables accurate examination of a set of potentially damaged locations much larger than the subset of the spectrum 
used in the formulation of the sensitivity matrix. The main prerequisite is that the damage must be sparse, i.e. occur in a small 
number of (unknown) locations with respect to the size of the domain, no other information regarding the damage is required. 
The computational effort necessary to solve the l1 optimization is larger than in traditional Euclidean norm minimization and 
requires the use of convex optimization methods. However, given the results that can be obtained, the computational effort is 
justified. 
 

KEY WORDS: Damage detection; Sparsity; l1 norm; sensitivity            

1 GENERAL GUIDELINES 
The use of vibration measurements and more specifically, 
identified modal information to detect damage (stiffness 
reductions) in structures can be traced back almost to the 
dawn of microcomputers in the late seventies and eighties [1-
4]. The realization that changes in structural properties induce 
changes in vibration frequencies was the primary impetus for 
developing vibration-based damage identification technology. 
Since then, numerous analytical methods and experimental 
techniques have been developed in order to expand the limits 
of what can be detected by processing vibration measurements 
[5,6]. 

The use of identified modal information for damage 
detection involves the use of changes in modal frequencies, 
modal shapes and(or) modal damping to perform the 
assessment. It has been shown theoretically and verified 
experimentally that the uncertainty and difficulty to identify 
modal shapes and damping ratios increases significantly in 
comparison with that associated with identification of modal 
frequencies [7,8] Therefore, it is highly desirable to develop 
computational methods that operate solely based on changes 
of identified modal frequencies as a criterion for damage 
detection. 

While the amount of literature that proposes the use of 
modal frequency shifts as a feature for damage detection is 
quite large [9-11] it has not been yet possible to generalize 
their use in damage detection. Some authors have claimed that 
the use of modal information, especially modal frequencies is 
not sufficient to locate damage and that in general, changes in 
frequencies cannot provide spatial information about 
structural changes [12]. 

The main difficulty in localizing damage using modal 
information, such as changes in mode shapes and frequencies, 

resides in that the number of potential damage locations is by 
far larger than the number of identified modal parameters. If a 
sensitivity method is used, the result is an underdetermined 
system of linear equations with infinite number of possible 
solutions. If one decides to use exclusively modal frequencies, 
the problem is exacerbated even further. 

The first objective of this paper is to clarify the 
mathematical nature of the underdetermined system of 
equations that arise from the application of the sensitivity 
method and to show that among the infinite number of 
possible solutions; in general, there are only a handful of 
sparse solutions. A sparse solution of degree s is one that only 
has s number of non-zero entries. Since structures are 
typically damaged in a small number of locations in 
comparison with the complete domain, we are only interested 
in sparse solutions, i.e. solutions with very few and sometimes 
only one non-zero component. Sparsity constrains are not 
typically enforced in existing damage detection algorithms. 

The second objective of this paper is to propose a method to 
find sparse solutions of the underdetermined system of 
equations that result from formulating the sensitivity method 
in structural dynamics. The proposed method relies on the use 
of the l1 norm as opposed to the traditional l2 norm. Previous 
results show that the l1 minimum solution to a system of 
underdetermined system of linear equations is sparse [13]. 
The computational effort necessary to solve the l1 optimization 
is larger than the traditional l2 optimization and requires the 
use of convex optimization algorithms [14]. The paper 
provides a survey of existing methods to obtain sparse 
solutions of underdetermined equations and proposes the use 
of the primal-dual interior point method. 

The paper begins with a brief review of the sensitivity 
method for finite element model updating. This is followed by 
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a section on Banach vector spaces (normed vector spaces), 
with special emphasis on the differences between l1 and the l2 
normed spaces. The paper continues with a section describing 
one possible algorithm to solve the l1 minimization problem, 
namely the primal-dual interior point method. We conclude 
with a section illustrating the proposed methodology in two 
different types of structural systems: (i) a shear beam and (ii) 
a square plate, both with localized damage. In all cases, it is 
shown that changes in a small subset of the spectrum are 
sufficient to accurately locate small and localized stiffness 
reductions at arbitrary locations. 

2 SENSITIVITY BASED MODEL UPDATING 
The sensitivity approach is one of the most popular 
frameworks for finite element model updating in structural 
dynamics [15]. The basic idea is to relate small variations in 
the stiffness and mass of a finite element model (FEM) to the 
corresponding variations in the eigenvectors and eigenvalues. 
In this paper, we seek a relationship between small changes in 
eigenvalues to small changes in the parameters that define the 
stiffness matrix, that is 

θλ Δ=Δ S            (1) 
where 1×∈Δ pRθ  is a vector of changes in the parameters 
that define the stiffness matrix of the structure, npR ×∈S is 
the sensitivity matrix, and the 1×∈Δ nRλ  is the 
corresponding change in the model’s eigenvalues due to θΔ .  
In particular, we restrict our attention to the cases where the 
stiffness matrix nnR ×∈K  can be written as 

( )∑
=

=
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where iE is an elementary influence matrix corresponding to 
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By taking the first term of the Taylor series expansion, the 
partial derivative of the stiffness matrix with respect to any 
particular parameter kθ can be approximated as 
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where jφ and jλ satisfy 

jjj λφφ MK =    (6) 
and 

1=j
T
j Mφφ    (7) 

where nnT R ×∈= MM is the mass matrix of the model 
(assumed unchanged by the stiffness reduction), jφ is the 

eigenvector corresponding to the eigenvalue jλ . 
If only a subset of q frequencies is identified from vibration 

data, then only the corresponding q rows of S can be used in 
the inversion. Furthermore, since errors in system 
identification are inevitable and damage produces finite 
changes in the model parameters, the following approximate 
under-determined system of equations results 

εθλ +Δ=Δ S    (8) 
where 1×∈Δ nRλ is the difference between the eigenvalues 
of the damaged and undamaged structures, 1×∈Δ pRθ is the 
change in the stiffness parameters (damage) and the 
components of S are given by eq.5 The vector 1×∈ qRε  
represents the error in the vector λΔ . 

In general eq.8 has infinite number of solutions. In order to 
obtain an unique solution (or a few feasible solutions) we 
propose exploiting the fact that damage typically occurs at a 
very small number of localized and isolated (unknown) points 
r within the domain of the structure such that r<q 
Traditionally, sparsity has not been exploited damage 
identification. 

It is important to note that issues regarding uniqueness of 
solutions are expected and that reductions in stiffness from 
different elements are indistinguishable if they generate the 
same changes in the subset of the spectrum being used. The 
proposed method does not claim to solve the uniqueness 
problem, even when the solution being sought is sparse. It 
only claims to provide a sparse solution. As it will be shown, 
in many cases, this yields an unique solution, however in 
some special cases, even this constrain is not enough. It will 
also be shown that even when multiple solutions with the 
same degree of sparsity are possible, that number is typically 
small with the respect to universe of possible solutions. 
 

3 lp NORMS 

A norm is a mapping ⋅ from a vector space X into R which 

satisfies the following properties for every Xx∈  and 
Xy∈  and every C∈α  

 
1. 0≥x  

2. xx αα =  

3. yxyx +≤+  
A norm generalizes the concept of distance that we inherit 

from Euclidean geometry. Vector spaces endowed with a 
norm are typically referred to as complete normed vector 
spaces, or simply, Banach spaces [16]. One of the most 
commonly used norms are the lp norms, which for a vector 
space nCX ∈  and ∞≤≤ p1 is defined as 
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In the case of p=2 we obtain the usual l2 norm or Euclidean 
distance. For p=1 we obtain the l1 norm or the Manhattan 
distance, which corresponds to the sum of the absolute value 
of the components. Although not a proper norm, for p=0 we 
obtain the l0 pseudo-norm which corresponds to the 
cardinality of x, i.e., the number of components with non-zero 
elements (provided one accepts 00 = 0). The l0 pseudo-norm 
defines the sparsity of x. A vector nRx∈  is said to be s-
sparse, for s < n if it contains s non-zero components and we 
represent it as sx =

0
 

We define an lp-ball p
rB  as the closed set whose elements 

satisfy 
 

p
rBx∈  if rx

p
=   (10) 

To develop some intuition regarding the effect of using 
different norms as criteria to select solutions to 
underdetermined system of equations consider Figure 1.  
 

 
Figure 1. (a) l2 solution to an underdetermined linear equation, 
(b) l1 solution to an underdetermined linear equation. l1 
solutions will provide the sparsest solution possible, while l2 
solutions will provide the least sparse solution. 

 
The line representing all the possible solutions to the 

generic underdetermined linear equation cbxax =+ 21 is 
shown (a,b,c are real constants). Figure 1(a) depicts the 
solution that minimizes the l2 norm. This is obtained by 
determining the smallest l2-ball that contains an element that 
satisfies the equation cbxax =+ 21 . By definition, every 
point in the depicted circle has the same l2 norm and only one 
point satisfies the equation. Figure 1(b) depicts the solution 
that minimizes the l1 norm. Similarly, in Figure 1(b) the 
minimum l1 solution is obtained by finding the smallest l1-ball 
that contains an element that satisfies cbxax =+ 21 . As can 
be seen, the shape of the l1 ball is very different from its l2 
counterpart. Moreover, except for the trivial cases of a vertical 
or horizontal lines, the l1 solution will always be sparse, i.e., 
only one component will be non-zero. On the other hand, the 
l2 solution, except for trivial cases, will always have a non-
sparse solution, i.e. all non-zero components. Finally, Figure 
1c) shows the solutions obtained by minimizing the l0 norm, 
as expected two solutions are obtained, one of them is the 
same that was obtained by minimizing the l1 norm. Finally, 
note that proper lp norms are convex, which make them very 

suitable for solutions using convex optimization algorithms, 
while the l0 norm is of combinatorial nature and non-convex. 

4 NUMERICAL METHODS FOR l1 MINIMIZATION 
In contrast with l2 minimization, which can be readily solved 
using well known algorithms such as singular value 
decomposition, the l1 minimization requires significantly 
greater computational effort and no closed form solution exist. 
In this section we will briefly discuss and compare some of 
the algorithms that can be used to solve the l1 minimization. 
There are at least five families of computational methods for 
obtaining sparse solutions to underdetermined linear set of 
equations. These are: 
 

- Greedy pursuit: Iteratively refines a sparse solution 
by successively identifying one or more components 
that yield the greatest improvement in quality [17]. 

- Convex relaxation: Replaces the combinatorial l0 
pseudo-norm problem with a convex l1 optimization 
problem. Solves the convex optimization problem 
using algorithms that exploit the structure of the 
problem [18]. 

- Non-convex optimization: relaxes the l0 problem to a 
related noncovex problem and finds an stationary 
point [19]. 

- Bayesian framework: Assumes a prior distribution 
for the unknown coefficients that favors sparsity. 
Develops a posteriori estimates that incorporate 
observations. After computing the posterior, 
identifies maximum likelihood estimate or region 
with large probability mass [20]. 

- Brute force: Searches through all possible sets. 
Clearly unfeasible for moderate and large scale 
problems. 

In this paper we concentrate on convex relaxation methods, 
specifically the primal-dual interior point algorithm [14]. We 
replace the combinatorial l0 by the l1 norm, yielding a convex 
optimization problem with tractable solution. Intuitively, this 
makes sense, since the l1 norm is the closest convex norm to 
the l0 norm (See Figure 1) 

5 NUMERICAL VERIFICATION 
In this section we show some numerical results designed to 
illustrate the applicability of the proposed methodology and 
some of the challenges that can be expected. We will simulate 
two structural systems: (i) a 21 degree of freedom (DoF) shear 
beam with variable stiffness and mass. In this case the 
objective is to detect a 1% percent reduction in stiffness in any 
single element given a limited number of identified 
eigenvalues of the system. (ii) A fixed square plate of 
dimensions 1.00 m x 1.00 m with 0.01m uniform thickness 
and elastic modulus of 200,000 MPa. In this case the objective 
is to detect a 10% reduction in stiffness in any single plate 
finite element. The model consists of 400 square plate finite 
element of dimension 0.05 m x 0.05 m. For all cases the log-
barrier interior-point optimization method was implemented. 
 
Case 1: Non-uniform Shear Beam 
The first simulated case to be examined is a 21 degree of 
freedom non-uniform shear beam. The degrees of freedom are 
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numbered from 1 in the first mass closest to the support, to 21 
at the free end. The stiffness of the springs varies as follows k1 
= ... = k7  = 1000, k8 = ... = k14 = 750 and k15 = ... = k21 = 500 
and masses vary as follows m1 = ... = m7 = 1, m8 = ... = m14 = 
0.75 and m15 = ... = m21 = 0.50. All expressed in consistent 
units. The resulting fundamental frequency of the structure is 
0.436 Hz. 

The damage sensitive features are a subset of the 
differences between the eigenvalues of the original system 
and the damaged system. The objectives here are: (i) to show 
the number of frequencies required in order to accurately 
identify the location and intensity of sparse damage, and (ii) to 
illustrate the difference between using an l2 norm 
minimization criteria versus the proposed l1 norm criteria for 
damage detection. 

To begin consider Figure 2. Here we present the results of 
one particular case in which the damage (1% stiffness 
reduction) was present in element No.6 and the lowest 4 
frequencies were selected as damage sensitive features. Thus, 
the sensitivity matrix. In Figure 1(a) the l1 norm minimization 
solution is presented and in Figure 1(b) the solution obtained 
using l2 minimization is presented. As stated previously, the 
proposed l1 methodology generates the correct sparse solution, 
while the l2 minimization generates an incorrect non-sparse 
solution. 
 

 
Figure 2. Estimated stiffness reduction for every element. In 
this case only element No.6 was damaged with a reduction in 
stiffness of 10. (a) depicts the l1 solution and (b) depicts the l2 
solution. 
 

The damage was identified as 15 units of stiffness 
reduction, this in contrast with the actual damage of 10 units. 
This result can be further refined if needed by simply fixing 
the damage location (found using the proposed algorithm) and 
optimizing the intensity to match the observed changes in 
frequency. At this point it is essential to emphasize that no 
prior information was given to the algorithm as to the 
potential number or locations of the damage. The method 
correctly identifies that there is a single element damaged 
(No.6) and simultaneously estimates its intensity using 
changes in the lowest four eigenvalues. 

We now proceed to examine the performance of the 
algorithm in detecting 1% damage in every element (taken 
separately, one at a time). Figure 3 presents a plot depicting in 
the ordinate the required number of frequencies in order to 
properly identify damage in each element considered 
(abscissa). In all cases, frequencies were selected starting 
from the lowest in increments of one until adequate 
identification was obtained. 

As can be seen, the number ranges from 2 in order to 
identify damage in element 15 up to 9 in order to identify 
damage in element 12. In average the number of frequencies 
required is close to 4. This means that in the worst case 
scenario, the method was capable of correctly identifying 
damage using less than half the number of frequencies 
necessary to obtain a unique minimum l2 solution. In the vast 
majority of cases the method is successful with a very limited 
number of frequencies, typically a ratio of 1-to-4 between 
total number of frequencies and the number of potentially 
damaged elements. 

 
Figure 3. Number of frequencies required in order to properly 
identify the damaged element indicated in the abscissa. The 
frequencies were selected sequentially from the lowest in 
increments of one until a proper detection was obtained. 
 

Next we investigate the scenario where multiple elements 
are damaged. Consider first the specific example where 
element No.6 is affected by 1% stiffness reduction (10 units of 
stiffness) and element No.15 by 5% stiffness reduction (25 
units). A comparison of the results using the l1 minimization 
versus the l2 minimization is shown in Figure 4. For this case 
the changes in the lower 6 frequencies were used as damage 
sensitive features. As can be seen, the algorithm correctly 
identifies the locations of damage. The stiffness reduction 
identified by the algorithm was 1.6% (16.33 units) for element 
No.6, and 7.7% (38.82 units) for element No.15. We can also 
see from Figure 4 that one could potentially erroneously 
assign some small damage ( < 1%) to element No.3 which 
was not actually damaged. 
 

 
Figure 4. Estimated stiffness reduction for every element. In 
this case elements No.6 and no.15 were damaged with a 
reduction in stiffness corresponding to 10 and 25 units 
respectively. (a) depicts the l1 solution and (b) depicts the l2 
solution. 
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To investigate the effect of errors ε in eq.8 we simulate ε as 
a realization of an n-dimensional Gaussian random vector 
with zero mean and standard deviation of each component εi 

proportional to the value of the corresponding λi where n is 
the number of “identified” frequencies included in the 
inversion. We varied the number of “identified” frequencies, 
starting from 2 up to 10. In each case 1,000 simulations were 
performed to obtain the corresponding probability of detection 
(POD). The criteria for detection were: (i) The method 
correctly identifies the element as damaged (reduced stiffness) 
and (ii) it does not assign any other element a stiffness 
reduction greater than 20 percent of the stiffness reduction 
assigned to the element with the highest reduction. This last 
condition ensures that the identified damage is indeed sparse. 
A summary of the results for four selected elements are shown 
in Figure 5. 
 

 
 
Figure 5. Probability of detection (POD) as a function of the 
coefficient of variation of the selected frequencies. (a) 
corresponds to spring No.2, (b) corresponds to spring No.6, 
(c) to no. 14 and (d) to No.20. 
 

By examining Figure 5 in conjunction with Figure 3 one can 
see that independently of the noise level, if not enough 
frequencies are included in the analysis, it will not be possible 
to achieve an accurate damage identification. In general the 
plots show the expected trend, i.e. the POD increases as the 
coefficient of variation of the noise decreases and as the 
number of frequencies included increases beyond those 
needed in the ideal case. It can also be observed that the POD 
curves tend to converge and that beyond a certain number of 
frequencies the increase in accuracy is minimal. An 
interesting case occurs with spring 2, in this case, when less 
than the minimal number of frequencies are used, the presence 
of noise improves the POD up to a certain point. This should 
be seen as an exception and not as a rule, as can be observed 
from the other cases. The range of values selected for the 
coefficient of variation of the "identified" frequencies was 
taken from uncertainty quantification studies on system 
identification results of real structures [21]. 

Finally we proceed to examine the efficacy of the proposed 
l1 minimization algorithm as a function of the damage size for 
a fixed level of noise. Figure 6 depicts the POD for 1,000 

independent simulations for each fraction of damage (stiffness 
reduction) between 0 and 0.20 in increments of 0.02. In all 
cases a fixed coefficient of variation of 0.001 was used for 
each frequency considered. As expected, the POD increases 
with the number of frequencies included and with the damage 
size. In majority of cases one can verify that for a damage 
severity corresponding to a 0.10 stiffness reduction a 
POD>0.75 can be obtained with 8 frequencies (or less in some 
cases), which is less than half the minimal number of 
frequencies required for a unique inversion of the sensitivity 
matrix. 

 
Figure 6. Probability of detection (POD) as a function of the 
damage size. (a) corresponds to spring No.2, (b) to spring 
No.6, (c) to No.14 and (d) to No.20. 
 
Case 2: Square Plate 
In this case we examine the performance of the proposed 
algorithm in the case of a square plate with dimensions 1.00m 
x 1.00m and uniform thickness of 0.01m. The elastic modulus 
used was E=200,000 MPa. The finite element model is 
formulated using 4-node, linear strain, rectangular Kirchhoff 
bending plate elements with every node having 3 degrees of 
freedom, two rotations and one translation (perpendicular to 
the plate of the plate). The size of each finite element is 0.05m 
x 0.05m. This level of discretization results in less than 1% 
error with respect to the fundamental frequency obtained 
using the exact solution from thin plate theory. The resulting 
model has thus 400 potentially damaged elements. In this 
example we will illustrate the case of detecting a single 
damaged element (10% reduction in stiffness) at an arbitrary 
location on the basis of the difference between the first 10 
frequencies in the lower end of the spectrum. Thus in this case 
the sensitivity matrix is 40010×∈RS . 

As a first case consider Figure 7. The proposed algorithm 
identifies the element located at coordinates (0.125m, 0.375m) 
as damaged (measured from the bottom left corner). The true 
damaged element was located at (0.125m, 0.325m). The 
estimated damage was 0.07, in contrast with the true value of 
0.10. Figure 8 shows the results obtained by using the 
traditional l2 minimization criterion. As can be seen this result 
is completely unrelated to the actual damage simulated in the 
plate. 
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Figure 7. (a) Normalized solution using l1 optimization (b) 
true location of damage 
 

 
Figure 8. (a)Normalized solution using l2 optimization (b) 
True location of damage. 
 

Consider now a second scenario shown in Figure 9 where 
damage was induced near the center of the plate. As can be 
seen the proposed methodology correctly identifies the 
location of the damaged element and identified the stiffness 
reduction as 0.08, where the real reduction was $0.10$. In this 
case only the lower 3 frequencies were used as damage 
sensitive features. Thus the sensitivity matrix is 4003×∈RS . 
 

 
Figure 9. (a)Normalized solution using l1 optimization (b) 
True location of damage. 
 

Finally, we illustrate the issue of uniqueness. If two or more 
elements have the same (or very close) columns in the 
sensitivity matrix, then it is not possible to distinguish them 
based on the observed deviations of the eigenvalues. This is 
an issue that is not particular to any method, it is an intrinsic 
limitation related to the resolution carried by the damage 
sensitive feature. Consider Figure 10 which illustrates the 
solution obtained when the element No.64 localized at 
(0.175m, 0.175m) is damaged. As can be seen the method did 
not identify that element as damaged, instead it identified 
element No.316 localized at (0.825m, 0.875m). At first glance 
it seems the methodology has failed, however if one examines 
the projection of column No.316 of the sensitivity matrix Sq 
onto the rest of the columns of Sq Figure 11 is obtained. This 

clearly shows that element No.316 and element No.85 are 
indistinguishable if only the first 10 frequencies are used 
because their respective columns of the sensitivity matrix are 
collinear. Note element No.85 is next to element No.64, which 
is the actual damaged element. In essence, the methodology 
was able to reduce the number of potential solutions from an 
infinite number to two. The author recommends that whenever 
a result is obtained from the proposed algorithm, a post-
analysis check is done to determine the indistinguishable 
elements. These also constitute potentially damaged locations. 
 

 
Figure 10. (a)Normalized solution using l1 optimization (b) 
True location of damage. 
 
 

 
Figure 11. The normalized projection of column 316 of S onto 
all columns of S. 
 

6 CONCLUSIONS 
The paper presents a new methodology based on l1-norm 
minimization to localize and quantify isolated damage in 
structures. The damage sensitive feature is the change in a 
subset of the eigenvalues of the system. The main contribution 
of the paper is to show that if the l1 minimization criterion is 
used, damage identification can be achieved using a subset of 
the spectrum which has significantly fewer elements 
(sometimes an order of magnitude less) than the set of 
potentially damaged elements. Furthermore, since the 
proposed algorithm does not rely on mode shapes, the number 
of sensors needed to perform the estimation can be relatively 
small, in many cases a single sensor could suffice. The 
proposed algorithm was implemented in two different types of 
simulated structures, a shear-beam and a plate in bending. In 
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the case of the shear-beam the average ratio of number of 
frequencies needed-to-potentially damaged elements was in 
the order of 1-to-4. In the case of the plate the ratio was in the 
order of 1-to-40 and in some cases 1-to-100. 

In closing we point out that various issues remain open for 
further investigation, specially robustness. Specifically, 
robustness of the various l1 minimization optimization 
algorithms to model error, measurement noise and size of 
damage. It is also critical to further investigate the limits of 
the methodology in terms of damage sparsity, i.e. how sparse 
does the damage have to be in order for the methodology to 
work in the presence of noise. These will be the subject of 
future work. 
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ABSTRACT: This paper presents the identification of the modal properties of a full-scale 5-story reinforced concrete (R/C) 
building outfitted with a variety of nonstructural components and systems (NCSs) tested on the unidirectional NEES-UCSD 
shake table in April-May, 2012. The building specimen was tested under base-isolated (BI) and fixed-base (FB) configurations. 
The purpose of the test program was to study the seismic response of the structure and NCSs and their dynamic interaction at 
different levels of seismic excitation. For each base configuration (BI and FB), the building was subjected to a sequence of 
earthquake base motions carefully selected so as to progressively increase the seismic demand on the structure and NCSs. 
Before and after each seismic test, ambient vibration (AV) data were recorded, and additionally, low amplitude white noise 
(WN) base excitation tests were conducted at key stages during the test protocol. Because of the low intensity of the ambient 
and WN base excitations, a quasi-linear response of the system is assumed, and the modal parameters of an equivalent linear 
time-invariant (LTI) model are estimated. Using the structural vibration data recorded by 28 accelerometers, three system 
identification methods, including two output-only (SSI-DATA and NExT-ERA) and one input-output (DSI), are used to 
estimate the modal properties of the BI and FB building between seismic tests. The results show that the modal properties 
obtained by different methods are in good agreement and that the estimated modal parameters of the building are affected by the
amplitude of the excitation, environmental conditions, and structural/nonstructural damage in the structure.  

KEY WORDS: Full-scale specimen; Shake table; System identification; Damage; Base isolation; Nonstructural components. 

1 INTRODUCTION 
Vibration-based damage identification has attracted attention 
in the field of earthquake engineering over the past thirty 
years. It potentially allows to detect and locate damage by 
studying the changes in the dynamic characteristics of a 
structure from an initial to a damaged state, when the structure 
has been excited by natural or human-made loads or when the 
structure has age-deteriorated. Experimental and operational 
modal analyses are the main techniques to identify the modal 
parameters (natural frequencies, damping ratios, and mode 
shapes) from recorded structural vibration data. These modal 
identification results can be further used to apply vibration-
based damage identification techniques, comparing the modal 
properties of a structure at different damage states (e.g., [1], 
[2]). 

Base isolation technology has been proved as an effective 
way to protect buildings and their nonstructural components 
and systems (NCSs) against earthquakes (e.g., [3], [4]). 
Between the different types of isolators, high damping rubber 
bearings have emerged as one of the most widely used in 
practice. Because the use of base isolation strategies has 
grown only recently after the 1995 Kobe earthquake in Japan, 
structural vibration data recorded in base-isolated buildings 
during large earthquakes is limited (e.g., [5], [6], [7]).  

To overcome the scarcity of datasets collected from densely 
instrumented buildings during large earthquakes, shake table 
tests have produced important, high quality, and unique data 
to assess the dynamic properties of buildings at different states 
of damage (e.g., [8], [9]) and of buildings incorporating base 
isolation (e.g., [3]). However, due to the high costs associated 

with this type of experiments, their number is still very 
limited. 

In 2012, a landmark project involved the testing of a full-
scale five-story reinforced concrete (R/C) building fully 
outfitted with a large variety of nonstructural components and 
systems (NCSs). The building, in both its base-isolated (BI) 
and fixed-base (FB) configurations, was subjected to a suite of 
earthquake base motions on the NEES-UCSD unidirectional 
shake table. In this paper, the modal properties of the test 
specimen for both BI and FB configurations are identified 
using input-output and output-only methods with ambient 
vibration (AV) and low amplitude white noise (WN) base 
excitation test data.  

2 DESCRIPTION OF THE BUILDING TEST 
SPECIMEN, INSTRUMENTATION, AND TEST 
PROTOCOL 

2.1 Building test specimen and isolation system 
The test building was a full-scale 5-story cast-in place R/C 
structure fully outfitted with a broad array of NCSs. The 
building had two bays in the longitudinal direction (direction 
of shaking) and one bay in the transverse direction, with plan 
dimensions of 11.0×6.6 m, respectively. The building had a 
floor-to-floor height of 4.27 m, a total height (measured from 
the top of the foundation to the top of the roof slab) of 21.34 
m and an estimated total weight of 3010 kN for the bare 
structure and 4420 kN for the structure with all the NCSs, 
both excluding the foundation, which weighted 1870 kN. The 
seismic resisting system was provided by two identical one-
bay special R/C moment resisting frames oriented east-west. 

System identification of a full-scale five-story reinforced concrete building tested on 
the NEES-UCSD shake table 
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The beams had different details at different floors. Six 
0.66×0.46 m columns were reinforced with 6 #6 and 4 #9 
longitudinal bars and a prefabricated transverse reinforcement 
electro-welded grid. The floor system consisted of a 0.2 m 
thick concrete slab at all levels. Two 0.15 m thick transverse 
R/C shear walls provided the support for the elevator 
guiderails. Figure 1 shows the test specimen and elevation and 
plan views. For the first testing phase, the building was 
mounted on four high damping rubber isolators, located at the 
four corners of the foundation. The isolators had a rubber 
diameter of 0.65 m, a total height of 0.34 m, and a rubber 
height of 0.20 m (Figure 1d). Further information about the 
structural system, nonstructural components, and their design 
considerations can be found in [10]. 

Figure 1. Test specimen (a) completed building; (b) elevation 
view; (c) plan view; (d) view of isolator. (Dimensions in m). 

2.2 Instrumentation array 
The building was instrumented with a dense accelerometer 
array, consisting of four triaxial accelerometers per floor, one 
at each corner as represented by red circles in Figure 1c. Also, 
six triaxial accelerometers were placed on the North-East and 
South-West corners of the shake table platen. The 
accelerometers were force-balance Episensor, with a full-scale 
of ±4g, a frequency bandwidth DC–200 Hz, and a wide 
dynamic range of 155dB. The data acquisition system 
consisted of Quanterra Q330 digitizers from Kinemetrics Inc. 
In this study, the acceleration response of the building 
measured by 28 accelerometers (2 for each translational 
direction of each floor) and sampled at 200 Hz is used to 
identify the dynamic properties of the test specimen. Before 
the system identification process, the time series were 
detrended and filtered using a band-pass IIR Butterworth filter 
of order 4 with cut-off frequencies at 0.15 and 25 Hz, defining 
a frequency range containing all the vibration modes 
contributing noticeably to the building response. 

2.3 Test protocol 
The seismic tests on the building were conducted in April and 
May, 2012. In addition to the seismic base excitation tests, 

AV was continuously recorded from April 14 to May 18, and 
low-amplitude WN base excitation tests using the NEES-
UCSD shake table were conducted at key stages during the 
test protocol. The seismic input motions were designed 
carefully and applied to the building to progressively increase 
the seismic demand on the structure and NCSs. Seven and six 
seismic input motions were applied to the BI and FB building, 
respectively. Table 1 summarizes the seismic test protocol and 
Figure 2 shows the acceleration time histories (THs) and the 
5% damped elastic displacement response spectra (EDRS) of 
the seismic input motions used for the BI and FB building 
configurations. 

Table 1. Seismic test protocol. 

Date Seed motion (Earthquake) Name 
04-16-2012 Canoga Park (Northridge 1994) BI1-CNP100 
04-16-2012 LA City  (Northridge 1994) BI2-LAC100 
04-17-2012 LA City  (Northridge 1994) BI3-LAC100 
04-17-2012 San Pedro (Chile 2010) BI4-SP100 
04-26-2012 ICA 50% (Peru 2007) BI5-ICA50 
04-27-2012 ICA 100% (Peru 2007) BI6-ICA100 
04-27-2012 ICA 140% (Peru 2007) BI7-ICA140 
05-07-2012 Canoga Park (Northridge 1994) FB1-CNP100 
05-09-2012 LA City  (Northridge 1994) FB2-LAC100 
05-09-2012 ICA 50% (Peru 2007) FB3-ICA50 
05-11-2012 ICA 100% (Peru 2007) FB4-ICA100 
05-15-2012 Taps Pump #9 67% (Denali 2002) FB5-DEN67 
05-15-2012 Taps Pump #9 100% (Denali 2002) FB6-DEN100
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Figure 2. Achieved seismic input motions: (a) acceleration 
THs for the BI building; (b) EDRS ( = 5%) for the BI 

building; (c) acceleration THs for the FB building; (b) EDRS 
( = 5%) for the FB building. 

3 SYSTEM IDENTIFICATION 

3.1 Methods 
To estimate the modal properties of the building, two state-of-
the-art output-only system identification methods were used 
for the AV data: Data-Driven Stochastic Subspace 
Identification (SSI-DATA) [11] and Multiple-Reference 

a) b)

c) d)
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Natural Excitation Technique combined with Eigensystem 
Realization Algorithm (NExT-ERA) [12]. For the low-
amplitude WN base excitation test data, in addition to the two 
abovementioned output-only methods, one input-output 
method was employed: Deterministic-Stochastic Subspace 
Identification (DSI) [11]. 

The three methods used in this paper work with the state-
space (SS) formulation of the equation of motion (state 
equation), which, together with the measurement equation, 
define the SS model 

1k+ d k d k kx A x + B u +w  (1) 

k d k d k ky = C x + D u +v  (2) 

where xk, uk, yk = state, input, and output vectors at time tk; wk,
vk = process and measurement noise vectors at time tk; Ad = 
discrete state matrix (dynamical system matrix); Bd = discrete 
input matrix; Cd = discrete output matrix; and Dd = discrete 
direct feed-through matrix. 

From the relationship between the discrete and continuous 
state matrices ( expd dA A t  where t is the sampling 

time), it can be proven that their eigenvectors ( ) are 
identical, while the continuous and discrete eigenvalues, i

and i respectively, are related as  
ln i

i =
t

 (3) 

Then, from the eigenvalues and eigenvectors of Ad , the modal 
frequencies (f.i), modal damping ratios ( i) and mode shapes 
( i) of the system can be obtained as  

Re
;     - ;     

2
i i

i i d
i

f = = = C  (4) 

SSI-DATA and NExT-ERA  are output-only system 
identification methods, i.e., uk = 0 in Eq. (1), while DSI is an 
input-output method. The three methods assume that wk and vk
are zero-mean Gaussian white processes. The order of the 
identified SS model is defined by using the stabilization 
diagram, which summarizes the identified modal parameters 
versus model order (e.g., [13], [14]), with criteria  

1% ; 5% ; 1 100 2%
i j

i j i j
,

j j

f f
    MAC

f
 (5) 

where fi, i and fj, j are the identified natural frequencies and 
damping ratios for models of successive orders i and j = i+2, 
and  MAC i, j is the modal assurance criterion [15] of a pair of 
corresponding mode shapes identified for models of 
successive orders. Figure 3 shows the stabilization diagram 
obtained using SSI-DATA for the AV data recorded on the 
FB building on May 5, 2012, between 17:30 and 17:40 PST. 

3.2 System identification of the base-isolated building 
Figure 4 shows the Fourier amplitude spectra (FAS) of the 
absolute acceleration TH recorded in the E-W direction at the 
North-East corner of the roof during WN tests with 1.5%g 
root-mean-square (RMS) acceleration conducted before the 
test BI1 and after the tests BI4 and BI7. A predominant 
frequency of 0.62 Hz (T = 1.59 sec) is observed in all the 
recorded responses. 

Figure 3. Stabilization diagram from SSI-DATA for the AV 
data recorded on the fixed-base building on May 5, 2012, 

between 17:30 and 17:40 PST (before test FB1). 
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Figure 4. FAS of the E-W absolute acceleration THs recorded 
at the North-East corner of the roof during 1.5%g RMS WN 

tests conducted before BI1, after BI4, and after BI7. 

System identification based on ambient vibration test data 
The identification process using AV was performed using 
back-to-back ten-minute long time windows of structural 
ambient vibration data, referred to as data sets hereafter, 
recorded from April 14 to April 30, 2012. Since 
approximately 17 days of continuous data, producing 2442 
data sets, needed to be processed to identify the dynamic 
characteristics of the BI building, an automated procedure was 
utilized. For this purpose, the stabilization diagram was used 
to distinguish between physical and spurious (mathematical) 
modes. For the stability criteria, a mode is consider stable if 
the triple stability criterion defined in Eq. (5) is satisfied six 
times consecutively (as the model order is increased 
progressively by six increments of two). 

The mode shapes identified with the methods used herein 
are complex-valued, and the corresponding real modes are 
computed using the method proposed in [16]. The eleven 
mode shapes identified from the first data set are shown in 
Figure 5. They correspond to the first four longitudinal modes 
(1-L, 2-L, 3-L, and 4-L), the first three coupled transverse-
torsional modes (1-T+To, 2-T+To, and 3-T+To), and the first 
four torsional modes (1-To, 2-To, 3-To, and 4-To). The modes 
1-T+To, 1-L, and 1-To correspond mainly to the deformation 
of the isolation system and are referred to as isolation modes, 
while the modes 2-T+To to 4-To mostly represent the 
deformation of the superstructure and are referred to as 
structural modes. 
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Figure 5. Mode shapes of the BI building identified using SSI-
DATA with the AV data recorded on April 14, 2012, between 

18:00 and 18:10 PST. 

Polar plots are used to investigate the level of non-
proportional or non-classical damping in the identified mode 
shapes. Figure 6 shows that the identified mode shapes are 
almost purely classically damped, since all the vectors shown 
in the polar plots are almost collinear. The most likely reason 
is that the level of structural vibration is very low for AVs; 
consequently, the level of shear deformation in the isolators is 
low and the damping effect of the isolation system is minor.  

Figure 6. Polar plot of the mode shapes of the BI building 
identified using SSI-DATA with the AV data recorded on 

April 14, 2012, between 18:00 and 18:10 PST. 

The natural frequencies obtained from the automated 
identification process are plotted as a function of time in 
Figure 7. In this plot, vertical dashed lines mark the times of 
the seven seismic tests conducted on the BI building. The 
natural frequencies of the modes corresponding to the 
deformation of the isolation system (1-T+To, 1-L, and 1-To) 
decrease after each seismic test, but recover in time before the 
next seismic test. Since the total mass of the building 
remained practically unchanged during the complete BI test 
phase, the decrease in the natural frequencies of the isolation 
modes is due to a reduction in the lateral (shear) stiffness of 
the isolators, which recovers in time while the building is not 
subjected to another seismic excitation. These modal 
identification results indicate that the BI building does not 
suffer any structural damage during the BI test phase, and 
only minor nonstructural damage was observed. It is noted 
that the peak interstory drift ratio remained below 0.4% 
during the BI test phase. 

To analyze the overall trend of the identified modal 
damping ratios during the BI test phase, Figure 8 shows the 
evolution of the identified equivalent viscous damping ratios 
for modes 1-T+To, 1-L, 1-To, 2-T+To, 2-L, and 2-To. The 
damping ratios of the isolation modes (1-T+To, 1-L, and 1-
To) are higher than those  of the structural modes 2-T+To, 2-
L, and 2-To. Cyclic variations in the identified natural 
frequencies and damping ratios due to changes in 
environmental conditions are observed, similarly to the case 
of the FB building [17]. 
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Figure 7. Temporal evolution of the natural frequencies of the 
BI building identified using SSI-DATA with AV. 
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Figure 8. Temporal evolution of the identified equivalent 
viscous damping ratios ( ) of the BI building for modes 1-

T+To, 1-L, 1-To, 2-T+To, 2-L, and 2-To. Vertical lines 
indicate application of seismic motions BI1 to BI7. 

System identification based on low amplitude white noise base 
excitation test data 
Figure 9 and Figure 10 show the natural frequencies and 
equivalent damping ratios, respectively, identified using SSI, 
NExT-ERA, and DSI from the measured response during the 
WN base excitation tests conducted before BI1 (1A and 1B), 
after BI4 (5A and 5B), and after BI7 (8A and 8B). It is noted 
that before each seismic test, a sequence of three WN base 
excitations, with nominal amplitude 1.5%g (A), 3.0%g (B), 
and 3.5%g (C) RMS base acceleration respectively, were  
applied to the BI building. The identified natural frequencies 
(Figure 9) show a good agreement between the different 
system ID methods for each WN test, with relative differences 
lower than 10%. Moreover, for the same level of base 
excitation (same RMS base acceleration), the identified 
natural frequencies show differences lower than 15% before 
and after the seismic tests. However, as the level of base 
excitation (RMS) increases, the identified natural frequencies 
of most of the modes decrease. This is due to the nonlinear 
behavior of the base isolators during the WN tests; their shear 
stiffness decreases with increasing shear deformation. 
Consequently, the natural frequencies of the identified 
equivalent LTI model decrease as the level of excitation 
increase from 1.5%g to 3.0%g RMS acceleration. The 
identified damping ratios (Figure 10) corresponding to the 
first three modes of vibration (1-L, 1-L+T, and 1-L+To) are 
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high, ranging between 7 and 15%. These high damping ratios 
are most likely due to the contribution of the isolator bearings, 
(see Figure 11). On the other hand, the damping ratios of the 
modes associated with the deformation of the superstructure 
(modes 2-L to 4-L) are mostly in the range 1 to 5%. 

Figure 9. Natural frequencies of the BI building identified 
before BI1 (1A and 1B), after BI4 (5A and 5B), and after BI7 

(8A and 8B) using WN base excitation test data. 

Figure 10. Equivalent damping ratios ( ) of the BI building 
identified before BI1 (1A and 1B), after BI4 (5A and 5B), and 

after BI7 (8A and 8B) using WN base excitation test data. 

The mode shapes of the ten modes identified using data 
from the 1.5%g RMS WN base excitation test conducted 
before test BI1 are shown in Figure 11. These modes 
correspond to the first four longitudinal modes (1-L, 2-L, 3-L, 
and 4-L), the first three coupled longitudinal-transverse modes 
(1-L+T, 2-L+T, and 3-L+T), and the first three coupled 
longitudinal-torsional modes (1-L+To, 2-L+To, and 3-L+To). 
Figure 12 shows the polar plots of the mode shapes identified 
using DSI with data from the 1.5%g RMS WN base excitation 
test conducted before test BI1. These mode shapes are close to 
purely classically damped, most likely due to the low level of 
shear deformation induced by the WN base excitation in the 
isolation system in the case of the structural modes. However, 
the degree of non-proportional damping is higher than in the 
modes identified using AV data. 

Figure 11. Mode shapes of the BI building identified using 
DSI with data from 1.5%g RMS WN base excitation test 

before test BI1. 

Figure 12. Polar plot of the mode shapes of the BI building 
identified using DSI with data from 1.5%g RMS WN base 

excitation test before test BI1. 

Figure 13 compares the absolute acceleration THs measured 
in the E-W direction at the roof of the building with their 
counterparts simulated using the SS model identified with 
DSI. Figure 13a shows the comparison for the 1.5%g RMS 
WN test conducted before the seismic test BI1, while Figure 
13b shows the comparison for the 3.5%g RMS WN test 
conducted after the seismic test BI7. A very good match is 
observed between the measured and identified responses  in 
both cases. Similar results were obtained for all the WN tests 
performed. The very good match obtained between the 
measured and predicted (using the identified model) 
acceleration responses for all WN tests confirms the accuracy 
of the identified equivalent (or effective) modal parameters.  

Figure 13. Measured versus identified absolute acceleration 
responses at the roof of the BI building for WN tests: (a) 

1.5%g RMS before BI1; (b) 3.5%g RMS after BI7. 

3.3 System identification of the fixed-base building 
Because the seismic base excitation tests for the FB 

building induced structural damage, different damage states 
were defined before and after each seismic test. These damage 
states range from DS0, which corresponds to the undamaged 
state before test FB1, to DS6, which corresponds to the 
damage state after test FB6 (see Table 1). 

a)

b)
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System identification based on ambient vibration test data 
Figure 14 and Figure 15 show the natural frequencies and 

equivalent damping ratios ( ) obtained using SSI-DATA and 
NExT-ERA from the AV data recorded at different damage 
states. The natural frequencies estimated by SSI and NExT-
ERA are in very good agreement for all the damage states. As 
the damage induced by the seismic tests increases, the natural 
frequencies decrease due to the stiffness degradation caused 
by the damage. The higher modes are less sensitive to low 
levels of damage than the lower modes, whose natural 
frequencies begin to decrease from the initial states of 
damage. 

Figure 14. Natural frequencies of the FB building identified 
using AV data at different damage states. 

The damping ratios (Figure 15) identified using the two 
identification methods are in good agreement. The agreement 
is better at the lower modes than at the higher modes; 
however, their variability of the two estimates of the damping 
ratios is larger than that of the natural frequencies. The 
estimated damping ratios do not show a clear trend as the 
damage progresses, but they are in the range 0 to 5%, which is 
in agreement with previous studies for similar structures (e.g., 
[8]). 

In the undamaged state (DS0), the lowest frequency 
corresponds to the mode 1-T+To (first coupled transverse-
torsional mode). Because the seismic base motions were 
applied to the building along its longitudinal (E-W) direction, 
and consequently most of the structural and nonstructural 
damage was produced by deformations of the building in this 
direction, from DS1 onwards, mode 1-L has the lowest natural 
frequency (see Figure 14); therefore, the building lateral 
stiffness degrades faster in the longitudinal than in the 
transverse. A similar observation can be made for the higher 
modes (2-T+To, 2-L, and 2-L+To). 

The mode shapes identified using SSI-DATA from AV data 
collected at DS0 are presented in Figure 16. The first five 
longitudinal, the first three torsional, and two coupled 
translational-torsional modes can be identified using the AV 
data. From the polar plots (not shown here due to space 
limitation) of the mode shapes identified for the FB building 
using both AV and WN base excitation test data, it can be 
concluded that the identified modes are almost purely 
classically damped. 

Figure 15. Equivalent damping ratios ( ) of the FB building 
identified using AV data at different damage states. 

Figure 16. Mode shapes of the FB building identified using 
SSI-DATA from AV data at DS0. 

The MAC coefficient [15] is used to compare the mode 
shapes estimated by SSI and NExT-ERA for AV test AMB1 
(Figure 17) conducted at DS0. Most of the MAC values along 
the diagonal (corresponding modes) of the MAC coefficient 
matrix  are close to one, indicating that the mode shapes 
identified using both methods are close to each other. A 
similar pattern exists at all states of damage. As for the 
damping ratios, the agreement between the mode shapes 
identified using the two methods is better for the lower modes 
than for the higher modes. This is due to the fact that the 
participation of the higher modes in the measured responses is 
lower than that of the lower modes and, consequently, the 
signal-to-noise-ratio (SNR) is lower for the higher modes. 

The modal properties of the FB building were also 
identified using back-to-back ten-minute long time windows 
of AV data recorded continuously between May 5 and May 
18, 2012. The identified modal parameters were analyzed 
statistically in order to investigate the variability and 
consistency between different system identification methods. 

Figure 17. MAC values between the mode shapes of the FB 
building identified from AV data at DS0. 
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In addition, the effects of environmental conditions on the 
identified modal parameters were investigated. Due to space 
limitation, these results are not presented here, but can be 
found in [17]. 

System identification based on low amplitude white noise base 
excitation test data 

At damage states DS0, DS4, and DS5, six minutes of WN 
base excitation with a RMS acceleration of 1.5%g were 
applied to the test specimen. Figure 18 and Figure 19 show 
the natural frequencies and damping ratios identified using 
SSI-DATA, NExT-ERA, and DSI from the WN test data 
recorded at the three damage states. As in the case of AVs, the 
natural frequencies estimated by the different methods are in 
very good agreement and they decrease as the damage 
progresses in the system. However, the natural frequencies of 
the modes with components predominantly in the longitudinal 
direction exhibit greater reductions than the other modes, 
since, as explained earlier, most of the structural and 
nonstructural damage is associated to structural deformations 
in the direction of the excitation. It is noticed that for all the 
WN tests, the mode 1-L has the lowest natural frequency.  

Figure 18. Natural frequencies of the FB building identified 
using 1.5%g RMS WN base excitation test data at different 

damage states.  

By comparing the natural frequencies identified from AV 
and WN base excitation test data at the same damage states, it 
is observed that the natural frequencies decrease by a similar 
percentage from AV to WN test data. 

The MAC coefficient is used to compare the modes shapes 
identified by the three different methods (Figure 20). Most of 
the MAC values along the diagonal of the MAC coefficient 
matrix are close to one, from which we can conclude that the 
corresponding mode shapes identified by the different 
methods are close to each other, with a better agreement for 
lower modes than higher modes for the same reason as 
previously explained for Figure 17. Similar results were 
obtained at all damage states. 

Figure 21 compares the absolute acceleration THs measured 
in the E-W direction at the roof level of the FB building with 
their counterparts simulated from the SS model identified by 
DSI using data from WN base excitation tests with 1.5%g and 

3.5%g RMS acceleration performed at damage states DS0 and 
DS5, respectively. 

Figure 19. Equivalent damping ratios ( ) of the FB building 
identified using 1.5%g RMS WN base excitation test data at 

different damage states. 

Figure 20. MAC values between mode shapes identified by 
different methods from  1.5%g RMS WN base excitation test 

data at DS0. 

The same comparison was carried out for all the WN tests, 
allowing to conclude that the matching between the measured 
and simulated (from identified SS models) building responses 
are in good agreement at all floor levels.  However, the level 
of discrepancy between the recorded and simulated responses 
increases as the level of damage in the structure increases. 
This is due to the increasing nonlinear response behavior of 
the structure (even at low amplitude response level) as the 
damage increases, which cannot be captured accurately by the 
LTI model assumed by the system identification methods used 
herein. 

Figure 21. Measured versus identified absolute acceleration 
responses of the FB building at the roof level for WN tests: (a) 

3.5%g RMS before FB1; (b) 3.5%g RMS after FB5. 

a)

b) 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2339



4 CONCLUSIONS 
A full-scale five-story R/C frame building fully outfitted with 
a variety of nonstructural components and systems (NCSs) 
was built and tested on the NEES-UCSD shake table while in 
a base-isolated (BI) and fixed-based (FB) configuration. The 
building was subjected to a suite of earthquake base motions 
of increasing intensity. Using the structural response 
measured by 28 accelerometers during ambient vibrations 
(AV) and low amplitude white noise (WN) base excitations, 
three system identification (SID) methods, including two 
output-only (SSI-DATA and NExT-ERA) and one input-
output (DSI) method, were used to identify the modal 
parameters of the BI and FB building between individual 
seismic tests. 
BI building

From the modal properties identified using AV data, it is 
observed that the natural frequencies of the modes associated 
with the deformation of the isolation system decrease after 
each seismic test, but recover in time before the next seismic 
test. The effect of environmental conditions on the identified 
natural frequencies and damping ratios is observed through 
the analysis of continuous-time recorded AV data. From the 
modal parameters identified using WN base excitation test 
data, it is concluded that the natural frequencies of the 
building did not change significantly before and after the 
seismic tests for the same level of WN base excitation (RMS). 
However, as the level (RMS) of the WN base excitation 
increases, the natural frequencies decrease due to the 
softening behavior of the base isolators as their shear 
deformation increases. The damping ratios corresponding to 
the first three identified modes of vibration are high ([7-
15]%), because these modes correspond mostly to 
deformations of the isolation system (i.e., isolation modes). 
The damping ratios identified for the other modes (structural 
modes) which are mainly associated with deformations of the 
superstructure are significantly lower ([1-6]%). 
FB building

A study of the modal properties identified using AV and 
WN base excitation test data shows that the natural 
frequencies decrease as the damage in the building increases. 
The reduction in natural frequency, due to the degradation of 
the stiffness of the structure caused by the damage, is more 
significant for modes corresponding to deformations of the 
building in the longitudinal direction (e.g., longitudinal 
modes) which is the direction of the seismic excitations. The 
identified damping ratios do not show a clear trend as a 
function of damage state, but longitudinal modes have higher 
damping ratios than the coupled translational-torsional and 
torsional modes. The correlation between the mode shapes 
identified using different methods was studied using the MAC 
coefficient, which shows a good agreement between the 
different SID methods at each state of damage. 
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ABSTRACT: The identification of modal characteristics of mid- and high-rise buildings from ambient wind excitation is
challenging for both the vibration sensing system and the system identification method that are employed. In this study,modal
characteristics of a mid-rise building are estimated from acceleration data that are measured with wireless sensors inten different
setups. The stochastic subspace identification approach isemployed together with a recently developed uncertainty quantification
method, so that not only point estimates of the modal characteristics are available, but also their complete probability distributions.
The method is seen to correctly quantify the uncertainty levels on the different modal characteristics, which vary considerably from
mode to mode and also from setup to setup. The fundamental bending and torsion modes are identified with high accuracy while
the accuracy of the secondary bending and torsion modes is atleast one order of magnitude lower.

KEY WORDS: Operational modal analysis, uncertainty quantification, wireless sensors

1 INTRODUCTION

The identification of the dynamic characteristics (natural
frequencies, damping ratios, and mode shapes) of mid-
and high-rise buildings from ambient wind excitation is
challenging for both the vibration sensing system and the
system identification method that are employed. Traditional
sensing systems consisting of uniaxial wired accelerometers
pose severe practical limitations for this type of application,
as the accelerations in different directions at a measurement
point are of interest and the wired connection across floors
is cumbersome. Detailed mode shape information, which is
highly important for the analysis of complex buildings with
e.g. cantilevering parts, is therefore difficult to obtain with this
type of equipment. Furthermore, the ambient wind excitation
is narrow banded, so that only one or a few lower modes are
dominantly present in the data. Many applications however,
amongst which model calibration, health monitoring and force
identification, yield more accurate and reliable results when the
number of identified modal characteristics is larger. Therefore,
a powerful system identification method is needed that can not
only identify weakly excited modes but that can also provide
information about their estimation accuracy.

In this paper, modal characteristics of a 73m high office
building (and an additional 12m below ground level) with
increasing size upwards and large cantilevering floors are
identified by operational modal analysis (OMA) [1], [2].
The modal characteristics are estimated from raw acceleration
signals that are obtained with wireless triaxial seismographs
with high resolution. As system identification algorithm, the
covariance-driven stochastic subspace identification algorithm
is employed [3], [4]. It not only yields point estimates for the
modal characteristics, but also their full probability distribution.

2 STRUCTURE AND MEASUREMENT DESCRIPTION

The IMEC Tower is a recent, 73m high tower building in
Leuven, Belgium, designed by Baumschlager-Eberle. The
construction started in May 2011, with Vanhout/Besix as main
contractor and Jan Van Aelst as structural engineer. The tower
offers office space for 450 employees of IMEC, one of the
world’s largest research centers for micro- and nanoelectronics.

On 13 June 2013, when the main structure of the tower was
completed (Fig. 1), an output-only modal test was performed
with the aim of identifying natural frequencies, damping ratios
and mode shapes of the tower’s first few global modes, that are
excited mainly by ambient wind loading. Acceleration data have
been collected at all floors by twelve wireless GeoSIG GMS-
18 units, each containing a high-sensitivity triaxial MEMS
acceleration sensor (Fig. 2). The test was performed in
ten measurement setups. In each setup, three floors were
instrumented with four units each. The positions of the units
at the top office floor were kept fixed, while the other units were
roving from floor to floor. The acceleration data were sampled
at 200Hz during 20 minutes for each measurement setup.

The measured signals were digitally low pass filtered
with an eighth-order Chebychev type I filter with a cutoff
frequency of 8Hz in both the forward and reverse direction
to remove all phase distortion, and then re-sampled at 20Hz.
Subsequently, the signals were high-pass filtered with a fourth-
order Butterworth filter with a cutoff frequency of 0.15Hz, again
in both the forward and reverse direction.

3 ESTIMATES OF MODAL CHARACTERISTICS AND
UNCERTAINTY QUANTIFICATION

3.1 Stochastic subspace identification: point estimates

The different OMA setups were processed using the reference-
based covariance-driven stochastic subspace identification (SSI-
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Figure 1. The IMEC Tower during construction, June 2013.

Figure 2. Wireless triaxial accelerometer, positioned directly
onto the concrete floor.

cov/ref) algorithm [3], [4], which is one of the most accurate
and robust algorithms available for output-only modal testing
[1]. It identifies the following discrete-time state-spacemodel
for a vibrating structure:

xk+1 = Axk +wk (1)

yk = Cxk + vk, (2)

where xk is the state of the system,yk is the vector with
measured outputs,A and C are the system matrices that are

identified from the algorithm, andwk and vk represent the
influence of ambient excitation on the outputs. Additional
measurement noise is also included invk. In the SSI algorithm
it is assumed thatwk andvk can be described as realizations
of discrete white noise processes. This is a good assumption
as long as the ambient excitation spectrum is not dominated by
specific frequency components, which is for instance the case
when strong harmonics are present in the excitation [1].

The original version of the SSI-cov/ref algorithm assumes
that the output correlation matricesΛΛΛl , which are defined as

ΛΛΛl := E
[
yk+lyref

k
T
]
, (3)

whereyref
k is the vector with reference outputs, are precisely

known. The set of reference outputs is a subset of the
measured outputs, which is mainly employed to increase the
computational efficiency of the algorithm when many outputs
are measured. When the modal test is performed in different
setups, the common outputs are usually good candidates as
reference outputs in the algorithm. The algorithm then proceeds
by putting the correlation matrices in a large Hankel matrix

L1|i :=


ΛΛΛ1 ΛΛΛ2 . . . ΛΛΛi

ΛΛΛ2 ΛΛΛ3 . . . ΛΛΛi+1
. . . . . . . . . . . .
ΛΛΛi ΛΛΛi+1 . . . ΛΛΛ2i−1

 , (4)

and by decomposing this matrix as

L1|i :=


C

CA
. . .

CA i−1

 [
G AG . . . A i−1G

]
, (5)

where

G := E
[
xk+1yref

k
T
]

(6)

Since a state-space description is unique only up to a similarity
transformation, the decomposition (5) is not unique. A
particular decomposition is easily obtained with the singular
value decomposition technique [3]. The matricesA andC are
retrieved from the first matrix on the right-hand side of (5).An
eigenvalue decomposition of the matrixA,

A =
n

∑
k=1

ψψψkλkψψψT
k , (7)

yields the continuous-time eigenvaluesλck, eigenfrequenciesfk,
damping ratiosξk (in % of critical), and mode shapesφφφ k of the
identified model:

φφφ k = Cψψψk, λck =
lnλk

T
, (8)

fk =
|λck|

2π
, ξk =−100

real(λck)

|λck|
, (9)

whereT denotes the sampling period.
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3.2 Stochastic subspace identification: distribution of the
estimates

In practice, the output correlation matrices are estimatedby
computing the corresponding sample correlations:

Λ̂ΛΛl :=
1
j

j

∑
k=1

yk+lyref
k

T
. (10)

By dividing the available data intonb blocks containingNb

samples each, this can be re-written as

Λ̂ΛΛl =
1
nb

nb

∑
b=1

Λ̂ΛΛl ,b, (11)

where

Λ̂ΛΛl ,b :=
1
Nb

Nbb

∑
k=Nb(b−1)+1

yk+lyref
k

T
. (12)

If the block lengthNb is large, the different block estimates
Λ̂ΛΛl ,b can be considered as statistically independent, so thatΛ̂ΛΛl

is the sample mean ofnb independent random matricesΛ̂ΛΛl ,b.
Consequently, the variance ofΛ̂ΛΛl can be estimated as the sample
variance of the known sequence of matricesΛ̂ΛΛl ,b. Furthermore,
it follows from the central limit theorem that the distribution of
Λ̂ΛΛl converges to a normal distribution whennb increases.

A first-order sensitivity analysis of the SSI-cov algorithmof
section 3.1 yields the JacobianJ that relates changes in the
elements of the sample correlation matrices to changes in the
estimates of the eigenfrequenciesfk, damping ratiosξk and
mode shapesφφφ k resulting from the algorithm:

∆

 f̂k
ξ̂k

φ̂φφ k

= J∆vec


Λ̂ΛΛ1

Λ̂ΛΛ2
...

Λ̂ΛΛ2i−1


︸ ︷︷ ︸
:=Λ̂ΛΛ1|2i−1

, (13)

where vec denotes the operator that stacks the columns of a
matrix on top of each other. Expressions for the variance of
these modal characteristics are then straightforwardly obtained
by combining the Jacobian with the sample covariance matrix
of the output correlation estimatesΛ̂ΛΛ1|2i−1:

cov

 f̂k
ξ̂k

φ̂φφ k

= Jcov
(

vecΛ̂ΛΛ1|2i−1

)
JT . (14)

Explicit expressions are provided in [4], and an optimized
computer implementation was presented in [5]. Although these
results are based on a first-order sensitivity approach, it has been
numerically [4], [1] and experimentally [4], [6] confirmed that
they yield sufficiently accurate variance estimates. Sincethe
output correlation estimates are asymptotically normallydis-
tributed, the same holds for the estimated modal characteristics
up to first-order accuracy [1].
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Figure 3. IMEC Tower: point estimates of the modal
characteristics.
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3.3 Application to the IMEC Tower

The SSI-cov/ref algorithm presented above was applied to the
IMEC Tower data. The number of block rows in the correlation
matrix (4) was taken asi = 50, and the number of data blocks
employed for the variance estimation asnb = 50. For the
construction of the stabilization diagrams, a model order range
from n = 2 to n = 50 in increments of 2 was considered. The
acceleration outputs common to all setups were employed as
reference outputs in the algorithm.

Six different modes were found in all ten setups. The point
estimates of their natural frequencies, damping ratios andmode
shapes are shown in Fig. 3. The modal displacements at and
below ground level are small, which indicates that for dynamic
modeling, the building can be considered as clamped at the
ground floor. When the tower is considered as a beam-like
structure clamped at ground level, the first mode representsthe
first bending mode around the weak bending axis (X-axis on
fig. 3), while the second mode represents the first bending mode
around the strong bending axis (Y-axis on fig. 3). The third
mode is a torsion mode. Modes four, five and six represent
the second bending mode around the weak axis, the second
bending mode around the strong axis, and the second torsion
mode, respectively.
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Figure 4. IMEC Tower: modal phase collinearity values of the
identified mode shapes (point estimates).

Since the identified system model (1) allows for general
viscous damping, the identified mode shapes are complex
vectors. However, when soil-structure interaction effects are
negligible, real normal modes are expected because localized
dampers are not present and the mode shapes are regular
standing waves1. Fig. 4 shows the modal phase collinearity
(MPC) values for the identified mode shapes. For a given
mode shape, the MPC is a positive real quantity that takes
values between zero and unity. Values close to unity indicate
perfect mode shape collinearity, while significantly lowervalues
indicate strongly complex mode shapes. It can be seen that the
MPC of the first three modes is larger than 0.95, while for modes
four to six the values are 0.73, 0.61 and 0.36, respectively. Since
real normal modes are expected, this indicates that the firstthree

1Note that in structures with multiple symmetries, such as axisymmetric shell
structures, mode shapes may take the form of running waves [7].
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Figure 5. IMEC Tower: estimated natural frequencies and 95%
confidence intervals for all setups. Mind the different scale
of the vertical axis for the first three and last three modes.
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Figure 6. IMEC Tower: estimated damping ratios and 95%
confidence intervals for all setups. Mind the different scale
of the vertical axis for the first three and last three modes.

Table 1. IMEC Tower: natural frequencies (in Hz): sample
mean and sample standard deviation of the point estimates
and sample mean and sample standard deviation of the
standard deviation estimates, computed over the ten setups.

no. µsamp( f̂k) σsamp( f̂k) µsamp(σest) σsamp(σest)
1 0.553 0.0012 0.0008 0.0001
2 0.752 0.0008 0.0008 0.0002
3 1.218 0.0014 0.0013 0.0003
4 2.742 0.0363 0.0220 0.0060
5 3.276 0.0104 0.0113 0.0079
6 3.930 0.0243 0.0181 0.0065

modes are identified with high quality, while estimates of modal
characteristics of the last three modes are of much lower quality.

The estimates of the natural frequencies and damping ratios,
obtained for each of the ten different setups, are shown in
Fig. 5 and 6, respectively, together with their 95% confidence
intervals. The accuracy of the natural frequency estimatesof the
first three modes, measured by their predicted 95% confidence
interval, lies between 0.002Hz and 0.008Hz, while for the
last three modes it lies between 0.02Hz and 0.13Hz. For the
damping ratios, the accuracy of the estimates of the first three
modes lies between 0.3% and 0.8%, while for the last three
modes this lies between 0.9% and 8.2%. These results therefore
confirm quantitatively that the estimates of modes 1, 2 and 3
are much more accurate than the estimates of modes 4, 5 and
6. This is most probably due to the fact that these modes are
less well excited by the ambient forces, which are mainly due
to wind loading. Note also that the accuracy of the estimated
values varies from setup to setup.

It may also be noted that the 95 % confidence interval for
the damping ratio estimate of mode 6 encompasses negative
damping ratios in the last setup. This is in agreement with the
fact that the SSI-cov/ref algorithm may yield negative modal
damping values, as the estimated modes are not constrained to
be stable.

Tables 1 and 2 compare the sample standard deviation of
the natural frequency and damping ratio estimates (denoted
as σsamp( f̂k) and σsamp(ξ̂k), respectively), obtained over the
ten different setups, with the standard deviation estimates,
computed in each setup. Both quantities should agree well when
the ambient excitation is stationary and the outputs are thesame
for all measurement setups. Although this is not the case here, a
reasonable agreement is still expected since the wind conditions
did not change heavily during the measurement period and since
the reference outputs are the same for all setups.

The mean of the estimated standard deviations across all
setups is denoted asµsamp(σest). The difference between the
estimated standard deviations across the different setupsis
measured with the quantityσsamp(σest), which represents the
sample standard deviation (across all setups) of the estimated
standard deviation. Considering the variability of the estimated
standard deviations across the different setups, the sample
standard deviations agree very well with the estimated standard
deviations.
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Table 2. IMEC Tower: damping ratios (in %): sample mean
and sample standard deviation of the point estimates and
sample mean and sample standard deviation of the standard
deviation estimates, computed over the ten setups.

no. µsamp( f̂k) σsamp( f̂k) µsamp(σest) σsamp(σest)
1 0.68 0.13 0.14 0.04
2 0.57 0.11 0.11 0.02
3 0.67 0.11 0.09 0.02
4 5.99 0.60 0.80 0.45
5 2.97 0.49 0.29 0.05
6 4.28 0.90 0.80 0.55

4 CONCLUSIONS

Modal characteristics of a 73m high office building have been
identified by operational modal analysis (OMA) using the SSI-
cov/ref algorithm. In order to obtain detailed mode shapes,
a network of wireless triaxial seismographs was deployed for
collecting raw acceleration data at all floors. The uncertainty of
the estimated modal characteristics was quantified by employing
the method of Reynders et al. [4]. The method was seen
to correctly quantify the uncertainty levels on the identified
natural frequencies and damping ratios, which not only vary
from mode to mode but also from one setup to another. The
fundamental bending and torsion modes are dominantly excited
by the ambient wind loads and they can be identified with very
high accuracy.
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ABSTRACT: In this paper, parallel factor tensor decomposition method is undertaken to perform underdetermined modal
identification of structures in the presence of narrowband excitations. The algorithm is based on multiple-rank parallel factor
decomposition of covariance tensors of vibration response measurements. Traditional output-only (blind) system identification
methods assume intrinsic excitation to be broadband without having any narrowband frequencies. However when a pedestrian
bridge is subjected to human walking loads, the effect of low-frequency narrowband excitation needs to be taken into account.
Under such situations, the number of unknown frequency components in vibration responses proliferates compared to the num-
ber of measurements leading to the underdetermined modal identification problem. Presence of fewer number of vibration
measurement increases futher the degree of inderdeterminacy of this problem. In this work, underdetermined modal identifi-
cation problem is solved by exploiting the strong uniqueness condition of parallel factor tensor decomposition under multiple
rank orders. The statistical characteristics of clusters of the resulting tensors are evaluated, which are then used to delineate the
frequencies corresponding to external disturbances versus inherent modes of the structure. The proposed algorithm is finally
validated using pedestrian-induced vibration data of a stress ribbon bridge located at the Technical University–Berlin, Germany.

KEYWORDS: bridge dynamics; stress ribbon bridge; modal identification; ambient modal identification; pedestrian bridge;
PARAFAC decomposition; underdetermined modal identification

1 INTRODUCTION

Blind source separation (BSS) algorithms [1] have recently
garnered much attention as a powerful response-only modal
identification tool for a wide range of structural and mechan-
ical problems. BSS based system identification methods have
clearly demonstrated the potential in myriad structural engi-
neering problems [3, 2, 12, 7, 6]. In a majority of BSS meth-
ods, inherent excitation is assumed to be broadband (at least
compared to the dominant frequencies of the system). How-
ever, if disturbances themselves contain narrowband frequen-
cies (e.g., human induced vibration in pedestrian bridges), the
actual number of frequency components of the vibration re-
sponse is higher than the number of modal responses,a nd
often delineating them becomes difficult. This results in an
underdetermined modal identification (UMI) problem. Pres-
ence of partial sensor measurements pullulates further degree
of underdeterminacy to this problem. In this paper, multi-
rank parallel factor decomposition based BSS algorithm is
proposed as a generalized UMI algorithm that is capable of
extracting key modal responses using fewer vibration mea-
surements in the presence of narrowband disturbances.

The BSS methods can be primarily classified into two ma-
jor classes: non-sparse and sparse methods [9]. In the former
case, the number of measurements (nx) is equal to, or greater
than the number of modal responses (nm) to be separated.
It results in an overdetermined mixing problem, which can be
solved using popular non-sparse BSS methods e.g., SOBI and
ICA [10] where the statistics of the sources are exploited. On
the other hand, sparse BSS methods utilize sparsity of the sig-
nal and are commonly streamlined to solve underdetermined
problems [7] when the number of measurements is less than
the number of modes (i.e., nx < nm) of the system.

PARAllel FACtor (PARAFAC) decomposition [11] is a

higher-order tensor modeling and sparse BSS tool, which has
potential to solve UMI problems [2, 5, 6]. The basic idea of
this approach is to form covariance matrices of vibration mea-
surements at several lags, and represent them as a third-order
tensor. Following this, PARAFAC decomposition is simul-
taneously undertaken on these matrices to separate the hid-
den sources. To date, PARAFAC decomposition is exploited
in conjunction with structural model updating [2], closely-
spaced modes [5], or for UMI modal identificaiton [6]. How-
ever, in these studies, it is assumed that the excitation is wide-
band and the effect of narrowband excitation is not consid-
ered. Furthermore, the existing PARAFAC based MI methods
rely upon a single-rank tensor decomposition where the ap-
propriate rank order is same as the number of active structural
modes, which is assumed to be known beforehand. However,
such a crucial choice of single rank order (i.e., the number
of active modes) can be misleading when dealing with vibra-
tion data of a large-scale structure contaminated with mea-
surement noise and narrowband excitations.

In this paper, a new approach of performing PARAFAC de-
composition under multiple rank orders is presented. The re-
sulting modes are clustered from which the sources are identi-
fied. The statistical characterization of these clusters enables
the determination of an appropriate rank order and success-
fully delineates the excitation harmonics from the modal re-
sponses. The proposed algorithm is validated using vibra-
tion data obtained from a stress ribbon bridge located at the
Technical University–Berlin, Germany. The case study of a
stress ribbon bridge is particularly interesting as due to their
lightweight, they are susceptible to pedestrian induced loads.
Furthermore, these bridges typically exhibit several low fre-
quency modes within the range of pedestrian walking (exci-
tation) frequencies, thereby the stress ribbon bridge forms an
excellent test bed for the proposed algorithm.
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2 BACKGROUND OF PARAFAC

Tensor representation of a multi-dimensional signal employs
multi-linear algebra tools that are more powerful than linear
algebra tools for linear decomposition [13]. A third-order ten-
sor is primarily decomposed into a sum of outer products of
triple vectors as shown in Fig. 1 [11]:

H =
R∑

r=1

αr ◦ βr ◦ γr ⇐⇒ Hijk =
R∑

r=1

αirβjrγkr (1)

α1

β1

γ1

+ α2

β2

γ2

+ αR

βR

γR

H

Figure 1. PARAFAC decomposition as a sum of rank-1 tensors

where “◦” denotes outer product while i ∈ [1 I], j ∈ [1 J]
and k ∈ [1 K]. Such a trilinear model of H (H = [ᾱ, β̄, γ̄])
is composed of three matrices ᾱ = (α1, α2, ...., αR), β̄ =
(β1, β2, ...., βR), and γ̄ = (γ1, γ2, ...., γR). Each triple vec-
tor product is a rank-1 tensor, namely PARAllel FACtor
(PARAFAC) component. Eq. 1 represents the summation of
R such PARAFAC components that fits the higher order ten-
sor H [13, 11]. Such a higher-order tensor modeling can be
undertaken using sophisticated optimization algorithms (i.e.,
alternating least square (ALS) [13]), which results in optimal
estimates of Ĥ =

∑R
r=1 ᾱr ◦ β̄r ◦ γ̄r by minimizing following

cost function:

g(α,β, γ) = ‖H − Ĥ‖2. (2)

3 PARAFAC DECOMPOSITION BASED MI

Consider a linear, lumped-mass ns degrees-of-freedom
(DOF) dynamical system, subjected to an excitation force,
F(t),

Mẍ(t) + Cẋ(t) + Kx(t) = F(t) (3)

where, x(t) is a vector of displacement coordinates at the
DOFs. M, C, and K are the mass, damping and stiffness ma-
trices of the multi-degree-of-freedom system. The solution to
Eq. 3 can be expressed in terms of modal superposition of
vibration modes with the following matrix form:

x = Mν (4)

where, x ∈ �nx×N is the trajectory matrix composed of the
sampled components of x, ν ∈ �ns×N is a matrix of the cor-
responding modal coordinates, Mnx×ns is the modal trans-
formation matrix, and N is the number of data points in the
measurement. Covariance matrix Cx(τk) of vibration mea-
surements x evaluated at a time-lag τk can be written as [6]:

Cx(τk) = E
{

x(n)xT (n− τk)
}
= MCs(τk)M

T
(5)

where,
Cs(τk) = E

{
s(n)sT (n− τk)

}
. (6)

Considering the simplicity of the mathematical expres-
sions, following notations are now introduced.

Cx1x2(τk) = Cx
12k ⇐⇒ Cxixj (τk) = Cx

ijk

Cs1(τk) = Cs
k1 ⇐⇒ Csl(τk) = Cs

kl.

Using above notations, for any general ns-DOF dynamical
system, Eq. 5 can be simplified as [6]:

Cx
ijk =

ns∑
r=1

mirmjrC
s
kr ⇐⇒ Cx =

ns∑
r=1

mr ◦ mr ◦ Cs
r. (7)

Considering the similarity between Eq. 1 and Eq. 7, it is seen
that by decomposing the third order tensor Cx into ns number
of PARAFAC components (i.e., modal responses), the mixing
matrix can be estimated. By using PARAFAC decomposition
of Cx, the mixing matrix M = [m1,m2,m3, ...,mns ] and the
auto-correlation function Cs

r for r = 1,2,3, ..., ns can be ob-
tained from which the natural frequency and damping of the
individual modal responses are estimated.

4 PROPOSED UMI METHOD

As discussed in the introduction section, when narrowband
external disturbances are present, and/or dealing with the case
of partial measurements, it leads to an UMI problem (i.e.,
nx � ns). Unlike a two-way array or principal component
analysis, PARAFAC decomposition yields unique decompo-
sition even if the rank is greater than the smallest dimension
of tensor [11]. Such an identifiability capability of PARAFAC
decomposition employing strong uniqueness condition [11] is
utilized in the present study to solve UMI problem.

By comparing Eq. 1 and Eq. 7, it can be observed that Eq.
7 is a special type of a PARAFAC model with β = α. Un-
der this condition, an upper bound of source separability of
PARAFAC decomposition can be computed. This is shown in
Table 1 [11], where nu

s is the maximum number of PARAFAC
components (i.e., sources) that can be extracted from nx mea-
surements. From Table 1, it can be seen that, with rank-ns

Table 1. Upper bound of source separation of PARAFAC decomposition

nx 2 3 4 5 6 7 8 9 10
nu
s 2 4 6 10 15 20 26 33 41

PARAFAC decomposition of Eq. 7, ns sources can be ex-
tracted from nx vibration measurements even when nx < ns,
provided 2 ≤ ns ≤ nu

s . In this way, UMI problem is cast
within the framework of PARAFAC decomposition.

4.1 Delineating excitation harmonics

So far, ns number of sources are identified from PARAFAC
decomposition using nx vibration measurements. However,
ns sources contain nm modal responses and nh harmonic
disturbances, in which both are mono-component in nature.
In order to delineate the modal responses from the excitation
harmonics, statistical description of the sources using kurto-
sis is utilized. Kurtosis contains useful information regarding
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the non-gaussian nature of the identified sources [7]. For a
sample realization, kurtosis is defined by:

κ = E

[(
x− μ

σ

)4
]
. (8)

A value close to 3.0 (κlimit = 3.0) indicates modal sources,
while lower values indicate the presence of harmonic excita-
tion [8]. However, as derived in Eq. 7, PARAFAC decom-
position under partial measurements result in autocorrelation
functions of sources Rs(τ), rather than direct source com-
ponents. Therefore, we get the autocorrelation functions of
modal responses and narrow-band excitations. Since the auto-
correlation function of modal response has decaying behavior
[14], it is not Gaussian, rather super-Gaussian (i.e., κ >> 3.0)
in nature. On the other hand, the disturbance harmonic (i.e.,
xh = x0 sin(ωt)) has the autocorrelation function with fol-
lowing nature [14]:

Ch(τ) =
x2
0

2
sin(ωτ) (9)

which means it has low kurtosis values (e.g., values as low as
1.5 have been observed in simulations) and is sub-Gaussian
in nature. Therefore, the sub-Gaussian autocorrelation func-
tion of sources are discarded as possible candidates for dis-
turbance harmonics, whereas super-Gaussian counterparts are
retained as auto-correlation of modal responses, from which
frequencies and damping are estimated.

4.2 Multi-rank PARAFAC decompositions

In above section, it is assumed that ns is known a priori and
therefore rank-ns PARAFAC decomposition is performed to
separate ns such sources. However, in practical situations,
it would be difficult to know the exact number of distur-
bance harmonics (nh) or active modes (nm) present in the
measurements. Since ns = nh + nm, it is difficult to pre-
determine the appropriate rank order of PARAFAC decom-
position. In this regard, a cluster diagram is proposed that
classifies the groups of identified source frequencies obtained
from a set of PARAFAC decompositions under multiple rank
orders. Subsequently, the averaged kurtosis values of each
clustered PARAFAC components are utilized to delineate the
excitation harmonics from the modal responses.

The basic idea here is to perform PARAFAC decomposi-
tion of nx measurements under multiple number of rank or-
ders, R = 2,3, ...., nu

s as governed by Table 1. For exam-
ple, when nx = 5, successive PARAFAC decompositions un-
der rank R = 2,3, ....,10 are conducted. For each rank-R
PARAFAC decomposition, the frequencies of the identified
PARAFAC components are plotted with respect to a particular
rank order. Similar exercises are repeated for R= 2,3, ...., nu

s
and the clusters of all identified frequencies are formed. Fi-
nally, the average kurtosis of the clustered PARAFAC compo-
nents (κc) are utilized to detect the narrowband excitations:

κ̄c =
1

(nu
s − 1)

nu
s∑

R=2

κR (10)

where κR is the kurtosis value of an identified PARAFAC
component under R-th rank PARAFAC decomposition. In
this way, the cluster diagram is used to identify the unknown

0 5 10 15
0

0.005

0.01

0.015

0.02

0.025

X
(
ω
)

ω, Hz

Figure 2. Fourier spectrum of floor response containing external harmonic

number of multiple excitation harmonics (nh) with κ̄ << 3.0.
Once nh is known, the suitable choice of ns is determined. Fi-
nally, the source separation results under rank-ns PARAFAC
decomposition are utilized for the modal identification of the
structure.

5 NUMERICAL ILLUSTRATION

In order to illustrate the proposed method, simulations are
performed on a 5-storey shear-beam structure model [4]. The
lumped weight of each floor of this building is assumed to be
19.2 kN, and the damping is 2% critical in all modes. The
natural frequencies are obtained as 0.91, 3.37, 7.11, 10.66
and 12.73 Hz. The 5-DOF model (nm = 5) is excited by
zero-mean unit variance Gaussian white noise at all the floor
levels. In addition to white noise, a harmonic of frequency
6.0 Hz (nh = 1) is added to this excitation. Fig. 2 shows the
Fourier spectrum of the response at the 3rd floor. It can be
seen that the excitation harmonic of the vibration response is
difficult to delineate from the modal responses without any
prior information.

5.1 Performance of SOBI

The popular BSS method, SOBI [10], is first employed to
extract the sources (i.e., modal response) and mixing matrix
(i.e., mode shape). Due to the presence of narrowband ex-
citation, SOBI method, which is based on the assumption of
broadband or white noise input, is unable to separate out the
inherent sources. Fig. 3 shows significant amount of mode
mixing in the separated sources as identified using SOBI,
which leads to substantial estimation errors in the mixing ma-
trix (modes). Another implication of the poor performance of
SOBI lies in the fact that standard SOBI method is incapable
of dealing with the underdetermined source separation [4]. In
this example, nx = nm = 5, nh = 1 and ns = 5+1= 6>nx.
Such rank-deficient issue results in an underdetermined prob-
lem which is now resolved using the proposed method.

5.2 Application of proposed UMI method

Now the proposed method is undertaken to estimate the modal
information assuming that nh is unknown. For this purpose,
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Figure 3. Fourier spectra of the separated sources using SOBI

2 4 6 8 10 12 14
1

2

3

4

5

6

7

8

9

10

11

12

κ̄1 = 3.21

κ̄2 = 3.62

κ̄3 = 1.55

κ̄4 = 6.00

κ̄5 = 5.9

κ̄6 = 4.65

R
a
n

k
o
rd

er
,
R

ω, Hz

Figure 4. Cluster diagram of the identified sources using proposed method

multiple PARAFAC decompositions are performed for differ-
ent values of rank orders depending on nx (as governed by
Table 1). This allows us to construct a frequency-based clus-
ter diagram. In this example, nx = nm = 5 and thus R ranges
from 2 to 10 (i.e., nu

s = 10 corresponding to nx = 5 in Ta-
ble 1). The identified frequencies as obtained from different
values of rank-R PARAFAC decompositions are clustered in
Fig. 4. The dotted lines indicate the average values of verti-
cally clustered frequencies. The average kurtosis values of the
PARAFAC components in each cluster are reported in this di-
agram. It may be noted that when the rank order is increased,
the number of identified sources increases. Consequently, the
sources with spurious modes or repetitive modal frequencies
may also appear. However such spurious modes can be eas-
ily eliminated as they show up as outliers in the frequency
clusters.

Fig. 4 shows that the source corresponding to ωc = 6.0
Hz has κ̄c value of 1.55 (i.e., sub-Gaussian), which reveals
that it is an excitation harmonic and thus nh = 1 is deter-
mined. All the other frequency clusters are super-Gaussian
in nature and they correspond to the structural modes of the
system. It may be noted that there are few spurious modes
(say, at frequency 8.9 Hz, 11.8 Hz and 13.5 Hz), however they
do not belong to any of these six frequency clusters and are
discarded. Finally Rr = nm + nh = 5 + 1 = 6 PARAFAC
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Figure 5. Identification results of the proposed method under single narrow-
band excitation

decomposition is performed and the modal parameters are
identified. It may be noted that picking any arbitrary selec-
tion of rank order may lead to erroneous sources separation
when the number of active modes nm and/or external har-
monics are unknown. Along the same lines, it can be also
shown that the proposed method is able to separate an ar-
bitrary number of excitation harmonics present in vibration
measurements. Fig. 5 shows identification results of rank-6
(Rr = 6) PARAFAC decomposition. It can be seen that the
PARAFAC component corresponding to the source cluster of
kurtosis value 1.55 represents the excitation harmonic, and
thus can be easily excluded from the analysis. All the other
PARAFAC components are retained as the modal responses.
Natural frequencies and damping of each mode are computed
from the auto-correlation function of the sources.

Figure 6. Stress ribbon bridge in the department of civil and structural engi-
neering at TU Berlin

6 UMI OF A FULL-SCALE PEDESTRIAN BRIDGE

In this section, a 13.05 m long stress ribbon bridge (as shown
in Fig. 6) located in the laboratory of the department of civil
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(B) 

(D) (C) 

(A) 

Figure 7. (a) FE model of the stress ribbon bridge, and the first three FE
vertical mode shapes (b) 1.44 Hz, (c) 2.62 Hz, (d) 3.95 Hz

and structural engineering at the Technical University (TU)
Berlin is utilized to demonstrate the application of the pro-
posed UMI method. In spring 2013, the bridge was instru-
mented with sensors at multiple locations as shown in Fig.
8 (yellow circles represent the sensors). The measurement
equipment consisted of 7 accelerometers, 3 ICP PCB Model
393B04 and 4 ICP PCB Model 393A03 sensors. The data
was acquired with two 4 channel decks DT 9837A (24 bit),
made by Data Translation, which were daisy chained using a
RJ-45 cable connection. A finite element model was also cre-
ated in Sofistik [16] to calculate the natural frequencies and
mode shapes of the bridge (see Fig. 7). The 3D model of
the bridge uses shell elements for the concrete panels with an
E-Modulus of 31.4 GPa and a unit weight of 22.4 kN/m3.

The effects of different pedestrian loads including walking
at different pacing frequencies are then investigated. Such
loading conditions and the associated vibration measurements
form an excellent and challenging test bed for the proposed
method to perform modal identification and to assess its vi-
bration serviceability. It may be noted that the identified
modal parameters would be further useful in adaptively con-
trolling the bridge using control devices such as tuned mass
dampers, to suppress the vibration levels under pedestrian ex-
citation [15].

In this section, the details of modal identification under the
presence of pedestrian excitations are studied. Fig. 9 shows
typical vibration measurements of the bridge at node 3 when
a person weighing 71 kg walked along the bridge with a step-
ping frequency of 2.0 Hz (as measured by a metronome). The
Fourier spectra of the vibration measurements at all the nodal
locations are also shown in Fig. 9. Based on the Fourier spec-
tra of the measurements, all the dominant modes with fre-
quencies up to 9 Hz have been considered as the target modes
of interest. It can be seen that there is a peak close to 2.03 Hz
which is the pacing frequency of the pedestrian. However
it would be difficult to delineate such excitation frequency
amongst other structural modes and can be erroneously es-
timated as a low frequency structural mode. The proposed
method is now undertaken to estimate the modal parameters
under such situation.

Since six vibration measurements are available (i.e., nm =
6), a set of rank orders from 2 to 15 (see Table 1) is selected
for the tensor decomposition and the PARAFAC decompo-

Node 1 

Node 2 

Node 3 

Node 4 

Node 5 

Node 6 
2930 mm 3200 mm 3200 mm 2930 mm 

Figure 8. Sensor locations in the bridge
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Figure 9. Vertical acceleration at node-3 and the Fourier spectra of the re-
sponses at all nodes

sition is performed to generate the frequency based cluster
diagram as shown in Fig. 10.

From the cluster diagram, all the estimated frequencies are
clustered into 10 different groups. Out of these, the frequency
cluster corresponding to 2.03 Hz results an average kurtosis
value of 2.1 (<< 3.0), which is in fact the excitation due to
pedestrian walking (actual value equals to 2.0 Hz). In this
way, the required number of PARAFAC components (i.e.,
R = 10) is determined. Finally the identification results of
rank-10 PARAFAC decomposition is utilized and the PSD of
the identified sources (modal response and narrowband exci-
tation) are shown in Fig. 11.

The identification results are compared with the finite ele-
ment model and are summarized in Table 2. The details of
the modal parameters including the types of mode shapes (V-
vertical, and T-torsional) and the comparisons with the FE
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Figure 10. Cluster diagram of the identified sources of stress ribbon bridge
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models are listed in Table 2. The first six identified mode
shapes of the bridge are shown in Fig. 12. The mode shape
ordinates corresponding to six sensor locations are shown in
yellow circles. Spatially dense mode shape information is in-
terpolated using kriging operations [17]. The MAC values of
the estimated modes in Table 2 confirm the accuracy of the
results. The results shows excellent accuracy of the proposed
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Figure 12. Mode shapes of the bridge, (1) 1.4 Hz [V], (2) 1.56 Hz [T], (3)
2.69 Hz [V], (4) 3.1 Hz [T], (5) 4.1 Hz [V], (6) 4.21 hz [T]

method under the presence of human induced vibration even
when only six sensors are utilized for modal identification.

Table 2. Details of the modal identification of the stress ribbon bridge

Mode, i ωi (FE), Hz ω̂i, Hz ξ̂i (%) MAC
1 (V) 1.44 1.4 2.2 1.0
2 (T) 1.54 1.56 1.8 0.99
3 (V) 2.62 2.69 2.5 0.99
4 (T) 3.05 3.1 1.5 0.98
5 (V) 3.95 4.1 1.0 1.0
6 (T) 4.6 4.21 0.9 0.99
7 (V) 5.24 5.3 1.6 0.98
8 (V) 6.55 6.9 0.8 0.99
9 (V) 7.8 8.3 1.1 0.97

7 CONCLUSIONS

In this paper, multiple rank order PARAFAC decomposition
method is proposed to perform modal identification using rel-
atively few number of vibration measurements under the pres-
ence of narrowband disturbances. Unlike popular modal iden-
tification methods, the proposed method accomplishes accu-
rate modal identification even under the presence of multi-
ple excitation harmonics. A frequency based cluster diagram
is also proposed to undertake frequency separation without
requiring prior information about the number of external har-
monics. The method is robust to measurement noise and other
extraneous frequencies present in the measurement channels.
Through numerical and full-scale studies, it is shown that the
method works well when single or multiple harmonics are
present, as long as the disturbance frequencies are well sep-
arated from the structural modes. The proposed method can
be considered as an useful tool for condition assessment of
pedestrian bridges where the operational modal analysis un-
der human induced vibration poses difficulties. The identifi-
cation results can be further utilized in developing real-time
control devices like tuned-mass dampers for footbridges un-
der pedestrian walking.
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ABSTRACT: The dynamic behavior of a complex bridge, whose skew deck is supported by 18 cables suspended by a twin-
arches frame, has been analyzed. The bridge is 110 m long and 14.80 m wide. Dynamic tests were conducted in operational 
conditions to estimate the modal properties. Up to the first twenty vibration modes were identified. Additional impulsive tests 
were carried out to identify the frequencies of the cables. The numerical part of the investigation involves the calibration of a FE 
model and the identification of axial force in the stays. 

KEY WORDS: Cable–stayed bridge; Operational modal analysis; Structural identification. 

1 INTRODUCTION 
The load-bearing capacity of a bridge and its structural 
behavior under traffic or seismic excitation can be evaluated 
using well–established modeling methods aided by computing 
facilities of great capability. However, to ensure reliable 
results, numerical models must be calibrated with accurate 
information on the material properties and structural 
components. This aspect is particularly relevant for those 
structural details which are difficult to describe analytically 
[2]. 

Among the techniques available today for structural 
investigation, ambient vibration testing and operational modal 
analysis are considered effective tools to obtain accurate and 
reliable estimates of the dynamic characteristics of full-scale 
bridges [5], [6]. Dynamic data collected during an experiment 
are important per se, but become more effective and can 
provide more meaningful results when they are used to 
improve a numerical model of the bridge throughout structural 
identification and Finite Element (FE) model updating 
methods [3], [8].  

This paper continues a line of research aimed at the 
definition of a periodic health condition monitoring of bridge 
structures in Friuli Venezia Giulia (Northern Italy) based on 
dynamic measurements. The paper presents the results of a 
recent experimental and theoretical research on the dynamic 
behavior of a twin–two–arch skew cable-stayed bridge over the 
Versa River. The bridge is 110 m long and the total width of 
the deck is 14.80 m. The cross–section of the bridge consists of 
two longitudinal steel girders framed by floor beams, 
supporting a reinforced concrete slab. The deck is suspended 
from two metallic arches, having 2 m in diameter and 
maximum height of 27.5 m, by means of six groups of three 
stays each anchored to the two steel girders. Dynamic tests 
were conducted under operational conditions to estimate the 
dynamic properties of the first twenty global vibration modes 
of the bridge. Additional impulsive tests were carried out to 
identify the natural frequencies of the cables. The 
theoretical/numerical part of the investigation involved the 
determination of a FE model of the bridge, based on the 

available design drawings, and the application of model 
updating procedures in order to enhance the correlation 
between experimental and theoretical natural frequencies and 
vibration modes. Ad hoc refined FE models of the cables were 
developed to give an interpretation of the experimental tests 
and to estimate the axial force. 

2 DESCRIPTION OF THE BRIDGE 
The bridge is 110 m long and the total width of the deck is 
14.80 m (Figure 1). The bridge deck is formed by a reinforced 
concrete (r.c.) slab, of thickness 0.28 m, supported by 
longitudinal double-T steel beams of height 1.60 m and 
transversal steel beams of height varying from 1.60 to 1.77 m. 
The deck has composite structure and the r.c. slab is 
connected to the transversal and longitudinal steel girders by 
means of a series of steel connectors welded on the upper 
flange of the beams. The end sections of each transverse beam 
are welded to the longitudinal main beams, which are 
suspended from two metallic arches by means of six groups of 
three stays each anchored to the two steel girders (Figure 2). 
Because of the skew configuration of the deck, we can 
identify the short arch (from upstream longitudinal girder, 
Udine side, to downstream one, Trieste side) and the long arch 
(from downstream girder, Udine side, to upstream one,  
Trieste side). The outer diameter of the cross-section of the 
arches is  2000 mm. The thickness varies from 26-30 mm in 
the region of the support, for short and long arch, respectively, 
to 60 mm of the central zone of intersection at the top. 
 

 
Figure 1. Lateral view of the two–arch cable–stayed bridge. 
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Figure 2. Elevation, plan and transversal cross–section of the bridge. Lengths in meters. 

 
The support devices are seismic isolators and are constituted 

by curved surface sliders of the FIP–D series. They are 
characterized by two primary concave sliding surfaces with 
the same radius of curvature; both surfaces accommodate for 
horizontal displacement and rotation. The reinforced rubber 
expansion joints at both ends of the deck allow maximum 
longitudinal displacement of ±150 mm at the collapse limit 
state. 

Finally, the abutments consist of a horizontal RC beam 
supported on RC piles 1.20 m in diameter and 12–20 m in 
length. 

3 THE OPTIMAL FE MODEL OF THE BRIDGE 

3.1 Dynamic testing 
The dynamical tests were conducted in operational conditions 
on March 2013. The natural excitation was mainly constituted 
by artificial traffic of two cars moving on the deck. Anyway, 
the quite high flexibility of the bridge allows a good 
identification because it was possible to have a high signal–to–
noise ratio during the acquisitions. To correctly reproduce the 
complex 3D dynamics and the interaction between the 
oscillations of the decks and the arches, three different setups 
were disposed on the bridge, providing the use of 14 
instruments with 35 instrumented measurement axes. Ten 
sensors located on the four points 6, 7, 16 and 17, were used 
as reference sensors (blue arrows in Figure 3). Two additional 
setups were eventually used to catch the stays dynamics. 

After sampling at 200 Hz during the time series acquisition, 
a further decimation of 5-10 times, was also considered during 
the analysis, allowing an effective baseband of 10–20 Hz, 
absolutely enough to characterize the first vibration modes 
(flexural and torsional) of the bridge. The acquisition time 
was 60 minutes, corresponding to about 4500 first period of 
oscillation. 

A first draft identification was immediately conducted using 
the Enhanced Frequency Domain Decomposition, [4], to 
validate the testing campaign. Subsequently, a more time 
consuming and more precise time domain identification was 

applied, by using different implementation of Stochastic 
Subspace Identification [7]. Twenty vibration modes were 
clearly identified in the frequency range 0–10 Hz [1]. 

 

 
Figure 3. Instrumental layout with indication of all 

instrumented measurement axes. 

 

3.2 The FE model 
The FE model has been developed in SAP2000 environment 
and has been based on the original technical drawings and on 
the structural report, see Figure 4. 

Great attention has been devoted to the geometry 
reconstruction and to the definition of the actual boundary 
condition realized during the dynamical test, in which, a slight 
level of vibration has been reached. This consideration is very 
important in the modeling of the effective stiffness of the 
seismic isolators having, for small oscillation amplitudes, a 
tangent stiffness bigger of 1 or maybe 2 order of magnitude of 
that used in the design under seismic conditions. 

Extensive trials on the stiffness of the isolators as well as on 
the mechanical and inertial properties of the deck elements, 
made possible a quite good calibration of the FE model based 
on the experimental dynamic behavior.  
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Figure 4. The FE of the bridge. (a): full 3D view; (b) details of 

the steel girders of the deck 

 
In brief, the key assumptions of the modeling were as follows: 

 
• The longitudinal and transverse beams and the r.c. deck 

slab were modeled using isotropic four nodes shell 
elements with 6 dof at each node. The shell elements of 
the deck were placed at the level of the upper flange of 
the transverse steel beams. The effect of the steel 
reinforcement and cracking of the slab was neglected. 
Average dimension of the deck FE is about 0.45–0.60 m. 

• The structural details, i.e. plate stiffeners of steel girders, 
have been carefully modelled. 

• The connection of the steel-concrete composite structure 
formed by the deck slab and the transverse steel beams 
was assumed to be complete; no relative displacements or 
rotations between corresponding nodes were allowed. 

• The supports at the ends of the main steel girders were 
modeled as ideal point hinges.  

• The arches were modeled using frame elements of 
diameter 2000 mm and variable thickness. At the 
intersection of the two arches suitable rigid body 
constraints were assigned.  

• The stays have been modeled by means of truss elements. 
• The Young’s modulus and density of steel were assumed 

Es = 206 GPa and γs = 7850 kg/m³, respectively. 
• From exhaustive series of numerical simulations, the 

optimal value of the Young’s modulus of the concrete slab 
is greater than the nominal value of about 20% and equal 
to 40 GPa. The concrete mass density was 2650 kg/m³ 
and 2500 kg/m³, respectively for the roadway and the 
footway. 

 

3.3 Results 
The first twelve modes obtained with the FE model in the 
interval 1.00–4.50 Hz are shown in Figure 5. Generally 
speaking, a coupled behavior between the oscillations of the 
arches and those of the deck is observed. Moreover, the 
vibration components in the horizontal plane are negligible in 
most cases, whereas, for the vertical ones, sometimes it is 
difficult to determine whether the mode assumes flexural or 
torsional character. 

 

 
Figure 5. Optimal FE model of the two arch cable–stayed bridge: first vibration modes. 
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For example, Modes 1, 2, 5, 7, 8, 9 are characterized by 
oscillations mainly localized on the arches. Depending on 
mode order, the arches vibrate in phase or out of phase with 
symmetric oscillations with respect to the tip of the arches.  

Mode 3 is mainly flexural antisymmetric mode of the deck; 
Modes 4, 6 are flexural symmetric, Mode 11 has torsional 
character. The transversal horizontal components of 
oscillation are always negligible. In Modes 10 and 12 a 
coupled flexural–torsional behavior of the deck is observed. 

 

3.4 Interpretation of experimental results 
The results of dynamic testing were interpreted by means of 
the optimal FE model of the bridge described in Section 3.2. 
A direct comparison between EMA and FEA vibration modes 
revealed that, with the exception of FEA mode 9, all the first 
15 measured mode shapes had their counterparts in the FE 
model (see Table 1). Moreover, the order of the sequence is 
maintained. MAC values are generally higher than 0.80. The 
correlation index is slightly lower for modes 6FEA–6EMA, 
16FEA–15EMA and for some higher order modes, mainly 
located on the arches. The lack of correspondence between 
some analytical modes, for example Modes 9, 17, and the 
experimental ones can be justified assuming that the latter, 
during the execution of dynamic tests were weakly excited. 

In all cases differences between experimental and analytical 
frequencies are small: the maximum relative error is equal to 
6.4% (mode 6FEA–6EMA) and the average error is about 
2.5%.  

The agreement between analytical and experimental 
vibration modes is generally quite good (Figure 6). There are 
some variations in the amplitude of the vertical oscillation on 

the measurement points located in one third of span length on 
Trieste side. 
 

 

Table 1. Correspondence between experimental (EMA) and 
analytical (FEA) vibration modes of the bridge.                      

Δ = 100·(pFEA – pEMA) / pEMA. MAC value between 0 and 1. 

FEA EMA   
Order pr [Hz] Order pr [Hz] Δ MAC

1 1.22 1 1.25 -2.7 0.99 
2 1.59 2 1.64 -2.9 0.99 
3 1.74 3 1.78 -2.2 0.87 
4 1.97 4 1.95 1.3 0.97 
5 2.49 5 2.66 -6.4 0.97 
6 2.83 6 2.83 0.0 0.68 
7 3.01 7 3.16 -4.8 0.86 
8 3.31 8 3.40 -2.5 0.87 

10 3.89 9 3.71 5.0 0.80 
11 4.04 10 4.06 -0.4 0.80 
12 4.41 11 4.59 -3.9 0.91 
13 4.99 12 4.77 4.6 0.77 
14 5.32 13 5.29 0.6 0.89 
15 5.56 14 5.64 -1.5 0.83 
16 6.01 15 6.31 -4.7 0.70 
18 6.75 16 6.76 -0.1 0.91 
19 7.01 17 7.27 -3.6 0.96 
20 7.58 18 7.66 -1.1 0.67 
23 8.20 19 8.38 -2.2 0.60 
26 8.93 20 8.91 0.2 0.67 

 
 

 
 
 

 
Figure 6.Comparison between normalized  | u(r) | = 1 experimental (EMA, red line) and analytical (FEA, blue line) vibration 

modes of the bridge. 
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4 IDENTIFICATION OF THE AXIAL LOAD IN THE 
STAYS 

4.1 Geometry of the stays 
As remarked in Section 2, the skew deck of the bridge is 
suspended to the arches by means of six groups of three stays 
(Figure 7). The length of the stay cables varies from 12.5 to 
29.7 m. The diameter is equal to 97 mm and the Young’s 
modulus 205 GPa. 

The cables are connected to the arches and to the main 
girders of the deck by means of double hinges. At both ends 
the double hinges allows for the rotation around the axes 
parallel to the longitudinal and transversal direction of the 
bridge deck (Figure 8). 

 

 
Figure 7. Vertical and plan views of the stays. 

 

 
Figure 8. Detail of the connection between stays and arch of 

the bridge. 

 

4.2 Experimental tests 
On the 18 stays numbered according to Figure 7, two different 
series of dynamical tests have been conducted: an output only 
identification and ambient excitation with the same procedure 

adopted on the deck and on the arches, and an impulsive 
identification achieved by using a hammer. Response of the 
cables has been acquired by means of a uniaxial accelerometer 
located on each stay at a distance of 5 m from the deck and 
directed in the transversal direction, that is, orthogonal to the 
traffic direction.  

In the interval 0–50 Hz about 5 to 10 frequencies of the stays 
have been identified by using the simple pick peaking method. 
It is worth noticing how, because of the different boundary 
condition of each stay, in the plane of the arches and in the 
orthogonal plane two different “effective length” of the stays are 
realized. For such a reason, a mode at a determined order, is 
characterized by “2 near frequencies” corresponding to the in-
plane and out-of-plane oscillations. The above mentioned 
situation is more evident in the shorter stays, were the 
difference in the “effective length” is more evident in 
percentage. Also the pick peaking on the spectral density 
matrix shows in those cases the “couple” of frequencies 
characterizing a mode. In every cluster of three stays 
(upstream and downstream), the axial force has been 
identified on the basis of the frequencies related to the 
oscillations in the transversal direction, see Table 2.  
 

Table 2. The first five experimental frequencies related to 
oscillations in the transversal direction. (*): frequency not 

measured 

Stay  Frequencies  
 p1 [Hz] p2 [Hz] p3 [Hz] p4 [Hz] p5 [Hz]

1U 5.47 11.13 16.60 24.51 34.47 
1D 5.08 10.55 15.72 22.75 32.62 
2U 5.86 11.91 18.26 24.51 37.60 
2D 5.76 11.33 16.60 24.41 32.52 
3U 5.08 9.77 14.45 19.04 24.71 
3D 4.40 8.69 12.99 17.48 21.78 
4U 2.54 5.27 7.72 10.64 13.38 
4D 2.93 5.96 8.98 12.11 15.72 
5U 3.03 6.15 9.18 12.40 15.82 
5D 3.13 6.25 9.38 (*) 16.02 
6U 2.93 6.06 9.08 12.30 15.63 
6D 2.54 5.18 7.72 10.64 13.57 
7U 4.30 8.40 12.79 17.48 22.27 
7D 4.88 9.57 14.16 20.12 (*) 
8U 5.86 11.43 16.80 (*) 25.88 
8D 5.86 11.72 16.80 22.75 26.37 
9U 4.88 10.35 15.33 21.88 30.66 
9D 4.59 9.86 14.75 21.29 29.39 

 
 

4.3 Numerical model and results 
Since the higher order frequencies are not integer multiple of 
the fundamental one, especially for shorter cables (1U, 1D, 
9U, 9D), the string model is not accurate for the determination 
of the axial force in the stays. In a following step, the Euler–
Bernoulli model of the straight beam of length ℓ, with a 
circular transversal cross–section, supported at both ends and 
subjected to a force constant axial intensity N, has been 
considered. The eigenvalue problem of the small free and 
undamped oscillations assumes the form   
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In the previous expressions y(x) represents the transverse 
displacement at the cross–section of abscissa x; EI is the 
bending stiffness of the beam, with E the Young's modulus of 
the cable, I the moment of inertia; ρ is the linear mass density 
and ω  the radian frequency. 

Preliminary results have shown that the one–dimensional 
model is not reliable in determining the natural frequencies of 
the stays, as it can not take account of the contribution in 
terms of stiffness and mass offered by the steel plates and 
forks, which connect the stays to the bridge deck or to the 
arches. Figure 8 shows a detail of the connection between the 
stays and the arch: plates and forks dimensions are significant, 
therefore it is reasonable to expect their influence on the 
natural frequencies of the stays. 

For these reasons, a finite element model of the stay has 
been developed, in order to accurately describe the actual 
distribution of mass and stiffness of the cable, the plates and 
the forks, Figure 9. The key assumptions of the modeling 
were as follows: 
• The steel plates and forks at the ends oft the stays are 

modeled with shell elements. 
• The cable is modeled by using frame elements. 
• The external plates are fixed on one edge. 
• The four hinges can be unlocked or locked, i.e. can allow 

or not the rotation along the axis. 

 
Figure 9. The FE model of the stay. 

 
Extensive parametric studies on the variation of the axial force 
in the stays, different choices in the boundary conditions 
(locked or unlocked hinges) and a comparison with static 
measurements carried out during the stringing operations 
made it possible to obtain reliable results in the identification 
process. In particular, recourse to a variational method based 
on measurements of the first natural frequencies has been 
done. Generally speaking, the idea is to look for optimum 
value of axial force, so as to reduce an error function defined 

by the differences between the theoretical and measured 
frequency values, namely 

 ( ) ( )
.
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In Equation (3), fn,exp and fn,anal are the n-th experimental and 
analytical frequency, respectively; Nf denotes the number of 
frequencies used in the procedure. Then, the identification 
problem can be formulated as follows: 

 

 to find Nopt such that ( )
( )

( ),min
,0opt NΨ=NΨ

RdNoptN ∈
 (4) 

with Nrd the design axial force of the cable. 
In a preliminary phase, in order to consider the effects of the 

boundary conditions on the estimation of axial force, attention 
has been paid to the stay 1U, on the upstream girder, at Trieste 
side. This stay, in fact, has a reduced length (about 10.50 m) 
between the axes of the internal hinges, and it is more 
sensitive to the interaction with the other substructures of the 
bridge. Different configurations were obtained by allowing or 
not rotations around the respective axis of the four hinges. The 
best results have been obtained with the two external hinges 
locked and the two internal ones unlocked. In this 
configuration the difference between the maximum and the 
minimum identified intensity of axial force with different 
choices of Nf  inserted in the error function (3) is small. 

The procedure described above was applied to all the 9+9 
stays of the bridge. The results of the identification obtained 
from the FE model are shown in Tables 3 and in Figure 10. 
Generally speaking, higher levels of tensile force involve 
stays 3, 5, 7, both upstream and downstream, whereas, at the 
stays near the abutments (1U, 1D side Trieste and 9U, 9D side 
Udine), the force is approximately equal to half the maximum 
value. For each stay, the difference between the maximum and 
the minimum value identified by different number of 
frequencies Nf inserted in the error function (3) is always less 
than 80 kN. It is more meaningful to compare the relative 
changes, defined as the difference between the mean value of 
the force and the extreme ones divided by the mean value 
itself: 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−
Δ

mean

meanmax

mean

minmeanmax%
N

NN
,

N
NN
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The maximum variations occur in the external stays, in 
particular those close to the abutment at Udine side, with 
values of 6.8% and 7.6% for the upstream and downstream 
stay, respectively. In the remaining stays variations never 
exceed 2.5%. This difference can be justified taking into 
account that the axial force is lower, so the flexural behavior 
of the system prevails with respect to the string behavior of 
the cable, and a greater influence of the boundary conditions 
is expected. Finally, by comparing the values of the axial 
force in each pair of stay cables counterparts, i.e. symmetrical 
with respect to the position of geometric centre of bridge 
deck, we observe deviations for the pair 1U–9D, with mean 
intensity equal to 1012 kN and 632 kN, respectively, and a 
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difference of 380 kN. The remaining pairs of stay cables have 
smaller changes, less than 80 kN, confirming a symmetric 
behavior of the deck, arches and suspension system. 
 

 

Table 3.Optimal value of axial force in stays according to 
Eq. (4) for different Nf = 2–5; Δ(%): variation of the intensity 
as in Eq. (5); Mean: average axial force for Nf = 2–5; (*) data 

not available. 

Stay Axial force [kN] 
 Nf = 2 Nf = 3 Nf = 4 Nf = 5 Mean Δ

1U 1015 1021 1017 993 1012 1.9 
1D 838 837 800 785 815 3.7 
2U 1320 1376 1343 1359 1349 2.1 
2D 1373 1371 1386 1359 1372 1.0 
3U 1671 1674 1649 1615 1652 2.2 
3D 1616 1633 1650 1629 1632 1.1 
4U 1305 1297 1313 1323 1310 1.0 
4D 1337 1348 1358 1378 1355 1.7 
5U 1432 1452 1446 1458 1447 1.0 
5D 1483 1487 (*) 1504 1491 0.9 
6U 1358 1373 1389 1401 1380 1.6 
6D 1281 1280 1300 1319 1295 1.9 
7U 1513 1540 1573 1580 1552 2.5 
7D 1557 1567 1611 (*) 1578 2.1 
8U 1419 1418 (*) 1366 1401 2.5 
8D 1297 1274 1312 1306 1297 1.8 
9U 765 764 732 687 737 6.8 
9D 655 656 631 584 632 7.6 

 

 
Figure 10. Identified axial force in stays. Intensity in kN. 

 

5 CONCLUSIONS 
The results of dynamic tests conducted on a two arch cable–
stayed bridge were presented and interpreted. Based on the 
experimental data, an accurate FE model has been developed; 
differences between the experimental and analytical 
frequencies are small. In addition, a visual comparison 
between the modal shapes shows a good agreement. The 
calibrated model will be useful as baseline for future 
diagnostic tests and for the prediction of the response under 
exceptional loads. 

Concerning the determination of the axial force in the stays,  
two different series of dynamical tests have been conducted: 
an output only identification using ambient excitation and an 
impulsive identification by using a hammer. Therefore,  a 
numerical procedure has been developed and applied on each 

stay. By comparing the intensity of the axial force in the stays, 
a symmetric behavior of the bridge has emerged, with the 
exception of very few cases. 
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ABSTRACT: The dynamic behavior of structures with breathing cracks forced by harmonic excitation is characterized by the 
appearance of sub and super-harmonics in the response even in presence of cracks with small depth. Since the amplitude of 
these harmonics depends on the position and the depth of the crack, an identification technique is developed based on such a 
dependency. The main advantage of the proposed method relies on the use of different modes of the structure, each sensitive to 
the damage position in its peculiar way. In this paper the identification is tested considering structure of increasing complexity 
to evaluate the applicability of the method to engineering applications. In particular, a robustness analysis is carried out for each 
test case to asses the influence of measuring noise on the damage identification.. 

KEY WORDS: Damage detection; Breathing cracks; Crack identification; Nonlinear dynamics. 

1 INTRODUCTION 
The presence of cracks in civil and mechanical structures may 
lead to dangerous effects for the safety of the system and 
cause anomalous behaviors. In order to avoid severe damage, 
the detection of a crack in the early stage can be of great 
interest. The presence of a crack not only causes a local 
variation in the mechanical characteristics of the structure at 
its location, but it also has a global effect that involves the 
entire structure. For this reason, the dynamic characterization 
of cracked structures can be used for damage detection in non-
destructive tests and, among the various techniques, vibration-
based methods offer an effective means of detecting fatigue 
cracks in structures [1-9]. 

There are two main categories of crack models used in 
detection methods: open crack models and breathing crack 
models. Most researchers have assumed that the crack in a 
structural member is open and remains open during vibration. 
This assumption is usually satisfied when the damage is rather 
large and avoids the complexity resulting from nonlinear 
behaviour when a breathing crack is presented. On the 
contrary, breathing behavior is generally reported in the case 
the damage interests only a small portion of the cross section 
of the structural element but it requires a nonlinear model to 
take into account its effect on the system dynamics. 
Consequently, vibration based methods are also classified into 
two categories: the linear approaches and the nonlinear 
approaches.  

In linear approaches, the presence of cracks in structures is 
detected by monitoring the changes in modal properties, 
resonant frequencies, damping factors and mode shapes e.g. 
[9]. Because of the low sensitivity of these methods they 
usually require a rather large level of damage in the system to 
provide an adequate identification [4-9].  

Nonlinear approaches require that the damage induces a 
nonlinear behavior in the system and are suitable for the early-
detection of cracks when they behave in a breathing way. In 
fact, the breathing crack model considers that, during the 

vibration cycle of a structure, the edges of the crack come into 
and out of contact, leading to sudden changes in the dynamic 
response of the structure and these changes can be useful for 
the detection of cracks. In these methods the identification is 
obtained by assuming as damage indicators some peculiar 
characteristics of the nonlinear dynamic response such as the 
presence of sub and super harmonics, the changes in the phase 
diagrams, the rise of superabundant nonlinear normal modes 
and bifurcations [10-21]. While these nonlinear effects make 
the response of beams more difficult to model with respect to 
notched beams, their appearance clearly marks the boundary 
between undamaged and damaged behaviour. As already 
demonstrated by other researchers [18,22], when a system 
with a breathing crack is excited by a single harmonic force, 
distinctive nonlinear features appear in the response. The 
excitation, in fact, forces the crack to open and close and the 
resulting clapping of the crack’s edges produces harmonics 
that are integer multiple or fractional multiple of the forcing 
frequency. These harmonics are commonly referred as to 
super-harmonics and sub-harmonics, respectively. These 
features are easily detectable when the excitation frequency is 
in an integer ratio or is a multiple of a resonance frequency of 
the system; moreover, these would be much more sensitive to 
cracks characteristics than the modal properties of a linear 
system. For this reason, increasingly over recent years [11, 
13-21, 23-26], attentions have been focused on the 
investigations of the nonlinear effects caused by the presence 
of breathing cracks and associated applications to the problem 
of damage detection. 

In the close vicinity of a breathing crack, the stress and 
displacement field is essentially three-dimensional. To 
accurately model such a stress and displacement fields a 
contact model with three-dimensional finite elements needs to 
be used. Nevertheless, from the cited literature it is observed 
that reduced-order models which describe the bilinear 
behaviour of the damaged zone, are able to adequately capture 
many features of the nonlinear response. Moreover, if the 
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whole system is modeled with three-dimensional finite 
elements, the computational effort may become overwhelming 
especially taking into account the fact that the solution of the 
inverse problem requires iterative simulations of the whole 
system.  

Among the contributions to this field, recently, several 
studies used as nonlinear marker for the damage the level of 
harmonic components in the system response, as first 
suggested by [11]. In particular, [7,15] proposed a method for 
crack location and size estimation based on the determination 
of the second super-harmonic and the one-half sub-harmonic 
resonances at different level of driving force. Using as 
damage indicator the ratio between harmonics, in 
[14,16,18,19,26] methods for a full identification of the 
severity and position of a fatigue crack are proposed.  

In [26], following the encouraging results obtained by the 
direct analysis performed with more refined models in [16], 
an efficient method for the damage identification based on the 
evaluation of the nonlinear characteristics of the system 
response was proposed. The method that makes use of a 
simple and accurate model, suitable for the inverse problems 
is applied to a cantilever beam, and makes large use of the 
information obtained by a numerical forward simulation of the 
system. Thanks to such a forward analysis the ratio between 
the main harmonic and a particular sub or super harmonic in 
the response, used as damage indicator, is studied as the 
damage position and depth changes. The data are collected in 
the Harmonic Damage Surfaces (HDS) that describe the 
dependency between the indicators and the damage. Each 
surface can be used in the inverse problem to evaluate the 
error between the model expectation and the test case at hand. 
Through a Bayesian average, the information from all the 
considered HDS is combined in a minimization process that 
gives the optimal estimate of location and severity of the 
crack. The proposed approach focuses on the identification of 
small damage in the system, characterized by cracks with 
depth below 20% of the beam section height. In these 
conditions the assumption of a breathing mechanism during 
vibration cycles is usually satisfied but a very effective 
identification is required in order to obtain the localization of 
the crack. Since the method uses nonlinear indicators of the 
damage it is unbiased by the presence of open cracks but it is 
also unable to detect them. With respect to the similar 
techniques proposed in the literature [11,15,17,19], the 
novelty of the method proposed in [26] resides in the use of 
more than one mode of the structure. In fact, each mode is 
sensitive to the location of the damage in its individual way. 
In this frame, the concept of modal-effective damage is 
introduced to detail the fact that damage close to curvature 
nodes leaves that mode mostly unaffected, while a breathing 
crack in a curvature antinode has a large effect on the 
dynamics that is detectable by sub- and super-harmonics in 
the response.  

By extending the analyses performed in [26], in this paper 
the numerical examples of a simple supported beam and of a 
spanned beam harmonically excited are presented. The 
proposed approach, taking advantage of the compact model of 
the cracked structure obtained by using 1D beam FE elements, 
tackles the problem of damage identification in more complex 
structures addressing the specific difficulties that the method 

proposed in [26] can face when applied to real structures. In 
particular, the possibility of improving the identification by 
considering more than one sensor is presented. Two test cases 
are studied: a simply supported beam and a spanned beam: on 
the first case, the difficulties in detecting the damage in 
symmetric systems are addressed, while on the second case 
the difficulties concerning more complex systems with 
localized modes are considered. 

2 TEST CASES 
Figures 1a,b present the systems under consideration: a simply 
supported beam, Fig. 1a, and a spanned beam, Fig. 1b. Both 
cases have been modeled using finite elements while the crack 
is modeled as explained in the following heading. It is 
assumed that only one element has a single sided edge 
breathing crack and that the switching between open and 
closed behavior of the crack occurs in the equilibrium 
configuration. Furthermore it is supposed that the opening and 
closing of the crack is primarily driven by the flexural 
dynamics of the beam and that the crack is the only source of 
nonlinearity in the structure. The simple supported beam, Fig. 
1a, has been forced under two different loading condition: 
almost symmetric (lF/l=0.45) and asymmetric (lF/l=0.06). 

 
Figure 1. Systems under investigation. a) Simple supported 
beam, l=0.6 m, lF=0.26 m (quasi symmetric) or lF=0.04 m 

(asymmetric). b) Spanned beam, l1=0.4 m, l2=0.2 m, lF=0.3 m. 

The considered beams are made of  steel with a total length 
l = 0.6 m, and a constant rectangular cross-section A, 0.04 m x 
0.02 m; E=206 GPa, ρ=7800 kg/m3 ν=0.3. The beams can 
have a breathing crack of depth a at distance d from the left-
end constraint; p = d/L is the non dimensional position and s 
= a/h is the non dimensional severity of the crack. The beams 
are modeled using standard one dimensional Euler-beam 
elements with three degrees of freedom for each node and the 
damaged element; the mesh consists of 60 finite elements.  
The resonance of the damaged systems occurs at the bilinear 
frequency ωi that is well approximated by [3]:  

2 u d
i i

i u d
i i

ω ωω
ω ω

=
+   (1) 
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b) 
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where ωu
i is the ith natural frequency of the undamaged system 

and ωd
i is the ith natural frequency of the linear damaged 

system when crack is always open.  

2.1 Breathing crack model 

In several applications, the equilibrium configuration of the 
system coincides with the switching condition between closed 
and open behaviour for the crack. Under this condition, the 
cracked zone of the beam can be modelled with a finite 
element that has a bilinear element matrix with the 
discontinuity passing through the origin: this leads to an 
overall bilinear model where the nonlinear characteristics are 
independent of the vibration amplitude [3, 6, 26-30]. 

The standard element stiffness matrix for a plane beam 
element with three degrees of freedom per node, collected in 
the vector U, once shear deformability is neglected, is 
described by:  
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where E is the Young's modulus, Iu is the moment of inertia of 
the undamaged beam section, and l is the length of the 
element. 

The presence of the breathing crack in the beam is modelled 
through a particular finite element at the location of the crack. 
Considering a crack propagating from the upper side of the 
beam, the damaged element is described by a damaged 
moment of inertia Id, obtained by superimposing to the 
healthy element another element that has the following 
stiffness matrix: 
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where μ represents the non dimensional flexural damage and 
ranges between 0 for the healthy section and 1 for the 
completely damaged section; the effect of the crack on the 
axial stiffness is neglected. 

Assuming that the opening mechanism is triggered only by 
the rotations at the nodes of the element as already proposed 
in [13,24], the breathing mechanism is obtained by the 
damaged element matrix Kd, with bilinear behavior: 

( ) 1,
( ) :
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i j i j

d i j c
i j i j
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K K H K

H

θ θ θ θ
θ θ

θ θ θ θ
− = >⎧
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  (4) 

where H is the Heaviside step function dependent on the 
relative rotations between the sections i and j. In order to 
compare the results of the proposed model with the results 

found in literature that often consider as damage parameter the 
non dimensional crack severity s = a/h, the results are 
presented by appropriately scaling the damaged axis. The 
relation between μ and s is obtained through a nonlinear 
compliance function g(s) : 

μ = (Iu-Id)/Iu = g(s)  (5) 
The particular form of the compliance function g(s) is either 

derived in the literature from theoretical models or from 
experimental or numerical data. In this work, the compliance 
function is obtained from a three-dimensional FE model of the 
open-cracked beam element; it is important to note that g(s) 
depends on the mesh but the results of the identification will 
not be affected by the particular choice of the compliance 
function: this function is merely used to graph the results as a 
function of s  rather than μ. 

The proposed crack model, while being sufficiently simple, 
can capture several practical situations and, in particular, 
fatigue crack are reported to behave in such this way [2, 3]. 
Moreover, this crack model allows for a consistent reduction 
of the numerical efforts very useful in the solution of the 
inverse problem. 

3 HARMONIC DAMAGE SURFACES 
Before tackling the damage identification problem, the direct 
analysis of the effect of a breathing crack on the dynamics of 
the beam is developed, by applying the procedure described in 
[26] and synthetically recalled in the following.  
First, the amplitude of the sub and super-harmonics of the 
forcing frequency are evaluated. In practice, as far as a 
bilinear system is considered, a large harmonic content 
emerges at a bilinear frequency of the system when the 
driving frequency approaches an integer ratio or a multiple of 
that frequency. The amplitude of the harmonics of interest is 
obtained by numerically solving the equation of motion of the 
finite element model of the beam subjected to a point force 
applied at the loading points shown in Figs. 1.  

The amplitude of the j-th order super-harmonic S(ω) is then 
normalized with respect to the main harmonic S(ω/j), 
obtaining the normalized spectrum S* around ω = ωi. Its 
maximum value is labeled as Rij: 

, max ,     
/

               R p, s

max S , S S
/

(6) 
The value of  depends on the particular choice of the 

excited harmonic: for instance R22 is obtained by considering 
the second order harmonic, when the driving frequency is half 
of the 2st frequency. The non-dimensional ratio  is 
obviously a function of both the crack depth and its location 
but, because of the normalization, is not dependent on the 
used amplitude excitation.  

As the crack position and its severity change, R_ij describes 
a surface that can be computed by performing a parametric 
analysis. According to [26] we will refer to this kind of 
surface as Harmonic Damage Surface (HDS). In particular, 
Figures 2a and 2b present the HDS for R22 for the simple 
supported beam obtained for symmetric and asymmetric 
loading condition respectively; it is worth noticing that in the 
first cases the R_ij coefficients are considerably smaller, since 
the loading position is close to the modal shape node. 
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The amplitude of  reflects the influence that the damage 
has on the particular mode: therefore, the surface has a 
monotonic behaviour with respect to the damage severity 
while, along the p axis, the surface should resemble the 
curvature of the corresponding mode.  

In this paper the HDS related to , ,  are used for 
the simple supported beam and , , ,  for the 
spanned one. 

 
Figure 2. Harmonic damage surfaces R22 order 2 super-
harmonic component for Ω=ω2/2; a) symmetric loading 

condition; b) asymmetric loading condition. 

4 NONLINEAR HARMONIC IDENTIFICATION 
METHOD 

For the damage identification purpose, using the information 
obtained from direct simulations, the excitation and 
measurement points can be chosen; the test is carried out 
exciting the system with a sine sweep and measuring only the 
response signals. The time histories recorded from the sensors 
are then post processed to evaluate the corresponding value of 
Rm

ij, where the superscript m stands for measured. According 
to Eq. (6), the Fourier transform of the signal is computed and 
the harmonic peak value is divided by the excitation 
frequency peak value.  

The measured ratio Rm
ij defines a sectioning plane for the 

corresponding HDS that intersects it along a curve 
representing an iso-harmonic-content-curve. This curve 
collects all the combination of damage-severity and damage-
position identified by the performed measure m

ijR . Figure 2a 

reports a representation for the HDS surface of R22 furnished 
by the model sectioned by the plane R m

 22 = 0.0135.  
The damage identification is obtained by computing, the error 
function eij for each Rij surface  

,
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where eij(p,s) depends on the particular choice of the HDS and 
it is a function of both the damage severity and the damage 
position. And, finally, a functional that represents a global 
normalized error between the model results and the measured 
data is computed: 

2

,
( , ) ( , )ij

i j

f p s e p s= ∑
  (8) 

the value of p and s for which f(p,s) is minimum, represent the 
position and the severity of the damage. 

5 IDENTIFICATION BY NUMERICAL 
INVESTIGATIONS 

 

 
Figure 3. Nonlinear harmonic identification on the simply 

supported beam. The system is excited at lF/l=0.45 ; a) 
p=0.27, s = 0.1; b) p =0.73 s = 0.1 

The present study deals with specific aspects and 
characteristics of the identification method. In particular, three 
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different numerical tests are carried out to highlight each a 
specific problem: a) how to identify the damage in a 
symmetric structure; b) improving the identification by using 
more than one sensor; c) how the identification changes as the 
structure becomes more complex. It is here important to recall 
that the method detects the damage level through the response 
of selected modes of the system (modal damage [26]) in fact, 
by considering just one mode, a large damage close to a 
curvature node of that mode has the same effect of a small 
damage in a curvature antinode. 

 

5.1 Damage detection in symmetric structures 

When a symmetric structure is under consideration, in this 
case a simply supported beam, the modes are either symmetric 
or anti symmetric. Thus, in principle,  it is difficult for the 
harmonic identification method to distinguish between the real 
damage position and its symmetric, while the correct 
evaluation of the damage severity should not be affected. In 
practice, however, the presence of the damage breaks the 
symmetry of the system and this can be exploited in the 
identification by using a non symmetric excitation of the 
structure. 

 
Figure 4. Nonlinear harmonic identification on the simply 
supported beam. The system is excited at lF/l=0.06 ; a) p = 

0.27, s = 0.1; b) p =0.73 s = 0.1 

 In particular in Figure 3 two different damage positions are 
considered: p=0.27 and its symmetric position p = 0.73 for a 
quite low damage s = 0.1. The system is excited at lF/l= 0.45, 
the HDS related to , ,  are used. The figures show 
the value of the functional f(p,s) as colormap where darker 

color relate to lower values. It is interesting to notice that even 
if the force position is quite close to center of the beam, the  
f(p,s) is not symmetric. However especially when the damage 
is at 0.73, there are two, almost symmetric zones of damage 
detected: the correct one at 0.73 and its symmetric at 0.2, 
being the latter slightly larger. 

5.2 Information from more than one sensor 

The effect of the position of the sensor is illustrated using the 
simply supported beam. Figure 5a-g shows the results of the 
identification for different positions of the sensors ps = [0.12 
0.26 0.32 0.4 0.6 0.68 0.8] the vertical line shows for each 
plot the sensor position. As it can be seen, all the sensors 
correctly highlight the correct position and severity of the 
damage, however some of them can produce other zones of 
damage, depending on the relative position between damage, 
force, considered mode and position of the sensor. In the 
particular case, p = 0.1 and s = 0.23, lF/l=0.06 the sensor at ps 
= 0.6 shows a large zone of detected damage at s = 0.2 p = 
0.85. in order to avoid this misleading result, the use of an 
average between the several results provided by all the sensor 
can be used (figure 5h) 

 
Figure 5. nonlinear harmonic identification on a simply 
supported beam with damage p = 0.27, s = 0.1 excited at 

lF/l=0.06  a)-g) results with one sensor located at different 
points; h) average of the results provided by all the cases a)-

g). 
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In order to account for several input sensors the Rij(p,s) 
become also dependent on the sensor position i.e. Rijk(p,s) 
being pk

s the non-dimensional position of the kth sensor. So 
that Eq. (7) and (8) become: 

,
1 1

( , )
( , ) ,

( , )

m
ijk ijk

ijk m
ijk

qn
m

ijk l l ijk h
m l h
ijk

R p s R
e p s

R

R p s R
R

n q
= =

−
=

+
=

+

∑ ∑  

(9) 

and 
2
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i j k

f p s e p s= ∑
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respectively. It is clear that more information is available at a 
reasonable low cost being, in general, quite inexpensive to use 
more than one sensor in the analysis. Moreover, the use of 8 
sensors allows an identification that is able to locate the 
damage, unless it is close to a constraint, from 10% severity 
down to just 5%. 
 

5.3 Complex structure 

More complex system lead to more complex modal shape and 
the presence of constraints produce a zone with low modal 
response and thus small sensitivity of the method to the 
damage. Moreover, the method has difficulties to distinguish 
between different zones where the response is quite low. 

 
Figure 6. nonlinear harmonic identification on a spanned 

beam with damage p = 0.4, s = 0.1 excited at lF/l=0.5  a) 3 
mode identification; b) 4 mode identification. 

This aspects are investigated by conducting identification of 
the damage on the spanned beam presented in figure 1b. The 
identification obtained degrades quite dramatically and even 
moderate damage severity, especially if located close to a 
constraint, lead to an overestimation of damage positions and 
severity (see Fig. 6a ). 

In the worst case scenario, among the possible position of 
the damage that was at p = 0.85 and s = 0.18, the 
identification produces together with the correct position two 
other erroneous identification. In particular there is an 
identified damage at p =0.5 and s= 0.12, that is quite 
troublesome because also the severity is misleading. 

By considering also a 4th mode of the system, the 
performance of the method comes back to the level of 
accuracy previously obtained and can be inferred by 
comparing Fig. 6b with Fig. 6a and Fig. 7b with Fig. 7a. 

 
Figure 7. nonlinear harmonic identification on a spanned 

beam with damage p = 0.85, s = 0.18 excited at lF/l=0.5  a) 3 
mode identification; b) 4 mode identification. 

6 CONCLUDING REMARKS 
The paper investigates specific aspects of a novel 
methodology for the identification of breathing cracks in 
beams structures that is able to detect simultaneously the 
location and the depth of the damage. The method exploits the 
nonlinear features in the response of the structure that are 
caused by the presence of even very small damage. 
 In particular, sub- and super-harmonics of the forcing 
frequency appear in the response; these can be easily detected 
and measured through tests on the system by forcing it with a 
narrow-band excitation that causes one of the system mode to 
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be predominant. The proposed method uses a set of tests, each 
exciting one mode and, by combining the obtained 
information, a sharp identification is achieved through a 
minimization problem. 

It was previously shown how on a cantilever beam the 
nonlinear harmonic identification method, in contrast to other 
techniques that need a crack depth larger that 15%-20% of the 
beam’s height to achieve a satisfactory identification, is able 
to detect the presence and the level of the damage just 
exceeding 5% depth, while at only 10% damage, the 
identification of the position is also correctly obtained. 
In this paper, the problem of symmetric structure is also 
addressed and it is shown how, even the small asymmetry 
caused by the presence of the damage can be exploited, by 
exciting the system with a non-symmetric load to correctly 
obtain the damage identification.  

Moreover, the use of more than one sensor on the structure 
is investigated, considering in the minimization process the 
information from each measured point. The results obtained, 
show that with 8 sensors distributed along the beam length, 
the method is able to locate the damage, unless it is close to a 
constraint, starting at just 5% severity 

Finally, the case of a more complex structure with multiple 
constraints is addressed. The tests show that using three 
modes is not sufficient to identify the damage at any location. 
The use of another mode is necessary to identify the damage 
in any position. This aspect will be the subject of further 
investigation, increasing also the complexity of the system 
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ABSTRACT: Most engineering structures exhibit nonlinear behaviour when subjected to extreme operational conditions. 
Moreover, modern systems are required to be weight lighter resulting in more flexible structures. These kind of structures are 
more prone to exhibit nonlinear behaviour as geometric nonlinear effects emerge due to the unavoidable large deflections. This 
has shaped the on going interest in predicting the behaviour of such structures. In this paper an experimental technique to test 
structures having geometric nonlinearities is presented. The resonant decay method is used to investigate the vibration 
characteristics of flexible structures aimed at modelling the nonlinear stiffness behaviour. The approach is assessed by 
performing a number of experimental investigations on a scaled joined wing structure. The experimental approach enables 
measurements to be made in nonlinear regions encountered in-flight, thus exploring the structural behaviour in this near-
operational condition, but are performed in such a way that it is easy to compare the experimental predictions with the FE 
model.  

KEY WORDS:  

1 INTRODUCTION 
Nowadays structural systems are required to be more cost-
effective and environmentally friendly. This results in more 
efficient, weight lighter and commonly more flexible design 
solutions. As an example in the aerospace industry, there is a 
current interest in the development of aircrafts with high 
aspect ratio wings for either high altitude long endurance 
(HALE) or novel civil airliner applications. Whereas this 
design leads to aerodynamically superior aircraft, it is likely 
that large displacements will occur leading to the tendency for 
nonlinear geometrical behaviour. There has been a body of 
work investigating how to model the aeroelastic 
characteristics of such structural systems, but little devoted 
towards the experimental measurement of the nonlinear 
stiffness behaviour. 

Traditionally, aeroelastic analyses of aircraft for flutter and 
gust/manoeuvre loads prediction have been performed using a 
linear structural FE models and linear panel method 
aerodynamics (DLM) [1]. Ground Vibration Tests (GVT) are 
performed to validate the predicted natural frequencies and 
mode shapes, as well as providing measurements of damping. 
However for highly flexible structures, such an approach does 
not provide information about the structural behaviour in–
flight where the wings deflect significantly upwards unlike the 
GVT test situation of the wings drooping downwards slightly.  

A range of different methods exists to identify nonlinear 
structural systems [2]; however most of the methods are not 
compatible with the traditional linear GVT. One possible 
approach as an add-on to identify the nonlinear model is the 
Resonant Decay Method [3]. In this approach, nonlinear 
structural components are identified in modal space from the 
decay response following a tuned excitation. 
In this paper, an experimental approach that can be used to 
identify geometric nonlinearities comparable to those obtained 

in-flight is described. Tests are performed on a half joined 
wing structural model that was design to replicate the 
susceptibility to buckling due to the geometric bend–twist 
coupling expected of this type of wing configuration. 

The nonlinear behaviour is revealed using static and 
dynamic tests successfully. 

2 TESTING SET UP 
A joined wing aircraft is one that connects the front wing to 
an aft wing. For the complete aircraft the front and aft wings 
are joined to form a diamond shaped platform from the front 
and top views. In this work, we used a half scaled joined wing 
sensorcraft model (2m×2m platform) as a test case (see Figure 
1). Note that the front and rear wings lie in planes tilted from 
horizontal and that the rear wing is connected to a steel plate 
that was sized to recreate the fuselage behaviour.  

The joined wing model has been placed in the laboratory 
with upside down in order to facilitate the reproduction of the 
characteristic in–flight deflected shape by applying a number 
of additional static loads. This rig has previously been used 
for static aeroelastic scaling studies in [4]; however, here the 
testing was simplified by applying only weights to the 
structure vertically rather than attempting to apply follower 
forces. The model has been excited by two electro–dynamic 
shakers (LDS V406) and instrumented with 26 piezoelectric 
accelerometers (PCB 33M07) and two force sensors (PCB 
208C03) to measure the shakers’ driving force. Additionally, 
the vibration tests were controlled and recorded by using the 
data acquisition systems LMS SCADAS Lab 

3 NONLINEARITY INSPECTION  
A number of experimental tests have been performed in order 
to gain insight into the overall structural behaviour of the 
wing model. This is also beneficial in determining the 

Identification of a system containing geometric nonlinearities 
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frequency ranges and modes of vibration that could be 
significantly influenced by nonlinear effects. 

 

 
Figure 1. General view of the half scaled joined wing model 
used in this work. Note the deflected shape produced for the 

weight of 30Kg attached at the end of the rear wing. 

3.1 Static tests 

Weights were applied to the joined wing model in order to 
recreate its expected in–flight deflected shape. Figure 2 shows 
the results for a range of static loads applied to the test model 
at the point where the front and rear wings are joined together. 
Points P1 and P2 are located on the forward wing whilst 
points P3 and P4 lie on the rear wing. It can be seen that there 
exists a nonlinear stiffening trend all over the structure when 
the additional weights exceeds around 20kg. It is worth noting 
that this consists of both hardening (on the front wing) and 
softening behaviour (on the rear wing). This behaviour is to be 
expected due to the dihedral and anhedral inherent in the 
structure for the front and rear wings respectively; the rear 
wing is typically put under compression in flight resulting in a 
geometric softening. 

3.2 Dynamic tests 

Several dynamic tests have also been conducted considering 
different applied vibration levels at a range of different static 
loading conditions. The idea behind these tests is to track the 
variations of frequencies and mode shapes with respect to 
different static load cases (i.e. deflected shapes) and vibration 
levels. Figure 3 shows typical Frequency Response Functions 
(FRFs) for the 50Kg static load case with different levels of 
excitation. The responses at one point on the front wing (point 
N.9) and one point on the rear wing (point N.12) are 
presented. The driving force employed to vibrate the model 
was a burst random signal with a bandwidth of 256Hz. In 
addition, 25 averages were considered in the estimation of the 
FRFs. It can be seen that the FRFs do not overlay each other 
for several modes indicating the presence of nonlinearity. The 
zoomed plots within the figures show the softening effect 
exhibited by the mode located between 12Hz and 18Hz.  

In a similar manner, Figure 4 presents the FRFs for the 
entire range of static loads from 10kg to 50kg and at the same 
level of excitation. Whereas most of the modes reduce in 
frequency as would be expected for the added mass, this is not 
always the case. The zoomed plots within Figure 4 show this 
feature for modes located between 50Hz and 60Hz. 
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Figure 2. Deflection at four points when the joined wing is 
loaded and unloaded statically. (top) Location of measured 

points; (bottom) deflection measurements. 

 
Besides, Table 1 presents the resulting natural frequencies 

and damping ratios for the entire range of static loads and 
excitation levels tested. Frequencies and damping ratios have 
been estimated using the Least Square Complex Exponential 
(LSCE) method [5]. This method uses the time–domain 
system response data, in the form of Impulse Response 
Functions (IRFs), to curve–fit the theoretical expression of the 
IRFs and find the coefficients that most closely match the 
measured data.  

In addition, the mode shapes found for two different static 
load cases are compared by means of the modal assurance 
criterion coefficients map (MAC) in Figure 5 (left). This 
criterion is a statistical tool that provides a measure of the 
least–square deviation from a straight–line correlation 
between two mode shapes. This yields to an indicator of the 
degree of consistency between the examined shapes. 
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Figure 3. Comparison among point FRFs for different levels 

excitation (burst random) and an applied weight of 50kg; (top) 
For point N.9 located on the front wing; (bottom) for point 

N.12 located on the rear wing. 

 
 In Figure 5, Processing A denotes the 10Kg static load case 

and Processing B the 50Kg static load case. Both groups of 
mode shapes were estimated at the same level of excitation. 
At the bottom of the same figure, the first three modes with 
higher MAC values are shown to facilitate a direct 
comparison. 

We noted that most of the modes involving the bending of 
the rear wing, which is most susceptible to compression from 
the fuselage and forward wing, exhibit the nonlinear 
behaviour that is explained due to the buckling effect 
occurring from both large static loads (large in–flight 
deflected shapes) and excitation levels. 

4 SYSTEM IDENTIFICATION  
The system identification is carried out using the Resonance 
Decay Method (RDM) [6]. In this technique, individual 
modes can be excited independently by applying an 
appropriated force pattern. 
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Figure 4. Comparison among point FRFs for the same level of 
excitation and different applied weights; (top) For point N.9 

located on the front wing and (bottom) for point N.12 located 
on the rear wing. 

 
Such force pattern can be determined by using the normal–

force mode appropriation method, that enables for physically 
extracting the undamped natural frequency and normal–modes 
shapes of a structure [7]. Once the appropriated force pattern 
is computed, this is physically applied at the relevant 
frequency to the test model.  

When the structure is responding at resonance condition in 
the desired mode, the input is removed and the model 
undergoes free vibration from the steady state response 
reached. Then, the resulting decay response can be curve–
fitted to identify active nonlinear elements. 

In this paper only one mode from those exhibiting nonlinear 
features has been considered. The mode existing between 
16Hz and 18Hz was selected as a good candidate to evaluate 
the nonlinear behaviour of the test structure. We consider the 
case of the in–flight deflected shape produced when applying 
the weight of 40Kg.  
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Table 1. Natural frequencies and damping for the range of 
static loads and excitation levels. 

  0.8V 3.2V 
Case  Freq(Hz) Damp(%) Freq(Hz) Damp(%) 

 Mode  1 2.76 7.45 2.78 3.53 
 Mode  2 13.67 4.05 4.02 0.54 
 Mode  3 18.34 1.75 17.92 1.50 
 Mode  4 20.49 0.26 20.43 0.26 

10 Kg Mode  5 34.23 0.24 34.15 0.28 
 Mode  6 42.92 0.81 41.45 3.34 
 Mode  7 45.24 1.08 44.10 2.10 
 Mode  8 51.71 0.55 51.58 0.36 
 Mode  1 2.67 14.06 2.90 2.17 
 Mode  2 13.64 4.21 - - 
 Mode  3 17.98 2.10 17.51 1.58 
 Mode  4 20.41 0.22 20.37 0.21 

20 Kg Mode  5 27.33 0.12 27.32 0.14 
 Mode  6 34.15 0.19 34.10 0.24 
 Mode  7 43.60 0.70 43.66 3.03 
 Mode  8 51.50 0.37 51.57 0.35 
 Mode  1 2.72 5.07 2.78 2.77 
 Mode  2 13.79 3.32 - - 
 Mode  3 17.67 2.14 17.05 1.71 
 Mode  4 20.35 0.16 20.30 0.14 

30 Kg Mode  5 27.31 0.11 27.28 0.17 
 Mode  6 33.98 0.21 33.93 0.23 
 Mode  7 43.72 0.66 44.18 3.09 
 Mode  8 51.51 0.41 51.55 0.35 
 Mode  1 2.74 5.49 2.77 2.17 
 Mode  2 13.68 3.12 - - 
 Mode  3 16.94 2.38 16.41 1.86 
 Mode  4 20.24 0.14 20.22 0.13 

40 Kg Mode  5 27.26 0.09 27.25 0.12 
 Mode  6 33.72 0.22 33.69 0.21 
 Mode  7 43.37 0.53 43.75 2.72 
 Mode  8 51.52 0.41 51.53 0.31 
 Mode  1 2.69 6.47 2.60 8.94 
 Mode  2 17.33 3.38 16.22 2.18 
 Mode  3 20.18 0.13 20.15 0.12 
 Mode  4 27.24 0.12 27.22 0.13 

50 Kg Mode  5 33.43 0.21 33.40 0.20 
 Mode  6 43.67 0.62 44.01 2.33 
 Mode  7 51.54 0.42 51.51 0.29 
 Mode  8 53.22 0.24 53.18 0.16 

 
A force pattern capable of appropriating the targeted mode 

is determined as explained in [7] and is then used to impose a 
constant harmonic excitation to the structure by means of a 
pair of electro–dynamic shakers. After achieving the steady 
state condition, the input was ceased.  

The resonance decay response was then recorded for the 26 
accelerometer placed throughout the structure. Figure 6(left) 
presents two typical signals recorded during the decay stage 
along with a graphical representation of the frequency content 
variation of the structural response along time via 
spectrograms.  

To verify the execution accuracy of the mode appropriation 
procedure, the structural response was decomposed into the 
modal coordinates using equation (1); where { }ρ&&  represents a 
matrix containing the responses in modal space; [Φ] is the 
matrix of mode shapes identified for the underling linear 
system; and { }X&&  is a matrix containing the measured response 
from all channels. 

 
 

 

 

 
Figure 5. (top) MAC coefficients for different weights: 

Processing A is the case of 10Kg and Processing B is the case 
of 50Kg. (bottom) the first three modes with higher MAC 

values: the left-hand-side panel for the case of 10Kg, right-
hand-side panel for the case of 50kg 

 

 { } [ ] { }XTT &&&& ΦΦΦ=
−1

ρ  (1) 

Figure 6(right) presents the modal decomposition of the 
structural responses. Only the responses of the first six modes 
are plotted. The figure shows that the mode 2ρ&&  is 
predominant in the structural response; that suggests that the 
mode was correctly appropriated. 

Looking at the identification of both the vibration frequency 
and damping ratio and their changes as the amplitude 
decreases, the decay response from the resonance condition 
was curve–fitted. A moving window of 30 seconds was 
considered travelling across the signal with overlaps of 50%. 
For each stepped window, a linear dynamic model was curve–
fitted and the respective frequency and damping ratio 
estimated.  
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Figure 6. (left) Typical system decaying response and their spectrograms. (right) Modal decomposition of the structural response 

when decaying from the appropriated mode. 

 
From the structural response in modal space, no significant 

interaction between the mode at 16.94Hz and any other mode 
is detected. So that, the equation for this mode can be written 
in terms of the modal coordinate number 2 only. Thus, at a 
particular instant time along the decay, the structural response 
of mode 2 is expressed as shown in Equation (2).  

  (2) 

Note that the contribution of cubic stiffness and quadratic 
damping were assumed for illustrative purposes only. The 
above equation can be rewritten in terms of the unknown 
coefficients and expanded to include a number n of time 
points over the decay response as:  

  (3) 

The modal acceleration data 2ρ&&  is integrated numerically to 
obtain the modal velocity and displacement. Once the above 
matrix is populated with a number of time points, Equation (3) 
can be solved in a least square sense for the vector of 
unknown parameter C, K, K

~  and C
~ .  

It is worth noting that if the decomposition into modal space 
reveals coupling to other modes, the above approach can be 
extended by simply adding proper further terms into Equation 
(2). This can also be used to populate off-diagonal terms of 
the stiffness and damping matrices as required.  

Table 2 presents the results when solving equation (3) for 
different set of points along the decay. Consecutive segments 
of 30s where used to curve-fit the proposed model. The first 
column on the table indicates the time corresponding to the 
last point of each segment along the decay.  

 
 

Table 2. Curve-fitting for the range of static loads and 
excitation levels. 

Time (s) C K   
16.5 1.97 10859  1.13e8 -4.22 
17.0  2.04 10953  1.32e8 -12.25 
17.5  1.71 10913  1.72e8 27.06 
18.0  2.39 10936  7.12e8 12.47 
18.5 2.89   10984 5.91e8 6.85 
19.0  3.85 11042 -4.8e9 -44.1 
19.5 4.94 11057 -2.6e10 -145.3 

 

5 CONCLUSION 
A procedure has been outlined for the vibration testing of 
structures that are susceptible to suffer from geometric 
nonlinearities. Vibration tests were performed on a joined 
wing structure for a range of static load cases at different 
vibration levels. Results showed that some modes are more 
sensitive and can be appreciably affected by the geometric 
nonlinearities. It has been shown how those interesting modes 
can be identified and excited independently by using the 
Resonance Decay Method. As illustration, only one mode 
exhibiting nonlinear behaviour was studied. Preliminary 
results indicate no coupling of the mode analysed to other 
modes, however more tests are required to determine in which 
extend this observation is correct. 

A discussion is provided on how the nonlinearity can be 
identified in modal space from the decay response following a 
tuned excitation. A strategy for selecting a cluster of candidate 
models to be curve-fitted that fairly represent the structural 
nonlinearities still remains unclear. The restoring force 
surface along the decay could help identifying suitable form 
for those candidates. This procedure can be seen as an add-on 
tool able to extend traditional modal testing procedures to 
nonlinear applications. 
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ABSTRACT: This paper presents ambient-vibration based investigations conducted on the Newmarket Viaduct, a 12 span, 
690m long, curved, segmental, elevated, post-tensioned concrete viaduct located in Auckland, New Zealand, to assess the 
dynamical behavior of the bridge during construction. The assessment procedure included full-scale ambient vibration testing, 
modal identification from ambient vibration responses using two different output-only identification methods, finite element 
(FE) modelling and sensitivity-based model updating-based identification of the uncertain structural parameters of the model. 
Ambient tests were conducted for the accurate estimation of the dynamic characteristics using Enhanced Frequency Domain 
Decomposition and Stochastic Subspace Identification. An initial 3D FE model was then developed from the information 
provided in the design documentation of the bridge. The output-only modal identification results from ambient vibration 
measurements of the bridge were subsequently used to update the FE bridge model. Different parameters of the model were 
modified using an automated procedure to improve correlation between the measured and calculated modal parameters. Careful 
attention was placed on the selection of the parameters to be modified by the updating procedure in order to ensure that the 
necessary changes are realistic and physically meaningful. A very good match between theoretical and experimental modal 
parameters was reached. The calibrated FE model reflecting the as-built structural conditions of the bridge will serve as a 
baseline model for the assessment of structural health using continuous monitoring data. 

KEY WORDS: Bridge; Ambient vibration test; Operational modal analysis; FE model; Model updating. 

1 INTRODUCTION 
The study described in this paper was performed in order to 
assess the actual dynamic behavior of the Newmarket Viaduct 
located in Auckland, New Zealand during construction with 
the ultimate purpose to predict the performance of the bridge 
when subjected to different live loads, for instance traffic, 
seismic and wind.  

Bridges are special civil structures that due to their long 
service life, large dimensions, structural complexity and 
importance need regular condition assessment or continuous 
structural health monitoring to guarantee their serviceability, 
safety and reliability. To this end, one way is to measure the 
actual dynamic characteristics (e.g., natural frequencies and 
mode shapes) by conducting full scale dynamic tests to assist 
in understanding of the dynamic behavior under traffic, 
seismic, wind and other live loads.  Full scale dynamic testing 
of bridges can provide valuable information on the service 
behavior and performance of structures, as this information 
can then be used to check the construction quality, conduct 
condition assessment, and validate or update numerical 
models of the bridge so that these models can better reflect the 
as-built, in-situ structural stiffness, boundary conditions, 
structural connectivity, inertia and energy dissipation 
properties  [1]. 

For testing and monitoring of large-scale bridges, ambient 
vibration tests (AVTs) are deemed to be simpler, faster and 
cheaper than forced vibration tests, and often the only feasible 
method for the determination of dynamic characteristics. 
During AVTs it is possible to obtain results using 
environmental and operational effects such as wind, traffic 

and other excitations of the bridge. During an AVT, there is 
often no interference with the normal traffic flow and effects 
of the non-stationary ambient loads can be minimized by 
collecting data for sufficiently long periods of time. In the past, 
AVTs have been successfully applied for assessing the 
dynamic behavior of different types of full-scale bridges [2-8]. 
Nevertheless, there is still dearth of experimental and 
analytical studies for long, multi-span concrete bridges.  

AVTs are often performed in difficult conditions, requiring 
high accuracy both in the control of the test setup and in the 
analysis of the measured data. As the input excitations are not 
measured in the AVTs, a remarkable recent development of a 
new family of modal identification methods under operational 
conditions, called operational modal analysis (OMA), 
occurred. The estimated natural frequencies and mode shapes 
of large bridges are usually used for establishing correlations 
with numerical predictions or, in some cases, developing and 
updating of finite element (FE) models [9-14]. However, 
although there are many methods for OMA [15, 16], even 
some popular methods face challenges resulting from 
insufficient ambient excitation.  

The dynamic bridge assessment procedure in this paper 
includes full-scale, in-situ dynamic tests, OMA from ambient 
vibration response using two identification methods, FE 
modeling and dynamic-based identification of the uncertain 
structural parameters of the model via sensitivity-based model 
updating. 

An AVT has been conducted on Newmarket Viaduct with 
the aim of determining its dynamic response and performing 
modal system identification. OMA has been carried out both 

Ambient vibration testing, system identification and model updating 
of a multiple-span elevated bridge 
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in the frequency domain and in the time domain to extract the 
dominant frequencies and mode shapes. The application of 
two well-known identification techniques - Enhanced 
Frequency Domain Decomposition (EFDD) [17] and 
Stochastic Subspace Identification (SSI) [18, 19] - yielded 
very similar results for all the identified modes, providing 
consistent information for the following FE model updating. 

The final goal of this research is to develop a 3D FE model 
able to match the results of OMA. With this purpose in mind, 
some uncertain parameters of the model (such as Young’s 
modulus and density of concrete and geometric parameters of 
sections) were selected as parameters for updating and 
iteratively modified to minimize the differences in the natural 
frequencies between the FE model and OMA. The results 
showed a very good match between the experimental data and 
the updated FE model for the first eight frequencies and their 
corresponding mode shapes. 

2 DESCRIPTION OF THE BRIDGE AND TESTING 
PROGRAMME 

Newmarket Viaduct (Figure 1), recently constructed in 
Auckland, New Zealand, is one of the major and most 
important bridges within the New Zealand road network. It is 
a horizontally and vertically curved, post-tensioned concrete 
bridge, comprising two parallel, twin bridges. The total length 
of the bridge is 690m, with twelve different spans ranging in 
length from 38.67m to 62.65m and average length of 
approximately 60m. The superstructure of the bridge is a 
continuous single-cell box girder of a total width of 30m. The 
deck of the bridge contains a total of 468 precast box-girder 
segments and was constructed using the balanced cantilever 
and prestressed box-beam method. The traffic on the 
Northbound deck is carried on three lanes, and on four lanes 
on the Southbound deck. The Southbound Bridge (on the right 
hand side in Figure 1) is the subject of this paper. At the time 
of testing described in this paper the two bridges were not 
structurally linked in any way.  

For the purpose of AVTs, the bridge was instrumented 
with two models of tri-axial wireless USB MEMS 
accelerometers (www.gcdataconcepts.com) with a user 
selectable range ±2g - ±6g. Model X6-1A (Figure 2) uses a 
single AA or D battery and model X6-2 contains an internal 
hardwired rechargeable Lithium-Polymer battery. The 
accelerometers do not have data transmission capability; they 
store the data to a micro SD card and after the test it needs to 
be downloaded to a computer.  

 

 
Figure 1. Aerial view of Newmarket Viaduct. 

The measurements points were on both sides of the girder 
(Figure 3) and at approximate distances of span/8. A total of 
96 locations inside the bridge girder were chosen to place 
accelerometers. A maximum of 56 accelerometers for each 
test setup could be used simultaneously. Of these, eight 
accelerometers were used as reference accelerometers and 
their locations in Span 6 and 7 were not changed throughout 
the tests. The remaining 48 accelerometers were used as 
roving accelerometers and were moved to cover all the desired 
locations in five test setups. 

The AVT were carried out in November 2011. Data was 
collected for 1 hour in each setup at a sampling rate of 160 Hz. 
The raw measurement data from the middle of Span 5 in 
vertical and transverse direction are presented in Figure 4 as 
an example of typical levels of vibration observed during the 
AVT. 

 

 
Figure 2. MEMS accelerometer used in AVTs. 
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 Figure 3. Location of accelerometers inside bridge girder 
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Figure 4. Example of acceleration time series collected in 
AVTs. 
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Figure 5. Stabilization diagram for a) transverse, and b) 

vertical vibration data. 

3 DATA PROCESSING AND OMA 
On the basis of the results reported in [20], an extended 
analysis was carried out in order to evaluate the repeatability 
of the identified frequencies using different segments of data. 
A total of 10 different data segments sourced from different 
setups, each 10min long were used. The extraction of the 
modal parameters from ambient vibration data was carried out 
using an in-house system identification toolbox written in 
MATLAB [21]. Several system identification techniques are 
available in the toolbox including EFDD and SSI. Figure 5 
shows two typical stabilization charts: red circles show stable 
frequencies, damping ratios and mode shapes from SSI, and 
green lines show the singular values identified by EFDD. 
Inspection of these diagrams showed more than 20 natural 
frequencies in the range 0-10Hz.  

Table 1 shows the average values and the coefficients of 
variation (standard deviation/mean) of the first four transverse 
and vertical frequencies evaluated considering all the 10 data 
segments and the two identification methods. Figure 6 shows 
the values of the first transverse and vertical frequencies 
obtained from the 10 data segments as well as the mean values 
from the two identification methods. Examining Figure 6 and 
Table 1, it can be concluded that the frequency values 
identified from the different data segments are very close; 
moreover the two identification methods also give very 
similar results. The mode shapes identified by EFDD related 
the first eight frequencies are also depicted in Figure 7. 
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Figure 6. Statistical analysis of a) 1st transverse, and b) 1st 
vertical frequency estimations. 

Table 1. First eight natural frequencies identified from AVT. 

Mode EFDD 
/Hz 

COV 
/% 

SSI 
/Hz 

COV 
/% 

Mean of 2 
methods 

/Hz 
1T* 1.05 0.2 1.05 0.7 1.05 
2T 1.39 2.0 1.40 1.0 1.39 
3T 1.66 2.0 1.66 1.9 1.66 
4T 2.11 0.1 2.11 0.5 2.11 

5V** 2.12 1.7 2.12 0.5 2.12 
6V 2.25 2.0 2.26 1.3 2.26 
7V 2.44 2.0 2.43 0. 9 2.43 
8V 2.64 2.0 2.64 0.6 2.64 

* T=transverse, ** V= vertical  

4 FE MODELING 
The experimental investigation was accompanied by the 
development of a 3D FE model based on the design 
documentation of the bridge and using SAP2000 FE software. 
SAP2000 is industry standard FE analysis software, which 
will also be used for structural analysis of the bridge in the 
later stages of this project. The SAP2000 model was 
subsequently exported to the FEMtools software for the 
purpose of model updating. FEMtools is a multi-functional FE 
analysis tool that has capabilities for validation and updating 
of FE models. 

The 3D FE model developed in SAP2000 is shown in 
Figure 8a. The superstructure, piers and pier caps were 
modelled using beam elements, and expansion joints and 
bearings using spring elements. Fixed boundary conditions 
were specified at the base of the piers. Then the initial 
SAP2000 model was imported into FEMtools adjusted (Figure 
8b). To simulate the behavior of the three types of bearings 
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Mode 1T*: f=1.05Hz                          

 

Mode 2T: f =1.39Hz                           

 

Mode 3T: f =1.66Hz 

 

Mode 4T: f=2.11Hz 

 
Mode 5V*: f=2.12Hz 

 
Mode 6V: f=2.26Hz 

 
 
 
 

 
Mode 7V: f=2.43Hz                                                  

 
Mode 8V: f=2.64Hz 

 
 

Figure 7. Vibration modes identified from ambient vibration 
measurement (* T=transverse, ** V= vertical) 

 

 
a) 

 
b) 

Figure 8. 3D FE model of Southbound Bridge: a) SAP2000, 
and b) FEMtools. 

 

Table 2. AVT and FEtools model results comparison. 

Mode AVT 
/Hz 

FEMtools 
/Hz 

Difference 
/% 

1T* 1.05 0.93 -11.4 
2T 1.39 1.12 -19.4 
3T 1.66 1.36 -18.1 
4T 2.11 1.68 -20.4 
5V* 2.12 2.01 -5.2 
6V 2.26 2.14 -5.3 
7V 2.43 2.35 -3.3 
8V 2.64 2.60 -1.5 

* T=transverse, ** V= vertical 
 
(pinned, fixed and sliding) in FEMtools, each support was 
modeled as additional short beam element connecting the 
deck to the abutments or piers. The roller support can be 
simulated by choosing a cross-section of the additional beam 
element with a large section area and small moment of inertia, 
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whereas the rigid support can be simulated in the numerical 
model by choosing a beam element with a large value of both 
section area and moment of inertia. 

The initial FE frequencies from FEMtools are shown in 
Table 2 and compared to AVT experimental results. There are 
rather small differences for the vertical modes of the order of 
5%, but more noticeable for the transverse modes of up to 
approximately 20%. 

5 MODEL UPDATING PROCEDURE 
Parameters influencing the dynamic response of the structure 
can be updated to improve the model. For this study, the 
parameters selected for the updating procedure are concrete 
Young’s modulus and density, cross-sectional area, torsional 
moment of inertia, transverse bending moment of inertia and 
vertical bending moment of inertia in different girder 
segments, and also in bearings beams, pier caps and bent 
sections. As there are six types of segments that have been 
used in the girder varying in geometrical properties, there are 
24 updating parameters for the girder and 12 for the bearings, 
8 for the pier caps and bent sections, adding up to a total 46 
parameters considered. 

An important part of any updating procedure, which may 
greatly assist in achieving good results, is a good choice of the 
parameter starting values. The starting value for Young’s 
modulus (36GPa) was calculated as the average value 
obtained from 20 specimens collected from the construction 
site of the bridge (Figure 9) and tested in laboratory; the 
density was also measured in laboratory using the same 
specimens (2550kg/m3). The geometric parameters of cross-
sections were obtained from the design documents. 

The method used for the normal modes evaluation in the 3D 
FE model was the Lanczos subspace method [22]. Model 
parameter updating was carried out by minimizing the 
differences between the theoretical and experimental natural 
frequencies because they could be identified with good 
confidence. 

Updating of the 46 parameters previously indicated was 
carried out using the sensitivity method [23]. The 
experimental responses are expressed as functions of the 
structural parameters and a sensitivity coefficient matrix in 
terms of the first order Taylor series [24] as:  

0( )e a u -= +R R S P P                                   (1) 
The above can also be written as: 

 

 
 

Figure 9. Concrete samples for laboratory tests. 
 

Δ Δ=R S P                                          (2) 
where Re is the vector of the reference system responses 
(experimental data, in the case the eight natural frequencies 
reported earlier); Ra is the vector of predicted system 
responses for a given state P0 of the parameter values; Pu is 
the vector of the updated parameter values (uncertain 
parameters in the EF model which can include geometric, 
material properties and boundary and connectivity conditions 
related to stiffness and inertia); and S is the sensitivity matrix 
which can be calculated as: 

,a i
ij

j

∂
=

∂
R

S
P

                                          (3) 

Here Ra,i (i=1, 2,…,n) and Pj (i=1, 2,... … …,m) are the entries 
of the analytical structural response and the updating 
structural parameter vectors. Equation (2) can be determined, 
over-determined or under-determined depending on the 
number of responses n being equal, larger or smaller than the 
number of updating parameters m, respectively. It can be 
solved using a Bayesian technique, pseudo-inverse (least 
squares) method or weighted least squares method, depending 
on whether the weighting coefficients are used or not. The 
applied least squares solution by a pseudo-inverse technique 
will minimize iteratively the residue r defined as: 

= Δ − Δr S P R                       (4) 
with ΔPn+1  calculated as follows: 

( ) 1T T −
Δ = ΔP S S S R                        (5) 

The iterative procedure was applied to achieve convergence 
in a limited number of iterations. The parameters used for 
updating are bounded according mainly to engineering 
judgments. The upper and lower limits of cross-section area, 
torsional moment of inertia, transverse bending moment of 
inertia and vertical bending moment of inertia were all set as 
±10%. The limits for concrete density were set as ±5%. The 
upper and lower limits of concrete Young’s modulus were set 
as +15% and -5%, respectively.  

6 COMPARISON BETWEEN EXPERIMENTAL DATA 
AND UPDATED MODEL 

The comparison of the experimental data with the updated FE 
model is shown in Table 3 in which the first eight estimated 
experimental frequencies are listed against the first eight 
frequencies of the updated model. The percentage errors and 
the modal assurance criterion values (MAC) are also shown. It 
can be noticed that the FE model natural frequencies are very 
close to the experimental ones and the correlation (MAC) 
between mode shapes shows very good agreement for the 
bending mode shapes. Moreover, in Figure 10 the comparison 
between the first eight experimental (red lines with circles) 
and numerical (blue continuous lines) mode shapes is shown: 
the good correlation is evident for all the bending modes.  

Table 4 shows the design parameters of the bridge before 
updating and the results of updating process for all the 46 
parameters are shown in Table 5. In both tables, A is the 
cross-section area, Ix is torsional moment of inertia, Iy is the 
transverse bending moment of inertia, Iz is the vertical bending 
moment of inertia, E is concrete Young’s modulus and ρ is 
concrete density. Parameter Sets 1-6 are related to the six 
types of the segments used in the girder, and Sets 7 and 8 are 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2382 

related to the bent sections and pier caps, respectively. Sets 9-
11 are related to the three types of short beams modeling the 
bearings. Analyzing Table 5, it is noted that all the parameters 
have been substantially changed in updating, but within the 
maximum set range of the starting values.  

 

Table 3. Comparison of the experimental data with the 
updated model. 

Mode AVT 
/Hz 

Model 
/Hz 

Difference 
/% 

MAC 

1T 1.05 1.08 2.9 0.98 
2T 1.39 1.36 -2.2 0.90 
3T 1.66 1.67 0.6 0.91 
4T 2.11 2.18 3.3 0.87 
5V 2.12 2.13 0.5 0.93 
6V 2.26 2.25 -0.4 0.97 
7V 2.43 2.45 0.8 0.88 
8V 2.64 2.66 0.7 0.91 

* T=transverse, ** V= vertical 

 

Table 4. Parameters of the bridge before updating. 

Set A 
/m2 

Ix 

/m4 
Iy 

/m4 
Iz 

/m4 
E 

/GPa 
ρ 

/kg/m3 

1 22.70 48.81 147.1 20.29 

36.0 2550 

2 7.27 20.61 92.58 10.37 
3 10.17 24.04 100.85 15.45 
4 6.99 19.38 91.82 9.39 
5 8.34 24.02 98.98 12.32 
6 9.37 26.30 104.81 13.75 
7 5.25 2.88 0.98 5.36 
8 
9 

10 
11 

7.13 
6.63 
0.76 
0.76 

4.28 
2.94 
0.04 
0.04 

1.34 
0.86 
0.02 
0.02 

13.39 
15.51 
3.00 
3.00 

 

Table 5. Parameters of the bridge after updating. 

Set A 
/m2 

Ix 

/m4 
Iy 

/m4 
Iz 

/m4 
E 

/GPa 
ρ 

/kg/m3 

1 23.14 53.33 143.40 18.26 

39.0 2450 

2 6.54 22.67 86.67 9.33 
3 10.41 25.54 91.49 15.28 
4 6.29 21.30 82.64 9.15 
5 7.50 26.42 92.58 11.09 
6 8.43 29.62 94.32 12.37 
7 4.98 3.01 1.08 5.00 
8 
9 

10 
11 

6.41 
6.34 
0.75 
0.54 

4.31 
2.94 
0.04 
0.04 

1.47 
0.90 
0.03 
0.03 

13.39 
15.76 
2.97 
2.90 
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Mode 5V**: fe=2.12Hz, fa=2.13Hz                                       



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2383 

 
 

 
Mode 6V: fe=2.26Hz, fa=2.25Hz 

 
 

Mode 7V: fe=2.43Hz, fa=2.45Hz 

 
                                                      
 

Mode 8V: fe=2.64Hz, fa=2.66Hz 
 

 
Figure 10. Comparison between the 1st eight experimental 
and numerical mode shapes (* T=transverse, ** V= vertical,  

*** fe = experimental frequency, **** fa = analytical frequency). 

7 CONCLUSIONS 
The ambient vibration based investigations carried out to 
assess the dynamic behavior of the Newmarket Viaduct have 
been presented in this paper. Five setups of AVTs were 
conducted for the accurate estimation of the dynamic 
characteristics evaluating the repeatability of the results. 
Moreover, a 3D FE model of the bridge was formulated and 
updated to match the experimental measurements. 

The following conclusions can be drawn from this study: 
1. Several vibration modes were identified from the ambient 

vibration tests using the output-only measurements in the 
frequency range 0-10Hz.  It is thus demonstrated that the 
ambient vibration response measurements are sufficient to 
identify the most significant modes of such a large concrete 
bridge with confidence. 

2. A very good agreement was found between the modal 
estimates obtained from the two OMA methods, EFDD and 
SSI. Also, the identification using different data segments 
showed that modal frequencies are highly consistent. 

3. The good match between the measured and analytical 
modal parameters was reached using a sensitivity-based 
updating procedure. 

4. Due to the good correlation between experimental results 
and the updated theoretical FE model, the updated FE 
model can be expected to provide reliable predictions to 
assess the structural condition and performance and will 
serve as a baseline model for assessment of the bridge 
structural health using continuous monitoring data in future 
studies. 
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ABSTRACT: BRIMOS® SHM represents a well-defined performance assessment procedure for engineering structures based on 
measured dynamic parameters (KPI’s): Eigenfrequencies, Mode Shapes, Damping patterns along the structure, Vibration 
Intensity and the Trend of Structural Integrity along the structure and over time. The objective of each monitoring campaign is 
to identify the relevance of the listed KPI’s for civil engineering issues and Structural Maintenance (Life Cycle Engineering). 
Furthermore the results of each investigation are compared to reference data from the BRIMOS® Database (DB). The experience 
of about 1000 investigated structures (primarily bridges) worldwide has been incorporated into the assessment procedure. This 
database represents the basis for the development of a Decision Support Tool which the authors of the present contribution want 
to present. 

KEY WORDS: Dynamic Monitoring, Performance Assessment, Decision Support System, improved system identification and 
condition rating. 

1 INTRODUCTION 

1.1 Integrated Approach 

The presented tool is based on an integrated Lifecycle 
Management Methodology as the ageing of structures 
demands enhanced methodologies for Asset Management. 
Reduced maintenance budgets need an adaptation of structural 
condition assessment activities. Any good cost optimization 
requires accurate information on the condition, the expected 
performance and safety levels of structures. 

Usually the basis for decisions making with regard to 
maintenance and rehabilitation planning is given by condition 
ratings from visual inspections. The first aim is to provide 
more objective expertise about the performance of an 
analysed structure by means of full scale dynamic monitoring. 
At the same time it is aspired to improve single structure 
judgement by data-base driven judgement (decision support 
system) in order to reduce the subjectivity/uncertainty in 
engineering expertise by incorporating large reference 
datasets. The integral approach itself and both sources of 
improvement can be followed in Figure 2.    

 

1.2 The Decision Support System - Background  

In order to meet with the defined goals strong emphasis is 
given to the incorporation of a long-term track record by 
means of conducted dynamic measurements. The DB contains 
raw data and analysis results from more than 1600 
measurements which were collected since 1996. A statistical 
comparison of the results of similar projects supports tailored 
and objectified expertise. As a basis for the development of 
the Decision Support Software Prototype the 
expansion/improvement of reference data from measurements 
is constantly pushed forward by 

 

• Completion of historical structural data 
• Analysis of historical data according to the current state 

of algorithm and evaluation techniques. 
 

2 BRIMOS® DECISION SUPPORT 

2.1 Concept – Evaluation by means of two Key Domains 

The software concept provides  
 

• improved system identification (= understanding of the 
structural behavior under given operational conditions, 
type and order of stressing) 

• improved single structure judgment by data-base driven 
comparisons 

 
Thus the BRIMOS® Decision Support System is divided 

into domains: 
 
• The first Software Modul - BRIMOS® Decision Support 

Analysis – covers the processing and evaluation of KPI’s 
using queries of identical database attributes according to 
material, cross section type, type of static system, 
infrastructure’s function as well as loading, 
meteorological conditions, etc. The data sets used in the 
course of the database query consist of Key Performance 
Indicators and the corresponding span length (Figure 1 – 
left). 

• In the course of rating the current maintenance 
condition/performance of an analyzed structure the final 
decision is based on a statistical comparison with similar 
reference cases (Software Modul BRIMOS® Decision 
Support Rating). Thus, the judgment on a certain 
structure is done in the context with other specifically 
available ratings. Queries of identical/similar database 

Development of data base driven decision support systems for structural 
performance assessment of bridges 
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attributes are incorporated again. The data sets used here 
consist of ratings and the corresponding service life of the 
rated structure (Figure 1 – right). 

 
 
 
 
 
 
 
 

 
 
 
 
 
 

Figure 1. Concept - BRIMOS® Decision Support Analysis 
(left) and BRIMOS® Decision Support Rating (right) 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Process scheme – Integrated approach from full scale testing to improved judgment and maintenance planning. 

 
 

2.2 Underlying BRIMOS® Classification 

To classify investigated structures a well-defined rating 
system is used. This classification reflects a comprehensive 
evaluation and expertise regarding structural integrity and 
safety as well as the corresponding risk level. 
The rating is based on 

• Visual Inspection, 
• Measured Performance Indicators from SHM 

Investigations and  
• Finite Element Simulation 

Each of the three listed components is linked to a rating 
ranging from A to C – according to the expert’s judgement 
and a calibration of the assessment process by a comparison 

BRIMOS® Key Performance Indicators
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intensität
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Life Cycle Kurve
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Condition Assessment - BRIMOS® Database 

Initial Point: Broadened Structural Assessment based
on structural dynamics (measurements)
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„...bautechnische Überwachung
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keit) und Verkehrssicherheit“

Final Aim: Optimised Maintenance Planning

Life Cycle Analysis (LCA)

Life Cycle Cost Analysis (LCC)

Rating 

Service Life 

Key Performance 
Indicator 

Span Length 
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with appropriate reference cases from the BRIMOS® 
Database (incorporating the experience from more than 1000 
structural investigations worldwide). 

The overall BRIMOS® Rating is derived by weighting the 
individual components (Visual Inspection / BRIMOS SHM / 
FE Simulation) due to their relevance and impact on the given 
case. In the course of this step the quality, availability, 
completeness and reliability of the provided data are also 
considered.  

The 3-level rating scale of the overall rating ranges from A 
to C with: 
A excellent / very good condition 
B good / satisfactory condition 
C poor / serious / critical condition 
 

In addition to the rating a corresponding risk level at the 
time of investigation is extracted from the described 
evaluation process (composed of five levels – from “low” to 
“extreme”). 

 

2.3 Underlying BRIMOS System Identification 

The identified eigenfrequencies which are considered to be 
relevant for further evaluation are specified with regard to the 
character of motion and the origin of stressing. In other words 
the structural behavior is characterized under the given 
operational conditions, type and order of stressing. 

Figure 3 explains how the three-character BRIMOS® 
nomenclature - stated in the last column – is to be understood. 
Character one indicates the number of half cycles of the 
described mode shape. Character two exhibits the type of 
occurring mechanical motion and the third character assigns 
the associating rotation axis or translation axis belonging to 
the reference coordinate system (=> nature of dynamic 
response). 

For the identified relevant eigenfrequencies the following 
dynamic Key Performance Indicators (KPIs) of the structure 
with regard to their relevance for civil engineering issues and 
structural maintenance are analyzed: 

 
• The bridge structure’s relevant eigenfrequencies and 

corresponding mode-shapes providing information about 
the load bearing capacity and operability, the distribution 
of the global and local dynamic structural stiffness in the 
bridge’s lengthwise and transversal direction and 
enabling the evaluation of the bearings 

• Sensitivity analysis to investigate the progression, the 
character, the stability and probable changes in the energy 
content of the relevant eigenfrequencies to evaluate the 
load bearing capacity and operability 

• Energy dissipation path in the structure’s length-wise 
direction (dissipation of the induced vibration energy) to 
localize problematic sections 

• Vibration intensity at the entire bridge deck to detect 
weak points with regard to fatigue threat in the bridge’s 
lengthwise and transversal direction 

All of the listed Key Performance Indicators are aiming to 
analyse global structural behaviour on the one hand and local 
structural behaviour on the other hand. 
 

Longitudinal 

Transversal

Vertical

Number of half-waves / span
e.g.: 1

Mode Type
e.g.: BT = Bending along the Transversal axis

Origin of stressing
e.g.: Span 2

1 BT Span 2

 
Figure 3: Nomenclature of the dynamic-response-

characteristics 

 

2.4 Underlying Database 

When a structure is investigated various data are stored in the 
BRIMOS® database. In principle these data can be 
subdivided into three main categories which are 
• Structural information (e.g. geometry, material, cross 

section, year of construction) 
• Measurement information (e.g. measurement layout, 

meteorological conditions, traffic conditions) 
• Results of analysis (e.g. relevant KPIs, Rating) 

 
Exemplarily Figure 4 shows the database form where the 

relevant results of the analysis are saved. Additionally, those 
data-clusters which represent the basis for the database 
queries implemented in the Software Prototype are 
highlighted. 

2.5 Software Prototype Graphic User Interface 

The graphic user interface of both Software Modules is very 
similar and can be seen in Figure 5. The initial first screen 
shows all results/ratings of the entire measurements saved in 
the BRIMOS® database. 

A measurement can have one or more data sets within the 
database. Every data set consists of one or more entries 
defined through the fields Eigenfrequency, Mode 
Specification, Resonance Area, Intensity Zone and Damping. 
Due to the limited diagram extend in terms of service life/ 
rating or span length/KPI value respectively it is possible, that 
data points overlap each other – probably leading to a 
misleading impression about the incorporated extend of the 
data samples. 
. 
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Figure 4. Results and rating from a dynamic measurement saved in the BRIMOS® database. 
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Figure 5. Graphic user interface - BRIMOS® Decision Support Analysis. 

 
 
 

3. CASE STUDIES 
A statistical comparison of the results of similar projects 
supports tailored and objectified expertise. The BRIMOS® 
Decision Support Modules help to overcome the subjectivity 
and uncertainty in the assessment of engineering structures by 
means of incorporating large reference datasets.  

 

3.1 Improved single structure judgment (rating) by data-
base driven comparison 

 
In the course of stating current maintenance 
condition/performance of an analyzed structure a final 
decision can be based on a statistical comparison with similar 
reference cases by BRIMOS® Decision Support. Thus, the 
judgment on a certain structure is done in the context with 
other specifically conducted bridge investigations. Queries of 
identical database attributes are incorporated regarding  

 
 
 

 
 

• material  
• cross section type  
• type of static system  
• infrastructure’s function 
for cases having the same stated rating. 

To ensure comparability with the other datasets the stated 
rating from the current engineering expertise and the 
corresponding service life at the time of investigation are 
evaluated by means of 3 levels of analysis:  
Level 1: Overall observation of the whole bridge stock from 
the BRIMOS® Database  
Level 2: Singular observation of the independently defined 
major groups of structural properties 
Level 3: Combination of all relevant major attributes from  
BRIMOS® Database 
 

In the following the method is explained – based on a 
certain bridge investigations (see Figure 6, Figure 7, Table 1 
& Table 2):  

 
 
 

 
Figure 6. Comparison of the rating of a current bridge investigation (yellow) with the whole bridge stock in the BRIMOS 

Database (471 bridges) (see Table 1) 
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Figure 7. Comparison of the rating of a current bridge investigation (yellow) with ratings from 20 very similar reference 

structures in the BRIMOS Database regarding static system/cross section type/ bridge deck material (see Table 2) 

 
 

Table 1. Evaluation of results for Rating B - using 
independently compared major groups of structural properties 

from the whole bridge stock (DB Level 1 & 2). 

DB 
Sample 
[Amount]

Database (DB) 
Attribute

Percentage 
rated with B 

[%]

mean service life 
at time of

 investigation [years]

38 composite bridges 63 36
117 2nd order roads 43 42
179 t‐beam 32 39
186 continuous beam bridge 32 39
471 Sum 34 39

Westbahnbrücke Linz 53  
 

Table 2. Comparison of results for Rating B - using queries of 
identical database attributes for structural properties (Level 3). 

DB 
Sample 
[Amount]

Database (DB) 
Attribute

Percentage 
rated with B 

[%]

mean service life 
at time of

 investigation [years]

composite bridges &
20 t‐beams & 60 44

continuous beam bridge
Westbahnbrücke Linz 53  

 
 

In the first step the comparative analysis from the current 
bridge case focuses on referencing to the whole bridge stock 
(Level 1). It is shown, that 34% out of the 471 investigated 
bridge structures are rated as B, while the corresponding mean 
service life at the time of investigation has been 39 years. 
Furthermore Table 1 shows the context with the individually 
considered bridge properties (DB attributes - Level 2). For 
example it is shown that 38 composite bridges are available 
for direct comparison. 63% of them are rated with B - the 
corresponding mean service life at the time of investigation 
has been 36 years. 

A combination (query) of all significant, defined structural 
properties leads to an exclusive consideration of similar cases 
only (Level 3). While Table 1 was aiming for maximising the 
utilised database sample for the initial comparison, Table 2 
aims for those investigations with a maximum accordance in 
terms of the underlying bridge properties. 

Key lesson: The comparison of mean service lifes at the 
time of investigations for identically rated reference structures 
shows that the development of the analysed Composite Bridge 
B 139.001 (Westbrücke Linz) is clearly more favorable. The 
age of this structure (53 years) is considerably higher than the 
age of any other analysed and clustered reference group 
having the same properties and rating. In other words and 
from the statistic point of view the data based decision support 
queries underline that the available reference cases were 
judged with the same bridge rating at a remarkably earlier 
stage of their service life. 

 
 

2.6 Improved system identification  

The software modul BRIMOS® Decision Support Analysis 
can be used in a supportive way when analyzing a recently 
measured structure. The software tool provides the possibility 
to compare the current Key Performance Indicators with the 
historic results stored in the database. For example, queries 
regarding the expected eigenfrequencies and the type of 
stressing (bending or torsion) for different cross-section types 
(e.g. box girders / t-beam), materials (e.g. pre-stressed 
concrete / reinforced concrete / steel) of different static 
systems (e.g. continuous beam / arch bridge / cable stayed 
bridge) can be generated (Figure 8). Similar to that the 
comparison with the corresponding level of dynamic loading 
(vibration intensity) (Figure 9) or determined damping values 
is possible.  

The underlying database query compares data sets of certain 
KPIs versus span length – thus, the generated diagrams show 
the span length in meters on the x-axis and the respective KPI 
on the y-axis.  

The green vertical lines mark the span lengths of the 
actually analysed bridge. The dark blue dots indicate 
eigenfrequencies which were identified for this bridge at one 
particular measurement; the yellow dots highlight 
eigenfrequencies of the same bridge identified in another 
measurement.   
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Figure 8. Decision support – comparison of eigenfrequencies with a certain bridge 

 
 

 
Figure 9. Decision support – Vibration Intensity with a certain bridge 

 
 

 

4. CONCLUSIONS 
 
BRIMOS® SHM is a tailored testing method, which was 
developed by VCE to capture and evaluate the structural 
behavior of engineering structures based on the fundamentals 
of Structural Mechanics. The evaluation is carried out using 
dynamic structural analysis. The regularly conducted visual 
inspections (according to RVS 13.03.11) are supplemented by 
results from the vibration behavior of the structure and used to 
evaluate the structural condition. 

The BRIMOS ® database contains raw data and results 
from approximately 1600 measurements (primarily performed 
at bridge decks) - collected since 1996, which are differing in 
terms of  

• structural type 
• type of measurement 
• sensor setups 
 

 
 

 
 
 
 

Of course the applied analysis algorithms and approaches 
have changed and remarkably improved since then (from 
version 3.2 to actual version 12.0).  

Thus the utilisation of the created measurement-database 
gains further insights into structural behavior with regard to 
the expertise and recommendations for further service life of 
certain, investigated structures. A wide range of applicability 
for each section within structural service life is available (Life 
Cycle Management), independent on the type of structural 
system or material is given. 

A statistical comparison of the results of similar projects 
supports tailored and objectified expertise. 
Subjectivity/uncertainty is reduced by means of incorporating 
large reference datasets.  

In the course of developing a Decision Support software 
prototype for comparative database analysis the 
expansion/improvement of reference data from measurements 
is constantly pushed forward by 
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• Completion of historical structural data 
• analysis of historical data according to the current state of 

algorithm and evaluation techniques 
The developed BRIMOS® Decision Support System can be 

divided into two modules: 
Improved single structure judgment (rating)  

In the course of stating current maintenance 
condition/performance of an analyzed structure a final 
decision has to be based on a statistical comparison with 
similar reference cases. 
Thus, the judgment on a certain structure is done in the 
context with other specifically conducted bridge 
investigations. Queries of identical database attributes are 
incorporated regarding material, cross section type, type of 
static system and the infrastructure’s function. 

Improved system identification 
This module aims for comparison routines in the course of  

• detecting/characterising the relevant operational structural 
behavior 

• assessing the type of stressing 
• assessing the given impact conditions  

 
During a Bachelor Thesis [1] mainly elaborated at VCE a 

fully operational Software prototype has been developed by 
stages after being tested, evaluated, modified, improved and 
optimized. Furthermore an extensive Software Manual was 
written. Since then the developed Software Modules are used 
as a standard application during structural investigations from 
that time.   

With regard to further improvement of the underlying data 
quality/availability within the  BRIMOS® database there is 
still a large potential of historical data sets which could be 
treated/edited/completed in the same manner than those that 
are currently available for the shown Decision Support data 
queries for future activities.  
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ABSTRACT: The goal of the present study is to propose a structural identification framework that may be used to combine 
vibration response and environmental conditions data in order to obtain structural models able to describe the behavior of the 
structure for its complete operational spectrum. The introduced method is based on polynomial chaos expansion, able to 
describe the propagation of stochasticity due to changing conditions through the structural system, and independent component 
analysis for the compression and/or extraction of the important part of information. The introduced method is shown how it 
could be incorporated into a damage detection framework. The method is assessed through its application in a real world 
application, namely the Z24 bridge benchmark structure. 

KEY WORDS: Structural identification; Polynomial chaos expansion; Environmental conditions; Independent component 
analysis; Modal properties; Damage detection. 

1 INTRODUCTION 
Vibration-based methods presently constitute one of the 
fastest growing research areas within the structural health 
monitoring (SHM) field. However, such methods are still far 
from being successfully implemented in large-scale civil 
structures such as high-rise buildings and bridges. The main 
drivers for this discrepancy are firstly, lack of access to 
accurate excitation data, since the usual source of excitation is 
ambient loading, and secondly the susceptibility of these 
structures a number of uncontrollable environmental 
conditions, such as temperature gradients, humidity, and 
others [1, 2]. Even though the former problem is adequately 
treated today by a number of accurate and robust output-only 
(operational) identification methods [3], the latter is still under 
research and in focus of a number of recent studies. 

For instance, Farrar and coworkers [4] report 
eigenfrequency differences for the Alamosa Canyon Bridge of 
approximately 5% over a 24 hour period due to temperature 
and spatial temperature gradients variation. Alampalli in his 
paper [5] identifies natural frequencies differences of up to 
50% for an abandoned bridge in Claverack (NY) and 
attributes this variation to the freezing of the bridge supports. 
Maximum differences varying from 14 to 18% were also 
calculated for the first four natural frequencies of the Z24 
bridge monitored during a nine-months period for the 
SIMCES project [3]. Catbas et al. [6] found that the structural 
reliability of a long-span truss bridge in USA was highly 
affected by the ambient temperature, while Cross et al. [7] 
investigated the effect of temperature, traffic loading and wind 
speed on the modal properties of the Tamar (UK) suspension 
bridge and identified differences up to almost 5%. Finally, 
Yuen and Kuok focused on the description of the relationship 
between natural frequencies and environmental factors 
(temperature and humidity) for tall buildings, while also 
utilized one-year measurement of a 22-storey reinforced 
concrete building (East Asia Hall) [8].  

In general, the approaches followed in these studies may be 
primary classified in two categories: i) methods which try to 
discard the influence of environmental factors from vibration 
measurements or estimated damage indices (e.g. modal 
properties) [9], and ii) methods which try to model the 
relationship between the measured vibration data and/or the 
extracted structural properties with respect to measured 
environmental quantities [3, 8]. This study follows the second 
approach which, compared to the first, is capable of providing 
additional insight into the mechanism of structural properties 
variation, and may also provide a global structural model able 
to represent the structure under study for a wide range of 
operational conditions, even potentially unobserved ones. 

The method introduced utilizes conventional operational 
modal analysis methods in order to identify the modal 
characteristics of the healthy structure and a polynomial chaos 
expansion (PCE) [10] model for the projection of these 
estimates on the probability space of the measured 
environmental conditions (training phase). Following the 
training phase, the PC-based estimated statistical properties of 
the modal characteristics may be used for damage detection.  

In order to illustrate the workings of the method, the 
proposed framework is applied on the benchmark SHM 
problem of the Z24-bridge in Switzerland [3, 11]. Z24 was 
monitored by the SIMCES project partners for almost one 
year before it was artificially damaged. During this time, a 
large volume of vibration response and environmental data 
was acquired. The identified modes of the bridge, based on 
ambient response data recorded during the monitoring phase, 
are expanded on appropriately defined PC basis. The 
introduced method is then used for damage detection based on 
the modal characteristics estimates, identified after the 
induction of artificial damages. The results of the study 
demonstrate the effectiveness of the proposed method for 
damage detection of large real world structures operating in a 
wide range of conditions. 

Polynomial chaos expansion models for SHM under environmental variability 
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ABSTRACT: The continuous monitoring of structures has become very important in the framework of structural health 
monitoring. Response estimation consist of estimating the response of a structure at unmeasured locations from a limited set of 
vibration measurements and a system model. This paper verifies three algorithms for response estimation in structural dynamics: 
a joint input-state estimation algorithm, a Kalman filter algorithm, and a modal interpolation algorithm. Numerical simulations 
are performed for a cantilever beam, hereby investigating the effectiveness of the proposed algorithms in the presence of 
measurement noise and modeling errors. In general, the best results are obtained from the joint input-state estimation algorithm 
and the modal interpolation algorithm, especially when the forces applied to the structure do not have a broadband and flat 
power spectrum or when significant modeling errors are present. The joint input-state estimation algorithm generally requires a 
smaller number of output measurements than the modal interpolation algorithm. 

KEY WORDS: Response estimation; joint input-state estimation; Kalman filter; modal interpolation; structural health 
monitoring. 

1 INTRODUCTION 
In the framework of structural health monitoring, the 
continuous monitoring of structures has become very 
important. For civil engineering structures, the response 
cannot be measured at all physical locations. The number of 
sensors placed during operation is in most cases limited due to 
practical and economical considerations. In addition, some 
locations in the structure are not accessible for the installation 
of sensors, e.g. underwater locations on offshore wind 
turbines. Combining available vibration measurements from a 
limited number of sensors with the information obtained from 
a dynamic model of the structure, however, allows to estimate 
the response at unmeasured locations. This information can 
then be used for the prediction of stresses and fatigue loading, 
as well as many other engineering applications. 

This paper considers three different algorithms for response 
estimation in structural dynamics. The first algorithm is a joint 
input-state estimation algorithm, proposed by Gillijns and De 
Moor [1]. The algorithm was applied for force identification 
and response estimation in structural dynamics by Lourens et 
al. [2]. The algorithm was extended for applications in 
structural dynamics with significant ambient excitation by 
Maes et al. [3]. The second algorithm is a Kalman filter [4,5] 
algorithm. The third algorithm is a classical modal 
interpolation algorithm [6]. This paper investigates the 
effectiveness of the proposed algorithms for response 
estimation in the presence of measurement noise and 
modeling errors, by means of numerical simulations for a 
cantilever beam. 

The outline of the paper is as follows. In section 2, the three 
response estimation algorithms are introduced. Next, in 
section 3, the results of numerical simulations are shown and 
discussed. Finally, in section 4, the work is summarized. 

2 MATHEMATICAL FORMULATION 

2.1 System model 

Consider a modally reduced order model of a structure, 
constructed from a limited number of modes. When 
proportional damping is assumed, the continuous-time 
decoupled equations of motion are given by: 

   T T  (1) 

where      is the vector of modal coordinates, with 
 the number of modes. The excitation vector    

is written as the product of a matrix     , 
defining the spatial distribution of the excitation, and a time 
history vector , with  the number of forces and 

 the number of degrees of freedom.      is a 
diagonal matrix containing the terms 2   on its diagonal, 
with  and ξ  the natural frequency and modal damping ratio 
according to mode , respectively.      is a diagonal 
matrix with the natural frequencies  on its diagonal. The 
matrix      has the mass normalized mode shapes 

 as columns.  
The output vector is generally written as: 

           (2) 

where , , and           are selection matrices 
indicating the degrees of freedom corresponding to the 
acceleration, velocity, and displacement/strain measurements, 
respectively.  

Eq. (1) and Eq. (2) can be written into state-space form. 
After time discretization and adding noise, the following 
discrete-time combined deterministic-stochastic state-space 
description of the system is obtained: 

Response estimation in structural dynamics 
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         (3) 
          (4) 

where Δ , Δ  and Δ  
( 1,… , ), Δ  is the sampling time step, and  is the total 
number of samples. The state vector  consists of the modal 
displacements and velocities: T   T T

.  and  
are the process noise and the measurement noise, respectively. 

2.2 Response estimation algorithms 

2.2.1 Joint input-state estimation algorithm 
An existing joint input-state estimation algorithm for linear 
systems with direct feedthrough [1,2] is extended in [3], in 
order to include the correlation between the process noise 
vector  and the measurement noise vector . The 
system under consideration is described by Eqs. (3) and (4). 
The noise processes      and      are 
assumed to be zero mean and white, with known covariance 
matrices , , and : 

     (5) 

with 0, 0, and 1 for 0 and 0 
otherwise. 

The noise covariance matrices are calculated from the 
covariance matrix of the unknown system input   
       and the measurement error covariance matrix 

         : 

      (6) 

where the system matrices           and   
       are obtained by assuming  in Eqs. (3) and 
(4), respectively, i.e. excitation acting at every degree of 
freedom in the model. 

Joint input-state estimation consists of estimating the forces 
 and states , from a set of response measurements . 

A state estimate |  is defined as an estimate of , given 
the output sequence . The corresponding error 

covariance matrix, denoted as | , is defined as 

| |
T

. An input estimate |  and its error 
covariance matrix |  are defined similarly. The filtering 
algorithm is initialized using an initial state estimate vector 

|  and its error covariance matrix | , both assumed 
known. Hereafter, it propagates by computing the force and 
state estimates recursively in three steps, i.e. the input 
estimation step, the measurement update and the time update: 

Input estimation 

   |      
   
 |     |    
 |   

Measurement update 

 |     
  |   |     |     |      
  |   |     |    
  |   |   |     

Time update 
 |   |      |    
       

  |
| |

| |
 

         

From the estimated state vector |  and force vector 
| , the output can be estimated at any arbitrary location in 

the structure, using the following modified output equation: 

 | |     |  (7) 

where |  is the estimated response. The matrices  and 
 are related to the extrapolated output quantities | , and 

therefore do not equal the original matrices  and . 

2.2.2 Kalman filter 
The Kalman filter algorithm [4] is extended in a similar way 
as the joint input-state estimation algorithm, in order to 
include the correlation between the process noise vector  
and the measurement noise vector . The unknown system 
input is assumed to be zero mean white noise and is included 
in the vectors  and . Under this assumption, the 
system described by Eqs. (3) and (4) becomes: 

       (8) 
        (9) 

The noise processes  and , which now account for all 
excitation sources, are assumed to be zero mean and white, 
with known covariance matrices , , and , defined in Eq. 
(5) and calculated from Eq. (6). 

Proceeding similarly to section 2.2.1, state estimation 
consists of estimating the system states  from a set of 
output measurements . A state estimate |  and its 
corresponding error covariance matrix |  are recursively 
estimated. The filtering algorithm is initialized using an initial 
state estimate vector |  and its error covariance matrix 

| , both assumed known. Hereafter, it propagates by 
computing the state estimates recursively in two steps, i.e. the 
measurement update and the time update: 

Measurement update 

   | |   
 | | |   
 | | | | |  

Time update 

 |   |   

| |    



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2401 

From the estimated state vector        , the output can be 

estimated at any arbitrary location in the structure, using the 

following modified output equation: 

                     (10) 

where          is the estimated response. The matrix    is 

related to the extrapolated output quantities         , and 

therefore does not equal the original matrix  . Note that the 

excitation      is contained in the noise vectors      and      

(cfr. Eq. (9)) and therefore disregarded in Eq. (10). In this 

way, an error is introduced for acceleration estimation. For 

displacement, velocity, or strain estimation, this is not the 

case, as there is no direct feedthrough from the ambient forces 

     to the output          which has to be accounted for (i.e. 

the rows of the matrix    corresponding to the displacement, 

velocity, or strain measurements are all zero). 

2.2.3 Modal interpolation algorithm 

Modal interpolation techniques, e.g. [6], aim at determining 

the modal displacement vector rather than the full state vector. 

The modal displacements are determined from Eq. (2), which 

gives the relation between the output vector     , the mode 

shape matrix  , and the vector of modal displacements     . 

Taking the Fourier transform of Eq. (2) yields: 

                            
                                           (11) 

where      and      are the Fourier transform of      and 

    , respectively,   is the angular frequency, and   is the 

imaginary unit.  

The modal displacements are determined from the output in a 

least squares sense: 

           
          (12) 

where    
     denotes the Moore-Penrose pseudo-inverse of 

the matrix       . The least squares approach implicitly 

assumes that the errors on all measurements      are 

mutually uncorrelated and have equal variance. In case of 

different uncertainties, the measurements are weighted, with 

each weight equal to the reciprocal of the standard deviation 

of the measurement error:  

           
            (13) 

where    
    

    
    and          

    
    .    is the 

measurement error covariance matrix, see Eq. (6). From the 

estimated modal displacements      , the output can be 

estimated at any arbitrary degree of freedom in the structure, 

using the following equation: 

                     (14) 

The matrix          is related to the extrapolated output 

quantities      , and therefore does not equal the original 

matrix       . 

 

3 NUMERICAL SIMULATIONS 

The response estimation procedure is illustrated using finite 

element (FE) simulations. The structure under consideration is 

a cantilever steel beam, shown in Figure 1, as already 

introduced by Lourens et al. in [2]. The steel beam has a 

rectangular section with a width of         and a height of 

       . The beam has a length of    . The Young's 

modulus and material density are taken as         and 

          , respectively. 

 
Figure 1. Cantilever beam and sensor configuration (  : force 

 ,   : accelerometer  ,   : displacement sensor  , and    strain 

gauge  ). 

Only bending in the vertical plane is considered. The beam is 

discretized using 20 beam elements. Its first four natural 

frequencies are found to be        ,         ,         , and 

        . The corresponding bending mode shapes in the 

vertical plane are shown in Figure 2. 

 
Mode 1 –         

 
Mode 2 –          

 
Mode 3 –          

 
Mode 4 –          

Figure 2. Mode shapes of the first four bending modes of the 

cantilever beam. 

A reduced order state space model is constructed from the 

first four bending modes of the beam, applying a zero order 

hold assumption on the force. The calculated response 

consists of ten vertical acceleration time histories,        , 

and four vertical displacement time histories,       , used 

as input to the response estimation algorithms, as well as one 

vertical acceleration time history,    , and one longitudinal 

strain at the top of the beam,   , used for the verification of 

the algorithms. The response signals     and    are compared 

to the output of the response estimation algorithms, which 

contains the same response quantities. The response is 

calculated at a sampling rate of        for a period of      , 

assuming a modal damping ratio of    for all modes.  

3.1 Forward calculations 

The beam is excited by transient forces and stochastic 

broadband forces. The broadband forces represent ambient 

excitation, such as wind loads, mostly present for real 

structures such as bridges and buildings.  
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Two transient forces are applied to the beam, one at the free 
end and one at a distance of 0.1 m from the free end, see 
Figure 1. The time history of the forces  and  
consists of a triangular pulse that increases linearly from zero 
at time 0.102 s to respectively 200 N and 100 N at 

0.104 s, before decreasing linearly to zero at 0.106 s. 
The time history and frequency content of the force  

2 ) are shown in Figure 3. 

 
Figure 3. (a) Time history and (b) frequency content up to 
2000 Hz, of the excitation force . 

The ambient excitation is modeled as a set of vertical 
random forces acting at the ten accelerometer positions. Each 
of the ten forces is a zero mean Gaussian white noise process 
with a standard deviation of 5 N.  

The response is calculated by applying the forces as input to 
the system model discussed in section 2401. The initial state 

 is assumed zero. Gaussian white noise is added to the 
calculated output time histories  and , in 
order to represent the measurement error on the simulated 
data. A noise level  for all acceleration signals and a noise 
level  for all displacement signals is assumed. The noise 
level  is taken as 5% of the maximal acceleration at sensor 

, the noise level  is taken as 5% of the maximal 
displacement at sensor  ( 1.20 ms , 3.93 µm). 
The polluted acceleration and displacement time histories are 
calculated according to Eqs. (15) and (16), respectively. 

    (15) 
    (16) 

where      and      represent the unpolluted 
time histories of the acceleration and displacement 
measurements,      and      represent the 
polluted time histories, and      and      are 
vectors of random values drawn independently from a normal 
distribution with zero mean and unit standard deviation. The 
time history and frequency content of the vertical acceleration 

 and the vertical displacement  are shown in Figure 4 and 
Figure 5, respectively. 

 
Figure 4. Simulated acceleration 1 : (a) time history and (b) 
frequency content up to 1000 Hz of the true (black) and 
polluted (grey) acceleration. 

 
Figure 5. Simulated displacement 1 : (a) time history and 
(b) frequency content up to 1000 Hz of the true (black) and 
polluted (grey) displacement. 

3.2 Response estimation 

Five different cases are considered for verifying the three 
response estimation algorithms. In each case, the aim is to 
estimate the acceleration  and the strain  from a set of 
output measurements (see Figure 1) and a system model. The 
cases distinguish from each other by (a) the subset of output 
signals  used as input to the response estimation 
procedure, (b) the presence of modeling errors, and (c) the 
number of forces  assumed in the joint input-state 
estimation procedure: 

Case 1: reference case. 
Case 2: the influence of reducing the number of sensors is 

investigated. 
Case 3: the influence of errors on the natural frequencies 

and modal damping ratios is investigated. 
Case 4: the influence of errors on the modal scaling factors 

is investigated. 
Case 5: the influence of reducing the number of equivalent 

forces assumed for the joint input-state estimation 
algorithm is investigated. 

For the application of the joint input-state estimation 
algorithm, at least  acceleration measurements are required 
for the direct invertibility of the system, whereas at least  
displacement measurements are required for the stability of 
the system inversion and the uniqueness of the estimated 
forces [7], with  the number of forces. For the application 
of the Kalman filter and the modal interpolation algorithm, it 
is sufficient to use either acceleration or displacement data. 
Despite this fact, it is recommended to use a combination of 
both displacement and acceleration data. The displacement 
data are important at low frequencies, whereas for higher 
frequencies the measured displacements drop below the 
sensor noise level (e.g. Figure 5b). The acceleration data on 
the other hand are insensitive to static excitation. The low 
frequency information of the acceleration data is therefore 
limited due to measurement noise (e.g. Figure 4b). At higher 
frequencies, however, the acceleration amplitudes mostly lie 
above the sensor noise level. 

The forces  assumed in the system model used for joint 
input-state estimation compensate for any unknown source of 
vibration. They are not the true forces acting on the structure 
but equivalent forces that act at predefined locations. If the 
number of forces  equals the number of modes included in 
the model used for the estimation procedure , equivalent 
modal forces are assumed instead of nodal forces, i.e. 

T  in Eq. (1), with          an identity 
matrix. By this choice, each mode can be controlled 
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independently. If nodal forces are assumed, the system 
controllability depends on the location of the forces.  

For each of the cases considered, the initial state vector 
|  and its corresponding error covariance matrix |  

are both assumed zero. For the application of the Kalman 
filter, the noise statistics are calculated from Eq. (6), hereby 
only accounting for the ambient forces as unknown system 
input. The transient forces are disregarded. 

3.2.1 Case 1: reference case 
The response is measured using four displacement sensors 
(   ) and four accelerometers ( , , , and ). 

Figures 6 and 7 show a comparison of the results obtained 
by applying the three response estimation algorithms.  

 

 
Figure 6. Result response estimation case 1: (a) time history, 
(b) detail, (c) frequency content up to 1000 Hz, and (d) 
frequency content up to 150 Hz of the true (black) and 
estimated acceleration  (blue: joint input-state 
estimation algorithm, red: Kalman filter, and green: modal 
interpolation algorithm). The time interval where the transient 
forces are non-zero is indicated by vertical dotted lines. 

 

 
Figure 7. Result response estimation case 1: (a) time history, 
(b) detail, (c) frequency content up to 1000 Hz, and (d) 
frequency content up to 150 Hz of the true (black) and 
estimated strain  (blue: joint input-state estimation 
algorithm, red: Kalman filter, and green: modal interpolation 
algorithm). The time interval where the transient forces are 
non-zero is indicated by vertical dotted lines. 

For the joint input-state estimation algorithm and the modal 
interpolation algorithm, a good estimate of the response time 
histories is obtained. The results obtained for the Kalman 
filter algorithm are comparable to the results of the two other 

algorithms, except in the time interval where the transient 
forces are non-zero. The transient forces do not fulfill the 
white noise assumption of the Kalman filter (see section 
2.2.2), and the Kalman filter is no longer optimal.  

From the frequency content of the signals, some interesting 
conclusions can be drawn. The frequency content of the 
estimated acceleration  for frequencies up to 150 Hz 
(Figure 6(d)) shows that the acceleration estimates obtained 
from the joint input-state estimation algorithm and the modal 
interpolation algorithm are generally more accurate than the 
estimates obtained from the Kalman filter. This is not only 
due to the fact that the transient forces do not fulfill the white 
noise assumption but also because direct feedthrough is not 
accounted for, as indicated in section 2.2.2. The frequency 
content of the estimated strain  for frequencies up to 150 Hz 
(Figure 7(d)) shows large errors for the joint input-state 
estimation algorithm and the modal interpolation algorithm, 
except near resonance, whereas for the Kalman filter, the 
errors are significantly smaller. At low frequencies, the 
number of modes contributing to the measured response 
(displacement and acceleration signals) becomes smaller than 
the number of modes contributing to the predicted strain 
response. This is clear from Figure 8, which shows the 
frequency content of the modally decomposed acceleration 

 and the modally decomposed strain . For the joint input-
state estimation algorithm, measurement noise at low 
frequencies results in large errors on the estimated forces and 
the corresponding modal state vector for the modes which are 
not significantly contributing to the measured response, see 
Figure 9.  

 
Figure 8. Frequency content up to 1000 Hz of the modally 
decomposed response to transient excitation (a) acceleration 

 and (b) stain  (blue: mode 1, green: mode 2, red: 
mode 3, and cyan: mode 4). 

 

 
Figure 9. Result response estimation case 1: frequency content 
of the true (black) and estimated modal displacements for (a) 
mode 1, (b) mode 2, (c) mode 3, and (d) mode 4 (blue: joint 
input-state estimation algorithm, red: Kalman filter, and 
green: modal interpolation algorithm). 
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For the modal interpolation algorithm, the same is true for 
the estimated modal displacements. When the estimated 
quantities are used to estimate a strain response, for which a 
larger number of modes contributes to the response, the errors 
on the estimated modal displacements, which are only slightly 
important for the estimation of displacement and acceleration 
responses, are enlarged. If the number of modes significantly 
contributing to the response becomes smaller than the total 
number of modes, the most accurate estimates of the 
estimated strain response are obtained from the Kalman filter. 

3.2.2 Case 2: reduced number of sensors 
The response is measured using two displacement sensors (   
and ) and two accelerometers (  and ). For the joint 
input-state estimation algorithm, two vertical equivalent 
forces are assumed, one at sensor position  and another at 
sensor position . 

Figures 10 – 12 show a comparison of the results obtained 
by applying the three response estimation algorithms. The 
results of case 1 are shown as a reference.  

Although the number of response measurements accounted 
for in the response estimation procedure ( 4) equals the 
number of modes included in the system model ( 4), the 
data does not contain full information on all modes. Due to 
sensor noise, only two of four response signals contain 
valuable information on the contribution of the four modes for 
most frequencies. 

 
Figure 10. Result response estimation case 2 for the joint 
input-state estimation algorithm: frequency content up to 1000 
Hz of (a) acceleration  and (b) strain  (black: true 
response, blue: estimate case 2 and cyan: estimate case 1). 

 
Figure 11. Result response estimation case 2 for the Kalman 
filter: frequency content up to 1000 Hz of (a) acceleration 

 and (b) strain  (black: true response, red: estimate 
case 2 and cyan: estimate case 1). 

 
Figure 12. Result response estimation case 2 for the modal 
interpolation algorithm: frequency content up to 1000 Hz of 
(a) acceleration  and (b) strain  (black: true 
response, green: estimate case 2 and cyan: estimate case 1). 

For the application of the joint input-state estimation 
algorithm, the four modes cannot be controlled independently 
by the two nodal forces assumed. Two frequency ranges have 
to be distinguished: (i) frequencies below 250 Hz, where the 
displacement and acceleration signals contain a significant 
contribution of at most two modes, and (ii) frequencies above 
250 Hz, where these displacement and acceleration signals 
contain a significant contribution of three or four modes, 
except near resonance (see Figure 8). For frequency range (i), 
the measured response is dominated by the two first bending 
modes, which can be independently controlled by two 
equivalent forces. The two forces, however, do not account 
for all sources of excitation, as four independent forces are 
acting to the system ( 4 . The remaining part of the 
excitation is treated as measurement noise and process noise, 
in a similar way as for the Kalman filter. It was mentioned in 
section 3.2.1 that the Kalman filter yields acceptable results, 
even in cases where the number of modes contributing to the 
response falls below the total number of modes. As a result, 
accurate strain estimates are obtained at low frequencies, 
although the total number of modes significantly contributing 
to the strain response is larger than two (see also section 
3.2.1). Even more, the strain estimates obtained at low 
frequencies for case 2, assuming two equivalent forces, are far 
more accurate than the results obtained for case 1, assuming 4 
equivalent forces. For frequency range (ii), three or four 
modes significantly contribute to the response, except near 
resonance. The measured response does not allow to properly 
distinguish between the contribution of four modes. The error 
on the estimated equivalent forces and system states becomes 
large, resulting in large errors on the estimated response. 

The Kalman filter yields reasonable estimates for the two 
estimated response quantities, although the number of modes 
which can be distinguished based on the response for many 
frequencies is limited to two, as mentioned before. 

The results obtained from the modal interpolation algorithm 
have very limited accuracy. For frequencies up to 250 Hz, 
only the first two bending modes of the beam significantly 
contribute to the acceleration and displacement responses. The 
contribution of the two remaining modes is negligible and a 
good estimate of the acceleration  is obtained. For the 
estimated strain , bending modes three and four also 
contribute to the response at low frequencies and large errors 
on the estimated strain response are obtained. For frequencies 
larger than 250 Hz, the number of modes significantly 
contributing to the displacement and acceleration responses 
used as input to the estimation procedure, as well as the two 
estimated response quantities becomes larger than two. The 
modal displacements for all modes contributing to the 
estimated response can no longer be obtained from the 
measured data and large errors are obtained. 

3.2.3 Case 3: incorrect natural frequencies and modal 
damping ratios 

An error of 10% on the natural frequencies and 300% on the 
modal damping ratios is assumed in the model used for 
response estimation ( , 1.1 , , 4 , with 

1,… , 4). The response is measured using four 
displacement sensors (   ) and four accelerometers ( , 

, , and ). 
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Figures 13 – 15 show a comparison of the results obtained 
by applying the three response estimation algorithms. The 
results of case 1 are shown as a reference.  

The results obtained from the joint input-state estimation 
algorithm almost perfectly coincide with the results obtained 
for case 1. The equivalent forces are able to compensate for 
the errors on the natural frequencies and modal damping 
ratios. For the Kalman filter, the results are hardly affected by 
the errors on the natural frequencies and modal damping ratios 
as well. The distinction between the contribution of the four 
modes is based on mode shape information. For both filtering 
algorithms, the small differences in the estimated response, 
with respect to case 1, are due to the difference of the filter 
dynamics, which depend on the natural frequencies and modal 
damping ratios of the system. The filter applied is no longer 
optimal, as the model used in the estimation procedure does 
not represent the true system behavior. For the Kalman filter, 
an additional error is introduced by the assumption of white 
noise processes, which does not longer hold. The results 
obtained from the modal interpolation algorithm are exactly 
equal to the results obtained for case 1. Only mode shape 
information is used and the natural frequencies and modal 
damping ratios do not come into play (see Eq. (11)).  

In practice, the error on the natural frequencies and modal 
damping ratios in most cases will be lower than 10% and 
300%, respectively, such that it can be concluded that these 
errors will hardly affect the response obtained from the 
response estimation algorithms.  

 
Figure 13. Result response estimation case 3 for the joint 
input-state estimation algorithm: frequency content up to 1000 
Hz of (a) acceleration  and (b) strain  (black: true 
response, blue: estimate case 3 and cyan: estimate case 1). 

 
Figure 14. Result response estimation case 3 for the Kalman 
filter: frequency content up to 1000 Hz of (a) acceleration 

 and (b) strain  (black: true response, red: estimate 
case 3 and cyan: estimate case 1). 

 
Figure 15. Result response estimation case 3 for the modal 
interpolation algorithm: frequency content up to 1000 Hz of 
(a) acceleration  and (b) strain  (black: true 
response, green: estimate case 3 and cyan: estimate case 1). 

3.2.4 Case 4: incorrect modal scaling factors 
An error on the modal scaling factors is assumed in the model 
used for response estimation. A different error is assumed for 
each mode: , , with 1,… , 4, and  the 
imaginary unit. The response is measured using four 
displacement sensors (   ) and four accelerometers ( , 

, , and ). 

Figures 16 – 18 show a comparison of the results obtained 
by applying the three response estimation algorithms. The 
results of case 1 are shown as a reference.  

For both the joint input-state estimation algorithm and the 
modal interpolation algorithm, the results are exactly the same 
as those obtained for case 1. The modal state vector will be 
rescaled in accordance to the scaling of the mode shapes: if a 
mode is scaled by a factor     , the identified modal 
displacement and modal velocity corresponding to that mode 
will be rescaled by a factor  with respect to case 1. This is 
an important result, as the scaling of experimentally identified 
mode shapes to unit mass is often difficult or even impossible. 
When the mode shapes, however, are used for response 
estimation using the joint input-state estimation algorithm or 
the modal interpolation algorithm, the scaling of the mode 
shapes does not affect the results. For the Kalman filter, a 
large error is introduced by rescaling the mode shapes. If the 
mode shapes are not scaled to unit modal mass, the noise 
statistics obtained from Eq. (6) are not correct, giving rise to 
large errors on the estimated response.  

 
Figure 16. Result response estimation case 4 for the joint 
input-state estimation algorithm: frequency content up to 1000 
Hz of (a) acceleration  and (b) strain  (black: true 
response, blue: estimate case 4 and cyan: estimate case 1). 

 
Figure 17. Result response estimation case 4 for the Kalman 
filter: frequency content up to 1000 Hz of (a) acceleration 

 and (b) strain  (black: true response, red: estimate 
case 4 and cyan: estimate case 1). 

 
Figure 18. Result response estimation case 4 for the modal 
interpolation algorithm: frequency content up to 1000 Hz of 
(a) acceleration  and (b) strain  (black: true 
response, green: estimate case 4 and cyan: estimate case 1). 
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3.2.5 Case 5: reduced number of equivalent forces 
For the application of the joint input-state estimation 
algorithm, two vertical equivalent forces are assumed, one at 
sensor position  and another at sensor position . The 
response is measured using four displacement sensors 
(   ) and four accelerometers ( , , , and ).  

Figure 19 shows the results obtained by applying the joint 
input-state estimation algorithm. The results of case 1 are 
shown as a reference.  

Reducing the number of equivalent forces from four (case 
1) to two (case 5) hardly influences the accuracy of the 
estimated acceleration response. For the entire frequency 
range of interest, two equivalent forces are sufficient to 
explain the measured vibration response with good accuracy, 
although the true number of independent forces acting on the 
structure equals four ( 4). For the strain response, 
reducing the number of equivalent forces from four to two 
significantly reduces the estimation error for the frequency 
range between 0 Hz and 250 Hz. As already mentioned in 
section 3.2.2, only two equivalent forces can be accurately 
estimated from the measured acceleration and displacement 
data for this frequency range. Increasing the number of 
equivalent forces results in errors on the estimated forces and 
system states, as well as on the estimated response.  

In comparison to case 2 (see section 3.2.2), where the same 
set of equivalent forces is assumed, but for a reduced set of 
output measurements, the measured response now contains 
full information on the contribution of the four modes. This 
results in an increased accuracy, especially for frequencies 
where more than two modes significantly contribute to the 
predicted response.  

The number of equivalent forces assumed when applying 
the joint input-state estimation algorithm for response 
estimation should not be chosen too high, as this might give 
rise to large errors on the estimated response. The equivalent 
forces, however, have to be able to jointly excite all modes 
accounted for in the system model (i.e. system controllability 
[7]). Near resonance, the number of modes significantly 
contributing to the measured and predicted response equals 
one. As a result, a single equivalent force, which is able to 
excite the corresponding mode, will be sufficient to obtain an 
accurate estimate of the system response near resonance. For 
the intermediate frequencies, the number of modes 
contributing to the response becomes larger but, however, a 
good estimate of the response is obtained for a small number 
of equivalent forces. This is a very important as reducing the 
number of equivalent forces allows to reduce the number of 
displacement or strain measurements.  

 
Figure 19. Result response estimation case 5 for the joint 
input-state estimation algorithm: frequency content up to 1000 
Hz of (a) acceleration  and (b) strain  (black: true 
response, blue: estimate case 5 and cyan: estimate case 1). 

4 CONCLUSIONS 
Three algorithms for response estimation in structural 

dynamics have been compared using numerical simulations; a 
joint input-state estimation algorithm, a Kalman filter 
algorithm and a modal interpolation algorithm. The numerical 
simulations take into account inevitable measurement errors 
and modeling errors. In general, the results obtained from the 
joint input-state estimation algorithm and the modal 
interpolation algorithm are of comparable quality and better 
than the results from the Kalman filter, especially when the 
forces applied to the structure do not have a broadband and 
flat power spectrum or when significant modeling errors are 
present. The joint input-state estimation algorithm generally 
requires a smaller number of output measurements than the 
modal interpolation algorithm. Finally, the number of 
equivalent forces assumed when applying the joint input-state 
estimation algorithm for response estimation should not be 
chosen too high, as this might give rise to large errors on the 
estimated response. The equivalent forces, however, have to 
be able to jointly excite all modes accounted for in the system 
model. 
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ABSTRACT: This project has been motivated by the need to standardize, preserve, and share the data sets of the Laboratory of 
Vibrations and Structural Monitoring (ViBest, www.fe.up.pt/vibest) of FEUP, produced by several long term projects 
individually managed. The solution presented is meant to support the process of Structural Health Monitoring, offering features 
to catalogue the projects, their goals and components, to store and visualize their acquired and processed data through time, and 
to preserve the data in a standardized form for all the research unit and extensible to future applications. The result is a digital 
archive with automatic ingestion of new data files and a Web interface with access control and tools for information 
management.  There is a batch export functionality to deal with large data transfers. It is being used on monitoring data related 
with different kinds of structural health monitoring applications. The standardization and preservation of all data sets acquired in 
multiple applications will be certainly a solid basis for further research, either at a local basis or in the context of international 
joint cooperation. 

KEY WORDS: Structural Health Monitoring; Scientific Data Repositories; Digital Archive. 

1 INTRODUCTION 
Vibration-based Structural Health Monitoring (SHM) implies 
the study of behavioural characteristics of a system through 
time. It implies the analysis of long time series and the 
detection of damages in the structure based on statistical 
pattern recognition [1]. It is a process divided in four different 
stages: an operational evaluation, data acquisition and 
cleansing, feature selection and data compression, and 
statistical model development [2]. 

Creating a standardized platform with all the tools that 
researchers need to perform their analysis in Vibration-based 
SHM would be a very hard task. Each research project may 
require different tools and configurations for each step of the 
process and each project manager must have freedom to 
choose the best tools, routines and configurations for his 
projects. In many cases, the documents, data, tools and 
information related to each project is managed by the 
corresponding researchers and is stored in their work 
computers. The result is that the information becomes difficult 
to share and hard to preserve, once the project ends. 

Nevertheless, typical projects in this research area share a 
common setup: there is a structure to be monitored, a project 
to frame the work, a data acquisition system, one or more data 
streams, data processing, and project reports. So it should be 
possible and profitable to build a digital archive to gather the 
information of all the projects from a laboratory along with 
their data streams, thus granting integrated access to their 
characteristics, goals, instrumentation and configuration, as 
well as to data visualizations and statistics. Besides, storing 
data in such a platform eases the establishment of preservation 
procedures. 

There is a growing trend for research funding agencies to 
require not only the dissemination of research projects results 
but also the publication of the data acquired under the project 

context upon which the results are based [3]. Research centres 
and laboratories have interest on granting controlled access to 
this stored data, in order to allow cross-checking of their 
results by other researchers and also to foster reuse of, so 
often, unique data to create new knowledge. The cost and 
expertise required to set up the experiment and assemble 
reliable data sets, justify sharing them through the Web, for 
further research initiatives. This new research paradigm where 
scientific data sets are curated and made available to other 
research groups is being called e-Science. 

The goal of this paper is to propose a scientific data 
repository adequate for SHM. It must guarantee the storage 
and preservation of large data sets; allow easy data access to 
analysis tools; support the research process core requirements 
for SHM research centres; and possess a Web interface with 
access control. The next section presents the research centre, 
its activity and its goals. Section 3 discusses some 
descriptions and paradigms of the Structural Health 
Monitoring Process. Section 4 presents the proposed system 
and its modules. The system integration in the SHM research 
process is the object of Section 5. The final section presents 
some conclusions and points to aspects for further 
development. 

2 VIBEST LABORATORY 
ViBest – Laboratory of Vibrations and Structural Monitoring 
is a facility / research unit of the Civil Engineering 
Department of FEUP that conducts experimental and 
numerical works in the context of the development of 
research, consultancy and teaching activities in the field of 
Structural Dynamics, aiming in particular at the experimental 
characterization of vibratory phenomena, and the analysis, 
identification, monitoring and control of the structural 
behaviour under different types of dynamic loads. 

ViBest SHM: an information system and data repository 
for structural health monitoring 
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2.1 Activity Domains 

The main areas of activity of ViBest are the following: 
• Experimental characterization of vibratory 

phenomena; 
• Analysis and identification of dynamic properties 

of structural systems; 
• Finite element modeling and updating of large Civil 

Engineering structures; 
• Numerical and experimental assessment of traffic 

induced vibrations; 
• Aeroelastic analysis of slender structures; 
• Long term monitoring of the dynamic structural 

behaviour; 
• Vibration based damage detection; 
• Passive, active and semi-active control of 

vibrations. 
 

Special attention has been given to the study of dynamic 
problems in bridges and special structures, such as: 

• Dynamic behaviour of cable-stayed and suspension 
bridges; 

• Modal parameter identification based on forced 
vibration, ambient vibration and free vibration 
tests; 

• Evaluation and control of dynamic effects of traffic 
loads in railway and roadway bridges; 

• Analysis of fatigue; 
• Buffeting and aeroelastic instability analysis of 

long span bridges; 
• Design and tuning of vibration control devices in 

footbridges and cable structures; 
• Construction and long-term monitoring of bridges, 

dams, turbine towers and special structures; 
• Dynamic analysis of large stadia and cable roofs. 
 

ViBest Lab’s activity is spread around the globe, having 
participations in projects of several structures, from bridges 
(railway, roadway or pedestrian), stadia and other 
constructions, encompassing researchers with several 
academic grades [4][5][6][7][8][9][10]. 

2.2 A Repository for ViBest’s Projects 

The way different monitoring projects have been configured 
and managed by different researchers is one of the main 
concerns of the proposed system. 

Several monitoring projects have been developed during the 
last ten years, managed by several project managers, each one 
with a specific configuration. Different dynamic monitoring 
systems have also been used to perform accurate 
measurements in several points of the structure under analysis. 
The raw collected data is kept in data files, stored and 
subjected to several processing operations by algorithms 
developed by the researchers. The way files are structured has 
some variations among different projects (depending on the 
project’s team). The meaning of each data value in data files 
is not always clear because the information about each project 
is scattered through several documents and files. 

The increasing number of projects and the new 
requirements on data availability and reuse raised the issue of 

building a data repository to overcome those shortcomings. 
The data files should be standardized and information about 
their structure and meaning must be readily available. Also 
information about the data production environment and about 
the project and its team is required, in order to assign 
credibility to the data and to convey enough information to 
make it understandable and usable by other researchers. 
Search and visualization functionalities are important for the 
practical use of the system, including the possibility of 
displaying at least some MATLAB data files, a relevant tool 
in this context. The goal is to build a common tool to manage 
and visualize the laboratory’s research data in a user-friendly 
and flexible enough way. 

3 STRUCTURAL HEALTH MONITORING 
Structural Health Monitoring (SHM) is a process to detect and 
characterize damage in engineering structures. These damages 
are associated to changes of the structures’ materials or 
properties, as well as changes in the surrounding conditions 
(such as wind or traffic) which have influence on the 
structure’s performance. 

According to Dawson [11], SHM involves the following 
steps: 

• System’s observation through time, with periodical 
readings from sets of components deployed on the 
structure; 

• Extraction of features on those measurements; 
• Statistical analysis of those readings to determine 

the current status of the structure’s health. 
This process interacts with a structure’s day-to-day 

exposure to the surrounding conditions and several events that 
may expose it to wearing conditions (e.g. storms, floods or 
earthquakes), which may give interesting information to 
researchers. 

Sohn, Farrar, Hemez, & Czarnecki define some topics on 
statistical pattern recognition for SHM [2]. 

3.1 Operational Evaluation 
There are some questions to be answered before setting up the 
monitoring system related to several bounding variables and 
the way they may cause any influence on the readings 
acquired from the system. A goal must also be defined for the 
system monitoring: 

• How damage is defined for the monitored structure; 
• The boundary conditions of the activity and the 

environment, which will surround and have 
influence on the monitoring operations; 

• The limitations on the data acquisition; 
• The goal of the monitoring, in terms of safety and 

economical savings for the future. 

3.2 Data Acquisition, Fusion and Cleansing 
This part involves the selection of the components to deploy 
in the monitoring system and their location on the structure. 
The planning of all the schematics of the monitoring system 
and its hardware components, linked together to acquire, 
process and store data is related to this topic of data 
acquisition and fusion, which also requires a decision on the 
best way to integrate all measurements from the several 
sensors in order to better detect the damages to be traced. 
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Data cleansing has the purpose of cleaning the acquired 
data, requiring the researchers to decide which data to accept 
or reject from the acquisition system. 

3.3 Feature Extraction and Information Condensation 
This topic requires the identification of data that may provide 
useful information concerning the damages being tracked. 

One has to process that data, in order to make it more 
readable and easy to track for relevant information on the 
structure’s behaviour and health. This may sometimes require 
some processing and compression routines, as the acquired 
measurements come in large volumes. Some other processing 
may include noise reduction and error tracing and deletion. 

4 VIBEST SHM 
ViBest SHM is a digital archive with some specialized 
features for data acquired in ViBest Laboratory’s structural 
monitoring projects. The data files mostly come regularly 
(once every 15 minutes, for example) from the data 
acquisition system deployed in the monitored structure, 
through a communications network, and are stored in the 
repository server file system. Then they are pre-processed to 
remove garbage and possibly produce some normalization. 
The pre-processed data files are stored, too. The specific 
analysis algorithms, often developed by the ViBest 
researchers, may still produce result data files, for example 
with the structure’s spectral evolution, which are also added to 
the repository. 
The metadata describing the data files and the project creating 
them is stored in a relational database, according to a 
specifically developed metadata architecture. 
To record and query the metadata, a Web interface has been 
developed (see Figure 1). This interface controls access by 
visitors and by registered users to the acquired and processed 
data streams of each project, offering features for graphical 
visualization of the data and statistical analysis. 

 

 
Figure 1. Web interface home page 

 
These several components shall work together, in order to 

provide an easy access to the data for the researchers, analysis 
tools to ease the creation of new knowledge from the 
information stored in the system and a set of mechanisms to 
allow the researchers to work on their data.  

4.1 Metadata Model 

The digital archive metadata model is structured in three 
different levels: context, system and data (see Figure 2; for a 
more detailed description, see [12]). Some model elements, 

like person and document, will be linked to all the levels, 
allowing the creation of associations of documentation and 
authorship of any element in the database. The main goal of 
this architecture is to record information to characterize each 
one of the projects and their systems, according to the topics 
described below in the process of SHM. 

4.1.1 Context 
Context information refers to all the relevant objects in the 
project’s environment. It includes information about people, 
documents and entities related to the context, the structure on 
which the project is implemented, related events and the 
information describing the project itself. 

4.1.2 System 
This level encompasses the configuration and deployment 
information about a monitoring system. It contains more 
technical data about elements that integrate a project’s data 
acquisition system, such as hardware (computers or sensors) 
and software (acquisition and processing routines) 
components. This level records the components’ choice and 
configuration, their location and deployment on the structure, 
the specific purpose and the behavioural patterns to analyse. 

From this module, it shall be possible to understand the 
disposition of the system on the structure, the way the data is 
acquired and the location and role of each component in that 
operation. 

4.1.3 Data 
The data module describes the data files generated in the data 
acquisition process by the monitoring system. A data set 
defines the common characteristics (variables under analysis, 
sampling periods, type of data – raw, pre-processed or results 
–, file structure) for all the files in a data stream. 
 

 
Figure 2. Metadata model 

 
These data sets group several data files according to the 

defined characteristics. Each data file contains data acquired 
in a time period. The database will keep the information to 
identify and allow access to the object stored in the repository, 
allowing the application to access the latter and to retrieve the 
information it contains to the several visualization options. 

4.2 Interface 

The interface was developed using the Vaadin framework, a 
tool to develop rich Internet applications, using the Java 
programming language, providing features to design the 
interface and to implement a data architecture and access [13]. 
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It has an access control, using a login feature, controlling 
which users have access to which elements at each project, 
differentiating project managers, researchers and external 
collaborators (as well as the administrator role – lab director – 
common to the whole system). It comprises features like 
parameterization – people, entities, structures, projects, data 
sets and documents –, search and visualization (see Figure 3). 

 

 
Figure 3. Form to create a new monitoring system record 

 

Due to the large quantity of data files, some cautions must 
be taken when using the data visualization features, to limit 
the size of the data to a reasonable value. A user with the 
proper permissions may access the information about the 
project’s monitoring systems or its data sets. By accessing a 
data set, a user can perform a search of its data files (Figure 
4), where one of the fields allows a selection of a time period. 
Accessing a data file, one can select the option to download 
the file or to generate its graphical visualization and statistics 
(Figure 6), being able to choose which columns to plot. This 
plotting option is also available in the fetched data files list, 
plotting the data in the selected time period, even if it is a 
result set from more than one data file. 

 
Figure 4. Form to select a set of data files in a time period 

4.3 Digital Archive 

The digital archive uses the file system to store the acquired 
data files. The root directory is divided into sub-directories for 
each project and monitoring system, which store the data files 
from each data set, organized by their sampling start dates. 
This information is also available in the file’s own name, 
which is supposed to identify the project, the sampling date, 
its data type and the file extension. The naming format is 

 

PROJ_SUByyyyMMdd_hhmmss[mili]_typ.ext 
 

where PROJ_SUB identifies the project and its monitoring 
system, yyyyMMdd_hhmmss[mili] identifies the sampling 
start date, _typ identifies its data type (raw, pre or res) and .ext 
identifies the file type (.tab, .csv, .prn, .mat). This file name, 
with common structure and standard for every project, will 
help in another routine installed in the system, which will 
periodically synchronize the repository with the database, to 
create the records of newly stored data files. This organization 
and interaction between the repository and the database allows 
the latter to be lighter and to keep just a record of every file, 
with which it is possible to the application to access its 
location in the file system and fetch its content to be read and 
used for visualizations. 

5 INTEGRATION WITH SHM PROCESS 
One of the main concerns during the development of the 
digital archive has been to find standards to handle the 
laboratory’s information. The metadata architecture with 
detailed contextual information on the projects associates 
institutional, contractual, authoring, and technical information 
to the data, thus transforming the repository into a digital 
archive. Visualization tools implement the structure analysis 
step of the SHM process. Being available on the Web, the 
information is easy to share, providing potential to scientific 
and pedagogical collaboration. 

5.1 Standardization 

Before the digital archive development, the information on the 
several projects and related components was dispersed and 
limited to the project researchers. Currently, the project teams 
have compiled all the information relative to the projects’ 
characteristics to feed the database. In a project’s page, one 
can find its operational information, including a full 
description of the monitored variables and the operational 
conditions of the monitoring system together with a detailed 
description of its components, their organization and 
distribution along the structure (Figure 5). Complementary 
documentation, schemas and images are easily integrated. 

 

 
 

Figure 5. Monitoring system information and components 
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Each data set will describe the data it represents, its type 
and time period and reading configurations, such as the 
sampling interval, frequency and the trigger (continuously or 
by trigger events), as well as the structure of each acquired set 
of data, describing the meaning of each time series and its 
measured variables and units. This metadata is systematically 
recorded by the project manager when creating a new data set. 
It is enough to give any other visitor, with the proper 
permissions, a complete picture of the project ant to enable 
him to understand and use any data set. 

Using data crossing tools, it is also possible to perform a 
search for other data sets with common attributes, opening a 
path to information exchange and comparative analysis 
between projects on different structures and contexts. 

5.2 Visualization and Analysis 

Each researcher must have access to the system’s stored data, 
so as to be able to visualize and work on it. The system 
implements the main services of a data digital archive. The 
data files acquired on the monitoring systems are kept in the 
laboratory’s server and made available through the Web 
interface or directly in the file system to other tools. There are 
also visualization and analysis tools that complete the support 
of the SHM process. 

For each data file, the interface provides options to visualize 
the signal produced by its acquired data, in the time series of 
the file’s sampling period (see Figure 6). The user may 
analyse the signal and, from there, extract the relevant 
characteristics to his work. The user is also able to visualize 
the file’s statistics: the maximum, minimum, average and 
standard deviation values for each measured time series. If the 
user wants to work over these files, with other tools available 
on his desktop, in order to execute other operations and to 
generate other visualizations not supported, there is a file 
download feature. 
 

 
Figure 6. A chart generated from a datafile 

5.3 Online Availability 

The graphic interface that allows a user to access the projects 
and monitoring data information is available in any Web 
browser. Access to the generic project description is provided 
to any visitor, for the access restrictions are controlled through 
the user authentication. 

There is an export utility that has been developed to support 
batch assembly of large collections of data files in a single 
compressed (zip) file. Successively downloading single files 
is not feasible. Online assembly in a compressed file takes too 
long and causes time out errors. That’s why a batch assembly 
routine has been prepared which upon completion sends an 
email to the requester with the relevant link to download the 
result. 

The potential to controlled data sharing is in place, opening 
way to future cooperation with other teams contributing with 
new analysis and new knowledge. Data from the different 
monitoring projects may contain new material for further 
research elaboration which may be disclosed to selected 
researchers or open on the Internet. 

6 CONCLUSIONS 
ViBest SHM brought a new organization to ViBest 
Laboratory, when it required a standardization of all data sets 
and files, organized their storage and access and provided 
means of documenting and storing information about every 
projects’ characteristics, monitoring systems, components and 
configurations. 

It is possible, now, to access a web interface and fetch 
information on several details of any of the SHM projects, 
retrieving the information on their characteristics and setups, 
such as sampling frequencies and periods, components 
configuration, deployment and use and several other features. 
With this, the laboratory has now an interface for visitors to 
be shared with the achievements and work of the ViBest’s 
researchers. 

The measurements acquired and processed on each project 
are stored in data files kept on a digital archive accessible 
through this Web interface, which enables the final step of this 
information storage and visualization: to gather the results of 
the monitoring systems procedures. 

 
The implemented features are able to support the main steps 

of the SHM process: it is possible to store and find 
information on the several phases of a project, starting with its 
goals and characteristics; it is possible to directly inspect raw 
data as well as processed results that display behavioural 
patterns and to detect and monitor damages on a structure, 
through the graphical and statistical visualizations; technical 
documents, reports and papers are easily associated in the 
appropriate places highlighting the research results; 
establishing preservation procedures for the collected data 
becomes feasible. 

ViBest SHM doesn’t aim to be a tool for the researchers’ 
processing operations. As said in previous sections, the set of 
tools used in research is very dynamic and a framework to 
consolidate all such tools would be systematically outdated. 
Instead, this system comes as a tool for observations and 
information archiving on the research work. It is a system to 
manage a dynamic digital repository of scientific data files 
and to allow researchers to get and share graphical 
visualizations and statistical analysis. 

This way, the activity of the laboratory has a proper archive 
to share its projects and knowledge with the rest of the 
scientific community. 
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ABSTRACT: Nonlinear modelling and parametric identification of a gear-pair system supported on bearings with rolling 
elements, are employed in the present work. First, a nonlinear mathematical model is introduced. In this model, the housing of 
the gearbox is modeled by using finite elements, while the essential effects of the gear-pair, the bearings and the shafts are taken 
into account via a lumped nonlinear mathematical model. This model possesses strongly nonlinear characteristics, accounting 
for gear backlash and bearing stiffness nonlinearities. Then, a Bayesian uncertainty quantification and propagation (UQ&P) 
framework is adopted in order to estimate the optimal values of the gearbox, gear-pair and bearing model parameters. In order to 
identify the values of the parameters, accelerations time histories are used, obtained during various operating conditions of the 
gearbox. These measurements are recorded from a special experimental device, which was designed and set up for this purpose. 
The effect of correlation in the prediction error models postulated in the Bayesian model selection and parameter estimation 
technique is investigated. Computationally intensive stochastic simulation algorithms (e.g., Transitional MCMC) are suitable 
tools for identifying system and uncertainty models as well as for performing robust prediction analyses. These algorithms 
require a quite large number of system analyses to be performed over the space of uncertain parameters, which leads frequently 
to excessive computational time. Efficient computing techniques are integrated with the Bayesian framework to handle large 
order models and localized nonlinear action. In particular, component mode synthesis and automated multilevel substructuring 
techniques are proposed to achieve substantial reductions in computational effort. 

KEY WORDS: System Identification, Nonlinear Dynamics, Substructuring, Gear Vibration, Finite Elements.      

1 INTRODUCTION 
Accurate modeling and prediction of the response of 
mechanical systems with complex geometry requires 
application of approximate methods, like the finite element 
method. The various substructures of these systems are 
usually supported or connected to each other with special 
elements, which involve a suitable combination of discrete 
springs and dampers. In typical applications of structural 
dynamics, the finite elements that are used to model the action 
of the structural components have linear properties, while the 
action of the supports and the connecting elements is 
characterized by nonlinear properties. This category includes 
geared rotor-bearing systems, which have found extensive use 
as power transmission elements in many engineering 
applications. The continuously rising technological needs for 
improved performance, compactness, longer life and reduced 
production costs, require new designs with higher operating 
speeds and lighter components. In order to satisfy these needs, 
research in the area of geared systems has been kept active, 
incorporating new technical advancements and theoretical 
developments in other related fields. These efforts are also 
greatly assisted by current rapid enhancements in the level of 
computing power, which in turn extends the range of 
applicability of involved numerical algorithms. In particular, 
dynamics of systems involving gear mechanisms has long 
been in the epicenter of intensive research efforts.  
Previous studies on the subject have focused on developing 
mechanical models of geared systems, ranging from relatively 
low to high complexity levels, depending on the emphasis and 

the objectives of the investigation. Consequently, a large 
variety of important technical topics has already been 
examined, such as the effect of support and gear box 
flexibility, gyroscopics, internal and external damping, shaft 
shear deformation and coupled torsional-bending vibrations 
[1-3]. The great majority of these studies assume constant 
average spin speed of the gear shafts. Both response and 
stability issues have been investigated by means of analytical, 
numerical and experimental techniques. Among all the 
technical parameters, those related to the gear backlash and 
the variable gear meshing stiffness were found to affect the 
system response in a significant manner. However, gear 
backlash introduces serious difficulties in the analysis because 
the equations of motion of such systems become strongly 
nonlinear [4-11]. Moreover, these difficulties are further 
intensified by the variation in the number of gear teeth pairs 
which are in contact at a time, causing a variation of the 
equivalent gear meshing stiffness. On the other hand, some of 
the earlier studies shifted attention to more fundamental issues 
and have shown that these complications are responsible for 
the appearance of complicated and irregular dynamic response 
[9, 16].  
The main focus of the present paper is directed towards 
presenting and investigating the dynamics of complex 
mechanical systems involving gear-pairs. Also examined and 
presented the challenges of the application of Bayesian 
uncertainty quantification and propagation framework in 
complex nonlinear structural dynamics models. Bayesian 
techniques [12] have been proposed to quantify the 
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uncertainty in the parameters of a structural model, select the 
best model class from a family of competitive model classes 
[12], as well as propagate uncertainties for robust response 
and reliability predictions [13]. Posterior probability density 
functions (PDFs) are derived that quantify the uncertainty in 
the model parameters based on the data. For nonlinear 
structural models, the measurements are taken to be either 
response time histories or frequency response functions of 
nonlinear systems. Computationally intensive stochastic 
simulation algorithms (e.g., Transitional MCMC [14]) are 
suitable tools for identifying system and uncertainty models as 
well as for performing robust prediction analyses. At the 
system level, efficient computing techniques are integrated 
with Bayesian techniques to efficiently handle large order 
models of hundreds of thousands or millions degrees of 
freedom (DOF) and localized nonlinear actions activated 
during system operation. Specifically, fast and accurate 
component mode synthesis (CMS) techniques have recently 
been proposed, consistent with the FE model 
parameterization, to achieve drastic reductions in 
computational effort. In addition, automated multilevel 
substructuring techniques [15] are used to achieve substantial 
reductions in computational effort in the re-analysis of 
substructures. At the level of the Transitional MCMC 
(TMCMC) algorithm, surrogate models are adopted to 
drastically reduce the number of computationally expensive 
full model runs.  
In this work, the mechanical model and the accompanying 
equations of motion are presented first in the following 
sections. The gear-pair model employed is presented in a way 
that can easily be adapted as a superelement in a general 
rotordynamic configuration. The goal is to build high fidelity 
model of the gear-pair in order to simulate the behaviour of 
the combined system. To achieve this, a Bayesian uncertainty 
quantification and propagation (UQ&P) framework is adopted 
in order to estimate the optimal values of the gear-pair and 
bearing model parameters. In order to identify the values of 
the parameters, accelerations time histories are used, obtained 
during various operating conditions of the gearbox. These 
measurements are recorded from a special experimental 
device, which was designed and set up for this purpose. The 
effect of correlation in the prediction error models postulated 
in the Bayesian model selection and parameter estimation 
technique is investigated. Finally the experimental results was 
compared to those from the numerical model for verification 
of the numerical procedure and improvement of the numerical 
modeling of the gear transmission components. 

2 CLASS OF MECHANICAL SYSTEMS 
Many mechanical systems involve several structural 
components, which are deformable and possess linear 
characteristics, together with an appropriate set of 
interconnecting elements, possessing nonlinear properties. In 
such a case, the corresponding equations of motion can be cast 
in the following system of ordinary differential equations 

         )(),( tfxxhxKxCxM
)

&
))

&
)

&&
)

=+++  (1) 

Vector x  includes the set of the generalized coordinates, the 

terms M
)

, C
)

 and K
)

 represent the classical mass, damping 

and stiffness matrix of the system, respectively, while the 
vector ),( xxh &

)
 includes the nonlinear smooth forces imposed 

by the interconnecting elements. Finally, the term )(tf
)

 
includes the action of the externally applied forces. 
Prediction of the response of dynamical systems represented 
by Eq. (1) is a difficult task, since in most practical cases the 
number of the equations of motion is quite large and the 
nonlinearities are strong. As a result, such systems can only be 
studied by applying special numerical methodologies [11, 15]. 
In many cases, the resulting computations are facilitated by 
first applying appropriate methodologies leading to a 
significant reduction of the original coordinates associated 
with the system deformability, without affecting considerably 
the accuracy of the results. The basic steps of this method are 
presented in the following paragraphs. More details about the 
theoretical foundation as well as the numerical accuracy and 
efficiency of this method can be found in earlier work [15]. In 
brief, neglecting temporarily the damping and the nonlinear 
forces and taking into account the sparsity pattern of the 
stiffness matrix, the equations of motion of the original 
system are first reordered and then split automatically in a 
number of mathematical substructures. As a consequence, the 
equations of motion for the i -th substructure alone appear in 
the following linear form 
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iiiii =+&&  (2) 

where iM  and iK  are the mass and stiffness matrix, 
respectively, while )(tf
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 represents the terms arising from 

external forcing on the i -th component. Next, the 
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Bx  represent the internal and the boundary degrees of 
freedom of the i -th substructure, respectively. Next, through 
application of a Ritz coordinate transformation 
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where the columns of matrix iT  include the fixed interface 
normal modes of the component up to a prespecified 
frequency plus a number of static correction modes. Then, the 
set of equations (2) is replaced by a considerably smaller set, 
which appears in the form 
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. 
After treating and connecting each component together, the 
linear undamped terms in the equations of motion of the 
composite system can eventually be cast in the vectorial 
form )(tfqKqM −+≡ &&l , with 
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The vector 
i

η  includes the generalized coordinates 
corresponding to the modes kept in the i -th component, while 
the matrix iΛ  is diagonal, with diagonal elements 
representing the squares of the related natural frequencies. 
The upper part of the transformed stiffness matrix, 
corresponding to the generalized sets of coordinates

i
η , is 

diagonal. Likewise, the corresponding diagonal blocks of the 
mass matrix are occupied with identity matrices, while from 
the off diagonal blocks only those involving coupling between 
the involved substructures are nonzero. Finally, the last part of 
vector q , represented by Bx , includes all the boundary 
degrees of freedom of the system. The corresponding parts of 
the mass and stiffness matrix, represented by BBM ,  and BBK , , 
are full. However, the dimensions of these submatrices are 
usually much smaller than the dimensions of matrices M  
and K , which in turn are much smaller than the dimension of 
the mass and stiffness matrices of the original system. The set 
of the degrees of freedom is selected so that it includes all the 
points where nonlinear action is present. In this way, the exact 
nonlinear characteristics of the system are preserved. 

3 REVIEW OF BAYESIAN FORMULATION 
Consider a parameterized FE model class Μ  of a nonlinear 
structure and let N

m R qq Î  be the structural model parameters 
to be estimated using a set of measured response quantities. In 
nonlinear structural dynamics, the measured quantities may 
consist of full response time histories 0ˆ{ , 1, , }

N

k
D y R k NL= Î =  

at 
0

N  DOF and at different time instants t k t= Δ , where k  is 
the time index and N  is the number of sampled data with 
sampling period tΔ , or response spectra 

0ˆ{ , 1, , }N

k
RD y k NLÎ= =  at different frequencies 

k
ω , 

where k  is a frequency domain index. In addition, let 
0{ , 1, , }( ) N

k my R k NLq Î =  be the model response 
predictions (response time histories or response spectra), 
corresponding to the DOFs where measurements are 
available, given the model class Μ  and the parameter 
set N

m R qq Î . It is assumed that the observation data and the 
model predictions satisfy the prediction error equation  

ˆ ( | )
k k m m k

y y eq= +Μ  (5) 

where the error term ~ ( , ( ))
k e

e N m qS  is a Gaussian vector 

with mean zero and covariance ( )
e

qS . It is assumed that the 

error terms
k

e , 1, ,k N= L  are independent. This assumption 
may be reasonable for the case where the measured quantities 
are the response spectra. However, for measured response 
time histories this assumption is expected to be violated for 
small sampling periods. The effect of correlation in the 
prediction error models is not considered in this study. The 
notation ( )

e
qS  is used to denote that a model is postulated for 

the prediction error covariance matrix that depends on the 
parameter set

e
q . 

Bayesian methods are used to quantify the uncertainty in the 
model parameters as well as select the most probable FE 
model class among a family of competitive model classes 
based on the measured data. The structural model class Μ  is 
augmented to include the prediction error model class that 
postulates zero-mean Gaussian models. As a result, the 
parameter set is augmented to include the prediction error 
parameters

e
θ . Using PDFs to quantify uncertainty and 

following the Bayesian formulation, the posterior PDF 
( | , )p Dθ Μ  of the structural model and the prediction error 

parameters ( , )
m e

θ θ θ=  given the data D  and the model class 
Μ  can be obtained in the form  
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is the weighted measure of fit between the measured and 
model predicted quantities, ( | )π θ Μ  is the prior PDF of the 
model parameters θ  and ( | )p D Μ  is the evidence of the 
model class Μ . For a large enough number of experimental 
data, and assuming for simplicity a single dominant most 
probable model, the posterior distribution of the model 
parameters can be asymptotically approximated by the multi-
dimensional Gaussian distribution centered at the most 
probable value q̂  of the model parameters that minimizes the 
function ( ; ) ln ( | , )g p Dθ θ= −Μ Μ  with covariance equal to 
the inverse of the Hessian ( )h θ  of the function ( ; )g θ Μ  
evaluated at the most probable value. For a uniform prior 
distribution, the most probable value of the FE model 
parameters θ  coincides with the estimate obtained by 
minimizing the weighted residuals in (7). An asymptotic 
approximation based on Laplace’s method is also available to 
give an estimate of the model evidence ( | )p D Μ . The 
estimate is also based on the most probable value of the model 
parameters and the value of the Hessian ( )h q  evaluated at the 
most probable value. The Bayesian probabilistic framework is 
also used to compare two or more competing model classes 
and select the optimal model class based on the available data. 

4 APPLICATION   
For the purposes of the proposed work, a special experimental 
device will be designed and built, consisting of two power 
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electric motors with adjustable rotational speed. One of them 
will cause the motion, while the second will resist this motion, 
acting as an electric generator. The mechanical system to be 
tested, including a gear-box with a single gear-pair 
connection, ball bearings supporting the rotating axes and 
couplings for the connection between the parts of the system. 
The device and the experimental setup is depicted in Figure 1. 
The pinion was connected to 0.75 HP electric motor driven 
through coupling and the gear was connected to a loading 
system. The gear and pinion has 24 and 16 teeth respectively. 
The diameter of the shafts that connects the gears with the 
motor and the loading system is 25mm. The shafts are 
supported at its ends with SKF 6205 ball bearings. Between 
the motor drive and the gearbox placed a torque/tachometer 
sensor in order to measure the applied input torque and the 
shaft rotation speed. Also for the measurement of the shafts 
speed used and a portable optical tachometer. 
 

 
 

Figure 1. Experimental set up of the device. 
 
The vibration signals originating from the gearbox 
investigated at different loading conditions and shaft speeds 
(rotating frequencies). Also the accelerations time histories 
are collected from the gearbox using four triaxial 
accelerometers, with a NI Data Acquisition Device. The 
accelerometers locations and a view of the spur gear pair are 
shown in detail in Figure 2. 
 

 
 
Figure 2. Acceleration measurement locations and view of the 

spur gear-pair. 
 
The next step was to develop and employ an appropriate 
model of the mechanical system examined, in order to 
determine the dynamic response and provide the main effects 
due to the gear meshing action. In this model, the housing of 
the gearbox and the shafts are modeled by using finite 
elements, while the essential effects of the gear-pair and the 
bearings are taken into account via a lumped nonlinear 

mathematical model. A finite element model (FEM) of the 
specific gear-pair considered is shown in Fig. 3a. Moreover, 
the appropriate lumped mass model (LMM) of the same gear-
pair is shown in Fig. 3b. Upon satisfaction of certain 
conditions, the lumped mass model of the gear-pair can lead 
to sufficiently accurate results. The main reason for 
employing a LMM rather than a FEM of a gear-pair is that the 
former leads to a much faster and at least qualitatively correct 
picture of the dynamics. In particular, the LMM employs two 
rotating rigid disks, modeling the gear bodies, with masses 

nm , mass moments of inertia nI  and base radii nR  ( 2,1=n ), 
while both gears are supported on deformable bearings. Also 
the gear meshing force is reproduced by a set of a spring and a 
damper ),( gg ck . The essential dynamics of the system is 
described by the coordinates 1ϕ , 2ϕ , 1u  and 2u . 
 

 
 
 
 

 
 

Figure 3. (a) Finite element model (FEM) and, (b) lumped 
mass model (LMM) of a gear-pair system. 

 
The action of the gear contact and meshing was modelled by 
an equivalent spring, whose stiffness coefficient )(φgk  

(a) 

(b) 
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depends on the relative position of the two gears, where the 
damping mechanisms assumed to be linear. The form of gear 
mesh stiffness shown in Fig. 4a, and obtained from the finite 
element of the gear-pair system. The meshing stiffness creates 
a periodically varying forcing effect on the supporting 
structure, which produces periodic long term dynamics. In 
addition, the nonlinear backlash phenomenon, caused by the 
clearances between the mating gears, was also allowed to 
occur (Fig. 4b). The quantity 2b represent the total gear 
backlash. Also the restoring force developed in the n -th 
rolling element bearing is expressed in this nonlinear form 
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In this expression, bnb2  represents the diametral clearance, 

nrα  is the angular position of the r -th rolling element (of the 

total N elements in contact), ν  is a constant (equal to 23  for 

ball bearings), while the coefficient nk
)

 is determined from the 
bearing characteristics and loading conditions. 
 

 
 
 
 

 
 
 
Figure 4. (a) Effective value of the gear meshing stiffness. (b) 

Backlash modeling of the gear teeth. 
 
Final the coupling of the LMM gear-pair model with the gear 
shafts and the gearbox superstructure were performed. In 
particular, both the gear shafts and the gearbox were 

discretized by appropriate finite elements, as shown in Figure 
5, while the effect of the LLM were included in the system 
with the use of mass, damping, and nonlinear spring elements. 
 
 

 
 
 
Figure 5. Lumped mass of the gear-pair system, coupled with 
a finite element model of the flexible shafts and the gearbox. 

 

5 APPLICATION   
In this section presented results of the experimental data that 
generated from the gearbox device, with the corresponding 
numerical results of the gearbox model. First figure 6a shows 
the power spectral density of the acceleration time history of 
measurement point 2, in the vertical (Z) direction, in a 
frequency range of 0 to 2000Hz, for input rotation speed at 
290RPM. Also in this figure presented with the dashed line 
the gear mesh frequency (GMF) with sub-harmonics and 
super-harmonics. Similar results presented and in the figure 
6b for the rotation speed at 790RPM. 
 
 

 
 
 
 

(a) 

(b) 

(a) 
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Figure 6. Power spectrum of the measurement acceleration 
time history at measurement point 2 in the vertical direction 

for rotation speed at 290RPM, (b) for rotation speed at 
790RPM. 

 
The combined gearbox model was solved in the same rotation 
speeds and load conditions with the experimental procedure. 
The simulated results are shown in Figures 7a and b for the 
same measurement point and in the same direction. From 
these results we can observe that the simulated results, give us 
the main resonance regions very close to the experimental 
regions and with the same amplitude. 

 
 
 

 
 

Figure 7. Power spectrum of the simulatedacceleration time 
history at measurement point 2 in the vertical direction for 

rotation speed at 290RPM, (b) for rotation speed at 790RPM. 

6 CONCLUSIONS    
In this work, presented numerical dynamic analysis and the 
experimental validation of a nonlinear gear transmission 
system. The emphasis given in the build of high fidelity model 
of the gear-pair in order to simulate the behaviour of the 
combined system. To achieve this, a Bayesian uncertainty 
quantification and propagation framework is adopted in order 
to estimate the optimal values of the gear-pair and bearing 
model parameters. In order to identify the values of the 
parameters, accelerations time histories are used, obtained 
during various operating conditions of the gearbox. The 
experimental results was compared to those from the 
numerical model for verification of the numerical procedure. 
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Experimental automated localization of small damages of a steel beam using local
modal filters
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ABSTRACT: This work investigates the experimental application of a damage localization technique based on local modalfilters
on a 3.78 meters long steel I-beam equipped with 20 piezoelectric (PVDF) sensors, and excited with an electro-dynamic shaker.
A small damage responsible of a small shift of the eigenfrequencies (less than 2%) is introduced at different locations by fixing
a stiffener. By following the guidelines established in previous numerical studies, the modal filters are applied on fivelocal filters
in order to locate damage, and a new feature extraction procedure is proposed. HotellingT2 control charts are used to locate
automatically all the damage positions correctly. The results obtained with this experimental application of modal filters based on
strain measurements confirm the first experimental observations that were previously obtained on a small scale set-up, and show
the real interest of this very simple method for output-onlynon-model based automated damage localization of real structures.

KEY WORDS: Structural health monitoring; Experimental damage localization; Piezoelectric sensors; Modal filters; Spatial
filtering; Output-only measurements; Control charts.

1 INTRODUCTION

Many authors have been interested in vibration based damage
detection methods since last decades, and focused mainly on
modal parameters such as modal damping, eigenfrequencies
or mode shapes [1]. Recently, a very simple non-model based
output-only method using modal filters has been developed
for damage detection [8], and has been applied successfully
experimentally on a Piper Tomahawk aircraft wing [3]. By
considering strain measurements as well as control charts [11],
the idea has been extended then successfully to automated
damage localization in many numerical studies [7], and has
been applied experimentally for the first time with success on
a small set-up [4]. The present work is a follow up of the first
experimental application of the method and investigates a 3.78
meters long steel I-beam equipped with 20 PVFD sensors. A
small damage is introduced by fixing a very small stiffener at
different positions, and is automatically correctly located with
the proposed method by applying multivariate (HotellingT2)
control charts. The results obtained in this paper confirm the
first experimental observations, showing the potentialityof the
method for field applications.

2 DAMAGE LOCALIZATION USING LOCAL FILTERS

Consider a structure equipped with a large network ofn sensors.
In order to proceed to a data reduction, one can combine sensors
responsesyk(t) to form a single output response with a linear
combiner by applying Equation (1) :

g(t) =
n

∑
k=1

αkyk(t) (1)

The idea behind modal filtering is to choose coefficientsαk in
Equation (1) in such a way that they are orthogonal to all the

modes of the structure in a frequency band of interest, except
model.

These coefficients are the solution of Equation (2) :

[C]T{α}= {el} (2)

where{el}
T = {00...1...0}T is a vector with all entries equal

to 0 except entryl (corresponding to the eigenfrequency on
which the modal filter is tuned) which is equal to 1, and[C] is
the rectangular matrix of modal output gain. One can obtain{α}
by applying the widely used Moore-Penrose pseudo-inverse of
[C]T :

{α}=
(
[C]T

)†
{el} (3)

However, the rank of matrix[C]T is rarely full in practice, so
that the previous approach is not adequate. More explanation on
the rank deficiency can be found in [7]. The alternative adopted
by the authors to regularize the inversion of[C]T consists in
applying a singular value decomposition (SVD) of[C]T :

[C]T = [U ][S][V]T , (4)

with [S] = diag(σi).
If ui andvi are the columns of the unitary matrices[U ] and

[V], the solution of Equation (2) is given by

{α}= {α1 · · ·αn}
T =

(
r

∑
i=1

1
σi

uiv
T
i

)
{el} (5)

The calculation of coefficients{α} is governed by two
parameters which are the number of modesnm taken into
account in[C] (nm is limited to the number of sensors), and the
number of singular valuesr to solve Equation (5) (2≤ r ≤ nm).
Previous works pointed out that the filtering is the most efficient
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if only two mode shapes (nm= 2) are taken into account (both
in numerical [7] and experimental tests [3], [4].)

When damage occurs, the orthogonality condition (2) is
not satisfied anymore. When looking at the Fourier transform
of g(t), or at its power spectral density (PSD), this results
in spurious peaks near other natural frequencies thanl. This
principle has already been studied in [8] and [2] for damage
detection, using acceleration measurements. It also has the
advantage to distinguish global effects from local effects(see
Figure 1) :

(a) Effect of damage.

(b) Effect of environment.

Figure 1: Modal filter tuned on model.

The extension of the previous idea to damage localization is
straightforward. The network ofn sensors is divided inmspatial
filters, and the modal filters coefficients{α} are computed so
that they are orthogonal to the projection of all mode shapes
on the sensors of each local filter, except model . Therefore,
monitoring independently each local filter allows to locatethe
damage in a particular local filter by checking the appearance of
a spurious peak in the filtered frequency response, as depicted
in Figure 2 :

The efficiency of the method relies on the assumption
according to which the change of the mode shape due to a small
damage is concentrated in the close vicinity of the damage.
While Mendrok and Uhl used modal filters with acceleration
measurements to locate damages [5], we propose to use strain
measurements instead. Indeed, the local sensitivity of strains
to damages has been observed with curvatures in beam-like
structures in [10], and it has been generalized to any kind of
structures by considering strain measurements more recently,
both numerically [6] and experimentally [9].

3 AUTOMATED STRUCTURAL HEALTH MONITORING

3.1 Extraction of damage sensitive feature

In order to quantify the growth of a spurious peak, it is necessary
to define an indicator in the frequency band of interest (around
the ith eigenfrequency if theith mode shape is filtered). This
indicator should be sensitive to the shape of the function

Figure 2: Principle of damage localization using local filters.

Figure 3: Detection of a spurious peak based ons(ω).

(appearance of spurious peak), but not to its level (change of the
level of the excitation). In previous studies, a feature called peak
indicator [13], [7] has been proposed, but recent works have
pointed out that it presents two major drawbacks which are(i) it
does not grow monotonically with damage, and(ii) it saturates
quickly for low levels of damage. This is the motivation to
introduce in the present study a new feature which overcomes
these drawbacks. Consider the amplitudes of the undamaged and
damaged filtered frequency responses (PSDs)s(ω) ands∗(ω) of
Figure 3 :

This figure shows that for a modal filter tuned on the
eigenfrequency betweenωc and ωd, the spurious peak grows
around the eigenfrequency betweenωa and ωb. The quantity
s̃|[ωa,ωb]

(ω) :

s̃|[ωa,ωb]
(ω) =

s|[ωa,ωb]
(ω)∫ ωd

ωc
s(ω)dω

(6)

is interesting in the sense that it is not affected by a change
of the level of excitation and that it is sensitive to a changeof
the shape ofs(ω) in the frequency band[ωa,ωb]. Based on this
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normalized frequency response of the output of the modal filter,
a novel feature is defined by considering that then1 discrete
values of ˜sbetweenωa andωb are samples of a random variable
and estimating the moment of order 4 of its distribution given
by :

m̃4 =
1
n1

ib

∑
i=ia

(
s̃i − s̃

)4
, (7)

wheres̃ is the mean value of ˜si in the frequency band[ωa,ωb].
Finally, because ˜m4 is very small, we consider8

√
m̃4 instead

of m̃4. Beside its robustness with respect to a change of the
level of excitation as already explained, another very interesting
property of this damage sensitive feature is that it increases
monotonically with the size of the spurious peak, and therefore
with the level of the damage.

3.2 Control charts

Because the structure is excited by random excitations, we will
deal with random features8

√
m̃4. These features will have to

be monitored in order to detect when they are shifted from
their in control values (values of8

√
m̃4 in the undamaged state).

Control charts [11] are very efficient for these shifts detection.
Control charts plot the features or quantities representative of
their statistical distribution as a function of the sample number.
When operating conditions change, these quantities will fall
outside control limits (lower or upper limit) which are computed
from samples when the conditions are assumed to be in control.
In the present work, two8

√
m̃4 features have to be monitored at

the same time in each local filter since we check the appearance
of spurious peaks in two intervals as described in Section 4.2.
The automated damage localization is therefore performed using
the HotellingT2 control chart [11], defined by

T2 = (x− x̄)T Σ−1 (x− x̄) , (8)

whereΣ is the estimate of covariance matrix of features (8
√

m̃4)
computed at the two intervals of interest (see Section 4.2),x is
the current features vector, and ¯x is the vector of mean values
of x vectors (only the undamaged samples are considered to
obtain x̄). The upper control limitUCL is computed thanks to
aF distribution :

UCL=
p(m+1)(m−1)

(m2−mp)
Fγ ,p,m−p, (9)

where p is the number of variables (2),m is the number
of undamaged samples considered to computeΣ, and γ is a
parameter which defines the probability 1−γ that any in control
sample falls between the control limits. IfT2 exceedsUCL, then
an alarm is triggered.

4 EXPERIMENTAL APPLICATION ON A STEEL I-BEAM

4.1 Description of the case study

The structure investigated consists in a 3.78m long steel I-
beam which is bolted on two big concrete cubes. The beam
is excited with a Modal 110 electro-dynamic shaker from MB
Dynamics, and a network of twenty 13mm× 170mm× 50µm
low-cost PVDF sensors have been fixed with double-coated

tape, providing a continuous measurement of the strains along
the beam between sensors 1 and 20. A National Instrument
PXIe-1082 data acquisition system is used to measure the sensor
responses with a sampling frequency of 6400Hz, as well as to
generate a band-limited white noise between 0Hz and 500Hz
(not measured) which drives the shaker. Figure 4 shows different
views of the experimental set-up as well as the definition of
the PVDF sensors. Note that the network of 36 accelerometers
which was initially installed for preliminary tests can be seen,
but will not be considered in the next sections.

(a) Front view.

(b) Side view.

(c) Artist front view : definition of the PVDF sensors.

Figure 4: Experimental set-up : 3.78m steel I-beam equipped
with 20 dynamic strain sensors (PVDF) for damage localization.

The damage is introduced by fixing a very small steel stiffener
(35mm× 65mm× 17mm) with a small builder clamp directly
against the PVDF sensors, as shown in Figure 4(b). It has been
chosen to consider 5 local filters of 5 sensors, with a small
overlap : (i) [1 :5], (ii) [4 :8], (iii) [8 :12], (iv) [12 :16] and
(v) [16 :20]. The damage scenarios described in Table 1 will
be investigated.

4.2 Damaged structure

For the different damage scenarios of Table 1, the eigenfrequen-
cies as well as the mode shapes have been identified in order to
quantify the impact of the damage simulated by adding the small
stiffener. The effect of the stiffener on the low order strain mode
shapes (real components) is local as it can be seen in Figure 5
which depicts the first two mode shapes and their projection on
the PVDF sensors, and the change of eigenfrequencies is small
(Table 2) :
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Table 1: Damage scenarios.

Case Samples Damage Damage
(sensor) (local filter)

1 1 to 350 none none
2 351 to 400 1 [1 :5]
3 401 to 450 2 [1 :5]
4 451 to 500 3 [1 :5]
5 501 to 550 4 [1 :5] and [4 :8]
6 551 to 600 5 [1 :5] and [4 :8]

(a) Mode 1.

(b) Mode 3.

Figure 5: Stiffener at sensor 5.

The modal filters tuned on the two first bending mode
shapes at 64Hz and 230Hz have been applied for each local
filter separately. Figures 6 to 8 compare the filtered frequency
responses (PSDs) of the first three local filters for cases 1, 3and
6. The frequency bands in which the features8

√
m̃4 are computed

(intervals[ωa,ωb] and[ωc,ωd] in Equation (6)) are also shown

Table 2: Changes of eigenfrequencies due to damage.

Case |∆ f1| |∆ f3|
2 1.34% 0.11%
3 0.9% <0.01%
4 0.2% 0.08%
5 0.1% 0.01%
6 1.83% 0.25%

with the vertical dashed lines. They correspond to 64Hz±10%
and 230Hz±10%.

(a) Modal filter tuned on 1st bending mode.

(b) Modal filter tuned on 2nd bending mode.

Figure 6: Examples of undamaged and damaged filtered
frequency responses (PSDs) for local filter (1 :5).

We can observe from Figure 6 that the filtering of the peak
is not perfect at local filter [1 :5] since there are remaining
sharp peaks for the undamaged case in the frequency bands in
which the spurious peak is expected to appear. However, the
damage detection in this local filter is feasible, since the filtered
frequency responses are strongly affected in the frequencybands
of interest when a damage is introduced at sensor 2 (case 3) and
5 (case 6) for both modal filters.

The analysis of the filtered frequency responses at local filter
[4 :8] shows that the damage detection succeeds for this local
filter too (Figure 7). Indeed, there is only a clear change of the
spurious peaks for damage case 6. This illustrates the possibility
of damage localization : when a damage is introduced at sensor
2 (case 3), the local filter [4 :8] is not affected, since it does not
cover the damaged area, while when the damage is located at
sensor 5, both local filters [1 :5] and [4 :8] react, since theyboth
cover the damaged area.

The local sensitivity of local filters to damage is confirmed in
Figure 8 : the filtered frequency responses are not affected by a
damage at sensor 2 or 5.
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(a) Modal filter tuned on 1st bending mode.

(b) Modal filter tuned on 2nd bending mode.

Figure 7: Examples of undamaged and damaged filtered
frequency responses (PSDs) for local filter (4 :8).

(a) Modal filter tuned on 1st bending mode.

(b) Modal filter tuned on 2nd bending mode.

Figure 8: Examples of undamaged and damaged filtered
frequency responses (PSDs) for local filter (8 :12).

4.3 Automated damage localization

Figure 9 shows the 2D plots of the8
√

m̃4 features computed in
the intervals around 64Hz and 230Hz, where the appearance of
spurious peaks is monitored in each local filter.

We can see from Figures 9(a) and 9(b) that there is a wide
variation of 8

√
m̃4 in the first interval (horizontal axis) for the

undamaged samples (blue crosses), while the change of this

(a) Local filter (1 :5).

(b) Local filter (4 :8).

(c) Local filter (8 :12).

Figure 9: 2D plot of the damage sensitive feature8
√

m̃4.

feature in the second interval (vertical axis) is smaller. On the
other hand, the8

√
m̃4 computed around the second interval is

more sensitive to the damage : the clouds related to the damage
cases (red circles) can be clearly identified in the 2D plot since
they correspond to a very clear shift of8

√
m̃4 in the second

interval. The interest of overlapping the local filters is illustrated
once again : the first local filter [1 :5] is sensitive to a damage
at sensors 1, 2, 3 and 5, but not at sensor 4 (see Figure 9(a)).
However, the local filter [4 :8] overlaps the first local filterat
sensors 4 and 5 and reacts to a damage on these two sensors,
allowing therefore to compensate the lack of sensitivity toa
damage at sensor 4 in the first local filter. All the other local
filters do not present a clear shift of the8

√
m̃4 clouds when a

damage is located in the first 5 sensors as illustrated in Figure
9(c) for local filter [8 :12].

The HotellingT2 control chart has been applied to automate
the damage localization in each local filter. The first 200
undamaged samples have been considered to assess the
covariance matrix (see Section 3.2), as well as to compute the
control limit ( γ is fixed to 0.25%). It has been observed that
the first 200 undamaged features are not following closely a
binormal distribution (in each local filter), which explains why
γ is so small. Indeed, the HotellingT2 control chart is designed
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for the detection of outliers from a baseline of features normally
distributed [11]. As a consequence, as the distribution of the
features of the baseline deviates from a normal distribution,
the upper control limit computed with Equation (9) becomes
inadequate. For this reason, and also because we assess the
percentage of in control features every 50 samples, we consider
that the damage is detected when less than 80% of the features
fall in the confidence interval.

Figures 10 to 12 summarize the application of the Hotelling
T2 control chart as well as the automated damage localization
based on the criteria described previously (the position of
the damage is recalled only for the local filters covering the
damage). In particular, it can be seen in Figures 10 and 11 that
the increase ofT2 due to a damage is very strong (except for
a damage at sensors 2 and 4 in the first local filter, see Figure
10(a)), allowing the choice of a very small value ofγ.

(a) HotellingT2 control chart.

(b) Damage alarms.

Figure 10: Automated damage detection in local filter (1 :5).

There is only one missing alarm in local filter [1 :5] for a
damage at sensor 4. However, that missing alarm is compensated
thanks to the overlapping of the local filters. Indeed, the damage
at sensors 4 and 5 is correctly located in local filter [4 :8]. In
conclusion, all the damage cases have been correctly located,
and there are no false alarms : all the undamaged samples sets
have more than 80% in control features (also in local filters
[12 :16] and [16 :20] not shown here).

5 CONCLUSION

In this paper, an output-only non-model based damage localiza-
tion method using modal filters has been applied experimentally.
Considering a network of 20 PVDF sensors, it has been possible
to locate correctly a small damage introduced by fixing a small
stiffener at different positions on a 3.78 meters long steelI-
beam. The success of the proposed technique for automated
damage localization can be explained by the choice of the

(a) HotellingT2 control chart.

(b) Damage alarms.

Figure 11: Automated damage detection in local filter (4 :8).

(a) HotellingT2 control chart.

(b) Damage alarms.

Figure 12: Automated damage detection in local filter (8 :12).

physical quantities to measure (strains), the adequate definition
of the new feature ( ˜m4) which grows monotonically with the
damage, a local approach enhancing the effect of the damage,
as well as to the control charts. Future research studies will
focus on structures subjected to ambient vibrations excitation,
as well as environmental effects. Further tests considering real
damages (fatigue cracks in steel structures) are also needed to
fully validate the method. The final aim is to check whether
the method can be applied in-situ on real structures, beyond
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experiments in laboratories. Finally, another perspective of the
present work is the experimental validation of the adaptivelocal
filters recently proposed in [12], which consists in updating the
configuration of the local filters in order to follow the evolution
of damage.
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ABSTRACT: Dynamic testing of full-scale bridges is indispensable for acquiring the real dynamic characteristic of structures 
due to the presence of real boundary conditions, actual loading and response mechanisms and absence of scaling. This paper 
presents in-situ ambient and forced dynamic tests on an eleven-span motorway off-ramp bridge and experimental modal 
analysis. In the ambient vibration tests (AVT), nearby traffic, wind, and possibly micro-tremors were used as excitation sources. 
In the force vibration tests (FVT), large eccentric mass shakers were utilized in a frequency sweep mode to excite the bridge in 
the frequency range up to 10 Hz. Two complementary system identification methods were implemented to extract the modal 
properties of the bridge: the frequency domain decomposition (FDD) and the data-driven stochastic subspace identification 
(SSI) method.  It was found the two methods yield consistent natural frequency results, while SSI give better estimates of mode 
shapes. By comparing the identified modal parameter results between AVT and FVT, it is observed that the first two lateral 
bending modes could not be identified from AVT, likely due to inadequate energy of the excitation at the corresponding 
frequencies, whereas the first two vertical bending modes could be identified even under weak excitation conditions. The 
identified natural frequencies and mode shapes agree satisfactorily between the corresponding modes, but the mode shapes from 
FVT are much smoother due to the stronger excitation level and better signal-to-noise ratio. Furthermore, a lateral mode as high 
as above 9 Hz could be clearly identified without traffic on the bridge in AVT on this continuous concrete bridges, which is rare. 
The comparisons between AVT and FVT and the different identification techniques provide useful reference information for 
field dynamic testing of similar bridges. 

KEY WORDS: Full-scale bridge; Ambient vibration testing; Forced vibration testing; Eccentric mass shaker; Frequency domain 
decomposition; Stochastic subspace identification; Modal parameters, Experimental modal analysis, Operational modal analysis.  

1 INTROUDUTCTION 
Modal parameters of bridge structures, i.e. natural 
frequencies, damping ratios and mode shapes, are essential for 
vibration-based structural health monitoring, calibration and 
validation of analytical models, and safety evaluations against 
different severe loading conditions, such earthquakes and 
strong wind. In-situ dynamic testing, either ambient vibration 
tests (AVT) or forced vibration tests (FVT), is the most 
reliable method to obtain the true modal properties of bridge 
structures in their actual environment. The two testing 
methods have different characteristics. Excitations for AVT 
are widely distributed on structures, are small, uncontrollable 
and may contain several sources, such as traffic, wind, micro-
tremors, etc. On the contrary, the excitation force of FVT is 
usually concentrated at one point of the structure, is relative 
large and the researcher can control it. AVT permits the 
measurement of structural responses under natural excitation 
sources and can avoid shutting down vehicular traffic during 
the tests, while FVT (such as using shakers) can provide a 
clean excitation input but requires significant resources, such 
as transporting heavy equipment, mounting the shaker on the 
bridge, supplying high power and so on. Applying the 
appropriate testing methods to a particular bridge to obtain 
good testing results is an important aspect of the dynamic 
testing art. Some researchers investigated the feasibility 
aspects of AVT and FVT. Green [1] concluded that shakers 

produced the best results for short to medium span bridges 
(spans<100 m), while AVT were most appropriate for 
medium to long span bridges (spans＞70m). Farrar et al. [2]  
pointed out that although there does not appear to be 
consensus that one particular method is better than the other, 
for large bridges AVT seems the only practical alternative of 
exciting the structure. They also pointed out that AVT was 
also used for smaller bridges when other constraints prevent 
the bridge from being taken out of service during FVT. In 
terms of the effectiveness, Farrar et al. [3] observed that 
natural frequencies extracted from impact hammer test data 
were more statistically reliable that those obtained using 
ambient excitation. On the other hand, Peters et al. [4] 
reported that ambient excitation was found to yield 
comparable results to those obtained using either a band-
limited shaker input or drop weight impact. From a review of 
previous studies, no clear consensus has been reached about 
the feasibility and effectiveness of AVT and FVT due to many 
factors involved, such as bridge structure type, testing 
environments, testing equipment, bridge span length and 
many other. Another aspect of in-situ testing is that sensors 
are exposed to noisy outdoor testing environment, which 
present a challenge to accurately identify the modal 
parameters based on the vibration testing data contaminated 
by noise, especially when the responses are small. Though 
many modal identification techniques using output-only 

Ambient and forced vibration testing of an eleven-span motorway off-ramp bridge 

G.W. Chen1, S. Beskhyroun1, P. Omenzetter2 
1 Department of Civil and Environmental Engineering, The University of Auckland, Private Bag 92019, Auckland 1142, New 

Zealand  
2 The LRF Centre of Safety and Reliability Engineering, University of Aberdeen, Aberdeen AB24 3UE, UK 

e-mail: gche870@aucklanduni.ac.nz, s.beskhyroun@auckland.ac.nz, piotr.omenzetter@abdn.ac.uk 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

2427



information have been developed, their effectiveness of 
dealing with noisy data needs further investigation. 

This paper investigates further the feasibility and 
effectiveness of AVT and FVT for obtaining dynamic 
characteristics of full scale bridge structures. Both kinds of 
testing were conducted on the 11-span Nelson St off-ramp 
bridge. The structure as well as the detailed AVT and FVT 
programs are described first. Based on the collected data from 
AVT and FVT, two output-only modal parameter 
identification techniques, the frequency domain 
decomposition (FDD) and the data-driven stochastic subspace 
identification (SSI), were executed. The identified 
frequencies, damping ratios and mode shapes of the bridge 
from AVT and FVT, and identified using FDD and SSI were 
compared. Thus, the ability and reliability of the AVT under 
weak excitation levels to identify the modal parameters of the 
relative short-span continuous concrete bridge were addressed 
and found satisfactory. 

2 BRIDGE DESCRIPTION 
The Nelson St off-ramp bridge is a part of the motorway 
network in the CBD of Auckland, New Zealand. The bridge is 
currently closed to traffic and this creates excellent 
opportunities for an extensive, undisturbed testing program. 
Figure 1 shows an aerial view of the bridge, which is a 
curved, post-tensioned, continuous concrete structure with a 
hollow box section girder. The bridge was built in 1976 using 
a moveable scaffolding system and comprises a total of 137 
precast box-girder segments. It has a total length of 272 m, 
width of 7.5m (for two lanes of traffic) and consists of 11 
spans, with the longest span of 40 m. An elevation sketch and 
span length information are given in Figure 2 and Table 1, 
respectively. 

 

Figure 1. Aerial view of the Nelson St off-ramp bridge. 
 

 
Figure 2. Elevation view of the Nelson St off-ramp bridge. 

Table 1. Bridge span lengths. 

Span 1 2 3 4 5 6 7 8 9 10 11 
Length (m) 18 26 40 26 24 24 24 24 24 24 18 

3 AMBIENT AND FORCED VIBRATION TESTS 
The bridge under testing is currently closed to vehicles. In 
AVT, the excitation sources mainly came from vehicles 
traveling on the motorway sections adjacent and underneath 
the bridge, wind, and possible micro tremors. In the FVT, a 
controlled input force was imposed onto the bridge by exciters 
and provided a level of excitation much higher compared to 
the ambient forces.  

3.1 Instrumentation  

For AVT, conducted on March 4th, 2013, a dense 
measurement location plan on the bridge deck was used for a 
good resolution of mode shapes. Wireless 3-axial, stand-alone 
MEMS accelerometers [5] model X6-1A (Figure 3a) and X6-
2 (Figure 3b), were utilized to capture the response. Time 
stamped data in three perpendicular directions were recorded 
at a user selectable rate of 160 Hz on micro SD memory cards 
available in each of the accelerometers,. and the data was 
subsequently uploaded to a computer via a USB connection. 
Model X6-1A is powered by a D-cell battery and model X6-2 
is powered by an internal lithium-polymer battery chargeable 
via an USB port. The accelerometers were installed along 
both bridge curbs (Figure 4). The distance between two 
measurement stations ranged from 2m to 4m. As a result, a 
total of 188 locations were measured. Four test setups were 
used to cover the whole length of the bridge. In each setup, 4 
reference accelerometer stations and 46 roving measurement 
stations were used. The ambient vibration response of the 
bridge was simultaneously recorded for 40 minutes at all the 
roving accelerometers and base stations for one setup. Once 
the data was collected, the roving stations were moved to the 
locations of the next setup, while the base stations remained in 
their original locations. This sequence was repeated four times 
to obtain measurements at all stations on the bridge deck and 
progressing from the North end of the bridge to the South end. 

a)  b)           
Figure 3. Wireless accelerometers: a) X6-1A, and b) X6-2. 
 

 

Figure 4. Accelerometers arranged along the bridge curbs. 
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For FVT, two ANCO MK-140-10-50 eccentric mass 
exciters were employed [6]. The shaker system consists of a 
dual-arm rotating adjustable eccentric mass, drive motor, 
timing belt speed reducer, Danfoss VLT-5011 variable 
frequency drive control system and interconnecting three-
phase cables. The total mass of the system is approximately 
600 kg. The eccentric mass shaker has maximum 
unidirectional frequency and force capacities of 30 Hz and 
98 kN. On May 7th, 2013, the two shakers, with a 3.6 kg 
rotating mass attached to each flywheel, were anchored on the 
bridge deck (Figure 5) to perform a frequency sweeping 
testing program in both the vertical and lateral direction up to 
10 Hz. Based on a preliminary finite element analysis, the 
longest span between pier RB and pier RC (Figure 2) was 
selected to mount the shakers. The horizontal shaker was 
located at the mid-span along the midline of the bridge deck 
and the vertical shaker at 1/3 of the span length towards the 
West traffic lane so as to also excite possible torsional modes. 
During the sweeping, the frequency increment was set as 
0.1 Hz, and each frequency increment was held around 15 
seconds with a 5 second ramp up time from the previous 
excitation frequency. This excitation protocol allowed the 
bridge to achieve steady state response at each excitation 
frequency increment. The accelerometers were the same as 
those used in the AVT but 80 Hz was selected as the sampling 
frequency. During vertical direction tests, 60 wireless 
accelerometers were arranged along both curbs of the bridge 
deck. Representative measuring location of each bridge span, 
such as the 1/2 and 1/4 span-length points were chosen as the 
measuring locations. As a result, 30 measuring locations on 
each bridge curb side were scheduled to cover the whole 
bridge length. During lateral direction tests, all wireless 
accelerometers were arrayed along the midline of the bridge 
deck with around 4 m spacing to obtain better mode shape 
resolution. A typical measurement stations arrangement of the 
span between pier RB and pier RC is shown in Figure 6. The 
sensor arrangement of other spans was similar. 

 

 

Figure 5. Eccentric mass shakers mounted on the bridge. 

 

Figure 6. FVT typical accelerometer layout. 

 

4 MODAL PARAMETER IDENTIFICATION  
Figure 7a shows a typical record of 20 minutes of vertical and 
lateral acceleration response at mid-span point located 
between Pier RB and Pier RC during AVT. The peak value of 
the vertical and lateral response acceleration is 0.02 m/s2 and 
0.013 m/s2, respectively, and the lateral peak value is thus 
approximately half of the vertical one. Figure 7b displays the 
recorded acceleration response of the same measuring station 
in the vertical and lateral direction, respectively, when 
performing a vertical frequency sweep. It can be observed that 
in this case the peak acceleration response is far greater than 
in AVT, especially in the vertical direction. 
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Figure 7. Typical acceleration response in the middle of the 
longest span: a) AVT, and b) FVT. 
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After in situ dynamic testing, the collected accelerometer data 
from each measuring station was used for modal parameter 
identification. All data were processed by using a MATLAB 
based GUI modal property identification toolbox developed at 
the University of Auckland [7] to extract the natural 
frequencies, damping ratios and mode shapes. Several signal 
pre-processing operations were adopted to clean the noisy 
data: de-trending the measured acceleration records to remove 
any linear DC offset; visual inspection of the acceleration 
records by plotting their time histories to identify any 
malfunctioning of sensors (if an accelerometer contained 
repetitive errors such as bias or large spikes, the recorded data 
was disregarded from further processing and analysis); and 
filtering with a 5-pole digital Butterworth band pass filter with 
the cut-off frequencies at 0.1 and 10 Hz to reduce the low and 
high frequency components embedded in the data that would 
adversely affect further data processing. Two data post-
processing methods FDD [8] and SSI [9] were executed to 
identify the structural dynamic characteristics. The FDD 
technique mainly consisted of estimation of the spectral 
matrix with a frequency resolution of 0.078 Hz, Singular 
Value Decomposition (SVD) of the spectral matrix at each 
frequency, and the inspection of the curves representing the 
singular values to identify the resonant frequencies and 
estimation of the corresponding mode shapes using the 
information contained in the singular vectors. SSI was 
implemented with a Hankel matrix of size 40 and system 
order between 2 and 100 to produce stability diagrams. The 
identified stable poles around the singular values generated 
from the SVD were compared. If two consecutive poles 
within ±0.25 Hz of the singular value had a change in 
frequencies within 1%, change in damping within 50% (a 
looser criterion for damping due to its relative large 
variability), and the modal assurance criterion value greater 
than 0.90, both poles were kept and averaged. If the poles did 
not meet these criteria, the first pole was discarded and the 
second pole was compared to the subsequent one. This series 
of comparisons was continued until all the stable poles in the 
frequency range of interest had been identified and averaged. 
The resulting mode shape, natural frequency and damping 
ratio were the combination of several stable poles and 
therefore provided a robust method of system identification. 
Correlation studies of the structure identification results from 
the two separate methods verified that the identified bridge 
parameters are reliable. 

5 IDENTIFICATION RESULTS 

5.1 Comparison between FDD and SSI 

Table 2 and 3 show the identified natural frequencies and 
damping ratios from field testing data based on FDD and SSI 
for AVT and FVT, respectively. The labels V and L stand for 
vertical bending and lateral bending mode, respectively. (Note 
not all modes were identified from AVT.) Because AVT was 
divided into four setups, the mean value was calculated from 
each setup to represent the identified natural frequencies and 
damping ratios of the bridge. The frequency difference 
column shows the largest identified natural frequency 
departure between FDD and SSI is only 1.6% for 1st vertical 
bending mode. This demonstrates that the frequency domain 
based FDD and time domain SSI yield the mutually consistent 

natural frequency results. The largest frequency difference 
between AVT and FVT is 3.7%. It again is small and 
furthermore the AVT and FVT result are not expect to agree 
completely because of a possible frequency-response 
amplitude relationship. Overall, these results give a high level 
of confidence that the identified natural frequencies are the 
true ones of the bridge structure. Damping ratios of between 
0.4% and 2.6% were identified using SSI alone. These 
damping ratios are broadly in the range expected for concrete 
bridges. Differences between AVT and FVT damping results 
are clearly visible but are not larger than commonly 
encountered in experimental modal analysis. 

Table 2. Natural frequencies and damping ratios from AVT. 

Mode 
Natural frequency  

(Hz) 
Frequency 
difference 

(%) 

Damping 
ratio (SSI) 

(%) FDD SSI 

1V 3.17 3.22 1.6    1.8 
2V 3.83 3.82 0.3    1.4 
3L 3.72 3.77 1.4 1.2 
4L 4.50 4.46 0.9 1.3 
5L 5.46 5.47 0.2 2.1 
6L 6.64 6.63 0.2 1.2 
7L 7.56 7.50 0.8 2.4 
8L 9.37 9.38 0.1 2.5 

 

Table 3. Natural frequencies and damping ratios from FVT. 

Mode 

Natural  frequency 
(Hz) Frequency 

difference 
(%) 

Damping 
ratio (SSI) 

(%) FDD SSI 

1V 3.16 3.18 0.6 1.1 
2V 3.87 3.91 1.0 1.5 
3V 4.18 4.19 0.2 0.5 
4V 4.77 4.79 0.4 1.5 
5V 5.66 5.66 0 2.1 
6V 7.15 7.15 0 1.6 
7V 7.93 7.92 0.1 1.8 
1L 1.88 1.86 1.1 0.4 
2L 2.54 2.56 0.8 0.5 
3L 3.63 3.65 0.6 1.0 
4L 4.53 4.54 0.2 1.1 
5L 5.55 5.57 0.4 1.5 
6L 6.64 6.61 0.5 1.9 
7L 7.54 7.61 0.9 2.6 
8L 9.38 9.32 0.6 1.3 

Figures 8a-f display the lateral AVT mode shapes along the 
East curbside identified from FDD (red line) and SSI (black 
line). Overall, a good agreement can be observed between the 
two methods, which means that the identified results have a 
relatively high reliability. However, the identified mode shape 
curves from SSI are typically much smoother than those from 
FDD. Especially for the 3L mode (Figure 8a), SSI gave much 
better identified results, without the discontinuity seen in the  
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a)   

b)  

c)  

d)  

e)  

f)  

Figure 8. AVT mode shape comparison between FDD and 
SSI: a) 3L, b) 4L, c) 5L, d) 6L, e) 7L, and f) 8L. 

a)  

  b)   

Figure 9. FVT mode shape comparison between FDD and 
SSI: a) 3L, and b) 5V. 

FDD results. It can be concluded that SSI is more robust for 
dealing with in-situ dynamic testing data contaminated by 
noise. On the other hand, for FVT both algorithms behaved 
well and gave consistent mode shape identification results, 
since the FVT data had a much higher signal-to-noise ratio 
compared to the AVT data due to the greater excitation force 
level. Only the 3L and 5L modes from FVT are shown in 
Figure 9a and b, as these exhibit larger discrepancies. 
Although some relatively large difference at certain measuring 
points or longer lengths are noticeable, the whole mode shape 
curves agree reasonably well. 

5.2 Mode shape comparison between West and East 
bridge curbside 

Figure 10a-c depicts the identified AVT mode shapes along 
the East and West curbside using SSI. It can be observed that 
the East side mode shapes (black color) are smoother that 
those of the West side (red color). It is hypothesized that this 
could be because traffic on the neighboring highway caused 
more electromagnetic disturbance to the sensors on the West 
side. 

5.3 Comparison between AVT and FVT 

Since AVT and FVT are two alternative techniques to explore 
the dynamic properties of full-scale structures, it is interesting 
to compare their results. Observing their results in Table 2 and 
3, it can be found the first two lateral bending modes could 
not be identified from AVT. This was probably because the 
frequency content of external excitation sources below 3 Hz in 
the lateral direction is too weak to excite these modes. Alwash 
et al. [10] also reported that in their testing the resonant 
response at the fundamental natural frequency could not be 
distinguished from background vibrations while higher mode 
responses could be identified when ambient vibrations due to 
wind and flowing water were recorded without traffic on the 
bridge. However, modes 1V and 2V could be identified from 
AVT despite the weak excitation energy. The identified 
natural frequencies of the corresponding modes from AVT 
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and FVT agree well. Figures 11a-f display the mode shapes 
comparison between AVT and FVT based on SSI. Overall, a 
good agreement of mode shapes can be observed and this 
gives confidence that the identified lateral modes are the true 
mode shapes of the bridge. However, the curves of mode 
shapes from FVT are much smoother because large eccentric 
shaker can produce a clean harmonic input and stronger 
excitation force maximizing the signal-to-noise ratio. 

 

a)  
 

b)  

c)  

Figure 10. AVT mode shape comparison between West and 
East curbside: a) 3L, b) 4L, and c) 6L. 

 

a)  
 

b)  

c)  

  d)     

   e)  

f)  

g)  

h)  

 Figure 11. AVT and FVT mode shape comparison: a) 1V, b) 2V, c) 3L, d) 4L, e) 5L, f) 6L, g) 7L, and h) 8L.
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Furthermore, it should be noted that it is still rarely reported in 
the literature to be able to identify with confidence lateral 
natural modes as high as above 9 Hz without traffic on the 
bridge when conducting AVT on a continuous concrete bridge. 
The identification of such a mode was possible most likely 
because of the external excitation frequency content. 

5.4 3D plots of typical identified mode shapes 

Based on the identification results from SSI, Figures 12-14 
display typical identified full 3D mode shapes from AVT and 
FVT. 

     
                       3L                                         4L 

 
 
                       5L                                      6L 
 
Figure 12.  3D lateral bending mode shapes from AVT. 
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5V 
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Figure 13. 3D vertical mode shapes from FVT. 
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Figure 14. 3D lateral mode shapes from FVT. 

6 CONCLUSIONS 
Both AVT and FVT have been carried out on an 11-span 
continuous concrete structure, Nelson St off-ramp bridge. 
Through the experimental modal identification using the FDD 
and SSI methods, the most important dynamic characteristics 
of the bridge, i.e. natural frequencies, damping ratios and 
mode shapes, were determined from the field testing data. The 
following observations and comments can be made: 
1) FDD and SSI are able to yield mutually consistent natural 

frequency estimations from both weak ambient excitation 
force levels and relatively large forced vibration levels.  

2) The frequency domain method FDD is relatively more 
vulnerable to the measurement noise than the time 
domain SSI method with respect to the estimation of 
mode shapes.  

3) The sensor noise level may have a great impact on the 
mode shape identification results. A relatively high noise 
level may distort the identified mode shape results as seen 
in the comparison between the mode shape estimates 
close to and far away from traffic. 

4) The excitation force level also plays an important role in 
the mode shape identification quality. FVT was able to 
produce better mode shape estimations due to the clean 
harmonic input and stronger excitation force.  

5) For relatively short-span, continuous concrete bridges, 
AVT can be used to acquire satisfactory information on 
multiple lateral bending modes even without vehicles 
crossing the bridge. In addition, it is also possible to 
obtain the lowest vertical bending mode shapes. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2433



6) The identified natural frequencies and mode shapes 
between AVT and FVT are in agreement. 
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ABSTRACT: Three new structural damage detection methods (AMV method, CMV method and CZV method) using the 
correlation functions of vibration response under white noise excitation are proposed in this paper. At first the theory of the 
cross correlation function is studied, based on which three new damage indexes are proposed. Difference of the damage indexes 
is formed as the damage location index to show the damage location clearly. Based on the numerical simulation of stiffness 
reduction detection of an 8-story frame structure, a comparative study of the proposed three methods and the CorV/IPV method 
is provided to illustrate the effectiveness of these methods. Local debonding damage detection experiment of single and multiple 
damages in a honeycomb composite beam validate the results from the numerical simulation and shows the proposed three 
methods can not only locate the damage effectively as the CorV/IPV method but also use no reference point. Among all the 
correlation-function-based damage detection methods appeared in this paper, the AMV method is the best. As these methods 
only use the vibration responses before and after the damage of the structure, they can be a useful tool for structural health 
monitoring. 

KEY WORDS: Damage detection, Auto correlation function, Cross correlation function, Vibration response, Random excitation. 

1 INTRODUCTION 
Structural damage detection has received significant attention 
from researchers and engineers all around the world because 
the local structural failure may cause catastrophic, economic 
and human life loss. An effective and reliable damage 
detection technique is crucial to maintain safety and integrity 
of the structures. During the last several decades, extensive 
research has been conducted and significant progress has been 
achieved in the damage detection field [1~4]. A broad range 
of techniques, algorithms and methods are developed to solve 
various kind of problems encountered in different structures, 
from basic structural components (e.g., mass-stiffness 
systems, beams and plates) to complex structural systems 
(e.g., bridges, buildings and aircrafts) under various situations, 
among which the methods based on time domain vibration 
response are appealing. This is due to its advantages of only 
using vibration response signals to detect the damages without 
modal parameter identification or finite element modeling for 
the structures. In practice modal parameters usually can’t be 
identified precisely and in many cases inadequate assumptions 
and simplifications may cause inaccurate finite element 
model. 

Among the damage detecting techniques which adopt only 
the time domain vibration response, many kinds of signal 
processing techniques are utilized to extract damage indices. 
Yang and Yu proposed a damage detection method based on 
Cross Correlation Function Amplitude Vector (CorV) [5]. It is 
proved that the CorV of a structure is related to the frequency 
response function (FRF). The change between the CorVs of 
the undamaged and damaged structure can be used as the 
damage index. From the concept of CorV and NExT [6][7], 
Yang and Wang [8~10] proposed a damage detection method 
using the inner product vector (IPV). The IPV is proved to be 

a weighted summation of the mode shapes and can be directly 
calculated from the vibration responses. The effectiveness of 
the CorV and IPV method were demonstrated by delamination 
damage detection for a composite laminate beam and various 
damage detection experiments. 

When calculating the CorV and IPV, both of the methods 
need to set a reference point, which indicates special 
reliability of that point. In this paper several new correlation-
function-based damage detection methods were proposed that 
require no reference point. Firstly, the theory of cross 
correlation function of vibration response is studied and based 
on which several damage indexes are proposed. Then stiffness 
reduction detection of an 8-story frame structure and damage 
detection experiment of a honeycomb composite beam is used 
to compare these correlation-function-based methods. Finally, 
some conclusions are summarized. 

2 CROSS CORREALATION FUNCTION AND 
DAMAGE INDEX 

2.1 Cross correlation function 

Standard matrix equations of motion is assumed by 
                    )()()()( tttt fKxxCxM =++ &&&                     (1) 

where M  is the mass matrix, C  is the damping matrix, 
K  is the stiffness matrix, f  is a vector of force and x , x& , 
x&&  is the vector of displacement, velocity, acceleration 
respectively. 

Assuming real normal modes and proportional damping 
KMC βα += . Suppose ikx&&  and jky&&  are acceleration 

responses at point i  and j  due to input force kf  at point 

Structural damage detection methods based on the correlation functions 
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k . ikx&& is from undamaged structure and jky&&  is from 
damaged structure 

            ∑ ∫
=

∞−
−⋅=

n

r

t ru
kkririk dtgftx

1

, )()()( τττψψ &&&&       (2) 

            ∑ ∫
=

∞−
−⋅=

n

s

t sd
kksjsjk dtgfty

1

, )()()( τττφφ &&&&       (3) 

where superscript u indicates undamaged structure, 
superscript d indicates damaged structure, irψ , krψ  is the i th 

and k th component of mode shape rΨ  of undamaged 

structure and jsφ , ksφ  is the j th and k th component of 

mode shape sΦ of damaged structure, respectively. And the 
function 
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where im  is the i th modal mass, i
nω  is the i th modal 

frequency, )(
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damping ratio, and 2)(1 ii
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damped modal frequency. 
The cross correlation function )(TRij  of ikx&&  and jky&&  is 

defined by the equation 
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where E  is the expectation operator. 
Substitute Eq. (2) and Eq. (3) into Eq. (5) results in the 
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Suppose the input force kf  is white noise, the auto 

correlation function of kf  can be written as [11] 

         [ ] )()()()( στδαστστ −==− kkkff ffER
kk

     (7) 

where kα  is a constant representing the one-side auto-

spectral density of white noise and )(tδ  is the Dirac delta 
function. 

Using the definition of )(tg  from Eq. (4) and substitute 
Eq. (7) into the Eq. (6), the cross correlation function 

)(TRij  can be achieved 

                                 jk
T
iij TTR γΛβ )()( =                        (8) 
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only related to the excitation and the modal parameters of the 
structure. 

From Eq.(8) the cross correlation function of vibration 
responses can be written as a combination of several mode 
shape components. When there is damage in the structure, the 
mode shape changes, and the value of cross correlation 
function will also change. Hence, using the difference of the 
cross correlation function value before and after damage of 
the structure can locate the damage. 

2.2 AMV method 

As from [5] and [8], the CorV and the IPV is obtained by 
some calculations using the correlation function value, both 
the CorV method and the IPV method can be regarded as 
the damage detection methods based on the correlation 
function. From the definition of CorV and IPV, they both 
need to set a reference point, requiring it must have special 
reliability. In this section, three new damage indexes are 
proposed that without the use of the reference point. 

As shown in Eq.(5), cross correlation function is 
calculated by two signals. If the two signals are the same, 
the cross correlation function can be called as auto 
correlation function. Set the maximum value of the auto 
correlation function of the responses from different 
measurement point as a vector 

T
nnAMV TRTRTR ))](max()),...,(max()),([max( 2211=R

                                                                                               (9) 
where ))(max( TRii  ni ,...,2,1=  is the maximum value of 
the auto correlation function of the response from 
measurement point i . 

From the expression of the cross correlation function in 
Eq. (8), there is a multiplying constant referring the input 
force kf . In order to eliminate the influence of the input 

force AMVR  is normalized by its root mean square value 
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T
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where n  is the element number of the vector AMVR . 

The normalized AMVR  is still denoted by the symbol 

AMVR  for the sake of convenience in the following 
sections. Then the relative change of AMVR  at 
measurement point i  is defined as 
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where u
iAMV ,R  is calculated by the response at 

measurement point i  from undamaged structure and 
d

iAMV ,R  is calculated by the response at measurement point 
i  from damaged structure, respectively. Thus, the damage 
index of the auto correlation function without reference 
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point at maximum point value vector (AMV) method is 
given by T

nAMVAMVAMVAMV DDD ],...,[ ,2,1,=D . 

2.3 CMV method and CZV method 

Set the maximum value of the cross correlation function of 
the response from undamaged and damaged structure at the 
same measurement point as a vector 

Tud
nn

ududud
CMV TRTRTR ))](max()),...,(max()),([max( 2211=R

                                                                                             (12) 
where ))(max( TRud

ii , ni ,...,2,1=  is the maximum value 
of the cross correlation function of the response from 
undamaged and damaged structure at measurement point i . 

Different from the auto correlation function, the point zero 
value and the maximum value of the cross correlation function 
is normally not the same. So similarly, set the point zero value 
of the cross correlation function from undamaged and 
damaged structure at the same measurement point as a vector 
               Tud
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ududud
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where )0(ud
iiR , ni ,...,2,1=  is the point zero value of the 

cross correlation function of the response from undamaged 
and damaged structure at measurement point i . 

CMVR and CZVR  are normalized by their root mean square 

value like AMVR . After they are normalized, the relative 

change between CMVR  and AMVR , CZVR  and AMVR can 
be written 
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Thus, similar to the AMV method, the damage index of 
the cross correlation function without reference point at 
maximum point value vector (CMV) method can be 
defined as T

nCMVCMVCMVCMV DDD ],...,[ ,2,1,=D , and the 
damage index of the cross correlation function without 
reference point at point zero value vector (CZV) method 
can be defined as T

nCZVCZVCZVCZV DDD ],...,[ ,2,1,=D . As 
the AMV method, the CMV method, the CMV method and 
CorV/IPV method all use the correlation function, these 
five methods can be regarded as the correlation-function-
based damage detection methods. 

3 NUMERICAL SIMULATION 
An 8-story shear frame structure is adopted as the numerical 
simulation model in this paper, as shown in Fig.1. Assume 
that the mass of each story is centralized on its floor, the 
stiffness of each floor is supplied only by the braces, and the 
stiffness in z  direction (perpendicular to the x and y direction) 
is much larger than the stiffness in x  direction. Only the 
movement of x  direction is considered. 

 
Fig.1. 8-Story Frame Structure 

 
Based on these assumptions, the mechanical model of the 

frame structure can be expressed as an 8-dof discrete system. 
The mass matrix of the system 
         ],,,,,,,[ 87654321 mmmmmmmmdiag=M        (16) 

where the mass im  of each floor is 1 kg and the stiffness 
matrix of the system 
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where the stiffness coefficient ik  of each floor is 25,000 

N/m. The damping matrix is obtained by KMC βα += . 
 

Table 1 Different structural health state of the frame structure 

 
The damage of the frame structure is simulated by reducing 

5% of the stiffness coefficient of the floor 3, 5, 7, respectively. 
Different structural health states are defined in Table 1. 
Structural health state I10 is undamaged, while structural 
health state D13, D15, D17 has damage in the 3rd, 5th, 7th floor 
respectively.  

The first natural frequency of the frame structure is 4.64Hz. 
When the damage occurs in the structure, the relative change 
of the first natural frequency is also shown in Table 1.As can 
be seen from Table 1, the largest first natural frequency 
change is only 0.49% when damage exists. It can be hardly 

Structural 
health 
state 

I10 D13 D15 D17 

Damage 
location / 3 5 7 

Damage 
extents/% / 5 5 5 

First frequency 
change/% / -0.49 -0.28 -0.08 
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noticed, so the natural frequency is not a good modal property 
to detect the damage. 

0~5Hz band-pass white noise which covers the first 
structural natural frequency is used as the excitation applied 
on the first floor. The white noise excitation has the length of 
16s with sample frequency of 1024Hz. The Wilson-θ method 
is utilized to get the acceleration of different structural health 
states.  

 

 
(a) Damage index 

 

 
(b) Damage location index 

Fig.2. Damage detection result of structural state D13 

 
After get the accelerations of different structural health 

states, set the structure of health state I10 as undamaged and 
structure of health state D13, D15 and D17 as damaged in Eq. 
(11), Eq. (14) and Eq. (15), damage index of the proposed 
AMV method, CMV method and CZV method can be 
obtained, the results are shown in Fig.2(a), Fig.3(a) and 
Fig.4(a). From these figures, the damage indexes have the 
same trend. First these damage indexes change smoothly, then 
have a sudden change, and then again change smoothly. This 
change of the damage index with measurement point is 
defined as ‘step change’ [9]. In order to make the damage 
location more clear, define the damage location index of these 
methods 
                                iii DDD ,1,5.0, −=′ ++                           (18) 

where the abrupt change in damage index D  correspond to 
the local maximal of D′ . The abrupt change can be 
considered due to the damage in the structure. Then, if the 
local maximal of D′  occurs in 5.0+i , the damage is located 
between measurement point i  and 1+i . 

The damage location index of different structural health 
states is shown in Fig.2(b), Fig.3(b) and Fig.4(b). In order to 
compare the detection ability of the correlation-function-based 
damage detection methods, the damage detection results of 
CorV method and IPV method are also plotted in these 
figures. The reference point of the CorV and IPV is chosen at 
measurement point 1. 

 

 
(a) Damage index 

 

 
(b) Damage location index 

Fig.3. Damage detection result of structural state D15 

 
In Fig.2(a), the damage index of AMV method, CMV 

method and CZV method change sharply from measurement 
point 2 to 3. On the other hand, there’s no such sudden change 
between other measurement points. Corresponding in Fig.2(b), 
the damage location index of these methods have a peak value 
at measurement point 2.5, which indicates that the damage 
locate between measurement point 2 and 3, that is, in the 3rd 
floor of the frame structure. 

The same phenomenon is observed in Fig.3 and Fig.4. In 
Fig.3(a), the damage index of AMV method, CMV method 
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and CZV method change rapidly from measurement point 4 to 
5, corresponding in Fig.3(b) the damage location index of 
these method have a peak value at measurement point 4.5, 
which indicates that the damage locate in the 5th floor. In 
Fig.4(a), the damage index of AMV method, CMV method 
and CZV method have a rapid change from measurement 
point 6 to 7, corresponding in Fig.4(b) the damage location 
index have the peak value at measurement point 6.5, which 
indicates that the damage locate in the 7th floor. 

 

 
(a) Damage index 

 

 
(b) Damage location index 

Fig.4. Damage detection result of structural state D17 

 
From these damage detection results, the peak value of the 

damage location index of AMV method, CMV method and 
CZV method is just the location of the damage simulated in 
Table 1. So the damage location index of these methods can 
all locate the damage effectively. 

Besides, the damage location index of AMV method at peak 
value is much larger than the other four methods in Fig.2-
Fig.4. While at the other measurement locations, their values 
are nearly the same, which makes the damage location more 
clearly to identify and reduce the chance of false negative. 
Furthermore, compare to CorV method and IPV method, 
AMV method use no reference point when calculating the 
damage location index. Based on these advantages, we can 

infer that AMV method is better than the other four 
correlation-function-based damage detection methods. 

4 EXPERIMENT VALIDATION 

4.1 Honeycomb composite beam damage detection 
experiment 

Honeycomb composite structure is widely used in structural 
engineering fileds. However in service debonding damage 
may occur when they are subject to low energy impact. This 
damage is usually impossible to detect by visual inspection. 
As a result, the debonding damage detection becomes an 
important issue for the researchers and engineers in these 
years. In this section, the debonding damage detection 
experiment of honeycomb composite beam is used to verify 
and compare the proposed correlation-function-based damage 
detection methods. 
 

 
Fig.5. Sketch of test setup 

 
The honeycomb composite beam has a dimension of 

400mm in length, 40mm in width and 16mm in depth, as 
shown in Fig.5. The core is made of hexagon aluminum 
honeycomb and the surface panel is made of carbon fiber 
composite laminate panel. In the experiment, the beam is 
excited by a non-contacted electromagnetic shaker at the tip. 8 
accelerometers are fixed along the beam with identical 
interval, i.e. the 8 accelerometers are glued at 50mm, 
100mm,…, 350mm, 400mm, respectively. The sketch of test 
setup is shown in Fig.5. The test setup is identical to the 
experiment in [10]. 
 

Table.2 Different structural health state of the honeycomb 
composite beam 

Structural 
state D21 D22 D23 

Damage 
location 

100-
150mm 

200-
250mm 

100-
150mm 

250-
300mm 

Model 1 2 1 
 

Two identical honeycomb composite beams are used in the 
experiment. Artificial debonding damage is simulated at 
different locations, respectively. The simulated different 
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structural health states are listed in Table.2. For Model 1, 
firstly the damage between measurement position 100mm and 
150mm is made, then another damage between measurement 
position 250mm and 300mm is made. For Model 2, damage 
between measurement position 200mm and 250mm is made. 

The first natural frequency of the undamaged beam can be 
easily measured by sweep sine method, which is 56.97Hz. 
Use the 0~100Hz band-pass white noise, which covers the 
structural first natural frequency, as the excitation for different 
structural health states. The white noise excitation has the 
length of 16s with sample frequency of 1024Hz. The 
accelerations of each undamaged and damaged structure are 
measured. 

4.2 Damage detection results 

After the response signals of different structural health state 
are picked, the corresponding damage index and damage 
location index can be obtained. Set the intact structure of 
Model 1 and Model 2 as undamaged structure and structure 
with health state D21, D22 and D23 as damaged structure in 
Eq. (11), Eq. (14) and Eq. (15), the results are shown in Fig.6-
Fig.8. In this experiment the reference point for calculating 
IPV and CorV is set at the end of the beam (measurement 
point 1). 

 
(a) Damage index 

 

 
(b) Damage location index 

Fig.6. Damage detection result of structural state D21 

 

In Fig.6(a) the damage index of AMV method, CMV 
method and CZV method has an abrupt change from 
measurement position 100mm to 150mm, which makes in 
Fig.6(b) the damage location index of these three methods has 
a peak value between measurement position 100mm and 
150mm. The peak value location is just the location of the 
damage for structural health state D21. 
 

 
(a) Damage index 

 

 
(b) Damage location index 

Fig.7. Damage detection result of structural state D22 

 
Similar to Fig.6, the damage index of AMV method, CMV 

method and CZV method in Fig.7(a) changes rapidly from 
measurement position 200mm and 250mm, corresponding in 
Fig.7(b) the damage location index of these methods has a 
peak value between measurement position 200mm and 
250mm indicates there exists damage. 

In Fig.8(a), there are two sudden changes of damage index 
of AMV method, CMV method and CZV method, which 
mean the damage locate between measurement position 
100mm and 150mm, and 250mm and 300mm. As a result, the 
damage location index of these three methods in Fig.8(b) also 
have peak values between measurement position 100mm and 
150mm, 250mm and 300mm, which is just the damage 
simulated of structural health state D23. The damage detection 
results of the proposed three methods are the same damage 
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location in Table.2. So AMV method, CMV method and CZV 
method can all locate the damage correctly. 

 

 
(a) Damage index 

 

  
(b) Damage location index 

Fig.8 Damage detection result of structural state D23 

 
Again, compare these five correlation-function-based 

damage detection methods, as shown in Fig.6-Fig.8, the 
damage location index of AMV method is much bigger 
around the damage location and nearly the same in the other 
location, which makes the damage location more detectable. 
As it needs no reference point, it is better than the other four 
methods. 

5 CONCLUSIONS 
In this paper the theory of the cross correlation function of the 
response signals under white noise excitation is studied, based 
on which damage index of the AMV method, CMV method 
and CZV method is proposed. Stiffness reduction detection of 
8-story frame structure and damage detection experiment of 
debonding damage of honeycomb composite beam show that 
the proposed methods can locate the damage effectively, even 
when the damage is small or there is multiple damages case. 
Compared to the CorV method and IPV method, the three 
methods proposed in this paper has the advantage of no using 
the reference point. Besides, among all the correlation-

function-based damage detection methods appeared in this 
paper, the AMV method has the best damage location ability. 
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ABSTRACT:  
In civil engineering structural health monitoring has attracted increasing attention in damage identification under operational 
conditions during daily use, as it is quite difficult to control the loads. Hence, transmissibility, due to its dependence with 
output-only data and its sensitivity to local structural changes, has been of continuing interest to the scientific communities 
in recent years and became a relatively well-studied topic. In this paper, a new neural network-based damage assessment 
approach by using power spectrum density transmissibility (PSDT) is proposed and developed for assessing the damage 
severities directly from the forced vibration frequency-domain response. Above all, Latin Hypercube Sampling (LHS) 
method is used to generate different damage severities, then the transmissibility is calculated through finite element method 
via the vibration response after choosing a reference point; afterwards, transmissibility power mode shape is constructed and 
damage indicators are carried out. Hence, the undamaged structure data is settled as a baseline and the different damage 
severity data is also used as an input in the neural network. And the targets are the damage severities while the beam is 
divided into four parts. Continuously, the neural network is trained using a number of patterns. Finally, structural response 
based damage indicators are given to the well-trained neural network, which outputs the appropriate value for test patterns. 
A two sided-fixed beam example is included to demonstrate the feasibility and applicability of the proposed technique. 
Simulation results show promising use in real engineering use. The contribution of this paper is that the back propagation 
neural network is used in transmissibility based damage assessment under LHS method.  

KEY WORDS: Transmissibility; damage assessment; intelligent algorithm; Latin Hypercube Sample (LHS). 

1 INTRODUCTION 
In civil engineering structural health monitoring has attracted 
increasing attention in damage identification under 
operational conditions during daily use, as it is quite difficult 
to control the influence from the operational environment.  

During last decades, researchers have devoted to proposing 
and developing new methods in damage identification, 
localization and quantification as well as structural remaining 
life assessment [1-5]. Pandey et al. proposed the mode shape 
curvature method and the flexibility matrix method [1,2]. 
Stubbs et al. proposed the strain energy method [3]. Fang and 
Perera [4] advised using power mode shape for early damage 
detection. However, vibration-based structural health 
monitoring methods normally need to extract vibration 
characteristics from operational vibration measurements.  

In recent years, transmissibility, which only depends on the 
vibration responses, is a relatively new research direction. 
Due to its dependence with output-only data and its sensitivity 
to local structural changes, transmissibility has been of 
continuing interest to the scientific communities in recent 
years and became a relatively well-studied topic. Q. Chen et al 
[6] firstly proposed transmissibility functions as potential 
features for damage detection. Afterwards, researchers 
developed a lot more transmissibility-based methods for 
monitoring the structural health in real engineering [6-11]. 

Artificial intelligence (AI) is a term that in its broadest 
sense would indicate the ability of a machine to perform the 

same kind of functions that characterize human thought [12]. 
And particularly Artificial Neural Networks (ANNs) are a part 
of artificial intelligence, which have been used in structural 
damage identification to improve the capacity in dealing with 
qualitative, uncertain and incomplete information. Modeling a 
linear or nonlinear structural system with neural networks has 
been increasingly recognized as one of the system 
identification paradigms (Masri et al., 1993). The neural 
networks firstly learn in training and store the knowledge in 
weights and biases. Normally the multi-layer neural networks 
are the first choice in structural identification use. ANNs 
could recognize damage patterns and determine the extent of 
damage in structural assessment due to their own pattern 
recognition capacity. ANNs have been used in a lot of parts of 
structural health monitoring by dealing with the engineering 
structural vibration response [13-14].  

In this paper, a new neural network-based damage 
assessment approach by using power spectrum density 
transmissibility (PSDT) is proposed and developed for 
assessing the damage severities directly from the forced 
vibration frequency-domain response. Above all, a theoretical 
study has been done to find the damage indicators. And Latin 
Hypercube Sampling (LHS) method is used to generate 
different damage severities, then the transmissibility is 
calculated through finite element method via the vibration 
response after choosing a reference point; afterwards, the 
transmissibility power mode shape is constructed and damage 
indicators are carried out. Hence, the undamaged structure 
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data is settled as a baseline and the different damage severity 
data is also used as an input in the neural network. 
Continuously, the neural network will be trained using a 
number of training patterns. Finally, some structural response 
based damage indicators will be given to the well-trained 
neural network, which will output appropriate value for 
untrained patterns.  

2 THERETICAL DESCRIPTION 

2.1 Transmissibility 

Transmissibility measurement is an increasing widely used 
technique, and is very suitable for operational dynamic 
analysis in structural health monitoring. Here, the power 
spectrum density transmissibility (PSDT) function is defined 
as the ratio of two responses spectra by assuming a single 
force applied in an input degree of freedom. Normally, in real 
life several operational forces or even more complicated 
forces are exciting the structure, as this happens, it would be 
quite more sophisticated in calculation. In order to avoid this 
problem here using a reference response signal instead of an 
excitation signal to estimate the power spectrum density 
transmissibility.  

As to power spectrum density, the transmissibility between 
the outputs ( )iy t  and ( )jy t  with reference to the output 

( )py t  is defined as the ratio between the power spectral 

densities responses ( )p
iX ω  and ( )p

jX ω : 

( )( )
( )

p
p i

ij p
j

X
T

X

ωω
ω

=                               (1) 

where ω is the frequency. 
Actually, in several ways transmissibility could be derived, 

one of the most common ways is the use of cross- and auto-
power functions G . 

( )( ) ( )
( )

( ) ( ) ( )
i p

j p

Y Yi pp
ij

j p Y Y

GX X
T

X X G

ωω ω
ω

ω ω ω
= =                      (2) 

Furthermore, as has been proved [15, 16], when the Laplace 
variable approaches system’s vth pole, denoted by vλ , the 
following equation is verified as 

lim ( )
v

p iv
ij

s
jv

T s
λ

φ
φ→

=                              (3) 

Therefore, if to choose two different reference points, k and 
l , the subtraction of the two PSDTs satisfies 

lim( ( ) ( )) 0
v

k l iv iv
ij ij

s
jv jv

T s T s
λ

φ φ
φ φ→

− = − =                   (4) 

This means that the system’s poles are zeros of the rational 
function 

( ) ( ) ( )kl k l
ij ij ijT s T s T sΔ = −                         (5) 

And its inverse which called inverse transmissibility 
subtraction function (ITSF) is 

1 1 1( )
( ) ( ) ( )

kl
ij kl k l

ij ij ij

T s
T s T s T s

−Δ = =
Δ −

                   (6) 

The normalized inverse transmissibility subtraction function 
(NITSF), and the average normalized inverse transmissibility 
subtraction function (ANITSF) are as: 

1 1
min

1 1
max min

kl kl
n ij ij

n kl kl
ij ij

T T
NITSF

T T

− −

− −

Δ −Δ
=
Δ −Δ

                             (7) 

1

1 N

n
n

ANITSF NITSF
N =

= ∑                               (8) 

The above theoretical results conclude that transmissibility 
is feasible to establish a rational function 1 ( )kl

ijT s−Δ , with 
poles equal to the system’s poles. 

2.2 Damage indicators 

The transmissibility at the system poles are coincident with 
values of the mode shape ratios, i.e. the values of the Tij at the 
system poles are directly related to the scalar operational mode-
shape values φiv  and φ jv . Therefore, once the resonant 
frequencies are identified by using ANITSF, it is also possible to 
identify the operational mode shape vectors from different 
PSDTs. By choosing a fixed reference DOF j and giving φ jv  a 
normalized value of unit, the full unscaled mode-shape 
(operational deflection) vector ( ), , , , ,1 2 1φ φ φv v KvL L  (K is the 
number of measured output DOFs) can be constructed from the 
PSDT vector ( ), , , , ,1 2 1j j KjT T TL L . Then, by analogy with the 

concept of power mode shape presented in [17], a new concept 
of transmissibility power mode shape (TPMS) might be defined 
from the PSDT in the following way: 

2

1

( )
v

f

i ij

f

TPMS T f df
ν

ν = ∫                                 (9) 

where 
iTPMSν is the ith component of the υth transmissibility 

power mode shape and 2 1υ υ−f f  is the integrated frequency 
bandwidth for the υth TPMS. 

By assembling iTPMSν  for all the measured points 
considered in the structure, a υth TPMS vector is generated: 

{ } ( ), , , , ,1 2 1 KTPMS TPMS TPMS TPMSν ν ν ν= L L          (10) 

The same procedure should be repeated for each TPMS by 
choosing the appropriate bandwidth affecting each system’s pole 
υ. In this way, any of the damage criteria based on mode shapes 
might be extended to include the transmissibility power mode 
shapes. 

As to identify the structural damages, based on mode shape, 
the curvature is another parameter to detect and localize the 
damage which is defined as the second derivative of mode 
shape. 

 , 1 , , 1
, 2

i j i j i j
i j l

φ φ φ
φ + −− +
′′ =                            (11) 

The location of the existing damage is estimated by the 
absolute change in mode shape curvature of healthy and 
unhealthy structure and expressed as  
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scenario means the number of damages in beam part I. And 
the value of the dot means the damage severity. The red dot is 
the test results of the trained network, and the x is the goal. 
When the red dot and blue x in the same position, it means 
that the test is successful in assess the damage severity as well 
as the location otherwise it means there is error in the test. In 
figure 12, it is the same. It shows that to each scenario, there 
is some dots with value between 0 and 1. The figure 12 shows 
that the prediction result is good. 

As in table 2, it shows the damage prediction result in each 
part of the beam. The results demonstrate that the network 
functions well in the test, which could assess the damage 
severities successfully more than 90%. 

Table 2. Damage prediction in each part. 

Part  Success prediction rate  
    Part I 92.7885% 

Part II 93.2692% 
Part III 92.3077% 
Part IV 91.3462% 

4 CONCLUSIONS 
The objective of this study is to implement a new method 
using neural network based on the transmissibility power 
mode shape (TPMS) to assess the structural damages. The 
proposed method upon the use of transmissibility power mode 
shape (TPMS) shows great promising future in damage 
localization. Above all, the proposed method only depends on 
the output response signals and has no demands for FRF, IRF 
and so on. Secondly, the method can be also used to localize 
and assess the damages for complex structures. One thing 
should be paid attention is that the loading point should be 
well chosen in order to achieve a better transmissibility power 
mode shape (TPMS) which can be fulfilled by the experience. 
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ABSTRACT: In the field of structural dynamics, the dynamical properties of real structures are usually identified using the 
classic Experimental Modal Analysis (EMA). However, instead of the classic EMA, the less-known strain EMA can also be 
used. The strain EMA is based on response measurements by strain sensors. In addition to the displacement mode shapes, 
natural frequencies and damping, the strain EMA can be used for the identification of the strain mode shapes; therefore, the 
strain EMA can also be used for an experimental investigation of the stress-strain distribution, but without the need to build a 
dynamic model. A drawback of the strain EMA is that the mass normalisation (a scaling procedure with respect to the 
orthogonality properties of the mass-normalised modal matrix) of the displacement and strain mode shapes cannot be performed. 
Instead, the mass normalisation is usually performed experimentally using the classic EMA. To avoid the use of a motion sensor 
(in some situations the use of a motion sensor is not possible) the mass normalisation can be made using the recently introduced, 
sensitivity-based, mass-normalisation methods, which are based on the frequency shifts that occur due to a structural 
modification. These methods were originally developed for the Operational Modal Analysis. In this research these methods were 
modified in such a way that they can be applicable for the mass normalisation in the strain EMA. The modified principle and 
expressions for the mass normalisation in the strain EMA are introduced. The effects on the accuracy of the proposed approach 
have also been researched. For the validation, experimental testing on beam and plate structures was carried out. The 
correspondence between the experimental results and the results of the finite-element method shows the validity of the approach.  

KEY WORDS: Strain experimental modal analysis, strain mode shape, mass normalisation, mass-change strategy 

1 INTRODUCTION 

In the field of structural dynamics, systems are often 
analyzed with dynamic models [1]. To build a model of a real 
structure it is important to have the information about its 
modal properties which are often identified using the 
Experimental Modal Analysis (EMA) [1-4]. Instead of the 
classic EMA (where the responses are measured with a 
motion sensor) the less-known strain EMA can also be used, 
where the response is measured with strain sensors during the 
modal testing [5-8]. In the field of the strain EMA the modal-
parameter identification can be performed using the same 
identification methods as in the classic EMA [5]. Besides the 
displacement mode shapes, natural frequencies and damping, 
the strain mode shapes can be obtained; therefore, the strain 
EMA can be used for an experimental investigation of the 
stress-strain distribution, without the need to build a dynamic 
model. In a modal analysis the displacement mode shapes 
(eigenvectors) are usually subjected to a scaling procedure, 
referred to as mass-normalisation, with respect to the 
orthogonality properties of the mass-normalised modal matrix. 
A drawback of the strain EMA is that the mass normalisation 
of the displacement and the strain mode shapes cannot be 
performed [5, 6, 8]. When the displacement mode shapes are 
not mass-normalised they cannot be used for a calculation of 
the mass and the stiffness matrices of the considered structure 
[1]. The un-normalised strain mode shapes cannot be used for 
an accurate investigation of the stress-strain distribution. 
Some researchers proposed a mass normalisation with the 
classic EMA that requires an additional response 

measurement with a motion sensor [6]. However, when a 
measurement of a response with a motion sensor in the strain 
EMA is not possible, the mass-normalisation procedure 
cannot be experimentally performed. 
Similar problems regarding the mass normalisation also occur 
in the field of Operational Modal Analysis (OMA) [9]. The 
OMA is an output-only modal method, where the excitation is 
performed with the ambient forces, and therefore only the 
relative values of the displacement mode shapes are obtained 
[9]. In OMA the mass normalisation of the displacement 
mode shapes can be made with the recently introduced, 
sensitivity-based, mass-normalisation methods that are based 
on the natural frequency shifts due to a structural modification 
[10-14]. The structural modification can be carried out using 
the mass or stiffness changes. The methods that are based on 
the mass changes are usually referred to as the mass-change 
strategy [14].  

In this research a new approach to the mass-normalisation 
of the displacement and strain mode shapes in a strain EMA is 
introduced that eliminates the need for a motion sensor. It is 
based on the mass-change strategy for OMA, which was 
modified in such a way that it was applicable to the strain 
EMA. The modified principle and expressions for the mass 
normalisation in the strain EMA are presented. The accuracy 
of the proposed approach has also been researched with 
respect to the number, the location and the weight of the 
added masses. For the validation, experimental testing on a 
beam and a plate was carried out. The comparison of the 
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experimental results with the results of the finite-element 
model showed the validity of the proposed approach. 

2 THEORETICAL BACKGROUNG 

2.1 The strain response of a dynamical system 

The strain response of a dynamical system will be derived 
from the motion response. The motion steady-state response 

( )ωX  of the hysteretically proportionally damped dynamical 

system can be written as [1, 2]: 

 
12 2 T( ) (1 i ) ( ) ( ) ( )r rω ω η ω ω ω ω

−
 = + − = X Φ Φ H FF∖

∖  (1) 

Where Φ  is the modal matrix (matrix of mass-normalised 
displacement mode shapes), rω  are the natural frequencies, 

rη  are the damping loss factors, ( )ωF  is the vector of the 

excitation force, ( )ωH  is the receptance matrix and   
∖

∖  

denotes a diagonal matrix. To research the system response 
with respect to the strains the operator S is introduced [5, 15]: 

 T1
( )

2
= ∇ + ∇S   (2)     

where ∇  is the linear differential operator in the space 
domain. S converts the displacement field to the strain field. 
When S is applied to the rth mass-normalised displacement 

mode shape rΦ , the mass-normalised strain mode shape r
ε

Φ  

is obtained [5, 6]: 

 r r
ε =Φ SΦ   (3) 

where r
ε

Φ  represents strains corresponding to rΦ . Applying 

the operator S to Eq. (1) results to the strain steady-state 

response ( )ε ωX  [5, 7]: 

           

12 2 T( ) (1 i ) ( )

( ) ( )

r r
ε ε

ε

ω ω η ω ω

ω ω

−
 = + − = 

=

X FΦ Φ

H F

∖

∖         (4) 

where ( )ε ωH  is the strain Frequency-Response Function 

(FRF) matrix and ε
Φ  is the matrix of mass-normalised strain 

mode shapes. ( )ε ωH  can be writen as [5]: 

                   
2 2 2

1

( )
i

N
r

r r rr

ε
ε ω

ω ω η ω=

=
− +∑H

A
 (5) 

where r
εA  is the strain modal constants matrix, 

corresponding to the rth mode and can be written as: 
 

 

d 

d 

s s s d 
s d
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1

1
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A

⋯ ⋯

⋮ ⋱ ⋮ ⋱ ⋮

⋯ ⋯

⋮ ⋱ ⋮ ⋱ ⋮

⋯ ⋯

  (6) 

where jr
εφ  and krφ  are the components of r

ε
Φ  and rΦ , 

respectively. dN  and sN  are the sizes of rΦ  and r
ε

Φ , 

respectively. Eq. (6) shows that r jk r kjA Aε ε≠ ; therefore, εH  is 

not symmetric ( jk kjH Hε ε≠ ). εH  is generally not a square 

matrix [5]. 

2.2 The strain EMA 

The strain EMA can be used for identification of the 
dynamical properties of a real structure, similar to the classic 
EMA [5, 8]. During the strain modal testing a structure is 
excited with a known force at the structure point k and the 
response is measured with a strain measurement at the point j.  

From the time input-output signals the strain FRF jkH ε  is 

obtained using the same FRF estimators [1] as in the classic 
EMA. When the information about the displacement and the 
strain mode shapes need to be obtained at least one row and 
one column of the strain FRF matrix need to measured [5, 8].  

The identification of the natural frequencies and the 
damping is performed in a similar way as in the classic EMA 
[5, 8]. The results of an indirect (modal) identification method 
[1] are the natural frequencies, the damping, the strain modal 
constants and their phases for all the measured strain FRF. 
The strain modal constants that are identified from the jth row 
and the kth column of the strain FRF matrix are denoted as 

r j jr
ε εφ= rA Φ andr k r kr

ε ε φ=ΦA , respectively (see Eqs. (5) and 

(6)). r j
εA  andr k

εA  contain the information about rΦ  and 

,r
ε

Φ  respectively. 

2.3 Problems regarding the mass normalisation in the 
strain EMA 

The displacement and strain mode shapes that are identified 
with the strain EMA are not mass-normalised [5, 8]. They are 

scaled by jr
εφ  and krφ , respectively (see Eq. (6)). 

In the classic EMA the mass normalisation is performed 
experimentally by taking into account the interrelation of the 
modal constants, which is described by the modal constant's 
consistency equations [1, 2]: 

 2 2( ) or ( )
r jk jr kr

r jj jr r kk kr

A

A A

φ φ
φ φ

=
= =

  (7) 

where r jkA  is the motion modal constant of the receptance 

between the response and the excitation structure points j and 
k, respectively. When the direct motion FRF is measured the 

jrφ  can be obtained from the identified modal constant with 

Eq. (7) and used for a calculation of the mass-normalised 
displacement mode shapes rΦ  [16]. 

In the strain EMA the strain modal constants are not 
interrelated like in the classic EMA; therefore, the mass 
normalisation of the displacement and the strain mode shapes 

cannot be performed [5, 8]. To calculate the rΦ  and r
ε

Φ , an 

artificial mass normalisation has to be performed in the strain 
EMA [5-7]. 
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2.4 Mass normalisation with the sensitivity based 
approach for the strain EMA 

In this research the mass normalisation of the displacement 
and the strain mode shapes in the strain EMA is performed 
with the mass-change strategy that is normally used for the 
mass normalisation of the displacement mode shapes in the 
OMA [10]. It is based on the sensitivity of the modal 

parameters. The modal sensitivity of the eigenvalue 2
A,( )rω∆  

and the sensitivity of the eigenvector A,r∆Φ  are written        

as [1]: 

 
2

A,2
A,

1

( )
( )

pN

r
r i

ii

p
p

ω
ω

=

∂
∆ ≈

∂∑   (8) 

and 

 A,
A,

1

pN

r
r i

ii

p
p=

∂
∆ ≈

∂∑
Φ

Φ   (9) 

where ip  is a generic parameter used to describe the dynamic 

model. 2
A,( )rω and A,rΦ  are functions of ip .  

The process of the mass-change strategy for the strain 
EMA [8] is shown in Figure 1. First, the strain EMA is 
performed on an original structure to identify the information 

about displacement mode shapes r j
εA , the strain mode shapes 

r k
εA , the natural frequencies rω  and the damping of the 

structure. The unnormalised displacement and strain mode 
shapes are identified from the jth row and the kth column of 
the strain FRF matrix, respectively (section 2.1). This is 
followed by the structure modification by attaching the 
lumped masses, which leads to a change of the natural 
frequencies [10]. The strategy of the structure modification 
will be discussed later. Next, the strain EMA is performed on 
a modified structure to obtain the information about the 

displacement mode shapes m,r j
εA  and the natural frequencies 

m,rω  of the modified structure. 

 

 

Figure 1: Mass-change strategy for the strain EMA [8] 

Finally, the calculation of the mass-normalised 
displacement and the strain mode shapes follows. In OMA the 
mass-normalisation is based on the calculation of the factors 
that scale the unnormalised displacement mode shapes 
[10-12]. Several approaches have been developed for the 
calculation of the scaling factors in OMA. In this research the 

approach of Parloo et al. [10], approach of Aenlle et al. [17] 
and approach of Bricker and Anderson [11] were considered. 
These approaches were modified in a way, that they can be 
used for the strain EMA. The modified approaches are used 
for calculation of the jth component of the mass-normalised 

strain mode shapesMC jr
εφ . Parloo et al. [10] developed an 

approach that uses a first-order approximation for the 
sensitivity of the natural frequencies of lightly-damped 
structures. The modified expression for the strain EMA is 
written as [8]: 

 
T

MC
m,

( ) ( )

2( )
r r j r j

jr
r r

ε ε
ε ω

φ
ω ω

∆
=

−
mA A

  (10) 

where ∆m  is the mass-change matrix. The application of this 
expression requires small frequency shifts and therefore small 
structure modifications. The authors suggest mass changes of 
around 5 %. Bricker and Anderson [11] presented an 
expression which is derived directly from equations of 
motion. The modified expression for the strain EMA is 
defined as [8]: 

 

2 T
m,

MC 2 2
m,

( ) ( )

( )
r r j r j

jr
r r

ε ε
ε ω

φ
ω ω

∆
=

−
AmA

  (11) 

This expression should be used when the structure 
modification results only in the frequency shifts and the 
displacement mode shapes changes are small or zero. 
Aenlle et al. [17] presented an expression that considers the 
displacement mode shapes before and after the modification. 
The modified expression for the strain EMA is written as [8]: 

 
2 T
m, m,

MC 2 2
m,

( ) ( )

( )
r r j r j

jr
r r

ε ε
ε ω

φ
ω ω

∆
=

−
mA A

  (12) 

By numerical simulations Aenlle et al. [17] showed that this 
approach gives more accurate results than the approach of 
Bricker and Anderson [11] when the displacement mode 
shapes are changed after the modification.  

The calculated MC jr
εφ  is used for the mass-normalisation of 

the displacement and strain mode shapes using the following 
equations [8]: 

 
MC

r
jr

r j
ε

εφ
= ±Φ

A
  (13) 

  MC r k jr
r

r jkA

ε ε
ε

ε

φ
= ±Φ

A
  (14) 

In general, the sign of rΦ  can be positive or negative [1, 2]. 

To calculate the r
ε

Φ  which are orientated corresponding to 

rΦ  the sign in Eq. (13) has to be the same as in Eq. (14). 

2.5 Accuracy analysis of the mass-change strategy for the 
strain EMA 

The effects on the accuracy of the results of the 
mass-change strategy for OMA has been well researched [10, 
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11, 14]. In [10, 11] the accuracy was researched especially 
regarding the quality of the modal parameter identification. 
The importance of the weight, the location and the number of 
attached masses was shown in [14]. 

In this section the effects on the accuracy of the proposed 
approach will be researched regarding the quality of the modal 
parameter identification and also the parameters of the 
structure modification. 

2.5.1 The quality of modal parameter identification 

The relative error as a result of the uncertainty in the 
identified natural frequencies is estimated by differentiating 

Eq. (11) with respect to the frequency ratio 
m,

r

r
ω

ωη
ω

=  

(see [8, 14]): 

 

2
MC

MC 2
MC

2
m,

2
m,

1

1

jr

jr

jr

r r

r r

ε

ε
ω ω

εφ
ω ω

ω

ω

δ φ η δ ηε
φ η η

δ ωη δ ω
η ω ω

= = − =
−

 
= −  −  

  (15) 

Where MC
jr
εφ

ε is the relative error of MC jr
εφ , ω

ω

δ η
η

 is the 

relative error of the ωη , r

r

δ ω
ω

 and m,

m,

r

r

δ ω
ω

 are the relative 

errors of the natural frequencies corresponding to the original 
and modified structure, respectively. Eq. (15) shows that the 
frequency ratio ωη  should be large in order to minimize the 

effects of the errors of the estimated natural frequencies. 
The relative error MC

jr
εφ

ε  is also analyzed with respect to the 

relative error of the displacement mode shapes r j
εA  (a result 

of the strain EMA). It is estimated by the differentiation of 
Eq. (11) with respect to the component of the identified strain 

modal constant r jiAε  at the ith location of the attached mass 

(see [8, 10]): 

 
m 2

MC T
1

( ) m ( )

( ) ( ) ( )jr

N
r ji i r ji

r j r j r jii

A A

A
ε

ε ε

ε ε εφ

δ
ε

=

 ∆
=   ∆ 
∑ A Am

  (16) 

where mN  is the number of attached masses, 
( )

( )
r ji

r ji

A

A

ε

ε

δ
 is the 

relative error in r jiAε . Eq. (16) shows that when the 

components of r j
εA  are subjected to a similar relative errorε , 

the relative error of MR jr
εφ  will be approximately ε  [10]. 

2.5.2 Strategy of adding the masses 

The accuracy of the mass change-strategy for strain EMA 
also depends on the strategy for attaching the masses [14]. 
One one hand, the mass change should be performed in a way 
that ensures the large frequency shifts in order to perform 
quality natural frequencies identification and minimize the 
effects of the uncertainties (see Eq. (15)). To analyze the 

natural frequency changes the frequency ratio 2
ωη  is derived 

from Eq. (11): 

 2 T

M

2

R

 1
1

r j r j
jr

ε ε
ω εη

φ
 
 

+



= ∆


mA A . (17) 

The expression shows that the natural frequency shifts are a 
maximum when ∆m  is maximized and when the masses are 
attached to the peaks and valleys of the considered mode [14]. 
On the other hand, the displacement mode shapes must not be 
changed after the modification (see [11, 14]). In [14] it is 
shown that the displacement mode shape's changes are 
minimized, when the mass-change matrix ∆m  is relatively 
small and proportional to the mass matrix m  of a dynamical 
system. In practice, it is important to ensure that the number 
of masses is equal or higher than the number of peaks and 
valleys of the considered mode shape [14]. The listed facts 
show the complexity of performing the optimal mass-change 
modification; therefore, the attaching of the masses must be 
carefully studied with respect to the number, the location and 
the magnitude of the attached masses. 

3 EXPERIMENTAL VALIDATION 

In order to validate the proposed approach the experimental 
tests on a beam and a plate structure were performed. 

3.1 Experimental tests on a beam structure 

In the first case the experimental tests were made on a steel, 
1-m-long, free-free supported beam with a rectangular, 
0.01 0.03m×  cross-section (Figure 2). The free-free boundary 

conditions were achieved by suspending the structure from 
thin ropes (not visible in Figure 2). Only the bending modes in 
the plane xy were considered, which results in displacements 
in the y-direction and normal strains in the x-direction [18]. 
The experiment was performed as follows. First, the strain 
EMA was performed and then the mass-normalisation 
procedure with the mass-change strategy for the strain EMA 
followed. The obtained results were compared to the results of 
the finite-element method (FEM). 

 

 

Figure 2: The strain modal testing on the 
free-free supported beam 
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3.1.1 Strain EMA 

During the strain modal testing the response was measured 
in the x-axis (Figure 2 and 3) with calibrated strain gauges 
(PCB 740B02), while the structure was excited with a modal 
hammer (B&K Type 8206-002) in the y-axis. First, the 
responses were measured at structure point 4 (Figure 2 and 3), 
while the structure was excited at the points 1-11 to measure 
the row of the strain FRF matrix. Then, the responses were 
measured at the points 2, 4, 6, 8, 10, while the structure was 
excited at the point 4 to measure the column of the strain FRF 
matrix. 

 

Figure 3: The tested beam 

The tested structures are lightly damped; therefore, the 
modal parameter identification was performed with the 
Ewins-Gleeson identification method [16], which was 
developed for such structures, assuming the hysteretic 
damping model. For such systems the mass-normalised 
displacement mode shapes are taken to be real (with phase 
angles of 0 or 180 degrees) [1]; therefore, they match the 
calculated (numerical) ones. As discussed in section 2.3, the 
identified strain modal constants contain only the relative 
information about the mass-normalised displacement and the 
strain mode shapes. Figure 4 shows the difference between the 
mode shapes that were identified with the strain EMA and the 
calculated ones by FEM (mass-normalised). 

Figure 4(a,c,e,g,i) and Figure 4(b,d,f,h,j) show the first five 
displacement and strain mode shapes, respectively. The figure 
shows that the identified mode shapes are not in agreement 
with the calculated ones. The discrepancies are the result of 
the incorrect scaling. Therefore, the identified mode shapes 
match the calculated ones only in the mode shape nodes (e.g., 
the structure point 6 at the 2nd displacement and strain mode 
shapes-Figure4(c) and Figure 4 (d)). 

3.1.2 Mass normalisation with the mass-change strategy 
for the strain EMA 

The displacement and strain mode shapes were mass 
normalised using the proposed mass-change strategy for the 
strain EMA. The procedure is described in Section 2.4. The 
strain EMA for the original structure follows the structure 
modification by attaching magnets to the structure points 1-11 
(Figure 3). Each of the magnets weighted 11.6 g, and the total 
mass of the magnets was approximately 5.4 % of the original 
structure weight. After the structure modification the strain 
EMA was performed for the modified structure once again. 
The natural frequencies of the modified beam were decreased 
by the added masses. The change is evident from Table 1, 
where rf  and m,rf  are the natural frequencies of the original 

and modified structures, respectively and rδ  is the relative 

change between the natural frequencies of the modified and 
original structures.  

 

Figure 4: The first five displacement (a,c,e,g,i) and strain 
(b,d,f,h,j) mode shapes: identified with the strain EMA 

(unnormalised) ''× '', calculated using FEM (mass 
normalised) ''---'' 

As is clear from Section 2.2 the displacement mode shapes 
that are identified using the strain EMA are scaled by the jth 

component of the strain mode shape jr
εφ . To calculate jr

εφ  one 

of the Eq. (10-12), which are presented in Section 2.4, can be 
used. In order to choose the appropriate approach a 
comparison of the displacement mode shapes before and after 
the structure modification was performed using the modal 
assurance criterion (MAC) [19]. The results of the MAC 
analysis showed that the displacement mode shapes were not 
significantly changed by the structure modification; therefore, 

Eq. (11) was used. MC 4r
εφ  were calculated for all the modes 

and used for calculation of the mass-normalised displacement 

rΦ  and the strain r
ε

Φ  mode shapes with Eq. (13) and (14), 

respectively. rΦ  and r
ε

Φ  that were identified with the 

proposed approach are plotted together with the calculated 
ones using FEM in Figure 5. Figure 5(a,c,e,g,i) and 
Figure 5(b,d,f,h,j) show the first five displacement and strain 
mode shapes, respectively. The figure shows that the 
experimental results match the calculated ones well, what 
show the validity of the proposed approach for beam 
structures. 

3.2 Experimental testing on a plate structure 

The second experimental case was performed on a steel, 
0.4  0.32  0.003 m× ×  sized, free-free supported plate (Figure 
6). We considered the first five modes, which vibrate out of 
plane xy and result in the normal and shear strains (stresses). 
The application of the proposed approach (Section 2.4) was 
shown by identification of the mass-normalised displacement 
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mode shapes and the normal components of the 

mass-normalised strain mode shapes in the x-direction ( xx
r
ε

Φ ) 

and the y-direction ( yy
r

ε
Φ ). 

Table 1: The natural frequencies of the original 
and the modified beams 

r fr (Hz) fm,r (Hz) δr (%) 
1 52.85 51.05 -3.41 
2 145.45 140.45 -3.44 
3 285 274.7 -3.61 
4 
5 

471.1 
701.25 

454.2 
675.05 

-3.59 
-3.74 

 

 

Figure 5: The first five mass-normalised displacement 
(a,c,e,g,i) and strain (b,d,f,h,j) mode shapes; identified with 

the proposed approach ''× '', calculated using FEM ''---'' 

The strain modal testing was performed with the same 
equipment as in the case of the beam (Section 3.1). To obtain 
the information about the displacement mode shapes the plate 
was excited with the modal hammer at the points 1-30 
(Figure 6) and the response was measured at the point 31. The 
information about the strain mode shapes was obtained by 
exciting the structure at the point 26 and measuring the 
normal x-components of the strains at the points 6, 11, 16, 21, 
31 and the normal y-components at the points 2-4. The modal 
identification was performed in a similar way as in the case of 
the beam. Followed the mass normalisation by the proposed 
approach. In order to ensure that the mass change will not 
affect the displacement mode shapes, the magnets were 
attached as follows. At the points (7-9, 12-14, 17-19, 22-24), 
(2-4, 6, 10, 11, 15, 16, 20, 21, 25, 27-29) and (1, 5, 26, 30) the 
11.6 g, 5.1 g and 3.6 g magnets were attached to the structure, 
respectively. The total mass of the magnets was 
approximately 6.6 % of the original structure's weight. The 

natural frequencies before and after the modification, which 
are denoted as fr and fm,r, respectively, are listed in Table 2. 
The relative frequency shifts are denoted as δr. The 
modification did not affect the displacement mode shapes. 

This was proved by the MAC comparison of r j
εA  and m,r j

εA , 

where the lower diagonal element of the MAC matrix was 
approximately 0.96. We used Eq. (11) for the calculation of 

MC 31r
εφ , which were then used for the mass-normalisation. The 

results of the testing were the components of rΦ  at the points 

(1-30) and additionally, the components of xx
r
ε

Φ  and yy
r

ε
Φ  at 

the points (6, 11, 16, 21, 31) and (2-4), respectively. 
 

 

Figure 6: The experimental testing on the 
free-free supported plate 

Table 2: The natural frequencies of the original and 
the modified plates 

r fr (Hz) fm,r (Hz) δr (%) 
1 80.1 77.4 -3.4 
2 98.2 94.6 -3.7  
3 167.1 160.1 -4.2 
4 
5 

191.8 
224.2 

184.8 
215.1 

-3.6 
-4.1 

 
The experimental results were compared to the results of  

FEM. The identified displacement mode shapes were plotted 
together with the calculated ones in Figure 7. 
Figure 7(a,c,e,g,i) show rΦ  for the structure points 1-30. The 

detailed plots are shown in Figure 7(b,d,f,h,j), where only the 
components of rΦ  at the location 0.08 my = −  are plotted. 

The identified components of r
ε

Φ  were compared to the 

calculated ones by FEM in Figure 8.  Figure 8(a,c,e,g,i) show 

the xx
r
ε

Φ  at the location 0.16 my = − . Figure 8(b,d,f,h,j) show 

yy
r

ε
Φ  at the location 0.2 mx = − . The identified components of 

rΦ  and r
ε

Φ  are in good agreement with the calculated ones, 

although there are some discrepancies. These come from 
several error sources: the measuring errors, the local stiffness 
changes due to the strain gauges that are attached to the 
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relatively thin sheet metal and the deviations of the stain-
gauge attachment regarding the position and the angle. The 
results of the experiment show the validity of the proposed 
approach for the plate structure. 

 

Figure 7: The first five mass-normalised displacement mode 
shapes ((a,c,e,g,i)-all the measuring points, (b,d,f,h,j)-points at 

y=-0.08 m) ; calculated (---) and identified (× ) 

 

 

Figure 8: Components of the first five mass-normalised strain 

mode shapes ((a,c,e,g,i)-xx
r
ε

Φ , (b,d,f,h,j)- yy
r

ε
Φ ); 

calculated (---) and identified (× ) 

4 CONCLUSION 

The strain EMA can be used for the identification of the 
natural frequencies, the damping, and the un-normalised 
displacement and strain mode shapes. In this research the 
problems relating to the mass normalisation of the mode 
shapes were considered. 

The mass normalisation of the displacement and the strain 
mode shapes cannot be performed only with the strain EMA. 
It is usually performed with a combination of the classic EMA 
which requires the use of a motion sensor. In this research the 
mass normalisation is performed with the sensitivity-based 
methods that were originally developed for the OMA. These 
recently introduced methods are based on the frequency 
changes due to the structural modification. In this research the 
structure is modified by adding masses. These methods are 
ussualy refered to with the term mass-change strategy. In this 
research some of these methods were modified in such a way 
that they can be used for the mass normalisation in the strain 
EMA. The research also includes an accuracy analysis of the 
proposed approach. The accuracy was analysed with respect 
to the location, the number and the weight of the added 
masses.  

The proposed approach was validated by experimental tests 
on free-free supported beam and plate structures. The 
structural modification of the considered structures was made 
by adding magnets that were attached in such a way, that the 
modification did not affect the mode shapes. The experimental 
results were compared to the results of the FEM. The 
identified mass-normalised displacement and strain mode 
shapes of the beam and plate match the calculated ones 
thereby demonstrating the validity of the proposed approach. 
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ABSTRACT: Structural health monitoring is based on the development of reliable and robust indicators able to detect, locate, 

quantify and predict damage. Studies related to damage detection in civil engineering structures have a noticeable interest for 

researchers in this area. Indeed, the detection of structural changes likely to become critical can avoid the occurrence of major 

dysfunctions associated with social, economic and environmental consequences. Recently, many researchers have focused on 

dynamic assessment as part of structural diagnosis. Most of the studied techniques are based on time or frequency domain 

analyses to extract compressed information from modal characteristics or based on indicators built from these parameters. This 

work has as its main interest the use a soft-clustering method coupled with the Symbolic Data Analysis (SDA) to detect 

structural damage. SDA is applied to dynamic measurements obtained on site (accelerations) and to the identified modal 

parameters. In order to attest the efficiency of the proposed approaches, an experimental investigation is carried out. It is shown 

that SDA coupled with clustering methods is able to distinguish structural conditions with adequate rates. 

KEY WORDS: Structural Health Monitoring, Damage Detection, Novelty Techniques 

1 INTRODUCTION 

Studies related to early damage detection is of special concern 

for civil engineering structures. It is common knowledge that 

if a damage process is not identified in time, structural 

systems may have serious safety and economic consequences. 

Traditional methods of damage detection and health 

monitoring are often based on the variation of structural 

vibration characteristics, i.e. natural frequencies, damping 

ratios and mode shapes. These modal parameters are directly 

affected by changes in the physical properties of the structure 

including its mass and stiffness. Nevertheless, modal 

parameters identification is a sort of filtering process, leading 

to a loss of information compared to the raw data. This 

compression process can erase any small changes due to a 

structural modification. In turn, using raw dynamic 

measurements (especially if high sampling frequencies are 

used) leads to the storage of large set of data. Dynamic 

measurements can easily contain over thou-sands of values 

making an analysis process extensive and prohibitive. 

Nevertheless, several damage detection methods exist in the 

literature based on signature principles, but they usually fail 

when making them practical. In this sense, despite the current 

processing power of computers, the necessary computational 

effort to manipulate large data sets re-mains a problem. 

Furthermore, and this is certainly the major drawback when 

using modal parameters, is that modal components are 

essentially describing an equivalent linear behavior, a feature 

which may be not exact for the analysis of specific degraded 

systems. 

Data mining is the process of extracting hidden patterns 

from data. As more data is gathered in monitoring, data 

mining is becoming an increasingly important tool to trans-

form this data into information. It is commonly used in a wide 

range of profiling practices, such as marketing, fraud 

detection and scientific discovery. Data mining can be applied 

to data sets of any size. However, while it can be used to 

uncover hidden patterns in data that has been collected, 

obviously it can neither uncover patterns which are not 

already present in the data, nor can it uncover patterns in data 

that has not been collected. This richer type of data is called 

symbolic data and it allows representing the variability and 

uncertainty present in each variable. The development of new 

methods of data analysis suitable for treating this type of data 

is the aim of Symbolic Data Analysis (SDA). Most of the 

currently developed techniques in symbolic data analysis are 

extensions of statistical methods. Diday et al. [1] certify the 

growth of data of symbolic nature and alert to the necessity of 

developing new statistical methodologies for the treatment of 

such information. In general, SDA provides suitable tools for 

managing complex, aggregated, relational, and higher-level 

data. The methodological issues under development 

generalize the classical data analysis techniques, like 

visualization, factorial techniques, decision tree, 

discrimination, regression as well as classification and 

clustering methods. Previous works in the literature 

introduced the use of SDA applied to data representing 

structural temperature variation in time. 

The purpose of this paper is to present some principles of 

symbolic data analysis and, more specifically, the use of 

clustering methods applied to structural damage assessment. 

The idea consists in using different classification procedures 

in order to have insights about structural health conditions. In 

other words, the SDA is applied to either the vibration data 

(signals) obtained through dynamic tests or the modal 

parameters in order to infer if a damage process is in progress 

or if it has already occurred in the structure. In order to show 

the potentialities of the proposed methodology, several results 

regarding experimental tests performed on a real case, a rail 
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bridge located in France on the high speed line between Paris 

and Lyon. Vibration measurements were obtained under three 

different conditions: before, during and after a structural 

modification process. 

2 PRINCIPLES OF SYMBOLIC CLUSTERING 

METHODS 

In general, data acquisition campaigns in civil engineering 

structures gather thousands of accelerations values measured 

by several sensors. Consequently, analyzing all of these data 

(classical data) directly may usually be time-consuming or 

even prohibitive. In this sense, transforming this massive 

quantity of data into a compact but also rich descriptive type 

of data (symbolic data) becomes an attractive approach. Let us 

consider, for instance, a signal X (which is part of a dynamic 

test) containing n acceleration values measured by one single 

sensor. There are several ways to transform classical data into 

symbolic data. This signal can be represented by: 

 a k-category histogram: X={a1(n1), a2(n2), a3(n3), …, 

ak(nk)}; 

 an interquartile interval: X = [a25%; a75%]; 

 a min/max interval: X = [amin; amax]. 

 

The same representation can be applied to modal 

parameters, i.e. natural frequencies and mode shapes. In other 

words, both of these quantities can be represented by intervals 

or histograms. Transforming classical data to symbolic data is 

carried out almost instantly, which does not prohibit or make 

difficult the use of this methodology for a large ensemble of 

dynamic tests. 10-category histograms and interquartile 

intervals were used in the present study. 

Data clustering is a common technique for statistical data 

analysis, which is used in many fields. A clustering procedure 

is an unsupervised learning process and can be defined as a 

way of classifying a number of objects into different groups. 

More precisely, it can be described as the partitioning of a 

data set into subsets (clusters), so that the data in each subset 

share some common properties. For an appropriate clustering, 

it is necessary to minimize the within-cluster variation to 

obtain the most homogeneous clusters as possible and, as a 

natural consequence, to maximize the between-cluster 

variation to obtain the most dissimilar clusters among each 

other. To define these clusters and determine the proximity (or 

similarity) among the tests, it is necessary to define suitable 

dissimilarity measures. In a common sense, the lower these 

values are the more similar the objects are and thus, they are 

gathered in the same cluster. Conversely, the objects allocated 

into different clusters are the ones that have greater distances 

between them. Dissimilarity measures can take a variety of 

forms and some applications might require specific ones. 

More details can be found in Billard and Diday [2]. This paper 

uses a soft-clustering method to discriminate structural 

behaviors. 

Fuzzy clustering plays an important role in solving 

problems in the areas of pattern recognition and fuzzy model 

identification. A variety of fuzzy clustering methods has been 

proposed and most of them are based upon distance criteria 

[3]. One widely used algorithm is the fuzzy c-means (FCM) 

algorithm. It uses reciprocal distance to compute fuzzy 

weights. A more efficient algorithm is the new FCFM. It 

computes the cluster center using Gaussian weights, uses large 

initial prototypes, and adds processes of eliminating, 

clustering and merging. 

2.1 Fuzzy c-means clustering method 

Fuzzy clustering plays an important role in solving problems 

in the areas of pattern recognition and fuzzy model 

identification. A variety of fuzzy clustering methods has been 

proposed and most of them are based upon distance criteria. 

One widely used algorithm is the fuzzy c-means (FCM) 

algorithm. It uses reciprocal distance to compute fuzzy 

weights. A more efficient algorithm is the new FCFM. It 

computes the cluster center using Gaussian weights, uses large 

initial prototypes, and adds processes of eliminating, 

clustering and merging.  

The fuzzy c-means (FCM) algorithm has successfully been 

applied to a wide variety of clustering problems. This 

approach partitions a set of object data {x1,…,xn}  Rs into c 

(fuzzy) clusters based on a computed minimizer of the fuzzy 

within-group least squares functional 

2

2
1 1

),( ik

c

i

n

k

m

ikm vxUvUJ 
 

 (1) 

where, 

 m > 1 is the fuzzification parameter, 

 vi  Rs is the prototype (or mean) of the ith cluster, 

 Uik  [0,1] is the degree to which datum xk belongs to the 

ith cluster, 

 v = [vji] = [v1,…,vc]  Rsc  is the matrix of cluster 

prototypes, 

 U = [Uik] is the partition matrix, and 

 

2

2
*

 is the Euclidean or 2-norm, squared. 

For later notational convenience, we will array the object 

data {x1,…,xn} as columns in the object data matrix X = [xjk] 

= [x1,…,xn]  Rsn.  The partition matrix U is a convenient 

tool for representing cluster structure in the data {x1,…,xn};  

we define the set of all nondegenerate fuzzy cn partition 

matrices for partitioning n data into c clusters as  
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The most popular and effective method of optimizing (1) is 

the fuzzy c-means algorithm, which alternates between 

optimizations of *)v|U(J
~

m  over U with v* fixed and 

*)U|v(Ĵm  over v with U* fixed, producing a sequence 

{(U(r),v(r))}.  Specifically, the r+1st value of v = [v1,…,vc] is 

computed using the rth value of U in the right hand side of 

vi = 






























n
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m
ik

n
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UU x  for i=1,…,c  (3) 

 

Then the updated r+1st value of v is used to calculate the 

r+1st value of U via  

Uik =    



c

1j

)1m/(1
jk

)1m/(1
ik

dd  (4) 
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where, 

dik = 
2

2ik vx   > 0, for i = 1,…,c 

and k = 1,…,n. 
(5) 

 

The FCM iteration is initialized using some U  Mfcn (or 

possibly v  Rsc), and continues by alternating the updates 

in (3) and (4) until the difference measured in any norm on 

Rcn (or Rsc), in successive partition matrices (or v 

matrices) is less than some prescribed tolerance, . 

3 EXPERIMENTAL APPLICATION 

The studied bridge is an embedded steel bridge (Fig.1) located 

on the South-East high speed track in France at the kilometric 

point 075+317; it crosses the secondary road D939 between 

the towns of Sens and Soucy in the Yonne County.  

 

 

Figure 1. PK 075+317 bridge on the Paris-Lyon high speed 
track. 

This bridge was built in the early eighties; the increase of 

the operating speed of high speed trains (TGV) has moved the 

excitation frequency of the trains close to the first natural 

frequency of the bridge. This risk of resonance was 

furthermore emphasized by the uncertainties in the mass of 

the ballast disposed on the bridge. The first natural frequency 

was 5.86 Hz and the excitation frequency is around 4.0 Hz. 

The French railways SNCF considered that this difference 

was not large enough and ballast recharging in connection 

with new operating speeds may reduce it furthermore. This is 

why SNCF thus set up a system of rods near the bearings 

(fig.2a) tightened by torque wrench (fig.2b); this 

strengthening brings stiffness and increase natural 

frequencies. In 2003 a strengthening intervention was 

scheduled and led to a change in natural frequencies and mode 

shapes as given in Tab.1 and Fig.3 [4]. Fig.3 provides a spatial 

visualization of the mode shapes (the missing measurement 

points are interpolated from the identified modal values). 

 

 

Figure 2(a). Strengthening system of the bridge 

 

 

Figure 2(b). Strengthening process of the bridge 

 

Table 1. Natural frequencies of the PK 075+317 bridge before 

and after strengthening (2003) 

Frequency Before strengthening After strengthening 

 Mean [Hz] 
Standard 
deviation 

Mean [Hz] 
Standard 
deviation 

1 5.848 0.242 6.461 0.267 

2 8.507 0.322 8.592 0.415 

3 13.017 0.305 13.078 0.296 

4 16.850 0.502 17.142 0.507 

 
 

 

a) Bending mode shape 
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b) Bending and torsional mode shape 
 

 

c) Torsional mode shape 
 

 

d) Bending and torsional mode shape 

Figure 3. Spatial visualization of the first four mode shapes 

 

A long term monitoring was later on decided to appraise the 

efficiency of this strengthening over a non-continuous 2 years 

period (December 2004 to March 2006). Confidence intervals 

of the identified natural frequencies (±1.96 standard 

deviation) for the different measurement periods are compared 

to the frequencies before and just after strengthening. It can be 

noticed that, for all frequencies, but most notably for the first 

one, the mean values have a shift to the right characterising a 

sensitive frequency increase after the strengthening procedure. 

For the subsequent campaigns (especially those in 2005), 

there is a slight frequency decrease tendency showing a 

possible efficiency loss of the strengthening procedure. 

However, the confidence intervals are always superposed. 

Mode shapes are also compared. It is particularly obvious that 

it is hardly difficult to distinguish them over the measurement 

period. The MAC values between “after strengthening” and 

the different measurement sequences vary from 97% to 99%; 

this highlights that the MAC values are not enough 

discriminating. 

The arising problem is therefore to know if the bridge 

dynamic behaviour at a certain period of time remains close to 

the behaviour after strengthening or if it moves to the initial 

structural condition, or to a completely different behaviour. 

This problem is an assignment problem in clustering 

techniques: assuming different clusters of data, is it possible 

to affect any new information to one of these clusters, or 

eventually to identify a new type of information that cannot be 

related to any of these clusters? 

In a previous paper [5], the authors analysed the vibrational 

response and the modal properties of this bridge just before 

and after strengthening by different clustering techniques 

(dynamic clouds, hierarchy-divisive and hierarchy-

agglomerative techniques). The objective was to identify the 

optimal number of clusters (i.e. of different structural 

behaviours) and the corresponding clusters. The expected goal 

was to prove that several structural behaviours could be 

detected taking into account the variability in the structural 

response (due to environmental or operating conditions). For 

this purpose, as usual clustering techniques rely on 

deterministic data, it was instead proposed to handle the 

statistical variability of the dynamic characteristics by 

coupling these techniques with a Symbolic Data Analysis 

(SDA) modelling. Different types of data can be indeed 

manipulated in data analysis. SDA provides suitable tools for 

managing complex, aggregated, relational, and higher-level 

data. The methodological issues under development 

generalize the classical data analysis techniques, like 

visualization, factorial techniques, decision tree, 

discrimination, regression as well as classification and 

clustering methods. 

The purpose of this paper is applied the coupled 

SDA/clustering approach to the classification of new data to 

pre-identified clusters as done in [5]. In a first part, clustering 

techniques and data assignment are presented while in a 

second part, the initial clustering results are presented as they 

will serve for basis in new data classification.  

4 SYMBOLIC DATA ANALYSIS AND CLUSTERING 

PROCEDURES 

Symbolic data analysis coupled with fuzzy c-means clustering 

method is first applied to measured accelerations. The main 

objective here is to try to separate the 3 structural conditions 

(before, during and after modification) into 3 different 

clusters. In other words, the goal is to separate the whole set 

of 41 measurements into specific groups (before, during and 

after). Table 2 shows the percentages of correct classification 

for the 3 clusters when 12-category histograms are used as 

symbolic representations. 

Table 2. Percentages of correct classification (signals). 

(%) Before During After Pertinence 

Cluster 1 67 20 13 0,46 
Cluster 2 31 62 8 0,66 
Cluster 3 31 31 38 0,41 

 

Results from Table 2 show that the method is relatively 

robust to detect structural modification. As mentioned before, 

the advantage of using soft-clustering methods in spite of hard 

clustering methods is that the former gives the possibility to 

classify each test into every single one of the clusters. That 

means that a test of type “before” could be classified into an 

“after” cluster. Evidently, this result would be absurd. Thus, in 

order to attest the efficiency of this clustering method, it is 
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possible to evaluate and index – named “pertinence” – which 

quantifies the certainty of the classification. If this index is 1, 

it means the method is completely sure about its results 

(which does not imply that the result is correct). Otherwise, if 

the pertinence value is close 0, the method is not sure about its 

classification. In this sense, it is possible to observe that 

pertinence values for the classification showed in Table 2 are 

relatively small (except for Cluster 2). 

Table 3 summarizes the results obtained when natural 

frequencies are used to classify the 41 dynamic tests. In this 

case, results are much better when compared to those obtained 

using signals. Pertinence values are, however, very low. This 

indicates that, although the method classifies the test 

correctly, it is not too sure about its results. 

Table 3. Percentages of correct classification (natural 
frequencies). 

(%) Before During After Pertinence 

Cluster 1 87 13 0 0,33 
Cluster 2 0 100 0 0,33 
Cluster 3 0 8 92 0,33 

 

Table 4-7 present the results when mode shapes are used as 

symbolic features. When it comes to the first and third mode 

shapes (Tables 4 and 6), percentages of correct classification 

are rather fair. It is observed that the use of mode shapes is 

better than employing signals but worse compared to natural 

frequencies. Pertinence values are, once again, very low. This 

indicates that, although the method classifies the test 

correctly, it is not too sure about its results. 

Table 4. Percentages of correct classification (1st mode shape). 

(%) Before During After Pertinence 

Cluster 1 80 13 7 0,33 
Cluster 2 8 69 23 0,33 
Cluster 3 0 0 100 0,33 

 

Table 5. Percentages of correct classification (2nd mode 

shape). 

(%) Before During After Pertinence 

Cluster 1 67 33 0 0,33 
Cluster 2 8 77 15 0,33 
Cluster 3 0 0 100 0,33 

 

Results obtained using the 2nd and 4th mode shapes (Tables 

5 and 7) are somewhat worse compared to the other mode 

shapes. This might be related to the sensitivity of the modal 

amplitudes regarding the structural modifications carried out. 

Pertinence values are the same as those previously obtained. 

Table 6. Percentages of correct classification (3rd mode 

shape). 

(%) Before During After Pertinence 

Cluster 1 80 13 7 0,33 
Cluster 2 0 62 38 0,33 
Cluster 3 8 15 77 0,33 

 

 

Table 7. Percentages of correct classification (4th mode 

shape). 

(%) Before During After Pertinence 

Cluster 1 67 20 13 0,33 
Cluster 2 0 85 15 0,33 
Cluster 3 15 23 62 0,33 

 

In order to try to improve classification results, the 

structural state “during” was removed from the set of input 

tests. In fact, since the “during” state is a continuous and 

rather transitory condition, it might not represent a real 

structural state. 

Table 8 presents the results obtained when raw data 

(accelerations) are used. It is possible to observe that not only 

the percentages of correct classifications have increased, but 

also the pertinence values. This may be explained by the fact 

that method is surer about its results and less “confused” by 

the input data.  

Table 8. Percentages of correct classification (signals). 

(%) Before After Pertinence 

Cluster 1 73 27 0,87 
Cluster 2 38 62 0,72 

 

When natural frequencies are considered, results are even 

better (see Table 9). Now, 100% of tests are correctly 

classified into two different clusters (“before” and “after”). 

There is, however, and interesting remark: even though results 

are perfect, the method has some “doubts” about its 

classification. Pertinence values are equal to 0,5 (or 50%) 

which means the tests could be classified either way. In order 

to circumvent or minimize this issue, some specific 

parameters (such as the fuzzyfication index) can be calibrated. 

Table 9. Percentages of correct classification (natural 

frequencies). 

(%) Before After Pertinence 

Cluster 1 100 0 0,50 
Cluster 2 0 100 0,50 

 

Table 10 assembles the results obtained when the 1st and 2nd 

mode shapes are used as inputs. As observed with the natural 

frequencies, the classification is perfect for both clusters. 

However, the pertinence values are also 0,5. Again, this could 

be due to the fuzzyfication index adopted in this study. 

Table 10. Percentages of correct classification (1st and 2nd 

mode shapes). 

(%) Before After Pertinence 

Cluster 1 100 0 0,50 
Cluster 2 0 100 0,50 

 

Finally, the percentages of correct classification using the 

3rd and 4th modes are presented in Table 11. Results are 

slightly worse compared to those obtained using the first two 

mode shapes. Pertinence values, remain, however, unchanged. 
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Table 11. Percentages of correct classification (3rd and 4th 

mode shapes). 

(%) Before After Pertinence 

Cluster 1 80 20 0,50 
Cluster 2 20 80 0,50 

 

5 CONCLUSIONS 

In this paper a novelty technique based on Symbolic Data 

Analysis was introduced in order to classify different 

structural behaviors. For this purpose, raw information 

(acceleration measurements) as well as processed information 

(modal data) were used for feature extraction. A soft-

clustering technique was applied for data classification: fuzzy 

c-means algorithm.  

Furthermore, an experimental application containing three 

structural states of a railway bridge located in France was 

studied. The objective was to use the clustering methods 

applied to the data in order to discriminate the structure’s 

different conditions. The results obtained showed that the 

SDA methods are efficient to classify and to discriminate 

structural modifications either considering the vibration data 

or the modal parameters. In fact, more robust results are given 

when considering modal data rather than applied to 

measurement data.  

In order to try a different classification approach, only two 

data sets were considered (those belonging to the “before” 

structural state and those of “after”). Removing the “during” 

data set allowed improving the classification ratios on all 

simulations. It could be observed that this data set was 

bringing some “confusion” to the clustering algorithm. 

Pertinence values – which measure the certainty of 

classification – were mostly low throughout the simulations. 

This, however, might by due to a specific parameter inherent 

to the fuzzy c-means algorithm. Future works will concentrate 

on improving these values as well as the percentages of 

correct classification. 
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ABSTRACT: This paper presents the modal identification and finite element model correlation studies that were performed in 
two curved concrete box girder bridges that cross the Corgo River near the city of Régua in the North of Portugal. The two 
bridges are part of a branch of IP3 that connects the cities of Régua and Vila Real, each one serving the traffic in one direction. 
They are independent structures with five spans each and because of their curvature in plan, the spans length is slightly different 
in each structure. The right side bridge has three intermediate spans with 147.8 m and two extreme spans with 96.8 m and 
95.8 m while in the left side bridge the three intermediate spans have 142.3 m and the two extreme spans have 93.2 m and 
94.2 m. 

Ambient vibration tests were performed in the two structures comprising in both cases a total of five set-ups. Dynamic tests 
with the traffic of loaded trucks were also conducted in the right side bridge. This paper describes the dynamic tests that were 
performed and presents the results that were obtained in terms of identified modal properties for both structures, comparing 
them also with the ones computed with finite element models. 

KEYWORDS: Operational Modal Analysis, FE Model Correlation, Roadway Bridges. 

1 INTRODUCTION 

The experimental evaluation of the dynamic properties of civil 
engineering structures has a great interest for several reasons, 
including the calibration and validation of models that are to 
be used in studying the behavior of those structures to the 
different types of dynamic loads they have to withstand, like 
traffic, wind or seismic loads. 

The modal parameters of a structure, like frequencies, 
damping and mode shapes, are directly related to the stiffness, 
mass and energy dissipation mechanisms and to their spatial 
distribution; therefore, they reveal the actual global condition 
of a structure (structural health). Thus, another application of 
modal identification of civil engineering structures is for the 
purpose of monitoring their general condition and, if possible, 
detect, in due time, situations of degradation and structural 
damage. 

The identification of the modal properties of civil 
engineering structures involves doing on site dynamic tests 
and the analysis of the obtained experimental data. Those tests 
can be performed using several experimental techniques, from 
forced vibration tests, where different types of excitation 
equipment can be used, to ambient vibration tests, which rely 
on the natural sources of excitation like wind or traffic [1, 2]. 

For structural health monitoring it is important that the 
adopted methods are able to evaluate the dynamic parameters 
without the need to interrupt the normal use of a structure. 
With natural input testing or ambient vibration testing it is 
possible to satisfy this requirement, since it consists in the 
measurement of the dynamic responses induced by the loads 
to which the structures are usually subjected, like wind or 
traffic. Therefore, from the various types of dynamic tests that 
can be applied in civil engineering structures, ambient 
vibration testing is the more reasonable approach if there is 

the purpose to apply it periodically, or even continuously with 
permanent equipment, during the lifetime of a structure. 

Whichever is the purpose of the dynamic tests, one of the 
important features that the adopted dynamic testing and modal 
identification techniques should have, is a good resolution in 
the identification of the dynamic characteristics. This will 
allow seeing small differences that should be expected in the 
modal parameters of similar structures and to detect variations 
in the dynamic characteristics that may be caused by small 
changes in an observed structure (eventually due to damage). 

This paper presents the modal identification and finite 
element model correlation studies that were performed in two 
similar bridges. They are two curved concrete box girder 
bridges that cross the Corgo River near the city of Régua in 
the North of Portugal. They are independent structures with 
five spans each and because of their curvature in plan; the 
spans length is slightly different in each structure. 

Ambient vibration tests were performed in the two 
structures comprising in both cases a total of five set-ups. 
Dynamic tests with loaded trucks were also conducted in the 
right side bridge. The measured accelerations were analyzed 
using operational modal analysis techniques and the 
characteristics of several modes of vibration were identified. 

In this paper, after this introduction, the two curved 
concrete box girder bridges are briefly described. Next, the 
equipment used in the tests and the testing procedure are 
presented. The following items address the modal 
identification methods that were used to process the recorded 
accelerations and present the main results that were obtained. 
Finally, the characteristics estimated from the tests are 
compared with the ones evaluated with finite element models 
and some conclusions are made about the work that was 
developed. 
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2 DESCRIPTION OF THE BRIDGES 

The dynamic tests presented in this paper were performed in 
two curved concrete box girder bridges that were designed by 
Armando Rito, Lda [3]. These structures cross the Corgo 
River near the city of Régua in the North of Portugal. They 
are part of a branch of IP3 that connects the cities of Régua 
and Vila Real, each one serving the traffic in one direction. 

Figures 1 and 2 show some general views of the Corgo 
River bridges. 
 

 

Figure 1. View of the bridges from downstream. 

 

 

Figure 2. View of the bridges from North to South. 

 
Both bridges are strongly curved in plan with a radius of 

curvature with 500 m. They are independent structures with 
five spans each and because of their curvature in plan, the 
spans length is slightly different in each structure. The right 
side bridge (see Figure 3) has three intermediate spans with 
147.8 m and two extreme spans with 96.8 m and 95.8 m while 
in the left side bridge (see Figure 4) the three intermediate 
spans have 142.3 m and the two extreme spans have 93.2 m 
and 94.2 m. 
 

 

Figure 3. Elevation view of the right side bridge. 

 

 

Figure 4. Elevation view of the left side bridge. 

 

The cross section of the Corgo River bridges deck is a 
single-cell box girder with a height that varies from 3.0 m, in 
the mid-span sections, up to 8.5 m in the sections over the 
piers. The bottom slab of the box girder has a variable 
thickness, from 0.25 m close to the mid-span sections to 
1.20 m near the piers. The top slab of the box girder has a 
constant thickness of 0.25 m and the lateral webs have also a 
constant thickness of 0.45 m. 

The bridges piers are reinforced concrete elements, with a 
rectangular hollow cross section with outside dimensions with 
6.5 m x 5.0 m and a wall thickness with 0.55 m. 
 

3 DYNAMIC TESTS 

The dynamic tests of the Corgo River bridges were performed 
as part of the reception tests carried out immediately after the 
end of its construction. Besides de dynamic tests described in 
this paper, extensive static load tests were also carried out in 
the right side bridge. 

The dynamic tests consisted in ambient vibration 
measurements, which were performed in the two structures, 
and also in tests with the traffic of loaded trucks that were 
conducted only in the right side bridge 
 

3.1 Equipment used in the tests 

The ambient vibration tests of the Corgo River bridges were 
carried out using the following equipment: 

- fifteen uniaxial accelerometers, Episensor (ES-U); 
- five power supply and signal conditioning units with 

respective cables for power and signal transmission; 
- data acquisition equipment, including: 

- DAQ Card AI-16XE-50 data acquisition board with 
A/D conversion at 16 bits; 

- SCXI-1000DC chassis; 
- SCXI-1140 boards with sampling and hold circuits, 

to perform the simultaneous acquisition of several 
signals from different sensors; 

- one laptop computer. 
 

The ES-U accelerometers are force balance acceleration 
sensors from Kinemetrics. They are very sensitive sensors 
with a high dynamic range (greater than 145 dB) and low 
noise performance. Their bandwidth goes from DC to 200 Hz, 
which is an important feature for dynamic testing of large 
civil engineering structures. 

The referred accelerometers were used with a system for 
power supply and signal conditioning that was developed at 
the Centre for Scientific Instrumentation (CIC) of LNEC. This 
system includes 5 independent units for power supply and 
signal conditioning. Each of these units can be connected to 
three accelerometers and contains two 12V batteries, analog 
filters and amplifiers so that the user can select different gain 
factors. The units are connected to the sensors with relatively 
short cables (20 m) and to the data acquisition system with 
long cables that go from 50 m up to 200 m; between these 
long cables and the data acquisition system there is a small 
box to convert the long cables to BNC terminals. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2464



A scheme of the equipment used in the dynamic tests of the 
Corgo River bridges is presented in Figure 5. 
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Figure 5. Equipment used in the dynamic tests. 

 
In the dynamic tests of the Corgo River bridges, the ES-U 

accelerometers were configured with a sensitivity of 40 Volt/g 
and at the power supply and signal conditioning units the gain 
factor was set to 50 and 5, respectively, in the ambient 
vibration measurements and in the dynamic tests with traffic 
of loaded trucks. With these configurations, the minimum 
acceleration amplitudes that could be discretized in the 
records were, respectively, 0.15 µg and 1.53 µg. 
 

3.2 Testing procedure 

In the ambient vibration tests of each bridge, the 
accelerometers were placed in a total of 42 points of the deck. 
These points were located inside the box girder of the deck, 
which is a good option to place the sensors, especially in what 
concerns the safety of the equipment in itself. 

In both bridges, the ambient vibration tests were performed 
in a total of 5 set-ups. Since there were 15 available sensors, 3 
of them were considered as reference sensors and remained at 
the same points during all the set-ups, while the remaining 12 
were roving sensors, which were placed in the other points, 
changing their position from set-up to set-up. 

For the preparation of the tests, namely for the selection of 
the reference points, it was important to do some pre-test 
analysis with finite element models of the bridges. 

In each set-up of the ambient vibration tests, accelerations 
were measured during a total time of 32 minutes. The records 
were acquired with a sampling frequency of 1000 Hz and 
were later pre-processed with low-pass filtering at 6.25 Hz 
using an 8 poles Butterworth filter and decimation to a 
sampling frequency of 15.625 Hz. 

Most of the vibrations measured during the tests were 
induced by the effects of wind, since when the ambient 
vibration tests were performed the bridges weren’t yet opened 
to the traffic. 

In addition to the ambient vibration tests, the dynamic tests 
of the Corgo River bridges included also a series of tests 
where 4 of the loaded trucks used in the static tests, crossed 
the right side bridge independently and successively with 
velocities of 30, 50 and 70 km/h. 
 

4 MODAL IDENTIFICATION 

The modal identification performed with the records measured 
during the ambient vibration tests of the Corgo River bridges 
was carried out using a frequency domain output-only modal 
identification technique, the enhanced frequency domain 
decomposition method (EFDD) [4, 5], implemented in the 
software Artemis Extractor [6]. 

It can be considered that, essentially, there are three 
frequency domain output-only modal identification methods: 
the basic frequency domain method (BFD) or peak picking 
method (PP); the frequency domain decomposition method 
(FDD); and the enhanced frequency domain decomposition 
method (EFDD). The EFDD method [5] is just an 
improvement of the FDD method (FDD) [4]. 

The common data for all the referred frequency domain 
modal identification methods are the estimates of the spectral 
density functions of the response of a structural system. 
Usually, those estimates are obtained using a procedure that 
consists in: division of the response records in several, 
eventually overlapped, segments, whose size determines the 
frequency resolution of the spectral estimates; application of a 
signal processing window in order to reduce the effects of 
leakage; computation of the DFT of the windowed data 
segments using the FFT algorithm; computation of averaged 
auto and cross spectra considering the DFT’s of the data 
segments. 

The procedures to analyze the estimates of the spectral 
density functions, in order to extract the modal properties of a 
system, are slightly different in each of the methods BFD, 
FDD and EFDD. 

In the BFD method [7] the auto-spectra are normalized and 
averaged in order to obtain an averaged normalized power 
spectral density function (ANPSD) that shows the resonance 
peaks corresponding to the vibration modes of a system. 
Identification of the frequencies of those peaks gives a first 
idea about the frequencies of the vibration modes of a system. 
Further analysis is needed of the coherence function and also 
of the amplitude and phase relations between the records 
obtained along the different experimental degrees of freedom. 
Both the coherence function and the amplitude and phase 
relations are evaluated with the elements of the spectral 
density functions matrix. At the frequencies of the natural 
vibration modes of a system, the coherence function should 
present values close to 1. The amplitude and phase relations 
between the different degrees of freedom are evaluated with 
the H1 estimate of the transmissibility frequency response 
function and can be considered as an estimate of the modal 
components, from which the mode shapes of a system can be 
constructed. 

In the FDD method the spectral density functions matrix is, 
at each discrete frequency, decomposed in singular values and 
vectors using the SVD algorithm. By doing so, the spectral 
densities are decomposed in the contributions of the different 
modes of a system that, at each frequency, contribute to its 
response. In each frequency, the dominant mode shows up at 
the 1st singular value spectrum and the other modes at the 
other singular values spectra. From the analysis of the singular 
values spectra it is therefore possible to identify the auto 
power spectral density functions corresponding to each mode 
of a system, which may include parts of several singular 

unit 1 
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values spectra, depending on which mode is dominant at each 
frequency. In the FDD method, the mode shapes are estimated 
as the singular vectors at the peak of each auto power spectral 
density function corresponding to each mode. 

In the EFDD method, the analysis of the singular values 
spectra, takes a further step forward. The selection of the auto-
spectra corresponding to each mode of a system is performed 
based on the values of the MAC coefficient between the 
singular vectors at the resonance peaks and at their 
neighboring frequency lines. Those SDOF auto-spectral 
density functions are then transformed back into the time 
domain by inverse FFT, resulting in auto-correlation functions 
for each mode of a system. Enhanced estimates of the 
frequencies of the modes of a system are obtained from the 
zero crossing times of those auto-correlation functions. The 
damping coefficients are estimated from the logarithmic 
decrement of those auto-correlation functions. Finally, the 
estimate of the mode shapes is also enhanced, considering all 
the singular vectors within each SDOF auto-spectral density 
function, weighted with the corresponding singular values. 

To apply the EFDD method to the data obtained in the 
ambient vibration tests of the Corgo River bridges, the 
spectral density functions of the acceleration responses were 
estimated with the FFT algorithm applied to windowed and 
overlapped samples with 2048 values each. Since, after pre-
processing, the acceleration records are sampled with 
15.625 Hz, the frequency resolution of the estimated spectra is 
0.0076 Hz. 

Figure 6 and Figure 7 show the averaged spectra of the first 
three singular values of the spectral density functions matrices 
of the accelerations measured in the Corgo River bridges. 
 

 

Figure 6. Singular values spectra of the accelerations recorded 
in the right side Corgo River bridge. 

 

 

Figure 7. Singular values spectra of the accelerations recorded 
in the left side Corgo River bridge. 

 
The spectra presented in Figures 6 and 7 clearly show that 

in the frequency range between 0 and 6 Hz there is a 

significant number of natural vibration modes of the two 
curved concrete box girder bridges. With the application of 
the EFDD method the characteristics of several of those 
vibration modes were identified, namely, of 24 modes for the 
right side bridge and of 21 modes for the left side bridge. The 
natural frequencies and damping ratios of those modes are 
presented in Table 1. The identified mode shapes will be 
presented, for some of those modes, in the next item of the 
paper. 
 

Table 1. Identified natural frequencies and damping ratios. 

type of mode 
right side bridge left side bridge 
f (Hz) ξ (%) f (Hz) ξ (%) 

transverse 0.52 1.0 0.53 1.0 
transverse 0.67 1.0 0.69 0.9 
vertical 0.78 0.7 0.82 0.7 
vertical 0.97 0.9 1.00 0.7 

transverse 1.01 0.9 1.02 0.7 
transverse 1.20 0.7 1.24 0.6 
vertical 1.27 0.7 1.31 0.6 
vertical 1.63 0.7 1.68 0.6 

transverse 1.72 0.6 - - 
vertical 1.87 0.7 1.95 0.6 
vertical 2.06 0.7 2.20 0.7 

transverse local 2.23 0.6 2.20 0.7 
transverse 2.34 0.5 2.45 0.5 
vertical 2.59 0.7 2.59 0.8 
vertical 2.74 0.5 2.87 0.6 

transverse 3.15 0.4 3.28 0.6 
vertical 3.17 0.4 3.31 0.5 
vertical 3.98 0.4 4.12 0.5 

transverse 4.17 0.4 4.40 0.4 
vertical 4.49 0.5 4.67 0.3 
vertical 4.59 0.5 - - 
vertical 4.78 0.3 - - 

transverse - - 4.89 0.4 
vertical 4.95 0.5 5.06 0.6 

transverse 5.37 0.3 - - 
 

As the values presented in Table 1 show, the natural modes 
of vibration identified for both Corgo River bridges, have 
similar frequencies although slightly different due to the 
differences in the spans of each bridge that are a result of the 
different radius of curvature in plan that each deck has. It is 
interesting to note that with the adopted dynamic testing 
techniques and modal identification methods it was possible 
to see clearly the differences that exist between the natural 
frequencies of vibration of each bridge. The damping ratios 
have also similar values for corresponding vibration modes in 
each bridge. 
 

5 COMPARISON WITH FE MODELS 

Finite element models of the Corgo River bridges were 
developed using the software SAP2000 [8]. They are spatial, 
linear, elastic models of the structures. The deck of the 
bridges is modeled with shell and beam elements and the piers 
are modeled with beam elements. 
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A plan and an elevation view of the finite element model 
developed for the right side Corgo River bridge are presented 
in Figure 8. 
 

 

Figure 8. Views of the right side bridge FE model. 

 
A graphical comparison between the natural frequencies of 

vibration computed with the FE models and the ones 
identified with the experimental acceleration records is 
presented in Figures 9 and 10. Those Figures clearly show that 
the agreement between the computed and the identified 
frequencies is quite good. 
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Figure 9. Computed and identified natural frequencies for the 
right side Corgo River bridge. 
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Figure 10. Computed and identified natural frequencies for the 
left side Corgo River bridge. 

The identified and computed shapes for the first 10 modes 
of the right side bridge are presented in Figures 11 to 20. 
 

Experimental: f = 0.52 Hz, ξ = 1.0 % 

 
FE model: f = 0.52 Hz 

 

Figure 11. 1st transverse mode of the right side bridge. 

 
Experimental: f = 0.67 Hz, ξ = 1.0 % 

 
FE model: f = 0.67 Hz 

 

Figure 12. 2nd transverse mode of the right side bridge. 

 
Experimental: f = 0.78 Hz, ξ = 0.7 % 

 
FE model: f = 0.74 Hz 

 

Figure 13. 1st vertical mode of the right side bridge. 

 
Experimental: f = 0.97 Hz, ξ = 0.9 % 

 
FE model: f = 0.93 Hz 

 

Figure 14. 2nd vertical mode of the right side bridge. 
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Experimental: f = 1.01 Hz, ξ = 0.9 % 

 
FE model: f = 1.02 Hz 

 

Figure 15. 3rd transverse mode of the right side bridge. 

 
Experimental: f = 1.20 Hz, ξ = 0.7 % 

 
FE model: f = 1.18 Hz 

 

Figure 16. 4th transverse mode of the right side bridge. 

 
Experimental: f = 1.27 Hz, ξ = 0.7 % 

 
FE model: f = 1.22 Hz 

 

Figure 17. 3rd vertical mode of the right side bridge. 

 
Experimental: f = 1.63 Hz, ξ = 0.7 % 

 
FE model: f = 1.55 Hz 

 

Figure 18. 4th vertical mode of the right side bridge. 

Experimental: f = 1.72 Hz, ξ = 0.6 % 

 
FE model: f = 1.65 Hz 

 

Figure 19. 5th transverse mode of the right side bridge. 

 
Experimental: f = 1.87 Hz, ξ = 0.7 % 

 
FE model: f = 1.81 Hz 

 

Figure 20. 5th vertical mode of the right side bridge. 

 
The identified and computed shapes for the first 10 modes 

of the left side bridge are presented in Figures 21 to 30. 
 

Experimental: f = 0.53 Hz, ξ = 1.0 % 

 
FE model: f = 0.55 Hz 

 

Figure 21. 1st transverse mode of the left side bridge. 

 
Experimental: f = 0.69 Hz, ξ = 0.9 % 

 
FE model: f = 0.70 Hz 

 

Figure 22. 2nd transverse mode of the left side bridge. 
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Experimental: f = 0.82 Hz, ξ = 0.7 % 

 
FE model: f = 0.80 Hz 

 

Figure 23. 1st vertical mode of the left side bridge. 

 
Experimental: f = 1.00 Hz, ξ = 0.7 % 

 
FE model: f = 1.00 Hz 

 

Figure 24. 2nd vertical mode of the left side bridge. 

 
Experimental: f = 1.02 Hz, ξ = 0.7 % 

 
FE model: f = 1.06 Hz 

 

Figure 25. 3rd transverse mode of the left side bridge. 

 
Experimental: f = 1.24 Hz, ξ = 0.6 % 

 
FE model: f = 1.26 Hz 

 

Figure 26. 4th transverse mode of the left side bridge. 

Experimental: f = 1.31 Hz, ξ = 0.6 % 

 
FE model: f = 1.31 Hz 

 

Figure 27. 3rd vertical mode of the left side bridge. 

 
Experimental: f = 1.68 Hz, ξ = 0.6 % 

 
FE model: f = 1.64 Hz 

 

Figure 28. 4th vertical mode of the left side bridge. 

 
Experimental: f = 1.95 Hz, ξ = 0.6 % 

 
FE model: f = 1.93 Hz 

 

Figure 29. 5th vertical mode of the left side bridge. 

 
Experimental: f = 2.20 Hz, ξ = 0.7 % 

 
FE model: f = 2.23 Hz 

 

Figure 30. 6th vertical mode of the left side bridge. 
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The results presented in Figures 11 to 20 for the right side 
bridge and in Figures 21 to 30 for the left side bridge, clearly 
show that a good agreement was obtained between the 
computed and the identified mode shapes, besides the good 
agreement between the computed and the identified natural 
frequencies, that was already evident in Figures 9 and 10. 
 

6 CONCLUSIONS 

This paper presented the dynamic tests, modal identification 
and finite element model correlation studies that were 
performed in two curved concrete box girder bridges that 
cross the Corgo River near the city of Régua in the North of 
Portugal. 

The two bridges are independent structures with five spans 
each and because of their curvature in plan, the spans length is 
slightly different in each structure. The right side bridge has a 
total length of 635.8 m and the left side bridge has a total 
length of 614.2 m. 

The dynamic tests described in the paper, were performed 
as part of the reception tests that were carried out in the 
structures immediately after the end of their construction and 
before they were opened to the traffic. Before the dynamic 
tests, also static load tests were carried out. 

The dynamic tests consisted, primarily, in ambient vibration 
measurements, which were performed in both bridges, and in 
tests with the traffic of loaded trucks with different speeds, 
that were only conducted in the right side bridge. The static 
load tests were also carried out only in the right side structure. 

The ambient vibration tests were performed using a similar 
testing procedure in both structures, comprising, in both cases, 
a total of five set-ups with three reference sensors, positioned 
in the same points in all the set-ups, and twelve roving 
sensors, which were moved to different points from set-up to 
set-up. 

The accelerations recorded in the ambient vibration tests 
were analyzed with a suitable stochastic modal identification 
method, the enhanced frequency domain decomposition 
method (EFDD). With this methodology, the characteristics 
(frequency, damping ratio and mode shape) of several natural 
vibration modes of the structures were identified, namely, of 
24 modes for the right side bridge and of 21 modes for the left 
side bridge. 

The natural modes of vibration identified for both Corgo 
River bridges, have similar frequencies although slightly 
different due to the differences in the spans of each bridge that 
are a result of the different radius of curvature in plan that 
each deck has. The natural frequencies of vibration of the 
right side bridge are slightly lower than the ones of the left 
side bridge. The damping ratios have also similar values for 
corresponding vibration modes in each bridge. 

With the adopted dynamic testing technique and modal 
identification method it was possible to see clearly the 
differences that exist between the natural frequencies of 
vibration of each bridge. 

Spatial finite element models of the two bridges were 
developed, where the deck is modeled with shell and beam 
elements and the piers are modeled with beam elements. A 
quite good agreement was obtained between the identified 
dynamic characteristics and the ones computed with the 

models, both in what concerns the frequencies as well as the 
mode shapes. 

The identified dynamic characteristics of the Corgo River 
bridges are an important contribution to characterize their 
actual condition at the end of their construction and before 
they were opened to the traffic. It is important to note that the 
natural excitation dynamic tests that were performed for 
modal identification purposes can be carried out during the 
lifetime of the structure without the need to impose traffic 
restrictions. This opens perspectives to easily perform this 
kind of tests during the lifetime of the bridges as a way to 
monitor the evolution of their characteristics and condition 
and, eventually, detect situations of structural degradation and 
damage. 
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ABSTRACT: Operational Modal Analysis consists on estimatethe modal parameters of a structure (natural frequencies, damping
ratios and modal vectors) from output-only vibration measurements. The modal vectors can be only estimated where a sensor
is placed, so when the number of available sensors is lower than the number of tested points, it is usual to perform severaltests
changing the position of the sensors from one test to the following (multiple setups of sensors): some sensors stay at thesame
position from setup to setup, and the other sensors change the position until all the tested points are covered. The permanent
sensors are then used to merge the mode shape estimated at each setup (or partial modal vectors) into global modal vectors.

Traditionally, the partial modal vectors are estimated independently setup by setup, and the global modal vectors are obtained in
a postprocess phase. In this work we present two state space models that can be used to process all the recorded setups at the same
time, and we also present how these models can be estimated using the maximum likelihood method. The result is that the global
mode shape of each mode is obtained automatically, and subsequently, a single value for the natural frequency and damping ratio
of the mode is computed. Finally, both models are compared using real measured data.

KEY WORDS: Operational Modal Analysis, multiple setups of sensors, state space model, Expectation-Maximization algorithm

1 INTRODUCTION

The estimation of modal parameters from experimental data is
a well-established discipline in mechanical engineering [1], [2].
The procedure consists on to apply a known dynamic force to
the structure and to record the response of the structure dueto
this force. After that, force and response are used to estimate the
modal parameters (Experimental Modal Analysis or EMA is the
name used for this technique in technical literature).

The application of this method to large structures like bridges
or buildings has some drawbacks: first, because it is difficult and
often expensive to apply a measured force to these structures;
and second, because apart from the measured inputs, the
structure is also excited by other unmeasured forces like wind,
traffic, earthquakes,. . . The option is to estimate the modal
parameters using only the response of the structure. This
response is usually due to ambient loads (for example, wind),
or to operational loads (traffic, human loading). That’s why
this procedure is called Operational Modal Analysis (or OMA),
ambient modal analysis or output-only modal analysis.

The parametric approach to estimate the modal parameters
consists on to fit a mathematical model to the vibration data,
and then to compute the modal parameters from the model
parameters. In EMA, both input and output data are used to
estimate the model. In OMA, where the input are unknown, it is
assumed that they are realizations of a stochastic process with
known properties (generally, white noise processes with zero
mean and a given variance). The most successful approach in
the time domain is to use the well-known state space model:

xt = Axt−1+wt (1a)

yt =Cxt + vt , (1b)

whereyt ∈R
no is the vibration measured atno different degrees

of freedom (DOFs);A ∈ R
ns×ns and C ∈ R

no×ns are model
parameters, andwt ∈ R

ns, vt ∈ R
no are white noise processes

with zero mean and covariance matricesQ ∈ R
ns×ns and R∈

R
no×no respectively.
If the state space model is estimated from vibration data

recorded at a structural system, the modal parameters of the
structure can be computed from the parameters of the state space
model, in particular from matricesA andC (see [3]). It is usual
to express thejth eigenvalue ofA as

λ j = exp
[(

−ζ jω j + iω j

√
1− ζ 2

j

)
∆t
]
, (2)

where∆t is the time step. Therefore

ω j =

∣∣ln(λ j)
∣∣

∆t
, (3)

ζ j =
−Real[ln(λ j)]

ω j∆t
. (4)

If proportional damping is admitted,ω j is the undamped natural
frequency andζ j is the damping ratio.

The jth mode shapeψ j ∈ C
no evaluated at sensor locations

can be obtained using the following expression:

ψ j =Cvj , (5)

where v j is the eigenvector corresponding to the eigenvalue
λ j . In general, the modal vectors are complex. If proportional
damping is admitted, the modal vectors are real; we can take the
real part ofψ j :

φ j = Real[Cvj ] ∈ R
no. (6)
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It is important to note that the number of modes estimated
from the datayt depends on the dimension of matrixA, that
is, ns. Since each pair of complex and complex-conjugate
eigenvalues gives a mode of vibration, the number of modes
estimated isns/2 (assuming all the eigenvalues are complex).
The valuens is not known in advance, it has to be estimated
using specific techniques (see [4]) .

Another important aspect is that, taking into account Equation
(5), the size of the estimated modal vectors is equal to the
number of measured outputs,no. In fact, the modal vectors
are estimated only at the measured DOFs. This is important
because often the number of required DOFs is higher than the
number of available sensors (either because the structure is large
or because the resolution for the modal vectors is high). The
solution adopted in technical literature consists in to measure the
vibration of the structure changing the positions of the sensors
(each sensor position is calledsetup of sensors): some sensors
do not move from setup to setup (the permanent sensors), but
the rest of available sensors change their position from setup
to setup (moving sensors), so that all the required DOFs are
measured. Then, the information recorded in the different setups
has to be processed properly to obtain the modal vectors in all
the measured points.

The traditional approach consisted in to estimate the partial
modal vectors (those corresponding to the DOFs measured in
each setup), and then, in a post-process phase, to build the global
modal vectors (corresponding to all the measured DOFs) taking
into account the information given by the permanent sensors.
This process is usually tiresome, time consuming, and difficult.

On the other hand, there is an increasing interest in to process
all the setups at the same time, so the global modal vectors are
obtained directly. In the time domain, this approach requires
to use the appropriate state space model and to develop the
identification algorithms to estimate such a model.

In this work we analyse two different state space models
that can be used to estimate the modal parameters from the
data measured in tests with multiple setups of sensors. We
use the maximum likelihood method and the EM algorithm
to estimate both state space models. The models and the
estimation algorithm are tested using data recorded at a steel
frame structure with antennae attached at the top.

2 STATE SPACE MODELS FOR THE JOINT ESTIMATION
OF MODAL PARAMETERS

In this section we show two state space models for the
computation of the modal parameters. The first one, called here
state space model 1, was first used in [5]. More datails on the
second model,state space model 2, can be found in [6].

2.1 State space model 1

The data recorded byno sensors simultaneously placed in a
structure can be represented by:

yt =


d1,t

d2,t

· · ·
dno,t

 , (7)

whered j ,t stands for the datum measured by sensorj in the time
instantt. The data recorded by theno sensors inM different
setups of sensors can be represented by:

y(1)t =


d(1)

1,t

d(1)
2,t
· · ·

d(1)
no,t

 , y(2)t =


d(2)

1,t

d(2)
2,t
· · ·

d(2)
no,t

 , . . . , y(M)
t =


d(M)

1,t

d(M)
2,t
· · ·

d(M)
no,t

 , (8)

whered(s)
j ,k stands for the datum measured by sensorj at the

time instantt and setups (for simplicity, it is assumed that all
the setups have the same number of sensors). These data can be
also represented by:

y(1)t =

[
y(1)1,t

y(1)2,t

]
, y(2)t =

[
y(2)1,t

y(2)2,t

]
, . . . , y(M)

t =

[
y(M)

1,t

y(M)
2,t

]
; (9)

y(s)1,t ∈ R
no1×1 stands for the data measured by the permanent

sensors (consider there areno1 permanent sensors) in setups,

y(s)1,t =


d(s)

1,t

d(s)
2,t
· · ·

d(s)
no1,t

 ; (10)

andy(s)2,t ∈ R
no2×1 stands for the data measured by the moving

sensors (there areno2 = no−no1 moving sensors) in setups.

y(s)2,t =


d(s)

no1+1,t

d(s)
no1+2,t
· · ·

d(s)
no,t

 ; (11)

The state space model we can use with the data of theM setups
(Equation (9)) is

x(r)t+1 = Ax(r)t +w(r)
t (12a)[

y(r)1,t

y(r)2,t

]
=

[
C1

C(r)
2

]
x(r)t +

[
v(r)1,t

v(r)2,t

]
, (12b)

r = 1,2, . . . ,M. (12c)

Note the observation equation can be also written as

y(r)t =C(r)x(r)t + v(r)t , (13)

where

y(r)t =

[
y(r)1,t

y(r)2,t

]
; C(r) =

[
C1

C(r)
2

]
; v(r)t =

[
v(r)1,t

v(r)2,t

]
. (14)

For the noise processes we assume Gaussian white noise
process

w(r)
t ❀ N(0,Q(r)), v(r)t ❀ N(0,R(r)). (15)

The features of this model are:
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• The measurements of the permanent sensors must be placed

at the firstno1 rows of the output vector in all setups,y(r)t , r =
1,2, . . . ,M;
• The matrix A is the same for all the setups: this matrix
represents the dynamics of the structure, and it is assumed the
structure is time invariant, it does not change from setup to
setup;
• The states are different for all the setups because the measured
data are different;
• The output matricesC(r) have two parts: theno1 first rows
(corresponding to the permanent sensors) are constant for all the
setups, and the rest rows are record-depending;
• The globalC matrix (the matrix corresponding to all the
measured DOFs) can be constructed as:

C=


C1

C(1)
2

C(2)
2
. . .

C(M)
2

 ∈R
(no1+no2M)×ns (16)

• The noise process corresponding to the states,wt , is record-
depending. In OMA the unobserved inputs are modelled by this
noise process, so the model takes into account the possibility of
inputs with different variance;
• The noise process for the outputs,vt , is also different for each
setup.
The unknown parameters of this model are

θ = {A,C(r),Q(r),R(r), x̄(r)0 ,P(r)
0 }, r = 1,2, . . . ,M, (17)

wherex̄(r)0 andP(r)
0 are the mean and variance of the initial state

x(r)0 respectively (which is assumed to be normal distributed).

2.2 State space model 2

Imagine you have four accelerometers and you need to measure
the response of one structure at eight different DOFs, so you
decide to use two accelerometers as permanent sensors and the
other two as moving sensors. The resulting three setups of
sensors are given in Table 1.

setup measured DOFs
1 1 2 3 4
2 1 2 5 6
3 1 2 7 8

Table 1. Example: measured DOFs per setup.

The data recorded by the four accelerometers at time instantt
in each setup can be expressed as

y(1)t =


q̈(1)1,t

q̈(1)2,t

q̈(1)3,t

q̈(1)4,t

 , y(2)t =


q̈(2)1,t

q̈(2)2,t

q̈(2)5,t

q̈(2)6,t

 , y(3)t =


q̈(3)1,t

q̈(3)2,t

q̈(3)7,t

q̈(3)8,t

 , (18)

whereq̈(s)j ,t represents the acceleration measured in DOFj at time
instantt and setups.

Apart from model (12), we can use the following state space
model for these data

x(r)t+1 = Ax(r)t +w(r)
t (19a)

y(r)t = L(r)Cx(r)t + v(r)t , (19b)

r = 1,2, . . . ,M, (19c)

(M = 3 in this example).L(r) ∈ R
no×nog is a location matrix

formed by ones and zeros (nog is the number of total DOFs

measured in all the setups,nog= no1+M ·no2): L(r)
jk = 1 if the jth

sensor in therth setup measures thekth DOF of the global list
of measured DOFs; and zero otherwise. The location matrices
are known for each setupr.

In order to clarify the definition of location matrices, we show
next the location matrices for the three setups given in Table 1.
First, the global list of measured DOFs is:

y(g)t =



q̈1,t

q̈2,t

q̈3,t
q̈4,t

q̈5,t

q̈6,t

q̈7,t

q̈8,t


∈ R

nog×1 (20)

(nog= no1+M ·no2 = 2+3·2= 8). The following relationships
must be verified

y(1)t = L(1)y(g)t , y(2)t = L(2)y(g)t , y(3)t = L(3)y(g)t ; (21)

Thus

L(1) =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

 ;

L(2) =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

 ;

L(3) =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

 .

Note again the observation equation can be also written as

y(r)t =C(r)x(r)t + v(r)t . (22)

For the noise processes we assume Gaussian white noise
process

w(r)
t ❀ N(0,Q(r)), v(r)t ❀ N(0,R(r)). (23)

The features of this model are:
• The matrix A is the same for all the setups: this matrix
represents the dynamics of the structure, and it is assumed the
structure is time invariant, it does not change from setup to
setup;
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• The states are different for all the setups because the measured
data are different;
• The measurement vectors,y(r)t , r = 1,2, . . . ,M, can be sorted
in any order, mixing permanent and moving measurements.
• The globalC matrix is obtained directly;
• The noise process corresponding to the states,wt , is record-
depending;
• The noise process for the outputs,vt , is also different for each
setup;
• The moving sensors can measure the same DOF in more than
one setup, and the data recorded in those setups will be used to
estimate the modal vectors at that DOF.
The unknown parameters of this model are

θ = {A,C,Q(r),R(r), x̄(r)0 ,P(r)
0 }, r = 1,2, . . . ,M, (24)

wherex̄(r)0 andP(r)
0 are the mean and variance of the initial state

x(r)0 respectively (which is assumed to be normal distributed).

2.3 Model estimation

To estimate the parameters of the state space models 1 and
2, we propose to use maximum likelihood estimation (MLE)
with a maximization procedure based on the Expectation
Maximization algorithm. The EM algorithm is a general-
purpose method for MLE [7], that Shumway and Stoffer [8]
used to estimate state space models. The performance of the
EM algorithm for OMA was analysed in [9]. The algorithm is
simple to apply since at each iteration the optimal solutionfor
the unknown parameters can be obtained from explicit formulas.

Let be the observed outputsY(r)
N = {y(r)1 ,y(r)2 , . . . ,y(r)N } and

the statesX(r)
N = {x(r)1 ,x(r)2 , . . . ,x(r)N }. The probability density

function for one individual record is given by (see [9])

fθ (r) (X
(r)
N ,Y(r)

N ) = (25)

= f
x̄(r)0 ,P(r)

0
(x(r)0 )

N

∏
t=1

fA,Q(r) (X
(r)
t |X(r)

t−1)
N

∏
t=1

fC,R(r) (Y
(r)
t |X(r)

t ).

where under Gaussian assumption

f
x̄(r)0 ,P(r)

0
(x(r)0 ) =

1

(2π)ns/2|P(r)
0 |1/2

·

·exp

(
−

1
2
(x(r)0 − x̄(r)0 )T

(
P(r)

0

)−1
(x(r)0 − x̄(r)0 )

)
,

fA,Q(r) (X
(r)
t |X(r)

t−1) =
1

(2π)ns/2|Q(r)|1/2
·

·exp

(
−

1
2
(x(r)t −Ax(r)t−1)

T
(

Q(r)
)−1

(x(r)t −Ax(r)t−1)

)
,

fC,R(r) (Y
(r)
t |X(r)

t ) =
1

(2π)no/2|R(r)|1/2
·

·exp

(
−

1
2
(y(r)t −C(r)x(r)t )T

(
R(r)

)−1
(y(r)t −C(r)x(r)t )

)
.

Thus, if we considerM independent setups, the joint density
function fθ (XN,YN) will be the product of individual ones

fθ (XN,YN) =
M

∏
r=1

fθ (r) (X
(r)
N ,Y(r)

N ). (26)

The complete data likelihood is defined byLXN,YN(θ ) =
fθ (XN,YN). In practice the log-likelihood is used, so
information is combined by addition and it can be written as
a sum of the log-likelihood of each individual record:

lXN,YN(θ ) = logLXN,YN(θ ) =
M

∑
r=1

l
X(r)

N ,Y(r)
N
(θ (r)). (27)

The log-likelihood of recordr can be written as the sum of
three uncoupled functions

l
X
(r)
N ,Y

(r)
N
(θ (r)) =−

1
2
[l1(µ

(r)
0 ,Σ(r)

0 )+ l2(A,Q
(r))+ l3(C,R

(r)))],

(28)
where, ignoring constants, are

l1(x̄
(r)
0 ,P(r)

0 ) = log|P(r)
0 |+

+(x(r)0 − x̄(r)0 )T
(

P(r)
0

)−1
(x(r)0 − x̄(r)0 ),

l2(A,Q
(r)) =N log|Q(r)|+

+
N

∑
t=1

(x(r)t −Ax(r)t−1)
T
(

Q(r)
)−1

(x(r)t −Ax(r)t−1),

l3(C,R
(r)) =N log|R(r)|+

+
N

∑
t=1

(y(r)t −C(r)x(r)t )T
(

R(r)
)−1

(y(r)t −C(r)x(r)t ).

If we did have the observed vectorsY(r)
N and the statesX(r)

N , we
could easily obtain the MLEs of the parametersθ (for example,
using the results from multivariate normal theory). But the
states are unknown (in fact, the states are unobserved quantities).
The EM algorithm gives us an iterative method for finding the

MLEs of θ using only the observed vectorsY(r)
N , by successively

maximizing the conditional expectation of the complete data
likelihood (27). Two steps must be repeated iteratively:
• Expectation step. To compute the expected value of the log-
likelihood (27), E[lXN,YN(θ )|YN,θj ].
• Maximization step. To maximize E[lXN,YN(θ )|YN,θj ] with
respect to the parametersθ .

3 APPLICATIONS: STEEL-TRANSMITTER MAST

The results we show here correspond to a steel frame structure
with antennae attached at the top (Figure 1). This structurehas
been deeply analysed in [4], [10] and [11].

On March 26, 1998, the structure was subject to ambient
vibration measurements. The aim of the test was to investigate
the structure’s modal damping in the frequency range 0-5 Hz.
Seventeen degrees of freedom, all horizontal accelerations, have
been measured in three setups using three reference degreesof
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Figure 1. Steel transmitter mast.
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Figure 2. Steel mast grid and description of the three setupsof
sensors (the arrows indicate sensor position and measured
direction).

freedom, that were common to each setup (Figure 2). Three
horizontal accelerations have been measured at a height of
6.17, 12.17, 18.17, 24.17 and 29.90 m. The two orthogonal
accelerations at the top of the mast (at height of 33.00 m) have
been measured as well.

The data were sampled at a rate of 100 Hz. The cut-
off frequency of the anti-aliasing filter that was used was set
to 20 Hz. The number of samples was set toN = 30720,
which resulted in a measurement time of approximately 5 min.
Afterwards, the data were digitally filtered with a low-passfilter

with a cut-off frequency of 5 Hz and resampled at 12.5 Hz,
which reduced the number of samples toN = 3840.

State space model 1
f 1.171 Hz 1.175 Hz 1.957 Hz
ζ 0,455% 0,881% 0,701%
1x 1.000 1.000 1.000
2x 1.112 + 0.167i 1.038 - 0.044i -1.078 + 0.024i
2y -1.279 - 2.870i -0.259 + 0.307i 0.601 - 0.000i
4x 0.659 + 0.183i 0.634 + 0.064i 0.732 + 0.065i
5x 0.705 + 0.257i 0.663 + 0.052i -0.856 - 0.036i
5y -0.591 - 1.940i -0.179 + 0.178i 0.482 + 0.044i
7x 0.362 + 0.100i 0.346 + 0.037i 0.480 + 0.035i
8x 0.382 + 0.184i 0.367 + 0.026i -0.552 - 0.023i
8y -0.321 - 1.118i -0.083 + 0.105i 0.305 + 0.020i
10x 0.173 + 0.020i 0.163 - 0.005i 0.313 - 0.001i
11x 0.171 + 0.027i 0.162 - 0.001i -0.333 + 0.0127i
11y -0.189 - 0.462i -0.035 + 0.046i 0.1980 + 0.001i

13x(2) 0.050 + 0.006i 0.044 - 0.001i 0.148 - 0.003i
13x(3) 0.072 + 0.014i 0.045 + 0.010i 0.145 - 0.003i
14x(2) 0.047 + 0.012i 0.045 - 0.001i -0.154 + 0.001i
14x(3) 0.024 + 0.001i 0.046 - 0.014i -0.154 + 0.001i
14y(2) -0.053 - 0.127i -0.009 + 0.013i 0.090 + 0.000i
14y(3) -0.058 - 0.132i -0.008 + 0.009i 0.089 + 0.001i
19x 2.088 + 0.658i 1.402 + 0.517i -0.064 + 0.009i
19y -1.883 - 4.790i -0.399 + 0.122i 0.271 + 0.012i

Table 2. First three modes (natural frequencies, damping ratios
and modal vectors) estimated using the state space model
1 and the EM algorithm. DOFs 13, 14 and 15 has been
estimated in setup 2 and 3.

State space model 2
f 1.171 Hz 1.179 Hz 1.958 Hz
ζ 0.290% 0.697% 0.610%
1x 1.000 1.000 1.000
2x 0.947 + 0.151i 1.045 - 0.040i -1.039 + 0.004i
2y -1.2111- 2.581i -0.368 + 0.236i 0.568 + 0.007i
4x 0.569 + 0.163i 0.637 + 0.066i 0.734 + 0.057i
5x 0.554 + 0.220i 0.668 + 0.054i -0.823 - 0.056i
5y -0.987 - 1.562i -0.243 + 0.123i 0.455 + 0.049i
7x 0.272 + 0.056i 0.361 + 0.026i 0.479 + 0.035i
8x 0.211 + 0.104i 0.384 + 0.014i -0.534 - 0.023i
8y -0.617 - 0.882i -0.128 + 0.081i 0.292 + 0.023i
10x 0.152 + 0.019i 0.165 - 0.005i 0.312 - 0.004i
11x 0.149 + 0.024i 0.162 - 0.001i -0.324 + 0.001i
11y -0.206 - 0.409i -0.053 + 0.035i 0.189 + 0.003i
13x 0.030 - 0.006i 0.049 - 0.005i 0.145 - 0.002i
14x 0.021 - 0.001i 0.0498- 0.005i -0.150 + 0.003i
14y -0.064 - 0.107i -0.016 + 0.012i 0.088 + 0.001i
19x 1.996 + 0.770i 1.387 + 0.286i -0.066 - 0.005i
19y -1.838 - 3.988i -0.524 + 0.182i 0.261 + 0.012i

Table 3. First three modes (natural frequencies, damping ratios
and modal vectors) estimated using the state space model 2
and the EM algorithm.

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2475



State space model 1
mode 1 mode 2 mode 3

State space mode 1 0,9110 0,2443 0,1031
model 2 mode 2 0,0656 0,9847 0,0191

mode 3 0,1019 0,0286 0,9994
Table 4. MAC values between modal vectors computed using

the state space model 1 and state space model 2 (for DOFs
13x, 14x and 14y in model 1, results of setup 2 has been
used).
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Figure 3. Plot of the modal vectors (real part) corresponding to
the first three modes estimated using the state space model
2 and the EM algorithm.

Both models, state space model 1 and 2, were estimated using
the EM algorithm detailed in Section 2.3. The state space order
used for both models wasns = 16 (in theory, 8 modes were
identified). The first three modes are shown in Tables 2 and
3. Figure 3 shows the first three modes estimated using the state
space model 2. The following points can be highlighted:
• The global modal vectors are obtained directly with both
models, no post-process is needed. Besides, only one value for
the natural frequency and damping ratio per mode is obtained.
• The global modal vectors estimated with both models are
similar. The modal vectors are compared in Table 4 by mean
of the MAC value.
• It is important to note that DOFs 13x, 14x and 14y (13x means
node 13, X-direction, and so on) were measured in setups 2 and
3, although they were not permanent sensors. If we use the
state space model 1, the modal vectors are estimated in these
DOFs in both setups (this is indicated in Table 2 by mean of
a superscript). However, if we use the state space model 2,

only one value for 13x, 14x and 14y is obtained. And what
is more important, this model use the data of setup 2 and setup
3 to estimate the most likelihood modal vectors at these DOFs.

4 CONCLUSIONS

The estimation of the modal parameters from data recorded at
different setups of sensors it is not trivial task. One option is to
process each setup separately so the modal vectors are estimated
by parts. Then, the global modal vectors are obtained gluing
these parts.

A more interesting option is to use an adequate state space
model to process all the setups at the same time. The result is
that the global modal vectors are obtained directly. In thiswork
we have analysed and compared two state space models that can
be used with these multiple data.
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ABSTRACT: An unreinforced masonry house model was dynamically loaded using eccentric-mass shakers, with structural 
damage initiated by increasing the amplitude of the shaker load applied. At each damage state, a modal test was performed by 
impacting the house using a calibrated hammer. The structure’s dynamic properties were extracted by Stochastic Subspace 
Identification techniques. Finally, two vibration-based damage indicators were applied to detect and determine the spatial 
distribution of damage, i.e. modal frequency variation and modal assurance criteria. It was concluded that prior to identifying the 
damage distribution, it was necessary to determine how the modal frequencies were related to each wall. Based on that 
individual wall information, only a rough identification of damage distribution can be achieved.  

KEY WORDS: Unreinforced masonry, damage identification, impact test, modal analysis.. 

1 INTRODUCTION 
Damage has been defined as a change that adversely affects 
the current or future performance of a system. Damage is 
usually related to structural responses that cause material non-
linearity. However, the effect of damage is not only observed 
in post-elastic behaviour of structures because the linear 
response might also be perturbed due to degradation of elastic 
stiffness, loss of mass, or changes in the system boundary 
conditions.  

A number of non-destructive techniques have been 
developed in the last three decades to detect damage beyond 
human naked-eye capacities (e.g. acoustic emissions, 
ultrasonic emissions or X-ray inspections). Most of these 
methods focus on assessing the local condition of structural 
elements, and they require a prior localization of the damage 
and access to the damaged area. Nevertheless, there are other 
kinds of non-destructive methods that can provide global 
information about damage in a structure. Global damage 
identification methods are, in general, based on the 
observation of changes in the dynamic response of structures, 
for example: modal frequency, mode shapes, modal 
curvatures and frequency response functions . Assuming that 
ambient conditions do not significantly affect the system 
properties, changes in the dynamic response can be associated 
with alteration of the mass, stiffness and damping matrices. 
Consequently, they can be interpreted as a symptom of 
structural damage. The main hypothesis of global damage 
identification is that an observation of variation in the elastic 
response of a system (modal properties) is sufficient to 
diagnose damage. Therefore, it is not necessary to force the 
structure into the non-linear range to verify damage.  

The non-destructive nature of global damage identification 
techniques makes them especially attractive for localizing and 
assessing damage in structures of high historical and/or 
architectural value [1-4]. These techniques do not require 
direct access to the damaged zone, and thus they are 
particularly convenient from an economic and practical 

perspective, because damage can be detected early and “pre-
localized”. The information obtained by applying global 
damage identification techniques can then be used to decide 
whether a more detailed local analysis is necessary.  

Most damage identification studies have focused on 
structures built using relatively homogeneous materials (e.g. 
steel and concrete). Only few studies have taken on the 
challenge of investigating damage in structures made of 
composite materials such as masonry (an assembly of bricks 
and mortar), with even fewer studies considering damage of 
heritage masonry buildings [5-7]  

In our study, global damage identification methods based on 
vibration response were applied for detecting and roughly 
determining the spatial distribution of damage (damage 
localization) in an unreinforced masonry (URM) full-scale 
house model.  

The house model was dynamically loaded using an 
eccentric-mass shaker placed on the roof diaphragm. 
Structural damage to the walls was initiated by increasing the 
amplitude of the load applied by the shaker. At different 
stages of damage, modal tests were performed by impacting 
the house using a calibrated hammer. The dynamic properties 
of the structure for the different damage states were extracted 
from the recorded accelerations by applying Stochastic 
Subspace Identification (SSI). Two simple vibration-based 
damage indicators (modal frequency variations and modal 
assurance criteria) were considered and applied to the results 
obtained from modal tests conducted on the URM house 
model. These indicators have been previously demonstrated to 
be effective in identifying damage in simple URM structural 
elements, such as cantilever wall panels [8]. 

2 HOUSE MODEL 
An unreinforced clay brick masonry house model was 
constructed by an independent mason with deliberately 
minimal intervention by the analyst, with the aim of best 
replicating the typical construction practice used in New 
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Zealand for the construction of URM buildings between 
approximately 1880 and 1935 [9]. The specimen was built 
using recycled clay bricks obtained from demolition sites of 
old masonry buildings in Auckland, New Zealand. The mortar 
used to assemble the walls was lime based and had a 
cement : lime : sand ratio equal to 1 : 2 : 9. The use of this 
mortar mix has been shown to be appropriate for replicating 
the in-situ characteristics of historic unreinforced clay brick 
masonry buildings in New Zealand. The masonry compressive 
strength and Young’s modulus were determined by 
standardized three-brick prism compressive tests [10], and 
were 3.9 MPa and 0.71 GPa, respectively. 

The house dimensions were 4 m × 4 m in plan. The north, 
east and west walls had a height of 2.2 m and a thickness of 
230 mm (two leaves of bricks), whereas the south wall had a 
height of 1.9 m and was 110 mm thick (one leaf of bricks). 
The bricks followed a common bond pattern (header course at 
every fourth course). The east and west walls had one opening 
for windows and the north wall had two openings for a 
window and a door. There were no openings in the south wall. 
A general view of the house model is shown in Figure 1.  

A timber floor diaphragm that consisted of six equally 
spaced joists (45 mm × 140 mm) supported by the interior leaf 
of the east and west walls was located at a height of 1.60 m. 
These joists were connected by four equally spaced lines of 
blocking (45 mm × 140 mm). The diaphragm flooring was 
constructed over the joists using timber boards 
(32 mm × 140 mm) covered by 12 mm plywood sheets 
simulating a retrofit solution typically applied to floor 
diaphragms in New Zealand (Figure 2). 

Figure 1. General view of the house model. 

Figure 2. Timber diaphragm layout. 

3 DYNAMIC EXCITACION CAUSING DAMAGE 
The unreinforced masonry house model was dynamically 
tested with the aim of determining the effect of damage on the 
modal response of the structure. An eccentric-mass shaker 
(ANCO MK-140-10-50) attached to the roof diaphragm was 
used to damage the structure (Figure 3). The purpose of using 
a shaker to damage the house model was to produce a random, 
but controlled, deterioration that could then be detected by the 
damage identification procedures under investigation. 

Four horizontal harmonic excitation sequences (ES1 to 
ES4) were applied by the shakers to the structure in the north-
south direction. Within each excitation sequence, the 
magnitude of the excitation was gradually increased up to a 
maximum load (Fmax) in a certain time-span (duration), as 
given in Table 1. 

Figure 3. Eccentric mass shaker attached to the diaphragm. 

Table 1. Damage State (DS) and excitation sequences (ES). 

Damage 
State 

Excitation 
Sequence 

Fmax  
(kN) 

Duration 
(sec) 

DS0    
 ES1 4.9 120 

DS1    
 ES2 4.9 120 

DS2    
 ES3 10.4 180 

DS3    
 ES4 10.4 180 

DS4    

3.1 Observed damage  

The first excitation sequence (ES1) produced no visible 
damage (DS1). However, an excessive and undesired vertical 
deformation was observed in the diaphragm. This deformation 
originated in an overturning moment by the shaker, which 
produced a detachment of the floor boards and plywood sheets 
from the joists. This detachment affected the transference of 
load from the shaker, through the diaphragm, to the walls. To 
prevent this floor detachment, two box-section steel joists 
were added to the diaphragm in the north-south direction. 
These members were placed at the top of the diaphragm and 
firmly bolted to the timber joists below the diaphragm. The 
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addition of the steel joists significantly reduced the vertical 
deformation of the diaphragm during the second excitation 
sequence (ES2), but did not eliminate that deformation 
completely.  

As no visible damage was observed at DS2, it was decided 
to increase the magnitude and duration of the next excitation 
sequence (ES3) to 10.4 kN and 180 seconds, respectively. As 
expected, significant and visible damage was generated in the 
specimen (DS3). In the south wall, a long horizontal crack at 
the diaphragm level was observed (Figure 4a) and diagonal 
cracks around the door opening were detected in the north 
wall. Also, several cracks were detected at the upper corners 
of the walls. These cracks were related to out-of-plane failure 
of the parapet (Figures 4b and 4c).  

The final excitation sequence (ES4) produced severe 
damage, especially in the north and south walls (DS4). In the 
south wall, the two upper brick courses fell down and 
diagonal cracks typical of wall out-of-plane failure were 
developed (Figure 5a). The parapet of the north wall was 
heavily damaged, even losing some bricks. The cracks around 
the door and window openings that had been previously 
detected now became wider and new cracks were also 
identified (Figure 5b). Cracks were noticed around the 
window openings of the east and west walls, but the most 
significant damage was observed in the upper corners of those 
walls, probably because of the effect of the out-of-plane 
failure of the north and south walls (Figures 5c and 5d). 

(a) 

(b) 

(c) 
Figure 4. Damage observed at DS3. (a) South wall,  

(b) North wall, and (c) North-west walls’ corner 

 (a) 

 (b) 

 (c) 

 (d) 
Figure 5. Damage observed at DS4. (a) South wall,  
(b) North wall, (c) North-west walls’ corner, and  

(d) Soutth-west walls’ corner 
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4 MODAL TEST 
Modal tests were conducted before loading the structure 
(DS0) and after each excitation sequence to determine the 
dynamic properties of the structure (modal frequencies and 
mode shapes) at different states of damage (DS1 to DS4). The 
modal tests consisted of exciting the structure by impacts with 
a calibrated hammer (Dytran 5803A) and recording the 
vibration response using accelerometers (Crossbow 
CXL02LF1Z and CXL10HF1Z). A total of six hits per wall 
was applied, two at each of the locations (H1, H2 and H3) as 
indicated in Figure 6. The structural response was recorded 
for 30 seconds at a sample rate of 500 readings per second in 
the direction normal to the wall face over a grid of 20 measure 
points per wall, as also displayed in Figure 6. 

Data acquisition was conducted using a 48-channel signal 
conditioning box that amplified the signals to the range of +/- 
10 V. This equipment was connected to a 16-bit Analog Data 
Acquisition and Control Cube manufactured by United 
Electronics Industries (DNA-PPC5). The system was 
controlled by a Matlab code developed by the first author. A 
5th order Butterworth low-pass filter was applied, with a 
200 Hz cut-off frequency.  
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Figure 6. Measurement grid and excitation points.  
(a) North wall, (b) South wall, (c) West wall, and  

(d) East wall 

Stochastic Subspace Identification (SSI) was used for 
extracting the modal properties from the recorded data. The 
SSI method has been shown to provide good performance in 
previous experiments conducted by our research group and 
others [11-13]. The SSI algorithm was applied to every 
independent impact test, with 18 tests per wall (72 tests in 
total).  

4.1 Modes identification 

It was observed that different modes were generally related to 
the response of specific parts of the building (walls or 
diaphragm response). Nevertheless, there were several 
frequencies detected in multiple walls that were associated 
with a global system response or corresponded to the response 
of other parts of the structure indirectly excited by the impact. 
The modal frequencies identified by the SSI method are 
shown in Table 2.  

Recognising that no damage was observed in the structure 
due to the first excitation sequence (ES1), it would be 
expected that no major difference in building condition should 
be detected between the results of DS0 and DS1. 
Nevertheless, minor system alterations might be anticipated, 
because of the “self-adjustment” or “settlement” of the 
structural components during ES1. This situation was 
reflected in the results presented in Table 2 for DS0 and DS1, 
where the same set of six modal frequencies was detected in 
both damage states.  

The modal frequency labelled as Freq. 3 was clearly 
identified in all walls at approximately 17 Hz. It was difficult 
to determine if this response was related to one particular 
wall, because the wall-diaphragm connectors tied all walls 
together and increased the interaction between the different 
structural members. Nevertheless, considering the results 
obtained from previous experiments [12] and the response 
recorded at higher levels of damage (DS3 and DS4), it was 
assumed that Freq. 3 was effectively related to a modal 
response with an important participation of the south wall. 

Freq. 4 was detected at approximately 20 Hz. This mode 
was related to a north-south response of the structure. Again, 
the inclusion of wall-diaphragm connectors contributed to a 
transfer of the response of north wall, through the diaphragm, 
to the south wall.  

Freq. 6 was related to another mode with a significant 
participation of the north wall (at approximately 36 Hz) which 
was also detected in the east and west walls. 

Freq. 7 and Freq. 8 corresponded to twin-modes associated 
with the west and east walls, respectively. Under ideal 
conditions the frequency and mode shapes of these twin-
modes would be completely identical. The difference 
observed between these modes was attributed to potential 
dissimilarities in material properties, support conditions and 
construction quality. Another east wall mode was detected at 
approximately 44 Hz (Freq. 9).  

As described in section 3.1, two steel joists were used to 
reinforce the diaphragm after DS1 with the aim of reducing 
the vertical deformation due to the overturning moment 
generated by the shaker. This intervention in the structure was 
considered as a retrofit that altered the system baseline 
conditions. To conduct the most appropriate analysis, DS2 
was considered as a reference condition for examination of the 
subsequent states of damage. The reference state DS2 
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considered a system configuration that included the 
diaphragm reinforcement and a relatively low level of damage 
generated by the low magnitude excitation sequences ES1 and 
ES2. This new configuration contributed to the generation of 
the eight modal frequencies associated with the new reference 
condition DS2. 

Freq. 2 corresponded to a mode at approximately 13 Hz, 
mainly associated with a response of the east and west walls. 
That mode was not detected in the previous damage states 
before reinforcing the diaphragm. 

Freq. 3 was detected for DS2 at 17 Hz. This mode was also 
detected at DS0 and DS1 and was associated with the south 
wall response. In the case of DS2, the link between this mode 
and the south wall was confirmed. The frequency was also 
identified at DS3, but at 16.2 Hz. 

Freq. 4 was detected in the north wall at 20 Hz, similar to 
the results obtained for DS0 and DS1. This frequency 
disappeared in the subsequent states of damage (DS3 and 
DS4). For DS4, a frequency of approximately 19.5 Hz was 
detected in the east and west walls, but the correspondence of 
that frequency to the mode previously detected in the north 
wall was not completely clear. 

Freq. 5 was not identified in DS0 and DS1, but was clearly 
detected in DS2 and the subsequent states of damage. This 
mode had a frequency of approximately 24 Hz and was 
related to a modal response dominated by east wall vibration.  

Freq. 6, of approximately 36.5 Hz, was related to a modal 
response of the east and west walls. In the previous states of 
damage, this frequency was related to a mode with a 
predominant participation of the north wall. Freq. 7 and Freq. 
8 (of approximately 38.5 Hz and 40 Hz, respectively) were 
related to modal responses with strong participation of the 
south and north walls, respectively. Before the diaphragm was 
reinforced, Freq. 7 and Freq. 8 were related to a response 
dominated by vibration of the west and east walls, 
respectively. Hence, it was interpreted that the intervention in 
the diaphragm generated a “swap” in the modes associated 
with Freq. 6, Freq. 7 and Freq. 8.  

Freq. 9 was related to a response of the east wall at 
approximately 44 Hz, similar to that observed before 
reinforcing the diaphragm. 

Once severe damage was generated in the structure (DS3 
and DS4), another low frequency mode was detected at 
approximately 11 Hz (Freq. 1). This mode was interpreted as 
a result of rocking or cantilever vibration of the parapets that 
had lost their lateral supports due to damage. However, this 
interpretation was only intuitive and no measured data was 
available to confirm this assumption. 

5 VIBRATION BASED DAMAGE IDENTIFICATION 
The relationship observed between degradation of structural 
properties (stiffness and mass) and changes in modal 
frequencies was a main promoter for developing vibration-
based damage identification techniques. Because frequency 
measurements can be quickly conducted and have a lower 
data scatter than do mode shapes and damping measurements, 
damage parameters related to modal frequencies have 
historically been preferred [14]. In the study presented here, 
statistically significant variations of the modal frequencies, 

calculated before and after damage was introduced, were 
employed to detect damage. 

The change in mode shapes detected before and after 
damage was generated was employed as a damage indicator. 
The difference in mode shapes can be generated by stiffness 
degradation, change in the mass distribution, and alterations in 
the system geometry and boundary conditions. The Modal 
Assurance Criteria (MAC) is an indicator that quantifies the 
degree of similarity between two mode shape vectors (Eq. 1), 
and is therefore used to detect differences between mode 
shapes measured before and after damage. Previous studies 
[15] have confirmed that a good result can be achieved, even 
in the case when frequency-based indicators were not able to 
identify structural deterioration. The equation that defines 
MAC is: 

0 ·
2

0 · 0 · ·
(1) 

where 0  and  correspond to the mode shape vectors of 
the jth mode for the undamaged and damaged condition, 
respectively. 

Both damage indicators (statistically significant variation of 
modal frequency and Modal Assurance Criteria) were 
employed to identify damage in the house model. The 
effectiveness of the above introduced indicators to identify 
damage in URM structures under ideal conditions (e.g. 
homogeneous properties of bricks and mortar and perfect 
connection at the brick-mortar interface) was successfully 
demonstrated in preliminary tests using numerical simulations 
and in physical tests on simple URM structures [8].  

5.1 Damage identification results 

Three study cases were analysed: (i) structural dynamic 
behaviour before reinforcing the diaphragm with steel joists 
(DS0 vs. DS1); (ii) the effect of reinforcement of the 
diaphragm on the dynamic behaviour (DS1 vs. DS2); and 
(iii) the effect of damage on the dynamic behaviour of the 
structure with the reinforced diaphragm (DS3 and DS4 
compared to DS2). In each of these cases, only those modes 
detected in the reference damage state and in at least one of 
the subsequent damage states were considered, and the 
response of every wall was considered independently. Those 
modes that were not detected in the reference damage state 
(new modes generated by damage or structural modification) 
were omitted in this analysis. 

The frequency based analysis was conducted considering 
that the database was normally distributed. Hypothesis tests 
considering a 95% confidence were applied to determine 
whether corresponding frequencies detected at different states 
of damage were statistically different or similar. Summaries of 
these results for each study case are shown in Tables 3 to 5. 
These tables display the frequencies detected at the reference 
damage state, the percentage variation of these frequencies 
relative to the reference condition, and a label (“Yes” or 
“No”) to indicate whether or not this variation is statistically 
significant. 

The MAC factors computed for each wall and for the 
different study cases are presented in Figures 7 to 10.  
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Table 2. Modal frequencies (Hz) detected in the specimen  
 Wall DS0 DS1 DS2 DS3 DS4 

Average (CoV) Average (CoV) Average (CoV) Average (CoV) Average (CoV) 

Freq. 1 

North    11.875 (5%) -- 
South    11.600 (5%) -- 
East     10.664 (3%) 
West     10.824 (3%) 

Freq. 2 

North    -- 
South     -- 
East   13.602 (2%) 13.645 (3%) 12.265 (8%) 
West   13.876 (4%) 13.260 (1%) 14.354 (6%) 

Freq. 3 

North 18.250 (1%) 17.203 (3%)   -- 
South 17.598 (1%) 16.857 (2%) 16.906 (2%) 16.670 (3%) -- 
East 17.536 (1%) 17.222 (2%) 17.640 (4%) 16.867 (5%)  
West 17.380 (1%) 17.309 (1%) 17.065 (1%) 16.189 (1%)  

Freq. 4 

North 20.953 (1%) 19.767 (2%) 20.267 (3%) -- 
South 19.203 (2%) 19.244 (3%)   -- 
East     19.668 (3%) 
West     19.552 (3%) 

Freq. 5 

North 24.657 (4%) -- 
South     -- 
East   25.792 (1%) 25.092 (1%) 25.050 (1%) 
West    24.667 (2%)  

Freq. 6 

North 36.623 (1%) 36.251 (2%)  -- 
South     -- 
East  36.066 (1%) 37.098 (1%) 37.278 (1%)  
West  35.106 (1%) 36.792 (1%) 36.038 (3%)  

Freq. 7 

North 38.878 (1%)   -- 
South   38.987 (1%) 38.285 (2%) -- 
East      
West 38.668 (1%) 38.714 (1%)    

Freq. 8 

North   41.203 (1%) 40.491 (2%) -- 
South  40.611 (2%)   -- 
East 39.995 (1%) 39.558 (1%)  39.248 (1%)  
West      

Freq. 9 

North -- 
South     -- 
East 44.462 (1%) 43.814 (1%) 43.907 (1%) 42.202 (1%) 42.837 (1%) 
West 43.992 (1%)     

Note:  In the case of DS4, no information is presented for the north and south walls, because the response was not measured  
in those walls due to their severe deterioration at this state of damage. 

 
In the case of the structure analysed before the diaphragm 

was reinforced with two box-section steel joists (DS0 vs. DS1, 
see Table 3), statistically significant frequency reduction was 
observed in several modes, especially in the walls that had the 
most important participation in the corresponding mode. The 
most significant frequency reductions for Freq. 3 and Freq. 4 
occurred in the south and north walls, respectively. Significant 
frequency drops were also detected in Freq. 8 and Freq. 9. 
Both associated with a mode principally recorded in the east 
wall. The observed frequency degradation was explained by a 
general degradation (softening) of materials that did not 
necessarily manifest itself as visible cracks. This general 
degradation in stiffness did not affect particular sections of the 
system or alter the boundary conditions. Therefore, the 
relative magnitudes of modal displacements within the mode 
shape vectors measured before and after damage were not 
altered, as can be inferred from the relatively high MAC 
values computed for this case (Figure 7). 

The results of the analyses that compared the structure 
before and after reinforcing the diaphragm with two steel 
joists (DS1 vs. DS2) are presented in Table 4. This case also 
considered the effect of the small magnitude excitation ES2. 
Statistically significant increments of the modal frequencies 
were observed in Freq. 4 and Freq. 6. This frequency rise was 
related to a restitution of stiffness due to reinforcement of the 

diaphragm. An exception to this behaviour was observed in 
the west wall for Freq. 3, in which modal frequency dropped. 
However, participation of the west wall was secondary in this 
mode. The changes observed in the modal frequencies support 
the decision to consider DS2 as the reference condition in the 
subsequent analysis, because the degradation due to the loads 
applied (ES1 and ES2) and the structural intervention 
(diaphragm reinforcement) modified the reference baseline. 
Similar to the situation observed in the previous study case 
(DS0 vs. DS1), the MAC values computed for each wall were 
high (Figure 8), except for the case of the south wall where no 
reliable modes to calculate MAC were identified. The high 
MAC values showed an elevated level of correspondence 
between the mode shapes of DS1 and DS2, probably because 
no damage was produced in the walls to generate a variation 
in the relative magnitudes of the modal displacements within 
the mode shape vectors.  

The large magnitude load sequences (ES3 and ES4) 
produced a significant reduction in most of the modal 
frequencies (Table 5), except for Freq. 7. It is noted that Freq. 
2 and Freq. 5 corresponded to modes detected after the 
inclusion of the steel joists used to reinforce the diaphragm. 
For the case of DS3 compared to DS2 (Figure 9), damage was 
also detected by the MAC in all the walls (MAC < 85%), with 
the effect being more accentuated in the north wall which 
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coincided with the damage observed in the experiment. A less 
significant difference was observed in the south wall (MAC = 
83%), which was explained by the damage concentrated at the 
top of the wall and almost insignificant damage in the rest of 
the panel. The differences observed in the east and west walls 
were attributable to indirect effects of the damage in the north 

and south walls. The MAC factors calculated for the case of 
DS4 compared to DS2 (Figure 10) were also affected by 
damage; however, the results were not totally consistent with 
the damage progression. MAC decreased in the east wall, 
while it increased in the west wall. 

Table 3: Modal frequency variation before reinforcing the 
diaphragm (DS1 relative to DS0) 

 DS0 vs DS1 
 Wall Freq. Var. Signif. Var. 

Freq. 3 

North -5.7 No 
South -4.2% Yes 
East -1.8% Yes 
West -0.4% No 

Freq. 4 

North -5.7% Yes 
South 0.2% No 
East   
West   

Freq. 6 

North -1.0% No 
South   
East   
West   

Freq. 7 

North   
South   
East   
West 0.1% No 

Freq. 8 

North   
South   
East -1.1% Yes 
West   

Freq. 9 

North   
South   
East -1.5% Yes 
West   

Table 4: Effect of the diaphragm reinforcement in the modal 
frequencies (DS2 relative to DS1) 

 DS1 vs. DS2 
 Wall Freq. Var. Signif. Var. 

Freq. 3 

North   
South 0.3% No 
East 2.4% No 
West -1.4% Yes 

Freq. 4 

North 2.5% Yes 
South   
East   
West   

Freq. 6 

North   
South   
East 2.9% Yes 
West 4.8% Yes 

Freq. 9 

North   
South   
East 0.2% No 
West   

 

 
Table 5: Modal frequency variation after reinforcing the 

diaphragm (DS3 and DS4 relative to DS2) 
 DS2 vs. DS3 DS2 vs. DS4 

 Wall F. Var. S. Var. F. Var. S. Var. 

Freq. 2 

North   --  
South   --  
East 0.3% No -9.8% No 
West -4.4% Yes 3.4% Yes 

Freq. 3 

North   --  
South -1.4% No --  
East -4.4% No   
West -5.1% Yes   

Freq. 5 

North   --  
South   --  
East -2.7% Yes -2.9% Yes 
West     

Freq. 6 

North   --  
South   --  
East 0.5% No   
West -2.0% Yes   

Freq. 7 

North   --  
South -1.8% No --  
East     
West     

Freq. 8 

North -1.7% Yes --  
South   --  
East     
West     

Freq. 9 

North   --  
South   --  
East -3.9% Yes -2.4% Yes 
West     
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Figure 7. MAC obtained for the results of DS1 vs. DS0 
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Figure 8. MAC obtained for the results of vs. DS1 
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Figure 9. MAC obtained for the results of DS3 vs. DS2 
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Figure 10. MAC obtained for the results of DS4 vs. DS2 

6 CONCLUSIONS 
None of the low magnitude excitation sequences (ES1 and 
ES2) generated visible damage. However, a decrement of the 
most predominant frequency (Freq. 3) was observed in all 
walls, which was attributed to a generalized degradation of 
stiffness (material softening). The detection of such system 
alterations at early states of damage was considered an 
advantage of the method, because changes in this modal 
frequency might potentially be used as a damage indicator. 
Unfortunately, although the frequency drop observed in Freq. 
3 persisted in the subsequent states of damage (DS3 and DS4), 
it was not always statistically significant.  

The large magnitude excitations (ES3 and ES4) produced 
statistically significant frequency drops in most modes. 
Nevertheless, the magnitude of the frequency variation was 
not always consistent with the severity of the damage 
observed. The most significant frequency variations were not 
associated with the most severely damaged walls.  

A reduction in the MAC value was observed only when 
severe damage was generated (DS3 and DS4). When the 
damage was not manifested as cracks or any other phenomena 
that altered the mode shapes geometry (for example, change 
in boundary conditions), MAC was unable to detect damage. 
That case was observed for DS0 vs. DS1 and DS1 vs. DS2. 

The relative severity of damage was not properly reflected 
by MAC. More severely damaged walls (for example the 
south wall) did not necessarily exhibit a smaller MAC than 
that of other walls that had experienced a milder damage (for 
example the east and west walls). Consequently, MAC can be 
used to detect severe damage, but it is ineffective for 
comparing the relative damage generated in each of the walls. 

The evaluation of the two damage indicators revealed that it 
was not possible to identify the damage distribution based 
only on the global response. Instead, it was necessary to 
determine the response of each wall and how the frequencies 
were related to each wall (or group of walls). Based on the 
information collected for the individual walls, a rough 
identification of the spatial distribution of damage (the 

determination of which wall is damaged) can be achieved with 
acceptable levels of reliability.  
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ABSTRACT: In this paper the damage in clamped-free, clamped-clamped and free-free beam are analyzed considering samples 
without and with structural modifications. The procedure is extended to analysis of damage in a sandwich beam. The damage 
location is investigated by the use of the bispectrum and wavelet analysis. The mathematical models are obtained using 2D 
elasticity theory and the Finite Element Method (FEM). The numerical and experimental data are approximated using the 
Particle Swarm Optimizer (PSO) method and this way is possible to adjust the localization and the severity of the damage. The 
experimental data are obtained through accelerometers placed along the sample. The system is excited using impact hammer. 

KEY WORDS: Damage; beam; PSO; bispectrum; wavelet transform; sandwich beam. 

1 GENERAL GUIDELINES 
An area of great interest in the field of engineering is the 
study and identification of structural damage. There are a lot 
of mechanical tests and techniques to detect cracks and 
possible failures in mechanical structures. One of the major 
problems for industry lies on acquires reliable and non-
destructible results.  Destructible techniques have a big cost 
and non-destructive techniques, such as liquid penetrant, are 
more visual. 

Most identification techniques are based on modal 
parameters measured using only a few modes of vibration 
and/or modal frequencies of the structure that can easily be 
obtained by dynamic testing. The results are obtained with 
dynamic measurements at different times, corresponding to 
two moments of the life of the structure (usually with the 
model in good condition and damaged). 

The methods based on dynamic tests do not require an 
analytical model of the structure, only some modal 
frequencies and mode shapes, before and after damage. The 
main methods based on vibration signals are:  Mode shape 
curvature method [1,3,8];  Change in flexibility method 
[1,3,8];  Change in flexibility curvature method [1,3,8];  Strain 
energy method [1,3]; statistical methods  [1,6,9-13] and 
wavelet analysis [14-16]. Defects in components of machinery 
and structures can be detected by monitoring vibration. The 
bispectrum, a third-order statistic and kurtosis, a fourth-order 
moment, helps to identify faults in mechanical components. 
The bispectrum technique relates one set of mixing waves 
through the spectral coupling. The kurtosis gives an indication 
of the proportion of samples that deviate from the mean by a 
small value compared to those, which deviate by a large value 
[6, 10,13]. 

Another analysis procedure is the use of mathematical 
models tested. The correlation techniques are mixture of 
visual and numerical means to identify the differences 
between measurements and predictions. Whereas numerical 
correlation techniques return a numerical value, visual means 
of correlation are subjective and of qualitative nature [17].  

Some of the basic correlation tools include simple tabulation 
or plotting the measured and predicted eingenvalues. A more 
strict correlation is the use of so-called “Modal Assurance 
Criteria” (MAC) [17-19]. 

The aim of this work is analyze structural changes through 
the inclusion of damage (crack) with known formats and 
positions in the samples. In this paper the damage in clamped-
free, clamped-clamped and free-free beam are analyzed 
considering samples without and with structural 
modifications. The damage location is investigated varying 
the damage position in the mathematical model and 
comparing the numerical and experimental data. The 
mathematical models are obtained using the Finite Element 
Method (FEM). The experimental data are obtained using the 
impact hammer and laser velocity transducer.  The statistics 
procedures are used to qualitative analysis. 

 To approximate the experimental and numeric FRF 
data, the Particle Swarm Optimizer (PSO) [20,22] method is 
used.  The first approximations of the position of the damage 
are obtained using two different parameters based in the 
energy of the signal and using bispectrum and wavelet 
analysis. Using this procedure and making a sweep of the 
modified finite element position along the sample, it is 
possible to identify with great precision the location and 
severity of the damage through the comparison of the 
experimental and numeric modal parameters. 

 

2 STATISTICAL AND MODAL ANALYSIS 

2.1 Bispectrum theory  

A quadratic non-linearity will relate three wave components 
in such a way that 

 
ε+= ∑

+=
lk

lkm
lkm XXAX ,   (1) 
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where kX  and lX  denote the complex Fourier spectral 
components at kω  and lω , with phase kθ  and lθ , 
respectively. lkA ,  denotes the coupling coefficient and is 
dependent on the properties of the non-linearity system. The 
term ε  denotes any errors associated with this model. In this 
system kX  and lX  will interact to create a third component 

mX , where lkm ωωω ±=  and lkm θθθ ±= . 
The bispectrum is defined as: 
  

*),( mlk XXXlkb =    (2) 
 

where *
mX  denotes the complex conjugate of mX . It can be 

clearly seen how this takes into account the mixing between 
two frequencies. If kω , lω  and lk+ω  are independent, each 
will have an independent random phase (relative to each 
other). 
 

2.2 Wavelet theory  

The continuous wavelet transform (CWT) is defined as 
follows: 
 

dtttfbaC ba )()(),( ,∫=
+∞

∞−
ψ   (3) 

where 

)()( 2/1
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bt
atba

−
= ψψ   (4) 

 
is a window function called the mother wavelet a is a scale 
and b is a translation. The term wavelet means a small wave. 
The smallness refers to the condition that this (window) 
function is of finite length (compactly supported). The wave 
refers to the condition that this function is oscillatory. The 
term mother implies that the functions with different region of 
support that are used in the transformation process are derived 
from one main function, or the mother wavelet. In other 
words, the mother wavelet is a prototype for generating the 
other window functions. 

Wavelet packets consist of a set of linearly combined usual 
wavelet functions. The wavelet packets inherit the properties 
such as orthonormality and time-frequency localization from 
their corresponding wavelet functions. A wavelet packet 

)(, ti
kjψ is a function with three indices where integers i, j and 

k are the modulation, scale and translation parameters, 
respectively, 
 

1,2,3,...i     ),2(2)( 2/
, =−= ktt jjji
kj ψψ   (5) 

 
The wavelet packet component signal )(tf i

j can be 

represented by a linear combination of wavelet packet 
functions )(, ti

kjψ  as follows: 
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Where the wavelet packet coefficients )(, tci
kj can be 

obtained from 
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The wavelet packet energy index is used to identify the 
initial locations of damage. In this case, the signal energy 

jfE at j  level is first defined as: 
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After manipulations is possible to find the wavelet packet 
component i

jf
E as the stored energy in the component signal  

)(tf i
j  as: 
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The wavelet packet energy rate index is used to indicate the 
localization of the structural damage. The rate of signal 
wavelet packet energy )( jfEΔ at j level is defined as 

∑
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where ai
jf

E )(  is the component signal energy i
jf

E  at j  

level without damage, and bi
jf

E )(  is the component signal 

energy i
jf

E  with some damage. 

 

2.3 PSO method  

To approximate the experimental and numeric FRF data the 
Particle Swarm Optimizer method (PSO) is used. The PSO 
algorithm is a biologically-inspired algorithm motivated by a 
social analogy. Sometimes it is related to the Evolutionary 
Computation (EC) techniques, basically with Genetic 
Algorithms (GA) and Evolutionary Strategies (ES), but there 
are significant differences with those techniques.  The PSO 
algorithm is population-based: a set of potential solutions 
evolves to approach a convenient solution (or set of solutions) 
for a problem. Being an optimization method, the aim is 
finding the global optimum of a real-valued function (fitness 
function) defined in a given space (search space). 
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In the PSO algorithm each individual is called a "particle", 
and is subject to a movement in a multidimensional space that 
represents the belief space. Particles have memory, thus 
retaining part of their previous state. There is no restriction for 
particles to share the same point in belief space, but in any 
case their individuality is preserved. Each particle's movement 
is the composition of an initial random velocity and two 
randomly weighted influences: individuality, the tendency to 
return to the particle's best previous position, and sociality, the 
tendency to move towards the neighborhood's best previous 
position. 

The "continuous" version uses a real-valued 
multidimensional space as belief space, and evolves the 
position of each particle in that space using the following 
equations: 
 

))(())(()()1( 21 kxGkxpkvkv iiiiiii −+−+=+ γγ   (12) 
 

)1()()1( ++=+ kvkxkx iii    (13) 
 
where: i  is the particle index; k is the discrete time index; v  
is the velocity on ith particle; x  is the position of the ith 
particle; p  is the best position found by ith particle (personal 
best); G  is the best position found by swarm (global best, 
best of personal bests); 2,1γ  are random numbers on the 
interval [0,1] applied to ith particle. 

 

2.4 Modal analysis 

In the identification of damage (structural changes) are also 
used methods considering the modal changes.  A method of 
setting modal (Modal Assurance Criterion - MAC) is used to 
compare pairs of modes. The matrix coefficients are obtained 
by : 
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where { }Aφ  and { }Xφ  denotes the numeric and experimental 
modes; the superscript symbol T denotes the transpose of a 
vector and the subscript superscript symbol * denotes the 
complex conjugate vector. 

A MAC value close to 1 suggests that the two modes are 
well correlated. An overall mode shape indicator may be 
calculated from: 
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3 RESULTS  
The geometric dimensions of the experimental clamped-free, 
clamped-clamped and free-free beam steel sample are: length 
= 0.84 m; thickness = 0.0127 m and width = 0.0254 m.  The 

effective length for the conditions clamped-free and clamped-
clamped is 0.825 m. 

The experimental data are obtained using the impact 
hammer and one accelerometer  displaced along the sample in 
the positions 0.125m; 0.225m; 0.325m; 0.425m; 0.525m; 
0.625m; 0.725m and 0.825m for the clamped-free beam; 
0.125m; 0.225m; 0.325m; 0.425m; 0.525m; 0.625m and 
0.725m for the clamped-clamped beam, and 0.105m; 0.21m; 
0.315m; 0.42m; 0.525m; 0.63m and 0.735m for the free-free 
beam. 
The first step was to obtain data in the frequency domain and 
time domain. The data in the frequency domain are used to 
obtain the modal parameters and data in the time domain are 
used for application of statistical methods. The inverse of FRF 
was used with the intention that the signals had the same 
amplitude of excitation force. 

The structural modifications were introduced in positions 
near 0.0725 m (clamped-free and clamped-clamped beam) 
and 0.0825m (free-free beam).  For these three cases the data 
were collected for the system with and without damage with 
three levels of damage.  

In an attempt to identify the damage, we applied the 
bispectrum technique in the signal in time domain. Figures 1 
and 2 show the bispectrum of the signal at position 0.425 m 
for the system (clamped-free beam) with and without damage. 
The curves present differences but is visually difficult to 
establish a reliable parameter for analysis.  
 

 
Figure 1. Bispectrum (system without damage) 

 
Figure 2. Bispectrum (system with damage) 
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To overcome this problem, it was defined a relative 
parameter contained the sum of all values of the bispectrum 
defined by (16) and (17): 

∑=
=

n

i
lkbIndB
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),(

    (16) 
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IndBIndB
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−
=

   (17) 

 
where IndBb is the bispectrum parameter of the system with 
damage and IndBa is the bispectrum parameter of the system 
without damage. 

Figures 3 to 5 shows the values of the parameter relB  for 
all position of the accelerometer. Figure 3 show the curves for 
the system clamped-free; Fig. 4 for the system free-free and 
Fig. 5 for the system free-free. It can be noticed that the great 
values for all cases of damage are found for the position 1 of 
the accelerometer. In all situations the great values correspond 
to the real near position of the damages. Similar results are 
found for all 3 systems (Fig. 6-8) when using the energy index 
defined by equation (11).  In these Figures (3 to 8) the solid 
line represents damage 1; discontinuous line damage 2 and 
dotted line damage 3. 
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Figure 3. Bispectrum (clamped-free beam) 
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Figure 4. Bispectrum (clamped-clamped beam) 
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Figure 5. Bispectrum (free-free beam) 
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Figure 6. Energy index (clamped-free beam) 
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Figure 7. Energy index (clamped-clamped beam) 
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Figure 8. Energy index (clamped-clamped beam) 

After the verification of the approximated position of the 
damage it was obtained a mathematical model of the beam 
through the finite element method for the three boundary 
conditions. The influence of the severity degree of damage 
was also evaluated.  The MAC number (14) e the error 
parameter (15) it was used to validate the numeric and 
experimental data. Tables 1 to 3 show the values of these 
parameters for the beam system with three different boundary 
conditions. The maximum error is of the order of 0.5 % 
obtained for the free-free system. 
 

Table1.  MAC number (clamped-free beam) 
System  1st mode 

shape 
2nd mode 

shape 
3rd mode 

shape 
Error 

No damage 0.9997 0.9987 0.9990 0.0855 
Damage 1 0.9996 0.9987 0.9994 0.0767 
Damage 2 0.9999 0.9993 0.9991 0.0571 
Damage 3 0.9998 0.9985 0.9989 0.0938 
 

Table 2. MAC number (clamped-clamped beam) 
System  1st mode 

shape 
2nd mode 

shape 
3rd mode 

shape 
Error 

No damage 0.9999 0.9998 0.9971 0.1065 
Damage 1 0.9999 0.9995 0.9983 0.0761 
Damage 2 0.9998 0.9996 0.9951 0.1800 
Damage 3 0.9997 0.9990 0.9961 0.1698 
 

Table 3. MAC number (free-free beam) 
System  1st mode 

shape 
2nd mode 

shape 
3rd mode 

shape 
Error 

No damage 0.9991 0.9989 0.9967 0.1751 
Damage 1 0.9989 0.9969 0.9915 0.4237 
Damage 2 0.9995 0.9964 0.9890 0.5034 
Damage 3 0.9987 0.9989 0.9975 0.1634 
 

We tried to adjust the possible location of the damage based 
on the variations of natural frequencies and a performance 
index defined by Eq. (18). To adjust the position of the 
damage, it was made a sweep of the damage position along 
the sample. The position analyzed is according to position of 
the accelerometers showed in Figures 3 to 8. As the greater 
levels of energy are near to the first accelerometer, it was 
considered the damage position varying between 0 to the 
position in the middle of the first and second accelerometer. 
Figures 9 to 11 shows the variation of the first, second and 

third natural frequencies considering the damage with length 
of 1 mm and the height varying of 1 to 5 mm. 
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Figure 9. First natural frequency (clamped-free beam) 
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Figure 10. Second natural frequency (clamped-free beam) 
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Figure 11. Third natural frequency (clamped-free beam) 

 
The numerical and experimental data are approximated 

using the Particle Swarm Optimizer (PSO) method and this 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2490 

way is possible to adjust the localization and the severity of 
the damage. Were considered the first three natural 
frequencies and the following parameter error checking was 
used: 
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where 
iAωΔ  and 

iXωΔ  represent the variation of the 
experimental and numeric frequencies.  Three input variables 
were used in the optimizing process: position, length and 
height of the damage.  

Figures 12 and 13 show the values of the error parameter 
defined in Eq. (18) for the clamped-free system and two 
different samples with different damage localization.  It can 
be noted in Fig. 12 that the region of minimal values 
(intersection of curves) for the three natural frequencies is 
near to 75 mm and in Fig. 13 the region is near to 250 mm. 
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Figure 12. Variation of the error parameter (clamped-free 

beam) 
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Figure 13. Variation of the error parameter (clamped-free 

beam). 

 
The optimized parameters for the three systems are show in 

Tables 4, 5 and 6. The fitted parameters shown in Tables 4, 5 

and 6 and the real parameters (reference values) present good 
agreement.  The PSO parameters used are: particles number: 
25; velocity 2; acceleration constant: 2.1; inertia weights: 0.9 
and 0.6 and number of iterations: 400. The convergence 
demands great computational time because it was used a finite 
element mesh with quadratic elements of 16 nodes and 1 mm 
of size. 

 
 

Table 4. Optimized damage parameters (clamped-free beam) 

 Position (m) Length (m) Height (m) 
Damage1 0.0745 0.0010 0.00095 
Damage2 0.0751 0.0011 0.00249 
Damage3 0.0750 0.0011 0.00457 
Reference 
values  

 
0.0750 

 
0.0010 

0.00100 
0.00250 
0.00450 

 
 
Table 5. Optimized damage parameters (clamped-clamped 

beam) 
 Position (m) Length (m) Height (m) 
Damage1 0.0845 0.0011 0.00097 
Damage2 0.0852 0.0010 0.00255 
Damage3 0.0851 0.0011 0.00452 
Reference 
values  

 
0.0850 

 
0.0010 

0.00100 
0.00250 
0.00450 

 

 
Table 6. Optimized damage parameters (free-free beam) 
 Position (m) Length (m) Height (m) 
Damage1 0.0755 0.0009 0.00095 
Damage2 0.0770 0.0011 0.00248 
Damage3 0.0765 0.0011 0.00449 
Reference 
values  

 
0.0760 

 
0.0010 

0.00100 
0.00250 
0.00450 

 
Finally, was adjusted the parameters of a sandwich beam 

with local modification. The experimental sample of sandwich 
beam made with the association of hot-rolled steel, 
Polyurethane rigid foam and High Impact Polystyrene is 
shown in Fig. 14. The thickness of the steel is 0.6 mm; the 
Polyurethane is 38.25 mm and the Polystyrene is 1.25 mm and 
the beam width is 39.18 mm. The experimental data are 
obtained using the impact hammer and four accelerometers 
displaced along the sample (A1, A2, A3 and A4). The local 
modification was introduced into the system by removing  2 
mm from the face of polystyrene at  the position of 75 mm 
from the rigid base. Figure 15 shows the energy parameter 
obtained with bispectrum theory and wavelet transform. It can 
be noticed that the great values are in the first accelerometer 
(the accelerometer  nearest the damage). Using the error 
parameter defined in Eq. (18)  the adjusted values of the 
parameters were: position = 75.5 mm (from the rigid base);  
length of 1,975 mm (Polystyrene face) and the height of 1.25 
mm. The values are close to the reference values. 
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Figure 14.  Sandwich beam. 
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Figure 15.  Energy index (sandwich beam). 

 

4 CONCLUSIONS 
It was noted that the application of statistical methods for 
assessing damage to structures can be a potential tool. The 
specific application for cantilever beams presents difficulties 
due to variations in the vibration modes of the system. It was 
observed large variations in values of the energy index using 
bispectrum and wavelet transform and it was not possible to 
establish a trend of increasing or decreasing values with the 
variation in the level of damage and its location. However, in 
all cases the two parameters presented good estimative of the 
position of the damage. 

The damage position in the sample was obtained 
considering a procedure of minimization of a performance 
index based on the correlation of numerical and experimental 
variation of the natural frequencies. To adjust the position of 
the damage, it was made a sweep of the damage position 
along the sample using the PSO method. The numeric damage 
position and the optimal geometric damage parameters are 
close to the real values.  

The results obtained for a sandwich beam are also nearby 
the reference values. 
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ABSTRACT: The relating small Lorca 2011 earthquake, occurred on May 11th with epicentral distance of 5.5 km from the city 
centre, moment magnitude 5.2 and shallow hypocentre (4.6 km deep), caused in Lorca an outwardly disproportionate impact: 9 
casualties, near 300 injured, one RC building and some masonry constructions collapsed, 1018 buildings (15.8 %) officially 
declared with structural damage (329 of them had to be demolished), and 1328 buildings (20.7 %) with slight structural damage 
and/or moderate non-structural damage. In order to estimate variations of fundamental period for swaying motion and damping 
factor (h) of a large set of existing RC-building structures and its relation with damage level suffered, ambient vibration 
measurements were performed on the top floor pre- and post- Lorca 2011 earthquake. Before the earthquake sequence, the total 
number of measured buildings was 59, with a number of storeys range from 2 to 12. After the earthquake 34 buildings were 
measured, of these, 23 were measured pre- and post-earthquake. The relationship between T and the number of stories (N) 
obtained before the earthquake is T = (0.054±0.002) N. Measurements performed in 34 damaged buildings after the quake show 
a period elongation according to T* = (0.075±0.002) N expression. This period elongation caused by the quake reveals a 
stiffness degradation of the structures. The average h value obtained ex-ante is 3.2% with standard deviation (SD) 2.6% and for 
and ex-post is h* is 2.2 % (SD =1.6 %). Comparing the results obtained from pre- and post-earthquake measurements on the 
same 23 RC-buildings in Lorca, a clear increasing in the natural period values of damaged buildings with their damage degree 
(EMS scale) has been observed.  

KEY WORDS: Dynamic behaviour of RC buildings; period elongation; damping factor; damage to buildings. 

1 INTRODUCTION 

Lorca town is located in Murcia province (SE Spain), 
belonging to the eastern part of the Betic Cordillera (Figure 
1). This is the most hazardous seismic region of Spain, 
characterized by frequent earthquakes of small and moderate 
magnitude (generally smaller than 5.5).  
Recently, two shallow quakes occurred on May 11th, 2011 

with epicentres near Lorca town (Mw = 4.6 and 5.2, 
respectively). The mainshock of the Lorca seismic series 
occurred on May 11th at 16:47 UTC (18:47 local time), with 
epicentral distance of 5.5 km from the city centre and shallow 
hypocentre (4.6 km deep). Peak ground acceleration (PGA) of 
0.37 g and peak ground velocity (PGV) of 35.4 cm/s were 
observed at the Instituto Geográfico Nacional (IGN, 2011; 
www.ign.es) Lorca strong-motion station. The maximum 
macroseismic intensity was initially estimated as VII (EMS 
scale) by the IGN and the Instituto Andaluz de Geofísica 
(IAG, 2011; www.ugr.es/~iag), highlighting again the 
influence of the earthquake ground response on building 
behaviour during the shaking. There were damaged buildings 
in all districts of the town (Foto 1), but the levels and 
percentages were fundamentally different depending on 
building vulnerability and ground motion characteristics. The 
most severe damage appears in La Viña (southwestern zone), 
La Alberca and La Alameda districts (close to the Guadalentin 
River) as shown in Figure 2. 
The seismic response of a building depends on its dynamic 

characteristics (fundamental period, T, damping ratio, h, and 
modal shape) and on the input ground motion. Small-

amplitude vibrations are commonly used to estimate dynamic 
parameters assuming a linear behaviour of the building 
structure. Along this line, ambient noise analysis is a quick, 
efficient and inexpensive technique, mostly because only a 
short duration of time series data may be needed to obtain 
stable results [1]. Many studies use ambient noise analysis 
(e.g.:[2-12]) because of the results obtained don’t differ 
essentially from earthquake record or forced vibration 
techniques. 

 
Figure 1. Location of Lorca town within the Betic region. 

 
Omori [13] was the first to relate the increase of the 

fundamental period in buildings with damage (and also the 
decrease with structural retrofitting). The damaging process in 
buildings during earthquakes produces a permanent loss of 
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structural stiffness and then a permanent increase of the 
fundamental period. During the past two decades, an abundant 
scientific literature (see [10, 14-17] and references therein) 
deals with this period elongation (stiffness degradation) after 
damaging earthquakes. 
The use of natural period as a diagnostic parameter has its 

basis on the assumption that natural frequencies are sensitive 
indicators of structural integrity [18] and are directly related to 
strength building. Many damage detection techniques are 
based on the assumption that damage causes nonlinear 
behaviour in structures [19] due to development of cracks. In 
order to detect damage, a comparison of the undamaged and 
damaged states in a structure is required [20].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Damage distribution in Lorca town due to the 
May 11th, 2011 Lorca earthquake. Squares represent the 

districts with higher damage.  
 

In contrast to period and mode shapes, damping ratio is not 
an intrinsic parameter of the building, and is not typically used 
as an indicator of damage in structures. Damping ratio 
depends of many factors as structure and soil characteristics as 
well as soil-structure interaction. Thus its determination is an 
extremely complex problem because it is influenced not only 
by the amplitude of motion but also by the time variations of 
the mentioned factors [21], [22]. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Foto 1. Examples of damage observed on RC, masonry and 
cultural heritage structures in Lorca town due to May 11th, 

2011 earthquake. 
 

The two relevant goals of this work are: i) to calculate the 
fundamental translational periods as well as damping ratios of 
a large set of existing RC-framed buildings in Lorca and Mula 
towns and to estimate period-height empirical relationship;   
ii) to appraise variations of these dynamic parameters 
obtained pre- and post- Lorca 2011 earthquake sequence at the 
same buildings, mainly period elongation after strong ground 
shaking and its relation with damage level suffered by this 
subset of structures. 

2 DATA ANALYSIS 

The measurements of ambient vibration were performed in 
Lorca and Mula towns in March 2005 and complemented in 
June 2011 to evaluate the dynamic characteristics (funda-
mental period, T, and damping ratio, h) of RC-framed existing 
buildings and to estimate variations of these dynamic 
parameters comparing pre- and post-earthquake measurements 
at the same buildings. Before the earthquake sequence, the 
total number of measured buildings was 59, with a number of 
storeys ranging from 2 to 12, 44 of them located in Lorca 
town. After the earthquake, 34 of them were measured again 
using the same methodology. For all buildings we determined 
the fundamental period and damping ratio on the two 
orthogonal components (Table 1). 

2.1 Natural Period 

The ambient vibration measurements were performed at the 
geometrical centre of plan on the roof floor of the building 
using a data acquisition system composed by three short 
period sensors and a digitizer. These devices provide an 
acceptable response for frequencies ranging from 0.25 to 
70Hz. The sensors were oriented firstly to the longitudinal 
direction, second to the transverse direction and third to the 
vertical direction, respectively. A time history 300 s long of 

 

  

La Viña  

La Alameda  La Alberca  
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ambient noise signal was recorded, sampled at a rate of 100 
samples per second.  
The fast Fourier transform (FFT) was applied to every 

record in order to calculate the spectral characteristics of 
displacement response. The Fourier amplitude spectrum show 
a pronounced peak, centred at the fundamental mode (Figure 
3). This peak is more pronounced in the case of longer periods 
or higher buildings. In the cases of smaller buildings the peaks 
might be more difficult to identify.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Examples of amplitude spectra of the transverse 

component for buildings with 3, 6, 9 and 12 storeys, 
respectively. 

 
The results obtained from the measurements performed 

before May 11th, 2011 Lorca destructive earthquake show 
that the longitudinal and transversal natural period of 
buildings increases with the number of storeys. The lowest 
and highest values of average fundamental period (T) are 0.11 
± 0.02 s, and 0.61 ± 0.08 s, respectively. These values 
correspond to RC buildings with height between 2 and 12 
storeys (Table 2). 
The empirical relationship between the natural period of 
fundamental mode (T) and the number storeys (N) obtained 
before May 11th, 2011 Lorca destructive earthquake (Figure 
4) was: 

 T = (0.054±0.002) N                         (1) 

This result is similar to those obtained in other European cities 
by using ambient vibrations (e.g.: [3, 5, 10, 11, 22, 23]).  
After May 11th, 2011 Lorca destructive earthquake, 34 RC 

buildings with different damage degree were measured in 
Lorca town. The Fourier amplitude spectrum shows changes 
in the natural period of damaged buildings measured before 
and after Lorca earthquake (Figure 4).  
The results show again that the natural period of damaged 

buildings (T*) increases with the number of storeys (N) and 
EMS’s damage level. The best linear fit (R2 = 0.985, SD = 
0.002) between T* and N for Lorca damaged RC buildings 
(Figure 5) gives the following relationship:  

T* = (0.075±0.002) N                      (2) 

This increase in modal period reveals a reduction of 
stiffness in the damaged structures. 

 

 
Figure 4. Example of noticeable changes in the natural period 
of the longitudinal and the transverse directions measured 

before (TL, TT) and after (TL*, TT*) Lorca earthquake for a 
building of 10 storeys and damage grade 2 (LRC21, Table 1)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Relationship between the average natural period 
(T) and the number of storeys (N) for RC buildings of 
Mula and Lorca towns obtained from ambient noise 
analysis. Symbols and fit lines in red and blue colours 

correspond to buildings measured before [T(N)] and after 
[T*(N)] the 2011 earthquake, respectively. Vertical bars 

represent standard deviations. 
 
To know the period–height relationships for different level 

of damage is of great interest. Even though we work with a 
low number of measured damaged buildings and it is well 
known that the statistical significance falls down when the 
number of buildings in each damage class is much smaller, we 
attempt to relate T* and N for different degrees of damage. 
The best T*-N linear fits corresponding to measured buildings 
with damage grades 1 (G1), 2 (G2) and 3–4 (G3 and G4) 
(EMS scale) are plotted in Figure 6. 
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Table 1. Parameters of the buildings measured in Lorca town pre- and post-earthquake. 
 

BLDG  

CODE 
NS DL (m) DT (m) TL (s) hL (%) TT (s) hT (%) D TL* (s) hL* (%) TT* (s) hT* (%) ∆TL (%) ∆TT (%) 

LRC01 7 39.60 21.50 0.33 1.90 0.30 3.90 1 0.45 3.10 0.44 3.70 34.85 48.00 
LRC02 5 38.30 25.70 0.34 5.60 0.34 1.30 3 0.59 2.20 0.68 0.90 72.35 100.00 
LRC03 9 34.20 15.00 0.46 1.40 0.46 2.40 - - - - - - - 
LRC04 6 55.50 14.50 0.46 1.10 0.41 3.50 - - - - - - - 
LRC05 4 29.40 8.30 - - 0.22 5.70 1 0.22 6.00 0.25 3.50 - 12.59 
LRC06 8 27.10 19.50 0.40 1.20 0.47 1.30 2 0.59 1.20 0.64 0.60 46.25 36.60 
LRC07 11 38.50 20.80 0.55 5.20 0.56 4.10 1 0.66 1.50 0.73 2.30 20.00 30.54 
LRC08 12 12.00 9.00 0.69 1.10 0.71 3.60 1 0.89 1.20 0.79 0.50 29.13 10.85 
LRC09 2 18.30 7.50 0.10 3.00 0.15 10.00 2 0.19 2.40 - - 92.40 - 
LRC10 4 18.00 15.00 0.16 2.70 0.16 1.30 3 0.20 1.00 0.19 1.60 22.06 21.75 
LRC11 5 22.70 15.50 0.24 6.80 0.25 5.40 3 0.43 2.50 0.28 3.10 77.50 13.60 
LRC12 5 12.90 10.10 0.19 4.40 0.22 2.20 1 0.22 2.50 0.25 1.90 16.84 14.55 
LRC13 5 26.30 15.30 0.27 1.20 0.37 1.00 2 0.45 1.50 0.52 1.10 64.81 41.62 
LRC14 5 13.50 9.60 0.23 1.20 0.26 1.20 2 0.26 3.80 0.31 1.00 11.30 19.23 
LRC15 6 20.30 19.30 0.32 1.60 0.32 1.80 2 0.55 2.80 0.45 1.90 72.81 39.06 
LRC16 3 13.40 11.60 0.20 6.00 0.25 3.10 4 0.35 1.10 0.41 3.30 73.50 63.60 
LRC17 2 22.00 9.70 0.10 15.40 0.11 13.20 2 0.10  0.16 4.40 0.00 48.91 
LRC18 2 17.60 13.15 0.14 3.10 0.09 7.80 - - - - - - - 
LRC19 4 18.10 14.60 0.21 6.70 0.18 6.40 2 0.28 4.30 0.28 5.80 33.33 57.78 
LRC20 11 23.70 19.90 0.48 2.40 0.68 1.50 2 0.76 1.80 0.82 0.90 58.46 20.74 
LRC21 10 24.70 18.30 0.65 1.20 0.52 1.20 2 0.82 1.30 0.79 0.80 25.85 51.35 
LRC22 11 25.50 18.00 0.53 1.00 0.48 1.00 - - - - - - - 
LRC23 6 37.20 24.60 0.36 2.90 0.34 1.50 4 0.62 2.40 0.54 1.50 72.22 58.53 
LRC24 12 23.30 22.10 0.51 0.90 0.56 1.70 1 0.76 0.90 0.63 1.70 48.63 12.14 
LRC25 8 17.80 17.70 0.41 2.30 0.45 1.20 - - - - - - - 
LRC26 3 17.00 16.00 0.16 5.00 0.21 1.30 1 0.19 3.50 - - 16.56 - 
LRC27 10 22.00 20.00 0.57 1.20 0.63 3.10 1 0.71 1.40 0.76 1.60 23.86 20.33 
LRC28 7 19.00 12.00 0.42 1.60 0.42 1.90 1 0.57 1.20 0.50 1.10 35.45 18.93 
LRC29 3 21.00 13.00 0.20 4.20 0.21 1.90 - - - - - - - 
LRC30 8 35.50 28.10 0.38 1.80 0.38 1.20 - - - - - - - 
LRC31 9 19.20 13.20 0.57 0.90 0.57 1.10 - - - - - - - 
LRC32 9 25.00 8.50 0.42 4.10 0.37 4.50 - - - - - - - 
LRC33 12 34.00 32.00 0.57 2.90 0.60 2.60 - - - - - - - 
LRC34 5 - - - - - - 2 0.36 2.00 0.36 1.30 - - 
LRC35 10 - - - - - - 2 0.59 0.70 0.82 1.00 - - 
LRC36 13 - - - - - - 2 0.85 2.60 1.20 0.70 - - 
LRC37 13 - - - - - - 2 0.76 0.80 1.20 2.80 * * 
LRC38 9 - - - - - - 2 0.76 1.10 0.82 0.70 * * 
LRC39 5 - - - - - - 3 0.29 1.20 0.43 1.00 * * 
LRC40 2 - - - - - - 2 0.17 2.00 0.13 8.10 * * 
LRC41 2 - - - - - - 2 0.14 7.50 0.11 3.10 * * 
LRC42 8 - - - - - - 2 0.56 1.10 0.58 4.10 * * 
LRC43 5 - - - - - - 3 0.40 2.10 0.44 2.00 * * 
LRC44 5 - - - - - - 3 0.40 4.90 0.49 1.70 * * 

 

  NS = number of storey      DL (m) = longitudinal dimension         DT (m) = transverse dimension 
         TL , TL* = longitudinal period      TT , TT* = transverse period          hL , hL* = longitudinal damping 
         hT , hT* = transverse damping      D = damage grade (EMS)        * = post-earthquake 
         ∆TL(%) = percentage increase of TL ∆TT(%) = percentage increase of TT 

The equations for the 34 RC damaged buildings are:  

T*(G1) = (0.065±0.002) N   (3)  

T*(G2) = (0.077 ± 0.002) N   (4) 

T*(G3 - G4) = (0.089 ± 0.008) N  (5) 

with correlation coefficients R2 of 0.987, 0.992 and 0.932, 
respectively. For the statistical reasons already mentioned, 
these equations are only indicative. 

The relative variations of natural periods increase as the 
damage degree increases, as deduced when comparing the 
results obtained for the same 23 buildings measured in Lorca 
before and after the earthquake (Table 2). Results show that 
normalized period variations in both main directions are very 
similar, showing an average difference of about 9 %, being 
the longitudinal period  relative increment (∆TL) larger than 
the transversal one (∆TT) (Figure 7).  
The observed trend in the average increase of T values 

indicates that we can expect ∆T greater than a 10% in some 
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buildings visually classified as undamaged (14% for ∆TL and 
10% for ∆TT). 
 

Table 2. Average values of natural periods and damping 
factors corresponding to each number of storey, obtained pre- 

and post-earthquake (*) for all building set. 

NB = number of buildings. Other symbols as in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 6. Period–height relationships for different degrees of 
damage and compared with the pre-event ones. Fit lines in 
different colours correspond to buildings measured after the 
2011 earthquake with EMS damage grade (undamaged G1, 

G2, G3 and G4, respectively). 
 

2.2  Damping factor 

In order to evaluate directly the damping factor (h) of 
existing RC building structures in Lorca and Mula towns, 
RANDOMDEC technique was applied using ambient noise 
measurements. This technique was first developed by Cole 
[24] as a structural monitoring technique for space craft, and it 
has been proved as an effective crack detection method. The 
RANDOMDEC technique has been shown to be applicable to 
determine the damping of dynamic systems subject to 
unknown random excitation, such as ambient vibration, and it 
has been applied to detect damages in structures [25], [26], to 
determine damping factor of soil [27] and RC buildings (e.g. 

[4, 10, 11, 28, 29]). The RANDOMDEC analysis requires 
only the measured output of the dynamic response of a 
structure, and not the random excitation input. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 7. Mean increase (∆, in %) of natural periods 
(longitudinal TL, transversal TT, and average T) versus grade 
of damage for 23 Lorca buildings measured pre- and post-

earthquake. 
 
The solution of the differential equation of motion of a 

damped single-degree-of-freedom (SDOF) system under 
linear behaviour depends on its initial conditions (displace-
ment and velocity) and forcing loading. The RANDOMDEC 
analysis allows to obtain the response due to initial 
displacement (Randomdec signature), representative of free 
vibration decay curve of the system [26]. Then, we obtain the 
damped free vibration response of the structure (Figure 8). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Examples of random decrement signatures for 
several RC buildings measured after the 2011 earthquake with 
different storey number. a) LRC16; b) LRC15; c) LRC21; d) 

LRC07. See parameters of the buildings in Table 1. 
 
The results obtained from the measurements performed pre- 

earthquake in Lorca and Mula towns show that h values for 
longitudinal and transverse components ranging from 0.9 to 
15.4%, (higher values corresponding to the lower buildings), 
being the average h value 3.2% with standard deviation 2.6 %. 
Lorca buildings measured after the quake had an average 
damping ratio h* of 2.2 % (SD = 1.6 %).  

NS NB T(s) h (%) NB* T * (s) h * (%) 

2 5 0.11±0.02 7.19±4.53 4 0.14 ± 0.03 4.58 ± 2.63 

3 6 0.19±0.03 4.83±2.22 2 0.31 ± 0.11 2.63 ± 1.33 

4 6 0.22±0.05 3.51±1.96 3 0.24 ± 0.04 3.46 ± 2.43 

5 8 0.29±0.07 2.95±1.88 9 0.40 ± 0.12 2.04 ± 1.05 

6 3 0.37±0.06 2.07±0.93 2 0.54 ± 0.07 2.15 ± 0.57 

7 4 0.39±0.08 1.96±0.81 2 0.49 ± 0.06 2.28 ± 1.32 

8 5 0.42±0.04 1.66±0.69 2 0.59 ± 0.04 1.75 ± 1.59 

9 3 0.43±0.06 2.40±1.56 1 0.79 ± 0.04 0.90 ± 0.28 

10 2 0.59±0.06 1.68±0.95 3 0.75 ± 0.09 1.13 ± 0.36 

11 3 0.55±0.07 2.53±1.75 2 0.74 ± 0.07 1.63 ± 0.59 

12 3 0.61±0.08 2.13±1.07 2 0.77 ± 0.11 1.08 ± 0.51 

13 - - - 2 1.00 ± 0.23 1.73 ± 1.13 

(a) (b) 

(c) (d) 
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In Table 2 we present the damping ratio values for buildings 
measured both before (h) and after (h*) the seismic sequence 
regarding to the number of floors. As expected, h generally 
decreases with number of storeys, but in the case of buildings 
measured before the quake, the lowest average h value is 
1.66±0.7%, that corresponds to buildings of 8 floors.  

Damping factor data and best power estimated fits 
corresponding to buildings pre- and post-earthquake are 
graphed in Figure 9. In general, our results show damping 
factor slightly decrease when structures have been damaged, 
being mainly for the low rise buildings (N ≤ 5 floors) which 
have a greater decrease (Table 3). 

 
Table 3. Average values of natural periods and damping factors corresponding to each 
number of storey, obtained pre- and post-earthquake for 23 damaged buildings of Lorca. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

AD = average damage; ∆ h = damping variation. Other symbols as previous Tables. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 9. Relationship between the average damping factor (h) 
and the number of floors (N) for RC buildings of Lorca town 
obtained from ambient noise measurements. Symbols and fit 
lines in gray and black correspond to buildings measured 

before and after the 2011 earthquake, respectively. 
 
According to previous researches (e.g. [2, 7, 11, 29, 30, 31, 

32]) the empirical relationship between the two variables (h, 
T) has been investigated, considering one typical formulation 
h T = constant) generally used to tackle this problem.  
The relationship between the damping factor h and the 

natural period T for swaying motion has been estimated 
(Figure 10) as: 

 hT = 0.75 ± 0.04 % sec    (6) 

from data obtained before 2011 earthquake, and for after that: 
 

 h*T* = 0.80 ± 0.05 % sec   (7) 

As expected, both results are similar, because hT value can 
be considered almost constant for buildings located on soils 
with same typology, being hT value larger for buildings on 
soft ground than on hard ground. However, these hT values 
are different compared with the results obtained in other cities 
by using ambient vibrations (e.g.: [2, 4, 6, 7, 11]). These 
differences could be caused by the different structural 
typologies and different soil conditions in each region. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 10. Relationship between damping factor (h) and 

natural period (T) for swaying motion of Mula and Lorca RC 
buildings measured before (in red) and after (in blue) the 2011 

earthquake. 

NS NB T(s) h (%) AD T* (s) h * (%) ∆T (%) ∆h  

2 2 0.12 ± 0.02 10.40 ± 5.41 2.0 0.15 ± 0.05 3.40 ± 1.41 26.72 -7.00 

3 2 0.21 ± 0.04 3.85 ± 2.08 3.0 0.31 ± 0.11 2.63 ± 1.33 49.60 -1.22 

4 3 0.19 ± 0.03 4.56 ± 2.42 2.3 0.24 ± 0.04 3.70 ± 2.09 24.40 -0.86 

5 5 0.27 ± 0.06 3.26 ± 2.28 2.2 0.40 ± 0.16 2.05 ± 0.96 47.59 -1.21 

6 2 0.34 ± 0.02 1.95 ± 0.65 3.0 0.54 ± 0.07 2.15 ± 0.57 58.60 0.20 

7 2 0.37 ± 0.06 2.33 ± 1.06 1.0 0.49 ± 0.06 2.28 ± 1.32 32.26 -0.05 

8 1 0.44 ± 0.05 1.25 ± 0.07 2.0 0.61 ± 0.04 0.90 ± 0.42 39.43 -0.35 

10 2 0.59 ± 0.06 1.68 ± 0.95 1.5 0.77 ± 0.05 1.28 ± 0.34 30.05 -0.40 

11 2 0.57 ± 0.08 3.30 ± 1.66 1.5 0.74 ± 0.07 1.63 ± 0.59 40.22 -2.28 

12 2 0.62 ± 0.10 1.83 ± 1.23 1.0 0.77 ± 0.11 1.08 ± 0.51 23.55 -0.75 
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3 DICUSSION AND CONCLUSIONS 

Previous research works have shown that damage 
distribution in Lorca town is specially concentrated in areas 
where predominant period of ground is between 0.3 and 0.5 s 
[33]. The significant short duration of the May 11th shaking 
(around 1.0 s) probably reduced the resonance effect. 
Nevertheless, the energy input spectra of ground motion 
(Figure 11) obtained convolving the transfer functions derived 
from SPAC 1-D models with the record of Lorca IGN station 
[34] clearly show that most of the energy supplied by the 
ground is in the range of 0.3-0.6 s. In this period range, a 
pseudo-velocity level of 100 cm/s was exceeded [34]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11. Relative energy input spectra for the simulation 
points (SP) and for the LOR station record (rock). For 

reference, the expected energy input spectra for European 
earthquakes records where local intensities were VII and VIII 

are also plotted [35] 
 
The relationship between average period of fundamental 

mode (T) and the number of storeys (N) here obtained for 
horizontal motion with measurements performed in buildings 
of Lorca and Mula towns before the earthquake is T = (0.054 
± 0.002) N. This expression is very similar to other empirical 
period–height relationships obtained for RC structures in the 
European built environment, but quite different from seismic 
code easy-to-apply rules. 
Due to the known influence of the “infill walls” on the 

increase of the building frequency relatively to that 
corresponding to the structural frame, the use of the calculated 
formula have to take into account it was estimated from small-
amplitude vibrations assuming linear behaviour of the 
structure. Thus, we can know the period with which the 
building initially responds to the earthquake, but in the case of 
a strong shaking this period will be higher than predicted by 
this formula, especially when a substantial loss of the building 
stiffness occurs due to degradation by damage of masonry 
infill and the structural frame. This growth of period during a 
strong shaking has been tested experimentally (e.g. [35, 36, 
37]). Hence, the strong influence of masonry infill and of 
cracking on the fundamental period values of RC buildings is 
here highlighted. 

The results obtained from 34 RC buildings with different 
damage degree measured in Lorca town after the 2011 
earthquake gives the following period–height expression: T* 
= (0.075 ± 0.002) N. This period elongation after the quake 
reveals a relevant stiffness degradation of the structures. 
The increasing in the fundamental period of damaged 

buildings with their damage degree (shown in Figures 6 and 
7) is a relevant finding. This empirical result was also tested 
from ambient noise measured pre- and post-earthquake on the 
same 23 RC buildings in Lorca. Also should be noted that 
trending in the average increase of T values suggests that we 
can expect more than a 10% of this ∆T in some buildings 
visually classified as undamaged. This result is in agreement 
with the loss of natural frequencies of about 10% obtained by 
Zembatya et al. [38] in apparent intact state of RC frames 
before the appearance of visible cracks. 
In contrast to natural frequency, estimated damping ratio 

does not has shown up a significant variation with earthquake 
damage degree. Variations of this parameter here calculated 
are quite small and sometimes the same order as the 
measurement errors. That result points out that damping 
parameter as was obtained here is a bad indicator of damage 
in structures.  
The product of damping coefficient and the natural period 

for swaying motion remain near constant when we compare 
hT values obtained before and after 2011 earthquake, 0.75 ± 
0.04% and 0.80 ± 0.05%s, respectively. This result suggests 
the most effective factor dominating hT value could be the 
soil condition of each site. 
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ABSTRACT: Occupants in essential facilities such as hospitals, emergency operations centers, strategic military installations, 
critical financial institutions, and nuclear power plants, cannot easily evacuate immediately after an earthquake and wait for a
detailed safety assessment to reoccupy the facility and resume operations. Consequently, several leading technology and 
engineering consulting firms have teamed up to offer an Enhanced Rapid Post-Event Assessment service built upon utilizing the 
timely information afforded by structural instrumentation aimed to avoid unnecessary evacuation and shutdown and/or minimize 
expensive downtime. San Francisco, for example, and several other forward-thinking jurisdictions have established Building 
Occupancy Resumption Programs (BORP) that permit the building’s “engineer-on-call” to be pre-deputized to perform the 
ATC-20 Red/Yellow/Green tagging of the building in lieu of official inspectors.  Structural monitoring is a natural fit to these
programs since engineers are assigned to a building in advance and thus already familiar with the building and its structural 
characteristics. The real-time monitoring systems provide intuitive onsite display, alerting, and remote notification on 
exceedance of demand/design parameters such as interstory drift, absolute acceleration, and response spectra.  This information,
which is continuously, immediately and remotely available to building personnel and consultants, is useful throughout all phases
of the post-earthquake response, inspection, and recovery process. Presented here is an overview of the enhanced rapid post-
event assessment solution along with several cases studies. 

KEY WORDS: Structural Health Monitoring; Post-Earthquake Assessment; Instrumentation. 

1 INTRODUCTION
Occupants in essential facilities such as hospitals, emergency 
operations centers, strategic military installations, critical 
financial institutions, and nuclear power plants, cannot easily 
evacuate immediately after an earthquake and wait for a 
detailed safety assessment to reoccupy the facility and resume 
operations. Hospitals and medical facilities, in particular, have 
a profound need to maintain building operational status and 
function in the aftermath of strong earthquakes to allow 
continued care for current patients and also to receive new 
patients injured by the disaster [1]. In order to avoid 
unnecessary evacuations and minimize expensive downtime, a 
proactive solution to performing rapid, detailed, and accurate 
post-earthquake safety assessment of these facilities is needed. 

Post-event assessment (PEA) refers to the inspection and 
safety evaluation of a structure following a significant event 
such as an earthquake. PEA standards and response programs 
not only benefit building owners and municipality officials, 
they help to create innovative and proactive solutions for 
performing rapid and accurate evaluations. San Francisco and 
several other forward-thinking jurisdictions have established 
Building Occupancy Resumption Programs (BORP) that 
permit the building’s “engineer-on-call” to be pre-deputized to 
perform ATC-20 Green/Yellow/Red building tagging in lieu 
of official inspectors [2, 3]. This has lead to engineering 
companies offering rapid PEA services. The US Navy 
independently developed a similar innovative Rapid 
Evaluation and Assessment Program (REAP) for their west 
coast hospitals and medical facilities [4]. The common goal 

among these rapid PEA programs is to formalize and pre-
organize the PEA response and process. 

Figure 1. Monitoring systems installed in US west coast. 
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A key aspect in rapid PEA process is the onsite safety 
inspection. Traditional visual-based inspections can impose 
high costs and inconvenience on building owners and 
occupants alike. For example, physical access to structural 
members usually requires the removal of non-structural 
components such as interior partitions and fire proofing. The 
post-earthquake detailed inspection requirements of welded 
steel moment frame buildings with pre-Northridge Earthquake 
style connections can be especially time consuming and costly 
to implement [5]. Prolonging expensive downtime, limited 
resources such as qualified inspectors may not be immediately 
available after a damaging event, especially for dense urban 
areas. Enhanced rapid PEA refers to the services previously 
described but enhanced by utilizing timely information 
afforded by advanced structural monitoring systems.  

As shown in Figure 1, several buildings along the US west 
coast have been equipped with permanent monitoring systems 
as part of an enhanced rapid post-event assessment service 
offered to building owners from leading engineering 
consulting companies. The primary goal of the monitoring 
systems is to provide useful information throughout the PEA 
process. 

An overview of the monitoring system and its integration 
within the rapid PEA response process is provided in the 
following section. Several case studies are then presented. 
Finally, lessons learned from these and other similar projects 
are summarized. 

2 MONITORING SYSTEM OVERVIEW
The monitoring system described here is the OASIS (On-line 
Alerting of Structural Integrity and Safety) system from 
Kinemetrics, Inc., Figure 2. The OASIS system is a flexible 
structural monitoring system that provides for the collection 
and processing of real-time acceleration, velocity, 
displacement, and inter-story drift data. The OASIS 
monitoring system consists of three major hardware 
subsystems; sensors, data acquisition, and the display and 
alarm system. 

Accelerometers are the sensor of choice due to their 
robustness and ease of installation. For buildings, interstory 
drift is the critical response quantity of interest, but since no 
sensor currently exists that can reliably capture relative story 
displacements [6], double numerical integration is performed 
on the real-time acceleration data. This difficult method 
requires several signal processes such as linear band-pass 
filtering and is one of the primary functions of the OASIS 
software. 

The central recording unit provides the necessary tools for 
continuous real-time and event-driven data acquisition such as 
precise GPS-based timing, power supply and management, 
signal processing, analog-to-digital conversion, and data file 
formatting and storage. It also provides the necessary 
communication interfaces for the PC display and alarm 
system. Central data recorders, compared to distributed or 
wireless networks, remain the only commercially viable 
solution for such demanding applications requiring robust 
permanent systems. Although running long analog sensor 
cables can be expensive, wireless technology, while 
promising, is not yet mature enough. Wireless-power for 
example is still in technological infancy and probably will be 

for some time. Thus, replacing analog cabling with wireless 
technology (or distributed recorders) requires local power 
supply at each sensor (or recorder) location which in-turn 
increases upfront costs in both hardware and implementation 
as well as in maintenance demand. This is especially true 
considering that sensors are typically located in difficult areas 
to access such as above ceiling tiles. Another challenge with 
wireless technology stems from the limited data buffering 
capacity at the sensor node preventing packet re-transmission 
leading to permanent gaps data, which may negatively impact 
overall results and real-time processes.  

Figure 2. OASIS monitoring system for rapid post-event 
assessment. 

The display and alarm cabinet consists of a rack-mounted 
industrial computer with Alarm panel, router/firewall and 
UPS backup power. OASIS software running on the computer 
is responsible for controlling the alarm panel, performing real-
time processes (e.g., double numerical integration), and 
providing interactive display for user control. A host of 
notification methods (i.e., email, FTP, SMS, etc.) are available 
per user discretion.  

2.1 Rapid Post Event Assessment Process

A key aspect in the successful enhancement of a rapid PEA 
process is the integration of the monitoring system within the 
overall process. Post-event response can be divided into three 
phases; immediate response, inspection phase, and detailed 
evaluation, Figure 3. Although different tools are required for 
the different phases, the information provided by the 
monitoring system is useful during all three. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2502



Day Week Month

Figure 3. Phases of the post-event assessment response 
process. 

The immediate response phase refers to the onsite response 
action immediately after the shaking and the “dust settles”.  
The natural inclination of most occupants is to immediately 
evacuate a building following a major earthquake. Avoiding 
unnecessary evacuations is critical especially for essential 
facilities such as hospitals, acute care medical facilities, 
emergency operations centers, strategic military installations, 
nuclear power plants, and prisons and detention centers. 
Occupants of these facilities cannot easily evacuate 

immediately after an earthquake and wait for a detailed safety 
assessment to reoccupy the facility and resume operations. 
Therefore, the goal with respect to immediate response is 
more about enabling continued occupancy and operation, and 
less about triggering an evacuation as is often thought to be 
the case. The OASIS system alarms and notifications provide 
confidence to building operation personnel that it is OK to 
recommend occupants stay inside and continue “business as-
usual” or commence emergency response/cleanup operations. 
It is also important to note that onsite building operation 
personnel may trigger an evacuation for reasons other than 
structural damage. Damage to contents or building systems 
may prevent continued operation of the facility, and so onsite 
personnel require occupancy evaluation guidance that is 
broader than just the structural response information from the 
monitoring systems. 

The post-earthquake inspection phase occurs as soon as 
possible but can be up to a few days to weeks depending on 
the extent of regional damage and the contractual arrangement 
between the facility and inspecting engineers. Event 
information from the OASIS system can be used to aid 
inspecting engineers in the inspection and tagging process. 
For example, specific floors that exceeded thresholds can be 
initially targeted for inspection.  More detailed building 
response data may be provided using post-processing tools 
and the results presented in a brief report or handout to 
supplement the immediate information provided by the 
OASIS system. This quantitative information is an invaluable 
supplement to the usual post-earthquake inspection process, 
which is based predominately on visual indicators of damage. 
This is especially the case in modern buildings with cladding 
and interior systems that prevent access to the underlying 
structure. In these cases the level of structural damage must be 
inferred from damage to non-structural systems, which is 
dependent on particulars such as the quality of detailing etc., 
and therefore highly variable. The quantitative data provided 
by the monitoring system helps inspecting engineers reach 
less conservative conclusions regarding the acceptability of 
the subject building for continued occupancy.   

Lastly, the detailed evaluation and recovery phase can 
extend over a period of months. Main event and the inevitable 
aftershock data can aid in the subsequent engineering 
evaluation in assessing potential damage, need and priority of 
any structural system inspections, and extent of required 
repairs.  This is particularly applicable for pre-Northridge 
steel moment-resisting frames which are susceptible to 
fracture of the welded beam-column connections in strong 
ground shaking.  This damage was first detected in the 1994 
Northridge, California earthquake, and is relatively difficult to 
detect and expensive to repair.  The FEMA-352 (2000) 
document; Recommended Postearthquake Evaluation and 
Repair Criteria for Welded Steel Moment-Frame Buildings,
requires inspection of a random percentage of connections for 
all buildings of this type that experience shaking in excess of a 
specified threshold level [5]. These guidelines are likely to be 
adopted by local jurisdictions following a significant 
earthquake and the data from these systems may be submitted 
to justify a reduced inspection program where appropriate. 
The City of San Francisco Department of Building 
Inspection’s Building Occupancy Resumption Program 

Detailed Evaluation Phase
Extends over a period of months 
Event (and aftershock) data can aid in the subsequent 
engineering evaluation for assessing potential damage 
and extent of required repairs. This is particularly 
applicable for pre-Northridge SMRF’s connections 
which are susceptible to weld fractures that are difficult 
to detect and expensive to repair 
Computer models can be calibrated with actual response 
data increasing confidence in the predictive analysis 
regarding performance of the repaired/strengthened 
building in future earthquakes  

Inspection Phase
Initiated ASAP, but can be  few days or weeks 
depending on extent of regional damage and contractual 
arrangement 
Building response data are used to aid engineers in the 
inspection and tagging process by targeting areas that 
exceeded predetermined thresholds 
More detailed response analyses can be quickly 
performed and results presented in a brief handout to 
supplement the immediate information provided 

Immediate Response
Onsite response action that occurs immediately after 
shaking stops  
The natural inclination of occupants is to evacuate after 
a large earthquake, thus the goal is to enable continued 
occupancy and avoid unnecessary evacuation or facility 
shutdown  
Onsite alarms provide confidence to operation personnel 
that it is OK to stay inside and continue business as-
usual 
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includes the following text in Section D.5 of the required 
program format: “Placement of accelerometers. 
Instrumentation is recommended as part of an Emergency 
Inspection Program for all highrise buildings in San 
Francisco.  Correct placement of accelerometers can provide 
valuable post-earthquake information about the performance 
of a building.  This option may be considered in certain cases 
as a means of reducing the percentage of joints required to be 
inspected after an earthquake.”[3]

Regardless of structural system type, having quantitative 
data on the seismic/structural performance of a building that is 
to undergo detailed engineering evaluation, or 
repair/strengthening design, is invaluable to a practicing 
engineer. Computer models of the building can be calibrated 
against actual performance increasing the confidence of the 
predictive analysis regarding performance of the repaired or 
strengthened building in future earthquakes 

3 CASE STUDIES
Case studies from several buildings are presented here. 

3.1 CALTRANS District 4 Headquarters and Other Bay Area
Buildings

Several buildings in the bay area have been outfitted with 
structural monitoring systems as part of an enhanced rapid 
PEA program, see Figure 1. These projects are similar in 
scope thus only one example; the Caltrans District 4 
headquarters, is presented here.   

Degenkolb Engineers designed a seismic retrofit scheme for 
this 15 story steel moment-resisting frame constructed in 1991 
and located in Oakland, California, Figure 4.  The building is 
the headquarters for Caltrans District 4 and houses the 
Transportation Management Center for the San Francisco Bay 
Area. Previous testing indicated that the welded connections 
were vulnerable to fracture, and consequently the building 
presented a risk to life safety in the event of a major 
earthquake. 

After considering several retrofitting schemes, one that 
included strengthening some existing connections and adding 
viscous dampers was selected.  To meet the seismic 
performance requirements of the State of California, 
Department of General Services this scheme reduced 
interstory drifts to 1.8% in a 475-year return period event. 
Non-linear time history analyses were performed to verify the 
performance of the retrofitted structure. Full scale connection 
testing and detailed finite element analyses were also 
performed to verify the deformation capacity of the proposed 
retrofit details. The extra steps taken beyond typical 
engineering practices were intended to provide better 
assurance that the project’s performance goals would be met 
during the design basis seismic event.  

Figure 4. Caltrans District 4 headquarters (top) and example 
sensor locations. 

As part of the project, Caltrans elected to install a 36 
channel OASIS monitoring system to enable enhanced rapid 
PEA. The system is remotely monitored in real-time by 
Degenkolb Engineers from both the nearby Oakland and 
Portland offices. This increases the likelihood that event data 
from the building can be evaluated shortly after an event 
while inspecting engineers are in transit to the building. As 
part of the PEA process, Degenkolb Engineers are contracted 
to monitor the system and perform post-earthquake building 
inspection. A comprehensive post-earthquake inspection 
manual was developed which integrates the monitoring 
system into the overall response process. 

Results from analyses performed as part of the retrofit were 
used to set drift performance limits. The alarms are intended 
to provide direction on what floors have experienced the 
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highest levels of demand. The overall alarm level for the 
building will be triggered if three or more drift measurements 
are above the alarm thresholds described in Table 1 

Table 1. Alarm drift thresholds and corresponding actions. 

Drift Description Action 
N/A Not Triggered No Action 
0.1% Noticeable building 

movement 
Perform remote evaluation 
using data from the system 

0.5% Minimum expected 
threshold for 
fracture of some 
unretrofitted pre-
Northridge 
connections  

In conjunction with other 
triggers or communication 
with building, activate the 
engineering inspection of 
the building 

2.0% Minimum expected 
threshold for 
damage to the 
primary lateral 
system 

Evacuation is not triggered 
automatically but may occur 
after remote review of data 
and communication between 
onsite personnel and 
inspecting engineers 

3.2 US NAVY Hospitals and Medical Centers

As early as 2002, the US Navy developed and deployed 
building-specific post-earthquake evaluation plans utilizing 
seismic instrumentation to facilitate rapid and accurate post-
earthquake evaluations of several of their essential medical 
facilities [1].  Since then this program has evolved in to the 
Rapid Evaluation and Assessment Program (REAP).  This 
program utilizes facility-specific inspection criteria and 
seismic monitoring systems to provide occupants of these 
essential facilities post-disaster inspection tools that can be 
used to perform fast, accurate and detailed building safety 
evaluations.  Combining the principals of Performance-Based 
Earthquake Engineering (PBEE), known drift limit states of 
various building materials and structural systems, and the 
Post-Earthquake Safety Evaluations of Buildings (ATC-20) 
standard of care, the REAP utilizes a Seismic Monitoring 
System (SMS) to help facility managers quickly and 
accurately evaluate the post-disaster safety of these important 
facilities. This innovative post-disaster safety assessment 
program has been deployed at the three of the US Navy’s west 
coast-based healthcare facilities:  Naval Hospital Bremerton 
(NHB), Naval Medical Center San Diego (NMCSD), and 
Naval Hospital Twentynine Palms (NHTP) [4].  NMCSD is 
the world’s largest military medical facility – Figure 5.   

As part of their design of seismic upgrades to the 6-story, 
1.2 million square-foot NMCSD facility, Reid Middleton 
developed and deployed the REAP and SMS for this essential 
facility.  The SMS consists of an initial phase of 36 channels 
of real-time seismic monitoring with a full build out of 60 
channels when the program is fully deployed. The 
Kinemetrics OASIS system was utilized in this project.  The 
REAP makes use of the SMS to measure earthquake 
performance of the facility and provide real-time feedback to 
the post-disaster inspection team.  REAP inspection tools also 
include annotated facility drawings, checklists, maps, 

photography, and related inspection information to allow the 
safety assessment teams to quickly and accurately examine 
the structure for post-disaster occupancy.  The REAP SMS 
connects to and deploys building seismic performance data to 
the USGS Advanced National Seismic System (ANSS) 
Network.  See Figure 6 for the NMCSD SMS Master Plan. 

Figure 5. Naval Medical Center San Diego (NMCSD) 

Figure 6. NMCSD SMS Master Plan. 

3.3 Abu Dhabi SHM Network

To assure sustainable development of the Emirate of Abu 
Dhabi, and cultivate a disaster-free living environment for its 
citizens, the Abu Dhabi Municipality initiated the project 
“Assessment of Seismic Hazard and Risk in Emirate of Abu 
Dhabi [7]. The primary objective was to develop a state-of-
the-art system to assess, monitor, mitigate, and update the 
seismic hazard and risk that exists in the Emirate. As part of 
this large innovative project, one task included the design and 
implementation of a structural health monitoring network of 
seven unique and tall buildings distributed throughout the 
Emirate. Some participating buildings are shown in Figure 7. 
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Figure 7. Select Abu Dhabi buildings chosen for study and 
SHM system installation. 

In April 2013, two large earthquakes struck the region of 
southern Iran. ShakeMaps created by USGS [8] and the new 
Abu Dhabi network for the M7.7 2013-04-16 Sistan-
Baluschestan earthquake are shown in Figure 8. Although 
very far away and producing seemingly very low levels of 
shaking, both events resulted in mass evacuations across many 
Gulf countries including Abu Dhabi. One obvious explanation 
for the understandable widespread reaction is that the region is 
simply not use to seismic activity. However, there is an 
additional possible reason that is revealed through careful 
examination of the data from the instrumented tall buildings. 

Figure 8. ShakeMaps and evacuation from M7.7 2013-04-16 
Sistan-Baluchestan Earthquake. 

The middle plot in Figure 9 displays the acceleration history 
at the top level of a tall building during the M7.7 2013-04-16 
event. The acceleration amplitude is quite low, approx 0.01g, 
but the shaking does seem to last a long time. To better 
understand exactly how long the level of shaking persisted 
above specific levels of human response, the RMS velocity 
levels in dB are computed for several floors [9]. The 
thermometer scale on the left hand side of Figure 9 correlates 
the estimated human response to various RMS velocity levels. 
For example, the threshold of human perception is approx 
65dB whereas the point at which people begin to have 
difficulty with certain tasks such as reading computer screen 
is set at 90dB. 
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Figure 9. Acceleration and vibration levels recorded at various 
floors of a tall Abu Dhabi building during M7.7 2013-04-16 
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From the bottom plot in Figure 9, it can be seen that for 
floors 20th and higher, the shaking amplitude was above the 
threshold of task difficulty (90dB) for more than 10mins, and 
from the 40th floor and higher, the shaking was above the 
threshold for human perception for almost one hour! Clearly, 
such long lasting shaking would bring about discomfort in 
even the most experienced inhabitants of active seismic 
regions. 

4 LESSONS LEARNED AND CONCLUSIONS
Structural monitoring systems, such as Kinemetrics OASIS, 
provide timely information that can be useful in all phases of 
post-event response if the information processing is well 
integrated within the overall PEA plan. Experiences gained 
through projects such as those presented as case studies here 
offer invaluable insight into what is required to implement a 
comprehensive three-phase response plan towards enhanced 
rapid post-earthquake inspection and assessment. The 
following is a summary list of observations and lessons 
learned from this early important work. 

1. It is easier to get funding for this type of work if the 
system is part of a larger retrofit or new design 
construction project. 

2. The engineering implementation work and cost can be 
significant. 

3. Generally, cabling does not present a significant cost 
compared to the hardware and implementation costs, 
however; restricted access and the existence of hazardous 
materials may change this. 

4. It is simpler to obtain independent standalone 
communication (e.g., DSL) for remote access and real-
time monitoring than it is to utilize existing infrastructure 
because building network administrators are usually 
reluctant to provide support and access though firewalls. 

5. While false positives are rare and minimized by careful 
selection of trigger thresholds and logic, they can still 
happen, so executing evacuations or other shutdown 
actions based on automatically generated system output 
should be avoided. 

6. Real-time monitoring is crucial to ensure that the system 
is always operational and improves the likelihood of the 
information being available outside the affected region 
after a large earthquake. 

7. Small events are useful to refresh stakeholders’ memories 
and prevent lapses in system maintenance. Data can be 
used to investigate issues and provide decision making 
support. 

8. Data from significant events can also be used to offer 
better understanding into responses of occupants (e.g., 
evacuation for seemingly low level shaking) and provide 
them useful information. For example, the results 
illustrated in Figure 9 can be shared with building 
occupants to help them understand what they just 
experienced and how it relates to safety. 

Ongoing collaborative efforts among leading technology 
providers and consulting engineers will lead to more lessons 
learned and continued rewarding results for their customers 
and the overall earthquake engineering community 
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ABSTRACT: The paper deals with the ambient vibration tests carried out on an existing reinforced concrete school building 
sited in Camerino, a small town in central Italy near the epicentre of Umbria-Marche 1996 earthquake. Tests were performed 
before and after the seismic retrofitting of the building achieved with of an innovative system that uses external steel dissipative 
towers. Before the retrofitting, ambient vibration tests were carried out with the aim of evaluating the actual linear dynamic 
behaviour of the building including the contribution of non-structural components (e.g. external and internal walls); modal 
parameters, i.e. natural frequencies and mode shapes determined by means of experimental modal analysis, allowed the 
calibration of a predictive f.e. model of the building which was crucial for the final design of the retrofitting system. Tests were 
repeated after the retrofitting works, with the main objective to verify that changes of modal parameters are in agreement with 
those predicted by the f.e. model. Tests were carried out by positioning low noise piezoelectric accelerometers opportunely so as 
to survey the rigid motion of each storey. The modal parameters were identified with two identification techniques, the 
Enhanced Frequency Domain Decomposition and the Covariance-driven Stochastic Subspace Identification, in order to assess 
whether a method is more suitable in such cases. Results and comparisons between the modal parameters obtained before and 
after the retrofitting works demonstrate that the ambient vibration tests and the data processing techniques used allow 
identifying the dynamic behaviour of r.c. few-storeys buildings under operating conditions and catching the changes due to 
seismic retrofitting works performed using external steel dissipative towers. 

KEY WORDS: Ambient vibration tests, building dynamic identification, building seismic retrofit, dissipative towers, 
operational modal analysis. 

1 INTRODUCTION 
Dynamic identification is a technique increasingly used in 
civil engineering and particularly in existing buildings. Its 
more frequent uses are: i) the calibration of a structural model 
of the building to be utilized for design of repairs, 
rehabilitation and retrofit works, and ii) the structural health 
monitoring of the building by observing changes in time of its 
dynamic behaviour. 

Various testing techniques differing for equipments, time-
consuming, costs, and dynamic input, can be adopted. 
Depending mainly on the input amplitude, some methods 
allow investigating the dynamic response of buildings only in 
the elastic range, other both in the elastic and inelastic range. 
Among those of the first class, one of the most attractive 
methods of evaluating the dynamic characteristics of real 
buildings is the ambient vibration testing. The main 
advantages of this method are: i) the use of input natural 
vibrations (e.g. micro tremors, wind, anthropic activities 
noise), requiring small, light, and portable instrumentation; 
and, more important, ii) tests can be carried out without 
disrupting the service of the building. On the other hand, 
because of the low amplitude range of the ambient vibrations 
(10-5 g), the method requires the use of specific low noise 
accelerometers and can capture the dynamic behaviour of the 
building only at very small strain (elastic range), whereas 
other tests such as the stepped and sweep sine test, the release 
test (snap-back or free vibration test) or vibration tests 
induced by blast loading are required to investigate the 

dynamic behaviour of buildings under higher amplitude 
vibrations. 

Many ambient vibration tests performed on civil structures 
with the aim of a structural dynamic identification are 
reported in the literature but these concern especially 
deformable structures such as nude-structures buildings, tall 
buildings, bridges, towers and platforms, for which 
microtremors can induce high amplitude vibrations [1-5]. On 
the contrary, few examples are available in the literature 
regarding dynamic tests performed on civil structures before 
and after retrofitting works. Rodrigues and Ledesma [6] 
conducted modal identification tests on a viaduct by means of 
traffic excitation and compared the results obtained before and 
after the retrofitting works; Antonacci et al. [7] performed 
impact load tests on the Basilica S. Maria di Collemaggio 
which was strengthened with steel truss mounted at roof level 
to improve the link between the walls; Takada et al. [8] and 
Niousha and Motosaka [9] carried out ambient vibration tests 
and forced vibration tests, respectively, on mid-rise r.c. 
buildings damaged after the Miyagi-Ken Oki earthquake and 
retrofitted with steel braces and adding or replacing r.c. walls. 

Even few examples are available in the literature regarding 
ambient vibration tests on existing low-rise buildings having 
high overall stiffness due to the contribution of non-structural 
components. Roia et al. [10] carried out dynamic tests on a 
school building with a r.c. frame structure; ambient vibration 
tests were carried out before the seismic retrofitting, obtained 
with external dissipative towers, to calibrate the structural 
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model whereas snap-back tests (free vibration tests) were 
performed after the retrofitting to evaluate both the changes in 
terms of main frequencies and the dissipative behaviour at 
higher amplitude vibrations. 

This paper deals with the ambient vibration tests aimed at 
the modal identification of an existing school building before 
and after retrofitting works performed with an innovative 
patented system [11] based on the structural coupling of the 
building with new external steel towers equipped with 
dissipative devices. After a description of the building and the 
retrofitting system, the tests and the data processing method 
are presented. Ambient vibration tests were carried out before 
retrofitting with the aim of identifying the dynamic properties 
of the building and calibrating a predictive model for the 
retrofit design; tests are repeated after the retrofitting works, 
in order to verify that changes of modal parameters induced 
by the external towers are in agreement with those predicted 
by the model. Comparisons between the modal parameters 
obtained before and after the retrofitting works are shown to 
demonstrate that the ambient vibration tests and data 
processing techniques allow catching the changes in the 
dynamic behaviour of r.c. low-rise buildings retrofitted with 
external dissipative towers. 

2 DESCRIPTION OF THE BUILDING AND THE 
RETROFITTING SYSTEM 

The school building is sited in Camerino, a small town near 
the epicentre of Umbria-Marche earthquake of 6.3 magnitude 
that struck the central Italy in 1996. The structure (Figure 1) is 
composed by two different blocks constituted of reinforced 
concrete frames, juxtaposed with a simple joint. Figure 2 
reports the plan view and sections of the two blocks, denoted 
as Block A and Block B, respectively 4-storey and 3-storey 
r.c. frame structures with an inter-storey height of 3.8 m. The 
Block A, with a nearly square plan (26.0 × 19.5 m), is a 3 × 2 
bay frame, whereas the Block B, with a rectangular shape in 
plan (12.85 × 28.20 m), has 2 bays of 4.0 m and 8.25 m in 
transverse direction and 7 bays of 3.6 m in longitudinal 
direction. The columns of both blocks have square cross 
sections (400 × 400 mm) rotated of 45° with respect to the 
planes of frames. The external beams, located at the building 
perimeter, are linearly tapered with a cross section of about 
30 × 80 cm at the beam-to-column connection and 30 × 40 cm 
at mid-span (Figure 1), whereas the internal beams have a 
uniform rectangular cross section with different dimensions 
depending on the beam position. 

The joint separating the two blocks, shown in Figure 2a 
with a red dashed line, concerns only the structural elements 
whereas the non-structural components, such as screeds 
floorings and infill walls, are continuous without any 
separating joints. In these cases, for low intensities excitations 
(i.e. wind, man made microtremors etc.) the building should 
behave like a unique block composed by two parts rigidly 
connected, whereas for higher intensity excitations, after the 
possible crash of the non structural components across the 
joints, the two blocks could behave more or less 
independently and pounding phenomena could arise.  

The seismic retrofitting of the school has been achieved by 
means of two steel truss towers built externally to the 
building. The towers, positioned as shown in Figure 2a, are 

rigidly connected at all floor levels excluding the first one 
(Figure 2b and Figure 3a) of the two building blocks by means 
of steel braces which are fixed to steel plates anchored to the 
external beams of the frame structure. 
Furthermore, the two blocks of the building are structurally 
connected by means of thick steel plates that, anchored to r.c. 
frame elements, practically join the adjacent columns and 
beams of the two blocks. Each tower is erected on a r.c. thick 
base plate that is centrally pinned to the foundation plate by 
means of a spherical support. Four dissipative devices 
(viscous dampers) are located in vertical position between the 
base plate and the foundation plate (1 device per vertex) so 
that the rigid rotation of the base plate, due to the horizontal 
displacement of the building, activates simultaneously all the 
devices.  
 

 
Figure 1. External view of the school building. 
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Column cross sections 
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Figure 2. (a) Plan view and (b) sections of the school building. 
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(a) (b) 

Figure 3. (a) View of a steel dissipative tower B; (b) 
dissipative devices at the tower base. 

 
The dampers are inserted into an articulated quadrangle 

(Figure 3b) that, thanks to a leverage system, permits to 
significantly amplify the device displacements due to the 
rotation of the tower base. Furthermore, the two blocks of the 
building are structurally connected by means of thick steel 
plates that, anchored to r.c. frame elements, practically join 
the adjacent columns and beams of the two blocks. Each 
tower is erected on a r.c. thick base plate that is centrally 
pinned to the foundation plate by means of a spherical 
support. Four dissipative devices (viscous dampers) are 
located in vertical position between the base plate and the 
foundation plate (1 device per vertex) so that the rigid rotation 
of the base plate, due to the horizontal displacement of the 
building, activates simultaneously all the devices. The 
dampers are inserted into an articulated quadrangle (Figure 
3b) that, thanks to a leverage system, permits to significantly 
amplify the device displacements due to the rotation of the 
tower base. 

It is worth noting that the dissipative towers are designed so 
that the building remains in the elastic range without any 
damage, undergoing very small displacements (lower than the 
limit imposed by the Italian Standard [12] for the condition of 
immediate occupancy for the case of the Life Safe earthquake 
intensity). Consequently, the retrofitting system must be 
designed considering the actual overall initial stiffness of the 
building, i.e. the stiffness due to the contribution of both 
structural and non-structural components. In this sense 
ambient vibration tests are particularly useful to calibrate a 
model able to describe the actual behaviour of the building in 
its real service conditions.  

3 DESCRIPTION OF THE EXPERIMENTAL TESTS 
AND THE DATA PROCESSING METHODS 

The ambient vibration tests were carried out with low noise 
piezoelectric accelerometers connected to a 24-bit data 
acquisition system by means of coaxial cables (Figure 4). 
Three accelerometers per floor were positioned as shown in 

Figure 5. Two sensors, measuring along two orthogonal axes 
(denoted X and Y in transverse and longitudinal directions, 
respectively), were placed in the same point (called A) at a 
side of the building while the third, measuring along the 
transverse direction, was located at the opposite side of the 
building (point B) so far as possible from the first two to 
better catch the rotational component of the floor. Assuming 
the floors to be rigid in their plane, this configuration permits 
to know the rigid motion of each floor. The last floor, being 
not accessible, was not monitored. For each configuration, 
records 500 seconds long sampled at a rate of 2048 Hz 
(conditioned by the equipment) were acquired. 

Before performing the modal analyses, all the recorded data 
were suitably processed by means of standard signal 
processing techniques; first a baseline correction were applied 
to the signals by subtracting the contribution obtained fitting 
the signals with a third-degree polynomial function; then, 
records were filtered with a low pass filter with cut-off 
frequency of 20 Hz to eliminate the contribution of high 
frequencies and avoid the aliasing phenomena; finally, signals 
were down-sampled at 51.2 Hz to decrease the number of data 
so that the successive analyses become much faster. 

To identify the modal parameters of the building two 
different output-only techniques were used: the Enhanced 
Frequency Domain Decomposition (EFDD) [13,14] working 
in the frequency domain, and the Covariance-driven 
Stochastic Subspace Identification (SSI-COV) [15]working in 
the time domain. These methods were implemented in two 
different Matlab routines which permit to estimate the modal 
parameters, such as natural frequencies and damping ratios, 
and to plot the relevant mode shapes. In this section the basics 
of the above mentioned methods and the rescaling procedure 
for not synchronous data are reported. These methods were 
implemented in two different Matlab routines which permit to 
estimate the modal parameters, such as natural frequencies 
and damping ratios, and to plot the relevant mode shapes. In 
this section the basics of the above mentioned methods and 
the rescaling procedure for not synchronous data are reported. 

The EFDD, is an extension of the Frequency Domain 
Decomposition (FDD), allows estimating damping ratios, in 
addition to the natural frequencies and mode shapes [13]. 
According to this technique the vibration modes are extracted 
by simply peak picking from the Singular Value 
Decomposition (SVD) of the spectral density matrices of the 
measured accelerations. For each peak, a frequency band is 
selected evaluating the MAC (Modal Assurance Criterion) 
value between the shape relevant to the peak and to the 
neighbour frequencies, while all the rest is set to zero. The 
Power Spectral Density function is taken back to the time 
domain using the Inverse Discrete Fourier Transform 
obtaining an approximation of the correlation function of the 
SDOF system. The natural frequencies and the damping ratios 
are obtained by means of the crossing time and the 
logarithmic decrement methods, respectively [14]. The 
singular vector, relevant to each peak, represents a good 
estimation of the mode shape. 

The SSI-COV method permits to indentify the modal 
parameters by means of a stochastic state space model, which 
converts the second-order system of differential equations into 
a first-order one.  
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Figure 4. Field measurement equipment. 
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Figure 5. Layout of the accelerometers at each floor. 

 
Considering that the recorded data are sampled at discrete 

interval and assuming the excitation as a white noise the 
stochastic state-space model can be represented by [15] 

 kkk wxAx +⋅=+1  (1) 

 kkk vxCy +⋅=  (2) 
where xk is the discrete-time state vector at time instant k, yk is 
the vector of the output, A is the discrete state matrix, C is the 
discrete output matrix, and wk and vk represent the process and 
measurement noise respectively. The procedure identifies the 
matrices A and C starting from a Toeplitz matrix which 
contains the covariance matrices of the measured 
accelerations. A singular value decomposition of the matrix is 
performed and then A and C are obtained by means of a least 
square procedure [16]. Once obtained the state space model of 
the structure, the modal parameters are extracted from the two 
matrices above [17].The main differences between the two 
methods adopted for the modal parameter identification are 
that EFDD works in the frequency domain whereas the SSI-
COV in the time domain; furthermore, with the first method, 
that is a non-parametric technique, the estimation of modal 
parameters is achieved by means of the signal processing 
whereas with the second method, a parametric technique, by 
fitting  the measured data with the numerical model. 

In ambient vibration tests, the input is not controlled and is 
assumed to have a flat spectrum, such as a white noise; 
nevertheless this assumption is not really true. This can be of 
particular importance when, because of the limited number of 
sensors available and/or the insufficient number of channels 
of the acquisition system, the structure response cannot be 
measured in just one test; in these cases tests have to be 
repeated in different times considering different 

configurations (varying the position of the sensors) and a 
merging operation of the recorded data is then performed. 
This method requires that a group of sensors, called reference 
sensors, are left in the same place for all the test 
configurations so that they can be used to scale the data of 
different tests, acquired by the other sensors moved in 
different places (roving sensors). Three different merging 
methodologies can be applied: the Post Separate Estimation 
Re-scaling (PoSER), the Post Global Estimation Re-scaling 
(PoGER) and Pre Global Estimation Re-scaling (PreGER), so 
re-named by Parloo in [18].  

The PoSER method, initially used in the context of ambient 
vibration test of civil structures, requires performing an 
identification procedure for each configuration. Thus, a set of 
modal parameters, i.e. frequencies and damping ratios, and 
incomplete mode shapes are obtained for each configuration. 
From the modal parameters estimated in each configuration 
the mean values and the standard deviations of the natural 
frequencies and damping ratios can be evaluated; instead, to 
obtain the complete and scaled mode shapes from the various 
and incomplete mode shapes identified for each configuration, 
a scaling vector have to be built. This scale vector permits to 
take into account the variability (in terms of excitation level 
and modal participation non-stationarity) of the input during 
the acquisition of different configurations and is equal to 

 
( ) ( )
( ) ( )ref ,ref ,

ref ref ,
→

j
i

Hj
i

,k
i

Hj
ikj

i
φφ

φφ
=α  (3) 

where the vectors ref ,k
iφ  and ref ,j

iφ  contain the mode shape 
components of the mode i at the reference outputs evaluated 
in configurations k and j, respectively. The incomplete mode 
shape of a generic configuration j can be scaled with respect 
to a configuration k, assumed as a reference one, simply by 
multiplying j

iφ  by kj
i
→α . Once all incomplete mode shapes 

are scaled, the different parts (constituted by the roving and 
reference measuring points for setup k and only the roving 
ones for the other setups) can be simply merged to obtain the 
complete mode shape. 

The PoGER, also called parametric assembly approach by 
Parloo et al. [19], starts, instead, from a single identification 
process analyzing all together the data recorded in the 
different configurations. The scaling operation is performed a 
posteriori with the same procedure above described for the 
PoSER methodology.  

Finally, such as the PoGER method, the PreGER permits to 
analyze all together the data collected; however, in this case 
the scaling procedures are performed prior to identify the 
modal parameters. This procedure differs depending on 
whether the identification process works in the frequency or in 
time domain; spectrum matrices containing auto and cross-
spectra are used in the first case (Parloo et al. [19]) whereas 
auto and cross correlation matrices (as described in Mevel et 
al. [20-21]) in the second one.  

In this paper the results obtained with the PoSER 
methodology are presented; in fact, although it required a high 
computational effort due to the many identification processes 
developed, it allows evaluating the variability of the identified 
parameters.  
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3.1 Tests before retrofitting 

In the tests performed before the retrofitting works only 3 
accelerometers were available: 2 sensors, considered as 
reference, were located at point A of the second floor (2AX 
and 2AY) while the third sensors (roving sensor) was moved 
to all the other places; 10 different configurations were needed 
to cover the 12 measuring points. The modal parameters are 
extracted by means of the EFDD and SSI-COV techniques 
which were implemented in two Matlab routines. The post-
processing routine, working in according to the PoSER 
procedure, is used to scale the data recorded from the different 
configurations.  

In the present work, with regard to the EFDD technique, to 
select the frequency band for each mode a value of MAC 
rejection level of 0.9 is considered; furthermore, for the 
estimation of the natural frequencies and damping ratios the 
first 10 peaks of the correlation function of the SDOF are 
taken into account. Regarding to the SSI-COV technique, a 
model order of 50 is adopted and in the stabilization diagram a 
mode is considered to be consistent with respect to the 
frequency, damping ratio and mode shape when, increasing 
the model order one by one, it shows a natural frequency 
variation < 1%, a damping ratio variation < 2%, and a MAC 
between the modes > 0.98, respectively. 

Table 1 and Table 2 contain the modal parameters obtained 
by the two techniques used for the identification, i.e. the 
average values of frequencies f and damping ratios ξ, with the 
relative standard deviations Δf and Δξ, relevant to the first 
seven modes identified. The values of the natural frequencies f 
identified with the two methods are very close with a 
difference less than 2 %; the standard deviation Δf is also 
small in both cases, less then 0.27 Hz for EFDD and 0.14 Hz 
for SSI-COV, about 3.0 % and 1.6 % of the corresponding 
mean value. As regards the damping ratios ξ, the values 
associated to the first seven modes are more scattered ranging 
between 0.7 and 2.7 % for EFDD and between 1 and 3.3 % 
for EFDD, with a standard deviation between 0.17 and 1.18 % 
and between 0.16 and 1.42 % for the two methods, 
respectively (a general range of about 14 % ÷ 140 % of the 
corresponding mean value). It is worth noting that the values 
of damping ratios identified with experimental tests on civil 
engineering structures are often very scattered and sometimes 
some values are even unrealistic. In this case the obtained 
values are in the range of expected values and this can be 
considered as a confirmation of the reliability of the results. 

 

Table 1. Modal parameters with EFDD before retrofitting  

Mode f [Hz] Δf [Hz] ξ [%] Δξ [%] Mode shape 
1° 3.61 0.01 0.85 0.17 1° transverse 
2° 3.71 0.01 0.72 0.40 1° torsional 
3° 4.00 0.02 1.22 0.25 1° longitudinal 
4° 4.38 0.03 1.15 0.27  
5° 7.37 0.17 2.66 0.84  
6° 8.08 0.11 1.79 0.79  
7° 8.76 0.27 2.19 1.18 2° torsional 

 

Table 2. Modal parameters with SSI-COV before retrofitting 

Mode f [Hz] Δf [Hz] ξ [%] Δξ [%] Mode shape 
1° 3.60 0.03 1.49 0.43 1° transverse 
2° 3.69 0.02 2.14 1.33 1° torsional 
3° 3.99 0.02 1.05 0.25 1° longitudinal 
4° 4.42 0.02 1.13 0.50  
5° 7.22 0.04 1.17 0.16  
6° 8.01 0.08 1.02 1.42  
7° 8.62 0.14 3.34 0.63 2° torsional 

 
Finally, regarding the mode shapes, a 3D isometric view is 

reported in Figure 6. It is noted that the basement has been 
assumed as fixed since measurements show that its 
displacements are negligible with respect to those of the other 
floors; furthermore the last floor of block A is not reported in 
the figures since it was not monitored. The first three modes 
are those typical for low-rise buildings and can be assimilated 
to a 1° transverse mode with torsional component, a 
1° torsional mode, and a 1° longitudinal mode with torsional 
component. The torsional component is always present due to 
the L-shape in plan of the building which, as expected, under 
ambient vibrations behaves like a unique block without 
separating joint between Block A and Block B. The other four 
mode shapes cannot be clearly assimilated to standard mode 
shapes excepting the seventh one which is similar to a 2° 
torsional mode. 

 

3.2 Tests after retrofitting 

In the tests performed after the retrofitting works on the 
structure coupled with the steel dissipative towers, 12 
accelerometers were used and only one configuration was 
necessary to cover all the measuring points. However, keeping 
the same sensor configuration, three different acquisitions 
were carried out to better estimate the variability of the 
identified parameters thanks to a data redundancy. The same 
modal identification techniques adopted for the test carried 
out before the building retrofitting are used. 

Analogously to the results of the tests carried out before the 
retrofitting, Tables 3 and Tables 4 report the values of the 
natural frequencies f and the damping ratios ξ with the 
relevant standard deviations Δf and Δξ, with reference to the 
first seven modes identified. 

Values of the frequencies obtained in the three acquisitions 
are very close for both the techniques used with a very low 
standard deviation, less than 0.10 Hz for EFDD and 0.12 Hz 
for SSI-COV. Frequency values obtained with the two 
methods are practically equal with a maximum difference of 
about 0.9%.  

As regards the damping ratio also in this case the values 
obtained are more scattered with standard deviation ranging 
between 0.04 and 0.37 % for EFDD and between 0.03 and 
2.07 % for SSI-COV (a general range of about 2 % ÷ 80 % of 
the corresponding mean value). However, also in this case, the 
values of damping ratios obtained appear to be realistic 
(maximum value of about 5 %) for both the identification 
techniques adopted.  
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Figure 6. Identified mode shapes and relevant frequencies. 

Table 3. Modal parameters obtained with EFDD after 
retrofitting 

Mode f [Hz] Δf [Hz] ξ [%] Δξ [%] Mode shape 
1° 3.60 0.01 1.40 0.30 1° transverse 
2° 3.84 0.03 0.27 0.21 1° torsional 
3° 4.16 0.03 0.98 0.35 1° longitudinal 
4° 5.00 0.03 0.77 0.31  
5° 7.69 0.04 0.09 0.04  
6° 8.70 0.10 0.23 0.15  
7° 9.54 0.07 1.09 0.37 2° torsional 

 

Table 4. Modal parameters obtained with SSI-COV after 
retrofitting 

Mode f [Hz] Δf [Hz] ξ [%] Δξ [%] Mode shape 
1° 3.59 0.01 1.47 0.06 1° transverse 
2° 3.81 0.00 1.64 0.24 1° torsional 
3° 4.13 0.02 1.73 0.50 1° longitudinal 
4° 4.97 0.02 1.37 0.03  
5° 7.66 0.04 1.25 0.30  
6° 8.65 0.12 5.24 2.07  
7° 9.63 0.07 2.18 1.07 2° torsional 

 
The mode shapes identified are not shown since are very 

similar to those obtained for the test before the retrofitting (in 
Figure 6) and no difference could be appreciated. In fact, the 
first three modes are again those typical of low-rise building: 
a 1° transverse mode with torsional component, a 1° torsional 
mode, and a 1° longitudinal mode with torsional component; 
the seventh mode can be assimilated to a 2° torsional mode. 

 

3.3 Comparison between tests before and after the 
retrofitting 

Several remarks about the effects induced on the dynamic 
behaviour of the building by the retrofitting works can be 
drawn by comparing the results obtained with tests performed 
before and after the retrofitting, denoted with subscripts b and 
a, respectively. In particular, some considerations can be 
obtained by comparing the Power Spectral Densities (PSDs), 
the natural frequencies, the damping ratios and, finally, the 
mode shapes.  

In Figure 7 the PSDs obtained from the signals recorded in 
measuring point called 2BX are shown. The graph relevant to 
the tests after retrofitting is clearly shifted toward the right 
(higher frequencies) with respect to the graph of test before 
retrofitting. This demonstrates an increase of the stiffness of 
the building due to its coupling with the two steel towers. 
Such increased stiffness is also confirmed by the comparison 
between the first seven natural frequencies identified before 
and after the retrofitting works and listed in Table 5: a general 
increase can be observed, ranging between 0.12 and 1.01 Hz, 
with an average increase, in terms of percentage difference, of 
about 6 %.  



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2515 

 

0 2 4 6 8 10
f [Hz] 

10-5 

10-4 

10-6 

10-7 

10-3 

PS
D

 (m
g2 /√

H
z 

) 

before retrofitting 
after retrofitting 

 Figure 7. PSD at the point 2BX of the second floor before 
and after retrofitting. 

 
It is worth noting that the increase is different depending on 

mode: the first natural frequency remains practically 
unchanged and the second and third frequencies undergo a 
small increment; on the contrary the superior frequencies 
undergo greater increments, in particular the forth and the 
seventh frequencies increase of about 14 % and 9 %, 
respectively, considering the EFFD technique, and both 12 % 
considering the SSI-COV. This behaviour is likely due to the 
great flexural stiffness of the steel towers which, being pinned 
at the base and connected to all the building floor, excepting 
the first one, do not add stiffness to linear modes while 
contrast much more effectively the superior modes. This is 
why the frequencies relevant to superior modes increase much 
more than the first three frequencies which are correlated to 
modes much more similar to linear shapes. 

Regarding the damping ratios the comparison between 
values relevant to the building before and after retrofitting is 
reported in Table 6, In this case a clear trend cannot be 
observed. This is primarily due to the dependence on the 
spectral distribution of the input, which cannot be perfectly 
flat such as for a theoretic white noise. However, the 
identified dynamic parameters are reasonable for a low-rise 
r.c. frame building and this confirms the reliability of test and 
identification methods used.  

It is worth noting that the dissipative contribution of the 
towers equipped with dissipative devices cannot be obviously 
caught with ambient vibration tests because the very low 
amplitude of vibrations cannot activate the contribution of the 
dissipative devices. 

Finally, comparing the mode shapes identified before and 
after the building retrofitting it can be observed that they 
remain similar and the differences cannot be clearly visualized 
from a 3D isometric representation but can be captured by 
means of the MAC (Modal Assurance Criterion), in which the 
comparison between two mode shapes assumes a value of 1 
when shapes are perfectly matching, and zero for completely 
different shapes. Figure 8 shows the MAC between the two 
series of seven mode shapes identified before and after the 
retrofitting with the two identification techniques adopted; to 
facilitate the comparison, the black colour is associated to 
value 1 of MAC, white colour to a 0 value, while a grey scale 
is used to represent intermediate values.  

Table 5. Comparison between natural frequencies fb and fa 
obtained with tests performed before and after retrofitting.  

Mode 
EFDD SSI-COV 

fb [Hz] fa [Hz] Δf [%] fb [Hz] fa [Hz] Δf [%]

1° 3.61 3.60 0.3 3.60 3.59 0.3 

2° 3.71 3.84 -3.5 3.69 3.81 -3.3 

3° 4.00 4.16 -4.0 3.99 4.13 -3.5 

4° 4.38 5.00 -14.2 4.42 4.97 -12.4 

5° 7.37 7.69 -4.3 7.22 7.66 -6.1 

6° 8.08 8.70 -7.7 8.01 8.65 -8.0 

7° 8.76 9.54 -8.9 8.62 9.63 -11.7 
 

Table 6. Comparison between damping ratios ξb and ξa 
obtained with tests performed before and after retrofitting. 

Mode 
EFDD SSI-COV 

ξb [%] ξa [%] Δξ [%] ξb [%] ξa [%] Δξ [%]

1° 0.85 1.40 0.65 1.49 1.47 -0.02 

2° 0.72 0.27 -0.45 2.14 1.64 -0.50 

3° 1.22 0.98 -0.24 1.05 1.73 -0.68 

4° 1.15 0.77 -0.38 1.13 1.37 -0.20 

5° 2.66 0.09 -2.57 1.17 1.25 -0.08 

6° 1.79 0.23 -1.56 1.02 5.24 4.22 

7° 2.19 1.09 -1.10 3.34 2.18 -1.16 
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Figure 8. MAC between mode shapes before and after 

retrofitting. 
 
Very little differences can be noted between results obtained 

with the two techniques, especially for the first four modes. In 
both, a variation of superior modes (5, 6, and 7) appears 
evident, whereas the first four modes (much more similar to 
linear modes) remain almost the same. This confirms the 
considerations regarding the variation of the natural 
frequencies: thanks to the flexural stiffness of the towers, the 
building tends to assume a deformed shape more similar to a 
linear mode (more uniform interstorey drift distribution along 
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the building height) while the superior modes are much more 
constrained. 

4 CONCLUSIONS 
In this paper some results of a series of ambient vibration 
tests, performed on a school building before and after the 
seismic retrofitting with external dissipative towers, have been 
presented. Experimental modal analyses of low-noise 
accelerometer signals, carried out with EFDD and SSI-COV 
techniques, allowed estimating the natural frequencies, 
damping ratios and mode shapes. Despite some discrepancies, 
especially relevant to the damping ratios and mode shapes, 
both the techniques furnished satisfactory results and their 
combined use permitted to better appraise the reliability of the 
results. 

In particular the experimentation allowed capturing the 
variations of modal parameters of the building consequent to 
the seismic retrofitting. A clear increase of the natural 
frequencies was observed, which is moderate for the first 
three modes while is more pronounced for the superior modes 
which differ much more from linear shapes. This result is 
likely due to the great flexural stiffness of the steel towers 
which, being pinned at the base and rigidly connected to the 
building floors, tend to make the coupled system (tower-
building) stiffer much more against the superior modes than 
against the first modes. 

This behaviour was also established by comparing mode 
shapes by means of their MAC values, obtained before and 
after the retrofitting works; the first modes remain almost 
unchanged while superior modes undergo manifest variations. 
These results mean that the retrofitting system permitted to 
obtain a vertical deformation of the building similar to a linear 
deformation and, therefore, to obtain a more uniform 
interstorey drift distribution along the building height. 

With regard to the damping ratios a clear trend of variations 
between values obtained before and after the retrofitting 
works was not captured. This result was expected since the 
estimation of damping ratios by means of operational modal 
analysis is usually affected by low precision so that small 
differences, if present, cannot be captured. However, it can be 
deduced that the coupling of building with steel dissipative 
towers does not sensibly modify the damping ratios of the 
system at very low energy vibrations since the contribution of 
the viscous dampers positioned at the tower bases cannot be 
activated. 
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ABSTRACT: In the paper the dynamic behavior of spatial structures composed by assemblies of circular arches is studied in 
both undamaged and damaged states. The exact natural frequencies of vibration are evaluated by means of the Wittrick and 
Williams algorithm once the dynamic stiffness matrix of the entire structure is known. The analytical functions of the modes of 
vibration are plotted allowing to recognize either in-plane or out of plane behaviors for each arch element.  

The presence of damage is considered introducing a reduction in the dimension of the cross section. Depending on the 
extension of the zone of reduced cross section, concentrated and diffused damages can therefore be considered. Furthermore the 
amount of reduction of the cross section can model intense or weak damages. Therefore three damage parameters are taken into 
account i.e location, intensity and extension of a single damage.  

In the direct problem a parametric study is developed showing the effect of the damage parameters on the natural frequencies 
of vibration. The inverse problem, related to the identification of the above three damage parameters, is studied through the 
minimization of an appropriate objective function which measures the difference between the natural frequencies in the 
damaged and undamaged states. Reference is made to pseudo-experimental values of the natural frequencies and numerical 
applications are presented. 

KEY WORDS: arch, damage identification, natural frequencies, inverse problems 

1 INTRODUCTION 
The free vibration analysis of curved bars has been widely 
investigated by many researchers because of its great practical 
importance in the study of the dynamic behaviour of various 
structures such as bridges, roofs, vaults, underground 
galleries, etc. The presence of damage in these structures 
implies a loss of the structural stiffness inducing variation of 
both static and dynamic responses.  

The effects of damage have been investigated in the 
literature, mainly with reference to straight beams but also in 
curved bars, using different techniques. These are based on 
the variation of dynamic characteristics, such as the natural 
frequencies, mode shapes, dynamic flexibilities, or static 
quantities, such as displacement induced by applied loads [1-
5]. The most interesting application of these techniques can be 
found in a health monitoring strategy, whereby the 
investigation of the structural integrity is performed by 
identifying damage using experimental data from non-
destructive tests.  

Focus is placed on the use of dynamic tests, which provide 
significant information and are also easily repeatable. The use 
of experimental data for damage detection leads to a class of 
inverse problems which are often ill-conditioned and 
sometimes undetermined. 

In this paper, spatial arch structures, in which the damage is 
modelled as a reduction of the cross section in a concentrated 
zone, are studied in their undamaged and damaged states.  
The exact natural frequencies of vibration are calculated by 
means of the Wittrick and Williams algorithm [6] and the 
modes of vibration are plotted. 

By studying the direct problem, the sensitivity of the modal 
properties can be assessed, regarding the three parameters 
assumed as characteristics of the damage, i.e. location, length 
of the damaged zone and rate of reduction of the area of the 
cross section. A parametric study is developed showing the 
effect of the damage parameters on the natural frequencies of 
vibration. The inverse problem is studied for the damaged 
structure, implementing a damage identification technique 
based on the comparison of the natural frequencies in the 
damaged and undamaged states. The identification procedure 
is based on the minimization of an appropriate objective 
function which measures the differences between numerical 
and measured data. 

2 THE DIRECT PROBLEM 
As it is well known in the study of the direct problem all the 
characteristic parameters of the structural model are assumed 
to be assigned and the static or dynamic response is therefore 
evaluated. In the present study the dynamic characteristics 
which are considered as representative of the dynamic 
response are the natural frequencies of vibration ωi (i=1, 2, 
3…). This choice is based on the much easier possibility to 
measure these parameters with respect to others, such as 
modes of vibration or deformation energy, and therefore to 
use them in the resolution of the inverse problem. 

2.1 The structural model and the equations of motion 
The considered model is represented by a small length of a 
curved Timoshenko beam element which subtends an angle 
dφ at the centre of a circle of radius R. The cross-sectional 
properties are: area A, second moments of area I1 and I2, shear 
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correction factor k’, torsional constant J and polar moment of 
inertia Ip, all assumed to be constant. Furthermore the material 
properties, Young’s modulus E, modulus of rigidity G and 
density per unit length ρ , are uniformly distributed. 

 
Figure 1. The arch element 

 
The degrees of freedom in the space, with reference to both 

the in-plane and the out-of-plane motions, of an arch element 
are reported in Figure 1.  By considering the equilibrium of 
the arch element, in its undeformed state, and the linear elastic 
constitutive law, the differential equations of motion 
governing the in-plane and out-of –plane  free vibration of the 
considered Timoshenko arch can be derived [7-9]. These 
equations have been written in an useful dimensionless 
form in a previous paper by the present authors [10]. In the 
following only the main results are reported. With reference to 
the kinematic parameters shown in Figure 1, the equations 
governing the in-plane motion of the arch are: 

( ) ( )2 2 2 21 1 0D D U D Vγ γ+ + − + − =  
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Where the symbol Dn denotes the n-th derivation with 
respect to polar coordinate ϕ.  
Furthermore the following dimensionless parameters have 
been introduced: 
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The differential equations governing the dynamic out of 
plane equilibrium of the considered Timoshenko arch turn out 
to be: 
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2.2 The evaluation of the natural frequencies and modes of 
vibration 

The knowledge of the solution of the equations of motion 
described in [10] allows the evaluation of the exact dynamic 
stiffness matrix ( )ωK of the arch which relates the vector P  
of the nodal static parameters at the end of the element, to the 
corresponding vector of kinematic parameters d through the 
equation:  

( )ω=P K d  (7) 
 

Once the dynamic stiffness matrix of the structure is 
assembled, the natural frequencies can be calculated by means 
of a very effective method based on the Wittrick & Williams 
Algorithm [6]. 

The algorithm allows to evaluate the number of frequencies 
of vibration which are lower than a trial value and, therefore, 
by means of an iteration procedure, to converge to any 
required frequency. 

The correspondent i-th mode of vibration (i=1, 2, 3…) can 
be evaluated calculating for each kinematic parameter Xi the 
following expression: 

6

1

( ) m
i m

m i

X A eβ φφ
=

⎛ ⎞
= ⎜ ⎟⎜ ⎟
⎝ ⎠
∑  (8) 

where the constants Am and βm for each mode i are calculated 
for in-plane and out of plane behaviours when the boundary 
conditions for the single arch element are assigned [10]. 

2.3 The model of the damaged arch 
In modeling a structural damage many parameters should be 
taken into account. In fact two damaged parts of a structural 
element may differ for dimension, length, shape and position 
of the damaged zone.  Many studies in the literature consider 
that the damage can be assumed to be concentrated and can be 
modeled by means of a rotational spring of suitable rigidity. 

In the present paper circular cross sections are considered 
and the damage is simply modeled introducing an element of 
weaker stiffness with respect to the undamaged arch. This 
element has a cross section of the same shape of the 
undamaged one but smaller sizes.  

 
Figure 2. The damaged element 
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Aiming at identifying damage in its initial state, only a 
single damaged zone is considered.  

Three damage parameters, as highlighted in Figure 2, are 
considered in the paper, these are: 

- s:  position of the damaged element, defined as the 
polar coordinate of the left reduced cross section; 

- ϕd: extension of the damaged zone, defined as a ratio 
of the opening angle; 

- βd: intensity of the damage, defined as the ratio 
between the diameter of the undamaged cross section 
and the diameter of damaged cross section.  

When the extension of damage is close to zero, no crack 
closure phenomenon is considered, hence linear behavior of 
the damaged curved beam is always assumed. 

 

2.4 Parametric study on the frequencies of vibration of the 
damaged arch 

The presence of a damage in a structural element causes, 
obviously, a reduction in the structural stiffness and therefore 
in the natural frequencies of vibration. 

This reduction depends strongly on the characteristic 
parameters of the damage. In the following figures the 
differences for the first six vibration frequencies of the 
undamaged and the damaged single arches are reported as a 
function of the damage parameters. Namely circular arches, 
clamped at both ends, with circular cross section are 
investigated by considering four different opening angles, i.e. 
45°, 90°, 120°, 180°. Two different extensions of the damaged 
zone have been considered representative of different 
concentration of the damage with respect to the arch opening 
angle. Namely a concentrated (ϕd=Φ/500) and a more diffuse 
(ϕd=Φ/100) damage have been assumed. The intensity βd of 
the damage is assumed variable between the values 1  
(undamaged cross section) and 2,5  (radius of the damaged 
cross section almost equal to 40% of the undamaged one). The 
position s of the damage may vary in the entire arch. All the 
following parametric studies have been conducted assuming 
λ=500 and a Poisson’s ratio υ=0.3. 

Figures 3 show the variation of the first six frequencies of 
vibration of damaged arches with respect to the corresponding 
undamaged values. 

 
Figure 3a. Frequency variation for Φ=45°; βd=2; ϕd=Φ/500  

 
In particular the ordinates report the difference Δγi

2 between 
the square of the i-th frequency parameter of the undamaged 
arch (γi

2) and the correspondent parameter for the damaged 
arch (γDi

2) normalized with respect to the undamaged one. 
( )2 2 2

i i Diγ γ γΔ = −  (9) 

 
Figure 3b. Frequency variation for Φ=90°; βd=2; ϕd=Φ/500 

  

 
Figure 3c. Frequency variation for Φ=120°; βd=2; ϕd=Φ/500  

 

 
Figure 3d. Frequency variation for Φ=180°; βd=2;  

ϕd=Φ/500  
 

Figures 3a, 3b, 3c and 3d refer to arches with different 
opening angles (45°, 90°, 120° and 180° respectively) with a 
concentrated damage (ϕd=Φ/500) whose intensity (βd=2) 
reduces the radius of the cross section to 50% of the 
undamaged one. In all these figures the position of the 
damage, reported in abscissa, varies along the arch. 

In Figure 4 the first six vibration modes of a single arch 
clamped at both ends and having an opening angle of 180° are 
reported while figure 5 shows the correspondent bending 
moments normalized with respect to their maximum value. By 
the observation of  Figures 3d and 5 it can easily be noticed 
that when the damage is located at the curvature peaks of the 
undamaged arch, the differences Δγi

2 reach a relative 
maximum while if damage is located at a node of the bending 
curvature differences Δγi

2 approach to zero, as already 
observed in the literature [1,2]. 

Figure 6 reports the reduction in the frequencies of vibration 
for an arch of opening angle 45° with a more diffused 
damaged zone (ϕd=Φ/100) and the same damage intensity 
previously considered in which the radius of the reduced cross 
section is the 50% of the undamaged one (βd=2). The 
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comparison between Figures 3a and 6 shows how the larger 
extension of the damage contributes to a greater reduction in 
the frequencies of vibration.  

 
Figure 4. First six modes of vibration for an undamaged 

clamped-clamped arch with opening angle Φ=180 
 

 
Figure 5. Normalized bending moment of an undamaged 

clamped-clamped arch with opening angle Φ=180 
 

 
Figure 6. Frequency variation for Φ=45°;  βd=2; ϕd=Φ/100  

 
Figures 7a, 7b, 7c and 7d refer to arches with different 

opening angles (45°, 90°, 120° and 180° respectively) with a 
concentrated damage (ϕd=Φ/500) with a smaller intensity of 
damage (βd=1,732) in which the radius of the reduced cross 
section is the 57% of the undamaged one. Once again the 
most significant reductions in the frequency of vibration occur 
when damage is located at a peak value of the corresponding 
bending curvature (Figure 6), while equal to zero when it 
corresponds to a node of the bending curvature.  

 
Figure 7a. Frequency variation for Φ=45°;  βd=1,732 

ϕd=Φ/500  
 

 
Figure 7b. Frequency variation for Φ=90°;  βd=1,732 

ϕd=Φ/500;  
 

 
Figure 7c. Frequency variation for Φ=120;  βd=1,732 

ϕd=Φ/500;  
 

 
Figure 7d. Frequency variation for Φ=180°;  βd=1,732 

ϕd=Φ/500;  
 

Figures 8a, 8b, 8c and 8d refer to arches with different 
opening angles (45°, 90°, 120° and 180° respectively) with a 
diffused damage zone (ϕd=Φ/100) located at s=(Φ/4)-(ϕd/2). 
The intensity of the damage βd is variable in the range 1 ÷ 2.5. 
It may be observed that the reduction in the frequencies of 
vibration increases, more than linearly, with the intensity of 
the damage and affects all the frequencies.  
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Figure 8a. Frequency variation for Φ=45°; s=(Φ/4)-(ϕd/2);  

ϕd= Φ/100  

 
Figure 8b. Frequency variation for Φ=90°; s=(Φ/4)-(ϕd/2);  

ϕd= Φ/100  

 
Figure 8c. Frequency variation for Φ=120; s=(Φ/4)-(ϕd/2);  

ϕd= Φ/100  

 
Figure 8d. Frequency variation for Φ=180°; s=(Φ/4)-(ϕd/2); 

ϕd= Φ/100  
 

The same considerations hold for the corresponding arches 
in which a concentrated damage (ϕd= Φ/500) is located in the 
same position previously considered (s=(Φ/4)-(ϕd/2)) with 
variable intensity. The results are shown in Figures 9a,9b,9c 
and 9d. 

 
Figure 9a–Φ=45° λ=500; s=(Φ/4)-(ϕd/2); ϕd= Φ/500  

 

 
Figure 9b–Φ=90° λ=500; s=(Φ/4)-(ϕd/2); ϕd= Φ/500  

 

 
Figure 9c–Φ=120° λ=500; s=(Φ/4)-(ϕd/2); ϕd= Φ/500  

 

 
Figure 9d–Φ=180° λ=500; s=(Φ/4)-(ϕd/2); ϕd= Φ/500  

 

2.5 The inverse problem: damage identification 
In the direct problem, for assumed values of the position, the 
intensity and the extent of the damage, the Wittrick & 
Williams algorithm provides the values of the i-th natural 
frequency parameter γi.  In the inverse problem the damage 
characteristics have to be determined once the response of the 
structure is available. Damage identification represents a very 
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complicated task. The main difficulty arises from the fact that 
the inverse problem in general does not possess a unique 
solution  because to known (or measured) values of γi  for the 
damaged arch several combinations of damage parameters 
may correspond. 

In the following the procedure proposed by Vestroni et al. 
in [11] has been considered. 

If concentrated damages are taken into account only two 
damage parameters, i.e. position s and intensity βd, must be 
identified. When a single concentrated damage is considered, 
for every known frequency parameter of the damaged arch, a 
curve (s, βd) can be obtained. In fact for each possible damage 
position si, an intensity βdi exists which corresponds to a value 
of the i-th natural frequency parameter equal to γi . 

This analysis can be used to examine the uniqueness of the 
solution to the inverse problem. In fact, curves (s, βd) obtained 
for different γi  cross at the abscissa where damage is 
localized, so providing the sought solution to the inverse 
problem.  

Figure 10 represents the curves (s, βd) for the first six 
frequency parameters γi, assumed as pseudo-experimental  
values. These have been  obtained by using s=(Φ/4)-(ϕd/2), ; 
βd=2  as characteristic parameters of a concentrated damage 
(ϕd= Φ/500 ). 

Due to the symmetry of the structure the position of the 
damage is considered variable in the half length of the arch. 

As it can be seen from the observation of Figure 10, the 
damage parameters, assumed in the evaluation of the pseudo-
experimental values of the first six frequency parameters γi, 
are exactly identified as the coordinate of the unique 
intersection point in all the curves.  

Although the above study provides the exact result for the 
inverse problem it must be pointed out that its application may 
be very difficult in engineering practice. In fact it cannot be 
easy to determine the intersection of the curves when real 
measured values, affected by instrumental errors, of the 
frequencies of vibration are considered as data in the inverse 
problem.  
 

 

 
Figure 10 Curves (s, βd)  for the first six frequency parameters 

Φ=120°; λ=500; ϕd= Φ/500  
 

In the following a different procedure for the identification 
of the three damage parameters, i.e. position, extent and 
intensity, is applied [11]. This procedure consists in the 
minimization of the following objective function:  

2

1( , , ) i ei
d d U U

i i ei

G s ω ωβ φ
ω ω

⎛ ⎞Δ Δ
= −⎜ ⎟

⎝ ⎠
∑  (10) 

This is defined as the sum of the squares of the differences 
between the numerical Δωi and experimental Δωei values of 
the variations of frequencies between the undamaged and the 
damaged states, normalized with respect to the frequencies of 
the undamaged arch, ωi

U
 and ωei

U. 
The values of the damage parameters which provide the 

minimum of the objective function (10) correspond to the 
solution of the inverse problem. 

It is convenient to obtain the damage parameters in different 
phases, by successively seeking distinct minima. For each 
possible couple of damage position s and intensity βd the 
minimization of the objective function G1 with respect to the 
extension ϕd provides the function: 

2 1( , ) min( ( , , ))
d

d d dG s G s
φ

β β φ=  (11) 
Successively for each damage position s the minimization of 
the objective function G2 with respect to the intensity  βd 
provides the function: 

3 2( ) min( ( , ))
d

dG s G s
λ

β=  (12) 
The position of the damage is then given by the minimum of 
G3(s) over s. If this function exhibits one global minimum, the 
solution to the inverse problem exists and is unique. Once the 
damage parameter s is identified the two other characteristic 
parameters can be evaluated by an analogous procedure by 
seeking the values of  βd and ϕd which minimize the objective 
function (10) for a given s. 

2.6 Numerical applications 
The  procedure  proposed in this study for the identification of 
damage parameters in spatial arches is applied in the 
following to the structure reported in Figure 11 

 
Figure 11. The spatial structure 

 
It is composed by two orthogonal simply supported spatial 

arches, each characterised by an opening angle Φ=180°. 
Therefore the undamaged structure is composed by 4 arch 
elements. 

The radius of the arches is R=1m, the cross section is 
circular with λ=500 and the material’s characteristics are: 
Young Modulus : E=210000 Mpa; Poisson Modulus : υ=0,3; 
Mass density : ρ=7849.0474 kg/m3. 

The structure has been studied either in its undamaged or 
damaged state. The closed-form solution, in terms of 
frequencies of vibration, has been numerically validated by 
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comparing the exact results with those obtained by a refined 
finite element simulation. 

The first six values of the natural frequencies of vibration 
are reported in Table 1.The results obtained by the proposed 
procedure are compared to the correspondent FEM values 
calculated by means of Sap2000. In the latter case 32 elements 
have been chosen to discretize each arch.  As it can be 
observed the results obtained by means of the Wittrick & 
Williams algorithm are always lower that the correspondent 
FEM values. The discretization in finite elements, in fact, 
provides approximated values considering a higher stiffness 
for the structure. 

 
Table 1. Frequencies of the undamaged structure 

Frequency Sap2000 rad/sec Matlab rad/sec 
ω1 467,33 466,11 
ω2 467,33 466,11 
ω3 490,03 481,39 
ω4 1080,2 1054,92 
ω5 1220,3 1183,34 
ω6 1220,3 1183,34 
 
The corresponding modes of vibration are plotted in Figure 

11. Due to the symmetry of the structure the first two modes 
coincide and concern to flexural motions in-plane for one arch 
and out-of-plane for the other. Modes 3 is predominantly 
torsional while mode 4 is flexural and out-of-plane with no 
displacement in the upper node. Modes 5 and 6 exhibit both in 
plane and out-of-plane response. 

 
Figure 12. Modes of vibration of the spatial structure  

 
In this section, the first natural frequencies, evaluated by 
solving the direct problem, are assumed as pseudo-
experimental data to test the reliability of the optimization 
procedure considered.  
The analysis is performed for the case of a concentrated 
damage (ϕd= Φ/500) located at s= Φ/4 with an intensity βd=2. 
The first six frequencies of vibration, used as pseudo 
experimental values,  turn out to be: ω1=458,83  rad/sec; 
ω2=464,90  rad/sec; ω3=479,50  rad/sec; ω4=1053,65 rad/sec; 
ω5=1179,61 rad/sec; ω6=1186,05 rad/sec; 

 
Figure 12. The objective function 

 
Figure 13 shows the objective function (12) when the 

damage location s varies  in the range 0÷π/2, because of the 
symmetry of the structure. 

As it can be clearly observed the absolute minimum of the 
function has zero value and is reached in the location s= π/4.  

The identification procedure therefore provides, in this 
pseudo experimental case, the exact results for the inverse 
problem. If the frequencies of vibration are measured from 
experimental tests the objective function shows anyway an 
absolute minimum if a sufficient number of frequencies is 
taken into account [2]. Damage parameters can therefore be 
identified also in presence of experimental errors.  
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ABSTRACT: An approach for the structural damage identification based on the measurement of natural frequencies is 
presented. The structural damage model is assumed to be associated with a reduction of a contribution to the element stiffness 
matrix equivalent to a scalar reduction of the material modulus. A computational procedure for the direct iteration technique 
based on the non-linear perturbation theory is proposed to identify structural damage. The presented damage identification 
technique is applied to the footbridge over the Slunjcica River near Slunj to demonstrate the effectiveness of the proposed 
approach. Using a limited number of measured natural frequencies, reduction in the stiffness of up to 100% at multiple sites is 
detected. 

KEY WORDS: Footbridges; Damage identification; Natural frequency measurements. 

1 INTRODUCTION 
Damage or fault detection, as determined by changes in the 
dynamic properties or response of structures, is a subject that 
has received considerable attention in the literature. Since the 
changes in the stiffness of the structure, whether local or 
distributed, will cause changes in the modal parameters 
(notably natural frequencies, mode shapes, etc.), the location 
and the severity of damage in structure can be determined by 
changes in the modal characteristics. Furthermore, since the 
natural frequencies are rather easy to measure with a relatively 
high level of accuracy, the methods based on the 
measurements of natural frequencies are potentially attractive 
[1-5]. These characteristics can be obtained by measurements 
at one point of the structure and are independent of the 
location chosen. 

The authors [4] proposed a novel perturbation-based 
approach using the exact relationship between the changes of 
structural parameters and the changes of modal parameters in 
order to avoid the insufficiency of the first-order sensitivity 
analysis. For damage detection, the first-order approximation 
may be inaccurate since a large change of structural 
parameters due to damage might need to be detected [1-3]. 

In this paper the direct iteration technique based on the non-
linear perturbation theory is utilized to identify structural 
damage, when only natural frequencies for the damaged 
structure are required. The effectiveness of the proposed 
numerical procedure was already demonstrated through an 
example of the real concrete girder bridge with simulated 
damage, laboratory testing of a simply supported reinforced 
concrete beam subjected to various levels of static load [6], 
and finally full scale testing of six concrete girder bridges of 
different ages in Croatia [7]. 

Here, the application of the proposed technique to structural 
inspection by vibration frequencies monitoring is described in 
the following. 

2 DIRECT ITERATION TECHNIQUE 
The computational procedure for the direct iteration technique 
has been developed to solve for the element scalar damage 
parameters jα as well as the mode participation factors ikC  
[4]. The iterative solution procedure is described in the 
following section. 

Depending on the number of available natural frequencies 
for the damaged structure NF (number of equations) and the 
number of structural damage parameters NXE (number of 
unknows), the eigenmode-stiffness sensitivity matrix ijS may 
not be square. Theoretically, if the number of available natural 
frequencies NF is equal to NXE, a solution may be determined 
exactly. However, only a smaller number of natural 
frequencies can usually be measured. Hence, the number of 
the measured natural frequencies for the damaged structure 
NF is less than the number of structural damage parameters 
(finite-elements), (NF<NXE), which renders the equations 
underdetermined e.i. ill-conditioned. 

In order to find a solution for what is in general an ill-
conditioned system, the Singular Value Decomposition (SVD) 
technique is applied. 

A FORTRAN computer program for structural damage 
identification has been developed based on the knowledge of 
the computational procedure presented down. 

2.1 Computational procedure for the proposed technique 

Step1. Assume the initial mode participation factors 0
ikC  to 

be zero, i.e., no changes in eigenvectors. Establish the initial 
values for 1

jα  and 1
ikC  from 

 i

NXE

j
jij zS =∑

=1

11α  (1) 
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where Sij and zi are the eigenmode-stiffness sensitivity matrix 
and vector, respectively, which are defined as  

 ij
T
iijiij KaS φφ==1  (2a) 

 iiz λΔ=  (2b) 

 1

1
1

kkk
*

i

ki
ik b

bC
−−

=
λλ

 (3) 

where bkk, bki and bkl can be defined in general form as 

 ∑
=

=
NXE

j
jkjiki ab

1

11 α  (4) 

φi is the ith original eigenvector; Kj is the contribution of the jth 
element to the global stiffness matrix; Δλi is the change in the 
ith eigenvalue; λk is the kth original eigenvalue and a 
superscript * refer to the damaged structure 
Step2. Evaluate current estimate for n

jα  from 

 i

NXE

j

n
j

n
ij zS =∑

=1

α  (5) 

where  

 ∑
≠=

−+=
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il,l
ijl

n
iliji
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ij aCaS

1

1  (6) 

 

Step3. Evaluate new modal participation factors n
ikC  from 

 n
kkk

*
i

NM

k,il,l

n
kl
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il
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n
ik b

bCb
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−−

+

=
∑
≠=
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1
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where  

 ∑
=

=
NXE

j

n
jkji

n
ki ab

1

α  (8) 

and return to Step 2 if solution has not converged. 

3 EXPERIMENTAL STUDY ON A FOOTBRIDGE 

3.1 Description of bridge and dynamic testing 
The tested bridge over the river Slunjcica near Slunj in 
Croatia is a six-span simply supported steel girder bridge. The 
spans of the bridge are 8.5+8.5+11.8+11.5+12.0+11.5=63.8 
m. The superstructure consists of four steel girders, 90 cm 
high, connected by truss cross girders at the supports and in 
the fourths of spans and an orthotropic deck made of omega–
shaped cross profiles. The abutments and five piers are 
constructed from masonry stones. The longitudinal disposition 
and the cross section of the footbridge are shown in Figure 1. 

After completion of the concrete arch bridge over the river 
Slunjcica in the 1960s, this steel bridge remained open only 
for pedestrian traffic.  

 

 

Slunj

U1 S1 S2 S3 S4 S5 U2

1

1

 
 

    

L80/80

#900x10

CROSS SECTION  1-1

ASPHALT 5.0 cm
GRAVEL 6.0 - 13.0 cm
W PROFILE 0.7 cm

BOLTS;   35

 
Figure 1. A footbridge over Slunjcica River near Slunj, Croatia, elevation and cross-section. 
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In experimental study of the bridge Operational Modal 
Analysis (OMA) was implemented using ambient 
environmental and traffic excitation. This simplifies the 
testing procedure as only response measurement is required 
for determination of natural frequencies, modal shapes and 
damping ratios. 

Identification of modal parameters was conducted using 
methods of Frequency Domain Decomposition (FDD). The 
procedure is based on Singular Value Decomposition (SVD) 
of Power Spectral Density (PSD) matrix of the measured 
responses (Gyy). We have to assume that the loading is white 
noise process, the structure is lightly damped and close mode 
shapes are geometrically orthogonal [8]. Result of SVD is: 

 ( ) H
iiiiyy USUG =ωˆ  (9) 

Equation (9) is known at discrete frequencies ω = ωi where 
Ui represents unitary matrix of singular vectors, and Si 
diagonal matrix of singular values. At the discrete frequency 
of the resonance peak first singular vector is an estimate of 
mode shape [9].  

Enhanced frequency domain decomposition (EFDD) 
identifies the Single Degree of Freedom (SDOF) PSD 
function around the peak by comparing vector at the peak 
with the vectors corresponding to discrete frequencies around 
the peak using Modal Assurance Criterion (MAC). Inverse 
discrete Fourier transform of acquired SDOF function enables 
determination of damping ratio for that particular mode [10].  

Curve-fit frequency domain decomposition (CFDD) 
technique is similar to EFDD but it applies curve-fitting to the 
SDOF function directly in the frequency domain [11]. 

The dynamic response of each simple span was measured 
with 6 accelerometers connected to a PC based data 
acquisition system (Brüel&Kjær 3560C). The layout of the 
accelerometers is shown in Figure 2. All data were recorded in 
the notebook computer and analysis was performed using 
Pulse Operational modal analysis software.  

 
A1

A2

A3 A5

A4 A6

li /4 li /4 li /4 li /4

li 

 
Figure 2. Locations of accelerometers for each simple span. 

 
Figure 3 shows singular values of spectral density matrices 

and SDOF function of first four vertical bending modes. 
Mode shapes were estimated as first singular vectors at the 
resonance peak. Natural frequencies and damping ratios for 
first four vertical bending modes are shown in Table 1. The 
experimental natural frequencies were then used in the direct 
iteration technique (see clause 2.1) to calculate the extent of 
damage for each of finite-elements (structural damage 
parameters). 

 
 

 

 

 

 
Figure 3. Singular values of PSD matrices 

 

Table 1. Experimentally determined natural frequencies and 
damping ratios 

Mode Natural frequency 
(Hz) 

Damping ratio 
(%) 

1 8.62 3.0550 
2 28.74 1.7600 
3 69.17 0.7373 
4 114.40 1.2189 

 

3.2 Finite element model 
The three-dimensional finite-element (3D FE) model of the 
footbridge is developed using the Sofistik software. Since the 
bridge superstructure is simply supported, one span of the 
bridge is modelled. The elasticity modulus of steel assumed 
for the un-tuned FE model was as the design one E=2.1×108 

kN/m2. The first four bending mode shapes of the model are 
shown in Figure 4. 
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1st bending mode (8.798 Hz) 

 
2nd bending mode (29.102 Hz) 

 
3rd bending mode (74.418 Hz) 

 
4th bending mode (122.302 Hz) 

Figure 4. First four vertical bending modes of 3D FE model 
(Sofistik). 

The natural frequencies for the undamaged bridge 
determined from the finite–element analyses are summarized 
in Table 2. The comparison with the test results is not possible 
since the measured natural frequencies for the undamaged 
bridge are not available. 

 

Table 2. Finite-element natural frequencies for undamaged 
bridge. 

Mode 3D FE 
model (Hz) 

2D FE 
model (Hz) 

Relative 
error (%) 

1 8.798 8.799 -0.01 
2 29.102 35.266 -17.48 
3 
4 

74.418 
122.302 

79.933 
147.884 

-6.90 
-17.30 

 

3.3 Damage identification 
Based on the natural frequencies for the undamaged and the 
damaged structure, a direct iteration technique was employed 
for structural damage identification. 

The computer program used here for dynamic analysis and 
damage identification was developed for the solution of two-

dimensional (2D) framed structures which has used beam-
column elements. These elements each have six degrees of 
freedom, incorporating two translations and a rotation at each 
node, although the axial displacement is ignored in this 
example. 

In order to avoid problems associated with structural 
symmetry, a 6 non-symmetric finite-elements with 7 nodes 
and a total of 12 degrees of freedom, is generated (Figure 5).  

 

   Parameters of the Problem

Total degrees of freedom      12
Structural members                 6
Damage parameters                6

 
Figure 5. One-span (of six-span) girder bridge, divided in 6 

non-symetric finite-elements with 7 nodes. 

 
All structural members have the same material properties 

with experimentally estimated elastic modulus E=2.1×108 
kN/m2 and density ρ=7.85 t/m3 and the same cross sectional 
area A=0.3277 m2 and second moment of area I=7.9687×10-3 
m4. 

The first four vertical natural frequencies for the undamaged 
structure are listed in Table 2. 

The information about four measured modified frequencies 
is used and all original eigenvectors are considered to obtain 
the structural damage parameters for damaged footbridge, as 
shown in Figure 6. The correlation between eigenvectors for 
the original (undamaged) structure and the damaged structure 
is checked using the MAC factors (Modal Assurance 
Criterion). It is seen that the modes for the damaged structure 
obtained from the direct iteration technique match very well 
the corresponding modes for the original structure. 

The results of the damage prediction in Figure 6 are 
obtained from the direct iteration technique. At the horizontal 
axes in Figure 6 there are 6 parts of girder i.e. 6 finite-
elements. Those 6 parts of girder are positioned in the bridge 
structure according to Figure 5. Damage amounts (%) at 
vertical axes for every one of 6 parts of girder in Figure 6 
represents the change in structural stiffness expressed as the 
damage parameter jα  calculated by the computational 
procedure for the direct iteration technique presented in clause 
2.1. A negative value in Figure 6 represents the reduction in 
stiffness and positive value represents false change in the 
stiffness, which can never be produced by damage. From the 
results, it can be seen that the prediction of structural damage 
is significantly sensitive to the quality of the measured natural 
frequencies, which is caused by the ill-conditioned system of 
governing equations. 

It is found that only a limited number of natural frequencies 
for the damaged structure are required, even 4 measured 
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natural frequencies are sufficient to predict correctly structural 
damage. 

With an assumption that the stiffness degrades 
proportionally to the damage, i.e. the change in the stiffness 
matrix is expressed as the summation of changes proportional 
to the element matrices, the results show that structural 
stiffness decrease through the years. It is obvious that this 
footbridge has sustained a very serious damage (damage 
parameter α ranging up to 100% stiffness reduction). 

Results of the damage identification procedure agreed well 
with the results of the visual inspection (Figure 7) [12]. 
Several forms of damage such as cracking, corrosion losses, 
delamination, and changes in boundary conditions cause a 
reduction in the stiffness of the damaged footbridge.  
 

 
Figure 6. Inverse damage predictions from direct iteration 

technique for footbridge near Slunj, 4 experimental 
frequencies used. 

 

 
Figure 7. Visual inspection results of footbridge near Slunj, 

poor condition of the bridge deck [12]. 

 

4 CONCLUSIONS 
The presented structural damage identification technique is 
capable of successfully determining both the location and the 
size of damage from a limited number of measured natural 
frequencies for the damaged structure. The proposed method 
is also suitable for symmetric structures, if a non-symmetric 
element mesh is generated. 

The practicability of the proposed method has been 
demonstrated by employing experimental measured natural 
frequencies and applying it to real engineering structures, such 
as bridges. 

Furthermore, it is found that the presented approach is quite 
sensitive to the quality of the measured natural frequencies 
available for structural damage identification due to the nature 
of ill-conditioned system and the noise present in 
measurements. 

Finally, the results of this research indicate that the concept 
of a monitoring technique using the measured natural 
frequencies for the assessment of the current state of structural 
systems is feasible and practicable. 
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ABSTRACT: Full-scale dynamic tests of bridge structures under ambient or forced excitation can provide valuable information 
on their service behavior and performance. Acceleration time histories recorded by sensor arrays installed at two long-span 
bridges under ambient and typhoon excitations are introduced and preliminarily analyzed in this paper. It is shown that the 
acceleration responses under ambient vibration do not conform to a strict normal distribution and demonstrated a non-stationary 
process characteristic whether in daytime or at night. The standard deviations of acceleration demonstrate a daily periodic 
variation pattern which was modeled using a second order polynomial. And it is shown the fitting constants have the potential to 
help to distinguish unusual vibration of bridge structures induced by typhoon or other similar loads. 

KEY WORDS: Long-span bridge; Sensor array; Ambient vibration; Wind load. 

1 INTRODUCTION 
There are growing concerns about performances of long-span 
bridges under wind, seismic and other loads in recent years. 
The structural performances of bridges depend upon their 
structural properties such as mass, stiffness and damping, as 
well as on various environmental loads they are encountered. 
Although sophisticated analytical models have been proposed 
to model those problems, the real behaviors of bridges remain 
to be verified from full-scale vibration tests [1].  

Full-scale dynamic testing of bridge structures can provide 
valuable information on their service behavior and 
performance. Dynamic test under ambient or forced excitation 
can be used to identify modal parameters (natural frequencies, 
mode shapes and modal damping ratios), provide actual 
structural properties and boundary conditions, assess the 
integrity and structural safety of bridges, and also validate 
analytical models [1, 2].  

Vibration monitoring systems comprising 24-36 channel 
accelerometers have been set up at three long-span bridges in 
Guangdong, China. Part of the acceleration records under 
ambient and typhoon excitations are introduced and 

preliminarily analyzed in this paper. Due to page limitation 
and without loss of generosity, only the responses of two 
bridges will be introduced here, including a suspension bridge 
(Huangpu bridge) and a girder bridge (Jiujiang bridge). Also 
note this paper will focus on their responses under wind and 
ambient loads, and their responses under seismic loads can be 
referred in Wang et al [3]. 

2 BRIDGES AND SENSOR ARRAYS 
Huangpu bridge is a steel suspension bridge crossing the Pearl 
River, with a main span of 1088m and two side spans of 290m 
and 350m respectively [4]. Jiujiang bridge is a concrete girder 
bridge and has two main spans of 160m [5], as shown in 
Figure 1. To monitor their real-time vibrations and capture 
earthquake dynamic responses, sensor arrays comprising 24 
and 23 channels of accelerometers have been set up at the two 
bridges respectively. 

The locations of sensors installed at Jiujiang bridge are 
sketched in Figure 1, where digits in italics denote the channel 
numbers. The measuring directions of all channels are listed 
in Table 1.  

 

 
Fig. 1. Locations of sensors on Jiujiang bridge. 

 

The bridge layout and locations of sensors installed at 
Huangpu bridge can be referred in Wang et al. [3] and will not 
be shown here. The 24-channel accelerometers were installed 

at the top, middle and base of its main towers as well as at the 
bottom of truss. 

(Unit: m) Accelerometer Digits in italics denote channel numbers. 
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Table 1. Measuring directions of sensors on Jiujiang bridge. 

Channel Number (Ch) Direction 
1 Vertical 
2 Lateral 
3 Lateral 
4 Vertical 
5 Vertical 
6 Lateral 
7 Longitudinal 
8 Lateral 
9 Vertical 

10 Lateral 
11 Longitudinal 
12 Vertical 
13 Vertical 
14 Lateral 
15 Longitudinal 
16 Lateral 
17 Vertical 
18 Longitudinal 
19 Lateral 
20 Longitudinal 
21 Vertical 
22 Lateral 
23 Longitudinal 

3 AMBIENT VIBRATION RESPONSES 

3.1 Statistical distribution 

First statistical distributions of acceleration records of the two 
bridges under ambient vibration are examined. Figure 2 shows 
the normal distribution test curves for Ch11 and Ch18 of 
Huangpu bridge during one hour at noon and one hour at 
midnight respectively. The two channels both measure the 
vertical vibrations of the main truss, with Ch18 situated in the 
middle of the main span and Ch11 situated close to the 
expansion joint between the main span and the north side span. 

 

Figure 2. Normal distribution plots of one hour data of Ch11 
and Ch18 of Huangpu bridge. 

 

Figure 3. Normal distribution plots of one hour data of Ch13 
and Ch4 of Jiujiang bridge. 

 
Similarily, Figure 3 shows the results for Ch13 and Ch4 of 

Jiujiang bridge, where Ch13 is close to the expansion joint 
and Ch4 is at the midspan. The curves in Figure 2 and Figure 
3 show that the acceleration responses of the four channels do 
not conform to a strict normal distribution whether in daytime 
or at night. Actually all channels of the two bridges have 
similar results, suggesting the dynamic responses of such 
long-span bridges under ambient vibration can not be taken as 
stationary processes at least in this time scale. This result is 
also consistent with the finding at other similar bridges [6]. 

Comparing the curves of Ch11 and Ch18 of Huangpu 
bridge in Figure 2, it is seen that the data of Ch11 are more far 
away from the straight line (denoting a normal distribution) 
than Ch18. The reason is probably that Ch11 is close to the 
expansion joint and its records are more affected by passing 
vehicle impulse loads. Similar results can be found for Ch13 
and Ch4 of Jiujiang bridge shown in Figure 3. 

3.2 Peak acceleration value and standard deviation 

Peak values and standard deviations are calculated based on 
acceleration records of each channel every 10 minutes. Figure 
4 and Figure 5 show the results of two channels of Huangpu 
and Jiujiang bridges respectively during ten days, where the 
horizontal axes denote numbers of days in a year. The 
channels Ch18 and Ch4 are situated in the middle of main 
spans of the two bridges, whereas Ch11 and Ch13 are situated 
close to the expansion joints. 

From these figures, it is seen that the accelerations of 
channels (Ch18 and Ch4) in the middle of main spans 
demonstrate a periodic variation every day, which may be 
caused by daily periodic variation of temperature. However, 
this kind of daily periodic variation is hardly seen for the 
channels (Ch11 and Ch13) close to the expansion joints. 
Again it is probably due to the influence of vehicle impulse 
loads around the expansion joints. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2533 

190 192 194 196 198 200
0

5

10

15
0

150

300
St

an
da

rd
 d

ev
ia

tio
n

Day

Pe
ak

 A
cc

e.
 [c

m
/s

2 ]

 Ch11

190 192 194 196 198 200
0

5

10

0

50

100

St
an

da
rd

 d
ev

ia
tio

n

Day

Pe
ak

 A
cc

e.
 [c

m
/s

2 ]

 Ch18

 
Figure 4. Peak acceleration values and standard deviations 

of Ch11 and Ch18 of Huangpu bridge. 
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Figure 5. Peak acceleration values and standard deviations 

of Ch13 and Ch4 of Jiujiang bridge. 

Different from peak acceleration values, the standard 
deviations of accelerations of all the four channels always 
show a daily periodic variation pattern. From Figure 4 and 
Figure 5, it is found that normally the standard deviation 
reached a peak value at noon and decreased to a minimum 
value at midnight. To further investigate this phenomenon, a 
second order polynomial with the following form was used to 
fit the standard deviation data:  

 2Y C BX AX= + +  (1) 

where A, B and C are regression constants, X denotes time, 
and Y denotes the standard deviation. Note that here ‘time’ is 
normalized from 0 to 1 within a day. 

An example of the fittings for Ch11 and Ch18 of Huangpu 
bridge is shown in Figure 6, where the thick red lines are the 
fitting polynomial lines. The points in the figure are the 
standard deviation data obtained in July 2013. Table 2 lists the 
fitting constants (A, B and C) and square of correlation 
coefficient (R2) for all the channels of Huangpu bridge. Note 
that Ch5 and Ch20 are excluded due to sensor failure during 
this time period. Although the correlation coefficients (R2) are 
not quite high, all the channels do have similar periodic 
variation patterns as shown in Figure 6. 
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Figure 6. Polynomial fit of standard deviation data of Ch11 
and Ch18 of Huangpu bridge. 
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Table 2. Polynomial fitting constants for standard deviation 
data of each channel of Huangpu bridge. 

Channel C B A R2 
1 0.238  0.269  -0.259  0.1663  
2 0.097  0.208  -0.200  0.2828  
3 0.134  0.405  -0.374  0.3848  
4 0.156  0.189  -0.186  0.1942  
6 0.145  0.242  -0.229  0.2716  
7 0.111  0.235  -0.221  0.3496  
8 0.100  0.388  -0.359  0.5114  
9 1.142  3.442  -3.161  0.4204  

10 0.737  2.829  -2.596  0.5498  
11 4.524  15.580  -14.044  0.4774  
12 0.038  0.175  -0.159  0.5385  
13 4.893  18.527  -17.479  0.4910  
14 0.718  1.587  -1.477  0.2653  
15 4.482  13.119  -12.202  0.4186  
16 4.410  12.249  -11.418  0.3904  
17 0.858  1.445  -1.342  0.2241  
18 4.424  11.322  -10.493  0.3884  
19 4.395  10.057  -9.381  0.3574  
21 0.118  0.188  -0.186  0.2651  
22 0.092  0.506  -0.467  0.5360  
23 0.036  0.174  -0.160  0.5451  
24 0.088  0.174  -0.169  0.1754  

 

4 TYPHOON RESPONSES 
The typhoon “Utor” landed Guangdong coastline in the 
middle of August, which is the largest typhoon landing the 
mainland of China in 2013. An automatic weather station 
situated about 4km far away from Huangpu bridge recorded a 
maximum wind speed of 9.6m/s. The time histories of 
acceleration of Ch17 and Ch18 of Huangpu bridge in 100 
second during the typhoon period (Aug. 14, 2013) are shown 
in Figure 7. For comparison, another 100-second acceleration 
time histories under ambient vibration (Mar. 31, 2013) are 
also plotted. Both Ch17 and Ch18 are situated in the middle of 
the main span, and measured the vibration of the truss in the 
lateral and vertical directions respectively. 

Through the comparison of acceleration time histories, it is 
seen the acceleration responses at the midspan during the 
typhoon period are about 2-3 times larger than the ambient 
responses. It is also noted that under the load of typhoon, the 
truss demonstrated a high-frequency perturbation compared to 
ambient vibrations. 

 
 

Figure 7. Comparison of time histories of acceleration during 
normal and typhoon periods of Ch17 and Ch18 of Huangpu 

bridge. 
 

To reveal the influence of typhoon, peak values and 
standard deviations are also calculated for acceleration records 
of each channel in the interval of 10 minutes. Figure 8 shows 
the results of Ch1 and Ch2 of Huangpu bridge. The two 
channels are situated at the top of the north tower, with Ch1 in 
the longitudinal direction and Ch2 in the lateral direction. 

In Figure 8, it is seen that the typhoon does not have a 
significant influence on the amplitude of acceleration at the 
top of tower, and it is difficult to distinguish the typhoon 
response and ambient response simply based on peak 
acceleration values. However, the typhoon did cause a 
remarkable increase of the standard deviation values in the 
lateral direction (Ch2) as shown in the last diagram of Figure 
8. This is easy to understand and means the acceleration 
values tend to be more scattered under typhoon loads.  

Ch18, vertical direction

Ch17, lateral direction 
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Figure 8. Peak acceleration values and standard deviations of 

Ch1 and Ch2 of Huangpu bridge during a typhoon. 
 

To further investigate the influence of typhoon on standard 
deviations, a second order polynomial as Equation (1) was 
used to fit daily standard deviation data of each channel of 
Huangpu bridge. The obtained polynomial constants (A, B 
and C) for Ch1 and Ch2 are plotted in Figure 9, where the 
horizontal axes are the day numbers.   
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Figure 9. Polynomial fitting constants for daily standard 

deviation data of Ch1 and Ch2 of Huangpu bridge. 
 

It is seen the typhoon do not have visible influences on Ch1 
in the longitudinal direction, but induced significant variations 
for all the three fitting constants for Ch2 in the lateral 
direction. Thus, from this aspect, the method described in this 
paper can help to automatically distinguish unusual vibration 
induced by typhoon or other similar loads from normal 
ambient vibration. It should be noted that the results shown in 
this paper are some preliminary work and much more work 
should be done in this domain, for example, to find out 
quantitatively how much influence the daily variation of 
temperature will have on those fitting constants. 

5 CONCLUSION 
Based on acceleration time histories recorded by sensor arrays 
installed at two bridges, dynamic responses of real long-span 
bridges under ambient as well as typhoon vibrations are 
investigated in this paper from the aspects of statistical 
distribution, peak value and standard deviation. 

It is shown the acceleration responses under ambient 
vibration do not conform to a strict normal distribution and 
demonstrated a non-stationary process characteristic whether 
in daytime or at night. Different from peak values, the 
standard deviations of acceleration demonstrate a daily 
periodic variation pattern, i.e. they normally reach a peak 
value at noon and decrease to a minimum value at midnight. 
A second order polynomial was proposed to fit this daily 
variation pattern. And it is shown the fitting constants have 
the potential to help to distinguish unusual vibration of bridge 
structures induced by typhoon or other similar loads. 
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ABSTRACT: Deterioration and reduction in the structural stiffness, produces changes in the dynamics characteristics such as 
the natural frequencies and mode shapes. Damage can be defined as stiffness reduction in a structure, which leads to change in 
the dynamic parameters. Thus it is important to monitor structures for the occurrence, location and extent of damage. Artificial 
neural networks (ANNs) and adaptive neuro-fuzzy inference system (ANFIS) as two different artificial intelligence technique 
have been applied for damage identification with varied success. This paper presents the application of these techniques for 
detection of damage in I-beam structures using dynamic parameters. In this study, the required data for the ANNs and ANFIS in 
the form of natural frequencies and mode shapes are obtained from experimental modal analysis. By comparing the prediction 
outcomes of the ANNs and ANFIS, the advantages and disadvantages of these two artificial intelligence techniques are 
discussed. The comparative study showed that, although in some cases both AI techniques demonstrated high level of 
predictions, the ANFIS showed a superior capability to damage predictions using vibration datasets of structures.  
 
 
KEY WORDS: Artificial neural networks (ANNs); Adaptive neuro fuzzy interface system (ANFIS); Damage identification; 
Modal analysis.  

 

1 INTRODUCTION 
The mass and stiffness of a structure will change due to the 
damage, which in turn changes the measured dynamic 
response of the system such as natural frequencies and mode 
shapes. Damage detection at an early phase, is very significant 
to prevent sudden and catastrophic collapse and failures of 
structural systems and can increase safety, reduce 
maintenance costs and increase serviceability of the 
structures. Thus it is very important to monitor structures for 
the occurrence of damage.  

Many techniques have been used to locate and identify 
damage in civil structures. Visual inspections which are the 
most common methods applied in structural damage 
detection, are often insufficient for evaluating the condition of 
structural systems especially when the damage is not 
observable to see. Therefore, to make sure structural integrity, 
it is very important to monitor the structural performance 
when damage is invisible.  

In recent decades, artificial neural networks (ANNs) and 
adaptive neuro-fuzzy interface system (ANFIS) as two 
powerful artificial intelligence (AI) technique are becoming 
very accepted to predict the extent and location of damage in 
structures.  

ANNs based on dynamic characteristics have been applied 
increasingly for damage detection owing to their pattern 
recognition and information processing capabilities. For 
example, Mehrjoo et al. [1] studied on damage of joints in two 
truss bridge structures using ANNs. In this study natural 
frequencies and mode shapes were used as inputs to the neural 
network for damage detection. Based on the findings, ANN 

could predict the severity and locate damage of the joints with 
an error of 1%. The results seem to be quite promising in 
terms of accuracy. 

A substructuring technique was applied with a multistage 
ANN method to detect the location and extent of damage in a 
two-span continuous concrete slab structure by Bakhary et al. 
[2]. Mode shapes and natural frequencies of the substructures 
were used as the inputs to predict the E values of the segment 
in the identified substructure. The authors showed that by 
dividing the structure into substructures and analyzing each 
substructure separately, local damage can be better identified. 
Based on this technique, all the simulated damages in the 
structure were successfully detected. 

Combination of natural frequency and mode shape for 
prediction of crack severity and its location in a cantilever 
beam using ANN technique is applied by Das and Parhi [3]. 
In this study the inputs to the ANN were relative deviation of 
first three natural frequencies and first three mode shapes and 
the outputs of ANN were relative crack depth and relative 
crack location. A set of training samples are used to train the 
ANN for prediction of crack location and crack depth. 
Experimental test has been done to verify the robustness of 
the developed ANN and the comparison showed this approach 
can be applied as a useful and effective tool for damage 
identification. Also many other research efforts attempted to 
apply ANNs to identify damage in structural engineering [4-
8]. 

ANFIS provide a technique for the fuzzy modeling 
procedure to achieve information about a data set, in order to 
compute the membership function parameters that best allow 
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the associated fuzzy inference system to track the given 
input/output data [9-10]. ANFIS is one of the great tradeoff 
among ANNs and fuzzy logic systems, which has potential to 
capture the advantages and principle of both techniques in a 
single framework. 

ANFIS based on dynamic characteristics have been applied 
for damage Identification by several researchers. For example, 
multiple damage identification in cantilever beam and bending 
plate as two structural systems using adaptive neuro-fuzzy 
inference system (ANFIS) and natural frequencies of 
structures is investigated by Fallahian and Seyedpoor [11]. 
Damage variables were modeled via a relative reduction of 
elasticity modulus in each element. Numerical results showed 
the computational benefits of the suggested methodology for 
accurately identifying the damages. Results showed the 
ANFIS can identify the most potentially damaged elements 
with high level of accuracy. 

Application of ANFIS for design optimization of 
geometrically space trusses was studied by Salajegheh et 
al.[12]. In this research, ANFIS models were applied to 
predict the element stresses of the space trusses and nodal 
displacement. Results of ANFIS were compared with ANN 
and showed better performance than ANN. 

The application of ANFIS for damage identification of 
bridge structure is presented by Danilatos [13]. In this study, a 
simulated bridge structure was excited by moving loads.  
According to this research, a damage diagnostic algorithm 
using ANFIS was designed and showed considerable accuracy 
and remarkable flexibility as the main advantages of this 
work. 

An adaptive neuro-fuzzy system (ANFIS) was presented by 
Wang and Elhag [14] for assessment of a bridge. ANFIS was 
more efficient in the evaluation process and performed much 
better than ANNs and multiple regression analysis. 

The application of ANFIS to predict the behaviour of steel 
beam web panels subjected to concentrated loads is described 
by Fonseca et al. [15]. In this study the architecture of ANFIS 
was composed of one neuro-fuzzy classification model to 
classify the beams based on its pertinence to a specific 
structural response and one patch load prediction neural 
network to use the pertinence established by the neuro-fuzzy 
classification model and finally determine the beam patch 
load resistance. 

The objective of this study is the development and 
demonstration of the potential of the ANNs and ANFIS based 
damage identification techniques for damage localization and 
severity prediction in I-beam structure using modal 
parameters. In this study, experimental modal analysis of this 
structure is carried out to obtain the dynamic parameters 
include the first five natural frequencies and mode shapes of 
the structure.  

2 ARTIFICIAL NEURAL NETWORKS 
ANNs are parallel information processing system inspired by 
human biological brain, whereby they capture the brainy 
function manipulation to approach a specific problem by 
using certain rules to achieve suitable results [16].   
ANN is composed of several processing elements namely 
neurons that are interconnected with each other. The neural 
network structure consists of an input layer, an output layer, 

and at least one hidden layer. Input signals are received at the 
input layer, pass through the hidden layer and arrive at the 
output layer of ANN. All neurons are linked to the neurons in 
the next layer through their connectivity weights [17-18]. An 
architecture of ANN with n inputs (X1,….,Xn) and three 
outputs (y1, y2, y3) is shown in Figure 1. 
 

 
Figure 1. Artificial neural network architecture. 

Backpropagation (BP) algorithm in multi-layer feed-
forward network is the most applicable algorithm due to the 
mathematical design of the learning complex nonlinear 
relationships. Among different neural networks, Multi-Layer 
Perceptron (MLP) is the most commonly applied in structural 
damage detection [19]. BP algorithm has a performance 
index, which is the least Mean Square Error (MSE) [20-21]. 
In MSE algorithm, the error is calculated as the difference 
between the target output and the network output. This 
algorithm has the ability to minimize the MSE by applying a 
gradient-descent algorithm that follows the gradient error 
curve downward across all the input patterns.  

3  ADAPTIVE NEURO FUZZY INTERFACE SYSTEM 
The adaptive neuro fuzzy inference system (ANFIS) 
developed by Jang [9-10] is the implementation of fuzzy 
inference system to adaptive networks for developing fuzzy 
rules with proper membership functions to have required 
inputs and outputs. Generally training type in adaptive ANFIS 
is hybrid. Hybrid training is mixed with least mean squares 
and backpropagation.  

A fuzzy inference system is composed of five functional 
blocks as follows [22]; 

(i) input parameters to input membership functions. 
(ii) input membership function to rules. 
(iii) rules to a set of output characteristics. 
(iv) output characteristics to output membership functions. 
(v) the output membership function to a single-valued 

output, or a decision associated with the output. 
Mamdani and Sugeno are two different types of inference 

used in fuzzy logic systems. Sugeno method works very well 
with optimization and adaptive techniques and is well-suited 
to mathematical analysis. Also this method works well with 
linear techniques and it has guaranteed continuity of the 
output surface [23]. According to aforementioned advantages, 
ANFIS only supports Sugeno method. So, brief explanation of 
Sugeno method is described. 

Assume that the fuzzy inference system has two inputs x 
and y and one output z. For a first-order Sugeno fuzzy model 
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[24], it has two fuzzy if–then rules as given in Equations 1 and 
2. 
Rule 1: If x is A1 and y is B1, then f1 = p1x + q1y + r1            (1) 
Rule 2: If x is A2  and y is B2, then f2 = p2x + q2y + r2          (2) 

where pi , qi and ri (i = 1 or 2) are linear parameters in the 
then-part (consequent part) of the first-order Sugeno fuzzy 
model.  

ANFIS model is one of the implementations of a first order 
Sugeno fuzzy inference system. The corresponding equivalent 
ANFIS architecture for two-input first-order Sugeno fuzzy 
model with two rules is shown in Figure 2. 
 

 
Figure 2. Sugeno fuzzy model with two rules. 

 
The architecture of ANFIS consists of five layers, as 

depicted in Figure 3. 
 

 
Figure 3. Structure of ANFIS for two-input Sugeno fuzzy 

model. 

A short explanation of the ANFIS architecture is as follows; 
Layer 1: Input nodes. In this layer each node generates 
membership grades to which they belong to each of the 
appropriate fuzzy sets using membership functions, as shown 
in Equations 3 and 4. 

O1,i = μ Ai (x)  for i = 1, 2,  or                                        (3)                                                        
O1,i = μ Bi−2 (y)  for i = 3, 4                                            (4) 

 
OL,i is the output of the ith node of the layer L. Every node i 

in this layer is an adaptive node with a node function. In 
Equations 3 and 4, x, y are the inputs to node i, and Ai, Bi-2 are 
the linguistic labels characterized by appropriate membership 
functions μAi and μBi−2, respectively. Therefore, O1,i is the 
membership grade of a fuzzy set (A1,A2,B1,B2). 

Layer 2:  Rule nodes. Every node in this layer is a fixed 
node labeled Prod. In this layer, the AND operator is used to 

obtain one output that represents the result of the antecedent 
for that rule, i.e., firing strength. Each node represents the fire 
strength of the rule in this layer. 

Firing strength means the degrees to which the antecedent 
part of a fuzzy rule is satisfied and it shapes the output 
function for the rule. Hence the outputs O2,i of this layer are 
the products of all the incoming signal from Layer 1, as 
shown in Equation 5. 
 
O2,i = wi = μAi (x) · μBi-2 (y),  i = 1, 2                                      (5) 
 

Layer 3:  Average nodes. Every node in this layer is a fixed 
node labeled Norm. In the third layer, the ith node calculates 
the ratio of each ith rule’s firing strength to the sum of all 
rules firing strength. Outputs are called normalized firing 
strengths. Consequently, iω  is taken as the normalized firing 
strength. Equation 6 shows output of layer 3. 

21
,3 ωω

ω
ω

+
== i

iiO     , 2,1=i                                 (6) 

Layer 4: Consequent nodes. Every node i in this layer is an 
adaptive node .The node function of the fourth layer computes 
the contribution of each ith rule’s toward the total output. Node 
function in this layer is defined as Equation 7. 

 
2,1),(,4 =++== iryqxpfO iiiiiii ωω

                    (7)
 

 
where ω  is the normalized firing strength from previous 
layer. In Equation 7, {pi, qi,  ri} are the coefficients of this 
linear combination and are also the parameter set in the 
consequent part of the Sugeno fuzzy model. 

Layer 5: Output nodes. The single node in this layer is a 
fixed node labeled sum and computes the overall output as the 
summation of all the incoming signals. As shown in Equation 
8, the defuzzification process transforms each rule’s fuzzy 
results into a crisp output in fifth layer. 
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ANFIS uses a hybrid learning algorithm namely the 
gradient descent approach and the least-squares approach to 
update parameters. The gradient descent approach is applied 
to adjust premise non-linear parameters ({ai, bi, ci}) while the 
least-squares method is applied to identify consequent linear 
parameters ({pi, qi, ri}) [25]. 

In the learning process initially the least mean square 
approach is applied to recognize the consequent parameters 
while the antecedent parameters such as membership 
functions are assumed to be fixed for the current cycle 
through the training set. Then, the error signals propagate 
backward. Gradient descent approach is used to update the 
premise parameters, through minimizing the overall quadratic 
cost function, while the consequent parameters remain fixed 
[9 and 25]. 

4 DESCRIPTION OF THE SPECIMENS  
In this study, steel I-beam structures were investigated 
experimentally. Four identical healthy steel beams with length 

   (8) 
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of 3200 mm including a 100 mm overhang at both support 
ends were considered. The dimensions of the beams were 75 
mm flanges width, section depth of 150 mm and thickness of 
7 mm and 5 mm for flange and web, respectively. A photo of 
the beam is shown in Figure 4. The modulus of elasticity of 
steel was 2.1*1011kg/m2 , the Poisson’s ratio was 0.2 and the 
density was 7,850 kg/m3. 
 

 
Figure 4. Test specimen (I-beam) 

5 EXPERIMENTAL MODAL ANALYSIS 
Experimental modal analysis is the process of characterizing 
the dynamic properties of a test structure by exciting the 
structure artificially and identifying its vibrational modes [26]. 
A photo of the experimental test set up of beam is illustrated 
in Figure 5. As it can be seen in this figure, a special system 
for supports was designed and fabricated for both ends of 
beam to provide boundary conditions very close to a fixed-
fixed connection.  
 

 
Figure 5. Experimental set up. 

The time history signals of the shaker and the 
accelerometers were amplified and the response signals were 
processed using a multi-channel signal analyzer. The analyzer 
is used to convert the analogue input signal from the 
transducer into a digital form and contains optional inputs and 
processing modules. For each modal test, the sampling rate 
was set to 5.14 KS/s. In the frequency domain, this 
corresponds to a frequency bandwidth of 2500 Hz with 6401 
FRF data points. So, the frequency resolution of 0.39 Hz per 
data point is considered in this study.  

Each of the four I-beams was tested individually in its 
datum state to determine the dynamic characteristics of the 
structure. All the beams were identical, but one by one tested 
during some differences in manufacture materials, set up and 
clamping of the supports. The results of the first five natural 
frequencies for the undamaged I-beams are shown in Table 1. 

Table 1.First five natural frequencies of undamaged Beams  

Beam f1 f2 F3 F4 F5 
B1 56.21 202.01 440.95 709.42 951.21 
B2 55.88 198.56 439.47 713.31 947.11 
B3 55.74 206.16 440.26 716.21 967.21 
B4 54.55 202.47 440.58 715.95 963.94 

 
As it is obvious from Table 1, although all beams were 

identical, the modal parameters of them show differences. 
Also, it can be seen in this table, in higher modes that are 
more difficult to obtain, this difference is larger than lower 
mode shapes that can be obtained straightforwardly.  

In the experimental study various damage scenarios were 
given to the test structures. These scenarios consist of 4 
locations with 25 severities for each location. The damage 
severities with 5 mm width and depth of 3 mm to 75 mm with 
the increment of 3 mm were gradually induced for each 
severity and modal testing and experimental modal analysis 
for each case was done, individually.  

The results of the extracted first five natural frequencies of 
the undamaged and all damaged states for beams B1 to B4 
specified that the natural frequencies of a structure drop when 
damage is induced. According to results, the natural frequency 
decreases with the increase of damage extent. For this reason 
natural frequency can be applied as an indicator to damage 
identification in structures. 

As the identification of damage location using ANNs is one 
of the most important objectives in this work, the mode shapes 
of structure were investigated. A mode shape that is an 
indication of the shape of vibrational deformation of the 
system can give more information about local damage than 
natural frequencies and are much more sensitive to damage 
location of a structure. The results, showed high sensitivity of 
mode shapes to local damage and demonstrated that when the 
severity of damage is high, the mode shape changes will 
larger. Also, it was obvious from these results that the mode 
shape discrepancies were clearer when severer damage 
happens. All the results of natural frequencies and mode 
shapes are used as datasets for training and testing of ANNs 
and ANFIS for damage identification purpose. 

6 DAMAGE IDENTIFICATION USING ANN  
In this study, the inputs to the network for predicting the 
severity and location of damage were include the first five 
flexural modes and all corresponding mode shape values at 
the points on the centerline of beams, except the points at 
supports, as give 0 values in all modes. For identification of 
severity and location of damage, five individual neural 
networks corresponding to mode 1 to mode 5 are considered.  
As mentioned in previous section, various damage scenarios 
consist of four locations with twenty-five severities for each 
location was given to I-beam structures. These four damage 
locations at 2L/15, 4L/15, 6L/15 and L/2 of the span length 
were corresponded to a ratio of damage location from support 
(ld) to length of beam (ld/L), as shown in Table 2. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2541 

Table 2. Ratio of damage location from support to length of 
beam (ld/L). 

Damage location (ld) ld/L 
2L/15 0.133 
4L/15 0.267 
6L/15 0.400 

L/2 0.500 
 

Also, the damage severities were corresponded to a ratio of 
damage depth to height of beam (dd/h), as shown in Table 3. 
  

Table 3. Ratio of damage depth to height of beam for different 
damage severity. 

Cut slot 
(mm) 

dd/h Cut slot 
(mm) 

dd/h 

3 0.02 42 0.28 
6 0.04 45 0.30 
9 0.06 48 0.32 

12 0.08 51 0.34 
15 0.10 54 0.36 
18 0.12 57 0.38 
21 0.14 60 0.40 
24 0.16 63 0.42 
27 0.18 66 0.44 
30 0.20 69 0.46 
33 0.22 72 0.48 
36 0.24 75 0.50 
39 0.26 - - 

dd/h: Ratio of damage depth to height of beam 
 

In the following sections, the details of the designed five 
individual networks for first five modes are described.  

Several numbers of multilayer feedforward neural networks 
using first natural frequencies and all mode shape values of 
modes 1 to 5, at the points on the centerline of beam to predict 
damage characteristics of I-beams, which are representing 
damage severities and locations, are constructed and designed. 
Therefore the input layer of ANN has 15 neurons comprising 
of the one input that is natural frequency and fourteen inputs 
corresponding to all mode shape values 1 at the points on the 
centerline of beam. Output layer of ANN has 2 neurons 
consists of the ratio of damage depth to height of beam (dd/h) 
and the ratio of damage location from support to length of 
beam (ld/L), were considered as damage severity  and damage 
location indices.  

In this study, 104 different datasets from undamaged and 
damaged I-beams with single location of damage (beams B1 
to B4) were considered to ANN. These data were collected 
from experimental modal analysis of beam structures. 
Divisions of the datasets were carried out into training and 
testing sets. The total data is randomly divide into two sets 
with 73 samples for training and 31 samples as testing 
datasets.  

In this study, feedforward backpropagation algorithm is 
applied for ANN training. The training process continues to 
update and adjust the weights of the ANN until the network 
can produce satisfactory outputs compared to target values.  

Many architecture networks having different conditions such 
as, connectivity weights, the numbers of hidden layers and the 
numbers of neurons in each layer, type of activation function 
in hidden and output layers, were conducted, trained and 
tested using available datasets in this work.  

According to results of ANN, a network with architecture of 
15-7-4-2, has acceptable error and small hidden neurons. 
Also, absolute errors for testing and validation datasets were 
low and the correlation of this network was higher than other 
networks. Therefore, this network is selected as the best 
possible architecture for predicting severity and location of 
damage in I-beam structures with single damage. 

However, in a network with two hidden layer, good 
convergence has been achieved. So, the backpropagation in 
this research was limited to two hidden layer, which yields a 
total of four layers. It is important to note that utilizing more 
neurons in network makes the computation process 
complicated and expensive in terms of time. In summary, in 
order to have minimum compatibility cost and high accuracy, 
the architecture of ANN is selected.  

After training of the network, the validation dataset is 
applied as a further check for the generalization of the neural 
network and to examine the accuracy of the selected 
architecture. The plots of predicted damage severity and 
damage location by ANN in validation datasets against actual 
data are shown in Figures 6 and 7.  

 

 
Figure 6. Damage severity predicted by ANN versus actual 

values for validation data 

 
Figure 7. Damage location predicted by ANN versus actual 

values for validation data 
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Validation results demonstrate that ANN was successful in 
training the relationship between the input and output data 
with the absolute error of 0.71% for damage severity and 
1.95% for damage location.  

7 DAMAGE IDENTIFICATION USING ANFIS 
7.1   Damage severity prediction 
In this section the development and application of using 
ANFIS trained with first five flexural natural frequencies to 
identify the severity of damage in I-beam structure with single 
location of damage is considered. In order to build the ANFIS 
models for determining the severity of damage in the I-beam 
structure, same datasets from damaged beams B1 to B4 , 
extracted from experimental modal analysis were applied for 
training and testing of ANFIS.  

The aim of the training procedure is to minimize the 
training error between the output predicted from ANFIS and 
the actual target. Training phase permits a fuzzy system to be 
trained the features from the datasets and utilizes these 
features into the system rules. The task of the training 
algorithm for ANFIS architecture is to adapt all the adjustable 
parameters consists of premise parameters and consequent 
parameters of make the ANFIS output match the training data. 
Training or adjusting these modifiable parameters is based on 
the hybrid learning algorithm, which is a combination of least 
mean square and backpropagation method. The main 
advantage of the hybrid algorithm is that it converges much 
faster since it decreases the search space dimensions of the 
backpropagation approach applied in ANNs.  

In order to obtain output with higher accuracy, different 
ANFIS architectures using datasets with different membership 
functions (MFs), fuzzy rules and number of MFs were trained 
and examined to obtain the desired structure of ANFIS. Types 
and numbers of MFs for inputs and output were changed to 
improve the performance of ANFIS during training.  

Several ANFIS models were constructed with different 
numbers of membership functions for the damage severity 
prediction. The parameters in hybrid learning algorithm 
consists iteration number, error tolerance, initial step size, step 
size decrease rate, and step size increase rate. Since there is no 
exact approach to find the optimum of these parameters a trial 
and error procedure is applied. The maximum numbers of 
iterations in the training process were set to 1000. The length 
of each gradient transition in the parameter space which is 
called step size was 0.01 in this study. This value is in the 
range of 0.01-0.1 and can be changes to diverge the speed of 
convergence. The number of MFs for each input was fixed to 
18 to reach an acceptable level after training.   

According to this architecture there are 18 fuzzy 
membership functions and 18 rules for layers 2 and 3 were 
generated, with regards to the five inputs. After the training 
step, the ANFIS model applied to identify the damage severity 
of the structure.  The performance of the trained ANFIS 
model is evaluated using the test datasets to the network. The 
comparison of the identified damage severity using ANFIS 
model with the actual data for testing datasets are shown in 
Figure 8. 
 

 
Figure 8. Comparison of the damage severity through the 

ANFIS and actual data (testing) 

The ANFIS model could identify the severity of damage 
with AE of 0.86% for testing datasets. According to this study 
from the ANFIS results, the correlation coefficient value 
reached up to 0.9933 for testing datasets. This showed that the 
outcomes of ANFIS were very close to targets. Results 
demonstrated a highly acceptable coefficient of correlation 
between the identified and actual data and proved that the 
developed ANFIS model can be applied as a good tool for 
identification of damage severity in the I-beam structure. 

7.2 Damage localization prediction 

In this section, the feasibility of using ANFIS approach for 
damage localization in I-beam structure is investigated. 
Damage datasets were all the mode shape values consists of 
fourteen inputs at the points on the centerline of beam (except 
the points at supports) and damage location of beam in the 
term of the ratio of location of damage from support to length 
of beam is the output from the ANFIS system. Therefore input 
layer of ANFIS for each mode has 14 neurons comprising of 
the all mode shape values of each mode at the points on the 
centerline of beam. The training of ANFIS was started with 
the same number of datasets (104) from different damaged 
scenarios of beams B1 to B4 as explained in the previous 
section.  

Training procedure was performed until the error between 
the actual and the predicted output by ANFIS reached to an 
acceptable minimized value. During the training process the 
best possible structure with the suitable membership function 
parameters were obtained. During the training process, the 
number of MFs was gradually increased, to decrease the error 
obtained by this method. The maximum number of iterations 
in the training process was set to 1200. This procedure was 
done for all five modes individually. The number of MFs for 
each input was fixed to 23 to describe the input and output 
parameters, when the ANFIS attains a satisfactory level after 
training.  

The testing datasets were presented to the network to assess 
the performance of ANFIS. The comparison of the identified 
damage location through the ANFIS model with the actual 
results in testing datasets is shown in Figure 9.  
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Figure 9. Damage locations through the ANFIS versus actual 

data  

According to results from the Figure 9, the ANFIS model 
identified the location of damage with AE of 1.81%. Also, the 
correlation coefficient value obtained was 0.9631 for testing 
datasets. These results indicated that ANFIS can provide very 
good outcomes for damage location prediction using mode 
shape values as local vibration parameters and demonstrated 
very good performance of ANFIS model in I-beam structures 
with low AE values and high coefficient of correlation.  

8 COMPARATIVE STUDY BETWEEN ANNS AND 
ANFIS 

In this study, the severity and location predictions of damage 
in I-beam structures have been investigated by using ANNs 
and ANFIS techniques. By comparing the prediction 
outcomes of the ANNs and ANFIS, the advantages and 
disadvantages of these two artificial intelligence techniques 
were discussed.  

According to this study, ANNs were very sensitive to 
insufficient datasets and cannot establish accurate relationship 
between input-output parameters when presenting datasets 
which are insufficient. Therefore in ANNs many input-output 
datasets are required for training of the network. ANNs with 
many datasets need additional computational time as 
compared to ANFIS. Also, ANNs are more sensitive to noisy 
data as compared to ANFIS technique.  

However, ANFIS provided a structure for the combination 
of fuzzy logic and ANNs and was less sensitive to insufficient 
and noisy data and showed more flexible technique than 
neural networks. ANFIS predicted the location and severities 
of damages with more accuracy than ANN and can be applied 
for damage identification in the dynamically vibrating civil 
structures. It is important to note that ANNs were also found 
as a strong technique to predict damage parameters in I-beam 
structure. However, the ANFIS technique outperformed the 
ANN technique and demonstrated the best performance with 
lowest AE and highest correlation coefficient.  

9 CONCLUSIONS  
The main objective of this research was the application of 
ANN and ANFIS based damage identification techniques for 
damage localization and severity prediction in I-beam 
structures using modal properties. In this research, 
experimental modal analysis is applied to generate dynamic 
parameters of the structures. ANNs and ANFIS propose two 
alternative techniques to conventional techniques for 

structural damage identification. Therefore using these 
methods, some advantages can be obtained.  

 According to results, ANNs were very sensitive to 
insufficient datasets and were more sensitive to noisy data as 
compared to ANFIS technique. However, ANFIS provided a 
structure for the combination of fuzzy logic and ANNs and 
was less sensitive to insufficient and noisy data and showed 
more flexible technique than ANN.  

Based on the results, the ANFIS model could identify the 
severity and location of damage in I-beam structure with high 
level of accuracy and showed that the outcomes of ANFIS 
were very close to targets and developed ANFIS model can be 
applied as a very strong tool for identification of damage 
severity in the I-beam structure. The comparative study 
showed that, although in some cases both AI techniques 
demonstrated high level of predictions, the ANFIS showed a 
superior capability to damage predictions using vibration 
datasets of structures.  
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ABSTRACT: Two case studies of experimental analysis and advanced monitoring of two heavy damaged key bridge structures 
are presented in this paper.   
The first case study is a 20 years old box girder bridge affected by fatigue problems: the bridge, located in one of the busiest 
Italian highways, has an orthotropic steel deck with three spans whose total length is 152m. Dynamic identification campaign 
was carried out, and afterwards a SHM system was installed. Operational Modal Analysis was carried out by using not only the 
accelerometers’ dynamic data but also the dynamic strain emerging from strain gages. An automated system identification 
algorithm by strain data was developed and compared with conventional techniques. 
The second case study is a 65 years old bridge affected by concrete loss (the reinforcing bars are fully visible for 30-40 cm of 
the section) and heavy corrosion. After applying an intense campaign of material analysis and dynamic tests, a monitoring 
system was installed, avoiding heavy retrofitting interventions.  
For each structure, accurate finite element models have been calibrated with the field data. These models were then used to 
evaluate the seismic and static performance of the structures. Automated FDD and SSI techniques were implemented and 
developed in order to analyze in real time the global behavior of the monitored structures. Improvements of modal techniques by 
integration of advanced clustering analysis into the modal techniques has been proposed. 

KEY WORDS: Advanced SHM; Model Updating; Automatic System Identification. 

1 INTRODUCTION 
To contain the inconveniences due to life-cycle damage it is 
necessary to study in depth the causes of damage of transport 
infrastructure and in particular of bridges. Old and historical 
bridges currently represent almost the entire European road 
and railway bridge stock. The intrinsic weakness of some 
structural elements, the deterioration occurrences and the 
updating of structural codes, evidenced that many bridges 
have inadequate structural performance and a great necessity 
to be upgraded to the standards of the current seismic codes. 
The existing stock of bridges in the Italian infrastructure 
network is composed by numerous typologies of structures 
that are subject to high levels of damage. The standard 
methods of investigation and safety evaluation, in some cases 
are not sufficient and the need of control and monitoring is 
always increasing. Structural Health Monitoring (SHM) 
systems are becoming common means of control and safety 
evaluation of the existing and newly built structures [3]. 
Dynamic monitoring with continuous Modal Analysis is one 
of the most sophisticated methods of monitoring which is not 
only related to the simple output of the acceleration sensors 
but the results have to be obtained through sophisticated 
algorithms [5]. Output-only identification technique, which is 
performed by just measuring the structural response under 
ambient excitation, is the most commonly used procedure to 
get information from the structures without exciting them on 
purpose [2] [4]. Such action may cause non negligible 
inconveniences.  

For the structural identification applied to the two structures 
studied in this paper, the procedure utilized consists in [1]: a) 

investigation; b) damage survey; c) material characterization 
of the structure; d) vibration tests for dynamic 
characterization; e) numerical modeling and calibration (trial-
error methods); f) structural verification; g) installation of 
monitoring systems on critical bridges in order to control the 
behavior of the structure. 

In this work the problem of dynamic system identification, 
by means of experimental and operational modal analysis, is 
applied to two damaged bridges. The principal reason of 
analyzing this structures was that of the heavy deterioration of 
structural members. Based on time and frequency domain 
techniques and mainly with output-only acceleration, or strain 
data, the modal parameters have been estimated for two 
different bridges. After applying standard and advanced 
stochastic methods, some improvements have been adopted to 
better identify modal parameters, especially in cases where a 
clear modal analysis is extremely complex to handle. 
Eventually, real-time vibration-based automated identification 
algorithms have been developed and presented during their 
performance in structural damage detection by statistical 
models.  

These techniques could assess the real conditions of both 
structures at high accuracy, thus providing a longer life-cycle. 

2 THE STEEL BOX GIRDER BRIDGE CASE STUDY 

2.1 Bridge characteristics 

The Bridge on Mincio River is situated in Peschiera del Garda 
on the A4 Milan-Venice highway. The three-span bridge 
consists of two steel box continuous girders, side by side 
disposed, resting on concrete abutments and piers. The central 
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span is 70 m long, whereas the external spans are 41 m long, 
for a total length of the bridge of 152 m (Figure 1). The total 
width of each of the two parallel decks is equal to 15.55 m; 
the current transversal configuration is the result of the 
enlargement of the road from 25 m to the actual 33 m, which 
took place in the first nineties, during which the existing pre-
stressed reinforced concrete spans were replaced by the 
existing steel bridge and the piers were reinforced. 

 

 

  

 

Figure 1 Views of the Mincio steel box girder bridge. 
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Figure 2 Cross-section of the steel box girder decks. 

The two parallel spans are characterized by four cross sections 
marked by the presence of continuous diaphragms with a high 
stiffness in correspondence to the back end and the two piers 
in between. For each section there are two support bearings, 
disposed symmetrically with respect to the vertical plane of 
symmetry of the section, at a distance from this equal to 
approximately 1.8 m. The support bearings used in this bridge 
are characterized by different capacities, from 5000 to 11000 
KN, and regarding the displacement components, are present 
fixed, unidirectional and multidirectional bearings.  
 

2.2 Life-Cycle monitoring and assessment 

The inspections performed in the past months inside the box 
of the two decks have highlighted visible damages to the 
structure associated with fatigue phenomena. During its 
lifetime, the considered structure has been monitored and 
studied with almost all kinds of measurement techniques 

(Figure 3). Only 10 years after the construction it has been 
subject to a novel technique at the time, i.e. fiber optic (FBG) 
for strain measurement and some warning results were 
collected. The structure begun to deteriorate and soon cracks 
appeared on the ribs due to fatigue. Dynamic test campaigns 
with accelerometers were performed in December 2011, FE 
models were calibrated in order to assess the damage due to 
fatigue. Afterwards a welding intervention was taken in place 
during January-March 2012. In order to control the behavior 
of this latter intervention a strain monitoring system was 
installed in April 2012. During this long term monitoring not 
only strain and stress analysis were executed but also the 
global dynamic behavior of the bridge was monitored. The 
results of the dynamic tests and monitoring campaigns with 
strain data are detailed in the next paragraphs. After the low 
efficiency of the local welding campaign executed previously, 
a major retrofitting intervention will be applied in a near 
future in order to bring the structure in a safe condition.  
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with Accelerom.
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Welding
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condition

Major
Interv.

Fatigue Cracking

Intervention

Normal condition

 
Figure 3 Lifecycle structural condition of Mincio Bridge. 

 

2.3 Dynamic tests and strain monitoring 

Operational Modal Analysis has been performed on December 
2011 with piezoelectric acceleration sensors disposed with 
only three setups inside the box girder. The symmetry of the 
structure allowed to reduce as much as possible the 
measurement points. The cross section of the modal model 
has been schematized with a triangular section, based on the 
location of the sensors. They are positioned laterally in the 
upper transverse, while centrally at the base of the caisson.  
Besides the Frequency Domain Decomposition and the 
Stochastic Subspace Identification, the Polyreference Least 
Square Complex Frequency identification (PLSCF), has been 
used in order to compare all the different techniques for this 
kind of structures. Before conducting a parametric analysis on 
the number of the model order and blocks number with which 
the matrix will be divided for the past and future analysis, the 
covariance-driven SSI method was applied related to a 
specific model order. In determining the order of the system, 
the singular value distribution is plotted in Figure 7. 
According to the gap present in the singular value plot, a 
model order of 16 it can be chosen and continue the valuation 
of the modal parameters. 
 

 
Figure 4 Scheme of the sensor distribution on the bridge. 
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The stabilization diagram permits to identify the modes whose 
properties do not change significantly when varying the model 
order. Modes classified as “stable” are considered as structural 
modes. As expected for steel bridges, the definition of 
structural modes in this particular case is clearly given by the 
stabilization diagram with the SSI (Figure 5). Observing more 
in detail Table 1, where a detailed comparison between the 
techniques used is presented, one can notice that the different 
techniques give similar results. 
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Figure 5   Structural modes identified with the SSI method via 

accelerations  

Table 1 Comparison between four modal 
techniques.

Mode FDD 
 f [Hz] 

SSI PLSCF 
f [Hz] f [Hz] 

1 2,164 2,168 2,167 
2 4,339 4,492 4,247 
3 5,525 - - 
4 6,585 6,365 6,356 
5 9,496 9,578 9,489 
6 - - - 
7 13,08 13,041 13,067 
8 - - - 
9 13,73 13,782 13,803  

 

1st  mode: 2,164 
HZ EXP

1st  mode: 2,066
HZ FEM

2nd mode: 4.422
HZ FEM

2nd  mode: 4.339
HZ EXP

3nd mode: 5.711
HZ FEM

3nd  mode: 5.525
HZ EXP

 
Figure 6  Mode shape comparison between updated FEM and 

Modal model. 

2.4 Modal Analysis with strain gauge sensors 

The next challenging step in this study is to use the strain data, 
sampled at high frequencies, to extract the dynamic behavior 
of the structure. Let’s suppose the data are equivalent of 
acceleration or velocity and perform the usual modal analysis 
to identify the principal vibrational modes. On the bridge a 
large number of strain gauges (56) has been installed, so 
choosing the proper ones it is possible to get real pseudo-
vibrations from the monitoring system. The disposition of the 
sensors has been decided in order to observe the structural 
behavior of the bridge in its critical points. For simplicity, it 
was chosen to place the sensors only in the East girder, in five 
sections (A, B, C, D, E). In particular sections B and D 
corresponds to the position of the piers whereas section C is 
disposed in correspondence to the middle point of the main 
central span. For each section were placed a number of 
sensors from a minimum of nine to a maximum of thirteen 
strain gauges, arranged both inside and outside of the steel 
box of the deck, in the longitudinal and transversal directions. 
Multicore cables of 0.5 mm2 section connecting the strain 
gauges with the system have been chosen in such a way that, 
for longer cables (about 90 m) the measured strain to the 
strain gauges was not appreciably affected from the resistance 
growth of the electrical system (this increase is still limited to 
maximum about 5Ω, measured in the laboratory). In Figure 7 
the arrangement of the sensors in one of the five considered 
sections is reported.  

 

 
Figure 7   Disposition of the strain gauges in the middle span 

section C. 
A preliminary study has been performed looking only at 

sensors number 6 which are disposed on the lower flange of 
the caisson, at five locations along the bridge (Figure 7). The 
data resulting from each sensor was normalized relatively to 
the maximum value of strain detected by each sensor. As we 
know, strain measurements are characterized not only by low 
frequency signal features but also by high frequency samples. 
Thus, each channel has been subjected to a Bessel High-pass 
Filter of 1 Hz, for eliminating the oscillations of the signal. At 
the end an offset and phase correction has been applied in 
order to resemble the signal (Figure 8). 
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Figure 8  Strain measurements before and after filtering. 

 

2.4.1 Strain Modal monitoring 
The filtered signals were consequently used for a Frequency 
Domain Decomposition (FDD) Analysis. The FDD 
represented in Figure 9, displays the identified modes resulted 
from strain measurements and its correspondent with 
acceleration data.  One can notice that frequencies able to 
identify with the strain gauges are very similar to results 
obtained with accelerations. So we can say that modes 
2.12Hz, 4.25Hz, 4.85Hz, 6.07Hz, 8.86Hz, 11.63Hz, 13.43Hz, 
15.89 Hz, 17.04Hz, 20.7Hz and 21.91Hz were successfully 
identified through the analysis of strains. In the second case of 
strains, other signs of non-structural modes are present, but 
through a cluster analysis, only structural modes can be 
highlighted. Ten principal structural modes were identified 
and compared with the conventional analysis of acceleration 
data. Since a high correlation is found, these types of cheap 
sensors can probably be applied in order to estimate the global 
dynamic behavior of such bridges, together with the local 
strain monitoring. 
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Figure 9 FDD results from strain and acceleration 

measurements. 
In fact, such analysis has led to the development of an 

algorithm that automatically calculates the main vibration 
frequencies, via strain measurements, through the FDD 
method. This automated FDD procedure is based on the prior 
availability of a reference result, where the associated singular 
vectors at each frequency are estimated. The extraction of the 
modal parameters for monitoring purposes, is assessed by 
automated peak-picking procedure and evaluation of the mode 
shapes at every peak frequency. After the comparison of every 
mode, through MAC value, with the reference ones, the 
monitoring development of each mode is generated (Figure 
10). 
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Figure 10  Frequency monitoring through Automated FDD 

Strain measurements. 
As can be seen from the SHM with this cheap technique, 

powerful results are obtained. In this case the global behavior 
of the structure is quite stable and shows slight fluctuations 
due to temperature. A detailed development of the first natural 
frequencies extracted by Automated FDD and manually by 
commercial software is displayed in Figure 10. The automated 
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procedure seems to be very effective as it clearly follows the 
manual identification technique. 

The root mean square (RMS) of strain measurements 
(equivalent accelerations) is showed in Figure 11, during three 
months of recording, and related to the frequencies. A linear 
influence of vibration amplitude due to traffic is observed, 
where the frequency increases when the excitation level is 
low. In general, it can be stated that when the excitation is 
higher, modes are better estimated. Instead, if the damping 
values are related to the RMS another curious fact is observed. 
When the vibrations are higher, the structure reveals higher 
damping ratios, possibly because more structural elements are 
involved during the amplified shakings. 
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Figure 11  Signal Root Mean Square relation 

 

3 THE CONCRETE GIRDER BRIDGE CASE STUDY 

3.1 Bridge characteristics 

Simply supported or continuous reinforced concrete bridges 
are not as hard to identify as masonry bridges, but harder than 
steel bridges. 

The bridge is located in the city center of Verona, over the 
Adige River, and is characterized by three spans having a total 
length of over 90m. The structure holds a four-lane roadway, 
two for each direction of travel, plus two sidewalks for a total 
width of 14.32 m (Figure 12). The static schema consists of 
seven main girders and eleven cross beams in the transverse 
direction with stiffening function. The 7 girders and the thin 
slab (18 cm), due to bad maintenance since constructed in 
1946, revealed severe damage in the middle of the spans due 
to water percolation. Girders’ and cross beams’ concrete 
(Figure 12) is highly deteriorated, moldy and carbonated. 
Before deciding to retrofit it, the Municipality required to 
evaluate the life of the bridge. It was subject to investigations, 
like an ambient modal test to detect the principal modal 
parameters and in each structural element lots of destructive 
and non-destructive tests were executed. 

 
 

 

 

  
Figure 12 View of the Concrete Bridge and its cross section 

(with damaged girders). 
3.2 Dynamic tests and strain monitoring 

The vibration acquisition campaigns were carried out in two 
days, on May 10 and 11, 2011. The flow of vehicles over the 
bridge was normally allowed [1] in a single direction of travel, 
in a two-lane carriageway. The owner has required the sensors 
not to be placed on the stone or marble elements, so the 
accelerometers has been placed on the roadway where the 
thickness of the pavement was very small (in spite of that very 
good results were obtained). Eleven setup measurements were 
installed with 8 DOFs each (total 88 DOFs) allowing a high 
resolution areal coverage (Figure 13). It can be seen that the 
two plots in Figure 14 (FDD and SSI method) present very 
similar features and comparable natural frequency values. For 
both methods, identified modes and damping ratios are listed 
in Table 2.  

Piezoelectric accelerometers, Coaxial 
cables and a Data acquisition board 

were used

 
Figure 13 Monitoring sensors installed after applying the 
eleven configurations of the preliminary dynamic tests. 
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Figure 14 Average of Auto Spectral Densities for all tests and 

identified mode shapes. 

Table 2 Comparison between modal techniques and FEM. 
Mode FDD 

 f [Hz] 
SSI FEM 

f [Hz] f [Hz] 
1 4.980 4.985 4.958 
2 6.250 - 5.654 
3 6.738 6.702 5.895 
4 7.422 7.337 6.605 
5 8.691 8.691 7.510 
6 8.960 - 7.510 
7 - 10.466 10.89 
8 11.600 12.308 12.91 
9 15.060 14.384 13.87 

 
In order to study in more details the structural response of 

the most deteriorated elements some validations have been 
conducted under the Italian Codes (NTC 2008). In order to 
simulate the behavior of the degradation, it has been 
considered a reduced section of concrete. This vulnerability 
analysis revealed the deficiency of the elements and suggested 
the installation of a permanent monitoring system. 

3.3 Bridge safety SHM system 

A monitoring system has been installed in order to evaluate 
the general behavior of the structure for further damage 
detection and the local displacement at the damaged elements. 
Guided by the need to monitor only some essential 
parameters, a few sensors were installed (Figure 15). 

 
 
 
 
 

 
 

 

 

Figure 15 SHM schematic representation. 

Three automated modal identification algorithms has been 
implemented in order to continuously estimate the modal 
parameters during monitoring [1]. During these months of 
data gathering the behavior of the structure stood stable from 
both dynamic and static point of view. In fact, the Modal 
Parameters did not show worrisome jumps due to possible 
further damage (Figure 16), but followed the trend of 
environmental parameters. In particular, during May – June 
2012, several seismic events occurred at nearly 100km from 
the structure (Emilia Earthquakes). Some of these events were 
captured by the system, showing a slight change in the 
frequency values. During the first event, in reference to the 
PGA, the amplification factor of the accelerations on the 
bridge is about 11 (Figure 17). Another big seismic event was 
the one of the 3rd of June 2012, during which a modal 
analysis was performed. An increase in the frequency values 
between the two seismic events was found. Right after these 
events the structural modes became stable. No structural 
change due to ongoing damage was detected so far, as it will 
also be confirmed by the regression models in section 3.4. In 
Figure 17 and Figure 18, the development of the identified 
modes by automated Cluster Enhanced Canonical Correlation 
Analysis, SSI and FDD is presented.  
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Figure 16 Natural Frequencies observed during the 

monitoring period.  
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Figure 17 . Accelerations during the May 20th 2012 event on 

the bridge. 

Relying also on the literature, for the case of frequency 
domain, the method presented here was further developed in 
order to avoid the need of a reference previous estimation of 
the modal parameters of a structure. In fact, the algorithm is 
completely independent; no user-defined parameter is 
introduced at the beginning and every mode is monitored 
automatically [1].  

Besides the automated procedure, a repeated manual modal 
identification was performed by a commercial software for the 
purpose of comparing the obtained results. They ended up to 
be quite similar for all the techniques, revealing slight 
differences (Figure 18) in some modes, although equally 
being effected by temperature. The three automated 
procedures have been successfully validated for the response 
of this structure, and have also been used in the other case 
studies. 
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Figure 18. Comparison between the four methods 

implemented 
 
 

3.4 Environmental Effects and Regression Models 

In order to highlight the effects of changing environment on 
the natural frequency of the principal modes, frequency 
estimates were correlated to temperature during the monitored 
period (Figure 19). Generally, all modes show slight change 
with temperature and particularly in the fourth mode the linear 
dependency is highlighted by a linear correlation. Actually, 
the plot shows a decreasing trend of frequencies when 
temperature increases. However, some frequencies are less 
influenced by temperature, continuing a horizontal trend. This 
is due to the slight thermal and humidity swing verified during 
the year’s monitored period as displayed in Figure 19. 
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Figure 19. Temperature and Relative Humidity over 1/2 year. 

It is therefore possible to evaluate the level of correlation of 
the natural frequencies of the structure with any 
environmental variable measured in site. The objective to be 
achieved in the present study is to verify whether the 
extensiveness of some environmental variables measured in 
situ influence the static or dynamic behavior of a structure. 
The models used in here are called AutoRegressive output 
with eXogeneus inputs (ARX). Although at least one year of 
monitoring is needed, the following plots show the results on 
a limited time: the evaluation and the validation phases are 
separated by a vertical black line. It is first presented a table 
comparing the static and dynamic models.  

The residue plot shows that the model estimates in a correct 
way the displacement, because the validation residues remain 
within the confidence interval. Moreover, as seen from the 
graph of the autocorrelation of the residuals, the latter can be 
treated essentially as a process of white-noise. Therefore we 
can come to the conclusion that the temperature is the 
independent variable that influences the crack opening of the 
bridge. In case one wants to make the detection of the damage 
through this kind of output, it would be sufficient to isolate 
only the thermal effect. 
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Figure 20.  Time evolution of displacement before and after 
the elimination of the environmental effects (regression 

model). 
 
A similar procedure of environment effects elimination was 

used for the dynamic data of the Bridge. Although less 
effected by temperature (because data were available for less 
than a year), the natural frequencies showed some 
dependency, and a good regression model was estimated. 
Figure 21 shows the fitting model through the normalized 
frequency with the 95% confidence intervals and the 
autocorrelation of the simulated errors. In general, the model 
represents the frequency variation with a reasonable fitting. 
The model can be used for damage detection, and frequency 
shifts that significantly stay outside the confidence intervals 
are valuable candidates. At this point, few data are available, 
and for an accurate model, another year of monitoring is 
needed to proper calibrate the model.  
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Figure 21.   ARX Model of mode 1 and 4, CI, Residue and 

Autocorrelation. 
 
The reduction of the range of variation of the natural 

frequencies after their correction by the regression model can 
be also be evidenced by the use of histograms. Figure 22 
presents the histograms of the first and fourth natural 
frequency. After the application of the regression model, 
frequencies are concentrated in a narrower range, correcting 
the influence of temperature. 
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CONCLUSIONS 
Experimental dynamic analyses and SHM systems were used 
in this study to assess the actual behavior of old damaged 
bridges and to elongate their life-cycle. The real dynamic 
analysis of a damaged steel box girder bridge by fatigue 
deterioration and of a concrete beam bridge highly damaged 
were presented. The structures were subject to several tests 
with different kinds of sensors beginning with conventional 
accelerometers and ending with strain gauges that helped not 
only to assess stress development on the structure but most 
importantly could get global dynamic information. Since the 
system identification aim was to update a FE model that could 
assess the deterioration and to monitor the structural changes, 
together with the accelerometers, a strain monitoring system 
composed of 56 strain gauges was installed.  

In the steel bridge, considered the relatively low cost of 
resistive traditional strain gages when compared to 
accelerometers, a wider network of strain sensors can be 
employed where measuring the dynamic strain and 
consequently the modal parameters of the structure, enabling 
the possibility of precisely detecting local modes with higher 
frequencies. 

Furthermore, Real-time SHM systems with acceleration and 
(newly discovered) strain data were developed. Improvements 
of automatic modal techniques by avoiding the prior reference 
OMA analysis have been proposed. This development of 
automatic system identification for long term monitoring 
could get highly accurate modal parameter recognition. The 
three automatic procedures were finally validated with a 
manual repeated system identification, showing a high 
accuracy. This result was then used in the autoregressive 
models to validate/estimate the behavior of the structure and 
finally detect possible significant changes in the structural 
properties. 
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ABSTRACT: The paper presents a method for the crack damage identification in beam-like structures. The method identifies 
the damage from analyses of the structural response to random vibration in time domain. The analyses of the dynamic response 
of the beam are used to calculate three parameters defined from a parametric expression of Gaussian Probability Density 
Function (PDF). The values of these parameters are estimated by solving an optimization problem. The validation of the method 
is carried out through an application of the method to a FEM. 

Identification of crack damage in a simple beam through stochastic characteristics of 
time response 
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1 INRODUCTION 
Damages occurring in structures produce alterations of their 
characteristics, so their dynamic behaviour results also 
modified. In several cases the damage produces a non-
linearity in the dynamic behaviour of the structure. For this 
reason several methods for structural damage detection are 
based on analysis of the measured response of the structure to 
a dynamic load ([1], [2]). Changes of the natural frequencies 
([3] and [4]) or the mode shapes are the most used indices to 
identify damage in simple or complex structures. In order to 
detect damage in very simple structures, like beams, methods 
based on analysis of the structural dynamic response in time 
or frequency domain were proposed in literature, besides the 
ones that use the change of the structural modal 
characteristics. These methods are often used to identify the 
crack damage that causes a nonlinear dynamic behaviour of 
the structure properly excited due to its breathing. In [5], [6] 
and [7] the crack is identified through the change of the modal 
characteristics between the undamaged condition and the 
damaged one of the structure. Other methods are based on the 
alteration of high order statistics of the structural response to a 
Gaussian White Noise (WN). The non-linearity of the 
dynamic response to a Gaussian WN does not modify the 
second order statistical order, so an ordinary spectral analysis 
is not effective to identify the crack, but an Higher Order 
Statistical Analysis is appropriate for this purpose. For that 
reason [8] and [9] propose to use the bispectrum to detect the 
crack. Other studies ([10], [11] and [12]) propose to 
investigate the crack damage through the estimation of 
indexes related to high order statistical moments of the 
dynamic response of a beam to a Gaussian WN. In [13] a 
sensitivity analysis of this method was proposed. The 
Probability Density Function (PDF) of the displacement and 
velocity of the structural response to a filtered WN is used in 
[14] to identify the crack presence. The PDF is calculated 
through the application of the Fokker-Plank (FP) equation to 
the model of the structure reduced to a Single Degree of 
Freedom. The PDF of the structural response was calculated 
estimating some parameters of  FP equation. This method can 

be applied only after a reduction of the structural model to a 
SDoF system.  
The method proposed in this paper identify the damage 
modelled as a breathing crack by means of some parameters 
related to the PDF of the structural response to the Gaussian 
WN. Firstly a simple parametric description of the Gaussian 
PDF is proposed. The three parameters appearing in this 
expression of the Gaussian PDF are used to define the first 
three order statistical moments and the skewness index of the 
PDF. An optimization problem is defined to identify the 
values of these parameters minimizing the difference between 
the skewness index expression including the three parameters 
of the Gaussian PDF and the value of the real skewness index 
calculated from structural responses to a set of Gaussian WNs. 
The values of the three parameters are estimated for different 
point of the structure to detect both the presence and position 
of the damage.  

2 IDENTIFICATION PROCEDURE 
A linear-elastic system excited by a Gaussian WN has both 
the response acceleration and the response displacement 
characterized by a Gaussian PDF independently of the point 
where the response is measured. A damages structure, like a 
cracked one, has a nonlinear dynamic behaviour, so its 
response accelerations, displacements or velocities have a 
skewed Gaussian PDF. The difference between this skewed 
response PDF and the Gaussian one depends on intensity and 
position of the damage and the point where the response is 
measured respect to the damage location.  
The response PDF of a cracked structure excited by a 
Gaussian WN has asymmetry related to the non-zero value of 
the third statistical moment of the PDF. The PDF asymmetry 
is often described by the skewness index. The PDF of the 
response accelerations of a highly non-linear system is not 
only asymmetric, but also more picked than the Gaussian 
PDF, so the fourth statistical moment has an high value and 
the kurtosis index is higher than 3. The method proposed in 
this study is based on the identification of the asymmetry of 
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the response PDF of a cracked simple beam-like structure 
excited by a WN. 

2.1 From the Gaussian Probability Density Function to the 
skewness index: parametric equations 

The expression of Gaussian PDF is  
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where   and x  are the mean value and the standard 
deviation of the random variable x . Instead of the values 

2  and 2 appearing on the denominators of fraction and 
exponent the two parameters  and c 2g  are introduced: 
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In the Gaussian PDF  and c 2g  have therefore respectively  

values 2  and 2, while in slightly skewed Gaussian PDF 
these value are different. The variable x  in equations (1) and 
(2) indicate the transversal displacement measured in a point 
of the beam-like structure excited by a Gaussian WN. For 
properly excited structure with a crack breathing it is possible 
to describe the asymmetry of the PDF of the structural 
response displacements by means of two different values of 
the parameter 2g : one for a positive displacement and one for 
the negative ones (i.e. for closed and open state of the crack): 

 

 

 

2

2 2
1

2

2 2
2

1 0
( )

1 0

x

x

x

g

x
X

x

g

x

e for x
c

p x

e for x
c













  
 
 

  
 
 


  

 


. (3) 

The parameter  has the same value for both the expressions 
of (3) to fulfil the continuity of the PDF in . As afore 
said, the PDF of the acceleration or velocity of the structure 
response to the WN is also asymmetric, so it is possible to use 
the equation (3) to describe them. In real field testing 
accelometers are the sensor more commonly used to measure 
the structure motion, therefore the damage detection 
procedure described in the follow refers to the response 
acceleration of the structure, but it can be applied also to the 
response displacements or velocities. For sake of clarity, the 
parametric definition of the skewed Gaussian PDF of the 
transversal acceleration of the structural response measured in 
a point is: 
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The equation (4) is called hereafter “modified Gaussian PDF”. 
The modified Gaussian PDF (4) has to fulfil the normalization 
condition: 
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For  and ,i.e. for real values of 2
1 0g  2

2 0g  1g  and 2g , the 
normalization condition (5) calculated in closed form is 
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where   is the gamma function that satisfy the expression 
. This equation (6) is simplified for 

obtaining the value of the parameter  as function of the 
parameters 

  1y yy t e  

1

0



 dy

c
g  and 2g  (as showed figure 1): 
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The equation (7) defines the parameter c  as function of the 
parameters 1g  and 2g  (see figure 1), so the number of 
parameters characterizing the modified Gaussian PDF is 
reduced to 2.  
The values of the parameters , c 1g  and 2g  have to define a 
modified Gaussian PDF that is very close to the real PDF of 
the recorded accelerations of the system. For this reason the 
first three statistical moments of the modified Gaussian PDF 
are calculated. The positivity condition of the parameters 2

ig  
has to be verified (  and ) in the calculation in 
closed form of all these statistical moments. The first moment 
of the modified Gaussian PDF is 

2
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Figure 1. Value of the parameter  as function of the 

parameters 
c

1g  and 2g . 

 
The closed form of first statistical moment is 
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then substituting the parameter c  with the expression (7) it 
becomes 

 
 2 1

1 1
2
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  (10) 

 
The second statistical moment of the modified Gaussian PDF 
is

2 2
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and its closed form is 
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substituting the parameter  with the expression (7), the 
closed form of second statistical moment becomes 
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The centred second statistical moment of the modified 
Gaussian PDF in closed form is 
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The third statistical moment of the modified Gaussian PDF is 
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and its closed form is 
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Introducing the expression (7), the equation (16) becomes 
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Finally the centred third statistical moment of that PDF in 
closed form is 
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From the equations (14) and (18) it is possible to calculate the 
skewness index of the modified Gaussian PDF: 
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The figure 2 shows the value of the skewness index as 
function of the parameters 2

1g  and 2
2g .  

 

 
Figure 1. value of the skewness index as function of the 

parameters 2
1g  and 2

2g . 

 
The equations of the skewness index and the variance of the 
structure response are used to detect the crack. The skewness 
index of the response measured in a point of the structure is 
compared to the equation of the skewness index previously 
defined for the modified Gaussian PDF in order to obtain the 
values of the parameters 1g  and 2g  that define the modified 
Gaussian PDF most similar to the real skewed PDF. These 
parameters are themselves good indices to detect the crack 
damage without the estimation of the modified Gaussian PDF. 
The parameters 1g  and 2g  are estimated by solving an 
optimization problem. 

2.2 Optimization problem 

 
The Objective Function (OF) of the optimization problem 
implemented to estimate the values of the parameters 2

1g , 2
2g   

of the modified Gaussian PDF more similar to the real PDF of 
the accelerations measured in a point of the structure is: 
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  (20) 
This OF guarantees that the modified Gaussian PDF is 
asymmetric as the PDF of the measured response acceleration.  
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The definition of the variance of the modified Gaussian PDF 
expressed by the equation (14) gives information about the 
relation between the two parameters  and , so it can be 
written as 

1g 2g

 
     2 2

1 2 1 22 4
1

2

g g g g 



   
 . (21) 

This relation between the two parameters  has to be 
respected, so the equation 21 is defined as a constraint 
equation of the optimization problem: 

ig
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The figure 3 shows the value of the constraint equation as 
function of the parameters 2

1g  e 2
2g . Finally, the values of the 

parameters 2
1g , 2

2g  and  have to be positive to describe the 
PDF, so the domain of the possible solution sets of this 
optimization problem is further narrowed by the inequalities: 

c
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Therefore the optimization problem to solve in order to 
estimate the parameters 2

1 g , 2
2g  of the modified Gaussian 

PDF more similar to the real PDF of structural response is: 
 

       
     

2 2
1 2 1 2 1 2

1 3/22 2
1 2 1 2

1 4 8 3
2

2 4
real

g g g g g g
minimize

g g g g

 


 

       
 

   

   
subject to  

 
     2 2

1 2 1 22 4
1 0,

2

g g g g 



   
    

   1

2

0.00001 0,
0.00001 0,

g

g

 
 

where 

   1 2

2

g
Y

g

 
  
 

R

is the variables vector. The solution of the optimization 
problem is a set of  parameters, while the parameter  is 
calculated with the equation (7). This optimization problem is 
not convex, then in this study it is solved by the penalty 
function method. 

ig c

The contour lines of the feasible domain of the optimization 
problem for the zero value of the real skewness of the system 
response ( 1 ) are represented in figure 4. This is the 
feasible domain of the optimization problem solved for 
response acceleration characterized by a Gaussian PDF, i.e. 
response acceleration of an undamaged structure. The contour 
lines of the OF are translated when the skewness of the real 
displacements measured in a point of the beam is not zero 
( 1 ), as the figure 5 shows. Furthermore the figures 4 
and 5 show the contour lines of the values of the parameter , 

which is related to the normalization condition of the modified  
Gaussian PDF. 

0real 

0real 
c

 
 

 
Figure 3. Value of the constraint equation related to the 

variance. 

 
Figure 4. Contour lines of the feasible domain of the 

optimization problem for the zero value of the real skewness 
of the system response. 

 

 
Figure 5. Contour lines of the feasible domain of the 

optimization problem for the nonzero value of the real 
skewness of the system response: . 1 0.1real 
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3 DAMAGE DETECTION PROCEDURE 
This section describes the damage detection method based on 
the estimation of the parameters 2

1g , 2
2g  and  from field 

measurements of the structural response to a dynamic force 
with characteristics of a WN. 

c

A set of sensors, for example accelerometers, is placed on 
beam-like structure to measure the structural response in 
transversal direction to the maximum length of the structure 
and in the same direction of the force applied. A dynamic 
force with characteristics of WN is applied in a point of the 
structure by a shaker. The skewness index is calculated from 
the structural response measured by each sensor. This first 
step of the procedure is repeated N times, changing the 
dynamic load applied each time. All the loads defined as zero-
mean WN are characterized by the same variance. In this way 
N values of the skewness index of the dynamic response are 
obtained for each measurement point. The mean value of the 
skewness index of each measurement point is used to solve 
the optimization problem and estimate the parameters 2

1g , 2
2g  

and finally to calculate the parameter  (see figure 6).  c

The estimated values of 2
1g , 2

2g  and  indicate the presence 
of damage, while the comparison among the parameters  
values estimated from the response recorded in different point 
indicate the possible damage location. 

c

 

 
Figure 6. Damage detection procedure. 

 

4 VALIDATION OF THE METHOD AND ANALYSIS 
OF RESULTS 

In order to validate the method a set of numerical simulations 
are carried out.  
One-dimensional FEM of a simple supported beam made of 
homogeneous material (i.e. steel) is used in the simulation 
(see figure 7).  
 

 

 
Figure 7. FEM. 

 
The damage is modelled as a non-propagating crack that  

causes a perturbation of the stress condition only near the 
cracked surfaces and the crack tip in comparison with the 
stress field of the undamaged beam element, according to the 
Saint Venant principle. This variation of the stress field 
defines a local reduction of stiffness near the crack, especially 
in case the crack is open. In the FEM used for the validation 
the variation of the stiffness near the crack is modelled by a 
special FE. This FE has a double stiffness to simulate the 
breathing crack behaviour: the stiffness of the closed crack is 
equal to the stiffness of the other FE, while a reduced stiffness 
characterizes the FE for the open crack condition. The 
reduced stiffness is calculated through the procedure 
presented in [15]. The FE modelling the damage is indicated 
in the figure with a rotational spring. 
All the simulation are carried out using 20 different dynamic 
forces modelled as zero-mean WN and with the same 
variance.  
In the first simulation the damage is locate in the FE close to 
one of the support and the force is applied in the middle of the 
structure. The value of the parameters 2

ig  have a peak next to 
the node 3, as the figure 8 and the table 1 show. The peak 
indicates the damage presence, but not its location. The most 
interesting result is the peak value in opposite direction next 
to the node 5 appearing only for high intensity of the damage. 
The trend of the two parameters 2

ig  is opposite, so for sake of 
brevity only the figures showing the results of one of them are 
presented for the other damage and force locations. The table 
2 present the calculated value for the parameters c for the first 
damage and load condition. The value estimated for the 
undamaged case is slightly higher than the one of a Gaussian 
PDF and it changes only for high intensity of damage. 
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Figure 8. Damage in the FE next to the support and load 

applied in the middle of the structure: values of the parameters 
2
ig  estimated for the structural acceleration measured in 

different measuring point and different load intensities.  
 
The figure 9 presents the values of 2

1g  for the damage located 
in one of the central FEs. The estimated values indicate 
clearly the presence of damage, but also in this case it is hard 
to define its location. The values of  the parameters 2

ig  
estimated from the structural response accelerations are 
extremely higher than ones estimated from the structural 
response displacements, as it plain from the comparison 
between the figures 8 and 10. This results was expected. 
Finally, by comparing the figures 8 and 11 the dependence of 
the estimated value 2

ig  from the point of load application is 
evident. A load applied in point excites some vibrational 
modes that can be more or less affected by the crack.    
 

Table 1. Value of 2
1g  for load applied in the middle and 

damage next to the boundary condition. 

Damage 
intensity 

node2 node3 node4 node5 node6 

0 2.00 2.01 2.00 2.01 2.00 
10 2.01 2.05 2.04 2.04 2.01 
20 1.95 2.29 2.17 2.04 2.02 
30 1.89 2.59 2.38 1.82 2.03 

 

Table 2. Value of  for load applied in the middle and 
damage next to the boundary condition. 

c

Damage 
intensity 

node2 node3 node4 node5 node6 

0 3.54 3.54 3.54 3.54 3.54 
10 3.54 3.54 3.54 3.54 3.54 
20 3.54 3.54 3.54 3.54 3.54 
30 3.55 3.58 3.56 3.55 3.54 

 
 

 
Figure 9. Damage in one of the central FEs and load applied 
in the middle of the structure: values of the parameters 2

1g  
estimated for the structural acceleration measured in different 

measuring point and different load intensities.  
 

 

 
Figure 10. Damage in the FE next to the support and load 

applied in the middle of the structure: values of the parameters 
2
ig  estimated for the structural displacement measured in 

different measuring point and different load intensities.  
 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2560



[10] P. Cacciola, N. Impollonia, G. Muscolino, Crack detection and location 
in a damaged beam vibrating under white noise, Computers and 
Structures 81: 1773-1782, 2003. 

 
[11] S. Benfratello, P. Cacciola, N. Impollonia, A. Masnata, and G. 

Muscolino, Numerical and experimental verification of a technique for 
locating a fatigue crack on beams vibrating under Gaussian excitation, 
Engineering Fracture Mechanics, 74(18):2992-3001, 2007. 

 Figure 11. Damage in the FE next to the support and load 
applied in the node 3: values of the parameters 2

ig  estimated 
for the structural acceleration measured in different measuring 

point and different load intensities.  

[12] L.J. Hadjileontiadis, E. Douka, A. Trochidis, Crack detection in beams 
using kurtosis, Computers and Structures 83: 909-919(2005). 

[13] M. Morga, Sensitivity analysis of crack damage detection through 
stochastic analysis, In proceedings of the 8th European Conference on 
Structural Dynamics, EURODYN, Leuven, Belgium, 4-6 July 2011. 

[14] M. Breccolotti, A.L. Materazzi, Identification of a non-linear spring 
through the Fokker-Planck equation, Probabilistic Engineering 
Mechanics, 23(2-3):146-153, 2008.  

[15] G.L. Qian and S.N. Gu and J.S. Jiang The dynamic behaviour and crack 
detection of a beam with a crack, Journal of Sound and Vibration, 138: 
233-243, 1990. 

[16] M. Morga, Identification and analysis of local damage with stochastic 
approach, PhD thesis, Department of Civil and Environmental 
Engineering, Technical University of Bari, Bari, Italy, 2011. 

 

5 CONCLUSIONS 
The method presented in this paper is effective to estimate the 
damage presence from the response accelerations of a 
structure excited by a force with the characteristics of a WN. 
It results pretty low sensitive to identify exactly the damage 
location. The parametric formula of the Gaussian PDF results 
not precise and should be improved. 
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ABSTRACT: This study deals with a damage detection method using a time reversal technique which does not require reference 

data at an intact state but only data at a current state to detect damages. The method assumes linear damages such as notches or 

holes, and is applicable to damped structures. A tone burst force is firstly input to a structure at one point A and the acceleration 

response is measured at the other point B. Then the time-reversed acceleration response is input at point B as a force and the 

acceleration response is measured at point A. This response is then time-reversed and is defined as “reconstructed wave”. 

Damage existence and location can be detected simply from the waveform of the reconstructed wave. Numerical analysis was 

carried out on a plate structure with and without a rib, and the effectiveness of the method is verified. 

KEY WORDS: Damage detection; Plate structure; Time reversal technique. 

1 INTRODUCTION 

A number of steel deck plates have been used for highway 

bridges in urban areas, taking advantage of the short 

construction period. In these steel deck plates, cracks due to 

metal fatigue have been found. Some cracks are present in the 

back side of the ribs, in such cases we can’t detect them 

visually [1]. Some cracks may affect the vehicle, if they are 

left without repair. Then, we need to check on their state 

periodically. 

Ultrasonic inspection has been used widely among the non-

destructive tests [2][3]. Ultrasonic inspection can detect very 

small damage by using very short wavelength, but the area 

that we can diagnose at a time is the very small. Therefore, in 

this study, we adopt the wave that can transmit a long distance 

to achieve the efficiency of the detection and the measurement 

of the damage that is dangerous if we leave it without 

repairing. As an example of such damage detection methods, a 

method by using the propagation of the Lamb wave in the 

steel sheet has been studied. The Lamb wave is inferior to 

Ultrasonic waves in the sensitivity for the damage, but it 

makes easier to check a wide area at a time because damping 

of the Lamb wave is low, so it can propagate a long distance. 

However, since Lamb wave is dispersive, it has many modes 

and each mode has different phase velocities. Therefore it is 

sometimes difficult to interpret the measurement wave from. 

Therefore, the method that makes it easier to interpret the 

wave form by using the time reversal has been studied. 

The time reversal is to play a sound or a signal reversely 

forward from behind [4][5]. In this study, we give an impact 

wave to a structure and measure a response, and we input the 

response that is time reversed in the time history to a structure. 

It makes easier to interpret the wave form by using the 

response of the re-input wave.  

In this study, we focused on the plate that has damping and 

the linear damage. In the proposed method, the existence of 

damage is detected by comparing the input wave and the 

reconstructed wave, and the location of damage is estimated 

by using the group velocity of the Lamb wave in the plate. 

The verification of the method was done by numerical 

analysis. 

 

2 DAMAGE DETECTION USING TIME REVERSAL 

TECHNIQUE 

2.1 Outline of the experiment 

The procedure is as follows. First, a tone burst wave (input 

wave) is input to the plate at point A, and the response is 

measured at point B. Then the response at point B is time-

reversed and re-input to the plate at point B. Finally, the 

response at point A is measured and time-reversed and is 

defined as “reconstructed wave”. The damage is detected by 

comparing the input wave with the reconstructed wave. 

In this study, we assume the plate that has damping and the 

linear damage, and consider whether we can detect the 

damage by using the time reversal method. 

2.2 Parameters of the structure 

The matrix of total mass (M), damping (C), stiffness (K) is 

given by sum of each element matrix, and they can be 

expressed by 
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where n is the number of the elements, each M
e
, C

e
, K

e
 

(e=1,…,n) are the contribution of element mass, damping, 

stiffness matrices of e-th element to the total mass, damping, 

stiffness matrices. 

In this study, notch-like damage is assumed. We represent 

the damage by removing an element in the numerical analysis. 

The set of the damage elements is defined as D. Then, if there 

is the damage, the total matrix MD, CD, KD is given by 
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Figure 1. Outline of the proposed method 

 

2.3 Response of the structure 

(1) Response of the intact structure. 

The equation of motion in the frequency domain if the 

structure is intact is given by 

)()()( 2  FXKCM  i             (3) 

where X(ω), F(ω) is the Fourier transformed displacement, 

external force. Then X(ω) is given by 

)()()(  FHX                     (4) 

where H(ω) is a transfer function. H(ω) is given by 

12 )()(  KCMH  i              (5) 

 

(2) Response of the damaged structure 

Assuming that displacement changes )(X by the damage, 

the equation of motion if there is the damage is given by 
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Substituting Eq.(3) into Eq.(6), we obtain the equation for 
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Rewriting the Eq.(7), )(X  is given by 
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where S
e
(ω) is given by 

eeee i KCMS   2)(                         (9) 

Then, we can obtain the response of the damaged structure as 
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2.4 Reconstructed wave by using time-reversal 

First, an external force is input at point A and the response is 

measured at point B (Fig.1). 
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The set of freedom numbers belonging to the damaged 

elements is defined as Dn. 

The first term in the right side of Eq.(11) is the wave that 

propagates from A to B directly. The second term is the wave 

that propagates from A to B through the damage. 

Next, the measured wave form at B point is time reversed 

and input at point B. The wave form u
tr 

(t) that is a time 

reversal of u(t) in the time domain is given by 

)()( tTututr                                     (12) 

where T is duration. 

The Fourier transform of u
tr 

(t), U
tr 

(), is given by 
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where superscript * means complex conjugate. 

Then, Eq.(13) shows that the time reversal is equal to the 

complex conjugate in frequency domain. 

From the above, the re-input force at point B is given by 
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The response at point A is given by 
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Substituting the Eq.(14) into the Eq.(15), we get 
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Then, we define the time-reversed response )(A
respU  at point 

A as “reconstructed wave )(A
recU ”. 
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Each term in the right hand side of Eq.(17) corresponds to 

the four pathways in Fig.2. From Schwarz’s inequality, 

pathways 1 and 4 have the similar waveform without phase 

difference from the input wave even though the scale is 

different. On the contrary, the second term has a phase delay 

of t compared to the input wave, and the third term has a 

phase advance of t in the time-history. 
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Figure 2.  Pathways correspond to reconstructed wave 

 

 
 

(a) Input wave             (b) Reconstructed wave 

Figure 3.  Input wave and reconstructed wave 

 

  
(a) S mode                              (b) A mode 

Figure 4. Two mode of Lamb wave 

 

 
Freq･Thickness(MHz･mm)    Freq･Thickness(MHz･mm) 

(a) S mode         (b)A mode 

Figure 5. Dispersion curve of group velocity 

 

2.5 Damage detection by the time-reversal technique 

From the above, if the structure is intact, scale of the 

reconstructed wave and the input wave is different, but the 

wave form of them is quite similar without phase difference. 

On the other hand, if there are the damages, there are the 

components corresponding to the second and third terms in 

Eq.(17) on the reconstructed wave. So, we can detect the 

damage by comparing the input wave and the reconstructed 

wave. It is easy to detect the existence of the second and third 

terms of the Eq.(17) by using the input wave that is locally 

concentrated such as wavelets. 

The image of the reconstructed wave if there is the one 

damage when we input the ricker wavelet is shown in Fig.3. 

In the reconstructed wave, there are the components 

corresponding to the first and fourth terms of the Eq.(17) at 

the time when the amplitude is localized, and there is the 

component for the second term on the left side and the 

component for the third term on the right side. If there are 

some time-shifted components, we can consider that there are 

the damages as many as the components. 

In the discussion above, we neglect the effect of the 

boundary. The reflected wave from the boundary also 

generates the phase time-shifted components. So, we have to 

distinguish the time-shifted components due to the boundary 

from the components due to damage. 

2.6 Detect the location of the damage 

The elastic wave that propagates in the plate is called Lamb 

wave. Let define the group velocity of the Lamb wave as cg, 

and the phase difference of the second and third terms in 

Eq.(17) from the input wave as Δt. Then the following 

equation is given. 

tcrrr gABBDAD                              (18) 

where rAD is the distance between A and D, rBD is the distance 

between B and D and rAB is the distance between A and B. 

Since cg, rAB and Δt are known, the location of damage D is 

estimated from the equation below.  
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in which we define the location of A, B, D as A(ax,ay), 

B(bx,by), D(dx, dy). From Eq.(19), we can obtain a curve that 

indicates a possible range of damage. By changing the 

location of points A and B, we can collect several equations 

for Eq.(19). Then, we can detect the damage location that 

satisfies all of the equations. 

 

2.7 Calculation of the group velocity 

The equation of the Lamb wave can be obtained by 

substituting the stress-free conditions in the both side of the 

place (σzz=0, σxz=0) into the equation of wave motion(P・SV 

wave) where x is the direction of wave propagation and z is 

the direction perpendicular to the plate. The equation of the 

phase and the group velocity is given by 

kc p /   
k

c
kcc

p
pg




                        (20)  

There are two modes in Lamb wave, S and A modes. S 

mode is the symmetric mode, while A mode is an asymmetric 

mode as shown in Fig.4. S and A modes have various modes, 

and each mode is dispersive; i.e. the phase and group 

velocities depend on the frequency. 

If we substitute the longitudinal wave velocity  of 6400m/s 

and the transvers wave velocity of 3170m/s into the equation 

of the Lamb wave, we can obtain the dispersion curve of 

group velocity as shown in Fig.5. 

From Fig.5, if the product of the frequency and the 

thickness is less than 2MHzmm, there are only S0 and A0 

modes. Therefore if we give the external force of such low 

frequency, we can generate only S0 and A0 modes. Through 

the numerical analysis in the next section, we found that A0 

mode is predominant and the effect of S0 mode can be 

neglected if we give the input force from one side of the 

place.in the vertical direction Therefore, we can determine the 

group velocity from Fig.5(b) and can detect the damage 

location from Eq.(19). 
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Figure 6.  Analytical plate（aluminum） 

 

 
Figure 7.  Input wave 

 

 

 

 

 

 

 

 

Figure 8.  Damage location 

 

3 NUMERICAL ANALYSIS OF THE PLATE 

STRUCTURE WITHOUT A RIB 

3.1 Analysis model 

We carried out a numerical analysis for a plate structures 

without a rib in Fig.6. The structure is modeled by solid 

elements (2.5×2.5×3mm). The thickness of a plate is 6mm. 

We constrained the four comers at the bottom. Material is 

aluminum and Young’s modulus is 7.03×10
10

 N/m
2
, unit 

weight is 27 kN/m
3
, and time interval of the calculation is 

1.0× s. In addition, we assumed that the damping of the 

structure is stiffness-proportional damping and damping 

constant in the excitation frequency is 1%.  

3.2 Excitation condition 

A Ricker wavelet is firstly input to a structure at one point A. 

The equation of Ricker wavelet is following equation. 

)))/25.1((exp()))/25.1((21()( 22
cccc ftfftftf     (21) 

where fc is the center frequency. 

Fig.7 is the Ricker wavelet that the center frequency is 50kHz, 

100kHz. Since the amplitude is not important, the maximum 

value of the input is 1N. 

3.3 Measurement condition and the analysis case 

Cases 1 and 2 have single damage D1 and D2, respectively. 

We assume that the damage size of D1, D2 is 15×15×3mm. 

The damage is modeled as a notch. In each case, the center 

frequency of input ground motion is 100kHz, and the location 

of the excitation and response points is shown in Table1. In 

the numerical analysis, we changed the location of points A 

and B to detect the damage location.  

Table 1.  Location of excitation and response points 

Case Location A(x(mm),y(mm)) B(x(mm),y(mm)) 

Case1 

location1 A1(255,200) B1(355,200) 

location2 A2(255,200) B2(170,300) 

location3 A3(255,200) B3(405,270) 

location4 A4(405,270) B4(305,200) 

Case2 

location1 A1(255,200) B1(355,200) 

location2 A2(355,200) B2(500,200) 

location3 A3(355,280) B3(405,170) 

 

 
(a)Response at point B (b)Reconstructed and input wave 

Figure 9.  Intact plate case (location1） 

 

 
(a) Location1                       (b) Location2 

 
(c) Location3                       (d) Location4 

Figure 10.  Reconstructed and input wave in case1 

 

3.4 Analysis result 

(1) Intact plate case 
First, we show the intact plate case. We carried out numerical 

analysis for 0.3ms. The acceleration response at point B1 is 

shown in Fig.9(a). The wave form at 0.03-0.06ms in Fig.9(a) 

is the direct wave, and the wave form after about 0.13ms is 

the reflected wave from the boundary. The amplitude of the 

direct wave takes its maximum value at about 0.045ms. From 

Fig.9(b), the amplitude of the input wave at point A takes its 

maximum value at about 0.013ms, it takes 0.045-

0.013=0.032ms to propagate between points A1 and B1. The 

distance between A1 and B1 is 100mm, so if we divide the 

distance by 0.032ms, we can obtain the propagation velocity 

of 3123m/s. From the Fig.5(b), the group speed at 0.6 

MHz･ mm is about 3123m/s, so the values are in good 
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agreement. Therefore, on the numerical analysis, we can 

consider that A0 mode is mainly excited. 

   Next, we carried out numerical analysis for 0.2ms to obtain 

the reconstructed wave. We only considered the wave 0-

0.09ms in Fig.9(b) and neglected the wave between 0.09-

0.2ms. The comparison of the input wave and the 

reconstructed wave is shown in the Fig.9(b). Since the 

amplitude is not important, we adjusted the amplitude of the 

input wave. From Fig.9(b), the reconstructed wave and the 

input wave is appeared at almost the same time (0.12ms), the 

wave forms are not perfectly matched, but quite similar. A 

slight waveform at 0.05ms and 0.018ms is considered to be 

the reflected wavefrom the boundary. 

 

(2) Case1 

The comparison of each reconstructed wave and the input 

wave is shown in Fig.10. We can see the time-shifted 

components due to the damage in every figure. For example, 

in the Fig.10(a), the amplitude is different from the input 

wave at about 0.07ms and 0.16ms, and that is due to the effect 

of the damage. By comparing four figures in Fig.10, we can 

know that the effect of the damage is different depending on 

the location of the excitation and the response points.  

We also investigated the effect of the frequency of the input 

wave on the results by comparing the center frequency of 

50kHz and 100kHz. We further investigated the effect of the 

damage size on the results. From the results, we found that the 

higher center frequency of the eternal force and larger damage 

make the effect of the damage more sensitive. 

   Next, we estimated the damage location. We read the time 

difference from the central time of the time-shifted 

components and the input wave. In Fig.11, we draw four 

curves that indicates a range of D that satisfies the Eq.(19). 

Four curves are intersecting near (300mm, 300mm), so we can 

know that the intersection of the four curves is compatible 

with the assumed damage location. We can read the time-

shifted components from the response at a point B, but it is 

easier to read time-shifted component on the reconstructed 

wave than the response at point B. 

 

(3) Case2 

The comparison of each reconstructed wave and the input 

wave is shown in Fig.12. In Fig,12(a), the amplitude is 

different from the input wave at about 0.05ms. Comparing 

Fig.10(a) and Fig.12(a), the time-shifted components are 

clearer in Fig.10(a) than in Fig.12(a). This reason is that 

damage exists between A1 and B1, so more reflected wave 

from the damage is measured. The other reason is that the 

response has less damping in Fig.10(a) than Fig.12(a) because 

the damage exists more nearly in Fig.10(a). From above, we 

can know that we should consider the location of the damage, 

the excitation and the response point because the time-shifted 

components depend on the relative location of them. In 

Fig.12(c), the amplitude at about 0.05ms, 0.19ms can be 

considered as the reflection from the boundary. 

Then, we estimated the damage location. In Fig.13, three 

curves are intersecting near (430mm, 300mm), so we can 

know that the intersection of three curves is compatible with 

the assumed location. 

 

 
Figure 11.  Estimation of damage location in case1 

 

 
(a) Location1                (b) Location2 

 
(c) Location3 

Figure 12.  Comparing with reconstructed and input wave in 

case2 

 

 
 

Figure 13.  Estimation of damage location in case2 

 

4 NUMERICAL ANALYSIS OF THE PLATE 

STRUCTURE WITH A RIB 

4.1 Outline of the analysis 

In this section, we carried out the analysis of a plate structure 

with a rib in Fig.14. Material is aluminum, and the excitation 

and the measurement condition is the same with the previous 

numerical analysis. The thickness of a rib is 5mm and height 

of a rib is 3mm. 

4.2 Excitation condition 

In this section, the damage is assumed to be located in the 

back side of the rib which cannot be seen directly, and the 

parameter of the damage is the same with the damage in 

section 3.  
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(a) Numerical analysis model 

 

 
(b) Excitation and response point 

Figure 14.  Numerical analysis model (with a rib) 

 

Table 2. Location of the excitation and response point 

Location A(x(mm),y(mm)) B(x(mm),y(mm)) 

location1 A1(255,200) B1(355,200) 

location2 A2(305,240) B2(305,200) 

location3 A3(155,200) B3(255,200) 

 

We assume three cases in this section (Table2). The 

relationship of the excitation point A, the response point B, 

and the damage location D1 is shown in Fig.14(b). The center 

frequency of the eternal force is determined as 100kHz. In 

location1, the damage D1 exists between the excitation point 

A1 and the response point B1.In location2, the damage D1 

exists on straight line between excitation point A1 and the 

response point B1. In location3, the damage D1 does not exist 

between A1 and B1, nor on a straight line between them. 

4.3 Analysis result 

(1) Location1 

 The result for location1 is shown in Fig.15(a)(b), Fig.15(a) is 

the intact case and Fig.15(b) is the damage case. In the intact 

case, we can see the time-shifted components at 0.08-0.1ms 

and 0.14-0.16ms, but it is considered as the reflection wave 

from the rib. In the damage case, we can see the time-shifted 

components at 0.06-0.1ms, 0.14-0.18ms, and those are 

considered as the reflection waves from the rib and the 

damage. If we have the intact case data, we can detect the 

damage by comparing the Fig.15(a) and (b). And if we don’t 

have the intact case data, we can detect the damage by 

calculating the time when the reflect wave from the rib 

measured. 

 

(2) Location2 

The result for location2 is shown in Fig.15(c). We can see a 

large amplitude at 0.09ms, but this is considered as the 

reflection wave from the rib. And the time-shifted components 

at 0.03-0.05ms and 0.13-0.15ms are considered as the effect 

of the damage. 

 
(a)Location1(intact）    (b)Location1(damaged） 

 
(c)Location2(damaged）  (d)Location3(damaged） 

Figure 15.  Comparing with reconstructed and input wave 

 

 
Figure 16.  Estimation of damage location 

 

 

(3) Location3 

The result for location3 is shown in Fig.15(d). Fig.15(d) is 

similar with the Fig.15(a). The time-shifted components at 

0.08-0.1ms and 0.14-0.16ms in Fig.15(d) is considered as the 

reflection waves from the rib. The reason why we cannot 

confirm the effect of the damage is that the selection of the 

excitation point and the response point is not suitable for the 

damage detection because the amplitude of the time-shifted 

components is not large. 

 

(4) Detecting the damage location 

Next, we read the time-shifted components for locaion1,2, and 

we drew the two curves that indicates the range of the damage 

which satisfies Eq.(19), and the result is shown in Fig.16. Two 

curves are intersecting in the assumed damage location, so we 

could estimate the damage location. 

 From the above, we could locally detect a damage that exists 

in the back side of the rib by using locations 1 and 2. The 

damage detection is possible by moving the locations 1, 2 

along the line with the rib. 

 

5 CONCLUSION 

This study deals with a damage detection method using a time 

reversal technique which does not require data at an intact 

state but only data at a current state to detect damages. The 

reconstructed wave by applying the time reversal technique is 

similar with the input wave if the plate is intact, there are 
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time-shifted components if the plate is damaged. Then, we can 

detect the damage by confirming the time-shifted components.  

From the numerical analysis results, we could verify the 

effectiveness of the proposed method in both cases. We 

should change the combination of the excitation and the 

response points to detect the damage existence and location 

because sometimes the time-shifted components on the 

reconstructed wave are not so clear. In the case of the 

structure with a rib, there are time-shifted components that are 

the reflection wave from the damage and the rib on the 

reconstructed wave. If we know the location of the rib, we can 

select the components of the reflection wave from the damage 

and detect the damage location. 
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ABSTRACT: The identification of the modal parameters from frequency response functions is a subject that is not new. 

However, the starting point often comes from the equations that govern the dynamic motion. In this paper, a novel approach is 

shown, resulting from an analysis that starts on the dissipated energy per cycle of vibration. For lightly damped systems with 

conveniently spaced modes, it produced quite accurate results in comparison to the direct application of the method of the 

inverse, for the numerical examples shown. It also is a simple technique that can be used to produce quick estimates of the 

modal damping factors. Furthermore, this is also a contribution to further developments on modal analysis and identification 

methods as, up to today, the developed technique has not yet been proposed. 

KEY WORDS: experimental modal analysis (EMA); modal identification; method of the inverse; dissipated energy. 

1 GENERAL GUIDELINES 

Modal identification seeks to obtain the global and local 

characteristics of vibrating structures using experimental data. 

This technique may be used either just to obtain the global 

characteristics (natural frequencies and damping), to directly 

derive a mathematical model of the structure or to improve a 

previously built finite element model through what is 

frequently called updating. The interest of this procedure is 

acknowledged by the scientific community and many authors 

have addressed this problem, mainly since the early seventies 

of the past century [1]. The proposed modal identification 

procedures cover different levels of sophistication and, in 

almost all cases, need the use of special software that may not 

be easy to obtain. 

In the past few years, attention has been more focused on 

Operational Modal Analysis (OMA) rather than in the more 

traditional Experimental Modal Analysis (EMA). Examples of 

later developments in OMA identification methods can be 

found, for instance, in [2-5]. In terms of EMA, later 

publications are more concerned with Engineering 

applications, as can be seen, for instance, in [6-7]. OMA deals 

with operational deflection shapes and many often make use 

of output-only measurements, this meaning that excitation 

loads are unknown. EMA makes use of both input forces and 

output responses in order to determine modal parameters and 

mode shapes. Numerous modal identification algorithms have 

been developed in the past thirty years [8]. However, even if 

in the past recent years not many advances have been seen in 

terms of EMA modal identification methods, there are still a 

few interesting results that can be derived. 

If the objective is the determination of only the global 

modal characteristics, it is possible to use simpler approaches 

producing quick estimates of the desired information. This 

issue is addressed in this paper where a new simple method is 

proposed, based on the energy dissipated per cycle of 

vibration. The proposed methodology showed to be a robust 

estimator provided the systems under analysis are not heavily 

damped and the modes are sufficiently separated so that their 

mutual interference may be assumed as negligible. 

This paper presents the proposed new methodology and 

applies it to numerical examples, showing that it yields 

reasonably accurate results. 

2 THEORETICAL DEVELOPMENT 

2.1 Definitions 

The concept of a complex stiffness in vibration problems with 

viscous or structural (hysteretic) damping is something that 

has been known for decades. Most often the complex stiffness 

is defined as the sum of the stiffness itself ( , real part) and 

the damping coefficient ( , imaginary part): 

         (1) 

To find the real and imaginary parts of the complex 

stiffness, it is easier if the more conventional viscous damping 

model is firstly introduced. The well-known second order 

differential equation of motion - for a single degree of 

freedom system - is given by: 

                  (2) 

where   is the mass,   is the viscous damping coefficient,   

is the stiffness,   is the amplitude of the oscillatory force and 

  is the time variable. When excited by an harmonic force at 

frequency  , it can easily be proven (and most fundamental 

texts on vibration theory show it, for instance [1,9]) that for 

each vibration cycle the system dissipates – through its 

viscous damper – a quantity of energy directly proportional to 

the damping coefficient, the excitation frequency and the 

square of the response amplitude  : 

A contribution to the modal identification of the damping factor 

based on the dissipated energy 
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       (3) 

where        is the time period of oscillation. However, 

experimental evidence from tests performed on a large variety 

of materials show that the damping due to internal friction 

(material hysteresis) is nearly independent of the forcing 

frequency but still proportional to the square of the response 

amplitude [10], i. e.: 

           (4) 

where   is a constant. Therefore, from equations (3) and (4) 

the equivalent damping coefficient is: 

   
 

  
 

 

 
 (5) 

In such conditions, equation (2) can be re-written as: 

     
 

 
            (6) 

As        for a harmonic vibration, the previous equation 

may be re-written as: 

                   (7) 

where 

       (8) 

is known as the hysteretic damping ratio or damping loss 

factor. The quantity: 

            (9) 

is the same complex stiffness as initially described in 

equation (1).  

The latter formulation (7) leads to the conclusion that the 

dissipated energy per cycle of vibration is independent of the 

forcing frequency. 

2.2 A novel approach to the determination of the hysteretic 

damping coefficient in SDOF systems 

The experimental measurement of the hysteretic damping 

factor can be carried out by means of cyclic force-

displacement tests in the elastic domain [11]. Following the 

reasoning presented earlier, it is easy to show that the energy 

dissipated per cycle of oscillation is given by the ellipse area 

of the force-displacement plot during a complete cycle. 

Rearrangement of equations (3), (5) and (8) lead to: 

            (10) 

This area, the integral of the force along the displacement, 

corresponds to the non-conservative work done per cycle. In 

other words, in a plot of force vs displacement at a given 

frequency, damping can be seen as a mechanism that 

introduces a lag between force and displacement and shows 

up as an elongated ellipsis [10,11]. In fact, from [12], it can 

also be shown that the dissipated energy can be written as: 

               (11) 

where θ is the phase angle between the force and the 

displacement response. From equations (10) and (11) a 

relationship between the hysteretic damping coefficient, the 

displacement, the force and the phase angle can be established 

as: 

   
 

 
        (12) 

For harmonic motion, the ratio between the force and the 

displacement is a transfer function often referred to as 

Dynamic Stiffness [1]. Usually, in experimentation, one 

measures the Receptance instead, which is the inverse of the 

Dynamic Stiffness: 

      
    

    
 (13) 

The quantities      and      are the complex response 

and force with amplitudes      and       respectively, both 

a function of the angular frequency  . If the amplitude of the 

receptance is represented by     , then equation (12) can be 

re-written more conveniently as:  

               (14) 

This equation suggests that the hysteretic damping 

coefficient   can be simply determined from the measurement 

of the amplitude and phase of the receptance. Once the 

stiffness is known, equation (8) allows determining the 

hysteretic damping factor  . 

2.3 Determination of the damping factor from the damping 

coefficient in SDOF systems 

Considering a SDOF system, the receptance (13) may be 

written as [1]: 
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 (15) 

If the method of the inverse is applied, one obtains: 

 
 

    
            (16) 

Where the imaginary part is: 

    
 

    
    (17) 

Equation (17) is an alternative form to the equation (14) 

presented in this paper and will be used for comparison 

purposes. This equation has been represented in [9] on the 

Argand plane and a least-squares best fit of a straight line was 

suggested to be constructed through the data points in order to 

estimate the damping parameter from the interception of the 

line with the imaginary axis. 

Consider, now, the real part of equation (16): 

    
 

    
        (18) 

This equation (18) is a straight line of the real part of the 

dynamic stiffness with respect to   , with a negative slope   

and the interception of the line with the  -axis leads to  . 

Once these values are known, the damping factor can finally 

be determined from (8) – whether the damping coefficient has 

been determined by (14) or (17) - and the natural frequency 

can be estimated from: 

     
 

 
 

(19) 

 

2.4 Generalisation to MDOF systems 

The previous approach is not very useful since most real 

systems are MDOF, so it must be generalised. It is well 

known that, in an MDOF, the overall receptance is the sum of 

each individual DOF contribution: 

       
     

      
     

 

 (20) 

where     is the modal constant for mode   and each mode 

has its own modal stiffness   , modal mass    and modal 

damping coefficient   . 

A few simplifications are now convenient. First, consider 

that the numerator on equation (20) can be assumed as a real 

quantity. At the vicinity of a resonance, equation (20) is 

mostly dominated by the corresponding mode and is, 

approximately: 

       
    

      
     

     (21) 

in which     is a complex constant that takes into 

consideration the influence of all the other modes at the 

vicinity of mode  . Also, consider that the modes are 

sufficiently spaced and that the receptance is available at 

points that are far away from nodal lines. In such a case, the 

influence from other modes is small when compared to the 

resonant mode and the following approximation can be made: 

       
    

      
     

 (22) 

Equation (22) resembles the equation of a SDOF with a real 

modal constant. 

If the method of the inverse is, again, applied, and because 

the simplification that the modal constant is a real number, 

one obtains: 

 
 

    
 

       

    
  

 

    
 (23) 

where the real part is given by: 

    
 

    
  

  

    
   

  

    
 (24) 

The natural frequency can now be determined in a similar 

away as with (19) and is independent of the modal constant: 

     
         

         
  

  

  
 (25) 

Thus, as long as the modes are sufficiently spaced in 

frequency and the modal constant is real (or its imaginary part 

is small in comparison to its real counterpart), this method 

suggests that the natural frequencies can be determined with a 

reasonable degree of accuracy. 

For the determination of the damping coefficient, the 

reasoning is similar. Again, it is assumed that an MDOF can 

be described as the sum of the contribution from several 

independent SDOFs. In such a case, and taking into 

consideration (11), the overall dissipated energy at each 

frequency   is: 

 

                    

 

                      

 

 

(26) 

For lightly damped SDOF systems, the phase      has a 

value close to zero before the resonance and 180° after the 

resonance. In any of these cases,            . However, at 
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the resonant frequency the phase       switches from 0° to 

180° assuming values close to 90°, which means that, at the 

resonant frequency,             . In other words, near a 

natural frequency, the dissipated energy (26) assumes a form 

that resembles the one of a SODF: 

 
        

                        
(27) 

in which   is a constant that takes into consideration the 

energy that is being dissipated by other modes. For lightly 

damped systems             and   can be assumed close 

to zero. 

This behaviour of           also suggests that equation 

(14) can be used to determine the damping coefficient with a 

certain degree of accuracy in the vicinity of a mode, at least 

for lightly damped systems and as long as the mode shapes are 

sufficiently spaced. 

3 NUMERICAL EXAMPLES 

3.1 Numerical Setup 

The performance of equation (14) was compared to equation 

(17). For a matter of simplicity, these methods are going to be 

referred as method of the “slope” and method of the 

“intersection” throughout this paper, respectively. In both 

cases, the modal hysteretic damping factors were determined 

using (8). The modal stiffness and modal mass were estimated 

from a least-squares best fit from equation (24), in which the 

stiffness parameter is estimated from the interception of the 

line with the imaginary axis and the modal parameter is 

estimated from the slope of the line. 

A set of different numerical examples were built using 

equation (20), but covering different scenarios. The different 

cases are described in table 1: 

 Case 1 is a SDOF with real modal constant 

 Case 2 is a 2DOF with real modal constants 

 Case 3 is a 2DOF with complex modal constants and a 

heavily damped mode 

In the following sections, the results for the identification of 

the hysteretic damping factors are going to be discussed. In 

particular, four types of pictures are going to be analysed: 

 Plot of the amplitude of the receptance vs frequency 

 Plot of        vs the amplitude of the receptance 

(equation (14)) 

 Plot of the imaginary part vs the real part of the the 

dynamic stiffness 

 

Table 1: Modal properties used in the numerical examples. 

Case 

Mode 1 Mode 2 

Modal 

Constant 1         

Modal 

Constant 2         

Real Imag Real Imag 

1 10e3  20 0.05 - - 50 0.01 

2 10e3  20 0.05 -5e3 -5e3 50 0.01 

3 10e3 10e3 20 0.5 -5e3 -5e3 50 0.01 

 

3.2 Case 1 – SDOF with real modal constant 

 

Figure 1: Numerical results of an SDOF with a real modal 

constant -        and       . 

 

The results for the numerical example of an SDOF with a real 

modal constant are presented in figure 1. First of all, it can be 

observed that the plot of           vs the amplitude of the 

receptance (top right plot) is a straight line intersecting the y-

axis at the origin. This suggests that the hysteretic damping 

coefficient   in equation (14) actually is the slope of this line, 

which can be estimated constructing a least-squares best fit 

through the data points. The hysteretic damping factor is then 

determined from (8). 

For this numerical example, both the “slope” and 

“intersection” methods produced exact solutions, although the 

method of the “intersection” looks to be slightly sensitive to 

numerical instability. 

3.3 Case 2 – 2DOF with real modal constants 

For a 2 DOF system with real modal constants, the results 

presented in figure 2 show that it is not possible to make the 

identification of the modal parameters using the whole 

frequency span at the same time as it was for a SDOF. This 

problem is not new and has been circumvented in many other 

methods by zooming in around the natural frequencies’ 

bandwidth. However, one interesting feature of the method of 

the “slope” is that the two modes are visible on the upper right 

corner plot. This is due to the modal constants having 

opposing signals and, as a consequence, the slopes have 

opposing signals as well. 

Figures 3 and 4 are close-ups at 20Hz and 50Hz, the two 

resonances respectively. In these two cases the hysteretic 

damping factor and natural frequency are determined, again, 

with a very high degree of accuracy (<1% error), regardless of 

the method used. 
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It is important to notice, however, that a different number of 

points was selected for the modal identification from 

identification in figures 3 to figure 4. One of the reasons is 

that the bottom-left corner plot in figure 4 is not “as linear” as 

the corresponding one in figure 3. Also, the top-right corner 

plot in figure 4 is not “as sharp” as the corresponding one in 

figure 3. This is because of the influence of the modes in each 

other. Because of this lack of sharpness in the “slope” method, 

the identification was carried out centred at the natural 

frequency (same number of data points to the left and to the 

right). These suggest that the method of the “slope” is more 

sensitive to the experience of the user than the method of the 

“intersection”, as the latter one does not need to be centred at 

the natural frequency. 

 

 

 

Figure 2: Numerical results of an MDOF with real modal 

constants -        ,        ,         and        . 

 

 

Figure 3: Numerical results of an MDOF with real modal 

constants, close to the 1st resonance -         and    
    .  

 
 

Figure 4: Numerical results of an MDOF with real modal 

constants, close to the 2nd resonance -         and 

       . 
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3.4 Case 3 – 2DOF with complex modal constants and a 

heavily damped mode 

One of the problems associated to many of the modal 

identification methods – and the one presented herein is not 

exempt from this – is that they are mostly effective for lightly 

damped systems. In this section, an MDOF with complex 

modal constants and a heavily damped mode (mode 1 at 20Hz 

with a hysteretic damping factor 10x greater than in the 

previous sections) is discussed. Figures Erro! A origem da 

referência não foi encontrada. and Erro! A origem da 

referência não foi encontrada. are close-ups at 20Hz and 

50Hz, the two resonances respectively. Again, the method of 

the “slope” produced much better results (10% error) than the 

method of the “intersection” (93% error). The error was even 

smaller than the one obtained for the estimate of the 1st 

mode’s natural frequency (15% error), which typically is the 

most accurate quantity to determine. 

 

4 CONCLUSIONS 

A novel method for the identification of the modal damping 

factor from FRFs was presented. It is based on the dissipated 

energy per vibration cycle and on the well-known method of 

the inverse. For lightly damped systems with conveniently 

spaced modes, it allows determining the modal damping 

factors in a simple way from the receptance FRFs and with a 

reasonable degree of accuracy. Due to lack of a better term, it 

was called method of the “slope” within the context of this 

paper. 

In comparison to the traditional method of the inverse, in 

which the damping coefficient is determined from the 

imaginary part of the dynamic stiffness (herein called method 

of the “intersection”), the method of the “slope” seemed to be 

slightly sturdier to numerical instability. Also, this method 

seemed to be much less sensitive to the modal constants, 

especially when these are complex quantities with large 

imaginary parts. Both methods work better for lightly damped 

systems, although the method of the “slope”, again, seemed to 

perform better with more heavily damped systems. However, 

in terms of limitations, the method of the “slope” is more 

sensitive to the experience of the user than the method of the 

“intersection”, because the number of points chosen to the 

right or to the left may have a strong influence on the quality 

of the identification, whereas for the method of the 

“intersection” this is not as relevant. 

 

 

 

Figure 5: Numerical results of an MDOF with complex modal 

constants, close to the 1st  resonance (heavily damped) - 

        and       . 

 

Figure 6: Numerical results of an MDOF with complex modal 

constants, close to the 2nd resonance -         and 

       . 
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ABSTRACT: The initiation and development of damage such as cracks in an engineering structure under dynamic loadings is a 
typical nonlinear process. Strictly speaking, the conventional vibration and eigenvalues extraction based damage identification 
approaches are suitable for linear systems only. In this paper, based on a double Chebyshev polynomial model, a time-domain 
NRF identification approach is proposed for identifying the structural nonlinearity as well as the mass distribution under 
incomplete dynamic loadings. The feasibility and robustness of the proposed approach is validated via a numerical MDOF 
structure equipped with a shape memory alloy (SMA) damper whose restoring force is modeled by a double-flag-shaped nonlinear 
model. Results show that the proposed approach is capable of identifying the mass distribution and structural nonlinearity, and 
could be potentially used for monitoring damage initiation and propagation processes during vibration of engineering structures 
under dynamic excitations. 

Key words: Damage identification; Nonlinear restoring force; Double Chebyshev polynomial model; Incomplete excitations; 
Double flag-shaped nonlinear model; SMA damper.

1 INTRODUCTION 
Due to the rapid increase in the number of deteriorating 
structures and damaged structures under strong dynamic 
loadings such as earthquakes, it is crucial to evaluate their 
current reliability, performance, and condition for the 
prevention of potentially catastrophic events, as well as for 
remaining life estimation, retrofitting and strengthening. The 
development of vibration-based structural damage detection 
approach has been one of the most active research areas in civil 
and infrastructural engineering for life-cycle performance 
evaluation and maintenance. Much progress has been made in 
this area and comprehensive literatures can be found [1-3].  
  In most of the nonlinearity-identification approaches, all 
excitations (inputs) applied to the degrees of the nonlinear 
structural system are assumed to be known and available for 
the nonlinearity identification. However, in many practical 
situations, it is either too difficult to excite all of the DOFs of an 
engineering structure especially the complex and large-scale 
structures, or not easy to obtain the complete measurements of 
the external excitations due to inaccessibility and the limitation 
of the number of available sensors. More recently, based on the 
basic idea of equivalent linearization and the symmetry of the 
identified stiffness matrix, Xu et al. proposed a data-based 
model-free hysteresis identification approach for nonlinear 
systems under incomplete excitations [4, 5]. By employing the 
power series polynomial model (PSPM) for the representation 
of the structural nonlinearity, Xu et al. proposed a time-domain 
data-based approach for identifying the nonlinear restoring 
forces under spatially incomplete excitations [6]. Moreover, He 
et al. developed nonlinear identification approach for simult- 
aneously identifying the NRF and the partially unknown 
excitations by the combination of the PSPM and adaptive 
iterative least-square estimation [7].  

In this paper, a double-Chebyshev polynomial modeling 
involving the instantaneous values of the state variables of a 
MDOF structural system is proposed to represent the system 
nonlinearities. The results show that though the constitutive 
model of the structural members and the structural mass 
distribution are both assumed to be unknown, the proposed 
method could still identify NRF with acceptable accuracy, and 
it provides a promising approach for damage detection where 
structural nonlinearity needs to be considered. 

2 THE DOUBLE CHEBYSHEV POLYNOMIAL MODEL 
(DCPM)-BASED APPROACH 

In most of the currently available vibration-based damage 
detection algorithms, the damage is identified in the form of the 
decrease in structural stiffness by the use of structural 
parameters identification and model updating algorithms, using 
eigenvalues or eigenvectors extracted from the structural 
dynamic response time histories. Strictly speaking, the 
approaches based on eigenvalues extraction are suitable for 
linear structures only. Instead of stiffness, restoring forces can 
describe the linear and nonlinear behavior of structures or 
structural members under dynamic loadings directly, and 
moreover, the hysteresis curve (typically found in all structural 
materials undergoing significant deformations) can be 
employed to evaluate the energy dissipated during vibration, 
and to identify the damage initiation and development process 
quantitatively. The identification of restoring forces is more 
meaningful for nonlinear structures. Unfortunately, the 
restoring force of a structure under dynamic loadings cannot be 
measured directly, and the restoring force model of a certain 
structure such as an RC structure in civil engineering is hard to 
know a priori and too difficult to be modeled in a parametric 
model accurately. Consequently, efficient and general restoring 

Identification of SMA dampers nonlinear restoring force of incompletely excited 
MDOF structures with double polynomial model 
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force identification methodologies using structural dynamic 
measurements are crucial for damage detection, life-cycle 
performance evaluation, remaining service life forecasting and 
even retrofitting and strengthening of engineering structures 
after dynamic loadings. 

Consider a discrete n-DOF lumped-mass chain-like 
structural system incorporating nonlinear non-conservative 
dissipative members and subjected to directly applied forces 
P(t). The motion of this nonlinear system can be governed by 
the following equation of motion: 

( ) [ ( ), ( ), ] ( )nonMx t R x t x t g P t+ =&& &          (1) 

where x(t) is the displacement vector of order n, M is the 
constant matrix that characterizes the inertia forces, 

( ) ( ), , R x t x t g⎡ ⎤⎣ ⎦&  is the nonlinear non-conservative 

restoring force vector, g is the vector of system-specific 
parameters, and P(t) is the directly external forces, 
respectively. 

In this study, the NRF of the system is assumed to be 
expressed in a general double Chebyshev polynomial form as 
shown in the following equation: 

( ) ( )

( ) ( )
, -1 , -1 , -1 . -1

, -1, , , -1 , -1
=0 =0

, , , , i i i i i i i i

qk
non
i i h j h i i j i i

h j

R x t x t g R v s g

g T v T s

⎡ ⎤≈⎡ ⎤⎣ ⎦ ⎣ ⎦

′ ′≈ ∑∑

&

  (2) 

where ( ) ( ), -1 , ,i iR x t x t g⎡ ⎤⎣ ⎦&  is the NRF between the i-th 

DOF and the (i-1)-th DOF, , -1, ,
non
i i h jg

 is the coefficient of the 
polynomial, k and q are integers which depend on the nature 
and extent of the nonlinearity of the system, and T(α) is the 
first kind of Chebyshev polynomial, vi,i-1 and si,i-1 are 
relative-velocity and relative-displacement vectors between 
two adjacent DOFs of i and i-1, i.e. for a chain-like 
lumped-mass system, vi,i-1 and si,i-1 are the inter-story velocity 
and inter-story displacement vectors and can be defined as 

11, −− −= iiii xxv &&
, 11, −− −= iiii xxs

. 
The Tn(α) is orthogonal to each other on the interval [-1, 1]. 

Because the dynamic response is not exactly within the interval 
[-1, 1], the measured data of dynamic response should be 
normalized and be mapped onto the appropriate region of [-1,1] 
by the linear transformations as follows:  

( )
( )
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, -1, max , -1, min

- + 2
=

- 2
i i i i i i

i i

i i i i

v v v
v

v v
′            (3) 

( )
( )

, -1 , -1, max , -1, min
, -1

, -1, max , -1, min

- + 2
=

- 2
i i i i i i

i i

i i i i

s s s
s

s s
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Consequently, the equation of motion for each DOF can be 
rearranged as follows: 
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     (5) 

Since there is only one term of 1 in the i-th DOF, the 
corresponding coefficients of the i-th DOF can be identified by 
implementing least-square algorithms. According to the 
relationship between the action force and the reaction force, the 
following equation exists, 

( ) ( )

( ) ( )

, -1, , , -1 , -1
=0 =0

-1, , , -1, -1,
=0 =0

= - 

qk
non
i i h j h i i j i i

h j

qk
non
i i h j h i i j i i

h j

g T v T s

g T v T s

′ ′

′ ′

∑∑

∑∑
         (6) 

Consider the nonlinear system mentioned above under 
arbitrary incomplete excitations, the rank of P(t) defined in 
Equation (1) will be less than the order of n. Consequently, the 
unknown coefficients including the mass distribution cannot be 
uniquely determined by implementing least-square algorithms 
directly. With loss of the generality, assume the n-th DOF of 
the structure is not excited and the (n-1)-th DOF of the 
structure is excited, the equation of motion of the n-th and the 
(n-1)-th DOF can be written in the following two equations 
respectively, 

, 1, , , 1 , 1
0 0

( ) - ( ) ( )
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non
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= =

− − − −
= =

′ ′+
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∑∑

∑∑

&&
    (8) 

The algebraic coefficients including the mass of the (n-1)-th 
DOF and the nonlinear restoring force between the (n-1)-th 
DOF and the connecting DOFs can be identified with an 
optimization algorithm such as least-square techniques using 
the applied excitations and the corresponding normalized 
response time series.  

For the n-th DOF which is not excited, its mass can be 
identified according the following Equation (9) with linear 
fitting technique.                      
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Then, the algebraic coefficients including the mass of the 
DOFs excited and the corresponding nonlinear restoring force 
can be identified using least-square techniques in sequence 
with the normalized dynamic measurement and excitation 
information. The mass of the DOF with no excitation applied 
can be identified based on the nonlinear restoring force 
between it and the DOF with excitation. The process can be 
carried out in sequence until all of the mass distribution of the 
structure and the nonlinear restoring force can be identified.  

3 NUMERICAL SIMULATION VALIDATION 

3.1 Description of the 4-DOF nonlinear numerical model 
with a SMA damper 

To illustrate the accuracy of the proposed DCPM-model 
approach, a 4-DOF nonlinear lumped-mass structure equipped 
with an SMA damper is considered as a numerical simulation 
example as shown in Fig. 1. Each story of the model is 
associated with one horizontal DOF. The properties of the 
linear part of the structure without the SMA damper are 
mi=300kg, ki=4×105N/m, and ci=200N×s/m, (i = 1, 2, 3, 4). In 
order to mimic the nonlinear behavior of the numerical model, 
an SMA damper, which is widely used as a typical energy 
dissipation device in engineering structures for vibration 
control, is introduced on the 4th floor of the numerical model as 
shown in Fig. 1. 

M3

M2

M1

M4

K4,C4

K3,C3

K2,C2

K1,C1

  SMA
Damper

 
Fig. 1 4-DOF nonlinear numerical model 

3.2 Identification of NRF provided by SMA damper under 
incomplete excitations 

SMA has unique shape memory effect, super elastic property, 
high damping, good durability and corrosion resistance, and 
provides the characteristics of large deformations and that the 
deformations can be restored, so it is widely used in the field of 
building structural vibration control [8, 9]. SMA has the 
distinctive nonlinear characteristics and in this study a double 
flag constitutive model for the numerical simulation of the 
restoring force characteristics is adopted [10-12]. 
   

 
Fig. 2 Hysteretic model of SMA damper 

  The expression of the SMA damper is given by the 
following equations:  
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  (10) 

where k1 and k2 are the stiffness coefficient, sgn(*) is the sign 
function and S is relative-displacement vectors. In this 
example, the following numerical values for the SMA damper 
model are used: k1=1.5×104N/m k2=3.0×104N/m, Sb=0.006m, 
Sa=0.4×Sb. The hysteretic model of the SMA damper is shown 
in Fig. 2.                                    

3.3 Case1: noise-free 

In order to verify the performance of the proposed approach for 
nonlinearity identification when the structure are partially 
excited, only the 3rd floor of the model is assumed to be 
excited by a set of random excitations. The corresponding 
responses of the system are determined by the Newmark-β 
method and considered to be noise-free in this case. 

The relative-velocity and relative-displacement can be easily 
obtained and are mapped onto an appropriate region by the 
linear normalization approach according to Equations (3) and 
(4). Based on the time-domain measurements of the excitation 
and the normalized response, the expression of the force 
applied on the 3rd floor can be determined according to 
Equation (8). 

It should be noted that the aforementioned identified NRF is 
equal to the summation of the elastic restoring force, the 
damping effects of the linear structure, and the nonlinear 
member force. In practical situations, it is almost impossible 
to directly measure the total NRF of the structure. However, 
the SMA damper force could be measured by the equipment 
e.g. force transducer, and be used for the investigation of the 
reliability of the identified total NRF. From this point of view, 
the SMA damper force is further determined by subtracting 
the linear elastic restoring force and structural damping force 
alone from the identified total NRF. The comparison of the 
identified SMA damper forces with the corresponding actual 
ones is shown in Fig. 3. Note that identical amplitude scales are 
applied to all the plots. It is easily seen from Fig. 3 that the 
SMA damper should be located on the 4th floor because the 
identified SMA damper forces on the other floors are very 
close to zero.  

a 
b 

c 

d 

a’ c’ 

b’ d’ 

F 

S 
Sa S b Sc Sd 
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To further investigate the effectiveness of the proposed 
DCPM-based approach, another nonlinear identification 
approach i.e. PSPM-based approach [6] is employed herein and 
compared with the proposed approach. The errors of the 
identified SMA damper force by the PSPM-based approach are 
plotted in Fig. 4 as a solid line whereas those by the proposed 

PSPM-based approach are shown as a dashed line. For ease and 
clarity of comparison, only the time segment from 0.57s to 
0.63s is given in Fig. 4. It can be seen that the identified errors 
determined by the proposed methods are relatively smaller than 
those of the PSPM-based approach. Similar results can be 
found in the remaining time segments.

 

 
 (a)                               (b) 

 
 (c)                              (d) 

Fig.3 The SMA damper force (noise-free): (a) on the 1st floor; (b) on the 2nd floor; (c) on the 3rd floor; (d) on the 4th floor
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Fig.4 Comparison of identification error from different 

methods 

3.4 Additional case: 3% noise level in dynamic response 
measurements 

In practical situations, the noise is inevitable to be included in 
the response measurements. From this point of view, in order 
to investigate the robustness of the proposed approach, it is 
necessary to consider the effect of the noise. In this case, the 
identical random excitation is employed, and all the structural 
response measurements are simulated by the theoretically 
computed responses superimposed with the white noise with a 
3% noise-to-signal ratio in terms of root mean square (RMS). 
Similar procedures shown in the previous section are 
implemented to identify the NRF of the system and SMA 
damper force. The SMA damper forces in this case are plotted 
in Fig. 5. It is obvious from Fig. 5 that the SMA damper 
should be located on the 4th floor because the SMA damper 
forces on the 1st, 2nd, and 3rd floor are close to zero.  

 

 
(a)                             (b) 

 

 (c)                          (d) 

Fig.5 The SMA damper force (3% noise): (a) on the 1st floor; (b) on the 2nd floor; (c) on the 3rd floor; (d) on the 4th 
floorMoreover, it can be also found from Fig. 5(d) that the identified SMA force has good agreement with the simulated one, 

even the response measurements are contaminated by 3% noise.
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4 CONCLUDING REMARKS 
In this paper, based on a double Chebyshev polynomial model, 
a time-domain NRF identification approach is proposed for 
identifying the structural nonlinearity as well as the mass 
distribution under incomplete dynamic loadings. The 
feasibility and robustness of the proposed approach is validated 
via a numerical MDOF structure equipped with a shape 
memory alloy (SMA) damper whose restoring force is modeled 
by a double–flag–shaped nonlinear model. Results show that 
the proposed approach is capable of identifying the mass 
distribution and structural nonlinearity, and could be 
potentially used for monitoring damage initiation and 
propagation processes during vibration of engineering 
structures under dynamic excitations. 

A distinguishing feature of the proposed nonlinear restoring 
force identification approach is that, other than the assumption 
of chainlike topology, it does not need information about the 
structure (such as structural characteristics or model class) and 
only the applied excitations on part of the DOFs of the structure 
and the corresponding response measurements are required. It 
provides a general methodology for the identification of NRFs 
of engineering structures, which can be used for the monitoring 
of damage initiation and development, and for evaluation of 
damage severity of engineering structures under dynamic 
loadings, where significant nonlinearities may be induced. 
Future studies should include further investigation on the 
performance of the proposed approach on structural systems 
with different classes of incorporated nonlinearities in a 
distributed system and the experimental validation with 
dynamic test measurements. 
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ABSTRACT: The methods of vibration based, non-destructive damage evaluation, aiming at reconstructing stiffness 
distributions are particularly needed for structures, for which the localized damage is difficult to define. (e.g. reinforced concrete 
beams and frames). The newly developed rotation rate sensors may help in such formulated Structural Health Monitoring  
(SHM) in civil engineering. The paper presents an analysis of a non-destructive damage detection method formulated to 
„reconstruct” changes in stiffness distribution of structures based on measuring their rotations in harmonic vibrations. A hybrid 
genetic-optimization reconstruction strategy with Levenberg-Marquardt local search is applied with rotational measurements 
added to the measurements of traditional transversal vibrations. A simulated numerical example of reconstructing stiffness loss 
for a portal frame proved particular effectiveness of using rotational measurements in stiffness reconstructions. Next results of 
experimental evaluation of the effectiveness of this method in small laboratory scale are presented. The experiment carried out 
for small cantilever beams made of plexi further demonstrated that even measuring only rotation rates can be better than the 
reconstructions based on classic translational, acceleration amplitudes. At this moment the rotation sensors are still rather 
expensive and with limited range and accuracy. However with the time passing by their quality will improve and price decrease 
making them very effective instruments in SHM. 

KEY WORDS: Structural Health Monitoring, Inverse Problem, Stiffness Reconstruction, Harmonic Vibration, Rotation 
Measurements. 

1 INTRODUCTION 
When one is trying to locate damages in structures by 
observing changes in their natural modes it appears that the 
observed stiffness losses are much better reflected in the 
variations of spatial derivatives of the modes than in the 
modes themselves. On the other hand, numerical 
differentiation of these modes introduces such substantial 
noise, that in spite of using special smoothing techniques, 
effective damage location is still very difficult (see e.g. papers 
by Maek, DeRoeck [1] and Ndambi et al. [2]). For some time 
however, new techniques of directly measuring angle 
variations appeared (see e.g. [3]) and nowadays matured to 
achieve angle resolution of 10-3 degree. Thus, in addition to 
transversal accelerations now it is possible to measure angle 
variations along the bar axis during vibrations of the 
structures. This way, the changes in curvature of the axes of 
the bars of the structures can be obtained almost directly.  
Numerical simulations to investigate potential advantages of 
these new angular measurements. already appeared in the 
literature and the effectiveness of including rotations in 
conventional modal analysis was confirmed (Abdo and Hori 
[4], Kokot and Zembaty [5]).  This paper presents in detail the 
method of stiffness reconstruction based on measuring 
rotation rates of bar structures in harmonic vibrations as well 
as numerical simulations and experimental evaluation of this 
new method of SHM.  

2 FORMULATION OF THE PROBLEM 
Most of damage detection methods aim at localizing single or 
multiple damages of the structures. However, when it comes 

to monitor typical civil engineering buildings like masonry or 
reinforced concrete structures, such simple, localized cuts 
usually do not occur (Zembaty et al. [6]). Thus the main 
subject of structural health monitoring for civil engineering 
structures is to monitor changes in their stiffness distributions 
using methods belonging rather to the finite element update 
techniques (Friswell, Mottershead [7]) than to the classic 
modal methodology. In what follows this problem is 
formulated in terms of minimization procedure of a norm 
comparing measured harmonic vibrations of the structure and 
its finite element response. It should be noted that the 
harmonic excitations proved to be very effective for such 
defined damage detection of the structures (see e.g. Liu and 
Chen [4] and Swiercz et al [8]). 
Consider familiar equation of motion of a discrete dynamic 
system excited by a vector of forces P(t): 

                         )(tuuu PqKqCqM =++ ...
                  (1) 

 
where superscript u indicates that the structure vibrates in an 
‘undamaged’ state while M, C, K stand for the inertia, 
damping and stiffness matrices respectively. When the 
structure is damaged its matrices of inertia, damping and 
stiffness are modified and denoted using superscript ‘d’ as 
being in the ‘damaged’ state:  Md, Cd and Kd. Assuming 
small, diagnostic vibrations, equation (1) can be written as 
follows: 
 

Application of rotation rate sensors in structural health monitoring 
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                       )(tddd PqKqCqM =++ ...
                    (2) 

 
One can also assume that damage does not change the 

matrix of inertia i.e. Mu=Md=M. Now assume also that the 
excitation forces are harmonic with amplitude vector P0 and 
that small structural response out of the resonance frequencies 
zones is analyzed, so that damping effects may be neglected. 
This leads to following equation of motion: 
 

                                
iptd e0PqKqM =+..

                         (3) 

 
in which the excitation vector is written in format of complex 
harmonic term with angular frequency of excitations p [rad/s]. 
In Fig. 1, a fragment of a beam structure under harmonic 
excitations is presented. The structure is divided into finite 
elements k-1, k, k+1 etc. The generalized coordinates qi, qi+1, 
qi+2, are assumed along the measurement directions and 
include also rotational degrees of freedom. 
 

 

Figure 1. Fragment of a beam structure under harmonic 
excitations with translational and rotational degrees of 

freedom. 

 
Eq. (3) can now be solved using familiar algebric matrix 

equation with respect to the unknown response amplitude 
vector u:  
 

                            ( ) 0
2  PuMK =− pd

                         (4) 
The global stiffness matrix can calculated using the Finite 

Element Method (FEM) with contributions from all respective 
finite elements: 
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where n is the number of all discretized elements. At this 
stage one can introduce the key parameters of this analysis 
which are non-dimensional stiffness reduction factors  αi 
which describe relative stiffness loss due to accumulated 
damages (0≤αi≤1). 
Substituting eq.5 into eq. 4 one obtains:  
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Eq. 6 can be applied to find the vector of the amplitudes of 

displacements u in terms of the vector of driving force 

amplitudes P0, when the FEM model of the structure is 
prepared.  

Consider now the norm J measuring difference between 
vectors of the amplitudes uc calculated using Finite Element 
Method and the vector of amplitudes um measured in the 
actual structure: 
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where nd is the number of measured displacement amplitudes. 
Finding minimum of eq. 7a the vector of stiffness reduction 
factors α describing the actual state of damage can be 
obtained. This reconstruction procedure requires the structure 
to be excited and to acquire all the amplitudes along dynamic 
degrees of freedom of the structure. However since these are 
harmonic vibrations the measurements can be done 
sequentially using even a single measurement device which 
makes the entire experiment even more feasible. 

The classic FEM analysis of beams and frames defines 
structural response only in terms of translational coordinates, 
while the rotational degrees of freedom are removed from the 
global stiffness matrix by static condensation. Thus the vector 
of structural responses can easily be kept wider by including 
the selected, required rotational degrees of freedom (not 
condensing them out), which can be measured together with 
the translations. In this case instead of equation (7) we will 
have  
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where ndr denotes the number of translational and (selected for 
measurement) additional, rotational degrees of freedom. A 
comparison of the effectiveness of minimization of 
functionals given by Eq. (7a) or (7b) using Genetic 
Algorithms and Levenberg-Margquardt local search (GA L-
M) will be the subject of the numerical analysis that follows. 
This algorithm first searches for the global solution by using 
Genetic Algorithm and later refines the results by Levenberg – 
Marquadt least squares technique. The detailed description of 
the applied GA L-M numerical algorithms can be found in the 
paper by Kokot and Zembaty [10]. 

When detecting multiple damages the measures of 
effectiveness of the damage reconstruction is not unique. In 
this study two measures of effectiveness are defined: 
The Weighted Average Error (WAE):.   
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measuring the difference between computed and assumed 
vectors of stiffness reduction factors of the structure being 
reconstructed, where the summation takes place over all the 
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discretized elements ne. The Maximum Error (ME) between 
actual (assumed) and computed stiffness distribution: 
 

                            

d
i

a
i

i
αα −= maxME

                    (10)
 

The above symbols αi with superscripts a and d denote 
respectively the ‘assumed’ and ‘detected’ stiffness losses. 

3 SIMULATION RESULTS 
To test the proposed algorithm one can apply a computer, 
FEM model of a structure and try to locate the damages by 
calculating its harmonic response, minimizing eqs. 7 and 8 
and observing effectiveness of reconstruction using formulas 
(9) and (10).  
Consider a simple portal frame. Its finite element model is 
shown in Fig. 2.  
 

 

Figure 2. FEM model of portal frame. 

The flexural properties of the beam are typical as for the 
reinforced concrete structures, with 0.2m×0.3m cross section, 
Young modulus 25GPa and concrete density ρ = 2500 kg/m3.  
 

 

Figure 3. Damage scenario of 10% stiffness loss in finite 
elements 4-7. 

The excitation harmonic force with frequency 
pf=p/2π=3.8Hz is exerted between elements 5 and 6 (Fig. 3).  
The GA, L-M numerical procedure is now used to reconstruct 
damage scenario of four 10% bending stiffness losses shown 
in Fig. 3. The results of the reconstruction utilizing only 
translational measurements are presented in Fig. 4.  

 

 

Figure 4. Results of stiffness loss reconstruction for portal 
frame under harmonic excitations with 10% damage pattern 

(results from translation measurements only). 

In Fig. 5 the results of the same analysis are given taking 
into account also the rotational degrees of freedom. 
Comparing Figs. 4 and 5 a substantial improvement in 
stiffness reconstruction can be seen. The stiffness 
reconstruction improved exactly in places where was the most 
needed. The analyses were carried out with smaller and 
smaller stiffness losses for the same damage pattern as in Fig. 
3, until the reconstruction procedure became impossible. The 
ultimate, damage pattern still possible to reconstruct was 
achieved for 5% stiffness reductions of finite elements 4-7. 
For these small stiffness reductions the application of the 
rotational measurements proved to be even more effective 
than the reconstruction using only the translational 
measurements.  
 

 

Figure 5. Results of stiffness loss reconstruction for portal 
frame under harmonic excitations with 10% damage pattern: 
results of reconstruction from both translations and rotations. 
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In realistic situations the measurements are affected by 
noise which makes the reconstructions even more difficult. 
This problem can also be checked even at the stage of 
numerical simulations by adding random noise with specific 
contribution in per cent with respect to the measured signal 
(see e.g. Kokot and Zembaty [10]). In Fig. 6 the results of 
reconstruction of the analyzed frame are given in terms of the 
weighted average error WAE (eq. 9) as a function of the level 
of simulated noise. Two plots are presented:  

• when only translation degrees of freedom are taken 
into account (solid line) 

• when the rotational degrees of freedom are included 
in the computations (dashed line). 

Again much better results of reconstruction are obtained 
with the rotational measurements added in the analysis. 

 
Figure 6. The Weighted Average Error (WAE) for simulated 

stiffness reconstruction of frame from Figs. 2 and 3 using 
translational degrees of freedom (solid line) and including the 

rotational degees of freedom (dashed line). 

4 EXPERIMENTAL EVALUATION 

4.1 Laboratory, experimental setup 
The small scale, laboratory models to study rotations should 
be chosen in such a way that the resulting rotations are large 
enough to represent typical rotations of structures in full scale. 
After an analysis what was available, it was decided to 
perform experiments on small span (750mm), cantilever 
beams made of plexiglass with cross-section b=80mm and 
h=14mm in “intact” state and reduced stiffness representing 
the “damaged” state (see Figs. 7, 8 &10).    

It should be noted that such small beams are much easier to 
excite in laboratory conditions by using kinematic excitation, 
than exerting the actuator motion on them. For this reason a 
heavy, long span, simply supported steel beam was prepared 
to act as a support for the analysed plexiglass beam. The steel 
beam was excited in vertical direction by the actuator 
controlled by HBM Instron system, while the analysed, 
plexiglass beam was clamped at the mid-span of the steel 
beam. This solution made it possible to excite kinematic 
vibrations of the plexiglass beam. The vibrating beam model 
is shown schematically in the upper part of Fig. 9. 

The harmonic motion of the actuator was controlled by 
Instron system, while data acquisition was done by multi-
channel system „MCG Plus” of Hottinger. To measure 
translational vibrations three miniature accelerometers PCB 
333B52 were installed underneath the beam. The angular 
motions were measured using three rotation rate sensors HZ 
100-100 (±100o/s range) of Systron Donner installed on top of 
the beam. All sensors were glued at points corresponding to 
the nodes of the finite element model with a small offset 

forced by the physical constraints as illustrated in Figs. 7 and 
8. 

 
Figure 7. Experimental setup consisting of plexi beam with 
rotational sensors on top and translational ones underneath 

supported by the steel beam excited by actuator (the vertical, 
steel beam on the right only supports the cables and is not 

connected to the beam). 

The mass losses from the reductions of the beam cross-
sections were compensated by gluing nuts to the beam (see 
Fig. 8).  

The detailed scheme of the vibrating beam together with all 
the translational and rotational degrees of freedom is shown in 
Fig. 9. 
 

 
Figure 8. Detail of the beam with angular sensor HZ 100-100 

and compensating masses (nuts).  



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2589 

 

Figure 9. Dynamic model  of the cantilever beam vibrating 
under vertical, kinematic, harmonic excitations. 

Two models of the 750mm long plexiglass beam were 
measured and analysed: the first „intact” one, with constant 
cross section b=80mm and h=14mm (see upper part of Fig. 
10) and the second, „damaged” one, with decreased cross 
sections (see lower part of Fig. 10), leading to 15% drops of 
stiffness. 

 

 

Figure 10. The geometry of the beam under investigation in 
intact and the ‘damaged’ state defined by three stiffness 

reductions. 

The material data of plexiglass are as follows: density ρ = 
1318.7kg/m3 and Young modulus E = 4.51 GPa. The 
fundamental, natural frequency of the tested cantilever beam 
(with all the sensors attached) equaled 6.90Hz while for the 
“damaged” one 6.23Hz. This was important to know before 
the experiment started, as the „reconstruction” method 
described in chapter 2, by definition avoids vibrations close to 
resonances [3, 4] 

4.2 Analysis of the results of the experiment  
The tests were carried out by measuring harmonic of the 
plexiglass beams for various excitation frequencies (from 
3.5Hz to 7.5 Hz), outside the resonance zones, at low 
excitation level (amplitude of displacement at fixed end was 
of 0.5mm). The minimization in the stiffness reconstruction 
process was carried out using the hybrid optimization 
procedure described earlier. First a specified number of 6000 
generations in the genetic algorithm allowed to reach the 
vicinity of the global minimum. Next the Levenberg-
Marquardt local search method was involved to fine-tune the 
solution.  

Two solutions were studied in detail: with three measured 
translation accelerations only and with three rotation rates 
only. Results for excitation frequency pf=4.5Hz and amplitude 
of the beam tip response equal to about 0.5mm, are shown in 
Table 1. The errors of reconstruction equalled: WAE=2.48% 
and ME=3.87%. Fig. 11 shows how the objective function 
value of the best solution evolved with increasing GA 
generations converging to the global minimum. 
 

 

Figure 11. The progress of the objective function values of the 
best solution in subsequent genetic algorithm generations (the 

case of using only angular rate sensors) 

 

Table 1. Stiffness reduction factors for a beam with three 
stiffness reductions under harmonic kinematic excitations at 

frequency 4.5Hz. 

 α1 α2 α3 
Real stiffness reduction 0.85 0.70 0.55 

Detected stiffness reduction 0.86 0.67 0.54 
 

5 CONCLUSIONS 
This paper reports the results of the numerical, simulation 
experiments in stiffness loss reconstruction of bar structures 
under harmonic kinematic excitations, as well as an 
experimental verification of this method for cantilever beam 
model in laboratory scale. 
Applying genetic algorithms and Levenberg-Marquardt local 
search, the beam stiffness loss reconstructions gave the best 
results using only rotational vibration data (Table 1).  

Results of both numerical simulations and experimental 
tests demonstrated particular usefulness of rotation degrees of 
freedom in the effective stiffness loss reconstructions which is 
a good prognostic for application of rotation rate sensors to 
monitor distributed damages of some civil engineering 
structures. More details about the experiments described here 
can be found in the recent paper by Zembaty et al. [11]. 
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ABSTRACT: In the last two decades, the Czech Republic has been hit by great floods, causing damage on many bridges. An 
important question, whether the bridge has to be demolished, or can be used under certain operating conditions, often arises. The 
investigated footbridge across the Bečva River in Přerov was built in 1983. During the extreme flooding the footbridge deck was 
overflowed by water, which caused a significant increase of the main span permanent deflection, about 1 m in the vertical 
direction compared to the state before flooding. The footbridge was closed for all users immediately. During the assessment of 
the footbridge structural integrity, it was decided to carry out an experimental modal analysis of the structure. The results of the 
modal analysis were compared with the results obtained on the footbridge in 1983. It was found that the dynamic behavior of the 
footbridge changed significantly. Especially, the basic natural mode has totally changed its shape. Finally, the measured modal 
characteristics were compared with the values provided by the Finite Element (FE) model. The comparison confirmed that the 
big changes in natural mode shapes were caused by the increase of the permanent deflection of the footbridge. The agreement 
between the newly measured and calculated natural mode shapes was high, however, small differences were found out and two 
suspicious areas were detected. The behavior of the real structure in these areas was different from the model predictions, and 
their detailed investigation was recommended because of a possible damage. One of these areas was located in the vicinity of 
the supporting pier. The experimental analysis revealed bigger flexibility of the pier in the horizontal transversal direction than 
the FE model predicted. The consequent inspection of the footbridge revealed a crack in the area of the concrete hinge joint. 

KEY WORDS: Modal Analysis; Footbridge; Damage detection; Bridge dynamics; Natural frequencies; Mode shapes; 

1 INTRODUCTION 
In the last two decades, the entire territory of the Czech 
Republic has been hit by a series of great floods, causing a 
significant damage on many bridges. An important question, 
whether the bridge has to be demolished, or can be used under 
certain operating conditions, often arises. 

The investigated footbridge across the Bečva River in the 
town of Přerov was built in 1983 and it was an important way 
for pedestrians and cyclists. The nearest bridge, which allow 
crossing over the river was at a distance of about 1 km. 
During the extreme flooding in July 1997 and May 2010 a 
substantial part of the footbridge deck was overflowed by 
water. The second flood caused a significant increase of the 
main span permanent deflection, about 1 m (!!) in the vertical 
direction compared to the state before flooding. From this 
reason the footbridge was closed for all users immediately. 

During the assessment of the footbridge structural integrity, 
it was decided to carry out an experimental modal analysis of 
the structure. The basic objective of the performed 
experimental modal analysis was primary the reliability 
verification of the footbridge structure and it was divided into 
the several sub objectives: 

1. Determination of the important natural frequencies and 
mode shapes of the footbridge from its dynamic 
response caused by the exciter. The experimentally 
determined natural frequencies and mode shapes are the 
dynamic properties of the structure depending only on 
its current state. 

2. Verification and identification of the computational 
model of the footbridge, which corresponds to its 
current state, comparison of the theoretical and the 
experimental characteristics of the natural vibration [1]. 

3. Comparison of the modal characteristics measured 
during the dynamic load test in July 2010 with the 
corresponding values obtained during the dynamic load 
test in August 1983 before commissioning of the 
footbridge [2]. 

4. Data acquisition for determining the extent and 
arrangement of subsequent static load test. It had to 
check the load carrying capacity of the footbridge more 
deeply. 

2 DESCRIPTION OF THE FOOTBRIDGE 
The footbridge (Figure 1) is made from the prestressed 
concrete. The bearing structure is the prestressed suspension 
deck with two spans. The longer one is 67.4 m (Figure 2) and 
the shorter one is 28.4 m (Figure 3). The prestressed deck is 
composed from precast segments DS – L and DS – Lv made 
from concrete B500 and from the monolithic saddle designed 
upon the intermediate pier. The dimensions of segments are 
3.8×0.3×3.0 m. The concrete hinge joint was made in the 
lower part of the pier [2]. 

The suspension cables (12 x 6 ϕ LP15, 5 [2]), which carry 
the segments, are placed in grooves formed in segments and 
anchored to the abutments, the prestressing cables (14 x 6ϕ 
LP15, 5 [2]), by which are tensioned the segments, are located 
in the channels inside the segments. 

Modal analysis of a footbridge damaged by flood 
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Figure 1. The footbridge (main span). 

 
Figure 2. The lower surface of the footbridge deck. 

 
Figure 3. The intermediate support. 

3 DYNAMIC MEASUREMENT SYSTEM 
The electrodynamic shaker TIRAVIB 5140 was used for 
excitation of the footbridge (Figure 1 and 4). The excitation 
force was measured by three force transducers S-35 LUKAS, 
which were interconnected to measure directly the whole 
driving force. The footbridge was excited by random driving 
force of white type noise of the frequency range from 0.3 to 
20 Hz. The driving force was controlled by signal generator 
SG 450 ONO SOKKI. The exciter was placed eccentrically 
(Figure 4) to the longitudinal axis of the footbridge to allow 
excitation of the torsional modes. Its position on the 
footbridge was chosen according to the theoretical natural 
modes of vibration [1] to be able to excite all important 
natural modes of the investigated footbridge. 
 

 
Figure 4. Position of the exciter. 

The response of the footbridge was measured by two sensor 
systems independently. Five inductive accelerometers 
B12/200 HBM and four inductive displacement transducers 
B2/1 HBM were used. The measurement system 
DEWETRON 5000 was used for data acquisition and data 
analysis. 

 

 
Figure 5. Position of the transducers in one cross-section. 
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The acceleration transducers B12/200 were mounted on the 
steel weights. Acceleration transducers on steel weights and 
displacement transducers were put to all points of one cross-
section at once, thus the response was measured in all points 
of the cross-section simultaneously. The response of the 
footbridge was measured in vertical and transversal horizontal 
directions in a chosen net of points. It was measured in two 
points in each cross-section on the upper deck surface. The 
point positions were determined based on the character of the 
theoretical natural modes [1] and they corresponded to the 
positions of some element nodes of the finite element model. 
The total number of measured cross sections was 19 and the 
total number of measured points was 38 (Figure 5).  

The basic measurement system was supplemented by a 
reference acceleration transducer mounted near the exciter to 
have the possibility to use the second measurement and 
evaluation technique – Ambient Vibration Testing (AVT). 

The time data records of the response were saved during the 
measurement and evaluated in off line mode on the control 
computer. The Frequency Response Function (FRF) was 
evaluated for each point of measurement 

 ( ) ( )
( )ifF
ifa

ifH
s

r
rS =    , (1) 

where i is the imaginary unit, ar(if) is the measured 
acceleration in the point r in frequency domain, which was 
induced by excitation force Fs(if ) acting in the point S. The 
values of the Frequency Response Functions HrS(if ) were 
determined as an average of the 8 measurements with 75% 
overlap of the windows. The length of each signal window in 
time domain was 64 s, the frequency range of the window was 
set to 10 Hz.  

According to the fact that the excitation force could be 
affected by additional dynamic forces caused e.g. by wind 
during the experiment and these forces could not be measured, 
the Operating Deflection Shapes Frequency Response 
Functions (ODS FRF) were evaluated. The function ODS FRF 
is a complex function, which can be expressed by the real and 
imaginary part or by magnitude and phase functions. The 
magnitude function is expressed just as a frequency spectrum 
of the measured response but the phase function is a phase of 
the measured response related to the phase measured in the 
reference point S. The evaluation of the natural frequencies 
and modes of vibration of the footbridge were done in the 
software MEScopeVES of the company Vibrant Technology, 
Inc.  

4 RESULTS OF THE MODAL ANALYSIS 
The 11 natural frequencies were evaluated in the frequency 
range 0.5 to 8.0 Hz during the experimental modal analysis of 
the investigated footbridge [3]. The chosen natural 
frequencies, which were compared with the theoretical results, 
are mentioned in Table 1. The mode shapes associated with 
the natural frequencies were evaluated too and they are shown 
in Figures 6 - 12. 

The independency of the evaluated natural modes was 
verified by Modal Assurance Criterion (MAC) (Table 2) [5]. 
The MAC(i,j) can be calculated according the relation: 
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where MAC(i,j) describes the agreement between two 
compared natural mode shapes {r(i)} and {r(j)}. If MAC(i,j) = 0, 
then the mode shapes are independent and if MAC(i,j) = 1, then 
the mode shapes are the same. 

Table 1. The measured natural frequencies. 

Number Measured Description of the mode 
(j) natural shapes of the deck 
 frequency  
 [Hz]  

(1) 1.07 1st vertical bending 
(2) 1.50 2nd vertical bending 
(3) 1.85 3rd vertical bending 
(4) 2.16 horizontal vib. with torsion 
(5) 2.32 4th vertical bending 
(6) 2.85 5th vertical bending 
(7) 3.49 1st torsion vibration 

Table 2. The MAC of the measured modes. 

No. Number of the compared mode shape (j)
(i) 1 2 3 4 5 6 7
1 1.00 0.00 0.00 0.00 0.00 0.00 0.00
2 0.00 1.00 0.01 0.00 0.01 0.00 0.00
3 0.00 0.01 1.00 0.02 0.04 0.00 0.00
4 0.00 0.00 0.02 1.00 0.00 0.00 0.04
5 0.00 0.01 0.04 0.00 1.00 0.00 0.00
6 0.00 0.00 0.00 0.00 0.00 1.00 0.01
7 0.00 0.00 0.00 0.04 0.00 0.01 1.00  

 

 
Figure 6. The 1st measured natural mode shape 

 of the footbridge – f(1)exp = 1.07 Hz. 
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Figure 7. The 2nd measured natural mode shape 

 of the footbridge – f(2)exp = 1.50 Hz. 

 

 
Figure 8. The 3rd measured natural mode shape 

 of the footbridge – f(3)exp = 1.85 Hz. 

 

 
Figure 9. The 4th measured natural mode shape 

 of the footbridge – f(4)exp = 2.16 Hz. 

 
Figure 10. The 5th measured natural mode shape 

 of the footbridge – f(5)exp = 2.32 Hz. 

 

1 0 Dwell: 10

 
Figure 11. The 6th measured natural mode shape 

 of the footbridge – f(6)exp = 2.85 Hz. 

 

 
Figure 12. The 7th measured natural mode shape 

 of the footbridge – f(7)exp = 3.49 Hz. 
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5 COMPARISON OF MODAL CHARACTERISTICS 
MEASURED IN 1983 AND IN 2010 

The results of the dynamic load test carried out on the 
footbridge in June 2010 [3] were compared with the results 
obtained on the bridge in 1983 [2] before commissioning the 
footbridge. In the report [2] there were only three figures of 
the measured mode shapes, thus the new modal characteristics 
were compared only with these three old mode shapes. The 
comparison was done using MAC calculated based on relation 
(2) (Table 3) and also visually (Figures 13-17). 

Table 3. The comparison of the measured modes in 2010 and 
in 1983 using the MAC. 

No. of the old
mode shape

(j) 1 2 3 4 5 6 7
1 0.01 0.79 0.09 0.01 0.06 0.01 0.00
2 0.00 0.01 0.66 0.16 0.48 0.00 0.00
3 0.00 0.35 0.02 0.02 0.40 0.01 0.00

Number of the new mode shape (k)

 
 

 
Figure 13. Visual comparison of the 1st mode shape measured 
in 1983 (f(1) = 1.00 Hz) and the 1st mode shape measured in 

2010 (f(1) = 1.07 Hz). 

 
Figure 14. Visual comparison of the 1st mode shape measured 
in 1983 (f(1) = 1.00 Hz) and the 2nd mode shape measured in 

2010 (f(2) = 1.50 Hz). 

 
Figure 15. Visual comparison of the 2nd mode shape measured 

in 1983 (f(2) = 1.93 Hz) and the 3rd mode shape measured in 
2010 (f(3) = 1.85 Hz). 

10

 
Figure 16. Visual comparison of the 3rd mode shape measured 
in 1983 (f(3) = 2.15 Hz) and the 2nd mode shape measured in 

2010 (f(2) = 1.50 Hz). 

 
Figure 17. Visual comparison of the 3rd mode shape measured 

in 1983 (f(3) = 2.15 Hz) and the 5th mode shape measured in 
2010 (f(5) = 2.32 Hz). 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2596 

As it can be seen from the Table 3 and Figures 13-17, the 
results measured in 1983 and in 2010 are very different, 
especially the first natural modes are totally different, 
MAC(1,1)=0.01. 

From the comparison it results that the basic natural mode 
shape has completely changed its character. 

6 COMPARISON OF THE MEASURED AND 
CALCULATED MODAL CHARACTERISTICS 

The natural frequencies and mode shapes evaluated during the 
experimental modal analysis were also compared with the 
results of the finite element (FE) model. 

At first the FE model was created based on the data and 
geometry available from the old design documentation. The 
calculated results agree with the results measured in 1983 [2] 
(Figure 18) but not with the new ones [3]. 

 

 
Figure 18. The 1st calculated natural mode shape (f(1) = 1.08 

Hz) – FE model with old geometry.  

Therefore, the FE model was modified. The geometry of the 
model was changed based on the detailed geodetic 
measurement of the footbridge geometry, which found that the 
flood in 2010 caused a significant increase of the main span 
permanent deflection, about 1 m (!!) in the vertical direction 
compared to the state before flooding. After modification of 
the FE model geometry, the calculated results completely 
changed [1] (Figure 19). 

 

 
Figure 19. The 1st calculated natural mode shape (f(1) = 1.06 

Hz) – FE model with new geometry. 

After the FE model identification, the final comparison of 
the measured and calculated modal characteristics was done. 
The natural frequencies and mode shapes were compared with 
the results of the dynamic analysis [1] done based on the final 
FE model according the Czech code ČSN 736209 Změna Z1 
[4]. Based on this code, the set of the compared natural 
frequencies have to include the 5 lowest natural frequencies at 
least. Two of them have to be frequencies of the natural 
vertical bending modes and one of them have to be frequency 

of the torsion mode. For the investigated footbridge, the set of 
the compared natural frequencies was made up of the first 
seven frequencies (Table 4). The agreement between the 
measured and calculated natural frequencies Δ(j) was evaluated 
based on the equation from ČSN 736209 Změna Z1 [4] 

 100
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where f(j)cal denotes the jth calculated natural frequency and 
f(j)obs denotes the jth observed (measured) natural frequency. 

 

Table 4. The comparison of the measured and calculated 
frequencies. 

Number Measured Calculated Deviation 

(j) natural natural Δ(j) 

 frequency frequency  

 [Hz] [Hz] [%] 

(1) 1.07 1.06 -0.9 

(2) 1.50 1.39 -7.9 

(3) 1.85 1.77 -4.5 

(4) 2.16 2.29 +5.7 

(5) 2.32 2.47 +6.1 

(6) 2.85 2.72 -4.8 

(7) 3.49 3.66 +4.6 

 
The comparison of the measured and calculated natural 

modes was done using MAC (Table 5). The MAC(j,k) can be 
calculated according the relation: 
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where MAC(j,k) describes the agreement between the measured 
{r(j)obs} and calculated {r(k)cal} natural mode shapes. 
 

Table 5. The comparison of the measured and calculated 
modes using the MAC. 

Measured
mode shape

(j) 1 2 3 4 5 6 7
1 0.98 0.02 0.00 0.00 0.00 0.00 0.00
2 0.01 0.94 0.00 0.00 0.00 0.00 0.00
3 0.00 0.04 0.97 0.00 0.01 0.00 0.00
4 0.00 0.00 0.02 0.88 0.02 0.00 0.03
5 0.00 0.05 0.05 0.01 0.87 0.05 0.00
6 0.00 0.01 0.00 0.00 0.03 0.94 0.00
7 0.00 0.00 0.00 0.00 0.00 0.00 0.83

Number of the calculated mode shape (k)

 
 
The very high diagonal values of MAC and low values out 

of the diagonal show that the theoretical and experimental 
mode shapes were well assigned. Thus the visual comparison 
of the corresponding natural mode shapes can be done 
(Figures 20 – 26). 
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Figure 20. Visual comparison of the 1st measured and 

calculated mode shapes. 

 
Figure 21. Visual comparison of the 2nd measured and 

calculated mode shapes. 

 
Figure 22. Visual comparison of the 3rd measured and 

calculated mode shapes. 

 
Figure 23. Visual comparison of the 4th measured and 

calculated mode shapes. 

 
Figure 24. Visual comparison of the 5th measured and 

calculated mode shapes. 

 
Figure 25. Visual comparison of the 6th measured and 

calculated mode shapes. 
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Figure 26. Visual comparison of the 7th measured and 

calculated mode shapes. 

7 CONCLUSIONS 
The results of the dynamic load test carried out on the 
footbridge in June 2010 were compared with the results 
obtained from the dynamic load test carried out in 1983 before 
commissioning the footbridge. The significant change of the 
dynamic behavior of the footbridge was found. Especially, the 
basic natural mode shape has totally changed its shape (see 
Figures 13, 18 and 19). The significant changes have occurred 
also for all other compared natural mode shapes (Figures 14 – 
17). 

The measured natural frequencies and mode shapes were 
compared with calculated ones [1] (Figures 20 – 26). It was 
very important to take into account the actual geometry of the 
footbridge deck in the theoretical model of the footbridge 
(Figures 18 and 19). The geometry of the deck was measured 
geodetically in the June 2010. The comparison confirmed that 
the big changes in natural mode shapes between the years 
1983 [2] and 2010 [3] were caused by the increase of the 
permanent deflection of the footbridge - about one meter in 
the middle of the longer span. 

The evaluated changes between measured and calculated 
natural frequencies (Table 4) satisfied the aptness condition. 
The model used for the dynamic calculation [1] was apposite 
enough for modelling of the immediate state of the footbridge 
and thus it was recommended to use it for preparation of the 
static load test. 

The similarity of the measured [3] and calculated natural 
mode shapes [1] was high (see Figures 20 – 26). However, 
particular differences were found out (see Figures 21, 23 and 
26). Based on the detailed comparison of the measured and 
calculated natural mode shapes, two suspicious areas were 
detected. The behavior of the real structure in these areas was 
different from the model predictions, and their detailed 
investigation was recommended because of a possible 
damage. One of these areas was located in the vicinity of the 
supporting pier. The experimental analysis revealed bigger 
flexibility of the pier in the horizontal transversal direction 
than the FE model predicted. This effect is visible from the 

Figure 26 and from the comparison of the natural frequencies. 
The theoretical natural frequency of the horizontal natural 
mode is evidently higher than the corresponding measured 
one. 

During the following inspection of the footbridge, a crack 
was found in the area of the concrete hinge joint. After the 
static load test the footbridge was put into a very limited 
operation. 
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ABSTRACT: Base-isolation is an increasingly applied earthquake-resistant design technique in highly seismic areas. The in-situ 
identification of physical parameters of the isolation layer and monitoring of the isolation performance has become a critical 
issue. In this paper, a simplified system identification method is proposed for obtaining insight into the structural property of 
based-isolated buildings. A bilinear hysteresis model is chosen for modeling isolation bearings. Interstory restoring force-
deformation hysteresis loops are first generated from recorded seismic response. A two-step regression analysis based method is 
proposed to identify the linear/nonlinear physical parameters of the isolation layer. In the first step, hysteresis loops are split into 
many loading/unloading half-cycles according to zero velocity points. Multiple linear regression is applied to all half-cycles to 
yield equivalent linear system stiffness and damping. Both parameters clearly vary with half-cycle displacement increment. A 
threshold is used to separate linear and nonlinear half-cycles. For linear half cycles, linear regression analysis estimates viscous 
damping coefficient. For nonlinear half cycles, a multi-phase linear regression analysis method is applied to estimate nonlinear 
model parameters. A proof-of-concept numerical investigation shows the feasibility of the method. The method is effective and 
robust even of 5% noise level. 

KEY WORDS: Seismic isolation; System identification; Nonlinear regression; Hysteresis 

1 INTRODUCTION 
   Seismic isolation utilizes flexible elements, such as rubber 
bearing or sliding or rolling mechanisms, often coupled with 
energy absorbing dampers, to reduce structural response. The 
basic concept is to shift the fundamental natural period of a 
building to a lower value than the dominant frequency 
component of ground motion. Base isolation has been one of 
the most popular and powerful means of seismic protection. 
However, isolation performance is directly dependent on the 
physical behavior of the isolation devices. If isolation devices 
degrade or fail due to aging, temperature cycles or exceeding 
their design capacity during an extreme event, structural 
safety is no longer guaranteed. Therefore, in-situ identification 
and monitoring of the physical parameters of isolation system 
is an urgent need.  

A number of researchers have investigated the identification 
of base-isolated structures using seismic records. Some of the 
earliest works were presented after the 1994 Northbridge 
earthquake [1-4]. However, these studies are based on time-
variant equivalent linear system assumptions and only 
structural modal parameters are identified to characterize the 
isolation performance. Identification of the nonlinear physical 
parameters of the isolation system is more attractive because 
these parameters are used to specify isolators in design and 
provide valuable parameters for future response prediction. In 
addition, identifying these parameters would also provide 
insight on the nonlinear cycles and lifetime of the devices.  
   Limited works addressed nonlinear physical parameter 
identification of base-isolated structures are reviewed here.  
Tan and Huang [5] proposed an iterative trial-to-error 
optimization procedure to identify nonlinear physical 
parameters of isolators. The essence of the study is application 

of a Masing criterion to transform a multi-valued hysteretic 
restoring force function into a single-valued function so that 
the ordinary optimization methods can be applied. The 
method was then extended to other base-isolated civil 
structures [6-9]. Furukawa et al. [10] proposed a least-squares 
output-error minimization method to identify a base-isolated 
building in Kobe City affected by the 1995 Hyogoken-Nambu 
earthquake. The isolation system was identified based on three 
models: a linear equivalent model, a bilinear model and a tri-
linear model.  The results show that model parameters can be 
reasonably estimated and the tri-linear model best fit the 
recorded response. Ahn and Chen [11] proposed a nonlinear 
model-based system identification method for a three-span 
continuous base-isolated bridge. They used the Mengotto-
Pinto model to model hysteresis behavior of the lead-rubber 
bearings. Model parameters were pulled out by a two-stage 
optimization algorithm. Xie and Mita [12] presented a method 
to estimate the restoring force of an isolation layer using 
component mode synthesis (CMS). The amplitude-dependent 
equivalent system stiffness and damping coefficients were 
identified to characterize the nonlinear isolation system.  
Oliveto et al. [13] developed a time domain nonlinear system 
identification procedure to determine the physical parameters 
of the hybrid seismic isolation system of a base-isolated 
building. The method used a bilinear hysteretic model and a 
constant coulomb friction model to model the high damping 
rubber bearings and low friction sliding bearing respectively. 
Nonlinear least-squares optimization method was used to 
obtain modal parameters. The Covariance Matrix Adaptation- 
Evolution Strategy (CMS-ES) algorithm was proposed for 
identification of nonlinear base isolation system from 
earthquake records in [14]. However, all of these methods are 
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very complex and depend on many user control parameters to 
gain the best accuracy.   

In this paper, a novel and simplified method for in-situ 
identification of physical parameters of nonlinear base-
isolated buildings is developed and validated. Nonlinear 
isolators are modeled by a bilinear hysteretic model. A two-
step identification procedure based on linear/nonlinear 
regression analysis techniques is proposed. The proposed 
method is computationally simple and can be generalized to 
several forms of nonlinearity of the isolation system. The 
method is demonstrated numerically over different noise.  

2 METHOD AND PROCEDURE 

2.1 Structural model 
    A base-isolated building can be separated into two 
structural systems: a superstructure and a base isolation 
system. The isolation system may consist of rubber isolators 
and additional viscous dampers to absorb energy. Since the 
response of the upper superstructure can be effectively 
reduced to an acceptable level by the isolation system, it is 
reasonable to make a rigid body assumption for the 
superstructure. Therefore, the base-isolated structure can be 
described by a simple single-degree-freedom dynamic model: 

gxmxxfxcxm ),(                    (1) 

where x , x  and x  are response acceleration, velocity and 
displacement relative to the fixed base; gx  is the ground 
acceleration; c is the damping coefficient of dampers; f is the 
restoring force of the isolators, m is the mass of 
superstructure. With a priori known structural mass, Equation 
(1) can also be written as 

),()( xxfxcxgxm                    (2) 

   According to experimental observation, the nonlinear 
behavior of isolators can be generally described by a bilinear 
hysteretic model [15]. The model parameters, initial stiffness 
ke, hardening stiffness kp and yielding deformation dy, clearly 
characterized nonlinear properties of the isolation system. The 
left side of Equation (2) can be obtained from measured 
accelerations. The right side of Equation (2) is an unknown 
function of state variables.  
    However, if the state variables, displacement and velocity 
are known, the model parameters of the right side of Equation 
(2) can be estimated through regression analysis. It is indeed a 
problem of regression modeling, where the left side of 
Equation (2) is considered as a dependent variable and the 
state variable, displacement and velocity are considered as 
independent variables. It should be noted that the bilinear 
restoring force function is nonlinear, path dependent and not a 
single-valued function of state variables due to hysteresis. 
Standard regression analysis cannot be applied directly. To 
identify the model parameters, a two-step regression-analysis 
based identification is proposed. 

2.2 Partition of hysteretic response histories 
   Figure 1 illustrates the general hysteretic response that 
might be of a structure subjected to a strong-motion 
earthquake. It can be seen that the total restoring force is path 
dependent. However, within a time segment where the 
velocity holds the same sign, the restoring force is a single-
value function of the deformation. Hence, the whole response 
history can be sliced into many sub-cycles and sub-half cycles 
according to the points where the velocity is zero. For 
example, the data points between x4 and x6 formulate a 
loading half cycle and the data points between x6 and x8 
formulate an unloading half cycle. Within each half cycle, the 
total restoring force is either monotonically increased or 
decreased with displacement, and can be approximated by 
regression curves as shown in Figure 1.  
 

 
Figure 1. General structural hysteretic loops 

   Generally, during an earthquake event, some half cycles 
behave linearly and the others nonlinearly. For linear cases, a 
linear regression model is applied. For nonlinear cases, a 
nonlinear regression model is needed. Therefore, the first step 
is to separate the linear and nonlinear half cycles.  

2.3 The first step:  separation of linear and nonlinear half 
cycles 

Since any one of these half cycles is either linear or 
nonlinear, a linear regression analysis is implemented to all 
half cycles first. It is equal to make an equivalent linear 
system assumption to each half cycle. Thus, the regression 
model can be written:  

xkxcxxm llg )(                             (3) 

where kl is the effective linear system stiffness and cl is the 
effective linear system damping.  

Equation (3) holds for every measurement time step. Let us 
consider every time step as a sample. When independent 
variables ( x and x ) and the dependent variable ( )( xgxm ) at 
any time step within a half cycle are obtained, the model 
parameters can be estimated from standard multiple linear 
regression procedures [16].  

The identified effective stiffness varies over different sub-
half cycles. Varying kl is a significant indicator of the nature 
of the dynamic system. It is reasonable that the hysteresis 
curve is linear when the half cycle displacement increment 
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d  is small and nonlinear when d  is larger than the 
structural yield deformation. A rapid drop in kl at large 
displacement increment can be viewed as a good indicator of 
inelastic behavior during that half cycle. The plot of  kl  versus 

d  can thus be used to indicate the potential inelastic sub-
half cycle.  In addition, the estimated effective linear damping 
coefficient, cl is the measure of system energy dissipation. 
System energy dissipation capacity will dramatically increase 
due to the added hysteretic damping when nonlinearity is 
present. The analysis of  cl versus d  can also be used as 
another indicator of inelastic half cycles. Thus, linear and 
nonlinear half cycles can be easily separated using a 
threshold.  

2.4 The second step:  parameter identification 
For all identified linear half cycles, the multiple linear 

regression process yields many estimates of viscous damping 
coefficient, c. The statistical mean of  c  will be considered as 
the ‘actual’ viscous damping coefficient of the target isolation 
system and be used as a known parameter at the next 
identification step. Therefore, Equation (2) can now be 
written: 

),()( xxfxcxgxm                    (4) 

For nonlinear half cycles, the restoring force at right side is 
a nonlinear function of displacement. With a bilinear 
assumption, the nonlinear restoring force can consist of two 
segments: the line segment with a slope of ke when 
displacement is below a critical value and the line segment 
with another slope kp when above. Therefore, data points in a 
nonlinear half cycle must be divided into two segments, and a 
different linearly parameterized polynomial identified via 
regression analysis for each segment. . 

The difficulty is associated with the breakpoint between two 
segments is unknown. This regression analysis is a special 
nonlinear regression problem, called multi-phase linear 
regression with unknown transition points.  The problem has 
attracted much attention in mathematics and several solutions 
have been presented [17-20]. In the recent years, the multi-
phase linear regression technique has been applied in some 
engineering fields [21-22]. Here, its application is proposed 
for identifying nonlinear physical parameters of isolation 
system.  

For the identification of nonlinear half cycles, a two-phase 
linear regression is defined: 

 xxxx
xxxx

xyE
nb

b

     
     

)(
2120

11110              (5) 

where 21201110 is the vector of regression 
coefficients;  bx is the unknown breaking point which satisfies 
the linear constrain equations: 

bb xx 21201110                                (6) 

Equations (5) and (6) formulate a two-phase linear 
regression problem. Constrained nonlinear least squares 

method can be used to solve the regression problem which 
yields the estimates of and bx  simultaneously [21].  

According to the bilinear assumption, the estimate of 21  is 
the hardening stiffness, kp, and the estimate of 11  gives 
additional estimates of initial stiffness, ke. The estimated 
breaking point is the turning point of elastic and inelastic 
response within the nonlinear half cycle. It is related to the 
yield displacement of the isolation system. For a loading 
nonlinear half cycle i, the yield displacement can be 
estimated: 

2
1xxd bi

yi                                  (7) 

where 1x is the displacement at the instant of most recent 
loading reversal. For an unloading nonlinear half cycle I, the 
yield displacement can be estimated: 

2
bin

yi

xxd                                  (8) 

where nx is the displacement at the instant of most recent 
unloading reversal. 

Through the overall method proposed, many estimates of 
system initial stiffness, hardening stiffness and yield 
displacement are obtained. The last output of each physical 
parameter is derived by statistically averaging these estimated 
values over the time history.  

3 PROOF-OF-CONCEPT STUDY 
   The proof-of-concept study considered is a three-story 

reinforced concrete frame structure located in Kobe City, 
which was studied in [10]. The base isolation system consists 
of eight high damping rubber isolators. There are acceleration 
sensors at the foundation, first floor and top floor. The 
building is modeled as a single-degree-freedom system. The 
upper structure is considered as a rigid body with a mass of 
817.8 ton. The base isolation system is modeled with a 
bilinear model with parameters: initial stiffness 
ke=70390kN/m, hardening stiffness kp=12500 kN/m and yield 
displacement dy=0.005m. A viscous damping coefficient 
c=600kN.s/m is considered to simulates structural viscous 
damping of the base isolation system and upper structure.  

The considered ground motion is a record of the 1995 Kobe 
earthquake with peak ground acceleration of 0.509g. 
Simulated structural response accelerations are calculated by 
solving the SDOF dynamic equation using the Newmark 
method. To implement the proposed identification method, 
structural displacement and velocity responses must be first 
estimated from acceleration response through integration. 
Numerical integration is sensitive to noise and subject to drift. 
However, the procedure can be improved if additional low-
sampled displacement measurements, such as by GPS sensors, 
are available. The multi-rate Kalman filtering method for 
displacement and velocity reconstruction proposed [23] was 
applied to give displacement and velocity estimates. In this 
case study, the low-solution-measured displacement was taken 
at 20Hz and Acceleration data was taken at 200Hz. The effect 
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of noise is investigated at different added levels. A separate 
white noise corresponding to different levels of signal-noise-
ratios (SNR) was added to the simulated noise-free 
acceleration and displacement measurements, respectively, to 
mimic a realistic situation over a range of possible sensor 
performance. All these responses and prior known mass data 
were used as inputs to the identification procedure. 

4 RESULTS AND DISCUSSION 

4.1 Parameter identification without measurement noise 
Figure 2 shows reconstructed hysteresis loops from recorded 
seismic response. It can be seen that the isolation system 
experience many nonlinear cycles during the earthquake. The 
elastic displacement is short because a very small yielding 
displacement of 5mm. Loading/unloading half cycles are 
identified according to zero velocity points from reconstructed 
hysteresis loops.  

 
Figure 2. Identified equivalent system parameters (a) stiffness 

(b) damping 

Figure 3 shows the identified equivalent linear system 
stiffness and damping parameters for each half cycle. Both are 
plotted versus half cycle displacement increment. It can be 
seen clearly that the equivalent linear system stiffness 
decreases and damping increases at larger half cycle 
displacement, which indicates the isolation system softens 
nonlinearly at larger displacement. Thus, each plot in Figure 3 
can be divided into two regimes: one regime where both 
parameters show a nearly constant trend with displacement 
and the other regime where both parameters show a nonlinear 
variation with displacement. The former characterizes linear 
behavior, while the latter captures nonlinear behavior.  

From Figure 2, a threshold can be readily determined to 
separate nonlinear and linear regimes. Here, a threshold of 
1.2mm was chosen. From identified linear half cycles, the 
estimate of viscous damping coefficient is obtained and used 
in the second identification step. Multi-phase linear regression 
is then applied to the identified nonlinear half cycles to 
estimate the other model parameters. The final identified 
model parameters are listed in Table 1, including the true 
simulated values.  
    It can be seen from Table 1 that the proposed identification 
method gives good estimates of system initial model 

parameters. In particular, the identified initial stiffness mean 
error is 7.88%, the identified viscous damping mean error is 
0.2% and the identified yield displacement mean error is 
8.0%. The identified initial stiffness mean error is a little 
larger, 11.8%. This large error is because the very small 
elastic deformation experienced by the isolation system due to 
the very low yield displacement.  

Table 1. Results of identified model parameters without noise 

Model parameters Mean COV True 
Initial stiffness [kN/m] 64842 0.18 70390 
Hardening stiffness[kN/m] 13986 0.36 12500 
Yield Displacement [mm] 4.60 0.28 5.00 
Viscous damping [kN.s/m] 599 1.08 600 

 

 
Figure 3. Identified equivalent system parameters (a) stiffness 

(b) damping 

4.2 Effect of threshold value chosen 
The effect of the choice of threshold is investigated by 

varying its value. The identified model parameters for 
different threshold are listed in Table 2.  
     It can be seen from Table 2 that the threshold value has an 
important effect on the identification results. If one choose a 
larger threshold, which means only the half cycles with very 
large displacement are considered nonlinear, the identification 
accuracy of hardening stiffness increases, but the accuracy of 
the other parameters decreases. If one choose a smaller 
threshold which means some linear half cycles will be 
consider nonlinear, the identification accuracy of hardening 
stiffness decreases obviously. However, in this situation, the 
identified viscous damping, initial stiffness and yield 
displacement suffer little change. In practice, several trials are 
needed to determine final reasonable threshold. Equally, one 
could identify each value using different thresholds to 
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maximize accuracy given computational simplicity once half 
cycles are identified. In addition, one can also use a band of 
threshold instead of a single threshold as shown in Figure 3 to 
improve identification accuracy.  

Table 2. Results of identified model parameters without noise 

Model parameters Mean COV True 
(a) threshold = 0.8 mm, noise-free 
   Initial stiffness [kN/m] 66206 0.16 70390 
   Hardening stiffness[kN/m] 19133 0.90 12500 
   Yield Displacement [mm] 4.40 0.31 5.00 
   Viscous damping [kN.s/m] 596 1.18 600 
(b) threshold = 1.0 mm, noise-free 
   Initial stiffness [kN/m] 64902 0.18 70390 
   Hardening stiffness[kN/m] 14264 0.39 12500 
   Yield Displacement [mm] 4.70 0.28 5.00 
   Viscous damping [kN.s/m] 600 1.10 600 
(c) threshold = 1.2 mm, noise-free 
   Initial stiffness [kN/m] 64842 0.18 70390 
   Hardening stiffness[kN/m] 13986 0.36 12500 
   Yield Displacement [mm] 4.60 0.28 5.00 
   Viscous damping [kN.s/m] 599 1.08 600 

 

4.3 Effect of the estimate of structural mass 
      In practice, real structural mass cannot be determined 
exactly. The proposed identification method is tested over 
different mass inputs. The identification results are listed in 
Table 3. The threshold of 1.2mm was used here. 

Table 3. Results of identified model parameters with different 
mass estimates 

Model parameters Mean COV True 
(a) mass = 80%  of real mass, noise-free 
   Initial stiffness [kN/m] 51874 0.18 70390 
   Hardening stiffness[kN/m] 11189 0.36 12500 
   Yield Displacement [mm] 4.60 0.29 5.00 
   Viscous damping [kN.s/m] 479 1.08 600 
(b) mass = 90%  of real mass, noise-free 
   Initial stiffness [kN/m] 58358 0.18 70390 
   Hardening stiffness[kN/m] 12587 0.36 12500 
   Yield Displacement [mm] 4.60 0.29 5.00 
   Viscous damping [kN.s/m] 539 1.08 600 
(c) mass = 100%  of real mass, noise-free 
   Initial stiffness [kN/m] 64842 0.18 70390 
   Hardening stiffness[kN/m] 13986 0.36 12500 
   Yield Displacement [mm] 4.60 0.28 5.00 
   Viscous damping [kN.s/m] 599 1.08 600 
(d) mass = 110%  of real mass, noise-free 
   Initial stiffness [kN/m] 71327 0.18 70390 
   Hardening stiffness[kN/m] 15385 0.36 12500 
   Yield Displacement [mm] 4.60 0.29 5.00 
   Viscous damping [kN.s/m] 659 1.08 600 
(e) mass = 120%  of real mass, noise-free 
   Initial stiffness [kN/m] 77811 0.18 70390 
   Hardening stiffness[kN/m] 16783 0.36 12500 
   Yield Displacement [mm] 4.60 0.29 5.00 
   Viscous damping [kN.s/m] 719 1.08 600 

 

    Table 3 shows that a lower estimate of structural mass will 
cause lower estimates of model parameters and the reverse is 
also true. The result occurs because the mass is proportional to 
the total restoring force. The variations of initial stiffness, 
hardening stiffness and viscous damping are nearly 
proportional to the variation of structural mass. It is noted that 
the coefficient of variation and the estimate of yield 
displacement seem unaffected by the variation of structural 
mass.  

4.4 Effect of noise level 
 

   The parameter identification results from simulated 
responses with different levels of noise are listed in Table 4. 
At each noise level, the proposed identification procedure was 
run 100 times to give final statistical results.   
  It can be seen from Table 4 that the parameter identification 
errors and coefficient of variation show a little increase as the 
noise level increases. However, the proposed identification 
method can give robust parameter estimates of initial stiffness, 
hardening stiffness and viscous damping even at 5% noise 
level. The identified stiffness damping parameter mean errors 
are all within 17% at this noise level.  

Table 4 Results of identified model parameters over different 
levels of noise  

Model parameters Mean COV True 
(a) noise-free 
   Initial stiffness [kN/m] 64842 0.00 70390 
   Hardening stiffness[kN/m] 13986 0.00 12500 
   Yield Displacement [mm] 4.60 0.00 5.00 
   Viscous damping [kN.s/m] 599 0.00 600 
(b) 1% RMS noise 
   Initial stiffness [kN/m] 59977 0.11 70390 
   Hardening stiffness[kN/m] 14517 0.12 12500 
   Yield Displacement [mm] 5.90 0.18 5.00 
   Viscous damping [kN.s/m] 667 0.30 600 
(c) 5% RMS noise 
   Initial stiffness [kN/m] 60683 0.14 70390 
   Hardening stiffness[kN/m] 14610 0.20 12500 
   Yield Displacement [mm] 6.60 0.36 5.00 
   Viscous damping [kN.s/m] 574 0.70 600 
(d) 10% RMS noise 
   Initial stiffness [kN/m] 53698 0.20 70390 
   Hardening stiffness[kN/m] 17888 0.33 12500 
   Yield Displacement [mm] 7.80 0.55 5.00 
   Viscous damping [kN.s/m] 821 0.80 600 
(e) 20% RMS noise 
   Initial stiffness [kN/m] 48030 0.26 70390 
   Hardening stiffness[kN/m] 20433 0.40 12500 
   Yield Displacement [mm] 9.10 0.76 5.00 
   Viscous damping [kN.s/m] 980 0.93 600 

 

5 CONCLUSION 
  This paper develops a simple method for identification of 
nonlinear base isolation system. The method is based on a 
two-step regression analysis procedure. System parameters are 
identified over different half cycle intervals. Multiple-phase 
linear regression is used to identify nonlinear half cycles. 
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Feasibility of the proposed method has been demonstrated via 
a numerical example of a base-isolated structure subjected to 
1995 Kobe earthquake excitation. The linear and nonlinear 
physical parameters of the isolation system can be extracted 
directly. The method is robust to noises even at the noise level 
of 5%. 
  Overall, the proposed identification method is simple, direct 
and robust. The identification procedure is actually performed 
time segment by time segment, and requires no operator input 
except a threshold. This provide the potential application of 
the method in real-time or near real-time. Although the 
concept is proven focusing on structural systems that display 
bilinear hysteresis response, it can be easily extended to tri-
linear or degrading bilinear hysteretic systems.  
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ABSTRACT: In recent years, there has been a move towards the development of indirect structural health monitoring (SHM) 
techniques for bridges; the low-cost vibration-based method presented in this paper is such an approach. It consists of the use of 
a moving vehicle fitted with accelerometers on its axles and incorporates wavelet analysis and statistical pattern recognition. The 
aim of the approach is to both detect and locate damage in bridges while reducing the need for direct instrumentation of the 
bridge. In theoretical simulations, a simplified vehicle-bridge interaction model is used to investigate the effectiveness of the 
approach in detecting damage in a bridge from vehicle accelerations. For this purpose, the accelerations are processed using a 
continuous wavelet transform as when the axle passes over a damaged section, any discontinuity in the signal would affect the 
wavelet coefficients. Based on these coefficients, a damage indicator is formulated which can distinguish between different 
damage levels. However, it is found to be difficult to quantify damage of varying levels when the vehicle’s transverse position is 
varied between bridge crossings. In a real bridge field experiment, damage was applied artificially to a steel truss bridge to test 
the effectiveness of the indirect approach in practice; for this purpose a two-axle van was driven across the bridge at constant 
speed. Both bridge and vehicle acceleration measurements were recorded. The dynamic properties of the test vehicle were 
identified initially via free vibration tests. It was found that the resulting damage indicators for the bridge and vehicle showed 
similar patterns, however, it was difficult to distinguish between different artificial damage scenarios.  

KEY WORDS: Acceleration; Bridge health monitoring; Damage detection; Drive-by inspection; Pattern recognition; Vehicle-
bridge interaction; Wavelet transform. 

1 INTRODUCTION 
The structural condition of highway infrastructure such as 
bridges is generally evaluated based on visual inspections and 
more recently, using vibration-based structural health 
monitoring (SHM) techniques [1,2]. SHM techniques require 
direct instrumentation of the bridge structure with sensors and 
data acquisition equipment and hence, while they can be 
effective in monitoring bridge performance and highlighting 
degradation, they can be costly in terms of time and labour. 
Due to a focus on more critical longer span bridges, large 
numbers of existing short to medium span bridges - which 
form the greatest proportion of bridges in service within road 
networks - are not instrumented. This paper presents an 
efficient, low-cost and indirect alternative which utilises an 
instrumented vehicle and is aimed at carrying out preliminary 
inspections of these bridge structures.  

The feasibility of extracting bridge properties, such as 
frequency, damping and bending stiffness, from the dynamic 
response of an instrumented vehicle has been verified by a 
number of authors in theoretical [3-8] and experimental 
investigations [9,10] and field trials [11,12]. These studies 
highlight the most common factors affecting the successful 
implementation of this type of indirect approach which relate 
to the road surface roughness and level of dynamic excitation 
of the bridge.  

The approach presented in this paper incorporates wavelet 
theory. As wavelets allow a signal to be analysed in both time 
and frequency domains simultaneously, their popularity for 
use in damage identification and SHM applications is 

increasing [13]. Nair & Kiremidjian [14] also illustrate the 
potential of continuous wavelet transforms (CWTs) to be used 
in statistical pattern recognition approaches for structural 
damage detection. Wavelet theory has also been incorporated 
in indirect approaches which aim to identify localised damage 
within a bridge from the wavelet transform of vehicle 
displacements [15,16] and accelerations [17]. In theoretical 
simulations, low speeds are found to be beneficial and the 
approach can be more effective than using fixed sensors on 
the bridge. In a laboratory experiment, damage could be 
detected but it was more difficult to identify its location than 
in simulations [17]. 

In order to investigate the effectiveness of the indirect 
inspection method in detecting damage in a bridge, this paper 
extends the analysis carried out by McGetrick & Kim [17] to 
other test conditions utilising vehicle-bridge interaction (VBI) 
models in simplified theoretical simulations and a full-scale 
field experiment. In particular, as the influence of road surface 
roughness on the vehicle acceleration response is an important 
factor, the effect of variation of the transverse position of the 
vehicle in the road between repeated runs across the bridge is 
investigated in theoretical simulations. 

Investigations of indirect bridge monitoring approaches 
have generally been limited to numerical models, controlled 
laboratory experiments and field tests involving undamaged 
in-service bridges [18]. Therefore, there is a need to establish 
a greater understanding of the relationship between the 
vehicle-bridge interaction (VBI) and damage. Therefore, this 
paper also presents the application of the indirect approach in 
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a real bridge field experiment in which damage was applied 
artificially to members of a simply supported steel truss bridge. 
Results highlight the damage sensitivity of the approach in a 
realistic environment while the dynamic properties of the test 
vehicle are identified via free vibration tests. 

2 METHODOLOGY 

2.1 Theoretical vehicle-bridge interaction model 
The coupled VBI model used in theoretical simulations is 
illustrated in Figure 1, as used and described by McGetrick et 
al. [19]. It consists of a 4 degree of freedom half-car model 
crossing over a finite element (FE) beam at constant speed, c 
m/s; the half-car and beam are coupled at their points of 
contact. The half-car represents a fully loaded two-axle truck 
with an axle spacing of 4.75 m and a total mass of 18 tonnes. 
The body and axle masses of the vehicle are ms = 16200 kg, 
mu,1 = 700 kg and mu,2 = 1100 kg respectively. The suspension 
and tire spring linear stiffness coefficients for axle 1 are Ks,1 = 
4 × 105 N/m and Kt,1 = 1.75 × 106 N/m respectively while the 
corresponding values for axle 2 are Ks,2 = 1 × 106 N/m and Kt,2 
= 3.5 × 106 N/m respectively. The suspension viscous damping 
coefficients are Cs,1 = 10 × 103 Ns/m and Cs,2 = 20 × 103 Ns/m. 
The sprung mass moment of inertia, Is, is 93234 kgm2. The 
distances of the axles to the centre of gravity, o, are D1=2.85 
m and D2=1.9 m. Finally, the vehicle’s frequencies of 
vibration are fv,1 = 1.1 Hz, fv,2 = 1.4 Hz, fv,3 = 8.8 Hz and fv,4 = 
10.2 Hz corresponding to body bounce, body pitch and the 
hop of axles 1 and 2 respectively. Vehicle acceleration 
measurements, ÿs,i, are recorded above the axles as indicated 
in Figure 1. 
A bridge of span length 25 m is used in simulations. It has 
mass per unit length, μ, of 18358 kg/m, healthy element 
stiffness, EJh, of 4.865 × 1010 N m2 and damping of 3%. The 
healthy bridge with no damage applied has a first natural 
natural frequency,  fb,1, of 4.09 Hz.  

The coupled VBI system is solved using the Wilson-theta 
integration scheme [20] and a sampling frequency of 100 Hz 
is used in simulations. To damage the beam, percentage 
stiffness reductions are applied to individual elements, 
representing localised damage within the bridge. In this paper, 
damage is applied to elements at L/2 and 3L/8 separately.  

 

 
Figure 1. Vehicle-bridge interaction model. 

 

2.2 Field Experiment 

2.2.1 Bridge description 
The observation bridge is a 59.2 m simply supported steel 
truss bridge (Figure 2). In the field experiment, vertical 
acceleration measurements were recorded at 8 locations on the 
bridge deck, which are indicated by A1 to A8 in Figure 2(a). 
The sampling frequency used in all tests is 200 Hz. To excite 
the bridge, a two-axle van was driven across the bridge at a 
constant speed of 40 km/h (11.1 m/s) and the bridge 
acceleration response was recorded both during and after the 
vehicle crossing. The frequencies of the first 3 modes of the 
bridge identified from free vibration are given in Table 1 [21].  

 

 

  
Figure 2. Observation bridge (a) experiment setup (units: mm) 

(b) elevation (c) view from entrance. 

Table 1. Bridge frequencies identified from free vibration. 

Scenario 1st Mode 
[Hz] 

2nd Mode 
[Hz] 

3rd Mode 
[Hz] 

H 2.98 6.88 9.62 
D1 2.98 6.89 9.69 
D2 2.88 6.88 9.67 
R 2.97 6.84 9.57 

D3 2.93 6.47 8.62 

2.2.2 Test vehicle 
The test vehicle was a Nissan Serena, shown in Figure 3. 
Acceleration measurements were recorded at 4 locations on 
the vehicle; on the front and rear axles (unsprung) and two on 
the vehicle body at over the front and rear axles (sprung). The 
total mass of the vehicle was 1570 kg, with 910 kg on axle 1 
and 660 kg on axle 2. Its axle spacing and track width were 
2.7 m and 1.5 m respectively. The entry and exit of the vehicle 
to the bridge were recorded using optical sensors. The 
identification of the vehicle’s dynamic properties is presented 
in Section 3.2.1. 

(a)

(b) (c)
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Figure 3. Test vehicle. 

2.2.3 Damage scenarios 
In total, 5 damage scenarios were investigated in the field 
experiments; these are illustrated in Figure 4(a) and described 
in Table 2. Figure 4(b) shows an example of one of the full 
cuts applied to a vertical member of the truss during the field 
experiment. For all scenarios except H (5 runs), the vehicle 
repeated the bridge crossing for a total of ten runs. 

 

  
(a) (b)

Figure 4. (a) Damage scenarios (b) full cut in vertical 
member. 

Table 2. Damage scenario descriptions 

Scenario Damage description 
H Healthy bridge (no damage) 

D1 Half cut in vertical member at midspan 
D2 Full cut in vertical member at midspan 

R Recovery of full cut in member at midspan via 
welding 

D3 Full cut in vertical member at 5/8th span 
 

2.3 Continuous Wavelet transform and damage sensitive 
feature 

The continuous wavelet transform [22] of a function f(t) ϵ 
L2(R) is given as  

 
dt

a
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where * indicates the complex conjugate of the mother 
wavelet function, ψ(t) ϵ L2(R). This mother wavelet function 
is given by Equation 2; it has zero mean and is scaled by a 
and translated by b.    
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2.3.1 Morlet wavelet 

The mother wavelet adopted for this investigation is the real 
valued symmetrical Morlet wavelet, as used by McGetrick & 
Kim [17] and described by Equation 3 below. The Morlet 
wavelet is selected as it provides an appropriate balance 
between time localization and frequency resolution for the 
purpose of detecting the damage location. It follows from this 
balance that the Morlet CWT of vehicle acceleration 
responses is adopted as a damage sensitive feature.  

 
( )tet

t

5cos)( 2

2
−

=ψ  
(3) 

2.3.2 Damage indicator 
In this paper, the differences between the CWTs of healthy 
and damaged vehicle accelerations are calculated for 
responses obtained in theoretical simulations and the field 
experiment. These differences in CWTs are analysed in both 
time and frequency domains simultaneously for the purpose of 
damage detection. All source acceleration signals are 
normalized using their standard deviations before applying the 
CWT and calculating the differences.  

Peaks occurring in the wavelet coefficient difference 
indicate a change in the bridge behaviour and hence are used 
here to identify the existence and location of damage. A 
damage indicator (DI) based on the maximum magnitude of 
these peaks at particular frequencies is established and used to 
evaluate the effectiveness of applying a statistical pattern 
recognition approach to distinguish between different damage 
levels. In theoretical simulations, the DI focuses on 
frequencies related to the vehicle as they are the most 
dominant in the VBI while in the field experiment, the whole 
spectrum was used. 

3 RESULTS AND DISCUSSION 

3.1 Theoretical simulations  
In simulations, the aim is firstly to investigate the 
effectiveness of the wavelet-based approach in identifying the 
existence and location of damage in a bridge for a range of 
parameters. Vehicle speeds of 2 m/s, 5 m/s and 10 m/s, 
vehicle masses of 4.8 tonnes and 18 tonnes, a perfectly 
smooth profile and rough road profiles are tested. The damage 
level and location are also varied; stiffness reductions from 
1% up to 20% are applied to an individual beam element at 
either 3L/8 or L/2. 

Unless otherwise stated, results are presented in this section 
for sprung mass measurements above axle 2 only, ÿs,2, as 
similar results were found for those above axle 1.  

3.1.1 The effect of vehicle speed 
Figure 5 shows the difference in wavelet coefficients of 
accelerations for the 18 tonne vehicle model and a number of 
speeds. It is found that lower speeds provide greater accuracy 
in identifying the damage location, which is marked at the 
maximum coefficient using the dashed line; this maximum 
occurs at the vehicle frequency of 1.4 Hz. This greater 
accuracy is due to the higher time and frequency resolutions 
and the length of time of the VBI. However, it can be 
observed that for 10 m/s, due to poorer resolution in the 
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frequency domain, the maximum occurs at the bridge 
frequency and provides an apparently more accurate damage 
location than 5 m/s. If the speed is increased further, it is 
expected that the accuracy will decrease again.  

 

 
Figure 5. Wavelet coefficient difference above axle 2 for 

speed of (a) 2 m/s (b) 5 m/s (c) 10 m/s; 18t vehicle, smooth 
road profile, 1% damage at L/2. 

3.1.2 The effect of vehicle mass 
To assess the effect of vehicle mass, a 4.8 t model is tested in 
simulations; it corresponds to an unladen version of the 18 t 
model. The properties that differ from those of the 18 t model 
described in Section 2.1 are as follows; ms = 3000 kg, Is= 
17266 kgm2, D1=1.19 m, D2=3.56 m. Its frequencies of 
vibration are fv,1 = 1.8 Hz, fv,2 = 4.4 Hz, fv,3 = 8.9 Hz and fv,4 = 
10.5 Hz. 

An example of the wavelet coefficient differences for both 
axle 1 and axle 2 of the 4.8 t vehicle are shown in Figure 6. It 

can be seen that the damage is located by axle 1, similar to 
Figure 5(a) but with greater peak magnitude. However, for 
axle 2 of this vehicle, although damage is detected globally, 
the damage location cannot be identified clearly due to 
merging of the frequencies of the axle and the bridge around 4 
Hz. This highlights that avoiding the matching of vehicle and 
bridge frequencies is an important consideration; they should 
differ sufficiently in order to locate the damage using this 
approach.  

 

 
Figure 6. Wavelet coefficient difference (a) above axle 1 (b) 

above axle 2; speed is 2 m/s, 4.8 t vehicle, smooth road 
profile, 1% damage at L/2. 

3.1.3 Damage level and location 
Figure 7 shows an example of the wavelet coefficient 
differences for variations in damage level and location 
respectively. As the low speed of 2 m/s provides the best 
condition for locating the damage, it is focused on here. 
Comparing Figure 5(a) for 1% damage to Figure 7(a) for 5% 
damage, it can be seen here that the maximum coefficient 
magnitude increases. This trend continues as the damage level 
increases further, indicating that the coefficient magnitude 
may be used to quantify the extent of the damage.  

Figure 7(b) shows the coefficient difference for the 18 t 
vehicle and 1% damage at 3/8ths of the bridge span. 
Comparing Figure 7(b) to Figure 5(a), it can be seen here that 
the damage detection accuracy does not vary significantly 
with the damage location; the peak magnitudes are very 
similar. Similar results are observed for other damage levels 
investigated; it is found that the identified damage location 
does not vary with damage level. 
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Figure 7. Wavelet coefficient difference above axle 2 (a) 5% 

damage at L/2 (b) 1% damage at 3L/8; speed is 2 m/s, 18t 
vehicle, smooth road profile. 

3.1.4 Road roughness and transverse position variation 
Results presented thus far have been for ideal conditions with 
a perfectly smooth road profile. In reality, the road surface 
will not be perfectly smooth and for repeated bridge crossings, 
the vehicle’s transverse position may vary. As the road profile 
is a significant source of excitation for the vehicle, differences 
in the road profile under the wheel between two crossings 
may affect the ability to detect changes in the bridge response 
from vehicle accelerations. Therefore, this is investigated in 
this paper; a randomly generated ‘very good’ class A road 
profile carpet [23] is included in simulations. The profile 
carpet, shown in Figure 8(a), includes a 100 m approach to the 
bridge and allows for a change in the vehicle’s transverse 
position between bridge crossings and different damage 
scenarios.  

The carpet has 5 longitudinal profiles within a transverse 
width of 0.5 m and is generated according to the frequency 
distribution of a wheel's transverse road position [24], shown 
in Figure 8(b). To simulate the indirect bridge inspection 
approach in practice, multiple bridge crossings are carried out 
for each damage level, with a longitudinal profile randomly 
selected for each crossing from the carpet based on the above 
distribution. Investigations include scenarios of 1, 5 and 10 
crossings (or runs) aimed at evaluating the effectiveness of a 
pattern recognition approach in these conditions. 

Figure 8(c) illustrates an example of the wavelet coefficient 
difference between healthy and 1% damage scenarios, 
assuming a variation in vehicle transverse position between 
runs. It is found that the damage can be detected in the vehicle 

response, as for the smooth profile. However, compared to 
theoretical results, the peak magnitude is much smaller here. 
Also, while a peak is visible near the damage at the vehicle 
frequency of 1.4 Hz, the overall maximum occurs at the 
bridge frequency further away from the damage.  

 

 

 

 
Figure 8. (a) ISO class A ‘very good’ profile carpet (b) 

Distribution of vehicle transverse position (c) Example of 
coefficient difference for 1 crossing and random position in 

profile carpet; speed is 2 m/s, 18 t vehicle, 1% damage. 

To evaluate the effectiveness of the approach overall for 
rough road profiles and variation in position, the damage 
indicator (DI) introduced earlier based on the maximum 
coefficient on the frequency range [fv,2 /2, (fv,2 +fb,1)/2] is 
calculated for all speeds and runs (10) tested and plotted in 
Figure 9(b). To allow comparison between the DIs for all 
damage levels, they are standardised for each speed using 
their means and standard deviations. For comparative 
purposes, corresponding DIs calculated assuming no variation 
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in position between healthy and damaged scenarios are shown 
in Figure 9(a) for 5 crossings. 

Comparing these simulation results for the 18 t vehicle in 
Figure 9 indicates that even a small variation in position of 0.1 
m between each crossing and damage scenario has a relatively 
large effect on the damage level sensitivity of the DI used at 
present; although damage is detected, it cannot be quantified 
accurately. As this DI is a simple comparison between 
damaged and healthy scenarios; the maximum difference 
between wavelet coefficients of acceleration, it may be 
affected by the shift of maximum peak from the vehicle to the 
bridge frequency as noted in Figure 8(c).  

Considering the damage location in each case, for no 
variation in transverse position between damage scenarios 
(Figure 9(a)), the mean errors (as a percentage of the bridge 
span) in the identified damage location are 5.2%, 5.8%, 5.8% 
and 33.2% for 2, 5, 10 and 20 m/s respectively. However, 
with variation in position (Figure 9(b)), the corresponding 
errors are 12.8%, 9.8%, 18.3% and 15.6% respectively, the 
accuracy decreasing for all except 20 m/s. 

Further investigation is required to improve the sensitivity 
of the DI to this kind of variation. Similar results were 
observed for the 4.8 t vehicle model. 

 

 

 
Figure 9. Identified DIs for (a) 5 repeated bridge crossings 
over same profiles (b) 10 repeated bridge crossings over 

different profiles; 18 t vehicle, damage at L/2. 

3.2 Field experiment results  

3.2.1 Vehicle dynamic parameter identification 
To identify the dynamic characteristics of the test vehicle 
model, free vibration tests were carried out on the vehicle. 
This allowed identification of its dominant frequencies using a 
simple fast Fourier transform (FFT) in order to differentiate 
between bridge and vehicle responses in the CWT of 
accelerations. In this study, it was not necessary to calibrate 
all properties of the vehicle in detail as they were not required 
for the testing of the approach outlined in Section 2. However, 
in future similar applications, if detailed knowledge of the 
vehicle properties is required, model updating using a 
combinatorial optimisation technique, described in detail by 
Harris et al. [25], can be employed.  

The vehicle was excited to free vibration in a drop test, 
utilising a known displacement. In this study both a timber (60 
mm × 40 mm) and concrete block (100 mm × 100 mm) were 
used. An example of the free vibration acceleration response 
of the vehicle’s sprung mass is shown in Figure 10 while all 
identified dominant frequencies and associated modes are 
given in Table 3.  

 

 
Figure 10. Free vibration acceleration response of vehicle 

sprung mass over rear axle due to timber drop test. 

Table 3. Vehicle frequencies and associated modes identified 
from free vibration. 

Mode Frequency [Hz] 
Body Bounce (Front) 1.8 
Body Bounce (Rear) 2.3 

Axle Hop (Front) 13.5 
Axle Hop (Rear) 11.3 

 

3.2.2 Damage detection 
To test the effectiveness of the wavelet based indirect bridge 
inspection method, the approach was implemented in a field 
experiment, described in Section 2.2; the results are 
summarised here. Figure 11(a) and Figure 11(b) show 
examples of the difference between wavelet coefficients 
obtained for the Healthy (H) and D2 scenarios, for the sensor 
A3 at bridge midspan (A3) and the vehicle sprung mass 
respectively. The damage location at midspan is indicated by 
the solid white line while the maximum value is indicated by 
dashed white lines. 

For the bridge response, the maximum value occurs at the 
1st bridge frequency (2.98 Hz) and as expected, this location 
does not vary greatly with damage scenario or bridge 
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crossing. However, its magnitude provides a reference for the 
vehicle response. For the vehicle response, the maximum also 
occurs at the 1st bridge frequency; this is due to the similarity 
with the dominant vehicle bounce frequency at 2.3 Hz. The 
maximum peak location is reasonably close to the damage 
location in this example, with a percentage error of 7.8%.  

To assess the effectiveness of the wavelet based approach in 
distinguishing between different damage scenarios, the DI 
used in theoretical simulations is applied here also. However, 
it should be noted that instead of plotting the DIs calculated 
for the coefficient difference between each scenario, the 
absolute DI values for each scenario are plotted here in Figure 
12 to illustrate scenario H and R; H acts as a reference for 
both D1 and D2 while scenario R acts as a reference for D3. 
The means of each cluster of DIs are also plotted in Figure 12. 

It is found that it is difficult to distinguish between the 
different damage scenarios using this DI, although barring 
scenario D3, the cluster means follow a similar trend for the 
bridge and the vehicle. This indicates that with repeated 
bridge crossings, the vehicle will display a similar statistical 
DI pattern to the bridge with variation in damage. For scenario 
D3, the member which was cut carried a high axial load - 3 
times higher than in the member cut for D1 and D2. 
Therefore, D3 has a larger global effect on the bridge and 
compared to other scenarios, influence a greater difference 
between the response of the moving vehicle and the fixed 
sensor at midspan. 

 

 

 
Figure 11. Example of wavelet coefficient difference between 

scenarios H and D2 for accelerations at (a) bridge midspan 
(sensor A3) (b) vehicle sprung mass (rear). 

The mean percentage errors in the identified damage 
location for all vehicle measurements were quite poor; 38%, 
38% and 41% for D1, D2 and D3 respectively. However, it 
was found that a relatively large excitation in the approach to 
the bridge caused the vehicle acceleration response to 
consistently peak close to the bridge entrance, although its 
influence damped out quickly during the VBI. 

In addition to the excitation in the approach, the vehicle 
speed (11.1 m/s) may also have affected the ability to identify 
the damage location; in theoretical simulations, a low speed of 
2 m/s provided the most accurate identification of the damage 
location. Finally, another issue which may have affected the 
accuracy of the approach included a relatively light vehicle 
weight (1.54 tonnes) compared to the bridge. This may have 
been beneficial as a lighter vehicle would be more easily 
influenced by the bridge vibration. 

 

 
Figure 12. Identified DIs for (a) bridge midspan (sensor A3) 

(b) vehicle sprung mass (rear); cluster means shown ( ). 

4 CONCLUSIONS 
This paper presents the results of numerical and experimental 
investigations, carried out in order to verify the feasibility of 
using an instrumented vehicle to detect damage in a bridge.  

In theoretical simulations, it is found that, provided the 
vehicle frequency is not too close to the bridge frequency, the 
approach can detect and locate damage accurately for low 
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speeds and smooth road profiles. For rough road profiles, it is 
more difficult to detect the damage location.  

A damage indicator based on wavelet coefficient magnitude 
allows different levels of damage to be detected and 
distinguished from each other when there is no variation in the 
vehicle’s transverse position on the road. However, if the 
transverse position of the vehicle varies between bridge 
crossings, it becomes much more difficult to distinguish 
between different damage levels using this DI.  

In a field experiment, the effectiveness of the indirect bridge 
inspection method is evaluated for a range of artificial damage 
scenarios. The dominant frequencies of the test vehicle 
frequencies are identified from free vibration tests. It was 
found that the DIs for the bridge and vehicle showed similar 
patterns with damage but as in theoretical simulation results, it 
was difficult to distinguish between different artificial damage 
scenarios. 

Further work is required to improve the sensitivity of the DI 
used in this investigation in order to enable reliable damage 
quantification. However, the results presented in this paper 
highlight conditions within which damage can be identified 
with reasonable accuracy and also illustrate the potential of 
this low-cost indirect bridge inspection method to be 
implemented in real damage detection applications. 
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\ABSTRACT: Damage identification for two real big bridges in Luxembourg is carried out in this paper. Vibration responses 
were captured from different types of excitation such as measurable and adjustable harmonic swept sine excitation and hammer 
impact. Before, different analysis methods were applied to the data measured from these structures showing interesting results. 
However, some difficulties are faced, especially due to environmental influences (temperature and soil-behaviour variations) 
overlaid to the structural changes caused by damage. These environmental effects are investigated in detail in this work. First, 
the modal parameters are identified from the response data by means of Wavelet Transform. In the next step, they are 
stochastically collected and processed through Principal Component Analysis. Damage index is based on outlier analysis.  

KEY WORDS: Civil engineering structures; Damage detection; Principal component analysis; Statistics; Eigenfrequency. 

1 INTRODUCTION 
As for mechanical systems, the condition of civil engineering 
structures such as bridges may be monitored through vibration 
features identified regularly during their life. Damage 
detection is often performed by comparison of modal 
characteristics between current states and an earlier healthy 
state considered as “reference”. However, detection based on 
the comparison of modal parameters like natural frequencies, 
mode shapes etc. is not always obvious, because damage is 
not the only source that disturbs those parameters. Indeed, 
environmental factors, i.e. temperature, temperature gradients, 
soil-behavior variations, traffic etc., show an important 
influence on modal parameters as well. It was shown through 
a bridge’s monitoring in HongKong [1] that the normal 
environmental changes can bring variance error from 0.2% to 
1.52% for the first ten eigenfrequencies. Such a high variation 
may mask the frequency change due to structural damage, 
which begs the question: how to remove the environmental 
effects in the damage detection problem.  

In face of the last intricate question, several investigations 
have been carried out on civil engineering structures. Data 
reduction is often performed from time sequences into modal 
features. In [2, 3], damage detection was achieved by some 
derivatives of Principal Component Analysis and factor 
analysis where numerical data were collected according to a 
quite large range of temperature. Furthermore experiments in 
laboratory [4, 5] and on real structures have been examined. 
In the last decade, the real bridge Z24 in Switzerland was 
studied in several works [2, 6, 7] with various methods. 
Damage detection and localization in the I-40 bridge in New 
Mexico (USA) was also studied in [5, 8]; however, 
temperature effect was modeled numerically in [5].  
The examples considered in this paper are two bridges located 
in Luxembourg. The first is named “Deutsche Bank” and the 
second is the Champangshiehl bridge. Before their 
demolitions, artificial damages were introduced gradually and 
the bridges were monitored for a short period. Damage 

detection performed on these bridges is addressed in previous 
works [9-12]. In the “Deutsche Bank” bridge, 31% of 
prestressed tendons were cut but no crack was observed and 
the eigenfrequency shift from the intact state to increasing 
damage levels does not show any tendency.  In the case of the 
Champangshiehl bridge, damages were well detected, but 
close examination of eigenfrequency shifts and damage 
indexes did not allow to clearly identify the levels of damages. 
It was suspected that this could be due to the variation of 
environmental conditions. In this context, the present work 
seeks to remove environmental effects, namely temperature or 
soil-abutment from the bridge diagnosis. The method relies on 
Principal Component Analysis (PCA) of the identified 
features, which allows to separate the changes due to 
environmental variations from the changes due to damage 
sources. Indication of damage level is based on prediction 
error of the model. 

2 METHODOLOGY 
Regarding to damage detection, many authors consider 
eigenfrequencies as good features, although they may be very 
sensitive to temperature variation. Mode-shapes are less 
influenced by temperature. In [3], it was shown through a 
numerical example that damage detection including 
temperature effect is better when high mode-shapes (modes 6-
10) rather than mode-shapes at low frequency are considered 
as features. However, in real-time monitoring of bridges, 
modes at high frequency are more difficult to identify from 
vibration measurements. Therefore the features considered in 
this paper are eigenfrequencies of the bridge. In a first step, 
eigenfrequencies are identified by applying the Wavelet 
Transform on the recorded signals. Next, they are analyzed 
using PCA in order to differentiate the temperature effect 
from the damage effect in the feature variations.  

The present study exploits the technique and Novelty Index 
proposed in Reference [2], which does not require any 
measurement of environmental parameters because they are 
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considered as embedded variables. Their effect can be simply 
observed from the variation of the identified features. For the 
sake of conciseness, the method is briefly recalled here.  
If a vector of vibration features m

k ∈x R  is identified for an 

instant k,  let us collect the features in a matrix X m N×∈R :  
            [ ]1 2 ... ... , 1,...,k N k N= =X x x x x          (1) 
where m is the number of features and N is the number of 
samplings. If eigenfrequencies are considered as the features, 
m is the number of identified modes. PCA provides a linear 
mapping of data from the original dimension m to a lower 
dimension p: 
                                (2)       
where p N×∈S R is the score matrix which characterizes the 
environmental-factor space and p m×∈L R is the loading 
matrix. The dimension p presents the number of combined 
environmental factors disturbing vibration features.  
In practice, PCA is often performed by singular value 
decomposition (SVD) of matrix X, i.e. 
                                                   (3) 
where U and V  are orthonormal matrices, the columns of U 
defining the principal components (PCs). The number p of the 
most important components is determined by selecting the 
first p non-zero singular values in Σ  which have a significant 
magnitude (“energy”). If noise is negligible, environmental 
factors often show strong influence. Practically for civil 
engineering structures, temperature reveals itself as the only 
important environmental factor; in that case p is limited to 1.  

The loading matrix L may be constructed by the first p 
columns of matrix U. A residual error matrix E is assessed by 
comparing the original data and the loss of information in the 
re-mapping of score data S back to the original space: 
      ;              (4) 

For an instant k, the Novelty Index (NI) is defined following 
the Mahalanobis norm:    

                     (5) 

where  is the covariance matrix of the features. 
Let us note  and σ respectively the mean and standard 
deviation values of NI in the reference state, an outlier limit 
may be estimated by the value: OL = . A state may 
be identified as a damage state when a considerable 
percentage of samples exceed the outlier limit and when the 
ratio  is high where is the mean value for the 
current state.  

3 APPLICATIONS  

3.1 The ”Deutsche Bank” bridge 

It is a three-span concrete bridge with a total length of 51m, 
post-tensioned by 29 tendons with subsequent grouting 
(Figure 1). In order to simulate damage due to corrosion, 
several prestressed tendons were cut locally at different 
positions as pointed out in Table 1. The data considered in this 
work were achieved after the removal of asphalt layer (170t) 
that reduced mass rather than stiffness of the structure. Under 
the excitations of an electric shaker, vibration responses of the 
bridge were captured by 12 sensors allocated on two sides of 

the bridge deck. They are presented by points 115, 127, 135, 
210, 215, 227, 235, 240, 245, 255, 260 and 340 in Figure 2. 

 

 

 
Figure 1. The elevation and the cross-section (axis B/D) of the 

”Deutsche Bank” bridge 
 

 
Figure 2. Measurement setup for dynamic tests  

 
Table 1. Description of the damage scenarios according to the 

cutting sections shown in Figure 1 
State Description 
# 0 Intact state  
# 1 Cutting of 1 tendon, n° 15, axis C 
# 2 Cutting of 5 tendon, n° 7,13,15,17,23, axis C 
# 3 Cutting of 9 tendon, n° 5,7,9,13,15,17,21,23,25, 

axis C 
# 4 Cutting of 9 tendon, n° 5,7,9,13,15,17,21,23,25,  

Axis B ,C, D 
 

Table 2. Eigenfrequencies identified by MEscope 
State # 0 # 1 # 2 # 3 # 4

f1 4.15 4.17 4.13 4.12 4.20 
f2 5.08 5.08 5.06 5.11 5.13 
f3 10.20 10.20 10.20 10.20 10.30 
f4 11.90 12.00 12.00 12.00 12.00 

 
Because of the safety regulations and time restrictions, no 
further damage was recorded before the demolition.  

As reported in [12], the measurements at the center of the 
mid-span showed an increase of about 15% in the static 
vertical displacement and of about 35% in the longitudinal 
strain of the passive reinforcement all along the damage 
scenarios. Modal analysis was carried out by means of the 
Global Polynomial method available in the MEscope software 
and shown in Table 2 [13]. However, by observing dynamic 
responses such as eigenfrequencies and damping ratios, no 
damage could be discovered [12, 13]. It concerns with the 
cutting of the third of tendons (9 out of 29) that may be 
inadequate to provoke visible crack. (Due to the removal of 
the asphalt layer, stresses did not exceed tensile strength of 
concrete). As for ambient condition, the bridge was tested 
during 10 days in autumn with no significant weather 
alterations. However, the environmental variation may mask 
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changes in modal parameters and so obstruct the detection of 
the produced damages. But unfortunately, no complete 
monitoring of temperature was achieved. 

In the present work, to exploit statistical Novelty Index 
cited above, modal parameters are identified here using the 
Wavelet Transform (WT) and eigenfrequencies are chosen as 
system features. The reason is that the data obtained by WT 
responses are abundant, so that each eigenfrenquency may be 
periodically picked up to 600 times for each state. In total 
there are 3000 sets of results for all the states. They are plotted 
in Figure 3 for the first four modes.  

 

 

 
Figure 3. Eigenfrequencies identified for #0 ÷ #4 by Wavelet 

Transform 
 

Similarly to the results obtained by the Global Polynomial 
method from Frequency Response Functions in Table 2, the 
eigenfrequencies identified by the Wavelet Transform (WT) 
do not reveal any tendency corresponding to the increasing 
damages. WT frequencies are presented by spectrum and the 
examined states show different spectrum dispersions. With 
these dispersions, the observation of eigenfrequencies in 

Figure 3 does not give any direct detection of damage. 
Alternatively, the eigenfrequencies are now collected in the 
feature matrix X according to equation (1) in order to perform 
PCA detection. To maximize useful information for the PCA 
procedure, all the four modes are considered. The SVD of X 
(equation 3) for the intact state reveals that the first singular 
value concentrates about 99% of the energy, which means that 
only one environmental factor has a significant influence on 
the four eigenfrequencies. It means that one principal 
component is enough to characterize the system dynamics. 
The other singular values are small and may be attributed to 
the effect of noise; their influence is so small that they do not 
affect the diagnostics.  

 
     Figure 4. Monitoring of Novelty Index (NI) 

 
Figure 5. Overshoot rate by NI 

 
Figure 6. Ratio  

 
Figure 4 presents the results of the PCA-based detection 

using the first principal component. In this figure, three data 
sets are considered for each state. Each data set contains 200 
samples. Dotted bold horizontal lines give mean values of the 
Novelty Index (NI) of all the 15 sets of data. The first healthy 
set is chosen as reference and its mean value is indicated by 
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. The percentage of samples exceeding the outlier limit is 
given in Figure 5 and the ratio  in Figure 6. Among 
the first three set of data including 600 no-damage samples, 
the third set shows the highest rate of overshoot the outlier 
limit (27.5%). It relates to the drop of the 3rd eigenfrequency 
(about 10.15Hz) at several samples of that set in Figure 3. 
However in the whole intact state, this drop is only minority 
that keeps the mean of NI always under the outlier limit and 
the maximum ratio  is only 1.5. For the first two 
damaged states #1 and #2, Novelty Index does not show any 
alarm, except the last set of #2. However, a clear distinction is 
given from damage #3 when NI overshoot reaches 50-80%; all 

 ratios overpass the outlier limit with values from 2.1 
to 3.5. Thus due to small cutting proportion, damages are only 
detected from state #3, however that is an interesting 
improvement in relation to former studies in this structure.  

3.2 The Champangshiehl bridge  

With a total length of 102 m, the bridge is divided into two 
spans of 37 m and 65 m (henceforth noted L) respectively 
(Figure 7). It was pre-stressed by 112 steel wires as illustrated 
in Figure 8. Before its complete destruction, the bridge was 
monitored and a series of damages were artificially introduced 
as summarized in Table 3.  

 
Figure 7. Longitudinal section of the Champangshiehl bridge  

 
Figure 8. Schematic cross section of the box girder with 

location of the tendons 
 
The measurement setup considered in the present work is 

given in Figure 9. Ten sensors were located on each side A 
and B of the deck (the distance between each sensor is about 
10 m). Vibration monitoring under swept sine excitation force 
and impact excitation were performed on the healthy structure 
and at each damage state. More detailed descriptions of the 
bridge can be found in [11]. 

 
Figure 9. Location of the sensors on the bridge deck 

 
Vibration responses of the bridge in the healthy state and 4 

damaged states were recorded during June 2011. Processing 

of the data was performed in [9, 11] using the Stochastic 
Subspace Identification (SSI) method and the Global 
Polynomial Method. Those earlier analysis can be used for the 
comparison with the present study combining the Wavelet 
Transform and the Principal Component Analysis.  

 
Table 3. Description of the damage scenarios according to the 

cutting sections shown in Figure 8 
State # 0 # 1 # 2 # 3 # 4
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Moreover, in order to broaden false-positive tests that avoid 

false alarms for undamaged states, data in the healthy 
condition are enriched and gathered from different days and 
different excitations. As presented in Figures 10 and 12, two 
sections #0 correspond to the impact and then swept sine 
excitations, respectively, which were performed in two 
separate days. The damaged states are examined under the 
swept sine excitations. 

 
Figure 10. Evolution of the temperature during states #0 ÷ #3 

(no data recorded for state #4) 
 
During the monitoring of the bridge, temperature was also 

measured outside and inside of the bridge. As all the states 
were carried out one after the other and so recorded at 
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different days in June, the environmental conditions changed 
from one measurement set to the other. Figure 10 displays the 
ambient temperature (under the bottom plate of the 
superstructure) as well as temperatures measured at the top 
and at the bottom of the bridge. For security reason, the 
temperature monitoring system was removed before the most 
significant damage #4 so that the temperature was not 
recorded for the last state. 

Modal identification and damage detection were performed 
in [9-11] without taking into account temperature variations. It 
gave the results shown in Table 4 and Figures 11, 12. 

 
Table 4. Change in the eigenfrequencies (identified by the 

SSI method) 

 #0 
(H) 

#1 
(D1) 

#2 
(D2) 

#3 
(D3) 

#4 
(D4) 

f1 (Hz) 1.92 1.87 1.95 1.82 1.75 
Δf1 (%)  -2.6 +1.6 -5.21 -8.85 
f2 (Hz) 5.54 5.45 5.24 5.39 5.3 
Δf2 (%)  -1.62 -5.42 -2.71 -4.33 
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Figure 11. Damage detection by Enhanced PCA [9] 

 
Figure 12. Damage detection based on diagonal elements of 

the flexibility matrix 
 
It can be asserted from Table 4 and Figures 11-12 that all 

the damage states are well detected. However, according to 
these results, state #2 shows a particular behavior: the 
frequency of mode 1 increases slightly with respect to the 
healthier states while the frequency of mode 2 exhibits the 
most important drop. The variation of temperature shown in 
Figure 10 may be suspected as responsible for this particular 

behavior. For damaged state #2, the corresponding ambient 
temperature does not look unusual as it is in the same range of 
the ambient temperature recorded for the healthy state #0; 
however the temperature at the top of the bridge during state 
#2 is the highest. This observation is probably the reason why 
state #2 has a non-conventional behavior compared to the 
other states. In the following, it will be shown that the 
proposed method allows to answer this problem. 

As said before, eigenfrequencies are identified here using 
the Wavelet Transform (WT) and are chosen as system 
features. Each eigenfrenquency is here periodically picked up 
to 300 times for each damaged state, and 2×300 times for the 
reference state. In total there are 1800 sets of results for all the 
states. They are plotted in Figure 13 for the first four modes. 
The first and the third eigenfrequencies provide a quite clear 
distinction between different states as the decrease in 
frequency is monotonous from one state to the others. 
However, the identification results confirm that the second 
and fourth eigenfrequencies do not allow to detect damage 
except in states #3 and #4 for the second mode and only in 
state #4 for the fourth mode. 

 

 

 

 
Figure 13. Eigenfrequencies identified by WT for #0 ÷ #4 

 
With the first singular value occupying near 100% of 

energy, the SVD of vibration feature matrix X shows also that 
there is only one environmental factor which influence the 
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most on the features. In this case, the environmental factor is 
the temperature (it is the only one that is noticeable). Thus 1 
principal component is kept to define the loading matrix to 
characterize the environmental-factor space. The PCA 
detection is shown in Figures 14 and 15 that for each case of 
damage, three data sets are considered and the reference state 
has six data sets. Each data set contains 100 samples.  

 
Figure 14. Monitoring of Novelty Index (NI) 

 
Figure 15. Overshoot rate by NI 

 
Figure 16. Ratio  

 
An overall look at Figure 14 reveals an interesting result: 

despite the variation of the NI for the 6 undamaged states #0 
(which results from the variation of the eigenfrequencies with 
the temperature), most of the NI values lies below the outlier 
limit line. The few samples crossing this line are influenced 
by other factors (presence of nonlinear effects, noise). Figure 
14 also reveals that all the damage states are detected and well 
classified in accordance with their levels. Despite the fact that 
all healthy states are not measured continuously and that their 
temperature range does not cover every states, consistent 
results are obtained.  

In Figure 15, the percentage of NI overpassing the limit is 
close to 100% for all the damaged states showing that even 
the smallest damage is clearly detected. In Figure 16, the ratio 

 is use to exhibit the progression of damage. By the 
distinct levels of damage, each damaged state is clearly 
classified from undamaged state with homogenous ratios.  

4 CONCLUSION 

Data recorded from two real concrete bridges are processed in 
this paper. Sometimes an increase of eigenfrequencies follows 
a damage of increasing level, which is not theoretically 
expected. The same phenomenon was observed in other 
structure like in the bridge I-40 in New Mexico (cited in [5, 
8]). Environmental effects that are assumed responsible of this 
phenomenon could be removed using PCA of the identified 
features (eigenfrequencies in this work) and statistics as 
damage indexes. The present work shows meaningful 
improvements with respect to earlier analyses [9-13]. In 
previous studies on the “Deutsche bank” bridge, the damages 
were not directly detected by modal features. As discussed in 
[12], it may be a consequence of prestressed structures: visible 
cracks appear very late, shortly before collapse and only with 
important damage. Non-sizable damage is not revealed 
directly from the monitoring of modal parameters. In the 
particular case of the Champangshiehl bridge, damage #2 
showed uncommon behaviors (apparent by eigenfrequency, 
damage index [9]). This uncommon behavior is cancelled out 
through damage indexes used in this paper. It shows that the 
detection in the Champangshiehl bridge is clearly easier than 
in the “Deutsche bank” because the cutting ratio is 
considerably higher in the Champangshiehl bridge.  

As for damage indices, the  ratio is not in the same 
range for every structure in healthy state. So looking in the 
overshoot rate is also an inherent task which may give more 
accurate information. 

The advantage of the detection here is its simplicity. No-
environmental measurement is needed. The feature collection 
is achieved by Wavelet Transform, then PCA is used for 
analysis, they are all very practical and convenient for 
automation. It is shown that even if reference data is not 
collected according to a full range of temperature covering 
other states, the detection is still faithful. 
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ABSTRACT:  The purpose of this study is to utilize available wind and earthquake acceleration response data from three multi-
story reinforced concrete buildings to examine structural behavior and system parameters. 
Having a realistic estimate of structural parameters such as natural frequency and critical damping ratio is important for design 
purposes. The dynamic properties of structures can also be used in connection with damage assessment associated with health 
monitoring. Therefore, improved understanding of possible “wandering” in natural frequencies and damping is important. 
The acceleration data has been sampled through “triggered” monitoring. The data stems from different two sources of excitation, 
i.e. wind and earthquakes, and is recorded for various excitation levels and environmental conditions.  
Structural analyses of the buildings are carried out based on the recorded data. The system parameters reflect structural changes 
directly, both short-term reaction to single events and long-term gradual alterations in material properties or structural settings. 
The findings support the thesis that the dynamic behavior of structures is determined by several external factors on very 
different timescales. 

KEY WORDS: Building; Reinforced concrete; Dynamics; Earthquake; Wind; Acceleration response; Finite element analysis; 
Natural frequency; Damping. 

1 INTRODUCTION 
The purpose of this study is to utilize available wind and 
earthquake acceleration response data from three multi-story 
reinforced concrete buildings to examine structural behavior 
and system parameters, their variability and their dependency 
on the source and amplitude of excitation as well as other 
environmental factors. The monitoring operations have been 
carried out by the Earthquake Engineering Research Centre of 
the University of Iceland. 

Natural frequencies and damping of structural systems are 
known to vary depending on the level of excitation and 
environmental influences [5],[21]. Having a realistic estimate 
of structural parameters is important for design purposes. 
Also, the dynamic properties of structures are used in 
structural health-monitoring in association with damage 
assessment. Therefore, improved understanding of possible 
wandering in natural frequencies is important for the 
engineering community. 

The buildings measurement systems are described and the 
recorded structural response data presented. The acceleration 
data has been sampled through “triggered” monitoring and the 
data extends over a period of twenty, six and one year, 
respectively for the three buildings, included in this study. The 
data stems from different two sources of excitation, i.e. wind 
and earthquake, and is recorded for various excitation levels 
and environmental conditions. Therefore, it is possible to 
investigate various relations that single event data or short 
term monitoring cannot resolve. 

System identification analyses of the buildings are carried 
out applying previously verified parametric methods to the 
recorded data [15] as well as the MACEC toolbox [12]. Both 
short term and long-term dynamic behavior of concrete 

buildings in a seismic and windy environment is studied 
through changes in the system parameters. 

2 THE BUILDINGS AND DATA ACQUISITION 
This paper presents three case studies, involving analysis of 
recorded acceleration response data in 13, 14 and 20 story 
reinforced concrete buildings in Reykjavik, Iceland. 
Monitoring systems installed in these buildings have recorded 
building acceleration response in small to moderate 
earthquakes and storm events. The buildings and their 
monitoring systems will be introduced in the following. 

2.1 Building A 

Building A, is a 13-storey, 41 meters high residential building 
built in 1992, see Figure 1. It is a cast in place reinforced 
concrete shear wall structure standing on a one story 
basement. The building has a 27.5 long and 15.5 m wide 
cross-section and is close to being symmetric in shape.  

The building is founded on a 7 m thick compacted coarse 
basalt gravel cushion that needs to be included in any model 
of its dynamic behavior.  

The monitoring system has been operating since fall 2007. 

2.2 Building B 

Building B, is a 14 stories high (45 m) office building, shown 
in Figure 2. It is a reinforced cast-in place concrete structure, 
basically composed of shear walls and slabs. The geometry of 
the building is rather complex, as the floor plans vary, 
changing vertically. 

The building was instrumented in January 1990. The 
instrumentation is composed of eight sensors (channels) 
located at three levels: the basement, the 8th floor and the 
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14th floor. The data acquisition starts automatically when the 
acceleration on the 14th floor exceeds a specific trigger level. 
Basic wind and weather data is available from a 
meteorological site some 500 m away. 

The measurement system has in the past 20 years, recorded 
over 100 earthquakes. The wind data catalogue contains over 
600 sets of time series recorded in about 60 storm events. 

 

 
Figure 1. Building A, seen from North-East. 

 

 
Figure 2. Building B, seen from North-East. 

2.3 Building C 

Building C, is a 21 story office and retail building (see Fig. 3) 
built in 2007. It is a reinforced cast-in place concrete structure 
composed of slabs supported by concrete columns at the outer 
perimeter and a shear-wall core in the middle. The height of 
the tower is 76.3 m from street level. The building also has a 2 

story basement of 7.6 m from street level down, making the 
total height of the structure 83.9 m, from the foundation and 
up. A parking structure is placed next to the building and 
reaches up to the third floor of the tower; a dilatation separates 
the parking structure from the building. 

The monitoring system was installed in March 2008 and in 
operation until fall 2009. The instrumentation was composed 
of two tri-axial accelerometers, one located in a utility 
building on the roof (21st floor) and the other placed next to 
the shear core on the 13th floor. The acceleration data 
catalogue from this 18 month campaign contains about 168 
storm events and 28 earthquake events[19].  

In addition to this monitoring campaign, the buildings 
ambient excitation was systematically recorded in July 2011 
[4]. The equipment’s used were one tri-axial acceleration 
sensor and three uni-axial sensors. Systematic recordings were 
done on each floor of the building for both the strong- and the 
weak axis of the building. 

 

 
Figure 3. Building C, seen from North-East. 

3 SYSTEM IDENTIFICATION AND FE MODELLING 
Recorded data from all three buildings has been analyzed, and 
a Finite element model constructed based on design drawings 
and site inspections. The elasticity modulus of the buildings 
has been measured on site using ultrasonic techniques, to 
support the modeling process and validate the designer 
specified concrete quality. In the following the analysis 
procedures and results will be presented for each building.  
 

3.1 Building A 

All recorded time series from 2008 – 2012 were reviewed. 
About 100 recordings were evaluated as earthquake induced. 
The recorded earthquakes were of magnitude between 3 and 
6.3. The highest measured peak response acceleration was 
180.5 cm/s2 during the Olfus 2008 earthquake, of magnitude 
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6.3 [15]. Unfortunately that event was only recorded at the 
roof floor.  

The geographic epicentres of observed earthquakes are 
shown on Figure 4 in relation to the location of the building. 
Sixteen earthquakes were picked out of the database for 
further processing. 
 

 
Figure 4. A map showing south-west Iceland, the 
location of the observed building (blue square) and 
epicenters of recorded earthquakes (red circles) within 
65 km with magnitude > 3. The spacing of the green 
circles is 10 km. 

The recorded acceleration data was used for system 
identification of the building. The aim of the system 
identification was to estimate the natural frequencies and 
critical damping ratios for the main modes of vibration. The  

The recorded acceleration data was used for system 
identification. The SI analysis was done using the Matlab 
toolbox MACEC [12]. The basement records were defined as 
an input and the top floor records as an output in a multi 
input-multi output (MIMO) system.  

Frequencies and critical damping ratios for first 6 modes of 
vibration, evaluated with system identification and using 12 
earthquake recordings, are listed in Table 1. 

 

Table 1. Natural frequencies and critical damping ratios for 
the first 6 modes evaluated from 12 earthquake data seris. 

Mode Natural frequency Critical damping ratio 
no. average median std.dev average median std.dev
1 1,81 1,83 0,04 1,11 1,05 0,67 
2 2,14 2,15 0,06 1,61 1,46 0,77 
3 2,50 2,50 0,04 0,83 0,79 0,42 
4 6,05 6,04 0,10 0,93 0,92 0,48 
5 6,59 6,57 0,17 1,33 1,12 1,03 
6 7,21 7,14 0,30 1,28 0,98 1,23 
 
The building is founded on an approximately 7 meter thick 

filling made of compact pillow lava, which was found to 
affect the response of the building, due to soil-structure 
interaction effects [22]. This was demonstrated through FE 
modeling in SAP2000 [14] using both fixed base supports and 
spring supports. Modal analyses were performed for both 
cases. Calibration of FE-model to fit natural frequencies 
evaluated by SI of the recorded data was found to be 

unachievable without introducing spring supports to account 
for the finite stiffness of the lava cushion.  

 

 
Figure 5. Fourier spectra of measured response of the building 
(blue lines) and of time history analysis (red lines) for 
damping ratios as evaluated by system identification based on 
recorded data [7]. 

 
Figure 6. Fourier spectra of measured response of the building 
(blue lines) and response evaluated through modal frequency 
analysis (red lines) for the critical damping ratio determined 
by iteration [7]. 

The frequency characteristics of the gravel cushion were 
estimated using H/V spectral ratio studies [8] and the EERA 
software [3]. A one-dimensional wave transformation was 
used to transfer the basement acceleration through the cushion 
to create a rock-type base acceleration to use for time history 
analysis on a model including the lava cushion.  

Time history and frequency response analysis were 
performed in order to check the evaluated critical damping 
ratios and to adjust the damping to get a modal parametric 
model that would give a good fit to the recorded response at 
the top floor of the building. It was found (see Figure 5 and 
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Figure 6) that the SI seemed to underestimate the damping for 
mode 1, but overestimate the damping for mode 2 and 3. The 
underestimation of the damping for the first mode may be 
traced to the added damping from the lava cushion, not 
accounted for in the SI analysis. The overestimation of 
damping for mode 2 and 3, is more difficult to explain but 
may be related to lack of excitation of these modes. Although, 
the iterative optimization of the frequency response was 
restricted by the fact that the high frequency content was 
somewhat filtered out by the transformation process through 
the cushion, the importance of taking the soil-interaction 
effects into account was clearly demonstrated. 

 

3.2 Building B 

Over the course of the last 24 years the monitoring system has 
recorded a considerable amount of earthquake induced 
acceleration records, such as the events shown on Figure 4, as 
well as wind induced acceleration. A sample of those 
earthquakes were used for analysis in the study reported here 
as well as all major wind storms during the past 15 years. t 

The natural frequencies and critical damping ratios of the 
building were evaluated by a power spectral density analysis. 
The power spectral density was determined in two different 
ways. On the one hand using an autoregressive analysis [11] 
and on the other hand with a fast Fourier transform analysis 
[20]. An example of the two spectral densities are shown in 
Figure 7. 

In the fast Fourier transform the power spectral density is 
estimated with the Welch method where the each time-series 
is divided into segments with an overlap of 50%. A power 
spectral density is evaluated from 8192 sample points of each 
segment and then averaged to get the final power spectral 
density of the time-series [1]. 
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Figure 7. Power spectral density from an AR analysis and a 
FFT analysis for (a) X component and (b) Y component [9]. 

 

The natural frequencies are taken at the maximum value of 
resonance and the critical damping ratio is evaluated with the 
half-power bandwidth method [6]. 

An important factor in the autoregressive analysis is the 
autoregressive model order. To find an appropriate model 
order, the evaluated natural frequencies and damping ratios 
were evaluated for test records using the Burg algorithm [20] 
and different model order (see Figure 8).  
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estimated with various autoregressive model orders. [9]. 

 
The power spectral densities representing the different 

models were plotted up and compared. After some 
consideration, it was decided that a model order of 500 
provided an acceptable accuracy, as it identifies the higher 
natural frequencies without showing unreal peaks. 

Figure 9, shows the natural frequency and critical damping 
ratios evaluated from wind induced acceleration data using an 
autoregressive model order of 500 as well as the average 
values of natural frequency and critical damping ratios 
determined with the autoregressive model of order varying 
from 200 to 1000. It can also be seen from Figure 9 how the 
first natural frequency is steadily decreasing during 
observation period. The great variability of the critical 
damping ratio is also noticeable. 

A comparison of the results from the two methods shows 
extremely similar results for the average natural frequencies 
but the average critical damping ratio varies considerably as 
The difference of the critical damping ratios is largest for the 
first mode of vibration and then decreases gradually for the 
higher modes of vibration. 

A comparison of the results from the wind data and the 
earthquake data shows only a slight difference in the natural 
frequencies but quite a big difference in the critical damping 
ratios as shown in Table 2. The biggest difference in the 
critical damping ratios occur in the first three modes of 
vibration, while there is much less difference in the higher 
three modes. This could indicate different behaviour of the 
structure in earthquake induced excitation than, which excites 
all the lower modes of the structure, than in wind induced 
excitation when only the first three modes are excited and the 
vibration is predominently in the top-tower. 

 

(a) 

(b) 
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Figure 9. Comparison of (a) natural frequencies and (b) 
critical damping ratios for the first mode of vibration [9]. 

 

Table 2. Natural frequencies (fi) and critical damping ratios 
(ζi) evaluated from earthquake and wind induced response.  

Type of 
data 

Mode 1 Mode 2 Mode 3 Mode 4 
f1 (Hz) ζ1 (%) f1 (Hz) ζ1 (%) f1 (Hz) ζ1 (%) f1 (Hz) ζ1 (%)

EQ 
data 1,64 1,92 2,20 2,40 3,22 4,71 4,01 1,08 

Wind 
data 1,68 1,37 2,29 1,36 3,11 1,41 4,16 1,47 

Diff. 2,6% 40,8% 3,6% 77,0% 3,5% 235,3% 3,6% 26,6%
 

The finite element modelling of the building is carried out 
using the finite element software SAP2000, [14]. The 
software is a practical general purpose structural analysis 
program that can perform various analyses, from a simple 
static 2D frame analysis to a complicated 3D non-linear 
dynamic analysis. 

The finite element model of the building is shown in Figure 
10. It is based on the available architectural and structural 
drawings, along with on-site measurements to verify the 
dimensions of structural elements and the modulus of 
elasticity of the concrete. It is important to make appropriate 
assumptions in the construction of a model like this to achieve 
good correspondence between the natural frequencies of the 
model and the natural frequencies from the recorded full-scale 
data. Therefore it is important to take into account  the true 
characteristics of the floor slabs, the core wall openings, 
possible stiffness contribution from  non-structural elements 
as well as applying realistic material properties [10].  

The model consists of all the elements of the building that 
contribute to stiffness, such as the reinforced concrete walls, 
beams, columns and slabs. The foundation is included in the 
model in the form of shell elements that reach down to about 
1,0 m below the bottom slab. The boundary conditions of the 
foundations, both walls and columns, allow rotation but no 
translation. 

 
Figure 10. 3D view of the FE-model [9]. 

Calibration of the FE-model for the case at hand, primarily 
involves modifications of the modulus of elasticity. The initial 
model showed somewhat less stiffness than the recorded data 
and by increasing the modulus of elasticity the results of the 
modal analysis corresponded reasonably well with the results 
from the system identification of the full-scale data. As the 
measurements of the modulus of elasticity of the concrete 
indicates higher modulus of elasticity at the basement and 
lower at higher floors, the modulus of elasticity used in the 
calibration process of the model was set accordingly, although 
at slightly higher values to account for added stiffness from 
nonstructural elements, such as internal wall partitions. 

To validate the quality of the model, a time history analysis 
was performed to get a modal response that could be 
compared to a recorded time series. The time history used was 
acceleration recorded at the building during a 6,4 magnitude 
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earthquake, located about 60 km south-east of the building, 
from June 21, 2000 [16]. The computed acceleration time 
history and recorded time history at the 14th floor are plotted 
together and shown in Figure 11. A comparison of the Fourier 
amplitude spectra is shown in Figure 12. 
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Figure 11. Computed and recorded time history acceleration at 

14th floor.[9] 
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Figure 12. Fourier amplitude spectra of the acceleration time 
history of the 14th floor. Vibration in the E-W direction.[9] 

 

Table 3. Comparison of the natural frequencies from a 
calibrated FE model and system identification. 

Data type/ 
Analysis 

Mode of vibration 
1 (Hz) 2 (Hz) 3 (Hz) 4 (Hz) 5 (Hz) 6 (Hz)

FEM 1,69 2,25 2,88 4,17 6,96 7,82 
Wind/AR 1,68 2,29 3,11 4,16 6,97 7,81 
Wind/FFT 1,69 2,29 3,11 4,16 6,99 7,82 

EQ/AR 1,64 2,20 3,22 4,01 7,07 7,68 
 

A comparison of the natural frequencies of the finite 
element model and the average values of natural frequencies 
evaluated by the system identification is shown in Table 3. It 
shows how the model resembles the wind data very closely 
except for the third mode of vibration which is the only clear 
torsional mode. All the modes are however influenced by 
torsion to some extent due to the asymmetry of the cores and 
the complexity of the geometry of the structure. 

3.3 Building C 

Overview of storm related acceleration recordings is shown in 
Figure 13, in the form of peak acceleration values as a 
function of recording date and time. As can be seen from 
Figure 13, the largest wind related acceleration measured 
during the measuring period was approximately 6.5 cm/s2 
(0.7% g), during a storm with a maximum 10 minute mean 
wind velocity of 19.6 m/s on December 11, 2008.  

The wind induced acceleration response of the structure is 
very dependent on the gustiness of the wind. When a gust 
captures the building a build-up in the acceleration response is 
produced that can be described as nodes of acceleration bursts 
each of approximately 30 seconds duration or less. During a 
storm that may last for six hours or more, many such gusts 
may shake the building and trigger a recording, each time the 
acceleration level exceeds the threshold level. Therefore 
multiple time series are usually collected in each storm, when 
triggered recording scheme is applied. This is seen in Figure 
10, where several peak acceleration values are usually plotted 
for each windy day. 

The behavior and response of Building C, has been studied 
using various methods of analysis [19]. 
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Figure 13. Storm induced peak acceleration values as a 
function of recording date and time on floor 21. 

 
An example of wind induced acceleration time series 

recorded at the 21st floor is shown in Figure 14(a), which 
shows all three components of acceleration recorded. 

Looking at Figure 14(b), which shows an example of the 
energy distribution of the recorded wind induced response, it 
is clear that the response is dominated by the first lateral 
modes of vibration, i.e. the energy in the wind induced 
response is exclusively contained at the first two natural 
frequencies of the building. 

The time series of acceleration recorded in the largest 
earthquake event (see Figure 15(a)), shows that the peak 
acceleration was 146 cm/s2 at the roof level or about 15% g 
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(where g is the acceleration of gravity). The acceleration in 
the same direction at the 13th floor was 94 cm/s2 (or 9.5% g). 
The acceleration in the longitudinal direction of the building, 
was much less, or 47 cm/s2 (4.8 g%) at the roof level and 34 
cm/s2 (3.5 g%) at the 13th floor. Vertical acceleration was 42 
cm/s2 (4.3 g%) and 28 cm/s2 (2.9%, g) at the respective 
locations. This was by far the largest acceleration values 
recorded during the monitoring period. The peak acceleration 
values from the smaller earthquakes were all below 4 cm/s2 
(~0.4% g). 

It should be noted, that when the earthquake response of the 
building is inspected it can be seen that the building response 
is controlled by the second lateral modes of vibration. This 
can for instance be seen in Figure 15(b) which shows the 
relative distribution of energy over the frequency range from 0 
to 5 Hz. The implications of this is that the acceleration levels 
of the lower floor will be relatively higher during earthquake 
induced motion compared to the wind induced response which 
is dominated by the first lateral modes of vibration (see Fig. 
14(b) for comparison). 

The system identification of the structure is based on two 
separate studies, using two different analysis programs and 
two different data sets. The results are given in Table 4.  

The acceleration time series recorded in 2008 and 2009, 
were analysed using the MACEC-Toolbox[16] applying the 
Stochastic Subspace Identification method (SSI) to extract the 
buildings natural frequency and the critical damping ratio.  
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Figure 14. Wind induced acceleration. (a) Time series  
(b) Power spectral density and model order. 

0 10 20 30 40 50 60 70 80 90 100
-50

0

50

0 10 20 30 40 50 60 70 80 90 100
-200

0

200

A
cc

el
er

at
io

n 
(c

m
/s

2 )

0 10 20 30 40 50 60 70 80 90 100
-50

0

50

Time (s) (a) 

0 1 2 3 4 5

20

40

60

80

100

120

frequency [Hz]

m
od

el
 o

rd
er

(b) 

Figure 15. Earthquake induced acceleration (a) Time series  
(b) Power spectral density and model order. 

Bjarnason and Hafsteinsson [4] applied the modal 
identification software, ARTeMis Extractor [2], which also 
uses the SSI method, to evaluate the dynamic properties of the 
structure using ambient vibration data from each floor of the 
building.  

The results from the two studies are given in Table 4 for the 
first three modes of vibration. It should be noted that due to 
the location of the accelerometers at the central core of the 
building, the rotational modes of vibrations are not well 
presented by the data analyzed with the MACEC toolbox.  

 

Table 4.  Dynamic parameters determined using forced 
(MACEC ) and ambient vibrations (ARTeMis). 

Mode of 
vibration

Natural frequency (Hz) Critical damping ratio (%) 
MACEC ARTeMis MACEC ARTeMis 

 mean std  mean std 
1 0.61 0.62 0.029 1.1 1.6 0.75 
2 0.80 0.78 0.005 2.2 1.3 0.72 
3 - 0.91 0.007 - 2.0 0.89 

 
It is noteworthy, that using the commonly used estimation 

formula of n = 46/H [6], for buildings above 50 m tall, gives 
an estimate of 0.60 for the natural frequency if using H=76.3 
m, i.e. the height above ground level.  

A finite element model gave similar results for the natural 
frequencies of the first few modes after an appropriate choice 
of the modulus of elasticity [5]. 
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4 DISCUSSION AND RESULTS 
Recorded acceleration data, both ground motion and response, 
has been studied for three reinforced concrete buildings in 
Reykjavik. In each case the natural frequencies and critical 
damping ratios have been evaluated using different system 
identification approaches. A FE model has been built for each 
of the buildings and calibrated using an iterative time-series 
and frequency response analysis based on ground motion and 
comparing the evaluated response with recorded response. 

The following key results can be learned from the three 
cases studied: 

Foundation-Building interactions are important for the 
overall behavior of the building. If built on a relatively thick 
gravel cushion, the cushion should be included in the overall 
building model, to represent the correct natural frequency and 
damping values. 

The dynamic parameters of buildings are not constant, but 
vary with the amplitude and direction of the excitation action, 
as well as through other environmental conditions at the time 
of recordings. 

The long term observations in Building B, indicate that the 
stiffness of concrete buildings can be expected to diminish 
somewhat with time. The results show about 11% decrease in 
stiffness over a 15 year period for building B. This is probably 
at least partly due to creep and shrinkage effects, that may 
differ from building to building depending on the quality of 
concrete. 

Building C, that has lowest natural frequency of 0.6 Hz, 
demonstrates well how the modes of vibration participate in 
different ways to different excitation, such as earthquakes and 
wind. 

In general different system identification methods resulted 
in very similar results for the natural frequencies of the 
buildings, but the critical damping ratios were seen to vary 
considerably, both between SI methods and between each 
recorded event using the same SI approach. 

Comparing wind and earthquake induced response revealed 
the dependence of stiffness, and thereby the natural 
frequencies, on the amplitude of motion as the earthquakes 
generally induce considerably higher response than the wind. 
Similar dependence has partly been seen for the damping, but 
the inherent variability of the damping parameter makes the 
relation unclear. 

These studies show that a calibration procedure is needed 
for all FE-models in order for them to simulate adequately the 
true dynamic response of the real structure. A frequency 
response analysis using recorded earthquake data was found 
to be a good calibration approach. 
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ABSTRACT: The application of the Electro-Mechanical Impedance (EMI) method for damage detection in Structural Health 
Monitoring has noticeable increased in recent years. EMI method utilizes piezoelectric transducers for directly measuring the 
mechanical properties of the host structure, obtaining the so called impedance measurement, highly influenced by the variations 
of dynamic parameters of the structure. These measurements usually contain a large number of frequency points, as well as a 
high number of dimensions, since each frequency range swept can be considered as an independent variable. That makes this 
kind of data hard to handle, increasing the computational costs and being substantially time-consuming. In that sense, the 
Principal Component Analysis (PCA)-based data compression has been employed in this work, in order to enhance the analysis 
capability of the raw data. Furthermore, a Support Vector Machine (SVM), which has been widespread used in machine learning 
and pattern recognition fields, has been applied in this study in order to model any possible existing pattern in the PCA-
compress data, using for that just the first two Principal Components. Different known non-damaged and damaged 
measurements of an experimental tested beam were used as training input data for the SVM algorithm, using as test input data 
the same amount of cases measured in beams with unknown structural health conditions. Thus, the purpose of this work is to 
demonstrate how, with a few impedance measurements of a beam as raw data, its healthy status can be determined based on 
pattern recognition procedures. 

KEY WORDS: Strengthening with FRP; Damage; PZT; Impedance. 

1 INTRODUCTION 
Civil infrastructures are continuously subjected to all kind of 
both static and dynamic loads, as well as severe environments, 
which can lead the structure under consideration to gradual 
deterioration and damage. For that reason, developing reliable 
Structural Health Monitoring (SHM) technologies has become 
a very important challenge in civil engineering. In particular, 
there has been an increasing interest on the Electro-
Mechanical Impedance (EMI) method as one of the latest and 
most successful in the SHM field. This method uses 
piezoelectric transducers, such as piezoceramics (PZT), for 
directly measuring the mechanical properties of the host 
structure, obtaining the so called impedance measurement, 
highly influenced by the variations of dynamic parameters of 
the structure (Yang et al. [1], Saafi et al. [2], Min et al. [3]). 
These PZTs are both sensors and actuators that excite the host 
structure with a high frequency sweep, allowing one to 
compare the results of different measurements, and 
determining thus the damage developed between one health 
state and the one after the actuation of a certain load. 

Furthermore, in combination with the different SHM 
methods, strengthening and retrofitting techniques using 
advanced composite materials are gaining widespread 
acceptance in recent years. Among those novel strengthening 
techniques, the use of external bonded strips made of Fibre-
Reinforced Plastics (FRP) has many advantages over 
traditional techniques, since their high strength and modulus 
of elasticity, low weight and improve durability can enhance 
the behavior of the structure being strengthened (Bank [4]). 

However, the use of the EMI methodology described above 
have the drawback of generating big amounts of data that 
need to be processed and analyzed. Dealing with this high-
dimensional data can result in very inefficient and time-
consuming procedures, in which most of the times, more data 
than needed are being used. In order to avoid these 
difficulties, measured data have been compressed in this paper 
by applying the Principal Component Analysis (PCA) 
algorithm, so just the data containing the higher influence in 
the results are used, neglecting the rest of them. The selected 
components will be, in addition, those which are more 
sensitive to damage (Park et al. [5]). 

Finally, a Support Vector Machine (SVM), which is one of 
the supervised learning based pattern recognition algorithms, 
has been used in this work so that the different damages can 
be clustered for every different case of the experimental study 
carried out. 

2 ELECTROMECHANICAL IMPEDANCE-BASED 
METHOD FOR DAMAGE DETECTION 

The Electromechanical Impedance- based (EMI) method uses 
an array of small piezoelectric sensors either attached or 
embedded into the host structure, being capable of working 
both as actuators and sensors. The basic concept of the EMI 
method is to excite the structure with a high-frequency band, 
most of the times between 10 KHz and 100 KHz as it can be 
seen in the literature, in order to monitor the changes of the 
structural impedance of the local area of the structure where it 
has been placed. 
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The impedance of a structure, ( )sZ ω , was firstly proposed 
by Liang et al. ([6]) as the inverse of the admittance, ( )Y ω , 
of the structure, defined as follows: 
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where iV  is the input voltage to the PZT actuator; 0I  the 

output current from the PZT; a, 33
T

ε , 3xd  and 
E
xxY  are the 

geometry constant, complex dielectric constant, piezoelectric 
coupling constant and complex Young’s modulus of the PZT 
in a state without stresses, respectively; ( )aZ ω  the impedance 
of the PZT actuator.  

From this expression it can be extracted that the impedance 
of the host structure is directly related to the impedance of the 
attached/embedded PZT sensor, so it can be determined from 
the measurements made with the PZT sensor. It has to pointed 
out that, since the admittance is a complex number, so the 
impedance will be, and it has been proved (Park et al. [7]) that 
the real part of the impedance measurement is more sensitive 
to structural changes. So through different impedance 
measurements, it can be tracked the evolution of the changes 
in the structure, simply by a direct comparison between one 
state of the structure and the baseline, or even the immediate 
previous one. 

However, damage (or incipient damage) cannot be 
determined through a direct comparison of impedance 
measurements of different health states, since these 
impedance values constitute just the electro-mechanical 
response of the structure to an input excitation. Thus, this 
provides only a qualitative assessment for the structural 
damage. For this reason, several statistical measurements and 
scalar metrics have been proposed in the literature for damage 
assessment. Among all of them, the Root Mean Square 
Deviation (RMSD) and the Cross-Correlation coefficient (CC) 
have been found to be the most efficient damage indicators 
(Peairs et al. [8]). These metrics can be formulated as follows: 
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where ( )0Z ω is the impedance value in the state considered as 
healthy, which constitutes the baseline for the study, ( )1Z ω is 
the impedance value in the state to be studied (most of the 
times considered as damaged); 

0Zσ and
1Zσ are the standard 

deviations of the real part of the impedances; 0Z and 1Z are 
the mean values of the impedance signals of ( )0Z ω and

( )1Z ω . The RMSD metric is commonly given as a 
percentage value (Yang et al. [1]) that increases with the 
damage increase, while the CC metric decreases when the 
different between the damage state and the undamaged state 
increases. For convenience, in the case of the CC metric, the 
feature examined is usually ( )1 CC− to ensure that the damage 
metric value increases with increasing change in structure 
integrity. Furthermore, it has been found that this feature 
shows a better damage indication when using its third-order 
exponent: ( )31 CC− , so this metric will be used instead of just 
the Cross-Correlation coefficient.  

These indices are more commonly used to assess the 
structural damage of the structure under consideration, in 
comparison with the predefined baseline of the structure. But 
they can also be used to assess the evolution of the damage 
between two different health states (with damage at different 
points of development), obtaining thus a measure of damage 
increase between them. 

3 PRINCIPAL COMPONENT ANALYSIS FOR DATA 
COMPRESSION 

Principal Component Analysis (PCA) is a statistical technique 
that reduces the dimensionality of a data set containing a large 
number of interrelated variables, while retaining as much as 
possible of the variation present in the original data set 
(Jolliffe, [9]). In order to achieve this, a linear transformation 
has to be done, performing an orthogonal projection to a new 
variable space, resulting on a new set of uncorrelated 
variables called Principal Components (PCs), and which are 
ordered so that the first few of them preserve most of the 
variation present in the original variables. Therefore, the 
original set can be represented with a linear combination of 
just a few of its variables, reducing the dimension of the 
problem. 

Furthermore, PCA technique focuses on variances in order 
to obtain the PCs. Since these PCs constitute a representation 
of the “principal axes” in the new space, they can be obtained 
through a Singular Value Decomposition (SVD) of the 
covariance matrix (Park et al. [5]). Given the measurement 
data sets: 
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where n is the number of variables, and m the number of 
measurements contained in each variable, the covariance 
matrix can be defined as follows: 
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and the SVD procedure results on the following: 

 [ ] [ ][ ][ ]TC A A= Λ  (6) 

where [ ]Λ is a diagonal matrix containing the eigenvalues of 
the covariance matrix, and [ ]A the matrix containing the 
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corresponding eigenvectors. With this expression, the PCs can 
be finally formulated as follows: 

 { } [ ] { } { }( )T

j j
z A x x= −  (7) 

where{ }x is the vector of means of the x-data. Since the 

eigenvalues are sorted in descending order, so the PCs are, 
having the first few of them all the variation which is 
interesting for the study. 

In this work, the EMI method has been applied performing 
a frequency sweep between 10 KHz and 100 KHz, which 
results on a large set of data that can be reorganized as a set of 
nine variables (10 KHz per variable), having in this way nine 
dimensions to deal with in order to assess the structural 
damage. At this point, PCA method has been applied in order 
to reduce the dimensionality of the problem, so that, in most 
of the cases, the first two or three principal components have 
been enough to reconstruct the original impedance values. By 
performing this reduction, the new data set is much easier to 
understand and use, and also the noise usually contained in the 
raw data can be easily erased, which can result in a better 
damage prediction. 

4 SUPPORT VECTOR MACHINE ORIENTED TO SHM 
Support Vector Machines (SVMs) are a useful technique for 
data classification, especially in the SHM field. As linear 
classifiers, they are especially suitable for two-class linearly 
separable tasks (Theodoridis et al. [10]), which usually 
involves separating data into training and testing sets (Bornn 
et al. [11]). All data in the training set is associated to a “target 
value” (usually a 0 or a 1, based on the all vs one theory, that 
separates the data into two subsets: the target one and the 
rest), besides several characteristic “attributes” or parameters 
extracted from the compressed data. The goal of the SVM 
algorithm is, thus, to create a model that predicts the target 
value corresponding to the test data given only its 
characteristic attributes, which have to be the same number 
and the same nature as the training attributes. 

Since it usually happens that the sets to be classified are not 
linearly separable in their current finite dimensional space, the 
process consists on firstly project the test data to a higher 
dimension space, in which dot products will be computed as 
easily as in the previous space. In order to achieve that 
transformation, a kernel function is used to suit the problem. 
Several kernel functions have been proposed in the literature, 
but the following ones could be considered as the most 
common ones in this kind of problems: 
•  Linear:  

 ( ), T
i j i jK x x x x=  (8) 

• Polynomial:  

 ( ) ( ), , 0
dT

i j i jK x x x x rγ γ= + >  (9) 

• Radial Basis Function (RBF):  

 ( ) ( )2
, exp , 0T

i j i jK x x x xγ γ= − >  (10) 

• Sigmoid: 

 ( ) ( ), tanh , 0T
i j i jK x x x x rγ γ= + >  (11) 

where ix and jx are two different training sets (with different 
target values to be compared); and r, γ and d are kernel 
parameters. 

Once the projection of the training data set has been done, 
the goal is to find a hiperplane that classifies correctly the 
training vectors into the two different groups of data. This 
hiperplane is not unique, depending on different factors 
(Theodoridis et al. [10]), being one of those factors the 
selected kernel for the data projection. After selecting the 
appropriate hiperplane, it is projected back to the original 
space, together with the data sets, so that a line can be drawn 
in order to separate the two different data sets. 

In this work, a SVM has been used in order to classify 
different damage cases, being the different kernel functions 
assessed. The algorithm has been used not only to distinguish 
between a damaged state and an undamaged one, but also 
between damaged cases with different severities. 

5 EXPERIMENTAL RESULTS 

5.1 FRP-Strengthed specimens 
In order to evaluate the methodology proposed in this paper, 
some tests were performed on several concrete specimens 
(Figure 1) strengthened with FRP with different levels of 
damage by debonding (Figure 2, where sensors are numbered 
from 1 to 5 from left to right).  

These specimens were firstly made of concrete, being the 
dimensions 31.3 cm length, 9.5 cm width and 7.5 cm depth. 
After waiting for twenty eight days, so that the concrete could 
reach its maximum strength, the external reinforced was 
applied by bonding a FRP strip for flexural strengthening 
(29.5 cm length, 5 cm width and 0.18 cm depth). 
 

 
Figure 1. Concrete FRP-strengthened specimen. 

 

 
Figure 2. Damage by debonding. 
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5.2 Description of the experiment 
Five PZT sensors were attached to the reinforced concrete 
specimen in the way it can be seen in Figure 2. These sensors 
were connected to an impedance analyzer. 

A first test was performed, without any damage in the 
specimen, developing a frequency sweep from 10 KHz to 100 
KHz. The bandwidth of the sweep was adjusted to make point 
averaging, so that noise is almost erased from all 
measurements, in order to obtain a more reliable result. 
Furthermore, 5 full sweeps were developed per sensor and 
damage case, and the average of each of them was use as raw 
data for further analysis. After the first case without any 
damage, which can be considered as a baseline for the 
experiment, three more damage scenarios were measured 
within the same frequency ranges: 
• First Damage: a 5 mm debonding in the middle of the 

specimen, between the sensor number 3 and the sensor 
number 4 (slightly closer to the debonding). 

• Second Damage: amplification of the debonding 
practiced in the prior stage to 1 cm (right debonding in 
Figure 2). 

• Third Damage: a new 5 mm debonding between the 
sensor number 1 and the sensor number 2 (left debonding 
in Figure 2) 

These raw data were then subjected to dimension reduction 
with the Matlab’s toolbox for the PCA procedure. In each 
damage case (and in each sensor), the number of PCs selected 
for data reconstruction is different depending on the amount 
of variation present in the original variables that the PCs can 
represent, information that is provided by the toolbox itself. 
For instance, in the case of the sensor number 4 with no 
damage, three PCs are needed (Figure 3), while four are 
needed in the second stage of damage (Figure 4). 

In both figures, the reconstructed data experiment a vertical 
shift respect to the original data, which is due to the PCA 
process itself, in which the average of the raw data is 
subtracted when reducing the data’s dimension.  

 

 
Figure 3. Sensor 4: No damage data reconstruction 

 

 
Figure 4. Sensor 4: Second stage of damage data 

reconstruction 

From these processed and compressed data, damage indices 
commented in Section 2 were calculated for the following 
cases: 
• First stage of damage for all the sensors, in comparison to 

the baseline or undamaged state. 
• First, second and third stages of damage for sensor 

number 4, in comparison to the respective prior state, in 
order to show the evolution of the damage indices 
through different damage states. 

Finally, a classification of the different damage cases for the 
sensor 4 has been made, using for that the Matlab’s toolbox 
for SVM classification.  

5.3 Experimental results: scalar metrics 
Both damage indices were calculated as commented above, 
being shown at Table 1 and Table 2, where the damage 
increments between several damage stages are shown (0 – 
Baseline; 1 – First Damage; 2 – Second Damage). 

Table 1. RMSD metric results. 

RMSD 
(%) 

Sensor 
1 

Sensor 
2 

Sensor 
3 

Sensor 
4 

Sensor 
5 

0  1 2.58 3.02 3.07 17.05 2.34 
1  2 - - - 17.18 - 
2  3 - - - 10.25 - 
 

Table 2. ( )31 CC− metric results. 

( )31 CC−  
(%) 

Sensor 
1 

Sensor 
2 

Sensor 
3 

Sensor 
4 

Sensor 
5 

0  1 99.958 99.958 99.959 99.966 99.959 
1  2 - - - 99.965 - 
2  3 - - - 99.96 - 
 
These results are also shown in Figure 5 and Figure 6, 

respectively. Figure 5 shows the damage detected at each 
sensor in the first damage stage, explained above, using both 
scalar metrics. Here it should be pointed out that, although the 
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metric ( )31 CC− shows a high indication of damage in all the 
sensors, which could be reasonable, it does not allow one to 
extract information about the severity or location of the 
damage, since the metric is the same in all the sensors. 
However, the RMSD shows a better damage indication, since 
it is only significant in the sensor number four, the one which 
is closer to the debonding. A similar indication could be 
expected at sensor number 3, which is also close to the 
damage, but the result is low instead.  

Finally, Figure 6 shows the evolution of the damage in the 
sensor number 4 through the different stages, using again both 
scalar metrics. The metric based on the CC shows, once again, 
damage in all sensors without any difference, which makes 
impossible to determine the location and severity of the 
damage. However, the RMSD provides useful information 
about the damage evolution. The first two indications are 
quite similar due to the location and severity of the damage at 
both stages, which are almost the same, and the third one is 
slightly smaller, because in this stage de debonding was 
originated farther from sensor 4. Here it is worth it to point 
out that all the indications represent a damage increment in 
terms of percentage. 

 

 
Figure 5. Scalar metrics for damage assessment 

 

 
Figure 6. Damage evolution at sensor number 4 

 

5.4 Experimental results: damage cases’ classification 
As commented above, a SVM has been used in order to 
classify different damage cases, using for that the Matlab’s 
toolbox for SVM classification. 

The algorithm has been used not only to distinguish 
between a damaged state and an undamaged one, but also 
between damaged cases with different severities. In that sense, 
four different states have been chosen: the non-damaged state 
(baseline) and the other three explained above. For every case, 
two measurements were taken for training and another two for 
testing (eight testing sets, being the test sets known, but 
treated as unknown in order to assess this procedure). 
Furthermore, six parameters (maximum value, minimum 
value, mean value, standard deviation, RMSD -%- metric and 
CC -%- metric) were selected in order to characterize each 
damage case, so that the SVM can correctly classify each case 
in the appropriate group. Thus, both the training and test sets 
are 8x6 matrices.  

The classification procedure, based on the one versus all 
theory, was carried out checking all the kernel functions 
detailed above, achieving the best classification when using 
the quadratic kernel function. With this kernel function, and 
using the six parameters for all the cases, a perfect 
classification was achieved for the eight testing sets, resulting 
on a 0% error prediction in all the cases. It is important at this 
point to highlight that damage has been predicted accurately 
in all the cases, which means that no false alarms or missed 
detection cases were found. 

Since each case has six parameters, the results cannot be 
represented in a graphic that clearly shows how well this 
procedure distinguishes between each damage case. However, 
it turns out that after the prediction has been made by the 
SVM algorithm, a 3D representation can be plotted selecting 
three of these parameters each time, as shown in Figure 7 and 
Figure 8. 

 

 
Figure 7. Damage prediction. Maximum, mean and RMSD 

values. 
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Figure 8.Damage evolution at sensor number 4 

In both figures it can be seen how the eight testing cases 
(two cases per damage stage) are perfectly distinguished, 
assigning a different color to each debonding case. 

6 CONCLUSIONS 
A procedure for damage cases identification and classification 
has been proposed in this paper, based on pattern recognition 
methods. This procedure has been successfully developed and 
assessed to detect debondings between the laminate and 
concrete of FRP-strengthened concrete specimens. A 
compression data technique has also been used in order to reduce 
data dimension, achieving at the same time a noise reduction in 
the raw data. 
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ABSTRACT: A new covariance matrix is formulated from the impulse response function of the acceleration responses of a 
structure under general excitation. The components of the covariance matrix are proved to be functions of the modal parameters 
(modal frequency, mode shape and damping parameter) of a structure. Information from all the vibration modes of the structure 
limited by the sampling frequency contributes to these components. This contains more structural information than other 
parameters obtained from existing methods. The error produced in the modal extraction procedure is also avoided. A new 
damage index vector is proposed based on the components of the covariance matrix. A simply supported thirty-one bar plane 
truss structure is numerically studied. Damage location and damage quantification are investigated separately using the proposed 
damage index vector. A pattern assurance criterion is used to analyze the covariance data, and multiple rounds of computation 
are performed to reduce the candidate set of elements in a strategy to search for the damage location of the structure. An 
optimization technique is adopted to determine further the damage location and extent with good accuracy. Single damage 
scenarios with different noise levels are studied with satisfactory results. 

KEY WORDS: Impulse response function; Damage identification; Inverse problem; Covariance. 

1 GENERAL GUIDELINES 

Early detection of damage in engineering systems during their 
service life has been receiving increasing attention from 
researchers in the last few decades. Natural frequencies and 
mode shapes are usually taken as the measured information to 
identify local damages. Cawley and Adams [1] published the 
first work making use of frequency changes to detect local 
damage. A more recent example of a similar approach can be 
found in Armon et al. [2]. However, Farrar et al. [3] 
concluded that the method was not sufficiently sensitive to 
detect damage from their experience in using frequency shifts 
to identify damage in a highway bridge. Mode shapes can also 
be used to identify and localize damage. However there are 
still factors that prevent the general application of mode 
shape-based damage detection methods [4]. Numerous 
methods have also been developed basing on observation of 
the dynamic behavior of a structure [5, 6] and they are 
effective for localization but with difficulties in identifying 
the severity of damage. 

Since indirectly measured modal data contain accumulative 
errors caused in modal parameter extraction and provide much 
less information than impulse response function (IRF) or 
frequency response function (FRF) data, it is more reasonable 
and reliable to use directly measured IRF or FRF data for 
structural damage detection. Samman et al (1991) [7] used a 
scaled model of a typical highway bridge to investigate the 
change in FRF signals caused by the development of cracks in 
its girders by a pattern recognition method which utilized the 
integer slope and curvature values of FRF wave forms, rather 
than peak magnitude. Law et al (1992) [8] developed the 
sensitivity from a formulation based on the change in the FRF 
at any point, rather than just at the resonances. In practice, 
many points of the FRF around the resonances are taken, and 

a least squares fit is used to determine the changes in the 
physical parameters. Park and Park (2003) [9] suggested a 
damage detection method not based on an accurate analytical 
finite element model but based upon incompletely measured 
frequency responses, noting that the reduced dynamical 
system is an inverse of incompletely measured frequency 
responses. Ni et al (2006) [10] presented an experimental 
investigation of seismic damage identification of a 38-storey 
tall building model using measured frequency response 
functions (FRFs) and neural networks (NNs). Prieto etc 
(2010)[11] demonstrate that the impulse response function 
(IRF) of a multistory building can be generated from ambient 
noise. Estimated shearwave velocity, attenuation values, and 
resonance frequencies from the IRF agree with previous 
estimates for the instrumented University of California, Los 
Angeles, Factor building. 

Impulse response functions (IRFs) are intrinsic functions of 
the system parameters. They can be obtained from the 
measured response given the excitation location. Existing 
techniques which are used to obtain IRFs include Laplace 
transform-based extraction, conventional time-domain 
extraction, FFT-based extraction and wavelet transform (WT) 
–based extraction and so on [12, 13]. In this paper WT-based 
extraction is used to obtain the impulse response function 
from experimental data [14].These IRFs have been used in the 
existing literature to study (1) modal parameters of the 
building, (2) wave propagation inside the building, (3) 
estimates of the quality factor (Q) associated with the normal 
modes, and (4) predictions of building response to scenario 
ground motions of moderately sized earthquakes. In this paper, 
the author provides a new way to adopt IRFs for structural 
damage detection. 
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Recently, Li and Law [15] and Law etc (2012) [16] 
proposed a covariance of covariance (CoC) matrix which is 
formed from the auto/cross-correlation function of 
accelerations of a structure under white noise excitation. 
When this CoC matrix of acceleration response is used for 
structural condition assessment, it is found more sensitive to 
local stiffness change than the modal frequencies and mode 
shapes obtained from ambient excitation. 

A new covariance matrix, based on the similar theory which 
is used to deal with the acceleration response from ambient 
vibration [9,10], is formed from the unit impulse response 
function of the acceleration responses of a structure under 
general excitation. The components of the covariance matrix 
are proved to be function of the structural modal parameters 
(modal frequency, mode shape and damping parameter) of a 
structure. A pattern matching strategy is adopted with a new 
damage index vector developed from the covariance matrix, 
and the damage vector is found to be sensitive to local damage. 
The damage identification procedure is presented step-by-step 
to illustrate the strategy for searching the damage location. 
Finally, an optimization technique is adopted to further locate 
and quantify the local damage with accurate results. A simply 
supported thirty-one bar plane truss structure is numerically 
studied for illustration with single damage under the effect of 
different noise levels, with satisfactory results. 

2 MATRIX OF COVARIANCE OF IMPULSE RESPONSE 

FUNCTION (IRF) OF ACCELERATION RESPONSE 

The equation of motion of a N degrees-of-freedom linear 
viscous damped structural system under general excitation is 
given as 

 ( ) ( ) ( ) ( )t t t t
•• •

+ + = ⋅M x Cx Kx D F  (1) 

where M , C , K  are the NN ×  mass, damping and 

stiffness matrices respectively. Matrix D of dimensions 

fN n×
is the mapping vector relating the excitation DOFs 

with the corresponding DOFs of the system. It has unity at the 
degrees-of-freedom of the forces and null at all other 

locations. fn
is the number of excitations. ( )tF  is the 

excitation vector with dimensions 
1fn ×

 . x ,
•
x , 

••
x  are the 

1×N displacement, velocity, acceleration vectors 
respectively. 

The unit impulse response function of the linear structure 
can be expressed in generalized coordinates as, 

 ( ) ( )l ili
i

h t q t
•• ••

= Φ∑  (2) 

where liΦ is the l th element of the i th mode shape iΦ , iq
••

is 

the generalized coordinate for the i th mode expressed as [17], 

2 2 2

2 cos( )
( )

( )sin( )
i i

i i di difi t
i

di i i di di

t
q t e

t
ξ ω ξ ω ω ωφ

ω ξ ω ω ω

••
− − 

=  + − 
 (3) 

where iω
, diω

, iξ
 are the i th undamped modal frequency, 

damped modal frequency and damping ratio respectively, and 

fiφ
is the mode shape component corresponding to the 

excitation location when expressed in the generalized 
coordinate. 

For a multiple degrees-of-freedom system, the unit impulse 

response matrix 
••
h  is written in full as follows for an easy 

understand,
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Φq
      (4) 

1 2 pl l l =  ⋯L are the measured set of degrees–of-

freedom, 1 2 qt t t =  ⋯t denotes the time instants. 

The analytical covariance of the unit IRF ( CoI ) matrix, Ha, 
is computed as, 

( )

TT
a

T T
T T

•• •• •• ••

•• •• •• ••

 = × = × 
 

= × = ×

H h h Φq Φq

Φq q Φ Φ q q Φ   (5) 

where the superscriptT is the transpose matrix operation.  

To compute 
T•• ••

×h h , we need 
T•• ••

×q q for a start. Putting 

2i i i dic ξ ω ω= −
, 

2 2 2
i i i did ξ ω ω= −

, i i is ξ ω=
, the element 

of 

T•• ••
×q q is computed as, 
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where the subscript (ij) denotes the element at ith row and jth 

column of the matrix [ ]
T•• ••

×q q . Both i  and j  denote the 

mode number of the structure. Here kt equals to k t× ∆  

and t∆ is the time step. 

T•• ••
×q q  can be further expressed in the 

following with the summation sign converted into integral 

when the time duration is sufficient long, i.e. when k is 
sufficiently large,  
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   (7) 

Equation (7) shows that matrix 

T•• ••
×q q is only related to the 

damped mode shape, damped modal frequency and the 

damping ratio of a structure but not the time dimension as 

( )i t
••
q

 in Equation (3). Matrix Ha in Equation (5) is therefore 

noted to be a macro function of the modal parameters of the 

structure.  

3 DAMAGE IDENTIFICATION PROCEDURE 

A damage index based on the CoI matrix, Ha, is presented in 
the following paragraphs. This index is calculated from the 
measured acceleration responses from both the intact and 
damaged states of the structure, and it will be compared to the 
analytically calculated index of the structure with different 
damage patterns.  The candidate set of elements is reduced in 
iterations of comparison in the first stage, and the pattern with 
the closest match would give the most probable combination 
of local damages in the structure. An optimization technique 
is then used for analyzing the reduced set of elements with 
satisfactory results. 

 

3.1 CoI Matrix from Measurement 

Accelerometers are assumed to be installed on the measured 

structure. The acceleration responses ( )t
••
x from selected 

locations of the structure under a known excitation ( )tF are 
recorded. The unit impulse response function is obtained by 
wavelet transformation of the signal [12] in the form of 

( )
m

DWT
••
h  = ( )t

••
x /WT[ ( )tF ]  

with ( )
m

t
••
h =IWT[ ( )

m
DWT

••
h ]   (8)  

where WT [• ] and IWT [• ] denote the wavelet transform 
and the inverse wavelet  transform of the signal. The 
superscript m denotes results from measurement or results 
from the structure. The covariance of IRF (CoI) from 
measurement is then computed from 

  ( )
m m

m T
•• ••

= ×H h h   (9) 

The CoI matrix ( mH ) with dimensions p p×  in Equation (9) 
is obtained by direct matrix operation with the IRF matrix 

1 2( ) ( ) ( )
Tm

l l lp

•• •• •• •• =   
⋯h h t h t h t .  

A new vector of condition index, mCCoI , can be 

formed from the components of the CoI matrix, mH  to get 

 11 21

Tm m m m
pp =  ⋯CCoI H H H  (10) 

with the dimension (
1

2

)1( ××+= pp
r

) which refers to the 
number of elements  beneath the diagonal and including the 

diagonal of the p p×  matrix. Symbol × represents the 

multiplication operator. ,
m
i jH is the element at i th row and 

j th column of matrix mH . 
 

3.2 The Analytical model 

An analytical model is needed for the damage location and 
extent estimation similar to other existing methods. The 
physical properties and the boundary conditions, etc. of the 
analytical model are required to be close to those of the 
undamaged structure. The analytical model can of course be 
updated close to the undamaged structure if needed before 
damage detection. An approximate damage model is adopted 
in which the local damage in the structural system is 

expressed as 1

ne

i i
i

α
=

∆ = ∆∑K K
 where iα∆

 is a fractional 

change in the stiffness of an element with
1.0 0.0iα− ≤ ∆ ≤

, 

and ne is the number of finite elements in the structure. iK
is 

the ith elemental stiffness matrix. The global stiffness matrix 

for the damaged structure becomes (+ ∆K K ). 
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3.3 Damage Occurrence Detection 

Vectors 
umCCoI  and 

dmCCoI are computed from 
measurements obtained from the intact and damaged states of 
the structure respectively. Their differences are used to check 
on the occurrence of local damage. The MAC [13] is a 
popular measure for comparing two vectors, and it is in fact 
the cosine of the angle between the two vectors. It is written 

below for the comparison of vectors
umCCoI  and 

dmCCoI  
as follows, 

  

2

1

2 2

1 1

( ( ))

/( ( ) ( ) )

r
um dm

i i

i

r r
um dm

i i

i i

MAC value
=

= =

= ×

×

∑

∑ ∑

CCoI CCoI

CCoI CCoI

       (11) 

It should be noted that this form of least-squares-based linear 
regression analysis yields an indicator which has the most 
contribution from the largest difference between components 
of the two vectors, and it is insensitive to small differences in 
the two vectors [13]. A modified criterion for comparing the 

two vectors 
umCCoI  and 

dmCCoI  is used in this paper, 
and the Pattern Assurance Criterion (PAC), V0, for detecting 
damage occurrence is defined as, 

If  

0
um
i
dm
i

<CCoI
CCoI

,              
0=iv

,  

Else   

min( , )
um dm
i i

i dm um
i i

v = CCoI CCoI
CCoI CCoI

, （12） 

 and           

1
0

r

i
i

v
V

r
==
∑

         

where subscript ( 1,2,3, , )i r= ⋯ denotes the i th element of 

the condition index vectors; ),min( •• denotes choosing the 
smaller from the two elements to ensure an element smaller 
than 1.0 is always chosen. When no damage and no 
measurement noise are involved, the two vectors 

umCCoI and 
dmCCoI  are identical and the PAC, 0

V
equals 

to unity.  

The PAC, 0V
, is a scalar formed as an algebraic average of 

the ratio of the corresponding elements from the two vectors 
in the comparison. When the PAC value is below a given 
threshold, which can be defined from experience, (e.g. the 
mean value from records of long-term health monitoring of a 
structure) it may be considered to be possibly damaged. A 
trend analysis of the PAC values obtained from different 
states and at different time period over the entire life of the 
structure would reveal whether there is a damage occurrence 
in the structure. It is noted that this approach is independent of 
the structural model and it can be easily performed on 
experimental data from on-line health monitoring of structures. 

3.4 Damage Location and Quantification 

Another PAC value, LV
,  for locating damages is defined as, 

If  

0
m
i
a
i

<η

η
, 

0=iv
, 

Else             

min( , )
m a
i i

i a m
i i

v = η η

η η
, ( 1,2,3, ,i nm= ⋯ ), （13） 

 and                      

1

r

i
i

L

v
V

r
==
∑

        

where subscript ( 1,2,3, , )i r= ⋯  denotes the i th element of 

the vectors of damage index 
m
η and 

a
η . This is a 

comparison between the damage index vectors from the 
experiment and the analytical model of the structure. When no 

damage and no measurement noise are involved, 
m
η and 

a
η are identical and the damage index LV

equals to unity.  
 The strategy consists of generating all possible 
damage patterns with damage at different locations and 

different damage extents. Different damage index vectors 
a
η  

are computed from these damage patterns for comparison with 

the damage index vector 
m
η  obtained from measurement to 

form the vector of PAC, LV
, by Equation (13). The strategy is 

illustrated in Section 4 to search for the damage pattern with 
the highest PAC value that associates with the most probable 
damage pattern. In the first step, the group of elements with 
assigned damages that appear in the first few damage patterns 
with the larger PAC values is selected to be the potential 
candidates for further determination of the damage location 
and quantification. The number of candidate elements is 
reduced and the search is performed again on this reduced 
group of elements in the next step with different trial damage 
extents in the computation of PAC value. The elements 
contribute to the larger PAC value and they appear many 
times in the potential damage patterns with the larger PAC 
values would be considered damaged with strong evidence.  
 To reduce the computation effort and to determine 
damage location and extent with a high confidence, an 
optimization is applied on the reduced set of candidate 

elements. If
m
η denotes a vector from the measured damaged 

structure and )(αη
a

 is the vector from an analytical model 

with the structural parameter vectorα , the PAC value V  can 
be computed from the two vectors by Equation (13), and it is a 
function of the structural parameterα . A minimization of the 
following function of the PAC value can be performed as, 

 ))(1min( αV− ,       subject to 0 1≤ ≤α  (14) 

The identified damage vector would be (1−α ).  
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4 NUMERICAL SIMULATION 

A simply supported plane truss structure as shown in Figure 1 
serves for the simulation study. The finite element model 
consists of thirty-one planar truss elements without internal 
nodes giving 28 degrees-of-freedom. The cross-sectional area 

of the truss member is 0.0025
2m . Damage in the structure is 

introduced as a reduction in the axial stiffness of individual 
member, but with the inertial properties unchanged.  

 

 
Figure 1 – Thirty-one bar truss structure 

  Both the vertical and horizontal translational restraints at 
the supports are represented by a large stiffness of 

10100.1 × kN/m. Rayleigh damping is adopted for the system, 

with damping coefficients 1
0.01c =

and 2 0.005c =
. The 

damping ratio for each vibration mode can be computed in the 

form of 2

T
Φ CΦ
ω , where ω is the modal frequency vector. 

The first twelve computed natural frequencies of the structure 
are 36.415, 75.839, 133.608, 222.904, 249.323, 358.011, 
372.509, 441.722, 477.834, 507.943, 538.125 and 

547.393 Hz  respectively. Excitation is applied in the 
downward direction at Node 5 while the vertical accelerations 
at Nodes 2 to 13 are measured. The excitation is in the form of 
a triangular impulsive force lasting for 0.005 second with a 
peak value of 320.4 N. The sampling frequency is 

2000Hz and the first second of the acceleration response after 
impact is used for the damage identification. 
  If simulated acceleration responses are used instead of 

measurements, the noise polluted acceleration responses 

u••
x  

and

d••
x  are obtained from the acceleration responses 

computed from Equation (1) using Newmark method by 
adding normally distributed random noise as, 

* *var( )
u u u

measured calculated calculatedoiseEp
•• •• ••

= +x x N x
,    

* *var( )
d d d

measured calculated calculatedoiseEp
•• •• ••

= +x x N x
      (15) 

where 

u

measured

••

x and 

d

measured

••

x are vectors of polluted 

acceleration; Ep is the noise level ; oiseN
is a vector of 

normally distributed values with zero mean and unit standard 
deviation; var(•) is the variance of the computed acceleration 

time history 

u

calculated

••

x and 

d

calculated

••

x  from the intact and 
damaged states of the structure respectively. Then the 

condition index vectors 
uCCoI  and 

dCCoI are computed 
from Equation (10).  
  The truss structure is statically indeterminate. It would be 
easier to identify damage in the horizontal elements than in 
the vertical elements due to the larger strain energy they carry. 
Both cases with single and multiple damages including 
different levels of random noise in the measurement are 
studied in the following examples. 

 

4.1      Example  - Single damage  

This example is conducted in two stages of damage 
occurrence detection and damage localization and 
quantification. 
 

4.1.1 Damage Location 

 The case with 20% stiffness reduction in Element 18 with 
1% white noise in the measured acceleration response is 
studied to illustrate the detection procedure. To reduce the 
computation effort, the identification will be conducted in two 
rounds of analysis.  
 

4.1.1.1 First Round 

 Firstly, all elements are considered as possible candidates 
and cases with single and two damages in the structure are 
investigated. The damage extent is set at 0.4 or 0.8 for the 
selected elements representing the medium and serious 
damage extents. The number of damage patterns for 

computing the damage index 
a
η  is 

1 1 2 1 1
31 2 31 2 2

31 30
31 2 2 2 1922

2 1
C C C C C

×× + × × = × + × × =
×

 where 
i
jC
is the combination formula in statistics. The 1922 

sets of 
a
η  are compared with one set of 

m
η , obtained from 

measurements in Equation (12) to form 1922 sets of PAC 

value LV
. The computation time is 12.9s. The first five 

damage patterns with the larger PAC values are shown in 
Table 1. Element 18 appears twice in the first five patterns 
and it can be judged as a damaged element with a certain 
degree of confidence. The first 15 elements which appeared 
firstly in the damage patterns ranked by the PAC value are 18, 
30, 28, 2, 4, 25, 27, 19, 3, 17, 22, 12, 31, 10 and 15, and they 
are considered to have a higher probability of having damage. 
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Table 1 – Results on Example with Single damage  
 

Damaged elements 
 PAC value 

1st 2nd 3rd 

First Round 

0.6417 18(0.4) -- -- 

0.6188 18(0.4) 30(0.4) -- 

0.6172 28(0.4) -- -- 

0.6107 2(0.4) -- -- 

0.6097 30(0.4) -- -- 

Second round 

0.7225 18(0.1) 28(0.1) -- 

0.7205 18(0.1) 2(0.1) -- 

0.7195 18(0.1) -- -- 

0.7194 18(0.2) -- -- 

1
%

 n
o

is
e 

le
ve

l 

0.7150 18(0.2) 28(0.1) -- 

0.7219 18(0.1) 28(0.1) -- 

0.7197 18(0.1) 2(0.1) -- 

0.7188 18(0.1) -- -- 

0.7182 18(0.2) -- -- 

5
%

 n
o

is
e 

le
ve

l 

0.7134 18(0.2) 28(0.1) -- 

0.7208 18(0.1) 28(0.1) -- 

0.7186 18(0.1) 2(0.1) -- 

0.7176 18(0.1) -- -- 

0.7159 18(0.2) -- -- 

1
0

%
 n

o
is

e 
le

ve
l 

0.7131 18(0.1) 28(0.1) 17(0.1) 

)(••  denotes Element number ( fractional stiffness 

reduction ) 
 

4.1.1.2 Second Round 

 The damage extent of 0.4 or 0.8 is not representative 
for all possible damage extent from 0.01 to 0.99. To further 
determine the damaged elements, the damage extent in the 
selected element is refined in gradation of 0.1, 0.2, 0.3, 0.4, 
0.5, 0.6, 0.7, 0.8 and 0.9. To reduce the computation effort, 
the first 15 elements identified in the first round are 
considered as possible damaged elements. The computation 
similar to the First Round is repeated and the number of 
damage pattern studied is 

1 1 2 1 1
15 9 15 9 9

15 14
15 9 9 9 8640

2 1
C C C C C

×× + × × = × + × × =
× . The 

computation time is 124s. The results are shown in Table 1. 
The highest PAC value is 0.7225 associated with a 10% 
reduction in the stiffness of Elements 18 and 28 denoted as 

[18(0.1), 28(0.1)] which is higher than 0.6417 associated with 
40% stiffness reduction in Element 18 denoted as [18(0.4)] in 
the first round of the study. Element 18 appeared in all the 
first 5 damage patterns listed, and this again suggests that 
Element 18 is a possible damaged element with a high degree 
of confidence. The real case of a single damage in element 18 
denoted as [18(0.2)] is ranked fourth in this round of 
computation. This is probably due to the computation error of 
the IRF with the wavelet transformation approach.  

 

4.1.2 Noise Effect 

For further study of the noise effect, the noise level is 
increased to 5% and 10%. The computation is similar to that 
of the above studies with 1% noise, and the top 5 damage 
patterns with highest PAC values are shown in Table 1. The 
highest PAC values are 0.7219 and 0.7208 for the cases with 
5% and 10% noise respectively and they all corresponds to the 
damage pattern [18 (0.1), 28(0.1)]. The PAC value decreases 
slightly when the noise level increases. However the order of 
the first four damage patterns with the higher PAC values 
remains unchanged. The noise effect on the PAC values is 
noted to be small and it can be concluded that Element 18 can 
still be identified as the damaged element with 10% reduction 
in the stiffness under 10% noise level. 

4.1.3 Damage Quantification  

To further determine the damage elements and extent with a 
high confidence, the optimization technique is applied here. 
The candidate set of possible damage elements has been 
reduced as noted in the first and second round of analysis 
above. Elements 18, 28, 2, 30, 25, 17, 31, 19, 3 and 27 are 
considered as the possible damaged elements. The 
optimization technique as described in Equation (18) can be 
adopted effectively for the final solution taking advantage of 
this small group of elements. The final stiffness reduction 
vector for the case with 1% noise is Element 18 (20.31%), 
Element 28 (0%), Element 2 (0%), Element 30 (0%), Element 
25 (0.01%), Element 17 (0.26%), Element 31 (0.11%), 
Element 19 (0%), Element 3 (0%) and Element 27 (0.54%).  
For the case with 5% noise, the damage vector is Element 18 
(21.77%), 28 (0%), 2 (0%), 30 (0%), 25 (0%), 17 (0.21%), 
31(1.65%), 19 (0.71%), 3(0%) and 27 (0%). For the case with 
10% noise, the damage vector is Element 18 (23.91%), 28 
(0%), 2 (0%), 30 (0%), 25 (0%), 17 (0%), 31(3.6%), 19 
(1.01%), 3(0%) and 27 (0%). It can be seen that the damage 
vectors can indicate the damage location and extent very 
accurately even with 10% noise.  

 

5 CONCLUSIONS 

The covariance of the unit impulse response function (CoI) 
is expressed in terms of the modal parameters of the structure 
without a time parameter. The CoI obtained from 
measurement contains more structural information than those 
from modal extraction because the higher modes are also 
included. The error produced in the modal extraction 
procedure is also avoided when the structural vibration modes 
are obtained from the CoI matrix. This CoI matrix is adopted 
for damage identification via a new Pattern Assurance 
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Criterion (PAC) and an optimization technique. The PAC is 
based on the comparison of two vectors from the damaged 
and undamaged states of the structure or from the analytical 
model and measurement.  
Damage identification is performed in two steps: damage 
occurrence detection and damage location and quantification. 
The former is based on the PAC method and is independent of 
the analytical model of the structure and it can be performed 
on data from continuous on-line health monitoring system 
with the aim to reduce the candidate set of damaged elements. 
The latter step is performed with an optimization technique to 
reduce computation and more definite results based on 
information from the previous step of PAC method.  
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Damage identification in a parabolic arch through the combined
use of modal properties and empirical mode decomposition
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ABSTRACT: The free dynamics of a parabolic arch is studied in order to identify a localized damage. The iden-
tification technique is based on the combined use of time-frequency vibration signals processing and modal-based
properties referred to finite element models of the arch. By relying on the information gathered for the undamaged
and damaged states, the Empirical Mode Decomposition (EMD) is applied to the non-stationary acceleration data
and the connection between the intrinsic mode function features and the underlying dynamics is investigated. The
approach is devised to obtain a response-based identification technique in a data driven framework.

KEY WORDS: localized damage; empirical mode decomposition; prototype parabolic arch; numerical detection.

1 INTRODUCTION

The continuous progress of signal processing tools and
sensing technologies has contributed, in the last two
decades, to conceive numerous vibration based approaches
for structural damage identification. In essence, their pur-
pose is to identify the presence, type and severity of dam-
age, to locate it, and to predict the remaining service life
of the structure from its dynamic response. Depending on
the type of structural response considered and how it is
used to infer the damage features, three main groups of
methods can be roughly identified, based on: direct phys-
ical properties (mass, stiffness, damping), modal prop-
erties (natural frequencies, mode shapes, modal damp-
ing) and signal processing techniques (Fourier, Wavelet,
Hilbert and Hilbert-Huang transforms). Several review
works providing useful overviews on the main techniques
so far proposed in the literature and their evolution are
available [1, 2, 3].
The present study proposes a new damage identification
technique based on the combined use of the decomposi-
tion part of the Hilbert-Huang Transform (HHT), known
as Empirical Mode Decomposition (EMD), and the exper-
imental modal analysis approach. Therefore the method
aims at merging the time-frequency content of the struc-
tural response signals provided by the signal processing
phase with the dynamic features of the damaged struc-
ture provided by the modal perspective.
Since its introduction [4] the HHT has been adopted

by several authors for damage detection purposes due
to its capability of coping with nonstationary and non-
linear signals. Frequency-time and energy-time plots of
the IMFs (Intrinsic Mode Function) obtained from the
EMD of propagating wave signals were proposed in [5]
to detect damage in beams and plates by distinguish-
ing timings of the direct, damage-reflected and boundary-
reflected waves. The instantaneous phase extracted from
the HHT was used in [6] for experimental damage detec-
tion in a three story building. The EMD was used by sev-
eral authors to define an energy damage index based on
which the healthy and damaged states of the structures
can be assessed [7, 8, 9]. More recently, combined dam-
age identification was addressed in [10] by proposing an
index representing the difference in the structure’s energy
at its healthy and damaged states; the index is derived
from a fusion of EMD, Wavelet and neural networks tech-
niques. Several techniques based on the EMD were also
proposed to detect damage location and severity by ana-
lyzing measured structural response time histories during
which abrupt stiffness changes occur [11, 12, 13].
As is known, modal based approaches use the change of
either the mode shape or its curvature from intact and
damaged structures as a basic feature for damage identi-
fication. The baseline data from intact structure can be
obtained either from an experimental test or from an ac-
curate numerical model of the undamaged structure [3].
In this work the EMD is applied to the structural response
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acceleration data to extract the IMFs at each sensor lo-
cated along the structure. Then, from the IMFs pro-
jections, the experimental pseudo-modal shapes are con-
structed for the healthy and damaged cases. From the
comparison between the derived spatial functions location
and severity of damage can be detected. The procedure is
applied to the free dynamics of the parabolic arch inves-
tigated in [14] to identify damage represented by a notch
reducing the arch cross-section height.

2 DAMAGE EVALUATION METHOD

The basic idea of the damage identification technique pro-
posed in this paper is the use of a time-frequency vibration
signals processing, known as Empirical Mode Decomposi-
tion (EMD) [4], to derive a privileged basis, i.e. the In-
trinsic Mode Functions (IMF), for the projection of both
the undamaged and damaged states. Due to its empirical
nature, the EMD does not strictly belong to the class of
modal-based techniques, indeed there’s no guarantee that
a vibration signal processed through the EMD provides
with results directly linked to the modal properties (fre-
quencies, damping factors and mode shapes) of the struc-
ture.

2.1 Empirical Mode Decomposition

The Empirical Mode Decomposition (EMD) is a tech-
nique based on the decomposition of a signal in fast and
slow oscillations. Roughly speaking, the purpose of the
method is to separate the fast oscillation from the slow
ones through an iterative scheme in which, at each step,
the derived slow oscillations are treated as a new signal.
Therefore the original signal is decomposed into a collec-
tion of few oscillatory modes, the IMFs, that can be viewed
as the counterpart of the harmonic functions representing
the usual mode shapes. The resulting decomposition is
thereby called empirical, since it is obtained from a pro-
cedure without a direct relationship with the underlying
parametric modal model.
The main characteristics of EMD are the possibility

to operate on nonlinear and non-stationary vibrations, as
well as the auto-adaptive nature of the decomposition and
the simplicity of use. These properties led to a widespread
use of EMD in a variety of engineering research areas, in-
cluding structural health monitoring and identification.
The signal decomposition scheme can be summarized in

the following steps (for sake of brevity we describe the pro-
cedure with reference to the continuous case, the extension
to the discrete case being straightforward):

• identify all the extrema of the given signal y(t);

• interpolate the minima (maxima) obtaining a lower

(upper) envelope e
(0)
l1 (t) (e

(0)
u1 (t));

• evaluate the mean function m
(0)
1 (t) as the half-sum

of the upper and lower envelopes m
(0)
1 (t) = (e

(0)
l1 (t) +

e
(0)
u1 (t))/2;

• subtract the mean function from the original signal

g
(0)
1 (t) = y(t)−m

(0)
1 (t);

• repeat the previous four steps, treating the function

g
(0)
1 (t) as the original signal, updating the iteration
order from 0 to 1;

• said K the number of iteration necessary for reach-
ing a chosen (local) stopping criterion, the function

g
(K)
1 (t), or more simply g1(t) is called the first Intrin-
sic Mode Function (IMF);

• evaluate the first residue r1(t) = y(t)− g1(t);

• repeat all the previous steps considering the residue
r1(t) as the starting signal and so on;

• when a (global) stopping criterion is reached, the
original signal y(t) can be reconstructed as y(t) =∑n

i=1 gi(t) + rn(t), with n the number of IMF gi(t)
and rn(t) the final residue.

In other words, the EMD algorithm can be viewed as
a sifting process, in which a nonlinear filtering operator
is applied to the signal until a chosen stopping criterion
is reached. The various versions of EMD proposed in the
literature differ for the choice of interpolation rule and
stopping conditions (local and global). In this work we
use a cubic spline as interpolation rule, and, as local stop-
ping criterion, a tolerance value of 0.2 on the standard
deviation between two consecutive iterations; conversely,
no global stopping criterion is assumed, except for the ex-
istence condition of at least two minima and two maxima,
necessary to realize the upper and lower envelopes. More-
over, to reduce edge effects, dummy maxima and minima
are added on both edges of the analysed time history, mir-
roring asymmetrically the closest extrema.
Completeness and orthogonality of the decomposition

play a crucial role in the proposed damage identification
technique. Therefore the Gram-Schmidt orthogonalisation
method proposed in [15], is implemented in order to obtain
sets of Orthogonal Intrinsic Mode Functions (OIMFs).

2
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2.2 Damage index

The response-based damage identification method pro-
posed in this work is based on the comparison between
the EMD components of the undamaged and damaged free
dynamic responses. The method is devised to detect and
localise damage, with the only requirements that the same
sensors configuration and excitation points are considered
in the undamaged and damaged states.
The first step is to evaluate the averaged power Pij

of the IMFij (or OIMFij), where i = 1, . . . , N and j =
1, . . . ,M are the sensor index and the IMF or OIMF order,
respectively. The elements ϕij =

√
Pij represent the com-

ponents of M pseudo-modes and the damage index can be
derived from the comparison between pseudo-modes ob-
tained from undamaged and damaged states. Accordingly,
we introduce the following Pseudo-Mode Index (PMI):

PMI(i) =
| ϕd

iJ − ϕu
iJ |

ϕu
iJ

where J is the index of the pseudo-mode in which the
energy measure ΔP (j) = |∑N

i=1 P
d
ij −

∑N
i=1 P

u
ij | exhibits

a maximum, i.e. the pseudo-mode with the maximum
power variation due to damage.
At first, the undamaged steel arch adopted as prototype

model is considered in the next section. Its mechanical
properties are identified by combining the data reported
by the manufacturer and the results of a series of impulsive
tests. Then pseudo-experimental data are considered for
the damaged structure in order to assess the performance
of the proposed technique in noise-free conditions.

3 UNDAMAGED STATE: PROTOTYPE AND
MODEL UPDATING

We summarize the properties of the adopted prototype,
a double-hinged parabolic steel arch, in the undamaged
state, see Fig. 1.
The centerline of the arch has a span of 1010 mm and

a rise of 205 mm (span-to-rise ratio of 4.81); the cross-
section is rectangular with a width b of 40 mm and an
height hu of 8 mm. The material properties are the
Young’s modulus E = 2.050 105 N/mm2, the Poisson’s ra-
tio ν = 0.3 and the mass density ρ = 7.849 10−6 kg/mm3.
All the above values are those declared by the manufac-
turer, except for the dimension of the half-length of the
hinges (5 mm), directly measured on the prototype.
In order to verify the parameters declared by the man-

ufacturer, an extensive campaign of experimental tests

has been performed on the undamaged arch. The exper-
iments, performed at the Laboratory of the Department
of Structural and Geotechnical Engineering, (SAPIENZA
University of Rome), consist of dynamic tests, developed
using an instrumented hammer as excitation instrument
and recording the response of the structure with seven uni-
axial piezoelectric accelerometers, positioned as shown in
Fig. 1.
The impact hammer has a length of 216 mm, a mass of

160 g, a sensitivity of 2.25 mV/N (± 15 %) and a reso-
nant frequency ≥ 22 kHz. The piezoelectric accelerome-
ters have a sensitivity of 10 mV/g and a dynamic range of
500 ± g; moreover, three of them have a frequency range
from 0.005 to 5000 Hz, with a mass of 27 10−3 kg, and the
other four have a frequency range from 1 to 7000 Hz, with
a mass of 13 10−3 kg for the first three and 12 10−3 kg for
the last one.
Four different locations have been assumed as excitation

points: in corrispondence of the first, the second and the
fourth accelerometer, and in between the second and the
third. For each excitation point we have repeated the
test ten times, so that, given that seven accelerometers
are used, 280 recordings in total have been considered.
Performing a Fast Fourier Transform and using a standard
peak picking approach, each test of this database was used
for identification of the first six frequencies of in-plane
vibrations of the arch.
Mean values μ, standard deviations σ and coefficients

of variation CV = μ/σ of the identified frequencies are
shown in Table 1. Given the high ratio between the ac-
celerometers bandwidth and the analysed frequency range
(0 -700 Hz), as well as the number of recordings, a rather
reliable estimation of the frequencies is obtained. As ex-
pected, the maximum value of the coefficient of variation,
as reported in Table 1, is just 1.41 % (bold).
Starting from the properties illustrated in Fig. 1 and al-

ready discussed above, a finite element model of the pro-
totype is constructed. Along the clear span (1000 mm)
the centerline of the arch is modelled with 8 curved
Timoshenko-like beam element (each of them postpro-
cessed in 100 straight frames). The cylindrical hinges are
modelled with a rigid link that describes the constraint
dimension (5 mm). Moreover, in order to accurately re-
produce the numerical model, also the masses of the ac-
celerometers are taken into account.
A comparison between the experimental and numerical

frequencies is shown in Table 2. The experimental values
refer to an overall mean of the 280 recordings discussed
above; indeed, the low coefficients of variation presented
in Table 1 suggest that all the data can be regarded as

3
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Figure 1. The prototype arch (top left), the instrumented hammer and one of the seven accelerometers (top right), the
geometrical properties (bottom left) and the cross-section data (bottom right). Red circles indicate the instrumented
sections.

Mode Impulse in 1 Impulse in 2 Impulse in 2-3 Impulse in 4
μ σ CV μ σ CV μ σ CV μ σ CV

1 50.21 0.32 0.64% 50.07 0.21 0.42% 50.00 0.00 0.00% 51.10 0.62 1.21%
2 124.06 1.27 1.02% 123.84 1.75 1.41% 124.50 0.67 0.54% 123.00 0.83 0.67%
3 224.45 0.77 0.34% 225.24 1.42 0.63% 224.67 1.36 0.61% 224.69 1.01 0.45%
4 359.32 0.41 0.11% 359.31 0.53 0.15% 359.17 0.43 0.12% 359.43 0.75 0.21%
5 509.74 2.06 0.40% 510.30 1.09 0.21% 509.90 1.18 0.23% 509.80 1.14 0.22%
6 716.60 2.04 0.28% 717.35 4.41 0.61% 716.90 2.94 0.41% 714.56 2.05 0.29%

Table 1. Identified frequencies: mean values μ (Hz), standard deviations σ (Hz) and coefficients of variation CV .
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Mode Frequency f , Hz Δ
Experimental Numerical

1 50.35 51.91 3.10%
2 123.85 124.85 0.81%
3 224.76 228.55 1.69%
4 359.31 357.61 -0.47%
5 509.94 520.69 2.11%
6 716.35 708.13 -1.15%

Table 2. Quantitative comparison between experimental
and numerical frequencies (initial model).
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Figure 2. Model updating: evaluation of the optimal
Young’s modulus E.

reliable. As far as the numerical model, the values of the
percentage difference Δ = (fn − fx)/fx (fx and fn mean
experimental and numerical frequency, respectively), sug-
gest to develop an updating of the numerical model.

Choosing the Young’s modulus E as parameter and the
quantity:

e =

√√√√ 6∑
i=1

Δ2
i

as the error measure, we obtain the objective function il-
lustrated in Fig. 2. Table 3 shows the quantitative com-
parison among experimental and numerical frequencies as
obtained using the optimal value of 2.000 105 N/mm2 for
the Young’s modulus E, instead of the initial value of
2.050 105 N/mm2.

Finally, in good agreement with the mean values ob-
tained in the experimental tests, a damping ratio of 1% is
assumed for all the modes.

Mode Frequency f , Hz Δ
Experimental Numerical

1 50.35 51.27 1.84%
2 123.85 123.32 -0.43%
3 224.76 225.75 0.44%
4 359.31 353.22 -1.69%
5 509.94 514.30 0.86%
6 716.35 699.44 -2.36%

Table 3. Quantitative comparison between experimental
and numerical frequencies (updated model).
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Figure 3. Perspective view of the notch.

4 DAMAGED STATE: NUMERICAL RESULTS

Starting from the updated numerical model, assumed as
undamaged scenario, a localized damage is introduced as a
strong reduction of the section height from hu = 8 mm to
hd = 2 mm (percentage decrease (hd − hu)/hu of 75 %).
This damaged section is assigned to a straight frame of
length 1 mm centred in the abscissa x = 692 mm (between
the instrumented sections 5 and 6 of Fig. 1), see Fig. 3.
Table 4 shows a quantitative comparison among the fre-
quencies of undamaged and damaged numerical model;
the values of the percentage difference Δ̃ = (fd − fu)/fu
(fu and fd mean undamaged and damaged frequency, re-
spectively), illustrate a small reduction of the frequencies,
at most of 3.76 % for the first mode.

In order to perform a numerical simulation able to re-
produce the undamaged experimental conditions reported
in Section 3, we assume the same measurement and exci-
tation points. Therefore, we apply in both, the undam-
aged and damaged numerical models, an impulsive force,
located in four different positions (namely, in corrispon-
dence of the first, the second and the fourth accelerom-
eter, and between the second and the third, see Fig. 1),
and then, for each scenario, we record seven accelerations
(in the direction normal to the arch curve, in agreement
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Mode Frequency f , Hz Δ̃
Undamaged Damaged

1 51.27 49.35 -3.76%
2 123.32 123.32 0.00%
3 225.75 218.21 -3.34%
4 353.22 341.95 -3.19%
5 514.30 514.16 -0.03%
6 699.44 680.29 -2.74%

Table 4. Quantitative comparison between undamaged
and damaged (numerical) frequencies.
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Figure 4. Impulse time-history.

with the use of seven uniaxial accelerometers, see Fig. 1),
for a total number of 56 accelerations.
An impulse time-history stored during the experimental
tests is used in the numerical simulations. This signal has
a time step of 5.8594 10−5 s (sampling frequency of about
17000 Hz) and 24575 steps, obtaining a signal response
duration of about 1.44 s, see Fig. 4. The accelerations are
stored using a time step of 2 10−4 s (sampling frequency
of 5000 Hz) and 7200 steps, obtaining a signal response of
1.44 s.

The results obtained by performing the empirical mode
decomposition and applying the damage identification
method based on the PMI index introduced in the pre-
vious sections (both in the IMF and OIMF versions), are
shown in Fig. 5. The PMI values show that the technique
works properly if the orthogonal intrinsic mode functions
together with an appropriate selection of IMFs are em-
ployed. Indeed, only the OIMF(J) are characterised by a
single peak always located on one of the two sensors clos-
est to damage. In particular, it is worth mentioning that
the first IMF or OIMF does not always guarantee the best
identification performance; moreover, as expected, the re-
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Figure 5. PMI values; green and magenta bands indicate
excitation point and localized damage, respectively.

sults improve when the excitation is applied closer to the
damage (impulse in 4) location.
More insights on the proposed technique are provided
by Fig. 4, where a time-frequency analysis of the IMF52

is shown. The time-history closer view in the middle
plot and the associated wavelet transform analysis (per-
formed with the Morlet mother wavelet), confirm the
multi-frequency content of the IMFs. This circumstance
shows clearly that pseudo-modes differ, in general, from
modes. Nevertheless, the main three frequencies of the
IMF52 (123, 353, 699 Hz) are strictly related to the arch
natural frequencies.
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Figure 6. Wavelet analysis of an IMF.

5 CONCLUSIONS

In this work a Pseudo-Mode Index (PMI) for structural
damage identification was introduced. This pseudo-modal
approach is based on the use of the Empirical Mode De-
composition (EMD) to derive a privileged basis for the
projection of the structural response. More precisely, the
EMD is applied to all the measured responses in order to
extract a set of data-driven functions, known as Intrin-
sic Mode Functions (IMFs) or Orthogonal Intrinsic Mode
Functions (OIMFs), if the Gram-Schmidt process is used.
Then, this auto-adaptive bases are used to perform a com-
parison between undamaged and damaged structure, try-
ing to detect and localize the damage.

The procedure was applied to the free dynamics of a

parabolic steel arch to identify a damage represented by
an abrupt reduction of the arch cross-section height. Only
the undamaged structure was so far experimentally tested,
thus the comparison was performed using numerical sim-
ulations calibrated on the undamaged arch However, the
method is response-based and, in principle, it doesn’t re-
quire a numerical model. The encouraging initial results
show that the use of orthogonal version of EMD and the
correct choice of the OIMF order, provided by an energy
measure, are essential for a proper identification. Experi-
mental tests on damaged states will be developed in order
to confirm these numerical evidences.
Moreover, following the basic idea of analyzing the

structural damage with a data-driven basis, a theoret-
ical refinement of the introduced damage identification
method is under investigation. The aim is to improve the
damage localization process and to explore more challeng-
ing questions, such as the localization of multiple damages,
as well as the identification of damage severity.
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ABSTRACT: Nowadays the safety and performance level of the structures have been growing up and the search of efficient 
methods able to indicate changes in the structural integrity has became more important. In this work, two methods were applied 
in order to locate damages in beams: the Residual Error Method and Artificial Neural Network technique (ANNs). The results 
indicated a satisfactory performance of the methods, once they allowed identifying clearly the damaged region present in the 
beam. 

KEY WORDS: Damage Location, Dynamic Properties, Residual Error Method, Artificial Neural Network. 

 

1 INTRODUCTION 
Efficient methods have been searched in order to identify and 
monitoring the damages that appear during the structures 
useful life.  

Among these methods it can be mentioned those which are 
based on dynamic properties, such as natural frequencies, 
mode shapes and damping ratio. Zou et al. [1] have divided 
these methods into four groups: modal analysis, frequency 
domain, time domain and impedance domain methods. 

Such methods consider that the loss of stiffness caused by 
damages provokes changes in the dynamic properties of the 
structures [2]. So, in order to identify possible fails such 
methods are based on the differences between the dynamic 
parameters of the intact and damaged structures. 

Many authors search to improve and develop methods to the 
study on this area.  

Pandey et al. [3] presented a method based in the 
differences between the curvature mode shapes of the intact 
and damaged structures. The method was proposed for 
structures in which bending moment is predominant 

In their study, Hearn and Testa [4] found that the most 
damages is characterized by a local loss of stiffness and mass. 
According the authors the loss of mass may be considered 
insignificant. On the other hand the loss of stiffness is more 
relevant. In a general way the loss of stiffness may be caused 
by a reduction of the cross section of the structural element 
implying in an inertia reduction. The loss of stiffness may 
occur also by a decrease in the Young´s Modulus provoked by 
chemical agents. 

Wu [5] and Elkordy et al. [6] used the Backpropagation 
Artificial Neural Networks technique in order to identify 
changes in the structural integrity of plane frames. In the first 
study, the network was trained with data from the acceleration 
records of numerical models. In the second case, Elkordy et 
al. [6] used an analytical and experimental model of a frame 
to obtain structural outputs caused by vibrations. For training 
the network, it was provided the percentage differences 

between the frequencies of the structural models with 
different damage states. In both studies the ANNs were able to 
learn the structural behavior and identify damage in the 
structures. 

Considering the observations from Adams et al. [2] and 
Hearn and Testa [4], Genovese [7] proposed the Residual 
Error Method. This method is able to localize and quantifying 
damages in beams. Other authors [8,9] improved such method 
in order to apply it to plane and spatial frames. 

Gomes [10] used the technique of Artificial Neural Network 
with Radial Base Functions in order to obtain information 
about possible damages present in a simple supported beam. 

Marcy [9] used an ANN to quantify damages in numerical 
models of spatial frames. The network applied by the author 
was trained with data obtained in the localization of such 
damages by Residual Error Method. 

Costa et. al [11] realized dynamic tests on a steel bridge in 
order to analyze the variations of the dynamic properties pre 
and post-rehabilitation. In the analysis, numerical models of 
the bridge have also been used. This allowed obtaining good 
estimates to modal parameters after an improvement of the 
bridge.  

In this sense, this work search to apply and compare two 
damage localization techniques: Residual Error Method and 
Artificial Neural Network. These techniques were applied to 
data obtained by a modal analysis from a free-free beam. 

Beyond the experimental model, some numerical models 
were built and their dynamic properties were identified in 
order to training the ANN used. The ANN was tested with the 
experimental mode shapes obtained by SSI-COV/ref method 
[12, 13]. The Residual Error Method was applied to the mode 
shapes identified by SSI-DATA/ref [12, 13]. 

 

2  RESIDUAL ERROR METHOD – REM 
The residual error method proposed by Genovese (2000) is 
used to identify damages in structures. The identification is 

Use of the Residual Error Method and the Neural Networks techniques in the 
evaluation of structural integrity 
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done in two steps: the location and quantification of the 
damage.  

The location is done by observing the error present in the 
modal equation, Equation (1), when the stiffness and mass 
matrices of the intact structure and the modes and natural 
frequencies of the damaged structure are used:  

                                                    (1) 
in which K and M denote, respectively, the stiffness and the 
mass matrix of the intact structure,  is the matrix of the 
identified damaged mode shapes,  is the diagonal matrix 
of natural frequencies of the damaged structure and E is the 
error matrix in which the values represent the error produced 
by damage in the modal equation. 

 

                                           (2) 

                                       (3) 

                                (4) 
 

where N is the number of spatial test points, n is the number 

of identified modes and  is the ith mode shape vector of 
the damaged structure. 

Each column of matrix E is a vector that is related to one 
mode shape, Equation (2). Each value of this vector represents 
the error that occurs in some positions of the structure. Thus, 
the highest error value will indicate the damage position to a 
mode shape.  

3 ARTIFICIAL NEURAL NETWORKS - ANNs 
Artificial neural network are computational tools inspired in 
the human brain and nervous system functioning. The great 
capacity of the biological neural system to perform complex 
tasks has been attributed to the parallel and distributed 
processing nature of the biological neurons. ANN imitates 
such structures where the calculus is processed through simple 
unities, called artificial neurons, which are interconnected to 
form a network. 

In this work, the ANN used was the Multilayer Perceptron 
(MLP). The typical structure of this ANN is shown in Figure 
1. 

The data (X1, X2, …, Xn) are introduced in the input layer 
and the network progressively processes such data through 
subsequent layers, producing a result (Y1, Y2, …, Yk) in the 
output layer (Equation 5). The input neurons are linked to 
those in the intermediate layer through α  weights and the 
neurons in the intermediate layer are linked to those in the 
output layer through   weights. The network maps out the 
relation between the input data and the output variables based 
on the nonlinear activation functions.  
 

 

 

 

 

                

 

 

 

Figure 1. ANN structure. 

Between the input and the output layers, multiple 
intermediate layers may be included. In theory, the increase in 
the number of intermediate layers improves the mapping 
capacity of the network. On the other hand, it significantly 
increases the processing time and the necessity of memory for 
storage due to the great quantity of weights. Works have 
demonstrated the use of a single intermediate layer is 
sufficient for an ANN to approximate any complex nonlinear 
function and. For this reason, this was the setting used (Fig. 
1). The explicit correlation for the output values is given by: 

 

      Y f
S

. f α X 1 1                5  

     I, j, k = number of neurons from input, hidden and output 
layers, respectively. 

S= neurons of the layer. 
 

4 REFERENCE-BASED COVARIANCE-DRIVEN 
STOCHASTIC REALIZATION (SSI-COV/REF) AND  
REFERENCE BASED DATA-DRIVEN STOCHASTIC 
REALIZATION (SSI-DATA/REF) [12,13] 

The subspace identification methods such as the SSI-COV/ref 
and SSI-DATA/ref are time domain methods that allow to 
obtaining the dynamic properties from a stochastic state-space 
model. For this identification the methods use only the system 
outputs such as acceleration time records acquired along the 
analyzed structure.  

The SSI-COV/ref uses the output covariance matrices 
calculated among the outputs acquired at all points of the 
system and a limited set of reference outputs allowing 
reducing the problem dimension and computational time. In 
modal analysis applications, measurements at several points 
placed along the structure are done. However, some sensors 
are placed at nodal points of a determined mode shape or at 
points closer to the supports. In these cases the acquired signal 
does not present information about this mode resulting in a 
lost of the identification quality. Therefore, the choice of the 
reference outputs is done considering all these facts. 

The SSI-DATA/ref method identifies a stochastic state 
space model directly from the time signals. The experimental 
mode shapes are determined by the position and the number 
of sensors used. In general, many sensors are used to complete 
this task. If none of the sensors is placed at a node of the 
mode, all signals will, theoretically, carry the same 
information about the modal properties and the measures will 
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contain some redundancy. To decrease this redundancy, some 
signals may be partially omitted in the identification process, 
resulting in algorithms that are faster and require less 
computer memory without losing a lot of accuracy 

5 METHODOLOGY 
A steel free-free beam was submitted to modal tests (Figure 2) 
in order to obtain its dynamic characteristics. The beam was 
damaged in some regions as indicated in Figure 3. In order to 
locating the damages by using an Artificial Neural Network 
the identification of natural frequencies and mode shapes was 
done from the application of SSI-COV/ref and SSI-DATA/ref 
methods to the acceleration data obtained from the modal 
tests. 

The numerical models were built in order to find the mode 
shapes to be used in the ANN training as input data. 

Two steps were considered: experimental and numerical 
analysis. 

 

5.1 Experimental Analysis 

The experimental model used in this study consists of a steel 
laminated beam with U cross-section (see Figure 4). The 
properties of the beam are summarized in Table 1. The beams 
were discretized into 33 elements with 0.0653 m in length. 
The accelerations were measured at all 34 nodes of the beams 
in order to identify their mode shapes. The beam studied had 
two elements which were modified in order to evaluate its 
behavior in relation to these changes. So, the elements 18 and 
19 suffered a cut of 10 mm in their cross-sections as it can be 
seen in Figure 4 (b). Thus, the inertia and the area of these 
elements suffered a reduction about 50.8 % and 10.4% 
respectively, resulting in the following values: I18 = I19 = 
6.406 x 10-8 m4; A18 = A19 = 9.435 x 10-4 m2. 
 

Table 1. Properties of the tested beam. 

 
The beam was placed in a horizontal position and simple 

supported at the theoretical nodal points of the first bending 
mode by two high density foam rubber, each one above a 
prismatic concrete block with nearly 2kN in weight. The 
experimental setup of the dynamic test is showed in Figure 2 
[12]. 

Seven accelerometers and a hammer to excite the beams 
were used in the tests. The sample frequency was equal to 
3000 Hz and each record was acquired during 3 s. The test 
was divided into ten setups, as showed in Table 2, in which a 
set of four accelerometers was remained at the same position 
(reference accelerometers – see Figure 5) and a set of three 
accelerometers was moved at each setup (mobile 
accelerometers). The excitation was always applied at the 
same point, as it can be seen in Figure 5.  

The values of the identified natural frequencies are shown 
in Table 2 as well as the mode shapes can be seen in Figure 6. 

 
 
 
 
 
 
 
 
 

Figure 2. Experimental setup of the dynamic test [12]. 
 
 

 
 

 

 

 

Figure 3. Beam model [12]. 

 
 
 
 
 

                          (a)                                          (b) 

 

Figure 4. Cross-Sectional Areas. (a) Intact Element. (b) 
Damaged element. [12] (modified) 

 
 

 
Figure 5. Positions of the accelerometers [12]. 

 
 

 
Table 2. Natural frequencies identified by the SSI-COV/ref 

and SSI-DATA/ref. 
 

Frequency (Hz) SSI-
COV/ref 

SSI-
DATA/ref 

1ª 40.1419 40.1400 
2ª 117.4535 117.4500 
3ª 221.4414 221.9500 
4ª 369.3117 369.3100 
5ª 542.3437 541.5000 

 
 
 
 
 

Properties Values 
Moment of Inertia – I - I 1.302x10-7m4 
Cross-Sectional Area – A 1.053x10-3m2 
Young’s Modulus - E 2.07x1011N/m2 
Density – ρ 7850Kg/m3 
Length  – L 2.155m 
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Figure 6. Experimental mode shapes [12]. 

 

5.2 Numerical Analysis   

In this step numerical models were built with the same 
characteristics from the experimental beam.  

 
• REM: 
 
Figure 7 summarizes the computational code of the 

Residual Error Method. 
 
 
 
 
 
 
 

 
 
 
 

 

 

                                                       

 

 

 

 

 

 

Figure 7. Damage Localization by REM. 

 
 

• ANNs: 
 

32 numerical models of the beam with the same properties 
of the experimental one were built. These models were 
constructed in order to training the ANN. Table 3 shows the 
positions of the damaged elements in the numerical models. 

 

Table 3. Scenes used in the training and verification of the 
ANN. 

Scenes 
(i =1 to 32) 

Damaged 
elements Input data 

Output 
training 

data 

i i and i+1 3º mode 
shape 

Node 
coordinate 
i+1 

 
The ANNs input data were the frequencies and mode shapes 

of the numerical models. Figure 8 summarizes the procedure 
to identify the numerical dynamic properties. 

 
 
 

 

 

Figure 8. Scheme of the dynamic properties. 

A static condensation was considered in the numerical 
analysis and the stiffness and mass matrices were obtained by 
equations (6) and (7), respectively. The damping matrix was 
obtained by the Rayleigh method (Equation 8).  
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                 (6) 

 

                                  m

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

                            (7) 

 
k and m: stiffness and mass matrices of the element, 

respectively; 
M and K: stiffness and mass matrices of the structure, 

respectively; 
E, I e L: Young’s modulus, inertia and length of the 

element, respectively; 
                      

                      a a                                             (8) 
 
 a0 e a1: Rayleigh damping factors.  
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6 RESULTS 
Figure 9 shows the result for the Residual Error Method. The 
parameters used in this step were the dynamic properties, 
frequency and mode shapes, identified by SSI-DATA/ref 
method. Stiffness and mass matrices used were calculated 
from the intact beam. 

 

 

 

 
Figure 9. Damages Localization results from MER. 

From multiplying the errors values that correspond to the 
first five mode shapes of the beam it is possible to observe 
that the biggest values appeared at nodes 18, 19 and 20. These 
nodes define the damaged elements. So, the Residual Error 
Method allowed identifying the damaged regions successfully.  

The neural network used in this study was the Perceptron 
with only one hidden layer. For training the network, the 
Levenberg-Marquardt (LM) algorithm was applied as 
explained before. 

In the step of network training the coordinates of the third 
mode shape from the 29 numerical models were used as input 
of the ANN (scenes 1 to 29 – Table 3). The third natural 
frequency and the corresponding mode shape were chosen 
because they presented the larger variations. Therefore, it is 
easier to recognize the patterns by the ANNs. 

The network had 34 input neurons and 1 output neuron. Its 
output corresponded to the damaged element location (Figure 
10). The number of neurons in the hidden layer was defined 
by a process of trial and error in which the quantity of neurons 
was progressively increased until the error obtained in the 
network training does not vary significantly. In this case it 
was observed that 10 neurons were necessary to hidden layer.  

Between the layers the activation function Tansig 
(hyperbolic tangent sigmoid) was used. This function is found 
in the Neural Network Toolbox from Matlab® software and it 
is chosen randomly in order to improve the network 
performance and minimize the error during the network 
training (Figure 10). 

 

 
 
 
 

 

 

Figure 10 – Scheme of the ANN used. 

 
The errors presented in the ANN training were about 10-8 

(Figure 11) obtained with 23 iterations. 
 
 
 
 
 
 
 

 

 

Figure 11. ANN training. 

 
 The next step was the network verification in which the 

mode shapes and coordinates corresponding to scenes 30, 31 
and 32 were used. In this case the damaged elements were 
localized between coordinates 30 and 33. The ANN showed 
good results. 

The third mode shape obtained from the vibration tests was 
used as the ANN input data. This mode shape was identified 
from the damaged beam. 

Figure 12 shows the result from the ANN analysis. It can be 
seen that a great variation appears between nodes 18 and 20. 
These nodes define the damaged elements. 
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Figure 12. ANN result. 

 

7 CONCLUSIONS 
The Residual Error Method and Artificial Neural Network 
technique were applied in order to identify damages in a beam 
that was submitted to vibration tests. 

From the presented results both techniques showed a good 
performance in order to identify damages in beams. In the 
REM results it can be verified peaks at nodes 18, 19 and 20 
which define the two damaged elements. So, the method 
yields a very satisfactory result. 

On the other hand, looking at the result from the ANN it can 
be observed just one peak located at node 19. The damaged 
elements considered were 18 and 19 defined by nodes 18, 19 
and 20. So, node 19 is located at the middle of the two 
damaged elements. This result can also be considered 
satisfactory. 

Considering the application, both methods presented the 
same level of difficulty. 

The Residual Error Method requires more time and 
computational memory in its processing for big structures 
once it uses the stiffness matrix of the intact structure. This 
matrix is calculated numerically. Therefore, this fact does not 
make the method inefficient but it is more difficult to execute 
the method in ordinary computers. 

In this study both methods presented good results in the 
localization of damages in the proposed structure. However, 
more studies must be done in order to consider these methods 
an accurately tool for structural health monitoring. 
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ABSTRACT: Vibration based structural assessment and damage detection methods have been researched widely for potential 
applications in civil engineering structures such as buildings and bridges. However, successful field implementation has been 
scarce, and studies are often limited to some sort of dynamic survey of the structures and stop short of further structural 
identification in terms of local anomalies. Among other practical issues influencing the measurement resolution and accuracy in 
real life structures, the increased presence of the so-called multiplicative noises and damping effects when it comes to the 
vibration measurements of stiff structures is deemed to be an important factor, in addition to various inherent nonlinearities. 
This paper presents an exploratory experimental study concerning the measurement of frequency data from more realistic 
structural components using a full-size damaged reinforced concrete beam in comparison with simple laboratory models. In 
addition to the natural frequencies, the extraction of the artificial boundary condition (ABC) frequencies from the test RC beam 
is also examined and discussed. 

KEY WORDS: Structural identification, modal frequencies, modal testing, RC beam, artificial boundary condition. 

1 INTRODUCTION 

Modal testing and modal analysis form a backbone of the 
vibration-based structural identification and damage 
assessment. Numerous techniques have been developed to 
utilize modal data, especially the modal frequencies and mode 
shapes, for structural identification which often involves an 
inverse problem solving procedure. On the other hand, it is 
also well recognised that mode shape data are difficult to 
measure to a desired accuracy as compared to natural 
frequencies; while natural frequencies may be measured to an 
accuracy of order of 1%, the errors in measured mode shape 
elements could reach 20% or even more (e.g. [1]). 
Unfortunately, the number of measurable natural frequencies 
is limited. Consequently, the actual ability of performing 
structural identification using the classical modal testing data 
is considerably restricted from what may appear to be possible 
with a theoretical inverse problem solving scheme. Such a 
discrepancy between hypothetic inverse problem solutions 
and the reality of limited availability of useful modal data is 
believed to have resulted in considerable lag of practical 
applications of many seemingly promising parameter 
identification algorithms. 

Civil engineering structures present themselves with 
tremendous complexity in terms of modal testing and analysis. 
Apart from ambient noises and other practicality issues 
relating to large spatial dimensions, complications arise from 
the ubiquitous imperfections in the connections and supports, 
together with a whole range of nonlinearities inherent to the 
construction materials, macroscopically damaged or not. 
Large stiffness at the member or sub-structure level gives rise 
to a further layer of difficulties as the effective frequencies 
come to a range that could involve sensible participation of 
the boundary confinements, which may otherwise be 
reasonably assumed in a perfect (e.g. rigid) condition.     

The above mentioned complexities generally render the 
mode shape information to be even less likely to be measured 
in acceptable accuracy; therefore seeking additional modal 
frequency data becomes crucial. As is well-recognised, one 
possibility of expanding the frequency dataset is to make use 
of anti-resonances in the frequency response function (FRF) 
curves (e.g. [2]). Studies have shown that anti-resonance 
frequencies can be used effectively in finite element model 
updating (e.g. [3][4]). A more recent development of interest 
concerns the extraction and utilization of artificial boundary 
condition frequencies, which are analogous to the natural 
frequencies under perturbed boundary conditions but the 
acquisition does not require actual alteration of the physical 
support of the structure [5][6]. Laboratory studies have shown 
that with appropriate testing and data processing procedures it 
is possible to obtain the ABC frequencies for one- and two-
pin ABC sets from the physical experiments of simple model 
structures [7]. This paper extends the investigation into more 
realistic civil engineering structures using at this stage a full-
size reinforced concrete beam in a damaged condition as a 
representation concerning FRF measurement and extraction of 
ACB frequencies. 

2 BACKGROUND THEORIES 

2.1 Omitted coordinate set and artificial boundary 
condition 

The artificial boundary method provides a theoretical 
approach to obtaining the natural frequencies of a structural 
system as if it was supported by additional pin constraints at 
some prescribed locations. This is achieved through 
measuring an incomplete FRF matrix from the original 
structure without needing the physical imposition of such 
additional boundary conditions. The simplest case of a 
perturbed boundary condition would be that related to the 
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driving point anti-resonances. The driving point anti-resonant 
frequencies can be interpreted as the natural frequencies of the 
structure when a single artificial pin constraint (APC) is added 
at a specific DOF. If more APCs could be involved, the 
resonant frequencies with such APCs can be anticipated to 
become generally more sensitive to local parameter changes. 
Based on this consideration, various studies have been 
conducted to develop a so-called artificial boundary method to 
derive the frequencies associated with a particular 
configuration of the artificial boundary condition (ABC) from 
the measurement of a partial FRF matrix on the underlying 
structure [5-8]. Manipulating the steady-state equation of 
motion, the following relationship can be obtained: 

 omoomommmm ZZZZHH 111m)( −−− −==  (1) 

where mH  is an incomplete FRF matrix measured from a 

modal test on the existing structure, mmZ , ooZ , moZ , and 

omZ  are partitioned sub-matrices of the impedance matrix Z, 

mkZ 2ω−= , with k  and m being the stiffness and mass 
matrices, and subscripts “m” and “o” denotes the “measured” 
and “omitted” coordinate set (MCS and OCS), respectively. 
The OCS represents the (structural) system in which all the 
“measured” coordinates are omitted, in other words restrained, 
thus effectively represents the structure with the 
corresponding perturbed boundary condition. From Eq. 1 it is 

apparent that at the natural frequencies of the OCS, 1−
ooZ  is 

singular, so 1−
mmH  is also singular, and vice versa. That is to 

say, by identifying the singularities (resonance frequencies) 

from the elements of 1−
mmH , one can determine the natural 

frequencies of the OCS, i.e., the frequencies of the structure as 
if it was physically restrained (“pinned”) at the measured 
DOFs. For an illustration, Figure 1 plots the four elements of 

the 2×2 impedance matrix 1−
mmH where mmH  is the simulated 

2×2 FRF matrix at two selected degrees of freedom on a 
beam under its original boundary condition. The natural 
frequencies of the beam in which two additional pins are 
inserted at the selected two DOFs are also calculated and 
these are shown in the figure by the dashed lines. It can be 

observed that the singularities of the 1−
mmH  elements occur 

exactly at the natural frequencies of the structure with two 
additional pin constraints. 
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Figure 1. Illustration of ABC frequencies (singular peaks) vs. 
actual natural frequencies under perturbed boundary 

condition. 

2.2 Sensitivity of artificial boundary condition frequencies 

As a large number of ABC sets, even limited to just one and 
two pin combinations, can be made available, appropriate 
selection of the ABC sets becomes important concerning an 
effective and well-conditioned parameter identification 
process. Extending from the driving point anti-resonance 
frequency formulation [9], which is a special case of the ABC 
set, and confining to the first three modes in an ABC set, the 
two-pin (i, j) ABC frequencies may be expressed as: 
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The general sensitivity of a particular ABC set to local 
parameters may be gauged by the relative contribution of the 
underlying mode shapes in the sensitivity expressed in 
Equation (3). Thus a mode shape contribution ratio [4] can be 
extended to represent the general sensitivity of the ABC 
frequencies: 
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Figure 2 shows an example for a beam scenario where the 
sensitivity of the ABC frequencies to a particular local 
parameter (stiffness at a selected location) is evaluated using 
the above formulas in comparison with that directly from the 
FE simulations. Note the numbers along the x-axis indicates 
the ABC sets, e.g. “12” means ABC pins located at nodal 
points 1 and 2. The vertical axis is the sensitivity of squared 
two-pin ABC frequency following Eq. 3. The sensitivities 
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evaluated from both methods agree well, and some ABC sets 
would give rise to ABC frequencies which are particularly 
sensitive to the given scenario of damage. 
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Figure 2. Two-pin ABC frequency sensitivities using different 
methods. 

2.3 General discussion of the relationship between 
individual FRF and ABC frequencies 

It is clear from Equation 1 that when a single coordinate is 
involved in the OCS, the ABC set reduces to a single ABC 
“pin” support, and the inversion of the frequency response 
function matrix reduces to the inversion of the driving point 
frequency response function curve. Consequently the “natural 
frequencies” of the ABC system are effectively the driving 
point anti-resonances. 

Whilst the above is true, this does not mean that the ABC 
frequencies are necessarily related to the anti-resonances (or 
the proximity regions) in the measured FRFs, for which the 
measurement could be inherently susceptible to noises due the 
low signal strength around the anti-resonance regions. From 
Equation 1 it can be observed that for multi-pin ABC sets, the 
singularities of the inverted Hmm matrix are associated with 
the frequencies at which the determinant of the incomplete 
FRF matrix approaches zero. Figure 3 gives an example of the 
relative position of a two-pin ABC frequency with respect to 
the FRFs from which the ABC curve is derived. Take the 
marked ABC frequency as an example, it does not coincide 
with any of the anti-resonance in the original FRFs. 

 

 

Blue - 2x2 FRFs 
Red - derived ABC curve 

Frequency (Hz) 

 

Figure 3. A representative 2-pin ABC curve and ABC 
frequency against the original FRFs. 

3 EXPERIMENTAL INVESTIGATIONS 

3.1 Experiments on model steel beams and slabs 

Laboratory explorations have been conducted progressively to 
investigate the extraction of the ABC frequencies from actual 
measurements. To allow for isolation of different aspects of 
experimental factors influencing the eventual extraction of the 
ABC frequencies, different test structures and support 
conditions have been employed. From relatively simple and 
well-controlled test objects such as a model steel beams and 
plates, it can be concluded that extracting two-pin ABC 
frequencies from a standard modal testing and analysis 
process is practical. It has been found that an accurate 
measurement of the impact force (when an impact excitation 
approach is adopted) has a sensitive influence on the detail of 
FRFs which in turn affects sensibly the ABC functions [7].  

For post-processing of the FRF data before the calculation 
of the ABC curves, it has been found that the Singular Value 
Decomposition (SVD) technique is well suited in that it 
allows for the preservation of the inherent details of the FRF 
function in the process of eliminating additive noises, and this 
is particularly important for the subsequent calculation of the 
ABC data. From the SVD process it is also easy to identify the 
presence of additive and multiplicative noises.    

In the current study we adopt the method for implementation 
of the SVD in which the impulse response function (IRF) is 
firstly obtained from FRF data using inverse Fourier 
transform, and these IRF data are then used to form Hankel 
matrix [10]. Once the Hankel matrix is formed, its rank is 
determined with the help of the singular value distribution 
curve, and higher singular numbers are eliminated by setting 
the corresponding singular values to zero. Finally, the Hankel 
matrix is re-constructed, and the processed FRF data are 
obtained by an inverse Fourier transform. A typical SVD 
distribution is shown in Figure 4(a). As can be seen, the 
curves for both the beam and slab do not exhibit a clear 
asymptote, indicating to a certain degree the presence of 
multiplicative noises in the obtained FRF data. The SVD-
processed FRFs using different choice of the rank are 
illustrated in Figure 4(b). It can be clearly seen that when an 
appreciable level of multiplicative noise is involved, the use 
of the SVD has a clear effect on improving the smoothness of 
the FRF. At the same time, the results can be rather sensitive 
to the choice of the rank; an improper rank could result in 
marked change (distortion) in the detailed FRF curve, 
especially at and around the anti-resonance regions. 

 
(a) Typical distribution of the singular values 
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Rank = 30 

 
Rank = 20 

(b) FRF before and after applying SVD 

Figure 4. FRF curves before and after applying SVD with 
different ranks. 

Figure 5 shows some further samples of measurements of 
FRFs. The test was again conducted using a standard modal 
testing procedure with hammer impact excitation. For each 
specific test configuration (ABC set), normally 10 (or of that 
order) repeated tests and measurements were performed. To 
cater for an accurate measurement of the excitation force, a 
high sampling rate of 25600Hz was used. Standard 
windowing and filtering operations were performed on the 
time series signals before the calculation of the FRFs. 
Averaging is then carried out for the repeated measurements 
(FRFs) before the ABC impedance curves are calculated. It 
can be seen that the FRFs after the above process exhibited 
high quality.  

The subsequently calculated ABC impedance curves are 
shown in Figure 6. The first three ABC modal frequencies can 
be identified easily and unambiguously from the ABC curves. 
The results from all the four components of the ABC matrix 
are consistent and the ABC frequencies identified from all the 
curves are identical. 

 

         
(a) Test setup 
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(b) Measured FRFs 

Figure 5. Model steel beam test. 
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(b) Obtained ABCs 

Figure 6. ABC curves calculated from measured FRF results 
shown in Figure 5. 

3.2 Experiments on reinforced concrete beam 

A full-size reinforced concrete beam is tested to investigate 
the measurability of the ABC frequencies in realistic civil 
engineering structural components for damage identification 
purposes. The test RC beam is about 3m long and its cross 
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section is 100 × 205mm. The beam was previously subjected 
to a destructive impact load test, which resulted in different 
degrees of damage along the beam length, with more severe 
damage concentrated in the mid-span region. Figure 7 shows 
the test beam and the modal testing configuration. 
 

2892

390892 1610

Concrete
damageAccelerometersSimply

supported

Impact
hammer

Point 1 Point 2

 

Figure 7. Test RC beam. 

The test procedure and general data acquisition and 
processing considerations are similar to the model steel beam 
tests. To ensure an accurate measurement of the impact force 
the sampling rate was set at 25600Hz, and the vibration 
measurement duration was 10s. Considering the state of 
damage and the possible influence of the inherent nonlinearity 
and damping, two different groups of tests were performed 
with two different nominal magnitudes of the impact force, 
namely 80N and 400N, respectively.  

Figure 8 shows the measured (processed) FRFs under the 
two different levels of the impact force. The results are very 
consistent and show little effect of the impact force 
magnitude, despite the damage state of the beam. The overall 
quality of the FRFs as judged by the smoothness and 
distinctive peaks appears to be satisfactory. The relatively 
narrowed spectral range between the peaks and valleys, as 
compared with the results from the steel beam tests, serve as 
an indication that damping is significantly higher in the RC 
beams, especially for the higher modes. This effect and the 
subsequent implications on the extraction of the ABC 
frequencies are discussed in association with a numerical 
simulation analysis in what follows. 
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(a) Impact force magnitude 80N 

-80

-60

-40

-20

0

20

0 100 200 300 400 500 600

A
m

p
li

tu
d

e
 /

 d
B

Frequency / Hz

FRF11

FRF22

 

-120

-100

-80

-60

-40

-20

0

0 100 200 300 400 500 600

A
m

p
li

tu
d

e
 /

 d
B

Frequency / Hz

FRF12

FRF21

 
(a) Impact force magnitude 400N 

Figure 8. Typical measured FRFs from the RC beam. 

The FRFs are employed for the calculation of the two-pin 
ABC impedance curves. To assist in ascertaining the 
identification of the true ABC frequencies from the ABC 
curves and allow for a comparison, a FE analysis is carried 
out in which the RC beam is simulated by beam elements with 
prescribed stiffness. To ensure that the stiffness properties of 
the FE model is reasonably close to the actual beam (it was 
not necessary to do a full FE model updating for the present 
purpose), the stiffness of the FE beam is divided into two 
types, one representing the severely damaged middle region, 
and another representing a general cracked beam for the 
remainder of the beam. A simple model updating was then 
carried out using a Genetic Algorithm to search for the best fit 
stiffness parameters to the first three natural frequencies as 
measured from the RC beam (identifiable from Figure 8). 
Assuming the Young’s modulus of the intact concrete was 
about 20 GPa, it was found that the stiffness in the middle 
region was about ¼ of the intact section while the stiffness of 
the remaining region was about ½ of the intact stiffness. 

The FE beam with the above stiffness properties was then 
employed to calculate the FRFs corresponding to those 
measured under 80N impact excitations. A 2% damping ratio 
is assumed in the FE analysis. The comparison of the 
measured and the FE predicted FRF results are shown in 
Figure 9. 

It can be seen that the FRFs in the first 2-3 modes range, 
including the detailed curves, match very well. This indicated 
that the measured FRFs from the RC beam in this range of 
modes were obtained in very good quality. The experimental 
FRF curves in the range of higher modes appear to exhibit 
some irregularities; however the features are still consistent 
with the FE results. 
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Figure 9. Comparison of measured and FE predicted FRFs 
(FRF11, FRF12). 
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Figure 10. Comparison of measured and FE predicted ABCs 
(ABC12, ABC22). 

The ABC impedance curves are subsequently calculated from 
the measured FRFs as well as from the FE predicted FRFs. 
The results are illustrated and compared in Figure 10. It can 
be observed that the first 2-pin ABC frequency is clearly 
identifiable from the measured ABC curves in good accuracy 
similar to that of the FE predicted result. The experimental 
ABC curves beyond the first frequency range exhibit apparent 

complexities with more peaks than the FE predicted results; 
but similar to the FRF comparison, they still appear to show 
features consistent with the FE results. 

Further investigation is underway to understand what the 
complexities in the higher ABC mode regimes really 
originate, and from there to devise tailored approaches to aim 
at extracting accurately higher order 2-pin ABC frequencies 
for fill-size RC components. Factors under consideration 
include effect of higher damping ratios (further FE results 
already indicate that with increase of the damping ratios the 
spectral range tend to decrease thus tend to blur the ABC 
frequency peaks) and other nonlinearities in a damaged state 
of a structure. Nonetheless, the experimental results so far 
have demonstrated that extraction of the ABC frequencies is 
feasible from real measurements and can be achieved with 
good quality for relatively simple structural components, as 
well as at least for the lowest ABC modes for realistic 
structures like an RC beam. 

4 CONCLUSIONS 

Modal testing and analysis geared towards extraction of 
extended modal frequency information, especially the 
artificial boundary condition (ABC) frequencies, has been 
conducted. Results have indicated that extraction of the (two-
pin) ABC frequencies are feasible and can be achieved with 
good accuracy from real measurements for relatively simple 
structures as represented by the laboratory model beam and 
plate. It has also been shown that for stiffer structures such as 
RC beams, the effect of damping tends to be significant in the 
measured FRFs and this increases the complexity in the 
derived ABC curves and the extraction of the ABC 
frequencies therein. However, the experiment and FE analysis 
have shown that at least the first ABC frequency can be 
identified with good accuracy for real-life structures like RC 
beams. Further studies are underway to understand the origin 
of the complications in the ABC functions for damaged RC 
beam type of objects and develop practical approaches to 
extract higher order ABC frequencies from such structures for 
a wider range of applications. 
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ABSTRACT : Lightweight structures of multi–layer fiber–reinforced polymer composites and hybrid metal–
plastic composites offer high damping capabilities and a high stiffness–weight ratio. The damping properties
of such components are influenced by interfaces and local inhomogeneities resulting in uncertainties and non–
linearities of the characterizing parameters. The investigations are focused on the uncertainty quantification of
amplitude depending damping by stochastic finite element procedures. Uncertain and locally varying damping
parameters are represented with the help of a stochastic field using Karhunen–Loève expansions. The uncer-
tainty is involved into the damping properties of viscoelastic layers. The complex frequencies are represented
using generalized polynomial chaos expansion. To verify the developed and extended simulation method, ex-
perimental modal analysis is performed on samples of the polymer reinforced composite plates. All investigated
samples show a varying damping ratio depending on the displacement amplitude. This helps to identifying prior
information on the damping properties of the viscoelastic layer. Knowing the Karhunen–Loève expansions of
the damping properties, a stochastic finite element model is executed to estimate the unknown coefficients of
the polynomial chaos expansions representing the frequencies. The results are compared with the experimental
data.
Keywords: Composite materials, viscoelastic materials, uncertainty quantification, uncertain damping

1 Introduction

Bending vibrations of thin–walled components contribute signif-
icantly to the noise generation of machines, equipment and ve-
hicles. Implementing additional damping materials may help to
reduce noise propagation, however, may be in conflict with the
component light–weight properties. Such mixed adverse proper-
ties are particularly common in wide range of composite mate-
rials where the damping behavior is dependent on a number of
parameters which are generally characterized by non–linear re-
lationships. Available numerical models are not sufficiently ac-
curate to capture these relationships. For instance, the influence
of the deflection on the damping behavior cannot be modeled by
using existing material models, even though this influence has
been experimentally demonstrated. Furthermore, the impact of
uncertainties and material parameter scattering has not been re-
ported. This is much more dealt in multi–layer composites where
material parameters describing the structure behavior are usually
affected by manufacturing process.
There are numerous physical interdependencies and mathemati-
cal models to describe the damping behavior of sandwich com-
posite structures. A key objective here is to reflect as accurately
as possible the energy dissipation during dynamic loading in or-
der to predict the dynamic behavior of components realistically.
Several analytical and numerical methods have been developed
in past decades to predict the damping in such composites. Com-
prehensive theoretical considerations can be found in relevant lit-
eratures where various nonlinear dependence of the damping has
been experimentally demonstrated [1–4]. Work like [5] consider

nonlinearities with respect to the strain amplitude and frequency
of cross–material for metals, ceramics, mineral materials, as well
as comparative for thermoplastics ([6]). Especially, for continu-
ous fiber–reinforced multilayer composites having matrix mate-
rial, the fiber volume content and fiber orientation of the individ-
ual layers have a dominant influence on the damping properties
while providing a high potential of the targeted property modifi-
cation, see [7–9]. The works [10, 11] describe in detail a method
to identify damping behavior of fiber reinforced polymer (FRP)
experimentally and, as well as [12] for linear application of vis-
coelastic material behavior in the finite element method (FEM).
Demonstration of the damping using generalized rheological
serves constitutive laws involving fractional time derivatives and
thus take into account the deformation history. In [13] the ap-
plicability of such a 3–parameter models for polymers shown by
means of damped vibration, but so far not taken into account the
deflection dependency. The noise–insulating behavior of hybrid
sandwich composites with polymer core layers of a few microm-
eters thickness has been investigated in [14]. In all those works, it
is assumed that all parameters are either constants or at least their
corresponding dependencies are known. Nonlinear behavior typi-
cally has a high degree of complexity in terms of models and their
parameters. In contrast to the mass and stiffness parameters, the
reliable quantification of damping is difficult due to the influenc-
ing state variables and associated uncertainties. For that reason,
the real dynamic of such structures is consequently described in-
completely or with limited accuracy. In several publications sim-
ple viscose damping model is used to quantify the damping un-
certainties where the damping coefficient assumed to be a random
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variable, see e.g. [15, 16]. The effects of uncertain or scattering
damping on the system response using linear models by means
of the perturbation theory, the first and second order reliability
method (FORM/SORM) or Monte Carlo (MC) simulation analy-
sis has been reported [17–19]. The influence of this uncertainty
and the geometric variability was investigated by possibilistic and
probabilistic methods for different FRP structures [20, 21]. They
are based primarily on methods of fuzzy sets [22, 23], stochas-
tic FEM (SFEM) and MC simulation [24, 25]. The determina-
tion of uncertainties using probabilistic methods is very com-
plex due to the underlying sampling method and high accuracy
of the simulation requires a very large number of calculations.
For example, MC method converge slowly and their efficiency
depends on the standard deviation [26]. Furthermore, the cal-
culations have to be performed again in full even with a slight
modification of the frame data. To reduce the high computational
cost associated with this, alternative methods have been devel-
oped, such as the Karhunen–Loéve the generalized polynomial
chaos (gPC) expansions [27, 28] . These expansions in combi-
nation with the FEM have been used for the uncertainty analysis
of different stochastic problems, see e.g. [29–33], as well as to
nonlinear problems [34, 35].
In this paper, we employ the SFEM to analysis of sandwich struc-
tures with random geometrical and material parameters. To this
end, the KL expansion is used to represent the input random pa-
rameters and free vibration responses are approximated using the
gPC expansions. Stochastic simulation is carried out using deter-
ministic FE model on sample collocation points in random space.
The method is applied to sandwich beams with viscoelastic layer
for which the thickness and material parameters of core are con-
sidered random. The results show high accuracy of the method
with MC simulation of 1000 realizations.
The rest of the paper is organized as follows. Section 2 reviews
two important discretization methods for random space. Gen-
eral SFEM formulation of structural free vibration is presented in
section 3. The numerical simulations of the method illustrate in
section 4. Section 5 discusses the conclusions.

2 Discretization of random quantities

As the complex deterministic problems are discretized by FEM
techniques, the discretization of random quantities in stochastic
space is required. Namely, the stochastic space has to be dis-
cretized for the treatment of randomness in the physical system
to be adapted to the implementation of the deterministic FEM
model, which can deal with geometrical complexity. In this pa-
per we use spectral methods based on constructing the functional
dependence expressed in terms of a series [36, 37]. In these meth-
ods the random quantities are represented by spectral decomposi-
tion with unknown coefficients and orthogonal polynomial basis.
A least–squares fit can be used to determine the coefficients of
the expansion. They use commonly the Karhunen–Loève (KL)
theorem and polynomial chaos as discussed below.

2.1 Karhunen–Loève expansion

The expansion is a representation of a random quantity as an in-
finite linear combination of orthogonal functions which are the

eigenfunctions of the covariance function. By definition, the co-
variance function is real, symmetric and positive definite. Thus,
all its eigenfunctions are mutually orthogonal and form a com-
plete set spanning the function space. This property is employed
to construct the KL expansion of the random field w as

w(x, ξ) = w0(x) +
∞∑
i=1

√
λiξifi(x) (1)

where ξi denote independent standard normal random variables
spanning the probability space and λi and fi(x) are the eigenval-
ues and eigenfunctions of the covariance function, i.e.∫

D

C(x,x′)fi(x
′)dx′ = λifi(x) (2)

in which D denotes the spatial domain over which the random
quantity w(x, ξ) is defined. Usually only a few of the terms with
the largest eigenvalues are important assuming the eigenvalues
are ordered by decreasing magnitude. For a higher rate of spec-
tral decay, the smaller number of terms is required for approxi-
mation. Provided that the exact eigenfunctions of the covariance
coefficients are available; the KL method is the most efficient
method for discretizing a random quantity. The most important
feature of the KL discretization method is that the spatial random
fluctuations are decomposed into a set of deterministic functions
fi multiplying random coefficients. However, the application of
the KL expansion is limited by the fact that the covariance func-
tion has to be known apriori. In particular, it is extremely difficult
to determine a covariance function if the KL is employed to rep-
resent uncertainty in model responses. In such condition, they
can be formally expressed as some nonlinear functional of ran-
dom vector ξ by using the polynomial chaos to overcome the KL
limitations.

2.2 Polynomial chaos expansion

It was first introduced in the form of homogeneous chaos expan-
sion by Wiener [38]. The generalized Polynomial Chaos (gPC)
permits the discretization of multi–dimensional non–Gaussian
and non–stationary random quantities. Using this approach, the
random quantity w is expanded as

w(x, ξ) =

∞∑
i=0

wi(x)Ψi(ξ) (3)

where wi are deterministic unknown functions. The random
base functions Ψi are a set of complete multidimensional poly-
nomials in terms of the multidimensional random variable ξ =
{ξ1, ξ2, . . . , ξn}t with the orthogonality relation of

E[Ψi,Ψj ] = E[Ψ
2
i ]δij = h2

i δij (4)

where δij represents the Kronecker delta, hi is the norm of the
polynomials. The unknown deterministic functions can be deter-
mined using Galerkin projection with the base orthogonal poly-
nomials Ψk(ξ) as [39]

wk =
〈w(x, ξ) , Ψk(ξ)〉

〈Ψk(ξ)2〉
, k = 0, 1, 2, . . . (5)
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A complete discretization is obtained once the deterministic func-
tions are known. The dimension of Ψ reflects the spatial complex-
ity of the process. It has the same order as the expansion. The first
order terms of Ψ represent a Gaussian process and thus the expan-
sion reduces to the KL representation of the same random quan-
tity. We note that the knowledge of the correlation function is not
necessary to uniquely determine the set of coefficients wi(x) ap-
pearing in the gPC expansion. Higher order terms in Ψ show the
probabilistic complexity and can be applied for representation of
non–Gaussian processes. For practical simulation, the series in
Eq. (3) is truncated to a finite number of terms.

3 Stochastic FEM on vibration of sand-
wich beams

In this section, the stochastic FEM (SFEM) for free vibration of
sandwich beams is formulated based on spectral expansion. The
sandwich beam is comprised of three layers; two elastic face lay-
ers denoted as layer 1 and 3 and constrained viscoelastic core
layer 2. The beam is made of two thin face sheets with con-
strained viscoelastic core. It is assumed that the transverse dis-
placement and the rotational deflection are constant across the
beam cross–section. Furthermore, the core layer has negligible
bending and extensional rigidity and is subjected only to shear
deformation. In contrast, the face sheets possess no shear defor-
mation. It is also assumed that no slip occurs between the layers,
and there is perfect continuity at the interface. The deflections are
defined with respect to the neutral axis of the composite beam.
Four degrees of freedom is assumed per section of the finite ele-
ment as shown in Fig. 1: ui and uj denote the axial displacements

Layer 1, Metal sheet

Layer 2, Viscoelastic layer

Layer 3, Metal sheetui3

ui1

w
iθi

uj3

uj1

w
j θj

Figure 1: Degrees of freedom for sandwich beam element.

of each face sheet metals, w is the transverse displacement and
the rotational degree of freedom of the face sheets at each section
is defined as θ. Accordingly, the vector of element displacements
for the core is defined as

u = {ui1 , ui3 , wi, θi, uj1 , uj3 , wj , θj}t (6)

The elastic isotropic material model is assumed for face layers
and the viscoelastic core is modeled with its complex shear mod-
ulus G∗

c as

G∗
c(ω) = G

′

c(ω) + jG
′′

c (ω) = G
′

c(ω) [1 + jη(ω)] (7)

in which G
′

c and G
′′

c are the shear storage modulus and the loss
modulus, respectively, and η is the loss factor. Here, and subse-
quently, f and c denote face and core. The stiffness and mass
matrices are estimated from the strain and kinetic energies of the

element. These energies are calculated for each layer individ-
ually. In particular, the strain energy U of faces is constructed
from extensional and bending components. The shear strain in
the core is used to develop the core stiffness matrix, i.e.

U =
1

2
ut
(
Kf

b +Kf
e +Kc

s

)
u (8)

In which Kf
b , and Kf

e are bending extension stiffness matrices of
the faces and Kc

s is the shear stiffness matrix of the core. Due to
the complex structure of the core, it is not constant within the el-
ement and uncertainties are involved in this layer. The face sheet
parameters are considered deterministic. To this end, the stiffness
matrix Kc

s is represented as a function of space coordination x
and random vector ξ, i.e.

Kc
s = Kc

s(x, ξ) (9)

In this work, we approximate stochastic element stiffness of the
core by means of KL expansion as

Kc
s(x, ξ) = k0(x) +

N∑
i=0

√
λiki(x)ξifi(x) (10)

where k0(x) is the mean value of the core stiffness and ki ∈ R
are deterministic coefficient matrices of the KL expansion. It is
written in the compact form of

K = K0 +
√
ΛKξF (11)

The column vectors ξ and F assume the role of shape functions
characterizing the random and spatial variation of material prop-
erties. Clearly, terms associated with the small amplitudes tend
to have only slight impact on the overall representation of the
stiffness. Accordingly, the stochastic elemental strain energy are
adopted from Eq. (12) as

U(x, ξ) =
1

2
ut(x, ξ)

[
Kf

b +Kf
e +Kc

s(x, ξ)
]
u(x, ξ) (12)

The element mass matrix M is deduced deterministically for all
layers derived from the kinetic energy:

T =
1

2
u̇tMu̇ (13)

The damping behavior of faces is ignored owing the fact that it is
very small compared with the core damping. The random eigen-
values γ of the beam are complex exhibit as

γ(ξ) = ω2(ξ) [1 + jη(ξ)] (14)

Assembly of the element stiffness, mass and damping matrices
lead to the SFEM model of the beam vibration in the frequency
domain in the following form

γ(ξ)MU(x, ξ) = K(x, ξ)U(x, ξ) (15)

Due to the lack of information about the covariance function of
responses, the model nodal vector, the eigenfrequency and the
damping ratio are approximated using the gPC expansion at the
same time as

U(ξ) = utΨ(ξ) (16)

ω2(ξ) = atΨ(ξ) (17)

η(ξ) = dtΨ(ξ) (18)

3
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In which u is deterministic unknown functions, a and d are
vectors of unknown deterministic coefficients. The basis Ψ are
multi–dimensional random orthogonal polynomials of the same
random variables used for KL expansion of the material proper-
ties. Substitution of the KL and gPC expansions in Eq. (15) yields
to

atΨ(ξ)
[
1 + jdtΨ(ξ)

]
MutΨ(ξ)

=
[
K0 +

√
ΛKξF

]
utΨ(ξ) (19)

This equation is SFEM of free vibration of sandwich beam from
which the gPC coefficients of responses are calculated. To this
end, the approximation stochastic error ε(t, ξ) has to be mini-
mized, i.e.

ε(t, ξ) = atΨ(ξ)
[
1 + jdtΨ(ξ)

]
MutΨ(ξ)

−
[
K0 +

√
ΛKξF

]
utΨ(ξ) (20)

Once the stochastic structural responses are approximated by
means of the gPC expansion, the non–intrusive SFEM runs the
deterministic FE model of the structure as black–box and it is
only called as a function for numerical calculation of the un-
known coefficients. The method intends to compute the un-
known gPC coefficients of random outputs by means of a pseudo–
random sampling of the random variables in stochastic space.
The sampling space are implicitly prescribed by the selected a
few abscissae ξni , n = 1, 2, . . . , ,M . Therefore, in Eq. (20) one
has to solve the minimization problem of∫

{ξi}
ε(t, ξ) δ(ξi − pi)f(ξi)dξi = 0 , (21)

in which δ is the delta function and pi denotes the set of spe-
cific collocation points. The support space can be simply cho-
sen from the roots of random orthogonal polynomial Ψ. The
method provide this major facility to use third–party commer-
cial or free license deterministic FE codes as a black–box to get
the system responses associated with each realization of random
vector. These characteristics make the method very attractive for
parametric quantification in complex models and industrial appli-
cations where the deterministic FE model has been already devel-
oped. The key idea is to use deterministic FE codes to perform
spatial discretization to arrive at a system of random algebraic
equations to employ in the SFEM.

4 Numerical results

In this section, we apply the above formulation to a cantilever
sandwich beam with random core properties, see Fig. 2. The
dimension and material parameters are given in Table .1. All

Table 1: Nominal dimensions and material properties of investi-
gated sandwich beam, cf. Fig. 2.
Dimensions [mm] l = 180 hf = 0.45 hc = 0.05
Material: faces Ef = 200 Gpa νf = 0.3

core Gc = 1.73 Mpa νc = 0.48

topological and material parameters of face layers are considered

Metal sheet, Ef , νf

Metal sheet, Ef , νf

Polymer, Ec(x, ξ), νc

l

h
f

h
c

h
f

Figure 2: Cantilever sandwich beam with random constrained
layer properties. Face layers possess deterministic parameters.

deterministic. The thickness hc and the shear modulus Gc of the
core layer are treated as random parameters. They are approx-
imated locally be means of the KL expansion with covariance
function of the spatial homogeneous as a function of the distances
between two points on the beam core. The squared–exponential
covariance function C(x1, x2) which reflects the correlation at
any two points (x1, x2) in the beam domain defined as

C(x1, x2) = σ2e
− (x1−x2)2

l2c (22)

The standard deviations are assumed to be σG = 0.35 Mpa and
σh = 0.01 mm. The correlation length is assumed to be lc = l.
Large correlation length, lc >> L, means small variations within
the beam length. In such a case, the spatial dependency of the
random parameters can be ignored and only σ–values play major
role and the uncertain parameters can be represented as a random
variable depending only to random vector ξ. An important issue
facing the KL approximation of the uncertain parameters is se-
lecting the dimension of random vector ξ. In other words, the
optimal representation depends to the number of terms in the KL
expansions which directly limits the random space dimensions.
For that we calculate the relative weight W of ith–eigenvalue of
covariance function as

Wi =
λ2
i∑n

i=1 λ
2
i

× 100 (23)

which yields to W = {69.01, 21.53, 6.17, 2.07, 0.83} for the
first 5 eigenvalues. For a good approximation we used the first 2
terms of the KL expansion to estimation the spatial variations of
the core thickness and the shear modulus. This implies that the
dimension of random space is reduced to four, i.e. ξ = {ξi}i=1,2

with ξi ∈ N(0, 1). The mean values and some realizations of
the uncertain parameters are shown in Fig. 3. A robust SFEM
procedure must capture the structure behavior for all realizations
represented as the KL expansion. Third order gPC expansions
employing 2–dimensional Hermite polynomials are used to ap-
proximate the uncertain natural frequencies ω2 and damping ra-
tios η. A deterministic FE model with 10 SHELL281 elements in
ANSYS is considered as a black–box solver. The model is exe-
cuted on 17 sample collocation points produced from the roots of
fourth order Hermite polynomials. The mean values and the stan-
dard deviations of output parameters are given in Table 2. The

Table 2: The mean values and standard deviations of the modal
parameters, frequencies f and damping ratios η.

(f1, η1) (f2, η2) (f3, η3) (f4, η4)
μ (63, 0.37) (303, 0.26) (361, 0.29) (617, 0.48)
σ (1.04, 0.005) (15.17, 0.0065) (28.05, 0.015) (33.50, 0.033)

probability density function (PDF) of the natural frequencies f
[Hz], ω = 2πf , and damping are shown in Fig. 4(a) and (b) in

4
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Figure 3: Some realization samples of the random core parame-
ters, Gc and hc. The bold lines show the mean values.

comparison with 1000 realizations form the MC simulations. As
shown, the results from the third order gPC with 17 collocation
samples are in high agreement with the MC simulations. The pa-
rameter uncertainties had different impact on the natural frequen-
cies and damping ratios. While the first mode frequency is least
affected from these uncertainties, other modes show large varia-
tions. This is, particularly, distinguished for the third and fourth
modes. The parameters display considerable overlap among the
intervals, with a great deal for the third mode frequency. Third
mode is torsion mode which is most sensitive to uncertainty in
shear modulus. This is a result of the greater uncertainty in the
latter mode. The critical issue relating to the mode overlap comes
out when this overlapping causes the mode shape change. This,
however, requires to investigate the mode shape spatial variations.

5 Conclusions

In this paper, we presented and discussed the application of
stochastic FEM to free vibration of sandwich composite beams
with random viscoelastic parameters. The locally and random
variations of the core layer represented by means of KL expan-
sions and the gPC expansions used to approximated the modal
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10−2

10−1

100

f [Hz]

f3f2 f4
f1

(a)

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65

10−3

10−2

10−1

100

101

102

η [-]

η2 η3

η4

η1

(b)

Figure 4: Probability density functions of : (a) the first 4 natu-
ral frequencies and (b) damping ratios of the cantilever sandwich
beam, constructed from the third order gPC (bold lines) and 1000
realization from the MC simulation (dashed lines).

outputs, i.e. natural frequencies and damping frequencies. A de-
terministic FE model employed as a solver to evaluate the modal
outputs at some collocation points. The results were in high
agreement with MC simulations of 1000 realizations. Further-
more, modal parameters are influenced by the input parameter
uncertainty in different levels. More especially, the natural fre-
quency of the first torsion mode is mostly affected from the ran-
domness of core layer. The output parameters also demonstrated
some interval overlap. This may be more critical when this over-
lapping results to the mode change, an issue which cannot be fol-
lowed from the modal data and a spatial variations in mode shape
in required.
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ABSTRACT: This paper discusses the importance of material mechanical properties’ variability and moving load speed inthe
railway context. A probabilistic description of the Young’s Modulus of different track geomaterials was previously obtained from
a series of dynamic cone penetration tests. Young’s Modulusspatial variations along the load propagation direction are modeled
by random fields. They are generated by coupling the Proper Orthogonalization Decomposition (POD) of a theoretical assigned
autocorrelation function and Latin Hypercube Sampling (LHS) with a correlation control technique. The mechanical response
of the railway track is modeled using a 2D finite element modeland boundary conditions are implemented in order to reduce
wave reflection in lateral boundaries. The track bogie stiffnessK is then defined as the measure of the vertical load applied
by a wheelset from a bogie divided by the rail vertical displacement under the load. The results of numerical simulationsof K
highlighted three important points: firstly, the load partition among sleepers lead to a minimum correlation length ofK of 3 m;
secondly, the correlation length ofK is insensitive to the moving load speed under the assumptions considered in the model;
thirdly, the theoretical autocorrelation function used for the input data can model the second-order characteristicsof K, through
a shift of the autocorrelation distance. It means that measuring K cannot lead to the complete characterization of the variability
in the track materials but it can reasonably give the correlation structure. A sensitivity analysis based in the FAST methodology
showed that the variance of the platform material is responsible for more than 80 % of the total variance of the track bogiestiffness
field, for all considered speeds. This result has been already observed in previous simulations from the authors at smallspeeds.

KEY WORDS: Moving load, Railway track dynamics, Stochasticanalysis, Finite element method

1 INTRODUCTION

Railway track standards have increased on the past years both
for passenger and freight lines. Faster trains are nowadaysre-
quired in order to meet market expectations and to improve
its concurrentiel advantages against other transportation types.
On freight lines, increasing the axle load is a decisive issue
on raw materials exporting countries. On both cases railway
track availability and maintenance costs play a critical role on
the track operation and economical viability must be ensured
through the whole life-cycle. In order to achieve these goals, a
better description of railway materials as well as a better un-
derstanding of the physical mechanisms leading to a degrada-
tion of the track geometry is necessary. The French Railway
Network Company SNCF is nowadays facing the challenges of
conventional lines rehabilitation to meet the requirements for
higher exploitation and speed. The use of dynamic cone pen-
etration tests Panda [1] coupled with a geondoscopic analysis
are a standard procedure in order to better characterize differ-
ent materials’ mechanical resistance, layers’ width and water
presence within the interlayer and the platform in conventional
railway track lines. The results of a series of these tests per-
formed at the same site was discussed in a previous work from
the authors [2] and a probabilistic description of the different
track materials was obtained. These were used in order to study
the influence of material variability over the track stiffness as
measured by a single moving load at 15 km/h. This work con-

tinues the previous developments and discusses two main issues
as to generalize the applied methodology:

• development of the dynamic model in order to deal with
appropriate boundary conditions and dynamic loading,

• random field generation scheme as to reduce the stochastic
dimension, based on coupling the Proper Orthogonaliza-
tion Decomposition (POD) of the autocorrelation matrix
with the Latin Hypercube Sampling (LHS) strategy. It per-
mits to generate fields that correctly follow the prescribed
autocorrelation function, within a reasonable number of
samples.

These methodologies are applied in order to verify the influ-
ence of both the vehicle speed and random spatial variations,
within a linear elasticity framework. The paper is organized as
follows: first, the numerical model is briefly presented as well
as the probabilistic description of the input quantities. Then, the
main theoretical features of the two boundary solutions used in
this work are presented, followed by the stochastic tools used
to generate and discretize the considered random field. A series
of numerical simulations are carried out for different moving
load speeds and correlation structures of the input field. Inad-
dition, Global sensitivity analysis based on the FAST method-
ology is carried out, in order to verify speed influence over the
output field and first-order sensitivity index. The boundarysolu-
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tions are then compared in terms of the output field probabilis-
tic characteristics. Finally, conclusions are drawn regarding the
obtained results and further works in how coupling the findings
in this paper with stochastic train-track interaction models are
discussed.

2 NUMERICAL MODEL AND MECHANICAL PROP-
ERTIES OF TRACK COMPONENTS

The railway track is modeled using a 2D finite element model
with a modified width plane-strain condition [3],which has al-
ready been presented by the authors in a previous work deal-
ing with low moving load speeds [2]. The model describes the
structure of French railway network conventional line. From
top to bottom, it is composed of the rail, pads, sleepers, fresh
ballast, fouled ballast, interlayer and the platform. Unconfined
ballast is present between sleepers. Figure 1 presents a peri-
odic cell of such structure. In the present work, wave reflec-
tion on lateral boundaries is reduced by using either the parax-
ial approximation [4] or a Kelvin-Voigt viscous material atthe
boundaries, which can account for energy dissipation by damp-
ing. Both solutions are discussed in section 3 and will be further
compared regarding their impact over the probabilistic descrip-
tion of the results.

Platform

Interlayer

Fouled ballast

Fresh ballast

Sleepers
Unconfined

ballast

Figure 1: Representative periodic cell used on finite element
calculations.

Load is applied directly at the rail, simulating a bogie com-
posed of two wheelsets distant of 3 m from each other passing
through a certain track section. Each load amplitude is of 85
kN, which is half of the maximum wheelset load on passenger
trains in France. The load displacement over the mesh is assured
by a node-to-node basis, at the required speed. No increase on
the applied load with increasing speed, i.e. load amplification
factor, is considered in this work. This choice is made in order
to study only the influence of load speed and not the induced
inertial load (i.e. load magnitude).

Track stiffness is a very useful output quantity in the perspec-
tive of railway engineering and train-track interaction studies
[5]. In this work the track bogie stiffnessK is defined as the
measure of the force applied by one wheelset divided by the
vertical displacement of the rail at the point of the appliedforce.

2.1 Material properties

Previous work from the authors [2] presented a probabilistic
description of the dynamic cone resistanceqd based on a sta-
tistical analysis of a series of dynamic cone penetration tests.
It was showed that in this case, the dynamic cone resistance of
each layerQd could be considered as independent random vari-
ables following a lognormal distribution. The Young’s Modulus
E of different track layers are obtained from the cone resistance
using empirical correlations proposed in the literature, which
depends on the soil nature and deformation level. The Young’s
Modulus meanµE and coefficient of variationCVE for each
material is presented in Table 1. The other track components
were considered deterministic and their mechanical and geo-
metrical properties are presented in Table 2.

µE [MPa] CVE [%] ν [.] ∆h [m]
Fresh ballast 214 40.5 0.3 0.25
Fouled ballast 383 28.5 0.3 0.15

Interlayer 95 66.5 0.3 0.20
Platform 109 47 0.4 6.00

Table 1: Elastic and geometrical properties of probabilistic
track components.

E [MPa] ν [.] ∆h [m]
Pads 40 0.3 0.009

Sleepers 34.103 0.3 0.21
Unconfined ballast 50 0.3 0.21

Table 2: Elastic and geometrical properties of deterministic
track components.

3 BOUNDARY SOLUTIONS FOR INFINTE MEDIA

Many boundary conditions exists in the literature in order to
avoid wave reflexion. This is a very large research topic and
different strategies exist (boundary approximations, viscous el-
ements) in order to proper decompose infinite media into a fi-
nite domain. When dealing with moving loads, wave propaga-
tion occurs mainly as a consequence of the load displacement
along the track model. In this work two different strategiesare
compared, the paraxial approximation for plane waves [4] and
a viscous boundary with a Kelvin-Voigt mechanical model. The
main points of each technique are discussed below. These solu-
tions will be further discussed in the framework of the stochas-
tic railway track model.

3.1 Paraxial approximation

Consider a 2D scalar wave equation with velocityc > 0 of the
form:

1

c

∂2u

∂t2
−∆u = 0 (1)

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2676



whose family of solutions consisting of plane harmonic waves
is of the form:

u(x1, x2, t) = exp (i(ωt− k1t− k2x2)) (2)

The wave vectork = (k1, k2) and the frequencyω satisfies
the dispersion relation:

ω2 = c2|k2| = c2(k21 + k22) (3)

which can be rewritten as:

c
k2
ω

= +

(
1−

(
c
k1
ω

)2
)1/2

(4)

The paraxial approximation proposes an adequate approxi-
mation for waves traveling close to the positivex2 direction:∣∣∣∣ck1ω

∣∣∣∣ = |sinθ| small (5)

Applying the Taylor expansion of the term
(
1−

(
c k

ω

)2)1/2
:(

1−

(
c
k1
ω

)2
)1/2

= 1− c2
k21
ω2

+O(c4
k41
ω4

) (6)

The following dispersion relation is then obtained for the
first-order approximation:

c
k2
ω

= 1 (7)

which corresponds to the following differential equation:

c
∂u

∂x2
−

∂u

∂t
= 0 (8)

The paraxial approximation can thus be viewed as parabolic
approximation of the wave equation. The first-order approxima-
tion presented is also called 15◦-approximation. [4] discussed
that good boundary conditions should fulfill both the follow-
ing criteria: locality and to lead to well-posed mixed boundary
problem for the wave equation. The first criteria is related to
the numerical implementation of the boundary condition. In-
deed, although non-local conditions lead to perfectly absorbing
layers, they are difficult to implement as a point’ state is re-
lated to all other points on the boundary. The second criteria
must always be fulfilled, either by a perfectly or approximated
boundary condition. [4] showed that the paraxial approximation
satisfies the above criteria.

3.2 Kelvin-Voigt model for boundary damping

Another idea of boundary condition is to consider damping
as a way to dissipate energy in the boundary and so to re-
duce wave reflexion. This idea can be applied using volume
elements presenting visco-elastic mechanical behavior. In this
case, the finite medium is composed of an inner medium ac-
counting for all the relevant physical phenomena and materials,
and an outer medium where a viscoelastic material is imple-
mented. The Kelvin-Voigt model is a visco-elastic model com-
monly used in geomechanics. It consists on an elastic springof

0 1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

t* [.]

ε*  [.
]

Figure 2: Loading / unloading cycle for a Kelvin-Voigt material

stiffnessE connected in parallel to a purely viscous damper of
vicosity η. It is used on modeling a solid material with a re-
versible deformation on long duration, but which may present
low deformation on a short duration. The differential equation
governing the material behavior is presented on Equation 9.

σ(t) = Eε(t) + η
dε(t)

dt
(9)

Considering suddenly applying a constant stressσ0 on the
material, strain evolves during time following Equation 10. The
rate of relaxationλ= E

η
defineslongandshortprocess accord-

ing to:

• λ << 1: short process, during which the material is almost
not deformed

• λ≈ 1 midway process, during which the material presents
some deformation

• λ >> 1: long process, during which the material deformed
as elastic material during almost the whole process

ε(t) =
σ0

E

(
1− e−λt

)
(10)

Once the applied stressσ0 vanishes, the material fully re-
covers its initial state, presenting null deformation. Theloading
/ unloading cycles are fully elastic, although energy is dissi-
pated on the viscous element. In this sense this model is usually
used to represent creep on material behavior. An example is
shown on Figure 2, consideringλ = 1 and the dimensionless
time t∗ = λt and the dimensionless deformationε∗ = E ε(t)

σ0
.

4 RANDOM FIELDS GENERATION AND DIS-
CRETIZATION STRATEGY

In this section the stochastic methods used in this work in
order to generate and discretize the random fields are briefly
presented. Random fields are generated by the eigenvalue de-
composition of the autocorrelation structure of the field (or the
variance decomposition method). The Proper Orthogonaliza-
tion Decomposition (POD) is used in order to reduce the field’s
dimension. The Latin Hypercube Sampling (LHS) strategy is
used coupled with a correlation control technique presented by
[6] in order to ensure a better description of the correlation
structure of the field.
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4.1 Variance decomposition method

The variance decomposition method is a simple method to gen-
erate random fields based on the autocorrelation structure.It
consists on the following steps:

• obtain the autocorrelation matrix[R] from a considered
autocorrelation structure of the random field. This matrix
gives the correlation coefficientρij between the random
variablesXi andXj for any two locationszi andzj . It is
represented on equation 11.

[R] =


1 ρ12 · · · ρ1n
ρ21 1 · · · ρ2n

...
...

. . .
...

ρn1 ρn2 · · · 1

 (11)

• calculate the eigenvalues and eigenvectors of the autocor-
relation matrix[R]. The eigenvectors are a independent
uncorrelated basis (by construction) on which the autocor-
relation matrix is decomposed. The eigenvalues represent
the variance of each component of this base.

• obtain an realizations of a standard Gaussian random
field by multiplyingn independent standard normal ran-
dom variables[G] by the matrix[Λ] of the square root of
the eigenvalues and by the matrix[B] of n independent
eigenvectors of the autocorrelation matrix[R], which is
summarized on equation 12.

[P ] = [B] · [Λ] · [G] (12)

A non-Gaussian random fieldfB may be obtained from a
Gaussian random fieldfP by theinverse CDF method[7]:

fB(x) = F−1
B

{FG[fP (x)]} (13)

FG andFB are respectively the Gaussian CDF and the non-
Gaussian CDF. This method relies on being capable of obtain-
ing the non-Gaussian CDF, which may not always be the case
(specially when dealing within-situdata).

Some of the common autocorrelation functions used in the
literature and presented by [8] are shown in Table 3.

[9] proposed the use of a scale of fluctuationϑ rather than the
correlation distanceθ as to compare two correlation functions.
It is defined by the following expression:

ϑ =

∫ ∞

−∞

ρ(0, x)dx (14)

One important drawback from the variance decomposition
method is the need of sampling a high number of standard nor-
mal random variables. Indeed, the autocorrelation matrix[R]
increases in size with increasing length of the random field thus,
increasing the size of[G] and the probabilistic dimension of the
problem. In turn, obtaining the requested correlation structure
becomes difficult. In the following, the Proper Orthogonaliza-
tion Decomposition (POD) is presented as a way to reduce the

Correlation model Autocorrelation function

Exponential ρ(τ) exp
(

−2
|τ |
θ

)

Squared exponential ρ(τ) = exp

(

−π τ
2

θ2

)

Triangular ρ(τ) = 1−
|τ |
θ

if τ ≤ θ, 0 otherwise

Cubic ρ(τ) = θ
3

(τ+θ)3

Table 3: Theoretical autocorrelation functions used in theliter-
ature

probabilistic dimension by obtaining a compact representation
of the autocorrelation matrix[R]. The Latin Hypercube Sam-
pling (LHS) methodology is used in this work as to generate
matrix [G] and is also further discussed.

4.2 The Proper Othogonalization Decomposition (POD)

The main idea behind the Proper Orthogonalization Decompo-
sition (POD) is to retain the maximum available information
of the covariance between variables while reducing their num-
ber to a much smaller number of uncorrelated variables. The
orthogonal basis of the correspondent eigenvectors of the co-
variance matrix is obtained and then the data are projected in
the subspace spanned by the eigenvectors corresponding to the
largest eigenvalues. The eigenvalues in this case have the fol-
lowing property:

n∑
i=1

λi = 1 (15)

One important property of this decomposition is that it min-
imizes the mean-square error. In the case when only a few
terms are considered, it is equivalent to the Principal Compo-
nent Analysis (PCA).

Using the formalism of the variance decomposition method
presented above, the POD method leads to a reduced order auto-
correlation matrix[Rd] by keeping only the largest eigenvalues
and the corresponding eigenvectors. In this case, Equation12
may be rewritten as:

[P ] = [Bd] · [Λd] · [Gd] (16)

where[Bd] is the reduced eigenvector basis,[Λd] the matrix of
square root of the largest eigenvalues of matrix[R] and[Gd] are
d independent random variables.

Given an admissible erroreadm on the energy description
given by the eigenvalue distribution by Equation 17, the value
of d depends on the relation between the length of the fieldL
and the correlation distanceθ for a given autocorrelation func-
tion, which defines the autocorrelation structure of the field.
Obtaining long weakly correlated fields demands higher val-
ues ofd, the limiting case being an equal representativeness of
each eigenvalue, i.e. every two considered points are uncorre-
lated. Results in this sense for the exponential correlation model
are presented in Figure 3 for different cases ofθ/L. Figure 4
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presents the evolution ofd for different consideredeadm values.
Increasingeadm reduces the necessary number of uncorrelated
variablesd for the sameθ/L as a consequence of losing infor-
mation of the autocorrelation structure of the field. Evidently,
the higher the admissible erroreadm, the more information is
lost during the dimension reduction and the simulated field will
poorly represent the theoretical field.

From the proposed functions in Table 3, the squared expo-
nential is the one presenting the fastest dimension reduction for
a given erroreadm. A comprehensive comparison of each cor-
relation function is shown in Figure 5. In this work, the squared
exponential autocorrelation function is chosen and the value of
eadm=0.1% is considered.

eadm = 1−

d∑
i=1

λi (17)
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Figure 3: Evolution of the sum of eigenvalues
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Figure 4: Value ofd for a given erroreadm

The equivalence between the Proper Orthogonalization De-
composition and the Karhunen-Loève Expansion is discussed
by [10–12].

4.3 Latin Hypercube Sampling (LHS)

Following [13], in order to generate a sample of sizenS from
the distributionsD1,D2,· · · ,DnX associated with the elements
of X = [x1, x2, · · · , xnX ], the cumulative distribution function
of eachxj is first divided intonS disjoint intervals of equal
probability. Then one valuexij is selected randomly from each
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Figure 5: Comparison ofd for different autocorrelation func-
tions foreadm=0.1%

interval for the first random variable. The values obtained are
randomly combined in order to produce anothernS pairs for
the second random variable, and this process continues until
a set ofnS nX-tuplesxi = [xi1, xi2, xi3], i = 1,2, · · · , nS is
obtained.

In order to select randomly a value for each interval, the sam-
pled cumulative probability can be written as [14]:

Probi =

(
1

nS

)
ru +

(i− 1)

nS
(18)

whereru is uniformly distributed random number ranging from
0 to 1.

The Latin Hypercube sampling is chosen in this work rather
the crude Monte Carlo as it allows a better description of the
marginals probabilistic density functions.

4.4 Correlation control technique

Correlation control is an important issue on sampling meth-
ods as variables should follow closely the specified correlation
structure. If they are independent, the correlation matrixshould
be close to the identity. However, as mentioned by authors using
LHS [13, 15], this technique may induce an unwanted correla-
tion, even if the probability density function of parameters is
well represented. [6] developed a procedure in order to impose
rank correlation on sample variables. This procedure is based
on the Cholesky decomposition of the target correlation matrix
and is widely used as it has the advantages of being indepen-
dent from the assumed marginal distributions, of preserving the
intervals from the Latin Hypercube sampling and is also ap-
plicable for simple random sampling. However, it imposes the
condition that the number of sampled fields to be greater or at
least equal to the probabilistic dimension of the problem, i.e.
dimension of the correlation matrix[R], as a consequence of
the Cholesky decomposition. Although presented as a neces-
sary step on the Latin Hypercube sampling, this technique can
be used also on Monte Carlo sampling in order to ensure a bet-
ter description of the autocorrelation structure.

When dealing with time consuming numerical models, it is
then necessary to find a compromise between the required num-
ber of samples in order to carry out significant statistical studies
and the probabilistic dimension of the problem. As discussed
in section 4.2, the proper orthogonalization decomposition can
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help on reducing the probabilistic dimension and allowing the
use of the correlation control technique presented above.

5 DYNAMIC ANALYSIS FOR TRAIN LOADING

This section focus on verifying the influence of the load speed
on the probabilistic characteristics of the railway track re-
sponse. Three speeds are considered: 15 km/h, 120 km/h and
220 km/h, representing both quasi-static and dynamic moving
loads. Regarding material properties, the dynamic cone resis-
tance random field of each material is considered, as following,
a squared exponential autocorrelation function with different
correlation distances,θy= 2 m, 5 m, 8m and∞ (in this case a
single random variable is considered for each track layer).Vis-
cous boundaries using the Kelvin-Voigt model are used as to re-
duce spurious wave reflection on lateral boundaries. These are
compared to the paraxial approximation in the case of spatial
variability in the further analysis.

5.1 Random variables and spatial variability analysis

Figures 6 and 7 present the results of 300 Latin Hypercube sam-
ples for bogie speed of 120 km/h in the case of random vari-
ables (θ = ∞) and correlation distance of 2 m, respectively.
As already observed in the case of single moving load, varia-
tions in mean values are due to the sleeper positioning in the
track. The mean value of the output field is different from the
result obtained when considering the input mean values, which
is called as deterministic value in Figure 6. This highlights the
importance of conducting a probabilistic analysis rather than a
deterministic one. In the case of spatial variability, a random
sample captures variations in the track bogie stiffnessK value.
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Figure 6: Stiffness along the track: random variables case (θ =
∞)

The scale of fluctuationlc as defined in equation 14 of the
autocorrelation structure of the output random field is studied,
in order to highlight the importance of the railway structure on
how the imposed correlations on the input field are measured
by the track bogie stiffnessK. The values oflc for the three
considered speeds (15 km/h, 120 km/h and 220 km/h) and cor-
relation distancesθy (2 m, 5m and 8m) of the input fields are
represented in Figure 8. As the simulated track bogie stiffness
field is finite, values near the boundaries must not be considered
as they do cannot take into account both sides of the correlation
structure. In this case smaller values are obtained as the inte-
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Figure 7: Stiffness along the track: spatial variability with θy=2
m for all track layers

grand from 14 is finite. In order to keep the second-order hy-
pothesis, this effect can be neglected starting the analysis from
lc meters from each boundary. Figure 9 represents the values of
lc using this methodology. Bars are plotted as to show minimum
and maximum values obtained of the scale of fluctuationlc at
each case. As expected, the scale of fluctuation increases with
increasing correlation distance. As the correlation length θy re-
duces, a limiting value of around 3 m is expected to be obtained,
which corresponds to 5 sleepers bay. This result means that rail
and sleepers homogenize the variability on the track layersin
such a way that the track bogie stiffness field will present at
least a scale of fluctuation equal to the distance on which the
forces spreads over the structure. Speed seems to play a minor
role in the above results, even iflc is smaller in the case of 220
km/h comparatively to the other two speeds, in all considered
autocorrelation distances.

Figure 10 presents the autocorrelation coefficientρ of the
first considered position relative to the others, for all considered
cases, and for the squared exponential autocorrelation function
defined by the mean value of the correlation length of the output
field. The output field keeps some of the second-order charac-
teristics of the input field, the load spread among sleepers does
not leading to an important change in the correlation structure
of the field.
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Figure 8: Full representation oflc according to the position.
Solid line representsθy=2 m, dashed line representsθy=5 m
and dash-dot line representsθy=8 m.
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fields.
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representsθy=5 m and dash-dot line representsθy=8 m.

5.2 Sensitivity Analysis

The Fourier Amplitude Sensitivity Analysis (FAST) methodol-
ogy [16, 17] is applied in this section in order to verify the role
of increasing moving load speed on the variance of the track
bogie stiffnessK. The method is based on a Fourier multidi-
mensional transform of the model. The main idea behind it is to
assign independent frequencies for each input variable, which
can be further retrieved by a Fourier transform of the output
quantities.

As shown in Figure 11, moving load speed presents little ef-
fect on the first order sensitivity index. The variance present in
the platform material is responsible for more than 80% of the
track bogie stiffnessK variance. This result was also observed
by the authors in the case of small speeds and single moving
load. One of the main reasons for the platform importance in
the case of first-order index are the linear elasticity hypothesis.
Moreover, the platform material in the studied site showed to
be stiff thus, leading to small influence of moving load speed.

5.3 Impact of boundary conditions on the output field

In this section the impact of using either the paraxial approxi-
mation or viscous boundaries is assessed in the case where spa-
tial variability is present. The analysis is performed in the case
of input fields with squared exponential correlation structure
and correlation distance of 2 m and speed of 120 km/h. A lower
correlation distance is chosen as it is expected to be the one
leading to more differences on the output responses. The same
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Figure 11: First-order sensitivity indexSi of track bogie stiff-
nessK. FB: Fresh Ballast, FoB: Fouled Ballast, ITL: Interlayer,
PL: Platform

input data is used in both cases, as to avoid differences appear-
ing from the statistical convergence. Comparisons are madeby
using the following proposed field:

H(x) =
Kabs(x)

Kparx(x)
(19)

whereKabs is the output random field obtained with absorbing
boundaries andKparx with the paraxial approximation. If both
calculations are exactly the same at every point, thenµH(x)=1
andσH(x)=0 at every point. BothKparx andKabs are not ex-
pected to be zero as they represent stiffness, which is physically
bounded to positive values. This representation allows to better
take into account the differences brought about by each model-
ing option on the dynamic results.

Mean and standard deviation values ofH are represented
in Figures 12 and 13, respectively. Comparatively, resultsare
very consistent using either boundary solution, asµH ≈1 and
σH ≈0, although using the viscous boundary lead to higher val-
ues ofK and differences are higher near the mesh left bound-
ary. From these results, it can be concluded that both boundary
solutions yield similar results for the considered input data.
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Figure 12: First-order moment ofH

6 CONCLUSIONS AND FURTHER WORKS

This paper focus on the impact of material properties variability
and moving load speed on the track bogie stiffnessK measure.
Track response is obtained from a 2D finite element model, and
viscous boundaries are implemented in order to reduce wave re-
flection in lateral boundaries. A probabilistic description of the
Young’s Modulus of track materials is used and spatial varia-
tions can be modeled by considering a theoretical autocorrela-
tion function defining an invariant random field. Gaussian field
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Figure 13: Second-order moment ofH

is generated by coupling the the Proper Orthogonalization De-
composition (POD) of the autocorrelation matrix of the field
and the Latin Hypercube Sampling (LHS) with a correlation
control technique for the sampling strategy. The non-gaussian
field is obtained by translation of the gaussian field, based on
the inverse CDF method.

The presented results of numerical simulations of the track
bogie stiffness highlighted three important points: firstly, the
load partition among sleepers leading to a minimum correla-
tion length ofK of 3 m; secondly, the correlation length ofK
is insensitive to the moving load speed under the assumptions
considered in the model; thirdly, the theoretical autocorrelation
function used for the input data can model the second-order
characteristics ofK, through a shift of the autocorrelation dis-
tance. It means that measuringK cannot lead to the complete
characterization of the variability in the track materialsbut it
can reasonably give the correlation structure.

A sensitivity analysis based in the FAST methodology
showed that the variance of the platform material is responsi-
ble for more than 80 % of the total variance of the track bogie
stiffness field, for all considered speeds. This result has been
already observed in previous simulations from the authors at
small speeds.

In order to deal with wave propagation in the finite element
model, the implemented viscous boundaries with a Kelvin-
Voigt model are compared with the paraxial approximation.
The numerical simulations performed showed that both solu-
tions give similar results ofK, which comforts the implemented
methodology of wave absorption.

Further works include verifying the impact of the studied
variations onK on the train response obtained from a train-
track interaction model.
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ABSTRACT: This paper analyzes the impact behavior of an embarked pendulum in a vibro-impact electromechanical system
considering the existence of epistemic uncertainties in the system parameters. The electromechanical system is composed by a cart
whose motion is driven by a DC motor and a embarked pendulum into this cart. The suspension point of the pendulum is fixed in
the cart, so that exists a relative motion between cart and pendulum. The influence of the DC motor in the dynamic behavior of the
system is considered. The coupling between the motor and the cart is made by a mechanism called scotch yoke, so that the motor
rotational motion is transformed in horizontal cart motion over a rail. The pendulum is modeled as a mathematical pendulum (bar
without mass and particle of mass mp at the end). A flexible barrier, attached to the cart, constrains the pendulum motion and
may cause impacts. Due to the relative motion between the cart and the pendulum, it is possible that occurs impact between these
two elements. A continuous contact dynamic model is developed and the impact is described using the spring-dashpot model.
The objective of the paper is to analyze the energy stored in the barrier in each impact in function of some parameters of the
electromechanical system. In the stochastic analysis, the uncertain parameter is modeled as random variable and the Maximum
Entropy Principle is used to construct its probability model. Monte Carlo simulations are employed to compute the mean and the
90% confidence interval of the displacements of the pendulum and of the angular speed of the motor shaft.

KEY WORDS: nonlinear dynamics, coupled system, vibro-impact, embarked mass, stochastic analysis.

1 INTRODUCTION

The oil well drilling is still a interesting topic of research. Due
to the growth of perforation depth over the years, the drilling
process requires a constant improvement in energy efficiency.
Reduction of costs and increase in bit life and in rate of penetra-
tion are always challenges for oil companies.

During conventional rotary drilling, many different forms of
dissipations, as axial vibrations, can generate the waste of the
energy applied in the drillstring. To reduce these losses, many
new concepts of drilling were proposed over the years. One ex-
ample, is the concept of vibro-impact drilling, introduced in the
last decades (1).

This concept proposes to insert energy into the drilling pro-
cess with the use of impacts (2). This motivates this paper, which
aims to study the impact behavior of an embarked vibro-impact
system coupled to an electric DC motor.

The system analyzed is composed by a cart, whose motion is
driven by a DC motor, and an embarked pendulum into this cart.
The suspension point of the pendulum is fixed in cart, so that ex-
ists a relative motion between them (that is the meaning we give
to embarked). A flexible barrier attached to the cart constrains
the pendulum motion. Due to the relative movement between the
cart and the pendulum, it is possible that occurs impact between
these two elements.

The dynamics of the motor is heavily influenced by the cou-
pled mechanical system (3). The presence of nonlinearities aris-
ing from the mutual interaction of the coupled systems leads to
very interesting dynamical systems (4, 5, 6, 7, 8, 9, 10).

In the system studied in this paper the source of energy is the
imposed voltage that, for simplicity, will be taken as constant.

The objective of the paper is to analyze the energy stored in
the barrier in each impact in function of some parameters of

the electromechanical system. This parameters are the horizon-
tal distance from the suspension point of the pendulum to the
equilibrium position of the barrier and the coupling parameter
between motor and the mechanical system.

This paper is organized as follows. Section 2 describes the
coupled electromechanical system analyzed. Section 4 presents
the results of the deterministic simulations developed. The prob-
abilistic model of the parameter that is considered uncertain is
constructed in Sec. 5 and the results of the simulations of the
stochastic systems are presented in Sec. 6. Section 7 presents
some conclusions.

2 DYNAMIC OF THE COUPLED SYSTEM

Next, it is presented the elements of the two coupled systems
(motor, cart, pendulum, and barrier). The coupling between the
motor and the mechanical systems are shown and the coupled
problem is described and mathematically formulated as initial-
value problem. One interesting feature is that the nonlinearity
of the equations increases with d, the coupling parameter, a fea-
ture that is not evident from the equations. The impact behavior
of the systems, shown in Fig. 5, will highlight this increase of
nonlinearity.

2.1 Electrical system: motor DC

The mathematical modeling of DC motors is based on the Kirch-
hoff’s law (11). It is constituted by the equations

lċ(t)+ r c(t)+ kt α̇(t) = v , (1)

jmα̈(t)+bmα̇(t)− kt c(t) =−τ(t) , (2)
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where t is the time, v is the applied voltage, c is the electric
current, α̇ is the angular speed of the motor, l is the electric in-
ductance, jm is the motor moment of inertia, bm is the damping
ratio in the transmission of the torque generated by the motor
to drive the coupled mechanical system, kt is the torque con-
stant and r is the electrical resistance. Figure 1 shows a sketch
of a DC motor. The available torque to the coupled mechanical
system is represented by τ , that is the component of the torque
vector~τ in the z direction shown in Fig. 1.

Figure 1: Electrical motor DC.

Assuming that the load applied in the motor and source volt-
age are constant in time, the motor reaches a steady state. Thus,
the electric current and the angular speed become constant and
α̈(t) = 0 = ċ(t) = 0, ∀t ∈ R≥0. By equations (1) and (2), the
angular speed of the motor shaft and the current in steady state,
respectively α̇steady and csteady, can be calculated by

α̇steady =
−τ r+ kt v
bm r+ k2

t
, csteady =

v
r
− ke

r

(
−τ r+ kt v
bm r+ k2

t

)
.

(3)
When the hypothesis of constant load is not verified, the an-

gular speed of the motor shaft and the current do not reach a
constant value. This kind of situation happens when, for exam-
ple, a mechanical system is coupled to the motor. In this case,
α̇ and c variate in time in a way that the dynamics of the motor
will be influenced by the coupled mechanical system.

Two more situations are relevant when we analyze electrical
motors. The first one is when there is no load applied in the mo-
tor (i.e. τ(t) = 0, ∀t ∈R≥0) and the applied voltage is constant in
time. Then, the motor reaches its maximum angular speed that
is called the no load speed. It is calculated by

α̇no load =
kt v

bm r+ k2
t

. (4)

The second one is when the motor delivers the maximum
torque. This torque is achieved when the load applied in the mo-
tor is such that the motor does not move at all. This is called
the stall torque. If the applied voltage is constant in time, it is
calculated by

τstall =
kt v
r

. (5)

In the problems discussed here, there is the constraint τ(t)<
τstall . In Sec. 4 it is taken care that this condition is not reached.

2.2 Coupled motor-cart-pendulum-barrier system

As described in the introduction, the system analyzed in this
paper is composed by a cart whose motion is driven by a DC

motor, sketched in Fig. 1, and a embarked pendulum into this
cart. The motor is coupled to the cart through a pin that slides
into a slot machined on a plexiglas plate that is part to the cart,
as shown in Fig. 2. The pin hole is drilled off-center on a disk
fixed in the axis of the motor, so that the motor rotational motion
is transformed into horizontal cart motion over a rail.

The suspension point of the pendulum is fixed in the cart, so
that exists a relative motion between cart and pendulum. The
embarked pendulum is modeled as a mathematical pendulum
(bar without mass and particle of mass mp at the end). The pen-
dulum length is represented by lp and the pendulum angular dis-
placement by θ .

The mass of the mechanical system, m, is equal the cart mass
plus pendulum mass, mc +mp. The horizontal cart position is
represented by x. Due to constraints, the cart is not allowed to
move in the vertical direction.

A flexible barrier is attached inside the cart, constraining the
pendulum motion. Due to the relative motion between the cart
and the pendulum, it is possible that occur impacts between the
pendulum and the barrier, as suggested in Fig. 2.

Figure 2: Coupled motor-cart-pendulum-barrier system.

A continuous contact dynamic model is developed and the
impact is described using the spring-dashpot model. The spring-
damper element of the impact is represented by a spring with
stiffness ki and a damper with damping coefficient ci.

The equation of the cart-pendulum-barrier system are

mpl2
pθ̈(t)+mplpẍ(t)cosθ(t)+mpglp sinθ(t)= fimp(t)lp cosθ(t) ,

(6)

(mp+mc)ẍ(t)+mplpθ̈(t)cosθ(t)−mplpθ̇
2(t)sinθ(t) = f (t) ,

(7)
where, g is the acceleration of gravity, f represents the horizon-
tal coupling force between the DC motor and the cart and fimp
the impact force exerted in the pendulum. This force is written
as:

fimp(t) =−φ
[

ki (lp sinθ(t)+gap)+ ci (lpθ̇(t)cosθ(t))
]

,
(8)

φ =

{
1 , i f − lp sinθ(t)> gap ,
0 , i f − lp sinθ(t)≤ gap , (9)

in it gap is the horizontal distance from the suspension point to
the equilibrium position of the barrier.

To model the coupling between the motor and the mechani-
cal system, it is assumed that the motor shaft is rigid. Thus, the
available torque to the coupled mechanical system, ~τ , can be
written as
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~τ(t) = ~d(t)×~f (t) , (10)

where ~d is the eccentricity of the pin of the motor and ~f is the
coupling force between the DC motor and the cart. By the prob-
lem geometry, the module of ~d is the nominal eccentricity of the
pin, i.e. ||~d|| = d. Besides this, the component of ~d that is per-
pendicular to the plane of the cart movement is always zero and,
the others horizontal and vertical components can be calculated
from the angular displacement α of the motor.

Assuming that there is no friction between the pin and the slot
machined on an acrylic plate, the vector ~f only has a horizontal
component, f (the horizontal force that the DC motor exerts in
the cart). Thus, ~d and ~f are written as

~d(t) =

[ d cosα(t)
d sinα(t)

0

]
~f (t) =

[ f (t)
0
0

]
. (11)

Substituting Eq. (11) in Eq. (10), the module of~τ(t) is

τ(t) =− f (t)d sinα(t) . (12)

Due to the problem geometry, the horizontal motion of the
cart, x, and the angular displacement of the motor, α , are related
by the constraint

x(t) = d cosα(t) . (13)

Substituting the Eq. (12), (13), (6) and (7) in the equations
of the electric motor, we obtain the initial value problem for the
motor-cart-pendulum system. Given the source voltage of the
motor, v, find (α, c, θ) satisfying

lċ(t)+ rc(t)+ kt α̇(t) = v ,

α̈(t)
[

jm +(mc +mp)d2(sinα(t))2
]

+α̇(t)
[
bm +(mc +mp)d2α̇(t)cosα(t) sinα(t)

]
−kt c(t) − θ̈(t) [mplp cosθ(t)d sinα(t)]
+θ̇(t)

[
mp lpθ̇(t)sinθ(t)d sinα(t)

]
= 0 ,

θ̈(t)
[
mp l2

p
]
− α̈(t) [mp lp cosθ(t)d sinα(t)]
− α̇(t) [mp lp cosθ(t)d cosα(t)α̇(t)]
+ mp g lp sinθ(t)+φ [ki(lp sinθ(t)+gap)
+ ci(lpθ̇(t)cosθ(t))

]
lp cosθ(t) = 0 .

(14)

2.3 Dimensionless coupled motor-cart-pendulum-barrier sys-
tem

Taking α̇(t) = u(t) and θ̇(t) = n(t), the system can be written
as a first order system

ċ(t) =
−ktu(t)− rc(t)+ v

l
,

u̇(t) =
{
−n(t)2mplp sinθ(t)d sin(α(t))+ ktc(t)
−bmu(t)−u(t)2(mc +mp)d2 cos(α(t))sin(α(t))
+[cos(θ(t))d sin(α(t))] [−mpgsin(θ(t))
+u(t)2mp cosθ(t)d cosα(t)
−φ [ki(lp sinθ(t)+gap)+ ci(lpn(t)cosθ(t))]cosθ(t) ] }{

1

jm +d2sin(α(t))2(mc +mpsin(θ(t))2)

}

ṅ(t) =
{

mp cos(θ(t))d sin(α(t)) [−bmu(t)+ ktc(t)
−u(t)2(mc +mp)d2 cos(α(t))sin(α(t))
−n(t)2mplp sinθ(t)d sin(α(t)) ]
+
[

jm +(mp +mc)d2 sin(α(t))2
]
[−mpgsin(θ(t))

+u(t)2mp cosθ(t)d cosα(t)
−φ [ki(lp sinθ(t)+gap)+ ci(lpn(t)cosθ(t))]cosθ(t) ] } 1

mplp

[
jm +d2sin(α(t))2(mc +mpsin(θ(t))2)

]
 .

(15)

Writing

t =
l
r

s,

α

(
l
r

s
)
= γ(s), u

(
l
r

s
)
=

rq(s)
l

,

θ

(
l
r

s
)
= β (s), n

(
l
r

s
)
=

ry(s)
l

,

c
(

l
r

s
)
=

ktw(s)
l

,

(16)

one gets that s is dimensionless parameter as well as the func-
tions γ (s), q(s), β (s), y(s) and w(s). By substituting Eq. 16
into Eq. 15 one obtains

w′(s) = −w(s)−q(s)+a1 ,

q′(s) =
{
−a4q(s)− y(s)2a6 sin(γ(s))sin(β (s))
−q(s)2 cos(γ(s))sin(γ(s))

[
a10−a5 cos(β (s))2

]
+a3w(s)−a7 sin(β (s))cos(β (s))sin(γ(s))
−ϕ cos(β (s))2 sin(γ(s)) [a11 sin(β (s))
+a12 +a13 cos(β (s))y(s) ] } 1

1+ sin(γ(s))2
[
a2 +a5 sin(β (s))2

]


(17)
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y′(s) = {−a4a8q(s)cos(β (s))sin(γ(s))
+q(s)2a8 cos(γ(s))cos(β (s))
−a5y(s)2 sin(γ(s))2 sin(β (s))cos(β (s))
+a3a8w(s)cos(β (s))sin(γ(s))[
1−a10 sin(γ(s))2

]
[−a9 sin(β (s))

−ϕ(a14(sin(β (s))+a15)
+a16y(s)cos(β (s)))cos(β ) ] } 1

1+ sin(γ(s))2
[
a2 +a5 sin(β (s))2

]
 ,

(18)

where

ϕ =

{
1 , i f − sinβ (s)> a15 ,
0 , i f − sinβ (t)≤ a15 , (19)

and where ′ denotes the derivative with respect to s and ai, i =
1, · · · ,16 are dimensionless parameters given by

a1 =
vl
ktr

, a2 =
d2mc

jm
, a3 =

lk2
t

jmr2 ,

a4 =
bml
jmr

, a5 =
d2mp

jm
, a6 =

mplpd
jm

,

a7 =
mpdgl2

jmr2 , a8 =
d
lp

, a9 =
gl2

lpr2 ,

a10 =
(mc +mp)d2

jm
, a11 =

kilpdl2

jmr2 , a12 =
kigapdl2

jmr2 ,

a13 =
cilpdl

jmr
, a14 =

kil2

mpr2 , a15 =
gap
lp

,

a16 =
cil

mpr
.

(20)

3 IMPACT ENERGY

As explained in the introduction, the objective of the paper is to
analyze the maximum energy stored in the barrier in each impact
in function of some parameters of the electromechanical system.
This parameters are gap/lp and d.

In a realization of the system, the maximum impact energy
during the j-th impact, ε j, occurs when the spring ki is com-
pressed to the maximum, that is, when lp sin(θ) achieves its
minimum value during the j-th impact. Noting as θ ? the angle of
the pendulum corresponding to this configuration of maximum
compression, ε j is calculated by

ε j =
1
2

ki (lp sin(θ ?)+gap)2, with − lp sinθ
? > gap .

(21)
The average of the maximum impact energy during the whole

simulation is calculated by

ε
mean =

∑
Nimp
j=1 ε j

Nimp
, (22)

where Nimp is the total number of impacts during the simulation.

3.1 No coupling between the motor and the mechanical system

When d = 0 [m], that there is no coupling between the motor
and the mechanical system. Thus the suspension point of the
pendulum do not move. As there is no energy dissipation in the
impact model between the pendulum and the barrier, the maxi-
mum energy stored in the barrier in each impact can be calcu-
lated in function of the initial potential and kinetic energies of
the pendulum.

Calling the initial conditions for the pendulum as θ(0) = θ0
and θ̇(0) = θ̇0, the initial mechanical energy of the pendulum is

E0 = mp g cos(θ0)+
1
2

mp[(lpθ̇0 cosθ0)
2
+(lpθ̇0 sinθ0)

2
] .
(23)

When the spring ki is compressed to the maximum during
the j-th impact, a part of E0 is stored as potential energy in the
pendulum and another part as potential energy in spring ki (ε j).
Thus

E0 = mp g cos(θ ?)+
1
2

ki (lp sin(θ ?)+gap)2 . (24)

Observing Eq. 23, it is possible to verify that when d = 0
[m], ε j the j-th impact will be maximum if gap/lp = 0. With
this configuration, the pendulum begins the impact in the ver-
tical position, exactly when it has its maximum velocity. Thus,
this configuration is taken as reference and the impact energy is
represented by εd=0, gap=0.

The graph of εmean/εd=0, gap=0 in function of gap/lp is shown
in Fig. 3. As expected, its maximum occurs when gap/lp = 0 and
its minimum at gap/lp = 1 (configuration in which there is no
impact between the pendulum and the barrier).

Figure 3: No coupling (d = 0 [m]): normalized average of the
maximum impact energy in function of the parameter gap/lp. It

is consider ki = 106 [N/m].

Varying the value of ki, the shape of the curve of the aver-
age of the maximum impact energy in function of the parameter
gap/lp changes, as it is shown in Fig. 4.

When d > 0 [m], i.e., there is coupling between the motor and
the mechanical system. The bigger the d, the more highlighted
will be the non-linear behavior of system (3). Small changes in
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Figure 4: No coupling (d = 0 [m]): normalized average of the
maximum impact energy in function of the parameter gap/lp

for different values of ki [N/m]. The value of reference
εd=0, gap=0 is calculated considering ki = 106 [N/m].

the values of d and gap/lp can modify a lot the response of the
system, as the maximum amplitude of the pendulum displace-
ment, maximum velocity of the motor shaft and therefore, the
impact behavior of the system. The form of the graph of the av-
erage of the impact energy changes as shown in Sec. 4.

Considering just the coupled motor-cart system, i.e., there is
no pendulum embarked in the cart, the existence and asymptotic
stability of a periodic orbit were already obtained in a mathe-
matically rigorous way in (12).

4 NUMERICAL SIMULATIONS OF THE DYNAMICS OF
THE COUPLED SYSTEM

To analyze the influence of d and gap/lp in εmean, Eq. 14 was nu-
merically integrated by a fourth-fifth-order Runge-Kutta method
in a range of [0.0,20.0] seconds with different values of these
parameters.

The specifications of the motor parameters used in all simula-
tions were obtained from the specifications of the motor Maxon
DC brushless number 411678 (values could be find at (3)(table
1)) . The applied voltage was assumed to be constant in time and
equal to 2.4 [Volt].

The initial conditions assumed for the current in the motor,
for the angular position and velocity of the motor shaft and pen-
dulum were, in all simulations

α(0) = 0.0 [rad] , α̇(0) = 0.0 [rad/s] ,
θ(0) = π/2 [rad] , θ̇(0) = 0.0 [rad/s] ,
c(0) = v/r = 7.81 [Amp] .

(25)

The pendulum length was assumed to be 0.075 [m]. The val-
ues of the cart and the pendulum masses were mc = 0.0 [Kg]

and mp = 5.0 [Kg], so that the total mass, m = mc +mp = 5.0
[Kg], is equal to the embarked mass.

The values of the stiffness and damping coefficient used in the
simulations were ki = 106 [N/m] and ci = 0 [Ns/m], so that there
is no energy dissipation in the impact model. Figure 5 shows the
normalized graph of the average of the impact energy in function
of the parameter gap/lp for different values of the nominal ec-
centricity of the pin, d. To construct this graph, for each value of
d selected, 100 values of gap/lp equally spaced between 0 and
1 were considered. Thus, in total Eq. 17 was numerically inte-
grated 700 times in a range of [0.0,20.0]. This elevated number
of times that the initial value problem is solved makes neces-
sary to have a fast integration. To speed up this process, the di-
mensionless equations to the coupled system, Eq. 17, are used
instead of the dimension equations, Eq. 14. While each integra-
tion of Eq. 17 takes approximately 30 seconds to be computed,
each integration of Eq. 14 takes approximately half of this time.

Figure 5: Normalized average of the impact energy in function
of the parameter gap/lp for different values of d [m].

Observing Fig. 5, it is possible to note that for values of d near
zero, as 10−5 [m] and 10−4 [m], the graph of the impact energy
is very similar to the graph with d = 0 [m]. The average impact
energy presents its maximum at gap/lp = 0 and its minimum
when gap/lp = 1. When d is bigger, as 2×10−4 [m], 5×10−4

[m], 8×10−4 [m] and 10−3 [m], the form of the graph of the av-
erage of the impact energy changes completely. The maximum
do not occur anymore at gap/lp = 0. Depending on the value of
d, the maximum occurs at one different rate gap/lp. Among the
considered values of d end gap/lp, the maximum of the aver-
age of the impact energy was obtained with d = 10−3 [m] end
gap/lp = 0.6263.

Considering d = 10−3 [m] and varying the value of ki, the
shape of the curve of the average of the maximum impact energy
in function of the parameter gap/lp (shown in Fig. 6) changes in
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an unexpected fashion. Comparing it with Fig. 5, it is possible to
observe that for small values of ki, as 102 [N/m] and 103 [N/m],
both graphs are similar. But, when ki is bigger, the form of the
graph of the average of the impact energy changes completely.
Among the considered values of ki end gap/lp, the maximum
of the average of the impact energy was obtained with ki = 104

[N/m] end gap/lp = 0.293. Thus the maximum of the average
of the impact energy do not occurs anymore with the bigger ki
as happens in the d = 0 [m] configuration.

To construct the graph of Fig. 6, for each value of ki selected,
100 values of gap/lp equally spaced between 0 and 1 were con-
sidered. Thus, in total Eq. 17 was numerically integrated 600
times in a range of [0.0,20.0].

Figure 6: Normalized average of the impact energy in function
of the parameter gap/lp for different values of ki [N/m] with

d = 10−3 [m]. The value of reference εd=0, gap=0 is calculated
considering ki = 106 [N/m].

5 PROBABILISTIC MODEL

To make a stochastic analysis of the two proposed systems, a
system parameter is considered uncertain. It is assumed that the
stiffness in the spring-damper element of the impact, ki, is a ran-
dom variable represented by the capital letter Ki.

The Maximum Entropy Principle (PEM) is used to construct
the probability density function of this random variable (13, 14).
It is assumed that the available information are

1. the stiffness value is always positive: Ki > 0;

2. the mean value is known: E[Ki] = µ;

3. the response of the system is a second order random vari-
able, that is the inverse problem is well posed: E[K−2

1 ]<∞.

Therefore, the Maximum Entropy Principle using Shannon
entropy measure of the probability density function, p, of Ki
yields the Gamma probability density function, given by

p(ki)=1[0,+∞)(ki)
1
µ

(
1

δ 2

) 1
δ2 1

Γ(1/δ 2)

(
x
µ

) 1
δ2−1

exp
(

x
δ 2µ

)
,

(26)
where 1[0,+∞)(ki) is an indicator function that is equal to 1 for
ki ∈ [0,+∞) and 0 otherwise, and

• Γ is the Gamma function: Γ(a) =
∫

∞

0
ta−1 exp(−t)dt;

• δ = σ

µ
is the coefficient variation (σ is the standard devia-

tion).

6 NUMERICAL SIMULATIONS OF THE STOCHASTIC
MOTOR-CART-PENDULUM-BARRIER SYSTEM

As it was assumed that the stiffness of the spring, ki, in the
barrier model is a random variable, the output variables of the
stochastic coupled system are random processes with parameter
t. Therefore, the pendulum displacement is represented by the
random process Θ, the angular displacement of the motor shaft
by A and the angular velocity of the motor shaft by Ȧ. The av-
erage of the impact energy is also a random variable, and it is
represented by E.

To make the stochastic analysis, Monte Carlo simulations
were employed to compute statistics of the response of the
stochastic coupled system and of E.

In the simulations, the mean value Ki was assumed to be 106

[N/m] and its coefficient variation, δ = 0.25. The used value to
d was 10−3 [m].

Figures 7, 8 and 9 show the normalized histogram E and the
envelope graphs of T heta and Ȧ constructed with 150 realiza-
tions of these random process. In each realization, the system
Eq. (17), was integrated in a range of [0.0, 5.0] seconds with
gap = 0. It is possible to observe that the variations on stiffness
of the spring bring dispersions to the oscillation amplitudes of
Θ and Ȧ. Also, it is remarkable that there is a dispersion in the
instants of begin and end of the impacts. The computed mean
and variance of E were respectively 3.255 and 0.047 (units in J).

Figure 7: Normalized histogram of E.
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Figure 8: Envelope graphs of Θ .

Figure 9: Envelope graphs of Ȧ

7 CONCLUSIONS

The purpose of this paper was to analyze the behavior an em-
barked pendulum in a vibro-impact electromechanical system.
A flexible barrier, attached to the cart, constrains the pendulum
motion and causes impacts.

In the deterministic analysis, the influence of the parameter
gap/lp in the impact behavior was investigated for different val-
ues of the nominal eccentricity of the pin, d, the parameter that
governs the nonlinearity of the system. As d increases the non-
linearity also increases. It was verified that for values of d near
zero, the graph of the impact energy is very similar to the graph
with d = 0 [m], that can be nicely predicted from conservation
of energy. However, as d increases the form of the graph changes
completely and in an unexpected fashion. This peculiar behavior
is due to the energy taken by the pendulum from the motor. The
energy of the mechanical systems varies a lot and the pumping
of energy, from the motor to the mechanical system, increases
with d. The systems analyzed show a self-oscillation behavior,
in the sense that the generation and maintenance of the motion

comes from the motor but the oscillations have control of the
energy taken from the motor. It varies with d that is a measure
of the nonlinearity of the system. It is worth mentioning that the
energy intake is at frequency zero, the constant voltage, but this
energy is distributed for all frequencies due to the impacts.

The influence of the parameter gap/lp in the impact behavior
was also investigated for different values of the stiffness, ki, with
the fixed value d = 10−3 [m]. Similar to what happens with the
parameter d, it was verified that for small values of ki, the graph
of the impact energy is very similar to the graph of impact en-
ergy with the same ki and d = 0 [m]. However, as ki increases
the form of the graph changes completely if compared to the
graph of impact energy with the same ki and d = 0 [m]. It was
also observed that the maximum of the impact energy do not
occurs anymore with the bigger ki as happens in the d = 0 [m]
configuration.

In the stochastic analysis, the stiffness of the spring ki, in the
barrier was modeled as a random variable and the propagation
of uncertainties in the coupled motor-cart-pendulum-barrier sys-
tem was computed through Monte Carlo simulations. It is ob-
served that the variations on stiffness of the spring brought dis-
persions in the instants of begin and end of the impacts and to
the oscillation amplitudes of the pendulum displacement and ve-
locity of the motor shaft.

ACKNOWLEDGEMENTS

The authors acknowledge the support given by FAPERJ, CNPq
and CAPES.

REFERENCES

[1] A. Batako, V. Babitsky, and N. Halliwell, “A self-excited system for
percussive-rotary drilling,” Journal of Sound and Vibration, vol. 259,
No. 1, 2003.

[2] R. Aguiar and H. Weber, “Impact force magnitude analysis of an impact
pendulum suspended in a vibrating structure,” Journal Shock and Vi-
bration, vol. 19, no. 6, pp. 1359–1372, 2012.

[3] R. Lima and R. Sampaio, “Analysis of an Electromechanic Coupled Sys-
tem with Embarked Mass,” Mecânica Computacional,, vol. XXXI,
pp. 2709–2733, 2012.

[4] Y. Rocard, Dynamique Générale des Vibrations. Paris, France: Masson et
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ABSTRACT: The first resonance frequency is a key performance characteristic of MEMS vibrometers. In batch fabrication, this 
first resonance frequency can exhibit scatter owing to various sources of manufacturing variability involved in the fabrication 
process. The aim of this work is to develop a stochastic multiscale model for predicting the first resonance frequency of MEMS 
microbeams constituted of polycrystals while accounting for the uncertainties in the microstructure due to the grain orientations. 
At the finest scale, we model the microstructure of polycrystaline materials using a random Voronoï tessellation, each grain 
being assigned a random orientation. Then, we apply a computational homogenization procedure on statistical volume elements 
to obtain a stochastic characterization of the elasticity tensor at the second scale of interest, the meso-scale. In the future, using a 
stochastic finite element method, we will propagate these meso-scale uncertainties to the first resonance frequency at the coarser 
scale. 

KEY WORDS: MEMS; Stochastic homogenization; Micro-beam resonance frequency. 

1 INTRODUCTION 
Microelectromechanical systems (MEMS) are microsystems 
made of at least one mechanical part. They are present in a 
wide variety of fields, including aeronautics, automobile, or 
medicine (e.g. heart catheter as blood pressure sensors) and 
their use is growing fast. Predicting precisely one or more 
mechanical properties is of major interest for some 
applications. However, a scatter between a predicted 
mechanical property and manufactured MEMS can be 
observed. This scatter results from the uncertainties involved 
in the manufacturing process.  

These uncertainties can be of different natures. Two 
different MEMS will have different microstructures (grain 
sizes, grain orientations, surface profiles…). For a sufficiently 
large macroscopic scale, such randomness is negligible. 
However, for MEMS, the dimensions are comparable with the 
microstructure of materials. Thus the influence of the 
microstructure may not be negligible anymore. 

The case study in this work is a clamped-free microbeam 
used for gyroscopes. For MEMS gyroscopes, structural 
dynamics may be of major importance. Interesting 
macroscopic quantities for designers are the resonance 
frequency of the first mode or the quality factor.  The 
microbeam is made of polysilicon. As the properties of 
Silicon crystals are anisotropic, a first source of uncertainty is 
the grain orientation (other sources will be considered in a 
future work). The purpose of this work is the prediction of the 
macroscopic resonance frequency of the first mode of a 
microbeam from a random distribution of grain orientation at 
the microscopic scale.  

The resonance frequency can be predicted by using a 3-
scale stochastic model. This is necessary since modeling each 
grain for the whole beam is computationally too heavy. The 3 
scales are the following ones: 
 

• The micro-scale or the grain scale is the smallest scale of 
this model. It models each grain with its particular 
elasticity tensor which depends on the orientation of the 
grain. 

• The meso-scale is the intermediate scale. It is the scale 
over which the material properties of the grain are 
homogenized.  

• The macro-scale is the whole microbeam over which the 
resonance frequency is sought, using homogenized 
material properties at the meso-scale. 

The link between these 3 scales is depicted in Figure 1. 
 
 

 
Figure 1- The 3-scale procedure 

 
Samples of the microstructure can be generated with a 

random orientation for each silicon grain. They are referred to 
as the Statistical Volume Elements (SVE). A Monte-Carlo 
procedure along with a homogenization technique permits to 
estimate a distribution of the material properties at the meso-
scale, as proposed in [1,2,3]. However computational 
homogenization is used here, based on [4,5,6] (see section 
2.3) as it is more efficient although it requires the stiffness 
matrix of the microstructure. The support of the distribution 
can be bounded (from below and above) to match better the 

Prediction of macroscopic mechanical properties of a polycrystalline microbeam 
subjected to material uncertainties 
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observed behavior of the material. The bounds’ information 
can be added with the maximum entropy principle (MaxEnt) 
[7]. The final objective of this step is to be able to generate 
samples of the elasticity tensor that would mimic the 
microstructure randomness.  

Once the distribution of the elasticity tensor is obtained at 
the meso-scale, the uncertainties can be propagated up to the 
macro-scale. A deterministic finite element method can be 
used in the frame of a Monte-Carlo procedure. Other methods 
can be considered to improve the computational efficiency. 
Polynomial chaos expansion can be considered [8], [9]. 
Stochastic Finite Element methods exist, such as spectral 
stochastic finite element [10].  The Perturbation approach can 
also be used. It gives a solution at a low computational cost, 
even though it may lack accuracy [11], [12], [13]. Finally, the 
Perturbation Stochastic Finite Element Method (PSFEM) 
considers a Taylor expansion around the mean to determine 
the output distribution. This meso-macro procedure will be 
investigated in the future. 

The sections that follow focus on the microscopic part. The 
material, polysilicon, is first described. The homogenization 
procedure is then discussed. The last section derives the 
distribution of the material property at an intermediate scale: 
the meso-scale. From samples of the microstructure, 
distributions of the homogenized property can be constructed. 

2 THE MICROSCOPIC PART 

2.1 Silicon 

Silicon is the most common material in microelectromechanical 
systems. It is an aggregate of cubic crystalline materials. The 
properties of a silicon grain depend on its orientation with 
respect to the crystal lattice. What follows here is based on 
[14]. The notation  represents a plane with the integers 

, , and  being the Miller indices.  represents a 
direction (in the basis of the direct lattice vectors). 

In the 100 , 010  and 001  directions, the same Young 
modulus is seen: 130 GPa, the minimum value for silicon. The 
maximum value of the Young modulus is obtained in the 
111  direction: 188 GPa. The range of possible values for 

Poisson’s ratio is between 0.048 and 0.40. The behavior of the 
Young modulus and the Poisson ratio is depicted in Figure 2 
in the plane 100 . 

 

 
Figure 2 - Silicon material properties based on [14] 

 
Based on [14], which uses Hall measurements [15], Table 1 

contains the different properties of Silicon. The ,  and  

axes are aligned with the 100 , 010  and 001  directions.  
stands for the Young modulus while  and  correspond 
respectively to the Poisson ratio and the shear modulus. The 
parameters  are the ,  elements of the matrix Voigt 
notation of the fourth order elasticity tensor . 

Table 1. Measured mechanical properties 

Parameter Hall meas. 
 [GPa] 130 

[-] 0.28 
 [GPa] 79.6 
 [GPa] 165.6 
 [GPa] 63.9 
 [GPa] 79.5 

2.2 Homogenization: overview 

Let us consider the micro to meso part: the homogenization of 
a volume element of the microbeam is sought. A portion of 
the material taken into consideration can be named a volume 
element. An example of a FE model, obtained with gmsh, can 
be seen in Figure 3. When this volume is large enough to have 
accurate, deterministic homogenization, it is called a 
representative volume element (RVE). The material properties 
can be extracted by applying suitable boundary conditions on 
the FE model. The Hill-Mandel condition must be verified 
[4,5,6] as it will be discussed later on. The homogenized 
computed property is called effective and does not depend on 
the boundary condition. If the volume element is too small to 
be representative, the homogenization possesses a random 
nature. It is a statistical volume element (SVE). The 
homogenized computed property is called apparent. The 
apparent properties of a SVE depend on the boundary 
condition. 

 

 
Figure 3 - A sample of the microstructure 

At first, let us consider a RVE. The volume average 
 of  over the volume  is defined as 

 
1

V
  

 
The subscript  will refer to the microstructure while the 

subscript  will refer to the homogenized case over the 
volume element.  and Γ are respectively the volume and 
boundary while  is the position vector. An effective elasticity 
tensor  can be defined over an RVE. As said earlier, it is 
independent of the boundary conditions and thus unique for 
elastic material.  can be defined through the relationship 
between the averaged stress tensor  and the averaged 
strain tensor  [16]: 
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 :  (1) 

 
If  is the fluctuation of  around its volume average

, then the following can be written ([16]): 
 

: : :  
 

Thus  usually differs from . The latter is the 
approximate solution proposed by Voigt: the homogenized 
elasticity tensor is approximated by its average local value. As 
said by Hill, that solution is an upper bound for . It is 
named the Hill-Voigt bound.  

The same reasoning can be done with the compliance 
tensor.  is then a lower bound for the effective 
elasticity tensor. It is named the Hill-Reuss bound. 
 

Bounds will be important in this section. How can we 
define ordering between 2 tensors? A tensor  is (strictly) 
greater than a tensor  if their difference is positive 
semidefinite (positive definite). 
 

      iif   is positive (semi)definite 
 

Let us define the boundary conditions that respect the Hill-
Mandel principle: 
 
• Kinematic Uniform Boundary Condition (KUBC) 
• Static Uniform Boundary Condition (SUBC) 
• Mixed Boundary Condition (MBC) 
• Periodic Boundary Condition (PBC) 
 

The independence of an RVE with respect to the boundary 
condition, when performing homogenization, can be used to 
define the concept of RVE. A volume element is said to be 
representative when the homogenized values obtained with 
KUBC and SUBC coincide [5]. If it is not the case, the 
volume element is too small to be representative and is stated 
statistical (SVE). KUBC and SUBC are two extreme 
boundary conditions (BC). 

While the mixed and the periodic cases are estimates of the 
effective elasticity tensor, the uniform displacement (KUBC) 
overestimates the elasticity tensor while the static uniform BC 
underestimates it. For a SVE, the KUBC solution is an upper 
bound for the elasticity tensor while the SUBC case is a lower 
bound. A range of elasticity tensors is possible and one may 
talk about apparent properties. This can be seen in Figure 4. 
The most accurate estimate of the effective property is the 
PBC case: it converges in a faster way with respect to the size 
of the volume element. On the other hand, the mixed case is 
easier to implement. 
 

 
Figure 4 - Young modulus  for different SVE  

under different BCs 

2.3 Homogenization: implementation 

This paper is strongly influenced by the work of both [1] and 
[2]. In these works, the elasticity tensor at the meso-scale is 
computed with uniform displacement BC (KUBC), uniform 
traction BC (SUBC) as well as mixed boundary condition 
(MBC) along with Huet’s partition theorem [16]. The latter is 
used to compute the apparent elasticity tensor. The volume 
averages of both the deformation and the stress are required, 
with the help of a minimization procedure. When one has 
access to the stiffness matrix of the FE model, there is another 
way to get the elasticity tensor: computational 
homogenization. It is more efficient than [1,2] but requires the 
stiffness matrix. 

Here the work done in [4,5], dealing with computational 
homogenization, is used. The macro stress tensors  and the 
macro strain tensor  are defined from the volume averages 
of their corresponding micro tensors: 
 

  (2) 

 
The Hill-Mandel principle implies the equality of the 

internal energy at both scales yielding: 

 : :  (3) 

In the absence of body forces it can be shown [6] that this 
relation reduces to 
 

 0     Γ (4) 

where  is the normal to the boundary Γ of the micro-
volume,   is the surface traction, and where  
is the micro-displacement field. To introduce consistent 
boundary conditions at the micro-scale, the displacement field 

 can be decomposed into an average   and into 
a fluctuation field  so that 

    

The fluctuation  comes from the resolution of the micro-
scale problem. As seen in [6], the Hill-Mandel principle (4) 
becomes: 
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 Γ 0 (5) 

 
This condition is satisfied for each of the previously defined 

boundary conditions, which are now specified. 
 

• No microstructural fluctuations over the whole volume 
element: 

 

 ,   

 
This case is the Voigt assumption. 

 
• No microstructural fluctuations over the boundary: 

 

 , Γ (6) 

 
It is the kinematic uniform case (KUBC). 

 
• Periodicity can also be enforced with volume elements of 

periodic geometry. Therefore the microstructural 
fluctuations of an edge  are equal to the fluctuations 
of the opposing edge . 

 
• The whole boundary integral (4) can vanish as a whole. It 

is the weakest possible constraint. It is named the 
minimal kinematic boundary conditions and it can be 
written as : 

 , Γ  

 
This corresponds to a uniform traction over the boundary, 
or SUBC and can be simulated by considering 

       Γ 0 (7) 

on the opposite RVE faces Γ   as proved in [5]. Note that 
this equation can be enforced by constraining the 
displacement of the volume faces. 
 

• The mixed case is a combination of KUBC and SUBC in 
the  and  directions. Equation (6) or (7) is used, 
depending on the boundary.  
 

• Finally, the equality between the stresses at the micro and 
macro scales over the whole volume corresponds to the 
Reuss assumption: 
 

  ,  (8) 

 
Let us now define a way to compute the elasticity tensor. 

More details can be found in [5,6]. At first, the macroscopic 
stress tensor can be written as: 
 

 Γ (9) 

 

When applicable boundary conditions, in the Hill-Mandel 
sense, are considered, there are  nodes with prescribed 
displacements,  depending on the type of boundary 
condition. With  being their position vector in the deformed 
state, equation (9) can be rewritten as: 
 

 ∑  (10) 

 
where  corresponds to the resulting external nodal forces at 
the prescribed node . In linear elasticity, the equilibrium 
between external and internal forces can be written the 
following way: 
 

 ∑ .    (11) 

 
where  and  corresponds to the different  prescribed 
nodes, and where  is obtained thanks to a condensation of 
the internal nodes [5]. This condensation depends on which 
boundary condition is used. 

Including (11) in (10) results in: 
 

1
   

 
or again, as the displacement of the constraint nodes directly 
comes from the deformation tensor: 
 

1
:  

 
The homogenized elasticity tensor  can be defined as: 

 

 :  (12) 

 
and thus, one can write: 
 

 ∑ ∑  (13) 

2.4 Extraction of the mesoscopic properties 

Now the elasticity tensor of a volume element will be 
computed. The size, number of grains and number of samples 
for different considered SVE are given in Table 2.  

Table 2. Different SVEs realizations 

Case  
area[ ] 

Number of 
grains 

Number of 
samples 

1 0.03 2 400 
2 0.088 6 300 
3 0.164 11 150 
4 0.224 15 100 
5 0.282 19 100 

 
The different SVE can be seen in Figure 5.  
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In [1] and [2], the absolute bounds are defined the following 
way: 

arg min  

arg min  

 
with  being the Frobenius norm of . These two 
equations ensure that the absolute bounds are close to the 
sampled bounds. Both sets  and  ensure that  and  
are bounds for each sampled microstructure: 
 

| , 1, … ,  
| , 1, … ,  

 
To reduce the size of this problem, one can assume that the 

bounds are isotropic or orthotropic. The problem remaining is 
an optimization procedure of dimension 2 (isotropic 
assumption) or 3 (orthotropic assumption). 

3.2.2 Maximum entropy 
For now, we have samples of the elasticity tensor and two 
absolute bounds. What remains to be defined at the meso-
scale is the distribution of the elasticity tensor as well as to be 
able to generate samples from this distribution. To achieve 
this, the maximum entropy principle can be used. 

As recalled in [1], the maximum entropy principle consists 
of maximizing the measure of entropy S(p) under a set of 
constraints encompassing the available information. The 
measure of information entropy can be defined as: 

 

ln  

 
where,  being Lebesgue measure on , the measure  
is: 

2  

 
To define a probability density function for , one step 

remains: the definition of the constraints. It can be done in 
various ways. In [3], they are defined as: 
 

 1 (15) 

 ln det  (16) 

 ln det  (17) 

  (18) 

 
The scalar parameters  and  can be computed from the 

generated samples as well as the matrix mean . 
 

As can be seen in [1], maximizing entropy under constraints 
(15)-(18) gives a generalized matrix variate Kummer-Beta 

distribution for the probability density function of the 
elasticity tensor: 

 
det det C  

 
where exp  and  is the normalization 
constant based on : exp . The 3 scalar parameters 

,  and  and the matrix parameter  are the Lagrange 
multipliers of constraints (15) to (18) respectively. Each of 
them can be computed following [3]. More information 
concerning matrix variate Kummer Beta distribution can be 
found in [17]. How to generate matrix variate Kummer Beta 
distribution is explained in [3]. Computing the parameters of 
this distribution involves non-linear optimization and matrix 
hypergeometric functions. Generating matrices from this 
distribution implies slice sampling strategies, Gibbs sampling 
or Markov-chain Monte-Carlo methods. 

An alternative was proposed in [1] and [2]: thanks to a 
change of variable, only the generation of Gaussian and 
Gamma random numbers is required. The change of variable 
is the following: 

  (19) 

 
This change of variable is powerful because, when the 

elasticity tensor  is in between its two bounds,  is positive 
definite. Ensuring the constraint: 
 

 
 
is thus equivalent to: 
 

 
 

The probability density function of  is then (see [18]): 
 

det  
 

It is the maximum-entropy probability distribution for 
positive-definite matrices [7]. Replacing  by its elasticity 
tensor counterpart using equation (19) gives the probability 
density function of  with the use of the random matrix .  
is the new normalization constant while  and  are the 
Lagrange multipliers of the problem defining random matrix 

. 
The determination of the parameters of the distribution and 

the generation of its random matrices are made easier using 
random matrix  thanks to Soize work on positive-definite 
random matrices [7,18,19,20]. 

Using the random matrix  also possesses drawbacks. 
Although the same amount of information is used, more 
flexibility can be obtained with the matrix-variate Kummer-
beta distribution (more parameters are present as more 
constraints are enforced). Furthermore, at least in a direct 
way, constraining the mean value of  is not possible with the 
use of the random matrix  (non-linear transformation from  
to ). 

A third possibility is the random matrix  which is defined 
as: 
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4 CONCLUSION 
This work described a way to propagate uncertainties from a 
random microstructure up to the meso-scale. The material 
considered was polysilicon, an anisotropic material, in linear 
elasticity. The randomness was expressed through a random 
orientation of the different grains of the microstructure. 
Computational homogenization was used to define the 
homogenized elasticity tensor. With the help of different 
boundary conditions, realizations of the elasticity tensor could 
be obtained along with samples of bounds. This information 
can be brought in a matrix-variate Kummer-Beta distribution. 
The latter can be replaced by a different distribution, easier to 
generate, with the help of an efficient change of variable. 
 The objective of this work is to propagate the uncertainties 
from the microstructure up to a macro-scale quantity. From 
the distribution of the homogenized elasticity tensor at the 
meso-scale, the computation of the uncertainties concerning a 
macro-scale property can be sought. This propagation will be 
considered in a future work. The perturbation method can 
provide a faster solution than Monte-Carlo based procedures. 

However the main problem is to define the SVE size that 
would provide relevant uncertainties at macro-scale. 
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ABSTRACT: In this paper a probabilistic methodology for the safety assessment of short span railway bridges for high-speed 
traffic is presented. The proposed methodology combines simulation techniques with the extreme value theory in order to 
minimize the required computational time and guarantee accurate results. Stochastic simulation is employed as it enables 
reflecting the real variability of the parameters that characterize the dynamic response of the train-bridge system. The variability 
of the bridge, the track and the train was accounted for, as well as the existence of track irregularities. As a case study the safety 
of a short span filler beam railway bridge crossed by a TGV double train is analysed. The safety of the train-bridge system is 
assessed for the two most critical aspects of the dynamic response: the deck accelerations and the wheel-rail contact forces. Two 
stopping criteria for the simulation analysis were defined in order to direct the computational effort to the critical train speeds. 
For cases where the probability of failure is one order of magnitude apart from the safety threshold proved the efficiency of 
these criteria, as ruling them out as critical required a reduced number of simulations. Moreover, it was concluded that the track 
instability due to excessive deck accelerations is the governing aspect of the dynamic response and the ¾ span the critical 
section, limiting the train speed over the bridge to 280 km/h. In terms of number of simulations it was observed that less than 
25,000 simulations were needed to accurately estimate the probability of failure for the critical train speed for both safety 
criteria. Since the probability of failure threshold was set at 10-4 used, this is a good indicator of the efficiency of the proposed 
methodology. 

KEY WORDS: Probabilistic safety assessment; Modified Monte Carlo method; Short span railway bridge; High-speed traffic. 

1 INTRODUCTION 
Transportation systems play a key role in modern societies. 
Social and economic development depends on the fast and 
efficient mobility of both people and goods. In this context, 
the high-speed railway system emerges as a reliable and 
appealing alternative to road-based means of transportation. 

The generalization of high-speed railway lines over the last 
decades, the continuous demand for higher operational speed 
and the introduction of high-speed freight traffic have created 
numerous engineering challenges. For this reason this field 
has been the subject of many research works over the last 
decades. High-speed railway bridges have been identified as 
sensitive elements of the network. The dynamic 
amplifications originated by trains moving over bridges at 
such high speeds have proved to be the governing factor for 
bridge design. 

Short span railway bridges, in particular, have been reported 
as problematic since the introduction of the first high-speed 
lines in France due to excessive deck vibrations related to 
resonance effects [1]. Furthermore, the dynamic response of 
this type of structure is particularly difficult to predict 
accurately during the design stage as the dynamic behaviour is 
influenced not only by the structural dynamic properties but is 
also strongly dependent of the dynamic properties of both the 
track and the train. 

Another important aspect that needs to be taken into 
account is the train-bridge interaction, in order to obtaining 
more realistic results. Several researchers concluded that not 
taking these effects into account may lead to very 

conservative estimates of the dynamic response of the train-
bridge system, particularly for resonant speeds [2,3]. 

The majority of the research papers on the assessment of the 
dynamic behaviour of railway bridges are deterministic in 
nature. The analysis is often limited to a specific scenario, 
even when the existence of track irregularities is accounted 
for. This paper intends to assess the dynamic behaviour of a 
short span high-speed railway bridge while accounting for the 
variability of the parameters of the bridge, the track and the 
train and for the existence of track irregularities. Furthermore, 
in order to reflect the uncertainties that engineers have to face 
during the design stage, a probabilistic approach based on 
stochastic simulation is proposed to assess the safety of the 
train-bridge system. A simple and efficient procedure is used 
and in order to enhance efficiency and minimize the 
computational time, simulation techniques are combined with 
the extreme value theory. The methodology allows identifying 
the critical aspects of the dynamic response as well as the 
critical train speeds, thus making it particularly useful for 
safety assessment analysis. The safety of the train-bridge 
system is assessed for the two most critical aspects of the 
dynamic response: the track stability, related with the deck 
accelerations, and the train running safety, related with wheel-
rail contact. Furthermore, two different methods were used to 
estimate the probability of failure. The results are compared to 
crude Monte Carlo method to assess the accuracy and 
efficiency of the proposed methodology. 

Safety assessment of short span high-speed railway bridges 
using a probabilistic approach 

João Miguel Rocha1, António Abel Henriques1, Rui Calçada1 
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2 CASE STUDY – CANELAS BRIDGE 
Canelas Bridge is located in the Northern line of the 
Portuguese railway and is composed of six simply supported 
spans of 12 m each, with a total length of 72 m. The bridge 
deck is a filler beam consisting of two half concrete slab 
decks, each supporting a single ballasted track, with nine 
embedded rolled steel profiles HEB 500. This is a typical deck 
solution for short span high-speed railway bridges. Under 
each steel profile a laminated neoprene elastomeric bearing is 
placed, for a total of 9 bearings for each half deck. A general 
view of the bridge used as case study is shown in Figure 1, as 
well as the typical cross section of the bridge deck. A detailed 
description of the bridge can be found in [4]. 

2.1 Numerical models 

2.1.1 Track-bridge numerical model 
The bridge was modelled with 2D beam elements and the 
numerical model was defined taking into account the design 
drawings in order to reflect a real design perspective. Since 
the structural system is very simple (simply supported bridge) 
and the goal was to perform a safety assessment (which may 
require a large number of simulations), the aim was to develop 
a simple numerical model as well. The deck was modelled as 
a beam positioned at the corresponding centre of gravity. For 
accuracy reasons the bearings were included in the numerical 
model as springs positioned at the corresponding centre of 
rotation. 

Regarding the ballasted track, the rails were modelled as 
beams with the properties of a UIC 60 rail. The beam 
representing the rail is connected in parallel to a set of springs 
and dampers, with stiffness kpa and damping cpa, respectively, 
simulating the rail pads. Below the spring-dashpot set a series 
of lumped masses, with mass Ms, are used to simulate the 
sleepers. These lumped masses are also connected in parallel 
to another set of springs and dampers, with stiffness kb and 
damping cb, respectively, simulating the ballast layer. The 
effective acting region of the ballast under each sleeper is just 
a cone region. Consequently, the ballast layer can be modelled 
as a series of separate spring-dashpot elements placed 
underneath each sleeper [5]. 

It should also be mentioned that the model accounted for the 
shear behaviour of the ballast layer due to composite effects. 

The shear behaviour of the ballast was modelled through 
horizontal springs with stiffness sr.  

Since the relative displacements are smaller than the limit of 
0.002 m, the ballast stiffness was computed in accordance 
with the elastic range of the bi-linear behaviour proposed by 
[6]. A schematic representation of the track-bridge numerical 
model is shown in Figure 2. It should be mentioned that the 
zoom in Figure 2 corresponds to the same section that is 
composed by an overlap of the two represented elements. 

Track irregularities were randomly generated using power 
spectral density functions. In the present paper the power 
spectral density function proposed by SNCF was selected. 
This function is expressed by: 
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where A is a parameter that depends on the track quality and 
varying between 160 or 550, for a good or bad quality tracks, 
respectively, and Ωr is the reference frequency and takes the 
value of 0.307 m-1 [7]. 

The distance frequency, Ω, corresponds to: 

 
λ
π2

=Ω  (2) 

where λ is the wavelength of the irregularity. 
Note that SNCF limits the use of Equation (1) to 

wavelengths between 2 m and 40 m. In the current paper the 
wavelengths were limited in the interval between 3 m and 25 
m (wavelength range D1 according to EN13484-5 [8]). In 
order to guarantee the track quality standards established in 
the European standards, the generated irregularities profiles 
should have a maximum standard deviation of 1.5 mm over a 
track extension of 200 m. 

Variables that might have relevant nondeterministic 
properties which can lead to a significant change of the 
dynamic response were identified. This resulted in the 
selection of the bridge random variables presented in Table 1 
and the track random variables specified in Table 2. 

 

a) b) 
Figure 1. Canelas Bridge: a) General view; b) Typical cross section. 
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Figure 2. Track-bridge numerical model. 

 

Table 1. Bridge random variables. 

Variable Distribution 
Mean (normal) 

or 
Min. (uniform) 

Std. Deviation (normal) 
or 

Max. (uniform) 
Concrete density weight Normal 2.5 t/m3 0.1 (CV = 4%) 

Concrete elasticity modulus Normal 36.1 GPa 2.888 (CV = 8%) 
Concrete height Normal Nominal value 10 mm 
Concrete width Normal Nominal value 5 mm 
HEB 500 area Normal Nominal value 0.04 x nominal area 

Neoprene shear modulus Uniform 0.75 MPa 1.2 MPa 
Structural damping Normal 2 % 0.3 % 

 

Table 2. Track random variables. 

Variable Minimum Maximum 
Ballast density weight 1.5 t/m3 2.1 t/m3 

Ballast elasticity modulus 80 MPa 160 MPa 
Ballast height 0.30 m 0.60 m 

Ballast load distribution angle 15 º 35 º 
Sleeper weight 220 kg 325 kg 

Rail pad stiffness 100 kN/mm 600 kN/mm 
Track shear resistance 20 kN/m 60 kN/m 
Irregularity amplitude 160 275 

 

2.1.2 Train numerical model 
As it was previously mentioned, the dynamic behaviour of the 
bridge will be assessed for the crossing of a TGV double high-
speed train. This is an articulated train composed by four 
power cars, four power passenger cars and twelve passenger 
cars. The articulated structure does not include the power cars 
and only comprises the power passenger cars and the 
passenger cars. In the articulated part of the train the bogies 
are located between car bodies and are connected by car 
body–bogie joints. 

Initially, a complete 2D numerical model of the TGV train 
was developed. The car bodies and bogies were simulated by 
rigid bodies with masses Mc and Mb and rotational inertias Ic 
and Ib, respectively. The primary and secondary suspensions 
were simulated by spring-dashpot sets with stiffness kp and ks 
and damping coefficients cp and cs, respectively. The wheel 
sets were simulated by lumped masses, Me, whereas the 
wheel-rail contact stiffness was simulated by a spring with 

stiffness kh. The wheel-rail contact stiffness was defined 
according to the linearized Hertz model proposed by [9]. 

According to [3] it is common that the main effects of 
vehicle interaction with railway bridges are adequately 
captured using simplified interaction models. Due to the large 
number of simulations that were expected to be performed, 
these simplifications can result in a significant reduction of 
the required computational time. Therefore, a simplified train 
model was developed. Instead of rigid bodies the car bodies 
were simulated as lumped masses, thus obtaining a train 
model 30% the size of the complete model. A schematic 
representation of the numerical models developed is shown in 
Figure 3. 

The simplified model proved to be the best option for the 
dynamic analysis, as similar results are obtained with this 
model, which is 30% the size of the complete model. 

The selected random variables are indicated in Table 3. The 
dynamic properties of the train were defined according to the 
values presented by ERRI [6]. 
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a) Dynamic model

b) Complete model

                            
c) Simplified model

Figure 3. Train numerical model.
 

Table 3. Train random variables. 

Variable Distribution 
Mean (normal) 

or 
Min. (uniform) 

Std. Deviation (normal) 
or 

Max. (uniform) 
Occupancy rate Uniform 0 % 100 % 

Bogie mass Uniform 2.32 t 3.48 t 
Wheel set mass Uniform 1.6 t 2.0 t 

Primary suspension stiffness Uniform 1300 kN/m 3900 kN/m 
Primary suspension damping Uniform 6 kN.s/m 18 kN.s/m 

Secondary suspension stiffness Uniform 290 kN/m 870 kN/m 
Secondary suspension damping Uniform 10 kN.s/m 30 kN.s/m 

Wheel-rail contact stiffness Normal 1.61 x 106 kN/m 4.1 x 104 kN/m 
 

3 PROBABILISTIC METHODOLOGY 

3.1 Procedure 
A probabilistic methodology is proposed in this paper for the 
safety assessment of short span high-speed railway bridges. 
The purpose is to create a simple, efficient and automatic 
procedure, which requires as little intervention from the user 
as possible, that allows identifying the critical train speeds 
over the bridge and assessing the safety of the train-bridge 
system. The safety was assessed through a modified Monte 
Carlo method, which consists in combining Monte Carlo 
simulation with tail modelling techniques, in order to 
minimize computational time. A schematic representation of 
the proposed probabilistic methodology can be observed in 
the flowchart presented in Figure 4. 

The first stage of this methodology consists in defining the 
basic random variables of the studied problem, as well as their 
distribution. These variables should include all the parameters 
which variability affects the dynamic behaviour of the train-
bridge system. 

After defining the basic random variables the values that 
each variable will take for each simulation need to be 

generated. To do so a random number generator can be used. 
This type of tool is available in a wide range of computer 
software. Afterwards the data files can be created. In this 
particular case study, two different data files need to be 
created: one for the structure, which includes the bridge and 
the track, and another for the train. An automatic data file 
generation procedure was developed for efficiency reasons 
and to prevent mistakes. 

Following the data files generation the dynamic analysis can 
be performed. A time step of 0.002 s was selected for the 
dynamic analysis and batch processing was used for the 
dynamic analyses for efficiency purposes and to avoid the 
need for manual intervention. Each simulation has a total of 
5,000 steps and takes roughly 40 seconds to be completed, 
making it feasible to perform a significant number of 
simulations. 

After performing the dynamic analyses the results must be 
processed. Due to the large amount of information an 
automatic procedure is used. The results processing tool 
allows obtaining automatically the time history of the 
dynamic response for a selected bridge section and the 
maximum dynamic response for that simulation. 
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Figure 4. Proposed methodology. 

 
To assess the safety of the train-bridge system the 

probability of failure is estimated using tail modelling 
techniques. A detailed description of the tail modelling 
techniques applied is presented in the following section. 

In order to guarantee the efficiency and feasibility of the 
proposed methodology two stopping criteria were established. 
These stopping criteria aim to direct the computational efforts 
to the critical train speeds and to reduce the number of 
required simulations for the remaining train speeds analysed. 
The first criterion regards the stability of the estimated 
reliability index, β, whereas the second one analyses if the 
safety probability threshold is out of the confidence interval 
bounds (95%) of the estimated probability of failure, using the 
Wald confidence intervals given by: 
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where imp̂  is the estimated probability of failure, N is the 
sample size, α is confidence level and PLB and PUB are the 
lower and upper bounds confidence intervals of probability of 
failure, respectively. 

If at least one of these criteria is satisfied then no more 
simulations are required and a new train speed can be 
analysed. Otherwise more simulations need to be executed 
until one of the criteria is satisfied. A detailed explanation of 
the stopping criteria is given in section 3.2.2 using some 

examples of the current case study. When analysing the 
critical train speed (safety of the train-bridge system at risk), 
additional simulations were performed after fulfilling the 
stopping criteria in order to improve the results accuracy. 

The train-bridge system is considered to be safe if the 
probability of failure is lower than 10-4, which is a reference 
value in [10] to assess the safety of structural systems. 

3.2 Tail modelling and stopping criteria 

3.2.1 Tail modelling 
For high reliability problems, which correspond to small 
probability of failure, the classical Monte Carlo simulation 
method can have excessive computational costs. Since these 
problems are determined by the tail of the obtained statistical 
distributions, the computational cost can be significantly 
reduced if an extrapolation of the CDF function is made using 
tail modelling techniques [11]. 

The tails need to be modelled accurately as small variations 
in the tail of the distribution can result in a variation by an 
order of magnitude of the safety level. For the current case 
study two different methods were used to model the upper tail 
of the CDF function and therefore estimate the probability of 
failure of the train-bridge system: the sigmoid functions which 
proved to be effective in previous works [4] that are presented 
in Eqs. (4) and (5) and the traditional Generalized Pareto 
Distribution (GPD). 
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The results of the two approaches were compared in order 
to determine which method provides the best balance between 
accuracy and efficiency (sample size). To estimate the 
parameters regression techniques were applied. 

Furthermore, different thresholds were tested to understand 
which value should be selected in order to obtain more 
accurate estimations of the probability of failure from the tail 
fitting. Threshold values of 0.90, 0.95, 0.98 and 0.99 were 
analysed. Regarding the GPD fit the results showed similar 
accuracy using thresholds of 0.95 and 0.98. The threshold of 
0.95 was selected for the safety assessment analysis, as it 
allows a better representation of the tail for smaller samples 
sizes. With respect to the sigmoid (SIG) fit further thresholds 
of 0.995 and 0.999 were analysed and it was concluded that 
the accuracy of the fit increased as the threshold moved closer 
to one, provided that the CDF tail was adequately represented. 
Therefore, when using the sigmoid fit instead of defining a 
specific threshold, 50 points of the tail were considered. Both 
methods provided excellent fits to the data which is confirmed 
by the R2 index values being above 0.99. For this reason both 
were used for the safety assessment of the train-bridge system. 
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3.2.2 Stopping criteria 
To make the proposed methodology more efficient, two 
stopping criteria have been defined in order to direct the 
computational efforts to the critical train speeds. The first 
criterion aims to analyse the stability of the estimated 
probability of failure through the analysis of the variation of 
the reliability index, β, over consecutive sets of simulations. 
Reliability index, β, and probability of failure, Pf, are related 
as: 

 ( )β−Φ=fP  (6) 

where Φ(·) is the CDF of the standard normal random 
variable. 

As the number of simulations increases so does the 
accuracy of the probability of failure estimates. This criterion 
imposes that the variation of β is smaller than 0.5% during 
three consecutive increases of the sample size (increase step 
of 500 simulations). To provide a better understanding of this 
criterion the dynamic response of the current case study for a 
train speed of 280 km/h is analysed as an example. Figure 5 
shows the evolution of the estimated probability of failure for 
increasing sample sizes. 
The upper bound of the confidence interval of the estimated 
probability of failure is over the safety threshold for samples 
smaller than 27,000 simulations. However, the estimated 
reliability index stabilizes much sooner than this limit. Using 
the specified criterion, fewer than 15,000 simulations are 
sufficient to rule out this train speed as critical. 

The second criterion regards the confidence on the 
estimated probability of failure. The Wald confidence 
intervals were used and a confidence level of 95% was 
selected. An example of the utility of such criterion is shown 
using as example trains crossing the bridge at 270 km/h. The 
evolution of the estimated probability of failure is shown in 
Figure 6. 

The estimated probability of failure is much lower than the 
safety limit (difference of nearly two orders of magnitude) for 
this train speed. Although the number of simulations is not 
enough to accurately predict the probability of failure, the 
confidence interval of the estimated probability of failure is 
far below the safety limit after 3,000 simulations. 
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Figure 5. Evolution of the estimated probability of failure at 

the quarter span section for a train speed of 280 km/h. 

 
Figure 6. Evolution of the confidence on the estimated Pf at 

mid span section for a train speed of 270 km/h. 
 
For this reason the required number of simulations can be 

greatly reduced as the safety of the train-bridge system is not 
at risk for this train speed. For the current example less than 
5,000 simulations would be required to rule out this train 
speed as critical. However, to prevent inadequate estimations 
a minimum of 2,000 simulations is performed for every train 
speed. 

4 SAFETY ASSESSMENT 

4.1 Safety criteria 
The first safety criterion regards the track stability. The ballast 
instability is characterized by the loss of interlock between 
ballast grains, leading to the loss of the lateral resistance of 
the sleeper. Laboratory tests confirmed that the ballast 
instability only occurs for deck accelerations higher than 
7 m/s2 [1]. Below this limit the sleeper hardly moves and no 
loss of lateral resistance is observed. However, the European 
standards limit deck acceleration to a maximum of 3.5 m/s2 
for ballasted tracks, which indicates that a safety factor of 2 is 
applied. Since the safety of the train-bridge system is only at 
risk when deck accelerations are over 7 m/s2, the probability 
of failure due to track instability is established as the 
probability of the bridge deck reach this acceleration. 

The second safety criterion regards the train running safety. 
The Technical Specification for Interoperability (TSI) [12] 
defines several criteria that must be verified in order to 
guarantee the running safety. The Nadal derailment factor, the 
Preud’homme criterion along with the offload factor and the 
overturn factor are some examples. These criteria are often 
related to lateral forces acting on the trains, such as wind or 
seismic actions. In the current case study, however, no lateral 
actions were taken into account. The analysis is limited to 
studying the variation of the wheel-rail contact force as the 
train crosses the bridge. Therefore, this paper focus its 
attention on the offload factor, which most of the times turns 
out to be most restrictive aspect regarding the train running 
safety [13]. The offload factor, ηD, is calculated by: 

 
stat

D Q
QΔ

−= 1η  (7) 
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where Qstat is the static load of each wheel and ΔQ is the 
variation of the wheel load. The European standards [14] limit 
this factor to 90% of the static wheel load. However, the loss 
of contact between the wheel and the rail only takes places 
when the unloading is 100%, which is to say ηD  equals 1. 
Since a stochastic analysis is performed and the variability of 
the train, the track and the bridge is accounted for, no safety 
margin was used to assess the train running safety. Moreover, 
the offload factor is analysed for each of the train wheels and 
in order to guarantee the running safety all of them must 
comply with the referred limit.  

For both criteria the train-bridge system safety threshold 
was set at a probability of 10-4.  

4.2 Results and discussion 

4.2.1 Track stability 
In order to assess the track stability the maximum deck 

accelerations were analysed. As the train speed increases, the 
number of simulated cases undergoing resonant behaviour 
rises. Two distinct responses of the train-bridge system can be 
noticed: resonant and non-resonant behaviour. For train 
speeds close to 300 km/h a predominance of resonant 
behaviour of the train-bridge system is observed. The dynamic 
response type is also dependent of the section that is analysed. 
Therefore, the quarter span, the mid-span and three quarter 
span sections were analysed. 

The evolution of the estimated probability of failure of the 
train-bridge system for increasing train speeds due to track 
instability is presented in Table 4. 

Table 4. Estimated probability of failure due to track 
instability. 

Speed (km/h) Pf β 
275 4.86E-06 4.423 
280 2.76E-05 4.032 
285 1.06E-04 3.704 
290 4.73E-04 3.306 
295 1.06E-03 3.073 

 
In order to guarantee the track stability the train speed must 

be limited to 280 km/h. It was also concluded that the three 
quarter span section is the critical one. 

In order to confirm the accuracy of the estimated of the 
probability of failure the results obtained by the GPD fit and 
SIG fit for the reliability index are compared. In addition, the 
results obtained using the Crude Monte Carlo (CMC) method 
are also used in the comparison for further confirmation. This 
comparison is illustrated in Table 5. 

A good agreement between the three estimates is obtained, 
thus confirming the applicability of the selected methods. 

Table 5. Comparison of the estimated β due to track instability 
using different methods.  

Speed (km/h) CMC GPD SIG 
280 3.988 4.032 3.901 
285 3.662 3.704 3.658 
290 3.341 3.306 3.417 
295 3.090 3.073 3.135 

 

However, an important aspect to analyse is the required 
number of simulations for each train speed to assess the safety 
due to track instability. For most speeds the minimum number 
of simulations (2,000) is enough to rule them out as critical. 
For the critical train speed 22,000 simulations were needed to 
accurately estimate the probability of failure due to track 
instability using either the GPD fit or the SIG fit. 

4.2.2 Train running safety 

A similar procedure was carried out to assess the train running 
safety. The maximum offload factor was analysed for each 
simulations and individually for each of the train wheels for 
increasing train speeds. The evolution of the estimated 
probability of failure of the train-bridge system for increasing 
train speeds due to loss of contact between the wheel and the 
rail is presented in Table 6. 

Table 6. Estimated probability of failure due to wheel-rail 
contact loss. 

Speed (km/h) Pf β 
305 3.03E-05 4.010 
310 4.81E-05 3.900 
315 1.47E-04 3.620 
320 2.12E-04 3.525 
325 2.75E-04 3.455 

 
To assure the train running safety the train speed must be 

limited to 310 km/h. Compared to the speed limit due to track 
instability it can be observed that this is a significantly higher 
value (10%). 

As was done for the track stability criterion a comparison is 
also made between the two methods used to estimate the 
probability of failure, in order to confirm the accuracy of the 
results. This comparison is shown in Table 7. 

Table 7. Comparison of the estimated β due to wheel-rail 
contact loss using different methods. 

Speed (km/h) GPD SIG 
305 4.010 3.844 
310 3.900 3.793 
315 3.620 3.638 
320 3.525 3.505 
325 3.455 3.436 

 
Analogous conclusions were drawn, as a good agreement 

between the methods is obtained. 
Similarly to what was done to the other safety criterion the 

number of simulations required to accurately estimate the 
probability of failure due to wheel-rail contact loss was 
investigated. It was also concluded that for most speeds the 
minimum number of simulations is sufficient to exclude them 
as critical. The critical train required 23,000 simulations to 
accurately estimate the probability of loss of wheel-rail 
contact. This number is very close to what was required to 
assess the safety due to track instability. 

5 CONCLUSIONS 
A probabilistic methodology for the safety assessment of short 
span railway bridges for high-speed traffic is proposed. The 
methodology combines Monte Carlo simulations with the 
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extreme value theory for efficiency purposes. Canelas railway 
bridge, a filler beam bridge with six simply supported spans of 
12 m each, was selected as case study for the application of 
the methodology. The variability of the bridge, the track and 
the train was accounted for, as well as the existence of track 
irregularities representing different track maintenance levels. 

In order to guarantee the efficiency and feasibility of the 
proposed methodology it was necessary that the 
computational efforts would be directed to the critical train 
speeds. To achieve this, two stopping criteria were defined. It 
could be observed that for train speeds where the probability 
of failure is one order of magnitude apart from the safety 
threshold, a reduced number of simulations is required, 
proving the efficiency of the stopping criteria. 

The methodology also aimed to provide an accurate 
estimate of the probability of failure for the critical train 
speeds. To accomplish that, two different methods were used 
to estimate this probability: the Generalized Pareto 
Distribution fit and a sigmoid fit. To validate the obtained 
results a comparison was made with results obtained from 
crude Monte Carlo method. A good agreement between the 
estimates is obtained for both safety criteria, thus confirming 
the accuracy of the estimated probability of failure. Compared 
to CMC both fits allow estimating Pf with significantly fewer 
simulations. 

Furthermore, two safety criteria were analysed in order to 
assess the safety of the train-bridge system: one regarding the 
track stability and the other concerned with the train running 
safety. It was concluded that the track instability due to 
excessive deck accelerations is the governing aspect of the 
dynamic response. The safety of the train-bridge system is 
controlled by the ¾ span section, that turned out to be the 
critical section, limiting the train speed over the bridge to 
280 km/h. 

Regarding the number of simulations, it could be observed 
that for most train speeds performing the minimum number of 
simulations is enough to rule them out as critical. It could also 
be observed that 22,000 simulations were needed to accurately 
estimate the probability of failure of the train-bridge system 
due to track instability. When analysing the safety due to loss 
of contact between the wheel and the rail 23,000 simulations 
were required. Both values are very similar and, taking into 
account that the probability of failure threshold was set at 10-4 
used, this is a good indicator of the efficiency of the proposed 
methodology. 
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ABSTRACT: Engineering structures in practice are usually multiple or even huge number of degree-of-freedom systems with 
uncertain parameters and will exhibit strong nonlinear behaviors under such disastrous dynamic excitations as earthquakes, 
strong wind or huge waves. In the past over half a century great efforts have been devoted to this problem but great challenge 
still exists in capturing probabilistic information of nonlinear responses of large complex structures which are of real concern in 
practice. The probability density evolution method (PDEM) developed in the past decade paved a new way to this problem. The 
PDEM lays its foundation on the principle of preservation of probability, and particularly on the random event description of 
this principle. A generalized density evolution equation (GDEE) is derived and solved by incorporating with solution of the 
embedded physical equations. To this end, the dimension of GDEE is greatly reduced and thus is much easier to solve. In the 
present paper, the basic idea of PDEM is firstly described. Numerical algorithms including the procedure and the optimal point 
selection strategy are then outlined and discussed. Then the PDEM is adopted to carry out a comparative study on the 
probabilistic information of the responses of a MDOF nonlinear structure with uncertain parameters following different 
distributions. It is demonstrated that the PDEM could capture the probabilistic information of response of the system efficiently 
with fair accuracy. The results reveal that different distribution types of the uncertain parameters will have obvious effects on 
the response information, and thus more importance should be attached to the availability of data and methods for estimation of 
probabilistic information of the uncertain parameters.  

KEY WORDS: Probability density evolution method (PDEM); nonlinear structure; uncertain parameters. 

1 INTRODUCTION 

Engineering structures under earthquake prone zone may be 
attacked by strong earthquakes during its service life, and 
almost unavoidably they will exhibit nonlinear behaviors. It 
has been for long time recognized that the randomness of 
seismic ground motions should be considered rationally [1]. 
Simultaneously, the system parameters of the structure under 
consideration are also usually uncertain. Although some 
researchers took it for granted that the effects of uncertainty of 
the ground motion are much greater than and therefore may 
cover the effects of the uncertainty of system parameters, 
there are demonstrations that this is not true [2].  

To capture the effects of uncertainty of system parameters 
the methods for stochastic structural analysis (or stochastic 
finite element method) [3,4] were extensively studied. The 
Monte Carlo simulation was regarded as the most versatile 
method [5], but its convergence is random in nature and the 
computational efforts are prohibitively large for engineering 
structures of practical interest. The random perturbation 
method could improve the efficiency but the limitation of very 
small coefficient of variation of the basic random variables 
and the secular terms problem make it almost impossible to be 
applied to dynamic problems [6]. The orthogonal polynomials 
expansion method overcomes the above two deficiencies [3,7], 
and was extensively studied in the past two decades [8]. 
However, the extension to nonlinear problems is still a great 
challenge. All the above methods have some common 
deficiencies. First, they are to capture the first two statistics, 
i.e., the mean and correlation function or the power spectral 

density function, of the responses. The probability density 
function (PDF) of the responses, which is usually quite 
different from Gaussian distribution, could not be obtained. 
Secondly, they are all greatly challenged for multi-degree-of-
freedom (MDOF) nonlinear systems [9]. In the past decade, a 
family of probability density evolution method (PDEM) was 
proposed [10]. This method deals with the randomness in the 
system parameters and external excitations in a unified way 
and lays its foundation on the principle of preservation of 
probability [11,12]. By this method the instantaneous PDF of 
response of MDOF nonlinear structures could be obtained by 
solving the decoupled generalized density evolution equation 
(GDEE) and the embedded physical equations [13].  

On the other hand, in the performance evaluation of a 
structure via the above approaches, the distributions of the 
basic random variables are given as known information. 
However, in engineering practice, such information could 
only be obtained by estimations based on experiences and/or 
available data, say, through the mathematical statistics 
methods. It is well known that there are some limit theorems 
that could give important guidance, e.g., when the basic 
variable could be regarded as the result of a lot of factors with 
small effects without a dominating one it could be taken as a 
normal variable, and in some other cases the Lognormal 
distribution, Rayleigh distribution or the Gumbel distributions 
are the asymptotic distributions [14, 15]. However, generally, 
the results of mathematical statistics are not unique. 
Particularly, the available data for the specific problem may 
be very limited and thus the estimation of the distribution of 
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the random parameters may be distinct but all are acceptable 
in the sense of mathematical statistics.  

The major purpose of the present paper is to outline PDEM, 
and then to investigate the effects of different distributions of 
the basic random parameters on the response information 
through comparative studies via PDEM. 

2 PDEM FOR DYNAMIC RESPONSE OF MDOF 
NONLINEAR SYSTEMS 

2.1 Problem description 

The equation of motion of an n-DOF structure is 

 ( ) ( ) ( , ) ( )t+ + =M X C X f X GF Q Q Q  (1) 

where , ,X X X  are the n-dimensional vectors of acceleration, 
velocity and displacement, respectively, ,M C  are the n by n 
mass and damping matrices, respectively, f  is the n-
dimensional vector of restoring force, either linear or 
nonlinear in terms of the deflections, ( )tF  is the r-

dimensional external loading vector, and G  is the n by r 

loading position matrix. 
1

( , , )
s

= Q QQ  is the vector of 

basic random variables involved in the system parameters.  
Because there is a random-parameter vector Q  involved in 

the system, the responses, e.g., the displacements ( )tX , are 

functions of this random vector, and therefore are stochastic 
processes. Our task is to obtain the probabilistic information 
of the responses. As discussed in introduction, few approaches 
are readily available for such MDOF nonlinear systems before 
the end of last century [9]. 

2.2 Probability density evolution method (PDEM) 

For general well-posed problems in engineering practice, the 
responses of the system are functions of Q  and could be 
assumed to take the form  

 ( , )t=X H Q  (2) 

 Likewise, the derivative of X , i.e. the velocity vector is also 
a function of Q  and could be assumed to take the form 

 ( , )t=X h Q  (3) 

Because all the randomness involved in the system comes 
from Q , the system ( ( ), )tX Q  is a probability preserved 

systems [11]. Thus, taking the random event description of the 
principle of probability of preservation there is 

 0( , , )
t

d
p t d d

dt qW ´W
=ò X

x xQ q q  (4) 

where ( , , )p t
X
xQ q  is the joint PDF of ( ( ), )tX Q , 

t qW ´W  is 

any arbitrary domain belonging to W ´W
X Q , and WQ  is the 

distribution domain of  Q , i.e., the support of the PDF of Q , 

( )pQ q .  

A series of manipulations yield the following equation [13] 

 
1

0
( , , ) ( , , )

( , )
n

j
j j

p t p t
X t d

t xqW =

æ ö¶ ¶ ÷ç ÷+ =ç ÷ç ÷¶ ¶è øåò X X
x xQ Qq q

q q  (5) 

which holds for any arbitrary qW Î WQ . 

Remark 1: It is interesting to note Eq.(5) also implies that it 
holds for whatever distribution of the basic random variables. 
In other words, the distribution of Q  only affects the initial 

condition of ( , , )p t
X
xQ q . To make it clearer, we consider a 

random vector Q  of which the distribution domain W Ì WQ Q  

and the PDF ( ) ( ) { }p p I c= Î W Q Q Qq q q , where 

( ) { }c p I d
W

= Î Wò 
Q

Q Qq q q ( )p d
W

= ò
Q

Q q q  is a 

normalization constant. Then Eq. (5) becomes, for any 

arbitrary qW Î W Q , 

 
1

0
( , , ) ( , , )

( , )
n

j
j j

p t p t
X t d

t xqW =

æ ö¶ ¶ ÷ç ÷+ =ç ÷ç ÷¶ ¶è øåò X X
x x Q Qq q

q q  (6) 

where ( , , )p t
X
xQ q  is the joint PDF of ( ( ), )tX Q . A further 

step of inference asserts that Eqs.(5) and (6) hold for any 
arbitrary distribution of Q  and Q  because no information of 
distribution of  Q  and Q  are involved in the deduction 
process from Eq.(4) to Eq.(5). The property discussed here 
may be useful in developing some efficient numerical method, 
which is still to be further explored. 

It is clear that Eq. (5) could be reduced to 

 
1

0
( , , ) ( , , )

( , )
n

j
j j

p t p t
X t

t x=

¶ ¶
+ =

¶ ¶åX X
x xQ Qq q

q  (7) 

because of the arbitrariness of qW .  

The decoupling property of the second term in Eq.(7) is of 
great advantage. For instance, if we are interested in the 
probabilistic information of the  -th component of ( )tX , 

( )X t , then Eq.(7) could be marginalized by integrating on 

both sides in terms of 
1
, ,

n
x x  excluding x  . This leads to 

 0
( , , ) ( , , )

( , )
X X
p x t p x t

X t
t x

¶ ¶
+ =

¶ ¶
  




Q Qq q
q  (8) 

where ( , , )
X
p x t

 Q q  is the joint PDF of ( ( ), )X t Q , and 

( , )X t
 q  is specified by Eq.(3), which is in turn determined by 

solving the original dynamic system (1). 
The initial conditions of Eqs.(7) and (8) are usually given as 

 
00

( , , ) ( , )
t

p t f
=

=
X
x xQ q q  (9) 

and 

 
00

( , , ) ( , )
X t
p x t f x

=
=

   Q q q  (10) 

For instance, if deterministic values independent to Q  are 
specified, the functions in Eqs.(9) and (10) become 

0 0
( , ) ( ) ( )f pd= -x x x Qq q  and 

0 0,
( , ) ( ) ( )f x x x pd= -    Qq q , 

respectively, where 
0
x  is the deterministic vector and 

0,
x   is 

the  -th component of 
0
x , ( )d ⋅  is Dirac’s delta function.  

Generally, the natural boundary condition for Eqs.(7) and (8) 

are given as 0( , , )
jx

p t
¥

=
X
xQ q  for any 0 j n£ £ , and 

0( , , )
X x
p x t

¥
=

 
Q q , respectively. It is noted that for the 

first-passage reliability problem usually an absorbing 
boundary condition could be imposed. For details, refer to 
[16]. 
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After Eqs.(7) and (8) are solved, say, by analytical solution 
or numerical algorithms as to be outlined later, the PDF of 

( )tX  and ( )X t , denoted as ( , )p t
X
x  and ( , )

X
p x t

  , 

respectively, could be obtain by 

 ( , ) ( , , )p t p t d
W

= òX X
x x

Q
Q q q  (11) 

and 

 ( , ) ( , , )
X X
p x t p x t d

W
= ò  

Q
Q q q  (12) 

respectively. 

2.3 PDF of general physical quantities 

In engineering practice, usually not only the displacements, 
velocities and the accelerations are of concern. As a matter of 
fact, for the safety of structures, the physical quantities such 
as inner forces (moments, axial forces and shear forces) at 
some crucial sections or stresses at some crucial points are of 
more concern. For convenience, denote the physical quantities 

of interest by 
1

( ) ( ( ), , ( ))
m

t Z t Z t=Z  , where m is the 

number of the physical quantities to be considered. Generally, 
these physical quantities could be obtained once the system (1) 
is solved because they are all connected to the displacements 
and velocities by the geometric consistency condition and the 
constitutive laws. Therefore, ( )tZ  are also random functions 

of Q  and it could be assumed without loss of generality that 

 ( , )t=
Z

Z H Q  (13) 

Thus, similar to equations from (4) to (8), there is 

 
1

0
( , , ) ( , , )

( , )
m

j
j j

p t p t
Z t

t z=

¶ ¶
+ =

¶ ¶åZ Z
z zQ Qq q

q  (14) 

Particularly, as 1m =  Eq.(14) reduces to 

 0
( , , ) ( , , )

( , )Z Z
p z t p z t

Z t
t z

¶ ¶
+ =

¶ ¶
Q Qq q
q  (15) 

where ( , , )p t
Z
zQ q  and ( , , )

Z
p z tQ q  are the joint PDF of 

( ( ), )tZ Q  and ( ( ), )Z t Q . 

Eqs.(8), (14) and (15) are the so-called generalized density 
evolution equations (GDEEs). They are distinguished from 
the traditional equations, e.g., the FPK equation, first of call 
due to the flexibility of the dimension of GDEEs, i.e., in 
principle the GDEE could be in any arbitrary dimension, 
whereas the dimension of FPK equations must be 2n . This 
makes the GDEE much more tractable. In addition, it is 
known that FPK equation is only possible when the response 
vector is Markovian. However, in engineering practice, when 
the structures are numerically analyzed involving complicated 
constitutive laws, e.g., the stochastic damage constitutive laws 
[17], the response vector is of course not Markovian and thus 
the FPK equation is inaccessible. But this does not make any 
trouble for GDEE. Most recently, using a similar idea [18] an 
excitation-response joint evolution equation was derived by 
invoking the source of randomness. 

2.4 Numerical solving procedures 

In order to capture the instantaneous PDF of a physical 
quantity of concern, the GDEE (15) is to be solved. To this 
end, firstly it should be partially discretized in terms of q . 
Then for the specified representative point set 

1
1 2

, , pt
{ ( , , ) | , , , }
q q s q

Q q nq q= = = q , the values ( , )
q

Z t q  

is to be captured by solving the system (1) and invoking the 
connection between ( )Z t  and the response vectors ( )tX  and 

( )tX . After this, the point evolution based approach could be 

adopted to solve the partially discretized GDEE [13]. The 
finite difference method with TVD scheme is appropriate for 
the resulted partial differential equation. Finally, the 
instantaneous PDF could be obtained by 

 
1

pt( , ) ( , , ) ( , , )
n

Z Z Z qq
p z t p z t d p z t

=W
= = åò 

Q
Q Qq q q  (16) 

3 SMART SELECTION OF REPRESENTATIVE 
POINTS 

The selection of representative points in Section 2.4 is of 
importance. Actually, the form of (12) and (16) looks like a 
high-dimensional integral. Therefore some methods 
applicable to cubature could be adapted here. However, not all 
those approaches could be adopted in PDEM. This is because 
Eq.(16) is to capture a curve rather than a single value. More 
rigorously, Eq.(16) is an integral of infinite rank whereas  the 
general cubature formulae could only be applied to high-
dimensional integral of rank 1 [19].  

In the past decade, some approaches for point selection 
were developed. Particularly, a GF-discrepancy could be 
adopted as the criterion of point selection and thus an 
optimization problem is solved to yield an optimal point set 
[20]. For notational convenience, denote the marginal PDF of 

i
Q  by ( )

i i
p q
Q  and the marginal cumulative distribution 

function (CDF) by ( ) ( )i

ii
F p d

qq q q
Q-¥

= ò . The points 

1 2
pt

, , , ,
q
q n= q  could be adopted as nucleus of 

representative volumes 1 2
pt

, , , ,
q
q nW =   which partition the 

distribution domain WQ , i.e. 
1

ptn

q q=
W = W Q  and for any 

q k¹ , 0Pr{ }
q k

Î W W =Q , where Pr{}⋅  denotes the 

probability of the event. By doing so the assigned probability 

of the point 
q
q  is specified as Pr{ }

q q
P = Î WQ  

( )
q
p d

W
= ò Q q q . Further, the empirical marginal CDF is 

defined by 

 
1

pt

,
( ) { }

n

i q i qq
F P Iq q q

=
= <å  (17) 

where 
,i q

q  is the i-th  coordinate of the point 
q
q . Note that in 

this definition the assigned probabilities are adopted to replace 

the generally used equal weights 1
pt
n .  

It is now ready to define the generalized F-discrepancy 
(GF-discrepancy) by [20] 

 { }
1GF

( ) max sup ( ) ( )
i ii s

D Q F F
q

q q
£ £ -¥< <¥

= -  (18) 

A good point set should make the GF-discrepancy as small as 
possible.  

At first glance, the GF-discrepancy in Eq.(18) uses only the 
greatest marginal discrepancies and seems that the cross-
dependence information of the joint PDF is not explicitly 
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involved. But actually because 
q
P  is determined by the joint 

PDF in 
q

W , which is again dependent on the position of other 

points, thus, the joint PDF and also the cross-dependence of 
the points in different directions are involved in a somewhat 
compact manner.  

Therefore, to optimally determine the representative point 
set is to solve the following optimization problem 

 
GF

arg{min ( )}Q D Q=  (19) 

4 COMPARATIVE STUDY ON DIFFERENT 
DISTRIBUTIONS OF UNCERTAIN PARAMETERS 

To characterize the effects of different distributions of 
uncertain parameters on the response information, a 12-story 
floor-shear structure is studied. The mean of the lumped 
masses from bottom to top are 2.1, 1.9, 1.7, 1.7, 1.7, 1.7, 1.7, 
1.7, 1.7, 1.7, 1.7 and 1.5 (×105kg), respectively, and the 
mean of the inter-story stiffness from bottom to top are 3.3, 
3.0, 2.8, 2.8, 2.8, 2.8, 2.8, 2.8, 2.8, 2.8, 2.8 and 2.6 (105kN/m), 
respectively. The Bouc-Wen model is adopted for the 
hysteretic restoring force [21] where the parameters take α = 
0.04, A = 1, n = 1, q = 0.25, p = 1000, λ = 0.5, ϕ = 0.05, ζ = 
0.99, dϕ = 5, dv = 1000, dη = 1000, β = 600 and γ = 500. The 
Rayleigh damping is assumed, i.e., a b C M K , where 

0.3907a   and 0.0048b  . The El Centro accelerogram in 

N-S direction is adopted as the earthquake ground motion 
input. All the lumped masses and the inter-story stiffness are 
regarded as independent random variables. Thus, totally 24 
basic random variables are involved. To compare the effects 
of different distribution types, the coefficients of variation of 
all the random variables are assumed to be 0.2. Four cases of 
different distributions as listed in Table 1 are considered. 

Table 1. Different distributions. 

 Case 1 Case 2 Case 3 Case 4 
Lumped 
masses 

Uniform Uniform Lognormal Lognormal

Inter-story 
stiffness 

Uniform Weibull Uniform Weibull 

 
Using the point selection strategy in Section 3, 400 

representative points are selected for each case. Note that 
because the distribution types are different, the representative 
points and the corresponding assigned probabilities are 
different. Sometimes if the points could be re-used in different 
cases computational efforts could be reduced, but it is still to 
be further explored. 
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Figure 1. Typical restoring force v.s. inter-story drift (Case 4). 

Plotted in Figure 1 is a typical relationship of restoring force 
v.s. inter-story drift. It is seen that strong nonlinearity is 
observed here. To verify the PDEM, 10000 times of Monte 
Carlo simulations are carried out for all the cases. Shown in 
Figure 2 are the comparisons between the mean and standard 
deviation of response by PDEM and MCS, respectively, in 
Case 1 and Case 4. The relative errors of the mean and 
standard deviation defined by the 2-norm and the ∞-norm are 
listed in Table 2. It is seen that the PDEM is fair accurate but 
much more efficient and particularly, by PDEM the mean and 
the standard deviation are only the by-products whereas the 
PDFs are the outputs. This is quite different from the 
traditional approaches which only yield second order statistics. 
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Figure 2. Mean and standard deviation. 

Table 2. Relative error. 

 Case 1 Case 2 Case 3 Case 4 

GF
D  0.0180 0.0477 0.0260 0.0645 

2m  0.0053 0.0123 0.0101 0.0181 

2s  0.0193 0.0920 0.0248 0.1126 

m ¥  0.0049 0.0096 0.0109 0.0128 

s ¥  0.0356 0.1101 0.0397 0.1262 

 
To compare the responses of structures with differently 

distributed uncertain parameters, the mean and standard 
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deviation processes are shown in Figure 3. From this figure, it 
is observed that the mean and standard deviation processes are 
consistent in the tendency for different cases. Particularly, the 
effects of different distributions on the mean response are 
relatively small whereas the effects on the standard deviation 
are greater than on the mean. The difference between the 
maximum of the standard deviation means that the 
distribution range is different as will also be shown later, and 
this might have obvious effects on the first-passage reliability 
of the system. 
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Figure 3. Mean and standard deviation of all cases. 

 
(a) Case 1 (uniform mass, uniform stiffness) 

 
(b) Case 3 (lognormal mass, uniform stiffness) 

Figure 4. PDF surface of different cases. 
 

Shown in Figure 4 are the comparisons between the PDF 
surface in a specified time interval for different cases. It is 
observed that although in the shape of the mean and standard 

deviation the difference is not so large according to Figure 3, 
the shape of PDFs of different distributions of the uncertain 
parameters may induce obvious difference in the shape of 
PDFs. Interestingly, a wider distribution range of the basic 
uncertain parameters (e.g., lognormal mass in Figure 4b) does 
not mean that the range of response will be wider. This could 
be seen in Figures 5a and 5b, which are the contours of 
Figures 4a and 4b, respectively. 
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(a) Case 1 (uniform mass, uniform stiffness) 
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(b) Case 3 (lognormal mass, uniform stiffness) 

Figure 5. Contours of the PDF surfaces. 

5 CONCLUDING REMARKS 

Uncertainty of system parameters of engineering structures is 
usually not ignorable. Particularly when the structure exhibits 
nonlinear behaviors under disastrous dynamic actions e.g., 
earthquakes, the coupling of nonlinearity and randomness will 
make the performance of structures quite intractable. In the 
present paper, the probability density evolution method 
(PDEM) is outlined. The basic theory and numerical 
procedure are described and the point selection strategy by 
minimizing the GF-discrepancy is delineated. The PDEM is 
adopted to carry out a comparative study on the response 
information of a MDOF nonlinear structure with differently 
distributed uncertain parameters. It is shown in some cases 
that the probabilistic information of the responses is quite 
different due to different distributions of the basic random 
variables. 
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ABSTRACT: Uncertainty in the use of a single piezoelectric stack actuator for stabilization purposes of a slender beam column 
is described and assessed via the working diagram to estimate the stack actuator’s force and stroke levels. Deviations in the 
blocking force, in the maximum free stroke of the actuator, in the mechanical prestress load on the actuator and in the stiffness 
of the host structure are considered as uncertain parameters. Worst Case analyses in the working diagram are performed to 
assess the influence of the uncertain parameters on the actuator’s force and stroke levels. Real measurements of the force and 
stroke levels generated by a single piezoelectric stack actuator working against a cantilever beam are performed in an 
experimental set up. Uncertainty in the experimental measurements of the actuator’s force an stroke levels are described an 
discussed. It is seen that a high discrepancy between numerical and experimental results with respect to uncertainty can be 
quantified. 
KEYWORDS: piezoelectric stack actuator, estimated uncertainty, working diagram, worst case analysis, measurement 
uncertainty, parametric uncertainty

1 INTRODUCTION 
Two categories of uncertainty may occur in numerical and 
experimental modeling of mechanical structures, aleatory and 
epistemic uncertainty [1], [2], [3]. Aleatory uncertainty, also 
known as stochastic uncertainty, irreducible uncertainty or 
inherent uncertainty, is inherent to the system’s parameter 
variations mostly induced by random variations of system 
inputs variables or system properties. Epistemic uncertainty is 
defined as reducible uncertainty, model uncertainty or 
subjective uncertainty and it is caused by the lack of 
knowledge, incomplete or insufficient information about the 
system properties and its external loads. In many works 
dealing with the optimization of mechanical systems, 
epistemic uncertainty is considered as a parametric 
uncertainty that arises from incomplete information about 
probabilistic distributions of varying system components 
properties like mass density, Young’s modulus [1] or external 
load directions and amplitudes [5], [3]. Especially in active 
systems, e. g. for energy harvesting [6], [7], structure health 
monitoring [8], [9] or vibration control [10] purposes, 
numerical optimization was performed under the variation of 
system’s parameter like a piezoelectric constant of a 
piezoelectric material used in an actuator or in a sensor. 
However, the modeling of mechanical systems represents only 
one task or one process to investigate uncertainty in the life of 
a mechanical system, that usually includes the processes of 
design, production, usage and reusing. 

In the german Collaborative Research Centre CRC 805 the 
description, assessment and the control of uncertainty in load 
carrying system’s life time are aimed. According to CRC 805, 
uncertainty is given “when process characteristics of a 
specific system can not or only partially be determined”. 
Based on the well-known aleatory and epistemic uncertainty, 
three categories of uncertainty expand its meaning: stochastic 
uncertainty, estimated uncertainty and ignorance [11], [12]. 
Stochastic uncertainty is given when distribution functions of 

the uncertain system’s parameters are known, estimated 
uncertainty is given when only limits of values for the 
uncertain system’s parameters are known and ignorance is 
given when no range of values and not even the parameters 
are known. Uncertainty in the use of load carrying systems 
like beam columns in a truss system may be caused by 
unpredicted events that induce actual loads which may exceed 
the system’s admissible loads. A high side wind velocity 
during the landing of an aircraft, or a higher snow mass on a 
carrying structure in winter, or even a system misuse by the 
user are examples a. o. for unpredictable events that may lead 
to a system failure.  

In the CRC 805, one approach to control uncertainty due to 
unpredictable events is to actively enhance the admissible 
load of a load carrying system. Thus, the usage of active 
components like sensors, actuators and control units increases 
the system design complexity. New uncertainty occurs in 
modeling the active components and in modeling the 
interactions between the active components and the passive 
load carrying host structure. The mathematical modeling of 
the active components and their interactions with passive 
components is an important task within the system design 
phase with respect to rising uncertainty in balancing the 
governing dynamic parameters. 

In the present work, an active beam column system to 
control uncertainty against buckling is taken as a case of study 
to describe and evaluate the existing uncertainty in estimating 
a piezoelectric stack actuator’s (PZT actuator) force and 
stroke abilities. 

1.1 Active stabilization of a slender beam column against  
buckling 

In the active beam column system presented in [13], a single 
PZT actuator is used to stabilize a slender beam column, 
loaded with its first critical buckling load and a lateral 
disturbance force, against buckling. Figure 1 shows in a) a 

Numerical and experimental investigation of parameter uncertainty in the working 
diagram and in use of a single piezoelectric stack actuator to stabilize a slender beam 

column against buckling 
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mechanical sketch, and in b) a picture of the real active beam 

column system. 

 

 

Figure 1: a) mechanical sketch of the active beam column 

system and b) picture of the active beam column system [13] 

The active beam column is a thin aluminum beam column 

with the bending stiffness EIy, the length l = 320 mm, the 

width b = 20 mm, the thickness h = 1 mm, clamped at x = 0 

and hinged at x = l, and a PZT actuator providing an active 

lateral force Fa(t) at x = la near the clamped end. At 

x = ln = l/2, a disturbance force Fn(t) is laterally applied on the 

thin beam column in z-direction. This disturbance force Fn(t) 

together with the axial applied critical force Fcr may induce 

buckling of the beam column. 

The critical axial force Fcr = π2EIy/(0.7l)2 ≈ 25 N is realized 

by a mass with an equivalent weight mounted on the hinged 

support at x = l, see figure 1 b). The disturbance force Fn(t) is 

reproducibly realized with a pendulum that hits the beam 

column at x = ln. The PZT actuator generates and applies a 

controlled active force Fa(t) to avoid the beam column’s 

buckling. To detect buckling, two strain gauges are applied on 

the beam column’s surface to measure the lateral deflection of 

the beam column at x = ls, see figure 1 b). The beam column is 

stabilized when the resulting lateral deflection w(x, t) induced 

by Fn(t) and Fa(t) approximately corresponds to the second 

beam column’s bending mode shape. For this purpose, the 

strain gauge’s location x = ls was selected so that the beam 

column’s strain in rest state as well as in the second bending 

mode shape remains equal to zero. Under the effect of Fn(t), a 

beam column strain ε(ls) ≠ 0 is measured. A signal from the 

strain gauges is transmitted to a control system made of a 

control unit, in order to induce a suitable active force Fa(t) by 

the PZT actuator [14]. As soon as the beam column’s strain 

vanishes ε(ls) ≈ 0, the active stabilization is considered as 

achieved. Further information about the active beam column 

system and its elements like the implemented control 

algorithm are given in [13] and [14]. 

However, the active force Fa(t) is also subject to 

uncertainty. The influence of uncertainty in the configuration 

process of the PZT actuator may result in variability of the 

actuator’s ability to induce the required active forces and 

strokes, which is investigated in the following sections. 

1.2 Simplified active beam column system for uncertainty 

investigations  

In order to focus on uncertainty in the estimation of the force 

and stroke capacities of a PZT actuator connected to a slender  

 

Figure 2: mechanical sketch of the simplified beam column 

system for study of uncertainty in the estimation of the 

actuator’s force and stroke capacities 

beam column, a simplified mechanical model of the active 

beam column system is chosen. 

Figure 2 shows a mechanical sketch of the considered 

simplified active beam column system, that will be later 

compared to a real experimental set up presented in section 3. 

In this simplified system, a single PZT actuator without casing 

and with mechanical prestress load is connected to a slender 

beam column that is clamped at x = 0 and that is free at x = l. 

The PZT actuator generates and applies a lateral active force 

Fa(t) on the cantilever beam at x = la. Through the absence of 

the upper hinged support in the simplified beam column 

system, uncertainty like the friction forces in the bearable 

hinged support and their connected losses are nonexistent in 

the simplified system. Additionally, the boundary conditions 

of the beam column at x = 0 in the active beam column system 

and in the simplified beam column system are identical. 

The force and stroke capacities of the PZT actuator are 

analyzed regarding uncertainty arising from variations in the 

actuator and beam column properties. The working diagram of 

the PZT actuator is considered for the mathematical 

estimation of the actuator’s force and stroke levels. In the 

following section, the working diagram of the PZT actuator 

with and without prestress is presented and the simplified 

beam column system properties subject to uncertainty are 

described and categorized into stochastic uncertainty, 

estimated uncertainty and ignorance. 

2 NUMERICAL INVESTIGATIONS 

2.1 Numerical model of the working diagram 

The working diagram of a PZT actuator estimates the force 

and stroke values generated by an actuator that works against 

a specific stiffness cs for a specific electric driving voltage U 

[15], [16]. In the working diagram, the force and stroke 

relation with and without prestress of the PZT actuator and the 

stiffness of a host structure are drawn in the same (F, Δz) 

coordinate system. Any intersection point between both force 

and stroke relations is an actuator’s working point that shows 

the force and stroke values generated by the actuator at the 

electric voltage U. 
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Table 2: uncertainty in the nominal actuator’s blocking force 
and max. free stroke, in the  prestress force, in the beam 

column’s stiffness and in the calculated actuator’s force and 
stroke values  

numerical model 
property uncertainty 

stochastic estimated unknown
actuator’s 
blocking 
force FB  
[N] 

[F̄B0; σFB0] [FB0,l; FB0,u] FB0 

 - [810; 990] 900 
actuator’s 
max. free 
stroke  
Δzmax  
[µm] 

[Δz̄max0; 
σΔzmax0] 

[Δzmax0,l; 
Δzmax0,u] 

Δzmax0 

 - [40.50; 49.50] 45 
prestress 
force Fv 
[N] 

[F̄v0; σFv0] [Fv0,l; Fv0,u] Fv0 

 - [9; 11] 10 
stiffness cs0,i 
[N/µm] [c̄s0,i; σcs0,i] [cs0,il; cs0,iu] cs0,i 

i = 1 - [0.041; 0.058] 0.049 
i = 2 - [0.360; 0.432] 0.394 
i = 3 - [1.244; 1.423] 1.331 
actuator’s 
force Fw0,i 
[N] 

[F̄w0,i; σFw0,i] [Fw0,il; Fw0,iu] Fw0,i 

i = 1 - [10.640; 
13.794] 11.157 

i = 2 - [23.034; 
31.410] 25.971 

i = 3 - [55.555; 
75.111] 63.763 

actuator’s 
stroke Δzw0,i 
[µm] 

[Δz̄w0,i; 
σΔzw0,i] 

[Δzw0,il; Δzw0,iu] Δzw0,i 

i = 1 - [38.823; 
47.712] 43.331 

i = 2 - [38.103; 
46.960] 42.576 

i = 3 - [36.315; 
44.985] 40.687 

 
For the third beam column’s stiffness (c̄s,3), the measured 

actuator’s force (F̄w,3) varies between [47.43; 49.57] N and the 
measured actuator’s stroke (Δz̄w,3) varies between [29.16; 
32.66] µm. The variations in the measured force and stroke 
values increase with the measured beam columns stiffnesses 
(c̄s,1), (c̄s,2) and (c̄s,3). This uncertainty may influence the 
manual adjustment of a stable desired nominal prestress force 
(Fv) ≈ 10 N during a measurement process. The mean values 
of the measured prestress forces (F̄v,1) = 10.28 N,  
(F̄v,2) = 10.81 N and (F̄v,3) = 11.85 N are 2.8%, 8.1% and 
18.5% higher than the nominal value Fv0 = 10 N for the beam 
columns stiffnesses (c̄s,1), (c̄s,2) and (c̄s,3). 

Table 3: uncertainty in the measured actuator’s blocking force 
and max. free stroke, in the prestress force, in the measured 
beam column’s stiffnesses  and in the measured actuator’s 

force and stroke values 

experimental model 
property uncertainty 

stochastic estimated unknown 
actuator’s 
blocking 
force (FB) 
[N] 

[(F̄B); (σFB)] [(FB)l; (FB)u] (F̄B) 

 [1126; 51.61] [1055; 1146] 1126 
actuator’s 
max. free 
stroke 
(Δzmax)  
[µm] 

[(Δz̄max); 
(σΔzmax)] 

[(Δzmax)l; 
(Δzmax)u] 

(Δz̄max) 

 [44.40; 2.20] [41.63; 45.30] 44.40 
prestress 
force (Fv,i) 
[N] 

[(F̄v,i); (σFv,i)] [(Fv,i)l; (Fv,i)u] (F̄v,i) 

i = 1 [10.285; 
0.006] 

[10.270; 
10.300] 10.285 

i = 2 [10.810; 
0.040] 

[10.768; 
10.900] 10.810 

i = 3 [11.850; 
1.150] 

[8.715; 
13.257] 11.850 

stiffness (cs,i) 
[N/µm] [(c̄s,i); (σcs,i)] [(cs,i)l; (cs,i)u] (c̄s,i) 

i = 1 [0.046; 0.001] [0.043; 0.048] 0.046 
i = 2 [0.345; 0.026] [0.298; 0.380] 0.345 
i = 3 [1.090; 0.070] [0.953; 1.141] 1.090 
actuator’s 
force (Fw,i) 
[N] 

[(F̄w,i); (σFw,i)] [(Fw,i)l; (Fw,i)u] (F̄w,i) 

i = 1 [11.870; 
0.009] 

[11.850; 
11.880] 11.870 

i = 2 [23.370; 
0.060] 

[23.300; 
23.500] 23.370 

i = 3 [48.330; 
0.550] 

[47.430; 
49.570] 48.330 

actuator’s 
stroke (Δzw,i) 
[µm] 

[(Δz̄w,i); 
(σΔzw,i)] 

[(Δzw,i)l; 
(Δzw,i)u] 

(Δz̄w,i) 

i = 1 [33.300; 
0.100] 

[33.160; 
33.450] 33.300 

i = 2 [29.030; 
0.210] 

[28.720; 
29.410] 29.030 

i = 3 [29.730; 
1,000] 

[29.160; 
32.660] 29.730 

 
The discrepancy between the nominal and the measured 

mean values of the prestress force arises from measurement 
uncertainty connected to the test rig like assembling 
imperfections, settling effect and clearance in the bolted 
connections of the clamping device and noise in the 
measuring equipment. The discrepancy between nominal and 
mean values of the measured prestress force Fv and (F̄v,i) 
increases with the stiffness of the beam column (c̄s,i). 
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4 CONCLUSIONS 
The mathematical estimation of the force and stroke values 
generated by a piezoelectric stack actuator that works against 
a cantilever beam column derived from a working diagram is 
subject to estimated uncertainty only, see table 2. It is caused 
by the variations in the actuator’s blocking force, max. free 
stroke and mechanical prestress force, actuator’s position and 
the beam column’s length, width, thickness. The nominal 
values as well as intervals of the actuator’s and beam 
column’s properties can be taken from the actuator’s datasheet 
and the manufacturing tolerances. Worst case analyses of the 
working diagram have been used to quantify the influence of 
the actuator’s and beam column’s properties on the estimated 
actuator’s force and stroke values. It is seen that the variation 
and, therefore the uncertainty in the actuator force and stroke 
values increase with the stiffness of the host structure, here a 
beam column. In this present study this variation is quantified 
by the uncertainty area around each calculated actuator’s 
working point. For a beam column with the thickness h = 1 
mm and the one with a thickness h = 3 mm the uncertainty 
area differs around a factor 3. 

Experimental measurements lead to stochastic uncertainty 
because additional information about the uncertain actuator’s 
and beam column’s properties like mean values and standard 
deviations can be calculated from statistical measurements 
results, see table 3. Experimental investigations on a real 
piezoelectric stack actuator against three beam columns with 
the thickness h = 1, 2 and 3 mm have shown that there is a 
discrepancy between the measured and the calculated 
actuator’s force and stroke values. For the beam column with 
the thickness h = 1 mm the discrepancy between measured 
and calculated actuator’s force is 2.8%. For the beam 
column’s thickness h = 3 mm the discrepancy between 
measured and calculated actuator’s forces is 18%. Therefore, 
the discrepancy between measured and calculated actuator’s 
forces also increases with the beam column’s stiffness. This is 
similar to the trend between the calculated uncertainty regions 
and the nominal beam columns stiffnesses found in the 
numerical investigations. This discrepancy is caused, on one 
side by the deviations between nominal and measured 
actuator’s and beam column’s properties with their existing 
estimated uncertainty. On the other side, measurement 
uncertainty connected to the used test rig induces variations in 
the prestress force (Fv) up to 18% of the nominal value. 

The presented measurements of the actuator’s force and 
stroke values were performed in a quasi-static operating 
condition of the piezoelectric stack actuator with a voltage 
frequency of 1 Hz. Future measurements will be performed to 
assess the ability of the working diagram to estimate the 
actuator’s force and strokes value in high dynamic operating 
conditions. 
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ABSTRACT: This paper focuses on establishing confidence in model predictions through the validation of numerical models 
with a specific focus on large scale masonry structures. Through an overview of various case study applications, this 
presentation will discuss the relevant phases of model validation: numerical model development, field experimentation, model 
calibration and validation. The main goals of this paper are (i) to discuss where modeling errors and uncertainties originate and 
(ii) to present an approach to obtain model predictions that are statistically consistent with their respective measurements. Our 
approach considers all major sources of error and uncertainty, which originate from the numerical solutions of differential 
equations (numerical uncertainty), imprecise model input parameter values (parameter uncertainty), incomplete definitions of 
underlying physics due to assumptions and idealizations (bias error) and variability in measurements (experimental uncertainty). 
This paper provides an overview of the best-practices for developing finite element models for large-scale masonry monuments, 
designing and executing calibration experiments as well as calibrating numerical models under uncertainty.  

Keywords: Model Updating; Model Calibration; Finite Element Modeling; Experimental Modal Analysis; Verification.

1 INTRODUCTION 
Computational modeling of historic structures is a 
challenging task due primarily to the general absence of 
knowledge regarding the materials, construction history and 
support conditions. The finite element (FE) analysis of these 
historic structures has gained widespread acceptance on the 
basis of its ability to approximate geometrically-complex 
structures, predict a wide range of system responses and 
produce easily interpretable visuals of predicted results. 
Prediction uncertainty arises from a number of sources 
within FE modeling of historic monuments including 
simplifications and assumptions in the modeling process, 
imprecisely known input parameters (for instance, the 
material properties, boundary conditions and forcing 
function), and discretized and approximated solutions to the 
governing differential equations. Model verification and 
validation attempt to reduce these uncertainties and errors in 
the predictions via a systematic process of model 
development, experimentation and calibration. The process 
of developing validated numerical models of historic 
structures is overviewed in the following sections. 

2 MODELING 
The structural analysis of historic masonry has an elaborate 
history evolved from the traditional concepts discussed by 
Heyman [1]. However, most modern approaches employ the 
use of advanced computational techniques, most commonly 
finite element models [2]. The development and reliance 
upon these models demands the examination of two major 
sources of uncertainty and error: (i) the definition of model 
input parameters that govern the physical characteristics of 
the structure, i.e. geometry, material properties, external 
loads and other boundary conditions, and (ii) the formulation 
of the computer model with respect to the selection of 
suitable element types, mesh discretization, model 

simplifications and the solution algorithms. In the following 
subsections, each of the various facets comprising these two 
major sources of uncertainty will be discussed.  

2.1 Modeling types 

The accuracy of a numerical model depends on the accuracy 
with which the mechanical behavior of the heterogeneous 
composite masonry is reproduced. Indeed, the selected 
modeling type affects every subsequent step of the model 
development process as described in this section. Three 
plausible modeling strategies are available to model the 
masonry composite: (i) detailed micro-modeling, (ii) 
simplified micro-modeling and (iii) macro-modeling [3] [4]. 
Detailed micro-modeling provides the most realistic 
representation of the masonry assembly by modeling the 
units and mortar separately and assigning independent 
material properties to each. Detailed micro-modeling 
requires the highest effort in the development of the 
geometry as well as a very fine mesh, thus demanding the 
highest computational effort. In the simplified micro-
modeling approach, each unit along with its surrounding 
mortar is approximated with idealized units each assigned 
homogenized material properties. Finally, macro modeling 
assumes the entire masonry composite as a homogenized 
continuum throughout the modeled structural member. 
Macro-modeling is the most commonly used modeling 
strategy owing to its geometric simplicity and relatively low 
computational effort. By comparison, micro-modeling is 
suggested only when local failure modes within structural 
elements are of interest. 

In a comparative study of these three modeling approaches 
conducted on a model of a scaled masonry dome [3], 
detailed micro-modeling was found to be most accurate in 
the prediction of load-carrying capacity and stiffness while 
unsurprisingly macro-modeling was found to be the least 
accurate. More interestingly, the distribution of cracks was 
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more accurately predicted with detailed and simplified 
micro-modeling compared to macro-modeling. Furthermore, 
the detailed micro-modeling is reported in the study to be the 
least sensitive to variation within the input material 
parameters compared against simplified-micro and macro-
modeling. It must be noted however that despite the proven 
superior accuracy and insensitivity to variation, the 
implementation of detailed- or simplified-micro modeling 
quickly becomes infeasible when involving actual masonry 
structures which often exhibit inordinate scales. 

2.2 Geometry 

Construction drawings, if available, may be used to recreate 
the solid geometry. However, these drawings rarely match 
the on-site geometry owing to permanent deformations 
commonly exhibited amongst aging structures. On the other 
hand, on-site measurements which ensure the recreation of 
the as-is geometry, can be time-consuming, especially for a 
large structure with inaccessible components. 3D 
photogrammetry [5] supplies a fast and accurate technique 
that can facilitate the visualization of a structure to account 
for existing cracks and other structural degradation within 
the masonry. However, 3D photogrammetry only provides 
information on the surface of the masonry. The thickness of 
the members beneath the surface must be obtained through 
either direct measurement, when possible, or with analysis 
of the construction drawings.  

Another alternative is 3-D laser scanning [6], a fast and 
accurate technique that is gaining increasing popularity. The 
laser scans typically produce a cloud of points, which can be 
reduced in a CAD modeling software to specific keypoints 
preserving the structurally significant features of the 
monument. If both surfaces of a structural component, such 
as a wall or a vault are accessible, the thickness of members 
can be obtained by stitching the scan data. If the rear region 
of the walls and vaults is inaccessible with no readily 
available holes to measure the depth, non-invasive 
techniques such as impact-echo [7], impulse radar [8], sonic 
tomography [9] or electromagnetic conductivity [10] may be 
used to determine the thickness. 

In micro-modeling, the unit dimensions and mortar joint 
depth are typically assumed to be perfectly uniform 
throughout the structural member, thus disregarding the 
minor variations due to uneven units and variable 
workmanship. In macro-modeling, minor material 
degradations and geometric deformations as well as non-
structural elements are typically disregarded. While making 
the process of geometry recreation and meshing much 
easier, such minor simplifications only negligibly affect the 
model predictions. 

2.3 Material properties and material models 

Accurately defining material properties is challenging 
because of the spatial and temporal variability of material 
properties typical of historic masonry structures. At best, one 
may obtain samples from the site in the form of cores or 
loose material. However, when samples are collected from 
the site, large sample-to-sample variability is likely to be 
observed [11]. Material properties obtained from tests on 
samples may be used as nominal values before being subject 

to calibration in a process known as fine-tuning. If material 
tests are sufficiently extensive as to provide information 
about the distribution of mechanical property values, such 
distributions may be used in the calibration process. More on 
this topic, as well as calibration and fine-tuning, is provided 
within section 4.  

Masonry material behavior is characterized by a small 
tensile capacity and relatively large compressive strengths. 
Additionally, masonry may be viewed as a composite 
material with rigid blocks bound by relatively soft mortar. 
However, in the analysis of more realistic, full-scale 
constructions, the macro-modeling approach is frequently 
used and masonry is treated as a homogeneous material 
where homogenized properties of the masonry assemblage 
are obtained either from tests on the assembly or using one 
of a number of homogenization techniques [12] [3]. 

Constitutive models, which describe a material body’s 
stress-strain characteristics, must be implemented within the 
larger model.  Although masonry behavior is largely non-
linear under substantial loads due to the formation of 
extensive micro-cracking, a simple linear elastic treatment of 
the material may be justified under small loads, such as self-
weight, to understand the stress distributions and to identify 
regions with high tensile stresses. It is recognized that 
masonry’s primary mode of failure, the brittle cracking 
which may result from these tensile forces, occurs most 
prominently in the mortar joints [13]. Consequently, several 
yield criterion may be considered in the formation of 
constituent models for historic masonry materials [14] [15].  

The Drucker-Prager yield criterion is used for ductile 
materials that are weak in tension and exhibit volumetric 
plastic strain. This criterion requires specification of the 
friction angle and cohesion which can be adjusted such that 
the analytical tensile and compressive strength matches the 
desired values. The Mohr-Coulomb yield criterion is the 
elastic-perfectly plastic implementation of the Drucker-
Prager yield criterion specialized for brittle materials in 
which the tensile strength is low relative to its compressive 
strength. William-Warnke [16] failure criteria may be 
considered a combination of the Mohr-Coulomb and 
Drucker-Prager yield criteria and can be implemented to 
model historic masonry materials [17]. This failure criterion 
is capable of predicting the cracking and crushing indicative 
of the material via a smeared crack analogy. The failure 
surface is be defined by three parameters, namely its 
material’s elastic (Young’s) modulus, ultimate uniaxial 
tensile strength and compressive strength. The material 
exhibits failure if either of the tensile or compressive 
principal stresses lie outside the failure surface. 

2.4 Boundary conditions 

Computer models focus on the structural components of 
interest and thusly, require the definition of structural 
behavior at the boundaries between modeled and unmodeled 
components. Defining the structural behavior at these 
boundaries is a challenging undertaking. Theoretically fixed 
or free boundary conditions that are readily available in most 
structural analysis software packages are only 
approximations of the complex, semi-rigid behavior of such 
boundaries within practical masonry systems. The 
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restraining forces at these boundaries are dependent on the 
masonry material properties and the configuration of the 
adjacent members. Unlike material properties, non-
destructive test methods which estimate such boundary 
conditions are limited.  

One suitable technique used to approximate boundary 
conditions is substructuring. This process reduces the 
adjacent structure to its interface at the shared degrees of 
freedom to form superelements. This approach is 
advantageous for structures with repetitive geometries such 
as the naves of gothic cathedrals, casemates of 19th century 
forts, etc. since the same FE model may be used to generate 
the substructures of adjacent assemblies. 

Another technique widely used to approximate the 
boundary conditions is the application of translational and 
rotational springs at the boundary with assumed (but 
unknown) spring stiffnesses. These stiffness constants must 
then be calibrated using non-destructive test data (as 
discussed in Section 4). A parametric analysis, using spring 
stiffness as the primary variable, may be completed to define 
a range of stiffness values that lead to a semi-rigid 
connection. This range can be identified by observing the 
response of interest of the system at varying levels of spring 
stiffness before selecting the range in which the response of 
interest varies between an upper and lower limit. 

2.5 Element type and meshing 

In addition to the material model, an element type is 
required to represent masonry which can approximate the 
material’s behavior. Many available FE software packages 
commonly offer dedicated element types such as the 
SOLID65 element provided by ANSYS, originally designed 
to emulate concrete [18]. To account for cracking and 
crushing, the SOLID65 element uses the Willam-Warnke 
failure criterion discussed above and accounts for the 
material behavior via a smeared crack analogy. The element 
introduces a plane of weakness in the direction of the failure 
by modifying the elastic modulus at the element face to a 
near-zero value, thus replicating the cracking behavior while 
maintaining mesh continuity. Consequently, this and other 
elements have been extensively applied to model the unique 
material properties and geometric irregularities of historic 
masonry structures [19] [20] [21].  

The meshing of the FE model must achieve a suitable 
balance between solution accuracy and computational time. 
A coarse mesh can degrade solution accuracy while an 
overly fine mesh can result in excessive computation. A 
mesh refinement study may be performed by predicting the 
response of interest at varying mesh sizes followed by an 
extrapolative calculation of a reference solution. The 
reference solution is an approximation of the solution 
corresponding to an infinitesimal element size yielding a 
theoretically-exact solution. A mesh size must be sought that 
yields an error with respect to the reference solution that is 
less than the expected measurement error, which is indicated 
to be around 10% for large scale civil structures under 
normal operational conditions [22].  

3 EXPERIMENTATION 
Vibration testing offers a non-destructive solution for the 
rapid condition assessment of historic structures. Vibration 
testing serves three main purposes in the assessment of 
historic structures: (i) to obtain vibration features such as 
natural frequencies and mode shapes in support of numerical 
model development by providing calibration and validation 
data [23] as well as to facilitate seismic evaluation of the 
structure [24]; (ii) to facilitate a rapid condition assessment 
after a severe loading event such as an earthquake [25] or 
after repair/retrofitting activities to assess the efficacy of the 
repairs; and (iii) to continuously monitor the structural 
health of the system in order to facilitate condition-based 
maintenance [26]. The use of vibration features in structural 
health monitoring is based on the notion that changes in a 
system’s structural stiffness and mass produce variation in a 
structure’s vibration characteristics which, if accurately 
measured, can allow the engineer to draw inference of the 
system’s structural condition. 

The experimental techniques for vibration analysis of 
historic structures differ from modern constructions. The 
complex geometries and boundary conditions typical of 
historic structures make the estimation of expected modal 
displacements and natural frequencies a complex and 
unintuitive task. Severe non-linearities in the form of cracks, 
ubiquitously seen in virtually all historic masonry structures, 
cause nonlinear behavior and degrade the accuracy of the 
identified modal parameters. This is due to the fact that 
modal analysis assumes the structure to produce a linear 
response at the recorded vibration amplitudes. Furthermore, 
due to the highly dissipative nature of masonry, extracting 
vibrations far from the excitation source becomes difficult. 
Owing to these unique features of historic masonry 
structures, the planning and execution of vibration testing 
requires special consideration discussed within the following 
subsections. 

3.1 Reconnaissance and preliminary tests 

Before embarking on a full-scale vibration test, preparatory 
studies including reconnaissance trips, preliminary FE 
models and preliminary in-situ tests can be applied to 
effectively strategize the implementation of sensing 
equipment helping to determine such aspects as sensor 
location, mounting strategy and equipment logistics. The 
issues typically addressed by a reconnaissance survey are as 
follows [27]: the accessibility of the measurement locations, 
means to transport equipment to the measurement locations, 
layout of power sources, required length of sensor cables 
(for wired sensors), range of wireless data transfer (for 
wireless sensors), appropriate mounting techniques,  
condition of the vibration surface (rough or smooth; dirty or 
clean), geometry of the vibration surface (curved/inclined; 
note that special mounts must be designed to mount sensors 
vertically or horizontally on curved surfaces), excitation 
sources present at the structure (carillon bells, pipe organs 
etc.) and safety concerns (slippery surfaces, edges of the 
roof  etc.).  

Preliminary modal tests can be performed with a limited 
number of sensors to get estimates for the quality of the 
acquired data, ranges of frequency and vibration amplitudes, 
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dissipation of the vibration from the excitation source and 
measurement noise. These estimates allow better pre-
planning of the main experiment in deciding the equipment 
to be used and signal conditioning to be applied. Preliminary 
modal testing may also be used to improve the preliminary 
FE model for better estimation of higher modes of the 
structure that were missed in the preliminary tests. 

3.2 Sensors 

Accelerometers are the most widely used sensors for 
vibration measurement of stationary systems because of 
their high dynamic range, small size and ease of installation 
when compared to velocity and displacement transducers. 
Since the first natural frequency of historic masonry is 
typically low, the accelerometer must be capable of 
detecting frequencies lower than 3 Hz. Atamturktur et al. 
[27] have tested the vaults of five Gothic Cathedrals and 
found the first 10 modes to fall under 30 Hz. Typical 
amplitudes of ambient vibration encountered in historic 
masonry structures are to the order of 0.02 - 0.05% g. Thus, 
the accelerometer must have sufficiently high sensitivity to 
low amplitude vibration in that an output voltage of 1V/g 
typically yields sufficient sensitivity. 

If the modal analysis data is to be used for the calibration 
of the computer model, it is most convenient to have the 
direction of vibration sensors aligned with the global 
Cartesian co-ordinate system employed in the model. The 
curvature of the structural components makes the mounting 
of the sensors in the horizontal or vertical directions 
difficult, making it necessary to cast or fabricate mounting 
plates with adjustable screws. Mounting the accelerometers 
directly on the masonry surface using modeling clay, sticky 
tack or double-sided tape can also provide satisfactory 
measurement quality [27] [28].  

3.3 Sensor location 
While conducting vibration testing with the intent to identify 
the modal parameters, the placement of the sensors must be 
aimed at effectively identifying the first few mode shapes of 
the structure with the available number of sensors. Placing 
sensors at nodal points of the desired modes must be avoided 
as at these locations the modal displacements corresponding 
to that mode are negligible. Furthermore, special attention 
must be given to avoid spatial aliasing of desired modes, in 
which higher order modes appear to be of lower order. 
Prabhu and Atamturktur [29] have demonstrated the use of 
the Modified Effective Independence Method in the selection 
of optimal locations for a given number of sensors on a 
masonry cathedral. The method selects sensor locations such 
that maximum linear independence between the measured 
mode shape vectors is obtained while maintaining a certain 
minimum distance between the sensors. The method requires 
a numerical model of the structure and the sensor locations 
obtained for a masonry cathedral were found to be fairly 
robust with respect to variations in the model input 
parameters.  

3.4 Excitation source  

For traditional modal analysis, the most common sources of 
forced excitation are shaker, vibrodyne, mechanical actuator 

or instrumented hammer. The choice of excitation source 
depends on various factors including the accessibility of the 
structure, the available budget, etc. Shakers, vibrodynes and 
actuators capable of producing sufficient energy to excite 
large structures are typically difficult to transport. 
Instrumented impact hammers, which are relatively light 
weight and inexpensive by comparison, are more flexible in 
their application. Due to the inherent damping in masonry 
structures, the impact hammer must have a sufficiently high 
peak force rating to generate vibration energy sufficient to 
excite all measurement locations. At the same time, the 
system response must remain in the linear range with the 
vibration amplitudes not overloading the sensors nearest the 
excitation location. Typically, a soft hammer tip must be 
used that can excite frequencies up to 100 Hz. Atamturktur 
et al. [27] provide detailed guidelines for using impact 
hammers as an excitation source in testing the vaults of 
masonry cathedrals. 

Operational modal analysis, commonly known as ambient 
vibration testing, is another widely-implemented technique. 
This output-only method utilizes the ambient operational 
vibrations of wind, waves, traffic etc. as an excitation 
source. Since no artificial source of excitation is required, 
operational modal analysis is generally less time consuming 
and more economical than traditional modal analysis. 
Atamturktur et al. [22] have compared traditional and 
operational modal analysis techniques on an historic 
structure. 

4 MODEL CALIBRATION 
The precision and accuracy of numerical model predictions 
rely on the uncertainty and accuracy of the model input 
parameters and the assumptions established in the 
formulation of the numerical model. Model calibration (also 
known as model updating) refers to adjusting the model 
input parameters and correcting for the model bias to 
ultimately obtain a calibrated and bias-corrected model 
which better represents the behavior of the structure. The 
general process of model calibration, which involves 
systematic comparisons between model predictions and 
experimental measurements is outlined in Figure 1 and 
discussed in the following paragraphs. 

  

Figure 1: General process flow of model calibration. 
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4.1 Selection of comparative feature 

The comparative features are the low dimensional signatures 
extracted from both the model predictions and experimental 
measurements. As their name indicates, they serve as a link 
between test and analysis. Hence, feature extraction is 
essentially a process of data reduction where a large number 
of raw data points are reduced to a much smaller vector or a 
scalar quantity. Comparative features must be selected such 
that they are sensitive to the selected calibration parameters. 
A variety of comparative features which can be extracted via 
on site dynamic measurements, such as temporal moments 
and regression characteristics of the time history data, are 
discussed in [30]. 

Features most commonly implemented during calibration 
are the modal parameters including natural frequencies and 
mode shapes. It must be noted however that modal 
parameters only allow calibration of the linear parameters in 
a model, such as elastic modulus, density and linear 
boundary conditions. For calibration of non-linear 
parameters such as tensile strength, destructive experiments 
would be needed [31] [32]. Thus, the process of selecting 
comparative features and calibration parameters is 
intertwined and depends on the calibration goals and 
available experimental data. 

It should be emphasized that the use of modal parameters 
in model calibration mandates special attention to the correct 
ordering of the modes (also known as pairing of test and 
analysis modes); as calibration parameters are perturbed 
(typically iteratively through inverse analysis algorithms 
used in model calibration), modes may swap order, 
appear/disappear or become combinations of each other. 
Hence, assuring a correct pairing of modes is of the utmost 
importance in utilizing modal parameters within calibration.  

4.2 Selection of calibration parameters (uncertainty 
propagation, effect screening) 

The selection of a model input parameter as a calibration 
parameter depends on its sensitivity to the model prediction 
of interest as well as the uncertainty regarding the 
parameter’s precise value. These two factors of sensitivity 
and uncertainty are assessed in combination in the 
Phenomenon Identification and Ranking Table (PIRT) [33], 
based on which, a decision may be made on the selection of 
calibration parameters.  

The uncertainty in the parameters typically originates from 
a lack of knowledge owing to the unavailability of a large 
number of experiments on the parameter values. There are a 
number of different ways to represent this uncertainty, such 
as through probabilistic methods, fuzzy sets or convex 
modeling. In the absence of sufficient experimental data, one 
common approach is defining parametric uncertainty using 
expert opinion on the minimum and maximum bounds and 
assuming a uniform distribution within these bounds.  

Prior to the selection of calibration parameters, a 
sensitivity analysis must be conducted. The first goal of 
sensitivity analysis is to ensure that the comparative feature 
is sufficiently sensitive to the selection of calibration 
parameters. The second objective of sensitivity analysis is to 
assess the interactions between the parameters and their 
combinatorial effect on the comparative feature. If the 

parameters are strongly interdependent, calibrating one 
parameter may compensate for the inaccuracy in another 
parameter and ultimately lead to an unsatisfactory model 
calibration. The effect of interdependency or correlation 
between parameters, once identified, may be resolved either 
by holding one of the correlated parameters at its nominal 
value (assuming that reliable information regarding the 
nominal value is available) or by performing co-ordinate 
transformation on correlated parameters to obtain new 
uncorrelated parameters. 

4.3 Test analysis correlation and associated metrics 

As the name suggests, test-analysis correlation involves 
systematic correlations between the comparative features 
obtained from model predictions and experimental 
measurements. For such comparison however, a suitable 
metric that quantifies the agreement (or lack thereof) in the 
comparative feature must first be defined. The definition of 
this metric closely depends on the nature of the comparative 
features. A select few examples of such metrics include the 
Euclidian distance, i.e. the absolute geometric distance 
between two points [34]; the Mahalanobis distance, i.e. the 
weighted distance between a point and a population that 
considers the correlations [35]; and the Bhattacharyya 
distance, i.e. the weighted distance between two populations 
that also considers the correlations [36]. 

4.4 Calibration procedure 

The goal of calibration is to adjust the parameters such that 
the test-analysis correlation metric is improved. The two 
common approaches to parameter calibration are (i) 
optimization-based techniques [37], which often treat the 
model predictions and experimental measurements in a 
deterministic manners and (ii) probabilistic techniques [38], 
which acknowledge the inherent uncertainties in the model 
predictions and experimental measurements.  A notable 
probabilistic approach is Bayesian inference, which has 
recently received attention from those involved in the 
modeling and simulation of masonry monuments [39].  

It must be emphasized however that calibrating parameters 
of a model against experiments neglects any potential biases 
that might be present in the model due to unavoidable model 
imperfections. Such biases, which may result from 
simplifying assumptions established during the development 
of the geometric model or through the use of a 
homogenized, macro-model representation of the 
heterogonous masonry and mortar assembly, are 
commonplace in modeling masonry monuments.  Bias in 
model predictions can be approximated through an 
independently developed error model. Such a model, once 
trained, can also be used to bias-correct the model 
predictions. Of course, training of this error model must be 
completed simultaneously with the fine tuning of calibration 
methods. Recently, methods have been developed to 
simultaneously fine tune calibration parameters and train a 
model to represent bias [40]. Another future area of study 
may lie in the development of methods for the determination 
of predictive maturity among numerical models to establish 
for the user a more quantified level of confidence in model 
predictions [41].   
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5 VALIDATION 
A widely accepted definition of model validation is “the 
process of determining the degree to which a model and its 
associated data is an accurate representation of the real 
world from the perspective of the intended uses of the 
model” [42]. A numerical model that is calibrated against 
experiments becomes conditioned on the set of experiments 
used in calibration. Therefore, validation of the calibrated 
numerical model implies a demand for separate experiments 
that were not used in model calibration. Validation of a 
model also requires a definition of a validation metric along 
with a well-defined sufficiency criterion. The sufficiency 
criterion must be determined taking into account the 
manifestations of errors in the experimental process which 
arise at various stages of model development and 
experimentation such as natural variability between repeated 
experiments, imperfect sensor alignment, mismatch in the 
locations of sensors and corresponding nodes in the 
numerical model, geometric or construction imperfection as 
well as undocumented repairs that were not taken into 
account in model development.  

The concept of model validation must also be closely tied 
to a specific domain of applicability. This domain defines 
the operational conditions of the system of interest for which 
the model is expected to deliver predictions. The calibration 
domain however represents the domain which is contained 
by the available experiments for calibration. For masonry 
monuments, such a domain can be defined for various load 
levels, in that the experiments representing the behavior of 
the structure within a certain range of force levels would 
yield a model that is validated with a domain bounded by 
this range. Hence, if the model is executed to predict outside 
of this range, the predictions should not be considered 
validated. Ideally, the calibration domain and the domain of 
applicability overlap to prevent extrapolative predictions.  

6 CONCLUSION 
Numerical models are being implemented at an increasing 
rate to improve our understanding of the behavior of historic 
masonry monuments. Indeed, the use of such tools is 
becoming commonplace by the practicing engineering 
community, warranting a thorough discussion on the best 
practices for obtaining models of historic masonry 
monuments that are rigorously validated against 
experimental measurements with quantified uncertainty 
bounds on their predictions.  

The model development process requires a series of 
decisions made with established assumptions for achieving 
an accurate representation of the model. Although not 
discussed here in the level of detail it deserves, there is an 
established literature on the verification of numerical models 
along with mature tools for quantification of numerical 
uncertainties. It is the responsibility of the model developer 
to deliver a numerical model verified to yield converged 
predictions within the domain of applicability. 

In the model development process, many of the 
simplifying assumptions established at this stage lead to 
systematic biases in the predictions. Lack of knowledge 
about the input parameters needed to solve the equations of 
interests lead to uncertainty in the predictions. Recent 

methods available for model calibration can simultaneously 
handle these two sources of errors and uncertainties.     

The calibration and validation of numerical models 
invariably requires the availability of experimental 
measurements describing the performance of the structure 
under well-known conditions. Conducting on-site 
experiments can be demanding on resources (cost, 
personnel, equipment and time) and thus, utmost care must 
be given to ensure the experiments are carefully designed 
and executed to maximize the information gained for model 
calibration.   

The use of a numerical model may entail making 
predictions regarding the current condition of a structure (i.e. 
current world) or investigating what-if scenarios to predict 
the behavior of the structure under a possible load 
configuration that may occur in the future. For the latter, 
validation of the model becomes a challenging undertaking 
due to the absence of experimental measurements for a 
hypothetical scenario. Thus, model validation becomes a 
process of compiling evidence regarding the credibility of 
model predictions. Obviously, a larger body of evidence 
would lead to a higher confidence in a model’s ability to 
represent reality.  

This paper presents a thorough discussion on the 
validation and uncertainty quantification of numerical 
models of historic monuments. The reality of practical 
applications of the procedures presented herein is that the 
availability of resources (cost, personnel, equipment and 
time) will dictate both the scope and implementation of a 
model validation campaign. We must emphasize that 
neglecting model validation altogether and using numerical 
models that are not validated can deliver incorrect 
predictions for the management of structural heritage, and 
can ultimately increase the probability of failure.  

The discussions presented herein are specifically focused 
on masonry monuments. This focus however does not imply 
any restriction in expanding these concepts to other 
structural systems and to other fields. 
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ABSTRACT: The prediction of the dynamic response of railway bridges subjected to high-speed trains is investigated by 
stochastic methods to account for the unavoidable uncertainties. In this contribution Latin hypercube and line sampling is used 
for Monte Carlo simulations on a simple beam bridge model, to provide an overall overview of the structural reliability 
considering frequency variation, uncertain damping, and structural parameters. In particular, acceleration amplitudes define the 
limit states of the bridge models. Frequency uncertainties are a result of temperature induced stiffness changes and varying 
maintenance states of the bridge structure. With variation of the natural frequencies and bridge damping, both resonance speeds 
and the magnitudes of the resonance peaks are uncertain. Alternatively, on a more elaborated finite element bridge model, the 
influence of these uncertainties is investigated. The outcomes of the stochastic mechanical models with different degree of 
sophistication are compared with results of deterministic computations according to design guidelines. 

KEY WORDS: Dynamic response; Environmental impact; High-speed train; Line sampling; Railway bridge; Reliability 

1 INTRODUCTION 
More recently, the demand on reliable dynamic response 
prediction for bridges has been increased with the 
development of new high-speed railway lines. Excessive 
vibrations of these bridges may cause several problems, such 
as ballast instability and derailment due to loss of wheel-rail 
contact, and fatigue problems within the structure may arise. 
Additionally to passenger safety also passenger comfort must 
be ensured when a train passes a bridge. Consequently, 
several design guidelines [1-3] have been established to avoid 
these problems. These guidelines recommend creating a 
computational model that reproduces a kind of worst-case 
response scenario. This conservative approach is, however, 
non-economical, and furthermore, in many cases an 
unambiguous model cannot be defined when some of the 
relations that influence the dynamic response significantly are 
unknown. Some of the mentioned problems may even occur, 
although the design rules are satisfied. This may be the case 
for travelling speeds slightly below the maximum speed for 
which, according to guidelines, a quasi-static approach is 
sufficient. 

The dynamic response prediction of railway bridges is 
usually based on a deterministic approach, both in the design 
process and in research, although many uncertainties in the 
model parameters are present. The natural frequencies of the 
structure, for example, can vary with the temperature or with 
nonlinear response amplitudes. Furthermore, the real energy 
dissipation mechanism is quite complex. Nevertheless, 
commonly simple mechanical models of bridge damping are 
used, with parameters chosen by experience. By treating these 
uncertainties as random variables with a specific distribution 
its possible to compute estimates of the probability of bridge 
failure due to defined limit states. In the following, this 
stochastic approach is applied when analyzing two example 

bridges using mechanical models of different degree of 
sophistication. 

2 NUMERICAL MODELS 
In this contribution, high-speed train passing through a bridge 
is modeled as a sequence of moving single forces of constant 
speed v. Thus, the positive effect of vehicle bridge interaction 
is only considered by assigning additional damping to the 
bridge model. For examining the general response behavior of 
a railway bridge, simply supported single span structures with 
a single track are analyzed. 

2.1 Simple bridge model 
In the simpler approach it is assumed that the response of the 
bridge including rails, sleepers, ballast and supporting 
structure, is described sufficiently accurate by a Bernoulli-
Euler beam (see Figure 1 a) with constant structural 
parameters (mass per unit length ρ A, bending stiffness EI ). 
Without damping the equation of motion for the vertical 
deflection w(x,t) of this problem reads as [4, 5]: 

 ρ A&&w+ EIwxxxx = Fii∑ δ (x − ξi )Χi (t)  (1) 

 Χi (t) = H (t − ti ,0 ) − H (t − ti ,E )⎡⎣ ⎤⎦  (2) 

Herein, the ith axial force Fi  of the train is multiplied by the 
Dirac delta function δ evaluated at the actual position 
ξi = vt − si  of the force on the beam and a window function
Χi (t) composed of two Heaviside functions H, with the 
initial position si  and the travel speed v of the force. The 
window function serves as a switch, when Fi  enters (t = ti ,0 ) 
and leaves the beam (t = ti ,E ). Applying modal analysis and 
taking into account M mode shapes φn(x)  (n = 1, 2, .., M), the 
beam deflection is expressed as 

  
w(x,t) = φn(x)

n=1
M∑ qn(t) , 
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yielding M decoupled ordinary oscillator equations for the 
modal coordinates qn(t) ,  

 &&qn + 2ζnωn &qn + ωn
2qn =

1
mn

Fiφn(ξi )i∑ Χi  (3) 

where damping ζn  has been added modally. With the circular 
natural frequencies ωn  and modal masses mn  ( n = 1,..., M ) 
of the actual beam problem the computation of the deflection 

  w(x,t) and the acceleration    &&w(x,t) is straightforward. In the 
present study five modes approximate the modal series, with 
all modal damping factors equal, i.e. ζn = ζ . 

 
Figure 1. Mechanical bridge models: (a) Bernoulli-Euler 

beam bridge and (b) elaborated 3D-FE bridge (side view). 
 

 
Figure 2. Cross-section of the elaborated 3D-FE bridge. 

 

2.2 Elaborated bridge model 
An elaborated three-dimensional (3D) finite element (FE) 
model is used as a more realistic example of a railway bridge 
(see Figure 1 b and Figure 2). The supporting structure is 
discretized with beam and shell elements, considering the 
additional mass of the ballast bed. Point mass elements 
characterize the effect of the sleepers, and they are connected 
via springs to the structure to take into account the ballast 
stiffness. Bernoulli-Euler beam elements model the rails. A 
substructure approach as proposed in [4] based on modal 
analysis is used to compute the nodal deflections uFE(t)  and 
the nodal accelerations &&uFE(t)  of the bridge. Viscous 
damping is considered modally, with each damping ratio 
assumed to be equal, i.e. ζn = ζ .  
 

2.3 High-speed train load set 
For designing high-speed railway bridges according to 
European standards and provisions such as Eurocode 1 (EC1) 
[2] the load pattern generated by the moving single forces 
must be adjusted to static axle loads and axle spacing of the 
expected local train traffic. In addition, a high-speed load 
model (HSLM) consisting of a set of universal trains must be 
considered to ensure the interoperability of existing trains. 
Note that future rolling stock must be designed according to 
the HSLM train set to make sure that existing bridges can be 

crossed safely. Consequently, in this paper the considered 
bridge models are subjected to the HSLM-A train set to 
compare the derived estimates of the structural safety with the 
semi-probabilistic approach of EC1 [2]. This set consists of 
ten individual trains with different numbers of wagons, 
different axle spacing and axle loads, as specified in [2]. 

3 UNCERTAINTIES  

3.1 Damping 
One of the most important sources of uncertainty in the 
mechanical model is inherent structural damping. Energy 
dissipation is a result of various mechanisms within the 
structure. Friction in the joints, ballast and supports, hysteresis 
damping of the structural components, and the aerodynamic 
resistance of the bridge are sources of damping. Nevertheless 
the rather simply model of viscous damping, generally used in 
structural engineering problems, is applied to account for all 
energy dissipation effects. 

Clearly, the magnitude of the damping coefficient ζ  varies 
in a wide range depending on the bridge type and structure. 
Although damping can be measured after completion of the 
bridge, an estimate is already required in the design process. 
Especially in a state of resonance, damping has a distinct 
influence on the dynamic peak response of the bridge. In 
Fryba [6] the damping coefficient ζ  (expressed as the 
logarithmic damping decrement ϑ ) is documented for 
different types of railway bridges. Figure 3 shows these 
damping coefficients for steel bridges and their mean values 
(black line) with respect to the bridge span. The blue line 
represents the damping coefficient for steel bridges according 
to EC1, taking into account increased damping for span length 
smaller than 20 m, i.e. L < 20 m. It is readily observed that 
this line is a lower bound of the data revealed from 
measurements. In many cases this approach leads to 
conservative response predictions, and is therefor 
uneconomical. The red line represents the maximum damping 
coefficient according to the EC1 that accounts for bridge-
vehicle interaction (BVI) effects in bridges with spans 
L < 30 m. 

For the stochastic bridge models used in this study, the 
modal damping coefficient ζ  is assumed to be a lognormally 
distributed random variable with all random quantities 
positive. To exclude very unlikely low damping values a 
lognormal distribution with a cut-off is subject of further 
research. 

 

 
Figure 3. Modal damping coefficients ζ  for steel bridges 

according to [2] and [6]. 
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3.2 Environmental influences 
Changes of the environmental conditions may modify the 
dynamic behavior of the structure. For instance, in many 
bridges the stiffness, and in further consequence the natural 
frequencies, increase considerably when the temperature T 
drops below the freezing point due to frozen water within the 
ballast and the ground [7]. Several measurement campaigns 
on real bridges (e.g. [7-10]) have revealed that this stiffness 
modification results in more or less bilinear temperature-
natural frequency relationship. Thus, in the present study a 
bilinear function of the fundamental natural frequency f1 with 
respect to the temperature T as shown in Figure 4 is assumed. 
The temperature is modeled as a random variable according to 
an extreme value distribution. In the numerical simulations 
based on the simple Bernoulli-Euler beam model the bending 
stiffness EI is modified to obtain the fundamental natural 
frequency according to the relationship defined in Figure 4. 

 
Figure 4. Bilinear relationship between the fundamental 
natural frequency and the environmental temperature. 

 
Adopting of this black box-like treatment of the 

temperature-frequency relation to the more detailed finite 
element model is not straightforward. In a preliminary 
approach, here the ballast density δ b and ballast stiffness 
kx,y,z

b  is treated as random variable to account for the 
environmental impact on the bridge. Similar to the approach 
used in [11] a uniform distribution describes the density with 
limits specified in [3] and [12]. For the ballast stiffness a 
normal distribution with a mean according to [3] and a 
coefficient of variance CV = 0.1 is chosen. Table 1 provides 
the random variables for this bridge model. Note that a more 
realistic consideration of temperature effects in the 3D-FE 
model requires further research.  

3.3 Other uncertainties  
For the 3D-FE bridge model also material and geometric 
uncertainties are considered, see Table 1. Full correlation 
between Young’s modulus E and Poisson’s ratio ν of the steel 
members is assumed, whereas all other variables are taken as 
uncorrelated. In the model the thickness of the ballast follows 
a uniform distribution. A geometric factor βG  accounts for 
inaccuracies of height and width of the flanges of the main 
girders. These factors are chosen with a Gaussian distribution 
according to the guidelines specified in [13], however 
selecting smaller CVs because the set-up of the investigated 
structure shown in Figure 2 is simple, and thus, the 
uncertainties are expected to be small. 

4 PERFORMANCE FUNCTION 
Assuming sufficient resistance for static loads, the capacity of 
a railway bridge must also be ensured for dynamic loads from 
the high-speed train passage. Note only the internal forces are 
limited but also several other thresholds must not be 
exceeded. For example, the angle of twist and the vertical 
deflection of the bridge deck are limited to prevent derailing. 

According to [14] for vertical deck accelerations az,1
> 7 m/s2 the ballast becomes instable, and therefore, the rail 
settlement is increased, leading to a higher maintenance 
frequency of the bridge. When the vertical acceleration az,2  
exceeds 10 m/ s2, the risk of derailing is high. Consequently, 
also the maximum deck acceleration, which serves in the 
following examples as limit state, needs to be checked. 
According to the design guidelines [2, 3] these acceleration 
limits in combination with a safety factor of 2 must be 
satisfied for travel speeds v larger than 55.56 m/s, to provide a 
negligible risk of these failure modes. EC1 [2] requires a 
design speed 20% larger than the conceptual maximum travel 
speed (i.e. v0 = 1.2vE ) when comparing the results of a 
stochastic computation with these deterministic design rules. 

In contrast, a reliability analysis provides an estimate of the 
failure probability. The limit value az,1  is classified as a 
fatigue limit state, for which a failure probability pF  < 10-4 is 
specified (EN1990 [1] for RC2 class buildings). For ultimate 
limit states with the threat of human life such as derailing, a 
failure probability of pF < 10-6 is the European standard. To 
evaluate the failure probabilities of a bridge subjected to the 
train set HSLM-A with a design speed v0 with respect to the 
acceleration limit az , the limit state function g(x,v0)  for 
given set of random parameters x = ( X1, X2,..., Xn)  is derived 
according to: 

 g(x,v0) = az − max &&w( X1, X2,..., Xn,v ≤ v0)( )  (4) 

The failure state of the bridge is reached for g(x,v0) < 0, 
giving the indicator function 1F (x,v0) = 1. In a safe condition 
g(x,v0) > 0 and 1F (x,v0) = 0 . 
 

4.1 Simulation methods 
Reliability analysis of the present study is based on Monte 
Carlo simulations (MC) with standard random samples and 
Latin hypercube samples (LH) [15-17]. Simple counting of all 
failed samples and dividing by the sample size N gives an 
estimator of probability of failure:  

 p̂F =
1
N

1F (xi ,v0)
i=1

N

∑  (5) 

These methods are also quite useful for visualizing the 
response variability in a spectral representation (see Figures 6 
to 8). Although the application of LH sampling reduces the 
sample size significantly [15, 17], this method is still 
computationally expensive, especially for a more elaborated 
bridge model. Hence, in this study line sampling (LS) [18, 19] 
is adopted to estimate the probability of failure with less 
computational effort, as shown in Figure 5. Given that the 
critical acceleration response max &&w(x,v0)  for R random 
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variables increases in the important direction defined by unit 
vector eimp , its kth entry is evaluated according to: 

 ek
imp = s( Xk ) / s( Xk )2

k=1
R∑  (6) 

Herein is s( Xk )  a measure of the importance of the kth 
random variable Xk  with standard distribution σ k  [20]: 

 s( Xk ) =
∂g(x,v0)

∂Xk
σ k  (7) 

The set of random variables x and unit vector eimp
 is 

transformed into standard normal space, yielding a set of 
standard normal distributed random variables u and the 
important direction unit vector eu

imp
 in the transformed space. 

From each representation Un  of a random sample of size N in 
this space, the boundary of the failure region, defined by 
g(u,v0) = 0 , is found iteratively in the direction eu

imp . The 
probability of failure pF (Un)  along a random “line” is given 
by a one-dimensional normal distribution (see Figure 5). An 
estimator of pF  for line sampling is [18]: 

 p̂F =
1
N

pF (Un)
n=1

N

∑  (8) 

 
Figure 5. LS procedure in standard normal space. 

 

5 SIMPLE BRIDGE PROBLEM 

5.1 General response behavior 
To provid a global view of the response behavior of a railway 
bridge with uncertain parameters, a short simply supported 

single span bridge is investigated, which is modeled as 
Bernoulli-Euler beam (span length: L = 17.5m, fundamental 
natural frequency at T1 = 10°C: fT1  = 5.0 Hz. The modal 
damping values ζ  and the temperature T are modeled as 
uncertain random quantities with distributions specified 
above, and mean μ  and CV according to Table 1. A bilinear 
temperature-frequency relationship as shown in Figure 4 is 
assumed to hold true, with T0 = 2.5°C, and the negative slopes 
for both linear branches k0 = 0.02 and k1 = 0.004, respectively. 

The scatter of the maximum acceleration response &&w(x,t) 
induced by the 10 trains of the HSLM-A set is visualized in 
Figure 6. Since the maximum acceleration may occur at a 
travel speed v smaller than the design speed v0, the maximum 
response value of the entire speed range v < v0 is depicted in 
terms of the non-dimensional speed parameter S0(T)
= 2v0 / f1(T)L, as introduced in [5]. Each grey line 
corresponds to the bridge peak acceleration response excited 
by one train, at the mean values of the random parameters. 
The solid blue line envelopes the mean response of all trains, 
and represents the maximum acceleration for the train set with 
design speed v0. A variation of the damping coefficient ζ  
shifts this line towards the quantiles of the maximum 
acceleration response that are shown with dashed blue lines, 
indicated with a blue arrow. The vertical solid line represents, 
for a given design speed v0, the mean value of S0(T) . Since 
a change of the temperature T changes the fundamental 
frequency f1, this limit is shifted to the left if T becomes 
smaller ( f1 increases) and to the right if T increases ( f1 
decreases), respectively, as indicated by the red arrow. 

In this model the effect of both random variables on the 
acceleration response is decoupled. Variation of damping 
directly influences the maximum acceleration response at 
mean speed S0 , especially in a state of resonance. On the 
other hand, a temperature change and the corresponding 
frequency change only shifts the resonance peaks to different 
speeds v. Hence, the boundaries of S0  are moved without 
affecting the response magnitude. In speed ranges where the 
gradient of the response envelope (blue line) is zero, the 
maximum acceleration is, thus, not changed. However, when 
another resonance peak is moved in- or outside the speed 
range up to S0  it can induce a large in- or decrease of this 
response quantity. 

Figure 7 visualizes the variability of the envelope of the 
maximum bridge acceleration response, plotted against the 
actual travel speed v. In addition to mean, 15% and 85% 
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Figure 6. Uncertain maximum acceleration for uncertain natural frequency and damping. 
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quantiles also the minimum and maximum spectra of a 
standard Monte Carlo simulation with 5000 samples are 
plotted. Figure 8 contains the same data, however, here the 
maximum acceleration in the speed range 0 ≤ v ≤ v0  is plotted 
against the design speed v0. These figures reveal that the 
expected maximum acceleration varies considerably, i.e. the 
quantiles deviate 38% from the mean. 

 
Figure 7. Spectrum of maximum acceleration of the beam 

bridge subjected to the HSLM-A train set with respect to the 
actual train speed v. 

 

 
Figure 8. Spectrum of maximum acceleration of the beam 

bridge subjected to the HSLM-A train set with respect to the 
design speed v0. 

 

5.2 Probability of failure 
The parameters of the bridge are tuned to yield a deterministic 
maximum bridge response that corresponds to the acceleration 
limit az,1/2 = 3.5 m/s2 (according to EC1) for a design speed of 
v0 = 83.3 m/s. For this deterministic bridge the fundamental 
frequency f1 is equal to fT1, and the damping coefficient ζ  is 
the mean specified in Table 1, i.e.  ζ = 0.01. In Figure 7 a 
dashed black line represents the limit value az,1/2 = 3.5 m/s2. 
Consequently, the deterministic bridge assessment for a safety 
factor of 2 can be compared with the failure probability of the 
proposed stochastic model. An estimator for the probability of 
failure p̂F  for different acceleration limit values az  and a 
design speed of v0 = 85.0 m/s is determined with the methods 
mentioned above. 

Figure 9 reveals the advantage of LS. With increasing 
sample size N all methods (MC, LH and LS) converge to the 
same estimates of the probability of failure. For LS, a sample 
of N = 100 realizations already gives accurate results, proving 
its efficiency compared to the other methods. Although within 

the iterative procedure more points need to be evaluated, the 
boundary of the failure domain is usually found within two to 
four iterations. For higher acceleration limits az , Figure 9 and 
Figure 10 show that the probability of failure is decreasing 
fast, therefore large sample sizes are needed for MC and LH 
methods and making for this application LS the preferred 
method. In Figure 11, the estimate of p̂F  (LS, N = 100) is 
displayed for different design speeds and the threshold value 
of az,1  = 7.0 m/s2. Within the considered speed range the 
estimates of pF comply with the postulated failure probability. 
According to this stochastic model a speed limit of 
vE = 85.0 m/s can be approved compared to the allowed speed 
of vE = 83.3 / 1.2 = 69.4 m/s based on the deterministic 
concept. 

 
Figure 9. Estimates of the probability of failure for different 

simulation methods, sample sizes and limit states. 
 

 
Figure 10. Estimates of the probability of failure for 

increasing acceleration limits. 
 

 
Figure 11. Estimates of the probability of failure for 

increasing design speed v0. 
 

5.3 Effect of the temperature-frequency relation 
The resulting failure probabilities depend strongly on the 
model and on its uncertain variables. The large impact of the 
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damping parameter and its distribution has already been 
discussed before. Here the effect of the underlying 
temperature-frequency relationship (as shown in Figure 4) is 
studied, by varying the negative slopes k0 and k1. Assuming a 
linear behavior for k0 = k1, in Figure 12 the 15%, 50%, and 
85% quantiles of the maximum acceleration (MC, N = 5000) 
for resonance speeds va = 45.0 m/s (red) and vb = 67.5 m/s 
(blue), and speed vc = 85.0 m/s (black) are plotted against the 
slope k0. These particular speeds are highlighted in Figure 7. It 
can be seen that with increasing negative slope the median 
acceleration decreases slightly for va and vb. In contrast, this 
response quantity slightly increases for vc combined with a 
strong increase of the acceleration variability. This behavior is 
a result of the shift of the resonance peaks of the spectrum. 
While speeds va and vb represent a resonance peak, vc is ahead 
of a peak, and thus yields an increase of the acceleration and 
its variability. 

 
Figure 12. Maximum acceleration at speeds va, vb, and vc. 

Linear temperature-frequency relation, k1 = k0. 
 

 
Figure 13. Maximum acceleration at speeds va, vb, and vc. 

Bilinear temperature-frequency relation, k1 = 0.001.  

Figure 13 visualizes the same response quantity for a 
bilinear temperature-fundamental frequency (T - f1) relation 
with k1 = 0.001 = const and slope variation for freezing 
temperatures k0 . In this situation for all considered speeds va-c 
a decrease of the acceleration is observed. The stiffness 
increase due to low temperatures shifts the resonance peaks to 
higher speeds, and thus, beyond the considered speed range. 
Figure 14 shows the probability of failure p̂F  for these two 
cases exemplarily for a design speed of v0 = 85.0 m/s. For the 
linear temperature-frequency relation p̂F  rises fast, because 
with increasing temperatures natural frequencies become 
smaller. The results of this figure reveal that an increase of the 
natural frequency due to frost has no negative effect on the 
bridges acceleration response with respect to design limits 
(red line). 

 
Figure 14. Probability of failure, LS N = 100. 

 

6 ELABORATED BRIDGE MODEL 

6.1 Example bridge 
As a further example problem a steel bridge composed of two 
mirror-symmetric simply supported beam-like structures 
carrying the two tracks is examined. One half of the bridge 
structure, with a cross section as displayed in Figure 2, is 
modeled as 3D-FE model, considering rails, sleepers, ballast, 
and the supporting structure. The span L of the bridge is 
16.8 m, its width b is 4.67 m, and the main girders heights [h1, 
h2, h3] are [2.09, 1.14, 1.10] m. Ten transversal oriented I-
girders distributed equally over the span provide cross stiffing. 
The bridge is subjected to the trains of the HSLM-A set. In the 
numerical simulations the first ten modes are taken into 
account. In the underlying deterministic bridge model with 
assigned mean values of the uncertain parameters, thus, all 
modes up to 30 Hz are included in the analysis. 

Table 1. Random variables for both example bridges.  

Model Nr. (Xk) Random variable Distribution μ /min (uniform) CV /max (uniform)
Bernoulli-Euler 

beam 
1 Temperature T [°C] Extreme value 8.97 1.02 
2 Modal damping ζ [%] Lognormal 1.00 0.66 

3D-FE 

1, 6 Steel bridge/rail E [N/m2] Gaussian 2.1e11 0.03 
2, 7 Steel bridge/rail ν Gaussian 0.30 0.03 
3 Ballast density δb [kg/m3] Uniform 1900.0 2000.0 
4 Ballast height hb [m] Uniform 0.55 0.65 
5 Ballast stiffness factor βk Gaussian 1.00 0.10 

8-20 Girder geometric factor βG Gaussian 1.00 0.01 
21 Modal damping ζ [%] Lognormal 1.05 0.60 
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6.2 Parameter uncertainties 
A total number of 21 parameters are considered as uncertain, 
and they are listed in Table 1 together with distributions, mean 
values and coefficients of variance, or alternatively min- and 
max-limits in the case of uniform distributions. According to 
EC1 for this bridge the maximum allowed damping is 

 ζ = 1.5% , compare with Figure 3. For the stochastic model 
the random variable X21 stands for the modal damping values 
ζn = ζ . The underlying log-normal distribution is adjusted 
with the result that the median of X21 fits the maximum 
damping value according due EC1 ( ζ = 0.9%) without taking 
account BVI. The 15% and 85% quantiles correspond to 
damping values of  ζ = 0.5% and ζ = 1.6% , respectively. 

As an outcome of a LH simulation with N = 5000 
realizations, Figure 15 shows the natural frequency 
distribution for the first mode (bending) and the second mode 
(torsional) of this bridge with assigned uncertain parameters. 
It is readily observed that both distributions have a Gaussian 
shape. The blue line visualized the corresponding mean value. 

 
Figure 15. Distribution of the natural frequencies of the first 

and second mode. 
 
When applying LS, for different design speeds v0 

important directions are evaluated according to Eq. (6). 
Therefor the partial derivative with respect to the kth random 
variable needed for s( Xk )  is evaluated as slope of the secant 
between its mean value μk  and μk + 0.1σ k . In Figure 16 the 
entries ek

imp of the importance vector eimp  are depicted for 
varying design speeds v0 . It is seen that the damping 
coefficient (X21, deep blue) has a distinct influence on the 
maximum acceleration response. Moreover, also Young’s 
modulus of the steel members (X1), the ballast density (X3) 
and height (X4) are significant. From the remaining random 
variables, only the height of the web (X19) of the right U-
shaped girder and the ballast stiffness (X5) have some 
influence at certain speeds. 

 
Figure 16. Important directions for line sampling as a function 

of discrete design speeds v0. 
 

6.3 Reliability 
The response behavior of the bridge due to a change of its 
random parameters is basically the same as displayed in 

Figure 6. Variation of Young’s modulus has the same impact 
on the response as illustrated by the red arrow in Figure 6. In 
this figure the blue arrow indicates the effect of uncertain 
bridge damping. However, variation of density, height and 
stiffness of the ballast and the remaining uncertain variables 
affect simultaneously response magnitude and resonance 
frequency. The important directions for the design speeds v0 
shown in Figure 16 are affected alike. 

For design speeds v0 = 31.0 and 70.0 m/s2, respectively, 
five of the above mentioned random variables have a major 
influence on the important direction for finding the failure 
region. The positive values for e3

imp and e4
imp (X3 and X4) 

indicate that an increase of the mass leads to a rise of the peak 
acceleration response. Thus, changes in the resonance speeds 
are likely to move a new resonance peak within the 
considered speed range. The expected drop of the acceleration 
response for an increase of these parameters is observed for 
the other selected design speeds presented in Figure 16. For 
the design speeds v0 = [55.0, 60.0, 65.0] m/s only the random 
damping value (X21) leads to noteworthy changes of the peak 
acceleration. 

 
Figure 17. Spectrum of maximum acceleration induced by the 
HSLM-A train set for actual train speed v, elaborated bridge 

model. 
 

 
Figure 18. Spectrum of maximum acceleration induced by 
HSLM-A train set for design speed v0, elaborated bridge 

model. 
 
The spectral representation of the maximum acceleration 

response is computed with a LH sample using 5000 
realizations. In Figure 17 and 18 the results of this simulation 
are represented by minimum, mean and maximum values, and 
15% and 85% qauntile values, plotted against traveling and 
design speed v and v0, respectively. Additionally, also the 
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peak acceleration of the deterministic model is shown. The 
deterministic assessment yields a limit of the maximum 
conceptual speed vE = 69.7 / 1.2 = 58.1 m/s for the ballast 
stability limit az,1. In Figure 19 for the limits az,1 and az,2 an 
estimator for the failure probability is shown as a function of 
the design speed v0. The results displayed with black and 
blue solid lines are evaluated with a LH sample of N = 5000 
realizations. The dashed line represents the outcomes of the 
LS procedure with N = 100 realizations. The failure 
probability of pF = 10-4 required for az,1 is exceeded for all 
considered design speeds. With speeds higher than 
v = 67.0 m/s also the higher threshold az,2 yields not permitted 
values of pF > 10-6. In this example problem the variance is 
quite large. Moreover, the computed unit vectors eimp  point 
in the direction of locally increasing accelerations in the space 
of considered random parameters. The global directions may 
be different. Hence, larger samples (N > 250) are needed for 
the LS procedure to give accurate results also for the small 
values of pF when the design speeds are small. 

 

 
Figure 19. Estimates of the probability of failure for 

increasing design speed v0, elaborated bridge model. 
 

7 CONCLUSION 
A probabilistic approach is used for estimating the reliability 
of railway bridges subjected to high-speed trains, with 
consideration of uncertain parameters. In this study the 
maximum acceleration response of the bridge is the governing 
response quantity. As simulation methods standard Monte 
Carlo simulations, Latin hypercube sampling and line 
sampling are used. 

On a simple example bridge, additionally to uncertain 
viscous damping coefficients, the impact of a seasonal 
fluctuation of the environmental condition is modeled via a 
bilinear frequency-temperature relationship. Accordingly, 
stiffening of the structure due to frost shifts the resonance 
peaks to higher speeds and hence, the maximum acceleration 
response of the model are reduced. 

For the more elaborated finite element model of a steel 
bridge, 21 uncertain parameters are considered. From these 
parameters, damping coefficient, ballast-height and -density 
and Young’s modulus of the steel members have the largest 
influence on the dynamic bridge response. 

The probability of failure for these two examples is 
governed via the likelihood of exceeding a certain threshold of 
the bridge deck acceleration. The simple example bridge 
shows good agreement with the outcome of an Eurocode 
based design. 

The stochastic approach reveals that the elaborated example 
bridge does not satisfy the safety requirements when the train 
speed is larger than 30 m/s. In contrast, an Eurocode based 
design allows almost twice the travelling speed. This outcome 
depends however primarily on the chosen distribution of the 
damping coefficients, which are the governing quantity for the 
peak response in a state resonance. 

For the simpler example problem line sampling is by far the 
most efficient method for the stochastic analysis. Since for the 
more elaborated model the variance of the bridge response is 
higher, larger samples are needed to predict reliably small 
failure probabilities. 
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ABSTRACT: The paper presents an efficient method for analysing an influence of random changes in ballast stiffness  
on railway bridge vibrations caused by a train passage. Three different types of train model are taken into account: a sequence  
of moving forces, a set of moving unsprung masses and two-level mass-spring-damper system. Ballast stiffness fluctuation 
appearing along the track is considered as stationary Gaussian process. Three autocorrelation types of the process are assumed, 
including “white-noise” and exponentially decaying function – with or without harmonic pulsation. Numerical analysis  
of probabilistic response characteristics is performed for a simply supported, one-track railway bridge, by applying Monte Carlo 
method. The results demonstrate that a simplified model of the train, being a set of moving forces, may be used in stochastic 
displacement analysis. In turn, the acceleration analysis requires a more realistic, fully sprung model of the vehicle. Random 
fluctuation of the ballast stiffness has a much greater impact on accelerations of bridge vibrations than on displacements.  

KEY WORDS: Railway bridge dynamics; Vehicle modelling; Random ballast stiffness; Monte Carlo simulations. 

1 INTRODUCTION 

The quality of railways on high speed lines has crucial 
influence on safety and comfort of travel, therefore in many 
recent works, variability effects of geometrical and material 
track parameters are examined in the train – track vibration 
analysis. The problem is especially important when consider 
the railway track lying on a bridge. However, in many papers 
on dynamic behaviour of bridge - track - train system, much 
attention is paid to geometrical irregularities of rails, in contrary 
to the ballast stiffness effects which are quite rarely raised  
by the authors.  

As it is commonly known, the ballast stiffness may vary 
along the track due to different factors (e.g. changes in ballast 
layer thickness, non-uniform compacting, environmental 
conditions or dynamic load effects). Ballast stiffness is also 
dependent on track condition (e.g. track alignment and profile, 
material breakage, cementation, biological debris). Simultaneous 
analysis of factors mentioned above is not possible using 
deterministic methods. In these circumstances, probabilistic 
approach is a good alternative because it allows to describe  
all changes in ballast stiffness by stochastic fluctuation around 
a specific constant value. 

So far, the problem of randomly varying ballast stiffness has 
been considered in literature only for a railway track lying  
on the ground. Such a problem has been analysed by Naprstek 
and Frýba [1], who investigated vibrations of a beam resting 
on Winkler foundation with random stiffness. Oscarsson [2] 
performed laboratory and field experiments in order to 
determine probabilistic characteristics of vehicle - ballasted 
track system. Wu and Thomson [3] examined an influence of 
random irregularities of ballast stiffness and sleeper spacing 
on railway track vibrations. They concluded that random 
ballast stiffness, as opposed to sleeper spacing, has no 
influence on the noise level emitted by a rail during a train 
passage. 

A certain approach to an assessment of randomly varying  
ballast stiffness influence on railway bridge vibrations has 
been presented by the authors of this paper [4]. An original 
model of bridge - track - train system with the ballast idealized 
as continuous, viscoelastic non-inertial foundation, has been 
formulated by Galerkin’s Finite Element Method. The effect 
of vibration propagation from a train entering or leaving the 
bridge has been taken into consideration, by addition of two 
track sections adjacent to the bridge. The dynamic load caused 
by a train passage has been modelled in a simplified manner, 
as a set of moving unsprung masses. Therefore, couplings 
between train and bridge vibrations have been omitted.  
The model of a bridge structure, created especially for 
stochastic analysis, allowed to describe along-track variations 
of ballast stiffness by a random function dependent on spatial 
coordinate measured along the track axis.  

This paper is a continuation of the research described in [4] 
which was of initial nature and was limited to probabilistic 
displacement analysis of bridge girder and rails. The analysis 
presented in the paper is extended to cover accelerations  
of railway bridge vibrations which are necessary not only in 
ride comfort assessment but also in the track and bridge 
durability problem. This is based on a fact that in dynamic 
reliability assessment due to material fatigue much importance 
is attributed to the frequency of strain peaks occurrence [5]. 
Such frequency depends on accelerations of in-time strain 
variations, and in consequence, depends on acceleration  
of structure vibrations. 

Substantial problem in acceleration analysis of railway 
bridge vibrations is a proper choice of a railroad vehicle 
model. In extensive literature concerning bridge dynamics,  
a train is idealized in various manner: as a series of moving 
forces or point masses, as a set of moving single-mass 
viscoelastic oscillators, or by two- or three dimensional 
models consisting of mass elements connected by viscoelastic 
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constraints. For example Yau et al. [6] when researching the 
ride comfort of passengers have accepted a train model in the 
form of moving single-mass viscoelastic oscillators. In papers 
[7-9] the authors have described a train as a mass system with 
two-level suspension, assuming that each car has six internal 
degrees of freedom. Such a model, where four wheelsets  
are mounted in two two-axle bogies is most frequently used  
in literature. Xia and Zhang [10] for analysis of a beam railway 
bridge vibrations have presented a spatial model of a train  
in which each car has fifteen internal degrees of freedom. 

Detailed modelling of a train is without doubt important 
when dynamic response of a vehicle is under analysis. 
However, when the bridge vibrations are considered,  
the question of a rail vehicle model is still open. Frýba [11] 
states that the detailed train description is irrelevant when the 
vehicle mass is considerably smaller than the mass of analysed 
structure. Nevertheless, many contemporary models of railway 
vehicles tend to be very complex, what increases computational 
effort while simulating bridge vibrations. 

The probabilistic analysis performed by Monte Carlo 
method is especially time-consuming, therefore it is desired  
to reduce a train model as much as possible. For that reason, 
the main purpose of this paper is a comparison of probabilistic 
characteristics of bridge and track vibrations calculated  
for three train models: a sequence of moving forces (“force 
model”), moving point masses (“mass model”) and commonly 
used two-dimensional mass model with two-level suspension 
(“train model”). In order to determine the probabilistic 
characteristics of displacements and accelerations of railway 
bridge with randomly varying stiffness of the track ballast,  
the Monte Carlo computational method has been adopted. 
Correlation between ballast stiffness variations appearing 
along the track has been taken into account. Three different 
types of the correlation function has been assumed: 
exponentially decaying harmonic function, exponentially 
decaying function without harmonic pulsation and “white 
noise” type function. Numerical analysis has been performed 
for evaluating an influence of ballast stiffness fluctuation  
on bridge displacements and accelerations. As a final conclusion, 
justification of simplifications in rail vehicle models adopted 
for stochastic vibration analysis has been presented. 

2 STOCHASTIC MODEL OF BALLAST STIFFNESS 

Let’s assume that vertical stiffness of the track ballast varies 
randomly along the track and these variations can be 
described as a minor fluctuation around a certain constant 
value. Then, the function describing the random ballast 
stiffness can be written in the following form: 

 )()( xkkxk
(

+=  (1) 

as a sum of mean value k  and zero-mean random function 

)(xk
(

 dependent on spatial coordinate x measured along track 

axis [4]. Because many independent factors may affect ballast 
stiffness, the random stiffness fluctuation can be treated  
as a stationary Gaussian process, according to the central limit 
theorem. Power spectral density function (PSD function) of such 
a process can be obtained by in situ measurements or can be 
analytically determined basing on an a priori assumed 
correlation function. In this paper the second approach is used. 

From the assumption of stationarity of the stiffness 

fluctuation process )(xk
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between two points 1x  and 2x  on the track axis, that yields 
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that the correlation between stiffness fluctuation at two points 
on the track decays with the increase in distance ζ,  
we conclude that the adopted correlation function should be  
a decaying function. Next, considering experimental results 
from paper [12], which definitely show the presence  
of a characteristic frequency of track stiffness variations 
resulting from sleeper spacing, we conclude that an essential 

part of PSD function of the )(xk
(

 process should be concentrated 

around this frequency.  
Above requirements are satisfied by the correlation function 

assumed in the form: 
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function (3) reaches maximum values around the frequency 
θπθω T/2==  [rad/m] where Tθ is the dominant wavelength 

of ballast stiffness fluctuation, which is assumed to be equal to 
sleeper spacing. The parameter α > 0 affects the correlation 
decaying. The larger its value is, the quicker the correlation 
disappears, so the process becomes more chaotic.  

The assumed correlation function (2) decays exponentially 
with the parameter α and pulsates harmonically with the 
frequency θ. In order to assess an influence of the assumed 
correlation type on standard deviations of the dynamic bridge 
response, two additional autocorrelation types will be examined 
in numerical analysis:  

• the function decaying exponentially without pulsation θ:  

 )exp()( 2 ζασζ −=
kkk

K (((  (4) 

• and most chaotic process of “white noise” type:  
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where δ(ζ) stands for Dirac delta function. The corresponding 
density functions are as follows, respectively: 
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3 DYNAMIC MODEL OF A TRAIN 

In this paper commonly used two-dimensional dynamic model 
is adopted (see e.g. in Reference [8]). Therefore, it is assumed 
that a running train consists of Nv identical railroad vehicles 
supported by two-axle bogies through two-level suspension 
(primary and secondary). Each vehicle comprises a car-body, 
two bogies and four wheelsets, joined together with linear 
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springs and viscous dampers modelling primary and secondary 
suspension (Figure 1). The car-body and bogies are modelled 
as rigid mass elements, each of them possesses two dynamic 
degrees of freedom: vertical displacement wi and rotation φi,  
i = 1, 2, 3. Masses and central rotational mass moments  
of inertia of car-body and bogies are denoted by symbols Mc, 
Jc and Mb, Jb. Stiffness and damping parameters of primary 
and secondary suspension are denoted by k2, c2 and k1, c1, 
respectively (see Figure 1). It is assumed that wheelsets (each 
of the mass Mw) roll over the track in a full contact with rails, 
therefore their vertical displacements W1…W4 are the same as 
rail deflections in contact points.  

By these assumptions, vibrations of every vehicle are 
described by six internal dynamic degrees of freedom, 

collected in the vector T
321321v ],,,,,[ ϕϕϕwww=w , and four 

dynamic deflections of the rail T
4321v ],,,[ WWWW=W , where 

symbol ( )T means the transpose of a matrix. 

Figure 1. Model of a single vehicle. 

Applying Langrange equations after formulating energy 
expressions, we can obtain the following equation of motion 
of the vehicle numbered iv:  
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and “over-dots” represent time derivatives. Mass matrix Bv, 
damping matrix Cv and stiffness matrix Kv are of dimension 
10 × 10. Excitation vector contains dynamic impact forces 

T
4321v ],,,[ FFFF=F  acting on wheelsets (see Figure 2). 

 
Figure 2. General model of a train and bridge. 

Considering all vehicles vv ,...,2,1 Ni = , let’s introduce the 

vector T
v2v1vT ])(,...,)(,)[(

vNwwww =  that contains internal 

DOFs of subsequent vehicles constituting a train, and the 

vector T
v2v1vR ])(,...,)(,)[(

vNWWWw =  listing all wheelsets 

displacements presented in Figure 2. Then, after an appropriate 
transformation of equations (7), the vibrations of the whole 
train can be described by two matrix equations written  
in the following compact form: 
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where BRR, CRR and KRR are diagonal matrices.  
Numbering iv = 1, 2, …, Nv determines the sequence of cars, 

counting from the head of the train. It means that successive 
vertical displacements of wheelsets, included in the vector wR, 
as well as dynamic impact forces Fj listed in the vector F can 
be new numbered by j = 1, …, N where N = 4Nv. Moreover, it 
should be emphasized that dynamic impact forces Fj acting on 
wheelsets and on the rail are the same, but the total point loads 
Pj acting on the rail (see Figure 2) comprise also static loads 

gMMMG j )5.025.0( wbc ++= , that is: )()( tFGtP jjj += .  

Finally, the first equation extracted from (9) is of the form: 

( ) TRTRRTRTTTTTTTTT FwKwCwKwCwΒ =+−=++ &&&&  (10) 

which describes vibrations of the train, induced kinematically 
by the rail motion. The second matrix equation of the set (9) 
defines time dependent dynamic loads acting on rails,  
as follows: 

( ) ( )RRRRRRRRRTRTTRT wKwCwBwKwCF ++−+−= &&&&  (11) 

4 EQUATIONS OF MOTION OF COUPLED SYSTEM: 
BRIDGE GIRDER - BALLASTED TRACK - TRAIN 

In paper [4] authors have presented a two-dimensional, 
dynamic model of a system: bridge girder - ballasted track, 
which is loaded by a set of moving unsprung masses 
modelling the train. This model has been used in this paper  
to formulate the equations of motion of a system consisting  
of three coupled dynamic subsystems: a bridge girder, 
ballasted track and the train. 

Following the assumptions described in detail in [4],  
the ballasted track has been divided into three sections:  
the central one lying on the bridge of the length L0, and two 
approaching sections of the lengths L1 and L2, resting on a rigid 
subgrade, on the left and right side of the bridge, respectively. 
Taking into account long enough approaches allows to consider 
the propagation effect of rail vibration, caused by the train 
entering and exiting the bridge. It has been assumed that  
the layer of ballast is a continuous, viscoelastic foundation  
of linear characteristics k(x) and c(x), dependent on x coordinate 
measured along the track. This key assumption allows to 
include the stochastic model of the ballast stiffness, defined  
in Section 2. Equations of motion of bridge girder and three 
track sections mentioned above have been derived by using 
Galerkin’s Finite Element Method where both the bridge 
girder and a couple of two rails are modelled as prismatic 
Euler-Bernoulli beams with continuous mass distribution.  
To assembly equations of motion of subsystems (bridge girder 
and three track sections), the substructure technique similar  
to the one described in Reference [8] has been used. 
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The final equations of motion, derived in [4], contain time 
dependent matrix blocks appearing due to the load in the form 
of moving point masses modelling the train. After omitting 
these matrix blocks, a system of two matrix equations is obtained 
in the following compact form: 
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which constitutes a start point for further considerations. 
Equations (12) describe coupled vibrations of the system: 
bridge girder (“g”) – ballasted track (“r”), whereas the vector 
Fr representing the load on track is not yet defined. 
Nevertheless, the overall aggregation formula is known: 
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which enables to calculate the vector Fr on the basis of nodal 
load equivalents Fki defined for the kth finite element of the i th 
rail section. Index i = 0 denotes the central section of the 
track, while indices i = 1, i = 2 denote the section before and 
after the bridge, respectively. Symbol nri stands for the 
number of finite elements used to discretize the i th rail section. 
Matrices Aki and Ai realize displacement transformations:  

 ,rikiki qAW =        rr qAq ii =  (14) 

where the vector Wki lists element nodal displacements, qri 
assembles nodal displacements of the i th rail section, qr  
is a collective set of nodal displacements, covering all three 
rail sections. 

Vertical rail displacements within the element length are 

approximated as: )()(),( T ttw kikiki WN ξξ = , by typical cubic 

Hermite polynomials which form the vector of local shape 
functions )(ξkiN , where kilx )/(=ξ , 10 ≤≤ ξ . All remaining 

denotations used in equation (12) are explained in [4]. 

4.1 Railway track load 

As it is shown in Figure 2, the track is loaded by a sequence  
of moving time-dependent forces Pj(t) consisting of static Gj 
and dynamic Fj(t) axle pressures of train wheelsets. It is assumed 
that the train passes with constant velocity v, so the location  
of the jth force on the track, in a time t is described by a function 
sj(t) = vt ‒ dj where dj stands for a distance between the force 
and the train head. In the initial moment t = 0, the train head is 
at the left edge of the track section L1 preceding the bridge.  

Element load distributed on the element length can be 
expressed using the Dirac delta function δ(·), by a formula: 
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where ikij
P
ki alktsts j −−−= )1()()( . Distances a0 = L1, a1 = 0, 

a2 = L1+ L0 are the spans of preceding track sections (see [4]). 
In this case, vector of nodal equivalents of the element load 
(15) is expressed as: 
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where ki
P
ki

P
ki lts jj /)(=ξ . Setting axle loads Pj = Gj+F j  

in vectors P = G + F, from j = 1 to j = N, and organizing  

the vectors jP

kiN
~

 as columns of  matrix:  
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we can rewrite the formula (16) into the form: 
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Vector F gathering dynamic axle pressures of the train  
is described by the equation (11) which contains wheelsets 
displacements Wj(t) collected in the vector Rw , their speeds 

Rw&  and accelerations Rw&& . Displacements of wheelsets are 

equal to dynamic rail deflections at contact points which 
determine the positions of Pj forces at a time t. Hence, if the 
force Pj is placed on the kth element in the i th track section, 

then we have )()]([]),([)( ttttwtW ki
P
kiki

P
kikij

jj WN ξξ T== . 

So, considering the definitions (17) and (18) the following 
results are obtained: 
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where ξdd /)( =′ . Substituting expressions (20) and (21) 

into equation (11), and then (11) into (19) gives the result: 
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which on the basis of formulae (13) and (14) leads to the final 
form of rail load vector: 
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4.2 Kinematic excitation of train vibrations 

Kinematically induced train vibrations are described by equation 
(10) where the excitation vector takes now the form: 
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which is obtained by substituting formulae (20) into (13)  
and summing contributions of all rail elements. Taking into 
account displacement transformations (14), the following result 
is obtained: 
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4.3 Final equation of motion of the considered system 

Now, vibrations of the system: bridge girder - ballasted track  
- train are described by a three coupled matrix equations:  
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where the first one is directly the equation (10) while the 
second and third equations are created on the basis of (12). 
After substituting the excitation vectors (23), (24) into (26), 
and transferring the terms dependent on displacements, 
velocities and accelerations to the left side, we can write 
equations (26) together, as follows:  
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Note that the couplings between train and track vibrations 
result from the assumption that vertical displacements  
of wheelsets are equal to rail deflections at contact points, 
while the rail and girder vibrations are coupled due to 
connecting ballast layer. 

It is also worth noting that the assumption F = 0 in 
definition (19) leads to the simplified load model in the form 
of a sequence of moving forces representing static axle loads. 
Then, the system of equations (27) becomes de facto a system 
of two matrix equations with constant coefficients.  

In turn, the simplified load model being a series moving 
unsprung masses can be procured by the assumption that 
masses and rotational mass moments of the bogies and car 

bodies are equal to zero.  Instead, the mass of each wheelset 
should be increased by a half of the bogie mass and a quarter 
of car body mass. Such procedure leads directly to governing 
equations presented in [4]. 

5 NUMERICAL ANALYSIS 

Numerical vibration analysis of the railway bridge with 
random ballast stiffness has been performed on an example of 
a simply supported, single track reinforced bridge with a span 
of L0 = 30.0 m. Flexural rigidity of the bridge girder equals 
EgIg = 1.0703358·1011 Nm2. Mass of the ballast and sleepers 
has been included into uniformly distributed mass of the 
girder mg = 3.3147·104 kg/m. It is assumed that damping 
characteristic of the ballast is constant and equals 
c(x) = c = 2,8667·105 Ns/m2, whereas the ballast stiffness 
varies randomly along the track, fluctuating around the mean 

value =k 1.1·108 N/m2 with the variation coefficient 

303.0/ ==k
k
(σ %. Lengths of approaching track sections are 

taken as: L1 = L2 =100 m, basing on [8] where it has been 
stated that this length is sufficient to model a track of infinite 
length in numerical simulations of bridge vibrations. Flexural 
rigidity of the beam representing two rails equals 
ErIr = 1.2831·107 Nm2, and intensity of mass distribution  
is mr = 1.21·102 kg/m. In calculations, material damping in rails 
is taken into account, with the retardation time κr = 2.1·10-5 s, 
as well as structural damping of the bridge girder, with the 
dimensional parameter µr = 0.984 s-1. Vibrations of the bridge 
and rails are excited by a passage of Shinkansen train moving 
with velocity v = 60 m/s (216 km/h). Train consists of eight 
repetitive cars, each of 25 m length, supported by two twin-
axle bogies (Figure 3). 

Figure 3. Arrangement of a train. 

The mass of fully loaded car-body equals Mc = 3.60·104 kg, 
mass of the bogie is Mb = 4.95·103 kg and mass of each 
wheelset is Mw = 2.40·103 kg. Central rotational mass moments 
are: Jc = 1.894·106 kg·m2 and Jb = 6.150·103 kg·m2.  
Suspension characteristics are taken as: k1 = 8.870·105 N/m, 
c1 = 4.335·104 Ns/m, k2 = 2.540·106 N/m, c2 = 1.963·104 Ns/m. 
Axial half distances between suspension elements are: 
e1 = 8.25 m and e2 = 1.25 m (see Figure 1). All parameters  
of Shinkansen train have been taken from [13]. 

5.1 Analysis of probabilistic characteristics of bridge 
vibrations for three models of a train 

For the need of numerical analysis, the stationary Gaussian 

process )(xk
(

 describing ballast stiffness fluctuation has been 

approximated by commonly known spectral representation 
described in details in [4]. Probabilistic characteristics of track 
and girder vibrations have been determined using Monte 
Carlo method, where each numerical simulation of structure 
vibrations was obtained on the basis of an independent sample 
of ballast stiffness fluctuation. After having performed  
a sufficient large number of simulations, time dependent 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2741



expected value E[R(t)] and standard deviation D[R(t)] of each 
examined structural response R(t) have been calculated using 
generally known formulas.  

In the first stage of research, the correlation function (2) 
decaying with harmonic pulsation has been adopted, assuming 
the following coefficients: α = 2.0 and θ = 10π/3. The last 
coefficient corresponds to dominant wavelength of ballast 
stiffness fluctuation Tθ = 0.6 m, being a sleeper spacing. 
Probabilistic characteristics of dynamic response of the 
structure have been calculated on the basis of 100 simulations. 

As it is shown in Figure 4, time histories of expected values 
and standard deviations of both bridge girder and railway 
track dynamic displacements, obtained for the simplified 
moving force model and for the fully sprung train model are 
very similar. Extreme values selected from these solutions and 
listed in Table 1 differ quite slightly.  

Table 1. Extreme expected values and standard deviations: 
dynamic deflections [mm]. 

 E[wg] D[wg] E[wr] D[wr] 
Force model 3.34 1.25E-3 3.85 3.18E-2 
Mass model 3.46 6.15E-3 3.96 6.81E-2 
Train model 3.36 1.35E-3 3.91 2.79E-2 

 
Moving mass model gives slightly larger amplitudes  

of expected values and much (several fold) larger values  
of standard deviations when compared with the two other 
models. Thus a conclusion follows that the unsprung mass 
model of the train is not appropriate for an analysis of stochastic 
vibrations of bridge - track system. This model leads to 

overestimation of real inertia forces acting on the rail  
and therefore degenerates the results of standard deviations. 
However, it should be emphasized that the dispersion of both 
girder and railway track displacements caused by stochastic 
fluctuation of ballast stiffness is negligible. Despite the fact 
that standard deviations of dynamic rail displacements  
are about tenfold larger than these of the girder, they constitute 
only a fraction of percent when compared to the expected 
values. Therefore, from engineering point of view, the proper 
choice of the train model is not important in this displacement 
analysis.  

In turn, analysis of girder and track accelerations 
undoubtedly shows significant differences in expected values 
and standard deviations for the three models of the vehicle. 
Presented in Figure 5, time histories of expected values 
calculated for bridge girder accelerations are characterized 
mostly by low-frequency oscillations when obtained from the 
simplest moving force model. In analogical solutions obtained 
for the two other models, high-frequency oscillations with 
significant amplitudes are imposed on low-frequency solution. 
In a case of expected values of rail accelerations, high-
frequency oscillations are dominating for all considered load 
models. Expected values of accelerations grow along the degree 
of vehicle model complication, extreme peaks of accelerations 
rise, especially for rail vibrations. Data presented in Table 2 
shows that absolute of extreme expected values of rail 
vibration accelerations obtained for the force model  
are almost two times smaller than values for the sprung  
model (“the train model”). This decrease is slightly smaller 
for the girder. 

 
Figure 4. Expected values E[·] and standard deviations D[·] of girder “g” and rail “r” displacements at the bridge mid-span, 

computed for three railroad vehicle models. 
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Figure 5. Expected values E[·] and standard deviations D[·] of girder “g” and rail “r” accelerations at the bridge mid-span, 

computed for the three railroad vehicle models.
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Table 2. Extreme expected values and standard deviations: 
accelerations [m/s2]. 

 E ][ gw&&  D ][ gw&&  E ][ rw&&  D ][ rw&&  

Force model 0.31 4.83E-3  6.99 0.43 
Mass model 0.49 0.12 -9.70 1.37 
Train model -0.51 2.72E-2 -12.69 0.41 

 
Neglecting of inertia forces in the moving force model leads 

to almost complete elimination of random ballast stiffness 
effects on accelerations of girder vibration, because standard 
deviations are close to zero (see Figure 5 and Table 2). In this 
case, such simplified force model is inadequate. However,  
it can be used to analyze standard deviations of stochastic 
vibrations of railway track alone, what results from Figure 4. 
On the other hand, the model consisting of unsprung masses 
overrates standard deviations of both girder and rail 
accelerations, thus causing groundless assessment that the ballast 
stiffness fluctuation affects them very significantly. Therefore, 
it is recommended to use most realistic, fully sprung model  
of the train when analyzing stochastic accelerations of girder 
vibrations. Overrating of standard deviations of bridge 
accelerations, observed in mass model, results from 
unacceptable omission of suspension elements of the train  
in calculating dynamic axle loads acting on the track. 

5.2 Influence of the assumed correlation type on 
accelerations of girder vibration  

Figure 6 presents time histories of standard deviations  
of girder accelerations, calculated assuming three correlation 
types described in Section 2: exponentially decaying function 
with harmonic pulsation (2), exponentially decaying function 
without pulsation (4) and “white noise” process (5). It follows 
from presented graphs that an omission of the pulsation, 
equivalent to an assumption that the dominant wavelength  
of ballast stiffness fluctuation does not exist, causes more than 
double increase in standard deviations. Standard deviations 
obtained for the most chaotic “white noise” process are more 
than quadruple higher than these calculated for function of the 
type (2). It means that the dispersion of accelerations is highly 
dependent on the type of correlation function used to 
approximate the correlation between ballast stiffness 
fluctuation appearing at two different points on the track. 

Figure 6. Standard deviations of girder accelerations  
at the bridge mid-span for different correlation functions. 

 

Therefore, it would be better to determine the real PSD 
function of the stiffness fluctuation process, by using in situ 
measurements, instead of its calculation on the basis  
of theoretically assumed correlation function. 

6 GENERAL CONCLUSIONS 

An efficient method for analysing effects of randomly varying 
ballast stiffness on railway bridge vibrations has been 
presented. An influence of railroad vehicle modelling  
on probabilistic characteristics of bridge vibrations has been 
analysed. The following main conclusions have been derived: 
• The simplified train model in the form of a sequence  

of moving forces may be applied only in stochastic analysis 
of dynamic displacements. 

• To analyse both stochastic and deterministic  accelerations 
of bridge vibrations, the train should be modelled as a set of 
railroad vehicles being MDOF dynamic systems consisting 
of sprung masses modelling vehicle elements (car body, 
bogies, wheelsets), connected by viscoelastic constraints. 

• The train model in the form of a set of unsprung masses 
significantly overrates standard deviations of displacements 
and accelerations of both bridge girder and rails.  

• An influence of random stiffness fluctuation of the track 
ballast on the bridge displacements is negligible while  
on bridge accelerations is significant and grows when the 
fluctuation process becomes more chaotic. 

• In order to precisely assess considered random effects  
on dynamic response of the bridge, it is necessary to perform 
in situ measurements in order to determine the real PSD 
function of the ballast stiffness fluctuation.  
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ABSTRACT: Pavement structures of asphalt mixtures exhibit variability in their responses to loading and environmental conditions,
such as heat and moisture. Thus, it is vital to account for this variability for robust predictions of the response and performance of
pavement structures. This study addresses the stochastic modeling and propagation of macroscopic linear viscoelastic constitutive
properties of asphalt mixtures within a parametric probabilistic framework. Experimental measurements of the creep compliance
have been used to construct two types of stochastic models: spatially-invariant models and spectral stochastic spatially-dependent
models of linear viscoelastic material properties. The latter methodology utilizes Karhunen-Loève expansion method for an
optimally-reduced stochastic dimension. These models are propagated using a non-intrusive spectral projection method, for which
the sparse grid method has been used to sample the cubature nodes. Accordingly, a spectral representation of the response of
interest, strain, is constructed and used for statistical quantification. This approach could be appropriate to address various aspects
of the performance of asphalt pavements.

KEY WORDS: Asphalt mixtures, linear viscoelastic materials, Non-intrusive spectral projection (NISP) approach, Sparse grid
cubatures, random fields, Karhunen-Loève, polynomial chaos.

1 INTRODUCTION

Asphalt mixtures are complex heterogeneous materials com-
posed of three phases (aggregates, asphalt binder, and air
voids) with diverse material, geometric, bonding characteristics,
and spatial positioning. Pavement structures of asphalt
mixtures exhibit variability in their responses to loading and
environmental conditions, such as heat and moisture [40].
This variability could be associated with the highly uncertain
and variable microstructure, affected by the quality of the
construction process, together with the uncertain operational
environment. This, in turn, is reflected in the macroscopic
behavior. The heterogeneity and variability associated with
material properties, geometry, and spatial positioning of the
constituents are considered one of the main contributors to the
response variability. For instance, the materials, the geometry,
and the spatial distribution of the aggregates, the size and the
spatial distribution and connectivity of the air voids; and the
cohesive and adhesive mechanical and chemical properties of
the mastic, all contribute to such highly variable microstructure
and corresponding macroscopic behavior.

Criteria and specifications are usually set to control the
product quality of asphalt mixtures. However, even in the highly
controlled production process, variability in the microstructure
cannot be eliminated. For instance, there exist mixing and
compacting methods that control the air void content in asphalt
mixtures, nevertheless, selected specimens from the same
mixture will comprise slightly different air void percentages, not

to mention their spatial distribution and connectivity [21], [20],
[16], [18], [17]. These same specimens, if tested, would not
result in same measurements, rather, a certain level of scatter.

Asphalt mixtures composition and response to various
boundary conditions could be well described as highly variable
and uncertain. For a reliable modeling and robust prediction
of this behavior, it is desirable to account for the possible
sources of variability and uncertainties associated with their
properties and behavior. To do so, sufficient data at various
scales are required. For instance, stochastic modeling at
finer scales of the structure is required to upscale towards the
coarser scales, given that various sources of variability and
uncertainties are associated with the microstructure of asphalt
mixtures. The amount and quality of available relevant data
dictates the thoroughness of the modeling. Advanced screening
and testing equipment shows that heterogeneity and anisotropy
are manifest in asphalt mixtures material properties [16], [19],
[15], [18], [17] , yet, these are modeled in most current
applications as homogeneous and isotropic materials [22], [23],
[24], [25], where measurements from two or three specimens
are commonly averaged and considered as nominal properties.

Asphalt mixtures have been shown in several studies
to exhibit time- and temperature-dependent viscoelastic and
viscoplastic behavior [26], [27], [28], [29], [30]. However,
they are commonly treated as elastic structures [24], [31].
Recent advanced works have been addressing linear and
nonlinear viscoelastic, viscoplatic, etc., behavior of asphalt
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mixtures within deterministic frameworks. Yet, the majority of
works addressing the stochastic modeling of material propertis
assumes homogeneous and elastic materials [32], [33], [34],
[35], [36], [37]. Available studies on stochastic modeling of
viscoelastic material properties are scarce [11], [38], [39], [14].
Hilton et al. [11] proposed to use a beta or a normal distribution
function to represent the relaxation curve where upper and
lower envelopes in the time domain were associated with ±3σ
dispersion, for which the standard deviation was modeled as
a function of time. Caro et al. [38] and Castillo et al. [39]
proposed to model the viscoelastic material properties in terms
of randomized air void fields. The spatial air void realizations
were generated and used to infer associated realizations of
viscoelastic properties in terms of the correspondence reported
in literature. A recent work by Soize and Poloskov [14]
proposed a time-domain formulation for linear viscoelastic
media with model uncertainties and stochastic excitation based
on nonparametric probabilistic approach and the random matrix
theory.

This study addresses the stochastic modeling and propagation
of macroscopic viscoelastic constitutive properties within a
parametric probabilistic framework. Constitutive models
of linear viscoelastic materials are usually modeled using
rheological mechanical models which are also called prony
series model [7]. A comprehensive accounting of randomness at
finer scales is outside the scope of this study, rather, its effect that
is conveyed to macroscopic behavior is considered. Due to the
heterogeneous and chemical composition of asphalt mixtures,
the material responds differently at different time zones or at
different temperatures. This is governed by the terms of the
prony series model. each term represents a phenomenon taking
place at finer scales, which implies that the stochasticity at the
macroscopic level is implicitly a result of random microstructure
phenomena. The parameters of the prony series model, i.e.,
retardation times and creep coefficients, could be modeled
either as spatially-invariant random variables or as spatially-
dependent stochastic processes. In the latter approach, each
time-dependent microstructure phenomenon will be dominant
at other spatial locations, which in turns, suggests the presence
of a certain form of spatial dependency. This spatial dependency
is modeled using Karhunen-Loève expansion [4].
In the studies pertaining to infrastructure materials, it is
customarily to test a very small number of samples, mostly two
or three. Experimental data is needed to construct data-driven
stochastic models. The proposed methodology is demonstrated
using limited number of experimental measurements obtained
from testing asphalt mixtures specimens designed to have 4% air
void content. This number is insufficient to construct thoroughly
stochastic models. Hence, some assumptions have to be made
to compensate the lack of adequate information required to
construct exhaustive stochastic models. As more data becomes
available, these models could be updated. Nevertheless, the
constructed models in this study conform perfectly to the
available experimental measurements, i.e. creep compliance
measurements[13]. Stochastic models of material properties are
advantageous in terms that once propagated in a computational
models, the uncertainty in the predicted response can be

quantified. This is crucial to the design process or predictive
studies of the highly uncertain and variable asphalt mixtures
structures. A Non-intrusive spectral projection (NISP) approach
is used to propagate the variability in the material properties
[5]. To do so, the models are interfaced with an Abaqus
finite element model of a 2D pavement structure via a user
material subroutine UMAT. The coupled models are used to
construct a stochastic representation of the strain response using
the polynomial Chaos expansion [4][5]. This stochastic model
has been used to generate random realizations which are used to
statistically quantify the strain response.

2 MECHANICAL MODELS FOR THE RHEOLOGICAL
BEHAVIOR OF LINEAR VISCOELASTIC MATERIALS

The constitutive equation, stress-strain relation, for uniaxial
deformation of linear viscoelastic material under isothermal
condition is given in the following form, according to the
Boltzmann superposition integral [1],

ε(t) = D0 σ(t)+
∫ t

0
D(t − τ)

dσ(τ)
dτ

dτ, (1)

where, D0 and D(t−τ) are the instantaneous and transient creep
compliance components. That is, total strain is composed of two
components; an instantaneous component and a time-dependent
component. The linear viscoelastic behaviour of materials
is usually modeled using appropriate mechanical (rheological)
models. These models comprise of ordered combination
of linear elastic springs and linear viscous dashpots[1], [2].
Specifically, the so-called generalized Kelvin model, which
comprises of a spring and several voigt units (spring and dashpot
in parallel) connected in series, is usually used to approximate
the retardation behavior. The general form of the stress-
strain constitutive equation can be expressed in terms of linear
differential operators as [2],

N

∑
n=0

bn
dnε(t)

dtn =
M

∑
m=0

an
dmσ(t)

dtn (2)

The solution of this equation is usually obtained in the frequency
domain and is dependent on the specific arrangement of the
springs and dashpots in the model. The corresponding time
domain expression of the solution, constitutive equation, known
as the PSM [2], can be expressed as,

D(t) = D0 +
Np

∑
n=1

Dn
(
1− exp(−t/τn)

)
, (3)

where D0 is the instantaneous creep compliance, also known
as the glassy compliance Dg [7]. Dn and τn are the retardation
creep coefficient and the retardation time corresponding to the
unit n in the generalized kelvin model, respectively. Note
that Dn = 1/En and τn = ηn/En, where En and ηn are the
spring modulus and dashpot viscosity characterizing the unit n.
Here, n = (1, · · · ,Np), where Np is the number of the units and
consequently the number of terms in the PSM.

Thus, the strain in equation 1 can be estimated using the
PSM by substituting D(t − τ) by ∑Np

n=1 Dn
(
1− exp(−t/τn)

)
.

The retardation times indicate how fast the material recovers
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the strain while the creep coefficients indicate how much it is
recovered over a specific time interval.

Of importance in many problems is the frequency-based
expressions of the creep compliance, given that experimental
measurements of the creep compliance are usually performed
in the frequecny domain. It is common to express the time-
dependent creep compliance in the frequency domain in terms
of the storage D′(ω) and loss D′′(ω) compliances. These can
be easily deduced from equation 3 [9] and will be used to model
the viscoelastic properties, hereafter.

D
′
(ω) = D0 +

Np

∑
n=1

Dn

(1+ω2 τ2
n )

, (4)

D
′′
(ω) = D0 +

Np

∑
n=1

ω τn Dn

(1+ω2 τ2
n )

, (5)

PSM is able to account for a range of temperature and
time/frequency correspondence. That is, the number of
terms in the PSM should be equal to the recovery times
(decaying frequencies) covered by the experimental data, which
is equivalent to a certain range of temperatures given that the
asphalt mixtures are known to be thermo-rheological materials.
The physical interpretation of this phenomenon is that due
to the heterogeneous and chemical composition of asphalt
mixtures, the material responds differently at different time
zones or at different temperatures. This is governed by the
different retardation times that correspond to the different
recovery/decaying terms in the PSM. That is, the smallest
retardation time and creep coefficient are associated with the
first term in the PSM (n = 1) representing the first voigt unit.
At the beginning, the contribution of this term would have
the dominant contribution. As time passes, The contribution
of this term reaches its maximum and becomes constant and
equal to the associated creep coefficient (D1) as the time-
recovery (frequency-decaying) effect disappears. Concomitant
to this, the contribution of the retardation time from the
second term dominates the response and acts as a correction
to the first one. This process continues until the effect of the
largest retardation time diminishes and the corresponding creep
compliance reaches D∞ =D0+∑Np

n=1 Dn. The effect on the creep
compliance at later times will be governed by more terms of the
PSM. Thus, each retardation time and creep coefficient can be
assumed to correspond to a different phenomenon taking place
at the micro-level. At a certain time/temperature, the dominant
phenomenon will be also dominant at different locations.
Therefore each retardation time or creep coefficient at one
point can have the same or dependent effect at another location
because it reflects the retardation of the same phenomenon,
while, the associated creep coefficient represents the importance
of this phenomenon. This concept is significant as stochastic
models of these parameters will be developed in the following
section.

3 STOCHASTIC MODELING: A SPECTRAL APPROACH

In order to account for the uncertain and variable nature of
asphalt mixtures composition and hence behavior, stochastic
models of the linear viscoelastic properties will be introduced

in this section. Generally speaking, the stochastic models could
assume that the retardation times and creep coefficients will be
modeled as either spatially-invariant random variables (RVs) or
spatially-dependent stochastic processes (SPs). According to
the discussion in the previous section, each parameter in the
PSM will be modeled as an independent random quantity. In
the case of spatially-invariant variables, the parameters can be
modeled as a second-order random variable, R, associated with
a probability distribution function PR. Since the parameters
of the PSM can be strictly assigned positive values, candidate
distributions could be a lognormal distribution logN

(
λR,ζ 2

R
)
,

or alternatively a uniform distribution U(a,b), or a Beta
distribution Beta(r;α ,β ), in case bounded distributions are
sought [6]. Alternatively, if none of the known probability
distributions fit the data well, an arbitrary random distribution
can be constructed using spectral expansion methods such as
Polynomial Chaos (PC) expansion [4].

The PSM was shown in the previous section to cover the
material behavior at different time zones through the retardation
times in the exponential terms. Each term, corresponding
to one retardation time and weighted by a creep coefficient,
governs one time interval and thus can be associated with a
different phenomenon taking place in the microstructure. At
this certain time interval, the dominant phenomenon will be
also dominant at different spatial locations. This suggests the
presence of certain form of spatial dependency associated with
each phenomenon. To model the macroscopic effect of these
phenomena, each retardation time or creep coefficient can be
modeled as stochastic process (SP). Let sp denotes a second-
order SP, sp(x,θ) is defined such that [4],

sp : (x,θ) ∈ Λ×Θ 7→ sp(x,θ) ∈ R, (6)

where Λ is a spatial bounded domain, d is the dimension of the
domain ( d = 1 for unidimensional domain, i.e. x = x, and
d = 2 for two-dimensional domain, i.e. x = (x,y)), and θ is
an event ∈ Θ, the space of all random events. As a continuous
function of space, an accurate representation of the SP requires
an infinite number of correlated RVs which is computationally
intractable. It is customarily to utilize discretization methods
to approximate the SP in terms of denumerable RVS. The
efficiency of the discretization methods are usually measured
by the number of RVs required to achieve a certain error
level [12][8]. Spectral discretization method, specifically, the
Karhunen-Loève expansion method [4] is the most efficient
and has been used widely in literature. This is due to the
efficient reduction of the stochastic dimension (number of the
RVs representing the SP) for a given accuracy. In addition,
the random and spatial dependencies can be separated in terms
of a set of uncorrelated RVs and a deterministic correlation
function of the spatial domain. The stochastic process can be
written in terms of a deterministic and a random components
sp(x,θ) = sp(x) + ŝp(x,θ). The first component represents
the mean (mathematical expectation) of the SP while the
second component represents a zero-mean SP characterized
with a correlation kernel C(x,x’); x,x’ ∈ R. C(x,x’) is
bounded symmetric, and positive definite that accepts a spectral
decomposition in the form C(x,x’) = ∑∞

i=1 λi fi(x) fi(x’) [4].
Here, λi and fi(x) are the ith eigenvalue and eigenfunction of
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C(x,x’) and can be obtained by solving:∫
Λ

C(x,x’) fi(x) dx = λi fi(x’), (7)

in which the normalized eigenfunctions form an orthonormal
set, i.e., fi(x) f j(x) = δi j,∀ i and j. Accordingly, sp(x,θ) can
be descretized as,

sp(x,θ) = sp(x)+
∞

∑
i=1

√
λi ξi(θ) fi(x), (8)

where ξi(θ), i = (1, · · · ,∞) is a set of uncorrelated centered
second-order RVs such that, E {ξi} = 0 and E

{
ξiξ j

}
= δi j.

This KL expansion can be approximated by considering a finite
number of terms NKL, which follows from an error minimizing
property [4]. The truncated expression of the SP has the
following form,

s̃p(x,θ) = sp(x)+
NKL

∑
i=1

√
λi ξi(θ) fi(x), (9)

The truncation order of the KL expansion depends on the
decaying rate of the eigenvalues which form a decreasing
sequence of positive numbers. That is, for NKL determined
such that ∑NKL

i=1 λi/∑∞
i=1 λi ∼ 1, the mean-square-error due to the

truncation, i.e. E
{∥sp− s̃p∥2

}
= ∑∞

i=NKL
λi, is minimized. The

variance function associated with the truncated series can be
estimated as,

Var[s̃p(x,θ)] = σ2
x

NKL

∑
i=1

λi fi(x)2 = σ2
x

NKL

∑
i=1

λi 6 σ2
x , (10)

In the absence of sufficient experimental data, the correlation
function C(x,x’), is approximated by an exponential correlation
function; typically assumed for the case of a rectangular domain,
which has the advantage to express equation 7 analytically [4].
For a rectangular domain Λ with x ∈ [−a,+a] and y ∈ [−b,+b]
and corresponding correlation length lx and ly, the exponential
correlation function can be defined for unidimensional (1D)
domain or two-dimensional (2D) domain as,

ρ(x,x’)=


σx exp

(
−|x− x′|

lx

)
f or 1D domain,

σx exp
(
−|x− x′|

lx
− |y− y′|

ly

)
f or 2D domain,

(11)
where, σx = σx.σy.

For 2D domain and assuming that the eigenfunctions are
separable, i.e., f (x,y) = f (x) f (y) and given that C(x,x’) =

C(x − x′,y − y′) = σx exp
(
−|x− x′|

lx

)
exp
(
−|y− y′|

ly

)
, the

solution of the eigenvalue problem, equation 7, can be given
as,

fi(x) = fp(x). fq(y), λi = λp λq, (12)

where, p=(1, · · · ,Nx
KL), and q=(1, · · · ,Ny

KL). fp(x), fq(y), λp ,
and λq, the eigenfunctions and eigenvalues in x and y directions,
are estimated depending on the indices p or q be it odd or
even [4]. The truncation order of the KL expansion depends

on the decaying rate of the eigenvalues which form a decreasing
sequence of positive numbers. Thus, λi estimated from equation
12 need to be sorted in descending order. Then, NKL can be
determined such that ∑NKL

i=1 λi/∑∞
i=1 λi ∼ 1. The corresponding

eigenfunctions of the retained terms in KL expression should be
considered in the model, accordingly.

4 STOCHASTIC MODELING OF LINEAR VISCOELAS-
TIC PROPERTIES OF ASPHALT MIXTURES

Asphalt mixtures are thermorheologically simple material, i.e.,
the temperature-dependent curves of the measured dynamic
modulus can be superimposed [Pellinen 2003]. This is usually
performed by shifting the data horizontally by the so-called
time-temperature shifts factors determined with respect to a
predefined reference temperature; so that they are laid on
a master curve corresponding to this reference temperature.
Measurements of the dynamic creep compliance D∗ and
corresponding phase angle θ in dynamic modulus tests [13], are
used to construct the master curves of the storage compliance (
D′ = D∗ sinθ ) and the loss compliance ( D′′ = D∗ cosθ ). In
turn, these are used to identify the parameters of the associated
PSMs, eqs. 4 and 5, according to the procedure introduced in
[13]. The data adopted for this study corresponds to specimens
S1AV4Ag0 and S2AV4Ag0; in which, (S1, S2) refer to the
specimen, (AV4) refers to the air void percentage, and (Ag0)
refers to the aging time.

According to eq. 9, a PSM associated with the mean
of all possible realizations is of importance. The available
measurements from specimens S1 and S2 are used to
update the parameters of a PSM representing the mean
model. The order of the PSM defined in equations 3-
5 is determined so that the decaying terms cover the
(reduced) frequency range of the available experimental data.
Thus, The PSM is defined for a prony order equal to 10,
that is, the retardation times are assumed such that τn =(
10−03, 10−02, 10−01, 100, 101, 102, 103, 104, 105, 106

)
given

that t = 2π/ωr.

D(t) = D0 +
Np=10

∑
n=1

Dn
(
1− exp(−t/τn)

)
, (13)

In this study, the retardation times are fixed while the creep
coefficients are updated. This implies that the ratio between
the viscous parameter of the dashpot and the modulus of the
spring in the corresponding Voigt unit is constant according
to the definition of the retardation time, τn = Dn ∗ηn = const.
The identified PSMs of the creep compliance associated with
measurement data of S1 and S2, as well as of the mean
of measurement data at each experimental frequency µS1,S2,
are plotted in both the frequency and time domains in figure
1. These models will be used in the construction of the
stochastic models hereafter. Figure 1 shows that the variation
range is significant at low frequency and reduces with the
increase in the frequency. That is, the variation becomes
more significant as time passes. Creep coefficients can be
modeled either as RVs or as SPs. In the absence of available
data needed to examine the dependency among these Rvs/SPs,
they are assumed statistically independent. Given that the
PSM parameters are strictly positive quantities, the underlying
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Figure 1. Creep compliance for S1 and S2 in frequency and
time domains

stochastic processes could be modeled such that the KL RVs
are modeled as lognormal variables, or rather, as uniform or
Beta-distributed variables is bounded supports are desired. In
this work, uniform distributions are selected to model the KL
RVs with appropriate support [a,b] selected so that E

{
ξ 2
}
=

1. The standard deviation of each process is proposed with
regard to the experimental PSM parameters obtained for the
specimens S1, S2. The corresponding truncated Karhunen-Love
decomposition for each SP can be expressed as,

Dn0
0 (x,θ) = µD0(x)+

n0

∑
l=1

√
λ D0

l fD0,l(x) ξ (l)
D0
(θ), (14)

D
n j
n (x,θ) = µDn(x)+

n j

∑
j=1

√
λ Dn

j fDn, j(x) ξ ( j)
Dn

(θ), (15)

where, n0 and n j are the truncation orders of the SPs. µD0(x)
and µDn(x) are the mean values of the SPs. These are
assumed constant and equal to the mean values of the creep
coefficients µS1,S2 identified from S1 and S2, given that spatial
measurements are not available. λ D0

l , λ Dn
j , fD0,l(x), and

fDn, j(x) denote the eigenvalues and eigenfunctions of the
correlation functions associated with the SPs. ξ (l)

D0
(θ) and

ξ ( j)
Dn

(θ) are uncorrelated random variables of the KL expansions.
The exponential shape correlation function, equation 11 is
considered. Assuming a 2D pavement structure, the eigenvalue
problem defined in equation 7 accepts an analytical solution [4].
A key parameter in the discretization of SPs is the correlation
length. Thus, future experimental investigations are required to
identify appropriate physical values of the correlation lengths
associated with asphalt mixtures in pavement structures.

5 APPLICATION TO A NUMERICAL CREEP TEST

A numerical creep test is used to demonstrate the effect of
variability in the spatially-invariant model of the PSM on the
uniaxial strain using equation 1. A constant stress with a
magnitude of σ0 = 500kPa is applied. Since, the strain can be
expressed analytically, Monte Carlo method has been used to
quantify the strain using a set of Ns = 106 realizations of the
PSM (where each creep coefficient is modeled using a uniform
random variable). A selected set of the corresponding time-
dependent strain are plotted in left-side figure 3 (fine lines)
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Figure 2. Spatially-invariant stochastic model

together with the sample mean of the strain µS1,S2 (thick black
line). The strain responses associated with specimens S1 and
S2 are also plotted (thick lines) together with the upper and
lower confidence bounds of 95% (thick dashed black curves)
and of 90% (thick dashed red curves). Moreover, the 95%
(black lines) and the 90% (red lines) confidence intervals are
also plotted in the left-side figure at selected time intervals. The
probability density functions (pdfs) of the ensemble of strain
realizations, estimated at the same selected time intervals, are
plotted in the right-side figure. The spread of these pdfs reflects
the corresponding variance of the strain response, e.g., a sharper
pdfs and smaller strains are associated with earlier times, the
strains and their associated variance increase as time passes,
which corresponds to the proportional increase in the creep
compliance.
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Figure 3. Strain response to a creep test

6 STOCHASTIC PROPAGATION OF LINEAR VISCOELAS-
TIC PROPERTIES USING NON-INTRUSIVE SPEC-
TRAL PROJECTION APPROACH

Non-intrusive Spectral Projection (NISP) approach [5] is used
to propagate the stochastic linear viscoelastic model through
a pavement structure. Based on this approach, a stochastic
surrogate model could be constructed to approximate the
response of a numerical complex model; pavement structure.
In other words, using this approach, it is possible to construct
a spectral stochastic model of the response as a function of
the stochastic properties associated with the structure. This
is done by projecting the stochastic model output on a finite-
dimensional stochastic space through an orthogonal projection.
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To do so, a mapping of the output ε(x, t) to a probability space,
Θ, can be expressed in terms of a truncated polynomial chaos
(PC) expansion as,

ε (ξ ) =
Npc

∑
j=0

α j Ψ j(ξ ), (16)

where, Ψ j(ξ ), PC basis, is a set of multi-dimensional
orthogonal polynomials in ξ Nrv ; ξ Nrv is the collection of all
the independent random variables, introduced in the previous
section, that define the random quantities in the PSM. Here, α j
are the projection coefficients and Npc + 1 is the dimension of
the PC terms, which can be defined in terms of the PC order q
and the stochastic dimension Nrv. The orthogonality condition
can be expressed in terms of the inner product, defined on the
stochastic space Θ, as,⟨

Ψi(ξ ),Ψ j(ξ )
⟩
=
⟨
Ψ j(ξ ),Ψ j(ξ )

⟩
δi j, (17)

where,
⟨u,v⟩=

∫
Θ

u(ξ ) v(ξ ) pξ (ξ ) dξ , (18)

Accordingly, the projection coefficients α j can be expressed,
given the orthogonality of the basis, in terms of the following
inner products,

α j =

⟨
ε(ξ ),Ψ j(ξ )

⟩⟨
Ψ j(ξ ),Ψ j(ξ )

⟩ , j = 0,1, ...,Npc. (19)

In this work, a sparse grid cubatures approach has been used to
estimate

⟨
ε(ξ ),Ψ j(ξ )

⟩
. According to this approach, Nsgc sets of

ξ Nrv realizations and associated weights are generated; ξ (i) and
wi, i = 1, · · · , Nsgc (http://dakota.sandia.gov/). The dimension
of each set Nsgc is a function of the stochastic dimension and the
level of the sparse grid cubatures l. Thus,

α j =
Nsgc

∑
i=1

wi ε(ξ (i)) Ψ̃ j(ξ (i)) , j = 1, · · · , Npc. (20)

Once the PC coefficients are identified, the spectral projection
defined in eq. 16 is fully defined. The variance of the projected
response can be estimated, given the orthogonality of the basis,
as,

Var [ε (ξ )] =
Npc

∑
j=1

α2
j . (21)

7 APPLICATION TO A PAVEMENT STRUCTURE

A three layer asphalt pavement structure consisting of a 100 mm
asphalt layer, 300 mm base layer, and 400 mm of subgrade is
constructed. Figure 4 shows the 2D axisymmetric FE mesh
along with the applied load and geometry of the simulated
pavement structure. A uniform contact stress of 0.88 MPa is
applied over a circular contact area with the effective radius of
160 mm to represent a 71 kN wheel load applied to the structure
from a wide base tire type 425 [41]. The used element type
in this simulation is an axisymmetric four node element with
reduced integration (CAX4R). According to the convergence
studies, 12.5× 12.5mm2 elements are used under and close to

the load. The element size is then increased using transition
elements for the areas far from the load. As shown in Figure
4 , infinite elements are used in these simulations to eliminate
the boundary condition effect. Both base and subgrade layers

Figure 4. Finite-element representation of the pavement
structure

are assumed to be linear elastic with the stiffness moduli of
100 MPa and 50 MPa, respectively. The asphalt concrete
layer is modeled using the stochastic spatially-dependent linear
viscoelastic model introduced in section 4. Linear viscoelastic
constitutive relationship is implemented into the well-known
FE software (Abaqus2013) via the user material subroutine
UMAT. Random realization of spatially-dependent viscoelastic
material are generated and assigned to the elements in the
asphalt layer according to their spatial location. That is, each
integration point is assigned a different realization of the PSM
according to equations 13, 14, and 15. The common practice in
assigning different material properties to each integration point
is to partition the FE model to numerous sections such that
each element is defined as a different section with its specified
material properties. However, this approach is cumbersome and
does not have the flexibility to easily change the geometry and
mesh density of the FE model. In this study, the asphalt layer is
modeled as a single section. The UMAT is modified to access
the connectivity matrix of the FE model at the beginning of the
analysis. The modified UMAT reads the connectivity matrix
and stores material properties associated with each integration
point at the beginning of the analysis (i.e., increment zero).
For the next increments, UMAT recalls the material properties
associated with each integration point.

In order to construct the spectral PC representation of the
strain response defined in equation 16, the PC (projection)
coefficients need to be identified according the methodology
introduced in the previous section, specifically, equation 20. To
this end, Nsgc response realizations associated with FE models
are estimated. Each FE model is assigned a PSM estimated
at each of the Nsgc realizations of the random variables ξ Nrv

(also called the PC germs) generated according to the sparse
grid cubatures approach [5]. A python script is developed to
automatically run the FE analysis and extract the desired output
for the Nsgc realization of the material properties. Once the
PC coefficients are estimated, the stochastic representation of
the strain response at any spatial location and any time point is
fully identified. The element located at the bottom of asphalt
layer at the axis of symmetry of the applied load, element
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416, is chosen to demonstrate the stochastic quantification of
the response, for instance, the axial strain ε11. According
to the stochastic propagation methodology introduced in the
previous section, two convergence studies are carried out. In
other words, the truncation order of the PC representation q and
the level of the sparse grid cubatures sgclevel . To illustrate the
convergence of the PC representation, three values of the PC
order q = 1, 2, and 3 are used to construct PC representations
of ε11 for each of sgclevel = 1, 2, and 3. The corresponding
probability density functions (pdfs) at selected time points are
plotted in the first three sub-plots in figure 5.
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Figure 5. Convergence of the PC representation for the strain at
the bottom of the asphalt layer below the load

It is clear from these plots that sgclevel = 1 is not appropriate
while a second-order PC representation is an appropriate
truncation order. for this order, the pdfs associated with
sgclevel = 2, and 3 are plotted in the fourth sub-plot, which
shows that the nodes generated according to sgclevel = 2
are appropriate. Thus, it can be deduced that the spectral
representation of the strain can be adequately constructed for
q = 2 and sgclevel = 2. As a result, the strain response is
analytically constructed in terms of the random variables used
to define the stochastic material properties of the asphalt layer
in the pavement structure. This model can be used to statistically
quantify the strain response at any time point. This is depicted
in figure 6, where the strain curves are plotted with respect to
time in the left sub-figure. The thick black line represents the
mean of the strain response, the dashed black line represents
one standard deviation range, the red and blue dashed lines
represent the confidence intervals associated with 90% and 95%
significance levels. The red and blue error bars represent the
corresponding confidence intervals at selected time points. The

pdfs of the strain response at these time points are plotted in the
right sub-figure.
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Figure 6. Statistical quantification for the PC representation of
the strain response

It is worth noting that the stochastic representation can be
used to generate random samples of the strain response by
simply generating random samples for the PC germs ξ Nrv . Some
generated samples are plotted in figure 6. This is advantageous
in terms that the FE model will be no longer required for this
structure. This formulation can be used to statistically analyze
and quantify the behavior of pavement structures; e.g., fatigue,
damage.

8 CONCLUDING REMARKS

The behavior of asphalt mixtures materials is influenced by
their highly uncertain and variable nature upscaled from the
finest scales up towards the macroscropic scale and structure
scale. Hence, they are well-suited to be modeled as random
media. For low-strain applications, asphalt mixtures exhibit
linear viscoelastic behavior. This study is devoted to introducing
stochastic macroscopic constitutive models appropriate for
linear viscoelastic materials. These models can be interfaced
easily with any uncertainty propagation analysis, which in
turn, enables a complete statistical quantification of the
response. This is demonstrated through a simple numerical
creep test and a more complex application where random
quantities are propagated through a two-dimensional pavement
structure model in order to quantify time-dependent strain
response. The efficiency of the spatially-dependent stochastic
model introduced in this paper is advantageous in uncertainty
quantification analyses, both forward propagation problems and
inverse identification problems. The spectral representation
of the response can be readily implemented in statistical
quantification and reliability analyses of pavement structure
behavior such as failure due to fatigue, moisture damage, etc.;
regardless of its complexity, the FE model will no longer be
required for such studies.
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Uncertainty quantification in analytical and finite element beam models
using experimental data
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ABSTRACT: This study describes the quality of model formation for free vibration of beam structures under
uncertainty. The key issues are that all analytical and numerical finite element (FE) models contain uncertainties
due to the tolerances in topological parameters, assumptions made, material parameters, boundary conditions. Two
well–known Euler–Bernoulli and Timoshenko beam theories have been compared. At FE level, various elements
available for modeling of beam structures in ABAQUS are compared and evaluated. Experimental modal analysis
have been performed on beam specimens to validate the results from analytical and FE models due to parameter
uncertainties. It is shown which element types are required to allow minimal deviation from the experimental results
considering uncertainties.

Keywords: Uncertainty quantification, FE modeling, beam structures, experimental modal analysis

1 Introduction

By definition, a model is an abstraction of reality in which many
assumptions are made. It is not possible to evaluate correct results
without knowing the underlying assumptions [1, 2]. For this reason
it is important to find exactly the right model that is the most suitable
for the conceptual formulation. In the formation of the mathematical
models the minimum description length principle (MDL) proposed
by Rissanen [3] is one useful approach to finding the shortest de-
scription of the data and the model itself. Ross Quinlan and Rives
provide a good description of MDL principle in [4]. The method,
however, does not include the estimation of errors in the results.
Model building and simulation are becoming increasingly impor-
tant in engineering. In simulation phase, the Finite Element Method
(FEM) is manly used to construct a numerical model. Within the
past decade increasing in computer capability, FEM has become
highly important in model formation for engineers. Additionally,
in industry, FEM has crucial importance for reducing the number
of experimental examinations. The major issue is that every FEM
model possess some degree of uncertainty due to topological and
material parameters, initial and boundary conditions, forcing term,
etc. The results from FEM models are trustable if they are validated
with experimental or results from available analytical models. When
comparing the models, however, uncertainties must be taken into ac-
count. General recommendations regarding model uncertainties are
given in [5] that are important for model formation and in the devel-
opment process. A powerful tool in numerical simulation of engi-
neering problems involve uncertainty is the stochastic finite element
method (SFEM), which is an extension of deterministic FEM in ran-
dom framework [6]. The application of the method on various prac-
tical engineering problems including uncertainty has been studied in
many works, cf. [7–12]
This paper present a comparison of numerical, analytical models and
the experimental results for beam structures involving material and

parameter uncertainties. The results have been studied for various
quadratic tetrahedral and hexahedral elements types with different
number of elements to realize the model uncertainties. The one–
dimensional solution obtained by Euler–Bernoulli and Timoshenko
was used for the analyses in this study. The physical model for exper-
imental results depends on the precision of the measuring equipment
and the apparatus used to perform an experiment. The considered
uncertainties include material and shape, while model uncertainties
include boundary conditions, model assumptions, model depth and
level of detail. The model depth, is, by definition, the formation of
elements, and the level of detail is the number of elements. The in-
vestigation includes a study of the model depth and the level of detail
in which the FE model is verified for the analytical solution is first
described, this is followed by verification for an overkill calculation.
The physical, numerical and analytical models will be compared us-
ing the best regular mesh determined. A recommendation is given
since a virtual image for exactly one simple real shape can be made.
Abaqus/CAE was used as a pre- and postprocessor for this task. In
the experimental modal analysis, the free–free beam specimens were
contact free excited by a periodic chirp signal by means of loud-
speakers. The resonance frequencies of the first 3 bending modes
were measured with a Laser–Doppler–Vibrometer.
The remainder of the paper is organized as follows. Section 2 reviews
the investigated FEM, analytical and experimental models. The nu-
merical simulations of the method illustrate in section 3. Section 4
discusses the conclusions.

2 Model description

In this section, we discuss the details of FEM, analytical and experi-
mental models considered in the investigation.

1
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2.1 FEM models

For this study the model was created in Abaqus/CAE and submit-
ted to the Abaqus/standard implicit solver. Various types of elements
in the mesh module can be selected in the Abaqus element library.
Figure 1 shows the elements that were available for the study. All el-

Figure 1: Element description from elements, that were selected in
the Abaqus element library for the study [13].

ements have a quadratic formulation function because linear formu-
lation functions stiffen the structure at bending. The highest possible
precision of the models are investigated and compared in this study.

2.2 Analytical Models

The analytical model is based on two well–known Euler–Bernoulli
and Timoshenko beam theories. The Euler–Bernoulli beam theory
assumes no shear deflection and rotary inertia. For this reason the
Timoshenko theory is formulated to cover this drawbacks. This the-
ory also includes assumptions. One of these is that, the shear stress
distribution across the cross section is assumed to be constant and lin-
ear. It is also assumed that the cross–sectional area is symmetric so
that the neutral and centroidal axes coincide. A comprehensive study
on various beam theories is given in [14]. Although many high–order
beam theories are available, they will be disregarded here. The ana-
lytical solutions lead to one–dimensional equations, which does not
represent many physical effects on the structure. That must be clear
for the results.

2.3 Physical Models and Experiments

The physical model uses experimental modal analysis in which beam
samples were suspended from two elastic strings and activated acous-
tically with a periodic chirp signal by a loudspeaker. A chirp is a
signal in which frequency increases or decreases over time. Mea-
surements are carried out in an anechoic chamber to avoid the influ-
ence of acoustic reflections from the walls. The microphone mea-
sures effective sound pressure generated by the loudspeaker to find

the input value for the FRF. The deflection shape was measured by
a Laser–Doppler–Vibrometer in front of the beam shape. Figure 2
shows the measuring setup seen from the Vibrometer: beam shape
(1), microphone (2), the loudspeaker (3), anechoic chamber (4) and
elastic strings (5). The eigenfrequencies and the associated bending
modes were found numerically using ME’scope.

1 

2 

3 

4 

5 

Figure 2: Experimental setup of beam samples, suspended by means
of two elastic strings and excitatory acoustically with a periodic chirp
signal by a loudspeaker.

3 Results

In this section the study results are presented. The beam samples are
made of steel and aluminum and homogeneous and elastic material
properties were assumed. The nominal values of uncertain material
and geometrical parameters of 10 beam samples are given in Table 1.
The deviation of the density for the 10 steel samples is 13.43 kgm−3

Table 1: The nominal values of uncertain geometrical and material
parameters.

Steel Aluminum

Length, L [mm] 200 200
Width, B [mm] 40 40
Thickness, H [mm] 4 4
Density [kgm−3] 7817 2663
Young’s modulus [Gpa] 211 72
Poisson’s ratio [-] 0.30 0.34

and for the 10 aluminum samples 0.38 kgm−3. The other uncertain
parameters for each individual sample are shown in Fig. 3 and 4.
The line with crosses represents the uncertainty for each measure-
ment. The standard deviation consists of a complex mathematical
evaluation of the ten samples. A search is performed for the most
roughly regular mesh FE model with the lowest deviations from the
analytical models. One model of the forty FEM models are consid-
ered in which the element edge length and layer number were varied.
The results have been studied for various quadratic tetrahedral and
hexahedral elements types with different number of elements to real-
ize the model uncertainties. The models meshed with a regular mesh
without distorted elements. Sample FEM mesh is shown in Fig. 5

2
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Figure 3: Variation of material parameters and their deviation,
E: Young’s modulus, ν: Poisson’s ratio

Figure 4: Variation of shape parameters and their deviation,
L: length, B: width, H: hight

with two layers and an element edge length of 5 mm. Two models
from each sample were made in this way. The uncertain parameters
are represented by means of uniform distribution with maximum and
minimum values given in Fig. 3 and 4. Deviation analysis is based
on the analytical model defined by

εA =

(
fN
fA

− 1

)
× 100, (1)

Figure 5: Sample FE model for steel beams

in which εA is the relative deviation, fA and fN are analytical and nu-
merical bending eigenfrequency, respectively. The calculation plan
is shown in Fig. 6. Each of three Abaqus elements, C3D20, C3D20H
and C3D20R are calculated with one, two and three layers with the
corresponding element edge lengths. With two layers, an element

F 

Shape [H, L, B] 

Material [E, , ] 

1 layer 2 layers 3 layers 

5 1 0.5 5 1 0.5 5 1 0.5 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

C3D20 
C3D20H 
C3D20R 

minimal deviation to the analytical model 
value of the convergence remains constant 

greater deviation to the analytical model 

element edge length in mm 

Figure 6: The calculation plan 1. Each of three elements, C3D20,
C3D20H and C3D20R are calculated with one, two and three layers
with the corresponding element edge lengths of 0.5, 1 and 5 mm.

edge length of 1 mm and a C3D20 element type, the error reaches
a minimum. For all models, except for the framed element types
shown, the value of the convergence remains constant in the preci-
sion investigated. The increase in the element number means only
a longer computing time without substantial changes to result value.
The same procedure was used for tetrahedron elements. The cal-
culation scheme is shown in Fig. 7. For tetrahedron elements, the
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Shape [H, L, B] 

Material [E, , ] 

2 layers 3 layers 4 layers 

5 1 0.8 5 1 0.8 5 1 0.8 
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C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

C3D10 
C3D10H 
C3D10M 
C3D10I 

minimal middle deviation to the analytical model 
element edge length in mm 

Figure 7: The calculation plan 2. Each of three elements, C3D10,
C3D10H, C3D10M and C3D10I are calculated with two, three and
four layers with the corresponding element edge lengths of 0.8, 1 and
5 mm.

C3D10M has the minimal averaged deviation with 3 layers and an
element edge length of 1 mm compared to the analytical model. As
opposed to the hexahedron elements, no trend can be recognized at a
degree of cross–linking shape that the solution converges to a value.
The most efficient FE model for the two element types could be iden-
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Table 2: Deviation of the first three bending eigenfrequencies cal-
culated from FEM model in comparison with analytical results,
εh : relative deviation of hexahedron elements, εt : relative deviation
of tetrahedron elements.

frequencies f1 f2 f3

εh 0.14 0.4 0.4

εt 0.03 0.27 0.39

tified. Table 2 shows the relative deviations of the first three bending
eigenfrequencies in comparison with the analytical results defined
using Eq. (1). The deviation at the first bending mode is very low
and increases insignificantly for the following two. The degree of
cross–linking determined was compared with an overkill solution to
analyze the value of the convergence changes strongly at very many
more elements. The number of elements in the overkill solution is a
factor of 10 for the hexahedral elements and 28 for tetrahedral ele-
ments. The value of the relative deviations from the overkill solution
is smaller than 0.04%. This means that there are no differences in the
value of convergence compared to a much finer cross–linked regular
mesh.

3.1 Uncertainties of Models

The uncertainties of the models discussed have different composi-
tion. Aleatory and epistemic uncertainties are defined. Aleatory
uncertainties are taken into account in each of three model types.
Boundary conditions, material and shape are included. The epis-
temic uncertainties must be considered in detail for every model
type. In the FE model the discretization and the weak formulation
to Galerkin are included. In analytical models, the assumptions de-
scribed in section 2.2 were made. Measurements include errors in
reading, measurement setup and the inherent stress condition of the
samples. Figure 8 and 9 show the eigenfrequencies of the first
three bending modes. The numerical models are meshed with the
most roughly mesh were we found at the beginning in section 3. A
tube–shaped identified upper and lower limits that surround the mean
value indicate the complete deviation. Agreement for the first eigen-
frequency was very high. In addition, it was found to be physically
correct that the physical model is limited by virtual models. The first
eigenfrequencies for the 10 samples of steel are in an uncertain fre-
quency range of 30 Hz. For the second and third eigenfrequencies
this range increased considerably. The uncertain frequency range of
the samples of aluminium were very low about the first three bend-
ing modes. The following applies for aluminium and steel samples.
The Euler–Bernoulli model and the FE model show a high level of
agreement. This is not the case for Timoshenko models even though
shear deflection was considered. This did become relevant until the
third eigenfrequency. With the exception of the Timoshenko mod-
els, the models displayed a high level of agreement also here. The
election of element formulation in this approach is less important to
determine the eigenfrequencies. Models with C3D20 and C3D10M
element types have a great agreement with such simple structures.
Uncertainties that occur due to model assumptions or different ele-
ment formulation (model depth) do not simply have to be written in
values. This partitioning of the uncertainties, arithmetically averaged
over 10 samples is given in 10. The bar chart shows the relative de-

Figure 8: The first three eigenfrequencies of the bending modes with
uncertainties for steel samples.

Figure 9: The first three eigenfrequencies of the bending modes with
uncertainties for aluminium samples.

viation in the bending modes compared to an ideal model for the first
three eigenfrequencies. This base model is chosen in different ways.
The individual bar sections must be read in a stratified manner and
not from the zero point of the ordinate. For the calculation of uncer-
tainties regarding the model assumptions proposed by Timoshenko
and Euler–Bernoulli, the FE model is used as a virtually ideal model.
For element formulation the physical model is the ideal model and
the FE model for material and shape uncertainties. The deviations
in the model assumptions according to Euler–Bernoulli are constant
within the first three bending modes. For the Timoshenko model
these increase strongly with a higher bending mode and are much
higher than for Euler–Bernoulli. The element formulation with ele-
ments C3D20 has a lower deviation compared to the physical model
than with the C3D10M tetrahedron elements. The uncertainties of
material parameters have the highest influence on the complete rel-
ative deviation. This includes the density ρ, the Young’s modulus
E and the Poisson’s ratio ν. At the shape parameters the height H ,
length L and width B of the beam were analyzed. The relative devi-
ation in material parameters and shape parameters is constant for the
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first three eigenfrequencies of the bending modes. With the excep-
tion of an analytical Timoshenko beam, the total deviation remains
constant as the bending modes increase.

Figure 10: Individual uncertainties about 10 samples – arithmetic
mean values – stacked.

3.2 Comparison to experimental models

In this section the FE models for which the most efficient mesh for
hexahedral and tetrahedral elements were found, the Euler–Bernoulli
beam and Timoshenko beam are compared with reality, that is results
from experimental modal analysis. Material and shape parameters
are mean average values. Figure 11 shows the relative deviation, εP
, from experimental (physical) model defined as

εP =

(
fn/a

fe
− 1

)
× 100, (2)

where fn/a and fP are the numerical/analytical and experimental
bending eigenfrequencies. The results for 10 models made of steel
over the abscissa are connected by lines and colored areas. An area
that signifies a complete deviation for more than 10 samples results
for every model type. The surface sections must be read in a stratified
manner and not from the zero point of the ordinate. The FE model
with the hexahedral element formulation C3D20 has the lowest rela-
tive deviation from the physical model. The deviation decreases even
more with increasingly higher bending modes. The arithmetic mean
values of relative deviation for more than 10 samples and the first
three eigenfrequencies of bending modes is −0.06%, −0.07% and
−0.05%. For the FE model with the C3D10M element type the fol-
lowing deviations were determined: −0.18%, −0.21% and −0.19%.
The FE solution for a model with hexahedron elements, an element
edge length of 1 mm and a layer number of 2 are thus closer to phys-
ical model. This can be clearly seen by the surface representation

Figure 11: Relative deviation about 10 samples to physical model -
stacked area.

in Figure 11. The Euler–Bernoulli model still show a good agree-
ment compared the physical model. With increasingly higher bend-
ing mode the Timoshenko model has the largest deviations from the
physical model. Figure 12 shows the same results, but for the 10
models made of aluminium. Comparing FE models with the C3D20

Figure 12: Relative deviation about 10 samples to physical model -
stacked area.

and C3D10M element formulations reveals interesting results. Un-
like the steel samples the model is closer to the physical model with
the tetrahedron mesh. The arithmetic mean values of relative devi-
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ation for more than 10 samples for the first three eigenfrequencies
of bending modes is 0.25%, 0.14% and 0.13%. For the FE model
with the C3D20 element type, the deviations were 0.38%, 0.27% and
0.26%. Euler–Bernoulli and Timoshenko beams behave in a similar
fashion as in the case of steel samples.

4 Conclusions

This paper has attempted to provide a recommendation regarding the
level of discretization in FE models with simple structures at which
results converge. It provides the engineer with certainty regarding
the sufficient number degrees of freedom in simple beam structures.
An element type for this case was proposed. It was shown that un-
certainties regarding material and shape parameters always have a
considerable influence on the eigenfrequencies of bending modes.
The uncertainties for the model assumptions according Timoshenko
were the only ones that had a significant increase with the bending
modes. Numerical, physical and analytical models have a high level
agreement up to the third eigenfrequency of the bending modes. It
is shown analytical models, this does not converge absolutely to a
better result despite a high–order beam theory. In these examinations
the simpler Euler–Bernoulli model has a higher agreement with the
physical and FE models. The comparison to physical models shows
that the FE models have the lowest deviation to the reality. For steel
samples the most accurate element type is C3D20. Otherwise, for
aluminum samples the tetrahedron elements C3D10M.
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ABSTRACT: Advancements in parallel computing have brought partitioned analysis to the forefront of numerical modeling and 
simulation practices. The strongly coupled models obtained through partitioned analysis are instrumental in making critical 
decisions that may affect public safety such as failure analysis of structures in extreme conditions, performance of ballistic 
missile systems, and reliability of nuclear reactor cladding. Scientists and engineers who develop coupled models as well as 
decision makers who depend on these models’ predictions need an understanding of the credibility of such complex modeling 
efforts. To ensure satisfactory predictive performance, the development of frameworks and methods for verification and 
validation of coupled models must complement the progress that is currently being made in multi-scale, multi-physics modeling 
and simulation. A unique aspect of partitioned analysis is that the iterative nature of coupling operations causes uncertainties and 
errors in constituent models to be passed back and forth through the interface, which may lead to the accumulation of these 
uncertainties and errors in the coupled model. Understanding and quantifying the sources of uncertainties and errors in the 
coupled models would therefore allow model developers to strategically improve the model’s predictive capability. Such 
understanding would also open the door for optimization of the allocation of resources for conducting calibration experiments 
and for further developing the computer code. With advancements in verification and validation frameworks and methods 
specifically tailored for partitioned analysis,  strongly coupled models can be used with confidence to garner previously 
unavailable knowledge for critical engineering applications. 

 

KEY WORDS: Block Gauss Siedel Method; Model Calibration; Code Prioritization; Model Validation and Uncertainty 
Quantification.

1 INTRODUCTION 
In nature, physical phenomena rarely act independently; 
rather, they interact with each other in ways such that one 
cannot be analyzed without considering the others. A widely 
used computational approach to solving this problem involves 
partitioning the system into components representing different 
physics- or scale-related behaviors. This approach, known as 
partitioned analysis, enables partitioned models (constituents) 
to interact and affect each other’s inputs in an iterative manner 
through coupling algorithms [1] thus, eliminating the need for 
assumptions (often unwarranted) about constituents’ effects 
on each other [2]. Over the last decade, partitioned analysis 
has been a key method in garnering more realistic predictive 
tools. 

In civil engineering, structural systems are a critical 
component in many applications of partitioned analysis, such 
as soil-structure interaction [3,4] and fluid-structure 
interaction [5,6,7] to list a few. In partitioned analysis, the 
constituent models representing each domain, such as the soil 
or the structure are executed in an iterative manner where the 
input(s) of a constituent are defined by the output(s) of 
another as shown in Figure 1. For instance, assume one 
constituent predicts displacement at the interface. The 
predicted displacement becomes the input to another 
constituent which then predicts say, force. The force predicted 
by the second constituent is then entered into the first 
constituent for the recalculation of displacement. The 

iterations continue until convergence is reached within 
reasonable tolerance limits. This type of coupling, where the 
compatibility and equilibrium equations are satisfied at the 
interface, is often referred to as strong coupling (also known 
as tight or implicit coupling).  

ΩA 

FA = -FB uA = uB  

Time = tn 

ΩB 

ΩA 

ΩB 

∆tA 

∆tB 
ΩB 

∆tB 

ΩA 

ΩB 

∆tA 

∆tB 
ΩB 

∆tB 

ΩA 

ΩB 

 
Figure 1. (Top) Schematic representation of coupled 

dynamical model and (Bottom) sub-cycling to accommodate 
mismatch in time-steps between two constituents. 

 
The field of study specifically focused on evaluating the 

accuracy and precision of numerical models is widely known 
as Model Verification and Validation. Model verification 

Uncertainty inference for inexact coupled numerical models in partitioned analysis 

Sez Atamturktur1, Garrison Stevens2 

1 Associate Professor of Civil Engineering, Glenn Department of Civil Engineering, Clemson University, Clemson, SC, 
USA 

2 Graduate Student, Glenn Department of Civil Engineering, Clemson University, Clemson, SC, USA 
email: sez@clemson.edu, gnsteve@clemson.edu 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2760 

entails confirming the governing equations are correctly 
implemented and constitutes a prerequisite to model 
validation. Model validation, often accompanied by model 
calibration, entails the evaluation (and when necessary 
improvement) of the accuracy and precision of model 
predictions by exploiting the availability of experimental 
measurements. Although interest in partitioned analysis has 
grown significantly in recent years owing to recent 
advancements in parallel computing, progress in the 
development of frameworks and methods for verification and 
validation of coupled models has been limited. However, 
scientists and engineers who develop coupled models as well 
as decision makers who depend on these models’ predictions 
need an understanding of the credibility of coupled model 
predictions. This paper aims to provide a discussion on means 
for evaluating the predictive capability of coupled models, 
with a specific emphasis on experiment-based calibration and 
validation.  

2 OUTLINE OF THE PAPER AND ROAD MAP FOR 
VALIDATION  

Several algorithms are available to facilitate strong coupling, 
iterations, each of which exhibits different convergence 
characteristics. Regardless of which coupling algorithm is 
used, the convergence of coupling iterations is dependent 
upon the level of numerical errors introduced due to the 
discretization of the constituent models [8]. Hence, 
convergence may not be achieved if the spatial and temporal 
discretization are not sufficiently small. What is more, in 
cases where convergence is achieved, the numerical errors, 
which propagate between the constituents, may degrade the 
predictions of the coupled system [9]. This warrants a 
discussion on the propagation of numerical errors during 
coupling iterations, which will be provided in Section 3. 

 Aside from numerical uncertainties, parametric 
uncertainties and systematic biases are also present in coupled 
models. These uncertainties and biases primarily originate 
from imprecise model parameters and imperfect 
representations of physics principles within the constituent 
models [11]. During the iterative exchange of inputs and 
outputs in the coupling process, these inherent uncertainties 
and biases propagate between constituents through the 
interface. Thus, the predictive ability of a coupled model 
distinctly depends upon the accuracy and precision of its 
constituent models (as well as the fidelity of its coupling 
interface). However, a distinct advantage of partitioned 
analysis is that it equips the model developer with the 
capability to improve the predictive ability of constituent 
models as well as their interfaces in an isolated manner. Such 
improvement is typically achieved either through further 
model development or through rigorous model calibration 
processes that aim to improve agreement with the 
experimental measurements. Section 4 will discuss the 
possible expansions of established model calibration methods 
for use in partitioned analysis.  

Model calibration invariably requires availability of 
experiments. Given limited budgets dedicated to 
experimentation and the urgency of obtaining reliable 
predictions to guide critical decision making, there is a real 
practical need to minimize the number of experiments 

necessary for fully calibrating the model. This can be 
achieved by maximizing the information gained from each 
experimental campaign, which in turn would lead to (i) 
improved predictive capability within a given budget and time 
constraint or (ii) reduced budget and time demands for 
required experimentation for coupled numerical models to 
reach a desired predictive capability [12]. A discussion will be 
provided in Section 5 on the design of experiments for 
calibration of coupled models in partitioned analysis.  

It must be intuitive that in partitioned analysis, fidelity of 
the coupled model can be improved by improving the fidelity 
of the individual constituents. Examples of achieving such 
improvements are incorporating a more realistic (but perhaps 
computationally demanding) constitutive model or 
representing the three-dimensional geometry instead of 
simplifying it in one-dimension. It should also be intuitive that 
each constituent model would exercise a different influence 
on the predictive capability of the coupled model, in that the 
model with the highest error may not be the obvious choice 
for code development that will lead to the highest 
improvement in the coupled model predictions. When 
deciding which constituent model should be improved, both 
the prediction error associated with each constituent and the 
sensitivity of the coupled system predictions to that 
constituent’s prediction error must be evaluated to ensure 
efficient allocation of resources. A discussion on resource 
allocation for constituent code improvement will be provided 
in Section 6.  

Partitioned analysis presents a new realm of opportunities 
for modeling and simulation as well as verification and 
validation. To fully benefit from these advantages, mature 
methods and algorithms must be developed with clear 
frameworks for implementation. Hence, an urgent need exists 
for the development of methods to analyze the accuracy and 
precision of strongly coupled models and improve these 
models accordingly. The paper will conclude with a 
discussion on present challenges to accomplish this goal and 
emphasize the need for future research in Section 7. 

The steps discussed in the earlier paragraphs collectively 
form a framework, which can be generalized for partitioned 
analysis (Figure 2). This framework relies on the availability 
of both separate effect experiments for the calibration of each 
constituent model and the integral effect experiments for the 
validation of the coupled model (see the later discussion on 
Figure 7). The calibration of the constituent models is 
configured to evaluate both parameter uncertainty and model 
bias, which is then integrated into the coupling framework to 
bias correct the constituent model output before they are 
exchanged at the interface to be the input in the next iteration. 
Provided that coupling conditions are defined correctly to 
represent the interactions between the constituents (i.e. 
considering all relevant and important input/output 
parameters), bias correction at the interface has the potential 
to significantly reduce the bias in the coupled model. 
Furthermore, focusing specifically on the bias, metrics can be 
configured to aid in the efficient allocation of resources to 
conduct further experiments or to further develop the 
constituent models, which constitute the outer loop of the 
framework shown in Figure 2.   
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Figure 2. Coupled model validation framework for optimal 

resource allocation. 

3 COUPLING ALGORITHMS AND PROPAGATION OF 
NUMERICAL UNCERTAINTIES 

In partitioned analysis, input parameters of constituents are 
grouped as dependent or independent parameters, where the 
former indicate shared parameters (dep in Figure 3) 
transferred during coupling iterations while the latter indicates 
parameters (ind in Figure 3) that are necessary to execute the 
constituent models, but are not a function of another model’s 
outputs. Additionally, there may be independent parameters 
that are critical to the interface and therefore necessary inputs 
to both models. Furthermore, three types of variables exists 
that may be dependent or independent: x represents control 
parameters that define the operational domain of the model, θ 

represents calibration parameters which are poorly known, 
and v represents parameters that are neither control nor 
calibration but still necessary for operation of the model.  

The fundamental purpose of coupling iterations is to 
determine the correct values for the shared parameters, 
without which neither constituent model can be executed. The 
simplest, and perhaps most intuitive, means for achieving 
strongly coupled models is the Block-Jacobi method [1,13], in 
which the outputs of each constituent are transferred all at 
once as the inputs to the other constituent(s) in the next 
iteration (Figure 4a). The convergence of the Block-Jacobi 
method is not guaranteed however, even when starting values 
assigned to dependent parameters are fairly close to the true 
values [14]. The Block Gauss-Siedel method supplies an 
alternative in which the transfer of outputs of each constituent 
is completed in a predefined sequence rather than all at once 
(Figure 4b) [15]. This method has been reported to converge 
faster than the Block-Jacobi method [16]. However, this 
advantage is countered by the fact that convergence of Block 
Gauss-Siedel depends on the predefined sequence of 
operations [17], which could be difficult to determine in a 
computationally feasible manner for problems involving 
multiple constituents. Coupling of constituent models can also 
be achieved through Newton methods, in which predictions of 
each constituent as well as the derivative of the constituent 
function from the previous time step are combined to update 
the functional form of the constituents for the next iteration 
(Figure 4c) [13,14,18,19]. Solving constituents simultaneously 
in Newton methods eliminates the issue of dependency of 
convergence on predefined sequence faced in the Block 
Gauss-Siedel method. Newton methods typically require a 
reduced number of iterations in comparison as well; however 
the demands of calculating the derivatives counters the gained 
computational benefits [19]. A recently proposed alternative, 
optimization-based approach for strong coupling also has the 
advantage of solving constituents simultaneously through an 
objective function consisting of the coupling conditions, 
which is minimized for optimization during coupling (Figure 
4d). Thus, optimization-based approach has also been 
documented to eliminate divergence issues commonly 
encountered in Block-Gauss Siedel method [20].  

 

 

 
Figure 3. Independent and dependent parameters coupled between constituent models for partitioned analysis. 
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Figure 4. Iterative coupling algorithms (a) Block-Jacobi 

method, (b) Block Gauss-Siedel method, (c) Newton-like 
methods (d) Optimization-Based Coupling method. 

 
The convergence behavior of iterative coupling operations 

has been widely discussed in published literature. Equally 
important is understanding, and if necessary, reducing 
numerical errors of constituent model predictions and 
quantifying their subsequent effects on the coupled model 
predictions [21]. Herein, numerical error is used as an 
umbrella term indicating three main sources of error: round-
off, truncation and discretization. The iterative nature of 
coupling algorithms used in partitioned analysis may lead to 
numerical errors compensating or compounding as they are 
exchanged between the constituents. Hence, convergence of 
iterations does not guarantee the accuracy of the coupled 
system predictions. Figure 5 demonstrates the oscillatory 
behavior of the numerical errors in the output of one of the 
two constituent models in a coupled structure-structure 
dynamical system throughout Block Gauss-Siedel coupling 
iterations. Specifically, Figure 5 evaluates the numerical error 
in predictions of ΩA (refer to Figure 1) that are being passed 
into model ΩB (refer to Figure 1). Hence, model ΩB is 
initiated with error in dependent input parameters. The 
iterative process shown in Figure 5 converges around seven 
iterations with a constant level of numerical error remaining. 

What is more, the common coupling operations, such as 
synchronization, sub-stepping, interpolation or extrapolation, 
coordinate and unit transformations, etc. [22] may also 
introduce numerical errors to system solutions. Therefore, it is 
necessary to evaluate not only numerical errors introduced 
during the calculations of constituent model predictions but 
also the routine mathematical operations used in the coupling 
algorithms at the interface.  

Reducing numerical errors in constituent or interface 
calculations that exhibit the highest influence on the coupled 
model predictions would allow efficient allocation of 
computing resources. For instance, Figure 6 demonstrates the 
effect of numerical errors in constituent models on the 
coupled model predictions for the same linear structure-
structure dynamic interaction problem. Evident in Figure 6 is 

that the numerical errors in the coupled model predictions 
exhibit greater sensitivity to numerical errors in constituent 
ΩB than those in constituent ΩA. 
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Figure 5. Numerical errors in the output of a constituent 

versus iterations of the coupling process [9]. 
 

 
Figure 6. Numerical error in the coupled model as a 

function of error in the constituents [9]. 

4 MODEL CALIBRATION AND VALIDATION UNDER 
UNCERTAINTY  

The fundamental concept behind model calibration is 
leveraging experimental measurements to infer (i) the likely 
values for poorly known model input parameters as well as 
(ii) the systematic bias inherent in predictions that cannot be 
remedied by manipulating input parameters [23]. According 
to the American Society of Mechanical Engineers’ guidelines 
[24] the term validation indicates “the process of determining 
the degree to which a model and its associated data is an 
accurate representation of the real world from the perspective 
of the intended uses of the model.” In this article, model 
validation is defined as the accumulation of evidence 
regarding model agreement with an independent set of 
suitable physical evidence, where ‘independent’ means that 
validation experiments are not used in calibrating the model 
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and ‘suitable’ means that the validation experiments are 
relevant to the response of interest (i.e. the actual model 
output for which the model is developed to predict).  It is 
important to note that it is only through validation of 
numerical models that the notion of ‘predictive modeling’ is 
viable.  

A large body of literature exists on the calibration and 
validation of numerical models with mature tools and well-
developed frameworks for single-solver models (i.e. those 
focused on single physics or scale without considering 
interactions) [25,26,27,28,29,30]. Despite this substantial 
knowledge-base, studies that expand the principles of model 
validation to coupled models have been considerably limited 
[31].  

One unique aspect of partitioned analysis is that 
uncertainties and errors, which originate from multiple 
distinct sources (i.e. constituents and their interfaces) can 
propagate as constituents interact compensating or 
compounding through coupling iterations. This aspect 
although challenging can also be advantageous because 
separate-effect experiments can be utilized to validate the 
constituents and integral-effect experiments to validation the 
coupled model individually, as shown in Figure 7. 
Additionally, experiments may be conducted specifically to 
calibrate parameters critical in the interface functions (θA,B

ind 
in Figure 3) [32].  
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Figure 7. Domain of separate-effect and integral-effect 

experiments for model calibration. 

Using separate-effect experiments in their respective 
domains, uncertain parameters in constituent models may be 
calibrated as well as the discrepancy remaining in the 
predictions. Similarly, uncertain parameters existing only in 
the coupled domain may be inferred using integral-effect 
experiments. Calibration of uncertain parameters and 
inference of discrepancy is completed by relating a truth 
function and experimental data (as proposed in [33]): 

 y
obs

(x) =ζ (x)+ε(x) (1) 

where yobs(x), ζ(x) and ε(x) denote experimental observations, 
truth function, and experimental error, respectively. The true 
process ζ(x) may be further defined by: 

 ζ (x) =η x,θ ,v( ) +ψ(x)  (2) 

where x, θ, and v are necessary input parameters (refer to 
Figure 3). As previously illustrated in Figure 3, each of these 
parameters can be independent or dependent. Collectively 
(x,θ,v) is representative of the model inputs while η(x,θ,v) 
represents the model outputs. ψ(x) represents the bias, which 
is a model’s fundamental inability to represent reality due to 
incomplete representation of underlying physics or 
engineering phenomena. The model form error in Equation (2) 
can be approximated at the control parameter settings of 
known bias (i.e., where experiments are available. Using these 
points of deterministic bias, a functional form of error 
(referred to as discrepancy) may be estimated throughout the 
entire domain. Figure 8 demonstrates this concept by 
comparing a model solution to experimental values at discrete 
settings. Clearly, the model is lacking some of the physics 
inherent in the system behavior. The difference in experiments 
and simulations at discrete control parameter settings can be 
evaluated to train a functional form approximating the error 
throughout the entire problem domain, shown as discrepancy 
in Figure 8. Use of a nonparametric model which does not 
assume a specific model form is recommended for the 
approximation of the discrepancy.  

 

 
Figure 8. Empirically trained discrepancy using discrete 

experiment and simulation settings. 
 
Calibration of uncertain parameters and inference of model 

discrepancy should be completed simultaneously to reduce the 
risk of parameters being calibrated to incorrect values to 
compensate for model form error [33]. Applying a fully 
Bayesian approach (as presented in [29, 34]) is a powerful 
method for calibrating parameters and inferring discrepancy 
simultaneously.  

Perhaps one of the most intuitive ways to calibrate 
individual constituents is with experiments from their 
respective domains.  Of particular interest in the calibration of 
constituents is the identification (or approximation) of the 
systematic bias of the constituent models. As demonstrated in 
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[31], the trained discrepancies for each constituent can be 
used to bias-correct the constituent models prior to coupling 
and the calibration of constituent models can be repeated at 
each iteration of coupling algorithm. This treatment leads to a 
nested problem, where the inner loop tackles model 
calibration and outer loop handles the coupling iterations, as 
demonstrated in Figure 9.  

 
ΩA 

ΩB 

FA+ψ(u) uB 

ΩA 

ΩB 

FA+ψ(u) uB 

ΩB  
Figure 9. Calibration and bias-correction of an 

independent constituent of the coupled system from Figure 1.   
 

One possible problem with independent calibration of 
constituents is that in the case of shared parameters between 
constituent models, this approach may possibly lead to 
disagreements in the calibrated parameters of constituent 
models.  An alternative approach could be to complete a 
multi-model calibration combining available experiments to 
obtain calibrated parameter values that are statistically 
consistent within the domains of multiple constituents (as 
discussed in [35]). Alternatively, all available experiments 
(both separate, integral and interface) can be utilized in the 
calibration of both the constituent models and the coupled 
model. 

5 OPTIMAL DESIGN OF EXPERIMENTS IN THE 
COUPLED MODELS 

The ability to calibrate uncertain parameters and inference of 
discrepancy is dependent upon the availability of sufficient 
experiments throughout the operational domain. Partitioned 
analysis differs from traditional validation practices as it 
requires consideration not only of experimental settings but 
also of the domain and respective costs for each different 
experiment. Full exploration of a domain is often limited by 
time and financial resources [36]. Naturally, the need to 
consider multiple domains in partitioned analysis increases the 
importance of optimizing resource allocation so that each 
independent domain is adequately covered by the design of 
experiments.  

The batch sequential design (BSD) approach recently 
proposed in [12] is a suitable method for systematically 
designing experimental campaigns considering resource 
limits. A sequential approach is beneficial in designing future 
experiments as it allows the effects of newly conducted 
experiments to be considered [37]. Batch sequential approach 
gains information periodically as new batches of experiments 
are conducted, whereas a fully sequential approach is able to 
constantly gain information on every time a new experiment is 
conducted. However, the practicality of completing 
experiments in batches rather than one at a time to conserve 
resources makes batch sequential a more desirable approach 
[38]. The goal of BSD is to most efficiently improve the 
predictive maturity (particularly focusing on coverage and 
discrepancy [30]) of a model by intelligently selecting the 

settings for future experiments. BSD selects experimental 
settings that optimize an objective function (defined by a 
selection criteria) to maximize the improvement in predictive 
maturity. Possible selection criteria for the objective function 
include Expected Improvement for Predictive Stability, 
Expected Improvement for Global Fit, Maximum Entropy, 
and Mean Square Error criteria (refer to [12] for further 
discussion on the implementation of these criteria). Settings 
for selected future experiments that satisfy the optimality 
condition are those that will result in the greatest improvement 
in predictive maturity.  

In addition to particular settings within a domain, the 
maximum gain that can be gained from each domain is likely 
to be different.  . For example, an integral-effect experiment 
may contribute the highest improvement in predictive 
maturity but also be the most expensive experiment. Whereas 
a separate-effect experiment may produce less improvement 
in predictive maturity but require less cost. Therefore, it is 
feasible for several separate-effect experiments to result in the 
same gain in predictive maturity at a total cost equivalent to 
one integral-effect experiment. The BSD approach, while 
sufficient for independent constituent models, must be 
expanded for coupled models accordingly to evaluate not only 
the optimal settings for future experiments but also the 
domains.  

6 EFFICIENT ALLOCATION OF RESOURCES FOR 
CODE DEVELOPMENT 

In addition to calibration and inference of discrepancy, 
comparisons of constituent model predictions against 
experiments may also reveal a need for further code 
development. Much like conducting new experiments, limited 
resources creates a bottleneck for improving the models. A 
systematic approach for determining the optimal allocation of 
resources for further code development could reduce the 
effects of these restrictions. A code prioritization index, 
recently developed in [11], utilizes information gained from 
calibration and uncertainty quantification to allocate resources 
such that the improvement in coupled model predictions is 
ultimately maximized. CPI combines (i) sensitivity analysis, 
(ii) error analysis and (iii) uncertainty analysis to prioritize 
constituent models and quantify the need for code 
development in each.  

Sensitivity analysis determines the strength of the 
dependencies between systems. For example, a constituent 
that greatly affects the error of the coupled solution will have 
high sensitivity while a constituent that has little to no effect 
on coupled predictions would have low sensitivity. Naturally, 
the accuracy of constituents with high sensitivity is more 
important. And thus, highly sensitive constituents would be 
given higher priority.  

As demonstrated in Figure 3, the accuracy of the coupled 
system is directly dependent upon the accuracy of constituent 
outputs. A constituent with high discrepancy and uncertainty 
may cause an accumulation of uncertainties and errors in the 
coupled system. Error and uncertainty analysis handles this 
aspect by determining the discrepancy and uncertainty in each 
constituent and giving a higher ranking to constituents with 
large error and uncertainty.   
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The final component to consider in resource allocation for 
code development is the relative demand on resources of each 
constituent. Code development requiring minimal resources 
will be higher prioritized than code development requiring a 
great deal of resources. By combining the resource 
considerations and CPI, decision makers are able to clearly 
understand which constituents (i) require further code 
development, (ii) are important for accuracy of the coupled 
model and (iii) are feasible with available resources. 

7 CONCLUSION 
Strongly coupled models developed with partitioned analysis 
are providing new and exciting opportunities for modeling 
and simulation. This paper presented an overview of 
partitioned analysis techniques for iteratively coupling 
constituent models.  

With the benefits of partitioned analysis come challenges 
for validation as each constituent has its own domain, 
uncertainties, and errors. During coupling iterations these 
errors may propagate producing significant errors in the 
coupled solutions. Additionally, inaccuracies in the coupling 
interface may introduce errors in the system. For these reasons 
both separate-effect experiments in the constituent domains as 
well as integral-effect experiments in the coupled domain, and 
possibly experiments focusing on the coupling interface, are 
necessary for validation. Frameworks with clear 
implementation plans for experiment-based validation of 
coupled models, however, are not currently developed for 
exploiting both separate-effect and integral-effect experiments 
in multi-scale, multi-physics modeling.   

The BSD method optimizes the design of new experimental 
campaigns for validation based on knowledge of discrepancy 
determined using existing experiments and a selection 
criterion. BSD selects settings for future experiments that will 
maximize the predictive maturity, and therefore model 
accuracy, while using the least amount of resources. However, 
there is a need for expanding this approach to include 
selection of appropriate domains for experiments in addition 
to experiment settings. Code development efforts may also be 
prioritized so that constituent models, and thus the coupled 
model, are improved with minimal coding efforts.  

The high level discussion provided herein for the multi-
scale, multi-physics approach to model validation frameworks 
is intended to move the verification and validation community 
forward into the new realm of coupled modeling. However, a 
great deal of progress needs to be made. In particular, 
methods for bias correcting constituents models with 
empirically quantified errors and uncertainties need to be 
further developed in future research. 
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ABSTRACT: In applications relevant to security, life time of technical components with cracks should be computed as

accurate as possible. Among the most popular methods for reliability analysis is FORM. But if the curvature of the limit surface

is large, FORM is known to become inaccurate. In this paper, we give a short overview of methods for uncertainty propagation

and numerical integration, for a detailed analysis see [1,19]. For the computation of failure probabilities, we reformulate the

failure integral utilizing the backmapping approach [26] and utilize sparse techniques for high dimensional integration over

the random space. The methods are applied to crack growth in train axles. Life time is computed under consideration of crack

growth and the probability that the crack is detected during periodic inspections.

KEY WORDS: polynomial chaos expansion, reliability analysis, multidimensional integration

1 Introduction

Reliability analysis is a topic of ongoing interest for
technical components, systems and processes [5]. Many
concepts have already been introduced, e.g. importance
sampling. Amoung the most efficient methods are the
First Order Reliability Methods (FORM), see [13,12].
This method also works for complex systems, because
it avoids the high number of function calls required in
Monte Carlo type methods. The method becomes inac-
curate if the nonlinearity of the failure function exceeds
a certain limit. A solution might be to use Second Order
Reliability Methods (SORM), see [8]. But in most tech-
nical applications the computation of the failure func-
tion requires the run of some black box software package
such as Computational Fluid Dynamics or Finite Ele-
ment Analysis. Here, derivatives as required for FORM
or SORM cannot be supplied. Under certain conditions
such as the monotonicity of the failure function with re-
spect to one coordinate, the failure integral may be con-
verted to an integral representing an expectation value
of a continuous function, see [26], and methods for the
calculation of moments may be applied.

The PCE approach for the propagation of uncertainties
has been developed in [10,17] and was successfully ap-
plied to stochastic finite element problems [10] and dif-
ferential equations with stochastic parameters or initial
values [21]. In this paper we briefly summarize the re-
sults in [1], where we compare the PCE methods to non-
linear Kalman filtering [14] and to the generatized PCE
in [3], which is based on an adaptive decomposition of
the random space.

The other mathematical brick needed for solving reli-

ability problems is high dimensional integration. A de-
tailed comparison of methods is given in [19]. The in-
tegral can be solved by known sparse grid integration
schemes [9,22]. In order to get an estimation for the er-
ror bound of the integral, all schemes considered in [19]
compute the coefficients of the Polynomial Chaos Ex-
pansion (PCE), which is an approximation of the func-
tion. These expansions are often used to construct an
adaptive scheme controlling the accuracy.

The paper is organized as follows: In the next section
we briefly summarize mathematical tools for the propa-
gation of uncertainties. In the third section we describe
the reformulation of the failure integral as an expecta-
tion value of a continuous function. Section 4 considers
the solution of the stochastic crack growth problem for
an analytical as well as a simulation-based example.

2 Propagation of Uncertainties

In this section we shortly discuss the underlying meth-
ods for the solution of the reliability problem based on
crack propagation. The section is based on [1] and [19].
In [1] a detailed comparison of methods for uncertainty
propagation has been presented. In [19] we have com-
pared high dimensional integration techniques.

2.1 Kalman Filtering

The prediction step of Kalman filtering can be inter-
preted as a method for uncertainty propagation. For
nonlinear equations the extended and the unscentered
filter are considered, see [16,14]. A comparison for crack
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analysis is presented in figure 1. Due to the high nonlin-
earitiy of the crack equation the extended filter fails but
the unscented filter works quite well.
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Fig. 1. Comparison of the extended and the unscented

Kalman filters with Monte Carlo: Estimated mean value for

the crack depth.

2.2 Generalised polynomial chaos methods

Among the most efficient methods for the propagation
of uncertainties are the polynomial chaos type methods,
see [10,17]. In [25] a decomposition of the random space
is proposed and in [3] a fully adaptive procedure with
error control is presented. Here these two methods are
compared with the unscented Kalman filter. Unscented
Kalman filtering can be interpreted as special stochastic
collocationmethod which is quadratic in each coordinate
(1). We reconstruct the solution by the polynomial

f(θ1, ..., θnw) =

nw∑
i=1

(q0,i + q1,iθi + q2,i(θ
2
i − 1)). (1)

where the coefficients q0,i, q1,i and q2,i result from the
function values at the sample points (called sigma
points) of the unscented filter. In a post-processing step,
we will apply a Monte-Carlo simulation based on this
polynomial approximation, to obtain approximations of
any quantity of interest, i.e. the moments or density of
the solution. The comparison is presented in Figure 2
and 3. As a result we could state that cheap methods
such as the unscented filter are suitable if the moments
are needed. The tail of the probability density function,
which is important for reliability analysis, is only accu-
rate with the more complex polynomial chaos methods.

2.3 Propagation of risk levels

A new method for the propagation of uncertainties is
presented in [6]. Here the solution is considered in the
discretized phase space, which may be interpreted as
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risk levels. The computation of the transition probabil-
ity from one block in the phase space to the other can be
computed in a preprocessing step. For arbitrary bound-
ary conditions the propagation of the risk level then can
be performed very efficiently. Even white noise may be
handled. The Figure 4 shows the the performance of
the method for water in a tube which is contaminated
by arsenate. One equation describes the dissolved ar-
senate,the other equation the absorbed arsenate. The
method is specially suitable for solving the inverse prob-
lem. Here, in the context of crack analysis the method is
not applied. The method works for the contamination in
water pipes. Still in work is the adaption of the method
to critical states of crack length.

2.4 High dimensional integration

For the computation of moments as well as for the
computation of failure probabilities by (7) high dimen-
sional integration is required. For expensive integrands

2
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Fig. 4. Propagation of risk levels for water in a tube which

is contaminated by arsenate, Upper: Control system, Lower:

Time-dependent risk levels

in terms of computation time, sparse techniques have to
be applied. In [19] the following methods are compared:

(1) The Unscented Filter [15]
(2) The Adaptive Gaussian quadrature [2]
(3) The Sobol sensitivities scheme [23]
(4) The adaptive Smolyak cubature [22]
(5) The routines Vegas, Suave, Divonne, and Cuhre

from the Cuba library [24]

For the crack analysis we have used the Adaptive Gaus-
sian quadrature.

3 Computation of failure probability

The reliability of a product, system or process can often
be characterized by a failure function:

g(�x) =

{
≤ 0 unsave

> 0 save
(2)

The failure function g(�x) may be given by

(1) The mechanical stress or the temperature exceeds
a given threshold (Finite Element Analysis, CFD).

(2) The amplitude of oscillations exceeds a given
threshold (Linear and Nonlinear Modal Frequency
Analysis).

(3) Changes of the micro-structure of the material as
a pre-stage of cracks differs from a given pattern
(stochastic Voronoi techniques, FEM).

(4) The crack size exceeds a given length (FEM+ crack
size analysis).

(5) A chemical species exceeds a given concentration
(CFD, ChemKin).

Defining this failure function the failure probability
reads:

P (g(�x) ≤ 0) =

∫
g(�x)≤0

ρ�x(�x)d�x (3)

We restrict our presentation to the case of inde-
pendent standard normally distributed variables
�x = (x1, ..., xn)

T . In the general case of a failure func-
tion depending on non-normally distributed variables
x̃i e.g. the Rosenblatt transformation may be applied
[20], mapping x̃i to xi for i = 1, ..., n. In order to obtain
an integral over Rn, an indicator function is introduced

P (g(�x) ≤ 0) =

∫
Rn

Γg(�x)ρ�x(�x)d�x (4)

where

Γg(�x) =

{
0 g(�x) > 0

1 g(�x) ≤ 0
(5)

The failure integral may be approximated by FORM
[13,12] or the methods given in [18]. The integral in (4)
could in principle be treated by standard quadrature for-
mulas. But because of the discontinuous integrand, in
general bad approximation properties can be expected.
A reformulation of (4) is possible if the failure function
g(�x) is monotone in one coordinate (backmapping ap-
proach), see [26]. From monotonicity of g(�x) in xn it fol-
lows that the critical x̄n defining the limit state can be
expressed as function of x1, ..., xn:

x̄n = ζ(x1, · · · , xn−1) (6)

0 = g(x1, · · · , xn−1, x̄n)

Then the failure integral (4) reads:

P (g(�x) ≤ 0) (7)

=

∫
Rn−1

ρ1(x1) · · · ρn−1(xn−1)

∫ ∞

x̄

ρn(xn)dx1...dxn

=

∫
Rn−1

ρ1(x1) · · · ρn−1(xn−1)

1

2
erfc

(
ḡ(x1, · · · , xn−1)√

2

)
dx1...dxn−1

Formula (7) now represents the expectation value of the
following complementary error function

h(x1, ..., xn−1) =
1

2
erfc

(
ḡ(x1, · · · , xn−1)√

2

)

3
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Table 1

Stochastic parameters of the crack growth model by Harris.

Parameter Type of distribution Meaning

K̃Ic Weibull distribution

with a = c/bc, β = c,
b = 24.48, c = 7

stress inten-

sity factor

Δ̃σ normal distribution

with μ = 16, σ = 2

stress range

C̃F standard normal dis-

tribution

fatigue

growth coeffi-

cient

ã0 shifted exponential

distribution with

λ = 100 and shift

0.012

initial crack

size

4 Stochastic crack growth

For the description of the crack application we follow the
presentation in [19].

4.1 An analytical example of stochastic crack growth

The first example is the model of crack growth by Har-
ris [11] having the following stochastic parameters: The
length unit is inch. The crack growth is described by an
ordinary differential equation in the abstract form:

∂a

∂N
= f(a,KIc,Δσ,CF , N), a(0) = a0, 0 ≤ N

(8)
with

N actual load cycle
a crack size at load cycle N
a0 realization of ã0
KIc realization of K̃Ic

Δσ realization of Δ̃σ

CF realization of C̃F

In [11] a center cracked plate in tension is studied, and
the crack growth relation is based on a modified form of
the Forman relation [7]. In more detail the crack growth
differential equation reads

∂a

∂N
=CF

[
(1− f)ΔK

1−R

]nf

[
1− (4/π)(ΔK0/ΔK) tan−1(1−R)

]p
[1−ΔK/[(1−R)KIc]]

q

where

ΔK =Δσ
√
πaY (a/h)

Y (α) =
1− 0.5α+ 0.370α2 − 0.044α3

√
1− α

and

f =

{
A0 +A1R+A2R

2 +A3R
3 R ≥ 0

A0 +A1R −1 < R < 0

A0 = (0.825− 0.34α′ + 0.05α′2)[cos(πs/2)]1/α
′

A1 = (0.415− 0.071α′)s

A2 = 2A0 +A1 − 1

A3 = 1− (A0 +A1 +A3)

2h is the width of the plate and nf ,ΔK0, p, q, α
′, s are

curve-fitting constants. The stochastic parameters can
be combined into the vector �̃x:

�̃x =
(
K̃Ic, Δ̃σ, C̃F , ã0

)T
(9)

its realizations are accordingly combined into �x, such
that the crack function can be written as:

a = a(�x,N) (10)

In this example, the final crack size monotonically de-
pends on the initial crack size. Also the failure function

g(�x,N) = acrit − a(�x,N) (11)

is monoton in a0, where acrit denotes a critical crack size
(acrit = 1 in the Harris example). This failure function
corresponds to n = 4 and xn = a0 in (6). Five methods
are tested: Monte-Carlo, FORM, Unscented Filter, and
Adaptive Gauss with degrees 2,3 and 4. For better reso-
lution of the limit surface, Unscented Filter and Adap-
tive Gauss are applied using a shift corresponding to the
Beta-point of FORM. This ’shifted’ PC approximation
has been introduced in [18]. x̄n in (6)is computed by
a combined bisection and Newton algorithm. Gradients
for this Newton algorithm and for FORM are approxi-
mated by finite differences. The results are summarized
in Tables 2 and 3. As could be expected, FORM is the
cheapest but also the most imprecise method. The next
cheapest one is Unscented Filter, but with a significant
better accuracy than FORM in these examples. Adap-
tive Gauss with degree 2 is always better than Unscented
Filter, but requires nearly twice the number of function
evaluations than it. Further improvement is achieved by
Adaptive Gauss of degrees 3 or 4, respectively.

4.2 A simulation-based example of stochastic crack
growth

In the second example, failure probabilities for train
axles are calculated. The fracture mechanical simula-
tions are accomplished by a simulation program from
Fraunhofer Institute IWM. It predicts the propagation of
elliptical surface cracks, for different types of bendings.
In contrast to the previous example, the stress intensity

4
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Table 2

Computation of failure probabilities for stochastic crack

growth (N=1000).

Method Failure probability #Function

FORM 0.1613E-02 83

Unsc. Filter 0.2051D-02 164

Adap. Gauss(2) 0.1999D-02 394

Adap. Gauss(3) 0.1978D-02 811

Adap. Gauss(4) 0.1982D-02 1379

Monte-Carlo 0.1965D-02 5000000

Table 3

Computation of failure probabilities for stochastic crack

growth (N=5000).

Method Failure probability #Function

FORM 0.3548D-01 118

Unsc. Filter 0.3990E-01 198

Adap. Gauss(2) 0.3935E-01 411

Adap. Gauss(3) 0.3993E-01 784

Adap. Gauss(4) 0.3969E-01 1470

Monte-Carlo 0.3959D-01 5000000

Table 4

Stochastic parameters.

Parameter Type of distribution Meaning

b̃0 uniform distribution

on [0.6, 1]
quotient of

crack depth

and length

(b0 = a/c)

ã0 shifted exponential

distribution with

λ = 100 and shift

0.012

initial crack

size

˜pod exponential distribu-

tion with λ = 46.2
probability

of detection

(POD)

factors are not input, but part of the 2D/3D calcula-
tions. Instead of conventional finite element calculations,
the stress intensity factors are represented by so-called
polynomial influence factors [4]. Input of the simulation
program are internal and external stress profiles (due to
the external load spectrum), da/dN − curves, the ini-
tial crack depth and form. Here we consider the last two
parameters to be stochastic with distributions specified
in Table 4. Table 4 also shows the type of POD curve.
The POD (’probability of detection’) curve gives the
probability of crack detection during inspection. acrit in
the failure criterion (11) is equal to 0.39 inch. It should
be noted that we call the simulation program as a black
box. Input are the initial crack depth and length, and
output the final crack depth which is subsequently used
for evaluation of (11). This procedure can be carried over
to other types of application as well.

Results are shown in Fig. 5. The load intervals corre-
spond to distances of 50.000 km with 333 load cycles per
km. Three calculations for different inspection schemes
are performed:

(1) no inspection at all
(2) inspection every 4 intervals
(3) inspection every 6 intervals

One call of the simulation program approximately takes
15 CPU seconds on a 3.2GHz processor. Because of these
higher CPU time requirements compared to the previ-
ous examples, only the combined FORM and Unscented
Filter method has been employed. For each curve shown,
1200 to 1600 simulation program calls are required for
this method. As one would expect, the higher the num-
ber of inspections, the lower the failure probability, and
directly after an inspection, the failure probability is
nearly zero.
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Fig. 5. Upper: Finite Element Analysis of train axles Lower:

Evolution of failure probababilities
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5 Conclusions

In this paper we have considered methods for reliabil-
ity analysis beyond the classical methods like FORM
and SORM, closing the gap between fast computation
times but low accuracy on the one hand, and high ac-
curacy but large computation times on the other hand.
We have summarized methods for uncertainty propa-
gation and high dimensional integration which provide
higher accuracies than FORM and SORM, with com-
putation times considerably smaller than Monte Carlo
type methods. We have applied these methods to an an-
alytical and a simulation-based example of stochastic
crack-growth. Here pretty good accuracies could be ob-
tained by applying the backmapping approach [26] and
the Adaptive Gaussian method and the Unscented Filter
method, respectively, for high-dimensional integration.
Future work should concentrate on the further develop-
ment of new methods like the propagation of risk levels
for crack length introduced in Sect. 2.3.

Acknowledgement: The authors are indebted to Prof.
Albert Gilg for many valuable discussions.
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ABSTRACT: In the context of random environment, time-domain simulations of structural responses are often necessary when
the structure is nonlinear, but not only : when the structure is linear and the excitation modelled as a non-stationnary non-Gaussian
process, Monte Carlo approaches are necessary to identify the probabilistic distribution of the output. It is for example the case in
seismic analysis. In this paper we use a stochastic model developped earlier by the authors for non-stationnary and non-Gaussian
random processes. It is based on an empirical Karhunen-Loève expansion of the process constructed from an available data basis.
In a first part we study the particular case of linear structures. The Monte Carlo becomes particularely simple: one needs only to
consider the construction of a low number of responses, corresponding to the deterministic eigen functions of the Karhunen-Loève
expansion. The KL expansion of the response is then obtained directly. In a second part we study the case of nonlinear structures.
We propose here to construct the Karhunen Loève model of the response, using the experimental input data basis for constructing
a data basis for the response.

KEY WORDS: Non-Gaussian; Non-linear; Non-stationary; Stochastic process; Dynamical system.

1 INTRODUCTION

Natural hazards are random phenomena that can have an
important impact on civil engineering structures such as bridges,
dams, power plants, wind turbines etc. Since they are essentially
unpredictable in a deterministic sense, it is difficult to account
for them in the definition of safety regulations such as for
instance the aircraft certification rule for turbulence and gusts.
However, these phenomena have to be modelled accurately for
evaluating risks related to natural phenomena and their impacts
on structural design. Crude modelling of random phenomena
and the approximate evaluation of its impact on structures can
introduce over conservative security margins.The manufacturer
has to bear a real economical extra cost, this is important
essentially in the aeronautic industry where the weight is a
critical factor for the exploitation cost and for the environmental
impact.

High fidelity stochastic models are therefore needed in order
to take into account the effects of such unpredictable phenomena
on structures and engineering products and structure during
their conception stage or to assess their reliability for existing
ones. Another important goal is to propose user-friendly models
which are easy to build up and not CPU-intensive since they
have to be used in general together with Monte Carlo procedures
in order to deal with complex nonlinear structures and systems.
The construction of such models is not an easy task since the
description of a non Gaussian non stationary process requires
the knowledge of its uncountable, time varying family of
marginal distributions.

In the last years, several papers focusing on the construction
of non-Gaussian models from experimental data have been
published [2], [5], [4], [9], [8]. The construction of probabilistic
models is achieved either by fitting the variability of the

phenomenon to a given analytical probabilistic model (based on
physics, Bayesian considerations or information theory) [5], [8]
or by constructing empirical models reproducing the observed
statistical characteristics, without making any assumptions on
the probability distribution [4], [9].

What we propose in this paper is to show that when using
a Karhunen-Loève expansion together with a Gaussian kernel
estimator construction, it is relatively very simple to construct
a stochastic model for any time dependant random phenoma
as soon at it can be observed and measured. Using the
particular simple form of the Karhunen Loève expansion, we
show that it is particularly adapted to the response analysis of
high dimension linear codes to random excitation. Finally, in
the context where the structure is nonlinear, we show that the
model construction can be done for the system response, instead
of modeling the excitation, avoiding to solve a high number of
nonlinear problems in order to construct statistical estimators of
the response.

2 MODEL CONSTRUCTION

Karhunen-Loève expansion provides a suitable framework for
modelling a non-stationary scalar random process X(t,ω):

∀t ∈ D , X(t) = lim
N→+∞

N

∑
α=1

√

λα ξα φα(t), (1)

in which ξ1,ξ2, . . . ,ξα , . . . are uncorrelated random variables
given by

ξα =
1

√
λα

∫

D

< X(t),φα(t) > dt. (2)

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

2775



2

where the λα and φα(t) are the solutions of the integral equation
∫

D

RX(t,t ′)φ(t ′)dt ′ = λφ(t) (3)

and where the limit in (1) is taken in the space L2(Ω,R).
Let be given N measures of time histories of the studied

phenomenon, for instance N accelerograms of an earthquake:
{X (l)(ti) ; i = 1, ...,N} ; l = 1,N . The first step to
the K-L expansion construction is to estimate the empirical
autocorrelation of X :

R(ti,t j) =
1

N

N

∑
l=1

X (l)(ti)X (l)(t j) (4)

Solving the discretized eigenvalue problem (3) yields the λα and
φα(ti), for α, i = 1,N .

The second step is to construct the samples ξ (l)
α using relation

(2) which gives an explicit relation :

ξ (l)
α =

1
√
λα

N

∑
i=1

X (l)(ti)φα (ti)Δt ; l = 1,N ; α = 1,N (5)

where Δt is the sampling time step.
In order to be able to use the KL expansion for simulating the

random process X , the last step is to identify the distribution
of the random vector ξ = (ξ1, ...,ξN), which in the general
case, is not Gaussian. This multivariate distribution will be
approximated by a kernel density estimator of the ξ distribution.

Definition 2.1: Let K : R
d → R

+ an integrable function such
that

∫

Rd K(u)du = 1. K is called a kernel. For each n ∈ N∗, and
each h > 0; the kernel estimator f̂n of a function f is defined by:

f̂n,h(x) = f̂n,h(x1, ...,xd) =
1

nhd

n

∑
i=1

K

(

Xi − x
h

)

.

h is called the window bandwidth of the kernel estimator.
Example 1: The Gaussian kernel:

K(x) =
1

(2π)−d/2
exp(−

1
2

xT x) ; x ∈ R
d

Let ξ (�), � = 1,N , the observed samples of random variable ξ .
In the following we shall consider the Gaussian kernel. The
density estimator is therefore given by:

f̂N ,h(x) =
1

N hN(2π)N/2

N

∑
�=1

exp
(x− ξ (�))T (x− ξ (�))

2h2 (6)

The choice of the type of kernel is not crucial in density
estimation. The main difficulty being the determination of
the window bandwith σ which has to be chosen in order to
balance smoothness and accuracy. We will show below that the
bandwidth can be chosen following the scalar Silverman’s rule
of thumb even if the Gaussian kernels are a priori introduced
to construct an estimator for the ξ multi-dimensional density.
Details on kernel density estimators construction can be found
in the following references [3], [7], [6].

Simulation of a multivariate random variable ξ described by
the kernel density (6) is straightforward:
• generate a random integer J uniformly distributed on
{1,2, ...,N }

• generate a N -dimensional normalized Gaussian random
variable G

• construct the sample ξ = ξ (J) + h×G .
Remark 2.2: The use of a Gaussian kernel implies implicitely

that the distribution of ξ has a C∞ density.
In practice, the approximation due to truncation of the

KL expansion is evaluated considering the total energy
∫

[0,T ] E(X(t)2)dt of the process :
∫

[0,T ] RX(t,t)dt = ∑α λα , the
relative error ε being then defined by:

ε =
NT

∑
α=1

λα /
∞

∑
α=1

λα =
NT

∑
α=1

λα /

∫

[0,T ]
RX (t,t)dt (7)

Numerically, the total energy can be determined from the
empirical autocorrelation function of the N trajectories:

∫

[0,T ]
RX(t,t)dt =

N

∑
i=1

RX(ti,ti)Δti

2-1 Probability distribution of the Gaussian kernel model

Using a Gaussian kernel approximation for the distribution
of random variable ξ = (ξ1, ...,ξN) allows to derive a closed
analytical expression for the probability distribution of X(t).

Indeed, let pξ (x1, ...,xN) the probability density of ξ , then the
characteristic function of X(t) is:

ΨX(t)(u) = E[eiu(∑N
α=1

√
λα ξα φα (t))]

therefore,

ΨX(t)(u) =
∫

RN
eiu(∑N

α=1

√
λα xα φα (t)) pξ (x1, ...,xN)dx1...dxN (8)

Using the kernel approximation:

ΨX(t)(u) =
1

N

N

∑
�=1

∫

RN
eiu(∑N

α=1

√
λα xα φα (t))×

×
N

∏
α=1

g(ξ (�)
α ,h;x)dx1...dxN (9)

where g(ξ (�)
α ,h;x) is the density of the N(ξ (�)

α ,h) Gaussian
variable. Moreover,

∫

RN
eiu(∑N

k=1

√
λk xk φk(t))

N

∏
k=1

g(ξ (�)
k ,h;xk)dx1...dxN =

E(eiuN(m�(t),σh(t))) (10)

with

m�(t) =
N

∑
α=1

√

λα x�
α φα(t)

σh(t) = h
[

N

∑
α=1

λα φ2
α (t)

]1/2
= h×σX(t)

Hence the distribution of X(t) is:

pX(t)(x) =
1

N

N

∑
�=1

g(m�(t),σh(t);x) (11)
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It appears then that the distribution of X(t) is given as a Gaussian
kernel estimator.

Remark 2.3: Since our goal is to model X(t), the value for
the bandwidth h is chosen relatively to the scalar problem (11)
but not relatively to problem of constructing a kernel estimator
for the N-dimensional density of vector ξ (ω). Here we use the
value given by the Silverman rule of thumb, which yields:

σh(t) = h×σX(t) ≈ 1.06 ×n−1/5×σX(t)

hence
h = 1.06 ×n−1/5

2-2 Spline approximation of sampled data

In general experimental databases such as the ones existing
in geophysics contain only sampled trajectories {X�(ti) ; i =
1, ...,N} ; � = 1,N . The autocorrelation function estimator is
known only for the N2 points (ti,t j) ∈ I × I. We shall denote R
the matrix:

R = (Ri j) ; Ri j =
1

N −1

N

∑
k=1

Xk(ti)Xk(t j) (12)

It is then natural to interpolate a function through the N points
where the trajectory X(t,ω) is known and to construct then
the KL expansion of the interpolated trajectory. So let be
given N interpolation functions e j(t) such that e j(t j) = 1 and
e j(tk) = 0 if j 	= k. The interpolation functions can be for
instance polynomial or step functions. The interpolation X̃� of a
trajectory X� is then defined as:

X̃�(t) =
N

∑
i=1

X�(ti)ei(t) (13)

The above function belongs to a function vector space of
dimension N. Let { fi(t)} a basis of this space, then:

ei(t) =
N

∑
j=1

φi j f j(t) (14)

Due to the assumption on the interpolating functions ei(t) it
can be shown that matrix Φ = (φi j) is the inverse of matrix
F = ( fi(tk)). Expressed in this basis, the interpolated process
is written:

X̃(t,ω) =
N

∑
i, j=1

φi jX(ti,ω) f j(t) (15)

The autocorrelation function of the interpolated process is
given by:

R̃(t,s) =
N

∑
i, j=1

γi j fi(t) f j(s) (16)

where (γi j) = ΦT RΦ. It can then be easily checked that the
eigen function u(t) of the operator defined by the autocorrelation
function R̃(t,s) can be written

u(t) =
N

∑
i=1

ui fi(t) (17)

where vector U = (u1, ...,uN)T is an eigen vector of matrix
ΦT RΦΨ and where Ψ is the scalar product matrix of the basis
functions fi(t):

Ψi j =
∫

I
fi(t) f j(t)dt (18)

Remark 1: Because of the matrix Ψ appearing in the above
product, one can see that it is not correct to conctruct first
the KL expansion on the discretized trajectories and then use
interpolated simulated trajectories. There exist some cases
where this matrix is the identity matrix: when the basis ( fi)
is orthonormal, or when the discretization step is constant and
one use a constant value between two discretization times to
interpolate the function.
Besse, in his paper Ref. [1] gives a very general presentation of
spline approximation of Hilbertian random variables PCA. He
proves furthermore a convergence theorem.I

We shall denote λ̃α , φ̃α(t) and ξ̃α(ω) the principal values,
principal factors and principal factors of the interpolated process
X̃(t,ω). The empirical model XN will be modeled by the
Karhunen-Loève expansion of the interpolating process X̃(t,ω):

XN (t,ω) = ∑
α≥1

√

λ̃α ξ̃α(ω) φ̃α(t) (19)

3 RESPONSE OF A DYNAMICAL SYSTEM TO KL
MODELS

We show here how the particular expression of the Karhunen
Loève expansion of a stochastic excitation can significantly
reduce the computation time of the response analysis.

3-1 The linear context

There exist many real-life systems which are described using
industrial linear codes: in structures, aeronautics, etc. The use
of such linear approximations of real structures and systems are
still today mandatory in the conception phase or for optimization
because high fidelity models are too CPU intensive. This is
particularly true for probabilistic analysis based on Monte Carlo
approaches. Even in the case of linear systems, there exist no
analytical methods to characterize the system output when the
excitation is modelled through a nonGaussion non stationary
process. One has to go through numerical simulations in order
to construct various statistical estimators.

Consider a linear system described through a differential
equation

Y ′(t) = A(t)Y (t) + X(t) ; Y (0) = Y0 ; t ∈ [0,T ]. (20)

It is well known that its solution can be written

Y (t) = H(t,0)Y0 +
∫ t

0
H(t,s)X(s)ds (21)

where H is the resolvent matrix. Function H is the impulse
response function and represents the linear system. It is
generally obtained using an industrial code (Nastran, Marc,
...) and its derivation can be computationally expensive for
high dimensionnal models such as the ones encountered in
aeronautics (106 degrees of freedom). When X is a general
second order stochastic process defined on a given probability
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space (Ω,T ,P), Monte Carlo approaches have to be used
in order to construct statistical estimators of Y , and, even
in a linear context, Monte Carlo based probabilistic analysis
can become non practical for some applications. When X is
approximated through a truncated KL expansion denoting mX(t)
its expectation, relation 21 can be written,

Y (t,ω) = H(t,0)Y0 +
∫ t

0
H(t,s)mX (s)ds+

N

∑
α=1

√

λαξα
∫ t

0
H(t,s)φα (s)ds, ; t ∈ [0,T ] (22)

The output characterization necessitates only N + 1 calls of
the linear codes, whith N generally less than 100 in order
to construct the N deterministic response functions ψα(t) =
∫ t

0 H(t,s)φα (s)ds and the second term of equation (22). The
probabilistic analysis is then acheived generating random linear
combinations of these N functions.

3-2 The nonlinear context

We want to characterize the output of a nonlinear system
when its input is modelled as a random process:

Y (t,ω) = f (t,X(t,ω)). (23)

In this situation Monte Carlo approaches are generally
mandatory and their applicability depends on the computation
time needed for solving the nonlinear system (23). As in
the linear situation it is numerically much more efficient to
construct a KL model of the output in order to construct
statistical estimates directly simulating Y (t,ω) than to use an
input KL model in order to feed input simulated trajectories in
equation 23. Moreover, any error on the input model (due for
instance to a low number of samples) could be amplified by the
system nonlinearity. We shall give one illustration based on an
hysteretic oscillator.

3-2.1 Hysteretic oscillator

We consider the following nonlinear system

Ÿ + 2ζωẎ + (1− γ)ω2Z = X(t,ω) (24)

Ż = AẎ −α|Ẏ |Z|Z|n−1 −βẎ |Z|n, (25)

with ζ = .02,ω = 1,γ = .5,A = 1,α = .35 and β = −.65.
Denoting B(t,ω) the Brownian motion, the input is modelled
as :

X(t,ω) = aB2(t,ω) + bB(t,ω) ; a,b ∈ R, (26)

with a = .2,b = 1. Figure (1) shows two trajectories of
the input processX . Figure (2) illustrates a typical hysteresis
loop. A database of 50 trajectories of X(t,ω j), j = 1 : 50 is
built from which the corresponding 50 responses Y (t,ω j) are
constructed solving equations (24) and (25). Then KL models
are constructed for modeling process X and process Y . From
the input X KL model we generate 2000 trajectories of the
excitation and construct various estimates for the response. In
a second stage, the response KL model is used to generate
2000 trajectories of Y (t,ω) from which the same statistics are
built. Finally a reference solution is constructed using 10000
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Fig. 1. Input trajectories
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Fig. 2. Hysteretic loop

trajectories of X . In order to illustrate the numerical effects
of the number of samples on convergence, the same numerical
experiment is performed using 150 trajectories instead of 50.
Figure (3) shows the mean trajectory t �→ (E(Y (t)),E(Ẏ (t))).
We now look at the maximum response maxt∈[0,T ](Y (t,ω)) and
construct an estimator of its distribution. We plotted on figure
(4) this distribution for the reference solution (in red), for the
case corresponding to the 50 samples model (green) and for
the 150 samples model (blue). Not surprisingly, the model
constructed with 150 samples gives a better result than the one
constructed with 50. For this last case, the result obtained from
the model constructed from the output observations is more
precise than the ones obtained from the input model. Now when
the models are constructed using 150 samples, the results are
similar.

The same numerical experience is repeated when considering
a time modulated excitation sin(2πt/T) × X(t,ω), using a
database of 150 trajectories. Looking again at the maximum
response distribution we see now that both models give solution
very similar to the reference one as it can be checked on figure
(5). Finally a real world excitation is applied to the nonlinear
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system: using one hundred accelerograms from a seismic
dabase, a Karhunen Loève model is constructed for simulating
a seismic excitation, which typical simulated trajectories are
illustrated on figure (6). Figure (7) shows once again the
comparison of the maximum distributions obtained by each KL
model.

4 CONCLUSION

Karhunen Loève models are very efficient for constructing
probabilistic models of random phenomena such as the one
encountered in the natural hazards domain. But we have shown
in this work that it is also possible to use such approaches to
build a KL stochastic model for outputs of linear and nonlinear
systems when a stochastic excitation is applied to them. In the
case of linear systems, the probabilistic solution necessitates
the construction of a low number of responses related to the
deterministic eigen function appearing in the KL expansion.
When the system is nonlinear, the approach is particularly
efficient when the cost of solving the nonlinear system renders
Monte Carlo approaches unworkable.
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ABSTRACT : There is a huge litterature dedicated to the numerical analysis of stochastic differential equations (SDE).
The SDEs encountered in structural dynamics have some particularities. The drift term is very important and needs
specific schemes. Structures are in most cases slightly dissipative systems. It is important that the schemes used do not
present the following drawbacks : either destroy the mechanical energy dissipation by introducing a numerical energy
increase, or introduce some numerical energy dissipation of the same order (or higher) than the physical dissipation.
Moreover, the excitation can be modelled by white noïse or coloured noïse. In the first case, we deal with stochastic
differential equations in Ito’s or Stratonovich sense. In the second case, the excitation has more regular trajectories and
in many cases we can use schemes from the analysis of ordinary differential equations. That is why we will bring much
attention to schemes with conservative properties when applied to physical conservative systems. This will give rise
to what we shall call symplectic numerical schemes for SDEs. We will also be concerned by numerical algorithms for
multivalued SDEs, or stochastic variational inequations, appearing for example in the analysis of dynamical response
of nonlinear structures under seismic excitation (elasto-plastic or hysteretic behavior under random loads).

KEY WORDS : numerical schemes ; ordinary differential equations ; stochastic differential equations ; symplectic
schemes.

1 Some schemes for ODE’s is-
sued from mechanics

Ordinary Differential Equations (ODEs) issued from
dynamics are considered in this section, that is to say se-
cond order equations equations of the form

ẍ(t) = f(x, ẋ(t)) + p(t) (1)

with initial conditions x(0) = x0, ẋ(0) = ẋ0. Some regu-
larity is assumed for f and p.

There are two possibilities : either keep second order
derivatives, either change to phase space, with position-
velocity variables, and associate a dynamical system with
firts order derivatives. That is go from Lagrange equations
to Hamilton formulation. When cinetic energy is a quadra-
tic form in the velocity, the two approaches are equivalent.

As it will be necessary to solve equations with many
trajectories of stochastic processe as inputs, we will concen-
trate our attention on schemes which do not need too large
computations.

1.1 Schemes with second order derivatives
Central difference method

For the central difference method with step h , ẍi
is approximated by (xi+1 − 2xi + xi−1)/h2 and ẋi by
(xi+1−xi−1)/2h. These approximations are of second order
in h. Problems of stability can arise. The stability analysis
is not simple, we cannot treat this question here. One just
has to know that he must be very carefull with the choice
of the time step.

Newmark method

The following relations are used :

∆ẋi = hẍi + γh∆ẍi (2)

∆xi = hẋi +
h2

2
ẍi + βh2∆ẍi

where ∆xi = xi+1−xi for a sequence xi, and 0 < γ < 1 et
0 < β ≤ 1/2γ are parameters. The most popular choice is
γ = 1/2 and 1/6 ≤ β ≤ 1/4.

For nonlinear oscillators, it willl be necessary to com-
pute a tangent stiffness at each step, or to use an iterative
procedure (see [4]).

1.2 Schemes for dynamical systems
First order ODE’s are considered in this paragraph.

Note that one can allways switch in this situation by ex-
pessing the dynamics in the phase space. The dynamical
system defined by the ODE

ẏ(t) = f(y(t)), (3)

where y ∈ IR2n, defines the continuous flow φt, t ∈ [0, T ]
caracterised by φt(y0) = y(t) for all t ∈ [0, T ], y0 ∈ IR2n.

To the numerical scheme resolving (3) is associated the
discrete flow Φnh such that Φh(y0) = ȳ1, where ȳ1 is the nu-
merical solution at step h issued from y0 computed using
the scheme. The ODE (3) can be rewriten under the inte-
gral form

y(t) = y0 +

∫ t

O

f(y(s))ds (4)
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and the first Euler schemes are obtained using elementary
approximations of the integral :

Explicit Euler scheme

The integral on [0, h] is approximated by hf(y0). So

y1 = y0 + hf(y0) (5)

This scheme is explicit. knowing, y0, y1 is immediately cal-
culated.

Implicit Euler scheme

The integral on [0, h] is approximated by hf(y1). So

y1 = y0 + hf(y1) (6)

This scheme is implicit : one has to solve an implicit equa-
tion to compute y1.

Mean point Euler scheme

The integral on [0, h] is approximated by hf((y0 +
y1)/2). So

y1 = y0 + hf((y0 + y1)/2) (7)
This is also implicit.

Trapezoidal Euler scheme

The integral on [0, h] is approximated by h(f((y0) +
f(y1))/2. So

y1 = y0 + h(f((y0) + f(y1))/2 (8)

This is also implicit. These schemes are not very different
from one another. However, they have different stability
properties.

Runge Kutta methods

The principal is to use evaluations of f(y(t)) at some in-
termediate points.The most popular among Runge-Kutta
(RK) methods is the RK4, which is as follows :

yn+1 = yn +
h

6
(K1 + 2k2 + 2k3 + k4) (9)

k1 = f(yn) ; k2 = f(yn +
h

2
k1) ;

k3 = f(yn +
h

2
k2) ; k3 = f(yn + hk3)

This is an explicit method. Stability is conditional. It is a
fourth order method, under conditions of regularity for f .

Collocation methods

The idea is to choose a finite dimensional space of po-
lynomials candidate solutions and a number of points, the
collocation points, and to select that polynomial which is
an exact solution at the collocation points. It is a spe-
cial class of implicit Runge Kutta methods. The trapezoi-
dal Euler method is a particuler case of collocation me-
thod. The Gauss-Legendre method use the points of Gauss-
Legendre quadrature as collocation points.

1.3 Symplectic schemes

Moreover, as we deal with mechanical systems, an im-
portant property of the flow associated to Hamilton Equa-
tions is symplecticity, that is to say the conservation of the
Hamiltonian form of the system. Using a numerical scheme
to solve an Hamilton Equation, it is important that the dis-
crete flow Φh be symplectic.

Symplectic flows

The interested reader can refer to [1]. Concerning the
domain of numerical methods, the reference here is [7].

Let J denote the 2d-dimensional symplectic matrix, and
ω the symplectic form of the same dimension :

ω(ξ, η) = ξTJη; where J =

[
0 I

−I 0

]
(10)

Definition 1 A linear application A : IR2d → IR2d will
be called symplectic if it leaves invariant the symplectic
form : ω(Aξ,Aη) = ω(ξ, η) ∀ξ, η ∈ IR2d. or equivalently
if ATJA = J. Such an application is also called canonical
transform.

A differentiable mapping g : U → IR2d where U is an
open set in IR2d is symplectic if its differential is.

This property can be interpreted as the conservation of
bidimensional oriented areas.

Let us now consider an Hamiltonian system in IR2d defi-
ned by the Hamiltonian H(p, q) using usual notations. The
associated dynamics is given by the system of Hamilton
equations :

ẏ = J−1∇H(y). (11)

The following result was proved by Poincaré :

Theorem 1 If H(p, q) is a C2-Hamiltonian on the open
set U ⊂ IR2d and φt the associated flow, then φt is sym-
plectic.

The advantage of symplectic applications is to trans-
form Hamiltonian systems into Hamiltonian systems.

Theorem 2 Let ψ : U → V a coordinate change that
is a C1-diffeomorphism Il ψ is symplectic, any Hamilto-
nian system ẏ = J−1∇H(y) becomes in the new variables
z = ψ(y) the Hamiltonian system ż = J−1∇K(z) where
K(z) = H(y). Conversely, if ψ transforms any Hamilto-
nian system in Hamiltonian system, ψ is symplectic.

Let us now consider the associated numerical schemes.

Definition 2 A one step numerical method is called sym-
plectic if the application y1 = Φh(y0) is symplectic when
applied to a regular Hamiltonian system.
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Some symplectic schemes

Remark 1 Explicit, implicit and trapezoidal Euler
schemes are not symplectic ; the mean point Euler method
scheme is symplectic.

Partitioned systems

Let us assume that the variables are partitioned (for
example in the phase space : position and velocity) so that
the differential system can be written

u̇ = a(u, v)

v̇ = b(u, v) (12)

In that case the partitioned Euler schemes can be conside-
red to solve such a system :

un+1 = un + ha(un, vn+1)

vn+1 = vn + hb(n, vn+1) (13)

or

un+1 = un + ha(un+1, vn)

vn+1 = vn + hb(un+1, vn) (14)

where one variable is treated by the implicit and the other
by the explicit Euler method. This method is symplectic.

One exemple : the Lotka-Volterra problem

This model is the prey-predator dynamics issued from
biology. But it is a good test for algorithms. It models the
evolution in time of the number of predators u(t) and the
number of preys v(t) at time t.

u̇ = u(v − a)

v̇ = v(b− u) (15)

where a and b are positive constants.
This systems admits an invariant (Lagrangian)

Φ(u, v) = bLn(u)−u+aLn(v)−v. Let us solve this system
using explicit Euler, implicit Euler, mean point Euler and
Trapeze Euler.

The flows associated to these different schemes are re-
presented in figure 1, with time step 0.1 and duration
T = 10.
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Figure 1. Flows associated to Lotka-Voltera problem ob-
tained by different schemes

2 Main schemes for SDE’s is-
sued from Mechanics

The main references here are the book [8] and the re-
view article [9]. The articles [3] and [6] contains some ana-
lysis of schemes more specific for Mechanics.

2.1 Some basic definitions and results
concerning the stochastic case

We will have to distinguish the EDS in the Itô’s sense
(EDSI) and in the Stratonovich sense (EDSS). The second
type is more natural to modelize mechanical problems with
random excitation of White Noise type, but the mathema-
tical analysis uses Itô’s acception. The definition of weak
and strong solutions, then weak and strong convergence of
numerical schemes, and of order of convergence, are defi-
ned in the given reference. As well as the trajectorial uni-
city and unicity in law of solutions. To give a rough idea,
strong refers to trajectories, while weak refer to probabi-
lity laws. These last are generally the interesting objects
for mechanics since the goal is to compute probabilities.
We will denote by d the differential in the Itô sense, and
by δ the differentials in Stratonovich sense. Let us recall
that the equation :

dX(t) = b(X(t))dt+ σ(X(t))dW (t); X(0) = X0 (16)

where W is a Brownian motion is a way of writing the
integral equation

X(t) = X0 +

∫ t

0

b(X(s))ds+

∫ t

0

σ(X(s))dW (s) (17)

in which the first integral is a classical lebesque integral
while the second one is an Itô integral. It is the same for
EDS in the sense of Stratonovich, replacing dW by δW .

The numerical schemes will rest on the approximation
of the integrals and on stochastic Taylor formulas obtai-
ned by iteration of Itô’s formula. We need to approximate
first the deterministic integral, then the stochastic integral.
The question of implicit schemes will be perturbated by the
non-anticipative terms in stochastic calculus.

Euler Maruyama scheme

The time interval is discretized at step h on the interval
[0, T ]. This scheme is like the Euler scheme in the determi-
nistic case, and will be called Euler scheme in the rest of
the text

Y0 = X0, Yn+1 = Yn + hb(Yn) + σ(Yn)∆Wn (18)

where ∆Wn = W ((n + 1)h) − W (nh) is the sequence of
accretions of the Brownian motion, that is a sequence of
independant zero mean Gaussian variables with variance
h. Hence, for the simulation, ∆Wn will be substituted by√
hNn where (Nn) is a sequence of reduced independant

Gaussian r.v.

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2783



Continuous approximation

We defined an approximation of a continuous process
by a discrete one. An approximation by another continuous
process will sometimes be needed. This can be obtained by
linear interpolation on each interval :

Y (t) = Yn+(t/h−n)(Yn+1−Yn), t ∈ [nh, (n+1)h] (19)

Another method will be obtained by freezing in the terms
of (16) the coefficients on each interval at the value at the
begining of the interval. Denote btcn = Ent(nt)/n where
Ent is the integer part. The approximation then is solution
of the following EDSI :

Y h(t) = Y hn + b(Y hn )t+ σ(Y hn )dW (t), t ∈ [btcn, btcn + h]
(20)

Weak and strong convergence

For the strong approach, we compare the exact solution
with its approximation using the same trajectory of the
Brownian motionW . This will be a trajectorial approxima-
tion. The error will be measured by E(|X(T )−Y (T )|p)1/p,
generally with p = 1 ou p = 2. One can also use an uniform
error on all time steps, like supk=0,...,NE(|X(kh)− Yk|) or
supt∈[0,T ]E(|X(t)− Y (t)|).

One can also retain almost sure uniform convergence
on [O, T ].

For the weak approach, we will compare the laws, for
example using moments. So the error willl be mesasured by
|E(X(T )p) − E(Y (T )p)| for convenient values of p. More
generally, one can use |E(g(X(T ))−E(g(Y (T ))|) for some
class of test functions G. If G contains the polynomials, this
will imply a control of the error on moments.

Order of convergence

In a stochastic context, the notions of convergence are
more involved than in a deterministic context. Let us de-
note Y h the approximation sequence ofX(t) resulting from
a numerical scheme with step h. See [8]

Definition 3 The scheme Y h is strongly convergent
with order γ > 0 if there exists a constant C > 0, which
does not depend on h and h0 > 0 such that

Err2(h) = [E(|X(T )− Y h(T )|2)]1/2 ≤ Chγ

for all h ∈ [0, h0[.
The scheme Y h is weakly convergent with order

β relatively to the class of functions G if, for any g ∈ G,
there exists a constant C(g, T ) depending on g but not on
h, and h0 > 0 such that

err1,g,T (h) = |E(g(X(T ))− E(g(Y h(T )))| ≤ C(g, T )hβ

for all h ∈ [0, h0[.

One can also consider an order of almost sure conver-
gence α if there exists an almost surely finite r.v. C and
h0 > 0 déterministic such that

supt∈[0,T ]|X(t)− Y h(t)| ≤ Chα for all h ∈ [0, h0[.

Order of strong convergence of the Euler scheme

Let us assume that the functions b and σ are C2 with
bounded derivatives of first and second order. Then, the
Euler scheme is of strong order 1

2 .

Order of weak convergence of the Euler scheme

Under some conditions (see [8]) on the coefficients, the
Euler scheme is of weak order 1.

Remark : to obtain a weakly convergent scheme, it is
not necessary to use Gaussian variables ∆Wn. One can use
a random walk for example.

An order 1/2 can be unsatisfactory. That is why was
introduced the following :

Milshtein scheme

Firts consider the dimension 1. Using a Taylor develop-
ment of σ(·) in (16), one obtains for small t :

X(t) ≈ X0 + b(X0)t+ σ(X0)(W (t)−W (0) (21)

+ σ(X0)σ′(X0)

∫ t

0

(W (s)−W (0))dW (s)

The presence of an iterated Itô’s integral makes things com-
plicated, since this should be simulated. IfW is one dimen-
sional, it is simple since, by Itô’s formula,∫ t

0

(W (s)−W (0))dW (s) =
1

2
(W (t)2 − t)

This gives the Milshtein’s scheme :

Y(k+1) = Yk + b(Yk)h+ σ(Yk)∆kW

+
1

2
σ(Yk)σ′(Yk)((∆kW )2 − h).

But in dimension more than one, the extension of the
formula (21) is, component by component :

Xi(t) ≈ Xi
0 + bi(X0)t+ Σdj=1σ

i
j(X0)(W j(t)−W j(0) (22)

+ Σdj,l=1∂σ
i
j(X0)σil(X0)

∫ t

0

(W l(s)−W l(0))dW j(s)

The multiple Itô’s integrals present here introduce some
difficulties, since they are non continuous fonctionals of the
Brownian motionW , which will forbid trajectorial approxi-
mations, and moreover there law is difficult or impossible
to express with Gaussian distributions.

Order of strong convergence of the Milshtein’s
scheme

Assume b and σ are C2 and the two firts order deri-
vatives bounded. Then the Milshtein’s scheme is of strong
order 1, that is there existe a constant C(T ) such that

E(|X(T )− Y h(T )|2)1/2 ≤ C(T )h.

The result is also available with L1 instead of L2-norms.
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Cameron-Clark commutativity condition

However, there is a situation in which the simulation is
possible. Let X live in IRd and W in IRm, so that σ(x) is a
matrix with d lines and m columns, with coefficients σij(x).
Let us introduce the first order differential operators asso-
ciated to the columns of σ : Lj = Σml=1σ

j
l ∂l, j = 1, · · · , d.

Consider the following commutativity condition :

∀j1, j2 ∈ {1, · · · , d}, ∀k ∈ {1, · · · ,m}, Lj1σj2k = Lj2σj1k
(23)

Note that this condition is satisfied in the following cases :
– m = 1,
– σ is constant, independant of x,
– d = m and σ is diagonal,
– σ(x) is linear.

Proposition 1 Let us assume the condition (23) is satis-
fied. Then the Milshtein scheme can be written :

Y l(k+1) = Y lk + bl(Yk)h+ Σmj=1σ
l
j(Yk)∆kW

j (24)

+
1

2
Σj1<j2(Yk)Lj1σlj2(Yk)((∆kW

j1)(∆kW
j2)

+
1

2
Σmj=1(Yk)Ljσlj(Yk)((∆kW

j)2 − h)

The Milshtein’s scheme is optimal in the following sense
[5] :

Proposition 2 Under the condition (23), the Milshtein’s
scheme has the best order of convergence in quadratic mean
among all schemes with fixed time step h using only values
of the Brownian motion W at times kh.

Almost sure trajectorial convergence

We refer to the paper by G.Fleury (6) for more results
on this topic. The extension is as follows : the classical as-
sumption that the coefficients should be globally Lipschitz
is not satisfied in many examples (Duffing or Van der Pol
oscillator, and so on). The very general following schemes
are considered :

Xn,k+1 = Xn,k + bn(Xn,k).h+ σn(Xn,k).∆n,kW

+ ϕn(Xn,k).∆n,kZn,

Xn,0 = xn,0,

where the discrete time process (Xn,k)k∈IN is an observa-
tion at times k

n (k ∈ IN) of the solution of :

dXn(t) = bn (Xn (btcn)) dt+ σn (Xn (btcn)) dW (t)(25)
+ ϕn (Xn (btcn)) dZn(t),

Xn(0) = xn,0.

where
Zn are continuous martingales,

bn : IRh −→ IRh arevector− valuedfunctions ,

σn : IRh −→Mh′,h(IR) et

ϕn : IRh −→Mh”,h(IR) are matrix− valued functions.

Moreover, (σn), (bn) are supposed to converge to σ and b
respectively, and (ϕn) are uniformly bounded.

Some schemes satisfying these assumptions

– Explicit and implicit Euler scheme
– Milshtein scheme in dimension 1
– Stochastic Newmark scheme

Theorem 3 Let T > 0 given. Let X(t) a solution of (16)
and Xn(t) a continuous approximation satifying (26) :

dXn(t) = bn (Xn (btcn)) dt+ σn (Xn (btcn)) dW (t)

+ ϕn (Xn (btcn)) dZn(t),

Xn(0) = xn,0.

Then under some technical asumptions, for any α ∈
]
0; 1

2

[
,

there exists a random variable η such that, almost surely,

sup
0≤t≤T

|X −Xn|(t) ≤ η.n−α.

Stochastic Newmark scheme

As the Newmark scheme is very popular in engineering,
it is implemented in many codes. However the quality of
this scheme depends on the regularity on the sollicitaion,
that is supposed at least C3 in classisal studies. Then this
scheme is used with white noïse. It appears then that is
is very smoothing and filters high frequencies too much.
See [3]. So in this reference modifications of the Newmark
scheme are presented to use it with white noïse.

2.2 Stochastic symplectic schemes
These schemes are dedicated to SDE describing the dy-

namics of systems that can be considered as perturbations
of Hamiltonian systems. The perturbation is double : a dis-
sipative term "not too big" and the action "not too strong"
of the noise. To be more precise on what we mean by "not
too big", see the reference [2]. As we know from [8], use
implicit schemes for the stochastic part leads to important
difficulties.

Mean point scheme

The dynamics is described by the Itô SDE :

dX(t) = b(X(t))dt+ σ(X(t))dW (t); X(0) = X0; (26)

where

b(x, v) = J−1∇H(x, v) + εc(x, v)

X = (x, v), σ(x, v) =

(
σ1(x)

0

)
(27)

We propose to use the mean point Euler scheme for the
deterministic part, which is known to be symplectic, and
the Milshtein sheme for the random part. In dimension 1,
the following is obtained :

Yk+1 = Yk + b((Yk + Yk+1)/2)h+ σ(Yk)∆kW (28)

+
1

2
σ(Yk)σ′(Yk)((∆kW )2 − h); Y0 = X0
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Problems that can arise using implicit schemes for
the stochastic part

Consider the one dimensional linear Itô’s SDE :

dX(t) = aX(t)dt+ bX(t)dW (t); X(0) = X0 (29)

and take the implicit Euler scheme with step h for both
the deterministic and the stochastic part

Yk+1 = Yk + ahYk+1 + bYk+1∆kW (30)

In this example, one can compute explicitly

Yn = X0Πn−1
k=01/(1− ah− b∆kW ).

Then E[|Yn|] = +∞ if (∆kW ) is a qequence of independant
r.v. with law N (0,

√
h).

But, using a sequence of independant r.v. taking values
±
√
h with probability 1/2, the r.v. Yn are bounded if h is

small enough.

3 Multivalued SDE’s

We refer here to [10] for the mathematical statements of
multivalued SDE’s, to the book [11] for the application of
MSDE’s to dynamics of structures and to the book [12] for
mechanical applications and numerical aspects of MSDE’s.
We mention here recent works [15] using the framework of
stochastic variational inequalites.

3.1 Some definitions and results on multi-
valued and maximal monotone opera-
tors

MSDE’s are used in random mechanics for the mode-
ling of dry friction, elastoplasticity or impacts under ran-
dom sollicitations. Their drift coefficient are defined thanks
to multivalued operator, that is maps from Rn into P(Rd)
(n ≥ 1) where P(Rd) denotes the set of parts of Rd). We
consider here only maximal monotone multivalued opera-
tor (see [14]), that is multivalued monotone operators wi-
thout “hole”. In this subsection we give well-known results
about maximal monotone operator (see [14] for more ex-
planations). The domain D(A) of A : Rd → P(Rd) is the
set of all x ∈ Rd such that A(x) is not empty. We de-
note by Gr(A) the graph of A, i.e. Gr(A) = {(x, y) ∈
Rd, x ∈ D(A), y ∈ A(x)}. We say that A is monotone if
for all x, x′ ∈ D(A), and for all y ∈ A(x) and y′ ∈ A(x′),
〈x− x′, y − y′〉 ≥ 0 is valid. For A a multivalued operator,
we define its inverse A−1 or, what is equivalent, GrA−1,
as the graph obtained from GrA by exchanging the order
of the elements in any pair (x, y) ∈ GrA. We recall the
following result which will be usefull to define a numerical
scheme for MSDE’s : for λ > 0, the a priori multlivalued
map

Jλ = (I + λA)−1 (31)

is univalued. As an example, the Coulomb’s friction law
is defined thanks the multivalued operator ACoulomb on R :

ACoulomb(x) =


−1 if x < 0

[−1, 1] if x = 0

+1 if x > 0

(32)

3.2 Some definitions and results on
MSDE’s

We consider the following MSDE :{
dXt +A(Xt)dt 3 b(t,Xt)dt+ σ(t,Xt)dWt, 0 ≤ t ≤ T,
X0 = x0

(33)
where A is a multivalued and maximal monotone operator
on Rd. In order to make sense to the inclusion (33), we
introduce a stochastic process (Kt)0≤t≤T a.s. with boun-
ded variation on [0, T ], vanishing at 0, satisfaying dKt ∈
A(Xt)dt and such that :

dXt = b(t,Xt)dt+ σ(t,Xt)dWt − dKt. (34)

We give here the result of existence and uniqueness of
a solution to (33) ([10]).

Proposition 3 Let us assume that the interior of the do-
main of A is a non-empty set :

Int(D(A)) 6= ∅; (35)

Let us furthemore assume that there exists two constants
C(T ) > 0 and γ > 0, such that for all (s, t) ∈ [0, T ]2 and
x, y ∈ Rd,

‖b(t, x)−b(s, y)‖+‖σ(t, x)−σ(s, y)‖ ≤ C(T )(|t−s|γ+‖x−y‖)
(36)

et
‖b(t, x)‖ + ‖σ(t, x)‖ ≤ C(T )(1 + ‖x‖). (37)

Then there exists a unique strong solution to (33).

3.3 A generic numerical scheme for
MSDE’s

For the general MSDE (33), an implicit-explicit Euler
scheme can be well-defined. The scheme is defined as fol-
lows :

X0 = x0, (38a)
∀n ∈ {0, . . . , N − 1},
Xn+1 −Xn + hA(Xn+1) 3 hb(tn, Xn) + σ(tn, X

n)
(
Wtn+1

−Wtn

)
.

(38b)

By virtue of (31), (38b) is equivalent to :

∀n ∈ {0, . . . , N − 1},
Xn+1 = Jh

(
Xn + hb(tn, X

n) + σ(tn, X
n)
(
Wtn+1

−Wtn

))
.

(39)
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Proposition 4 Let us assume assumptions of Proposition
3. We assume moreover that there exists an integer p ≥ 4
and a constant C > 0 such that :

E‖x0‖p <∞ (40)

and

∀x ∈ D(A) : ‖projA(x) 0‖ ≤ C(1 + ‖x‖p/2), (41)

where projA(x) denotes the projection on the convex set
A(x). Then the scheme (38) strongly converges to the so-
lution of (33) :

lim
h→0

E sup
0≤i≤N

‖Xi −Xti‖2 = 0. (42)

If we assume morever that σ is bounded then :

E sup
0≤i≤N

‖Xi −Xti‖2 = O((h log(1/h))1/2), (43)

Proof 1 We refer to [13] for the proof.

3.4 Application to an elastoplastic system
under white Noise

The system is represented by the triplet X(t) =
(x(t), ẋ(t), v(t)) and is governed by the MSDE in R3 :
dX(t) + A(X(t))dt 3 BX(t)dt + ΣdW (t) where Σ > 0,
W is the real standard Brownian motion and :

B =


0 1 0

0 −c −k
0 1 0

X, A(X) =


0

0

β(X3/Y )

 , β = σ−1,

where c, k and Y are positive real constants. We will illus-
trate in the sequel the scheme defined in (39) and two
schemes for wich the linear part of the drift is discreti-
zed thanks to an implicit Euler scheme and a mean point
scheme.

Algorithm for the scheme (39)

After calculations, we obtain the following algorithm :

x1 = x0 + hẋ0,

v1 = max[min((v0 + x1 − x0, Y ),−Y ]

xn+1 = (2− ch)xn − (1− ch)xn−1)− kh2vn−1
+Σ∆n−1W

vn+1 = max[min(vn + xn+1 − xn, Y ),−Y ]

since (I + hβ)−1(z) = max[min(z, Y ),−Y ].

Algorithm for the scheme with implicit Euler
scheme applied to the linear part

We discretize the MSDE (38) as follows :

Xn+1 −Xn +A(Xn+1)h 3 CXn+1h+ Σ∆nW (44)

We have :

xn+1 − xn = hẋn+1 (45)
ẋn+1 − ẋn = −chẋn+1 − khvn+1 + Σ∆nW (46)

vn+1 = max[min(vn + xn+1 − xn, Y ),−Y ](47)

and then afer calculations :

xn+1 = gn(vn+1) (48)
vn+1 = max[min(vn + gn(vn+1)− xn, Y ),−Y ](49)

where

gn(x) = 1/(1+ch)[xn(2+ch)−xn−1−kh2x+Σ∆nW ] (50)

We have to solve the system (48)-(49). Let us denote by x?
the solution of x? = vn + gn(x?)− xn :

x? = k1[(2 + ch− kh2)xn − xn−1 − kh2vn + Σ∆nW ]

with
k1 = 1/(1 + ch+ kh2)

If |x?| < Y , then vn+1 = x? and xn+1 = gn(x?). If x? > Y ,
vn+1 = Y and xn+1 = gn(Y ). Indeed, the map gn is de-
creasing and then Y < vn+gn(x?)−xn < vn+gn(Y )−xn.
It follows that max[min(vn + gn(Y ) − xn, Y ),−Y ] = Y .
If x? < −Y by similar arguments, vn+1 = −Y and
xn+1 = gn(−Y ). The solution of the system (48)-(49) is
given by xn+1 = gn(vn+1) and :

vn+1 =


x? if |x?| < Y

Y if x? > Y

−Y if x? < −Y

Algorithm for the scheme with middle point
scheme applied to the linear part

We discretize the MSDE (38) as follows :

Xn+1 −Xn + hA(Xn+1)h 3 1

2
hC(Xn+1 +Xn) + Σ∆nW

We have :

xn+1 − xn =
1

2
h(ẋn + ẋn+1) (51)

ẋn+1 − ẋn = −1

2
ch(ẋn + ẋn+1)

−1

2
kh(vn + vn+1) + Σ∆nW

vn+1 = max[min(vn + xn+1 − xn, Y ),−Y ]

The second equation gives :

ẋn+1(1+ch/2)−ẋn(1−ch/2) = −1

2
kh(vn+vn+1)+Σ∆nW

This last equation and (51) lead to :

ẋn+1 = −kh
4

(vn+vn+1)+
1− ch/2

h
(xn+1−xn)+

1

2
Σ∆nW

This last relation expressed with n instead of n+ 1 gives :

ẋn = −kh
4

(vn+vn−1)+
1− ch/2

h
(xn−xn−1)+

1

2
Σ∆n−1W
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and, by (51) :

xn+1 − xn =
1

2
h(ẋn + ẋn+1)

= −kh
2

8
(vn+1 + 2vn + vn−1)

+
1− ch/2

2
(xn+1 − xn−1)

+
h

4
Σ(∆n−1W + ∆nW )

Finally :

xn+1 = gn(vn+1) (52)
vn+1 = max[min(vn + gn(vn+1)− xn, Y ),−Y ](53)

where
gn(x) =(2/(2 + ch))[2xn − (1− ch/2)xn−1

− kh
2

4
(x+ 2vn + vn−1)

+
h

2
Σ(∆n−1W + ∆nW )]

(54)

Denoting by x? the solution of x? = vn + gn(x?)− xn :

x? = k2[(2− ch)(xn − xn−1) + (2 + 2ch− kh2)vn

− (kh2/2)vn−1 + hΣ(∆n−1W + ∆nW )]

with k2 = 1/(2 + ch+ k h
2

2 ).
As in the previous case, the solution of the system (52)-

(53) is given by xn+1 = gn(vn+1) and :

vn+1 =


x? if |x?| < Y

Y if x? > Y

−Y if x? < −Y

We illustrate on figure 2 the three schemes introduced
in this section for a time step h = 10−4 with T = 104,
c = 0.12, k = 900, Y = 0.04, Σ = 2, x0 = 0.03, v0 = x0,
ẋ0 = 0.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
−0.15

−0.1

−0.05

0

0.05

0.1

t(s)

x

 

 

 Explicit Euler
Implicit Euler
Mean point

Figure 2. An example of a simulated trajectory of x by the
three schemes.
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Experimental modal analysis of a beam travelled by a moving mass using Hilbert
Vibration Decomposition
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ABSTRACT: In this paper the problem of modal identification of time-varying system is investigated. To do so, a technique
based on the sifting process of the Hilbert Vibration Decomposition (HVD) method is presented. The key idea is to estimate the
instantaneous frequency of the dominant mode, to extract its corresponding component by demodulation of the recorded signals
and then to iterate with the subsequent dominant mode. In the case of multiple recorded signals, a source separation method is
used as a preprocessing step to facilitate the identification of the instantaneous frequency for the following demodulation step. To
illustrate the method, an experimental set-up consisting in a beam travelled by a non negligible mass is considered. The whole
structure is randomly excited during the travel of the mass and some responses on the beam are recorded.

KEY WORDS: Modal identification; Time-varying systems; Hilbert transform; Instantaneous frequency.

1 INTRODUCTION

Recently the field of identification of time-varying systems has
known a great increase of interest.

As the dynamic response of time-varying systems is non-
stationary, identification of such systems requires appropriate
signal processing tools. One of the most known technique is
the Empirical Mode Decomposition (EMD) method [1] which
is able to split a signal into its mono-components.

More recently, the Hilbert Vibration Decomposition (HVD)
method [2] was introduced with the same goal of splitting
signals into their constitutive mono-components. The present
work is based on this technique.

The paper is organized as follows. First, the definition of
the Hilbert Transform and both the EMD and HVD methods
are briefly recalled in Sections 2, 3 and 4. Additional signal
processing tools are introduced in the HVD method to extend its
application to multiple degrees-of-freedom (MDOF) systems.
The proposed method is then applied to the identification of
a time-variant system. The system studied in this work is a
beam on which a mass, which is not negligible with respect to
the mass of the beam, is moving. This system is presented in
Section 6 together with the results of the modal identification
of the beam subsystem only (Linear Time Invariant (LTI)
system) which are used as reference modal properties. Finally a
conclusion ends the paper.

2 THE HILBERT TRANSFORM

For seek of clarity, the definition of the Hilbert transform along
with some of its properties which will be used later in the EMD
and HVD methods are briefly recalled.

The Hilbert transform is a particular transform that remains
in the same domain as the processed signal (the time domain in
our case). It is defined as the convolution product between the
signal and the function h(t) = 1

π t :

H (x(t)) =
1

π
p.v.
∫ +∞

−∞

x(τ)

t− τ
dτ (1)

in which p.v. stands for the Cauchy principal value of the
integral in (1). It results in a signal which is phase shifted by
−π2 radian. Thus the analytic form of the initial signal is built by
adding the imaginary unit times the Hilbert transform of itself,
i.e.

z(t) = x(t) + iH (x(t))

= a(t)eiφ(t), (2)

where a(t) and φ(t) are instantaneous amplitude and phase of
the signal, respectively. The instantaneous frequency can then
be calculated by taking the time derivative of the instantaneous
phase, ωk(t) = φ̇k(t), but it is important to note that it
is meaningful only if applied on mono-components. Indeed,
for instance in the case of a multi-components signal, the
instantaneous frequency calculated in such a way can be
occasionally negative.

The Hilbert Vibration Decomposition method described in
section 4 will make use of the analytic form of the signal to
perform separation into mono-components.

2.1 Properties of the Hilbert transform

To apply the Hilbert transform to modal analysis, let us recall
two properties of the Hilbert transform:
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Derivative: The Hilbert transform of the (kth-)derivative of a
signal is the (kth-)derivative of the Hilbert transform of this
signal:

H
(
dk x(t)

dtk

)
=

dk

dtk

(
H (x(t))

)
. (3)

The Bedrosian’s theorem [3]: If a signal is itself the product of
two signals, one slowly varying and the second fast varying,
the Hilbert transform of this product is equal to the slowly
varying signal times the Hilbert transform of the fast one under
a particular condition. The latter condition implies that, if one
computes the spectrum of the slow and fast signals, they must
not overlap. In that case, if f(t) and g(t) are the slow and
fast signals, respectively and if the non-overlapping condition
is fulfilled, one has:

H (f(t)g(t)) = f(t)H (g(t)) . (4)

Let us consider the equation of motion of a multiple degrees-
of-freedom (MDOF) time-variant dynamical system:

M(t) ẍ(t) +C(t) ẋ(t) +K(t)x(t) = f(t). (5)

Now let us add to equation (5) its Hilbert transform multiplied
by the complex unit. According to the properties (3) and (4), the
analytic form of the motion equation (5) writes:

M(t) ẍ(t) +C(t) ẋ(t) +K(t)x(t) = f(t)

+ i×H
(
M(t) ẍ(t) +C(t) ẋ(t) +K(t)x(t)

)
=H

(
f(t)

)
M(t) z̈(t) +C(t) ż(t) +K(t)z(t) = g(t)

(6)

3 EMPIRICAL MODE DECOMPOSITION AND THE
HILBERT-HUANG TRANSFORM

The aim of the EMD method is to sift a signal into constitutive
mono-components which are named Intrinsic Mode Functions
(IMFs). To this purpose, the signal x(t) is assumed to be
modelled as

x(t) =
∑
k

ak(t) cos(φk(t)) + n(t), (7)

where ak(t) and φk(t) are instantaneous amplitude and phase of
the kth mono-component, respectively. n(t) is added to model
the noise present in the signal.

In this method, the sifting process is based on cubic-spline
interpolation of all the maxima and all the minima in the signal
which lead to the upper and lower envelopes of the signal. The
mean of these two envelopes is then calculated and retrieved
from the signal. This process is iterated until the resultant signal
has a local mean equal to zero and until the number of extrema
and zero crossing does not differ of more than one. The two
latter conditions correspond to the definition of an IMF. Once
they are fulfilled, the IMF can be extracted from the initial signal
and the whole process is repeated for the extraction of the next
IMFs.

Once all the IMFs are extracted from the signal, it remains to
compute their instantaneous properties. This is done using of the
Hilbert transform (described in Section 2) and the analytic form
of the signal in addition to the EMD method. This combination
is called the Hilbert-Huang transform (HHT) [1].

4 THE HILBERT VIBRATION DECOMPOSITION
METHOD

The Hilbert Vibration Decomposition method [2] uses the
analytic form of a signal to extract its mono-components
from the highest to the lowest instantaneous amplitude. In
the following, one will refer to thedominant mode for the
component having the highest instantaneous amplitude.

The HVD method is based on the following analytic
representation of the multi-components signal in the complex
domain:

z(t) = a(t)eiφ(t)

=
∑
k

ak(t)e
iφk(t). (8)

This multi-components model in the complex domain can
be seen as a sum of rotating phasors corresponding to each
component, each one having its own amplitude ak(t) and
phase φk(t). So, the trajectory in the complex plane is driven
by the dominant mode (highest ak) around which the other
components add some oscillations. This is illustrated in Figure 1
in the particular case of a two-components signal with constant
amplitudes and frequencies. The way to recover the dominant

Figure 1. Trajectory in the complex plane of a two-components
signal with constant amplitudes and frequencies. The
second component causes the signal to oscillate around the
trajectory of the dominant component

component by the HVD method is to low-pass the phase
of the signal to filter the oscillations due to the secondary
component(s) and isolate the phase evolution of the dominant
mode. The latter is used for the extraction of the dominant
component by synchronous demodulation. Once the dominant
component is extracted from the signal, the process is repeated
for the extraction of new dominant components.
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5 EXTENSION OF THE HVD METHOD TO MDOF
SYSTEMS

5.1 Limitations of the EMD and HVD methods

To be used for modal identification purpose, the mono-
components provided by both the HVD and EMD methods
should ideally correspond to one particular (time-varying) mode
of vibration, but to this end both methods have a weak point.
Indeed, each method extracts the component having the highest
instantaneous frequency (in the EMD method) or amplitude (in
the HVD method). It follows that, if in the multi-components
mixture there are crossings in frequency or amplitude between
mono-components, both methods will follow these crossings.
It will result that the extracted components may contain jumps
between different vibration modes.

5.2 Improvement of the HVD method

To overcome possible jump phenomena mentioned in the
previous subsection, add-in are proposed to the algorithm
presented in [2] in order to to handle MDOF systems. The
main modification of the algorithm is the addition of a source
separation method. Indeed, using a source separation technique
on multiple channels helps to make a preparatory separation
of the modes. Then using a separated source as input to
the decomposition algorithm reduces the occurrence of mode
switching. Further, to apply the initial algorithm on a MDOF
system, one has to do it in parallel on each channel. Doing this in
that way results in one frequency curve (and the corresponding
demodulated component) per channel. In that case, the mode
switching phenomenon can easily occur and nothing ensures
that switches will occur at the same time. So, using one
separated source in the algorithm gives one frequency curve that
is used to demodulate its corresponding component on all the
channels simultaneously. The source separation technique used
in the present work is the Second-Order Blind Identification
(SOBI) method [4].

A second improvement in the initial algorithm is to replace
the synchronous demodulation step. In the initial algorithm the
instantaneous frequency was obtained by low-pass filtering of
the instantaneous frequency and then used for the synchronous
demodulation. In our case, the phase is first smoothed by a
trend detection technique (a Hodrick-Prescott filter [5] here)
and then used in a Vold-Kalman filter [6] for the extraction of
its corresponding component. It has the advantage to be able
to simultaneously demodulate multiple components even in the
presence of frequency crossings.

In short, the Hodrick-Prescott filter models a signal as a trend
τ(t), oscillatory components c(t) and noise n(t):

φ(t) = τ(t) + c(t) + n(t) (9)

Applied to the phase of the analytic signal, the goal is to extract
the trend of the phase, which corresponds to the phase of the
dominant mode. In the Hodrick-Prescott method, the trend,

τ(t), is found by solving an optimisation problem :

min
τ

[
T∑
t=1

(φt − τt)2 + λ
T−1∑
t=2

((τt+1 − τt)− (τt − τt−1))2
]
.

(10)
The first term penalizes strong deviations from the trend and the
second penalizes fast variations of the trend. λ is a smoothing
parameter which tunes the smoothness of the trend.

The signal model in the Vold-Kalman filter is the same as
in (8). The Vold-Kalman filter is able to recover the complex
amplitude ak(t) when the signal and the instantaneous phase
φk(t) are provided. It is composed of two equations, the data
equation:

x(t)−
∑
k

ak(t)e
iφk(t) = δ(t) (11)

and the structural equation:

∇ak(t) = εk(t), (12)

in which δ(t) and εk(t) have to be minimized to get the complex
envelopes ak(t) in the signal. In Equation (12), ∇ represents a
difference operator and, as in the Hodrick-Prescott filter, this
equation adds a smoothness constraint on the result.

Applying the Vold-Kalman filter leads to express the signal as
a series of complex envelopes multiplied by a time oscillation
function at an instantaneous eigen-frequency of the system.
The similarity with the modal expansion of linear systems is
evident and the complex envelopes obtained in that way may be
assimilated to instantaneous unscaled mode-shapes:

Vold-Kalman filter: x(t) =
∑
k ak(t) eiφk(t)

l l
Modal expansion: x(t) =

∑
k Vk(t) ηk(t)

(13)

Finally, the kth component of the signal is obtained by taking
the real value of the multiplication between the complex
envelope and its corresponding phasor:

xk(t) =Re
(
ak(t)e

iφk(t)
)

(14)

Once xk(t) is obtained, it is removed from the signal and
the next component can be extracted. The full algorithm is
summarized in the flow chart of Figure 2.

6 EXPERIMENTAL SET-UP AND TIME-VARIANT ANAL-
YSIS

6.1 Set-up description

The example of application considered in this study consists in
a beam loaded by a travelling mass, what confers to the system
its time-variant behaviour.

The beam is a 2.1 m long aluminium beam with a rectangular
cross section of 8× 2 cm. As boundary conditions, each end of
the beam is connected to a steel box through roller bearings in
order to enable free rotations at both ends. Finally, these boxes
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x(t)

Source separation
x(t) → s(t)

Analytic signal
z(t) = s1(t) + iH (s1(t))

Phase extraction
φ(t) = 6 z(t)

Trend extraction
φ(t) → φ(k)(t)

VKF
x(k)(t), V k(t)

Sifting process
x(t) := x(t)− x(k)(t)

Figure 2. Flow chart of the method.

are fixed on springs to elevate the structure and to facilitate the
placement of the shaker and accelerometers under the beam.

The moving mass consists in a 3.475 kg steel block. With
respect to the mass of the beam (9 kg), it corresponds to a ratio
of 38.6 %.

The excitation set-up consists in one shaker applying a
random force on the structure. Seven accelerometers are placed
along the neutral axis of the beam to measure the bending
modes. Their locations are x = {0, 0.4, 0.7, 1.05, 1.4, 1.7, 2.1}
m, respectively, the reference frame being located at the left
hand side of the beam (as shown in Figure 3). Data acquisition
and signal processing are performed using the LMS SCADAS
Mobile and the LMS Test.Lab software [7, 8] respectively.

Figure 3. Setup description.

6.2 Modal testing of the unloaded beam (LTI system)

A standard modal testing is first performed on the unloaded
beam. To this end, the structure is excited by a random force and
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Figure 4. Stabilisation diagram of the unloaded beam
(LTI system). Tolerances: 1% vector, 1% frequency, 1%
damping.

the dynamic response is recorded by the seven accelerometers.
Modal identification is performed using the PolyMAX method
[9] implemented in the LMS Test.Lab environment. The
resulting stabilisation diagram and the selected modes are
shown in Figure 4 and are listed in Table 1.

Table 1. Experimental eigen-frequencies and damping ratio’s
of the unloaded beam
Mode # Frequency fr [Hz] Damping ratio ζr [%]

1 9.80 0.22
2 30.43 0.10
3 39.23 0.20
4 53.32 0.08
5 99.22 0.07

The mode-shapes corresponding to the five first modes are
plotted in Figure 5.

(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4 (e) Mode 5

Figure 5. Experimental mode shapes of the beam subsystem.

6.3 Identification of the time-varying system

In this section, the dynamics of the beam loaded by the
travelling mass is examined. To this end, the mass is slowly
pulled along the beam while the beam is excited by a random
force. To have a first idea of the time-varying dynamics of the
system, the wavelet spectra of the second sensor (at 0.4 m) is
given in Figure 6.
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Figure 6. Wavelet spectra of the response of the second sensor.
The frequencies of the beam subsystem only are shown as
white dashed lines.

In Figure 6, several properties can be observed. First, it
appears that the first mode (close to 10 Hz) is not significantly
excited in the response. This is also the case in the other
channels. Second, the frequency variation due to the motion
of the mass is clearly visible. It appears as variations with top
values very close to the frequencies of the unloaded beam. In the
measurement process, the mass was pulled at an approximately
constant speed so that the time axis can be broadly linked to the
longitudinal axis of the beam. For each mode in Figure 6 the
frequency oscillates between minimum and maximum values
and if we compare with the mode-shapes shown in Figure 5, we
can easily see that the times when the frequency comes back
to the frequency of the unloaded beam correspond to the time
instants when the mass is located to a node of vibration of the
structure. In that configuration, the mass does not participate to
the mode so that the system has the same properties as the initial
one. On the contrary, when the mass is located at an anti-node
of vibration, its participation to the system inertia is maximum
so that the frequency decay is maximum. The last thing that can
be observed is that higher the frequency is, more important is
the perturbation due to the mass.

6.4 Application of the proposed identification algorithm

The HVD method is applied here with the modifications
proposed in Section 5.2.

6.4.1 Extraction of instantaneous frequencies and compo-
nents

The first step is to apply the source separation technique
(the SOBI method is considered here) on all the channels. In
Figure 7, the first computed source is illustrated. It broadly
corresponds to the vibration frequency of the fifth mode. Next,
the instantaneous unwrapped phase of this source is calculated
by the use of its Hilbert transform and the analytic form of
the source. The unwrapping avoids the 2π radians jumps in
the phase calculation. The phase is then smoothed using the
Hodrick-Prescott filter to remove the perturbations due to the

residue of the other modes and the instantaneous frequency
is calculated by time derivation. The instantaneous frequency
corresponding to that mode is shown by the white dashed line
in Figure 7.

Time [s]

Frequency [Hz]
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20

40

60

80

100

120

Figure 7. Wavelet spectra of the first source computed by the
SOBI method. The instantaneous frequency calculated by
the use of the Hilbert transform is shown as a white dashed
line.

Once the instantaneous phase is known, it can be used to
extract the corresponding component in each channel using the
Vold-Kalman filter and equation (14).

For instance, the resulting component of the fifth mode and
the modulus of its amplitude are shown in Figure 8.

0 10 20 30 40
−1

−0.5

0

0.5

1

Time [s]

Amplitude [g]

Figure 8. The extracted component corresponding to the fifth
mode (gray) in the second channel and its amplitude
(black) with respect to time.

Once computed on each channel, the mono-components are
subtracted from their corresponding signal and the algorithm is
repeated for the extraction of the next mode.

After four iteration steps, the modes from two to five are
extracted from the response of all accelerometers. The first
mode is not enough excited to be well extracted by the method.
The identified instantaneous frequencies of the system are
shown in Figure 9 with the wavelet spectra of the channel 2
as background support.

6.4.2 Correlation of instantaneous modal deformations

As described in Section 5.2, the Vold-Kalman filter is able
to calculate the complex amplitude corresponding to a phase
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Figure 9. Instantaneous frequencies identified by the method
after four iterations. Numbers on the right vertical axis
indicates the order of extraction.

signal. With equation (13), we have seen than the complex
amplitudes can be seen as unscaled mode-shapes.

In the case of linear time-variant systems, the natural
frequency and mode-shape associated to a specific complex
amplitude and phase signal vary with time. To have an idea
of the correlation between the reference mode-shapes (those
calculated on the LTI unloaded beam) and the identified time-
variant mode-shapes (taking into account the moving mass), the
MAC criteria is used instantaneously. It means that, at each time
instant, the MAC matrix is calculated between the reference
modes and the instantaneous mode-shapes. Because of the
additional time variable, the MAC layout has to be modified
for graphical representation. To do so, at each time instant,
the calculated MAC matrix is reshaped in a column vector.
Then all the MAC vectors corresponding to one time instant
are concatenated in a global TV-MAC matrix as illustrated in
Figure 10. Whereas in LTI modal analysis a unitary diagonal
corresponds to perfect matching, here a perfect matching will be
given by unitary rows facing the right couples of similar modes.

On that time-varying MAC matrix, some characteristics of
the system can be seen. First, the global shape of the matrix
shows that the time-varying mode-shapes remain more or less
well correlated to the reference mode-shapes. Second, looking
to one specific correlated row, some drops of correlation appear
periodically, especially on the highest frequency modes. These
drops are due to mode-shape distortions caused by the presence
of the moving mass. This is exactly the same phenomenon as
explained in Section 6.3 where the instantaneous frequencies
show their maximum decrease when the mass passes at anti-
nodes of vibration. Concerning the mode-shapes, it is also in
those configurations that the effect of the mass is the most
significant.

As an example, let us take the fourth time-varying identified
mode-shape which correlates with the fifth mode-shape of the
unloaded beam and let us consider the particular time instants
t = {6, 12, 20, 28, 34} s. The evolution of the fourth mode-shape
at these time instants is illustrated in Figure 11.

First it can be seen that the instantaneous mode-shapes taken

Time [s]

TV modes | Reference modes
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Figure 10. Time-varying modal assurance criterion. The y-axis
label indicates the couple of modes which are compared
and the time dependency appears along the x-axis.

at t = 12 s (Figure 11(b)) and 28 s (Figure 11(d)) are similar to
mode 5 of the unloaded beam (LTI analysis). The corresponding
frequencies of these two snapshots are 97.97 and 97.15 Hz
to be compared with 99.22 Hz in the LTI analysis. The slight
difference in frequency when the mass is located at these nodal
positions may be due to the inertia properties of the moving
mass.

Now let us take a look on Figures 11(a), 11(c) and
11(e). These three configurations correspond approximately to
configurations where the moving mass is located successively
at each anti-node of vibration of the fifth LTI mode-shape.
It is at these positions that the added inertia force has the
maximal effect on the mode-shape, decreasing the amplitude of
the anti-node where it is located with respect to the other anti-
nodes. At these three time instants, the identified instantaneous
frequencies are 83.96, 82.88 and 82.74 Hz, respectively.

(a) TV-mode 4 at t = 6 s (b) TV-mode 4 at t = 12 s

(c) TV-mode 4 at t = 20 s (d) TV-mode 4 at t = 28 s (e) TV-mode 4 at t = 34 s

Figure 11. Fourth identified time varying mode-shape at
particular times when the mass is located at nodes or anti-
nodes of vibration. The undeformed beam and mode 5
from the LTI PolyMAX identification are plotted in dotted
and solid lines, respectively.

7 CONCLUSION

In this work, the Hilbert Vibration Decomposition was used to
perform the modal identification of a time-varying system. The
addition of a source decomposition method enable the treatment
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of multiple channels and decreases the risk of mode switching
present in EMD and initial HVD methods.

We were able to identify the modifications on the system
cause by the mass moving on the beam and its impacts on the
frequencies and mode shapes of the system.
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[6] C. Feldbauer and R. Höldrich. Realization of a Vold-Kalman Tracking
Filter - A Least Squares Problem. In Proceedings of the COST G-6
Conference on Digital Audio Effects (DAFX-00), number 8, pages 8–11,
Verona, Italy, 2000.

[7] LMS SCADAS Mobile. http://www.lmsintl.com/scadas-mobile.
[8] LMS Test.Lab. http://www.lmsintl.com/testlab.
[9] B. Peeters, G. Lowet, V. der Auweraer, and J. Leuridan. A new procedure

for modal parameter estimation. Sound and Vibration, (January):24–28,
2004.

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2795



 



Approximate formulas for estimating rare event probabilities in non-Gaussian
non-stationary stochastic dynamics

Jun Shao1, David Clair1, Michel Fogli1, Frédéric Bernardin2

1Institut Pascal, UMR CNRS/UBP 6602, Campus des Cézeaux, 63171, Aubière CEDEX, France
2CEREMA, Direction territoriale Centre-Est, Département Laboratoire de Clermont-Ferrand, 63017, Clermont-Ferrand CEDEX,

France
email: jun.shao@ifma.fr, david.clair@univ-bpclermont.fr, michel.fogli@polytech.univ-bpclermont.fr,

frederic.bernardin@cerema.fr

ABSTRACT: In their book "Level sets and extrema of random processes and fields", J.M. Azaïs and M. Wschebor give results
enabling the construction, under some conditions, of approximations and bounds for the distribution tails of the extrema of general
random processes. The authors of the present paper have recently conducted a study to numerically analyze these approximations
and bounds in cases where the random processes are the responses of stochastic oscillators. They present here some results of this
analysis, which show the accuracy and relevance of such approximations. This validation work is the first step in a broader study
being carried by the authors, aiming to implement efficient numerical tools for the practical use of these different approximations.
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1 INTRODUCTION

The probabilistic analysis of the extrema of stochastic processes
is a classic topic which is of great interest in many scientific
fields and which has been the source of much research work
for more than seventy years. Many of these studies are con-
cerned with the problem of computing the distribution function
FMT (u) = P(MT ≤ u),u ∈ R, of a scalar random variable MT
defined as MT = supt∈J X(t), where X = (X(t), t ∈ I) is a given
R-valued stochastic process indexed on an interval I of R (i.e.
t ∈ I) and J ⊂ I is a subinterval of I of the form J = [0,T ], with
0 < T <+∞. Other works focus on the related problem of cal-
culating the probabilityP(MT > u) = 1−P(MT ≤ u) for a large
enough value of u, that is to say on the calculation of the tail of
the distribution function of MT .
Exact solutions to these problems by means of closed formu-
las have been found for a very restricted number of stochas-
tic processes [1], among which Brownian motion or the Wiener
process W = (W (t), t ≥ 0), the Brownian bridge B = (B(t),0≤
t ≤ 1), B(t) :=W (t)− tW (1), Brownian motion with linear drift
([2],[3]), and the processes Y = (Y (t),0≤ t ≤ 1), Y (t) := B(t)−∫ 1

0 B(s)ds [4] and Z = (Z(t),0 ≤ t ≤ T ), Z(t) :=
∫ t

0 W (s)ds+
yt ([[5],[6],[7]). Explicit formulas for the exact solutions to
these problems also exist for some stationary Gaussian pro-
cesses having a particular covariance function ([8]-[17]). The
methods for finding these formulas are ad hoc and therefore
non-transposable to more general processes, even in the Gaus-
sian case. In the latter case, many results are available, all
based on the pioneering works of S.O.Rice ([19],[20],[21]) and
M.R.Leadbetter ([22]-[25]). They consist of either inequalities
for P(MT > u), with a large enough u, or asymptotic approxi-
mations of P(MT > u) for u tending to infinity and fixed T . In
each case, the main difference between these results comes from
the assumptions adopted for the Gaussian process X (stationar-
ity, regularity of its trajectories, · · · ). Also in the Gaussian case,
asymptotic approximations of P(MT > u) can be found in the
literature for T tending to infinity and fixed u.
In the general case and under some conditions, that is to say if
process X is neither stationary nor Gaussian and satisfies some

assumptions to be specified, an exact formula can be found for
the probability P(MT > u). It expresses this probability as the
sum of a Rice series defined in terms of factorial moments of
the random number of upcrossings of level u by process X on
the interval J = [0,T ]. The fact that this formula is exact is obvi-
ously attractive. However, its use in practical applications is not
easy because on the one hand the assumptions under which it is
valid (and which relate to process X) are often difficult to verify
and, on the other hand, the factorial moments that compose it
(and which are given by the Rice formulas) cannot be analyti-
cally calculated and are difficult, indeed impossible, to estimate
numerically from the Rice formulas. An interesting feature of
the Rice series is its enveloping property resulting from the fact
that it is an alternating series. Hence, replacing the total sum
of this series by a partial sum gives upper and lower bounds for
the probability P(MT > u). The truncation error can thus be
bounded by the absolute value of the first neglected term. So,
if all the factorial moments of the partial sum can be calculated,
this enables the target probability to be estimated with some ef-
ficiency.
J.M.Azaïs and M.Wschebor’s book [1] brings together all the
recent results focused on the calculation of the tails of distri-
bution functions of the extrema of random processes and fields
in Gaussian and non-Gaussian contexts. Recently the authors
of the present paper have experimented some of these results
numerically through examples derived from the reliability anal-
ysis of random dynamic systems. The purpose of this paper is
to present some results of this work. The problem which was
considered to perform this study is exposed in the next section.

2 PROBLEM STATEMENT

Note first that in what follows it is supposed that all the random
quantities considered (random variables, stochastic processes)
are defined on the same probability space (A ,F ,P).
Let I be an interval of R (with possibly I = R), J ⊂ I a com-
pact subinterval of I of the form J = [0,T ],0 < T < +∞,X =
(X(t), t ∈ I) a second-orderR-valued stochastic process defined
on (A ,F ,P) and indexed on I (i.e. t ∈ I), and M∗T the second-
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order (R+)-valued random variable based on (A ,F ,P), such
that:

M∗T = sup
t∈J
|X(t)| (1)

We seek to estimate the probability:

QT (u) = P(M∗T > u) , u ∈R+ (2)

under the two following constraints:
(c1): this probability is very small (QT (u) ∼ 10−4), and there-
fore u has a high value,
(c2): process X is either Gaussian non-stationary or non-
Gaussian non-stationary (see examples below) and repre-
sents the displacement response of a single-degree-of-freedom
(s.d.o.f.) stochastic oscillator whose dynamics are described
by a second-order random differential equation or by a second-
order differential inclusion.
Note that this is a typical structural reliability type problem. In-
deed, process X can be seen as the dynamic response of a me-
chanical structure subjected to a random dynamic excitation, the
level u as a given safety threshold, the event {M∗T > u} as the as-
sociated failure criterion and the probability QT (u) as the prob-
ability of failure of the structure.
To solve this problem, we refer to some results taken from
J.M.Azaïs and M.Wschebor’s book [1] and the works of
C.Cierco [26]. These results are based on the use of Rice se-
ries and allow the construction of the exact solution, as well as
approximations and bounds of this solution. Unfortunately, the
expressions obtained are very complicated and their numerical
evaluation requires the use of a Monte Carlo procedure. The
aim of this paper is to highlight the accuracy of the approximate
solutions developed, without considering the difficulties of the
numerical calculation of these solutions. This latter problem is
currently being intensively studied by the authors and is not dis-
cussed in this article.

3 PROBLEM SOLVING

Let us first assume that the process X = (X(t), t ∈ I) is q.m. dif-
ferentiable with C1-trajectories, and denote by ]{·} the cardinal
of the set {·}. Then we can define the random variables:

Uu(T ) := ]{t ∈ J = [0,T ] : X(t) = u , Ẋ(t)> 0} (3)

Du(T ) := ]{t ∈ J = [0,T ] : X(t) = u , Ẋ(t)< 0} (4)

which represent respectively the number of upcrossings of level
u and downcrossings of level −u by process X on the time in-
terval J = [0,T ].
Consider then the positive integer Vm(K) such that, ∀m,K ∈
N∗,K ≥ m≥ 1:

Vm(K) = K(K−1) · · ·(K−m+1) (5)

and denote by E[·] the mathematical expectation operator.
Finally, let us introduce the three following events:

E = {M∗T > u} ∈F (6)

E1 = {|X(0)|> u} ∈F (7)

E2 = {|X(0)| ≤ u , Uu(T )+D−u(T )≥ 1} ∈F (8)

It is clear that E1 ∪ E2 = E and E1 ∩ E2 = φ . Hence, due to
the σ -additivity property of the probability measure P, we can
write:

P(E) = P(E1)+P(E2) (9)

Let us suppose now that X has C∞-trajectories and that the prob-
ability density function pX(T/2) of the random variable X(T

2 ) is
bounded. Then, under an additional technical hypothesis [1],
assumed to be satisfied here, P(E2) is given by:

P(E2) =
∞

∑
m=1

(−1)m+1 γ∗m(u)
m!

(10)

where ∀m≥ 1 :
γ
∗
m(u) = E[Vm(Su)] (11)

is the m-order factorial moment of the integer-valued random
variable:

Su = (Uu(T )+D−u(T ))1{|X(0)|≤u} (12)

which represents the sum of the upcrossings of level u and
downcrossings of level -u by process X on J = [0,T ], given that
|X(0)| ≤ u.
P(E2) appears thus as the sum of a Rice Series
([19],[20,[25],[27]) and, from Eqs.(1),(2),(6)-(10), we can write
in fine:

QT (u) = P(M∗T > u) = P(|X(0)|> u)+
∞

∑
m=1

(−1)m+1 γ∗m(u)
m!

(13)
The first interest of formula (13) is that it provides the exact
expression of the target probability QT (u). Its second interest
is related to the nature of the Rice series, which is an alternat-
ing series and therefore enables the double inequality to be ex-
pressed:

∀N ≥ 1 , Q2N
T (u)≤ QT (u)≤ Q2N−1

T (u) (14)

with, in particular:

Q2
T (u)≤ QT (u)≤ Q1

T (u) (15)

where:

Q2N
T (u) = P(|X(0)|> u)+

2N

∑
m=1

(−1)m+1 γ∗m(u)
m!

(16)

Q2N−1
T (u) = P(|X(0)|> u)+

2N−1

∑
m=1

(−1)m+1 γ∗m(u)
m!

(17)

Q2
T (u) = P(|X(0)|> u)+ γ

∗
1 (u)−

γ∗2 (u)
2

(18)

Q1
T (u) = P(|X(0)|> u)+ γ

∗
1 (u) (19)

We can thus construct lower and upper bounds for QT (u).
We can also, from Eq.(13), construct approximations of QT (u)
with control of the approximation error. Indeed, let QN

T (u) be
the probability obtained by truncating at order N ≥ 1 the sum in
Eq.(13), that is:

QN
T (u) = P(|X(0)|> u)+

N

∑
m=1

(−1)m+1 γ∗m(u)
m!

(20)
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This probability is a N-approximation of QT (u) and, again due
to the alternating nature of the Rice series, it is easy to show that
the approximation error ∆N

T (u) = |QT (u)−QN
T (u)| satisfies the

inequality:

∆
N
T (u)≤ ∆

N
T (u) (21)

where:

∆
N
T (u) =

γ∗N+1

(N +1)!
(22)

The possibility to control the approximation error is the third
great interest of formula (13).

Let us note that other upper and lower bounds can be obtained
for QT (u) by relaxing the C∞-differentiability hypothesis on the
trajectories of X . For example, it can be shown [1] that if the
probability density function x→ pX(t)(x) of the random vari-
able X(t) is bounded for t ∈ J = [0,T ] and x ∈ R, and if the
trajectories of X are of class Cp+1, then:

(a) if 2M+1 < p/2,

QT (u)≤ P(|X(0)|> u)+
2M+1

∑
m=1

(−1)m+1 γ∗m(u)
m!

(23)

(b) if 2M < p/2,

QT (u)≥ P(|X(0)|> u)+
2M

∑
m=1

(−1)m+1 γ∗m(u)
m!

(24)

Note also that in the case where the trajectories of X are not of
class C∞, but are at least continuous, it is possible to construct
an approximate process with C∞-trajectories and to work with
this process. Such an approximation is obtained by the convo-
lution of X with a suitable deterministic kernel [1].

Computing the bounds (16)-(19), (23), (24) or the approxima-
tion (20) comes down to assessing the factorial moments γ∗m(u)
given by Eq.(11), and there are two strategies for this: (1) re-
sort to a Monte Carlo procedure or (2) use the Rice formulas.
The first consists of simulating a large number of trajectories
of X and estimating the moments γ∗m(u) from the simulated tra-
jectories by using an adequate statistical estimator. Obviously
this option is time-consuming, but it is numerically feasible.
In the second strategy, each γ∗m(u) (m = 1,2, · · ·) is expressed
as a (2m + 1)-dimensional integral whose integrand contains
the probability density function of the (2m + 1)-dimensional
random variable (X(0),X(t1), · · · ,X(tm), Ẋ(t1), · · · , Ẋ(tm))
([1],[17],[26]). This density must therefore be known to cal-
culate the integral. Unfortunately it is accessible only for Gaus-
sian processes and some functionals of Gaussian processes.
Moreover, even in these cases, the calculation of the integral is
difficult and requires the use of a numerical procedure. Note
that it is possible to obtain explicit expressions for the coeffi-
cients γ∗m(u) only for a restricted class of Gaussian processes
and for small values of m ([1],[16]-[26]).

Given the nature of the processes considered in this paper (see
condition c2 in section 2), only the first strategy was used.

Therefore, the factorial moments (γ∗m(u),m = 1,2, · · ·) were es-
timated via the Monte Carlo procedure mentioned above. In
the next section, the evolution of the approximation (20), the
bounds (16)-(19) and the approximation error (22) as N in-
creases are illustrated numerically and graphically through four
examples.

4 NUMERICAL APPLICATIONS

The numerical results presented in this section concern the fol-
lowing four examples.

• Example 1
The process X = (X(t), t ∈ I) is indexed on I = R+ and is the
non-stationary displacement response of a s.d.o.f. stochastic os-
cillator whose dynamics is described by the following second-
order linear random differential equation:{

Ẍ(t)+F1(X(t), Ẋ(t)) = f (t)G(t) , t > 0

X(0) = 0 a.s. , Ẋ(0) = 0 a.s.
(25)

where:
F1(X(t), Ẋ(t)) = ω

2
0 X(t)+2ω0ξ0Ẋ(t) (26)

ω0 = 20πrad · s−1 , ξ0 = 0.025 (27)

f (t) = ηt2e−αt , t ∈R+ (28)

α = 0.1 , η = 1 (29)

and G = (G(t), t ∈R) is aR-valued zero-mean stationary Gaus-
sian process based on (A ,F ,P), indexed on R, with power
spectral density SG: R→R+: ω → SG(ω) given by:

SG(ω) =
Bg +Agω2

δ 2
g [(ω

2−ω2
g )

2 +(2ωgξg)2ω2]
, ω ∈R (30)

where:
Ag = (2ωgξg)

2S0 , Bg = ω
4
g S0 (31)

ωg = 15.7rad · s−1 , ξg = 0.6 , S0 = 0.08m2 · s−1 (32)

• Example 2
The process X = (X(t), t ∈ I) is indexed on I = R+ and is the
non-stationary displacement response of a s.d.o.f. stochastic os-
cillator whose dynamics is described by the following second-
order nonlinear random differential equation:{

Ẍ(t)+F2(X(t), Ẋ(t)) = f (t)G(t) , t > 0

X(0) = 0 a.s. , Ẋ(0) = 0 a.s.
(33)

where:

F2(X(t), Ẋ(t)) = ω
2
0 X(t)+µX3(t)+2ω0ξ0Ẋ(t) (34)

µ = 344000m−2s−2 (35)

and ω0, ξ0, f = ( f (t), t ∈ R+) and G = (G(t), t ∈ R) as in the
previous example.
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• Example 3
The process X = (X(t), t ∈ I) is indexed on I = R+ and is the
non-stationary displacement response of a s.d.o.f. stochastic os-
cillator whose dynamics is described by the following second-
order nonlinear random differential equation:{

Ẍ(t)+F3(X(t), Ẋ(t)) = f (t)G(t) , t > 0

X(0) = 0 a.s. , Ẋ(0) = 0 a.s.
(36)

where:

F3(X(t), Ẋ(t)) = ω
2
0 X(t)+H(X(t))+2ω0ξ0Ẋ(t) (37)

f = ( f (t), t ∈R+) and G = (G(t), t ∈R) as in Example 1 and,
∀x ∈R:

H(x) =


ω2

1 (x+ e) i f x <−e

0 i f |x| ≤ e

ω2
1 (x− e) i f x > e

(38)

with:
ω

2
1 = ω

2
c −ω

2
0 , e = σ0η (39)

σ0 =
1

2ω0
√

ω0ξ0
(40)

ω0 = 20πrad · s−1 , ωc = 100πrad · s−1 (41)

ξ0 = 0.01 , η = 0.05 (42)

• Example 4
The process X = (X(t), t ∈ I) is indexed on I = R+ and is the
non-stationary displacement response of a s.d.o.f. stochastic os-
cillator whose dynamics is described by the following second-
order random differential inclusion:{

Ẍ(t)+F4(X(t), Ẋ(t)) 3 f (t)G(t) , t > 0

X(0) = 0 a.s. , Ẋ(0) = 0 a.s.
(43)

where:

F4(X(t), Ẋ(t)) = ω
2
0 X(t)+2ω0ξ0Ẋ(t)+λσ(Ẋ(t)) (44)

f = ( f (t), t ∈R+) and G = (G(t), t ∈R) as in Example 1, and
σ is the multivalued operator "sign" such that, ∀ẋ ∈R:

σ(ẋ) =


−1 i f ẋ < 0

[−1,1] i f ẋ = 0

1 i f ẋ > 0

(45)

with:

ω0 = 20πrad · s−1 , ξ0 = 0.01 , λ = 0.49m · s−2 (46)

The length T of the study interval J = [0,T ] is T = 100s for the
first three examples and T = 10s for the fourth example.

The oscillator in Example 1 is a linear oscillator, that of Exam-
ple 2 a Duffing oscillator, that of Example 3 an oscillator with
elastic stops and that of Example 4 an oscillator with Coulomb
friction.

Note that in Example 1, X is a zero-mean non-stationary Gaus-
sian process, while in Examples 2, 3 and 4 it is a zero-mean
non-stationary non-Gaussian process. Note also that in Exam-
ples 1 and 2 this process has C∞-trajectories, which is not the
case in examples 3 and 4, to the authors’ knowledge. To process
these last two examples we smoothed the trajectories by using
the convolution technique (with Gaussian kernel) mentioned
above.

Recall that: (a) we are interested in the probability QT (u) =
P(M∗T > u) = P(supt∈J |X(t)| > u) for large u, (b) the ex-
act expression of QT (u) is given by Eq.(13), and (c) the N-
approximation QN

T (u) and lower and upper bounds of QT (u) are
given by Eq.(20) and Eqs.(16)-(19) respectively.

For each of the above examples, the following results are pre-
sented hereafter:

A- graph of the function N → QN
T (u0) for a sufficiently large

value u0 of u, (Figs. 1, 3, 5, 7);

B- graph of the function u→ QN
T (u) for four values of N and

u≥ u0, where u0 is a given value (sufficiently large) of u (Figs.2,
4, 6, 8);

C- table giving the bound ∆
N
T (u) of the error approximation

∆N
T (u) (see Eqs.(21) and (22)) for some values of u and N (Ta-

bles 1, 3, 5, 7);

D- table giving the lower and upper bounds Q2N
T (u) and

Q2N−1
T (u) of QT (u) (see Eqs.(14), (16) and (17)) for some val-

ues of u and N (Tables 2, 4, 6, 8).

Let us note that in points A and B above, the different values of
QN

T (u) are compared to the exact solution QT (u) whose values,
called "exact values" in the following, were estimated via a di-
rect Monte Carlo procedure consisting of simulating very many
trajectories of the process X and in estimating the probability
QT (u) =P(supt∈J |X(t)|> u) from the simulated trajectories by
using a suitable estimator of this probability. The Monte Carlo
simulation of X was performed by discretizing the differential
equation governing it using a central differencing scheme and
by simulating the stationary Gaussian process G using an algo-
rithm based on the spectral representation of G. For the three
first considered examples, the following simulation parameters
were used:

· Number of time increments : n = 219,
· Time increment : ∆t = T

n ≈ 1.9 ·10−4s,
· Number of simulated trajectories : L = 2 ·106.

For the fourth example the time increment was taken equal to
∆t = T

n ≈ 1.9 ·10−5s.
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Figure 1. Example 1: Graph of the function N→ QN
T (u0) for

the fixed value u0 = 0.142m of u, and comparison
with the exact value QT (u0).

Figure 2. Example 1: Graph of the function N→ QN
T (u) for

four values of N for u≥ 0.140m, and comparison
with the exact solution.

Table 1. Example 1: Bound ∆
N
T (u) of the error approximation

∆N
T (u) (Eqs. (21),(22)) for some values of u (m) and N.

N=1 N=2 N=3

u=0.141 2.33E-04 8.00E-05 2.90E-05

u=0.142 1.84E-04 5.80E-05 1.75E-05

u=0.143 1.51E-04 4.70E-05 1.45E-05

u=0.144 1.16E-04 2.75E-05 5.00E-06

Table 2. Example 1: Lower and upper bounds Q2N
T (u) and

Q2N−1
T (u) of QN

T (u) (Eqs. (14),(16),(17)) for some values
of u (m) and N.

u=0.140 u=0.144

Q2N
T (u) Q2N−1

T (u) Q2N
T (u) Q2N−1

T (u)

N=1 1.818E-03 2.050E-03 1.139E-03 1.255E-03

N=2 1.869E-03 1.898E-03 1.161E-03 1.166E-03

N=3 1.875E-03 1.876E-03 1.162E-03 1.162E-03

N=4 1.875E-03 1.875E-03 1.162E-03 1.162E-03

Figure 3. Example 2: Graph of the function N→ QN
T (u0) for

the fixed value u0 = 0.1005m of u, and comparison
with the exact value QT (u0).

Figure 4. Example 2: Graph of the function N→ QN
T (u) for

four values of N for u≥ 0.1005m, and comparison
with the exact solution.

Table 3. Example 2: Bound ∆
N
T (u) of the error approximation

∆N
T (u) (Eqs. (21),(22)) for some values of u (m) and N.

N=1 N=2 N=3

u=0.1010 1.81E-04 3.40E-05 6.00E-06

u=0.1015 1.39E-04 2.30E-05 3.00E-06

u=0.1020 1.17E-04 2.15E-05 3.00E-06

u=0.1025 9.60E-05 1.70E-05 2.00E-06

Table 4. Example 2: Lower and upper bounds Q2N
T (u) and

Q2N−1
T (u) of QN

T (u)(Eqs. (14),(16),(17)) for some values
of u (m) and N.

u=0.1010 u=0.1025

Q2N
T (u) Q2N−1

T (u) Q2N
T (u) Q2N−1

T (u)

N=1 2.013E-03 2.194E-03 1.182E-03 1.278E-03

N=2 2.041E-03 2.047E-03 1.197E-03 1.199E-03

N=3 2.042E-03 2.042E-03 1.197E-03 1.197E-03

N=4 2.042E-03 2.042E-03 1.197E-03 1.197E-03
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Figure 5. Example 3: Graph of the function N→ QN
T (u0) for

the fixed value u0 = 0.214m of u, and comparison
with the exact value QT (u0).

Figure 6. Example 3: Graph of the function N→ QN
T (u) for

four values of N for u≥ 0.216m, and comparison
with the exact solution.

Table 5. Example 3: Bound ∆
N
T (u) of the error approximation

∆N
T (u) (Eqs. (21),(22)) for some values of u (m) and N.

N=1 N=2 N=3

u=0.217 1.67E-04 1.11E-04 5.35E-05

u=0.220 9.35E-05 5.15E-05 2.00E-05

u=0.223 4.85E-05 1.95E-05 5.00E-06

u=0.226 2.30E-05 8.50E-06 3.00E-06

Table 6. Example 3: Lower and upper bounds Q2N
T (u) and

Q2N−1
T (u) of QN

T (u)(Eqs. (14),(16),(17)) for some values
of u (m) and N.

u=0.217 u=0.226

Q2N
T (u) Q2N−1

T (u) Q2N
T (u) Q2N−1

T (u)

N=1 1.640E-04 3.305E-04 7.000E-05 9.300E-05

N=2 2.210E-04 2.745E-04 7.550E-05 7.850E-05

N=3 2.345E-04 2.365E-04 7.600E-05 7.600E-05

N=4 2.345E-04 2.345E-04 7.600E-05 7.600E-05

Figure 7. Example 4: Graph of the function N→ QN
T (u0) for

the fixed value u0 = 0.0128m of u, and comparison
with the exact value QT (u0).

Figure 8. Example 4: Graph of the function N→ QN
T (u) for

four values of N for u≥ 0.0128m, and comparison
with the exact solution.

Table 7. Example 4: Bound ∆
N
T (u) of the error approximation

∆N
T (u) (Eqs. (21),(22)) for some values of u (m) and N.

N=1 N=2 N=3

u=0.0128 3.42E-04 2.44E-04 1.44E-04

u=0.0130 1.62E-04 1.15E-04 6.60E-05

u=0.0132 7.20E-05 4.70E-05 2.20E-05

u=0.0134 2.80E-05 1.60E-05 6.00E-06

Table 8. Example 4: Lower and upper bounds Q2N
T (u) and

Q2N−1
T (u) of QN

T (u)(Eqs. (14),(16),(17)) for some values
of u (m) and N.

u=0.0128 u=0.0134

Q2N
T (u) Q2N−1

T (u) Q2N
T (u) Q2N−1

T (u)

N=1 2.25E-04 5.67E-04 2.60E-05 5.40E-05

N=2 3.25E-04 4.69E-04 3.60E-05 4.20E-05

N=3 3.70E-04 3.86E-04 3.70E-05 3.70E-05

N=4 3.72E-04 3.72E-04 3.70E-05 3.70E-05
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As shown in all the figures and tables presented above, for
each of the considered examples (i.e. for each considered re-
sponse process) the N-approximation QN

T (u) of QT (u), for a suf-
ficiently large u, is accurate for reasonable values of N (N ≥ 4).
The alternating character of the Rice series constituting QN

T (u)
is clearly apparent in these results. We can also see that in each
case, this approximation quickly converges towards the target
QT (u). It is therefore an efficient and relevant solution for ap-
proximating the distribution tails of extrema of general random
processes (i.e. not necessary Gaussian or stationary). Other ex-
amples, not presented here due to lack of space, lead to the same
conclusion.

5 CONCLUSION

In this paper we presented some numerical applications of a
method based on the Rice series enabling the construction of
approximate formulas for distribution tails of general random
process extrema. These applications show that such a method is
relevant but comes up against a difficulty: the numerical com-
putation of factorial moments. In the presented applications,
these moments were calculated using a Monte-Carlo method re-
quiring the simulation of many trajectories of the considered
process. However, this procedure is very time-consuming and
is difficult to apply in practice. That is why a study is cur-
rently being carried out by the authors, aiming to implement
efficient numerical tools for the practical application of the pre-
sented method.
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A comparative study on fragility analyses in earthquake engineering
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ABSTRACT: Fragility curves are graphical representations of probabilities that structural responses exceed specified limit states
as a function of seismic ground-motion intensities. Since the set of site ground motion records is insufficient for constructing
fragilities, various methods have been proposed to enrich this set. Scaling of seismic records has been used and is used extensively
in applications.

This paper assesses the accuracy of different methods for calculating seismic fragilities. Fragility curves are calculated using
Monte-Carlo and two other methods, commonly used in the probabilistic analysis of structural response. One scales a limited
number of ground motions to have the same pseudo-spectral acceleration level and the other uses different sets of ground motion
records selected from a large dataset and then scaled to a target pseudo-spectral acceleration. The dataset used in calculations
consists of samples of a stochastic process. Resulting fragility curves calculated for simple linear and non-linear structural systems
are examined.

KEY WORDS: seismic fragility, ground motion selection, ground motion simulation, scaling intensity measures

1 INTRODUCTION

Seismic fragility curves are commonly used in performance-
based seismic design of structural and non-structural systems to
assess their performance under seismic loads. Fragility curves
are probabilities that the responses of systems subjected to
earthquakes of specified intensity measures exceed given limit
states. The most common seismic intensity measures used in
fragility analyses are the peak ground acceleration [12], [19] or
ordinates of the pseudo-spectral acceleration [6], [13].

Since the available number of seismic records at a site is
limited, other methods are used to compensate this drawback.
Most common methods scale selected ground motions to
common intensity measures and then use them to calculate
fragility curves by varying their intensity measure. Ground
motion records may be selected from a large dataset, e.g., the
PEER NGA Database. Scaling ground motions is attractive due
to its simplicity, but it may lead to unsatisfactory results [7],
[11]. Another method suggests selecting multiple sets of ground
motion records, scaling them to common intensity measures
and then using them to calculate fragility curves [14], [15].
Popular ground motion selection methodologies choose records
to match a response spectrum [18], [3]. In [1], [10], the response
acceleration spectrum used is conditioned on a given value of
the spectral acceleration PSatarget(T1;ζ0) at a period of interest
T1 and damping ratio ζ0. The conditioning spectral ordinate
PSatarget(T1;ζ0) corresponds to a certain exceedance probability
at a given site. The motions selected are then used to calculate
fragility curves against an intensity measure.

Numerical examples are shown for fragility curves calculated
using three methods: (I) Monte-Carlo, (II) ground-motion
selection and (III) scaling. In order to compare the results,
all methods use simulated samples of the same ground-motion
process, but each method is different through the way it uses

the samples. Fragility curves are calculated for simple linear
and non-linear systems. Concerns are expressed regarding the
methods involving scaling of the ground motion accelerations.

2 GROUND MOTION CHARACTERIZATION

The ground motion database used in the analysis consists of
N = 5000 samples of a ground motion process Z(t). The
probabilistic model Z(t) is described below.

2.1 Ground motion simulation

The ground motion process Z(t) is assumed to be a zero-mean,
non-stationary, Gaussian process defined by

Z(t) = f (t)Y (t), 0 ≤ t ≤ τ, (1)

where τ is the total duration of the ground motion,

f (t) = αtβ exp{−γt} (2)

is a deterministic modulation function, where α, β , γ are
constants and Y (t) is a zero-mean, stationary, Gaussian process
with one-sided spectral density g(ν ;m,r) depending on the
moment magnitude m and the source-to-site distance r. The
spectral density function g(ν ;m,r), τ and constants α, β , γ are
results of the specific barrier model [9]. The specific barrier
model is a seismological model which gives the spectral density
function as a function of (m,r). We use (m = 6.85,r = 8 km) to
simulate the samples in the database, for which τ = 14.3 s and
α = 0.2787, β = 1.2531 and γ = 0.1663.

Figures (1) and (2) show the spectral density g(ν ;m =
6.85,r = 8 km) and a sample of the process Z(t) with the
corresponding modulation function f (t), respectively.
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2.2 Ground motion selection

The aim of ground motion selection process is to choose a set
of ground motions from a large database, consistent with a
response spectrum. The target acceleration response spectrum
PSatarget(T,ζ0) used for the selection is conditioned on a
spectral acceleration ordinate PSatarget(T1,ζ0) at a period of
interest T1 and damping ratio ζ0. The value PSatarget(T1,ζ0)
may be obtained from codes of practice or probabilistic seismic
hazard analyses.

The procedure for selecting ground motions used in this study
is presented in [16], [10]. A brief description of the method for
calculating the target spectrum and selecting the ground motion
samples is presented in the following three steps. This method
is used in the following Section 3.2 (II).

Step 1: Calculate the mean value of the moment magnitude
m and the mean source-to-site distance r which may cause an
earthquake with a value of the spectral ordinate PSatarget(T1,ζ0)
at a site of interest. The values (m,r) are obtained from
the deaggregation of the seismic hazard [4], [17]. The
deaggregation gives the joint distribution of the random
variables M for the moment magnitude, R for the source-to-
site distance and the standard normally-distributed ε(Ti) [2],
conditional on the exceedance probability of PSatarget(T1,ζ0).
The distribution of (M,R) is obtained from the interactive

deaggregation tool available on the United States Geological
Survey’s (USGS) website [20].
Figure 3 shows the result of the deaggregation for Los Angeles,
for a shear velocity v30 = 620 m/s in the top 30 m of soil, and a
probability of exceedance of PSatarget(T1,ζ0) of 2% in 50 years
for T1 = 1 s and ζ0 = 5% [20]. Each bar in the deaggregation
plot represents the contribution of each combination of (M,R)
to exceed PSa(T1,ζ0).
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Figure 3. Deaggregation

Step 2: Use (m,r) in a ground motion prediction model
(GMPM) to calculate the logarithmic mean and standard
deviation of the target response spectrum lnPSatarget(T,ζ0)
conditional on the value PSatarget(T1,ζ0). Details on the
calculation of the target spectrum are available in [1].
The Campbell-Bozorgnia GMPM [5] was used for these
calculations, but an approach on incorporating multiple GMPMs
is presented in [16].

Step 3: Calculate the acceleration spectra for each record
in the database, i.e., PSai(T,ζ0). Select a number ñ of
records such that the differences between the mean and the
standard deviation of the selected records’ logarithmic response
acceleration spectra and the mean and the standard deviation of
a target response acceleration spectrum, lnPSatarget(T,ζ0), are
minimized.

Supporting software for the construction of the conditional
spectrum and the ground motion selection is available at [8]
and it was used for the selection of ground motion records
in this paper. Based on the deaggregation results shown in
Fig. 3, on the value PSa(1s;5%) = 0.65g and a probability of
exceeding PSa(1s;5%) of 2% in 50 years, ñ = 40 records are
selected from the database with N = 5000 samples of the process
Z(t). The scaled versions of the response spectra PSai(T,ζ0)
for the selected records are shown in Fig. (4). Figures (5) and
(6) show the means and the standard deviations of the target
lnPSatarget(T,ζ0) and the estimated spectrum from the selected
ground motions. Figures (4-6) were obtained using the software
available on [8].
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3 PROBABILISTIC RESPONSE ANALYSIS

3.1 Structural systems

Let X(t) = [X (1)(t),X (2)(t), ...,X (NDOF )(t)]t be the relative
displacement process of a NDOF -degree-of-freedom systems
subjected to the ground acceleration process Z(t). The process

X(t) satisfies Eq. (3) for a linear system

MẌ(t)+CẊ(t)+KX(t) =−M1Z(t) (3)

and satisfies the differential Eq. (4) for a Bouc-Wen non-linear
system

MẌ(t)+CẊ1(t)+K(ρX(t)+(1−ρ)W (t)) =−M1Z(t), (4)

where

Ẇ (t) = aẊ(t)−b|Ẋ(t)||W (t)|n−1W (t)− cẊ(t)|W (t)|n, (5)

and M,C,K are the mass, the damping and the stiffness matrices,
1 is a (NDOF × 1) unit vector and ρ ,a,b,c,n are the non-linear
parameters.

For the case of single-degree-of-freedom (SDOF) systems,
i.e., NDOF = 1, we use the following notations ν2

0 = K/M and
2ζ0ν0 = C/M. Numerical results are shown for a linear SDOF
system and a Bouc-Wen system with ν0 = 2π rad/s, ζ0 = 5%.
Note that T1 and ν0 = 2π/T1 = 2π rad/s are equivalent.

We will analyse two two-degree-of-freedom linear systems,
i.e., NDOF = 2 (2DOF) and one 2DOF Bouc-Wen system. We
use a shear beam model with mass, stiffness and damping
matrices

M =

(

M1 0
0 M2

)

, K =

(

K1 +K2 −K2
−K2 K2

)

C =

(

C1 +C2 −C2
−C2 C2

)

, (6)

where M1 = 103 kg, M2 = 750 kg, K1 = 90 kN/m, K2 =
65 kN/m, C1 = 0.63 kNs/m, C2 = 1.45 kNs/m for the first
linear and the Bouc-Wen 2DOF system. The second linear
2DOF system will have changed stiffnesses K1 = 245 kN/m and
K2 = 35 kN/m. The non-linear parameters for both SDOF and
2DOF Bouc-Wen systems are ρ = 0.5, a = 0.5, b = 15, c =
−2.5, n = 1.
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Figure 7. First 2DOF system - displacement of the first degree-
of-freedom and first-mode contribution.

The two 2DOF linear systems have the same first modal
period T1 � 1 s, but the contribution of the first-mode in the
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response is different. Figures 7 and 8 show the displacement
of the first degree-of-freedom and the corresponding first-mode
contribution in the response. The first 2DOF system is mainly
driven by the first mode, while in the second 2DOF system the
first mode is not dominant.

3.2 Fragility analysis

Our goal is to calculate fragility curves for the systems presented
in Eqs. (3) and (4) using three methods, by (I) Monte-Carlo, (II)
ground motion selection and (III) scaling. We define failure as
the exceedance of a critical value δcr of an engineering design
parameter (EDP). For the SDOF systems, the EDP is defined as
the maximum displacement, i.e. EDPi =max0≤t≤τ |xi(t;ν0,ζ0)|,
where xi(t) is the solution of the differential equations (3) and
(3) for a ground motion sample zi(t). For the 2DOF systems,
the EDP is defined as the maximum inter-storey drift EDPi =

max0≤t≤τ |x(1)i (t;ν0,ζ0)− x(2)i (t;ν0,ζ0)|, where [x(1)i (t) x(2)i (t)]t

is the solution of the equations of motion for a ground motion
sample zi(t).

(I) Fragility by Monte-Carlo We will use all N = 5000
samples zi(t), i = 1, ...,N in the dataset. The following
algorithm is proposed.

Step 1: Calculate the pseudo-spectral acceleration for each
record, i.e.,PSai(ν0,ζ0) for sample zi(t) of Z(t).
Step 2: Divide the records in 11 disjoint bins Ψ j, j = 1, ...,11

according to their PSai(ν0,ζ0). Each bin Ψ j contains records
with PSai(ν0,ζ0) values within limits [PSau

j , PSal
j], i.e. Ψ j =

{zi(t)|PSal
j ≤ PSai(ν0,ζ0) < PSau

j}. The bins are illustrated in
Fig. 9.

Step 3: Calculate EDPi for each record zi(t) in Ψ j. Estimate
the probability of failure by

Pf (PSa j;δcr) =
1
η j

η j

∑
i=1

I{EDPi > δcr}, ∀zi(t) ∈ Ψ j, (7)

where PSa j is the average of all PSai(ν0,ζ0) in set Ψ j and η j is
the cardinal of Ψ j. Function I denotes the indicator function.
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Figure 9. Selected ground motions

Note that the result using this method is more accurate as we
increase the number of samples N in the dataset and divide them
in more refined bins.
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Figure 10. Fragility curves for the linear SDOF

(II) Fragility by ground motion selection This method is
presented in [14]. We select 36 sets of ñ = 40 records for
various levels of PSatarget(T1;ζ0), corresponding to different
values of exceeding probabilities, as shown in Section 2.2.
We use the pseudo-spectral acceleration values PSatarget

j :=
PSatarget

j (T1;ζ0) corresponding to all probabilities of ex-
ceedance p j, j = 1, ...,36 available on the USGS deaggregation
tool, i.e. all combinations of 1%, 2%, 5%, 10%, 20%, 50% and
21, 30, 50, 75, 100 and 200 years. The following algorithm is
used to calculate fragility curves with this method.

Step 1: Select z j,i(t), i = 1, ..., ñ = 40 records for each p j, j =
1, ...,36 and calculate their corresponding responses EDPi, j
using Eqs. (3) and (4).

Step 2: Fit a log-normal distribution for each set of ñ = 40
EDPi, j, with a cumulative distribution function P(EDP ≤ ξ ) =
Fj(ξ ; μ j,σ j), where μ j and σ j are the mean and the standard
deviation of the log-normal distribution, estimated from the data
EDPi, j.

Step 3: Estimate the probability of failure by

Pf (PSatarget
j ;δcr) = 1−Fj(δcr; μ j,σ j). (8)

(III) Fragility by scaling
We assume that only ñ = 40 records zi(t), i = 1, ..., ñ are

available, which we select using the ground motion selection
procedure presented in Section 2.2 for the same site considered
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Figure 11. Fragility curves for the first linear 2DOF system
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Figure 12. Fragility curves for the second linear 2DOF system

and for a probability of 2% in 50 years. The scaled acceleration
response spectra of these selected motions are shown in Fig. 4.

Step 1: Calculate the pseudo-spectral acceleration PSai(ν0;ζ0)
for each zi(t), i = 1, ..., ñ and scale each record by its
PSai(ν0;ζ0), i.e., z∗i (t) = zi(t)/PSai(ν0;ζ0), i = 1, ..., ñ.
Step 2: Multiply each record by ξ > 0 so that all records have

the same pseudo-spectral acceleration level ξ .
Step 3: Calculate the response of the systems in Eqs. (3)

and (4) EDP∗
i (ξ ) to the scaled ground motion samples z∗i (t) =

ξ zi(t)/PSai(ν0;ζ0), i = 1, ..., ñ, ξ ≥ 0.
Step 4: Evaluate the probability of failure as

Pf (ξ ;δcr) =
1
ñ

ñ

∑
i=1

I{EDP∗
i (ξ )> δcr}. (9)

Figures (10-14) show the fragility curves calculated for the
linear SDOF, linear 2DOF, Bouc-Wen SDOF and Bouc-Wen
2DOF systems, respectively, for a critical value δcr = 2.5 ×
10−3. Figure 10 shows the fragility curves for the linear SDOF
system, which is a step function and has an analytical form
Pf (ξ ;δcr) = I{ξ > δcrν2

0}= I{ξ > 0.1} [11]. All three methods
estimate accurately the fragility for the SDOF linear system.
The scaling method fails to produce comparable results with
the other two methods for the 2DOF and non-linear systems.
Figures 11 and 12 show the fragility curves calculated for the

two 2DOF systems. The ground motion selection method works
only in the case of the first system, since its response is driven by
the first mode of vibration, hence it behaves like a linear SDOF.
For the second linear 2DOF, the second mode of vibration has
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Figure 13. Fragility curves for the Bouc-Wen SDOF system
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Figure 14. Fragility curves for the Bouc-Wen 2DOF system

a higher contribution in the response, and the ground-motion
selection method fails to produce results similar with the Monte-
Carlo method.

The results of the three methods are also different in the case
of the non-linear systems. Even though the fragility curves
calculated by Monte-Carlo and ground motion selection seem
similar in Figs. 13 and 14, the differences are significant. For
example, in the case of the SDOF Bouc-Wen, for a fixed value
of the PSa(T1;ζ0) = 0.06 g the probabilities of failure in the
Monte-Carlo and ground motion selection methods are 30% and
3%, respectively.

4 CONCLUSION

Fragility curves are graphical representations of probabilities
that the response of systems exceed critical values, under ground
accelerations of specified intensity measures. Pseudo-spectral
acceleration was used as the intensity measure in this paper.
Fragility curves are calculated by three methods, i.e. by Monte-
Carlo, by ground motion selection and by scaling of ground
motions. Single- and two- degree-of-freedom linear and non-
linear Bouc-Wen systems are used in the analysis.

All three methods produce accurate fragility curves for the
single-degree-of-freedom linear system. The scaling method
fails to estimate the fragility in all other cases. Ground
motion selection and Monte-Carlo methods produce similar
probabilities of failure for the two-degree-of-freedom only in
particular cases of the linear 2DOF systems, but the estimates
for the non-linear systems differ significantly.
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ABSTRACT: The point-like quasi-steady aerodynamic loading in a turbulent flow is formally expressed as a function of the 

squared relative velocity between the fluid and the investigated structure.  The three major terms governing the low-order 

statistics of the response are known to be related to the average loading, the linear turbulent loading and the aerodynamic 

damping. The three other terms in the loading, namely the quadratic turbulence term, the parametric velocity feedback term and 

the squared velocity term, may significantly affect the higher order statistical cumulants of the response. These latter two 

sources of fluid-structure interaction are usually disregarded, by lack of efficient simulation tools, except a Monte Carlo 

simulation of the nonlinear equation. In this paper, we provide a formal analysis of the complete nonlinear model, including thus 

all six terms, but mainly focusing on the importance of the two nonlinear coupling terms of the loading. Closed form solutions 

of the response are derived for a second-order Volterra model of this problem, under the assumption of different timescales in 

the loading and in the structural behavior. Two major outcomes of the analysis are, on the one hand, that the squared structural 

velocity term has no influence on the cumulants of the response up to order 4 and, on the other hand, that the parametric velocity 

feedback acts as a reduction of the non Gaussianity of the response.  

KEY WORDS: Volterra model; Multiple Timescale Spectral Analysis; squared velocity feedback; parametric; turbulence. 

1 INTRODUCTION 

The response of civil engineering structures to the wind 

turbulence is a multiple timescale process. Indeed, in a linear 

context, the structural response to very low frequency 

turbulence excitation may be approached by a sum of two 

components, a background component associated with the 

slow dynamics of the excitation and a fast resonant 

component associated with the structural timescale [1]. 

The stochastic structural analysis of a linear structure 

subject to a stationary excitation, such as the wind turbulence, 

is usually performed with a spectral approach. While offering 

a clear understanding of the structural behavior and the 

dispatching of energy in the different timescales, this 

approach also sidesteps the heavy generation of the wind 

velocity or pressure time histories. The stochastic approach is 

a useful tool to determine the Gaussian, but also non-

Gaussian, response of a linear system. One drawback perhaps 

is that the evaluation of high-order statistics requires a multi-

dimensional integration of spectral densities in spaces whose 

dimension increases with the order of the cumulants of the 

response under investigation. The application of the method in 

the context of non-Gaussian responses thus turns out to be 

challenging, from a computational viewpoint. This drawback 

is partly circumvented by considering the existence of the 

different timescales in the response. Doing so, the multiplicity 

of the integrals to be computed is decreased by one, which 

substantially speeds up the computation [2]. 

In this paper, the concept described above is extended to the 

study of a linear oscillator whose excitation is defined as a 

quadratic function of the wind-structure relative velocity. The 

analysis still relies on a spectral approach and the structural 

system is modeled as a Volterra system [e.g. 3]. 

Developments are limited to the second-order Volterra 

operator which is shown to be accurate enough for the 

statistics up to order 4. The efficiency of the method is 

discussed with the determination of the first four cumulants of 

the response. The quality of the result is assessed in terms of 

accuracy with respect to a reference solution obtained through 

Monte Carlo simulation.  

2 GOVERNING EQUATIONS 

Under the quasi-steady assumption, the response of a point-

like single degree-of-freedom structure subject to a 1-

dimensional wind turbulence is governed by the nonlinear 

second order differential equation 

  
21

2
dmx cx kx C A U u x       (1) 

where x(t) is the structural displacement, m, c and k are mass, 

viscosity and stiffness, respectively, U is the mean wind 

velocity and u(t) a Gaussian zero-mean random process 

representing the wind velocity fluctuation; , A and Cd are, 

respectively, the air density, the area of the structure exposed 

to the wind and the aerodynamic drag coefficient. The 

overhead dot denotes differentiation with respect to time t. 

The nonlinearity of this equation results from the squared 

structural velocity 2 ( )x t  and the parametric excitation 

2 ( ) ( )x t u t  terms obtained in the right-hand side after 

expansion. 

The zero-mean Gaussian turbulence process u(t) is fully 

described by its power spectral density Su(). Following 

Kolmogorov’s energy cascade, typical models for the 

turbulence decrease as 
-5/3

 in the high-frequency range. This 

non Markovian behavior makes any stochastic method based 

Efficient estimation of the high-order response statistics of a wind-excited oscillator 

with nonlinear velocity feedback 

Vincent Denoël
1
, Luigi Carassale

2 

1
Structural Engineering Division, University of Liège, Chemin des Chevreuils, B52/3, 4000 Liège, Belgium  

2
Dept. of Civil Chemical and Environmental Engineering, University of Genova, Via Montallegro, 1, 16145 Genova, Italy  

email: v.denoel@ulg.ac.be, luigi.carassale@unige.it 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

2811



on the FPK equation and moment equation rather intricate 

since a proper approximation with a Markovian process has to 

be formulated. This argument drove the solution procedure of 

the considered problem toward spectral methods. It is thus 

possible to handle realistic power spectral densities of the 

wind turbulence such as 

 2

5/3

0.546

;

1 1.64

u u

L

L US
U L

U

 
   
   

  
 

 (2) 

in which L represents the integral length scale and u the 

standard deviation of the turbulence velocity. 

This problem might be formulated in a dimensionless manner 

leading to the governing equation 

  2 2 21 1
2 2 2

2 2
s a u u a u a

u

x x x u I u I ux I x
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              (3) 

where the following dimensionless quantities are used 
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and where a prime  denotes differentiation with respect to the 

nondimensional time t . The power spectral density ( ; )uS    

of the dimensionless turbulence velocity u  is a function of the 

dimensionless frequency   and of the small parameter , 

which is the ratio of the characteristic turbulence frequency 

U/L and the structural natural frequency 0. The two 

coefficients s and a represent the structural and aerodynamic 

damping coefficients. 

This formulation indicates that the solution of the problem 

at hand may evolve in different regimes, depending on the 

relative smallness of s, a and . These three numbers are 

typically in the range [10
-3

; 10
-1

]. A fourth small parameter of 

the problem is the turbulence intensity Iu, usually in the range 

[10%; 30%], which scales the quadratic turbulence term and 

the nonlinear feedback terms on the right hand side of Eq. (3). 

The dimensionless version of the governing equation readily 

shows that the quadratic velocity term x² is one order of 

magnitude smaller than its left neighbor ux, the parametric 

excitation term, which presumably indicates that the former 

one would yield negligible contribution to the response. This 

is to be proved with a more formal derivation. Although the 

dimensionless version of the governing equation is definitely 

more convenient to identify the leading physics and its 

limiting cases, the paper is mainly developed with physical 

quantities, so as to provide a simpler understanding.  

3 SECOND ORDER VOLTERRA MODEL 

3.1 The Volterra Frequency Response Functions 

Inspired by former works [4], it is chosen to model the 

response of this nonlinear problem with a second order 

Volterra model. This choice is validated in Section 5, with the 

typical orders of magnitude of the parameters encountered in 

wind engineering applications. 

In this framework, the response x(t) is expressed as  

    1 2( ) ox t x x t x t    (5) 

where x1(t), respectively x2(t), is defined as the first (resp. 

second) order convolution of the zero-mean Gaussian input 

u(t) with the Volterra kernel h1(t), respectively h2(t). In a 

stationary setting, this definition is advantageously translated 

into the frequency domain with the symmetrical Volterra 

frequency response functions H1() and H2(). 

These functions need to be established for the specific 

nonlinearity of the problem under consideration. This may be 

achieved with the harmonic probing technique [5] or with the 

systematic procedure presented in [4]. The same procedure as 

that developed in the later one is being followed next. In the 

block diagrams of Figure 1, the differential operator 

[x]= kxxcxm    actually corresponds to the forcing term 

(including the feedback) such that f= [x], and the operator  

represents the assembled I/O relationship, such that x= [u]. It 

results f= [ [u]] or again, by definition of the operator  

f= [u]. 

Applying the construction rules in [4], the frequency 

response functions of [.]= [ [.]] are thus expressed in 

terms of those of  and  as  

 
       

     

0 0 1 1

2 1 2 2 1 2 1 2
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F H D F H D

F H D

    

      
 (6) 

where   2D m j c k       . 

This sort of feedback is particularly well suited to the 

unwrapping of the system, in which case the forcing term f 

may also be expressed as in the second block diagram, as the 

amplification of the square of the output of operator , in 

which case 
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Operator  is nothing but the addition of three terms, so that 
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on account that A0=0 as a result of the differential nature of 

operator . Plugging these expressions backwards until 

Equation (6), and solving for H0, H1 and H2 yields  
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Figure 1. Block diagram of the considered problem. 

These frequency response functions are sketched in Figures 

2 and 3. The first one corresponds to the classical frequency 

response function of a linear oscillator, with additional 

aerodynamic damping. The second represents the interaction 

between the different harmonics in the response, especially 

the filtering of pairs of harmonics (1, 2) that fall out of the 

band 
1 2 o   . 

 

Figure 2. First-order frequency response function. 

3.2 Cumulants of the Stationary Response 

In a second-order Volterra model, the total response is 

expressed as the sum in Eq. (5) involving the 0
th

-order 

constant term x0, together with the fluctuating terms x1(t) and 

x2(t). When the input u(t) is a stationary random process, the 

statistical properties of the total response x(t) may be 

expressed in terms of its cumulants, which in turn can be 

written as functions of the cumulants of x1(t) and x2(t). Using 

some classical developments in the theory of probability [6] 

under the hypothesis that u(t) is Gaussian distributed, we 

obtain 
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4 4 1 1 2 2 4 2

3 , ,

6 , , ,

x x x

x x x x x

x x x x x x

          

          

          

 (10) 

where [ ]k   represents (when used with a single argument) 

the k
th

-order cumulant of the argument and [ ,..., ]k     

represents the k
th

-order cross-cumulant associated with the 

product of the arguments. 

 

Figure 3. Second-order frequency response function. 
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An analysis of the orders of magnitude of the two terms that 

compose each cumulant of the response reveals that the 

second terms in the expressions given in (10) are negligible in 

front of the first terms, at least for the small realistic values of 

the aerodynamic damping a encountered in typical wind 

engineering applications. The formal demonstration of this 

statement goes beyond the scope of this paper but is available 

in [7] together with a deeper investigation of this problem. 

Intuitively however, the second order response x2(t) is one 

or several orders of magnitude smaller than the first order 

response x1(t). The ratio of these two actually scales with the 

aerodynamic damping a. As a consequence, in (10), the 

cross-cumulant, involving more factors in x1(t) than the 

unilateral cumulants of x2(t) are expected to be leading. 

3.3 The Associated Linear Equations 

Alternatively to the frequency domain approach, it is 

interesting to regard a Volterra model with its associated 

linear equations, which are linear ordinary differential 

equations describing the dynamics of each term in the 

expansion (5). For some sorts of nonlinearities, such as the 

polynomial nonlinearity of the problem at hand, the n
th

-order 

response xn(t)  might be expressed, with the associated linear 

equations, as a function of the forcing term and of lower order 

responses [8]. For the considered problem, these equations 

read: 
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 (11) 

These equations confirm that x2(t) is well one or two orders 

of magnitude smaller than x1(t). These equations will be used 

later in a Monte Carlo simulation, in order to validate the 

truncation of the Volterra series to the second order. 

3.4 Power Spectral Density and Higher Order Spectra of 

the Response 

The power spectral density of the total response x(t) of a 

second-order Volterra model reads 

 

     

     

2

1
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x u

u u

S H S

H S S





    

     
 (12) 

where Su() is the power spectral density of the turbulence, 

while H1 and H2 represent the Volterra frequency response 

functions, as given in (9). 

The integration of the power spectral density Sx() provides 

the second cumulant of the total response 

    2 dxx S





     (13) 

Substitution of (12) into (13) indicates that the cumulant of 

the response is composed of two terms, as hinted by (10) 

anyway. The first one, involving |H1()|, is responsible for the 

linear counterpart of the response 2[x1], while the second 

term, involving the second-order frequency response function 

|H2(1,2)| provides the second contribution 2[x2] to the total 

cumulant, after integration along the real axis. Following the 

former observation that the second terms in (10) are 

negligible, the second term in the power spectral density of 

the total response is dropped. 

It finally turns out that the second order response is that of a 

linear system whose total damping is represented by the sum 

of the structural and aerodynamic dampings. In this context, 

there exists a classical way to bypass the numerical integration 

of Sx() in (13). It is based on the background/resonant 

decomposition of the response, a two-timescale approximation 

of the response usually attributed to the pioneering works of 

A. Davenport [1]. In this method, the variance of the response 

is simply expressed as the sum of a background and a resonant 

component as 

      2 2 1 2,1 Bx x r     (14) 

where 
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are readily interpreted as the background response and the 

resonant-to-background ratio. 

One major advantage of this two-timescale method is that it 

sidesteps any integration and offers an approximate solution 

of the problem at no computational costs. Extension of this 

method to higher-order statistics was the key motivation for 

the consideration of this problem as a Volterra model. 

Similarly to the power spectral density, the bispectrum of 

the total response x(t) is composed of two terms, among which 

only the first one is retained in the analysis, as it is responsible 

for the contribution 33[x1, x1, x2] to the third cumulant. The 

bispectrum of the response is thus approximated as  
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 (16) 

and the third cumulant of the response is approximated by 

      3 3 1 1 2 1 2 1 23 , , , dxx x x x B

 

 

        (17) 

Similarly again, the trispectrum of the total response x(t) is 

composed of two terms, among which only the first one is 

considered. In this simplified version, it reads 
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where the summation is performed on all six possible 

permutations of the indexes , ,  = 1, 2, 3. The fourth 

cumulant of the response is thus approximated by  
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, , d d dx
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 (19) 

The purpose of the rest of the paper is to provide simple 

expressions for the integrals in (17) and (19). 

4 MULTIPLE SCALE SPECTRAL ANALYSIS & 

ANALYSIS OF THE MODEL 

4.1 Cumulants of the response 

The multiple timescale spectral analysis is a recent technique 

that allows decreasing by one (at least) the order of integration 

in the determination of the cumulants of the response. It 

hinges on the timescales separation between the loading and 

the structure and is able to deal with linear/nonlinear 

structures, stationary/evolutionary problems, SDOF/MDOF 

problems, and is fundamentally not limited regarding the 

statistical order [2]. The method is elaborated in the frequency 

domain and is not contingent upon the markovianity of the 

loading process; it thus deals with any complex analytical 

expression of the power spectral density of the loading –such 

as those that characterize the wind turbulence– without any 

artifact. The technique actually generalizes the 

background/resonant decomposition of the variance [1] and 

the background/biresonant decomposition of the third 

cumulant [9] of the response of a single degree-of-freedom 

linear system subject to slow stochastic loading. 

Application of the general method requires the 

identification, in the response spectra, of the different 

components to the response. Among them the background 

component is easily identified. Its trivial subtraction from the 

initial response spectra leaves us with resonant and mixed 

background/resonant terms. Examples of applications in [2] 

give some hints on how to determine and approximate these 

components. 

 

Figure 4. Sketch of the bispectrum of the response, (16). 

At third order, the bispectrum of the response is expressed 

by (16) at leading order. This function is represented in Figure 

4 which illustrates the background component as a central 

peak of the frequency space as well as six peaks, coined as 

biresonance peaks as they correspond to resonance in two 

factors out of three in the each term of Bx(1,2). These peaks 

are located at (1,2)= (±o), (0,±o) and (±oo). 

 

The background contribution to the integral in (17) is 

obtained by replacing the frequency response functions H1 

and H2 by their local behavior in (16), i.e. H1()=CdAU/k  

and H2(1,2)=CdA/2k, which yields 
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Applying the procedure recommended in the multiple 

timescale spectral analysis, the additional contribution of the 

biresonance peaks is obtained after introduction of stretched 

coordinates whose purpose is to formally focus on one of 

these peaks, namely 

     1 1 2 21 ; ,o s a o s a              (20) 

then to approximate locally the integrand, especially the 

power spectral density of the wind turbulence velocity to 

finally obtain 
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with  r the second-order resonant-to-background ratio 

introduced in (15) and 
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      (22) 

and where the shorter notation  = s + a is used. The total 

cumulant of the response is finally written as the sum of the 

background and biresonant components, 3,B + 3,R. 

The appreciable outcome of the method is that the order of 

integration to determine the third cumulant of the response has 

dropped from 2, in (17), to 1 in (22), as a result of the 

timescales separation. 

A graphical representation of the trispectrum of the 

response (18) is a bit more involved as it concerns a function 

of three parameters. However the generic procedure 

developed at the third order may be replicated. It reveals the 

existence of four types of peaks, namely (i) a background 

peak located at the origin, as usual, (ii) four A-type mixed 

background-resonant peaks located in 

(1,2,3)=±() and (1,2,3)=(,±), (iii) two 

B-type mixed background-resonant peaks located at 

(1,2,3)=±(0,and (iv) four (purely) resonant 

peaks located at (1,2,3)=±(and 

(1,2,3)=±(. 

The natures of these peaks are different because they each 

maximize different factors in the expression of the 

trispectrum. To keep it simple, the background peak 

corresponds to the only possible value of (1, 2, 3) that 

maximizes the factors in Su, while the four resonant peaks 

correspond to the four possible combinations of (1, 2, 3) 

that maximize three out of the four factors in H1 or H2. Mixed 
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A- and B-type peaks maximize one (or two) factors in H1 or 

H2 and two (resp. one) factors in Su. 

Resorting again to the basic principles of the multiple 

timescale spectral analysis [2], one may identify a background 

contribution 
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with the same local approximation for H1 and H2 and the 

various (eventually mixed) resonant contributions. Each of 

these latter ones are obtained with an adequate rescaling of the 

problem, that aims at sequentially focusing on each kind of 

peak (and sort of bring to problem to the right timescale), 

providing a local approximation of the response at that 

timescale and finally return to the physical frequency space 

with a much simpler expression. After some involved but 

noteworthy calculus, the resulting expressions for those 

contributions read  
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with 
2 ( ( ); ; )u oS     and 

3( ( ); ; )u oS     are defined as 
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Similarly to the third order, we observe that the fourth 

cumulant of the response is simply expressed as the sum of 

four components, 4,B + 4,BRI
 + 4,BRII

 + 4,R, instead of the 

more complex triple-fold integral in (19). 

In our formulation, integrals are hidden in the coefficients 

1, 2 and 3, but the dimensionality of the integrals is 

limited to 2, or even to 1 when mixed background-resonant 

components are dropped (which unfortunately degrades the 

quality of the result, see [10]).  

4.2 Skewness and Excess Coefficients 

The skewness and excess coefficients of the response are 

readily obtained from the corresponding cumulant. With the 

multiple timescale approximation, they read 
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What this model offers is a simple and attractive procedure 

for the computation of the skewness and excess coefficients of 

the nonlinear response of the considered problem. These 

coefficients are simply expressed as a function of the 

resonant-to-background ratio denoted by r, the damping 

coefficients, structural and aerodynamic, as well as the 

coefficients 1, 2 and 3 which holds the remaining 

computational issues. 

Interestingly enough, these latter coefficients have closed-

form asymptotic expressions, for large and small values of the 

total damping coefficient. The relative smallness has to be 

assessed by comparison with the ratio of the characteristic 

frequency of the wind velocity turbulence and that natural 

frequency of the structure,  introduced in (2).  For instance, 

one may observe that all three factors tend to 1 when ≫. 

This makes the estimation of the skewness and excess 

coefficients of the response promptly accessible. 

The amplitude of the nonlinearity scales with the magnitude 

of the aerodynamic damping, see (2). For small values of that 

parameter, the response is still non-Gaussian as a result of the 

square transformation of the wind velocity turbulence u². In 

the limit case, the structural behavior is linear and the current 

formulation degenerates into existing approximation based on 

the multiple timescale spectral analysis too [9]. What mainly 

matters here is that the non-Gaussianity of the response 

(measured by the magnitude of the skewness and excess 

coefficients) decreases as some nonlinear feedback is injected 

into the structure. This is readily observed by substituting a 

by 0 in (27) and (28); the coefficients of 1, 2 and 3 are 

systematically decreased. This validates the following 

statement. The differentiation in the feedback loop acts as a 

highpass filter of the structural response. It is well known that 

the non-Gaussianity of the response mainly results from the 

low-frequency content while the resonant component of the 

response is simply Gaussian. Consequently the correction to 

the open-loop system is more or less Gaussian and this tends 

to diminish the non-Gaussianity of the loading. The model 

described in this paper is a simple tool to quantify this return 

to the Gaussian distribution. 

The few details that were communicated in this paper are 

not really sufficient to understand that the local 

approximations of the kernel, that allowed the derivation of 

the low-dimensional integral solutions, are actually not 

affected by the presence of the square velocity feedback. In 

other words, the squared structural velocity )(2 tx  term is 

definitely negligible in front of the parametric excitation 

2 ( ) ( )x t u t  term, no matter the values and relative smallness 

of the parameters of this problem. The only limitation on this 

observation is that the timescales remain well separated. 

At last but not least, another interesting case is that of a 

small dynamic amplification, in the second-order sense, i.e. 

r≪. In that case, both the mixed and resonant contributions 

vanish and the skewness and excess coefficients of the 

response match those of the quadratic transformation of the 

Gaussian wind velocity turbulence, i.e. 3=3Iu and e=12Iu². 
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5 NUMERICAL APPLICATION 

A Monte Carlo simulation of the three associated linear 

equations (11), solved sequentially, provides realizations of 

the total response x(t) as a sum of the deterministic 0
th

-order 

response x0 and of the realizations of the stochastic processes 

x1(t) and x2(t). With the help of an online averaging method, 

the raw moments of x(t), x1(t), x2(t) are readily obtained. They 

are finally translated into cumulants, as they offer a more 

convenient understanding. They are represented in Figure 4, 

which shows in dashed lines the standard deviation, the 

skewness and excess coefficients of the total response x(t). 

In a similar manner, the cumulants of the original system 

are obtained with a statistical processing of the Monte Carlo 

response of the full nonlinear equation (3), in its 

dimensionless version. They are reported in Figure 4 with 

solid lines. 

They virtually correspond for the standard deviation and the 

skewness coefficient, while the agreement is respectable for 

the excess coefficient. Actually, concerning this latter one, a 

third-order Volterra model globally would have offered an 

accuracy similar to that we have for the second and third 

cumulants with the second-order model, but this option was 

not retained in this study. Notice secondarily that the 

inaccuracy of the second-order model grows, as expected, 

with the aerodynamic damping a, i.e. with the magnitude of 

the nonlinearity. 

The results obtained with the analytical model are 

represented by dots and labeled “Analytical model”. Despite 

the obvious simplification in the computation of the third- and 

fourth-order cumulants, there is a remarkable agreement 

between the exact result of the complete problem, including 

all sorts of nonlinearity, and this much simpler model. 

The discrepancy on the skewness coefficient 3 features the 

same order of magnitude as that on the standard deviation, 

which is represented in the upper plot. As the traditional 

background/resonant decomposition is now part of every wind 

engineer’s toolbox, we should agree that the slight 

discrepancy on the estimation of the skewness coefficient is 

thus also acceptable. 

The discrepancy on the excess coefficient is a bit larger, 

especially for small structural damping coefficient. The 

discrepancy is similar, in magnitude, to the error in the results 

of the Volterra model, as compared to the full nonlinear 

problem. Thus, should one consider the second order Volterra 

model as reliable, the result of the analytical model, which is 

obtained at a fraction of the cost of the results of alternative 

options, should also be accepted. 

As far as the computational efficiency is concerned, it 

should be emphasized that the analytical solution is extremely 

convenient when the two timescales involved in the problem 

are very different from each other, i.e.  is small. In this case, 

indeed, the Monte Carlo simulation requires the integration of 

very long time series using a small time step. The computation 

of the results shown in Figure 4 (80 points of the parameters 

space, 4 values of s and 20 for a) required about one minute 

for the analytical solution and about 500 hours CPU time for 

the Monte Carlo simulation (mostly used for the solution of 

the full nonlinear system). 

 

 

Figure 4. The cumulants of the response of the nonlinear 

system (1), solid lines, agree rather well with the cumulants of 

the response of the second-order Volterra model, dashed lines 

(obtained from the solution of the associated linear equations). 

Dots represent the approximation of the cumulants obtained 

with the analytical solution developed in Section 4. The 

standard deviation is scaled by a characteristic response.  
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6 CONCLUSIONS 

There are two main contributions in this paper. The first one 

concerns the derivation of the very general solution, expressed 

as accurate approximations though, of the stochastic response 

of a second-order Volterra model. Equations presented in this 

paper are rather general and might be applied in other fields or 

problems, as long as the timescales separation hypothesis 

holds. 

The second contribution concerns the application the a 

classical problem of wind engineering, namely the influence 

of the nonlinear quadratic velocity and parametric loading 

terms arising in a quasi-steady aerodynamic loading. 

Although not given with full details, the derivation 

demonstrates that the parametric loading term is mainly 

responsible for the non-Gaussianity of the response, while the 

squared structural velocity term has very few influence. As an 

interesting outcome too, it is demonstrated that the nonlinear 

quadratic velocity feedback systematically reduces the 

skewness and excess coefficients of the loading. 
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ABSTRACT: The response of a general multi-degree-of-freedom linear or nonlinear electro-mechanical device to broadband 
base excitation is considered. By employing the Fokker-Planck equation it is shown that a well-known result for a simple linear 
oscillator is also true in general: the total power dissipated by the device depends only on the total (generalized) mass of the 
system and the spectrum of the base acceleration.  This then places an upper bound on the power that can be harvested from the 
device, and it is shown that this bound also applies to narrow band random base excitation. The only restriction on the analysis 
is that no secondary forces are applied to the device, so that all of the excitation is taken to arise from the base motion.  The 
result is then demonstrated numerically for a two-degree-of-freedom system with various combinations of nonlinear damping 
and stiffness, and the influence of the bandwidth of the base acceleration is investigated.    

KEY WORDS: Energy harvesting; random vibration; nonlinear systems. 

1 INTRODUCTION 

Many devices have been proposed for harvesting energy from 
background random vibration [1-4].  The basic idea is to 
attach an electromechanical system to a vibrating surface and 
to use the consequent motion of the device to generate power.  
The device might have either a single mechanical degree of 
freedom, or multiple degrees of freedom, and the behaviour 
might be either linear or nonlinear.  In the nonlinear case, the 
nonlinearity may be an unwanted but unavoidable physical 
effect, or it may be a deliberately designed feature of the 
system.  The design objective for such a system is clearly to 
harvest the most energy within the constraints on the design, 
which might include mass, cost, and physical size.   Against 
this background it would be very useful to know if there is 
some fundamental physical limitation on the performance of 
such devices, so that the efficiency of a design can be 
measured against this performance limit; this would firstly 
allow competing designs to be compared, and secondly avoid 
wasted design effort in trying to overcome the performance 
limit.  In the case of a linear device subjected to harmonic 
excitation, it can readily be shown that at resonance the 
maximum possible power harvested is inversely proportional 
to the damping coefficient.  For random vibration the situation 
can be dramatically different – for example, it is an 
established result [5] that the average power dissipated by a 
linear oscillator subjected to white noise base excitation is 
given by 0 / 2S M� , where 0S  is the (single sided) spectral 
density of the base motion, and M is the mass of the system. 
The aim of the present paper is to explore the extent to which 
such a bound can be developed for a general system subjected 
to random base motion.  

In what follows the performance of a general multi-degree-
of-freedom nonlinear electromechanical energy harvesting 
device which is attached to a randomly vibrating surface is 
considered. The only restriction on the analysis is that no 
secondary forces are applied to the device, so that all of the 

excitation is taken to arise from the base motion.  Initially the 
case of white noise base acceleration is considered and it is 
shown that the energy harvested cannot exceed 0 / 2S M� , 
where in this case M is the total generalised mass of the 
device (which is equal to the total physical mass in many 
cases).  Attention is then turned to the narrow band case, and 
it is shown that the previous bound continues to apply, on the 
condition that 0S   is interpreted as the peak value of the base 
acceleration. An example two-degree-of-freedom example is 
then considered to demonstrate the application of the bound.  
The bound has previously been demonstrated in [6] for the 
case of white noise excitation, and the present paper describes 
the extension of this result to the non-white case. 

2 MECHANICAL SYSTEM: WHITE NOISE CASE 

2.1 Equations of Motion 

Before considering an electromechanical system, the response 
of an N degree-of-freedom nonlinear mechanical system to 
random white noise base acceleration will be considered.   In 
the absence of motion of the base, the equations of motion of 
the system are taken to have the form 

( , )� �Mz g z z 0�� � ,                                   (1)                     

where jz  is the displacement in degree of freedom j, M is the 

system mass matrix, and  ( , )g z z�  is some nonlinear function 
of the system displacements and velocities.  The displacement 

jz  might represent a physical displacement, such as the 

translation of a lumped mass, or a generalised displacement, 
such as the deflection amplitude associated with a shape 
function or a mode shape.  In what follows the mass matrix M 
is taken to be independent of the generalised coordinates z; for 
any system a set of generalised coordinates can always be 
found for which this is true (for example, the Cartesian 
displacements of every point on the system), although in 
many cases the generalised coordinates of choice may lead to 
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a displacement dependent mass matrix M(z) in Eq. (1).  It is 
shown in [6] that a slight modification of the following 
analysis allows the present results to be derived directly for 
this case without the need to transform to a set of coordinates 
for which M is constant.  

If the base is given a static displacement b, then a rigid body 
displacement vector r is defined such that the new equilibrium 
position of the system is z=rb; thus jr  represents the 

displacement in jz caused by a unit displacement of the whole 

system in the direction of the base motion.  Given that the 
system is anchored only to the base, a rigid body displacement 
or velocity of the whole system will not produce any internal 
forces, and thus   

( + , ) ( , )b b� �g z r z r g z z�� � ,                         (2) 

for any values of b and b� .  It follows that the equation of 
motion of the system under general base motion can obtained 
by replacing z in Eq. (1) with y+rb, where y represents the set 
of displacements relative to a rigid body translation of the 
whole system.  This yields 

( , ) b� � �My g y y Mr���� � .                           (3) 
In what follows it will be assumed that the motion of the base 
is random and broadbanded, and the base acceleration will be 
approximated as stationary white noise, so that 

0E[ ( ) ( )]b t b t S� � �� � �� ��� �� ,                        (4) 

where E[] represents the ensemble average, ��� �  is the delta 

function, and 0S  is the spectral density of the base 
acceleration. . It can be noted that the standard mechanical 
engineering conventions (for example [7]) are employed in 
Eq. (4), so that 0S  represents the single-sided spectral density.  
In the energy harvesting literature it is not unusual for the 
double-sided spectral density to be employed, and furthermore 
for the auto-correlation function to be defined in terms of the 
double-sided spectrum as 0S ��� � , representing an inversion 
of the mechanical engineering convention for the Fourier 
transform relation between the auto-correlation function and 
the spectrum.  In this case the power dissipated by a linear 
oscillator under white noise base acceleration is 0 / 2P S M� , 

rather than the previously quoted result ( 0 / 2P S M�� ), and 
this version of the result has appeared in the energy harvesting 
literature.  In what follows the mechanical engineering 
convention will be adopted throughout.  

The average power absorbed by the system is given by 
TE[ ( , )]P � y g y y� � ,                               (5) 

and the main aim of the present work is to derive a general 
result for this power in terms of the spectral density of the 
base motion.   This requires the analysis of Eq. (3), and to this 
end it is useful to introduce the state space vector x such that 

=
� �
� �
� �

y
x

y�
,                                      (6) 

and to rearrange Eq. (3) into the form  

1 ( ) b�

� � � �
� �� � � �� �� � � �

y 0
x

M g x r

�
� �� .                         (7) 

This result can be written in more compact notation as 
( ) ( ) ( )t� �x F x G x ζ� ,                             (8) 

where F represents the first vector on the right hand side of 
Eq. (7), and 

� �T T
0 2 (2 1) 1( ) ( )N N NS� � � �� �G x 0 0 r .             (9)  

Furthermore the term ( )tζ  which appears in Eq. (8) is a vector 
of uncorrelated white noise processes with  
E[ ( ) ( )]j jt t� � � �� � �� � .  In the following section the Fokker-

Planck equation will be used to derive a result for the average 
power dissipated by the system.  

2.2 Power Dissipated 

The state space vector x of a system which is subjected to 
stationary Gaussian white noise excitation constitutes a 
Markov vector process, and the joint probability density 
function p(x) is governed by the stationary form of the 
Fokker-Planck equation [7].  For the system defined by Eq. 
(7) the Fokker-Planck equation for p(x) has the form [7] 

� �( ) ( / ) ( ) ( ) (1/ 2)( / ) ( ) ( ) 0i i j ijL p x H p x D p� �� � � � � � �� �x x x x ,                  

(10) 
where the summation convention has been employed (a 
repeated index implies summation over that index) and the 
terms iH  and ijD  are given by 

(1/ 2)( / ) ,        i i ij k kj ij ik jkH F G x G D G G� � � � � .   (11a,b) 

The power absorbed by the system can be explored by 
multiplying Eq. (10) by the kinetic energy of the system 

T(1/ 2)y My� � and then integrating the equation over state 
space.  This yields  

( )d 0rs r N s N

V

M x x L p� � �� x ,                      (12) 

where V represents the infinite domain of state space.  
Equation (12) can be integrated by parts to yield  

�

�,

( ) ( ) ( ) ( )

           ( ) ( ) d 0,

rs r N s N rs s N r N

V

rs r N s N

M x H p M x H p

M D p

� � � �

� �

� �

�

� x x x x

x x x

�

�
  (13) 

where boundary terms generated by the integration process 
have been set to zero on the assumption that p(x) and its 
derivatives tend to zero at large argument.  It now follows 
from equations (7)-(9), (11) and (13) that  

T
02E[ ( , )] 0S�� � �yg y y r Mr� � .                   (14) 

Now Tr Mr is the generalised mass associated with a unit 
rigid body motion r, and this is often simply the total mass of 
the system, Mtot say.  Hence it follows that 

T
0 0 tot/ 2 / 2P S S M� �� �r Mr ,                 (15) 

which is the same as the result obtained for a simple linear 
single-degree-of-freedom system [5]. 

3 ELECTROMECHANICAL SYSTEM 

If the system under consideration contains resistive, capacitive 
and inductive components for power harvesting, then the 
systems equations given by Eq. (3) become [8,9] 

( , ) b� � � �My g y y θv Mr���� � ,                      (16) 
1 1 T

v v v
� �� � � �C v R v L v θ y 0�� � �� ,                    (17)                     

where v is a set of voltages, vC is a capacitance matrix, vR is 

a resistance matrix, vL is an inductance matrix, and θ  is an 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

2820



electromechanical coupling matrix.  Equations (16) and (17) 
can be rewritten in the form  

1 1 T
v v v v

( , )
b� �

�� � � � � �� � � �
� � �� � � � � �� � � �� �� � � �� � � � � �

M 0 g y y θu M 0y r

0 C R u L u θ y 0 Cu 0

� ��� ��
� ���

, 

(18) 
where 

�u v� .                                       (19) 
Equation (18) can be re-expressed in a form which is directly 
analogous with Eq. (3) to give 

em em em em em em em( , ) b� � �M y g y y M r ���� � ,               (20) 
where the matrices and vectors correspond in an obvious way 
with the terms which appear in Eq. (18).   The average value 
of the total power dissipated by the system can be written as 

T T T 1
em em em emE[ ( , )] E[ ( , ) ]vP �� � �y g y y y g y y u R u� � � � � � ,    (21) 

which represents a sum of the dissipated mechanical power 
and the power harvested by the electrical system.  By direct 
analogy with Section 2.2, the total power dissipated can 
readily be shown to be 

T
0 em em em 0 tot( / 2) / 2P S S M� �� �r M r ,             (22) 

which is exactly the same result as that obtained for a 
mechanical system, Eq. (15).  Equation (15) represents an 
upper bound on the power that can be harvested from the 
device under white noise base acceleration; this bound could 
only be reached if all other losses in the system were zero. 

4 NON-WHITE BASE EXCITATION 

If the base acceleration, ( ) ( )a t b t� ��  say, is not white noise but 

has spectral density ( )S �  then the bound derived in the 
previous sections is not immediately applicable.  One 
approach to the more general problem is to define a value 0S  
such that 

� �0 max ( )S S
�

�� .                             (23) 

For a linear system it is obvious that Eq. (15), with this value 
of 0S , provides an upper bound on the harvested power: the 
power dissipated by a linear system increases with increasing 
spectral amplitude and bandwidth, and the white noise 
spectrum given by Eq. (23) exceeds or equals the actual 
spectrum at all frequencies.  For a nonlinear system the 
situation is not so clear, since nonlinearity can induce an 
interaction between the responses produced by various forcing 
frequencies, opening up the possibility of destructive 
interference in the dissipated power.    To consider this 
situation in more detail, it is useful to introduce the H p norm 

of the acceleration spectrum, which is defined as 
1/

( ) d

p

p

p
S S � �

�

��

� �
� � �
� �
�                        (24) 

where the double-sided spectrum (rather than the single sided 
spectrum) is considered here for mathematical convenience.  
The H� norm of the spectrum is given by 

0lim
pp

S S S
� ��
� � .                           (25) 

Now to examine whether white noise represents an upper 
bound on the dissipated power, the following optimization 
problem can be posed: find the spectrum ( )S � which 

maximizes the power dissipated under the constraint of a 
specified H�  norm.  If the result is white noise, then Eq. (15) 
represents an upper bound for the general case.  The 
optimization problem is equivalent to maximizing the 
functional 

� �0[ ( )]
p

U P S S S� �� � � ,                   (26) 

where �  is a Lagrange multiplier, and then considering the 
result as p �� .  By employing a Volterra series expansion 

of the power dissipated, it is shown in [10] that the spectrum 
which maximizes U is indeed white noise, and so Eq. (15) 
represents an upper bound for any random base motion 
providing the spectral density is defined according to Eq. (23).   

5 OTHER CONSIDERATIONS 

5.1 Secondary Attachment Points 

A corollary of the present result is that if any part of the 
system is anchored to a non-vibrating fixed point, then (in 
theory) infinite power will be dissipated.  This is because the 
fixed point can be viewed as an infinite mass attached to the 
system.  A very simple example of this situation consists of a 
damper that is attached between the vibrating base and a fixed 
point; the white noise base motion has infinite mean squared 
velocity, and hence the power dissipated by the damper is 
infinite.  But this result is an artefact of the white noise 
approximation, and the actual power dissipated will be 
sensitive to the actual bandwidth of the excitation; without a 
fixed point, the power dissipated can asymptote very quickly 
to the white noise result as the excitation bandwidth is 
increased, as shown by the example considered in Section 6 
below. 

5.2 Interaction with the Vibrating Base 

It has been assumed in the present analysis that the motion of 
the base of the device is prescribed.  In reference [11] an 
alternative situation is considered in which the “base” forms 
part of a two-degree-of-freedom linear dynamic system, and a 
white noise excitation force is applied to the base.  This type 
of arrangement can be modelled by repeating the analysis 
contained in Section 2 for a general multi-degree-of-freedom 
nonlinear system that is excited by a generalised (white) force 
vector F(t).  In this case it is readily shown that the power 
dissipated is 

1( / 2)Tr FFP � �� �� � �M S ,                        (27) 

where FFS  is the (white) cross-spectral matrix of the force 
vector, and Tr[] represents the matrix trace.  For the case 
considered in reference [11], in which the force is applied 
only to the base,  Eq. (27) implies that the power dissipated 
depends only on the mass of the base and is independent of all 
other system parameters. This agrees with the findings of 
reference [11].  Equation (27) could prove useful for the 
analysis of more general system arrangements.   

5.3 Elastic Systems and Systems with Rotation 

The present analysis has considered a system which has a 
discrete set of degrees of freedom.  The analysis is equally 
applicable to a continuous system if the response is expressed 
in terms of generalised coordinates, but in principle the model 
then has an infinite number of degrees of freedom and the 
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white noise approximation for the base motion must be 
assumed to be valid over an infinite frequency range.  If the 
base motion is taken to be band-limited then the response can 
be captured by the use of a finite number of degrees of 
freedom, and in this case the power absorbed will be given by 
Eq. (15), with M identified as the generalised mass matrix.  In 
this case the product Tr Mr  will be less than the total physical 
mass of the system.  Conversely, if the system has rotating 
parts (for example a screw-disk system) then the generalized 
mass could be greater than the physical mass. For a screw-
disk arrangement, the generalized mass would be of the order 
of the moment of inertia of the disk divided by the square of 
the thread pitch, and so very high values could be obtained 
with a small thread pitch.  However such a device might 
suffer from excessive friction on the thread/disk interface. 

6 NUMERICAL EXAMPLE 

The two-degree-of-freedom example system shown in Fig. 1 
has been considered in [6], and a summary of the computed 
results is presented here to demonstrate the validity of the 
present theory.  The two masses are m1=2 kg and m2=1.5 kg, 
and the lower spring is linear with spring constant  k2=2.5 
N/m.  The upper spring and the damper are taken to be either 
linear or nonlinear.  In the linear case the spring and damper 
coefficients are respectively k1=2 N/m and b=1.15 Ns/m.  In 
this case the undamped natural frequencies are 1� =0.687 

rad/s and 2� =1.88 rad/s, and the associated mode shapes 

1 2( , )x x  are (1,0.527) and (1,–2.53).  The damping is non-
proportional and strictly it is not possible to associate a 
damping ratio with each of the modes, although if modal 
coupling is neglected in the generalised damping matrix then 
the two damping ratios are in the region of 0.06 and 0.32.  
When the upper spring and damper are taken to be nonlinear 
then the spring and damper forces (in units of N) are 
respectively 

3
spring 1 2 damper 1 2 1 20.025( ) ,   0.2( )F x x F x x x x� � � � �� � � � . (28a,b) 

The coefficients in these equations have been chosen so that 
under any combination of linear and nonlinear components 
the system has approximately the same mean squared 
displacement and velocity when exited by the white noise 
base acceleration defined below. 

The power absorbed by the system damper has been 
calculated by numerical time domain simulation for band-
limited white noise base acceleration of single sided spectral 
density 0S =2.5 m2s-3 covering the frequency band 

max0 � �� � .   The results are shown in Fig. 2 as a function 

of max� for various combinations of the system components 
(linear or nonlinear upper spring and damper).   In all cases 
the response asymptotes to the result given by Eq. (15) as 

max�  becomes large ( 0 tot / 2P S M�� =13.74 W), thus 
confirming the theoretical result of the previous sections.  
Furthermore the bandwith max� does not need to be 
particularly wide before the white noise result provides a good 
approximation to the actual power absorbed.  It can be noted 
that in all cases the power absorbed approaches the limit from 
below, meaning that Eq. (15) also forms an upper bound for 

narrow band input regardless of the linearity of the system, as 
predicted by Section 4. 
 

 

Figure 1. Example system: the lower spring is linear, the 
upper spring and damper can be either linear or nonlinear. 

 
 

Figure 2. Power absorbed by the example system as a function 
of the cut-off frequency max� of the excitation. The various 
curves correspond to different configurations of the damper 
and the upper spring: (a) nonlinear spring and linear damper, 
(b) nonlinear spring and nonlinear damper, (c) linear spring 
and linear damper, (d) linear spring and nonlinear damper. 

Dashed line: analytical result given by Eq. (15). 

7 CONCLUDING REMARKS 

It has been shown that Eq. (15) provides an upper bound on 
the energy that can be harvested from any electromechanical 
system whose equations of motion conform to Section 3, 
providing the spectral density in the equation is interpreted as 
the peak value of the base acceleration spectrum, as defined 
by Eq. (23). The mass M that appears in Eq. (15) must be 
interpreted as the generalized mass, as discussed in Section 
5.3, and configurations can be envisioned (for example 
systems with rotating components) in which this mass exceeds 
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the physical mass of the system. These results can be used to: 
(i) provide an efficiency metric for an energy harvesting 
device, and (ii) provide guidelines for optimal design.  
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ABSTRACT: The response of a stochastic system in a discrete coordinate set, as in the finite element approach, can be 
associated to a high computational cost even when using a full modal representation. A stochastic representation of the load is 
needed when, for instance, the case of wall pressure fluctuations induced by turbulent boundary layer (TBL) is considered. A 
linear 1D system, under the stochastic dynamic load simulating TBL excitation, has been studied here aiming at enhancing a 
numerical procedure that, under some approximations, allows a reduction of the computational cost. The proposed numerical 
procedure is founded on the pseudo-excitation method (PEM) that can be considered an exact representation since it is based on 
a modal decomposition of the cross-spectral density matrix of the excitation. Although effective for some applications, PEM 
requires the extraction of the eigensolutions of the load matrix at each frequency step. To overcome this computational 
bottleneck, a new method called frequency Modulated Pseudo Equivalent Deterministic Excitation (PEDEM), is here proposed. 
The method introduces some equivalent deterministic forces on the basis of the analysis of the eigensolutions of the dynamic 
load matrix for increasing excitation frequency. Specifically, it is possible to identify different regions for the response defined 
by introducing a suitable dimensionless excitation frequency. Characteristic values for region bounds and the structural response 
are in this work investigated and compared with a reference solution obtained with the full stochastic response. Even if the 
method is here applied over a simple chain of rods, the results seem to be very promising for future applications to more realistic 
problems. 

 
KEY WORDS: Stochastic response; modal approach; Pseudo excitation method; Pseudo equivalent deterministic excitation. 

 
1 INTRODUCTION 
This paper is centered about the definition of an approximate 
method for the analysis of the stochastic response of a given 
linear system. 

The analysis of such response is one of the most 
challenging steps in the engineering practice and it involves 
fields even far one each other, as the earthquake seismic 
response in civil engineering as well as the turbulence driven 
vibration in the transportation engineering [1-4]. It is thus 
desired to have some methods, which can be reliable and can 
give quick answers in order to have a preliminary idea of the 
bounds of the dynamic response.  

In the present work, the focus is on the type of load in 
which there are both the characteristics of randomness and 
convective dependence, as in the wall pressure distribution 
due to a turbulent boundary layer distribution, [4-10]. In fact, 
the structural system studied here is a 1D chain of oscillators 
excited with a random Corcos-like distribution, [5]. In this 
way, even being very simplified, the simulation of the whole 
system presents all the main characteristics and issues of the 
more realistic test cases. 

The strategy adopted here was to assume a reference 
solution and to compare the possible approximations against 
this one. A full stochastic approach, FSR, in modal 
coordinates was thus defined [11], while the pseudo 
equivalent method, PEM [12-16], was used to introduce and 
justify the new method named as pseudo equivalent 
deterministic method, PEDEM [17-18]. 

PEM decomposes the load matrix by using its 
eigensolutions so that the structural system can be studied in 
each frequency range with an expansion containing the due 
number of terms for a given convergence.  

PEDEM avoids at all the analysis of the load matrix 
eigensolutions by making use of the low and high frequency 
approximations as defined in PEM. The terms low and high 
are defined by invoking a dimensionless frequency, [17-18]. 

The attention is devoted to the possibility to define the 
bounds of the response so that the user can know in advance, 
with very simplified calculations, a contour interval in which 
the amplitudes of the response can be located. 

Even being preliminary, the results herein presented have 
shown that PEDEM is a useful tool, which deserves to be 
further developed and investigated.  

A clarification about the lexicon used here is needed. The 
term “bounds” is here used to denote the margins of the 
response while the term “limits” identify the frequency 
ranges. 

2 STOCHATIC RESPONSE OF A LINEAR SYSTEM 

 Full stochastic response (FSR) 2.1
The full stochastic response of a linear system can be written 
by invoking the modal representation.  

In a discrete coordinate set formed by NG degrees of 
freedom, it is as follows, [11]: 

 
SWW ω( ) =Ψ  H ω( )  ΨT  S ω( )  Ψ  H* ω( )  ΨT   (1) 
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where: 
• Ψ  is the matrix of structural eigenvectors;  
• H is the diagonal matrix containing the structural 

transfer functions;  
• SWW is the output cross spectral density matrix of the 

displacement; 
• S is the input load matrix;  
• ω is the angular excitation frequency.  

The symbols T and * denote the transpose and the complex 
conjugate operators, respectively; the bold characters denote 
matrix and vector terms. 

 Pseudo excitation method (PEM) 2.2

It is considered a hermitian load matrix, S(ω), of rank NG.  
According to PEM, it can be decomposed with its NG 

eigensolutions i.e. the matrix of eigenvectors Θ(ω) and the 
d(ω) eigenvalues, [12-13].  

Thus, the structural response can be reformulated as 
follows: 

 

SWW ω( ) = qi
*(ω)

i=1

NG

∑ qi
H (ω)

qi (ω) =Ψ  H(ω) ΨT  Θ<i>(ω) di (ω)

.   (2) 

 
where the symbol <i> denotes the ith column of the matrix. 

The method is exact and allows the double decomposition 
of the structural response by using both the structural and load 
eigensolutions.  

3 LOAD MATRIX 
The fundamental step is to analyze the characteristics of the 
load matrix by using a generic stochastic and convective load 
distribution.  
The form adopted for simulating a TBL excitation in a 1D 
case, is as follows: 

 

S(ω,ξ) = A(ω)exp −
α ξ ω

U

%

&

'
'

(

)

*
*exp

jξω
U

%

&
'

(

)
* .   (3) 

where 
• the A function is the autospectrum,  
• U is the flow speed,  
• ξ is the distance between a generic couple of points, 
• j is the imaginary unit.  

For the specific aims of this work the autospectrum has 
considered as a unit amplitude, A(ω)=1.0 (Pa2 s). and the 
attention is concentrated to the part of the load, strictly related 

to the coherence, exp −
α ξ ω

U

%

&

'
'

(

)

*
*

, and to the harmonic 

propagation, exp jξω
U

#

$
%

&

'
( .  

 
In discrete coordinates, assuming that the vector x contains 

the coordinates of the nodes, the generic mn-th element of the 
load matrix can be written as follows: 

 

S(ω)m,n = exp −
α xm − xn ω

U

$

%

&
&

'

(

)
)exp

j xm − xn( )ω
U

*

+
,
,

-

.
/
/

. (4) 

 
It is interesting to follow the evolution of the eigenvalues 

for increasing excitation frequency. More specifically, 
defining Δ as the minimum distance between two different 
nodes, a dimensionless frequency can be introduced in the 
following way: 

 

f * = ωΔ
U

.   (5) 

 
This dimensionless frequency is used in Figure 1 to report the 
evolution of the eigenvalues for a matrix of rank NG=15. 
Only the first and the last eigenvalues are reported: all the 
others are included between the two curves.  

Some considerations about the limit values are needed.  
The S matrix becomes the 1 matrix at very low values of 

the dimensionless frequency: the matrix is fully populated of 
unit values representing a fully correlated field.  

At very high values of the dimensionless frequency, the S 
matrix becomes the identity matrix, I, representing a fully 
uncorrelated field.  
Thus, it is useful to remember that:  

• the 1 matrix has a unique not null eigenvalue 
dNG=NG that is the order of the matrix. All the 
columns of the matrix are also identical 
eigenvectors. 

• the I matrix has all unit eigenvalues, di=1 and the i-
th eigenvector has all null values except for the i-th 
row. 

 
In particular, it is known a priori that  

• for f*<<1 there is one eigenvalue equal to NG 
whereas  

• for f*>>1, all the eigenvalues are unit.  
There is any information about the value of the 

eigenvalues for intermediate excitation frequency, f*=O(1).  
 

Figure 1. Eigenvalues of the structural system vs. 
dimensionless frequency:  first (empty circles) and last (read 

squares). 
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The frequency limits of the low and high frequency ranges 
in which the S matrix can be studied with the cited 
approximations have been defined by using α, the correlation 
coefficient.  

Specifically,  
• the low frequency is defined for f*<α,  
• the high one is for f*<1/α;  
• thus, the mid frequency range is comprised 

between α and 1/α.  
This choice is not unique and other definitions are possible 

but, within this context, it is the most suitable. 
The relative position of the load eigenvalues and the 

structural eigenvalues is important too and thus the situations 
depicted in Figure 2 have to be taken into account. 

In Figure 2, the double arrowed thick line represents the 
interval of the structural eigenvalues and thus the MH label 
means that their placement is inside the mid-high frequency 
range. It is expected that the approximations can work 
differently in each of the ranges. 

 
Figure 2. Loci of eigenvalues. 

4 PSEUDO EQUIVALENT DETERMINISTIC 
EXCITATION (PEDEM) 

PEDEM is based on PEM. In fact, the main step is the 
substitution of load eigensolutions with a column of the S 
matrix. Then, the proposed solution approach is based on the 
following expressions: 

 

( )

.)(  )( )(

; )()(~
1

*

ωωω

ωωω

><

=

ΨΨ=

=∑
iT

i

T
i

NG

i
iWW

SHq

qqS    (6) 

 
Two limit subcases can be highlighted.  
The first one concerns the low frequency range. In this 

case, the wall pressure field becomes spatially a fully 
correlated load. Ideally it is a plane wave. Therefore, its 
matrix is well approximated by the 1 one. This latter matrix 
has the above-mentioned properties of its eigensolutions.  

The second limit subcase concerns the high frequency 
range. In this case, the wall pressure field becomes a totally 
uncorrelated field and its matrix representation is a purely 
diagonal matrix. Therefore, the matrix representation of this 
pressure field is well approximated by the I one. Again, this 

latter matrix has specific characteristics in terms of its 
eigensolutions. 

In both cases, the load matrix columns are also matrix 
eigenvectors. 

According to these considerations, it is possible to derive a 
solution, named as the low frequency one, which holds when 
f* <<1. For the applications discussed later this is named as 
the Min approximation. Analogously, a high frequency 
solution can be carried out and it is identified as the Max 
approximation. 

By invoking the properties of the eigensolutions of the 
above mentioned limit subcases, the following simple result 
can be obtained: 

 
!SWW

(Max) ω( ) = NG    !SWW
(Min) ω( ) .    (7) 

 
According to Eqs. (2) and (6), unsurprisingly, the low and 

high frequency approximations, named Min and Max, are the 
bounds of the response. The missing knowledge of the 
evolution of the eigenvalues, from the low frequency range to 
the high frequency one, leads to the unique possibility to get a 
bounded response between the extreme values. These bounds 
are obtained when the eigensolutions are known, that is when 
the S matrix becomes the 1 or the I.  

5 THE MECHANICAL SYSTEM 
The mechanical system considered in this work is an assembly 
of in-line rods.  

It was simulated by a finite element scheme with NG 
nodes and NG-1 elements. Each node has only one degree of 
freedom. The left end is fixed while the right one is free. The 
resulting system is a chain of 15 mass-spring oscillators, 
Figure 3. The oscillators are equally spaced (Δ=10 cm) along 
the x-axis; they can move only along this one and thus the 
number of degrees of freedom is 15. The 15 mass and 15 
stiffness values are defined by using 30 random values.  

A damping value, η, is introduced by multiplying directly 
the stiffness matrix for the term (1+j η). It has to be remarked 
again that, for the purposes of the present paper, the elements 
of the load matrix are only represented by functions in which 
the amplitudes are unit values. The load is applied to each 
oscillator according to Eq.(4). 

 
Figure 3. Sketch of the mechanical system. 

The stiffness matrix is multiplied by a constant numerical 
value, γ, in order to obtain, in a simple way, a shift of the NG 
structural natural frequencies. This is done to allow a 
parametric investigation of the relative positions of the load 
and structural eigenvalues, Figure 2. Hence, the parametric 
study of the proposed test-case is developed in order to 
discuss the robustness of the numerical solution scheme: three 
values of the numerical constant, γ, are considered, Table 1. In 
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this table, the first and last dimensionless natural frequencies, 
respectively f*1 and f*NG, and the frequency ranges related to 
Figure 2 are also reported. 

 
Table 1. Properties of the mechanical system. 

System γ  f*
1 f*

NG Range 
(A) 104 0.072 28.8 LH 
(B) 106 0.717 288.0 MH 
(C) 100   2.27 10-3 0.91 LL 

 
All the numerical simulations have been performed by 

using a convective flow speed U=100 m/s, a structural 
damping η=0.01 and a correlation coefficient α=0.12. 

6 RESPONSES 
Herein, the structural response represents the power spectral 
density (PSD) of the velocity, [m2/(s2 Hz)], for an element 
of the output cross-spectral density matrix. This specifically 
refers to the 7th node of the chain of 15 oscillators. 

In the next figures, the low (f*=α) and high (f*=1/α) 
frequency limits are also specifically plotted as vertical 
dashed lines, if they are present in the investigated frequency 
range. Their values are 0.12 and 8.33. 

Figure 4 shows that the FSR response is bounded by the 
Max and Min approximations for the (A) configurations. In 
the dimensionless frequency range between 1 and 10, it is to 
be noted that the reference response migrates from the Min to 
Max boundary curves, as expected. According to Eq.(6) these 
results are carried out with the inclusion of all columns of the 
load matrix. 

 
Figure 4. (A) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue squares – Max, red empty squares – Min. 

Thus, as further step it is checked the consequence of 
selecting only a single column in both the approximated 
responses. In Figures 5 and 6, the results have been obtained 
by just taking only a column of the load matrix. Specifically, 
in Figure 5, the 7th column is used and the response refers to 
the 7th node.  

In Figure 6, the 2nd column was used and the response 
refers to the 7th node. In this case the approximations are too 
rough for representing the real evolution of the response.  

The results remain acceptable in the low frequency range 
because the wall pressure field is fully correlated.  

Obviously, for a structural system with many degrees of 
freedom, the solution scheme based on few load matrix 
columns can be computationally more and more efficient.  

In any case, paying attention to the whole frequency of 
interest, the selection of the column strongly rules the quality 
of the results.  

 
Figure 5. (A) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue squares – Max, red empty squares – Min 

In Figure 6, the 2nd column was used and the response 
refers to the 7th node. In this case the approximations are too 
rough for representing the real evolution of the response. The 
results remain acceptable in the low frequency range because 
the wall pressure filed is fully correlated. Obviously, for a 
structural system with many degrees of freedom, the solution 
scheme based on few load matrix columns can be 
computationally more and more efficient. In any case, paying 
attention to the whole frequency of interest, the selection of 
the column strongly rules the quality of the results.  

 
Figure 6. (A) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue squares – Max, red empty squares – Min 

Figures 7 and 8 confirm for the configurations (B) and (C) 
the results obtained in the (A) one. The solution is based again 
on the complete set of load matrix columns. The Min and 
Max approximations are good estimators of the bounds of the 
response in all the frequency ranges.  

However, the level of accuracy among the three 
configurations is different. This difference is linked to the 
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frequency characteristics due to the loci of eigenvalues: last 
column of Table 1. The results in Figure 7 refer to the MH 
range and, as expected, the mid frequency is the most critical. 
On the contrary, the accuracy of the numerical approximation 
in the high frequency range is confirmed. A numerical 
solution limited to the low frequency range is shown in Figure 
8. In this case the solution accuracy is excellent due to the 
correlation properties of the wall pressure field.  

It must be underlined again that in the above analysis the 
relative loci of load and structural eigenvalues are the key-
parameters in the dimensionless frequency ranges. The use of 
the numerical constant, γ, has allowed this analysis moving 
the structural eigenvalues through the solution frequency 
range of interest.       

 
Figure 7. (B) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue squares – Max, red empty squares – Min 

 
Figure 8. (C) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue squares – Max, red empty squares – Min 

At this point it is evident that the system response in the 
intermediate dimensionless frequency range is ruled by the 
missing knowledge about the load eigensolutions. This 
originates the interval of NG between the Max and Min 
curves. 

A fitting curve between the extreme eigenvalues (i.e. low 
and high frequency) is proposed in order to overcome this 
point: 

 

In ω( ) =
f *( )

3
+1

f *( )
3
+ NG

NG .  (8) 

 
A unique curve, named Mod, can be thus defined as the 
approximated response: 

 
!SWW

(Mod) ω( ) = In ω( )   !SWW(Min) ω( ) .  (9) 

 
Figures 9, 10 and 11 report the application of this fitting 

curve for the three configurations in Table 1.  

 
Figure 9. (A) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue x’s – Mod. 

 
Figure10. (B) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue x’s – Mod. 

The proposed Mod curve works well in the LH (Figure 9) 
and LL (Figure 11) range as expected since the mid frequency 
range has a lower influence in the solution scheme.  

Nevertheless, a finer tuning is required in MH range 
(Figure 10) where that influence becomes more important. 
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Figure 11. (C) Velocity PSD vs dimensionless freq.; thick line 

– FSR, blue x’s – Mod. 

7 CONCLUDING REMARKS 
It has been discussed a technique named PEDEM which solves 
the stochastic response of a linear operator by using a set of 
deterministic forces. It is based on the PEM, pseudo excitation 
method, but it avoids the analysis of the eigensolutions of the 
cross-spectral load matrix. The test case is very simple 
concerning a set of 1D degrees of freedom, but nevertheless 
the results are very encouraging. It has to be pointed out that 
PEM is an exact method, while PEDEM can be used as a good 
approximation with reduced computational effort.  

It has been herein demonstrated that it is possible to bound 
the response in all the dimensionless frequency range by using 
the asymptotic for assumed by the load matrix. The results 
have been obtained in a very simplified simulation scheme 
represented by a chain of oscillators but some lines of further 
development are already evident. 

Analyses for more realistic configurations are already 
ongoing to check the feasibility of the suggested approach. 
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ABSTRACT: Seismic fragility curves are commonly used to assess the vulnerability of structures to earthquakes by repre-
senting the probability of structural failure as a function of an earthquake intensity measure. The classical approach for computing
fragility curves assumes the curves to have a lognormal shape. This approach is therefore parametric. Since fragility curves play
an important role in the framework of performance-based earthquake engineering, it is of utmost importance either to validate the
accuracy of the lognormal assumption or to propose an assumption-free approach to compute these curves. In a recent work, the
authors validated the lognormal assumption for a linear steel frame. However, in a more realistic case study of this steel frame with
non-linear material behavior, the lognormal assumption showed insufficient accuracy. In this paper, we consider a different type
of structure, i.e. a typical reinforced-concrete bridge column subject to recorded ground motions. We compute fragility curves for
the column, first with the classical parametric approach and subsequently with a non-parametric method based on kernel density
estimation. Two different intensity measures are considered, namely the peak ground acceleration and the pseudo-spectral accel-
eration. The results show the limitations of the classical lognormal approach for this type of structure and prove kernel density
estimation to be a promising tool for establishing seismic fragility curves.

KEYWORDS: non-parametric fragility curves, concrete bridge columns, lognormal assumption, kernel density estimation

1 INTRODUCTION

In the framework of performance-based earthquake engineer-
ing, seismic fragility curves are a common tool for evaluat-
ing the vulnerability of structures to earthquakes. The vulnera-
bility is represented by the probability (or the likelihood) that
the considered structure fails to fulfill a prescribed safety cri-
terion (concerning stresses, strains, displacements, etc. ). The
failure probability is a function of the earthquake severity. The
latter is usually described by quantitative intensity measures
such as the peak ground acceleration PGA and the pseudo-
spectral acceleration at the fundamental period T1 of the struc-
ture Psa(T1) (see e.g. [1] for a wide variety of intensity mea-
sures).

Fragility curves can be computed analytically as follows.
One first represents the considered structure by an analytical
model (usually using a finite element code). Analyses of the
model subject to a set of earthquake ground motions are con-
ducted from which structural responses are extracted. Fragility
curves are built using the collected results together with the
known ground motion intensity. Note that the uncertainty (both
aleatory and epistemic) represented by the fragility comes from
multiple sources. In this approach, we are assuming that the
only source is randomness in the ground motion.

As one can see in the definition, fragility curves have no pre-
scribed shape. However, these curves are usually computed un-
der the assumption that they have the shape of a lognormal cu-
mulative distribution function. In a recent paper, [2] validated
this assumption in the case of a linear steel frame structure
subject to a large set of synthetic ground motions. However,
the lognormal curves built for a similar structure with non-
linear behavior showed some discrepancies with the reference
curves [3].

In this paper, we consider a different type of structure namely
a reinforced concrete (RC) bridge column under recorded
ground motions. We compute the fragility curves of the RC

column using the lognormal approach and a non-parametric
approach based on the kernel density estimation technique [3].
Subsequently, we compare the curves obtained with the differ-
ent approaches.

The paper is organised as follows: in Section 2, the model of
a concrete bridge column in the finite element code OpenSees
[4] is presented. In Section 3, we present the set of recorded
ground motions that was selected for the time-history analy-
ses in Section 4. The lognormal and kernel density estimation-
based approaches are described in Section 5, followed by the
results and discussions in Section 6.

2 REINFORCED CONCRETE BRIDGE COLUMN AND
PERFORMANCE LEVELS

2.1 Reinforced concrete bridge column

Typical California highway overpass bridges are considered.
More precisely, we are interested in bridges with single-
column bents where the column has a uniform circular cross
section over the entire column height above the ground and
continues into an integral pile shaft foundation (see Figure 1).

Figure 1: Bridge longitudinal and transverse configurations [5]

Structural damages of all the major bridge components (e.g.
decks, columns, abutments, bearings, etc. ) may be observed
after earthquake events. Among multiple failure modes of
bridges, the column failure is of particular interest, since it can
lead to the malfunction or even the collapse of a bridge, see
e.g. [6, 7].

In this paper, the circular reinforced concrete (RC) bridge col-
umn of diameter D = 1.2 m and height H = 6 m is modelled
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by a 3D cantilever element (Figure 2). The weight of the su-
perstructure (e.g. deck, girders, non-structural elements, etc. )
is represented by a concentrated vertical load N = 300 kN.
The column has perimeter longitudinal and transverse spiral
reinforcement: 30 longitudinal reinforcing bars (32 mm diam-
eter, 819 mm2 area each) are evenly placed at a radius defined
by a 50 mm concrete cover and the diameter of the transverse
reinforcement. The spiral transverse rebars (19 mm diameter,
284 mm2 area each) are used to confine the concrete and con-
tribute to the shear resistance of the section during earthquakes.
The spacing between transverse reinforcement is 0.1 m.

Figure 2: Bridge column model

The column is modelled in the finite element code OpenSees
as a fiberized nonlinear beam-column element. The use of fiber
section allows modelling of the distribution of plasticity along
the column height and over the cross section. 60 and 24 lay-
ers were used to model the core and cover concrete respec-
tively. The concrete material behavior is based on the Kent-
Scott-Park stress-strain relation [8] (material Concrete02 in
OpenSees). The maximum compressive stress of unconfined
concrete is fc = 45 MPa. The characteristics of confined con-
crete are calculated according to the Mander model [9]. The
crushing strain is set equal to 2.5%. The longitudinal rein-
forcing bars are represented by a layer of fibers at their re-
spective positions. An elastic-plastic trilinear model was used
for the steel material. This is basically the additive model
of three UniaxialMaterial models in OpenSees, namely
one elastic model, one elastic perfectly-plastic model and one
kinematic harderning model with added Giuffré-Menegotto-
Pinto transitions on the loading and unloading loops. The steel
has an initial stiffness Es = 200, 000 MPa and a post-yield
stiffness equal to 0.015Es (3, 000 MPa). The yield stress is
fy = 462 MPa corresponding to a yield strain 0.24%. The steel
continues to hardern after yielding until a strain of 8% and then
it softens at a slope equal to 7.5% of the initial stiffness up to
the ultimate strain of 14%. If the tensile (resp. compressive)
strain falls above (resp. below) 14%, the material is assumed
to be in failure. The softening behavior models the strength
degradation of the material. Moreover, this steel model allows
one to account for the Bauschinger effect. The nonlinear ge-
ometry effects (P −Δ effects) are taken into consideration as
well by using the LinearWithPDelta geometric transfor-
mation. The nonlinear shear and torsion behaviors are calcu-
lated and aggregated in the section. The reader is referred to
[5] for more details on the modelling of the concrete column
in OpenSees.

2.2 Performance levels of concrete bridge columns

During an earthquake, the reinforced concrete columns might
experience the following damages sequentially [10, 11]: con-
crete cracking, yield of the longitudinal reinforcement, con-
crete cover spalling, fracture of the transverse reinforcement,
buckling and fracture of the longitudinal rebars, concrete core
crushing, shear failure and axial load failure. Damages are clas-
sified into five levels, namely no damage, minor, moderate, ma-
jor damage and local failure/collapse. [12] provides photos of
damaged columns from laboratory experiments and past earth-
quakes that illustrate the different damage levels.

The initiation and progression of damages are related to the
functionality of the bridge in terms of performance levels.
A five-level performance evaluation approach was proposed
in [11]. The performance levels range from cracking, yield-
ing, initiation of local mechanism, full development of local
mechanism and finally strength degradation. The correspond-
ing socio-economic description of these performance levels
are fully operational, operational, life safety, near collapse and
collapse. These five qualitative performance levels are linked
to quantitative design parameters (e.g. steel strain, concrete
strain, plastic rotation, etc. ) among which the drift ratio will
be considered in this paper.

It is worth noting that there exist formulations which allow one
to predict drift ratios corresponding to certain damages such as
concrete cover spalling, longitudinal reinforcement buckling
[13]. The predicted values of the drift ratio limits are functions
of the material strength, diameter of reinforcing bars, column
diameter, axial load ratio, etc. In this paper, for the sake of
simplicity we use the drift limits for concrete bridge columns
recommended by two sources [10, 14] for the operational and
life safety levels. These drift limits are shown in Table 1.

Table 1: Bridge performance/design parameter
Reference Level Description Damage Drift δo
[10] II Operational Minor 0.01
[10] III Life safety Moderate 0.03
[14] II Operational Minor 0.005
[14] III Life safety Moderate 0.015

Note that different sources recommend different drift limits
for the same performance level. The accuracy of these values,
however, is not discussed herein.

3 GROUND MOTIONS SELECTION

The ground motions utilized in this paper are records from the
PEER Strong Motion Database that were collected and pre-
viously used by [5]. Initially, the records are chosen in the
framework of the bin approach, i.e. the records are classified
in four bins according to the earthquake moment magnitude
M , the closest distance to fault rupture R and the local soil
type. These are characteristic of the non-near-field motions
(R > 15 km) recorded in California. All of them have three
orthogonal component accelerograms corresponding to fault-
normal, fault-parallel and vertical directions. Subsequently, the
ground motion set is enriched with some near-field records.
These represent ground motions from high-magnitude earth-
quakes recorded at distances less than 15 km. Finally, a total
number of 531 triplets was selected, covering both near- and
far-field earthquakes (R varies from 10 to 100 km) and a rel-
atively large range of moment magnitude (M varies from 6 to
7.6). Figure 3 depicts the distribution of the selected records in
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the M − R space. The intensity measures of the earthquakes
(e.g. PGA, Psa, etc. ) are extracted from the records using a
data extraction routine. In this paper, Psa stands for Psa(T1)
which is the pseudo-spectral acceleration at the fundamental
period T1 of the column.
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Figure 3: Distribution of selected ground motion records in the
M −R space

4 NON-LINEAR DYNAMIC ANALYSES

We first run modal analysis of the bridge column which re-
sults in the initial elastic period T1 = 0.535 s in both the lon-
gitudinal and transverse directions. To demonstrate the force-
deformation relation of the column, we conduct full cycles of
loading/ unloading behavior where the column top displace-
ment varies between 0 m, 0.1 m, -0.1 m, 0.15 m, -0.15 m and
0 m. Then the column is reset to its initial condition and pushed
over monotonically. Given the similarity in the geometry and
the reinforcement in the two directions, the loading/ unloading
pattern and the push-over curves are similar. In both directions,
the column fails at a top displacement equal to 0.35 m, which
corresponds to a drift ratio Δ = 0.05. Figure 4 shows the load-
ing/ unloading behavior of the column and the push-over curve
in the transverse direction.

The column is then subject to the selected ground motions.
Having at hand three orthogonal component accelerograms
(two horizontal and one vertical) for each earthquake record,
we could afford to run the three-dimensional time-history anal-
yses of the column. The fault-normal component is set to
hit the column in the longitudinal direction (bridge-span di-
rection), the fault-parallel component hits the column in the
transverse direction and the vertical component strikes in the
up-down direction. It is worth noting that the ground motion
records were not scaled during the analyses but were kept as
recorded. For illustration, the top displacement of the column
subject to the Northridge-01 earthquake motion recorded at the
station Simi Valley - Katherine Rd (M = 6.69, R = 21.32 km)
is depicted in Figure 5. One can observe that the vertical mo-
tion does not pose a critical threat to the column compared to
the horizontal motions.

During the analyses, the intensity measures (IM ) of the
ground motions (PGA, Psa) and the corresponding maximal
responses (drift ratios Δ) in the transverse direction were col-
lected. Finally, 531 paired samples (IMi,Δi) were available.
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Figure 4: Loading/ unloading behavior of the column and
push-over curve in the transverse direction
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Figure 5: Top displacement of the column subject to a specific
earthquake

5 SEISMIC FRAGILITY CURVES

The fragility curves, by definition, represent the failure prob-
ability of the considered structure with respect to a safety cri-
terion (e.g. the drift ratio limit δo) given the intensity measure
(IM ) of the earthquake motion (e.g. PGA, Psa). The failure
probability is expressed explicitly by the conditional probabil-
ity that the drift ratio Δ attains or exceeds the threshold δo
given IM as follows:

Frag(IM ; δo) = P[Δ ≥ δo|IM ] (1)

In this section, we present the classical lognormal approach
and a recently proposed non-parametric approach to compute
fragility curves.

5.1 Classical approach

The approach that has been typically employed so far assumes
that the fragility curves have the shape of a lognormal cumu-
lative distribution function (CDF) as a function of the inten-
sity measure. In recent years, some different shapes have been
adopted for fragility curves, namely the normal, exponential,
Weibull and Gamma CDFs [15, 16]. All these curves belong to
a class of fragility curves that is considered parametric in the
sense that their shape is preselected. The lognormal curves are,
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however, the most commonly used. The lognormal curves can
be computed using two techniques that are described next.

5.1.1 Linear regression-based approach

Suppose that the design parameter (e.g. the drift ratio Δ) is
related to the ground motion IM (e.g. PGA, Psa) by a prob-
abilistic seismic demand model (PSDM) which reads:

logΔ = A log IM +B + ζ Z; Z ∼ N (0, 1) (2)

where log(·) denotes the natural logarithm. This probabilis-
tic model assumes that Δ has a lognormal distribution whose
log-mean value is a linear function of log IM . As a result, the
fragility curve in Eq. (1) is reformulated as follows:

F̂rag(IM ; δo) = P [logΔ ≥ log δo]

= Φ

(
log IM − (log δo −B) /A

ζ/A

) (3)

where Φ (t) =
t∫

−∞
e−u2/2/

√
2π du is the Gaussian CDF.

Eq. (3) implies that the fragility curve has the shape of a log-
normal CDF as a function of IM . Consider the value IMo that
satisfies log δo = A log IMo + B. For the sake of simplicity,
hereafter we refer to the quantities μ = (log δo −B) /A =
log IMo, σ = ζ/A and m = eμ = IMo as "log-mean",
"log-standard deviation" and "median", respectively. We un-
derline that these terms are merely used to describe the shape
of the fragility curve and do not represent properties of a cer-
tain lognormally distributed random variable. The log-standard
deviation is a measure of the steepness of the fragility curve,
whereas the median determines the position IMo where the
curve attains the value 0.5.

This approach relies on the computation of the parameters of
the PSDM in Eq. (2). To this purpose, a linear regression tech-
nique in the logarithmic scale is usually applied. The parame-
ters A, B, ζ are determined using least square errors estima-
tion.

5.1.2 Maximum likelihood estimation-based approach

Assume that the fragility curves can be written in the following
general form:

F̂rag(IM ; δo) = Φ

(
log IM − logm

σ

)
(4)

in which m is the median and σ is the log-standard deviation of
the lognormal curves. [17] proposed the use of maximum like-
lihood estimation to determine these parameters. Denote by
ω the event that the damage corresponding to the prescribed
threshold δo occurs. Assume that Y (ω) is a random variable
with Bernoulli distribution, i.e. Y takes the values 1 and 0 with
probability Frag(·; δo) and 1 − Frag(·; δo). Considering the
independent Bernoulli experiments where the structure is sub-
ject to ground motions i = 1, . . . , N , the likelihood function
of (m, σ) reads:

L =
N∏
i=1

[Frag(IMi; δo)]
yi [1− Frag(IMi; δo)]

1−yi (5)

where IMi is the intensity measure of the ith motion and yi
takes the value 1 or 0 depending on whether the structure sub-
ject to the ith motion has a drift greater than δo or not. The pa-
rameters (m, σ) are determined by maximizing the likelihood
function. In practice, a straightforward optimization technique
is applied on the log-likelihood function, i.e. :

(m; σ) = argmax logL (6)

5.2 Non-parametric approach

In this section, a non-parametric approach to compute fragility
curves, recently proposed by [3], is presented. This approach is
based on the kernel density estimation (KDE) technique. KDE
is an evolution of the histogram technique that is commonly
used for estimating the probability density function (PDF) of
random variables. As defined earlier, the fragility represents
the conditional probability that Δ attains or exceeds a safety
threshold δo given IM=a. Let us rewrite Eq. (1) as:

Frag(a; δo) =

+∞∫
δo

fΔ(δ|IM = a) dδ (7)

By definition, the conditional PDF in Eq. (7) is given by:

fΔ(δ|IM = a) =
fΔ,IM (δ, a)

fIM (a)
(8)

in which fΔ,IM (·) (resp. fIM (·) ) is the joint distribution of
the vector (Δ, IM) (resp. the marginal distribution of IM ).
These joint and marginal PDFs will be estimated by means of
KDE.

Let us start with fIM (a). Given a sample set
{IMi, . . . , IMN} of the random variable IM , its marginal
PDF is obtained as [18]:

f̂IM (a) =
1

NhIM

N∑
i=1

K

(
a− IM i

hIM

)
(9)

where hIM is the bandwidth parameter and K(·) is the kernel
function which is positive and integrates to one. A standard
normal PDF is usually adopted for the kernel, i.e. K(x) ≡
ϕ(x) = e−x2/2/

√
2π.

Similarly, given a sample set {(Δi, IMi), i = 1, . . . , N} one
can estimate the joint PDF using the multivariate standard nor-
mal kernel as follows:

f̂Δ,IM (δ, a) =
1

2πN |H|1/2
×

N∑
i=1

exp

[
−1

2

(
δ −Δi

a− IMi

)T

H−1

(
δ −Δi

a− IMi

)] (10)

where H is the bandwidth matrix and |H| is its determinant.
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The proposed estimator of the fragility curve eventually reads:

F̂rag(a; δo) =

+∞∫
δo

f̂Δ(δ|IM = a)dδ =
hIM

2π |H|1/2
×

+∞∫
δo

N∑
i=1

exp

[
−1

2

(
δ −Δi

a− IMi

)T

H−1

(
δ −Δi

a− IMi

)]
dδ

N∑
i=1

ϕ

(
a− IMi

hIM

)
(11)

The accuracy of the estimate relies mostly on the evaluation
of the bandwidth parameters H and hIM . A short review of
the existing techniques as well as an engineering-oriented tool
for computing the bandwidth parameters can be found in [19].
Note that the choice of the kernel function does not affect sig-
nificantly the density estimation, hence the resulting fragility
curves.

Preliminary investigations have shown that KDE-based curves
obtained for pairs (IM, Δ) are characterized by large uncer-
tainty for large IM values and drift limits. This is due to the
scarcity of observations in the upper tail of the distribution of
an IM (extreme earthquake events occur at relatively low fre-
quencies) and also, due to the large dispersion of highly non-
linear structural responses. To reduce this effect, inspired by
the functional form of the probabilistic seismic demand mod-
els, [19] proposed to apply the KDE method on the paired data
in the logarithmic scale. Using the standard random variable
transformation technique, [19] proved that the fragility curves
in Eq. (7) can be equivalently estimated as follows:

F̂rag(a; δo) =

+∞∫
log δo

f̂U (u|V = log a) du (12)

in which U = logΔ and V = log IM . In the subsequent ex-
ample application, KDE-based fragility curves are developed
using the logarithmic transformation in Eq. (12).

6 RESULTS AND DISCUSSION

6.1 Fragility curves for concrete bridge column

In this section, using the data collected from the nonlinear
time-history analyses, we establish the fragility curves of the
concrete bridge column by means of the lognormal and KDE-
based approaches. Both linear regression (LR) and maximum
likelihood estimation (MLE) techniques are used to determine
the parameters of the lognormal curves. We build fragility
curves corresponding to the various drift ratio limits presented
in Section 2.2 (δo = 0.005, 0.01, 0.015, 0.03). Two intensity
measures are considered, namely the peak ground acceleration
(PGA) and the pseudo-spectral acceleration (Psa), which are
among the most commonly used in fragility analysis.

The non-parametric KDE-based approach is assumption-free
and purely based on the distribution of the collected data.
In [3, 19] we validated the accuracy of the KDE-based
curves through comparisons with fragility curves obtained
with a Monte Carlo simulation approach using a large num-
ber of analyses of a steel frame structure subject to synthetic

ground motions. Therefore, in this paper we consider the non-
parametric KDE-based curves as reference to assess the accu-
racy of the lognormal curves.

As described in Section 5, the lognormal approach consists
in assuming that the fragility curves have the shape of a log-
normal CDF and then estimating the parameters of this func-
tion. Using the LR technique, the parameters of the lognormal
curves are indirectly derived by fitting a linear model to the
paired data (log IM, logΔ). Figure 6 (resp. Figure 7) depicts
the paired data {(PGAi,Δi)} (resp. {(Psai,Δi)}) in the log-
scale and the fitted PSDM using LR. The coefficient of deter-
mination R2 of the LR model considering PGA (resp. Psa) as
IM is 0.729 (resp. 0.963). We observe that using Psa as IM
leads to smaller dispersion i.e. smaller variance of the data (ζ
in Eq. (2)) as compared to using PGA. This is expected since
Psa is a structure-specific IM . We note in Figure 7 that for
small values of Psa (Psa<2 m/s2) the data are almost per-
fectly correlated. However, a larger dispersion is observed for
higher values of Psa. In the MLE approach, for each drift ratio
the observed failures are modeled as outcomes of a Bernoulli
experiment and the fragility parameters are determined by
maximizing the respective log-likelihood function. Finally, the
KDE approach requires estimation of the bandwidth parame-
ter and the bandwidth matrix. In the present example, these are

determined as h= 0.2166 and H =

[
0.1039 0.0781
0.0781 0.0724

]
(resp.

h= 0.2218 and H =

[
0.0528 0.0501
0.0501 0.0482

]
) when PGA (resp.

Psa) is considered as IM .
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Figure 6: Paired data {(PGAi,Δi) , i = 1, . . . , 531} and lin-
ear regression in the logarithmic scale

For the two IMs and the three drift limits of interest, Table 2
lists the medians and log-standard deviations of the lognor-
mal curves fitted with the LR and MLE approaches as well
as the medians for the KDE-based curves determined as the
points where the curves attain the value 0.5. The correspond-
ing fragility curves are depicted in Figure 8 (resp. Figure 9)
when the considered IM is PGA (resp. Psa). When PGA
is used as IM (see Figure 8), for all drift limits considered,
the lognormal curves obtained by LR are close to those ob-
tained by MLE. The lognormal curves exhibit discrepancies
from the KDE-based curves, which tend to be larger for larger
PGA values and larger drift limits. Table 2 shows that the dif-
ferences between the medians of the lognormal and the KDE-
based curves are larger for the limit δo = 0.03. When Psa is
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Figure 7: Paired data {(Psai,Δi) , i = 1, . . . , 531} and linear
regression in the logarithmic scale

used as IM (see Figure 9), the MLE-based lognormal curves
are in a fair agreement with the non-parametric curves, par-
ticularly for the smaller drift limits. However, the lognormal
curves obtained with LR exhibit significant discrepancies from
the KDE-based curves, which become larger with increasing
drift limit.
Table 2: Parameters of fragility curves

IM δo Approach IMo (m/s2) σ

PGA

0.005
LR 2.4500 0.4980
MLE 2.3763 0.4637
KDE 2.2255

0.01
LR 4.8490 0.4980
MLE 4.8696 0.4568
KDE 4.4817

0.015
LR 7.2292 0.4980
MLE 7.0111 0.4806
KDE 6.6859

0.03
LR 14.3080 0.4980
MLE 13.2471 0.4370
KDE 11.0232

Psa

0.005
LR 4.3055 0.1748
MLE 4.2402 0.2162
KDE 4.4817

0.01
LR 8.2256 0.1748
MLE 8.4852 0.3209
KDE 8.1662

0.015
LR 12.0122 0.1748
MLE 12.7630 0.3800
KDE 13.4637

0.03
LR 22.9489 0.1748
MLE 23.9702 0.3688
KDE 20.0855

Note that the LR estimation leads to far less accurate lognor-
mal curves for Psa than for PGA (as compared to the KDE-
based curves), although the R2 coefficient of the linear fit is
higher for Psa. This is due to the fact that the assumption of
homoscedastic errors, inherent in Eq. (2), is not valid for the
specific data set (Psa,Δ), as one can observe in Figure 7. The
respective errors in the linear model have close to zero variance
for Psa<2 m/s2 and increasing variance for larger values of
Psa. Accordingly, by considering a constant variance over the

entire range of Psa values, we underrestimate the actual vari-
ance in the regions of interest in fragility analysis. Note that
by transformation from the log-scale to the the linear scale of
the data, these effects appear amplified. By providing a distinct
pair of median and log-standard deviation at each level of δo,
MLE outperforms LR in the estimation of lognormal fragility
curves. In Table 2, we observe that the log-standard deviations
estimated by MLE are significantly larger than those obtained
by LR.

The above analysis demonstrates that the accuracy of the log-
normal curves strongly depends on (i) the considered drift
limit, (ii) the IM used to represent earthquake severity and (iii)
the technique used to estimate the parameters of the curves.
Overall, the lognormal curves exhibit larger deviations from
the KDE-based curves for larger drift limits. The MLE-based
curves are closer to the KDE-based curves for Psa as IM
than for PGA. However, for Psa as IM , the LR approach
yields unacceptably inaccurate estimates of fragility. It is worth
noting that different intensity measures are recommended in
the literature for different types of structures [20, 21]. For in-
stance, in establishing fragility curves for highway bridges,
[20] recommend use of PGA and Psa for synthetic motions,
whereas they recommend use of cumulative absolute velocity
for recorded motions. For reinforced concrete frame buildings,
[21] show that in terms of efficiency (i.e. smaller dispersion in
structural response) peak ground velocity (PGV) is the optimal
IM , followed by structure-specific IMs (e.g. Psa), whereas
PGA is disqualified. However, [21] mention certain limita-
tions of PGV for the case of low-rise RC frames. It becomes
evident that the selection of the optimal among numerous dif-
ferent IMs (e.g. 65 options are listed in [1]) depends on sev-
eral factors and thus, is not trivial. This highlights the superi-
ority of the KDE approach, which allows the computation of
assumption-free fragility curves that are reliable independently
of the choice of the intensity measure.
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Figure 8: Fragility curves using PGA

6.2 Statistics of fragility curves using bootstrap resampling

Let us now examine the uncertainty in the estimated fragility
curves. To this end, we employ the so-called bootstrap re-
sampling technique that allows evaluation of the variabil-
ity of a statistical measure for a given sample [22]. We
first obtain M = 100 resamples of the original data set
{(IMi,Δi), i = 1, . . . , N} by random sampling with re-
placement. These represent the so-called bootstrap samples.
Each bootstrap sample has the same size as the original data
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Figure 9: Fragility curves using Psa

set, but some of the original observations may appear multiple
times while others may be missing. For each bootstrap sample,
we compute the fragility curves using the techniques presented
in Section 5. Finally, we perform statistical analysis of the M
so-obtained sets of bootstrap curves and extract statistical mea-
sures of interest. In the following, this procedure is employed
to estimate bootstrap medians and 95% confidence intervals
for the fragility curves shown in Figure 8 and Figure 9.

Figure 10 shows bootstrap medians and confidence intervals
for the fragility curves obtained with the MLE- and KDE-
based approaches. As shown above, the LR approach for es-
timation of the fragility parameters may yield unacceptable
errors and thus, the respective bootstrap statistics are not ex-
amined. In the upper (resp. lower) graphs of Figure 10, the
considered IM is PGA (resp. Psa). As an example demon-
stration of the use of bootstrap resampling in fragility analy-
sis, results are shown only for the two lower drift limits (i.e.
δo = 0.005, 0.01). Fragility curves for the higher drift limits
are characterized by larger uncertainty due to a smaller number
of available earthquake records that cause deformations in the
respective ranges. Figure 10 shows that in all cases the boot-
strap median curves are consistent with the curves obtained
from the initial data set, which proves the stability and relia-
bility of the proposed approaches. Next, we examine the un-
certainty in the fragility curves in terms of the confidence in-
tervals. For a specified IM type and drift limit, the confidence
intervals become wider with increasing IM values. This is due
to the smaller number of observations corresponding to these
regions. For the lower values of a considered IM , confidence
intervals for the MLE- and KDE-based approaches have simi-
lar widths. For larger IM values, confidence intervals for the
MLE-based curves tend to be narrower due to the fact that the
MLE approach arbitrarily prescribes the shape of the fragility
curves. It was shown earlier that in these regions, the MLE-
based curves may deviate from the KDE-based curves, which
are considered to represent the “true” fragilities. We also note
in Figure 10 that use of Psa as IM leads to narrower con-
fidence intervals than use of PGA. This is due to the higher
correlation of the former with structural response.

7 CONCLUSIONS

The paper proposed the kernel density estimation (KDE) ap-
proach for developing seismic fragility curves as an alterna-
tive to the classical approach that presumes the curves have the
shape of a lognormal-CDF. KDE is an efficient non-parametric

approach that can be used to compute fragility curves when
the actual shape of these curves is not known as well as to val-
idate or calibrate parametric fragility curves. The accuracy of
the KDE approach was recently established through compari-
son with results from another non-parametric approach based
on Monte-Carlo simulation [19].

In an example illustration, we applied the KDE approach to
compute seismic fragility curves for a typical concrete bridge
column using a large number of time-history analyses with
recorded ground motions. Fragility curves were developed for
four column drift limits considering two ground motion inten-
sity measures, namely the peak ground acceleration (PGA)
and the pseudo-spectral acceleration (Psa). The KDE-based
curves were compared with fragility curves obtained with the
classical parametric lognormal approach. The parameters of
the latter were estimated with two techniques, namely by lin-
ear regression assuming a linear probabilistic seismic demand
model and by maximum likelihood estimation.

Considering the KDE-based curves as the reference fragility
curves, we showed that for the specific data, the accuracy of
the lognormal curves was highly dependent on the drift limit,
the method of parameter estimation and the considered inten-
sity measure. The accuracy of both parameter estimation ap-
proaches deteriorated with increasing drift limit. Particularly
large deviations from the KDE-based curves were observed
for lognormal curves versus Psa with parameters estimated
by means of linear regression. In the same example application,
we demonstrated the use of bootstrap resampling technique for
evaluation of the uncertainty in fragility estimation. Narrower
confidence intervals were obtained for fragility curves versus
Psa than versus PGA due to the higher correlation of the for-
mer with structural response.

We note that the KDE approach can also be applied for esti-
mation of seismic fragilities in terms of two or more intensity
measures of the seismic excitation. In the recent years, fragility
surfaces have emerged as a promising tool for representing
seismic vulnerability as a function of two intensity measures.
The present study opens new paths for estimation of fragility
surfaces as well.
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ABSTRACT: Owing to its accessible implementation and rapidity, the equivalent linearization has become a common 
probabilistic approach for the analysis of large-dimension nonlinear structures, as encountered in earthquake and wind 
engineering. It consists in replacing the nonlinear system by an equivalent linear one, by tuning the parameters of the equivalent 
system, in order to minimize some discrepancy error. Consequently classical analysis tools such as the spectral analysis may be 
reconditioned to approximate the solution of structures with slight to moderate nonlinearities. The tuning of the equivalent 
parameters requires the solution of a set of nonlinear algebraic equations involving integrals. It is typically performed with the 
fixed-point algorithm, which is known to behave poorly in terms of convergence. We therefore advocate for the use and 
implementation of a Newton-Raphson approach, which behaves much better, even in its dishonest formulation. Unfortunately, 
this latter option requires the costly construction of a Jacobian matrix. In the approach described in this paper, this issue is 
answered by introducing a series expansion method that provides a fast and accurate estimation of the residual function (whose 
solution provides the equivalent parameters) and a fast and approximate estimation of the Jacobian matrix. An illustration 
demonstrate the good accuracy obtained with the proposed method. 

KEY WORDS: modal coupling; nonlinear; series expansion; asymptotic expansion. 

1 INTRODUCTION 
In many engineering matters, structures are subject to random 
excitations. Probabilistic theories aim at describing their 
random structural responses by means of statistical 
characteristics such as probability density functions or 
cumulants [1,2]. These theories are well established and 
readily applicable for classical problems like the stochastic 
analysis of linear deterministic systems [3], but are scarcely 
applicable in a much wider sense like for instance in the 
presence of a nonlinear structural behavior. Conversely the 
Monte-Carlo approach is compatible with the widest range of 
applications such as those involving nonlinearities, large size 
structures or non markovian loading processes. The numerical 
implementation of a simulation technique has however a 
certain cost, especially when it comes to analyzing large-
dimension structures. 

At a design stage, approximate probabilistic methods are 
thereby preferred. Among them, the equivalent linearization is 
frequently applied for the analysis of large-dimension 
nonlinear structures, as encountered in earthquake and wind 
engineering. In fact, it is all the more well adapted to these 
fields that these loadings, wind and earthquakes, are or might 
be provided by means of a spectral representation. The main 
idea of the equivalent linearization consists in replacing the 
nonlinear system by an equivalent linear one, by tuning the 
parameters of the equivalent system in order to minimize a 
mean-square discrepancy. 

The Gaussian equivalent linearization expresses the 
properties of an equivalent linear system in terms of the 
covariance matrix of the response of the system. Even though 
the system has been linearized, the set of equations to 
calculate the covariance matrix is nonlinear. The 

computational effort in this method pertains to the resolution 
of this (possibly large) set of nonlinear algebraic equations 
involving integrals. The format of this set of equation is 
actually well adapted to the use of a fixed-point algorithm 
which is recommended in dedicated literature [4]. We 
presume it is also of standard application in common practice, 
although this kind of detail is seldom reported. The use of this 
low-order and sometimes badly conditioned algorithm is 
surprising at first glance. It is seemingly justified by the a 
priori expensive cost of the Jacobian of the problem that 
would allow for second-order algorithms such as the Newton 
algorithm. 

Thanks to a perturbation approach, which was formerly 
investigated by the authors in similar applications [5, 6], the 
stochastic linearization of a large scale structure is 
reformulated in a novel framework which opens the possible 
implementation of a second-order method, at few extra costs 
compared to the standard application. These developments are 
presented in this paper, together with some illustrative 
examples demonstrating the benefits of the approach. 

2 MATHEMATICAL SETTING 

2.1 Stochastic Linearization in a Reduced Basis 
The equation of motion of an n-DOF nonlinear system reads 

  (1) 

where M, C and K are the deterministic n-dimensional mass, 
damping and stiffness matrices associated with the linear 
counterpart of the structure, f(t) is the vector of random 
external forces (assumed to be Gaussian in this paper) and y(t) 
gathers the displacements of the nodes of the structural model. 
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These are expected to be non-Gaussian processes due to the 
nonlinear forces . 

Application of standard stochastic linearization techniques 
[4] provides the equivalent linearized equation of motion 

  (2) 

which is readily solved in a spectral analysis 

  (3) 

where Sx(ω) and Sf(ω) represent the power spectral density 
matrices of the structural response and of the loading, while 
Hl(ω) represents the n-dimensional frequency response 
function. It of course depends on Keq and Ceq, which is the 
central issue of this equivalence. Indeed matrices Keq and Ceq 
represent the equivalent stiffness and damping matrices. They 
depend on the a priori unknown covariance matrix of nodal 
displacements and velocities  and  expressed as 

  (4) 

  (5) 

The equivalent matrices and the covariance matrices are thus 
determined with an iterative scheme, as a result of the 
equivalence equations [1] 

  (6) 

 . (7) 

For most common types of nonlinearities , the 
expectations may be worked out in closed form so that (6)-(7) 
may be translated into the explicit form 

 , (8) 

  . (9) 

Implementation of the fixed-point algorithm requires (i) to 
initiate Keq and Ceq to a start-up value (usually zero), (ii) to 
provide a provisional estimation of the covariance matrices  

 and  with (3)-(5), (iii) to update Keq and Ceq with (8)-
(9) and (iv) iterate until convergence is (hopefully) reached.  
In order to bypass the computationally expensive construction 
and double multiplication of these matrices, reflexes of linear 
structural dynamics drives the solution (3) toward a reduced 
basis analysis. For a linear equation as (2), the modal basis is 
demonstrated to be optimum [7]. Some sort of optimality 
would thus request the use of the normal modes of vibration 
resulting from the eigenvalue problem 

  (10) 

a solution that is immediately rejected as it would require the 
updating of the modal basis at each iteration, i.e. for every 
new value of Keq. Instead and inspired by a solution adopted 
in a similar context [8], we use a fixed modal basis defined as 

  (11) 

where  is there to represent the influence of the (a priori 
unknown) converged equivalent stiffness matrix, on the 

natural mode shapes and frequencies of the underlying linear 
problem, i.e. (1) without g.    

Although we present it as a fixed estimation, one might 
desire to update the matrix  during the iterations of the 
solution algorithm, be it the fixed-point or not, in order to 
optimize this tuning. This option is open and should be used 
wisely in order not to lapse again in an eigenvalue 
decomposition at each step of the algorithm. Our experience 
has demonstrated that two to three updates in a moderately 
nonlinear problem is by far sufficient. 

In this reduced basis where the generalized shapes are 
normalized through the mass matrix , the 
governing equation (2) becomes 

  (12) 

where 

          

           (13) 

and where  represents the generalized forces. 
Because the generalized basis is not the modal basis , 

the generalized stiffness matrix Ω is not diagonal. Nor is the 
generalized damping matrix D. The generalized equivalent 
matrices  Ωeq and Deq are certainly not diagonal either. All in 
all, the projection into a reduced basis has limited the number 
of degrees-of-freedom to a bunch of modes (at the opposite of 
the large number of degrees-of-freedom of the nodal model 
(2), possibly), but has not uncoupled the equations of motion, 
as a formal modal basis would have produced. 

 The response in the generalized basis reads 

  (14) 

where the psd matrix of the generalized forces is  
 and the generalized frequency response 

function is .  
The covariance matrices of the generalized responses and 
velocities read 

  (15) 

  (16) 

In the reduced basis, implementation of the fixed-point 
method translates into (i) initiation of Keq and Ceq, (ii) setting 
up the provisional estimation of  and  from (12-14) and  

  (17) 

  (18) 

then (iii) to update Keq and Ceq with (8)-(9) and (iv) iterate. 

2.2 Second-order Algorithm 
The fixed-point algorithm as exposed above is definitely 
convenient for practical purposes, but has unfortunately 
convergence properties that are known to be rather poor [9]. 
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As an alternative we suggest to use a formal Newton-
Raphson approach for the solution of the same set of 
equations. 

Plugging (15)-(16) into (17)-(18) and further elaborating the 
expression of Sq, from (14), where the dependence of Keq and 
Ceq in H(ω) is explicitly developed, yield, after finally 
considering (8)-(9), 

  (19) 

where the first term of the residue  originates from the 
lefthand sides of (17)-(18), while operator  is an assemblage 
of matrix multiplications and integrations on the frequency 
space, as per its construction described above. 

This operation has reset the problem into a usual format that is 
suitable for a Newton-Raphson solution.  Writing 

, the (n+1)th iterate is obtained as 

  (20) 

starting from the response of the underlying linear system 
(setting g to zero) as an initial estimate, and where 

  (21) 

represents the Jacobian of the residual function . These 
equations demonstrate that the implementation of a second-
order accurate numerical method is possible. In practice, the 
implementation of this technique is not necessarily auspicious 
as the derivatives taking place in the expression of the 
Jacobian would be performed with a finite difference 
approximation. This operation requires a tremendous number 
of operations, as derivatives have to be established for each 
degree-of-freedom (in position and velocity).  
With the following approach, we propose however a rapid and 
accurate way to solve this issue, and therefore to keep on 
working with a Newton-Raphson algorithm. 

2.3 Non-diagonal modal matrices  
The governing equations in the generalized basis (12) are 
slightly to moderately coupled, depending on the intensity of 
the nonlinear forces in the global balance of forces, as a result 
of the projection into a fixed basis. The origin of the drift is 
threefold. First, the larger the nonlinear forces, the more 
different the generalized basis from the modal basis, which 
results in a coupled generalized stiffness matrix. Second, the 
same argument holds for the damping matrix, which is 
however also complemented by a modal diagonality 
assumption, such as in the Rayleigh damping. Third, the 
larger the nonlinear forces, the larger Ωeq and Deq compared to 
Ω and D. 

Former works have demonstrated the advantage of 
considering this kind of coupled set of modal equations as a 
perturbation of the uncoupled problem [5,6]. To this aim, the 
generalized damping and stiffness matrices are split into two 
contributions each 

            (22) 

such that the generalized frequency response function H reads 

  (23) 

with 

         (24) 

Under some smallness properties of the off-diagonal terms 
in (23), compared to the diagonal ones –which is formally 
expressed by ρJ < 1, i.e. the spectral radius ρJ of , 
where we also notice that  corresponds to the 
frequency response function that would be obtained it there 
were no off-diagonal terms–, a convergent series expansion of 
H reads 

  (25) 

so that the generalized response (14) translates into 

 (26) 

or, after expanding and collecting both series, then truncating 
the result to N terms, 

  (27) 

The response is thus seen as a perturbation of the response 
 that would be obtained if the off-diagonal coupling terms 

were all neglected.  
The format of this equation is particularly efficient in an 

implementation stage as it does not involve any matrix 
inversion, contrary to the formulation based on the formal 
expression (14). Indeed, expanding out the algebra from (26) 
to (27), the successive correction terms are shown to be given 
by 

  (28) 

and the following recurrence for k larger than 1, 

  (29) 

In these two relations, the only matrix inversion concerns the 
establishment of Hd, which is trivial and inexpensive for it is 
diagonal. 

Keeping everything unchanged in the estimation of the 
residual (19), but the estimation of Sq with an N-order 
truncated approximation (26) instead of the formal (N=∞) 
approach (14), we thus provide a much faster estimation of the 
residual .  This in turn brings significant saving on the 
solution algorithm, since the residual has to be estimated once 
at each iteration (in the fixed-point formulation). The saving is 
even more appreciated when the solution is performed with 
the Newton-Raphson algorithm as, in the basic formulation 
exposed earlier, each entry of the Jacobian requires another 
estimation of the residual (except that symmetry could 
interestingly invoked) for its finite difference estimation. 

It is well known that an inexact estimation of the Jacobian 
worsens the convergence order of the Newton-Raphson [9]. 
What only matters to preserve the convergence of the 
algorithm is a proper estimation of the residual. Of course, the 
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convergence rate worsens according to the severity of the 
approximation of the Jacobian. The better the estimation, the 
higher the convergence rate. 

Even with the asymptotic expansion (27), the analytical 
expression of the residual remains rather heavy. Indeed with 
the explicit expression of operator  , we have 

  (30) 

 (31) 

where  as well as  are both functions of the 
unknown covariance matrices  and , through H, which 
itself depends on Keq and Ceq  after (8)-(9).  The derivatives of 
these components of the residual function, with respect to   
and   lead to endless chain rule differentiations and 
provide a too complex result. 

 
Instead, driven by the idea of the dishonest Newton-

Raphson, it is possible to provide an approximation of the 
Jacobian of the problem. It is developed in two steps. First we 
observe that the integrand inside the brackets in (30) is 
nothing but the power spectral density of the generalized 
coordinates Sq. Avoiding the series expansion in this first step, 
the derivative of Sq with respect to σ reads 

  (32) 

with no assumption. The central issue with the endless chain 
rule differentiation pertains to the factor . In a second 
step, with two approximations related to the series expansion 
of the generalized frequency response function (25), we write 

  (33) 

where the first approximation consists in trunctating the series 
(25) after the first term, while the second approximation limits 
the chain rule differentiation. 

Considering the definitions in (13), the two remaining 
derivatives in (33), namely  and , are readily 
expressed as a function of the derivatives of  and . This 
straightforwardness only holds because of our specific choice 
to work with a constant reduced basis Φ. 

To summarize, the asymptotic expansion (25) has brought 
an efficient way to determine the residual function, as well as 
an approximation of the Jacobian of the problem, which opens 
the door to application of a dishonest Newton-Raphson 
procedure. Some additional algorithmic benefits of the 
formulation are detailed in [10]. 

3 ILLUSTRATIONS 
A multistory shear-type building under a uni-dimensional 
seismic excitation is considered. The structural model consists 

of Ns=10 stories modeled by lumped masses m connected by 
geometrically nonlinear beam elements. The hardening 
behavior of steel beams is taken into account for large elastic 
displacements by an additional cubic nonlinear stiffness as in 
[11,12]. The structure is sketched in Fig. 1 and the equation of 
motion for the jth story is  

  (34) 

where gj is the jth component of the nonlinear force vector 
with 1≤j≤Ns-1,defined as 

  (35) 

and where Yj represents the horizontal displacement of storey j 
with respect to the ground motion. The structural masses and 
stiffnesses are m=1290tons, k=108 N/m and c results from a 
Rayleigh damping imposed to 1% in the first two linear 
modes. The natural frequencies of the first five linear normal 
modes are 0.21, 0.62, 1.02, 1.40, 1.75Hz. 
   The parameter ε quantifies the intensity of the nonlinear 
forces. It is considered as a variable parameter in this example 
in order to demonstrate the viability of the proposed approach 
for slightly to moderately nonlinear structures. 
 The 1-D ground motion is modeled with a modified Kanai-
Tajimi spectrum [3], with the stationary power spectral 
density given as 

  (36) 

with ω1=5rad/s, ξ1=0.2, ω2=0.5rad/s, ξ2=0.6 and S0=0.03 
m²/s³. 
 

 
Figure 1. Sketch of the considered structure. 
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Figure 2. Illustration of the lack of convergence of the fixed-
point algorithm. The main graph represents the power spectral 
density of the ground excitation; the vertical lines localize the 
natural frequencies of two successive iterates (shown in inset). 

 
The classical fixed-point method fails to converge in the 

solution of this problem for moderate nonlinear behavior. The 
algorithm is trapped in a period-2 cycling, without converging 
thus. This is illustrated in Fig. 2 with results obtained in the 
nodal basis for the 10 degrees-of-freedom. After a number of 
iterations, the algorithm provides a provisional estimation of 
the covariance matrix that is large enough (result with 
stars in Fig. 2) to provide a significant equivalent stiffness 
matrix Keq, compared to the initial stiffness matrix of the 
underlying linear model. This additional damping 
substantially shifts up the natural frequencies of the equivalent 
linearized structure. This increase in the natural frequencies 
translates into a reduction of the response, since the frequency 
content of the ground excitation is smaller at high frequency. 
Consequently, the new iterate of the covariance matrix is 
much smaller than the former provisional state. This leads to a 
smaller equivalent stiffness matrix and finally larger ground 
excitation which drive the iterations back again to the 
provisional state. Figure 2 illustrates this lack of convergence 
of the fixed-point algorithm. The inset shows the covariance 
of nodal displacements corresponding to these two iterates 
between which the algorithm switches back and forth. The 
exact solution lies somewhere in-between, as indicated by the 
thick dashed line.  

For value of ε smaller than 10 (the numerical value 
considered in Fig. 2), the convergence of the fixed-point 
algorithm is actually really slow, for similar reasons. 

The explanations given above make it clear that this poor 
convergence is a result of the decreasing nature of the power 
spectral density of the excitation. A reason why this sort of 
lack of convergence is seldom illustrated is that the typically 
considered academic examples assumed a white noise or 
broad band, ground excitation. This prohibits the occurrence 
of the period-2 cycling in the algorithm performances. 
   For this problem, the proposed method (with N=2, two 
terms in the series expansion) reaches convergence thanks to 

the advanced convergence properties of the Newton-Raphson 
algorithm. We also take advantage of this example to illustrate 
the updating procedure of the equivalent matrix  that is 
used to determine the reduced basis. 

In a first run, the linear structure (ε=0) is analyzed. This 
provides a first estimation of the covariance matrices of 
displacements and velocities. To compute the equivalent 
matrix  with the response of the linear system proves to be 
too severe. Instead, only a fraction of the variances of the 
displacements and velocities of the linear structure are 
considered. Consistently with the ratio the internal forces from 
the linear structure and those in the equivalent linear one, this 
fraction is chosen as 1/(1+3ε). In the sequel, we explore the 
possibility to update the equivalent matrix  until twice 
during the iterations of the Newton-Raphson algorithm. 
Update is to be activated when the convergence criterion of 
the asymptotic series (25) is weak, or when getting closer to 
the converged solution. In this latter case, an ultimate update 
of the equivalent matrix offers a more accurate reduced 
basis, and therefore a more accurate estimation of the 
structural response   and . 

In all simulations, five modes are kept in the reduced basis. 
Although the index of off-diagonality ρJ is rather large when 
the equivalent stiffness matrix is not updated, see results 
labelled (0) in Fig. 4-a, this actually does not prevent the 
proposed method to converge.   However, there remains a 
discrepancy with the exact solution because the approximation 
of the equivalent stiffness matrix does not exactly fit the 
equivalent stiffness matrix corresponding to the final 
displacement. With this respect, the projection into five mode 
shapes is not rich enough to represent the covariance of the 
response. 

 
 

 
Figure 3. Index of diagonality as a function of the level of 
nonlinearity and error estimates on the covariance of the 

response (estimated with respect to the exact linearization). 
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Figure 4. Standard deviation of the transverse displacement 
for various level of the nonlinearity. The proposed approach 

matches perfectly the results of the exact linearization. 
 
However, with one, respectively two, update(s) of the 

equivalent stiffness matrix, as represented by the results 
labelled (1) and (2) in Fig. 4-a, these two limitations are 
circumvented at once. On the one hand, we can decrease the 
diagonality index to very small values, which ensures the fast 
convergence of the series expansion (25). This guarantees a 
perfect accuracy of the second order approximation (N=2) of 
the series. On the other hand, with an update or two of the 
equivalent stiffness matrix, the reduced basis in which the 
response is projected much better suit the formal normal 
modes of vibration of the equivalent linear system, as given in 
(10). 

The proposed approach was tested for several values of the 
parameter ε, which rules the intensity of the nonlinear forces. 
Every result displayed in Figs 3-4 is obtained from a condition 
at rest, and thus not on with a continuation procedure. This 
just aims at demonstrating that our algorithmic arrangement is 
able to cope with initial conditions that are possibly large 
from the actual solution. 

With the initial estimation of , convergence toward a 
solution is achieved with less than four iterations, in any 
configuration (ε in [0;50]). In order to illustrate the influence 
of the update of the equivalent stiffness matrix , its is 
updated once from this converged solution. Another series of 
iterations (four again at most) provides a better estimation of 
the covariance of the nodal displacement. At last but not least, 
whenever a second update of   is required, we extend with a 
couple of iterations, from there again, with the updated 
matrix. 

This finally provides the results of Fig. 4, which are  
virtually in perfect agreement with the results obtained with a 
formal solution of the equivalent stochastic linearization 
procedure. This latter reference results were obtained with the 
fixed-point method, started this time from the converged 
solution of our algorithm. As is starts close enough to the 
exact solution, the fixed-point method behaves much better in 
this case. The results in Fig. 4 indicate that ε =25 produced 

significant nonlinear forces, as it results in a decrease of the 
response of the linear system (ε =0) by almost 50%. 

The overall 2-norm error, reported in Fig 3-a, is at most 
equal to 1%, both on the diagonal terms of the covariance as 
well as on the whole covariance matrix itself. This 
observation is also valid for large nonlinearities, as the only 
remaining assumption in the method is related to the 
truncation of the series expansion, which after all converges 
very fast as the diagonality index is kept very small. 

4 CONCLUSIONS 
The proposed developments demonstrate that for slightly 
coupled nonlinear systems, the equivalent linearization can be 
seen as a convergent series of correction terms around the 
stochastic response of a main decoupled linearized system. 
The computational effort is thus attractively reduced, while 
the method also offers much insight on how to physically 
interpret the nonlinear coupling.  

The concept of asymptotic expansion of modal transfer 
matrix can thus be used to speed up the solution of the large 
equation set involving integrals by avoiding inversion of full 
transfer matrices and repeated integrations. 
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ABSTRACT: Many real-life mechanical and structural systems respond dynamically to random loads. The need to understand 
the response of the structure and problems involving different behaviors provide useful information for assessment of structural 
damage and failure, usually leads to stochastic inference problems. In this work we consider a simple structure modeled by a 
stochastic differential equation assuming two regimes both corresponding to the equations of linear single degree of freedom 
harmonic oscillators forced by a stochastic external load. We assume that the structure switches from one regime to the other at 
a given time. The regimes differ in the value of the stiffness coefficient that characterizes the model. This includes the scenario 
of a structure that possibly suffers from a loss of stiffness, of unknown amount, after a certain time. The stochastic forces acting 
on the system are assumed to be driven by a Wiener process. The state space model, describing displacements and velocities 
over time, is assumed to be completely observed and observations are assumed to be taken in discrete times. We describe how to 
compute the maximum likelihood estimates of the parameters of the stochastic model from the observations, as well as the 
natural vibration frequencies of the structure in both regimes, before and after the transition between regimes occurs, using all 
available data and from the data collected concerning displacements and velocities along the time we obtain the maximum 
likelihood estimates of the previous and actual values of the stiffness coefficient as well as the associated natural vibration 
frequencies. We present a simulation study for a particular example that illustrates the procedure and the associated accuracy.  
The Yuima software is used to simulate the stochastic response of the system. 
 

KEY WORDS: Switching stochastic model; Maximum likelihood; Ornstein-Uhlenbeck process; Diffusion processes; Harmonic 
oscillator. 

1 INTRODUCTION 
Real-life mechanical and structural systems respond 
dynamically to random loads, either environmental, such as 
wind, wave, earthquake forces, or operational, such as traffic, 
pedestrians or workload. Some examples consist on buildings 
vibrating due to wind, bridges vibrating due to traffic and 
surface wave action on ships. 

Investigating the behavior of structures once they have been 
built, as they provide useful information for assessment of 
structural damage and failure, can lead to stochastic inference 
problems if one considers the structure as being modeled as a 
stochastic differential system for which some of the 
parameters are unknown and must be estimated based on the 
available observations of the stochastic response. 

In this work we consider a simple structure modeled by a 
stochastic differential equation (SDE) assuming two regimes 
both corresponding to the equations of linear single degree of 
freedom harmonic oscillators forced by a stochastic external 
load. We assume that the structure switches from one regime 
to the other at a given time. The regimes differ in the value of 
the stiffness coefficient that characterizes the model. This 
includes the scenario of a structure that possibly suffers from 
a loss of stiffness, of unknown amount, after a certain time. 
The stochastic forces acting on the system are assumed to be 
driven by a Wiener process. The state space model, describing 
displacements and velocities over time, is assumed to be 

completely observed and observations are assumed to be 
taken in discrete times.  

This paper is organized as follows. In Section 2 we present 
the structural model under random vibration in Ito state space 
form and its solution, the Ornstein-Uhlenbeck process. In 
Section 3 we present the proposed switching model and also 
the estimation problem. In Section 4 we develop two 
approaches in order to solve the estimation problem 
previously presented. Section 5 is dedicated to a simulation 
study that intents to illustrate the procedure and compare the 
accuracy and computation cost of the two approaches. In 
Section 6 we present an extension of the work done in the 
previous sections when the time at which the regime change 
occurs is unknown. Section 7 presents the conclusions. 

2 STATEMENT OF THE PROBLEM  

2.1 Structural model under random vibration 

We consider the linear single degree of freedom harmonic 
oscillators forced by a stochastic external load model: 

 
)(tfkxxcxm =++ &&&                    (1) 

where x is the displacement, )(tf  is the stochastic external 
load, m is the mass, k is the stiffness coefficient and c the 
damping coefficient. 
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2.2 Ito state space form 

The previous model corresponds, in state space form, to:
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where 1X  is the displacement of the structure, 2X  is the 
velocity of the movement, the initial condition 0X  is assumed 

to be a constant vector and { }ttW is a 2-dimensional Wiener 

process. For simplicity, dependency of the processes { }ttX  

and { }ttW  on the time t has been omitted in equation (3) and 
later in Section 4.2.  
   The solution of the SDE (3) is the so called Ornstein-
Uhlenbeck process: 
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The matrix A is the drift matrix and *)( 2
1

2
1

BBB = is the 
diffusion matrix. The solution of (3) is a stationary Gaussian 
process. 
    If the structure is damage the values for k and c may change 
and so it is important to investigate the problem of estimating 
the parameters of the SDE that governs the underlying 
process:  

tttt dWBdtXAdX 2
1

+=  ,                      (4) 
or equivalently to study the problem of estimating the 
vibrating frequencies of the structure, before and after the 
change point. 

3 REGIME STOCHASTIC MODEL 

3.1 Piece-wise Linear Model 

In this work we consider a structure modeled by SDE (4) 
assuming two regimes. We assume that the structure switches 
from one regime to the other at a given time u. The regimes 
differ in the value of the stiffness coefficient that characterizes 
the model, that is the drift matrix in (4) is: 
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   This means that after an interval of time [ ]u,0  the stiffness 

coefficient changes from a value 01 >k  to a value 02 >k . 
Obviously we assume that 0,, >σmc .   
   Model (4)-(5) includes the scenario of a structure that 
possibly suffers from a loss of stiffness, of unknown amount, 
after a time interval [ ]u,0 , (see for instance Nalitolela[1] and 
Thompson  et al. [3], for examples). 
 

3.2 Response process 

The solution of the SDE (4) - (5) is given by: 
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, with i = 1,2. 

The process { }ttX  is a non-homogeneous diffusion and, in 
each regime, it is a Gaussian Markov process. 

3.3 Problem formulation 

Given the SDE (4)-(5), we aim at estimating the drift matrix 
At. Parameters m and σ are supposed to be known. The time 
of occurrence of the regime change, u, is also assumed to be 
observed. More precisely our goal is to estimate the unknown 
parameters k1, k2 and c based on the discrete observations of 
the process { }ttX  in the interval [ ]T,0 . For the sake of 
simplicity we consider observations at equality spaced times, 

t

T
tt

Δ
ΔΔ ,...,2,,0 , although no restriction exists in the sequel 

to considering other time sequences for the observation 
process.  

4 SOLVING THE ESTIMATION PROBLEM 
In this section we describe how to compute the maximum 
likelihood estimates of the parameters of the stochastic 
differential equation (4)-(5), that is the maximum likelihood 
estimates of the stiffness and damping coefficients before and 
after the transition between regimes occurs and, as a 
consequence, the natural frequencies of the oscillator. 

We consider two approaches. The first approach uses the 
conditional transition probabilities of the states to build the 
likelihood function and the maximum likelihood estimator 
(MLE) is obtained by numerical maximization of the 
likelihood function. Due to the complexity of this function it 
is not possible to find an explicit expression for the MLE. The 
second approach consists on using the Radon-Nikodym 
derivative to build the likelihood function for the similar 
estimation problem for which observations of the process are 
taken in continuous time. Since u is assumed to be known the 
MLE for the continuous time observations is obtained as in 
Koncz[4] and also in Prior[10], for the particular  case of  (3). 
The MLE is then discretized on the time instants that 
correspond to the observations. This second approach follows 
the idea of Brockwell[8].  

4.1 1st Approach: Approximating the MLE numerically 

Let nu represent the time instant before the regime change, the 
likelihood function can be written as: 
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pi being the conditional transition probabilities: 
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   The maximum likelihood estimators of the parameters are 
those which maximize the likelihood function (6). Due to the 
complexity of L the optimization is carried on numerically.  
   In this work this has been done by using the routine nlm   
(nonlinear minimization) in R.                        

4.2 2nd Approach: Discretizing the continuous time MLE 

In this approach we first consider the estimation problem 
under continuous time observation. Under this scenario it is 
possible to compute the exact maximum likelihood estimators 
of the unknown parameters. But because the observations are 

in fact made only at times
t

T
tt

Δ
ΔΔ ,...,2,,0 , we discretize the 

continuous time maximum likelihood estimator in the time 
instants corresponding to the discrete-time observations. For a 
known u, derivation of the maximum likelihood estimators 
applies the results of Koncz[4] and Prior[10] as follows.  

The Radon-Nikodym derivative can be written as: 
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The maximum likelihood estimator of kt  and c is given by 
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We use the following discretization of the integrals above:   
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For the natural frequencies the estimator is 
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5 SIMULATION RESULTS 
We conduct a simulation experiment that illustrates the 
procedure and the associated accuracy and computation cost 
of the two approaches presented in the previous Section. The 
Yuima software is used to simulate the stochastic response of 
the system. 

Model (4)-(5) was considered with the following 
parameters:  

).(300),(600,1),/.(57.0
),/(16.28),/(2.35),(933.0 21

susTmskNc

mkNkmkNktonm

====
===

σ
 

An ensemble of 200 sample paths of the response process 
was simulated, with )(1 st =Δ between observations. The 
stochastic Euler scheme in the Yuima software used a thinner 
mesh of 100 points to compute each observation. 

5.1 Approximating the MLE numerically 

The simulation results for the 1st approach are presented 
below. Table 1 shows the mean value of the estimates 
obtained before and after the regime change occurs. Before 
the regime change occurs the estimates are the same as those 
of the linear model. 

Table 1. Mean value of the estimates obtained by using the 1st 
approach, for different times (before and after the regime 

change) 

T (s) 200 400 600 
k1 (kN/m) 35.16 - - 
k2 (kN/m) - 30.17 29.99 
c (kNs/m) 0.546 0.542 0.544 

 
From this table it is clear that the estimates obtained are not 

too much biased with respect to the true values, although the 
results regarding estimates of c are not very accurate. 
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Figure 1. Histogram of 
∧

1k for T=200s. 

 

Figure 2. Histogram of 
∧

2k for T=600s. 

Figures 1 and 2 contain histograms for the estimates of k1 
and k2 at times before and after the regime change occurs. The 
histograms suggest that the estimators for k1 and k2 both 
follow normal distributions although there is a slight 
asymmetry. Statistical tests do not reject the Gaussianity 
assumption of the estimator (p-value: 0.693 and 0.906, for k1 
and k2 respectively).  Coefficients of variation are quite small 
(1% for k1; 2% for k2). 

 
Figure 3. Histogram of 

∧

c for T =200s. 

 
Figure 4. Histogram of 

∧

c for T =600s. 
 

Figures 3 and 4 contain histograms for the estimates of c at 
times before and after the regime change occurs. The 
histograms exhibit a slight asymmetry of the distribution. 
However the statistical tests do not reject the Gaussianity 
assumption of the estimator (p-value: 0.539) The coefficient 
of variation is larger than  that of k1 and k2 (cv=6% ). 

Figures 5 and 6 show the confidence regions for the 
estimates of kt and c that were obtained. The green and red 
lines represent the mean value for the estimates of c and the 
mean value for the estimates of kt respectively. 

 
   Figure 5. Confidence region at T=200 s (The green and red 
lines represent the mean value for the estimates of c and  for 

the estimates of k1 ,  respectively). 

 
Figure 6. Confidence region at T=600 s (The green and red  
lines represent the mean value for the estimates of c and the 

mean value for the estimates of k2 , respectively). 
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5.2 Discretizing the continuous time MLE 

The results obtained by following the 2nd approach are 
presented below. In Table 2 we show the mean of the 
estimates obtained at times before and after the regime change 
occurs. Before the regime change occurs the estimates are the 
same as those of the linear model. 

 

Table 2. Mean value of the estimates obtained by using the 2nd 
approach, for different times (before and after the regime 

change) 

T (s) 200 400 600 
k1 (kN/m) 35.35 35.35 35.35 
k2 (kN/m) - 28.47 28.32 
c (kNs/m) 0.55 0.55 0.54 

 
One can see that the estimates are almost unbiased before 

and some time after the regime change occurs. 

 

Figure 7. Histogram of 
∧

1k for T=200s. 

 

Figure 8. Histogram of 
∧

2k for T=600s. 

 
The histograms for the estimates of k1 and k2 (Figures 7 and 

8) fit quite closely a normal distribution (p-value=0.797 and 
0.687 in the Shapiro-Wilk test) and exhibit small coefficients 
of variation. 

 

Figure 9. Histogram of 
∧

c for T=200s. 

 

Figure 10. Histogram of 
∧

c for T=600s. 

Figures 9 and 10 show histograms slightly skewed. 
However they still fit normal distributions (p-value=0.155) 
with small standard deviations (coefficient of variation of 
1.2%). 

 Figures 11 and 12 show the confidence regions for the 
estimates before and after the change of regime occurs. 

 
Figure 11. Confidence region at T=200 s (The green and red 

lines represent the mean value for the estimates of c and for 
the estimates of k1, respectively). 
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Figure 12. Confidence region at T=600 s (The green and red 
lines represent the mean value for the estimates of c and for 

the estimates of k2, respectively). 

 
As one can see the estimates are very concentrated around 

and very close the mean point. 
In short, both approaches perform reasonably well. 

However the 2nd approach shows better results in what 
concerns the quality of the estimates of the parameters. In 
terms of computation costs, the 1st approach runs on 
approximately 98 minutes /sample path while the 2nd approach 
only uses approximately 3 minutes/sample path. The 2nd 
approach is also less demanding in terms of programming.  

6 SWITCHING AT AN UNKNOWN TIME INSTANT 

6.1 Change point estimation  

The assumption that the time instant at which the regime 
change occurs, u, is known a priori or observed is very 
restrictive for practical purposes. However the previous 
approaches can cope with the fact that the time u may be 
unknown by introducing minor changes. In this Section we 
assume that the time at which the regime change occurs is  
modeled by a non-observed random variable U with some 
known distribution. For simplicity of the presentation we 
assume that the regime change occurs in one of the time 

instants 
t

T
tt

Δ
ΔΔ ,...,2,,0  for which the process is observed.  

  The idea presented in Brockwell et al.[8] and also in Tong[2] 
is that by applying the maximum likelihood method in a kind 
of two imbedded steps we can estimate both u and the 
parameters of the drift matrix. More precisely, in our case one 
should consider the likelihood function as depending on 

uckk ,,, 21  as usual. Then, first the derive ),,,( 21 uckkL  with 
respect to ckk ,, 21  only and solve the system: 

0,0,0
21

=
∂
∂

=
∂
∂

=
∂
∂

c

L

k

L

k

L , 

finding 
∧∧∧

ckk ,, 21  the maximum likelihood estimators for 

ckk ,, 21 ,   depending on u.  Then find the maximum likelihood 
estimate of the change point u: 

⎟
⎠
⎞

⎜
⎝
⎛ ∧∧∧

)(),(),(maxarg 21 ucukukL  

and replace it in the computation of 
∧∧∧

ckk ,, 21  to obtain the 
final estimates of k1, k2, c. 

6.2 Estimators for k1, k2, c and u 

Next we follow the 2nd approach presented in Section 4.2 
(as it is the best of the two) and establish, for an unknown u, 
the likelihood function: 
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The maximum likelihood estimator for k1, k2 and c depending 
on u is (see Prior[10]): 
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The time discretization is similar to that used in Section 4.2. 
The maximum likelihood estimator for u is: 

⎟
⎠
⎞

⎜
⎝
⎛=

∧∧∧

)(),(),(maxarg 21 ucukukLû . 

Then compute )(,)(,)(
^

21

^
ûcûkûk

∧
 to obtain the final estimates. 

6.3 Simulation results 

We consider the previous simulation example presented at the 
beginning of Section 5 but now with a random non-observed 
u. In order to simulate the 200 response paths the unknown 
time of occurrence of the regime change U was simulated as 
an uniform distribution in the interval ( )ss 350,250  and the 
simulated value was kept for all the 200 simulated sample 
paths. Figures 13 to 19 show the results that we obtained for 
T=600s. Figure 13 and 14 show an estimated path for the 
stiffness coefficient and for the damping coefficient, 
respectively, when the simulated u takes the value u=280s. 

 
Figure 13. Estimated path of the stiffness coefficient (û=281). 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2851 

 
Figure 14. Estimated path of the damping coefficient (û=281s) 

   The change point is easy to notice so it is not surprising U  
being estimated with good accuracy. However, notice how the 
occurrence of this change point affects the estimation of c. 

 
Figure 15. Mean estimate of the stiffness coefficient for the 

200 simulated paths of the response. 

 
Figure 16. Mean estimate of the damping coefficient for the 

200 simulated paths of the response. 
 

 
Figure 17. Root mean square error for the estimates of the 

stiffness coefficient. 

 
Figure 18. Root mean square error for the estimates of the 

damping coefficient 

 
Figure 19. Likelihood function. 

As expected the estimators of the model parameters lose 
track of the true parameter values at the vicinity of the 
unknown change point but only for a short period of time, 
recovering the ability to estimate the model parameters with 
small estimation error, which vanishes as time increases. 

Table 3 shows the results for the mean of the estimates 
obtained when u is random and non-observed. Apart from an 
apparent delay in estimating the change point, one can see that 
the estimates are almost unbiased. 

Table 3. Mean of the estimates of the parameters when the 
time instant at which the regime change occurs u is not known 

(T=600s). 

u (s) 281 
k1 (kN/m)      35.34 
k2 (kN/m) 28.25 
c (kNs/m) 0.54 

 
The following estimates are derived for the natural 

frequencies sqrt( mk /1

∧

)=6.15 (Hz) and sqrt( mk /2

∧

)=5.5 (Hz). 
We also considered a similar example but for a smaller 

decrease in the stiffness coefficient, that is we consider the 
same values for the model parameters as in the beginning of 
the paragraph except that k2 =31.68 (kN/m). This means that 
we consider an oscillator that for some reason experiences a 
reduction of 10% in its stiffness coefficient at an unknown 
instant of time. Again we simulate the paths of the response 
process and we estimate the parameters and the change point, 
based each of those paths, by applying the method presented 
in Section 6.1. The results are summarized in Tables 4 and 5 
and Figures 20 to 23. In Table 4 and Figures 20 and 21 the 
simulated u takes the value u=260s. In Table 5 and Figures 22 
and 23 the simulated u takes the value u=340s.  
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Table 4. Mean of the estimates of the parameters when the 
time instant at which the regime change occurs u is not known 

(T=600s, u simulated as 260s). 

u (s) 262 
k1 (kN/m)      35.3 
k2 (kN/m) 31.83 
c (kNs/m) 0.54 

 

Table 5. Mean of the estimates of the parameters when the 
time instant at which the regime change occurs u is not known 

(T=600s, u simulated as 340s). 

u (s) 341 
k1 (kN/m)      35.34 
k2 (kN/m) 31.84 
c (kNs/m) 0.55 

 
Figure 20. Mean estimate of the stiffness coefficient for the 

200 simulated paths of the response (u=260s). 

 
Figure 21. Mean estimate of the damping coefficient for the 

200 simulated paths of the response (u=260s). 

 
Figure 22. Mean estimate of the stiffness coefficient for the 

200 simulated paths of the response (u=340s). 

 
Figure 23. Mean estimate of the damping coefficient for the 

200 simulated paths of the response (u=340s). 

   As expected the estimates are more biased than in the 
example with a larger reduction in the stiffness coefficient but 
are still quite close to the true values.  

7 CONCLUSION 
This paper proposes two approaches that can be followed 
when one wants to estimate the model parameters, or the 
natural frequencies, of a bilinear oscillator subjected to 
random loads, for which a change in the stiffness coefficient 
occurs.   The simulation study that we conducted point out the 
advantages of using the approach based on the discretization 
of the estimators corresponding to the continuous time 
problem, which enables one to obtain estimators with smaller 
bias, smaller estimation errors and with less computation 
costs. The method can deal with unknown change points of 
the model with minor adaptations.  
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ABSTRACT: The effects on the aeroelastic stability of long span bridges of low-frequency wind speed fluctuations are 
addressed. The spatial-temporal field of wind turbulence implies a perturbation of the critical state of the 1dof system (flutter 
mode) representing the 3D oscillations (vertical, transversal and torsional) of the bridge under a non-turbulent critical wind-
speed. From a mathematical point of view, the contribution of the wind turbulence introduces parametric excitations, both on the 
stiffness and on the damping terms of the equation describing the time-evolution of the flutter mode; as a consequence, the 
turbulence effects can make the critical state unstable, unless the mean wind speed is appropriately lowered with respect to the 
classical and ideal case (i.e. non-turbulent wind). In this paper, two different descriptions of the spatial-temporal field of wind 
turbulence are discussed and compared: i) a POD-based representation; ii) a quasi deterministic model of the wind field, 
underestimating the loss of coherence between different points. It is shown that the reduction of mean wind speed required to 
assure aeroelastic stability in case of turbulent wind, that can be obtained as a closed form upper bound by means of the 
representation (ii), is not negligible even for a more realistic wind-turbulence field (i) and for the sample case of an 
aerodynamically optimized long span bridge. 

KEY WORDS: Wind Engineering; Long Span Bridges; Aeroelastic Stability; Stochastic Stability 

1 INTRODUCTION   
In previous papers [1-4], the writers have addressed the effect 
of wind turbulence on the aeroelastic stability of long-span 
bridges. It has been shown that the spatial-temporal field of 
wind turbulence implies a perturbation of the critical state of 
the 1dof system (flutter mode) that represents the 3D 
oscillations of the bridge under a non-turbulent critical wind-
speed; the perturbation due to wind turbulence can be 
represented as a parametric excitation, both on the stiffness 
and on the damping terms, in the equation that governs the 
time-evolution of the flutter mode. 

The stability condition [3] was obtained  through the 
classical technique of stochastic averaging and the method of 
moment stability [12]. 

The characterization of the wind turbulence, on the other 
hand, can be performed in different ways, and as a 
consequence this affects the aeroelastic stability.  

As a first approach, in [1-3] the turbulence was represented 
by means of a quasi-deterministic approach, that 
underestimates the loss of coherence along the bridge span: in 
this case, the significant components of wind-turbulence (i.e. 
components with frequency so low to be relevant on the 
parametric excitation) were assumed as deterministic sine 
waves along the bridge span, with increasing wavelengths for 
a decreasing time-frequency of the turbulence component. 

A more accurate  representation of wind turbulence (POD-
based representation) was assumed in [4], according to the 
widely accepted idea [5-8] that the spatial-temporal field of 
wind turbulence can be described by a significant number of 
eigenfunctions of the cross power spectral density function 
(cpsdf) of the process, that can be shown to be orthogonal to 
each other.  

In this paper, the stability conditions derived with these two 
different descriptions of the spatial-temporal field of wind 
turbulence are analyzed and compared with reference to an 
aerodynamically optimized long span bridge. It is shown that 
the reduction of mean wind speed required to assure 
aeroelastic stability in case of turbulent wind, that can be 
obtained as a closed form upper bound by means of the quasi-
deterministic representation discussed in Sect.4, is not 
negligible even for a more realistic wind-turbulence field, as 
the POD based representation considered in Sect. 5. 

 

2 THE FLUTTER-MODE UNDER TURBULENT WIND 
FIELD      

In the classical theory of aeroelastic stability [9], a long-span 
bridge is represented by means of two natural modes, 
described in terms of the rotation and the vertical 
displacement of the deck at the time t and abscissa z, i.e. 

( ) , tzα  and ( )tzh , , respectively (Fig.1). 
It  is usually assumed  that the wind speed is constant both 

in time and space, ( ) UtzU ≡, , so neglecting the wind-
turbulence components with respect to the aeroelastic 
stability. For an increasing value of the average wind speed 
U , a critical value can then be found ( ) cUtzU ≡,  that implies a 
balance between the dissipated energy of the bridge due to 
structural damping and the energy feeding due to aerodynamic 
effects; as a consequence, for  cUU ≡  the structure behaves 
as an undamped oscillator, with a fixed shape (flutter mode) 
consisting of both torsional and vertical components 

( ) ( )zfzf h ,α  and a critical angular frequency cω [9].   

Aeroelastic stability of long span bridges: comparison between quasi-deterministic 
and POD-based representation of the wind turbulence  
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If ( )tA  and ( )tH  represent the torsional and the flexural 
amplitudes of the components ( ) ( )zfzf h ,α  of the flutter mode, 
respectively, it can be shown [10-11] that 

      ( ) ( ) ( )tABtABtH c  sin cos ϕωβϕβ −= &&          (1) 

where ϕ  is the phase-lag  between the motion components 
( ) ( )zfzf h ,α , B the deck width and β a non-dimensional 

coefficient. 
Equation (1) is still valid if the wind speed is not constant, 

but varies slowly in time. The dependence of wind-speed on 
time and space can be  introduced by means of both a 
variation cU0ψ  of the mean value and a variation due to 
turbulence ( ) cUtz  ,ψ  [1-4]   

( ) ( )[ ]tzUtzU c ,1, 0 ψψ ++= ,     10 <<ψ ,   ( ) 1, <<tzψ          (2) 

With these assumptions, around the critical average wind 
speed cU the motion of the bridge under turbulent wind can 
be represented by a constant spatial shape (the flutter mode) 
and a  single scalar function (e.g. A(t) in Eq.(1)). 

It is usually assumed [9] that only wind-induced moment 
and lift sese LM  ,  on the deck are taken into account (where 
“se” means self-excited or aeroelastic, i.e. depending on the 
motion itself), neglecting wind effects on main cables and 
suspending hangers. sese LM  , can be expressed as a function 
of mechanical and geometrical characteristics of the bridge 
deck and of the aeroelastic derivatives 

( ) ( )KHHKAA jjii
**** , == , that in turn can be evaluated by 

means of wind-tunnel tests or CFD (computational fluid 
dynamics) simulations as a function of the reduced 
frequencies ( ) ( )  ,, tzUBtzK cω= ,   

cc UBK ω=c   (see 
e.g. [9]). 

In particular [2-4], the aeroelastic moment and lift on the 
deck can be expressed as  

sesese MMM Δ+= )0( ;    sesese LLL Δ+= )0(         (3) 

where )0()0(  , sese LM  and sese LM   , ΔΔ  are the aeroelastic 
actions corresponding to the critical wind speed cU  and to the 

difference ( )[ ]tzUc , 0 ψψ + , respectively. 
 
 

U α

B

h

Lse

Mse

 
Figure 1: Aeroelastic forces on the deck. 

If a linearization of the aeroelastic derivatives **, ji HA  is 
accepted with respect to the reduced velocity Kv π2= , 
around the critical value of the wind speed, the equation 
governing the motion becomes [1-4] 

( )[ ] ( )[ ] 01  2 2 =++++ AtAtA cc ξωηωζ &&&     (4)                

having set 

*
3

22
3

*
2

3
2

*
1

2
1   , , aKBUaBUaBU cccc πρμπρμπρμ ===        (5) 
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ε

ζζ
+

=
1

~
                    (7) 

[ ]0201  cos
2

1~
ααα μϕβμ

ω
ζ Ψ+Ψ−= h

c

B
I

         (8) 

( ) ( ) ( )[ ]ttB
I

t h ααα μϕβμη Ψ+Ψ−= 21  cos1
          (9) 

( ) ( ) ( )
2

31  sin~

c

hc

I

ttB
t

ω
μϕωβμ

ξ ααα Ψ−Ψ
=             (10) 

[ ]03012  sin1
ααα μϕωβμ

ω
ε Ψ−Ψ= hc

c

B
I

                (11)     

where I is the generalized inertia of the bridge, 321 ,, μμμ  are 

constants depending on the geometry and the aerodynamic 

characteristic of the bridge ( *
ja  being the derivatives of *

jA  ).                 

Eq.(4) describes a problem of parametric excitation, with 
both coefficients of A&  and A  depending on time, and the 
stability conditions were derived in [3-4] through stochastic 
averaging technique and moment stability method [12]. In 
particular, the stability of the second order amplitude moment 
requires that  

( ) ( ) ( ) ( )( )[ ]ccc
c

c
c SSSS ωωω

ω
πωωπζ ξηηηηηξξ 2Im70422

8
2

2
+++>    (12) 

where ( )ωξξS  and ( )ωηηS  represent the power spectral 

densities of the parametric excitation processes ξ (t) and  
η (t), respectively, and ( )ωξηS  their cross power spectral 
density. 

3 THE ASSUMED FLUTTER MODE SHAPE     
The flutter mode of a long-span bridge depends by 
geometrical and mechanical parameters. However, for a very 
long span bridge the modal shape is almost exclusively 
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affected by the main cables stiffness and can be approximated 
by sinusoidal functions with n half-wavelength. As shown in 
[1-4,] because of  the particular mechanical behavior of this 
kind of bridges, the same shape ( ) ( )zfzf h=α  can be assumed 
for the torsional and vertical components of the flutter mode 
(that implies ( ) ( )  tth ααα Ψ=Ψ and   00 ααα Ψ=Ψ h

). Moreover, 

denoting by I  the torsional inertia per unit length, the 
longitudinal shape of the flutter mode is normalized in such a 
way to have a unit value for the generalised torsional inertia 
I in the main span (with length L) 

 ( ) ( )
L

zn

LI
zfzf h

π
α sin2

==                   (13) 

that also implies IFF h 1== ααα . 
The equation of motion  Eq.(4) is characterized by  two 

parametric forcing terms  

( ) ( )tkt ααηη Ψ−=  ,    ( ) ( )tk
t

c
αα

ξ

ω
ξ Ψ= 2                       (14) 

both proportional to the forcing function ( ) tααΨ , with 

21  cos μϕβμη += Bk , 31  sin μϕωβμξ −= cBk  and 

( ) ( ) ( )  , 2∫=Ψ
L

dzzftzt ααα ψ .                   (15)                                     

 
A damping coefficient depending on the wind mean speed 

can also be observed, defined as (see Eqs. (7)-(8), with 1=I ) 

( )  cos
2

1
021 ααμϕβμ

ω
ζ Ψ+−= B

c

                (16) 

that can assume positive values (so assuring the stability of 
Eq. 4) only if  the mean wind speed is reduced ( 00 <ψ ) with 

respect to cU  (cf. Eq. (2)). 

4 QUASI-DETERMINISTIC MODELING OF THE 
WIND FIELD   

The effects of the wind turbulence on the aeroelastic stability 
will be addresses in this section by means of a quasi-
deterministic model [1-3]; it allows to distinguish between the 
random character of the wind-speed fluctuations in a point of 
the structure and the fluctuations at the same time in different 
points, as it can be appropriate for those low-frequency and 
strongly correlated components of wind speed fluctuations 
that mainly affect the dynamic behavior of very-long span 
bridges. Namely, according to [1],[13] the stochastic character 
of the wind speed fluctuations in a given point P of the bridge 
deck is described through the discretization technique WAWS 
(weighted amplitude wave superposition) with a random 
phase-lag ( )ωθ  between components with different 
frequencies; the spatial correlation of the wind field is instead 
taken into account by means of a deterministic phase-lag zΩ  
between the wind speed fluctuations in two different points at 

distance z, assuming also - on the basis of experimental 
evidence - Ω  decreasing for a decreasing frequency ω ; as a 
consequence, the “half-wavelength” of the turbulence 
component, i.e. the distance Ω= πλ  between two points 
with opposite phase-lags, is increasing for a decreasing ω :  

( ) ( ) ( )∫
∞

Ω++=
0

sin, ωθωωψψ dzttz                   (17) 

Denoting by ψψS  the psd of the non-dimensional 
turbulence,  it results [2] for the power spectral density (PSD) 
of the forcing function ααΨ  

( )
ψψ

λ
αααα

S
I

c
S 2=ΨΨ                             (18) 

where the  multiplying factor ( )λc ( denoted in the following 

as shape coefficient) is given by  

( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

−
=

42
2

2

4

4

2

22
4

168

cos1
32

nn
LLL

L

nc

λλλ
π

λ
π

λ             (19) 

and, for each frequency component λ  of the turbulence, 
describes a sort of MAC factor between the longitudinal shape 
of that turbulence component and the flutter mode. 

Equations (7) and (14) imply therefore 
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Since ( )tξ  and ( )tη  are proportional to each other, the 
imaginary part of their cross spectrum is zero, ( ) 0Im =ξηS , 
and the stability condition (12) becomes (c(0)=1) 

( ) ( ) ( )02
2 22

2

0 ψψηψψω
η

η

ξ πωλ
ω

πψ Sk
I

Sc
k

k

k

I
c

c
c

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+>−          (22) 

denoting by ( )cc
ωπλ ω 22 =  the half-wavelength  

corresponding to cω2 . 
Equation (22) implies 000 >−= ψψ , meaning that the 

aeroelastic stability requires a reduction of the average wind 
speed with respect to the critical value (see Sect. 3). 
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Moreover Eq. (22) also shows that the reduction of the 
average wind speed to assure aeroelastic stability is 
determined by the coefficient ( )

c
c ωλ2 , i.e. by the longitudinal 

shape (“half-wavelength” ) of the wind turbulence around 
cωω 2= . 

The maximum of ( )
c

c ωλ2  in the significant range of 
cωλ2  

maximize therefore the negative effect of the parametric 
excitation at frequency cω2 . As a consequence, for the quasi-
deterministic turbulence assumed in this Section ( )

max2 c
c ωλ  

provides an evaluation of the flutter speed that is safe 
(although not necessarily realistic) with respect to any other 
turbulence descriptions. 

5 POD  REPRESENTATION  OF THE WIND FIELD   
In this section, the wind velocity field is described according 
to the POD representation [5-8]. 

Neglecting the across-wind components of turbulence, it is 
assumed [9] 

( ) ( )tzuUtzU ,, +=                                   (23) 

The along wind turbulence is described by means of a given 
spectrum ( )ωuS  (Kaimal or Davenport spectrum are 
considered in the sample case discussed in Sect. 6), while the 
cross power spectral density is represented assuming a 
coherence function with an exponential decay factor  

( ) ( ) ( )ωωω ,',,', zzCohSzzS uuu =                           (24) 

( ) ω
πω U

zzC

u

uz

ezzCoh 2,,
′−

−
=′                             (25) 

According to [4], the following representation of the wind 
velocity fluctuations ( )tzu ,  [5 - 8, 15] will be assumed 

( ) ( ) ( ) ( )∑
=

=′
sN

k
kkku zzzzS

1

* ,',,, ωγωθωθω          (26) 

where ( )ωθ ,zk  and ( )ωγ k  represent the eigenfunctions and 
eigenvalues of the cross psd ( )ω,, zzSu ′ , respectively. 

In the numerical example of Sect. 6, the eigenfunctions and 
the eigenvalues of the cross psd are represented by means of 
the approximate closed form reported in [15]. 

The forcing function ( ) ω
αααα ΨΨS  acting on both the terms 

of the governing equation (see Eq.4-10, 15) becomes [4] 
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where a mixed wind-structure coefficients ( )ωkΘ  is 
introduced  

                  ( ) ( ) ( )dzzfz
L

kk ∫=Θ 2, αωθω                 (28) 

Similarly to the quasi deterministic case seen in Sect.4,  also 
in this case of POD representation of the turbulence, the psd 
of the forcing term ( )ω

αααα ΨΨS  can be expressed as  

             ( ) ( ) ( )ωωω ψψαααα
S

I

c
S 2=ΨΨ                    (29) 

although in this case ( )ωc  has to be evaluated numerically. 
As shown in [4], the stability equation can then be rewritten, 

similarly to Eq.(22) as  
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where now ( )cS ωψψ 2  represents the psd of the turbulence at 
frequency cωω 2= , twice than the critical one. 

 

6 EXAMPLE   
The example considered here (see also [2-4] and papers there 
quoted) is the bridge designed for crossing the Messina Strait 
(Italy) (Fig.2).  

Although for political reasons the realization of the bridge 
on the Messina Strait (Italy) has now been abandoned, the 
accurate design of this extra-ordinary long bridge can be 
considered as a milestone for the aeroelasticity and 
aerodynamic optimization in the civil engineering field; this 
still makes this sample case worth to be tested for more 
refined models of aeroelastic stability that include, as in this 
paper, wind turbulence effects. 

  

       
Figure 2. Multi-box deck of the Messina bridge 

The numerical parameters defined in previous section are 
reported below: 

 
m 3300=L , m 100=h , m 4.60=B , mkgm 108.2 27⋅=I ,  

 sm 3.3* =u , m 200=uL , 10=uzC , sm 94=cU , 
srad 418.0=cω , 2=n , 33.2=β , °= 9.59ϕ , 
-15

1 s kg 103 ⋅=μ , -17
2 s m kg 105.1 ⋅−=μ , 

-27
3 s m kg 101.2 ⋅=μ  
 
According to [9], and as sample cases, two different spectra 

have been assumed for the turbulence along wind in a given 
point, namely the Kaimal spectrum and the Davenport 
spectrum: 

 
 
Kaimal spectrum 
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where n is the frequency, ω the circular frequency, *u  the 
friction velocity [9] and h is the height (constant) of the bridge 
deck on the ground; 

 
Davenport  spectrum 
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For both the cases (Kaimal and Davenport) the following 
expression is assumed for the spectral value ( )0ψψS  
corresponding to a vanishing frequency 0→ω  (see [9], with 
the normalization factor  2

cU  of  Eq.(2)) 

 ( )
U

Lu

U
S

x
u

c

2

2

410 =ψψ                         (33) 

where ( )01 ψ+= cUU  is the average speed, 2
*

2 6uu =  is 
the mean square value of the wind-speed fluctuations, and 

x
uL the integral length of longitudinal turbulence.    
 

6.1 Quasi-deterministic turbulence 

0
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Figure  3   Coefficient ( )λc  (Eq.19) for n=2   

The  shape coefficient ( )λc , whose closed form is reported 
in of Eq. 19, is plotted in Fig. 3 for the value 2=n  of the 
example.  

The half-wavelength 
cωλ2  introduced in Sect. 4, 

corresponding to wind speed fluctuation with angular 
frequency around srad  83.02 ≅cω , can assume according 
to [13] a value of some hundreds of meters (up to 500-600 m, 
approximately, 20.015.0 −=Lλ ) and therefore ( )

c
c ωλ2  

can reach a maximum of 0.3, approximately.  
 
 

6.2 POD turbulence 

0 0.1 0.2 0.3 0.4 0.5

[rad/s]ω

γ
1

γ3

γ
5

 

Figure  4   wind modes: eigenvalues of the first three relevant 
modes (even modes irrelevant for the assumed flutter mode 

shape) 

The eigenvalues of the wind turbulence [4], described 
according to Sect. 5, are reported in Fig. 4. The shape 
coefficient ( )ωc  in Fig. 5 [details in [4]) is indeed dominated 
for the sample case here considered by the first wind mode and 
only marginally affected by the 3rd and 5th ones and its value at 
the relevant frequency  rad/s 84.02 ≅= cωω (see Sect. 5) is 
about 0.07. 

 

Figure  5 shape coefficient c(ω), with ten wind modes. 

6.3 Comparison between POD based and quasi-
deterministic representation of the turbulence  

Depending on the turbulence spectrum and on the value of  
( )

c
c ωλ2 , stable oscillations can be assured, when turbulence is 

considered,  if the classical flutter speed cU  (i. e. for  non 
turbulent wind) is reduced of an amount 0ψ .  

For the two considered spectra (Kaimal, broken blu line and 
Davenport, continuous red line) Fig. 6 reports the required 
reduction 0ψ  as a function of the shape coefficient c ; the 
value ( ) 07.0=ωc  of Sect. 6.2, denoted by an asterisk and the 
value ( )λc = 0.3 of Sect. 6.1, denoted by a circle, are also 
reported. 
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Fig. 6. Reduction 0ψ  of the mean wind speed to  assure aeroelastic 

stability   
 

It can be observed that in general,  according to the stability 
equation (Eq. (22), Eq.(30)), the aeroelastic stability in case of 
turbulent wind can  be  ensured  only if the mean wind speed 
is lowered with respect to critical value, that introduces a 
positive damping. 

In particular, for a quasi-deterministic turbulence (Sect. 4) 
the required reduction 0ψ  of the mean wind speed ranges 
between 5.12 % (Kaimal spectrum) and 6.16 % (Davenport 
spectrum); a smaller reduction is instead required for a POD 
turbulence (Sect. 5, more details in [4]), ranging between 4.43 
% (Kaimal spectrum) and 4.67 % (Davenport spectrum). 

The trend shown in Fig. 6 confirms that the quasi-
deterministic characterization of the wind-turbulence, 
neglecting - or at least underestimating - the loss of coherence 
between different points of the bridge, overestimates the 
reduction of the mean wind speed required to assure the 
aeroelastic stability in case of turbulent wind, although this 
effect is not very relevant for a bridge with excellent 
aerodynamic properties as the one here considered. 

7 CONCLUSIONS    
The aeroelastic stability of long span bridges under turbulent 
wind is addressed in the paper.  

As sample cases, the turbulence along wind in a given point 
is described by means of a spectrum ( )ωuS  according to the 
Kaimal or Davenport models [9]. 

The spatial-temporal field of wind turbulence is described 
with two different approaches:  1) by means of orthogonal 
loading components representing the eigenfunctions of the 
cross power spectral density function (cpsdf) of the process, 
according to a POD-based representation; 2) by means of a 
quasi-deterministic representation, that, neglecting - or at least 
underestimating - the loss of coherence between different 
points of the bridge, maximizes the unstabilizing effects due 
to wind-turbulence. 

It is shown that for turbulent wind  the aeroelastic stability 
can be assured only if the infinite-time average of the wind 
speed is appropriately lowered. In a sample case (Messina 
bridge), the required reduction of the mean wind speed with 
respect to the “ideal” value CU  ranges between about 4% and 
about 6 %, depending on the assumed wind spectrum (Kaimal 

or Davenport) and on the turbulence characterization (POD or 
quasi-deterministic), but reduction is expected to be more 
relevant for bridges with worse aeroelastic behavior, that will 
be the subject of future research. 
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ABSTRACT: This paper analyses the seismic response of adjacent buildings connected by nonlinear viscous dampers under 
stochastic base acceleration. The adjacent buildings are modelled as linear elastic multi-degree-of-freedom systems, and the 
nonlinearity is concentrated in the connecting dampers. A stochastic linearization technique is employed to estimate the 
stochastic response of the system while accounting for the dampers’ nonlinear behaviour.  
A case study consisting of two adjacent buildings with shear-type behaviour connected by linear or nonlinear viscous dampers is 
analysed. The performance of the dampers is investigated by considering different response parameters including inter-storey 
drifts, floor displacements, and floor accelerations of the adjacent structures, as well as dampers’ forces. Numerical simulations 
of the system response are also carried out to evaluate the accuracy of the statistical linearization technique employed in this 
study. 

KEY WORDS: Nonlinear viscous dampers; Adjacent buildings; Stochastic linearization; Performance-based engineering. 

1 INTRODUCTION 
Many experimental and analytical studies have proven that the 
coupling of adjacent buildings by means of rigid links or 
active/passive control devices provides an efficient method for 
improving the seismic performance of the two buildings. The 
dynamic and seismic behaviour of coupled adjacent structures 
has been object of study of many papers in the last decades 
[1]-[12]. These studies have shown that, in general, the 
interaction between two systems with different dynamic 
properties produced by the connecting devices reduces the 
magnitude of structural seismic response parameters such as 
peak displacements and accelerations when compared to the 
unconnected structures. It also permits to avoid the potentially 
catastrophic consequences of pounding [13].  

When considering passive dampers connecting adjacent 
buildings, extensive research is available for the case of linear 
[1], linear viscous [8][9], visco-elastic [2][3][5][7][10], and 
hysteretic dampers [4][11][12]. However, to the authors’ 
knowledge, limited research has been documented in the 
literature for the case of nonlinear viscous dampers, despite 
their wide acceptance and demonstrated effectiveness [14]- 
[16]. Among the few papers focusing on the seismic response 
of adjacent buildings connected by such devices, Cimellaro 
and Lopez-Garcia [17] analysed the seismic response of two 
linear elastic multi-storey building structures linked at floor 
levels by nonlinear viscous dampers. This work showed that 
nonlinear viscous dampers permit to achieve similar response 
reduction as linear viscous dampers. Furthermore, the optimal 
damper viscous constant reduces for decreasing values of the 
damper exponent, and the response of the structures is not 
significantly affected by the height-wise dampers distribution. 
Ge and Zhang [18] analysed the dynamic response of two 
buildings coupled by viscous dampers with a highly nonlinear 
behaviour subjected to a near-fault earthquake input 
characterized by a strong velocity pulse. The study 

demonstrated the effectiveness of the nonlinear dampers in 
mitigating the dynamic response of the coupled buildings, and 
the reduced sensitivity of the optimal damper properties to the 
near-fault input characteristics.  

This paper aims at providing further insights into the 
seismic performance of adjacent buildings connected by 
nonlinear viscous dampers. A stochastic approach is proposed 
for the seismic performance assessment under a seismic input 
described as a non-stationary stochastic process. The 
stochastic linearization technique proposed by Rüdinger and 
Krenk [19][20] and by Di Paola et al. [21][22] is specialized 
to the problem considered here in order to linearize the 
damper behaviour and to obtain the time-evolution of the 
system response statistics. The proposed approach is very 
efficient and can be conveniently used for performing 
extensive parametric studies aiming at evaluating the effects 
of the dampers’ nonlinearity and dissipation capacity on the 
structural response statistics. 

The stochastic analysis technique is applied to a case study 
consisting of two adjacent buildings with shear-type linear 
elastic behaviour connected by linear and nonlinear viscous 
dampers. The system performance is investigated by 
considering different response parameters including inter-
storey drifts, floor displacements, and floor accelerations of 
the adjacent structures, as well as dampers’ strokes and forces. 

2 EQUATION OF MOTION FOR THE TWO MDOF 
SYSTEMS CONNECTED BY NONLINEAR 
VISCOUS DAMPERS 

This paper considers the dynamic response and performance 
of two adjacent buildings modelled as multi-degree-of-
freedom (MDOF) systems with shear-type behaviour (Figure 
1). The equation of motion of the two buildings coupled by 
nonlinear viscous dampers can be expressed as: 

Stochastic seismic response analysis of adjacent buildings coupled 
by nonlinear viscous dampers 
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u
 = vector collecting the N = m + n 

displacements at the various floors of building A (i.e., the 
taller building with m degrees of freedom) and B (i.e., the 
shorter building with n m<  degrees of freedom);  

A

B

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

M 0
M

0 M
; A

B

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

K 0
K

0 K
; A

B

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

C 0
C

0 C
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matrix, stiffness matrix and damping matrix of the coupled 
system, respectively; r  = load distribution vector; ( )gu t&&  = 

function describing the seismic stochastic input; ( )t⎡ ⎤⎣ ⎦f u& = 
vector of superimposed forces due to damper devices; and a 
superposed dot denotes differentiation with respect to time. 

 

Building B 

Building A 

 
Figure 1. Schematic representation of adjacent buildings 

coupled by damping devices. 

The vector ( )t⎡ ⎤⎣ ⎦f u&  describes the forces exchanged by the 
two buildings through the dampers and is expressed as: 
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  (2) 

where ( ) ( )d dt t⎡ ⎤ =⎣ ⎦f u f&  is a n-dimension vector, whose j-th 
component is given by: 

( ) ( ) ( ), , sgnd j d j j jf t c u t u t
α

⎡ ⎤⎡ ⎤ ⋅ Δ ⋅ Δ⎣ ⎦ ⎣ ⎦u =& & & ;   j = 1, 2, ..., n  (3) 

where ,d jc  = j-th damper viscous constant; α  = velocity 
exponent controlling the damper nonlinear behaviour; 

( ) ( )Δu u uj j j mt t+= − ; and ( )sgn ⋅  = sign function. 
By applying the stochastic linearization technique described 

in [19]-[22], Eq. (1) can be substituted by the following 
equivalent linear expression: 

( ) ( ) ( ) ( ) ( )eq
ds gt t t t u t⎡ ⎤⋅ + ⋅ ⋅ − ⋅ ⋅⎣ ⎦M u + C C u + K u = M r&& & &&    (4) 

in which the time-variant system matrix ( )eq
ds tC  describes the 

properties of the linear viscous dampers equivalent to the 
nonlinear dampers connecting the adjacent buildings at time t, 

and has the following expression: 
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In Eq. (5), ( )eq
d tC  is an n x n diagonal matrix containing the 

values ( ),
eq
d jc t  of the damping constants of the equivalent 

linear viscous dampers at time t for each storey, whose 
expression is given by: 
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where ( ) ( )( )2
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& ,  and  [ ]E ⋅   =  stochastic 

expectation operator. 
The expression of Eq. (6) has been derived by minimizing 

the mean square difference between the linear equivalent and 
the nonlinear restoring force. Under the assumption that the 
input is Gaussian, the response of the equivalent system is 
also Gaussian, Eq. (6) can be solved in closed-form as 
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The appendix reports the derivation of the stochastic 
response to a seismic input modelled as a time-modulated 
Kanai-Tajimi process as modified by the Clough-Penzien 
filter [23]. 

3 APPLICATION EXAMPLES 
The proposed analysis procedure is illustrated by considering 
the case study of two adjacent linear elastic multi-degree-of-
freedom (MDOF) shear-type buildings (see Figure 1). 
Different properties of the viscous dampers connecting the 
buildings are considered, including linear and nonlinear 
viscous dampers. The accuracy of the results obtained through 
the proposed analysis technique is evaluated based on the 
comparison with Monte Carlo simulation (MCS) results. 

3.1 Case study and seismic input description 
Two coupled steel moment-resisting frame buildings with 
shear-type behaviour are considered as case study in this 
application example. The properties of these buildings, 
assumed as deterministic, are taken from [13]. Building A is a 
8-storey frame with constant floor mass, mA = 454,540 kg, 
and stiffness, kA = 628,801 kN/m. Building B is a four-storey 
building with constant storey mass, mB = 454,540 kg, and 
stiffness, kB = 470,840 kN/m. The storey heights are equal to 
3.2 m. Matrices CA and CB describe the inherent buildings’ 
damping. They are based on the Rayleigh model and are 
obtained by assuming a damping factor ξA = ξB = 2% for the 
two vibration modes with highest and lowest period of each 
system. The fundamental vibration periods of building A and 
B are TA = 0.915 s and TB = 0.562 s, respectively.  
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The stochastic seismic input considered in all application 
examples presented in this paper is modelled as a time-
modulated Gaussian process whose embedded PSD function 
is described by the widely-used Kanai-Tajimi model modified 
by the Clough-Penzien filter [23], i.e.,  
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  (8) 

in which 0S  = amplitude of the bedrock excitation spectrum, 
modelled as a white noise process; gω and gξ  = fundamental 
circular frequency and damping factor of the soil, 
respectively; fω and fξ = fundamental circular frequency and 
damping factor of the filter, respectively; and ω  = circular 
frequency. The values of the parameters used hereinafter are: 

gω  = 12.5 rad/s, gξ  = 0.6, fω = 2 rad/s, fξ  = 0.7.  
The modulation in time is obtained through the Shinozuka-

Sato’s function [24]: 

  ( ) ( ) ( )1 2b t b tt c e e H tϕ − ⋅ − ⋅= ⋅ − ⋅   (9) 

in which 1
1  0.045  sb −= π , 1

2  0.050  sb π −= ,  25.812c = , and 

( )H t = unit step function. A duration max  30 st =  is assumed 
for the seismic excitation. Figure 2a shows the PSD function 
for 2 3

0 1 m /sS = , whereas Figure 2b shows the modulating 
function for the input ground motion considered in this study.   
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Figure 2. Input ground motion: (a) Input process PSD 
function, and (b) time-modulating function. 

3.2 Dynamic behaviour and seismic response of adjacent 
buildings connected by linear viscous dampers 

The dynamic behaviour of two adjacent buildings coupled by 
linear viscous dampers with equal properties at the various 
floors is analysed first. The viscous constant is assumed equal 
to cd = 1,000 kN·s/m. Table 1 reports the modal vibration 
periods and damping ratios of the two uncoupled and coupled 
adjacent buildings evaluated through complex modal analysis. 
Since the 24 complex modes of the coupled system are 
complex conjugate by pairs, each of the periods and of the 
damping ratios reported in Table 1 correspond to two complex 
modes. It is also noteworthy that the coupled buildings tend to 
vibrate together. However, since the buildings are connected 
by viscous dampers, the vibration shapes corresponding to 
each of the coupled vibration modes are such that the 
displacements of a building are significantly larger than those 
of the other building. It is observed in Table 1 that the 
addition of viscous dampers does not significantly affect the 
vibration periods of the buildings, whereas it increases 
significantly the modal damping ratios. The added damping 
ratio is significant only for the lower vibration modes. 
Furthermore, the increase of damping is more relevant for 
mode 2, involving significant vibrations of building B (the 
shorter building), than for mode 1, involving significant 
vibrations of building A (the taller building). 

Table 1. Modal analysis results for uncoupled (“und”) and 
coupled (“d”) buildings. 

mode Tund [s] Td [s] ξund [-] ξd [-] 
1 0.915 0.909 0.0200 0.0527 
2 0.562 0.563 0.0200 0.1209 
3 0.309 0.310 0.0113 0.0450 
4 0.195 0.194 0.0148 0.0590 
5 0.189 0.191 0.0121 0.0176 
6 0.140 0.140 0.0140 0.0280 
7 0.127 0.127 0.0176 0.0402 
8 0.114 0.115 0.0160 0.0257 
9 0.104 0.104 0.0200 0.0383 

10 0.099 0.099 0.0178 0.0275 
11 0.091 0.091 0.0192 0.0271 
12 0.086 0.086 0.0200 0.0282 

 
Figure 3 reports the damping ratios ξd of the first two 

vibration modes as functions of the viscous constant cd of the 
connecting dampers. The values of cd are varied in the range 
between 0 kN·s/m and 6,000 kN·s/m. This latter value 
corresponds to a first mode damping ratio of 0.96, which is 
very close to being overdamped. 

It is observed that the addition of viscous dampers between 
the two adjacent buildings increases significantly the damping 
ratio of the second vibration mode of the coupled system, 
which is related to the vibration of building B, rather than that 
of the first vibration mode, which is related to the vibration of 
building A. Furthermore, a critical value of cd can be 
identified such that the first vibration mode’s damping ratio is 
maximized (i.e., for values of cd lower than this critical value, 
ξd increases by increasing cd, whereas for values of cd higher 
than this value, ξd decreases by increasing cd).  
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Figure 3. Relation between the damping ratios of the first two 
vibration modes of the coupled buildings and cd. 

Figure 4 compares the peak root mean square (RMS) 
response (or peak standard deviation σ) of the two uncoupled 
buildings and of the buildings coupled by dampers with cd = 
1,000 kN·s/m placed at the first four floors of the adjacent 
buildings, subjected to the seismic input described in the 
previous section for 0S = 0.0130 m2/s3 (corresponding to an 
average PGA = 0.3g, where g = gravity constant). The 
comparison is made in terms of floor displacements (relative 
to the ground) (Figure 4a) and inter-storey drift ratios (IDR) 
(Figure 4b).  
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Figure 4. Response comparison between uncoupled buildings 
and buildings coupled with linear dampers: (a) RMS of floor 

displacements; and (b) RMS of IDRs. 

Figure 5 shows the RMS absolute acceleration response of 
the uncoupled and coupled buildings. Also in this case, the 
reduction of the absolute acceleration due to the added 
dampers is higher for the shorter building.  
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Figure 5. Comparison of RMS absolute accelerations for 

uncoupled buildings and buildings coupled by linear dampers. 

Figure 6 shows the RMS damper forces for the coupled 
buildings. These forces increase for increasing floor number 
because they depend on the relative velocities between the 
buildings, which increase with the floor height. All response 
quantities presented in Figures 4 through 6 are evaluated using 
the analysis technique reported in the Appendix, which is 
valid for both cases of linear and nonlinear viscous dampers. 
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Figure 6. RMS damper forces for the coupled buildings. 

A parametric study is carried out to evaluate the 
effectiveness of the dampers in mitigating the building 
seismic response for values of the dampers viscous constant, 
cd, varying in the range between 0 kN·s/m and 5,000 kN·s/m. 
The latter value corresponds to a damping factor of 0.077 for 
the first vibration mode, and of 0.759 for the second vibration 
mode. Figures 7 and 8 report the results of this study. 

Figure 7 shows the peak RMS IDR demand of the two 
coupled buildings for varying values of the damping viscous 
constant, cd. It is observed in Figure 7 that (1) the use of 
dampers to connect the adjacent buildings can improve 
significantly the  performance of both buildings in terms of 
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IDR demand reduction; and (2) for both buildings, a critical 
value of the damping constant ( *

,d ic  for i = A, B) can be found 
such that the corresponding displacement response is 
minimized. For *

,d d ic c< , the IDR response of building i 

decreases for increasing dc , whereas for *
,d d ic c>  it increases 

for increasing dc . The critical damping constant for building 

A is about *
,A 4,380 kN s/mdc = ⋅ , and for building B is about 

*
,B 1,740 kN s/mdc = ⋅ . In the neighbourhood of these critical 

values, the sensitivity of the response to changes in the values 
of dc  is very small.  
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Figure 7. Peak RMS IDR demand of buildings A and B for 

varying damping viscous constant cd0. 

Figure 8 reports the peak RMS damper forces at the four 
floors as functions of dc . These forces always increase for 
increasing values of dc , although the relative velocities 
between the two buildings decrease.  
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Figure 8. Peak RMS damper forces at the various floors for 

varying damping viscous constant cd. 

3.3 Dynamic behaviour and seismic response of adjacent 
buildings connected by nonlinear viscous dampers 

In order to evaluate the accuracy of the stochastic analysis 
technique involving the linearization of the nonlinear damper 
response, the analytical (AN) and MCS estimates of the RMS 

response are compared for the adjacent buildings coupled by 
using nonlinear viscous dampers with equal properties at the 
first four floors. The dampers have viscous constant cd = 650 
kN·sα/mα and α = 0.3 and are located at the first four floors of 
the two buildings. The comparison is made in terms of peak 
RMS of the roof displacements of building A and B, and peak 
RMS of the force of the damper at the 4th floor. The MCS 
estimates are obtained by considering a set of 100 ground 
motion records compatible with the input model of Section 
3.1 and generated by using the Spectral representation method 
[25]. 

It is observed that the stochastic linearization technique 
provides very accurate response estimates despite the high 
level of nonlinearity of the dampers. 

Using the proposed analytical technique, a parametric study 
is performed by analysing, the case of nonlinear viscous 
dampers with equal properties connecting the two buildings at 
the first four floors. The value of the dampers viscous 
constant, cd, is varied in the range between 0 kN·sα/mα and 
5,000 kN·sα/mα. Four discrete values of the velocity exponent 
are considered, i.e., α = 1 (linear case), 0.7, 0.5, and 0.3. 
Figure 10 reports the peak RMS response in terms of IDR of 
buildings A and B (Figure 10a) and the peak RMS force of the 
damper at the fourth floor (Figure 10b), for different values of 

dc  and of α. 
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Figure 9. Comparison of analytical and MCS estimates of the 
RMS response of buildings coupled with nonlinear dampers: 
(a) roof displacements of building A and B, and (b) force of 

damper at fourth floor. 
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In Figure 10a, it is observed that the critical damper viscous 
constant that minimizes the peak IDR RMS decreases for 
decreasing α. Furthermore, dampers with different exponent α 
exhibit similar performances in terms of maximum reduction 
of IDR.  

The results reported in Figure 10b show that, for a given dc  
value, the damper force decreases for increasing α. However, 
the damper forces at the critical dc  values that minimize the 
peak IDR RMS of building B for different α are comparable 
and slightly decrease for decreasing α. Thus, if the properties 
of the nonlinear viscous dampers are appropriately calibrated, 
the same performance in terms of response reduction can be 
achieved with the nonlinear viscous damper as that obtained 
by using linear viscous dampers, while minimizing the 
damper forces. 
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Figure 10. Peak response of buildings coupled with nonlinear 
dampers: (a) IDR RMS, and (b) 4th floor damper force RMS. 

4 CONCLUSIONS 
A stochastic approach is proposed for analysing the seismic 
performance of adjacent buildings coupled by nonlinear 
viscous dampers. The adjacent buildings are modelled as 
linear elastic multi-degree-of-freedom systems, and the 
nonlinearity is concentrated on the connecting dampers. A 
stochastic linearization technique is employed to estimate the 
stochastic response of the system while accounting for the 
nonlinear dampers behaviour.  

A case study consisting of two adjacent buildings with shear 
type behaviour connected by linear and nonlinear viscous 

dampers is analysed. The performance of the dampers is 
investigated by considering different response parameters 
including inter-storey drifts, displacements, and accelerations 
of the adjacent structures, as well as dampers’ forces. 

With reference to the case of linear dampers, the complex 
modal analysis of the coupled adjacent buildings reveals that 
the vibration modes are differently damped. In particular, the 
added dampers are effective in damping significantly only the 
first two modes. Furthermore, the damping ratio of the second 
mode, involving significant vibrations of the shorter building, 
is significantly higher than the damping ratio of the first 
mode, involving significant vibrations of the taller building. 
This phenomenon corresponds to a higher reduction of the 
inter-storey drift demand for the shorter building than for the 
taller building. 

With reference to the case of nonlinear dampers, it is shown 
that these dampers can yield similar response reductions as the 
linear dampers, while minimizing the forces in the dampers at 
the four storeys. 
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APPENDIX 
The time-modulated Kanai-Tajimi process as modified by 
Clough-Penzien, gu&& , can be obtained by passing a time-
modulated white noise processes with PSD equal to S0 through 
two filters. The first filter represents the soil and has 
frequency KTω  and damping KTξ , whereas the second filter, 
with parameters fω  and fξ , is introduced in order to avoid 
infinite values of the PSD of the velocity and displacement for 
the soil response process. 

The expression for the ground acceleration process, ( )gu t&& , 
is obtained through the following equations: 

( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )
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&& &

  (10) 

where  ( )w t   is  a  stationary  input  white‐noise  random 

process with PSD equal to  0S .  

In order to derive the statistics of the response of the system 
to the stochastic input model considered, the following state 
vector is introduced: 

 
T

T T
KT gg KT

u u u u⎡ ⎤= ⎣ ⎦z u u& & &   (11) 

and the equation of motion of the coupled system is expressed 
in the first-order state space form: 

  ( ) ( ) ( ) ( )s wt t t w t= ⋅ + ⋅z A z B&   (12) 

where: 
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where NxN0  = N x N matrix of zeros, 1Nx0  = N x 1 vector of 
zeros, and: 

  ( ) ( )1 10 0 0
TT T

w Nx Nxt tϕ⎡ ⎤= −⎣ ⎦B 0 0   (14) 

The stochastic response can be obtained by solving the 
differential equation of the covariance matrix ( )tzzQ , whose 
time-varying elements are the second order moments 

( ) ( )i jE z t z t⎡ ⎤⋅⎣ ⎦  relative to the state vector z : 

  ( ) ( ) ( ) ( ) ( ) ( )T
s st t t t t t= ⋅ + ⋅ +zz zz zzQ A Q Q A G&   (15) 

Here, matrix ( )tG  has all elements equal to zero, except 

for ( ) ( ) ( ) ( )2
02 2,2 2 2m n m n t S tπ ϕ⋅ + + ⋅ + + = ⋅ ⋅ ⋅G . 

Matrix ( )tzzQ  contains information about the statistics of 
the displacement and velocity response. It is noteworthy that 
the matrix ( )s tA  contains coefficients that are functions of 
the response covariance and, thus, an iterative scheme is 
required to obtain the solution to Eq. (15).  

The covariance matrix of the inter-storey drifts can be 
obtained as follows: 

  ( ) ( ) Tt t= ⋅ ⋅θθ θ zz θ
Q D Q D   (16) 

where θD  is a ( ) ( )2 2N N+ × +  matrix such that the vector 

( ) ( )t t= ⋅θθ D z  collects the inter-storey drifts of the two 
buildings. 
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The covariance matrix of the absolute accelerations of the 
system, collected in the vector ( )ta , is obtained as: 

   ( ) ( ) ( ) ( )Tt t t t= ⋅ ⋅aa a zz aQ D Q D   (17) 

where matrix ( )taD , defined as: 

( ) ( )1
1 1 1 1

eq
Nx Nx ds Nx Nxt t− ⎡ ⎤= − ⋅ +⎣ ⎦aD M K 0 0 C C 0 0   (18) 

is such that ( ) ( ) ( ) ( ) ( )gt t u t t t= + ⋅ = ⋅aa u r D z&& && . 
The covariance matrix of the damper forces, collected in the 

vector ( )d tf , is obtained as: 

   ( ) ( ) ( ) ( )Tt t t t= ⋅ ⋅ff f zz f
Q D Q D   (19) 

where matrix ( )tfD  is defined as: 

   ( ) ( )1 1 1 1
eq

NxN Nx Nx ds Nx Nxt t⎡ ⎤= ⎣ ⎦fD 0 0 0 C 0 0   (20) 
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ABSTRACT: This study describes some recent results of a numerical study on the wind-induced response of a tall building, 
contaminated by loading uncertainty. Two reduced order models are employed to derive the stochastic dynamic differential 
equations, which include the effects of uncertain wind loading estimation (modeling simplifications). The probability density 
function of the modal response is determined as a function of the mean wind speed and standard deviation of a parametric error 
term after solving a reduced Fokker-Planck Equation in higher dimensions. The probability function, obtained by Galerkin 
expansion methods, is compared to the approximate solution found by stochastic linearization. 

KEY WORDS: Stationary wind Loading; Tall buildings; Loading uncertainty; Stochastic dynamics; Reduced Fokker-Planck 
Equation; Stochastic linearization. 

1 INTRODUCTION 
Simulation methods for estimating the wind-induced response 
of tall buildings, accounting for various sources of 
uncertainty, have been proposed in the literature (e.g., [1], [2], 
[3]). Nevertheless, most of these methods have been 
developed for specific structures. Recently, a more 
generalized risk-based framework, in which high-frequency 
force balance (HFFB) results are used to analyze the 
reliability of the structure, has been applied to study the wind-
induced response of tall buildings [4]. Limitations of the 
HFFB method have been readily identified and discussed 
(linearization of mode shapes, non-planar modes, etc., [5,6]). 

The Database-Assisted Design method for high-rise 
buildings (e.g., [7]), which employs a large set of pressure 
measurements on a wind-tunnel model of the structure 
exposed to a simulated boundary layer wind, has been 
proposed and successfully employed to overcome the above 
limitations. Recently, a new wind tunnel method for high rise 
buildings has been proposed [8]; this method utilizes the 
simultaneous measurement of pressures and aeroelastic 
response to estimate the structural serviceability limit states. 

In line with the above-described emerging techniques for 
the analysis of wind loading and response on tall and slender 
structures, the author has been working on the study and 
derivation of stochastic models to analyze the wind-induced 
response of high-rise buildings. These models employ the 
quasi-steady approach to describe the partially lateral wind 
loads. These loads are partially-correlated due to turbulence 
and are reduced to an equivalent fully-correlated load acting 
over a limited portion of the lateral building surface by means 
of an equivalent correlation length.  

The correlation length depends on the building height, 
mode by mode; it has been utilized for many decades in wind 
engineering [9,10] to enable an adequate quantification of the 
lateral loads. This hypothesis introduces a modeling 
simplification in the loading; it is therefore important to 

investigate the effects of this modeling error on the structural 
response.  

This modeling error is analyzed in this study by using a 
reduced-order model of the building system; the model is 
perturbed by parametrically altering the correlation length by 
means of a zero-mean random variable with given standard 
deviation. State augmentation is employed to directly 
incorporate the effects of this random load correlation length. 
A system of Itô-type differential equations is consequently 
derived.  

The simulated structure is linear; it is a 183m tall 
benchmark building with a rectangular floor plan. The joint 
probability density function (PDF) of the stationary response, 
between along-wind (lateral) and across-wind (lateral-
transverse) vibration, is estimated by solving a Reduced 
Fokker-Planck Equation; this equation was associated with the 
complete aeroelastic system (seven states). A Galerkin 
expansion method, which has been adapted from existing 
approaches [11,12], is used for solving this equation. The use 
of two state augmentation “schemes” is analyzed, leading to 
two distinct nonlinear stochastic models. The study compares 
the results obtained using the two augmentation schemes. 

Moreover, since numerical solution of the Reduced Fokker-
Planck Equation is still a challenging task on large multi-
variable systems, the use of equivalent stochastic linearization 
is later explored to overcome the computational problem. The 
nonlinear differential equations are therefore re-cast into an 
equivalent linear system, which is approximately solved as a 
Gaussian vector at steady state. The approximate results of 
this equivalent system are compared to the more rigorous 
numerically-implemented solution of the nonlinear stochastic 
system in the last part of the study. 

The simulation of wind loading uncertainty and response is 
the first step towards the implementation of “rational 
methods” for performance-based design of tall buildings 
against high winds. 

Comparison of various reduced-order models to analyze the wind-induced response 
of a tall building subjected to parametric loading uncertainty 

Luca Caracoglia 

Department of Civil and Environmental Engineering, Northeastern University, 360 Huntington Ave., Boston, MA 02115, USA
email: lucac@coe.neu.edu 
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2 DESCRIPTION OF THE STATE-SPACE MODEL 

2.1 Basic model 
The reduced-order model is derived from the standard 
approach for building aerodynamics in the frequency domain 
(e.g., [13-16],) for linear structural behavior. The prototype 
structure is modeled after the CAARC benchmark building 
([13]); this building has a rectangular floor-plan of dimensions 
Dx and Dy and height h. Figure 1 shows a schematic of the 
building geometry and wind loading. The mean wind direction 
and mean loading plane are orthogonal to the vertical face of 
width Dy. Figure 1 depicts the plane of the along-wind 
loading. Quantities x(z,t) and y(z,t) are used to model the 
horizontal dynamic displacements in the primary bending 
planes. Torsional effects are neglected. 

z
UhΔz

Uh

Dx

z=h

z =2/3h
(reference 

height)

(roof top)

Φ1x(z)

x(z,t)

Mean wind

Fx(z,t)

(a) 

u

Top view 
at height z

UhΔz

Dx

Dyx(z,t)

y(z,t)
v

 (b) 

Figure 1. Schematic of the CAARC building – elevation (a) 
and top view at height z (b). 

 
The building mass is uniformly distributed along the height. 

For a symmetric floor-plan with equally-distributed mass the 
analysis of the dynamic response can be restricted to the 
degrees of freedom corresponding to the motion in the 
primary bending planes of the building. This is possible if the 
vibration results from a loading condition, in which the mean 
wind velocity U(z) has a direction perpendicular to one of the 
building faces (e.g., Dy in Figure 1b) and torsion is ignored.  

As a consequence, the dynamic response can be modeled by 
modal superposition as x(z,t)≈Φ1x(z)Dxξ1x(t) and 
y(z,t)≈Φ1y(z)Dxξ1y(t), with ξ1x and ξ1y dimensionless 
generalized coordinates and Φ1x(z) and Φ1y(z) dimensionless 
mode shapes of the first bending modes. As an example, the 
motion in the lateral bending direction x is depicted in Figure 
1a. The bending plane of mode “1y” is not shown in Figure 
1a. Modal superposition with x(z,t)=Φ1x(z)Dxξ1x(t) and 
y(z,t)=Φ1y(z)Dxξ1y(t) assumes that modes “1x” and “1y” are 
purely planar, with mode shape Φ1x(z) in the “z-x” plane and 
Φ1y(z) in the “z-y” plane. 

The fluctuating loads are modeled by assuming boundary 
layer wind with mean U(z), stationary turbulence components 
u(z,t) and v(z,t) as in Figure 1b. The mean wind velocity is 
referenced to the value at the top floor z=h (Uh in Figure 1a) 
and U(z)=UhΔz, with Δz a function describing the velocity 
profile. The modeling of the along-wind and across-wind 
(buffeting) loads per unit height in time domain follows the 
formulation in [16] as a function of time t. The static force 
coefficients per unit height are constant along z and 
normalized with respect to Dx. These are: for the along-wind 
load Fx(z,t), shown in Figure 1a, the drag coefficient CD and 
its derivative / αDdC d , evaluated at the mean static angle of 
attack α0=0. Similarly, for the for the transverse wind load 
Fy(z,t) they are the transverse force coefficient CL (“lift”) and 
its derivative / αLdC d . 

The generalized forces and modal masses (M1x, M1y) of the 
generalized degrees of freedom “1x” and “1y” (modes) can be 
derived from the continuous dynamic loads Fx(z,t) and Fy(z,t) 
[17]. For example, the generalized load of “1x” is 
Q1x=∫Φ1x(z)Fx(z,t)dz, the generalized mass is 
M1x=∫Φ2

1x(z)m(z)dz, with m(z) the mass per unit height of the 
structure. 

If the dynamic response is expressed in dimensionless form 
in terms of a dimensionless time s=tUh/Dx and reduced 
frequencies K1x=2πn1xDx/Uh, K1y=2πn1yDx/Uh (with 
frequencies of the modes n1x and n1y in Hz) the generalized 
equations of motion for “1x” and “1y” are [17]: 

 
1 1 1 ,1 1 1

2
2

ˆ1 ,1 1 1 1 1 1
1 0
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ˆ( , ) ( ) ,
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y
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D h z zC u z s z C v z s z
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(2) 

In the previous equations the prime symbol is used to 
designate the derivative with respect to dimensionless time s; 
the air density is ρ=1.25 kg/m3.  The turbulence terms 
ˆ / hu u U=  and ˆ / hv v U=  are dimensionless. Modal damping 

ratios are ζ1x and ζ1y with respect to the critical value. The 
following quantities are defined for simplicity: 

ˆ ( / )α= +D LDLC C dC d  and ˆ ( / )α= −L DLDC C dC d . Also, in 
Eqs. (1) and (2) coupling terms are introduced for modes “1x” 
and “1y”. For example in Eq. (1) we have: 

 
2

2
1 ,1 1

1 1 0

d( ) ,  
2
ρ

Η = Δ Φ∫
h

x
x x z x

x x

D h zz
K M h

 (3) 

 
2

1 ,1 1 1
1 1 0

d( ) ( ) .
2
ρ

Η = Δ Φ Φ∫
h

x
x y z x y

y x

D h zz z
K M h

 (4) 

Similar expressions can be found for Η1y,1y and Η1y,1x in Eq. 
(8); details may be found in [17]. The buffeting loads on the 
right-hand side of Eqs. (1-2) depend on the turbulence 
components at various z. These load terms are subsequently 
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simplified to separate dependency on z and time s. The 
partially correlated turbulence-induced forces are substituted 
by equivalent fully-correlated loads, acting on a reduced 
“projected area” of the lateral building surface. This principle 
is often used in wind engineering; it is compatible with the 
assumptions of the Equivalent Wind Spectrum Technique 
([16,18]). Lateral loads are therefore represented in terms of 
their Modal Correlation Length (MCL) in the vertical 
direction, normalized with respect to h [17]. 

Prior to the stochastic perturbation of the loading (modeling 
error), three MCLs are used and computed by least squares as 
Λ1x,u, Λ1y,u, Λ1y,v. As an example, Λ1x,u is obtained from:  

 
1 1

2
1 , 2, 1

0 0

( ) ( )
d d .2 | |exp

Δ Δ Φ Φ⎧ ⎫
⎪ ⎪⎪ ⎪⎡ ⎤ ⎡ ⎤Λ = ⎨ ⎬−⎣ ⎦ × −⎢ ⎥⎪ ⎪Δ +Δ⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

∫ ∫
a b

a b

z z x a x b
h h

a b
x u z u x a b

h z z

z z
z z

c n z z h
U

 (5) 

The square root of the equation above is 0<Λ1x,u≤1.0, i.e., 
the MCL of the 1x-mode generalized loading associated with 
the effects of u. In Eq. (5) the standard coherence decay 
coefficients [19] cz,u=10.0 is used (cz,v=6.67 for Λ1y,u and 
Λ1y,v). The expressions for Λ1y,u, the MCL related to mode 
“1y” and induced by u, and for Λ1y,v, the MCL related to mode 
“1y” and induced by v, can be found in [17]. If the MCLs are 
employed, Eqs. (1-2) become: 
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In Eqs. (6-7) “reference turbulence components” are 
needed; they are calculated at z=0.6h≈2/3h ([18]). These 
quantities are denoted as 0.6ˆ ˆ( ) ( 0.6, )hu s u z s= =  and 

0.6ˆ ˆ( ) ( 0.6, )hv s v z s= = . 

2.2 Error perturbation and stochastic model 
The dynamic system of equations in the time domain s=tUh/Dx  
is transformed into a stochastic differential system of the Itô-
type [20] to simulate the effects of lateral loading errors. As 
proposed in [17], an error perturbation is applied to the MCL 
of the 1x-mode lateral loading, Λ1x,u, in Eq. (5). The 
deterministic quantity Λ1x,u is replaced by (Λ1x,u+λu) with λu 
being a zero-mean dimensionless random variable. The 
quantity Λ1x,u (Eq. 5) becomes the mean value of the MCL 
and Eq. (6) is substituted by: 

 
( )

2
ˆ1 1 1 ,1 1 1 1 1 ,1 1 1 1

2 1
1 1 , 0.6
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ˆ ( ).
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= Λ +
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x D x x u u h

C K K C K

D hC M u s
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The Itô-type differential system is derived from Eqs. (7) and 
(8) in state-space form by expressing û 0.6h and v̂ 0.6h as the 
outputs of two auto-regressive filters, the input of which is a 

scalar Wiener process W(s) of unit-variance increments (e.g., 
[20]). These terms are written in a differential form in 
accordance with Itô’s differentiation rule by using time s: 

 0.6 1 0.6 2ˆ ˆd ( ) ( ) d 2 d ( )h u h uu s G u s s G W sπ= − + , (9) 

 0.6 1 0.6 2ˆ ˆd ( ) ( ) d 2 d ( )π= − +h v h vv s G v s s G W s . (10) 

In the previous equations G1u, G2u, G1v and G2v are 
deterministic constants, which are evaluated from the 
turbulence power spectral densities, evaluated at z=0.6h [17]. 
Equations (7-10) are subsequently combined together to 
obtain the stochastic differential system. The stochastic 
system “observes” the evolution of the state vector 
Z(s)=[ξ1x(s),ξ1y(s),ξ’1x(s),ξ’1y(s), û 0.6h(s), v̂ 0.6h(s),λu]T: 

 d ( ) ( ( ))d 2 d ( )s s s W sπ= +Z a Z d . (11) 

In the previous equation a is an autonomous nonlinear drift 
function of Z(s); d is a scalar n×1 diffusion vector, collecting 
some of the coefficients in Eqs. (9,10). The dimension of Z is 
n=7. Initial conditions on Z at s=0 are not needed since the 
steady-state response is analyzed (s→+∞).  

2.3 Description of the state-space models (“schemes”) 
Two distinct schemes of state augmentation are considered in 
order to determine the stationary joint- probability density 
function (PDF) of Z. Each model requires the derivation of 
the function a(Z) and vector d.  

In the case of the “Type-1” model, the equation above is 
relabeled as 1 1d ( ) ( ( )) d 2 d ( )s s s W sπ= +Z a Z d  with a1 and 
d1 the drift and diffusion. The diffusion is 

T4 1
1 2 2, , , 0u vG G×⎡ ⎤= ⎣ ⎦d 0 ; the drift function a1(Z) with state 

vector Z=[Z1,..,Zn]T of dimension n=7 is [17]: 
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.(12) 

The state augmentation, applied to derive the system “Type 
1” in Eq. (12), has one identity equation 0 = 0. This 
hypothesis has often been suggested for augmentation (e.g., 
[20]) since it allows for a parametric random error such as λu 
to be propagated through the system by preserving time-
invariant probabilistic features, which are compatible with an 
aleatoric error. Nevertheless, the identity equation 0 = 0 can 
negatively affect the accurate numerical solution of the 
stochastic system. Therefore, a second augmentation model, 
designated as “Type 2”, has been employed [17]. 
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For the “Type-2” model Eq. (11) is relabeled as 

2 2d ( ) ( ( ))d 2 d ( )s s s W sπ= +Z a Z d . It is based on the 
hypothesis that the error term (λu) becomes:  

 ( )d d 2 d ( )
uu u s W sλ λ λλ ε λ π σ ε π= − + . (13) 

In Eq. (13) σλu=SD(λu) is the standard deviation of the error 
and ελ>0 is a constant “shape” parameter.  

The latter quantity ελ>0 must be chosen so that the double-
sided power spectral density function of the error (

u
Sλ ), 

derived from Eq. (12), is sufficiently “broad” or “flat” in the 
range of frequencies (or reduced frequencies) of interest to the 
building response; this assumption ensures that the zero-mean 
random λu is approximately “white” in an attempt to simulate 
the modeling error. The coefficient ελ=10 has been 
recommended [17] since it produces a 10% relative reduction 
in 

u
Sλ  at K=2πnuDx/Uh=5 (with nu in Hz) from the maximum 

of 
u

Sλ  at K=0. The frequency value K=5 is high in 
comparison with reduced frequencies typical of the 
fundamental mode of the building (K=2 at Uh =20 m/s). 

If Eq. (12) is used, the diffusion and drift of “Type-2” 
model become 

T4 1
2 2 2, , ,

uu vG G λ λσ ε π×⎡ ⎤= ⎣ ⎦d 0  and [17]: 
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2.4 Finding the stationary joint-PDF of the state vector  
The stationary joint-PDF of Z, which includes the random 
λu≠0, is p(z). This multi-variable function can be found from 
Eq. (11) by either using a=a1 and d=d1, or a=a2 and d=d2 
(Section 2.3) and by solving a Reduced Fokker-Planck 
Equation (RFPE) of the system at steady state [20]. This 
equation can be written in scalar form with r=4 and n=7 as 
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with the scalar terms Rj,k derived from R=d1d1
T or R=d2d2

T. 

3 SOLUTION OF THE RFPE 

3.1 Galerkin expansion method 
For the numerical solution of Eq. (15) the joint-PDF is 
represented in terms of probability potential ([21]), φ(z), as 
p(z)=Cpexp[φ(z)] with Cp integration constant. As a result, it 
is found: 
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 (16) 

The algorithm in [11] is used to solve the previous equation, 
which employs a Galerkin expansion of φ(z) as φ(z)=∑κβhβ(z) 
using a basis of orthogonal Normalized Hermite Polynomials 
hβ(z1,..,zj,..,zn)=hβ1(z1)× ..×hβj(zj)× ..×hβn(zn) and unknowns κβ 
terms. The degree of each scalar polynomial, associated with 
the scalar zj, is designated by its index; for example, with βj=2 
there corresponds hβj(zj)=(zj

2-1)/√2). The vector of 
“lexicographic” indices β=(β1,..,βj,..,βn) collects the degrees of 
each hβj function; the index l=1,...,dNHP is also used to regroup 
all the β vector-indices in ascending order, based on their 
degree, with the overall degree of the hβ being determined 
from ∑βj. Due to the orthogonality property of the NHPs with 
respect to the standard Gaussian PDF with independent zj the 
unknowns κβ are found by “averaging” Eq. (16) with respect 
to the Gaussian vector over the domain of z. 

If the series φ(z)=∑κβhβ(z) is truncated by retaining the first 
dNHP terms, Eq. (16) is transformed into a non-linear 
homogeneous algebraic problem of dNHP equations, the 
generic l-th scalar equation of which is related to a generic 
vector-index γ in the expansion: 

 ( ) ( ), ,( )
(1,...,0) (1,...,0) (1,...,0)

0.jE E Gπ κ π κ κ
= = =

− − =∑ ∑ ∑γβ β β ε γ β εγ β
β β ε

(17) 

In the equation above the index γ varies from γ=(1,..,0) (or 
l=1) to γ corresponding to l=dNHP; κβ and κε are the unwknown 
coefficients of the Galerkin expansion. The Eγβ scalar terms 
are found by numerical integration, whereas the scalar Eγ(β)j 
and G(γ),β,ε can be found in closed form [17]. 

3.2 Stochastic linearization  
Stochastic linearization is a popular technique for the 
approximate solution of a nonlinear stochastic differential 
equation system, which has been employed for many decades 
in engineering mechanics in its various forms [22-24]. The 
method consists in replacing the nonlinear system (Eq. 11) by 
an equivalent linear system of equation: 

 d ( ) ( )d 2 d ( )π= +%s s s W sZ AZ d . (18) 

In Eq. (18) the joint-PDF p(z) can be easily determined 
without requiring the solution of Eq. (15). The equivalent 
system in Eq. (18) is compared to the original system (Eq. 
11), in which the nonlinear function a(Z) (either a1 or a2) is 
rewritten as a combination of a linear part A and a strictly 
nonlinear term aNL(Z) as: a(Z)=AZ+aNL(Z). The matrix A 
corresponds to the system state in the absence of parametric 
error (λu=0), i.e., the solution to a standard buffeting problem, 
whereas the nonlinear function aNL(Z) can be related to Eq. 
(8). As in the standard application of the stochastic 
linearization (e.g., [21]), the equivalent system is found by 
minimizing the mean-square error eMS between the true 
response and the approximated one: 
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 ( ) ( )( ) ( )⎡ ⎤= + − + −⎢ ⎥⎣ ⎦
% %% % % % % %T

MS NL NLe E AZ a Z AZ AZ a Z AZ . (19) 

In the previous equation the symbol %Z  is used to designate 
the vector computed by equivalent linearization. The 
minimization of Eq. (19) leads to a system of algebraic 
equations, in which each scalar term i,j with i=1,…,2n and 
j=1,…,2n is found from (e.g., [21]):  

 ( )
2

, , ,
1

( )
=

⎡ ⎤ ⎡ ⎤= −⎣ ⎦ ⎣ ⎦∑ %% % % %
n

NL i j i k i k k j
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If the matrices are partitioned as A=[A(U),A(L)]T, 
%A =[ ( )% UA , ( )% LA ]T with the upper (U) matrix of dimensions 

2×n, the lower partition (L) of dimensions (n-2)×n and by 
noting that vector (1 2) ( )( ) , ( )×⎡ ⎤= ⎣ ⎦

% % TL
NL NLa Z 0 a Z , it is observed 

that [ ]( ) ( ) ,= =% U UA A 0 I . Therefore, the solution of the lower 

part of Eq. (20) is only needed. The unknown matrix ( )% LA  can 
be found by manipulating Eq. (20) and relabeling the 
expectation terms as ( )

, ,( )⎡ ⎤ = Ψ⎣ ⎦
% % E

NL i j i jE a ZZ : 

 ( ) ( ) ( ) 1−= +% %L L EA A Ψ K . (21) 

In Eq. (21) K̂  is the covariance matrix of the approximate 
solution vector. Equation (21) is implicit since both ( )% LA  and 
%K  are unknown quantities [21]. Also, the terms ( )

,Ψ E
i j  require 

prior knowledge of the probability distribution of %Z  and 
a(U)

NL. Therefore, it is usually necessary to solve this equation 
by an iterative procedure [21], for example by making simple 
assumptions on the distributions (and, in particular, the 
correlations) of the random state-vector terms. In the current 
study the joint-PDF of the equivalent solution is approximated 
by a multi-variate Gaussian distribution of dimension n=7. 
This assumption enables the solution by iteratively updating 
the lower partition of the system matrix at a generic step k: 

 ( ) 1( ) ( ) ( )
1

−

+ = +% %L L E
k k kA A Ψ K . (22) 

This equation is iteratively solved for increasing values of 
index k until convergence; the expectation terms in the 
rectangular matrix ( )E

kΨ  of dimensions (n-2)×n are evaluated 
by Monte-Carlo sampling, using the statistical properties of 
the approximate solution vector inherited through its 
covariance matrix % kK  at step k. The covariance matrix % kK  is 
calculated and updated at each time step via Lyapunov matrix 
equation (e.g., [25]), under the hypothesis of multi-variate 
Gaussian vector in Eq. (18) i.e., from 

2 0π+ + =% %% % T
k k k kA K K A dd ; the system matrix is 

reconstructed as %
kA =[ ( )% UA , ( )% L

kA ]T. The initial step of the 
iterative procedure (k=0) is taken as the Gaussian solution 
vector of Eq. (11) with λu=0.  

The use of a multi-variate Gaussian distribution to 
approximate the solution has been suggested by several 
authors (e.g., [22,23]). Nevertheless, this solution ignores the 
contribution of higher moments (e.g., skewness); this 
assumption is a limitation of the stochastic linearization for 

highly nonlinear systems. Even though more sophisticated 
procedures have been offered to overcome this issue [26,27], 
the use of a simpler approach has been preferred in this study. 

Finally, once the matrix %A  is determined, the joint-PDF 
can be inferred directly from the Gaussian random vector. 

4 DESCRIPTION OF THE CAARC BUILDING 
The modeled structure is the CAARC building ([13]) of 
dimensions Dx = 30.5 m, Dy = 45.7 m and h = 183 m (Figure 
1); the mass per unit height is 220,800 kg/m. The first natural 
frequencies are n1x=0.20 Hz and n1y=0.22 Hz. Mode shapes 
are approximated as Φ1x(z)=(z/h) and Φ1y(z)=(z/h). Damping 
ratios are ζ1x = ζ1y = 0.01 for both modes.  

The building response at full-scale is evaluated by 
reproducing the wind-tunnel flow conditions in [13] and by 
dynamic similarity. In contrast with [13], in which the 
velocity profile is prescribed by power-law function with 
exponent 0.28, the velocity deficit with respect to the roof top 
(Δz) is modeled by logarithmic law with roughness length 
0.5m. This velocity profile can possibly lead to wind load 
over-estimation, as discussed below. Both along-wind (u) and 
across-wind (v) components of wind turbulence are modeled 
by means of a Harris spectrum [13]. The normalized power 
spectral densities of turbulence at z=0.6h, û 0.6h and v̂ 0.6h, are 
needed to determine the coefficients of Eqs. (9,10). These 
coefficients are shown at mean wind speed Uh=20 m/s in 
Table 1, as an example (Iu and Iv are turbulence intensities).  

Table 1. Parameters of Eqs. (9) and (10) for 0.6ˆ hu  and 0.6ˆ hv . 

Uh (m/s) Iu G1u G2u  Iv G1v G2v 
20 14% 0.356 0.121  10% 0.356 0.091

 
The aerodynamic static coefficients of the building per unit 

height, indirectly derived from [13], are: CD=1.0, dCD/dα = -
1.1, CL = -0.1, dCL/dα = -2.2. Details may be found in [28].  

In the absence of loading error λu, the normalized root-
mean-square (RMS) response of the building at the roof top in 
the x and y directions (dimensionless random variables ξ1x and 
ξ1y) has been examined in a previous study [28]. The RMS 
results have been compared to the reference normalized RMS 
values, observed in wind tunnel [13] at various mean wind 
speeds Uh with mean-wind incidence angle orthogonal to the 
vertical face of horizontal dimension Dy (Figure 1).  

This comparison has enabled the validation of the reduced-
order model. In general, the proposed model over-predicts the 
along-wind lateral response at moderate wind speeds (Uh = 20 
m/s); such differences, however tend to diminish as Uh is 
incremented (50 m/s) with differences of the order of a few 
percent, thus suggesting adequate performance of the reduced-
order model. The across-wind response is captured reasonably 
well (reduction between 20% and 30%), and in spite of the 
quasi-steady loading hypothesis in Eqs. (1,2), which does not 
account for vortex shedding effects. Some dependency on the 
choice of aerodynamic coefficients has been noted [28]. 

5 NUMERICAL RESULTS 

5.1 Galerkin expansion method 
The analysis of the dynamic response, obtained by Galerkin 

expansion, is limited to the joint-PDF of the generalized 
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building response. The quantities ξ1x and ξ1y are proportional 
to the top-floor building response in the along-wind lateral 
and across-wind transverse bending planes.  

Both Type-1 and Type-2 models (Section 2.3) are 
investigated. The wind loading is generated by the boundary 
layer with mean wind speed Uh=20 m/s (roof top). The MCL 
at Uh = 20 m/s are: Λ1x,u=Λ1y,u=0.17 and Λ1y,v=0.21 [28]. A 
wind loading error λu with standard deviation 
SD(λu)=0.25Λ1x,u is superimposed to the reference buffeting 
scenario; this case is evaluated in this section.  

In accordance with the Galerkin method, the κβ 
coefficients of the probability potential, φ(z)=∑κβhβ(z), can be 
found by Eq. (17), as described in Section 3.1. The expansion 
is truncated after including all third-degree polynomials of the 
hβ(z) expansion; this has been done in an attempt to preserve 
the nonlinearity of the stochastic system and to evaluate non-
Gaussian features of p(z). The joint-PDF of the state vector 
p(z)=Cpexp[φ(z)] can be obtained from φ(z)=∑κβhβ(z) with 
integration constant Cp being numerically estimated by 
imposing the condition ∫..∫p(z)dz=1.0, i.e., by Monte-Carlo 
integration over the whole domain of dimension n=7 [29]. It 
can also be shown that Cp is a function of the standard 
deviation SD(λu) of the MCL error λu ([17]). More information 
on the examination of the magnitude and importance of the κβ 
terms in constructing the φ(z) function is available in [28]. 

The joint-PDF of the generalized dynamic response of the 
building p(ξ1x,ξ1y) is determined by partial integration of p(z), 
carried out over the domain of the remaining variables after 
the calculation of Cp, over the domain of the remaining 
variables. For Type-1 model, if the MCL error is 
SD(λu)=0.25Λ1x,u, Cp=1.24E-04 is found from the integration 
of p(z)=Cpexp[φ(z)] with φ(z)=∑κβhβ(z). For Type-2 model 
the integration constant, based on a random λu with 
SD(λu)=0.25Λ1x,u, is found as Cp=1.47E-04. Both values of Cp 
are of the same order of magnitude. 

Figure 2 depicts the joint-PDF of the generalized building 
response ξ1x and ξ1y for Type-1 model at mean wind speed 
Uh=20 m/s and MCL error with SD(λu)=0.25Λ1x,u. 
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Figure 2. Joint-PDF of the generalized building response ξ1x 
and ξ1y for Type-1 model at mean wind speed Uh=20 m/s and 

MCL error with SD(λu)=0.25Λ1x,u (Galerkin expansion). 

 
Similarly, Figure 3 shows the joint-PDF between ξ1x and ξ1y 

for Type-2 model at mean wind speed Uh=20 m/s and MCL 
error with SD(λu)=0.25Λ1x,u. The probability plots in Figure 2 

and Figure 3 are plausible and physically compatible with ξ1x 
and ξ1y being two stationary random processes.  
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Figure 3. Joint-PDF of the generalized building response ξ1x 
and ξ1y for Type-2 model at mean wind speed Uh=20 m/s and 

MCL error with SD(λu)=0.25Λ1x,u (Galerkin expansion). 

 
Although the magnitude and distribution of the Galerkin 

expansion coefficients, obtained by Type-1 and Type-2 
models, is similar in these figures, non-negligible differences 
are observed in the p(ξ1x,ξ1x) plots. In the case of Type-2 
model, for example, the concavity of the curve appears 
diminished. The Type-1 model predicts a double curvature in 
the p(ξ1x,ξ1x) function in Figure 2, whereas the same feature is 
not noticeable in the graph of Figure 3. The stated 
shortcoming of Type-1 model is clearly alleviated by the 
Type-2 scheme, even though the effect on the joint-PDF 
requires additional investigation (by stochastic linearization). 

5.2 Stochastic linearization 
Stochastic linearization is utilized in this section to 
approximately solve the RFPE. The method is applied to the 
solution of the dynamic response of the CAARC building, 
affected by zero-mean MCL error λu with SD(λu)=0.25Λ1x,u.  

The investigation also considers the effects of a variation in 
the mean wind speed Uh on the predicted response. Even 
though the mean wind speed is varied, turbulence intensities Iu 
and Iv are kept constant during the various simulation. It must 
be noted that the MCLs Λ1y,u, Λ1y,v and Λ1x,u (mean value) 
depend on Uh; this observation is discernible by inspection of 
Eq. (5). For example, in the case of Λ1x,u an increment is 
observed from Λ1x,u=0.17 at Uh=20 m/s to Λ1x,u=0.23 at Uh=40 
m/s. As a consequence, the magnitude of SD(λu) grows with 
Uh. This statement is, however, plausible with the fact that 
experimental estimation of the wind loading on a scaled-
model of the structure (e.g., in wind tunnel) is less accurate as 
flow speed is increased due to higher experimental noise. 

Figure 4 shows the joint-PDF function p(ξ1x,ξ1x) derived 
from p(z) and obtained by stochastic linearization for the 
Type-1 model. Three surfaces are presented by varying the 
mean wind speed from Uh=20 m/s (moderate speed, similar to 
Section 5.1) to Uh=50 m/s (compatible with hurricane-force 
winds).  

In each figure, the number of Monte-Carlo points, used to 
integrate p(z) is also indicated in each figure. In a similar way, 
Figure 5 presents the p(ξ1x,ξ1x) functions of Type-2 model by 
stochastic linearization, categorized by mean wind speed. 
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Figure 4. Joint-PDF of ξ1x and ξ1y by stochastic linearization 
for Type-1 model with MCL error standard deviation 

SD(λu)=0.25Λ1x,u and mean wind speed Uh=20 m/s (a), Uh=40 
m/s (b) and Uh=50 m/s (c). 

 
All the probability functions inherit the shape of a two-

variable Gaussian vector as a consequence of the application 
of the stochastic linearization. Therefore, these surfaces may 
be considered as approximate solutions to the joint-PDF and, 
therefore, possibly less accurate than the numerical results, 
studied in Section 5.1 for Uh=20 m/s only.  

Analysis of the PDF reveals that some correlation exists 
between generalized displacements ξ1x and ξ1y. For Type-1 
model, a negative correlation coefficient between ξ1x and ξ1y 
equal to -14% is observed at Uh=20 m/s in Figure 4a (possibly 
difficult to detect from the surface plot in the figure).  
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Figure 5. Joint-PDF of ξ1x and ξ1y by stochastic linearization 
for Type-2 model with MCL error standard deviation 

SD(λu)=0.25Λ1x,u and mean wind speed Uh=20 m/s (a), Uh=40 
m/s (b) and Uh=50 m/s (c). 

 
The same quantity decreases to -11% at Uh=40 m/s in 

Figure 4b and again to -10% at Uh =50 m/s Figure 4c. 
A similar trend is also found for Type-2 model in Figure 5, 

in which a progressively decreasing correlation coefficient is 
observed at larger Ut. It is believed that this effect results from 
the aeroelastic coupling between the two primary structural 
modes, the dynamics of which is mutually influenced by the 
Η1x,1y term in Eq. (4). In any case, this phenomenon requires 
further investigation also to clarify whether the examination 
of the correlation coefficient is appropriate for characterizing 
the fluid-structure interaction.  
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6 DISCUSSION AND CONCLUDING REMARKS 
The comparison of the PDF curves obtained by Galerkin 
expansion with the p(ξ1x,ξ1x) by stochastic linearization, for 
Type-1 model (Figure 2 vs. Figure 4a) and for Type-2 model 
(Figure 3 vs. Figure 5a), reveals some visible differences 
between more accurate Galerkin solution and the approximate 
Gaussian distribution, resulting from the linearization. 
Interpretation of the observed discrepancies is believed to be 
related to the fact that the parametric non-linearity introduced 
in Eq. (11), with λu having a large relative variability 
SD(λu)=0.25Λ1x,u, can indeed drastically influence the 
dynamic solution, especially in the tails of the distributions 
where the extreme values are usually located. This may have a 
potential effect on the estimation of peak loads and response 
with consequent implication on design procedures. 

Nevertheless, the above-described dissimilarities may also 
possibly be influenced in part by the numerical solution, 
introduced through the Galerkin expansion. This question has 
been highlighted in previous work [28] and is still under 
investigation. In any case, it is observed that the proposed 
algorithm for stochastic linearization provides a sufficiently 
accurate estimation, at least in terms of variances and co-
variances of the generalized response variables. The 
linearization approach could be accepted at least from an 
engineering standpoint and for standard design.  

Future investigation will focus on the adequacy of the 
Galerkin expansion method to the solution of the RFPE 
associated with a stochastic differential system of large 
dimensions (n≥7), more realistically replicating the dynamics 
of the actual building. This is still an open research question 
in the more general field of structural dynamics (e.g., [30,31]). 
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ABSTRACT: Nonlinear time history analyses are usually required to build fragility curves for seismic reliability analyses. 
However, this becomes time consuming for large FE model and a great number of runs required to obtain statistical stable 
results. Alternatively, the nonlinear response of structures subjected to earthquakes can be sufficiently analysed by pushover 
analysis. For this purpose a stochastic seismic load model in the frequency domain is required, which is presented in this paper. 
The first part of the model describes the lateral load pattern while the second part comprises the target displacement. The model 
enables seismic reliability analysis by pushover analysis, which is more efficient than commonly used time history analysis. 
Furthermore, a direct relationship between the response spectrum at a site and the expected uncertainties in the seismic loading 
is given. The application of the model is shown in a case study of a moment resisting steel frame. 

KEYWORDS: reliability, seismic, pushover analysis, stochastic load model. 

1 INTRODUCTION 

1.1 Seismic risk analysis 
In seismic risk analysis the performance of the structure is 
usually analysed separately from the seismic hazard at a site. 

The structural performance is represented by the fragility 
curve F, which describes the conditional failure probability of 
the structure as a function of the seismic intensity. It is built 
by non-linear time history analyses, where uncertainties of the 
seismic input at a specific intensity level, uncertainties of the 
structural properties and uncertainties of the capacities are 
considered. The scattering of the seismic input is accounted 
for by using different accelerograms representative for the 
earthquake characteristic at a site, which are e.g. defined by a 
response spectrum. The uncertainties of the structural 
properties are included by using a new set of samples for the 
random variables at each time-step analysis with a new 
accelerogram. The samples are generated by Monte-Carlo 
simulation or more efficient stratified simulation techniques 
(e.g. Latin Hypercube sampling).  

The occurrence of earthquake with a specific intensity at a 
site is determined in probabilistic seismic hazard analyses 
(PSHA). The result is described by the hazard curve H in 
discrete or closed form. The total failure probability Pf of a 
structure at the site is obtained by combining the fragility 
curve with the hazard curve and integration over the seismic 
intensities. 

 ( ) ( )∫
∞

⋅=
0

imdimHimfPf  (1) 

where f is the pdf of the fragility curve, H the cdf of the 
hazard curve and im the seismic intensity measure. 

The disadvantages of this procedure are the time consuming 
non-linear time history analyses. The combination of a large 

number of samples to obtain stabilized results and costly 
analysis methods for large FE models becomes inefficient. 

1.2 Pushover analysis 
Beside time history analysis nonlinear static (pushover) 
analysis procedures are an appropriate method to investigate 
the inelastic performance of structures subjected to seismic 
loading. Lateral loads are increased monotonically up to a 
target displacement of roof drift, while gravity loads are kept 
constant. The lateral load pattern over the height of the 
building is chosen proportional to mass distribution and 
consistent with the fundamental mode shape. However, 
additionally a constant lateral load pattern consistent with 
uniform response acceleration should be applied to consider 
higher mode affects [1]. The target displacement is 
determined on the basis of the elastic displacement response 
spectrum of an equivalent SDOF system. At the end, the 
plastic mechanism as well as local deformation demands at 
the target displacement can be assessed in relation to the 
deformation capacities of members and connections. The 
simplicity of this inelastic seismic analysis procedure paved 
the way in many current seismic codes and guidelines, e.g. 
[1], [2], [3]. 

Improvements of the basic procedure are published in recent 
years [4]. It comprises improvements for the determination of 
the target displacement as well as the consideration of higher 
mode effects, strength degradation and soil-structure 
interaction. 

However, pushover analyses are applicable only for 
deterministic seismic analysis until now, as a stochastic 
seismic load model is not available for this procedure. The 
most comprehensive and most realistic description of seismic 
loadings is by recorded or artificial generated ground motion 
histories expected at a site. For nonlinear static analysis 
however, the seismic loading has to be described in the 
frequency domain, e. g. by response spectra. In this paper a 
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stochastic seismic load model in the frequency domain is 
presented, which is applicable in nonlinear static analysis. It 
aims to obtain a similar scattering of the seismic loading in the 
frequency domain like in the time domain. This enables the 
application of the more efficient nonlinear static analysis 
method within seismic risk analysis. Furthermore, a direct 
relation between the deterministic characterisation of the 
seismic loading (e.g. response spectra) and the expected 
scattering of the seismic loading is given. The stochastic 
model comprises formulas to describe the lateral load pattern 
as well as to describe the target displacement; both are derived 
and presented in the following sections.  

2 STOCHASTIC MODEL OF LATERAL LOAD 
PATTERN 

2.1 Fundamentals and assumptions 
Seismic loading is characterized by the probability of 
occurrence of an earthquake with certain intensity and the 
variation of the ground motion history (frequency content, 
duration, etc.). Therefore, the lateral load pattern can be 
divided in a dominating part consistent with the fundamental 
mode shape and deviations in respect to fundamental mode 
shape due to higher mode effects. These deviations are the 
basis of the model to describe the uncertainties in the lateral 
load pattern. 

The model was derived from a number of elastic and 
inelastic time history analyses of moment resisting steel 
frames, which were designed according to EN 1998-1. It 
could be shown that the plastic hinge pattern in an elastic 
structure (where plastic hinge is defined as a moment capacity 
ratio greater than one) is highly correlated with the plastic 
mechanism in the corresponding inelastic structure. Therefore, 
it is assumed that the lateral load pattern for elastic and 
inelastic structural behaviour is very similar (what is already 
the basic assumption for every elastic static seismic analysis 
procedure, too). Furthermore, there a high correlation between 
the time step of the maximum roof drift and the time step, in 
which the plastic mechanism occur, could be observed.  

Hence, the model for the lateral load pattern was derived 
from the lateral displacement shape of elastic structures at 
maximum roof drift in time history analysis.  The advantage is 
that for elastic structures a direct relationship between 
displacement shape and the lateral load pattern exist via the 
stiffness matrix. Additionally, principles of the linear random 
process theory are applicable for linear structural behaviour. 

2.2 Evaluation of displacement and forces 
In Fig. 1 the lateral displacement shapes at maximum roof 
drift are shown for a 5 storey moment resisting steel frame 
subjected to 20 different accelerograms. The accelerograms 
meet sufficiently the same target spectrum (ag = 0.25 g, 
spectrum type 1, soil class C acc. to EN 1998-1) and are 
scaled in such a way that the spectral value at the fundamental 
period is equal to the target spectrum (conditioned spectrum). 
Obviously, the deformation is dominated by the fundamental 
mode and the mean value of all samples is equivalent to the 
fundamental mode shape. The coefficient of variation (COV) 
of lateral displacements is between 0.02 and 0.05 depending 
on the storey. In Fig. 2 displacements caused by higher mode 
shapes are separated by subtracting the fundamental mode  

 
Figure 1. Total lateral displacement at time step of maximum 

roof drift. 

 
Figure 2. Lateral displacement of higher modes at time step of 

maximum roof drift. 

 
Figure 3. Corresponding lateral forces at time step of 

maximum roof drift. 

 
Figure 4. Corresponding lateral forces of higher modes at time 

step of maximum roof drift. 
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shape of the total deformation. For this it is assumed that the 
lateral displacement of higher modes is zero at the node of 2nd 
eigen-mode. This assumption is only exact for the 2nd mode 
shape, but not for higher mode shapes. However, the error is 
low as the displacement amplitude of higher modes is very 
small. In Fig. 2 the 2nd and 3rd mode shape can be clearly 
identified. But it should be emphasized that the displacement 
amplitudes of higher modes are small (~0.01 m) in relation to 
the displacement caused by the fundamental mode (~0.40 m). 

The corresponding lateral loads are determined with the 
condensed stiffness matrix for the total displacement (Fig. 3) 
and displacements caused by higher modes (Fig. 4). The 
COVs of the lateral forces are significant larger than for the 
displacements; displacements in higher mode shapes require 
higher forces (more energy) than the displacements in the 
fundamental mode shape. Hence, the influence of higher 
modes is more obvious for forces than for displacements. 

2.3 Maximum displacement of fundamental mode  
The contribution of each mode shape to the total displacement 
was evaluated by modal superposition of equivalent SDOF. 
For the fundamental mode could be observed that its 
maximum displacement occurs were close to the time step of 
the maximum roof drift of the whole structure (Fig. 5). In 
general this is the case, if the total displacement is dominated 
by the fundamental mode shape and displacement amplitudes 
of higher modes are relatively small. However, this is true for 
moment resisting steel frames designed acc. to EN 1998-1. 
The maximum displacement of the fundamental mode is given 
by the ordinate of the displacement response spectra at this 
period Sd(T1). Finally, the mean value of the lateral 
displacement of the structure is determined by multiplication 
of Sd(T1) with the participation factor Γ1 and the eigen-vector 
φ1of the fundamental mode: 

 ( ) 1max1,uu φ⋅== max,1qμ  (2) 

 ( ) ( )112

2
1

1111max,1 ,
4

, ξ
π

ξ TSTTSq ad ⋅
⋅

⋅Γ=⋅Γ=  (3) 

where φ1 and Γ1 are the Eigenvector and participation factor 
of the fundamental mode; Sd and Sa are the spectral values of 
the displacement respectively the acceleration response 
spectra. 

As conditioned spectra are used in this study (see section 
2.2) the scattering of the displacement response spectra at the 
fundamental period is zero. However, this is true for the 
stochastic seismic load model in general. Response spectra of 
(recorded or artificial generated) ground motions, which do 
not exactly meet the target spectrum, are an artificial 
introduced scattering due to non-perfect time histories and do 
not represent the real scattering of the ground motions. 

2.4 Displacement of higher modes 
In the previous section an analytical formula for the mean 
value of the lateral displacement was derived. Now the 
scattering due to higher mode effects is investigated. The 
critical time step is defined at the maximum roof drift, which 
is approximately equal to the time step of the maximum 
displacement of the fundamental mode. However, if the cri- 

 
Figure 5. Displacement history of MRF steel frame and based 

on modal superposition. 

 

 
Figure 6. Displacement history of equivalent SDOF of each 

mode (without participation factors). 

tical time step is fixed by the fundamental mode, the 
displacement of higher modes at this time is random (Fig. 6). 
 In general, the displacement history of a SDOF subjected to a 
ground motion can be described by a stationary Gauss process 
with zero mean [5]. Hence, the displacement at a specific time 
step is normally distributed with mean value equal to zero. 
(This is absolutely correct for stochastically independent 
modes; however, for moment resisting steel frames this can 
usually be assumed). The standard deviation of the Gauss 
process is connected with the maximum displacement by the 
peak factor r. Hence, the standard deviation of the 
displacement of higher modes σ(un) is equal to the ordinate of 
the displacement response spectrum at the corresponding 
eigen-period divided by the peak factor rn: 

 ( ) ( ) ( ) ( )nnnnnnd ururuTS σσμ ⋅=⋅+=  (4) 

 ( ) ( )
n

nd
n r

TS
u =σ  (5) 

The peak factor is a function of the spectral values of the 
displacement time history, the duration of the stationary part 
of the earthquake and the probability of exceedance. For 
earthquakes r is approximately 3 [5]. Finally, the standard 
deviation of the lateral displacement can be determined for 
modes each mode n > 1 with Equ. (4) and its participation 
factor Γν as well as its eigen-vector φν. The total standard 
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deviation due to all higher modes is calculated with the SRSS-
rule: 

 ( ) nnu φσ ⋅= ,nqσ  (6) 

 
( ) ( )

n

nnan
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n
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nn r
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TSq ξ

π
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4
,

2

2

, ⋅
⋅

⋅Γ=⋅Γ=  (7) 

 ( ) ( )∑
≥

=
2

2

n

σσ nuu  (8) 

where φn and Γn are the Eigenvector and participation factor 
of the nth mode; Sd and Sa are the spectral values of the 
displacement respectively the acceleration response spectra. 
 

2.5 Stochastic parameter of lateral loads 
Based on the analytical formulas for mean value and standard 
deviation of the lateral displacement, the stochastic parameter 
of lateral load pattern can be determined with the condensed 
stiffness matrix. Alternatively, these can be obtained directly 
with the acceleration response spectrum: 

 ( ) ( )11,ξTSμ a⋅= 1sF  (9) 

 ( ) ( )
n

nna

r
TS

σ
ξ,

⋅= nn sF  (10) 

 ( ) ( )∑
≥

=
2

2

n

σσ nFF  (11) 

 nn Ms φ⋅⋅Γ= n  (12) 

where sn is the excitation vector and M the mass matrix. 
The analytical formulas of the stochastic load model (Equ. 

(1) and (5)) were compared with stochastic parameter 
obtained from statistical evaluation of time history analysis in 
several case studies. The model corresponds very well with 
the empirical data.  

3 STOCHASTIC MODEL OF TARGET 
DISPLACEMENT 

3.1 Mean value of maximum roof drift 
As shown in the previous sections, the maximum roof drift of 
an elastic structure is given by the displacement response at 
the fundamental period plus scattering due to higher modes. 
The maximum response of structures with linear behaviour is 
proportional to the seismic intensity (e.g. PGA or Sa(T1)). It 
can be determined directly by the elastic displacement 
response spectra:  

 ( ) 11, Γ⋅= TSu delD  (13) 

The maximum roof drift of inelastic structure, which is equal 
to the target displacement in a pushover analysis, is 
additionally affected by uncertainties in the inelastic response 
(e.g. accumulative plastic deformations). The nonlinear 
response of structures with moderate to high eigen-periods 

T1 > TC (typical for moment resisting steel frames), is shown 
schematically in Fig. 7. After the first yielding occurs, the roof 
drift uD increases under proportionally, as seismic energy is 
dissipated by plastic deformations. For significant larger 
seismic intensities the roof drift grows disproportionally high 
due to P-Δ-effects; finally the structure collapse.  

The nonlinear behaviour of moment resisting steel frames in 
incremental dynamic analysis is very similar, if the results are 
scaled to the ductility μ (x-axis) respectively the displacement 
ductility μd (y-axis) (Fig. 8): Until μ = 1.0 the relation 
between μ and μd is linear; after first yielding up to μ = 8.0 the 
relation is under proportional. This can be approximately 
described by following linear equations: 

μμ =d   for 0.1≤μ  (14) 

3.07.0 +⋅= μμd    for 0.80.1 ≤< μ   

Hence, the mean value of maximum roof drift for structures 
with nonlinear material behaviour respective the target 
displacement can be determined with Equ. (12) and Equ. (13): 

( ) 11max,,max, Γ⋅=⋅= TSuu delDD μ
μ

 for 0.1≤μ  (15) 

( )
μ
μ

μ
μ
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3.07.0

11
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+⋅
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TS
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elDD

  for 0.80.1 ≤< μ   

 
Figure 7. Maximum roof drift of MRF steel frame in an IDA 

(schematic). 

      
Figure 8. Displacement ductility vs. ductility of steel frames 

based on IDAs (mean values of 20 accelerograms). 
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3.2 Scattering of maximum roof drift 
The scattering of the maximum roof drift is partially 
influenced by the scattering of elastic higher mode effects (see 
section 2). However, the main part comes from uncertainties 
in the inelastic response (Fig. 9). The scattering due to 
inelastic material behaviour is determined by statistical 
evaluation of IDAs. The COV of the maximum roof drift 
(elastic part is subtracted) vs. ductility for three moment 
resisting steel frames is shown in Fig. 10: Obviously, for μ < 
1.0 the COV is zero; for μ higher than 6.0 the COV keeps 
rather constant at a level of 0.3. The relation between COV 
and ductility can be roughly described by following bi-linear 
function: 

 ( ) 0max,, =plDuν      for 0.1≤μ  (16) 

( ) 06.006.0max,, −⋅= μν plDu      for 0.60.1 ≤< μ   

( ) 30.0max,, =plDuν       for 0.80.6 ≤< μ   

The standard deviation of the maximum roof drift results from 
the aforementioned relation multiplied by the mean value of 
the maximum roof drift (Equ. (14)): 

( ) ( ) max,max,,max,, DplDplD uuu ⋅=νσ  (17) 

 

 
Figure 9. Coefficient of variation of maximum roof drift based 

on IDA’s (with elastic part, 20 accelerograms). 

 

 
Figure 10. Coefficient of variation of maximum roof drift 
based on IDA’s (without elastic part, 20 accelerograms). 

 

3.3 Influence of material scattering 
In the stochastic model for the target displacement (Equ. (14) 
to (16) scattering of the nonlinear response only due to ground 
motions but not due to uncertainties of the material strength is 
considered. However, the real material strength affects the 
plastic resistance of the structure and therefore the start of 
yielding. As shown in Fig. 11, structural overstrength leads to 
a slight increase of roof drift up to a ductility of μ = 8.0. This 
affects also the standard deviation, see Equ. (16). The 
influence of uncertainties in the structural strength can be 
considered in Equ. (15) and (16), if μ is replaced by μ/ Ωov: 

( ) 11max, Γ⋅= TSu dD  for ovΩ⋅≤ 0.1μ  (18) 

( )
μ

μ ov
dD TSu

Ω⋅+⋅
⋅Γ⋅=

3.07.0
11max,  for ovΩ⋅≤ 0.8μ   

( ) 0max, =Duσ   for ovΩ⋅≤ 0.1μ  (19) 

( ) ⎟⎟
⎠
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⎝

⎛
−

Ω
⋅

⋅= 06.006.0
max,max,

ov
DD uu μσ   for ovΩ⋅≤ 0.6μ   

( ) 30.0max,max, ⋅= DD uuσ    for μ>Ω⋅ ov0.6   

Ωov is a random variable for the structural over strength; a 
similar distribution than for material strength can be chosen. 
The scattering of the maximum roof drift due to uncertainties 
of the structural strength are small in comparison to the 
ground motion and will be neglected (see Fig. 9 and 12). 

 
Figure 11. Displacement ductility vs. ductility of steel frames 
in IDAs: nominal and mean value of 100 material samples. 

 
Figure 12. Coefficient of variation of maximum roof drift vs. 

ductility (100 material samples). 
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4 APPLICATION EXAMPLE 
The seismic load model presented in section 2 and 3 is applied 
in pushover analysis to build fragility curves for a 5 storey 
moment resisting steel frame [6]. The structure is designed 
acc. to EN 1998-1 for a seismic loading of ag = 0.25 g, 
spectrum type 1 and soil class C. The maximum rotation 
capacity and the joint capacity are analysed as limit state 
functions. 

Besides the stochastic seismic load model the yield over 
strength (γov = LN(1.18;0.07)), the model uncertainty of 
rotation capacity (θav,cyc = LN(1.00;0.30)) as well as of joint 
capacity (mR = LN(1.38;0.14) are considered as random 
variables. The failure probability is determined at several 
seismic intensities by adaptive Monte-Carlo simulations with 
the open source reliability analysis tool FERUM 4.1 [7]. 
System failure is assumed, if failure of all beams in one storey 
or failure of one column occurs. 

The limit state function of the rotation capacity check at one 
plastic hinge is given by following formula: 

 ( ) 0,,, =−= iplicycavi xg θθ  (20) 

where θav,cyc,i is the available cyclic plastic rotation capacity 
and θpl,i the maximum plastic rotation in one plastic hinge. 
The limit state function to evaluate the joint capacity is 
written as follow: 

 ( ) 01.1 , =−⋅⋅= plRdesignovi mmxg γ  (21) 

where mR is the joint capacity and mpl the connection force 
normalized to Mpl,nom of a structural member; γov,design = 1.25 is 
the design overstrength factor acc. to EN 1998-1. 

In Fig. 13 and Fig. 14 the fragility curves for rotation 
capacity check and joint failure are shown. In the first case the 
fragility curve follows the typical behaviour of deformation 
oriented limit states and the discrete failure probabilities can 
be described by a lognormal distribution function. This is not 
possible in the latter case. At a certain limit the failure 
probability does not increase with the seismic intensity. This 
corresponds with the seismic intensity, where the plastic 
capacity of the structural members next to joints is reached. 
Hence, further increase of seismic intensity does not increase 
the failure probability. 

 

 
Figure 13. Fragility function of 5 storey moment resisting 

steel frame for rotation capacity check. 

 
Figure 14. Fragility function of 5 storey moment resisting 

steel frame for joint failure. 

5 CONCLUSIONS 
In seismic reliability analyses incremental dynamic analyses 
are usually performed to build fragility curves. However, this 
becomes time consuming for large FE model and large 
number of runs required to obtain statistical stable results. 
Alternatively, the nonlinear response of structures subjected to 
earthquakes can be sufficiently analysed by pushover analysis. 
However, for this purpose a stochastic seismic load model in 
the frequency domain is required. 

Such a model is presented in this paper. The first part of the 
model describes the lateral load pattern. The mean value 
corresponds to the fundamental mode shape, while the 
scattering of the loads results from higher modes. The 
scattering was derived on the basis of the linear random 
process theory. The required input data are obtained from the 
response spectra at the site of the structure. The second part 
comprises the stochastic parameter of the target displacement. 
Again, the basic data are achieved from the response spectra, 
while uncertainties due to nonlinear structural response are 
considered by empirical formulas. 

The model enables seismic reliability analysis with 
pushover analysis, which is more efficient than commonly 
used time history analysis. The application of the model is 
demonstrated in two seismic reliability analyses on a MRF 
steel frame. Furthermore, a direct relationship between the 
response spectrum at a site and the expected uncertainties in 
the seismic loading is given. 

REFERENCES 
[1] EN 1998-1: Eurocode 8: Design of structures for earthquake resistance 

– Part 1: General rules, seismic actions and rules for buildings, 2010.  
[2] FEMA 356: Prestandard and commentary for the seismic rehabilitation 

of buildings. Federal Emergency Management Agency, 2000. 
[3] ATC-40: Seismic evaluation and retrofit of concrete buildings, Applied 

Technology Council, 1996. 
[4] FEMA 440: Improvement of Nonlinear Static Seismic Analysis 

Procedures. Federal Emergency Management Agency, 2005. 
[5] Pinto, P. et al: Seismic reliability analysis of structures. Pavia: IUSS 

press, 2004. 
[6] M. Gündel, Zuverlässigkeitsanalysen zur Kapazitätsbemessung von 

Stahlrahmen, PhD thesis, RWTH Aachen University, 2013. 
[7] J.-M Bourinet, FERUM 4.1 Users Guide. 2010, see: 

http://www.ifma.fr/webdav/site/ifma_web/shared/FERUM/FERUM4.1_
Users_Guide.pdf 

0.0

0.2

0.4

0.6

0.8

1.0

0 5 10 15

pr
ob

ab
ili

ty
 [-

]

ag [m/s²]

hazard function
fragility function
discrete results

0.0

0.2

0.4

0.6

0.8

1.0

0 2 4 6 8 10

pr
ob

ab
ili

ty
 [-

]

ag [m/s²]

hazard function
discrete results

1,1·γov = 1,1



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 
Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 
ISSN: 2311-9020; ISBN: 978-972-752-165-4 

2883 

ABSTRACT: An approximate analytical approach for determining the response evolutionary power spectrum (EPS) of 
nonlinear/hysteretic oscillators subject to stochastic excitation is developed. Specifically, relying on the theory of locally 
stationary processes and utilizing a recently proposed representation of non-stationary stochastic processes via wavelets, a 
versatile formula for determining the nonlinear system response EPS is derived; this is done in conjunction with a stochastic 
averaging treatment of the problem and by resorting to the orthogonality properties of harmonic wavelets. A significant 
advantage of the approach relates to the fact that it is readily applicable for treating not only separable but non-separable in time 
and frequency EPS as well. The Duffing oscillator is considered as a numerical example. Comparisons with pertinent Monte 
Carlo simulations demonstrate the reliability of the approach. 

KEY WORDS: Evolutionary power spectrum; Nonlinear system; Harmonic Wavelet; Path integral; Random vibration; 
Uncertainty quantification. 

1 INTRODUCTION 
A sustained challenge in the field of nonlinear stochastic 
dynamics has been the determination of the response power 
spectrum of nonlinear systems subject to stochastic excitation. 
Further, it is noted that the determination of the nonlinear 
system response power spectrum is also of great value to 
experimental dynamics since it is strongly related to quantities 
commonly measured in structural dynamic tests (e.g. Worden 
and Tomlinson [1]). In fact, experimental results suggest that 
certain systems exhibiting significant nonlinear behavior 
possess response power spectra which demonstrate 
considerable broadening and shift in the resonance peaks in 
comparison with the response power spectra of the 
corresponding linear systems (e.g. Reinhall and Miles [2]).   

In this regard, Miles [3-4] developed an improved 
linearization approach and derived an approximate formula 
for determining the nonlinear system response power 
spectrum. The approach utilizes the concept of conditional 
power spectrum and succeeds in predicting the correct peak 
values and bandwidths, while circumventing limitations of the 
conventional statistical linearization approach (e.g. Roberts 
and Spanos [5]). Interpreting the approach, it considers a 
family of equivalent linear systems whose elements are 
response amplitude envelope dependent. The nonlinear 
response power spectrum is determined as a weighted sum of 
the response power spectra of the linear systems, whereas the 
probability density function (PDF) of the response amplitude 
process serves as the weight function. Recently, Spanos et al. 
[6] provided with an alternative perspective on the veracity of 
the approach and derived a concrete proof of the formula. 

Nevertheless, the existing research work and the validity of 
the described spectral approach are restricted to stationary 
stochastic processes only. In this regard, structural systems are 
often subject to extreme events and severe excitations such as 
seismic motions, winds, hurricanes and ocean waves which 

inherently possess the attribute of evolution in time. Thus, 
representation of these phenomena by non-stationary 
stochastic processes is necessary to capture accurately the 
system/structure behavior. Although several research efforts 
have focused on determining the non-stationary response of 
nonlinear systems under stochastic excitation, limited results 
exist in the context of a stochastic joint time-frequency 
response analysis (e.g. Spanos and Kougioumtzoglou [7]; 
Kougioumtzoglou and Spanos [8]).  

In this paper, a novel approximate analytical approach for 
determining the nonlinear system response evolutionary 
power spectrum (EPS) is developed based on the theoretical 
framework of locally stationary processes and on the 
orthogonality properties of harmonic wavelets. It can be 
viewed as an extension and generalization of the 
aforementioned spectral approach (e.g. see Spanos et al. [6] 
and references therein) to account for non-stationary processes 
of arbitrary EPS. It is noted that the non-stationary response 
amplitude PDF naturally takes the place of the weight 
function in this generalized version of the formula. In this 
regard, an efficient numerical path integral technique is 
employed to determine the response amplitude PDF. A 
hardening Duffing oscillator is considered as an example. The 
reliability of the approach is demonstrated by comparisons 
with pertinent Monte Carlo simulation data.   

2 MATHEMATICAL FORMULATION 

2.1 Locally stationary wavelet process and harmonic 
wavelets  

The family of generalized harmonic wavelets (e.g. Newland 
[9]) utilizes two parameters ,  for the definition of the 
bandwidth at each scale. The main advantage of this family 
relates to the decoupling of the time-frequency resolution 
achieved at each scale from the value of the central frequency; 

Response evolutionary power spectrum determination of nonlinear oscillators 
subject to stochastic excitation 
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this is not the case with other commonly used wavelet bases 
such as the Morlet and other families. 

Further, generalized harmonic wavelets have a box-shaped 
frequency spectrum, whereas a wavelet of ,  scale and 

 position in time attains a representation in the frequency 
domain of the form 

 , , ∆
, ∆ ∆

0,
 (1) 

where ,  and  are considered to be positive integers and 

 ∆  (2) 

where  is the total time duration of the signal under 
consideration. The inverse Fourier transform of Eq.(1) gives 
the time-domain representation of the wavelet which is equal 
to 

 , ,
∆ ∆

∆
 (3) 

Newland [9] examined the properties of the GHW and 
showed that the family of such wavelets forms a complete, 
orthogonal set of basis functions. Furthermore, the continuous 
generalized harmonic wavelet transform (GHWT) is defined 
as  

 , , , ,  (4) 

and projects  on this wavelet basis; the bar over a symbol 
represents complex conjugation. Further, perfect 
reconstruction of the original signal  can be achieved 
according to the equation  

 2 ∑ ∑ , , , ,,  (5) 

where  is assumed to be a zero-mean signal.  
Note that Eq.(5) represents a harmonic wavelets based 

representation of deterministic functions. It can be readily 
understood that a mathematically rigorous wavelets based 
representation of stochastic processes is required to perform 
any kind of joint time-frequency analysis in a stochastic sense. 
Recently, Nason et al. [10] developed such a wavelet based 
representation of non-stationary stochastic processes based on 
the theory of locally stationary processes Subsequently, 
Spanos and Kougioumtzoglou [7] developed a harmonic 
wavelets based statistical linearization approach based on the 
framework of locally stationary wavelet (LSW) processes. 
Specifically, the LSW process model is constructed to be 
locally stationary via appropriate constraints on the model 
coefficients. This allows for defining a wavelet based 
spectrum at a particular scale and location. According to the 
LSW process representation, the non-stationary process  
is represented by 

 ∑ ∑ , , ,  (6) 

where ,  is a stochastic orthonormal increment sequence; 
,  is the chosen family of wavelets and  and  represent 

the different scales and translation levels, respectively. 
Further, the local contribution to the variance of the process of 
Eq.(6) is given by the term   , . Considering next the case 

of generalized harmonic wavelets Eq.(6) can be equivalently 
written in the form (e.g. Spanos and Kougioumtzoglou [7])  

 ∑ ∑ , ,,  (7) 

where 

 , , , , ∆   , , , ,  (8) 

Eq.(8) represents a localized process at scale ,  and 
translation  defined in the intervals ∆ , ∆  and 

, , whereas , ,  represents the EPS at scale 
,  and translation . Further, as it has been shown in 

Spanos and Kougioumtzoglou [7], by taking into account 
Eq.(3) and Eq.(8) and manipulating, , ,  can be cast in 
the equivalent form  

 , , , ,
∆
∆  (9) 

where , , , , ∆   , , . The 
localized process of Eq.(9) clearly possesses the properties 

 , , 0 (10) 

and 

 , , , , ∆  (11) 

Further, in Spanos and Kougioumtzoglou [7] it was shown 
that for the case of a real valued process Eq.(8) can be cast in 
an equivalent form which involves harmonics of random 
amplitudes. In this regard, Eq.(9) becomes  

 , , , , cos , , ,

, , sin , , ,  (12) 

Note that this representation is defined in the intervals 
∆ , ∆   and ,  with 

 , , ,
∆  (13) 

and , , , , ,  representing statistically independent 
random variables with mean value equal to zero and variance 
equal to 

 , , , , 2 , , ∆  (14) 

Further, considering the problem of estimating the EPS of a 
non-stationary stochastic process based on available/measured 
realizations, an LSW process compatible estimation approach 
(e.g. Spanos and Kougioumtzoglou [7]) advocates that the 
EPS ,  of the process  is estimated by  

 , , ,
, ,

∆
, ∆ ∆ ,

  (15) 

In Eq.(15) , ,  represents the EPS of the process , 
assumed to have a constant value in the intervals ∆ , ∆   
and , . 
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2.2 Nonlinear system stochastic averaging treatment 

Consider a nonlinear single-degree-of-freedom system whose 
motion is governed by the differential equation 

 , ,  (16) 

where a dot over a variable denotes differentiation with 
respect to time ; , ,  is the restoring force which can be 
either hysteretic or depend only on the instantaneous values of 

 and ;  is a linear damping coefficient so that 
2 ;  is the ratio of critical damping;  is the natural 
frequency corresponding to the linear oscillator (i.e. 

, , ) and  represents a Gaussian, zero-mean 
non-stationary stochastic process possessing an evolutionary 
broad-band power spectrum, , .  

Consider next the amplitude  and the phase  of the 
response  introduced by means of the equations 

 cos   (17) 

and 

 sin  (18) 

Note that manipulating Eqs.(17-18) the response amplitude 
 and the phase  can be expressed by the equations 

  (19) 

and 

  (20) 

In the ensuing analysis, attention is focused on lightly 
damped systems (i.e. 1). Under this assumption it can be 
shown that the response amplitude process  and the phase  
are slowly varying functions with respect to time and, 
therefore, can be treated as constants over one cycle of 
oscillation; thus, it can be argued that the response  of the 
oscillator of Eq.(16) exhibits a pseudo-harmonic behavior. It 
is primarily the assumption of light damping that allows a 
combination of deterministic and stochastic averaging to be 
performed next and to approximate the second-order 
stochastic differential Eq.(16) with a first-order stochastic 
differential equation governing the response amplitude 
process . 

Next, following a stochastic averaging/linearization 
approach (e.g. Roberts and Spanos [5]; Kougioumtzoglou and 
Spanos [11]) a linearized version of Eq.(16) becomes 

  (21) 

where the equivalent damping element and the natural 
frequency are given by the expressions 

  (22) 

and 

  (23) 

where  

 cos  , cos  , sin  (24) 

and 

 sin  , cos  , sin  (25) 

Note that in deriving Eqs.(22-23) an error between Eqs.(16) 
and (21) has been defined and a minimization procedure has 
been applied in the mean square sense. Relying next on a 
combination of deterministic and stochastic averaging Eq.(21) 
can be cast in a first-order Ito stochastic differential equation 
(SDE) governing the evolution in time of the amplitude  of 
the form 

 , ,  (26) 

where 

 , ,  (27) 

and 

 , ,  (28) 

In Eq.(26),  is a zero mean and delta correlated process 
of intensity one, i.e., 0; and 

, with  being the Dirac delta function. The Fokker-
Planck (F-P) equation which corresponds to Eq.(26) takes the 
form (e.g. Kougioumtzoglou and Spanos [11]) 

 , ∆ | , , , ∆ | ,

, , ∆ | ,  (29) 

where , ∆ | ,  denotes the transition PDF of the 
process  .   

Recently, a discrete version of the Chapman-Kolmogorov 
(C-K) equation has been developed and applied in the field of 
engineering mechanics for uncertainty quantification of 
nonlinear systems. The numerical scheme, known as 
numerical path integral, was introduced by Wehner and 
Wolfer [12] and was subsequently established as a robust 
approach for nonlinear system response and reliability 
statistics determination (see Kougioumtzoglou and Spanos 
[13] for a recent reference). 
 In this regard, for the response amplitude process  
the C-K equation 

 , 2∆ | ,
, 2∆ | , ∆ , ∆ | ,  (30) 

is satisfied. Further, a time interval ,  is considered for 
the numerical scheme discretized so that ∆ ,
0, 1,… ,  and ∆ . It can be readily seen that knowledge 
of the initial conditions (i.e. knowledge of , ) and of 
the transition PDF , ∆ | ,  is adequate to evaluate 
the integral of Eq.(30) and advance the solution in short time 
steps. The interesting part about the F-P Eq.(29) is that the 
transition PDF , ∆ | , , often called short-time 
propagator, has been shown to follow a Gaussian distribution 
of the form 

 , ∆ | ,
, ∆

, ∆
, ∆

 (31) 
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2.3 Nonlinear system response evolutionary power 
spectrum determination  

In this section a novel approach for nonlinear system response 
EPS determination is developed. In this regard, an 
approximate versatile formula is derived which can be viewed 
as a generalization of a widely used formula that utilizes the 
concept of conditional power spectrum and was initially 
proposed by Miles [3-4]. The extension and generalization of 
the approach herein accounts for non-stationary stochastic 
excitations with arbitrary EPS, even of the non-separable 
kind.  

Considering next Eq.(21) and utilizing the LSW 
representation of Eq.(7) yields 

 ∑ ∑ , ,, ∑ ∑ , ,,
∑ ∑ , ,, ∑ ∑ , ,,  (32) 

 
where 

 , , , , cos , , ,

, , sin , , ,  (33) 

and 

 , , , , cos , , ,

, , sin , , ,  (34) 

Note that the representation of Eq.(12) has been utilized for 
Eqs.(33-34).  Employing next the orthogonality conditions of 
monochromatic functions leads to 
  

cos , , , cos , , ,

1
2 ,    , ,

0,   
   

  (35) 

  

sin , , , sin , , ,

1
2 ,    , ,

0,   
      

  (36) 

and 

 cos , , , sin , , , 0  

  (37) 

 
Substituting further Eqs.(33-34) into Eq.(21) and exploiting 

Eqs.(35-37) yields (see also Spanos et al. [6]) 
  

, , , , , , , , , , , , , ,

, , , , , , , , , , , , , ,
. 

  (38) 

Note that in producing Eq.(38) it has been assumed that the 
slowly varying in time equivalent damping and stiffness 
elements are constant over the time interval , . 
Manipulating further Eq.(38) yields  

 , , , ,
, , , ,

, , , , , ,
 (39) 

Applying next the expectation operator and considering 
Eq.(14), Eq.(39) becomes  

 , , , ,
, , , , , ,

 (40) 

Further, since the developments in this paper are based on 
the theoretical framework of locally stationary processes it is 
natural to assume that the response amplitude process  
possesses also locally stationary characteristics. In this regard, 
the associated non-stationary response amplitude PDF ,  
is assumed to be constant at the  translation level (time 
interval), namely , , , ; thus, 
Eq.(40) becomes  

 , ,
, ,

, , , , , ,
 (41) 

Note that this excitation-response EPS relationship 
(Eq.(45)), valid in the intervals ∆ , ∆   and 

, , resembles the spectral input-output relationship 
of the stationary analysis (e.g. Miles [3]; Spanos et al. [6]). 
This is anticipated since the herein analysis relies on locally 
stationary processes and, specifically, on the LSW process 
representation of Eq.(6). Furthermore, focusing on Eq.(41) it 
can be readily seen that it constitutes a discrete form of the 
relationship  

 , , ,  (42) 

Eq.(42) can be equivalently written in the form 

 , , | ,  (43) 

where the concept of conditional EPS , |  is 
introduced. The conditional EPS can be viewed approximately 
as the response EPS of a linear oscillator possessing natural 
frequency equal to  and damping element equal to  
and is given by  

 , | ,  (44) 

Thus, the nonlinear response EPS can be construed 
approximately as the sum of the “linear” response EPS 
appropriately weighted by the value of the corresponding 
response amplitude PDF  , . Clearly, Eq.(41) (or Eq.(42)) 
represents a generalization of the aforementioned widely used 
in engineering dynamics formula (e.g. Spanos et al. [6]) to 
account for non-stationary processes.  

3 NUMERICAL EXAMPLES 
A Duffing oscillator is considered herein as a numerical 
example. To this aim, the determined, via the approximate 
approach, response EPS is compared with EPS estimates 
obtained via MCS.  
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In this regard, realizations compatible with a prescribed 
excitation EPS are produced (e.g. Spanos and Zeldin [14]). 
Next, the nonlinear system differential equation of motion is 
solved numerically via a standard 4th order Runge-Kutta 
integration scheme, and the nonlinear system response 
realizations are obtained. Further, the system response EPS is 
estimated based on Eq.(15). In the ensuing examples a total 
number of 5000 time histories are produced with a duration of 

18.9  , whereas the Nyquist frequency is chosen equal 
to 50  /  (i.e. time increment ∆

0.0628  ). Furthermore, the value 5 has been found 
to provide a satisfactory compromise between time and 
frequency resolution. Regarding the determination of the 
wavelet coefficients, a computationally efficient algorithm, 
which takes advantage of the fast Fourier transform (FFT) 
scheme, is employed.  

As far as the numerical implementation issues and 
convergence criteria of the numerical path integral scheme are 
concerned, Wehner and Wolfer [12] have provided with an 
extended discussion on the conditions to be satisfied for the 
time increment and grid size. In the ensuing analysis, the 
initial distribution chosen for the response amplitude PDF is 
the Dirac delta function, namely , 0 , 
assuming the system is initially at rest.   

Consider a Duffing nonlinear oscillator whose equation of 
motion reads 

  (45) 

where the parameter 0 represents the magnitude of the 
nonlinearity and  represents a Gaussian, zero-mean non-
stationary process possessing a non-separable power spectrum 
of the form 

 , 0.15  (46) 

This spectrum, comprises some of the main characteristics 
of seismic shaking, such as decreasing of the dominant 
frequency with time (see also Sabetta and Pugliese [15]; 
Further, realizations compatible with Eq.(46) are produced 
using the concept of spectral representation of a stochastic 
process (e.g. Liang et al. [16]). Furthermore, for the case of 
Eq.(45) the nonlinear restoring function , ,  becomes 

 , ,  (47) 

Next, utilizing Eqs.(22-23) yields 

  (48) 

and 

 1  (49) 

In Figs.(1-2), the response EPS of a Duffing oscillator 
0.5, 10, 1, 30  based on the numerical 

path integral, and on MCS are  plotted, respectively. In Fig.(3) 
the response EPS of the aforementioned Duffing oscillator is 
plotted for various time instants; comparisons with MCS 
based estimates are also included. It can be readily seen that 
the herein proposed approach can address cases of high 
nonlinearity magnitudes and of non-separable excitation EPS 
as well with a satisfactory degree of accuracy. 

 
Figure 1. Response EPS of a Duffing oscillator 

0.5, 10, 1, 30  under non-separable excitation 
EPS; numerical path integral technique. 

 

 
Figure 2. Response EPS of a Duffing oscillator 

0.5, 10, 1, 30  under non-separable excitation 
EPS; MCS based estimate (5000 realizations).. 

 

 
Figure 3. Response EPS of a Duffing oscillator 

0.5, 10, 1, 30  under non-separable excitation 
EPS; comparisons with MCS (5000 realizations). 

4 CONCLUSIONS 
In this paper an approximate analytical approach for nonlinear 
system response EPS determination has been developed. 
Specifically, the theoretical framework of locally stationary 
processes and a recently proposed wavelet based 
representation of non-stationary stochastic processes have 
been employed to derive a versatile formula for determining 
the nonlinear system response EPS; this has been done in 
conjunction with a stochastic averaging treatment of the 
problem. Evidently, the formula is a function of the non-
stationary system response amplitude PDF and of the herein 
introduced concept of conditional EPS. Interpreting the 
formula, the nonlinear system response EPS can be construed 
as a weighted sum of the response EPS of linear systems 
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whose elements are response amplitude dependent. In this 
regard, the PDF of the response amplitude process serves as 
the weight function.  

The hardening Duffing oscillator has been considered as a 
numerical example. Comparisons with pertinent Monte Carlo 
simulations have demonstrated the reliability of the approach 
even for cases of excitations possessing non-separable EPS. 
Considering the approximations introduced by the stochastic 
averaging treatment, it has been shown that the developed 
approach succeeds in capturing the time evolution as well as 
the essential characteristics of the frequency content of the 
nonlinear system response.   
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ABSTRACT: The problem of the determination of the quasi-optimal tracking control for polynomial systems is considered. 
considered. An iterative procedure combining the well known LQG approach and a linearization and a quadratization method 
with different linearization criteria is proposed. Obtained results are illustrated by a numerical example. 

KEY WORDS: Quasi-optimal control; LQG; statistical linearization; iterative methods. 

1 INTRODUCTION 
One of the basic fields of the application of control theory 
were tracking problems. In the case of linear control systems 
they have been studied since 60's and presented in a general 
LQG form by Kwakernaak [8]. The tracking control problem 
for nonlinear stochastic system was considered by Jumarie 
[6]. Recently, several authors considered LQG and nonlinear 
control tracking problems, for instance in [9], [5], [15], [17], 
[13]. The difficulties connected with the determination of an 
optimal control for nonlinear stochastic tracking problem 
follow from the fact that nonlinear control problem for 
stochastic systems does not have analytical, exact solution. 
One of approximate methods is a combination of statistical 
linearization technique and LQG optimal control theory for 
linearized systems introduced by Wonham and Cashman [12]. 
This approach was developed due to its simplicity and easy 
applicability for systems with Gaussian excitations; see for 
instance [1], [16], and recently [4], [14]. Such combination 
leads to an iterative procedure including consecutive solving 
of both Riccati and Lyapuov equations. The objective of this 
paper is to adopt this approximate method to the 
determination of a quasi–optimal control in a polynomial 
stochastic tracking problem. The detailed analysis will be 
given for a scalar system and for a Duffing oscillator with 
quadratic criteria. 

 

2 PROBLEM STATEMENT 
Consider a standard stochastic optimal control problem for a 
polynomial dynamic system described by the Ito vector 
differential equation  

 
[ ] ),()())(()(=)( 0 tdGdttButxtAxtdx ξ++Φ+  (2.1) 

 
where )(tx  is n -dimensional state vector, )(tu  is m -

dimensional control vector and nnRA ×∈ , mnRB ×∈  and 
lnRG ×∈0  are time invariant system coefficients matrices, 

)(tξ  denotes l -dimensional, standard Wiener process, 
nn RR →Φ :  is a polynomial vector function. 

The steady state control strategy minimizes the criterion 

⎥
⎦

⎤
⎢
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⎡

+−Ψ
+−−
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r
s  (2.2) 

 
where x  and u  denote stationary values of the state and 
control vectors, respectively, rx  is a reference constant 

vector, nnRQ ×∈  and mmRR ×∈  are time invariant 
symmetric, positive definite matrices. We assume that the 
polynomial vector function )(xΦ  can be approximated by 
the linearized form 

 
              ,)( ee axAx +≈Φ  (2.3) 

 
where eA  is a nn×  matrix and n

e Ra ∈  is a vector of 

linearization coefficients and the polynomial function )(xΨ  
by a quadratic form 

 
T
eee

T QQxQxx =,)( ≈Ψ  (2.4) 
 

where eQ  is nn×  matrix of quadratization coefficients.  
One can find different criteria and methods for determining 

eA , ea  and eQ  in the literature [10]. 
If we consider the linearized system 
 

[ ] ),()()()(=)( 0 tdGdttBuatxAAtdx ee ξ++++  (2.5) 
 
with the quadratized criterion 
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then assuming the Bellman function ),( xtS  in the form 

 
xtPxxtgtsxtS TT )()()(=),( 0 ++  (2.7) 
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and applying Hamiltonian–Bellman–Jacobi approach one can 
find a quasi–optimal control in a linear feedback form 

 

))(
2
1)()((=)( 1 tgtxtPBRtu T +− −  (2.8) 

 
where the functions )(0 ts , )(tg  and )(=)( tPtP T  satisfy 
the following differential equations 
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where TBBRH 1= − . In stationary case the optimal control 
has the form 

 

)
2
1)((=)(ˆ 1 gtPxBRtu T +− −  (2.12) 

 
where the stationary solutions of the matrix P  and the vector 
g  satisfy the algebraic equations 

 
0=)()( ee

T
e QQPHPAAPPAA ++−+++  (2.13) 

 
 

0=)2(2)( ree
T

e xQQPHgPagAA ++−++  (2.14) 
 
Substituting the linear feedback control (2.8) into the 
linearized system (2.5) we obtain 

 
 

[

.)())(
2
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)()(()()(=)(

0 tdGdttg
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 (2.15) 

 

3 QUASI-OPTIMAL NONLINEAR TRACKING 
CONTROL PROBLEM 

General solution to the problem of finding optimal steady-
state control strategy for system (2.1) with criterion (2.2) is 
unknown. However, one can use statistical linearization 
method to obtain linearized form of (2.1) and find optimal 
control strategy for it by solving (2.13), (2.14). There are 
numerous literature positions which contain methods and 

algorithms for finding solution of such equations, for example 
[2], [3]. The only problem is, that linearization coefficients of 
the matrix eA  and the vector ea , and quadratization 

coefficients of the matrix eQ  are dependent on the moments 
of stationary solutions of the controlled system. Since finding 
these moments for the nonlinear system (2.1) is also difficult, 
one can use an approximate solution. The moments for the 
nonlinear system are replaced by the corresponding moments 
being solutions of equations for linearized system (2.5). 
Assuming that the approximate response of nonlinear system 
(2.1) is a Gaussian process, the higher order moments depend 
on two first moments. We denote the general dependency of 

ea , eA  and eQ  on the mean value vector Lm  and the 

variance matrix LV  as  
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 where nnnn RRRF →× ×:1 , nnnnn RRRF ×× →×:2 , 

nnnnn RRRF ×× →×:3  are possibly nonlinear vector and 
matrix functions. 

The first two moment equations for the linearized system 
(2.15) can be evaluated by application of the Ito formula to 
system (2.15) and the averaging operation. Then we obtain 
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where )]([=)( txEtm LL , LV  denotes a nn×  covariance 
matrix of the linearized system, that is 

)]()([=)( txtxEtV T
LLL . 

The stationary solutions of moment equations (3.17), (3.18) 
satisfy the following algebraic equations 

 
0,=)( HgHPmamAA LeLe −−++  (3.19) 
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where ][= LL xEm , LV  denotes a nn×  covariance matrix 
of the stationary solution of the linearized system, that is 

][= T
LLL xxEV . 

Evaluations described above and their results strictly 
depend on each other: optimal solution for the linearized 
system (2.5) depends on linearization coefficients matrix eA  

and vector ea  and and on quadratization coefficients matrix 

eQ , but these matrices and vector are nonlinear functions of 
moments of the stationary solutions of the linearized system, 
which in fact, is dependent on the control problem solution. 
This leads to the following modified iterative procedure for 
finding quasi-optimal solution of control problem for the 
nonlinear system (2.1) with criterion (2.2) [12], [1]. 
 
Procedure QCP (Quasi-optimal control procedure in a 
nonlinear quadratic problem) 

 
Step 1. Set 0=0V  and evaluate ),(= 10 kLkLe VmFa , 

),(= 20 kLkLe VmFA , ),(= 30 kLkLe VmFQ , 0=k . 

 
Step 2. Find the solutions of equations (2.13) and (2.14) 
(positive definite solution equation (2.13)) using the 
linearization vector 

kea  and matrix 
keA  and the 

quadratization matrix 
keQ  and denote the solution as 1+kg  

and 1+kP , respectively. 
 

Step 3. Substitute the solutions from Step 2 into the algebraic 
equations (3.19) and (3.20) for the vector mean value m  and 
the covariance matrix V  of the linearized system (2.15) and 
find its solution denoting them as 1+km  and 1+kV , 
respectively. 

 
Step 4. Using the mean vector 1+km  and the covariance 

matrix 1+kV  find the linearization coefficients for the vector 

1+kea  and the matrix 
1+keA given by the functions 

),(= 1111 +++ kkke VmFa , and ),((= 1121 +++ kkke VmFA , 

respectively; the quadratization coefficients for matrix 
1+keQ  

given by the function ),((= 1131 +++ kkke VmFQ  where 1F  

and 2F  are implied by the criterion used for determination of 

linearization coefficients and 3F  by the criterion for the 
quadratization coefficients. 

 

Step 5. If the deviation of 1+km  with respect to km  or 1+kV  

with respect to kV  or 1+kP  with respect to kP  or 1+kg  with 

respect to kg  (i.e. using matrix norms || 1 kk mm −+  and 

|||| 1 kk VV −+  and |||| 1 kk PP −+  and || 1 kk gg −+ , (where 

|| x  is the Euclidean norm and ||max||=|| , ijji xX ) is 

greater than a given precision parameter ε , then set 
1= +kk  and go back to Step 2, otherwise the procedure is 

finished and 1+km , 1+kV , 1+kP  and 1+kg  are the quasi-
optimal solutions of the polynomial control problem. 

 
The proposed Procedure QCP is an extended version of the 

procedures commonly used in applications for non-tracking 
problems and in theoretical papers [12], [1], [11], [4]. 
However, there are very few publications which deal with 
convergence of those procedures. One can find some 
sufficient conditions for convergence in [7] derived for 
simplified system (2.1) (additive Gaussian excitation only) in 
scalar and special vector case. 

 

4 SCALAR TRACKING PROBLEM 
Let us consider a dynamic system given by the scalar Ito 
stochastic differential equation  
 
      [ ] ),()()()(=)( tddttbuxtaxtdx ξσφ +++  (4.21) 
 
where x  and u  are scalar processes of the state and control, 
respectively; and )(tξ  denotes the standard scalar Wiener 
process, {0}\,, Rba ∈σ . The control strategy is designed 
to minimize the following mean-square criterion 

 
       ],)()([= 22 ruxxxxqEI rr +−+− ψ  (4.22) 
 
where ex  is a given constant x  is the steady–state solution of 
(4.21) for the steady–state quasi-optimal control process u  
and parameters 0>q  and 0>r . 

There are a few methods of approximation of nonlinear 
functions )(xφ  and )(xψ . We approximate functions )(xφ  
and )(xψ  by a linear function and by quadratic function, 
respectively. 

 
         2

110 )(]),[()( xcxxExkkx ≈−+≈ ψφ  (4.23) 
 
where 0k , 1k  and 1c  are linearization coefficients. To find 
these coefficients we use the mean–square criterion for the 
function )(xφ  and the condition of equality of moments for 
the function )(xψ  

 
],]))[()([(= 2

101 xExkkxEI −−−φ  (4.24) 
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                       ],[=)]([= 2
12 xEcxEI ψ  (4.25) 

 
The necessary conditions of minimum of criterion 1I  are 

 

                       0,=0,=
1

1

0

1

k

I

k

I

∂
∂

∂
∂

 (4.26) 

 
From conditions (4.26) and (4.25) we find 

 

     

][
)]([=

,
]])[[(
])][)(([=)],([=

21

210

xE

xE
c

xExE

xExxE
kxEk

ψ

φφ
−

−

 (4.27) 

 
Summarizing we find that the linearized equation and the 

quadratized criterion have the form  
 
 [ ] ),()()(=)( tddttbubxataxtdx ee ξσ+++−  (4.28) 
 
where 1= kae , ][= 10 xEkkbe −  

 
],)()([= 22

1
2 ruxxcxxqEI rr +−+−  (4.29) 

 
where  

])[(
)]([= 21

r

r

xxE

xxE
c

−
−ψ

 (4.30) 

 
 

Assuming the Bellman function ),( xtS  in the form 
 
              ,)()()(=),( 2

0 xtpxtgtsxtS ++  (4.31) 
 
we find the optimal control as a linear feedback 

 

)),(
2
1)()((=)( tgtxtp

r

b
tu +−  (4.32) 

 
where the functions )(),(0 tgts  and )(tp  satisfy the 
differential equations 

 

,)()()2(=)( 11
2

2

cqtp
r

b
tpaatp e ++−+− &  (4.33) 

 

),(2)2(

)()()()2(=)(

11

2

tpbxcq

tgtp
r

b
tgaatg

er

e

++−

−+− &
 (4.34) 

,)()(
4

)(=)( 2
11

2
2

2
0 rxcqtg

r

b
tpts +++− σ&  (4.35) 

The stationary solutions satisfy the following algebraic 
equations 

 

0,=)2( 11
2

2

cqp
r

b
paa e ++−+  (4.36) 

 

0,=2)2()( 11

2

pbxcqpg
r

b
gaa ere ++−−+  (4.37) 

 

0,=)(
4

2
11

2
2

2
rxcqg

r

b
p +++σ  (4.38) 

 
The solutions of equations (4.36), (4.37) are 

 

,
)()(

= 11
2

ρ
ρ cqaaaa

p ee +++++
 (4.39) 

 
 

r

b

paa

pbxcq
g

e

er
2

11 =,2)2(= ρ
ρ−+
−+

 (4.40) 

 
Substituting the feedback control defined by (32) into the 
linearized system (28) we find 

 

     

),(

)
2
1()(=)(

td

dtgpxbxataxtdx ee

ξσ

ρ

+

⎥⎦
⎤

⎢⎣
⎡ +−+−

 (4.41) 

 
or in equivalent form 

 
[ ] ),()(=)( tddtbtxatdx ξσ++  (4.42) 

 
where 

 

       ,
2
1][=,= 101 gxEkkbpkaa ρρ −−−+  (4.43) 

 
Applying the Ito formula to the function kxxf =)(  we 

find the moment equations for system (42) 
 
 

K1,2,=,)],([
2

1)(

)]([)]([=)]([

22

1

ktxE
kk

txEbktxEak
dt

txdE

k

kk
k

−

−

−
+

+

σ

 (4.44) 
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Hence, the stationary solutions of the family of equations 
(4.44) are 

K1,2,=

)],([
2
1)()]([=)]([ 2

2
1

k

txE
a

k
txE

a

b
txE kkk −− −

−−
σ

 (4.45) 
 

Assuming that the solution of equation (4.21) is 
approximately a Gaussian process we replace the moments of 
stationary solution of equation (4.21) by the corresponding 
moments of the stationary solution of linearized equation 
(4.42). The first two moment equations for linearized equation 
(4.42) have the form 

 

,)]([=)]([
btxEa

dt

txdE
+  (4.46) 

 

 ,)]([2)]([2=)]([ 22
2

σ++ txEbtxEa
dt

txdE
 (4.47) 

 
Hence the stationary solutions have the form 

,
2

=)])([()]([=)(

,
2

=)]([,=)]([=)(

2
22

22
2

a
txEtxEtv

aa

b
txE

a

b
txEtm

σ

σ

−−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

 (4.48) 
 
The higher order moments can be calculated from equalities 
(4.45). 
 

4.1 The iterative procedure for the scalar tracking control 
problem 

The obtained results can now be summarized in the form of a 
special case of Procedure QCP for the scalar tracking control 
problem 

Step 1.  0=0m , 
a

v
2

=
2

0 σ
− , 0=][ 03xE , 

0
2

04

2
3=][ v

a
xE

σ
−  and step number 0=l . 

 
Step 2.  Evaluate the coefficients lk0 , lk1  and lc1  from 

formula (27) and (29), respectively. Next evaluate ll
e ka 1= , 

llll
e xEkkb ][= 10 − . 

 
Step 3. Evaluate variables lp  and lg  from (4.39) and (4.40), 

respectively; Next Evaluate variables la  and lb  from (4.43). 
 

 Step 4. Evaluate higher order moments using variables 1+lm  
and 1+lv  from (4.48). 

 
Step 5. If ε|<| 1 ll vv −+  then stop, else 1= +ll , Go to 
Step 2. 

 
Example 1. 
 

Consider the nonlinear dynamic system described by the 
scalar Ito stochastic differential equation (4.21) with the min–
square criterion (4.22) for nonlinear functions )(xφ  and 

)(xψ  in the form 
 

4
2

3
1 =)(,=)( xxxx εψεφ −  (4.49) 

 
where 1ε  and 2ε  are constant positive parameters. 

From equalities (4.27) and (4.29) one can find linearization 
and quadratization coefficients 

 

22

34

1

2

3

11
3

10

])[(][
][][][=

])[[(
])][([=],[=

xExE

xExExE

xExE

xExxE
kxEk

−
−

−

−
−

−−

ε

εε

 (4.50) 
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432234

2

2
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21

)(][2][
)(][4][6][4][

=

])[(
])[(

=

rr

rrrr

r

r

xxxExE

xxxExxExxExE

xxE

xxE
c

+−
+−+−

−
−

ε

ε

 (4.51) 
 
The solutions of equations (4.36), (4.37) are 

 

,
)()(

= 11
2

ρ
ρ cqaaaa

p ee +++++
 (4.52) 

 

r

b

paa

pbxcq
g

e

er
2

11 =,2)2(= ρ
ρ−+
−+

 (4.53) 

 
where 1= kae , ][= 10 xEkkbe − . The modified 
coefficients defined by (4.43) are 

 

        ,
2
1][=,= 101 gxEkkbpkaa ρρ −−−+  (4.54) 

 The stationary higher order moments obtained from (4.48) 
have the form  
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],[
2

3][][

],[][=][

,
2

=][,=][

2
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b
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xE
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xE
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(4.55) 

 
Replacing higher order moments by two first order moments 
we obtain 

,][
2

3])[][(=][

,][][=][

2
22

24

2
23

xE
a

xE
a

xE
a

b

a

b
xE

xE
a

xE
a

b
xE

σσ

σ

−−−−

−−
    (4.56) 

 

 

 
Figure 1. Scalar procedure run from Example 1 with 

parameters: 
3

2 10,1,2,1,1,1,1 −======= εεσ rxqrb . 

Convergent procedure for 5,3 1 =−= εa . 

 

 

 
Figure 2. Scalar procedure run from Example 1 with 

parameters: 
3

2 10,1,2,1,1,1,1 −======= εεσ rxqrb . 

Nonconvergent procedure for 5,1 1 −== εa . 
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Figure 3. Scalar procedure run from Example 1 with 

parameters: 
3

2 10,1,2,1,1,1,1 −======= εεσ rxqrb . 

Nonconvergent procedure for 5,3 1 −=−= εa . 

 

 
 

 
Figure 4. Scalar procedure run from Example 1 with 

parameters: 
3

2 10,1,2,1,1,1,1 −======= εεσ rxqrb . 

Convergent procedure for 1,1 1 =−= εa . 

 

5 CONCLUSIONS 
In this paper we have considered the problem of the 
determination of the quasi-optimal tracking control for 
polynomial systems. To solve this problem we have used the 
iterative procedure that combines Gaussian statistical 
linearization with mean–square criterion and statistical 
quadratization with equality moments criterion and the well 
known LQG approach. An example, which proved 
applicability of the proposed approach by numerical 
experiments was presented. 
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The smooth decomposition as an output only analysis tool
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ABSTRACT:
In this paper, the Smooth Decomposition (SD) method and the associated smooth expansions are considered
to analyze random vibration responses. The SD is a statistical analysis technique for finding structures in
an ensemble of spatially distributed data such that the vector directions not only keep the maximum possible
variance but also the motions, along the vector directions, are as smooth in time as possible. The main properties
of the SD are discussed and compared to those of the classical POD. The notion of the dual smooth modes is
introduced and used to expand the random response given the dual smooth expansion. The parameters of the SD
(dual smooth modes and the smooth values) are interpreted in terms of normal modes and resonance frequencies
given access to a modal analysis of linear systems. A nonlinear modal analysis is also proposed.

KEY WORDS: smooth decomposition; Karhunen-
Loève decomposition; modal analysis.

1 INTRODUCTION

The Karhunen-Loève Decomposition (KLD) method,
also named Proper Orthogonal Decomposition
(POD), has been extensively used as a tool for
analyzing random fields. The KLD is a statistical
analysis technique for finding the coherent structures
in an ensemble of spatially distributed data which
defines an optimum basis in terms of energy. It has
been advantageously used in different domains as, for
example, the stochastic finite elements method, the
simulation of random fields, the modal analysis of
nonlinear systems, and construction of reduced-order
models.

A modified decomposition, that is not orthogonal
in the euclidean sense, named Smooth Decomposition
(SD), is considered here. The SD can be viewed as a
projection of an ensemble of spatially distributed data
such that the vector directions of the projection not
only keep the maximum possible variance but also the
motions resulting along the vector directions are as
smooth in time as possible. The vector directions (or
structures or smooth modes) are defined as the eigen-
vectors of the eigenproblem defined from the correla-
tion matrices of the random field and of the associated

time derivative.

The basic idea of this decomposition derives from
the optimal tracking approach proposed in (Chatter-
jee, Cusumano, and Chelidze 2002) and was for-
mulated as a multivariate data analysis in (Chelidze
and Zhou 2006). The SD approach was developed
in cases of time-continuous stationary random vec-
tor processes in (Bellizzi and Sampaio 2013), in case
of time-continuous stationary random fields in (Bel-
lizzi and Sampaio 2012) and extended to the time-
continuous non-stationary random vector processes in
(Sampaio and Bellizzi 2011). Recently, SD was also
considered to generate reduced bases for discrete non-
linear dynamic systems (see (Lülf, Tran, and Ohayon
2013), (Mignolet, Przekop, Rizzi, and Spottswood
2013)).

In this paper, the main properties of the SD are dis-
cussed and compared to those of the classical POD.
The notion of the dual smooth modes is introduced
and used to expand the random response. The param-
eters of the SD (dual smooth modes and the smooth
values) are interpreted in terms of normal modes and
resonance frequencies given access to a modal anal-
ysis of linear system using output only data. This
approach overcomes the aforementioned limitations
of the POD. A nonlinear modal analysis is also pro-
posed.
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2 SMOOTH DECOMPOSITION

2.1 Decomposition principle

Let {U(t), t ∈ R} be a Rn-valued random process in-
dexed by R. We assume {U(t), t ∈ R} to be a zero-
mean second-order stationary ergodic process that ad-

mits a time derivative process {U̇(t), t ∈ R} which
is also a second-order stationary ergodic process.
We take RU(τ) = E(U(t + τ)TU(t)) and R

U̇
(τ) =

E(U̇(t + τ)T U̇(t)) to denote the covariance matrix

function of {U(t), t ∈ R} and {U̇(t), t ∈ R} re-
spectively. We assume that the covariance matrices

(of U(t) and U̇(t)) RU(0) and R
U̇
(0) are symmetric

positive-definite matrices.
As described in (Sampaio and Bellizzi 2011), the

SD of {U(t), t ∈ R} is designed to obtain the most
characteristic deterministic vectors Γ (∈ R

n) maxi-
mizing the ratio between the ensemble average of the
inner product between U(t) and Γ and to the inner

product between U̇(t) and Γ

max
Γ∈Rn

J(Γ) with J(Γ) =
E((U(t)TΓ)2)

E((U̇(t)TΓ)2)
=

ΓT
RU(0)Γ

ΓT
R

U̇
(0)Γ

.

(1)
This maximization problem is equivalent to the con-
ditional extreme value problem

max
Γ∈Rn

ΓT
RU(0)Γ subject to ΓT

R
U̇
(0)Γ = 1. (2)

The objective function J(Γ) significantly differs
from that used to define the KLD (see for example
(Bellizzi and Sampaio 2006)). Here the denominator
of the objective function takes the covariance matrix
of the time-derivative process into account. The nu-
merator and the denominator which seem do not de-
pend on time can be related to the time evolution of
trajectories of the random processes {U(t), t ∈ R}
and {U̇(t), t ∈ R} over a long time following the er-
godic property as

E((U(t)TΓ)2) = lim
T−>∞

∫
T

−T

(U(s)TΓ)2ds (3)

E((U̇(t)TΓ)2) = lim
T−>∞

∫
T

−T

(U̇(s)TΓ)2ds (4)

where U(s) and U̇(s) in the right-hand-side of the
equations denote one of the trajectories and not a ran-
dom variable as in the left-hand-side (for U(t) and

U̇(t)).
From the ergodic point of view, maximizing J(Γ)

corresponds to find a structure Γ which captures the
maximum possible variance in terms of time average
of the time displacement field, simultaneously with

the minimum possible variance of the time velocity
field (in accordance with the definition proposed in
(Chelidze and Zhou 2006)). From a not ergodic point
of view (left-hand-side of Eqs. (3) and (4)), maximiz-
ing J(Γ) corresponds to find a structure Γ which cap-
tures the maximum possible variance in terms of en-
semble average of the displacement random variable,
simultaneously with the minimum possible variance
of the velocity random variable.

The condition for local optimality is given by the
gradient of the objective function J(Γ) or by the La-
grange multipliers method applied to (2) and reduces
to the following generalized eigenproblem

RU(0)Γk = λkR
U̇
(0)Γk. (5)

Due to the properties of the covariance matrices,
(5) admits n eigenvalues (λk) (and associated eigen-
vectors) which satisfied the following properties:

• λk > 0;

• ΓT

k
RU(0)Γl = 0 and ΓT

k
R

U̇
(0)Γl = 0, for k �= l;

• ΓT

k
RU(0)Γk = λkΓ

T

k
R

U̇
(0)Γk;

• (Γ1,Γ2, · · · ,Γn) is a basis (and define the matrix
Γ = [Γ1Γ2, · · · ,Γn]).

In the sequel we will assume that the eigenvalues
λk are sorted in descending order and the eigenvectors
are scaled to satisfy the constraint condition (2)

ΓT
R

U̇
(0)Γ = In. (6)

The column vectors of the matrix

Ψ = R
U̇
Γ (7)

define a basis (Ψ1,Ψ1, · · · ,Ψn) (with Ψk = R
U̇
Γk)

which is the dual-basis of Γ in the framework of the
oblique projection (see Appendix A).

The eigenvalues λk named Smooth Values (SVs),
the eigenvectors Γk named Smooth Modes (SMs),
the dual eigenvectors Ψk named Dual Smooth Modes
(DSMs) characterize the SD of {U(t), t ∈ R}.

2.2 Smooth expansions

In (Sampaio and Bellizzi 2011), the Γ-basis has been
used to express the random process {U(t), t ∈ R} as
the expansion

U(t) =

n∑
k=1

ξk(t)Γk (8)

where {ξk(t), t ∈ R} are scalar random process de-
fined by (see Appendix and (6))

ξk(t) = ΓT

k
R

U̇
(0)U(t). (9)
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The expansion (8) is named Smooth Expansion of
{U(t), t ∈ R} associated to the Dual Smooth Com-
ponents (DSCs) ξk(t). The DSCs are scalar random
processes satisfying

E(ξk(t)ξl(t)) = ΓT

k
R

U̇
(0)RU(0)RU̇

(0)ΓT

l
. (10)

The dual-basis Ψ of Γ can also be used to express
the random process {U(t), t ∈ R} as the expansion

U(t) =
n∑

k=1

ζk(t)Ψk =
n∑

k=1

ζk(t)RU̇
(0)Γk (11)

where {ζk(t), t ∈ R} are scalar random process de-
fined by (see Appendix and (6))

ζk(t) = ΓT

k
U(t). (12)

The expansion (11) will be named Dual Smooth Ex-
pansion of {U(t), t ∈ R} associated to the Smooth
Components (SCs)ζk(t). The SCs are scalar random
processes satisfying E(ζk(t)ζl(t)) = 0 for k �= l and

E(ζk(t)
2) = ΓT

k
RU(0)Γk = λk. (13)

The similar properties hold for the set of random vari-

ables ζ̇k(t) (for k = 1, · · · , n) i.e E(ζ̇k(t)ζ̇l(t)) = 0 for

k �= l and E(ζ̇k(t)
2) = ΓT

k
R

U̇
(0)Γk = 1.

From the uncorrelated property of the set of random
variables ζk(t) for k = 1, · · · , n, the ”energy” of U(t)
takes the form

E(‖U(t)‖2) =
n∑

k=1

λk‖Ψk‖
2 (14)

with the Euclidean norm (‖X‖2 = X
T

X) or

E(‖U(t)‖2
R

U̇
(0)) =

n∑
k=1

λk (15)

with the R
U̇
(0)-norm (‖X‖2

R
U̇
(0) = X

T

R
U̇
(0)X).

If R
U̇
(0) = In, then Γ = Ψ, the expansions (8) and

(11) coincide and are KL ones (see (Bellizzi and Sam-
paio 2009)).

2.3 Some properties

Linear transformation

Let {V(t), t ∈ R} be a random process defined as lin-
ear transformation of {V(t), t ∈ R} as V(t) = AU(t)
where A is an invertible matrix.

The following relationships hold between the SD
characteristics of {V(t), t ∈ R} and {U(t), t ∈ R}:
(i) SVs: λV

k
= λ

U

k
,

(ii) SMs: ΓV

k
= A

−TΓU

k
,

(iii) DCSs: if AA
T = In, ξU

k
(t) = ξ

V

k
(t),

(iv) DSMs: ΨV

k
= AΨU

k
,

(v) SCs: ζV
k
(t) = ζ

U

k
(t).

Items (iv) and (v) show that the Dual Smooth Expan-
sion (11) is preserved by linear transformation.

Gaussian random processes

If {U(t), t ∈ R} be a R
n-valued Gaussian random

process, then the SCs and the DSCs are Gaussian.
Moreover for fixed t, the SCs ζk(t) for k = 1, · · · , n
(as random variables) are mutually independent. Of
course, the result is not true for the set of random pro-
cesses {ζk(t), t ∈ R}.

2.4 Dual smooth expansion as KL expansion

The dual smooth expansion can be interpreted as a
Karhunen-Loève expansion in the following way.

Let L
U̇

the square root matrix of R
U̇
(0)(= L

U̇
L

U̇
)

and define the random processes {Ũ(t), t ∈ R} and
its time derivative as the linear transformation

Ũ(t) = L
−1

U̇
U(t) and

˙̃
U(t) = L

−1

U̇
U̇(t). (16)

The associated covariance matrices are given by

R
Ũ
(0) = L

−T

U̇
RU(0)L

−1

U̇
and R ˙̃

U
(0) = In. (17)

The KLD and SD of {Ũ(t), t∈R} coincide and the
associated characteristics are related to the character-
istics of {U(t), t ∈ R} with the linear transformation
properties given Section 2.3. The KL , SD, and DS
expansions also coincide.

Finally the following optimal relationship holds for
the DS expansion of {U(t), t ∈ R}

E(‖U(t)−

p∑
k=1

ζk(t)Ψk)‖
2
R

U̇
(0)) ≤ (18)

E(‖U(t)−

p∑
k=1

ζ̄k(t)Ψ̄k)‖
2
R

U̇
(0)) (19)

for any arbitrary R
U̇
(0)-orthogonal basis Ψ̄.

2.5 SD in practice

Knowing the matrices RU(0) and R
U̇
(0), SD results

in solving the generalized eigenvalue problem (5).
Working with numerical or experimental data, SD
can be obtained estimating first RU(0) and R

U̇
(0) and

solving a generalized eigenvalue problem. SD can be
obtained also solving a generalized singular value de-
composition problem.

3 SD VERSUS OUTPUT-ONLY ANALYSIS
TOOL

Let consider a mechanical system with n degrees of
freedom governed by the equations of motion

MÜ(t) + CU̇(t) + KU(t) +G(U(t)) = F(t) (20)

3
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where M, C and K are n × n symmetric matrices,
and all the nonlinearities result in the vector func-
tion G(U). The vector F(t) describes the external ran-
dom forces as a zero-mean white-noise random exci-
tation with matrix intensity SF (i.e., RF (τ) = E(F(t+
τ)FT (t)) = SF δ(τ)).

3.1 Linear case G = 0

Let (ωk,Φk) the normal modes of the linear sys-

tem (KΦ = MΦΩ2 with Φ = [Φ1Φ2, · · · ,Φn] and
Ω = diag(ωk)). As shown in (Bellizzi and Sampaio
2013), SD of the stationary response of (20) can be
related to the modal parameters of the system (20).

The result reads as: if the system is such that ΦT
CΦ

and ΦT
SFΦ are diagonal matrices then the following

relationships hold:

(i) Φ = Γ−T = Ψ,

(ii) ω
2
k
= 1

λk

for k = 1, · · · , n.
(21)

The mode shapes coincide with the dual smooth
modes and the square of resonance frequencies are
equal to the inverse of the smooth values. Moreover,
the dual smooth expansion of U(t) coincides with the
classical modal expansion. Note that the column vec-
tors of the matrix Ψ are easily obtained from (7) with-
out inverting the matrix Γ.

3.2 Nonlinear case

SD can be applied to random nonlinear responses and
interpreted in the framework of linearized systems us-
ing the statistical linearization method (as defined in
(Kozin 1988)). For a given external random force (in
our case for a given matrix intensity), the statistical
linearization method gives access to a linear system
(named equivalent linear system) such that its station-
ary covariance matrix coincides with the stationary
covariance matrix of the nonlinear response. Follow-
ing the results discussed Section 3.1, the SMs, DSMs
and SMVs can be considered as the modal parameters
of the equivalent linear system.

3.3 About the smooth mode ordering

Following the results discussed Section 3.1, order-
ing the SVs, λk, in descending order is equivalent
to the classical ordering of the resonance frequencies
(ascending order). This ordering will be named fre-
quency ordering. Following the property (14) of the
dual smooth expansion (11), the smooth modes can
also be ordering sorting the λk‖Ψk‖

2 values in as-
cending order. This ordering will be named energy
ordering. The energy ordering is in line with the or-
dering used in the POD method.

4 EXAMPLE

In this section, the SD is used as an output-only analy-
sis tool to characterize a nonlinear system. The system
is depicted in Fig.1. It is composed of a linear chain

u1

Figure 1. Schema of the nonlinear system

of M identical linear oscillators also connected to the
ground coupled to a nonlinear oscillator also named
nonlinear end-attachment. The equations of motion
reads as

mN v̈ + λN(v̇− u̇1) + fN (v− u1) = 0, (22)

ü1 + λgu̇1 + kgu1 + λc(u̇1 − u̇2) + kc(u1 − u2)

−λN (v̇− u̇1)− fN(v− u1) = 0, (23)

üm + λgu̇m + kgum + λc(2u̇m − u̇m−1 − u̇m+1)

+kc(2um − um−1 − um+1) = 0, (2 ≤ m ≤M − 1)(24)

üM + λgu̇M + kguM + λc(u̇M − u̇M−1)

+kc(uM − uM−1) = f(t) (25)

where v (respectively um) denotes the displacement
of the nonlinear end-attachment (respectively the
mth mass of the linear chain). The nonlinear end-
attachment is constituted of a mass mN , a linear
damper with coefficient λN , and a nonlinear spring
characterized by the restoring force

fN (x) = C ×

{
g
−2n1

1 x
2n1+1

, if x ≥ 0
g
−2n2

2 x
2n2+1

, if x ≤ 0
(26)

where C, g1 and g2 are three real scalars and n1 and
n2 two integers.

A external force f(t) is applied to the mass number
M . We assume that it is of the form

f(t) = s0W (t) (27)

where {W (t), t ∈ R} is a Gaussian white-noise scalar
process with intensity one and s0 denotes the excita-
tion level.

4
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The Monte-Carlo method was used to estimate the
stationary responses of the system. From a given ex-
citation level, the response time history (displacement
and velocity) was obtained from an time history of ex-
citation (27) by solving Eqs. (22-25) over the time in-
terval [0, tf ] numerically using the Newmark method
with the time step size �t = 1/fs (where fs denotes
the sampling frequency). Zero initial displacement
and velocity were assumed. The time histories of W(t)
(a gaussian white-noise scalar process with intensity
one) were generated using the procedure described in
(Poirion and Soize 1989). Assuming ergodicity, the
last-half points of the displacement and velocity time
histories were used to approximate (as the time aver-
ages) the covariance matrices RU(0) and R

U̇
(0) with

U = (v, u1, u2, · · · , uM)T . The smooth decomposition
analysis is then obtained solving the eigenvalue prob-
lem (5).

The following numerical parameter values were
used to simulate the system (22-25): M = 9 (that is
a 10-DOF system including 9-DOF from the linear
chain and 1-DOF from the nonlinear end-attachment),
λc = 0.005, k=1, λg = 0.005, kg = 1, mN = 0.05,
λN = 0.001, kN = 0.0001, and C = 1, g1 = 1, n1 = 1,
g2 = 3 and n2 = 2 with the time-discretization pa-
rameter values �t = 0.143 s (i.e. fs = 7 Hz) and
tf = 74942 s (corresponding to 524286 instants).

The excitation levels s0 has been used as the pa-
rameter of analysis with s0 ∈ [0.002,0.0975].
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Figure 2. SD analysis for s0 = 0.002: dual smooth modes (cross
markers), smooth modes (circle markers) and normal modes of
the underlying linear system (red line).

4.1 Linear case

The stationary response associated to the excitation
level s0 = 0.002 is considered here. The first six
smooth modes and the first six dual smooth modes
are reported Fig. 2 using frequency ordering and com-
pared to the normal modes of the underlying linear
system. As predicted by theSD correctly estimates the
normal modes.

This also the case for the resonance frequen-
cies where the resonance frequencies estimated from
(21) (0.0068, 0.1613, 0.1773, 0.204, 0.2359, 0.2680,
0.2973, 0.3220, 0.3405 and 0.3519) coincide with the
exact resonance frequencies of the underlying lin-
ear system (0.0071, 0.1613, 0.1773, 0.2042, 0.2359,
0.2680, 0.2974, 0.3220, 0.3405 and 0.3520).

4.2 Nonlinear case

The stationary responses associated to the excitation
levels s0 = 0.025,0.0525 and 0.07 are first considered
here. The first six smooth modes and the first six dual
smooth modes are reported Figs. 3-5 using frequency
ordering and compared to the normal modes of the
underlying linear system.
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Figure 3. SD analysis for s0 = 0.025: dual smooth modes (cross
markers), smooth modes (circle markers) and normal modes of
the underlying linear system (red line).

Increasing the excitation level, the dual smooth
modes differ from the normal modes of the under-
lying linear system. For s0 = 0.025, the first three
dual smooth modes are affected (see Fig. 3) and for
s0 = 0.07 also the fourth dual smooth modes is af-
fected.
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Figure 4. SD analysis for s0 = 0.0525: dual smooth modes (cross
markers), smooth modes (circle markers) and normal modes of
the underlying linear system (red line).

Increasing the excitation level, we observe also that
the dual smooth modes differ from the smooth modes.
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Figure 5. SD analysis for s0 = 0.07: dual smooth modes (cross
markers), smooth modes (circle markers) and normal modes of
the underlying linear system (red line).

The excitation level affects also the resonance fre-
quencies estimated from SD (see Fig. 6 where the res-

onance frequencies estimated from the stationary re-
sponses associated to 34 excitation level values in the
interval [0.002,0.0975] are reported). At low excita-
tion level, the estimated resonance frequencies coin-
cide with the resonance frequencies of the underlying
linear system.
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Figure 6. SD analysis: resonance frequencies estimated from
(21) versus excitation level s0. Dual smooth mode 1 (cross mark-
ers), dual smooth mode 2 (asterisk markers) and so on. The red
line corresponds to most energetical dual smooth modes.

Increasing the excitation level, the smaller esti-
mated resonance frequency first increases (the other
estimated resonance frequencies remaining constant)
and becomes constant for s0 ≥ 0.045. For s0 near
0.045, the second estimated resonance frequency in-
creases and becomes constant. For s0 near 0.05, it is
the turn of the third estimated resonance frequency to
increase and so on.
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Figure 7. SD analysis: percentage of energy captured by the dual
smooth modes versus excitation level s0. The red line corre-
sponds to most energetical dual smooth modes.

It is also interesting to evaluate the energy of each
component in the dual smooth expansion (11). A
comparison is proposed Fig. 7 where the percent-
age of energy captured by the dual smooth modes
are reported for the 34 excitation level values. Three
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zones clearly appear where the energy is mainly con-
centrated on a dual smooth modes. At high excita-
tion level (s0 ≥ 0.08), the energy is shared on several
modes.

v u1 u2 u3 u4 u5 u6 u7 u8 u9
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Dual smooth mode 1

Figure 8. SD analysis: most energetical dual smooth modes.
Zone 1 (cross markers), zone 2 (circle markers), zone 3 (square
markers) and other excitation level values (diamond markers).
The first normal mode of the underlying linear system (red line).

In the first zone, the energy is concentrated on the
dual smooth mode 1, in the second zone on the dual
smooth mode 3 and in the third zone on the dual
smooth mode 4. The most energic dual smooth modes
are compared Fig. 8. Except for the case s0 = 0.002
(corresponding to the curve with cross markers sim-
ilar to the mode shape of the sixth normal mode of
the underlying linear system), the most energic dual
smooth modes in the three zone are very similar to
the first normal mode of the underlying linear system.
For this mode shape, the motion is localized on the
nonlinear attachment (v component). At high excita-
tion level (s0 ≥ 0.08), the most energic dual smooth
modes is not more localized on the nonlinear attach-
ment.

5 CONCLUSION

In this paper, the SD of a R
n-valued random process

has been discussed starting from the classical proper-
ties of the SD. The concept of the dual smooth modes
have been introduced and used to expand of the ran-
dom process. The dual smooth expansion was inter-
preted as a Karhunen-Loève expansion. The SD was
also interpreted in terms of modal analysis in case of
linear and nonlinear mechanical systems.
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APPENDICE A: OBLIQUE PROJECTION

Let consider a p-dimensional subspace Ep with p≤ n

in R
n with R

n = Ep ⊕En−p.
Let (Φ1,Φ2, · · · ,Φp) a basis of Ep and

(Φ̃1, Φ̃2, · · · , Φ̃p) a basis of E
T

n−p
the orthogo-

nal space of En−p such that

Φ̃
T

Φ = Ip (28)

where Φ = [Φ1Φ2 · · ·Φp], Φ̃ = [Φ̃1Φ̃2 · · · Φ̃p] and Ip

denotes the p× p identity matrix.
The oblique projection Π of Rn into Ep along the

subspace E
T

n−p
is defined by the matrix

Π =ΦΦ̃
T

. (29)

The projection appears as a simple truncation in the
appropriated basis as

ΠU = ΦΦ̃
T

U =

p∑
k=1

(Φ̃
T

k
U)Φk. (30)

If Φ comes from the p vectors of an orthonormal
basis (ΦTΦ = Ip) of Rn then (30) corresponds to the
classical orthogonal projection.

If k = n, the basis Φ̃ can be considered as the dual
basis of Φ in the sense that

U =

n∑
k=1

(Φ̃
T

k
U)Φk. (31)
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ABSTRACT: This paper address the problem of estimating the extreme response statistics of floating bridges subjected to harsh 
weather conditions. The sea surface is modelled as a locally homogeneous stochastic field, while the wave actions are obtained 
using potential theory. The added mass and potential damping originating from the fluid structure interaction is modelled using 
rational functions. The dynamic response is predicted in the time domain using Monte Carlo simulations and to extract the 
extreme value distribution from the simulated data, the average conditional exceedance rate method, is used. This is a non-
parametric representation of the extreme value distribution inherent in the data. The method can be used to predict extreme 
response statistics of narrow-banded random response processes typical for floating bridges. 

 

KEY WORDS: Floating bridge, extreme values, ACER, Monte Carlo simulations 

1 INTRODUCTION 
Even though the history of floating bridges may be traced 
back many thousands of years, it is only during the last three 
decades or so that floating bridges are being developed to the 
degree of sophistication so they can be applied as a critical 
part of modern infrastructure. In spite of this fact, compared 
with land-based bridges, including cable-stayed bridges, 
limited information [1] is currently available on floating 
bridges and even less on submerged tunnels for transportation. 
This concerns especially construction records, environmental 
conditions, durability, operations and performance. This is 
obvious from the fact that currently there are only about 
twenty long span floating bridges in the world. 

A computational procedure to assess the dynamic response 
of floating bridges in time domain is outlined in this paper. 
The hydrodynamic actions have been modelled using first 
order potential theory, see for instance [2] or [3]. The sea 
surface is modelled as a homogeneous stochastic field [4, 5] 
and small amplitude waves (Airy waves) have been assumed. 
The motion induced forces have been approximated using 
rational functions. This is an approach strongly related to the 
state space models more commonly applied to replace the 
convolution integral in the Cummins equation that governs the 
equilibrium of a floating structure in time domain, see for 
instance [6-8]. The dynamic response of slender bridges is 
typically assessed using advanced finite element codes such as 
Abaqus or Ansys that are capable to model large deformations 
and advanced material behaviour. In this paper it is shown 
how the type of rational functions used in this paper can be 
used to develop a hydroelastic element that can be 
implemented in Abaqus using the user subroutine 
functionality. 

Time series of the dynamic response of a floating bridge 
subjected to a sea state is of limited value, it is the extreme 
response that is needed in design. The extreme values are in 
this paper assessed using the Gumbel method of episodical 

extremes, see for instance [9], and the average conditional 
exceedance rates (ACER) method [10] . The latter is a non-
parametric representation of the extreme value distribution 
inherent in the data, which implies that no assumption 
regarding the distribution of the extreme values needs to be 
made.  
     The Bergsøysund Bridge displayed in Figure 1 is used as 
case study in this paper. The bridge is a pontoon bridge that 
crosses the Bergsøysund strait in Norway. The bridge is 931 
meters long and consists of a steel truss that is resting on 7 
concrete pontoons. The bridge is constructed as an arch in the 
horizontal plane and there are no anchors that support the 
bridge between the abutments, which makes it one of the 
longest floating bridges in the world without side anchoring. 
     One of the most important components of the bridge is the 
steel rod displayed in Figure 2. The bridge is resting on rubber 

 

 
Figure 1: Picture of the Bergsøysund Bridge 

 
Figure 2: Picture of the steel rod that supports the arch in the 

axial direction at the abutments 
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bearings in the vertical and horizontal direction at the 
abutments while it is only the steel rod that supports the 
bridge in the tangential direction of the arch. The extreme 
values of the axial forces in this rod will be studied in this 
paper. 

2 HYDRODYNAMIC ACTIONS 

2.1 Wave modelling 
Wind generated sea waves are commonly approximated as a 
locally homogeneous random field for engineering purposes. 
The sea surface can then be expressed mathematically by the 
following Riemann-Stieltjes integral: 

 
 ( ) ( ) ( ), ,i tt e dω

ηη ω⋅ −= ∫ κ xx Z κ   (1) 
 

Here the surface elevation η is a scalar quantity given as 
function of location x={x, y} in space (mean sea surface) and 
time t, κ={κx, κy} is wave number vector, ω is frequency, and 
Zη is a spectral process with independent increments. For 
small amplitude water waves (Airy waves) the wave number 
and frequency is related through the dispersion relation given 
as: 
 ( )2 tanhg hω κ κ=   (2) 
 

Here, g is acceleration of gravity, h is the water depth and 
 

 { } { }  cos   sinx yκ κ κ θ θ= =κ   (3) 
 
where θ is the wave direction  The model outlined above 
reveals that the wave spectral density can be expressed as a 
function of frequency and direction 

 
 ( ) ( )( ) , ( , )dS S Dη ηω θ ω ω θ=   (4) 
 

Here Sη(ω), is the one dimensional wave spectral density, 
while D(ω,θ) symbolizes the directional distribution. The 
directional function for locally generated sea states is 
commonly approximated as independent of frequency. The 
one dimensional wave spectral density, applied in this study is 
the so-called ITTC spectrum [11] while the directional 
distribution applied is the so-called cos-2s distribution. 
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Here, Hs represent the significant wave height while s is a 

directional parameter. 

2.2 Wave actions 
The wave forces acting on our study bridge are generated by 
extending the simulation procedure outlined above. It is 
assumed that the pontoon behaves like a rigid body and the 
wave action can be expressed in terms of three force 
components and three moment components. These force 

components are in the frequency domain modelled in terms of 
transfer functions obtained using first order potential theory 
applying the software Wadam [12]. The real and imaginary 
parts of the transfer function for the vertical force on the 
pontoons are displayed in Figure 3 and Figure 4, respectively. 
    Time series of the forces acting on the pontoons can then be 
obtained by                                              
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Here Pn, n∈{1..6}, symbolizes the force component, 

Fn(ωl,θl) the hydrodynamic transfer function while 
εil∈i{0..2π} is a uniformly distributed random phase angle. 
Deep water conditions, tanh(κh)≈1, have been assumed. 
   

 
Figure 3: Real part of the transfer function for the vertical 

force 

 

 
Figure 4: Imaginary part of the transfer function for the 

vertical force 

2.3 Added mass and potential damping 
The hydrodynamic mass and damping of the study structure 
are frequency dependent which implies that the corresponding 
time domain properties will be time related. This can be 
visualized as a memory process in the fluid-structure system 
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in the time domain representation. For single harmonic 
component, exp(-iωt), with frequency ω, the motion induced 
part of the hydrodynamic force can be written as 

 
 ( , ) ( ) ( ) ( ) ( ) ( )hd hd hdt t t tω ω ω= + +q m u c u k u&& &   (7) 
 

Here, mhd and chd are the frequency dependent 
hydrodynamic mass and potential damping matrices, khd, is 
the hydrostatic restoring matrix (assumed herein as frequency 
independent which is judged valid for small amplitude linear 
waves), while u symbolizes the displacements of the structure. 
Eq. (7) is only valid for a single-frequency harmonic motion. 
However, by introducing the principle of superposition, Eq. 
(7) can be extended to any periodic or aperiodic motion by 
applying a Fourier integral representation. Then, the motion 
induced forces can be expressed as follows: 
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( ) ( ) ( )
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hd hd hd hdi

ω ω ω

ω ω ω ω ω
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= − + +

q uG F G

F m c k
  (8) 

 
Here, i is the imaginary unit, and GX(ω) is the Fourier 

transform of X(t), where X ∈ {u, q}, and the matrix F(ω) 
contains the hydrodynamic transfer functions defined in terms 
of the hydrodynamic mass and damping, and restoring 
matrices, which in this representation are treated as 
continuous functions of frequency. 

The time domain representation of the motion induced 
forces can be obtained applying the inverse Fourier transform 
to Eq. (8). This results in the following equation: 

 

 ( ) ( ( )hdt t dτ τ τ
∞

−∞

= − )∫q f u   (9) 

 
Here, the matrix f contains the fluid-structure interaction 

impulse response functions defined in terms of the 
hydrodynamic mass, radiational damping and restoring 
matrices. In the cases when the hydrodynamic mass and 
damping coefficients are obtained at discrete frequencies it is 
convenient to curve-fit the data using the following expression 
[13, 14]: 
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The model coefficients can be determined by fitting the 

expression, either to numerical or experimental data 
describing the frequency dependence of the fluid-structure 
system. In practice this can be done by using the following 
real expressions: 
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The elements in the matrices, an n∈{1 2 3 l+3}, and the 
constants dl are determined by a least square fit to the data, i.e. 
the frequency dependent matrices of Eq.(8). The 
hydrodynamic impulse response functions can be obtained 
formally by taking the Fourier transform of Eq. (10). That 
gives the following expression: 
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Here, δ represents the Dirac delta function, the dots indicate 

time derivative, and H is the Heaviside unit step function. 
Inserting the hydrodynamic impulse response function into 
Eq. (9) renders the following expression for the motion 
induced forces in time domain: 
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2.4 Finite element representation of motion induced forces 
We consider the pontoon of the floating bridge as a rigid body 
attached to the flexible girder of the bridge system. Then the 
following equation of motion applies: 

 
 ( ) ( )t t+ + + =mu cu ku q P&& &   (14) 
 

Here m, c, and k represent the structural mass, damping and 
stiffness matrices respectively i.e. properties of the system 
without water (sometimes referred to as the dry system 
properties), while u symbolizes the displacements of the 
pontoon. The motion-induced hydrodynamic forces are 
denoted q, contain the wet system additional mass, radiational 
damping, and restoring forces, while P represents the wave 
action. From Eq.(1.8) we get: 
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Taking the derivative of the time history dependent term 

xl(t) gives us the following relation: 
 

 l l ld= −x u x&   (17) 
 

The equation of motion can then be written as follows: 
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In order to use traditional integration schemes, e.g. the 

Newmark’s β-methods, to solve the equation of motion, it is 
convenient to take the derivative of Eq. (15) two times instead 
of ones. This provides the following equation of motion for 
each hydroelastic element: 
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Then applying a standard assembly procedure the global 

system equation can be created by adding the dry elemental 
matrices to the wet elemental matrices represented, in 
principle, by Eq. (20) above. The hydroelastic element is 
displayed in Figure 5. 

 

 
Figure 5. Hydroelastic element 

2.5 Finite element representation of motion induced forces 
The hydrodynamic element presented in the section above has 
been implemented as a user element in Abaqus. In Abaqus the 
HHT-α [15] algorithm is used to solve the dynamic 
equilibrium, but since α is assumed to be zero in the 
calculations performed in this work, the algorithm is equal to 
the well-known Newmark-β method [16], which simplifies 
the implementation of the element slightly. In the Newmark-β 

method the equilibrium is satisfied at time increments, and at 
tn+1 the equilibrium reads [17] 

 
 ( )1 1 1 1

ˆ ˆ,n n n n+ + + ++ =MV g V V P&& &   (21) 
 

Here, 1
ˆ

n+MV&& represents nodal forces related to the 

accelerations; ( )1 1,n n+ +g V V& represents forces related to the 

displacements and velocities, while 1
ˆ

n+P represents the 
dynamic actions. In Abaqus the solution is obtained by 
Newton iterations on the residual r, implying that the residual 
and its total derivative (Jacobian matrix) J must be given in 
the subroutine. 
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Since the applied hydrodynamic model is linear the residual 

and the Jacobian matrix for the system outlined in Eq. (22) 
can be defined as 
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Here β and γ are constants used to defined the 

approximation of the velocity and acceleration in the 
Newmark’s algorithm, see [16] for further details.  

3 DYNAMIC RESPONSE 
The finite element model used to calculate the wave induced 
dynamic response is displayed in Figure 6. As can be seen, the 
entire truss has been modelled using beam elements, and since 
the concrete pontoons have been assumed rigid they are 
included in the finite element model as a 6 by 6 mass matrix.  

 

 
Figure 6: Overview of the finite element model of the steel 

truss [18] 
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In order to verify the procedure outlined in section 0 the 
dynamic response obtained for a linear model in time domain 
is benchmarked with the dynamic response predicted using 
frequency domain power spectral density methods [19]. The 
resulting power spectral density of the vertical response of the 
pontoon at the middle of the bridge is displayed in Figure 7. 
The spectral density of the time series calculated in the time 
domain has been obtained using the Welch method. Seven 
time series of 2000 seconds was used to provide the estimate. 
As can be seen from the figure the time domain results 
corresponds to the frequency domain results in an excellent 
manner which confirms that the time domain formulation 
outlined above is able to model the hydroelastic effects in the 
time domain. 

 
Figure 7: Comparison of response spectra obtained in the time 

and frequency domain 

To assess the extreme values of the axial force in the steel 
rod displayed in Figure 2, the dynamic response of the bridge 
have been calculated for 20 independent sea states of 3 hours 
duration. The significant wave height have been assumed 
Hs=4 meters and the significant wave period taken as Tp=10 
seconds. The directional parameter, s=20, was applied in 
Eq.(5). The calculations are performed using a Von Mises 
material model for the steel structure and geometric 
nonlinearities are also included. One of the obtained time 
series of the axial force is displayed in Figure 8, while the 
spectral density of the time series is displayed in Figure 9. 

 

 
Figure 8: Time series of the axial force 

 
Figure 9: Spectral density of the axial force 

As can be seen from the figure, the axial force is fairly 
broadly banded with two distinct peaks. 

4 EXTREME VALUE PREDICTION 

4.1 Empirical estimation of average conditional 
exceedance rates 

When estimating extreme value distributions it is often 
initially assumed that the up-crossings are independent. Under 
this assumption a good approximation of the CDF of the 
extreme value M(T) of the stochastic process F(t) during the 
time interval T, is given by  
 ( )Prob ( ) exp ( )TM T vη η+⎡ ⎤≤ = −⎣ ⎦   (24) 

Here v+( η) denotes the mean rate of up-crossings of the 
level η by the force process F(t). The question is then how to 
treat a situation where this assumption may be violated. Thus, 
we want to make use of a method which may be applied to 
any stochastic process represented as a sampled time series. 
To extract the extreme value distribution from the simulated 
data the average conditional exceedance rate method (ACER) 
may be used [10] This is a non-parametric representation of 
the extreme value distribution inherent in the data. The 
method can be used to predict extreme response statistics of 
narrow-banded random response processes typical for 
dynamic systems with low damping as investigated in the 
present paper.  

As given in [16] we start by introducing the average 
conditional exceedance rate functions, εk(η) where k = 1, 2, … 
k = 1 corresponds to independent data, meaning that all 
exceedances are counted for estimation of εk(η). For k = 2, 3,... 
an exceedance of η is counted only if the immediately 
preceding k-1 data points are below η. This gives the average 
conditional exceedance rate for the number of peaks or data 
points included in the time series, which again by sampling 
rate can be associated to a given time discretization.  

The empirical estimation of the conditional average 
exceedance rate as described in detail in [10], is in practice 
given by  

 1( ) ( ),    1, 2,...
1

N

kj
j k

k
N k

ε η α η
=

= =
− + ∑   (25) 

where 
 1 1( ) Prob{X > | , ... , }kj j j k jX Xα η η η η− + −= ≤ ≤   (26) 
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is the exceedance probability conditional on k – 1 preceding 
non-exceedances of the values of a time series sampled from a 
stochastic process given over a time interval (0,T). N is the 
total number of data processed and η is the threshold value. 
The empirical estimation of the ACER function is found by 
replacing the ensemble mean by a corresponding time average 
where the sum equals the number of times j when the event 

1 1{ , ,  ... , }j j j kX X Xη η η− − +> ≤ ≤  occurs for k = ≤ j ≤ N. That 
is the number of favourable incidents, i.e. exceedances 
combined with the requested number of preceding non-
exceedance, for the total data (N) and then divided by 
N − k + 1 ≈ N. 

The confidence interval of the sample estimate of ( )ε η , 
may then be found by the assumption that there is available a 
suitable number R of independent realizations. From an 
engineering point of view it is reasonable to choose R no 
smaller than 15 to 20 realizations. The 95 % confidence 
interval for the mean value ( )ε η may then be approximated 
by 
 ˆ( ) ( ) 1.96 ( ) /kCI s Rη ε η η± = ±    (27) 
 

where ˆks is the sample standard deviation. 
 

4.2 Prediction of extremes by optimal curve fitting to 
estimate ACER functions    

Naess and Gaidai [10] argue that when one is using only 
sampled data as the basis for the extreme value estimation, the 
sub-asymptotic functional form of the ACER functions cannot 
easily be decided. However, by assuming that the extreme 
value distribution has an asymptotic tale similar to the 
Gumbel distribution they argue that it may be assumed that 
the behaviour in the tail is dominated by a function of the 
form exp{-a(η – b)c}. Here a, b and c are suitable constants 
when the start value for η is chosen as an appropriate tail 
marker, η0 , such that η ≥ η0 ≥ b. Thus, for the estimation it 
may be assumed that the ACER functions in the tail are given 
by 
 ( ){ } 0( ) ( ) exp ,    kc

k k k kq a bε η η η η η= − − ≥   (28) 

 
where the function ( )kq η is slowly varying compared with the 
exponential function and ak, bk  and ck  are suitable constants 
that will be dependent on k. For practical applications it can 
be implemented in the following form 
 
 ( ){ } 1( ) exp ,    kc

k k k kq a bε η η η η≈ − − ≥   (29) 

 
where qk is assumed constant and η1 ≥ η0. This function is then 
used to predict the extreme values. Due to the uncertainties in 
the empirical values of the ACER functions for high values of 
η one should not include data points as the confidence band 
becomes large. 

 Optimal values of the four parameters may be obtained, as 
proposed by Naess et al. [20], by optimal fit carried out by 
minimizing the following mean square error function with 

respect to the four parameters in Eq. (29) at the log level. The 
objective function is then written as 

 

 2

1

( , , , )

(log ( ) log ( ) )k

k k k k

n
c

i k i k k i k
i

F a b c q

w q a bε η η
=

=

− + −∑
  (30) 

 
where kε  are the levels at which the ACER functions have 
been empirically estimated and wi denotes a weight factor that 
puts more emphasis on the more reliable data points. The 
choice of the weight factors is to some extent arbitrary. The 
following definition was suggested in [20] 
 
 log ( ) log ( )i i iw CI CI

ϑ
η η

−+ −⎡ ⎤= −⎣ ⎦   (31) 
 
with ϑ = 1 or 2, combined with a Levenberg-Marquardt least 
squares optimization method. This has proved to work well 
provided that a reasonable choice of the initial values for the 
parameters is made. Even though the choice of weight factor 
is to some extent arbitrary it may be deemed favourable to put 
stronger emphasis on the larger data, then the exponent ϑ 
should be set to 1. In this study ϑ = 1 is adopted for the 
optimized fitting. Note that the definition adopted for wi puts 
some restriction on the use of the data. Usually, there is a 
level   beyond which wi is no longer defined. Hence, the 
summation in the mean square error function given by Eq. 
(30) has to stop before that happens. 

For a simple estimation of the 95% confidence interval for 
the predicted values of   provided by the optimal curve, the 
empirical confidence band is re-anchored to the optimal curve. 
Further, the optimal curve fitting procedure is applied to the 
re-anchored confidence band boundaries. The fitted curves, 
extrapolated to the level of interest, will determine an 
optimized confidence interval of the estimated extreme value.  

 

4.3 Numerical results 
The average conditional exceedance rates of the twenty time 
series are displayed in Figure 10. The sampling interval used 
in the numerical integration of the equation of motion is Δt 
=0.1 seconds, which implies that k=100 corresponds to a time 
period of 10 seconds.   

 
Figure 10: ACER plot 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2911 

When k=2 the ACER function corresponds to the definition 
of the mean up-crossing rate since it is required in Eq. (26) 
that one value is above and the previous value below the 
threshold η. In order to use Eq.(24) to estimate the CDF of the 
extreme values it is crucial that the up-crossings are 
independent. This can be studied in Figure 10. For low 
threshold values the k values applied gives a slightly different 
ACER function which implies that the up-crossings are not 
independent. It is however the high threshold values that are 
of importance and as can be seen in Figure 10 all the ACER 
functions merge when η is larger than say 35 MN. This 
implies that there are low statistical dependencies in the tail 
region of the ACER function and that the Poisson assumption 
is fulfilled. The annual non-exceedance probability has to be 
selected in order to estimate the extreme value. Reasonable 
values are in the range 85-95% and we have used 85% in this 
work. Remembering that when k=2, the ACER function 
corresponds to the mean up-crossing rate the target value of 
the ACER function can be calculated using Eq.(24) 
 6

2ACER ( ) 0.1ln(0.85) /10800 1.5 10v η+ −= − = ⋅   (32) 
The predicted extreme value and the confidence interval are 

also presented in Table 1            
 

 
Figure 11: Extreme values 

In order to investigate the performance of the ACER 
method it is interesting to benchmark the results with the 
Gumbel method of episodical extremes. The maximum values 
of each time series are then assumed to be Gumbel distributed 
and plotted in the Gumbel probability plot displayed in Figure 
12. In a Gumbel probability plot the observed extremes are 
plotted versus –log(-log(m/(N+1)) for m=1,…20. The fitted 
straight line in the represents the fitted Gumbel distribution 
based on the moments estimation method. The cumulative 
Gumbel distribution is defined by  

 

 Prob(M(T) ) exp exp η αη
β

⎡ ⎤⎛ ⎞−
≤ = −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
  (33) 

 
The parameters α and β are related to the mean value mM 

and the standard deviation σM of M(T) as follows 
0.57722Mmα β= −  and /1.28255Mβ σ= .  

 

 
Figure 12: Gumbel plot 

 
The estimates of mM and σM obtained from the available 

sample therefore provide estimates of α and β which gives the 
fitted Gumbel distribution by the moments method. 

The 85% percentile value of the axial force of the fitted 
Gumbel distribution is indicated by the black horizontal line 
in Figure 12 and is also given in Table 1. Since the Gumbel 
method does not provide confidence intervals these are 
estimated using the parametric bootstrapping method [9, 21]. 
Here it is assumed that the fitted Gumbel distribution in 
Figure 12 is the true distribution of the extreme values. Since 
the distribution is assumed known it is possible to draw 
several samples of size 20 from this distribution. The 
empirical PDF of 100.000 bootstrapped samples is displayed 
in In Figure 13 together with the estimated 95% confidence 
intervals. The confidence intervals are also presented in Table 
1. 

 

 
Figure 13: Bootstrapped PDF 

 
The ACER and the Gumbel method provided estimates of 

the extreme value of the axial force that is very similar. The 
confidence intervals are however a bit different. As can be 
seen in Table 1 the confidence intervals predicted using the 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2912 

parametric bootstrapping technique is significantly wider than 
the one predicted using the ACER method. This implies that 
more reliable estimates can be obtained using the ACER 
method in addition to that it is possible to verify that the 
upcrossings are independent such that the poisson assumption 
is fulfilled.   
 

  Table 1. Predicted extreme values and confidence intervals 

Method Extreme value 
(MN) 

95% Confidence 
intervals (MN) 

Gumbel 50.3 45.5…54.4 
ACER 50.7 48.6…52.9 

 

5 CONCLUDING REMARKS 
The wave induced dynamic response of the Bergsøysund 
Bridge has been assessed in time domain in this paper. The 
hydrodynamic actions have been modelled using first order 
potential theory. A hydrodynamic finite element has been 
developed to model the motion induced forces. In this element 
the convolution integral are replaced by first order differential 
equations. The dependent variables in these differential 
equations are termed hydrodynamic degrees of freedom and 
are solved together with the displacement degrees of freedom 
of the FE model applying the well-known Newmark 
integration scheme. The results predicted using the 
hydrodynamic element have been compared to results 
obtained applying traditional power spectral density methods 
and the results corresponds to each other in an excellent 
manner.  
    The extreme values of the axial force in a crucial 
component of the bridge have been carefully studied applying 
the average conditional exceedance rates (ACER) method and 
the Gumbel method of episodical extremes. Applying the 
ACER method it is possible to evaluate whether the 
upcrossings are independent and no assumption regarding the 
distribution of the extreme values needs to be made. The 
results predicted using both methods were very similar, but 
the ACER method provided a confidence interval that was 
significantly narrower. This implies that an estimate with less 
uncertainty was obtained using the ACER method for the 
simulated data in our case study.    
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ABSTRACT: The structural assessment of existing masonry towers under exceptional loads, such as earthquake loads, requires 
reliable and expedite methods of analysis. These approaches should take into account both the randomness that affect the 
masonry material properties (in some cases the distribution of elastic parameters too) and the specific non-linear behavior (f.i. 
the small tensile strength) of the material. Considering the need of simplified but effective methods to assess the seismic 
response of slender masonry tower, the paper aims to propose an expeditious approach for seismic assessment of masonry 
towers assuming the material properties as a stochastic field. As a prototype of masonry towers a cantilever beam is analyzed 
assuming that the first modal shape governs the structural motion. With this hypothesis a non-linear hysteretic Bouc & Wen 
model is employed to reproduce the system response which is eventually linearized to evaluate its bounds. The results of the 
simplified approach are compared with the results of FE model to shows the effectiveness of the method. 

KEY WORDS: Bouc & Wen model; Masonry towers; Nonlinear dynamics; Reliability assessment; Statistical linearization. 

1 INTRODUCTION 
The analysis of the structural response of masonry elements, 
especially in case of seismic loading, should take into account 
both the randomness that affect the masonry material (also the 
elastic parameters distribution) and the specific non-linear 
masonry behavior (the small tensile strength).  

Several methods have been proposed in recent years to 
analyze the structural response of such structural systems. 
Betti et al. [1] analyze the response of a slender masonry 
walls under turbulent wind proposing an approach based on 
the modal reduction (MORE: Modal Reduction). The material 
has been assumed as no tensile resistant (NTR), but the 
mechanical properties have been assumed as deterministic. An 
analysis method to solve this typology of mechanical 
problems, assuming the properties of the material as a 
stochastic field, has been proposed by Facchini et al. [2] based 
on a Galerkin approach. Other possible approaches are the 
perturbation methods, originally proposed by Liu et al. [3]. 
The results of some preliminary analysis, however, seem to 
show that the employments of perturbation methods does not 
allow, when the seismic action is assumed as a time history, to 
keep into account correctly the cracking and crushing 
phenomena that evolve in masonry. 

Based on this background the paper aims to propose an 
expeditious and effective method to assess the seismic 
response of slender masonry tower when the masonry is 
assumed as a random material. To this aims in the paper 
firstly two numerical models developed with the finite 
element technique are introduced. The numerical FE models 
are used to perform nonlinear static and dynamic analyses 
aimed to assess the behavior of a slender masonry tower under 
seismic loading, and to evaluate some parameters needed to 
implement the Bouc [4] & Wen [5] [6] model. Secondly, a 

simplified approach based on a linearization of the Bouc & 
Wen model to evaluate the bounds of the structural response 
is discussed. 

2 STRUCTURAL MODELLING 
In this first part of the paper two FE code are employed to 
analyze the structural behavior of a masonry tower under 
seismic load. As a reference case study, a cantilever masonry 
beam having dimensions 10 (length)  × 40 (height) × 1 
(thickness) m is examined. The behavior of the masonry tower 
under seismic loads is analyzed by means of static nonlinear 
pushover analysis and dynamic nonlinear analysis. Results of 
the analyses are first compared with each other to assess their 
effectiveness, and next employed to evaluate the parameters 
required by the Bouc & Wen model. 

2.1 Structural modelling with Code Aster 
A numerical model of the cantilever masonry tower was 
developed by means of the Open Source software Code Aster. 
The finite element software Code Aster is a free finite element 
software (distributed under the GNU GPL license) for the 
numerical simulation of materials and mechanical structures, 
mainly developed in the department “Analyses Mécaniques et 
Acoustiques” of EDF (Électricité de France). 

The code was used to develop two different numerical 
models: a) the first with 8-node 3D elements having 
dimensions of 0.5×0.5 m and used for the nonlinear static 
analyses; b) the second, with the same typology of elements, 
but having dimensions of 1.0×1.0 m, and used for the 
nonlinear dynamic analyses. The first model accounts for 
6,400 element and 25,200 degrees of freedom (dofs), while 
the second one has 400 elements and 5,280 dofs. 

An expeditious approach for analysis of masonry towers under seismic loads 
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In order to take into account the nonlinear behavior of the 
masonry two types of mechanical damage models were 
considered. The nonlinear static analyses were performed with 
the nonlinear damage model of Mazars [7] [8], while for the 
dynamic analyses a damage behavior, called 
Endo_Orth_Beton [9] [10] was adopted. The first damage 
model is an isotropic damage model, very simple and robust, 
which has the limits of taking not into consideration of the 
stiffness restoring due to the cracks closing.  

 
Figure 1. The numerical model in Code Aster. 

The second one is an anisotropic model which is able to 
take into account of the cracks closing. Both of them have 
different parameters for the damage threshold and, in general, 
they require a reduced number of independent parameters to 
define the nonlinear behavior. Both mechanical models were 
originally introduced for the numerical modeling of the 
concrete, and their effectiveness to reproduce the nonlinear 
masonry behavior has been evaluated comparing the 
numerical results obtained with Code Aster with those 
obtained with the second one. Next the two adopted 
mechanical laws are briefly described. 

2.1.1 Mazar Law 
According to this mechanical model the definition of the 
relation between stresses and strains is obtained by the 
damage mechanics theory: 

 ( ) eAD=σ ε−1  (1) 

where A is the Hooke matrix; D is the damage parameter and 
εe is the elastic deformation which can include also the 
thermic dilatation and other phenomena like hydration and 
drying. In this model the damage parameter D is controlled by 
the equivalent strain εeq, which can be expressed, in the 
principal coordinate system, in this way: 
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The damage parameter D can be expressed by the following 
law: 
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( )[ ]d0eqeq
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11  (4) 

where A and B are two parameters which can be split in two 
couples (At, Bt) and (Ac, Bc) in order to distinguish between the 
traction and compression behaviour, while εd0 is the strain 
corresponding to the first damage threshold, both in tension 
and compression. Hence the parameters that define the shape 
of the Mazar model are At, Bt, Ac, Bc and εd0. 

2.1.2 Endo_Orth_Beton Law 
This nonlinear model has been introduced primarily to take 
into account the cracks closing phenomena that occur during 
the structure oscillations in a time domain analysis. In order to 
consider this important effect it is convenient to well define 
the transition from traction to compression and vice-versa. 
This can be done by analysing the free energy of the body in 
the principal coordinate system system as follows: 

 ( ) ( ) ∑
i

iεμ+εtrλ=ε 22

2
φ  (5) 

where λ and μ are the coefficients of Lamé. After the 
definition of a traction or volumetric compression according 
to the sign of tr(ε), and of a traction or compression in each 
main direction, according to the sign of εi, the free energy can 
be rewrite as follows: 

 ( ) ( ) ( )[ ] ( ) ( )[ ]2222

2 −− εtr+εtrμ+εtr+εtrλ=ε ++φ  (6) 

with following notations: 
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where H is the Heaviside function. 
The damage variables are introduced in the model by means 

of a second order tensor D for the damage in traction and a 
scalar d for the damage in compression. Hence if one 
introduce the tensor B = I – D, which can represent the 
material integrity in traction, then the final form of the free 
energy can be expressed, in terms of the damage parameters, 
in the following form: 
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For that concern the definition of the damage variable and 
their evolution the interested reader can refer to the Code 
Aster documentation [10].  
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Table 1. Masonry model parameters: Ew (Elastic modulus); v 
(Poisson coefficient); c (cohesion); θ (angle of internal 

friction); δ (dilatancy); fwc (uniaxial compressive strength); fwt 
(uniaxial tensile strength). 

Ew 
(N/mm2) 

ν 
(-) 

c 
(N/mm2) 

θ 
(o) 

δ 
(o) 

fwc 
(N/mm2) 

fwt 
(N/mm2) 

1500 0.25 0.24 38 15 5.00 0.24 
Both the Mazars and the Endo_Orth_Beton parameters are 

evaluated according the values reported in Table 1; in 
particular after calibration the adopted material parameters 
were chosen as follows: At = 0.8; Bt = 10000; Ac= 1.15; Bc= 
500 and εd0= 1.6⋅10-4. 

2.2 Structural modelling with ANSYS 
As a second case, the masonry tower (the simple cantilever 
beam) was modelled by means of the FE code ANSYS [11]. 
To reproduce the non-linear masonry behaviour, the Drucker-
Prager (DP) plasticity criterion [12], originally proposed for 
geo-materials, was employed. The material parameter 
required to define the model, the cohesion c and the internal 
angle of friction φ, are introduced in such a way that the 
circular cone yield surface of the DP model corresponds to the 
outer vertex of the hexagonal Mohr-Coulomb yield surface. 
The DP constitutive law can be written as follows: 

 021 =−+= kJIF α  (9) 

The parameters α and k required to define the yield DP 
surface are connected with the cohesion c and the friction 
angle φ by following equations: 

 
( ) ( )ϕ
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The two parameters α and k allow to evaluate the yield 
stresses in uniaxial tension and compression, respectively ftDP 
and fcDP, by: 
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Cohesion c and the angle of internal friction φ were then 
assumed as the only two material parameters needed to define 
the yield surface. In this application the DP criterion was 
combined with the Willam and Warnke (WW) failure 
criterion which, originally proposed for concrete [13], 
accounts for both cracking and crushing failure modes 
through a smeared model. The WW criterion is defined by the 
following inequality: 

 0≥− S
f
F

C

 (12) 

where F is a function of the principal stress state13, S is a 
failure surface expressed in terms of principal stresses and fc is 
the uniaxial crushing strength. If equation (12) is not satisfied, 
there is no attendant cracking or crushing. Otherwise the 

material will crack if principal stress is a tensile one, while it 
will crush if principal stress is compressive. With these 
assumption the masonry is modelled as a isotropic continuous 
capable to exhibit plastic deformation, to cracking for traction 
and to crush for compression. 

Both the DP and WW criteria are frequently used in the 
inherent literature to model the mechanical behaviour of 
masonry structures. Among the others, Zucchini and Lourenco 
[14], discussing the homogenisation approach for masonry, 
adopt the DP model for the simulation of the plastic 
deformation in masonry cells. They show how it is possible by 
using the DP criterion to account for the degradation of the 
mechanical properties of masonry in compression. The DP 
criterion has been adopted in a whole masonry structure by 
Cerioni et al. [15] to discuss the seismic behaviour of the 
Parma Cathedral Bell-Tower. The WW criteria has been used 
by Adam et al. [16] to model cracking and crushing 
capabilities of materials and the comparison between 
numerical and experimental results show a good agreement. 
Betti and Vignoli [17] combine the DP criterion with the WW 
failure surface to discuss, through a macro-element approach, 
the seismic vulnerability of a masonry church.  

 

 
(a) (b) 

Figure 2. Pushover analysis results: (a) Damage pattern by 
Code Aster (Blu, D=0 - Red, D=1); (b) Cracking pattern by 

ANSYS. 

The assignment of the mechanical parameters required by 
the DP and WW criterion require a careful calibration, 
especially if a macro-element approach is used. In the present 
study, being the analyses aimed to assess the effectiveness of 
an equivalent disordered linear system, these parameters have 
been assumed on the basis of available literature results for a 
stone masonry wall [18]. The adopted values are reported in 
Table 1 for both linear (Young’s modulus E and Poisson 
coefficient ν) and non-linear characterization of masonry 
materials. 
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The final three-dimensional model consists of 902 joints 
and 400 solid65 elements corresponding to 2,640 dofs. The 
non-linear system of equations has been solved by an 
incremental Newton-Raphson method with arc-length control.  

2.3 Code Aster – ANSYS results comparison 
A first comparison between the two codes was made through 
a nonlinear static pushover analysis (assuming a uniform 
distribution of horizontal loads along the cantilever beam). 
The results were consequently compared analysing the 
damage (Code Aster) / cracking (ANSY) pattern and the 
corresponding capacity curves. Figure 2 shows the damage 
pattern obtained with Code Aster and the cracking one 
obtained with ANSYS, while Figure 3 reports the capacity 
curve (load vs. displacement). It is interesting to observe that, 
despite the different mechanical laws adopted for the 
nonlinear modelling of masonry both codes offer a reliable 
estimation of the damage area and of the collapse load. A 
difference is instead observable in the maximum top 
displacement (about 550 mm with the Code Aster model, 
about 320 mm with the ANSYS model). This is due to the fact 
the non-linear system of equations in Code Aster were solved 
by a displacement control method, that results more 
appropriate to solve the nonlinear problem at hand. 
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Figure 3. Load-displacement curve Code Aster (Mazars 

model) and ANSYS comparison. 
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Figure 4. Colfiorito NS acceleration: time history (Up) and 

FFT (Down). 
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Figure 5. Base shear history at different PGA. 
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Figure 6. Displacement time history (top level masonry tower) 

at different PGA. 

A second comparison was made through nonlinear dynamic 
analyses. As input the record of Colfiorito NS 1997, scaled at 
PGA = 0.1g, was used (Figure 4). Figure 5 reports the base 
shear time history results for both codes at increasing PGA of 
the Colfiorito record. Figure 6 reports the top displacement 
time history results for both codes (again at increasing PGA). 
It is possible to observe that, despite few differences (between 
8 and 12 sec), both codes offer consistent results. 

3 THE PROPOSED APPROACH 

3.1 Adopted simplifications 
From the results of the structural analyses performed by 
means of ANSYS and Code Aster, it can be inferred that the 
dynamic behaviour of the cantilever can be modelled 
accurately enough by means of its first modal shape. 
Therefore, a nonlinear SDOF system can be defined whose 
stiffness is determined by means of the performed numerical 
analyses.  

 
Figure 7. The curve “applied force – computed displacement”. 

To this aim, a numerical analysis has been performed with 
ANSYS imposing a horizontal force on top of the masonry 
cantilever, in such a way to obtain the first-loading curve and 
the successive unloading curve; the result is shown in Figure 7 
with a red line. The obtained result shows that a Bouc [4] & 
Wen [5] [6] model (BW in the following) can be suitable to 
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model the stiffness of the cantilever. Next paragraph is 
devoted to the identification of the model parameters. 

3.2 Structural modelling by means of the Bouc & Wen 
model 

The Bouc [4] & Wen [5] [6] model (BW in the following) has 
been extensively employed to model the behaviour of a SDOF 
hysteretic oscillator; the behaviour of the oscillator is 
described by an incremental equation of the form: 

 

( ) ( )
( ) ( ) ( ) ( )

( ) ( )[ ]{ }β+γ−=
α−+α=

=++

zxzAxz
tztxtg

tftgkxcxm

n sgnsgn
1
&&&

&&&

 (13) 

The tangent stiffness of the oscillator can be obtained by 
deriving the nonlinear restoring function g(t) with respect to 
the displacement x, obtaining: 
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In this formulation, parameter A is redundant and can be 
considered unitary without loss of generality; in this way, 
parameter k reduces to the initial stiffness of the system. 

The initial stiffness can be computed substituting initial 
conditions in equation (14) obtaining: 

 ( ) k
x
zkk

t
i =⎥

⎦

⎤
⎢
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⎡
∂
∂

α−+α=
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1  (15) 

where it has implicitly assumed A=1 . 
Following Marano and Greco [19], the post-elastic stiffness 

is given by: 

 kk f α=  (16) 

and the limit elastic displacement is given by 

 ( ) nYx
1

−γ+β=  (17) 

Eventually, the ratio β/γ affects the transition from the 
loading curve to the unloading; a satisfactory value for this 
parameter was (empirically) found to be β/γ ≈ 104. 

Imposing exponent n=5 and the limit elastic displacement    
xY = 90 mm, the behavior shown in Figure 7 with a blue line is 
obtained. 

From the numerical analyses carried out by means of 
ANSYS, an initial stiffness of ki = 5660.3774 kN/mm and a 
ratio α = kf / ki = 0.12 can be desumed. 

Imposing a modal mass of M = 223 tons. and a damping 
coefficient ξ = 0.5 % , the response shown in Figure 8 can be 
obtained. It can be seen that the SDOF Bouc-Wen oscillator 
compares well enough with much more complex and 
computational demanding models elaborated with ANSYS 
and Code Aster; the worst error committed on the response 
peaks is about 20% . 

 
Figure 8: comparison of the top displacement of the tower 

obtained with: BW SDOF oscillator (red), ANSYS (blue) and 
Code Aster (black). 

If a harmonic displacement is imposed to the system, the 
energy dissipation due to the hysteretic cycle is negligible 
until the amplitude of the displacement reaches 240 mm; 
above this threshold the dissipated energy depends linearly on 
the amplitude of the displacement and can therefore be 
approximated by the relation: 

 ( ){ }240108.1,0max 6 −⋅≈ AEd  Nmm (18) 

where A > 0 is the displacement amplitude. 

3.3 Disordered BW oscillator 
Masonry mechanical parameters, such as Young’s modulus, 
are often difficult to estimate, especially for monuments and 
historical buildings. Possibilities can be in-situ tests by means 
of flat jacks and even laboratory tests on small samples of the 
examined masonry, but the results can only give an estimate 
of the parameters, which are necessarily affected by a more or 
less pronounced randomness. 

Therefore, it can be useful to investigate the behavior of a 
disordered B-W oscillator; the most interesting parameters can 
be, f.i., the initial stiffness ki and the limit elastic displacement 
xY . 

Keeping fixed the ratios α = kf / ki  ≈ 0.12  and r = β/γ ≈ 104 
and the exponent n=5 , the BW parameters depend on the 
random parameters ki , kf and xY in the following way: 

 iif
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n
Y kkkk
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Following a perturbation approach explained in Liu et al. 
[3] and successively developed in Chiostrini and Facchini 
[20], the equation of motion of the system can be expressed as 

 ( ) ( )tatg
m
kx

m
cx g−=++ &&&  (20) 

and it is firstly solved with the mean values of the random 
parameters Yx  , fk  and ik . The obtained response ( )tx  must 
satisfy the equation 

 ( ) ( )tatg
m
kx

m
cx g−=++ &&&  (21) 

while the sensitivity vectors must satisfy 
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where ( ) i,•  indicates derivation with respect to the i-th 
random parameter, namely ki  or xY  respectively for i = 1 , 2 . 

The tangent stiffness is obtained by means of equation (14); 
the forcing processes in equation (22) are given by 
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For details, the reader is invited to refer to Liu et al. [3] and 
Chiostrini and Facchini [20]. The overbar always means that 
the variable is computed taking into account the mean values 
of the random parameters. 

Such mean values are determined in order to fit the BW 
oscillator to the numerical analysis performed with ANSYS as 
shown in Figure 7, namely: 
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It is to be noted that the values α , β  , γ  and fk  are not the 
mean values of these parameters, but the values of the 
parameters calculated in correspondence of the mean values 
of the random parameters ik  and Yx according to relations 
(19). The random parameters are assumed independent on 
each other and affected by a constant coefficient of variation 

1.0=μσ=δ  
Such hypotheses lead to a second-order expansion for the 

mean displacement and a first-order for the variance of the 
structural response in the particular form: 

 
( )

222

22

,

,
2
1

iix

iiix

x

xtx

σ≅σ

σ+≅μ
 (25) 

where iσ  is the standard deviation of the i-th random 
parameter. 

The forcing process taken into consideration is the NS 
component of the 1940 El Centro earthquake. 

The integration of the perturbed equations (21)-(22) leads to 
the evaluation of the peak response of the equivalent linear 
system as the sum of the mean response, plus a peak factor 
times the standard deviation of the response itself. The peak 
factor was assumed g = √(π/2). 

 

 
Figure 9. The computed bounds of the response of the 
disordered equivalent linear system to El Centro 1940 

earthquake, NS component. 

4 CONCLUSIONS 
The paper shows the application of a simplified methodology 
for the seismic analysis of masonry towers; it is based on the 
assumption that such response is mainly due to the first modal 
shape of the tower, and takes into account the randomness of 
the tower parameters. 

The behavior of the first modal shape is modelled by means 
of a Bouc & Wen approach, identified on the results of 
numerical computations. The Bouc & Wen model is 
eventually linearized and the bounds of the response of the 
equivalent linear system are computed. Further applications 
can take into account the response of the disordered system to 
a stochastic process, instead of only one accelerogram, and the 
dependence of the response on the randomness of other 
parameters, such as the yielding point. 
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ABSTRACT: A study on the hydrodynamic modelling of pontoon bridges is presented, and exemplified with the Bergsøysund 
Bridge. The structural modelling is based on the finite element method using the FE-software ABAQUS; the fluid-structure 
interaction, as well as the wave action, are modelled applying linearized potential theory represented by the DNV HydroD 
WADAM software. The main emphasis is put on the stochastic response analysis within the framework of the power spectral 
density method. The accuracy of the presented modelling is outlined. Convergence of the response obtained by modal technique 
is dealt with. By means of state-space representation and an iteration algorithm, the quadratic eigenvalue problem is solved. 
Contribution from the fluid-structure interaction to the overall modal damping is presented and discussed, and is found to be 
significant. Critical damping ratios close to 11%, corresponding to modes with natural frequency around 1 rad/s, are found. The 
displacement response is considered near-converged when approximately 30 modes are included. 

KEY WORDS: Floating bridge; The Bergsøysund Bridge; Modal dynamics; Stochastic dynamic behaviour; Modal analysis. 

1 INTRODUCTION 
The Norwegian Public Roads Administration (NPRA) is 
currently working on plans for rebuilding Highway E39 along 
the Norwegian west-coast. This route stretches 1100 km 
between the cities Kristiansand and Trondheim, and 
incorporates multiple crossings of deep fjords, which today 
are operated by eight ferry connections [1]. Floating bridges 
of the pontoon type are proposed as feasible options for such 
crossings. In connection with the NPRA’s project, the 
objective is to carry out verification of the accuracy of the 
modelling methods used to assess the overall dynamic 
behaviour of floating structures exposed to environmental 
action, especially due to locally wind generated sea waves.  

The Bergsøysund Bridge, shown in Figure 1 and Figure 2, is 
a 931 m long floating bridge of the pontoon type, crossing the 
strait between Aspøya and Bergsøya located on the north-west 
coast of Norway. This bridge makes a very interesting case 
study due to the absence of mooring. The bridge consists of 
truss work supported by 7 discretely distributed light-weight 
concrete pontoons. Furthermore, it is vertically, horizontally 
and axially supported at the ends. 

 

 
Figure 1. The Bergsøysund Bridge. 

 
Figure 2. Overview of the Bergsøysund Bridge. Based on 

NPRA drawing. 

2 THEORETICAL MODELLING 

 Equations of motion 2.1
Within the framework of a Finite Element Method (FEM) 
formulation, the equations of motion for a floating structure 
can be written as:  

 ( ) ( ) ( ) ( )s s s ht t t t+ + =M u C u K u P�� �  (1) 

where t  is the time, hP  is the total hydrodynamic action, 
including the fluid-structure interaction as well as the wave 
action, sM , sC  and sK  are the structural mass, damping and 
stiffness matrices, respectively, and ( )tu  is the displacement 
vector. Hence, the floating elements contribute with forces 
from the interaction between the water and the structure. 
These forces are dependent on displacements, velocities and 
accelerations of the pontoons, which give rise to 
hydrodynamic mass, damping and restoring forces. In the 
frequency domain, this results in the following total system 
matrices: 

 ( () )s hω ω= +MM M  (2) 
 ( () )s hω ω= +CC C  (3) 

Modelling of the stochastic dynamic behaviour of the Bergsøysund Bridge: an 
application of the power spectral density method 

Knut Andreas Kvåle1, Ole Øiseth1, Ragnar Sigbjörnsson1,2 

1Department of Structural Eng., Faculty of Engineering Sciences, NTNU, Rich. Birkelandsvei 1A, 7491 Trondheim, Norway 
2Faculty of Civil Engineering, University of Iceland, Hjardarhagi 2-6, 107 Reykjavik, Iceland 

email: knut.a.kvale@ntnu.no, ole.oiseth@ntnu.no, ragnar.sigbjornsson@ntnu.no 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

2921



2 
 

 s h= +K K K  (4) 

Here, ω  is introduced as the frequency variable. When 
assuming harmonic excitation, the following equations of 
motion for the coupled system are obtained:  

 ) )( ( ( )tω ω+ + =M u C u Ku P�� �   (5) 

where ( )tP  represents the wave excitation force vector acting 
on the pontoons. This can be re-written in the frequency 
domain as follows: 

 2 ( ( ) ( )) iω ω ω ω ω− + + =M C u Ku Pu   (6) 

 Power spectral density method 2.2
As stated by Langen and Sigbjörnsson [2], the displacements 
and forces can be expressed within the theory of stochastic 
processes using generalized harmonic decomposition: 

 )( ) (tit e dω ω
∞

−∞

= ∫ uu Z   (7) 

 )( ) (tit e dω ω
∞

−∞

= ∫ pp Z   (8) 

where )(u ωZ  and )(p ωZ  are the spectral processes 
corresponding to the response vector and the wave excitation 
force vector, respectively, and 1i ≡ − . Equation (5) can, 
hence, be written as follows: 

 

( )
1

2

( )

) ( ) e ) )( ( (i t i td di eω ω

ω

ω ω ω ω ω ω
−

∞

∞

∞

− −∞

− + + = ∫∫
H

u pM ZC ZK
�����������

 (9) 
Here, the frequency response function )(ωH  has been 
introduced. Langen and Sigbjörnsson [2] express the cross-
spectral densities of the displacement ( )tu  and the wave 
action ( )tp  as: 

 ) ( ) (( )HE d dω ω ω⎡ ⎤= ⋅⎣ ⎦u uu Z ZS   (10) 

 ) ( ) (( )HE d dω ω ω⎡ ⎤= ⋅⎣ ⎦p p pZ ZS   (11) 

where the Hermittian operator [ ]Hi  has been introduced as the 
complex conjugate and matrix transpose and [ ]E i  is the 
expectation operator. Combining this with Equation (9) gives: 

 ) ( ) ( ) ( )( Hω ω ω ω= pu H S HS   (12) 

Furthermore, the coherence function and the correlation 
coefficient corresponding to the components x and y of the 
displacement vector process ( )tu , with standard deviances xσ  
and yσ  as well as covariance xyσ , are respectively defined as: 

 
2| S ( |)

) )( (
xy

xy
x ySS

ω
γ

ω ω
=   (13) 

 xy
xy

x y

σ
ρ

σ σ
=   (14) 

 
Figure 3. One-dimensional ITTC wave spectral density used 

with the problem at hand, with significant wave height
0.84sH m= . 

 Wave modelling 2.3
The sea surface elevation is a scalar quantity given as function 
of the location in space x  and time t , and can be expressed  
mathematically by the following Riemann-Stieltjes integral 
[3], [4]: 

 ( )( , ) , )(i tt e dω
ηη ω⋅ −= ∫ κ xx Z κ   (15) 

where { }x yκ κ=κ  is the wave number vector, ω  is the 

frequency and ηZ  is the spectral process of the sea surface. 
For stationary and homogeneous random field, the spectral 
process is related to the wave spectral density as: 

 ,( ( () , ) , )
r r s r ss

H d dE d d d
ηη η η η ηω ω ω ω⎡ ⎤ =⎣ ⎦ =κ κ G SZ κ κZ  (16) 

where the indices r   and s  correspond to two points in time 
and space, 

r sη ηG denotes the spectral distribution, and 
r sη ηS

the corresponding spectral density. In polar coordinates the 
wave number vector can be expressed as: 

 { }cos sinκ θ θ=κ   (16) 

where θ  refers to the wave direction. Within the framework 
of Airy wave theory, the wave number and wave frequency 
are related through the dispersion relation, which reads out: 

 2 tanh( )hgω κ κ=   (16) 

Here, g  is the acceleration of gravity and h  is the water 
depth. For deep water waves, this expression reduces to: 

 
2

2 g
g
ωω κ κ= ⇔ =   (16) 

Hence, applying Airy wave theory, the cross-spectral density 
can be expressed as a function of wave frequency and wave 
direction, ( , )

r s r s
S Sη η η η ω θ= . The two-dimensional auto-

spectral density is obtained from the cross-spectral density by 
merging the points r and s. In a single point we get for a 
homogeneous stochastic wave field the following equation: 
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�η�
��, θ� � �η	

��, θ�. This implies that we can express the 
auto-spectral density as a function of frequency, �, and 
direction, θ, i.e. �η��, θ�; commonly referred to as the 
directional wave spectral density, and traditionally written as 
follows: 

 , ) ) (( , )( S DSη ηω θ ω ω θ=   (17) 

where ( )Sη ω  is the so-called one-dimensional wave spectral 
density and ,( )D ω θ  is the directional distribution. The cross-
spectral density of the water elevation can then be expressed 
as follows for deep water waves assuming the directional 
function independent: 

 
( ) ( ) ( )

| |exp ( )

r s
S D

i xcos ysin d
g

S
π

η η η
π

ω ω θ

ω ω θ θ θ

−

=

⎧ ⎫
− Δ + Δ⎨ ⎬
⎩ ⎭

∫ …
  (18) 

Here, Δx and Δy represents the distance between the points r 
and s, and the mean wave direction is taken to be zero. 

The so-called ITTC wave spectral density [5] was applied 
as one-dimensional wave spectral density in the current case 
study. This is a special case of the Pierson-Moskowitz type of 
wave spectral density: 

 2 4) exp( A BSη ω
ω ω

⎛ ⎞= −⎜ ⎟
⎝ ⎠

  (19) 

where A and B are given by: 

 2
2

3.11,
s

A Bg
H

α= =   (20) 

Here, g is the gravitational constant, sH  the significant wave 
height and 0.0081α =  a constant called the Philips constant. 
Significant wave height 0.84sH m=  was found suitable for 
the problem at hand. The resulting one-dimensional wave 
spectral density is shown in Figure 3.  

The directional distribution is commonly characterised by a 
bell shaped function, with maximum value on the mean wave 
direction. For the problem at hand, the so-called cos-2s 
distribution was applied [6]: 

 2 0( 1)) cos
22 ( 0.5

(
)

ssD
s

θ θ
θ

π
−Γ + ⎛ ⎞= ⎜ ⎟Γ + ⎝ ⎠

   (21) 

with mean wave direction 0 0θ =  and 2 7s = . 
Based on linear potential theory, the cross-spectral density 

matrix corresponding to the wave excitation can be written: 

 , ) , ) )( ,( (
r s r sr

H
s dη η

θ

ω θ ω θ ω θ θ= ∫Q QS Q QS   (22) 

where , )(r ω θQ  refers to the directional wave excitation 
transfer function for pontoon no. r  and , )(s ω θQ  refers to the 
directional wave excitation transfer function for pontoon no. 
s . The directional wave excitation transfer functions are 

obtained applying potential theory as implemented in the 
computer package WADAM [7]. This results in the following 
cross-spectral density matrix of wave excitation: 
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  (22) 

 Eigenvalue problem 2.4
When damping is not neglected, the eigenvalues and 
eigenvectors become complex. The eigenvalue problem then 
reads out: 

 2[ ) ]( ()λ ω λ ω+ + =C K uM 0   (23) 

Because the mass and damping matrices in the above equation 
are non-linear functions of frequency, the eigenvalue problem 
is in general non-linear, and needs to be solved in an iterative 
manner (see Appendix). The eigenvalues for an under-
critically damped and frequency independent SDOF problem 
are found to be: 

 21r r r r riλ ξ ω ξ ω= − ± −   (24) 

This results in the following relations: 

 R ( )e
r r

r
r

r

ω λ
λ

ξ
λ

=

= −
  (25) 

where rω  and rξ  are the undamped natural frequency and 
the critical damping ratio of mode r , respectively. Equation 
(5) can be re-written: 

 1 1 1− − −+ + =u M Cu M Ku M P�� �   (26) 

To solve the eigenvalue problem, a state-space variable z is 
introduced: 

 ⎧ ⎫
= ⎨ ⎬
⎩ ⎭�

u
z

u
  (27) 

Applying this expression, Equation (26) is rewritten in the 
state space as: 

 1 1 1− − −

−⎡ ⎤ ⎧ ⎫⎧ ⎫ ⎧ ⎫ ⎪ ⎪+ =⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪⎩ ⎭ ⎩ ⎭⎣ ⎦ ⎩ ⎭K

0 I 0u u
u uM M MC p
�
�� �

  (28) 

On condensed form, this reads out: 

 + =�z Az Q   (29) 

When solved for z , this results in: 

 
2

1

rt
N

r
reλ

=

=∑z q   (30) 

where rq  and rλ  are the eigenvector and eigenvalue 
corresponding to solution r  in Equation (28). It is assumed 
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that r N+q  is the complex conjugate of rq  and that r Nλ + is the 
complex conjugate of rλ . This can be written compactly as: 

 =u Ψg   (31) 

where Ψ  is the modal transformation matrix containing the 
complex mode shapes (both conjugates), and g  is the 
generalized coordinates. 

Due to the frequency dependence in the eigenvalue 
problem, it represents a non-linear problem. This is solved by 
iteration in the current application. The iterative procedure 
used to deal with this is given in the appendix.  
 

3 COMPUTATIONAL MODELLING 

 Response calculations 3.1
An Abaqus/CAE truss model of the Bergsøysund Bridge by 
Hermstad [8] was used. This model is shown in Figure 4. The 
structural modal system properties, such as mode shapes and 
natural frequencies, were extracted from this model. 
Contributions from the floating elements to the overall system 
stiffness, damping and mass, were calculated using DNV 
HydroD WADAM. These contributions were thereafter 
transformed to modal space using the modal shapes retrieved 
from the finite element (FE) model. The established system 
properties formed the basis for response calculations, 
performed applying a Matlab [9] computer code specially 
developed for this purpose. The outline of the process is also 
shown in Figure 5.  

For all results presented in this paper, the dry part of the 
structure was assigned damping corresponding to Rayleigh 
damping [10]: 

 1
2 2

n
n

n

ω
ξ α β

ω
+=  (32) 

with 35 10α β −= = ⋅ .  
 

 
Figure 4. FE model used for calculations of structural 

properties in Abaqus/CAE.  
 

 
Figure 5. Connecting the domains. 

4 RESULTS AND DISCUSSION 

 Response spectral densities 4.1
The response from the estimated wave excitation spectral 
densities introduced in Section 2.3 was calculated using the 
power spectral density method. Figure 6 and Figure 7 show 
the resulting power spectral densities for the response in z-
direction and y-direction, respectively, of pontoons 3, 4 and 5, 
with corresponding statistics in Table 1 and Table 2. The 
response, indicated by its z- and y-components in Figure 6 and 
Figure 7, is in general found to have quite low correlation.  
The response is sensitive to the crest length of the waves, and 
the low correlation is suspected to origin from the fact that the 
sea state is based on a rather short-crested sea state. 
Furthermore, it is seen that the coherence is rather low, which 
is characteristic when the dominating wave period is as short 
as in this case. This is important to account for in fatigue 
computations. 

 Natural frequencies, critical damping ratios and mode 4.2
shapes 

By employing the algorithm introduced in Section 2.4, the 
established system matrices were used to calculate the natural 
frequencies, damping coefficients and mode shapes of the 
system. The natural frequencies presented are the damped 
ones, i.e. 21d nω ξ ω−= . The resulting mode shapes were 
used to sort the modes according to the kind of movement 
they represented; horizontally transversal (H), vertically 
transversal (V) or a combination of the two (HV). Torsional 
components were not considered in this survey. The natural 
frequencies and critical damping ratios for 10 selected modes 
are presented in Table 3, whilst the corresponding mode 
shapes are presented in Figure 8 - Figure 10. 

The critical damping ratios of modes around 1 rad/s appear 
to reach values close to 11%. Compared to dry steel structures 
this is very high. In the context of systems with significant 
hydrodynamic contribution, however, the damping values are 
not abnormally high. The relatively large damping is also 
supported by the bluntness of the peaks located around 1 rad/s 
in the response spectral densities.  
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Figure 6. Calculated heave response spectral densities for the three midmost pontoons, No. 3, No. 4. and No. 5. The cross-

spectral densities are represented by imaginary (red) and real (blue) parts. 

 
 

 
Figure 7. Calculated y-directional response spectral densities for the three midmost pontoons, No. 3, No. 4. and No. 5. The 

cross-spectral densities are represented by imaginary (red) and real (blue) parts. 
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6 
 

Additionally, the critical damping ratios and natural 
frequencies based on all eigenvalues ranging between 0 and 7 
rad/s are presented in Figure 11. Here, the damping is 
compared to the damping of a similar system where the 
frequency dependent damping contribution )(ωC  is excluded, 
to make it possible to study the impact this has on the total 
damping. From the figure, it is evident that the hydrodynamic 
frequency dependent damping contributes in a great extent to 
the overall damping of the structure. Because the added 
hydrodynamic damping is non-zero only for a quite narrow-
banded frequency region around 1-2 rad/s, it is reasonable that 
the total damping converges towards the Rayleigh damping 
for higher frequencies. 

Figure 11 shows a distinctive spreading of the critical 
damping ratios. This is suspected to come from the originally 
physical nature of the hydrodynamic damping. Because the 
added damping is different for the various DOFs, it makes 
sense that different amount of damping is contributed to the 
different modes. The total added damping for a single mode 
will be determined by the modal decomposition used on the 
original damping, i.e. only the added damping corresponding 
to DOFs active in the current mode will be contributing. This 
is in sharp contrast to the Rayleigh damping, which is added 
in a global manner to the entire structure. 

Mode 1, with mode shape shown in Figure 9 and natural 
frequency and critical damping ratio stated in Table 3, does 
not show in Figure 6 or Figure 7. This is due to the limited 
frequency range where ( )Sη ω  and therefore also )(

r s
ωQ QS  

are non-zero. The one-dimensional wave spectrum used, 
shown in Figure 3, reveals that the wave loading is in fact 
close to zero at the range of this mode (0.6 rad/s).  

 
 
Table 1. Covariance and correlation coefficients for the z-
components of the response, corresponding to the spectral 

densities shown in Figure 6. 
Components  Covariance  

[ 2mm ] 
Correlation 
coefficient 

3,3 493.4  100 % 
4,3 320.3 52.9 % 
4,4 742.6 100 % 
5,3 -57.12 -9.7 % 
5,4 405.0 55.8 % 
5,5 709.0 100 % 

 
 
Table 2. Covariance and correlation coefficients for the y-
components of the response, corresponding to the spectral 

densities shown in Figure 7. 
Components  Covariance  

[ 2mm ] 
Correlation 
coefficient 

3,3 739.7  100 % 
4,3 921.9 83.6 % 
4,4 1642 100 % 
5,3 463.0 63.7 % 
5,4 941.6 87.0 % 
5,5 713.3 100 % 

 
 

Table 3. Natural frequencies and damping ratios for selected 
modes. H refers to horizontal mode shape, V to vertical mode 

shape and H/V to mixed modal deformation. 
Mode 

no. 
Damped 
natural 

frequency 
[rad/s] 

Critical 
damping 
ratio [%] 

Type 

1 0.606 1.87 H 
2 1.002 11.7 H/V 
3 1.038 10.7 V 
4 1.205 7.29 H/V 
5 1.369 7.43 H/V 
6 1.497 3.31 V 
7 1.990 4.28 H/V 
8 2.446 0.96 H 
9 2.513 1.56 H 
10 3.005 1.28 H 

 
Figure 12 shows the critical damping ratios which are 

retrieved from solutions of the eigenvalue problem for all the 
frequency values ranging between 0 and 4 rad/s. To be able to 
extract eigenvalues corresponding to the same eigenvector for 
all the frequency values, an algorithm searching for similar 
eigenvectors for different frequencies was employed, i.e. by 
finding the eigenvectors for kω  and 1kω +  that resulted in the 

largest scalar product, 1
ji

k k+⋅q q . Eigenvector j  for 1kω + ( 1
j
k+q ) 

coinciding most with eigenvector i  for kω  ( i
kq ) was 

rearranged so that it also for 1kω +  was the i th eigenvector. 
This was performed for all frequencies along the discretized 
frequency axis. The eigenvalues were thereafter arranged 
correspondingly.  

 

 
Figure 8. Pure vertically transversal mode shapes. 

 
Figure 9. Pure horizontally transversal mode shapes. 
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Figure 10. Transversal mode shapes, with both horizontal and 

vertical components. 

 
Figure 11. Critical damping ratio from the complex 

eigenvalue solution. The hydrodynamic mass and stiffness 
contribution are included in both cases, and only the 

hydrodynamic damping contribution differs.  

 
Figure 12. Normalized real value of eigenvalue as function of 

frequency for modes 1, 2, 3 and 9. The solutions of the 
eigenvalue problem is indicated with a circle for each mode. 

 
Figure 13. Modal convergence of the real part of the cross-
spectral density between degree of freedom 3 and 18. The 

spectral densities are normalized with respect to the maximum 
real value of the reference spectral density with 50 modes. 

 
 
 

 
Figure 14. Modal convergence of the real part of the cross-
spectral density between degree of freedom 11 and 31.  The 

spectral densities are normalized with respect to the maximum 
real value of the reference spectral density with 50 modes. 
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Figure 15. Global coordinate system and selected global 

DOFs. 

 Modal convergence 4.3
Scatter plots of cross power spectral densities between some 
chosen DOFs for different number of modes are shown in 
Figure 13 and Figure 14. Here, the spectral densities are 
normalized with respect to the maximum real value of the 
reference spectral density, i.e. resulting from 50 included 
modes. The DOFs used are annotated in Figure 15. From 
these figures it is observed that the solution appears near-
converged when 30 modes are included. It should be noted 
that the number of modes required will depend on the quantity 
under consideration, e.g. the acceleration response will require 
more modes than the displacement response. The same applies 
for internal forces. 

5 CONCLUDING REMARKS 
Results of numerical calculations of the response of the 
Bergsøysund Bridge were presented, with emphasis on 
response spectral densities resulting from the power spectral 
density method as well as modal parameters resulting from the 
complex and non-linear eigenvalue problem.  

Quite low correlation values of the response were found, 
which is typical for response excited by fairly short-crested 
waves. The displacement response solution appears near-
converged when approximately 30 modes are included. The 
current study does not include considerations regarding the 
modal convergence of (i) acceleration response, which is an 
important aspect regarding traffic safety; or (ii) internal 
forces, which is crucial in a general structural design context. 
Due to the fact that both these quantities are differential 
functions of the displacement, the errors would tend to 
increase, which implies that more modes would be necessary 
for sufficient accuracy.  

For modes around 1 rad/s, critical damping ratios of 
approximately 11% were found from the solution of the 
quadratic eigenvalue problem. The bluntness of the peaks in 
the response spectral densities qualitatively supports the 
damping level. Due to the physical nature of the added 

hydrodynamic damping, the modal damping ratios vary quite 
much.  

By means of system identification applying response 
measurements, modal parameters such as critical damping 
ratios, natural frequencies and modal shapes need to be 
determined. The identified system will then be used to 
calibrate the presented computational hydrodynamic model, 
and thereby quantify the uncertainties of the methods applied.     
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APPENDIX 
The iteration algorithm used to establish the eigenvalues of 
the problem is shown below. 
 
Do for all n from 1 to 2N: 

1. Set 0ω ω= , as the 0th  iteration.  
2. Solve the eigenvalue problem in Equation (23), for 

the chosenω . 
3. Sort all the eigenvalues and the eigenvectors 

correspondingly. 
4. Set ω  equal the absolute value of the thn  resulting 

eigenvalue. 
5. If the number of iterations has exceeded a specified 

value of maximum iterations, or the previously found 
ω  deviates with less than a specified tolerance from 
the newω : set nλ  equal the thn  resulting eigen-

value, and nq  equal the thn  resulting eigenvector - 
and break iteration loop. If neither is true, do steps 2-
5 over. 
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ABSTRACT: This paper first discusses the effect of the methods used to account for ground motion direction and soil 
amplification on the prediction of structural vulnerability of buildings, and the vulnerability of various structural systems based 
on studies employing the FEMA P-695 methodology.  The paper also examines the effect of the method used to calculate 
collapse risk.  It is recommended that the calculation of risk uses the derivative of the fragility curve.  Using the derivative of the 
seismic hazard curve to calculate risk is more computationally expensive, may be unstable, and, depending on the method used, 
may lead to inaccurate estimates of risk. 

KEY WORDS: Risk analysis; Collapse assessment; Earthquake engineering. 

1 INTRODUCTION 
Earthquake risk analysis may be thought of as encompassing 
four basic elements: hazard, exposure, vulnerability, and 
consequence [1].  Hazard refers to the likelihood of a natural 
phenomenon that can produce damaging impacts [2], but it 
may also be expanded to include the potential for blasts and 
technological threats (terrorism).  In earthquake engineering, 
hazard is the potential for severe ground motions. 

Exposure refers to people and assets subject to the 
damaging impacts from a hazard [2].  In structural 
engineering, the focus is on the people and infrastructure that 
are exposed.  The degree of exposure involves the type, 
quantity, and location of assets and the distribution (in terms 
of both space and time) of occupants. 

Vulnerability refers to the sensitivity of buildings, bridges, 
and other structures to hazard [2].  Structural vulnerability is a 
function of the structural design and construction methods.  
Vulnerability is described in terms of one or more 
consequences.  Consequences refer to the impact of a hazard, 
in terms of loss of life, downtime, and monetary damages.  
The most negative consequences arise from structural 
collapse.  Monetary loss can be direct (building damage and 
repair costs) as well as indirect (downtime and losses due to 
unsafe placarding).  Ultimately, it is knowledge of the likely 
consequences that assists in making design decisions. 

1.1 Risk-targeted ground motions 
Ground motion maps for seismic design have traditionally 
been defined to provide a uniform hazard.  Typically the 
ground motions have a 2% to 10% probability of being 
exceeded in 50 years, depending on occupancy and use of the 
structure, and the document and region involved [3, 4, 5].  
However, it is the probability of structural collapse that is of 
paramount concern [4, 6], and, as a result, the goal of a 
uniform risk of collapse has replaced uniform hazard in recent 
maps.  The chief example of this is the current ASCE 7-10 
ground motion maps for the United States (US), which are 
intended to provide a uniform risk of collapse of 1% 

probability in 50 years [4, 7].  Another example is the ASCE 
43-05 approach for designing nuclear power plants [8]. 

The difference between uniform-hazard and uniform-risk 
maps depends on the convolution of two factors: the shape of 
the ground motion versus annual frequency of exceedence 
curve, termed the “hazard curve”, and the structural sensitivity 
(vulnerability of collapse) to ground motion, termed the 
“fragility curve.”  For new construction it is implied that the 
design map leads to structures with fragility curves where the 
probability of collapse is consistent at a given hazard level.  
Thus, the difference between uniform-hazard and uniform risk 
design maps is primarily a reflection of the underlying 
differences in seismic hazard. 

Seismic hazard varies within many regions of the world.  In 
the US, for instance, differences between hazard curves in the 
western US (tectonic plate boundary area) and hazard curves 
in the central and eastern US (intra-plate area) are well 
documented [4, 9, 10].  Similar (but less dramatic) differences 
exist in Italy (tectonic plate boundary area) [11].  Of course, 
within some regions—especially smaller regions—the seismic 
hazard curves do not vary greatly.  In France, for example, the 
shapes of the seismic hazard curves are similar [12], and thus 
the distinction between a uniform-hazard and uniform-risk 
map is less pronounced. 

1.2 Objectives 
This paper examines the hazard and vulnerability elements of 
risk and the method used to quantify risk.  The effect of 
directionality and site response on uniform-hazard ground 
motion hazard is first presented. Second, the collapse 
vulnerability of various modern structural systems is 
summarized.  Third, three common methods used to quantify 
risk are compared.  Two examples are included to illustrate 
the application of earthquake risk analysis (a risk assessment 
of partial restraint composite connection moment frame 
buildings and a risk map of a non-ductile moment frame 
building).  Although the US is emphasized in this paper, the 
concepts presented are applicable in Europe and elsewhere. 

Earthquake risk analysis of structures 

Johnn P. Judd1, Finley A. Charney2 

1Graduate Research Assistant, Department of Civil and Environmental, Virginia Tech, Blacksburg, Virginia, USA 24061  
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2 UNIFORM-HAZARD GROUND MOTIONS 
The US Geological Survey (USGS) provides ground motion 
values in the US and corresponding maps for various 
probability levels.  These values are based on the ground 
shaking from potential earthquakes identified in workshops.  
The recommendations from workshops are then peer-
reviewed by several science organizations and two expert 
panels.  The USGS updates the ground motion values 
periodically, with the latest version—the 2008 United States 
National Seismic Hazard Maps—adopted by ASCE 7-10 and 
the 2009 NEHRP provisions (next version of ground motion 
values is planned for 2014).  The maps provide 0.2-second 
and 1.0-second spectral accelerations, respectively, that have a 
2% probability of being exceeded in 50 years—corresponding 
to the so-called Maximum Considered Earthquake (MCE) 
ground motion.  Spectral accelerations for other periods and 
recurrence intervals are provided (but not mapped). 

In Europe, the Swiss Seismological Service coordinates a 
collaborative project—called Seismic Hazard Harmonization 
in Europe (SHARE)—that provides ground motion values 
similar to those provided by the USGS.  The SHARE project 
involves a core team of over 50 scientists from institutions 
across Europe, North Africa and Turkey, along with 
additional experts participating in workshops [13].  The 
European map provides peak ground accelerations that have a 
2% probability of being exceeded in 50 years.  Ground motion 
values for other probability levels can be accessed through the 
European Facility for Earthquake Hazard and Risk (EFEHR) 
[14]. 

2.1 Directional Effects 
Ground motion is a three-dimensional phenomenon that can 
be described in terms of three components: one component in 
the vertical direction and two orthogonal horizontal 
components.  Relative to a structure, the direction of ground 
motion and spectral acceleration may be based on the 
geometric mean (“geomean”) of two horizontal components.  
The USGS ground motions are based on the geomean because 
that description is embedded in the ground motion attenuation 
models [4, 15].  Alternatively, the direction may be based on 
the square root of the sum of the squares (SRSS) of the two 
horizontal components, or the “maximum-direction” of the 
two components.  Maximum-direction spectral acceleration is 
determined by calculating the maximum spectral acceleration 
based on both horizontal components for an entire orbit 
(orientations from 0° to 360°).  The maximum direction is the 
orientation with the maximum spectral demand (identified by 
the point on the orbit farthest from the origin) [16, 17]. 

To illustrate, Figure 1 compares the geomean, SRSS, and 
maximum-direction spectra for the 1999 Kocaeli, Turkey 
earthquake ground motion recorded at the Duzce station 
(FEMA P-695 Far-Field No. 9 [18]).  The maximum-direction 
spectrum envelopes the component and geomean spectra, but 
is less than the SRSS spectrum. 

The direction of ground motion effects structural response.  
Three-dimensional analyses of buildings, subjected to two 
orthogonal components of ground motion simultaneously, 
show that structural collapse is predominately in the direction 
of the stronger component [4].  As a consequence, the overall 
structural failure rate is higher for three-dimensional analyses 

 
Figure 1. Spectral acceleration using different definitions. 

compared to two-dimensional analyses, all other factors being 
equal.  To remove this unconservative bias in collapse 
capacity, the ASCE 7-10 ground motion map adjusts 
(increases) the USGS geomean uniform-hazard spectral 
accelerations to approximate maximum-direction demand 
[19].  The ASCE 7-10 (NEHRP) approximation is based on 
the ratio of maximum-direction to geomean spectral demand 
for near-field ground motions in the western US [16]. 

Table 1 gives the ratio of maximum-direction to geomean 
spectral demand for sets of ground motions used in FEMA P-
695 and in the development of ASCE 7-10. 

The ratios reflect the fact that the maximum-direction 
spectral acceleration depends on the ground motions.  The 
ratios for far-field ground motion sets and for ground motion 
sets intended for the central and eastern US can be quite 
different from each other.  For far-field ground motions in the 
western US, the median ratio is 1.20 and 1.27, for 0.2-second 
and 1.0-second spectral accelerations, respectively.  In the 
central and eastern US, these ratios are 1.28 and 1.35. 

Figure 2 compares the ratio of maximum direction to 
geomean spectral acceleration for the FEMA P-695 Far-Field 
ground motion set with the NEHRP approximation.  Note that 
the ratios using the FEMA P-695 method will differ for these 
periods compared to the NEHRP approximation. 

Based on data from Huang et al. [17] for the US, maximum-
direction to geomean spectral acceleration ratios of 1.2 and 
1.3 are appropriate in the western US, whereas ratios of 1.3 
and 1.4 may be more appropriate in the central and eastern 
US, for 0.2-second and 1.0-second spectral accelerations, 
respectively. 

Table 1. Ratio of Max. Demand to Geomean Demand. 

T (s) 

P-695 Huang et al. (2010) 

NEHRP 
Far-
Field 

Near-Field Western US Central 
and 

Eastern 
US Pulse 

No 
Pulse 

Far-
Field 

Near-
Field 

0 1.2 1.21 1.25 1.18 1.21 1.23 1.1 
0.2 1.29 1.24 1.31 1.2 1.22 1.28 1.1 
0.5 1.32 1.26 1.31 1.23 1.29 1.32 1.2 
1 1.3 1.27 1.37 1.27 1.31 1.35 1.3 
2 1.39 1.41 1.4 1.27 1.31 1.39 1.3 
3 1.34 1.33 1.31 1.27 1.31 1.35 1.35 
4 1.27 1.48 1.35 1.31 1.37 1.4 1.5 
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Figure 2. Ratio of maximum-direction to geomean Sa. 

2.2 Site Response 
The ASCE 7-10 (NEHRP) procedure to account for site 
response is founded on correlating shear wave velocity in the 
top 30 meters, Vs30 with ground motion amplification.  The 
correlation is based on ground motion records in the San 
Francisco bay area [20], and response resolution limited to 
two spectral period bands—short periods (near 0.2 seconds) 
and medium range periods (near 1.0 seconds)—because the 
design spectrum is defined by two periods.  Although a 
procedure using a broader range of spectral periods and Next 
Generation Attenuation (NGA) relationships for the western 
US [21] and similar refinements [22] have been proposed, the 
method appears to work well in the western US [23]. 

The Eurocode 8 procedure is similar to the NEHRP 
procedure, except that site response factors are applied to the 
entire spectrum (instead of period bands), and that there are 
some differences in defining soil classifications.  
Improvements have been suggested for both the classifications 
and the amplification factors [24], and for incorporating some 
knowledge of the type and depth of the soil column [25]. 

Nevertheless, site response is complex.  Ground motion 
amplification depends on the shear wave velocity profile and 
thickness of the soil column, bedrock characteristics, the 
magnitude and depth of the soil-to-bedrock impedance 
contrast, and topographic effects, among other factors [26].  
As a consequence, various alternative site response 
procedures have been proposed [27, 25, 28]. 

The USGS uniform-hazard ground motions reference a 
shear wave velocity, Vs = 760 m/s.  This corresponds to the 
boundary of the ASCE 7-10 soil classification of “rock” (site 
class B) and “very dense soil and soft rock” (site class C).  
Although the actual bedrock shear wave velocity in the central 
and eastern US is much higher (three times or more) [29], site 
class B was selected because it represented an average of the 
rock sites used in the western US attenuation relationships 
[30]. 

Where it is not possible to know site conditions with 
certainty (such as when generating a ground motion map for 
code adoption), a coarse estimate of ground motion 
amplification can be correlated using geological data [28], 
topographic data as a proxy for Vs30 [31, 32], or a combination 
thereof [33]. Ground motion maps along these lines are 
proposed for Italy [11]. 

Figure 3 shows a Vs30  map of the US based on  topographic 
data.  An important consideration using the topographic proxy 
method is that the effect of sediment thickness is not included 
(among other effects), and that the proxy method tends to 
under-predict Vs30 for hard rock sites [28]. 

In the ASCE 7-10 approach to risk, site amplification of 
ground motion is not considered until after calculation of the 
risk-targeted motions.  Site amplification is dependent on the 
spectral acceleration, however, so it varies for different values 
of hazard.  Clearly, a more accurate risk analysis requires a 
geotechnical investigation (where possible), or an estimate of 
site response using proxy data, to obtain the soil-amplified 
hazard curve before integrating hazard and vulnerability. 

3 STRUCTURAL VULNERABILITY 
Structural vulnerability can be assessed by using empirical 
data (e.g. [34]) or by employing analytical models.  The 
uniform-risk ground motion maps for the US are based on the 
latter, and incorporate two important assumptions regarding 
structural vulnerability: 
• The fragility curve (mathematically, the probability of 

collapse versus spectral acceleration) is described using a 
cumulative distribution function (CDF).  Prior analytical 
studies suggest that this distribution is appropriate [35, 
36, 37, 38].  It follows therefore that the fragility curve 
may be defined by two points on the curve, or a point on 
the curve and the slope of the curve (the logarithmic 
standard deviation, or dispersion, β). 

• The fragility curve is defined by assuming that the 
structure is designed using ASCE 7-10, and that this 
implies two conditions [39]: first, there is a 10% 
probability of collapse under the MCE-level spectral 
demand for risk categories I and II; second, the 
dispersion, β is estimated to be 0.8 including all 
uncertainties.  Analytical studies performed during the 
development of FEMA P-695 and “other past research” 
[19, 39] form the basis for these conditions. 

The application of the latter assumption to the risk analysis 
of new structures in the US is examined in this section by 
reviewing FEMA P-695 evaluations reported to-date in the 
literature.  Included are steel moment frame and braced-frame, 
reinforced concrete moment-frame and shear wall, reinforced 
masonry shear wall, and light-frame wood shear wall 
structures. 

 
Figure 3. Vs30 map of US based on topographic data. 

Vs30 values range from 180 m/s (blue) to 760 m/s (red). 
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In a FEMA P-695 evaluation, a structure is deemed to 
“pass” if (1) the average conditional collapse probability for a 
group of similar archetypical structures does not exceed 10%, 
and if (2) the conditional collapse probability for any 
individual structure does not exceed 20%.  FEMA P-695 
includes the effect of modeling and design uncertainties in the 
evaluation, and it incorporates an estimate of the effect of 
spectral shape on collapse capacity [18]. 

3.1 Steel Moment Frames 
The vulnerability of steel moment frame structures is 
summarized in Table 2.  Three types of steel moment 
structures are examined: special steel moment frames (SMF) 
[40], partially-restrained composite connection (PR-CC) steel 
moment frames [41, 42], and cold-formed steel bolted 
moment frames [43].  For each Performance Group (PG) the 
dispersion, overstrength, Ω, Adjusted Collapse Margin Ratio 
(ACMR) accounting for the effect of spectral shape, and the 
acceptable ACMR corresponding to 10% probability of 
collapse are given. 

All steel SMF systems are adequate except one performance 
group: the steel SMF long-period SDC Dmax performance 
group does not pass (but is not far off). 

 
Table 2. Steel moment-frame results. 

LFRS β PG No. Ω ACMR 
Accept. 

10% 

Steel 
special 
moment 
frame (R=8, 
Ω=3) 

0.5 1 4.16 2.97 1.9 
0.45 2 3.67 1.94 1.75 

0.475 3 2.55 2.53 1.81 
0.45 4 4.27 3.13 1.77 

  Ave 4.27 2.64   
0.5 1 4.7 2.91 1.9 

0.475 2 2.61 1.76 1.81 
0.45 3 2.84 2.72 1.78 

0.475 4 2.93 3.28 1.84 
  Ave 4.7 2.67   

Steel PR-
CC frame 
(R=6, Ω=3) 

0.6 

1 1.39 2.19 

2.16 

2 1.57 2.89 
3 1.58 3.99 
4 1.59 3.96 
5 1.78 4.74 
6 1.63 4.25 

Ave 1.78 3.67   
Cold-form 
steel 
Special 
bolted MF 
(R=3.5, 
Ω=3) 

0.5 

1 1.9 2.2 

1.9 
2 2.09 2.16 
3 3.14 3.66 
4 5.59 4.98 

Ave 5.59 3.25 

3.2 Steel Braced Frames 
The vulnerability of steel braced-frame structures is 
summarized in Table 3.  Two types of steel braced-frames are 
considered [40]: steel special concentrically braced frames 
(CBF), and buckling restrained braced (BRB) frames.  (For 
further consideration of BRB frames, see also [44].) 
  All steel braced-frame structures satisfy the FEMA P-695 
requirements, except one performance group: the CBF short-
period SDC Dmax performance group did not pass.  However, 
a recent study of special CBF buildings [45] indicates that 3-
story and 20-story buildings also do not pass.  In fact, short-
period systems often do not pass the FEMA P-695 criterion, 
regardless of the type of structure [46, 47]. 

Table 3. Steel braced-frame results. 
LFRS β PG No. Ω ACMR 

Accept. 
10% 

Steel 
Special 
CBF (R=6, 
Ω=2) 

0.525 

1 1.42 1.63 

1.96 
2 1.67 3.37 
3 1.9 2.93 
4 1.87 4.73 

Ave 1.9 3.17 

Steel BRB 
(R=8, 
Ω=2.5) 

0.525 

1 1.4 3.13 

1.96 
2 1.21 4.12 
3 1.77 2.86 
4 1.29 4.19 

Ave 1.77 3.58 

3.3 Reinforced Concrete Moment Frames 
The vulnerability of reinforced concrete moment frame 
structures is summarized in Table 4.  Two types of moment-
frames are included: special (SMF) and ordinary (OMF) based 
on the FEMA P-695 supporting study [18]. 

Most concrete frame structures pass FEMA P-695 
requirements.  However, SMF frames taller than 4 stories (the 
long-period perimeter frame performance groups) do not.  The 
long-period performance group for OMF frames also fails to 
pass.  Accordingly, the study suggested that a height limit is 
needed for SMF frames and that OMF frames should not be 
allowed. 

The reinforced concrete moment frame results and 
recommendations underscore a weakness of the assumptions 
for the current uniform risk-targeted ground motions: 
structures designed using ASCE 7-10 do not necessarily have 
less than a 10% probability of collapse given the MCE. 
 

Table 4. Reinforced concrete moment-frame results. 
LFRS β PG No. Ω ACMR 

Accept. 
10% 

Reinforced 
concrete 
SMF (R=8, 
Ω=3) 

0.5 

1 1.7 1.9 

1.9 
2 1.9 1.84 
3 3.5 2.66 
4 2.8 2.36 

Ave 3.5 2.19 

Reinforced 
concrete 
OMF (R=3, 
Ω=3) 

0.575 

1 2.2 3.86 

2.09 

2 6 4.58 
3 1.6 2.2 
4 3.2 2.44 

Ave 6 3.27 

1 1.6 2.2 
2 3.2 2.44 
3 1.5 1.48 
4 2.4 2.12 

Ave 3.2 2.06 

3.4 Reinforced Concrete Shear Walls 
The vulnerability of reinforced concrete shear wall structures 
is summarized in Table 5.  Two types of shear walls are 
considered: special and ordinary [40]. 

The results indicate that long-period performance groups 
pass, but short-period performance groups do not.  One and 
two story structures collapsed due to shear failures at low drift 
levels (about 1.5%).  The study notes that in past earthquakes, 
collapse of low-rise concrete shear wall buildings has only 
been observed in precast parking type structures where the 
diaphragm failed, yet “insufficient information exists to 
establish more liberal failure criteria.” 
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Table 5. Reinforced concrete shear-wall results. 
LFRS β PG No. Ω ACMR 

Accept. 
10% 

Reinforced 
concrete 
Special SW 
(R=5, 
Ω=2.5) 

0.525 

1 1.98 1.5 

1.96 

2 1.54 3.18 
3 2.41 1.5 
4 3.88 5.71 
5 2.08 1.75 
6 1.7 3.2 
7 2.41 1.5 
8 3.52 4.65 

Ave 3.88 3.05   

Reinforced 
concrete 
Ordinary 
SW (R=4, 
Ω=2.5) 

0.525 

1 2.85 1.77 

1.96 

2 3.43 5.8 
3 3.25 2.28 
4 5.2 8.23 
5 2.85 1.77 
6 2.37 6.42 
7 3.25 2.28 
8 3.37 9.38 

Ave 5.2 5.06   

3.5 Reinforced Masonry Shear Walls 
The vulnerability of reinforced masonry shear wall structures 
is summarized in Table 6.  Again, two types of shear walls are 
considered: special and ordinary [40]. 

The results indicate that many reinforced masonry 
structures do not pass the FEMA P-695 criteria. 1-, 2-, and 4-
story OMF shear wall buildings with low gravity loads pass, 
but high gravity loads do not.  Part of the poor performance is 
attributed to the low ductility capacity of short shear walls.  
Regardless of the reason for performance, the results again 
demonstrate that structures designed using ASCE 7-10 do not 
necessarily meet the 10% probability of collapse assumption. 

 
Table 6. Reinforced masonry shear-wall results. 

LFRS β PG No. Ω ACMR 
Accept. 

10% 

Reinforced 
masonry 
Special SW 
(R=5, 
Ω=2.5) 

0.525 

1 2 1.41 

1.96 

2 1.75 2.3 
3 2.12 1.69 
4 1.75 2.25 
5 1.8 1.71 
6 1.53 2.33 
7 1.71 1.95 
8 1.5 2.28 

Ave 2.12 1.99   

Reinforced 
masonry 
Ordinary 
SW (R=2, 
Ω=2.5) 

0.525 

1 1.89 1.51 2.23 
2 2.08 1.54 2.38 
3 1.41 1.46 2.16 
4 1.99 1.96 2.38 
5 1.91 1.98 2.23 
6 1.67 2.69 2.38 
7 1.37 1.94 2.16 
8 1.64 3.19 2.38 

Ave 1.99 2.20   

 

3.6 Wood (Light-Framed) Shear Walls 
The vulnerability of light-frame wood shear wall structures 
(i.e. residential and small commercial buildings) is 
summarized in Table 7.  The table is based on the results from 
the P-695 supporting study [18].  All performance groups 
pass, except the short-period low-aspect-ratio performance 
group.  However a recent study shows that the collapse 

margins of wood buildings in the western US are significantly 
lower than those in the central and eastern US due to regional 
construction practices [48].  In this manner, it is possible that 
wood structures may not necessarily have the performance 
implied by conformance with ASCE 7-10. 

 
Table 7. Wood (light-framed) shear-wall results. 

LFRS β PG No. Ω ACMR 
Accept. 

10% 

Wood light-
frame wood 
panels  
(R=2, 
Ω=2.5) 

0.5 1 2.2 1.89 1.9 
0.675 2 3.4 2.48 2.38 
0.675 3 4.1 2.91 2.38 
0.675 4 3.6 3.18 2.38 

  Ave 4.1 2.62   

3.7 Discussion 
To summarize this section, the available P-695 evaluations 
indicate that, on average, the assumed ASCE 7-10 fragility 
curve is conservative in terms of the variability in response, at 
least for structures that have been detailed for seismic 
resistance.  Yet, the conditional probability of collapse may 
exceed 10%, even for structures designed using ASCE 7-10. 

4 COLLAPSE RISK 
Calculation of risk requires the integration of seismic hazard 
curves and structural vulnerability (fragility) curves.  The 
mean hazard exceedence frequency corresponding to an 
intensity measure (demand parameter) is shown in Equation 1.  
This equation means that hazard may be expressed as a 
probability that the intensity of an earthquake, A will exceed 
some level, a in a given year: 
  =  |  1  (1) 
For seismic hazard analysis, a commonly used intensity 
measure is spectral acceleration.  As noted earlier, one 
example of a fragility curve is simply the probability of 
collapse or failure, F conditioned on the occurrence of a 
ground motion hazard value.  The vulnerability of the 
structure to the hazard (conditional probability of failure) is 
calculated using Equation 2, where f(t) is the probability 
density function of spectral acceleration: 
 |  (2) 
Integrating hazard and fragility depends on the overall 
approach.  In a “deterministic” analysis, each fragility 
ordinate is multiplied by the corresponding hazard probability 
[49].  In probabilistic seismic hazard analysis (PSHA), there 
are three analytically equivalent methods to integrate hazard 
and fragility. 

4.1 Method 1: Numerical Derivative of Hazard Curve 
The integration of hazard and fragility is shown in the 
following equation and is the so-called “risk integral” which 
calculates an annual rate of failure, λF: 
   |  (3) 

The failure rate usually refers to the collapse rate, λc which 
can also be used to calculate the risk of collapse in an 
exposure time (such as calculating the probability of collapse 
in 50 years). 

The minus sign accounts for the negative slope of the 
hazard curve (in PSHA the hazard curve is the probability of 
exceeding a value so it decreases as the demand parameter 
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increases).  An equivalent version of the risk integral would 
be to use an absolute value instead of a minus sign. 

The risk integral equation represents the concept that the 
probability of failure is the probability of the ground motion 
times the probability of building failure given that level, 
integrated over all possible levels of hazard [50].  The 
equation assumes ergodicity, meaning hazard and fragility 
(conditional failure) are independent and “the structure does 
not deteriorate” and is “instantaneously restored to its original 
state after each damaging earthquake.”  This approximation is 
only accurate as long as the failure rate is small.  For 
probabilities of failure greater than 1%, the approximation 
overestimates risk [51]. 

The hazard curve is not commonly represented using a 
continuous function, but instead a discrete data set is used, so 
in practice the derivative is approximated numerically [52]. 

4.2 Method 2: Derivative of Fitted Hazard Curve 
An alternative approach to using the discrete set of hazard 
data points is to fit the hazard curve with a function (usually a 
polynomial) and then take the derivative of that function when 
calculating Equation 3 [35]. 

4.3 Method 3: Derivative of Fragility Curve 
Since each of the previous approaches leads to some 
approximation, an alternate form of the risk integral that does 
not require differentiating the hazard curve is attractive.  This 
alternate method is used by the USGS to create risk-targeted 
ground motion maps [53].  The alternate form is derived as 
follows. 

Given the risk integral: 
   |  

Let 
   |   
   |   

which is the same as 
       

and let 
     
     

Invoking definite integration by parts: 
    

   |    

     |        

   |        

  1 0 0 1      

       (4) 

Note that this form of the risk integral (Equation 4) requires 
the derivative of the fragility curve—the CDF, which yields 
the probability density function (PDF).  This is a more stable 
approach than taking the derivative of the hazard curve. 

It is important to note that there is not a closed form 
solution to the risk integral regardless of the method used, and 
in practice the integral is computed numerically. 

4.4 Discussion 
This section discusses the methods to calculate risk using an 
example: the collapse risk of a 4-story steel special moment 
frame building in Los Angeles.  For purposes of comparison, 
the ground motion hazard is determined using the 2002 USGS 
hazard data (fundamental building period, T = 1.33 seconds) 
and prior fragility data [35].  Using a 4-degree polynomial 
curve fit, the collapse rate (number of predicted collapses per 
year) λc = 3.51×10-4 for Los Angeles.  A comparison between 
risk calculated using numerical derivative (Method 1) and 
curve fitting (Method 2) is shown in Figure 4. 

 

 

 
Figure 4. Hazard, deaggregation of risk, and cumulative risk. 
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For Method 2, various degree polynomials are fit to the 
hazard curve. The effect of the methods to determine the slope 
of the hazard curve is shown in Figure 4a.  For the hazard 
curve, the black line is linearly interpolated in log-log space.  
For the risk deaggregation curves (Figure 4b) the gray line is 
based on the incremental slope, and colors represent a 3-
degree (cyan), 4-degree (blue), 5-degree (magenta), and 6-
degree (green) polynomial curve fit for the hazard curve. 

A 4-degree or more polynomial curve fit converges to the 
same cumulative risk (Figure 4c).  For very small spectral 
accelerations (spectral acceleration less than 0.1g), a 5-degree 
polynomial is a very bad fit (this effect is not visible in Figure 
4a).  Using the derivative of the fitted polynomial hazard 
curve gives λc = 3.51×10-4 and risk = 1.74% (green line).  
Using the incremental derivative of hazard curve gives λc = 
3.97×10-4 and risk = 1.97%. 

Figure 5 shows a comparison between Method 1, Method 2 
using a 4-degree polynomial fit, and Method 3 (integration by 
parts and the derivative of the fragility curve).  Using Method 
3 gives λc = 3.97×10-4 and risk = 1.97% (red line). 

The method used to calculate risk may significantly affect 
results.  Both the contribution of different hazards to this risk 
(the deaggregation shown in the Figure 5a) and the cumulative 
value of risk calculated (Figure 5b) may vary.  The derivative 
of the fragility curve (Method 3) is a more stable approach 
compared to using the other methods, because the derivative 
of the hazard curve is avoided. 

 

 

 
Figure 5. Deaggregation of risk and cumulative risk. 

Besides, using a curve-fit (Method 2) is not necessarily 
more accurate, because the derivative of the curve is unstable. 

The deaggregation of the risk is also different in each 
method because the numerical integration of incremental 
hazard (da) differs for each method.  Thus, Method 1 and 
Method 3 produce the same value of risk, but differ in terms 
of hazard contributions, which is easily visualized using 
deaggregation.  Deaggregation of collapse risk is analogous to 
using deaggregation of ground motion to ascertain magnitude 
and distance pairs that are primary contributors to hazard [54]. 

Using Method 2, risk may be over- or under-estimated, 
depending on the shape of the hazard curve relative to the 
fragility curve.  Hazard curve points are derived from 
interpolated data, so the validity of using a fitted curve is 
questionable.  Furthermore, fitted curves are sensitive at low 
values of spectral accelerations.  This may be an additional 
concern for ascertaining non-performance at lower hazard 
levels (i.e. serviceability and immediate occupancy levels). 

5 EXAMPLE APPLICATIONS 
Two example applications of earthquake risk are provided.  
First, the collapse risk of buildings that use partial restraint 
composite connection (PR-CC) moment frames is assessed.  
Second, a collapse risk map of the US for a building using 
non-ductile steel moment frames is produced. 

5.1 Example: Risk analysis of PR-CC buildings 
This example contrasts risk in a location with frequent 
seismicity, in the San Francisco bay area (38.0° N, 121.7° W), 
and a location with infrequent seismicity, in the Memphis 
metropolitan area (35.2°, N, 89.9° W). 

The deaggregation of seismic hazard (spectral acceleration) 
corresponding to a long-period structure (T = 1.0 seconds) 
indicates that for San Francisco, the dominant contribution to 
hazard is along one fault line producing magnitude 5.0 to 7.0 
earthquakes.  For Memphis the dominant hazard is one fault 
(New Madrid) about 60 km away.  Compared to San 
Francisco, however, in Memphis there are large uncertainties 
with respect to source and size of potential earthquakes. 

Structural vulnerability results for PR-CC moment frame 
buildings (Table 2) indicate the lateral system over-strength is 
somewhat less than anticipated, keeping in mind that Ω in 
ASCE 7-10 is a conservative upper bound intended to protect 
vulnerable components.  The primary collapse mechanism of 
the buildings is generally column hinging of the lower story 
columns.  The low collapse margin ratios adjusted for spectral 
shape and period elongation (ACMR) for the 4 story buildings 
(performance groups 1 and 2) suggest the mid-rise buildings 
are more sensitive to collapse than higher-rise buildings. 

Table 8 gives the collapse risk for each building 
performance group in Table 2.  Site response is included 
based on the NEHRP relationship and topographic data. 

Risk is calculated using the derivative of the fragility curve 
and is based on achieving the ACMR values in Table 2.  It is 
important to note that this definition of fragility (achieving the 
ACMR) represents the predicted sensitivity of code-
conforming PR-CC buildings in general, not the sensitivity of 
the specific buildings proportioned in the analytical study.  In 
this way, building fragility is not constant (it increases or 
decreases geographically) and has a consistent safety margin. 
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Table 8. Collapse risk analysis of PR-CC buildings. 
Performance Group Summary 

Risk analysis (Prob. 
collapse in 50 years) 

No. Stories Hx (ft) Te (s) ACMR SF Memphis 
1 4 12 0.87 2.19 1.30% 0.76% 
2 4 14 0.98 2.89 0.45% 0.39% 
3 6 12 1.2 3.99 0.12% 0.17% 
4 6 14 1.36 3.96 0.12% 0.17% 
5 8 12 1.51 4.74 0.05% 0.10% 
6 8 14 1.71 4.25 0.08% 0.14% 

 
The analysis is fairly insensitive to the Vs30, but highly 

sensitive to the method used to calculate the risk (λc = 
2.57×10-4 collapses per year using the derivate of the fragility 
curve, compared to λc = 7.44×10-4 collapses per year using the 
derivative of the fitted hazard curve). 

All the PR-CC buildings meet the acceptable risk objective 
of the building code (collapse risk not greater than 1% in 50 
years), except for 4-story buildings with a 12-foot story height 
in the San Francisco location.  Surprisingly, for 6- to 8-story 
buildings, the risk of collapse in the Memphis location is 
greater than in the San Francisco location.  Importantly, a 
deaggregation of the risk (not shown in Table 8) reveals that 
the contribution to risk shifts from likely events (earthquakes 
with return periods less than 2,475 years) to unlikely events 
(earthquakes with return periods greater than 2,475 years). 

The outcomes of this example serve to illustrate that hazard 
(aleatoric) uncertainty and analysis (epistemic) uncertainty 
lead to rare-event dispersion. 

5.2 Example: Risk map for a non-ductile SMF building 
This example shows cumulative risk maps (risk of collapse in 
50 years) for a 4-story non-ductile building in the US.  The 
risk maps (Figure 6) are based on the 2008 USGS hazard data 
and structural vulnerability [55], considering only the moment 
frame (ignoring the gravity frame contribution).  Risk is 
calculated for every 0.5-degree latitude and longitude.  Figure 
6a is based on assuming the B/C site class boundary (Vs30 = 
760 m/s).  Site response is included in Figure 6b based on 
NGA relationships and topographic data (shown in Figure 3). 

The comparison demonstrates the critical effect of site 
response in earthquake risk analysis.  Without incorporating 
site response, the map would infer that non-ductile structures 
are only prone to collapse in high-seismic zones. 

6 CONCLUSIONS 
Ground motions for risk analysis should reflect regional and 
local differences in seismic hazard.  For example, in the 
western US, the ratio of maximum-direction to geomean 
spectral acceleration is approximately 1.2 and 1.3, for 0.2-
second and 1.0-seconds, respectively, whereas in the central 
and eastern US ratios of 1.3 and 1.4 are more appropriate.  
Risk targeted motions can benefit from topographic data in 
order to predict soil amplification for design when site 
investigations have not been performed a priori.  Adjusting for 
soil site conditions later in the design process may 
substantially under- or over-estimate risk. 

Risk analysis is improved through fragility curves that 
recognize system-dependent vulnerability.  Structures, short-
period structures in particular, may not provide a 10% or less 
conditional collapse probability. 

 

 
 
 
 

Figure 6. 50-year collapse risk for 4-story non-ductile building 

Assessment of collapse risk via the integration of hazard 
and fragility is more stable when calculated using the 
derivative of the fragility curve.  Using the derivative of the 
hazard curve to calculate risk is more computationally 
expensive, unstable, inaccurately determines the contribution 
of hazard, and, depending on the method used, may lead to 
grossly inaccurate values of risk. 

Of course, earthquake risk analysis should be viewed in 
proper perspective.  Interaction of hazards and vulnerability 
and the corresponding calculated risk may be amplified or 
attenuated by public response.  In other words, in addition to 
calculating risk, an overall assessment should include 
political, psychological, sociological, and cultural factors [56].  
Political factors especially amplify risk [57].  Additionally, 
risk may be compounded in “megacities,” where there is a 
concentration of populations and infrastructure [58, 59, 60]. 

Society’s acceptance of risk is also complex and changing.  
Voluntary risks, such as driving automobiles and air travel, 
are tolerated more compared to involuntary risks associated 
with earthquakes [61].  Yet even with that distinction, the 
degree of risk tolerated by society is a moving target. 

Earthquake risk analysis is limited by poor resolution of site 
response, aleatoric uncertainty (although this is partially 
accounted for), epistemic uncertainty [62], and rare-event 
dispersion (uncertainty tends to dominate for extremely rare 
events).  Instead of “predicting” collapse, earthquake risk 
analysis is more appropriately used as a tool to help allocate 
resources and determine policies that reduce loss of life, 
downtime, and monetary damages in the community [2]. 
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ABSTRACT: This study concentrates on the probabilistic risk assessment of reinforced concrete tall buildings subjected to 
ground motion excitation. In order to assess the vulnerability of tall buildings, twelve-, and twenty-four-story four-bay 
reinforced concrete moment resisting frames are studied. This evaluation is done through developing fragility curves. These 
fragility curves provide the probability of exceeding the multiple damage states for a given intensity (e.g. CAV) of ground 
motion excitation. To develop the fragility curves, a great number of nonlinear dynamic analyses are conducted in the open-
source platform OpenSees. Since the PEER Guidelines for Performance-Based Seismic Design of tall buildings recommends to 
consider the effect of soil-structure interaction, SSI, in tall buildings using a response history substructure analysis of them, this 
study includes comparison between fragility curves of fixed base buildings and the ones derived from models considering the 
SSI effects to indicate the efficacy of that. The structural uncertainties are taken into account by generating and modeling 
random values of material properties using Monte Carlo simulation method. Former investigations show that considering 
uncertainty in soil properties such as friction angle, cohesion, density, shear modulus and Poisson's ratio makes a negligible 
difference in seismic demand, so we pass up this uncertainty. Four sets of seven earthquake accelerograms corresponding to type 
C & D soils (based on NEHRP classification) for far and near sources are selected to be used in the analysis. Finally the 
developed fragility curves can be used to assess the seismic performance of tall buildings and discern the effect of SSI, height of 
structures and soil type on seismic response of this type of structures. An increase in the probability of exceedance of different 
damage states is observed in the cases of considering SSI effects, type D soils and near-source accelerograms. 

 

KEY WORDS: Tall buildings; Seismic fragility curves; Soil-Structure Interaction; Monte Carlo simulation; Damage index 

1 INTRODUCTION 
In past decades, several costly and destructive earthquakes 
have occurred and this phenomenon is going to recur. Trying 
to predict and reduce the risks and consequences of this 
natural disaster is the only thing that can be done. The 
earthquakes and fragility of structures due to these natural 
disasters cause risks. Both risk components have inherent 
uncertainties including structural and seismic uncertainties. 
Therefore it is necessary to assess the seismic performance 
and vulnerability of buildings for a given seismic parameter 
by employing these uncertainties. Tall buildings are specific 
types of buildings which are extensively used in seismically 
active regions, so it is necessary to conduct seismic risk 
assessments of these buildings. The vulnerability assessment 
is formerly done through developing fragility curves and 
relationships for some specific types of structures such as 
bridge piers, masonry and reinforced concrete structures, etc. 
This method is also applicable to the types of buildings we 
assess. Analytical fragility curves corresponding to a specific 
damage state define the probability of exceedance of the 
specified damage state for a given intensity of the seismic 
parameter of ground motion. In this investigation, fragility 
curves are obtained using nonlinear dynamic analysis 
procedures, specifically IDA method.  

As cumulative absolute velocity (CAV) is found to be well 
associated with structural damage [1], it is selected as seismic 

parameter in this study. This parameter is calculated using 
equation (1): 

 

| | (1)

Tall buildings' seismic performance is influenced by several 
factors such as soil type, soil-structure interaction, near source 
ground motions. 

Soil-Structure Interaction (SSI) has often a significant effect 
on dynamic behavior of the super structure resting on soft 
soils. According to Wolf [2], this effect is usually assessed in 
two separated parts: 1. the Kinematic interaction effect, 2. the 
inertial interaction effect. The first part modifies the input 
ground motion to the foundation as a result of rigidity of 
foundation against soil. The second part includes the effect of 
inertial loads created by vibration of structures which will 
cause a new motion in the foundation and accordingly 
deformation in the soil. This part will also influence the input 
ground motion to the foundation. The effect of the kinematic 
interaction versus inertial interaction on the structures with 
surface foundation is negligible [2], hence the kinematic 
interaction is not considered in this study. Figure 1 shows 
these effects schematically. 

This study focuses on developing fragility curves for tall 
buildings and assessing the effect of SSI, height of structure 
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and near source ground motions on the vulnerability of such 
buildings. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 1. Soil – Structure Interaction (SSI). (a) free-field 
motion. (b) Kinematic interaction effect. (c) Inertial 

interaction effect [3] 

 

2 MODEL DESCRIPTION AND ANALYSIS 

2.1 Description of buildings 
In this study, twelve- and twenty-four-story four-bay RC 
moment resisting frame buildings were designed according to 
Iranian seismic code (Standard 2800). All of the bay widths 
are 6 meter. These buildings are regular and symmetric in plan 
and height, so as a representative, one of the interior frames is 
picked out and analyzed for each building. 12-, 24-story 
buildings have been designed considering a response 
reduction factor, R, of 7 and 10 corresponding to intermediate 
and special moment frames, respectively. The 24-story 
building is designed based on response spectrum analysis due 
to the Code requirements. The cross sections of all columns 
are quadrangular and the beams are rectangular with an aspect 
ratio of 1.5.  

In order to conduct dynamic nonlinear response history 
analysis, the structures are modeled in the open source 
program, OpenSees. The beam and columns are modeled 
using nonlinear beam-column elements defined in program 
and the P-∆ effect has been considered for columns. The 
concrete behavior is modeled using Concrete02 material 
which considers tensile strength and linear tension softening. 
As depicted in Figure 2, stiffness degradation, strength loss 
and pinching are considered in the hysteretic behavior of 
Concrete02. The confinement effect due to transverse 
reinforcement is considered according to formulation 
developed by Mander et al. Steel behavior is modeled using 
Steel02, a uniaxial Giuffre-Menegotto-Pinto model. The 
hysteretic behavior of steel02 is shown in Figure 3. Beam and 
columns' sections are taken as fiber sections, in which the 

section is divided into smaller segments and yield a resultant 
behavior. In order to consider the increase in strength and 
strain values due to confinement, the core and cover materials 
are defined separately. 

 

 
Figure 2. Hysteretic behavior of Concrete02 [4] 

 
 

 
Figure 3. Hysteretic behavior of Steel02 [4] 

 

2.1.1 Compressive stress-Strain behavior of confined 
concrete 

The confinement effect due to transverse reinforcement is not 
considered automatically in this platform, thus it is necessary 
to model this effect manually. Among different models 
considering confinement, it is found that Mander et al. model 
is suitable to be utilized [5]. The stress-strain model is 
illustrated in Figure 4.  

Parameters shown in Figure 4 are calculated using equations 
(2) through (5) and Figure 5 for rectangular sections. 
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As a two-dimensional analysis is conducted in this study, 
only the horizontal and rocking degrees of freedom have been 
considered. Formulas used to determine the related spring and 
dashpot values are presented in Table 1. 

Table 1. Cone and spring-dashpot-mass model for foundation 
on surface of homogeneous half-space [6] 

Motion Horizontal Rocking 
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Where ρ is the mass density, A0 is the area of foundation 

and I0 is calculated using Πr0
4/2.  

In this study, it is assumed that ρ is 2000 kg/m3 and 
Poisson’s ratio is 1/3. The wave velocity is obtained from 
utilized accelerograms’ characteristics. 

These spring and dashpots are modeled in OpenSees using 
zero length elements with respective characteristics and the 
excitation is applied to them. 

2.3 Uncertainty 
According to Wen et al. (2003) [7], uncertainties are classified 
into two categories: (1) Aleatory uncertainties, such as 
inherent variations in material properties and wind loads, 
these uncertainties cannot be reduced through collecting 
additional information (2) Epistemic uncertainties, due to lack 
of knowledge and incorrect modeling. These uncertainties can 
be reduced by obtaining more information.  
In this study, two types of uncertainties are considered: (1) 
structural uncertainty including inherent variations in concrete 
compressive strength and modulus of elasticity, steel tensile 
yield strength and damping ratio, (2) seismic uncertainty due 
to the difference in the event magnitude, site to source 
distance, path attenuation and site effects. 

 

2.3.1 Structural uncertainty 
Monte Carlo simulation method is used to generate random 
values corresponding to each structural parameter based on 
their probability distribution functions. 

2.3.1.a Viscous damping ratio 
It is assumed that the viscous damping ratio has a uniform 
distribution between 0.02 and 0.05. 

2.3.1.b Concrete compressive strength and modulus of 
elasticity 

Based on Ellingwood and Hwang (1985) [8], a normal 
distribution is assigned to the concrete compressive strength. 
The mean value of compressive strength is considered to be 
30 Mpa and the coefficient of variation is taken as 0.19, 
meanwhile the modulus of elasticity is determined using the 
formula specified in ACI code. This parameter is also 
modeled using normal distribution, the mean value is 
calculated to be 26 GPa and the coefficient of variation is 
0.19. 

 

2.3.1.c Steel tensile strength 
According to Mirza and McGregor (1979) [9], a lognormal 
distribution is assigned to the steel tensile yield strength. The 
mean value of tensile strength is considered to be 400 Mpa 
and the coefficient of variation is 0.073. 

 
Using the assigned probability distribution functions, five 

structures with different material properties are modeled to be 
analyzed. 

2.3.2 Seismic uncertainty 
In this study, four sets of seven earthquake accelerograms 
corresponding to type C & D (based on NEHRP 
classification) soils and for far-field and near-source locations 
are selected to consider the seismic uncertainty. Three 
criterions are considered to select the records which are the 
event magnitude, distance to source and site soil type. 
Quantitatively, records with PGV greater than 15 cm/sec, 
magnitude greater than 6 on the Richter scale and 10 
kilometers distance as a mediocrity for far-field and near-
source records are opted. As a two-dimensional analysis is 
conducted, the components of records which have greater 
PGV values are used to analyze the structures. In order to 
prevent unnecessary calculations, the duration of strong 
ground motion is defined using Trifunac-Brady method, so the 
duration of records is shortened.  

The earthquake accelerograms used to analyze the 
structures considering SSI effect are recorded on soil type D 
with shear wave velocities about 300 m/sec.  

2.4 Damage index 
In order to quantify the vulnerability of reinforced concrete 
structures, different indices are presented by scholars. The 
damage indices are categorized into two groups: (1) Local 
damage indices (2) Global damage indices. Local damage 
indices specify damage measure in a member or at a joint 
during an earthquake, while global damage indices specify the 
overall damage measure of the structure based on the 
distribution and severity of the local damage. In order to 
consider the effect of both the repeated cycles of deformation 
and large deformation of elements, damage indices called 
combined damage indices are used as local damage indices. 
These damage indices are linear combinations of the 
normalized parameters mentioned before, deformation and 
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repeated cycle of deformations. The effect of repeated cycles 
of deformation is considered by calculating the absorbed 
hysteretic energy. The combined damage index provided by 
Park and Ang is commonly used in former investigations [10], 
[11]. In this study, a slightly modified Park and Ang damage 
index is used which is defined using equation (6) [12]: 

 

  (6) 

 
Where  and  are obtained using nonlinear dynamic 

analysis outputs,  is considered to be 0.15. ,  and My 
values are calculated using the moment-curvature analysis of 
the reinforced concrete section. In order to conduct this 
analysis, a zero-length element with a section equivalent to 
the defined cross section for beam and column elements is 
modeled. The model consists of two nodes and a zero length 
element. The defined element is schematically shown in 
Figure 7. The left part of the figure shows an edge view of the 
element. The utilized section is depicted in the right part of 
this figure. Node 1 is completely restrained, while the applied 
loads act on node 2. The existing compressive axial load is 
applied to the section during the moment curvature analysis 
[4].  

 

 
Figure 7. Depiction of element geometry in moment-curvature 

analysis [4] 

 
The cross sections defined in modeling the structures are 

used as the cross section of the zero-length element.  The 
beams’ axial loads are considered to be zero and columns’ 
axial loads are measured using design load combinations.  

Figure 8 shows a sample moment-curvature analysis result 
for one of the beams used in modeling. 

 

 
Figure 8. Moment-Curvature diagram of a sample beam 

 
 and My Values obtained through this method has a good 

adaptation to values calculated using experimental 
relationships presented by Park and Paulay, but  values are 
a little different. This difference is owing to utilizing fiber 
sections in this model and also simplifications done in 
experimental relationships.  

Thereby, the damage index of elements can be calculated. 
Hence, the damage distribution in stories can be defined and 
finally the overall damage index is calculated according to 
absorbed energy in each story (λi). This method is formulated 
in equations (7), (8). 

 
 

 

; ∑  
(7) 

 

  

; ∑  

(8) 

 

2.5 Damage states 
Park & Ang proposed the following damage classification 

based on the tests done: 
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Table 2.  Damage states presented for the above damage index 

The overall 
damage index Structure condition 

0 < DI < 0.1 No damage or localized minor cracking 

0.1 ≤ DI < 0.25 Minor damage – light cracking throughout 

0.25 ≤ DI < 0.4 Moderate damage – severe cracking, 
localized spalling 

0.4 ≤ DI < 1.0 Severe damage – crushing of concrete, 
reinforcement exposed 

DI ≥ 1 Collapsed 

 
 
The median values of the ranges defined in Table 2 are used 

to estimate the probability of exceedance of each damage 
state.  

2.6 Fragility derivation 
In order to assess the vulnerability of the buildings due to 
different ground motions, damage state definitions are applied 
to obtained damage indices. So the probability of exceedance 
of different damage states can be calculated for specified 
values of seismic parameter (CAV, in this study). PFij, the 
probability of exceeding the ith damage state for the 
occurrence of an earthquake with CAV equal to vj can be 
determined using the equation (9): 
 

  

1  |  

1 |   
(9)

 
Where DIi is the damage index corresponding to ith damage 

state and FDI is probability distribution function of DI. In this 
study, it is assumed that the damage index has a lognormal 
probability distribution. The equation (10) expresses this 
distribution: 

 

1   
 

 (10) 

 
Where φ ( ) is the standard normal distribution function, 

 and  are logarithmic mean value and standard 
deviation of damage index, respectively. Thereby, Fragility 
curve for the ith damage state can be plotted using PFij values 
for each level of CAV [13]. 

3 RESULTS AND DISCUSSION 
Through processing the results of the previous sections, 
fragility curves are developed for sample tall reinforced 
concrete moment resisting frames for near-source and far-field 
records, considering and not considering SSI. 

 
 

 
Figure 9. Comparison between fragility curves of 12 and 24 –

story buildings 

 

 
Figure 10. Comparison between fragility curves of 12-story 

model for far-field and near-source earthquake accelerograms 

 
Figure 11. Comparison between fragility curves of 24-story 

model for far-field and near-source earthquake accelerograms 
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Figure 12. Comparison between fragility curves of 12-story 

model for type C & D soils 

 
 
 

 
Figure 13. Comparison between fragility curves of 24-story 

model for type C & D soils 

 
Figure 14. Comparison between fragility curves of 12-story 

model resting on soil type D for considering and not 
considering SSI 

 
Figure 15. Comparison between fragility curves of 24-story 

model resting on soil type D for considering and not 
considering SSI 

 
By assessing the fragility curves in Figure 9 to Figure 15, it 

can be clearly observed that increase in height of these types 
of structures leads to decrease in vulnerability of the 
structures. The near-source earthquakes may cause more 
damage to structures than far-field earthquakes and this effect 
is more significant in soil type C versus soil type D and in 24 
story building versus 12 story structure. The vulnerability of 
these types of structures resting on soil type D is greater than 
structures resting on soil type C. The soil type effect is more 
significant in 24-story building. It is also clear that SSI causes 
a little increase in the probability of exceedance of different 
damage states for 12- and 24 -story building rested on the 
considered soil type D, however it is more effective on 24-
story building. Both increase and decrease in vulnerability of 
tall buildings in case of considering SSI effect are observed 
for different ground motion records which shows that the 
results are dependent on the seismic input and soil condition. 
So we can say that the SSI effect on tall buildings is generally 
negligible, and that’s because the period lengthening in tall 
buildings is near unity (i.e., little or no period lengthening).  

4 CONCLUSION 
In this study, fragility curves for reinforced concrete tall 
moment resisting frames buildings were developed from great 
numbers of nonlinear dynamic analysis. The vulnerability of 
elements was specified using a slightly modified cumulative 
combined damage index provided by Park & Ang and thereby 
the damage measure of the structure was calculated. The 
evaluations of different damage indices’ values showed that 
seismic uncertainty has the most significant impact on the 
seismic behavior of the structures among all other 
uncertainties considered in this research. Hence, it is 
necessary to ponder this source of randomness in the risk 
assessment of the structures.  

On the other hand, based on the obtained results, the effect 
of SSI was negligible for these types of building and soil 
conditions, nevertheless it is essential to consider this effect 
for other types of tall buildings such as buildings with other 
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lateral bearing system (e.g. buildings with a dual core wall 
system) and buildings with embedded foundations. 

Finally the presented fragility curves and relationships are 
applicable to this specific type of tall buildings and additional 
investigations are needed to obtain general fragility 
relationships for other types of structures. 
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ABSTRACT: Despite assessing the efficacy of base isolation systems on seismic performance of existing structures in former 
investigations using deterministic methods, it will be useful to assess the effect of these systems on the structural performance of 
buildings through probabilistic methods such as developing fragility curves. This study considers three 2-D reinforced concrete 
moment-resisting frame structures with different heights (3, 7, 12 stories). These structures are rehabilitated using Lead Rubber 
Bearing (LRB) isolators based on FEMA 356 instructions. Two sets of 7 records including near-fault and far-field records 
resting on stiff soil are selected to consider seismic uncertainty. Structural uncertainties are considered through modeling 
different material properties as random variables using Monte Carlo simulation method. Nonlinear time-history analyses will be 
conducted using open-source platform OpenSees for each level of seismic intensity parameter (here CAV) and using Park-Ang 
damage index for RC building and shear strain for isolators finally fragility curves are developed. There is a high correlation 
between CAV levels and mean damage. These fragility curves can be helpful to assess effects of adding base isolation systems 
in seismic demand of structures in each damage state. Although near- fault earthquakes have high vulnerability on fixed base 
buildings, their effects on base isolated are more. 

KEY WORDS: Fragility curve, Base isolation, Near-fault earthquake, Seismic intensity measure parameters, Damage model, 
Nonlinear dynamic analysis 

1 INTRODUCTION 
One of the best ways to control structure seismic performance 
is to use base isolation systems due to their ductility and 
energy dissipation mechanism which leads to increase in 
damping and fundamental period of structure and as a result a 
reduction in amplification occurring during earthquakes will 
happen, especially for common short building, which their 
natural fundamental frequency is near to earthquake 
frequency. Owing to the performance of base isolation 
systems during ground motions excitations and result of 
experimental and analytical assessments, these systems are 
widely used in both new structures and old structures (in order 
to rehabilitate them).  

On the other hand Near-Fault (NF) earthquakes have 
destructive effects on isolation systems. These effects are due 
to the pulses existing in displacement time-history in periods 
near to the base isolated systems'. So it will be useful to 
evaluate the effect of proximity of the isolated structures to 
the seismic source. 

It is important to define the structural damage 
corresponding to a specific level of ground motion intensity 
which will provide a good situation for decision makers in 
governments, insurers and structures' owners to reduce the 
consequences of the earthquakes. If we obtain the structural 
vulnerability of a component under some levels of ground 
motion intensity measure parameters (IM s) such as PGA, it 
will result to develop a seismic Fragility curve. In this 
method, it is required to define some Damage states and then 
according to those states the existence probability of damage 
related to each state by considering an IM can be compute as 
fragility curve of that state. 

Many investigations have been done on developing fragility 
curves for each structure type especially for bridges. 
Furthermore fragility curves can be used for assessing 
different structural control systems to find the best retrofit 
choice and seismic risk management. 

Some investigations has been done on the base-isolated 
highway bridges but in this project the effect of adding 
isolators on reinforced concrete moment resisting frame 
buildings will be include. 

Karim & Yamazaki[1] assessed the effect of adding isolator 
on fragility curve of highway bridges and proposed a 
simplified approach for deriving their fragility curves. They 
modeled 30 types of bridges with different height, weight and 
over strength ratio factor and excited them under a suite of 
250 ground motion records using PGA, PGV as IM. They 
compared the curves of isolated and not-isolated structures 
with different pier height and found that isolation increases 
the fragility for tall piers bridges despite for short pier bridges. 
They designed one type isolator for all pier height and they 
didn’t consider the effect of isolator damage.  

Zhang & Huo[2] used fragility functions to evaluate the 
effectiveness of isolation devices for highway bridges using 
both IDA , PSDA methods. They modeled 2- , 3- dimensional 
bridge models to compare their fragility using Opensees 
program[3]. They selected a suite of 250 ground motion 
records and used PGA as IM. For damage computing column 
curvature ductility was selected as pier damage index and 
shear strain as isolator damage index and the system (super 
structure and isolator) damage was computed by combination 
of them. By illustrating the similar fragility for 2-, 3-D 
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structures, the 2-D model used for optimization of isolation 
design. 

In this investigation the effect of adding LRB to reinforced 
concrete building is assessed using fragility curve under a 
suite of 7 near-field and 7 far-field earthquakes separately. 
Despite of the other investigations CAV, which has a good 
correlation with structural damage potential[4], is selected as 
intensity measure parameter. By modeling 3- , 7- , 12-story 2-
D RC moderate moment resist frames in 2 conditions fixed-
base and LRB isolated, the analysis will be done by IDA 
method. Also 5 models with different characteristic 
parameters which are random variables are used for each 
building in order to consider structural uncertainty. A 
modified Park-Ang damage index is selected for RC buildings 
and by assuming a log-normal distribution fragility curves are 
derived. 

2 DEVELOPMENT OF FRAGILITY CURVES 
Fragility curves are useful and powerful tools for seismic 
reliability, economic analysis, risk evaluating and 
management. Seismic fragility curve as illustrated in equation 
(1) is the conditional exceedance probability of engineering 
demand parameter related to capacity of the structure at each 
damage state (e.g. collapse) under an IM level of ground 
motion. 

                     |           (1) 

There are 3 methods for developing fragility curves: 
Empirical, Analytical and simplified approach. 

2.1 Empirical fragility curves                 

Yamazaki et al. [5] developed a set of empirical fragility 
curves based on actual damage data from the 1995 Kobe 
earthquake, and showed the relationship between the damages 
that occurred to the expressway bridge structures and the 
ground motion indices. In this approach, the damage data of 
the expressway structures due to the Kobe earthquake were 
collected, and the ground motion indices along the 
expressways were estimated based on the estimated strong 
motion distribution using Kriging technique. The damage data 
and ground motion indices were related to each damage rank, 
and the damage ratio for each damage rank was obtained. 
Finally, using the damage ratio for each damage rank, the 
empirical fragility curves for the expressway bridge structures 
were constructed assuming a lognormal distribution. [1] 

2.2 Analytical fragility curves 

Developing fragility curves using empirical approach is not 
always possible because of lack of data from happened 
earthquakes and defining damage states problems and also 
sometimes it is required to do pre-earthquake planning or 
retrofit prioritizing. So in such situations, by using analytical 
approach the fragility curves can be developed. 

In this approach, the response of structure can be 
determined using numerical analysis results and damage state 
will be computed by using a damage model and finally by 
understanding a probabilistic distribution fragility curves 
would be derived. 

Usually two methods are used to develop fragility curves in 
probabilistic seismic demand model which are: probabilistic 

seismic demand analysis (PSDA) that uses cloud approach 
(uses un-scaled records) and incremental dynamic analysis 
(IDA) that uses scaling approach. The PSDA method obtains 
the mean and standard deviation by using a regression 
analysis for each limit state but the IDA method scales records 
to some pre-defined levels of IMs and do analysis for each IM 
level so it has more computational efforts and more accuracy. 
The analysis can be done by using nonlinear dynamic or static 
analysis. Finally by assuming a probabilistic distribution 
function such as normal cumulative distribution function or 
log-normal cumulative distribution function can be selected to 
fit the fragility curves. 

2.3 Simplified Approach 

Because of much computational effort of analytical approach 
sometimes it is better to use a simplified approach instead 
with accepting a little error.  

 
In this investigation IDA method is used and a log-normal 

cumulative distribution is assigned to damage measures to 
define the fragility curves, as following in equation 2 : 

1    

 
 (2) 

    

3 STRUCTURAL MODEL OF BUILDING 
In this section, first assumptions made in design process of 
RC buildings and LRB isolators will be defined and then the 
nonlinear modeling of structures in OpenSess will be 
explained. 

3.1 RC structure design 

In this investigation, the buildings which are worked on are a 
middle frame of a regular 3-D building. The buildings are 
assumed as 3-, 7- and 12-story to evaluate height effect. 3- 
and 7-story frames have 3 bays and 12-story frame has 4 bays. 
Story heights are assumed 4.5m for first story and 3.5m for 
other stories. Specified concrete compression strength (f’c) is 
equal to 30MPa and reinforce yield stress (fy) 400MPa. By 
assuming hospital utilization that is highly important and 
moderate moment frame resting on a zone which is with 
highest hazard level of Iranian seismic code(2800 standard) 
(i.e. PGA=0.35g), base shear calculated. The buildings 
designed for 60 percent of calculated base shear based on 
ACI-318-05 and demand inter-story drift checked to be lower 
than allowable related limit. Drift limitations controlled 
designed sections for taller buildings than strength limits. 
Design parameters of these RC buildings are listed in Table 1. 

Table 1. Design parameters 

No. of 
stories 

Height(m) Ductility 
coefficient 

Bay 
length(m) 

Base 
shear 

coefficient 
3 10.5 7 5 0.15 
7 25.5 7 6 0.11 

12 43 7 6 0.08 
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3.2 LRB design 

Isolators have been designed based on FEMA356 for these 
weak hospital buildings. The LRB hysteretic model assumed 
as bilinear with first stiffness k1 and secondary stiffness k2 as 
illustrated in Figure 1. The ratio between primary stiffness to 
secondary stiffness (k1/k2) is assumed 10.0. The 
characteristics of designed LRB isolators are listed in Table 2. 

 

 
Figure 1. LRB bilinear model 

 
 
  Table 2. Characteristics of LRB 

No. 
Of 
stor
ies 

Design 
displac
ement 
(cm) 

Col. 
Positi

on 

Q 
(KN) Q/W 

K2 
(KN/m

) 

Rubber 
height tr 

(mm) 

3 23.2 
Mid. 40.7 0.048 354.7 150 
Cor. 20.3 0.048 177.3 150 

7 26.1 
Mid. 103.7 0.045 614.7 200 
Cor. 51.9 0.045 307.3 200 

12 28.6 
Mid. 172.2 0.043 673.8 200 
Cor. 86.1 0.043 336.9 200 

 

3.3 RC frame nonlinear modeling  

In order to nonlinear analyze of designed buildings, it is 
required to model them in opensees platform; so the used 
material is Concrete02 for concrete that include tension 
linearly as in Figure 2 and Steel02 for reinforcement as in 
Figure 3. For considering the effect of confinement of stirrups 
on core concrete that increase both the strength and ductility,  
Mander model[6] is used and defined section has different 
patched fibers for cover and concrete. Linear P-delta effect 
has been used for columns.     

 

 
Figure 2.  Hysteretic behavior of concrete02[3] 

 
 

 
Figure 3. Hysteretic behavior of steel 02[3] 

 

3.4  LRB nonlinear modeling 

If a linear spring with stiffness equal to k2 becomes parallel 
with a elastic perfect plastic spring with stiffness equal to (k1-
k2) which yields at a point with displacement equal to Fy/k1, 
the behavior illustrated at Figure 1 will be resulted. 

4 GROUND MOTION INTENSITY MEASURE 
PARAMETER 

Although many other investigations use PGA or PGV for 
developing fragility curves which are useful and well-known 
parameters between engineers, here CAV is selected. CAV 
encompass both intensity and duration of the accelerogram 
and is defined as equation3 .  

| |         (3) 

CAV has a good correlation with structure damage potential 
where CAV=3m/s (which is computed after filtering 
frequencies higher than 10 Hz) is as like as an event with 
lower limit of MMI equal to 7 [4]. Also Bakhshi et al. find 
that for short to mid rise reinforce concrete buildings, CAV 
correlate well with structure damage[7]. By the way it is 
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required to develop a relation between CAV and other well-
known IMs such as MMI which Bozorgnia et al. has done it 
for standardized CAV with MMI and JMA [8]. 

5   UNCERTAINTIES 
Uncertainties can be taken as seismic, structural and site. Here 
the first and second one are considered.  

5.1 Seismic uncertainty   

It is important to use a large suite of earthquake ground 
motion records to minimize the error of uncertainty in results, 
but because of computational efforts 7 records selected for 
far-field and 7 for near-fault earthquakes. 10 Km displacement 
to fault was the limit of being near and far. One of the 
directions, which is perpendicular to fault and has pulse in 
itself, is selected for analysis. 
In order to select ground motion accelerogram, the events 
happened at soil type C of NEHRP, magnitude larger than 5.5 
PGA>0.2g and PGV>0.15 m/sec was the qualification. The 
selected records was according to FEMA P695[9]. 

5.2 Structural uncertainty 

Because of construction problems sometimes a difference 
between material properties happens. In this investigation 
Specified concrete compression strength (f’c), reinforce yield 
stress (fy), concrete Young’s modulus (E) and viscous 
damping coefficient (ξ) are the selected random variables. For 
each structural property mean value and standard deviation 
and corresponding statistical distribution are selected based on 
prior researches for example for concrete based on 
Ellingwood et. al. [10] and for reinforcement based on Mirza 
et. al.[11] investigations as listed in Table 3. Also for damping 
a uniform distribution between 0.02-0.05 of critical damping 
is used. By constructing 5 random numbers for each one using 
Monte Carlo simulation method, structural uncertainty is 
concluded by analyzing these 5 numerical models. 

 
Table 3. Material properties with their average value, type of 

distribution function and coefficient of variation 

parame
ter Distribution 

Average 
value 
(Mpa) 

COV.(%) 

f'c Normal 30 19 
Fy log Normal 445 7.3 
Ec Normal 25743 19 

 

6 DAMAGE INDEX AND STATES  
In order to determine the occurred damage in the structure 
after an event it is required to define a damage index, which 
model the damage accurately. So in this investigation a local 
damage index for each component is selected and the global 
damage is computed using weighting average of them with 
respect to absorbed energy of each element. Although some 
damage indices which are displacement based are more 
useful, here a combined damage index is selected to include 
the effect of absorbed energy in element. This damage model 
is a modified index of well-known Park-Ang damage model 
[12] that is moment and curvature based and the recoverable 

deformation is removed from the first term[13] as defined in 
equation (4)  

          DIPA   β

M .
dE      ( 4) 

In which Øm  is taken from the maximum curvature happened 
in each element edge that is more critical than other points, βe 
structural type coefficient is assumed 0.15, The integral part 
of second term is the area under M- Ø hysteretic diagram 
under corresponding IM level of ground motion. Also Øu is 
the ultimate curvature of the component and Øy, My are the 
yield point at M-Ø pushover diagram. This M- Ø diagram is 
created in opensess program for each beam and column 
section using a “zero-length element section” that is fixed in 
one side and is loaded monotonically with an increasing 
moment at other side. The yield point is obvious and the point 
in which the stiffness is suddenly reduced is the ultimate point 
for finding Øu. 
      
 After calculating the occurred damage at each element, the 
global damage of story and building is calculated as illustrated 
in equations (5) and (6): 

DI  ∑   E
∑E

. DI    (5) 

DI  ∑   E
∑E   

. DI    (6) 

The corresponding damage states of Park-Ang damage index 
which is result of calibration according to damaged buildings 
in the 1985 Mexico earthquake is represented in Table 4 at 5 
states[14]. The best estimate value for various damage states 
are set as the middle point of each range. 

Table 4. RC building damage states 

Damage state Damage 
range 

Best 
estimate 

Nonstructural 0.01 - 0.1 0.05 
Slight 0.1 - 0.2 0.15 

Moderate 0.2 - 0.5 0.35 
Severe 0.5 – 0.85 0.67 

Collapse 0.85-1.15 1 
    
For determining the damage occurred at the isolators shear 
strain (γ) is used because of better characterizing the bearing 
behavior due to the its effect on the shear modulus and 
damping of rubber [15]. The corresponding damage states of 
this damage index are listed as shown in Table 5.[2] 

Table 5. Isolator damage states 

Damage state Damage 
range 

Best 
estimate 

Minor 25‐75  50 

Slight 75‐125 100 

Moderate 125‐175 150 

Severe 175‐225 200 

Collapse 225‐275 250 
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  For computing the damage occurred at system of RC 
building and isolator (system damage), some investigations 
assumed the system serial or parallel with maximum and 
minimum damage state of each component although the 
system damage state is between them where Zhang&Huo [2] 
prefer an average combination when 4 damage levels are 
defined as shown in equation (7). They assumed a serial 
system when one component ( Structure or Isolator) reaches 
collapse.  

DS

  int 0.75 . DSS 0.25 . DSI         , DSS, DSI 4 
4                                                              , DSS or DSI 4        (7) 

In which DSs is structure damage state and DSI is isolator 
damage state. 
Here damage of both components are normalized to 5 ranges 
between 0.5-5.5 . In other words in this method amount of 
damaged are combined and not damage states. Also in their 
investigations there is no difference between DS equal to 2.01 
and 2.99. But again these normalized damage indices are 
combined with those weights of 25 and 75 for isolator and 
building because of higher importance of building. This 
normalization is shown in equation (8) 

DI DS DI DI
UL LL

                         (8) 

Where DI is the damage occurred to each component ( Park-
Ang for RC building and shear strain for isolator) ,  is best 
estimate of corresponding damage state, ULi and LLi are 
upper bound and lower bound of that damage state. Also DSi 
is the best estimate of corresponding new normalized damage 
states (i.e. 1,2,3,4 and 5). 

7 RESULTS AND DISCUSSION 
After analyzing the 3 height type buildings, that each one has 
modeled in 5 models to include structural uncertainty, under a 
suit of 14 earthquake records at levels of CAV from 3 to 27 
m/s in 10 levels, the resulting fragility curve of each building 
in fixed base and base isolated situation is derived separately. 
The related statistical distribution function is log-normal as 
defined in equation (2).  

The Pearson correlation between CAV levels and median of 
damage index at each structure and a result of 97.3-99.9 
percent for both isolated and fixed base structures is found. So 
the selected intensity measure parameter and damage model 
correlate well.   
The result fragility curves for fixed base versus base isolated 
building under near and far earthquakes are shown in Figure 4 
to Figure 9. In these figures FB, BI means fixed base structure 
and base isolated structure. Also LS=1, 2, 3, 4 , 5 respectively, 
represent nonstructural(minor) , slight, moderate, severe and 
collapse damage state.  

 
 
 
 
 
 
 
 

 

 
Figure 4. Fragility curve of 3 story building under near-fault 

records isolated vs. fixed base 

 
Figure 5. Fragility curve of 3 story building under far-field 

records isolated vs. fixed base 
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Figure 6. . Fragility curve of 7 story building under near-fault 

records isolated vs. fixed base 

 

 
Figure 7. Fragility curve of 7 story building under far-field 

records isolated vs. fixed base 

 

 
Figure 8. Fragility curve of 12 story building under near-fault 

records isolated vs. fixed base 

 

 
Figure 9. Fragility curve of 12 story building under far-field 

records isolated vs. fixed base 
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As shown in these curves retrofitting theses RC buildings 
by using LRB isolators have reduced the probability of 
exceeding damage significantly for example 20 percent 
decrease of total (100 percent probability of exceedance) at 
collapse state under near and 5 to 10 percent decrease under 
far field earthquakes. Also in repairable states (LS=1 to 3), 
more amount of decrease occurs.  

By comparing the fragility curves under near- vs. far-source 
events, more destroying potential is clear for near-source 
event for both fixed base and base isolated cases but the 
fragility curve of isolated building at minor state (LS=1) is 
between moderate and slight states of fixed base building 
when under near-fault earthquakes and between severe and 
moderate when under far-field earthquakes, so it becomes 
obvious that isolators are more vulnerable under near source 
records and it is because of existence of strong displacement 
pulses at some periods near to first period of isolated structure     

By comparing the results of different fixed base buildings 
although it was expected to have more vulnerability at taller 
buildings but it did not happened specially for 12-story 
building because at designing of them, the displacement 
controlled related to strength and in order to increase stiffness 
, the section size increased; in other words it is clear that they 
are over designed and moment frames are not suitable 
structure system for tall buildings and increasing stiffness by 
using shear wall or bracing systems is better for a more 
economic design. Also by comparing isolation effect on 
decreasing damage probability for theses 3 buildings when 
under near-fault earthquakes it found that isolation moves 
collapse state to between slight to moderate for 3 story 
building (as in Fig. 4) and for 7 story from collapse to severe 
and for 12 story from collapse to slight state (as in Figs 6,8) 
but for when under far-field earthquakes fragility of fixed base 
for all buildings in collapse and severe damage states is 
between fragility of isolated building at nonstructural and 
slight damage states. More efficiency of isolators for 12 story 
building is due to high design period and damping of designed 
LRB isolator used for them respect to others.     

8 CONCLUTION 
By using fragility curves as a middle instrument, it is possible 
to evaluate different retrofit methods, decision making, risk 
assessing and managing. 

For 2-D RC buildings in 3, 7, and 12-story under 2 suites of 
earthquakes near-fault and far-field, fragility curves in fixed 
base and LRB isolated situation were derived when CAV is as 
IM and high correlation found between it and corresponding 
damage (upper than 97%). 

By comparing these fragility curves it found that isolators 
are a good retrofit method that can decrease the vulnerability 
of RC buildings. In addition by assessing the effect of being 
the earthquake near to source it was obvious that these records 
are more vulnerable for isolated buildings; for example under 
a near ground motion with CAV=10 g-s that has pulse the 
exceedance probability of damage from nonstructural state 
under near-source is about 20% but under far-field event it 
will be zero.  
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ABSTRACT: The Great 2010 Chile Earthquake severely shook the city of Viña del Mar. The surface soil characteristics and 

local strong motion records were analyzed in order to find out the influence of local conditions on the level and spatial 

distribution of damage. 2054 building were inspected and structurally classified to determine their vulnerability and damage 

grade using criteria based in the EMS and Risk-UE methodologies. The fundamental period of buildings (T) was empirically 

obtained from their storey number. Building damage was analyzed as a function of the materials, the height H, the building age, 

the rigidity (H/T), the density of walls. The local site effects were determined, as well as the predominant time periods of the 

seismic shaking of the sites, computing the 1-D transfer functions of the shallow structure. The response spectra of the ground 

show the highest energy in the range of 0.4 and 1.1 s. The majority of the buildings had a good response; only 252 buildings 

(12.3%) of the 2054 inspected buildings had visible damage, and only 1.6% suffered grade 3 or 4 (EMS scale). Most of the 

seriously damaged buildings (grade ≥ 3) were RC structures built before 1985 earthquake, with a height between 9 and 24 

storeys and fundamental period near predominant period of the soil. The worst building damage was observed in zones of soft 

soils (fluvial and marine deposits, with a shallow phreatic level) near the coast and the river Marga Marga, being the spatial 

distribution of damage similar to that of the 1985 earthquake. The high values of density of walls (0.015 to 0.035) and building 

rigidity H/T (between 40 and 70) explain the absence of collapses and the limited structural damage. 

 

KEY WORDS: Maule 2010 earthquake, building typologies and periods, vulnerability factors, earthquake damage. 

 

1 INTRODUCTION  

A gigantic earthquake with mw 8.8 occurred in central Chile 

on February 27, 2010. Central and south regions of Chile have 

a long history of large (Mw ≥ 8.0) and destructive earthquakes 

(1570, 1575, 1647, 1657, 1730, 1751, 1822, 1835, 1837, 1914, 

1906, 1928, 1939, 1943, 1960 and 1985). The 1960 Valdivia 

earthquake (located south of 2010 event) was the largest one 

(Mw 9.5) with ground effects and damage much greater. 

The 2010 event severely shook a wide area of high seismic 

hazard level [1] and tested with high intensities an immense 

building stock designed following Chilean building code 

provisions [2]. About 370,000 houses were damaged and 2 

millions of people were affected.  

The peak ground acceleration (PGA) of the main shock 

recorded at Cauquenes city, the nearest station to the 

epicentre, exceeded 1 g, and reached 0.65g at Concepcion 

city, where extensive damages were observed. The quake 

reached a PGA of 0.35g and 0.43 g in two strong motion 

stations at Viña del Mar city. 
Viña del Mar is a city located on central Chile's Pacific 

coast, on the northern edge of the rupture zone of the 2010 

earthquake, and mostly founded on marine and alluvial 

deposits. The intensity degree in Viña del Mar (Figure 1) 

varies from VI to VII-VIII (EMS) [3], being VII-VIII in a 

reduced zone of the plain (of thick sedimentary deposits) and 

lower than VII in surrounding zones and hills (where the 

bedrock is near the ground surface). The acceleration was 

higher than 0.15 g for more than 20 s there and serious 

damage on several buildings were observed, especially tall 

reinforced concrete (RC) buildings, mainly those sited along 

the coast and river Marga Marga shores, already an indicator 

of the influence of site conditions and possible resonance 

effects. Viña del Mar was repeatedly damaged by large 

historical earthquakes and also by recent ones, most notably 

those of the 1960 and 1985. This city is placed at one of the 

most dangerous seismic zones in Chile, being expected there a 

PGA > 0.7 g in 475 years [1]. 

Given the importance of the amplification and resonance 

phenomena in this city [4], this paper analyses: 1) Geological 

and geotechnical data from soil mechanics and ground 

predominant periods in the city. 2) The strong motion records 

to estimate a set of key earthquake engineering parameters in 

order to see the earthquake ground motion and its influence on 

building damage, 3) The characteristics of buildings, and key 

structural parameters (natural period T, stiffness (h/T), wall 

density, etc.) being influence on their dynamic behaviour. 4) 

Damage related to ground motion and building characteristics. 

 

 

Figure 1. Isoseismal Map (MSK scale) of Viña del Mar (after [3]).  
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2 GEOLOGICAL AND GEOTECHNICAL DATA. 

 Viña del Mar is a coastal city located at the mouth of the river 

Marga Marga, in the region of Valparaíso. Most of the city is 

built on a plain (named Plan of Viña) formed by deposits of 

marine and alluvial sedimentary materials consisting mainly 

of sand and gravel, sand mixed with silt (in some places), and 

anthropic filling. These sedimentary deposits reach up to 100 

m thick. The water table is very shallow, and it is generally 

located about less than 6 m deep. The other districts of the city 

are placed on surrounding hills (which mainly are rock or hard 

soil out-crops) (Figure 2).  

The soil of the plain of Viña del Mar consists of 

Quaternary deposits of different composition and location, 

which will cause a different earthquake ground response 

according to differences in their subsurface structure. This 

inhomogeneous ground motion were reported in large historic 

earthquakes [5 and 6] and have also been detected from 

damage distribution and extent of recent earthquakes (1985 

and 2010) in Viña del Mar [4], 

The analysis of 22 geotechnical reports (provided by the 

Municipality of Viña del Mar), carried out to study soil 

conditions to build in the flat area of the city, has allowed us 

to obtain the surface ground structure to a depth 20-30 m.  

One of the most important geomorphological features of 

Viña del Mar is the presence of marine abrasion and 

sedimentation terraces. The relief of the coastal massif is 

partly interrupted by sandy beaches and deep ravines cutting 

the terraces. On both sides of the estuary terraces are placed at 

different heights. NE of the Marga Marga river there is a large 

terrace, product of marine abrasion of gneissic rocks, which 

are located between 200 and 240 m above sea level. This 

terrace broadly consists of heterogeneous estuary deposits 

formed by conglomerate and clays. The terrace sited south of 

the estuary is shorter and is above 250 m altitude [7].  

The geological map of the Valparaiso area [8] shows the 

main geological units of Viña del Mar and the faults in the 

environment of the city (Figure 2). The Marga Marga fault is 

aligned with the river (NW-SE direction) and establishes 

significant differences between the areas to the S and N of the 

river. A simple soil classification focused on seismic response 

establishes three types: intrusive rocks, consolidated and 

unconsolidated sediments [3] (Figure 3). 

 

 
Figure 2. Geological map of Viña del Mar (after [6]). 

   
Figure 3. Soil classification map of Viña del Mar (after [3]). 

A set of relevant geotechnical and geophysical parameters 

have been estimated by the analysis of geological sections, 

borehole and geotechnical data from the geotechnical reports 

mentioned before. Firstly, we have detected: 1) the presence 

of anthropogenic fills of variable thickness (between 0.5 and 

4.5 m); 2) the existence of discontinuous of muddy clay layers 

with thicknesses between 1 and 3 m, and very low bearing 

capacity; 3) in some places a vegetable soil and/or edaphic 

variable thickness is recognized between 0.5 and 1 m, located 

in most cases above the infill layer, but sometimes under it. 4) 

The water table depth generally varies between 2.7 and 6 m 

(Figure 4), being the most representative depth about 4 m. 

This very low depth is a major risk factor in case of 

earthquake. 

 
 

Figure 4. Map of water table depth estimated from geotechnical 

surveys. Black dots indicate the location of survey sites. 

 

Mechanical and physical properties of unconsolidated 

materials and hard-rocks are valuable data for a preliminary 

dynamic seismic response of geological formations. Using the 

experimental relationship (1) of Hasancebi Ulusay [9] 

between mechanical resistance – deduced from the N-value 

from Standard Penetration Test (NSPT) and S-wave velocity 

(VS) for sandy soils: 

Vs = 90.82 * NSPT 
0.319

   (1) 

a Vs of the upper 10 m (VS10) map have been obtained (Figure 

5). The VS- NSPT relationship was tested with the velocities 

measured in situ in site number 9 formed by these type of 

soils. The estimated VS10 values are low, between 210 and 280 

m/s.  

S wave velocities in the upper 30 meters (VS30) have been 

estimated in 3 borehole sites (Figure 6). The results are: Site 

6, VS30 = 331.9 m/s, site 10, VS30 = 312.3 m/s and site 11,  

VS30 = 265.1 m/s. The lowest VS30 value was obtained in the 
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site 11 located near the river Marga Marga, in the SW part of 

the city. According to Eurocode EC-8 [10], these analysed 

sites can be classified as stiff soils (class C). 

 

 
Figure 5. Vs velocities  of the upper 10 m (VS10)  from NSPT data. 

 

 
Figura 6. Vs Structure in 3 sites of Viña del Mar 

 

The site predominant frequency is a key factor in the 

prediction of earthquake damage especially when it is close to 

the fundamental frequency of buildings founded on it, since 

seismic motion shall produce a resonance with building that 

can greatly increase the stresses in the structure [11]. 

One of the most used technique to easily find the ground 

predominant period (Tp) is to estimate the spectral ratio 

between the horizontal and vertical components of ground 

noise (also called HVSR technique) [12].  

Carrasco and Nuñez [3] applied this technique to perform 

a seismic microzoning of Viña del Mar area (Figure 7). The 

predominant periods of the plain city area are between 0.4 and 

1.1 s, the highest values on zones near the river and coast 

shores. The surrounding zones present Tp lower than 0.4 s.  

 

3  CHARACTERISTICS OF STRONG GROUND 

MOTION IN VIÑA DEL MAR  

We analysed the characteristics of the 2010 mainshock ground 

motion recorded at two stations in Viña del Mar (Viña Centro 

(CEVM) and Viña El Salto (MMVM) (figure 8) and other two 

nearby the city: El Almendral y Valparaiso UFSM). the 

recorded PGA was 0.33 and 0.43 g at CEVM and MMVM, 

respectively.  

A set of energy related engineering parameters (Arias 

intensity, CAV, Spectral intensity, Arms) calculated by 

Aranda et al [13] also show shake intensity at MMVM was 

higher than at CEVM. 

The acceleration and velocity response spectra (SA, SV) 

of the mainshock (Figure 9) show peak amplitude at different 

periods at these stations, pointing to different site effect. 

Similarly, the elastic input energy spectra (IES) show even 

more clearly this different soil behaviour (Figure 10). 

 

 
 

Figure 7. Ground predominant period of Viña del Mar, after [3]. 

 
 

 
Figure 8. 2010 mainshock three component records at Viña Centro 

(top) and Viña El Salto (bottom) stations. 
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Figure 9. Acceleration (left) and velocity (right) response spectra of 

the ground motion in the stations of Viña Centro (blue) and Viña El 

Salto (green) for mainshock and aftershocks.  

 

IES gives good information about earthquake energy 

transferable to the structures and is a way of characterizing the 

ground motion focused on building damage potential [14]. 

The calculated input energy spectra show different level of 

energy with peak for different periods in CEVM and MMVM 

stations (0.4-1.1 s and 0.4-1.5 s, respectively). Both IES could 

be representative of sites of the plain city areas with 

sedimentary deposits of different thickness. IES of two 

stations of Valparaiso, neighbouring to Viña del Mar, are 

plotted in Figure 10. The Universidad Tecnica Federico Santa 

Maria station (UTFSM) is on bedrock and El Almendral is on 

sandy soil.  

 
Figure 10. Input energy spectra of the mainshock in Viña del Mar 

stations (CEVM (blue) and MMVM (green)) and in Valparaiso 

stations (UTFSM (black) and El Almendral (magenta)). 

 

An empirical method to obtain the characteristics of the 

transfer function at each site is to calculate the spectral ratio 

between the Horizontal (H) and the vertical (V) components 

of earthquake ground motion (HV spectral ratio technique - 

HVSR). The spectral ratios for the main shock were obtained 

in CEVM and MMVM stations (Figure 11). Both sites present 

site effects with spectral amplification above a factor of 4 for 

periods of 0.4-1.2 s (CEVM) and 0.35-1.6 s (MMVM). 

Another method to estimate empirically the characteristics 

of the local ground response is to calculate the spectral ratio 

between the Horizontal components of site and a reference 

rock station (standard spectral ratio method –SSR). UTFSM 

was the only station without site effect and was use as 

reference station. The SSR for CEVM and MMVM stations 

are plotted in Figure 12. Both methods show ground 

amplification for similar period bands, even though only one 

event was used in the analyses.   

Midorikawa and Miura [16] applied the HVSR method to 

several aftershocks recorded at 4 sites of the city (one of them 

was CEVM station) (Figure 13). They found also significant 

amplification of ground motion in sites of the plain in similar 

period range we obtained. The differences among sites found 

by these authors in period ranges where there was maximum 

amplification show dependence on site conditions (Figure 13). 
 

 
 

Figure 11. H / V Spectral ratios obtained for CEVM (left) and 

MMVM (right) stations.  

 
Figure 12. Spectral ratio CEVM/ UTFSM (left) and 

MMVM/UTFSM (right) stations.  

 

       
 

Figure 13. Changes in amplification period bands obtained in four 

sites of the Viña del Mar downtown (left) applying HVSR method to 

several aftershocks (righ) [16]. S corresponds to CEVM station. 

 

4  KEY FEATURES AND PERIOD OF BUILDINGS 

 

To analyse the earthquake damage in Viña del Mar by the 

2010 earthquake it is essential to consider the buildings 

structural characteristics mainly those affecting their seismic 

response. After the earthquake, 2054 buildings on the plain 

area of the city were inspected. 252 of them were damaged, 

and required a more detailed analysis [4]. To assess 

vulnerability of buildings we collected information about 

materials and structural system, typology, building data (to 

take into account code provisions applied), vulnerability index 
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Iv and behaviour modifiers (according to Risk-UE) and then 

vulnerability class EMS-98 was assigned (Table 1).  

Several factors conditioning the buildings response were 

also considered. The height H (or number of storeys N) was 

one of them, making a general classification within low (N ≤ 

3), medium (N between 4 and 9) and high (N from 10 to 24). 

The structure building materials have been another of the 

factors (wood, W; masonry, M; and reinforced concrete, RC). 

The structures were classified in four historical periods 

corresponding to changes in the applied Chilean earthquake 

resistant regulation version (NCh433).  

Building fundamental period T, height/building period 

ratio (H/T) and wall density (ratio of wall area in one 

direction/floor area) (dn) were also considered. 

The H/T parameter is usually used to estimate the 

translational stiffness of a reinforced concrete (RC) building. 

This relationship has been used to analyse the behaviour of 

Chilean buildings with less than 40 storeys [15]. The RC 

buildings can be classified with the H/T parameter value 

according to [17] as: too flexible H/T< 20 [m/s], flexible 

20<H/T<40 [m/s], normal 40<H/T<70 [m/s], stiff 

70<H/T<150 [m/s], and too stiff H/T>150 [m/s]. Most of  

Viña del Mar RC buildings have a normal stiffness with H/T 

values between 40 and 70 [m/s].  

The H/T relationship for the city of Viña del Mar was 

estimated by Guendelman et al. [17], and the T/N by 

Midorikawa [18], (Figure 13). The average ratio between T 

and N is approximately the same for both authors:  

T = 0.045 N     (2) 

The average periods of the inspected buildings of Viña del 

Mar have been estimated with this formula. These natural 

periods joint to ground predominant periods, amplification 

period range and earthquake ground motion frequency content 

have been analysed to explain the prevalence of serious 

damage to buildings within a range of storey number. 

        
Figure 13. Relationship between building height H and period T of 

RC buildings after [17] (left) and between T and number of storeys 

N proposed by Midorikawa [18] (right). 

Most of Viña del Mar structures belong to the ECh 3 and 4 

typological types (~75 %) and the remainder correspond to the 

ECh 1 and 2 types. ECh 5 structures barely exist. 

RC Chilean buildings have high values of density of walls, 

dn, generally ranging from 0.015 to 0.035 [19]. These values 

are much higher than those of other countries (e.g. United 

States dn < 0.005 or Japan), because most of tall Chilean 

buildings have a housing use, and the General Ordinance of 

Urbanism and Construction demanded the laying of partition 

walls between the dwellings [20]. This way, reinforced 

concrete buildings, both those with structural walls and those 

with frames with shear walls, are more stiff, thus reducing 

total displacement and relative displacement between storeys, 

and reducing the seismic damage level.  

The predominant dn values estimates for different periods 

of construction are: prior to 1960 earthquake dn < 0.040, for 

1960-1985 period dn ~ 0.043, and after 1985 earthquake 

values ranging from 0.043 to 0.060. The damage assumed by 

Moroni and Astroza [21] according to the wall density (dn) for 

an intensity of VIII (MM) is shown in Table 2.  

5  ANALYSIS OF DAMAGE 

The methodologies of post-seismic damage assessment have 

been generally focused on quantifying the level of damage 

and the classification of the habitability of buildings affected 

(e.g. ATC20 [22], FEMA [23], HAZUS99 [24]) or the recently 

proposed [e.g. 25 and 26]. These methods were taken into 

account in Viña del Mar damage assessment.  

Although the shaking had amax ≥ 0.35 g and it exceeded 0.1g 

for more than 25 s, reaching an intensity of grade I = VII-VIII 

(EMS) in sedimentary soils, the performance of buildings in 

Viña del Mar was generally quite satisfactory in this 

earthquake. It’s worth noting that only 252 (12.3 %) of the 

2054 analysed buildings suffered visible damage, most of 

them (el 86.9 %) had only damage of grade 1 or 2 and none 

collapsed (Table 3). 8 % suffered very light damage (grade 1, 

EMS), 2.6 % suffered light damage (grade 2), 1.1 % suffered 

moderate damage (grade 3), and 0.5 % suffered severe 

damage (grade 4). Most of damaged buildings (86.9%) had 

only damage of grade 1 or 2 (EMS-98 scale). The low 

percentage of damage to RC buildings and the absence of 

collapses (grade 5, EMS) is justified by the high values for 

parameter wall density ranging from 0.015 to 0.035 [4]. 

Grade 3 buildings were 8.7 % of the damaged buildings, 

most of them Reinforced Concrete (RC) structures (63.6 %), 

with N ≥ 10 storeys and constructed before 1985. Grade 4 

buildings were 4.3 % of the damaged buildings, and most of 

them (81.8 %) were also found in RC buildings with more 

than 10 storeys (Table 3). None of the buildings constructed 

between 1985 and 1993 suffered severe structural damages 

(grade≥ 4).   

The existence of fluvial and marine deposits and a shallow 

phreatic level influenced the seismic intensity distribution, 

consistent with previous seismic microzonation of the city 

carried out by Moehle et al [10]. The more damaged buildings 

(grade ≥ 3) were located mainly in the city areas with the 

softest soils along the river Marga Marga and close to the 

coast (Figure 14), formed by alluvial deposits belonging to the 

delta of river and to mixed deposits, respectively, showing the 

soil influence. This damage distribution was also observed by 

the EERI work teams [27] who visited the damaged areas. 

This spatial distribution of building damage was similar to the 

one observed in the earthquake of 1985 [26]. 

The dependence of damage level with the building date of 

construction, height, materiality and stiffness parameter h/T 

has also been analysed. The time of building allow us to 

estimate the seismic standards applied in its construction. The 

results indicate that 52.7 % of all of the damaged buildings 

were built before the earthquake of 1985, 15.5 % date from 

1985-1993 (when significant changes were introduced in the 

Chilean Standard Seismic after the earthquake 1985), 22.6 % 

date from 1994-2003 and finally 9.1 % date from 2004-2010. 
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Table 1. Comparison of the analysed Chilean typologies found in Viña del Mar to the typologies of HAZUS, EMS and Risk-UE 

and vulnerability class according to the EMS scale and vulnerability index Iv. (italics mean type that do not exist in the city). 

 

*Probable value    +  Upper limit      - Lower limit URM: Unreinforced masonry   

 ERD: Earthquake resistant design  RC:  Reinforced concrete 

 

 
Table 2. Relationship between damage level of and  

wall density (dn) for an intensity of VIII (MM). 


 dn (%)    Grade of damage 

dn ≥ 1.15 Light (0 and 1) 

1.15 > dn ≥ 0.85 Moderate (2) 

0.85 > dn ≥ 0.50 Severe (3) 

dn < 0.50 Heavy (4 and 5) 

  

 

A striking result is the fact that the buildings with less than 

4 storeys (of different typologies, ECh types 3 and 4, which 

were 74.25% of the total) presented a lower percentage of 

damaged buildings (0.9 %) than the buildings with N > 3 

storeys (mostly RC structures, ECh 1 and 2 types). There was 

also a lower percentage of damage of grade 3 and 4 in low 

storeys (0.4 %) than in high storeys (Table 3).  

 

Table 3. Damaged buildings classified by their storey number and damage grade. 

 
All 

buildings   

Damaged 

buildings   

Undama

ged (G0) 

VL 

(G1) 

L  

(G2) 

M 

(G3) 

S  

(G4) 

C  

(G5) 

Number of buildings   2054 252 1802 165 54 22 11 0 

  % of total 100% 12.3% 87.7% 8.0% 2.6% 1.1% 0.5% 0.0% 

Buildings N ≥ 4 storeys   529 233 296 164 44 16 9 0 

% of total 25.7% 11.3% 14.4% 8.0% 2.1% 0.8% 0.4% 0.0% 

Buildings N< 4 storeys  1525 19 1506 1 10 6 2 0 

% of total 74.3% 0.9% 73.3% 0.1% 0.5% 0.3% 0.1% 0.0% 

VL: Very Light  L: Light  M: Moderate S: Severe C: Collapse

Chilean Structures 
HAZUS 

typology 

EMS-98 

typology 
Risk-UE typology 

Iv* index 

of Risk-

UE 

EMS-98  

Vulnerability 

class 

ECh- 1. Concrete 

frame and shear 

wall building 

C1H.  Concrete 

moment frame 

RC frame with 

high level of 

ERD 

RC4.  RC dual systems, 

RC frame and walls 
0.386 E*, F+,D- 

ECh- 2. Concrete 

shear wall 

buildings 

C2H Concrete 

shear walls 

RC frame with 

high level of 

ERD 

RC2.  RC shear walls 0.386 E*, F+,D- 

ECh- 3. Buildings 

with hybrid 

masonry walls 

W1. Wood, 

light frame 

Timber 

structures 
W.  Wooden structures 0.447 D*, C+, E+, B- 

URM L 

Unreinforced  

masonry  

bearing walls 

Bearing walls 

masonry  with 

RC floors 

M3.4. URM bearing 

walls with reinforced 

concrete slabs 

0.616 C*, B-, D+ 

RM2L.  

Reinforced  

masonry 

bearing walls 

Reinforced 

masonry or 

confined 

M5.  Overall 

strengthened masonry 
0.694 D*, E+, C- 

ECh- 4.  
Reinforced 

brick/concrete 

block masonry 

building. 

(reinforced 

masonry or 

confined masonry) 

RM1M. 

Reinforce 

masonry with 

wood or metal 

deck 

diaphragms 

Reinforced or 

confined 

masonry 

M3.1.  Wooden slabs 

URM 
0.74 B*, A+, C- 

RM2L.  

Reinforced  

masonry 

bearing walls 

Reinforced or 

confined 

masonry 

M4.  Reinforced or 

confined masonry 
0.451 D*, C+, E+, B- 

ECh- 5.  Steel 

frame with shear 

walls 

S2H. Steel 

braced frame 
Steel structures 

S4. Steel frame and 

cast in place shear 

walls 

0.224 E*, D+, F-, C- 
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The number of storeys N (related to the fundamental 

period of buildings) and materiality (structural type) were 

other parameters analysed in relation to the damage. Buildings 

with grade 3 of damage were 8.7% of damaged ones (1% of 

total of structures), most 63.6 % were RC structures built 

before 1985 and N ≥ 10 storeys. Buildings with grade 4 were 

4.3 % of damaged ones (0.5 % of the total), most of them 

were also RC structures (81.8 %) and N ≥ 10 storeys. Any 

building built between 1985 and 1993 suffered serious 

structural damage (grade ≥ 4). 

 

 

 
 

Figure 14.  3D view (from the SW) of the plain area of Viña del Mar 

city. Buildings with their grade of damage (EMS) and height are 

shown. Damage dependence with the buildings height and location 

on the softest soils is observed. 

 

If we take records of two CEVM and MMVM acceleration 

stations as representative of earthquake ground motion in the 

plain area of the city, the input energy spectra indicate us the 

great transfer of energy from the ground to the structures is for 

periods in the range of 0.4-1.5 s. This means that those 

buildings with fundamental period in that range, which 

corresponds to structures between 9 and 33 storeys could have 

suffered relevant damage. Response spectra and the transfer 

functions obtained with HVSR and SSR methods the 

predominant soil period as well as the predominant periods of 

soils tell us about the period range were amplification of 

ground motion should occur and resonant effect may appear.  

 

6 CONCLUSIONS 

 

The analysis of geological and geotechnical data show that 

the plain area of the city is formed by alluvial deposits 

consisting of sands and silty sands deposits reaching up to 100 

m thick. The VS10 calculated are less than 280 m/s and VS30  are 

greater than 300 m / s, except in the vicinity of the river where 

they are lower. The hill zones consist of rocks of different 

ages with high Vs greater than those of the plain. This 

geological differences joint to water table depth (generally 

between 2.7 and 6-7 m) had a clear influence in the spatial 

macroseismic intensity distribution in the city in the 2010 

earthquake and were also observed in previous ones. The 

observed intensities were almost one degree lower at hills than 

in the plain area of the city. 

The predominant ground periods, Tp, obtained with 

ambient noise and HVSR technique show the above 

mentioned heterogeneous response of the ground. The Tp of 

the plain city area (on Quaternary sediments) are between 0.4 

and 1.1 s, the highest values (Tp > 0.8 s) on zones near the 

river and coast shores. The surrounding zones present Tp 

lower than 0.4 s. These results are relevant information to 

analyze the resonance. 

The H/V spectral ratios of the mainshock and some 

aftershocks also indicate a different response of the two sites 

of permanent seismic station. In both, spectral amplification 

above a factor of 4 for periods of 0.4-1.2 s (CEVM) and 0.35-

1.6 s (MMVM) was found. Response spectra verify this 

different ground response. Results obtained by [16] applying 

HVSR method to aftershocks recorded at 4 sites of the city 

also found significant amplification among sites of the plain in 

similar period range here obtained. 

The results obtained with the SSR method, using 

Technical University Federico Santa María (UTFSM) as 

reference station, indicate again a similar period range of 

significant amplifications in Viña del Mar. 

The input energy spectra show greater motion energy 

transferable to the structures in periods between 0.4 and 1.1 s 

at CEVM station and from 0.4 to 1.5 s at MMVM station. If 

the relationship building period-number of storeys (T/N) 

estimated by Midorikawa [18] for RC structures of the city, 

the buildings of 9 or more storeys could suffer more damage. 

This is contrasted with the analysis of damage, showing that 

buildings with major damage (grades 3 and 4) are reinforced 

concrete with 9 or more storeys and the buildings of less than 

4 storeys (the most abundant) had a lower percentage damage.  

The most noteworthy aspect is the fact that, in spite of 

clearly reaching degree of VII-VIII (MM) in the plain area of 

the city, most Viña del Mar buildings (87.7%) did not suffered 

substantial damage and only 252 (out of the 2054 revised 

constructions) suffered visible enough damages to be 

assessed. Moreover, very light and light damages (grades 1 

and 2 EMS scale) affected 10.6 % of the total percentage, but 

were 86.9 % of the damaged buildings. None of the buildings, 

either old or new, collapsed. 

A certain dependence on the level of damage to the time of 

construction (here characterized as a function of applied 

seismic regulations) was appreciated. Most of the damaged 

buildings (52.7 %) were built before the 1985 earthquake, 

only 15.5% for the period 1985-1993 (where significant 

changes were made to the earthquake resistant regulation 

NCh433 after the 1985 earthquake), in spite of being only 

6.5% of the total of 2054 buildings. The damaged buildings 

percentage decreases in the later periods, being the damaged 

ones by 15.5 % for the 1985-1993 period, by 22.6 % for the 

1994-2003 period (where there were improvements in the 

NCh433 and structural control was incorporated) and finally 

by 9.1 % for the 2004-2010 period.  

A dependence of damage to the fundamental period of the 

building and the structural type were observed, by 0.9% of the 

low buildings of less than 4 storeys and typology types ECh 3 

and ECh 4 (74.2 % of all inspected buildings) had damage and 
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only 0.4 % damage of grade 3 or 4. However, buildings 

N> 3 storeys, mainly RC structures, ECh types 1 and 2 and 

less abundant (25.75 % of total), by 11.3 % were damaged 

and 1.2 % with severe damage (grade 3 or 4 EMS). 

Damaged buildings of grade 4 were 0.5 % of the total and 

4.3 % of the damaged ones.  

These severe damages concentrated in RC structures 

having more than de 10 storeys (81.8 % of this grade). In 

many of these tall buildings, the ground floor has a greater 

height than the higher storeys, thus suffering “soft storey” 

failures.  

The damage low percentage to RC constructions and the 

absence of RC collapses are justified by the wall density 

high values, ranging from 0.015 to 0.035, and by the H/T 

parameter ranging from 40 to 70 of the immense majority 

of the Viña del Mar buildings. 
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ABSTRACT: This paper introduces a methodology that integrates a model reduction technique into a finite element model updating
formulation. A Bayesian model updating approach based on a stochastic simulation method is considered in the present work.
Stochastic simulation techniques require a large number of finite element model re-analyses to be performed over the space of
model parameters. Substructure coupling techniques for dynamic analysis are proposed to reduce the computational cost involved
in the dynamic re-analyses. The effectiveness of the proposed strategy is demonstrated with an identification application for a finite
element building model using simulated seismic response data.

KEY WORDS: Bayesian updating; Component mode synthesis; Finite element; Model updating; Transitional Markov Chain
Monte Carlo method.

1 INTRODUCTION

Model updating using measured system response has a wide
range of applications in areas such as structural response
prediction, structural control, structural health monitoring, and
reliability and risk assessment [1], [2], [3], [4], [5]. For
a proper assessment of the updated model all uncertainties
involved in the problem should be considered. In this context a
fully probabilistic Bayesian model updating approach provides
a robust and rigorous framework for model updating due to its
ability to characterize modeling uncertainties associated with
the underlying structural system [6]. An efficient method
called transitional Markov chain Monte Carlo is implemented
in this work for Bayesian model updating [7]. This stochastic
simulation method requires the solution of a large number of
finite element dynamic re-analyses over the space of model
parameters. Thus, the computational demands depend on the
number of finite element re-analyses and the time required
for performing each dynamic finite element analysis. The
present work proposes to use an efficient model reduction
technique to alleviate the computational burden involved in
the implementation of a Bayesian technique for finite element
model updating. Specifically, a class of model reduction
techniques known as substructure coupling for dynamic analysis
is considered here [8].

The organization of the paper is as follows. The mathematical
background of the substructure coupling technique for dynamic
analysis is outlined in Section 2. Basic aspects of Bayesian finite
element model updating using dynamic data are presented in
Section 3. The integration of the model reduction technique
with the Bayesian model updating approach is discussed in
Section 4. The effectiveness of the proposed scheme, in terms
of computational efficiency and accuracy, is demonstrated with
an identification application for a finite element building model
using simulated seismic response data.

2 MODEL REDUCTION TECHNIQUE

A model reduction technique called substructure coupling
or component mode synthesis is considered in this work
[8]. Sub-structuring involves dividing the structure into a
number of substructures obtaining reduced-order models of the
substructures and then assembling a reduced-order model of the
entire structure.

2.1 Basic Equations

In the present formulation it is assumed that the structural
system satisfies the following equation of motion

Mü(t)+Cu̇(t)+Ku(t) = f(t) (1)

where M, C, and K are the N ×N mass, damping and stiffness
matrices of the finite element model, respectively, u(t) is the
vector of dynamic displacements, and f(t) is the excitation
vector. The first step of the model reduction technique is the
definition of a number of substructure modes. In order to define
the set of substructure modes, the following partitioned form of
the mass matrix Ms ∈ Rns×ns

and stiffness matrix Ks ∈ Rns×ns
of

the substructure s,s = 1, ...,Ns is considered

Ms =

[
Ms

ii Ms
ib

Ms
bi Ms

bb

]
, Ks =

[
Ks

ii Ks
ib

Ks
bi Ks

bb

]
(2)

where the indices i and b are sets containing the internal
and boundary degrees of freedom of the superstructure s,
respectively. The boundary degrees of freedom include only
those that are common with the boundary degrees of freedom
of adjacent substructures, while the internal degrees of freedom
are not shared with any adjacent substructure. In this framework
all boundary coordinates are kept as one set us

b(t) ∈ Rns
b and the

internal coordinates in the set us
i (t) ∈ Rns

i . The corresponding
equation of motion of the undamped substructure s can be
written as
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Msüs(t)+Ksus(t) = fs(t) (3)

where us(t)T =< us
i (t)

T ,us
b(t)

T >∈ Rns
is the displacement

vector (physical coordinates) of dimension ns = ns
i + ns

b and
the vector fs(t) contains the externally applied forces as well
as the reaction forces on the substructure due to its connection
to adjacent substructures at boundary degrees of freedom.

2.2 Fixed-Interface and Constraint Normal Modes

The fixed-interface normal modes are obtained by restraining all
boundary degrees of freedom and solving the eigenproblem

Ks
iiΦΦΦ

s
ii = Ms

iiΦΦΦ
s
iiΛΛΛ

s
ii (4)

where the matrix ΦΦΦs
ii contains the complete set of ns

i fixed-
interface normal modes, and ΛΛΛs

ii is the corresponding matrix
containing the eigenvalues. The fixed-interface normal modes
are normalized with respect to the mass matrix Ms

ii satisfying

ΦΦΦs
ii

T Ms
iiΦΦΦ

s
ii = Is

ii , ΦΦΦs
ii

T Ks
iiΦΦΦ

s
ii = ΛΛΛs

ii (5)

where Is
ii is the identity matrix. On the other hand the constraint

modes are defined as the static deformation of a structure when
a unit displacement is applied to one coordinate of a specified
set of constraint coordinates while the remaining coordinates of
that set are restrained, and the remaining degrees of freedom
of the structure are force-free. In this context the interface
constraint modes are obtained by setting a unit displacement on
the boundary coordinates us

b(t) and zero forces in the internal
degrees of freedom. The set of interface constraint-modes ΨΨΨs

c is
given by

ΨΨΨs
c =

[
ΨΨΨs

ib
Is

bb

]
=

[ �Ks
ii
�1Ks

ib
Is

bb

]
(6)

where ΨΨΨs
ib ∈ Rns

i×ns
b is the interior partition of the constraint-

mode matrix and Is
bb ∈ Rns

b×ns
b is the identity matrix.

2.3 Craig-Bampton Method

The Craig-Bampton method is used in the present formulation
to define a set of generalize coordinates [9]. This method
employs a combination of fixed-interface normal modes and
interface constraint modes to define the following displacement
transformation

us(t) =
{

us
i (t)

us
b(t)

}
=

[
ΦΦΦs

ik ΨΨΨs
ib

0s
bk Is

bb

]{
vs

k(t)
vs

b(t)

}
= ΨΨΨs vs(t)

(7)
where ΦΦΦs

ik ∈ Rns
i×ns

k is the interior partition of the matrix ΦΦΦs
ii

of the ns
k kept fixed-interface normal modes (ns

k ≤ ns
i ), vs(t)

represents the substructure generalized coordinates composed
by the modal coordinates vs

k(t) of the kept fixed-interface normal
modes and the boundary coordinates vs

b(t) = us
b(t), ΨΨΨs ∈ Rns×n̂s

is the Craig-Bampton transformation matrix with n̂s = ns
k +

ns
b and all other terms have been previously defined. The

substructure mass matrix M̂s ∈ Rn̂s×n̂s
and stiffness matrix K̂s ∈

Rn̂s×n̂s
in generalized coordinates vs(t) are given by

M̂s
= ΨΨΨsT MsΨΨΨs , K̂s

= ΨΨΨsT KsΨΨΨs (8)

Next, the vector of generalized coordinates for all the Ns
substructures

v(t)T =< v1(t)T , ...,vNs(t)T > ∈ Rnv (9)

where nv = ∑Ns
s=1 n̂s is introduced. Based on this vector,

a new vector q(t) that contains the independent generalized
coordinates consisting of the fixed-interface modal coordinates
vs

k(t) for each substructure and the physical coordinates
vl

b(t), l = 1, ...,Nb at the Nb interfaces is defined as

q(t)T =< v1
k(t)

T , ...,vNs
k (t)T ,v1

b(t)
T , ...,vNb

b (t)T > ∈ Rnq (10)

where nq = ∑Ns
s=1 ns

k +∑Nb
l=1 nl

b, and nl
b is the number of degrees

of freedom at the interface l (l = 1, ...,Nb). These two vectors
are related by the transformation

v(t) = Tq(t) (11)

where the matrix T ∈ Rnv×nq is a matrix of zeros and ones
that couples the independent generalized coordinates q(t) of
the reduced system with the generalized coordinates of each
substructure. The assembled mass matrix M̂ ∈ Rnq×nq and the
stiffness matrix K̂ ∈ Rnq×nq for the independent reduced set q(t)
of generalized coordinates take the form

M̂ = TT


M̂1 0 0

0
. . . 0

0 0 M̂Ns

T , (12)

K̂ = TT


K̂1 0 0

0
. . . 0

0 0 K̂Ns

T (13)

where the matrices M̂s
and K̂s

,s = 1, ...,Ns are defined in Eq.
(8).

2.4 System Response

The dynamic response of the finite element model of the original
system is obtained by modal solution in the present formulation.
In this approach it is assumed that the dynamic response can be
represented by a linear combination of the mode shapes as

u(t) = ϒϒϒηηη(t) (14)

where u(t) is the displacement vector of the original structure, ϒϒϒ
is the matrix of mode shapes associated with the eigen-problem
of the undamped equation of motion of the original system, and
ηηη(t) is the vector of modal response functions. The natural
frequencies of the original unreduced model ωr,r = 1, ...m,
where m is the number of modes considered are obtained by
solving the eigen-problem of the reduced-order system model

(K̂�ω2
r M̂)υυυqr = 0 , r = 1, ...,m (15)

where υυυqr,r = 1, ...,m are the mode shapes of the reduced-order
system. Introducing a constant matrix T̄ ∈ RN×nu (nu = ∑Ns

s=1 ns)
to map the vector
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ū(t)T =< u1(t)T , ...,uNs(t)T >∈ Rnu (16)

of the physical coordinates for all substructures to the
independent physical coordinates u(t) of the original structure,
the physical mode shapes υυυr of the structure can be recovered
from the mode shapes υυυqr as

υυυr = T̄ΨΨΨTυυυqr , r = 1, ...,m (17)

where the matrix ΨΨΨ ∈ Rnu×nv is a block diagonal matrix defined
in terms the Craig-Bampton transformation matrices of all
substructures, that is, ΨΨΨ = blockdiag(ΨΨΨ1, ...,ΨΨΨNs).

3 BAYESIAN FINITE ELEMENT MODEL UPDATING

3.1 Problem Formulation

Consider a parameterized finite element model class M of a
structural system by a set of model parameters θθθ ∈ Θ ⊂ Rnp .
The plausibility of each model within a class M based on data
D is quantified by the updated joint probability density function
p(θθθ |M,D) (posterior probability density function). By Bayes’
Theorem [6], [10] the posterior probability density function of
θθθ is given by

p(θθθ |M,D) =
p(D|M,θθθ) p(θθθ |M)

p(D|M)
(18)

where p(D|M) is the normalizing constant which makes the
probability volume under the posterior probability density
function equal to unity, p(D|M,θθθ) is the likelihood function
based on the predictive probability density function for the
response given by model class M, and p(θθθ |M) is the prior
probability density function selected for the model class M.
In what follows it is assumed that D contains input dynamic
data and output responses from measurements on the system.
Specifically let un(t j,θθθ) denotes the output at time t j at the nth

observed degree of freedom predicted by the proposed structural
model, and u∗n(t j) denotes the corresponding measured output.
The prediction and measurement errors

en(t j,θθθ) = u∗n(t j)�un(t j,θθθ) , n = 1, ...,No , j = 1, ...,Nt (19)

where No denotes the number of observed degrees of freedom
and Nt denotes the length of the discrete time history data, are
modeled as independent and identically distributed Gaussian
variables with zero mean [3], [11]. Using the above probability
model for the prediction error it can be shown that the likelihood
function p(D|M,θθθ) can be expressed in terms of a measure-
of-fit function J(θθθ |M,D) between the measured response and
the model response at the measured degrees of freedom. Such
function is given by [11], [12]

J(θθθ |M,D) =
1

NtNo

No

∑
n=1

Nt

∑
j=1

[u∗n(t j)�un(t j,θθθ)]2 (20)

For a large number of available data (NtN0 is large) it has been
found that the most probable model parameters are obtained by
minimizing J(θθθ |M,D) over all parameters in Θ that it depends
on [12]. Under the previous assumption the posterior probability

density function p(θθθ |M,D) is in general concentrated in the
neighborhood of a lower dimensional manifold in the parameter
space [13]. In general the problem of estimating the model
parameters is potentially ill-posed, that is, there may be more
than one solution. To solve this problem a simulation-
based Bayesian model updating technique is adopted in this
study. Such technique, which efficiently generates samples
asymptotically distributed as the posterior probability density
function, is described in the following section.

3.2 Simulation-Based Approach

An efficient method called transitional Markov chain Monte
Carlo is implemented in this work for Bayesian model updating
[7]. Validation calculations have shown the effectiveness of
this approach in a series of practical Bayesian model updating
problems [14]. The method can be applied to a wide range of
cases including high-dimensional posterior probability density
functions, multimodal distributions, peaked probability density
functions, and probability density functions with flat regions.
The method iteratively proceeds from the prior to the posterior
distribution. It starts with the generation of samples from the
prior distribution in order to populate the space in which also the
most probable region of the posterior distribution lies. For this
purpose a number of non-normalized intermediate distributions
p j(θθθ |M,D), j = 1, ...,J, are defined as

p j(θθθ |M,D) ∝ p(D|M,θθθ)α j p(θθθ |M) (21)

where the parameter α j increases monotonically with j such
that α0 = 0 and αJ = 1. The parameter α j can be interpreted
as the percentage of the total information provided by the
dynamic data which is incorporated in the jth iteration of the
updating procedure.The first step ( j = 0) corresponds to the
prior distribution and in the last stage ( j = J) the samples are
generated from the posterior distribution. The idea is to choose
the values of exponents α j in such a way that the change of the
shape between two adjacent intermediate distributions be small.
This small change of the shape makes it possible to efficiently
obtain samples from p j+1(θθθ |M,D) based on the samples from
p j(θθθ |M,D). The value of the parameter α j+1 is chosen such
that the coefficient of variation for {p(D|M,θθθ k

j)
α j+1�α j ,k =

1, ...,N j} is equal to some prescribed target value. The upper
index k = 1, ...,N j in the previous expression denotes the sample
number in the jth iteration step (θθθ k

j,k = 1, ...,N j). Once the
parameter α j+1 has been determined the samples are obtained
by generating Markov chains where the lead samples are
selected from the distribution p j(θθθ |M,D). Each sample of the
current stage is generated by applying the Metropolis-Hastings
algorithm [15]. The lead sample of the Markov chain is a
sample from the previous step that is selected according to the
probability equal to its normalized weight

w̄(θθθ k
j) =

w(θθθ k
j)

∑
N j
l=1 w(θθθ l

j)
(22)

where w(θθθ k
j) represents the plausibility weight which is given

by

w(θθθ k
j) = p(D|M,θθθ k

j)
α j+1�α j (23)
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For a detailed implementation of the transitional Markov
chain Monte Carlo method, including proofs concerning the
statistical properties of the estimators the reader is referred to
[7], [16].

4 MODEL UPDATING PROCESS

In the present formulation it is assumed that the stiffness matrix
of the original system depends linearly on the model parameters
θθθ . This is the case encountered in many practical applications
such as model updating, structural optimization and damage
detection techniques. This linear dependence implies that at the
substructure level the stiffness matrix as well as its partitions
admit a similar characterization. In particular the following two
cases are considered here. In the first case it is assumed that
the stiffness matrix of a substructure s does not depend on the
model parameters. In this case the stiffness matrix is written
as Ks = Ks

0. The corresponding normal and constraint modes
are computed once for the corresponding model. In the second
case it is assumed that the stiffness matrix of a substructure s
depends only on one model parameter, say θ j ( j-th component
of θθθ ). Specifically, let S j be the set of substructures that depends
on θ j. Then the stiffness matrix of a substructure s ∈ S j can be
written as Ks = K̄sθ j, where the matrix K̄s is independent of
θ j. Of course the partitions of the stiffness matrix Ks admit
the same parametrization. From this representation it is easy to
show that the eigenvalues and eigenvectors associated with the
fixed-interface normal modes are given by

ΛΛΛs
ii = Λ̄ΛΛs

iiθ j , ΦΦΦs
ii = Φ̄ΦΦs

ii (24)

where the matrices Λ̄ΛΛs
ii and Φ̄ΦΦs

ii are the solution of the eigen-
problem

K̄s
iiΦ̄ΦΦ

s
ii = Ms

iiΦ̄ΦΦ
s
iiΛ̄ΛΛ

s
ii (25)

where the matrices Φ̄ΦΦs
ii and Λ̄ΛΛs

ii are independent of θ j. In
addition, the interface constraint modes are also independent of
θ j since

ΨΨΨs
ib =�Ks

ii
�1Ks

ib =�K̄s
ii
�1K̄s

ib (26)

Therefore a single substructure analysis is required to provide
the exact estimate of the normal and constraint modes for any
value of the modal parameter θ j [17]. Based on the previous
results it is simple to verify that the reduced stiffness matrix of
the substructure s, considering the full set of interface degrees
of freedom, takes the form

K̂s
= ˆ̄Ksθ j , ˆ̄Ks = ΨΨΨsT K̄sΨΨΨs (27)

Thus, it is clear that the reduced matrix ˆ̄Ks is a constant
matrix independent of the model parameters θθθ . Consequently
the stiffness matrix of the Craig-Bampton reduced system can
be written as

K̂ = K̂0 +
Nθ

∑
j=1

ˆ̄K jθ j (28)

where Nθ is the number of independent model parameters and
the matrices K̂0 and ˆ̄K j, j = 1, ...,Nθ are defined as

K̂0 = TT


K̂1

0δ10 0 0

0
. . . 0

0 0 K̂Ns
0 δNs0

T , (29)

ˆ̄K j = TT


ˆ̄K1δ1 j 0 0

0
. . . 0

0 0 ˆ̄KNsδNs j

T (30)

where δs0 = 1 if the substructure s does not depend on the model
parameters θθθ and δs0 = 0 otherwise, δs j = 1 if the substructure s
depends on the parameter θ j and δs j = 0 otherwise, and all other
terms have been previously defined. Note that the assembled
matrices ˆ̄K j, j = 1, ...,Nθ are independent of the value of θθθ and
therefore these matrices are computed and assembled once. This
results in substantially savings since there is no need to define
these matrices during the identification process.

5 NUMERICAL EXAMPLE

5.1 Problem Description

The structural system shown in Figure (1) consists of a ten
floors three-dimensional reinforced concrete building. Material
properties of the reinforced concrete structure have been
assumed as follows: Young’s modulus E = 2.34× 1010 N/m2;
Poisson ratio ν = 0.3; and mass density ρ = 2500 kg/m3.
The height of each floor is 3.5 m leading to a total height
of 35.0 m for the structure. The floors are modeled with
shell elements with a thickness of 0.3 m and beam elements
of rectangular cross section of dimension 0.3m × 0.6m from
floors 1 to 5 and 0.25m × 0.5m from floors 6 to 10. Each
floor is supported by 48 columns of rectangular cross section
of dimension 0.8m × 0.9m. The corresponding finite element
model has approximately 40,000 degrees of freedom. A 2% of
critical damping for the modal damping ratios is introduced in
the model.

y

z

x

Figure 1. Isometric view of the finite element model.
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For the identification application considered in this example
the structure is divided into a number of substructures and it is
assumed that a stiffness reduction is concentrated in one or more
substructures producing changes in the stiffness characteristics
of those substructures. In particular the structural model is
subdivided into six substructures. Substructures 1, 3 and 5 are
composed by the column elements of the first, second and third
floor, respectively. Substructures 2 and 4 correspond to the slabs
and beam elements of the first and second floor, respectively, and
substructure 6 contains the upper floors structural components
(columns, beams and slabs). For illustration purposes a model
class M is introduced to monitor the updated process, which is
defined in terms of a stiffness reduction of 20% of the nominal
stiffness value in the x direction of the columns of the first
floor. The model class M contains two parameters (θ1,θ2)
associated with the stiffness of the columns of the first and
second floor, respectively. The model class is characterized
from the unchanged or nominal structure (θi = 1, i = 1,2)
corresponding to the reduced-order model.

The identification process is based on simulated data. To
this end the original unreduced finite element model is excited
horizontally (in the x direction) with the Santa Lucia ground-
motion record recorded during the 2010 Chilean earthquake.
The input ground acceleration time history is shown in Figure
(2). It corresponds to a ground motion of moderate intensity.
The measured response is simulated by first calculating
the absolute acceleration response of the modified original
unreduced structure at floors 1, 2, 3 and 4 (in the x direction)
and then adding Gaussian discrete white noise with standard
deviation equal to 10% of the root-mean square value of
the corresponding absolute acceleration time histories. The
responses are computed at the center of mass of the floors. One
hundred seconds of data with sampling interval ∆t = 0.05 s are
used, given a total of Nt = 2000 data points.

0 10 20 30 40 50 60 70 80 90 100
−0.5

0

0.5

ac
ce

le
ra

tio
n 

[g
]

time [s]

Figure 2. Santa Lucia ground-motion record (2010 Chilean
earthquake)

The simulated response data provides the data for the model
updating process. The actual implementation of this process
is carried out by using a reduced-order system model which is
defined as follows. For each substructure of the finite element
model it is selected to retain all fixed-interface normal modes
that have frequency less than a given cut-off frequency. The cut-
off frequency is set proportional to the 12th modal frequency
of the original unreduced finite element model. Validation
calculations show that retaining a total of 365 internal degrees
of freedom for all substructures is adequate in the context
of this application. In fact, with this number of generalized
coordinates the fractional error (in percentage) between the

modal frequencies using the complete finite element model and
the modal frequencies computed using the reduced-order model
falls bellow 0.1% for the lowest 12 modes. Then, a total of 365
interior degrees of freedom, corresponding to the fixed interface
generalized coordinates, out of 39,136 of the original model
are retained for the all substructures. The number of interface
degrees of freedom is equal to 864 in this case. The total
number of degrees of freedom of the reduced model represents
a 97% reduction with respect to the unreduced model. Thus, a
significant reduction in the number of generalized coordinates is
obtained with respect to the number of the degrees of freedom
of the original unreduced finite element model.

5.2 Results

The model updating is performed using the transitional Markov
chain Monte Carlo method with 1000 samples per stage. The
prior probability density function for the model parameters
θi, i = 1,2 are independent uniform distributions defined over
the interval [0.5,1.5]. The reference structure (unchanged) is
characterized in terms of the model parameters with values
equal to θi = 1, i = 1,2. Figures (3) and (4) show the histograms
defined by the posterior samples of the model parameters. In
addition, the values of the nominal system parameters are also
indicated in the figures.

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
0
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cy

Nominal Model

Parameter

Figure 3. Posterior histogram of model parameter θ1. Mean
estimate: θ̄1 = 0.79

It is seen that the agreement between the actual system and the
model characterized by the posterior samples is excellent. The
model parameter θ1 is distributed around the value θ1 = 0.8. In
fact the mean estimate of this parameter is equal to θ̄1 = 0.79.
On the other hand it is observed that the parameter related to
the stiffness of the columns of the second floor is distributed
around its actual value θ2 = 1.0. This is reasonable since these
columns are unchanged. To get insight into the identification
process Figures (5-7) show how the samples in the θ1�θ2 space
converge. From the different steps or stages of the transitional
Markov chain Monte Carlo method it is observed that the data
is strongly correlated along a certain direction in the parameter
space. Such correlation shows that an increase in the stiffness
of the columns of the first floor is compensated by a decrease
in the stiffness of the columns of the second floor during the
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Figure 4. Posterior histogram of model parameter θ2. Mean
estimate: θ̄2 = 1.03

identification process, which is consequent from a structural
point of view. Thus, all points along that direction correspond
to structural models that have almost the same response at the
measured degrees of freedom.
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Figure 5. Plots of the samples in the θ1 � θ2 space. Prior
distribution

The number of finite element runs required for the
identification process depends on the number of transitional
Markov chain Monte Carlo stages which in this case is equal
to 8. The total computational time for the identification using
the original unreduced finite element model is expected to be of
the order of 3 days. In contrast, for the reduced-order model
the computational demand is reduced to less than 4 hours.
Thus, a drastic reduction in computational efforts is achieved
without compromising the predictive capability of the proposed
identification methodology.

6 CONCLUSIONS

A methodology that integrates a model reduction technique into
a finite element model updating formulation using dynamic
response data has been presented. In particular, a method based
on fixed-interface normal component modes plus interface
constraint modes is considered in this work. In general, the
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Figure 6. Plots of the samples in the θ1�θ2 space. Fourth stage
of the transitional Markov chain Monte Carlo method
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Figure 7. Plots of the samples in the θ1�θ2 space. Eighth stage
of the transitional Markov chain Monte Carlo method

method produces highly accurate models with relatively few
component modes. The finite element model updating is carried
out by using a simulation-based Bayesian model updating
technique. Specifically, the transitional Markov chain Monte
Carlo method is implemented in the present formulation. It
is demonstrated that the fixed-interface normal mode of each
component and the characteristic interface modes are computed
only once from a reference finite element model. In this
manner the re-assembling of the reduced-order system matrices
from components and interfaces modes is avoided during the
updating process. Results show that the computational effort
for updating the reduced-order model is decreased drastically by
two or three orders of magnitude with respect to the unreduced
model, that is, the full finite element model. Furthermore,
the drastic reduction in computational efforts is achieved
without compromising the predictive capability of the proposed
identification methodology.
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ABSTRACT: The Non-Parametric Stochastic Subset Optimization (NP-SSO) is a recently developed algorithm appropriate for 
optimization problems that use the system reliability as objective function and involve computationally expensive numerical 
models. This paper discusses its extension to reliability-based design optimization (RBDO) applications involving the system 
reliability as a design constraint. The foundation of NP-SSO is the formulation of an augmented problem where the design 
variables are artificially considered as uncertain. In this context, the system reliability is proportional to an auxiliary probability 
density function related to the design variables. NP-SSO is based on simulation of samples from this density and approximates 
the system reliability through kernel density estimation (KDE) using these samples. The RBDO problem is then solved using 
this approximation for evaluating the reliability constraints. Thus, through a single analysis NP-SSO provides information for 
the system reliability over the entire design domain. To improve computational efficiency, an iterative approach is proposed; at 
the end of each iteration, a new reduced search domain is identified, until the algorithm converges to the feasible design domain 
satisfying the reliability constraints. Through this approach the samples for the design variables gradually move from regions 
with higher values of the system failure probability to regions with lower values (satisfying the required constraints). A non-
parametric characterization of the search domain using a framework based on multivariate boundary KDE and support vector 
machine is established whereas to further improve the efficiency of the stochastic sampling stage, an adaptive kernel sampling 
density approach is proposed.  

KEY WORDS: Reliability-based design optimization, Non-parametric stochastic subset optimization; Kernel density 
estimation; Adaptive kernel sampling density. 

1 INTRODUCTION 
In any engineering design application, the performance 
predictions for the system under consideration involve some 
level of uncertainty, stemming from the incomplete 
knowledge about the system itself and its environment 
(representing future excitations) [1, 2]. Explicitly accounting 
for these uncertainties is exceptionally important for providing 
optimal configurations that exhibit robust performance. 
Reliability-based design optimization (RBDO) provides a 
rational and consistent framework for performing this task [1, 
3], employing probability models to characterize the relative 
plausibility of the different model parameter values. Within 
RBDO the design optimization problem is typically 
formulated by considering reliability constraints for the 
system performance, where the system reliability is quantified 
by the probability that the response will not exceed some 
acceptable safe domain.  

To formalize this concept consider a system with 
controllable parameters, referenced herein as design variables 
∈x X xn⊂ , where X denotes the design domain. Also let 
∈θ Θ nθ⊂ , denote the uncertain model parameters for the 

system with PDF (probability density function) p(θ), with the 
latter incorporating (our incomplete) knowledge about the real 
system into its assumed numerical model. We are interested in 
the system reliability against some event F, described through 
some limit state function g(x,θ), with the typical convention 
that  g(x,θ)>0 represents the safe domain and g(x,θ)<0 the 
failure domain. RBDO is expressed as 

 
0

min  ( )    

such that ( )
X

F F

f

P P
∈

≤
x

x

x
  (1) 

where f(x) is the objective function, PF0 is the target failure 
probability and PF(x) is the failure probability for F , which is 
expressed  as 

 
( , ) 0

( ) ( ) ( , ) ( )F Fg Θ
P p d I p d

<
= =∫ ∫x θ

x θ θ x θ θ θ   (2) 

with ΙF(x,θ) the indicator function for F, corresponding to 1 if 
event F occurs [g(x,θ)<0] and zero if not.  

Various approaches have been established for solving 
problem (1) [4, 5], utilizing different methods for estimating 
the system failure probability. Undoubtedly the most common 
methodology for performing the latter is to use a first-order 
reliability method (FORM) [6, 7]. For applications involving 
complex system or probability models, though, the 
approximation errors associated with FORM may be large, 
contributing to erroneous (suboptimal) results [8]. For such 
applications stochastic simulation techniques, which pose no 
constraints on the complexity of the adopted numerical and 
probability models, offer an attractive alternative for 
estimating system reliability [9]. This approach, though, 
entailing a large number of evaluations of the system 
performance for each reliability function estimation (each 
design configuration examined within the optimization 
algorithm), might impose a prohibitive computational cost for 
applications involving computationally expensive models.  
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This paper investigates an alternative optimization 
algorithm for such applications, termed non-parametric 
Stochastic Subset Optimization (NP-SSO), which also relies 
on stochastic simulation and stochastic sampling techniques 
but offers improved efficiency as it avoids approximating the 
system failure probability for individual design 
configurations. NP-SSO was proposed recently [10] for 
design problems utilizing the system reliability as the 
objective function. It is extended here to design problems 
using the system reliability as a constraint.  It relies on 
simulation of samples of the design variables from an 
auxiliary probability density function, treating them 
artificially as uncertain. Kernel density estimation (KDE) [11] 
is then utilized to approximate the system failure probability 
using the information in these samples and the RBDO 
problem is then solved using this approximation for 
evaluating the reliability constraints. Through a single 
analysis NP-SSO provides information for the system 
reliability over the entire design domain, which is what 
contributes to its greater computational efficiency. Also, an 
iterative approach is proposed to reduce the computational 
effort; at the end of each iteration, a new reduced search 
domain is identified, until the algorithm converges to the 
feasible design domain satisfying the reliability constraints. 
To deal with the boundary correction for the KDE in complex 
domains, a multivariate boundary KDE based on local linear 
estimation is proposed. Also, a non-parametric 
characterization of the search domain using a framework 
based on support vector machine (SVM) is proposed to 
facilitate efficient simulation of samples and estimation of the 
parameters required for the boundary correction. This SVM is 
also used to efficiently characterize the feasible design region.  

2 NP-SSO FOR APPROXIMATION OF RELIABILITY 
CONSTRAINTS 

2.1 Formulation of NP-SSO 
The basic idea in NP-SSO (like its predecessor SSO [12]) is 
the formulation of an augmented reliability problem where x 
is artificially considered as uncertain with uniform distribution 
p(x)=1/VI over some design region I (definition of I will be 
discussed later, within the iterative approach), an idea initially 
presented in [13]. The failure probability PF(x) may then be 
expressed using Bayes’ Theorem as: 

  [ ]( )
( ) ( | ) ( | ) ( )

( )
I

F I I I I
P F

P p F p F P F V
p

= =x x x
x

  (3) 

where p(x|FI) is the PDF for x conditioned on F where x  
belongs in I  

 
1( | ) ( , ) ( ) ( )
( )I FΘ

I

p F I p p d
P F

= ∫x x θ θ x θ   (4) 

and P(FI) is a normalization constant, equal to the failure 
probability of the augmented problem 

  ( ) ( , ) ( ) ( )I FI Θ
P F I p p d d= ∫ ∫ x θ θ x θ x   (5) 

Since P(FI) and p(x) are constants, the system failure 
probability is proportional to the conditional PDF p(x|FI). 
Samples from this PDF can be obtained by a simulation-based 

failure analysis [13, 14], which gives failure samples of {x θ} 
from the joint distribution 

( , ) ( ) ( )
( , | ) ( , ) ( ) ( )

( )
F

I F
I

I p p
p F I p p

P F
= ∝

x θ θ x
x θ x θ θ x      (6) 

The x component of these samples corresponds to samples 
from the conditional PDF p(x|FI). Different stochastic 
sampling algorithms can be used, with requirement in the 
context of NP-SSO, though, that they produce independent 
samples (since KDE will be formulated based on them). Note 
that in this process the system response will be evaluated in a 
large set { , } { , ;  =1,..., }j j

c c c c j N=x θ x θ  of samples with j
cx  and 

j
cθ corresponding to the jth sample of x and θ , respectively, 

and N to the total number of trials established in the stochastic 
sampling process. These evaluations will be exploited in the 
NP-SSO later. Figure 1 illustrates this concept for a two 
dimensional example: part (a) shows the failure probability 
surface over the design domain X whereas part (b) shows 
samples obtained from p(x|FI).  

 
(a) Failure probability (b) “Failure” samples from p(x|FI) 

(d) Feasible regions by NP-SSO
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Figure 1. Sample-based concepts for NP-SSO and 
approximation of feasible regions by NP-SSO. 

 

2.2 Approximation of failure probability through 
multivariate boundary kernel 

NP-SSO relies on exploiting information in the samples for 
p(x|FI). This is established by formulating an approximation 
for p(x|FI), denoted ( | )Ip Fx%  through KDE. Because the 
system failure probability is expected to take large values in 
the boundary of the search space and this boundary can have a 
complex form, a KDE approach that can facilitate boundary 
corrections in complex domains needs to be used. Here KDE 
with multivariate boundary kernels (KDE-MBK) based on 
local linear estimation is introduced. KDE-MBK can be 
applied as nonparametric multivariate density estimation in 
domains with arbitrary boundary regions [15]. Computational 
details for the implementation are provided in Appendix A.  
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This facilitates then the following expression for the failure 
probability in the context of NP-SSO 

  ˆ( ) ( | ) ( )F I I IP p F P F V⎡ ⎤= ⎣ ⎦x x% %   (7) 

where ˆ ( )IP F  is an approximation to the augmented failure 
probability in (5). This approximation is established through 
stochastic simulation: using the information already available 
from getting the samples from p(x,θ|FI) [through set { , }j j

c cx θ ] 
the estimate for P(FI) is  

 
1

( ) ( )1ˆ( ) ( , )
( , )

j jN
j j c c

I F c c j j
j c c

p p
P F I

N q=

= ∑ θ x
x θ

x θ
  (8) 

where{ , } ~ ( , )j j
c c qx θ x θ , with q(.) being the proposal density 

chosen in the stochastic sampling algorithm, and as discussed 
above N is the total number of  evaluations performed within 
this algorithm.     

Using approximation (7), then, the feasibility of different 
design configurations can be easily examined by comparing 

( )FP x% and 0FP . Parts (c) and (d) in Figure 1 illustrate these 
concepts.  Part (c) shows ( )FP x%  for the two dimensional 
example considered earlier using the samples shown in Part 
(b) of that figure. Then Part (d) shows the boundary of the 
feasible domain provided by NP-SSO (manifold where 

( )FP x% equals to 0FP ) as well as the real boundary (manifold 
where ( )FP x equals to 0FP ). It is evident that in this example 
NP-SSO provides a good overall approximation for the 
system failure probability and for the target feasible region.  

For establishing approximation (7) the most challenging 
component is obtaining the samples from p(x,θ|FI), at least for 
problems involving complex models for which the 
computational cost for establishing the KDE approximation is 
small compared to the cost for evaluating the system-model 
response. But this computational cost is comparable to the 
cost for a single evaluation of the reliability constraint through 
stochastic simulation [depending on the efficiency of the 
stochastic sampling]. In NP-SSO, though, information about 
the global behavior (meaning in the whole set I) of the system 
failure probability is obtained, which is what contributes to its 
efficiency in RBDO problems. 

3 ITERATIVE NP-SSO 

3.1 Motivation and iterative approach 
When obtaining samples from p(x|FΙ) relatively fewer samples 
will be available in the regions with smaller failure 
probabilities, thus the required number of simulations to 
gather accurate information for the failure probability in these 
regions can be large (depending on the characteristics of the 
problem). This is evident in the example shown in Figure 1, 
where the number of failure samples near feasible domain 

0( )F FP P≤x  is small, reducing the accuracy of the KDE 
approximation. Even though the domain is well approximated 
in this case, it is evident that if a lower value of PF0 was 
chosen the approximation could have yielded erroneous 
results. Since RBDO is frequently formulated with target 
failure probability corresponding to rare events (small values 
of PF0) it is evident that in many applications obtaining the 
necessary samples to for a high accuracy KDE approximation 
might have a large associated burden.  

To circumvent this challenge and improve the numerical 
efficiency of NP-SSO in finding the feasible design region for 
problems targeting rare events, an iterative approach is 
established. Through this approach the search at each iteration 
is restricted within the subset that was identified in the 
previous iteration to correspond to the lower values of the 
failure probability 

  { }* * | ( ) F
FI I I P c= ⊂ ≤x%   (9) 

with cF the threshold establishing the new search domain. The 
remaining question is how should this threshold be selected? 
Obviously its choice impacts the quality of the identified 
domain I*, i.e. whether the failure probability PF(x) within this 
domain [and not just the approximation ( )FP x% ] has values 
lower than cF. One approach for selecting cF could have been 
to choose a domain that includes a certain percentage of 
failure samples for x. This is a conservative choice that might 
contribute though to a slow convergence for some 
applications, as including a small percentage of the failure 
samples does not necessarily mean that the KDE 
approximation has low quality. Instead the threshold cF is 
adaptively chosen to correspond to a pre-specified reduction 
of the average failure probability ˆ( )IP F  in the initial search 
domain I, i.e., ˆ ( )F

IPc Fρ= . This leads to a selection that is 
calibrated based on the average behaviour of the reliability 
constraint within the initial search domain.  

Convergence of the iterative process is assessed by 
comparing the threshold Fc for the new search space against 
the target failure probability 0FP . If 0

F
Fc P≤ , then 

convergence has been established and the approximation of 
the feasible region G  is given by 

  { }0: ( )F FG I P P= ≤x%   (10) 

3.2 Search subset characterization and approximation by 
support vector machine (SVM) 

Independent of the selection of cF identification (9) requires 
some means to characterize the subset *I , since that subset 
will be the new search domain in the next iteration. To avoid a 
parametric description for *I  a characterization based on 
samples is adopted here. This is established through the 
following approach: first generate nu samples of x from the 
uniform distribution p(x), denoted { } { ;  =1,..., }j

u u uj n=x x  with 
j
ux  corresponding to the thj  sample, then evaluate ( | )Ip Fx%  

for them through KDE-MBK, order these samples based on 
the values of ( )FP x%  and finally keep only those samples that 
satisfy ( ) F

FP c≤x% . These samples, { } { ;  =1,..., }j
o o oj n=x x , 

with j
ox  corresponding to the thj  sample, are then uniformly 

distributed in *I . Note that the evaluation of ( )F uP x%  for 
samples { }ux  can be performed at a small computational cost, 
as it requires no additional system analyses [only KDE], 
indicating that a large number can be used for nu. Thus the 
characterization of I*

 can be efficiently established. The 
process is shown in parts (a) and (b) of Figure 2. 

This non-parametric description though, creates an 
additional computational challenge for deciding if any new 
design vector x belongs in I* since it involves estimation of 

( )FP x% , rather than a simple geometric description. This 
makes evaluation of the integrals defining the correction 
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coefficients for KDE-MBK (discussed in Appendix A) 
intensive since this is established through Monte Carlo 
integration, requiring a decision on whether each of these 
samples will belong in the search space. To avoid direct 
estimation of ( )FP x%  for each of these samples,  a SVM [16] is 
utilized here  to classify whether a sample is inside I* or not. 
This is established through the following process (also shown 
in Figure 2):  

Step 1: After identification of set I*, a box bounded region 
(superset of I*) B is established with lower and upper bounds 
corresponding to the minimum and maximum value (in each 
dimension) of the uniform samples in I*   

Step 2: Then samples from the set { }ux  are identified that 
are within B but outside I*. This sample set is denoted by {x-o}  

Step 3: A membership {xo,x-o}⇒ {1,0} is assigned to the 
total uniform samples ,{ : } { , }j

u B u o oB −= ∈ =x x x x  in B, with 1 
meaning inside *I  and 0 outside of *I  

Step 4: Finally a SVM is developed for classification of any 
new candidate sample based on this membership information. 
This idea is demonstrated in part (c) of Figure 2.  

 
(a) Uniform samples in I
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(b) KDE-MBK identification of  I*
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Figure 2. Search subset definition and SVM characterization. 

 
This SVM can be then utilized to decide the membership of 

any new sample x that will be used in the next iteration of the 
algorithm (for the stochastic sampling) and for estimation of 
the integrals defining the correction coefficients for KDE-
MBK. The latter is established in the following way. First, 

,
coeff
un x uniform samples are generated in the support region S(x) 

for x, which for the Epanechnikov Kernel is a hyper-rectangle 
centred at x and with width 2 iw  in the thi dimension and a 
volume of 

 
1

2 xx
nn

c ii
V w

=
= ∏    (11) 

then use SVM to classify the ,
coeff
un x samples and identify the 

,
coeff
inn x  samples that are inside ΔΙ  and estimate its volume 

, ,/coeff coeff
in u cn n V⋅x x . Based on this information (uniform samples 

within ΔI whose volume is also known) calculate required 
coefficients by MC integration. 

Similarly, the feasible region G given by (10) can be 
characterized by a SVM too, using the approach discussed 
earlier, i.e., keep only those uniform samples { }ux  that 
satisfy 0( )F FP P≤x% . This SVM can be used for deciding 
whether a design belongs to the feasible region or not. 

3.3 Multiple feasible domains 
Another topic that needs to be addressed in the 
characterization of I* is existence of multiple, separated, 
domains satisfying (9). In such cases the samples { }ox  will be 
separated in multiple clusters, and KDE considering all of 
them together will lead to inaccurate results due to bad 
estimation of bandwidth caused by the multimodality of the 
PDF. To avoid this problem, first a clustering algorithm (e.g. 
k-means algorithm) is adopted to identify the existence of 
multiple clusters in { }ox , and separate them to each of these 
clusters [17, 18]. Each of the clusters can be then treated as an 
independent search space, possibly (but not necessarily) 
including part of the feasible design domain.  

4 ADAPTIVE NP-SSO ALGORITHM  
In this section the NP-SSO algorithm is summarized. Before 
this summary two final aspects are discussed: the generation 
of samples from p(x,θ|FI) and the selection of the exact 
number of these samples.   

4.1 Adaptive stochastic sampling 
The computationally most demanding component of NP-SSO 
is the simulation of samples from p(x,θ| FI) within subset I for 
x, with this subset corresponding to either the initial domain X 
(for the 1st iteration of the algorithm) or the search subset I* 
identified in the previous iteration (in case multiple clusters 
exist, this will correspond to the search domain of a particular 
cluster). Improvement of the efficiency of this stochastic 
sampling can greatly improve the overall efficiency of NP-
SSO.  The specific sampling algorithm chosen in this study to 
perform the stochastic sampling and provide independent 
samples (as required for the KDE) is rejection sampling [19].  

For the improvement of the computational efficiency an 
adaptive selection is established for the proposal densities q(.) 
required within this algorithm. For this reason, an adaptive 
kernel sampling density (AKSD) is formulated utilizing the 
samples from p(x,θ| FI) available from the previous iteration, 
ultimately corresponding to samples from the optimal 
proposal density [20]. The adaptive characteristics of the 
approach correspond to the explicit optimal selection of the 
kernel characteristics to maximize the computational 
sampling-efficiency. These characteristics include: the exact 
variables to build the AKSD for and the selection of the 
bandwidth of the kernel. The former is established by 
integrating a probabilistic sensitivity analysis [21] to identify 
the variables with higher sensitivity. The formulation of 
proposal densities q(.) then targets only these variables, 
whereas for the rest p(.) is chosen as the proposal density. 
This ultimately circumvents the well-known challenges in 
selecting efficient proposal densities for all of the uncertain 
model parameters. A kernel density is chosen then as q() using 
the readily available failure samples, with the characteristics 
(bandwidth) for this density chosen to maximize the sampling 
efficiency. This is established with minimal additional 
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computational burden, using the readily available evaluations 
of the system model for the set { , }c cx θ . More details on this 
stochastic sampling formulation may be found in [22]. 

4.2 Adaptive selection of number of samples 
A critical last component of NP-SSO is the proper selection of 
the number of samples ns used for the KDE approximation. 
This selection proportionally impacts the computational 
efficiency of the algorithm as it influences the total number of 
simulations required for the system response. It also impacts 
the accuracy of the KDE approximation and as such it needs 
to be carefully selected. Rather than preselecting ns, an 
adaptive multi-stage approach is proposed here, based on 
accuracy criteria for the KDE approximation. Since the 
ultimate goal at each iteration of the NP-SSO is to identify the 
feasible subset I* based on this KDE approximation, a proper 
criterion for selection of ns is: how does the identified subset 
change for different selections of ns? Thus, instead of looking 
at the impact of ns on the overall KDE approximation 
accuracy, something which requires focus over the entire 
search space I, its influence on the set identified by NP-SSO is 
utilized here. To facilitate this task a gradual, multi-stage 
increase in ns is considered. This is established through the 
following approach.  

Select first the number of samples to increase/add at each 
stage, nsa, the threshold ρδ defining the accuracy of the subset 
identification, the maximum number of allowable samples 
ns,max, and generate nu samples of x from the uniform 
distribution p(x), { }ux , to use for all stages. Then choose 
adaptively ns through the following procedure. 

Step 1: Set counter nb=1 and start the first stage of the 
selection. Simulate nsa samples from p(x| FI)  

Step 2: Using these samples establish approximation 
( | )Ip Fx%  through KDE and utilize it to calculate the system 

failure probability (7) for all samples { }ux . Perform 
identification (9) and obtain set 1{ }ox  characterizing I*. 

Step 3: Set counter nb=nb+1 and proceed to the next stage. 
Simulate nsa additional samples from p(x| FI) to obtain a total 
nbnsa samples.  

Step 4: Using the total number of samples establish 
approximation ( | )Ip Fx%  through KDE and utilize it to 
calculate the failure probability (7) for all samples { }ux . 
Perform identification (9)  and obtain set { }

bo nx of size no. 
Count the number of samples that belong in { }

bo nx but do not 
belong in 1{ }

bo n −x  (the sample set identifying I* from the 
previous stage) and denote it by δno. This corresponds to the 
difference between the identified subsets using ns=nbnsa 
samples and ns=(nb-1)nsa samples for the KDE. If the 
difference δno/no is above the threshold selected for the 
accuracy of the identification 

 
ρδ and the total number of 

samples obtained ns=nbnsa is still smaller than the maximum 
number of allowable samples ns,max then go back to step 3.  

Step 5: If δno/no<ρδ or ns=nbnsa>ns,max then stop the multi-
stage approach. The choice for ns is finally ns=nbnsa.  

4.3 NP-SSO Algorithm 
Combining the previous concepts we establish the following 
adaptive NP-SSO algorithm. Define first the design space X, 
the number of samples per stage for the multi-stage stochastic 
sampling, nsa, the maximum number of samples, ,maxsn , the 
accuracy threshold for the subset identification ρδ, the number 

of samples for characterization of the subsets un , and the 
values for the average failure probability reduction ρ . Set the 
index for clusters that have converged equal to l=1.    

At iteration k of the algorithm, suppose 1, 1, ,m
k kI m M −= L  

subsets (clusters) have been identified from the previous 
iteration (where for the first iteration only one cluster exists 

1I X= ). The subscript k is used herein to denote the iteration 
of the algorithm, and the superscript m to denote the specific 
subset (cluster). Also a number of samples from ( , | )m

kI
p Fx θ , 

( 1) ( 1) ( 1){ , ; 1,..., }mj mj m
p k p k p kj n− − −=x θ , as well as samples 
( 1) ( 1) ( 1){ , ; 1,..., }mj mj m

e k e k e kj n− − −=x θ  for which ( , )FI x θ  is known, 
will be readily available from the previous iteration of the 
algorithm (this will not be true of course in the first iteration). 
The thk  iteration of NP-SSO requires the following steps. 

Step 1: Simulate ( 1)
m

s p kn n −−  additional samples from 
( , | )m

kI
p Fx θ  using the approach discussed in Section 4.1 to 

develop AKSD, while sn  is adaptively selected using the 
approach discussed in Section 4.2. Use the sample set 

( 1) ( 1){ , }m m
p k p k− −x θ  to formulate the kernel density and the set 
( 1) ( 1){ , }m m

e k e k− −x θ  to optimally select the characteristics of the 
kernel as well as the number of model parameters to build 
AKSD. A total of ns samples from ( , | )m

kI
p Fx θ , 

{ , ; 1,..., }mj mj
hk hk sj n=x θ  will be available, and the projection onto 

the design variable space gives samples { , 1,..., }mj
hk sj n=x  

from ( | )m
kI

p Fx . Also, maintain the information for all trials 
{ , }m m

ck ckx θ  within the sampling process.  
Step 2: Using all samples { }m

hkx  from ( | )m
kI

p Fx , estimate 
( | )m

kI
p Fx%  through KDE-MBK and using all trials { , }m m

ck ckx θ  
available from Step 1, estimate ˆ( )m

kI
P F  through (8). Establish 

approximation for the pair ( ) FP−x x%  through (7) for un  
number of samples of the design variables uniformly 
distributed in m

kI , denoted { ;  =1,..., }mj
uk uj nx .  If the minimum 

value of ( )FP x%  is larger than PF0 then the cluster will not 
contribute to the feasible design domain and can be 
disregarded. If not, proceed to step 3.   

Step 3: Based on ˆ( )m
kI

P F , adaptively select ˆ ( )m
k

F
k I

c P Fρ= . 
If 0

F
k Fc P>   proceed to step 4, else cluster has converged and 

based on the values of ( ) FP x% for { }mj
ukx , the feasible region 

subset G  in this cluster can be identified through (10). 
Establish then a SVM for characterizing G, denoted Rl, using 
the approach discussed in section 3.2. Set counter 1l l= + . 

Step 4: : Order { }mj
ukx  based on the values of ( ) FP x% , 

identify the search subset *m
kI  defined by uniform samples 

{ }m
okx , and then identify number of clusters mc in { }m

okx  and 
separate the samples into the clusters identified. Establish a 
SVM to characterize each of the clusters and keep the samples 
whose x component belongs in *m

kI , these samples define the 
set{ , }m m

pk pkx θ  for the next iteration. Similarly the samples 
{ , }m m

ck ckx θ  whose x component belongs in *m
kI  define the set 

{ , }m m
ek ekx θ . 
Step 5: After performing steps one through three for each 

cluster, finally a total of 1

1
kM

k mm
M c−

=
=U clusters will be 

identified that have not yet converged to the design domain 
satisfying the reliability constraints.  If 0kM > , then proceed 
to iteration 1k + ; else, all potential clusters have converged 
meaning that the NP-SSO algorithm has converged. The 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2978 

feasible domain is then defined by the union of SVMs lR  , i.e. 
1

Rn
ll

R R
=

=U . The optimization problem (1) is transformed to  

  min  ( )    
R

f
∈x

x    (12) 

A flowchart of the algorithm is shown in Figure 3. Note that 
full system response evaluations are required in the proposed 
algorithm only in Step 1, when additional samples need to be 
generated.  
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Figure 3. Flowchart of kth iteration of adaptive NP-SSO for 
approximation of feasible regions. 

 

5 ILLUSTRATIVE EXAMPLE 
The efficiency and accuracy of NP-SSO in handling reliability 
constraints is demonstrated next in two illustrative examples.  

5.1 Column under bi-axial bending 
The first example considers the column design problem in 
[23]. The column has a rectangular cross section of dimension 
b and  /h b β= , subject to bi-axial bending moments M1 and 
M2 and axial force P. The limit state function is given by 

 
22

1 2
3 2

4 4
( , ) 1

M M Pg b
b Y b Y

β β ββ
+ ⎛ ⎞= − − ⎜ ⎟

⎝ ⎠
  (13) 

where Y is the yield strength of the material. The uncertain 
parameters are 1 2[ , , , ]M M P Y=θ . For all of them a 

lognormal distribution is assumed with median values [250 
KNm, 125 KNm, 2500 KN, 40MPa], and coefficient of 
variation (c.o.v) [0.3, 0.3, 0.2, 0.1], respectively. The design 
variables correspond to the dimensions [ , ]b β=x with design 
domain [0.01, 1]m for b and [0.5, 2] for β . The target failure 
probability is taken as 0 0.0013FP =  whereas the objective 
function corresponds to the area of the column 

  2( ) = /f bh b β=x   (14) 

NP-SSO is implemented with the number of uniform 
samples for characterization of subsets nu=6000, average 
failure probability reduction of 0.2ρ =  and number of 
samples for each stage nsa=300. Results from the optimization 
using NP-SSO as well as results using FORM are shown in 
Table 1. In particular the optimal solution x*, the value of the 
objective function *( )f x  as well as the system failure 
probability *ˆ ( )FP x  calculated through Subset Simulation [24] 
are shown in the Table. For NP-SSO the results per iteration 
are presented, meaning what would have been the optimal 
solution if we had assumed that the algorithm had converged 
and performed identification (10). The value of cF is also 
shown. NP-SSO required two iterations in this problem to 
converge where, as the iterations proceed the quality of the 
identification improves; the value of *ˆ ( )FP x  gets closer to the 
targeted PF0. Though the reliability constraint for the optimal 
solution is satisfied for both iterations the solution obtained in 
the second iteration yields a better objective function value. In 
this example FORM provides a solution that violates the 
reliability constraint.  

Table 1. Results for column example. 

 FORM NP-SSO 
Iteration 1 Iteration 2 

*x  
1x  0.296 0.819 0.439 

2x  0.500 1.998 0.903 
*( )f x  0.175 0.336 0.214 
*ˆ ( )FP x  0.0021 1.5e-6 5e-4 

cF - 0.079 4.8e-5 
 

5.2 Damper design for four-story structure 
Next the design of supplemental linear viscous dampers for a 
4-story structure under stationary earthquake excitation is 
considered. The structure is modelled as a planar linear shear 
building with uncertain inter-story stiffness, incorporating 
correlation between the different floors, and uncertain 
classical modal damping. The lumped mass of the top story is 
540 ton, 720 ton for the third story while it is 900 ton for the 
bottom two. The inter-story stiffnesses ki of all the stories are 
parameterized by i ki ik kθ= % , i=1,2,3,4, where ik%  are the 
nominal values [834,  733.92, 650.52, 475.38]ik =%  MN/m, and 
θki are non-dimensional uncertain parameters, assumed to be 
correlated Gaussian variables with mean value one and 
covariance matrix with elements Σij=(0.1)2exp[-(i-j)2/22], that 
roughly imply significant correlation between inter-story 
stiffnesses within two stories apart and a coefficient of 
variation (c.o.v) of 10%. The damping ratios for the modes are 
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modeled as independent Gaussian variables with mean value 
2.5% and coefficient of variation 20%.  

The earthquake excitation is modelled through the 
stationary response of the Kanai-Tajimi filter with transfer 
function  

 
2

2 2

2
( )

2
g g g

o
g g g

s
H s

s s
ξ ω ω

σ
ξ ω ω

+
=

+ +
  (15) 

where ωg is the characteristic ground motion frequency, ξg is 
the damping ratio, and σo is selected so that the RMS intensity 
of the earthquake input is aRMS. For the filter, ωg is modeled as 
a Gaussian variable with mean 4π and 5% c.o.v; ξg is 
modeled as a Gaussian variable with mean 0.4 and 10% c.o.v; 
and aRMS as a lognormal variable with median 0.15 and 20% 
c.o.v. So the uncertain model parameters are the stiffness and 
damping of the structure and the characteristics of the Kanai-
Tajimi filter, corresponding to a total of 11 model parameters.  

The performance of the structure is characterized by the 
maximum standard deviation of the inter-story drifts, and 
failure is defined if it exceeds 0.012m. Details of estimation of 
the response may be found in [25]. The design variables 
correspond to the damping coefficients of viscous dampers 
parameterized by four non-dimensional variables 

1 2 3 4[ , , , ]x x x x=x  as: 1 0 1=dc c x , 2 2 1=d dc x c , 3 3 2=d dc x c , 
4 4 3=d dc x c  with 0 40c = MNsec/m. The objective function is 

the sum of damping coefficients for all the floors, given by,  

  0 1 2 2 3 2 3 4( ) = (1 )f c x x x x x x x+ + +x   (16) 

and the target failure probability for the reliability constraint is 
0.005. Two design cases are considered: the second one (D2) 
corresponds to the complete design with four design variables, 
while the first one (D1) corresponds to a simplified design 
with two design variables 1x and 3x  by setting 2x and 4x equal 
to 0.85. The design domain is selected as [0.25, 1] for 1x  and 
[0.1, 1] for 2x , 3x , and 4x . 

Results are presented in Tables 2 and 3 for cases D1 and D2, 
respectively, following a similar format as for the previous 
example (Table 1). For D1 case, the estimated feasible regions 
at both iterations as well as the optimal solutions are shown in 
Figure 4. 

Table 2. Results for case D1 of four-story structure example. 

 FORM NP-SSO 
Iteration 1 Iteration 2 

*x  
1x  0.896 0.897 0.899 

3x  0.100 0.309 0.105 
*( )f x  71.93 83.81 72.51 
*ˆ ( )FP x  0.005 0.0029 0.005 

cF - 0.0182 0.0015 
 
For both problems NP-SSO converges in just two iterations 

whereas as the iterations proceed, the quality of the obtained 
solution through NP-SSO improves. From Figure 4, it is 
obvious that the second iteration gives better estimation of the 
feasible region than the first iteration, and that the domain 
finally identified by NP-SSO is very close to the actual 

feasible region. This verifies the accuracy improvement 
provided by the proposed iterative process. For design case D1 
FORM yields similar results as NP-SSO, whereas for design 
case D2 the solution provided by FORM ultimately violates 
the reliability constraint.  

Table 3. Results for case D2 of four-story structure example. 

 FORM NP-SSO 
Iteration 1 Iteration 2 

*x  

1x  1 0.987 0.887 

2x  0.573 0.723 0.736 

3x  0.112 0.122 0.286 

4x  0.100 0.382 0.107 
*( )f x  65.76 72.82 69.86 
*ˆ ( )FP x  0.006 0.0047 0.0044 

cF - 0.0337 0.0035 
 

(a) Samples from p(x|FI) 

(c) Samples from p(x|F ) 
1I
*in

(b) Estimated feasible region in iteration 1

(d) Estimated feasible region in iteration 2
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Figure 4. Feasible regions identified at each iteration for a 
sample run of NP-SSO for case D1 of four-story structure 

example.   

6 CONCLUSION 
In this paper the NP-SSO algorithm was extended to solve 
design problems with reliability constraints. The foundation of 
NP-SSO is the formulation of an augmented problem where 
the design variables are artificially considered as uncertain. In 
this context, the system reliability is proportional to an 
auxiliary probability density function related to the design 
variables. NP-SSO is based on simulation of samples from 
this density and approximation of the system reliability 
through kernel density estimation (KDE) using these samples. 
To improve computational efficiency, an iterative approach is 
proposed; at the end of each iteration, a new search domain is 
identified, until the algorithm converges to the feasible design 
domain satisfying the reliability constraints. For 
characterizing the identified subsets and efficiently calculating 
all numerical quantities required in the KDE in the next 
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iteration of the algorithm, as well as facilitating the simulation 
of samples for the design variables, a support vector machine 
(SVM) was proposed. SVM was also used to efficiently 
characterize the feasible design region. For improving the 
sampling efficiency within NP-SSO, an adaptive kernel 
sampling density (AKSD) formulation was proposed utilizing 
only readily available system evaluations, without increasing 
the overall computational burden.  

In the numerical example considered NP-SSO was shown to 
provide robust solutions for reliability-based design 
optimization problems, converging to design configurations 
that do not violate reliability constraints. The same was not 
true for the solutions provided through a first order reliability 
approximation. The proposed iterative approach greatly 
enhances the efficiency of NP-SSO and the quality of the 
obtained solutions. Through this approach the samples for the 
design variables gradually move from regions with higher 
values of the system failure probability to regions with lower 
values, providing a better approximation in the latter regions 
of interest.  

APPENDIX A: DETAILS ON MULTIVARIATE 
BOUNDARY KERNEL 
If sn  samples { }hx  are available for x from ( )π x  with j

hix  
denoting the thj  sample of the thi  design variable, the KDE-
MBK estimator is given by utilizing a corrected Kernel mK  

 

( )

( ) ( ) ( )
=1

1
1

1
0 1 1

1( ) =
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j
m h

s j

Tj j j
m mh h hj

m h T

K
n

K K D c
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c c D c
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−

−

−

⎡ ⎤− − − −⎣ ⎦− =
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where the uncorrected multivariate kernel Km is the product 
kernel 

  ( )
=1

1xn j
j i hi

m h
i ii

x x
K K

w w

⎛ ⎞−
− = ⎜ ⎟⎜ ⎟

⎝ ⎠
∏x x   (18) 

with K(.) the chosen univariate kernel and iw  the bandwidth 
parameter for the thi  design variable defining the spread of 
the kernel,  and constant c0, vector 1 11 1[ ]

x

T
nc c c= L , and 

matrix D with elements dkl, are given, respectively, by 

( )0 1( ) ,  ( )

( )( )( )

I I

I

m i m i i

kl m k k l l

c K d c K x y d

d K x y x y d

Δ Δ

Δ

= − = − −

= − − −

∫ ∫
∫

x y y x y y

x y y
  (19) 

Here ΔΙ is the part of the support region S(x) for the Kernel 
Km(x) that also belongs to I. If the whole part of ΔΙ is inside I 
then x is an interior point and no correction is necessary 

m mK K= ; otherwise, it belongs to the boundary region and 
estimation of mK requires the variables in (19) which for 
complex boundaries can be performed using Monte Carlo 
integration and a uniform proposal density in ΔΙ. For the 
univariate kernel the Epanechnikov Kernel is chosen in this 
study with bandwidth characteristics the ones derived in [10]. 
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ABSTRACT: Engineering design processes, as well as dynamical, structural or mechanical systems are affected by uncertainties 
arising from different sources, such as variations in material properties or loading conditions, measurement precision, 
environmental conditions, or even modeling assumptions. Handling these uncertainties and their impact on system responses is a 
delicate issue, which should be considered when dealing with optimization problems. In fact, in most cases, optimal solutions 
found with deterministic approaches are not robust against input parameter variations or have a certain probability to violate 
constraints or limit state functions. Two principal techniques have been developed over the years to deal with such problems: 
Robust Design Optimization and Reliability Analysis. Usually, they are seen as two different faces of the same medal and often 
live in separate worlds. Besides, they are usually focused on mean values and variances of performance and/or constraints. We 
propose a method that goes beyond the first two moments of a probability distribution and combines reliability and robustness 
into the same optimization process. We use a polynomial chaos expansion as a stochastic response surface model to compute 
cumulative distribution functions and percentile values. Accurate statistics can be obtained with only few runs of 
computationally expensive simulation software. The percentiles can be used as objectives or constraints in a multiobjective 
optimization. In this paper few benchmarks on mathematical test cases are introduced and then the methodology is applied to a 
realistic application in structural engineering. 

KEY WORDS: Robustness; Polynomial Chaos; Reliability Analysis; Multiobjective Optimization. 

1 INTRODUCTION 
The treatment of uncertainties is a very important task in 
engineering design optimization. In fact, actual engineering 
systems are affected for instance by variations in material 
properties or loading conditions, measurement precision 
problems, and variability of environmental conditions, which 
must be accounted for by design variables and parameters, not 
to mention uncertainties in modeling assumptions.  

Optimization results found with standard deterministic 
optimization techniques might not be the best ones in terms of 
robustness and reliability. By reliability we mean the 
probability that a certain design will not fail to meet a 
predefined criterion or performance function, usually called 
limit state function (LSF). By robustness we mean the 
stability of optimization outcomes against input parameter 
variations, i.e. robust solutions are little sensitive to input 
statistical fluctuations.  

Refs. [1][2] provide two interesting surveys about 
computational optimization under uncertainties and the 
concepts of reliability and robustness. Though intimately 
connected, too often these concepts are considered separately 
in optimization disciplines. There are two major classes of 
non-deterministic optimization methods that deal with them, 
namely reliability-based design optimization (RBDO) (see 
e.g. Refs. [3][4][5]) and robust design optimization (RDO) 
(see e.g. Refs. [6][7][8][9]). Reliability indexes or robustness 
measures are inserted into the optimization problem as 
objective or constraints. Basic RBDO techniques seek to 
reduce the failure probability of a certain goal by reducing the 

area of its probability density function that lies outside the 
feasible region boundaries by shifting the goal mean value 
away from the constraint limits (it is assumed the shape of the 
probability density function to remain invariant in the shift). 
To reach this target, probabilistic or chance constraints are 
added to the optimization problem. Instead RDO usually aims 
at optimizing the mean performance while minimizing its 
variance. This way, the optimization problem naturally 
becomes multiobjective. 

The authors have recently developed a robust design 
optimization approach, which goes beyond the first two 
moments of output response probability density functions and 
can also be used to assess reliability of optimization 
results[10][11]. Our method aims at estimating percentiles of 
functions of stochastic input variables by means of 
polynomial chaos[12] expansion (PCE) techniques. The PCE 
is used as a response surface model (RSM) to evaluate 
random samples in order to determine the cumulative density 
function and the desired percentile values. The use of 
stochastic RSM to assess reliability, which is not completely 
new for instance in Geotechnics (see e.g. Ref. [13]), has been 
here applied to the context of robust multiobjective design 
optimization. Thanks to the use of the PCE, time-consuming 
calls to external software can be reduced, thus decreasing the 
computational effort. A somewhat similar approach has been 
used in Ref. [14], which also reviews multi-objective 
optimization techniques under uncertainty. PCE is also used in 
stochastic finite element analysis to approximate the LSF for 

Combining robustness and reliability with polynomial chaos techniques in 
multiobjective optimization problems: use of percentiles 
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reliability calculations or to estimate the full probabilistic 
content of a system response (see e.g. Refs. [15][16]). 

This paper is organized as follows. In Section 2 we 
summarize the theoretical background of the proposed 
approach. In Section 3 we briefly explain the method used, 
and in Section 4 we provide a few benchmarks. Then, in 
Section 5, we show an application in the field of structural 
engineering, where we consider an approximate model of a 
building subject to snow and seismic loads as well as 
permanent and variable loads. Beside the results obtained, the 
purpose of this paper is to illustrate the applicability of the 
proposed approach to civil and structural engineering, where 
expensive software simulations are usually required. 

2 THEORETICAL BACKGROUND 
The mathematical formulation of a general multiobjective 
optimization problem can be denoted by: 

optimize F(x) = ( f1(x),..., f I (x)),

s.t. g j (x) ≤ 0, j =1,...,J,

hk (x) = 0, k =1,...,K .

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

 (1) 

The first line states the optimization goals or objectives 
through the vector F(x). When I >1 (and the objective are 
in contrast), the problem is said to be multiobjective. 
x = (x1,..., xn) is the vector of the independent design 
variables. The second and third lines state the inequality and 
equality constraints, which define the feasible region of the 
design space. Conversely from single objective optimization 
problems, the solution of a multiobjective optimization is not 
unique (utopia point). On the contrary, it admits an infinite set 
of solutions, the so-called Pareto front. For a review of this 
topics and a survey of multi-objective optimization strategies, 
see e.g. Ref. [17].  

Multi-objective optimization problems can be directly 
solved by means of evolutionary and genetic algorithms. A set 
of optimal solutions is found starting from an initial set of 
candidate solutions (population), which evolve in an iterative 
process by following mechanism inspired by biological 
evolution, like selection, crossover, mutation (see e.g. [17][2] 
and references therein).  

In this paper we are interested in (multiobjective) 
optimization under uncertainty. Different types of 
uncertainties can be considered, such as probabilistic or 
epistemic (see e.g. [1][2]). In this work, we shall focus on the 
first. Probabilistic uncertain input parameters are modeled by 
random input variables following certain probability density 
functions (PDFs), which represent the probability that a 
certain event occurs. Because of the input stochasticity, also 
the system response is stochastic, but its PDF is not known a 
priori. Thus, it must be determined by means of uncertainty 
quantification (UQ) processes, such as for instance Monte 
Carlo (MC) or Latin Hypercube sampling[18]  (LHS), or PCE. 

2.1 Reliability-Based Design Optimization 

The goal of reliability analysis is to find the probability of any 
mechanical or structural component or system not to violate 
certain criterions or performance function. Given a 
performance function g(X), where X = (X1,..., Xn) are n 

stochastic variables, conventionally g(X) > 0  denotes the 
safe domain, g(X) ≤ 0  the failure domain and the boundary 
g(X) = 0  is the limit state function. Then, the system 
reliability is the probability R = P(g(X) > 0) . One usually 
computes its complement, i.e. the failure probability, 
expressed by the integral 

 Pf = P(g(X) ≤ 0) = fX (X)dX
g(X )≤0

∫ , (2) 

where fX (X) denotes the joint PDF of X. 
Solving the integral in Eq. (2) is a difficult task in real-

world applications. Sampling techniques, like MC, become 
too demanding if the probability to be found is very small. 
First or second order reliability methods (respectively FORM 
and SORM) (see e.g.[19]) recur to the following 
approximations. The integration variable space X is mapped 
to a U space of independent standard normal variables (with 
zero mean and unit variance) by means e.g. of Nataf 
transforms[20]. In the U  space, PDF contours have a 
spherical symmetry. Then, the LSF is linearized (first order 
approximation - FORM) around the most probable point 
(MPP), i.e. the LSF point having the minimum distance 
u = β  (reliability index) from the U space origin. The 

failure probability becomes Pf = Φ(−β), where Φ denotes 
the cumulative density function (CDF) of a standard normal 
variable. In SORM, second order contributions are taken into 
account. Generalizations to the case of multiple linear state 
functions are possible.  

Anyway, the basic direct or inverse reliability problems can 
be written as two single-objective constrained optimization 
problems. The direct one reads 

 
min

u
u

s.t. g(u) ≤ 0,

⎧ 
⎨ 
⎩ 

 (3) 

while the inverse 

 
min

u
g(u)

s.t. u = βr .

⎧ 
⎨ 
⎩ 

 (4) 

The latter is very important for reliability-based design 
optimization, where probabilistic (or chance) constraints are 
optimized according to a given reliability threshold βr  in the 
so-called performance-measure approach (PMA). The direct 
problem is instead at the basis of the reliability index 
approach (RIA), more expensive than the other but capable of 
optimizing directly the reliability value. For a brief survey of 
these methods, as well as the several ways they can be 
integrated into an optimization process, see e.g. Ref. [21]. The 
latter reference presents the advantages of using evolutionary 
algorithms in RBDO, instead of classical double-loop, single-
loop or decoupled methods. In single-objective optimization 
problems, evolutionary algorithms are capable of reaching 
global reliable optima, while in multiobjective problems a 
reliable Pareto front can be found providing insight on the 
regions which are more sensitive to a desired reliability index. 
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2.2 Generalized polynomial chaos expansion 

The polynomial chaos expansion (PCE) is a popular technique 
for the uncertainty quantification of stochastic processes, 
based on the theory of homogeneous chaos introduced by 
Wiener[12] for the description of stochastic Gaussian 
processes by means of an expansion in a basis of Hermite 
polynomials. Later applied to finite element analysis studies 
of solids[22][23] and to fluid dynamics[24][25], it is 
nowadays a popular method for the determination of statistical 
properties of stochastic responses in various fields. Let us 
summarize here its main features. 
Under specific conditions[24], a stochastic process can be 
expressed as a spectral expansion (generalized polynomial 
chaos expansion) based on suitable orthogonal polynomial 
bases, with weights associated to certain probability density 
functions. This can also be applied to the context of 
engineering design optimization, where an output variable Y, 
which is a function f of a vector of n stochastic input variables 
X = (X1,..., Xn),  can be expanded as  

 Y = f (X) = aiψ i (X)
i =0

∞∑ , (5) 

with ai representing the expansion coefficients. The 
orthogonality condition for the basis polynomials ψ i reads 

 ψiψ j = δij ψi

2 ,  (6)   

where δ ij  is the Kronecker symbol, and . 2
 the squared norm 

associated to a scalar product 

 g(X)h(X) = g(X)h(X)w(X)∫ dX. (7) 

According to the Wiener-Askey scheme [26], there is a set of 
polynomials orthogonal w.r.t. weight functions w(X) 
proportional to continuous probability density functions (see 
Table 1). It was proven in Ref. [24] that, by choosing a PCE 
with weights corresponding to the input variable probability 
distributions, the expansion convergence rate is optimal 
(exponential). For independent input variables, the PCE 
reduces to a tensorial product of one-dimensional orthogonal 
polynomials.   

In computational applications, the PCE of Eq. (5) is 
truncated to a finite chaos order or polynomial degree k. 
Thanks to the orthogonality condition the mean and variance 
of Y are respectively given by  

 μY = a0, σY
2 = ai

2

i=1

k∑ ψi

2 . (8)  

Hence the problem of UQ is shifted to that of finding the PCE 
expansion coefficients ai. As in Ref. [9], we determine them 
via a nonlinear regression procedure by minimizing the 
differences between the PCE prediction (for given chaos order 
k) on N sampling points and the real output values. This 
sample can be arbitrarily chosen, except for a minimum 
required number of points 

 N ≥
k + d( )!
k!d!

 (9) 

(d is the stochastic input variable space dimension) necessary 
to fully determine the ai. Thus, with a reduced number of 
function evaluations (w.r.t. to sampling techniques), PCE 
techniques provide very accurate (analytic) estimates of the 
main statistical moments. 

Table 1. Wiener-Askey scheme. 

Distribution Weight function Orthogonal 
Polynomials 

Support 

Gaussian e−x2 / 2 Hermite −∞,∞( ) 
Uniform 1 Legendre −1, 1( ) 
Exponential e−x Simple 

Laguerre 
0,∞( ) 

Gamma e−xxα  Generalized 
Laguerre 

0,∞( ) 

Beta (x − a)α (x − b)β  Jacobi a, b( ) 
 

3 PERCENTILE CALCULATIONS AND ROBUST 
DESIGN OPTIMIZATION 

As said in the introduction, we can use the PCE as a stochastic 
response surface model to approximate output responses of a 
system to uncertain input variables in order to get output 
cumulative distribution functions and determine percentile 
values. The CDF is obtained by evaluating the PCE response 
on a Latin Hypercube sample (LHS). With respect to a pure 
sampling approach, this one is much faster, because the use of 
the PCE eliminates the necessity to call the finite-elements or 
other demanding simulation solvers, which are often needed 
to evaluate the responses in real-world applications.  

The Uncertainty Quantification flow can be nested into an 
optimization flow. This way, at each optimization step we can 
compute the PCE and determine the statistical properties 
(mean, variance, percentile values), which can be used as 
objectives or constraints in the main optimization flow.  

For each optimization step, the principal steps in the 
uncertainty quantification flow with percentile calculations 
are [11]: 

• Generation of a LHS sample 
• Evaluation of the sample (real function evaluations) 
• Computation of PCE coefficients via least square 

minimization 
• Estimation of mean and variance 
• Generation of a LHS sample for percentile 

calculations 
• Evaluation of the sample (PCE virtual function 

evaluations) 
• Determination of CDF and percentiles.  

To determine percentile values, two samples are generated 
in the UQ flow. The first one has size N as small as possible, 
since the PCE coefficient determination requires real function 
evaluations that are usually computationally demanding. 
However we recommend using a value corresponding to the 
minimum number of points of Eq. (9), increased by at least 
one unit, in order to avoid overfitting problems which could 
deteriorate the CDF calculations in the following steps. The 
second sample, for the CDF and percentile determination, has 
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a bigger size Nperc (which depends on the desired accuracy 
of the percentile value) and is used for non-expensive virtual 
function evaluations via PCE.  

If one is not interested in the calculation of the percentiles, 
but only in the first two moments of the output response PDF, 
the last three steps of the UQ flow can be skipped. 

This procedure has been developed within 
modeFRONTIER[27] multi-disciplinary and multi-objective 
optimization software. By choosing an algorithm from a suite 
of gradient-based or derivative free, genetic, heuristic 
algorithms, etc., a user can deal with single or multiobjective, 
unconstrained or constrained optimization problems. 
Moreover, integration with various commonly used 
engineering or scientific software is also provided.  

4 PERCENTILE BENCHMARKS 
In Ref. [11], we have illustrated selected benchmarks for the 
determination of exactly known percentiles with the 
techniques explained in Section 3. We performed tests for 
several sample sizes N, chaos orders k and percentile sample 
sizes Nperc. We found that a chaos order k ≥ 3 and at least 
N perc =1000  are necessary in order to get accurate 
estimates of the CDF. In this paper, we consider an 
exponential function of a uniform standard input variable. The 
output function is log-uniformly distributed and exactly 
known. In Figure 1, we compare the PDF we have obtained 
with a second order PCE and Nperc=1000, and the exact CDF. 
In this case, the agreement is very good already for k=2, 
except for small deviations for the highest values in the range.   

 
Figure 1. CDF of a log-uniform response: PCE estimate 

versus exact CDF. 

In the remaining part of this section, we shall discuss the 
application of our technique to multiobjective optimization 
constrained problems. Since often an optimal solution lies at 
the boundary of the feasible region, if uncertainties affect 
design parameters, a deterministic optimum will have a 
certain non-negligible probability to violate one or more 
constraints. When reliability aspects are considered in 
multiobjective optimization problems, the reliable front may be 
different from the deterministic Pareto front and will, in general, 

be placed inside the feasible objective space. By requiring more 
reliable solutions, the front is expected to move further inside the 
feasible objective space, as shown in Ref. [21]. 

We perform the same benchmark as in Ref. [21] on the 
classical constrained DEB test-problem 
  

min f1 = x

min f2 =
1+ y

x
s.t. g1 = y + 9x − 6 ≥ 0

g2 = −y + 9x −1 ≥ 0

0.1 ≤ x ≤1, 0 ≤ y ≤ 5.

⎧ 

⎨ 

⎪ 
⎪ ⎪ 

⎩ 

⎪ 
⎪ 
⎪ 

 (10) 

As an optimizer we have also used the fast and elitist non-
dominated sorting genetic algorithm NSGA-II[28] with the 
same parameters of Ref. [21], namely a simulated binary 
crossover probability of 90%, a crossover distribution index of 
2, a mutation probability equal to the inverse number of 
variables (i.e. 50%), a mutation distribution of 50, and a 
randomly chosen population of 50 individuals. We have run 
the optimization of the deterministic problem for 500 
generations. Then we have assumed both input variables x and 
y to have a normal distribution with a standard deviation of 
0.3 and we have considered three different reliability indexes: 
1.28, 2.0, 3.0, corresponding respectively to a reliability of 
89.973%, 97.725% and 99.865%. We have performed the 
three stochastic optimizations (500 generations each), by 
using the percentile values of the constraint functions g1 and 
g2. We have used a polynomial chaos expansion of third 
order, a sample size of 11 designs to evaluate the PCE 
coefficients and a percentile sample size of 10000.  
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Figure 2. Reliability in a multiobjective optimization run. 

The outcomes of the optimization runs are shown in Figure 2. 
We can observe how the reliable front is pushed into the inner 
part of the feasible region as the reliability is increased. 
Besides the minimum values attained by f2 are less sensitive to 
changes induced by reliability requirements than the minimum 
values attained by f1. The agreement with Ref. [21] is 
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excellent, in spite of their use of fast PMA approaches and 
closest constraint strategies. 

5 STRUCTURAL ENGINEERING APPLICATION 

5.1 Model description 

The objective of this application is the seismic design of a 
building in the Italian town of Forni di Sopra (UD), 
characterized by a maximum horizontal ground acceleration 
ag=0.175g. It has been chosen a place with an elevation 
greater than 1500m above the mean sea level in order to 
conduct a statistical analysis on the snow load present on the 
flat roof (the worst possible case in presence of snow has been 
considered) of the building on a site with significant seismic 
hazard. 

We have analyzed a two-storey building formed by four 3-
bay frames made of reinforced concrete beams and columns 
and ceilings/floors made of reinforced concrete joists and 
hollow flooring blocks. We have considered a concrete type 
C25/30 (confined characteristic compressive strength 
fck,c=25MPa and design compressive strength fcd=14.17MPa). 
The building frame is shown in Figure 3. 
 

 
Figure 3. Building frame. The investigated beam is circled in 

red, an arrow indicates the investigated column, and the labels 
denote the type of column sections. 

In order to simulate the stresses in our two-storey building 
structure for given vertical loads and seismic actions, the 
software SAP2000[29] has been used. The latter is a finite 
element analysis general-purpose civil-engineering software 
used to model structural systems. The combination of vertical 
loads (permanent, variable and snow) at ultimate limit state 
(ULS) with the seismic combinations in the x and y directions, 
has been considered as required by law (NTC2008: DM 
14.1.2008). For the seismic loads we have used the seismic 
response spectrum of Eurocode 8 with the ground acceleration 
required by NTC2008 for the town mentioned above.  

One-dimensional finite elements have been used in order to 
represent a framed supporting structure composed of beams 
and columns. Since the perimeter walls are not directly 
included in the structure model, we have introduced them in 
terms of an additional mass contribution for the seismic 

actions in the SAP model. This term mimics the effect of all 
the masses that have not been explicitly included into our 
model. 

5.2 Optimization problem 

As a case example, we have performed an optimization with 
two targets: the minimization of the overall weight of the most 
loaded coverage beam and the most  (amongst four) stressed 
column (see Figure 3) and the maximization of the column 
constraint satisfaction w.r.t. compressive and flexural 
strengths due to the vertical loads, by varying the section of 
the two elements and their content of reinforcing bars, as well 
as the sections of all the other columns. 

First a deterministic optimization problem with 12 input 
variables and 3 input constant parameters has been 
considered. The input variables are: (1) the most loaded beam 
section, (2) four types of column sections (denoted with 
different letters in Figure 3), (3) the three longitudinal 
reinforcements in the three lower spans of the beam, (4) the 
three upper longitudinal reinforcements in the three spans of 
the beam, and (5) the longitudinal reinforcement of the 
column. The reinforcements are given in terms of the steel 
sections and their number. All the mentioned inputs assume 
discrete values (from a list of sections available in commercial 
catalogs). The three constant input parameters are: (1) the 
snow load value provided by the law for 1500 m above sea 
level, equal to 5.83 kN/m2 - this value, like the other vertical 
loads of the two floors, has been transformed into linear loads 
and applied to the beams; (2) an additional mass term of 600 
kN (whose meaning is explained in Section 5.1); (3) the 
structure factor q = 3.9 (necessary for the conversion from the 
elastic to the project spectrum) as expected for “Frame 
structures with multiple floors and more spans, of class B” 
(see NTC2008: DM 14.1.2008).  

 
Figure 4. Optimization workflow. 

The optimization workflow is sketched in Figure 4. The 
green icons in the top part of the figure define the input 
variables and parameters, while the blue icons at the bottom 
define output variables to which constraints (defined by two 
opposite arrows separated by a line) and objectives (marked 
by an arrow icon) are linked. 

In the workflow there are six constraints (ultimate limit 
state compliance checks of load and resistance effects) for the 
beam, three constraints for the column  (percentage of 
reinforcing steel between 1% and 4%, and compliance with 
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the limits on compressive and flexural strengths due to the 
loads) and two constraints for the seismic displacements.  

The two objectives have already been stated at the 
beginning of this paragraph. 

The problem has been optimized with NSGA-II. An input 
population of 30 candidates and a crossover probability of 
90% with a mutation probability of 10% have been defined. A 
total of 20 generations have been executed.  

The results of the deterministic optimization have been used 
as starting points for the stochastic optimization run. Again 
we have used a population of 30 candidates and the NSGA-II 
algorithm with the same parameters as in the deterministic 
run. In the stochastic optimization, the snow load and the 
additional mass term have been considered as uncertain 
parameters. The snow load has been defined by an 
exponential PDF with location parameter 5.83 and scale 
parameter 0.5, and the additional mass term by a log-uniform 
PDF with location parameter equal to the calculated value of 
600 kN and with a scale parameter of 60 kN (this means that 
the underlying uniform distributions is in the range from 600 
kN to 660 kN).  In the stochastic optimization a reliability 
probability of 99% has been considered. Therefore it is 
needed to compute the 99-th percentile of the constraints, 
which depend on the input stochastic parameters, namely: the 
six constraints on the beam (Cons1pos, Cons1neg, Cons2pos, 
Cons2neg, Cons3pos, Cons3neg) and the two constraints due 
to the seismic displacement (U1 and U2). A polynomial chaos 
expansion of third order has been considered, with a sample 
size of 11 designs to evaluate the PCE coefficients and a 
percentile sample size of 1000. 

As said in the previous paragraph, we have computed the 
stresses due to vertical and seismic loads by means of 
SAP2000. The SAP2000 inputs are the structure geometry and 
constraints, the frame sections, the linear loads, the seismic 
analysis type, etc.  

modeFRONTIER is integrated with SAP2000 by means of 
an Excel file, which controls the SAP2000 model by using a 
Visual Basic macro. This macro updates the SAP2000 model 
parameters  (the central beam and column variable sections), 
with the values provided by modeFRONTIER for each 
proposed configuration. On the other hand, the macro writes 
the output variable values provided by the SAP2000 
calculations in the Excel file, where they are retrieved by 
modeFRONTIER.  

Our model does not take into account the shear 
reinforcements of the structure. Thus, the results here 
provided must be considered only as guidelines for a designer 
who wants to determine the sections of the concrete beams 
and columns and their steel bars. 

5.3 Optimization results 

In this paragraph we discuss the optimization results. In Table 
2 we report a Pareto front solution of the deterministic 
optimization characterized by the minimum weight objective 
(D1) value and three Pareto front solutions of the stochastic 
optimization located in the two extremities of the front (S1 and 
S3) and in the middle of the front (S2). The last six rows report 
the values for the two objectives (weight and column 
constraint satisfaction MN), of the two constraints Cons1neg 
and Cons3neg, which appeared to be the most critical during 
the deterministic optimization run, and of the two constraints 

on the seismic displacements (U1 and U2).  The other rows 
report a selection of input variables: the beam and column 
sections, the quantity of upper-part reinforcing bars of the two 
spans relative to the most critical constraints and the quantity 
of reinforcing bars of the investigated column (Y3). These 
quantities are expressed in terms of the steel bar sections. 
From these results two important conclusions can be drawn. 
First, the spread in the weight values obtained in the stochastic 
run is not big. In the deterministic run it is even smaller. Thus 
the two objectives considered in this calculations are 
correlated. Second, the average weight obtained in the 
stochastic optimization is greater than the weight obtained in 
the deterministic run. Thus, we get more reliable solutions at 
the expense of the weight. This fact can be translated into an 
increased cost of the building.  

By looking at Table 2, we can also observe that the Pareto 
front designs in the stochastic optimization run vary only for 
the content of column reinforcing bars.  

Table 2. Multiobjective optimization results. Input variables in 
italics. 

 D1 S1 S2 S3 
Sec_beam 
(m2) 

0.30x0.30= 
0.09 

0.30x0.35= 
0.105 

0.30x0.35= 
0.105 

0.30x0.35= 
0.105 

Sec_col_Y3

(m2) 
0.30x0.25= 
0.075 

0.30x0.25= 
0.075 

0.30x0.25= 
0.075 

0.30x0.25= 
0.075 

Sec_col_A 
(m2) 

0.40x0.40= 
0.16 

0.40x0.40= 
0.16 

0.40x0.40= 
0.16 

0.40x0.40= 
0.16 

Sec_col_Y 
(m2) 

0.40x0.35= 
0.14 

0.50x0.25= 
0.125 

0.50x0.25= 
0.125 

0.50x0.25= 
0.125 

Sec_col_X 
(m2) 

0.35x0.40= 
0.14 

 0.35x0.40= 
0.14 

0.30x0.40= 
0.14 

0.35x0.40= 
0.14 

As_span_1
(m2) 

0.001257 0.001521 0.001521 0.001521 

As_span_3
(m2) 

0.001257 0.001521 0.001521 0.001521 

As_col 
(m2) 

0.000804 0.001885 0.001206 0.000804 

minW 
(kN) 

3.8998E1 4.3781E1 4.3389E1 4.3240E1 

MN 5.1097E-1 3.3461E-1 4.2513E-1 4.5657E-1 

Cons1neg 1.0464E0 1.1102E0 1.1085E0 1.1089E0 

Cons3neg 1.0859E0 1.1510E0 1.1493E0 1.1498E0 

U1 (m) 8.0452E-3 7.4774E-3 7.4934E-3 7.4867E-3 

U2 (m) 6.1506E-3 6.5413E-3 6.5574E-3 6.5447E-3 

 
To illustrate how an increased reliability can be obtained by 
the stochastic optimization, in Figure 5 and Figure 6 we 
compare the probability distribution functions of the 
constraints Cons1neg and Cons3neg (which were the most 
violated constraints in the deterministic run) obtained with a 
LHS sample of 200 points scattered around the minimum 
weight solution found in the deterministic and in the 
stochastic runs. Deterministic results lie in the left part of 
Figure 5 and Figure 6, whereas the PDF for the stochastic 
constraints lie in the right. The sample PDF around the 
deterministic optimum value is distributed across the 
constraint violation limit, which is equal to 1. The fraction of 
design constraint values violating the constraint threshold is 
colored in orange. As is evident from these figures, in the 
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stochastic run the constraint values have been pushed far away 
from the constraint threshold and the probability of violating 
the limit has become negligible. 
 

 
Figure 5. PDF of cons1neg constraint satisfaction: 

deterministic result on the left, stochastic on the right. 

 
Figure 6. PDF of cons3neg constraint satisfaction: 

deterministic result on the left, stochastic on the right. 

6 CONCLUSIONS 
In this paper a new technique for assessing reliability in multi-
objective design optimization by means of polynomial chaos 
expansions has been presented. The PCE is used as a 
stochastic response surface model to estimate desired 
percentile values of output functions of random input 
variables. The method here illustrated is accurate and cheaper 
than standard techniques for reliability or robustness. The use 
of the PCE as a stochastic metamodel guarantees a high 
accuracy in the evaluation of the statistical properties of 
complex system responses, while decreasing the number of 
real function evaluations necessary to determine the full 
probability content of the response thus reducing the number 
of calls of computationally demanding engineering software 
needed in real-world applications. This method is effective in 
the solution of multiobjective optimization problems and is 
applicable to industrial engineering systems. It allows 
optimizing both the reliability and robustness of a system, 
since percentiles of constraint functions and expectation 
values or variances of performances can be optimized at the 
same time.  
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ABSTRACT: Currently most available methods for computing structural reliability are limited to low dimensional problems, and 
will inevitably encounter many inherent difficulties when applied to medium to high-dimensional problems. In this paper, a new 
hybrid algorithm is proposed aiming at dealing with medium to high-dimensional structural reliability problems effectively. The 
main idea of the algorithm is to construct an appropriate auxiliary domain by means of SVM that is significantly overlapped with 
the target failure domain, and sequentially to convert the original problem of calculating the target failure probability of very small 
value to an easier one of calculating two conditional failure probabilities of relatively larger value. Markov chain Monte Carlo 
algorithm is adopted to construct the samples that obey the conditional distribution in the target failure domain. Two numerical 
examples are given to preliminarily investigate the feasibility and effectiveness of the proposed algorithm when dealing with 
medium to high-dimensional reliability problems. 

KEYWORDS: High-dimensional reliability; Auxiliary domain; SVM; Markov chain Monte Carlo; Conditional failure probability.

1 INTRODUCTION
Civil engineering structures are probable to confront various 
kinds of random effects, e.g. wind load and seismic ground 
motion, meanwhile, parameters of the structure itself are 
inevitably uncertain, e.g. concrete strength and member 
dimension. It is of great importance to calculate the structural 
reliability, since inaccurate reliability result may lead to unsafe 
or over-conservative structural design. At present, available 
structural reliability methods can roughly be classified into 
moment method, surrogate model method, probability density 
evolution method [1] and stochastic simulation method.  

Moment method mainly includes First Order Reliability 
Method (FORM), Second Order Reliability Method (SORM) 
and high order moment method. FORM can yield results of 
acceptable accuracy for many practical problems with 
relatively low computational amount, and is currently the 
most widely used method. SORM is an improvement of 
FORM by taking both the first order and second order terms of 
the Taylor expansion of the performance function at the design 
point, and will often give a more accurate result at the cost of 
somewhat laborious calculation of the Hessian matrix. Both 
FORM and SORM need the sensitivity information of the 
problem to find the design point, which can be difficult in 
some cases. High order moment method makes use of not only 
the mean value and variance but also the skewness and 
kurtosis of the performance function to make the failure 
probability result more reliable. Meanwhile, sensitivity 
information is no longer needed. Despite these merits, 
approximation adopted in the representation of the 
performance function may bring in inaccuracy.   

The main idea of the surrogate model method is to 
approximate the real implicit performance function by an 
explicit analytical expression with a limited number of 
function evaluations. So far, widely used surrogate models in 
structural reliability field include quadratic polynomial 
response surface, Artificial Neural Network (ANN) model, 
Kriging model and Support Vector Machine (SVM) model, 
among which SVM is adopted as the tool to construct the 

auxiliary domain in this paper due to its excellent learning and 
generalization ability.  

Probability density evolution method is a kind of methods 
that aim to obtain the probability density of interested state 
variables during the whole response process, among which 
Generalized Probability Density Evolution Equation (GPDEE) 
proposed by Li and Chen [2][3] is proved to be suitable for 
both static and dynamic structural reliability problems. 
Although GPDEE has achieved great success in many 
problems, representative points selection strategy in very 
high-dimensional probability space is still a bottleneck for its 
further application. 

Stochastic simulation method is the most versatile and 
powerful approach in stochastic structural analysis, and can be 
applied to all kinds of structural reliability problems 
theoretically. In addition, while moment method and surrogate 
method fail to deal with high-dimensional problems due to the 
so-called ‘curse of dimensionality’, some smart simulation 
algorithms are still qualified. Direct Monte Carlo (DMC) 
simulation is the simplest and the most robust, but when 
applied to practical engineering problems with extremely 
small values of failure probability, its computational cost is 
unacceptable. Various kinds of variance reduction techniques 
are employed to increase the efficiency of simulation, among 
which Importance Sampling (IS) is the most popular. 
Although IS behaves pretty satisfactorily in low-dimensional 
problems, studies indicate that high- dimensional problems 
are beyond its capacity [4]. At present, algorithms that are 
feasible to high-dimensional reliability problems mainly 
include Subset Simulation (SS) [5], Line Sampling (LS) [6], 
Controlled Monte Carlo (CMC) [7] and Asymptotic Sampling 
(AS) [8].  

In this paper, a new hybrid algorithm called SVM-based 
Auxiliary Domain Method (SVM-ADM) is proposed which is 
inspired by the earlier work of Katafygiotis et al. [9] who 
come up with the idea of ADM and made use of the statistical 
equivalent linearization system as an auxiliary system. 

An SVM-based auxiliary domain method for computing structural reliability 

W. F. Tao 
Department of Building Eng., College of Civil Eng., Tongji University, 200092 Shanghai, China 

email: taoweifeng2048@126.com 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2990 

However, the statistical equivalent linearization system is no 
longer a good choice for problems with medium to high 
degree of nonlinearity. In view of this point, SVM is employed 
to construct the auxiliary domain. In section 2, a brief 
introduction of SVM will be given followed by a very efficient 
Markov Chain Monte Carlo (MCMC) algorithm in section 3. 
Detail of the proposed algorithm is described in section 4, and 
two numerical examples are given to preliminarily investigate 
the feasibility and effectiveness of the proposed algorithm in 
section 5. The whole paper is ended up with the conclusion in 
section 6. 

2 SUPPORT VECTOR MACHINE 
An SVM is a kind of machine learning algorithm used for data 
classification in pattern recognition and is based on the 
principle of Structural Risk Minimization (RSM) other than 
the traditional Empirical Risk Minimization (ERM) [10]. It is 
able to construct a complex decision function that optimally 
separates the data into different classes even in 
high-dimensional spaces. In spite of its ability to deal with 
multi- classification problems, binary classification is enough 
due to the nature of reliability problems. In the following of 
this section, fundamental theory of both linear and nonlinear 
SVM is given. 

2.1 Linear SVM 

For a given training point set {xi}∈Rn, i = 1,2,…, l, each point 
corresponds to a class ci∈{-1,1}. Assume that these points are 
linearly separable, and the function expression for the 
classification hyperplane is f(x) = ‹w, x› + b = 0. By 
normalization with 1 / ||w||, the classification margin boundary 
can be expressed by ‹w, x› + b = ±1 as shown in Fig. 1. 

Fig. 1 Linear SVM (2D) 

According to RSM, the hyperplane that corresponds to the 
maximum classification margin is the optimal classification 
hyperplane. Thus the problem can be equivalently expressed 
as follows: 
minimize： 

 ( )
2

2
τ =

w
w               (1) 

subject to: 

 ( ), 1, 1,2, ,ic b i l〈 〉 + ≥ = Lw x         (2) 

By introducing the Lagrangian multipliers αi≥0  and 
conducting some mathematical derivation, we can finally get 
the following convex quadratic optimization problem in a dual 
form: 
minimize： 
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After solving the above optimization problem, we have the 
following classification hyperplane: 

 ( ) ( )
1

sgn sgn ,
l

i i i
i

g f c bα
=

⎡ ⎤= = +⎡ ⎤ ⎢ ⎥⎣ ⎦
⎣ ⎦
∑x x x x  (5) 

According to the famous Karush-Kuhn-Tucker condition in 
the optimization theory, the following equation holds: 

 ( ), 1 0, 1, 2, ,i i ic b i lα 〈 〉 + − = =⎡ ⎤⎣ ⎦ Lw x    (6) 

From equation (6), it is easy to see that only those 
Lagrangian multipliers that correspond to the training points 
on the classification margin boundary are nonzero. These 
points, accordingly called support vectors, account only for a 
very small proportion of the total training points. 

2.2 Nonlinear SVM 

When the training points are not linearly separable in the input 
space, we can map them into a high-dimensional feature space 
by means of nonlinear mapping where they become linearly 
separable. In such a case, equation (5) becomes the following： 

 ( ) ( ) ( ) ( )
1

sgn sgn ,
l

i i i
i

g f c bα φ φ
=

⎡ ⎤= = +⎡ ⎤ ⎢ ⎥⎣ ⎦
⎣ ⎦
∑x x x x (7) 

According to the Mercer theorem, the inner product in 
equation (7) can be calculated simply by a kernel function as 
follows: 

 ( ) ( ) ( ), ,i iK φ φ=x x x x          (8) 

There are various forms of kernel functions in SVM, such as 
polynomial, Gaussian, Sigmoid, etc. Gaussian kernel function 
is adopted in this paper for its numerical convenience. 

3 SINGLE-COMPONENT ADAPTIVE METROPOLIS 
ALGORITHM 

MCMC is a way to produce samples that obey a specific 
probability distribution. Its basic idea is to construct an 
ergodic Markov chain, the stationary distribution of which is 
just the target one. Metropolis algorithm [11] is the most basic 
one of all the MCMC algorithms. In Metropolis algorithm, we 
need to select a symmetric proposal function which is used to 
predict the candidate point x* of the next step given the sample 
point xt of the present step. Assume that π(x) is the target 

1x

2x

+ b = 0

〈
〉

w,x
+ b = -1

〈
〉

w,x

+ b = +1

〈
〉

w,x



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

2991 

distribution, so the probability to accept x* as the sample point 
xt+1 of the next step is: 

 ( ) ( )
( )

*
*, min 1,t

t

π
α

π

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

x
x x

x
         (9) 

Despite its feasibility, Metropolis algorithm still exposes 
two obvious shortcomings when applied to specific problems. 
One is related to the choice of the proposal function, which 
contributes significantly to the efficiency of the algorithm but 
is often selected empirically. An improper proposal function 
may even results in extremely slow convergence rate. The 
other is inapplicability of updating the sample point of the next 
step in a global way in high-dimensional problems since in 
such cases global update will lead to rather low acceptance 
probability and thus probably making the whole Markov chain 
trapped in a single sample point.  

In order to overcome the first shortcoming, an adaptive 
sampling strategy [12] is often adopted. Gaussian density 
function is selected as the proposal function, the covariance 
matrix of which is updated step-by-step by use of the 
information from the past sample points. In such a way, the 
proposal function will be updated in time according to the 
information of the target distribution function, thus improving 
the sampling efficiency as far as possible.  

As for the other issue, a single-component sampling strategy 
[5] proves to be an effective resolving approach, which 
decomposes a high-dimensional sampling problem into 
multiple sequential one-dimensional sampling problems. 
Since only a single component of the sample point is updated 
each time, the acceptance probability for the candidate point is 
largely increased, and accordingly the sampling efficiency is 
improved.  

A single-component adaptive Metropolis algorithm is a 
simple combination of both the adaptive sampling strategy 
and the single-component sampling strategy and is used in this 
paper to construct the conditional sample points in the target 
failure domain. 

4 INTRODUCTION TO SVM-ADM 
In 2007, Katafygiotis et al. [9] proposed the ADM, basic idea 
of which is to construct an auxiliary domain of the target 
failure domain and then to decompose the calculation of the 
target failure probability into an equivalent expression as 
follows: 

 ( ) ( ) ( ) ( )Pr Pr Pr / Prf T A I A I TP = Ω = Ω Ω Ω Ω Ω   (10) 

where, ΩT, ΩA and ΩI  stand for the target failure domain, the 
auxiliary domain and the intersection domain respectively, see 
Fig. 2. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 Auxiliary domain (2D) 

From equation (10) we can see that the target failure 
probability is decomposed into three parts: Pr(ΩA), Pr(ΩI|ΩA) 
and Pr(ΩI|ΩT). Since the auxiliary boundary always has an 
analytical expression, the calculation of the term Pr(ΩA) will 
not cost too much computational time. Meanwhile, as long as 
the auxiliary domain overlaps well with the target failure 
domain, values of Pr(ΩI|ΩA) and Pr(ΩI|ΩT) are expected at 
least to be of the magnitude of 0.1, and are accordingly much 
easier to calculate than Pr(ΩT). In some sense, Pr(ΩI|ΩA)/ 
Pr(ΩI|ΩT) can be seen as a correction term to the approximate 
failure probability Pr(ΩA). In [9], the statistical equivalent 
linearization technique is adopted to construct an auxiliary 
system to the original nonlinear structural system. However, 
this choice does work only in a limited type of problems that 
are slightly nonlinear, and for many practical highly nonlinear 
problems there seems to be no analytical methods to construct 
the corresponding auxiliary system any more. 

On the other hand, SVM was introduced into the field of 
structural reliability by Hurtado [13] and became widely used 
since then due to its powerful learning and generalization 
ability with limited samples. Despite the inspiring success it 
has achieved, SVM seems to be unable to construct a 
satisfactory surrogate model for highly nonlinear problems 
with a limited number of training points, especially in 
high-dimensional cases.  

Although SVM is unable to construct an accurate surrogate 
model for complex problems, why not step back and use it 
merely to construct an auxiliary domain? In other words, 
combination of ADM and SVM seems to be a complementary 
and promising scheme. Specific steps of this idea are listed 
below: 
1) To generate a batch of initial training points to obtain a 

coarse SVM model; 
2) To update the SVM model sequentially by the active 

learning strategy until a specific number of points are 
reached or there is no point in the margin of the latest 
SVM model; 

3) To construct a set of conditional samples ST  in the 
target failure domain by use of the single-component 
adaptive Metropolis algorithm and to compute the term 
Pr(ΩI|ΩT); 

4) To compute the term Pr(ΩA) corresponding to the final 
auxiliary domain by DMC, and meanwhile to collect the 
samples that fall into the auxiliary domain as a set of 
conditional samples SA; 

2x

TΩ

1x
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5) To compute the term Pr(ΩI|ΩA) with SA; 
6) To compute the target failure probability Pf by equation 

(10). 
In step 1, a direct and convenient way to construct training 

points is to sample in the whole space according to the 
standard normal distribution and then to evaluate the 
corresponding functions for classification. However, the 
efficiency of such a way is rather low since generally a large 
number of sampling points are required before one of them 
eventually falls into the target failure domain. In order to 
generate as many training points near the failure boundary as 
possible, Yuan et al. [14] proposed to train the initial SVM 
model with Markov chain candidate points. Therefore, step1 
and step 3 can be conducted in a unified way: a Markov chain 
is generated and divided into two parts, the candidate points of 
the former part is used to train the initial SVM model while the 
latter part is taken as the conditional samples in the target 
failure domain. An additional merit of this strategy is that 
stationarity of the latter part of the Markov chain can be 
guaranteed since the former part is believed to be longer than 
the burn-in period of the whole Markov chain. In order to 
refine the SVM model with as less subsequent training points 
as possible, an active learning strategy is employed. 
According to section 2, an SVM model is completely 
determined by support vectors rather than other training points, 
which means that not all training points contribute equally to 
the SVM model. Studies show that sample points in the 
classification margin lead to a best training result. In this paper, 
a large number of points that center at the central point of the 
preceding Markov chain are generated according to the 
standard normal distribution, and are used as a database of the 
candidate points for subsequent active learning. In each round 
of step 2, a fixed number of candidate points that fall into the 
margin domain of the latest SVM model are selected as a new 
set of training points, and the remaining points are used as a 

new database of the candidate points for the next round. The 
cycle is terminated when the required number of total active 
learning points is reached or there is no point in the margin of 
the latest SVM model. It is worth noting that a key problem of 
the algorithm is to pick up a starting point in the target failure 
domain that initiates the Markov chain. For practical problems, 
engineering experience may be helpful. But if it doesn’t work, 
some gradient-based search methods may have to be resorted 
to. 

5 NUMERICAL EXAMPLES 
In order to verify the feasibility and effectiveness of the 
proposed algorithm, two numerical examples are given below. 

5.1 50-dimensional problem 

In this example, results of the SVM-based surrogate model 
method and SVM-ADM are compared. The performance 
function reads: 

 ( )
50

4

1

33i
i

g x
=

= −∑x              (11) 

where, Xi, i=1, …, 50 are i.i.d. normal random variables. 
DMC with 1000,000 samples are conducted for 50 times, and 
the corresponding mean value of failure probability Pf=0.0014 
is taken as the accurate result of the problem. In the 
SVM-based surrogate model method, 4,000 candidate points 
are used to train the SVM surrogate model, while in 
SVM-ADM, the same number of function calls are divided 
into four parts: 850 candidate points for initial SVM training, 
150 points for active learning, 1,500 conditional sample points 
in the target failure domain and 1,500 conditional sample 
points in the auxiliary failure domain. Both methods are run 
for 10 times respectively, and the corresponding results are 
listed in Table 1 below.

Table 1 Comparison of results by SVM-based surrogate model method and SVM-ADM 

 SVM SVM-ADM 

 fP  ( )APr Ω  
(1.0e-003*) 

( )I APr Ω Ω  ( )I TPr Ω Ω  fP  

1 0.0009 0.5036 0.2187 0.6740 0.0016 
2 0.0009 0.3593 0.1993 0.7367 0.0013 
3 0.0008 0.4221 0.2620 0.6793 0.0011 
4 0.0010 0.5775 0.2220 0.6467 0.0017 
5 0.0011 0.4139 0.2580 0.6547 0.0011 
6 0.0009 0.6168 0.3447 0.6340 0.0011 
7 0.0009 0.4433 0.3100 0.6720 0.0010 
8 0.0010 0.3791 0.1747 0.6913 0.0015 
9 0.0007 0.5005 0.2707 0.6193 0.0011 

10 0.0008 0.5865 0.2900 0.6653 0.0013 
Mean 0.0009 0.4803 0.2550 0.6673 0.0013 

Emp. c.o.v. 0.1283 0.1893 0.2048 0.0489 0.1907 
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Two conlusions can be drawn from Table 1. Firstly, although 
850 candidate points for initial SVM training and 150 points 
for active learning cannot give an acceptably accurate 
surrogate model, they provide a satisfactory auxiliary failure 
domain that overlaps in a large portion with the target failure 
domain, thus making the calculation of two conditional 
probabilities very easy; Secondly, with the same total number 
of function calls, SVM-based surrogate model method gives a 
rather biased result while SVM-ADM gives an almost 
unbiased result. 

5.2 40-dimensional problem 

A numerical example from Bourinet et al. [15] is used here, 
aiming at comparing the effectiveness of the proposed 
algorithm with FORM, SS and 2SMART when dealing with a 

medium-dimensional problem. The performance function 
reads: 

 ( ) ( )
1

n

i
i

g n a n xσ
=

= + −∑x        (12) 

where, Xi, i=1, …, n are i.i.d. lognormal random variables, 
with unit means and standard deviations equal to 0.2, the 
parameter a is taken as 3. Only the case n=40 is studied here. 
DMC with 500,000 samples are conducted for 50 times, and 
the corresponding mean value of failure probability Pf=0.0020 
is taken as the accurate result of the problem. SVM-ADM is 
run for 20 times, and the comparison of the corresponding 
result with those from [15] is illustrated in Table 2 below. 

Table 2 Comparison of the results by FORM, SS, 2SMART and SVM-ADM 

 FORM 
 

SS 
500×

2SMART 
20×

SVM-ADM 
20×  

n 
 

fP  

( )call iterN N  
fP  

( )callN emp. c.o.v.  
fP  

( )callN emp. c.o.v.  
fP  

( )callN emp. c.o.v.  

40 
 

42.15 10−×  
135(3) 

32.01 10−×  
3729(0.21) 

31.95 10−×  
3729(0.028) 

31.90 10−×  
3729(0.10) 

     

It can be seen from table 2 that FORM fails to predict the 
failure probability well in this case. SVM-ADM yields an 
almost unbiased result, and performs better than SS in terms of 
variation of the result. Although the empirical coefficient of 
variation of the result by 2SMART is smaller than that by 
SVM-ADM, it is the author’s belief that the efficiency of the 
proposed algorithm will increase as long as some more 
delicately designed active learning strategy is adopted, such as 
in 2SMART. 

6 CONCLUSIONS 
The proposed algorithm in this paper takes advantage of both 
the excellent fitting and generalization ability of SVM and the 
characteristic of ADM to decompose the target failure 
probability of very small value into conditional failure 
probabilities of larger values, thus avoiding the dependence on 
the design point and being possibly suitable to deal with 
medium to high-dimensional reliability problems. Two 
numerical examples preliminarily demonstrate the 
unbiasedness and acceptable efficiency of the algorithm. 
Obviously, the work in this paper is just a beginning, and there 
is still a lot of work to do, e.g. to apply the algorithm to 
practical engineering problems. Meanwhile, more intelligent 
active learning strategies can be adopted in SVM instead of 
the coarse one in this paper to further increase the efficiency of 
the algorithm. 
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ABSTRACT: A compressive sensing (CS) based approach for power spectrum estimation of stationary stochastic processes 
subject to missing data is developed. In general, stochastic process records such as wind and wave excitations can often be 
represented with relative sparsity in the frequency domain.  Relying on this attribute, a CS framework can be applied to 
reconstruct a signal that contains sampling gaps, possibly occurring for reasons such as sensor failures, data corruption, limited 
bandwidth/storage capacity, and power outages.  Specifically, first a Fourier basis is selected for the recorded signal expansion.  
Next, an L1-norm minimization procedure is performed for obtaining the sparsest Fourier based representation of the signal. 
Finally, power spectrum estimates are derived from the determined expansion coefficients directly circumventing reconstruction 
of the signal in the time domain. The technique is shown to estimate successfully the essential features such as the dominant 
spectral peaks of the recorded processes’ power spectra. Further, it appears to be efficient even in cases with 75% missing data 
demonstrating superior performance in comparison with alternative existing techniques. A significant advantage of the approach 
relates to the fact that it performs satisfactorily even in the presence of noise. Several numerical examples demonstrate the 
versatility and reliability of the approach. 

KEY WORDS: Compressive sensing; Stochastic processes; Missing data; Power spectrum estimation   

1 INTRODUCTION 
Acquired data corresponding to environmental processes, for 
instance, is often pivotal for defining and calibrating 
probabilistic engineering load models to be used in 
subsequent analyses of critical engineering systems. In this 
regard, due to the underlying harmonic nature of many 
environmental processes, power spectrum estimation can be 
an invaluable tool and an important building block in 
engineering systems analyses, especially within a Monte 
Carlo framework, e.g.[1].  Nevertheless, in the presence of 
missing data, there are certain limitations to standard spectral 
analysis techniques, such as those based on Fourier transform. 
Missing data in this context refers to a time-history record of a 
process, which for some reason has been sampled irregularly 
or lost some of its original content.  There are numerous 
situations in which missing data may be unavoidable. For 
instance, these include sensor failures, data loss or corruption 
as well as limited allocated time with shared equipment.  In 
these situations it may be unfeasibly expensive or logistically 
impossible to re-record the process in full, and therefore 
alternative analysis techniques are required to best analyze 
and process the available data.   

It is important to note that there exist many algorithms and 
procedures in the literature that provide alternatives to 
standard Fourier analysis for spectral estimation in the 
presence of missing data.  However, these alternatives come 
with certain drawbacks and often impose assumptions on the 
statistics of the original process.  For instance, autoregressive 
methods can be used to fit a model to the data, most often 
under the assumption that the source time-history is relatively 
long and that the missing data are grouped and infrequent [2, 
3].  Least-squares sinusoid fitting and zero-padded gaps [4-6] 

offer efficient solutions for re-constructing the Fourier 
spectrum in the presence of missing data but suffer from 
falsely detected peaks, spectral leakage and significant loss of 
power as the number of missing data increases. Recently, an 
artificial neural network based approach was developed by the 
authors for power spectrum estimation and simulation of 
stochastic processes subject to missing data [7]. A significant 
advantage of the approach relates to the fact that no prior 
knowledge of statistics of the underlying process is required. 

Further, many environmental processes such as earthquakes, 
sea waves, and tidal patterns may inhabit a relatively small 
area of dominant frequencies in the frequency domain.  This 
feature leads to the consideration of compressive sensing (CS) 
[8, 9] as a possible route for signal reconstruction and spectral 
estimation of stationary stochastic processes. In this paper, the 
recently developed CS framework is applied to address the 
problem of estimating stationary process power spectra in 
cases where the available realizations exhibit missing data.  In 
conjunction with an appropriate harmonic basis, power 
spectra are reconstructed in the presence of large (up to 75%) 
amounts of missing data. 

2 STATIONARY STOCHASTIC PROCESS 
REPRESENTATION AND SPECTRAL ESTIMATION 

In this section, a concise review on stationary stochastic 
process representation is presented.  Further, power spectrum 
estimation of stationary stochastic processes based on Fourier 
transform is delineated, providing a basis upon which CS can 
be applied.  

For any real-valued stationary process, , there exists a 
corresponding complex orthogonal process  such that 

 can be written in the form, (e.g.[10‐12]) 
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, (1) 

where   has the properties 
  Ε | | 4 , (2) 

and 

  Ε 0. (3) 

In Eq.2,  is the two-sided power spectrum of the 
process . Further, a versatile formula for generating 
realizations compatible with the stationary stochastic process 
model of Eq.1 is given by [1] 

  4 Δ sin ω Φ , (4) 

where Φ  are uniformly distributed random phase angles in 
the range 0 Φ 2 . Furthermore, regarding estimation of 
the power spectrum of the process of Eq1 based on available 
realizations, this is given by the ensemble average of the 
square of the absolute Fourier transform of the realizations. In 
this context, standard established Fast Fourier Transform 
algorithms can be utilized (e.g. [13]). 

In the ensuing analysis and, specifically, in the numerical 
examples section, stationary process realizations compatible 
with a given power spectrum are generated by utilizing Eq.4.  
Further, power spectrum estimates for stationary processes are 
determined by calculating the ensemble average of the square 
of the absolute Fourier transform of the realizations.  

3 COMPRESSIVE SENSING 
The Shannon-Nyquist theorem states that a time-dependent 
signal with maximum frequency  can be completely 
determined when sampled at time intervals of 1 2⁄  or 
smaller. This maximum sampling frequency is commonly 
known as the Shannon-Nyquist rate.  Compressive sensing is 
a recently developed signal processing technique which 
allows for signal reconstruction even if the maximum 
frequency  present in the signal is greater than the half the 
signal’s sampling rate [14].  Note that the idea shares many 
features with existing “lossy” compression algorithms (e.g. 
JPEG image compression) that take advantage of a signal’s 
relative sparsity in some basis or frame. 

When data is captured, it is often convenient to expand it 
into a new basis.  In the case of “lossy” compression 
techniques, bases (e.g. redundant dictionaries) are chosen so 
that the vast majority of coefficients of the transformed signal 
will be close or equal to zero.  If these coefficients are simply 
removed, the amount of space required to store the signal is 
reduced significantly (possibly by several orders of 
magnitude).  Next, when the signal is finally reconstructed 
back into its original form, for instance in the case of digital 
images, music or videos, it is often indiscernible from the true 
signal. Compressive sensing explores the possibility of 
recording data directly in its compressed state, allowing not 
only the space-saving advantages of compressed data but also 
saving on recording time, complexity and compression 
processing [14].  

 

For robust compressive sensing there are several important 
properties to be considered, one restriction is that of sparsity.  
The signal being sampled must be sparse in some known 
basis, i.e. it must be possible to represent the full signal with 
far fewer coefficients than the number determined by the 
Shannon-Nyquist rate.  Further, the sampling domain and the 
relatively sparse transformation domain must have high 
incoherence.  This implies that a sparse signal in the transform 
must have a non-sparse representation in the sampling domain 
(i.e. a single Fourier coefficient in the transform domain 
would form a harmonic signal spanning the entire sample 
length).  CS also relies on the choice of an appropriate sensing 
matrix.  These are commonly random matrices which satisfy 
the restricted isometry property, e.g. [15], in which subsets of 
the matrix columns are nearly orthogonal with high 
probability.  Unfortunately in the case of missing data, it is 
likely unfeasible to choose a sensing matrix as the 
arrangement of the missing data may not be under control.  
Despite this condition, reconstruction based on the assumption 
of sparsity still gives advantages over more common least-
squares/zero-padding approaches and is ideal for identifying 
sharp spectral peaks despite massive data loss, in some cases 
>90%.  Further, given a sample record y, of length N0-Nm, 
where N0 is the original sample length and Nm is the number 
of missing data, assuming the locations of the missing data are 
known, a corresponding (N0-Nm by N0) sampling matrix, A can 
be drawn, 

  (5) 
where x is the measurement vector assumed to be sparse. Eq.5 
represents an underdetermined system with infinite solutions.  
This problem may be solved easily under the constraint that x 
must be minimized in the least squares sense,  

  (6) 

Considering a Fourier basis, this solution is virtually 
identical to replacing the missing data with zeros and applying 
the Fourier transform in the usual way.  However, in the 
majority of cases this does not lead to a sparse solution.  The 
sparsest solution of Eq.5 occurs when the L0-norm is 
minimized, sometimes called the pseudo norm [16] and 
defined as: 

 | | 1, 0    0
0, 0  (7) 

This optimization problem is non-convex with no known 
exact solution.  However, a viable alternative exists in 
minimizing the L1-norm instead.  L1-norm minimization 
promotes sparsity and will often yield the same result as L0-
norm minimization in many cases [16].  Further, the problem 
becomes convex and may be set in a convenient linear 
programming form, 

 min| |      (8) 
Eq.8 describes a basis pursuit optimization problem and is 

easily solved via a gradient-based optimization method, e.g. 
[15].  Figure 1 shows how L1-minimization gives sparse 
solutions by comparing both L1 and L2 norm minimization 
for the simple 2-dimensional problem, 2 1, (for which 
there are infinite solutions).  Note, as the L2-ball is stretched 
(Figure 1, left), unless the equation for y is parallel to one of 
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the axes, the solution will incorporate components of both a 
and b.  However, unless the equation for y is parallel to the 
edge of the L1-ball (Figure 1, right), as it is stretched, the 
minimum solution will lie on one of the two axes.   

  
Figure 1.  Minimum L2 and L1 solutions to the equation, 

2 1 

For the cases where either the signal is not sparse enough or 
the missing data is too extensive for L1-minimization to 
exactly reconstruct the original signal, it is important to note 
that there may still be significant advantages over a minimum 
L2 solution.  In spectral estimation, minimizing the L2-norm 
(or zero-padding) is likely to spread the solution over many 
frequencies; that is, because individually, large coefficients 
are penalized.  Minimizing the L1-norm however is far more 
likely to yield larger individual coefficients, having the effect 
of producing sharp, well defined peaks at the key freqencies. 

3.1 Basis matrix construction 

For stationary stochastic processes, consistent with Eq.1, the 
power spectrum is estimated based on the mean square value 
of the Fourier transform over an ensemble of time-histories 
[17].  As such, a partial Fourier basis is required.  This is 
easily formed first by generating a full, square (N0 by N0) 
Fourier basis via the Inverse Fast Fourier Transform (IFFT).  
Nm Rows are then removed from the matrix corresponding to 
the positions of the missing data.  This is then equivalent to a 
CS sensing matrix for a stationary harmonic process.  Figure 2 
demonstrates the procedure.   

 
Figure 2. Fourier sensing matrix construction with missing 

data  

4 NUMERICAL EXAMPLES 
The effectiveness of the approach is demonstrated on 
simulated sea-wave data compatible with the JONSWAP 
spectrum (Eq.9) [18].  This spectrum typically has a very 
sharp, strong peak and may be relatively sparse in the 
frequency domain.  Stationary processes of length N0=256 are 
generated directly from Eq.9, utilizing Eq.4.  
 

;        (9) 

where 0.03, 0.5, 3.3, and 
0.07,
0.09,  

For comparison, the procedure is demonstrated on simulated 
data compatible with a Kanai-Tajimi earthquake spectrum 
[19, 20].  This spectrum is arranged with wider peak and 
longer tail and as a result is less suitable for CS 
reconstruction.  Again, stationary processes of length N0=256 
are generated directly from the spectrum utilizing Eq.4,  

  S
1

2
,  (10) 

where the natural frequency, =12rad/s, damping ratio =0.4 
and  =20.  Gaussian white noise is added to the process 
realizations of magnitude 1/5th the standard deviation of the 
record in both cases.  Three examples are shown, two for the 
JONSWAP spectrum and one for the Kanai-Tajimi spectrum.  
For each example, ten process realizations are generated and 
data is removed.  The spectrum is then estimated via scaled 
zero padding and L1-minimization in the Fourier basis.  
Scaled zero padding is a common spectral reconstruction 
technique when dealing with missing data. The result is the 
same as that of a least squares solution but the resulting 
spectrum is scaled up relative to the amount of missing data in 
the signal.  Even with this additional scaling, estimates often 
fall short of the original target spectrum.   

For the JONSWAP examples, two different arrangements of 
missing data are applied.  The first case simulates missing 
data at random locations drawn from a uniform distribution of 
the time index, 

 
,
0,   (11) 

where  is the sample time history with missing data,  
is the original sample generated from Eq.9,  is a vector of 

 equally spaced numbers from 0 to 1 arranged in random 
order and  is the fraction of missing data.  The second case 
simulates missing data that occur in groups, positioned at 
random locations again drawn from a uniform distribution of 
the time index, 

   , 1
0, 0  (12) 

where  comes from the following, 

 
, 1⁄
0, 1⁄   (13) 

and  is the number of intervals,  is a vector of ones of 
length 0 ⁄  and  is a vector of  
equally spaced numbers from 0 to 1 arranged in random order.  
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ABSTRACT: Classical structural reliability methods remain challenges in the application of engineering structures. A reliability 
method by means of theory of extreme value distribution has been developed in recent years which submits to the framework of 
physical stochastic systems and resorts to the probability density evolution method (PDEM). In this method, a hypothesis of 
virtual random process on extreme values of response samples is included pushing the static extreme value into dynamic process 
so as to be integrated with the generalized density evolution equation (GDEE) in the scheme of PDEM. The uniqueness of 
formulation, however, of virtual random process cannot be secured that results in the difficulty of quantifying the numerical 
error of solution. A new structural reliability method is proposed in this paper through the re-construction of response random 
process sticking with the extreme value once it occurs, whereby the uniqueness of re-constructed process can be secured. The 
reliability solution can be directly derived from the probability density function of the re-constructed process at the terminal 
instant using the PDEM. Numerical investigations against the method of extreme-value distribution and the Monte Carlo 
simulation reveal the validity and applicability of the proposed extreme-response evolution method.  

KEY WORDS: Dynamic reliability; hysteretic structures; probability density evolution method; extreme-value evolution; Monte 
Carlo simulation. 

1 INTRODUCTION 

Safety assessment and risk analysis of engineering structures 
under extreme hazard excitations have received great 
appealing in recent years. The argument quantifying the 
structural safety usually refers to structural reliability, which 
provides the principle of structural design for decision makers 
on the balance between  construction investment and 
repairment cost due to structural damage resulting from 
unexpected hazard in the period of structural life. There are 
typically three family of structural reliability methods. The 
first which is usually used in the engineering application 
refers to Cross-Level Process Theory [1]. It cannot offer a 
sufficient accuracy since artificial hypothesises on the 
behavior of cross-level events have to be made bypassing the 
assessment of joint probability density function for caculation 
of mathmatical expectation of crossing rate. Diffusion-process 
theorey, underlying the second structural reliability method, 
possesses a rigorous theoretical principle while it cannot be 
employed in the case of multi-degree-of-freedom systems [2]. 
The third method is random simulation technique. It has a 
wide applicability in principle while there needs a over-head 
computation effort especially in case of direct Monte Carlo 
simulation. Although a collection of embeded techniques for 
number reduction of samples, e.g. variance reduction and 
importance sampling, has gained impressive progresses, their 
applicability still remains open [3].  

To overcome the challenges inherent in classical structural 
reliability methods, a framework of physical stochastic 
systems, together with the probability density evolution 
method (PDEM), was developed in the past decade [4-5]. In 
this methodology, the randomness is treated on a unified basis 
of the principle of preservation of probability, and the systems 

are decoupled by involving the embedded physical 
mechanism. A family of generalized density evolution 
equation (GDEE) was thus established, of which dimension is 
essentially irrelevant to the number of components and the 
degree of complexibility of structural systems. The GDEE, 
moreover, provides a new perspective for structural reliability 
through constructing virtual random process on extreme 
values of response samples merely meeting with the terminal-
value condition. It is referred as the theory of extreme-value 
distribution (EVD) which has been demonstrated to be 
validated and applicability in reliability assessment of 
engineering structures [6]. The extension to global reliability 
of structural systems was carried out by introducing the 
principle of equivalent-extreme-value events  [7]. 

The critical principle of EVD is the hypothesis of virtual 
random process on extreme values of response samples. This 
treatment is to push the static argument such as the extreme 
value into dynamic process so as to be integrated with the 
GDEE and be readily solved by the PDEM. It exposes 
evidently that the formualtion of virtual random process is not 
unique due to the hypothesis upon which the numerical error 
relies. In this paper, an attempt  into reliability assessment of 
structural systems is performed through focusing on the 
extreme values of response samples and their evolution. The 
technique used in this method is the process sticking with the 
extreme value once it occurs. By doing so, the structural 
reliability can be directly derived from the probability density 
function of the re-constructed process at the terminal instant 
using the PDEM. It is indicated that the re-constructed process 
is unique where no hypothesis is introduced. The sections 
arranged in this paper are distributed as follows. Section 2 
details the basic principle and implementation procedure of 
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the PDEM. The theory of extreme value distribution and its 
difference from the method appealed in this paper are 
provided in Section 3. An eight-storey shear frame with Bouc-
Wen nonlinearities subjected to random seismic ground 
motions is investigated for illustrative purposes, which is 
included in Section 4. The concluding remarks are included in 
Section 5. 

2 AXIOMS OF PROBABILITY DENSITY EVOLUTION 
METHOD  

Without loss of generality, consider the equation of motion of 
an n-degree-of-freedom structural system subjected to random 
seismic excitations as follows 

  ( , , ) ( , )gt x t+ = -MX f X X MI Q             (1) 

where  T
1 2= ( , , , )nX X XX  denotes n by 1 displacement 

vector; overdots denotes differentiation with regard to t; 
M denotes n by n mass matrix; f denotes internal forces of 
the structures including the damping and restoring forces; I  
denotes a n-order column vector with all the components 
being 1;  ( , )gx tQ  denotes the earthquake ground motion; 

Q denotes random vector characterizing the randomness 
involved in the ground motion, which was detailed in previous 
sections. The joint PDF of Q  is identified as ( )pQ q .  

It is evident that any arbitrary response of interest ( )tX  

depends upon Q and could be written in the form of a 
function as 

= ( , )tX H Q
                                  

(2)
 

Using the principle of preservation of probability, one can 
deduce the generalized density evolution equation (GDEE) 

governing the joint PDF of ( , )X Q [4,8] 

( , , ) ( , , )
( , ) 0X Xp x t p x t
X t

t x

¶ ¶
+ =

¶ ¶
Q Qq qq         (3) 

where ( , , )Xp x tQ q  indicates joint PDF of ( , )X Q ; 

( , )X t q  indicates the velocity of X under the 

condition{ = }Q q . 

The initial condition for Eq. (3) reads 

0 0( , , ) | ( ) ( )X tp x t x x pd= = -Q Qq q                (4) 

where ( )d ⋅  denotes the Dirac’s delta function; 0t is the initial 

time; 0x  is the deterministic initial value. 

The joint PDF ( , , )Xp x tQ q  could be given by solving 

the initial-value partial differential Eqs. (3) and (4) using the 

numerical procedures. The instantaneous PDF of ( )X t  could 

be obtained by 

( , ) ( , , )dX Xp x t p x t
W

= ò
Q

Q q q                       (5) 

where WQ indicates the distribution domain of Q . 

To get instantaneous PDFs and other probabilistic indices 
of responses, a collection of equations consisting of the 
motion equation Eq. (1), the generalized density evolution 
equation Eq. (3) and the integration equation Eq. (5) are to be 
solved. The numerical implementation involves the following 
steps  [8]:  

Step 1: Select representative point set 

1, 2, ,
{ = ( , , , ) 1,2, , }

res q q q s q res
q nq q q =  qs  in the 

domainWQ , where resn  is the total number of the selected 

points. 
Step 2: For the prescribed{ }q=Q q , solve Eq. (1) with a 

deterministic time integration method to evaluate the value 

of q
( , )mX tq , where =mt m t , = 0,1,2,m ; t  denotes 

the time step used in the time integration method. 

Step 3: Introduce q
( , )mX tq  into the generalized density 

evolution equation Eq. (3), and solve Eq. (3) under the initial 
condition Eq. (4) using a finite difference method whereby the 

component of numerical solution ( , , )Xp x tQ q , denoted by 

( , , )X j q kp x tQ q  is obtained, here 0= +jx x j x , 

  = 0, 1, 2,j ; x denotes the space step; ˆ=kt k t , 

= 0,1,2,k ; ˆt  denotes the time step used in the finite 

difference method. 
Step 4: Repeat steps 2 and 3 running 

over 1,2, , resq n=  , and then take numerical integration in 

Eq. (5) to calculate the numerical solution ( , )Xp x t . 

3 RELIABILITY EVALUATION USING EXTREME 
VALUE DISTRIBUTION AND EXTREME VALUE 
EVOLUTION 

The dynamic reliability of the structure defined in Eq. (1), 
using the first passage failure criterion, could be denoted by 

Pr{ ( ) , [0, ]}sR X t t T= ÎW Î                        (6) 

where Pr{}⋅  indicates the probability of the random event; 

sW denotes the safe domain; ( )X t denotes physical quantities 

of the structure against which the reliability is defined. 
The expression of Eq. (6) in fact equals to 

Pr{ ( , ) }sR W T= ÎWQ                             (7) 

where ( , )W TQ  denotes extreme value of ( )X t
 
over time 

interval [0, ]T  corresponding to the failure criterion, i.e. 

[0, ]
( , ) ext { ( , )} 

t T
W T X t

Î
=Q Q                        (8) 

If the symmetric double boundary criterion is used in Eq. 
(6), Eq. (7) could be re-written as 

Pr{ ( ) , [0, ]}BR X t x t T= £ Î                   (9) 

in which Bx  denotes the symmetric boundary, then Eq. (8) 

becomes 
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[0, ]
( , ) max{ ( , )} 

t T
W T X t

Î
=Q Q               (10) 

It is seen that the extreme value over time period is a static 
argument, which denotes the maximum of absolute value of 
response sample, as shown in Figure 1.  
       

 

Figure 1. Schematic diagram of extreme values of response samples. 

To obtain the probability density function (PDF) of 
extreme values, the theory of extreme value distribution is 
usually used. The critical principle of EVD is the hypothesis 
of virtual random process on extreme values of response 
samples. This treatment is to push the static extreme value 
into dynamic process so as to be integrated with the GDEE 
and be readily solved by the PDEM.  The theory of virtual 
stochastic process is employed as the following formulation 
[6]: 

( ) ( ( , ), ) ( , )Z W T Tt j t f= =Q Q             (11) 

which satisfies the conditions 

0
( ) 0Z

t
t

=
= , 

( ) ( ( , ), ) ( , ) ( , )
c

c cZ W T W T
t t

t j t f t
=

= = =Q Q Q    (12a,b) 

where ct denotes a prescribed value. One might realize that 

Eq. (11) is in a form similar to Eq. (3) and therefore the joint 
PDF of the arguments ( , )Z Q , denoted by ( , , )Zp z tQ q , is 

governed as the counterpart of Eq. (3) by 

( , , ) ( , , )
( , ) 0Z Zp z p z

z

t t
f t

t
¶ ¶

+ =
¶ ¶

Q Qq qq      (13) 

where ( , ) ( , )f t f t t= ¶ ¶ q q . 

The initial condition in accordance with Eq. (12a) reads 

0( , , ) | ( ) ( )Zp z z ptt d= =Q Qq q                    (14) 

One can then obtain the PDF of ( )Z t : 

( , ) ( , , )dZ Zp z p zt t
W

= ò
Q

Q q q                    (15) 

Eqs. (13) ~ (15), as counterparts of Eqs. (3) ~ (5), could be 
numerically implemented by the procedures outlined in the 
previous section. Noting Eq. (12b) one could get the PDF 
ofW : 

( ) ( , )
c

W Zp w p z w
t t

t
=

= =                  (16) 

The reliability denoted by Eq. (9) could then be evaluated 
through transformation of Eq. (10) 

Pr{ ( , ) } ( )d
s

s WR W p w wt
W

= Î W = òQ          (17) 

where W denotes a functional variable of basic random 
vectorQ in the distribution domain sW .  

One can see that the dynamic reliability evaluation 
becomes a problem of one-dimensional integration on the 
extreme value distribution. This avoids the main difficulties 
encountered in traditional dynamic reliability theories. 

In principle the form of ( )j ⋅  and ( )f ⋅  could be arbitrary 

once Eq. (12) is satisfied. This provides a flexibility of 
selecting appropriate formulation to achieve good numerical 
properties. We investigate a couple of function forms of the 
virtual stochastic process in accordance with the boundary 
conditions denoted by Eq. (12), e.g. ( ) ( , ) cZ W Tt t t= Q , 

( ) ( , )sin( )cZ W Tt wt t= Q with 0.5 ,2.5 , ,(2 0.5)nw p p p= + . It 

is noted that the kurtosis of extreme value distribution gives 
rise to burrs in case that different forms of ( ( , ), )W Tj tQ are 

employed, while the numerical error has little influence upon 
the reliability estimates. In this paper, the virtual stochastic 
process in Eq. (11) takes the form: 

( ) ( ( , ), ) ( , )sin( )
c

Z W T W T
wt

t j t
t

= =Q Q                (18) 

in which 2.5w p= . The prescribed value 1ct = . 

 

Figure 2. Schematic diagram of response samples of re-constructed 
random process. 

Since the formualtion of virtual random process is not 
unique, the numerical error of this method relies upon the 
trival result. We note that the reason introducing virtual 
random process is the extreme values always occurring at 
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different instants for different response samples except their 
static behavior of extreme values. Referring to Eq. (3), its 
critical item is the velocity component of physical quantity of 
interest ( , )X tq , which indicates that if the velocity 

component is zero the sample process has no contribution to 
the fluctuation of random process We could image there exists 
an accurate PDF of exreme values at the terminal instant T 
using Eq. (3) by means of the re-construction of the random 
process sticking with the extreme value once it occurs; see 
Figure 2. The re-constructed random process is denoted by 

( , )X t q . 

The accurate PDF of exreme values at the terminal instant 
T is thus governed by the generalized density evolution 
equation: 

( , , ) ( , , )
( , ) 0X X

p x t p x t
X t

t x

¶ ¶
+ =

¶ ¶
Q Qq q

q  


        (19) 

4 NUMERICAL EXAMPLE 

A randomly base-excited eight-storey shear frame with Bouc-
Wen hysteretic behavior is taken as the numerical example. 
The structural parameters are follows: m1= m2= 1.0×105 kg, 
m3= m4= 0.9×105 kg, m5= m6= 0.9×105 kg, m7= m8= 0.8×105 
kg; k1= k2= 3.6×101 kN/mm, k3= k4= 3.2×101 kN/mm, k5= k6= 
3.2×101 kN/mm, k7= k8= 2.8×101 kN/mm. Rayleigh’s 
damping a b= +C M K  is employed, where a = 0.01, b = 
0.005, resulting in a damping ratio of 1.05% for the first 
vibrational mode. The natural frequencies of the unyielded 
building are respectively 3.64, 10.40, 16.46, 22.45, 27.91, 
31.89, 34.68, and 36.81 rad/sec. The parameters included in 
the Bouc-Wen model [9] take value 0.01a = , 1.0A = , 

140.0b = , 20.0g = , 1.0n = , 0.002
v
d = , 0.001hd = , 

0.2y = , 0.005yd = , 0.1l = , 0.95
s
z = , 0.25q = , 

and 2000.0p = , respectively. The typical hysteretic curve 

of structural component subjected to non-stationary harmonic 
waves is shown in Figure 3, which indicates a strong 
nonlinear state inherent in the structural system.  
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Figure 3. Typical restoring force v.s. inter-story drift. 

A Clough-Penzien filtered process with non-stationary 
modulation modelled by stochastic harmonic function [10] is 
used as the seismic excitation: 

4 2 2 2 4
CP

02 2 2 2 2 2 2 2 2 2 2 2

4
( )

( ) 4 ( ) 4
g g g

g

g g g f f f

S S
w z w w w

w
w w z w w w w z w w

+
=

- + - +
 (20) 

where ,z wg g  denote the equivalent damping ratio and 

fundamental frequency of the first-layer soil of local site, 

which take 0.85 and 20 rad/sec, respectively; ,
f f
z w  denote 

the equivalent damping ratio and fundamental frequency of 
the second-layer soil of local site, which take 0.85 and 2 
rad/sec, respectively.  

In this case, just 20 independent random variables are 
included in the stochastic harmonic function of seismic 
excitations where 10 variables are used to represent the phases, 
and 10 variables are used to represent the frequencies. 1000 
representative processes are generated. For the purpose of 
validating PDEM, 9999 times of Monte Carlo simulation is 
carried out. A simple time integration scheme with just the 
current state is employed in the deterministic non-linear 
dynamic analysis of the structure. It is proved to be efficient 
in this numerical example for obtaining a logical physical 
mechanism of Bouc-Wen components. Besides, the hysteretic 
displacement z  is solved by the fourth-order Runge-Kutta 
scheme. 

Using the procedure detailed in the above sections, we 
gain the re-constructed response process of the 1000 samples. 
Figure 4 shows the re-constructed and original time history of 
a sample of displacement response . 
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Figure 4. Re-constructed (red dot) and original (blue solid) time 
history of a sample of displacement random process. 

It is indicated that the re-constructed random process 
eccentially excludes the contribution to the fluctuation of 
probability density function of the process thereafter the 
extreme value occurs. This treatment results the benefit that 
the reliability of structural systems can be directly derived 
from the probability density function of re-contructed 
response process at the terminal instant; see Figure 2.  

The PDF contour of re-constructed and original 
displacement random process at interval [5  20] sec are shown 
in Figures 5 and 6, respectively. There exposes a significant 
difference from the two PDF contours: the re-constructed one 
gives rise to be symmetric concentration of proability 
especially in the later interval of period where most sample 
processes locate at their extreme values; while the original one 
gives rise to be almost normal distribution with zero-mean. It 
is also indicated that the original one includes more abundant 
probaility information than the re-constructed one since the 
sample process thereafter its extreme value occurs has no 
contribution to the fluctuation of probability density function 
of random process, which is exposed as the parallel lines of 
Figure 5. A clearer performance are shown in Figures 7 and 8, 
respectively. 
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Figure 5.  PDF contour of re-constructed displacement random 

process at interval [5  20] sec. 

 

Figure 6.  PDF contour of original displacement random process at 
interval [5  20] sec. 
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Figure 7.  PDF of re-constructed displacement random process at 
terminal instant. 
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Figure 8.  PDF of original displacement random process at terminal 
instant. 

The reliability results of the nonlienar structural system 
using the extreme-reponse evolution method (ERE) proposed 
in ths paper, the theory of extreme-value distribution (EVD), 
and the Monte Carlo simulations (MCS) in case of three 
different threshold values xB= 200 mm, xB= 300 mm and xB= 
350 mm are shown in Table 2, respectively. It is seen that the 
proposed method has an evident error aganst the standard 

Monte Carlo simulations in case of low thresholds, and it 
gains an accurate result in case of high thresholds. While the 
results of EVD meet well with those of the MCS. It is 
explained that the error in case of low thresholds exclusively 
derives from the numerical inaccuracy of PDF of re-
constructed random process.  

Table 2. Reliability of nonlinear system using three schemes. 

Threshold 
[mm] 

ERE EVD MCS 

200 0.8545 0.9168 0.9108 

300 0.9654 0.9768 0.9770 
350 0.9953 0.9957 0.9960 

 
The PDF of virtual random process of extreme 

displacement involved in the EVD is shown in Figure 9. One 
might see that the PDF of the EVD exhibits a smoothing curve 
while that of the ERE exposes to be of fluctuation in the 
neighborhood of thresholds. The reliability assessment, 
nevertheless, using the extreme-reponse evolution method 
proposed in this paper could gain a sound result, and  the 
higher of the threshold, the lower of the computational effort 
for deriving a smoothing curve of PDF.  
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Figure 9.  PDF of virtual random process of extreme displacement. 

5 CONCLUDING REMARKS 

Structural reliability is a critical argument quantifying the 
safety of engineering structures. A new structural reliability 
method is proposed in this paper through the re-construction 
of response random process sticking with the extreme value 
once it occurs. The structural reliability can be directly 
derived from the probability density function of the re-
constructed process at the terminal instant using the PDEM. 
Numerical investigations against the method of extreme-value 
distribution and and the Monte Carlo simulation reveal the 
validality and applicability of the proposed extreme-response 
evolution method. Its benefit from the method of extreme-
value distribution is that re-constructed process is unique 
where no hypothesis is introduced. 
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ABSTRACT: This paper addresses the situation where one is performing Bayesian system identification on a nonlinear 
dynamical system using a set of experimentally-obtained training data. To be more specific, an investigation is performed to 
find the optimum form of excitation that should be used during generation of the training data. To that end, the Shannon entropy 
is used as an information measure such that, through analysing the information content of the posterior parameter distribution, 
the `informativeness' of different sets of training data can be assessed. In the current work the form of excitation is 
parameterised thus allowing the choosing of an appropriate excitation to be phrased as an optimisation problem (where one is 
aiming to maximise the information content of the training data). 

KEY WORDS: Nonlinear Dynamics, System Identification, Bayesian Inference, Shannon Entropy 

1 INTRODUCTION 
Defining  and  respectively as the input and output of a 
system, the process of system identification involves using a 
set of observed data ( ) to infer a mapping 

 
:   (1) 

 
which can be used to approximate the behavior of the system 
of interest. In the context of the current work,  is a 
mathematical model of a (potentially nonlinear) dynamical 
system,  is a vector of parameters within that model 
and  is input and output data which has been obtained 
experimentally. In the case where one has already selected a 
model structure, probabilistic estimates of the model 
parameters can be realised using Bayes’ theorem: 

  

| ,
| , |

|  

 

(2) 

where the prior |  is a probability density function 
(PDF) which represents one’s knowledge of the parameters 
before the data  was witnessed. | ,  is known as the 
posterior and represents one’s knowledge of the parameters 
after the data  was witnessed. The transformation from prior 
to posterior is controlled by the likelihood, | , , which 
represents the probability of witnessing the data  given one’s 
choice of parameters and model (a more thorough description 
of the likelihood is given in the following section). The 
denominator of equation (2) is known as the evidence - it is a 
normalising constant which is obtained through marginalising 
the posterior PDF over . 

In addition to the above, a Bayesian framework allows one 
to adopt a probabilistic approach to model selection; in the 
case where there are a set of competing model structures the 
probability of each model structure can also be assessed using 
Bayes’ theorem: 

 

|
|

. 
(3) 

 
As a result of difficulties in evaluating the evidence (a 

consequence of the curse of dimensionality), as well as the 
often complex geometry of the posterior parameter 
distribution (particularly when the system is nonlinear), it is 
now common practice to utilise Markov chain Monte Carlo 
(MCMC) methods when addressing Bayesian inference 
problems. MCMC methods involve the creation of a Markov 
chain whose stationary distribution is equal to the posterior 
parameter distribution (thus allowing one to generate 
dependent samples from | , ). There exists a varied 
assortment of MCMC methods – some of which can be used 
to generate samples from the posterior parameter distribution 
[1-3] while others are also capable of addressing model 
selection [4-6]. 

While undoubtedly useful, MCMC methods often require 
many model runs and, as such, tend to be computationally 
expensive. In recent work [7,8] it was suggested that the 
computational cost of MCMC methods could be reduced 
through the use of relatively small amounts of ‘highly 
informative’ training data. This involved using estimates of 
the Shannon entropy to measure the information content of a 
set of data such that, in subsequent MCMC simulations, one 
could use a relatively small subset of the data which was still 
highly informative with regard to one’s parameter estimates / 
choice of model. 

The current paper aims to extend the concept of ‘highly 
informative training data’ towards experimental design. 
Specifically, in a situation where one is dynamically exciting 
a structural system with the aim of performing system 
identification, it aims to answer the question: which excitation 
will provide the most informative training data? In this 
preliminary study the term ‘informative’ is used with regard to 
one’s parameter estimates - the authors intend to extend the 
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concepts within this paper towards model selection in future 
work.  

To summarise, the method proposed herein involves 
running simulations of a real system such that, through 
measuring the information content of the resulting training 
data, the optimum excitation type for subsequent laboratory 
experiments can be determined.     

2 BAYESIAN FRAMEWORK 
Consider the situation where one is analysing a dynamical 
system which possesses  degrees of freedom (DOF). 
During an experimental investigation,  data points of system 
response are measured at each DOF. When forming the 
likelihood it is common practice to assume that, as a result of 
measurement and modelling error, each data point is 
independently1 corrupted by Gaussian noise of variance  
(drawing on the central limit theorem). Thereupon, by 
defining  and  as the ith data point at the jth DOF 
according to the measured data and the model response 
respectively, the likelihood is given by: 
 
 

| , exp   (4) 
where 
 

1
2 . 

(5) 

 
The prior is a user-defined PDF which will be written as: 

 
| exp  . (6) 

 
Using these definitions for the likelihood and prior, the 

posterior is: 
 

| , exp   (7) 
 
where  .  

3 PROPOSED METHODOLOGY 

3.1 Shannon Entropy 

For a PDF /  (where  is a normalising constant), the 
Shannon entropy (which will be referred to as ‘the entropy’ 
from now on) is defined as 
 

ln . 
(8) 

 
As with statistical physics, equation (8) can be viewed as a 

measure of uncertainty – the lower the entropy the more 
confidence one has in . In the current paper the PDF /  
is chosen to be the posterior parameter distribution such that a 
                                                           
1 Although it is a strategy that has been adopted here, it is 
interesting to note that one does not necessarily have to 
assume that each data point is uncorrelated – see [9] for a 
detailed discussion.  
 

reduction in entropy represents an increase in confidence with 
regard to one’s parameter estimates.  

As one frequently finds that the geometry of the posterior is 
complex and that the evidence term is difficult to evaluate, the 
exact entropy of the posterior is often unattainable. In such 
cases, it is advantageous to approximate the posterior as being 
Gaussian. Using a second-order Taylor series expansion of 

 about the most probable parameter estimates (denoted 
) it is possible to shown that: 

 

| , exp
1
2  (9) 

 
where the asterisk indicates that the posterior has been  
approximated,   and  is the Hessian matrix: 
 

. . 

 

(10) 

Throughout this paper, the elements of  are estimated 
using finite difference methods. From equation (9) it can be 
seen that the inverse of  is equal to the covariance matrix 
of the approximated posterior. It should be noted that uniform 
priors are used throughout this work and, as such, the second 
derivative in equation (10) is always equal to zero.   

Substituting the Gaussian approximation of the posterior 
into equation (8), one finds that the entropy of | ,  is 
given by 
 

2 1 ln 2
1
2 ln det  . (11) 

 
It is possible to show that, in the case where  is diagonal, 

minimising the Shannon entropy is equivalent to minimising 
the diagonal elements of the posterior covariance matrix 
(therefore maximising one’s confidence in the parameter 
estimates) [8]. 
 

3.2 Algorithm 

The algorithm used to analyse the effectiveness of different 
excitation parameters is now described using pseudo-code. 
Before the algorithm can be implemented, one must select an 
excitation type ( ) (a square wave for example) as well as a 
vector of parameters ( ) which control certain features of the 
excitation (amplitude and frequency for example). 
Additionally, one needs an estimate of the measurement noise 
variance ( ) which is likely to occur during experimental 
testing (this is based on the assumption that only the measured 
output has been corrupted by noise).  

Finally, one must raster ( ) into a grid of values which are 
to be investigated: ( , , … , ) before proceeding as 
follows: 

For 1:  
• Generate excitation   
• Generate , the response of the model to input 

.  
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• Corrupt the model response with measurement noise 
– this is equivalent to simulating the data that one 
would typically witness experimentally 

• Estimate the entropy of the posterior parameter 
distribution  

End 
The optimum excitation parameters are those which 

minimise the entropy of the posterior.  
 

3.3 Probabilistic Entropy Estimates 

It is worth observing that, as a result of the measurement 
noise, there will always be uncertainty in one’s entropy 
estimates - this will inevitably lead to uncertainty in the 
optimum choice of excitation parameters. 

To address this, the authors considered using a Bayesian 
framework to realise probabilistic estimates of the optimum 

: 
 

| ,
| , |

|  
(12) 

 
where, in this case, the likelihood would be defined as 

 

| , 2 / exp
1
2 . (13) 

 
However, this would require estimates of the average 

entropy as well as the variance term . This is further 
complicated by the fact that  is likely to change depending 
on the excitation parameters (a low amplitude response will 
lead to a higher signal-to-noise ratio and, as such, more 
uncertainty in the entropy estimates).  

Consequently, rather than adopt this methodology, the 
authors chose to generate probabilistic entropy estimates using 
a frequentist approach (by generating an ensemble estimate of 
the entropy). This makes use of the fact that, as numerical 
simulations are used to analyse the effect of the excitation 
type, it is possible to conduct many experiments under the 
same conditions.  

3.4 Reducing Numerical Errors 

As the elements of  are approximated using finite 
difference methods, the entropy estimation process will 
always be prone to numerical errors. It was found that these 
errors could be reduced significantly using a simple strategy. 
Recalling that  is the covariance matrix of the 
approximated posterior then it follows that any estimate which 
leads to the diagonal elements of  being negative must 
be false. By instructing the algorithm to ignore such results, it 
was found that the uncertainty in the entropy estimates could 
be greatly reduced.  

4 RESULTS 
In this section, the proposed method is demonstrated on 
several nonlinear dynamical systems.  

4.1 SDOF System: Coulomb Nonlinearity with Square 
Wave Excitation 

Initially, a base-excited SDOF system with nonlinear damping 
was considered (Figure 1). The equation of motion of the 
system is 

 
2 sgn  (14) 

 
where  is a user-defined base acceleration,  is the resulting 
displacement of the mass,  is the damping ratio,  is the 
natural frequency and  modulates the level of Coulomb 
damping in the system. The magnitude of these parameters is 
shown in Table 1.  

For the first part of this investigation,  was chosen such 
that a square-wave base acceleration of amplitude 4 m s⁄  was 
used to excite the system: 
 

sgn 4sin  2 . (15) 
 

The frequency of the square wave was left to be determined 
such that, in the context of this paper, . Each 
simulation of a real test was corrupted with Gaussian 
measurement noise of standard deviation  1 10  
which, depending on the excitation frequency, resulted in a 
signal-to-noise ratio of between 15 and 60.  

 

 
Figure 1: Schematic diagram of the system described by 

equation (14). 
 

 
Table 1: Parameters of the dynamical system described by 

equation (14).  
 

Parameter Magnitude Units 
 0.01 - 

2 10 rad/s 
0.1 N/kg 

 
Treating all of the model parameters ( ) as unknown, the 

entropy of the posterior parameter distribution was estimated 
for a range of different excitation frequencies. The ensemble 
average entropy, as well as confidence bounds, is shown in 
Figure 2.  
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Figure 2: Variation of the Shannon entropy with the 

frequency of a square-wave excitation for the system 
described by equation (14). 

 
It is immediately obvious that the entropy of the posterior 

will be minimised if one excites the system at its resonance 
frequency (10 Hz). This is simply because this maximises the 
signal-to-noise ratio – the relatively large response of the 
system is as far from the noise floor of the measurement noise 
as possible. It is important to note that Figure 2 shows the 
entropy of the entire posterior distribution – it does not show 
how one’s confidence in each individual parameter estimate 
changes with  (this is addressed in section 4.3 of the current 
work).  

Two other points are of particular interest ((a) and (b) on 
Figure 2). According to the entropy estimates, point (b) (a 
square-wave excitation of 5 Hz) should yield relatively 
uncertain parameter estimates relative to point (a) (a square-
wave excitation of 3 Hz). This was confirmed using MCMC 
simulations (the Metropolis algorithm specifically), the results 
of which are shown in Figure 3. The MCMC results have been 
normalised such that the Gaussian approximations of the 
posterior, which form an essential part of the entropy 
estimation, can be shown alongside. One can see that 
excitation (a) has indeed led to less uncertain parameter 
estimates relative to excitation (b). It is interesting to note that 
the Gaussian approximations are fairly poor, although they 
have still been able to predict which excitations will lead to 
better parameter estimates – this is a trend which the authors 
encountered throughout all the subsequent investigations.  

 

 
Figure 3: MCMC results (black lines) and Gaussian 

approximations of the posterior distribution (grey lines) for 
the parameters of the system shown in equation (14). Plots (a) 

and (b) refer to the excitations (a) and (b) on Figure 2. 

4.2 SDOF System: Coulomb Nonlinearity with Sinusoidal 
Excitation 

In this section the natural frequency and damping ratio of the 
system was treated as known such that the magnitude of 
Coulomb damping was the only parameter to be found. 
Additionally, a sinusoidal excitation at the resonance 
frequency of the system was employed: 
 

sin 20 , (15) 
 

where the amplitude ( ) was left as a parameter to optimise. 
The resulting entropy estimates, as a function of , are shown 
in Figure 4. It is clear that, as one would expect, low 
amplitude excitations (such as point (a) on Figure 4) are 
beneficial when attempting to identify Coulomb-type 
nonlinearities. However it is also important to observe that, in 
the low amplitude regions, the response of the system is 
heavily corrupted by measurement noise – this has greatly 
increased the variance of the entropy estimates. It is also 
interesting to note that, above the amplitude indicated by point 
(b), the entropy is relatively unaffected by the amplitude of 
the excitation. This may be because the system is dominated 
by the linear response.  
  

 
 

Figure 4: Variation of the Shannon entropy with the 
frequency of a sine-wave excitation for the system described 

in equation (14). 
 

4.3 SDOF System: Coulomb and Duffing-type 
Nonlinearities and Sinusoidal Excitation 

In this example a hardening Duffing-type spring was added to 
the system such that its equation of motion was now: 
 

2 sgn (15) 
 
where  controls the magnitude of the nonlinear spring. 
Throughout the following analysis,  was set equal to 1
10 . Once again, a sinusoidal excitation was employed at a 
frequency of 10 Hz (and whose amplitude was to be 
optimised). The natural frequency and damping ratio of the 
system were considered known such that the parameters to be 
identified were  and . 
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In this case, rather than tracking the entropy of the entire 
posterior distribution, it was assumed that  and  were 
uncorrelated such that 
 

, | , | , | , . (16) 
 

This allowed the entropy of the individual elements of the 
posterior (denoted  and ) to be tracked separately (Figure 
5). As with the previous example, the entropy of | ,  
is lowest for low excitations but, above a certain level, is 
relatively insensitive to the excitation amplitude. As one 
would expect, the entropy | ,  appears to be a strictly 
decreasing function of the excitation amplitude. The entropy 
of | ,  at lower levels of excitation is not shown on 
Figure 5 as, because of the large amounts of uncertainty 
involved, numerical overflow issues were encountered.   

 
 

Figure 5: Variation of the Shannon entropy with the 
frequency of a sine-wave excitation for the system described 

in equation (15). 
 

Figure 5 presents an interesting conclusion. It suggests that, 
if one is wishing to simultaneously identify a Coulomb and 
Duffing-type nonlinearity using this type of excitation and 

2.5 can be considered a reasonable level of uncertainty 
with regard to the Coulomb damping estimate, then a large 
amplitude excitation is preferable. This is because the 
confidence one has in the magnitude of  is insensitive to the 
excitation amplitude and so, therefore, one should simply 
choose the excitation which maximises one’s confidence in . 

To validate this conclusion two sets of training data were 
created using excitation amplitudes of 1 and 4 
m s⁄  respectively. MCMC simulations were then used to 
generate samples from the resulting posterior distributions. 
Figure 6 confirms that the use of a higher amplitude excitation 
has greatly increased one’s confidence in the value of , while 
it has had relatively little influence on one’s confidence in the 
value of . 

 
 

Figure 6: MCMC samples from the posterior shown in 
equation (16) where training data was generated using an 

amplitude of (a) 1 and (b) 4 m s⁄ . Dashed black lines 
represent the true parameter values.  

5 DISCUSSION AND FUTURE WORK 
The authors intend to extend the preliminary study detailed in 
this paper in a variety of ways. For example, much of the 
analysis relies on the assumption that one already has a 
reasonable estimate of the optimum parameter vector . This 
may seem to be a somewhat circular argument as the overall 
aim of the proposed methodology is to design an experiment 
which allows one to obtain accurate estimates of . 
However, the ultimate goal of this work is to provide much 
more generic results. For example, in the case where one 
wishes to infer whether there is a combination of Coulomb 
and Duffing-type nonlinearities (of any magnitude) present in 
a system, it is hoped that the type of analysis detailed in this 
paper will be able to generate statements such as ‘a large 
amplitude excitation at the resonance frequency of the 
structure is required to test for these nonlinearities’. 
Additionally, the authors wish to extend the method such that 
it can aid in selecting the bandwidth of random excitations or 
the frequency and phase of multi-sine excitations.   

Studying Figure 6, it is clear that the most probable 
parameters predicted by the MCMC simulations are biased. 
This highlights that, through using the method outlined in this 
paper, one defines the optimum excitation as being that which 
minimises parameter uncertainty (rather than that which 
minimises the bias in the most-probable parameter estimates). 
It would be interesting to see if, in future work, the phrase 
‘optimum excitation’ can be defined as that which produces 
parameter estimates whose bias, as well as uncertainty, has 
been minimised.  

Ultimately, before this work can be pursued further, the aim 
is to investigate how the proposed methodology can aid the 
system identification of real, laboratory-based systems.  

6 CONCLUSIONS 
Broadly speaking, this paper is concerned with the Bayesian 
system identification of dynamical systems using 
experimentally-obtained training data. An investigation is 
performed to find the optimum form of excitation that should 
be used during the generation of training data. This is 
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achieved by using the Shannon entropy as an information 
measure such that, by estimating the entropy of the posterior 
parameter distribution, the information content of different 
sets of training data can be analysed. Using a series of 
simulations it is shown that such an approach can allow one to 
design experiments which, ultimately, will result in parameter 
estimates with minimal uncertainty.  
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ABSTRACT: As a promising alternative to wired sensors, wireless sensors have attracted widespread attention in the field of 
structural health monitoring due to their unique features such as lower cost trend, wireless communication, etc. However, the 
available structural health monitoring results using wireless sensors are usually restricted to deterministic optimal values while 
the parametric uncertainties cannot be quantified. This work is therefore dedicated to experimental studies of some new 
advanced statistical algorithms in the environment of wireless sensor network. In this study, advanced wireless sensor node 
platforms interfaced with high-sensitivity accelerometer boards are installed on a laboratory shear building model to measure 
ambient vibration accelerations. A two-stage fast Bayesian spectral density approach proposed recently is firstly employed to 
extract the modal properties and their associated uncertainties. The interaction between spectrum variables (e.g., 
eigenfrequencies, damping ratios as well as the magnitudes of modal excitation and prediction error) and spatial variables (e.g., 
mode shape components) can be decoupled so that they can be identified separately. A novel Bayesian methodology is then 
employed for structural model updating based on the identified modal properties. The model updating problem can be 
formulated as one minimizing an objective function, which can incorporate the modal properties identified from different 
clusters automatically. Successful completion of ambient modal analysis and model updating based on the measured 
acceleration responses using wireless sensors demonstrates the feasibility and potential for them to monitor structural health 
accommodating multiple uncertainties. 

KEY WORDS: Ambient modal analysis; Model updating; Wireless sensors; Bayesian approach; Structural health monitoring. 

1 INTRODUCTION  
Rapid economic developments have allowed for a huge 
amount of resources to be invested in civil infrastructures. 
However, their anticipated service life may decrease 
significantly due to hostile-loading environments, which may 
cause catastrophic failures. Therefore, structural health 
monitoring (SHM) which aims to monitor the health condition 
of a structure has been an emerging field in civil engineering. 
Nowadays, it has been a common practice to install SHM 
systems to detect, locate, and assess structural damage by 
using measured responses. A dense array of sensors is 
required to be deployed on large-scale structures since 
damage is intrinsically a local phenomenon [1]. Therefore, it 
is challenging to realize SHM using traditional wired sensors 
with cables connected to a centralized data repository since 
installation of wired sensors is often prohibitively expensive 
and time-consuming [2]. Wireless SHM presents plenty of 
opportunities for research, innovation and development. They 
have been regarded as a promising alternative to the 
traditional wired sensors in SHM due to their unique 
advantages in terms of easy deployment, distributed 
computing capabilities and wireless communication.   

Though many researchers have devoted their efforts to 
demonstrating the applicability of wireless sensors in SHM 
recent years, there is still significant room for advancement. 
One of the major challenges is that the robustness of SHM 
algorithms cannot be ensured [2]. Conventionally, SHM 
results are usually restricted to deterministic values, without 
quantifying the inherent parametric uncertainties. However, 

there are many kinds of uncertainties in SHM systems, such as 
uncertainties due to incomplete information, measurement 
noise, and modelling error, etc. [3]. Therefore, SHM is best 
tackled as a statistical inference problem which is able to give 
the optimal values as well as a quantitative assessment of their 
accuracy [4]. The associated uncertainty information is 
important for engineers when they make judgments about 
repairing works. Recently, some fast approaches have been 
proposed by the authors for ambient modal analysis [5] and 
structural model updating using a Bayesian statistical 
framework [5, 6]. The primary focus of this study is to 
experimentally verify the algorithms proposed recently in the 
environment of wireless sensor network (WSN). In this study, 
advanced wireless sensor node platforms (Crossbow Imote2 
sensors) are interfaced with high-sensitivity accelerometer 
boards (SHM-H sensor boards), and then installed on 
laboratory shear building models to measure ambient 
vibration accelerations. Modal analysis and model updating 
are implemented using measured acceleration responses from 
wireless sensors to demonstrate the feasibility and potential 
they possess to accommodate multiple uncertainties. 

2 FAST BAYESIAN APPROACH FOR AMBIENT 
MODAL ANALYSIS [5] 

In this study, the two-stage fast Bayesian spectral density 
approach formulated recently will be employed for ambient 
modal analysis. The original formulation can be found in [5]. 
Assume that there are sn sets of time histories corresponding 
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to
on measured dofs. Fast Fourier transform of   on

j t y  at 
frequency point kf is denoted as ( )j kY , which approximately 
follows a complex normal distribution. Here jy denotes the 

-thj time history. The covariance matrix of ( )j kY is denoted 
by ( )k C , a function of the modal parameters to be identified. 
Then the sum of sn  sets of spectral density matrix 
estimator

1
( ) ( )sn

k j jj
k k


sumS Y Y  follows a central complex 

Wishart distribution. As a result, the trace of k
sumS denoted 

by ( )ktr sumS asymptotically follows a normal distribution 
when sn is large [5]. The spectral density set formed over the 
frequency band

1 2
[ , ]k kf f  is selected for ambient modal 

analysis. It has been proved that the interaction between 
spectrum variables and spatial variables can be decoupled so 
that they can be identified separately. In the first stage, the 
spectrum variables can be separated from the full set of 
parameters through ‘fast Bayesian spectral trace approach’ 
(FBSTA) using the statistical properties of the sum of auto-
spectral density of different measured dofs. Once the spectrum 
variables are extracted, the mode shapes as well as their 
uncertainties can be identified in a second stage by ‘fast 
Bayesian spectral density approach’ (FBSDA) using the entire 
spectral density matrix. The updated PDF of the identified 
parameters can be well-approximated by a Gaussian PDF.  

As the dofs of interest are usually measured in different 
setups with common ‘reference’ dofs present across different 
setups, a group of local mode shape components are identified 
from different sensor setups sharing some reference sensors. 
In this study, the modal data to be utilized in structural model 
updating include 

,,
ˆ ˆ{ , , }

r ir r i ψψ C  with 1, 2, , mr n   and 
1, 2, , ti n  , where mn and tn denote the number of modes and 

setups respectively; ˆ
r denotes the - thr optimal natural 

frequency (in rad/s); ,
ˆ in

r i ψ  and
,

i i

r i

n nψC  denote the optimal 
values and covariance matrix of the local mode shape 
confined to the measured dofs of the - thi setup for the - thr  
given mode; in is the number of dofs measured in the 

- thi setup. The total number of measured dofs denoted 
by ln should be equal to the number of distinct measured dofs 
from all setups. 

3 FAST MODEL UPDATING USING BAYESIAN 
APPROACH  [6] 

For a linear structural model with dn dofs, the stiffness 
matrix d dn nK  and mass matrix d dn nM  are parameterized by 

1 2{ , , , }n
  ρ  and 1 2{ , , , }n

  θ    respectively as follows,    

      0
1

( )
n

i i
i






 M ρ M M                             (1a) 

0
1

( )
n

i i
i






 K θ K K                             (1b) 

where i ( 1, 2, , )i n  and i ( 1, 2, , )i n  are scaling factors 
which aim to scale the nominal substructure stiffness and 
mass matrix; iK and iM are nominal substructure stiffness and 
mass matrices contributing to the global stiffness matrix and 
global mass matrix. The prior PDF of θ and ρ are taken to be 

independent Gaussian with mean 0θ and 0ρ , while their 
covariance matrix are taken to be θC and ρC ,  

   1
0

1exp[ ( ) ( )]
2

Tp    0 ρρ ρ ρ C ρ ρ                          (2a) 

  11exp[ ( ) ( )]
2

Tp    0 θ 0θ θ θ C θ θ                         (2b) 

In this study, instrumental variables ‘system mode shapes’ rΦ  
proposed in [7] are employed for further analysis. 
Let ln

r Φ  be the components of rΦ only confined to the 
measured dofs and ,

in
r i Φ  be the components of rΦ only 

confined to the measured dofs in the - thi setup. Then ,r iΦ can 
be related to the ‘system mode shape’ rΦ mathematically by 

,r i i r i r ii r  oΦ L Φ L L Φ L Φ                             (3) 
where l dn noL  is a selection matrix picking the observed 
degrees of freedom from rΦ ; i ln n

i
L  is another selection 

matrix with ( , ) 1i j k L if the - thj data channel in the - thi setup 
gives the - thk dof of rΦ and zero otherwise. The ‘system mode 
shape’ ought to best fit the measured local mode shapes by 
incorporating their posterior uncertainties [6]:   

,

,

,

, ,

1
, ,

ˆ( , )

1 1 ˆ ˆexp
2(2 )

r i

r i
d

r i

r i r i

T

ii r ii r
r i r i

n
ii r ii r

p





    
                   

ψ

ψ

ψ

ψ C Φ

L Φ L Φ
ψ C ψ

L Φ L ΦC

 
 

    (4) 

Also, the gaps among the ‘system mode shape’ ( )rΦ , the 
measured natural frequencies ˆ( )r and the model parameters 
( , )ρ θ  should be connected by employing the Gaussian 
probability model for the eigenvalue equation errors, which is 
shown as follows [6],   

211 1ˆ( , , , ) exp
2(2 ) d

r r r r r rn
r

p   


   
 

ρ θ Φ η Φ               (5) 

where 2ˆ( ) ( )r r η K θ M ρ ; r denotes the variance of the 
prediction error of the eigenvalue equation.  

Under the Bayesian framework, the updated probabilities of 
the parameters λ given the measured data should be [4] 

0( , ) ( ) ( , )p c p p  λ λ λM M M                           (6) 
where 0c is a normalizing constant; ( , )p λ M is the PDF of the 
model parameters given the modal data  and the model 
classM ; ( )p λ M  is the initial PDF of the model parameters 
based on engineering and modeling judgment; and ( , )p  λ M is 
the PDF of the modal data given the model parameters. As a 
result, the Bayesian model updating problem can be 
formulated as one minimizing a ‘negative logarithm 
likelihood function’ (NLLF) given by [6],   

,

1 1
0 0 0 0

21
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1
, ,

1 1
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2 2
1 { ln }
2
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θ ρ

ψ

θ θ S θ θ ρ ρ S ρ ρ

η Φ

L Φ L Φ ψ C L Φ L Φ ψ 

      (7) 

As can be seen from (7), the local mode shape components 
identified from different setups have been properly combined 
in an automated manner. 
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4 MOST PROBABLE VALUES AND POSTERIOR 
UNCERTAINTIES [6] 

The full set of parameters to be identified 
is { , , , : 1, 2, , }r r mr n λ ρ θ Φ  . The most probable parameter 
vector λ̂ can be obtained by minimizing ( )updL λ , while the 
covariance matrix of λ can be obtained by taking the inverse 
of the Hessian matrix calculated at ˆλ λ . To address the 
computational challenges due to the high dimensional nature 
and nonlinear features of the computational problem at hand, 
the complicated optimization problem can be decomposed 
into several coupled simple optimization problems with 
analytical solutions. As a result, the objective function can be 
optimized iteratively through a sequence of linear 
optimization problems until satisfactory convergence is 
achieved. As can be seen from (7), the objective function is 
quadratic about ρ and θ . Moreover, the objective function in 
terms of r has the form of loga x b x . Therefore, it is easy to 
get the optimal analytical solutions for ρ , θ and r . However, 
the objective function is not quadratic about rΦ , and does not 
fall into certain functional form that is easy to optimize. To 
bypass this difficulty, a Lagrange multiplier approach [8] is 
employed, in which the auxiliary variables ,r i are introduced, 
defined as: 

2
, 2

1
r i

i r

 
L Φ

                                       (8) 

Then the objective function (7) can be re-formulated as  

,

1 1
0 0 0 0
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L Φ ψ C L Φ ψ



 

           (9) 

where ,r i are Lagrange multipliers that enforce the definition 
of (8). The full set of model parameters to be identified 
includes: 
 , ,{ , , , , , : 1, , ; 1, , }r i r i r r m tr n i n    λ Φ ρ θ                    (10) 
The dimension of λ is 2upd m d m t mn n n n n n n n      . Therefore, a 
sequence of iterations comprised of several linear 
optimization problems can be performed until the prescribed 
convergence criteria is satisfied by making use of the special 
properties of the objective function (9).  

The posterior PDF of λ can be well approximated by a 
Gaussian distribution centered at the optimal parameters and 
with covariance matrix updC equal to the inverse of the Hessian 

matrix ˆ( )updΓ λ calculated at the optimal parameters λ̂ , which is 
given by  

           

           

           

           

           

           

ˆ( )

 
 
 
 
 
 
 
 
 
  
 

ΦΦ Φχ Φβ Φδ Φρ Φθ

χΦ χχ χβ χδ χρ χθ

βΦ βχ ββ βδ βρ βθ

upd δΦ δχ δβ δδ δρ δθ

ρΦ ρχ ρβ ρδ ρρ ρθ

θΦ θχ θβ θδ θρ θθ

L L L L L L

L L L L L L

L L L L L L
Γ λ =

L L L L L L

L L L L L L

L L L L L L

            (11) 

In general,  xyL denotes the derivatives of updL with respect to 
any two vectors x and y . Here x or y represents a one-
dimensional array comprised of all elements of one of the 
different types of the identified parameters. ˆ( )updΓ λ is a 
symmetrical matrix, and only the blocked members in the 
upper triangular need to be computed analytically. Among 
these blocks,   m t mn n nχδL  ,   m tn n nχρL  ,   m tn n nχθL  , 

  m t m tn n n nββL   ,   m t mn n nβδL  ,   m tn n nβρL    and   m tn n nβθL   are 
all zero matrix. The non-zero blocks have been derived 
analytically in [5].    

Once the Hessian matrix ˆ( )updΓ λ is obtained, the covariance 
matrix updC can be calculated by inverting the Hessian matrix 
calculated at the optimal values of the full set of parameters. 
As can be seen from the above derivations, the dimension of 

ˆ( )updΓ λ grows with the number of structural model dofs dn and 
the number of modes mn . To suppress the growth of 
computational complexity of calculating updC , ˆ( )updΓ λ  is 
partitioned into a block form as  

T

 
   
 

11 12

upd

12 22

Γ Γ
Γ

Γ Γ
                                     (12) 
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 θθ
22Γ = L . Based on the general formula for matrix inversion 

theorem in block form [9], one obtains,  
1 1 1 1 1 1 1 1

11 11 12 22 12 11 12 12 11 11 12 22 12 11 121
1 1 1 1 1

22 12 11 12 12 11 22 12 11 12

( ) ( )

( ) ( )

T T T

T T T

       


    

    
  

    
upd

Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ
Γ

Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ
  (13) 

For the case in which only stiffness scaling parameters are 
employed for further processing, one can only focus on 
calculating the block 1 1

22 12 11 12( )T  Γ Γ Γ Γ located in the bottom-
right corner of (13) instead of the entire matrix 1

updΓ . The 
dimension is then reduced dramatically, and the 
computational complexity of mathematical operations in 
calculating the uncertainty of θ  is also reduced significantly.  

5 EXPERIMENTAL STUDIES USING WIRELESS 
SENSORS 

The performance of the proposed model updating method is 
experimentally investigated with the three-storey shear 
building shown in Figure 1. The structure can be simplified as 
a 3-dof shear building with its substructure stiffness given by 
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K          (14) 

Here
i ( 1, 2,3)i  represents the stiffness factors of the 

substructure stiffness matrix. The linear stiffness coefficients 
obtained from a static test were 1 20.88 /k kN m , 2 22.37 /k kN m  
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and 3 24.21 /k kN m  [10]. The mass coefficients were measured 
as 1 5.63 m kg , 2 6.03 m kg  and 3 4.66 m kg .  

The experimental setups are composed of a shaker table and 
a wireless sensor network system. The hardware of wireless 
sensor network system employed in this study mainly includes 
the Crossbow’s Imote2 platform and SHM-H sensor board 
developed by the ISHMP group (http://shm.cs.uiuc.edu). 
Imote2 has been commercially available through Crossbow 
Technology since it was firstly developed by the University of 
California at Berkeley and the Intel Research Berkeley 
Laboratory. The onboard memory for Imote2 includes 32 MB 
of flash, 256 KB SRAM and 32 MB of SDRAM, which 
enables computationally intense data processing ideal for 
SHM employing ambient vibration. For more details, one is 
referred to Imote2 Hardware Reference Manual [11]. Imote2 
is more suitable for data intensive SHM applications due to its 
larger RAM space, larger flash memory size, low power radio 
and faster on-board processor. The top and bottom sides of 
Imote2 main board are shown in Figure 2. As can be seen 
from Figure 2, both the top and bottom sides of Imote2 are 
stackable with interface connectors. As a result, the sensor 
board and the battery board can be interfaced to the Imote2 
main board via connectors in a stackable configuration.     

Though there are no intrinsic sensing capabilities available 
for Imote2, it can be expanded with extension boards to meet 
a range of specific sensing applications. The initial 
commercially available accelerometer sensor board interfaced 
with the Imote2 is the Basic Sensor Board (ITS400C) [12]. 
Rice and Spencer [13] have pointed out some limitations of 
ITS400C in the context of SHM applications. For example, 
the accelerometer has a range ±2g and a resolution around 
0.98 mg/LSb (least significant bit), which is not able to 
measure the ambient vibration with magnitude less than 1mg 
which is common for most civil structures. To address these 
drawbacks, they developed a general-purpose accelerometer 
board named Structural Health Monitoring Accelerometer 
(SHM-A). The resolution that the ADC can achieve is around 
0.43 mg if the full span of the accelerometer (±2g) is used, 
which is designed to meet the requirements of vibration-based 
SHM applications [14]. As an extension of the SHM-A board, 
a new high-sensitivity sensor board, SHM-H sensor board was 
developed by Jo et al. [15] for measuring low-level ambient 
vibrations of structures. The most significant difference 
between the SHM-H board and the SHM-A board is that the 
z-axis of the SHM-A board is replaced with a low-noise and 
high-sensitivity sensor due to its highest noise among the 3-
axes. Therefore, it includes a single axis of high-sensitivity 
acceleration as well as two axes of general purpose 
acceleration and temperature/humidity measurements. In our 
study, the SHM-H sensor boards are employed for data 
acquisition. The following equation is utilized to convert the 
raw outputs of the sensor board (ADC values) to units of 
acceleration [16]:  

    ADC values offset
Acceleration g

scale


             (15) 

where the scale and offset are known as the calibration 
constants, which can be determined in advance by using 
dynamic calibration or static approach.  

 

    

k1 C1

k3 C3

C2k2

 
  

Figure 1. The tested shear building and its simplified 3-dof 
model.  

 

     
 

Figure 2. Top side (left) and bottom side (right) of Imote2 
main board. 

The software to operate the wireless sensors is composed of 
the operating system TinyOS and the engineering analysis 
software ISHMP Services Toolsuite [17]. The engineering 
analysis software (the ISHMP Services Toolsuite) is provided 
by the Illinois SHM Project (http://shm.cs.uiuc.edu). The 
components of the service-based framework can be divided 
into three primary categories, i.e., foundation services, 
application services, tools and utilities. A more detailed 
explanation of the ISHMP Services Toolsuite can be found in 
the reports [13, 18]. A gateway node is connected to the 
laptop directly which can communicate between the laptop 
and the leaf nodes, as shown in Figure 3. RemoteSensing 
component available in ISHMP Services Toolsuite was 
employed to collect precisely synchronized data from the leaf 
nodes, and transfer them back to the gateway node, and write 
the output in a file. Horizontal accelerations along the x or y-
axis of the sensors were measured by each wireless sensor 
node with a sampling rate of 100 Hz and a 40 Hz cut-off 
frequency. The measured acceleration time histories lasted 15 
minutes with 90000 points, and 20 data sets were recorded for 
ambient modal identification. Figure 4 shows sample 
acceleration time history corresponding to the top storey. The 
trace of power spectral density matrix is shown in Figure 5, 
from which the initial estimate of natural frequencies and 
frequency bands adopted for modal identification can be 
determined. The identified most probable values (MPV) of 
spectrum variables (natural frequencies and damping ratios) as 
well as their c.o.v. values are shown in Table 1. 
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Figure 3. A gateway node connected to a laptop. 
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Figure 4. Acceleration measured by the wireless sensor 
installed on the top storey. 

 

Table 1: Identified spectrum variables for the tested model.   

Mode Variables Bayesian  
MPV c.o.v. (%)

1 
sf  4.1677 0.027 

s  0.0086 0.698 

2 sf  12.6450 0.032 
s  0.0068 10.430 

3 sf  18.5740 0.032 
s  0.0047 14.784 

 
Four scenarios are considered for updating the structural 

model: (1) Scenario 1: the mode shape components of three 
measured dofs are identified simultaneously and all modal 
data are involved in model updating. (2) Scenario 2: the 
sensors are divided into two local groups, and each group is 
composed of two sensor nodes, with the one in the middle 
storey serving as a common reference point. (3) Scenario 3: 
the mode shape components of the top floor are not used for 
model updating. (4) Scenario 4: the third mode shape is not 
employed for model updating. Figure 6 presents the 
convergence curves of the stiffness factors for these four 
different scenarios, which indicate that the stiffness factors 
converge quickly by using the proposed method. The 
identified most probable stiffness factors as well as their 
associated c.o.v. for four scenarios are shown in Table 2. The 
results from the static test by [10] are also presented for 

comparison in Table 2. As is seen from Table 2, the results 
given by the static test and the proposed technique seem to be 
consistent. Figure 7 shows the most probable ‘system mode 
shape’ for different scenarios. The ‘system mode shapes’ 
identified from different scenarios also agree well with each 
other, indicating that the proposed method is able to treat the 
case of missing information and the local mode shape 
components can be combined automatically.  
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Figure 5. Trace of spectral density matrix with 20 sets of 
measurements.  
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Figure 6: Iteration histories of model updating for 

experimental study. 

 

Table 2. Identified stiffness parameters for four different 
scenarios. 

Parameter Static
(kN/m)

Scenario 1 Scenario 2 
MPV 

(kN/m) 
c.o.v 
(%) 

MPV 
(kN/m)

c.o.v
(%) 

1  20.88 19.926 6.276 20.014 7.417

2  22.37 23.937 5.790 24.446 5.969

3  24.21 23.153 5.804 23.209 5.665

Parameter Static
(kN/m) Scenario 3 Scenario 4 

1  20.88 19.602 6.627 18.951 6.721

2  22.37 23.807 5.762 22.902 6.226

3  24.21 23.21 5.046 23.062 5.663
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Figure 7. Identified optimal ‘system mode shapes’ for 

different scenarios. 

6 CONCLUSIONS  
In this paper, a Bayesian structural model updating approach 
based on natural frequencies and partial mode shapes 
proposed for structural health monitoring accommodating 
multiple uncertainties was verified using a shear building 
model. Advanced wireless sensor node platforms interfaced 
with high-sensitivity accelerometer boards were installed on a 
laboratory shear building model to measure ambient vibration 
accelerations. A two-stage fast Bayesian spectral density 
approach for ambient modal analysis proposed recently was 
employed to identify the optimal modal parameters as well as 
their uncertainties for the shear building. An objective 
function to be minimized was formulated for structural model 
updating using a Bayesian statistical framework. The 
computational difficulty in optimizing the objective function 
and estimating the inverse of the high dimensional Hessian 
matrix was properly treated. The experimental study 
confirmed the effectiveness of the proposed approach, 
showing it to be both computationally efficient and accurate. 
It also illustrated that the proposed method can treat 
incomplete modal data (that is, missing mode shape 
components and missing modes).  
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ABSTRACT: The BUS approach is a recently proposed method [1] for Bayesian updating of models with structural reliability 
techniques. Especially for high-dimensional problems, the combination of BUS with subset simulation [2] is shown to be 
efficient in drawing samples from the posterior distribution. The BUS approach can be considered an extension of rejection 
sampling, where a standard uniform random variable is added to the space of random variables. Each generated sample from this 
extended random variable space is accepted if the sample of the uniform random variable is smaller than the likelihood function 
scaled by a constant c. The constant c has to be selected such that it’s reciprocal is not smaller than the maximum of the 
likelihood function. For 1/c considerably larger than the maximum of the likelihood function, the efficiency of the approach 
decreases. However, in many cases the maximum of the likelihood function is not known in advance. In this contribution, we 
propose a technique for adaptively selecting the parameter c. This causes the rejection/acceptance criterion to change throughout 
the simulation. The proposed approach is compared to the TMCMC method proposed by Ching and Chen in [3] by means of a 
numerical example. We show that the proposed approach maintains the efficiency of BUS for problems with many random 
variables.  

KEY WORDS: Bayesian updating; Structural reliability; TMCMC. 

1 INTRODUCTION 
Bayesian analysis provides a consistent framework to reduce 
uncertainties in existing models through new information. The 
uncertainties in the model are expressed by means of input 
parameters that are regarded as uncertain. The new 
information is then used to update our prior belief about the 
parameters of the model to a resulting posterior belief. If the 
posterior model cannot be derived analytically, samples of the 
posterior have to be generated numerically.  

Markov chain Monte Carlo (MCMC) methods constitute a 
popular class of methods to sample from the posterior 
distribution [4,5]. One problem with MCMC methods is that 
the samples used after an initial burn-in phase may not have 
reached the stationary distribution of the Markov chain [6]. 
Another problem is that the MCMC algorithm can usually not 
be applied efficiently for problems with many uncertain 
parameters. Some MCMC algorithms [7,8] can cope with 
such problems, they require however additional evaluations of 
the likelihood function or its gradient for each sample. The 
burn-in problem is efficiently tackled for problems with just a 
few uncertain parameters by the TMCMC method [3], which 
belongs to the class of sequential particle filter methods [9].  

An approach that does not suffer a burn-in problem and can 
potentially cope with high-dimensional problems (i.e., 
problems with many uncertain parameters) was recently 
proposed by Straub and Papaioannou [1]: Bayesian updating 
with structural reliability methods, termed BUS. The 
downside of BUS is that prior to the analysis a constant  has 
to be selected, where  should not be smaller than the 
maximum value that the likelihood function can take. 
However, in many cases the maximum of the likelihood 
function is not known in advance. If  is chosen 

considerably larger than the maximum of the likelihood 
function, the efficiency of the approach decreases.  
In this contribution, we propose a technique for adaptively 
selecting the constant . The adaptive variant of the BUS 
approach is compared to the TMCMC method by means of 
three numerical examples. 

2 BAYESIAN MODEL UPDATING 
Let  denote the new information that becomes available in 
the form of measurements or observations. Furthermore, let  
be the vector of model parameters that are considered 
uncertain in the analysis. The likelihood of observing  given 
the parameter set  is expressed as | . The learning 
process is formalized through Bayes’ theorem as: 

 | E   |    (1) 

Where probability density function (PDF)  represents 
our prior belief of the distribution of , |  is the resulting 
posterior distribution, and E acts as a scaling constant: 

 E |    d  (2) 

If |  d 1, the constant E is equivalent to the 
evidence of the assumed model class, i.e., E  [10]. 
The evidence is a measure for the likelihood of a model class. 
In case of multiple model classes, knowledge of the evidence 
allows us to evaluate the posterior plausibilities of the 
individual model classes. The plausibilities are required for 
Bayesian model class selection and Bayesian model averaging 
[11,12]. Therefore, it is of advantage if a method for Bayesian 
updating does not only return samples from the posterior 
distribution, but returns an estimate of the evidence as well. 

Adaptive variant of the BUS approach to Bayesian updating 
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2.1 Bayesian Updating with structural reliability methods 

In the BUS approach [1], the updating problem is interpreted 
as a structural reliability problem. As a consequence, methods 
that were originally developed for structural reliability 
analysis can be applied to represent the posterior distribution. 

Let  be a standard uniform random variable defined on the 
interval 0,1 . Combining  with the uncertain parameter 
vector  to be learned gives the augmented outcome space 
, . Note that for the joint probability density function of 
,  the following relation holds: , ·

, since 1; therefore, ,  and  will be used 
interchangeably. Furthermore, let the domain Ω be defined as: 

 Ω · |  (3) 

where  is a positive constant such that · | 1 for all 
. Straub and Papaioannou [1] showed that  

  dΩ · · |   (4) 

and, consequently, Eq. (1) can be written as: 

 |
 Ω

   , Ω
 (5) 

The denominator in Eq. (5) constitutes a structural 
reliability problem with limit-state function [13]: 

 , · |  (6) 

The limit-state function is defined such that it is , 0 
if outcome ,  is inside the domain Ω; and , 0 if it 
is outside Ω. If the reliability problem is solved via a sampling 
based approach, the samples generated from the prior ,  
that fall into the domain Ω will be distributed according to the 
posterior |  [1]. Let  denote the probability that a 
sample from ,  will fall into Ω; i.e., Pr    ,
0 . The scaling constant E, defined in Eq. (2), is linked to  
through:  

 E /   (7) 

The simplest application of this idea is the rejection 
sampling algorithm [14,1] for drawing  samples from the 
posterior distribution: 

1. Set counter 1. 
2. Propose a sample , : 

a. Draw  from the prior distribution . 
b. Draw  from the uniform distribution 

defined on 0,1 . 
3. If , 0: 

a. Accept the proposed sample , . 
b. Increase the counter 1. 

4. Go to step 2 as long as . 
The above algorithm is equivalent to applying Monte Carlo 

simulation for solving a structural reliability problem with 
limit-state function , . The simulation continues until  
failures are observed. On average, the procedure needs to be 
repeated /  times, where  is the probability of accepting 
a proposed sample. The probability  can be estimated as the 
number of accepted samples divided by the total number of 
samples. If the posterior distribution does not match the prior 

distribution well,  becomes small and renders the algorithm 
inefficient. However, as was pointed out in [1], other 
structural reliability methods can be used instead of the simple 
rejection sampling algorithm. 

2.2 BUS with subset simulation 

In this paper, subset simulation (SuS) is applied to perform the 
reliability analysis. SuS was proposed by Au and Beck in [2] 
and is an adaptive Monte Carlo method that is efficient for 
estimating small probabilities in high dimensional problems. 
The advantage of BUS with subset simulation is that the same 
MCMC methods that render subset simulation efficient for 
high-dimensional problems can be applied. With SuS, the 
domain Ω is expressed as the intersection of  intermediate 
nested domains , where Ω. The 
domains  are defined as the sets , , where 

∞ 0 holds. Samples of 
, 0, … ,  are denoted , , , , 1, … , . 

SuS starts with drawing  random samples , , ,  
from the prior distribution . Note that the samples are 
realizations from ,  conditional on the domain . The 
scalar  is picked as the -percentile of the set 

, , , , where  is usually chosen equal to 10% 
in each step. If the -percentile is negative,  is set to zero 
and ,  is set to the fraction of negative values in the list, 
otherwise , . Consequently, , ·  realizations 
conditional on  are also in the domain . In order to 
obtain  realizations in the domain , Markov chain 
Monte Carlo (MCMC) methods are used to generate 1
, ·  additional samples of , where the , ·  

original realizations of  are used as seed values for the 
Markov chains. The described iterative process is continued 
until 0. Note that samples from the domain  
follow the posterior distribution. Let  denote the number of 
samples to be generated from the posterior distribution. If 

, the MCMC sampling at the th iteration step is 
continued until  (and not only ) realizations from the 
domain  are available. The acceptance probability can be 
estimated as ∏ , . For a more detailed description of 
the sampling procedure, the reader is referred to Straub and 
Papaioannou [1]. 

2.3 Adaptive variant of the BUS approach 

An advantage of the BUS approach is that several methods 
from structural reliability can be readily applied to perform 
the Bayesian analysis. If it is combined with SuS as described 
above, it inherits the advantage of SuS that it is applicable in 
high dimensions. The only difference compared to solving a 
structural reliability problem is that the coordinates of the 
samples that fall into the failure domain have to be stored, 
because they are samples of the posterior distribution. 

However, the required choice of the constant  might be a 
problem, because the true maximum that the likelihood can 
take, denoted , is not always known in advance. On the one 
hand, choosing the constant  too conservative, i.e., , 
will decrease the efficiency of the method, since the 
acceptance probability  that has to be estimated decreases 
with a decreasing :  E · . On the other hand, if  is 
selected too large, the obtained samples might not follow the 
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posterior distribution. In the remainder of this section, we 
propose a procedure to learn the parameter  adaptively. The 
proposed procedure is based on the combination of BUS with 
subset simulation (see section 2.2). However, the 
implementation of subset simulation has to be modified, 
compared to its traditional application for reliability analysis. 
Just as for BUS with subset simulation, the domain Ω is 
expressed as the intersection of  intermediate nested 
domains , where Ω. Let ,  be 
intermediate limit-state functions defined as: 

 , | ·  (8) 

The constants , 0,1, … ,  are set equal to the 
reciprocal of the maximum value of the likelihood of the 
samples obtained in all previous steps. This ensures that 

, i.e. . We now distinguish 
two kinds of intermediate domains,  and . The former are 
nested, whereas the latter are not necessarily. The domains  
are defined through ,  as , , where 

0,∞ , with ∞ and 0. The domains  are 
defined as     , which ensures that they are nested.  
The constants  defining  are chosen such that a fraction  
of the samples in  fall also in the domain . For 

, the condition  holds. However, if ,  
might be larger than . In this case, the domain  might 
not be entirely contained in . In the last step, with  0, 
it is , since   , for any .  Note that for 

 any value can be selected, but in case 1/  it is 
. . . , and the procedure presented in the 

following will reduce to the one described in section 2.2. If 
the value of  is not known, it is suggested to set ∞. 
In the following, samples of  are denoted , , , ,
1, … , . The procedure starts with drawing  

random samples , , ,  from the prior distribution 
. These samples are realizations conditional on the 

domain . The constant  is picked as 
min , 1/max , | , where L( , |  is the 
likelihood value that is associated with sample , . The 
scalar  is picked as the -percentile of the set 

, , , , where  is usually chosen equal to 
10% in each step. If  is negative,  is set to zero and 
,  is set to the fraction of negative values in the list, 

otherwise , . All samples for which 
, , ,  holds are also realizations from the 

domain . These samples are used as seeds in the MCMC 
method to generate additional samples, so that in total  
realizations from  are available, where  if 
min 0 and  otherwise. The described 
iterative process is continued until 0  . The 
E from Eq. (2) can be estimated as E 1/ · ∏ , . 
Note that  will be larger than 1/ , because  is equal 

to the reciprocal of the largest likelihood value that was 
observed in the simulation. However, we conjecture that the 
samples ,  will follow the posterior distribution for 
most practical situations. The validity and performance of the 
method is demonstrated by numerical examples.  

2.4 TMCMC 

In this section, we briefly summarize the transitional Markov 
chain Monte Carlo (TMCMC) method [3], since we will use it 
as a reference to compare the performance of the adaptive 
BUS in the numerical examples. TMCMC belongs to the class 
of sequential particle filter methods [9]. The idea is to start 
with samples from the prior distribution, and in subsequent 
steps, gradually transform the shape of the sampling 
distribution such that it approaches the posterior distribution. 
For this purpose, Eq. (1) is transformed as: 

 · |  (9) 

where 0,… ,   denotes the stage number, and the 
0,1  are chosen such that 0 1. 

Consequently, for  0,  is equal to the prior 
distribution ; and for ,  matches the posterior 
distribution | . 

Ching an Chen [3] proposed to select  such that the 
coefficient of variation of |  becomes , with 

100%. Let ,  with  denote the th sample 
from distribution  at stage , where  is the number of 
samples generated at each stage. Furthermore, let ,  
with , 1  denote the coefficient of variation of the set 

, |  at stage , where L( , |  is the 
likelihood value that is associated with sample , . Based 
on the set of samples , , the value of  can be 
determined as: 

 arg min ,  (10) 

In the initial stage (i.e., for 0),  samples ,  are 
drawn from the prior distribution. Samples ,  of 
distribution  can be obtained from the set of samples 

,  by the following procedure: 
1. For each 1,… ,  compute a weighting 

coefficient ,  as:  

 , , |  (11) 

2. Compute the mean of the weighting coefficients: 

 ∑ ,  (12) 

3. Perform a resampling of ,  according to the 
weights , , i.e. draw  samples from the discrete 
distribution in which each value ,  has probability 

, . The samples obtained through the resampling 
step are denoted ,  and follow distribution 

.  
4. For each sample , , 1, … ,   perform a 

single MCMC step, where the sample ,  acts as 
seed value of the chain. The obtained sample is 
denoted , . 

The procedure is repeated until 1. Let  bet the 
total number of posterior samples that we want to obtain. If 

 and 1, the MCMC sampling is continued until 
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 realizations are avialable. The evidence introduced in 
Eq. (2) can be estimated as E ∏ . 

Note that steps (3) and (4) are taken from the algorithm 
proposed in [9], and differ from the original TMCMC 
algorithm proposed in [3], wherein steps (3) and (4) are 
performed as: 1. initialize the samples , , 1, … ,  
as , ,  and set 1, 2. select an index  from 
1,… ,  with probability proportional to the weights , , 3. 
perform a single MCMC step with the sample ,  as seed 
and overwrite ,  with the obtained sample, 4. set 

, , , 5. set 1 and continue with step 2 
as long as . We use the modified TMCMC procedure, 
because it reduces the bias and the variance in the obtained 
posterior estimate considerably. 

3 NUMERICAL EXAMPLES 
In the following we will compare the adaptive variant of the 
BUS approach (referred to as aBUS) with BUS with subset 
simulation, and with the variant of the TMCMC method 
described in the previous section by means of three examples. 
The number of posterior samples generated by each method is 
1000. The number of samples in the intermediate levels is also 
set to 1000. For both BUS and aBUS, the threshold 
probability  is set to 10%. The constant  in BUS is set 
equal to  1/ , and  in aBUS is ∞. The target coefficient of 
variation in TMCMC is 100%. 

The component-wise Metropolis-Hastings algorithm was 
applied as MCMC method in BUS and aBUS. The standard 
deviation of the Gaussian proposal distribution was modified 
adaptively such that the acceptance rate of the individual 
chains is close to 0.44 (compare [15]). For TMCMC the 
Metropolis-Hastings algorithm is applied. As proposal 
distribution the multivariate Gaussian distribution is used, 
where the covariance matrix is estimated from the set of 
current samples [3]. Ching and Chen [3] suggest to scale the 
covariance matrix of the proposal distribution with a constant 
factor of 0.2 . Contrary to that, in the following studies we 
scale the covariance matrix of the proposal distribution such 
that the acceptance rate of the MCMC chains is close to 0.44, 
because it reduces the bias and the variance in the obtained 
posterior estimate considerably.  

3.1 Example 1 − unimodal distribution 

Let  be a -dimensional random vector. The components 
: 0, … ,  of  are independent and have identical 

distributions. The prior distribution of  is 
∏ , where  is the probability density function (PDF) 
of the univariate standard normal distribution. The likelihood 
of the problem is defined as | ∏ , 
where 0.2 and  is selected such that the evidence 
E 10  is independent of the dimension . The 

performance of the different methods is investigated for 
increasing . Since both the prior and the likelihood are 
Gaussian, the problem at hand has an analytical solution. The 
mean of the likelihood that typically represents the measured 
quantity can be computed as: 

 2 1 · ln E
/ · 2 · 1   

The mean and standard deviation of a posterior  is: 

/
, 

/
. The maximum 

value the likelihood can take is / . 
In a first study, the estimated evidence Ê is compared to the 
true evidence E. Let Ê denote the mean of Ê. In Table 1 
the ratio Ê/ E is listed, where the value in brackets is the 
coefficient of variation (C.o.V.) of the estimate, denoted Ê. 
The quantities Ê and Ê were estimated by a 1000 runs of 
the updating problem. Looking at the results listed in Table 1, 
we see that the estimated evidence is biased for TMCMC, 
BUS and aBUS. For all three methods, the bias for 1 is 
larger than the bias for 2. Independent of the dimension 

, the bias of the TMCMC estimate is clearly larger than the 
one of BUS and aBUS. For 2, the bias of the TMCMC 
and BUS estimate increases with an increasing , where the 
bias increases faster for TMCMC than for BUS. For BUS, the 
dependency of the bias on the dimension can be explained 
through the acceptance probability : since the evidence is 
kept constant and  increases as  increases, the acceptance 
probability E ·  decreases, where 1/  for BUS and 
this example. For smaller acceptance probabilities, more 
subset steps are required in BUS. This increases the 
correlation of the posterior samples and, thus, the bias in the 
estimate of the evidence [2]. We believe that the relatively 
strong bias in the TMCMC estimate for this example is due to 
the learning of the covariance structure of the intermediate 
MCMC proposal distributions from the corresponding 
intermediate samples. We observed that if a similar technique 
to obtain the proposal distribution is applied in the MCMC 
step of the BUS approach, the bias in the estimate of the 
evidence will increase considerably for this example. 
Comparing BUS and aBUS, BUS performs slightly better than 
aBUS for 10; whereas for 10 it is the other way 
round. The observation that aBUS performs slightly better 
than BUS for higher dimensions can be explained by 
comparing the acceptance probabilities of the BUS and the 
aBUS problem: The last column in Table 1 lists the mean of 
the largest observed likelihood value in aBUS divided by . 
As the dimension increases, this ratio decreases considerably 
and, thus, the acceptance probability E ·  that has to be 
computed in aBUS is larger than the one in BUS – which 
explains the smaller bias in the aBUS estimate of the 
evidence.  

In a second study, we look at the number of model runs 
required to draw 1000 samples from the posterior distribution. 
The mean number of model runs required to draw 1000 
samples from the posterior is listed in Table 2. The values 
were obtained as the average of performing the updating 
problem 1000 times. For this example, the number of model 
runs required depends on the dimension  for the three 
investigated methods. For BUS and aBUS this is a direct 
consequence of the decrease in the acceptance probability for 
increasing : As the acceptance probability decreases, the 
number of intermediate subset steps increases on average. For 
TMCMC, the mean of  increases up to 10, and 
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decreases for 7. However, we believe that the observed 
decrease might, at least partially, be a side effect of the strong 
bias observed in Table 1. For  10, BUS and aBUS need a 
smaller number of model runs than TMCMC. aBUS performs 
slightly better than BUS, where the difference increases for 
increasing . Again, this is a consequence of the acceptance 
probability that has to be computed. 

Table 1. Statistical properties of the estimated evidence for 
increasing d (Example 1). 

 E
E

  ( Ê) E /   ( V /
E /

) 
 TMCMC BUS aBUS aBUS 

1 3.06 (9.8) 0.81 (4.8) 2.91 (10) 1.0 (1‰) 
2 0.69 (4.6) 1.05 (2.5) 1.74 (2.5) 0.99 (9‰) 
3 0.35 (3.0) 1.10 (2.8) 1.68 (1.9) 0.96 (3%) 
5 0.24 (7.0) 1.04 (1.7) 1.33 (1.5) 0.83 (0.11) 
7 0.09 (8.1) 1.23 (1.8) 1.30 (1.5) 0.65 (0.21) 

10 0.11 (8.1) 1.13 (1.1) 1.14 (0.9) 0.39 (0.40) 
15 0.50 (8.0) 1.14 (0.9) 1.06 (0.9) 0.14 (0.74) 
20 72.5 (9.3) 1.14 (0.9) 1.06 (1.0) 0.05 (1.13) 

 

Table 2. Mean number of model runs required to obtain 
samples of the posterior with 1000 samples per intermediate 

level (Example 1). 

 TMCMC BUS aBUS 
1 11.9 · 10  9.47 · 10  8.98 · 10  
2 12.0 · 10  10.0 · 10  9.68 · 10  
3 12.7 · 10  10.3 · 10  10.1 · 10  
5 13.0 · 10  10.8 · 10  10.7 · 10  
7 13.4 · 10  11.3 · 10  11.1 · 10  

10 13.4 · 10  12.1 · 10  11.8 · 10  
15 12.8 · 10  13.4 · 10  12.7 · 10  
20 12.3 · 10  14.7 · 10  13.6 · 10  

 
Next, the statistical properties of posterior samples of the 

random variable  are compared with the corresponding 
analytical solution. Let Θ , , … ,  denote a 
set of 1000 posterior samples of . Furthermore, let the 
sample mean and sample variance of the samples in Θ be  
and , respectively.  and  are themselves random 
variables whose theoretical mean is equivalent to the posterior 
mean and variance, i.e., E  and E s

. If the samples in Θ were independent, the theoretical 
standard deviation of  and  is √1000⁄  and 

2 999⁄ , respectively. Numerical estimates of 
, , ,  were obtained by means of performing the 

updating problem 1000 times and are denoted ̂ , , ̂ , . 
The estimates ̂  and  are compared to their corresponding 
reference values in Table 3. The closer the ratio ̂ ⁄  is to 
1.0, the smaller is the bias in the estimate of the posterior 
mean of . For BUS and aBUS the bias is negligible and 
independent of the dimension . For TMCMC, the bias 
increases with ; for 10 the bias is larger than 5%. The 
ratio ⁄  that is also presented in Table 3 can be regarded 
as an indirect measure of the correlation of the samples in Θ. 
A ratio of one indicates that samples in Θ are uncorrelated; the 

larger the ratio is compared to the optimum of one, the higher 
the correlation of the samples in Θ. For TMCMC, the ratio 
⁄  is considerably larger than the one of BUS and aBUS, 

whereas the performance of BUS and aBUS is similar. The 
bias in the estimate of the posterior variance can be assessed 
by means of the ratio ̂ ⁄  listed in Table 4, where the bias 
is zero if the ratio is equal to one. For all three investigated 
methods, the bias in the estimate of the posterior variance ̂  
is larger than the bias in the estimate of the posterior mean ̂  
and increases with increasing . For 7, the bias in 
TMCMC and aBUS is comparable and smaller than the bias 
in BUS. For 10, BUS has the smallest bias, and TMCMC 
the largest. The ratio ⁄  (Table 4) shows how much the 
standard deviation  of the estimator  deviates from the 
reference value . The behavior of the three methods is 
similar with one exception: for 2 7, TMCMC has the 
smallest ⁄ . 
 

Table 3. Statistical properties of the estimated posterior mean 
of  for increasing d (Example 1).  

      
 TMCMC BUS aBUS TMCMC BUS aBUS 

1 1.0 0.98 0.99 33.6 13.4 11.8 
2 0.99 0.99 1.00 21.6 8.7 7.7 
3 0.99 0.99 1.00 18.4 7.3 6.5 
5 0.98 0.99 1.00 10.9 6.4 5.6 
7 0.96 0.99 1.00 14.5 6.0 5.7 

10 0.93 1.00 1.00 21.5 6.3 6.6 
15 0.88 1.00 1.00 24.0 7.3 7.9 
20 0.88 1.00 1.00 20.3 8.4 9.2 

 

Table 4. Statistical properties of the estimated posterior 
variance of  for increasing d (Example 1).  

     

 TMCMC BUS aBUS TMCMC BUS aBUS 
1 0.99 1.02 0.98 5.9 5.4 5.3 
2 0.98 1.14 1.01 2.6 5.4 5.1 
3 0.97 1.15 1.00 2.7 5.5 5.2 
5 0.97 1.08 0.98 3.5 5.4 5.2 
7 0.96 1.04 0.94 4.2 5.3 5.5 

10 0.90 0.98 0.93 5.2 5.4 5.7 
15 0.74 0.93 0.90 5.6 5.6 6.0 
20 0.62 0.90 0.88 4.9 5.7 6.5 

 
Let Θ  denote 1,… ,1000 sets, each obtained from a 

different run of the updating problem. Each set Θ  contains 
1000 posterior samples of . Furthermore, let Θ = Θ  
denote the union of all sets Θ . The variance of samples in the 
set Θ  is denoted . The expected value of , referred to as 

, is equal to the posterior variance . Let ̂  be an 
estimate of , obtained with samples from either TMCMC, 
BUS or aBUS. Note that even if both the estimates ̂  and ̂  
are unbiased, the estimate ̂  might be, nevertheless, biased. 
If ̂  and ̂  are unbiased, the bias in ̂  is mainly 
influenced by the difference of  from its theoretical 
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optimum. The ratio ̂  is listed in Table 5 for different 
. The best performance in terms of this quantity has aBUS 

followed by BUS. One exception is TMCMC for 20, 
whose estimate seems to be good. However, since the 
estimates ̂  and ̂  are clearly biased in TMCMC for 

20, the ratio ̂  loses its explanatory power. 
 

Table 5. Variance in a set of 10  posterior samples of , 
obtained from 10  runs of the updating problem with 10  
samples generated in each run, divided by the reference 

variance of the posterior  (Example 1). 

 TMCMC BUS aBUS 
1 2.12 1.20 1.12 
2 1.45 1.24 1.06 
3 1.31 1.19 1.04 
5 1.09 1.15 1.00 
7 1.17 1.07 1.01 

10 1.36 1.03 0.96 
15 1.32 0.99 0.97 
20 1.03 0.95 0.95 

 
In a next study we assess the quality of the approximated 

posterior distribution of the largest and smallest coefficient in 
. Let  denote the largest coefficient of the vector , i.e. 

max ,… , ; and let  denote the smallest 
coordinate of , i.e.   min ,… , . The range  is 
defined as . The posterior PDF of  is 
defined as: 

 · · Φ .  

The posterior PDF of  is defined as: 

 · · 1 Φ . 
Reference values for the mean and standard deviation of 

, denoted , , can be computed from , 
and a reference value for the mean of , denoted , can be 
computed from  and . Numerical estimates of these 
quantities, denoted ̂ , , ̂ , obtained from 1000 
runs of the updating problem, are compared to the reference 
values in Table 6 and Table 7. The bias in the estimate ̂  
is negligible for BUS and aBUS. For TMCMC, the bias is 
negligible for 5, however, it increases with an increase in 

. Similar to ⁄ , the ratio is an indirect indicator for how 
much the numerically obtained posterior samples of  are 
correlated. The larger this ratio the less efficient is the 
numerical updating technique. Looking at the values listed in 
Table 6, BUS and aBUS are comparable to each other, and 
TMCMC is clearly less efficient. In Table 7 the ratio ̂ ⁄  
and the coefficient of variation of the estimate ̂  is listed. 
aBUS gives the estimate that has on average the smallest bias. 
The estimate of BUS has a small bias for 10. The 
estimate of TMCMC has a small bias for 5 and for 

20, however, the coefficient of variation of the estimate 
is larger than the one obtained with BUS or aBUS for 5. 

Table 6. Statistical properties of the posterior  for 
increasing d (Example 1).  

    

TMCMC BUS aBUS TMCMC BUS aBUS 
1 1.0 0.98 0.99 33.6 13.4 11.8 
2 1.0 0.99 1.00 17.8 8.1 6.7 
3 0.99 0.99 1.00 13.9 5.3 4.4 
5 0.99 1.00 1.00 8.6 4.3 4.1 
7 0.98 1.00 1.00 9.1 5.1 5.5 

10 0.96 1.00 1.00 14.2 6.8 7.1 
15 0.95 1.00 0.99 15.9 8.1 9.2 
20 0.94 0.99 0.99 13.8 10.2 11.1 

Table 7. Statistical properties of the posterior range  for 
increasing d (Example 1).  

   ( ) 
TMCMC BUS aBUS 

2 1.01 (26%) 1.15 (13%) 1.03 (14%) 
3 1.02 (23%) 1.12 (12%) 1.02 (12%) 
5 1.04 (18%) 1.08 (11%) 1.00 (11%) 
7 1.07 (10%) 1.05 (10%) 0.98 (11%) 

10 1.15 (11%) 1.01 (10%) 0.99 (10%) 
15 1.14 (10%) 1.00 (9%) 0.98 (10%) 
20 1.02 (8%) 0.98 (9%) 0.98 (10%) 

 
 

3.2 Example 2 − sum of random variables 

In this example, we investigate the performance of the 
methods for large , i.e. for  up to 5000. For this example, 
only the statistics of the evidence and the mean number of 
model runs are analyzed. 

Let  be a -dimensional random vector. The components 
: 0, … ,  of  are independent and have identical 

distributions. The prior distribution of  is 
∏ , where  is the PDF of the univariate standard 
normal distribution. Furthermore, let  be a function of  
that is defined as 

√
∑ . Consequently, the prior 

distribution of  is standard normal. The likelihood of the 
problem is defined through  as | , 
where 0.2 and 4. The problem at hand has an 
analytical solution: The evidence E does not depend on the 
dimension  of the problem and can be evaluated as E

1.785 · 10 .  

First, the estimated evidence Ê is compared to the true 
evidence E. Let Ê denote the mean of Ê. In Table 8 the 
ratio Ê/ E is listed, where the value in brackets is the 
coefficient of variation (C.o.V.) of the estimate, denoted Ê. 
The quantities Ê and Ê were estimated by 1000 runs of the 
updating problem. The estimates of BUS and aBUS have, on 
average, a bias of 4%, where the bias is independent of the 
dimension. The estimate of TMCMC is unbiased for 1. 
However, the bias in TMCMC increases rapidly with . The 
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coefficient of variation of the estimate does not depend on the 
dimension for BUS and aBUS if 10, and increases with 
an increase in the dimension for TMCMC. Note that for 
TMCMC with 1000 samples per level, the problem can only 
be solved for 1000: The proposal distribution in the 
MCMC step is estimated from the covariance structure of the 
samples – which is not positive definite if the number of 
random variables is larger than the number of samples. 

In Table 9 the mean number of model runs required to draw 
1000 samples from the posterior distribution is listed. The 
values were obtained as the average of performing the 
updating problem 1000 times. The number of model runs is 
not influenced by the dimension for all three methods. Both 
BUS and aBUS require on average 40% fewer model 
evaluations than TMCMC.  

For this example BUS and aBUS clearly outperform 
TMCMC: they solve the problem with a smaller number of 
model runs and the bias of the estimated evidence does not 
depend on the dimension. The fact that neither BUS nor aBUS 
are influenced by the dimension is due to the application of 
the component-wise Metropolis Hastings algorithm in the 
MCMC step. This sampler would require additional likelihood 
function evaluations for application within TMCMC, for 
which the original Metropolis Hastings algorithm is used. 
 

Table 8. Statistical properties of the estimated evidence for 
increasing d (Example 2). 

 E
E

  ( Ê) 
 TMCMC BUS aBUS 

1 1.00 (0.39) 1.05 (0.71) 1.04 (0.66) 
2 0.97 (0.59) 1.04 (0.55) 1.06 (0.54) 
3 0.91 (0.72) 1.01 (0.50) 1.05 (0.48) 
5 0.76 (0.96) 1.05 (0.58) 1.04 (0.44) 

10 0.44 (1.26) 1.04 (0.44) 1.04 (0.42) 
20 0.20 (1.89) 1.04 (0.42) 1.03 (0.41) 

100 0.13 (3.06) 1.02 (0.43) 1.06 (0.41) 
500 0.11 (3.88) 1.04 (0.42) 1.05 (0.42) 
5000  1.03 (0.44) 1.05 (0.40) 

 

Table 9. Mean number of model runs required to obtain 
samples of the posterior with 1000 samples per intermediate 

level (Example 2). 

 TMCMC BUS aBUS 
1 8.00 · 10  4.47 · 10  4.46 · 10  
2 7.97 · 10  4.70 · 10  4.68 · 10  
3 7.95 · 10  4.78 · 10  4.75 · 10  
5 8.00 · 10  4.79 · 10  4.79 · 10  

10 8.20 · 10  4.79 · 10  4.78 · 10  
20 8.34 · 10  4.78 · 10  4.78 · 10  

100 8.02 · 10  4.80 · 10  4.77 · 10  
500 7.42 · 10  4.78 · 10  4.77 · 10  
5000  4.80 · 10  4.78 · 10  

 

3.3 Example 3 − 2DOF dynamic problem 

The response of the two-story linear structure shown in Fig. 1 
to a narrow banded ground acceleration is investigated. This 
example was originally discussed in [3], where the 
performance of the TMCMC method is assessed.  

The ground acceleration and the acceleration of the roof are 
measured every 0.02 seconds for a period of one second, 
where the measured roof acceleration is contaminated with 
white Gaussian noise. The variance of the noise , the 
stiffness parameters , , and the damping ratio  of the  
two modes are assumed uncertain. The aim of the analysis is 
to update our belief about the uncertain parameters 
conditioned on the measurements. Our prior belief is:  ,  
are uniformly distributed on the interval 0; 3000 ,  is 
uniform on 0.01; 0.05 , and  is equally likely between 
0; 1 . The true parameter values used to generate the 

measured roof acceleration are: 1000, 0.03, 
and 0.2. The masses are assumed known: 
1. 

 

 
Figure 1. 2DOF system investigated in Example 3. 

In this example, the maximum that the likelihood can take 
depends on the measured data. Therefore, only the 
performance of aBUS and TMCMC is assessed, and BUS is 
not considered. The performance of the two investigated 
methods is compared to a reference solution that was obtained 
numerically through rejection sampling, i.e. the obtained 
samples of the posterior are truly independent. The statistical 
properties of the reference solution were computed by running 
the updating problem more than 3000 times, and the statistical 
properties of the solutions were obtained with aBUS and 
TMCMC by 1000 updating runs.  

First, we assess how many model runs aBUS and TMCMC 
require to draw 1000 samples from the posterior distribution: 
aBUS needs on average 3.9 · 10  samples and TMCMC needs 
6.0 · 10  samples. Consequently, with aBUS the problem is 
solved approximately 35% faster than with TMCMC.  

The averaged estimate of the evidence is 2.87· 10  for 
aBUS, 2.79· 10  for TMCMC, and 2.81· 10   for the 
reference solution. Thus, the TMCMC estimate is slightly less 
biased than the aBUS estimate, however, the bias in both 
estimates is rather small. The coefficient of variation (C.o.V.) 
of the reference solution is approximately 3%, the C.oV. of 
aBUS and TMCMC is 37% and 29%, respectively. Thus, both 
aBUS and TMCMC have, due to correlated posterior samples, 
a considerable larger C.o.V. than the reference solution. 
TMCMC has a smaller C.o.V. than aBUS because its solution 
is based on more model runs.  

Next, the average means of  and  are investigated by 
means of 1000 runs of the updating problem. aBUS gives 
1.36 · 10  for  and 1.13 · 10  for , and TMCMC gives 
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1.35 · 10  for  and 1.13 · 10  for . The reference solution 
is very close to the estimates of aBUS and TMCMC: 1.37 ·
10  for  and 1.12 · 10  for . Both methods exhibit a 
larger deviation for the C.o.V. of the estimate of the mean: for 

 the reference solution is 1.4%, whereas aBUS gives 15% 
and TMCMC 13%. The average standard deviation of  is 
5.5 · 10  for aBUS, 5.6 · 10  for TMCMC, and 6.1 · 10 in 
case of the reference solution. Consequently, the bias in the 
standard deviation is larger than the bias in the mean, 
however, still smaller than 10% for both methods. The C.o.V. 
of the estimate of the standard deviation of 1000 posterior 
samples of  is 26% for aBUS, 22% for TMCMC, and only 
2% in case of the reference solution.  

In a last study we assess the estimated mean maximum 
interstory drift of the building during the simulated excitation. 
The average mean estimated with aBUS is 3.61 · 10  with a 
C.o.V. of 17%, and the average TMCMC estimate is 3.59 ·
10  with 15% C.o.V. The average mean of the reference 
solution is 5.57 · 10  with a C.o.V. of 0.4%. Thus, both 
aBUS and TMCMC underestimate the maximum interstory 
drift on average by approximately 40%. The C.o.V. of the 
estimate is again considerably larger than the reference C.o.V. 
due to correlated posterior samples. 

In summary, aBUS and TMCMC behave similar for this 
example, with one exception: aBUS solves the problem with 
fewer model runs than TMCMC.  

CONCLUSION 
The recently proposed BUS approach (Bayesian updating with 
structural reliability methods) is modified by adaptively 
learning the constant , which reflects the reciprocal of the 
maximum of the likelihood function. It is shown that the 
performance of the proposed variant of BUS is similar to the 
one of the original BUS algorithm proposed in [1]. Both 
methods clearly outperform the TMCMC method for 
problems with many random variables. One drawback of 
TMCMC is that, contrary to the BUS variants, the Metropolis-
Hastings algorithm cannot be performed efficiently in a 
component-wise manner. This renders TMCMC inefficient in 
case of high-dimensional problems. 

The advantage of the proposed adaptive BUS variant over 
the original one is that no upper bound for the maximum 
likelihood has to be specified a-priori. However, while we 
showed that the adaptive variant is working well for practical 
problems, a theoretical analysis of the results obtained with 
the algorithm is still needed.   
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ABSTRACT: Bayesian finite element model updating provides a rigorous framework to take various sources of uncertainty, 
such as uncertainties in observation, modeling and prior knowledge, into account when characterizing uncertainty in model 
parameters, through updates of their joint probability density function. The Markov chain Monte Carlo methods are currently the 
most popular simulation techniques for producing samples from the posterior probability density functions of the uncertain 
parameters. However, the effectiveness of these approaches is adversely affected by the dimension and correlation structure of 
the model parameter space. This paper presents the application of a manifold based Metropolis adjusted Langevin algorithm for 
solving high-dimensional model updating problems in structural dynamics. It exploits the Riemannian geometry of the model 
parameters to help construct proposal densities which closely approximate the target density. Thus, the Markov chain explores 
the target density faster. Practical issues for applicability of the proposed algorithm for the Bayesian FE model updating problem 
are illustrated using simulated data for a six degrees of freedom mass-spring model with up to 16 parameters to be calibrated. 

KEY WORDS: Bayesian FE model updating, Simplified Manifold MCMC, Gauss-Newton approximation of Hessian, Structural 
Dynamics. 

1 INTRODUCTION 

Quantifying uncertainty is crucial in robust prediction of 
future behavior and reliability analysis of structures. 
Epistemic uncertainty, due to lack of knowledge, arises from 
different sources; uncertainty in model parameters, 
mathematical models describing the underlying physics, 
measurements and numerical algorithms used to solve the 
underlying boundary value problem. The Bayesian model 
updating approach provides a systematic framework for taking 
various sources of uncertainty into account in characterizing 
the uncertainty of the model parameters through the updated 
joint Probability Density Function (PDF) using Bayes’ rule as 
[1] 

 |
|
|

 (1) 

Here  is the prior PDF, |  is the likelihood function 
and |  is the normalizing factor. The a 
priori unknown normalizing factor in Eq. (1) makes integrals 
with respect to | , common in Bayesian inference, 
become analytically intractable. Monte Carlo estimates to 
these integrals require simulated samples drawn from the 
posterior distribution | . The most common simulation 
techniques for simulating samples from this distribution are 
the Markov Chain Monte Carlo (MCMC) methods [2].  
Several competing MCMC methods exist in the literature [2-
7]. The Metropolis Hastings (MH) algorithm, first proposed 
by Metropolis [8] and then improved by Hastings [9], is 
probably the most popular MCMC algorithm to define a 
Markov process with the posterior density |  as the 
invariant PDF. The MH algorithm proposes a transition from 

 to * using the instrumental kernel q( ∗| ) which will be 

accepted by probability α , ∗ . The acceptance probability, 
also called the Metropolis update, guarantees that the MH 
chain satisfies the detailed balanced condition and has the 
stationary distribution | . One typical form of the 
instrumental kernel is an n-dimensional normal distribution 
N( , ), as used in the Random Walk Metropolis Hastings 
(RWMH) algorithm [10]. The popularity of this algorithm 
comes primarily from it being easy to implement, but it 
becomes inefficient in high dimensional spaces and its direct 
use demands careful tuning of the proposal covariance matrix 

. Large transitions in the parameter space may drive the MH 
chain to the low probability regions resulting in a high 
rejection rate of proposals. On the other hand, high acceptance 
rate can be obtained using small transitions, but the chain then 
explores the stationary distribution slowly, has low mixing 
time, and the generated samples are highly correlated. 
Consequently, the proposal variance must be optimally 
designed to avoid both extremes, a concept referred to as the 
Goldilocks principle [11]. Tuning of the proposal process in 
adaptive versions of the MH algorithm is possible, but it 
demands expensive pilot runs [12]. 
The Metropolis Adjusted Langevin Algorithm (MALA) [13] 
provides a proposal process which is achieved using the 
Euler-Maruyama discretization of the Itȏ stochastic 
differential equation of Langevin dynamics. Compared to the 
RWMH formulation, the mean value of the proposal density 
has an additional drift term which is the scaled gradient of the 
negative logarithm of the target distribution. The drift term 
drives the chain to a point with higher probability density and 
results in faster exploration of the highly probable part of the 
target distribution. The MALA algorithm can be viewed as a 
special case of the Hamiltonian Monte Carlo (HMC) 
algorithm, first proposed by Duane et. al. in statistical physics 
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literature [5]. The HMC algorithm simulates a Markov chain 
in which each iteration involves a Metropolis update with a 
resampled stochastic proposal and a deterministic proposal 
found using the solution to a discretized Hamiltonian 
dynamics problem. Cheung and Beck [2] adopted an HMC 
algorithm to solve a high-dimensional model updating 
problem in structural dynamics using real time data.   
While MALA and HMC potentially improve the mixing time 
and optimal acceptance rate of the MCMC sampling 
algorithms, their tuning remains a challenge for highly 
correlated parameter spaces involved in FE model updating 
problems. Another improvement to MCMC algorithms is 
called mMALA [12], a method in which the proposal process 
is derived using the discretized Itȏ stochastic differential 
equation of Langevin diffusion on a Riemann manifold where 
the metric tensor is the Hessian of the negative logarithm of 
the target distribution. If the local curvature of the Riemann 
manifold is assumed to be constant, the algorithm collapses to 
the simplified mMALA (smMALA) algorithm. The drift term 
in the proposal process of the smMALA method can be 
interpreted as a scaled Newton step from an optimization 
perspective [6] and is used to drive the Markov chain towards 
the higher probability region. Using the information of the 
manifold structure of the parameter space provides a 
systematic manner to design a Markov chain which explores 
the posterior distribution more efficiently in highly correlated 
target distributions, provided that the scale factor is small 
enough.  

This study primarily shows how the smMALA algorithm 
can be adopted to solve challenging model updating problems 
in structural dynamics. Practical issues are addressed to 
improve the effectiveness of the method when dealing with 
high dimensional posterior distributions. The potential 
applicability of the proposed adaptive algorithm to estimate 
the posterior distribution of the parameters in a Bayesian FE 
model updating problem is illustrated using simulated data 
from a 6DOF mass-spring-damper system with 16 parameters 
to be calibrated. 

2 FRF-BASED BAYESIAN MODEL UPDATING  

2.1 Forward problem 

Using the FE method, the governing partial differential 
equations of motion of a linear structure can be transformed 
into a set of ordinary differential equations as 

 (2) 

Here ∈  is the nodal displacement vector,  is 
the external load vector which is governed by a Boolean 
transformation of the input vector, . The real, 
positive-definite, symmetric matrices ,  and 

∈  are the parameterized mass, damping and 
stiffness matrices, respectively, and ∈  is the 
normalized vector of model parameters. The Fourier 
transform of Eq. (2) (assuming a stationary state) gives 

; ;  where ; ;  
denotes the spectrum of nodal accelerations and   

;  (3) 

denotes the predicted acceleration Frequency Response 
Function (FRF) of the th degree of freedom due to an 
external load at the th degree of freedom.   

2.2 Uncertainty in FRF measurements 

Let represent the discrete time history of a structure’s 
response, in terms of acceleration, by ∈ , 1, … ,  
where  is the number of measurement channels and  is the 
number of time samples. In the context of Bayesian model 
updating, the observed acceleration data can be modeled as 
follows 

 , 1, … ,  (4) 

where  denotes the accelerations predicted by the 
structural model and  is the prediction error. This 
formulation thus states that there is a difference between 
measured response and the model response due to 
measurement noise. The prediction error is modeled as zero-
mean, independent and identically distributed (i.i.d) Gaussian 
noise with variance . It is also assumed that the prediction 
error in each measurement channel is independent of other 
channels. For the sake of simplicity, we furthermore assume 
that the structure is excited through a single, noise free, input 
channel.  

Using the Fast Fourier Transform (FFT), the measured 
spectra can be defined as  

  , 1, … ,  (5) 

where the FFT of  is defined as follows 

 1

√
exp 2π , 1, … ,  (6) 

Here, 1,… ,  is corresponding to the frequencies 
1 / Δ , where Δ  is the sampling time interval. A 

similar formulation is used to define the FFT of the model 
response and the prediction error. The measurement noise  
is an asymptotically circular normal variable and independent 
over the frequency lines  [14]. This means that the real and 
imaginary parts of  are independent and identically 

distributed as , , where  is the  identity 

matrix. Let the measured spectrum of the input which 
corresponds to the frequency  be denoted by . Then, the 
measured FRFs, ∈ , can be written as  

  (7) 

For Bayesian model updating, the FRF values 
corresponding to frequencies , 2, … ,  contain the 
required information, where INT /2  is the Nyquist 
frequency. The data at 1 and 1,… ,  is 
omitted since the value for 1 is the scaled average value 
of the signal and is often contaminated by the offset error of 
the measurement channel, and the values for 
1,… ,  are the conjugate mirror images of the values for 

2,… , . Hence, they add no more information.  
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2.3 Bayesian inference framework 

In the context of Bayesian inference, the model parameters 
∈  are treated as random variables and probability 

distributions are assigned to these parameters. These 
distributions are updated through Bayes’ rule, i.e. Eq. (1). The 
initial probability distributions reflect our prior knowledge 
about the model parameters in the absence of measurement 
data and are often originated from historical data or 
engineering judgment. One of the most common methods to 
construct such prior PDFs is based on the Maximum Entropy 
Principle [15]. In this study, we assume that each model 
parameter in the vector  can be synthesized independently 
using a normal distribution such that 

1

2 det
exp

1
2

 
(8) 

where  is the prior covariance matrix and  is the 
mean value of the parameter vector. 

The likelihood function |  in Bayes’ theorem can be 
interpreted as a measure of how good the model predictions fit 
the observed data. Using the statistical properties of the 
measurement noise on the measured FRFs, one can show that 
the likelihood function at each frequency line can be written 
as 

1

2 det
 

exp
1
2

 

(9) 

where ; ∈ , 
; , and 2‖ ‖⁄  is 

the covariance matrix of . Using the fact that the s are 
independent over the frequency lines , the total likelihood 
function can be defined as  

|
1

2 det
 

exp	
1
2

vect vect  

(10) 

in which vect .  is an operator that collects all the 2  
elements of  or  at all sampling frequencies into a column 
vector and diag ,… , . Substituting the 
above likelihood function into Bayes’ theorem, i.e. Eq. (1), 
the posterior PDF is proportional to  

| ∝ exp
1
2
vect vect

1
2

 
(11) 

In most practical applications, computation of the posterior 
distribution using Eq. (11) involves the solution of high-
dimensional integrals which are analytically intractable and 
hence demand approximation techniques or sampling 
methods.  

When a large amount of data is observed and the model 
updating problem is globally or locally identifiable, the 
posterior distribution can be approximated by a Gaussian PDF 
as ,  where  is a Maximum A Posteriori 
(MAP) point, hence a point which maximizes the posterior 
PDF, and the covariance matrix  is defined as the 
Hessian of the negative log posterior evaluated at MAP point 
[14].  

An alternative method is to generate samples from the 
posterior PDF using MCMC methods. Gibbs’ algorithm [4], 
Adaptive Metropolis Hastings  [16], Transitional MCMC [3] 
and Hybrid Monte Carlo [2] are sampling techniques used in 
the literature to explore posterior PDFs involved in model 
updating problems. In the next section, the smMALA 
algorithm is employed to explore the aforementioned posterior 
PDF to identify the model parameters.  

3 SIMPLIFIED MANIFOLD MALA  

3.1 Simplified manifold MALA algorithm 

Given the uncertain parameter vector ∈  and the 
probability measure | , the Langevin diffusion is 
defined using the Itô stochastic differential equation [13] 

 
1
2

log |  (12) 

 
Algorithm 1- the general Pseudo code for Metropolis-Hastings MCMC  
 Given , 

Compute |  
For 	 	0, … , 1 repeat 

1. Simulate ∗ from instrumental density ∗|  
2. Compute ∗| , ∗|  and | ∗  

3. Compute acceptance probability , ∗ min 1,
	 ∗| | ∗

| ∗|
 

4. Simulate  ~ 0,1  
5. If 	 , ∗  

      Accept the proposal, ∗ 
Else 
      Reject the proposal,  
End 

End 
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where  is the n-dimensional Brownian motion. The 

Langevin diffusion process converges to the stationary 
distribution | . The actual implementation of the process 
is to discretize Eq. (12) using the Euler-Maruyama scheme as 

 
2

log |  (13) 

where ~ ,  and  is the discretization step. Due to 

discretization error the Markov chain of Eq. (13) behaves 
different from the diffusion process of Eq. (12) and may not 
converge to |  as its invariant measure [12]. A MH 
update step can be adopted after each iteration of the 
discretization algorithm to avoid this discrepancy and 
guarantee the reversibility of the chain with respect to 

| . Algorithm 1 represents a step-by-step 
implementation of the random walk Metropolis-Hastings 
algorithm. 

In Algorithm 1, if the instrumental density is replaced by 
∗| log | , , the resulting 

MCMC algorithm is called the MALA algorithm. As was 
discussed in the introduction, proposals obtained by the 
MALA algorithm consist of two terms, where the drift term, 
which is the scaled gradient of the negative logarithm of the 
target distribution, drives the chain towards the high 
probability region. As a consequence, the MALA algorithm 
explores the invariant distribution faster, and outperforms 
outperforming RWHM. Since the second term of the MALA 
algorithm is an isotropic Brownian motion, highly correlated 
parameter structures place a constraint on the discretization 
step size to be smaller than the standard deviation in the most 
constrained direction. This issue leads the MALA algorithm to 
explore such parameter spaces slowly. The performance of the 
MALA algorithm is improved by exploiting the geometric 
structure of the parameter space [12]. Thus, Girolami et al. 
[12] defined the Itô stochastic differential equation of the 
Langevin diffusion on a Riemann manifold with the metric 
tensor  as 

  (14) 

where 

1
2

∂
∂

log |

| | / ∂
∂

| | /  

(15) 

and the metric tensor  is the Hessian of the negative 
logarithm of the invariant PDF, i.e. log	 | . This Itô 
stochastic equation has |  as its unique stationary 
distribution. The first term on the right hand side of Eq. (14) 
transforms the isotropic Brownian motion into a new 
coordinate system that is aligned according to the local 
curvature of the Riemann manifold. On the other hand, the 
second term in Eq. (15) involves the derivative of the local 
curvature of the manifold. This term is expensive to evaluate 

and reduces to zero if one assumes that the manifold curvature 
is locally constant. For a flat manifold with a constant 
curvature, Eq. (14) can be discretized using the Euler-
Maruyama integrator such that 

2
log |

 
(16) 

This proposal mechanism defines a new instrumental density 
∗| log ,  

which can be employed in algorithm 1 in conjunction with the 
MH step to ensure that the new MCMC method, denoted the 
simplified manifold MALA, smMALA, converges to the 
invariant distribution | . One can expect that the 
smMALA explores the target distribution faster than the 
MALA algorithm, provided that the Hessian of the target 
distribution is positive definite and the scale factor  is 
sufficiently small. Thus, the appropriate tuning of the scaling 
factor is of particular interest in practice.        

3.2 Starting from high probability region 

smMALA is a local MCMC algorithm, meaning that it is not 
able to explore posterior PDFs with well-separated regions of 
high probability. However, in practice, there is often one 
important region with high probability content. Thus, 
initiating the chain in this region leads to efficient exploration 
of the target distribution. To this end, a simulated annealing 
algorithm is employed in this study to find an appropriate 
starting point  in the high probability region.  

3.3 Numerical approximation of Hessian 

The smMALA algorithm requires computation of the full 
Hessian of the negative log posterior, i.e., 

1
2
vect vect

1
2

constant 
(17) 

In this formulation, the noise covariance function can be 
decomposed as  using either the symmetric 
square root or Cholesky factorization. Let the first term in Eq. 
(17) be called the misfit. This function can be rewritten as  

1
2

vect vect
1
2
‖ ‖  (18) 

We assume that the predicted FRFs are twice continuously 
Fréchet differentiable functions, and we denote the Jacobian 
of the misfit function by . Thus, the gradient and Hessian 
of   can be written as 

 (19) 

 (20) 

where  is the Hessian of the 
misfit function, and ∑  denotes 
second order terms of the Hessian of the misfit function. In 
general, computation of the full Hessian of the misfit function, 
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, poses two difficulties. First,  is not always 
nonnegative. Such violation occurs when  has one or 
more negative eigenvalues. This means that the drift term in 
the smMALA algorithm can take the current state of the chain 
towards lower probability regions. Second, computation of the 
second order terms is impractical for large scale problems. In 
this study, the Gauss-Newton portion of the full Hessian of the 
misfit function is used in the smMALA algorithm, i.e., 

  (21) 

The Guass-Newton approximation of the Hessian has two 
immediate advantages. First, computation of this Hessian 
requires only one evaluation of  for each column of the 
Jacobian matrix, which can furthermore be simultaneously 
used to calculate the gradient vector. Thus,  function 
evaluations are required, where  is the number of uncertain 
parameters, at each step of the smMALA algorithm. Second, 
the Gauss-Newton Hessian matrix is always positive 
semidefinite. 

The Gauss-Newton portion of the Hessian is a good 
approximation of the full Hessian of  if a large amount of 
data is available and the model parameters are identifiable, or 
the observation noise is small.  

3.4 Control of scaling factor 

Exploiting the Riemann geometry of the parameter space in 
the smMALA algorithm leads to an automated adjustment of 
the relative step length in different directions corresponding to 
the local correlation structure of the parameter space. 
However, the scaling factor, , in the proposal process must 
still satisfy the Goldilocks principle and hence a proper 
adjustment becomes necessary. In particular, one can 
numerically show that it is crucial to use a sufficiently small 
scaling factor, , in the transient phase, otherwise the chain 
can easily become trapped in this phase for a long time. After 
the burn-in period, a larger scaling factor is desirable for 
efficient exploration of the target density [6]. 

3.5 Connection to HMC 

This section exploits the connection between smMALA and 
the HMC algorithm used by Cheung and Beck [2] to solve 
Bayesian model updating problems with large parameter 
spaces. In HMC, a fictitious dynamical system is introduced 
where the uncertain parameters ∈  with probability 
density |  are treated as displacement variables and 
independent auxiliary variables ∈  with density 

,  are introduced as momentum variables. The 
Hamiltonian function of this dynamical system is defined as 

,  with the potential energy term 
ln	 |  and the kinematic energy term 

. The Hamiltonian function can also be 
interpreted as the negative logarithm of the joint distribution 
of  , . The evolution of this system through a fictitious 
time  is given by  

 

 

(22) 

 

The resulting solution flow ( , ) has three key 
features: (a) it preserves the total energy and subsequently 
leaves the joint distribution of ( ,  as the stationary 
distribution, (b) it is time reversible, and (c) it preserves the 
volume of a region of phase space. However, Eq. (16) needs 
to be solved using an appropriate integration algorithm such 
as the leapfrog algorithm, formulated as follows: 

2
 

 

2
 

(23) 

The solution flow obtained by the leapfrog integrator does 
not preserve the total energy. Hence, an additional MH step is 
required after each leapfrog algorithm to ensure that the 
algorithm converges to the correct stationary joint probability 
density. Consequently, at each step of the HMC algorithm the 
proposal sample produced by  time steps of the leapfrog 
algorithm ( , → ∗, ∗  will be accepted with probability 
min 1, exp	 ∗, ∗ , .  

In the HMC algorithm, there are three parameters; ,  and 
, that need to be selected properly. The time step  should 

be selected such that the average rejection rate in the MH step 
is not very high and the number of time steps should be tuned 
such that neighboring samples are as independent as possible. 
However, one can use a single integration step to produce 
proposals of the form  

2
log |  (24) 

which is equivalent to a preconditioned proposal 
mechanism in the MALA algorithm. Comparing this 
formulation with Eq. (16) demonstrates that in the smMALA 
algorithm the mass matrix is selected as the Hessian of the 
negative logarithm of the stationary probability distribution. 
This perspective demonstrates how the choice of  can affect 
the performance of the HMC as well.  

3.6 Statistical properties of MCMC estimates 

The smMALA algorithm produces dependent samples of , 
1,… , , from the stationary distribution | , 

provided that the samples generated in the transient part of the 
chain are discarded. The expectation of any function  of 
the uncertain parameters  can be estimated as follows: 

 
1

 (25) 

It is clear that  is an asymptotically unbiased estimator of 
. The variance of this estimator can be formulated as 

follows: 

var  (26) 

Now, let substitute Eq. (25) in Eq. (26)  
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var
1

 (27) 

1
 

Using the definition of the autocovariance function, i.e. 
, the 

above formula can be rewritten as   

var
0

1  (28) 

where 2∑ 1 ⁄  and the autocovariance 

function can be approximated using the following expression: 

1
 (29) 

From Eq. (28) one can show that 0 ⁄ var
0 . The lower bound of this inequality is achieved if the 

samples are independent while the upper bound is achieved 
for perfectly correlated samples. Thus, the effective sample 
size, which is the effective number of independent samples, 
can be computed by / 1 . 

4 APPLICATION TO FE MODEL UPDATING 

This section presents a numerical example to demonstrate the 
efficiency of the smMALA algorithm to solve the FE model 
updating problem with high dimensional parameter spaces.     

4.1 6DOF mass-spring-damper system 

Figure 1 illustrates a 6DOF mass-spring system. A relative 
modal damping of 1% is assigned to all modes of the model. 
Suppose that the system is excited through the sixth degree of 
freedom and the noisy acceleration data, simulated in this 
study, is measured at all degrees of freedom. The acceleration 
data is contaminated with a small amount of noise, 8% RMS 
noise-to-signal ratio, not to violate the small-noise-level 
assumption made for the Gauss-Newton approximation of 
Hessian. FE model updating is to be performed to estimate all 
the masses, , and the stiffnesses, , of the system. Thus, 
we need to estimate 16 parameters in this problem.   

 
 

 
Figure 1. 6DOF mass-spring system with 16 parameters 

 
  

Amplitude (dB) 

Figure 2. Magnitude of the simulated FRFs (acceleration as 
output) for 8% RMS noise-to-signal ratio.  

   
Figure 2 depicts the amplitude of the measured FRF data 

within the frequency range [3, 23] Hz. To ensure that all 
resonance frequencies within this frequency range are 
measured with the same level of accuracy, the same number 
of frequency lines should be selected in the half-band-width 
around each resonance frequency. This implies taking 
constant steps in a logarithmic frequency scale, resulting in 
206 frequency lines with the frequency resolution of 0.03 Hz 
in order to have 3 frequency lines within each half-band-
width. 

The likelihood function of Eq. (10) can be rewritten for this 
problem as follows 

|
1

 

exp
1

vect vect  

(30) 

Here, 6, 206, 0.057 and ‖ ‖ 1,
1, … , . It should be noted that this model updating problem 
is globally identifiable in the sense that there is exactly one 
Maximum Likelihood Estimate in the parameter space. The 
prior PDF for the parameter vector  is selected as 
independent Gaussian distributions with means equal to the 
nominal values , 1, … ,6, and , 1, … ,10, see 
Table 1, and coefficient of variation (C.o.V) of 10%. The 
physical parameters, i.e., , 1, … ,6, and , 1, … ,10 
are related to the normalized parameter vector  and their 
nominal values such that 1 , 1, … ,6 and 

1 , 1,… ,10. 
The smMALA chain is initiated in the high probability 

region of the posterior PDF, | , using the simulated 
annealing algorithm Global Optimization Toolbox of 
MATLAB by 10000 evaluations of | . Then the 
smMALA algorithm is applied to explore the posterior PDF.  
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(A) 

(B) 

Figure 3. The trace plot of posterior samples produced by 
smMALA for (A)  and (B) .   

 
 
(A) 

(B) 

Figure 4. The autocorrelation plot of posterior samples 
produced by smMALA for (A)  and (B) . The first 4000 

samples are discarded as burn-ins.  

 
In this algorithm, the scale factor 0.01 is selected in 

the transient phase of the chain whereafter its value is 
smoothly increased after the burn-in period to 1.5 such 
that the correlation between the neighboring samples is less 
than 0.4. The convergence of the smMALA chain for  and 

 is shown in Figure 3, in which the trace of samples drawn 
from |  is plotted. Again, the chain started from the 
initial point estimated by the simulated annealing algorithm. 
As can be seen, in the transient phase the drift term of the 
proposal kernel takes the chain to the high probability region. 
In this phase the average acceptance rate is about 0.97 since 
the scaling factor is too conservative but helps the chain not to 
get trapped in this phase. 

As expected, in the stationary phase the average acceptance 
rate is around 1. The reason to this fact is twofold. First, since 
a lot of data points are available in this problem and the 
problem is globally identifiable, the posterior distribution can 
be approximated as a Gaussian distribution around the MAP 
point according to the central limit theorem. This fact can be 
clearly seen in Figure 5 where the posterior samples for  
and  are plotted in the Gaussian probability paper. Since the 
samples lie on the straight line, the posterior marginal 
distribution of these parameters can be assumed to be 
Gaussian. Second, the proposal kernel in the smMALA 
locally approximates the posterior distribution using a 
Gaussian distribution tailored to the local Hessian of the target 
density as the inverse of the covariance matrix. Thus, all the 
samples generated in this case are independent samples from 
the posterior distribution and are accepted with probability 1.  
 
(A) 

(B) 
 

Figure 5. Gaussian probability paper plot for (A)  and (B) 
.    
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Table 1. Statistical results for structural parameters estimates for 8% RMS noise-to-signal ratio. 

Parameter  = nominal 
value  

 = true value  = mean value 
of estimates 

⁄  = c.o.v. estimate 
of parameters 

Error = 
| |

 

 3810 3600 3665.3 1.29% 1.81% 
 1825 1725 1738.9 3.86% 0.80% 
 1100 1200 1198.1 4.58% 0.15% 
 2000 2200 2214.8 0.60% 0.67% 
 1620 1320 1309.8 3.98% 0.77% 
 1130 1330 1300.9 4.36% 2.18% 
 1000 1500 1413.3 3.33% 5.78% 
 5950 5250 5326.6 0.95% 1.45% 
 3200 3600 3416.0 3.31% 5.11% 
 650 850 871.2 3.37% 2.49% 
 1.5 1 1.01 0.74% 1.01% 
 1.2 1.4 1.41 3.79% 0.71% 
 1.5 1.2 1.18 4.46% 1.66% 
 2.1 2.2 2.07 3.27% 5.90% 
 2.1 2.5 2.53 1.17% 1.20% 
 0.7 0.9 0.89 0.10% 1.11% 

 
 

Figure 4 demonstrates the autocorrelation function for  
and  where the first 3000 samples are discarded as the burn-
ins. This figure also confirms that the correlation between 
neighboring samples generated by smMALA is small.  

Table 1 shows the nominal value, exact value, sample mean, 
sample C.o.V and the estimation error of the uncertain 
parameters. Two observations are immediate. First, the 
uncertainty in the parameters is reduced in comparison to the 
prior uncertainty inasmuch as the measured data provides 
information about these parameters. Second, the estimation 
error is small:	0.15 5.78% for stiffness parameters and 
0.71 5.9% for mass parameters. 

5 CONCLUSION 

This paper presented a simplified manifold Metropolis 
adjusted Langevin algorithm to solve Bayesian FE model 
updating problems with large scale parameter spaces. The 
proposal density in the smMALA involves two parts. The 
deterministic part, which is a scaled Newton step in 
deterministic optimization and takes the current state of the 
chain towards the high probability region of the target density 
given that the Hessian is positive definite. The stochastic term 
is distributed using an n-dimensional Gaussian distribution 
fitted to the local structure of the target density using the 
Hessian of the negative log posterior as the inverse covariance 
matrix. The Gauss-Newton approximation of the Hessian 
matrix guarantees that the geometric tensor is positive 
semidefinite and that the drift term finds its way towards the 
high probability region. It also reduces the computational time 
of Hessian matrix.  
The smMALA algorithm was presented and its features were 
discussed in details. An illustrative example demonstrated that 
the presented MCMC method is capable of generating 
samples from a high dimensional posterior distribution when 
the structural model class is identifiable. One possible 
extension of this work is to improve the smMALA to make it 
an enabling methodology to solve Bayesian model updating 
problems with unidentifiable parameters.          
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ABSTRACT: In this paper a model-based filter for nonlinear systems is presented. The method is an extension of a linear state 
estimator derived by one of the authors and can be efficiently implemented as a modified finite element model of the system of 
interest driven by the measured response. The accuracy, robustness and efficiency of the proposed method are compared with 
the extended Kalman filter, unscented Kalman filter and ensemble Kalman filter in a simulation environment. The results show 
that the proposed filter is comparable in accuracy to any of the Kalman filtering based estimators implemented in this study. 
Moreover, the results illustrate that all the filters exhibit considerable robustness to modeling errors in the model and load 
description. Out of all the filters examined, the proposed model-based filter is found to be the most efficient. 

KEY WORDS: Nonlinear filters; State estimation; Nonlinear systems; Finite element models. 

1 INTRODUCTION 
Filtering is the process of obtaining an estimate of the state 
x(t) of an underlying system using a model and limited 
system's response measurements in the interval [0 t]. For 
noisy linear dynamical systems this subject has been well 
studied, with the seminal work of Kalman and others in 
optimal linear filters as the most important contribution to the 
field [1]. From this work, the most celebrated method is the 
Kalman filter, a recursive Bayesian estimation algorithm 
which allows for optimal estimation (unbiased, minimum 
variance, and minimum mean-squared error estimate) of the 
state trajectory of a linear system disturbed by a noise process, 
on the basis of a state-space model of the system and noise-
contaminated measurements.  

In many applications of interest, the dynamics of the 
underlying system cannot be represented by a linear operator 
and algorithms for filtering nonlinear systems are required. 
The problem of filtering in nonlinear systems is considerably 
more difficult and admits a wider family of solutions than the 
linear problem [2]. In general, the nonlinear filtering problem 
requires that a complete description of the conditional (on the 
measurements) probability density describing the evolution of 
the state is available. A notable difficulty arises due to the 
parametric variability (if even possible to find in closed form) 
of this distribution and suboptimal approximations are sought 
[3]. 

A popular and widely used method for nonlinear filtering 
problems is the extended Kalman filter (EKF). The EKF 
follows from approximating nonlinear transformations of the 
state by a linearized one, and then using the Kalman filter on 
the approximate linear system. Two major drawbacks of 
implementing the EKF are the computational issues related to 
the propagation of the covariance matrix, and the closure 
problem resulting from neglecting nonlinear terms in the state 
statistics [4]. Moreover, the filter requires the computation of 
the Jacobian of the nonlinear dynamic equation for every time 

step solution, which can be computationally challenging in 
large-scale systems. 

In order to overcome the difficulties that arise when using 
the EKF in large-scale highly nonlinear systems, efforts in the 
research community have pointed to the development of new 
and more powerful nonlinear filters [3-5]. Most of these 
methods have been successfully applied to structural 
engineering with important contributions to the field by 
several researchers [6-8]. In [6] a sequential Monte Carlo 
sampling method (also known as particle filter [5]) was used 
for joint state and parameter estimation in an instrumented 
building structure using acceleration measurements obtained 
during the 1994 Northridge earthquake. The authors remark 
the importance of using an appropriate model class for 
nonlinear estimation problems and adequate estimation 
algorithms. In [7] the unscented Kalman filter (UKF) and 
various versions of the particle filters (PF) are applied in the 
context of nonlinear system identification, where promising 
results are shown for different models. In [8] the Ensemble 
Kalman filter (EnKF) is successfully applied as a damage 
localization algorithm (defined as change in stiffness), where 
it is shown the increased accuracy with respect to the EKF and 
its robustness to model errors. 

In this paper we present a model-based filter for state 
estimation in nonlinear systems. In contrast with previous 
research described above, our interest is not model 
identification, or damage detection in the typical sense 
(detection sudden changes in stiffness), but rather on state 
estimation for the purposes of estimating short-cycle fatigue 
damage. This type of damage is typical in structures subjected 
to high stress levels during oscillatory response, such as the 
one experienced by buildings during earthquakes. 

The proposed method fuses a nonlinear second-order finite 
element model of the system (potentially including material 
and geometric nonlinearity), with sparse noise contaminated 
measured response. The estimator can be implemented 
efficiently as a modified finite element model of the original 
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structure driven by a linear combination of the measurements. 
This allows the use of refined finite element models, thus 
exploiting the computational capacity of modern finite 
element solvers. In addition it allows a more intuitive and 
physical understanding of the response estimation problem. 
This is in contrast with traditional (and more generic) 
algorithms which operate in the abstract state space without a 
physical interpretation. 

The proposed model-based filter is illustrated and compared 
with existing methods for nonlinear filtering by means of 
stochastic simulations of a 10 degrees-of-freedom (DoF) 
system under ideal and model error conditions. In the ideal 
case (for verification purposes) the system and the model class 
are the same and have the same parameters values. To assess 
model error robustness, the system of interest is the class of 2-
dimensional inelastic frames with element-ends plastic hinges. 
The model used is a simplified close-coupled nonlinear model 
connected to a linear elastic cantilever. The results show that 
the proposed method estimates are comparable or superior to 
the Kalman filter-based nonlinear filters implemented, but 
with an increased computational efficiency. Moreover, many 
important transformations of the state are directly available 
from the finite element solver output and do not have to be 
computed independently. 

2 THEORETICAL BACKGROUND 
In this paper we shall restrict our attention to n-dimensional 
structural systems governed by Newton’s equation of motion, 
velocity proportional viscous damping and hysteretic restoring 
force [9]. The equation of motion of such systems can be 
written in state-space as  
 

)w())(()( ttxftx B+=&                         (1) 
 
where 1R (t) ×∈ nx  is the state vector, rR ×∈ nB , 1)( ×∈ rRtw  is a 
random process with covariance matrix Q(t) and ))(( txf  is a 
function describing the nonlinear dynamic equations of the 
model. Depending on the type of nonlinearity, the state vector 
will contain, in addition to the displacement and velocity 
vectors, latent variables that define the nonlinear behavior of 
the restoring force [11]. 

The nonlinear stochastic model given by Eq. 1 can be used 
to determine the evolution of the probability distribution of 
the state x. This can only be done for simple cases, and in 
most practical applications it is sufficient to estimate the 
evolution of the first two moments of such distribution. The 
mean of the state evolves according  
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B+=                (2) 

 
Similarly, the covariance matrix of the state vector defined as 
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In the absence of information about the system response, 
Eq. 2 and Eq. 4 can be used to obtain a probabilistic 
understanding of the system behavior based on the statistical 
properties of the system, input and initial conditions.  

In this paper we are interested in cases in which 
measurements from system response are available and given 
by 

)())(()( tvtxhty +=                               (5) 
 

where mn RRh →⋅ :)( is the state to output function, and 
1xmRtv ∈)(  is the measurement noise, assumed to be  a zero 

mean white Gaussian random process with covariance matrix 
)(tR . 

2.1 Filtering in nonlinear systems 
Based on the statistical models defined by Eq. 1 and Eq. 5, 
Bayesian estimation can be used to incorporate the 
information obtained from measured data in the interval [0 t]. 
If we define the measurement matrix )]y(,),y([ k0k tt K=Y  
corresponding to discrete particular times t0,…,tk < t , then the 
posterior distribution of the state incorporates the available 
information using Bayes’ theorem 

 

)(
))(())(|(

))((
k

k
k p
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txp

Y
Y

Y| =                  (6) 

 
This approach is shown schematically in Figure 1 where a 

realization of the state process with possible measurements is 
presented, together with the potential unconditional and 
conditional distribution of the state. 

 

 
 

Figure 1. (a) Realization of the state process (x*). (b) 
Unconditional and conditional distributions of the state. 
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From the posterior distribution p(x(t)|Yk)  a point value can 
be selected as an estimate of the state. If the estimator 
optimality criteria is to minimize the variance, the estimate of 
the state, )(ˆ tx , is given by the conditional mean [2] 

 
]|)(Ε[)( kYˆ txtx =                 (7) 

 
The main difficulty is that in order to solve Eq. 2 and Eq. 4 

to obtain the prior estimate of the state and the prior 
covariance matrix of the state distribution respectively, the 
conditional distribution of the state p(x(t)|Yk) is needed. This 
distribution (which depends on a potentially unbounded 
number of parameters) is difficult to compute for general 
nonlinear transformations. In order to address this difficulty, 
the EKF linearize    )  ( ⋅f around )(tx̂ , the UKF uses a set of 
deterministic vectors to parameterize the mean and covariance 
of the nonlinear transformation, and the EnKF compute the 
mean and covariance using Monte Carlo type simulations. As 
a result, the UKF and EnKF capture higher order effects than 
the EKF in the mean and covariance estimates [2-4]. The PF 
relies on sequential Monte Carlo methods to use intensive 
simulation to update the complete conditional probability 
distribution of the state using a set of draws from the initial 
distribution [5]. 

2.2 Model-Based observer for linear systems 
A model-based observer (MBO) for state estimation in linear 
systems was presented by Hernandez [10]. The observer 
displacement estimate is governed by the following second-
order differential equation  

 

 ( ) )(Ec)(ˆK)(ˆEccC)(ˆM 222D tytqtqtq TT =+++ &&&      (8) 
 

As can be seen from Eq. 8, the estimator is a modified 
version of the model of the system with added grounded 
dampers and excited by forces which are linear combinations 
of the measurements and proportional to the added dampers. It 
can be shown that the MBO can also be formulated using 
modifications of stiffness and(or) mass. However, it is 
preferred to use dampers since the modified model remains 
closer to the original model spectrum, which tends to reduce 
the estimation error. Consequently, the resulting estimation 
error )(ˆ)()( tqtqte −=  is given by 

 

( ) )(Ec)()(K)(EccC)(M 222D tvtwbtetete TT −=+++ 1&&&    (9)

   
where E  is selected on the basis of minimizing the trace of 
the error covariance P given by  

 

∫
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∞−
= ωω d)(eeΦP                            (10) 

)(ωΦee is the spectral density matrix of the model error which 
has been shown by Hernandez [10] to be given by 
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The matrices Φww(ω) and Φvv(ω) are the power spectral 
density of the excitation and the measurement noise 
respectively. 

2.3 Extension to nonlinear systems 
The model-based observer for linear systems can be extended 
to nonlinear systems using first-order linearization of the 
nonlinear transformations involved. This resembles the 
process by which the extended Kalman filter is obtained from 
the Kalman filter. The resulting state estimate is governed by 

 

( ) ( ) )(),(ˆ),(ˆ)(ˆ)(ˆ tyttqtqftqtq T
R

T EcEccCM 222D =+++ &&&&    (14) 
 

which is of the same form as Eq. 8. The initial tangent 
stiffness is used to compute the matrix K required in Eq. 9 and 
needed to solve the optimization of Eq. 10. Needless to say 
that in a similar fashion to the EKF, this extension is heuristic, 
however with some advantages, some of which are: (i) there is 
no need to compute Jacobians, (ii) the model nonlinearity can 
be implemented more efficiently, and (iii) the estimation is 
computed similar to open loop, so there is no need for the 
typical prediction-and-update steps. The major drawback is 
that the finite element model solution of Eq. 14 provides only 
an estimate of the state mean, but no information about the 
state covariance matrix. 

3 NUMERICAL SIMULATIONS 
In this section we present simulation results aimed at 
comparing the aforementioned nonlinear filters. The filters to 
be compared are the proposed extended model-based filter 
(EMBF), the extended Kalman filter (EKF), unscented 
Kalman filter (UKF) and ensemble Kalman filter (EnKF). 
First a description of the model used to implement the filters 
and the system used for generating the data are presented, 
followed by the filters parameters selection process. Finally 
the methods are compared under two different scenarios, 
namely (1) an ideal case and (2) model class error case. 

The objective is to show that the nonlinear filters are robust 
to model errors, and that an accurate estimate of the state of 
the underlying system can be obtained. Additionally we aim 
to compare their relative computational performance. 

3.1 Nonlinear filters implementation parameters 
The parameters used to implement the different filters are 
discussed next. In order to discretize the nonlinear dynamic 
equation needed to project the state in time a fourth order 
Runge-Kutta step was used with Δt=0.001s.  

Since the system nonlinearity is due to a bilinear moment-
curvature diagram, the Jacobian of the nonlinear 
transformation needed to implement the extended Kalman 
filter is given by the current stiffness value. The singularity at 
the change of slope does not present an issue since the 
deformation in the nonlinear springs will be different from the 
yield displacement with probability one. 
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     The implementation of the UKF follows the original 
formulation presented in Julier and Uhlmann [3]. No issues 
regarding the definiteness of the covariance matrix arose. For 
the EnKF, the number of samples selected was 5,000. In order 
to assess convergence of the filter the estimate of the 
conditional mean was monitored as the number of samples 
increased.  

 
Figure 2. Close-coupled nonlinear chain connected to a linear 
elastic cantilever. 
 
 

 
 

Figure 3(a). EKF Displacement estimate at DoF 3. 
 

Figure 3(b). EMBF Displacement estimate at DoF 3. 
 

 

3.2 Case 1. Simulation with no model class error 
In this section the objective is to compare the accuracy of the 
different methods under ideal conditions, i.e. no model error 
and accurate description of the process and measurement 
noise. For this purpose, a close-coupled nonlinear model 
connected to a linear elastic cantilever was used (see Figure 
2). The springs follow an elastic-perfectly plastic force-
displacement relationship. The stiffness and mass parameters 
values used were k=1.04×107 N/m and M=9700 Ns2/m 
respectively. The damping matrix is classical with a damping 
ratio of 5% in all modes. The springs yielding force is 
Fy=2×105 N. The elastic cantilever is massless with stiffness 
EI =6.37×107 Nm2. 

A modulated white Gaussian random process was used as 
the model for the w(t) process and it was applied at every 
DoF. The underlying Gaussian process standard deviation was 
σüg=40 m/s2.  

The modulating function used was of the form  
 

t
oteatI α)( −=                                  (15) 

 

with 1=oa  and 60α .= . Noise contaminated relative 
velocity response were used in order to implement the filters. 
The measured locations were the third, seventh and tenth DoF 
(see Figure 2). The measurements were contaminated with a 
zero-mean Gaussian white noise sequence with a noise-to-
signal RMS ratio of 0.1. 

The displacement estimate at DoF 3 is shown in Figure 3 
where “SYS” indicates the system response.  

 
 
 
 
 
 
 
 
 
 

Figure 3(c). EnKF Displacement estimate at DoF 3. 
 

 
Figure 3(d). UKF Displacement estimate at DoF 3. 
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This was the location that experienced the stronger level of 
nonlinearity. The global ductility ratio was approximately 3. 
The uncertainty bounds of the mean estimate at one standard 
deviation are also shown. As it can be seen, the filters 
successfully reconstruct the displacement time history.  

Table 1. Maximum displacement estimate (m). 

 SYS EKF UKF EnKF EMBF 
1  0.021 0.021 0.021 0.022 0.023 
2  0.071 0.071 0.071 0.072 0.072 
3 0.131 0.131 0.131 0.131 0.131 
4 0.186 0.185 0.185 0.187 0.185 
5 0.230 0.230 0.230 0.232 0.230 
6 0.264 0.264 0.264 0.265 0.263 
7 0.284 0.283 0.283 0.284 0.282 
8 0.292 0.292 0.292 0.293 0.295 
9 0.298 0.296 0.296 0.298 0.300 

10 0.304 0.305 0.302 0.305 0.307 
 

Table 2. Euclidean norm of the displacement                 
residual (RMSE). 

 EKF UKF EnKF EMBF 
1  0.03 0.07 0.16 0.32 
2  0.02 0.05 0.14 0.13 
3 0.02 0.04 0.13 0.07 
4 0.02 0.04 0.12 0.12 
5 0.02 0.04 0.11 0.12 
6 0.02 0.04 0.09 0.09 
7 0.02 0.04 0.09 0.06 
8 0.02 0.04 0.09 0.04 
9 0.01 0.04 0.09 0.04 

10 0.01 0.04 0.09 0.01 
 
 

 
Figure 4(a). EKF Displacement estimate at DoF 5. 

 

Figure 4(b). EMBF Displacement estimate at DoF 5. 

The maximum displacement estimate per story is shown in 
Table 1. These results agree with the system response, which 
for this case coincides with the model (both in model class 
and model parameters values). In Table 2 the Euclidean norm 
of the displacement residual (vector defined as the pointwise 
difference of the system and the estimate) normalized by the 
system history norm is shown for every DoF. This is the root 
mean square error (RMSE) and is a measure of how the filters 
perform in a mean sense. As it can be seen the EKF have the 
least norm, and by looking at the time histories at all DoF it 
was confirmed that it provides the best estimate of the state. 

The displacement estimate at DoF 5 is shown in Figure 4. 
The response at this location was not used as feedback to the 
filters. The filters accuracy is similar to that obtained at a 
location where the response was measured. This could be 
attributed to the noise effect at the measured location. 

The computational time required by the different filters is 
important to assess how scalable are the methods in 
engineering applications. For case 1 the computational time 
Tcomp required by the different methods is shown in Table 3.  

As a measure of global accuracy, the Euclidean norm of the 
root mean square error at all DoF, RMSE2, is computed. The 
efficiency of the methods is assessed by defining the 
efficiency index (E) 

 
            

( )2comp RMSET
1E =          (16) 

 
The results of RMSE2 and E are shown in Table 3.   
According to these results, the EMBF, EKF and UKF are the 
methods that could be potentially implemented on-line in 
applications of the type described in this paper. As the order 
of DoF increases, the computational requirements of the EKF 
and UKF are expected to increase considerably faster than 
 

 
 

Figure 4(c). EnKF Displacement estimate at DoF 5. 
 

 
Figure 4(d). UKF Displacement estimate at DoF 5. 
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that of the EMBF. This is because in order to propagate the 
covariance and update the covariance matrix Kalman filtering 
equations (involving algebraic Ricatti equations) need to be 
solved forward in time. For the proposed EMBF only the 
mean is propagated in time using the equations of motion of 
the model, which are solved numerically and efficiently by 
existing finite element solvers.  

The algorithm with the lower estimation error is the EKF, 
followed closely by the UKF. Although theoretically the UKF 
is of a higher order than the EKF, the numerical errors tend to 
deteriorate the estimate, especially as the noise level 
increases.  

According to the efficiency index defined, the EKF is the 
most efficient method with the optimal tradeoff of accuracy 
and computational time; followed by the EMBF, whose 
computational time is only 4 seconds since the problem is 
solved in open-loop. 

Table 3. Computational time, accuracy and efficiency                 
measures for Case 1. 

Method T (s) RMSE2  Efficiency 
EMBF 4 0.401 0.62 
EKF 17 0.062 0.95 
EnKF 18185 0.359 1.5x10-4 
UKF 133 0.142 0.05 

 
The internal force estimate in the spring connecting DoF 1 

and DoF 2 is shown in Figure 5. It can be seen that the system 
yields in both the positive and negative directions of motion in 
the interval 2-3.5s, and remains linear with a residual 
deformation thereafter.  

 

 
Figure 5(a). EKF estimate of the force in the spring 

connecting DoF 1 and DoF 2. 
 

 
Figure 5(b). EMBF estimate of the force in the spring 

connecting DoF 1 and DoF 2. 

3.3 Case 2. Simulation with model class error 
In this section simulation results aimed at comparing the 
robustness to model error of the different filters are presented. 
For this purpose the coupled nonlinear chain and linear 
cantilever introduced in the previous section is used as a 
simplified model for a more complex system.  

The system of interest in this section is the class of 2-
dimensional inelastic frames with elasto-plastic hinges at the 
member ends. For the simulations to follow a 10 story 1 bay 
frame was analyzed in the software DRAIN-2DX© . 

The inter-story height is 3.0 m and the bay length is 6.0 m. 
The beams and columns are A36 steel columns with a 
modulus of elasticity of 200GPa. The columns have a 
prismatic cross section with standard shape W14X132 and 
corresponding yielding moment of 847kN-m. The beams are 
also prismatic with standard shape W18X40 sections and a 
yielding moment of 278kN-m. All beam-column connections 
are rigid. As expected, due to the large difference between the 
column and beam moment of inertia, this structure will tend to 
behave as a weak beam-strong column frame and most plastic 
hinges are expected at the beam ends. 

The natural period of the structure is 1.2 s. The damping 
matrix is Rayleigh, with a damping ratio of 5% in the first two 
modes. The beams and columns of the nominal model where 
selected as type02 inelastic element used to model beams and 
beam-columns elements. An elastic-perfectly plastic moment 
curvature relation was used to simulate inelastic behavior at 
the plastic hinges at the ends of each member. The system is 
depicted in Figure 6. 

 
 

 
Figure 5(c). EnKF estimate of the force in the spring 

connecting DoF 1 and DoF 2. 
 

 
Figure 5(d). UKF estimate of the force in the spring 

connecting DoF 1 and DoF 2. 
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In order to calibrate the model the stiffness of the linear 

elastic column was selected equal to the frame columns, such 
that the nonlinear close-coupled springs represent the yielding 
behavior at the nodes, describing the inelastic behavior at end 
of the beams and columns. This model can capture the 
nonlinear behavior of weak beam - strong column designs 
commonly used in practice.  

 

 
Figure 6. System: 2-dimensional frame with potential plastic 

hinges at member ends. 
 

 
Figure 7(a). EKF Displacement estimate at story 4. 

 

Figure 7(b). EMBF Displacement estimate at story 4. 

 
The linear component of the model is calibrated using the 

first two “identified” periods of the structure. The nonlinear 
component of the model is calibrated using the results of a 
pushover analysis based on the members sections of the 
system of interest. 

Noise contaminated relative velocity “measurements” 
generated from the system response were used. The measured 
locations were the third, seventh and tenth story (see Figure 
6). The measurements were contaminated with a white 
sequence noise with a noise-to-signal RMS ratio of 0.1. 

The simulation results for case 2 are presented next. A 
modulated Gaussian white process was again used to model 
the w(t) process, applied at all DoF. The standard deviation 
used was σüg=80 m/s2. The global ductility ratio of the 
structure is approximately 6.5. 

For case 2, the location that experienced the highest level of 
nonlinearity was the 4th story. The displacement estimate at 
location 4 is shown in Figure 7. As it can be seen the filters 
successfully reconstruct the time history of the system. 

In Table 4 the Euclidean norm of the displacement residual 
is shown for every DoF. The EMBF provides the least error 
norm. We again emphasize that this is one of many possible 
error measures.   

The computational time and efficiency index for case 2 are 
shown in Table 5. In contrast to the case with no model error, 
the EMBF has the lowest RMSE2 error and the highest 
efficiency index. It can also be seen that the error values of all 
filters are closer among each other than in the no model error 
case, with the EMBF being the most robust to model error. 
Notice that modeling error has resulted in an increase of an 
order of magnitude in the RMSE for the EKF. 

 
 
 
 
 

 
Figure 7(c). EnKF Displacement estimate at story 4. 

 

Figure 7(d). UKF Displacement estimate at story 4. 
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Table 4. Euclidean norm of the displacement residual 
(RMSE). 

 EKF UKF EnKF EMBF 
1  0.51 0.50 0.52 0.48 
2  0.25 0.23 0.27 0.19 
3 0.09 0.09 0.13 0.05 
4 0.04 0.09 0.08 0.03 
5 0.06 0.13 0.11 0.03 
6 0.07 0.15 0.13 0.02 
7 0.06 0.13 0.11 0.01 
8 0.04 0.10 0.09 0.02 
9 0.05 0.08 0.07 0.02 

10 0.06 0.07 0.07 0.03 

 

Table 5. Computational time, accuracy and efficiency                    
measures for Case 2. 

Method T (s) RMSE2  Efficiency 
EMBF 5 0.522 0.38 
EKF 16 0.593 0.11 
EnKF 18180 0.642 8.5x10-5 
UKF 127 0.616 0.01 

 

4 CONCLUSION 
This paper proposes a nonlinear model-based state estimator 
for applications in structural dynamics. The proposed 
estimator is compared with existing nonlinear filtering 
methods such as the extended Kalman filter, the unscented 
Kalman filter and the ensemble Kalman filter. It was found 
that under ideal conditions of no model error and perfect 
knowledge of the stochastic nature of the excitations, the 
Kalman filtering family methods operates satisfactorily and 
efficiently. The proposed estimator is suboptimal in 
comparison with the Kalman filtering methods, but can be 
considered efficient. 

However, in the presence of modeling errors related to 
model class, model parameters and description of the 
excitation, the proposed nonlinear model-based estimator is 
superior to the Kalman filtering methods in both accuracy and 
computational time, resulting is significantly higher 
efficiency. 

Future work will aim at comparing the filters in real 
instrumented building structures whose structural integrity 
was at some point significantly affected by an earthquake. It is 
also of interest to study the possible advantages or 
disadvantages of updating some of the model parameters in 
order to obtain better estimates of the quantities of interest. 
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ABSTRACT: In many practical structural applications, unknown states, inputs and parameters are present. However, most 

methods require one or more of these variables to be known in order to estimate the other(s). In this research an estimation 

technique which employs physical models is proposed to perform coupled state/input/parameter estimation. In order to obtain a 

modeling technique which allows the estimation of a wide range of parameters in a generic fashion at a minimal computational 

cost (even real-time), the use of a parametric model reduction technique is proposed. The reduced model is coupled to an 

extended Kalman filter (EKF) with augmented states for the unknown inputs and parameters. This leads to a very efficient 

framework for estimation in structural dynamics problems. The proposed methodology is validated experimentally on a 

cantilever beam with variable length. The approach is shown to be easy to tune and provides good results with different 

measurement methods.  

KEY WORDS: Structural dynamics, state estimation, Kalman filter. 

1 INTRODUCTION 

Condition-monitoring and control applications require the 

online knowledge of both the states and parameters of 

(structural) systems. However many applications exist in 

which it is not possible to directly measure the required 

variables for these applications. This could be because the 

direct measurements require very expensive sensors, because 

the integration in the machine is unfeasible or in many cases a 

specific sensor doesn’t even exist. In these cases, other 

approaches have to be adopted in order to obtain the required 

variables. The classical approach in this case, is to measure 

another variable which is related to the required one and 

perform a calibration to obtain this. This happens for example 

when strain gauges are used to measure the forces on a 

structure. Unfortunately this is not a robust approach because 

small system changes or other operating conditions can 

considerable affect the calibration. Therefore it is clear that a 

robust approach which can take parameter variation into 

account is required. Furthermore it might even be of specific 

interest to retrieve an estimate of the unknown parameters as 

well (e.g. damage accumulation for condition monitoring).  

In structural dynamics applications, this could be in machine 

applications or civil structures, the variables of interest for 

estimation could be states (deformation and acceleration 

mainly), input forces or parameters. In practice one is often 

even interested in all these variables concurrently. 

Unfortunately there is no straightforward approach to measure 

input forces on a general structure because the introduction of 

(expensive) dedicated force cells typically requires alteration 

to the structure to locate the sensor in the force path, which is 

often unwanted and unpractical. Obtaining force values from 

indirect measurements, like calibrated strain gauges, requires 

a good knowledge of the system parameters, which might be 

unknown as well. The same issue appears when forces are 

estimated through a Kalman filtering approach and strain or 

acceleration measurements [1, 2, 3].   

Typical techniques for estimating physical parameter in 

structural dynamics, on the other hand, require a known input 

[4, 5]. Many techniques for parameter estimation are 

frequency-based, but this also implies that the model is 

excited over a sufficiently broad frequency band. Several 

authors have proposed time-domain state estimation 

approaches, such as Kalman filtering, for parameter 

estimation in operational conditions [6, 7, 8, 9]. As mentioned 

before the measurement of inputs might not be feasible in 

operational conditions, especially when online monitoring is 

the goal. In order to circumvent this issue, several approaches 

have been proposed for parameter estimation with unknown 

inputs. The iterative least squares with unknown input (ILS-

UI) technique offers a time domain estimation method for 

finite-element parameters from unknown input measurements 

[10, 11]. This technique is aimed specifically at element level 

parameters and is particularly suitable for localized damage 

detection. However, due to the element level approach, this 

approach is too computationally expensive for online 

applications. Kolmanovsky [12] proposed the coupling of an 

input observer and set membership parameter estimation, but 

this method required known states, which is rarely the case in 

structural applications.  

In this work, a augmented discrete extended Kalman filter (A-

DEKF) approach is adopted coupled to a first principle 

physical model in order to meet the requirements of coupled 

state/input/parameter estimation with online applicability [13]. 

The extended Kalman filter is a nonlinear variation on the 

regular Kalman filter, based on a linearization for a given 

configuration [14]. In order to estimate the inputs and 

parameters, these are considered as additional states to be 

estimated, they are typically called augmented states. This 

allows a simultaneous estimation of both the inputs and the 
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parameters, such that no particular approximation needs to be 

assumed with respect to the relation between these variables. 

In the past this augmented approach has been adopted for 

either state/input [2, 15] or state/parameter [6, 9] estimation 

for structural dynamics, but to the authors’ knowledge this is 

the first work where these two domains are coupled. An 

essential factor in the development of these estimation 

methods is an appropriate modeling approach, especially 

when online performance is the goal. This work focuses on 

exploiting physical models rather than data-driven models. 

This allows a much closer connection between the different 

quantities which have to be estimated. In order to guarantee 

real-time performance, a parametric reduced model is 

employed in this work. This is presented in Sec. 2. In this 

approach two levels of reduction are achieved: 

• reduction of the linear dynamics through a projection 

reduction, 

• reduction of the nonlinear parameter dependence 

through an interpolation based method.  

Due to the interpolation based approach, the Jacobian of the 

equations of motion with respect to the parameters can also 

easily be obtained, which allows for a very efficient 

computational scheme with the EKF. A typical drawback of 

the EKF is the necessity to compute the, often complex, 

Jacobians of nonlinear systems, which is conveniently 

circumvented by this reduction approach. Special attention is 

also given to the time-discretization scheme for the equations 

of motion. The discrete time EKF (DEKF) is the most 

efficient way to implement the Kalman filter on digital 

hardware, and in this case an exponential integrator is used to 

allow stable simulation even at larger timesteps, as might be 

dictated by the measurement equipment. Finally, the proposed 

approach is validated experimentally on a laboratory setup. 

This setup consists of a cantilever beam with adjustable 

length. The states and inputs should be estimated for this setup 

and the unknown parameter is the length of the beam. Two 

different measurement configurations are compared, one in 

which a strain gauge and accelerometer measurements are 

combined, and another one in which optical position 

measurements are employed. This experimental validation 

shows that the proposed approach is capable of offering 

reliable estimates with different measurement layouts.  

Minimal tuning is required as long as the model is set up 

properly. This estimation is also capable of running real-time 

on a dSPACE system [16]. 

2 PARAMETERIZED MODEL FOR ESTIMATION 

The equations of motion for an original linear finite element 

model with n degrees-of-freedom (DOFs) are: 

  ( ) ̈   ( ) ̇   ( )   ( )  (1) 

In this equation q are the DOFs of the system and M(p), C(p) 
and K(p) are respectively the mass-, damping- and stiffness 

matrix as a function of the parameters p. The matrix B(p) 
defines the way the external force F  loads the different DOFs. 

In this work all variables (both the DOFs and the parameters) 

are assumed as possibly time varying, so the time-dependency 

is not denoted explicitly. 

In order to achieve online performance for the proposed 

methodology, it is not feasible to use a full finite element 

model to perform the model based filtering. Due to the high-

frequency content in these models, it is typically not possible 

to run a simulation faster than real-time as required for the 

Kalman filter formulation. Therefore it is necessary to employ 

model reduction techniques. Over the past decades a wide 

array of model reduction techniques for second order systems, 

such as structural dynamics systems, have been proposed in 

literature [17]. However, an additional issue is considered in 

this work. In practice, one or more parameters of a system are 

typically unknown. Material properties, mounting conditions, 

etc. can be strongly varying depending on the condition of the 

structure and cannot always be measured a-priori or might 

simply change over time. This parameter variation should also 

be taken into account in the model for the estimator in order to 

be able to exploit coupled estimation. It is relatively 

straightforward to get the parameter dependency between the 

original finite element model and several parameters, but this 

becomes difficult in the case of a reduced model. For this 

reason, specific parametric model order reduction techniques 

are developed [18, 19, 20, 21]. This is discussed in the next 

subsection. A second important aspect of this research is the 

fact that in order to obtain estimates of the unknown inputs 

and parameters through a Kalman filtering approach, a 

technique called state-augmentation needs to be employed.  

This is discussed in the second subsection. Finally also the 

discretization of the equations of motion, required in order to 

employ the discrete extended Kalman filter, will be discussed 

in the third subsection. 

 

 Parametric model order reduction 2.1

The most general class of parametric model order reduction 

techniques is based on a sampling of the parametric space, 

performing a linear model reduction on each sample and 

interpolating between the samples during simulation [21]. 

This process is illustrated in Figure 1.   

 

 

Figure 1: Parametric model order reduction scheme 

The main differences between different approaches in this 

category can be in the way the linear reduction is performed, 

this could be any kind of linear reduction method, and/or in 

the way the interpolation is performed [22, 23, 24]. In this 

work the aim is on structural dynamics systems, which are 

second order systems. In order to perform the local linear 

reduction, a free-free modal approach is adopted. The original 
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system has n degrees-of-freedom (DOFs) and through the 

reduction process only nred DOFs are retained. The reduced 

model is obtained through a projection on a truncated modal 

space : 

         (2) 

By mass-orthonormalizing the modes, the reduced system 

matrices become: 

 M’ = I (3) 

       
     (4) 

          (5) 

         (6) 

With these matrices, the equations of motion can be evaluated 

for the reduced system, which drastically reduces the 

computational load. This reduction is twofold: 

•  less DOFs leading to faster evaluation of the 

equations of motion; 

•  lower frequency content, allowing large timesteps. 

Due to this reduction, the equations of motion can be 

evaluated faster than real-time, such that they can be used for 

online estimation. To evaluate the system for Kalman 

filtering, it has to be transformed into first order form. With 

state-space vector x for this system, the first order equations 

are: 

  ̇  [
 ̇
 ̈
]  [

  
      

]   [
 
  

]   (7) 

At this point however, the reduction is only considered for one 

certain parameter, and the aim of this work is to also take the 

parameter dependency into account. For the parameter 

dependency, a sampling with interpolation approach is 

employed. The system matrices are evaluated for a grid of 

possible parameters and for each parameter pi a modal 

reduction space i is computed such that each local modal can 

be reduced. During the actual simulation an interpolation is 

performed between the reduced models for the different 

parameters in order to get an approximation for the actual 

reduced system matrices. In literature many different 

interpolation strategies have been proposed [22, 23, 24]. 

However, in this work linear interpolation is used on the 

reduced matrices and the reduced space in order to minimize 

the computational load [13]. Moreover, Naets [24] has shown 

that in the case of mass-orthonormal modes this also leads to a 

linear interpolation of the reduced eigenfrequencies of the 

system. For a given parameter p between pi and pi+1 an 

interpolated reduced system matrix is: 

   (  (      )      (    )) (       ). (8) 

For the use in the extended Kalman filter, also the derivatives 

of the equations of motion are required. By using the linear 

interpolation, these derivatives can be readily obtained. 

With these equations the parameterized reduced model can be 

evaluated and the Kalman filtering can be performed. The 

effect of the model reduction schemes employed on the 

accuracy of the estimates is part of future research. As will be 

discussed in the next section, the equations of motion need to 

be discretized in order to perform Kalman filtering. An 

alternative approach would be to reduce the discretized model 

instead of the continuous model. However, by using the 

reduced continuous model a stronger physical understanding 

is possible. This also allows trivial variations like changing 

the integration timestep, which might be necessary to 

synchronize with a new sensor,  

 Model augmentation 2.2

For estimating the inputs and parameters concurrently with 

the states through a Kalman filtering approach, a technique 

named state-augmentation is employed. In this approach the 

unknown input forces and unknown parameters are added to 

the state vector in order to be estimated. This leads to the 

augmented state vector    : 

    [

 
 
 
] (9) 

With this state vector, also a model is required for the 

augmented states F and p. In this case a random walk model is 

employed for both states [13]:  

  ̇          (10) 

  ̇          (11) 

For the random walk model there are two uncertain noise 

inputs    and    with which respectively the force and the 

parameter can vary. A high uncertainty means that a state can 

show strong fluctuations while a low uncertainty creates a 

rather constant state. This uncertainty also returns in the 

Kalman filter, in the form of the covariance, as will be 

discussed later, and serves as a tuning parameter. Since 

typically the external forces can show strong variations, 

especially when sudden impacts are possible,    is typically 

high. The unknown parameters however typically have a 

relatively slow variation and therefore    should be chosen 

relatively small. In the experimental validation of the 

proposed approach, it will be demonstrated that the results 

from the filter are rather insensitive to the exact values of 

these uncertainties as long as    is chosen sufficiently large 

and    sufficiently small. 

The full augmented system equations can now be input in the 

Kalman filter in the form: 

   ̇   (  )    . (12) 

 It is important to notice that these are nonlinear equations 

because the matrix A is now dependent on the augmented state 

vector    through parameter p.  

 Time discretization 2.3

In this work the discrete time extended Kalman filter (DEKF) 

is used because this approach is particularly suitable for 

efficient computer implementation and the system Jacobians 

are readily available due to the model reduction scheme.  

In order to get this explicit relation between the states, an 

explicit time integration scheme is selected. A first possibility 

would be to use a forward Euler integration. However, 

because some sensors have a relatively large sampling rate 

with respect to the model frequency content (like the optical 

tracking system used in the experimental validation) the 
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model would become strongly unstable if the integration 

timestep is matched to the sampling rate of the sensor, which 

would lead to erroneous estimations. As an alternative, 

multirate estimator could be employed [26], but this is 

preferably avoided. In order to allow larger timesteps an 

exponential integrator is employed in this work [27, 13]. For 

timestep t this leads to discretized equations: 

   (   )    (  )    ( )     . (13) 

This equation can then be inserted for the evaluation of the 

discrete EKF to perform the coupled estimation. 

3 STATE/INPUT/PARAMETER ESTIMATION WITH 

KALMAN FILTER 

In this work the extended Kalman filter [14] is selected for the 

joint estimation problem of the states, inputs and parameters 

[13]. The EKF is an extension of the regular linear KF by 

considering a linearization of the nonlinear system around the 

current configuration. For the propagation of the states the 

nonlinear equations are used but the propagation of the 

covariance is linearized. The EKF-algorithm also consists of a 

prediction and a correction phase [14]. 

The definition of the Kalman gain originates from the 

minimization of the trace of the state covariance matrix. In the 

equations the measurements are taken into account. The 

measurement noise is considered stationary in this work. 

Several other Kalman based filters exist which could be 

exploited in this application [14, 9], but the EKF provides 

good performance in this application at a minimal cost 

because the required Jacobians are readily available [13]. In 

the presence of these derivatives the EKF is a very efficient 

formulation which makes it perfect for online applications. 

 

4  EXPERIMENTAL VALIDATION 

For validating the presented method an experimental 

validation is performed. The validation is performed on a 

cantilever beam with adjustable length [13], as shown in 

Figure 2. In this setup the variable clamping is used as the 

parameter for estimation. Furthermore, an unknown tip load is 

applied by pushing manually. In the next section the (reduced) 

numerical model for the system used in this work is described.  

 

 

Figure 2: cantilever beam test setup. 

 Model 4.1

The model for the Kalman filter is based on a finite element 

mesh with Euler-Bernouilli beam elements of length 0.005m. 

At the locations of the accelerometers a lumped mass of 

0.022kg is added to take the mass-loading effect into account. 

This model leads to a considerable number of degrees-of-

freedom such that it might have difficulties running in real-

time for online force estimation. In order to circumvent this 

issue, a model reduction is performed. As discussed before, 

the model is reduced through a parametric modal reduction. In 

this case the clamping length, which can be easily adjusted on 

the setup, is used as a parameter. The discretization step is 

Lclamp = 0.005m, which corresponds to a discretization 

where each node is clamped consecutively. The linearized 

model for a given parameter is reduced with three 

eigenmodes. The correspondence for the first three 

eigenfrequencies of the model and the actual test setup is 

given in Figure 3. 

 

Figure 3: comparison of eigenfrequencies 

This figure shows that the model behavior is close to the 

measured system behavior. The damping behaviour is 

modeled as modal damping. 

With the choice of three reduction modes, the model also 

complies with the requirement on the minimal number of 

degrees-of-freedom for the model for observability [13]. The 

estimation augmented state vector is: 

    [

 
 

      

]  (14) 

and model uncertainty covariance for the extended model is 

chosen as: 

   [
   
     
      

]. (15) 

In this example all uncertainty is assumed to be on the 

external force and the clamping length of the beam. Apart 

from these unknowns the model is well tuned, such that other 

state uncertainties are negligible with respect to the extended 

states. In general however this might not be the case and 

further tuning of the covariance matrix might be required. It is 

necessary to choose the force variance sufficiently high. If this 

value is chosen too low, the algorithm will try to shift the 

effect of fast force inputs to a change in parameter, which is 

clearly not the desired behaviour. Correspondingly a 

sufficiently low variance for the change in parameter has to be 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3048



selected in order to counteract this effect. In most cases where 

actual parameter variation takes place this is still a reasonable 

assumption because this variation is typically rather slow. In 

cases where fast parameter changes are expected an 

alternative modeling approach should anyhow be adopted in 

order to take the proper dynamic coupling between the 

parameters and the motion of the system into account. 

 Measurements 4.2

Two different measurements sets are used to test the proposed 

method [13]: 

• a combination of three accelerometers and a strain-

gauge, 

• three position measurements from an optical tracking 

system. 

In each case more than two sensors are present and position 

level measurements are also used, in accordance to the 

requirements to obtain an observable system [13]. For the 

accelerometers, MEMS (3711D1FB200G) accelerometers 

coupled to a signal conditioner (Series 478) from PCB 

(www.pcb.com) are employed. The strain gauges are placed in 

a full Wheatstone bridge over the beam and the signals are 

conditioned through an analog conditioner before being fed to 

a dSPACE system. The optical measurement system is a 

Nikon Metrology K600 (www.nikonmetrology.com) system. 

The K600 uses three linear cameras and synchronized LEDs 

as markers. The sample time of the acceleration and strain 

measurements is t = 0.5ms, whereas the sample time for the 

position measurements is more limited at t = 1.4ms. This 

also shows the need for stable time-integration methods for 

the model because it might need to run at relatively large 

timesteps due to the measurement device. The properties of 

the sensors for the Kalman filtering are given in Table 1.  

Table 1. Measurement properties 

Sensor Covariance 

Accelerometers [(m/s²)²] 0.2 

Strain gauge [(/)²] 1e-7 

Position LED [m²] 0.256e-9 

 

With this information and the model covariance the Kalman 

filter can be fully tuned and the results obtained from the 

measurements are presented in the next subsection. 

 Results 4.3

For the validation of the proposed approach impulse forces are 

applied. The beam tip is loaded relatively slowly and then 

released, which causes a high frequency excitation. In this 

case forces cannot be estimated properly based on strain 

gauge measurements because the internal dynamics of the 

system come into play.  

The beam is clamped at Lclamp = 0.08m but the estimator starts 

with an estimate of Lclamp,0 = 0.05m.  

The accelerations and strains resulting from this excitation are 

shown in Figure 4 and Figure 5. Both observers provide a 

good tracking for both the accelerations and the strains. The 

vertical deflections are compared in Figure 6 and Figure 7. 

These figures clearly show a good correspondence.  

 

 

Figure 4: acceleration and strain estimates 

 

Figure 5: acceleration and strain estimates (zoomed view) 

The most interesting results can be found by considering the 

estimates for the external force and the clamping length, as 

shown in Figure 8 and Figure 9. The parameter estimation is 

performed accurately. Convergence is reached very fast for 

both estimators. This case even shows that convergence is 

reached before the beam is released and high frequency 

content is visible.  

In the case of a dynamic force excitation, the force 

measurements based on the strain-gauge do not provide 

accurate measurements anymore. When the beam is suddenly 

released, it will start vibrating and if the strains are simply 

multiplied by a factor this free vibration phase is interpreted 

as driven by an external load. If the dynamic model 

information can be exploited, as is done in the Kalman 

scheme, this free vibration is included in the model. The 

estimator then recognizes that no external force is required to 

drive this motion. This is clearly shown in Figure 9 where the 

force estimates damp out very quickly while the force 
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measurement based on only the strain shows a strong 

transient. 

 

Figure 6: Vertical deflection estimates 

 

Figure 7: Vertical deflection (zoomed view) 

It is important to highlight that this estimation process is able 

to run in real-time on a dSPACE system, showing the very 

efficient formulation which is obtained here [16]. In this work 

no force cell was employed for the validation of the forces 

because the setup was aimed at excitation by hand, in which 

excitation levels (and frequencies) are too low to properly use 

load-cells typically used in structural applications. In future 

research on industrial structural, this validation will be 

performed as well. 

5 CONCLUSION 

For condition monitoring and control purposes it is often 

necessary to know different states, inputs or parameters of 

structural systems. However there is currently no 

straightforward method to measure or estimate these 

variables. Common sensors such as strain gauges and  

 

Figure 8: Force and length estimates 

 

Figure 9: Force and length estimates (zoomed view) 

 

accelerometers might provide some state information but only 

on those exact states measured. Input measurement is 

typically complicated because the sensors need to be located 

in the force path. Alternatively the inputs can be estimated 

from the states but this requires the knowledge of the system 

parameters. Finally parameters can be estimated through a 

number of approaches but they typically require a known 

input. These issues clearly show that there is a need for a 

coupled state/input/parameter estimation approach. Moreover, 

many applications (such as control) require this information to 

be provided in real-time. In this work a novel coupled 

estimator is proposed based on the coupling of an augmented 

discrete extended Kalman filter (A-DEKF) and a physics-

based and parametrically reduced structural dynamics model. 

First an interpolation based parametric model order reduction 

technique was introduced. This method is based on a 

discretization of the feasible parameter space. The system 

matrices are computed for this discretized grid and each 

system is reduced using common linear model reduction 

techniques. During the estimation process an interpolation is 

performed between these pre-computed reduced system 
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matrices to obtain the matrices for a given parameter. This 

approach both leads to a very efficient formulation and also 

allows for an easy computation of the derivatives of the 

reduced system with respect to the parameter, which is 

required for the EKF. The time discretization of the reduced 

model through an exponential integrator is also briefly 

discussed. Subsequently the A-DEKF procedure is discussed. 

In this approach the unknown inputs and parameters are added 

as additional states to be estimated and random walk models 

are assumed for these additional variables. The possibility of 

accurately estimating states, inputs and parameters in an 

operational context is demonstrated through an experimental 

validation on a cantilever beam with variable length. In this 

example the length of the beam is the parameter to be 

estimated. Accurate results are obtained, showing the strength 

of these time-domain estimation techniques. The developed 

technique is also capable of providing online estimates for this 

example. Moreover, the tuning of this filter proves to be 

relatively straightforward.  

 

ACKNOWLEDGMENTS 

This research is funded by a Ph.D grant of the Institute for the 

Promotion of Innovation through Science and Technology in 

Flanders (IWT-Vlaanderen) and a postdoctoral grant from the 

Research Foundation - Flanders (FWO). This work also 

benefits from the Belgian Programme on Interuniversity 

Attraction Poles, initiated by the Belgian Federal Science 

Policy Office (DYSCO). 

REFERENCES 

 

[1]  C.-C. Ji en C. Liang, „A study on an estimation method 

for applied force on the rod,” Comput. Methods Appl. 

Mech. Engrg., vol. 190, pp. 1209-1220, 2000.  

[2]  E. Lourens, E. Reynders, G. De Roeck, G. Degrande en 

G. Lombaert, „An augmented Kalman filter for force 

identification in structural dynamics,” Mechanical 

Systems and Signal Processing, vol. 27, pp. 446-460, 

2012.  

[3]  E. Lourens, C. Papadimitriou, S. Gillijns, E. Reynders, 

G. De Roeck en G. Lombaert, „Joint input-response 

estimation for structural systems based on reduced-order 

models and vibration data froma limited number of 

sensors,” Mechanical Systems and Signal Processing, 

vol. 29, pp. 310-327, 2012.  

[4]  J. Mottershead en M. Friswell, „Model updating in 

structural dynamics: a survey,” Journal of Sound and 

Vibration, vol. 167, nr. 2, pp. 347-375, 1993.  

[5]  M. Friswell en J. Mottershead, Finite element model 

updating in structural dynamics, Netherlands: Kluwer 

Academic Publishers, 1995.  

[6]  A. Corigliano en S. Mariani, „Parameter identification in 

explicit structural dynamics: performance of the extended 

Kalman filter,” Comput. Methods Appl. Mech. Eng, vol. 

193, pp. 3807-3835, 2004.  

[7]  S. Ghosh, D. Roy en C. Manohar, „New forms of 

extended Kalman filter via transversal linearization and 

applications to structural system identification,” Comput. 

Methods Appl. Mech. Eng, vol. 196, pp. 5063-5083, 

2007.  

[8]  P. Moireau, D. Chapelle en P. Le Tallec, „Joint state and 

parameter estimation for distributed mechanical 

systems,” Comput. Methods Appl. Mech. Eng, vol. 197, 

pp. 659-677, 2008.  

[9]  E. Blanchard, C. Sandu en A. Sandu, „A polynomial 

chaos-based kalman filter approach for parameter 

estimation of mechanical systems,” Journal of Dynamic 

Systems, Measurement and Control, vol. 132, nr. 6, pp. 

061404-1-061404-18, 2010.  

[10]  D. Wang en A. Haldar, „Element-level system 

identification with unknown input,” J. Eng. Mech., vol. 

120, pp. 159-176, 1994.  

[11]  X. Ling en A. Haldar, „Element Level System 

Identification with Unknown Input with Rayleigh 

Damping,” J. Eng. Mech., vol. 130, pp. 877-885, 2004.  

[12]  I. Kolmanovsky, I. Sivergina en J. Sun, „Simultaneous 

input and parameter estimation with input observers and 

set-membership parameter bounding: theory and an 

automotive application,” Int. J. Adapt. Control Signal 

Process., vol. 20, nr. 5, pp. 225-246, 2006.  

[13]  F. Naets, J. Croes en W. Desmet, „An online coupled 

state/input/parameter estimation approach for structural 

dynamics.,” Computational Methods in Applied 

Mechanical Engineering (submitted), 2014.  

[14]  D. Simon, Optimal State Estimation: Kalman, H-infinity 

and nonlinear approaches, New York: J. Wiley and Sons, 

2006.  

[15]  F. Naets, J. Cuadrado en W. Desmet, „Stable force 

identification in structural dynamics using Kalman 

filtering and dummy-measurements,” Mechanical 

Systems and Signal Processing (SUBMITTED).  

[16]  „https://www.youtube.com/watch?v=V2t5dw-OfZw,” 

[Online].  

[17]  B. Besselink, U. Tabak, A. Lutowska, N. van de Wouw, 

H. Nijmeijer, D. Rixen en M. &. S. W. Hochstenbach, „A 

comparison of model reduction techniques from 

structural dynamics, numerical mathematics and systems 

and control,” Journal of sound and vibration, vol. 332, 

nr. 19, pp. 4403-4422, 2013.  

[18]  E. Balmes, „Parametric families of reduced finite 

element models. Theory and applications,” Mechanical 

Systems and Signal Processing, vol. 10, nr. 4, pp. 381-

394, 1996.  

[19]  L. Feng en P. Benner, „A robust algorithm for parametric 

model order reduction,” Proc. Appl. Math. Mech., vol. 7, 

nr. 1, p. 1021501–1021502, 2008.  

[20]  D. Amsallem, J. Corial, K. Carlberg en C. Farhat, „A 

method for interpolating on manifolds structural 

dynamics reduced-order models,” Int. J. Numer. Meth. 

Engng, vol. 80, nr. 9, pp. 1241-1258, 2009.  

[21]  P. Benner, S. Gugercin en K. Willcox, „A Survey of 

Model Reduction Methods for Parametric Systems,” Max 

Planck Institute Magdeburg Preprint, MPIMD 13-14, 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3051



August 2013.  

[22]  D. Amsallem en C. Farhat, „An online method for 

interpolating linear parametric reduced-order models,” 

SIAM Journal on Scientific Computing, vol. 33, nr. 5, pp. 

2169-2198, 2011.  

[23]  H. Panzer, J. Mohring, R. Eid en B. Lohmann, 

„Parametric model order reduction by matrix 

interpolation,” at-Automatisierungstechnik, vol. 58, nr. 8, 

pp. 475-484, 2010.  

[24]  F. Naets, G. Heirman en W. Desmet, „Reduced-Order-

Model Interpolation for use in Global Modal 

Parameterization,” In: Proceedings of the International 

Conference on Noise and Vibration Engineering, ISMA 

2010, KU Leuven, 2010.  

[25]  F. Naets, R. Pastorino, J. Cuadrado en W. Desmet, 

„Online state and input force estimation for multibody 

models employing extended Kalman filtering,” 

Multibody Syst. Dyn. (SUBMITTED).  

[26]  E. Chatzi en C. Fuggini, „Structural identification of a 

super-tall tower by GPS and accelerometer data fusion 

using a multi-rate Kalman filter,” in Proceedings of the 

3th International Symposium on Life-Cycle Civil 

Engineering (IALCCE 2012), 2012.  

[27]  G. Beylkin, J. Keiser en L. Vozovoi, „A new class of 

time discretization schemes for the solution of nonlinear 

PDEs,” Journal of computational physics, vol. 147, pp. 

362-387, 1998.  

[28]  F. Naets en W. Desmet, „Super-Element Global Modal 

Parameterization for Efficient Inclusion of Highly 

Nonlinear Components In Multibody Simulation,” 

Multibody Syst. Dyn..  

[29]  R. Kalman, „Contributions to the Theory of Optimal 

Control,” Boletin de la Sociedad Matematica Mexicana, 

vol. 5, pp. 102-119, 1960.  

[30]  A. Krener, „The Convergence of the Extended Kalman 

Filter,” in Directions in Mathematical Systems Theory 

and Optimization, vol. 286, A. Rantzer en Byrnes, Red., 

Springer Berlin Heidelberg, 2003, pp. 173-182. 

[31]  S. Ghosh en J. Rosenthal, „A generalize Popov-

Belevitch-Hautus test of observability,” IEEE 

transactions on automatic control, vol. 40, nr. 1, 1995.  

[32]  F. Naets, G. H. K. Heirman, D. Vandepitte en W. 

Desmet, „Inertial force term approximations for the use 

of Global Modal Parameterization for planar 

mechanisms,” Int. J. Numer. Meth. Engng, vol. 85, pp. 

518-536, 2010.  

 
 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3052



ABSTRACT: The paper considers linear time invariant systems subjected to excitations that are fixed in space and have long 
durations when compared to the fundamental period of the structure. For this conditions it shows that the number of independent 
inputs can be extracted from the output measurements and that their position can be established with the aid of a model without 
the need to perform a combinatorial inspection of all the possible scenarios. In cases where the number and location of the 
inputs are known the time histories can be obtained by de-convolution, independently of whether the input-output arrangement 
is collocated or not. The paper illustrates that sequential de-convolution is a conditionally stable process and the stability 
constraint is clarified. Simulation and experimental results are presented. 

KEY WORDS: Number, location, input reconstruction, on line, off line. 

1 INTRODUCTION 

Distinction between causes and effects can be difficult in 
some contexts but in the input identification problem it is 
usually clear. In this paper we consider the situation where the 
history of inputs is unaffected by the response and examine 
the problem of estimating these inputs from response 
observations. We focus on the case of point loads that are 
fixed in space and that act on linear and time invariant 
systems and address the question of determining the number, 
spatial position and history of the inputs given a set of 
outputs. The number and location problem is solved using a 
multiple experiment scheme that in practice is realized by 
dividing the output signals into segments. Stationarity is not 
assumed but the signals must be sufficiently long so the 
fraction of the segments that is significantly affected by initial 
conditions is not large. Once the loads are located the histories 
are estimated with a prediction lag that is bounded from below 
by wave propagation and numerical stability requirements. 
The paper shows that a key issue in attaining a good 
conditioned formulation is that the spectrum of the inputs to 
be identified and of the noise that is realized at the 
measurements, is contained within the bandwidth of the 
model.  

 

2 ON THE NUMBER OF INDEPENDENT INPUTS 

Let the system have m outputs and assume that repeated 
experiments could be carried out. In this case, for the jth 
experiment (assumed to start from rest) one has, 

 ( ) ( ) ( )j jY G Uω ω ω=  (1) 

where G(ω) is the transfer matrix for the input-output 
coordinates, Yj(ω) is the Fourier transform of the output 
signals and Uj(ω)is the transform of the associated input. Let 
the output transform be organized into matrices BFFT(ω) that 
contain the transform from each window for a given 

frequency. Since each of the columns of the matrices BFFT(ω) 
is given by eq.1, the rank of BFFT cannot exceed the number of 
independently inputs. If the matrix is found to be rank 
deficient then one concludes that the rank is the number of 
independent inputs. Needless to say, since the rank cannot 
exceed the number of rows it is necessary to have at least one 
more output sensor than the inputs that are to be identified. In 
practice, the fundamental difficulty arises because one 
typically does not have N experiments but only one data set 
that has to be divided into segments and treated as the 
independent experiments. In this case, instead of the 
continuous time Fourier Transform framework of eq.1 it is 
best to interpret the output in each segment as coming from a 
periodic input and use a Fourier series framework; 
approximation coming from the fact that the initial conditions 
in each segment are not considered.  
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Figure 1: input quantification in linear scale. 

As one anticipates, reasonable accuracy can be realized if 
the segments are sufficiently long compared to the decay time 
of free vibration and a Hanning window on the output (albeit 
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symmetrical) can lead to improved accuracy. To illustrate 
typical results consider an 8-DoF uniform chain with unit 
masses and first fundamental mode frequency of 0.85 Hz.  
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Figure 2: input quantification in logarithmic scale. 

The system has 5% damping and the window size is 40 s. 
Inputs are Gaussian noises on the 1th and 5th DoF and the 
measured outputs are accelerations in sensors #2, #3, #4, #6, 
#7, # 8. The fact that there are two independent inputs is 
reasonably clear from inspection of the results in Figure 1 and 
in Figure 2. 

 

3 ON THE LOCATION OF INDEPENDENT INPUTS 

Once that the number of input is determined, information on 
their position can be obtained with the aid of a model. Indeed, 
the span of the matrices BFFT(ω)is the same as that of the 
columns of the transfer matrix for the columns associated with 
the position of the inputs.  
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Figure 3: input position by inspection of the subspace angle 
vs. frequency. 

This observation shows that one could locate the position of 
the inputs by finding the combination of the columns 
associated with the identified number of inputs. This 
approach, however, is combinatorial and not scalable. 
Fortunately, it is not necessary to check combinations as it 
suffices to test which columns of the transfer matrix of the 
model are contained in the span of BFFT. To illustrate we plot 
the subspace angle for each of the possible position of the 

input (one at a time) in Figure 3 and Figure 4. Inspection of 
the figure readily shows that the inputs locations are the 1th 
and 5th DoF. 
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Figure 4: inspection of the average subspace angle related to 
each degree of freedom. 

 

4 ON THE TIME HISTORIES 

Once the numbers of inputs and their positions are defined the 
next step consists in establishing the time histories. From 
system theory the input to state and state to output relations 
write 

 
1k d k d k

k d k d k

x A x B u

y C x D u
+ = +

= +
 (2) 

with xk+1 
2n∈ℝ the state vector, uk 

r∈ℝ the input vector and 

yk 
m∈ℝ the measurement vector. Ad, Bd, Cd and Dd are real 

matrices of appropriate dimensions. Following the recurrence 
one finds that 

 0
0

k
k

k d j k j
j

y CA x Y u −
=

= +∑  (3) 

where 

 0 dY D=  (4) 

and 

 1j
j d d dY C A B−=  (5) 

Stacking the inputs and outputs in columns gives, 

 

00 0

1 01 1
0

1 0

0 0

0

0

d

d d

d d

C Yy u

C A Y Yy u
x

C A Y Y Yy u−

                                 − =                                    
ℓ

ℓ ℓℓ ℓ

⋯

⋯

⋮ ⋮ ⋮ ⋱⋮ ⋮

⋯

 (6) 

Or, in a more compact notation  

 [0, ] 0 [0, ]y Ob x Hu− ⋅ =
ℓ ℓ ℓ

 (7) 
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where 1 1( ) ( r)m xH R∈ ℓ ℓ
 , Ob

ℓ
 is the observability block of 

order ℓ , ℓ  is total number of time steps and 1 1= +ℓ ℓ is the 

total number of time stations. The general solution of eq.7 is  
 

 * *
[0, ] [0, ] 0u H y H Ob x Z h− −= − ⋅ + ⋅
ℓ ℓ ℓ

 (8) 

where -* stands for pseudo-inversion, Z=N(H) is the null 
space of H and h is an arbitrary vector of appropriate 
dimension. If data are collected from collocated acceleration 
the null space of H is empty and consequently there is only a 

set of [0, ]u
ℓ

for [0, ]y
ℓ

. Otherwise, there is a null space and the 

inputs are identifiable in the interval [0,p] if the initial 
condition is known and the kernel of H is of the form, 
 

 
1

( )

( )r ( )

0pr x

p x

Z
Z

⋅

− ⋅

 
 =  
 ℓ

 (9) 

In this case the reconstructed input over [0,p] is 

                               ( )*
[0, ] 0p pu Q H y Ob x−= − ⋅
ℓ ℓ

 (10) 

The kernel of a 40-DoF uniform chain system with a load at 
the first coordinate and an output at the last is plotted in 
Figure 5.  
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Figure 5: kernel of a 40-DoF chain system subject to variation 
of the sensor location; sensor on the opposite position respect 

to the load. 
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Figure 6: kernel of a 40-DoF chain system subject to variation 
of the sensor location; sensor in the middle of the chain. 

As can be seen, the kernel is zero, except for the last 20 
steps which correspond to the 1.0 sec wave propagation time. 

Taking the output in the middle reduces the wave travel time 
to 0.5 secs and, as can be seen in Figure 6, the kernel is then 
zero for 10 steps. 

 

5 EXPERIMENTAL RESULTS 

This experiment was conducted at the Department of Civil 
and Environmental Engineering of Northeastern University at 
the Structural Dynamics and System Identification Lab. The 
structure is an aluminum beam fixed at one endErrore. 
L'origine riferimento non è stata trovata.. The shaker 
delivered a burst pseudo-random input with duration of 6.5 s 
at position #6 and the measurement set-up includes 3 
accelerometers PCB, as shown in Figure 7. The sampling 
frequency is 1280 Hz and a 7-DoF model is used to 
approximate the structure. The modal frequencies of the 
model are 13, 83, 239, 467, 726, 1016, 1350 Hz. 

 

 

Figure 7: the set-up of the experimental test on the beam. 

 

5.1 Tests on number and position of the inputs 

Figure 8 shows the singular values along the frequency line 
obtained from output data. It is possible to infer that the 
number of independent acting load is just one. Figure 9 shows 
then that the input position is at the 6th DoF. 

0 200 400 600 800 1000 1200 1400
0

2000

4000

6000

8000

10000

12000

14000

Frequency [Hz]

S
v 

[-
]

 

Figure 8: number of the independent inputs acting on the 
beam. 
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Figure 9: position of the independent inputs acting on the 
beam. 

 

5.2 Time histories 

Eq. 10 can be implemented on a window that controls the size 
of the matrix H as it is sufficient to solve the inverse problem 
in a sequential fashion [1]. Figure 10 illustrates the 
comparison between the actual and the reconstructed input. 
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Figure 10: detail of the comparison between the predicted and 
the actual input. 

6 CONCLUSIONS 

The paper addresses the determination of the number the 
position and the time histories of unmeasured inputs. It is 
shown that the number of inputs can be determined in a batch 
mode and with reasonable accuracy from the effective rank of 
a matrix formed using the Fourier transform of the output 
signals. The position of the acting loads is subsequently 
established by inspecting the generalized angles made by the 
columns of the transfer matrix of the model with the basis 
identified from the data. Once the input mapping is complete 
the time history of the load can be inferred with good 
accuracy using a sequential de-convolution algorithm. 
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A concentrated mass of 3 kg is added at point A. In the first 
step, a load F= 9N is applied in the y-direction at point A to 
push beam P(1) into contact with beam P(2) at node D. Then, 
in the second step, a velocity V=0.002 m/s in the x-direction 
is imposed at point G of beam P(2). Beam properties are 
shown in Table 1. For simulations, the friction coefficient is 
fixed to 0.5. 

Table 1. Beam properties. 

 P (1) P (2) 
Length [m] 0.05 0.15 
Width [m] 0.01 0.015 
Thickness [m] 0.0015 0.003 
Density [kg/m3] 7900 7900 
Young modulus [GPa] 185 185 
Number of elements 30 90 

2.2 Equations governing stability analysis 

This section presents equations governing the instability of the 
steady sliding status. A perturbed dynamic solution is 
considered in the neighborhood of this steady sliding 
equilibrium, so that the contact point remains in sliding status. 

The displacements U are broken down into a nodal 
displacement of the system at a steady sliding equilibrium U  
and a perturbed state U , such as: 

 U U U  (1) 

For 2D applications, the static equilibrium displacement U  
is calculated by considering the following equation: 

 KU F PTF PTF  (2) 

where K and F are respectively the stiffness matrix and the 
external loads, F  and F  the static normal and tangential 
contact loads and their associated localization matrices P  
and P . 

Equation 3 defines the mechanical dynamic equation by 
integrating the decomposition of displacements (Equation 1): 

 MU CU K U U  
 F PT F F PT F F  (3) 

where M and C are respectively the mass and damping 
matrices, F  and F  are normal and tangential contact loads 
associated to a perturbed state U . 

Equation 3 can be simplified by introducing the static 
equilibrium equation (Equation 2): 

 MU CU KU PTF PTF  (4) 

Considering P  as an orthogonal matrix, the normal load F  
is expressed as a function of kinematic data: 

 F P MU P CU P KU  (6) 

The condition of sliding friction is given as follows: 

 F µF  (7) 

where µ is the friction coefficient. The tangential load F  is so 
defined by: 

 F µ P MU P CU P KU  (8) 

Introducing Equation 8 in Equation 4 and after some 
algebra, we obtain the following equation: 
 

 I µPTP MU I µPTP CU  
 I µPTP KU PTF  (9) 

The normal contact conditions, defined by Equation 10, can 
be expressed by: 

 P U 0 (10) 

This relation can be rewritten by considering a projection 
matrix T which contains the normal connection between the 
slave and master nodes. 

 U TUW (11) 

Considering the projection matrix T, Equation 9 can be 
defined as follows: 

 TT I µPTP MT UW TT I µPTP CT UW … 
 TT I µPTP KT UW 0 (12) 

Finally, the equation that govern the smooth dynamic 
evolution of the system is: 

 MUW CUW KUW 0 (13) 

where M TT I µPTP MT , C TT I µPTP CT , 
and K TT I µPTP KT  

The linear analysis of the dynamic stability of the system, 
defined by Equation 13, leads classically to the generalized 
eigenproblem: 

 λ M λC K W 0 (14) 

 T W (15) 

where W and  are respectively the reduced and full right 
eigenvector corresponding to the eigenvalue λ. 

To determine eigenvalues and eigenvectors, a 2 N-
dimensional right eigenproblems is generally defined: 

 Au λBu (16) 

where 

 A K 0
0 M

, B C M
M 0

, u W

λ W
 (17) 

2.3 Deterministic stability analysis and coalescence graph 

The study will be performed in the Lyapunov’s sense. If the 
eigenvalue have a positive real part, the mode will be defined 
as unstable. The divergence rate of a mode is defined by 
Re(λ)/Im(λ), which corresponds to a negative damping rate. 
Re(λ) and Im(λ) are the real and imaginary parts of the 
associated unstable mode. Considering the results of 
Equations 17 for different values of friction coefficient, it is 
possible to define the coalescence graph. 

The obtained results for the studied system are presented in 
Figure 2. Three instabilities are detected. The first one 
occurred for a friction value higher than 0.16 and a frequency 
of 400 Hz whereas the second one for a friction value higher 
than 0.12 and frequency equal to 2800 Hz. Thus, the last 
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coalescence was obtained between 7th and 9th modes for 
friction coefficient values µ=0.18. 

 
Figure 2. Coalescence graph for studied beam-on-beam 

system. 

The growth rates for µ=0.5 are respectively equal to 0.44, 
0.23 and 0.11 for the three modes lock-in. Although the 
relation between high values of growth rates and severity of 
the instability is not direct they are sometimes used as 
indicators. A complementary dynamic transient analysis is 
better to confirm or not the predicted behavior. 

Although frequency stability computations supply important 
information about the behavior of a nonlinear system, the 
validity range is unknown and clearly depends on the 
stationary state. The static equilibrium position is directly 
related to the description of the contact surface and to the 
definition of mechanical input parameters, used in the nominal 
model. The next sections discuss about uncertainty 
propagation of input parameters and the possibility to improve 
the predictivity of frequency simulations. 

3 MAIN CONCEPTS FOR FUZZY STABILITY 
ANALYSIS 

3.1 Fuzzy Finite Element Method (FFEM) 

The fuzzy set theory was introduced by Zadeh [5] as an 
extension or generalization of the classic set theory. In 
Zadeh's theory, the membership degree, varying between 0 
and 1, is associated to the different values of the non-
deterministic parameters. In this context, a fuzzy number is 
then defined using a membership function that can take 
different forms (trapezoidal, π-shape, uniform), depending on 
the kind of imperfection and the user’s perception. Consider 
now a beam on beam system defined with 4 fuzzy triangular 
parameters: Young’s modulus E1 and E2, angle incidence θ 
and contact distance d (Figure 3). 

To solve problems described by fuzzy formalism, Zadeh 
proposes to use the Extension Principle [5], which extends 
general operations for real numbers to the corresponding one 
for fuzzy numbers. In practice, an implementation of this 
principle relies on a discretization of membership functions, 
on a calculation of deterministic solutions corresponding to all 
the combinations of values of fuzzy parameters and on an 
evaluation of the degree of confidence of all the solutions. For 

finite element mechanical applications, the associated 
computational time is not compatible with the design step. 

 
Figure 3. Definition of fuzzy input parameters. 

Several alternative methods [6, 7, 8] have already proposed 
for solving classical analyses (static, linear modal analysis, 
harmonic ...) encountered in mechanical engineering and are 
gathered in Fuzzy Finite Element Method. All these methods 
have a common goal that is to determine all the modifications 
of behaviors of studied solutions with precision and reduced 
computational time. In literature, no alternative method is 
identified for studying a fuzzy complex modal analysis. 

3.2 Functional dependence of mechanical solutions 

To propagate uncertainty included in fuzzy parameters, 
different methods [1], based on combinatorial approaches, on 
interval arithmetic, on perturbation or Taylor development or 
on optimization problems, have already proposed. In reference 
[9], the authors have shown that the fuzzy problem can be 
effectively rewritten in term of optimization problem to 
determine the extreme variations of behavior of output 
solutions α-cut by α-cut. 
Before extending this propagation method, proposed to fuzzy 
linear modal analysis, to the case of fuzzy stability analysis, a 
functional dependence analysis is here proposed to define the 
kind of behavior of output solutions. 

The evolution of frequencies are respectively presented 
Figure 4-a for the Young’s modulus and Figure 4-b for the 
incidence angle and the contact distance for specific friction 
coefficient values. Three main kinds of zones are detected: a 
zone before coupling of frequencies, a zone of coupling and a 
zone after coupling of frequencies. The response surface show 
that the functional dependence depends directly on the kind of 
studied fuzzy parameters. In Figure 4-a, the functional 
dependence is linear monotonic for the case of material 
parameters whereas the functional dependence is quite 
quadratic or non monotonic for the case of geometric 
parameters (Figure 4-b). Although the nature of mathematical 
problem is nonlinear (due to static equilibrium for contact 
problem), the behavior of studied solutions is compatible with 
gradient algorithm (already used for linear modal analysis) to 
determinate the combinations of parameters which define the 
extreme behavior. 
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Figure 4. Parametric analysis (a) Young’s modulus E1 and E2 

(b) angle incidence θ and contact distance d. 

To determine the fuzzy envelope of coalescence graph with 
a reduced number of simulations, the uncertainty propagation 
by optimization for fuzzy frequencies will be performed for 
only specific values of friction coefficient. The proposed 
developments about fuzzy frequencies and fuzzy coalescence 
graph are detailed in the two following subsections. 

3.3 Optimization problem for uncertainty propagation 
frequencies 

For each specific value of friction coefficient (Figure 6), a 
min-max optimization (Figure 5) is performed to calculate 
extreme variation of frequencies and so propagate uncertainty 
for each α-cut level [10]. 

 
Figure 5. Determination of fuzzy output frequencies. 

Firstly, the membership function of each input parameters is 
discretized according to the degree of confidence. Secondly, 
for each α-cut level, a search of parameter combinations 
which leads to extreme solutions is performed. The sensitivity 
of the frequencies is evaluated between each level to 
determine how the response function is evolving. The modal 
quantities and their first sensitivities for each fuzzy parameter 
are determined for the crisp values (α=1). The signs of the 
first-order sensitivities indicate the functional dependence of 
the response function and define the combinations of discrete 
fuzzy parameter values which could supply the minimum and 
maximum variations, for the following α-cut level. The signs 
of the derivatives are compared with those obtained at the 
previous α-cut level. If the sensitivities have the same signs, 
the response function is considered to be locally monotonic, 
and the determined combinations provide the minimum and 
maximum variations of the modal quantities for the current α-
cut level. If the sensitivities have different signs, the response 
function cannot be considered as monotonic, giving rise to an 
extremum between these two α-cut levels. The combination 
nearest the extremum is chosen and the search is stopped for 
this variation. Finally, the fuzzy output data are then built α-
cut by α-cut. 

3.4 Strategy for the calculation of fuzzy coalescence graph 

To determine the extreme variations for the coalescence graph 
without performing fuzzy frequencies analysis for all 
combinations of friction coefficient, the proposed strategy 
relies on behaviors observed from parametric analysis. 

For the first zone (before coupling), the extreme evolutions 
of frequencies are calculated for the most low value of friction 
coefficient (Figure 6-a). The identified combinations of 
parameters, which supply the extreme frequencies, are used 
for the entire zone, because the functional dependence is the 
same for this range of friction coefficient. For the last zone 
(after coupling), the methodology is the same as previously 
but by considering the most high value of friction coefficient. 

For the second zone, where the coupling appears, the 
functional dependence evolves and the combinations of 
parameters, which supply the extreme frequencies, change for 
each value of friction coefficient. A precise determination of 
this zone requires important numbers of fuzzy frequencies 
analyses for several friction coefficients values. So, we 
propose to characterize this zone by firstly calculating the 
coalescence graph for the crisp values of input parameters, 
that allows to identify the friction coefficient value of nominal 
mode lock-in. Secondly, a fuzzy frequency analysis is 
performed for this specific friction coefficient value. Finally, 
to improve the determination of fuzzy envelope of 
coalescence graph, other fuzzy frequencies for friction 
coefficient values can be added. 
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(a)  

(b)  

(c)  

Figure 6. Determination of extreme variations of fuzzy 
coalescence graph (a) before coupling (b) after coupling (c) 

coupling zone. 

In conclusion, the proposed strategy allows to reduce the 
number of deterministic simulations. Now, to reduce the CPU 
time again, we propose to explain in the two following 
sections how the classical calculations concerning frictional 
contact problem and modified frequencies, can be replaced by 
alternative methods. 

4 MANAGEMENT OF FRICTIONAL CONTACT BY 
CONTROL BASED APPROACH 

The displacement vector U  (Equation 3) of the two 
structures in contact can be defined by considering the initial 
vector P  and final position vector P, after applying the 
external load: 

 U P P  (18) 

4.1 Geometric definitions 
The Euclidian plane is defined as x, y  with x and y unitary 
orthogonal vectors. For 2D applications, a contact pair (Figure 
7) is defined by considering three nodes, namely two master 
nodes PM xP , yP T and QM xQ , yQ

T
and one slave 

node PS xS , yS T. 

 

 
Figure 7. Geometric description of the contact pair. 

The nodes PM and QM belong to contact surface of the 
master structure, noted S , and both define the master segment 
PMQM. The node PS belongs to the slave structure, noted S . 
Let us define some geometric parameters used in Figure 7 
(Equation 19). 

 

d PMQM xQ xP yQ yP
n n x n y  
n yP yQ /d
n xQ xP /d
t t x t y
t n
t n

α xP xS n yP yS n /d

 (19) 

The normal gap g  is defined as the distance between the 
slave node PS and the master segment PMQM, given by the 
scalar product between n and PMPS, the tangential gap g  by 
the scalar product between t and PSPS : 

 

g PMPS / n xS xP n yS yP n
g PSPS  / t   xS xP t yS yP t dη

η PM PS   d PM QM

 (20) 

where PM , QM  and PS  stands for the initial contact nodes 
obtained from P  and PS  an auxiliary node such as PS PM
 dηt. The conditions 0 α 1 and 0 η 1 guarantee 
convexity, i.e. the nodes PS and PS  must be contained into the 
master segment PMQM. 

Also, the contact loads F  and F , reduced to the studied 
contact pair, can be expressed as: 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3064 

 F

1 α n
1 α n
n
n
αn
αn

 F

1 α t
1 α t
t
t
αt
αt

 (21) 

where  and  are respectively normal and tangential contact 
scalar loads of the studied contact pair. Repeating these 
calculations for all the contact pair, it is possible to build the 
normal and tangential load vectors, respectively PTF  and 
PTF  in Equation 2, of the contact problem. 

On the other hand, the localization matrix T     0,1      
is added by knowing the indexes of master and slave nodes for 
all the contact pair. The positions of contact nodes PM, PS and 
QM can be obtained as follows: 

 
Φ T P  

Φ xP, yP, xS, yS, xQ, yQ
T (22) 

Note that F , F , g  and g  only depend on Φ , that is, the 
positions of the contact nodes PM, PS and QM.  

The static problem, defined in Equation 2, is rewritten as 
follows: 

 T P T P TR F PTF PTF  (23) 

where R is the inverse of stiffness matrix or an equivalent 
approximation based on modal bases of each component in 
contact. 

Now, when friction is considered, there are two possible 
modes for each contact pair, namely sticking condition and 
sliding condition, for which the well balanced conditions must 
be defined. 
4.2 Management of sticking condition 

When sticking mode holds, the mechanical system formed 
by S  and S  are said to well balanced if and only if Equation 
23 is satisfied, 0 α 1, and the tangential and normal gaps 
are null: g 0 and g 0. Let us write the position 
equations and constraints in matricial form (Equation 24), 
where Φ  is defined in Equation 22. 

 

C Φ Φ W 0
ΦT ΦT ,ΦT , WT W ,W   

W T  P RF

C Φ
I C Φ

VT Φ 0
 

Φ f , f ,  W 0, dη   
C Φ TRTT V Φ V Φ Λ

V Φ
n n
t t

 n n
t t

  0 0
  0 0

T

V Φ
n n  
t t

0 0
0 0

  n n
t t

T

Λ diag α, α

 (24) 

4.3 Management of sliding condition 
When sliding mode holds, the mechanical system formed by 
S  and S  are said to well balanced if and only if Equation 23 
is satisfied, 0 α 1, the normal gap is null, and µ . 

Let us write the position equations and constraints in matricial 
form (Equation 25): 

 

C Φ
I C Φ

VT Φ 0
 

Φ f ,  W 0 
C Φ TRTT V Φ V Φ α
V Φ n n n   n 0 0 T

V Φ n n 0 0 n n T

 (25) 

4.4 Definition of discrete-time system 

In order to cope with a control problem the sample k will be 
introduced in the previous notations. Let us consider the 
following discrete-time system, where Φ  and C Φ ,  
correspond to their definition (depending on the 
sticking/sliding mode) for the sample k. We define the overall 
problem as a state feedback robust control problem 
considering the following nonlinear quasi-LPV system model: 

 
Φ Φ u

e C Φ , Φ W (26) 

Note that the tangential and normal loads are contained in 
the state Φ . Then, the solution is obtained through the 
convergence of the output error e  towards 0. 

Recalling that n , , n , , t , , t , 1, 0 α 1 
,  k 0, and 0 η 1, note that there exists a positive 
scalar γ and matrices G  and H  of suitable dimensions, such 
that C Φ , C Φ , γG H  

Then, we obtain the following linear model with norm-
bounded uncertainties: 

 
Φ Φ u

e C γG Δ H Φ W (27) 

Where Δ  is a uncertain matrix such that ΔTΔ I. Note that, 
if the system (Equation 27) is stable, the system (Equation 26) 
is also stable. 

The system, defined in Equation 27, is stabilized by using a 
static state feedback control on the form u Ke . This 
system is stable with decay rate performance β 1 if there 
exists two matrices, namely Q 0 and M, and a diagonal 
matrix S 0 such as the following linear matrix inequalities 
hold: 

 

β Q
Q MC Q           

        0      GCTMT

     SHC            0
   γ S
   0 S

0 (28) 

Moreover, the control gain is obtained as K Q M. 

5 REANALYSIS OF MODIFIED FREQUENCIES 

5.1 Homotopy development and projection 

The homotopy perturbation technique [11] expresses a non-
linear problem as a set of linear problems. In practice, the 
technique consists in introducing an additional unknown 
parameter ε to highlight the non-linearity. In a context of 
reanalysis problem, it is possible to develop a modified vector, 
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noted u  for example, as a series of a nominal vector u  and 
different perturbed vectors u , such as: 

 u u ε u ε u  (29) 

with n  the order of truncature. 
Moreover, each matrix, which contains a non-linearity and 

noted A  for example, can be expressed as a nominal matrix 
A  and a perturbed part ΔA, such as: 

 A A ε ΔA (30) 

At the end of the formulation, the parameter ε will be set to 
one to evaluate the perturbed solution again. This technique 
can be successfully applied to the case of modified reanalysis 
of complex frequencies. 

 A  u λ B  u  (31) 

with i=1 ... nmod 
Considering a perturbation development for variables, 

Equation 31 is decomposed as follows: 

 A ε ΔA   u ε u ε u    
 λ ε λ ε λ B ε ΔB … 
 u ε u ε u  (32) 

The same developments are performed for the 
normalization equation. The perturbed eigensolutions are so 
determined by identifying the different order terms of 
parameter ε. 

5.2 Perturbed eigensolutions by Lee’s method 

Different formulations, proposed by Wang [12] or Lee [13], 
are available to calculate the perturbed eigensolutions. In this 
paper, the Lee’s formulation is considered [9]. 

 Z Γ

ΔAu ∑ λ ΔBu ∑ λ B u

0.5 ∑ u TΔBu ∑ u TB u
 (33) 

 Γ
u

λ
 (34) 

 Z
A λ B B u

u TB 0
 (35) 

To improve the quality of the approximation, a projection of 
the equilibrium equations onto a subspace spanned by the 
columns of a rectangular projection basis T is considered. We 
propose to build the projection basis T by using the nominal 
solutions u  of the initial problem and the perturbed 
solutions u , as written in Equation 36: 

 T u …u  … u …u … u …u  (36) 

This projection basis, whose size is [N x (n +1)], is 
orthonormalized with the iterative Gram-Schmidt algorithm. 
This projection technique allows the size of the perturbed 

problem [(n +1) x (n +1)] to be decreased, thus reducing the 
CPU time. 

6 NUMERICAL APPLICATION 

6.1 Reanalysis of sliding contact problem 

Before performing a non-deterministic simulation, we propose 
to validate the behavior of automation controller (see 
subsection 4.4) to calculate the static position for the nominal 
values of input parameters. Calculations are performed after 
the second step of the problem (see subsection 2.1). Figures 8 
and 9 present respectively the evolution of normal and 
tangential loads and the mean of normal gaps as function of 
number of iterations. 

 
Figure 8. Evolution of normal and tangential loads (sliding 

conditions after the step 2) as function of number of iterations. 

  
Figure 9. Evolution of mean of normal gaps as function of 

number of iterations. 

To calculate the equilibrium position, the proposed algorithm 
converges after 8 iterations. The obtained values in term of 
normal and tangential loads, respectively equal to 8.98N and 
4.49N, are very close to those calculated with the commercial 
software Abaqus. The maximal errors are inferior to 1% and 
all the obtained gaps are near to 10-14m. According to these 
results, we can consider that the proposed algorithm is 
compatible with the advanced simulation and can be 
integrated in the FFEM. 
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6.2 Determination of fuzzy frequency and coalescence 
graph 

In this section, the membership functions of fuzzy 
frequencies, calculated by the proposed FFEM (uncertainty 
propagation by optimization, reanalysis of modal basis and 
contact by control approach), are presented for the three first 
unstable modes (Figure 10) and successfully compared to 
results obtained by an implementation of Zadeh’s Extension 
Principle (Numerical Designs of experiment). 

 
Figure 10. Comparison of fuzzy frequencies calculated by 

proposed methodology FFEM and Zadeh’s Extension 
Principle. 

The uncertainty, introduced in the model, affects mainly the 
third unstable frequency for which the range of variation of 
support is of 1009Hz whereas the ranges of variation are 43Hz 
and 256Hz for the two first one. 

 
Figure 11. Comparison of coalescence graph for the first 
unstable frequency calculated by proposed methodology 

FFEM and Zadeh’s Extension Principle. 

By considering the uncertainty, the three coalescences are 
observed for different intervals of friction coefficient namely 
[0.13; 0.2], [0.07; 0.16] and [0.06; 0.5]. The fuzzy coalescence 
graph of the first unstable frequency, for which higher values 

of growth rate [0.39; 0.5] are observed, is presented in Figure 
11. 

7 CONCLUSION 
This paper presents a complete strategy to calculate fuzzy 
frequencies and fuzzy coalescence graph for a friction-
induced vibration problem. Firstly, the useful (or adequate or 
sufficient) number of simulations to propagate uncertainty is 
controlled by exploiting results of functional dependence 
analysis and rewriting uncertainty propagation problem as an 
optimization problem. Secondly, the computational cost of 
each deterministic evaluation is controlled too by using 
alternative reanalysis methods. A control based approach 
including a discrete-time system is here proposed to solve the 
frictional contact problem. A homotopy perturbation method 
coupled to projection is used to calculate frequencies. A 
numerical application is proposed to test the efficiency of the 
proposed strategy and to highlight the effects of fuzzy input 
variations on instabilities. 
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ABSTRACT: The representation and propagation of uncertainty is studied by way of two alternative approaches to 
representation of uncertainty. The classical representation of uncertain variables and other parameters is based on the 
assumption that uncertainty is of a statistical nature also called aleatory uncertainty. Thus uncertainty can be represented by 
means of probability distributions with known characteristics such as expected value and standard deviation. If the uncertainty is 
of an epistemic nature we have to deal with genuine lack of knowledge or imprecision. In this case representation is readily done 
by means of intervals and fuzzy numbers. Thus an uncertain variable may be represented by an interval meaning that the 
variable can attain any value within that interval and we do not know which one. The interval approach is extended to 
representation by fuzzy numbers. The paper outlines the computational challenges and difficulties that have to be faced in order 
to arrive at correct solutions without excessive optimism or pessimism. Furthermore, the paper compares the results obtained by 
the two approaches and points out some paradoxical observations. 

KEY WORDS: Aleatory and epistemic uncertainty; Probability; Possibility; Interval; Fuzzy. 

1 INTRODUCTION 
This paper deals with representation, modeling and 
calculation of uncertain output variables from engineering 
systems subject to uncertain input variables and model 
uncertainty as well. The propagation of uncertainty is studied 
by way of two alternative approaches to modeling of 
uncertainty. 

The first approach is the so called aleatory approach where 
uncertainty is of a statistical nature and conveniently 
represented by probability distributions. It is assumed that we 
have a knowledge of the uncertain variables for instance 
acquired by previous experiments of identical or at least 
similar variables that allows for determination of relevant 
distributions. The second approach is the so called epistemic 
approach where we have genuine lack of knowledge of the 
variables except that they are confined to intervals or, more 
generally, represented by fuzzy numbers. In the latter 
approach no probability distributions are known. 

In practical engineering system applications we have to 
calculate how uncertain input parameters and other uncertain 
system parameters affect the system output variables, in other 
words how the uncertainties propagate through the system. 
For complex, nonlinear and non-monotonic systems it is 
usually impossible to obtain explicit closed form expressions 
of the uncertain output parameters so we have to turn to 
iterative numerical algorithms. Obviously, the aleatory and 
epistemic approaches require different kinds of information on 
the uncertain variables and call for different calculation 
algorithms to solve the propagation problem. The paper 
outlines the computational challenges and difficulties that 
have to be faced in order to arrive at correct solutions 
eliminating excessive optimism or pessimism. Furthermore, 
the paper compares the results obtained by the two approaches 
and points out some paradoxical observations. 

2 INTRODUCING UNCERTAINTY IN THREE STEPS 
In order to make a quick introduction to the core of the matter 
a simple system response function is considered with one 
input variable x and one output variable f(x) = x(1-x). 
Uncertainty is subsequently introduced in three steps. 

2.1 Step 1: Base case without uncertainty 

As a first step without uncertainty consider the nominal (base 
case) input variable x = 0.2 which obviously gives the result 
f(0.2) = 0.16. 

2.2 Step 2: Uncertainty representation by interval 

In the second step we introduce uncertainty by representing 
the input variable by the interval x = [0; 1] containing the 
nominal value which means that x may attain any value 
between 0 and 1 but nothing is known about the frequency of 
occurrence. This situation is equivalent to x being represented 
by the aleatory approach although the probability distribution 
is unknown (except for the finite support, 0 ≤ x ≤ 1) as well as 
the epistemic approach with x confined within the interval [0; 
1]. Obviously, the system function f(x) may attain values 
between 0 and 0.25 and this is to be expected when we 
calculate the propagation of uncertainty by either approach. 
We apply straight forward interval arithmetic remembering 
that distributivity is not maintained, only sub-distributivity, 
[1]. Depending on the order of calculations we get two 
different results, which both are wrong in the sense that they 
are too wide compared to the correct result [0; 0.25]: 

 
f([0; 1]) = [0; 1]∙([1; 1] - [0; 1]) = [0; 1]∙[0; 1] = [0; 1] and 
f([0; 1]) = [0; 1]∙([1; 1] - [0; 1]) = [0; 1] - [0; 1] = [-1; 1]. 
 
There are certainly challenges connected with application of 

interval arithmetic, [2] and [3], even with this simple system 
response function. The variable x appears more than once 
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which means that the resulting interval becomes too wide. The 
function is non-monotonic with an interior maximum which 
means that an evaluation at the vertices of the input variable 
gives a too narrow resulting interval, namely [0; 0]. It should 
also be mentioned that excess width may occur in cases where 
two (or more) uncertain variables depend on a common 
uncertain variable. Consequently, this should be avoided when 
programming the system response function. In order to 
produce correct not-too-wide and not-too-narrow results we 
use a global optimization algorithm, [2] yielding the correct 
value [0; 0.25] as expected. Application of the interval 
representation of uncertainty was proposed in [4]. 

2.3 Step 3: Uncertainty representation by triangular 
distributions 

As the third step we combine the nominal value of x = 0.2 
with the interval uncertainty [0; 1] to arrive at a triangular 
representation of x. This seems to be a natural step and the 
triangular distribution is often used in practice for this 
purpose. The triangular representation may be interpreted as a 
triangular probability distribution or, alternatively, as a 
triangular fuzzy number, see Fig. 1, as proposed in [5]. We 
calculate the fuzzy output variable at a sequence of α-cuts, α = 
0(0.05)1 by global optimization [2]. For α = 0 and 1 we get 
the interval [0; 0.25] and the (collapsed) interval [0.16; 0.16], 
respectively, see Fig. 2.  

 

 
Figure 1. Alternative triangular distributions of uncertain 

input variable x. 

 

 
Figure 2. Alternative distributions of uncertain output variable 

f(x) = x(1-x). 

We calculate the output probability distribution using Monte 
Carlo simulation [6] and get a minimum of 0.0035, maximum 
0.2500, mean 0.1933, and mode 0.2500. Obviously, the results 
from the alternative approaches are quite different and may 
lead to different conclusions, see Fig. 2. 

2.4 Triple point estimation 

To explore sensitivity data or obtain worst- and best-case 
results in practical applications triple point estimations are 
frequently used. Typically the output variables are calculated 
at the nominal values of the input variables, and two points 
with lower and higher value, respectively. If in this case we 
choose the triple point input variable x = 0, 0.2 and 1, 
respectively, we get the corresponding triple point output 
variable f(x) = 0, 0.16 and 0, respectively. In view of the 
above calculations this is seen to be totally misleading and 
extreme care should be taken to apply triple point estimation 
in the general case. 

3 SYSTEM WITH PERIODIC RESPONSE 

3.1 True worst- and best-case 

Consider a system response function f(x) = sin(x). We want to 
calculate the uncertain output variable as a function of the 
uncertain input variable x described by the (symmetric) 
triangular distributions defined by x = 0, nπ/16 and nπ/8, 
respectively, n = 2, 4, 6, 8, 10, 12, 14 and 16. An example for 
n = 16 is shown in Fig. 3. 

 

 
Figure 3. Example of alternative triangular distributions of 

uncertain input variable x for n = 16. 
 
A sequence of results is depicted in Figs. 4a-4f, revealing an 

increasing degree of discrepancy between the two alternative 
representations. (Probability is shown by bars, possibility by 
solid line). In Fig 4a the input variable is limited between 0 
and π/4 so the system response function f(x) = sin(x) is 
monotonic and almost linear. In Fig. 4b the function is still 
monotonic but nonlinearity is beginning to show. In Figs. 4c 
and 4d the function is non monotonic with a local maximum 
at x = π/2. In Figs. 4e-4h a corresponding progression is 
observed culminating in the symmetrical distributions shown 
in Fig. 4h, obtained with the input distributions shown in Fig. 
3. It is seen from Fig. 4h that the maximum likelihood occurs 
at x = π/2 and 3π/2, respectively. The base case of x = π is 
reproduced exactly and the response function is confined to 
the interval [-1; 1] when x is confined to the interval [π/2; 
3π/2], corresponding to an α-cut with α = 0.5. 
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Figure 4a. Output variable f(x) = sin(x), n = 2. 

Figure 4b. Output variable f(x) = sin(x), n = 4. 

Figure 4c. Output variable f(x) = sin(x), n = 6. 

Figure 4d. Output variable f(x) = sin(x), n = 8. 
 
 

Figure 4e. Output variable f(x) = sin(x), n = 10. 

Figure 4f. Output variable f(x) = sin(x), n = 12. 

Figure 4g. Output variable f(x) = sin(x), n = 14. 
Figure 4h. Output variable f(x) = sin(x), n = 16. 
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3.2 Triple point estimation 

A straight forward triple point estimation of the response 
function f(x) = sin(x) with x = 0, π and 2π, respectively, gives 
the result f(x) = 0, 0 and 0, respectively, which is totally 
misleading, compare with Fig. 4h. 

4 CASE STUDY: INVESTMENT IN A RAILWAY LINE 

4.1 The problem 

Recent research has established the fact that budgeted cost of 
large infrastructure projects are most often over run as well as 
budgeted benefits fall short. Competing explanations of this 
phenomenon are offered in the literature [7] by the names of 
deception and selection. By means of the two alternative 
approaches presented in this paper another possible reason for 
underestimation of uncertainties in large infrastructure 
projects is proposed. 

4.2 The base case 

This case study is based on [8, Section 4.2, Option 2, Table 
4.22] about investment in a railway line with all uncertainty 
evaluations done by using the probability approach. For the 
purpose of the present paper we focus on calculation of the 
uncertain net present value NPV as a consequence of 
uncertain investment costs, which was not done in [8]. The 
base case is established as an economic analysis over a 30 
years period with four investment items each of the first three 
years (in total 12 investment input variables) and a resulting 
NPV of 1,953.3 m€. In order to obtain the results in this paper 
the base case was reprogrammed in MS Excel. 

4.3 Uncorrelated input variables 

The 12 uncertain investment variables are now represented by 
uncorrelated triangular probability distributions as well as 
possibility distributions created from the base case. The worst 
case of the individual investment items is 200% larger than 
the base case and the best case is 10% smaller than the base 
case, [8, Fig. 4.4]. The distributions of the uncertain input 
variables are interpreted as probability and possibility 
distributions, respectively. An earlier attempt to compare 
these two alternatives was made in [9]. 

The resulting NPV is shown in Fig. 5 for the probability as 
well as possibility interpretation. Some comments on the 
results are in order: In the possibilistic representation the base 
case NPV of 1,953 is clearly reproduced whereas the 
probabilistic representation produces an expected value of 
1,131, which is considerably lower. Note that the worst-case 
NPV in the probabilistic case is 239 since the likelihood of a 
smaller NPV is equal to zero. Likewise, the best case is 1,824. 
In contrast, the possibilistic representation has a worst-case of 
-644 and a best-case of 2,083. 

Thus much worse results than indicated by the probability 
distribution are indeed possible. However, this is hidden to the 
probabilistic eye whereas it is visible for the possibilistic eye. 
In cases like this the base case is often redefined from the 
original value of 1,953 to the mean value of the (close to) 
symmetric probability distribution, which is 1,131. In this way 
the likelihood of over and under running the expected NPV by 
a certain amount are equally large. This is counterintuitive to 
the fact that by observing a large number of projects more 

often a smaller NPV relative to the base case is realized than a 
larger one. 

 

Figure 5. Uncertain NPV of railway line with 12 
uncorrelated investment variables (probability by bars, 

possibility by solid line) 
 

4.4 100% correlated input variables 

The 12 uncertain investment variables are represented by the 
same triangular distributions as before but the probability 
distributions are now 100% positively correlated. The 
resulting distributions of NPV are shown in Fig. 6. 
 

Figure 6. Uncertain NPV of railway line with 12 fully 
correlated investment variables (probability by bars, 

possibility by solid line). 
 
It is easily observed that the picture has changed completely 

for the probabilistic approach: The NPV is distributed as a 
triangular probability distribution similar to the possibility 
distribution. A summary of results is given in Table 1. 
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Table 1. Data for probability distributions of NPV. 

Correlation Mean Std Min Max 
0 % 1,131 244 239 1,824 

100 % 1,131 628 -628 2,079 
The expected value for NPV is 1,131 as was the case with 

uncorrelated variables but the standard deviation has increased 
considerably. Note that minimum and maximum for 100% 
correlation is very close to those of the possibilistic 
distribution. Thus the probabilist will in this case be fully 
aware of extreme values of NPV that will have a significant 
likelihood of occurrence. 

5 DISCUSSION AND CONCLUSION 
Note that the aleatory and epistemic approaches are compared 
on the basis that probability and possibility distributions of 
uncertain variables are having similar triangular shapes with 
identical values of their minima, base case and maxima. In 
this way the observable similarities and differences between 
the results of the two approaches are made independent of the 
numerical uncertainty data available. 

The base case represents a conventional number obtained by 
conventional engineering or economist design methods 
without formally taking into account any kind of uncertainty 
(Step 1). 

The minimum and maximum represent the bounds of an 
uncertain variable and can be obtained by different methods 
(not further discussed in this paper). Bounding of a variable 
may be seen as a further qualification of the base case. If the 
bounds are wide the base case is of a pure quality and we can 
propagate the uncertainty to the output variables by an 
adequate interval analysis method [2] with large uncertainty 
as a result. On the other hand, if the bounds are narrow the 
base case is of a high quality (Step 2). 

Finally, if we have additional aleatory knowledge of an 
uncertain variable in the form of a probability distribution (for 
example a triangular distribution) we can propagate 
uncertainty by Monte Carlo simulation [6]. Alternatively, if 
we have additional epistemic knowledge in the form of a 
possibility distribution (for example a triangular distribution) 
we can propagate uncertainty by repeated application of an 
adequate interval analysis method [2] at a sequence of α-cuts 
(Step 3). 

It is a basic requirement for obtaining correct results with 
the possibility approach that a proper interval analysis method 
is applied. Otherwise too wide or too narrow intervals may 
occur, leading to incorrect conclusions. This is explained and 
demonstrated in the paper using simple examples. 

The application of the two approaches on the railway 
investment case may give rise to possible explanations of the 
large discrepancies often observed in practice between 
budgeted and realized economic performance of large 
infrastructure projects. In the case of uncorrelated investment 
variables the probabilistic view on Fig. 5 and Table 1will lead 
to the conclusion that the railway is a fine investment in the 
sense that there is zero chance that it will come out with an 
NPV less than 239 m€. However, by consulting the 
possibilist, it is revealed that there is a large possibility that 
the NPV will be less than 239 m€, it may even become as bad 
as -628 m€. We have here a case of possible events with 

extremely low likelihood of occurrence but with serious 
consequences. 

The results of calculations with 100% positively correlated 
investment variables as depicted in Fig. 6 and Table 1 
includes for the probabilist the extremely unlikely situations 
that everything will go wrong (or right) in the sense that the 
uncertain variables will eventually attain combinations that 
produce the true worst case (or best case). The 100% positive 
correlations of the uncertain variables do have the effect that 
all outcomes that are indeed possible according to the 
possibility analysis will actually appear in the probability 
distribution. The close similarity between the probability and 
possibility distributions observed in Fig. 6 is due to the 
specific form of system response function at hand, namely the 
discounted cash flow function. In the general case this close 
similarity will not appear. 

What we have demonstrated is that the availability and 
application of two alternative approaches to uncertainty 
modeling offers new opportunities to get a more complete 
picture of uncertainty characteristics of complex systems. 
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ABSTRACT: Bridges are very important elements of infrastructure systems. During the operation period, bridges are exposed to 
various risks which will cause damage and/or collapse of structures. In this paper, a risk assessment model for bridges is 
proposed based on fuzzy logic theory, so that it can be adapted by practicing engineers in bridge risk assessment. Fuzzy logic is 
suitable for dealing with uncertainties because of its robustness. For estimating damage levels of bridges, a fuzzy logic 
controller is developed in this paper. The controller is implemented under the NetBeans IDE 7.0.1 environment. Risk sources 
which influence bridge functionality are identified by collecting and analyzing data of collapsed bridges. Many factors are 
important for risk assessment, but it is hard to quantify them because of the different opinions by experts. In this study, sixteen 
identified risks which have influences on bridge damage are used. The identified risks are taken as input variables to the fuzzy 
logic controller. Each input variable has been estimated through the experts’ questionnaire. The output is the bridge damage 
level which might be minor, moderate and major. For the case study, a single-tower cable-stayed bridge located in Tianjin, 
China was chosen. According to results of the program, the expected bridge damage was moderate. It is demonstrated by this 
example that the developed approach in this paper can be effectively applied in practical risk assessment of bridges under 
different hazards considering the opinions of experts. 

KEY WORDS: Fuzzy Logic; Risk Assessment; Fuzzy Controller, Membership Functions, Bridge, Damage. 

1 INTRODUCTION 
Bridges are the most vulnerable parts of the modern complex 
civil infrastructure systems whose tasks are to provide secure, 
reliable, uninterrupted flow of goods and services, and 
transportation of people. Civil infrastructure systems have a 
major role in normal functioning of communities. During the 
operation period, bridges are exposed to many hazardous 
events. The risk of bridge damage depends on the location and 
size of the bridge. In different communities, bridges are 
exposed to different kinds of hazard events. In recent years, 
many bridges have collapsed around the world and have 
caused great economic losses and casualties. During a 
disastrous event, it is very important for a bridge to withstand 
the effects of the disaster, because the emergency response 
and community recovery depends largely on infrastructure 
systems [1-3]. Economic losses of a bridge collapse can be 
both direct and indirect. The direct economic losses of a 
bridge includes: the cost of repair, debris removal, and the use 
of the bypass in case of collapse. The indirect economic loss 
is associated with the interruption of the traffic flow. Security 
and safety of bridges during operational period is one of the 
essential reasons for disaster risk assessment. 

Researchers have developed many theories and methods for 
bridge risk assessment in the operation period. The risk 
assessment of accidents of urban bridges during the operation 
period has been proposed by Gao, Song and Zhu [4]. In their 
research, the accident tree (AT) method and the analytical 
hierarchy process (AHP) is jointly used for an identification of 
risk sources, and the probability of structural damage is 
calculated by the response surface method (RSM). By their 
method, they identified six major risk factors: ship collision 

with bridge, vehicle collision, earthquake disasters, vehicle 
overloading, design and construction quality, and structural 
degeneration. Ruan [5] proposed a method for bridge risk 
assessment and decision making for large-span bridges. Kubo 
[7] developed a quick analysis method for seismic bridge risk 
assessment.  Zhu, Bo and Zeng [6] have extended a quick 
analysis method for bridge seismic risk based on the AHP 
approach, which combines quantitative analysis with 
qualitative factors on bridge earthquake damage. The result is 
the degree of bridge damage. In this research, the bridge 
damage due to the earthquakes risk was considered. In other 
research, Lu and Qu [8] proposed a seismic risk management 
framework, in which one of the main steps in risk 
management was seismic risk assessment. Seismic risk 
assessment degree of a bridge is determined by seismic hazard 
degree and vulnerability level of the bridge. Risk degree is 
calculated as multiplication of hazard degree and vulnerability 
degree. 

Risk assessment of bridges in operation period is very 
important to help decision makers to make the right decision 
about risk reduction, mitigation and disaster preparedness. 
However, there is lack of research and consequently models 
for bridge risk assessment during the operation period. In 
previous research, the most proposed methods were for 
seismic risk assessment of bridges. Besides earthquake 
hazards, other hazards will occur in the operation period of 
bridges. Factors affecting the risk of bridge damage are very 
complicated and have high degree of uncertainty. Uncertain 
characteristics are randomness, fuzziness and fuzzy 
randomness [9]. In this paper, all the risk factors leading to 
bridge damage and failure will be identified, and then a model 
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based on fuzzy logic approach is proposed for disaster risk 
assessment of highway bridges during the operation period 
under uncertainties. The objective of this paper is to develop a 
fuzzy controller model for bridge risk assessment and estimate 
the bridge damage level. 

2 RISK IDENTIFICATION 
Risk identification is the first and the most important step in 
disaster risk assessment (DRA), and in disaster risk 
management (DRM) [8-10]. Disaster risk assessment is the 
key issue in disaster risk management [8]. During the 
operation period, bridges are exposed to many hazardous 
events which have potentials to cause damage or collapse of a 
bridge. Risk identification includes identifying all the risks 
which are threats to the bridge structure. 

A literature survey on the collapsed and damaged bridges 
worldwide has been done in this research. Data has been 
collected about the sources which caused collapse and damage 
of the bridges. Take some famous cases as examples. The 
great east Japan earthquake and tsunami caused damage and 
collapse of road bridges. Totally, 12 bridges collapsed, 13 
bridges had major damages, 32 bridges had moderate 
damages, 103 bridges had minor damages and 1412 bridges 
had no damages. These bridges were exposed to seismic 
hazard, tsunami hazard, debris, and scour hazard [11]. The 
hurricane Katrina caused damage or collapse to almost 45 
bridges. The estimated economic loss to repair or replace the 
bridges was over $1 billion dollars. The most damages were 
caused by the storm surge. Several other bridges suffered 
damage due to debris impact, whereas less damage was 
caused by scour and wind hazards. The above two cases are 
some of the examples of disasters which made damage to 
bridges. 

Collected data has shown that hazards, which influenced on 
bridge damage and collapse, come from natural and artificial 
sources [13]. According to the sources of hazards, bridge risks 
can be classified into two kinds: natural risks and artificial 
ones. Natural risks have: hydraulic risk, which includes 
floods, scours, debris and drifts; earthquake risk; 
wind/storm/hurricane risk; tsunami risk; soil risk; and freeze 
risk. Artificial risks are: collision risk, which includes vehicle 
(truck or car) and ship collision with bridges; overloading; 
fire; deterioration; construction and design errors; terrorist 
attack. In Figure 1, the collected and classified bridge failures 
[14] that happened in the United States during period 1951 – 
1988 are shown. Figure 2 illustrates the number of collapsed 
bridges [15] from 1989 to 2000. Statistics of bridge collapse 
causes during the period of 2000 – 2012 in China is shown in 
Figure 3. From the statistics of bridge collapse in China, data 
about the bridge collapse due to earthquake hazard is excluded 
[13]. Earthquake risk has the greatest impact on bridge 
damage and collapse in China, which is not the case in the 
USA. During the period of 1951 – 1989, most collapses were 
attributed to collisions (vehicle and ship collision). In the next 
periods, hydraulic risks, especially floods risk and collision 
risks were pointed out as disasters that damage bridges 
respectively. 

 
Figure 1. Statistics of Bridge collapse in United States during 

period 1951. – 1988. 
 

 
Figure 2. Statistics of Bridge collapse in United States during 

period 1989. – 2000. 
 

 
Figure 3. Statistics of Bridge collapse in China during period 

2000. – 2012.  
 

3 FUZZY LOGIC CONTROLLER FOR RISK 
ASSESSMENT 

Fuzzy logic has become one of the most successful 
technologies for developing sophisticated control systems. In 
1965, fuzzy logic was developed by Zadeh [16]. The 
motivation for using fuzzy logic is that, it is closer to human 
reasoning than classical logic. Today, fuzzy logic has been 
widely used for developing sophisticated control systems, 
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especially in information technology where it provides 
decision-support and expert systems. 

In classical logic theory, an element strictly defines the 
membership to the set with values of 1 and 0, which means 
that it either belongs or doesn’t belong to the sets, 
respectively. For an element in fuzzy logic, the degree of 
membership to the fuzzy set is used, which has values 
between 0 and 1, and isn’t interpreted as strictly true/false (0 
or 1). A fuzzy set represents the class with a continuum of 
membership grades [17]. Membership functions represent the 
degree of the element belonging to a fuzzy set. An element 
can belong to more than one fuzzy set. Membership functions 
have various shapes: triangular (symmetric and anti-
symmetric), trapezoidal, Gaussian, sigmoid, and bell shape 
functions. 

The structure of a fuzzy logic controller is shown in Figure 
4. Every fuzzy controller contains three major parts [18, 19]:  
• Fuzzification; 
• Specification of the rule-based table; 
• Defuzzification.  

 
Figure 4. Fuzzy controller block diagram [20] 

3.1 Fuzzification 

The first step in development of a fuzzy logic controller is 
selecting variables for input and output of the controller. A 
linguistic variable is a one representing natural language 
expressions that refer to some quantity of interest. Variables 
that have information about behavior of the system should be 
inputs of the system. Inputs and outputs can have different 
linguistic names (linguistic variables). Linguistic variables 
have linguistic values, which can be descriptive or numeric. 
For the fuzzy controller used in this research, 16 input 
variables and one output variable in the system were defined. 
The variables that were inputs to the system are: flood risk, 
scour risk, debris risk, drift risk, earthquake risk, 
wind/storm/hurricane risk, tsunami risk, soil risk, freeze risk, 
vehicle collision risk, ship collision risk, overloading, design 
and construction risk, deterioration risk, fire risk and terrorist 
attack. The output variable was the bridge damage level. 

The input variables could have one of five linguistic values: 
Very Low (VL), Low (L), Moderate (M), Large (LG), and 
Very Large (VLG). Linguistic values were assigned numerical 
values ranging from 0 to 16 on the scale. These five linguistic 
variables were described by membership functions, as shown 
in Figure 5. ’Very Low’ and ’Very Large’ are represented by 
half triangular membership functions, and others are 
represented by symmetric triangular membership functions. 

The mathematical expressions for membership functions are 
defined as follows: 
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Fuzzification is the first process in designing fuzzy logic 
controller in which physical values of input variables are 
mapped to fuzzy set consisting of an interval of real numbers. 
Membership function is the degree of input variable belonging 
to the fuzzy set. These process converts input from crisp logic 
to fuzzy logic with a purpose to make input variables 
compatible with fuzzy logic control rules. The output of 
fuzzification is the fuzzy set consisting of the membership 
functions: 1 2, , nμ μ μL, . Also, the output of the 
fuzzification represents the input to the fuzzy logic rule-base. 

 
Figure 5. Membership function 

3.2 Rule-Based Table 

Fuzzy logic control systems are knowledge based systems. 
Fuzzy logic controllers are described by the fuzzy logic IF-
THEN rules in case of only one variable or IF-AND-THEN 
in case of two or more variables. Fuzzy logic rule base is 
developed by expert’s knowledge about the physical and 
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mathematical aspects of the considered problem. This method 
brings together the expert’s knowledge and experience of the 
issue. The rule table must be created to determine which 
output ranges are used. It is intersection of two inputs. In this 
research, there are ten inputs, so creating a rule table for ten 
inputs was complex. The rule table with ten inputs will consist 
of 510 = 9765625 rules. Instead of creating a table of 10 inputs, 
a table of 2 inputs was made, and listed in Table 1. 

Table 1 Rule-Based Table 

Input 2 
Input 1 

VL L M LG VLG 
VL VL VL L L M 
L VL L L M LG 
M L L M LG LG 
LG M M LG LG VLG 

VLG M LG LG VLG VLG 
 
For example, the IF-THEN rules in case of two risks, Risk_1 
and Risk_2 for input variables and Damage for output variable 
will be as follows: 
 
IF-THEN RULES: 
 IF Risk_1 is Very Low, AND Risk_2 is Very Low THEN  
Damage is Very Low. 
 IF Risk_1 is Very Low, AND Risk_2 is Low THEN  
Damage is Very Low.    
 IF Risk_1 is Very Low, AND Risk_2 is Moderate, THEN  
Damage is Low. 
 IF Risk_1 is Very Low, AND Risk_2 is Large THEN  
Damage is Low. 
 IF Risk_1 is Very Low, AND Risk_2 is Very Large THEN  
Damage is Moderate. 
 IF Risk_1 is Low, AND Risk_2 is Low THEN  Damage is 
Low. 
 IF Risk_1 is Low, AND Risk_2 is Moderate, THEN  
Damage is Low 
 IF Risk_1 is Low, AND Risk_2 is Large, THEN  Damage is 
Moderate. 
 IF Risk_1 is Low, AND Risk_2 is Very Large THEN  
Damage is Large. 
 IF Risk_1 is Moderate, AND Risk_2 is Moderate, THEN  
Damage is Moderate. 
 IF Risk_1 is Moderate, AND Risk_2 is Large, THEN  
Damage is Moderate. 
 IF Risk_1 is Moderate, AND Risk_2 is Very Large THEN  
Damage is Large. 
 IF Risk_1 is Large, AND Risk_2 is Large, THEN  Damage 
is Large. 
 IF Risk_1 is Large, AND Risk_2 is Very Large THEN  
Damage is Very Large. 
 IF Risk_1 is Very Large, AND Risk_2 is Very Large THEN  
Damage is Very Large. 

3.3 Defuzzification 

Defuzzification is the last process in designing fuzzy logic 
controller whose purpose is the opposite of fuzzification. It 
converts the result from the fuzzy logic set into a physical 
value of output variable. The output of the defuzzification 

process is the final result. For the defuzzifying procedure, the 
COG (center-of-gravity) technique is herein used because of 
its simplicity. 

The COG method is defined by the following expression: 
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where ( )xμ  is the membership function and *z  is the 
weighted average. 

The goal of this paper is to determine the potential bridge 
damage state. In HAZUS, five damage states are defined for 
highway bridges [21]. For each of five damage states, a brief 
description was given. These states were: no damage, 
minor/slight damage, moderate damage, extensive damage 
and complete damage. 

The result of the defuzzification process is a number 
between 0 and 16. Every state of damage is mapped to the 
right interval of numbers, as shown in Table 2. According to 
the results, the expected bridge damage degree will be 
estimated. 

Table 2. Classification of damage grade according to the risk 
value 

Damage 
grade 

No 
damage 

Minor 
damage 

Moderate 
damage 

Major 
damage 

Total 
damage 

Value 0-2 2-6 6-10 10-14 14-16 
 

4 CASE STUDY: A BRIDGE IN TIANJIN, CHINA 

4.1 Bridge Description 

A single-tower cable-stayed bridge is selected for case study. 
The bridge is located in Tianjin city in northern China, across 
the Haihe River. This bridge has a single tower from which 
cables, with parallel design, support the bridge deck. In the 
parallel design, the cables are nearly parallel so that the height 
of their attachment to the tower is proportional to the distance 
from the tower to their mounting on the deck. The bridge has 
three spans with arrangement: 145 + 48 + 42 meters. The 
main steel box girder, which is used for the main span, passes 
through the single tower. The single steel tower is 78 meters 
in height, and the tilt angle is 75 degree. The pre-stressed 
concrete box girders are used for side spans. 

4.2 Collected data and results 

A Java application has been developed which is used to 
simulate the work of the fuzzy logic controller. The inputs of 
the application are the values of the input variables of the 
fuzzy logic controller, as discussed in the previous paragraph. 
The values of each input variable are estimated by the experts. 
Each expert gave one mark, on a scale of 0 to 16, for a 
specific risk. In this research, eight experts participated. On 
this scale, meanings of the marks are: 0 – very low risk; ...  4 – 
low risk; ...  8 – moderate risk; ...  12 – high risk; ...  16 –
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Figure 7. Results of program for expert 7 

Table 3. Risks and input values of risks estimated by experts 

 EXPERTS 
RISKS E1 E2 E3 E4 E5 E6 E7 E8 
Flood  8 12 8 8 8 8 8 12 
Scour  2 6 4 4 12 8 8 12 
Debris 8 6 4 4 8 2 6 10 
Drift 8 4 8 8 8 4 6 10 

Earthquake 16 10 8 8 16 12 12 16 
Wind/storm/ 

hurricane 
16 8 12 12 4 12 10 14 

Tsunami  16 8 8 8 4 2 4 4 
Soil  2 4 4 4 8 5 4 6 

Freeze 2 4 4 4 2 4 4 2 
Vehicle 
collision 

 
12 

 
4 

 
8 

 
8 

 
12 

 
8 

 
10 

 
14 

Ship collision 13 9 4 4 8 10 8 12 
Overloading  15 8 8 8 12 12 12 13 
Design and 
construction 

 
8 

 
7 

 
2 

 
2 

 
16 

 
4 

 
6 

 
8 

Deterioration  8 6 8 8 12 12 10 14 
Fire  1 5 8 8 8 4 10 12 

Terrorist attack 8 6 12 12 8 4 8 10 
RESULTS OF APPLICATION 

DAMAGE 
GRADE: 

9.03 

8.0 

7.0 

7.0 

9.0 

7.0 

8.0  
9.0

 

extremely large risk. Other values between these values are 
intermediate ones. In the risk assessment, the opinions of 8 
experts were included. The input values of all variables and 
the results of the applications for every expert are presented in 
Table 3. 

The input values and the calculated degree of bridge risk for 
expert 7 is shown in Figure 7 as an example. According to this 
method, the quantitative measure of a total bridge risk is a 
value between 0 and 16. From the calculated value, a 
conclusion about the degree of bridge damage can be derived. 
The application for calculating the risks is shown in Figure 6. 
From these 8 experts, the mean value of damage grades can be 
estimated. The average value of bridge damage grades was 
estimated as: 

                            00375.8
8

8

1 =
∑ iv

                               (7) 

According to Table 2, the damage grade of this bridge is 
moderate. 

5 CONCLUSION 
In this paper, a survey on the collapsed and damaged bridges 
worldwide is made, and sixteen risk factors leading to bridge 
damage and failure are identified. For estimating damage 
levels of bridges, a fuzzy logic controller is developed, in 
which the identified risks are taken as input variables, each 
input variable has been estimated through the experts’ 
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questionnaire, while the output is the bridge damage level. 
The approach is implemented under the NetBeans IDE 7.0.1 
environment. The developed application program is applied to 
a single-tower cable-stayed bridge located in Tianjin, China. It 
is demonstrated by the case study that the developed approach 
in this paper can be effectively applied in practical risk 
assessment of bridges under different hazards considering the 
opinions of experts. 

A fined model based on fuzzy-AHP approach for disaster 
risk assessment of highway bridges in the operation period is 
now under research. 
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ABSTRACT: This paper deals with the nonlinear vibro-impacting response of a loosely supported tube subjected to both 

turbulence and fluid-elastic forces under cross-flow. The experimental data came from analytical tests using a rigid square 

bundle surrounding a flexible tube, performed in two steps: (i) identification of the turbulence excitation and linearized fluid-

elastic coefficients by active control; (ii) nonlinear experiments with an instrumented loose support. The nonlinear experiments 

(ii) are here modelled by a simple modal shock oscillator under white noise in the frequency domain. A response central 

frequency is first determined as representative, "in mean", of the complex time-fluctuating frequency of the tube that results 

from strong interaction between stops penetration (SP), fluid-damping (FD), fluid-stiffness (FS) and turbulence excitation (TE). 

The convergence process, ensuring SP-FD-FS-TE coherent in frequency, as well as the final results, take benefits from the 

Fokker-Planck equation (FPE) which governs the probability density function (PDF) of the oscillator response in the phase 

space. As analytical FPE solutions exist only for white noise, positive linear damping and undamped stops, numerical FPE 

solutions have also been developed, based on Hermite polynomial decompositions. This permits to justify the concept of 

equivalent linear damping, even for unstable oscillators with negative linear damping and damped stops. Essential experimental 

features are recovered: Rice frequency, impact frequency, mean impact force, fluid-damping power sign. Difficulties arise from 

the non-white turbulence spectrum (-3.5 PSD log-slope) and the high stop rigidity for FPE computation. Finally, the causes and 

conditions for auto-regulation of the vibro-impacting regime of such a FSI system are discussed. 

KEY WORDS: FSI; Fluid-Elastic; Turbulence; Loosely Supported Tube; Shock Oscillator; Fokker Planck Equation; Hermite 

Polynomials.  

1 INTRODUCTION 

Heat-exchanger tubes, when loosely supported and subjected 

to cross-flow, may exhibit vibro-impacting responses due to 

both turbulence and fluid-elastic forces. This could especially 

arise in case of degraded situations with ill positioned or worn 

supports. In recent papers [1,2], the authors addressed the 

problem of predicting such nonlinear regimes, based on 

analytical experiments and time-history computations.  

The test rig is shown in Fig. 1. It consists of a rigid square 

bundle (3x5) surrounding a flexible tube which vibrates along 

the lift direction and may impact its neighbours (D=30 mm, 

L=0.3 m, reduced pitch P/D=1.5). The experiments were 

carried out with water and air-water mixture to cope with 

single and two-phase flows. First, the tube is unsupported 

(without loosely support) and the linearized fluid-elastic 

coupling coefficients, as well as the turbulent excitation, were 

identified for a significant range of reduced velocity using an 

active control method. 

Then nonlinear experiments were performed under the same 

flow conditions (without active control) after installing an 

instrumented loose support in the rig, composed of two impact 

stops (one on each side) fixed on the adjacent rigid tubes and 

whose gap is adjusted with spacers. For each test 

configuration, the tube response and the impact forces were 

measured.  

Numerical simulations have also been performed 

encapsulating the linear fluid-elastic coefficients and the 

turbulent excitation previously identified. The delicate aspect 

of such computations is mainly to take into account both the 

strong geometrical nonlinearity (the stops) and the fluid-

elastic forces, linear but defined in the frequency domain 

through the reduced velocity. This implies time-frequency 

hybrid methods, either by iterating successively in the 

frequency and time domains, or by continuously estimating a 

“instantaneous” response frequency in the time history 

computation (see [1,2]). 

 

 

Figure 1: Test Rig 

In complement to these sophisticated but CPU-time 

consuming calculations, this paper reports a deliberately 

simplified analysis based on a simple 1-DOF modal shock 

oscillator in the frequency domain. The motivation of this 
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work is to better understand the governing underlying physics 

through a highly reduced model, especially the dynamic 

equilibrium which tends to stabilize the fluid-elastic linearly 

unstable tube (without stop), in connection with the increase 

in its apparent frequency with the impacts.  This paper extends 

the first attempt reported in [3], and, like it, is focused on the 

single-phase experiments under water cross-flow.  

For concision and clarity, the following chapter is fully 

devoted to the used nomenclature.  

2 NOMENCLATURE 

ALO Associated Linear Oscillator 

a, A  scalar a or A (with dimension) 

a*, A* dimensionless quantity a or A 

b , B  vector b or B 

c , C  matrix c or C 

 0  index for infinite gaps or no stops 

 1  left stop index or displacement index  

 2  right stop index or velocity index  

 a  amplitude or local maximum (peak) of )t(x  

 a*  dimensionless amplitude: j/a*a    

)x(a  diffusion matrix in the phase space 

)x(b   deterministic drift vector in the phase space 

 c  viscous damping term: 

    0c  linear, 1c left stop, 2c right stop  


dc  dimensionless fluid-elastic damping coefficient 


kc  dimensionless fluid-elastic stiffness coefficient 

 cov coefficient of variation: )x(E/)xcov( x  

 D tube diameter 

refD   reference diameter: m 02.0Dref  (see[4]) 

 erf( ) error function:  




y

0

2 dt).texp(.
2

)y(erf  

 erfc( ) complementary error function: erfc(y)=1-erf(y)  

 E( ) mathematical expectation  

0E  energy for dimensionless: 2j.kE 2
00   

 f frequency or turbulent force 

0f   ALO frequency:  2/)m/k(f 00  

 F impact force  

 left imp.force:   )j-x-(H.x.c)jx(kF 11111   

   right imp.force:   )j-x(H.x.c)j-x(kF 22222   

maxF  mean impact force (mean of local maxima) 


maxF  idem dimensionless: j.k/FF 0maxmax 

 

Rif   Rice frequency: xxRi .2/f    


Rif   dimensionless Rice frequency: 0RiRi f/ff   

rf  reduced frequency: V/D.ffr   

 fs  fluid-structure index 

)t,z(ft  turbulent force per unit of length 

 H( )  Heaviside’s step function 

)x(H  nR normalized Hermite polynomials (see Apx.B) 

)x(Ĥ  "hat" normalized Hermite polyn.: 
! 

)x(H
)x(Ĥ


 

  

 j gap (always positive): 21 jjj   

 j* reduced gap:  0x/j*j   


refj  reduced gap related to ref : ))(/(j*j ref0x   

 j0 index for shock oscillator with zero (or closed) gaps  

 k stiffness term: 

   0k  linear, 1k left stop, 2k right stop  

 K  factor: 
D/V

)D.V..2/1(
.L.2K

22
f  

 L tube length under flow 

refL   reference length: m.1Lref  (see[4]) 

eL    equivalent length: 
L

0

2
1e dz).z(L  

 m  mass term 

nm  tube modal mass: 
L

0

2
nn dz).z(.Sm  

 n modal index or phase space dimension 

 p  probability density function (PDF) 

 q  derived density function 

 S  tube cross section  

)f(S
~

r
eq
ff

 dimensionless equivalent spectrum (see [4]) 

)f(S
~

r
eq
ref

dimensionless envelope reference spectrum (see [4]) 

 t time ( xdt/dx  , time derivative) or transpose index 

ct  single stop contact duration 

 T  total time; ( cT , total stop contact duration) 

 U  elastic potential energy: 

    )jx(H.)jx.(k)jx(H.)jx.(kx.k 
2

1
)x(U 2

2
221

2
11

2
0   

 V  cross-flow velocity 

rV  flow reduced velocity: rr f/1D.f/VV   

 x(t)  displacement of the mass 

x      point in the phase space: t
21 )x,x(x   

 z  abscissa along the tube  

  multi-index: ),...,,( n21   

  norm of the multi-index: 



n

1j
j  

k ,  stiffness ratio, 0201k k/kk/k   

(noted  when no possible confusion with the multi-index) 

ij  Kronecker delta 

     energy ratio of turbulence / fluid-damping forces   

)x(  canonical normal law: )
2

x
exp(

2

1
)x(

2




  

)x(n  extension in dimension n: 



n

1j
jn )x()x(  

)z(n  tube modeshape (mode n, 1)z(max nz  ) 

s   )z( s1s   (with sz  the stop location) 
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0

   zero crossing rate with a positive slope 

a   level (a) crossing rate with a positive slope   

a   idem dimensionless: 0aa f/   

j    impact frequency (left and right stops): 
jj 2  

   tube density (with fluid added mass) 

f    flow density 

 σ  standard deviation 

)x(  diffusion related matrix in the phase space: t.a   

 ω  circular frequency or pulsation 

n   modal pulsation of the tube without stop 

   frequency for phase space: ).2/(xx2    

0   linear reduced damping: m.k2/c 000   

'
n   modal reduced damping 

1    stop reduced damping: m.k2/c 111   

eq  equivalent reduced damping 

ref  reference reduced damping: 02.0ref   

   stop penetration: ja   

*   idem dimensionless: 1*aj/)ja(*   

  

3 SHOCK OSCILLATOR MODEL 

3.1 General 

The shock oscillator (Fig.2) is composed of a linear mass-

spring-dashpot oscillator restrained by two stops with gap 

(one on each side). Each intermittently acting stop is made of 

a linear spring and viscous dashpot in parallel. The oscillator 

displacement x(t) corresponds to the lateral displacement of 

the flexible tube in front of the loosely support. 

The components of the linear oscillator act for the mass, 

damping and stiffness of the fluid-structure coupled system 

that constitutes the “dry” tube under the action of the fluid-

elastic forces (added mass included). 

The stop spring models the impact rigidity mainly due to the 

local shell stiffness of the tube, whereas the associated 

dashpot should express the whole dissipation mechanisms due 

to impacts: high modes excitation, radiation damping, local 

plasticity… 

The external force f(t) is assumed to be a white noise and 

represents the turbulent excitation generated by the water 

cross-flow. 

Given the test inherent uncertainty, and for simplicity, only 

symmetrical oscillators, 21 cc  , 21 kk  , 21 jjj  , have 

been considered in the present analysis. 

3.2 Modal Shock Oscillator 

Assuming 1-DOF behaviour, the lateral motion of the flexible 

tube is projected on its first cantilever beam mode (without 

stop); ones obtains: 

21
s

t1

2
s

fs
2
s

fs
2
s

1 FF
dz).t,z(f).z(

x.
k

x.
c

x.
m















 ,     (1) 

 

Figure 2: Shock Oscillator Model 

where x(t) is the tube physical displacement at the stops 

location; the modal mass 1m  includes the added mass due to 

still water (without flow); the modal fluid-structure terms, fsc  

and fsk , take into account the fluid-elastic coefficients: 

edf111fs L.c.V.D..2/1.'.m.2c   ;           (2-a) 

ek
2

f
2
11fs L.c.V..2/1.mk   ;                  (2-b) 

the first right term of Eqn.(1) corresponds to the turbulent 

excitation, while the last ones, 1F  and 2F , represent the 

intermittent action of stops (see Nomenclature). 

 The transposition of Eqn.(1) with Fig.2, the equation of 

which is: 2100 FF)t(fx.kx.cx.m   , is direct.  

3.3 Turbulent Excitation 

The turbulent excitation generated by the water cross-flow has 

been found in the experiments [1] very close to the 

logarithmic bi-slope envelope spectrum proposed by Axisa et 

al. [4]: 

5.0
r

4
r

eq
ref f.10.4)f(S

~   for 2.0f01.0 r  ,      (3-a) 

5.3
r

6
r

eq
ref f.10.3)f(S

~   for 3f2.0 r  .           (3-b)  

So this reference spectrum has been taken in the analysis, 

more precisely the equivalent spectrum given by: 

  )f(S
~

).D/D.(L/L)f(S
~

r
eq
refrefrefr

eq
ff  ; (see [4] for details).  

3.4 Associated Linear Oscillator (ALO) 

The ALO, defined from Fig.2 by suppressing the stops or 

considering infinite gaps, is characterized by the following 

eigenfrequency and reduced damping: 

1

fs2
0

m

k
 ,     






2
f 0
0 ,     

01

fs
0

.m.2

c


 .            (4) 

Under the white noise approximation at the reduced 

frequency, V/D.ffr  , the ALO displacement variance is: 

2
s3

0
2
10

r
eq
ff

e
2
x0

.
.m..8

)f(S
~

.L.K 


 ,                      (5) 

what pilots the reduced gap, 0x/jj  , which is one of the 

fundamental dimensionless parameters of the study.  

c0 k0 

c2 c1 

x(t) 

j2 j1 

f(t) 

k1 k2 

m 
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4  FOKKER-PLANCK EQUATION   

4.1 General 

The Fokker-Planck equation (FPE, also named forward 

Kolmogorov eqn.) drives the probability density function 

(PDF) of stochastic diffusion processes, a class of 

homogeneous Markov processes. It can be applied to 

mechanical systems on conditions of white excitations ( w ) 

and description in the phase space ( x ), [5,6]. 

By writing the associated stochastic differential equation, 

 )t(wd)).t(x(dt)).t(x(b)t(xd  ,                   (6) 

where the first right term acts for the deterministic drift and 

the second one for the stochastic diffusion, the Fokker-Planck 

equation is expressed as, [6]: 

   
 
  











 n

1i

n

1j ji

ij
2n

1i i

i

xx

)t,x(p).t,x(a

2

1

x

)t,x(p).t,x(b

t

)t,x(p , (7) 

with t.a  , and the left term t/p   equal to zero for 

stationary regimes. 

4.2 Shock Oscillator with Undamped Stops 

In case of undamped stops ( 0cc 21  ), Equation (7) has a 

simple analytical solution for the stationary regime [7]: 





















2
0x

2

0
2

0x
.2

x

k

)x(U.2
.

.2

1
exp.C)x,x(p




 ,          (8) 

with C the PDF normalization coefficient given in Appendix 

A. Solution (8) permits to derive many analytical formulations 

for the undamped shock oscillator [8].   

 

Crossing Rate. By applying the well-known Rice formula, 




 

0
a xd).x,a(p.x  , one obtains (see Appendix A for A): 
















 

0
2

0x

0a
k

)a(U.2
.

.2

1
exp  . ;      

A

f0
0
 .       (9) 

Thus the frequency impact is: )2/jexp(  ..2 2*
0j  

.  

 

Rice Frequency. One has (with G given in Appendix A): 

G

A
.f.

2

1
f 02

x

2
x

Ri 





 

.                           (10) 

Peak PDF.  Under a “narrow band assumption”- one single 

peak per stop contact -, one has: 
 
ja )a()ja/a(p ; 

the dimensionless peak PDF is thus deduced as:              (11) 













 *).2)1(*.(
2

*j
exp ).1)1(*.(*j*)(p 2

2
2    

This simplified expression has been verified with respect to 

the more classical one derived from filtered white noise.  

Impact Mean Force.  From (11), with 
j.0k

)F(E
F max

max  : 


































)1.(2

*j
erfc .

)1.(2

*j
exp.

1
.

2
.

*j

1
F

2
*
max  (12) 

Equivalent Linear Damping. A crude equivalent linear 

damping consists in taking into account the stop damping in 

pro rata of contact duration, 1c0eq c).T/T(cc  ; thus: 

  1c

2

0
0

eq
eq  .tE.

A

)2/*jexp(
.

1m.k.2

c







  ,     (13) 

with     
1

2/T

tE
tE

0j

c
c  , where )kk/(m2T 100j   is the 

period of the shock oscillator with closed gaps.    

4.3 Shock Oscillator with Damped Stops 

Numerical solutions of the Fokker-Planck equation have been 

developed, based on the Hermite polynomial decomposition 

proposed in [6]. Briefly the solution process (see also 

Appendix B) may be resumed as follows:   

i) PDF transform: )x().t,x(q)t,x(p n .                           (14) 

ii) Decomposition: 





0

)x(Ĥ).t(q)t,x(q .                    

iii) Stationary approximation: 



R

0

)x(Ĥ.q)x(q~ .        (15) 

iv) Construction of G matrix, whose each term is: 

     dx.)x),x(Ĥ(G).x(ĤG

nR

   , with              (16) 

)]x(h.)x().x(a[
xx2

1
)]x(h).x().x(b[

x
)x,h(G

n

1i
nij

n

1j ji

2n

1i
ni

i

 












v) Resolution: 0q.G 


;  more precisely :  
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'000
 0'

1

'''
G.Gq 




       (17) 

vi) PDF reconstruction from (14), and deduction of derived 

quantities (as in the previous section 4.2). 

The lack of space prevents to detail this computation. 

Nevertheless, it must be pointed out: 

- The excitation f(t) is still a pure white noise (not filtered).  

- The stop high rigidity sharps the displacement PDF, what 

implies to superpose a lot of Hermite polynomials. 

- This is reinforced by the peak PDF determination based on 

derivatives aa   .  

- The 
''

G


 sub-matrix is ill-conditioned. 

- Although quite complicated, all the formulations have 

closed forms; especially all integrals (16) are analytically 

calculated. 

Numerical FPE solutions permit in particular to test the 

equivalent linear damping previously defined (see § 6.1, 6.2).   
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5 ITERATIVE PROCESS 

5.1 General 

The fluctuation of the “instantaneous” response frequency is 

inherent to any system with stops which is randomly excited. 

But this phenomenon is here amplified by the frequency 

dependence of the fluid-elastic damping and stiffness 

coefficients - )f(c rd
 , )f(c rk

  - and the frequency content of 

the turbulent excitation given by Eqn.(3), the 2
nd

 slope of 

which is very abrupt. Thus only time-history calculations (in a 

wide sense including time-frequency hybrid methods) can 

capture such fluctuations which result from strong and very 

complex interaction between tube motion, stops penetration, 

fluid-damping, fluid-stiffness and turbulence excitation (see 

[1] e.g.) .    

Nevertheless, in addition to the 1-DOF assumption of the 

tube motion, it is supposed in the current analysis that the 

central frequency, around which the “instantaneous” 

frequency fluctuates, may be directly apprehended from an 

iterative process in the frequency domain ensuring the four 

items - stops penetration, fluid-damping, fluid-stiffness and 

excitation level - are consistent in frequency.  

For efficiency, only analytical formulations are used in the 

iterative process which is so quasi-immediate. But results are 

eventually finalised by the support of FPE computations. 

5.2  Stable Associated Linear Oscillator   

This appellation means the linear damping of the shock 

oscillator, 0c  or 0 , is positive. In this case, the analytical 

formulations from § 4.2 are used, with convergence for the 

iterative process based on the Rice frequency. In other words, 

the Rice frequency Rif  given by Eqn.(10), the fluid-elastic 

damping and stiffness coefficients )f(c rd
  and )f(c rk

  

extracted from the linear experiments [1] and the random 

excitation level )f(S
~

r
eq
ff

 given by Eqn.(3) are finally 

coherent: V/D.ff Rir  . Once converged, the other results 

are deduced from Eqns. (9) and (12), taking eventually into 

account the light bias induced by the equivalent damping 

concept.  

5.3   Unstable Associated Linear Oscillator   

When the linear damping, 0c  or 0 , becomes negative, the 

stop damping, 1c  or 1 , is the only way to dissipate energy in 

the shock oscillator model. Moreover the mass motion may be 

totally different from the previous case. Without external 

force f(t), a limit-cycle of constant amplitude 
0a  would be 

reached which satisfies the energy balance, 0*E*E 12  , 

where the 1
st
 term is the dimensionless energy, per period, 

injected by 0  during the "free" flight between the stops, 

while the 2
nd

 one is the energy dissipated by the combination 

of 0  and 1 during the stop contact phases (see Apx.C). 

In case of additional white noise excitation, a candid 

extension of such a balance could be: 

0*E*E
E

*)a(T.P
12

0

f  ,                   (18) 

where m.4GP 0f   is the power injected (>0) by the white 

noise (of PSD 0G  for f>0), and *)a(T  the period 

corresponding to the "average" amplitude *a  when the stops 

are impacted. Equation (18) may be used to determine the 

central frequency in the iterative process. It permits also to 

introduce the dimensionless ratio:   

*
2

0

f E
E

*)a(T.P
 ,                       (19) 

which measures the power injected by the white noise with 

respect to the fluid-elastic destabilizing force. 

In fact, given the intense stop work, it has been found the 

equivalent damping concept could still be adopted in case of 

unstable ALO (see § 6.2). Consequently stable and unstable 

ALO have finally been treated in the same way.    

6 FOKKER-PLANCK COMPUTATION 

6.1 Stable ALO 

Elements of validation of the equivalent linear damping 

(Eqn.13) are presented in Table 1. The 1
st
 column stands for 

the solution of the Fokker-Planck equation that has been used: 

A for analytical (§ 4.2); N for numerical (§ 4.3); Ae for 

analytical with the equivalent damping (Eqn.13). lin stays 

for 0  or eq . The influence of stop damping is shown by 

the two first rows; (although not reported, a reduction of 

)Fcov( max from 0.56 to 0.48 must also be noted). The largest 

deviation induced by the equivalent damping is observed for 

impact frequency and may be estimated as bounded by 5%.  

Table 1: Equivalent Damping Validation for Stable ALO 

FPE k  *j  lin  1  *
Rif  


0

 


j
 *

maxF  

A 100 1 0.02 0 1.67 1.35 0.82 11.5 

N 100 1 0.02 0.02 1.45 1.22 0.60 8.9 

Ae 100 1.23 0.030 0 1.45 1.21 0.57 9.2 

N 200 1 0.04 0.04 1.47 1.24 0.60 13.1 

Ae 200 1.24 0.061 0 1.47 1.23 0.57 13.3 

N 300 0.75 0.08 0.04 1.87 1.50 1.04 22.0 

Ae 300 0.91 0.118 0 1.88 1.49 0.98 22.9 

N 400 0.30 0.15 0.04 3.85 2.91 2.72 62.6 

Ae 400 0.39 0.254 0 3.85 2.86 2.65 63.1 

 

6.2 Unstable ALO 

Examples of results are given in Table 2. The 1
st
 column 

reads: - for analytical calculation of a limit-cycle from Eqn. 

(18) (in this case:   aj0Ri ff ); N for FPE numerical 

solution (§ 4.3); Ae for FPE analytical solution based on the 

equivalent damping concept (NB. Eqn.13 still works with 

00  , provided 0eq  ). Table 2 results are dimensionless 

in terms of k ,  and the damping ratio 10 / . 

As it can be seen, equivalent damping gives acceptable 

results for 0.5, with as expected the largest deviation for 

the impact frequency (25%). It must also be noted Eqn.(18) 

provides Rice frequency and impact force of the right order of 

magnitude. Moreover numerical difficulties occur for large  

and small . An example of calculated PDF is shown in Fig.3. 
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 Table 2: Results Examples for Unstable ALO 

FPE k    0  1  *
Rif  

0
 


j

 
maxF  

- 100 0 -0.02 0.02 2.30 - - 15.9 

- 100 0.2 -0.02 0.02 2.53 - - 18.6 

N 100 0.2 -0.02 0.02 2.46 2.16 2.03 17.9 

Ae 100 0.2 -0.02 0.02 2.25 1.74 1.39 17.6 

- 100 0.5 -0.02 0.02 2.85 - - 22.7 

N 100 0.5 -0.02 0.02 2.75 2.33 2.20 21.8 

Ae 100 0.5 -0.02 0.02 2.65 2.03 1.75 22.1 

- 400 0.5 -0.02 0.02 3.13 - - 43.1 

N 400 0.5 -0.02 0.02 2.96 2.44 2.36 41.4 

Ae 400 0.5 -0.02 0.02 2.81 2.12 1.80 43.0 

- 400 1 -0.02 0.02 3.79 - - 56.0 

N 400 1 -0.02 0.02 3.64 2.85 2.67 56.8 

Ae 400 1 -0.02 0.02 3.53 2.63 2.39 56.7 

- 400 2 -0.02 0.02 5.01 - - 82.2 

N 400 2 -0.02 0.02 4.89 3.72 3.59 84.3 

Ae 400 2 -0.02 0.02 4.81 3.57 3.42 83.6 

 

 

Figure 3: PDF in Phase Space, 0 =-2%, 1 =2%,=0.5,=100 

7 RESULTS 

7.1 Data 

Most of the data are derived from the experimental tests:  

initial frequency Hz 18f0   (1
st
 mode of the free cantilever 

tube in still water); initial modal damping %1'1  ; stop 

stiffness m/N10k 6
1  ; fluid-elastic damping and stiffness 

coefficients as function of the reduced frequency (see Fig.9);  

turbulence spectrum (Eqn.3 and Fig.10).  

As already mentioned, the stops system is assumed to be 

fully symmetrical. Arbitrary stop damping, defined in term of 

reduced damping m.k2/c 111  has been considered (4%).  

7.2 Results 

The analysis is conducted for three gap sizes: 0.5 mm, 1.0 mm 

and 1.5 mm (gap on each side). Results are provided in 

function of the water cross-flow velocity from 0.5 to 4.0 m/s 

with a step of 0.1 m/s. They are compared to the experimental 

ones and previous time-history (TH) calculations, partly 

reported in [1]. They are shown in Figures 4-6 and briefly 

commented hereafter.  

Rice Frequency (Fig.4). One notices the general good 

agreement even if the experimental slopes and values are 

slightly weaker for the wide gaps (1.0 & 1.5 mm) and high 

flow velocities (U>3.5 m/s). 

Impact Frequency (Fig.5). The 1-DOF analysis provides 

relatively satisfactory slopes but give systematically lower 

values.  

Mean Impact Force (Fig.6). The 1-DOF analysis closely 

follows the time-history calculations, but clearly 

overestimates the experimental results, especially for the large 

gaps and high flow velocities.  

8 DISCUSSION 

8.1 What has been captured 

The “double” drastic reduction of model and method that has 

been adopted, 1-DOF under 1-Frequency, is more destined to 

force the understanding than to obtain very precise results. By 

this way, parameters adjustment (stop damping,...) and bias 

correction (from Table 2) have seemed here useless.   

The fluid-elastic effects depend on the flow velocity V and 

gap size j. The ALO reduced damping, always positive for 

j=0.5 mm, becomes negative for j=1.0 mm and j=1.5 mm (see 

0 Fig.7). In parallel the ALO frequency drops up to 60% with 

V (from 18 to 8 Hz) given the fluid-stiffness (Eqn.2 & Fig.9), 

what leads to very large stiffness ratios, 500-1000 (Fig.8). 

The stop damping, crucial in this model, makes the ALO 

equivalent damping always positive, but of course decreasing 

with the gap size (Fig.7). Consequently the reduced gap j* 

appears to be relatively gap-independent (Fig.8). Following 

Eqn.(12), with high  values, this makes the impact force 

proportional to the gap size at the 1
st
 order. More importantly, 

this corresponds to Rice frequency Rif  relatively few 

dependent on the gap size (see Fig.4 especially for j=1 & 1.5 

mm). In all cases the reduced frequency, V/D.ff Rir  , 

converges for high flow velocities “around” the zero-crossing 

of the fluid-damping coefficient (Fig.9), a little “above” 

(fr0.30) for j=0.5 mm, a little “below” (fr0.25) for j=1 & 1.5 

mm.  

Finally it must be noted the destabilizing effect of the stop 

damping 1  in the model: in case of unstable ALO with fixed 

0 , higher is 1  and smaller are the stop penetration a* and 

thus the apparent frequency *)a(f  (see Appendix C).  

8.2 What has not been captured 

The current 1-DOF results are close to the previous time-

history calculations [1], and, like them, fail in predicting the 

impact force level for the largest gaps. Moreover the  factor 

(Eqn.19), another form of which is [8]: 

2
s

2
x1

'
11fs

1r
eq
ffe

dampingfluid

turbulence

)...m.2c(

m.4)f(S
~

.L.K

P

P




 

,     (20)  

is informative in case of unstable ALO, but remains to be 

calibrated in terms of precision.  

8.3 Auto-Regulation 

The elements for the auto-regulation of the vibro-impacting 

regime are in fact embedded in the shock oscillator model 

through the iterative process based on the “central” reduced 

frequency V/D.ff Rir   which pilots the whole.  
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Figure 4: Rice Frequency Evolution 

 

 

Figure 5: Impact Frequency Evolution 

 

 

Figure 6: Mean Impact Force Evolution 

 

Figure 7: ALO Reduced Damping Evolution  

 

 

Figure 8: Dimensionless Parameters  and j* Evolution 

 

 

Figure 9: Fluid-Stiffness & Fluid-Damping Coefficients 
(1-DOF calculation points are circled from R to L as V increases) 

 

 
Figure 10: Equivalent Spectrum 

(1-DOF calculation points are circled from B to T as V increases) 
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A rf  decrease (in the band 0.25-0.35) creates by counter-

reaction a rf  increase, given a higher turbulent excitation 

)f(S
~

r
eq
ff

 (Fig.10), a lower fluid damping )f(c rd
 (Fig.9), a 

higher ALO displacement 0x  (Eqn.5), a lower reduced gap 

j*, and finally a lower Rice frequency (Eqn.10); and vice 

versa, this process being complicated at the 2
nd

 order by the 

variation of )f(c rk
 , 0f  and .  

Transposition to reality is still an open question given the 

tube impact damping (auto-adjusted ?) and the current time 

elimination. But the content of turbulent excitation 

)f(S
~

rff and form of fluid coefficients )f(c rd
  and  )f(c rk

  are 

evidently key factors for auto-regulation (or not).  

9 CONCLUSION 

The present study extends the previous one, [3], following the 

same cap “to reduce to understand”. The 1-DOF shock 

oscillator under 1-Frequency is an extreme reduced model for 

simulating a loosely supported tube subjected to turbulence 

and fluid-elastic forces, while preserving the impact aspect. 

Results are deduced from analytical formulations founded on 

the Fokker-Planck equation (FPE). They are quasi-instanta-

neous and relatively satisfactory given the hardness of the 

initial problem. 

Among the different biases suspected in [3], the equivalent 

linear damping concept, due to stops, has been justified by 

FPE numerical computations based on Hermite polynomials 

decomposition. 

Further 1-DOF developments, in parallel to sophisticated 

calculations by time-frequency hybrid methods, will specifi-

cally address two items: (i) the white noise approximation 

illustrated by Fig.9; (ii) the time elimination which neglects 

the time fluctuation of fluid-elastic forces. In other words, is 

the “mean” Rice frequency, and its corresponding reduced 

frequency, the key and sufficient parameter for stability ?    
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APPENDIX A: CONSTANTS FROM FOKKER-PLANCK FORMULA.   

For symmetrical stops, 21 kk  , 21 jj  , one has:   
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APPENDIX B: HERMITE POLYNOMIALS  

The normalized Hermite polynomials, from nR to R, are: 
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APPENDIX C: ENERGY BALANCE 
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ABSTRACT: In this paper, 3D linear “Dry” and “Wet” Mode Superposition Approaches (DMSA and WMSA) for the 
frequency domain hydroelastic analysis of Floating Structures (FSs) are compared and assessed. The Present WMSA (PWMSA) 
enables the consideration of “wet” natural frequencies and “wet” mode shapes through the appropriate solution of a nonlinear 
(due to frequency dependency of the added mass) “wet” eigenvalue problem. The Present DMSA (PDMSA) is derived from 
PWMSA by excluding the effect of the surrounding fluid on the mode shapes’/natural frequencies’ calculation. The two 
approaches are initially compared from a physical and a mathematical point of view and their main differences are highlighted. 
Although in PWMSA the “wet” mode shapes are expressed as a linear combination of the “dry” ones, this expression enables 
the implementation of a hydroelastic analysis with the advantage of approximating more accurately the real physical problem. 
This expression introduces also important differences between the two approaches in the required numerical computations. As a 
result, the calculated with the two approaches hydroelastic response is different; this fact is also defended mathematically. 
Finally, the two approaches are applied to two different FSs, namely a rectangular thin large floating plate and a rectangular very 
large FS with adequate draft, for comparing and assessing their accuracy. The accuracy is assessed in terms of the calculated 
hydroelastic response using as basis of comparison relevant experimental results. It is concluded that differences in the results of 
the hydroelastic response calculated with PDMSA and PWMSA do exist irrespectively of the type of the examined FS. 
Moreover, the comparison with the experimental results is better for the case of PWMSA.  

KEY WORDS: Very large floating structures; Hydroelasticity; Mode superposition methods; “Dry” modes; “Wet” modes. 

1 INTRODUCTION 
The extensive interest in exploiting the sea environment 
efficiently through the development and the realization of 
traditional and/or modern/sophisticated projects in offshore 
and coastal areas has enhanced the significance of the 
utilization of Very Large Floating Structures (VLFSs). This 
kind of Floating Structures (FSs) can be considered either an 
efficient alternative approach to conventional bottom fixed 
structures or an appropriate solution to meet new trends and 
satisfy new needs. VLFS have the potential to address 
successfully design requirements related to safety, acceptable 
performance and sustainability, considering their advantages, 
e.g. reduced environmental impact, cost effectiveness for 
large water depths and soft seabed conditions, expansion and 
relocation ability etc. ([1]~[2]).  

A VLFS is characterized by its structural flexibility, since it 
has large horizontal dimensions compared to its vertical one; 
therefore, the elastic response of a VLFS is considered more 
dominant compared to its rigid body motions. So, it is 
straightforward that the investigation of the performance of 
these FSs requires the inclusion of hydroelasticity in the 
corresponding numerical analysis; this inclusion addresses 
adequately the fluid-structure interaction considering the FS’s 
structural elastic deformations. The concept of hydroelasticity 
has been introduced by [3], while up to now hydroelastic 
analysis of various FSs has been implemented by many 
researchers through the development and application of 
several numerical methods. These methods can be categorized 
into: (a) direct methods that enable the direct solution of the 

equation of motion using conceptually all nodes of the 
discretized system of the FS (e.g. [4]~[9]), and (b) mode 
superposition methods, where the hydrodynamic analysis is 
separated from the FS’s eigenvalue analysis by introducing 
the generalized (flexible) modes concept for describing the 
structural deformations in addition to the six rigid body modes 
(e.g. [10]~[20]).  

Considering the exclusion or inclusion of the surrounding 
fluid effect (exclusion or inclusion of added mass and 
hydrostatic-gravitational stiffness) on the calculation of the 
FS’s mode shapes, the mode superposition methods can be 
further divided into “dry” ([10]~[16]) and “wet” ([17]~[20]) 
mode superposition approaches respectively. According to 
[19] a “Wet” Mode Superposition Approach (WMSA) can be 
characterized as a computationally expensive numerical 
approach; however, it has the following important advantages 
contrary to a ‘Dry’ Mode Superposition Approach (DMSA): 
(a) the calculated with a WMSA natural frequencies and the 
associated mode shapes represent better the real physical 
problem, since they are calculated considering correctly the 
total mass and stiffness matrices and (b) the computation of 
“wet” mode shapes enables the consideration of the coupling 
between the various “dry” mode shapes of the FS resulting 
from the hydrodynamic actions as they exist in the real 
physical problem. The significance of considering “wet” 
mode shapes in the hydroelastic analysis with reference to the 
coupling between the heave mode and one or more 
generalized modes is also presented in [21] as well as in [6] 
and [8]. 

“Dry” and “wet” mode superposition approaches for the 
hydroelastic analysis of floating structures 

Eva Loukogeorgaki1, Constantine Michailides1,2, Demos C. Angelides1 

1Department of Civil Engineering, Aristotle University of Thessaloniki, University Campus, 54124 Thessaloniki, Greece 
2Centre for Ships and Ocean Structures, Norwegian University of Science and Technology, NO-7491 Trondheim, Norway 

(currently) 
email: eloukog@civil.auth.gr, constantine.michailides@ntnu.no, dangelid@civil.auth.gr 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3090 

In the present paper, 3D linear “dry” and “wet” mode 
superposition approaches for the frequency domain 
hydroelastic analysis of FSs are compared and assessed. The 
Present WMSA (PWMSA) includes a 3D structural model for 
an initial “dry” eigenvalue analysis and a 3D hydrodynamic 
model for the overall “wet” hydroelastic analysis of the FS. 
Moreover, it enables the calculation of “wet” natural 
frequencies and “wet” mode shapes through the appropriate 
solution of a nonlinear “wet” eigenvalue problem (resulting 
from the frequency dependency of the added mass). The 
Present DMSA (PDMSA) is derived from the aforementioned 
PWMSA by excluding the effect of the surrounding fluid 
(added mass and hydrostatic-gravitational stiffness) on the 
calculation of the mode shapes and natural frequencies. 
Initially, the two approaches are compared from a physical 
and a mathematical point of view and their main differences 
are highlighted. Moreover, the fact that PWMSA results to 
different hydroelastic response of the FS compared to the 
response obtained from PDMSA is mathematically explained 
and defended. Finally, the two approaches are applied for two 
different cases of VLFSs, namely a rectangular Thin Large 
Floating Plate (TLFP) with negligible draft and a rectangular 
VLFS with adequate draft in order to compare and assess their 
accuracy. The accuracy of the two approaches is assessed in 
terms of the calculated hydroelastic response using as basis of 
comparison relevant experimental results. Moreover, 
comparison is done with corresponding numerical results of 
other investigators.   
 

2 WET MODE SUPERPOSITION APPROACH 
The applied in the present paper WMSA (PWMSA) is 
conducted in the frequency domain and includes three 
components: (a) a 3D structural model for an initial “dry” 
eigenvalue analysis, (b) an iterative procedure for a “wet” 
eigenvalue analysis and (c) a 3D hydrodynamic model for the 
overall “wet” hydroelastic analysis of the FS. It is mentioned 
that the details of PWMSA have been presented in [19]. In the 
following paragraphs, the components of PWMSA are briefly 
described by citing their key features and the corresponding 
equations. The geometry of the examined FS as well as the 
definition of some basic quantities are shown in Figure 1.   
 

 

 
Figure 1. Geometry of the examined FS and definition of 

basic quantities. 

 
The 3D structural model is based on the Finite Element 

Method. Shell elements with appropriate thickness are used 
for modeling the six concrete walls of the FS. Each shell 

element has four nodes and six degrees of freedom at each 
node. In the structural model, the FS is not subjected to the 
effect of the surrounding fluid (added mass and hydrostatic – 
gravitational stiffness are not taken into consideration). So, a 
“dry” eigenvalue analysis is implemented. Considering that 
the nodal displacement of the FS can be regarded as a 
superposition of the first N modes and assuming that the free 
vibration (neglect of all the external forces and damping) is 
harmonic with frequency ωdry, the “dry” eigenvalue problem 
is formed as follows (Eq. 1): 

 ( )( )2
0dryω− =drystr strK M Φ  (1) 

where Kstr and Mstr are the structural stiffness and mass 
matrix respectively and dryΦ  is the eigenvector matrix, which 
includes j φ , j=1,…,N, eigenvectors. For each jth, j=1,…,N, 
mode, the solution of the eigenvalue problem results to the 
calculation of the corresponding “dry” natural frequency, 

dry
jω , j=1,…,N. Moreover, for each jth, j=7,…,N, mode, the 

corresponding jth “dry” mode shape is formed as follows (Eq. 
2): 

     ⎡ ⎤ ⎡ ⎤= =   ⎣ ⎦ ⎣ ⎦
dry dry dry dry x y z
j j j j j j jU u  v  w φ φ φ  (2) 

where dry
ju , dry

jv , dry
jw  are the component vectors of  dry

jU , 

j=7,…,N,  in x, y, z directions respectively and  
x
jφ ,  

y
jφ ,  

z
jφ  are 

submatrices of the eigenvector j φ  that correspond to the 
nodal translational degrees of freedom in x, y, z directions 
respectively. Modes for j=1,..,6 correspond to the six rigid 
body modes of the FS, while modes for j=7,…,N represent the 
additional generalized modes due to the flexibility of the FS. 
It is mentioned that both “dry” mode shapes and “dry” natural 
frequencies depend only upon the characteristics of the FS. 
Finally, by using the orthogonality conditions for the positive 
semi-definite matrices Kstr and Mstr, the N X N diagonal 
generalized structural mass, M, and stiffness, K, matrices of 
the FS are obtained.   

The inclusion of the effect of the surrounding fluid on the 
calculation of the mode shapes requires the implementation of 
a new eigenvalue analysis, where the added mass and the 
hydrostatic-gravitational stiffness matrices are incorporated in 
the equation of the corresponding eigenvalue problem, 
additionally to the structural mass and structural stiffness 
matrices (“wet” eigenvalue analysis). In order to achieve this, 
the iterative procedure (second component of PWMSA) is 
applied. This procedure enables the solution of a “wet” 
eigenvalue problem, which is nonlinear due to the frequency 
dependency of the added mass. The “wet” eigenvalue problem 
of the floating system, assuming that the free vibration is 
harmonic with frequency ωwet, is formed as follows [19]: 

 ( )2)( 0wetω− ⋅ =tot totK M P  (3) 

In Eq. 3, Ktot is the generalized total stiffness matrix 
resulting from the summation of K and C, where C is the 
generalized hydrostatic-gravitational stiffness matrix, Mtot is 
the generalized total mass matrix resulting from the 
summation of M and A(ωwet), where A(ωwet) is the 
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generalized frequency-dependent added mass matrix and P is 
the eigenvector matrix including pj, j=1,…,N, eigenvectors. 
These eigenvectors numerically express the degree of 
contribution of each ith, i=1,…,N, “dry” mode shape to the 
formation of each jth, j=7,…,N, “wet” mode shape [19]. The 
iterative procedure is applied distinctively for each mode 
considering as input in each iteration cycle: (a) the diagonal 
generalized M and K matrices (3D structural model) and (b) 
the generalized C matrix and the generalized frequency-
dependent A matrix (3D hydrodynamic model). More details 
about the iterative procedure applied for the solution of the 
nonlinear “wet” eigenvalue problem can be found in [19]. 
From the results of the “wet” eigenvalue analysis the “wet” 
natural frequencies, wet

jω , j=1,…,N, are obtained. Moreover, 

the “wet” mode shapes, wet
jU , j=7,…,N, are calculated 

according to Eq. 4: 

 
1

N

ij
i

p
=

⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦∑wet wet wet wet dry dry dry
j j j j i i iU u  v  w u  v  w  (4) 

where wet
ju , wet

jv , wet
jw  are the component vectors of  wet

jU , 
j=7,…,N,  in x, y, z directions respectively.  

With regard to the third component of PWMSA, the 3D 
hydrodynamic model is initially applied in each cycle of the 
aforementioned iterative procedure and finally, it is applied in 
order to perform the “wet” hydroelastic analysis of the FS. In 
this analysis, the FS is assumed to undergo small oscillations 
in all six degrees of freedom (rigid body modes) 
corresponding to surge (ξ1), sway (ξ2), heave (ξ3), roll (ξ4), 
pitch (ξ5) and yaw (ξ6) as shown in Figure 1. Moreover, the 
(N-6) additional modes of the body resulting from the 
existence of structural deformations, are expressed as 
generalized modes of body motion with amplitude ξj, 
j=7,…,N. The amplitudes of the body’s motions, ξj, j=1,…,N, 
are obtained from the solution of the linear system of 
equations of motion (Eq. 5 for i=1,…,N): 

 ( ) ( ) ( )2

1

N
E

ij ij ij ij ij ij j i
j

ω M A iω B B C K ξ F⎡ ⎤
⎢ ⎥⎣ ⎦=
− + + + + + =∑  (5) 

where ω is the incident wave frequency, Mij and Kij are the 
elements of the diagonal generalized M and K matrices, 
obtained from the 3D structural model, as mentioned above, 
and Fi are the generalized exciting forces. Moreover, in Eq. 5, 
Aij and Bij, i, j=1,…,N, are the elements of the generalized 
added mass matrix and the generalized radiation damping 
matrix respectively, which are calculated after the solution of 
the radiation problem according to Eq. 6: 

 1
B

ij ij i j
S

iA B ρ n φ dS i, j ,...,N
ω

− =     =∫∫  (6) 

where ni, i=1,…,N, is the normal component of the ith “wet” 
mode shape on the mean body wetted surface, SB, φj, j=1,…,N, 
is the radiation potential of the jth mode and ρ is the mass 
density of the water. 

The coefficients E
ijB  express the generalized viscous 

damping. For i=j=3~5, 7,…,N, they are determined using the 
following empirical relationship ([22], [19]): 

 ( )( ) ( )2E wet
jij ij ij ij ijB ζ M Α ω C K= + ⋅ +  (7) 

where ζ is the damping ratio. 
In Eq. 5, Cij, i, j=1,…,N, are the coefficients of the 

generalized hydrostatic-gravitational stiffness matrix. Cij for i, 
j=7,…,N, are calculated as follows based on [23] and  [15]:  

 B

hydrostatic gravitational
ij ij ij j i r i

S

i i i
s j j j

V

C C C ρg n ( w d D )ds

w w w
g ρ ( u v w )dV

x y z

= + = +

∂ ∂ ∂
+ + +

∂ ∂ ∂

∫∫

∫∫∫
 (8) 

In Eq. 8, dr is the draft of the FS, Di is the divergence of the 
translational displacement vector, ρs is the mass density of the 
structure, uj, vj and wj are the x, y and z coordinates of a point 
in the mesh (non uniform) of the hydrodynamic model 
resulting from each jth, j=7,…,N, “wet” mode shape (Eq. 4), 
while wi is the z coordinate of a point in the aforementioned 
mesh resulting from each ith, i=7,…,N, “wet” mode shape.  

The excitation forces are calculated by Eq. 9 as follows: 

 1
B

i i D
S

F iρω n φ dS i ,...,N=    =∫∫  (9) 

where φD is the diffraction potential. 
The solution of the boundary value problem is based on a 

3D panel method utilizing Green’s theorem, imposing the 
appropriate boundary conditions on the free surface, on the 
sea bottom, and on the floating body, and the radiation 
condition for the outgoing waves ([23]~[24]). The radiation 
potential, φj, for each one of the modes j=7,…,N, is subjected 
to the following boundary condition on the body boundary 
[24]: 

 j
j

φ
n

n
∂

= =
∂

wet
jU n  (10) 

where n is the unit normal vector on the wetted surface of the 
FS and wet

jU  is the jth “wet” mode shape. 
The generalized response of the FS in each mode is 

expressed in terms of the Response Amplitude Operator (Eq. 
11): 

 RAO 1j
j

ξ
j ,...,N

A
= ,  =  (11) 

where |ξj|  is the amplitude of the complex quantity ξj and A is 
the incident wave amplitude. 

Finally, the 3D hydroelastic response (3D translational 
displacement vector of the FS under the action of the incident 
waves) at any nth node of the FS’s mesh is calculated as 
follows (Eq. 12): 

 ( )
1=

⎡ ⎤ =⎣ ⎦= ∑
nn wet

FS jUU jNn n n
FS FS FS

j

ξ
u  v  w

A
 (12) 

where ( )nwet
jU  is a sub-matrix of the “wet” mode shape of the 

jth mode that corresponds to the nth node of the FS’s mesh. For 
j=1,…,6, ( )nwet

jU  is calculated using the related to rigid body 
equations [19]. 
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3 DRY MODE SUPERPOSITION APPROACH 
The DMSA applied in the present paper (PDMSA) is derived 
from PWMSA after implementing one appropriate 
simplification. Specifically, in the case of PDMSA the second 
component of PWMSA is not applied; namely, the inclusion 
of the effect of the surrounding fluid on the calculation of the 
mode shapes is not taken into account. Consequently, Eq. (3) 
is not taken into account and Eq. (4) is applied considering 
pij=1, i=j=1,…,N, and pij=0, i≠j=1,…,N. So, the “dry” mode 
shapes (Eq. 2) are actually used in the 3D hydrodynamic 
model and in the whole hydroelastic analysis. More 
specifically, the “dry” mode shapes (Eq. 2) are considered in 
order to form the boundary conditions on the body boundary 
for each jth, j=7,…,N, generalized mode (Eq. 10) and 
therefore, in order to calculate the corresponding radiation 
potentials. As a result, Eq. (5) is solved using coefficients Aij 
and Bij (Eq. 6), E

ijB  (Eq. 7) and Cij (Eq. 8), i, j=7,…,N, as well 
excitation forces Fi (Eq. 9), i=7,…,N, while considering “dry” 
modes. Based on this solution, Eq. 12 is finally applied for 
calculating the hydroelastic response of the FS after replacing 

( )nwet
jU with ( )ndry

jU . The latter quantity is a sub-matrix of 
the “dry” mode shape of the jth mode that corresponds to the 
nth node of the FS’s mesh. Moreover, the “dry” natural 
frequencies obtained from the 3D structural model are taken 
into account for expressing the intrinsic dynamic 
characteristics of the FS.  

4 COMPARISON OF PDMSA AND PWMSA 
In the applied in the present paper WMSA, the “wet” mode 
shapes are expressed as a linear combination of the “dry” 
mode shapes (Eq. 4). This expression should not be 
considered only as a simple change of coordinate system 
between the two approaches. On the contrary, this expression 
leads to important differences between the two applied 
approaches from both a physical and a mathematical point of 
view and more importantly, it results to a calculated 
hydroelastic response, which is different between the two 
approaches. In the following sub-sections the aforementioned 
differences are explained in detail, while, additionally, the fact 
that the overall output (hydroelastic response) of the two 
approaches is different is mathematically explained and 
defended. 

4.1 General differences between PDMSA and PWMSA 
With regard to the differences between the two applied 
approaches, firstly in PWMSA and contrary to PDMSA, the 
inclusion of the surrounding fluid effect (the inclusion of 
added mass and hydrostatic – gravitational stiffness) on the 
mode shapes’ calculation is taken into account (Eqs. 3~4). In 
other words, the corresponding “wet” eigenvalue analysis 
considers correctly the total mass and stiffness matrices, as 
they exist and behave in the real world. As a result, the 
calculated natural frequencies (“wet” natural frequencies) and 
the associated mode shapes (“wet” mode shapes) represent 
better the real physical problem.   

Secondly, in PDMSA, the assumption is made that the FS 
preserves the “dry” mode shapes, when it is in contact with 
the surrounding fluid. This assumption is not needed in the 
case of PWMSA. Specifically, the fact that the FS possesses 

new modes (“wet” modes), when it is in contact with the 
surrounding fluid, is expressed mathematically through Eq. 
10. As a result, a more precise calculation of the generalized 
added mass and the generalized hydrodynamic damping (Eq. 
6), as well as of the generalized hydrostatic-gravitational 
stiffness matrix (Eq. 8) is achieved.  

Thirdly, in PWMSA and contrary to PDMSA, pure, normal 
modes do not exist. Each “wet” mode results from a 
combination of “dry” modes, as is also mentioned in [21] and 
[25]. These two issues can be physically explained as follows. 
In the real physical problem, fluid-structure interaction forces 
associated with inertia and stiffness do not have the same 
spatial distribution compared to those resulting from the 
consideration of the “dry” mode shapes; this is also stressed in 
[25] for the case of inertia effect. This difference is associated 
with the coupling of the “dry” modes resulting from the 
hydrodynamic actions. The application of Eq. 4 enables the 
consideration of the aforementioned coupling by expressing 
the final “existing” modes of vibration (“wet” modes) as a 
coupled result of the various “dry” modes. 

Fourthly, in PWMSA, coupling is considered in two ways. 
First, coupling is considered in the calculation of the “wet” 
mode shapes, which is consistent with the real physical 
problem, as explained above. Second, coupling is considered 
in the calculation of the modal response (modal amplitudes), 
which is again consistent with the real physical problem. The 
latter one is expressed mathematically in Eq. 5, where non 
diagonal matrices are considered, as far as added mass, 
hydrodynamic damping and hydrostatic-gravitational 
stiffness. In PDMSA, coupling is considered only in the 
calculation of the modal response (modal amplitudes). 

As a result of all the previously mentioned differences, the 
overall output (hydroelastic response) of the FS calculated 
with PWMSA is different compared to the one obtained with 
PDMSA. This can be concluded considering the discussion 
made in Section 3 as far as the forms of the applied equations 
in the case of PDMSA. In short, it can be stated that the 
consideration of different computed mode shapes between the 
two approaches introduces differences in the respective 
computations. The most pronounce one is that different mode 
shapes are used in order to form the body boundary for each 
jth, j=7,…,N, generalized mode (Eq. 10) and therefore, in 
order to calculate the corresponding radiation potentials. This 
affects directly almost all the quantities included in the 
equation of motion and it results to different ξj values. So, by 
using Eq. 12 with different mode shapes in combination with 
different ξj values, the hydroelastic response computed with 
the two approaches is different.   

4.2 Different hydroelastic response obtained from the two 
approaches: Mathematical defense 

In order to defend mathematically that the hydroelastic 
response calculated with PWMSA is different than the one 
obtained using PDMSA, it is initially considered that the FS’s 
mesh consists of NP nodes. Consequently, the dimensions of 
the matrix wet

jU (Eq. 4) are NP X 3. Reshaping Eq. 4, for the 
sake of the derivation below, so that the dimensions change 
from NP X 3 to 3NP X 1, it is written: 
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where  ( )wet
jU res  (3NP X 1) is the reshaped matrix of wet

jU . 
Based on Eq.13, it can be written: 

 ( ) ( )=wet dryU U Pres res  (14) 

where ( )wetU res  (3NP X N) and ( )dryU res  (3NP X N) are the 
matrices that include all the “wet” and “dry” mode shapes 
respectively and  P (N X N) is the matrix as defined in Eq. 3. 
In the followings, the symbol “res” is dropped for notation 
simplicity. Based on Eq. 12 and considering simultaneously 
all nodes (NP) of the mesh, the hydroelastic response of the 
FS for the case of PWMSA and PDMSA is given respectively 
by: 

 ( ) =wet wet wet
FSU U ξ  (15) 

 ( ) =dry dry dry
FSU U ξ  (16) 

where ( )wet
FSU  (3NP X N) is the hydroelastic response of the 

FS at all nodes of the mesh and wetξ  (N X 1) is the vector of 
the complex modal responses, obtained from Eq. 5 
considering the inclusion of “wet” modes in the 3D 
hydrodynamic model, while ( )dry

FSU  (3NP X N) is the 
hydroelastic response of the FS at all nodes of the mesh and 

dryξ  (N X 1) is the vector of the complex modal responses, 
obtained from Eq. 5 considering the inclusion of “dry” modes 
in the 3D hydrodynamic model. In Eqs. 15~16 the amplitude 
of the incident wave (A) has been considered equal to 1 for 
simplicity of the rest of the equations that follow.  
Replacing Eq. 14 into Eq. 15 one gets: 

 ( ) =wet dry wet
FSU U Pξ  (17) 

Let’s assume that the same hydroelastic response is 
obtained for both PWMSA and PDMSA, namely 
( ) ( )=wet dry

FS FSU U . Equating Eqs. 15~16, using Eq. 17 and 
multiplying both sides of the resulting equation from the left 
by the transpose of dryU ( ( )dry TU ) it is obtained: 

 = ⇒ =dry wet dry dr wet dryU Pξ U ξ LPξ Lξy  (18) 

where L (N X N) is a square matrix equal to the product 
( )dry T dryU U . It can be proved mathematically that the 
inverse of matrix L exists (the proof is not included here due 
to space constraints). So, by multiplying both sides of Eq. 18 
from the left by the inverse of L, it is obtained: 

 =dry wetξ Pξ  (19) 

Rewriting Eq. 5 in matrix notation, considering Eq. 19 and 
using the superscript “dry” for denoting PDMSA, the equation 
of motion in the case of PDMSA is expressed as: 

 { }2 ( ) ( ( ) ) ( )− + + + + + =dry dry E dry dry wet dryM A B B C K Pξ Fω iω  (20) 

Multiplying both sides of Eq. 20 by P-1 it is obtained: 

 
2 1 1

1
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− −
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dry dry E dry
wet dry

dry

P M A P P B B P
ξ P F

P C K P

ω iω  (21) 

Rewriting Eq. 5 in matrix notation and using the superscript 
“wet” in order to denote PWMSA, the equation of motion in 
the case of PWMSA is: 

 { }2 ( ) ( ( ) ) ( )− + + + + + =wet wet E wet wet wet wetM A B B C K ξ Fω iω  (22) 

If the previously mentioned assumption holds true, namely 
the same hydroelastic response is obtained for both PWMSA 
and PDMSA, the following relations should be valid: 
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1

1

1

( ) ( )

( ( ) ) ( )

( ) ( )

−

−

−

−

+ = +

+ = +

+ = +

=
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wetdry E dry wet E

dry wet

dry wet
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 (23) 

The relations in Eq. 23 do not hold true. This is attributed to 
the fact that the matrices Awet, Bwet (BE)wet, Cwet and Fwet can 
not be considered as linear transformations of the 
corresponding “dry” ones, based on the explanations given in 
Section 3. Consequently, the assumption made as far as the 
equivalence of the hydroelastic response obtained with both 
approaches, namely ( ) ( )=wet dry

FS FSU U ,  also does not hold 
true. 

5 APPLICATION EXAMPLES OF THE TWO 
APPROACHES 

PWMSA and PDMSA are applied for two different VLFSs in 
order to compare and assess their accuracy. The first FS 
corresponds to a rectangular Thin Large Floating Plate 
(TLFP) with negligible draft, while the second one to a 
rectangular VLFS with adequate draft. The accuracy of the 
two approaches is assessed in terms of the calculated 
hydroelastic response using as basis of comparison relevant 
experimental results. Additionally, comparison with 
corresponding numerical results of other investigators is 
presented.  For both examined FSs, PWMSA and PDMSA are 
applied by neglecting viscous damping effects (consideration 
of ζ=0% in Eq. 7).  

5.1 Application for the case of a TLFP 
The examined TLFP corresponds to the physical model of the 
experiments included in [10]. The examined TLFP has length, 
Lf, width, B, and draft, dr, equal to 10 m, 0.5 m and 0.00836 m 
respectively. Additionally, it has thickness equal to 0.038 m, 
density of 220 kg/m3 and modulus of elasticity, E, equal to 
1.03x108 N/m2. With regard to the rest of the experimental 
conditions, the TLFP is placed in a water depth, d, equal to 
1.1 m under the action of regular waves with wave height, H, 
equal to 0.005 m, 0.01 m and 0.02 m and periods, T, ranging 
between 0.5 s and 3 s.  The incident wave angle, β, is taken 
equal to 0o (Figure 1). The vertical component of the 
hydroelastic response, n

FSw , is measured at n=1,…,11 different 
points along the longitudinal direction of the TLFP at y=0 
(Figure 1).  
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Figure 2 shows the comparison of the values of 
n
FSw computed with both PWMSA and PDMSA with the 

experimental results of [10], as well as with the corresponding 
numerical results of the same researchers that are obtained 
from a DMSA that is developed in that study. Figures 2a and 
2b correspond to wavelength ratios, L/Lf (L is the incident 
wave length), equal to 0.1 (T=0.7 s) and 0.4 (T=2.875 s) 
respectively. n

FSw  is calculated at y=0 m (Figure 1) as a 
function of x/(Lf/2). 

 

 
Figure 2. Comparison of computed with PWMSA and 

PDMSA n
FSw with corresponding experimental and numerical 

results (TLFP). 
 

For both of the examined wave periods, the results obtained 
with PWMSA are in a very good agreement with the 
experimental results. In the case of L/Lf=0.4 (Figure 2b), the 
results obtained with PWMSA are also in a good agreement 
with the numerical results of [10]. This is not observed for the 
case of L/Lf=0.1 (Figure 2a). According to [10], their 
numerical approach results to an overestimation of n

FSw  in 
this extremely high frequency range. Regarding the 
comparison of results obtained with PWMSA and PDMSA, 
differences are observed between the corresponding results in 
both of the examined wave period cases. This confirms the 
discussion made above (Section 4) as far as the differences of 
the two approaches in the numerical computations, which they 
result to differences in the calculated hydroelastic response. 
However, it is mentioned that for the specific FS that has a 
negligible draft, the observed differences of n

FSw  between the 
two approaches are small.  

In order to assess the numerical accuracy of PWMSA, the 
absolute value of the relative differences (%), (εn)wet, between 
the results of the hydroelastic response, ( )n

FS wet
w , calculated 

with PWMSA and the corresponding experimental results of 
[10], ( )n

FS exp
w , are calculated. In an analogous manner, the 

accuracy of PDMSA is assessed in terms of the absolute value 
of the relative differences (%), (εn)dry, between the results of 
the hydroelastic response, ( )n

FS dry
w , calculated with PDMSA 

and ( )n
FS exp

w defined above. These differences are calculated 

at specific points where experimental results are available. 
Figure 3 includes the values of (εn)wet and (εn)dry for both 
examined L/Lf values. Moreover, the differences, (εn)Wu, 
between the results of the hydroelastic response, ( )n

FS Wu
w , 

calculated with the numerical model of [10] and the 

corresponding experimental results have been also calculated 
and included in this figure for comparison purposes. 
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Figure 3. Calculated (εn)wet, (εn)dry and (εn)Wu for the TLFP. 

  
The computed hydroelastic response has differences 

compared with the experimental results for both PWMSA and 
PDMSA. The values of the differences for both approaches 
depend upon the examined L/Lf value as well as upon the 
position, x/(Lf/2), where these differences are calculated. 
Furthermore, for both examined L/Lf values, (εn)wet has slightly 
lower values compared to (εn)dry in most points along x. 
Additionally, for both of the aforementioned approaches, the 
values of (εn)wet and (εn)dry are smaller than the corresponding 
values of (εn)Wu for most of the points along x. Larger 
differences between (εn)wet and (εn)Wu or (εn)dry and (εn)Wu are 
observed for L/Lf=0.1 (Figure 3a). For L/Lf=0.4, larger 
differences between the aforementioned quantities are 
observed for points along the right edge of the TLFP (positive 
x values).  
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Figure 4. Calculated  mean values of (εn)wet, (εn)dry and (εn)Wu 

for the TLFP. 

All the above issues are further verified by considering the 
mean value of (εn)wet, (εn)dry and (εn)Wu among the various 
points along x for each one of the examined L/Lf values 
(Figure 4). For both examined L/Lf values, the mean values of 
(εn)wet and (εn)dry are smaller than the corresponding mean 
values of (εn)Wu. Larger differences between the mean value of 
(εn)wet and (εn)Wu or of (εn)dry and (εn)Wu are observed for the 
smaller L/Lf. For L/Lf=0.1, the mean value of (εn)wet is also 
lower compared to the mean value of (εn)dry, while for 
L/Lf=0.4 the mean value of (εn)wet (equal to 4.65%) is slightly 
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lower than the mean value of (εn)dry (equal to 5.07%).  So, for 
the examined TLFP it can be stated that the comparison with 
the experimental results is improved in the case of PWMSA. 
The degree of this improvement is reduced as we are moving 
to longer waves. 

5.2 Application for the case of a VLFS with adequate draft 
For assessing PWMSA and PDMSA in the case of a VLFS 
with adequate draft, the experimental results of [26] are taken 
into account. The experimental model corresponds to a 
rectangular VLFS with horizontal dimensions Lf=9.75 m, B= 
1.95 m and dr≈0.02 m, which is placed in a water depth d=1.9 
m. The VLFS has density of 351.6 kg/m3 and E=6.836x108 
N/m2. The experiments were conducted under the action of 
regular waves with β (Figure 1) equal to 0o, 30o, 60o and 90o. 
For each β, H was equal to 0.07 m, while different wave 
periods were examined, so that L/Lf varies between 0.2 up to 
1.0 with an incremental step of 0.2. Additionally to the 
experimental results, comparison is also made with the 
corresponding numerical results of [17], who performed 
hydroelastic analysis through the development of a WMSA, 
where the FS is considered as a plate.  

 

 
Figure 5. Comparison of computed with PWMSA and 

PDMSA n
FSw with corresponding experimental results (VLFS). 

The comparison of the values of n
FSw computed with both 

PWMSA and PDMSA with the experimental results of [26] 
and with the corresponding numerical results of [17] is shown 
in Figure 5. The comparison corresponds to L/Lf=0.2 and 
β=30o (Figure 5a) and 60ο (Figure 5b) and to L/Lf=0.4 and 
β=30o (Figure 5c) and 60ο (Figure 5d). n

FSw  is calculated at 
y=0 m (Figure 1) as a function of x/(Lf/2). As β increases, 
PWMSA results to n

FSw values, which are closer to the 
experimental results for almost all the examined x/(Lf/2) 
values, compared to [17]. Comparing results obtained with 
PWMSA and PDMSA, small differences are observed 
between the values of n

FSw  calculated with these two 
numerical approaches. These differences become a bit more 
intense near the edges of the structure for specific β and L/Lf 
values (e.g. Figure 5c, 5d). However, the comparison with the 

experimental results is improved with PWMSA for most of 
the examined β and L/Lf values. 

In order to assess the numerical accuracy of PWMSA and 
PDMSA, the absolute value of the relative differences (%), 
(εn)wet and (εn)dry are calculated in manner analogous to the 
case of the TLFP.  Figure 6 includes the values of (εn)wet and 
(εn)dry for the examined β and L/Lf combinations of Figure 5, 
as well as for the combinations of β=0o and L/Lf=0.2 and β=0o 
and 0.4 (for these latter combinations, the calculated n

FSw is 
not included in Figure 5 due to space constraints). It can be 
seen that the computed hydroelastic response has differences 
compared with the experimental results for both PWMSA and 
PDMSA. The values of the differences for both approaches 
depend upon the examined combination of β and L/Lf values 
as well as upon the position, x/(Lf/2), where these differences 
are calculated. Irrespectively of the applied numerical 
approach, for specific combination of β and L/Lf, the 
differences tend to increase towards the edges of the FS, with 
an exception of β=30ο and L/Lf=0.2 (Figure 6b) and β=60ο and 
L/Lf=0.4 (Figure 6e), where large values of (εn)wet and (εn)dry  
are also observed at specific points close to the FS’s centre. 
The above exception is additionally observed for β=0ο and 
L/Lf=0.4 (Figure 6d), only for the (εn)dry values. 
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Figure 6. Calculated (εn)wet and (εn)dry for the VLFS. 

 
   

The most important issue, however, is that in all of the 
examined combinations of β and L/Lf, (εn)wet has lower values 
compared to (εn)dry in most points along x. This in turn leads to 
the conclusion that PWMSA approximates better the physical 
problem related to the VLFS under investigation. This is 
further verified by considering the mean value of (εn)wet and 
(εn)dry among the various points along x for each of the 
examined β and L/Lf combinations. The corresponding results 
are shown in Figure 7. It can be seen that for all the examined 
combinations of β and L/Lf, lower mean values of (εn)wet are 
observed compared to the mean values of (εn)dry, with an 
exception of β=60ο and L/Lf=0.2 (combination case (c) in 
Figure 6), where the mean value of (εn)wet (equal to 11.4%) is a 
bit higher than the mean value of (εn)dry (equal to 10.6%). 
Consequently, it can be stated that the comparison with the 
experimental results for the examined VLFS is improved in 
the case of PWMSA. 
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Figure 7. Calculated  mean values of (εn)wet and (εn)dry for the 

VLFS. 

6 CONCLUSIONS 
In this paper, 3D linear “dry” and “wet” mode superposition 
approaches for the frequency domain hydroelastic analysis of 
FSs are compared and assessed. The two approaches are 
initially compared from a physical and a mathematical point 
of view and their main differences are highlighted. Although 
in the case of PWMSA the “wet” mode shapes are expressed 
as a linear combination of the “dry” ones, this expression 
enables the implementation of a hydroelastic analysis with the 
advantage of approximating the real physical problem in a 
more accurate way (e.g. calculation of “wet” natural 
frequencies and associated mode shapes representing better 
the real physical problem, consideration of coupling among 
the FS’s various generalized degrees of freedom as it exists in 
the real physical problem). Moreover, this expression 
introduces important differences between the two approaches 
in the required numerical computations. As a result, the 
overall output (hydroelastic response) of the two approaches 
is different. This fact is also defended mathematically.  
Finally, PWMSA and PDMSA are applied for two different 
cases of VLFSs, namely a TLFP and a rectangular VLFS with 
adequate draft for comparing and assessing their accuracy. 
This accuracy is assessed in terms of the calculated 
hydroelastic response using as basis of comparison relevant 
experimental results. Comparison with corresponding 
numerical results of other investigators is also implemented. 
Based on these comparisons, it can be concluded that: (a) 
differences in the results of the hydroelastic response 
calculated with PDMSA and the PWMSA do exist 
irrespectively of the examined type of the VLFS and (b) the 
comparison with the experimental results is improved in the 
case of PWMSA. Based on the results of the present paper, 
the degree of the improvement depends upon the type of the 
structure (larger improvement if observed for the VLFS with 
adequate draft than the TLFP) and upon the wave 
environment (wave angle, wave period).   
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ABSTRACT: This paper describes the development of a complete methodology for the unsteady aeroelastic and aeroservoelastic
modeling of horizontal axis wind turbines at the design stage. The methodology is based on the implementation of unsteady
aerodynamic modeling, advanced control strategies and nonlinear finite element calculations in the S4WT wind turbine design
package. The aerodynamic modeling is carried out by means of the unsteady Vortex Lattice Method, including a free wake model.
The complete model also includes a description of a doubly fed induction generator and its control system for variable speed
operation and enhanced power output. The S4WT software features a non-linear finite element solver with multi-body dynamics
capability. The complete methodology is used to perform complete aeroservoelastic simulations of a 2MW wind turbine prototype
model. The interaction between the three components of the approach is carefully analyzed and presented here.

KEY WORDS: Horizontal Axis Wind Turbines, Aeroservoelasticity, Non-linear Finite Elements, Unsteady Vortex Lattice Method,
Doubly Fed Induction Generator.

1 INTRODUCTION

Horizontal axis wind turbines (HAWT) are one of the most
popular machines for producing renewable energy in the world.
Over the last two decades, a significant shift in government
policy towards renewable energy has led to bigger and more
efficient wind turbines, a development that has stretched
the capabilities of traditional wind turbine design methods.
High-fidelity and integrated multi-disciplinary models of wind
turbine systems are important for the correct evaluation of the
performance and the load analysis, and thus might reduce the
failure rate during the design stage. This has in turn led
to a need for more advanced design tools, that can model
the complete wind turbine, including nonlinear structural and
control effects as well as unsteady aerodynamics flows around
the rotor. For example, holistic finite element approaches for the
analysis of wind turbines are described in [1], [2].Higher fidelity
aroservoelastic modeling of complete wind turbine model is the
main focus of the present work.

The aerodynamic modeling of wind turbines for power
optimization, blade design and other design aspects had
progressed little beyond the Blade Element Momentum (BEM)
approach. BEM is very efficient but is based on quasi-steady
aerodynamic assumption and is not well suited to modeling the
dynamic response of wind turbines in an aeroservoelastic sense.
In 2006 Hansen et al [3] published an authoritative review of
wind turbine aerodynamic and aeroelastic modeling approaches,
however, the practical application of such methods has lagged
behind. One of the most promising unsteady aerodynamic
modeling approaches is the Vortex Lattice Method (VLM) [4],
[5] that was first applied to wind turbines in the 1980s. The
vortex lattice method models a lifting surface and the wake shed

behind it as a continuous vortex surface. Its main limitation is
that the flow is assumed to be always attached. Nevertheless,
the VLM constitutes a very good compromise between accuracy
and time to model unsteady 3D aerodynamics around wind
turbine rotors in comparison to higher-fidelity Navier-Stokes-
based CFD models.

Apart from advance aerodynamics shape of wind turbine
blade, the power output also greatly depends upon the
control mechanism integrated in wind turbines. As wind can
not be controlled, therefore, the modern wind turbines are
usually equipped with adjustable-speed generators to control the
rotating speed for the power optimization. Doubly-fed induction
generator (DFIG) is a predominant and efficient generator type
for variable-speed wind turbine operation. In the present
work the modeling strategy and integration of the DFIG with
structural model is presented in detail.

The present research has been carried out for the development
of new capabilities for the SAMCEF for Wind Turbines (S4WT)
software package by LMS Samtech. S4WT is one of the world’s
most advanced computation platforms dedicated to wind turbine
design and analysis. It incorporates a combination of dedicated
graphical user interfaces and the high performance generic
non-linear finite element solver SAMCEF/MECANO, which
includes multi-body dynamic modeling capabilities and makes
S4WT perfectly suited to simulate flexible dynamic phenomena
with high accuracy.

2 SAMCEF FOR WIND TURBINES (S4WT)

SAMCEF for Wind Turbines is one of the world’s most
advanced computation platforms dedicated to wind turbine
design. From the early stages in the design process, thanks
to the integrated parameterized model, down to component vi-
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bration analysis, S4WT’s approach exceeds today’s certification
requirements. Some of the key features of S4WT are described
below.

The flexibility of S4WT allows analyzing the behavior of
practically any wind turbine concept. Models can be built
using the predefined parametric models, or new components and
sub assemblies can be integrated. S4WT facilitates a coherent
engineering process, starting from concept models, gradually
detailing out the components, to finally come to a high-fidelity
virtual prototype of the wind turbine that can be simulated
extensively for design certification purposes.

S4WT enables fully coupled simulations of the mechatronic
system of a wind turbine. The wind turbine model contains
the aerodynamic, inertia, hydrodynamic and hydrostatic loads,
Finite Element Model (FEM) components, multi-body elements
and the controller. Within S4WT all components and physical
phenomena interact through strong couplings, hence more
accurate analysis results are achieved, allowing wind turbine
design and performance optimization already in the early
design stages. As a consequence both wind loads and wave
loads are considered in a fully coupled way, meaning the
impact of both wind and wave are considered to compute the
dynamic response of the machine. The software also features
optional co-simulation capabilities which can be exploited if
the aerodynamic model or the control system model are only
available in an external software package.

Blades, tower, nacelle, bedplate, drive train, yaw and pitch
mechanisms can amongst others all be analyzed in great detail
within S4WT. The software relies on the SAMCEF/MECANO
implicit nonlinear finite element solver that includes multi
body simulation elements [6]. It is built to solve models
with millions of degrees of freedom, with large rotations
and strong nonlinearities. The platform handles engineering
tasks like sizing of the components, dynamic characterization,
strength analysis and fatigue life predictions, stability analysis,
dynamic load analysis and optimization, gearbox and generator
induced vibration analysis, mechanisms and controller design,
field measurement correlation studies, acoustic performance
predictions.

3 FINITE ELEMENT MODEL OF THE BLADES

The structural modeling for wind turbine blades is based on a
geometrically exact non-linear beam theory [6]. In S4WT the
entire blade is modeled as beam elements, such elements being
suitable for non-linear modeling, particularly in the the case of
composites blades. In the present model the blade is divided
into 10 beam elements of equal length similar to the seven-
beam element model presented in the top figure in Fig. 1. The
nodes at the end of each beam represent the points where the
physical properties are defined. The bottom figure in Fig. 1
represents the profile of a beam section, which includes the
outer skin and the ribs. In the present paper, the aerodynamic
model is developed in the MATLAB environment. Therefore,
after FEM discretisation of the blade, the structural model of
the rotor is coupled to the aerodynamics model by means of
a co-simulation. In order to carry out the spatial coupling,
it is important to correctly map the aerodynamic grid to the
FEM grid; only the blades are featured in the aerodynamic

Figure 1. FEM beam element model of the blade

model, therefore only the blade grids need to be mapped.
The mapping procedure is presented in the Fig. 2. The FEM
nodes correspond to the aerodynamic center axis of the blade
which is assumed to lie on the quarter chord. The unsteady
aerodynamic forces are calculated at the aerodynamic center
and then transfered to the FEM nodes. The displacements of
the FEM nodes are transferred back to the aerodynamic model.
This exchange of data between the two models is carried out by a
purpose-built sensor box in SAMCEF/MECANO called "DIGI"
element [7]. This "DIGI" element is also used for exchanging
the aerodynamic torque and blade angular velocity between
the two models. The complete co-simulation framework is
described in more detail in Section 6.

FEM beam model

Aerodynamic model

FEM node

Aero node

Figure 2. Superimposition of Aerodynamics node into FEM
nodes

4 UNSTEADY VORTEX LATTICE METHOD

The Vortex Lattice Method can be used to solve incompressible,
irrotational and inviscid flow problems. The method is based on
the solution of Laplace’s equation for potential flows

∂ 2Φ
∂ 2x

+
∂ 2Φ
∂ 2y

+
∂ 2Φ
∂ 2z

= 0 (1)

where Φ is the velocity potential of the flow field, defined such
that gradient of the velocity potential function is

V⃗ = [
∂Φ
∂x

,
∂Φ
∂y

,
∂Φ
∂ z

] (2)

where V⃗ is the velocity vector.
Laplace’s equation is solved subject to the boundary

conditions [3], [4].
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1. Impermeability, i.e. flow normal to the blade’s surface is
zero, leading to

∇Φ ·n = 0 (3)

where n is a unit vector normal to the surface
2. The disturbance created by the body should tend to zero far
from the the body, leading to

lim
r→∞

(∇Φ−v) = 0 (4)

where r is the distance of any arbitrary point P from the body
and v is the relative velocity between the undisturbed fluid and
the body.
3. For a streamline body (e.g. wing or blade), the flow must
satisfy the Kutta condition i.e. it must separate at the trailing
edge.
The Vortex Lattice Method uses vortex rings in order to model
the camber surface of the blade. Vortex rings are solutions of
Laplace’s equation, automatically satisfy the far-field boundary
condition and can easily satisfy the Kutta condition if placed
appropriately on the blade’s surface. The only unknown is
the strength of the vortex rings, which can be determined by
applying the impermeability boundary condition.

4.1 Discretization of blades using vortex rings

The present application of the VLM approach to wind turbine
blades is based on previous work by the authors [8], [9]. First the
entire camber surface of the blade is discretized into rectangular
panels. The chordwise panels are aligned along the x-axis, the
spanwise panels lie along the y-axis and the z-axis points in the
out-of-plane direction. Vortex rings are placed on the geometric
panels and shed in the wake.The free wake technique is used in
the present study. More details about discretization and wake
handling can be found in [4].

Figure 3. Inertial and body coordinates used to describe the
motion of the rotor

Two reference frames are used to model the unsteady flow
around the rotor and to define the related kinematic conditions;
they are presented in Fig. 3. The body frame of reference (x y
z) allows to follow the orientation of the moving body whereas
the stationary inertial frame of reference (X Y Z) is fixed with
respect to the flow field.

4.1.1 Aerodynamic load calculation

The application of the impermeability boundary condition 3
results in the strengths Γi, j of the vortex rings. Once these
strengths are known the pressure difference across each panel
can be calculated from the unsteady Bernoulli equation, such
that

∆pi, j =ρ{[U(t)+uw,V (t)+ vw,W (t)+ww]i, j · τxi, j

Γi, j −Γi−1, j

∆ci, j

+[U(t)+uw,V (t)+ vw,W (t)+ww]i, j · τyi, j

Γi, j −Γi, j−1

∆bi, j

+
∂Γi j

∂ t
}

(5)

where ρ is the air density, U(t), V (t) and W (t) are free stream
velocity components, uw, vw and ww are wake-induced velocities
on the blade’s surface, ∆bi, j is the spanwise length of panel i, j
and ∆ci, j is the chordwise length of panel i, j.

The contribution of any panel to the loads along the body axis
is then

∆F =−(∆p∆S)i, j ·ni, j (6)

where ∆S is the plane form area of the panel and ∆F is the
aerodynamic force which can be resolved in axis components.
For wind turbine blades, force components normal and tangent
to the rotor plane are usually considered. The schematic diagram
of the normal and tangential forces acting on the blades is
presented in Fig. 4.1.1.

5 DOUBLY-FED INDUCTION GENERATOR (DFIG) FOR
CONTROL

For a given turbine blade airfoil, the power extracted from an
air stream depends on both the wind speed and the rotating
speed. As wind cannot be controlled, modern wind turbines
are usually equipped with adjustable-speed generators so that
the turbine rotating speed can be controlled at optimal operating
point. Doubly-fed induction generator (DFIG) is a predominant
and efficient generator type for variable-speed wind turbine
operation.

In megawatt-sized wind turbines, the coupling between the
aerodynamic loads, the structural components and the control
system is significant. On one hand, the increased structural
dynamic load is influential to the transient power production

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3099



especially when there is a rapid change in generator torque
[10]; on the other hand, controllers should be optimized for
not only the power extraction but also the alleviation of flexible
modes [11]. For these reasons, the accurate description of the
electrical and control system is critical for wind turbine dynamic
analysis.

5.1 Modeling of DFIG

In this section, a full-order doubly-fed induction generator
model, which represents both stator and rotor transients, is
introduced and the controller models are presented as well. The
DFIG model is based on the stator-flux-oriented synchronous
reference frame with the Park d-q transformation, where the q-
axis is assumed to be 90◦ ahead of the d-axis. Vector control
strategies can be derived accordingly. The model is described
in a per-unit representation [12], where the quantities are
expressed as fractions of the base values. Thus, the voltage
vectors can be given as:{

v̄s = R̄s īs + jψ̄s + pψ̄s/ωs

v̄r = R̄r īr + jslψ̄r + pψ̄r/ωr
(7)

with {
ψ̄s = L̄s īs + L̄m īr
ψ̄r = L̄r īr + L̄m īs

(8)

where the following notation is used, vs,vr: stator and rotor
voltage vector respectively; is,ir: stator and rotor current vector;
ψs,ψr: stator and rotor flux linkage vector; Rs,Rr: stator and
rotor resistance; Ls,Lr,Lm represent the stator, rotor and the
mutual induction between the stator and the rotor respectively;
ωs: synchronous angular speed in electrical measurement; sl :
rotor slip; the superscript ".̄ ", as hereinafter defined, indicates
per-unit representation; p is the differential operator with respect
to time; j stands for an imaginary number so that v̄s = v̄ds+ jv̄qs
, where v̄ds and v̄qs are the d,q-axis components of stator voltage
respectively. Likewise, other vectors can be expressed in the
same way.
The instantaneous electromagnetic torque vector can be derived
as the cross product of the vectors ψs and is:

T̄e = ψ̄s × īs (9)

5.2 Control strategies of DFIG

Figure 4. A schematic configuration of a DFIG wind turbine

A schematic configuration of a DFIG wind turbine system
is shown in Fig. 4. The DFIG wind turbine is controlled via
the converters on the rotor. The grid side converter (GSC)
is controlled to maintain a constant dc-link voltage and to
guarantee the operation of the converter with unity power factor,

i.e., zero reactive power. The rotor side converter (RSC) is
controlled first for soft grid synchronization, and then for power
optimization once the stator voltage is synchronized with the
grid. The RSC can be considered as a current-controlled voltage
source. Based on the d-q transformation with the synchronous
reference frame, control of the DFIG wind turbine can be
achieved by two coordinated sets of controllers for d,q-axis rotor
currents respectively. For instance, during the control mode of
power optimization, the d,q-axis rotor currents can be decoupled
for reactive and active power control respectively.
When a turbine starts from rest, grid synchronization control
takes place once the rotor speed reaches a certain value, e.g.,
70-80% of the rated speed. The voltage, frequency and
phase angle at the stator terminals are regulated to be the
same as those of the grid, and then the stator winding is
connected directly to the grid. Dynamics of this control mode
is purely electrical, so it is very fast and takes no more than
100 msec. A PI controller is used for each d,q coordinated
controller respectively. Coefficients of the controllers are
derived using the internal model control (IMC) method, where
response can be well predicted [13]. In normal operation with
power control mode, d,q coordinated controllers contribute to
reactive and active power control respectively. Reactive power
control involves only the electrical dynamics, while mechanical
dynamics should be taken into account for active power control.
The WT electrical subsystem dynamics is much faster than
that of the mechanical parts. As a result, cascaded controllers
are proposed in a way that the inner control loop concerns
the generator electrical response while the outer control loop
accounts for the mechanical dynamics that provides reference
inputs to the inner loop. Fig. 5 shows the decoupled control

Figure 5. Decoupled control loops of DFIG WTs for power
optimization

loops for the power control mode. Optimal rotor speed is
obtained from the wind speed and the optimal tip-speed ratio.
As the variation of wind speed can be very fast, a low-pass filter
is applied to provide a smooth reference rotor speed. An IP
controller is applied so that the speed control loop is expressed
as a second-order system and thus torsional damping is added
to the rotor shaft. Coefficients of both IP and PI controllers are
derived via either pole placement or IMC methods [14], [13],
and thus time response is reasonable for each controller.

5.3 Integration of the control/structure models

As for the control/structural interaction analysis, most works
have been exploited on coupled simulation strategies involving
a power electronics simulation software platform with a finite
element analysis tool [15], [16]. Those co-simulation strategies
can be efficient on each specialized simulation platform, but
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they require a careful definition of the communication strategy
between the two solvers.
By contrast, a monolithic approach is proposed in this section,
which leads to improved accuracy and stability properties for the
analysis of control/structure interactions. As described above,
DFIG and its control system are modeled with first-order state
space representation; the structural model of a WT, consisting of
rigid and flexible components with kinematic joints, is typically
characterized by a set of second-order differential-algebraic
equations (DAEs). Combining the nonlinear finite element
method for the mechanical part and the block diagram language
for the control part [17], [13], the coupled equations of motion
with the control dynamics take the following form:

Mq̈+ f T
q λ −g(q, q̇, t)−Lay = 0

f (q) = 0
ẋ− f (q, q̇, q̈,λ ,x,y, t) = 0
ẏ−h(q, q̇, q̈,λ ,x,y, t) = 0

 (10)

where M represents the mass matrix; q , q̇ ,q̈ , respectively the
vectors of position, velocity and acceleration; f , the constraints;
λ , Lagrangian multipliers; x, the control state variables; y, the
vector of the output of the control system; Lay, the action of the
controller on the structural dynamic equilibrium.

With the above nonlinear state-space description of the
control dynamics, this approach presents the advantages of
modularity and generality with a language familiar to control
engineers. The fully coupled equations are constructed from
a modular representation of the mechatronic system as a set
of simple mechanical and control elements. The assembly
procedure is achieved in a numerical way, using a similar
procedure as in finite element codes. In contrast to co-
simulation approaches, a monolithic time integration scheme,
the extended generalized-α scheme, is applied to solve this
problem [17]. As a well known time integration scheme for
structural dynamics, the generalized-α method was successfully
applied to index-3 DAEs with proven second-order accurate
and linear unconditionally stable qualities [16]. The extended
generalized-α method is intended for the representation of
mechatronic dynamics using a similar scheme to the traditional
generalized-α method. With an optimal selection of the
algorithmic parameters, linear stability properties [14] and
second-order accuracy [13] are proven for both the structure
and the control system dynamics.

6 CO-SIMULATION MECHANISM

The fluid-structure interaction problem is solved by means of
a co-simulation that couples the aerodynamic solved to the
finite element solver. The co-simulation is a partitioned fluid
structure coupling; the equations governing the fluid flow are
solved independently from the structural equations. The two
solvers exchange information at specific time instances. In
the present case, the VLM subroutine is used as the flow
solver and MECANO, which includes the structure, controller
and generator models, is used as the structural solver. The
co-simulation is implemented through a Matlab/Simulink s-
function. A schematic view of the co-simulation mechanism

is presented in Fig. 6. During the co-simulation, the output

Figure 6. Schematic diagram of co-simulation

of the VLM subroutine , which is normal and tangential forces
acting on the blade elements is used as input to the MECANO.
The outputs of MECANO, which are blade deflection, rotor
angular velocity and response of other structural parameters
are used as inputs to the VLM subroutine to determine the
aerodynamics loads at the next time instance. This procedure
continues until the end of global simulation time. It should be
noted that the time steps used by the two solvers are different;
the VLM calculations use a constant and relatively large time
step while MECANO uses a variable time step. The exchange
of information occurs at the VLM’s time step.

7 TEST CASES AND RESULTS

Two examples are presented in this section, one concerning the
validation of the aerodynamic loads calculated by the VLM
approach and one demonstrating the application of the complete
aeroservoelastic simulation to a wind turbine prototype.

7.1 Experimental validation of the Vortex Lattice Method

The VLM implementation created for this work was validated
through comparisons to the experimental results published by
the National Renewable Energy Laboratory (NREL) [18]. The
experiments were carried out on a 2-blade rotor in a wind tunnel.
The predictions of the VLM code are compared to several NREL
test cases; only one such comparison is presented. Fig. 7 shows
the comparison between the predicted and measured spanwise
distribution of the force and torque coefficients for test case
S0800000 (wind speed of 8m/s). It is clear that the agreement
between the two sets of data is very good. Equally good
agreement was obtained for all test cases where the flow was
mostly attached to the blades. The VLM predictions deteriorate
in the presence of significant flow separation.

7.2 Aeroservoelastic simulation of wind turbine prototype
model

This section presents the results of complete aeroservoelastic
simulations of a 2MW HAWT prototype model. Different
flow conditions were simulated. The HAWT geometry is given
in Table. 1. Test condition are described in the following
paragraphs. Test 1 : The first test case is carried out for constant
wind speed at 12 m/s, the pitch and yaw controller are not taken
into account. During the simulation DFIG is operating given
1p.u.(per unit scale) driving torque at the very start. The initial
rotational speed of the rotor is 0 rad/s; when the co-simulation
starts, the aerodynamic torque estimated by the VLM subroutine
sets the turbine to rotate and gradually increases the rotational
speed. When the rotational speed reaches 80%(or 0.8p.u) of the
predefined base rotational speed, which is set to ωbase = 1.48
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Figure 7. Spanwise normal and tangential load coefficient
distribution

Table 1. HAWT geometry

Parameters Values Units
Blade length 41 m
Blade profile NACA4415 NA
Tapper ratio 0.3 NA
Blade twist 25 degree

Pitch 3 degree
Tower hight 90 m

rad/s, the grid synchronisation control starts to operate. For this
wind speed, the maximum wind power to be extracted is set to
1.125 p.u. of the base speed, which corresponds to 1.66 rad/s.
The co-simulation is continued for a total simulation time of 45
s. The wake shape behind the rotor for this test case is shown in
Fig. 8 and the d,q rotor current and power output is presented in
Fig. 9 and Fig. 10.

Figure 8. Wake shape behind rotor (Test 1)

Test 2 : The second test case features a step change in wind
speed. The initial rotation velocity of the turbine is 0 rad/s
and the base rotational speed is still ωbase = 1.48 rad/s. At
the start of the simulation the wind speed is 9 m/s. After 25
s, the wind speed increases to 12 m/s and stays constant until
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45 sec. The PI controller settings are identical to those used in
Test 1. During the simulation Grid synchronization starts at 16
sec of simulation time, when the rotor speed reaches 0.8p.u. For
a wind speed of 9 m/s the maximum wind power extraction is
set to 0.9p.u of base rotational speed, which corresponds to 1.33
rad/s. For 12 m/s it is set to 1.125p.u., as in Test 1.
The simulated d,q rotor current and power output for this test
case are presented in Fig. 11 and Fig. 12. The DFIG controller
model shows good response for current and power optimization
and rotational speed regulation of wind turbines.
The time histories of rotational speed, dimensionless blade tip
deflection (divided by blade span) and dimensionless tower tip
deflection (also divided by blade span) are shown in Fig. 13,
Fig. 14 and Fig. 15 respectively. The structural response of
the model represented in terms of blade tip and tower tip
deflection shows good representation of real time effects. The
oscillating frequency of the blade tip and tower tip is low and
follows closely the frequency of rotation of the rotor. Note
that this frequency ranges from 0 to 1.66 rad/s (Fig. 13),
which corresponds to a maximum frequency of 0.26 Hz. This
frequency range is actually close to the frequency of the first
tower bending mode (0.29 Hz). Moreover, Fig. 14 shows
that when the step wind change occurs (simulation time of
25s) the blade tip response (solid line) includes a higher
frequency component of around 0.8 Hz, which corresponds
to the frequency of the first asymmetric blade bending mode.
This harmonic component dies away quite quickly after the
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windspeed change (around 3s later). The first blade bending
mode shape and the first tower bending mode shape are plotted
in Fig. 16 and Fig. 17 respectively, at an airspeed of 12m/s. The
corresponding frequencies are tabulated in Table 2.

Table 2. Modal Frequency

Parameters Values Units
Blade 1st bending mode 0.8 Hz
Tower 1st bending mode 0.29 Hz
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Figure 11. d,q axis rotor current (Test 2)
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8 CONCLUSIONS

This paper presents new tools for advanced aeroservoelastic
modeling and simulation of complete wind turbines. The
unsteady Vortex Lattice Method and Doubly-Fed Induction
Generator controller are successfully integrated with the non-
linear finite element solver SAMCEF/MECANO to perform
aeroservoelastic simulations of a 2MW prototype HAWT
model.

The newly developed unsteady aerodynamics subroutine
(VLM) gives better estimation of the unsteady aerodynamic
forces acting on the rotor blades. The experimental validation of
the stand-alone unsteady VLM subroutine against experimental
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Figure 13. Time history of rotational speed
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Figure 14. Time history of blade tip deflection

data shows good predictive capabilities. Undoubtedly the
implementation of unsteady VLM in S4WT, which at present
relies on the quasi-steady BEM method, will significantly in-
crease its existing capabilities to estimate unsteady aerodynamic
loads. The software is able to calculate not only steady-state
aerodynamic loads but also unsteady loads caused by the active
control of the wind turbine or by sudden changes in the direction
and intensity of the wind, with better accuracy compared to
BEM.

Apart from unsteady aerodynamic modeling, the modeling
and control of DFIG in variable-speed wind turbine systems
based on an integrated, strongly-coupled finite element ap-
proach is one of the prime foci of this work. New block
diagram functionalities for the description of control systems are
integrated into the SAMCEF/MECANO multi body dynamics
solver. This implementation makes SAMCEF/MECANO less
dependent on use of third-party control engineering software
for simulation of mechatronics systems in a strongly-coupled
environment. The DFIG generator and the controller models are
developed in a modular, parameterized manner. The primary
purpose of their design is to enhance the S4WT/MECANO
wind turbine package, and are also aimed at general-purpose
use based upon strongly-coupled simulations. Control strategies
are presented for grid synchronization and power optimization.
Simulation results demonstrate the ability of the method to
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Figure 16. Blade 1st bending mode shape Test 1

represent the interactions between the DFIG and the rest of the
system using a strongly-coupled simulation approach for large
scale wind turbine generator-control systems.

The sample application of the proposed aeroservoelastic
simulation methodology to a prototype 2MW wind turbine
shows that the physical and control phenomena appear to be
accurately modeled. Therefore, the implementation of unsteady
aerodynamics and advanced control laws in S4WT/ MECANO
sharply enhances its capabilities as an aeroservoelasticity
simulation tool and also provides more flexibility to the user
to design and analyse large scale wind turbines with higher
accuracy.
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ABSTRACT: A method for time domain simulation of combined cross-flow and in-line vortex-induced vibrations of slender 
structures with circular cross section is presented. Drag and lift forces are evaluated based on the incoming fluid velocity and the 
velocity and acceleration of the structure. The present method differs from the semi-empirical frequency domain and the Van 
der Pol wake oscillator models, particularly due to the way synchronization between vortex-shedding forces and structure 
motion is simulated. A synchronization model is presented, which allows the vortex-shedding frequency to adjust itself to the 
frequency of motion. This is also referred to as lock-in; a well-known and highly important feature of vortex-induced vibrations. 
The synchronization model, along with a small number of non-dimensional coefficients, must be determined empirically, by 
utilization of already established data. Since the method works in time domain, it is in principle possible to include non-linear 
structural effects, or study response due to transient flows such as waves, although this has presently not been investigated. The 
hydrodynamic force model is used in combination with a finite element model and time integration of the equation of motion to 
simulate combined in-line and cross-flow vortex-induced vibrations of a flexible cylinder in a stepped current. Key results such 
as dominating frequency, mode and standard deviations of displacement and curvature are compared to experimental 
observations. It is concluded that the model predicts vibration frequency and mode quite accurately. The predicted displacement 
and curvature is very realistic for the in-line direction, while slightly conservative for the cross-flow direction. 

KEY WORDS: Vortex-induced vibrations; In-line; Cross-flow; Hydrodynamic forces; Synchronization; Time domain.

1 INTRODUCTION 
Slender structures such as marine risers and mooring lines are 
subjected to vortex-induced vibrations (VIV) when placed in 
ocean currents. Due to flow separation and shedding of 
vortices, oscillating fluid forces develop which results in 
structural vibrations. The vibrations may cause rapid 
accumulation of fatigue damage, and predicting the time 
varying stresses caused by VIV is therefore important to 
ensure safe operation. Traditionally, focus has been on cross-
flow VIV. In-line VIV was considered less important because 
the displacements are smaller, but Baarholm et al. [1] found 
that the fatigue damage due to in-line vibrations can be 
equally important. This is mainly because in-line forces occur 
at twice the frequency of the cross-flow forces, causing the 
structure to vibrate in a higher mode. 

There are a number of available methods for predicting 
VIV, including computational fluid dynamics, wake oscillator 
models and semi-empirical models. Wake oscillator models 
[2] use a Van der Pol oscillator to describe the fluid force in 
time domain. Semi-empirical models such as VIVANA [3] 
use coefficients from forced vibration tests, and apply an 
iteration procedure to calculate the frequency, mode and 
amplitude of vibration. The formulation restricts the semi-
empirical methods to stationary response in the frequency 
domain. This prohibits the study of cases including non-linear 
structures or time varying currents, which requires a time 
domain description of the fluid forces. 

The semi-empirical and wake oscillator models were 
originally able to calculate cross-flow VIV only [4], while 
some of the models have been extended to include in-line as 

well. Ge et. al [5] presented a wake oscillator model for 
combined in-line and cross-flow vibrations of a tensioned 
beam. The model reproduces important quantities such as 
frequency and mode, but the accuracy of the predicted 
amplitude is questionable. Srinil and Zanganeh [6] was able to 
adjust the wake oscillator model in order to obtain accurate 
oscillation amplitudes for an elastically mounted cylinder with 
two degrees of freedom, but the fact that parameters in the 
hydrodynamic force model depends on the structural mass and 
damping is unphysical. 

Other time domain methods for simulating VIV have been 
developed by Lie [7] and Finn et al. [8]. A challenge with 
these methods is the need to continuously estimate the 
vibration frequency of the riser. Mainçon [9] suggested a 
different time domain formulation, using an artificial neural 
network to predict the instantaneous hydrodynamic force 
based on a compressed form of the recent velocity history. 
The results obtained in the study were promising, although the 
algorithm has stability issues. 

Recently, Thorsen et al. [10] proposed a simplified method 
for time domain simulation of cross-flow VIV. In this model, 
the hydrodynamic force is represented as a sum of excitation, 
damping and added mass, where synchronization between the 
exciting force and structure motion is taken into account. In 
the present research, a similar model for in-line forces is 
developed. Synchronization of the in-line excitation force is 
considered, while accounting for the relationship between in-
line and cross-flow frequency. The force model is applied in 
combination with the finite element method to simulate VIV 

Time domain simulation of cross-flow and in-line vortex-induced vibrations 
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of a tensioned riser in stepped current, and the results are 
compared to experimental observations by Chaplin et al. [11]. 

2 HYDRODYNAMIC FORCE MODEL 

2.1 Original cross-flow force model 
An overview of the cross-flow force model presented in [10] 
is given first. Coordinate system and definitions are shown in 
Figure 1. The in-line and cross-flow displacement of the 
cylinder is denoted x and y respectively, while U is the 
incoming undisturbed fluid velocity. Due to the motion of the 
cylinder, the instantaneous relative velocity changes 
magnitude and direction continuously, and is found as: 

( ) jyixUV
r
&

r
&

r
−−=                           (1) 

 
Figure 1. Moving cylinder in incoming flow. 

For a fixed cylinder in constant current, asymmetrical 
vortex shedding will occur for a Reynolds number larger than 
40 [12]. The associated pressure field gives rise to a time 
varying lift and drag force, where the oscillating part of the 
drag is known to be small compared to the lift. The frequency 
of vortex shedding is given by fs = StU/D, where D is the 
cylinder diameter and St the Strouhal number, which is nearly 
constant for 300 ≤ Re ≤ 3×105. The same mechanisms are 
governing for a moving cylinder, however the interaction 
between the motion and the flow increases the complexity. 
Under the right circumstances, the vortex shedding may 
synchronize with the cylinder motion, which is also referred 
to as lock-in. According to the original model, the cross-flow 
excitation force per unit length on a circular cross-section may 
be described as 

 

UVDCF vyexc

r
ρ

2
1

, =                         (2) 

 
where ρ is the fluid density and Cv is named vortex excitation 
coefficient. It is expressed as Cv = Cv,0 cos Φv, where Cv,0 is a 
function of the non-dimensional cross-flow oscillation 
amplitude Ay/D (Ay is the cross-flow amplitude of the cross-
section, which may vary with time) as shown in Figure 2, 
while Φv represents the short-term variability and is termed 
the instantaneous phase of the excitation force. To exemplify 
the concept of instantaneous phase, consider the special case 
of a sinusoidal signal. The coefficient is then given as Cv = 
Cv,0 cos(2πft + φ), which means the instantaneous phase is Φv 
= 2πft + φ and the time rate of change of the instantaneous 
phase is dΦv /dt = 2πf, i.e. the angular frequency of the signal. 

The excitation force must however be able to vary its 
frequency to synchronize with the structure motion. 

 
Figure 2. Cv,0 as a function of cross-flow amplitude ratio Ay/D. 

Synchronization is modeled using concepts described in 
[13]. The phase of the excitation force is assumed to respond 
to the phase difference between the force itself and the cross-
flow velocity of the structure: 

 

)( vy
v H

dt
d

Φ−Φ=
Φ

&                         (3) 

 
where Φẏ is the instantaneous phase of the cross-flow 
velocity. The synchronization function H(Φẏ - Φv) is found 
from established data for the cross-flow force in phase with 
cylinder velocity (see [10] for details). The synchronization 
model given in equation 3 ensures that the excitation force 
continuously updates its instantaneous frequency, trying to 
match the frequency of oscillation. The frequency of the 
excitation force must however stay close to the Strouhal 
frequency. This is incorporated in the function H(Φẏ - Φv) 
through the maximum and minimum values, Hmax and Hmin. 
This means there will be no synchronization and no energy 
input for an oscillation with angular frequency outside this 
range. 

In addition to the vortex excitation force there will be fluid 
resistance (damping) as the cylinder moves through the water. 
Venugopal [14] presented a model for the damping force; 
however his expressions depend on the oscillation frequency, 
and are therefore not suitable for time domain simulation. An 
alternative model was suggested in [10], which gives 
approximately the same damping level as Venugopal's low 
reduced velocity model. Here, the damping force is expressed 
as 

 

yyCAyUDCF yyyydamp &&& 21, 2
1

2
1 ρρ −−=        (4) 

 
where Cy1 = 0.485 and Cy2 = 0.936. In addition, an added mass 
force is present as a result of the cylinder acceleration. The 
added mass coefficient is assumed constant and equal to the 
still water value, i.e. Ca = 1.0. Note that the total added mass 
force consists also of the part of the excitation force which is 
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in phase with the cylinder acceleration. To summarize, the 
total cross-flow hydrodynamic force is written as: 
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2.2 Including a fluctuating in-line force 
For a flexibly mounted cylinder with two degrees of freedom 
and the same natural frequency fn in both directions, there are 
three possible types of in-line vibrations, each type occurring 
at different reduced velocity, Vr = U/(fnD). Pure in-line 
oscillations occur at 1 ≤ Vr ≤ 4 (first and second instability 
region [12]), and the amplitude is typically less than 0.15D 
[15]. For higher reduced velocities, cross-flow vibrations will 
become significant, which in turn gives large in-line 
vibrations. In this case, in-line vibration amplitudes may 
exceed 0.3D [16], [17]. The present model aims at modeling 
the combined in-line and cross-flow case, i.e. Vr > 4. 

Recall that for a fixed cylinder, the dynamic lift is    
significant while the fluctuating part of the drag is small. For 
the sake of simplicity, let the fluctuating drag force be 
neglected, such that the only dynamic force is the lift. If the 
cylinder starts to oscillate in the cross-flow direction, the force 
which was initially considered lift will not act in the same 
direction as before, but rather at an angle determined by the 
relative velocity between the fluid and the cylinder. This 
results in an in-line force component, which will be denoted 
Fexc,x. It is reasonable to assume that the angle between the x-
axis and the relative velocity vector determines the magnitude 
of Fexc,x. The angle may be found from sin θ = ẏ/ V

r
and hence 

should the maximum value of Fexc,x be related to the 
maximum cross-flow velocity, ẏmax. With this in mind, the 
following expression is proposed as an approximation to the 
in-line excitation force: 

 

xvvxexc yaVDCF ,max0,, cos
2
1

Φ= &
r

ρ              (6) 

 
Here, ẏmax is understood as the maximum observed cross-

flow velocity in recent time (e.g. the latest maxima) and a is a 
parameter that must be determined empirically. It is found that 
a = 0.5 gives accurate results. The phase Φv,x needs some 
special attention. It is known from experiments that in-line 
vibrations occur at twice the cross-flow frequency, which 
means that dΦv,x/dt = 2 dΦv/dt. However, applying such an 
equation directly gives no freedom for the in-line force to 
synchronize with the cylinder motion. In order to achieve in-
line synchronization while satisfying fil = 2fcf in an 
approximate manner, the following equation is suggested: 
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where α is a small positive number. This formulation ensures 
that 2(1 - α)dΦv/dt ≤ dΦv,x/dt ≤ 2(1 + α)dΦv/dt, meaning that 
dΦv,x/dt ≈ 2dΦv/dt. The term α sin (Φẋ - Φv,x) allows the 
frequency to vary slightly such that Fexc,x may synchronize 
with the in-line velocity of the structure.  
   The damping force in the in-line direction is expressed on 
the same form as the cross-flow damping force, i.e. 

 

xxCAxUDCF xxxxdamp &&& 21, 2
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2
1 ρρ −−=           (8) 

 
where Ax is the amplitude of the in-line motion, which may 
vary with time. Taking Cx1 = 0.507 and Cx2 = 0.936 gives 
good agreement with the low reduced velocity in-line 
damping model by Venugopal [14]. The second term gives the 
still water damping, which means that Cx2 and Cy2 must be 
equal. An added mass force due to cylinder acceleration is 
also present, which means the total in-line hydrodynamic 
force can be expressed as: 
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2.3 Calculating phases and amplitudes 
In the present formulation the hydrodynamic forces depend on 
the amplitude of the in-line and cross-flow vibration (Ax and 
Ay) as well as the instantaneous phase of the in-line and cross-
flow velocity of the structure (Φẋ and Φẏ). These quantities are 
extracted from the calculated time series as the simulation 
advances. In the case of sinusoidal motion, the structure 
travels a distance of two amplitudes between one zero 
crossing of the velocity and the next. Based on this the 
following expression is applied to calculate Ax, where t1 and t2 
are the time of the two latest zero crossings of ẋ: 
 

dtxA
t

tx ∫= 2

12
1

&                             (10) 

 
The same procedure applies for the cross-flow amplitude. The 
oscillation amplitude is in general not constant over time, and 
is updated for every zero crossing of the velocity signal. 

The instantaneous phase of the velocity signal represents the 
short term variability, and goes from 0 to 2π as the velocity 
goes from one maximum to the next. Hence it changes 
continuously, and must be calculated for every time step in 
order to apply the synchronization function. A phase portrait 
is constructed to calculate the instantaneous phase as shown in 
Figure 3. The horizontal position is given by the velocity and 
the vertical position by its derivative (the acceleration) with a 
negative sign. Both the velocity and acceleration are 
normalized by their maximum values observed in recent time, 
i.e. ẋn(t) = ẋ(t)/max(ẋ(ti), ti [t-tc,t]). where tc is set to 5 times 
the vortex shedding period. For a perfectly sinusoidal signal 
this would result in a point on the unit circle rotating around 
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the origin with an angular velocity corresponding to the 
angular frequency of the signal. This procedure is also 
appropriate for signals that are only approximately sinusoidal. 

 
Figure 3. Phase portrait providing the instantaneous phase of 

the in-line velocity. 

3 NUMERICAL SIMULATIONS 
The present hydrodynamic force model is applied in 
combination with the finite element method to simulate 
vortex-induced vibrations of an elastic cylinder. The 
simulations resemble laboratory experiments by Chaplin et al. 
[11] such that predictions may be compared to actual 
observations. In the experiments, one half of a 13.12 m long 
model riser was exposed to uniform current, while the other 
half experienced still water as indicated in Figure 4. A number 
of runs were performed, and quantities such as standard 
deviations of displacement and curvature along with vibration 
frequency and mode were reported for different towing 
speeds. Relevant physical properties for the riser are given in 
Table 1. Ttop is the measured top tension, ws the submerged 
weight, EI the bending stiffness, m the mass per unit length 
and ζ the damping ratio of the riser in air. 

 
Figure 4. Riser model and current profile 

The riser is divided into 50 beam elements with elastic 
(bending) and initial stress (tension) stiffness. Assuming 
linear structural behavior, the in-line and cross-flow 
displacements may be considered separately. Hence are 2-
dimensional beam elements with 4 degrees of freedom 
sufficient. The degrees of freedom consist of the lateral 
translation (in-line or cross-flow) and rotation in each end, 
and the corresponding element stiffness matrix is shown in 
equation 11, where l is the element length and T the tension. A 
consistent mass formulation is adopted, and the element mass 
matrix is shown in equation 12, where m̅=m + CaρπD2/4, i.e. 
the sum of the structural and hydrodynamic added mass per 
unit length. 

Table 1. Physical properties of the riser model. 

L 13.12 m 
D 0.028 m 
Ttop 389 - 1925 N 
ws 
EI 

12.1 N/m 
29.9 Nm2 

m/(ρπD2/4) 3 
ζ (in air) 0.33 % 
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The dynamic equilibrium equation for the structural system 
reads: 

( ) ( ) ( ) ( )tttt FKrrCrM =++ &&&                  (13) 
 

where M is the mass, C the damping,  K the stiffness matrix 
of the system and r a vector containing all nodal translations 
and rotations. The in-line and cross-flow equation of motions 
are uncoupled from a structural point of view, and the 
matrices are identical for both directions. The structural 
damping is modeled as C = αK, where α is adjusted to give 
the correct structural damping ratio, i.e. 0.33 %. The external 
force vector F(t) contains excitation and fluid damping forces 
for the in-line or cross-flow direction calculated at every node 
of the finite element model according to the described 
procedure (as given in equation 5 and 9, but skipping the 
added mass terms). The Newmark-β method with standard 
parameters is used to solve the dynamic equilibrium equation 
with a time step corresponding to 100 steps per vortex 
shedding cycle. The hydrodynamic forces are calculated using 
values from the previous time step (explicit calculation), 
which is justifiable when the time step is small. The top 
tension is set to 813 N, which was used in most of the 
experimental runs. Varying the tension within the range used 
in the experiments gave no substantial changes in the results. 
For all current velocities considered, the simulation is run for 
200 oscillation cycles, and the first 150 are removed prior to 
post-processing to remove transients effects. The standard 
deviation of displacement (σx, σy) and curvature (σcx, σcy) over 
the riser length and time is defined as: 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3109 

 
 

∫ ∫=
T L

x dzdttzx
LT 0 0

2),(11σ                 (14) 

 
Resulting (non-dimensional) displacement and curvature 

from all simulations are reported and compared to 
experimental observations in Figure 5 and Figure 6 as a 
function of U/f1D, where f1 is the lowest natural frequency of 
the riser in still water (from the finite element model). The 
cross-flow displacement is close to zero for low velocities, but 
rises sharply as U is increased. For U/f1D ≈ 5 there is 
resonance at the lowest natural frequency of the riser. When 
the velocity is increased further, the response drops before it 
rises again, now due to resonance at the second natural 
frequency. This pattern of increasing and declining response 
continues throughout the whole range of velocities 
considered. The same characteristic behavior is seen in the in-
line direction, although the magnitude of displacements is 
smaller. The experimental scatter is a result of the inherent 
randomness associated with VIV, hence one cannot expect the 
simulation to reproduce the results exactly. With this in mind, 
the agreement between simulations and experiments is very 
good for the in-line displacement. The predicted cross-flow 
displacement is somewhat large, which is related to 
conservatism embedded in the hydrodynamic damping model. 
The curvature strongly depends on the excited mode, and is 
seen to increase approximately as U2. For in-line curvature, 
the simulated and observed values compare very well. The 
predicted cross-flow curvature is also realistic, although 
slightly large due to the reasons just mentioned. 

The dominating mode is found by modal analysis [18] of 
the calculated response using eigenmodes from the finite 
element model. For a tensioned beam the modes are sinusoids, 
and the mode number corresponds to the number of half-
waves along the beam. The dominating in-line and cross-flow 
frequency and mode are shown in Figure 7 and Figure 8 along 
with measurements by Chaplin et al. The mode is constant 
over short intervals of velocity, and changes as the excitation 
shifts from one natural frequency to the next. Cross-flow 
response begins at mode 1 and goes through all modes as 
velocity is increased. For low velocities, the in-line mode is 
twice the cross-flow, and only even numbered modes appear. 
For higher velocities, odd modes such as 7, 9 and 11 are also 
observed. The vibration frequency is seen to increase linearly 
in an overall sense, but tends to stay close to one of the natural 
frequencies of the structure before it makes a jump to the next. 
This step-wise increase in frequency is found in both 
simulated and experimental results, and the accuracy of the 
predicted modes and frequencies is very good. 

 

 
Figure 5. Standard deviations of in-line (top) and cross-flow 
(bottom) displacement. Blue squares are simulated while red 

stars are experimental results (from [11]). 

 

 
Figure 6. Standard deviations of in-line (top) and cross-flow 

(bottom) curvature. Blue squares are simulated while red stars 
are experimental results (from [11]). 
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Figure 7. In-line (top) and cross-flow (bottom) dominating 
frequency. Blue squares are simulated while red stars are 

experimental results (from [11]). 

 
Figure 8. Dominating mode for in-line (top) and cross-flow 

(bottom) displacement. Blue squares are simulated while red 
stars are experimental results (from [11]). 

 
Figure 9. Snapshots of simulated response and corresponding 

trajectories for U/f1D = 25. 

Snapshots of the simulated riser response for U/f1D = 25 
and corresponding trajectories of the riser cross section at 
selected points are shown in Figure 9. The cross-flow 
response is dominated by mode 4, while the in-line direction 
responds in mode 8. The relationship between the in-line and 
cross-flow frequency results in different variations of figure 8- 
and C-shaped trajectories. 

4 CONCLUSIONS 
In the present research, the method developed in [10] has been 
extended to include fluctuating hydrodynamic forces in the in-
line direction. The purpose has been to enable time domain 
simulation of combined in-line and cross-flow VIV which 
occurs for U/f1D > 4. A simple formula for the in-line exciting 
force has been proposed, and a model which allows the force 
to synchronize with the in-line motion while satisfying the 
condition fil ≈ 2fcf has been given. The force model is applied 
in combination with a finite element model to simulate cross-
flow and in-line vortex-induced vibrations of a tensioned 
beam in stepped current. By comparison with published 
experimental results, it is demonstrated that the method is able 
to predict important quantities such as standard deviation of 
displacement and curvature along with frequency and mode of 
vibration. The accuracy of the frequency, mode and in-line 
displacement and curvature is very good, while the cross-flow 
displacement and curvature is slightly overestimated. This is 
believed to be related to conservatism in the damping model. 
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A Wind tunnel analysis of flutter vibrations of a U-beam
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ABSTRACT: Motivated by assessing the aeroelastic stability of a conveyor solution, the aeroelastic stability of a U-beam with an aspect
ratio (width B over frontal height H) of B/H = 4.62 is investigated. Wind-tunnel experiments involving a special test stand for sectional
models and complementary CFD simulations were carried out. We find that the U-beam can perform self-excited two-degree of freedom
(flutter) vibrations. This is also reflected in the simulation results. Vortex-induced vibrations were observed experimentally, but the
amplitudes were small in respect to the frontal height. Numerically, it was found that there exist two different patterns of the flow around
the U-profile: One pattern that is very similar to the flow around a rectangular prism ( “R-flow” pattern) and another pattern were the
flow “reaches” into the pocket of the profile (“U-flow” pattern). The amplitude of vortex induced vibrations depends strongly on the flow
pattern. When the R-flow pattern is realized, the amplitudes were again small and of the same order of magnitude as in the experiments.
When the U-flow pattern is realized, much greater vibration amplitudes were observed in the simulations. Up to now, this could not be
observed in the wind tunnel experiments. However, for self-excited vibrations at higher reduced velocities it appears that the U-flow
pattern cannot be sustained: After an initial phase the flow pattern changes to the R-flow pattern.

KEYWORDS: Fluid structure interaction; Bridge deck aerodynamics; Vortex induced vibrations; Self excited vibration.

1 INTRODUCTION

Determining the aeroelastic stability is an important part in the
design process of slender structures. In our case, we analyze the
aerodynamics of a U-shaped conveyor belt that is part of a specific
conveyor solution. In practice, this conveyor belt can be very long
(several hundred meters). Furthermore, the original configuration
features two belts, one a certain distance (6.4H) above the other.
However, our research focuses on a section of a single belt with
a span length of a few meters, still retaining a slenderness (span
length L over belt height H) of about L/H = 57.1. The aspect
ratio of the U-shaped belt (frontal height H over width B) is
B/H = 4.62 (see Figure 1). Although the belt itself is flexible,
and therefore can carry out quite complex motion, we restrain
ourselves to simple mode-1 pitch (torsion of the belt about its long
axis) and heave (transverse) vibrations. Therefore, we chose to
model the belt as a rigid U-beam, that is allowed to rotate about
its long axis and to translate vertically (also see Figure 1). In
aerodynamic terminology, the U-beam is a so-called “bluff body”.
The von Kármán vortex-street is formed in the wake of the belt.
In contrast to bridge deck aerodynamics, we investigate not only
self-excited vibrations at high dimensionless reduced velocities,
but also vortex-induced vibrations (VIV) at relatively low reduced
velocities.

The critical velocity of flutter onset should be determined in
the wind tunnel. The experiments were carried out at the Centre
of Excellence Telč of the Institute of Theoretical and Applied
Mechanics (CET). Together with the experiments complemen-
tary CFD simulations were carried out at the Vienna University

of Technology using the proprietary CFD solver Ansys Fluent
(version 14).

This paper is organized in the following way: The experimental
set-up is described in detail in Section 2. The experimental results
are discussed in Section 3 and Section 4, focusing on self-excited
and vortex-induced vibrations, respectively. A comparison of the
experimental to the numerical results is given in Section 5. Nu-
merically, it was found that the flow around the U-profile can take
on two distinct flow-patterns, giving rise to different aeroelastic
responses. This is discussed in Section 7.

B

H

ϕ
y

u∞

Figure 1: Sketch of the U-beam (frontal height H, width B), in-
clined at an angle ϕ > 0 and displaced vertically by y. The beam
is supported by linear springs. Initially, y = ϕ = 0.

2 EXPERIMENTAL SET-UP

All experiments were carried out in the aerodynamic section of
the wind tunnel at the CET. This closed-loop wind tunnel offered
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flow velocities ranging from 1.5 m/s to 33 m/s with turbulence
intensities in the range of about 1%.

2.1 Test-stand and model

The section model was made of Balsa wood. The lowest eigen-
frequency of the model (mode: torsion about the long axis) was
f0,M = 20 Hz. This was assumed to be tolerable since the highest
targeted test-stand eigenfrequency was 6.5 Hz. The model was
mounted on a special test-stand (see Figure 2). The test-stand
allowed vertical translation (heave), as well as rotation about the
models long axis (pitch). The heave and pitch eigenfrequencies
could be adjusted individually, [3].

Figure 2: Image of the test-stand with the mounted sectional
model.

2.2 Dimensionless numbers

The sectional model of the conveyor belt had a frontal height
H = 0.065 m and an width of B = 0.3 m. An aspect ratio of
B/H = 4.62 was reached. The sectional model was L = 0.6 m
long, giving a slenderness of L/H = 9.2.

The most important dimensionless number in this paper is the
so-called reduced velocity, U∗ = u∞/(H f0,y). It is defined as the
ratio of the far-field flow velocity u∞ and the frontal height H of the
U-beam times its heave eigenfrequency f0,y. Experimentally, the
reduced velocity was varied by changing the far-field flow velocity
u∞. Some experiments were repeated with a different test-stand
eigenfrequency to assess the Reynolds number influence.

Furthermore, the Strouhal number is defined as St = H fvs/u∞,
where fvs is the vortex shedding frequency of the stationary U-
beam. As is common for bluff bodies, it depends only weakly on
the Reynolds-number Re = u∞B/ν, where ν = 1.46·10−5 m2/s
is the kinematic viscosity of air.

The first series of measurements was carried out to determine
the Strouhal number for Reynolds numbers ranging from 4.6·104

to 3.8 ·105. In Figure 3 it can be seen that St indeed depends
only weakly on Re. For the rest of this paper, we will make the
assumption that St ≈ 0.145 in the experiments. Numerically,
St = 0.135 was obtained.

We speak of self-excited vibrations, when the description of
the aerodynamic forces by the so-called flutter derivatives (see

[7]) is meaningful: Then, the aerodynamic forces can be taken
to be proportional to the linear and angular displacement and
velocity of the U-beam. This requires that U∗ � St−1, where
St−1 ≈ 6.9 in the experiments and St−1 ≈ 7.4 in the simulations.
Note, that U∗ = St−1 corresponds to the resonance case where the
eigenfrequency f0 equals the vortex shedding frequency fvs.

0.12

0.13

0.14

0.15

0.16

0 1·105 2·105 3·105 4·105

St
Re

Figure 3: The Strouhal number St of the sectional model over the
Reynolds-numbers Re.

The amplitudes observed in the simulations or the experiments
will be quantified with the root mean square (R.M.S, denoted with
full symbols such as “ ”) value of the mean-free amplitude (e.g.
y− ȳ) over a certain period of time. This period was chosen to be at
least 20 f −1

0,y in the experiments and at least 4 f −1
0,y in the simulations

and care was taken that a steady state is present. Where considered
appropriate, the maximum of the mean-free values will also be
given (denoted with open symbols such as “ ”).

3 SELF-EXCITED VIBRATIONS

It is well known, that the square prism can perform self-excited
(so-called galloping) transverse oscillations [6]. Moreover, Mat-
sumoto [4] published experimental results confirming, that a
B/H = 4 rectangular prism can perform self-excited pitch vi-
brations. However, it is the general opinion that such rectangular
prisms do not perform self-excited heave oscillations, [5].

In this paper, we consider two-degree of freedom motion (flutter)
of the U-beam. The ratio of eigenfrequencies is Ω = f0,y/ f0,ϕ =
1.0 in this section. The critical velocity of the flutter onset was
determined.

3.1 Critical reduced velocity

The section-model was subjected to cross flow at several flow
velocities u∞ in the wind tunnel. The test-stand was tuned to eigen-
frequencies f0,y = f0,ϕ = 2.0 Hz. The model was kept stationary
until the desired wind tunnel flow velocity was reached. Then it
was released and allowed to vibrate. Figure 4 shows the R.M.S and
maximum values of the mean-free heave and pitch amplitudes for
several reduced velocities. It can be seen, that vibrations are only
minimal for reduced velocities U∗ < 28.2. Abruptly, vibrations set
in between 28.2 < U∗c < 30.3 and reach considerable amplitudes
quickly. Thus, a critical velocity of flutter onset was found. The
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heave and pitch motion were in phase at the two highest reduced
velocities in Figure 4.
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Figure 4: R.M.S- (full symbol) and maximum values (open sym-
bol), as defined in Section 2.2, of the mean-free heave and pitch
amplitudes for several reduced velocities, respectively. The test-
stand was set to an eigenfrequency of f0,y = f0,ϕ = 2.0 Hz

Obtaining the critical reduced velocity proved to be a matter of
some delicacy. When the test-stand was set to higher eigenfrequen-
cies ( f0,y = 4.3 Hz and f0,y = 6.5 Hz), self-excited vibrations were
observed at U∗ = 27.0 and U∗ = 19.3, respectively. However,
the concept of aerodynamic derivatives admits a only a single
critical reduced velocity that does not depend on a dimensional
eigenfrequency. Careful investigation showed, that at the apparent
critical flow velocity of the experiments with f0,y = 4.3 Hz and
f0,y = 6.5 Hz, the vortex shedding frequency fvs was close to the
eigenfrequency of the model f0,M (see 2.1). The vortex shedding
provided a small excitation of the model such, that self-excited
vibrations with a larger amplitude were triggered.

In another experiment, the flow velocity was increased step-
wise, waiting for the section model to assume a new steady-state
after each flow velocity change. Such an experiment is illustrated
in Figure 5. Here, self-excited vibrations also were observed much
earlier, at U∗ ≈ 20 (see Figure 6). Hysteresis loops could also be
observed: The reduced velocities where flutter can be observed
differ for increasing and decreasing flow velocity.
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Figure 5: Time-series of a hysteresis-loop experiment showing the
displacement in mm, angle ϕ in degree and flow velocity in m/s.

From this, we deduce that while the U-beam appears stable
in a linear sense (at a certain reduced velocity), this may not be
the case in a non-linear sense. If large perturbations are present
initially, a large amplitude limit cycle may be reached. Indeed,
further hysteresis-loop experiments showed, that self-excited vi-
brations are possible at even lower reduced velocities (U∗ > 17.5)
regardless of the test-stand eigenfrequency, but only in the phase
when U∗ was decreasing (denoted U∗ ↓ in Figure 6).
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Figure 6: Hysteresis loop observed at high reduced velocities.
The R.M.S- (full symbol) and maximum (open symbol) values,
as defined in Section 2.2, of the mean-free, dimensionless heave
y/H and pitch ϕ is shown for increasing (↑) and decreasing (↓)
reduced velocity. The test-stand was set to an eigenfrequency of
f0,y = f0,ϕ = 6.5 Hz.

4 VORTEX INDUCED VIBRATIONS

Given the Strouhal-numbers reported above, vortex-induced vi-
brations to were expected at U∗ ≈ 6.9. Surprisingly, the frequency
ratio Ω = f0,y/ f0,ϕ is of great importance here. This can be seen in
Figure 7. When Ω = 1, virtually no vibrations could be measured.
Decreasing the rotational eigenfrequency on the test-stand, and
therefore increasing Ω, lead to more pronounced vibrations. In
these cases, the observed vibrations were heave-dominated, the
rotation being immeasurably small.

The influence of the angle of attack on the aeroelastic stability
was also investigated. The condensed results are shown in Figure 8.
It can be seen that in general inclining the profile leads to more
pronounced vibrations. This effect is stronger for positive angles
of attack. For negative angles of attack, a stabilisation can be
observed when the inclination is increased. However, the achieved
amplitudes were still small when compared to the frontal height.
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Figure 7: R.M.S value (as defined in Section 2.2) of the mean-free
vertical displacement in a reduced-velocity range where vortex-
induced vibrations were expected, for several frequency ratios
Ω = f0,y/ f0,ϕ. The amplitude of the rotational vibrations was
immeasurably small and is not shown here.
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Figure 8: R.M.S value (as defined in Section 2.2) of the mean-free
vertical displacement in a reduced-velocity range where vortex-
induced vibrations were expected for several angles of attack at
Ω = 1.0. The positive direction is indicated in Figure 1.

5 CFD SIMULATIONS

The CFD Simulations were carried out using the proprietary
Ansys Fluent CFD software package (version 14). A two-
dimensional computation domain was chosen. The turbulence
properties at the boundaries were set with the intent of modeling
rather steady wind conditions (turbulence intensity 1%, eddy vis-
cosity ratio 1). A URANS turbulence model (kω-SST) was used
to model the turbulent aspects of the flow. The computation mesh
was designed similar to the approach taken in [1]: The mesh close
to the vibrating U-profile (“inner region”, see Figure 9) is moved
as a rigid body. An annulus shaped, deforming region connects
the moving inner region to a stationary outer region.

The boundary of U-profile was resolved with cells of the length
L̃wall = 0.017H. Normal to the wall, y+ < 4 was achieved, but
y+ < 2 was satisfied for over 78% of the wall cells. A supposedly
y+-insensitive wall-treatment was chosen.

A UDF-based Runge-Kutta scheme was employed to perform
the time-integration of the rigid body motion. Convergence of the
rigid-body motion was reached by invoking the time-integration

routine several times during a time-step and taking the updated
pressure field into account.
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Figure 9: Sketch of the computational domain showing the three
regions (stationary, deforming, rigid body motion) with the respec-
tive average cell side-lengths L̃.

For simplicity, the mechanical damping was neglected in the
simulations. Furthermore, the 2D simulations do not take influ-
ences from the ends of the model (close to the perspex casing
of the test-stand) into account. Therefore, the amplitudes of the
simulated vibrations are likely to be greater than the observed
amplitudes in the experiment.

The first pattern of the simulated flow around the U-profile
is visualized in Figure 10: Passive particles were injected at a
location slightly downstream of the profile and tracked through
the computational domain. By this it can be seen that a stationary
vortex is filling the entire pocket of the U-profile. The flow is
similar to the flow around a rectangular prism and therefore called
“R-flow” in the following.

Interestingly, the simulations show a second, time-periodic flow
pattern described and visualized in Figure 11. Here, a smaller,
non-stationary vortex is formed right behind the front wall of the
U-profile and advected into the wake.

|� v|/
u ∞

0.0
0.3
0.6
1.0
1.3
1.6

Figure 10: Particle paths visualizing the R-flow pattern: A sta-
tionary vortex is filling the entire pocket of the U-profile. The
flow pattern resembles the flow around a rectangular prism. The
particle paths are coloured by the normalized velocity magnitude.
Re = 2.45·105.

Both flow patterns could be observed on a well resolved calcula-
tion mesh (see above) for extended periods of time (about 100/ fvs).
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Figure 11: Particle paths visualizing the U-flow pattern: Smaller,
non-stationary vortices are formed behind the front wall of the U-
profile and advected into the wake. The particle paths are coloured
by the velocity magnitude. Re = 2.45·105.

The pattern selection mechanism is unclear yet. It has been ob-
served that prescribing a positive, fixed pitch angle ϕ favours the
development of the U-flow pattern, while a negative pitch favours
the R-flow pattern. The critical pitch angle, if it exists, could not
be determined yet, and it is felt that the 2D and URANS models
employed are not suitable to determine this angle precisely.

The original configuration of the conveyor solution featured
a second belt, placed at a certain distance above the first belt.
Simulation of this case showed, that both flow patterns (the R-flow
and the U-flow) can be realized in one simulation. A snapshot
of the vorticity magnitude contours of this situation is shown in
Figure 12. The contour lines indicate the stationary vortex, filling
the entire pocket of the upper profile. The smaller vortex, forming
behind the front wall of the lower U-profile can also be seen. After
growing for some time, this vortex is then swept over the back
wall of the U-profile into the wake.

|� v|/
u ∞

0.0
0.3
0.7
1.0
1.4
1.7

Figure 12: Snapshot of the the simulated flow around two U-
profiles. The field is coloured by the velocity magnitude. The
black lines represent contour lines of the vorticity magnitude.
While the R-flow pattern is realized at the upper profile, the U-
flow pattern is realized at the lower profile. Re = 2.45·105.

The different flow patterns also lead to different time-dependent
aerodynamic forces acting on the profile. When the R-flow pattern
is realized, the aerodynamic forces are almost sinusoidal in char-
acter. The fundamental frequency of the lift force is the Strouhal
frequency f (c)

vs = Stu∞/H. The superscript (c) establishes the rela-
tion of this frequency to the R-flow pattern. A time-series of the
lift coefficient is shown in Figure 13.

On the other hand, if the U-flow pattern is realized, the fun-
damental frequency of the aerodynamic forces is not given by

the Strouhal frequency fvs, but by the frequency of the vortex
formation at the front wall. It is about, but not exactly f (c)

vs /2 in
our case. A time-series of the lift-coefficient is also shown in
Figure 13. However, f (c)

vs is still present in the spectrum of the
time-dependent lift force.

-3

-2

-1

0

1

2

0 0.5 1 1.5 2

c L

t f (c)
0,vs

U-flow pattern
R-flow pattern

Figure 13: Comparison of the time-dependent lift coefficient cL
for U- and R-flow pattern. The lift force per unit depth equals
FL =

1
2ρu

2∞HcL and Re = 2.45·105

6 COMPARISON: SIMULATIONS AND EXPERIMENTS

The aeroelastic behaviour of the U-profile depends on the flow
pattern that is realized. Which pattern was realized in the exper-
iments remains unknown at the time of writing. However, the
results obtained when the R-flow pattern was present in the sim-
ulations compare well to the experiments, so we assume that the
R-flow pattern was present in the experiments. In Section 7, the
aeroelastic behaviour for R- and U-flow pattern is discussed on
the basis of simulations.

6.1 Self-excited vibrations

The phase difference between heave and pitch motion for a self-
excited vibration at U∗ = 28 and Ω = 1 is about −45◦ as shown in
Figure 14. This compares well to two experiments carried out at
the same reduced velocity with eigenfrequency 4.5 Hz and 6.5 Hz.
However, when the eigenfrequency of the test-stand was set to
2.0 Hz the heave and pitch motion were in phase in the experiment.
If an influence of the test-stand on the motion of the section model
is at work, or the phase depends strongly on the Reynolds number
could not be determined yet.

The heave and pitch amplitudes measured in the experiment
were smaller than the amplitudes observed in the simulations.
This can be seen in Figure 15. Possible reasons for this are the
mechanical damping of the test-stand and the two-dimensionality
of the simulations. The ripples in the signal of the measured
pitch motion may stem from the finite resolution of the sensor or
turbulent fluctuations.

6.2 Vortex-induced vibrations

Basically, the experimental results regarding vortex-induced
vibrations are also confirmed by the simulations. The observed
amplitudes are rather small in magnitude. This can be seen in
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Figure 14: Visualization of the phase-shift between heave and
pitch motion at U∗ = 28, Ω = 1 and Re = 2.45 ·105 in a CFD
simulation. The pitch motion is scaled in this figure. Originally,
the pitch amplitude was approximately ϕ̂ ≈ 1.5 ◦.
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Figure 15: Comparison of simulated ( ) and measured ( )
dimensionless heave amplitude (y/H) and pitch (ϕ) for U∗ = 28.
In the experiment Re = 2.43 ·105 and in the simulation Re =
2.45·105.

Figure 16. Mechanical damping was neglected in this simulation
and the eigenfrequency was chosen to equal the vortex shedding
frequency obtained from previous simulations. Nonetheless, the
observed amplitudes are finite and very small. Closer inspection
of the involved frequencies shows, that the vortex shedding fre-
quency decreases due to the profile motion. Decreasing the pitch
eigenfrequency f0,ϕ reduces this effect due to the smaller pitch am-
plitudes. Thus, greater heave amplitudes could be observed. This
was visible in the experiments (see Figure 7) and the simulations
as well.

Again, observed amplitudes in the simulations are greater than
the measured amplitudes of the corresponding experiments.
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Figure 16: Time-series of the simulated heave (y/H, ) and
pitch (ϕ, ) motion at U∗ = 7.4, Ω = 1.0 and Re = 4.45·105.

7 DEPENDENCE OF THE AEROELASTIC BEHAVIOUR
ON THE FLOW PATTERN

The U-flow pattern gives rise to a completely different aeroe-
lastic behaviour of the U-profile. This is evident in Figure 17.
When the reduced velocity is in the range of 7.4 < U∗ < 14.0, the
vibration is dominated by the pitch motion. The observed pitch
amplitudes (and also the heave amplitudes) increased with U∗.
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Figure 17: R.M.S- and maximum values (as defined in Section 2.2)
of the mean-free heave (y/H) and pitch (ϕ) amplitudes for several
reduced velocities U∗, obtained from simulations at Re = 2.45·105

andΩ = 1.0 when the U-flow pattern was present. The downwards
pointing arrow indicates that the amplitudes were still decreasing
slowly at the end of the simulation run.
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The greatest pitch amplitudes could be observed for U∗ = 14.0.
Since for the U-flow pattern 1

2 fvs is the fundamental frequency of
the aerodynamic forces, this is the “U-flow resonance case”. The
amplitudes increase quickly and reach a steady state at ϕ̂ ≈ 11◦
and ŷ/H ≈ 0.15. This can be seen in Figure 18.
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Figure 18: Time-series of the dimensionless heave (y/H, )
and pitch (ϕ, ) amplitudes for U∗ = 14 from a simulation at
Re = 2.45·105 and Ω = 1.0.

For reduced velocities U∗ = 16 and beyond, the behaviour
changes again. As can be seen in Figure 19, the heave amplitude
increases quickly and dominates the vibration. This influences the
flow in such a way, that it switches from the U-flow pattern to the
R-flow pattern! After a transitional phase the amplitudes decrease
again. In one simulation run (marked with a downwards pointing
arrow ↓ in Figure 17) the steady state was was not yet reached.
Based on other simulation results where the R-flow pattern was
present from the beginning, we expect that the vibration will
decrease to very low amplitudes. However, it would take another
estimated 500 periods in addition to the simulated 180 periods
(which required about 960 hours CPU-time) to reach such a state.
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Figure 19: Time-series of the dimensionless heave (y/H, )
and pitch (ϕ, ) amplitudes for U∗ = 16 from a simulation at
Re = 2.45·105 and Ω = 1.0.

At U∗ = 28 a new steady state was observed, but with the R-flow
pattern present. This new steady state is similar to the simulations
where the U-pattern was present from the beginning.

7.1 Limitations of the CFD approach

Although the simulations were set up carefully and tested against
certain benchmark cases, the employed 2D and URANS models
themselves impose severe limitations on the accuracy of the simu-
lations.

The observations of the wind tunnel experiments could be re-
produced qualitatively. Quantitatively, however, there are some
differences. While the phase between heave and pitch motion
(seen in Figure 15) was predicted with some accuracy, the fre-
quency of the flutter could not be predicted well. The ratio of the
eigenfrequency to the flutter frequency was f0/ fflutter = 1.02 in the
wind-tunnel experiments while f0/ fflutter = 1.53 was obtained in
the simulations.

Close to the critical reduced velocity, U∗c ≈ 30 in the wind
tunnel experiments, the simulated motion of the profile depends
on details of the turbulence modeling, such as whether a curvature
correction (as described in [8]) is applied or not.

Generally, it has been reported that there is a big quantitative
difference between two-dimensional and three dimensional sim-
ulations, such as in [1]. Even the ability of URANS-methods to
accurately reproduce the three dimensional wake behind a bluff
body is highly questionable, see [2].

Further research will focus on determining the existence of
the U-flow solution in three dimensional, turbulence resolving
simulations. The experimental evidence gathered so far, namely
the signals of CTA probes and the measured pitch and heave of
the U-beam does not confirm the existence of the U-flow solu-
tion in the wind tunnel. However, it was reported that the flow
around a flat rectangular prism, its long side oriented normal to
the direction also features two different flow patterns [9]. These
two flow patterns are also characterized by how quickly the shear
layer originating from the front edges rolls up. There, the flow
behind the flat rectangular prism is not influenced by other bodies
and the shear layer can move freely. The flow pattern changes
intermittently.

In our case, the rear wall and the base of the U-profile impose
restrictions on how the shear layer can evolve. Thus, it seems that
the R-flow and the U-flow pattern are stabilized.

8 CONCLUSIONS

Self-excited flutter vibrations of the B/H = 4.62 U-profile were
observed experimentally and in CFD simulations. Experimentally,
the critical velocity of flutter onset was determined to be in the
range of 28.2 < U∗c < 30.3

The amplitudes of vortex-induced vibrations were comparatively
small. CFD simulations suggest that the vortex shedding frequency
changes due to the motion of the model. Thus, a state of resonance
could not be reached in the simulations.

Numerically, two patterns of the flow around the U-profile (the
R-flow and the U-flow) were found. The R-flow leads to aeroe-
lastic properties similar to those observed in the experiments. At
higher reduced velocities (U∗ ≥ 16), the profile motion triggers a
change from the U-flow to the R-flow pattern. Then, the observed
vibrations are similar to the vibrations that occur when the R-flow
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is present from the beginning of the simulation. However, at lower
reduced velocities the U-flow leads to more pronounced vibrations,
especially at U∗ = 14.0.

Further experimental work will focus on employing flow visu-
alization techniques to determine the flow pattern realized in the
wind tunnel experiments. The influence of the boundary condi-
tions in the experiment will be analyzed.
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VIV and galloping instability of a rectangular cylinder with a side ratio of 1.5
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ABSTRACT: The interaction between galloping and vortex-induced vibration was experimentally investigated in the particular case
of an infinitely long rectangular cylinder with a side ratio of 1.5 in smooth flow. This geometry was found to be very unstable and
large oscillations were observed also at high Scruton number in a range where no excitation was expected according to the classical
theory. A ratio of the quasi-steady galloping critical wind speed to Kármán-vortex resonance velocity larger than a minimum value
in the range 7 ÷ 9 seems to be necessary in order to avoid such a combined instability. This result, which finds a support from the
literature, is in strong disagreement with Eurocode 1, which unconservatively claims that interaction can be excluded for a ratio of
critical velocities outside the range 0.7÷1.5. The effect of Reynolds number was also partially investigated by testing two section
models at different scales. Finally, the experiments highlighted several nonlinear features of the dynamic system, such as secondary
and superharmonic resonances, hysteresis and frequency demultiplication.

KEY WORDS: Galloping; Vortex-induced vibration; Aeroelastic interaction; Rectangular cylinder; Wind-tunnel tests.

1 INTRODUCTION

Galloping is a dynamic instability of slender prismatic structures
caused by the self-excitation due to wind. Mathematically
speaking it is a supercritical Hopf bifurcation and then, once
the critical wind speed has been exceeded, it manifests itself
as a limit-cycle nearly-harmonic oscillation whose amplitude
steadily grows by increasing the flow velocity. The critical
wind speed is usually calculated through the quasi-steady force
criterion [1]. It is proportional to a mass-damping parameter
called Scruton number and inversely proportional to a stability
parameter obtained by measurements on the stationary body.

Vortex-induced vibration is caused by the nonlinear reso-
nance of the force due to the alternate shedding of vortices with
one mode of vibration of the structure and self-excitation is a
key issue in case of large-amplitude oscillations. The excitation
starts at a critical wind speed which depends on the Strouhal
number and disappears beyond a certain flow velocity. The
amplitude of vibration and the extension of the so-called “lock-
in” range depend on the mass ratio and structural damping,
combined as Scruton number for conventional structures in
airflow.

In slender prismatic structures with bluff cross section and
sufficient afterbody both phenomena are possible and therefore
interaction can occur. In particular, this is true for rectangular
cylinders in smooth flow with 0.6 . B/D . 2.8, being B the
width and D the depth of the section, which are known to be
very unstable with respect to galloping [2]. Eurocode 1 [3] states
that, if the ratio of the galloping to the VIV critical wind speed
(the former calculated with the classical quasi-steady theory) is
either lower than 0.7 or larger than 1.5 the two phenomena can
be considered separately. Nevertheless, beside the data reported
in the present work, in the literature there are many experimental
results that clearly disagree with this statement, as clearly shown
by the extensive review reported in [4]. Therein, the difficulties

in the prediction of the critical wind speed are also highlighted.
In particular, by collecting literature data from measurements
of the galloping stability parameters, a large uncertainty in its
estimation was observed due to the strong dependence of its
value on the test conditions (quality of model edges, Reynolds
number, blockage ratio, characteristics of the oncoming flow,
etc). However, the non-conservativeness of the values suggested
by Eurocode 1 [3] is apparent.

It was shown that prismatic towers with rectangular cross
section could also be prone to galloping [5], [6], [7] and this may
be of particular concern nowadays due to the reduction of modal
frequencies and damping, as well as the increased lightness and
slenderness of modern tall buildings [4]. A possible interaction
between VIV and galloping makes the problem even harder
since it allows the onset of limit-cycle oscillations at relatively
low wind speed, that is at the critical velocity for VIV, but
with amplitudes unrestrictedly growing with the flow speed, as
typical of galloping, even for large values of the Scruton number.

In this work the aeroelastic behaviour of a sharp-edged
rectangular 3:2 cylinder (B/D = 1.5) with the short side
D perpendicular to the flow was experimentally investigated
through static and aeroelastic tests in order to shed some light
on the complicated VIV-galloping interaction phenomenon. In
fact, this geometry has not been as extensively studied as the
square cylinder but interestingly it appears to be even more
susceptible to this combined instability. Two sectional models at
different scales were tested by using a static and an aeroelastic
rig, in order to investigate two Reynolds number ranges and to
span a large interval of Scruton numbers. Force measurements,
velocity-amplitude diagrams and flow-velocity fluctuations in
the wake of the oscillating body are discussed to provide more
insight into the phenomenon. Particular attention is devoted to
nonlinear features of the dynamic system, such as secondary and
superharmonic resonances, hysteresis patterns and frequency
demultiplication.
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(a) (b)

Figure 1. View of wooden model (D = 77 mm) (a) and aluminum model (D = 30 mm) (b) mounted on the aeroelastic rig.

2 WIND TUNNEL TESTS

Experiments were conducted in the open-circuit boundary layer
wind tunnel of CRIACIV, located in Prato, Italy. The test section
is 2.42 m wide and 1.60 m high. First, a wooden sectional model
(Figures 1(a) and 2), 986 mm long, 116 mm wide (B) and 77 mm
deep (D), was used to perform both static and dynamic tests.
To enforce bidimensional flow conditions, rectangular plates in
plywood were provided at the model ends; their dimensions
(450 mm × 150 mm × 4 mm) were defined according to ESDU
prescriptions [8], [9]. The mass of the model, end-plates and
supporting carbon-fiber tube was 1.730 kg. The model was also
equipped with pressure taps located at the center of each side of
the rectangle; registrations at a sampling frequency of 500 Hz
were performed with piezoelectric pressure transducers and the
system PSI DTC Initium.

Afterwards, the tests were repeated on an aluminum model
(Figure 1(b)), 1 m long, 45 mm wide and 30 mm deep.
Rectangular end plates in steel (150 mm × 90 mm × 2 mm,
the long side extending 15 mm upstream the downward face
and 90 mm downstream the leeward face) were provided and
the total mass of the model was 2.672 kg.

Both models were placed horizontally in the wind tunnel with
the shorter side of the section perpendicular to the flow. The
blockage ratio given by the model alone, calculated as D/Hwt ,
being Hwt the height of the wind-tunnel section, was 4.8% for
the wooden model and 1.9% for the aluminum model. All the
tests were carried out in smooth flow with a turbulence intensity
of about 1%.

For measurements of velocity fluctuations in the wake a
single hot-wire anemometer, connected to a Dantec CTA Bridge
56C01, was placed in several positions behind the models.

2.1 Static set-up

Most of the static tests were performed on the largest wooden
model. It was connected to six load cells (three on each side)
through a system of connecting rods with spherical hinges,
which allowed the measurement of drag, lift and moment. The

Figure 2. Sketch of the wooden model with end-plates.

model was placed inside a rig consisting of two large plexiglass
walls supported by two metallic frames connected both to the
floor and the ceiling of the wind tunnel. The load cells were
fixed to these frames. The aerodynamic force coefficients were
determined for angles of attack ranging approximately from
−10o to +10o.

As for the aluminum model, in one case the aeroelastic rig
(see Section 2.2) was blocked with pretensioned cables and the
velocity fluctuation in the wake were measured with a hot-wire
anemometer.

2.2 Aeroelastatic set-up

Figure 1 shows the aeroelastic set-up. The model was
connected to two shear-type steel frames allowing only a vertical
displacement due to the very large in-plane flexural stiffness
of the vertical elements. The aerodynamic damping due to the
exposition to the flow of the plate-springs was verified to be very
small. The stiffness of the suspension system was modified in
the different tests by varying the length of the plate-springs.

The displacements of the model were recorded respectively
with two non-contact laser transducers. The damping and
frequency of the system were measured imposing several times
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Figure 3. Power spectral density of lift coefficient for two values of Reynolds number (wooden model). n0 ∼= 40 Hz is the transverse
bending frequency of the model.
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Figure 4. Power spectral density of pressure coefficient at the
midpoint of a side of the cylinder parallel to the flow.

an initial condition and recording the free decaying of the
oscillations. Theoretically the damping should be measured in
the void and the contribution of still air is slightly nonlinear and
increases with the amplitude of the oscillation. Consequently,
this effect was minimized by considering small vibrations only,
with a fixed maximum amplitude of 1 mm. The effective mass
of the oscillating system (M) was calculated by adding several
sets of known masses and measuring the natural frequencies
according to the procedure outlined in [10].

3 RESULTS

In the remaining part of the paper the following notation will be
adopted. The critical wind speed of galloping calculated with
the quasi-steady theory will be denoted as Ug, reminding that:

Ug =
8πmζ n0

ρDag
(1)
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Figure 5. Mean values of the transverse force coefficient at
various angles of attack (wooden model, Re = 90,000).

where m is the mass per unit length, ζ is the ratio-to-critical
structural damping, n0 is the natural frequency of transverse
oscillation, ρ is the air density, D the cross-flow section
dimension and ag is the galloping stability parameter, defined
as:

ag =
dCFy

dα
(0) (2)

being CFy the transverse force coefficient (normalized with
respect to the model depth D). By indicating the Scruton number
as:

Sc =
4πmζ
ρD2 (3)

one can write:
Ug =

2Sc
ag

n0D (4)

Moreover, knowing the Strouhal number St of the cross section,
the Kármán-vortex resonance wind speed (or nominal critical
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Figure 6. Power spectral density at two different Reynolds numbers of the velocity fluctuations in the wake of the stationary
aluminum model measured with a hot-wire anemometer.

wind speed for VIV) can be written as:

Ur =
n0D
St

(5)

As a consequence, the ratio of the critical wind speed of quasi-
steady galloping to that of vortex induced vibration is related to
the value of the Scruton number through the following equation:

Ug

Ur
=

2St
ag

Sc (6)

3.1 Static results

Static tests were performed to estimate the Strouhal number and
the transverse force coefficient needed to predict respectively the
VIV and quasi-steady galloping critical wind speeds. The power
spectral density of the lift coefficient measured on the wooden
section model (Figure 3) at various wind speeds, provided a
Strouhal number of 0.106. This result was confirmed by the
measurements of the pressure coefficient at the midpoint of a
side of the cylinder parallel to the flow (Figure 4). In the graphs
of Figure 3, in addition to the peaks corresponding to the main
vortex-shedding frequency and the natural bending frequency of
the model, the superharmonic of order three is evident in the lift
coefficient spectra. In Figure 3(b) the superharmonic of order
two is also visible. By contrast, in the power spectral density of
the pressure coefficient at the midpoint of the lower side of the
cylinder only the superharmonic of order two can be detected
along with the main vortex-shedding frequency.

The Strouhal number was also estimated by measuring with
a hot-wire anemometer the velocity fluctuations in the wake of
the smaller-scale aluminum model; the resulting value of the
Strouhal number is about 0.104. Figure 6 shows the power
spectral density of the velocity fluctuations at low and high
Reynolds numbers. For Re = UD/ν = 44,000, being ν the air
kinematic viscosity, it is evident also the superharmonic of order
two of the Strouhal frequency.

The values of the Strouhal number obtained with both models
are in good agreement with most of the values reported in

the literature [4], but significantly higher than the Eurocode
prescription (St = 0.09).

Figure 5 reports the transverse force coefficient against the
angle of attack for the wooden model (D = 77 mm), evaluated for
a wind speed U = 17.6 m/s, corresponding to a Reynolds number
of 90,000. The symmetry of the curves highlights the quality of
the model. For α = 0◦ the drag coefficient is 1.76, which is in
good agreement with previous literature results [4]. It is worth
noting that, according to the quasi-steady theory, tg(α) = ẏ/U ,
being ẏ the plunging displacement velocity of the model.

As shown in Figure 5, the galloping stability parameter at zero
angle of attack is 5.5. A slightly lower value was obtained for
a Reynolds number of 64,000 (ag = 4.9). Consequently, in the
remaining part of the paper a nominal value of ag equal to 5
will be used in the calculations of the quasi-steady galloping
critical wind speed. The measured values of ag are higher than
1.7, provided by Eurocode 1 [3]. Nevertheless, they sound
reasonable if the data available in the literature for rectangular
cylinders with 1 ≤ B/D ≤ 2 are taken into account [4].

3.2 Aeroelastic results

The dynamic tests were performed by recording the cross-
flow displacement of the model at various wind speeds. The
flow velocity was both increased and decreased to look for the
possible presence of hysteretic phenomena. The first sets of
tests were performed on the larger-scale wooden model (D =
77 mm). In this case, by adding masses and adjusting the length
of the plate-springs the Scruton number was varied in the range
7 ÷ 46 (in Table 1 the main parameters of the configurations
tested are summarized). It is apparent in Figure 7 the interaction
of galloping and Kármán-vortex resonance: the oscillations
starting at Ur unrestrictedly linearly increase with the wind
speed, independently of the actual value of the mass-damping
parameter and therefore of the quasi-steady galloping wind
speed Ug (see Eq. 6). It is worth noting that, in cases D77-1 to
D77-5, Ug <Ur and therefore the so-called “quenching” effect is
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Figure 7. Standard deviation of cross-flow nondimensional displacements of the wooden model (D = 77 mm).

Table 1. Characteristics of the sets of measurements performed with the wooden model with D = 77 mm (M is the effective mass
of the oscillating system, m∗ = ρD2L/2M is the nondimensional mass ratio and Rer =UrD/ν is the Reynolds number at the
Kármán-vortex resonance wind speed). A galloping stability parameter ag = 5 was employed to calculate the quasi-steady
galloping critical wind speed Ug.

# n0 M ζ m∗ ·10−5 Sc Ur Ug Ug/Ur Rer ·103

[Hz] [kg] [%] [-] [-] [m/s] [m/s] [-] [-]

D77-1 9.83 4.83 0.08 72.5 7 7.1 2.2 0.31 36.7
D77-2 9.80 4.83 0.09 72.5 8 7.1 2.4 0.33 36.6
D77-3 11.98 4.70 0.13 75.3 11 8.7 4.0 0.46 44.7
D77-4 11.72 4.92 0.14 72.2 12 8.5 4.5 0.53 43.7
D77-5 5.93 13.20 0.07 26.6 16 4.3 3.0 0.70 22.1
D77-6 9.94 12.86 0.13 27.3 28 7.2 8.8 1.23 37.1
D77-7 16.40 4.49 0.57 77.5 46 11.9 23.4 1.96 61.1

clear, that is the suppression of galloping due to vortex shedding
up to the resonance wind speed. By contrast, in case D77-7 the
strong interference of galloping and VIV is observed despite a
ratio of the critical wind speeds Ug/Ur of nearly 2.

As shown in the figure, for low values of the Scruton number
a velocity-restricted excitation appears at a wind speed around
Ur/3 (branch A), when the body starts to oscillate in a perfectly
sinusoidal fashion at the natural frequency n0. Figure 7(b)
clarifies that the maximum amplitude of vibration decreases
by increasing the mass-damping parameter and this secondary
resonance of the system practically disappears for a Scruton
number of about 16 (although a very small bump can still
be seen), in agreement with previous results obtained with
another set-up [4]. Evident hysteretic effects were observed
by decreasing the wind speed, as highlighted by the arrows in
Figure 7(b). In addition, by slightly increasing the Scruton
number the oscillations start at the same reduced wind speed
but die out earlier. For a Scruton number around 8 the system is
able to jump to a higher branch (B) of the secondary resonance
for a wind speed close to Ur/2, but only if the wind speed is
increased very slowly, otherwise the excitation ceases (branch
C). A standard deviation of nondimensional displacement y′/D

up to 0.03 was reached on branch A, whereas it attained 0.058
on branch B. The rate of increase of the oscillation amplitude on
branch A was slightly higher than for the main instability pattern
starting at Ur, while it was significantly lower on branch B. The
explanation for this 1/3 secondary resonance is offered by the
spectra of the lift coefficient measured on the stationary model
(Figure 3), where one can notice that a peak corresponding to
three times the Strouhal frequency is always present and can
then excite the elastically suspended model for a wind speed
equal to Ur/3.

The tests were repeated on the aluminum smaller-scale model
that allowed to obtain higher values of the Scruton number and
lower values of the Reynolds number, as summarized in Table 2.
In addition, with this model much larger nondimensional
displacements were possible. Figure 8 shows that for the
lower value of the Scruton number (Sc = 36), comparable
with the higher values reached with the wooden model, the
oscillations start at a wind speed slightly higher than Ur (around
1.18 Ur) and their amplitude increases linearly with the wind
speed up to large values. It is worth noting that the slope
of the amplitude-velocity curve is slightly lower than that
found with the wooden model. This may be due to the much
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Figure 8. Standard deviation of cross-flow nondimensional displacements of the aluminum model (D = 30 mm).

Table 2. Characteristics of the sets of measurements performed with the wooden model with D = 30 mm. A galloping stability
parameter ag = 5 was employed to calculate the quasi-steady galloping critical wind speed Ug. It is worth noting that the
reference Reynolds number is higher for the last two test cases.

# n0 M ζ m∗ ·10−5 Sc Ur Ug Ug/Ur Rer ·103

[Hz] [kg] [%] [-] [-] [m/s] [m/s] [-] [-]

D30-1 8.98 5.82 0.05 9.5 36 2.5 3.9 1.54 5.1
D30-2 8.92 8.95 0.09 6.2 93 2.5 9.9 3.93 5.0
D30-3 8.70 11.88 0.12 4.6 166 2.5 17.3 7.03 5.0
D30-4 9.43 13.79 0.14 4.0 216 2.7 24.5 9.16 5.3
D30-5 9.45 13.79 0.14 4.0 224 2.7 25.4 9.51 5.3
D30-6 15.01 5.48 0.20 10.0 123 4.2 22.1 5.20 8.5
D30-7 15.19 5.48 0.23 9.9 146 4.3 26.6 6.18 8.6

lower reference value of the Reynolds number for this second
model (see Table 2) or to the reduced value of the blockage
ratio, as this instability feature seems to be very sensitive to
flow characteristics and boundary conditions during the tests.
By increasing significantly the Scruton number (Sc = 93) the
instability onset is slightly delayed and the amplitude-velocity
curve quickly leaves the linear trend and assumes a reduced
slope to presumably recover the pattern predicted by the quasi-
steady theory. A similar behaviour can be observed for Sc= 166
but with lower amplitudes and a flatter pattern. Finally, for
very high values of the Scruton number (Sc = 216 and 224) the
model is stable up to very high reduced wind speed and, after
a small bump in the amplitude-velocity curve in a range close
to the quasi-steady galloping critical wind speed, limit-cycle
oscillations appear. Nevertheless, prior to the instability onset
a significant decrease of the total damping of the system due to
negative aerodynamic damping was apparent. Therefore, a ratio
of the quasi-steady galloping critical wind speed to the Kármán-
vortex resonance one not lower than a threshold value falling in
the range 7 ÷ 9 was necessary to avoid such an interaction (see
Table 2), in agreement to what was observed at higher Reynolds
number with the wooden model on a different set-up [4].

The role played by the Reynolds number was also partially
investigated by increasing the stiffness of the suspension frames,

through a reduction of the length of the plate-springs, and
therefore the natural frequency of the system. The reference
Reynolds number passed from about 5000 to 8500. Two values
of the Scruton number were considered (Sc = 123 and 146).
Figure 8 shows that in this case the behaviour of the model
is more similar to that of the larger wooden model. In fact,
the oscillations appear in a less sudden way at Ur and then
linearly increase in amplitude with a slightly smaller slope than
for lower Reynolds number. Then, due to the high value of
the Scruton number, the amplitude-velocity curve leaves the
linear trend, at smaller amplitudes for higher values of the mass-
damping parameter, and shows a plateau prior to increasing
again, similarly to previous results with the wooden model [4].
Moreover, amplitude modulations can be noted at a Reynolds
number of 8500 (as observed with the wooden model) while
the oscillations are nearly harmonic from the beginning for
Rer = 5000. The modulations progressively reduce with the
wind speed and the records become nearly harmonic in the
previously mentioned amplitude plateau.

Figure 9 reports a series of results of velocity fluctuation
measurements in the wake of the oscillating aluminum model
performed with a hot-wire anemometer. At wind speeds
lower than the Kármán-vortex resonance one or also slightly
larger (Figure 9(a)) just the peak corresponding to the Strouhal
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Figure 9. Power spectral density at various wind speeds of the velocity fluctuations in the wake of the oscillating aluminum model
measured with a hot-wire anemometer (measurement set D30-1).

frequency can be detected. For U/Ur = 1.25, when significant
oscillations appear, a very narrow peak at the natural vibration
frequency of the model n0 becomes dominant. Nevertheless,
frequency capture does not occur as the peak corresponding
to the Strouhal frequency is still well evident (Figure 9(b)).
The Strouhal peak seems to be shifted to a value slightly
larger than 0.104 and its 1/3-subharmonic also appears. If
the wind speed is increased further this peak moves towards
higher frequencies (Figure 9(c)) and a sort of resonance with
the superharmonics of the motion frequency can be observed
(Figure 9(d)). The behaviour of the velocity fluctuations in
the wake of the model is summarized in Figure 10, where
one can see that at high wind speed the odd superharmonics
of the motion frequency become progressively dominant in
the spectra. A similar feature was observed in [10] with
pressure measurements on an oscillating square cylinder. In
addition, Figure 10 highlights the different characteristics of the
instability at low and high Reynolds number (consider that the

behaviour of the smaller aluminum model at a Reynolds number
around 8500 is similar to that of the wooden model at about
Rer = 36,000). In fact, left aside the secondary resonance due
the low Scruton number, for the measurement set D77-2 the
Strouhal law is smoothly abandoned around U/Ur = 1 and the
dominant velocity fluctuation frequency in the wake stabilizes at
the body motion frequency, that is around 0.98 ·n0. By contrast,
for the test case D30-1 the Strouhal law is violated for a wind
speed slightly higher than Ur, when the instability onsets and
the dominant velocity fluctuation frequency suddenly jumps to
about 0.99 ·n0.

Finally, Figure 11 shows the number of cycles of oscillation
necessary for the complete build-up of the excitation for
different measurement sets and flow speeds. The development
of the oscillations is very fast for the wooden model at high
Reynolds number and low Scruton number (measurement set
D77-1) and significant amplitude modulations can be observed
after the build-up. The oscillations develop more slowly at small

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3127



0 1 2 3 4
0

1

2

3

4

5

6

U/Ur

n
/
n
0

 

 

D77−2
D30−1

0 5 10 15 20 25 30 35
U/n0D

Figure 10. Variation with the wind speed of the dominant
frequency of velocity fluctuation in the wake of the
oscillating models measured with a hot-wire anemometer.

0 500 1000 1500 2000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

n0t

y
′
/
D

 

 

D77-1 - U/Ur = 1.47

D30-1 - U/Ur = 1.42

D30-1 - U/Ur = 1.89

D30-1 - U/Ur = 2.72

D30-6 - U/Ur = 1.15

D30-6 - U/Ur = 1.31

D30-6 - U/Ur = 1.39

D30-6 - U/Ur = 1.78

D30-6 - U/Ur = 2.14
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build-up tests.

Reynolds number (measurement set D30-1) and, as previously
noted, no amplitude modulation is evident. At higher Scruton
number (measurement set D30-6) the build-up requires even
more cycles of oscillation and in the plateau of the amplitude-
velocity curve (Figure 8) it is independent of the reduced
velocity. One can also remark that for this measurement set,
at slightly higher Reynolds number, the displacement time
histories after build-up show again amplitude modulations prior
to entering in the previously mentioned plateau.

4 CONCLUSIONS

The results of wind tunnel tests on a rectangular 3:2 cylinder
demonstrated the strong susceptibility of this cross section to
a combined VIV-galloping instability. The effect of Reynolds
number was partially investigated by the use of two section
models at different scales. It was observed that a ratio
between the theoretical critical velocities for the two individual

phenomena not lower than a threshold value falling in the
range 7 ÷ 9 was necessary to avoid such an interaction. This
condition corresponds to large values of the Scruton number
and from the practical engineering point of view it means that
structures with not so small values of damping and mass may be
prone to galloping-type oscillations in a range of wind speeds
where small-amplitude vortex-induced vibrations are expected.
This dangerous scenario is not accounted for by Eurocode 1,
which excludes the possibility of interaction between VIV and
galloping if the ratio of the two individual critical wind speeds
is outside the range 0.7÷1.5.

Several nonlinear features of the fluid-structure coupled
system were highlighted and one of the most remarkable is
surely the excitation observed for low values of the Scruton
number in a wind speed range starting at one third of the
main Kármán-vortex resonance velocity. Results showed that
significant amplitudes of oscillation can be obtained and in some
cases, as they can occur at very low wind speeds, such vibrations
should be considered in the structural design, although generally
not accounted for by codes and standards.

Finally, measurements of velocity fluctuations in the wake of
the oscillating models shed some light on the actual mechanism
of excitation during the VIV-galloping instability. In particular,
the role of vortex shedding and of the superharmonics of the
motion frequency components was clarified.
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ABSTRACT: In water distribution systems, old metallic pipes have been replaced by plastic pipes due to their deterioration over 
time. Although acoustic methods are effective in finding leaks in metallic pipes, they have been found to be problematic when 
applied to plastic pipes due to the high damping within the pipe wall and the surrounding medium. This is responsible for the 
leak signal not traveling long distances. Moreover, the leak energy in plastic pipes is generally located at a narrow frequency 
range located at low frequencies. However, the presence of resonances can narrow even more this frequency range. In order to 
minimise the influence of background noise and resonances on the calculation of the time delay estimate, band-pass filters are 
often used to supress undesirable frequency components of the noise. The objective of this paper is to investigate the influence 
of resonances in the pipe system (pipe, valves, connections and hydrants), on the time delay estimate calculated using acoustic 
signals. Analytical models and actual leak data collected in a bespoke rig located in the United Kingdom are used to investigate 
this feature. 

KEY WORDS: leak detection, plastic pipes, resonances 

1 INTRODUCTION 
Buried water pipelines are susceptible to leakage. To repair 
these pipe-systems, holes have to be dug to access the pipe 
section. In the UK, up to 4 million holes are dug every year to 
repair buried infrastructure, causing significant financial loss 
[1]. Acoustic methods are often used to detect and locate 
water leaks, and correlators have been used for this purpose 
for more than 30 years [2]. These devices calculate cross-
correlation functions, which are then used to detect and locate 
a leak. Although these methods work well for metallic pipes 
[3-4], there are some issues in plastic pipes, which need to be 
taken into account. The two main issues are related to the 
propagating leak noise, which is heavily attenuated by the 
damping in the pipe and, the speed at which such noise 
propagates along the pipe, which is heavily influenced by the 
pipe properties [5-6]. 

In leak detection, the most widely used correlators utilise 
the so-called basic cross correlation (BCC) function. The BCC 
may be performed by taking the inverse Fourier transform of 
the cross spectral density (CSD) function of two leak signals, 
measured either side of the leak. However, there are other 
options in some types of commercial correlators [7-8]. One of 
them uses the phase transform (PHAT) as discussed by Gao et 
al [9]. The PHAT is used to sharpen the peak in the cross-
correlation function and to suppress other additional peaks not 
related to the time delay information. In this process the 
modulus of the CSD between the signals is “flattened” or 
“whitened” prior to the transformation to the time domain. In 
this way, only the phase information is used to determine the 
time delay estimate.  

As mentioned above, two issues are related to problems 
with leak detection in plastic pipes. However, extra features 

can be present in the leak data which may further jeopardize 
the use of correlators. The aim of this paper is to investigate 
an additional feature in leak signals that may introduce errors 
in the estimation of the time delay using the BCC and PHAT 
correlators. This feature is the presence of phase changes in 
the CSD which are not related to the time delay, but are due to 
resonances in the pipe system which are frequently observed 
in practice. 

2 LEAK DETECTION OVERVIEW 
The noise generated by a leak can be used to detect it and to 
determine its position along a pipe. Vibrations and/or acoustic 
sensors can be placed at two different positions (access 
points), typically hydrants or valves either side of a suspected 
leak. A typical measurement set-up used for leak detection in 
a buried water pipe is depicted in Figure 1. The distance 
between the sensors is 21 ddd += , where 1d  and 2d , are the 
respective distances between the leak and the access points. 
The measured signals are ( )tx1  and ( )tx2 . 

The peak in the cross correlation function, which is a 
measure of similarity between the two leak signals [10], 
occurs at the time delay 0T , and the, distance of the leak from 
sensor 2, 2d , is given by [11], 

2
0

2
cTd

d
−

= ,           (1) 

where c  is the speed of propagation of the leak noise. 
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Figure 1. Schematic of a buried pipe showing the sensors 
mounted at measurement positions 1 and 2 with the leak 
located between these positions. 

3 THE BLITHFIELD PIPE RIG – DESCRIPTION AND 
INSTRUMENTATION USED 

The Blithfield pipe rig was provided by South Staffs Water 
plc, a company located in the UK. Figure 2 shows the 
schematic of the pipe rig highlighting the distances between 
the access points, along with the positions where the leak was 
generated and, measurements taken. The pipe extremity close 
to Position 1, where the sensor 1 is placed, is connected to the 
mains water distribution pipe, which supplies water at a 
pressure of about 6 bar. At the other extremity the pipe is 
terminated with a blank.  
 
 

 
 

Figure 2. The pipe rig used for the experimental work.  
 

All the access points are set in concrete to provide  rigid 
supports for the pipe connections, while the pipe sections are 
buried at a depth of about 0.8 m. Figure 3a shows one of the 
access points. Leak noise was generated by opening a 
secondary valve fitted to a blanking piece attached to the 
hydrant as shown in the sketches in Figs. 3b and c. The main 
valve shown in these figures allowed the water contained in 
the buried pipe to enter the hydrant. The leak was 30 metres 
away from position 1. A pressure gauge was also attached to 
the hydrant as shown in Figure 3c. Details of the transducers 
at Positions 1 and 2, and the instrumentation used are given in 
Tab. 1. 

Table 1. Transducers and instrumentation used in the 
experiments. 

Device Manufacturer Type 
Accelerometer Bruel and Kjaer 4384 

Charge Amplifier Bruel and Kjaer 2635 
Acquisition System Prosig 5680 

 
 
 
 
 
 
 

 
 

 
 
 

 
 
 

 
Figure 3. Some components of the pipe test-rig.     (a) The 
pipe access point and its main valve.     (1) Main valve; (2) 
connection point. (b) Sketch of the device used for generating 
the leak conditions. (1) Plastic pipe; (2) Main valve; (3) Metal 
hydrant; (4) Secondary valve. (c) Pressure gauge and 
secondary valve attached to the hydrant. (1) Secondary valve; 
(2) Pressure gauge; (3) Hydrant. 

 
Measured vibration data collected from the pipe rig are used 

to illustrate the presence of a resonance in the pipe. The 
modulus and phase of the CSD, and the coherence from 
typical strong leak noise-signals measured between the leak 
position and position 1 using two accelerometers are shown in 
Figs 4a(i), 4b(i) and 4c(i), respectively. It is observed that 
there is quite a broad bandwidth over which the unwrapped 
phase has linear behaviour. This region, where the phase can 
be unwrapped, contains information about the difference in 
the arrival times of the leak noise at the two sensors (time 
delay). In practice the signals are passed through band-pass 
filters to attenuate the signals outside the frequency range of 
interest [11], suppressing undesirable noise effects. 

Figs 4a(ii), 4b(ii) and 4c(ii) depict the measured modulus 
and phase of the CSD, and the coherence between two signals 
measured at position 1 and position 2. As observed in Fig. 
4b(ii), there is a phase shift at about 88 Hz in addition to the 
phase shift associated with the time delay. This additional 
phase shift is related to the presence of resonance in the pipe 
system. Hence, as the phase spectrum is affected by the 
presence of resonance, the time delay can also be affected by 
it.  
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Figure 4. Typical strong leak noise signals from the pipe rig 
measured using accelerometers. The labels ‘i’ and ‘ii’ mean 
that the measurements were made between the leak position 
and position 1 and between positions 1 and 2, respectively. 
a(i) and a(ii): The modulus of the CSD. b(i) and b(ii): Phase 
spectrum. c(i) and c(ii): Coherence. 

 

4 THEORETICAL DEVELOPMENT 

4.1 The Basic Cross-Correlation (BCC) Function 

The presence of a leak appears as a distinct peak in the cross-
correlation function between ( )tx1 and, ( )tx2 , which is given 
by [9] 

( ) ( ){ } ( ) ( )∫
+∞

∞−

− Λ=Λ= ωωω
π

ωω ωτdeSSFR i
xxxxxx 212121 2

11 ,        (2) 

where { }1−F  is the inverse Fourier transform, ( )ωΛ  is the 
frequency weighting function for the different correlators, and  

( ) ( ) ( )ωφωω i
xxxx eSS

2121
= ,            (3) 

is the CSD between the signals ( )tx1  and ( )tx2 , where 

1−=i  and φ  is the phase between ( )tx1  and ( )tx2 . In the 
case where there is a pure time delay between the arrival of 
the leak noise at sensors 1 and 2, then 0Tωφ = , where 0T  is 
the difference between the arrival times between the two 
sensors. 

The weighting function applied to the CSD can take various 
forms [9] but in this work, only two are considered. They are 

BCC:   ( ) 1=Λ ω      
(4a, b) 

PHAT: ( )
( )ω

ω
21

1

xxS
=Λ .     

When the frequency weighting function is given by Eq. (4a) 
the correlator uses the so-called BCC as described by Knapp 
and Carter [12]. If the frequency weighting function is given 
by Eq. (4b) then the correlator uses the phase transform 
(PHAT). In this case the cross-correlation function is only a 
function of the phase of the CSD. 

4.2 Pipe model for leak detection 

An analytical model of the cross-correlation function was 
derived by Gao et al [11], and it is briefly reviewed here. The 
frequency response function (FRF) between a leak and the 
pressure in the pipe at a distance x  from the leak is given by 

cxixeexH /),( ωωβω −−= ,        (5) 

where β  is the attenuation factor given by [11]  

( ) 2/1)2(1
1

EhBa

EhBa

c f +
=

ηβ .   (6) 

The CSD between signals ( )tx1  and ( )tx2  is then given by 
[11]  

0
21

)()()( Ti
llxx eSS ωωωω Ψ= ,                 (7) 

where )(ωllS  is the power-spectral density of the leak signal 
)(tl , which is the acoustic pressure at the leak location; and 

dedHdH ωβωωω −==Ψ ),(),()( 2
*
211 . Combining Eqs.(2) and 

(7) the BCC function can be determined by setting 1)( =Λ ω  
to give 

{ } )()()()()()( 0
1

2121
TRSFR llxxxx −⊗⊗=Λ= − τδτψτωωτ        (8) 

where ⊗  denotes convolution, )(τllR  is the auto-correlation 

of the leak signal, and { } [ ]221 )()()( τβπβωτψ +=Ψ= − ddF  
[11]. Equation (8) shows that the delta function is broadened 
by the frequency weighting function )(ωΨ  and the leak 
characteristics. The characteristics of the leak have been 
studied by Papastefanou et al [13], but for the purpose of the 
analysis in this work, it is assumed to be white noise over the 
frequency bandwidth of interest so that 0)( SSll =ω  is 
constant, which is consistent with [11]. The cross-correlation 
is, therefore, only a function of the distance between the 
sensors, the pipe properties, and frequency. As mentioned 
previously, in practice band-pass filters are used to supress the 
signals outside the frequency range of interest. For the simple 
case where an ideal band-pass filter is applied to remove the 
noise, the frequency response of the filter is given by 

1)( =ωG  10 ωωω <≤ ; 
     (9) 

                             0=  otherwise. 
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and then Eq. (8) becomes 

)()()()( 0021
TSgR xx −⊗⊗= τδτψττ ,        (10) 

where  

{ } )cos(
2

)2sin()()( 1 τω
ωτ
ωτ

π
ωωτ cGFg

Δ
ΔΔ

== − ,        (11) 

in which 01 ωωω −=Δ  is the bandwidth of the band-pass 
filter and 2)( 01 ωωω +=c  is its centre frequency. Using the 
model of the pipe system described in [11], Eq. (10) can be 
written as 

[
1 2

BCC
0 0 1 0( ) cos( ( ) ) cos( ( ) )d

x xR A T e Tωβτ ω τ θ ω τ θ−Δ ⎤= − + − − + ⎦ ,           

         (12) 

where 2
0

2
0 )()(0 TdeSA d −+= − τβπβω  and 

))((tan 0
1 dT βτθ −= − . For the PHAT correlator, the 

weighting function in Eq.(2) is then ))()((1)( ωωω Ψ=Λ llS , 
so the equation for the PHAT is a special case of Eq. (10), and 
is given by 

)()()( 0
PHAT

21
TgR xx −⊗= τδττ .             (13) 

It can be seen that the PHAT correlator is simply a time-
shifted version of the auto-correlation function of the ideal 
band-pass filter. Using Eq.(11), Eq.(13) can be written as 

))(cos(
2)(

)2)(sin(
)( 0

0

0PHAT
21

T
T

T
R cxx −

−Δ
−ΔΔ

= τω
τω
τω

π
ωτ .        (14) 

Figures 5a and 5b show the normalized BCC ( BCC
21

ˆ
xxR ) and 

PHAT ( PHAT
21

ˆ
xxR ) with respect to its maximum value, calculated 

using Eq.(12) and Eq.(14), respectively. As the intention is to 
illustrate the different shapes of the cross-correlation fuctions, 
the time delay 0T  has been neglected for simplicity. 
Moreover, the lower and upper limits of the band pass filter 
were set at 10 Hz and 150 Hz, respectively. These limits were 
chosen based on the fact that below 10 Hz there is generally 
only background noise, and no leak energy is generally found 
above 150 Hz [4]. Note that the peak in the PHAT correlator 
is sharper than the peak in the BCC, so that is easier to detect  
the time delay estimate in the PHAT correlator. 
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Figure 5. Cross-correlation functions calculated using 
Eqs.(12) and (14) normalized by the maximum values and, 
neglecting the shift due to the time delay 0T . (a) The Basic 
Cross-correlation (BCC); (b) The Phase Transform (PHAT). 

4.3 Phenomenological model of the resonance behaviour 

As seen in Fig. 4, distortions caused by resonances might be 
present in the CSD of leak signals. An additional phase shift 
at about 88 Hz is observed in Fig.4b(ii) which indicates the 
presence of a resonance or some other dynamic effect 
unrelated to the time delay associated with the propagating 
leak noise. Moreover, the modulus of the CSD reduces rapidly 
just above this frequency as seen in Fig.4a(ii), even though the 
coherence is not greatly affected by this feature as shown in 
Fig.4c(ii).  

In this section, the influence of these resonances on the 
estimate of the time delay calculated by the BCC and PHAT 
correlators is investigated using a phenomenological model 
involving a resonator attached to a hydrant. Figure 6 shows a 
schematic diagram of the phenomenological model. It is 
assumed that the resonator has no effect on the pipe vibration 
and also that, the measurements are made on the mass of the 
resonator. The leak induces vibration of the pipe at the access 
point, which excites the resonator through its base. 
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Figure 6. Schematic of the phenomenological model.  

The frequency response between the base ( )ΩY  and the 
mass ( )ΩX  is given by [14]  

( ) ( )
( ) ζ

ζζ
Ω+Ω−

Ω+
=

Ω
Ω

=Ω
21

21, 2res
i

i

Y

X
H ,        (15) 

where Ω  is the ratio nωω , in which nω  the natural 
frequency of the resonator and, ζ  is the damping in the 
resonator. 

The total FRF between the pressure generated by the leak 
and the sensor signal with a resonator attached to the pipe is 
given by 

( ) ( )res 2
1 2, ,

1 2
c i x ci

H H x e e
i

ωβ ωζω ζ ω
ζ

− −+ Ω
=

−Ω + Ω
.   (16) 

where ),( xH ω  is the FRF between a leak and the pressure in 
the pipe at a distance x  from the leak given by Eq. (5), and it 
is repeated here for convenience. This expression is used to 
simulate the cross-correlation functions of cases where one 
resonance is present such as in Fig. 4. Equation (16) gives the 
FRF between the pressure at the leak position and the 
displacement of the resonator mass. However, the acceleration 
response which is often measured is given by this expression 
multiplied by 2ω  [15]. Thus, the cross-spectrum for 
acceleration signals is given by 

0
21

),()()()( res
*
res

4 Ti
llyx eHSS ωζωωωωω Ψ=&&&& ,        (17) 

where *  denotes the complex conjugate. 
Figures 7a and 7b shows the modulus and phase of the 

CSD, respectively, given by Eq.(17) for three different values 
of resonator damping of 0.02, 0.05 and 0.2. For this 
simulation the measurement positions are 50 m apart, and the 
distance between the leak and the resonator is 20 m. The 
natural frequency of the resonator is set at 88 Hz, the 
attenuation factor 4109.2 −×=β  s/m and the wavespeed is 
442 m/s. The theoretical attenuation factor was estimated to 
match the decay observed in the actual modulus of the CSD 
and, the wavespeed was calculated using the time delay of 
22.6 ms given by the slope of the actual leak data shown in 
Fig. 4c(ii). It can be seen that the damping in the resonator has 
a profound effect on the modulus and phase of the CSD. 
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Figure 7. The modulus and phase of the CSD simulated using 
the phenomenological model given by Eq. (17). This case 
simulates the actual data given in Fig. 4(ii). (a) modulus. (b) 
phase. ---- ζ : 0.02; —ζ : 0.05; ···· ζ :0.2.  

Assuming that 0)( SSll =ω , the BCC function is 
determined by applying the inverse Fourier transform to 
Eq.(20), to give 

)()()()()( 0res021
TghhSR yx −⊗⊗⊗= τδττττ&&&& , (18) 

where )}({ 41 ωω Ψ= −Fh  and ( )},{)( *
res

1
res ζωτ HFh −=  are 

the cross-correlation function of the pipe characteristics and, 
the conjugate of the resonator impulse response, respectively.  

To investigate the influence of a resonance on the shape of 
the BCC and PHAT correlators, simulations are carried out 
for the case shown in Fig. 4(ii). Figure 8a shows the 
normalized BCC function ( BCC

21
ˆ

xxR &&&& ) with respect to its 
maximum value, calculated using Eq.(18) where the term 

)(res τh  is neglected, even though there is no resonator 
attached to the pipe. Figure 8b depicts the time reverse 
impulse response of the resonator )(res τh . Figure 8c shows 

the final normalized BCC function ( BCC
21

ˆ
yxR &&&& ) with respect its 

maximum value, calculated using Eq. (18). The band pass 
filter used has lower and upper frequency limits of 10 Hz and 
150 Hz, respectively. The damping ratio of the resonator is set 
now to 0.05 in order to achieve the best fit between the actual 
and theoretical phase spectrum as will be shown in the next 
section. The other parameters, such as the natural frequency 
and damping of the resonator and attenuation factor are set to 
88 Hz and 2.9×10-4 s/m, respectively. 
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Figure 8. The effects of a resonance on the shape of the 
simulated BCC for the case shown in Fig. 4. (a) The 
normalized basic cross correlation with respect to its 
maximum value, without any resonator attached to the pipe. 
(b) The conjugate of the resonator impulse response. (c) The 
normalized BCC function with respect to its maximum value,  

As observed in Fig. 8, the presence of the resonance affects 
the shape of the cross-correlation function, shifting the main 
positive peak, where the time delay is located, away from the 
actual time delay and also introducing another peak, which is 
negative. Thus, the effect of a resonance within the bandwidth 
in which the time delay is calculated, can be significant. 

As discussed previously, the PHAT correlator is a special 
case of the BCC where the modulus of the cross-correlation is 
flattened, such that only phase information is used to estimate 
the time delay. In this case Eq. (18) becomes 

1 2

PHAT
res 0( ) ( ) ( ) ( )x yR g Tτ φ τ τ δ τ= ⊗ ⊗ −&& && ,             (19) 

where { }res1
res ( ) iF e φφ τ −−=  in which resφ is the phase of the 

resonator. Figure 9a shows the normalized PHAT correlator 
with respect to its maximum value, given by Eq.(19) without 
the term res ( )φ τ  corresponding to the case when there is no 
resonator attached to the pipe. Figure 9b shows the PHAT 
correlator given by Eq.(19) with the resonator now attached to 

the pipe as before. It can be seen that the influence of the 
resonance on the shape of the PHAT correlator is similar to 
that with the BCC correlator. 
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Figure 9. The effects of a resonance on the shape of the 
simulated PHAT correlator of the case shown in Fig. 4. (a) 
The normalized PHAT with respect to its maximum value, 
without any resonator attached to the pipe. (b) The normalized 
PHAT with respect to its maximum value. 

5 RESULTS – THE INFLUENCE OF THE 
RESONANCE ON THE TIME DELAY ESTIMATE 

In this section a comparison is made between the theoretical 
model and actual leak data. Figures 10a and 10b show the 
simulated modulus of the CSD and its phase, respectively, 
overlaid with the measured data. In Fig. 10b it is observed that 
the additional phase given by the phenomenological model 
does not match exactly the measured data. At frequencies 
greater than the resonance frequency, the difference is about 
1.5 rad. Although there is this discrepancy the model 
qualitatively describes the general characteristics. 
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Figure 10. Comparison between the actual data and 
Simulations (a) The modulus of the CSD (b) the phase per 
unit distance. actual leak data;  simulated phase 
with no resonator attached to the pipe ;   simulated phase 
with the resonator attached to the pipe. 

To investigate the effects of a resonance present in the pipe 
system, two frequency ranges are considered, which are 
shown in Fig.10: The first is below the additional phase shift 
in which the limits are 10 Hz and 70 Hz, and the second that 
includes the additional phase shift in which the limits are 10 
Hz and 150 Hz. An analysis is conducted by calculating the 
BCC and PHAT correlation functions using the data filtered 
over each frequency region.  

Figures 11a(i) and a(ii) show the respective BCC and PHAT 
calculated in the frequency range below the additional phase 
shift. The time delay estimates given by the largest peak in the 
cross-correlation function for the BCC and PHAT correlators 
are 23 ms and 23.2 ms, respectively. Figures 11b(i) and b(ii) 
show the BCC and PHAT correlators calculated over the 
frequency range that includes the resonance within its limits. 
In this case, the correlators have two distinct peaks, one being 
positive and one being negative. The largest peaks in both the 
BCC and PHAT correlators are negative and correspond to a 
time delay estimate of 14.2 ms and 13.2 ms, respectively. The 
largest positive peak corresponds to a time delay of 22.8 ms 
and 24.4 ms for BCC and PHAT, respectively. The 
wavespeed estimate given by the largest positive peak is about 
440 m/s, which is close to values found in the literature (360 
m/s up to 512 m/s [4, 16]). Hence, choosing the largest 
positive peak gives a better time delay estimate. 
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Figure 11. The influence of the resonance present in the pipe 
system, on the shape of the BCC and PHAT correlators. a(i) 
BCC calculated over the bandwidth set below the resonance, 
which lower and upper limits are 10 Hz and 70 Hz, 
respectively. a(ii) PHAT calculated over the bandwidth 10-
70Hz. b(i) BCC calculated over the bandwidth that includes 
the resonance within its limits, where the lower and upper 
limits are 10 Hz and 150 Hz, respectively b(ii) PHAT 
calculated over the bandwidth 10-150Hz. 

Figure 12 shows the way in which the normalized time 
delay estimate given by the largest peak and largest positive 
peak changes with bandwidth. The normalization is with 
respect to the actual time delay given by the positive peak in 
the cross-correlation function performed over the frequency 
range 10-70 Hz. The time delay estimates are calculated by 
fixing the lower limit of the filter bandwidth at 10 Hz and 
increasing the upper frequency from 70 Hz to 150 Hz. The 
time delay given by the peak of the BCC within this 
bandwidth is 23 ms. As observed, both estimates given by the 
largest peak (black dashed line) and largest positive peak 
(blue solid line) in the BCC correlator behave in a similar 
way. When the resonance is included within the bandwidth, 
the time delay estimates start to deviate from the actual value 
of 23 ms by up to 2% using the largest positive peak in the 
BCC, and up to 6% using the largest peak in the BCC. As 
expected, the estimates given by the PHAT correlator fail 
when the resonance is included within the bandwidth chosen 
for analysis. Here the largest peak, which is negative, is much 
larger than the largest positive peak. If the modulus of the 
PHAT cross-correlation function is taken, then a large error in 
estimating the actual time delay will lead to a wrong location 
of the leak. 
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Figure 12. The normalized time delay estimate given by the 
largest peak and largest positive peak in the BCC and PHAT 
correlation function as a function of the bandwidth. The time 
delay is normalized with respect to the time delay estimate of 
23 ms calculated using the largest positive peak in the BCC 
performed over the frequency range 10-70 Hz. BCC 
largest positive peak;  BCC largest peak; PHAT 
largest positive peak;  PHAT largest peak. 

6 CONCLUSIONS 
In this paper, the BCC function and the PHAT correlation 
function, which are often used for leak detection in plastic 
pipes, have been introduced. An analytical model has been 
proposed to investigate their features. This model was 
developed to simulate cases where resonances are present 
within the frequency bandwidth of interest. Simulations have 
been compared with accelerometer-measured leak signals, 
where there was distortion in the phase of the cross-spectral 
density due to resonances in the system. 

For plastic pipes, it was found that the BCC is the most 
suitable for leak detection. The modulus of the CSD decays 
rapidly above the resonance frequency and so the resonance 
frequency does not have a strong influence on the time delay 
estimate from this correlator. The PHAT correlator, however, 
is sensitive to phase changes, such as additional shifts due to 
the presence of a resonance. Hence, the time delay estimate 
calculated using this correlator is affected by the presence of 
resonances. 
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ABSTRACT: A steel monopile is the most common foundation type of a wind turbine installed offshore and is driven into place 
with the help of vibratory or impact hammers. Underwater noise generated during the installation of steel monopiles has recently 
received considerable attention from international environmental organizations and regulatory bodies in various nations. 
Collected data regarding underwater noise measurements indicate that pile driving operations, especially when impact hammers 
are used, can be potentially harmful for the marine ecosystem. In this paper, a linear semi-analytical model is developed for the 
study of the vibroacoustic behaviour of a coupled pile-soil-water system. The hammer is substituted by an external force applied 
at the head of the pile. The pile is described by a thin shell theory, whereas both soil and water are modelled as three-
dimensional continua. The solution is based on the dynamic sub-structuring technique. The total system is divided into two sub-
systems namely, the shell structure and the soil-fluid medium. The response of each sub-domain is expressed as a summation 
over a complete set of eigenfunctions. The orthogonality of the shell modes in vacuo and the bi-orthogonality of the acousto-
elastic modes is utilized in order to meet the displacement compatibility and the force equilibrium at the interface of the two 
sub-systems. With the developed model, the wave radiation due to vibratory and impact pile driving is analysed. The influence 
of soil elasticity and soil stratification on the dynamics of the coupled system is examined. In addition, the energy launched by 
the hammer into the water and into the soil is investigated for both excitation types in order to highlight the main differences in 
the generated wave field. 

KEY WORDS: Vibroacoustics; Pile driving; Underwater noise; Soil-fluid interface; Scholte waves; Dynamics of shells 

1 INTRODUCTION 
To meet today’s increasing energy demand, a large number of 
offshore wind farms are planned for construction in the near 
future. Although several foundation concepts have been 
developed so far, in order to support the tower and the nacelle 
of offshore wind power generators, the most common of those 
is a steel monopile. Steel monopiles are driven into the 
sediment offshore with the help of large impact or vibratory 
hammers. During the piling process, the generated underwater 
noise levels are very high. Measurements indicate that the 
noise levels close to the pile due to the impact hammers can 
be in the order of 105 Pa [1]. 

Such high noise levels have naturally drawn the attention of 
regulatory bodies in various nations. The Dutch government 
permits pile driving only from the first of July till the end of 
December of each year in order to avoid disturbance of the 
breeding season of the harbour porpoises [2]. In the United 
Kingdom, an evaluation per project takes place. Measures like 
seal scarers are used together with  a few low energy blows of 
the impact hammer mainly aiming at intimidating the 
mammals in the neighbourhood of the construction site [3]. 
The German Federal government, on the contrary, adopts 
certain sound level criteria. These have been set to 160 dB re 
1 μPa for the sound exposure level (SEL) and to 190 dB re 1 
μPa for the sound peak pressure level (SPL), both at a distance 
of 750m from the sound source [4]. Even though there is yet 
no overall consensus upon the most appropriate way of 
quantifying the level of noise which can be potentially 
harmful for marine species, all the involved parties recognise 

that certain measures have to be taken in order to protect the 
marine ecosystem. In the scientific literature, there are several 
studies which actually investigate the impact of pile driving 
operations and other anthropogenic noise emissions in the 
marine species [5-8]. In this context, one can realise that the 
problem examined here is multidisciplinary in nature, in the 
sense that scientists of various background as well as 
international environmental organizations are strongly 
involved. 

In Figure 1, a typical installation setup of a large monopile 
is shown. During impact piling, a stress wave is generated 
which travels from the top to the bottom of the pile. As soon 
as this wave enters the fluid zone, part of the energy is 
irradiated in the form of pressure waves into the water. 
Another part of the energy enters the soil and radiates 
outwards in the form of compressional and shear waves. This 
paper aims to shed some new light on the physics associated 
with noise induced by pile driving and to highlight the 
contribution of various parameters to the total acoustic field. 
Such parameters can be, for example, the input energy and the 
hammer type, the soil conditions and the soil layering as well 
as the pile dimensions. The present paper is largely based on 
previous work by the same authors [9-10], but here the main 
focus is placed on a thorough parametric study as described 
above. 

To reach this objective, the paper is divided into four main 
sections. In section 2, the necessary theoretical background is 
given together with a brief description of the semi-analytical 
model developed in this work. In sections 3 and 4, the 
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acoustic field is examined for the case of an impact hammer 
and for the case of the vibratory hammer, respectively. 
Finally, in section 5, some conclusions are drawn on the basis 
of the obtained results together with some recommendations 
which, to the authors’ opinion, require further investigation. 
 

 
Figure 1 Installation of a pile with an impact hammer (left) 

and with a vibratory hammer (right) 

2 THEORETICAL BACKGROUND 
In this section, the governing equations which are used to 
describe the vibroacoustics of the coupled system are briefly 
introduced. A detailed description of the model and the 
solution procedure can be found in [10]. 

2.1 Statement of the problem 
The total system consists of the pile and of the soil-fluid 
exterior (to the pile) domain as shown in Figure 2. The 
hydraulic hammer is substituted by an external force applied 
at the pile head. The pile is described by an appropriate thin 
shell theory which includes the effects of both shear 
deformation and rotational inertia [11]. The shell is of finite 
length and occupies the domain from 0 ≤ z ≤ L. The constants 
E, ν, R, ρ and 2h correspond to the complex modulus of 
elasticity in the frequency domain, the Poisson ratio, the 
radius of the mid-surface of the shell, the density and the 
thickness of the shell respectively. The fluid is modelled as a 
three-dimensional inviscid compressible medium with a 
pressure release boundary describing the sea surface. The 
fluid occupies the domain z1 ≤ z ≤ z2 and r > R. The soil is 
described as a three-dimensional elastic continuum and is 
terminated at a certain depth with a rigid boundary. The soil 
can consist of a number of layers with varying properties, all 
of them horizontally stratified. The constants  λs,k  and  μs,k  
define the Lamè coefficients for the soil material and ρs,k  is 
the soil density. The index k=1,2,3,… refers to the different 
soil layers. 

2.2 Equations of motion and boundary conditions 
The solution of the system of coupled partial differential 
equations is based on the dynamic sub-structuring technique 
in which the total system is divided into two sub-systems: the 
shell structure and the soil-fluid domain. The linearity of the 
model allows for the representation of the response of each 

subsystem in the form of a superposition over appropriate 
eigenfunctions. The completeness of the modal sum for the 
layered soil-fluid domain is guaranteed by the introduction of 
a rigid boundary at a certain depth as shown in Figure 2. 
 

 
Figure 2 Geometry of the model 

The governing equations that describe the linear shell 
vibrations in the time domain are: 
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In the equation above, up(z,θ,t) is the displacement vector of 
the mid-surface of the shell. The terms L and Im are the 
stiffness and modified inertia matrix operators of the shell, 
respectively, which are based on the applied thin shell theory. 
The term ts(R,z,θ,t) represents the boundary traction vector 
that takes into account the reaction of the soil surrounding the 
shell at z2 ≤ z ≤ L. The term pf(R,z,θ,t) represents the fluid 
pressure exerted at the outer surface of the shell at z1 ≤ z ≤ z2. 
The functions H(z-zj) are the Heaviside step functions which 
are used here to account for the fact that the soil and the fluid 
are in contact with different segments of the shell. 

The fluid is treated as a three-dimensional inviscid 
compressible medium with a pressure release boundary 
describing the sea surface. The motion of the fluid is fully 
characterized by a velocity potential φf(r,z,θ,t): 

                      ( ) ( ) 0,,,1,,, 2
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in which cf is the sound speed in the exterior fluid domain. 
The soil is described as a three-dimensional elastic 

continuum able to support both dilatational and shear waves 
and is terminated at a certain depth with a rigid boundary. The 
body waves generated at the pile tip are not accounted for in 
the framework of this model. These waves are not expected to 
contribute significantly to the acoustic field since they will 
consist of shear and compressional body waves with a 
spherical front spreading outwards into the soil region below 
the tip of the pile [12]. The motion of each soil layer can be 
described by the following set of coupled linear equations: 
        ksksksksksksks ,,,,,,

2
, )( uuu &&⋅=⋅∇∇⋅++∇⋅ ρμλμ ,       (3) 

in which us,k(r,z,θ,t) is the displacement vector of the soil 
medium.  The solution for the soil domain can be found using 
the Lamb’s decomposition. 
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2.3 Solution of the governing equations 
The response of the system is sought for in the form of a 
modal expansion with respect to the in vacuo modes of the 
shell and to those of the soil-fluid domain. The analytical 
approach is based on the following steps: (i) solution of the 
eigenvalue problem of the shell without the presence of the 
soil-fluid medium; (ii) solution of the eigenvalue problem of 
the acousto-elastic domain; (iii) derivation of a relation 
between the unknown modal coefficients of the two sub-
systems, i.e. the shell structure and the fluid-soil domain, by 
using the interface conditions and the orthogonality properties 
of the acousto-elastic modes and (iv) solution of the coupled 
system of equations by applying the orthogonality property of 
the shell structural modes.  

For the shell in vacuo, the response can be expressed as: 

   ( ) ( ) ( )∑∑
∞
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with n=0,1,2,..∞ is the circumferential order and m=1,2,..∞  is 
the axial order. The functions Ujnm,p(z) with j=z,θ,r describe 
the axial distribution for the axial, circumferential and radial 
displacement fields respectively. Anm are the undetermined 
shell modal factors. For the exterior soil-fluid domain the 
response can be represented as: 
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The subscripts s and f refer to the soil and fluid respectively. 
The eigenfunctions Ujnk,s;f along the vertical coordinate are 
obtained by satisfying the set of boundary and interface 
conditions at z=zk with k=1,2,3,… corresponding to the 
different layers. The index q is used here to reflect the 
different modes along the vertical coordinate. In accordance 
with Figure 2, the following set of boundary and interface 
conditions is imposed. At 1zz =  the fluid pressure is set equal 
to zero. At 2zz =  the normal stress and displacement are 
continuous whereas the shear stress of the soil is set equal to 
zero (inviscid fluid). Finally, at z=L the displacements of the 
soil are set equal to zero. At all other interfaces between the 
various soil layers continuity of displacements and stresses is 
required. The functions Ynq(r,θ) are the Fourier-Bessel 
components, which appropriately describe the radial and 
circumferential dependence of the field.  

By enforcing the force equilibrium and the displacement 
compatibility at the interface between the shell and the 
exterior domain, the original system of coupled partial 
differential equations is reduced to a system of coupled 
algebraic equations which can be solved with high accuracy. 
To achieve this, the orthogonality condition of the shell modes 
in vacuo and the one of the exterior soil-fluid domain are used 
to relate the unknown sets of modal coefficients (Anm, Cnq) and 
to solve the coupled problem. All the aforementioned steps 
are described in detail in [9] and will not be repeated here. 

3 WAVE RADIATION FROM IMPACT PILE DRIVING 
In this section, the generated acoustic field in the fluid and the 
elastic field in the soil is studied for the case of impact piling. 
At first, the case of a soft homogeneous soil is examined. 
Subsequently, the  case of a harder soil sediment is analysed 

with the aim to examine the sole influence of soil elasticity on 
the wave radiation at the surrounding domain. Finally, the 
more realistic case of a two-layered soil is studied in which 
the upper few meters consist of a relatively soft sediment. The 
latter is a typical soil stratification for offshore environments. 

3.1 Soil  domain consisting of a single soft soil layer 
At first, the case of a pile being driven into a homogeneous 
soil is studied. The pile dimensions, soil conditions and fluid 
characteristics are summarised in Table 1.  

Table 1. System parameters (homogeneous soil) 

Parameter Value Unit 
E 2.1x1011 N m-2 
ν 0.28 - 
ρ 7850 kg m-3 
η 0.001 - 
R 
h 
L 
z1 
z2 
Es 
vs 
ρs 

ξs
*  

cf 
ρf 

2.50 
0.03 
60.0 
7.00 
27.0 

7x107 

0.40  

1700 
0.01 
1500 
1000 

m 
m 
m 
m 
m 

N m-2 

- 

kg m-3 

-  
m s-1 

kg m-3 
 

*ξs denotes here a frequency independent soil material damping 
which is equal to 1% of the correspondent elastic part, i.e. Es = 
Es,elastic (1 + i·ξs). 
 

 
Figure 3 Input force for the impact hammer 

The input force is applied vertically at the head of the pile. 
For this example a smooth exponential in time force is 
considered. Several studies [13], have shown that such a force 
represents closely the one exerted by hydraulic impact 
hammers at the head of the pile. The time signal of the input 
force is shown in Figure 3 and its amplitude spectrum is 
shown in Figure 4. This input force corresponds to an energy 
input of about 900kJ. 

In Figure 5, the sound pressure levels (dB re 1μPa) are 
shown in one-third octave bands for the locations depicted in 
Table 2. 
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Figure 4 Amplitude spectrum of the input force 

There is a distinct difference between the points positioned 
close to the sea surface and of the ones positioned close to the 
seabed. The latter contain a large amount of energy at 
frequencies lower than 50 Hz which is not present in the case 
of the upper points. As will be discussed in the sequel, this 
difference is mainly attributed to the presence of interface 
waves. 

Table 2 Location of points in the water column 

Point Radial distance from 
the pile surface (m) 

Depth 
(m) 

A 
B 

              2 

              18 
                   4 
                   4 

C 2 19 
D 18 19 

 

 
Figure 5 Pressure amplitude spectra of the four locations in 

the case of a soft soil sediment 

In Figure 6, the calculated pressures in the fluid are shown 
for points A and C. The SPL- and SEL-values are summarised 
in Table 3 for all examined locations. As can be seen, the 
pressure levels are very high especially close to the pile 
surface. The small delay in the arrival time of the first peak of 
the pressure in the case of the lower point is related to the 
propagation angle of the pressure fronts in the fluid region. 

Table 3 Pressure levels at the examined locations 

Point SPL (dB re 1μPa) SEL (dB re 1μPa) 

A 
B 

     233 
     217 

                    207 
                    196 

C           228             203 
D 

(750m) 
          220 
          187 

            195 
            171 

 
As will be discussed in the sequel (Figure 7), the pressure 

fronts in the fluid region are formed with an angle of about 
sin-1(cf/cp)=160 to the vertical, in which cf is the sound speed 
in the fluid and cp is the speed of compressional waves in the 
pile. The vertical distance between points A and C equals 
15m. The distance perpendicular to the wave fronts that needs 
to be covered between points A and C is approximately equal 
to 15·cos(900-160)=4.1m. To cover this distance the pressure 
waves need approximately 2.7x10-3s, which is the time delay 
observed between the peak at point A and C as shown in 
Figure 6. 

 

 
Figure 6 Pressures in time at two depths close to the pile 

 
Figure 7 Pressures in the fluid (top) and displacement norm in 

the soil (bottom) for two moments in time after the impact 
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As already mentioned, the maximum allowable underwater 
pressure levels according to the German national standards are 
set to 160 dB re 1 μPa for the sound exposure level (SEL) and 
190 dB re 1 μPa for the sound peak pressure level (SPL), both 
evaluated at a distance of 750m from the sound source [4]. 
The evaluated -averaged over the water depth- pressure levels 
at a distance of 750m are shown in the last row of Table 3. It 
is clear that the maximum allowable SEL-limit is exceeded in 
this case. 

In Figure 7, the pressures in the fluid together with the 
displacement norm in the soil, are shown for two moments in 
time after the hammer impact. The pressure conical fronts in 
the fluid region, commonly referred to as Mach cones, are 
formed with an angle of 160 to the vertical. These are clearly 
visible at the initial moments in time after the hammer impact. 
In the soil region, both vertically polarised shear waves and 
compressional waves are generated, with the former being 
much stronger than the latter. This actually implies that the 
majority of the energy in the soil is carried by shear rather 
than compressional waves. In addition, Scholte waves are 
generated along the seabed-water interface, which induce 
pressure fluctuations in the water column close to the seabed. 

3.2 Soil domain consisting of a single hard soil layer 
In this section, the effect of soil elasticity is examined. The 
soil domain is assumed homogeneous and the elasticity 
modulus is equal to Es = 250 MPa. The soil density is 1800 kg 
m-3 and the Poisson ratio is equal to vs=0.37. The rest of the 
material properties are given in Table 1. 

In Figure 8, the pressure amplitude spectra are shown for 
the case of the stiff soil. A comparison of Figure 5 with Figure 
8 clearly shows that there is an increase of the pressure levels 
close to the seabed whereas the pressures close to the sea 
surface do not change. This difference is mainly attributed to 
the change in the behaviour close to the seabed-water 
interface.  

 
Figure 8 Pressure amplitude spectra of the four locations in 

the case of a hard soil 

To illustrate that this is indeed true, in Figure 9, the 
pressures are shown for point D and for the two soil 
conditions. The first pressure peak is almost identical 
regardless of soil elasticity. This is related to the first pressure 
cone (Mach cone) as discussed previously. As time advances, 
the two signals show large differences. A low frequency peak 
which occurs at approximately 0.10s in the case of the hard 

soil, appears much later in time (0.18s) for the soft soil and 
with a reduced, by more than 60%, amplitude. This peak is 
caused by the slowly propagating Scholte wave along the 
seabed–water interface. The differences are more apparent if 
one compares the radial velocities in the fluid region for the 
same points (Figure 10). The high frequency peaks which 
occur early in time are almost identical for both cases whereas 
the low frequency peaks which appear later in time are caused 
by the Scholte wave and therefore are influenced significantly 
by soil elasticity. 

 
Figure 9 Comparison of the pressures at point D for the case 

of a soft and a hard soil substrate 

 
Figure 10 Comparison of the radial fluid velocity at point D 

for the case of a soft and a hard soil substrate 

In Figure 11, the pressures in the fluid together with the 
velocity norm in the soil are shown for two moments after the 
hammer impact. The choice of the velocity norm allow us to 
expose a compressional front which advances in the soil 
region followed by the strong shear waves. One can also 
distinguish a head wave with a spherical front between the 
compressional and the shear waves. A comparison of Figure 
11 with Figure 7 shows that the pressures close to the seabed 
are increased in the case of the hard soil and the penetration 
depth of the Scholte wave into the fluid region also increases 
in the latter case. The influence of soil elasticity on the 
penetration depth of Scholte waves into the fluid region has 
been observed by other researchers [14-15] and is also 
verified by the present model. 
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Figure 11 Pressures in the fluid (top) and velocity norm in the 

soil (bottom) for two moments in time after the impact 

3.3 Case of a two-layered soil with a thin soft upper layer 
and a hard soil substrate 

Although the previously examined cases help to understand 
the basic physics associated with waves induced by pile 
driving, the case of a homogeneous soil is an 
oversimplification of reality. In this section, the above 
restriction is somewhat relaxed and the case of a two-layered 
soil is examined in which the top layer is relatively soft and 
has a thickness of 7m. The underlying soil is stiffer and 
extends to large depths. Such a soil stratification is not 
uncommon in realistic environments, in which the upper few 
meters consist of soil of relatively low stiffness whereas the 
underlying soil is much stiffer. The pile dimensions and fluid 
characteristics are already given in Table 1. The soil 
conditions are summarised in Table 4. 

Table 4. Soil parameters (two-layered soil sediment) 

Soil layer Es  
(MPa) 

ρs  
(kgm-3) 

vs  
(-) 

Thickness 
(m) 

 Upper       70     1700  0.40 7.00 
Lower  250     1800  0.37 100.00 

 
In Figure 12, the pressures in the fluid region are shown 

together with the displacements in the soil domain for three 
moments in time after the hammer impact. On the basis of a 
comparison with the previously examined cases, the following 
conclusions can be drawn. The shear fronts in the soil region 
change slope at the interface between the two layers. The 
shear waves in the bottom layer travel with a speed which is 
equal to 225ms-1 whereas in the top layer the speed is lower 
(121ms-1). This difference in the speed of propagation is 
correctly captured by the present model. Stoneley waves 
propagate along the interface between the two soil layers as 
can be seen in the third plot. These waves are very slow and 
therefore they stay behind the shear fronts in the second soil 
layer. Nevertheless, the Scholte waves at the interface with the 
fluid are still the slowest waves in the domain. The pressures 
induced in the fluid by the Scholte waves influence only a 
narrow zone close to the seabed level (0.5m-1.0m penetration 
depth into the fluid region). 

 
Figure 12 Pressures in the fluid (top) and displacement norm 

in the soil (bottom) for three moments in time 

In Figure 13, a comparison of the pressure amplitude spectra 
for point D is shown. As expected, soil stratification and soil 
elasticity influence mainly the low frequency octave bands up 
to 160Hz. Higher octave bands show very similar pressure 
levels since they correspond to the pressure conical waves 
which remain largely unaffected by soil conditions. 

 
Figure 13 Comparison of pressure spectra for point D 

In Figure 14, a comparison of the displacement amplitude 
spectra of the soil for a point positioned on the seabed surface 
at 18m from the pile is shown. For increasing soil stiffness, 
the peak of the amplitude spectrum moves towards higher 
frequencies. The case of the two-layered soil shows two 
distinct peaks in contrast to the homogeneous soil cases. The 
displacements in the case of the hard soil sediment are lower 
in magnitude compared to the other cases. 

In Figure 15, the radial velocity of the fluid is shown for 
points B and D. Also included are the results obtained for 
point D in the case of the homogeneous soil for comparison. 
The absence of any effect of the interface waves for the point 
located close to the sea surface is apparent (point B). A 
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comparison between the case of the homogeneous soft layer 
and of the two-layered bottom shows that the presence of the 
hard substrate in the latter case results in a modification of the 
velocity field for time moments larger than 0.08s. This is 
probably caused by a reflection of the compressional waves in 
the pile once they reach the interface of the two soil media. 
The first Scholte wave occurs from the compressional waves 
travelling upwards the pile after reflection at the interface 
between the two media while the second one is caused by the 
reflected waves at the pile tip level. 

 
Figure 14 Comparison of displacement amplitude spectra for a 

point positioned on the seabed surface and at r=18m  

 
Figure 15 Radial velocity of the fluid for points B and D  

4 WAVE RADIATION FROM VIBRATORY PILE 
DRIVING 

In contrast to the case of the impact hammer, vibratory 
hammers drive the pile into the soil in a different manner. The 
input force consists of low frequencies and has a periodic 
character. A typical input force from a vibratory hammer is 
shown in Figure 16 and its Fourier transform is depicted in 
Figure 17. In reality the force is applied for longer periods of 
time but here it is terminated after a few oscillations in order 
to obtain the transient response of the system. The application 
time is sufficient in order to develop the full radiation pattern 
as if the force was applied for longer periods.  

In this example, the main driving frequency is around 20Hz 
which is a typical driving frequency for offshore vibratory 

hammers. A small amount of energy in spread in a few sub- 
and super-harmonics of the fundamental driving frequency up 
to 120Hz. The magnitude of the input force is about 1MN. 
The analysis is limited to the case of a homogeneous soil with 
the material properties as introduced in Table 1. 

 
Figure 16 Input force exerted by the vibratory hammer  

 
Figure 17 Amplitude spectrum of the input force 

A typical radiation pattern as a result of the force applied in 
this case is shown in Figure 18. The generated wave field 
shows the following characteristics: 

• The wave field in the soil consists mainly of 
vertically polarised shear waves with cylindrical 
fronts which spread outwards from the vibrating pile 
with the shear wave velocity. The shear velocity in 
this example is equal to 121ms-1. 

• The Scholte waves, which propagate parallel to the 
seabed-water interface, attenuate much less in 
comparison with the shear waves in the soil. They 
propagate with a speed of 105ms-1 which 
corresponds to 86%  of the shear velocity of the soil 
medium.  

• The pressures in the fluid are localised close to the 
seabed. The typical Mach wave radiation pattern in 
the fluid region cannot be distinguished in this case.   

The results regarding the wave radiation in the soil are in 
full agreement with the ones presented in [12], in which the 
vibrations of concrete piles subjected to a vibratory hammer 
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excitation were examined. Due to the presence of the fluid 
layer on top of the soil domain in our work, Rayleigh waves at 
the surface of the soil are substituted by Scholte waves at the 
interface.  

 

 
Figure 18 Pressures in the fluid (top) and displacement norm 

in the soil (bottom) for four moments in time 

5 CONCLUSIONS 
In this paper, the underwater noise generated from the 
offshore installation of steel monopiles is examined. The 
model is based on a semi-analytical formulation which allows 
to couple the vibrations of pile with the surrounding water-soil 
medium into an integrated model. The hammer is substituted 
by an external force applied at the head of the pile. The pile is 
described by a thin shell theory, whereas both soil and water 
are modelled as three-dimensional continua. The solution is 
based on the dynamic sub-structuring technique. The total 
system is divided into two sub-systems; the shell structure and 
the soil-fluid medium. The response of each sub-domain is 
expressed as a summation over a complete set of vertical 
eigenfunctions. The orthogonality of the shell modes in vacuo 
and the bi-orthogonality of the acousto-elastic modes are 
utilized in order to meet the displacement compatibility and 
the force equilibrium at the interface of the two sub-systems. 

With the developed model, the wave radiation due to 
vibratory and impact pile driving is analysed. The influence of 
soil elasticity and soil stratification on the dynamics of the 
coupled system is examined. The main differences between 
the generated wave field with the two hammer types are 
qualitatively analysed. 

Results from impact pile driving show that the pressure 
field in the fluid consists mainly of conical fronts (primary 
noise source) which are formed with an angle of 160 to the 
vertical. In the soil region, both vertically polarised shear 
waves and compressional waves are generated, with the 
former being much stronger than the latter. In addition, 
Scholte waves are also present close to the seabed-water 
interface. They induce pressure fluctuations in the water 
column which can be of significant amplitude close to the 
seabed (secondary noise path). Soil elasticity and soil 
stratification influence mainly the secondary noise path as 
shown by the examined cases. 

In contrast to the case of the impact hammer, in the case of 
the vibratory hammer, the force contains a fundamental 
frequency together with some sub- and super-harmonics. The 
results show that the wave field in the soil consists of 
vertically polarised shear waves formed in cylindrical fronts 
and spreading outwards from the vibrating pile. Scholte waves 
are also generated close to the seabed-water interface. Their 
attenuation is much smaller in comparison with the shear 
waves in the soil. The pressures in the fluid are mainly 
localised close to the seabed, consist of low frequency 
components and are in general much lower than the ones 
obtained by the impact hammer. 

Although the basic features of the generated wave field can 
be obtained with the present model, some improvements are 
needed too. The radiation of waves from the tip of the pile 
needs to be accounted for since it is expected to have a 
dominant contribution when the penetration depth of the pile 
into the sediment is small. In addition, a linearized description 
of the shear friction at the pile-soil interface can be of some 
interest for future research. 
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ABSTRACT: Seismic excited liquid filled tanks are subjected to extreme loading due to hydrodynamic pressures, which can 
lead to nonlinear stability failure of the thin-walled cylindrical tanks, as it is known from past earthquakes. The overall seismic 
behavior of tanks is, however, quite complex, since the dynamic interaction effects between tank shell and liquid must be 
considered. A significant reduction of the seismically induced loads can be obtained by the application of base isolation systems, 
which have to be designed carefully with respect to the modified hydrodynamic behavior of the tank in interaction with the 
liquid. Firstly, this paper presents the state of the art of tank design for anchored tanks with a fix connection to a rigid foundation 
with special focus on the practicability of the available design rules. Then a highly sophisticated fluid-structure interaction 
model is introduced, which has to be applied for a realistic simulation of the overall dynamic behavior of an isolated tank. 

KEY WORDS: liquid storage tank; impulsive vibration mode; fluid structure interaction model; base isolation; LS-DYNA 

1 INTRODUCTION 
Steel tanks are preferably designed as cylindrical shells, 
because they are able to carry the hydrostatic pressure from 
the liquid filling by activating membrane stresses with a 
minimum of material. In combination with the high strength 
of steel this leads to thin-walled constructions, which are 
highly vulnerable to stability failures caused by seismic 
induced axial and shear forces. However, an earthquake-
resistant design of rigid supported tanks especially for high 
seismic hazard levels requires unrealistic und uneconomic 
wall thicknesses. Compared to increasing the wall thickness 
an earthquake protection system can be a much more cost-
effective alternative. Especially a base isolation with 
elastomeric bearings offers advantages in terms of an 
earthquake-friendly tank design. The calculation capabilities 
of base-isolated, liquid-filled tanks are quite limited because 
of the complex interaction of the isolation and the combined 
modes of vibrations of tank and fluid. For rigidly supported 
tanks different calculation methods are available for 
describing the vibration behavior and the seismic induced load 
components in a more or less simplified way. These generally 
accepted methods are either quite simple [1] or very accurate 
but complex [2] – but valid only for anchored tanks. To 
capture the hydrodynamic loading of isolated tanks, a 
complete modeling of the fluid-structure interaction including 
the behavior of the seismic isolation is necessary. Firstly, this 
contribution presents a comprehensive and feasible 
calculation method for anchored, rigidly supported liquid 
storage tanks and then introduces the modelling of a complex 
fluid-structure-interaction model, which is used to calculate 
the seismic behavior of isolated tank structures. 

2 LOAD CALCULATION OF ANCHORED LIQUID 
STORAGE TANKS 

As a result of seismic excitation hydrodynamic pressure 
components, produced by the movement of the fluid, appear 

and have to be superimposed with the hydrostatic pressure. 
These seismic loads acting on wall and bottom of a cylindrical 
tank (Figure 1) can be divided into the following components: 

- the convective load component; the fluid vibration in the 
rigid tank (sloshing), 

- the impulsive rigid load component; caused by the inertia 
of the liquid, if the rigid tank moves together with the 
foundation, 

- the impulsive flexible load component; representing the 
combined vibration of the flexible tank shell with the 
liquid. 

Since the oscillation periods of those individual seismically 
induced pressure components are far apart, each mode of 
vibration can be determined individually. 

 
Figure 1. Cylindrical tank. 

2.1 Convective pressure component 

Figure 2 shows the mode of vibration and the pressure 
distribution corresponding to the convective pressure 
component. The pressure distribution is defined as: 

Seismic isolation of cylindrical liquid storage tanks 
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pk ξ, ζ, θ, t  =
2·R·ρL

(λn
2-1)

 
J1(λn · ξ)

J1(λn)
cosh(λn· γ · ζ)

cosh(λn· γ)

∞

n=1

 

cos(θ)  akn t  · Γkn  

(1)

with: 
pk convective pressure component due to horizontal 

excitation 
n summation index; number of considered sloshing 

modes (here: n = 1) 
R inner tank radius 
ρL liquid density 
J1 first order Bessel function: 

J1 λn· ξ  = 
-1 k

k! · Γ(1 + k + 1)
·
λn · ξ

2

2k+1∞

k=0

 

λn null derivation of Bessel function: 
λ1 = 1,841, λ2 = 5,331, λ3 = 8,536 

ξ dimensionless radius: ξ = r/R 
ζ dimensionless height: ζ = z/H 
θ angle of circumference 
γ tank slenderness: γ = H/R  
akn(t) horizontal acceleration-time history as a result of an 

equivalent single-degree-of-freedom system with a 
period Tkn for the nth-eigenmode of the sloshing wave. 
By using the response spectrum method the spectral 
accelerations corresponding to the natural periods Tkn 
should be calculated based on the elastic response 
spectrum. 

Γkn participation factor for the convective pressure 
component for the nth-eigenmode. 

 

 
Figure 2. Convective pressure component – mode of vibration 

and pressure distribution. 

Taking into account the first sloshing eigenmode (n = 1) and 
the pressure distribution of the tank shell (ξ = 1), equation (1) 
can be simplified to: 

pk ξ = 1, ζ, θ, t  = R · ρL 0,837 · 
cosh(1,841· γ · ζ)

cosh(1,841· γ)
cos(θ) ak1 t  · Γk1  

(2)

The natural period Tkn for the nth-eigenmode of the sloshing 
wave is calculated with 

 Tkn= 2π
g · λn· tanh (λn· γ)

R

 (3) 

2.2 Impulsive rigid pressure component due to horizontal 
seismic excitation 

Figure 3 shows the mode of vibration and the pressure 
distribution corresponding to the rigid impulsive pressure 
component. The pressure distribution is given by the 
expression: 

pis,h ξ, ζ, θ, t  = 
2 · R· γ· ρL· -1 n

νn
2

I1
νn
γ · ξ

I νn
γ

∞

n=0

cos νn· ζ cos(θ) ais,h(t) · Γis,h  

(4) 

with: 
pis,h rigid impulsive pressure component due to horizontal 

excitation 
νn νn= 2n + 1

2
π 

I1 modified first order Bessel function: 
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ais,h(t) horizontal acceleration-time history. By using the 
response spectrum method ais,h(t) should be replaced by 
the spectral acceleration Sa corresponding to T = 0 s.  

Γis,h participation factor for the rigid impulsive pressure 
component: Γis,h = 1.0, because the rigid tank is 
moving together with the foundation. 

 

 
Figure 3. Impulsive rigid pressure component – mode of 

vibration and pressure distribution. 

Taking into account the pressure distribution of the tank 
shell (ξ = 1), equation (4) is simplified to: 

The corresponding natural period is T = 0. 

2.3 Impulsive flexible pressure component due to 
horizontal seismic excitation 

Figure 4 shows the mode of vibration and the pressure 
distribution corresponding to the flexible impulsive pressure 
component. 

The flexible impulsive pressure component is calculated in 
an iterative procedure using the added-mass-model according 
to [3], Annex A. Within the framework of the procedure the 
tank wall is loaded with iterative calculated additional mass 
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θ = 0°, circumferential compressive stress at θ = 180° and 
shear stress at θ = 90°. 

3.1 Earthquake protection by base isolation 

To prevent an earthquake damage of an arbitrary building 
structure two different possibilities exist: One the one hand a 
stiffening of the structure results in higher resistance to the 
earthquake impact and on the other hand a decoupling of 
structure and underground results in reduced seismic loads 
acting on the structure. For a tank structure the stiffening 
could be render possible by an increase of the shell thickness, 
which especially for high seismic hazard levels requires 
unrealistic und uneconomic wall thicknesses. Compared to 
increasing the wall thickness an earthquake protection system 
can be a much more cost-effective alternative. Especially a 
base isolation with elastomeric bearings offers advantages in 
terms of an earthquake-friendly tank design. 

A base isolation is aimed at a decoupling of the building 
and the ground motion. Elastomeric bearings are a widely 
used base isolation and can optionally be installed with or 
without reinforcement, often in combination with a lead core 
[9]. It is recommended to use reinforced bearings, since 
elastomers are subjected to high deformations up to 25% 
under vertical loads. These deformations cause lateral strains, 
by which unwanted rocking motion in vertical direction in 
case of seismic excitation can occur. Reinforced bearings can 
be considered as quasi-rigid in the vertical direction, so they 
are suitable to transfer vertical loads. Under cyclic loading, 
elastomers behave almost like springs. They have – depending 
on the material properties – a certain stiffness, which causes a 
reset of the bearing and thus of the entire system after the 
release. Through the use of high-damping elastomers 
(addition of oils, resins, extra fine carbon black and other 
fillers), or a lead core, the damping capacity of the bearings 
can be increased significantly. In case of a distortion of 100%, 
high damping elastomers have damping rates from 0.1 to 0.2 
while normal elastomers are about 0.04 to 0.06 [9]. The use of 
elastomeric bearings as earthquake protection systems for 
tanks has already been realized, e.g. in [10]. So far, to capture 
the hydrodynamic loading due to seismic excitation simple 
mass oscillators with simplistic approaches have been used: In 
this case of calculation the fluid was assumed as rigid, so that 
the interaction between the tank wall and fluid was neglected. 
In addition, the determination of the stress distribution in the 
tank wall is not possible. 

4 FLUID STRUCTURE INTERACTION MODEL 
The software LS-DYNA [11] is used for the simulation of the 
fluid-structure interaction of a liquid-filled tank. The software 
provides an explicit solver, which offers advantages especially 
for the solution of dynamic contact problems. In addition, LS-
DYNA provides materials for the modeling of fluids and 
standardized contact formulations to represent the interaction 
of the tank shell and the fluid during a seismic excitation. 
Details of the following material, element and contact 
formulations can be found at the LS-DYNA manuals [12]. 

4.1 Material formulation 

Basically both, elastic and plastic approaches are applicable 
for the tank shell. Since the focus is set on the reduction of the 
seismic loading by applying a base isolation, an elastic 

behavior of the tank shell is assumed (MAT_ELASTIC). For 
the base plate the concrete material model MAT_CSCM is 
used, which is applied with default settings. The fluid is 
performed by a linear (elastic) material formulation 
(MAT_ELASTIC_FLUID), which idealizes the fluid as 
incompressible and friction-free. Here, only the fluid density 
as well as the bulk modulus of the fluid is needed as input for 
the calculation. The change in the hydrostatic pressure 
fraction p is described by the bulk modulus K and the strain 
rate εii in the main directions of the material: 

 p  =  -K  εii (13) 

The shear modulus is set to zero. The deviatoric stress 
component Sik

n+1 is given by: 

 Sik
n+1 = VC  ΔL  C  ρL  εik

'  (14) 

Herein, VC is a tensor viscosity coefficient, ΔL is the 
characteristic element length, C is the fluid bulk sound speed 
(C = K/ρL), ρL is the fluid density, and εik

'  is the deviatoric 
strain rate. The chosen values for water are given in Table 1. 

Table 1. Material properties for the fluid formulation. 

Symbol Property Water value 
K Bulk modulus  2100 [N/mm²] 
ρL  Density  1000 [kg/m³] 
C Speed of sound 1450 [m/s] 
VC Tensor viscosity coefficient  0.1 
 

4.2 Element formulation 

The tank wall and the tank bottom are idealized by 
Belytschko-Lin-Tsay shell elements with reduced integration, 
which are characterized by a high efficiency in terms of 
computing power required for explicit analysis [13]. To avoid 
hourglassing, which is particulary a problem by application of 
reduced integrated elements, LS-DYNA offers an hourglass 
control. The foundation plate is idealized by 8-node solid 
elements and the fluid is represented by an Arbitrary-
Lagrangian-Eulerian finite element formulation (ALE). When 
using the ALE formulation extra volume elements are 
generated within the region of the freeboard up to the top edge 
of the tank wall, so the fluid surface can move freely 
(sloshing). Also, the ALE mesh must enclose the Lagrange 
mesh. For this reason a series of elements at the top and 
bottom of the tank, below the base plate and outside of the 
tank wall are generated. The elements are assigned to the 
vacuum material MAT_VACUUM, which has no physical 
meaning, but merely represents a region within the ALE mesh 
in which the fluid can move. Due to the very moderate 
deformation of the actual FE-mesh by using the ALE element 
formulation, no hourglass problems for the fluid result. 

4.3 Contact formulation 

The interaction between the tank shell and the fluid represents 
an important aspect of modeling. If a contact of the two parts 
appears, compression stresses are transferred while the 
transfer of tensile and shear stresses is disregarded. LS-DYNA 
provides essentially two different contact formulations for 
coupling the tank shell (Lagrange) and the fluid (ALE) with 
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value relating to the range occurs at the peripheral angle of 
θ = 0°. 

 
Figure 13. FSI-model: Qualitative hydrodynamic pressure 

distribution over tank height and range. 

To validate the fluid-structure interaction model the 
hydrodynamic pressure and the stress results of a rigidly 
supported tank are compared to those from an analysis with 
equivalent static pressure distributions (ESP) presented in 
chapter 2. For the analysis with equivalent static pressure 
distributions the seismic induced pressure components are 
calculated separately for each vibration mode using the 
response spectrum method. Afterwards they are superimposed 
to the resulting hydrodynamic pressure using the SRSS-rule. 
Finally the resulting hydrodynamic pressure is applied as an 
equivalent static load to the dry tank wall to calculate the 
stress distribution of the tank shell. For this calculation the 
hydrodynamic pressure is combined with dead load and 
hydrostatic pressure. 

The models are validated by means of parametric studies 
with different tank geometries. The varied calculation 
parameters are the tank slenderness (H/R-ratio), the wall 
slenderness (R/t-ratio) and the seismic hazard level (different 
subsoil conditions according to Eurocode 8 [4]. The 
investigated H/R and thickness ranges are 0.3 ≤ H/R ≤ 3 and 
500 ≤ R/t ≤ 1000, which contains the calculation example 
presented in chapter 5.1 (H/R = 2 and R/t = 833).  

 
Figure 14. Hydrodynamic pressure distribution for two 

different tank geometries. 

Figure 14 shows the hydrodynamic pressure distribution 
due to horizontal seismic action at the peripheral angle of 0° 
over the wetted tank height for two selected tank geometries: 
the geometry of the calculation example and, in addition, a 
very squat geometry. According to [3] damping values of 2% 
for the tank shell and 0.5% for the fluid are applied for the 

rigidly-supported FSI-model. By applying these damping 
values the numerical simulation results of the rigidly-
supported tank considering fluid-structure interaction effects 
show a very good agreement with results according to the 
method with equivalent static pressure distribution (ESP). 

5.3 Base-isolated support 

The calculations of the base isolated tank are carried out for 
an elastic behavior of the tank itself and a damping of the 
fluid of 0.5%. Figure 15 shows the resulting displacement and 
the acceleration time history of two different nodes: the one is 
a supporting node, which means a node directly affected from 
the seismic excitation. So the displacement and the 
acceleration are exactly the same than the ground movement 
raised by the earthquake. As the ground movement is filtered 
by the isolation system the tank structure itself moves 
different. The acceleration affecting a node of the tank bottom 
is reduced significantly. Of course the reduced acceleration is 
at the expense of an increase of the displacement. The 
maximum horizontal displacement of the isolated tank 
structure is about 3 cm. 

 
Figure 15. Resulting displacement and acceleration time 
history of the isolated tank above and under the isolation 

support. 

Figure 16 shows a significant decrease of the resulting 
hydrodynamic pressure, which results from the frequency 
shift and the increasing damping rate caused by the isolated 
support. 

 
Figure 16. Hydrodynamic pressure distribution for the isolated 

tank in comparison to a rigid support. 

Figure 17 to Figure 19 show the circumferential (Figure 17), 
axial (Figure 18) and shear stress distribution (Figure 19) over 

 
ρ
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Influence of structural nonlinearities in stall-induced aeroelastic
response of pitching airfoils

Daniel A. Pereira1 , Rui M. G. Vasconcellos2 , and Flávio D. Marques1
1 Engineering School of São Carlos, University of São Paulo, São Carlos, SP, Brazil

2 São Paulo State University (UNESP), São João da Boa Vista, SP, Brazil

ABSTRACT: Stall-induced vibrations are a relevant aeroelastic problem for very flexible aero-structures. Helicopter
blades, wind turbines, or other rotating components are severely inflicted to vibrate in stall condition during each revolu-
tion of its rotor. Despite a significant effort to model the aerodynamics associated to the stall phenomena, non-linear aeroe-
lastic behavior prediction and analysis in such flow regime remain formidable challenges. Another source of nonlinearity
with influence to aeroelastic response may be associated to structural dynamics. The combination of both separated flow
aerodynamic and structural nonlinearities lead to complex dynamics, for instance, bifurcations and chaos. The purpose of
this work is to present the analysis of stall-induced vibrations of an airfoil in pitching when concentrated nonlinearities are
associated to its structural dynamics. Limit cycles oscillations at higher angles of attach and complex non-linear features
are analyzed for different nonlinear models for concentrated restoring pitching moment. The pitching-only typical sec-
tion dynamics is coupled with an unsteady aerodynamic model based on Beddoes-Leishmann semi-empirical approach to
produce the proper framework for gathering time series of aeroelastic responses. The analyses are performed by checking
the content of the aeroelastic responses prior and after limit cycle oscillations occur. Evolutions on limit cycles ampli-
tudes are used to reveal bifurcation points, thereby providing important information to assess, characterize, and qualify
the nonlinear behavior associated with combinations of different forms to represent concentrated pitching spring of the
typical section.

KEY WORDS: Aeroelasticity, stall-induced vibrations, dynamic stall, nonlinear dynamics, nonlinear vibrations.

1 INTRODUCTION

Aeroelastic problems related to stall-induced vibra-
tions represent great challenge in modeling and analysis.
These problems may lead to highly non-linear phenom-
ena, when the unsteady aerodynamics gives a major con-
tribution to the aeroelastic system complexity. Helicopter
industry is always aware of the complex effects of stall-
induced vibrations, since the helicopter blades are con-
stantly subjected to the effect of dynamic stall per rotor
revolution, particularly in forward flight [1, 2, 3]. In wing
energy industry, modern blade design (slender shapes) and
pitching control approaches may induce severe blade reac-
tions at dynamic stall regime [4, 5].

Non-linear effects are difficult to predict or model,
whatever the dynamic system in question. Aeroelastic sys-
tems are influenced by non-linear behavior from structural
dynamics and/or aerodynamics loading. Structural non-
linearities may be related to the effect of aging, loose at-
tachments, certain material features, and large motions or
deformations. They can be subdivided into distributed and
concentrated ones. Distributed nonlinearities are spread

over the entire structure representing the characteristic of
materials and large motions, for example [6]. Concen-
trated nonlinearities act locally, representing loose of at-
tachments, worn hinges of control surfaces, aging, and
presence of external stores [7]. The concentrated nonlin-
earities can usually be approximated by one of the classi-
cal structural nonlinearities, namely, cubic, free-play and
hysteresis, or by a combination of these.

For unsteady aerodynamic modeling, the non-linear
flow effects of interest are mostly due to separated flows
and compressibility effects leading to the appearance and
dynamic excursion of shock waves. Their modeling is
particularly difficult because of the lack of complete un-
derstanding on some physical aspects of unsteady flows;
for example, separation and turbulence mechanisms. For
aeroelastic applications, the ideal and, perhaps, most gen-
eral aero-structural model would be based on solutions of
the non-linear fluid mechanics equations, which considers
unsteady, compressibility and viscous effects, simultane-
ously with the solution of the equations of motion. The in-
stantaneous states, which are generated by each of the cor-
responding equations, would be exchanged and the global

1
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simultaneous solution would produce both aerodynamic
response and structural motion histories, which depend on
the given initial conditions [8].

The problem in applying the general aeroelastic model
is mainly related to the unsteady aerodynamic model in
use. Solutions to the non-linear fluid mechanics equations
have been the focus of a great amount of research effort.
For practical applications, however, solutions of the gen-
eral fluid mechanics equations can usually be attained only
by means of numerical techniques, or computational fluid
dynamics (CFD) methods [9, 10], that normally demand
extensive computations. These methods encompass any
numerical technique for specific fluid mechanics applica-
tions. For instance, finite-difference, finite volume, and
finite element techniques are frequently used in numerical
solutions in fluid mechanics applications. Limitations of
CFD methods are basically the ones concerning the great
amount of computations required.

Alternative models of non-linear unsteady aerodynam-
ics for aeroelastic applications have been achieved on the
basis of some essential assumptions. Primarily, in aeroe-
lastic models, the decoupling between the fluid mechan-
ics equations and the equations of motion is an assump-
tion that eliminates the need for simultaneous solution of
the combined aero-structural set of equations. Therefore,
by this premise the unsteady aerodynamic model is deter-
mined in isolation of the physical laws governing the struc-
tural motion. An intrinsic element of this decoupling pro-
cess is that any alternative unsteady aerodynamic response
model should account for the spatio-temporal behavior of
the internal aerodynamic states.

Formal mathematical approaches to determine the
functional relationship of the hereditary behavior of un-
steady aerodynamic responses, are originally due to the
use of the superposition principle over transient responses
to step changes, namely, indicial responses [11, 12, 13].
This approach, which provides exact representation of the
linear unsteady aerodynamic behavior, is categorized as a
functional due to its dependence on the complete (or par-
tial) motion histories. However, practical use of the re-
sulting complex integral equations is only permitted by
simplifications, for example, by replacing the mathemat-
ical description of the motion history by its Taylor series
expansion, or by assuming a limited dependence on the
motion past values. Other functional forms; for instance,
the Volterra series [14, 15] also provide appropriate frame-
works to the production of non-linear unsteady aerody-
namic functionals.

Semi-empirical methods, or phenomenological mod-
els, comprise a class of aerodynamic models based on the
premise of modeling unsteady flow response by consid-
ering its functional relationship with respect to the mo-
tion histories. Indeed, most of the knowledge on unsteady
flow behavior is due to experimental work, and basically,
semi-empirical models use the information from these ex-
periments to establish a mathematical and logic formu-
lation of the events that determine the unsteady aerody-
namic response over a range of incidence motions and flow

regimes. The works by [16, 17, 18, 19, 20, 21, 22], are ex-
amples of contributions to semi-empirical modeling. The
nature of semi-empirical methods facilitates their incor-
poration into aeroelastic stability and control design. In
addition, semi-empirical methods have the advantage of
being computationally fast. Nevertheless, semi-empirical
models need extensive, specific and precise experimental
data. There is also the problem of correlating this data with
mathematical and logic formulations.

The Beddoes-Leishman model [17, 18, 19, 21] is a
very popular choice of dynamic stall model for helicopter
industry, as well as for most recent analyses in wind en-
ergy applications. Nonetheless, the Beddoes-Leishman
approach is also more complex compared to other semi-
empirical models. It is based originally based on con-
volution of indicial response functions because of more
effective computational formulation. To account for the
flow physics involved in the dynamic stall phenomenon,
this approach includes contributions to each stage when
important separated flow events occur. Original Beddoes-
Leishman model considers the effects of trailing edge sep-
aration, vortex flow (dynamic stall effect), and flow reat-
tachment when rebuilding lower angles of attack. Com-
pressibility effects are also incorporated to this approach
as it is significant to the helicopter blade unsteady loading,
however, for the most recent applications to wind turbine
blades, novel formulations have been developed neglect-
ing the Mach number influence [23, 24].

The purpose of this paper is to present an investigation
on the influence of structural nonlinearities to the aeroe-
lastic behavior due to stall-induced unsteady aerodynamic
loading. The investigation has been carried out using 1-dof
typical section in pitching motion and dynamic stall model
based on Beddoes-Leishman approach [17, 18, 19, 21].
Concentrated nonlinearities in pitching stiffness were ad-
mitted from different smooth (polynomial-type) represen-
tations of various intensities and the freeplay. Nonlin-
ear analyses are performed by inspecting the time histo-
ries from simulated aeroelastic responses and the result-
ing LCOs for a range of nonlinearity diversities, which
includes the sensitivity to pitching frequency. Time and
frequency related analysis are performed comparing with
the linear structure cases.

2 AEROELASTIC MODEL

The aeroelastic model is based on typical section for
pitching motion only, admitting large angles of attack.
To take into account the effects of separated flow around
the airfoil the Beddoes-Leishman dynamic stall model is
used [17, 18, 19, 21]. Structural behavior are admitted as
non-linear with variables that ensure proper aeroelastic dy-
namics with realistic-valued parameters. Pitching stiffness
nonlinearities are taken in a range for cubic polynomials
of various intensities towards the freeplay case. More de-
tails on the aeroelastic model are presented in the follow-
ing sections.
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2.1 Aeroelastic equation for pitching airfoil

Pitching-only typical aeroelastic section of chord c is
adopted. Linear 1–dof structural dynamics depend on the
pitching stiffness and inertia moment around the elastic
axis. The Beddoes-Leishman model is used to calculate
the unsteady aerodynamic loading of the airfoil under sep-
arated flow effects at higher angles of attack.

Aeroelastic 1–dof equation of motion is given by,

Iαα̈+ kαF (α) = Mea , (1)

where α is the pitching angle (angle of attack), Iα is the in-
ertial moment, kα is the pitching spring stiffness, F (α) is
a function that represents the non-linear effect in pitching,
and Mea is the aerodynamic pitching moment (positive for
airfoil leading edge up).

A convenient way to represent the equation of mo-
tion can be with non-dimensional form. Therefore, for the
pitching natural frequency, ωα = (kα/Iα)

1
2 , the radius of

gyration, r2α = 4Iα
mc2 , and the mass ratio, μ = 4m

πρc2 , where
m is the airfoil mass for unit length, ρ is the air density, the
non-dimensional form of the aeroelastic equation results,

α̈+ ω2
αF (α) =

4V 2

r2αμπc
2
Cmea

, (2)

where V is the airspeed and Cmea
is the pitching moment

coefficient with respect to the elastic axis.
For the purpose of aeroelastic simulations, Eq. (2)

can be integrated in time with any conventional numeri-
cal method, but one must be careful for the case of F (α)
as a piecewise function. The function F (α) in this work is
given by a particular way that enables to keep the Runge-
Kutta method for ODE integration. Details are presented
in Section 2.3.

2.2 Nonlinear aerodynamic model

This paper considers the original formulation of the
Beddoes-Leishman model [17, 18, 19, 21]. This model
deals with the prediction of dynamic stall, thereby ac-
counting for non-linear unsteady aerodynamic effects due
to separated flow fields surrounding airfoils. Original
Beddoes-Leishman model considers leading edge sepa-
ration and impulse forces for compressibility effects (al-
though the airspeed range under consideration for this
work will not reach Mach numbers higher than 0.4). The
Beddoes-Leishman model admits three contributions to
the total loading, namely: (i) unsteady attached flow load-
ing; (ii) trailing edge separation effect; and (iii) dynamic
stall or vortex flow effect. General aspects of each con-
tribution are presented in the following paragraphs. For
more detailed information on Beddoes-Leishman model
the reader must refer to [17, 18, 19, 21].

The unsteady attached loading is computed using
changes in aerodynamic forces with respect to a step
change in airfoil pitch angle or pitch rate, the so-called in-
dicial aerodynamic responses. These indicial lift functions

can be expressed in terms of exponential functions in non-
dimensional time likewise Wagner function classical ap-
proximations [25, 26]. Therefore, lift transfer function can
be derived straight from the indicial function, which fa-
cilitates the numerical solution for arbitrary loading terms
using superposition assumption of a step inputs set. This
means that Duhamel’s integral formulation can be applied
and the indicial lift coefficient response is given by:

CL(s) = CLα
(s)

[
α(0)φ(s) +

∫ s

0

dα(σ)

ds
φ (s− σ) dσ

]
,

(3)
where s = (2V∞t)/c represents the non-dimensional time
(relative distance travelled by the airfoil in terms of semi-
chords), α(0) is the angle of attack initial condition, and
φ(s) is the indicial response function.

The indicial response function can be written in a con-
venient way so that compressible and time-delay effects
are accounted into the model [18]. A simplified represen-
tation of this assumption is,

φ(s′) = φc(s
′) + φI(s

′) + φq(s
′) , (4)

where s′ = s(1 − M2) is the non-dimensional time
parametrized by the Mach number (M ), φc(s

′) =
1 − A1e

−b1s
′ − A2e

−b2s
′

is the circulatory compo-
nent (A1,2 and b1,2 are real-valued constants), φI(s

′) =

(4/M)e−s′/TI is the impulsive component (TI is a time
constant – first-order system delay), and φq(s

′) =

(−1/M)e−s′/Tq is the impulsive component of the indi-
cial lift response to pitch rate about 3/4 chord (Tq is re-
spective time constant).

Trailing edge separation effects are assessed with the
Kirchhoff theory [27]. This approach can be used to quan-
tify the associated loss of circulation with the progressive
trailing edge separated flow. Circulatory component of the
lift coefficient can be corrected with,

CL = 0.25CLαα
(
1 +

√
f
)2

, (5)

where f is the separation point with respect to the airfoil
chord, as function of airfoil incidence and empirical pa-
rameters.

The final contribution to the unsteady aerodynamic
loading is related to the effects of deep stall regime [28].
This highly non-linear dynamics is related to vortex shed-
ding intensified by trailing edge separation progress up to
the release of leading edge vortices. The physical events
associated to this flow regime are complex and an ac-
ceptable modeling requires precise understanding of them.
Several stages in the physical events related to dynamic
stall can be observed. Admitting progressive increase in
airfoil incidence and after reaching the static stall in the
lift curve (beyond the limits imposed by Kirchhoff theory),
separation delay effects start to dominate. The separation
delay leads to the continuation of linear increase in lift,
which goes beyond the static stall angle. Moreover, dur-
ing lift increment beyond static stall the unsteadiness of
the shed circulation at high angle of attack results in lift

3
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reduction and adverse pressure gradients. Because of ad-
verse pressure gradients, additional unsteady effects rise in
the form of attached flow reversal. All these events result
in a lag effect in the boundary layer that ultimately provide
conditions to the onset of leading edge separation.

Leading edge separation starts a vortex departing and
shedding toward trailing edge. Pressure gradient by this
convected vortex leads to lift overshoot, sometimes as sig-
nificant as 50 to 100% of the static maximum lift, and this
generated lift is also called stall or vortex lift. This large
contribution from the upstream moving vortex also gives
rise to nose-down pitching moment. Then, when the vor-
tex reaches the trailing edge the entire upper surface of the
airfoil is under separated flow.

As pitching moment reduces significantly at stall lift
condition the airfoil motion will be experience angle of
attach reduction (it may also be prescribe as in pitching
adjustments per revolution like in helicopter blades in for-
ward flight). When the angle of attack is low enough, flow
reattachment is possible. The reattachment occurs within
a large amount of dynamic lagging effects. The reasons
for that are due to flow reorganization from the fully sep-
arated regime, and by a reverse kinematic induced camber
effect on the leading-edge pressure gradient by the nega-
tive pitch rate. As result fully reattached flow around the
airfoil is only reached below the static stall angle, intro-
ducing a large amount of hysteresis to the unsteady loads.

The Beddoes-Leishman model uses a practical ap-
proach to account to the vortex shedding process. The
stall or vortex lift is modeled assuming the increment in
lift during vortex shedding in terms of the difference be-
tween instantaneous linear value of circulatory lift (Cc

L)
and the corresponding lift as given by the Kirchhoff the-
ory, that is,

CV = Cc
L

[
1− (1 +

√
f)2

4

]
, (6)

where f as in Eq. (5).
Simultaneously, the total vortex lift is allowed to decay

exponentially with time, but incremented in value. This is
considered so that when lower lift rate of change occurs
the vortex lift is rapidly dissipated. The lift exponential
decay is given as,

Cv
L(t) = Cc

L(t− 1)Ev + [CV (t)− CV (t− 1)]
√

Ev ,
(7)

where Ev = e(−
c Δt

2TvV∞ ), for Tv denoting a time constant.

2.3 Nonlinear structural model

To represent nonlinear behavior in pitching degree of
freedom, concentrated stiffness is affected by a function
F (α) (cf. Eqs. (1) and (2)). Commonly, smooth or piece-
wise representations of structural restoring loadings versus
displacements have been adopted to account for nonlinear
responses. Here F (α) is assumed to allow a variety of

possible behaviors. It is desirable to represent nonlineari-
ties having smooth changes and deviations from the linear
stiffness, typically taken with polynomial fitting. By vary-
ing the polynomial parameters one may reach different
intensities of nonlinear restoring loading, permitting rep-
resentations where dramatic loss in stiffness can happen.
The extreme case is the one when the restoring loading is
null for a range of displacement, the so-called, freeplay.

An alternative function representation to account for
concentrated nonlinearities from smooth to piecewise, al-
lowing freeplay, is used in this work. This is the case of
using combinations of hyperbolic tangent function to rep-
resent the restoring pitching moment due to α deflections
[29]. The mathematical formulation for this combination
is given by:

F (α) =
1

2
[1− tanh(ε(α− δ))] (α− δ) +

1

2
[1 + tanh(ε(α− δ))] (α− δ) , (8)

where δ denotes the main influenced range for the smooth-
ing effect associated to the nonlinearity (the extreme case
is the freeplay, therefore δ would represent the boundary
edges), and ε is a real-valued parameter which affects the
smoothness of the function, thereby determining the accu-
racy of the approximation.

In Eq.(8), as ε value increases, the hyperbolic tangent
function combination becomes more representative of the
real freeplay effect, while goes from a range of typical
polynomial-like representations. This feature can be seen
in Figure 1 as obtained by using Eq. (8), and for examples
of hyperbolic tangent function combination for increasing
ε values. Clearly, as ε goes to infinity, the representation
for F (α) leads to the real freeplay discontinuous effect.

� � � � � � �
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F(α)�
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δ�
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increasing ε�

Figure 1: Pitch deflection versus restoring moment described in
Eq. (8), ε increasing from 0 to 1000 (solid line would be an acceptable

freeplay representation).

The advantage of Eq. (8) for this investigation is in ex-
ploring smooth nonlinearities up to freeplay with only one
formulation, by only changing few parameters of the func-
tion F (α), i.e. the value of ε and the range δ.
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3 RESULTS

The aeroelastic model admitted in this study presents
the following parameters: chord length, c = 0.3m; air
density, ρ = 1.225kg/m3; elastic axis position at 30%
of c; mass ratio, μ = 11.5486; reference pitching fre-
quency, ωα = 2Hz; and radius of gyration, rα =

√
0.5.

Moreover, NACA0012 airfoil is considered to adjust the
unsteady aerodynamic model.

For airspeed range of 0.0 to 70.0 m/s, simulations
have been performed to assess non-linear response since
limit cycle oscillations (LCO) are expected. To account
for nonlinear structural effects, F (α) given by Eq. (8) is
considered in the following conditions:
(i) linear structure, when F (α) = 1.0;
(ii) smooth structural nonlinearities values for δ and ε are
taken respectively as:
δ = 1.0◦ ⇒ ε = [22.5 28.125 35.156]T ,
δ = 3.0◦ ⇒ ε = [7.5 9.375 11.719]T ,
δ = 5.0◦ ⇒ ε = [4.5 5.625 7.0312]T ;
(iii) freeplay nonlinearity for δ = [1.0 3.0 5.0]T (in de-
grees) and ε = 104.

Simulations are carried out adopting an initial condi-
tion in angle of attack (α0) followed by leaving the aeroe-
lastic system to react. An evolution with respect to air-
speed reveals the condition in which limit cycle oscilla-
tion occurs. As nonlinear behavior has been reached, it
is reasonable to check LCO in terms of its stability. A
straightforward way to verify stability can be by simulat-
ing the system with different initial conditions and how the
responses lead to LCOs. For example, this procedure has
been performed for a fixed airspeed (V = 51.1m

s ), lin-
ear structure, and the resulting LCOs for α0 equals to 5,
20 and 45◦ are depicted in Fig. 2. The phase portrait of
pitching motion indicates that all α0 initial values results
in the same LCOs. Stability is guaranteed since LCO can
be reached from both sides (internally and externally). The
same procedure has been performed for other airspeeds
and admitting structural nonlinearities within the range of
LCO existence, and for all cases stability is observed.
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Figure 2: Phase portraits for stable LCOs (three different α0, linear
structure, and V = 51.1m

s
).

Figure 3 illustrates the LCO amplitude progress, i.e.
bifurcation diagrams, with respect to airspeed. The plot-

tings encompass linear and nonlinear structural cases re-
vealing that the most important change to the aeroelastic
responses are related to the size of δ, or the size in inci-
dence angle where one gets lower pitch stiffness. These
LCOs after bifurcation point are all due to stall-induced
excitation, which restricts the motion at higher angles of
attack. An explanation for this condition can be related to
loading degeneration due to dynamic stall at higher angles
of attack and subsequent unsteady loading recovering due
to reattached flow effects when traveling in lower airfoil
incidence angles. If the range is small, as in δ = 1.0◦,
it is observed there is no significant change in bifurcation
and LCO amplitudes from linear to any other nonlinear
structural cases. Moreover, it can observed that bifurca-
tion occurs within the range of airspeeds around 30.0m/s,
and the first jump in LCO amplitude is significantly higher
than the following ones. From all these cases one can infer
that unsteady aerodynamic effects rise as a major influence
to the aeroelastic dynamics. Therefore, the influence of a
small range in nonlinear structural effect is not enough to
affect the major stall-induced LCO at higher incidence an-
gles.

For δ equals to 3.0◦ and 5.0◦, that is for larger region
of angle of attack where smooth or freeplay nonlinearities
dominates, it is clear that bifurcation phenomenon is antic-
ipated for airspeed around 20.0m/s. The same larger jump
in LCO amplitude at bifurcation airspeed is also observed.
For increasing airspeeds LCO amplitudes are higher than
the linear structure reference case. This demonstrates that
nonlinear effects are now influencing the airfoil aeroelastic
dynamics.

A peculiar case is observed in the δ = 3.0◦ plotting of
Fig. 3. It is the case of freeplay nonlinearity, where the bi-
furcation is observed around 30.0m/s without higher ini-
tial LCO amplitude. For this condition it is reasonable to
consider that smooth nonlinearities is a better environment
to promote bifurcation anticipation rather than the severe
case of discontinuous behavior of a freeplay.
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Figure 3: Bifurcation diagrams: LCO amplitudes evolution to airspeed.

The existence of bifurcation leading to LCO response
allows inferring that exists a fundamental LCO frequency
with its respective harmonics. This complex frequency
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distribution can be computed and observed from Fourier
analysis of the respective time series. As non-linear aero-
dynamics plays an important role on the frequency content
on LCO condition, it is reasonable that variations with re-
spect to airspeed can occur. To help understanding how
airspeed contributed in the frequency content and harmon-
ics distribution after bifurcation, time-frequency analysis
can be used. Figure 4 shows concatenated time history
windows of same size at different increasing airspeeds for
the reference case of airfoil with linear structure. Each
distinct time window in Fig. 4 has been taken with the fol-
lowing airspeeds: 3.4, 10.2, 17.0, 20.4, 23.8, 27.2, 30.6,
34.0, 51.1, and 68.1 m/s, respectively. As transient re-
sponses are neglected, thus each time window is related
to steady state dynamic responses. Figure 4 also shows a
spectrogram [30] closely related to the time windows per
airspeeds. For each time window the frequency content
can be observed in the spectrogram. It is clear to ob-
serve the harmonic coupling for the LCO conditions af-
ter bifurcation. Moreover, harmonic frequencies are also
affected by increasing airspeed, when there is a trend of
increasing the fundamental LCO frequency. This results
demonstrates the complex feature of LCO responses of
stall-induced aeroelastic vibrations.
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Figure 4: Concatenated time windows of increasing airspeeds and
spectrogram (linear structure).

Results have shown that stall-induced responses lead
to bifurcation and LCO phenomena. To survey on the
features of those responses, Figs. 5 and 6 present time-
histories and phase portraits for the case of aeroelastic sys-
tems with smooth structural nonlinearities in comparison
with linear structure.

Figure 5 depicts LCO responses for the airfoil with
linear structure and for intermediary ε per δ values. For
linear structure, the aeroelastic response in LCO can be
seen, where at V = 34.05m/s bifurcation phenomenon
onset is associate to LCO amplitude of ≈ 10.2◦. As air-
speed increases, LCO amplitude changes to ≈ 4.7◦ at
V = 40.85m/s. Remaining plots are related to LCO at bi-
furcation onset and for higher airspeed related to smooth
structural nonlinearities respectively for δ equals to 1.0,
3.0, and 5.0◦ (ε = 28.125, 9.375, and 5.625). All these

LCO responses have a corresponding point in Fig. 3; the
first at bifurcation point and another at the subsequent air-
speed.

Variation in the range of smoothness of structural non-
linearity clearly affects the aeroelastic dynamics in stall-
induced LCO. At bifurcation onset, it was observed that
δ value is responsible to anticipate this phenomenon (cf.
Fig. 3) when it equals 3.0 and 5.0◦. However, even for
δ = 1.0◦ it is observed that the aeroelastic system fre-
quency content is already changed to a higher value, de-
spite the bifurcation onset was kept basically the same as
for linear structure counterpart. Figure 5 also illustrates
how aeroelastic time histories become more complex as δ
increases, for instance, for δ = 5.0◦ one can observe a
secondary frequency coupling at stall condition (LCO am-
plitude is ≈ 9.0◦). For all cases, airspeeds higher than
that of bifurcation onset reveals the same LCO aspect and
amplitudes of ≈ 5◦.

0 2 4 6
5

10

15

20
V = 34.05m/s; linear structure

α
 (

de
g)

0 0.5 1 1.5 2
5

10

15

20
V = 40.85m/s; linear structure

0 2 4 6
5

10

15

20

α
 (

de
g)

V = 34.05m/s; nonlinear (δ = 1.0 deg)

0 0.5 1 1.5 2
5

10

15

20
V = 40.85m/s; nonlinear (δ = 1.0 deg)

0 2 4 6
5

10

15

20

α
 (

de
g)

V = 23.83m/s; nonlinear (δ = 3.0 deg)

0 0.5 1 1.5 2
5

10

15

20
V = 34.05m/s; nonlinear (δ = 3.0 deg)

0 2 4 6
5

10

15

20

time (s)

α
 (

de
g)

V = 23.83m/s; nonlinear (δ = 5.0 deg)

0 0.5 1 1.5 2
5

10

15

20

time (s)

V = 34.05m/s; nonlinear (δ = 5.0 deg)

Figure 5: Typical LCO responses for the airfoil with linear stiffness
and smooth nonlinearities at bifurcation airspeed and higher

(intermediary ε).
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Figure 6: Portraits for the airfoil with linear stiffness and smooth
nonlinearities at bifurcation airspeed and higher (intermediary ε):

black – at bifurcation onset; red – at higher airspeed.

Figure 6 relates the time histories in Fig. 5 to their re-
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spective phase portraits. These plots help to verify how
complex are the aeroelastic dynamics behind changes in
nonlinearity representations. An interesting dynamics can
be observed for smooth nonlinearity with δ = 5.0◦ at the
bifurcation onset (V = 23.83m/s). The portrait for this
case clearly demonstrates the complex frequency content.

For the case of aeroelastic responses with freeplay
nonlinearity, comparing with linear structure case, Fig. 7
shows the respective phase portraits. In these cases at
the bifurcation speed and higher values, it is observed
that freeplay gap does not represent substantial influence
on changing the portrait orbits shape. Time history plots
have been suppressed from this paper because they present
mostly the same aspect as the linear structure one. The
only observation is regarding the case when freeplay gap
is δ = 3.0◦, in which bifurcation have been assessed at
V = 34.05m/s and LCO amplitudes are ≈ 5◦. It is possi-
ble that the bifurcation onset for this case occur before the
aforementioned airspeed, with the same oscillatory motion
as for the other conditions. To verify this condition, more
simulations can be carried out at airspeeds within the range
in consideration (around 20 to 35m/s).
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Figure 7: Portraits for the airfoil with linear stiffness and freeplay
nonlinearity at bifurcation airspeed and higher:

black – at bifurcation onset; red – at higher airspeed.

Bifurcation phenomenon and LCO occurrence due to
stall-induced vibrations have been investigated for fixed
typical section structural parameters. The study so far has
been based in changing the characteristics of the structural
nonlinearity in pitching. This has been sufficient to show
that bifurcation onset is influenced, as well as LCO fea-
tures. A further investigation has also been carried out, be-
ing now presented the influence of varying the airfoil ref-
erence pitch frequency ωα (cf. Eq. 2). Admitting the lin-
ear structure as reference, LCO amplitude variation with
respect to airspeed is evaluated for different range of ωα.
Pitching frequency determines the system stiffness, there-
fore, the higher is that value the higher must be the aerody-
namic energy involved to maintain stall-induced LCO. In
fact, it is reasonable to infer that there is a ωα value where
no LCO occurs at airspeeds assumed in this paper (i.e., 0.0
to 70.0m/s). Based on this consideration, aeroelastic case

where smooth structural nonlinearity defined by δ = 1.0◦

and ε = 35.156 is assumed to explore changes in ωα.
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Figure 8: Bifurcation diagrams for variations of airfoil reference pitch
frequency.

Figure 8 depicts LCO evolutions for a range of airfoil
reference pitching frequencies. From the case of a linear
structure it is clear that as ωα increases, bifurcation mani-
fests later in terms of airspeeds. Simulations demonstrate
that for ωα > 4.6Hz LCO are suppressed, which is phys-
ically comprehensive. The case when nonlinearities are
admitted to the pitch stiffness, bifurcation is anticipated
for ωα higher than 2.0Hz. Moreover, the LCO suppres-
sion occurs at higher ωα comparing to the linear structure
case.

4 CONCLUSIONS

An analysis of non-linear aeroelastic responses for
stall-induced oscillations of an airfoil in pitching moment
considering structural nonlinearities is presented. The
aeroelastic model is based on linear 1–dof structural dy-
namics in pitching coupled with a dynamic stall aerody-
namic model, thereby allowing realistic higher angles of
attack motions in low speed flow fields. The dynamic stall
model is given by Beddoes-Leishman semi-empirical ap-
proach [21] and NACA0012 parameters. Nonlinear struc-
tural behavior is accounted with smooth (polynomial-type)
representation based on combination of hyperbolic tangent
functions. The approach also permits freeplay representa-
tion with the same function representation.

The modeling has been effective to capture the stall-
induced loading fluctuations responsible to lead the aeroe-
lastic system to high angle of attack LCO. LCO has mani-
fested itself after a system bifurcation from stable equilib-
rium condition when linear structure is considered at ap-
proximately 30m/s. When structural nonlinearity is con-
sidered, bifurcation occurrence is clearly anticipated for
higher range of smoothing effect associated to the nonlin-
earity. The same is valid for the freeplay case, that is, the
higher is the gap, bifurcation happens in lower airspeeds.
LCO responses inspection also reveals complex frequency
couplings as the smoothness of the nonlinearity is higher.
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For freeplay case, such complexity seems to be more dis-
crete. All LCO range in the aeroelastic system responses
have also demonstrated to be stable ones. When inspected
in terms of varying pitch frequency it has been observed
that bifurcation onset is sensitive. For increasing ωα, bi-
furcation occurs at higher airspeeds, since the airfoil sus-
pension becomes stiffer. Nonlinear structure also leads to
higher ωα prior to LCO suppression.

Further investigation will consider expanded param-
eter analysis of aero-structural parameters, as well as to
modify the typical section model for traditional pitch and
plunge motion.
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ABSTRACT: A variety of nonlinear features is obtained from aeroelastic systems with discontinuous nonlinearity mo-
tivates investigations that may support future applications in controls design, flutter prediction problems, and energy
harvesting exploration. The freeplay nonlinearity leads to bifurcations and abrupt response changes which can result
in undesirable or catastrophic responses. Grazing bifurcations of limit cycles are one of the most commonly found
discontinuity-induced bifurcations (DIBs) and are caused by a limit cycle that becomes tangent to the discontinuity bound-
ary of the available piecewise-smooth function. The abrupt transition from periodic to aperiodic is directly related with the
discontinuous nature of freeplay nonlinearity. In fact, recent studies in different areas discussed the presence of grazing
bifurcations and the associated behavior changes. These abrupt transitions caused by grazing bifurcations are different
from the well-known routes to chaos. In this work, a nonlinear analysis based on modern methods of nonlinear dynamics,
such as power spectra and phase portraits is performed to characterize the sudden transitions in a three-degree of freedom
aeroelastic system with freeplay nonlinearity in the flap degree of freedom. The results show that the main transition is
due to a grazing bifurcation.

KEY WORDS: Aeroelasticity, freeplay, grazing bifurcation, nonlinear dynamics, piecewise-smooth systems.

1 Introduction

Discontinuous nonlinearities, such as freeplay, bilinear,
multi-segmented stiffness, and impacts are the most dan-
gerous types of nonlinear problems that aeroelastic sys-
tems can face. Its discontinuous characteristics can lead to
the occurrence of sudden transitions as a consequence of
DIB’s (Discontinuity-Induced Bifurcations) [10, 14, 9, 8],
causing aeroelastic systems to face transitions from Limit
Cycle Oscillations (LCOs) to chaos or from chaos to or-
der in a frequently unpredictable way, sometimes with
high amplitude variations, leading to possible catastrophic
structural damages.

Characterizing and understanding these undesirable
behaviors has been the topic of many investigations. Vir-
gin et al. [29], Conner et al. [5], Trickey et al. [25],
and Vasconcellos et al. [27] have evaluated numerically
and experimentally the effects of a freeplay nonlinearity
in the flap degree of freedom on the response of an aeroe-
lastic system. They showed that transitions from damped
to periodic LCOs to quasi-periodic responses, and then, to
chaotic motions can occur. In these works, the behavior
and evolution were investigated, but the mechanism lead-
ing to the observed abrupt transitions was not discussed in

details.

Grazing bifurcations of limit cycles are one of the most
common discontinuity-induced bifurcations (DIBs)[10,
14, 9, 8]. This type of bifurcations is caused when a
periodic orbit reaches a boundary tangentially and, as
such, can occur only in discontinuous systems. Many re-
searchers identified grazing bifurcations in different elas-
tic structures undergoing impacts [19, 22, 21, 30, 20, 4].
For this bifurcation, a special phenomenon arises during
zero-velocity incidence which is refereed to ”grazing con-
tacts”. Grazing bifurcations have also been found in struc-
tural systems, such as spring-mass systems [22, 20, 23, 4,
28, 18, 6] and cantilever beams [19, 21, 7, 13, 11, 3]. Luo
and Brandon [16, 17, 15] presented an extensive investiga-
tion on sliding and grazing bifurcations in forced oscilla-
tors with dry friction. In these and other studies, the role of
different parameters and excitations sources, such as low-
velocity impacts [23], friction and hard impacts [4], har-
monic and aharmonic impacts [2], and off-resonance exci-
tations [11] in the generation of grazing bifurcations were
investigated. Recently, Vasconcellos et al. [26] investi-
gated the effects of a freeplay nonlinearity on the response
of a two-degree of freedom aeroelastic system. The nons-
mooth freeplay is associated with the pitch degree of free-
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dom. They reported that there are two sudden jumps in the
aerelastic response when varying the freestream velocity.
They demonstrated that these transitions are accompanied
with the appearance and disappearance of quadratic non-
linearity induced by discontinuity. They also showed that
these sudden transitions are associated with a tangential
contact between the trajectory and the freeplay disconti-
nuity boundary which is a characteristic of a grazing bi-
furcation.

In this work, a nonlinear analysis is performed to
deeply investigate the behavior of a three-degree of free-
dom aeroelastic system with a freeplay nonlinearity in the
flap degree of freedom. The governing equations of the
considered aeroelastic system are presented in Section 2
and the nonsmooth function representing the freeplay non-
linearity in the flap degree of freedom are presented in Sec-
tion 3. In Section 4, the aerodynamic loads are modeled
based on the unsteady formulation. Nonlinear analyses re-
sults are presented in Section 5 . Summary and conclu-
sions are presented in Section 6.

2 Governing Equations

The aeroelastic system considered here and shown in Fig-
ure 1 consists of a two-dimensional airfoil that has three
degrees of freedom including pitch, plunge and control
surface motions. The plunge and pitch motions are de-
noted by w and α, respectively, and the control surface
motion is denoted by β. The plunge and the pitch are mea-
sured at the elastic axis and the β angle of control surface
is measured at the hinge line. The distance from the elastic
axis to midchord is represented by ab where a is a constant
and b is the semichord length of the entire airfoil section.
The distance between the elastic axis and the hinge line of
control surface is represented by c. The mass center of the
entire airfoil is located at a distance xα from the elastic
axis and the mass center of the control surface is located
at a distance xβ from the hinge line, kw and kα are used to
represent the plunge and pitch stiffnesses, respectively and
kβ is used to represent the stiffness of the control surface
hinge. Finally, U is used to denote the freestream velocity.

Figure 1: Structural representation of the aeroelastic model

Using Lagrange’s equation, the equations of motion of
the typical airfoil section as considered above are written
as [27].

MsẌ+BsẊ+KsX = Ae (1)

where

Ms =

⎡⎣ r2α r2β + (c− a)xβ xα

r2β + (c− a)xβ r2β xβ

xα xβ MT /mW

⎤⎦

Bs = (Λ
T
)−1

⎡⎣ 2mαωαξα 0 0
0 2mβωβξβ 0
0 0 2mwωwξw

⎤⎦Λ−1

Ks =

⎡⎣ r2αω
2
α 0 0

0 r2βω
2
βF (β)/β 0

0 0 ω2
w

⎤⎦
X =

⎡⎣ α
β
w

⎤⎦
and

Ae =

⎡⎣ Mα

Mβ

L

⎤⎦
where

xα = Sα

mW b ; xβ =
Sβ

mW b ; r2α = Iα
mW b2 ; r2β =

Iβ
mW b2 ;

and mW is the mass of the wing, mT is the mass of the
entire system (wing + support blocks), dh, dα and dβ are
damping coefficients for the plunge, pitch, flap motions,
respectively, Iα is the airfoil mass moment of inertia about
the elastic axis, Iβ is the control surface mass moment of
inertia about the elastic axis, L and Mα are the aerody-
namic lift and moment measured about the elastic axis,
respectively, Mβ is the aerodynamic moment on the flap
about the flap hinge, Sα and Sβ are the static moments of
the wing mass, and, finally, F (β) is a function used to rep-
resent the control surface freeplay nonlinearity. Detailed
formulation can be found in [27].

3 Control Surface Freeplay Repre-
sentations

The freeplay nonlinearity is considered in the the discon-
tinuous representation, F (β), presented in Figure 2 and
given by:

F (β) =

⎧⎨
⎩

β + δ , if β < −δ ,
0 , if | β |≤ δ ,
β − δ , if β > δ .

(2)

To integrate the equations of motion with discontinuous
freeplay representation, the method described by Henon
[12] is used to locate and integrate at the discontinuity.
This method is usually known as the technique of inverse
interpolation and is well described by Conner et al.[5].
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Figure 2: Flap displacement β versus torque obtained with Eq. (2)

4 Aerodynamic Loads
The Theodorsen approach is used to model the aerody-
namic lift and moments L, Mα and Mβ . In this approach,
the unsteady aerodynamic forces and moments are calcu-
lated using the linearized thin airfoil theory and written as
[24]

L = −πρb
2

[
ẅ + Uα̇ − baα̈ −

U

π
T4β̇ −

b

π
T1β̈

]
−2πρUbQC(k) (3)

Mα = πρb
2

[
baẅ − Ub

(
1

2
− a

)
α̇ − b

2

(
1

8
+ a

2

)
α̈

−
U2

π
(T4 + T10)β+

Ub

π

{
−T1 + T8 + (c − a)T4 −

1

2
T11}β̇ +

b2

π
{T7 + (c − a)T1

}
β̈

]

+2πρb
2
(a +

1

2
)QC(k)

(4)

Mβ = πρb
2

[
b

π
T1ẅ +

Ub

π

{
2T9 + T1 − (a −

1

2
)T4

}
α̇

−
2b2

π
T13α̈ −

(
U

π

)2

(T5 − T4T10)β

+
Ub

2π2
T4T11β̇ +

(
b

π

)2

T3β̈

]
− ρUb

2
T12QC(k)

(5)

where

Q = Uα + ẇ + α̇b

(
1

2
− a

)
+

U

π
T10β +

b

2π
T11β̇ (6)

and the T functions can be found in Vasconcellos et al.
[27].

The aerodynamic loads are dependent on
Theodorsen’s function C(k), where k is the reduced fre-
quency of harmonic oscillation. In the quasi-steady ap-
proximation, C(k) is set equal to one. To simulate the
arbitrary motion of the system, the loads associated with
Theodorsen’s function are replaced by the Duhamel for-
mulation in the time domain. More details for the deriva-
tion of the aerodynamic loads based on the Duhamel for-
mulation can be found in Abdelkefi et al. [1].

5 Results and Discussions
The values of the structural parameters of the aeroelastic
system considered in this work are similar to the used ones
in the experiments of Trickey et al. [25] and presented in
Table 1.

Table 1: Concentrated typical section parameters of the aeroelastic wing.

Wing span (m) 0.5
b(m) 0.125
a -0.5
c 0.5

ρp(kg/m3) 1.1
mw(kg) 1.716
mT (kg) 3.53
r2α(kgm2) 0.684
r2β (kgm2) 0.01795
ωα(rad/s) 48.7963
ωβ (rad/s) 233.0452
ωh(rad/s) 41.5211

xα 0.3294
xβ 0.01795

The bifurcation analysis is performed when the
freeplay is set to δ = ±2deg for a decreasing freestream
velocity U , from near flutter (20m/s) to near damped mo-
tion (4m/s) at a small step of -0.1m/s at each 6 seconds
to reach stationary state, in a region where LCO, chaos and
significant transitions happens. As the freeplay nonlinear-
ity is in the flap degree of freedom of the considered wing,
the focus of all analyses in this paper will be on the motion
of the flap component.

In Figure 3, a bifurcation diagram is presented for
the flap motion (β) time series. It follows from this plot
that there is a sudden transition from periodic LCO to
aperiodic one at a freestream velocity almost equal to
10m/s and other transitions between aperiodic/order and
order/aperiodic happens at lower freestream velocities. As
the system is structurally and aerodynamically coupled,
this behavior will contaminate the entire wing behavior,
as observed in the pitch and plunge bifurcation diagrams
in Figures 4 and 5, respectively.
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Figure 3: Bifurcation diagram of Flap displacement β for decreasing velocity.
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Figure 4: Bifurcation diagram of Pitch displacement α for decreasing velocity.
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Figure 5: Bifurcation diagram of Plunge displacement w for decreasing velocity.

In order to characterize the behavior and search for
the phenomena inducing the observed sudden transitions,
a grazing contact detection is performed over the entire
flap time series with a velocity variation. As the grazing
contact is a tangential contact on the discontinuity bound-
aries, the condition (β̇ = 0;β = ±δ) is sought in the
decreasing-velocity β time series. The resulting bifurca-
tion diagram is then presented in Figure 6. It follows from
this plot that, as the freestream velocity decreases, the be-
ginning of grazing contacts (black squares) corresponds to
the major transition from LCO to aperiodic motion. Fur-
thermore, the control surface behavior remains aperiodic
while grazing contacts are occurring.
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Figure 6: Grazing contacts for decreasing velocity (black squares).

To better characterize these associated phenomena, we
present, respectively, in Figures 7, 8, and 9 the time his-
tory, power spectrum, and phase portrait of the flap de-
gree of freedom when the freestream velocity is set equal
to 10m/s (before the transition). As observed in these
plotted curves, the flap behaves periodically. In fact, the
power spectrum shows the main frequency and its cubic
harmonics and the trajectory is crossing the discontinuity
boundaries (dashed lines in Figure 9). As expected and
observed in Figure 6, no grazing contacts are detected at
this freestream velocity.
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Figure 7: Time series of Flap displacement β at 10m/s.
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Figure 8: Power spectrum of Flap time series at 10m/s.
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Figure 9: Phase portrait of Flap at 10m/s.

At a lower freestream velocity, just after the main tran-
sition (U=9.5m/s), same analysis is performed, as shown
in Figures 10, 11, and 12. At this velocity, in contrast
with the previous case (10m/s), grazing contacts are de-
tected. Inspecting Figures 10, 11, and 12, we can con-
clude that the motion is aperiodic as observed in the broad-
band power spectrum in Figure 11. The abrupt transi-
tion to this new behavior coincides with the appearance
of grazing contacts in the right side of phase portrait, as
shown in Figure 12. In other words, the observed aperi-
odic behavior at freestream velocities lower than 10m/s is
a consequence of a grazing bifurcation, since the flap has
not sufficient energy to cross the discontinuity boundaries
all times.
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Figure 10: Time series of Flap displacement β at 9.5m/s.
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Figure 11: Power spectrum of Flap time series at 9.5m/s.
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Figure 12: Phase portrait of Flap at 9.5m/s with grazing contact (black square).

As the freestream velocity is decreased to lower val-
ues, different aperiodic behaviors occur and the motion
of flap seems to become more complicated, as shown in
Figure 6. These aperiodic-aperiodic transitions are proba-
bly related with the decrease of available energy to cross
the discontinuity boundaries, due to the decrease in the
freestream velocity.

We plot in Figures 13, 14 and 15 the time history,
power spectrum, and phase portrait when the freestream
velocity is set equal to 8.0m/s. It follows from these plots
that the flap motion remains aperiodic. It is noted that
grazing contacts are also detected in the left side of the
phase portrait, as shown in Figure 15. The results con-
firms that the main transition and the subsequent behavior
at lower freestream velocities are a consequence of grazing
contacts of control surface.
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Figure 13: Time series of Flap displacement β at 8.0m/s.
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Figure 14: Power spectrum of Flap time series at 8.0m/s.
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Figure 15: Phase portrait of Flap at 8.0m/s with grazing contact (black square).

6 Conclusions
A numerical analysis of nonlinear responses of a three-
degree of freedom aeroelastic typical section with freeplay
nonlinearity in the flap degree of freedom has been per-
formed in order to identify the mechanisms leading to the
observed abrupt transitions. A decreasing freestream ve-
locity sweep from near flutter to near damped motions was
performed and a grazing bifurcation detection condition
was tested over the velocity range.

The results show that the main abrupt transition be-
tween 10m/s and 9.5m/s matches with the beginning of
grazing contacts of control surface angle with the bound-
aries of freeplay discontinuity. The observed behavior af-
ter the main transition, at lower velocities, are dramatically
influenced by grazing contacts, being aperiodic, with an
increasing in the complexity as the freestream velocity is
decreased.
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tower leg axial force is over predicted by 38% (see Figure 7). 
In these first two load cases (representing moderate wind 
effects), the difference in the wind load model results is 
directly reflected in the insulator swing angle and hence 
conductor displacement rather than conductor tension. A 
larger swing angle will lead to larger horizontal load transfer 
from conductor to tower and that will result in larger internal 
forces in the tower leg members. 

Considering the results obtained with the third wind record 
of average wind speed of 36.5 m/s and high turbulence 
intensity, the conductor tension is over predicted by the static 
method only by about 5% while the conductor displacement 
and insulator swing obtained from both methods are 
practically the same. Nonetheless, the difference in the tower 
leg axial force reaches 25%. Considering the last wind record 
with average wind speed of 39.8 m/s and high turbulence 
intensity, (record 4 in Table I), the computational results 
indicate that neglecting wind-cable interactions leads to a 
considerable over prediction of the maximum conductor 
tension (12%) while the horizontal displacement at mid span 
is over predicted by only 1%. For cable tensions, it is seen that 
this potentially large over estimation has a strong incidence on 
over predicting tower loading, especially in straining towers in 
such a high conductor tension range. In the case of wind 
records 3 and 4, the insulator swing angles are so large that 
the difference in wind pressure predicted by different methods 
cannot considerably add to swing angles and displacements 
but the difference is rather reflected in the conductor tension 
as well as internal forces in tower members. 

 
Table I. Results obtained from different wind load models. 
 

 Wind 
record 

1 

Wind 
record 

2 

Wind 
record 

3 

Wind 
record 

4 
Two-minute average wind speed 
(m/s) 

16.8 17.2 36.5 39.8 

Turbulence intensity (%) 8.7 37.2 19.3 23.2 

Conductor maximum 
horizontal displacement  
at mid span (m) 

FSI 6.0 7.8 20.5 22.1 

Bernoulli 8.1 10.1 21.4 24.5 

CSA 8.2 9.92 20.6 22.3 

Maximum conductor 
horizontal tension (kN) 

FSI 20.0 21.1 38.8 45.0 

Bernoulli 20.4 21.5 44.1 71.0 

CSA 20.7 21.6 40.8 50.3 

Maximum leg axial force 
(kN) 

FSI 38.9 60.7 356 462 

Bernoulli 75.1 81.6 621 1160 

CSA 60.5 83.8 445 679 

Maximum insulator  
swing angle (degree) 

FSI 14.2 19.2 60.0 64.0 

Bernoulli 19.7 25.1 69.8 84.0 

CSA 19.7 24.2 59.6 64.4 

 

 

Figure 4. Calculated wind load on conductor at three different 
positions along the span (Wind record 2). 

 
Figure 5. Conductor horizontal displacement at the mid span 

(Wind record 2) 

 

Figure 6. Mid span conductor tension in the loaded span 
(Wind record 2) 
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Figure 7. Axial force in the suspension tower leg subject to 

wind load (Wind record 2) 

 

Figure 8. Insulator swing in the tower adjacent to the span 
subjected to the wind load (Wind record 2) 

5 CONCLUSION 
In this study a new method is proposed to determine wind 
loading of transmission lines with a view to obtain a more 
accurate representation of pressure loads acting on moving 
line conductors than provided by the pseudo-static pressure 
calculation based on Bernoulli’s equation, which neglects any 
fluid-structure interaction. Results from this study indicate 
that neglecting wind-cable interactions leads to over 
prediction of several line design parameters such as conductor 
displacement and internal forces in tower members.  

It should be emphasized that the writers do not advocate the 
“complexification” of overhead line wind analysis with the 
introduction of FSI and dynamic computational simulations in 
engineering offices. They rather propose to use these 
advanced computational methods in a research and 
development context, to evaluate and possibly improve 
current wind analysis methods. Another very interesting 
application of this computational approach relates to 
optimized cross-sectional design of conductors, in terms of 
geometry and surface roughness. Detailed FSI analysis also 
enables the evaluation of aerodynamic damping of various 
cable geometries.   

As many Canadian utilities are reassessing the reliability 
levels of their transmission infrastructure and making difficult 

investment decisions, a more realistic wind loading model 
could be of high value. 
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ABSTRACT: Liquidised Natural Gas (LNG) is transported by LNG ships and it will slosh in partially filled tanks. This will 
cause damage to tank structures, e.g. cracks and fatigue, and affect ship’s stability. This paper presents numerical studies of 
LNG sloshing in partially filed membrane tank with a baffle on the bottom using Finite Volume Method to minimise impact 
pressure.  
The software Gambit and Fluent are used to generate the mesh and simulate the LNG sloshing motion. The LNG sloshing 
behaviour is analysed considering a two-dimensional membrane tank which moved in one direction only for each case studies. 
Two cases of the tank motions are considered, i.e., sway and roll. The LNG tank is excited by a regular sinusoidal wave and the 
excitation frequency is set as the natural frequency. Liquid filling levels considered are 25%, 50% and 75% of the tank depth, 
respectively. Moreover, the numerical results of the impact pressure are compared with the published experimental results and 
show good agreement. Furthermore, a vertical baffle is inserted on the bottom of the tank to control the maximum impact 
pressure and results are compared with non-baffle cases 
The key findings are: the effect of liquid depth on the maximum impact pressure for rotational motion is more significant 
comparing with the horizontal motion and offer solutions for reducing impact pressure effectively. The maximum impact 
pressure for the tank with baffle is reduced nearly 50% comparing with the cases without baffle on the bottom of the tank. 
 

KEY WORDS: LNG sloshing; Membrane tank; Baffles; Minimising sloshing impact. 

1 INTRODUCTION 
With the increasing arouse of environment protection, green 
energy attracts the global attention. Natural gas plays a 
significant role to replace the old energy system. The natural 
gas shrinks to 1/600 its volume after liquefaction, so LNG 
(Liquefied Natural Gas) is more convenient for transport or 
storage. Comparing with the pipeline and train, the most 
economical way to transport LNG is through the ship. 
Usually, at the beginning of the LNG carrier transport voyage, 
all the tanks are fully loaded up to 98%.  Due to the 
emergence of the spot market, partial filling cases will occur. 
It is known that liquid will slosh when the tank is not full-
filled [1]. Sloshing motion in a partially filled tank will be 
violent in certain condition, i.e. the frequency of the motion of 
the LNG tank is equal or closed to the natural frequency of the 
interaction between the LNG and the tank structure [2]. So, 
there is a demand that the LNG carrier should be safety 
operated at all liquid filling level.  

Sloshing is an important issue in the marine industry and 
liquid sloshing in a LNG tank has been studied for years. 
Sloshing phenomenon in a ship tank can produce considerable 
impact forces which will lead to instability or rollover of the 
ship. Moreover, a violent sloshing motion inside the LNG 
tank will generate excessively high liquid impact pressure on 
the tank wall and cause damage of the ship structure [3], such 
as break internal pipelines. The damaged ship structure will 
induce oil spilling or explosion. These accidents could lead to 
serious human casualties and environmental pollution. Thus, 
the accurate prediction of the liquid sloshing phenomenon in a 

LNG tank is an essential element of the LNG tank design 
process. In this paper, methodologies used to analyse the 
sloshing phenomenon are reviewed and a brief summary of 
recent studies on utilization of the baffles to control the liquid 
sloshing is presented.  

The study of fluid sloshing has a long history and continues 
to attract considerable attention because of its importance in 
application. Typically, there are mainly three approaches used 
to analyse the sloshing impact which are experimental 
approach [4] and [5], theoretical analytic approach [6] and [7] 
and computational approach [8-10].  

Abramson et al., [4] made a great contribution to the 
experimental approach to analyse the sloshing impact load in 
LNG tank. Comparing with the other approaches, the 
experimental study can include more complicated physical 
phenomena associated with sloshing, such as compressibility 
effect of the liquid during impact, air entrapment and elastic 
effect of the ship wall etc. However, the drawbacks of the 
experimental approach are obviously. It is time consuming 
and requires lots of effect to run a test, even the shape of the 
model is simple. Moreover, it is difficult to correctly scale of 
the impact load from the model to full scale [4]. Currently, the 
experimental approach is mainly used by classification 
societies (Lloyd’s Register and the American Bureau of 
Shipping).  

For the theoretical analytic approach, Graham and 
Rodriguez [6] developed a linear model for the aerospace 
industry. The linear potential theory and shallow water theory 
were used. Faltinsen [7] proposed a nonlinear analytic method 
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which was a third-order theoretical sloshing model. The 
limitation of theoretical analytic method is that the result is 
accurate as the sloshing motion is mild. When the sloshing 
motion becomes violent and highly non-linear phenomenon 
occurs, the result calculated by the theoretical analytic method 
is no more accurate.  

The sloshing phenomenon in most cases involves violent 
fluid movement and nonlinear problem will occurs. Since the 
analytic method of this highly-nonlinear problem does not 
existing, the computational methods which is known as 
computational fluid dynamic therefore plays an important role 
to support the experimental evidence [11]. Faltinsen & 
Timokha [12] use finite-difference scheme to simulate the 
liquid sloshing in LNG tank. Another popular method is 
finite-element method [8, 9, 10, 13]. The computational 
method is to modelling the numerical model by obtaining the 
solution of Navier-Stokes equation. Nowadays, the 
commercial CFD codes are well developed, such as Star-CCM 
and Fluent. Good agreement of the computational results and 
the experimental results shows that the computational 
approach is both easy to apply and accurate enough for 
simulate sloshing in LNG tank [14]. 

Another key issue in computational method is accurate 
prediction of the free surface of the liquid. The current 
available techniques are marker and cell method [15], volume 
of fluid [14], smooth particle hydrodynamics [16] and level 
set method. Among these techniques, the volume of fluid has 
been improved [17] and is wildly used today.  The VOF 
method can simulate the violent deformation of the free 
surface such as wave breaking, overturning, etc. [11], which 
achieves better CFD performance than other techniques.   

After reviewed the methodologies used to study the sloshing 
phenomenon, a brief summary of recent studies on utilization 
the baffles to control the liquid sloshing are presented.  
   Isaacson and Premasiri [18] analysed the theoretical 
prediction of hydrodynamic damping due to baffles in a 
rectangular tank with horizontal oscillations. They estimated 
the total energy damping due to flow separation around the 
baffles. Moreover, by carrying out the experimental 
measurements, the theoretical model was validated. By 
investigating the effectiveness of various baffle 
configurations, it was found that the baffles located close to 
the free surface give a higher damping than the other 
locations. However, this theoretical model could not capture 
the energy dissipation and breaking waves with violent liquid 
sloshing.  

Cho and Lee [19] investigated the two-dimensional liquid 
sloshing in a baffled tank under the horizontal forced 
excitations, by using velocity–potential-based nonlinear finite 
element method. They found that the liquid motion and 
dynamic pressure variation above the baffle were more 
significant than those below the baffle. In addition, the liquid 
sloshing were strongly dependent on the configuration of the 
baffle designed. Further study was given by Cho et al. [20], 
they used the same numerical method proposed by Cho and 
Lee [19] to research the resonance characteristics of liquid 
sloshing in a 2D baffled tank subjected to forced lateral 
excitation based on the linearized potential flow theory. The 
limitation of this study was that they cannot solve the viscous 

and the rotational motion of the liquid sloshing because of the 
limitation of potential flow theory. 

Liu and Lin [21] studied the liquid sloshing in a three-
dimensional rectangular tank with baffles. The VOF method 
was used to track the free surface motion. They found that the 
vertical baffle was more effective than the horizontal baffle in 
reducing the impact pressure on the tank wall.  

Recently, Jung et al. [22] also simulated a three-dimensional 
incompressible viscous two-phase flow, to investigate the 
effect of the vertical baffle height on the liquid sloshing. It 
was found that with a fixed liquid height, a higher baffle will 
suppressed the liquid sloshing more significantly.  

Previously study of the effect of baffle on liquid sloshing 
are mainly depend on the rectangular tank. In this study, a 
vertical baffle is inserted at the centre of a two-dimensional 
octagon membrane tank bottom to numerically examine the 
baffle effect on the sloshing motion. The liquid sloshing 
motion in membrane tank is firstly simulated for without 
baffle cases. Both horizontal and rotational motions are 
considered. The membrane tank is excited by a regular 
sinusoidal wave and the excitation frequency is set as the 
natural frequency. Liquid filling levels are set as 25%, 50% 
and 75% of the tank depth, respectively. Special consideration 
is given at low liquid filling level. Then, by comparing with 
the result of without baffles cases, the liquid sloshing in 
membrane tank with baffle is simulate at the cases where the 
impact pressure is large and the ability of the baffle to control 
the maximum impact pressure in membrane tank is examined.  

2 MATHEMATICAL MODEL AND NUMERICAL 
APPROACH 

The commercial CFD package, Fluent v13.0, is used to 
numerically simulate the sloshing phenomenon in a two-
dimensional LNG tank.  The two-dimensional sloshing 
problem is governed by the continuity equation (1) and the 
Reynolds-Averaged Navier-Stokes equation (2),  

 
 

· 0 (1) 

 
ρ ∆ ρ  (2) 

  (3) 
   
where  is Cartesian coordinates,  is corresponding velocity 
component,  is the time-averaged value,   is the fluctuating 
velocity component,   is the density,  is the viscosity,  is 

the external body force and  is the Reynolds-stress term. 

The Volume of Fluid (VOF) method is applied in this paper 
to capture the free surface profile of the two-phase model. 
VOF is a well-developed method and capable of resolving the 
interface between the mixture phases, so there is no need for 
additional modelling of the inter-phase interaction of the free 
surface layer. In this paper, the two-phase considered are air 
and liquid natural gas. In each cell, the volume of fraction  is 
defined in equation (4) 

 
 

 (4) 
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where,  is the density inside the grid,  is the density of 
the air and  is the density of the liquid natural gas. The 
volume fraction is equal to 1 for the grid is full of LNG, equal 
to 0 for the grid is full of air and between 0 and 1 for the 
interface grid contain both LNG and air.  
  The VOF is used to track the variation of the interface by 
solving the continuity equation for the volume fraction of the 
prim phase given in equation (5): 

 
 

0 (5) 

The CFD solution selections are based on two aspects, time 
effective and results accurate. For these two reasons, Standard 
k-ε model is chosen for the viscous model, PISO is selected 
for Pressure-Velocity Coupling, Green-Gauss Cell Based is 
chosen for gradient discretization, PRESTO! For pressure 
discretization, Second Order Upwind scheme for momentum 
discretization and Geometric Reconstruction Scheme for 
volume fraction. As the velocity of the flow in each grid 
varies throughout the simulation process, a variable time step 
during the simulation procedure is more efficient than the 
specification of a fixed time step. The variation of the time 
step is defined by the Courant, Friedrihs and Lewy number 
(CFL) given in equation (6), 
   
  (6) 

   
where, U is the magnitude of the velocity of the liquid flow, 

 is time step and  is the length of the grid. In this study, 
in order to obtain a higher accuracy quality of the numerical 
results, the CFL number is set to 0.5. More details of the 
numerical methods can be found in ANSYS FLUENT 12.0 
User’s Guide [23]. 

Figure 1 shows the schematic diagram of a two-dimensional 
membrane tank with a vertical baffle insert on the bottom of 
the tank and the location of the pressure sensors to record the 
impact pressure during the simulation process. The dimension 
of the membrane tank is 2.0 m in length (L) and 1.5 m in 
height (H). The baffle height is 50% of the tank height which 
is 0.75m. This membrane tank has two chamfers, the angle of 
both chamfers is 45 degree while the dimension of lower 
chamfer is 0.2m×0.2m and the upper chamfer is 0.4m×0.4m. 
For cases without baffle, the liquid filling level (h) is 
considered as 25%, 50% and 75% of the tank height which are 
the locations of the pressure sensor 3-5, respectively. The 
locations of pressure sensor 2 and 6 are at the middle of the 
lower and upper chamfer and sensor 1 and 7 are at the middle 
of the tank bottom and top. For cases with baffle, the liquid 
filling level is considered as 25% of the tank height. 

Two cases of the tank motions are considered, i.e., sway and 
roll. The LNG tank is excited by a regular sinusoidal wave 
defined in equation (7) 
   
  (7) 
   
where A is the motion amplitude of sway or roll motion,  is 
the excited frequency which is the natural frequency of the 
membrane tank. The equation to calculate the natural 

frequency of the LNG tank is given in equation (8) and (9) 
[24] 
   
 

· · tanh ·  (8) 

   
 

1
sinh sin

sinh 2
 (9) 

   
where, L is the tank length, h is the liquid depth,  is the 
natural frequency of a rectangular tank with length L and 
liquid depth h, g is the acceleration of the gravity (
9.81 / ), n is the node number which equal to 1, is the 
natural frequency of the octagon membrane tank, a and b is 
the size of the lower chamfer (a=b=0.2m). 

 

 
Figure 1. The schematic diagram of a 2D membrane tank 

with a vertical baffle insert on the bottom of the tank and the 
location of the pressure sensors to record the pressure 
variation during the simulation process. 

 
In order to verify the present numerical scheme, the 

numerical results calculated by present method is validated 
with available experimental results and numerical results [5] 
and [13]. The present numerical scheme is duplicated and 
used to calculate the same sloshing model as described in [5] 
and [13] (Case A). The liquid sloshing impact pressure is 
validated with [13] (Case A) given in Figure 2 and the phase 
shape of the liquid during the sloshing simulation is validated 
with [5] given in Figure 3. 
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Figure 2. Validation of the impact pressure of present 

method with published numerical results Kim et al. [13]. 
 

where, p is the impact pressure, T is the period of the excited. 

 
 
Figure 3. Validation of the shape of liquid phase during the 

sloshing between present numerical results (right) with 
experimental results (left) [5]. 

 
By comparing with Figure 2 and Figure 3, it is observed that 

both the impact pressure and the phase shape of the liquid 
during sloshing motion calculated by the present method have 
a good agreement with the published numerical results and 
experimental results [5] and [13]. For the impact pressure 
comparison, the present numerical scheme can predict the 
high peak value of the liquid impact pressure accurately while 
for the low peak value calculated by the present method is 
slightly higher compared with the numerical results from Kim 
et al. [13], but the discrepancy is acceptable. To conclude, the 
present numerical scheme and parameter settings in FLUENT 
are verified to be correct and can predict both the sloshing 
impact pressure and liquid phase shape accurately. Then, this 
numerical method will be used to calculate the cases 
considered in this study.   

The simulated cases considered in this study are tabulated in 
Table 1. 

 
 
 

 

Table 1. Summary of the simulated cases. 

Case No. Fill Depth 
(h/H) 

Motion amplitude 
(Sway or roll) 

Excited 
Frequency 

1 0.25 0.02m 2.854 rad/s 
2 0.25 0.1m 2.854 rad/s 
3 0.25 0.2m 3.569 rad/s 
4 0.5 0.02m 3.569 rad/s 
5 0.75 0.02m 3.803 rad/s 
6 0.25 8 deg 2.854 rad/s 
7 0.25 13 deg 2.854 rad/s 
8 0. 5 8 deg 3.569 rad/s 
9 0.5 13 deg 3.569 rad/s 

10 0.75 8 deg 3.803 rad/s 
11 0.25 0.1m 5.045 rad/s 
12 0.25 0.2m 5.045 rad/s 
13 0.25 8 deg 5.045 rad/s 
14 0.25 13 deg 5.045 rad/s 

 
The cases No.1-10 are the cases without baffle. The cases 

No.11-14 are the cases with baffle.  

3 RESULTS AND DISCUSSION 
 

 
Figure 5. Impact pressure on sensor 3-5 with three liquid 

filling levels (25%, 50% and 75% of tank depth), sway motion 
with 0.02 motion amplitude. 

 

 
Figure 6. Impact pressure on sensor 3-5 with three liquid 

filling levels (25%, 50% and 75% of tank depth), roll motion 
with 8 deg motion amplitude 
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3.1 Without baffle sloshing cases 

The liquid sloshing motion in membrane tank is firstly 
simulated for without baffle cases. Both horizontal and 
rotational motions are considered. The membrane tank is 
excited by a regular sinusoidal wave and the excitation 
frequency is set as the natural frequency. Liquid filling levels 
are set as 25%, 50% and 75% of the tank depth, respectively. 
The liquid impact pressure is recorded by the pressure sensors 
inserted on the tank wall. For different liquid depths, the 
impact pressure recorded by the sensors which can 
demonstrate a better variation of the impact pressure during 
the sloshing motion is presented, i.e. sensor 3 for 25% liquid 
filling depth, sensor 4 for 50% liquid filling depth and sensor 
5 for 75% liquid filling depth. 

Figure 5 and Figure 6 illustrate the impact pressure during 
the liquid sloshing motion with different liquid filling depth 
for sway and roll motion, respectively. By comparing the two 

figures, it is found that the liquid depth effect on the 
maximum impact pressure for rotational motion is more 
sensitive compared with the horizontal motion. For horizontal 
motion shown in Figure 5, with same motion amplitude and 
excitation frequency is set as natural frequency, an increasing 
liquid depth has very little effect on the impact pressure 
during sloshing motion. However, for rotational motion, a 
lower liquid filling level will induce a larger impact pressure 
as presented in Figure 6. 

Figure 7 illustrate the liquid phase deformation during the 
sloshing motion. Case 1,4,5 demonstrate the liquid phase 
deformation for horizontal motion without baffle cases. As 
can be seen from these figures, an increasing liquid depth will 
increase the nonlinearity of the liquid motion. At a deeper 
liquid depth, the wave break and liquid splash phenomenon is 
observed. 

 
Case 1 

   

 
Case 4    

 
Case 5    

 
Case12    

   
Case 14    

 
Figure 7. The liquid sloshing in membrane tank for cases with and without baffle, the motion conditions for each case are given 

in Table 1. 
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3.2 Sloshing control using baffle 

The cases without baffle show that a lower liquid filling level 
will induce a larger impact pressure. Then, a vertical baffle is 
inserted in the middle of the tank bottom to control the 
maximum impact pressure on tank wall at a low liquid filling 
level. Figure 8 compares the impact pressure for roll motion 
with 13deg motion amplitude, it is obviously seen that the 
impact pressure for cases with baffle decrease significantly 
comparing with the non-baffle case. The Figure 9 shows the 
impact pressure reduction for other cases.  It is conclude that 
the maximum impact pressure for the tank with baffle is 
reduced nearly 50% comparing with the cases without baffle 
on the bottom of the tank. 

By inserting a baffle on the tank bottom, the natural 
frequency of the membrane tank is shifted. The value of the 
new natural frequency nearly doubled compared with the 
original one. Thus, the resonance phenomenon is avoided 
which occurred at original excited frequency. 
  

 
Figure 8. Impact pressure comparisons between cases with 

and without baffle, the liquid filling level of the two cases are 
25% of tank depth with roll motion with 13deg motion 

amplitude. 
 

 
Figure 9. Comparing the results of the maximum impact 

pressure for cases with and without baffle, liquid filling level 
for all cases are 25% of tank depth, motion direction and 

motion amplitude are given below each bar.  
 
 
 

 

4 CONCLUSION 
From this study, three main conclusions have been drawn: 
1) With graphical illustration, it is found that a increasing 

liquid filling level in the membrane tank will increase the 
nonlinearity of the liquid motion during the sloshing. 

2) The effect of liquid depth on the maximum impact 
pressure for rotational motion is more significant 
comparing with the horizontal motion. For rotational 
motion a lower liquid filling level will induce a larger 
impact pressure.  

3) Installing a vertical baffle at the middle of the membrane 
tank bottom can greatly reduce the liquid sloshing motion 
and sloshing impact pressure. The maximum impact 
pressure for the tank with baffle is reduced nearly 50% 
comparing with the cases without baffle on the bottom of 
the tank. 
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ABSTRACT: The paper is concerned with the seismic analysis of large reservoirs. During an earthquake, it is known that the 
acceleration of the water contained in the reservoir produces an additional hydrodynamic pressure, which has a convective, a 
rigid and a flexible impulsive part. The two first contributions are already well-known and may therefore be easily integrated 
during a pre-design phase, but it is much more complicated to assess the flexible contribution, as it is influenced by the coupling 
between the structure and the fluid. The only consistent way seems to resort to finite elements methods, which are not always 
convenient at an early design stage. For this reason, some research have been undertaken to rapidly evaluate the flexible 
pressure acting on thick plates. The results obtained by using this simplified method have been compared to numerical solutions. 
The agreement was found to be quite satisfactory. 

KEY WORDS: Dynamic pressure; Seismic structural response; Modal analysis; Fluid structure interaction. 

1 INTRODUCTION 

When a reservoir is submitted to an earthquake, it is well 
known that an additional hydrodynamic pressure is applied on 
the tank walls, because of the acceleration of the water that is 
confined in the chamber. This pressure has the three following 
contributions: 

 
• The convective one, which is produced by the waves 

occurring at the free surface during the seismic excitation. 
This phenomenon is also called sloshing.  

• The rigid impulsive one, which is derived under the 
assumption that the walls are perfectly rigid and move in 
unison with the ground. 

• The flexible impulsive one, coming from the accelerations 
of the walls as an imperfectly rigid structures. 

 
The two first parts may be easily characterized by some 

analytical formulae already available in the literature. Many 
solutions were proposed by various authors, such as Epstein 
[1], Haroun [2], Housner [3] or Ibrahim [4] amongst others. It 
is therefore quite easy to account for these forces when 
designing new gates. Moreover, as we are presently dealing 
with quite large reservoirs, the convective part is negligible in 
comparison with the two remaining ones, so it will not be 
considered any longer in this study.  

Assessing the third contribution is a more arduous task. In 
fact, the pressure field is influenced by the proper 
accelerations of the walls, which, in turn, has an effect on the 
dynamic response of the structure itself. In other words, we 
are facing a coupled problem. This one may be solved by 
resorting to finite elements analyses, where both the fluid and 
the structure have to be modeled. However, such an approach 
may be time demanding, because developing a complete and 
consistent numerical representation of the liquid is not so 

easy. Moreover, modeling entirely the fluid domain may lead 
to excessively long calculation times. Of course, this way of 
working is definitely not acceptable at an early stage of 
design, when engineers do not necessarily have a lot of time 
to perform fastidious calculations. Such an approach is also 
not conceivable when a great amount of scenarios or 
configurations have to be checked. 

For all these reasons, it is quite clear that an alternative 
approach is necessary, as integrating the seismic action in the 
pre-design is of prior importance in regions frequently 
submitted to earthquakes. Nevertheless, developing an 
efficient simplified analytical procedure is not so easy, but we 
propose to go one step further in this paper by considering a 
large flexible reservoir undergoing a seismic acceleration.  

 

 

Figure 1. Flexible reservoir. 

The tank under consideration here is depicted on Figure 1. It 
has a total length L, a width l and a height H. It is filled with 
water until the level hs and is submitted to a longitudinal 
acceleration Ẍ(t) acting along the x axis. The  lateral walls 
located in z = 0 and z = l are considered to be perfectly rigid. 
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This is also the case for the ground located at y = 0. On the 
contrary, the walls at x = 0 and x = L are assumed to behave 
like a flexible plate simply supported  on three edges (SS) and 
free at the upper one (F), as represented on Figure 2. 
 

 

Figure 2. Boundary conditions. 

2 FREE VIBRATION ANALYSIS OF A DRY PLATE  

In this section, we consider the free vibrations of the isotropic 
and homogenous plate depicted on Figure 2. The plate is made 
of a linear elastic material characterized by a density ρ, a 
Young modulus E and a Poisson ratio ν. The out-of-plane 
displacements along the x axis are denoted by u(y,z,t).  

Under the hypothesis of small strains, one may apply the 
classical thin plates theory of Kirchhoff, in which the 
structural equilibrium may be expressed as: 
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where tp and D are respectively the thickness and flexural 
rigidity of the plate. In equation (1), p denotes the total 
hydrodynamic pressure applied on the structure.  

In order to derive the vibration properties for the dry plate, 
one can consider the homogenous form of equation (1), in 
which p and Ẍ are set to zero. In this case, the proper 
displacements have a sinusoidal form:  

 ( ) 1sin),(),,( ≥= itzytzyu iii ωδ  (2) 

in which ωi and δi are known as the dry eigenfrequencies and 
mode shapes. Introducing (2) in (1) and applying the 
developments of Leissa [5] leads to: 
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where ci is a function of ωi that has to be determined by 
solving (3). All the other parameters are defined hereafter:  
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with ni = 1, 2, ... Furthermore, as shown by [5], the dry mode 
shapes δi are given by:  
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where Ai is the modal amplitude and Bi is related to the other 
variables by: 
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It is worth bearing in mind that all the solutions detailed here 
above are only valid for a dry plate that is not in contact with 
water. In the present case however, the reservoir is filled up to 
a level hs, which means that equations (3) and (5) are not the 
vibration properties characterizing the wet plate. To account 
for the presence of a fluid, we first need to have a better 
characterization of the hydrodynamic pressure term p 
appearing in equation (1).  

3 FREE VIBRATION ANALYSIS OF A WET PLATE  

3.1 Characterization of the hydrodynamic pressure 

As recalled previously, a lot of analytical solutions are already 
available in the literature to evaluate the rigid impulsive 
pressure pr. One may consider, amongst others, the expression 
proposed by Kim et al. [6]:  
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where βn = (2n − 1)π/L and ρf  is the density of the fluid. On 
the other hand, if we still use the developments described by 
Rajalingham [7], the flexible impulsive contribution pf can be 
derived from: 
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in which αn = (2n − 1)π/2hs and κm = mπ/L. The coefficient 
Cmn is expressed as:  
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with lm = l if m = 0 and lm = l/2 if m > 0. Equations (7) and (8) 
show that the rigid impulsive term pr is not dependant from 
the proper displacements u of the wall, while it is not the case 
for the flexible part pf. This means that the fluid-structure 
coupling is directly coming from pf and not from pr. 

3.2 Vibration properties of a wet plate 

As a second step, we may try to derive the vibration properties 
of a plate surrounded by water on one side. To do so, we 
consider  the free vibrations problem by taking Ẍ = 0 in 
equation (1). This time however, as the plate is in contact with 
a fluid, the homogenous form of (1) is no longer valid. Indeed, 
to express the structural equilibrium, we have to account for 
the flexible pressure produced by the vibrations of the 
immerged plate. In other words, if we denote by Ωi and ∆i the 
wet eigenfrequencies and mode shapes, the proper 
displacements for such a situation may still be written in a 
similar manner than (2): 

 ( ) 1sin),(),,( ≥Ω∆= itzytzyu iii  (10) 
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but the characteristic equation to be solved for getting the 
modal properties is more difficult, as introducing (10) in (1) 
and (8) leads to:  
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where Imn is a term coming from the flexible pressure (8) and 
related to ∆i by:  
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It is clear that finding an exact expression for ∆i that 
satisfies (11) is almost impossible. An approximate analytical 
solution may however be found by applying the Rayleigh-Ritz 
method.  

3.3 The Rayleigh-Ritz method 

If we want to follow this approach, we first need to express ∆i 
as a linear combination of admissible predefined functions 
that satisfy the boundary conditions detailed on Figure 2. As 
suggested by Rajalingham [7], we can directly use the dry 
mode shapes (5) to decompose ∆i. In other words, we can 
write:  
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where vji are unknown coefficients and M is the number of dry 
modes involved in this simplified approach.  

The first step in the Rayleigh-Ritz method is to estimate the 
energy of the wet structure. According to Shames [8], the 
maximal deformation energy U may be evaluated from:   
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while the maximal kinetic energy T characterizing the 
vibrations of the plate is given by:  
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In addition to U and T, it is also required to evaluate the 
potential W associated to the hydrodynamic flexible pressure 
pf. This one may be shown to have the following form:  
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where Imn has already been defined in equation (12). If we 
further introduce (13) in (14), (15) and (16), it is clear that the 
terms U, T and W may be expressed as functions of vji and δj. 

This operation is quite fastidious but allows us to write U, T 
and W under a more convenient matrix form. Indeed, we have:  
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T
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where vi is a vector containing the coefficients vji. [T], [U] and 
[W] are matrices that may be directly evaluated by considering 
the dry modes given by equation (5). Finally, solving the 
following classical eigenvalue problem:  
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leads to the wet eigenfrequencies Ωi and to the unknown 
coefficients vji. These last ones may then be introduced in (13) 
to get the wet mode shapes ∆i.  

4 NUMERICAL EVALUATION OF THE WET MODAL 
PROPERTIES  

In order to validate the analytical developments briefly 
exposed in section 3, we can compare the corresponding 
results to those obtained by resorting to finite elements 
methods. As practical example, let us consider the reservoir 
depicted on Figure 3. It is characterized by a width of 7 m, a 
length of 15 m and a height of 6 m. It is filled with water up to 
a level of 3.5 m. The thickness tp of the two flexible walls is 
equal to 10 cm. 

 

Figure 3. Main dimensions of the reservoir. 

The physical properties defining the fluid and the solid are 
listed in Table 1. For this study, the reservoir is assumed to be 
made of steel. 

Table 1. Properties for the fluid and the solid domains. 

Solid domain 
Young modulus E 210 GPa 
Poisson coefficient ν 0.3 
Mass density ρ 7890 kg/m³ 
Fluid domain 
Bulk modulus Kf 2.25 GPa 
Speed of sound cf 1500 m/s 
Mass density ρf 1000 kg/m³ 
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The finite elements software NASTRAN is used to perform a 
modal analysis of the reservoir shown on Figure 3. The 
flexible walls are modeled by using isoparametric 
quadrilateral CQUAD shell elements with four grid points, 
while hexahedral CHEXA solid elements with eight grid points 
are used for the fluid. The mesh size has been progressively 
reduced until a sufficient convergence on the results was 
reached. 

Working with NASTRAN allows us to know the modal 
properties of the wet flexible walls. These ones may be 
confronted to the results obtained by our simplified method. 
As a matter of comparison, let us start by considering the 
eigenfrequencies. The values found numerically and 
analytically are presented in Table 2 for the seventh first 
modes of vibration. 

Table 2. Comparison of the eigenfrequencies 

Mode 
number 

Analytical 
solution (Hz) 

Numerical 
solution (Hz) 

Relative 
error (%) 

1 5.44 5.43 0.22 
2 12.51 12.36 1.12 
3 18.27 18.27 0.01 
4 26.52 26.12 1.53 
5 32.79 32.37 1.28 
6 39.44 39.44 0.01 
7 48.37 47.21 2.49 

 
From Table 2, we see that the maximal discrepancy between 

the results given by NASTRAN and the ones derived by the 
present simplified approach does not exceed 3%, which seems 
to be acceptable. Moreover, this quite good agreement was 
obtained by considering only five dry modes (i.e. M = 5) in 
equation (13). 

 
Figure 4. Vertical and horizontal planes π1 and π2 used for 

comparing the mode shapes. 

Let us now compare the wet mode shapes obtained for the 
flexible walls of the reservoir. The two first ones are plotted 
on Figure 5 and Figure 6 respectively. For each mode, two 
different illustrations are proposed. The upper one is a plot of 
the profile in the vertical plane z = l/2 (plane π1 on Figure 4), 
while the lower one corresponds to the profile in the 
horizontal plane y = H (plane �� on Figure 4).  

Regarding the horizontal profile, it is clear that a sine half-
wave seems to be a good approximation. Concerning the 
vertical one, the agreement appears to be satisfactory, even if 
some discrepancy may be observed near the top of the gate 
where water is not present. 

 
 

 

Figure 5. Comparison of the first mode shape in π1 and π2 

 
 

 

Figure 6. Comparison of the second mode shape in π1 and π2 
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The comparisons illustrated here above for this reservoir show 
that the agreement between the analytical and numerical 
results is satisfactory. This tends to validate the theoretical 
derivation of the vibration properties for an immerged plate by 
using the Rayleigh-Ritz method. The present analytical 
approach has also been corroborated by additional 
comparisons performed with other various reservoirs that are 
not presented here.  

5 DYNAMIC ANALYSIS OF A WET PLATE 

5.1 Equilibrium equation 

The modal analysis of immerged flexible walls performed in 
the previous section provides a global insight on the way such 
structures respond to a seismic excitation. The next step is 
now to consider the situation where the reservoir is submitted 
to an earthquake load having a longitudinal acceleration 
component denoted by Ẍ(t). 

To get an analytical approximation of the dynamic response 
of the reservoir in such circumstances, we can refer to the 
equilibrium equation (1). Nevertheless, this one will be 
modified here to account for an eventual damping that may 
affect the structure. If we denote by fd the damping forces, 
equation (1) becomes: 

 ( ) puDfuXt dp −=∇+++ 4
&&&&ρ  (19) 

In order to characterize a bit further the term fd, we will 
assume that these additional forces are directly related to the 
velocity. Assuming a Rayleigh-type damping, fd may be seen 
as having two different contributions: a first one coming from 
the mass of the structure and a second one coming from its 
stiffness. According to Shames [8], we can write:  

 uDutf pd &&
4∇+= βαρ  (20) 

where α and β are two constants known as the Rayleigh 
damping coefficients. Furthermore, if we rearrange (19), we 
get:  

 ( )( )uDutuXtpuD pp &&&&&& 44 ∇+−+−−=∇ βαρρ  (21) 

which may be identified as the equilibrium equation of a plate 
submitted to an external resulting horizontal action fext given 
by the right hand side of (21). In fact, fext is nothing more than 
the sum of the pressure, damping and inertial forces. On the 
contrary, the left hand side of (21) may be seen as an internal 
force fint. 

5.2 Virtual work principle 

Once all the forces acting on the structure have been 
characterized, we can try to derive analytically the forced 
vibrations of an immerged plate. To do so, a solution is to 
apply the virtual work principle, which simply states that a 
necessary and sufficient condition for equilibrium is to equate 
the external and internal virtual works for any kinematically 
compatible displacements field. Consequently, if we want to 
express the equilibrium of the plate, we first may consider a 
compatible virtual field δu(y,z,t) acting on it. 

Furthermore, if we consider the developments performed in 
section 3.3, it seems reasonable to express that the motions 

u(y,z,t) exhibited during the seismic excitation are based on 
the wet mode shapes. In other words, we postulate that: 
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where N is the number of wet modes used for developing 
u(y,z,t). At this stage, the modal amplitudes qj and δqk are still 
unknown but will be determined by applying the virtual work 
principle. 

5.3 Internal virtual work 

During the virtual displacement δu, the work performed by the 
internal forces fint is simply given by:  

 ∫ ∫∫ ∫ ⋅⋅∇=⋅⋅=
H lH l
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which may be transformed by considering the modal 
decomposition (21). Doing so leads to an expression of δWint 
involving the wet modes calculated in section 3.3:  
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5.4 External virtual work 

If we now develop the second part of the virtual work 
theorem, the work associated to the external forces during the 
virtual displacement ��(�, �, 	) is given by:  
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H l

extext dydzufW
0 0

δδ  (25) 

and subsequently, we have to examine the contributions 
coming from all the terms involved in the right hand side of 
(21). This task is quite fastidious, so we will only provide here 
a short summary of the final results, obtained after having 
incorporated the modal form (21) into (25). The following 
results can be easily proved (see also in the Appendix for 
more details): 
 
• For the inertia forces, we get the following virtual work:  
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• For the Rayleigh damping forces, we get the following 
virtual work:  
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• For the pressure, we get the following virtual work:  
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5.5 Global equilibrium equation 

If we gather all the results obtained in (24), (26), (27) and 
(28), we can write the virtual work principle in the following 
way: 
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with k = 1,2, ... , N. It is worth noting that the virtual 
coefficients δqk do not appear anymore in (29) as the virtual 
work principle has to be satisfied for any value of these 
parameters. Furthermore, it is important to recall that Tjk, Ujk, 
Wjk and Vk may be directly expressed with help of the wet 
mode shapes. Some more detailed results are given in the 
Appendix. 

As a final step, let us write (29) under a matrix form. If we 
introduce the matrices [T], [U], [W] and the vectors q and V, 
we can express (29) by the following more classical result:  

 [ ] [ ]( ) [ ] [ ]( ) [ ] )()()()( tXVtqUtqUTtqWT &&&&&& =+++− βα  (30) 

For a given acceleration Ẍ(t), this equation may be solved 
by using the classical Newmark integration scheme for 
example. Doing so leads to the vector q containing the 
coefficients qj. These ones are then used to derive the dynamic 
response of the flexible walls with help of equation (22).  

6 NUMERICAL EVALUATION OF THE DYNAMIC 
RESPONSE 

6.1 Description of the seismic action 

To validate the analytical developments briefly exposed in 
section 5, we can compare them to those obtained by using a 
finite element model. The reservoir considered in section 4 
(Figure 3), for which the material and fluid properties are 
those listed in Table 1, is submitted to a seism having the 
longitudinal acceleration Ẍ(t) depicted on Figure 7. 
 

 

Figure 7. Longitudinal component of the seismic acceleration 

The Fourier transform of this signal, represented on Figure 
8, shows that the main part of the seismic excitation is located 
in the frequency range [1 Hz ; 15 Hz]. 

 

Figure 8. Fourier transform of the seismic acceleration 

6.2 Description of the model 

The numerical analysis is performed by using the finite 
elements software LS-DYNA. The flexible walls are modeled 
with Belytschko-Tsay shell elements [10] of uniform 
thickness tp. The constitutive material is supposed to be elastic 
and characterized by a mass density ρ, a Young modulus E 
and a Poisson ratio ν (see Table 1). The stress and strain 
tensors are related according to the classical Hooke's law. 

The mesh of the solid domain is quite coarse, with a more 
or less regular size of 20 × 20 cm for the shell elements. This 
choice is due to the necessity of limiting the size of the model. 
Nevertheless, we also performed simulations on more refined 
models with a meshing of 5 × 5 cm or 10 × 10 cm, and the 
obtained results were not sensitively different from the present 
ones. 

The fluid is modeled with constant stress solid elements 
[10] and supposed to behave like an elastic medium 
characterized by a mass density ρf and a bulk modulus Kf (see 
Table 1), but without shearing forces inside this material. This 
is coherent with the behavior of water. 

The mesh of the fluid domain is also regular, with an 
approximate size of 19 cm for the solid elements. Here again, 
using more refined meshes does not change noticeably the 
results. 

The both previous meshes representing the water and the 
structure do not share any node in common, which means that 
the fluid nodes are allowed to slide on the solid walls. A 
penalty contact algorithm is used to simulate the interaction 
between the plate and the surrounding liquid, which prevents 
the fluid from passing through the structure. 

6.3 Presentation of the results 

The analytical predictions derived from the virtual work 
principle are now confronted to the numerical ones. In this 
section, we will limit our presentation to the case of the 
reservoir depicted on Figure 3. Structural damping is applied 
on LS-DYNA through the classical Rayleigh formulation. The 
mass and stiffness coefficient are calibrated so as to model an 
arbitrary 4 % damping on the two first modes of vibration. 

It is worth mentioning that many other additional 
simulations were performed, using different geometrical 
configurations than the one of Figure 4. The conclusions that 
we found in all cases are very similar to those presented here, 
so for conciseness, we will not present them in this paper. 
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Figure 9. Comparison over four different time intervals 

As matter of comparison between analytical and numerical 
results, we can compare the total hydrodynamic force F(t) 
applied on the flexible wall (in excess to the hydrostatic 
pressure) is plotted on Figure 9 for different time intervals. As 
we neglect here the convective contribution, this resultant 
force is simply obtained by integrating the rigid and flexible 
impulsive pressures pr and pf over the wall surface. 

We see that the agreement between analytical results and 
numerical ones is quite satisfactory. The comparison of the 
extreme values, extracted from the previous curves and listed 
in Table 3, shows that the theoretical model tends to be more 
conservative than the finite element one. Moreover, the 
maximal overestimation does not exceed 15 %, which is 
acceptable for a pre-design study. Analytical and numerical 
simulations performed for other reservoirs led to similar 
conclusions. 

Table 3. Comparison of the extreme values 

Result 
Analytical 

solution (kN) 
Numerical 

solution (kN) 
Relative 
error (%) 

Maximal 
value 

180.09 kN 157.36 kN 14.4 

Minimal 
value 

-179.88 kN -167.29 kN 7.5 

7 CONCLUSION 

In this paper, we briefly present an analytical procedure to 
analyze the dynamic response of flexible reservoirs submitted 
to an earthquake.  

To achieve this goal, we first evaluate the wet modes 
characterizing the free vibrations of a plate in contact with 
water on one side. These modal properties are derived by 
using the Rayleigh-Ritz method. To check the validity of the 
results given by this approach, we compare them to numerical 
solutions obtained by using the finite elements software 
NASTRAN. These ones are derived by performing a modal 
analysis on a model where both the fluid and the solid are 
represented. For all the reservoirs tested, the agreement with 
the analytical results is found to be satisfactory. 

As soon as the wet modal properties are derived, it is 
possible to have a better investigation of the dynamic response 
of a reservoir submitted to a seism. The virtual work principle 
is used to derive an analytical solution to the problem. This 
one is then validated by comparison with numerical results 
provided by the software LS-DYNA. Once again, a sufficient 
agreement is found between analytical and numercial results. 

In comparison with numerical techniques, the main 
advantages of the present approach may be summarized in the 
following way: 
 
• The method quickly provides the approximate time 

evolution of the total hydrodynamic pressure acting on a 
flexible wall for a given acceleration Ẍ(t). This may be 
particularly useful during the early design stages of new 
structures, when engineers do not necessarily have time to 
resort to finite elements software. 

• In comparison with numerical approaches, our simplified 
method has also the advantage of being quite intuitive. 
Indeed, using finite elements software is still quite 
arduous, as having a proper numerical representation of 
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the fluid-structure interaction is not that easy. This 
requires from engineers to be highly familiar with all the 
various modeling techniques, which is not necessarily 
always the case. 

• Finally, we can also argue that the present simplified 
method is particularly well suited for working with 
important structures (such as lock chambers or large 
reservoirs). Indeed, such configurations may lead to very 
huge finite elements models requiring non negligible 
calculation times. 

Even if this paper is only dealing with the seismic design of 
reservoirs, it constitutes a first step for developing a similar 
simplified tool applicable to lock gates. Indeed, the main 
difference between the reservoir considered here and a lock 
chamber is that the flexible walls have to be replaced by the 
lock gates. By following a similar analytical procedure, it 
should be therefore possible to derive the same kind of results 
for these particular structures. This will be precisely the goal 
of further investigations. 

APPENDIX 

This appendix provides a more detailed description of the 
formulae leading to the evaluation of the matrices [T], [U], 
and [W] introduced in equation (30). These matrices are only 
functions of the wet eigenmodes of vibration. These last ones 
are given by (13) and may be derived by following the 
procedure described in section 3. As soon as they are found, 
they can be introduced in the following expressions:  

( )

( )
( )
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0 0
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 (31) 

where Imn has already been defined by equation (12). In 
addition, the various components of the vector V are to be 
found by applying the subsequent relation: 
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 (32) 

where βn = (2n − 1)π/L and ρf  is the mass density of the fluid, 
as mentioned previously. 
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ABSTRACT: The present paper attacks the problem of the modelling of a buoyant cable in a streamflow. The original idea was 
suggested by a very unusual problem: the design of a mobile art application consisting of a cable oscillating in the Tiber river.
The underlying engineering problem is to estimate if and how such an effect would be possible. Precisely quantitative answers to 
the following questions should be produced: (i) what is the driving power needed to generate the desired large oscillations of the 
cable in the streamflow, (ii) what is the maximum forces at the cable head, (iii) what is the expected shape of the cable and at what 
frequency the driving motors should work to obtain the desired scenic effect. 

KEY WORDS: Hydroelasticity, Cables, Dynamics, Vibrations.

1 INTRODUCTION
The present paper originated by a singular request made by 

an artist, Kristin Jones [1]. She desired to start a project named 
Luminessence consisting of a special cable equipped with 
submerged lights oscillating in the Tiber river current. A 
special project dedicated to Rome. This installation is supposed 
to be placed between two bridges, namely Ponte Mazzini and 
Ponte Sisto, generating a scenic effect, especially suggestive 
during the night, as it is represented in figure 1 and 2. The view 
of this artistic creation is expressed by Kristin Jones words: 
“Luminessence is envisioned as a flexible matrix of thousands 
of points of light responsive to the water’s current. The organic, 
submerged waveform will mirror the sinuous path of the river 
as it meanders through the city, appearing to swim upstream 
like a school of fish or a serpentine constellation. The luminous 
structure will reveal the energy of river, illuminating and 
articulating its flow. Employing the most current technology in 
lighting, the work is intended to reanimate, to reinterpret, and 
to make rivers manifest. 

Figure 1: Scheme of the Luminessence from Ponte Sisto [2]

Luminessence is conceived as a model that can be adapted 
and transformed to multiple sites to draw people and attention 
to the plight of rivers internationally. The ultimate objective is 
to create a form of power and beauty that is essentially river-
that respect and magnifies the phenomena of water.”

Figure 2: Top view of the installation art arrangement [2].

The problem the artist posed was the design of a motor-
driven system that had the ability to generate waves along the 
cable in this streamflow, providing some necessary 
characteristics of the cable, of the motor power and of the 
expected shape the cable assumes under the combined water 
current forces and the motor driving action.

The following analysis is devoted to produce a model to 
approach the problem, based on a semi-analytical solution of
the coupled cable-stream equations, using a travelling wave 
technique.

2 MODELLING THE CABLE-WATER INTERACTION
The analysis of cable structure is part of a well established 

literature [3-9]. Also the problem of elastic structures in fluid 
has a rather long tradition, especially related to aeroelasticity
[10-16]. However, the case of cables structures in an axial 
streamflow, is rather unusual in any engineering application. In 
the present paper we would like to attack this problem through 
three models that have the advantage to admit semi-analytical 
solutions, at least under certain restrictive conditions.

The cable model
Three different models of the cable-water interaction are 
proposed.

Cable oscillations in a streamflow: art in the Tiber
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The cable’s dynamic equation, reads
2

2 (1 )
C

S T
t s
u

(1)

where , , , , , , ,T

C
u v w S Tu are the cable 

section displacement, the mass density per unit length, the 
cable’s traction, the local tangent unit vector, the hydrodynamic 
and other external forces and the axial cable’s deformation, 
respectively. 

A constitutive relationship must be added to equation (1), 
since the traction T is an additional unknown. If the Poisson 
effect is neglected (small deformation), in the frame of linear 
elasticity the relationship holds:

( , ) = ( )

= =
( + , ) ( , )

= = +

(2)

where for an inextensible cable + = 1.
The way the hydrodynamic forces are introduced in this 

model is discussed ahead.
In the following sections different models, both for the cable 

and hydrodynamic forces are considered. The main differences 
rely on the simplifications introduced in equation (1) and in the 
hydrodynamic modelling; then linear and nonlinear coupled 
models are presented in sub-section 2.2, 2.3 and 2.4,
respectively.

No surface wave effects: cable’s dynamic coupled with 
2D Laplace’s equation.

Write the 2D equation of motion in the form:
2

2 ( ) skin frictionC
S T h p p f

t s
u

being the pressure p calculated on the two opposite (+ and -)
surfaces (of depth h) of the cable; n is the unit vector normal 
to the cable’s line, is the unit tangent vector;  skin frictionf is 
the tangential force due to the fluid shear stress at the cable’s 
surface. It is

2

2 ( ) skin frictionC

TS T h p p f
t s s
u

The tangent and the normal components of this equation are:
2 2

2 2 ( )
C

v vS T h p p
t s

(3a)

0skin friction
T f
s

(3b)

Solving the second, the traction along the cable is known and 
it can be substituted into the first providing a linear equation 
with a variable coefficient.

In the frame of a two-dimensional flow approximation, the 
hydrodynamic forces are described by the Laplace’s equation 
that reads:

2 ( , , ) 0x y t (4)

where is the perturbation potential. The fluid velocity 
components along the three coordinate axes are described as:

+ , , = 0

,

= ,

The fluid particles flowing along the cable line, belong to a 
surface of equation F(x,y,t)=0. Because of the boundary 
condition at the fluid-cable interface it follows:

( , , , ) 0 0DFF x y z t
Dt

where the cable line is described by the equation 
( , ) 0F y v x y :

( , )
0 x y

D y v x t y v y v y vDF v U v
Dt Dt t x y

Neglecting second order terms:

0y
v v U v
t x

and since yv
y

, finally:  

0v v U
t x y

(5)

that is the linearized kinematic cable-water interface condition.
The pressure along the cable is determined by projecting the 

Euler’s equation along the cable axis (s=x):
D grad p
Dt

v i

i.e. neglecting second order contributions:
x xv v pU
t x x

Integration yields (assuming the unperturbed flow pressure 
equal to zero):

p U
t x

(6)

The coupled cable-fluid model consists of equations (3a,b),
(4), (5) and (6) that must be applied to the upper and lower cable 
regions (+) and (-) as in equation (3a).

In general, these equations cannot be solved in terms of the 
cable unknown only, and the solution of the fluid domain field 
in terms of is needed. In the special case in which the 
solution is limited to downward propagating waves, the 
hydrodynamic force in the cable equation can be expressed in 
terms of the cable displacement.
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Cable dynamic coupled with 3D Laplace’s equation 
including interaction with surface waves

The liquid free surface propagates waves. Kinematic and 
dynamic pressure conditions holds on it, making the fluid 
problem three-dimensional.

Below are considered the basic equations of the problem.
The cable equation reads again (the traction being known 

from equation (3b)):
2 2

2 2 ( )
C

v vS T h p p
t s

The Laplace’s equation reads:
2 ( , , , ) 0x y z t (7)

The fluid particles flowing along the free surface belong to a 
surface of equation F(x,y,z,t)=0. It follows:

( , , , ) 0 0DFF x y z t
Dt

The water surface is described by ( , , ) 0F z x y t :

= 0
[ ( , , )]

=
( )

+
( )

( + )

+
( )

+
( )

+ = 0

neglecting second order terms.
Thus:

0, 0, 0U y z
t x z (8)

that is the free surface kinematic condition.
The Euler’s equation projected along the x, y and z axes, 

neglecting second order terms, produces:

x x

y y

z z

v v pU
t x x

v v pU
t x y

v v pU g
t x z

the integral of which, considering that along the free surface p
is constant, i.e. / / 0p x p y , leads to:

0, 0, 0U g y z
t x (9)

The boundary condition at the water stream bottom is:

0, z H
z (10)

The cable-water kinematic interface condition is (see 
previous section):

, 0, / 2v vU y z h
y x t (11)

and the pressure condition at the cable surface, including the
hydrostatic contribution due to the water surface elevation, is:

, 0, / 2p g U y z h
t x (12)

The hydrodynamic quantities related to the cable are 
evaluated at half of the depth (middle line of the submersed 
cable surface). As it is illustrated in the following, these 
equations have to be considered in the two half-space regions 
(+) and (-) as in the previous model.

Guided flow between two parallel cables
Consider two identical parallel cables with constant distance D
between the two axes (this is the configuration in which the 
cable consists of a chain of double hull segments connected 
each other; this solution is probably to be the preferred one, 
since rolling motion of the elements is strongly reduced). 
Assume the two cables have identical displacement u; the cable
equation has form (neglecting viscous forces):

2

22 2 ( )
C

S T h p p
t s
u n

where in the present case (+) and (-) denote the lower side of 
the upper cable and the upper side of the lower cable, 
respectively. A coefficient 2 appears both in the inertia force as 
well as in the traction factor due to the presence of a double 
hull.

Consider the motion of the fluid flowing between two 
parallel walls of depth h and mutual distance D. This is the 
portion of fluid delimited by two boundary cables. Neglecting 
the force at the bottom surface (z = - h) and that at the free 
surface (z = 0),  the force acting on the fluid is only due to the 
wall-water interaction. Considering the flow uniform both 
along y and z (i.e. in the region 

/ 2 / 2, 0D y D h z ) , the  velocity along the 
channel bounded by the two cables can be expressed as:

U
t
u

being this a function of space variable s only (abscissa along 
the cable). Thus, Euler’s equation reads:

D U grad p
Dt t

u

Integrating over a volume region of unit length along x and 
using the Green’s identity:

DDh U h p p
Dt t

u

i.e.:
D U U U U
Dt t t t s t

u u u

and since / s and x s , one obtains:
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2 2 2
2

2 2

2 2 2
2

2 2

2

2

D v v vDh U Dh U U
Dt t t x t x

v v vDh U U h p p
t x t x

u

n n

i.e. substituting into the cable’s equation:
2 2 2 2 2

2
2 2 2 22 2 2

c

v v v v vS T Dh U U
t x t x t x

(13)

3 PRELIMINARY ESTIMATE OF THE DRIVING 
FREQUENCY AND POWER

Although the previous models can be used for a numerical 
simulation of the coupled cable-water motion, a preliminary 
procedure can be used to determine the supplied power to the 
cable and the driving frequency to obtain a given “scenic 
effect”, that is mainly controlled by the length of the dominant 
waves travelling along the cable.  

To simplify the cables equation and to introduce the effect of 
the viscous forces, a rough evaluation of the traction T is 
possible through equation (3b). Consider the cable traction 
neglecting the unsteady effects and accounting only for the 
dominant traction forces (those tangent to the cable):

0skin friction
T f
s

Assuming 2
skin frictionf C U , it follows:

= + = +

= + +

+

= ( )

where the origin is at the cable head, L is the cable length and 
C a suitable friction coefficient. Simplify the problem taking 

an average value of the tension along the cable, 21
2

T C U L .

The tangential drag T is determined on the basis of the ITTC 
curve. The skin friction coefficient c is Reynolds dependent 
(Re), and has form:

21(0) (Re)
2 wetT c S U

where wetS is the wetted surface. The maximum and the 
average tension forces along the cable are:

(0) =
1

2
( ) =

1

2
( )( + )

=
1

2
( )

2( )
+

=
1

4
( )

2( )
+

(Re) =
.

( )
, Re =

where B is the width of the cable (a rectangular section is 
assumed). 

Substitution of T T into equation (3a) produces:
2 2

2 2 ( )
C

v vS T h p p
t s

(15)

This equation roughly accounts, through the calculated cable 
tension, for the tangent viscous water force skin frictionf
together with the pressure normal force ( )h p p due to 
the potential flow. 

Consider the cable-water interaction following model 1:
2 ( , , ) 0x y t (16) 

p U
t x

(17)

v vU
y x t

(18)

Let us explore a wave form solution ((+) and (-) denote 
hydrodynamic quantities in the upper and lower region, 
respectively):

( , ) = ,

( , , ) = ,

( , , ) = ,

( , , ) = ,

( , , ) =

that represents a downstream propagation. Substituting the 
previous waves into (16), (17) and (18), one has, respectively: 

y xk k (19)

;x xP j k U P j k U
(20)

1 1;x x
y y

j k U V j k U V
k k

(21)

Combining the last three equations:
2

x
y

P P P k U V
k

Substitution into equation (3a) produces:
22 2 2

x xc
x

hS V Tk V k U V
k

From this, the dispersion relationship is obtained:

22 22 0x x c
x

hTk k U S
k

(22)

Assuming xk equal to the value that produces the desired 
scenic effect, equation (22) provides the corresponding driving 
frequency . The supplied power W is:

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3190



0

( ) (0)
x

v vW t T
x t

With the obtained wave solution, the peak power along the 
period is:

2
max 0(0) xW T V k (23)

where 
0(0),T V are the tension at the cable’s head and the cable’s 

end displacement, respectively. 
When a double cable configuration is used, a double flow is 

generated: the outer flow described by Model 1 (or 2) and an 
inner flow described by Model 3. Thus:

2 2
( ) ( )

2 2

2 2 2
( ) ( ) 2

2 2

2 2

( ), 2

outer inner
C

outer inner

v vS T f f
t s

v v vf h p p f Dh U U
t x t x

Using the wave form solution, one has:
2( ) ( ) 2 2 22 2outer inner

x x x
x

hf f U k Dh U k U k V
k

where D is the width of the inner channel bounded by the two 
hull surfaces. Thus:

( ) ( ) 2 2 22 2outer inner
x x

x

hf f Dh U k U k V
k

It appears that the inner flow simply provides a correction 
coefficient with respect to that controlling the outer force. The 
polynomial providing the dispersion relationship becomes:

2( ) + + 2 +

+ + 2 = 0

(24)

The power supplied to the cable is:
2

max 02 (0) xW T k V
The procedure to calculate the power is the same illustrated in 
the previous section, except that the angular frequency must be 
determined by the corrected dispersion relationship (24).

4 ANALYSIS OF THE CABLE CONFIGURATION
The model presented in previous sections show, at least in the 
limit of the wave analysis given in section 3, that the 
hydrodynamic pressure appearing into the cable’s equation 
consists substantially of three terms. In fact, 

2
x

y

P P P k U V
k

produces three 

contributions proportional to xx kk ,, 22 , respectively. 
Three hydrodynamic terms also appear into equation (13) of the
model presented in sub-section 2.4. They are proportional to 
the derivative txxt /,/,/ 22222 , respectively, of 
the cable’s displacement. It is apparent how these terms have, 
in time domain, the same nature of the terms xx kk ,, 22 in 
frequency domain. This appears also from equation (24) where 
the two models are both applied to the same cable’s equation. 
The physical meaning of the three terms are easily recognized:

( )

( )

A cable coupled with a hydrodynamic model given by model 
1 and 3 is considered ahead. Although a strict solution of the 
model 1 cannot be obtained in principle without solving the 
equation of the potential flow, an approximate solution can be 
used. When solving equation (24), the forcing frequency
corresponding to xk is obtained. This implies that if the cable

is actually forced at frequency , then xk approximately 
characterizes the waves propagating along the cable in the 
direction of the river current (an iteration process can enhance 
the estimate of xk ). Since this is the dominant wavenumber 
contribution, using the previous results, an approximate form 
of the cable equation follows:

( ) =

+ +

+

( , ) = ( )

( , ) =

where T is linearly varying along the cable and boundary 
conditions are prescribed. Assuming a harmonic excitation at 
the cable head, i.e. tjeAtv ),0(0 with solution of 
equation (24),  the solution  is found in the form 

( , ) ( ) j tv x t V x e that substituted into the previous equation 
produces:

( )
2

+ 2 +

+ 2( ) + = 0

(25)

where xk is the wavenumber used in equation (24). The 
physical response of the cable is given by 

( , ) Re ( ) cos Im ( ) sinv x t V x t V x t , while the 
time dependent injected power, after equation (25) is solved, is 
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'2

'2

(0, )( ) (0) (0, )
1 (0, )

V tW t T V t
V t

. This provides information 

for selecting the electric motors to drive the system.
The last point concerns the introduction of a suitable normal 

drag force. This is a crucial point and, unfortunately, a fine 
computation of it is rather complicated (since it would imply 
the study of the motion of the cable in a viscous flow and the 
analysis of the produced vortex shedding). In fact, the effect of 
the normal drag controls the snake damping and it is the 
responsible of the attenuation of the travelling waves. The 
simplest form of the normal drag force (per unit cable length) 

is 
2

2
1

t
vhCn

where nC is an appropriate coefficient 

depending on the cable section. To preserve in this phase the 
linearity of the model, the force expression is modified as

t
vUhC nn2

1 where nU is a suitable velocity, representing 

the order of magnitude of the expected normal component of 
the cable speed. Since at the driven cable head the normal 
velocity is A , it is expected that nU can be chosen as a 
reasonable fraction r of it. Therefore:

t
vAhCr

t
vUhCf nnnn 2

1
2
1

The final equation becomes:

hD
k
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xd
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Assuming a double cable configuration, and the following 
data:

0

500 ( )
2 / , 170 ( )

60 / ( )

1 / ( )
100
13 ( ' max )
0.6 ( )

x x x

c

L m structurelength
k m snakeondulation

S kg m mass per unit length

U m s water current velocity
N number of buoyant segments
V m cable s head displacement
B m buoyant body width

/ ( )

2.0 ( . )
c

h S B buoyant body depth

D m dist between cables

the previous analysis generates the cable steady configuration 
plotted in figure 3. The instantaneous power required for the 
cable oscillation is also plotted in figure 4.

Figure 3. Snake Configuration (meters on both axis).

Figure 4. Injected Power (CV on the vertical axis, t on the 
horizontal axis).

5 CONCLUSIONS
The present paper attacks the problem of the modelling of a 

buoyant cable in a streamflow. The original idea was suggested 
by a very unusual problem: the design of a mobile art 
application. The idea of the artist (Kristin Jones) was to realize 
a special effect placing on the buoyant cable a set of led lights
that, because of the cable deflections, appears in the night to an 
observer looking at the cable from the bridge point of view, a
suggestive and enjoyable artistic effect.

The underlying engineering problem relies on the estimate if 
and how such an effect would be possible. Precisely 
quantitative answers to the following questions should be 
produced: (i) what is the driving power needed to produce the 
desired large oscillations of the cable in the streamflow, (ii) 
what is the maximum forces at the cable head, (iii) what is the 
typical expected shape of the cable and at what frequency the 
driving motors should work to obtain the desired scenic effect. 

A reasonably simple model of the problem has been 
developed that permits an estimate of the characteristic 
quantities involved in the design process. The model is based 
on the coupled equations of an elastic cable with those of the 
surrounding fluid and through a suitable wave approach, a 
semi-analytical solution is found. This approach can have a 
value in applications more close to practical engineering 
interests, such as energy extraction form a streamflow through
a set of oscillating wires, or in the problem of transportation of 
long buoyant inflatable barges towed by ships, or finally in the 
analysis of oil fence booms in the presence of severe currents.
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Influence of the boundary layer on flutter of elastic plate in supersonic gas flow
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ABSTRACT: We investigate the stability of an infinite elastic plate in a supersonic gas flow. This problem has been studied in
many papers regarding panel flutter problem, where uniform flow is usually considered. In this paper, we take the boundary layer
on the plate into account and investigate its influence on plate stability. Unsteady pressure is derived from Rayleigh equation, which
governs inviscid disturbances of the boundary layer. If the wave length is not too large, Rayleigh equation is solved analytically;
otherwise it is studied numerically. In both cases dispersion relation for a plate in supersonic flow with boundary layer is derived,
and the influence of the boundary layer on the plate stability is analysed.

KEY WORDS: panel flutter; boundary layer; aeroelasticity.

1 INTRODUCTION

The classical stability theory of shear flows deals with fluid
flows over rigid surfaces. Many different ways of laminar-
turbulent transition control have been studied, such as cooling
or heating of the surface, boundary layer suction or blowing,
surface porosity, etc.

Following [1], a series of papers is devoted to the investiga-
tion of boundary layer stability over compliant surfaces [2–9].
It has been shown that elastic and viscous properties of the sur-
face can significantly change the shape of the neutral stability
curve and can change instability character from convective to
absolute. Also, in addition to inviscid inflection-point instabil-
ity and viscous Tollmien-Schlichting instability, a series of new
instability types appears due to flexibility of the surface [2, 3].

The stability of compressible shear flows, and especially of
supersonic flows over a compliant wall, is studied much less.
In supersonic flows over a compliant wall, one more instabil-
ity type appears, namely, panel flutter [10, 11]. It is dangerous
not because of flow transition to turbulence, but primarily be-
cause of high-amplitude vibrations of the wall structure. This
phenomenon is well known in aviation and has been studied in
numerous papers since the 1950s.

Up to recent years, only one panel flutter type, namely,
coupled-mode flutter, was studied. It occurs due to the cou-
pling of two plate eigenmodes through gas flow. In case of
low supersonic flow speeds, another flutter type exists, namely,
single-mode flutter. Even though this type of flutter was dis-
covered in the 1960s [11], it is still viewed by some as being
non-physical and only appearing in calculations due to insuffi-
cient accuracy in numerical studies. However, recently, it was
analytically proved [12] that this type of flutter indeed exists;
later, it was observed in experiments [13] and studied numeri-
cally [14, 15].

The overwhelming majority of panel flutter investigators did

not take the boundary layer into account and consider uni-
form velocity and temperature profile. In a few papers where
the influence of the boundary layer was numerically studied
[16–18], a particular velocity profile was considered, namely,
(1/7)th power velocity law. The reason is that those studies
were devoted to the modelling of experiments [19, 20]. The
same boundary layer profile was studied in [21]. Those stud-
ies showed that the boundary layer of this particular profile can
decrease the growth rate of unstable eigenmodes or even fully
suppress instability. However, in flows over flight vehicles at
different flight conditions and for different skin panel locations,
boundary layer profiles over panels can significantly differ. In
this paper, we study the influence of the arbitrary boundary
layer profile on panel flutter.

2 FORMULATION OF THE PROBLEM

We investigate the stability of an infinite elastic plate stretched
by an isotropic in-plane force. One side of the plate is exposed
to shear gas flow; the other side experiences constant pressure
equal to an undisturbed pressure of the flow so that the undis-
turbed state of the plate is flat (Figure 1). The flow has a bound-
ary layer over the plate surface with given velocity and temper-
ature profiles u0(z) and T0(z), respectively. It is assumed that
they are governed by the flow conditions over the flight vehicle,
whose single panel is represented by the plate considered.

The problem is investigated in 2-D formulation; also, we ne-
glect the growth of the boundary layer so that the unperturbed
flow does not depend on x. This admits the perturbations of
a travelling-wave type, where all variables are proportional to
ei(kx−ωt). All variables are assumed to be non-dimensional,
with the speed of sound and temperature of the flow outside the
boundary layer taken as the velocity and temperature scales, the
plate thickness as the length scale, and plate material density as
the density scale.
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Figure 1: Gas flow over elastic plate.

The plate is governed by Kirchhoff-Love small deflection
plate theory. In a dimensionless form, the plate equation is as
follows:

D
∂4w

∂x4
−M2

w

∂2w

∂x2
+
∂2w

∂t2
+ p(x, 0, t) = 0, (1)

where w(x, t) is the plate deflection, D is the dimensionless
plate stiffness, Mw is the square root of the dimensionless in-
plane tension force, and p(x, z, t) is the flow pressure distur-
bance generated by the plate, which hence is a function of w.

The flow is assumed to be laminar; the Reynolds number
Re → ∞. This means that small perturbations of the flow are
governed by the inviscid Rayleigh equation, while viscosity is
essential only in the formation of the steady boundary layer as
non-uniform distribution of velocity and temperature.

Let us now proceed to equations. Let v(z)ei(kx−ωt) and
p(z)ei(kx−ωt) be the perturbations of vertical velocity com-
ponent and pressure. Then the compressible Rayleigh equa-
tion [22] takes the following form:

d

dz

(
(u0 − c)dv/dz − vdu0/dz

T0 − (u0 − c)2

)
− 1
T0
k2(u0−c)v = 0. (2)

Amplitude of pressure perturbation is expressed through v(z)
as follows:

p(z) =
µ

ik

(u0 − c)dv/dz − vdu0/dz

T0 − (u0 − c)2
, (3)

where µ is the dimensionless density of the flow outside the
boundary layer.

Consider boundary conditions for the Rayleigh equation.
First, at the plate surface z = 0, we assign the condition of
impenetrability along the plate bent in the shape of a travelling
wave: w(x) = ei(kx−ωt). The second boundary condition is the
radiation condition as z → +∞. We apply it at the outer bound-
ary of the boundary layer z = δ, where δ is the dimensionless
boundary layer thickness, as follows. Assume that for z > δ,
the flow is uniform, u0 ≡M∞ is the Mach number outside the
boundary layer, and T0 ≡ 1. Then for z > δ, Rayleigh equation
(2) is reduced to an equation with constant coefficients, whose
solution is v(z) = Ceγz , γ = −

√
k2 − (M∞k − ω)2. The

radiation condition as z → +∞ yields a particular square root
branch, namely,

Re γ < 0 (4)

for Imω � 1. This exponential solution outside the boundary
layer must be matched with the solution inside the boundary
layer. Thus, the boundary conditions finally take the following
form:

v = −iω (z = 0),
1
v

dv

dz
= γ (z = δ). (5)

Hereafter, we assume that the parameter µ (which is the den-
sity of the flow outside the boundary layer rated to the plate

material density) is small, and use asymptotic expansions as
µ → 0 wherever it is possible. In industrial applications, the
order of µ is typically in the range 10−5 . . . 10−3.

3 DISPERSION RELATION FOR AN INFINITE PLATE IN
A GAS FLOW

We assume that the plate is infinite and consider travelling-wave
disturbances: w(x, t) = ei(kx−ωt). In this section we derive the
dispersion relation that connects wave number k and frequency
ω in the following manner. First, we solve Rayleigh equation
(2) with boundary conditions (5). Second, we calculate distur-
bance of pressure (3) acting on the plate surface. Finally, we
substitute the pressure disturbance into the plate equation (1)
and obtain the dispersion relation.

Note that the Rayleigh equation can have two singularities
[22]. The first one is the critical point zc, where u0(zc) = c. It
leads to the singularity of the solution that will be discussed be-
low. The other one is the point where T0(z)−(u0(z)−c)2 = 0,
which means that the phase speed of the wave is equal to the lo-
cal speed of sound. This singularity is removable.

3.1 Long waves

The Rayleigh equation is solved by using two methods, analyt-
ical for long waves and numerical for short waves. First, con-
sider the case of long waves. The solution can be constructed in
the form of a convergent series in k2, known as the Heisenberg
expansion [22, 23]. In industrial applications related to flutter,
wavelengths λ = 2π/k of practical interest are usually much
larger than the boundary layer thickness δ. Therefore, we can
assume that |k| is small, namely, |k| � 1/δ, and keep only
the first term of the series. This is equivalent to neglecting the
second term of order of k2 in (2):

d

dz

(
(u0 − c)dv/dz − vdu0/dz

T0 − (u0 − c)2

)
= 0.

This equation is easily solved, and its general solution is

v(z) =
(
c1

(∫ z

0

T0(ζ)dζ
(u0(ζ)− c)2

− z
)

+ c2

)
(u0(z)−c). (6)

Substitution into (3) yields the pressure perturbation

p(z) ≡ c1µ

ik
. (7)

It is clearly seen that (6) has a singularity in the critical point
that is not removable in inviscid theory. Solutions that are
limits of the viscous system solutions (analogous to the Orr-
Sommerfeld equation in incompressible fluid) as viscosity van-
ishes are constructed such that the integration path is located in
the compex z plane and passes below the critical point [22]. In
particular, if Im c > 0 (growing disturbances), then integration
can be accomplished along the real z axis. If Im c 6 0 (neutral
and damped disturbances), integration must be accomplished in
the complex z below the singularity.
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Substituting (6) into boundary conditions (5), finding c1 and
c2, and calculating (7) yield pressure disturbance on the plate
surface

p(0) = −µ

( (M∞k − ω)2√
k2 − (M∞k − ω)2

)−1

+

(∫ δ

0

T0(ζ)dζ
(u0(ζ)− c)2

− δ

))−1

.

The first term in parentheses represents the contribution of the
uniform flow outside the boundary layer, whereas the second
term represents the contribution of the boundary layer.

It is convenient to extract boundary layer thickness δ from the
integral. Substituting ζ = δη, we obtain the following:∫ δ

0

T0(ζ)dζ
(u0(ζ)− c)2

= δ

∫ 1

0

T0(η)dη
(u0(η)− c)2

.

Hereafter, we will consider functions u0(η) and T0(η) as de-
scribing the boundary layer profile, where η is the local bound-
ary layer vertical coordinate, 0 ≤ η ≤ 1.

3.2 Short waves

For the case of short wave length comparable with the bound-
ary layer thickness, the Rayleigh equation is solved numerically
through the Runge-Kutta method. Having velocity and temper-
ature boundary layer profiles, u0(z) and T0(z), respectively, we
first find the critical point zc and choose a smooth path pass-
ing below the critical point in the complex z-plane (figure 2).
The next step is the numerical solution of the Rayleigh equation
along that path, by using the shooting method and the Runge-
Kutta method. Finally, by using formula (3), we calculate un-
steady pressure p(0) on the plate surface.

Re z

Im z

z
c

Figure 2: Integration path chosen for solving the Rayleigh
equation for the velocity profile u0(η) = M∞sin(πη/2),
M∞ = 1.6, c = 0.5 − 0.33i. The critical point is zc ≈
0.20− 0.14i.

3.3 Dispersion relation

The substitution of plate deflection w(x, t) = ei(kx−ωt) and
pressure disturbance p = p(0)ei(kx−ωt) into the plate equation
(1) yields the dispersion relation. In case of long waves it takes
the form

D(k, ω) = (Dk4 +M2
wk

2 − ω2)−

− µ

( (M∞k − ω)2√
k2 − (M∞k − ω)2

)−1

+

δ

(∫ 1

0

T0(η)dη
(u0(η)− c)2

− 1
))−1

= 0. (8)

Note that its structure reflects the contribution of each of three
media: the plate, the boundary layer, and the uniform flow out-
side the boundary layer. In particular, the expression in the first
parentheses represents the plate: its three terms reflect the bend-
ing stiffness, tension, and inertia of the plate. The expression in
the second parentheses represents the flow, whose influence is
proportional to µ. The first term in the parentheses is the con-
tribution of the uniform flow, whereas the second represents the
boundary layer.

As δ → 0, the dispersion relation (8) coincides with the dis-
persion relation for a plate in uniform flow [12, 24]:

(Dk4 +M2
wk

2 − ω2)− µ (M∞k − ω)2√
k2 − (M∞k − ω)2

= 0.

In the case of short waves, when unsteady pressure on the
plate surface is calculated numerically, the dispersion relation
can be written in the form

D(k, ω) = Dk4 +M2
wk

2 − ω2 + p(0) = 0, (9)

where p(0) is found by integrating the Rayleigh equation and
applying (3).

4 INSTABILITY OF TRAVELLING WAVES OF MODER-
ATE WAVE LENGTHS

Hereunder we consider wavelengths that are not too long so that
solutions ω(k) of the dispersion relation for the plate in the flow
are close to those for the plate in vacuum. In particular, we as-
sume that |k| � µ1/3. The influence of the flow on such waves
is small and can be taken into account in the first approximation
in µ. Investigation of long waves was conducted in [25].

In this section we consider ”moderate” wave lengths, when,
on one hand, the wave is not too long, and, on the other hand,
not too short so that the Rayleigh equation can be solved analyt-
ically as shown in Section 3.1 (i.e., µ1/3 � |k| � 1/δ). Under
this assumption, the Taylor expansion in µ yields the following:

ω(k, µ) = ω(k, 0)− µ∂D
∂µ

/
∂D
∂ω

∣∣∣∣
µ=0

+ o(µ).
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Neglecting infinitesimal terms, we obtain

ω(k, µ) = ω(k, 0)−

− µ

2ω(k, 0)

( (M∞k − ω)2√
k2 − (M∞k − ω)2

)−1

+

δ

(∫ 1

0

T0(η)dη
(u0(η)− c)2

− 1
))−1

, (10)

where the expression in parentheses is calculated at µ = 0.
It is seen that the frequency ω(k, µ) of the plate in the flow

can be represented as the frequency of the plate in vacuum
ω(k, 0), slightly (by the order of µ) modified by the flow. As
the frequency in vacuum ω(k, 0) is always real, the stability of
the plate in the flow is governed by this small term caused by
the flow. The flow influence on the frequency, as well as on
the dispersion relation, is clearly split into two different mecha-
nisms expressed by two terms in the parentheses: uniform flow
(the first term) and the boundary layer (the second term).

In order to investigate the influence of the boundary layer on
the growth of travelling waves, let us first consider waves in uni-
form flow, δ = 0 [12]. In this case, the behaviour of the wave
is governed by the square root in the right-hand side of (10).
The choice of an appropriate branch is not obvious and must
be conducted by considering radiation condition (4) for rapidly
growing waves. In other words, the square root branch must be
an analytical continuation of the branch defined as follows:

Re
√
k2 − (M∞k − ω)2 > 0, Imω → +∞,

from the region of very large Imω to the values of interest.
We will be primarily interested in unstable solutions, that is,
Imω > 0; therefore, the path for continuation in ω plane can
be chosen so that it lies in the upper half plane, and this con-
tinuation is single-valued (note that both branch points of the
square root are real for k ∈ R).

The accurate treatment of the continuation [12] yields four
cases. If the wave propagates upstream (i.e. c < 0), it is always
damped. If the wave propagates downstream, it is amplified if
0 < c < M∞ − 1, neutral if M∞ − 1 < c < M∞ + 1, and
damped if c > M∞ + 1. Physically, these inequalities express
a relationship between the phase speed c of the wave running
in the plate and the speed of acoustic waves M∞ ± 1 in the gas
flow.

Thus, three types of wave behaviour are possible:

• In the uniform flow, the wave is growing and supersonic
relating to the flow: 0 < c < M∞ − 1.

• In the uniform flow, the wave is neutral and subsonic re-
lating to the flow: M∞ − 1 < c < M∞ + 1.

• In the uniform flow, the wave is damped and supersonic
relating to the flow: c > M∞ + 1 or c < 0.

Let us treat them in series in order to investigate the influence
of the boundary layer term in (10).

4.1 Influence of the boundary layer on the growing wave

First, we will investigate waves of the first type. To make the
analysis clearer, denote

A =

√
k2 − (M∞k − ω)2

(M∞k − ω)2
=

√
1− (M∞ − c)2

k(M∞ − c)2
,

B = δ

(∫ 1

0

T0(η)dη
(u0(η)− c)2

− 1
)
,

and rewrite (10):

Imω(k, µ) = − µ

2ω(k, 0)
Im(A+B)−1.

As the wave is growing at δ = 0, then ImA = a > 0,
ReA = 0. Let us determine which regions of B plane corre-
spond to a decrease or increase of Im(A+B)−1 in comparison
with ImA−1 (i.e. stabilisation or destabilisation of the wave by
the boundary layer).

It is easy to prove that the level lines of Im(A+B)−1 on the
complex B plane are circles with centres on the imaginary axis
that pass through the point B = −ia. If the second intersec-
tion of the circle and imaginary axis lies above this point, then
Im(A + B)−1 < 0; otherwise, Im(A + B)−1 > 0. Level line
Im(A + B)−1 = ImA−1 is a circle that passes through the
point B = 0. Level line Im(A + B)−1 = 0 (neutral distur-
bances) is a horizontal line passing through the point B = −ia
(figure 3).

Fix the phase speed c and consider Im(A + B)−1 as a func-
tion of the boundary layer thickness δ, assuming that profiles
u0(η) and T0(η) are specified. A does not depend on δ, while
B is a linear function of δ. Then values of B on the complex
plane that correspond to different values of δ lie on a ray that
begins at B = 0.

Two cases are possible. If ImB > 0, then the ray is directed
upward or horizontally. In this case, for any δ, the wave is
growing; its growth rate is less than at δ = 0 and tends to zero
as δ →∞.

Re B

Im B

ia

Im B=-aδ2

δ1

1

3

2

4

Figure 3: Level lines Im(A + B)−1. 1: Im(A + B)−1 = 0;
2: set of lines below 1, Im(A + B)−1 > 0; 3: set of lines
above 1, ImA−1 < Im(A + B)−1 < 0; 4 (shaded): region
Im(A+B)−1 < ImA−1 < 0.
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In the other case, ImB < 0, the ray is directed downward.
For 0 < δ < δ1, the growth rate is positive and larger than at
δ = 0, where δ1 is the value where the ray crosses the circle
Im(A + B)−1 = ImA−1 (figure 3). For δ1 < δ < δ2, the
growth rate is still positive, but less than at δ = 0, where δ2 is
the value at which the ray crosses the line Im(A + B)−1 = 0.
Finally, for δ > δ2, the wave is damped.

The value of ImB is calculated explicitly as follows. Inte-
grand in the definition ofB has a singularity at the critical point
η = ηc, which must be passed below, according to Lin’s rule.
Let us expand boundary layer profiles in the Taylor series near
η = ηc:

T0(ξ) = T00+T01ξ+. . . , u0(ξ) = c+u01ξ+u02ξ
2/2+. . . ,

where ξ = η− ηc, T0n and u0n are n-th derivatives in the criti-
cal point. Then we have the following:

T0(ξ)
(u0(ξ)− c)2

=
T00 + T01ξ + . . .

(u01ξ + u02ξ2/2 + . . . )2
=

T00

u2
01

1
ξ2

+
1
u2

01

(
T01 − T00

u02

u01

)
1
ξ

+ reg.terms (11)

As the 1/ξ term is the only source of non-zero imaginary part
of B, we obtain

ImB =
πδ

u2
01

(
T01 − T00

u02

u01

)
= −πδ T

2
0

u′30

(
u′0
T0

)′
,

where the prime denotes the derivative with respect to z at the
critical point.

Thus, ImB is a function of the boundary layer thickness and
the local behaviour of the velocity and temperature profiles in a
neighbourhood of the critical point. On the contrary, the value
of ReB depends on all regular terms in the expansion (11), i.e.
on the profiles in the full segment η ∈ [0; 1].

Let us now reformulate results obtained in terms of the
boundary layer profile. If the profile is generalised convex, i.e.
(u′0/T0)′ < 0 everywhere, then for any phase speed ImB > 0.
This means that the boundary layer has a stabilising effect: al-
though the growth rate in the flow with the boundary layer stays
positive, it is less than in the uniform flow.

If the profile has a generalised inflection point, then there ex-
ists a range of phase speeds c such that the effect of the bound-
ary layer is destabilising (i.e. growth rate of the wave in the flow
with the boundary layer is higher than in the uniform flow) for
δ < δ1, since ImB < 0. The closer |ReB| is to zero (that
is, direction of the ray to vertical), the more growth rate we ob-
tain due to the boundary layer. In the limit case ReB = 0,
ImB → −a the value of Im(A+B)−1 (and hence the growth
rate Imω) tends to infinity as δ → δ1.

The possibility of large growth rates caused by the boundary
layer in real flows will be considered below. But the limit case
of c → 0 can be immediately excluded, as the behaviour of
ReB can be explicitly found. After the integration of (11), the
leading term of ReB is as follows:∫ 1−ηc

−ηc

T00

u2
01

1
ξ2
dξ = −T00(ηc)

u2
01(ηc)

(
1

1− ηc
+

1
ηc

)
.

Thus, as c → 0 (consequently, ηc → 0), ReB → −∞, i.e.
the ray direction tends to horizontal. This means that, first,
δ1 → 0 and, second, the increase of the growth rate caused by
the boundary layer for 0 < δ < δ1 is negligible. We conclude
that destabilisation of the wave growing in uniform flow by the
boundary layer can occur only for intermediate phase speeds,
0 < c < M∞ − 1.

4.2 Example: Profiles of accelerating and decelerating flows

Consider self-similar boundary layer profiles [26] that are gov-
erned by parameter β. If β > 0, then the free-stream flow is
accelerating; if β < 0, then it is decelerating; if β = 0, then the
flow velocity is constant. These profiles are analogous to those
boundary layer profiles that appear in incompressible fluid in
case of degree function flow u∞(x) = Cxm, β = 2m/(m+1).
We will assume that the wave length is much less than the char-
acteristic distance, over which the flow outside the boundary
layer essentially changes; hence, the flow can be considered as
locally uniform. In other words, saying ‘accelerating’ and ‘de-
celerating’ flow hereunder, we mean the corresponding bound-
ary layer profile, still considering the free-stream flow uniform.

In this section, we consider an example of the Prandtl number
Pr = 1 and the heat-insulated plate so that the boundary layer
profiles are expressed through the solution f(ξ) of the follow-
ing equation [26]:

f ′′′+ff ′′ = β(f ′2−1), f(0) = f ′(0) = 0, f ′(+∞) = 1.

Velocity is then given as a function of a similarity variable ξ:
u0(ξ) = f ′(ξ). The physical z coordinate is calculated for each
ξ as follows:

z = C

∫ ξ

0

T0(u0(ξ))dξ.

Temperature profile T0(u0) is given using the same expression
as in an adiabatic flow:

T0(u0) = 1 +
γ − 1

2
(M2
∞ − u2

0). (12)

Let us consider several profiles as examples. They are de-
noted as 1–5 in figure 4a and correspond to β = 2, 0.5,
0, −0.14, and −0.199. Note that profile 5 is a limit case
of the attached boundary layer, because du0(0)/dz < 0 for
β < −0.199, and the boundary layer separates from the plate.

Calculations have been conducted for parameters that corre-
spond to a steel plate at 3 km above sea level:

D = 23.9, Mw = 0, µ = 0.00012, γ = 1.4, (13)

and Mach number M∞ = 1.6.
The generalised curvature (u′0/T0)′ is plotted for these pro-

files in figure 4b, while values of ReB and ImB are shown in
figures 4c and 4d.
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Figure 4: Velocity profiles for accelerating and decelerating flows over heat-insulated plate for parameters (13), M∞ = 1.6,
Pr = 1: (a) velocity profiles, (b) generalised curvature, (c) ReB, (d) ImB. Curves 1–5 correspond to β = 2.0, 0.5, 0.0, −0.14,
−0.199.

It is seen in figure 4d that in the case of profiles 1 and 2,
ImB > 0, and the growth rate decreases when δ increases.
This is also seen in figure 5, where Imω is plotted versus
the boundary layer thickness for a particular wave number
k = 0.06.

In the case of profiles 3–5, ImB < 0 for waves travel-
ling with supersonic speed relative to the outer flow (i.e. for
c < M − 1), which means that the wave is amplified by the
boundary layer at δ < δ1 (figure 5). As proved above, the
smallness of |ReB| is a condition of the significant destabil-
ising effect of the boundary layer. It is seen in figure 4c that
amongst the profiles considered, |ReB| is the smallest for pro-
file 5 on a whole interval c < M∞−1. According to this, Imω
is significantly increased for this profile by the boundary layer
(figure 5).

4.3 Influence of the boundary layer on neutral and damped
waves

We have investigated the influence of the boundary layer on
waves that are growing in potential flow, that is, 0 < c <
M∞ − 1.

Now suppose that the wave is damped in potential flow, that

is, M∞ + 1 < c or c < 0. Then A is purely imaginary, and
ImA < 0. There is no critical point in the flow; therefore,
ImB = 0. Then 0 < Im(A + B)−1 < ImA−1, which means
that the boundary layer decreases the wave damping rate but
cannot result in its growth. Damped waves stay damped.

δ

Im ω×104

4

0
2 4

8

-4

234
5

1

Figure 5: Function Imω(δ) for profiles 1–5 in figure 4 for pa-
rameters (13), M∞ = 1.6, k = 0.06.
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Next, suppose that the wave is neutral in uniform flow, that is,
M∞−1 < c < M∞+1, and ImA = 0. IfM∞ 6 c 6 M∞+1,
then there is no critical point in the flow; therefore, ImB = 0.
The wave stays neutral in the boundary layer.

If the wave in uniform flow is neutral and M∞ − 1 < c <
M∞, then there is a critical point, and ImB 6= 0. Consider
two types of the boundary layer profile. In case of the flow
with a generalised convex profile, (u′0/T0)′ < 0, sign ImB =
− sign((u′0/T0)′) > 0. Consequently, Im(A + B)−1 < 0 and
Imω > 0, which means that the wave is destabilised by the
boundary layer. Note that the boundary layer itself (i.e. over a
rigid wall) is stable. This conclusion is similar to that obtained
by [5], who showed that for the Blasius boundary layer in in-
compressible fluid, elasticity of the plate yields destabilisation
of the layer as Re→∞.

Finally, suppose that the boundary layer profile has a gen-
eralised inflection point zinfl in the subsonic part of the layer
so that (u′0/T0)′ > 0 for z < zinfl and (u′0/T0)′ < 0 oth-
erwise (this is typical for boundary layers over a flat heat-
insulated plate; we restrict ourselves to this class of boundary
layers). Then waves that have critical points at z > zinfl, that
is, M∞ − 1 < u0(zinfl) < c < M∞, are destabilised by the
boundary layer because sign ImB = − sign((u′0/T0)′) > 0
and hence Im(A+B)−1 < 0. On the contrary, waves with such
phase speeds that M∞ − 1 < c < u0(zinfl) become damped.

Figure 6: Imω(δ) for k = 0.1. Numerical data are shown by
points, analytical solution (10) is represented by the curve.

5 INSTABILITY OF SHORT WAVES

5.1 Numerical method

In this section we consider waves whose lengths are short
enough so that the Rayleigh equation is solved numerically
as described in Section 3.2. For solving the dispersion equa-
tion (9), we use the following procedure. Having the problem
parameters, M∞, µ, D, Mw, δ, the velocity and temperature
profiles, and the wave number k, we search for a solution of

the dispersion equation ω(k) using iterative method. In the
first step of iterations ω1 is taken equal to the frequency of
the plate in vacuum

√
Dk4 +M2

wk
2. Now, let us have n-th

approximation, ωn. We numerically solve the Rayleigh equa-
tion, find the velocity perturbation v, and calculate the unsteady
pressure p(0, ωn) according to (3). For the next approxima-
tion we put ωn+1 =

√
Dk4 +M2

wk
2 + p(0, ωn). The pro-

cedure is repeated until the desired accuracy is achieved, i.e.,
|D(k, ωn)| < ε.

Figure 7: Imω(δ) for k = 0.175. Numerical data are shown by
points, analytical solution (10) is represented by the curve.

Figure 8: Imω(δ) for k = 0.275. Numerical data are shown by
points, analytical solution (10) is represented by the curve.

5.2 Results

We studied the velocity profile u0(η) = M∞sin(πη/2) and
the temperature profile (12) for parameters (13), M∞ = 1.6.
Calculated growth rate versus the boundary layer thickness,
Imω(δ), are plotted for a range of wave numbers k. For ”mod-
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erate” wave lengths, k = 0.025..0.100, there is a satisfactory
agreement between the numerical and analytical solution (10)
(figure 6).

With increasing k, starting from k = 0.125, a difference
between the numerical and analytical solution appears (fig-
ure 7) due to the second term in (2) neglected in the analyt-
ical solution. First, the maximum value of the growth rate
for the numerical solution becomes higher than for analyti-
cal for sufficiently large k. Namely, numerical results give:
max Imω(δ) ≈ 0.0012164, 0.0007332, 0.0000173, whereas
from (10) max Imω(δ) ≈ 0.0044722, 0.0007936, 0.0000091
for k = 0.125, 0.15, 0.25, respectively. Second, there is some
difference in the boundary layer thickness at which the maxi-
mum growth rate is achieved: numerical solution gives smaller
δ comparing with analytical (figure 7, 8). The third effect of
short waves is that Imω = 0 for δ lying outside a certain seg-
ment, as demonstrated in figure 8, whereas (10) gives non-zero
growth rates for any δ. The higher k, the more pronounced
these effects are.

6 CONCLUSIONS

In this paper we derived a dispersion relation for a plate in
supersonic flow with the boundary layer over the plate taken
into account. For ”moderate” wave lengths an analytical solu-
tion ω(k) is given and influence of the boundary layer on the
plate stability is analysed. For short waves, when the Rayleigh
equation cannot be simplified and solved analytically, numeri-
cal study is conducted. It is shown that the term of the order
of k2 in the Rayleigh equation yields additional destabilisation
for a certain segment of the boundary layer thicknesses. For δ
lying outside this segment, this term stabilizes the short waves.
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ABSTRACT: In this paper we numerically analyse nonlinear flutter oscillations of elastic plate in a gas flow. In contrast to many
other papers, we use direct Navier-Stokes equations for unsteady pressure calculations, instead of piston theory or other simplified
aerodynamic theories. The primary interest lies in investigation of the region of low supersonic Mach numbers, 1 < M < 2,
where several plate eigenmodes can be simultaneously unstable, and resulting oscillations are governed by nonlinear interaction
of unstable modes. Two types of unstable plate behaviour have been obtained. First, at 0.7 < M < 1 the plate diverges.
Second, at 1 < M ≤ 1.67 single mode flutter occurs in three distinct forms: limit cycle in the first mode (1 < M < 1.33 and
1.5 < M ≤ 1.67) or higher modes; limit cycle in the first and second modes being in internal 1:2 resonance (1.15 < M < 1.33 and
1.42 < M < 1.5), and non-periodic oscillations with several frequencies being in more complex ratio and a certain quasi-chaotic
component (1.33 < M < 1.42). Amplitudes and spectra of each limit cycle type are analysed.

KEY WORDS: panel flutter; boundary layer; aeroelasticity.

1 INTRODUCTION

Aeroelastic instability of plates in a gas flow has been studied
in many papers in context of panel flutter problem [1–6]. In
the case of subsonic flow the primary instability type is static
divergence, whereas in supersonic flow instability has an oscil-
latory nature, i.e. the plate flutters. Flutter instability, in turn,
can be either coupled-mode flutter, or single-mode flutter. The
first one occurs due to coalescence of the plate eigenfrequen-
cies due to action of the flow; it has been studied in detail in the
1950-70th using aerodynamic piston theory. The other flutter
type, single mode flutter, occurs at lower flow speeds, namely,
in the range of Mach numbers 1 < M < 2, and is studied
insufficiently. In recent years detailed investigation of linear
single mode flutter boundaries has been conducted [7–9]; also,
this flutter type has recently been observed in experiments [10].
Unusual result that has been obtained is that there is a range
of Mach numbers and plate lengths where several plate eigen-
modes are simultaneously unstable. Hence, the development
of initial perturbation consisting of those modes and formation
of the limit cycle is governed by nonlinear interaction of the
unstable eigenmodes.

Though several time-domain simulations of nonlinear panel
flutter were performed at conditions of transonic and low su-
personic speeds [11–13], authors of those papers did not distin-
guish flutter type and did not investigate frequency spectra. On
the other hand, it was recently analytically proved [14] that the
behaviour of the oscillation amplitude when changing the prob-
lem parameters is very sensitive to the eigenmodes presented in
the limit cycle oscillations. In particular, extrapolation of simu-
lation results obtained for certain parameters to a wider param-
eter range is sensitive to flutter mechanism and structure of the
limit cycle.

In this paper aeroelastic instability of a plate in an air flow is
investigated by direct time-domain numerical simulation. Plate
and gas flow motion are modelled in solid and fluid codes, re-
spectively, with direct coupling between them. The effect of the
boundary layer over the plate is neglected. The main goal is the
investigation of nonlinear development of growing oscillations
in case of several linearly growing eigenmodes.

Note that in contrast to studies [11–13], where the flow over
one side of the panel was considered, we investigate the flow
over both sides of the panel (Fig. 1). Generally speaking, this
can yield different limit cycle oscillations due to difference in
nonlinear aerodynamics. However, due to similar equations for
linearized flow, linear stability boundaries coincide when com-
paring flow over both plate sides and over one side with two
times higher flow density. Also, limit cycle oscillations are sim-
ilar for relatively small amplitudes, when nonlinearity is due to
plate but not because of the flow. Hence, the difference can only
be in high-amplitude nonlinear limit cycle oscillations.

2 FORMULATION OF THE PROBLEM

We investigate 2-dimensional motion of an elastic plate in a
uniform air flow (Fig. 1). Unperturbed state of the plate is flat;
the flow has equal speed, pressure and density along both sides
of the plate.

The plate has dimensions 0.7× 0.001 m and consists of three
pieces: leading and trailing pieces are fixed, whereas the middle
piece is free (Fig. 2). This is equivalent to considering only the
middle piece of the length Lp = 0.3 m and applying clamping
boundary conditions w(x, t) = ∂w(x, t)/∂x = 0 at its edges.
Material properties of steel were used in calculations: Young’s
modulus E = 2× 1011 Pa, Poisson’s coefficient ν = 0.3, den-
sity ρm = 7800 kg/m3.
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Figure 1: Plate in a gas flow.

To simulate the plate motion, we use nonlinear Mindlin plate
model, where elastic strains are calculated through Koiter-
Sanders shell theory.

0.15 m 0.25 m0.3 m

elastic piece of the plate  

rigidly fixed pieces

Figure 2: Boundary conditions for the plate.

inlet

free outlet

free-slip 
condition

plate

Figure 3: Simulation domain and boundary conditions for the
flow.

During a short initial time range t = 0...ε, where ε =
0.0002 s, a slight disturbing force is applied to the panel in or-
der to introduce initial perturbation of the system. At t > ε no
external force is applied to the plate and the flow so that the sub-
sequent behaviour of the system is governed by fluid-structure
interaction only.

Simulation domain of the gas flow is a square 0.6 × 0.6 m,
as shown in Fig. 3. The gas is viscous and obeys equation of
state for perfect gas with air properties assigned. The flow is
governed by Navier-Stokes equations. We neglect the bound-
ary layer and investigate flutter in uniform flow.

Other boundary conditions for the flow are as follows. For
supersonic flow speeds, at the inlet we set uniform flow param-
eters: velocity, pressure, and temperature, which do not depend
on t. The same parameters are specified over the simulation do-
main at t = 0 as initial conditions. Temperature and pressure at
inlet is equal to 273 K and 50000 Pa, respectively in all cases

studied. The flow speed is varied. Hereafter we will use Mach
number M = v/a to represent the flow parameters, where a is
speed of sound. At the top, bottom, and aft domain boundaries
the condition of free flow outlet is assigned (Fig. 3).

For subsonic flow speeds, another set of boundary conditions
was used. Namely, at the inlet we define total pressure and
temperature of the flow (as well as for supersonic case, the lat-
ter is always equal to 273 K). At the top, bottom, and aft do-
main boundaries we set the flow pressure. In all subsonic cases
we checked that inlet pressure obtained in analysis almost co-
incides with the pressure defined at other boundaries so that
velocity also takes the desired value.

3 NUMERICAL TECHNIQUE

Analysis is conducted by using two coupled commercial codes.
Plate motion is simulated in Abaqus, finite-element code ini-
tially developed for stress analysis. The flow is simulated in
a finite-volume code FlowVision developed by Tesis LTD for
aero/hydrodynamic applications.

Interaction between the codes is organised through direct
coupling mechanism along the surface of the deformed plate
[15, 16]. Both codes are executed in turns; exchanges occur at
each time step (generally not related to internal time steps of
Abaqus and FlowVision) according to conventional serial stag-
gered (CSS) procedure. Each subsystem of equations (solid
and fluid) is solved until the exchange time step is achieved,
when results are sent to the other subsystem. Namely, displace-
ments and velocities of the plate points are sent from Abaqus to
FlowVision, whereas the pressure distribution along the plate
surface is sent back from FlowVision to Abaqus.

Mesh properties used in the simulation are as follows.
Abaqus plate model consists of hexagonal finite elements,
mesh size is 200 (length) ×2 (through the thickness) elements.
FlowVision flow model consists of 50 (length) ×772 (height)
finite volumes. Vertical size of finite volumes varies from
0.0001 m near the plate to 0.01 m near the top and bottom
boundaries of the simulation domain. A special mesh conver-
gence study was performed, which shows that the mesh is fine
enough to obtain accurate limit cycle solution. When solving
the problem with moving boundary, FlowVision uses subgrid
resolution technique [15] to capture the plate motion.

Let us now observe results obtained at various flow condi-
tions. It is convenient to analyze plate behavior by watching
deflection A of a reference point plotted versus time. Refer-
ence point is located at 0.22 m downstream of the leading edge
of the plate (Fig. 4). Fourier analysis was used to determine
spectral components of limit cycles observed.

0.22 m

0.3 m

Reference 
point

M

Figure 4: Reference point location.
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Figure 5: Deflection of the reference point vs. time: stability
(M = 0.7, a), divergence (M = 0.9, b), flutter (M = 1.06, c).

Three types of the plate behavior were observed: stability,
divergence, and flutter. In the case of stability perturbed plate
oscillates with rapidly decreasing amplitude and returns to the
initial position. Reference point behavior is plotted in Fig. 5a.
In the case of divergence (which was detected only for M < 1)
plate also oscillates with decreasing amplitude, however, in
contrast to stability, it is finally stabilized in deflected position
(Fig. 5b). In the case of flutter (which was observed only for
M ≥ 1) plate oscillation amplitude increases and then stabi-
lizes at a non-zero value; the plate oscillates in a limit cycle
(Fig. 5c).

4 RESULTS

For analysis of the plate behavior at subsonic, transonic and low
supersonic Mach numbers we varied M from 0.7 to 2.0. The
value of the inlet pressure is small enough to avoid any coales-
cence of eigenfrequencies, and, hence, to avoid coupled mode
flutter.

4.1 Subsonic speeds

For the parameters chosen the plate is stable for M ≤ 0.73. At
M > 0.73 perturbed plate makes several oscillations and stabi-
lizes at a deformed state so that the deflection of the reference
point tends to a constant value as t → ∞ (Fig. 6a). Shape of
the diverged plate is very close to the first natural mode shape
(Fig. 6b). Such a panel divergence was obtained in calculations
for M = 0.818, 0.909, and 0.969.
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A×103 (m)

0.080.04 0.12
0

0.8

0.4

1.2

reference point

(a)

(b)

Figure 6: Reference point deflection in time (a), plate shape (b)
at divergence. M = 0.909.
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Figure 7: Reference point deflection in time (a), plate shape
(black curves represent motion down, gray curves represent
motion up, bold curves represent the plate shape in delayed po-
sitions) (b), spectrum (c) at M = 1.0.

4.2 Transonic speeds

Mach number M = 1 corresponds to a borderline state be-
tween divergence and single mode flutter. Plate oscillates with
a frequency 24 Hz, which is more than twice lower than the
first natural frequency, as plotted in Fig. 7a. In contrast to os-
cillations that occur at higher M , the plate motion is delated in
states of maximum and minimum deflection. Such oscillations
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can be represented as follows. The plate diverges upward and
stays in this position some time. This delay can be considered
as local stability of the diverged state of small duration. How-
ever, aerodynamic pressure at M ≈ 1 cannot anymore support
the plate in static position, and the plate buckles to the opposite
diverged state. In result, the oscillations are far from harmonic;
in fact they consist of opposite divergence states changing each
other. Note that the plate shapes in the delayed positions (shown
by bold curves in Fig. 7b) are not purely first mode shape as for
M < 1, but have a clearly visible second mode component. Os-
cillation mode shape has a form of a traveling wave (Fig. 7b),
exactly as predicted in [11].

4.3 Supersonic speeds: non-resonant limit cycle oscillations

Let us now proceed to the case of M > 1. Note that the
smallness of the flow density excludes possibility of coupled
mode flutter occurrence, therefore all oscillations that will be
observed hereunder are caused by single mode flutter mecha-
nism and nonlinear mode interaction.
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Figure 8: Reference point deflection in time (a) plate shape
(black curves represent motion down, gray curves represent
motion up) (b), spectrum (c) at single mode flutter. M = 1.06.

In the range of Mach numbers 1.0 < M ≤ 1.12 we observed
pure single mode flutter oscillations (Fig. 8). Plate shape looks
close to the first natural mode shape; deflections of the plate up-
ward and downward are symmetrical to each other. Oscillations
have a certain component of travelling wave moving down-
stream, however, the more Mach number is, the more standing
the oscillation is. Spectrum of the reference point oscillations
consists of two peaks being in ratio 1:3. The second peak is
caused by a cubic nonlinearity of the plate and is not associated
with a separate eigenmode.

4.4 Supersonic speeds: resonant limit cycle oscillations

In the range 1.12 < M < 1.33 limit cycle oscillations are
not symmetrical (Fig. 9). During the initial phase of oscilla-
tion growth the plate oscillates symmetrically, the mode shape
is the same as in Fig. 8b. Starting from a moment when non-
symmetry appears, growth of the second natural mode is clearly
seen in oscillation shape (Fig. 9b). Oscillations have a trav-
elling wave component, but in contrast to the case of non-
resonant limit cycle, its direction is change from downstream
to upstream when the direction of the plate motion is changed
from upward to downward, and vice versa. Resulting plate
shapes during upward and downward motion almost coincide.
Comparing to non-resonant limit cycle, one more peak appears
in oscillation spectrum, which is in 1:2 ratio with the frequency
of the first peak (Fig. 9c). We conclude that the growth of
the second natural mode and non-symmetry of oscillations is
caused by internal 1:2 resonance between the first and the sec-
ond modes.

A×103 (m)

-2

0

2

4

0.2 0.3 t (s)0.1

0

4

8

0 200 400 600 800 1000

Ω (Hz)

F×104

(a)

(b)

(c)

 

 
 

reference
point

Figure 9: Example of the reference point deflection in time (a)
plate shape (vertical scale 50:1) (b) and fourier diagram (c) un-
der the flutter with internal resonance. M = 1.3.

Note that possibility of a limit cycle that includes internal
1:2 resonance was analytically proved in [14]. Its mechanism
consists of the following steps, clearly seen in the present sim-
ulations:

1. Due to linear instability of the first mode, it starts to grow.
Oscillations are symmetrical, as only one mode is present
yet.
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2. As the system is nonlinear, oscillation frequency also
grows, following the amplitude. For the clamped plate,
ratio of the first and second natural frequencies is less
than 1/2. While the first mode grows, ratio of the first to
the second frequency of nonlinear oscillations also grows
and at some moment equals to 1/2.

3. Starting from this moment, the second mode is excited
due to internal resonance. The most impressive feature is
that the second mode is still linearly stable, i.e. its growth
is maintained only by the resonance with the first mode
that, in turn, is maintained by the aeroelastic instability.

4. Growth of the first and second modes occurs until the fol-
lowing energy balance is established. The energy trans-
fers from the flow to the first mode due to instability of
the latter. Next, this energy transfers to the second mode
through nonlinear coupling between two modes. Finally,
the same amount of energy transfers from the second
mode to the flow, since this mode is linearly damped.
When this balance is achieved, amplitudes of both modes
reach their stable values, and the plate oscillates in a limit
cycle.

4.5 Supersonic speeds: high-frequency limit cycle oscilla-
tions

For the value of Mach number M = 1.33, high-frequency limit
cycles were observed (Fig. 10). This case apparently is a bor-
derline between 1:2 resonant oscillations and quasi-chaotic os-
cillations described below. Initially, development of 1:2 reso-
nant limit cycle occurs through the scenario described above
(Fig. 10a). However, with time passing, high-frequency com-
ponents appear (Fig. 10b). Initially they grow and have quasi-
chaotic appearance, but with time they tend to a purely har-
monic limit cycle (Fig. 10c). Shape of the oscillating plate has
a mixture of the second and the forth natural mode shapes.

The latter limit cycle oscillations occur during a long period
of time, t = 1.1...1.6, making more than 100 oscillations. How-
ever, little by little oscillations of the amplitude appear, and at
t ≈ 1.7 s plate motion suddenly switches to another limit cy-
cle (Fig. 11a). The latter has higher amplitude and frequency
(Fig. 11b), whereas the oscillation shape is a pure second nat-
ural mode shape (i.e., the forth mode shape disappears). This
limit cycle is apparently ”final” for M = 1.33, since no other
changes of the oscillation form occur.

High-frequency limit cycles observed for M = 1.33 obvi-
ously represent development of linear instabilities of the second
and the forth modes obtained in [8, 9].

4.6 Supersonic speeds: quasi-chaotic oscillations

In the range of Mach numbers 1.36 ≤ M < 1.42 oscillation
process dramatically changes (Fig. 12). Initially the plate os-
cillates in the first mode, later the second mode appears due
to 1:2 resonance, as described above. However, little by little
perturbations in form of third, forth and fifth mode shapes ap-
pear. In contrast to the first and second mode, oscillations in

higher modes are not periodic. Though for M = 1.33 such os-
cillations yield high-frequency limit cycle, for higher M this is
not the case. Due to nonlinear mode interaction oscillations in
the first and second modes loose periodicity and all the process
becomes chaotic-like, with no specific mode dominated.
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Figure 10: Oscillation process and transition from low-
frequency to high-frequency limit cycle for M = 1.33. (a)
development of 1:2 resonant limit cycle, t = 0...0.4 s; (b) tran-
sition to high-frequency limit cycle, t = 0.4...0.8 s; (c) devel-
oped high-frequency limit cycle oscillations, t = 0.8...1.2 s.

However, these oscillations are not ”fully” chaotic. Indeed,
according to [17], there are four criteria that must be satisfied
to consider the process as truly chaotic:

1. Chaotic-like overall behaviour

2. Presence of wide frequency bands in the spectrum

3. Decrease of the autocorrelation function

4. Poincaré section consists of points filling an open set of
the space
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Figure 11: Transition from one high-frequency limit cycle to
another for M = 1.33. (a) Reference point deflection, t =
1.5...1.9 s; (b) spectra for time ranges t = 1.1..1.6 (initially
developed limit cycle, shown by black) and t = 1.8...2.3 (final
limit cycle, shown by gray).

Consider these criteria in series. A close-up view of the re-
sulting chaotic-like oscillations is shown in Fig. 13a; no period-
icity of the reference point deflection is detected. Plate shapes
captured at different moments of time are shown in Fig. 13b; it
is seen that there is no apparent regularity of the shapes: they
include all mode shapes from the first to the seventh. Video of
the oscillation process clearly shows a non-regular motion of
the plate.

However, the second criterion shows essential regularity of
the spectrum, which is shown in Fig. 13c. As well as for sin-
gle mode and resonant limit cycles, it consists of several clear
peaks, which mean that the oscillations mostly consist of sev-
eral single-frequency components. However, in contrast to pre-
vious cases, their frequencies are not in a simple ratio. Namely,
two dominating frequencies are f3 = 371 and f4 = 603 Hz,
which is in 8:13 ratio. This means that the attractor has a signif-
icant 8:13 internal resonance component. Though lower peaks,
f1 = 89 and f2 = 168, have much less amplitude, they are
present, and relate to the two dominating peaks at other ratios.
Namely, f1 : f3 ≈ 6 : 25, f2 : f3 ≈ 5 : 11. Higher frequency
peaks, f5 = 835, f6 = 1117, f7 = 1340, f8 = 1573, and
f9 = 1863 Hz, are the derivatives of the dominating ones due
to cubic nonlinearity of the plate: f5 = 2f4 − f3, f6 = 3f3,
f7 = 2f3 + f4, f8 = 2f4 + f3, f9 = 5f3.

Let us now consider the third criterion.
For periodic process the autocorrelation function is also peri-

odic, whereas for a truly chaotic process it should be a decreas-
ing function of τ . As the function A(t) can be numerically
obtained only for a limited range of times, we did not take the
limit as t1 → ∞ and specified t1 to be the last time for which
A(t) was calculated. As the integration period is limited, we
calculated the autocorrelation function up to τ = (t1 − t0)/2.
In order to consider only quasi-chaotic part of oscillations, we

specified t0 = 1.64, and t1 = 2.64 s. Results are presented in
Fig. 14, where it is clearly seen that the autocorrelation function
is not decreasing so that the oscillations cannot be considered
as truly chaotic.
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Figure 12: Oscillation process and transition from limit cycle
to quasi-chaotic high-frequency oscillations for M = 1.39. (a)
development of a limit cycle, t = 0...0.7 s; (b) transition to
high-frequency oscillations, t = 0.7...1.4 s; (c) developed high-
frequency non-periodic oscillations, t = 1.4...2.1 s.

On the other hand, the forth criterion is satisfied, i.e. Poincaré
section fills a full segment. This means that the attractor is not
a ”pure” limit cycle, as could be thought from the spectral and
autocorrelation function criteria. Apparently, it actually has a
dominating regular limit cycle component and a small quasi-
chaotic component.

4.7 Return to regularity and stability

When Mach number is increased more, chaotic-like oscillations
disappear. Surprisingly, in the range 1.42 ≤ M ≤ 1.67 oscil-
lations again occur in form of a limit cycle. For M = 1.42 it
consits of two frequencies, 366 and 609 Hz, being in 3:5 ra-
tio, without any quasi-chaotic components, i.e. the oscillations
are purely periodic. For M = 1.44 and 1.45, the limit cycle
consists of two first natural modes; for higher M it has the first
natural mode only. For the latter case, typical reference point
deflection, plate shape and spectrum are similar to those shown
in Fig. 8. In other words, starting from M = 1.42, attractors
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of the plate motion passes the same stages as before chaotic-
like oscillations, but in the reversed order. When increasing
Mach number, limit cycle amplitude decreases and becomes al-
most zero for M > 1.67, which means return to stability of the
flat state of the plate. This stability retains for higher M until
coupled-mode flutter occurs. For the dimensionless flow den-
sity µ = 8.17 · 10−5 considered in this study, the coupled mode
flutter occurs for M > Mcr = 2.92.
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Figure 13: Reference point deflection (close-up view of the
figure 12) (a), plate shape (vertical scale 30:1) (b), oscillation
spectrum (c). M = 1.39.
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Figure 14: Autocorrelation function for M = 1.39.

4.8 Flutter amplitude

Finally, let us now consider oscillation amplitudes (namely, am-
plitudes of the reference point) plotted in Fig. 15a. When the
plate diverges, starting fromM ≈ 0.73, increase of Mach num-
ber yields increase of the divergence amplitude. When passing
through M = 1, instability converts from divergence to flutter,

which is accompanied by a slight drop of the amplitude. Next,
when single mode flutter occurs, amplitude increases with in-
crease of M even more rapidly than at divergence. Passing
through the region of flutter with internal resonance yields split
of the amplitude graph: plate oscillations are non-symmetric so
that upper and lower graphs represent higher and lower am-
plitudes. At M ≈ 1.3 maximum of amplitude is achieved:
A ≈ 0.0038 m. Further increase of Mach number is accom-
panied by decrease of the amplitude, and by passing regions of
high-frequency periodic and non-periodic (quasi-chaotic) oscil-
lations. Beyond the region of non-periodic oscillations, oscil-
lation types are passed in the reversed order: high-frequency
periodic oscillations, 1:2 resonant limit cycle, and finally first-
mode limit cycle. Then the plate returns to the stable state.

theory [14]
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Figure 15: Amplitudes of divergence and flutter (a); dominat-
ing frequencies (b) vs Mach number. Red dotted lines represent
boundaries between different types of the plate behaviour.

Important consequence from Fig. 15a is that typical single
mode flutter amplitude is several times higher than that of cou-
pled mode flutter (which is typically less than the plate thick-
ness). This means that single mode flutter can cause fatigue
damage much faster, and, hence, it is more dangerous. Region
of chaotic-like oscillations is especially dangerous: despite de-
flection amplitude is of the same order as for single mode limit
cycle, plate shape at chaotic oscillations consists of higher nat-
ural mode shapes, hence stress amplitude of chaotic oscillations
is much higher than that of the single mode limit cycle.

The closed-form solution for single mode flutter amplitude
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[14] plotted in the same figure shows the qualitative agreement
between the numerical and analytical results. Two quantitative
differences are seen: oscillations occur at lower M and grow
slower than in [14]. The first difference is caused by the fact that
in this study flutter occurs immediately atM ≥ 1, while analyt-
ical theory [14] (not applicable to transonic flows) assumes that
it occurs at a slightly higher M . The second difference is due
to different plate models (von Karman vs Mindlin plate theory),
which yields different plate behaviour at amplitudes of the or-
der of several plate thicknesses. Also, linear aerodynamics was
assumed in [14], which is true only for small-amplitude plate
oscillations.

Plotted in Fig. 15b are dominating frequencies of spectral
peaks (except the triple frequency of the first one: it is caused
by cubic plate nonlinearity and is not associated with a sep-
arate eigenmode). It is seen that frequency growth in single
mode flutter region is almost linear. Frequency of non-resonant
limit cycle obtained in a closed-form in [14] is also plotted in
Fig. 15b. Results are qualitatively close to each other. When
1:2 internal resonance occurs, frequency growth slows down.
After passing through the high-frequency and chaotic regions
the frequency and the amplitude decrease.

5 CONCLUSIONS

Nonlinear development of divergence, single mode and cou-
pled mode flutter oscillations of a plate has been numerically
studied. Amplitudes and frequencies of flutter oscillations have
been obtained. Four types of flutter oscillations have been
observed: first mode limit cycle, limit cycle that includes in-
ternal 1:2 resonance between the first and the second modes,
high-frequency periodic oscillations, and non-periodic (quasi-
chaotic) plate oscillations.

It is shown that amplitude of flutter oscillations at low su-
personic Mach numbers is typically several times higher than
that of coupled mode flutter, as was predicted in [14]. Max-
imum stress amplitude is achieved at chaotic oscillations and
can be much higher than for other flutter types. This is caused
by higher mode shapes dominating in the shape of the plate os-
cillations.

The results obtained should attract significant attention of
the aeroelastic engineers to the region of low supersonic Mach
numbers, which is often not considered in the aeroelastic design
of flight vehicles.
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ABSTRACT: Force and surface pressure measurements on a 2D rough circular cylinder were carried out over a wide range of 
Reynolds numbers in the high-pressure wind tunnel in Göttingen. The Reynolds number spanned values from subcritical up to 
high transcritical 15×103 ≤ Re ≤ 12×106. The cylinder had a mean relative surface roughness of ks/D = 1.2×10-3. By means of 
piezoelectric balances the unsteady lift and drag forces were measured. The mean surface pressure distribution was obtained 
with the use of 59 static surface pressure tabs at various span-wise and circumferential locations on the cylinder. Statistical 
analysis of the time-dependent forces, in combination with the mean surface pressures, provided information on the spatial 
organization of the flow field properties around the cylinder as function of the Reynolds number. In the critical Reynolds regime 
two discontinuities at two separate Reynolds numbers were observed. They were accompanied by critical fluctuations in the lift 
force and the formation of a separation bubble at each side of the cylinder. The discontinuous jumps were initialized by a
downstream movement of the separation point and an upstream movement of the transition point. The asymmetric flow field in-
between both critical Reynolds numbers led to a steady lift force that was cancelled again after passing the second critical 
Reynolds number. At the latter Reynolds number the width of the wake and CD were minimum. In the super- and transcritical 
flow states the boundary layer separations took place at about the apex of the cylinder. In comparison to the subcritical and 
critical regimes all measured flow field properties reached intermediate steady plateaus in the transcritical state. For the Strouhal 
number this plateaus was at St = 0.23, for the base pressure at Cp,base = -0.9 and for the drag coefficient at CD ≈ -0.84.

KEY WORDS: Rough Cylinder; high Reynolds number; Critical flow; Surface roughness; high-pressure Wind Tunnel.

1 INTRODUCTION
The flow around objects with circular cross section has 
received considerable attention, motivated by its relevance to
engineering applications, such as the flow around bridge 
cables, landing gear systems and television towers. A general 
characteristic feature of bluff body geometries is the 
appearance of large-scale vortex shedding in the near wake. 
The associated fluctuating aerodynamic loads can lead to flow 
induced vibrations and possible structure damage.

It is well known that for the flow phenomena of circular 
cylinders the Reynolds number plays a dominant role, since 
the location of the flow separation on the cylinder wall is 
Reynolds number dependent. Besides the Reynolds number as 
a global parameter, local parameters, like the surface 
roughness of the circular cylinder, also have a substantial 
effect on the flow phenomena and unsteady aerodynamic 
loads. The cylinder surface roughness shifts the position of the 
transition from laminar to turbulent to lower circumferential 
angles and lower Reynolds numbers. Up to the supercritical 
regime force measurements on smooth cylinders and isolated 
surface pressure measurements on rough cylinders have been 
the subject of numerous investigations [1-5]. However,
detailed flow investigations within the critical Reynolds 
number regime (characterized by flow symmetry breaking) 
and at very high Reynolds numbers within the transcritical 
regime at incompressible flow – occurring for example during 
hurricanes or in the takeoff and landing phase of an aircraft –
are relatively rare [6-8].

The specific objective of the presented study is the 
investigation of the effects of a change in Reynolds number 
on the flow properties of a rough circular cylinder. To achieve 
this goal, instantaneous time-dependent aerodynamic forces 
and mean surface pressure coefficients are obtained with the 
use of a piezoelectric balance and static surface pressure tabs 
inside the wind tunnel model. The measurements are 
conducted in the high-pressure wind tunnel Göttingen (DNW-
HDG) from ambient pressure up to about 10 MPa. Reynolds 
numbers from subcritical up to high-transcritical can reached
by variation of only two main flow parameters: the total air 
pressure inside the wind tunnel and the free stream velocity. 
Other boundary conditions, like the model diameter or the 
surface roughness, have been kept constant during this study.

2 EXPERIMENTAL SETUP

High-pressure wind tunnel2.1
The high-pressure wind tunnel (Figure 1) is a closed circuit 
low speed wind tunnel, described in detail in [9]. The 
measurement section of the tunnel is 0.6×0.6 m2 and has a 
length of 1 m. The free stream velocity is adjustable between 
4 m/s and 35 m/s in the complete total pressure range,
resulting in a Reynolds number regime – based on the 
cylinder diameter of the present model – between 15×103 and
about 12×106. An airlock system allows the modification or 
exchange of the model or instrumentation outside the wind 
tunnel without the need of de-pressurizing the tunnel itself. 
The free stream flow has a turbulence intensity between 0.3% 
and 0.4%, depending on the Reynolds number.

The Reynolds number effect from subcritical to high transcritical on steady and 
unsteady loading on a rough circular cylinder
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Figure 1. High-pressure wind tunnel (DNW-HDG). The 
opened airlock is positioned at the right side.

Rough circular cylinder2.2
The wind tunnel model consists of a stainless steel circular 
cylinder of D = 60 mm in diameter and a length L of 600 mm. 
The surface of the cylinder has been treated in such a way, 
that a uniform, but Gaussian distributed cylinder surface 
roughness of ks/D = 1.2×10-3 is obtained over the complete 
span of the cylinder. Due to the relatively large wall thickness 
of the cylinder of 3 mm the eigenfrequency of the model is 
430 Hz. Since this frequency is well above the vortex 
shedding frequency in the near wake, no resonance or 
frequency locking between both frequencies is therefore to be 
expected.

Figure 2. Schematic drawing of the rough circular cylinder 
with the positions of the static pressure tabs (A: side planes; 

B: midplane). Upper image: top view; lower image: side view.
Note that the drawings are not to scale.

The cylinder is placed horizontally inside the measurement 
section. Fifty-nine static pressure transducers are positioned 
along the span and circumference of the circular cylinder in 

nine planes orthogonal to the cylinder axis, denoted by planes 
A and B in Figure 2. Each plane is separated by one cylinder 
diameter to its neighboring planes. Of these 59 pressure tabs, 
35 tabs are positioned in plane B at multiple circumferential 
angles, marked by the letter “B” in the lower part of Figure 2.
They are used to obtain the mean pressure distributions – and 
thus the base pressure and the upper and lower flow 
separation angles – at mid-span. The other 24 pressure tabs 
(denoted by the letter “A” in Figure 2) are distributed along 
the span of the cylinder at θcyl,u = θcyl,d = 900 and θcyl,u = θcyl,d =
1800 from the leading edge line at θcyl = 00. These span-wise 
distributions are necessary to observe the two- or three-
dimensionality of the flow along the cylinder’s span. The 
pressure measurements are conducted using an electronic 
differential pressure measurement unit (Type ESP-HD, 
Pressure Systems) for 64 channels with a range of ± 200 kPa.

Aerodynamic force measurements using piezoelectric 2.3
balances

The fluctuating aerodynamic lift and drag forces acting on the 
cylinder are measured with a force balance based on 3-
component piezoelectric force transducers (Type 9067, Kistler 
Instruments). The elements have been modified to be 
applicable in an environment up to 10 MPa. For details on the 
working principle of the balance and the piezoelectric force-
measuring elements the reader is referred to [10]. By a ring 
locking mechanism the model is fixed to the top plates of the
balance that are positioned at both outer sides of the 
measurement section. A small gap of about 0.5 mm is present 
in-between the surface of the cylinder and the holes in the 
wind tunnel walls and foundation plates. The purpose of this 
gap is to guarantee a freely suspended cylinder and thus a 
perfect transmission of the forces to the piezoelectric 
elements. 

A high stiffness of the mounting system assures a high 
eigenfrequency of the balance system, well above the 
expected Strouhal frequency. Furthermore it ensures a
dependency between the measured drag and lift forces of less 
than 1%. In this way it is for example possible to measure 
very accurately and simultaneously a small force in lift 
direction in combination with a large drag force. This is 
particularly important for accurate measurements within the 
critical Reynolds number regime, as will be explained in 
further detail later.

3 RESULTS AND DISCUSSION
The experiments were conducted in the Reynolds number 
range from subcritical up to high-transcritical between 15×103

and about 12×106. It has to be noted once more that, in 
comparison to other similar measurements found in literature
for rough circular cylinders, in this case the complete 
Reynolds number range was covered without a modification 
of the experimental setup, like the cylinder diameter or 
roughness state, during the experiment. Only the free stream 
velocity U0 and the total pressure p0 were varied to obtain the 
required Reynolds numbers. Because of a geometric wind 
tunnel blockage ratio of 0.1 the measured velocity and drag 
coefficient data presented hereafter have been corrected for
the wall interference effects by making use of the formulas of 
Allen and Vicenti [11]. 

θcyl,u

θcyl,d
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The drag coefficient3.1
In Figure 3(c) the total mean drag coefficient CD is shown as 
function of the Reynolds number. The mean drag coefficient 
has been determined in two ways: with the use of the piezo-
electric balances and with the circumferential mean pressure 
distribution at the mid-span of the cylinder, plane B in Figure 
2. For the latter method the following definition is used:

�� � � ���� � ��� �� ������������
��

��� (1)

The general shape of the CD(Re) curve clearly coincides with 
the measurements of Achenbach [6] and Adachi [7] for rough
circular cylinder flow. Starting with a nearly constant value 
for CD of about 1.2 in the subcritical regime, a steep decrease
is observed within the critical regime. Two sudden jumps of 
CD take place in the critical regime. The second discontinuity 
marks the transition from the critical to the supercritical 
Reynolds number regime at approximately Re = 1.9×105.
Here the minimum drag coefficient of CD = 0.4 is reached. In 
the supercritical regime CD gradually increases until a plateau 
is reached where CD is nearly constant with CD ≈ 0.84, in good
agreement with Adachi [7]. The beginning of the plateau at Re 
≈ 1×106 marks the start of the transcritical regime.

A comparison with other known results for rough circular 
cylinders with similar roughness values shows some 
significant discrepancies. For the subcritical range Achenbach 
[6] found a constant CD of about 1.3, whereas CD = 1.2 was 
measured by Adachi [7] and in the present study. The end of 
the critical regime was observed by Achenbach to take place 
at about Re = 2×105, whereas the measurements by Adachi 
defined this point at Re ≈ 3×105. Furthermore, a significantly
higher constant value for CD within the transcritical regime 
was measured by Achenbach namely CD ≈ 1.05. These 
discrepancies are probably caused by the somewhat different 
roughness values in axial and circumferential direction [7] or 
by the larger blockage ratio (16%) and higher free stream 
turbulence level of Tu0 ≈ 0.7% [6].

Distribution the Strouhal number3.2
The dependency of the Strouhal number, St = fLUo/D, on the 
Reynolds number is presented in Figure 3(b). The value of the 
vortex shedding frequency fL is extracted from power spectra 
based on the lift force fluctuations ΦL(f), as will be shown in 
more detail in section 3.4. A nearly constant value of the 
Strouhal number of St = 0.19 – 0.2 is observed in the 
subcritical regime. By entering the critical regime, the 
Strouhal number gradually decreases. At a large section of the 
critical regime, it is observed that two distinct Strouhal 
numbers are present. According to the values belonging to 
these Strouhal numbers, they are related to the sub- and 
supercritical states. This means that at these critical Reynolds
numbers both flow states are present and that a random 
fluctuation in time and along the span of the cylinder between 
the sub- and the supercritical state takes place. The two 
discontinuous jumps that are clearly present as sharp drops in 
the CD vs. Re curve in Figure 3(c) are less pronounced in the 
distribution of the Strouhal number. At supercritical Reynolds 
numbers the Strouhal number decreases again from its highest
value of St = 0.25 to St = 0.22, after which a slight increase in

Figure 3. Distribution of the main aerodynamic parameters as 
function of the Reynolds number. (a): R.m.s. of the total lift 

fluctuations; (b): Strouhal number based on the total lift 
fluctuations; (c): Total mean drag coefficient (the thick 

symbols represent the data based on the balances, the thin 
symbols are according to eq. (1)). The letters besides the 

symbols correspond with the measurement points in Table 1.

Strouhal number to St = 0.23 is measured within the
transcritical regime. For Reynolds numbers in the upper 
supercritical and the transcritical regime a good agreement is 
found between the present results and the measurements by 
Adachi [7] and Shih et al. [4]. 
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The r.m.s values of the lift force fluctuations3.3
For a clear understanding of the different flow regimes the 

r.m.s value of the lift fluctuations �
�

� is plotted as function 

of the Reynolds number in Figure 3(a). A maximum of the 
r.m.s. value of approximately 1.3 is obtained at the subcritical 
Reynolds number of Re = 1.5×104. This maximum correlates 
with a maximum value of the drag coefficient CD = 1.17 in 
Figure 3(c). Inside the subcritical regime a steep decrease in 
the r.m.s value is observed for increasing Reynolds numbers.

By entering the critical regime, �
�

� steadily decreases with 

Re up to a local minimum value of about 0.077 at Re = 
1.7×105, near the first transition, hence into the asymmetric 
bistable state. Two slightly pronounced local maximum values 
are subsequently observed at Re = 1.7×105 and Re ≈ 1.9×105,
where critical fluctuations occur before both transitions take 
place. As the Reynolds number is increased further beyond

the second transition, the value for �
�

� slightly, but steadily 
decreases at relatively constant Strouhal numbers. In the 
transcritical flow regime the lowest values of the r.m.s. of the 
lift fluctuations are obtained out of the narrowband power 
spectrum peak.

Power spectrum densities of the lift force fluctuations3.4

The background of the trend of the �
�

�(Re) curve presented 
in section 3.3 lies in the shape of the power spectrum densities 
of the lift fluctuations. In Figure 4 ten power spectra of the lift 
fluctuations for various Reynolds numbers throughout the 
complete simulated Reynolds number range (see Table 1) are 
shown. The horizontal axis has been non-dimensionalised to a 
Strouhal number scale, whereas the vertical axis of the power 
spectrum Φ L(f) has been transformed into a non-dimensional 
scale defined by �� � ��

��
�
����

with q0 being the dynamic pressure.

By applying this scaling law the square root of the integral of 
the power spectrum represents the r.m.s. of the lift 
fluctuations as presented in section 3.3 and defined as [8]:

�
�

�
� �� �

��

��
�
����

�
��

��

���

(2)
Figure 4. Power spectra of the lift fluctuations. The letters in

the figures correspond with Table 1.

Table 1. Flow field properties for selected measurement points throughout the simulated Reynolds number regime.

Meas.
point

Flow state Re CL
CD

Balance Cp(θ)*
St Cp,base θs [deg]

Lower     Upper
(a) Subcritical 3.78×104 O(10-3) 1.17 1.26 0.46 0.19 -1.30 -** -**

(b) Subcritical 1.23×105 0.02 1.09 1.12 0.15 0.19 -1.08 85 75
(c) Critical 1.61×105 0.07 0.93 0.97 0.09 0.19 -0.92 95 75
(d) Critical 1.69×105 0.23 0.77 0.87 0.08 0.17 / 0.23 -0.81 100 75
(e) Critical 1.80×105 0.22 0.55 0.66 0.06 0.15 / 0.22 -0.66 135 90
(f) Critical 1.84×105 0.03 0.44 0.48 0.07 0.14 / 0.23 -0.57 100 120
(g) Supercritical 2.11×105 O(10-3) 0.60 0.62 0.07 0.25 -0.72 105 110
(h) Supercritical 3.75×105 O(10-3) 0.77 0.80 0.05 0.23 -0.84 100 100
(i) Transcritical 1.89×106 O(10-4) 0.86 0.92 0.03 0.22 -0.95 95 95
(j) Transcritical 1.89×106 O(10-4) 0.86 0.92 0.03 0.22 -0.95 95 95

*: based on eq. (1) and the mean pressure distribution as presented in Figure 5;       **: the flow separation angle cannot be accurately determined
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Figure 5. Mean circumferential pressure coefficient 
distribution at mid-span. �: Lower half-cylinder (00 ≤ θcyl,d ≤
1800); ☐: Upper half-cylinder (00 ≤ θcyl,u ≤ 1800); dotted line: 

potential cylinder flow. The letters besides the symbols 
correspond with the measurement points in Table 1.

The scaling of the axes of the power spectra has been 
performed for a clear comparison of the shapes and positions 
of the peaks at the different flow states. For the subcritical 
state the typical narrowband spectrum at St = 0.19 is found in 
Figure 4(a) to 4(c). At the beginning of the critical stage, 
Figure 4(c) at Re ≈ 1.61×105, a small low-frequency part can 
be observed. By further increasing the Reynolds number, the 

critical stage is entered. Immediately before the transition into 
the asymmetric bistable state two distinct equal peaks in the 
power spectrum are visible. These peaks, at St = 0.17 and St = 
0.23, belong to respectively the subcritical and the 
supercritical flow state. The asymmetric bistable state is 
defined by the appearance of a separation bubble at one side 
of the cylinder’s circumference, leading to the occurrence of a 
steady lift force, see section 3.5. Within the critical regime the 
flow state is continuously jumping between the sub- and the 
supercritical state. The separation bubble is randomly 
occurring at one side of the cylinder in time and its position 
and occurrence may vary over neighboring sections along the 
span of the cylinder. As the obtained lift forces are measured 
by integrating over the complete span of the cylinder, strong
lift force fluctuations are obtained at this state, leading to a 
local increase of the r.m.s. value of the lift fluctuations. This is
further emphasized by the broadness of both peaks and a 
broader low-frequency part of the spectrum, also indicating a 
continuous jump between both states and thus a very unstable 
pressure distribution. With growing Reynolds number within 
the critical regime (Figure 4(e) and 4(f)) the peak in the power 
spectrum belonging to the supercritical flow state increases in 
value. In contrast, the peak of the subcritical state slowly
increases in width and decreases in height and finally 
disappears within the measurement noise at the transition 
from the critical to the supercritical regime. The spectrum 
shown in Figure 4(g) shows a relatively narrow peak at Re = 
2.11×105. The Strouhal number reaches here its maximum 
value. A further increase in Reynolds number through the 
supercritical and transcritical regimes results in a peak that is 
becoming more and more narrowband (compare Figure 4(h) 
to 4(j)) – observed in Figure 3(a) as a steady decrease in the 
r.m.s. value of the lift fluctuations – at constant Strouhal 
number of St ≈ 0.23.

Circumferential pressure distribution3.5
The cause of the asymmetric flow phenomena occurring 
within the critical state has to be found in the nature of the 
boundary layer, in particular the transition from laminar to 
turbulent, and in the appearance of the separation bubbles at 
both sides at different Reynolds numbers. For a clear 
understanding of the behavior of the boundary layer at the 
various flow states, 35 static pressure tabs were positioned 
along the circumference of the cylinder’s mid-span, Figure 3. 
In Figure 5 the mean circumferential pressure coefficient 
distributions over the upper and lower side of the cylinder at 
mid-span are presented for ten selected measured Reynolds 
numbers. Note that the results presented in the Figures 5 to 7 
are based on the mean time-integrated surface pressure 
distributions over 10 seconds. The results presented hereafter
for the critical Reynolds number regime are based on one 
measurement series at constant pressure. 

In the subcritical flow state the boundary layer is laminar over 
both sides of the cylinder’s surface. Separation of the laminar 
boundary layer takes place at θ s ~ 750 and θ s ~ 850 at 
respectively the upper and lower side of the cylinder, Figure 
5(a) and 5(b) and Figure 6. The transition from laminar to 
turbulent occurs over the free shear layers in the near-wake. 
Subsequently the width of the wake is relatively large, which 
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Figure 6. Distribution of the mean flow separation angle at (a) 
the lower half-cylinder (00 ≤ θcyl,d ≤ 1800) an d (b) the upper 
half-cylinder (00 ≤ θcyl,u ≤ 1800) as function of the Reynolds 
number. The letters besides the symbols correspond with the 

measurement points in Table 1.

Figure 7. Distribution of the mean base pressure coefficient as 
function of the Reynolds number.  The letters besides the 

symbols correspond with the measurement points in Table 1.

reflects in the large negative base pressure coefficient of  
Cp,base ≥ -1 (Table 1 and Figure 7) and the high mean drag
coefficient (Figure 3(c)). 

Near the critical Reynolds number small differences in the 
mean pressure distribution between the upper and lower side 

of the cylinder are observed (Figure 5(c) and 5(d)). This first 
sign of an upcoming flow state transition is caused by small 
perturbations or fluctuations in the approaching free stream in 
time and space. For the presented measurements, only at the 
lower side of the cylinder are these perturbations over the 
complete measurement time strong enough to initiate a flow 
transition at this Reynolds number. The pressure distribution 
at the upper side of the cylinder is only changing marginally 
from Figure 5(a) to (e). It has to be noted, that the side of the 
cylinder at which the first initiation of the flow transition 
takes place is completely random. In several detailed 
measurements (not shown here) it was found that both signs 
of the resultant steady lift force are obtained, meaning that the 
initiation is independent of the cylinder side. The growth of 
the strength of the flow perturbations leads to a gradual 
upstream shift of the boundary layer transition from laminar to 
turbulent in the near-wake with increasing Reynolds number. 
The minimum pressure coefficient at the lower side of the 
cylinder decreases in value, thereby shifting the lower 
separation angle downstream to higher cylinder angles (Figure 
6(a) point (c) and (d)). The downstream shift of the separation 
angle leads to a decrease of the spacing of the shed vortices 
between both sides of the cylinder and thus a smaller width. 
Hence, a decrease of the drag coefficient and an increase of 
the base pressure coefficient take place (Table 1). The 
appearance of an asymmetric circumferential pressure 
distribution is the source of the generation of circulation 
around the cylinder and thus to the formation of a steady lift 
force, Figure 8. By increasing the Reynolds number by just a 
slight increase of the Reynolds number, the critical point is 

Figure 8. Distribution of the absolute mean lift coefficient as 
function of the Reynolds number. The letters besides the 

symbols correspond with the measurement points in Table 1.

reached at which the location of the transition between 
laminar and turbulent flow has wandered that much upstream 
along the lower detached boundary layer for reattachment of 
the boundary layer to occur at this side of the cylinder (Figure 
5(e)). At this state the transition point is located on the
separation bubble. The bubble itself has a stabilizing effect on 
the asymmetric flow state. This results in a steady lift force is 
present (Figure 8, point (e)). The separation point at the lower 
side of the cylinder has jumped to θ s = 1350, whereas the 
upper separation point has moved somewhat downstream to θs
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= 900. That the upper flow separation position wanders 
downstream is a marker for the second flow transition being at 
hand. With a small increase in Reynolds number the free 
stream flow fluctuations at the upper side of the cylinder 
become strong enough to initiate a similar flow transition, this 
time at the upper side of the cylinder. The upper detached 
boundary layer becomes unstable as is reflected by a second 
increase of the r.m.s. of the lift force fluctuations in Figure 
3(a) and the upper transition location from laminar to 
turbulent in the detached boundary layer wanders upstream. 
At the second critical Reynolds number, the transition position 
has reached that particular forward position at which
reattachment of the boundary layer at the back of the cylinder
occurs (Figure 5(f)), hence the supercritical flow state has 
been entered. The asymmetric flow state and thus the presence 
of a steady lift force have practically disappeared, although it 
is noted that at this particular Reynolds number a small 
difference in pressure distribution and in flow separation 
angles is still present. Both separation angles are located at the 
backside of the cylinder, leading to a small wake width. This 
reflects again in the lowest measured drag force coefficient
(Figure 3(c)) and highest base pressure coefficient of Cp,base = -
0.54 (Figure 7), in good agreement with Cp,base = -0.6 
measured by Güven et al. [2]. For both reattached shear layers 
the boundary layer transition position is located on the 
separation bubble.

The symmetric flow field remains virtually unchanged 
throughout the supercritical and transcritical flow state (Figure 
5(h) to 5(j)). Both separation angles settle at about θs = 1000 in 
the high transcritical range, which is in good agreement with 
Achenbach [6], the drag coefficient somewhat increases due
to an increase in wake width and the base pressure coefficient 
levels off to Cp,base ≈ -0.9. The latter parameter is somewhat 
higher than Cp,base ≈ -1 found by Güven et al. [2] and Shih et 
al. [4] for the transcritical flow regime.

CONCLUSIONS
The flow field around a rough 2D circular cylinder has been 
investigated by means of force and surface pressure 
measurements in a pressurized wind tunnel. The effects of the 
Reynolds number were investigated at total pressures from 
atmospheric up to 9.6 MPa and free stream velocities between 
4 m/s and 35 m/s, resulting in Reynolds numbers based on the 
cylinder diameter spanning from subcritical up to high 
transcritical 15×103 ≤ Re ≤ 12×106. The mean relative surface 
roughness over the complete span of the cylinder was ks/D = 
1.2×10-3. Statistical analysis of the time-dependent forces, in 
combination with the mean surface pressures, provided 
information on the spatial organization of the flow field 
properties around the cylinder as function of the Reynolds 
number.

In the subcritical flow state (Re � 1.2×105) the boundary
layer at both sides of the cylinder is laminar upon separation, 
the transition from laminar to turbulent takes place over the 
free shear layer in the near-wake. Separation of the boundary 
layers takes place in front of the cylinder apex, leading to a 
large wake width and thus a high drag coefficient and a low
base pressure coefficient. The vortex Strouhal number is fixed 
at about St = 0.19.

In the critical Reynolds number range (1.2×105
��Re �

1.9×105) a separation bubble is formed at each side of the 
cylinder. Two discontinuous jumps are observed at two 
separate critical Reynolds numbers, accompanied by critical 
fluctuations of the lift force. At the first critical Reynolds 
number a separation bubble is formed at only one side of the 
cylinder, leading to an asymmetric flow state. At this cylinder 
side, the separation point has moved downstream over the 
apex of the cylinder and the transition point has wandered 
upstream and is situated on top of the separation bubble. The 
formed bubble has a stabilizing effect on the asymmetric flow 
state, leading to a steady lift force. The second separation 
bubble is formed at a somewhat larger second critical 
Reynolds number, thereby cancelling the asymmetric flow 
state and thus the steady lift force. Subsequently, at this 
particular Reynolds number, the width of the wake is 
minimum, leading to a low drag coefficient and a high base 
pressure coefficient. 

In the supercritical and the transcritical flow states (Re �
1.9×105) the location of the transition from a laminar to a
turbulent boundary layer moves upstream of the separation 
angle. The boundary layer separation itself takes place at 
about the apex of the cylinder. In comparison to the subcritical 
and critical regimes, this leads to an intermediate wake width 
and drag coefficient. In the transcritical flow regime (Re �
1.0×106) all measured flow field properties reach intermediate 
steady plateaus compared to the first two flow regimes. The 
Strouhal number levels off to about St = 0.23, the base 
pressure settles at Cp,base = -0.9 and a constant drag coefficient
of CD ≈ -0.84 is measured. 
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ABSTRACT: This study concerns the flow control using a new vortex generators (VGs) shape with counter-rotating vortices, 
obtained by modifying a configuration already investigated. The experiments were performed in order to determine the VGs 
answer when they were placed at 10% from the leading edge on the suction face of an airfoil Naca 0015 to improve the lift and 
drag coefficients. An optimized geometry form is given in this paper by using the experimental designs method. The 
aerodynamic measurements were accomplished in wind tunnel for several Reynolds numbers. The obtained results are analyzed 
according to several parameters such as the VG height, the aperture, the space between the same VG pair and the additional 
factor. A three-dimensional controlled flow pressure field was also displayed at different velocities, attack angles and taking into 
account the additional element effect. The results show a profit brought by the passive devices estimated at about 14% in relative 
lift increase and 16% of drag decrease. 

KEY WORDS: Vortex Generators (VGs); Airfoil; Lift; Drag; Design of Experiments (DoE); Pressure coefficient. 

1 INTRODUCTION 
The development of flow control devices design to improve 
the airfoil performance in terms of lift and drag coefficient is 
of great importance for the aircraft industries. Since the 
introduction of the boundary-layer concept by Prandtl, there 
has been a constant challenge faced by scientists and 
engineers to minimize its adverse effects and control it to 
advantage. 

Flow separation control, by means of passive devices, is 
today the less expensive and the fastest solution to implement. 
Vortex Generators [1, 2] have been rigorously investigated 
and also used in practice with a various degree of success. 
Passive VGs are simple use and known to bring momentum in 
the boundary layer which leads to the delay or suppression of 
the flow separation [3]. Several parametric investigations have 
been conducted on the VGs by a number of researchers [4-6]. 

The configurations studied in this present investigation are 
of the same form as the ones used by Lin [6]; the only 
difference is in the c element addition (figure 4). The reply of 
these vortex generators on the Naca 0015 profile’s upper 
surface resulted in improvement of the aerodynamic 
coefficients in terms of lift increase and drag reduction. 

Traditionally, a researcher conducts experiments 
sequentially by varying parameter one after the other. This 
method gives results but it is time consuming and requires a 
large number of experiments. The data analysis method used 
allows collecting, summarizing and presenting data in order to 
obtain maximum information for further experiments. To 
conduct a planned experimental research, the methodology of 
experimental design is used [7] in order to have the optimized 
configuration. 

More and more authors are interested in the use of these 
experimental designs in order to perform their tests in various 
areas. Zeng and al [8] analyzed by numerical method using 
experimental design the influence of various parameters on 

the heat transfer and flow friction characteristics of a heat 
exchanger with Vortex Generators fins. The parameters of 
vortex generator fin-and-tube heat exchangers were optimized 
using the Taguchi method [9]. 

A development of models which allows surface quality 
determination of mechanical parts obtained through turning 
processes was carried out by Puertas Arbizu and al [10] using 
experimental designs, in particular the response surface 
methodology. 

Lundstedt and al [11] present a tutorial which aims to give a 
simple and easily understandable introduction to experimental 
design and optimization. The screening methods described in 
their paper are factorial and fractional factorial designs. This 
has been carried out in an efficient way and without having to 
perform a large number of experiments. 

The aim of the present paper is to provide an optimized 
geometry for vortex generators with counter-rotating vortices 
by using a full factorial design based on the principal form 
already used by other authors in particular those reported 
recently [6]. Various velocities of the flow were tested in wind 
tunnel in order to determine the Reynolds number effect on 
the control parameters. The results are analyzed in several 
parameters such as the VG height, the aperture, the space 
between the same VG pair and the additional factor effect. 

A comparative study is also made between the proposed 
optimal vortex generators geometry and the same one without 
element c. The aim of the addition is to determine the utility in 
improvement of the aerodynamic performances, and moreover 
the state of the controlled flow is explored through the 
measurement of three dimensional pressure field. 

2 EXPERIMENTAL SETUP 

2.1 Wind tunnel and acquisition system 

The tests were performed in a DeltaLab type open circuit 
subsonic wind tunnel. The tunnel is one meter long with a 
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cross-section area of 0,3m x 0,3m equipped with a 2-axis 
strain gauge balance to measure the lift and drag coefficients. 

The data acquisition is obtained with a Pulse software™ 
developed by Brüel & Kjær for Sound and Vibration 
Measurement, after adapting this device to the balance’s 
transducer (Strain gauges). Each test is repeated three times 
and averaged. The time of acquisition is 60 s with a 500 Hz 
frequency. 

The speed and the static pressure distribution along the 
airfoil were measured respectively using a Pitot tube and a 
differential manometer connected via capillary tubes. 

2.2 Airfoil 

The airfoil used is an academic Naca 0015 profile (chord 
length 154 mm and spanwise length 200 mm). The model is 
equipped with fourteen pressure taps in the longitudinal 
direction; the locations of the pressure taps and the VGs 
position from the leading edge are illustrated more explicitly 
in figure 7. 

Figure 1 shows the experimental setup with the airfoil 
assembled in the wind tunnel. 

 
Figure 1. Measurement setup. 

 
The same profile is designed to complete two kind of 
measurement: 
- statement of the wall static pressure, 
- drag and lift forces. 

3 GLOBAL SETTINGS 
The use of shape factor (H12) informs us about the state of the 
boundary layer. It allows the determination of the turbulent 
laminar transition as well as precise positioning from the 
location of turbulent boundary layer separation; its expression 
is given by: 
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Where: 
1δ : Displacement thickness (m), 2δ : momentum thickness 

(m), U∞ : Freestream velocity (m/s), u : velocity component 
tangential to the surface (m/s). 

These quantities (2 and 3) were determined by integration 
up to the tangential speed maximum value of the calculated 
profile [12]. 

The dimensionless coordinate normal to the airfoil y+  is 
similar to local Reynolds number, often used in CFD to 
describe how coarse or fine a mesh is for a particular flow. 
The non-dimensional wall parameter is defined as: 

 
2fyU C

y
ν

+ ∞=  (4) 

Where: 
y : Normal distance to the profile (m), 

fC : Skin friction 
coefficient, ν : Kinematic viscosity (m2s-1). 

By assimilating the airfoil to a flat plate, the skin friction 
coefficient can be estimated from the following empiric 
relation [13]: 

 0.22 0.037Ref LC −≈  (5) 

With ReL  is the Reynolds number related to the chord length. 
The measured forces (lift and drag) are respectively linked 

to the aerodynamics coefficients by: 
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With: 
xF : Drag force (N), yF : Lift force (N), ρ : Volumic weight 

(Kg/m3), S : Surface profile (m2). 
The pressure coefficient Cp is provided by the expression: 
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With: 
P : Wall static pressure, 

0P : Upstream reference pressure. 

4 PRELIMINARY NUMERICAL STUDY 

Turbulent flow around two-dimensional profile NACA 0015 
was analyzed with incompressible steady Reynolds Averaged 
Navier-Stokes (RANS) equations approximated by finite 
volume method. The calculation was conducted at Reynolds 
number equals to 2.6 105. The turbulence was approached by 
the k SSTω −  model and required maintaining the 
neighboring adimensional distance from the wall at 2.5y+ ≈ . 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3221 

This numerical study is an essential step to make the 
dimensionless form of VG’s factor by using boundary layer 
thickness ( )δ . 

Figure 2 illustrates the evolution of the shape factor versus 
the chord length X/L. According to the state of the boundary 
layer, the 12H factor takes a characteristic value for each 
position along the chord. The separated flow to the upper 
surface is characterized by the shape factor increase which 
exceeds 12 2.3H = [14] at X/L = 0.4 to the chord. 

 
Figure 2. H12 versus X/L, α = 13°, - □ - CFD. 

The boundary layer global characteristics deduced from the 
velocity profile corresponding to the VGs height position are 
shown in the following table: 

Table 1. Boundary layer characteristics, α=13°, CFD. 

/X L 1( )U ms−∞  ( )mδ  4
1 10 ( )mδ ×  4

2 10 ( )mδ ×  12H  
0.187 24.84 0.010 9.906 5.080 1.95 

The numerical results validation was undertaken by 
overlaying the evolution of both numerical and experimental 
data (figure 3). It is supposed that the slight difference 
between the two results is caused by the airfoil’s guard-plates 
effect which do not exist in the idealistic case considered in 
the numerical simulation.  

 
Figure 3. Pressure coefficient distribution versus X/L, 

α=13°, □ Experimental data, - - CFD. 

5 ORGANIZATION OF TESTS BY EXPERIMENTAL 
DESIGNS 

5.1 Formalization of the problem 

The need for employing a rational step [15] to carry out 
research has encouraged the engineers and researchers to 
employ the statistical methods. The experimental designs have 
for main goal obtaining the maximum information at lower 

cost. The desired information is in general to qualify the 
influence of several parameters (or factors) on a given 
phenomenon. Based on this information, it will be possible to 
determine the behavior of the studied system in the various 
possible configurations, and thus to optimize the answer. To 
reach this result, the experimental designs technique proposes 
a strategy of tests having a principal characteristic to minimize 
the tests number to be realized [7]. 

The aim of this work is to provide an optimized geometry 
for vortex generators with counter-rotating vortices by using 
the experimental designs based on the principal form already 
used by some authors in particular Lin [6] who proposed a 
complete review on the recent contributions on the subject [2]. 
Several authors [4, 16] did a detailed study of the flow around 
VGs inspired from his vortex generators type. These VGs are 
plates of triangular shape, placed normal to the suction surface 
and at a lateral angle to the flow. 

The configurations studied in this present investigation are 
of the same form than that used by Lin [6]; the only difference 
is in the addition of the element c as shows in figure 4. The 
various parameters of the geometry to be optimized are given 
as follows: 
l : Vortex generators length, 
b : Distance between two passive devices, 
a : Space between the same VG, 
h : Vortex generator height, 
c : Vortex generator additional element, 
β : Vortex generator aperture angle. 

 
Figure 4. Passive VGs parameters 

Only four elements ( , , , )a h c β related to the VG’s geometry 
are used. The other parameters such as the ratios /l h and 

/b c  are maintained constant (l/h =2.6, b/c = 3).  
Level of each factor is shown in the following table, where 
level 1 and level 2 represents respectively the low and high 
values. 

Table 2. Variation level on each factor. 

Code Factor Level 1 Level 2 Units 
A a/δ 0.55 0.70 - 
B c/δ 0.30 0.45 - 
C h/δ 0.35 0.55 - 
D β 30 48 (°) 

5.2 Experimental design selection 

Using a full factorial design with four factors k and two 
variation levels justifies making sixteen experiments (2k=16). 
In the framework of this comparative study, we limit the 
number of VGs pairs to six. The lift coefficient was selected 
as objective function. 
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Level 1:-1 
Level 2:+1 

Table 3. A 24 factorial experiment. 

Exp. no. Variables 
 A B C D 

01 - - - - 
02 + - - - 
03 - + - - 
04 + + - - 
05 - - + - 
06 + - + - 
07 - + + - 
08 + + + - 
09 - - - + 
10 + - - + 
11 - + - + 
12 + + - + 
13 - - + + 
14 + - + + 
15 - + + + 
16 + + + + 

 
The table above shows the experiences organization and the 

factor levels for each test.  

5.3 Tests procedure 

The tests were performed by way of the described devices 
above (figure 1) at Reynolds number of 2.6 105. The obtained 
results for the reference’s state (without vortex generators) 
indicate that the airfoil’s stall angle is observed at 15 degrees 
(figure 5). 

 
Figure 5. Lift coefficient versus angle of attack. 

The experimental response chosen corresponds to an 
incidence in post-stall (16 degrees) for best understanding the 
factors effects in improvement of the aerodynamic coefficient 

LC and deducing the most influential parameters. 
 
 
 
 
 
 
 

Table 4. Response of the lift coefficient at 16 degrees. 

Exp. no. Variables Answer 
 A B C D YCL 

01 - - - - 0.8699 
02 + - - - 1.0479 
03 - + - - 1.1267 
04 + + - - 1.0846 
05 - - + - 1.1668 
06 + - + - 1.1810 
07 - + + - 1.2113 
08 + + + - 1.2370 
09 - - - + 1.0220 
10 + - - + 1.0693 
11 - + - + 0.9416 
12 + + - + 1.1439 
13 - - + + 1.1259 
14 + - + + 1.1157 
15 - + + + 1.1198 
16 + + + + 1.1457 

 

5.4 Analysis of the results 

The effects (interactions) are obtained via the calculation 
matrix given by this expression [17]:  

 
1 tE X y
N

=  (9) 

With: 
E: Effect-vector, 
N: Number of experiments, 
Xt: The transposed matrix of the effects calculation, 
y: Response-vector. 
By calculating the effects values of principal factors and 

interactions, it is possible to make a relative factors study with 
respect to their influence to the response. Thus, simply, by the 
effects examination, the factors can be classified according to 
their capacity to vary the studied answer. This study is often 
translated graphically, by histograms. The Pareto’s law is a 
simple mean to classify the phenomenon [18]. In this case, 
34.78% of causes represent 80% of effects; the Pareto law can 
be used [19] with precaution. 

The Pareto diagram is used here to identify the relative 
importance of the different factors in order to focus on some 
key cases that have the greatest impact, rather than getting lost 
in the treatment of a variety causes that have less effect. To 
solve the problem with maximum efficiency, we will act on 
80% of the effects, so it was deemed necessary to take into 
account only the influence of the following elements (C, A, B, 
ABD, BD, ABCD, CD, AC and D) and neglect the rest. 
Graphical analysis highlighted the importance of the C-factor, 
represented by the vortex generators height, which means the 
most influential factor with a contribution ratio of 22%. 
Following the analysis of the results (Table 4), the C-values 
taken on +1 ( 0.55)h δ =  perform better than those on -1 
( 0.35)h δ = . Moreover, the sixteen configurations tested 
have confirmed the great role of the C-factor. 

With a single contribution of 10%, the factor A is also 
considered a major element. Several researchers have 
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investigated the importance of the VGs spacing [4, 20] which 
justifies the interesting position in the following ranking. 
Thirdly, there is the B-Factor with a contribution of 9% which 
is not negligible. So adding this item to the basic triangular 
configuration [1, 2, 4, 5] is very beneficial for the control 
through a passive device. A great interest is given to this 
factor; moreover; a comparative study will be devoted in order 
to detect its efficiency. 

Another equally important finding is covered on D-factor. 
Treated alone; it has practically no effect but it may interact 
with the other factors. Then, the combined contribution (ABD, 
BD, CD and D) operates on 39% of the significant effects. 

 
Figure 6. Pareto diagram applied at 16 degrees, - -□- -

cumulated ratio, ǁ effects contribution. 

The analysis results performed concerned only the 
classification of the factors and interactions as well as their 
contribution rates. A more comprehensive interpretation of the 
test results will be undertaken in the following sections. 

The comparison made between the results from baseline and 
those obtained after the control by experimental designs gives 
the optimized geometrical parameters of the vortex generators 
summarized in the following table: 

Table 5. Optimized geometrical parameters. 

Factors a/δ c/δ h/δ β 
Levels 0.70 0.45 0.55 30° 

6 EXPERIMENTAL RESULTS 

6.1 Position of the vortex generators 

The vortex generators were positioned in line at 10% from the 
leading edge (figure 7); the measurements of the aerodynamic 
forces were performed for several incidences. When the flow 
is not controlled, separation is two-dimensional [21]; only one 
measurement of the pressure fields is sufficient to obtain the 
pressure distribution around the profile. On the other hand, 
when control intervenes, the flow will be three-dimensional. 
A complete sweeping of span ZΔ  is necessary and was 
possible by relocating the VGs along the Z axis (figure 14). 

 
Figure 7. VGs disposition: (1) perspective view; (2) top view. 

 

6.2 Lift, drag and pressure measurements 

6.2.1 Reynolds number effect 

The lift and drag coefficients resulting from the flow around 
the airfoil without vortex generators versus the incidence 
angle (uncorrected for wind tunnel blockage) are shown in 
figure 8 at two Reynolds numbers. We observe that at low 
incidence both LC and dC evolutions have a linear behavior. 

It’s also noted that the progressive incidence increase causes 
a sudden drop in the lift related to a profile stall. This fall is 
accompanied by an expansion of the induced drag caused by 
the fluid separation. 

 
Figure 8. Lift and drag coefficient versus angle of attack (left: 

Re=1.58 105, right: Re=2.6 105). 

 
Furthermore, stall angles corresponding to Reynolds 

numbers of 1.58 105 and 2.6 105 are respectively 13 and 15 
degrees. The flow is more resistant to the stall at high 
Reynolds number. 

The pressure distribution on upper and lower airfoil surfaces 
is, as well known, no longer the same. The Cp values become 
more and more negative as the attack angle increases till 
(α=13°, α=15°) respectively (Re=1.58 105, Re=2.6 105) when 
a sudden increase occurs. This is due to the flow separation on 
the upper surface. 

Figure 9 represents the pressure distribution along the 
chord. This figure shows that the flow carried at lofty 
Reynolds number is strongly accelerating just after the leading 
edge where a depression peak is observed. On the other hand, 
with regard to the other value, one notices the formation of a 
plate which is characteristic in the unhooking profile. 
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Figure 9. Pressure coefficient versus X/L, α=14°. 

 

6.2.2 Optimized vortex generators in improvement of the 
aerodynamic coefficients 

The purpose of this experiment is to demonstrate the vortex 
generator’s ability to change the natural flow on the upper 
surface of the airfoil. Figure 10 shows the lift coefficient 
without and with the control geometry given in table 5. For 
both speeds studied, lift increase is noticed. At Reynolds 
number equal to 1.58 105, the control effect on the lift 
coefficient is less effective than the case when Reynolds 
equals 2.6 105. One can see a relative lift increase of 14% in 
the case (B) and only 5% for the case (A). The results also 
show an improvement in the stall angle of two degrees for the 
two cases.  

The analysis of the drag curves (figure 11) reveals more 
efficiency of the vortex generators on the drag reduction at 
low velocity flow. The drag decrease dCΔ is about 16% at low 
Reynolds number (C) and 11% for the high speed (D).  

However, the L dC C ratio is increased by 28.3% for 
Re=2.6 105 and 23.6% for Re=1.58 105, respectively at 17 and 
15 degrees. 

 
Figure 10. Lift coefficient versus angle of attack, (A): 

Re=1.58 105, (B): Re=2.6 105. 

 
Figure 11. Drag coefficient versus angle of attack, (C): 

Re=1.58 105, (D): Re=2.6 105. 

6.2.3 Comparative study of the added B-factor 
contribution 

A comparative study was made between the proposed vortex 
generators geometry and the same one without the factor B in 
order to determine its influence in the improvement of the 
aerodynamic performances. About 2% of lift increase is 
noticed in figure 12 when the VGs are equipped with the 
factor B for the incidences smaller than the stall angle. Figure 
13 indicates an increase of about 3% at the maximum lift. 

 
Figure 12. Lift coefficient versus attack angle, Re=1.58 105. 

 
Figure 13. Lift coefficient versus angle of attack, Re=2.6 105. 

 
When the control is applied, the flow becomes three-

dimensional, different from the two-dimensional one without 
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the VGs. The wall pressure field was investigated in order to 
study the VGs impact on the pressure evolution. 

The following curves show this pressure field on the upper 
airfoil surface. The measurements were performed at five 
pressure taps locations along the ZΔ  space (figure14). Curve 
smoothing was carried out by interpolation to find the 
intermediates values by using MATLAB™ software. 

 
Figure 14. Pressure taps positions. 

a) Case with factor B: 

 
Figure 15-a. 3D pressure coefficient, Re=1.58 105, α=15°. 

 
Figure 15-b. 3D pressure coefficient, Re=2.6 105, α=16°. 

 
Figure 16-a. Iso-values of the pressure field coefficients, 

Re=1.58 105, α=15°. 

 
Figure 16-b. Iso-values of the pressure field coefficients, 

Re=2.6 105, α=16°. 

Pressure field outlined in figures above shows a periodic 
distribution of the wall pressure on the upper profile surface. 
A strong depression is observed in the spacing defined by the 
factor A (figure 15-a). The control highlights the presence of a 
vortices pair which extends to a very large distance from the 
leading edge. The flow is not only affected downstream of the 
vortex generators as shown in the iso-values distribution 
(figures: 16-a. 16-b) but also upstream of VGs. The created 
vortices may thus accelerate the fluid and create a low 
pressure zone. This energy supply revitalizes the previously 
separated boundary layer and delays the stall angle. 

 
b) Case without factor B: 

 
Figure 17-a. 3D pressure coefficient, Re=1.58 105, α=15°. 

 
Figure 17-b. 3D pressure coefficient, Re=2.6 105, α=16°. 

 
Figure 18-a. Iso-values of the pressure field coefficients, 

Re=1.58 105, α=15°. 

 
Figure 18-b. Iso-values of the pressure field coefficients, 

Re=2.6 105, α=16°. 
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Figures (17. 18) illustrate the pressure field coefficient at 
two different velocities and two attack angles in the case 
without the factor B. Compared with the optimized shape; we 
notice an asymmetrical distribution of the pressure field. This 
can be also seen in the iso-values representations. 

On the other hand, the boundary layer reenergized process 
is more efficient in the presence of the factor B in terms of the 
pressure field distribution and lift/drag ratio enhancement 
(figures 12 and 13). 

7 CONCLUSION 
The experimental investigation enabled us to carry out tests 
relating to the control of aerodynamic unhooking by setting up 
an optimization step of the vortex generators shape parameters 
by the means of the experimental designs. The obtained 
results highlighted the importance of the C-factor represented 
by the vortex generators height which is the most influential 
factor with a contribution ratio of 22%. The optimized VGs 
geometry showed an improvement of 14% relative lift 
compared to maxLC  and 16% of drag reduction. 

The Reynolds number effect was also performed; it shows 
that the flow at high velocity is more effective in increasing 
the Lift/Drag ratio. 

Comparative efficiency of the studied VGs highlighted a 
significant improvement on the flow control when the vortex 
generators are equipped with factor B. This result is 
confirmed by the three-dimensional representation of the 
pressure field as well as the iso-values curves. 

REFERENCES 
[1] C. Bak, P. Fuglsang, J. Johansen and I. Antoniou, Wind tunnel test of 

the NACA 63 415 and a modified NACA 63 415 Airfoil, Riso R-1193, 
Riso National Laboratory, Roskilde, Denmark, 2000. 

[2] J. C. Lin, Review of research on low-profile vortex generators to control 
boundary-layer separation, Progress in Aerospace Sciences, 38: 389-
420, 2002. 

[3] A. C. Brown, H. F. Nawrocki, P.N. Paley, Subsonic diffusers designed 
integrally with vortex generators, J Aircr, 5(3): 221-9, 1968. 

[4] G. Godard and M. Stanislas, Control of decelerating boundary layer. 
Part 1: Optimization of passive vortex generators, Aerospace Science 
and Technology, 10: 181-191, 2006. 

[5] T. K. Zhen, M. Zubair and K. A. Ahmad, Experimental and Numerical 
Investigation of the Effects of Passive Vortex Generators on Aludra 
UAV Performance, Chinese Journal of Aeronautics, 24: 577-583, 2011. 

[6] J. C. Lin, Control of turbulent boundary layer separation using micro-
vortex generators, AIAA Paper, 3404, 1999. 

[7] D. C. Montgomery, Design and analysis of experiments, John Wiley & 
Sons, New York, third edition, 1991. 

[8] M. Zeng. L. H. Tang.M. Lin. Q. W. Wang, Optimization of heat 
exchangers with vortex-generator fin by Taguchi method, Applied 
Thermal Engineering, 30: 1775-1783, 2010. 

[9] G. Taguchi, Taguchi on robust technology development, Bring Quality 
Engineering (QE) Upstream, ASME, 1991. 

[10] I. Puertas Arbizu, C. J. Luis Pérez, Surface roughness prediction by 
factorial design of experiments in turning processes, Journal of 
Materials Processing Technology, 143-144: 390-396, 2003. 

[11] T. Lundstedt and al, Experimental design and optimization, 
Chemometrics and Intelligent Laboratory Systems, 42: 3-40, 1998. 

[12] B. Thwaites, Incompressible aerodynamics: an account of the theory 
and observation of the steady flow of incompressible fluid past 
aerofoils, wings, and other bodies, Dover Publication, Inc, 1987. 

[13] A. Gerasimov, Modeling Turbulent Flows with FLUENT, Europe, 
ANSYS, Inc, October 2006. 

[14] P. Bradshaw, The response of a constant-pressure turbulent boundary 
layer to the sudden application of an adverse pressure gradient, A.R. 
C.R. & M. 3575, 1967. 

[15] G. Sado and M. C. Sado, Les plans d’expériences, de l’expérimentation 
à l’assurance qualité, Collection AFNOR, 1991. 

[16] J. G. Betterton and al, Laser Doppler anemometry investigation on sub-
boundary layer vortex generators for the flow control, in: 10th Intl. 
Symp. On Appl. of Laser Tech. to Fluid Mech., Lisbon, July 10-13 
2000. 

[17] J. Goupy, La méthode des plans d’expériences-Optimisation du choix 
des essais & de l’interprétation des résultats, Ed Dunod, 1996. 

[18] V. Pareto, Cours d’économie politique, Droz, 1896. 
[19] R. Koch, the 80/20 Principle: The Secret of Achieving More with Less, 

Nicholas Brealey Publishing, 2001. 
[20] K. A. Ahmad, J. K. Watterson, J. S. Cole, et al, Sub-boundary layer 

vortex generator control of a separated diffuser flow, AIAA paper, 
4650, 2005. 

[21] D. C, McCormick, Boundary layer separation control with directed 
synthetic jets, AIAA paper, 0519, 2000. 



MS21 

Vibro-acoustics 



 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 
Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 
ISSN: 2311-9020; ISBN: 978-972-752-165-4 

3229 

ABSTRACT: Brake-squeal causes major warranty costs for the automotive industry. In recent years, simulation techniques 
based on the Finite Element Method approach have become more and more a state of the art technique to predict brake-squeal. 
However the definition of countermeasures against brake-squeal is mainly based on trial-and-error methods. This work presents 
a method to identify the sensitivities of the system’s behavior with respect to geometrical changes and provides an efficient 
approach for the definition of countermeasures. 
Brake-squeal is based on the loss of stability of the brake-system. The system is discretized using the Finite Element Method 
and stability is evaluated by applying Lyapunov’s stability criteria on the system matrices. Due to frictional contact, gyroscopic, 
circulatory and negative damping terms arise which may cause instability of the system in the mid frequency range.  
Direct sensitivity and optimization approaches are only less efficient ways to establish system stability due to the large number 
of degrees of freedom and the computation time. A model reduction based on an orthogonal projection significantly reduces the 
number of equations and offers the possibility to evaluate system sensitivities as well as excitation mechanisms. Visualization of 
the excitation mechanism for a specific instable brake-system helps to understand the system’s behavior. The computed 
sensitivities also enable a time and weight efficient way to define countermeasures against brake squeal. 
This model reduction approach has been applied to Finite Element Method models in current development work. 
Countermeasures to improve the noise behavior based on this method have been confirmed on testing benches and in car tests. 

KEY WORDS: Brake-squeal Simulation; Friction induced vibrations; Linear stability analysis; Model reduction techniques. 

1 INTRODUCTION 
Brake noise is a major problem in the automotive industry. 
Several different types of brake noise can be distinguished, 
e.g. brake-moan, brake-groan, brake-judder and brake-squeal. 
They differ in frequency content and excitation mechanism. 
The most relevant brake noise is brake-squeal. It is linked to a 
self excited harmonic vibration between 1kHz and 16kHz [2]. 
The main mechanisms of excitation have been identified but 
up to now, no general solution for brake-squeal was found [6]. 
In this work, two fundamental excitation mechanisms are 
distinguished: the mode-coupling mechanism and the 
negative-friction damping, analyzed by Buck [3]. 

First, the mathematical background of an instable self 
exciting system is presented. Different mechanical excitation 
mechanisms are derived using minimal models in section 3. 
Section 4 covers the problems arising by scaling the minimal 
models to a state of the art Finite Element model. The 
approach for the definition countermeasures for brake-squeal 
is presented in section 5. The work concludes with a summary 
and an outlook. 

2 STABILITY ANALYSIS 

2.1 Linear dynamical systems 

A linear dynamic mechanical system can be discretized, e.g. 
using the Finite Element Method. This results in forces 
proportional to displacement, velocity or acceleration which 
can be described by matrices. The distinction between 

symmetric and skew-symmetric matrices leads to the 
following matrices: 
M  mass matrix for the representation of forces proportional  

to acceleration, real-valued, symmetric, positive definite  
D  viscous damping matrix for the representation of forces 

proportional to velocity, real-valued, symmetric 
G  gyroscopic matrix for the representation of forces 

proportional to velocity, real-valued, skew-symmetric 
K  stiffness matrix for the representation of forces 

proportional to displacement, real-valued, symmetric 
N  circulatory matrix for the representation of forces 

proportional to displacement, real-valued, skew-
symmetric 

S  structural damping matrix for the representation of forces 
proportional to displacement, real-valued, symmetric 

The system of differential equations of a linear dynamic 
system without external loads can thus be written as follows: 
 

0)()( =+++++ uiSNKuGDuM &&&           (1) 
 

Although all physical quantities are real-valued, the 
structural damping matrix represents imaginary forces which 
are needed later to define damping mechanisms in the 
harmonic analysis. 
To improve readability, the following two matrices are 
defined: GDC +=:  and iSNKK ++=:ˆ . 

The system of differential equations of second order has to 
be transformed into a system of equations of first order. This 
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enables a stability analysis which will be described in the 
following section. 

 Let ⎟⎟
⎠

⎞
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⎝
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:  then equation 

(1) equals to 
 

Ayy =&             (2) 
 
with n0 being the n -dimensional zero matrix and nI  the n -
dimensional identity matrix. The number of equations is now 

n2 . 

2.2 Lyapunov’s stability criterion 

Brake-squeal is caused by a self-exciting eigen-vibration of 
the brake-system. Lyapunov’s stability criterion allows to 
judge whether a brake-system is stable or not. The definition 
is based on the system’s matrix A  defined above. 

2.2.1 Stability 

Let nnCA 2,2∈ . Given the differential equation Ayy =& . 
A solution )(0 ty  is called stable, if 00 >∃>∀ δε  such that 
all solutions )(ty  with δ<− )0()0( 0yy  exist for 0>t  and 

ε<− )()( 0 tyty . 

2.2.2 Asymptotic stability 

Let nnCA 2,2∈ . Given the differential equation Ayy =& . 
A solution is called asymptotic stable, if it is stable and 

0>∃δ  such that for all solutions δ<− )0()0( 0yy  follows 

0)()(lim 0 =−
∞→

tyty
t

. 

2.2.3 Instability 

A solution )(0 ty  is called instable, if it is not stable. 

2.2.4 Marginal stability 

A solution )(0 ty  is called marginally stable, if it is stable but 
not asymptotically stable. 
 

 
Figure 1. Stability areas for a single eigenvalue iλ . 

 
The definitions of stability are not useful to judge whether a 

system is stable or not. The following theorem is the basis for 
all computations with respect to stability analysis. 

2.2.5 Theorem of linear stability 

Let nnCA 2,2∈  and pλλ ,,1 L  the eigenvalues of A  and 
np 2≤ . Let )(max:

,,1 j
pj

λγ ℜ=
= L

 be the maximum of the real 

parts of the eigenvalues. Then the trivial solution 0)( ≡ty  of 
the differential equation Ayy =&  is 
- asymptotically stable for 0<γ , 
- marginally stable of instable for 0=γ  and 
- instable for 0>γ . 

Now the question regarding the system’s stability can be 
answered by computing all eigenvalues. In the application of 
brake-squeal, only the eigenvalues up to a frequency given by 
the threshold of audibility are of interest. 

3 EXCITATION MECHANISMS 
The most important excitation and damping mechanisms for 
brake-squeal can be modeled by simple one or two 
dimensional mechanical models. 

3.1 Negative friction damping 

A mass m  is located on a moving belt with constant velocity 
0v . It is able to move in the 1x  direction, linked to a spring 

with stiffness k  and loaded by a concentrated load N . Under 
the assumption that the velocity of the belt is always larger 
than the vibration velocity 010 >−= xvvrel &  and that the 
friction value is velocity dependent relrel vv 10)( μμμ += , the 
equation of motion results in: 
 

NvkxxNxm )( 0101111 μμμ +=++ &&&           (3) 
 

 
Figure 2. Minimal model for negative friction damping. 

 
The physical relevant solution is δωλ −= i  with the eigen 

angular frequency ω  and the exponential decay δ : 
 

m

k
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N
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N

2
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The system is instable if and only if 01 <μ , which is the 

case in the contact between brake disc and pad [7]. Here the 
instability is caused by a negative definite damping matrix D . 
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3.2 Positive friction damping 

The system is modeled as before, but the mass is now able to 
move in the 3x  direction. It is assumed that the vibration 
velocity is much smaller than the moving velocity of the belt 

03 vx <<& . This enables to linearize the system’s equation. The 
friction value μ  may now be constant. 

 
Figure 3. Minimal model for positive friction damping. 

 
The linearized equation of motion is given by: 

 

033
0

1
3 =++ kxx

v

N
xm &&&

μ            (5) 

 
The physical relevant solution is δωλ −= i  with 
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This system is always asymptotically stable, because δ  is 

always positive. So the damping matrix D  is always positive 
definite. 

3.3 Mode coupling 

 
Figure 4. Minimal model for mode coupling. 

 
The third model has two degrees of freedom 1x&  and 2x& . 

There exists a contact stiffness Nk  and an additional diagonal 
spring 12k . The friction value μ  is constant again and the 

vibration velocity 1x&  is assumed to be smaller than 0v . The 

system’s differential equations for ⎟⎟
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The solution is stable for 0=μ  or 012 =k . For all other 

cases, dimensionfree parameters are introduced: 
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Using those parameters, the eigenvalues are given by: 
 

))(1( 2
02,1

2
2,1 γββαβκλ −+±+==− c           (9) 

 
The system stability behavior is triggered by the sign of the 

expression under the root )(2 γββα −+ . If it is negative, the 
system is unstable. Here the instability is caused by a skew-
symmetric matrix N  of circulatory forces. 
All three mechanisms can be included in a Finite Element 
model of a brake-system by the variational principle, see [1] 
and [8] for details. 

3.4 Other excitation mechanisms 

Beside the positive and negative friction damping and the 
mode coupling mechanism also other mechanisms affect the 
system’s stability. Material and joint damping may stabilize 
the system. Gyroscopic forces such as coriolis forces or 
centrifugal forces may stabilize or destabilize the system [5].  

4 FINITE ELEMENT ANALYSIS 
The Finite Element model is based on the brake disc, the 
brake caliper with the brake pads and the adjacent axle parts. 
Special emphasis is made to the contact and joint modeling. 
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Figure 5. Finite Element model for brake-squeal simulation. 

 
Bajer et al. [1] present a combined static and dynamic 

approach to evaluate brake-squeal. This reduces some 
disadvantages of the system’s linearization. The computation 
consists in three parts: 
- quasi-static nonlinear computation of an operating condition 
- real eigenfrequency extraction (modal projection) 
- complex eigenfrequency extraction (stability analysis) 

4.1 Quasi-static computation of the operating condition 

The operational status of the brake-system is established by 
applying the disc rotation, the brake pressure and a non-zero 
friction value between disc and pad. 
Also further effects like temperature distribution, wear and 
gravitation can be added. This part of the analysis is non-
linear. 

4.2 Real frequency extraction 

The system has to be linearized for the stability analysis. Now 
all brake-system’s properties are completely described by the 
three matrices M , C  und K̂  with n  degrees of freedom. As 
seen before, based on the modeling, the mass matrix M  is 
symmetric positive definite. The matrix of velocity 
proportional forces C  is real-valued but the matrix of 
displacement proportional forces K̂  can have complex-valued 
entries. For a stability analysis, the m  smallest eigenvalues 
have to be extracted, up to a maximal frequency of interest, 
which is given by the threshold of audibility. 
In general, the following problem is given: 
 
Let nmNmn ≤∈ ,,  and nnRCM ,, ∈ and nnCK ,ˆ ∈ : 
Find n

jj CC ∈∈ ϕλ , with 0)ˆ( 2 =++ jjj KCM ϕλλ         (10) 
 

The eigen angular frequencies jω  and the exponential 

decay jδ  can be computed from the eigenvalues 

jjj i δωλ −= . No efficient algorithm exists to solve this 

problem for large Nn∈  exactly. So a simplified system is 
solved first and the original system will be projected onto this. 
The m  first real eigenvectors ),,1(,0 mjRn

j L=∈ϕ  of the 
M-K-system, defined by mass and symmetric stiffness matrix, 
are given by: 
 
Find n

jj RR ∈∈ ,0,0 ,ϕλ  with 0)( ,0
2

,0 =+ jj KM ϕλ         (11) 
 

The eigenvalues j,0λ  are purely imaginary and the real 
eigen angular frequencies are )( ,0,0 jj λω ℑ= . Defining 

2
,0: jj λκ −=  follows a generalized symmetric eigen-problem of 

first order. In case of a lumped mass formulation of the Finite 
Element code, M  is a diagonal matrix, which can be inverted 
directly. Then a symmetric special eigen-problem of first 
order is given which can be quickly solved [4]. 

4.3 Modal projection 

The simplified eigen-problem (11) is always marginally 
stable, due to the missing gyroscopic, circulatory and damping 
forces. So no decision about the system’s stability can be 
made. Now the original system can be projected onto the m  
orthogonal eigenvectors j,0ϕ  of the simplified real system. 
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This system of equations is called the projected or reduced 

system. 

4.4 Complex frequency extraction 

The eigenvalues Cj ∈
*λ  and eigenvectors m

j C∈ψ  of the 
reduced system are obtained by: 
 
Find m

jj CC ∈∈ ψλ ,* with 0)ˆ( *2* =++ jjj KCM ψλλ         (13) 
 

In the usual case nm << , this problem can be solved 
efficiently. For this, the eigen-problem of second order (13) is 
transformed into a non-symmetric special eigen-problem of 
first order of the matrix *A  with the dimension of m2 . 
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*

ˆ
0

:
CMKM

I
A         (14) 

 
The system’s stability can now be shown by the complex-

valued eigenvalues Ci jjj ∈−= *** δωλ . The sign of *
jδ  

indicates an instability and a potential squealing brake. Also 
the eigenvectors are of interest, to identify the vibration 
patterns. After having computed the eigenvectors m

j C∈ψ  of 

the reduced system (13), the original eigenvectors n
j C∈ϕ  

can be obtained by back-projection: 
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jjj ϕψϕ ≈Φ= 0
*          (15) 

 
Instead of solving the original eigen-problem (10), first the 

simplified real eigen-problem (11) and later the reduced 
eigen-problem (13) are solved. 

5 DEFINITION OF COUNTERMEASURES 
Beside the question whether a brake-system is stable or not, a 
further question arises: How should the system be changed in 
order to establish stability? The next section presents several 
approaches. 

5.1 Common methods in testing department 

Starting with the experience at a test rig, a first indication can 
be given for the search of countermeasures. The influence of 
changes in the mass distribution is most effective at positions 
with large vibration amplitudes. Large amplitudes can be 
detected by a microphone array, laser vibration measurements 
or even by touching the surfaces of brake parts. 

5.2 Methods derived by simulation 

An analogous approach can be done with simulation 
techniques. Knowing the vibration amplitudes jϕ  and strain 
energies of a specific instability, the positions with the highest 
sensitivity to changes in mass and stiffness can be identified. 
An example is given in figure 6. Here the first free-free 
bending mode of a beam is given. The displacement u  is 
maximal at the ends of the beam, here the eigenfrequency can 
be influenced best by changing the mass m . Adding mass 
reduces the eigenfrequency. The stresses and strains are 
maximal in the middle of the beam, especially at the upper 
and lower surface. Here the stiffness k  can be changed by 
adding material and so the eigenfrequency increases. 
 

 
Figure 6. First bending mode of a beam. 

 
An analogous procedure for the question of stability of a 

brake-system is not available. There is not direct way to 
determine whether the mass or stiffness should be increased or 
decreased and how much change in the system is needed to 
eliminate an existing instability. So a number of tests remain 
necessary to find an optimal solution. 

5.3 CCF, CMCF 

Zhang et al. [9] propose the definition of a component 
contribution factor (CCF) to determine the brake component 
which is the most vibrating one. This part should then be 
analyzed more in detail. For this, the component mode 
contribution factor (CMCF) is used. It is computed by the dot 
product of the eigenvector of the instability and the 
eigenvectors of all free-free eigenmodes of the component. 
The eigenmode with the largest CMCF should then be 
changed in frequency. 

The advantage in this approach is to shift the problem from 
system’s level to the easier to solve component eigenmode 
level. But several disadvantages arise: All contact influences 
are neglected and in many cases, the highest CMFC is 
obtained for one of the six free body modes which cannot be 
changed in frequency. 

5.4 Modal reduction method 

The dependency of any result with respect to the input 
parameters can be determined by a sensitivity analysis. In the 
context of a brake-squeal simulation, two fundamental 
questions arise: The parameterization of a Finite Element 
model is quite complex, especially in terms of geometry. And 
the computation of extensive sensitivity analysis is time-
consuming. 

Neglecting the influence of the first non-linear quasi-static 
part of the simulation, the choice of the real eigen angular 
frequencies ),,1(,0 mjj L=ω  as input parameters can be 
done. This provides an efficient approach for a sensitivity 
analysis. Having the results of this sensitivity analysis and the 
corresponding real eigenvectors ),,1(,0 mjj L=ϕ , a suitable 
position for a modification can be determined. 

In the following, the real-valued dimensions 
Rjj ∈=ℑ ,0,0 )( ωλ  and n

j R∈,0ϕ  are the eigenvalues and 
eigenvectors of the real or simplified system. The complex-
valued dimensions Ci jjj ∈−= *** δωλ  and m

j C∈ψ  are the 
respective dimensions of the projected or reduced system. The 
computation of the eigenvalues of the reduced system can also 
be interpreted as a diagonalization of the system’s matrix. E.g. 
the transformation of coordinates defined by ),,( 1 mψψ L=Ψ  
induces a diagonalization of the system’s matrix of the 
reduced system. The case of a non-diagonalizable system’s 
matrix with eigenvalues, for which the geometric multiplicity 
does not match the algebraic multiplicity, can be neglected. In 
applications, identical eigenvalues will never occur. 

The concept of a system’s matrix, which will be called *B , 
has to be distinguished from the mass, damping and stiffness 
matrices M , C  and K̂ . The matrix *B  is unknown before 
the analysis, it only has to fulfill the following equation: 
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So *B  shows the same instabilities as the brake-system. 

The matrix *B  is defined uniquely when the eigenvalues *
jλ  

of the reduced system are pairwise different, e.g. the matrix 
Ψ  is regular. This cannot be assumed in general, but in case 
of application. Having solved the reduced system, *B  can be 
computed easily 
 

1**
1

* ),,( −ΨΨ= mdiagB λλ L         (17) 
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In general, the eigenvectors jψ  are not orthogonal, so Ψ  
can be numerically badly conditioned. By recomputing the 
eigenvalues of *B  and comparing them to *

jλ , an influence of 
the condition of Ψ  to the results can be excluded. All the 
modal information of the brake-system up to a fixed 
frequency is stored in *B . The real eigenvalues 

),,1(,0 mjj L=ϕ  compose the orthogonal basis *B  is defined 

respectively. The system’s matrix *B  has a characteristic 
diagonal-dominant form, as can be seen in figure 7. The 
entries on the main-diagonal are nearly identical with the 
eigenvalues of the simplified real system 

jjjjB ,0,0
*
, )()( ωλ =ℑ=ℑ . All non-diagonal entries are at least 

one magnitude smaller. By masking the main-diagonal entries, 
a structure like grooves remains, as can be seen in figure 8. 
Those entries refer to the coupling which is induced by the 
sliding contact between brake disc and pad. 
 

 

Figure 7. System‘s matrix *B . 

 
A close link exists between the non-diagonal entries in the 

matrix *B  in figure 8 and the free-free eigenmodes of the 
brake disc. In the columns entries of the Out-of-plane (OP) 
modes j,0ϕ  can be identified. Respectively, the In-Plane-
Tangential (IPT) modes refer to lines with non-zero entries. If 
the eigenvector j,0ϕ  shares an IPT deflection between brake 
disc and pad and i,0ϕ  shares a respective OP deflection, then 

0*
, ≠jiB . A pure IPT mode does not represent an OP 

deflection and can be identified with a zero column. This 
shows the grooves. 
 

 

Figure 8. ),,( ,0,0
*

mjdiagB λλ L−  

 
The matrix *B  can be the basis for a sensitivity analysis. 

The variation of the real eigenvalues can be implemented by 
modifying the main-diagonal entries jjjjB ,0,0

*
, )()( ωλ =ℑ=ℑ . 

Now only the reduced system with nm <<  degrees of 
freedom has to be solved instead of the original system with 
n  degrees of freedom. A Sensitivity analysis with a large 
number of parameters can now be done efficiently using this 
reduction method. 

The sensitivities of the complex frequencies j,0ω  and 
damping values jδ  of instable modes are presented in the 
following figures. Figure 9 shows that the 5th complex 
eigenfrequency *

5ω  can only be influenced by the 5th real 

eigenfrequency 5,0ω . The existing negative damping and the 
linked instability cannot be affected. The 5th eigenmode is an 
IPT mode. The source of the instability is not a mode-
coupling but an excitation by the negative friction damping 
mechanism which is linked to the negative dependency of the 

friction value with respect to the velocity 0<
∂
∂

relv

μ . 

 

 

Figure 9. Sensitivity of *
5

*
5

*
5 δωλ −= i  vs. j,0ω . 
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Another typical sensitivity curve is shown in figure 10. The 
instability of the 72th complex mode is caused by the mode-
coupling mechanism. Besides the complex frequency *

72ω , 

also the damping value *
72δ  is sensitive to changes of the real 

eigenfrequencies j,0ω . The instability can be minimized or 
even eliminated by reducing the 72th real eigenfrequency 

72,0ω  or by increasing the 73th real eigenfrequency 73,0ω . No 

other real eigenfrequency j,0ω  has a significant influence to 
the instability. This shows very clearly that the mode-coupling 
mechanism derived in a two degree of freedom model remains 
the same in a complex Finite Element model. The aim is now 
to shift the frequencies of the 72th and 73th real 
eigenfrequencies in a way to maximize the distance between 
them. The shifting of eigenfrequencies in an M-K-system is 
an easier to solve problem from a mathematical and an 
engineering point of view, compared to the elimination of 
instabilities of a more general M-D-G-K-N-S-system. 
 

 

Figure 20. Sensitivity of *
72

*
72

*
72 δωλ −= i  vs. j,0ω . 

 
In general, the matrix *B  can be defined with respect to any 

other basis, not only with respect to the real eigenvectors j,0ϕ . 
Linked to Zhang et al. [9], the free-free eigenvectors of 
components could be used. In this case several 
eigenfrequencies of different components will have a 
significant influence. The characteristics shown in figure 10 
with only two non-zero entries is not to be expected. 

6 CONCLUSIONS AND OUTLOOK 
The approach presented in this paper offers a way to define 
countermeasures in an efficient manner. It is very closely 
linked to the modeled excitation mechanisms for brake-
squeal: negative friction damping and mode locking. Using 
the approach shifts the complex problem of gaining stability 
of a dynamical M-D-G-K-N-S-system to the easier to solve 
problem of shifting eigenfrequencies of a M-K-system. 
Other approaches only indicate the brake component or a 
place where the system is sensitive. There is no information 
how the system should be changed: adding or removing mass 
or stiffness. 

The actual implementation only refers to the “direction” of 
system change. The “value” how much change is needed to 
establish a stable system is still missing. A quadratic approach 
instead of the presented linear one could be the next step in 
finding a complete approach to eliminate brake-squeal. 
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ABSTRACT: A new method called Discrete Flow Mapping (DFM) has been presented recently in [1], extending existing high 
frequency methods for modeling the vibro-acoustic properties of mechanical built-up structures towards a mesh based approach. 
This makes it possible to do vibro-acoustic simulations directly on existing finite element method (FEM) meshes. It provides 
detailed spatial information about the vibrational energy of a whole structure of arbitrary complexity in the mid-to-high 
frequency range. The response of small-scale features and coupling coefficients between sub-components are obtained through 
local FEM models integrated into the global DFM treatment. The computational cost of DFM is largely frequency independent 
making it possible to get results for mid to high frequencies. This tool will be important when considering the vibrational 
response of a structure as a whole moving away from modelling vibrations only in sub-parts of the mechanical body. We will 
present here applications of DFM in the motor vehicle and ship building industry  
KEY WORDS: Ray tracing; Flow propagation; Ulam method; High-frequency wave asymptotics; Statistical energy analysis; 
Power flow analysis. 

 
1 INTRODUCTION	  

A large range of numerical methods has been developed 
for solving noise and vibrations problems for mechanical 
structures. Popular tools include finite or boundary element 
methods. There are, however, basic limitations when 
approximating the solutions of wave equations directly: the 
size of the associated linear system increases with decreasing 
wavelength and numerical schemes become inefficient when 
the local wavelengths are orders of magnitude smaller than 
typical dimensions of the physical system. One therefore 
moves to high frequency methods, such as ray tracing or 
statistical approaches. Both these methods have 
disadvantages, however. Tracking rays including multiple 
reflections on boundaries can become cumbersome, in 
particular on curved surfaces and including mode conversion 
at interfaces and has not yet found widespread use in 
mechanical engineering. Statistical methods normally start by 
dividing the structure into a set of substructures and assuming 
diffuse wave fields and quasi-equilibrium conditions in each 
of the subsystems. These ideas form the basis of Statistical 
Energy Analysis (SEA) [2], which has found widespread 
applications in the automotive and aviation industry as well as 
in building acoustics. The underlying assumptions are, 
however, often hard to verify a-priori or are only justified 
when an additional averaging over ‘equivalent’ subsystems is 
considered. These shortcomings have been addressed by 
Langley [3] and more recently by Le Bot [4,5].  

A computational tool based on a linear operator approach 
for propagating ray densities – Dynamical Energy Analysis 
(DEA) – has been proposed in [6,7]. DEA systematically 
interpolates between SEA and full ray tracing. The name 
points towards the similarities with SEA, but stresses at the 
same time the importance of non-diffusive transport along the 
ray dynamics. In particular, in DEA we have much more 
freedom in sub-structuring the total system and variations of 
the energy density across sub-structures can be resolved. An 
efficient implementation of DEA on meshes has been 

presented in [1] called Discrete Flow Mapping (DFM) making 
it possible to deal with high-frequency vibro-acoustics on 
complex mechanical structures including multi-mode wave 
propagation and curved surfaces. Coupling at material 
interfaces is described in terms of reflection/transmission 
matrices. These matrices are obtained by solving the wave 
equation locally in the coupling region.  

The method is applied to benchmark problems provided by 
Germanischer Lloyd (part of a double-hull structure of a large 
ship) [8] and Jaguar Land Rover (cast aluminum shock tower 
of a Range Rover).  

2 DYNAMICAL	  ENERGY	  ANALYSIS	  –	  A	  BRIEF	  OVERVIEW	  

2.1 From	   ray	   tracing	   to	   flow	   equations	   –	   an	   operator	  
formulation	  

We give here a brief overview over the set-up of the 
method; for more details, see [9,10]. We consider a linear 
wave problem driven by a distribution of sources at a fixed 
angular frequency ω; a generalisation to frequency band 
excitation is straightforward as discussed below. We split the 
total system into sub-domains j = 1,…,M, (such as the 
elements of an FEM grid), whereby the material parameters 
and thus the local wave speeds cj are assumed to be constant 
in each sub-domain, but may vary between domains. Damping 
is incorporated through a complex wavenumber with an 
imaginary part proportional to a damping coefficient µj , 
which may depend on ω. In general, one wants to determine 
the solution u of a wave equation, (where u is, for example, 
the displacement within a solid or pressure variations within a 
fluid), that is,  

 
          (1) 

 
Here, H corresponds to a linear operator containing, for 
example, mass and stiffness matrices describing the vibro-
acoustic dynamics including damping and F(r) represents an 
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excitation driving the system. Appropriate boundary 
conditions apply at the outer boundaries and the interfaces 
between sub-domains. The wave energy density ε at a point r 
is then proportional to the modulus-square of the wave 
amplitude u, that is,  

 
            (2) 

 
The linear wave equation (1) can in a natural way be 
associated with a ray dynamics via the Eikonal approximation 
expressing the wave function in (2) in terms of ray 
contributions [5]. The mean wave energy density is 
proportional to the density of rays ρ(r,p) going through a point 
r, that is, 

 

           (3) 
where p is the direction (or momentum) vector which is 
related to the wave number. In the stationary case, rays 
emerge uniformly from source points and undergo reflections 
at boundaries as well as absorption processes. This makes it 
possible to relate wave energy densities to classical flow 
equations and thus thermodynamical concepts, which are at 
the heart of SEA or DEA treatments. Note that different mode 
types such as shear, pressure or bending modes in plates are 
treated as rays with different local wave speed. Mode 
coupling at boundaries or interfaces leads to ‘mode-
conversion’ of rays, that is, the classical flow of rays will 
undergo ‘ray-splitting’. The conversion rates between rays 
corresponding to different modes are related to the modulus 
square of the entries of an interface scattering matrix. 
Likewise, the transmission/reflection probabilities between 
sub-domains are given by the ratios of the outgoing normal 
power fluxes to the incoming normal power flux at the 
interface, which can again be obtained from the scattering 
matrix. 

 
Figure 1: Boundary map in a single subsystem. 

 
DEA is based on the observation that these flow equations 

for ray densities can again be written in terms of a linear 
partial differential equation, the so-called Liouville equation 
(LE). In order to solve the stationary flow problem, we rewrite 
the LE in boundary integral form; the boundary can be the 
physical boundary of the system or the boundary of sub-
domain. We first consider a problem with a single domain 
with boundary Γ, see Fig. 1. The stationary ray density in the 
interior can be mapped onto a boundary layer density ρ0, ie 
the boundary density producing the same ray field in the 
interior as the original field before the first reflection. Ray 

densities ρ emanating from the boundary are transported to 
the next intersection with the boundary by an operator B , 

 
        (4) 

 
see Fig. 1. Here Xs   =   (s;   ps) represents a phase-space 
coordinate on the boundary, that is s parameterises the 
boundary Γ and ps denotes direction or momentum 
components tangential to Γ at s. Also ϕ is the invertible 
boundary map; it takes a ray from a boundary point s with 
tangential direction ps along a straight ray to the next 
intersection with the boundary. The weight function w(Xs) 
contains absorption factors. The stationary density on the 
boundary induced by the initial boundary distribution ρ0 (Xs) 
is then obtained using  

 

          (5) 
at the boundary. The density distribution in the interior region 
can then be obtained from the boundary density ρ(Xs). One 
obtains the density (3) after projecting down onto coordinate 
space. Note that this treatment is formally equivalent to ray 
tracing - we therefore call B  the ray tracing boundary 
operator.  

In a next step, we consider several subsystems Ωi,   i=  
1,…,M. Coupling between sub-elements are treated as losses in 
one subsystem and source terms in another. Typical 
subsystem interfaces are surfaces of reflection/transmission 
due to sudden changes in material parameters or local 
boundary conditions. However, as DEA takes into account the 
full ray dynamics, the final results will not depend critically 
on the choice of the sub-systems; in fact, we can always split a 
given sub-system into smaller sub-domains if necessary – a 
big advantage compared to SEA where the choice of sub-
domains is often critical. We describe the full ray dynamics in 
terms of subsystem boundary operators Bij; flow between 
Ωi and Ωj is possible only if subsystem i and j have a common 
boundary, see Fig. 2. We introduce a weight function wij   in 
Eq. (4), which contains (apart from the usual damping term) 
reflection and transmission coefficients characterising the 
coupling between subsystems i and j at the interface. 

 
Figure 2: Discrete flow mapping defined on FEM grid. 
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2.2 Discrete	  flow	  mapping	  

In order to evaluate Eq. (5), a finite dimensional 
approximation of the operator B  is constructed. We are facing 
two fundamental problems at this stage; firstly, one needs to 
choose a subdivision of the full structure into sub-domains 
together with the associate flow-map for each sub-domain; 
and secondly, one needs to construct the operator B  in an 
appropriate approximation. The first point needs to address 
the complexity of the structure, the second needs to deal with 
the fact, that we doubled the dimension of the problem by 
going from position space to phase space. Using the discrete 
flow mapping technique [1], we can overcome both problems: 
to address the complexity issue, we choose the mesh-elements 
of a grid as the sub-domains. This allows us to deal with very 
complex structures but keeps the local dynamics simple with 
flow maps defined on triangles or rectangles. The 
dimensionality problem is tackled by constructing B 	   on the 
boundary of the mesh elements in terms of basis functions 
[1,9,10]; for the spatial variable s, piecewise constant 
boundary element functions on the (discretised) boundary are 
used. For the approximation in the momentum argument we 
choose a Legendre polynomial basis; note that in 2D, the 
variable ps  

€ 

∈   (-‐|p|;|p|) with |p| on the ‘energy surface’ 
defined through H(p,r)   = ω2, where the Hamiltonian H is 
related to the wave operator H  in (1). We thus expand the 
density ρ in the form  

              (6) 
Here, N  is the order of the basis expansion, n  is the number of 
elements of the boundary mesh, Pb is the Legendre 

polynomial of order β and bα denotes a boundary element 
basis function being constant in the boundary segment 

€ 

α ∈Γ 

and zero elsewhere. The coefficient vector ρ(α,β) in (6) is 
labeled in terms of the multi-index (α, β). In the case of multi-
domain problems, we need to sum in Eq. (6) in addition over 
the domain index j. The matrix approximation B of the ray 
tracing operator B  is obtained in the same way by representing 
the integral in (4) in the basis approximation Eq. (6), see [1,9]. 
The simplicity of the flow map makes it possible to solve 
some of the integrals (necessary for computing B) 
analytically, which effectively halves the dimensionality of 
the problem, see [1] for details. 

Once the matrix B has been computed, the values of ρ(α,β) in Eq. (6) 
are evaluated using Eqn. (5) by solving  

 

            (7) 
This yields an approximation for the density distribution ρ on 
the boundary given by (6). This distribution is then mapped 
back into the interior region and after projecting onto position 
space, we obtain an approximation for the energy density in 
(3), see [1] for details. Frequency band calculations are 
obtained by sampling the results over the frequency band 
considered. 

Note that transmission or reflection at boundaries depends 

in general on the angle of incidence of the incoming/outgoing 
ray. DEA incorporates directed transmission through 
interfaces, in contrast to SEA, which assumes diffusive wave 
fields in each subsystem – i.e. wave fields consisting of a 
uniform superposition of waves (and thus rays) from all 
directions. We will discuss the details about the 
implementation of interface scattering matrices in the next 
section.  

 
Figure 3: Dashed line: incoming ray, solid lines: 

reflected/transmitted rays of the three mode types. 
 

2.3 Reflection,	  transmission	  and	  curvature	  

Reflection/transmission coefficients are obtained by 
calculating interface scattering matrices. We will focus here 
on interfaces forming junctions between plates of varying 
thickness, a setting, which is relevant for our benchmark 
problems discussed in Sec. 3. In DEA, we find local wave 
solutions at the interface taking into account the angle 
dependence of the corresponding wave scattering. To find the 
transmission/reflection coefficients of a set of plates being 
coupled at a common interface (such as depicted in Fig. 3), we 
follow [11,12]. In particular, we consider the connection 
between plates as line junctions, that is, the interior properties 
of the junction are not modeled and the mass and moment of 
inertia are neglected. 

Let us consider a line junction, which couples n different 
plates assuming semi-infinite plates for simplicity. The 
boundary conditions at the line junction correspond here to 
dynamic conditions involving stresses and moments and 
kinematic conditions for displacement and rotations for all 
plates. To construct the transmission coefficients, we calculate 
the response of the system with respect to excitation due to an 
incoming plane wave. The incoming wave has a fixed wave 
number and a characteristic mode, that is, it is of b, p or s 
(bending, pressure and shear) type. The outgoing waves 
typically have components in all plates and are a mixture of 
all mode types. An evanescent bending mode is included to 
complete the description. Thus, for each plate we have 4 
unknown amplitudes for the 4 different wave types. Possible 
material differences between the plates can lead to different 
wave numbers in different plates. For a given forcing with a 
particular incoming mode in a particular plate, we can solve 
for the unknown modal coefficients in all plates. In practice, 
we find directly the transmission probabilities by calculating 
the ratio of outgoing to incoming normal power fluxes. 
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Figure 4: Reflection/transmission coefficients for a T-joint 

with material parameters given in Sec. 3 at 200 Hz. Shown is 
the normal flux 

€ 

τ xy
ij  of the outgoing mode y = b, p, s in plate j 

= 1, 2, 3 for an in-coming bending wave in plate 1 (uppermost 
plate). 

 
Fig. 4 shows transmission coefficients calculated with the 

method developed in [11], here for the T-joint in Fig.3 with 
material properties given [1]. In particular, we plot the 
individual transmission coefficients for bending, pressure or 
shear forcing on the vertical plate in Fig. 3. The coefficients 
are labeled as 

€ 

τ xy
ij  with x, y = b, p, s and i,j = plate 1, 2, and 3. 

The plot shows the dependence of the coefficients with 
respect to the cosine of the angle of the incoming ray to the 
interface. The results, as displayed in Fig. 4, are now 
incorporated as part of the weight function w into the 
boundary kernel, Eq. (4), or its finite dimensional 
approximation.  

 
For modeling the vibrations of thin shells we need to 

consider ray tracing on curved surfaces. Applying thin shell 
theory in the high frequency limit, as in [13], curved rays 
follow the geodesics of the surface. This approximation is 
valid for wavelengths shorter than the radii of curvature of the 
shell, but larger than the thickness. Mimicking geodesic paths 
on the corresponding triangulated surface, we employ the 
theory outlined in [14] and [15], making use of the fact that 
for ray paths on triangulated surfaces, the notions of shortest 
and straightest (discrete) geodesic are equivalent, see [15]. 
Hence the straightest geodesic choice of  will 
approximate the direction of the geodesic flow on 
homogeneous regions of the triangulated surface, and abrupt 
changes of surface thickness or material will result in a Snell’s 
Law effect, see [14]. 

Corrections need to be considered if the radius of 
curvature is of the order of the wavelength. It is possible to 
construct modified ray paths from the dispersion curves given 
by thin shell theory, see [13], but this requires a detailed 

knowledge of the local curvature. In the interests of keeping 
the model as simple as possible, we will follow a different 
approach here. We treat the meshed structure as a set of plate-
like elements and estimate reflection/transmission properties 
due to the finite angle between mesh elements using the plate-
junction theory sketched above and detailed in [11,12]. This 
enables us to mimic wave barriers due to regions of high 
curvature as demonstrated in the next section. 

3 NUMERICAL	  RESULTS	  

3.1 Double-‐hull	  structure	  

We apply the method to a stiffened double bottom test 
structure provided by Germanischer Lloyd [8] consisting of 
8mm steel plates with 200mm × 16mm stiffeners, see Fig. 5. 
The distance between the top and bottom plates is 1.5m, the 
distance between the side walls is 3m. The following material 
parameters for steel are used: Young’s modulus E = 2.1 
1011Pa, Poisson ratio 0.3, and the material density is 
7800kg/m3. We furthermore use hysteretic damping with a 
damping loss factor 0.03 for all three mode types. 

For our DFM treatment, we divide the structure along 
plate intersections; this leads to N = 212 subsystems for the 
test structure in Fig. 5. We further subdivide the boundary of 
each subsystem; the boundary mesh is chosen such that the 
mesh size is 0.2m or less. For the momentum basis we use up 
to 8th order Legendre polynomials. The 
transmission/reflection coefficients are obtained as discussed 
in Sec. 2.3 and computed directly when evaluating the 
integrals in Eq. (4) in the basis expansion. The structure is 
excited by random excitations at a fixed frequency in the 
bending degrees of freedom at 200Hz on the upper part of the 
structure. 

 

 

 
Figure 5: Germanischer Lloyd benchmark example with 

random excitation. Shown is the energy density (logarithmic 
scale) of the bending mode with DEA (upper) and FEM 

(lower figure); axis label are in meters. 
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The computation was done on a quad-core processor 
machine (Intel core i5-2540M cpu 2.60GHz) with a total 
computation time of 6.5mins. The computation of the matrix 
coefficients in the 194,562×194,562 sparse matrix with 
309,434,904 nonzero matrix entries took 3.5mins and solving 
the linear system with Gauss-Seidel iteration took 2.5mins.

Fig. 5 shows the structure and the wave energy density of 
the bending modes on a logarithmic scale using DEA and 
FEM. As expected, the energy density decreases with the 
distance to the excitation points due to damping; the overall 
agreement with the FEM calculation is good.

3.2 ��������	�
����������
�

Next, we consider the transport of high frequency wave 
energy in thin shells. High frequency vibro-acoustic models 
based on an SEA treatment will be unsuitable in these 
circumstances since complex geometrical features are difficult 
to include in SEA and subdivision of the model into sub-
systems is far less clear cut for large molded castings. DEA 
using the DFM method can overcome these problems, since it 
can be easily applied in the framework of existing grids for 
finite element models, requires no choice of sub-system 
division and incorporates the full geometry and directionality 
of the energy flow.

The response of a thin molded aluminum car component 
(shock tower of a Range Rover), to a unit point force applied 
normal to the surface is modeled and compared with a finite 
element simulation for the full wave model performed using 
Nastran [1]. In order to maintain a tractable model size for the 
finite element simulation and to study frequency ranges of 
industrial interest, the computation is performed at 
frequencies between 8kHz and 10kHz. This approximately 
corresponds to a third of an octave band centered at 9kHz.

For the DFM treatment, we now consider the elements of 
the FEM grid as our sub-domains. Here, the power of the 
DEA method becomes obvious – we can immediately work 
with the meshes provided by the manufacturer, here Jaguar 
Land Rover, to perform the calculations; any preprocessing in 
terms of finding adequate subsystems becomes obsolete. 
Assuming thin shell theory [13], rays travel along geodesics 
on the curved surface (as long as the radius of curvature is 
large compared to the wavelength). Ray tracing along 
geodesics can be implemented on the mesh following [14,15]
by choosing incoming angles equal to outgoing angles at each 
interface as discussed in Sec. 2.3. To incorporate mode 
mixing and reflection effects in regions of strong curvature, 
we interpret the FEM model as a set of plane plate segments 
intersecting at the mesh boundaries. The angles of intersection 
enter into the computation of the scattering matrix giving rise 
to reflection, transmission and mode conversion as described 
in Sec. 2.3.

Fig. 6 shows the ray model result compared with a full 
FEM calculation of the wave equation using shell elements in 
Nastran; here, the kinetic energy averaged over the blue patch 
is plotted as a function of the hysteretic damping level for 41
evenly spaced frequencies (red dotted lines) spanning the 
frequency range from 8kHz to 10 kHz. The ray computation 
(blue solid line) is performed using a triangulated surface 

consisting of 11623 triangles and with a 10th order Legendre 
polynomial basis in direction space. The Nastran grid contains 
40670 elements comprising a mix of piecewise linear triangles 
and quadrilaterals. The prediction of the overall energy flow is 
good both in the regions of high and low curvature as well as 
close and far away from the source.

a) 

Validation:�

b) 

c) 

Figure 6: Detailed comparison of DFM and FEM results; 
kinetic energy integrated over the blue circular region at 
different postions. Red line: energy density at different 

frequencies as a function of the damping parameter; Green 
line: FEM averaged over frequency band; Blue line: DFM 

result.

We note that in both models, high curvature regions act as 
barriers for the energy flow. Such geometric features would 
be entirely absent from SEA-type models and represent a 
major advance in the simulation of large-scale high frequency 
vibro-acoustics. The computations in this section were 
performed with the same quad-core processor machine as in 
Sec. 3.1 in 15mins.
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4 CONCLUSIONS	  

We present an approach for modeling the transport of 
wave energies through complex structures. The proposed 
method – DEA – interpolates between SEA and ray tracing, 
the latter being based on the ray dynamics within the structure 
including reflection/transmission and mode conversion at 
interfaces. For more complicated junctions between 
subsystems, we calculate coupling coefficients based on a 
scattering approach, which are then incorporated into the 
DFM framework. We explain how to determine the scattering 
coefficients for junctions connecting several plates and how to 
incorporate the parameters into a DFM model both for flat and 
curved surfaces. We apply DEA with DFM methodology to a 
model for a ship structure provided by Germanischer Lloyd 
and for a car-body part from a Range Rover. Results for a 
system with several thousand sub-domains and including all 
three wave modes in plates are obtained on a competitive 
computing time scale of a few minutes. They clearly show 
large-scale effects due to non-diffusive wave transport. 

Our numerical results demonstrate the advantages of a 
DEA treatment compared to SEA; damping and directionality 
in the wave transport between subsystems as well as curvature 
effects are incorporated into DEA using DFM. The spatial 
resolution in each wave mode allows for a detailed analysis of 
the response of the structure both near and far from the 
sources. 
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ABSTRACT: The analysis of the vibration of an engineering system at high frequencies is faced with two fundamental 
difficulties relative to the properties of the response: its wavelength is short in comparison to the overall dimensions of the 
system; the response can be very sensitive to small changes in the system parameters, and thus the results predicted for an ideal 
system may differ significantly from those obtained for a system with realistic random uncertainties. The former difficulty 
implies that very many degrees of freedom are needed to describe the complex spatial pattern of the response when using an 
established analysis approach such as the finite element method, and many attempts have been made to derive alternative 
methods that overcome this difficulty. Foremost amongst these methods are “Trefftz methods”, in which the response is 
represented by a linear superposition of waves. But the treatment of uncertainties requires the use of expensive Monte Carlo 
simulation. An alternative is to use the Statistical Energy Analysis, which seeks the mean energy and its variance in the different 
part of the system on a frequency band. The theoretical justification of the SEA equations is based on the presence of a diffuse 
field, and the ergodicity of the ensemble of system. However, the SEA can not provide frequency distributions of the mean 
energy and its variance within each band. In this paper, we consider structural vibration of plates, and show how a Trefftz 
method (namely the VTCR) can be combined with the notion of diffuse field and ergodicity, to give an estimate of the frequency 
distribution of the mean energy and its variance. The obtained results are compared to a Monte Carlo simulation and SEA. 

 

KEY WORDS: High frequency; Vibrations; Statistical Method; Diffuse Field; Ergodicity; SEA; VTCR. 

1 INTRODUCTION 
 

The problem of calculating the response of a complex 
engineering structure to dynamic loading may generally be 
approached using the Finite Element Method. This technique 
allows a great flexibility in the definition of the system 
geometry but unfortunately leads to very large numerical 
models as the frequency increases. Therefore its applications 
are in practice limited to the low-frequency range. With 
increasing frequency there are alternatives, such as the Trefftz 
method. These methods differ from the FEM by employing 
shape functions that are exact solutions of the governing 
differential equations. One of these methods is the Variational 
Theory of Complex Rays (VTCR)[1] where the vibrational 
field is sought as an integral distribution of plane waves 
(Herglotz function) and the boundary conditions are satisfied 
using a weak formulation. The unknown of the problem is the 
amplitude distribution of the waves.  

It is, in principle, possible to extend deterministic 
methods to higher frequencies, at the expense of increasing 
demands in term of the size of the model and the consequent 
computational time. However, there is a fundamental physical 
reason why such extension is ultimately doomed to failure: it is 
associated with an unavoidable uncertainty about the precise 
dynamic properties of the structure. As the frequency 
increases, the solution becomes more and more sensitive to 
small changes in the structural details and therefore a 
deterministic solution becomes more and more unreliable. 

The alternative is to treat the response prediction from 
the outset as a probabilistic problem. The high frequency 
response of a population of similar systems of which 
individual members differ in unpredictable detail may be 

characterized by their ensemble-average behavior.  For 
example Statistical Energy Analysis [2] seeks the mean energy 
and its variance in the different part of the system on a 
frequency band. The theoretical justification of the SEA 
equations is normally based on the presence of a diffuse field, 
and the ergodicity of the ensemble of system. These two main 
assumption imply that neither frequency distributions of the 
levels within each band, nor spatial distributions of the levels 
of the modal energy within a subsystem can be obtained from 
SEA 

The aim of this paper is to combine the VTCR with the 
diffuse field and ergodicity assumptions. The output of this 
new approach is the frequency distribution of the mean energy 
and its variance for an ensemble of system. The method will be 
validated on plate vibration problem and compared with a 
Monte Carlo approach and with the SEA. 

 

2 REFERENCE PROBLEM 
 
The reference problem being considered is the steady-state 
vibration of planar structure at a fixed circular frequency ω. 
The structure is composed by two plates with five edges and 
to be thin, homogeneous, isotropic and governed by the elastic 
Kirchhoff-Love theory. Classically, all quantities are defined 
as complex quantities, i.e. an amplitude Q(x) is associated 
with Q(x)eiωt . Let Se denotes the mean surfaces of the plate e, 
Γ the common edge of the two plates, and ∂S the outer 
boundary of the structure. The thickness, stiffness tensor 
(including the damping η) and density are designated 
respectively by h, D and ρ. The structre is excited by a point 
force F located at xf. The boundary conditions are free edges 

Toward a new numerical method for high frequency vibration problem based on a 
Trefftz approach. 
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(prescribed zero bending moment and shear force). 

The reference problem is: find  (we,Me )∈W ×M  (set of the 
finite-energy fields) such that : 

 

 

div(divM1)+
F
D1

= −ρ1h1ω
2w1 in S1

div(divM2 ) = −ρ2h2ω
2w2 in S2

Me = DeX(we ) in Se,e∈{1,2}
 (1) 

 
 

 

neMene = 0 along ∂S
Ke = nedivMe + (neMene ),te = 0 along ∂S

w1 = w2 along Γ

w1,n1 = w2,n2 along Γ

K1 + K2 = 0 along Γ
n1M1n1 + n2M2n2 = 0 along Γ

  (2) 

 
where ne  and te   are respectivelly the outward normal and 
the tangent to S on the edge e. X  is the curvature operator. 

 
In this paper, we study the response of an ensemble of planar 
structure. The ensemble is created by randomising the 
geometry of the reference structure. The reference geometry is 
two regular pentagons with a circumradius of 1m and a 
common edge (as illustrated in figure 1).  
The position of the vertices is randomised by imposing a 
uniform distribution in a 0.05 m radius disk centered on the 
vertices of the reference pentagon. 
Then the geometry is scaled such as each plate of all the 
member of the ensemble have the same area. 
 
 

Figure 1. Reference geometry of the structure. 

 

3 THE VARIATIONAL THEORY OF COMPLEX RAYS                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    
APPLIED TO PLATE VIBRATION 

 

 The weak formulation 3.1
 
The VTCR uses a global formulation of Problem (1)-(2) in 
terms of both displacements and forces along with the 
boundary conditions and transmission conditions. First, one 
must define  Se

ad  , the functional space that satisfies the 
governing equations (1): 
 

 

 

(we,Me )∈Se
ad ⇔

(we,Me )∈W ×M

div(divMe )+
F
De

= −ρeheω
2we

Me = DeX(we )

 (3) 

 
Similarly, let 

 
Se,0

ad  be the functional space which satisfies the 
homogeneous governing equations (the same equations as (3), 
but without F).  
 
Then, the VTCR formulation of Problem (1)-(2) is: find 

 (w1,M1)∈S1
ad and  (w2,M2 )∈S2

ad such that: 
 

 

 

n1M1n1
∂S1
∫ δw1,n1

* ds− K1
∂S1
∫ δw1

*ds+ n2M2n2
∂S2
∫ δw2,n2

* ds

- K2
∂S2
∫ δw2

*ds− 1
2Γ∫ δ (K1 − K2 )(w1 −w2 )

*⎡⎣ ⎤⎦ds

+ 1
2Γ∫ δ n1M1n1 − n2M2n2( )(w1,n1 −w2,n2 )*⎡⎣ ⎤⎦ds

− 1
2Γ∫ (K1 + K2 )δ (w1 +w2 )

*⎡⎣ ⎤⎦ds

1
2Γ∫ n1M1n1 + n2M2n2( )δ (w1,n1 +w2,n2 )*⎡⎣ ⎤⎦ds=0

∀(δw1,δM1)∈S1,0
ad ,∀(δw2,δM2 )∈S2,0

ad

 (4) 

 
where  !

*
 denotes the complex conjugate of  ! . The 

formulation (4) can be shortened to:  
find  s = (w,M)∈S ad    such that: 

 
  a(s,δ s) = l(δ s) ∀δ s ∈S0

ad     (5) 
 

In order to find an approximate solution of (1)-(2), the basic 
idea is to seek a solution of (5) in a space  S

h,ad ⊂ S ad   (and, 
consequently,  S0

h,ad ⊂ S0
ad ) of finite dimension: find 

 s
h = (wh ,Mh )∈S h,ad  such that: 
 

  a(s
h ,δ sh ) = l(δ sh ) ∀δ sh ∈S0

h,ad
   (6) 
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 Construction of the admissible fields 3.2
 
In order to define the  S

h,ad   term in (6), we must find the 
exact solutions of the governing equations (1). The explicit 
expression of (1) is: 
 

 D ∂4w
∂x4

+ 2 ∂4w
∂x2 ∂y2

+ ∂4w
∂y4

⎡

⎣
⎢

⎤

⎦
⎥ − ρhω 2w = Fδ (xF − x)   

 

where D = E(1+ iη)
1−ν 2

h3

12
, where E is the Young modulus and 

η  the damping coefficient. 
The displacement w  is sought in the form w = w0 +wp , 
where wp  is a known particular solution of (1) while 
w0 ∈Sad ,0

e  is taken as a Herglotz wave functions, i.e. an 
integral superposition of propagative or evanescent plane 
waves of the form: 
 

 

w0 (x) = Ap

C∫ (θ )eık
p (θ )⋅(x−x p )dθ + Ab

C∫ (θ )eık
e (θ )⋅(x−xb )dθ

edge b
∑  (7) 

 
Any Herglotz wave function is a solution of homogeneous 
equation (1). Keeping the terminology from previous works 
on the VCTR, functions Ap , and Ab  are called the amplitude 
portraits of w . 
 
In (7),  C  is the unit circle, x p  is a reference point located in 
the centre of the plate, xb  is a reference point along edge b, 
Ap (θ )  is the amplitude of the propagative plane wave in 
direction θ  which contributes to w , Ab (θ )  is the amplitude 
of the evanescent plane wave in direction θ  which 
contributes to w . The wave vectors k p (θ )  and ke(θ )  are 
defined by: 
 

 
k p (θ ) = k cos(θ )ex + k sin(θ )ey

ke(θ ) = −ık 1+ cos2(θ )ne + k cos(θ )te
  (8) 

 

where k = ρhω 2

D
⎛
⎝⎜

⎞
⎠⎟

1/4

  

 
In order to discretize and get the VCTR formulation (6), each 
amplitude portrait Ap , and Ab  are discretized as a sum of  N !  
Dirac distributions supported at angular locationsθn . Then, 
w  is the superposition of a finite number of plane waves: 
 

 w(x) := wp + an
p

n=1

Ne
p

∑ eık
p (θn

p )⋅(x−x p ) + an
b

n=1

Nb

∑ eık
e (θn

e )⋅(x−xb )⎡

⎣
⎢

⎤

⎦
⎥

edge b
∑   (9) 

 

where  an
!  are the unknowns of the problem and 

 
θn
! = n 2π

Ne
!   

The discretization parameter  Ne
!   (and, therefore,

 
Dim(Se,0

h,ad ) ) 
can be set a priori using a heuristic geometrical criterion [3] 
which says that it is proportional to the ratio of the 
characteristic dimension  Re

!  of the plate (for propagative 
waves) or the edge b (for evanescent waves) to the 
wavelength: 
 

 
 
Ne
! = α kRe

!

2π
⎡

⎢
⎢

⎤

⎥
⎥   (10) 

 
where α  is a proportionality coefficient, in practice α = 2  
insures the convergence of the method. 

 

 The discretized form of the VTCR 3.3
 

With each plate Se discretized according to (9), the VTCR 
formulation (6) leads to a linear system of equations in the 
complex domain: 
 

 Aa = b   (11) 
 
Matrix A  corresponds to the discretization of the bilinear 
form of weak formulation (6), a  is the vector of the unknown 
quantities which represent the distribution of the wave 
amplitudes and b  corresponds to the discretization of the 
linear form of (6).   
 
Like any other Trefftz method, the obtained linear system 
could be hill conditioned. Therefore, one has to avoid the use 
of a direct solver.  Rather than implementing a complex 
method of regularization, we use an iterative solver LSQR, as 
it has inherent regularization effect [4]. 
 
As soon as a  is known, one as to calculate the displacement 
field using the equation (9). This step could be relatively time 
consuming, if one wants the value of the field on a fine grid of 
points. 

 

4 REFERENCE RESULTS FOR THE RESPONSE OF 
THE ENSEMBLE OF PLATE 

 
We consider an ensemble of 250 structures generated as 

described in section 2. Each plate is made in steel (
ρ = 700kg.m−1  and E = 125GPa ), is 1mm  thick and has a 
surface of 2m2 .  

The vibrational energy of the two plates of each member of 
the ensemble is calculated on the frequency band [100-
1800]Hz and plotted in the Fig. 2. In the lower part of the 
frequency band, the peaks are easy to distinguish, as the 
modal overlap is relatively small. However, in the upper part 
of the frequency band, the peaks are overlapping. 

In addition to the ensemble of response, the Fig. 2 shows 
the mean response across the ensemble (bold line), and the 
mean energy predicted using the SEA [3].  

The Fig. 3 depicted the relative variance of the energy 
across the ensemble and the SEA variance prediction [5]. At 
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low frequency, the SEA over estimate the variance, this result 
is not surprising as the SEA hypothesis are not fulfilled.  

 

 
Figure 2. Evolution of the energy of each plate versus the 

frequency. The colored area represent all the response of the 
ensemble, the bold line represents the mean energy over the 

ensemble, and the thin line represents the SEA result. 

 

 
Figure 3. Evolution of relative variance of the plate’s energy 

versus the frequency. The bold lines represent the relative 
variance calculated over the ensemble, the thin lines represent 

the SEA relative variance prediction. 

The SEA prediction presents a good agreement in the high 
frequency, but it is only able to predict the trend of the 
response, and not the small oscillations around the trend. The 
goal of the next two sections is to use the concept of diffuse 
field and ergodicity in addition to the wave description of the 
field obtain with the VTCR, to obtain a accurate estimation of 
the mean and relative variance of the response. 

5 ADDING THE CONCEPT OF DIFFUSE FIELD TO 
THE VTCR 

 
A wave viewpoint of the diffuse field is adopted, and in this 
context a number of textbook definitions of a diffuse field in 
an acoustic volume are as follows: “plane waves are incident 
from all directions with equal probability and random phase”, 
page 157 in [6]; “the average energy density is the same 
throughout the volume of the enclosure, and all directions of 
propagation are equally probable” page 313 in [7] A 
mathematical, rather than descriptive, statement of this 
concept has been given by Morse and Ingard page 576 in [8] 
and Pierce page 255 in [9]; in the former case the response is 
represented as an integral over a continuum of plane wave 
headings, while in the latter case a sum over a large number of 
discrete wave headings is employed. Thus it is clear that plane 
wave motion is central to the concept of a diffuse field, and, 
moreover, the response of the system is considered to be a 
superposition of plane waves that propagate with equal 
intensity in all directions. A concept that is equally applicable 
to structural components. Therefore, a vibrational field 
described as a distribution Ad (θ )  of plane wave could be 
considered as diffuse if : 
 

 
E[A(θi )A

*(θ j )]

E[A(θi )A
*(θi )]E[A(θ j )A

*(θ j )]
= δ ij   (12) 

 ∀θi ,E[A(θi )A
*(θi )] =α   (13) 

  ∀θi ,arg(A(θi )) ∼ unif (0,2π )   (14) 
 

The condition (12) correspond to the uncorrelation of the 
waves in different direction; the condition (13) states that the 
magnitude is uniform over all the direction; and finally the 
equation (14) assumes that in one given direction the 
distribution of phase is uniform across the ensemble.  
 
If we assume that the displacement field in our ensemble of 
structure is a diffuse field, the mean energy in each plate will 
be: 

 
E1 = Einput + E

1
diffuse

E2 = E
2
diffuse

  (15) 

 
where Einput is the average energy of the particular solution 
wp

 across the ensemble of plate; and Ei
diffuse is the average 

energy of the diffuse field in the plate i. The equation (16) 
gives its expression 

 

Ediffuse
i = ρω 2

2
E Ad*

C∫ (θ ')Ad

C∫ (θ )eı(k
p (θ )−k p (θ '))⋅(x−x p ) dθ dθ 'dx

Si
∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= ρω 2

2
αE eı(2ωηui )⋅(x−x

p )

C∫ dθ dx
Si
∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  

 
 

Ediffuse
i = ρω 2

2
αE eı(2ωηui )⋅(x−x

p )

C∫ dθ dx
Si
∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  (16) 
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where α  is the magnitude of the diffuse field and  

 

E eı(2ωηui )⋅(x−x
p )

C∫ dθ dx
Si
∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 corresponds to the mean value of 

the energy across the ensemble of a unitary diffuse field. If the 
damping is zeros, then the term is equal to 2πA , is the 
damping coefficient is non-zero, the integral can be evaluated 
on a disk. Then the value for the ensemble of structure could 
be approximated by taking the average between the value 
obtain for the outer disk and the inner disk of the ensemble of 
plates. 

 
Then once one has the value for α , it is possible to estimate 

the mean energy of the ensemble. 
 
The discretization of the field given in (9) involves both 

propagative and evanescent waves. The evanescent waves 
have to be use in order to match the boundary condition, 
however their contribution to the total energy is negligible. 
Therefore the value of α is calculated using taking the 
average modulus of the propagative waves across all the 
direction and all the structures: 

 
 α = E

ensemble
E
n
[an

pan
p*]⎡

⎣
⎤
⎦   (17) 

 
The Fig. 4 shows in bold line the mean energy calculated 

using the diffuse field approximation. There is a very good 
agreement with the reference solution (in thin line).  
 

 
Figure 4. Evolution of the mean energy versus the frequency. 
the thin lines represents the mean energy over the ensemble, 
and the bold line represents the mean energy obtained using 

the diffuse field assumption. 

 
A similar strategy can be done for the relative variance. In 

the considered problem, there is no variability on the loading, 
therefore the variance of energy is equal to the variance of 
energy of the diffuse field. 

The results are shown in the Fig. 5. Similarly to the SEA 
results, the prediction of the variance at low frequency is 

totally inaccurate, however at higher frequency there is a 
relatively good agreement. 

 
Figure 5. Evolution of relative variance of the plate’s energy 

versus the frequency. the thin line represents the relative 
variance of the energy over the ensemble, and the bold line 
represents the relative variance of the energy obtained using 

the diffuse field assumption. 

 
The calculation using the diffuse field approximation allows 

the prediction of the small oscillation around the trend. Like 
the classic VTCR method, one has to solve the algebraically 
system (11) for all the member of the ensemble. However, 
there is no need to calculate the displacement field on a grid 
on points. In the next section  

6 ADDING THE CONCEPT OF ERGODICITY TO THE 
VTCR 

 
According to Lyon, the assumption of ergodicity 

corresponds to “a single system displaying the statistical 
properties of the ensemble” (page 92 in [2]). The idea here is 
to assume that the ensemble of the amplitude an

p  is ergodic. 
The coefficient α  is seek as the mean of the amplitude of the 
propagative waves of one single structure. The equation (17) 
becomes: 

 
 
α! ≈ E

n
[an

pan
p*]   (18) 

 
If this assumption is satisfy, the estimation of the mean and 

variance will require the simulation of only one single 
structure. 

The Fig. 6 represents the histogram of the relative error of 

 α!  calculated at 1000Hz. 
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Figure 6. Histogram representing the frequency of the relative 

error of  α! calculated using one single structure 

 
As one can see, the relative error could be relatively 

important (up to 30%), this shows that the hypothesis is not 
satisfy when taking only one structure. In order to relax the 
hypothesis of ergodicity, the equation (18) is changed to: 

 

 α = E
10structures

E
n
[an

pan
p*]⎡

⎣
⎤
⎦   (19) 

 
The coefficient  α! is calculated on a sub-ensemble of 10 

structures. The Fig. 7 shows the frequency of the relative error 
obtain for 500 random groups of 10 structures. As one can 
see, the error is always inferior to 15%, more than 80% of the 
groups lead to an error inferior to 5%. 

 

 
Figure 7. Histogram representing the frequency of the relative 

error of  α! calculated using a group of 10 structures 

 
The figures 8 shows the mean energy and the relative 

variance obtained using the equation (19) to calculate the 
property of the diffuse field. The predicted mean presents 
slightly more noise than the one obtain with only the diffuse 
field, but it requires the simulation of 10 structures. 

 
The figure 9 represents the results obtain for the prediction 

of the relative variance, it shows a relatively good agreement. 

 
Figure 8. Evolution of the mean energy versus the frequency. 
the thin line represents the mean energy over the ensemble, 
and the bold line represents the mean energy obtained using 

the diffuse field assumption and the notion of ergodicity. 

 

 
Figure 9. Evolution of relative variance of the plate’s energy 

versus the frequency. the thin line represents the relative 
variance of the energy over the ensemble, and the bold line 
represents the relative variance of the energy obtained using 

the diffuse field assumption and the notion of ergodicity. 

 

7 CONCLUSION 
 
In this paper we have presented a method whereby it is 

possible to give an accurate estimate of the mean energy 
response of an ensemble of structure and its relative variance 
by solving deterministically only a small subset of the full 
ensemble of structure. The response of each sample is 
calculated using a wave description of the vibrational field. 
The amplitudes of the wave are obtained using the VTCR. 
Then using the notion of diffuse field and ergodicity, the mean 
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energy and the relative variance of the full ensemble is 
estimated. This method has been illustrated on an ensemble of 
structures composed by two plates. Compare to the SEA, the 
presented method is able to predict the oscillations around the 
trend of the curve.  Therefore the method could be extremely 
useful in the mid-frequency domain.  
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ABSTRACT: In this paper the shock induced failure of printed circuit boards (PCB) is investigated by modelling the shock 
effects in terms of the so-called Shock Transmissibility (ST). The ST is defined as the ratio of the acceleration peak responses 
measured at two points of interest of a structure due to the same loading condition. In order to account for (i) manufacturing 
imperfections and (ii) defining a failure condition by using the maximum value that the ST can take, a ST measure based on 
magnitude only frequency domain results is devised. This ST is combined with the hybrid Finite Element/Statistical Energy 
Analysis (FE/SEA) approach, which models a system as a combination of SEA subsystems (which have a high degree of 
randomness) and FE components (with deterministic properties) in order to efficiently account for manufacturing variability. 
The proposed approach is illustrated by application to a single resonator mounted on a PCB.   
 

KEY WORDS: Shock failure; Uncertainty model; Shock Transmissibility; Hybrid FE/SEA approach.  

1 INTRODUCTION 

Many engineering structures rely on electronic equipment 
mounted on Printed Circuit Boards (PCBs). Very often PCBs 
have to withstand severe vibro-acoustic environments which 
may lead to damage and hinder performance. Shocks loadings 
are of great interest because they are characterized by short 
durations (of the order of microseconds), large amplitude 
vibrations (up to 2000g) and high frequencies content (up to 
several MHz) [1].  Shock induced failures are strongly 
influenced by the local PCB vibration response and occur 
because stress at a particular location exceeds a limit level 
[1,2]. Vibration failure of PCB can be described by using a 
macroscopic parameter [2], such as local board acceleration, 
local board bending moment, local board curvature and local 
board displacement. It has been recently found that the most 
representative parameter is the local board curvature [2], but 
the local board acceleration is still used the most because: (i) 
random vibrations and shock loading are based on 
acceleration specification; (ii) vibration response is often 
monitored via accelerometers; and (iii) usually the maximum 
acceleration that an electronic component can withstand is 
specified. 
Shocks effects are commonly described in terms of the Shock 
Response Spectrum (SRS) [1] in order to: (i) compare shocks 
severities and frequency contents; (ii) understanding the shock 
effect on components. The SRS is a representation of the peak 
acceleration response experience by a Single Degree of 
Freedom System (SDOF) for various natural frequencies, 
having specified the damping ratio of the SDOF and the 
transient input acting on the system. The SRS is extensively 
used in aerospace industry to specify shock levels and to 
qualify electronic components. However, its application may 
produce misleading results because [1]: (i) it uses a SDOF to 

capture the behavior of a Multi Degree of Freedom (MDOF);   
(ii) the damping of a component is not easily quantifiable. 
Another representation of the Shock effect on a complex 
structure is the Shock Transmissibility (ST). The ST is the 
ratio of the maximum accelerations experienced in the time 
domain by two different points of a structure due to the same 
loading condition. This parameter is strongly dependent on the 
loading acting on the system, as well as on the local properties 
and structure details. Given its sensitivity to local properties, 
the ST can be employed for characterizing shock induced 
failure of PCB. If a point on a structure (for instance a 
satellite’ panel) and a point on the PCB are simultaneously 
monitored by using accelerometers, a variation in the ST can 
potentially indicate damage on the PCB. However, it is not 
always possible to experimentally measure the acceleration at 
the points of interest, because they may be inaccessible. As an 
example, even during the testing of a complex built-up 
structure it is extremely difficult to monitor the vibration level 
experienced by an electronic component mounted on a PCB 
which is expected to fail. Predicting the value that the ST may 
take between two points j  and k , and measuring the 
response at the point j  would therefore be useful to predict  
and monitor the maximum value that the local acceleration 
may take at k  in order to avoid failures. Nonetheless, a single 
accelerometer measurement point is inaccurate to represent 
the entire component’ shock levels and structures with slightly 
different properties (because of manufacturing imperfections) 
would have different ST. Therefore (i) predicting the range of 
possible value the ST may take for an ensemble of 
manufactured structure by using virtual prototyping, and (ii) 
defining a failure metric by using the maximum value that the 
ST can take, are of interest and they are the topics addressed 
in this paper.  
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Alice Cicirello1, Robin S. Langley2 

1,2Department of Engineering, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ, UK   
email: ac685@cam.ac.uk, rsl21@cam.ac.uk 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

3251



The local PCB vibration response is commonly predicted by 
building a Finite Element (FE) model which can be [3-5]: (i) 
very detailed (by including 3D meshes of the components); 
(ii) based on smeared properties (with stiffness and density 
increased locally at the component’s location or with stiffness 
and density of the components averaged over the area of the 
board); or (iii) based on simple block 3D elements at the 
components’ location. PCB FE models yield reliable results 
when [3]: (i) stiffness, density, damping and boundary 
conditions of the electronic components are correctly 
specified; (ii) manufacturing variability is accounted for; and 
(iii) an accurate model is employed. However, often limited 
input data can be acquired from direct measurements (due to 
cost or time constraints) to capture inherent variability of the 
input parameters (aleatory uncertainty). Moreover, some input 
parameters, whose value is fixed, cannot be directly measured 
or easily quantified (epistemic uncertainty) because, for 
instance, they are capturing the effects of several factors 
rather than representing a specific physical quantity. Choosing 
an appropriate description of these parameters based on the 
available information is not always straightforward, and 
propagating these uncertainties through the FE model can be 
very computationally intensive, to the point of being 
unfeasible when applied to detailed models having many 
degrees of freedom and many uncertainties. 
In this paper, the hybrid Finite Element/Statistical Energy 
Analysis (FE/SEA) method [6-9] is proposed to analyse shock 
induced failure of PCB. The hybrid FE/SEA approach models 
a system as a combination of SEA subsystems (which have a 
high degree of randomness) and FE components (with fully 
deterministic properties). This partition leads to a large 
reduction of the number of degrees of freedom employed in 
the model (potentially thousands of finite element nodes are 
substituted with a single degree of freedom SEA subsystem). 
Moreover, the method employs a non-parametric model of the 
uncertainties in the SEA subsystems which avoids the use of 
Monte Carlo Simulations and direct characterisation of the 
uncertain parameters. However, the hybrid FE/SEA method is 
a frequency domain technique and the output of the hybrid 
method are magnitude only. The lack of the frequency domain 
phase information does not allow directly transforming the 
frequency domain results into the equivalent time domain 
results to yield the ST. 
A ST measure in the frequency domain which requires 
magnitude only acceleration response is first introduced and is 
combined with the hybrid FE/SEA method in order to yield: 
(i) the average and variance ST to be expected between a 
reference point and a point monitored on a structure for a 
specified loading condition, and (ii) the 95% confidence level 
on the ST. By measuring during test the maximum 
acceleration response at a reference point, the 95% confidence 
level on the ST can then be used to yield the 95% confidence 
level on the maximum local acceleration at the point of 
interest. This value can be then compared to the prescribed 
maximum value acceleration in order to assess possible 
failures. This would allow identifying design modifications 
focused on (i) reducing the local acceleration response at the 
reference point, or on (ii) reducing the ST between the two 
points. 
The paper is organized as follows: The ST measure defined in 

the time domain and the equivalent one based on magnitude 
only frequency domain results are described in Section 2. 
Section 3 provides a brief description of the hybrid FE/SEA 
approach. The combination of the proposed ST measure with 
the hybrid FE/SEA model to yield a failure condition by using 
the 95% confidence level on the ST is presented in Section 4. 
The proposed approach is illustrated by application to a single 
resonator mounted on a PCB in Section 5.   

2 SHOCK TRANSMISSIBILITY (ST) 

2.1 ST in the time domain 

A spacecraft is subject to various types of shocks, such as 
launcher induced shocks, spacecraft release shocks and 
appendage release shocks [1,10], as well as random loads of 
mechanical and acoustic nature. Because of these loadings, 
the structural panels will be vibrating mostly at their resonant 
frequency. This vibration will be transmitted to a PCB 
mounted on a panel through the PCB mounting or because of 
internal impacts. The board will then transmit some of this 
vibration to the electronic components (such as quartz 
resonators, resistors, transistors, etc.) mounted on the PCB, 
leading to possible fatigue or overstress failure of these 
components when the vibrational energy transmitted coincides 
with the resonant frequency of those components.    
The Shock Transmissibility (ST) is defined as the ratio of the 
maximum accelerations experienced in the time domain by 
two different points, say j  and k ,  of a structure due to the 

same loading condition: 

 
( )( )
( )( )

max
ST

max
j

jk
k

a t

a t
= , (1) 

where ( )ja t  and ( )ka t  are the acceleration time-histories 
measured, respectively at points j  and k , abs is the absolute 
value and max indicates the maximum value (peak value) of 
the acceleration.  
It is worth to stress at this point that the ST is inherently 
different from a transfer function (TF). The TF is defined as 
the frequency ratio between the response measured at point j  
and the loading applied at point i . While the TF is causal 
(there is a causal relation between the input and output), the 
ST is not: the response at point k  is not a consequence of the 
response measured at point j , they both depend on the 
loading condition.  
For a fixed loading condition, the ST between points j  and k  
of a system is a single value. This ST value may change 
because of degradation and/or damage of the structure or 
when non-linear effects within the transmission path take 
place (i.e. internal impacts). The ST cannot provide 
information of the failure mode, but it can be used as a 
monitoring parameter, i.e. when the ST exceeds certain 
thresholds a shock induced failure could be expected. 
However, the points of interest for establishing the ST value 
may be inaccessible even during the testing of a structure. 
Predicting the value that the ST may take between points j  
and k  by virtual prototyping, and measuring the response at a 
reference point j  would therefore be useful to establish the 
vibration level at k , and lead to design decisions which 
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would avoid the failure of sensitive components (either by 
reducing the acceleration level at  j  or by reducing the ST 
between j  and k ).  
The loading experienced by an engineering structure in real-
life operating condition are not entirely known and cannot be 
fully reproduced. Commonly a structure is tested by using an 
electromagnetic shaker and sweeping a range of frequency for 
identifying and eliminating by resonance the electronic 
components resonant frequencies which may be excited 
during typical operational condition or by performing a tap 
test. Nonetheless, these techniques lead to results valid only 
for the structure under investigation and depend on the 
position of the applied loading. Virtual prototyping can lead to 
a rapid and low cost evolution of the design, and the effects of 
manufacturing imperfections and various loading conditions 
can be investigated. The approach proposed in this paper is to 
use a frequency domain technique, the hybrid FE/SEA 
method, to account efficiently for manufacturing 
imperfections and uncertainties of the PCB. In order to model 
the shock induced failure of PCBs a ST measure based on 
frequency domain magnitude results is combined with the 
hybrid FE/SEA method. The ST defined in the frequency 
domain is presented in the next section,  

2.2 ST in the frequency domain 

In this section the ST is estimated starting from frequency 
domain results. In principle this could be achieved by 
considering a complex TF yielded by a linear FE model (or a 
measured one) and reconstructing the time domain response 
without performing a full time domain simulation. However, 
the results provided by the hybrid FE/SEA method, which will 
be used to model the system, are magnitude only. Therefore, 
an ST in terms of magnitude only frequency acceleration 
responses is devised. In particular, the root-mean-square value 
of the acceleration response in the frequency domain is first 
recovered to yield the acceleration peak response. 
The time domain and frequency domain representation of a 
signal are related to each other by means of Parseval’s 
theorem. This theorem states that  

 ( ) ( ) 22 1
d d ,

2j ja t t A ω ω
π

∞ ∞

−∞ −∞
=∫ ∫  (2) 

where ( )jA ω  is the Fourier transform of ( )ja t . The r.h.s of 

Eq. (2) correspond to the mean square value of ( )ja t .  The 

root-mean-square (rms) value of the acceleration, ,rmsja , can 

then be written in terms of the stationary response:  

 ( ) ( ) 22
,rms

1
d d .

2j j ja a t t A ω ω
π

∞ ∞

−∞ −∞
= =∫ ∫  (3) 

The rms and the peak of the response provide different 
information on the vibrational signal: while the rms takes into 
account the effective energy content of the signal, the peak 
represents the maximum amplitude of vibration. When fatigue 
damage is of interest, the rms is generally more damaging 
then a similar magnitude of peak. When the failure is 
dominated by overstress at a particular location instead, the 
peak amplitude is more representative. The ST in terms of the 

peaks ratio is therefore more suitable to deal with shock 
induced failure.  Moreover, a ST expressed in terms of rms 
ratio may yield larger or smaller values of that expressed in 
terms of peaks ratio. This can be explained by considering the 
acceleration responses plotted in Figure 1 and Figure 2. The 
difference in the two responses is due to the number of cycles 
subsequent to the first peak, which are dominated by the 
damping of the structure.  The response depicted in Figure 1 
dies out after the first peak because of a high damping value. 
This lead to a large difference between the rms and peak 
values (indicated with rmsa  and maxa , respectively). In Figure 

2 it is possible to observe that the difference between the rms 
and the peak value is lower.  

 

Figure 1. Highly damped acceleration response. The rms 
response, rmsa  , is much lower than the peak response, maxa . 

 

Figure 2. Lightly damped acceleration response. The rms 
response, rmsa , is lower than the peak response, maxa  . 

 
In order to be able to use frequency domain results to get the 
ST, the rms response has to be converted into peak response. 
This is achieved by modeling the response decay as an 
exponentially decaying function (as shown in Figure 3) and 
assuming that the response is dominated by a single mode:  

 ( ) ( )exp sin
2 n da t A t t
η ω ω = −  

, (4) 

where A  is the amplitude of acceleration, η  is the loss factor 
of the system ( 2η ζ= , where ζ  is the damping ratio), nω  is 
the natural frequency of the dominating mode and dω  is the 
damped natural frequency 21d nω ω ζ= − . The natural 
frequency of the dominating mode can be obtained from: 

 
( )

( )

2

2

d

d
n

A

A

ω ω ω
ω

ω ω
= ∫
∫

, (5) 

( )a t
maxrmsa a<

t

rmsa

maxa

( )a t

t

maxrmsa a≪

rmsa

maxa
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Figure 3. Acceleration decay modelled as an exponentially 
decaying function. 

 

Substituting Eq. (4) into Eq. (3) yields: 

( )
2

2 22
,rms , ,

,

4
exp sin d

8
j

j jj j n j d j
j n j

a A t t t A
η

η ω ω
η ω

∞

−∞

 −  = − =         
∫

  (6) 

Eq. (6) can be re-arranged to yield: 

 ( ) 2, ,
,rms 2 2

8 81
d

24 4
j n j j n j

j j j
j j

A a A
η ω η ω

ω ω
πη η

∞

−∞
= =

− −∫  (7) 

The max,ja  can be approximated with jA , or it can be derived 

as: 

 ( )* *
max, , ,exp sin

2
j

jj n j d ja A t t
η

ω ω
 

= − 
 

, (8) 

where 

 *

2
,

1
2Arccos

24

j

n j j

t
η

ω η
 

=  
−  

. (9) 

By using Eq. (7), max,ja  can be expressed as 

 

( ) ( )2 , * *
max, , ,2

81
d exp sin

2 4 2
j n j j

j j n j d j
j

a A t t
η ω η

ω ω ω ω
π η

∞

−∞

− 
=  −  

∫

  (10) 

Finally, the ST (as defined Eq. (1)) can be expressed as 
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( )
( )
( )

( )

( )

2
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,
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,
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4d

exp sin
2
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2
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k

j
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k
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A
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∞
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∞
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−
=
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 − 
 ×
 −  

∫

∫
 (11) 

This equation can be approximated (having considered that 
2 4jη ≪ ) as: 

 
( )

( )

2

,

2
,

d
ST ,

d
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jk jk
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k

A
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A
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∫
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where  
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p
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η
ω ω
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− 
 =
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 (13) 

The ST so derived (Eq. (12)) requires magnitude only 
frequency domain inputs calculated at two points of a 
complex structure. These points usually belongs to different 
components (e.g. to a panel and to the PCB) in order to 
analyze the transmission path. However, manufacturing 
variability can significantly affect the response at a single 
point and accelerations are not uniform along a component’ 
length. This means that a single measurement point is 
inaccurate to represent the entire component’ shock level. In 
order to efficiently account for these effects, the ST is 
combined to the hybrid FE/SEA method. The hybrid FE/SEA 
approach is briefly reviewed in the following section.  

3 THE HYBRID FE/SEA METHOD 

This section provides a brief description of the basic concepts 
and governing equations of the hybrid FE/SEA method, which 
is a linear frequency domain technique which allows 
accounting for uncertainty by using a non-parametric 
probabilistic approach.  

3.1 Basic concepts 

The hybrid Finite Element (FE)/Statistical Energy Analysis 
(SEA) [6-9] is a vibro-acoustic technique based on modeling a 
complex structure as an assembly of components with very 
few local modes (modelled by using the FE) and components 
with many local modes (modelled by using the SEA). FE [11] 
is a deterministic low frequency technique whose governing 
equations are defined in terms of force equilibrium and the 
response of the FE components is described by a set of nodal 
degrees of freedom q . SEA [12,13] is a high frequency 

probabilistic technique whose governing equations are 
expressed in terms of power balance and the response of each 
subsystem is described in terms of the vibrational energy jE  

(defined as twice the time-averaged kinetic energy). These 
two inherently different approaches are combined together by 
means of the diffuse field reciprocity [8,9].  
The hybrid FE/SEA method enables the calculation of the 
non-parametric ensemble average and variance of a response 
variable (which can be the vibrational energy of a SEA 
subsystem, or the cross spectrum of the finite element degrees 
of freedom) of nominally identical structures across a broad 
frequency range [6-9]. The results are magnitude only and the 
ensemble is non-parametric because the details of the 
uncertain parameters of the SEA subsystems are never 
considered in the model, but rather the Gaussian Orthogonal 
Ensemble (GOE) is used to described the statistics of the 
subsystem natural frequencies and mode shapes [7,9]. The 
non-parametric uncertainty in the SEA subsystem is dealt with 

( )a t

t

A

exp
2 nt
η ω −  

maxa
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analytically (without using MCS) leading to a large reduction 
of the computational costs. 
The hybrid FE/SEA method has been recently extended to 
account for the uncertainty in the FE components by using a 
probabilistic parametric uncertainty model which can be dealt 
with MCS or with more efficient techniques [14,15]. However 
for the subsequent analysis the FE components would be 
considered as entirely deterministic.  

3.2 Hybrid FE/SEA equations 

The hybrid FE/SEA ensemble average equations at the 
excitation frequency ω  are [6]: 

a) Subsystem energy balance equations 

, , ,( ) ( / / ) ,ext
j d j j jk j j j k k in j in j

k

E n E n E n P Pω η η ωη+ + − = +∑  (14) 

where jη  is the damping loss factor of the subsystem j , ,d jη  

is an additional loss factor on the subsystem j  due to the 

energy dissipated in the FE components, jkη  is the coupling 

loss factor between subsystem j  and subsystem k , jn  is the 

modal density of subsystem j  (which is defined as the 

average number of natural frequencies within a unit frequency 
band), jE  is the ensemble average vibrational energy of 

subsystem j , ,
ext

in jP  is the external power input to the 

subsystem arising from the loads acting on the master system 
and ,in jP  is the power input arising from external loads 

directly applied to the subsystem j .  

Eq. (13) states that the power dissipated through damping 
( ,( )j d j jEω η η+ ) plus the net power transmitted to other 

subsystems ( ( / / )jk j j j k kk
n E n E nωη −∑ ) is balanced by the 

power input to the subsystem (, ,
ext

in j in jP P+ ), and it is based on 

the assumption that the power transmitted is proportional to 
the difference of the average modal energies (defined as 

/j jE n ) of the coupled subsystems. Eq. (13) has the same 

form as the standard SEA equations [12], but contains two 
additional terms relating to: (i) the contribution of the master 
system to the power input ,

ext
in jP , and (ii) the power dissipated 

in the master system, ,d j jEωη . These two terms can be 

expressed in terms of: (i) the total dynamic stiffness matrix 
( )k

tot dir dk
= +∑D D D , where dD  is the dynamic stiffness matrix 

associated with the FE model ( 2
d iω ω= − + +D M C K , where 

, M C and K  are respectively the FE component mass, 

damping and stiffness matrices), and ( )k
dirD  is the so-called 

direct field dynamic stiffness matrix for subsystem k ; (ii) the 
cross-spectral matrix of the loading applied directly to the 

master system *T
ff  =  S ff , so that 

 { } { }( )1 ( ) 1*T
, ,

2 
Im Im ,jk

d j d rs tot dir tot
rs

rsj

D
n

αωη
π

− − 
=   
 

∑ D D D  (15) 

 { }( )( ) 1 1*T
, ,( / 2) Im ,ext j

in j dir rs tot ff tot rs
rs

P Dω − −= ∑ D S D  (16) 

where the superscript *  indicates the complex conjugate, the 
superscript T  denotes the transpose, Im represents the 
imaginary part of the matrix, and kα  is a factor which takes 

into account the fact that the subsystem wave field may not be 
perfectly diffuse [7].  
Three of the remaining terms in Eq. (14), specifically jη , jn , 

and ,in jP , are evaluated by using standard SEA procedures 

[12], while the coupling loss factors are expressed analytically 
as a function of the total dynamic stiffness matrix in the form 

 { } { }( )( ) 1 ( ) 1*T
,

2 
Im Im .j kk

jk j dir rs tot dir tot
rs

rs

n D
αωη
π

− − =  
 

∑ D D D (17) 

Writing Eq. (14) for each subsystem leads to a set of 
equations that can be solved to yield the ensemble average 
vibrational energy jE  of each subsystem. This set of jE  is 

then used to calculate the average response of the master 
system. 

b) Master system response equation  

 { }1 ( ) 1*T4
Im ,kk k

qq tot ff dir tot
k k

E

n

α
ωπ

− −  
= +  

   
∑S D S D D  (18) 

here qqS  is the cross-spectrum of the response of the master 

system (averaged over the non-parametric ensemble), and the 
two terms on the right-hand side correspond to the forcing 
arising from external excitation (expressed in terms of the 
cross spectrum of the forces, ffS ) and the forcing arising from 

the subsystems, as yielded by the diffuse field reciprocity 
relation [8,9].  
By using the hybrid FE/SEA variance theory [7] it is also 
possible to estimate the covariance of the subsystem energies 

( Cov ,j kE E   , where /j j jE E n= ) and the variance of the 

cross-spectral matrix of the response of the master system 

( Var qqS   ) over the non-parametric ensemble. For brevity, 

these equations will not be included in this paper. The reader 
is referred to the paper by Langley and Cotoni [7] where their 
full derivations can also be found. 

4 SHOCK TRANSMISSIBILITY INCLUDING 
UNCERTAINTY 

In this section the ST (defined in section 2) is combined with 
a hybrid FE/SEA model of a complex system in order to yield 
the non-parametric ensemble average and variance ST, as well 
as the 95% confidence level on the ST.  
The ST formula (Eq. (11)) requires establishing the modulus 
square acceleration at two points of the system. Within a 
hybrid FE/SEA model, these two points can belong to: i) two 
FE components; ii) two SEA subsystems; or iii) a FE 
component and a SEA subsystem.  
As discussed in the previous section, the hybrid FE/SEA 
method yields the non-parametric ensemble average and 
variance of the response. In particular, the results are 
expressed in terms of the average energy jE  of a SEA 
subsystem or as the mean squared amplitude { }qq kk

S  of the 
finite element degrees of freedom. 
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If a point is located on the deterministic part of the hybrid 
FE/SEA model, the average modulus square acceleration 
associated with the thk  degree of freedom of the FE part can 

be obtained from [16] ( ) { }2 4E k qq kk
A Sω ω  =

 
 (where the 

term [ ]E  indicates the average taken over nominally 

identical structures). The average modulus square acceleration 
associated to a point located on the SEA subsystem is 
calculated from the average energy response jE  of the 

thj SEA subsystem (therefore the points belonging to the 

same SEA subsystems are characterized by the same average 
modulus square acceleration) as [16] 

( ) 2 2
sub E 2 /j j jA E Mω ω  =  

, where jM  is the mass of 

the thj  SEA subsystem.  

The ensemble average point-to-point ST (calculated over an 
ensemble of nominally identical structures) between the points 
j  and k  is defined as:  

 
( )( )
( )( )

( )

( )

2

,

2
,

E dE max
ST

E max E d

jj j n j
jk jk

k n kk
k

Aa t
p

a t A

ω ω η ω
η ωω ω

∞

−∞

∞

−∞

      = =
    

 

∫

∫
  

  (19) 

where the term ( ) 2
E rA ω 
 

 is used to indicate the average 

response of a subsystem, ( ) 2

sub E rA ω 
 

, or of a 

deterministic component, ( ) 2
E rA ω 
 

, according to the 

measurement point location.   
If a spatial average is also taken over the points belonging to 

the deterministic component c  ( [ ]Êc ), the ST between 

component 1c  and the component 2c  is defined as: 

 
( )

( )

1
1 1

1 2 1 2

2 2
2

2

,
,

2
,

Ê d
ST ,

Ê d

c j
c n c

c c c c
c n c

c k

A
p

A

ω ω η ω
η ωω ω

∞

−∞

∞

−∞

 
  =
 
 

∫

∫
 (20) 

where the term ( ) 2
Ê

rc jA ω 
  

 is used to indicate spatial 

average over the non-parametric ensemble average results of a 

subsystem, ( ) 2

sub E rA ω 
 

, or of the degrees of freedom 

belonging to the FE component ( ) 2
Ê

rc jA ω 
  

.  

The variance of the ST can be derived in a similar fashion.  
Moreover, the probability density function of the ST can be 
estimate starting from the ensemble average mean and 
variance of the maximum accelerations responses calculated 
at j  and k , and assuming a probability distributions (for 

instance a lognormal distribution) of the accelerations. For 
brevity, these further developments of the theory are not 
included in the present paper.  Knowing the complete pdf, the 
95% confidence level on the ST ( ,95%STjk ) can be estimate as 

 [ ] ( ),maxST
,max 0

Prob ST ST ST dST 0.95
jk

jk jk jk jkp< = =∫   

  (21) 

The ,95%STjk  is the value for which there is a 95% probability 

that the response variable (the ST in this case) would not 
exceed the maximum value of the ST, ,maxSTjk .  

This ,95%STjk  can be used to assess possible failure due to 

excessive acceleration levels at a point k , by measuring the 
maximum acceleration at a reference point j . Specifically, 

the 95% confidence level on the acceleration at k  can be 
estimated as 

 ( )( )
( )( )

95%
,95%

max
max

ST
j

k
jk

a t
a t =  (22) 

if the value so derived is larger than certain acceptable levels, 
then design modifications should be explored.  

5 NUMERICAL APPLICATION 

The example system investigated in this section is composed 
by a simply supported plate coupled via a translational spring 
to a beam with a free-roller support in order to represent, with 
the simplest possible dynamic model, a generic class of 
systems in which a thin PCB is coupled to a quartz resonator. 
The aim of the analysis is to compute the average Shock 
Transmissibility (ST) between a point on the PCB and a point 
on the resonator and between the two components and to 
compare this value to that yielded by a single deterministic 
analysis in order to show the effects of including uncertainty 
in the shock transmissibility calculations.  
The system properties are described in the following section. 
The results obtained by using the hybrid FE/SEA method in 
combination with the proposed ST are discussed in subsection 
5.2. 

5.1 Description of the system 

Quartz resonators are typically used for keeping track of 
timing, providing a stable clock signal for digital integrated 
circuits and for stabilizing frequency for radio transmitters 
and receivers. These resonators are composed by a rectangular 
plate of quartz connected to a pairs of conductive electrodes 
which are enclosed in a ceramic package. They use the 
resonance of the quartz blank to generate an electrical signal 
with a very precise frequency (by using the piezoelectric 
properties of the quartz crystal). The most common type of 
this resonator is the AT-cut one, which uses the thickness 
shear mode of vibration. Quartz resonators are sensitive to 
shocks because they may lead to damage of the mounting 
system or cracking of the quartz plate itself, which can 
significantly affect the quartz resonator oscillatory frequency. 
In this numerical application, a single quartz component 
mounted on a PCB is considered. Although this component is 
design to work at the thickness shear mode frequency of 12 
MHz, it is assumed that a shock induced failure is experienced 
because of large amplitude vibrations at the flexural mode, 
which are damaging the mounting system. Because the 
flexural mode is the one of interest, the quartz resonator is 
simply modelled as a beam mounted on a plate representing a 
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PCB and the mounting is modelled via a translational spring, 
as shown in Figure 4. The hybrid FE/SEA method and the ST 
are employed to assess the average ST.  
The PCB is modelled as a simply supported plate of length xL  

and  yL  along the x  and y  axes, thickness h  and material 

properties corresponding to the FR4 (as specified in Table 1) 
and only bending motion is considered. 
 

 

Figure 4. System under investigation: beam with a free-roller 
support coupled via a translational spring k  to a simply 

supported plate. P1 and P2 are the observation points on the 
beam and on the plate, respectively. F is the point force 

applied to the system. 

 
The quartz resonator behaves like a cantilever beam. Its 
properties are specified in Table 2 and are such that the 
frequencies corresponding to the flexural and shear modes, 

bf  and tf  respectively, are 

 
4

0.56 3.46KHzb

YI
f

ALρ
≈ =  (23) 

 
1

12MHz
ˆ2

t

G
f

h ρ
≈ =  (24) 

where I  is the second moment of area of the beam and ĥ  is 
the thickness of the quartz plate expressed in µm .  

 

Table 1. Plate properties 

Property Value 
Length xL  250 mm 

Length yL  350 mm 

Thickness h  1.6 mm 
Density ρ  32481 kg/m  

Young’s modulus Y  10 24 10 N/m×  
Shear modulus G  10 21 10 N/m×  
Poisson ratio  ν  0.3 
Loss factor η  1% 

 

The quartz resonator is modelled as a beam with a free-roller 
support and it is coupled to the plate via a translational spring 
whose value is 69 10 N/m× . The coupling spring is attached at 
a fixed location within the interior of the plate, specifically at 
point ( )0.15,0.25  measured in meters along the x  and y  

axes. The other extreme of the spring is attached at the end of 
the beam, as shown in Figure 4.  

 

Table 2. Quartz resonator properties 

Property Value 
Length L  6 mm 

Cross section b h×  1.82 mm 0.143 mm×  
Density ρ  32650 kg/m  

Young’s modulus Y  10 27.7 10 N/m×  
Shear Modulus G  10 23.1 10 N/m×  
Poisson ratio ν  0.17 
Loss factor η  46.7 10  %−×  

 
The system is driven by a unit force applied on the PCB at 
point ( )0.12,0.09  measured in meters along the x  and y  

axes. Two points are monitored: a point on the plate where the 
springs are attached (indicated as P2 in Figure 4) and a point 
at the tip of the beam (indicated as P1 in Figure 4).  
The aim of the analysis is to estimate the average ST 
calculated between the two points of interest and the one 
between the two components in the frequency range 100-5000 
Hz and to compare this value to the deterministic ST. 
The hybrid FE/SEA model of the system comprises a SEA 
subsystem, the plate, and a FE component, the beam. In order 
to provide a benchmark for the hybrid FE/SEA model, an 
ensemble of random systems has been analyzed in detail by 
using the Lagrange-Rayleigh-Ritz method. In this model, the 
out-of-plane motion of the plate and of the beam is expanded 
as a modal summation, and the full set of degrees of freedom 
consists of the modal amplitudes of the plate and of the beam 
(this model has been validated against a full FE model). An 
ensemble of 350 random systems is generated by adding 20 
point masses, each mass having 1.0% of the mass of the bare 
plate, at random locations within the plate.  
The ensemble average vibrational energy of the plate and the 
average auto-spectra of displacement response computed at 
the tip of the beam yielded by the hybrid FE/SEA method and 
by the benchmark Monte Carlo Simulations (MCS) are shown 
in Figure 5, together with the cloud of ensemble results 
yielded by the MCS study (cloud of grey curves). The mean 
energy response of the plate is similar of that of a single 
uncoupled SEA subsystem. The peak observed in the FE 
component response is due to the modal dynamics of the 
beam, and in particular it correspond to the resonance of the 
first bending mode.  
It is worth emphasizing that the computational time of the 
benchmark MCS was about 12 hours, while that required by 
the hybrid FE/SEA method was about 1 minute.   

5.2 Average ST versus deterministic ST 

The results obtained with the hybrid FE/SEA method are 
converted into the equivalent acceleration descriptions, as 
described in section 4. The ensemble average acceleration of 
the SEA subsystem and the ensemble average acceleration 
measured at the tip of the beam are shown in Figure 6. By 
using Eq. (19) it has been found that the average ST between 
the two points of interest is 2.26 (the ST yielded by the FE 
MCS is 1.7). 

F 
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 y 
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Figure 5. Average response of the built-up system yielded by 
the hybrid FE/SEA method (smooth black curves) and FE 
MCS (irregular black curves). The cloud of gray curves 
represents each member of the FE ensemble. Left figure:  

Vibrational energy response of the plate. Right figure: Cross 
spectrum of the tip displacement.  
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Figure 6. Average cross spectrum acceleration yielded by the 
hybrid FE/SEA method (smooth black curves) and FE MCS 

(irregular black curves). Plate response: dashed curves. Beam 
response: continuous curves.  

 
The accelerations ensemble and spatial average were also 
computed, leading to a ST between the components of 0.84 
(obtained by using Eq. (20), while the ST yielded by the FE 
MCS is 0.6). As expected the component-to-component ST 
yields ST values lower than the point-to-point ST. 
The point-to-point ST calculated by considering a member of 
the deterministic ensemble is 1.4 while the component-to-
component ST is 0.63.  It is therefore clear that manufacturing 
variability of the board may significantly affect the prediction 
of the ST. It is worth emphasizing that the results yielded by 
the proposed approach, which represent the ensemble average 
response, should be augmented by considering the variance 
prediction, as well as confidence interval, in order to fully 
taken into account the uncertainty effects. Although the theory 
exists these results have not been included in the present 
study. 

6 CONCLUSIONS 

The application of the Shock Transmissibility (ST) to the 
shock-induced failure analysis of Printed Circuit Boards 
(PCBs) has been addressed in this paper. A ST measure in the 
frequency domain has been devised and coupled with the 
hybrid Finite Element/Statistical Energy Analysis (FE/SEA) 
method in order to derive the average and variance ST over an 
ensemble of manufactured systems. These results can used to 
predict the 95% confidence level on the ST, and ultimately the 
95% confidence level on the maximum acceleration which 
would be experienced at one point of a structure. The effects 
of uncertainty on the ST have been investigated by analyzing 
a simplified model of a resonator mounted on a PCB. 
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On uncertainty quantification in vibroacoustic problems
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ABSTRACT: In this paper, we employ non–sampling techniques for numerical simulation of vibroacoustic
problems including uncertain material parameters. The uncertain parameters are represented using the
Karhunen–Loève expansion and structural stochastic responses are approximated by means of generalized
polynomial chaos expansion with deterministic unknown coefficients. The non–intrusive stochastic FEM is
implemented calculate the unknown coefficients by generating samples of parameters for a deterministic FEM
code. The numerical procedure has this potential to use commercial FEM codes as black box to discretize
the spatial deterministic space and easy to apply in complex industrial problems. Efficiency of the method in
comparison with the experimental results is studied.

Keywords: Uncertainty quantification, Stochastic FEM, Vibroacoustic, non–intrusive method

1 Introduction

Even the most accurate modeling of real systems has some degree
of uncertainty associated with material properties, geometric pa-
rameters, boundary and initial conditions, operating conditions,
loading, etc. The deterministic simulation of such systems leads
to an approximate and nominal solution of reality. In computa-
tional vibroacoustic models, many uncertainty sources are intro-
duced by the multi–physics nature of the problem. Namely, un-
certainties are of great importance in the medium and high range
frequencies. In past decades, the investigation and simulation of
the structural/acoustic systems subjected to stochastic excitation
have been well developed [1–4]. Typical examples are automo-
tive and aircraft structures interacting with external random loads
from road and air pressure. The stochastic investigation of such
systems is normally performed by employing deterministic mod-
els with random external excitations. However, analytical and
numerical simulation of stochastic systems with random para-
metric uncertainty have recently received more attention [5–8].
In such cases, the behavior prediction of a system is especially
difficult due to the variability induced by the structural complex-
ity and uncertainty. In order to improve the robustness of nu-
merical vibroacoustic simulation of such systems, the considered
model must be capable of including these uncertainties. In other
words, a model with random parameters must be defined. The
selection of such a model depends on many factors, e.g. avail-
able information on uncertain quantities. This information may
have different sources, i.e. linguistic, data–based, experimental
data, expert knowledge, etc. In each case the information should
be analyzed and classified to be represented by an appropriated
model. There are a number of mathematical and computational
models receiving considerable attention to represent and quanti-
fying system uncertainty. They are basically addressed as two
main categories: sampling and non–sampling methods. The sam-
pling methods, e.g. Monte Carlo (Mc) simulations, are easy to
implement to complex systems but show low rate of convergence

and require huge number of realizations for a reliable results. In
contrast, the non–sampling methods are more efficient in these
aspects due to the discretization of the random parameters and
random system unknowns by a set of limited realizations.
The non–sampling methods are based on a different approach,
namely based on constructing a stochastic functional to predict
the behavior of the system uncertainties by using Karhunen–
Loève (KL) expansion and the generalized polynomial chaos
(gPC) expansion for input and output quantities. As uncertain
parameters and system responses are represented using these ex-
pansions, the whole effort, therefore, will be to calculate the un-
known deterministic coefficients from which all required statisti-
cal information about random quantities are estimated. All this
information is available at low computational cost in comparison
with the sampling methods. The application of the methods for
simulation of random structural dynamics and acoustic has been
already reported, cf. [9, 10, 5, 7, 11, 12]. In numerical aspect,
two techniques have been developed: intrusive and non–intrusive
methods. The intrusive methods are applied to the systems which
the governing equations are known. In this case, the stochastic
equations are projected to a set of deterministic equations using
Galerkin method from which the unknown coefficients of sys-
tem response can be calculated, cf. [12] for details. The method
approaches reveals inappropriate owing the fact that it requires
specific development and it must be applied to each problem in-
dividually. To overcome these drawbacks, non–intrusive have re-
cently emerged. The most important advantage of the method is
its integrability with the deterministic FEM simulation to con-
struct the stochastic FEM which is explained in the following
sections. These issues should especially be useful for the im-
plementation of the methods to the practical problems for which
the deterministic model has already developed since they remove
the requirement of new model construction. In such situations,
using an available or commercial FE model may be a big advan-
tage to use spectral methods. The application of the method in
vibroacoustic problems is studied in following sections.

1
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2 Stochastic FEM of structural vibra-
tions

A powerful tool in numerical simulation of stochastic problem
is the stochastic finite element method (SFEM), which is an ex-
tension of deterministic FEM in random framework. The SFEM
involves classical FEM in which properties are random. The fun-
damental idea is to discretize the random space and, correspond-
ingly, i.e. a combination of two different meshes [13–17]. Let
consider vibration problems being discretized at the deterministic
level. The structural FEM model of vibration problem is written
as

Mü+Cu̇+Ku = F (1)

in which u contains the nodal displacements, M , C and K are
mass, damping and stiffness matrices, respectively; and F is the
nodal force vector. The FEM uses a real basis and the discretiza-
tion of the mass, the stiffness and the damping matrices. The
presence of randomness affecting material and geometrical prop-
erties, initial and boundary conditions, external forces, etc. leads
to a stochastic form of the above equation, i.e.

Mü(t,x, ξ) +C(x, ξc)u̇(t,x, ξ)

+ K(x, ξk)u(t,x, ξ) = F (t,x, ξf ) (2)

Assumed that u(· , ξ) : Ω × T → R
n takes values in the Hilbert

space of functions over the domain values in R
n and T . The

mass matrix m is assumed deterministic and x presents spatial
variation. We call Eq. (8) the general SFEM form of vibration
system with random properties in which ξs, (x = c, k, f), are
the vector of random variables for representation of uncertainties
in each quantity. In general, the random variable vectors ξs asso-
ciate to various random spaces and the constructed random vector
ξ is relevant to the new random space which is the composition
of the individual random spaces associated to each random vari-
able [18]. The stochastic matrices K and C, the random force
vector F can be approximated using KL expansions as

K(x, ξk) = K0(x) +

N1∑
i=1

√
λiξiφi(x) (3)

C(x, ξc) = C0(x) +

N2∑
j=1

√
λjξjφj(x) (4)

F (x, ξf ) = f0(x) +

N3∑
k=1

√
λkξkφk(x) (5)

where K0, C0 and f0 are expected values of each random quan-
tity, {ξ(i,j,k)} are zero–mean orthogonal standard random vari-
ables and (λ(i,j,k), φ(i,j,k)) are the set of eigenvalues and eigen-
functions of covariance function κ(x,x′) corresponding to each
random quantities estimated from Fredholm integral∫

D
κ(x,x′)φ(x′)d(x′) = λiφ(x) (6)

Accordingly, u can be approximated using gPC expansion as

u(t,x, ξ) =

N4∑
l=0

ul(t,x)Ψl(ξ) = UTΨ(ξ) (7)

Substituting the gPC expansions in Eq. (8) leads to{
MÜ

T
+

⎡⎣C0(x) +

N2∑
j=1

√
λjξjφj(x)

⎤⎦ U̇
T

+

[
K0(x) +

N1∑
i=1

√
λiξiφi(x)

]
UT

}
Ψ(ξ)

=

N3∑
k=1

√
λkξkφk(x) (8)

This denotes the general SFEM form of the spectral representa-
tion for structural vibration from which the gPC coefficients of
responses are calculated. For that, the stochastic error of random
discretization must be minimized, i.e.

ε(t, ξ) =

{
MÜ

T
+

⎡⎣C0(x) +

N2∑
j=1

√
λjξjφj(x)

⎤⎦ U̇
T

+

[
K0(x) +

N1∑
i=1

√
λiξiφi(x)

]
UT

}
Ψ(ξ)

−
N3∑
k=1

√
λkξkφk(x) = 0 (9)

The non–intrusive SFEM method looks for a set of deterministic
model responses corresponding to some specific points of ξ re-
alizations from which the system response can be approximated.
In the concept of stochastic variational, the non–intrusive SFEM
method is the same as the collocation method which forces the
residual error to be deterministically zero at specific points, i.e.
in Eq. (9) ∫

{ξi}
ε(t, ξ) δ(ξi − pi)f(ξi)dξi = 0 , (10)

In which δ is the delta function and pi denotes the set of spe-
cific collocation points. The method provide this major facility
to use third–party commercial or free license deterministic FE
codes as a black–box to get the system responses associated with
each realization of random vector. These characteristics make
the method very attractive for parametric quantification in com-
plex models and industrial applications where the deterministic
FE model has been already developed. Important contributions
were made in many reported works in this regard [19, 20]. The
key idea is to use deterministic FE codes to perform spatial dis-
cretization to arrive at a system of random algebraic equations to
employ in the SFEM. Normally, the roots of orthogonal polyno-
mials are used as realizations of the random variables. An opti-
mization process, usually based on least squares techniques, are
employed if the number of realizations are more than the num-
ber of unknown coefficients in the gPC expansion of the system
response.

3 Numerical results

In this section, we apply the non–intrusive SFEM to represent
the eigenfrequencies of orthotropic plates with uncertain parame-
ters. The E–moduli E11, E22 and shear modulus G12 with mean
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values and standard divisions shown in Table 1 are considered un-
certain. The Poisson’s ratios are considered as deterministic val-
ues. For simplicity, we restrict the expansion of single real scalar

Table 1: Sample dimensions; l : length, w : width and
h : thickness; and material properties of the investigated or-
thotropic plates.

Dimensions [mm] l = 190 w = 100 h = 10

Elasticity [GPa] Ē11 = 15.20 Ē22 = 1.30 Ḡ12 = 0.86

σ [GPa] σE11 = 2.28 σE22 = 0.20 σG12 = 0.13

Poisson’s ratios ν̄12 = 0.44 ν̄21 = 0.08 −

model output, i.e. eigenfrequencies of the plate. We use experi-
mental modal frequencies available for 100 samples of identical
plates [12]. The measured natural frequencies of the plates are
used to identifying the uncertain parameters. The first 4 eigenfre-
quencies of the plates are measured and then using a deterministic
inverse problem the E–moduli and the shear modulus for each in-
dividual plate are calculated, see [12, 21] for details. It is assumed
that all uncertain parameters are independent which implies that
they are represented by an individual random variable ξi. To em-
pirically identify the PDF type, we use the diagram of the Pearson
system showing various distribution types in terms of β1 (squared
skewness) and β2 (traditional kurtosis), i.e.

β1 =
μ2
3

σ3
2

, β2 =
μ4

σ2
2

(11)

In which σ is the standard deviation of the finite subset and μk=3,4

are the 3rd and the 4th central statistical moment, respectively. The
Pearson system contains many popular PDFs (e.g. normal, beta,
gamma) as well as general non–standard type. However, since
the estimation of the parameters β1 and β2 is unique, the Pearson
system provides a unique PDF for each uncertain parameter. The
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Figure 1: The Pearson chart relating the type of PDF for uncertain
E–moduli. The coordinates of Gaussian distribution with normal
PDF is located on (β1, β2) = (0, 3).

results are shown in Fig. 1 on a Pearson chart in terms of the vari-
ables β1 and β2. In this chart the Pearson model shows that all
uncertain parameters are distributed by type I which corresponds
to the beta PDF. In so far as the distribution of the uncertain E–
moduli were identified as beta PDF, the standard random orthog-
onal Jacobi polynomials, J(ξ), are used as the gPC basis where

ξ ∈ U [0, 1], i.e.

E11 (ξ) =

N∑
i=0

e11iJ(ξ) (12)

E22 (ξ) =

N∑
i=0

e22iJ(ξ) (13)

G12 (ξ) =

N∑
i=0

g12iJ(ξ) (14)

The identified PDFs for the E–moduli based on the Pear-
son system are shown in Fig. 2 which show good agreement
with experimental PDFs. The deterministic FE modal analy-

1 1.1 1.2 1.3 1.4 1.5 1.6

x 10
10

0

1

2

3

4

5

6

7
x 10

−10

E11 [Pa]

1 1.2 1.4 1.6 1.8

x 10
9

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
x 10

−9

E22 [Pa]

7.5 8 8.5 9 9.5

x 10
8

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
x 10

−8

G12 [Pa]

Figure 2: The identified PDF of the E–moduli and shear modulus
from the experimental modal data. The bar charts show the real
values.

sis with the parameter mean values in Table 1 yields the nom-
inal (mean) values of the frequencies. Here, the first 4 modes
are investigated. The nominal values of these frequencies are
{676 , 1329.80 , 1456.40 , 1890.70}. The stochastic modal anal-
ysis is performed to calculate the natural frequencies of the plate.
The plate eigenfrequencies are assumed as second–order random
variables and represented by the 5th order gPC expansion as

Λm(ξ) =
5∑

i=0

λmi
Ji(ξ) , m = 1, 2, 3, 4 (15)

Here, the spatial discretization is performed using a 19 × 10 FE
mesh with element Plate186 in ANSYS [22] software. Equa-
tion (15) shows that to calculate the unknown coefficients λmi

one has to realize each eigenfrequency of the plate at least for 6
sets of sample points for the RV ξ. For each realization the collo-
cation points are produced from the combination of roots of one
order higher than the order of the gPC expansion, i.e. 6th order
orthogonal Jacobi polynomials. The combinations are selected in
such a manner to give high probability. The sample points are
passed through the deterministic FE code to realize the natural
frequencies of the plate from the deterministic model. The plate
natural frequencies are calculated by using a set of 17 colloca-
tion points. An optimization process based on the least squares
is utilized since the number of collocation points is more than
the number of unknown gPC coefficients. The gPC coefficients
of the first m = 4 modes are calculated, see Table 2. The first
coefficients are the same as the nominal values calculated from
the deterministic FE analysis using the mean values of the uncer-
tain parameters. It is shown that the gPC coefficients for eigen-
frequencies converge rapidly. While the eigenvalues have been

3

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3261



Table 2: The coefficients of gPC of the first 4 eigenfrequencies
for the orthotropic plate.

gPC coefficients
λm0

λm1
λm2

λm3
λm4

λm5

Λ1 676.00 47.39 47.39 -2.46 -4.80 -2.46
Λ2 1329.80 90.80 90.80 -6.30 -12.50 -6.30
Λ3 1456.40 90.80 90.80 -4.30 -8.20 -4.30
Λ4 1890.70 127.09 127.90 -8.90 -18.30 -8.90

defined positive, i.e. Λm ∈ R
+, the gPC coefficients λmi ∈ R

can be positive or negative. The PDFs of eigenfrequencies con-
structed from the 2nd order gPC expansions are shown in Fig. 3
in comparison with the identified PDFs from the MC simulation
with 10, 000 realizations. It seems that the gPC has a reasonable
accuracy for the representation of the eigenfrequencies. This ac-
curacy can be increased by increasing the order of expansions
representing the eigenfrequencies.
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Figure 3: The PDF and CDF of the uncertain eigenfrequencies
derived from the gPC (bold) compared with the MC simulation
of 10, 000 realizations (dashed).

4 Conclusions

In this chapter we present the theory and application of stochas-
tic simulation in structural vibroacoustic problems with uncertain
parameters. Attention was focused on the application of non–
sampling probability method, i.e. generalized polynomial chaos
expansion, in combination with the stochastic FEM simulation.
The stochastic FEM formulation based on the intrusive and non–
intrusive techniques were developed for structural free vibration
problems. The application is applied to stochastic free vibration
of plates with random elastic parameters. The parameter distri-
butions are identified from experimental modal data from which
the orthogonal basis for the gPC expansion are constructed. The
method has high accuracy in comparison with the results from
experimental data for representing the natural frequencies. The
use of the method remarkably enhances the computational effi-
ciency. This issue has been pointed out as a significant advantage
for numerical simulation of the practical engineering problem for
which the deterministic models have been already developed.
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ABSTRACT: A trend towards lightweight structures, e.g. timber structures, is noticeable in civil engineering, which implies the 
necessity to predict vibroacoustic characteristics like the transmission of structure-borne sound in order to fulfil requirements 
regarding serviceability. This contribution focuses on the investigation of junctions of building components e.g. between wall 
and ceiling. It is part of a joint research project with the aim to catalogue the coupling for a variety of junctions. The resulting 
database may serve to predict the transmission of structure-borne sound which is typically carried out either using a Finite 
Element (FEM) approach, suitable for the low frequency range, or by means of energy methods like the Statistical Energy 
Analysis (SEA) for the high frequency range. Therefore the so-called mid frequency gap emerges, which is examined and 
attempted to be closed. 
In this context SEA-averaging techniques are applied in the postprocessing of FEM calculations to obtain an adapted “SEA-
like” approach. By varying the subsystems to be excited it is possible to determine Energy Influence Coefficients (EIC), which 
describe the specific energy content of the different subsystems with respect to the input power. Using this hybrid approach 
vibroacoustic predictions can be performed also in the mid frequency range.  
Inverting the EIC-matrix Coupling Loss Factors as well as Damping Loss Factors of the different subsystems can be calculated 
if the subsystem definition fulfils the SEA-requirements. The application of the method in combination to a classical SEA 
calculation and to laboratory measurements is presented. 

KEY WORDS: Energy Flow Analysis; Energy Influence Coefficients; Finite Element Method; Power Injection Method; 
Prediction of Sound Transmission; Statistical Energy Analysis; Lightweight Timber Structures; Vibroacoustics. 

1 INTRODUCTION 
Within the context of efficient and sustainable design of 
buildings a trend towards lightweight structures, e.g. timber 
structures is recognizable. This trend implies the necessity to 
be able to predict serviceability and comfort as well as sound 
transmission in order to fulfil building requirements. To 
generate reliable prediction methods a detailed understanding 
of the transfer of energy between building components is 
compulsory. This contribution focuses on the investigation of 
the vibroacoustic behavior of junctions of building 
components e.g. between walls and ceilings. It is part of a 
joint research project “Vibroacoustics in the planning process 
for timber constructions” with the aim to catalogue the 
coupling for a variety of junctions. The resulting database 
may serve to predict the transmission of structure-borne 
sound. 

In the low frequency range with clearly separated 
eigenmodes the Finite Element Method (FEM) is a convenient 
tool to predict the vibroacoustic behavior. The FEM is robust, 
provided that the quality of the model and the fineness of the 
meshgrid comply with the requirements, resulting from 
theoretical considerations concerning dominating 
wavelengths. Due to smaller wavelenghths and higher modal 
densities the spread of the dynamic behavior of the building 
components increases with higher frequencies. Thus the 
results become very sensitive with respect to the modeling.  

Uncertainties in geometry and material may have an important 
impact and therefore can cause wrong decisions at an early 
stage in the design phase. Furthermore short wavelengths at 
high frequencies lead to a very fine mesh and as a 
consequence to a high numerical effort. 

The increase of the modal density with higher frequencies 
impedes a FEM approach, but enables the application of 
statistical methods like the Statistical Energy Analysis (SEA). 
For a SEA approach a division of the building components 
into different subsystems with respect to wave polarization 
and geometry is performed, linked with a low level of 
detailing. Hereby the subsystem definition is restricted to 
weak coupling which means (among others) that there should 
be only direct energetic interaction with the adjacent 
subsystems but not with the next but one subsystem.  

The robustness of the statistical response of the SEA is 
achieved by several types of averaging: over time, excitation 
frequency and space. Hereby the choice of the frequency 
bandwidth is linked to the number of eigenmodes per band in 
order to guarantee a sufficient modal density. The modal 
density shows how many modes are available to store, 
respectively to transfer energy from one into another 
subsystem. Averaging over time means integrating over one 
oscillation period whereby the phase information is lost. 
Furthermore the response is a spatial average over each 
substructure. 
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Based on the high modal density inside a subsystem it is 
assumed in the energetic approach that the modal energy is 
equivalently distributed with respect to the modes and that the 
modes are almost equally damped. The energy flow from one 
subsystem to another is proportional to the difference of the 
modal energies [1].  

However, in the so called mid frequency range the model 
does not fulfill the SEA assumption of weak coupling 
respectively of uncorrelated reflected waves at the boundaries. 
This may lead to a wrong description of energy flow and 
sound pressure level if the SEA procedure is applied. 

2 ENERGY FLOW ANALYSIS 

2.1 Overview 
In the mid frequency range neither the FEM nor the SEA 
approach is able to provide correct results. In the scope of this 
contribution the efficiency of an Energy Flow Analysis (EFA) 
based on a "SEA-like" averaging is studied [2]. In doing so, 
the structure is modeled with the help of Finite Elements for a 
numerical Power Injection Method (PIM), which is focusing 
on Coupling and Damping Loss Factors. 

The system is divided into several subsystems. In contrast to 
the traditional SEA the requirement of weak coupling is not 
necessary. Therefore the subsystem definition is independent 
from wave types, which facilitates optimization problems as 
each component can be represented by a single subsystem. 
Using the time-averaged subsystem energies as the state 
variables in the energy matrix E, the governing equations for 
the steady state for an averaged ensemble of coupled 
subsystems together with the diagonal input power matrix P 
are obtained by: 

 APE =  (1) 

The element Aij of the matrix A of the Energy Influence 
Coefficients (EIC) describes the energy of subsystem i due to 
a unit input power in subsystem j. 
 

Applying the PIM another way to express the relation of 
input power P with the energy content of the subsystems E in 
the steady state is: 

 PLE =Ω  (2) 

In Eq. (2) L defines the matrix of Coupling and Damping 
Loss Factors. Comparing Eq. (1) with Eq. (2), the Loss Factor 
matrix L can easily be calculated by the inversion of A: 

 11 )(1 −− ⋅Ω=
Ω

= AAL  (3) 

In section 2.6 criteria are given for which the PIM permits 
to predict coupling and damping properties of the system on 
the basis of input power and subsystem energy in the steady 
state.  
The subsystems are excited successively. The time-averaged 
input power of the structural subsystems is given by the real 
part of the dot product of the implied force F and the 
conjugated complex value of the resulting velocity v* at the 
point of excitation: 

 { }*Re
2
1 vFP ⋅⋅= ∑  (4) 

The time averaged kinetic and potential energy of the 
structural subsystem are estimated as the sum of the kinetic 
and potential energies of all elements in the subsystem [3]. 

2.2 Finite Element Model (Cross Laminated Timber) 
For the investigation of the vibroacoustic behavior of a 
junction the wall and the ceiling as parts of a timber building 
are modeled with Finite Elements. Considering the material 
properties of timber the radial and tangential direction have to 
be summarized to the orthogonal direction as the 
manufactures do not distinguish if planks have been cut in 
radial or tangential direction out of the trunk. Including the 
longitudinal direction one then has to consider five 
independent material parameters for wood. 

For the investigations Cross Laminated Timber is used 
consisting out of different layers arranged perpendicular to 
each other (see Figure 1). To simplify the modeling the mean 
values of the material parameters are calculated by taking into 
consideration the proportional area of the individual timber 
cross sections. This leads to twelve effective material 
parameters: The modulus of elasticity Ei for each direction i in 
space, the shear modulus Gij along each cutting plane (the 
components along the edges of a cut infinitesimal element are 
equal due to equilibrium), the minor and the major Poisson’s 
ratio νij for each combination of strain directions. Neglecting 
that the major and the minor Poisson’s ratio are not exactly 
proportional to each other (respectively do not fulfil Eq. (5)) 
the parameters can be reduced to e.g. the set of minor 
Poisson’s ratios which results in an orthotropic material with 
nine independent material parameters [4].  

 
i

j
ijji E

E
⋅=νν  (5) 

This procedure has been validated comparing the results of 
a modal analysis of a simple academic example (a single-axis 
spanned ceiling) modeled with a very detailed mesh 
considering each wooden layer on the one hand, with a model 
using “smeared” effective parameters on the other hand. 
Considering the mentioned example the differences on the 
eigenfrequencies and eigenmodes of these two variations 
turned out to be negligible [5] [6]. 

 

 
Figure 1. Cross Laminated Timber with five layers. 
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2.3 Excitation - Input Power - Averaging 
In a sequence of numerical harmonic analyses each subsystem 
is loaded separately. To make sure that each mode is excited 
and supplied with an equivalent amount of energy a Rain on 
the Roof excitation is chosen: Several single loads with 
different phase angles are put on the subsystem increasing 
step by step the excitation frequency. Thereby the load can be 
assumed to be uncorrelated and stationary. 

To receive the time and spatially averaged input power a 
summation of the effective power over all excitation points is 
carried out. Due to the energy balance of a stationary vibration 
the input power caused by the load is equal to the dissipated 
power of the whole system.. 

2.4 Energy in the Subsystems - Averaging 
The energy inside a subsystem is predicted summing up the 
kinetic and potential energy of all finite elements within the 
subsystem. By averaging over time the phase information is 
lost. In case of a measurement the kinetic energy can be 
calculated by the velocity measured on the surface. 

For higher frequencies and in case of weakly coupled 
subsystems the calculation of the total energy can be carried 
out by using two times the kinetic energy, as in this case at 
resonance the kinetic and potential energy are approximately 
equal for the whole subsystem. Knowing the velocity v of the 
surface, the time-averaged kinetic energy in the subsystem can 
be calculated with Eq. (6), whereby V represents the volume, 
ρ the density, vR and vI  the real and the imaginary part of the 
velocity. 

 
2

²²
2
1 IR

kin
vvVE +

⋅⋅⋅= ∑ ρ  (6) 

2.5 Energy Influence Coefficients 
The EICs describe the energy flow inside the system. Using 
the input power in one subsystem and the subsystem energy in 
the other subsystems the EIC can be calculated for different 
load cases by inverting Eq. (1). It is convenient to compare 
these EICs Aij which refer to the same receiving subsystem i 
but for different load cases j. For a comparison of the energy 
in different receiving subsystems due to the same load case 
the subsystem size has to be taken into account. 

2.6 Power Injection Method 
In case that the assumption of weakly coupled subsystems 
holds, the Coupling and Damping Loss Factors can be 
assessed by inverting the EIC matrix. After normalizing the 
matrix by the excitation frequency and rearranging the entries 
the Loss Factor Matrix is obtained (cf. Eq. (4)). It contains the 
Damping Loss Factors (DLF) on the diagonal and the 
Coupling Loss Factors (CLF) on the off-diagonals.  

3 EXAMPLE 
In the following a system consisting of a wall and a ceiling 
made of Cross Laminated Timber and connected by screws 
(see Figure 2) is investigated. Different approaches to identify 
the vibroacoustic behavior are compared (see Figure 3). 

 

 
Figure 2. Junction of wall and ceiling in the Vibroacoustics 

Lab. 

 

Numerical simulation

Figures 11,12

Figure 13

Input Power

Measurement
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Energy Energy Energy

EFA/PIM EFA/PIM
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DLF/CLF DLF/CLF

Figure 10

 
Figure 3. Overview. 

A FE-model (see Figure 4) is built on the basis of the 
structural components of the real measurement setup to carry 
out a numerical PIM, whereby a simple line junction is 
investigated. The calculated CLFs are considered in a classical 
SEA model (VAOne® - see Figure 9). 

3.1 Numerical Simulation - EICs 
The FE-model (see Figure 4) is modeled by means of 
hexahedral volume elements in ANSYS® with orthotropic 
material properties according to the effective material 
parameters given in section 2.2. As the dynamic analysis is 
performed between 20 Hz and 2.3 kHz the element size is 
limited to 5 cm. The model is divided into two subsystems: 
the wall referred to as subsystem 1 and the ceiling as 
subsystem 2. 
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Figure 4. FE-model in ANSYS®. 

For the simulation a Rain on the Roof excitation is chosen 
which is composed of 50 uncorrelated distributed loads per 
subsystem acting perpendicular to the surface. At the basis of 
a harmonic analysis the numerical PIM is performed in the 
postprocessing with MATLAB®. Hereby the excitation force, 
the corresponding velocity at the excitation point and the 
potential and kinetic subsystem energy serve as input data for 
the EFA and the numerical PIM to calculate the EICs as well 
as the CLFs and DLFs.  
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Figure 5. Energy Influence Coefficients. 

In Figure 5 the EICs are depicted in the low frequency 
range. Out of the characteristics of an energetic transfer 
function the eigenfrequencies can be roughly identified by 
peak picking. In Figure 6 on the left the corresponding mode 
shape at 105 Hz is shown. As the wall (subsystem 1) shows 
high amplitudes while the ceiling (subsystem 2) is almost not 
vibrating one recognizes that the EIC 12 is at a higher level 
than EIC 21 (see also Figure 6 on the right) which indicates an 
energy flow from subsystem 2 to subsystem 1. To identify this 
transfer path subsystem 2 is excited while the energy is 
summed up over all elements in subsystem 1. 
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Figure 6. Vibration Pattern and EICs at 105 Hz. 

While the EICs can be evaluated over the whole frequency 
range the Damping and Coupling Loss Factors are restricted 
to higher frequencies. In order to guarantee a sufficient modal 
density the number of modes are counted in Figure 7. Hereby 
one recognizes that the number of modes in subsystem 2 is 
decisive. In the range of the third octave bands of 200 and  
315 Hz the SEA requirement commences to be fulfilled which 
enables useful results of the PIM. 
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Figure 7. Number of Modes in the Third Octave Band. 

Comparing the Loss Factors in Figure 8 the CLFs are much 
lower than the DLFs which indicates another prerequisite of 
the applicability of the PIM (weak coupling).  

The numerical simulation was performed with a constant 
damping ratio of 1.2% for both subsystems which corresponds 
to a DLF of 2.4% for each. After doing the postprocessing of 
the PIM the expected DLFs were obtained in an approximate 
way (see Figure 8). The input value for the material damping 
of Cross Laminated Timber was measured at a free-free-plate 
using the structural reverberation time according to DIN EN 
ISO 10848-1 [7].  

 

1 
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Figure 8. Damping and Coupling Loss Factors. 

3.2 Numerical Simulation - Loss Factors for SEA 
Based on the calibrated FE-model more sophisticated 
junctions with varying types of geometry can be investigated 
e.g. by adding a layer of elastomer between wall and ceiling. 
The layer might be considered in the damping matrix of the 
FE computation. For each modeled junction the DLFs and the 
CLFs can be calculated and stored in a database. This loss 
factor database can be used to predict the sound transmission 
using SEA calculations with user defined junctions. 

 

 
Figure 9. SEA model with a user defined junction. 

By means of the commercial software VAOne® a SEA 
model (see Figure 9) was built using the same geometry and 
the same material parameters as in the FE-model. Due to the 
examined frequency range and the corresponding wavelengths 
only bending waves are considered; this justifies to model just 
two subsystems, which are connected by a user defined 
junction defined with the CLFs from the numerical PIM in 
section 3.1 (see Figure 8). The SEA model was fed by the 
input power of the simulation. The energies in subsystem 1 
were computed for two different load cases - input power into 

subsystem 1 (LC 1) and subsystem 2 (LC 2) - and compared 
with the ones from the FEM-simulation. The results, which 
are used to validate the computation of the loss factors from 
the FE-model, show a good agreement (see Figure 10).  

 

315 400 500 630 800 1000 1250 1600 2000
0

0.2

0.4

0.6

0.8

1
x 10

-7

Frequency in Hz

En
er

gy
 in

 S
ub

sy
ste

m
 1

 in
 J

 

 

LC 1
LC 1 SEA
LC 2
LC 2 SEA

 
Figure 10. Comparison of the resulting energies in  

subsystem 1 calculated by VAOne® and ANSYS®. 

3.3 Comparison with measurements 
To verify the results of the numerical simulation 
measurements were carried out. Two different points of 
excitation were considered, one on the wall and one on the 
ceiling. The excitation was done by an electrodynamic shaker 
using a sine sweep as excitation signal. The acceleration was 
measured for each load case at the excitation point and on the 
whole surface area of the wall and the ceiling in an irregular 
grid of approximately 40 cm with a high frequency resolution. 
Due to the restricted range of validity of the used transducers 
the comparison is done below 700 Hz. The input power is 
averaged over three measurements which were carried out 
with four acceleration sensors surrounding the force 
transducer at the point of excitation. 

Hereby the excitation force, the corresponding velocity at 
the excitation point and the velocities on the surface area 
serve as input data for the EFA and the PIM to calculate the 
EICs and the CLFs and DLFs. The corresponding simulation 
was performed using the same point of excitation for the 
harmonic load acting vertical on the wall respectively on the 
ceiling. 

The experimental Power Injection Method leaded to 
different damping loss factors for the wall (averaged over 
frequency: 4%) and the ceiling (averaged over frequency: 6%) 
due to the influence of the particular boundary conditions. The 
numerical simulation was performed with these measured 
values. 
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Figure 11. EICs: Simulation vs. Measurement. 
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Figure 12. EICs: Simulation vs. Measurement in Third Octave 

Bands. 

In Figures 11 and 12 the EICs which result from the 
postprocessing of the measurement data are compared to the 
results obtained from the simulation. Further modifications of 
the junction will be done by numerical simulations in order to 
compile an extensive loss factor database - as explained in 
section 3.2 - as the effort is less than performing 

measurements. Figure 13 depicts a comparison of results out 
of measurements and simulation.  
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Figure 13. CLFs: Simulation vs. Measurement. 

The Coupling Loss Factor CLF 12 which indicates the 
energy transfer from the wall to the ceiling shows a good 
agreement indicating that the structural model, especially the 
modeling of the junction, is able to build up this type of setup. 

3.4 Conclusion 
In this contribution the application of the Energy Flow 
Analysis (EFA) based on Energy Influence Coefficients is 
presented examining a system of wall and ceiling made of 
Cross Laminated Timber connected by screws. The EFA is 
applicable also in the mid-frequency range where the SEA 
requirement of weak coupling has not to be fulfilled and the 
substructuring can be carried out independently from wave 
types focusing on structural components. If the SEA criteria 
are fulfilled it is possible to extend the EFA to the Power 
Injection Method (PIM) and calculate the Coupling and 
Damping Loss Factors.  

Using a calibrated FE-model further realistic junction types 
(elastomer, screwed, glued) as well as various types of 
geometry (L-, T-, cross-junction) will be investigated 
numerically. For each junction – depending on the frequency 
range – either an EFA or a PIM is carried out. The Loss 
Factors can be assessed and stored in a database which serves 
to predict sound transmission via a variety of junctions. 
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ABSTRACT:  Sandwich honeycomb panels are widely used in aerospace applications because they are very light  and stiff. 
Strong mechanical or acoustical excitations, associated to low damping properties of such panels can lead to high vibration 
levels, generating fatigue and reliability problems. We propose in this paper to investigate the capability of micro-perforations of 
honeycomb panels for reducing their vibration levels. Micro-perforations are mostly known and used in acoustics for increasing 
absorption. A model of the panel vibration damping induced by the acoustic motion in the micro-perforations is proposed here.  
For this purpose, a lumped element model, based on Maa's results is developped for estimating a viscous damping force at the 
micro-scale.  The resultant  force  is  then homogenized for  a  group of  cells  (meso-scale  model)  and allows us  to  express  a 
damping term for  the  global  structure  (macro-scale  model).  A perturbation  technique  is  then  used  to  compute  the  modal  
damping coefficients of a micro-perforated plate in order to evaluate the performance of the treatment. 

KEY WORDS: acoustic impedance, vibration damping, micro-perforations.

1 INTRODUCTION

Sandwich materials composed of two skins glued on both 
sides of honeycomb cells are widely used in several domains 
because they offer the possibility to make lightweight and stiff 
structures.  In  term  of  vibroacoustic  characteristics, 
honeycomb sandwich materials have however high acoustic 
radiation  efficiencies,  or  reciprocally,  they  are  sensitive  to 
acoustic  excitations.  The  aim  of  the  present  study  is  to 
investigate  the  capability  of  micro-perforations  to  reduce 
vibrations of honeycomb sandwich materials.

Micro-perforations  are  well  known  devices  used  for  the 
attenuation  of  acoustic  levels.  Indeed,  micro-perforations 
provide an acoustic dissipation on the surface of the treated 
structure  due  to  the  viscous  effects  inside  the  micro-holes 
whose  dimensions  are  less  than  the  boundary  layer  of  the 
fluid.  Micro-perforations  were  particularly  studied  for  rigid 
structures  [1-3],  [8-9]  and  more  recently  for  vibrating 
structures  [10-11],  where  the  objectives  are  always  the 
improvement of the acoustic absorption. Of course, when the 
structure is excited by an acoustic field, the decrease of the 
wall pressure due to the presence of micro-holes implies that 
the vibration level is also reduced. The reduction of the wall 
pressure  can  be  quantified  by  the  well  known  acoustic 
absorption  coefficient  quantifying  the  ratio  between  the 
absorbed energy and the incidence energy.  This treatment is 
also  particularly  effective  for  high  levels,  where  the 
dissipation phenomenon becomes non linear [13]. Otherwise, 
whatever  the  excitation  (airborne  or  structure-borne 
excitations), the dynamic comportment of the structure can be 
changed  due  to  fluid  motion  (generated  by  the  vibration) 
inside  micro-holes.  Viscous  effects  can  then  introduce 
dissipation  leading  to  a  non-negligible  damping  when 
numerous  micro-perforations  are  considered.  This 
phenomenon  was  shown  on  micro-perforated  membranes 
[12]. The goal of this paper is to see if this damping effect is 

also interesting for flexural  motion of honeycomb sandwich 
panels.

The  proposed  modeling  is  divided  in  three  parts, 
corresponding to models at three different scales: the micro-
scale,  the  mesoscale  and  the  macro-scale.  The  micro-scale 
corresponds  to  the  scale  of  the  honeycomb cell,  where  the 
physical  phenomena are described and modeled to compute 
the dissipation delivered by one hole. The mesoscale contains 
several  perforated  cells,  where  the  damping  effect  can  be 
homogenized. The macro-scale is the scale of the structure, 
where the effects on modal properties can be obtained.

2 DYNAMIC  MODELING  OF  THE  MICRO-
PERFORATED STRUCTURE 

All  equations  of  the  paper  are  written  at  the  harmonic 
regime.  The  convention  chosen  is e j ωt , ω being  the 
circular frequency.

2.1 At the micro-scale 

The honeycomb sandwich plate is supposed to be modeled 
by  the  Kirchhoff's  plate  theory.  As  a 
consequence,  at  the  scale  of  a  single 
honeycomb  cell,  the  motions  of  the 
wall  cells  (or  plate  cross-section)  can 
be described by a superposition of two 
elementary  vibratory  motions:  a 
translation and a rotation.

Both structural  motions are  coupled 
to the internal  fluid motions, inducing 
the damping effect to be modeled.

Translation of the cell induces an air 
flow in the hole which is supposed to 
be be done on one side of the cell. Air 
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flow is also induced by the cell rotation, but is supposed to be 
very weak. Rotation effects are such ignored in the modeling. 

To  calculate  the  equivalent  viscous  force f⃗ v resulting 
from  the  microperforated  honeycomb  cell  translation  (see 
figure  1),  the  fluid  motion  is  described  by  a  mass-spring-
damping system as shown on figure 2, for which the equation 
of motion is:

j ωM f ẋ f =
−K f

jω ( ẋ f − ẇ )−C f ( ẋ f −ẇ )          (1)

where K f =
P0 γ S f

2

V cav

corresponds to the effect of the cell 

cavity, M f =S f

ℑ(Z Maa )
ω and C f =S f ℜ(Z Maa ) are 

respectively the mass and dissipation of the fluid inside the 
micro-perforation, computed using respectively the imaginary 
and real parts of the acoustical impedance given by Maa [1-3]: 

Z Maa=
32νρ0t

d
2 (√1+

x
2

32
+√2 x

d
8 t)+ j ωρ0t(1+

1

√32+
x2

2

+
8

3π
d
t )

(2)

with, x=√ωρ0
ν

d
2

, d the  hole's  diameter, t the 

hole's  thickness, ν the  kinematic  viscosity, ρ0 the  air 
density and ω the circular frequency.

The applied force on the honeycomb cell due to the fluid 
dissipation is written as:

f⃗ v=[C f ( ẋ f − ẇ )+
K f

j ω ( ẋ f −ẇ )]. z⃗ .          (3)

Expression  (3)  is  valid  only  if  we  consider  that  the  one 
degree of freedom model described in figure 2 is valid. For an 
air piston inside a perforation, this is not the case since the 
stiffness term in (3) is not applied to the plate. This point is 
not considered in the paper.

It  is important to note that the observed reaction is local, 
which means that  each elementary force f⃗ v associated to 
one  cell  is  independent  from  the  forces  associated  to  the 

neighboring  cells,  No  interaction  between  adjacent  cell  is 
considered.

2.2 At the mesoscale 

At the  mesoscale the considered surface is noted dS , it 
is sized  to be higher than the cell dimension but small enough 
compared to the acoustic wavelength.

The  relationship  between  the  viscous  forces f⃗ v (in  N) 

and the resultant  force distribution f⃗ Rv (in N/m²) on dS
is:

f⃗ Rv dS=N f⃗ v=
σ
S f

f⃗ v dS          (4)

where N =nt /c nc is  the  number  of  holes  in  the  surface
dS .  The  number nh /c is  the  number  of  holes  per  cell 

and nc the  number  of  honeycomb  cell  in dS ,

σ=
nt / hS f

S c

is the perforation rate and S f the surface of a 

hole. In this study, the number of holes per cell nh /c is fixed 
to one.

The motion of the elementary surface dS  is supposed to 
be described by the classical bending equation:

−ω2ρh w( x , y ,ω)dS+DΔ2 w( x , y ,ω)dS=Δ p dS+ f Rv dS (5)
where w( x , y ,ω) corresponds  to  the  transverse  flexural 

displacement, ρh is  its  surface  density, D the  flexural 
rigidity and Δ p the difference of pressures at each side of 
the panel. The resultant force distribution f⃗ Rv given by

f⃗ Rv dS= σ
S f
(C f +

K f

j ω)( ẋ f −ẇ ). z⃗ dS=−C v ẇ . z⃗ dS    (6)

allows us to define the damping coefficient C v which will 
have sense, as expressed, if it is real and positive.

2.3 At the macro-scale 

 The macro-scale corresponds to the scale of the complete 
structure. In the following, a rectangular honeycomb sandwich 
panel is considered . It is considered to be simply supported 
on its edges. The dimensions are expressed on the figure 4. 

Figure 2: One degree of freedom representation of the fluid movement inside  
the micro-perforated honeycomb cell.

Figure 3: Assembly of microperforated honeycomb cells to form the surface  
element dS.
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Equation of motion (5) is considered  on the whole the surface 
of the structure and established for the harmonic regime: 

−ω
2
ρh w( x , y ,ω)+ j ωC (x , y)w( x , y ,ω)+DΔ

2 w( x , y ,ω)=Δ p
(7)

where C (x , y)= I (x , y)C v          (8)
is  the  damping  operator,  taking  into  account  the  micro-

perforation  positions,  specified  thanks  to  the  indicator 
function I (x , y) ( I (x , y)=1 if there is a hole at point 
(x,y), and I (x , y)=0 otherwise).

 
The damping properties  of  the micro-perforated  plate  are 

investigated  by  looking  at  the  modes  of  the  damped  plate 
described by equation (7). Since the damping for the micro-
perforated plate is expected to be low, modes of the damped 
plate are supposed to be closed to the ones of the undamped 
plates and are computed using a perturbation technique. 

The eigen values λ0k and the mode shapes ϕ0k of the 
undamped plate are the solutions of 

(ρh λ0k
2
+D Δ

2)ϕ0k=0 ,          (9)
associated to the imposed boundary conditions.
The  eigenvalues λk and  the  mode  shapes ϕk of  the 
damped plate are the solutions of 

(λk
2
ρh+λk C (x , y)+D Δ

2)ϕk=0        (10)
and are supposed to be written as 

λk=λ0k+δ λ        (11)
ϕk=ϕ0k+δϕ        (12)

 where δλ and δϕ are  correction  terms,  supposed to 
be small. 

Reporting (11) and (12) into (10) leads to:
(DΔ

2
+λ0k

2
ρh)ϕ0k+2 λ0k ρhδ λϕ0k+λ0k C( x , y)ϕ0k+(δλ)

2
ρh ϕ0k

+(DΔ
2
+λ0k

2
ρh)δ ϕ+C (x , y)δλ ϕ0k+2 λ0k δλρh δϕ+(δ λ)

2
ρhδ ϕ

+λ0kC (x , y)δϕ+δ λC (x , y)δϕ=0 .        (13)
The third line, the last three terms of the second line and the 

last  term of the first line of equation (13) are second order 
terms since they correspond to products of small values. The 
first term of the first line of the same equation is equal to zero 
because it corresponds to the equation (9) of the conservative 
associated system. Finally, equation (13) leads to:

(D Δ
2
+λ0k

2
ρh)δ ϕ+(2 λ0kρh )δ λϕ0k+λ0k C (x , y)ϕ0k=0 .

(14)

Projecting  equation  (14)  on  the  mode ϕ0k gives  the 
correction terms δλ as

δλ=

−∫
S

ϕ0k
2 C (x , y)dS

2∫
S

ρhϕ0k
2 dS

       (15)

where S is  the  panel  surface.  This  leads  to  a  modal 
damping coefficient for the plate equal to

ξk=
−δλ
ω0k

=

∫
S

ϕ0k
2 C( x , y)dS

2ω0k∫
S

ρhϕ0k
2 dS

.              (16)

If microperforations are uniformly spread over the structure, 
we get C (x , y)=C v and thus,

ξk=
C v

2ω0kρh
.        (17)

The  special  case  where  the  hole  distribution  is  uniform 
leads to the maximum value of  the modal  damping.  In  the 
general case, we have

ξk=
C v

2ω0kρh
−

∫
S̃

ϕ0k
2 C v d S̃

2ω0k∫
S̃

ρhϕ0k
2 d S̃

        (18)

where S̃ corresponds to the non-perforated surface.

Results  are  presented  in  the  next  paragraph  for  several 
perforation rates σ .

2.4 Parametric study

The  analysis  of  the  term C v (eq.  (6))  is  made  using  a 
parametric study. C v is written as

C v=
σ
S f
(C f +

K f

j ω)(
j ωM f

K f

j ω
+C f + jω M f )=Rv+ j ω I v  (19)

where Rv=
σ (C f +K f M f C f )

S f(C f
2
−(ω M f −

K f

jω )
2

)
and

I v=

σ(M f C f
2
−K f M f

2
−

K f
2 M f

ω2 )
S f(C f

2
−(ω M f −

K f

j ω )
2

)
,  and plotted on the figure 5 for 

three  different  values  of  perforation  rate,  depending  on the 
following holes and cavity dimensions:

Perforation rate σ
(%)

Perforations diameter 
(m)

Honeycomb cell 
diameter (m)

0,1975 0,2.10-3 9.10-3

0,3968 0,2.10-3 6,35.10-3

0,8928 0,6.10-3 6,35.10-3

 
These curves show the classical effect of the resonance of 

the one-degree-of-freedom oscillator, whose natural frequency 

is f 0=
1

2π √ K f

M f

.

 

Figure 4: Plate's notations.
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Using equation (17),  the modal damping of  a rectangular 
simply supported sandwich plate (dimensions 0,5m x 0,33m x 
0,02m and bending stiffness 150 kg.m².s-2) is computed for the 
first five modes (between 200 and 1000 Hz). Figure 6 plots 
the results as a function of perforation rate σ . 

Eigenfrequencies of the plates are found to be 210 Hz, 405 
Hz, 648 Hz, 729 Hz and 842 Hz.

The order of magnitude of the modal damping is rather low 
and  is  found  to  be  1.10-8  for  first  and  second  modes.  For 
modes of higher frequency and for higher perforation rates, 
the  modal  damping  is  found  to  be  2.10-6.  A  simple 
computation allows us to estimate the value that such modal 
damping should have to obtain a mobility difference of 1 dB 
between  the  non-perforated  and  the  perforated  panels.  This 
value  is  found  to  be  10-3.  Hence,  the  current  treatment  as 
dimensioned here, leads to a too low damping to reach this 
mobility difference.

 

3 CONCLUSION 

In this paper, we propose a methodology for computing the 
modal damping induced by micro-perforations performed on 
one  side  of  a  honeycomb  sandwich  panel.  This  method  is 
based on the Maa model for the fluid motion inside each hole, 
which  allows  us  to  estimate  an  equivalent  viscous  force 
(micro-scale  model).  The  resultant  force  is  then  computed 
considering a group of cells (meso-scale model) and allow us 
to express a term, whose real part expresses apparent damping 
for the global structure (macro-scale model).

A  perturbation  technique  is  used  to  estimate  the  modal 
damping coefficient.  The model can take into account a non-
uniform distribution of microperforations and the upper bound 
result  for  the  modal  damping  has  been  found.  Indeed,  it 
corresponds  to  the  case  where  the  distribution  of 
microperforations is homogeneous on the structure.

The order of magnitude observed for such modal damping 
is found to be rather low for the proposed geometry. 
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ABSTRACT: Performance metrics, such as the absorption coefficient or the sound transmission loss of (layered) poroelastic 
materials are often obtained from impedance tube measurements. By measuring the acoustic pressure in two or four microphone 
locations, these frequency-dependent values can be obtained using simple, analytical expressions. However, these expressions 
are based on the assumption that the dynamic fields behave unidimensionally, which only holds in the case the sample is loosely 
fitting in the measurement tube and no air gaps are present. Recently, a Wave Based Method has been developed to predict the 
dynamic behaviour of poroelastic materials in a computationally efficient manner as compared to standard element based 
prediction techniques. The method is based on a Trefftz approach and uses so called wave functions to approximate the dynamic 
fields. The physics of the three wave types existing in poroelastic materials are embedded in the numerical scheme. The method 
can also be applied to axisymmetric problems when using axisymmetric wave functions and allows evaluating the effect of 
mounting conditions on absorption and transmission loss predictions. The proposed method is applied for the prediction of the 
absorption and transmission loss of single layer and layered poroelastic materials. 

KEY WORDS: Impedance tube; Wave Based Method; Absorption; Sound Transmission Loss; Poroelastic materials; Biot 
theory. 

1 INTRODUCTION 
Poroelastic media consist of a solid phase (or frame) and a 
fluid phase contained within its pores. Both phases may 
exhibit a strong mutual interaction. A commonly applied 
mathematical model to describe the dynamic behaviour of 
such materials is the theory presented by Biot [1,2]. This 
theory takes into account structural, viscous and thermal 
losses in the material. Poroelastic materials are often used in 
multi-layer structures as sound attenuation measures in vibro-
acoustic applications. Using a set of two frequency-dependent 
coupled partial differential equations, the constitutive Biot 
model predicts the existence of three different fluid-frame 
coupled wave types: a shear wave and two compressional 
waves.  

End-users of poroelastic materials are often interested in 
performance metrics such as transmission loss and acoustic 
absorption. Often, these data are obtained from impedance 
tube measurements. By measuring the acoustic pressure in 
two or four microphone locations, these frequency-dependent 
values can be obtained using simple expressions. However, 
these expressions are based on the assumption that the 
dynamic fields behave one dimensionally. This assumption 
only holds in the case the sample is loosely fitting in the 
measurement tube and no air gaps are present. As has been 
shown in various studies, e.g. see [3], the mounting conditions 
can have an important impact. When the sample is clamped 
into the tube, also the shear wave is excited and the sample 
behaves stiffer. To account for these effects, analytical 
expressions are insufficient to accurately predict the dynamic 
behaviour in certain frequency ranges and numerical 
prediction techniques should be applied.     
 

Nowadays, the Finite Element Method (FEM) is most 
commonly used to model the vibro-acoustic behaviour of 
those materials. Several formulations can be applied, a.o. the 
(us,uf) [4] and the (us,p)-formulation [5]. Due to the high 
number of unknowns per node and the fine meshes required to 
accurately capture the wave fields, the use of FEM is 
practically limited to low-frequency applications. In the case 
an impedance tube is being studied, the axisymmetric nature 
of the problem can be exploited, leading to a significant 
reduction of the required number of degrees of freedom [6]. 
The solution of the system of equations at higher frequencies, 
however, remains an issue. 
 Recently a Trefftz based prediction technique has been 
developed to solve the Biot equations in a more efficient 
manner. The Wave Based Method (WBM) [7] is a 
deterministic prediction method that partitions the problem 
domain into a small number of large, convex subdomains, 
contrarily to FEM. Within each subdomain, the dynamic field 
variables are described using a weighted sum of wave 
functions, which are exact solutions of the governing partial 
differential equations. The wave functions may, however, 
violate the imposed boundary and interface conditions. The 
errors on these are minimised using a weighted integral 
approach. The resulting matrices are small and the 
convergence rate of the method is high in comparison to FEM, 
enabling solutions at higher frequencies. In the case of the 
Biot equations, all dynamic field variables, such as 
displacements and stresses in both phases of the material, can 
be approximated using a superposition of three sets of 
globally defined wave functions. In this way, the physics of 
the three wave types existing in poroelastic materials can be 
explicitly embedded in the numerical scheme [8]. 

An efficient axisymmetric Wave Based Method to evaluate the effect of sample 
mounting conditions in tube measurements for absorption and transmission loss 
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Consequently, the method’s modelling efficiency is even 
further increased. The Wave Based Method can also be 
applied to axisymmetric problem settings. In this case, the 
wave functions are selected not only to fulfil the governing 
partial differential equations, but also the axisymmetry 
condition [9]. 

This paper discusses the use of the WBM to evaluate the 
effect of mounting conditions of a poroelastic (mono- and 
multi-layer) structure in an impedance tube. The typical tube 
settings for absorption as well as for sound transmission loss 
identification are being studied numerically for different 
sample mounting conditions. As illustrated in several 
simulations, the proposed numerical technique enables to 
predict/explain the outcome of measurements and possible 
differences using analytical expressions. 

2 PROBLEM DESCRIPTION 
This section briefly describes the mathematical problem 
setting for general axisymmetric coupled acoustic-poroelastic 
problems.  The problem geometry, the boundary and loading 
conditions and the material properties are assumed to be 
independent of the circumferential angle, θ.  Consequently, 
the dynamic fields can be studied in an axisymmetric section 
with (r,z)-coordinates. A time harmonic dependence ejωt is 
assumed within this paper. The total problem domain can be 
divided into regions containing acoustic or poroelastic media. 
This section briefly reviews the governing equations and the 
applied boundary and continuity conditions within this paper.   

2.1 Acoustic problem domain 
In the absence of acoustic sources, and assuming a linear 
system, an adiabatic process and an inviscid fluid with 
ambient fluid density ρ0, and speed of sound c, the steady-state 
dynamic acoustic pressure is given by the Helmholtz 
equation: 

 2 2( ) ( ) 0p k p∇ + =r r , (1) 

where 
2∇  is the Laplace operator and k=ω/c is the acoustic 

wave number. Since the Helmholtz equation is a second-order 
differential equation, one boundary condition needs to be 
specified at each point of the boundary in order to obtain a 
well-posed problem. Only imposed normal velocity boundary 
conditions, impedance boundary conditions and coupling 
conditions with a poroelastic material are considered in this 
paper. The former is given by: 

 
0

( ) ( ) 0n
j p v

ρ ω
∂

− =
∂

r r
n

 (2) 

with ∂/∂n the normal derivative and ( )nv r the prescribed 
normal acoustic velocity. Impedance boundary conditions are 
given by: 

 
0

( ) ( ) 0,
( )n

j p p
Zρ ω

∂
− =

∂
r r

n r
 (3) 

where ( )nZ r  is the imposed normal impedance. The coupling 
conditions with a poroelastic domain will be explained in 
section 2.3. 

2.2 Poroelastic problem domain 
Poroelastic materials consist of two constituents, i.e. the 
elastic frame and the fluid contained within the pores. The 
Biot theory [1] assumes that the pores are homogenously 
distributed in the material and describes the solid frame as an 
equivalent solid continuum phase and the fluid as an 
equivalent compressible fluid phase on a macroscopic level. 
This is justified if the typical pore dimensions are very small 
as compared to the wavelength of sound. The acoustic energy 
is carried through the fluid in the pores as well as through the 
solid frame. 
According to the Biot theory the momentum equations may be 
written as 

2 2
1· ( ) ( ) ( )( ( ) ( )),s s s f

a j bσ ω ρ ω ρ ω= − − −∇ −r u r u r u r
 (4) 

2 2
2· ( ) ( ) ( )( ( ) ( )),f f f s

a bjσ ω ρ ω ρ ω∇ = − − −−r u r u r u r
 (5) 
where the superscript s(f) indicates variables related to the 
solid (fluid) phase. In this paper the model of Johnson et al. 
and Champoux and Allard [2] is being applied to account for 
viscous and thermal dissipation. For more details and the 
interpretation of the different material properties, the reader is 
referred to literature [1,2,8]. 
The constitutive equations are: 

  2 ( )( )  [(   / )    ( ) ] ( )  2 ,s s sfQ R e Qe Nσ λ= + + +r r r I e r   (6) 

    [( ) ( ) ( )  R  ]f s fQe eσ = +r r r I , (7) 

The substitution of equations (4)-(5) into equations (6)-(7) 
leads to two coupled partial differential equations, describing 
the coupled dynamic behaviour between both phases. 
As noted by Biot [1], it is known that porous materials can 
sustain three wave types simultaneously, two dilatational and 
one rotational wave, which interact and contribute 
significantly to the acoustic behaviour. 

Three boundary conditions need to be imposed on each 
point of the boundary of the poroelastic domain for all field 
variables to be uniquely defined. In this paper, two possible 
ways to mount a sample are considered: sliding edge 
boundary conditions and fixed edge boundary conditions. The 
former are ‘mixed’ boundary conditions; the following 
variables are constrained: 
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u
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⎪ =⎩

=

=

r

r

r

. (8) 

When sliding edge boundary conditions are imposed, the 
sample cannot penetrate the boundary, but is allowed to slide 
along it; it is not clamped.  
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For fixed boundary conditions, the displacements of the 
solid phase and the normal displacements of the fluid phases 
are constrained on each point of the boundary: 
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2.3 Interface conditions 
On the interface between the acoustic domain and the 
poroelastic material 4 interface conditions need to be satisfied: 
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where ϕ is the porosity. The first three conditions, expressing 
equilibrium between the stresses in the solid/ fluid phase and 
the acoustic domain, are imposed on the poroelastic domain. 
The last condition represents the continuity of the normal 
volume velocity and is imposed on the acoustic domain.  
In a similar fashion 6 continuity conditions should be imposed 
on the coupling interface between two different poroelastic 
materials. One possibility is to consider two poroelastic 
materials which are glued to each other. In that case, the 
following conditions hold: 
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All stresses between both phases are in equilibrium and the 
different displacement components are continuous.  
Three conditions are imposed on each of the poroelastic 
domains. 

3 THE WAVE BASED METHOD FOR 
AXISYMMETRIC PROBLEMS 

The WBM is a deterministic numerical prediction technique 
for solving Helmholtz problems and aims at relaxing the 
frequency limitations encountered with the use of element 
based approaches, such as the FEM. The WBM is based on 
the indirect Trefftz principle; it applies exact solutions of the 
governing differential equations, called wave functions, to 
approximate the field variables. The errors on boundary and 

interface residuals are minimised using a weighted integral 
approach. As a result, the use of very fine domain 
discretisations as for the FEM is no longer required. This 
leads to smaller model sizes and associated computational 
cost. In this paper, axisymmetric WB models for single and 
multi-layered poroelastic samples are considered, to represent 
an impedance tube setup. The theoretical derivation of the 
wave function set, convergence characteristics and a 
comparison to FEM predictions can be found in [9]. The 
WBM modelling procedure consists of four steps, briefly 
discussed in the following subsections. 

3.1 Partitioning of the problem domain 
A sufficient condition for the WBM to converge is that the 
considered problem domains need to be convex. Non-convex 
problem domains need to be subdivided into a number of 
convex subdomains.  
For an impedance tube setup, which inherently has a simple 
geometry, no additional partitioning besides the physical 
domains is required. 

3.2 Approximation of the field variables 
The acoustic pressure p(α) inside a domain Ω(α) is 
approximated using a weighted sum of wave functions: 
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n

w w
w

p r z p r z u r z

r z

α α α α

=

≈ = Φ

=

∑
(α)T (α)Φ u

 (32) 

The column vector ( , )r z(α)Φ  collects the axisymmetric 

wave functions and the column vector (α)u  contains the wave 
function contribution factors, the degrees of freedom. Each 
wave function is a priori defined, such that it fulfils the 
axisymmetric Helmholtz equation (1). It has been shown that 
the following set (consisting of a s- and a t-subset) is 
convergent: 

 
( , ) ( )cos( )0 , ,

( , ) ( ),( , ) ( )0, ,
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r z jk zzwa tr z J k r er
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Φ =
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Φ =

⎧
⎪
⎨
⎪
⎩

, (43) 

with J0 the Bessel function of zero order and first kind and 
using the following wave number components: 
 

,12 2( , ) ( ) ,, , , ,

2 2( , ) , ( ), , ,2 ,

wak k k krw zw zwa s a s a s La z

k k k krw zw w rwa t a t a a t

π

λ

⎧ ⎛ ⎞
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⎪ ⎛ ⎞= ± −⎪ ⎜ ⎟

⎝ ⎠⎩

 ,          (14) 

 
with La,r and La,z the dimensions of the smallest bounding box 
circumscribing the considered problem domain and the 
coefficients wa,1=0,1,2,… The indices wa,2=0,1,2,… are 
associated with positive roots 

,2wa
λ of J1(La,rr). In order to 

apply the WBM in a numerical scheme, the wave function set 
is truncated according to the rule presented in [9]. 
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To apply the WBM for axisymmetric poroelastic problems, 
the Biot equations are decoupled into three Helmholtz 
equations applying the Helmholtz decomposition of a vector 
field [2,9]. One obtains the following three decoupled 
equations: 

 
( )( )
( )

2 2 2 2
1 1 1 2 2 2

2 2

( ) ( ) ( ) ( ) 0

( ) ( )

s s s s
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t

k k
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ϕ ϕ ϕ ϕ

ψ ψ

∇ + ∇ + =

∇ + =

r r r r

r e r e 0
,(55) 

Where φs(r)=φs
1(r)+ φs

2(r)  is the scalar potential and ψs(r) 
is the vector potential of the solid phase. Expressions for the 
three wave numbers are given in [2].  

Each of the three potentials can now be approximated using 
a weighted sum of wave functions, similarly to (12). Each of 
the wave functions has to satisfy the associated equation in 
(15). For the scalar potentials, this leads to similar expressions 
as in (13)-(14), however, sine functions are included as well to 
obtain a faster convergence leading to an s-, t- and u- subset 
(● can be 1 or 2): 
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where the wave number components are defined as: 
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where all symbols are defined analogously to the acoustic 
case. The wave functions associated to the vector potentials 
contain Bessel functions of the first kind and order since the 
governing equation contains and additional -1/r2-term as 
compared to the scalar Helmholtz equation [9]: 
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using the following wave number components: 
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again analogously to the acoustic wave number components. 
All wave functions that are strictly zero are excluded from the 
resulting wave function sets (e.g. the sine functions with wave 
number component zero). The truncation of the poroelastic 
wave function sets is presented in [9]. 

3.3 Construction of the WB system matrices 
Using the wave functions sets presented in the previous 
subsections for acoustic and poroelastic problem domains, 
respectively, the governing equations are always satisfied, 
irrespective of the values of the unknown wave function 
contribution factors. These contributions factors are found by 
minimising the residuals on the boundary and interface 
conditions (2)-(3), (8)-(11). Each dynamic field variable, such 
as the acoustic velocity or poroelastic displacements and 
stresses can be expressed in function of the wave function 
set(s) by applying differentiation operators [9]. The mutual 
interaction between the three wave field components in the 
poroelastic domain is consequently entirely contained within 
the conditions specified along the boundary and interfaces. A 
Galerkin weighted residual approach is applied, similarly as in 
the FEM modelling procedure, leading to a fully populated 
and complex system of equations which can be solved for the 
unknown contribution factors.  

Details can again be found in [9], although for the results in 
this paper also the coupling conditions between two 
poroelastic domains have been included in the weighted 
residual formulation.  

3.4 Solution of the system of equations and post-
processing 

The final step in the WB modelling procedure is the solution 
of the system of equations, yielding the unknown contribution 
factors belonging to each wave function. The back 
substitution of these values into the field variable expansions 
yields an approximation of the acoustic pressure field and the 
three poroelastic potentials in each domain. Other quantities 
can be derived by applying differential operators on those 
wave function sets [9]. 

4 NUMERICAL EXAMPLES 
In this section, the axisymmetric WBM is applied to predict 
the outcome of absorption and transmission loss 
measurements. It was shown in [9] that the WBM can be used 
to predict the effect of clamping conditions on the absorption 
coefficient for a single layer poroelastic material. This study is 
extended in this paper: The absorption coefficient (α) and the 
transmission loss (TL) of single layer and multi-layered 
poroelastic materials are studied. 

Standard properties of air at T=293.15 K and P0=101.3 kPa 
are used in all calculations. Two different poroelastic 
materials are considered: A polyurethane foam and a carpet 
material of which the properties are reported in Table 1 
[8,9,10]. For the polyurethane a structural loss factor of 0.1 
instead of 0.265 has been applied as compared to [8,9]. The 
diameter of the tube(s) is taken 0.29m. 
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Table 1. Poroelastic material data. 

  polyurethane foam [9] carpet material [10] 
Es 70.103 Pa 20.103 Pa 
ηl  0.1 0.5 
ν  0.39 0 
ρ1  22.1 kg/m3 60 kg/m3 
ϕ  0.98 0.99 
Λ  1.1.10-4 m 1.5.10-4 m 
Λ’  7.42.10-4 m 2.2.10-4 m 
σ  3.75.103 kg/m3s 20.103 kg/m3s 
α∞  1.17 1 

 
In all absorption calculations, two microphones are 

considered, separated by 5 cm. The sample is glued to a rigid 
backing, applying fixed boundary conditions (9). The nearest 
microphone is at distance of 0.089 m from the sample. The 
wall of the measurement tube is assumed to be acoustically 
rigid. The acoustic domain is excited with a normal velocity 
of 1 m/s representing the loudspeaker. The length of the tube 
is taken to be 1m. 

For all sound transmission loss calculations, four 
microphones locations are considered, two on each side of the 
sample and the same distances to the microphones as for the 
absorption calculations have been applied on both sides of the 
sample. One of the acoustic domains is again excited with a 
normal velocity of 1 m/s and the termination of the impedance 
tube is anechoic; an impedance boundary condition ( )nZ r
=ρ0c is applied. 

The damping in the acoustic domains is small, but is taken 
into account. The first order high frequency approximation of 
the acoustic wave number in a cylindrical pore is taken into 
account in the acoustic domains, as explained in [9]. 

The pressure data at the different microphone locations are 
post-processed to obtain the absorption coefficient and the 
transmission loss. Hereto analytical expressions are used, 
based on the assumption that the dynamic fields behave 
unidimensionally. 

The absorption coefficient is defined as: 

 21 | |Rα = − , (89) 

with R the reflection coefficient calculated using the obtained 
pressure p(p1) and p(p2) at the microphone locations: 
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where d1 and d2 are the distances from the poroelastic-acoustic 
interface to the microphone positions p1 and p2. In a similar 
way, the transmission loss TL is equal to: 

 20log | |TL τ= − , (21) 

With the transmission coefficient τ defined as 

 
C
A

τ = , (22) 

Where A (C) is the amplitude of the wave impinging on 
(transmitted through) the sample: 
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With the microphone positions p1 and p2 as defined for the 
absorption coefficient and microphone positions p3 and p4 at 
the transmission side of the sample at distances d3 and d4.  

4.1 Single layer poroelastic material 

To show the effect of clamping conditions, first a single layer 
polyurethane material is considered. The sample has a 
thickness of 5 cm. Two types of clamping conditions are 
considered: sliding edge boundary conditions (8) and fixed 
edge boundary conditions (9). Whereas the first set of 
boundary conditions results in unidimensional dynamic 
behaviour, this is not the case for the second set of boundary 
conditions. Figures 1 and 2 show the absolute value of the 
solid displacement  at 2000 Hz in a section of the 
poroelastic material for the two different sets of boundary 
conditions.  

The sample is considered to be inserted in a Kundt tube 
with a rigid backing at z=0 m.  

 
 
 
 
 
 
 

Figure 1. Absolute value of  at 2000 Hz for sliding edge 
boundary conditions. 

 
 
 
 

 
 

Figure 2. Absolute value of  at 2000 Hz for fixed edge 
boundary conditions. 

When using formula (19) to predict the absorption 
coefficient, different curves are obtained for both 
configurations as shown in Figure 3. 

Also the analytical solution [2] has been added to the Figure 
3 in a dotted purple line. It coincides with the curve obtained 
using sliding edge boundary conditions, indicating that the 
WBM provides an accurate prediction. 
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Figure 3. Absorption coefficient of a 5 cm polyurethane foam 

with different clamping conditions. 

The dip in this curve originates from the first longitudinal 
resonance. When the sample is clamped inside the tube and 
both the normal and the tangential displacement of the solid 
phase are constrained, the sample behaves stiffer, shifting the 
dip in the absorption curve towards higher frequencies. This 
effect can of course also be predicted using standard FEM, but 
as shown in [9] the WBM prediction is computationally much 
less demanding. 

In a similar fashion the effect of mounting conditions of the 
sample on the transmission loss can be predicted efficiently 
using the WBM. Figure 4 shows the results applying equation 
(21) for both sets of mounting conditions. When the sample is 
clamped, the stiffening of the structure leads to a significantly 
altered TL. The major effect is an increase of the TL at low 
frequencies. As explained in [12], the low frequency 
asymptotic behaviour for the clamped sample can be predicted 
using the relaxation model presented by Wilson. By using this 
approach a value of 1.77 dB is found, being in good 
agreement with the prediction at 50 Hz. 

 
Figure 4. Transmission loss of a 5 cm polyurethane foam with 

different clamping conditions. 

4.2 Multi-layer poroelastic material. 
In a similar fashion, the effect of mounting conditions on a 
multi-layer structure can be evaluated using the WBM. As a 
numerical example case, a layer of 2.5 cm of carpet material 
has been glued to the 5 cm layer of polyurethane foam 
material. The coupling conditions (11) are applied to ensure 
continuity between both materials. The carpet material is on 
the excitation side.  

 
 
 

 
 

 

 

Figure 5. Absolute value of  at 3000 Hz for sliding edge 
boundary conditions in the multi-layer material mounted in a 

transmission tube. 

 

 

 

Figure 6. Absolute value of  at 3000 Hz for fixed edge 
boundary conditions in the multi-layer material mounted in a 

transmission tube. 

Figures 5 and 6 show the displacement of the solid phase  
at 3000Hz in the poroelastic multi-layer for sliding edge and 
fixed edge boundary conditions, respectively. The carpet 
material is located at the right hand side of the multi-layer, 
being also the excitation side. 

In the case of sliding edge boundary conditions, again 
unidimensional behaviour is obtained, matching with the 
analytical solution. Figure 6 shows that the tangential 
displacement of the solid phase at the tube wall is zero. In this 
case, again, the shear wave is also excited, prohibiting 
unidimensional behaviour. The results at the interface are 
nicely continuous, in Figure 5 as well as in Figure 6, 
indicating that the coupling conditions are met. 

The WBM has again been applied to evaluate the effect of 
different mounting conditions: the absorption coefficient 
when the sample is glued to a rigid backing and the 
transmission loss when an anechoic termination has been 
applied are given in Figures 7 and 8.  

The Transfer Matrix Method (TMM) [2] has been applied to 
obtain analytical results. The WBM predictions using sliding 
edge conditions match nicely with the TMM results, 
indicating a good prediction accuracy is obtained. 

Figure 7. Absorption of a 7.5 cm multi-layer with different 
mounting conditions. 

The WBM allows to predict the outcome of measurements 
and to evaluate the effect of mounting/ending conditions in a 
computationally efficient way. 

In future research it will be evaluated if the WBM can also 
be applied for robust material identification. 
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Figure 8. Transmission loss of a 7.5 cm multi-layer with 

different mounting conditions 
 
 

5 CONCLUSION 
In this paper an efficient WBM has been applied to evaluate 
the effect of mounting conditions of a sample in an impedance 
tube on the obtained TL and absorption coefficient. 

The WBM uses analytical solutions of the axisymmetric 
Helmholtz- and Biot equations, respectively, to approximate 
the dynamic field variables. In this way a priori known 
information on the physics of the problem is embedded in the 
solution scheme, leading to a more efficient solution as 
compared to FE schemes. 

In this paper, the axisymmetric WBM is extended to 
account for multi-layered poroelastic samples. Whereas in this 
case glued coupling conditions have been considered, these 
can easily be adapted to represent other kinds of coupling 
between poroelastic layers (thin air layer,…). 

The effect of mounting conditions is studied on various 
examples, including single layer and multi-layered poroelastic 
materials. Analytical solutions, for multi-layer cases obtained 
using the TMM, confirm the WBM predictions. 

The WBM allows to accurately predict the outcome of 
measurements in a computationally efficient way. 
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ABSTRACT: The vibro-acoustic behavior of large lightweight structures such as aircraft fuselage has to be tested, especially to 
improve active and passive means. Acoustic transmission laboratories with reverberant and anechoic rooms supply reliable test 
conditions for aircraft panels of a size up to several square meters. Shock mounts support these panels to realize free or pinned 
boundary conditions with minor damping, which is sufficient for high frequencies. For low frequencies the vibration of the 
whole fuselage has to be considered. Therefore the support of the panel under test should provide the same dynamic impedance 
as the fuselage to which the panel will be connected in the aircraft. This paper describes a method how to realize such an 
adaptive boundary condition. Therefore the dynamical behavior of adjacent flexible structural elements is simulated. Force and 
acceleration sensor signals are combined with real time control with internal model in frequency domain on a rapid control 
prototyping system. Electrodynamic shakers are used as actuators. The performance of this method is demonstrated by the test 
of a flexible structure under harmonic loads regarding the several eigenmodes. 

KEY WORDS: Active control, adaptive filter, FxLMS, boundary impedance, vibration test 

1 BASIC APPROACH 
The basic idea of this strategy is to simulate parts of a 
complex structure like an aircraft fuselage by an adaptive 
algorithm. This algorithm sets impedances at the boundaries 
of the substructure to realize the same dynamical behaviour 
like in the complex structure. 

This method is realized for a hinged beam excited by the so 
called primary force Fp, Figure 1 (top). In the middle of this 
figure the shearing forces Q1, Q2 and the bending moments M1 
and M2 are shown. The bottom of Figure 1 shows the 
principle, how the same behaviour should be realized. 

The cutting forces are provided by controlled actuators to 
realize the same vertical displacements w and bending angles 
w’ at the cut points. Details about this implementation will be 
given in section 2 of this work. 

 
Figure 1. Uncut reference system (top), cut system (middle), 

substructure with adaptive boundary conditions (bottom). 

2 EXPERIMENTAL IMPLEMENTATION 
The basic approach is implemented and tested with a double-T 
section aluminium beam with the characteristics given in 
Table 1. 

Table 1. Characteristics of double-T section aluminium beam. 

Length of uncut beam 1.5mL =

Modulus of elasticity 9 270 10 N/mE = ⋅  
Moment of inertia of area 8 41.208 10 mI −= ⋅  

Mass per length 0.675 kg mμ =  
The boundary conditions are realized at 1 4x L=  and 

2 3 4x L= . 

2.1 Positioning of actuators and sensors 

The force transmission of the shear forces in accordance with 
Figure 1 (bottom) are the forces Fs2 and Fs3 in Figure 2, which 
are located at the cut points x1 and x2. A point bending 
moment is not practicable. Therefore the bending moments 
are realized by the forces Fs1 and Fs4 with a lever arm 
0.15m, see Figure 2. Electrodynamic shakers (EDS) induce 
these four forces. 

 
Figure 2. Positioning of actuators and sensors. 

In addition to the above mentioned EDS also sensors are 
necessary to control the boundary impedances. These 
accelerometers are placed at the cut points and 2xδ  on either 
side of them. 
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2.2 Hardware components 

To realize the adaptive boundary conditions for the beam the 
hardware components in Table 2 are necessary. The results 
are analyzed with the software Pulse from Brüel and Kjær. 
The block diagram shows the interconnection between these 
components, Figure 3. 

Table 2. Hardware components. 

Hardware 
component 

Manufacturer Type 

EDS 

Brüel and Kjær 

4824 
Power amplifier 2732 
Accelerometers 4507-B 

Front-end 3053-B-120 
Low pass filter Kemo VBF/8 
Rapid control 

prototyping system 
dSPACE 1103 PPC 

2.3 Controller 

The control algorithm for the adaptive boundary conditions is 
a single reference multiple input multiple output (MIMO) 
leaky filtered x least mean square (FxLMS) algorithm [2]. 
Figure 3 shows the block diagram for this control concept. 
Wide arrows represent an array of signals, that are 
symbolically expressed as vectors. The reference signal x(n) is 
the voltage Up for the primary excitations of both beams, 
which is amplified and the input voltage for the primary EDS, 
which cause the primary excitation forces Fp. The reference 
signal is filtered with the matrix of the secondary paths 
models ˆ( )nS  and becomes the matrix 

 ˆ (( ) * ( ).)T nn x n′ = SX  (1) 

The vector of desired values d(n) and measured values for 
the cut beam ( )n′y include the accelerations at the cut points 

1xw&&  and 2xw&&  and the difference quotients, which are estimates 
of the second time derivatives of the bending angles: 
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 The second indices in the vectors, Figure 3, just 
indicate if the values are measured in the cut or uncut system. 
The difference between d(n) and ( )n′y  gives the error vector 

 ( ) ( ) ( ).n n n′= −e d y  (3) 

The MIMO leaky FxLMS-algorithm minimizes the cost 
function 

 { }( ) ( ) ( ) ( ) ( ) ,T TJ n E n n n nγ= +e e w w  (4) 

which is defined as an estimated value of the sum of the 
mean-square errors and weighted adaptive filter coefficients 

w(n). The weighting is done with the leakage factor . The 
filter coefficients are updated in one time step: 

 ( 1) (1 ) ( ) ( ) ( ).n n n nμγ μ ′+ = − +w w X e  (5) 

In (5) μ  is the stepsize. For further details about this 
control-algorithm see [2]. 

 

Figure 3. Block diagram of system identification with 
FxLMS. 

3 EXPERIMENTAL RESULTS 
The above described control concept realizes almost the same 
dynamical behaviour of the substructure like the reference 
system at the first three eigenfrequencies of the uncut beam. 
In the experiments a sampling frequency of 1024Hz, four 
filter coefficients for every error signal and a corner frequency 
of 250Hz for the low pass filtering are used. 

Figure 4 and Figure 5 show the accelerations and the 
difference quotients in accordance with equation (5) at the 
positions 1 4x L=  and 2 3 4x L= . 

The solid graphs represent the reference system and the 
dashed ones the substructure. It can be seen, that the 
movement in the uncontrolled substructure (Figure 4) is 
strongly damped. This damping is caused by the inactive EDS 
for the secondary forces. 

In Figure 5 the system behaviour of the controlled system is 
presented. It can be seen that the values of both systems 
converge. The remaining difference is below 10% for all four 
values for this frequency. The relative errors for the other two 
eigenfrequencies are in the same order of magnitude with one 
outlier – the difference quotient at 1 4x L=  for the second 
eigenfrequency. Theoretically the difference quotient should 
be zero at this point, which results in a higher relative error, 
whereas the absolute error is small. In general it can be 
noticed, that the errors of difference quotients are higher than 
the errors of the accelerations. This is due to the fact, that the 
quotients are calculated values, which causes a rougher course 
of the graphs. This effect can be detected both in Figure 4 and 
Figure 5. 

4 CONCLUSION 
This study shows, that it is possible to remove parts from a 
structure and replace it with a combination of sensors and 
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actuators together with a digital controller. The active control 
of the boundary impedances enables the realization of almost 
the same dynamical behaviour in the substructure like in the 
reference system. 

 
 

 

 

 

Figure 4. Uncontrolled reference and substructure behaviour 
near first eigenfrequency. [1] 

For a stiffened panel an analytical solution is not available. 
The investigation of it can be done with the help of the finite 
element method (FEM).  

Suitable actor and sensor configurations can be pointed out 
with it. At least three actors are necessary in each corner of a 
rectangular plate. They control directly the three degrees of 

freedom – two bending and one translation - of the 
corresponding finite element nodes. This results also in a good 
control of the modes of the substructure. 

 
 

 

 

 

Figure 5. Controlled reference and substructure behaviour 
near first eigenfrequency [1] 

Furthermore the FEM allows the calculation of the transfer 
behavior of the reference structure. Digital filters can be used 
to represent it. With these the desired values for the control 
algorithm can be provided in an experiment. 

The use of a FEM model as reference structure has already 
success\\sfully been implemented at the beam test bench. For 
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this reason, it is expected, that this presented method can be 
successfully implemented on a stiffened panel structure. 
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ABSTRACT: In this work, the focus is on the calculation of the sound pressure in free space generated during squeal
events. This calculation can be performed by the Boundary Element Method (BEM) but the velocity field associated
with friction-induced vibrations is composed of several harmonic components. Therefore, the BEM equation has to be
solved for each frequencies and in most cases, the number of harmonic component is significant and the computation
time can be prohibitive. In this paper, a criterion based on the kinetic energy convergence allows to reduce the number
of frequencies by selecting the predominant harmonic components in the dynamic reponse. Then, a new method will
be proposed in order to quickly well estimate the noise emission in free space. This approach will be based on an
approximated acoustic power of the brake system which is assumed to be a punctual source, an interpolated directivity
and the level decrease of the acoustic power. This method is applied on two classical cases of squeal with one and two
unstable modes. It allows to well reconstruct the acoustic power levels map. Several error estimators are introduced
and show that the reconstructed field is close to the reference calculated with a complete BEM.

KEY WORDS: Squeal noise; Nonlinear dynamic; Friction-induced noise and vibrations

1 INTRODUCTION

The brake squeal phenomenon is characterized by high fre-
quency noise emissions due to friction-induced self-excited
vibrations. The prediction and the calculation of squeal
noise are complex tasks which are composed of several steps
[1]. The first one deals with the nonlinear modeling with
the definition of the mechanical system geometry, the in-
troduction of nonlinear laws corresponding to contact and
friction phenomenon over the interface. Then, a stability
analysis is performed with respect to one or several param-
eters. This analysis allows to detect the unstable equilib-
rium configurations that may lead to squeal and provides
the fundamental frequencies of the unstable modes. The
next step consists of calculating the time responses and it
has been shown in the literature that the stationary regime
associated with the squeal has a spectrum composed of
fundamental frequencies (that should be different from the
frequencies of the unstable modes [2]), their harmonic com-
ponents and also their linear combinations. Then, the cal-
culation of the noise radiations during squeal event can be
performed with the Boundary Element Method [3]. This
is the classical way to well estimate the sound pressure.
This numerical method is based on the resolution of the
Kirchhoff-Helmholtz equation which depends on the wave
frequency. Therefore, the sound pressure calculation has
to be carried out for each harmonic components of the ve-
locity field.

In this aim, the multi-frequency acoustic calculation
method has previously been developed [1]. This method
is based on the decomposition of the velocity into Fourier
series. Therefore, the global wave is decomposed into el-
ementary waves with an unique frequency. The BEM is
then applied for each waves and the global sound pressure
field is calculated by superposition. The application of the
BEM is composed of three steps. Firstly the boundary ele-

ment model is built and it is composed of the system skin.
Secondly, the surface sound pressure is calculated and fi-
nally, the sound pressure in the free space is evaluated by
using the surface pressure. So, the surface sound pressure
is calculated for each frequencies and the free field is calcu-
lated for each frequencies and each field planes. However,
the number of frequencies can be significant making the
computation time prohibitive.

In a previous work [1], it has been shown that only
few harmonic components are predominant in the acoustic
response. So, it can be useful to determine these frequen-
cies before the application of the multi-frequency acoustic
calculation method. The first aim of the current paper is
to develop a criterion based on the kinetic energy conver-
gence (i.e. the dynamic response) which allows to detect
the predominant frequencies.

The second objective of this work is to propose a new
method which allows to quickly well estimate the sound
pressure in the free field. In order to calculate the radia-
tions, the directivity and a propagation model which de-
scribes the level decrease are needed. The main idea is to
determine the directivity with the BEM and to determine
an analytical function with an interpolation. Finally, for
each frequencies, the sound pressure can be evaluated at
every field points without the BEM.

The present paper is organized as follows. Firstly, the
vibroacoustic of a squealing disc brake system is presented.
The brake system under study is detailed and the dynamic
and acoustic responses for two cases with one and two un-
stable modes are given. Secondly, the criterion which al-
lows to detect the predominant frequencies in the dynamic
response is presented and applied for the two cases un-
der study. Thirdly, the acoustic approximation method is
presented and several sound pressure error estimators are
presented. Finally, the acoustic method is applied and val-
idated on the two cases.

1

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

3289



2 VIBROACOUSTIC OF A SQUEALING BRAKE
SYSTEM

This section is devoted to the description of the brake sys-
tem model, the stability analysis, the dynamic and acoustic
responses associated with classical squeal events. For the
interested reader, an extensive review about the automo-
tive disc break squeal can be found in [5].

2.1 Brake system modeling

The two main components involved in the squeal are the
disc and the pad which share a frictional interface. This
allows to focus on a simplified disc brake system composed
of a circular disc and a pad as illustrated in Figure 1 (a).

�

� �

(a)

x

z

y

(b)

Figure 1. (a): Simplified disc brake system and selected
contact nodes •; (b): BEM model and mesh connection •

The frictional interface is modeled by introducing nine uni-
formly spaced contact elements as indicated in Figure 1 (a)
and the nonlinear contact is of the following form:

F d
contact,z =

{

kLδ + kNLδ3 if δ < 0

0 otherwise
(1)

F p
contact,z = −F d

contact,z (2)

where F p
contact,z and F d

contact,z are the components of the
normal contact force vector applied to the pad and the
disc respectively. δ is the normal relative displacement be-
tween the disc and the pad for a given contact element, kL

and kNL are the linear and cubic stiffnesses. Involving the
friction force, a classical Coulomb’s law with a constant
friction coefficient is applied:

F
d
friction = μF d

contact,z

vr

||vr||

F
p
friction = − F

d
friction

(3)

where F
d
friction and F

d
friction are the friction force vectors

applied to the disc and the pad respectively. vr is the slid-
ing velocity between the disc and the pad.

The Craig and Bampton reduction method is used and
the reduction basis is composed of all the attachment modes
and the first hundred eigenmodes of the structure assum-
ing the interface nodes are held fixed. This basis provides a
good correlation between the whole and the reduced brake
models until 20 kHz which is sufficient for the frequency
range of interest of the present study.

Finally, the equations of motion in the reduction space
are given by Equation 4:

MẌ + CẊ + KX = FNL(X) + F (4)

where M, C and K are mass, damping and stiffness ma-
trices. X is the generalized displacement vector and the

dot denotes derivative with respect to the time. FNL de-
fines the global nonlinear force vector which contains linear
and nonlinear parts of the contact force vector and also the
friction force vector applied to the disc and the pad. The
vector F corresponds to the braking pressure applied over
the pad’s back-plate. Involving the damping matrix C, the
following modal damping is applied: a damping percent-
age ξ is applied to stable modes and a damping rate ζi is
applied for i-th coalescent modes, as explained in [1].

2.2 Stability analysis

The stability can now be estimated by analyzing the eigen-
values of the linearized equation of motion. This approach
is a classical way to detect when a potential unstable mo-
tion may occurs in one run as explained in [4]. The lin-
earization is performed near the sliding equilibrium config-
uration which corresponds to the quasi-static configuration
of the rotating brake system under the braking pressure.
This configuration, denoted by Xsliding, corresponds to the
solution of the nonlinear quasi-static problem defined by:

KXsliding = FNL(Xsliding) + F (5)

Then, the linearization of the equations of motion near
Xsliding provides the following system:

M
¨̃
X + C

˙̃
X + (K − JNL,Xsliding

)X̃ = 0 (6)

where, X̃ denotes a slight disturbance near the sliding equi-
librium configuration and JNL,Xsliding

is the jacobian of the
nonlinear force vector. Finally, the eigenvalues and the
eigenvectors of the linearized system are given by the fol-
lowing equation:

(

λ
2
M + λC + (K − JNL,Xsliding

)
)

Φ = 0 (7)

where λ is the diagonal matrix which contains the eigen-
values and Φ denotes the eigenvector matrix.

The eigenvalues are complex due to the presence of fric-
tion and if all the eigenvalues have a negative real part, the
sliding equilibrium is stable and the system reaches the slid-
ing equilibrium configuration Xsliding. If at least one real
part is positive, then the sliding equilibrium is unstable,
the system diverges and self-excited vibrations are gener-
ated. In this work, this analysis is carried out with respect
to the friction coefficient μ. By analyzing the eigenvalues
with respect to μ, two instabilities with one and two un-
stable modes are detected. The two cases under study in
this work are listed in Table 1.

Table 1. List of cases

Case μ f1 (Hz) f2 (Hz)

1 0.72 929.8 -
2 0.74 930.3 9418

2.3 Dynamic responses with one and two unstable modes

In this work, all the time responses are calculated with
a Runge-Kutta integration scheme. The initial conditions
correspond to the associated sliding equilibrium configu-
rations with a slight disturbance. The dynamic responses

2
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associated with the cases 1 and 2 are presented in Figure
2.

Involving the case 1 with one unstable mode, it can be
seen in Figure 2 (a) that the system leaves the initial con-
dition, the velocity diverges during a transient regime and
the final steady state is reached for t > 8 s with ampli-
tudes of about 1 ms−1. Involving the spectrum, Figure 2
(b) indicates that the harmonic components are composed
of the fundamental frequency f1 and several harmonic com-
ponents as 2f1 and 3f1.

Involving the case 2 with two unstable modes, it can be
noted in Figure 2 (c) that the velocity has the same fea-
tures than for the case 1 with higher amplitude of about
80 ms−1 during the final stationary regime. However, the
case 2 presents a more complex spectrum composed of the
fundamental frequencies f1 and f2, several harmonic com-
ponents 2f1, 3f1, 2f2, and also their linear combinations of
the form ±mf1 ± nf2 where m and n are positive integers
(see Figure 2 (d)). This behavior is due to the participa-
tion of two unstable modes in the dynamic response and
an extensive review about this phenomenon can be found
in [2].
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Figure 2. Dynamic responses and nonlinear spectrum for the
cases 1 and 2

2.4 Squeal noise emissions

For this acoustic study, the boundary element model is
composed of the upper part of the system skin. Actu-
ally, it is assumed that this surface leads the outside global
noise radiations. Moreover, over the connected points be-
tween the disc and the pad (i.e. the red points in Fig-
ure 1 (b)), the normal velocities are averaged. Then the
multi-frequency acoustic calculation method [1] allows to
estimate the noise levels over the mesh and at every points
in free space. In this study, the BEM mesh is composed of
quadrangular elements with linear shape functions.

For the two cases under study, the focus is on the noise
emissions during the stationary regime. The BEM equa-
tions are solved over the mesh, the surface pressure is cal-
culated for each wave frequencies and the total level is ob-
tained by superposition. The total sound pressure levels
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Figure 3. Total acoustic responses for the cases 1 and 2. 1st:
column surface Lp,bem; 2nd column Lp,bem in free space

Lp,bem are given by:

Lp,bem = 10 log10(PP
∗/P 2

ref) (8)

where P denotes the sound pressure.
Involving the case 1, Figure 3 (a) shows the total sur-

face sound pressure levels for the case 1 and the levels go
from 80 to 126 dB. Involving the total sound pressure levels
radiated in free space, the shape is smooth and the pattern
is composed of one main lobe along the z-direction, but
four lobes are present over the (x, y) plane as illustrated
in 3 (b).

The same analysis can be carried out for the case 2. The
surface sound pressure levels have a more complex pattern
due to the participation of two modes in the dynamic re-
sponse as indicates in Figure 3 (c) with higher levels of
about 130 to 192 dB. The free space radiations are also
more complex with several main directions of propagation
as illustrated in Figure 3 (d). The noise levels are also
higher than for the case 1 due to the higher amplitude of
velocity.

3 HARMONIC COMPONENTS SELECTION
METHOD

As explained in the previous section, the dynamic response
associated with the squeal is composed of several frequen-
cies. These harmonic components can be numerous as for
the case with two unstable modes and the sound pressure
has to be calculated for each frequencies. However, as pre-
viously explained, the total radiation is mainly led by few
harmonic components. In this section, a criterion which
allows the detection of the predominant frequencies is pre-
sented. The main idea is to select the harmonic compo-
nents which “significantly”contribute to the kinetic energy.
Therefore, an optimal Fourier basis is built with a “small”
number of harmonic components depending on the desired
accuracy.

3
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εk,ref

Figure 4. Detection of the predominant harmonic component

3.1 Optimized Fourier basis calculation

The first step consists of estimating the convergence of the
reference kinetic energy error εk,ref with respect to the num-
ber of retained harmonic components sorted by increasing
order. This error estimates the relative gap between the
total kinetic energy Ek,ref and the kinetic energy associ-
ated with a given truncation. These gaps are illustrated in
Figure 4: the harmonic component i+2 is selected because
the gap di+1 is higher than the others.

Then, the frequencies associated with the “higher”gaps
are selected in the optimized Fourier basis. The temporary
optimized kinetic energy is then calculated and compared
with the reference in order to check if the final tolerance
Tole1 is reached. This relative error will be denoted by
εk,opt. An overview of the developed method is given in
Algorithm 1.

Finally, to estimate the relevance of the optimized Fourier
basis, the surface sound pressure is calculated with the se-
lected harmonic components and compared with the to-
tal sound pressure. This relative error will be denoted by
εp,opt.

Algorithm 1 Optimized Fourier basis calculation

Require: Tole1, Tole2, εk,opt > Tole1, ε < 1

while εk,opt>Tole1 do

P = {i ∈ [1 ; Nmax] / di < Tole2}

Ek,opt = 1
2 [a0 +

∑

m∈P

Ẋm(τ )]T M[a0 +
∑

m∈P

Ẋm(τ )]

εk,opt =
∣

∣

∣

Ek,opt−Ek,ref

Ek,ref

∣

∣

∣

Tole2 ← ε × Tole2

end while

Output: optimal Fourier basis Popt

3.2 Application

The harmonic components selection method is now applied
on the two cases under study. The results are presented in
Figure 5. On each Figures, the reference kinetic energy
error and the optimized kinetic energy error are analyzed.
Moreover, the optimized acoustic power error is also dis-
played to check if the optimized Fourier basis built with
the kinetic energy is suitable for the acoustic response.

Involving the case 1, the higher gaps are detected for
the zero order and for f1 at the first iteration. By selecting
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Figure 5. Iterative building of the optimized Fourier basis for
the cases 1 and 2 during the stationary regime; red bar:
selected harmonic component; black bar: non selected

harmonic component

these components, it can be seen that the optimized ki-
netic energy error εk,opt (i.e. the relative error between the
reference energy and the energy calculated with the opti-
mized Fourier basis) reaches 0.37% (result not presented).
In order to try to quantify the relevance of the optimized
Fourier basis over the acoustic response, the surface acous-
tic power error εp,opt is calculated with the same compo-
nents. It is observed that the acoustic power is well es-
timated with only few harmonic components with a final
error of 0.095%. Adding the less predominant harmonic
component 2f1 provides a final error εk,opt of 5 × 10−2%
as indicated in Figure 5 (a). Moreover, the acoustic power
error reaches 2.3 × 10−4%. The same analysis can be car-
ried out for the case 2, and it is observed that only five
harmonic components are sufficient to reach a tolerance of

4
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Table 2. Optimized Fourier basis

case 1

f1 1 2
f2 0 0

Tole1 5 × 10−2%

(a)

case 2

f1 0 -1 1 -2 2
f2 1 1 1 1 1

Tole1 1%

(b)

SR

y

x

z

R

M

θ

Ω

φ

Figure 6. Draft of the radiating source Ω in the sphere SR

0.99% for the kinetic energy and 3.5×10−3% for the acous-
tic power (see Figure 5 (b)). So, the number of harmonic
components can be significantly decreased with a controled
error. For the two previous cases, the associated optimized
Fourier basis are given in Tables 2 (a) and (b).

4 ACOUSTIC APPROXIMATION METHOD

The second level of approximation developed in this paper
involves the radiations in free space. It is calculated with
the Boundary Element Method for each frequencies. How-
ever, to avoid the use of the BEM for each field planes, a
simplified approach is presented in this section.

4.1 Calculation of the directivity

The first step of this approach is to well approximate the
directivity. So, the focus is on the approximation of the di-
rectivity over a sphere which contains the radiating source.
As seen in Figure 6, the radiating source Ω is inside a sphere
SR of radius R. The sound pressure over SR is denoted by
P (θ, φ, ω), where θ, φ and R are the spherical coordinates
of a point M over the sphere, and ω denotes the wave fre-
quency. The acoustic intensity I is defined by:

I(θ, φ, ω) =
P (θ, φ, ω)P ∗(θ, φ, ω)

ρc
(9)

where ρ is the density of the air, c denotes the speed of
sound in dry air and the star corresponds to the conjugate.
The acoustic intensity along a given direction Iaxe is also
introduced:

Iaxe = I(θ0, φ0, ω) (10)

where (θ0, φ0) denotes a given direction which will be used
as a reference and it corresponds to the direction along
which the acoustic intensity I is maximum. Finally, the
directivity h is calculated by:

h(θ, φ, ω) =
I(θ, φ, ω)

Iaxe
(11)

The function h provides the direction along which the source
can radiate. In order to evaluate this function, the Bound-
ary Element Method is used. The sound pressure P (θi, φi, ω)
is calculated for all the points (θi, φi) ∈ SR and the discrete
directivity hbem(θi, φi, ω) is calculated.

Then, the analytical expression of the directivity is cal-
culated with a polynomial fitting method depending on the
two space variables θ and φ.

In order, to improve the accuracy of the directivity, the
sphere onto which the sound pressure is calculated with
the BEM is refined by adding new BEM calculation points.
The sphere refinement process is stopped when directivity
convergence is achieved.

4.2 Directivity convergence criterions

The previous method does not provide informations about
the accuracy of the estimated directivity. By refining the
sphere SR (i.e. by adding more BEM calculation points),
it is possible to improve the interpolated directivity h. The
problem is now to introduce criterions to determine the op-
timal number of BEM calculation points to reach the best
directivity. The focus is now on the directivity convergence
with respect to the number of BEM calculation points over
SR.

The directivity accuracy cannot be estimated over the
current sphere because the interpolated directivity mini-
mizes the least square error between the interpolated func-
tion and the known values over the sphere. That is why the
analytical directivity is evaluated over another field plane
Pobs. In this work, this plane is a horizontal square of
1.5 × 1.5 m placed at 5 cm from the top of the pad but
it can be arbitrarily chosen. All the points of Pobs will be
denoted by Mobs.

Global convergence: For the (k − 1)-th sphere
SR,k−1 (i.e. the sphere associated with the refinement
k − 1), the directivity hω

k−1 is evaluated over Pobs. The
global convergence criterion aims at evaluating the error
between hω

k
and hω

k−1 over Pobs denoted by εω

h,k
. The sphere

refinement process is stopped when the error reaches the
initially fixed tolerance A1:

{

εω

h,k
= ||hω

k
(Mobs) − hω

k−1(Mobs)||∞ < A1

with Mobs = (θobs, φobs) ∈ Pobs

(12)

Pattern convergence: The global criterion involves
all the points of the field plane Pobs. So, small localized
gaps between two successive interpolated directivities are
considered making this criterion restrictive. A less restric-
tive way to estimate the directivity convergence is to ana-
lyze the directivity pattern over the field plane Pobs. The
main idea is to compare the directivity pattern between
two successive sphere refinements. The pattern associated
with the directivity calculated with the k-th sphere is given
by:

C
ω

k
(Mobs) =

{

1 if hω

k
(Mobs) ≥ h̄ω

k
(Mobs)

0 otherwise
(13)

5
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where the bar denotes the mean. The sphere refinement
process is stopped when the pattern shape converged, that
is to say when εh,k, the relative error between two patterns,
is less than the tolerance γ% and the stabilization is reached
when δk, the relative error gradient, is less than the toler-
ance γδ. This criterion corresponds to the percentage of
added information between two successive refinements. It
does not consider the values of the directivity but only its
shape over a given plane: that is why it is less restrictive
than the first criterion. The directivity calculation method
is given in Algorithm 2.

Algorithm 2 Calculation of the directivity

Require: A1 or (γ%, γδ)

while

{

εω

h,k
≤ A1

εω

C,k
≤ γ% and δω

k
≤ γδ

do

BEM over SR,k: calculation of hω

bem

Polynomial fit: calculation of hω

k

Sphere refinement process: SR,k ← SR,k+1

end while

Output: optimal directivity function hω

k

4.3 Acoustic power level reconstruction

The Boundary Element Method provides the sound pres-
sure at every point in the free space. So, it is possible
to directly calculate the level of acoustic pressure Lω

p,bem

for a given harmonic component. In this simplified ap-
proach, the pressure is not known and the focus is on the
acoustic power W and its levels LW = 10 log10(W/Wref),
where Wref = 10−12 watt denotes the reference acoustic
power. The aim of this method is to reconstruct the acous-
tic power field and to calculate the levels LW to estimate
the noise radiations in free space. The acoustic power of a
given harmonic component ω associated with the directiv-
ity hω

k
is denoted by Wω

k
. The associated levels in decibels

corresponds to the variable Lω

W,k
. In this approach, the

system is assumed to be a punctual source, that is to say,
the global acoustic power is averaged and the source posi-
tion corresponds to the system mean position. This field
is reconstructed by using this expression:

Wω

k
(M) = Φω

pSΩ
hω

k
(M)

R2
obs

(14)

where Φω

p denotes the averaged input surface acoustic power
(directly calculated with the BEM), SΩ is the system sur-
face, Robs represents the distance from the source, and M
corresponds to a point in free space. A classical way to
describe the level decrease is to assumed that it decreases
as 1/R2

obs.
Another point of this approach is to be capable of esti-

mating the relevance of the approximated solution. In this
aim, the BEM is used to calculate a reference solution but
for a small set of points. In this study, two sets of points are
used. The first is a disc, centered over the acoustic power
level maximum. The associated error between the BEM
solution over this set and the reconstructed field will be
denoted by εdisc. The second corresponds to the boundary
of the detected pattern. That is to say, the boundary of

C ω

k
denoted by ∂C ω

k
. Then, the BEM for this set of points

is compared with the reconstructed field and this error will
be denoted by εiso. The main idea is to consider both the
shape and the level of the sound pressure radiations.

5 APPLICATION TO CLASSICAL CASES OF
SQUEAL

The method is illustrated on the fourth harmonic compo-
nent ω4 = 2π(−2f1 + f2) associated with the case 2 which
has complex radiations (see Figure 7). In this work, the
focus is on the radiations along the outside normal of the
system and this allows to investigate the directivity over a
half sphere which contains the brake system.
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125

Figure 7. Sound pressure levels in the free field calculated with
the BEM: L

ω4

p,bem of the case 2

5.1 Directivity calculation: case 2 - 4-th harmonic
component

First of all, the directivity hω4

bem,k
is calculated by the BEM

over the half sphere SR,k as indicated in Figure 8 (a). It is
observed that the directivity has a complex pattern with
six main directions of propagation. For each spheres, the
interpolated directivity hω4

k
is calculated. As indicated in

Figure 8 (b), the interpolation process is efficient and allows
to reconstruct this complex directivity shape.

Then, the sphere refinement process is stopped by inves-
tigating the global and the pattern convergence criterions.
The analytical directivity calculated with the k-th sphere
is evaluated over the field plane as indicated in Figure 9
(a). The polynomial interpolation generates high localized
values as for the second and the third iterations and shows
the necessity to use a minimum number of BEM calculation
points to start the convergence.

The global convergence criterion aims at estimating the
relative error between two successive directivities and the
global error εω4

h,k
presents non smooth variations as indi-

cated in Figure 9 (c). As previously explained, this crite-
rion is very sensitive to localized gaps and this explains this
non regular variations. So, this criterion does not allow to
stop the sphere refinement process even if the directivity
seems to be well estimated since the five-th iteration.

Involving the directivity pattern convergence, the suc-
cessive detected patterns C

ω4

k
are presented in Figure 9

(b). The several lobes appears by increasing the number of
BEM calculation points. The criterion is then applied and
the relative error presents smoothly decreasing variations.
Therefore, it is possible to set the tolerance γ% to detect a
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Figure 8. Directivity polynomial fit for the case 2-ω4

possible convergence and a tolerance γδ to test the solution
stabilization.

5.2 Acoustic power level reconstruction

The focus is now on the acoustic power levels in free space
and as previously, only the results involving the fourth har-
monic component ω4 are presented. Figure 10 (a) shows
the reconstruction of Lω4

W,k
for each iterations. It is ob-

served that the shape presents four lobes for the five first
iterations, then a fifth appears and finally the six expected
lobes are present. So, the method is able of reconstructing
the target BEM solution in terms of levels and shape (see
Figure 7). However, as previously explained, the number
of iterations is higher than for the case 1 but the opti-
mal number of calculation points is also well estimated.
The accuracy of the solution for each harmonic compo-
nents is investigated by using the three criterions involving
the complete and the two partial BEM calculations. By
using the complete BEM calculation, it is observed that
the error is less that 8% for all the harmonic components
as indicated in Figure 11 (a). So, it can be concluded that
the method is efficient even for such a complex case.

The comparison with the partial BEM over the disc pro-
vides an error presenting irregular variations (see Figure 11
(b)). However, the error values are in accordance with the
complete BEM error. Involving the pattern boundary, it is
calculated with the BEM on the field points of the pattern
boundary ∂C ω

k
as illustrated in Figure 11 (c). The succes-

sive detected patterns C
ω4

k
are presented in Figure 10 (b).
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Figure 9. Analysis of the directivity convergence for the
component ω4 of the case 2.
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Figure 10. Approximated acoustic power levels of the case 2

This error has the same features as the error with the disc
and provides similar values and evolution. Therefore, in
this case, it can be concluded that the two error indicators
εω

disc and εω

iso are equivalent and both provide a good es-
timation of the solution accuracy with a small number of
BEM calculation points.
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Figure 11. Accuracy of the approximated solution

Involving the case 1 (results not presented), the recon-
struction is also efficient and the convergence is faster due
to the simple shapes of the directivity associated with the
two harmonic components of the optimized Fourier basis.

6 CONCLUSION

This work proposes a simplified approach for the calcula-
tion of acoustic emissions associated with disc brake squeal
events. A simplified disc brake model with nonlinear con-
tact and friction laws is investigated. This simplified brake

is able of reproducing two classical cases of instabilities
with one and two unstable modes for which the noise ra-
diations have been characterized with the multi-frequency
acoustic calculation method.

The selection of the predominant harmonic components
in the dynamic response based on the kinetic energy is ap-
plied on a single and a multi-instability cases. This crite-
rion allows to significantly reduce the number of harmonic
components and guarantee the convergence the associated
surface acoustic power. Only two components are needed
two well describe the kinetic energy and the surface acous-
tic power for the case 1 and only five for the second case.

Therefore, the simplified acoustic method is applied
for the optimal Fourier basis of each cases. For the first
case, the directivity interpolation process allows to well es-
timate the directivity over a sphere with a “small” number
of points (results not presented for the case 1). The direc-
tivity convergence criterion involving the pattern is very
efficient and allows to stop the sphere refinement process
for the optimal number of point. The propagation model
is then applied to reconstruct the acoustic power levels in
free space and the results are in good agreement with the
direct BEM calculations. To control the final error, BEM
calculation points are used: a first set composed of a disc
over the field plane and another over the boundary of the
detected pattern. For the two unstable modes case, the
directivity is more complex. However, the method is still
efficient but the convergence is slower. The directivity is
well estimated and the reconstructed field has an excellent
quality. However, for this case, the two error indicators are
equivalent.

Finally, the coupling between the harmonic component
selection and the acoustic approximation method allows to
well reduce the computation time and guarantee a good
accuracy of the solution.
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ABSTRACT: Vibration and acoustic analysis at higher frequencies faces two challenges: computing the response at a reasonable
computational cost, and quantifying its uncertainty due tosmall spatial variations in geometry, material propertiesand boundary
conditions, which have a scattering effect. In order to enhance the computational efficiency, use can be made of the observation
that when the response of a decoupled vibro-acoustic component is sufficiently sensitive to uncertainty in such spatialvariations,
the statistics of its natural frequencies and mode shapes saturate to universal probability distributions. This holdsirrespective of
the causes that underly these spatial variations and thus leads to a nonparametric description of uncertainty. This work deals with
the identification of uncertain parameters in such models from experimental data. One of the difficulties is that both experimental
errors and modeling errors, due to the nonparametric uncertainty that is inherent to the model type, are present. This istackled in
a Bayesian inference framework. The prior probability distribution of the uncertain parameters is constructed with the maximum
entropy principle. The likelihood function that is subsequently computed takes the experimental information, the experimental
errors and the modeling errors into account. The posterior probability distribution, which is computed with the MarkovChain
Monte Carlo method, provides a full uncertainty quantification of the identified parameters, and indicates how well their uncertainty
is reduced, with respect to the prior information, by the experimental data.

KEY WORDS: Mid-frequency analysis, nonparametric uncertainty, system identification

1 INTRODUCTION

Robust and efficient dynamic modeling tools are essential for
designing structures with good noise and vibration performance.
The effectiveness of specific methods for vibro-acoustic analysis
is restricted to a limited frequency range. Element-based
methods like finite element analysis can be employed in the
low-frequency range, where long-wavelength modes dominate
the response. However, as the frequency increases, the
characteristic wavelength of deformation becomes short relative
to the overall size of the system, which implies that at higher
frequencies (i) many degrees of freedom are required to capture
the behavior of the structure with sufficient accuracy [1], and
(ii) the local response can be highly sensitive to uncertainty in
spatial variations in geometry, material properties, and boundary
conditions, which have a scattering effect [2]. Consequently,
when using element-based methods at such frequencies, (i)
a very small element size is needed resulting in a high
computational cost, and (ii) not just a single deterministic model
should be considered, but an ensemble of randomized models,
further increasing the computational cost.

Recent studies have shown however that when the response
of a subsystem (beam, plate, acoustic volume, etc.) is
sufficiently sensitive to uncertainty in spatial variations in
geometry, material properties, and/or boundary conditions, the
local statistics of its natural frequencies and mode shapes
conform to those of the Gaussian Orthogonal Ensemble (GOE)
from random matrix theory [3]. This universal result holds

irrespectively of the underlying causes and can therefore be
interpreted as a kind of central limit theorem. It allows for
a nonparametric uncertainty description, in the sense thatthe
uncertainty of the underlying parameters does not need to be
quantified; only the modal density, the total mass and the
damping loss factor of a random subsystem are needed in
order to predict its response statistics. This has three major
implications. Firstly, all structural and acoustic subsystems
can be modeled as GOE nonparametric random subsystems at
high frequencies. Secondly, when a subsystem displays GOE
behavior, it can be modeled with a very limited number of
degrees of freedom, which equals the number of degrees of
freedom at which direct or interface forces are applied to the
subsystem. Thirdly, the level of uncertainty is exclusively
determined by quantities with a direct physical meaning, i.e.,
modal density, total mass and damping loss factor.

When a given subsystem is represented by a nonparametric
stochastic GOE model and no modeling errors are present,
the true response of the subsystem corresponds to a single
realization of the predicted response. When the mean of the
predicted response is taken as the nominal response predicted
by the model, the difference between the nominal and the
true response is then due to the fact that the true response
corresponds to a single realization, not the average. This
can be considered as a nonparametric modeling error, caused
by a lack of precise knowledge of the mass and stiffness
distribution and of the boundary conditions. If also the damping,
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the total mass, the modal density and / or the loading are
uncertain, the effect of this additional parametric uncertainty
can be included by applying the rules of conditional probability,
as explained further on. This parametric uncertainty can be
reduced by incorporating experimental information, gathered on
the structure. The nonparametric uncertainty (or modelingerror)
on the other hand is inherent to a GOE subsystem model and
therefore irreducible. Reducing the uncertainty in the mass and
stiffness distribution of a subsystem by employing experimental
data is only possible after replacing its GOE model by a more
detailed one that describes its mass and stiffness distribution in
a more precise way.

In this work, parameter identification of vibro-acoustic mod-
els with nonparametric uncertainty is achieved in a Bayesian
context. As experimental information, frequency response
functions and kinetic energies, which are estimated from
measured vibration data, are considered. The prior probability
distribution of the uncertain parameters is constructed using
the maximum entropy principle [4]. The likelihood function
that is subsequently constructed takes both the experimental
error and the nonparametric modeling error into account.
The full a posteriori probability distribution function of
the uncertain parameters is found by combining the prior
probability distribution and the likelihood function. Themethod
is illustrated with a simulation of a stiff oscillator attached to a
flexible plate.

2 A GOE-BASED HYBRID SYSTEM MODEL

In this section, a hybrid model for built-up structural or vibro-
acoustic systems is adopted. The parts of the system that
exhibit long-wavelength deformation are modeled with a low-
frequency technique such as finite elements. The parts of the
system that display high-frequency behavior are modeled as
GOE nonparametric random subsystems. With some additional
assumptions (besides GOE behavior), explicit expressionsfor
the mean [5] and variance [6] of the system’s response have been
obtained, and in certain cases also for the marginal probability
distributions of the response quantities for a given frequency [7],
[8]. In the present work, such additional assumptions will not be
made; instead, the joint probability distribution of the system’s
response will be numerically sampled as in [9]. This approach
is summarized in the following paragraphs. In order to keep the
notation simple, uncertainty in the parameters of either type of
subsystem is not yet explicitly considered in sections 2.1,2.2
and 2.3.

2.1 The hybrid built-up system model

The system is modeled in the frequency domain, where
harmonic motion at frequencyω is considered. The degrees of
freedom (DOFs) of the components displaying low-frequency
behavior, and the degrees of freedom at the subsystem-
subsystem and subsystem-force interfaces are collected ina
(generalized) displacement vectorq ∈ C

n, so that the time-
domain response is given by Re(qeiωt). Similarly, the external
harmonic forces at frequencyω applied at these degrees of
freedom are collected in the force amplitude vectorf ∈ C

n. The
equations of motion are

Dq = f, (1)

with D ∈ C
n×n the dynamic stiffness matrix at frequencyω .

D may be decomposed into the dynamic stiffness matrix of
the master system, denoted asDd, and the dynamic stiffness
matrices of thenr nonparametric random subsystems, denoted
asDk, k= 1, . . . ,nr :

D = Dd+
nr

∑
k=1

Dk. (2)

2.2 Nonparametric random subsystem

Consider a single subsystemk uncoupled from the master
system. Its behavior at the master system DOFs is governed
by

Dkqk = fk or qk = Hkfk, (3)

where Hk = D−1
k is the corresponding frequency response

matrix. This matrix can be written in the form of a modal sum:

Hk = ∑
r

ϕϕϕk,rϕϕϕT
k,r

−ω2+ iηkωωk,r +ω2
k,r

, (4)

where ωk,r is the r-th undamped eigenfrequency of the
decoupled subsystemk, andϕϕϕk,r is a vector containing therth
mass-normalized mode shape of the decoupled subsystemk,
evaluated at the master degrees of freedom.

The stochastic subsystem is assumed to display GOE
behavior, which implies that the mode shapes are statistically
independent from one another and from the natural frequencies.
Furthermore, the marginal probability distribution of a mode
shape evaluated at a single DOF is normal, with mean value 0
and variance 1/Mk with Mk the total mass of subsystemk. The
correlation function between different mode shape components
is a Bessel function that depends only on the product of the
wavenumber with the distance between both components [?].
For components that are far apart in terms of the wavelength at
the given frequencyω , the correlation function is small. In that
case, the elements ofϕϕϕk,r are approximately independent.

Realizations of the natural frequenciesωk,r are computed
from realizations of the eigenvalue spacings. Therth normalized
spacing for subsystemk is defined as

sk,r :=nλ
k (λ )

(
λk,r −λ

)
(5)

=
nk(ω)

2ω
(
ω2

k,r −ω2) , (6)

where λ := ω2, λk,r := ω2
k,r , nλ

k (λ ) represents the local
eigenvalue density andnk(ω) the modal density. Note that
the frequency of harmonic motionω is given, so the natural
frequenciesωk,r in (6) are the (random) variables. The modal
density is the average number of modes per radial frequency
across the random ensemble. It can be obtained as the
derivative of the smooth (i.e., non-oscillatory) part of the mode
count function of the nominal subsystem. Expressions for
a wide range of subsystems are available [10], [11]. When
realizations of the normalized eigenvalue spacings are available,
the corresponding natural frequency realizations can be obtained
from

ωk,r =

√
sk,r2ω
nk(ω)

+ω2. (7)
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The spacingssk,r are statistically independent from the mode
shapes, but they are not independent from each other. Let
us approximate the sum (4) by retaining only a fixed set of
nr modes for which the normalized eigenvalue distance|sk,r |
is smallest (or, equivalently, for which the absolute difference
between the natural frequency and the harmonic excitation
frequency is smallest). A realization of the set ofnr normalized
spacings{sk,r} can be computed as follows:
1. Construct a realization of a GOE matrix with dimensions that
are large compared withnr . This is a real symmetric matrix
whose elements are all uncorrelated, centered Gaussian random
variables. The diagonal elements have variance 2σ2 and the off-
diagonal elements have varianceσ2, where the parameter 1/σ
serves to specify an eigenvalue scale.
2. Compute the eigenvalues of this matrix. Order the spacings
λk,r aroundλ = 0.
3. Normalize the ordered spacingssk,r . This can be performed
by multiplying the spacings by the empirical eigenvalue density,
obtained through averaging the number of eigenvalues in a finite
interval containingλ = 0 across a large set of realizations.
4. Retain thenr eigenvalue spacings with the smallest absolute
value.
The normalized GOE eigenvalue spacings do not depend on any
property of the considered subsystem, so the realizations can be
tabulated and re-used for analyzing different systems.

Finally, it should be noted that the GOE assumption relates
to the local statistics of the natural frequenciesωk,r around the
frequency of interestω . When the joint probability distribution
of the response at two or more frequencies is of interest and
these frequencies lie within a narrow band, the frequencyω that
appears in (7) can be taken as the center frequency of the band,
and the realizations of the response at the different frequencies
can be computed using a single set of GOE natural frequency
realizations.

2.3 Predicting the system’s response

Let the response quantities of interest of the considered vibro-
acoustic system be denoted byy. They are computed from the
degrees of freedomq. The probability distribution py(y) can be
obtained by Monte Carlo simulation. For each nonparametric
random subsystemk, realizations of its dynamic stiffness matrix
Dk can be constructed as detailed in the previous section.
Realizations of the response of the built-up system then follow
from (1-2).

2.4 Combining nonparametric and parametric uncertainty

In absence of parametric uncertainty, the uncertainty accounted
for in the hybrid model represents the uncertainty in spatial
variations in geometry, material properties, and/or boundary
conditions of the subsystems that display high-frequency behav-
ior. Besides this nonparametric uncertainty, the hybrid model
can also display uncertainty in (some of) its parameters such
as damping loss factors, material and connection stiffnesses,
geometrical dimensions, etc. These uncertain parameters are
collected in a parameter vectorθθθ ∈ R

np. A joint probability
density function pθ (θθθ ) can be constructed for this parameter
vector, given the available information. A rigorous method
for determining pθ (θθθ ) is provided by the maximum entropy

principle, which maximizes the uncertainty ofθθθ given the
available information [4].

The computed response probability distribution for a fixed
parameter set is a conditional distribution denoted by py(y|θθθ).
The corresponding unconditional distribution follows from the
law of total probability

py(y) =
∫

py(y|θθθ )pθ (θθθ)dθθθ . (8)

Explicit evaluation of this integral is computationally expensive
since, for each value ofθθθ , py(y|θθθ) is estimated from a Monte
Carlo simulation, where the natural frequencies and mode
shapes of the nonparametric random subsystems are sampled.
It is therefore much cheaper to compute py(y) directly by joint
Monte Carlo sampling of the natural frequencies and mode
shapes of the nonparametric random subsystemsandthe random
parametersθθθ . The difference in effort for computing py(y|θθθ)
and py(y) then only lies in the (usually negligible) effort needed
for generating independent samples ofθθθ .

3 BAYESIAN PARAMETER IDENTIFICATION

3.1 Irreducibility of the nonparametric uncertainty

A hybrid model may be employed to represent an ensemble of
different systems, such as a set of cars leaving a productionline,
and/or an ensemble of modifications to a single system, such as
a set of furniture configurations within a single acoustic volume.
The response statistics then describe the variability overthe
considered ensemble. The hybrid method can also be used for
modeling the behavior of a single, existing system. This case is
considered here.

When the hybrid method is used for modeling a single system,
the probability distribution of the response py(y) represents
the combined effect of (1) a nonparametric modeling error
due to a lack of precise knowledge of the mass and stiffness
distributions, and (2) a parametric modeling error due to the
imprecise knowledge ofθθθ . Even if the mass and stiffness
distributions in the high-frequency subsystems would be known
exactly, the analyst might still prefer to adopt a nonparametric
stochastic model because it is computationally cheap compared
to e.g. a detailed finite element model of the complete system.
However, the nonparametric model uncertainty (or modeling
error) is inherent to such a model and therefore irreducible.

3.2 Reducing parametric uncertainty by Bayesian inference

The uncertainty of the parametersθθθ on the other hand can be
reduced by incorporating experimental information, gathered
on the structure. Let the observed response of the system
be denoted bŷy. When experimental errors are neglected,ŷ
equals the true responsey of the structure. By applying Bayes’
theorem, the conditional probability density function pθ (θθθ |ŷ) of
θθθ after observation of the response, can be expressed as

pθ (θθθ |ŷ) =
p(ŷ|θθθ)pθ (θθθ )

p(ŷ)
. (9)

All quantities on the right-hand side can be computed as detailed
in section 2, since p(ŷ|θθθ )=py(ŷ|θθθ ) and p(ŷ)= py(ŷ). However,
the explicit computation of py(ŷ) is not necessary, since it is
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independent ofθθθ . It can therefore be interpreted as a weighting
factor that ensures that pθ (θθθ |ŷ) integrates to unity. pθ (θθθ ) is the
prior probability distribution of the uncertain parametersθθθ , that
represents the state of knowledge aboutθθθ before observing the
responsêy. pθ (θθθ |ŷ) is the posterior probability distribution of
θθθ , that accounts for the observed responseŷ.

In practice, the observed responseŷ does not equal the
(unknown) true responsey due to the presence of experimental
errorsεεε := ŷ−y. Let the probability distribution ofεεε be denoted
by pε(εεε). In many situations pε(εεε) is (approximately) known.
This is for instance the case whenŷ results from an averaging
process for which the central limit theorem can be applied, or
when it can be constructed from the available information, such
as nominal measurement accuracy, using the maximum entropy
principle.

For a given experimental errorεεε , the corresponding
conditional distribution p(ŷ|θθθ ,εεε) can be obtained as in section
2:

p(ŷ|θθθ ,εεε) = py(ŷ− εεε|θθθ ). (10)

The conditional probability p(ŷ|θθθ ) which, when evaluated as a
function ofθθθ rather than̂y is called the likelihood function, then
follows from the law of total probability:

p(ŷ|θθθ ) =
∫

py(ŷ− εεε|θθθ)pε(εεε)dεεε. (11)

This is a multi-dimensional convolution integral, from which
p(ŷ|θθθ ) can be obtained and used in (9). However, as will be
explained in the next section, the explicit evaluation of this
integral will not be performed in practice because py(y|θθθ) needs
to be evaluated numerically.

3.3 Evaluating the likelihood function

The computation of the posterior distribution pθ (θθθ |ŷ) involves,
for each value of the parameter vectorθθθ , the computation of
the likelihood p(ŷ|θθθ). This is a real number (for fixedθθθ )
that equals the conditional distribution of all possible response
measurements, denoted in what follows as p(x|θθθ), evaluated for
the observed response, i.e., forx = ŷ.

Unfortunately, an analytic expression for p(x|θθθ) is not
available because py(y|θθθ) can at present only be numerically
evaluated. Therefore, p(x|θθθ) is computed by Monte Carlo
sampling instead of direct evaluation of (11). A single sample
of x(θθθ), for a given value ofθθθ , is generated as follows.
1. Generate a set of mode shapes and normalized eigenvalue
spacings for the nonparametric random subsystems of the hybrid
model as detailed in section 2.
2. Generate a sample of the uncertain parametersθθθ .
3. Compute a corresponding sample of the true responsey.
4. Generate a measurement error sampleεεε.
5. Compute a sample ofx by adding the samples ofy andεεε .
From the samples that are generated in this way, the distribution
p(x|θθθ) is obtained, and p(ŷ|θθθ) follows directly by evaluation at
the measured responseŷ. It should be noted that the samples
generated in steps 1 and 4 are independent of any particular
value ofθθθ . They can therefore re-used when estimating p(x|θθθ)
for different values ofθθθ .

The direct estimation of p(ŷ|θθθ ) from the generated samples of
x faces computational difficulties whenx contains elements that

Figure 1. Oscillator-plate system with 20 point masses
randomly attached to the plate.

are statistically dependent, such as the elements of a frequency
response function (FRF) matrix at a given frequency. When this
is the case, an approach such as Nataf’s transformation can be
employed for approximating p(x|θθθ) using the marginal densities
and the joint correlation matrix of the elements ofx, estimated
from the available samples [12].

3.4 Computing posterior statistics

From the previous sections, it is clear how, for a given value
of θθθ , the prior probability pθ (θθθ ) and the likelihood function
p(ŷ|θθθ ) can be obtained. The corresponding posterior probability
pθ (θθθ |ŷ) follows from (9). Posterior statistics ofθθθ , such as
the mean, covariance matrix, and marginal distributions ofits
elementsθk can be in principle obtained by explicit, multi-
dimensional numerical integration over the relevant elements of
θθθ . In practice, this will be computationally inefficient whenthe
number of uncertain parameters is larger than one or two.

It is possible however to generate independent parameter
samples that follow the posterior distribution. This is achieved
by constructing a stationary Markov chain (i.e., a series ofwhich
a given element only depends on the previous element) that
converges in distribution to pθ (θθθ |ŷ). Methods that produce
such a Markov chain are called Markov chain Monte Carlo
(MCMC) methods; the most popular one is the Metropolis-
Hastings algorithm [13]. The samples of the Markov chain
are not independent; however, because the Markov chain is
stationary, its correlation function can be computed and used
to estimate what the distance (in terms of number of samples)
between two samples of the Markov chain needs to be in order
for them to be independent up to second order.

4 NUMERICAL EXPERIMENT

4.1 Description of the structure

The foregoing theory is illustrated with an example structure
consisting of a thin, simply supported rectangular plate attached
to a stiff, single degree of freedom oscillator (Fig. 1). This
example system was previously analyzed in [6], [7] and [9].
It captures (partly) the physics of a general type of built-up
structure consisting of thin plates attached to stiff components.
Examples are building frames with nonstructural, flexible walls
and aircraft fuselages where the stiff frames have thin skin
panels attached.

In the example considered here, the simply supported
aluminium plate has dimensions 2.1 m×1.9 m×1.25·10−3m,
density ρ = 2800 kg

m3 , Young’s modulusE = 7.2 · 1010 N
m2 ,

Poisson’s ratioν = 0.3 and damping loss factorηp = 0.01. The
oscillator has a massm= 2 kg, undamped resonance frequency
fo = 200 Hz and damping loss factorηo = 0.01. Spring and
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mass are attached to the plate at a distance of 0.882 m along the
long edge and 0.722 m along the short edge, measured from one
of the corners, and the spring is fixed at the other end. Plate
imperfections are considered by attaching 20 point masses at
random locations, each of them having 0.75 % of the total mass
of the plate. The considered frequency range is 100−300 Hz.

4.2 Uncertain parameters and prior distribution

In this stage of analysis, a design situation is considered where
the oscillator-plate structure has not yet been experimentally
tested. Let us assume that the Young’s modulus of the plate
E, the undamped resonance frequency of the oscillatorfo, and
the damping loss factorsηp and ηo are not precisely known.
For simplicity it will be assumed that all other parameters are
known precisely; this is not a serious restriction, as the number
of uncertain parameters is in principle not limited.

The following information is expected to be available at the
design stage. Nominal values for the Young’s modulus of
aluminium, taken from different textbooks, yield the mean value
µ(E) = 71 GPa and the standard deviationσ(E) = 1 GPa.E is
positive and takes a finite value in practice; 250 GPa is a safe
upper bound. The resonance frequency of the oscillator can be
estimated by preliminary modeling; suppose that this yields a
nominal valueµ( fo) = 250 Hz and that a standard deviation of
aboutσ( fo) = 20 Hz can be expected. Alsofo is a positive
quantity and in the absence of very severe modeling errors, a
value of 2500 Hz should be a safe upper bound. Damping
loss factors are difficult to estimate in the design stage, where
measurement results obtained on the structure itself are not yet
available. For metallic structures, a nominal damping ratio
of 1 % is often taken, corresponding to a nominal loss factor
µ(η) = 0.02, but the relative uncertainty on this value is high,
so that it can be estimated asσ(η) = 0.02. The structure is
considered stable (η ≥ 0) and under-critically damped (η ≤ 2).

For the four uncertain parameters, the available prior
information consists of a nominal (mean) value, a rough
estimate of its accuracy (standard deviation), and wide bounds.
For this information, there always exists a maximum entropy
distribution, i.e., a distribution that maximizes the uncertainty
under the given constraints [14]. It is given by

pME
(
θ̃k
)
= exp

(
−λk0−λk1θ̃k −λk2θ̃ 2

k

)
, (12)

whereθ̃k is the normalized value of the uncertain parameterθk,
which is thekth element ofθθθ :

θ̃k := (θk−θkl)/(θku−θkl) , (13)

with θkl the lower bound andθku the upper bound onθk. For
each of the four uncertain parameters, the correspondingλ
values can be obtained from the constraints. The results are
detailed in table 1. The distributions are plotted in Fig. 3.

The cumulative distribution function is given by

FME
(
θ̃k
)
=

e
−λk0+

λ2
k1

4λk2
√

π
2
√

λk2

(
−Erf

(
λk1

2
√

λk2

)
+Erf

(
λk1+2θ̃kλk2

2
√

λk2

))
, (14)

θk λk0 λk1 λk2

E 2516 −17750 31250
fo 74.22 −1563 7813
ηp −4.605 100 0
ηo −4.605 100 0

Table 1. Parameter values defining the maximum entropy
distribution of the normalized uncertain design parameters.

where Erf denotes the error function. This function can be
easily inverted in terms of the inverse error function, and used to
generate independent samples ofθk from independent samples
of the uniform distribution in[0,1] [13]. When λk2 = 0, the
distribution simplifies to

FME
(
θ̃k
)
=

−e−λk0−λk1θ̃k +e−λk0

λk1
. (15)

4.3 Hybrid prediction model

In the considered frequency range, the oscillator exhibitslong-
wavelength deformation, and it is modeled as deterministicin
the hybrid method (in the absence of parametric uncertainty),
while the thin panel shows short-wavelength deformation, and it
is modeled as a nonparametric random subsystem.

Within this frequency range, the conditions of the GOE
statistics to be valid are fulfilled for the plate. A hybrid
model for this structure can be constructed, in which, for fixed
parametersθθθ , the oscillator is a deterministic subsystem and the
plate a nonparametric random subsystem. If only the response at
the connection point is of interest, the dynamic stiffness matrix
of the master system is a scalar that equals the dynamic stiffness
of the oscillator:

Dd = m
(
−ω2+(2π fo)

2(1+ iηo)
)
. (16)

When particular response points on the plate are also of interest,
e.g. because external loading is applied at those points,Dd is no
longer a scalar but still contains only a single nonzero (diagonal)
entry. Realizations of the nonparametric random subsystem’s
dynamic stiffness matrixD1 can be computed as detailed in
section 2.2; the modal density of the plate is computed as in [15,
Eq. 81]. Finally, the corresponding realizations of the master
system response are obtained from (1).

Since the wavelength in the plate is short in the frequency
range of interest and its local response is very sensitive to
small spatial variations in mass distribution (i.e., positions of
the attached masses), its vibrational response is more effectively
characterized in terms of overall (or spatially averaged) kinetic
energy than by specifying the velocity response at a large
number of points. The overall kinetic energy of subsystemk,
denoted asTk, can be obtained directly from the quantities used
for computing the master system response [9]:

Tk =
1
2 ∑

r

ω2
∣∣∣ϕϕϕT

k,r fk

∣∣∣2(
ω2

k,r −ω2
)2

+
(
ηkωωk,r

)2
, (17)

wherefk = Dkq.
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Figure 2. Oscillator attached to a thin plate, (a,b) mobility
amplitude |q| of the oscillator and (c,d) corresponding
overall kinetic energyT of the plate; (a,c) mean and 95 %
confidence interval, and (b,d) normalized CDF at a single
frequency (200 Hz). Dashed lines: parametric solutions,
full lines: nonparametric model predictions. The observed
values of|q| andT are also plotted (dash-dotted lines).

The nonparametric model predictions are shown in Fig. 2.
The mean values of the FRF amplitude of the oscillator and
the corresponding total kinetic energy of the plate are plotted
together with the 95 % confidence interval for the considered
frequency range. The cumulative distribution functions ata
particular frequency are also plotted. In order to check the
performance of the hybrid model, the corresponding results
obtained with a detailed model, where the uncertain mass
distribution of the plate is modeled in a parametric way, are
also plotted. This model is constructed with the assumed-modes
(or Lagrange-Rayleigh-Ritz) method, using all 594 analytic out-
of-plane modes of the bare simply supported plate that have a
natural frequency lower than 600 Hz as basis functions [16].A
Monte Carlo simulation is performed, where in each realization
the locations of the 20 point masses are randomly varied across
the plate. The response statistics of the computationally cheap
model with nonparametric uncertainty and those of the more
expensive model with parametric uncertainty agree very well.

The influence of the uncertain mass distribution of the plate
on the mobility of the oscillator is seen to be relatively large near
the resonance frequency of the oscillator, but small otherwise.
The influence on the kinetic energy of the plate on the other
hand is relatively large across the considered frequency range.

4.4 Experimental information

Experiments are simulated with a detailed model, constructed
with the Lagrange-Rayleigh-Ritz method as described in the
previous section. In this case, only a single realization of

the random point mass locations is computed and taken to
represent the true structure. As experimental data, FRF values
are considered where the unit force is applied at the connection
point. The corresponding response consists of two components:
the normal velocity at the same point, which represents the
degree of freedom of the oscillator, and the total kinetic energy
of the plate. The kinetic energy can be experimentally estimated
by measuring the velocity response at many plate locations.The
experimental resolution is 20 Hz.

Measurement noise is simulated by adding circular complex
normally distributed Gaussian white noise to the driving point
FRF. It has a standard deviation equal to 1 % of the maximal
FRF amplitude. The measurement noise on the plate’s kinetic
energy is taken as uniformly distributed, with mean value
zero and a range which equals 10 % of the true energy at
the corresponding frequency. The resulting experimental data
(including measurement noise) are plotted in Fig. 2.

4.5 Identification results

The experimental information is accounted for in a Bayesian
inference scheme as detailed in section 3. The marginal
posterior distributions of the four identified parameters are
shown in Fig. 3, where they are also compared with the prior
distributions.

The uncertainty of the oscillator’s parameters is reduced
after accounting for the experimental information. This is
particularly clear for its resonance frequency: compared to the
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Figure 3. Prior distribution (full line) and posterior distribution
(dashed line) of (a) the plate’s Young’s modulusE, (b) the
oscillator’s resonance frequencyfo, (c) the plate’s damping
loss factorηp, and (d) the oscillator’s damping loss factor
ηo. The posterior distribution, obtained when only the
oscillator’s response is used as experimental data, is also
shown (dash-dotted line).
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prior probability density, the posterior density is very narrowly
concentrated around the true resonance frequency of 200 Hz.
The uncertainty of the oscillator’s damping loss factor is less
strongly reduced.

The posterior distribution of the Young’s modulus of the plate
is very much the same as its prior distribution. This indicates
that, when compared to the prior information, the experimental
data does not contain additional information on this parameter.
The posterior distribution of the plate’s damping loss factor on
the other hand is much narrower than the prior distribution.

In order to investigate the influence of the type of experi-
mental data, the identification is repeated but now excluding the
plate’s kinetic energy from the experimental data set. The results
are also shown in Fig. 3. As expected, the posterior distribution
of the plate’s Young’s modulus does not change as the prior
information is most informative for this parameter. Also the
posterior distribution of the oscillator’s resonance frequency
does not change qualitatively, which indicates that the driving
point mobility of the oscillator is most informative on this
parameter.

However, there is a clear influence on the damping loss
factor of the plate and on that of the oscillator. The kinetic
energy of the plate strongly depends on its damping, and the
posterior distribution of the plate’s damping loss factor almost
reduces to the prior one when the information contained in the
kinetic energy data is ignored. The influence on the oscillator’s
damping loss factor is less pronounced but noticeable. It follows
from the Bayesian analyses that the experimental determination
of the response of the oscillator and the plate both help in
reducing the uncertainty on the damping of the oscillator.

5 CONCLUSIONS

A Bayesian inference approach has been presented for parame-
ter identification in a hybrid vibro-acoustic model, in which the
parts of the system that exhibit long-wavelength deformation are
modeled with a low-frequency technique such as finite elements,
and the parts that display high-frequency behavior are modeled
as GOE nonparametric random subsystems. Both experimental
errors and modeling errors, due to the nonparametric uncertainty
that is inherent to the model type, are accounted for in the
identification process. The prior probability distribution of the
model parameters is constructed with the maximum entropy
principle. The posterior distribution, which is constructed
with the Markov Chain Monte Carlo method, provides a full
uncertainty quantification of the identified parameters, and
indicates how well their uncertainty is reduced, with respect to
the prior information, by the experimental data.

The approach was illustrated with a numerical experiment,
involving a stiff oscillator connected to a flexible plate, in which
all essential elements that would be needed for the analysisof a
real structure were included. The driving point mobility ofthe
oscillator and the corresponding kinetic energy of the plate were
taken as experimental data. The uncertainty on the oscillator’s
resonance frequency was largely reduced by accounting for
the experimental data, while for the plate’s Young’s modulus
the data are relatively uninformative compared to the prior
information. Knowledge of the plate’s response was seen to be

important for reducing the uncertainty of its own damping loss
factor and of that of the plate.
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ABSTRACT: Shape optimization issues under vibroacoustic criteria within the specific mid high frequency range are
under consideration in the present paper. The main objective of this research is to develop an adjoint formulation for
the shape optimization using Simplified Energy Method (MES). This will allow to implement the method into numerical
modeling of engineering applications, such as noise reduction, aeronautic domain, etc., with large number of variables
and reasonable computational cost. The adjoint method was developed to minimize the energy density in the cavity
by changing its geometry parameters. We use the Simplified Energy Method (MES), which gives a solution that only
depends on the cavity shape, not on the material properties and doesn’t need fine meshes. Firstly, the proposed shape
optimization method aims at avoiding the remeshing during the optimization process and it has to model the acoustic
cavity surface exactly. To achieve this goal, we rely on a transformation function which maps a 3D cavity surface on
a 2D domain. Hence, the optimization is conducted on this function directly. Secondly, as for realistic applications
the number of design variables is very high, so the gradient based methods are in demand. In the present contribution
the optimization process is based on adjoint calculation of the gradient that leads to an analytical expression of the
directional derivatives without additional computational cost. To prove the versatility of the method, we apply it on a
rectangular cavity shape modeled with patches of Bezier surfaces. The results of shape optimization are presented and
the robustness of the method is shown.

KEY WORDS: energy method; shape optimization; vibroacoustic criteria; gradient.

1 INTRODUCTION

In the new developing domain of design optimization, ap-
proaches taking into account vibroacoustic criteria are in
demand for many engineering applications, for example re-
ducing noise of engines in car cabins at the positions of the
driver and the passengers, controlling the noise in indus-
trial rooms where people are working at certain locations
among noisy machinery or protecting electronic equipment
on which sound waves can have an influence.
An important issue in such optimization problems is the
frequency range. When considering vibroacoustic shape
optimization in the high-mid frequency range we meet the
serious drawback of using kinematic description of the dis-
placement field, because it needs fine meshes to obtain the
robust results, so the use of FEM-BEM is justified only for
low frequencies. In the opposite, the energy methods cho-
sen for the present study do not need fine meshes and are
expected to offer many advantages. Among these meth-
ods, the most widespread remains the Statistical Energy
Analysis (SEA) (1), which provides the mechanical energy
of complex built structures. It is well adapted to medium
and high-frequency situations and yield smaller matrices
and fast optimization processes. The energy flow variables
in the SEA model are well suited for use in optimization
algorithms because of their smooth frequency response
functions. DeJong (2) gives the examples of the use of
SEA in optimizing the noise reduction and the sound qual-
ity of a machinery enclosure and a vehicle body. Chavan
and Manik (3) present the optimization of an automobile

model for cabin noise reduction by calculating the design
sensitivity vector for damping loss factors of subsystems
using the transmission path approach.
In this paper we use a local energy formalism, proposed by
Nefske and Sung (4) and improved after by many authors
(5) (6) (7). This energy method was named the Simplified
Energy Method (or MES in French). MES has already
been evaluated and validated for such elastic media such
as membranes and plates (5) (9), beams (5) (8) and acous-
tic cavities (8). This method has also been considered in
both the transient and stationary cases (6), (8). The op-
timization of the vibroacoustic characteristics using MES
was presented by Besset and Ichchou (10), regarding the
optimizing absorption coefficients at the boundaries of an
acoustic cavity.
The main objective of this contribution is to show the
advantages of the adjoint formulation for the shape opti-
mization under vibroacoustic criteria using MES. This will
allow implementing the method into numerical modeling
of engineering applications with large number of variables
and reasonable computational cost. The results presented
here are obtained with the shape optimization method
that is based on a transformation function mapping 3D
cavity surface on a 2D domain. The optimization process
directly relies on this function and thus avoid remeshing of
the geometry. The method allows to describe the geome-
try through Bezier, Bspline and NURBS parametrization.
The projection function approach has been presented in
(11).
The article is organized as follows. First, the Simplified
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Energy Method is presented and its formulation in curvilin-
ear coordinates adapted to the adjoint-based optimization
is obtained. The optimization problems is then formulated
that makes calculation of the derivatives and construction
of the adjoint equation possible. To prove the versatility
of the method, we apply it on a rectangular cavity shape
parametrized with patches of Bezier surfaces. The results
of shape optimization are presented for several initial data
and the robustness of the method is shown.

2 SIMPLIFIED ENERGY METHOD. GENERAL DE-
SCRIPTION

The Simplified Energy Method method operates two con-
tinuous fields to describe the energy transfer inside the
medium in the mid-high frequency range. The first en-
ergy quantity is the total energy density W defined as the
sum of the potential energy density and the kinetic energy
density. The second energy variable I is the energy flow.
In order to derive the energy density equations, a wave
description of vibrational-acoustical behavior is definitely
adopted. The Simplified Energy Method has been exposed
in details in (7) (9) (10) (12). Here we recall the main
quantities that will be used further.
In the considered problem symmetrical propagating distur-
bances in a medium are taken into account.

Φ
���

Wdir

Wrev Ω

∂Ω

P

����������	���
��

Figure 1. MES formulation: direct and reverberated
fields.

To provide the required vibroacoustic characteristics of
the cavity we chose the energy density W as the quantity
to be optimized. The energy density W is proportional
to the square pressure, which is directly correlated with
the sound level inside the cavity. Since W is a quadratic
variable made of partial energy quantities corresponding
to both direct and reverberated fields (see Figure 1), the
superposition principle can be applied:

W = Wdir +Wrev. (1)

This approach considers the reverberated field as the result
of secondary sources (fictitious sources) located at bound-
aries (Figure 1). Thus the energy density inside the cavity
can be expressed as a function of the primary sources and

fictitious sources (12):

W (P ) =
∫

∂Ω
Φ(M)uPM · n(M)G(M) d∂Ω

+
∫

∂Ω
σ(M)uPM · n(M)G(M) d∂Ω,

(2)

where P is a point inside the cavity where W is mea-
sured, M is a point of integration on the cavity surface,
G(r) = 1

4Πc
1
r2 , uPM = PM

‖PM‖ , n(M) the unit normal at
the point M , Φ(M) are the acoustic boundary sources and
σ(M) are the fictitious boundary sources. We will use the
term “boundary source“ to denote the sources located on
the cavity boundary (which may be due, for example, to
external excitations).
For every point M0 of the boundary ∂Ω, σ(M0) depends
on the absorption coefficient α, acoustic boundary sources
of the system Φ and fictitious boundary sources in all other
points of ∂Ω:

σ(M0) = (1 − α)
∫

∂Ω
σ(M)uM0M · n(M)G(M) d∂Ω

+(1 − α)
∫

∂Ω
Φ(M)uM0M · n(M)G(M) d∂Ω.

(3)
Energy variables are given as a solution of a Fredholm equa-
tion, corresponding to an energy balance at the boundary
of the domain.

3 OPTIMIZATION PROBLEM

The subject of the present research is the shape optimiza-
tion of the acoustic structure applicable for engineering
applications. For this the proposed shape optimization
method need to meet several criteria: to avoid the remesh-
ing during the optimization process, to model the acoustic
cavity surface exactly and not to be computationally ex-
pensive.
The geometric parametrization plays an important role in
this process and the adequate boundary description is es-
sential to satisfy two first declared demands.
Different boundary representations, such as polyno-
mial, Bezier, Bspline and non-uniform rational B-Splines
(NURBS) descriptions that proved to be very effective be-
cause of their smoothness and boundary regularity ap-
peared for the geometric description. The energy meth-
ods chosen for the present study do not need fine meshes
and are suitable for such geometric parametrization of the
acoustic structure.
Though we didn’t aim ourselves in the developing code
for an engineering applications it is clear that proposed
method have also to deal with realistic problems, which
need to consider the complex cavities and high number of
design variables. To model such surfaces, as it was men-
tioned before, one can use B-spline and NURBS technique,
and treating the problems with high number of design vari-
ables demands using quick and robust optimization strate-
gies, such as gradient-based methods using adjoint formu-
lation.
The mathematical formulation of a structural shape opti-
mization problem reads as (13):

minS f(X, Y (X)); X ∈ R
n

such that xi ≤ xi ≤ xi,
hj(X, Y (X)) = 0,
gk(X, Y (X)) ≤ 0,

with i = 1..n,
j = 1..no. of equality constraints,
j = 1..no. of unequality constraints,

(4)
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where f is the objective function and X are the design
variables with n components which control the geometry.
The state variable Y describes the structural response.
The functions hj and gk represent behavioral constraints
on quantities describing the characteristics of the structure.

3.1 MES formulation in curvilinear coordinates.

When studying the vibroacoustical behavior of the 3D cav-
ity using MES, only the internal 3D surface of the cavity
need to be modeled to calculate the energy quantity inside.
(see 2). This 3D cavity can be described by parametrized
functions of two variables, for example mentioned above
Bezier, Bspline and NURBS. The shape of the surface may
be controlled by number of function parameters: when
they change, the shape of the surface changes as well.
Therefore, we associate the design variables xi with those
function parameters that are allowed to move during the
iteration process.

Figure 2. Definition of the transformation function.
The bounding surface ∂Ω in R

3 of the acoustic cav-
ity (Fig. 2) is defined by function r̄ = (x, y, z) that is
parametrized as follows:

r(ξ1 , ξ2 ) = [x (ξ1 , ξ2 ) , y (ξ1 , ξ2 ) , z (ξ1 , ξ2 )] , (5)

where (ξ1 , ξ2 ) ∈ S, S ∈ R
2 and functions x (ξ1 , ξ2 ),

y (ξ1 , ξ2 ), z (ξ1 , ξ2 ) are piecewise continuous on S. We as-
sume that all the points of surface ∂Ω = r(S) are regular,

so that the vectors

aα =
∂r

∂ξα
, α = 1, 2, (6)

are linearly independent for all points ξ = (ξ1 , ξ2 ) ∈ S.
These two vectors define the tangent plane to the surface
∂Ω at the point r̄(ξ). Next, we define the normal vector:

n(M) = n(ξ1 , ξ2 ) =
a1 × a2

‖a1 × a2‖ . (7)

Then, the point r(ξ) and three vectors a1, a2, n define a
local reference system for the surface ∂Ω.
In new coordinate system we have:

M = r(ξ) = (x (ξ1 , ξ2 ) , y (ξ1 , ξ2 ) , z (ξ1 , ξ2 )) , (8)

The point P is situated inside the cavity and can’t be rep-
resented by function r(ξ). That is why we take the coordi-
nates (b1, b2, b3) of it as constants and obtain:

PM = [x (ξ1 , ξ2 ) − b1; y (ξ1 , ξ2 ) − b2; z (ξ1 , ξ2 ) − b3] ,
(9)

uPM =
PM

‖PM‖ =

=
[x (ξ1 , ξ2 ) − b1; y (ξ1 , ξ2 ) − b2; z (ξ1 , ξ2 ) − b3]

‖ [x (ξ1 , ξ2 ) − b1; y (ξ1 , ξ2 ) − b2; z (ξ1 , ξ2 ) − b3] ‖ ,
(10)

∫

∂Ω

d∂Ω =
∫∫

S

‖a1 × a2‖dξ1dξ2. (11)

We can introduce the modified energy quantities in curvi-
linear coordinates (ξ1, ξ2):

Φcurv = (Φ ◦ r)(ξ1, ξ2), (12)
σcurv = (σ ◦ r)(ξ1, ξ2). (13)

The energy quantities Φ and σ changed, but for the sake
of simplicity we will keep the usual notation. After substi-
tuting (8)-(11) to (2) with (ξ = (ξ1 , ξ2 )) we have:

W (b1; b2; b3) =
∫∫

S
Φ (ξ) u (ξ) · n (ξ) G (ξ) ‖ā1 (ξ) × a2 (ξ) ‖dξ

+
∫∫

S
σ (ξ) u (ξ) · n (ξ) G (ξ) ‖ā1 (ξ) × a2 (ξ) ‖dξ.

(14)
σ(ξ10 , ξ20 ) =
(1 − α)

∫∫

S
σ (ξ) u (ξ) · n (ξ) G (ξ) ‖ā1 (ξ) × a2 (ξ) ‖dξ

+(1 − α)
∫∫

S
Φ (ξ) u (ξ) · n (ξ) G (ξ) ‖ā1 (ξ) × a2 (ξ) ‖dξ.

(15)
Such formulation of MES in curvilinear coordinates can be
easily used for the cavities of complex geometry, when sur-
face is modeled with the help of Bezie curves, Bsplines and
NURBS.

3.2 Optimization procedure.

• First one has to specify the geometry of the cavity Ω
with bounding surface ∂Ω and the function of trans-
formation r(ξ1, ξ2) defined on S to describe the cavity
shape.

• After, we define the design variables xi as characteris-
tics of transformation function r̄(ξ1 , ξ2 ) = [x (ξ1 , ξ2 ),
y (ξ1 , ξ2 ), z (ξ1 , ξ2 )], i .e. the parameters of the func-
tions x(ξ), y(ξ) and/or z(ξ).

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3307



• The parts of the cavity surface where primary point
sources are situated remain fixed during the opti-
mization process to avoid the effect of respiration.

• An objective function has to be specified. The Sim-
plified Energy Method (MES) has been described in
Section 2, and its implementation leads to a matrix
formulation of the problem that can be written as
follows:

W (xi) = [M(xi)] Φ. (16)

The energy density vector W depends on the geome-
try of the cavity, and thus on the design variables xi.
Now we can define the quantity F to be minimized:

F =‖W (xi) ‖ . (17)

• The structural response Y from (4) is given by func-
tion σ ((3)) or (15) in curvilinear coordinates) that
describes fictitious sources of the system, so (3) itself
gives the equality constraint:

h(X,σ(X)) = σ − (1 − α)
[

∫∫

S
σ u · nG‖ā1 × a2‖dξ

+
∫∫

S
Φu · nG ‖ā1 × a2‖dξ

]

Hence the optimization problem can be formulated as fol-
lows:

minS ‖W (X)‖; X ∈ R
n

such that xi ≤ xi ≤ xi,

h(X,σ(X)) = 0,
with i = 1..n.

(18)

The gradient of the objective function can be calculated by
several means, such as the finite difference method, adjoint-
based calculation, etc. The finite difference method is nat-
ural approach but it results in an approximate evaluation
of the gradient, and the cost of it increases with the num-
ber of design variables. We concentrated on adjoint-based
calculation of the gradient because it leads to an analytical
expression of the directional derivatives without additional
computational cost. This property makes the use of ad-
joint equations popular in the field of shape optimization
with high number of design variables.
In the present study we follow the procedure of deriving
the adjoint equations described in (15).

4 NUMERICAL EXAMPLE

The aim of the paper is to develop a gradient based opti-
mization method allowing realistic industrial issues to be
solved. By using the MES approach, acoustic cavity of any
shape can be modeled by dividing the whole volume on sev-
eral subvolumes with simple geometries. In the following
we study a numerical example (Fig. 3) with six patches of
Bezier surfaces, which is sufficient to prove the efficiency of
the proposed method. The case with one design variable is
considered, but for the realistic applications this case can
be easily adopted for the higher number of optimization
variables. To study the ability of the method to find the
minimum two objective functions were used. One func-
tion describes the energy vector W inside the cavity and

the second one takes into the account the surface of the
parallelepiped.

�

�

�

a) Test case 1.

�

�

�

b) Test case 2

Figure 3. Cavity shape characterestics: control vertices
distribution for the Bezier surface definition; position of

acoustic source (cross); control points chosen to be
optimization variables (triangles)

4.1 Shape definition.

Let’s consider a parallelepiped that takes an area Ω = {x ∈
[0; 4]; y ∈ [0; 2]; z ∈ [0; 2]} (Fig. 3). The surface of the par-
allelepiped is considered to be assembled with six patches
of Bezier surfaces. Every patch is determined by (4 × 4)
control vertices as presented in Fig. 3.
The function of transformation for face i of the paral-
lelepiped is given as:

ri(ξ1, ξ2) = [Ξ1][N ][Bi][N ]T [Ξ2], (19)
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where
[Ξ1] = [ξ31 ξ21 ξ1 1],

[Ξ2] = [ξ32 ξ22 ξ2 1],

[N ] =

⎡

⎢

⎣

−1 3 −3 1
3 −6 3 0

−3 3 0 0
1 0 0 0

⎤

⎥

⎦
,

[Bi] - control vertices to define the face i of the paral-
lelepiped, ξ1 ∈ [0; 1] and ξ2 ∈ [0; 1] for every patch.
Bezier surfaces provide the C1 continuity for all the points
of the surface and thus the vectors aα exist (see (6)). Con-
trol vertices on the boundary between the patches coin-
cide and the C0 continuity is thus provided. Due to the
MES formulation we do not need the C1 continuity on the
boundary between the patches, so no extra constrains have
to be imposed.
Each face of the parallelepiped was discretized and the sin-
gle mesh for the whole surface was created. For numeri-
cal computations in classical isogeometry analysis the loop
through the patches is used first. After that, for every
patch the code enters the loop through all the elements
of the patch (14). For the MES formulation all the ele-
ments of the surface have to be considered simultaneously
in order to calculate the reverberated field (see (3)). Nev-
ertheless, the advantages of non-remeshing, exact surface
approximation and smoothness of the obtained shape are
still valid.

4.2 Optimization problem statement.

An acoustic source is applied on the surface (Fig. 3, marked
with cross); the test point inside the cavity with coordi-
nates (1.33; 0.6; 0.6) was chosen to compute energy den-
sity vector. One control vertice was chosen to be design
parameter (Fig. 3, marked with triangles). The coordinate
of the vertice perpendicular to the patch plane is under
consideration, so the optimization problem depends on one
design variable x. Two test cases were considered, with dif-
ferent locations of optimization parameters (Table 1). Test
point and the acoustic source positions remain the same for
both cases.
The cavity surface is discretized as follows: (24 × 12 × 12)
for faces that remain plane during the optimization process
and (36 × 18 × 18) for the curved ones.
The formulation of the optimization problem takes the
form (18). The optimization algorithm is performed using
a gradient method based on adjoint formulation. Validity
of the approach is shown in the next subsection.

4.3 RESULTS VALIDATION.

a) Direct calculation

b) Gradient calculation by adjoint method

Figure 4. Objective function f = W vs cavity
geometrical parameter x for each case (see Fig. 3)

To verify the robustness of the proposed method the
results are compared with the ones obtained by direct cal-
culation of the energy vector. The physical phenomena of
the vibrations inside the acoustic cavity provides the de-
crease of the vibrations’ level with the growth of the cavity
volume, i.e. the value W decreases as the value of design
variable x increases (Fig. 4, a). This fact is recognized by
the adjoint method (see Fig. 4, b); the gradient is negative
on the whole research interval meaning the decrease of the
objective function.
For the chosen geometry and design variables the objective
function f (see 18) has no local minimum, it is decreasing
on the whole definition domain. To study the capabilities
of the proposed adjoint method in finding the local mini-
mum the objective function was modified. The important
criteria of the cavity surface area S that reflects the quan-
tity of the material used for the cavity construction was
added with the coefficient α that reflects the weight of the
surface criteria in the objective function. The modified
formulation of the optimization problem reads:

minS ‖W (X)‖ + α S; X ∈ R
n

such that xi ≤ xi ≤ xi,

h(X,σ(X)) = 0,
with i = 1..n.

(20)

Figure 5. Objective function f = W + αS vs cavity
geometrical parameters. Direct calculation.
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Source position Optimization variable

Patch Coordinates Patch Control vertice x2

Case 1 6 (0.83 1.17 2.00) 2 B(2; 2) x1

Case 2 6 (0.83 1.17 2.00) 4 B(3; 2) x2

Table 1. Geometry characteristics of the test cases

Figure 6. Objective function f = W + αS vs cavity
geometrical parameters. Gradient calculation by adjoint

method
In the present paper the coefficient α = 0.06 was cho-

sen empirically regarding the correlation between the val-
ues of W and surface area of the cavity. Considering
the optimization problem (20) by the direct calculation of
f = W + αS the local minimum for the first test case is
found when x = 1.51 (see Fig. 5). The adjoint method
gives the minimum when x = 1.51 as well (Fig. 6).
The optimized shape is presented in Fig. 7. Changing of
the color reflects the change in the coordinate normal to
the side of parallelepiped.

Figure 7. The resulting shape of the cavity after the
optimization process. Test case 1, optimal value x = 1.51

5 CONCLUDING REMARKS.

The present contribution is devoted to the new shape opti-
mization method under vibroacoustic criteria that is based
on adjoint calculation of the gradient. Due to the analyt-
ical calculation of the gradient the method is suitable for
the problems with large number of design variables without
additional computational cost. Simplified energy method

used for the calculation of the system total energy doesn’t
demand coarse mesh for robust calculations. Implementa-
tion of the curvilinear coordinates and function of trans-
formation for the description of the cavity geometry aims
at avoiding the remeshing during the optimization process
and models the acoustic cavity exactly. All these advan-
tages make the proposed method perspective for the real-
istic engineering applications in different domains.
The developed optimization method was validated for the
case of parallelepiped cavity, which was modeled with
Bezier surfaces. It was shown the capability of the method
to find the minimum for several types of the objective func-
tions.
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ABSTRACT: Statistical Energy Analysis (SEA) has some special benefits in product concept evaluation, especially 

when many relatively radical ideas have to be benchmarked against e.g. a proven design. The lack of detailed geo-

metry and CAE models are typical at this early development stage of a product. SEA models are simple and quick to 

build to follow even rapid generation of ideas. SEA models only need a minimum of geometry parameters and reaso-

nable assumptions of basic material parameters to provide physically reasonable, quantitative relative predictions of 

the different concept ideas. The major uncertainties at this stage are often the internal damping estimates for the 

different parts. Alternatively SEA models may pinpoint the need to use high enough damping for certain parts. 

This paper presents some relatively simple examples from the automotive, off-shore and shipbuilding industry. The 

most comprehensive example is from radical concept development for light-weight cars. The other examples illust-

rate how SEA can be used successfully for early “risk assessment” and explanation of e.g. increased sound radiation 

to interior spaces even at relatively low frequencies when rib-stiffened structures are redesigned to meet e.g. lower 

weight demands. 

KEY WORDS: Statistical Energy Analysis; SEA; Concept Development; Product development. 

1 INTRODUCTION 

There are examples of engineering challenges that require 

radical rethinking in product concept development. For 

example,  to reach expected legal limits for road vehicle CO2-

emissions around 2020-2025, weight reductions of 30-40 % 

may be necessary at least for conventional combustion engine 

powered cars,  to reach these goals without major increase of 

cost and obtain as good NVH comfort as presently for 

vehicles in the premium (luxury) segment. 

Road noise (structure-borne and airborne) as well as wind 

noise will determine the interior sound comfort also for cars 

with electric powertrains (plug-in hybrids, EVs with range 

extenders, fuel-cells etc.). Road- and wind noise issues may 

therefore be even more pronounced unless addressed during 

the conceptual design of new low weight hybrid/electric 

vehicles.  

Offshore structures and ships are other examples where 

weight optimisation is prioritized. Structure-borne sound 

sources with high levels are often situated close to accommo-

dation or office spaces. Use of dynamic solution of detailed 

FE-models is usually restricted to low frequency of economic 

reasons. They are also produced late in the engineering 

process when CAD geometry is mostly determined. A couple 

of examples are given where SEA-modelling can illustrate 

noise radiation consequences of weight optimisation of rib 

stiffened plate or shell structures when only strength is 

considered.     

2 STATISTICAL ENERGY ANALYSIS (SEA) 

The Statistical Energy Analysis (SEA) was first developed 

about 50-60 years ago to deal with prediction of noise and 

vibration transmission in complex structures with multi-modal 

response, the fundamental theory is given in [1, 2].  

   The name SEA was established in the early 1960's and 

means: 

  

 Statistical, since the systems being studied are members 

of populations of similar design having distributions of 

their dynamical parameters.  

 Energy is the primary variable of interest. Dynamic 

variables such as displacement, pressure, etc., are derived 

from the energy of vibration. 

 Analysis is used to say that SEA is a framework of 

dynamic analysis, rather than a particular technique. 

 

Resonance frequencies and mode shapes of higher order 

modes show great sensitivity even to small variations of 

geometry, construction and material properties. Modal overlap 

results in high variability of frequency response functions 

(FRFs) for such variations [3].  

   Also, FEM/BEM computer programs used for calculating 

mode shapes and frequencies are rather inaccurate for higher 

order modes. A statistical model of the modal parameters is 

therefore natural and appropriate when the number of modes 

becomes high in the frequency intervals considered. 

   SEA has been successfully used a long time for a number of 

applications such as ships [4], buildings [5] and vehicles [6]. 

   The SEA prediction procedure has four basic steps: 

 

1) Modelling of the dynamic system into subsystems and 

connections (junctions). 

2) Determination of SEA-parameters for the model 

3) Calculation of energy distribution between subsystems 

4) Calculation of average response levels for subsystems 

    

The energy storage elements are called subsystems, and 

should be parts of the modelled system with similar vibratio-

nal modes. The modes are usually of the same type (flexural, 

torsional, acoustical etc.) that exist in some section of the sys-

tem (an acoustic volume, a beam, a bulkhead etc.) separated 
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by discontinuities from the rest of the structure. Subsystems 

are often reasonably easy to identify also in complex mech-

anical or acoustical systems. 

These subsystems represent an entire ensemble of structures 

with the same main geometry and material parameters 

(volume, area, thickness, Young’s modulus, density etc.) but 

no details about shape, boundary conditions etc. This can be 

illustrated by Figure 1, showing an ensemble of plates that are 

represented by a subsystem with exactly the same parameters! 

 

All represented by the

same plate subsystem:

E, S and t are equal

ENSEMBLE

 
 

Figure 1. An ensemble of plates with varying shape is the 

same SEA subsystem (this is the S in SEA!) 

 

This makes SEA especially interesting for analysis of sound 

and vibration properties during the development of a new 

product concept, well before any detailed geometry has been 

decided. This is exemplified in this paper.    

 

The SEA parameters determined for the subsystems and 

junctions by a SEA software are the following: 

 

1) Input powers Wi to the i-th subsystem 

2) Modal densities ni for the i-th subsystem 

3) Internal loss factors i for the i-th subsystem. 

4) Coupling loss factors ij  between the i-th and the j-th 

subsystems 

 

When the SEA-parameters for all subsystems and junctions 

have been determined, the set of energy balance equations 

will be completely defined. This may be written as the 

following matrix equation 

 

1 1 1 12 1 1 1 1

2 21 2 2 2 2 2 2

1 2

tot N m in

tot N m in

N N N N N Ntot mN inN

n n n E W

n n n E W
f

n n n E W

  

  


  

      
     
            

     
           

       (1) 

          

or in matrix notation 

 

     m inf A E W               (22a) 

 

The matrix [A] is real, symmetric and positive definite of size 

NxN where N is the number of subsystems. By appropriate 

numbering of subsystems, the matrix become significantly 

banded which improves the calculation speed. 

. 

3 LOW WEIGHT VEHICLE CONCEPT DESIGN EXAMPLE 

A lightweight research project - “Collaboration as enabler for 

light weight vehicles” - involving around twenty Swedish 

automotive suppliers, an automotive OEM and a number of 

universities developed new vehicle and system concepts that 

may be able to fulfill the abovementioned targets of 30-40 % 

weight reduction. The main project concepts are presented at 

www.sanatt.se. 

It was expected that new system and complete vehicle archi-

tectures may be necessary in order to reach 30-40% weight 

reduction, while also targeting excellent performance with 

respect to safety and comfort without substantially increased 

cost. Optimization by change to lightweight materials within 

the same conventional body and interior structure would lead 

to unacceptable cost increase if both NVH and weight targets 

should be reached. 

The concept development process
 
[7, 8] used in this project 

was open to any new ideas while based on a number of 

defined properties, their weighted importance and targeted 

performance 2020-2025. Those properties were transformed 

into a list of necessary functionalities, which in turn resulted 

in a large matrix of “brainstormed” ideas from specialized 

working groups for complete vehicle and critical systems, see 

Figure 2. 

 Low interior noise and vibration level, which will be 

discussed in this paper, is a prioritized functionality next to 

low weight and passive safety. The underbody system is used 

to exemplify the concept generation and analysis process used 

in the project. 

 

 
 

Fig. 3 – The idea matrix where each function for the under-

body results in a row of the matrix. The ideas are evaluated 

against the property diagram and for synergies. The best 

combination is used to define a possible concept design.    

Combustion engines with higher energy efficiency (diesels, 

direct-injection gasoline) tend to radiate more airborne sound 

in the mid and high frequency range which requires improved 
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airborne sound insulation between the engine bay and the 

interior. This may be in direct physical conflict with weight 

reduction for the critical sound insulating partitions, see 

Figure 3
 
[9]. Structure-borne transmission is generally much 

more complex to analyze and design for but is not necessarily 

in direct conflict with weight reduction. 

 

Sound- and

vibration sources

Structure-

borne sound

transmission

Airborne

sound

transmission

Passenger interior

compartment

•Direct weight - NVH conflict

•Few panels contribute

•Moderate functional complexity

•No direct weight - NVH conflict

•Many panels contribute

•Considerable functional complexity
 

 

Figure 3. The relative complexity of airborne and structure-

borne sound transmission in cars is shown. Airborne sound 

insulation is in a direct conflict with low weight. 

Early in the concept generation process, some basic floor/ 

firewall ideas were compared [8] and it became obvious that a 

basic, double floor/firewall concept was necessary to balance 

airborne sound insulation requirements with low weight and 

vehicle packaging efficiency. A summary of these SEA ana-

lysis results were presented in [8] and will not be repeated 

here. 

The final underbody concept is illustrated in Figure 4. It 

consists of a bottom panel structure made of a stiff, light-

weight Hybrix™ [10] panel and an upper carbon-fiber reinfor-

ced composite beam and panel structure.  

 

    

Figure 4. The final SåNätt underbody concept illustration 

model. Upper structure of carbon-fibre reinforced composite 

with different thickness for panels and beams. Lower structure 

made of a stiff Hybrix™ panel and door sills of aluminium or 

high strength steel. 

The main concern was if the relatively stiff CF-structure 

(compared to present day heavy layer mats) would result in 

higher sound radiation efficiency of the firewall and foot-well 

panels. The weight reduction compared to a present, conven-

tional underbody structure for a midsize premium car with all 

its trim is approximately 45%. 

3.1 The SEA-models 

A commercially available SEA program, GSSEA-Light, was 

used [11], allowing modeling with components connected in a 

2D network since no 3D geometry was available anyway until 

the end of the project. It has sufficient capabilities for this 

type of relatively crude concept evaluation.  

A SEA project defined in GSSEA-Light can also use and 

compare results across multiple SEA models, making it 

suitable for fast modeling and comparison of very different 

concepts. The SEA model in Figure 5 is for the conventional, 

present day underbody used as reference, and Figure 6 shows 

the model for the final underbody concept of the SåNätt 

project as shown in Figure 4. 

The input data used for the baseline reference concept was 

0.7 mm steel plate, 30 mm soft foam as distance holder and a 

2 mm thick heavy layer mat with 2000 kg/m
3
 density. 

The main input data for the lightweight concept were, for 

the upper CFR-structure: 

 Carbon fiber compound AMC 8590 

 Front seat cross beam and tunnel 4 mm  

 Horizontal floor panels and firewall 2 mm 

 

For the lower structure a Hybrix composite plate with a 

bending stiffness corresponding to 1 mm steel plate but with 

50% lower surface weight was used. 

The initial “baseline” internal loss factors used were 5% for 

the Hybrix and 2% for the CFR composite. Additional dam-

ping with loss factor of 5% for the thicker CFR composite 

panels and 10% for the thinner panels were then introduced in 

the SEA model to improve the structure-borne sound 

transmission properties. The door sills in aluminum were 

approximated by an equivalent rectangular, hollow profile.   

 

 
.Figure 5. SEA-model for the baseline underbody structure. 
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The average separation distance between the two floor/fire-

wall surfaces was set to 100 mm and airborne sound transmis-

sion was calculated for this double wall structure. 

 

 

Figure 6. The SEA-model for the SåNätt lightweight 

underbody concept. 

The models use excitation from three power sources, one air-

borne sound source in the engine compartment, one airborne 

sound source under the floor and a structure-borne point force 

acting on one of the longitudinal beams, simulating input from 

an engine mount or a wheel suspension bushing. 

The corresponding transfer functions in 1/3
rd

 octaves are 

calculated from these sources to the car interior compartment 

and compared between both models. The target was to obtain 

lower or equal transfer functions for the low-weight under-

body concept as for the conventional reference design. 

3.2 The SEA-results 

In summary, the comparable performance, shown in Figures 7 

to 9 was obtained for airborne and structure-borne sound 

transmission between the present conventional reference 

design and the SåNätt underbody concept for different 

amounts of damping in the CFR panels.  

Figure 7 shows the estimated sound pressure level in the 

interior compartment relative to conventional baseline design 

for the same excitation sound pressure level in the engine 

compartment. Values above zero means deterioration while 

negative values means improvement of sound insulation by 

the SåNätt concept. The lightweight concept is better above 

approximately 250 Hz but is slightly worse for lower frequen-

cies. Airborne sound insulation is normally most important 

over a few hundred Hz so this may be fully acceptable. As 

expected, the additional damping of the CFR panels did not 

influence the airborne sound transmission and the two curves 

are perfectly overlaid.   

 

Worse

Better

 

Figure 7. The predicted interior airborne sound pressure level 

for the SåNätt concept (blue) relative to present baseline (red) 

for airborne sound excitation in the engine compartment. 

Figure 8 shows the estimated sound pressure level in the 

interior compartment relative to the conventional reference for 

the same sound pressure level excitation below the floor. 

 

Worse

Better

 

Figure 8. The predicted interior airborne sound pressure level 

for the SåNätt concept (blue and green) relative to present ba-

seline (red) for airborne sound excitation below the floor. 

Figure 9 shows the estimated sound pressure level in the inte-

rior compartment relative to present, conventional “baseline” 

for the same force in Z-direction on a point on the left 

longitudinal beam. The case with moderately damped CFR-

panels (Baseline) seems to be much more sensitive (higher 

NTF:s) in the entire frequency range than the present day 

design. A “what if” case with damping added to the CFR 

panels, as mentioned in Section 3.1 above, makes the concept 

perform equal below 2 kHz but still worse at higher frequen-

cies. Structure borne sound contributions to interior vehicle 

sound are expected to dominate at low frequencies, so this 

may still be acceptable, except when higher frequency issues 

like whine, clonks or rattle are of concern.  

Figure 10 illustrates the response contributions to the car 

interior due to radiation from the different panels for the case 

with additional damping of the CFR panels. This analysis can 

be used to further fine tune the underbody concept. E.g. one 
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can see that the dominating radiators above 1 kHz are the stif-

fer CFR cross beam surfaces. 

Worse

Better

 

Figure 9. Predicted structure-borne NTFs for force excitation 

in Z-direction on a point on the left front longitudinal beam to 

the interior cavity. Two different damping inputs for the CFR 

panels. 

 

 

Figure 10. SEA “Transfer path analysis” into the interior com-

partment for the SåNätt concept with additional damping. 
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Figure 11. Estimated point mobilities at the force excitation 

point on the longitudinal beam for the SåNätt concept and the 

baseline structure. 

Figure 11 exemplifies the point mobility differences for the 

longitudinal beams used in the conventional reference 

baseline design and the SåNätt concept. Higher mobility 

corresponds to higher power input to the structure.   

The issues shown above 2 kHz for the SåNätt concept in 

Figure 9 are obviously not due to higher mobility in this 

frequency range for these beams. A closer comparison reveals 

that the main reason is high vibration levels of the CFR cross 

beam surfaces. It may also be noted that no cross-beam 

structure was included in the conventional reference structure, 

making the comparison above 2 kHz a bit unfair. This illustra-

tes the iterative SEA model generation process often used on 

an “as needed” basis when dealing with concept comparisons. 

A cross beam was introduced to the conventional concept but 

results of that comparison is not shown here.   

4 OFFSHORE PLATFORM EXAMPLE 

A relatively large SEA model was created with the GSSEA-

Light software [11] for a topside structure of a large produc-

tion platform. The SEA model had 124 components joined 

with more than 300 connectors and was excited with 4 input 

power sources, representing the airborne sound and the 

vertical structure-borne sound excitation of the two emer-

gency generator units respectively.  

The generator sets were designed with the diesel engine and 

the electric generator separately vibration isolated on a com-

mon skid. This generator unit concept may have shaft align-

ment issues, since creep and setting of the isolators may be 

uneven, resulting in increased misalignment over time.  

Also, since the isolators are loaded with the full torque 

transferred from the engine, they cannot be made especially 

soft, which limits isolation effectiveness. One may therefore 

expect issues at the 1
st
 engine order at 30 Hz due to both the 

misalignment and the moderate vibration reduction by the 

isolation system.  

The appropriate frequency ranges for the SEA model of the 

topside structure is approximately 50-60 Hz and above, see 

Figure 12 that shows a sharp increase in modal density from 

the 50 Hz band to the 63 Hz band.  For lower frequencies, 

SEA results are only indicative for a risk assessment but will 

have large inherent uncertainties. 

 

 

Figure 12. Number of expected vibration modes for the (sepa-

rate) ESS Generator deck as function of frequency. Note the 

jump in modal density at 50-60 Hz. 

 

 
Worse 

Better 
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The SEA-model can still be used for some risk assessment 

of excessive noise at frequencies as low as 30 Hz. One 

particularly simple thing is to evaluate the sound radiation 

efficiency of the stiffened steel deck and bulkhead structures 

used. This is shown in Figure 13, which shows a dramatic 

increase in the radiation efficiency at the same frequency 

bands as the jump in the modal density.  

The reason for this can be found by comparing the bending 

wavelength of the stiffened panels with sound wavelength in 

the surrounding air; one example is shown in Figure 14. We 

have the expected coincidence frequency for the unstiffened 

deck plate at 1600 Hz. Since the stiffened panel acts like an 

orthotropic panel with smeared out additional stiffness at low 

frequency, we get another coincidence frequency for the panel 

at 20-25 Hz. The bending wavelength remains larger than the 

wavelength in air for frequencies above this until the indivi-

dual subpanels can vibrate independently, resulting in effi-

cient sound radiation. 

 

 

Figure 13. Sound radiation efficiency levels for decks radia-

ting into different interior spaces. 

 

 

Sound wavelength in air

 

Figure 14.Bending wave length for the generator deck as 

function of frequency. 

Obviously, if noise levels are a concern, the vibration levels of 

the deck have to be kept particularly low in this low frequency 

region. The usual noise reduction methods, like vibration 

insulation, floating deck covering etc. are not very effective in 

this frequency range. Proper definition and fulfilment of rigo-

rous source strength requirements become especially critical 

in this situation.  

It is also seen from Figure 14 that the design of the bending 

stiffness of the orthotropic plates may take sound radiation 

properties into account to avoid increasing the bending wave-

length above the wavelength of sound. Again, simple SEA-

modeling can be used to compare suggested variants as 

exemplified in the next example.   

5 LIGHTWEIGHT SURFACE VESSEL EXAMPLE 

A similar issue at low frequency can be illustrated by an 

example of designing a lightweight steel hull for a high speed 

surface vessel. The main strategy in order to reduce weight 

was to use much thinner hull plating and compensate that by 

using a much smaller c/c distance between the longitudinal 

stringers in order to retain the static and low frequency stiff-

ness that meet strength requirements. 

It was not entirely obvious how this different hull concept 

would influence the transmission of structure-borne sound and 

the sound radiation properties at low frequencies. For examp-

le, the radiation efficiency at low frequencies was expected to 

be influenced considerably by the hull plate thickness, the 

stiffener cross-sections and the c/c distances between 

stiffeners of the same reasons that were discussed in the 

previous section.  

Figure 15 illustrates the influence on the radiation efficiency 

due to different c/c distance of longitudinal stringers on a 3 

mm steel hull plate with 1.2 m between web frames.  Clearly 

the frequency is strongly affected below which the radiation 

efficiency increases rapidly.   

 

 

Figure 15. Sound radiation efficiency levels for different 

stiffener c/c distance. 3 mm steel plate.  

Figure 16 illustrates the influence on the radiation efficiency 

due to different hull plate thickness using the same 400 mm 

c/c distance of the longitudinal stringers for a steel hull plate 

with 1.2 m between web frames. Again the influence on low 

frequency radiation efficiency is considerable.  

The necessary SEA-model for these radiation efficiency 

comparisons is very simple, see Figure 17. Subsystem proper-

ties such as wavelengths, mobility’s etc. are directly available 

as are the connector properties such as radiation efficiencies. 

It is possible using such limited SEA modeling and analysis 

to use different stiffening strategies for different parts of the 
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ship in order to avoid low frequency structure-borne sound 

issues.  

Stiffer orthotropic plates may be used for hull sections 

where vibration sources are acting, e.g. above the propellers 

and below engine beds, to obtain lower mobility and thus 

reduce vibration power input to the hull.  Less stiff panels, 

optimized with respect to radiation efficiency, are preferably 

used for the main radiating surfaces into cabins etc. to avoid 

high sound radiation at critical excitation frequencies.  

 

 

Figure 16. Sound radiation efficiency levels for different 

stiffener c/c distance. 3 mm steel plate. 

 

Figure 17. Simple SEA-model to compare sound radiation 

efficiency levels for different stiffener configurations and 

plate thicknesses. 

6 DISCUSSION AND CONCLUSIONS 

Statistical Energy Analysis (SEA) is a computational method 

that is especially suitable for early, quantitative sound and 

vibration evaluation of crude, competing and very different 

system concepts. It can of course also be used for comparative 

evaluation of vastly different complete vehicle architectures 

resulting in significantly larger SEA models than those shown 

here. 

The detailed geometry needed for global low frequency 

modeling by FEM is not available at early stages when the 

sound and vibration performance of radically different product 

concepts is compared in order to rank the concepts or illust-

rate main parameters like surface mass, double wall thickness, 

internal damping etc. needed for possible target fulfillment. 

 The lack of both “proper simulation=FEA” and physical 

prototypes usually results in sound and vibration experts not 

being involved in such early concept generation and to 

missing opportunities of  influencing the selected concepts in 

a proper direction concerning noise and vibration.  

The need to communicate target conflicts, e.g. between 

weight and sound insulation in a relatively simple and 

quantitative manner is imminent when the sound and vibration 

expert has the opportunity to participate in early concept gene-

ration. Simplified SEA modeling will be more reliable than 

qualitative, “educated” guesses or overly simplified, rough 

textbook calculations since topographic complexity of the 

structures can be included also in relatively simple SEA 

models. 

One also needs to be aware of the very limited time frame 

of opportunities in most cases to influence the early, but often 

decisive and major concept selection process. One has to use 

the best possible analysis tools under those circumstances.  

Simplified SEA models that can be rapidly built may be quite 

well suited for this relatively dynamic and fast development 

and selection between radically different competing ideas.  

ACKNOWLEDGMENTS 

The vehicle case example was developed for the project 

“Collaboration as enabler for light weight vehicles” in the FFI 

- Strategic Vehicle Research and Innovation program and 

partly funded by VINNOVA, the Swedish Governmental 

Agency for Innovation Systems. 

The offshore and ship examples are extracts from different 

company confidential consulting projects. These examples do 

not reveal any information about the actual objects or custo-

mers; however I am still grateful for the opportunity to use the 

ideas of risk assessment at such low frequencies that the SEA-

models may be considered as unreliable for prediction of 

sound and vibration transmission between different parts of 

the structure.  

REFERENCES 

[1] Lyon R H: Statistical Energy Analysis of Dynamic Systems: Theory and 

Applications. MIT Press, Cambridge 1975.  
[2] R H Lyon, R G DeJong: Theory and Application of Statistical Energy 

Analysis. 2nd Edition, Butterworth-Heinemann (1995). 

[3] Plunt J: Predictability limitations of vibration transfer functions for 
structures with overlapping modes. Proc. Conf. Spacecraft Structures, 

Materials & Mech. Testing. Noordwiik, The Netherlands, 27-29 March 

1996 (ESA SP-386, June 1996). 
[4] Plunt J: Methods for Predicting Noise Levels in Ships, Part II. Ph.D. 

Thesis, Chalmers Univ. of Technology, Gothenburg, Sweden, 1980. 

[5] Craik R J M: The Prediction of Sound Transmission through Buildings 
Using Statistical Energy Analysis. J Sound and Vibr, 82(1982) p505-

516. 

[6] Manning, J: "SEA Models To Predict Structureborne Noise In 
Vehicles," SAE Technical Paper 2003-01-1542, 2003. 

[7] Almefelt, L: “Balancing Properties while Synthesizing a Product Con-

cept – A Method Highlighting Synergies”, Int. Conf. Engineering 
Design (ICED 05), Melbourne, Australia (2005). 

[8] Plunt J, Easterling W: How to Handle Low Weight Vehicle Concept 

Design and Conflicting NVH Targets. Proc. Inter-Noise 2012, New 
York City, 2012 

[9] Plunt J, Wedel M: “Weight Reduction with Maintained Sound Comfort 

for Automotive Structures; Possibilities and Consequences”, Proc. 
Inter-Noise 99, Fort Lauderdale, USA (1999). 

[10] See home page of Lamera AB, www.lamera.se. 

[11] GSSEA-Light, Version 1.0 from Gothenburg Sound AB, Sweden. 
Available at www.gothenburgsound.se. 

 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3319

http://www.lamera.se/
http://www.gothenburgsound.se/


 



ABSTRACT: Noise and vibration of electrical machines is a major concern. Changes in the machine design to improve its 

efficiency can lead to unacceptable vibrations. Tools to predict its vibratory and acoustic performance at the design stage need to 

be developed. An improved finite element model has been developed to analyse the vibration behaviour of a Permanent Magnet 

Synchronous Machine of a lift installation using the finite element software ABAQUS. All components and subsets of the 

machine have been modelled and validated by experimental modal analysis (EMA) performed on them. Some modelling issues 

have been overcome so that an accurate enough model has been reached. The laminated stator, as it is formed by a pack of 

several steel sheets, has been treated as an orthotropic material. Windings have been considered as a solid orthotropic part as 

well. The rotor and the stator and end-shields assemblies have also been validated comparing the calculated natural frequencies 

and modes shapes and those obtained by EMA. The bearings that join the rotor to the assembly of the stator have been 

represented by radial springs. The electromagnetic forces are applied in order to obtain the vibration response of the mechanical 

model. These forces are obtained from the magnetic air-gap flux density which has been obtained with a 2D finite element 

model developed by FLUX. Then, the vibration response has been used to calculate the radiated noise with an acoustic model in 

Virtual.Lab. The results given by the acoustic numerical model are compared with sound power measurements made in an 

anechoic chamber. 

KEY WORDS: Permanent magnet synchronous motor (PMSM); Vibrations; Forced response; Electromagnetic noise. 

1 INTRODUCTION 

An improved finite element model is developed to calculate 

the vibro-acoustic response of a Permanent Magnet 

Synchronous Machine. Years ago the increasing use of 

inverters introduced more excitation harmonics which 

originated vibration and noise problems. Noise and vibration 

have a direct influence on users’ perception of quality and 

comfort. Nowadays, in order to reduce costs, the efficiency of 

the machine needs to be improved and the quantity of magnets 

has to be minimised, as these materials are becoming more 

and more expensive. Because of this, it is really important to 

optimise the geometry of the stator, being the vibration 

behaviour a restriction, as some geometry modifications can 

lead to unacceptable vibrations. 

Noise and vibration in electric motors have different origins 

that can be classified in three groups: 

 Electromagnetic noise: Originated by magnetic forces 

acting on the stator and rotor 

 Mechanical noise: Originated by bearings, shaft 

misalignment… 

 Aerodynamic noise: Originated by the cooling fan. 

 

The contribution of these sources changes depending on the 

working conditions. In the analysed case due to the absence of 

a fan the aerodynamic noise does not exist, so the generated 

noise is electromagnetic and mechanical. According to Gieras 

et al. [2] and Timar and Lai [5], mechanical and aero-

dynamical noises increase with speed. However, Timar and 

Lai [5] affirm that in the very-low-speed domain mechanical 

and electromagnetic noises are present. The presence of 

mechanical noise at low speed machines is usually related to 

unhealthy mechanical elements. Other authors as Kawasaki et 

al. [3] assess that “noise below 1000Hz is due to radial 

electromagnetic excitation” and according to Lakshmikanth et 

al. [4], the electromagnetic source is the dominating source in 

low to medium power rated machines. 

As in the analysed machine the rotational speed of the 

motor is low, for a healthy machine mechanical noise should 

be low, so the analysis is focused on the electromagnetic noise 

calculation. 

For this task a structural finite element model needs to be 

developed which will be validated by experimental modal 

analysis (EMA).  

In order to model the electric motor some modelling issues 

need to be overcome so that an accurate enough model is 

reached.  

First, the laminated stator presents different stiffness in 

radial and axial directions, according to Gieras et al. [2], 

Verdyck and Belmans [6] and Wang and Lai [7], as it is 

formed by a pack of several steel sheets. Thus, orthotropic 

material properties are applied to the solid part representing 

the laminated stator. Those properties are adjusted according 

to the experimental results as that stiffness depends on the 

compression pressure acting in the axial direction (Wang and 

Williams [8] and Watanabe et al. [9]) during manufacturing 

and the procedure used to tie these pack of steel sheets and, 

therefore, is hard to determine.  

Then, different modelling strategies are found in literature 

for the windings. Belmans et al. [1] and Wang and Lai [7] 

consider that the mass supplement due to windings is more 

Vibro-acoustic finite element analysis of a Permanent Magnet Synchronous Machine 

Alex McCloskey
1
, Xabier Arrasate

1
, Gaizka Almandoz

2
, Xabier Hernandez

3
, Oscar Salgado

4 

1
Department of Mechanical Eng., Faculty of Engineering, Mondragon Unibertsitatea, Loramendi 4, 20500 

Arrasate/Mondragón, Spain 
2
Department of Electrical Eng., Faculty of Engineering, Mondragon Unibertsitatea, Loramendi 4, 20500 Arrasate/Mondragón, 

Spain 
3
Department of Mechanical Eng., Orona EIC, Polígono Lastaola, 20120 Hernani, Spain 

4
Department of Mechanical Engineering, Ik4 Ikerlan, Pº J. M.Arizmendiarrieta 2, 20500 Arrasate-Mondragón, Spain 

 email: amccloskey@mondragon.edu, jarrasate@mondragon.edu, galmandoz@mondragon.edu, xhernandez@orona-

group.com, osalgado@ikerlan.es 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

3321

mailto:osalgado@ikerlan.es


important than the supplementary stiffness, so windings are 

treated as additional masses. However, it is hard to know if 

this strategy might be applicable for any stator geometry. So 

according to Gieras et al. [2], the volume of material 

representing the stator windings, which fills the slots of the 

stator, is also modelled as a solid part. Its orthotropic 

properties are again estimated according to the experimental 

modal analysis results. 

When more parts are added, the junctions have to be 

analysed taking the results obtained by EMA into account. 

The initial approach is to consider that one part is glued to the 

other, so that the coupling between them is stiffer than real.  

Finally, for the complete motor model the most complicate 

aspect is the mounting of the rotor, which is modelled 

introducing radial springs where the bearings are placed. 

2 EXPERIMENTAL ANALYSIS 

2.1 Modal testing set-up and procedure 

The modal testing equipment consists on: 

 Acquisition system: 2 Brüel & Kjaer Front-ends and 

laptop with Pulse Labshop software. 

 Impact hammer 

 10 triaxial accelerometers. 

The system is elastically suspended by rubber bands to avoid 

the effect of constraints in the natural modes of the system. 

For each analysed system a different discretisation is used 

resulting in different number and position of measurement 

points. The analysed systems or components are: 

 Laminated stator. 

 Laminated stator and windings. 

 Laminated stator, windings and end-shields assembly. 

 Rotor and shaft assembly. 

 The previous two assemblies mounted with the 

corresponding bearings. 

2.2 Vibration measurement under operating conditions 

The vibration measurements under operating condition are 

carried out for the complete motor mounted on a support 

using the same equipment as for the modal testing excepting 

the hammer which obviously is not needed for these 

measurements. 

The motor is almost the same as the last system analysed by 

modal testing, except for the brake that is mounted for the 

operating measurements. In the modal analysis of the 

machine, this is composed by the stator, windings and end-

shields assembly where the rotor and shaft assembly is 

mounted by bearings. The brake is not mounted, as the aim of 

that modal analysis is mainly to characterise the bearings and 

their stiffness and therefore it is necessary to measure the 

acceleration in different points of the shaft. As the brake 

blocks the way to the shaft and thus, it is not possible to place 

accelerometers on it, the modal analysis is carried out without 

the brake. Otherwise, at the measurements under operating 

conditions the whole machine is analysed, so that in this case 

no accelerometers are placed at the shaft. Nevertheless, the 

rest of the measurement points are the same as in the modal 

analysis except some accelerometers that in the modal 

analysis are placed in the base and in the operating condition 

measurements it is not possible. 

It is assumed that there will not be a big difference between 

the machine of the modal analysis and the machine that is 

used in the operational measurements, as the contribution of 

the brake is mainly of a mass supplement to the system. 

The machine operates in no load condition. 

2.3 Acoustic power measurement under operating 

conditions 

The acoustic power is measured in a semi-anechoic chamber, 

in the same place where the vibration measurements were 

carried out, where eight microphones are placed around the 

machine. These eight microphones are placed at 1 metre from 

the machine in an imaginary parallelepiped around it. From 

the sound pressure measured at these eight points the acoustic 

power is obtained following the standard ISO 3746. 

The machine operates in the same conditions as in the 

vibration measurements. 

3 STRUCTURAL FINITE ELEMENT MODEL 

The structural finite element model was developed validating 

experimentally each of the main components as it is listed 

below. To reduce the amount of results and taking into 

account that this analysis is focused on low frequencies, as it 

was commented at the introduction, just modes below 1000 

Hz are shown.  

3.1 Stator model 

This component is hard to model as it is formed by a pack of 

several steel sheets and thus its mechanical properties need to 

be considered as orthotropic. This implies the necessity of 

determining those properties and for this purpose an updating 

of the unknown properties was made according to the 

experimental results using Virtual.Lab optimisation module.  

The resulting properties are 7800 kg/m
3
 density, 200 GPa 

normal elasticity modulus and 50 GPa shear modulus in the 

sheets’ plane; 6 GPa elasticity modulus in the axial direction 

and 4.1 GPa shear modulus; and 0.2546 Poisson ratio in the 

plane of the sheets and 0.0052 Poisson ratio respect to the 

axial direction.  

Applying those mechanical properties the modes obtained 

by the FE model are shown in Figure 1. 

 

a)  
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b)  

c)  

d)  

Figure 1. Stator vibration modes: (a), first mode; (b), second 

mode; (c), third mode; (d), fourth mode. 

The calculated and the experimentally obtained natural 

frequencies are compared at Table 1. 

Table 1. Stator natural frequency comparison. 

 Experimental FEM Relative 

error (%) 

Mode 1 488.7 467.21 4.39 

Mode 2 497.4 531.81 6.92 

Mode 3 661.4 639.61 3.29 

Mode 4 746.2 723.54 3.04 

 

3.2 Stator and windings model 

The windings are even a harder part of the motor to model as 

they are composed of copper wires covered by an insulating 

material which avoids electric currents between them. 

Similarly to the laminated stator, the volume of the windings 

which fills the stator slots (see Figure 2) has been considered 

as a solid part assigning an orthotropic mechanical properties 

material.  

In the FE model this part is glued to the stator part using the 

constraint “tie” provided by ABAQUS, which sticks the nodes 

of the slave surface to the elements of the master surface. This 

assembly is shown in Figure 2. 

 

Figure 2. Stator and windings model 

Again, the mechanical properties of the part representing 

the windings are adjusted according to the experimental 

results by an optimisation process carried out by Virtual.Lab 

optimisation.  

The model updating process has led to errors in the modes 

below 1000 Hz of less than 6 %. However, the relative error 

obtained for the first vibration mode was over 5% and another 

updating process has been carried out focused in lowering the 

relative error of this mode and the third. The aim of this 

process is to improve the accuracy on determining the in-

plane modes, the mode shapes that present no deformation in 

the axial direction (see modes 1 and 3 in Figure 3). The reason 

for improving the accuracy of the in-plane modes is that end-

shields constraint axial deformations and thus, the modes 

presenting axial deformations become less important on those 

assemblies at the analysed frequency range (see Figure 5). 

The following mechanical properties are obtained for the 

windings part: 20 GPa elasticity modulus in the axial direction 

and 0.6 GPa in the others; 4.3 GPa the in-plane (the plane of 

the steel sheets) shear modulus and 10 GPa in the other 

directions; 0.021 Poisson ratio in the plane of the steel sheets 

and 0.3403 in the other planes; and a density of 3500 kg/m
3
. 

These properties result in the mode shapes shown in Figure 3. 

 

a)  
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b)  

c)  

d)  

Figure 3. Stator and windings vibration modes: (a), first mode; 

(b), second mode; (c), third mode; (d), fourth mode. 

The calculated and the experimentally obtained natural 

frequencies are compared at Table 2. It has to be underlined 

that the relative error obtained for the in-plane modes is below 

3%, being these modes, as it was explained before, the 

important ones when the other parts are assembled. 

Table 2. Stator and windings model natural frequency 

comparison. 

 Experimental FEM Relative 

error (%) 

Mode 1 449 459.53 2.34 

Mode 2 560.4 520.83 7.06 

Mode 3 714 702.17 1.66 

Mode 4 790.3 727.31 7.97 

 

3.3 Stator, windings and end-shields  

This model adds to the stator and windings system the end-

shields, those parts where the different components of the 

motor are mounted. As it can be seen in Figure 4, one of these 

two parts is the cover of the motor at one of the sides of the 

stator. In this part the bearing of that side of the shaft is 

mounted. The other part holds the stator and rotor at one side 

and the brake at the other side, leaving the pulley in the 

middle. This part is also the base of the entire motor.  

 

Figure 4. Stator assembly: Stator, windings and end-shields. 

These two parts are screwed to the stator and it is considered 

that this join is strong enough to be modelled as if the contact 

surface pair was welded. Thus, “tie” ABAQUS constraint is 

used again to join these parts. 

The material of these two parts is the grey cast iron EN-

GJL-250 (GG-25), whose mechanical properties are 7200 

kg/m
3
 density, 110 GPa elasticity modulus and 0.26 Poisson 

ratio. 

In Figure 5 the modes obtained for the described model are 

shown.  

 

a)  

b)  
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c)  

d)  

e)  

f)  

Figure 5. Stator, windings and end-shields vibration modes: 

(a), first mode; (b), second mode; (c), third mode; (d), fourth 

mode; (e), fifth mode; (f), sixth mode. 

Comparing these results with the modes obtained by the 

EMA the relative errors are obtained for each mode as shown 

in Table 3. There can be seen that this assembly is modelled 

accurately as the biggest relative error is around 5%. 

Table 3. Stator, windings and end-shields model natural 

frequency comparison. 

 Experimental FEM Relative 

error (%) 

Mode 1 232.75 241.22 3.64 

Mode 2 275.45 281.59 2.23 

Mode 3 528.29 533.71 1.03 

Mode 4 618.9 650.94 5.18 

Mode 5 730.06 726.64 0.47 

Mode 6 878.59 848.75 3.40 

 

3.4 Rotor and shaft model  

This model is the assembly of the shaft and the rotor (see 

Figure 6). Again, it is considered that both parts are rigidly 

joined, so “tie” ABAQUS constraint is used to connect them. 

The shaft is a steel solid part, so its isotropic properties are 

7800 kg/m
3
 density, 210 GPa elasticity modulus and 0.3 

Poisson ratio. Otherwise, the rotor is similar to the stator and 

therefore orthotropic properties need to be applied. In this 

case the properties are: 10 GPa elasticity modulus in the axial 

direction and 210 GPa in the others; 78 GPa the in-plane (the 

plane of the steel sheets) shear modulus and 40 GPa in the 

other directions; 0.3 Poisson ratio in the plane of the steel 

sheets and 0.01 in the other planes; and the same density as 

the steel of the shaft, 7800 kg/m
3
. 

 

Figure 6. Shaft and rotor assembly model. 

The modes obtained for the proposed model are shown in 

Figure 7. 

a)  

b)  

Figure 7. Rotor and shaft vibration modes: (a), first mode; (b), 

second mode. 
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The relative errors for these modes are given in Table 4. 

The shown two modes are at higher frequencies than the 

frequency range under analysis, but at least, those two modes 

are useful to see the agreement between experimental and 

simulated results. 

Table 4. Rotor and shaft model natural frequency comparison. 

 Experimental FEM Relative 

error (%) 

Mode 1 1199.9 1107.9 7.66 

Mode 2 2484.7 2739 10.23 

 

3.5 Complete motor system excluding the brake and the 

pulley 

The rotor and shaft assembly is introduced inside the stator, 

windings and end-shields assembly (see Figure 8) and both 

assemblies are joined by springs. Each bearing is modelled by 

four springs and the stiffness of the springs is adjusted 

according to the modes obtained by EMA. This stiffness is 

50000 N/mm for each spring. 

 

Figure 8. Stator and rotor assembly model. 

With the mentioned modelling of the bearings the modes 

obtained by the EMA and the ones calculated by FEM are 

compared and the relative errors for each mode are calculated. 

In Table 5 the relative errors are shown and it has to be 

remarked that most modes are predicted accurately. The 

exceptions are the two modes of the stator that were not 

visualized at the EMA and some modes of the rotor that were 

hard to identify. Due to the difficulty to place accelerometers 

on the rotor too few measurements points were located on it 

and this lack of information make some modes (like the sixth 

one) hard to compare. 

Table 5. Stator and rotor natural frequency comparison. 

 Experimental FEM Relative 

error (%) 

Mode 1 270,76 264,09 2,55 

Mode 2 294,07 305,62 3,93 

Mode 3 297,41 321,21 8 

Mode 4 569,42 550,94 3,24 

Mode 5 603,51 611,49 1,32 

Mode 6 699,62 572,46 18,17 

Mode 7 - 667,3 - 

Mode 8 775,8 795,37 2,55 

Mode 9 - 855,16 - 

3.6 Complete motor system  

The brake and the pulley are added to this final model (see 

Figure 9). These parts are assembled in the same way as in the 

previous assemblies, considering that they are joined to the 

other parts rigidly. Therefore, the contact surfaces between 

those parts are glued using again the ABAQUS “tie” 

constraint.   

 

Figure 9. Complete machine model. 

This model is not compared with experimental data as its 

experimental modal analysis was not carried out. 

4 VIBRATION RESPONSE CALCULATION 

4.1 Electromagnetic forces calculation 

The magnetic pressure distribution in the surface of a tooth 

and in the surface of a pole is calculated by FEM (FLUX 2D 

software) for the period of time corresponding to the 

fundamental frequency. In Figure 10 the magnetic pressure 

obtained for the tooth surface is shown. 

 

Figure 10. Magnetic pressure on the tooth surface. 

Then, the magnetic pressure was decomposed obtaining the 

most important frequency components by FFT.  

For the tooth the values of the component orders are plotted 

(see Figure 11) and using the seven most important 

components the pressure can be accurately reconstructed as it 

is shown in Figure 12. 

 

Figure 11. Pressure spectrum in a tooth. 
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Figure 12. Original magnetic pressure evolution in time vs. 

reconstructed pressure. 

And for a pole the amplitudes of the component orders are 

obtained and shown in Figure 13. Taking the four most 

considerable components into account the pressure is 

accurately reconstructed as it is shown in Figure 14. 

 

 

Figure 13. Pressure spectrum in a pole. 

 

Figure 14. Original magnetic pressure evolution in time vs. 

reconstructed pressure. 

4.2 Electromagnetic forces application to the structural 

model and vibration response validation  

The most relevant electromagnetic pressure frequency 

components are introduced as a pressure load in the ABAQUS 

structural model and by the modal superposition procedure the 

vibration response is calculated.  

The operating conditions measurements are used to verify 

the calculated dynamic response of the machine, choosing for 

the comparison the nominal speed and no load condition. In 

Figure 15 the acceleration in the centre of the stator in the face 

pointing upwards is compared with the experimental 

measurements for the three directions. This measurement 

point was chosen as the centre of the stator is the most 

meaningful position in terms of vibration due to 

electromagnetic exciting forces.  

About the results obtained, it has to be pointed out that the 

main difficulty to verify these calculations was the uncertainty 

introduced by the support where the machine is mounted. This 

support is not completely rigid so the base of the machine has 

to be tied allowing some flexibility. However the springs 

placed in the base for this purpose have not given good 

enough results for all direction as it can be seen in Figure 15. 

a)  

b)  

c)  

Figure 15. Acceleration in m/s
2
 in the centre of the stator 

comparison, simulated vs. experimental: (a), in horizontal 

direction perpendicular to the axial; (b), in normal direction to 

the surface, so in vertical direction; (c), in axial direction. 

5 ACOUSTIC RESPONSE CALCULATION 

5.1 Acoustic finite element model 

The motor finite element model is imported in Virtual.Lab 

and between the skin of this model and a surrounding shell 

called “Convex mesh” the air mesh is introduced. The 

properties given to the air are the density which is 1.225 

kg/m
3
 and the speed of sound which is 340 m/s. Then, 

“Automatically Match Layer (AML)” property is applied to 

the external surface of the air which applies the Sommerfeld 

condition that imposes to that surface to be a non-reflective 

boundary. 

The previously calculated vibration accelerations, which 

could also be velocities or displacements, are applied as 

boundary condition to this acoustic model.  

5.2 Acoustic power calculation and experimental 

validation  

The acoustic power is obtained by the model explained 

previously and then the results are compared with the acoustic 

power obtained experimentally. These results are shown in 

Figure 16 and as it is sensible, introducing accelerations 

which are not accurate enough leads to an acoustic power 

quite over the real one, especially at high frequencies.  
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Figure 16. Acoustic power comparison, simulated vs. 

experimental. 

6 CONCLUSIONS 

The first conclusion to be pointed out is that, as it was 

observed in the literature, the main modelling issue is to 

determine the mechanical properties of the laminated 

components as the stator and the rotor and specially the 

windings.  

In the case of the laminated stator and rotor some values can 

be found at the literature that applied to the solid orthotropic 

part may give good agreement with the experimental 

behaviour. However, for windings there are almost as many 

modelling strategies as publications about electric motors 

vibratory behaviour and as different windings topologies can 

be found. The strategy of modelling the windings as a solid 

orthotropic part was chosen as it is the most conservative one 

as it avoids making uncertain assumptions as considering that 

windings are just an added mass. Giving orthotropic 

properties to the solid part representing the windings has 

given good results as the mechanical properties were adjusted 

according to the experimental modal analysis so that the real 

behaviour was modelled.  

At this point, it is important to remark that the accuracy at 

predicting some modes may not be important to obtain a 

reliable dynamic response calculation. This can happen with 

the modes of the stator and windings system that present 

deformations along the axial direction. The properties in the 

axial direction are difficult to estimate and it is hard to adjust 

them by an optimisation process as it was seen at this work. 

However, it was shown that those modes when the covers are 

added, when the stator is joined to the end-shields, tend to 

increase their natural frequencies and therefore they become 

less important for the accuracy of the dynamic response 

calculation. 

The next issue to overcome has been the interaction 

between different parts or how the different parts are joined 

one to each other. At the parts that are screwed the join was 

considered strong enough so that the contact surfaces are 

glued. This assumption is shown to be valid as the modes 

obtained at the calculation are really close to those obtained 

experimentally.  

Nevertheless, there is a harder interaction to model which is 

the bearings connecting the shaft and rotor assembly to the 

stator and end-shields assembly. To model these bearings 

springs are used placing four of them with a 90 degrees angle 

between them in the centre of the contact surface of each of 

the bearings. This modelling strategy gives good results as the 

bearings used are one row deep groove ball bearings that can 

be considered as a simple support in the centre of the bearing. 

Therefore the rotation is not restraint at that point which 

would be another uncertainty to model at double row ball 

bearings or at roller bearings. 

About the forced response calculation the most remarkable 

conclusion is that to validate the finite element model properly 

the machine acceleration should be measured rigidly tied to 

the floor. From this acceleration a proper comparison can be 

made with the simulation of the machine rigidly tied in its 

base and then the model will be validated. This future work is 

important to ensure that the mesh of the finite element model 

is good enough and therefore that the mesh is not the source 

of the obtained error. 

Analysing the acoustic power comparison it is even more 

necessary to check the dynamic response calculation as the 

difference between the calculated acoustic power and the 

measured is quite big. This difference makes sense according 

to the accelerations as the main contribution to the acoustic 

power is made by the accelerations normal to the surface. 

Analysing that acceleration shown in Figure 15, it can be seen 

that the difference increases as frequency increases, the same 

that happens with the acoustic power. Therefore, an 

improvement of the acoustic power estimation is expected, 

once the vibration calculation is verified for the same 

boundary conditions correcting the uncertainties or badly 

defined aspects.  
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ABSTRACT: For accessing High Frequency (HF) domain, the modal dynamic is generally described by analytical operators, 
providing a simplified representation of the detailed geometry. In the frame of SEA (Statistical Energy Analysis), a subsystem is 
defined by a limited set of spectral parameters: wavenumber, modal density, input mobility, mass, damping loss factor and a set 
of coupling loss factors spectra. SEA subsystems have then to be tuned to the observed dynamic using equivalent analytical 
modeling rules. Developing industrial models on this base is thus demanding in term of expertise for complex structures such as 
car, train, spacecraft, aircraft….The Virtual SEA (VSEA) technique is now offering an automated conversion from FEM 
modeling to SEA. The delivered set of SEA parameters provides a ready-to-use SEA model. To expand the frequency limit of 
this model above the cut-off frequency of the FEM model, an analytical operator is embedded in the VSEA subsystem. VSEA 
default is always a flat plate operator but VSEA subsystems can be further set to available types included in the analytical SEA 
software library. Definition of HF dynamic representation is thus easier, with shorter developing time. VSEA processing acts as 
compression algorithm of the statistical FEM dynamical information and is designed to reduce the compression loss to a 
minimum. This is achieved by a multi-scale analysis: in each frequency band, a specific SEA model is created through auto-
partitioning algorithm and variance minimization of error between synthesized SEA transfers and FEM transfers. When the SEA 
model is created, the analyst only works at the highest frequency scale (the most refined substructuration). The various coarser 
substructurations at lower frequencies are automatically handled by the SEA solver. The virtual subsystems can be coupled to 
any analytical subsystems. In practice all acoustic cavities are analytically described and coupled to VSEA subsystems thanks to 
wavenumber. Propagation in free field is also dynamically linked to SEA subsystems through constraint equations. This 
technique is addressing a wide range of applications where systems are submitted to random loads (acoustic, turbulent field, 
mechanical forces) and in a single calculation provides reliable random responses from low to high frequencies. Examples of 
industrial applications will be shown. 

KEY WORDS: HF; Virtual SEA. 

1 SPECIFITY OF HIGH FREQUENCY DOMAIN (HF) 
When frequency increases, the number of resonance 
frequencies also increases while related wavelengths are 
shorter and shorter. In a given dynamical system, 
discontinuities, in term of section, thickness and 
material,changes, are inducing more and more wave reflection 
at boundaries. The boundary itself is made fuzzy due to 
presence of small non-modeled defaults of which importance 
is growing with frequency. The spatial modal phase which 
provides deterministic local prediction with FEM modeling is 
thus irremediably lost in HF domain. On the contrary the 
growing number of modes creates a natural state of diffusion 
in the system with low standard deviation of local response 
levels. For small enough wavelengths, the mean response 
level over spatial and frequency subdomains is thus providing 
a predictive field descriptor and is more meaningful than the 
point response predicted from FEM. The related mean 
velocity descriptor is defined as: 

( )2 2

,

1 ,
B

v v f dfd
Ω

< >= ⋅
Ω ∫∫ x x  

From early Sixtieth’s, Lyon and Maïdanik, [1], have 
proposed the formalism of Statistical Energy Analysis (SEA) 

to predict 2v< >  from the modal behavior of system 
assuming it can be decomposed into “weakly coupled” spatial 
subdomains called subsystems. The group of modal oscillators 
representing a subsystem in the analysis frequency band B is 
fully described by its internal vibrational energy and may 
exchange power in steady-state under the law of energy 
conservation, traduced by the power-balanced equations: 

/ 2i i i i ij i i ji j j
j

P f n e N e N eπ η η η= + −∑   (1) 

where iP  is the power injected by external loads applied to 

current subsystem i, i iN e  is the product of modal energy by 
the number of resonant modes in B and is equal to 

2
i i iN e m v= < >  with im  is the mass of the subsystem. 

The coefficients iη  and ijη  are respectively the Damping 
and the Coupling Loss Factors (DLF and CLF) representing 
the fraction of energy lost internally (through viscous stresses) 
or transmitted to the coupled subsystems. 

This formalism has evolved into SEA software by 
predicting ie  from , , ,i i i ijP N η η . 

Hybrid energy-based vibroacoustic modeling using Virtual and Analytical SEA 
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2 SPECIFICITY OF MID-FREQUENCY DOMAIN (MF) 
Because of weak coupling assumption, there is no direct 
mathematical link between the deterministic displacement 
equations provided by FEM mass and stiffness matrix 
representation and the power-balanced equation parameters. 
The SEA calculation of ijη  is then performed by the wave 
theory thanks to dedicated analytical operators, assuming a 
given mode can be split into uncorrelated sine propagation 
waves. The coupling between subsystems in thus reduced to 
subsystems coupled to a physical junction, contrarily of global 
modes of the full system which are linking together all 
dynamical unknowns through mode shapes. 

This direct junction coupling scheme may induce large 
standard deviation of predicted responses when running in the 
Low frequency (LF) and MF ranges where indirect coupling 
should not be neglected.   

A well-known non-negligible indirect coupling is the mass 
law arising between two acoustic cavities cross-connected by 
a panel of some area. This coupling is due to the radiation of 
the non-resonant energy of the panel not accounted in the 
resonant mode count iN . 

Indirect coupling also exists in LF/MF structure-to-structure 
transmission and specific analysis is required to get better 
coupling and power flow description between subsystems.   

3 VIRTUAL SEA FOR MF ANALYSIS 
Virtual SEA (VSEA) has been introduced beginning of 
2000th’s by the author & al, [2], [3], [4], to overcome lack of 
reliable theory for describing structural transmission in car 
bodies in the MF range while keeping compatibility to 
existing SEA framework for allowing both fluid-structure 
interaction and structure borne noise predictions. 

VSEA is not a new theory but an improvement of inverse 
SEA method called Experimental SEA (ESEA) based on 
Power Injection Method (PIM) and used for identification of 
DLF and CLF parameters. In PIM analysis, the subsystem 
responses are measured under controlled injected power for 
building a transfer energy matrix which is inverted in the 
ESEA sense, [5], to provide measured estimates of DLF and 
CLF. 

In VSEA, the transfer velocities are synthesized at discrete 
set of reference nodes from the global modes of FEM model 
of the system. A point force excitation is applied at a turn at 
each reference node separately in each axis. 

The power-balanced equations of ESEA are reshaped for 
direct computation of modal density and CLF of the various 
subsystems as DLF of global modes is assessed to some 
predefined spectral values, typically 1% constant over 
frequency in most cases. Modal density output terms are 
characterizing the local modes of the subsystems and differ 
for each subsystem depending on the degree of coupling 
between them and their elastic properties. The resolution is 
performed in two steps: 

a) Solving for modal density with equation (2) 
1 i i ik

i

N eη=∑ %  (2) 

where iη  and ike%  are the input and iN the unknowns. 

ike%  is the mean modal energy of subsystem i excited at 
reference node k and 1 is the unit-power term. 

b) Solving CLF with equation (3)    
 1 i i i ij i ij ji j ji

j

N e N e N eη η η= + −∑% % %  (3) 

A key-issue of VSEA is the automatic detection of weak-
coupled areas within the system, identified to SEA subsystem 
domain. VSEA method incorporates an iterative attraction 
algorithm to sort out reference nodes per subsystem in order 
to fulfill weak coupling criterion and make linear systems (2) 
and (3) invertible. For complex industrial FEM models, the 
size of subsystems is depending on frequency with decreasing 
size when frequency goes up. Solving this kind of model 
requires adapting the SEA partition to the frequency band of 
analysis. This is performed by the VSEA patch method 
implemented in the latest VSEA solver available in SEA+. 
Patches are subsystems found by nodal attraction in the 
highest computed frequency band. In the lower bands, 
attraction method is applied to the patches to group them 
together in order SEA power flow equations to become 
invertible in all available bands. 

This multi-scaled approach avoids depredating the quality of 
FEM dynamic over frequency. VSEA offers thus an 
automated way to encapsulate the FEM modal information 
content into SEA framework and acts as a compression 
algorithm by providing on output frequency and space band-
integrated field descriptors. As it does not use any assumption 
on subsystem coupling scheme, it provides all indirect CLF 
which cannot be predicted by classical analytical SEA. 

The VSEA model is then reliably working in the MF range 
but still limited by the performance and the quality of real 
mode extraction from FEM mainly depending on mesh size. 
Subsystem wavenumber is also provided from equation (4) by 
averaging the ratio of real parts of rotational and translational 
input mobility, computed directly from nodal FEM related 
nodal tensors. 

 
/ i
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i

T k k
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A simple case of two half-cylindrical shells cross-coupled 
by a plate is now analyzed by VSEA as shown in Figure 1. All 
structures are same thickness (steel 2 mm). Three subsystems 
are involved in the coupling. VSEA processing identifies a 
strong indirect CLF between the two half-cylindrical shells. 
When exciting one of them, the power flow in the second 
half-cylinder is directly driven by the indirect CLF as seen in 
Figure 1 on right (coupling scheme 2). The modal energy of 
the half-cylinders are found larger than the modal energy of 
the intermediate plate, contrarily to standard SEA scheme 1 
which minimizes the transmissibility across the system.  

The origin of this transmission pattern is similar to acoustic 
mass law and is related to transfer of non-resonant energy to 
resonant energy and reverse ignored in standard SEA. 
Presence of indirect CLF in structure-to-structure 
characterizes the MF range. In Figure 2, it can be seen that the 
indirect CLF is decreasing faster with frequency than the 
direct CLF and above some cut-off frequency, the standard 
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SEA coupling scheme is valid (here well above 10 kHz) as the 
direct transmission involves crossing two direct junctions.  

 

40 cm 

50 cm 

Rayon = 15 cm 

 
 

 

 

 
 

 
Power flow at 1 kHz when exciting Cyl1 

Figure 1. First simple example of indirect CLF 

 
Figure 2. Indirect CLF compared to direct CLF provided by 

VSEA model in Figure 1 

4 EXAMPLE OF INDUSTRIAL APPLICATION OF 
VSEA 

With the support of CNES, ESEA and ASTRIUM, VSEA 
methodology has been applied to spacecraft structures to 
predict equipment response due to micro-vibration loads. 
Micro-vibrations occur when operating a satellite in flight and 
are due to dynamic perturbations generated by mobile or 
vibratory parts. These perturbations are amplified by the 
satellite structure and the optical instruments, leading to 
distortions that may affect sensitive payloads. Due to 
increasing sensitivity of instruments, there are more and more 
needs for broadband prediction. VSEA technique is used to 
compress the FEM model of the spacecraft structure which 
includes the equipment description. VSEA reference nodes 
are distributed on the various panels and at specific location 
(equipment feet and accelerometer locations for better cross-
check with measurement). 

Loads are provided from tests in operating conditions, the 
equipment being mounted on a representative panel. Loads are 

described either by the force spectra at interface points or by 
direct measurement of the injected power. 

Series of experimental SEA tests have also been achieved to 
verify the prediction of band-averaged transfers against their 
direct measurements and to provide realistic DLF spectral 
values imported in the VSEA model. 

As most of load cases are due to rotating systems, the 
related spectra are narrow band and VSEA has been improved 
to account for these inputs. As shown in Figure 5, predicted 
responses above 500 Hz from the VSEA model are more 
accurate than related FEM from which it is issued. This is 
mainly due to the description of input loads in term of 
measure injected power in the VSEA model which takes into 
account the correlation of the discrete-point force field at 
equipment interface. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. VSEA processing of the spacecraft FEM model 

 

 
 
 
 
 
 
 
 
 
 

Figure 4. Local input mobility prediction at a VSEA reference 
node compared to related measurement 
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Figure 5. 1/3rd octave response of the equipment in g rms by 

the FEM model, the VSEA related model, compared to 
measurement (load is a reaction wheel under free-run)  

5 ANALYTICAL AND VIRTUAL SEA SUBSYSTEMS 
SEA is an asymptotic vibratory state. Above some high 
enough frequency this state is easy to describe through an 
analytical library of subsystems and junctions, wide enough to 
cover industrial needs (orthotropic homogenous plate and 
curved shells with sandwich and ribbed properties, beams and 
fluid cavities). The numerical strategy implemented in SEA+ 
software is thus relying on FEM-to-VSEA compression to 
cover the MF range in which some energy is missing in 
standard SEA theory and to expand VSEA parameters in HF 
range through analytical calculation as VSEA subsystem 
parameters are limited by the number of modes extracted from 
a given FEM. Figure 6 shows a rocket fairing made in CFRP 
with honeycomb core thickness around 1 cm. To investigate 
noise transmission properties of the fairing, a FEM model is 
first created and processed by VSEA to generate a related 
SEA model up to 1000 Hz. From 1000 Hz to 10000 Hz the 
model is expended using SEA+ analytical sandwich 
subsystems and coupled with acoustic cavities. VSEA 
improves calculation of modal density and CLF in the MF 
range for structures not fitted to an analytical operator in this 
range (Figure 7). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6. VSEA modeling of a fairing including simple 
cylindrical model of payload 

 

 
Figure 7. Modal density of the fairing cone described by 

VSEA up to 1000 Hz and above by an equivalent analytical 
cylinder (red) compared with the analytical result (blue)  

6 CONCLUSIONS 
VSEA method transfers the complex dynamical information 
contained in the global modes of a FEM model into a small 
number of interconnected SEA subsystems. The conversion is 
performed though an attraction algorithm, the original FEM 
information being sampled at a limited set of reference nodes. 
Application of VSEA to spacecraft broadband response 
prediction has proven the method to be efficient, accurate and 
applicable at engineering stage with a nearly automated 
process. Thanks to wavenumber output, the model can be 
enriched by analytical SEA subsystems (acoustic cavities and 
shells) for addressing vibroacoustic predictions. The SEA 
numerical kernel supports a wide range of industrial 
applications such as car body structure borne, vibratory 
isolation or noise insulation with the help of embedded 
Transfer Matrix Approach suitable for acoustic trim 
description. 

Resulting SEA models are built faster with increased 
confidence. This method is coupled to ESEA for model 
validation and damping identification. 
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ABSTRACT: In this paper a numerical model to study the vibro-acoustic behavior of a laminated plate backed by a poroelastic
foam layer is developed. Such approach consists on a coupled mitigation strategy aiming either mechanical vibration suppression
or acoustic attenuation as well. The laminated plate model consists of fiber laminae with interleaved viscoelastic layers in standard
constrained or integrated layer damping schemes, whereas surface mounted poroelastic foam materials are included. Mechanical
and acoustic excitations in terms of incident plane waves are considered in this study. For the plate modeling, the finite element
method considering a layerwise kinematic assumption is used. On the other hand, poroelastic treatments are developed based on
the Biot’s theory of poroelasticity. As a result, using the capabilities of the multi-layered model, different vibro-acoustic indicators
characterizing the vibro-acoustic behavior of panels vibrating in an acoustic fluid are computed, namely, mean square velocity,
radiation sound power, radiation efficiency and transmission loss of the coupled fluid-plate system. In addition, a study addressing
the coupling between both solid and fluid phases of the poroelastic material in the plate-foam coupled design is performed aiming
to study about the energy dissipation and sound mitigation performance of the poroelastic treatment.

KEY WORDS: Vibro-acoustics; Biot’s theory; Poroelastic; Viscoelastic; Damping; Composite.

1 INTRODUCTION

Lightweight composite panels used in automotive and aerospace
constructions suffer from low acoustic performance when sub-
jected to mechanical and/or acoustic excitations. Many research
efforts have been done towards to develop passive damping
technologies to control vibrations and acoustic problems by ex-
ploring damping properties of polymer-based materials embed-
ded onto laminated components. Therewith, for an accurately
prediction of the behavior of laminated components several fi-
nite element models have been developed. In general, the equiv-
alent single layer model or the layerwise model are employed.
In the equivalent single layer model the multi-layer structure is
considered as a unique homogeneous layer for which equivalent
mechanical properties are derived. On the other hand, a lay-
erwise model takes each layer separately which allows for an
effective modeling of the deformation process in multi-material
laminated structures [1].
Regarding the vibration control through passive damping tech-
nologies, those using viscoelastic materials interleaved with stiff
isotropic elastic layers have been extensively applied to suppress
resonant mechanical behavior [2–4] and sound radiation prob-
lems [5–8]. The open literature regarding vibrations and sound
radiation from fiber composite structures is less abundant. How-
ever, the anisotropic characteristics of the laminae allows for a
well-suited design in terms of damping treatments [9, 10] with
respect to vibro-acoustic performance. In the present work the
constrained damping treatment consisting of a thin viscoelastic
layer embedded into the main vibrating component and covered
with a stiffer elastic layer is studied, which constitutes, in gen-

eral, the most effective damping configuration owing to higher
amount of energy dissipated caused by high transverse shear de-
formations developed within viscoelastic layer due to the trans-
lation of the neutral plane caused by the constraining layer.

In conjunction with viscoelastic materials further control so-
lutions by using porous materials are increasingly applied for
noise control purposes owing to their sound absorption fea-
tures due to its porous and filamentous microstructure being
frequently used in a structure-lined design, bonded, unbounded
or mounted closed to the main vibrating component. A certain
class of porous foams with flexible skeleton exhibits viscoelas-
tic behavior contributing either for airborne noise mitigation or
further structural damping [11]. The porous materials consid-
ered in this work are those consisting of an elastic frame (solid
phase) saturated by an acoustic fluid (fluid phase). The behav-
ior of such materials can effectively be predicted by using the
Biot’s theory of poroelasticity [12, 13] for which various for-
mulations were developed in the last decade and half. In the
present work, the mixed-displacement pressure formulation [14]
is used, which is an exact formulation with respect to the Biot
model.

The sound radiation from non-porous structures has been in-
vestigated along the past decades. However, the literature fo-
cusing the radiation behavior of porous foams is still scarce.
In a recent paper, Atalla et al. [15] presented an extended in-
tegral weak formulation for Biot’s equations considering fur-
ther virtual work contributions of the radiated pressure using
Rayleigh integral. The authors show that the proposed radiation
impedance approach allows for an improved accounting of the
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radiation damping near to resonance frequencies. In addition,
they also concluded that porous foams have small radiation effi-
ciency what constitutes a motivation to use such foams as free-
layer sound absorbing treatments mounted in efficient radiators.
The porous materials are often acoustically characterized con-
sidering airborne excitations with porous sample mounted over
a rigid surface. Under these conditions, porous performance in-
dicators may only be valid for acoustic excitations, disregarding
the radiation behavior arising from low-frequency mechanical
excitations provided from vibrations of host components. A
few research has been conducted to consider the influence of
the base motion on absorption performance of porous materials
[16–18]. In the present study, this issue is studied considering
orthotropic components as the base which constitute an enlarge-
ment of the state-of-the-art in this field.
This paper presents a numerical approach based on a cou-
pled Finite Element - Rayleigh Integral strategy to study vibro-
acoustic response from fiber composite panels embedding vis-
coelastic layers and lined with a sound absorbing poroelastic
foam. The present approach is used to predict the dynamics of
such a panel immersed in an acoustic domain in which both me-
chanical and acoustic excitations are applied to the panel. To
the author’s knowledge, studies devoted on the sound radiation
from viscoelastically damped fiber composite structures lined
with poroelastic foams was not properly explored regarding the
sound radiation process from the porous foam mounted over a
vibrating orthotropic panel.

2 THEORETICAL FORMULATION

2.1 Description of mathematical model

The problem under analysis is shown in Fig. 1.

x

2

1

,z 3

y a
b

ph

eh

θ

Figure 1. Geometry of the composite plate structure covered by
a poroelastic foam. Global reference (x,y,z) and material refer-
ence (1,2,3).

A rectangular plate is comprised of an elastic plate (a×b×he)
covered by a poroelastic foam (a× b× hp). The elastic plate
may be simply isotropic or an anisotropic structure with a
generic stacking of isotropic/orthotropic layers. In addition, a
viscoelastic layer may be considered embedded to the elastic
structure. The entire coupled elasto-visco-porous structure is
assumed to be in the reference plane (x,y) located at the middle
surface of the elastic plate and placed between two infinite rigid

baffles. One of the baffle separates a semi-infinite acoustic do-
main for z< 0 and the other one for z> hp. Therefore, the entire
structure can interact with surrounding acoustic medium on its
lower and upper surfaces. The plate may be subjected to har-
monic forces provided from mechanical loads and/or acoustic
sources.

2.1.1 Composite plate modelling

The displacement field in each layer k of the elastic plate is writ-
ten as [1],

uk = u0 +
h1

2
βx

1 +
k−1

∑
j=2

h jβx
j +

hk

2
βx

k + zkβx
k

vk = v0 +
h1

2
βy

1 +
k−1

∑
j=2

h jβy
j +

hk

2
βy

k + zkβy
k (1)

wk = w0

where u0, v0 are the in-plane displacements in the x and y di-
rections and w0 is the out-of-plane displacement in the trans-
verse direction z of the first layer of the generalized multilay-
ered model. βx

k and βy
k are the rotations in the xz and yz planes

around the y and x axes, respectively. For each layer the kine-
matics based on the first-order shear deformation theory (FSDT)
is assumed. According to (1) the continuity of interlayer dis-
placements is assured. The model is used here to modelling
multilayered composite panels including fiber composite lami-
nates, viscoelastic materials and isotropic laminae.
The governing equations of motion of the plate vibration can be
derived using the Hamilton’s principle,

δ
∫ t2

t1
(V −U +W )dt = 0, (2)

where V , U and W are the kinetic energy, the potential (strain)
energy and the work done by the external applied loads, respec-
tively. The kinetic and potential energies of a laminated with N
layers are given by the summation of the contributions of each
layer k,

V =
N

∑
k=1

1
2

∫
A

u̇TJku̇dA, U =
N

∑
k=1

1
2

∫
A

uTBT
k DkBkudA, (3)

where u and u̇ are, respectively, the displacement and the ve-
locity vectors, Bk is the deformation matrix and Jk is the inertia
matrix. The constitutive matrix Dk for each lamina is given by,

Dk =

⎡⎢⎣hkCk 0 0
0 h3

k
12 Ck 0

0 0 hkGk

⎤⎥⎦ , (4)

where hk is the layer thickness and Ck and Gk are the constitu-
tive matrices in the global reference given by,

Ck = TfCTT
f , Gk = TsSTT

s , (5)

where Tf and Ts are the transformation matrix from local to
global reference for bending and shear elasticity matrices,

Tf =

⎡⎣c2 s2 −2cs
s2 c2 2cs
cs −cs c2 − s2

⎤⎦ , Ts =

[
c −s
s c

]
, (6)
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where c = cos(θ), s = sin(θ) and θ is the angle between the ma-
terial axis 1 and the global direction x. For an orthotropic lamina
the constitutive matrices in the material reference one writes,

C =

⎡⎣C11 C12 0
C12 C22 0
0 0 C44

⎤⎦ , S =

[
C55 0
0 C66

]
, (7)

in which the elasticity coefficients are given by,

C11 =
E1

1−ν12ν21
, C44 = G12, (8)

C12 =
ν21E1

1−ν12ν21
, C55 = G13, (9)

C22 =
E2

1−ν12ν21
, C66 = G23. (10)

For an isotropic layer, the constitutive matrix is defined as,

Ck =
Ek

1−ν2
k

⎡⎣ 1 νk 0
νk 1 0
0 0 1−νk

2

⎤⎦ , Gk =
Ek

2(1+νk)

[
1 0
0 1

]
,

(11)

where Ek and νk are the Young’s modulus and Poisson’s ratio of
the material. The virtual work done by an external distributed
loading applied to the plate surface one writes,

δW =
∫

S
δuTqdS, (12)

where q is the distributed load and S is the plate area. Applying
the Hamilton’s principle and assuming a steady harmonic time-
dependence ejωt the weak form of the composite plate problem
can be expressed as follows,

N

∑
k=1

(∫
A

δuTBT
k DkBkudA−ω2

∫
A

δuTJkudA
)

=
∫

S
δuTqdS. ∀(δu) (13)

2.1.2 Poroelastic material modeling

The fundamental equations of the Biot’s theory of the poroelas-
ticity [12, 13] in conjunction with the frequency-domain mixed
displacement-pressure formulation (u, p) [14] are considered
here to modeling an isotropic poroelastic foam saturated by an
acoustic fluid. The Biot model applied to the poroelastic foam
comprises two homogeneous and continuum mediums (a solid
phase and fluid phase) which are coupled by inertial and viscous
forces developed into the porous medium owing to the relative
motion of the solid and fluid particles. In the case of the mixed
formulation the primary variables are the fluid pressure p and
the solid phase displacements us = [ux,uy,uz]

T; the poroelas-
tic model thus requires only four degrees of freedom instead of
six ones of the displacement-displacement formulation primar-
ily derived.

Considering the Biot equations and using the principle of the
virtual work, the weak form for the poroelastic material yields
in the form,

∫
Ωp

ε(δus)
TD̃εdΩp −ω2ρ̃

∫
Ωp

δuT
s us dΩp

+
φ2

ω2ρ̃22

∫
Ωp

∇δpT ·∇pdΩp −
φ2

R̃

∫
Ωp

δp · pdΩp

− γ̃
∫

Ωp

∇δpT ·us dΩp

− γ̃
∫

Ωp

δuT
s ·∇pdΩp −

∫
∂Ωp

φ(u f −us)nδpdΓ

−
∫

∂Ωp

δuT
s σ̂pndΓ = 0, ∀(δus,δp) (14)

where σ̂p and ε are, respectively, the total stress tensor and the
strain tensor of the solid phase, D̃ is the elasticity matrix of the
solid phase which may accounts for damping in the solid skele-
ton, us and u f are the macroscopic displacements of the solid
and fluid phases, respectively, R̃ is the bulk modulus of the air
within a fraction φ of the volume of the porous material and ρ̃
and ρ̃22 are the effective densities of the solid phase and the fluid
phase, respectively. n is the unit normal vector outwards from
the boundary, σ̂p ·n stands for external surface forces per unit
area along the normal direction at the boundary surface ∂Ωp.
The parameter γ̃ is defined as follows,

γ̃ = φ
(

ρ̃12

ρ̃22
− Q̃

R̃

)
, (15)

where Q̃ is the elastic coupling coefficient between the solid and
fluid phases. Ωp and ∂Ωp denote, respectively, the poroelastic
domain and its boundary and ω is the angular frequency.

2.1.3 Continuity coupling plate-foam

The poroelastic foam is considered perfectly bonded to the com-
posite plate. Therefore, appropriate interface conditions have to
be satisfied at the plate-foam interface to ensure continuity of
normal stresses, the zero relative mass flux between the porous
solid and fluid phases across the interface and the displace-
ment continuity between both solid domains. Those interface
restraints can be conveniently written in the form,

σ̂pn = σen, (16)

φ(u f −us)n = 0, (17)

ûp = ue, (18)

where σe is the elastic (plate) stress tensor, ûp and σ̂p are the
total displacement vector and stress tensor of the porous mate-
rial, respectively, and ue, u f and us are the displacement vectors
of the elastic (plate), porous fluid phase and solid phase, respec-
tively. n is the interface normal vector and φ is the porosity.
Once the coupling between the poroelastic domain and the elas-
tic domain is natural [19] only the kinematic condition (18) has
to be explicitly imposed on the plate-foam interface. To this
end, in this work the Lagrange multipliers method is used to en-
force the normal continuity of both elastic plate and solid phase
displacement fields.
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2.1.4 Viscoelastic damping modelling

The viscoelastic material considered throughout this work is the
ISD-112 of 3M in which the frequency-dependent mechanical
properties are determined using the three-series Anelastic Dis-
placement Field model for a temperature of 27 oC. In terms
of the finite element implementation the complex modulus ap-
proach is considered for which the mechanical properties of the
viscoelastic material are given in terms of the complex shear
modulus,

G(ω) = G′(ω)[1+ jη(ω)], (19)

in which G(ω) stands for the frequency-dependent shear modu-
lus and η(ω) is the loss factor of the material,

η(ω) =
G′′(ω)
G′(ω)

, (20)

where G′(ω) and G′′(ω) are, respectively, the shear storage
modulus and the shear loss modulus, the latter accounting for
energy dissipation effect. In addition, once the Poisson’s ra-
tio can be reasonably taken as frequency-independent the ex-
tensional modulus can be easily taken on the model implemen-
tation. Fig. (2) shows the frequency dependency of the vis-
coelastic properties in terms of the shear storage modulus and
the loss factor of the material ISD-112 over the frequency range
[0−1000] Hz.
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Figure 2. Frequency dependency of the viscoelastic properties
of the material 3M ISD-112 at 27 oC, used in this study. Shear
storage modulus G′(ω) and loss factor η(ω).

2.2 Finite element implementation

The variational forms of the elastic plate and poroelastic foam
domains, given respectively in Eqs. (13) and (14), are dis-
cretized using the Galerkin finite element method. In that sense,
for poroelastic problem the following mapping is considered,

us = NsUs, p = N f P, (21)

where Us and P are the vectors of nodal displacements of the
solid phase and nodal pressures, respectively, N are the inter-
polation functions within the finite element and the subscripts

s and f denote the solid and the fluid component, respectively.
The discretization of the variational form given in (14) yields,

∫
Ωp

ε(δus)
TD̃εdΩp =⇒ δUTKsU, (22)

∫
Ωp

δuT
s us dΩp =⇒ δUTMsU, (23)

∫
Ωp

δuT
s ·∇pdΩp =⇒ δUTHs f P, (24)

∫
Ωp

∇δpT ·∇δpdΩp =⇒ δPTK f P, (25)
∫

Ωp

δp · pdΩp =⇒ δPTM f P, (26)
∫

Ωp

∇δpT ·us dΩp =⇒ δPTH f sU, (27)

In addition, δUs and δP as well can be arbitrary (stationarity
condition) leading to the following system of discrete equations,

[
Ks −ω2Ms Hs f

H f s K f /ω2 −M f

]{
Us
P

}
=

{
Fs

F f /ω2

}
, (28)

where Ms and Ks are the equivalent mass and stiffness matrices
for the solid phase, respectively, and M f , K f are the equivalent
kinetic and compression matrices for the fluid phase, respec-
tively. Hs f is the volume coupling matrix between both solid
phase displacement and fluid pressure and H f s =−HT

s f . Fs and
F f are the load vectors of the applied forces on the solid phase
and fluid phase, respectively.

Using similar procedure as for poroelastic problem, the finite
element discretization of the variational form for elastic plate
given in (13) yields in the form,

N

∑
k=1

∫
A

δuTJkudA =⇒ δUT
e MeUe, (29)

N

∑
k=1

∫
A

δuTBT
k DkBkudA =⇒ δUT

e KeUe. (30)

The stationarity condition leads to the following system of dis-
crete equations for elastic composite plate,

[
Ke(ω)−ω2Me

]
Ue = Fe, (31)

where Me is the consistent mass matrix of the composite panel
and Ke(ω) = Kel + Kv(ω) where Kel is the stiffness matrix
of the composite elastic plate and Kv(ω) is the frequency-
dependent stiffness matrix of the viscoelastic layer defined ac-
cording the complex modulus approach. Fe is the load vector
applied to the elastic plate. The fully coupled plate-foam finite
element model yields in the following frequency-domain system

4
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of discrete equations,⎛⎜⎜⎝
⎡⎢⎢⎣

Ke 0 0 L
0 Ks 0 R
0 0 K f 0

LT RT 0 0

⎤⎥⎥⎦

−ω2

⎡⎢⎢⎣
Me 0 0 L
0 Ms 0 R
0 0 M f 0

LT RT 0 0

⎤⎥⎥⎦
⎞⎟⎟⎠
⎧⎪⎪⎨⎪⎪⎩

ue
us
p
λ

⎫⎪⎪⎬⎪⎪⎭=

⎧⎪⎪⎨⎪⎪⎩
Fe
Fs
Fp
0

⎫⎪⎪⎬⎪⎪⎭ , (32)

where L and R accounting for additional constraints involving
the free normal degrees of freedom in both plate and foam mod-
els.

2.3 Acoustic model

The radiation process considered herein comprises two parts,
namely, the radiation describing the transmission from the plate
to the acoustic medium and the fluid loading takes into account
for the effect of the fluid on the structure. This problem may be
accounted by several approaches according to the fluid/structure
impedance ratio. For a light fluid, the fluid mass may be ne-
glected and both acoustic and structural problems can be solved
independently. For heavy fluids, the problem is more complex
owing to strong acoustic radiation damping and added mass ef-
fects which may significantly change the inertia of the coupled
structure. In the present work we are concerned mainly with
radiation involving light fluids such as the air. However, the
fluid loading is also considered in the present approach. Con-
sidering the plate immersed in an acoustic environment as de-
scribed previously, each surface pertains to a plane which is
rather contained in an infinite plane rigid baffle. In this con-
text, the acoustic radiation from the entire plate may be ac-
counted through the boundary Rayleigh integral approach [20].
Let p1(x,y,z) and p2(x,y,z) be the acoustic pressure field in the
half-space Ω1 (z < 0) and Ω2 (z > hp), respectively. Following
the Rayleigh integral procedure and considering the Cartesian
reference the pressure fields in each half-space are given by the
following integral equations,

p1(r) = ρ1ω2
∫

Se
G(r,r0)w(r0)dSe, z < 0 (33)

p2(x) = −ρ2ω2
∫

Sp
G(x,x0)w(x0)dSp, z > hp (34)

where ρ1 and ρ2 are the fluid densities, G = e−jkR/2πR is the
free-field Green’s function which satisfies the condition ∂G/∂n
on the rigid baffle, k = ω/c is the acoustic wave number and R
corresponds to the distance between the surface source points
(r0, x0) (integration points) and the receiver points (r, x) (eval-
uation points) on the acoustic field. The main advantage of the
Finite Element - Rayleigh Integral approach presented in this
work is that no additional unknowns are required beyond the
structural ones arising from the finite element method. In ad-
dition, the weak and strong coupling can suitably be accounted
by an acoustic impedance matrix. The main drawback yields
from the frequency-dependency of the impedance matrix which
usually leads to time-consuming computations. However, in

some cases interpolation procedures can be chosen to improve
time computations without compromising the accuracy of cal-
culations. The vector of applied forces to the plate accounting
for mechanical and fluid forces is given in left-hand side of Eq.
(31). The counterpart due to the acoustic load may be written
as,

Fa =
∫

S
NT pdS. (35)

Substituting Eq. (33) into Eq. (35) yields,

Fa = ω2ρ1ZUe, (36)

where Z(ω) is the geometrical and frequency-dependent radia-
tion impedance matrix written as,

Z =

∫
S

∫
S

NTG(r,r0)NdSdS. (37)

The real part of Z corresponds to the acoustic radiation damping
whereas its imaginary part is a measure of the fluid added mass.
The numerical evaluation of the radiation matrix is time con-
suming particularly for higher frequencies where high integra-
tion orders are required to get accurate results. A comprehensive
review on the evaluation of the radiation impedance matrix cal-
culation is done in [21]. In the present work, the radiation matrix
is calculated for the finite element used considering two differ-
ent numerical integration schemes based on the standard Gauss-
Legendre quadrature. The cross-influence coefficients involving
non-coincident finite elements are calculated using standard nu-
merical integration where each surface integral contributes in a
similar fashion to each matrix coefficient. On the other hand,
the self-influence coefficients involving coincident elements re-
quire an accurate procedure to deal with the weak singularity
appearing in the integrand coming from Green’s function. In the
present work, a technique based on the Lachat-Watson transfor-
mation is used.
The most disadvantage dealing with the radiation matrix Z lies
on its frequency-dependency leading to prohibitive computa-
tional times for frequency response calculations. To avoid the
calculation of the matrix at each frequency point for a given
frequency band of interest, some techniques considering inter-
polation procedures are available in the literature. However, due
to the smoothness of the kernel Green’s function with respect to
the frequency a simple interpolation can be chosen [5]. In this
work, a simple quadratic interpolation is considered. The ma-
trix is calculated at the frequency points ωi, ω j and ωi j (with
ωi < ωi j < ω j) and the matrix values between those frequency
points are simply interpolated with the following relation,

Z(ω) = qi(ω)Z(ωi)+qi j(ω)Z(ωi j)+q j(ω)Z(ω j), (38)

where the frequency coefficients q(ω) are the well-known La-
grange basis functions written as,

qi(ω) =
(ω−ωi j)(ω−ω j)

(ωi −ωi j)(ωi −ω j)
, (39)

qi j(ω) =
(ω−ωi)(ω−ω j)

(ωi j −ωi)(ωi j −ω j)
, (40)

q j(ω) =
(ω−ωi)(ω−ωi j)

(ω j −ωi)(ω j −ωi j)
. (41)
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2.4 Plate loading

In the present model both acoustic and mechanical loads may
be applied on to plate surface. In terms of mechanical loads
only point force excitations are of interest here. On the other
hand, regarding the acoustic external loads only incident pres-
sure fields by plane waves are considered. For the plate under
acoustic loading the total pressure pt developed on the plate sur-
face is given by,

pt = pr1 − pr2 + pb, (42)

where pr1 and pr2 are the radiated pressure fields on the loaded
side and free side, respectively, and pb is the fluid pressure that
occurs on the incident side if the plate is perfectly rigid. Con-
sidering the plate fully immersed in a light fluid, the pressure
caused by the radiation impedances of the fluid medium can rea-
sonably be neglected to the plate loading. Moreover, the pres-
sure radiated on the loaded side may also be disregarded when
compared with the blocked pressure pb. Thus, the pressure load
may be given by the blocked pressure which may be approxi-
mated by twice the incident pressure [22],

pi(x,y,ω) = 2p̄i e-j(kxξ+kyη), (43)

where pi is the frequency-domain incident pressure field gener-
ated by an incident plane wave, p̄i is the amplitude of the inci-
dent pressure field and ξ = x−a/2 and η = y−b/2, according
to the global reference considered in Fig. (1). The components
of the wave vector k = {kx ky} in the incident acoustic medium
are given by,

kx = k sin(θ)cos(φ), ky = k sin(θ)sin(φ), (44)

where k = ω/c is the wave number and c is the speed of sound
in the incident acoustic medium, θ is the incident angle (mea-
sured from z axis) and φ is the azimuthal angle. Consequently,
the force vector due to the incident pressure field one writes,

Fa = 2p̄i

∫
S

NTpi(ω)dS. (45)

2.5 Vibration and acoustic indicators

The most useful vibration and acoustic indicators used in this
work to study the dynamics of composite plate lined with the
poroelastic foam are given in the following.

• Mean Square Velocity

The mean square velocity relating the overall behavior of the
plate vibration is defined as,

v2 =
1

2S

∫
S
|v|2dS, (46)

where v is the plate velocity and S is the plate surface.

• Radiated Sound Power

The radiated sound power characterizes the acoustic radiation
from the plate and is defined as,

Πr =
1
2

∫
S

Re(pv∗)dS, (47)

where p is the radiated sound pressure and v∗ is the complex
conjugate plate velocity.

• Radiation Efficiency

The non-dimensional radiation efficiency of the plate-acoustic
system characterizing the acoustic radiation is defined as the ra-
tio of the acoustic energy radiated by the structure to its potential
energy,

σ =
Πr

ρcSv2 . (48)

• Transmission Loss

The transmission loss (TL) on the plate is defined by,

TL = 10log
(

Πi

Πr

)
, (49)

where Πr is the radiated sound power given by Eq. (47) and
Πi is the incident power due to an incident acoustic pressure
field. For an incident plane wave excitation the incident power
is given by,

Πi =
|p̃i|2cos(θ)S

2ρ f c f
, (50)

where p̃i and θ are the incident pressure field amplitude and the
incident angle measured from z axis, respectively, and ρ f and
c f are the mass density and the speed of sound of the excited
acoustic medium, respectively.

• Absorption coefficient

The absorption coefficient of the panel when subjected to an in-
cident acoustic pressure field may be defined as follows,

α(θ,ϕ) =
Πi

Πd
, (51)

where Πd stands for the dissipated power on the plate.

3 NUMERICAL APPLICATION

In this section a simply supported plate-foam example is con-
sidered to assess the proposed numerical approach. Table 1
presents the material properties for an isotropic plate and a
poroelastic foam material.

Table 1. Aluminum plate and foam properties.
Plate Al

Lateral dimensions 0.48 × 0.42 m2

Thickness 1 mm
Mass density 2680 kgm−3

Young�s modulus 66 GPa
Poisson�s ratio 0.33
Loss factor 0.0

Foam
Thickness 3 cm
Porosity 0.98
Flow resistivity 13500 Nsm−4

Tortuosity 1.70
Viscous charac. length 20 μm
Thermal charac. length 160 μm
Mass density 30.0 kgm−3

Young�s modulus 540 kPa
Poisson�s ratio 0.35
Loss factor 0.01
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The effect fluid loading on the panel vibrations was firstly
evaluated considering the plate immersed into two different flu-
ids (air and water) as shown in Fig. 3. In the presence of a
heavy fluid the plate response can be significantly modified due
to the fluid coupling. On the other hand, the light fluid intro-
duces small variations on the plate vibrations which may justi-
fies the use of simplified acoustic models to compute the vibro-
acoustic coupled response of those damped structures immersed
in air. In order to firstly validate the presented poroelastic ma-
terial model, a comparison of real and imaginary parts of the
surface impedance of the poroelastic foam layer with the ones
of [14] is shown in Fig. 4.
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Figure 3. Effect of fluid impedance on the mechanical response
of the isotropic plate.
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Figure 4. Comparision of surface impedance of laterally infinite
poroelastic layer with reference [14].

4 CONCLUSION

In this paper a numerical approach based on the finite element
method and Rayleigh integral is developed to simulate vibro-
acoustic response of fiber composite materials treated with vis-
coelastic materials and lined with poroelastic sound absorbing
foams. The model allows for taking the fluid loading into con-
sideration by an acoustic impedance matrix. For a plate im-
mersed into a light fluid such air the fluid loading slightly mod-
ifies the plate response by a small added mass effect. A par-
tial model validation concerning the poroelastic foam material
model is performed.
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ABSTRACT: The quantification of vibroacoustic properties in multi-floor timber buildings is currently still based on 
measurements and computational models are rarely used in practice. One reason surely is a lack of validated and robust numeric 
schemes for vibro-acoustic simulations covering mid-range frequencies which can be integrated smoothly into the planning 
process of multi-floor timber buildings. To this end, we lay out a pipeline for the prediction of mid-frequency vibro-acoustic 
behavior of laminated timber constructions by modal analysis using three-dimensional high-order finite elements. The 
integration into the planning process is achieved by deriving the computational model from IFC-based building information 
models. 

KEY WORDS: High-order finite elements, vibro-acoustics, building information modeling, laminated timber constructions, 
hexahedral mesh generation. 

1 INTRODUCTION 
The prediction of vibro-acoustic properties is of major 
importance for multi-floor timber buildings due to their 
lightweight character. Commonly used prediction models in 
everyday planning practice are mainly based on measurements 
of isolated components and exemplary component set-ups. 
However, the transfer of these measured data sets to the real 
configuration in a whole building system is not straight 
forward and might not yield a robust prediction. This 
motivates the usage of numeric methods as prediction models 
of vibro-acoustic properties. In a high-frequency range 
methods like the statistical energy analysis (SEA) are 
applicable. However, the SEA is known to lead to reliable 
results for high modal densities only, i.e. if a sufficiently large 
number of eigenfrequencies and -modes are present within the 
frequency range of interest. This is not the case for low 
frequencies. In a low frequency range, classical eigenmode 
analysis using the widely applied finite element method of 
low order (h-FEM) is known to be a robust numeric prediction 
scheme. To the contrary, the mid frequency range is difficult 
to predict for both methods h-FEM and SEA as it lies in 
between their upper or lower border of validity, respectively. 
  The motivation of this contribution is twofold. First, it aims 
at closing the remaining gap in the mid-frequency range by 
the application of high-order finite element analysis (p-FEM) 
for vibro-acoustics. Herein, higher order polynomial shape 
functions are used to discretize the unknowns instead of 
piecewise low-order shape functions used for classical h-
FEM. The use of p-FEM in vibro-acoustic analysis of timber 
beam floors in combination with proper mesh design has 
already been shown to form an efficient and accurate numeric 
scheme [1][4]. This contribution will show the benefits of 
truly solid p-FEM for vibro-acoustic problems for laminated 
timber constructions. 

The second aim of our research is to demonstrate how 
vibro-acoustic analysis may smoothly be integrated into the 

overall planning process using building information models 
(BIM). A crucial point in this context is the need of highly 
automated tools for the generation of simulation models from 
digital building information models.  

2 BIM-COUPLED VIBRO-ACOUSTIC SIMULATION 
PIPELINE 

A vibro-acoustic simulation pipeline will be presented in the 
sequel whose principle components are depicted in Figure 1. 
 

 
Figure 1: Software components for vibro-acoustic simulation 

used within this contribution 

Starting point is a building information model in form of an 
industry-foundation-class (IFC)-data model generated in the 
commercial BIM tool Revit®. This BIM model forms the basis 
of the generation of a valid computational model. The BIM 
model is then passed to the TUM.GeoFrame [11] framework 
(modular structure see Figure 2) which carries out all 
necessary pre-processing steps. In this step, TUM.GeoFrame 
first utilizes the open source library IfcOpenShell [16] to 
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interpret the BIM model topologically and geometrically 
before it carries out mesh generation in a second step. The 
complete FE simulation model including all necessary 
material definitions and boundary condition specifications are 
then delivered to the high-order FEM code AdhoC. 

This general software environment provides the framework 
to carry out classical modal analysis for typical timber 
constructions and it provides the potential to treat entire 
building configurations in order to investigate their vibro-
acoustic properties.  

 

 
Figure 2: The modular TUM.GeoFrame framework 

Two key components in this pipeline are laid out in more 
detail in the following subsections, in subsection 2.1 how to 
generate a valid computational geometry from BIM and in 
subsection 2.2 how to generate three-dimensional hexahedral 
meshes compatible at the interface of the components. The 
problem of how to perform a p-FEM eigenvalue analysis is 
then treated in Section 3.  

2.1 Building Information Models and BIM-coupled vibro-
acoustic simulations 

Building information modeling is a modern approach to tackle 
the complexity of the engineering planning process in the 
construction industry. A building information model can be 
seen as a 3D geometry based database for a building, its 
components, materials and architectural spaces as well as 
related processes and planning documentation over the entire 
lifecycle. This general approach results in an extensive data 
model to describe buildings.  

In this contribution the IFC (industry foundation classes) 
specification for building information models is utilized. IFC 
is developed by the buidingSMART organization [15], widely 
accepted, and used in the architectural and civil engineering 
modeling community. The IFC data model is standardized 
according to ISO 16739:2013. The implementation is realized 
via EXPRESS- and XML-language. The main characteristic is 

the complex hierarchical structure to describe a building and 
its components logically, semantically and geometrically. All 
building components (e.g. walls, slabs, windows) are grouped 
under a general “IfcBuildingElement” type. IFC is also 
capable of defining and storing Boolean-type geometric 
relations of components as illustrated in Figure 3 for a wall-
window example. 

 

 
Figure 3: IFC Boolean-type wall-window example 

A BIM-based planning approach has many advantages over a 
classical 2D floor plan based planning process. A BIM model 
is always based on a 3D model, such that spatial relations and 
possible spatial conflicts can be detected and resolved 
directly. A strict BIM approach goes beyond a pure 3D model 
due to the description of semantics, logical information, and 
the additional possibility to extend the model by time 
information. This fact allows for a derivation of lower 
dimensional plans for documentation and legal regulations 
from BIM models.  

However, the generality of the IFC model is also a 
drawback in the usage of the building model for structural or 
numerical simulation during the planning process. A direct 
usage of a BIM model as a simulation model is not applicable 
in general, since a BIM model rarely meets the specific model 
requirements of a simulation models, e.g. for vibro-acoustic 
FEA. Moreover, up to date BIM models and simulations 
models are at best treated as weakly linked and mostly are 
independent models in a multi-model approach. 

By contrast, this contribution advocates a model-coupling 
approach. Herein, the BIM model is the central model which 
is bi-directionally coupled to all simulation models. The 
coupling information includes the model transfers by means 
of procedural construction steps as well as the final explicit 
simulation model. This approach allows a robust and efficient 
model update for the BIM and simulation model likewise.  
Figure 4 and Figure 5 illustrate the procedural steps during the 
transition of a representative component connection in 
laminated timber from a 3D BIM-model to a valid 2 ½ D model 
as required for the numerical simulation and finally its 
discrete, three-dimensional FE mesh.  
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Figure 4: a) BIM model with Boolean-type relation (i.e. door 

in wall). b) BIM model of structural components only 

 
Figure 5: Geometric Models and FE mesh: a) Solid model. b) 
Topologically consistent 2 ½ D model. c) and d) FE mesh with 

highlighted multi-shell mesh interface (red). 

 
The necessary procedural steps for the model transition 

from BIM to 2 ½ D BRep of this specific example are: 
 

1. Build solid boundary representation (BRep) model 
from IFC data structure: 
a) Conversion of non-BRep data (e.g. CSG) to BRep  
b) Resolving Boolean operations, e.g. of wall-door 
relations 

2. Reduce BRep model to mid-surface representation 
3. Ensure geometric and topological connectivity of 

surfaces 
4. Attach thickness, extrusion and layer information to 

2 ½ D model 
5. Assign material parameters 

 
To store these procedural steps in the IFC data model, an 

extension of the IFC specification is proposed by the authors. 
All further implementation issues and technical details of this 

approach are omitted here as not to exceed the requested 
format of this paper. Instead, we refer to [9] for details.  

The detour from a 3D BIM-model via a 2 ½ D simulation 
model back to 3D all hexahedral mesh will turn out to pay off 
as it drastically simplifies the process of mesh generation 
described in the following. 

2.2 Hexahedral Mesh Generation 

In civil engineering applications classical finite elements in 
combination with dimensionally reduced shell models are 
widely used and have proven to be robust and sufficiently 
accurate to describe many mechanical problems in this field.  
However, an accurate prediction of the complex three 
dimensional vibro-acoustic effects at the connection of 
structural components made of laminated timber can hardly be 
captured by classical dimensionally reduced shell models.  

Figure 6a) depicts a fully three-dimensional, all hexahedral 
finite element mesh of a typical slab-wall connection made of 
laminated timber while Figure 6b) shows its two-dimensional 
counterpart.  
 

 
Figure 6: a) Truly three-dimensional all-hexahedral FE mesh.  
b) Dimensional reduced quadrilateral FE mesh 

It is difficult to capture vibro-acoustic effects in junctions of 
this type by a computational model relying on a dimensionally 
reduced mesh as an accurate condensation of the 3D 
mechanical effects onto a 2D representation is neither straight 
forward nor possible a priori. Therefore, we advocate a strictly 
three dimensional approach for a vibro-acoustic simulation of 
laminated timber structures.   

Whereas all-quadrilateral surface mesh generation is 
nowadays possible even for topologically difficult 
configurations, all-hexahedral meshes for arbitrary volumes 
are often difficult to create. This is still an active field of 
research.  

However, the complexity of mesh generation can be 
reduced noticeably for special volume types like volumes of 
revolution or thin-walled structures. Fortunately, laminated 
timber structures can be represented by shell-like solid 
models, a fact used within this contribution to apply all-
hexahedral meshing techniques based on extrusion and 
sweeping of quadrilateral surface meshes.  

Extrusion based hexahedral meshing techniques require a 
representative surface model similar to classical surface 
meshing techniques. Figure 7 depicts the compatible set of 
models for FE simulation within which we use the 2 ½ D 
representation to simplify the meshing process. 
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Figure 7: Compatible model set Modeling-Meshing-FEM 

The computational advantages of higher-order p-FEM 
regarding efficiency and accuracy can only be exploited in 
combination with a proper mesh design. In contrast to h-FEM, 
p-FEM calls for less mesh elements. This naturally yields 
larger aspect ratios within finite elements which, fortunately, 
pose no problem to the high-order formulation. A suitable 
mesh generator for p-FEM must exploit this fact. 
TUM.GeoFrame is able to generate meshes, highly suitable 
for p-FEM. Coarse, high-quality meshes can even be 
generated in the presence of small features like holes due to its 
built-in adaptivity and mapping techniques applied at curved 
surfaces. An example is depicted in Figure 8.  
  

 
Figure 8: Coarse high-quality FE mesh with small features 

(i.e. hole in plate) for high-order FEA 

However, hexahedral meshing algorithms using only simple 
extrusion and sweeping techniques on all-quadrilateral surface 
meshes are only suitable for single-solid-shell models as the 
one depicted in Figure 8. Multi-shell solid models require a 
further consideration of the shell intersections for the 
generation of all-conforming meshes. Figure 9 depicts some 
of the multi-solid-shell hexahedral meshing templates 
available in TUM.GeoFrame. We refer to [10][11] for an in-
depth description. 

 
Figure 9: Exemplary conforming multi-shell hex-meshing 

templates a) b) c). 

3 HIGH-ORDER FEM VIBRO-ACOUSTICS 
With an analysis suitable mesh at hand, we may now carry out 
modal analysis by the Bubnov-Galerkin finite element method 
of high order (p-FEM) which we review briefly for vibro-
acoustics in this section.  

3.1 The Bubnov-Galerkin finite element method of high 
order (p-FEM) 

The Bubnov-Galerkin finite element method is based on the 
discretization of the variational or weak formulation of the 
differential equations for elastodynamic problems, which 
reads:  

 

∫ ∫
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Discretized by properly defined ansatz functions N and 
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The discretized weak formulation results in a system of 

equation for the system (denoted by (s)) assembled of finite 
discrete elements V(e). 
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[M]s is the mass matrix and [K]s the stiffness matrix of the 
entire system, assembled from a finite number of volume 
elements. For one volume element V(e)

 with bounding surface 
S(e) the mass matrix [M]s  and stiffness matrix [K]s read: 
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The right-hand side force vector {F} is composed of 

internal and external forces and reads: 
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The dynamic problem (formula (3)) can be solved in the 

frequency domain by transformation to an eigenvalue 
problem, considering only homogenous boundary conditions.  
 

A Fourier series ansatz for the displacements u yields the 
final eigenvalue formulation of the problem including the 
eigenvectors {φ} and the scaling factors qi,n: 
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Every degree of freedom of the system is linked to one 
eigenvector φi and one circular eigenfrequency wi of the 
system.  
 

0}){][]([ 2 =− isis MwK ϕ                          (7) 
 

The eigenvalue problem of the unloaded structure gives an 
insight into the vibroacoustic properties. The eigenfrequencies 
and eigenvectors of the system can, for example, be utilized 
within vibroacoustic simulations, for excitation models or for 
coupled sound radiation simulations as in [7][8]. 

3.2 High-order p-version finite element method 

The accuracy of the approximated solution of the continuous 
unknown displacement field is strongly dependent on the 
definition of suitable ansatz functions defined on discrete 
degrees of freedom.  

}~{][}{ uNu s≈                                                       (8) 
 

Whereas the classical h-version of the finite element method 
uses mainly Lagrange polynomials, the p-version FEM 
exploits hierarchical functions generated from orthogonal 
Legendre polynomials. They hold the important property that 
a set of higher-order shape functions incorporate the shape 
functions of lower order. The one-dimensional hierarchical 
shape functions (in-depth described in [1]) are defined as 
follows: 
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where Φj(ξ) and the Legendre polynomials Lk read: 
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Figure 10: Non-hierarchical 1D-shape functions (left) vs. 
hierarchical shape functions used for p-FEM (right) 

Extensions to higher dimensions are carried out by forming 
tensor products of one-dimensions. Trunk spaces are possible 
as well and are especially favorable for thin solid structures, 
which additionally allow for an orthotropic discretization in 
which the polynomial degrees in the in-plane directions are 
chosen higher than the polynomial degree for the thickness 
direction. A detailed description is given in [2]. 

4 NUMERICAL RESULTS 
In the following we present numerical results for high-order 
finite element analysis performed on an exemplary wall-slab 
construction made of laminated timber. The generation of the 
geometric simulation model and FE mesh for this example on 
basis of a BIM-model was shown previously and is illustrated 
in Figure 4 and Figure 5.  

All FE computations are performed assuming orthotropic 
material, defined by the set of material properties, specifically 
E-moduli Exy, Eyz, Ezx, shear moduli Gxy, Gyz, Gzx and Poison 
ratios νxy, νyz, νzx.   

These numerical results demonstrate the potential of high-
order FEA exemplarily for the wall-slab configuration 
depicted in Figure 11. The wall consists of 3-layers of 81 mm 
strong laminated timber elements, with layer thicknesses of 
[27-27-27] mm. The slab consists of 5-layer 105 mm thick 
laminated timber elements, with layer thicknesses of [27-17-
17-17-27] mm. The orthotropic material properties are 
obtained by material parameter fits on basis of experimental 
and numerical test on Leno® 81 and 105 laminated timber test 
samples respectively, carried out in scope of the research 
activities at HS Rosenheim and TU München (S. Mecking and 
C. Winter) [17][18].  

The layered material is discretized in thickness direction 
with one finite element per layer as illustrated in Figure 11. 
The orthotropic material parameter for material L1 (layers 1 
and 3 of the walls and 1, 3, 5 of the slab) and material L2 are 
given in Table 1. 

  
Mat. L1 Value  

Exy 10,211 [N/mm²] 
Eyz 1,424 [N/mm²] 
Ezx 137 [N/mm²] 
Gxy 459 [N/mm²] 
Gyz 102 [N/mm²] 
Gzx 171 [N/mm²] 

νxy, νyz, νzx 0.02 [-] 
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Mat. L1 Value  
Exy 1,424 [N/mm²] 
Eyz 10,211 [N/mm²] 
Ezx 459 [N/mm²] 
Gxy 137 [N/mm²] 
Gyz 102 [N/mm²] 
Gzx 171 [N/mm²] 

νxy, νyz, νzx 0.02 [-] 
 

Table 1: Orthotropic material properties 

 

 
Figure 11: FE mesh and material layers 

 
The displacement boundary conditions for the modal 

analysis are depicted in Figure 12. The structure is supported 
in y-direction on all narrow sides of the walls as well as the 
slab. The structure is further supported in the other spatial 
directions on the lower wall’s downside while symmetry 
boundary conditions are applied at the slab’s narrow side. The 
upper wall at its top side is additionally supported in x-
direction.  
 

 
Figure 12: FE System and displacement boundary conditions 

The lack of an analytic reference solution is addressed by a 
highly accurate “overkill solution” (in the sequel denoted by 
the subscript (ovk)) obtained from a p-FEM simulation with 
about 356,000 degrees of freedom. The distribution of the first 
100 computed eigenfrequencies over a frequency range up to 
400 [Hz] is given in Figure 13 and Figure 14.   
 

 
Figure 13: First 100 Eigenfrequencies and assigned frequency 

bands 

 
Figure 14: Cumulative distribution of first 100 

eigenfrequencies 

For the convergence study the frequency range of the first 
100 eigenfrequencies is divided into four frequency bands. 
The first ranges from 0 to 50 [Hz], the second band covers the 
octave from 50 to 100 [Hz], followed by the octave band in 
range of 100 to 200 [Hz], and the last section for all 
frequencies above up to 400 [Hz]. Figure 13 visualizes the 
increasing modal density in the later frequency octave bands.  

From each frequency band one eigenpair result consisting of 
eigenmode plot and convergence plot comparing the relative 
error of p-refined p-FEM vs. classical h-refined low-order 
FEM solution is shown in Figure 16 to Figure 19. 

The comparison of h- and p-refinement strategies is carried 
out on the basis of the meshes depicted in Figure 15. The p-
FEM solution is obtained from the first coarse mesh by p-
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refinement, whereas the h-FEM solution, using trilinear 
hexahedral elements is obtained by the illustrated mesh 
refinements. 
 

 
Figure 15: h-refinement meshes 

The convergence plots in Figure 16 to Figure 19 depict the 
relative error w.r.t. the ‘reference solution’ against the degrees 
of freedom for p- and h-refinement strategies: 

Relative error:   %100*
,

,,

ovki

ovkiFEMi

f

ff −
=ε         (12) 

 

 
 
 

 

 
 

 
 

 
 
 
 

 
 

A higher order, pre asymptotic convergence rate is observed 
with the p-version finite element method compared to the h-
version.     

For a comparison of the convergence behavior of the four 
frequency octave bands the average error within each band is 
formed and compared for p- and h-refinement strategies. The 
resulting convergence plots are shown in Figure 20. For all 
frequency bands the p-refinement strategy shows a superior 
performance of p-FEM to h-FEM. 
 

Figure 16: Eigenmode [4] 28.1 Hz 

Figure 17: Eigenmode [16] 87.8 Hz 

Figure 18: Mode [35] 165.7 Hz 

Figure 19: Mode [80] 317.6 Hz 
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Figure 20: Convergence plots for p- vs. h-refinement of 

frequency octave bands. 

 

CONCLUSION AND OUTLOOK 
An exemplary simulation pipeline for vibro-acoustic analysis 
of laminated timber structures is presented. The high-order 
finite element method on truly solid hexahedral meshes is 
used for FEM modal analysis. The integration of this 
simulation pipeline into a planning process based on building 
information models is outlined. The numerical results 
demonstrate the potential of high-order finite elements in 
combination with proper mesh design for mid-frequency 
vibro-acoustics.  

The presented modeling, meshing and simulation pipeline 
applies in principle for single laminated timber components as 
well as larger assemblies up to whole buildings. The extension 
of the numerical simulation pipeline presented in this 
contribution to non-conforming large scale models is one 
focus of our further research activities. Another focus will be 
the accurate description of weak acoustic connections of 
components in a non-conforming FE model. 

Furthermore, the presented numeric results will be validated 
against experimental modal analysis of laminated timber 
constructions. 
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ABSTRACT: Slice images of a structure are very interesting information in order to evaluate damages. In this context the 
analysis of propagation of ultrasonic waves in a solid may provide a tomographic reconstruction of its interior allowing the 
detection of cracks, voids and heterogeneity. This paper presents a study of tomography reconstruction from results of ultrasonic 
tests in concrete prisms. Measurements of time-of-flight (TOF) of ultrasonic waves are carried out in three concrete prisms with 
different compressive strength and one concrete prism cast with two distinct concrete compositions. Prisms are tested before and 
after an imposed damage. Heterogeneity of concrete is evaluated and the tomographic image is obtained using some techniques 
of image reconstruction implemented in new software. Results show that ultrasonic tomography may be an interesting tool to 
evaluate damaged structures. 

KEY WORDS: ultrasound, tomography, damage detection, concrete structures. 

 

1 INTRODUCTION 
Tools for detection of damages in structures are useful 
elements to be applied in maintenance operations and 
evaluation of historic buildings. In this context, non-
destructive tests (NDTs) are very interesting since they do not 
damage the sample which is being tested, providing the 
possibility of repetitions in the same sample in different times. 
Several researches have been developed applying NDTs in 
order to detect damages in concrete structures ([1], [2], [3], 
[4]).  

The evaluation of the velocity of propagation of ultrasonic 
waves is a NDT largely applied in concrete structures. The 
main applications are to measure the depth of cracks and to 
evaluate the relative conditions of concretes. ACI-228.2R-98 
[5] presents the test procedures, instrumentations and data 
analysis for stress-wave methods for concrete structures such 
as the propagation of ultrasonic waves. Besides these 
applications to ultrasound, there are some studies relating the 
velocity of propagation of ultrasonic waves with compressive 
strength of concrete ([6], [7], [8]).  

As presented in ACI-228.2R-98 [5] the principle of the 
ultrasound test is based on the fact that the speed of 
propagation of stress waves (v) depends on the density (ρ) and 
the elastic constants of the solid (elastic modulus, E and 
coefficient of Poisson, μ), see equation (1).  

 

                      ( )( )⎟⎟⎠
⎞

⎜⎜
⎝

⎛
−+

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

μμ
μ

ρ 211
12 Ev            (1) 

 
Thus, any variation on the speed of propagation of 

ultrasonic wave indicates voids, non-uniformity of the 
material or damages. The combination of several 

measurements of ultrasound allows the creation of slice 
images of a structure called “Ultrasonic tomography”, see 
Figure 1.  

 

 

Figure 1. Example of ultrasonic tomography ([9]). 

 
The method combines the velocity of propagation of 

ultrasonic waves taken different paths that intersect itself 
through the material. The projections are used to reconstruct a 
map of velocities which allows detecting discontinuities and 
damages. A major concern is related to the imaging algorithm. 
In this sense there are several works with propositions of 
algorithms for the generation of tomographic images ([10], 
[11], [12]). 

Therefore, the objective of this paper is evaluating the 
heterogeneity of the material and detecting possible damages 
in concrete prisms through the analysis of propagation of 
ultrasonic waves. A tomographic software was developed in 
order to create the slice images and three different algorithms 
for the generation of images was implemented in software and 
the results were compared.  
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2 EXPERIMENTAL PROGRAM 
Four concrete prisms with 150 mm x 150 mm x 500 mm were 
built in this study. Three specimens were cast with different 
concrete compressive strength (80 MPa, 60MPa and 45 MPa). 
And, one specimen was cast using two different concretes: 
half of the prism was made by an unknown concrete and the 
other half was made by the concrete with compressive 
strength equal to 60 MPa.  

Portland cement, two sands and two stones with different 
size and grading were the materials used to prepare all mixes 
of concretes (Figure 2). The cement used was a Portland 
cement type III specified according to the classification of 
ASTM C150 [13] with a high early strength. Some physical 
properties of the materials are indicated in Table 1. Specimens 
were cured in a moist chamber. To ensure similar curing 
conditions, the tests were carried out at an age superior of 28 
days. 

 

0.01 0.1 1 10 100
0

10

20

30

40

50

60

70

80

90

100

 Sand A
 Sand B
 Stone A
 Stone B

Pe
rc

en
t r

et
ai

ne
d 

Size (mm)  
Figure 2. Grading curve of aggregates. 

 
Table 1. Physical properties of the materials. 

 
Unit Mass  

(kg/m³) 
Density  
(kg/m³) 

Portland  
Cement 1400 3120 

Sand A 1546 2620 
Sand B 1494 2630 
Stone A 1456 2950 
Stone B 1459 2880 

 
Several measurements of the velocity of propagation of 

ultrasonic waves were carried out in concrete prisms subjected 
to two different conditions (undamaged and damaged), as 
presented in Figure 3. Firstly, prisms were evaluated in an 
undamaged condition. After that, prisms were cracked 
applying a compressive loading in the middle of the specimen 
round to 60% of the concrete compressive strength (Figure 4). 
In case of the prism cast with two different concretes, only the 
undamaged condition was evaluated. 

 

 
Figure 3. Measurements carried out in concrete prisms. 

 

 
Figure 4. Application of a compressive loading in concrete 

prisms in order to generate damages. 

 
Ultrasonic pulse velocity tests were conducted using 

transducers of longitudinal waves with frequency of 54 kHz 
with a pulse width equal to 9.3 μs. The coupling between the 
transducer face and the specimen was achieved using a 
medical ultrasound transmission gel. Five measurements were 
performed in each transducer position. So, the mean of 
measurements was calculated ignoring values with a deviation 
higher than 5%. Figure 5 shows the ultrasonic pulse velocity 
tests performed in concrete prisms. 

 

 
Figure 5. Ultrasonic pulse velocity tests performed in concrete 

prisms. 

 

3 ULTRASONIC TOMOGRAPHY 
The projection of several measurements of the velocity of 
propagation of ultrasonic waves in a mesh provides the 
creation of slice images known as ultrasonic tomography. The 
basic concept is to transform each measured travel-time of the 
ultrasonic wave ( jtΔ ) as sums of partial travel-times 

( ) jitΔ in all elements of a defined mesh as presented in 

equation (2), see Figure 6.  
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Figure 6. Proceeding applied in the generation of tomographic 

images. 

 
The travel–time of the ultrasonic wave in a specific element 

of the mesh can be calculated using the definition of velocity 
( iv ), see equation (3). Where ( ) jiSΔ is the length of the path 

in element i in trajectory j. Thus, the conjunct of all 
measurements generated a linear equation system, see 
equation (4). The solution of this system of equations is a map 
of velocities which can be related to the elastic constants of 
the material allowing detecting discontinuities and damages in 
the evaluated specimen. 
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4 DEVELOPING OF A TOMOGRAPHIC SOFTWARE 
Using the concept presented before, the software “TUSom” was 
developed in order to analyze the measurements of time-of-
flight (TOF) of ultrasonic waves in concrete prisms and 
generating tomographic images. Three proceedings to solve 
the linear system of equations (4) were implemented in 
software “TUSom”: Ordinray Least Squares (OLS), Algebric 
Reconstruction Tecnique (ART) and Simultaneous Iterative 
Reconstruction Tecnique (SIRT). 

The method Ordinary Least Squares is a technique of 
optimization where the sum of the squares of the errors of the 
measurements is minimized, see equation (5). 
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The Algebric Reconstruction Tecnique (ART) is an iterative 

algebraic algorithm where a first guess for the vector of 
velocities is project on the first equation of the linear system. 
The resultant vector is project on the second equation of the 
linear system and this procedure is repeated in an iterative 

process, see equation (6). In equation (7) f
r

 is the vector of 
inverse of wave velocities and wr  is the vector of wave paths 
for a specific measurement.   
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The Iterative Reconstruction Tecnique (SIRT) is an iterative 

algebraic algorithm where a first guess for the vector of 
velocities is project on the first equation of the linear system 
like in the ART. The same first guess vector of velocities is 
project on other equations of the linear system and then a 

mean of all f
r

Δ is calculated.  The vector of velocities is 
actualized following equation (6) and the procedure is 
repeated in an iterative process.   

Steps to generate the tomographic image in software 
TUSom is presented as follow: 

a) Definition of the geometry of the model; 
b) Insertion of the coordinates of the position of 

transducers; 
c) Loading of the experimental results indicating the 

transmitter and receiver points and the travel–time of the 
ultrasonic wave; 

d) Definition of a mesh; 
 
Selecting one of the proceedings presented here to solve the 

linear system of equations, the software “TUSom” returns a 
color map considering resultant wave velocities. Color map is 
presented in two manners: discrete values and continuum 
values. In the first manner one color is applied to the element 
mesh according to its velocity in a color range (Figure 7a). In 
the second manner, the velocities of the elements are 
transposed to the nodes of the mesh. The mean of velocities is 
calculated in each node and a linear interpolation is applied 
between the nodes in order to create a continuum map of 
velocities (Figure 7b).       

 

 
(a) 

 
(b) 

Figure 7. Presentation of tomographic images: (a) discrete 
values and (b) continuum values. 
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The color range of the tomographic image can be modified 
in order to keep the same values of velocities and become 
easy to compare different specimens. 

 

5 RESULTS 
Results are presented considering a general analysis in a first 
manner, evaluating only the mean values of velocities of 
propagation of ultrasonic waves observed in experiments. In a 
second part, tomographic images are presented and the 
differences between OLS, ART and SIRT methods are 
discussed.   

 

5.1 General analysis 
A total of 235 measurements were performed in each prism of 
concrete according Figure 3. Table 2 presents the mean values 
of the velocity of propagation of ultrasonic waves in prisms of 
concrete and the coefficient of variation. 

 
Table 2. Velocity of propagation of ultrasonic waves in 

prisms of concrete. 
Compressive 

Strength 
(MPa) 

Velocity (m/s) 

Undamaged Damaged 

80 5314,46 (5,44%) 3663.36 (115.14%) 
60 5216.13 (4,29%) 4952.30 (9.39%) 
45 5040.72 (6,65%) 4320.33 (17.02%) 

 
In general results indicated that the velocity of propagation 

of ultrasonic waves reduces with the decreasing of 
compressive strength for undamaged prisms. Prisms of 
concrete with high compressive strength has a more dense 
microstructure with less amount of porous which provide 
largest velocities of propagation of ultrasonic waves. It is very 
difficult to conclude something only observing the mean 
values of the velocity of propagation of ultrasonic waves since 
the difference between the mean values was round to 2% 
while the coefficient of variation was higher than 4%. This 
behavior can be clearly observed in Figure 8 which presents 
the diagram Distance vs. Time-of-flight (TOF) of ultrasonic 
waves for undamaged prisms. 

 

 
Figure 8. Diagram distance vs. time for undamaged prisms. 
 

In case of damaged prisms, the velocity of propagation of 
ultrasonic waves reduced and presented a high dispersion 
compared with undamaged prisms, as expected. The presence 
of cracks in concrete due to the loading applied to the prisms 
enforces the ultrasonic waves travel longest paths until reach 
the receiver transducer bypassing the cracks. Figure 9 presents 
the diagram Distance vs. Time-of-flight (TOF) of ultrasonic 
waves for damaged prisms. 

 

 
Figure 9. Diagram distance vs. time for damaged prisms. 

 
The prism with compressive strength equal to 80 MPa had 

the highest dispersion of the results and the lowest reduction 
of the velocity of propagation of ultrasonic waves. This fact 
occurred because the loading applied to this prism led to hard 
damages and large crack widths (Figure 10). 

 

 
Figure 10. Damages in prism with compressive strength equal 

to 80 MPa. 

 

5.2 Tomographic Images 
The software TUSom can generate several images from 
measurements of ultrasonic propagation velocity in the prisms 
of concrete. The tomographic image is dependent of the mesh 
applied to prisms and in the case of ART and SIRT methods, 
the number of iterations. Also, the color range has a great 
influence on the final result and can hide the damages 
presented in specimen if not selected properly. Thus, a 
standard procedure was adopted for the analysis of results. 
The mesh adopted in the experimental measurement was 
considered in all cases as shown in Figure 11. The color range 
was kept constant in all damaged and undamaged prisms. The 
limits of the color range were chosen considering the 
maximum velocity obtained in undamaged prisms and the 
minimum velocity obtained in damaged prisms. For iterative 
methods, iterations were performed up to no further changes 
occurred in the tomographic image. 
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Figure 11. Mesh used in the generation of tomographic 

images. 

 
Figure 12 shows the tomographic image of the undamaged 

prism with compressive strength equal to 80 MPa considering 
the three methods implemented in the program TUSom. OLS 
and SIRT methods showed very similar values with a range of 
velocity of propagation of ultrasonic waves to 4700 m/s to 
5700 m/s. This difference of 17% in the velocities indicates 
only the heterogeneity of concrete. For the prism with 
compressive strength equal to 80 MPa was not possible to 
generate images of the damaged prism. As previously 
commented, the loading applied to this prism led to hard 
damages and large crack widths so, the number of possible 
measurements was greatly reduced compromising the 
tomographic images.  

 

 
(a) 

 
(b) 

 
(c) 

Figure 12. Tomographic images of undamaged prism with 
compressive strength equal to 80 MPa: (a) OLS, (b) ART and 

(c) SIRT. 

 
As in the case of the prism with compressive strength equal 

to 80 MPa, OLS and SIRT methods showed very similar 
values for  all  specimens  including damaged prisms. 
Comparing the images of undamaged and damaged prisms 
(Figure 13 to Figure 18), the region that has been damaged 
due to the loading can be clearly identified, except for prism 
with compressive strength equal to 45 MPa using ART. 
However, should be highlighted the difficulty in identification 
of damages evaluating only the damaged or undamaged prism 
without any information about the condition of the specimen, 

since this is the situation that happens in practice. For 
example, observing Figure 12b a possible damage could be 
indentified in red region which would be wrong.  

 

(a) 

(b)  

Figure 13. Tomographic images of prism with compressive 
strength equal to 60 MPa using OLS: (a) undamaged,           

(b) damaged. 

 

 
(a) 

 
(b)  

Figure 14. Tomographic images of prism with compressive 
strength equal to 60 MPa using ART: (a) undamaged,          

(b) damaged. 

 

 
(a) 

 
(b)  

Figure 15. Tomographic images of prism with compressive 
strength equal to 60 MPa using SIRT: (a) undamaged,          

(b) damaged. 
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(a) 

 
(b)  

Figure 16. Tomographic images of prism with compressive 
strength equal to 45 MPa using OLS: (a) undamaged,           

(b) damaged. 

 

 
(a) 

 
(b)  

Figure 17. Tomographic images of prism with compressive 
strength equal to 45 MPa using ART: (a) undamaged,          

(b) damaged. 

 

 
(a) 

 
(b)  

Figure 18. Tomographic images of prism with compressive 
strength equal to 45 MPa using SIRT: (a) undamaged,          

(b) damaged. 

 
Therefore, it is interesting evaluate the differences between 

the maximum and minimum velocities of propagation of 
ultrasonic waves besides the evaluation of the tomographic 
image. Table 3 to Table 5 shows the variation of velocities of 
propagation of the ultrasonic wave in concrete prisms 

according to the methods of image generation. It can be seen 
that the variation is higher in damaged than in undamaged 
prisms, however it is not easy to specify a limit for this 
variation to define a damaged condition. 

ART method presented the highest dispersion of the 
velocities of propagation of ultrasonic waves. OLS and SIRT 
presented results very close with quite lower values of 
dispersion of velocities of propagation of ultrasonic waves in 
case of SIRT method. These results indicated that the relation 
between the maximum and minimum velocities of 
propagation of ultrasonic waves may be a way to determine if 
an element is damage or not. 

 
Table 3. Range of velocity of propagation of ultrasonic 

waves in prisms of concrete using OLS. 
Compressive 

Strength  
(MPa) 

Prism 
Velocity (m/s) 

Max. Min. Δ (%)

80 
Undamaged 5627.47 4737.69 15.81
Damaged - - - 

60 
Undamaged 5756.51 4648.41 19.25
Damaged 6148.80 3943.61 35.86

45 
Undamaged 5981.61 4211.62 29.59
Damaged 18489.89 3005.06 83.75

 
Table 4. Range of velocity of propagation of ultrasonic 

waves in prisms of concrete using ART. 
Compressive 

Strength  
(MPa) 

Prism 
Velocity (m/s) 

Max. Min. Δ (%) 

80 
Undamaged 8856.5 3405.44 61.55 
Damaged - - - 

60 
Undamaged 7236.08 4592.47 36.53 
Damaged 6175.10 3422.95 44.57 

45 
Undamaged 7009.21 3989.14 43.09 
Damaged 11845.47 -3393.62 128,65

 
 

Table 5. Range of velocity of propagation of ultrasonic 
waves in prisms of concrete using SIRT. 

Compressive 
Strength  

(MPa) 
Prism 

Velocity (m/s) 

Max. Min. Δ (%)

80 
Undamaged 5727.08 4695.32 18.02
Damaged - - - 

60 
Undamaged 5512.52 4825.91 12.46
Damaged 5888.71 4110.07 30.20

45 
Undamaged 5879.51 4427.31 24.70
Damaged 6981.37 3090.54 55.73

 
The prism composed by two concretes was tested to 

evaluate a coarse limit for the material differences          
(Figure 19). OLS and SIRT methods showed values very 
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close and they were able to identify major changes in the 
properties of the material with a clear division in the center of 
the prism. Furthermore, the method ART generated an 
inconclusive image. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 19. Tomographic images of the prism composed by 
two concretes: (a) OLS, (b) ART and (c) SIRT. 

 

6 CONCLUSIONS 
An evaluation of damaged and undamaged concrete prisms 
with different mechanical properties through measurements of 
time-of-flight (TOF) of ultrasonic waves was carried out in 
this paper. Software for generating tomographic images was 
created and demonstrated the ability to identify possible 
damage using three different methods of analysis.  

From the tomographic analysis, the main following 
conclusion can be drawn:  

(a) Velocity of propagation of ultrasonic waves reduces 
with the decreasing of compressive strength; 

(b) In case of damaged prisms, the velocity of 
propagation of ultrasonic waves reduced and 
presented a high dispersion compared with 
undamaged prisms; 

(c) OLS and SIRT methods showed very similar results; 
(d) ART method presented the highest dispersion of the 

velocities of propagation of ultrasonic waves. 
Finally, the damage appears to be easily identified when the 

map of velocities of propagation of ultrasonic waves of the 
undamaged material is known. However, further studies 
should be conducted to determine a better procedure for 
reliable damage detection without the prior knowledge of the 
healthy state. 

 

ACKNOWLEDGMENTS 
The authors gratefully acknowledge the funding provided by 
FAPESP – Fundação de Amparo à Pesquisa do Estado de São 
Paulo (grant nº 2011/22179-7). 

 

REFERENCES 
[1] D. Breysse, G. Klysz, X. Dérobert, C. Sirieix, J.F. Lataste, “How to 

combine several non-destructive techniques for a better assessment of 
concrete structures”. Cement and Concrete Research, 38(6), 2008, p. 
783-793. 

[2] O. Büyüköztürk, T. Y. Yu, “Far-field radar NDT technique for detecting 
GFRP debonding from concrete”. Construction and Building Materials, 
23(4), 2009, p. 1678–1689. 

[3] A. A. Shah, Y. Ribakov, S. Hirose, “Nondestructive evaluation of 
damaged concrete using nonlinear ultrasonics”. Materials and Design, 
30(3), 2009, p. 775-782. 

[4] A. O. De La Raza,; A. A. Samokrutov, P. A. Samokrutov. “Assessment 
of concrete structures using the Mira and Eyecon ultrasonic shear wave 
devices and the SAFT-C image reconstruction technique”. Construction 
and Building Materials, 38(1), 2013, p. 1276–1291. 

[5] American Concrete Institute Report ACI 228.2R-98, "Nondestructive 
Test Methods for Evaluation of Concrete in Structures". ACI, 
Farmington Hills, Michigan, 1998, 62 pp. 

[6] A. Galan, “Estimate of concrete strength by ultrasonic pulse velocity 
and damping constant”, ACI Journal Proceedings, 64(10), 1967, pp. 
678–684. 

[7] R. Demirboğa, İ. Türkmen, M. B. Karakoç, “Relationship between 
ultrasonic velocity and compressive strength for high-volume mineral-
admixtured concrete”, Cement and Concrete Research, 34(12), 2004, 
pp. 2329–2336. 

[8] M. A. Kewalramani, R. Gupta, “Concrete compressive strength 
prediction using ultrasonic pulse velocity through artificial neural 
networks”, Automation in Construction, 15(3), 2006, pp. 374-379. 

[9] M.C. Popovics, “NDE techniques for concrete and masonry structures”. 
Progress in Structural Engineering and Materials, 5(2), 2003, p. 49-59. 

[10] H. K. Chai, D. G. Aggelis, S. Momoki, Y. Kobayashi, T. Shiotani, 
“Single-side access tomography for evaluating interior defect of 
concrete”. Construction and Building Materials, 24(12), 2010, p. 2411-
2418. 

[11] H. K. Chai, S. Momoki, Y. Kobayashi, D. G. Aggelis, T. Shiotani. 
“Tomographic reconstruction for concrete using attenuation of 
ultrasound”. NDT & E International, 44(2), 2011, p. 206-215. 

[12] V. V. Koshovy, E. V. Kryvin, I. M. Romanyshyn, “Ultrasonic computer 
tomography in nondestructive testing and technical diagnostics”. 
Material Science, 33(5), 1997, p. 615-628.  

[13] American Society for Testing and Materials. C150/C150M: 11: standard 
specification for Portland cement. Pennsylvania; 2011. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 



ABSTRACT: In this paper the influence of the scaling effects in the vibration behaviour of fibre metal laminates based on a 

self-reinforced polypropylene (SRPP) is analysed. Recently, self-reinforced thermoplastics have begun to be used as an 

alternative to glass fibre reinforced composites used in Fibre Metal Laminates (FML) as GLARE, offering better impact 

behaviour, recyclability and fibre-matrix adhesion, due to the fact that both fibre and matrix are of the same nature. These 

advantages, combined with the use of FMLs in the transport sector make the study of their vibration behaviour to be of interest. 

FMLs of aluminium and different thickness of SRPP plies have been characterized. The characterization of the FMLs has been 

carried out by the forced vibration test with resonance technique. The results show that the damping of the FML with thinner 

SRPP plies together with the 3/2 configuration is 52.7% greater than 2/1 configuration and higher SRPP thickness laminate’s. 

KEY WORDS: Self-reinforced polypropylene; Fibre Metal Laminates; Dynamic characterization. 

1 INTRODUCTION 

Nowadays, in sectors such as aerospace, automotive and 

railway, energy consumption reduction is essential to be 

competitive in the industry. To this end, one of the 

alternatives is to reduce the weight by using new materials 

having specific properties superior to those traditionally 

employed.  

For the last few years, the use of composite materials has 

been increased due to their higher specific properties in terms 

of strength/weight and stiffness/weight ratio. However, 

thermoset matrix composites, although the mechanical 

strength is high, they generally exhibit a fragile behaviour [1], 

which may be a problem in impact applications. Moreover, 

due to the poor fatigue behaviour of aluminium alloys [2], in 

the aeronautical sector, three decades ago Fibre Metal 

Laminates (FML) [3] emerged. FMLs are hybrid composite 

materials built up from interlacing layers of thin metals and 

composites. The composite material originally used in the 

FMLs known as GLARE, is a glass fibre reinforced epoxy 

composite [4]. 

Recently self-reinforced polymer materials have been used 

as an alternative in FMLs which provide superior properties as 

far as the impact behaviour, recyclability and fibre/matrix 

adhesion is concerned, due to the fact that both fibre and 

matrix are of the same nature [5]. Although there are studies 

related to the impact behaviour of FMLs based on self-

reinforced polymers, the vibration behaviour has not been 

studied in depth; this can be an added value according to the 

present day trend, because regulation of noise and vibration 

levels imposed by the legislator are becoming stricter [6]. 

Thus, the aim of this work focuses on the study of the 

vibration behaviour of a FML based on a self-reinforced 

polymer. In order to analyse the scaling effects in the dynamic 

behaviour, this study has been performed using different 

thicknesses of the self-reinforced polymer and different FML 

configurations. 

For this purpose, the dynamic properties of the material 

have been measured using the forced vibration test with 

resonance as a characterization technique. The self-reinforced 

polymer which has been utilized in this study is a self-

reinforced polypropylene supplied by PropexTM (Curv
®
). 

Finally, the results for the two different configurations and 

thicknesses have been compared. 

2 MATERIAL 

2.1 Constituent materials 

The metal used is a 2024 T3 aluminium, commonly used in 

aircraft industry. In the case of the composite, a self-

reinforced polypropylene (Curv
®
) [7] supplied by PropexTM 

has been utilized. This composite provides the recyclability of 

a 100% thermoplastic material and a high impact 

performance. Finally, a hot melt polypropylene adhesive 

(Collano
®
) [8] has been employed to bond the metal and 

composite plies.  

The mechanical properties of the constitutive materials 

according to their respective data sheets are summarized in the 

Table 1. 

Table 1: Mechanical properties of the constitutive materials 

Material 
Density 

(g/cm3) 

Tensile 

Modulus (GPa) 

Melting 

point (ºC) 

Curv
®
 0.92 4.2 175 

Al 2024 T3 2.7 73.1 - 

Collano
®
 0.92 0.5 145 

 

2.2 Manufacturing process 

In this work, two different configurations have been 

manufactured: a 2/1 configuration (2 metal sheets and a 

composite ply) and a 3/2 configuration (3 metal sheets and 2 

composite plies), as shown in Figure 1 and Figure 2. 
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Figure 1: Cross section of the FML 2/1 

 

 

Figure 2 Cross section of the FML 3/2 

 

The selection of the thickness of the different plies has been 

decided on the basis of the weight criteria, as is shown in 

Table 2. 

Table 2: Geometric properties of plies 

Configuration Material 
Thickness 

(mm) 

Specific 

weight 

(kg/m2) 

FML 2/1 
Aluminium 0.4 

4.68 
Curv

®
 2.68 

FML 3/2 
Aluminium 0.4 

4.49 
Curv

®
 0.63 

 

The FMLs have been manufactured by different sequences. 

Firstly, the aluminium, Curv
®
 and adhesive plies have been 

stacked according to the configurations defined. Secondly, the 

laminate has been pressed in a screw press. Before the 

pressing, the plates have been heated at a temperature of 

165ºC. This temperature allows melting the polypropylene 

adhesive without degrading the composite [9]. Finally, the 

laminated has been cooled to 100ºC in the press and to room 

temperature out of the press. In this way, 270 mm × 270 mm 

FML plates have been manufactured. 

3 EXPERIMENTAL PROCEDURE 

3.1 Experimental setup 

In this work, forced vibration test with resonance has been 

used as a characterization technique. This technique consists 

of exciting the beam specimen and identifying the resonance 

frequencies that it has in the frequency range considered. 

These tests have been carried out based on the ASTM E 

756-05 (2005) [10] standard modified by Cortes et al. [11], 

where the contactless excitation by transducer has been 

replaced by a seismic excitation in order to avoid the use of 

contactless transducers and simplify the experimental set-up. 

Thus, the specimen is excited at the fixed end while the 

velocity is measured at the free end obtaining the transfer 

functions. From these functions, resonance frequencies of 

vibration modes have been identified, where the Young's 

modulus and loss factor of the material are obtained. The base 

motion has been produced by an electrodynamic shaker (Ling 

Dynamic Systems Vibrator, Model 406). The excitation 

consisted of a white noise where the magnitude of the 

acceleration of the base is controlled in closed loop by a 

controller (LDS Dactron LASERUSB Shaker Control System). 

At the fixed end, the acceleration imposed by the shaker has 

been measured by an accelerometer (B&K, Type 4371) and its 

associated charge amplifier (B&K, Type 2635). The velocity 

of the free end has been measured by a laser vibrometer 

(Polytec OFV-505 LR100). Data acquisition and signal 

processing were performed using the OROS analyser 

(OR763). A frequency range up to 2500 Hz has been studied 

with a resolution of 0.097 Hz. 

The experimental set-up employed for measuring the 

transfer functions of specimens is schematized in Figure 3. 

 

 

Figure 3: Experimental set-up 

 

3.2 Specimens 

The geometry and the dimensions of the tested specimens are 

shown in Figure 4 and Table 3. The specimens have been cut 

by water jet cutting. 

 

 

Figure 4: Geometry of the specimens 

Table 3: Geometric properties of the specimens 

Material L (mm) B (mm) H (mm) 

FML 2/1 230 10 3.389 

FML 3/2 230 10 3.360 

 

For Both in FML 2/1 and FML3/2, the nominal thickness 

has been obtained by taking three measurements for each 

specimen and calculating the average value. 

In experimental tests performed, three specimens of each 

material have been utilized. In order to extract as much data as 

possible, each specimen has been tested with 5 different 

lengths between 160 and 200 mm in increments of 10 mm. 
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Thus, changing the length, the modes are given at different 

frequencies, which allow obtaining more results in the same 

frequency range. 

3.3 Material parameter identification 

The extraction of the material parameters is based on Euler-

Bernoulli beam theory. This theory doesn’t account for neither 

deformations produced by shear forces nor the rotational 

inertia and it is assumed that the cross section remains plain. 

The Young’s modulus is determined from the resonance 

frequencies by Equation 1. 

 
4 2

2 2

(12 )

( )

n

n

L f
E

H C


  (1) 

where L is the free length,  is the homogenised volumetric 

density, fn is the resonance frequency, H is the total thickness 

and Cn is a coefficient for the nth mode related to the 

boundary conditions. 

The method proposed by the standard ASTM E756-05 for 

evaluating the loss factor is the Half Power Bandwidth (HPB) 

method. This method determines the loss factor relating the 

bandwidth Δfn at which the amplitude of the resonance 

decreases 3.01 dB, with the resonance frequency fn , as shown 

in Equation 2. 

 
( )

( )

n

n

f

f



  (2) 

Therefore, the complex modulus of the material is 

determinated by identifying for each resonance frequency the 

Young’s modulus and the loss factor according to Equation 3. 

 * (1 )E E i   (3) 

4 RESULTS (AND DISCUSSION) 

4.1 Transfer functions 

Transfers functions have been obtained from the 

characterization procedure, as previously mentioned. In 

Figure 5 and Figure 6, the modulus and the phase of the 

experimental transfer functions can be seen for the 180 mm 

long FML 2/1 specimen. 

 

Figure 5: Modulus of the transfer function 

 

Figure 6: Phase of the transfer function 

In this case, three resonance frequencies have been obtained 

for each free length; from these frequencies the material 

properties have been calculated. 

4.2 FML 2/1 

In Figure 7 and Figure 8, the Young modulus and the loss 

factor of the FML 2/1 are plotted. 

 

 

Figure 7: Young’s modulus of FML 2/1 

 

Figure 8: Loss factor of FML 2/1 
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Both the Young’s modulus and the loss factor have a 

variation with respect to frequency. As far as the Young’s 

modulus is concerned, the variation is relatively low, between 

the values from 33.28 GPa to 29.25 GPa, which indicates a 

drop of 12.1%. In the case of the loss factor, the variation is 

bigger and there is an increase of this parameter as the 

frequency increases, values between 0.013 and 0.017 have 

been obtained which mean a 23.5% increase. 

 

4.3 FML 3/2 

In Figure 9 and Figure 10, the Young’s modulus and the loss 

factor of the FML 3/2 are plotted. 

 

 

Figure 9: Young’s modulus of FML3/2 

 

Figure 10: Loss factor of FML3/2 

As in the previous case, both the Young’s modulus and the 

loss factor vary depending on frequency. On the one hand, the 

Young’s modulus diminishes as frequency increases, values 

from 37.47 GPa to 28.22 GPa have been obtained, which 

indicate a drop of 24.6%. On the other hand, the loss factor 

increases with increasing frequency, as in the above 

mentioned case. In this case, values between 0.016 and 0.043 

have been obtained, which means a 62.8% increase. 

 

4.4 Discussion 

Once characterized the two FMLs, a higher influence of the 

frequency can be observed in the FML with 3/2 configuration. 

In the case of Young’s modulus, at low frequencies the 3/2 

configuration FML has a higher modulus. However, at high 

frequencies, due to a greater decrease of the FML 3/2 Young’s 

modulus, the FML 2/1’s is higher. Furthermore, as far as the 

loss factor is concerned, both at low and high frequencies, the 

loss factor is bigger in case of 3/2 configuration FML. 

According to these results, it could be assumed that a 

greater thickness of the thermoplastic composite does not 

imply a greater damping in the final FML structure. The 

thickness distribution within the laminate has an influence on 

the final parameters. In case of 3/2 configuration FML, using 

thinner self-reinforced composite plies, the damping achieved 

is bigger than the 2/1 configuration FML’s damping. 

In addition, besides the influence of the composite itself, the 

polypropylene adhesive could also influence both the Young’s 

modulus and the loss factor. In case of 3/2 configuration 

FML, more metal/composite interfaces exist which involves 

using larger amount of adhesive; part of this adhesive is 

placed near the neutral axis, where the shear forces are bigger 

and therefore the deformations induced by these forces. 

Consequently, the adhesive employed, being of the 

viscoelastic nature as the composite, may increase the 

damping properties and the influence of the frequency. 

5 CONCLUSIONS 

Scaling effects in the vibration behaviour of the 2/1 and 3/2 

configuration FMLs have been investigated. To this end, the 

two laminates have been characterized by the forced vibration 

test with resonance technique. The results obtained have been 

compared and it has been observed that the 3/2 configuration 

FML shows a damping higher than the 2/1 configuration, 

whereas in the case of the Young’s modulus, the 2/1 

configuration FML’s is higher, depending on the frequency. 

Based on these results, it can be said that the scaling factors 

influence the final material properties. In addition to the 

thickness of the plies, the distribution of the plies is a factor to 

be taken into account due to the influence that it has on the 

laminate properties. Furthermore, besides the metal and 

composite plies, the adhesive is a factor that should be 

considered, because of its viscoelastic nature. 
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ABSTRACT: The determination of dissipative properties of structural materials became a fundamental task in those cases, when 
a deformation velocity is very high. It is essential, especially in the process of piercing the ballistic shields in which the velocity 
of the projectile has initially a very high value (impact velocity) but decreases very quickly. In these cases, the proper modeling 
of dynamical material properties requires application of more complex models than the well-known linear Kelvin model. 
Therefore, the dissipative properties should be determined under the condition of dynamical loads, especially for impact loads or 
for periodical excitations at high frequencies. This paper presents two different methods for identification of the damping. These 
methods allow to determine the damping characteristic Fd(v) of any nonlinear form. The first methods can be applied for impact 
loads while the second one can be used for periodical excitations. The first method is a typical nonparametric method and it 
depends on discovering the proper dissipative characteristic of the tested material. The second method belongs to the parametric 
methods. It assumes that the tested material element is a component of a multi-degree-of-freedom (MDOF) vibratory system of 
arbitrary complex form. The comparison of some of the results presented by both methods was carried out for nonlinear cubic 
form of damping by the numerical computer system. A special form of frequency response function, which depend only on the 
parameters of the selected component, have been applied.  

KEY WORDS: Nonlinear dynamics; Ballistic impact; Behaviour of materials; Mathematical modelling; Dissaption energy. 

1 INTRODUCTION 
Elements of the machines that are subjected to the random 
shock loads are being protected with a specially constructed 
shields. Presently designed shields (e.g. ballistic shields) are 
constructed using lightweight composite materials (e.g. 
Kevlar, ballistic laminate, etc.) [1, 2, 3, 4, 5]. The primary 
objective of this type of the materials is to slow down the 
speed of the impacting object (e.g. projectile) while reducing 
the weight of the shield itself (e.g. bulletproof vests). To 
achieve high effectiveness of the process of slowing down the 
object, the material used in the construction of the shield 
should quickly dissipate the impact energy. Thus, the essential 
characteristics of these materials include their dissipative 
properties. 

In the typical engineering applications of the machine 
dynamics, the linear theory is usually used. It assumes that a 
dissipative phenomena could be described by the single 
parameter of vibration damping associated with the viscous 
linear model. If the damping is small, then the linear model 
describes the dynamics of the real system accurately enough. 
In this scope we have the popular method of experimental 
modal analysis [6, 7, 8, 9, 10, 11]. However, in the case of 
lightweight composite materials deformed at high linear 
velocities, the model of viscous damping would be too great 
simplification. Models using to the description the non-
classical, which structure and diversity result from the 
considered physical phenomenon [12, 13, 14, 15, 16, 17, 18, 
19, 20, 21] we can identify the specific characteristic of 
dissipation. 
In such cases the important issue is to determine the shape of 
the model of dissipation characteristics. This applies to the 

non-linear function which describes the relation of the 
dissipation and the speed of deformation, as well as to 
checking if it does not depend on the level of deformation 
[22]. 

2 ASSUMPTIONS AND MODEL 
The paper contains an original experimental method which 
allows to determine the shape of the function S(x,v) that 
describes the impact of the material of the shield on the 
piercing mass (Figure 1). 
 

 
Figure 1. Conceptual model of the piercing process. 

 
In this method it has been assumed that this force can be 

described by the function of the form: 

 ( ) ( ) ( ) ( )[ ] ( )vgvxxfvxSS s +++== χχ 0,?  (1) 

where:  
fs(x) – function of the displacement x which describes the 

purely elastic impact, 
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g(v) – function of velocity which describes the non-linear part 
of the dissipative impact,  

χ(x) – impact factor of the level of deformation on the 
dissipative impact,  

χ0 – factor of the viscous linear damping.  
If χ(x) = 0 then the dissipative interaction does not depend 

on the position of the projectile in the shield, but only on its 
speed. 

In such case, the overall impact S(x,v) of the material of the 
shield could be modeled by the Kelvin type model [22] which 
assumes that the purely elastic interaction fs(x) works in 
parallel configuration with any nonlinear dissipative 
interaction Fd(v) (Figure 1). 

The procedure developed by the authors of this study 
includes: 
• pre-determination of the shape of the functions χ(x) and 

g(v), 
• using the parametric method of identification to 

determine the coefficients of the function g(v) that has 
been determined in the step (1). 

In both phases of this procedure, it is assumed that the 
tested material functions as the last elastic-dissipative element 
in the complex dynamic system of any form (Figure 2). This 
is an important facilitation in the construction of a testing 
stand because the spot A of the attachment of the tested 
element to the complex system doesn’t have to be fixed (see 
Figure 1 and Figure 2). 
 

 
Figure 2. Schematic presentation of the location of the tested 

element aiming at its identification on the test stand. 

 
In this approach, using any exciting force pi(t) to the 

complex system, differential equation of the motion of the 
concentrated mass m has the form: 

 ( ) 0=+ xxSma &,  (2) 

where: x – displacement of the mass m in relation to the point 
A of the complex system, a – absolute acceleration of the 
mass m.  

This paper presents this procedure on the example of a 
nonlinear system in which the function g(v) has the form: 

 ( ) 3
3vvg χ=  (3) 

Experimental verification of this procedure has been initially 
carried out for the system of the linear characteristics of 
elasticity fs(x) = cx and the lack of influence of the level of 
deformation, that is χ(x) = 0. 

3 NONLINEAR COMPONENT OF THE DISSIPATIVE 
CHARACTERISTICS 

The conception of the method used to determine the shape of 
the functions g(v) and χ(x) has been already shown in the 
previous papers of the authors [23, 24]. This is a non-
parametric method [25, 26] which involves measuring the 
signals of velocity and acceleration at the selected points of 
time ti for which the displacement x is equal to zero. For the 
moments ti the relation between these values is as follows: 

 ( ) 00 =+= iii vgvma χ  (4) 

where a1 = a(t = ti), vi = v(ti).  
The above relation results from the equation (2) and from 

the adopted form of the function S(x,v), if the following 
conditions are satisfied for x = 0: 

 ( ) ( ) 0000 == χ,sf  (5) 

If the mass m is known, we can calculate the values: 

 ii maB −=  (6) 

According to the equation (4) the relationship Bi(vi) must have 
the form: 

 ( ) ( )iiii vgvvB += 0χ  (7) 

This implies that the determination of the form of the 
function g(v) can be performed on the basis of the 
experimentally determined dependence Bi(vi). 

4 FUNCTION OF THE INFLUENCE OF THE LEVEL 
OF DEFORMATION 

Similar procedure leads to determining the shape of the 
function χ(x) which describes the influence of the level of 
deformation on the dissipation. For this purpose, one should 
select the moments of time tj for which the acceleration a is 
equal to zero. It may be noted that the relation including other 
variables x, v for the moment tj would take the form: 

 ( )[ ] ( ) ( ) 00 =+++ jsjjj xfvgvxχχ  (8) 

where xj = x(tj), vj = v(tj).  
If the functions fs(x) and g(v) are known, then based on the 

equation (8) we can calculate the values of zj using the 
formula: 

 
( ) ( )

j

jsj
j v

xfvg
z

−−
=  (9) 

Equation (8) shows that the dependence zj(xj) must have the 
form of: 

 ( )jj xz χχ += 0  (10) 

This implies that the determination of the form of the 
function χ(x) can be performed on the basis of the 
experimentally determined dependence zj(xj). 
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5 PARAMETRIC IDENTIFICATION OF THE 
DISSIPATIVE CHARACTERISTICS 

If the shape of the function of dissipation g(v) is defined, one 
can move to the stage of parametric identification. This 
section presents an original method for determining the 
parameters of vibration damping, built on the basis of the 
criterion of resonance. This method assumes that the 
dissipative characteristics should clearly define the 
experimentally determined relation between the amplitude of 
velocity Vr and the resonance frequencies ωr for the various 
(random) amplitudes of excitation forces. This method has 
been shown below on the example in which: 
• function g(v) has the form: 

 ( ) 3
3vvg χ=  (11) 

• the influence factor of the level of deformation on the 
dissipation is equal to zero and the function of elasticity 
fs(x) has a linear form of: 

 ( ) cxxfs =  (12) 

In the case of the functions g(v) and fs(x) of the form (11) and 
(12) the equation (2) takes the form: 

 03
30 =+++ xxcxma && χχ  (13) 

Taking into account the fact that the total acceleration a is the 
sum of the acceleration aA of the point A and the relative 
component x&& , so: 

 xaa A &&+=  (14) 

equation (13) can be written in the form: 

 Amaxxcxxm −=+++ 3
30 &&&& χχ  (15) 

Underslung system of the mass m and the deformation x can 
be therefore considered as a system with one degree of 
freedom which is under the influence of the exciting force 
w(t) of the form: 

 ( ) Amatw −=  (16) 

If the complex system (Figure 2) is approximately linear and 
is subjected to the harmonic force p(t) then the force w(t) of 
the form (16) can be approximately described by the function: 

 ( ) tWtw ωcos2=  (17) 

where: 2W – amplitude of the force w(t), ω – frequency of the 
force. 

The differential equation (15) will then take the form: 

 tjtj WeWexxcxxm ωωχχ −+=+++ 3
30 &&&&  (18) 

( 1−=j ). Using the approximate harmonic balance method 
[27] results in obtaining the solution with accuracy of the first 
harmonic form: 

 ( ) ( )αωωω +=+= −∗ tXeXeXtx tjtj cos2  (19) 

( αjXeX = ) wherein the relation X(ω) is described by the 
function of the form: 

 
( ) ( )232

30
22

2
2

3 ωχωχω Xmc

WX
++−

=  (20) 

Relation (20) would define the amplitude-frequency 
characteristics of the underslung element if the amplitude W 
of the force w(t) will not depend on the frequency ω and was 
fixed at the certain level, so: 

 ( ) iWconstW == .ω  (21) 

It can be achieved by increasing or decreasing the amplitude 
P of the force p(t) during the slow (stable) changes of the 
value of the frequency ω. Obtained characteristic of X(ω) will 
be similar to the characteristic of the system with one degree 
of freedom. Using designation: 

 2ωΩ =  (22) 

relation (20) can be written in the form: 

 ( ) ( ) ( ) 2222
30 3 WXXmmc =⋅⎥⎦

⎤
⎢⎣
⎡ ++−⋅− ΩχχΩ  (23) 

Differentiating the above equation by the variable Ω we have: 
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 (24) 

Introducing the frequency Ωr for which the square of the 
amplitude X of the displacement x(t) reaches the extreme, that 
is: 

 ( ) 0
2

== rd
dX ΩΩ
Ω

 (25) 

we obtain: 

 ( ) ( )
( ) 036

32
2

30
2

3

22
30

=+⋅+

+++−

rrrr

rrr

XX

Xcmm

ΩχχΩχ

ΩχχΩ  (26) 

Observing that: 

 22
rrr VX =⋅Ω  (27) 

where Vr is the amplitude of the velocity corresponding to the 
frequency Ωr. After the elementary transformations we obtain 
the simple linear relation Ωr(Vr) of the form: 

 4
10 rr Vll −=Ω  (28) 

where constants l0, l1 are equal to: 

 2

2
3

12

2
0

0
2

9
2 m

l
mm

cl
χχ

=−= ,  (29) 
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Experimental determination of the dependence Ωr(Vr
4) and its 

approximation by the linear function of the form (28) allow to 
obtain the optimal values of the constants l0, l1 and 
consequently – to calculate the value of χ0 and χ3 . 

6 EXPERIMENTAL VERIFICATION 
The verification tests of the presented method has been 
conducted using the computer simulation technique. For the 
purpose of this study the dynamic system has been 
constructed which is presented in the Figure 3 and is 
characterized by the following data:  
k1 = 68 Ns/m, k2 = 0 Ns/m, k3 = 45 Ns/m, c1 = 2000 N/m,  
c2 = 3500 N/m, c3 = 1700 N/m, c = 900 N/m, m1 = 16 kg,  
m2 = 40 kg, m = 15 kg, χ0 = 10 Nm/s, χ3 = 80 Ns/m.  

This system has been built using Simulink software 
according to the following differential equations of motion: 

 

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )⎪
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⎩
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s
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&&

&&&&&

&&&&&

χ
χ

 (30) 

where: x1, x2 − absolute displacement of the mass m1, m2;  
x − relative displacement of the mass m to the mass m2;  
p(t) − exciting force (applied to the mass m2).  
 

The block diagram of the computer system has been shown in 
the Figure 4. 

 

 
Figure 3. Scheme of the tested system. 

 
Figure 4. Block diagram of the measuring system.  
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To estimate the shape of the dissipative function g(v) the 
shock loads have been applied to the mass m2, which had a 
form shown in the Figure 5. 

The maximum values (amplitudes) of these forces were 
random. For each amplitude, the free vibrations of the mass m 
have been recorded. Its examples in the form of dependences 
x(t), v(t), a(t) are shown in the Figure 6. 

After defining the values of ai and vi on the basis of the 
obtained courses of the free vibrations for which x = 0, the 
value of Bi have been calculated according to the formula (6). 
Then the dependence Bi (vi ) have been obtained in the form of 
n = 24 points shown in the Figure 7. As it is clearly seen, 
these points are situated exactly on the curve of the third 
degree. In the result the approximating function of the 
characteristics g(v) can be adopted in the form (3). In order to 
estimate the influence of the level of deformation, the specific 
values of xj and vj have been chosen, for which the 
acceleration a of the mass m was equal to zero. 

 
Figure 5. Example of the applied shock loads. 

 

 
Figure 6. Example of the free vibrations of the mass m of the tested system. 
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Figure 7. Dependence Bi(vi) obtained for the tested system. 

 
For these values, assuming that the functions g(v) and fs(x) 

are given, values of zj have been calculated according to the 
formula (9). In the result, the dependence zj(xj) has been 
obtained in the form of the points shown in the Figure 8. 
 

Figure 8. Dependence zj(xj) obtained for the tested system. 

Based on the graph of this dependency, it is easy to 
conclude that the function χ(x) of the tested system can be 
assumed to be equal to zero. 

The further studies have been conducted, which took into 
account the above results, regarding the determination of the 
concrete values of the damping parameters. It has been 
assumed that while applying the harmonic force to the mass 
m2, the vibrations of the mass m are described by the 
differential equation (18) and parametric identification applies 
to the constants χ0 and χ3. 

The studies have been conducted in the frequency range 
from 1.1 Hz to 1.38 Hz. In this range, researchers have been 
looking for the resonant frequencies for the various levels of 
the constant amplitudes W of the pseudo-excitement force w(t) 
of the form (16). This frequencies were determined as the 
extreme values of the dependences X2(Ω), which are shown in 
the Figure 9. These relations have been determined by 
manipulating the values of the amplitudes P of the force 
applied to the mass m2. This manipulation used a special 
method in which the acceleration aA had a constant amplitude 
for each frequency. The values of these amplitudes were 
selected so that the amplitude of the corresponding resonant 
velocities were included in the range of up to 0.6 m/s. It 
corresponds to the non-linear part of the dissipative 
characteristic g(v) (such as the Figure 7). In this speed, the 
acceleration was not purely sinusoidal (see Figure 10). 
Therefore, for acceleration amplitude (values aAi) adopted the 
product of mass m2 velocity amplitude by frequency ω is: 
amplitude (aAi) = ω times amplitude (vAi). So the amplitude of 
the acceleration calculated aA were determined on twelve 
different levels (i = 1, 2, …, 12) in the range of from about 0.1 
m/s2 to about 2.4 m/s2.  

 

 
Figure 9. Special frequency characteristics of the relative displacements for the mass m. 
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Figure 10. An example the time charts mass m2: 

a) − absolute velocity, b) − absolute acceleration.  

 
Obtained resonance values Xr and ωr were used to prepare 

the graph of the relation between the square of the resonance 
frequency Ωr and the fourth power Vr

4 of the amplitude of the 
resonance velocity Vr using the relation V = ωX. This 
relationship has been shown in the Figure 11. 
 

 
Figure 11. Dependency Ω r(Vr

4) of the tested system. 

 
Approximation of this dependency by the linear function of 

the form (28) gave the results: 

 ]1/s[..]1/s[.. 22 352812405404858 10 ±=±= ll  (31) 

Then, based on the relations (29) the following values have 
been obtained: 

 ]Ns/m[..]Ns/m[..0 75002794709825 3 ±=±= χχ  (32) 

7 REMARKS AND CONCLUSIONS 
This paper presents a proposal for a procedure to determine 
the mathematical form of the function that describes the 
dissipative properties of the materials. It has been assumed 
that these properties can be determined by an analysis of the 
vibration damping of the concentrated mass m that is attached 
to the complex mechanical vibrating system using the tested 
material. The proposed procedure is based on the two 
independent methods of identification. The first of these 
methods belongs to the group of so-called nonparametric 
methods [25, 26]. It allows to define the shape of the function 
that describes the damping force as a function of velocity and 
to check if this force does not depend on the displacement. 
The second method is based on the frequency characteristics – 
on the dependency of the amplitude of velocity and the 
frequency in the specially defined, by equation (25), 
resonance of the relative displacement. This is a typically 
parameter method in which it is assumed that the shape of the 
function describing the effect of the dissipative forces is 
already known. Both of the presented methods are 
complementary and the nonparametric method should be 
considered as the initial method. 

Both methods refer to the identification of the relative 
vibration’s damping of the simple single-mass system 
attached to the complex system with many degrees of freedom 
and an unspecified construction (see Figure 2). It should be 
stressed that the type and the structure of this system is not 
relevant in the case of the methods being used. It is however 
important that the point A should perform an oscillating 
movements under the influence of the excitations applied to 
the complex system. Additionally, both methods can also be 
used in the absence of the complex system. In this case, the 
point A is motionless, the tested system is a system with one 
degree of freedom and the exciting force should be applied 
directly to the mass m. Example of such non-parametric 
method has been already presented by the authors in the 
separate article [24]. 

Experimental verification tests described in the section 6 of 
this paper were conducted for the case in which the complex 
oscillating system consists of two masses only and is linear. 
Conducting similar studies for more complex systems seems 
to be important and is already planned by the authors. 
However, at this stage of the research it can be already seen 
that the resonance method gives less accurate results than the 
non-parametric method. This applies especially to the 
parameter κ0 describing the linear part of the damping 
function. The numerical value obtained by this method  
(χ0 = 25.98) is significantly different than the reference value 
(χ0 = 10). This is mainly because of the shape of the 
dependence l0(χ0) of the form (29). It can be easily calculated 
that the error in estimating the value of l0 causes about ten 
times higher error in the value of χ0. May be noted that the 
exact value of the constant l0, for selected numerical values:  
c = 900 N/m, m = 15 kg, χ0 = 10 Nm/s should be based on 
formula (29), have a value of l0 = 59.78. This value in 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3372 

comparison with the value of l0 = 58.98 is not a big error (it is 
Δl0 = 1.3 which is approximately 2.2 % of the value of l0). 
Meanwhile, the results of the first method (see Figure 8) allow 
to determine the true value of χ0 equal to 10 Nm/s. 

Another thing which is worth emphasizing is that the 
frequency characteristics shown in the Figure 9 are similar to 
the frequency characteristics of the Duffing system of the soft 
characteristics of elasticity (resonant frequency decreases with 
the increase of the excitement amplitude) [27, 28, 29]. 
Observation of these characteristics can lead to the conclusion 
of non-linear characteristics of elasticity of the tested system. 
It would lead to the false conclusions about its behavior under 
different dynamic loads (e.g. transition to chaos [30]). This 
implies that the first method is important from the point of 
view of modeling and identification of real mechanical 
systems. 
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ABSTRACT: Delamination is the most common damage type of laminar composites. It is of the great importance that perfect
bonding between faces and the soft-core of sandwich plate remain intact under different types of dynamic loading. This paper
explains the transient response of laminated composite and sandwich plates with embedded delaminations. For this purpose,
numerical model is derived using Reddy’s Generalized Laminated Plate Theory. This theory assumes layerwise linear variation
of in-plane displacement components, while transverse displacement is constant through the thickness. Cross sectional warping
is accounted. Jump discontinuities in displacement field, which represent the delamination openings in three orthogonal
directions, are implemented using Heaviside step functions. Linear kinematic relations and Hooke’s constitutive law are
considered. Equations of motion are derived using Hamilton’s principle. Numerical solution based on the proposed theory is
obtained using the enriched finite elements with four or nine nodes. Governing partial differential equations are reduced to a set
of ordinary differential equations in time using Newmark integration schemes. The equations of motion are solved using
constant-average acceleration method using the originally coded MATLAB program. Effects of delamination size and position
through the plate thickness on transient response are commented. Also, illustrative comments are given about the influence of
shear deformation on transient response. Different forcing functions are investigated. After verification of the proposed model
for the intact plates, the variety of new results for delaminated plates is presented as a benchmark for future investigations.

KEY WORDS: Composite plate; Sandwich plate; Delamination; Transient Analysis; GLPT.

1 INTRODUCTION

Laminar composites can be used as main load carrying
members in the form of thick laminated and sandwich plates
[1]. Their great stiffness-to-weight ratio makes them suitable
for different engineering purposes. Laminated plates which
are investigated in this paper are composed of several
orthotropic laminas. This orthotropic behavior comes from the
high-strength fibers oriented in the arbitrary direction for each
lamina individually. It is of great importance to understand the
fundamental dynamic characteristics of the laminate, such as
natural frequencies and mode shapes [2].

In the case of thick structural components, ESL theories are
not adequate for prediction of the plate response. The reason
is the neglection of transverse shear deformation. Laminar
composites, exposed to different types of dynamic transient
loading, are characterized by significant transverse shear
deformations. Also, ESL theories cannot account for
discontinuities in transverse shear strains at layer interfaces
[2]. Vuksanović investigated ESL plate theories of higher
order (HSDT) [3].

An extensive overview of theories of composite materials is
given in detail in Refs. [4-7]. Soft-core sandwich panels, as
well as the honey-comb-core panels, are exploited by the
aircraft industry. In the field of civil engineering, sandwich
panels are used as roof and wall panels to provide the thermal
isolation of the building [18-19].

It is of the great importance that prefect bonding between
the layers in laminar composites remain intact during the
service life of the structure. Only if this is satisfied, the panel
will perform on the appropriate level. However, this is not

always satisfied, so delamination between the material layers
often occurs. This is the most common type of damage for
laminated composite plates, which usually occurs in the
production process, or due to the impact forces.

In this paper, extended version of Generalized Layerwise
Plate Theory (GLPT), proposed by Reddy, served as a basis
for the development of enriched finite elements [8-9]. Using
the proposed model, transient response of the plate with the
presence of delaminations is calculated in this paper. In the
previous analyses, authors have derived both analytical and
numerical solutions for intact cross-ply laminated plates using
GLPT [10]. They have used the proposed solution to obtain
the transient response of cross-ply laminated composite plates
under different forcing functions.

GLPT allows independent interpolation of in-plane and
transverse displacement components, and includes possible
jump discontinuities at layer interfaces where delamination
exists. Piece-wise linear variation of in-plane displacement
components and constant transverse displacement (plane
stress state) are imposed. Using these assumptions, cross-
sectional warping is taken into the calculation. Consistent
mass matrix is imposed in a usual manner.

The goal of this paper is to present the comparison between
the transient responses of laminated composite and sandwich
plates, with or without the presence of embedded
delaminations. For all calculations, originally coded
MATLAB program is used, and obtained results are
compared with existing data from the literature. The variety of
new results for delaminated composite and sandwich plates is
presented.
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2 GENERALIZED LAYERWISE PLATE THEORY

We will analyze the laminated/sandwich plate composed of n
orthotropic laminas. Global coordinate system is located in the
mid-plane of the laminate (see Figure 1), while local
coordinate system of each lamina coincides with the fiber
direction. N is the number of mathematical layers, while ND is
the number of delaminated interfaces. Lamina thickness is
denoted as hk, while h is overall thickness of the laminate.

Figure 1. 4-layer laminated plate in global coordinate system

GLPT is based on these assumptions: (1) all layers are
perfectly bonded together, except in the delaminated area, (2)
material is orthotropic, linearly elastic and follows Hooke’s
law, (3) strains are small (geometrically linear analysis is
performed) and (4) inextensibility of transverse normal is
assumed (plane stress state).

2.1 Displacement field

Displacement field of the GLPT can be written as follows:

1
1 1

( , , ) ( , ) ( , ) ( ) ( , ) ( )
N ND

I I I I

I I

u x y z u x y u x y z U x y H z

2
1 1

( , , ) ( , ) ( , ) ( ) ( , ) ( )
N ND

I I I I

I I

u x y z v x y v x y z V x y H z

3
1

( , , ) ( , ) ( , ) ( )
ND

I I

I

u x y z w x y W x y H z (1)

In Eq. (1), (u,v,w) are mid-plane displacement components,
(uI,vI) are undetermined coefficients which describe the
layerwise expansion of the displacements, while (UI,VI,WI) are
displacement jumps of the Ith delamination. The condition
WI≥0 should be adopted in all points to prevent layer
overlapping. The delamination front is defined by enforcing
the essential boundary condition UI=VI=WI=0 on the crack
boundary. ΦI(z) are layerwise continuous functions of z-
coordinate, while HI(z) are Heaviside step functions:

1 0 / 2
( )

1 / 2 0

I

I

I

z h
H z

h z
(2)

In this paper, linear layerwise variation of in-plane
displacements is assumed, so in-plane displacements are
piece-wise continuous through the plate thickness in the intact
region. On the other hand, all displacement components are
discontinuous at delaminated interfaces in delaminated area.
This leads to cross-sectional warping, shown in Figure 2. Note
that arbitrary number of delaminations can be incorporated
using this numerical model (I = 1,2,…,ND).

Figure 2. Deformation of transverse normal, for u1

2.2 Strain field

After incorporation of assumed displacement field, we can
easily derive the strain field, using linear kinematic relations:
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As a result of the assumed inextensibility of transverse
normal, transverse normal strain 0ε z in this case.

2.3 Constitutive relations of the single lamina

Constitutive equations for the kth orthotropic lamina, for
linearly elastic material that follows Hooke’s law, are firstly
derived in the local (material) coordinate system:

( ) ( ) ( )k k kσ εQ (4)

In Eq. (4), ( )kQ is the matrix of reduced stiffness components

for the plane stress case. Using the transformation matrices for
each layer independently, we derive the constitutive relations
for kth lamina in the global coordinate system:

( )( ) ( )

11 12 16

12 22 26

16 26 66

55 45

45 44

0 0
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0 0 0
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Q Q Q

Q Q Q

Q Q
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(5)

( ) ( ) ( )k k kσ ε= Q (6)

Reduced stiffness matrix in the global coordinate system is
derived using the following relation:

( ) ( ) ( ) ( )-1k k k k= Τ ΤQ Q (7)

2.4 Equations of motion

When deriving the dynamic equilibrium of the virtual strain
energy (U), virtual work of external forces (V) and virtual
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kinetic energy (K), it is assumed that transverse loading q is
acting in the middle plane of the plate [10]. Dynamic relations
for U, V and K are given in Eqs. (8-10):

0

δ σ δε σ δε τ δγ τ δγ τ δγ
t

x x y y xy xy xz xz yz yz
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U dVdt (8)

0

( , , )δ δ
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V q x y t w dVdt (9)

1 1 2 2 3 3

0

δ ρ δ δ δ
t

V

K u u u u u u dVdt (10)

The dynamic version of virtual work statement is then derived
using Hamilton’s principle, where δU + δV + δK = 0:
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Using the integration of stresses through the thickness of the
plate, we derive the stress resultants and inertia terms. Stress
resultants are in detail given in [9]. Inertia terms are:

1
( )

0
1

1
( )

1

, , 1, ,

, ,

ρ

ρ

zkn
I IJ k I I J

k zk

zkn
IJ IJ k I J I J

k zk

I I I dz

I I H H H dz

(14)

3 NUMERICAL (FINITE ELEMENT) MODEL

Finite element model based on the previous considerations
consists of the middle plane, I=1,2,…,N mathematical layers
through the plate thickness (excepting the middle plane) and
finally I=1,2,…,ND numerical layers in which debonding may
occur. In this work, isoparametric quadrilateral finite elements
are used. Two types of elements are used, with four or nine
nodes in 2D plane. The model is in detail explained in [2].
Here, only the main properties of the proposed model are
given. Proposed finite elements require only C0 continuity of
generalized displacements on element boundaries. It is very
important to note that finite element mesh is generated in 2D
plane, and the adopted interpolation functions through the
plate thickness are used for out-of plane interpolation of
unknown variables. This assumption allows independent in-
plane and out-of-plane interpolation. Note that we are dealing
with rotational-free enriched layerwise finite element with full
3D capacity. Using different combinations of Lagrangian in-
plane interpolations ψi, and ФI(z) functions for through the
thickness interpolation, allows the derivation of variety of
layerwise finite elements.

Interpolation of all generalized displacements is done using
the same 2D Lagrangian interpolation functions, for the sake
of simplicity, in the following manner:
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In Eqs. (15-16), m is the number of nodes per element. By
incorporation of assumed displacement field into virtual work
principle, we obtain the mathematical model for the single,
representative, layerwise finite element:

M d C d K d F (17)

In Eq. (17), [K], [C] and [M] are element stiffness, viscous
damping and consistent mass matrices, respectively; {F} is
the element force vector, while {d} is the displacement vector.
Dots above the vector {d} denote the differentiation in time.
Assembly procedure is done in a usual manner. Element
stiffness and consistent mass matrices are derived in the
following manner:
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In Eqs. (18-19), [A], [BI], [DIJ], [EI], [LIJ] and [FIJ] are
constitutive matrices of the laminate (see Ref. [9]); [I0], [I

I],

[IIJ], IJI and IJI are inertia terms derived in Eq. (14),

while [B] and B are kinematic (strain) matrices. Matrices of

interpolation functions are given in Eq. (20). All terms in Eqs.
(18-19) are derived using numerical integration over single
finite element domain, denoted as Ωe. Selective integration is
used for elimination of spurious shear stiffness from
calculation (shear locking phenomenon).
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4 TIME DISCRETIZATION

The governing partial differential equations of the problem,
derived in the preceding sections, will be solved numerically
in this work, using Newmark’s integration schemes for
second-order differential equations in time. These explicit
time integration schemes are explained in Ref. [3] and work of
Hinton and Vuksanović [11]. Interesting considerations of
transient response of intact sandwich plates using Newmark’s
integration are given in Refs [18-19]. In the Newmark’s
method [12], accelerations and velocities are approximated
using truncated Taylor’s series [4]. The governing differential
equations are then satisfied only in discrete time points tn, so
the response of the structure is calculated exactly only in these
discrete points in time. In this paper, constant average
acceleration method is chosen because of its numerical
stability. Accelerations and velocities in tn+1 are:
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1 1
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n n n n n

n n n n

t
d d t d d d

t
d d d d

(21)

After the previous approximation of differential equations
in time, we obtain a system of algebraic equations at time

point tn+1, in terms of known values at tn. In this paper,
homogenuous initial conditions are prescribed. If stiffness,
damping and consistent mass matrices of the system are
constant in all time points, we obtain the solution by solving
the following algebraic system (Δt is chosen time increment):
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5 TREATMENT OF THE DAMPING

The proportional damping model (Rayleigh damping) is often
used in transient dynamic analysis of engineering structures
[13]. In this model, damping matrix is proportional to mass
and stiffness matrices ([C] = α[M] + β[K]). However, if the
excitation is a single pulse, the effect of damping is usually
not important, unless the system is highly damped [14].
Damping has much more importance in controlling the
maximum response of a structure to periodic or harmonic
loads. Maximum response to an impulsive load will be
reached in a very short time, before the damping forces can
absorb energy from the structure [15]. In further calculations
we will assume only undamped structural response, so the
Eqs. (22-24) will be used in reduced form.

6 NUMERICAL EXAMPLES AND DISCUSSION

In this chapter, some numerical examples based on previously
explained GLPT are presented. In all calculations, transient
loading is divided into the loading phase and the subsequent
free vibration phase. Accuracy of the proposed model for
intact plates is already verified in Ref. [10]. Free vibration
analysis of delaminated composite and sandwich plates is
performed in [2]. In all calculations, it was assumed that
dynamic force lasts until t=T1 is reached (loading phase), and
after that it was observed how the structure behaves during
T1<t<T2 (free vibration phase). Different forcing functions
were used, as shown in Figure 3.

Figure 3. Forcing functions used in numerical examples

6.1 Transient analysis of delaminated composite plates

An 8-layer simply supported square composite plate with
symmetric (0/90/45/90)s stacking sequence is considered. All
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laminas are of equal thickness. Side length of the plate is
a=b=250mm, while overall plate height is h=2.12mm. Each
layer is made of orthotropic material with following
mechanical characteristics [16]:

E1=132GPa, E2=5.35GPa, G12=G13=2.79GPa,

υ12=υ13=0.291, υ23=0.30, ρ=1446.2kg/m3.

Figure 4. Finite element mesh with different sizes of centrally
located square delamination

Figure 5. Different positions of delamination

Figure 6. Transient response of laminated plate under step
pulse, for different sizes of delamination at Position 1

Transient response is obtained for different delamination sizes
and positions (see Figures 4 and 5). Mesh of 20 20 4-node
layerwise finite elements is used. Reduced integration is
adopted to avoid spurious shear stiffness and rigid-body mode
shapes. Forcing functions shown in Figure 3 are used.
Uniformly distributed loading F0=1.0 over whole plate area is
prescribed, and the motion of the plate center is plotted. The
following time increments/durations are used in the
Newmark’s integration: Δt=0.5ms, T1=25ms, T2=40ms. These
values are obtained after calculation of the natural frequencies
of composite plate used in this example. Boundary conditions
used for nodes on simply supported (SS) edges are:

x = 0, a: v = w = vI = 0; y = 0, b: u = w = uI = 0.

From Figure 6 it is obvious that centrally located delamination
doesn’t influence the transient response under step pulse
severely, until delamination size is small enough. The plate
still oscillates globally, with a small increase of amplitude and
period, both during the forced and free vibrations. After
increase of the delaminated area over 35%, (see Figure 4), the
plate motion changes (Figure 6). It is obvious that during the
forced motions, amplitudes and period are increased due-to
the reduced plate stiffness in presence of embedded
delamination. In the free vibration phase, the delaminated
segment of the plate continues to vibrate independently, with
its own frequency and amplitude. This delaminated part is
clamped in the intact rest of the plate, as can be seen from its
reduced amplitude and increased frequency.

Figure 7a. Transient response of intact rest of plate under step
pulse, for different positions of Delamination 2

Figure 7b. Transient response of delaminated segment of plate
under step pulse, for different positions of Delamination 2
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Influence of the delamination position through the
thickness of the plate is shown in Figures 7a and 7b. It is
obvious that changing the position of the delamination
through the plate thickness, without the change of
delamination size, doesn’t change severely the frequency of
oscillations of the intact rest of the plate. If the delamination is
closer to the top of the plate, the amplitude of the oscillations
is only slightly reduced, because the thickness of the intact
rest of the plate increases. On the other hand, the response of
the delaminated segment is more influenced by the position of
delamination – if the delamination is closer to the top surface,
the amplitude increases, as shown in Figure 7b.

Hypotheses stated above are valid for sine pulse, too, as
shown in Figures 8 and 9.

Figure 8. Transient response of intact rest of plate under half
sine pulse, for different sizes of delamination at Position 1

Figure 9. Transient response of laminated plate under half sine
pulse, for different positions of Delamination 2

6.2 Transient analysis of delaminated sandwich plates

A five layer simply supported square sandwich plate with
anti-symmetric (0/90/core/0/90) stacking sequence is
considered. The plate is composed from the rigid face sheets
and soft core, as shown in Figure 10, where tc/tf=10, while
a=250mm and h=2.5mm. Face sheets are made of Graphite-
Epoxy T300/934 with following mechanical properties [17]:

E1=131GPa, E2= E3=10.34GPa, G12=G23=6.895GPa,

G13=6.205GPa, υ12=υ13=0.22, υ23=0.49, ρ=1627kg/m3.

Isotropic soft core has the following mechanical properties:

E=6.89MPa, G=3.45MPa, υ=0, ρ=97kg/m3.

Figure 10. Soft-core sandwich plate with different positions of
embedded delamination

Transient response is obtained for different delamination sizes
and positions (see Figures 4 and 10). Mesh of 20 20 9-node
layerwise finite elements is used. Reduced integration is
adopted as in previous example. Forcing functions shown in
Figure 3 are used. Uniformly distributed loading F0=1.0 over
whole plate area is prescribed, and the motion of the plate
center is plotted. The following time increments/durations are
used in the Newmark’s integration: Δt=1.2ms, T1=25.2ms,
T2=36.0ms.

Figure 11. Transient response of sandwich plate under
triangular pulse, for different sizes of delamination at Pos. 1

From Figure 11 it is obvious that sandwich plate is highly
vulnerable to embedded delamination between the soft-core
and rigid face sheets, when the plate is subjected to triangular
step pulse loading. After increase of the delaminated area over
15% of plate area, (see Figure 4), the plate motion
significantly changes, with increased amplitudes and reduced
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frequency due to the reduction of the plate stiffness (see Ref.
[2]). We can see that small delaminated area (<5%) doesn’t
influence the transient response severely.

Figure 12. Transient response of sandwich plate under
triangular pulse, for different positions of Delamination 2

From the Figure 12 it is obvious that in the case of sandwich
plates subjected to triangular pulse loading, the position of
delamination through the plate thickness is very important for
the transient response of the plate. It is shown that debonding
between the soft-core and rigid face sheets (Position 1) is
more dangerous for the overall plate response, than the
presence of the embedded delamination in rigid face sheet
(Position 2). In the first case, amplitudes are highly increased,
as well as the period of oscillations, while debonding in the
face sheet only slightly changes the overall plate response.

Figure 13. Transient response of sandwich plate under blast
pulse, for different sizes of delamination at Position 1

Figure 14. Transient response of sandwich plate under blast
pulse, for different positions of Delamination 2

Hypotheses stated above are valid for exponential blast
pulse 0( ) tF t F e α , too, where α=200 is fictitious damping

factor chosen to simulate the blast loading that lasts during
0<t<T1 for the chosen T1, as shown in Figure 3. Responses of
the soft-core sandwich plate under blast loading are shown in
Figures 13 and 14.

7 CONCLUSIONS

Finite element model based on the Generalized Laminated
Plate Theory (GLPT) is derived. For different types of
transient loading, the response of delaminated composite and
sandwich plates is calculated using the layerwise finite
elements with four or nine nodes. The proposed model is
capable to accurately catch the motions of individual layers,
as well as relative displacements of the laminas in the
delaminated area. In authors’ preliminary investigations, the
proposed model is verified for intact plates using the available
numerical and experimental data from the literature. In this
paper, the variety of new results for delaminated plates is
presented as a benchmark for future investigations in this
field.

It is shown that transient response of soft-core sandwich
plate is more influenced by the presence of relatively small
embedded delaminations, than in the case of typical laminated
composite plate. Debonding between the soft core and face
sheets must be prevented, while the embedded delamination in
the face sheet only slightly changes the overall plate response.

Using the proposed model, local vibrations of the
delaminated segment of composite plate are calculated.
Approximate critical areas of delamination which lead to the
considerable change in plate response are given. It is shown
that position of delamination through the plate thickness in the
case of typical laminated composite plate is not of great
interest for transient response.

In the further research, contact conditions for prevention of
layer overlapping, as well as geometrical nonlinearity, will be
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incorporated in the proposed finite element model, to calculate
the plate response with increased accuracy. Also,
delamination propagation should be taken into account using
the fracture mechanics criteria.
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ABSTRACT : This work is devoted to the study of the wave propagation in periodic materials made up of the
repetition of polygonal cells. Such microstructured materials can present highly anisotropic properties because of the
existence of a large contrast between their shear and compression deformabilities. Two types of micro-structured
materials are studied : an inclined lattice structure and a honeycomb structure. The cell sizes being small compared
to the characteristic macroscopic length, the homogenization method of periodic discrete media was used to determine
the static and dynamic homogenized behaviour.

KEYWORDS : micro-structure, homogenization, wave propagation, honeycomb.

Figure 1: Example of structures

1 INTRODUCTION

Two considerations may explain the great number of stud-
ies devoted to the dynamic properties of periodic reticu-
lated (or cellular) structures, namely structures obtained
by repeating a unit cell made up of interconnected beams
(or plates). The first reason is that they are frequently
encountered. For example, they appear in sandwich pan-
els, stiffened plates, and truss beams used in aerospace
and marine structures. They can also represent ideal-
ized buildings or the microstructure of foams, plants,
bones. . . The second reason is that the periodic materi-
als can generate complex behaviour (Cauchy continuum,
generalized medium or metamaterial).

This work analyzes the propagation of plane waves in
two-dimensional periodic structures (Fig 1). Such materi-
als is constituted of elements oriented only according two
or three directions. These elements being more flexible
in bending than in tension-compression, the properties of
the materials can present a great variability in function
of the direction and of the range of frequency of the so-
licitation.

Here, the homogenization method of periodic discrete
media (called HPDM afterwards) is used. This method
has already given interesting results on the dynamic be-
havior of frame structures [5], [6]. The advantages are:
(1) The equivalent continuum (a Cauchy continuum, a
generalized medium or a metamaterial) is derived rigor-
ously from the properties of the cell. The only assump-
tion is scale separation, which means that two scales with
very different characteristic lengths can be defined. The
macroscopic or global scale is given by the wave propaga-
tion and the microscopic or local scale is given by the size
of the cell.
(2) The method is completely analytic. This provides a
clear understanding of the mechanisms governing the be-
havior of the structure and of the role of each parameter.
Such a knowledge is desirable for the design of new ma-
terials with prescribed properties.
(3) Once the macroscopic behavior is identified, it is al-
ways possible to come back to the microscopic scale to
determine the deformation of the cell as well as the forces
and moments in the elements.
(4)Superior orders of the expansions are obtained rela-
tively easily. This is particularly interesting for the frame
structures because the shear stiffness and the tension-
compression stiffness do not have the same order of magni-
tude. Since the method of multiple parameters and scale
changes is generally limited to the leading order, it misses
the shear properties and the coerciveness of the macro-
scopic description is lost [1].
The implementation of the HPDM method is realized in
two steps [4] [3] : the discretization of the momentum bal-
ance and the homogenization process itself. As in [5], [6]
or [8], the HPDM method is coupled with the scaling of
all the parameters in order to correctly take into account
the physics of the problem.
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Figure 2: Notations (inclined lattice)

Section 2 describes the studied structures and the
principles of the HPDM method. Then the equivalent
description obtained in the absence of local resonance for
the inclined lattice is presented in Section 3 and the wave
propagation is analysed at two frequency ranges. In Sec-
tion 4, the results on honeycomb are presented. In conclu-
sion, the application of these results to real frame struc-
tures is discussed for the design of materials.

2 HOMOGENISATION OF PERIODIC DIS-
CRETE MEDIA

2.1 Studied structures

The studied structures are infinite and periodic in the
plane (x, y) of the wave propagation. In the first case
named inclined lattice (Fig. 2), the fundamental cell (that
is repeated) is constituted by two elements of length �f
and �w whose inclination angles differ of ϕ, and in the
second case named honeycomb (Fig. 3), the fundamen-
tal cell is constituted by three identical elements inclined
of π/3 the some by regards to the others. Elements are
beams or plates behaving as Euler-Bernoulli beams in the
plane (x, y). They are linked by perfectly stiff and mass-
less nodes. Moreover, all elements have similar properties.
The following notation will be used (Fig.2 et 3):
(1) The characteristics of elements are: � length, a thick-
ness, h depth according to the axis z, A = ah cross-section
area, I = (h a3)/12 second moment of area with respect
to the axis z, ρ density, ρ̄ = ρA mass per unit length, and
E elastic modulus.
(2) The position of a node is determined by the ordered
pair of integers (n, p) whose associated coordinates are
(xnp, ynp).
(3) As the connections are perfectly stiff, the motions of
each endpoint connected to the same node are identical
and define the discrete kinematic variables of the system.
For the node (n, p), the motion in the plane (x, y) is de-
scribed by the displacements in the two directions U (n,p),
V (n,p) and by the rotation θ(n,p).

Figure 3: Notations (Honeycomb)

The study is conducted within the framework of the small
strain theory and the linear elasticity. Moreover, the
structure vibrates at a given circular frequency ω. As a
result, every variable can be written in the following way:
X(x, y, t) = �(X(x, y) eiωt) where t is the time. Because
of the linearity of the problem, the time dependence can
be simplified and will be systematically omitted.

2.2 Discretization of the dynamic balance

The aim of the first step is to reduce the study of the
momentum balance of the whole structure to the study
of the momentum balance of the nodes. This process is
performed without loss of information. The discretization
consists in expressing explicitly the forces at the endpoints
of an element as functions of the nodal kinematic vari-
ables. Then the balance of forces and moments applied
by the elements connected to a same node is written and
these equations constitute the discrete description of the
dynamic behavior of the structure.The process is detailed
afterwards.

Figure 4: Notation (element)

The element linking the node B to the node E is con-
sidered (Fig. 4). It is characterized by the parameters �,
A, and I. In the local beam frame, s stands for the co-
ordinate along the beam axis, u, v for the transverse and
axial displacements respectively, and θ for the rotation.
The primes denote the differentiation with respect to s.
The axial force N , the shear force T , and the bending
moment M act by convention from the left part to the
right part. No external force is applied on the beam.
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The longitudinal vibrations in harmonic regime are
described by the momentum balance along the beam axis
and by the compression constitutive law:

{
N ′(s) = ρAω2v(s)

N(s) = −EAv′(s)
⇒

v′′(s) = −(χ/�)2 v(s)

where χ = �

√
ρω2

E
=

2π�

λc

λc is the compression wavelength in the element at the
studied circular frequency ω.

The transverse vibrations are described by the mo-
mentum balance along the transverse axis, the moment
of momentum balance, and the bending constitutive law:⎧⎪⎨⎪⎩

T ′(s) = ρAω2u(s)

M ′(s) = −T (s)

M(s) = −EI u′′(s)

⇒
u′′′′(s) = −(β/�)4 u(s)

where β = �
4

√
ρAω2

EI
=

2π�

λb

λb is the bending wavelength in the element.
The previous equations are now integrated between

the nodes B and E using the unknown displacements and
rotations of the endpoints (uB , vB , θB and uE , vE , θE)
as boundary conditions. This provides the expressions of
the forces at the extremities of the element in its local
frame.

By defining the generalised force by the vector �f =
(N,T,M) and the generalised motion by �u = (u, v, θ),
the nodal forces at the extremities of an element can be
expressed in function of the displacement vectors of the
nodes as:

�fB = KBB�u
B +KBE�u

E

�fE = KEB�u
B +KEE�u

E
(1)

where the dynamical rigidity matrices - KBB , KBE ,
KEB , KEE - are defining in the Annexe.

Then taking into account the inclination φ of the ele-
ment in the global coordinate system Rg (Fig. 5), the gen-

eralised force �F = Pφ
�f are expressed in this coordinate

system in function of the generalised motion �U = Pφ�u
with the stiffness matrices Kii = PφKiiP−φ where Pφ is
the rotation matrice. Also:

�FB = KBB
�UB +KBE

�UE

�FE = KEB
�UB +KEE

�UE
(2)

The local dynamic balance of each element being sat-
isfied, it remains to write the balance of the nodes. Since
their mass is negligible and there is no external force, it
consists in adding the forces (or moments) applied by the
elements connected to the same node. The geometry of
the structure is also explicitly taken into account. This
step is described below for each studied structures.

Figure 5: Inclination of element in the global coordinate
system

2.3 Scale separation

The principles of homogenization are now used to de-
rive the differential equations describing the behavior of
the equivalent continuum. The key assumption is scale
separation. This means that the characteristic length L
of the deformation of the structure under vibrations is
much greater than the characteristic length �c of the basic
frame. Thus, the scale ratio ε = �c/L is a small param-
eter (ε << 1) and it is possible to expand the kinematic
variables and some forces. In this study, the dimensions
of the cell in the x and y directions have the same order
of magnitude and �c = �w by convention. The size L is
related to the macroscopic wavelength and is unknown for
the moment.

If the frequency of the vibrations of the structure is
much lower than the natural frequencies of the cell ele-
ments, then the condition of scale separation is respected.
Consequently, the parameters χ and β are very small:

χ = 2π
�

λc
<< 1 and β = 2π

�

λb
<< 1

and the trigonometrical functions of the dynamic stiffness
matrices can be expanded, with for example for KBB :

KBB =

⎛⎝EA
� 0 0
0 12EI

�3
6EI
�2

0 6EI
�2

4EI
�

⎞⎠
+

⎛⎜⎝−EAχ2

3� 0 0

0 − 13EIβ4

35�3 − 11EIβ4

210�2

0 − 11EIβ4

210�2 −EIβ4

105�

⎞⎟⎠+O(χ2, β4)

Another consequence of scale separation is that nodal mo-
tions vary slowly from one node to the next. Therefore,
the nodal variables can be considered as the discrete val-
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ues of continuous functions of space variables x and y:

U (n,p) = U(ε, xnp, ynp)

V (n,p) = V (ε, xnp, ynp)

θ(n,p) = θ(ε, xnp, ynp)

These new functions are assumed to converge as ε ap-
proaches 0 and are replaced by asymptotic expansions in
powers of ε:

X(ε, x, y) = X0(x, y) + εX1(x, y) + ε2X2(x, y) + . . . (3)

where X stands for U , V , or θ and Xj are continuous
functions of order j. In the sequel, the physically observ-
able variables of a given order in ε are written with a tilde:
X̃j(x, y) = εjXj(x, y). Equations describing the balance
of a node also depend on the motions of the neighboring
nodes. Since the structure is periodic, the distances be-
tween the nodes are constant. For example, in the case of
the inclined lattice, they are equal to �w = ε L in the ver-
tical direction and to �f = ε �∗L where �∗ = �f/�w = O(1)
in the horizontal direction. These values are small with
respect to x and y, which enables expressing the variations
of the motions with Taylor’s series:

X(n,p±1) = X0(xnp, ynp)

+ ε

(
X1(xnp, yp)± L

∂X0

∂y
(xnp, ynp)

)
+ . . .

X(w±1,f) = X0(xnp, ynp)

+ ε

(
X1(xnp, ynp)± �∗L

∂X0

∂x
(xnp, ynp)

)
+ . . .

(4)
This introduces the macroscopic derivatives.

2.4 Normalization

Normalization consists of scaling the physical parameters
(the properties of the elements and the circular frequency)
according to the powers of ε. It ensures that each mechan-
ical effect appears at the same order whatever the value
of ε. Thus, the same physics is kept at the limit ε → 0,
which represents the homogenized model.

The choice of the properties of the elements determines
the stiffness contrast and then the possible mechanisms in
the structure. Here, for the two structures , the elements
have similar geometrical and material properties, and a
thickness to length ratio of order ε:

a

�
= O(ε) (5)

As for the circular frequency, the scaling is imposed by
the balance of the elastic and inertia forces at the macro-
scopic level. If the frequency is underestimated, the struc-
ture has a quasi-static behavior. On the contrary, if the
frequency is overestimated, displacements vanish because

the inertia forces cannot be greater than the elastic forces.
Nevertheless, the elastic forces can have two origins: the
bending or the tension-compression of the elements and
there are two possibilities for the order of magnitude of
the frequency. The reference circular frequency is by con-
vention:

ωr =
1

L

√
E

ρ

The frequency ranges of interest will be precised in each
situation.

2.5 Continuous description

Finally, the expansions in powers of ε [(2.3)] and the scal-
ing of the parameters [(2.4)] are introduced in the balance
equation of the nodes. The relations obtained being valid
for any small enough ε, the orders can be separated. This
leads to a set of differential equations for each order, which
can be solved in increasing order.

The homogenized model is given by the leading order,
which corresponds to the limit when ε approaches zero.
However, in a real structure, the macroscopic length L
and the microscopic length �c are finite and the physical
scale ratio ε̃ is necessarily a finite quantity. Consequently,
the kinematic variables of order 0 (Ũ0, Ṽ 0, and θ̃0) are an
approximation of the real motion (the accuracy of which
depends on the order of magnitude of ε̃). The terms of su-
perior orders are correctors which improve the accuracy of
the macroscopic description by taking into account phe-
nomena of lesser importance.

3 STUDY OF INCLINED LATTICE

To simplify the analysis, the study of the inclined lattice
(Fig.2) is realised in the global inclined coordinate system
whose axes are parallel to the elements of the lattice. The
following sections focus on the leading order. First the
equivalent continuum is characterized and then the wave
propagation is studied.

In order to simplify the equations, some macroscopic
parameters are defined. They are integrated over the
depth of the elements hw and hf so that they do not
have the usual units.

Mw = ρ̄w/�f sin(ϕ) : contribution of the walls to the
mass per unit surface (kg/m2)

Mf = ρ̄f/�w sin(ϕ) : contribution of the floors to the
mass per unit surface (kg/m2)

Ms = Mw +Mf : mass per unit surface (kg/m2)

Ex = EfAf/�w sin(ϕ) : elastic modulus in the
x-direction (N/m)

Ey = EwAw/�f sin(ϕ) : elastic modulus in the
y-direction (N/m)

Gw = 12
EwIw

�2w�f sin(ϕ)
: contribution of the walls to
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the shear modulus (N/m)

Gf = 12
EfIf

�w�2f sin(ϕ)
: contribution of the floors to

the shear modulus (N/m)
1

G
=

1

Gw
+

1

Gf
: shear modulus (N/m)

3.1 Continuous description

For this structure, the equilibrium of the node (n, p) de-
pends of the motions of the four neighboring nodes n±1, p
and n, p± 1, so :

�FE(�Un−1,p, �Un,p)− �FB(�Un,p, �Un+1,p)+

�FE(�Un,p−1, �Un,p)− �FB(�Un,p, �Un,p+1) = 0
(6)

In this section and the next present the behavior of
the lattice at the lowest circular frequencies giving a dy-
namic description: ω = O(ε ωr). In this case, the imple-
mentation of the HPDM method provides from Eq.6 the
following continuous description:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ex ∂xx(Ũ
0 + cos(ϕ)Ṽ 0) = 0 (x 0)

Ex ∂xx(Ũ
1 + cos(ϕ)Ṽ 1) = 0 (x 1)

Ex ∂xx(Ũ
2 + cos(ϕ)Ṽ 2) + (x 2)

G (∂y − cos(ϕ)∂x)(∂yŨ
0 + ∂xṼ

0)+

(Ex�
2
f/12) ∂xxxx(Ũ

0 + cos(ϕ)Ṽ 0) +Ms ω
2 Ũ0 = 0⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ey ∂yy(cos(ϕ)Ũ
0 + Ṽ 0) = 0 (y 0)

Ey ∂yy(cos(ϕ)Ũ
1 + Ṽ 1) = 0 (y 1)

Ey ∂yy(cos(ϕ)Ũ
2 + Ṽ 2) + (y 2)

G (∂x − cos(ϕ)∂y)(∂yŨ
0 + ∂xṼ

0)+

(Ey�
2
w/12) ∂yyyy(cos(ϕ)Ũ

0 + Ṽ 0) +Ms ω
2 Ṽ 0 = 0{

Gw

(
θ̃0 + sin(ϕ)∂yŨ

0
)
+Gf

(
θ̃0 − sin(ϕ)∂xṼ

0
)
= 0

The main feature of the continuous description is its
extreme anisotropy due to the large difference in mag-
nitude of the moduli Ex, Ey (that appears in the first
order equation (x 0) and (y 0)) and G (that appears only
at the second order). Because of the quasi-static state at
the local scale, the moduli only depend on the elastostatic
properties of the frame elements. The two elastic moduli,
Ex and Ey, are related to the tension-compression rigidity
of the floors and to the one of the walls respectively. On
the contrary, the shear mechanism results from the bend-
ing of the walls and the floors connected in series. Since
beams are far less stiff in bending, the shear modulus G

is much less than the elastic moduli:

G

Ex
= O(ε2)

G

Ey
= O(ε2)

This is the reason why it is necessary to calculate equa-
tions up to order 2.

The macroscopic behavior is completely described by
Eqs. (x 0), (x 1), (x 2)′, (y 0), (y 1), and (y 2)′ which do
not contain θ̃0. The node rotation has the status of a
“hidden” variable. However, to come back to the local
scale and to determine the forces and the displacements
in the frame elements, it is necessary to calculate θ̃0 with
Eq.(7) describing the inner equilibrium of the basic frame.

θ̃0 =
sin(ϕ)

Gw +Gf

(
Gf ∂xṼ

0 −Gw ∂yŨ
0
)

(7)

Finally, note that the previous description of the
macroscopic medium established for circular frequencies
such that ω = O(ε ωr) remains valid as long as the frame
elements are not in resonance in bending. In particular,
it applies to statics.

3.2 Shear waves

The wave propagation in the medium is now analyzed.
Since every wave can be expressed as a superposition of
plane waves, the study focuses on this kind of waves and
the displacement field is sought in the following way (re-
member that the time dependence exp(iωt) is systemati-
cally omitted):

�U(ε,x) = (�u0 + ε �u1 + ε2�u2 + . . .) exp[−ik(α)�nα · �x ] (8)

Expression (8) is introduced in Eqs. (x 0) and (y 0):

−Ex k
2(α) cos2(α) (ũ0 + cos(ϕ)ṽ0) = 0 (x 0)

−Ey k
2(α) sin2(α) (cos(ϕ)ũ0 + ṽ0) = 0 (y 0)

For cos(α) �= 0 and sin(α) �= 0, the only solution is �u 0 = �0.
At this frequency range, only two directions of propaga-
tion are possible.

For α = 0, Eq. (x 0) implies ũ0 + cos(ϕ)ṽ0 = 0. Then
the second order equation (y 2) gives:

(−Gk2(0) +Ms ω
2
)
ṽ0 = 0 (9)

For α = π/2, the results are similar, but the roles of ũ0

and ṽ0 are reversed. Eq. (x 2) gives the same expression
of the wave number as in the other direction.

To correctly understand the results, they have to be
transposed in a orthogonal coordinates system. The prop-
erties of the two waves are precised on the Figures 6 and
7. The real velocity is also obtained by this way and is
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Figure 6: Shear wave traveling in the (ϕ− π/2) direction
(α = 0)

Figure 7: Shear wave traveling in the π/2 direction
(α = pi/2)

found constant in the two directions:

c = sin(ϕ)

√
G

Ms
(10)

To sum up, at low frequencies, waves can only prop-
agate in two directions because of the anisotropy. The
speed depends on the shear modulus G and the mass Ms

as in a classical elastic medium. The expression of G
(given in Section 3) shows that these waves are generated
by the local bending of the elements.

3.3 Compression waves

The circular frequency ω is now increased up to O(ωr) in
order to investigate the behavior of the medium when the
inertia forces balance the tension-compression forces. At
this frequency, the elements are in resonance in bending.
However, the behavior can be homogenized, and preci-
sions can be found in []. To simplify the presentation,
this effect is in this present study not taken into account.

The consequence of the local resonance is that the
shear force and the bending moment in the elements can

no longer be expanded contrary to the axial force. The
other parts of the HPDM method are unchanged and the
balance of momentum of the macroscopic medium is de-
scribed by the following equations.

Ex ∂xx(Ũ
0 + cos(ϕ)Ṽ 0) +Ms ω

2 Ũ0 = 0 (x 0)′

Ey ∂yy(cos(ϕ)Ũ
0 + Ṽ 0) +Ms ω

2 Ṽ 0 = 0 (y 0)′

The analysis of the wave propagation is carried out
using the same method as in Section 3.2. Expression (8)
of the displacement field is introduced in Eqs. (x 0)′ and
(y 0)′:

−Ex k
2(α) cos2(α) (ũ0 + cos(ϕ)ṽ0) +Ms ω

2 ũ0 = 0′

(x 0)

−Ey k
2(α) sin2(α) (cos(ϕ)ũ0 + ṽ0) +Ms ω

2 ṽ0 = 0′

(y 0)

To search non-zero solutions implies to nullify the de-
terminant of the system. This gives, whatever the value
of α is, two solutions k1(α) and k2(α). It means the prop-
agation of compression waves is possible in all directions,
and for a particular direction, two waves can propagate,
but with different direction of polarization.

These results being obtained in the inclined coordinate
system, they are transposed in the orthogonal coordinate
system and in function of the real direction of propagation
φ, what gives, for the velocities and the associated angles
of polarization :

c1(φ) =

√
2 sin(ϕ)Exr

Ms

sin2(ϕ)
√
1 + cot(ϕ) cot(φ)√

1− r tan2(α) +
√
Δ

tanΦ1(φ) =
1 + r tan2(α) cos(2ϕ) +

√
Δ

r tan2(α) sin(2ϕ)

c2(φ) =

√
2 sin(ϕ)Exr

Ms

sin2(ϕ)
√
1 + cot(ϕ) cot(φ)√

1− r tan2(α)−
√
Δ

tanΦ2(φ) =
1 + r tan2(α) cos(2ϕ)−

√
Δ

r tan2(α) sin(2ϕ)

with r = Ey/Ex the ratio of elastic modulus, and:

Δ = (1− r tan2(α))2 + 4r tan2(α) cos2(ϕ)

tan(α) = sin(ϕ) tan(φ) + cos(ϕ)

On the figure 8, the velocities and the associated polar-
ization angles are presented for two angles of inclination
of the lattice (ϕ = π/2 and π/4).

The waves traveling diagonally are shear-compression
waves. This type of waves is frequently encountered in
anisotropic media. Here, the particularity is that the di-
rection of polarization is independent of the direction of
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Figure 8: On top, case of the orthogonal inclined lattice
(ϕ = π/2) and below, lattice with an inclination of
ϕ = π/4 . On the left, the dimensionless velocities in

function of the angle of propagation φ (in degree) and on
the right, the associated (blue or red) angle of

polarization)

propagation. It is just imposed by the orientation of the
elements. However, the properties (velocity ...) of these
waves strongly vary with the direction of propagation.

4 STUDY OF HONEYCOMB

The honeycomb (Fig. 1) is now studied. Here the partic-
ularity of the local geometry is the presence of two fami-
lies of nodes. On the figure 3, squares symbolize internal
nodes and circles the main nodes. The procedure being
relatively similar to the previous studied case, the calcu-
lus are not detailed in the following. Only the main points
are described, then the results are given.

4.1 Continuous description

The reference coordinate system is here orthogonal. The
first step consists in the resolution of the balance of in-
ternal nodes in function of the motions of the three main
nodes of a cell. Then, the balance of a main node can be
written in function of the six main nodes of the neighbor-
ing cells. As a consequence, the continuous description is
given with, as variables, the motion (U , V and θ) of the
main nodes. The motions of the internal node can then
be deduced from them.

The rotation θ0 of the main nodes are given by :
θ0(�x) = (∂yU

0(�x) + ∂xV
0(�x))/2. This expression is in-

troduced in the equations and the homogenized descrip-
tion can be obtained, for the three first order, with
�U i = (U i, V i):

⎧⎪⎨⎪⎩
λ��(��U0) = 0

λ��(��U1) = �S1(�U0)

λ��(��U2) + μ� �U0 = �S1(�U1) + �S2(�U0)

with, as macroscopic elastic parameters:

λ =
E

2
√
3

a

�
μ =

E√
3

(a
�

)3
The vectors �S1(�U) and �S2(�U) are source terms.
The obtained description is very similar to a 2D

isotropic Cauchy medium (right parts of the equation),
but the presence of the source terms generates effects
making this behavior more exotic.

4.2 Compression and shear waves

The compression waves are obtained for circular frequency
ω0 of order O(ωr), and by introducing the wave expression
(8), the first order becomes:

Msω
2
0
�U0 = λk2(α)(�nα.�U

0)�nα (11)

what gives: (1) the dispersion relationMsω
2
0 = λk2(α)

and (2) the direction of polarization and of propagation
are identical.

The properties of the compression wave are the same,
at the first order, as the one of an 2D isotropic Cauchy

medium, and the velocity is : c =
√

λ
Ms

.

The shear waves are obtained for circular frequency ω0

of order O(εωr), and by introducing the wave expression
(8), the first order can be reduced to:

�nα.�U
0 = 0 (12)

what means, as for classical shear waves, that direction
of polarization is orthogonal to the direction of propaga-
tion. However, the higher orders lead to the non classical
relation of dispersion (in velocity):

Msc
4(α)− μc2(α) =

λ�2

16
ω2(cos(6α)− 1) (13)

For the shear wave, the medium is both dispersive
and anisotropic. For illustrating this effect, the velocities
are presented on the figure 9 in function of the direction
of propagation and of the frequency. At low frequency,
the propagation is quasi-isotropic, whereas at higher fre-
quency, bulbous forms appear in six directions, meaning
in this direction, the velocities increase.

Conversely to the lattice, for which the shear waves
were just generated by the bending of the local elements,
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Figure 9: Profil of shear wave velocities in function of
the direction of propagation and in function of the

frequency. Results obtained on an aluminium
honeycomb with following geometrical properties :
� =5.8 mm, h = 23 mm and a=0.06 mm. The bars

represent the orientation of the honeycomb.

here, the traction-compression of the beams have a con-
tribution. This is this contribution that introduces the
properties of dispersivity and anisotropy.

5 CONCLUSION

This work shows the interest of homogenization method
of periodic discrete media (HPDM) for the study of the
properties of discrete structures. Its main advantage is
the analytical formulation which enables to understand
the mechanisms governing the global behavior. This can
also be used for the design of such materials. This work
shows also the interest of this type of micro-structured
materials, that present large variety of behavior, useful for
the construction of directional or/and frequency filters.
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20 July 2007.

6 ANNEXE

KBB=

⎛
⎜⎜⎜⎜⎜⎜⎝

EAχ cot(χ)
�

0 0

0
EIβ3

�3
ch(β)s(β)+sh(β)c(β)

1−c(β)ch(β)
EIβ2

�2
s(β)sh(β)

1−c(β)ch(β)

0
EIβ2

�2
s(β)sh(β)

1−c(β)ch(β)
EIβ

�
ch(β)s(β)−c(β)sh(β)

1−c(β)ch(β)

⎞
⎟⎟⎟⎟⎟⎟⎠

KBE =

⎛⎜⎝− EAχ
� sinχ 0 0

0 −EIβ3

�3
sin(β)+sh(β)
1−cos(β)ch(β)

EIβ2

�2
ch(β)−cos(β)
1−cos(β)ch(β)

0 −EIβ2

�2
ch(β)−cos(β)
1−cos(β)ch(β)

EIβ
�

sh(β)−sin(β)
1−cos(β)ch(β)

⎞⎟⎠

KEB =

⎛⎜⎝
EAχ
� sinχ 0 0

0 EIβ3

�3
sin(β)+sh(β)
1−cos(β)ch(β)

EIβ2

�2
ch(β)−cos(β)
1−cos(β)ch(β)

0 −EIβ2

�2
ch(β)−cos(β)
1−cos(β)ch(β) −EIβ

�
sh(β)−sin(β)
1−cos(β)ch(β)

⎞⎟⎠

KEE=

⎛
⎜⎜⎜⎜⎜⎜⎝

−EAχ cot(χ)
�

0 0

0
EIβ3

�3
ch(β)s(β)+sh(β)c(β)

c(β)ch(β)−1
EIβ2

�2
s(β)sh(β)

1−c(β)ch(β)

0
EIβ2

�2
s(β)sh(β)

1−c(β)ch(β)
EIβ

�
ch(β)s(β)−c(β)sh(β)

c(β)ch(β)−1

⎞
⎟⎟⎟⎟⎟⎟⎠

where s(β) = sin(β) and c(β) = cos(β)
and sh(β) = sinh(β) and ch(β) = cosh(β)
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ABSTRACT: The nonlinear free vibrations of a two-layer elastic composite beam are investigated. Different boundary conditions, 

both symmetric and not symmetric with respect to the beam midpoint, equal on both layers and different on each layers, are 

considered. The analysis is developed by means of the multiple time scale method, and at each order of the asymptotic 

development, we obtain different information. The first order terms provide the linear natural frequencies. The first, the second 

and the third natural frequencies are computed explicitly. The next order terms provide the nonlinearity coefficients measuring 

the nonlinear amplitude dependence of the natural frequencies, i.e. the curvature of the backbone curve. Both the linear frequencies 

and the nonlinear coefficients are found to be dependent on two dimensionless parameters only and, for boundary conditions 

different on each layer, also of the ratio between the axial stiffnesses of each layer. 

KEY WORDS: Two-layer beam; Nonlinear interface; Nonlinear resonance; Free vibrations; Multiple time scale method. 

1 INTRODUCTION 

This paper focus on the nonlinear dynamics of a two-layer 

composite beams. While a lot of investigations have been 

devoted to sandwich beams [1–3] where the distance between 

the layers (i.e., the interlayer thickness) is large, here we 

consider the opposite case in which the thickness is small. This 

situation is commonly encountered in applications, for example 

in structural glass, cross-ply laminated composite beams, steel-

concrete beams, concrete/steel/wood beams reinforced with 

FRP sheet, etc. 

These applications not only have a small thickness, but they 

also have an interlayer which is less stiff than the beams. In this 

situation, the interlayer can undergo large deformations, still 

remaining in the elastic (nonlinear) regime, while the beams 

behave linearly. To give an idea of the nonlinear elastic 

behavior of the interface we note that Ivanov et al. [4] obtain 

τ=0.5173γ+0.0772γ3 (the shear stress τ is in [MPa], γ is the 

shear strain) in static experiments of PVB, which is the 

interlayer used in structural glass. 

The dynamic behavior of two-layer beams has been largely 

studied in the literature [5–10], where numerical [11], 

analytical/theoretical [12, 13] as well as experimental [14] 

studies can be found. To the best of authors’ knowledge, the 

existing analyses focus on the geometric nonlinearities of the 

beams/plates, and not explicitly on the nonlinearity of the 

interlayer [4] (but see [15, 16] in the dynamic case and [17] in 

the static case), which is instead the main assumption of this 

work. Indeed, in our model the unique nonlinearity is the 

nonlinear elastic behavior of the interlayer. 

In this paper we extend to different boundary conditions the 

work reported in [15] where a two-layer composite free-free 

beam with nonlinear zero-thickness interface is considered. 

The beams have an Euler-Bernoulli kinematics and perfect 

adherence in the normal direction: only nonlinear elastic 

slipping is allowed at interface. The reliability of these 

hypotheses has been discussed in [9, 10] where the full problem 

with shear deformations, axial and rotational inertia, and 

interface uplift is considered. 

We pay attention to the effects of different boundary 

conditions on the linear and nonlinear frequencies of the two-

layer beam. We consider both symmetric (free-free, fixed-fixed 

and hinged-hinged) and non-symmetric (free-fixed and hinged-

fixed) boundary conditions. We also consider the case of layers 

having different boundary conditions, one fixed-fixed and the 

other free-free, which occurs for example in coating and in 

beams reinforced with FRP strips. 

The free vibrations are studied by means of the multiple time 

scale method, which permits us to address the nonlinear 

problem analytically and provides an accurate estimation of the 

nonlinear, natural frequencies. The backbone curve is obtained, 

and the nonlinearity coefficient is found to be a function of two 

dimensionless parameters only, apart the case in which the 

layers have different boundary conditions where it also depends 

on the ratio between the axial stiffnesses of the layers. 

2 GOVERNING EQUATIONS 

In the considered two-layer composite each layer behaves 

like a linear elastic planar Euler-Bernoulli uniform beam. The 

interface allows tangential slipping ST(Z,T) but guarantees 

perfect adherence in the transversal direction, so that the 

transversal displacement v(Z,T) is unique, while each beam has 

its own axial displacement, W1(Z,T) and W2(Z,T), respectively. 

The mechanical behavior of the interface is nonlinear, i.e. the 

tangential force per unit length FT is a nonlinear function of 

ST. Finally, the axial and rotational inertia of both beams are 

neglected. This model has been previously investigated in [15]. 

The equations of motion without loads are 

  

 𝐸𝐼𝑣′′′′ + 𝜌𝐴�̈� = 𝐻𝐹𝑇
′ ,  

 𝐸1𝐴1𝑊1
′′ = 𝐹𝑇,  

 𝐸2𝐴2𝑊2
′′ = −𝐹𝑇, 

 𝐹𝑇 = 𝐾1𝑆𝑇 + 𝐾3𝑆𝑇
3 + ⋯ , 
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 𝑆𝑇 = 𝑊1 − 𝑊2 + 𝐻𝑣′, (1) 

 

and the associated boundary conditions at Z=0 and Z=L are 

 

 𝐸𝐼𝑣′′ = 0 or 𝑣′ = 0, 

 𝐸𝐼𝑣′′′ = 𝐻𝐹𝑇 or 𝑣 = 0, 

 𝐸1𝐴1𝑊1
′ = 0 or 𝑊1 = 0, 

 𝐸2𝐴2𝑊2
′ = 0 or 𝑊2 = 0, (2) 

 

where EI=E1I1+E2I2, EiIi are the bending stiffnesses of the 

beams, EiAi the axial stiffnesses of the beams, ρA the mass per 

unit length, H the distance between the centroids of the two 

beams. Prime means derivative with respect to Z ∈ [0, L] and 

dot means derivative with respect to time T. 

It is useful to work with dimensionless equations. Thus, we 

define 

 

 Z= 𝑧𝐿, 

 𝑇 = 𝑡𝐿2√𝜌𝐴/𝐸𝐼, 

 𝐹𝑇 =
𝐸𝐼

𝐻𝐿3 𝑓𝑇, 

 𝑊1 =
𝐸𝐼

𝐻𝐿 𝐸1𝐴1
𝑤1, 

 𝑊2 =
𝐸𝐼

𝐻𝐿 𝐸2𝐴2
𝑤2, 

 𝐾𝑖 = 𝑘𝑖 [
𝐸1𝐴1 𝐸2𝐴2

𝐿2(𝐸1𝐴1+𝐸2𝐴2)
]

𝑖

, 

 𝛼 = 1 +
𝐻2

𝐸𝐼

𝐸1𝐴1 𝐸2𝐴2

(𝐸1𝐴1+𝐸2𝐴2)
, (3) 

 

so that eqs. (1) become 

 

 𝑣′′′′ + �̈� = 𝑓𝑇
′
, 

 𝑤1
′′ = 𝑓𝑇, 

 𝑤2
′′ = −𝑓𝑇, (4) 

 

and the associated boundary conditions at 𝑧 = 0 and 𝑧 = 1 are 

 

 𝑣′′ = 0 or 𝑣′ = 0, 

 𝑣′′′ = 𝑓𝑇 or 𝑣 = 0, 

 𝑤1
′ = 0 or 𝑤1 = 0, 

 𝑤2
′ = 0 or 𝑤2 = 0. (5) 

 

Note that v has not been rescaled and that wi still have the 

dimension of a displacement. Now prime and dot mean 

derivatives with respect to z ∈ [0, 1] and t, respectively. 

In [15] we manipulate the system (4) to obtain a unique 

equation of the sixth order. Here we instead proceed with the 

three coupled equations since they permit an easier handling of 

the boundary conditions. 

3 THE MULTIPLE TIME SCALE METHOD 

We look for an approximate solution by the multiple time 

scale method [18], so that we assume 

 

 𝑣(𝑧, 𝑡) = 𝜀𝑣1(𝑧, 𝑡0, 𝑡2) + 𝜀3𝑣3(𝑧, 𝑡0, 𝑡2) + ⋯, 

 𝑤1(𝑧, 𝑡) = 𝜀𝑤11(𝑧, 𝑡0, 𝑡2) + 𝜀3𝑤13(𝑧, 𝑡0, 𝑡2) + ⋯, 

 𝑤2(𝑧, 𝑡) = 𝜀𝑤21(𝑧, 𝑡0, 𝑡2) + 𝜀3𝑤23(𝑧, 𝑡0, 𝑡2) + ⋯, (6) 

 

where ti = εit are the slow times and where the missing terms 

and missing time scales are not considered due to symmetry 

considerations [15]. 

By substituting (6) in the equation of motion (5) and in the 

boundary conditions (5), and by equating to zero each power of 

ε, we obtain a sequence of problems which are solved in the 

following. 

4 THE FIRST ORDER PROBLEM 

The first order equations of motion are 

 

 
𝜕4𝑣1

𝜕𝑧4 +
𝜕2𝑣1

𝜕𝑡0
2 − 𝑘1

𝜕𝑠𝑇1

𝜕𝑧
= 0, 

 
𝜕2𝑤11

𝜕𝑧2 − 𝑘1𝑠𝑇1 = 0, 

 
𝜕2𝑤21

𝜕𝑧2 + 𝑘1𝑠𝑇1 = 0, 

 𝑠𝑇1 =
𝐸2𝐴2

𝐸1𝐴1+𝐸2𝐴2
𝑤11 −

𝐸1𝐴1

𝐸1𝐴1+𝐸2𝐴2
𝑤21 + (𝛼 − 1)

𝜕𝑣1

𝜕𝑧
,  (7) 

 

where sT1 is the first order dimensionless interface sliding, 𝑆𝑇 =
[𝐻 (𝛼 − 1)𝐿⁄ ](𝜀𝑠𝑇1 + ⋯ ). Since we are looking for nonlinear 

oscillations, a solution of (7) is sought-after in the form 

 

 𝑣1(𝑧, 𝑡0, 𝑡2) = 𝑔(𝑡0, 𝑡2)𝑓1(𝑧), 

 𝑤11(𝑧, 𝑡0, 𝑡2) = 𝑔(𝑡0, 𝑡2)𝑓2(𝑧), 

 𝑤21(𝑧, 𝑡0, 𝑡2) = 𝑔(𝑡0, 𝑡2)𝑓3(𝑧), 

 𝑔(𝑡0, 𝑡2) = [𝐴𝑐(𝑡2) cos(𝜔𝑡0) + 𝐴𝑠(𝑡2) sin(𝜔𝑡0)], (8) 

 

so that (7) become 

 

 𝑓1
′′′′ − 𝜔2𝑓1 − 𝑘1𝑓4

′ = 0, 

 𝑓2
′′ − 𝑘1𝑓4 = 0, 

 𝑓3
′′ + 𝑘1𝑓4 = 0, 

 𝑓4 =
𝐸2𝐴2𝐴𝑓2−𝐸1𝐴1𝑓3

𝐸1𝐴1+𝐸2𝐴2
+ (𝛼 − 1)𝑓1

′, 

 𝑠𝑇1 = 𝑔(𝑡0, 𝑡2) 𝑓4(𝑧). (9) 

 

The general solution of (9) is given by 

 

 𝑓1(𝑧) = ∑ 𝑗𝑖𝑒
𝑙𝑖𝑧6

𝑖=1 , 

 𝑓2(𝑧) = 𝐸1𝐴1(𝑗7𝑧 + 𝑗8) + 𝑘1(𝛼 − 1) ∑
𝑙𝑖

𝑙𝑖
2−𝑘1

𝑗𝑖𝑒
𝑙𝑖𝑧6

𝑖=1 , 

 𝑓3(𝑧) = 𝐸2𝐴2(𝑗7𝑧 + 𝑗8) − 𝑘1(𝛼 − 1) ∑
𝑙𝑖

𝑙𝑖
2−𝑘1

𝑗𝑖𝑒
𝑙𝑖𝑧6

𝑖=1 , (10) 

 

where the 𝑙𝑖 are the six roots of 

 

 𝑙6 − 𝑘1𝛼𝑙4 − 𝜔2𝑙2 + 𝑘1𝜔2 = 0. (11) 
 

The ji are the eight constants of integrations that, together 

with the first order circular frequency ω, are determined by the 

boundary conditions and by the normalization condition. 

The adjoint equations of (9) are 

 

 𝐹1
′′′′ − 𝜔2𝐹1 + 𝑘1(𝛼 − 1)𝐹4

′ = 0, 

 𝐹2
′′ − 𝑘1

𝐸2𝐴2

𝐸1𝐴1+𝐸2𝐴2
𝐹4 = 0, 

 𝐹3
′′ + 𝑘1

𝐸1𝐴1

𝐸1𝐴1+𝐸2𝐴2
𝐹4 = 0, 

 𝐹4 = 𝐹2 − 𝐹3 − 𝐹1
′. (12) 

 

The general solution of (12) is given by 
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 𝐹1(𝑧) = ∑ 𝐽𝑖𝑒
𝑙𝑖𝑧6

𝑖=1 , 

 𝐹2(𝑧) = 𝐽7𝑧 + 𝐽8 − 𝑘1
𝐸2𝐴2

𝐸1𝐴1+𝐸2𝐴2
∑

𝑙𝑖

𝑙𝑖
2−𝑘1

𝐽𝑖𝑒
𝑙𝑖𝑧6

𝑖=1 , 

 𝐹3(𝑧) = 𝐽7𝑧 + 𝐽8 + 𝑘1
𝐸1𝐴1

𝐸1𝐴1+𝐸2𝐴2
∑

𝑙𝑖

𝑙𝑖
2−𝑘1

𝐽𝑖𝑒
𝑙𝑖𝑧6

𝑖=1 , (13) 

 

where the 𝑙𝑖 are the six roots of (11). The solution of the adjoint 

equation is required in the solvability condition. 

 Boundary conditions 

At a free boundary (𝑧 = 0 and/or 𝑧 = 1) we have 

 

 𝑓1
′′ = 0, 𝑓1

′′′ − 𝑘1𝑓4 = 0, 𝑓2
′ = 0, 𝑓3

′ = 0, 

 𝐹1
′′ = 0, 𝐹1

′′′ + 𝑘1(𝛼 − 1)𝐹4 = 0, 𝐹2
′ = 0, 𝐹3

′ = 0. (14) 
 

At a fixed boundary we have 

 

 𝑓1 = 0, 𝑓1
′ = 0, 𝑓2 = 0, 𝑓3 = 0, 

 𝐹1 = 0, 𝐹1
′ = 0,  𝐹2 = 0, 𝐹3 = 0. (15) 

 

At a hinged boundary we have 

 

 𝑓1 = 0, 𝑓1
′′ = 0, 𝑓2

′ = 0, 𝑓3
′ = 0, 

 𝐹1 = 0, 𝐹1
′′ = 0, 𝐹2

′ = 0, 𝐹3
′ = 0. (16) 

 

Finally, if the layer 1 is fixed and the layer 2 is free we have 

 

 𝑓1 = 0, 𝑓1
′ = 0, 𝑓2 = 0, 𝑓3

′ = 0, 
 𝐹1 = 0, 𝐹1

′ = 0, 𝐹2 = 0, 𝐹3
′ = 0. (17) 

 Linear natural frequencies 

The (linear) circular frequency 𝜔 is a function of the 

parameters 𝛼 and 𝑘1 only; when the two layers have different 

boundary conditions (see eqs. (17)), it also depends on the ratio 

𝐸1𝐴1/𝐸2𝐴2. 

We limit our analysis to the first three frequencies to limit the 

length of the paper and because for high order frequencies 

equations (1) are not expected to accurately describe the real 

behaviour. 

In the following we consider only one case for each family 

of boundary conditions in order to limit the length of the paper, 

although we have results for different boundary conditions of 

each family. 

 

Symmetric boundary conditions. As representative cases of 

symmetric (with respect to z = 1/2) boundary conditions we 

consider the free-free constraints. We have found that the 

curves for the fixed-fixed case are very close to those of the 

reported free-free case. 

The first three natural frequencies ω(α) for different values of 

k1 are reported in Fig. 1. 

 

Unsymmetric boundary conditions. As representative cases of 

unsymmetric boundary conditions we consider the fixed-free 

constraints. The first three natural frequencies ω(α) for 

different values of k1 are reported in Fig. 2. 

 

Boundary conditions different on each layer. As 

representative cases of (symmetric, indeed) boundary 

conditions different on each layer we consider the case in which 

the layer 1 is fixed-fixed and the layer 2 is free-free. The first 

three natural frequencies ω(α) for different values of k1 and for 

different values of the ratio 𝐸1𝐴1/𝐸2𝐴2 are reported in Fig. 3. 

Note that the second frequency does not depend on 𝐸1𝐴1/𝐸2𝐴2, 

while for the first and the third frequencies the differences due 

to 𝐸1𝐴1/𝐸2𝐴2 are visible only for k1 = 10 and k1 = 100. 

 

Comparing Figs. 1-3 we see the stiffening effect of the 

parameters α and k1, since ω is an increasing functions of both 

α and k1. 

The family of curves for different boundary conditions share 

the same qualitative behavior, so we can conclude that the 

effect of the boundary conditions is mainly quantitative. In fact, 

for fixed values of α and k1 we have very different natural 

frequencies for different boundary conditions, much more 

different of what happens for the single beam. In other words, 

the boundary conditions affect the two-layer beam much more 

that what they do for a single beam. 

 

 
a) k1=0.1 

 
b) k1=1 
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c) k1=10 

 
d) k1=100 

Figure 1. The first three natural frequencies ω for free-free 

boundary conditions. 

 

 
a) k1=0.1 

 
b) k1=1 

 
c) k1=10 

 
d) k1=100 

Figure 2. The first natural frequencies three ω for fixed-free 

boundary conditions. 
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a) k1=0.1 

 
b) k1=1 

 
c) k1=10 

 
d) k1=100 

Figure 3. The first three natural frequencies ω for fixed-

fixed/free-free boundary conditions. For each value of n = 1 

and of n = 3 we have three curves: the upper is for E1A1 = 

0.01E2A2, the medium for E1A1 = E2A2 and the lower for E1A1 

= 100E2A2 

5 THE THIRD ORDER PROBLEM 

The solution of the third order equations is sought-after in the 

form 

 
 𝑣3(𝑧, 𝑡0, 𝑡2) = 𝑣3𝑐 cos(𝜔𝑡0) + 𝑣3𝑠 sin(𝜔𝑡0) +
                                          𝑣3𝑐3 cos(3𝜔𝑡0) + 𝑣3𝑠3 sin(3𝜔𝑡0), 
 𝑤13(𝑧, 𝑡0, 𝑡2) = 𝑤13𝑐 cos(𝜔𝑡0) + 𝑤13𝑠 sin(𝜔𝑡0) +
                                        𝑤13𝑐3 cos(3𝜔𝑡0) + 𝑤13𝑠3 sin(3𝜔𝑡0), 
 𝑤23(𝑧, 𝑡0, 𝑡2) = 𝑤23𝑐 cos(𝜔𝑡0) + 𝑤23𝑠 sin(𝜔𝑡0) +
                                         𝑤23𝑐3 cos(3𝜔𝑡0) +
                                         𝑤23𝑠3 sin(3𝜔𝑡0). (18) 
 

The equations for 𝑣3𝑐, 𝑤13𝑐 and 𝑤23𝑐 are 

 

 𝑣3𝑐
′′′′ − 𝜔2𝑣3𝑐 − 𝑘1𝑠𝑇3𝑐

′ = −2ω𝑓1
𝜕𝐴𝑠

𝜕𝑡2
+ 

+𝑘3𝐴𝑐(𝐴𝑐
2 + 𝐴𝑠

2)
3 𝐸𝐼2

4 𝐻2𝐿6 (𝑓4
3)′, 

 𝑤13𝑐
′′ − 𝑘1𝑠𝑇3𝑐 = +𝑘3𝐴𝑐(𝐴𝑐

2 + 𝐴𝑠
2)

3 𝐸𝐼2

4 𝐻2𝐿6 𝑓4
3, 

 𝑤23𝑐
′′ + 𝑘1𝑠𝑇3𝑐 = −𝑘3𝐴𝑐(𝐴𝑐

2 + 𝐴𝑠
2)

3 𝐸𝐼2

4 𝐻2𝐿6 𝑓4
3, 

𝑠𝑇3𝑐 =
𝐸2𝐴2

𝐸1𝐴1+𝐸2𝐴2
𝑤13𝑐 −

𝐸1𝐴1

𝐸1𝐴1+𝐸2𝐴2
𝑤23𝑐 + (𝛼 − 1)𝑣3𝑐

′ . (19) 

 

This is the non-homogenous version of the problem (9), so 

that the solution exists if and only if the solvability condition is 

satisfied. For every boundary conditions this latter is given by 

 

−2ω
𝜕𝐴𝑠

𝜕𝑡2

∫ 𝑓1𝐹1𝑑𝑧

1

0

+ 𝑘3𝐴𝑐(𝐴𝑐
2 + 𝐴𝑠

2)
3 𝐸𝐼2

4 𝐻2𝐿6
∫ 𝑓4

3𝐹4𝑑𝑧

1

0

= 0 

  (20) 
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a) k1=0.1 

 
b) k1=1 

 
c) k1=10 

 
d) k1=100 

Figure 4. The nonlinear coefficient  for free-free boundary 

conditions. 

 

 
a) k1=0.1 

 
b) k1=1 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3394



 
c) k1=10 

 
d) k1=100 

Figure 5. The nonlinear coefficient  for fixed-free boundary 

conditions. 

 

 
a) k1=0.1 

 
b) k1=1 

 
c) k1=10 

 
d) k1=100 

Figure 6. The nonlinear coefficient   for fixed-fixed/free-free 

boundary conditions. For each value of n = 1 and of n = 3 we 

have three curves: the upper is for E1A1 = 0.01E2A2, the 

medium for E1A1 = E2A2 and the lower for E1A1 = 100E2A2 
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The equations for 𝑣3𝑠, 𝑤13𝑠 and 𝑤23𝑠 are instead 

 

 𝑣3𝑠
′′′′ − 𝜔2𝑣3𝑠 − 𝑘1𝑠𝑇3𝑠

′ = 2ω𝑓1
𝜕𝐴𝑐

𝜕𝑡2
+ 

+𝑘3𝐴𝑠(𝐴𝑐
2 + 𝐴𝑠

2)
3 𝐸𝐼2

4 𝐻2𝐿6 (𝑓4
3)′, 

 𝑤13𝑠
′′ − 𝑘1𝑠𝑇3𝑠 = +𝑘3𝐴𝑠(𝐴𝑐

2 + 𝐴𝑠
2)

3 𝐸𝐼2

4 𝐻2𝐿6 𝑓4
3, 

 𝑤23𝑠
′′ + 𝑘1𝑠𝑇3𝑠 = −𝑘3𝐴𝑠(𝐴𝑐

2 + 𝐴𝑠
2)

3 𝐸𝐼2

4 𝐻2𝐿6 𝑓4
3, 

𝑠𝑇3𝑠 =
𝐸2𝐴2

𝐸1𝐴1+𝐸2𝐴2
𝑤13𝑠 −

𝐸1𝐴1

𝐸1𝐴1+𝐸2𝐴2
𝑤23𝑠 + (𝛼 − 1)𝑣3𝑠

′ , (21) 

 
and the solvability condition is, for every boundary conditions, 

 

+2ω
𝜕𝐴𝑐

𝜕𝑡2
∫ 𝑓1𝐹1𝑑𝑧

1

0
+ 𝑘3𝐴𝑠(𝐴𝑐

2 + 𝐴𝑠
2)

3 𝐸𝐼2

4 𝐻2𝐿6 ∫ 𝑓4
3𝐹4𝑑𝑧

1

0
= 0. 

  (22) 
 

Rearranging the two solvability conditions we obtain the 

system of equations 

 

 
𝜕𝐴𝑠

𝜕𝑡2
+ 𝑘3

𝐸𝐼2

𝐻2𝐿6 𝜂𝐴𝑐(𝐴𝑐
2 + 𝐴𝑠

2) = 0, 

 
𝜕𝐴𝑐

𝜕𝑡2
− 𝑘3

𝐸𝐼2

𝐻2𝐿6 𝜂𝐴𝑠(𝐴𝑐
2 + 𝐴𝑠

2) = 0, (23) 

 
which permits us to determine 𝐴𝑐(𝑡2) and 𝐴𝑠(𝑡2).  

In (23) the major role is played by the positive nonlinearity 

parameter 

 

 𝜂 = −
3 

8 𝜔

∫ 𝑓4
3𝐹4𝑑𝑧

1
0

∫ 𝑓1𝐹1𝑑𝑧
1

0

= −
3 

8 𝜔(−1)

∫ 𝑓4
4𝑑𝑧

1
0

∫ 𝑓1
2𝑑𝑧

1
0

. (24) 

 
which is the same parameter used in [15] (see eq. (57) of [15], 

where a different but equivalent expression is reported). Note 

that 𝜂 depends on the amplitude of the 𝑓𝑖, thus the normalization 

condition for the 𝑓𝑖 is important. We assume 

 
 𝑚𝑎𝑥 {𝑓4(𝑧)} = 1. (25) 
 

The key parameter 𝜂 is always positive. It depends on 𝛼, 𝑘1 

and, for some boundary conditions, also on the ratio 

𝐸1𝐴1/𝐸2𝐴2. The parameter 𝜂 for different boundary conditions 

is reported in Fig. 4, 5 and 6, where we see that it is an 

increasing function of 𝛼 but, contrarily to 𝜔, it is a decreasing 

function of 𝑘1, rapidly approaching 0 for 𝑘1 → ∞. We also have 

𝜂 = 0 for 𝛼 = 1, a fact that is counter-intuitive if one looks at 

eq. (24), but that can be proved by noting that f4 rapidly 

converge to 0 for α → 1. 

A stationary solution of (23) is given by 

 

 𝐴𝑐 = Γcos (Ω𝑡2),  
 𝐴𝑠 = Γsin(Ω𝑡2), 

 Ω = −𝑘3
𝐸𝐼2

𝐻2𝐿6 𝜂Γ2.  (26) 

 
It follows that 

 

 𝑔(𝑡0, 𝑡2) = 𝐴𝑐(𝑡2) cos(𝜔𝑡0) + 𝐴𝑠(𝑡2) sin(𝜔𝑡0) = ⋯ 

 = Γ cos [(𝜔 + 𝑘3
𝐸𝐼2

𝐻2𝐿6 𝜂𝜀2Γ2) 𝑡]. (27) 

 

From (1), using (7), (9) and the normalization condition (25), 

we conclude that 

 

 𝐴 = max{𝑆𝑇} =
𝐻

(𝛼−1)𝐿
𝜀Γ + ⋯ (28) 

 

is the amplitude of the real interface sliding. We can conclude 

that the nonlinear, amplitude depend, frequency is given by 

 

 𝜔𝑛𝑙 = 𝜔 + 𝑘3
𝐸𝐼2(𝛼−1)2

𝐻4𝐿4 𝜂 𝐴2. (29) 

 

The major role in determining the backbone curve (29) is 

played by the parameter 𝜂, which is reported in Fig. 4-6. The 

fact that it is always positive means, as expected, that an 

hardening (𝑘3 > 0) / softening (𝑘3 < 0) behaviour of the 

interface corresponds an hardening / softening behaviour of the 

whole structure. 

6 CONCLUSIONS 

The nonlinear dynamics of a two-layer beam made of two 

linear elastic Euler-Bernoulli beams and by a nonlinear elastic 

interface have been investigated by means of the multiple time 

scale method. The effects of different boundary conditions, 

symmetric and not symmetric, equal on each layer or different 

for the two layers, have been studied. 

The natural linear frequencies are computed first, and it is 

shown that they depends on two dimensionless parameters only 

if the boundary conditions are the same on each layer. 

Otherwise, they also depends on the ratio E1A1/E2A2 of the 

beams axial stiffenesses. It is shown that the linear natural 

frequencies have a weak qualitative dependence and a strong 

quantitative dependence on the different boundary conditions. 

The amplitude dependent corrections of the linear natural 

frequencies, which is the main effect of the problem 

nonlinearity, have been successively computed. It is found that 

the hardening / softening behavior of the interface is maintained 

in the whole structure. Again, the effects of the different 

boundary condition have been highlighted to be mainly of 

quantitative nature, so that in applications one must pay a lot of 

attention to their determination.  
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ABSTRACT: Concrete is widely used nowadays in all sort of buildings which can be submitted to severe loadings coming from 
different sources, like natural hazards or industrial accidents. To properly design the concrete structure for all types of loadings, 
the understanding of concrete behavior under wide range of strain rates is required. Moreover, spalling tests have been 
commonly used to investigate the dynamic tensile response of concrete under high impact velocities. They have been indicated 
that the spalling strength of concrete is related to the loading rate since the tensile strength increases significantly at high strain 
rates. In this paper, a 3D discrete element model is proposed to study the tensile dynamic behavior of concrete. It is well adapted 
for cohesive materials and takes into account the rolling stiffness between discrete elements. Furthermore, numerical simulations 
are employed to comprehensively study the dynamic behavior of concrete in tension and prove the ability of the model used to 
reproduce the strain rate dependency. Some recommendations on selecting boundary conditions are also presented. 

 

KEY WORDS: Concrete; SHPB; Discrete element method (DEM); Dynamic tension; High strain rate; Strain rate dependency. 

1 INTRODUCTION 
The design of some civil engineering structures must take into 
account the risk of severe loadings due to natural or manmade 
hazards. Concrete is a material widely used in such structures, 
then the knowledge of the tensile behavior of concrete of 
concrete subjected to high strain rates is essential. 

Recently, many researchers used the spalling technique by 
mean of Hopkinson bar in order to study the behavior of 
concrete in tension at very high strain rates (up to 120 s ) 
[5,8,14]. Several reviews of the properties of concrete, in 
tension and compression, under dynamic loading have been 
completed recently. The strain rate dependency of the tensile 
strengths is reported as a dynamic increase factor (DIF: ratio 
of dynamic strength to quasi-static strength). A large part of 
the experimental results in the case of tension is compiled in 
Figure 1 on a log-log scale [10]. The behavior is bilinear 
where the first part shows a linear dependency of the DIF with 
log(ε), and the second is a steep increase of strength. The limit 
between the two parts is around ε ≈ 10  s . The physical 
interpretation of the rate dependency in tension for concrete is 
attributed to the free water present inside the nano-pores of 
the material, inducing an effect similar to the Stefan effect 
[12]. It causes an internal viscosity delaying crack 
propagation. For higher strain rates, there are very limited 
physical interpretation for the sharp increase of strength above 
the threshold rate ε ≈ 10  s . Some workers explained it by 
the crack propagation through the shortest path containing 
aggregates [13,15]. 
On the other side, different numerical model were used to 
reproduce the dynamic behavior of concrete in tension and 
compression. The Discrete Element Method (DEM) is 
appropriate for modeling discontinuities and also well adapted 

to dynamic problems [7,9]. In  order to offer a predictive 
model, the DE model must properly depict the concrete 
behavior. 

 
 

 
Figure 1. Strain rate dependency of the tensile strength. 

 
In this work, the proposed Discrete Element (DE) modeling 

is presented first.The identification process of the model 
parameters will be described briefly. In the second part, we 
present the numerical modelisation of the spalling tests carried 
out on R30A7 concrete. It takes into into account the strain 
rate dependency based on a formulation similar to that 
proposed by modified CEB and applied at the local scale 
between each two DE in interaction. The numerical results are 
then compared to the experimental ones. 

Validation of a 3D discrete element model in investigating dynamic tensile behavior 
of concrete at high strain rates 
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2 MODEL DESCRIPTION 

2.1 Discrete model 

The model used is close to the one proposed by Cundall and 
Stack [16] and has been described in Hentz et al. [6]. It uses a 
disordered assembly of spherical elements of different sizes 
and masses to reproduce isotropic and homogeneous behavior 
at the macroscopic scale [3]. Initially link interactions are 
generated between elements which are not necessarily in 
contacts. Interactions between two spheres are defined with 
normal K  and tangential K  stiffnesses that characterize the 
elastic behavior of concrete. Equation (1) shows the micro-
macro relations applied to determine K  and K  between two 
elements a and b [11]. D ,  stands for the initial distance 
between elements a and b, with R  and R  being the elements 
radius. The α, β, γ parameters need to be identified by mean of 
linear quasi-static compression and traction tests. 

 
,

 
   

     

 
1    

α   
                

                               1  

with S  π  min R  , R ² 

To model the non-linear behavior of the material, a 
modified Mohr-Coulomb criterion with softening is used (2). 
Local parameters are the local tensile strength T, cohesion C  
and softening factor ξ. Between elements in contact we use a 
classical Coulomb friction constitutive behavior (Figures 2 
and 3). 

f F , F F tan Φ F  S C     Sliding     
 f F , F S T F                   Tensile rupture           2  

 

 
Figure 2. (a) Sliding Criterion   (b) Tensile fracture criterion 

with softening 

2.2 Identification of non-linear parameters 

This process involves uniaxial quasi-static tensile tests firstly 
to evaluate the local tensile strength T and softening 
parameter ξ. Then through the simulation of compressive test 
we obtain the appropriate cohesion value C . This procedure 
has been described in details in [1]. A Moment Transfer Law 
(MTL) has been introduced to ensure a sufficient ductility of 
the macroscopic behavior of concrete in compression. Finally, 
the use of a local tensile strength T of 2.1 MPa, a softening 
factor ξ of 4 and a cohesion C  of 4 MPa provide a good 
reproduction of the experimental behavior for R30A7 wet 
concrete. 

3 SPALLING TEST 

3.1 Principle 

The experiment carried out by Erzar et al. [2] on R30A7 wet 
concrete is based on a modified Split-Hopkinson-Bar device 
to investigate the tensile behavior of concrete under high 
loading rates. The setup consists of a projectile, an incident 
bar and the specimen (Figure 3). The transmitted bar was 
removed. Strain gages were applied at the incident bar in 
order to measure the waves. The free surface velocity at the 
end of the specimen was determined via integration of the 
acceleration signal. The R30A7 wet concrete specimens used 
have a length of 140 mm and a diameter of 46 mm.  

 
Figure 3. Spalling test setup 

The projectile impacts the input bar generating a compressive 
wave that propagates until it reaches the bar-specimen 
interface. A part of the signal is reflected back into the bar due 
the impedance discontinuity, and the other part is transmitted 
to the concrete cylinder. The transmitted compression wave is 
reflected at the free end and becomes a tensile wave. This 
leads to fracture in the spall plane (Figure 4). 

 
Figure 4. Spalling test: principle of loading 

The wave velocity C  can be determined by mean of the 
signal at the loaded surface of the specimen and the measured 
free surface velocity at the end of the specimen. The wave 
needs a duration Δt to propagate from the beginning to the end 
of the specimen. Then the wave velocity and the dynamic 
Young’s modulus can be calculated as following: 

C  
L
∆t     E  ρ C                             3  
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3.2 The experimental data was carried out to explore set 

The spalling test was performed to study the R30A7 wet 
concrete under high strain rates (100 s  < ε < 110 s ). The 
concrete has the following characteristics: dynamic Young’s 
modulus E=42 GPa, Poisson’s ratio ν = 0.2, density ρ = 2390 
kg/m³, compressive strength  = 34 MPa and tensile strength 

 3.3 MPa [4]. 
The specimen is loaded by a compression stress pulse 

measured during the experiment (Figure 5). The free surface 
velocity was determined via the integration of the acceleration 
signal (Figure 6), and it will be used later to validate the DE 
model. 

 
Figure 5. Applied compression stress pulse 

 
Figure 6. Velocity at the rear face of the specimen 

3.3 The numerical setup 

The DE mesh refinement of the specimen should be 
representative of the real behavior of concrete, and at the same 
time the number of DE must be as small as possible to 
maintain a reasonable computation time. The mesh used 
contains 6744 DE with a mean radius of 1.5 mm and a 
compactness of 0.58 (Figure 7). 

 
Figure 7. DE mesh of the concrete specimen 

At each face of the specimen, we chose a layer of DE which 
has a thickness of 1.1 R  where R  = 2.9 mm is the 
maximum diameter of DE in the mesh. Then we applied the 
equivalent velocity pulse on this layer. This pulse (Figure 8) 
can be found from the stress pulse by using the equation of 
wave theory (4). 

V  
σ
ρ C                                               4  

 
Figure 8. Applied compression velocity pulse 

3.4 Strain rate dependency in tension 

The CEB proposed a formulation based on tests results 
compiled from the literature to describe the strain rate effect 
on the tensile strength of concrete. Based on this formulation, 
we updated the discrete element model to take into account 
the dependence of the local tensile strength T on the strain rate 
ε.  

   
1                          

 /             1  ˉ¹
   /            1  ˉ              

     5  

 

Where: 

- T  is the local dynamic tensile strength at ε 
- T  is the local static tensile strength at  = 1×10  ˉ¹ 
- log(θ) = 6  – 2 where     
- α = 1.4667 and 0.35 

By considering two discrete elements a and b in interaction, 
the strain rate is given by: 

 
       

   
 

   
   

             6  

Where  and  are the corresponding velocity vector,   
and  represent the position vectors and  the normal vector. 

3.5 Results 

Firstly we carried out the calculation with a fixed value of the 
local tensile strength T = T . Figure 9 shows the velocity at 
the rear face. It is clear that the specimen is predamaged 
through the compression wave before it reaches the free end 
and reflects to induce tensile rupture. The maximum value of 
velocity is about 8 m/s numerically while the experimental 
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value is 11.7 m/s which is the double of the maximum value 
of input velocity at the bar-specimen interface. 

 
Figure 9. Comparison of rear face velocity evolutions 

Then, we introduced the rate dependency at the link scale, and 
the results obtained in figure 10 shows that the modified 
model is able to reproduce more accurately the dynamic 
tensile behavior of concrete. The velocity curve at the rear 
face tend to have a maximum value close to that obtained 
experimentally. But still the pull-back velocity value is not 
well reproduced by our model. A calibration of the rate 
dependency law parameters should be carried out in order to 
offer a predictive model that depict properly the material 
behavior. At the end of the simulation, the modeled specimen 
contains several cracks in the middle (Figure 11). The 
maximum value of strain rate obtained during the simulation 
is about 118 ˉ¹ well closed to the experimental value (100-
110 ˉ¹). 

 
Figure 10. Comparison of numerical and experimental rear 
face velocity evolutions (experimental vs modified model) 

 
Figure 11. Damage and cracks distribution of the specimen 

 

4 CONCLUSION 
The modified 3D DE model taking into account the strain 

rate dependency in tension shows its ability to fit better the 
experimental results. But an improvement is still needed to 
have a predictive model that reproduce well the pull-back 
velocity at the rear face of the specimen. Therefore a 
calibration of the strain rate effect formulation should be 
done, and the study should take into account the dispersion of 
longitudinal wave propagating in the specimen. This work 
will be extended for simulation spalling tests with various 
strain rates. Finally before carrying out impact simulations at 
the structural scale, the DE model will be further validated 
through the simulation of impacts on reinforced concrete 
plates. 
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ABSTRACT : This paper deals with the modeling and design of inner resonance media, i.e. media that present
dynamics at both micro and macro scales. The inner resonance physics is translated into design rules in terms of
morphology and/or specificity of the mechanical parameters of the constituents. This approach is applied to (i) elastic
and (ii) rigid porous materials fand in both case the dynamic descriptions are derived by homogenization.
In highly contrasted elastic composite and in elastic reticulated media, the effective inertia is shown to be positive
or negative around the inner resonance(s). This induces band-gaps at large wavelength. In double porosity media
saturated by gas, the effective compressibility is frequency dependent. As this ”resonance” effect driven by viscosity
is highly damped no band-gap occurs, yet a significant dissipation appears around the resonance. In porous media
with inner resonators, the resonators brought a negative contribution to the effective gas stiffness. A broad band gap
along with strongly dispersed waves is evidenced.
The similarities of the results related to different physics, show that inner resonance requires a highly contrasted
microstructure. It imposes the resonant constituent (R) to respond in forced regime imposed by non resonant
constituent (C). Then, the effective constitutive law is determined by the C-constituant, while the R-constituant acts
as a atypical source term in the macroscopic balance equations.

KEYWORDS : Inner resonance, Homogenization, Meta-materials, Acoustics, Composites, Dissipation.

1 INTRODUCTION

This paper deals with inner resonance media, i.e. media
in which dynamic phenomena coexist at both micro and
macro scales. Such a ”co-dynamics” regime is obviously
impossible in homogeneous media and can occur only in
heterogeneous materials. Such materials, some of them
being currently named ”metamaterials”, are of prime in-
terest for their atypical properties, that are seemingly im-
possible to reach with classical materials.

The present study deals with materials that present a
statistically invariant representative volume element, and
are conveniently represented by periodic media. The aim
of this paper is twofold. First, to translate the physics
that lead to inner resonance in composite media, into de-
sign rules expressed in terms of morphology and/or speci-
ficity of the mechanical parameters of the constituents.
Second, to apply this approach to different highly con-
trasted materials - elastic composite or porous media with
low or high damping - and to derive by homogenization
their dynamic features. Indeed, whatever the physical na-
ture of the inner resonance, the description strongly de-
parts from usual standard dynamics. The critical discrep-
ancy is that either the apparent effective mass or the ap-
parent effective compressibility are frequency dependent
and can take negative or complexe values in a frequency

range related to the inner-resonance frequency.
The inner resonance phenomena differ (i) from

Rayleigh scattering (where wavelengths are slightly longer
than the period, hence local dynamic effects are weak see
e.g. [1]), and (ii) from Bragg scattering at high frequency
in periodic media (where wavelengths are comparable to
the period size), see e.g. [2]. In this latter case, periodic
media can be described through Floquet-Bloch theory [3],
multiscattering approach or by asymptotic method as [4]
in elastic composites or [5] in porous media.

2 GENERAL CONSIDERATIONS

By nature, inner resonance media means heterogeneous
media where long wavelength Λ coexist with some local
resonance in the period. In other words, in any region
of the medium, one may be able to distinguish at the lo-
cal scale, (i) a part of the period that acts as the long
wavelength conveyor - and therefore undergoes a quasi-
static regime-, and in the same time and same cell, (ii)
a other part that experiences a dynamic state. Thus,
in presence of long waves, the representative volume ele-
ment, respond with ”partial” non equilibrium state at the
local scale. This specific regime results infringe the state-
ment of quasi-static regime of the whole period, usually
considered in continuum mechanics applied to heteroge-
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neous material. Non conventional behaviors result from
this crucial change of fundamental assumption.

A key aspect of the inner resonance is the scale sep-
aration between the macroscopic characteristic length of
the long wave L = Λ/2π, that is much larger than the
period size �. This enables to derive the macroscopic de-
scription through the homogenization method in which
the multi-scale expansions are based on the small scale
ratio ε = 2π�/Λ = �/L� 1. [6], [7].

The theoretical possibility of inner resonance media
has been evidenced in the pioneer paper [8] dealing with
highly contrasted elastic composites, and demonstrated
practically much latter by e.g., [9] or [10], [11]. It has been
shown that this phenomena are also expected in reticu-
lated media [12]. In the field of acoustics of porous media,
a regime of transient inner diffusion in double porosity
media has been pointed out in [13] and experimentally
proved [14]. More recently the introduction of Helmholtz
resonator in a porous media has been investigated [15] and
shown to induce significant changes in the classic poro-
acoustic description.

To obtain at the same frequency a dynamic regime
at two very different spatial scale, the components of the
composite must behaves very differently. The above ex-
amples show that this may be realized either by introduc-
ing large contrasts in the their mechanical properties, or
by a geometrical contrast in their morphology. The al-
ternative is explored in the next sections, in the context
of composites and poro-acoustic. Despite the significant
difference in the treated cases, they are governed by a
common principle which provides some design rule for the
practical realization of such materials.

3 ELASTIC MEDIA

We investigate two types of inner resonant elastic media :
bi-composites with a large contrast in the stiffness of the
consituents ; reticulated media made of a single material,
the morphology involving a geometrical contrast.

3.1 Elastic bi-composites

Considering elastic bi-composites, a co-dynamics regime
entails that the resonating R-constituent experiences a
dynamic state at the period scale, while the C-constituent
carries the long wavelength. To enables long waves, the C-
constituent must be connected and much stiffer than the
R-constituent (that may be connected or not). Then, as in
[8], [16], we consider a periodic composite of period Ω and
characteristic period size � made of C- and R-constituants
with elastic tensors ac and ar, O(ac) � O(ar) and with
volumic mass ρc and ρr, ρc = O(ρr) occupying the do-
mains Ωc and Ωr, respectively (Fig. 1). The interface
between Ωc and Ωr is denoted Γ (of unit normal n, exte-
rior to Ωc).

���

���

�

Figure 1: Bi-constituent periodic media. The period Ω is
made of a resonating R-constituent (connected or not
and a ”long wave carrying” C-constituent connected.

We focus on angular frequencies ω such that the wave-
length Λc in C-constituent is large with respect to �. In
the composite, since O(ac) � O(ar) the stress is mainly
carried by the C-constituent and, thus, the order of mag-
nitude of the macroscopic length L is

L = O(
Λc

2π
) =

1
ω

√

|ac|
ρc

� � i.e. ρcω
2 =

|as|
L2

.

Further, for the R-constituant to be in dynamic regime in
the period we must have

Λr

2π
=

1
ω

√

|ar|
ρr

= O(�) i.e. ρrω
2 =

|ar|
�2
.

and as ρc = O(ρr) a co-dynamics regime is reached pro-
vided that the contrast between the elastic tensors is :

|ar|
|ac| = O(

�2

L2
) = ε2 � 1

The medium satisfies the Navier equation in Ωc and Ωr,
with the continuity of normal stress and of displacement
on the interface Γ :

div(σ) = −ω2ρu, in Ω (1)
σ = a : e(u) in Ω (2)

(σc − σr) · n = 0, over Γ (3)
uc − ur = 0 over Γ (4)

In the above equations, σ is the stress, e is the defor-
mation, and u is the displacement. Noting that the dis-
placements in both constituents are of similar order of
magnitude uc = O(ur), the above analysis lead to the
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re-scale the governing equations, using L as characteristic
length, in the following form

div(ac : e(uc)) = −ω2ρcuc in Ωc(5)
div(ε2ar : e(ur)) = −ω2ρrur in Ωr (6)

(ac : e(uc) − ε2ar : e(ur)).n = 0 over Γ (7)
ur − uc = 0 over Γ (8)

The homogenization process consists in introducing two
space variables, x and y = ε−1

x, (hence replace the usual
gradient by ∇x +ε−1∇y) and to look for the displacement
in the form of the following asymptotic expansion

u = u
(0)(x,y) + εu(1)(x,y) + ε2u(2)(x,y) + · · · , (9)

where the u
(i)(x,y) are y-periodic functions. Introduc-

ing expansion (9) into the local dimensionless set (5-8)
and equating like powers of ε yield successive boundary
value problems on the period. Let us summarize the re-
sults [8], [16].
- At the dominant order, the C-constituent is governed
by a static balance equation with free boundary condi-
tion. Therefore, at the dominant order, the C-constituent
experiences a rigid motion. It reduces to a uniform trans-
lation u

(0)
c = U

(0)(x), as the C-constituent is connected
and periodic. This is consistent with a local quasi static
regime of the C-constituent.
- The following order leads to the classic elastic local prob-
lem in the C-constituent with again free boundary condi-
tions of Neuman type:

divy(ac : (ey(u(1)
c ) + ex(U(0))) = 0 in Ωc

(ac : ey(u(1)
c ) + ex(U(0))) · n = 0 over Γ

Hence, at this order, the C-constituent behaves locally as
if the R-constituent were absent (or of zero stiffness). By
linearity, the solution is on the form

u
(1)
c = χ(y) : ex(U(0)

s ) + U
(1)
s (x)

σ(o)
c = [a : ey(χ) + a] : ex(U(0))

- At the next order, the balance and boundary condition
concerning the C-constituent write

divy(σ(1)
c ) + divx(σ(o)

c ) = −ω2ρcU
(0) in Ωc

σ(1)
c · n = (ar : ey(u(0)

r ) · n over Γ

After integration over Ωc, the use of the divergence the-
orem and the periodicity condition, it comes the macro-
scopic relation, independent on y

divx(C : ex(U(0))) = (10)

−ω2ρc
|Ωc|
|Ω| U

(0) − 1
|Ω|

∫

Γ

(ar : ey(u(0)
r )) · n dΓ

where the effective elasticity tensor C is defined indepen-

dently of the soft R-constituent

C =
1
|Ω|

∫

Ωc

[a : ey(χ) + a]dΩ

- To close the description it remains to express the bound-
ary interaction term in (10). For this, consider the leading
order problem governing the R-constituent, i.e. the fol-
lowing dynamic balance equations of hyperbolic type with
Dirichlet condition.

divy(ar : ey(u(0)
r )) = −ω2ρru

(0)
r in Ωr

u
(0)
r = U

(0)(x) over Γ

One derives by linearity that

u
(0)
r = U

(0) + α(y, ω) · U(0)

Considering the orthonormal eigenmodes φi and eigen fre-
quencies λi of the associated eigen value problem :

divy(ar : ey(φ)) = −λφ in Ωr

φ = 0 over Γ

α(y, ω) is obtained by modal decomposition in the form

α(y, ω) =
∞
∑

i=1

U
(0).

∫

Ωr
φidΩ

∫

Ωr
‖φi‖2dΩ

φi

ω2
i

ω2
− 1

; ωi =
√

λi/ρr

Thus, α is a second order real tensor, possibly not
bounded and changing its sign at ω = ωi.
- We can now calculate the integral in the right hand
member of (10). From the divergence theorem and the
balance equation in the R-constituent, it comes

∫

Γ

(ar : ey(u(0)
r )) · n dΓ = −

∫

Ωr

divy(ar : ey(u(0)
r )) dΩ

=
∫

Ωr

ω2ρru
(0)
r dΩ = ω2ρr

∫

Ωr

ω2ρr (I + α) · U(0) dΩ

and finally, we obtain the equivalent macroscopic behavior
at the leading order in the form

divx(C : ex(U(0))) = −ω2ρ · U(0) (11)

ρ(ω) =
ρc|Ωc| + ρr|Ωr|

|Ω| I +
ρr

|Ω|
∫

Ωr

αdΩ

The effective volumic mass ρ, as α, is generally not
bounded, depends on the frequency and changes its sign
in the vicinity of the poles ωi. This results from the inner
resonance of the R-constituent domain that experiences
a non uniform, frequency dependent motion. Hence, its
effective inertia is positive or negative in the vicinity of
its eigen-frequencies. Negative effective volumic mass of
the media induces and band-gaps at wavelengths much
larger than the period size. These band gaps are tunable
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with the R-constituent properties and the geometry of its
domain.

Figure 2: Reticulated periodic media. Cubic period
made of slender bars along the cube edge.

3.2 Reticulated media

We illustrate in this section the possibility of realizing in-
ner resonance media with a single material, by introducing
geometrical contrasts in the morphology. Consider a pe-
riodic reticulated media, (Fig.2) whose the cubic period
of side lenght �, simply consists on bars located on the
edges, rigidily connected at their extremities (the cube
corners). For simplicity, we investigate the configuration
where the bars are all identical, have a square section of
side lenght a and are made of same material of Young
modulus E and volumic mass ρ. Further, we assume that
the bars are slender enough, i.e. a � �, to be described
locally as Euler-Bernouilli beams. Hence the axial (com-
pression) and transverse (bending) harmonic behaviours
are described by the following set of equations (x is here
for beam axis, u the axial displacement, N the normal
force, S = a2 the beam section ; v the transverse dis-
placement, M the bending momentum, T the transverse
shear force, and I = a4/12 is the beam section inertia)

dN
dx

= −ω2ρSu , N = ES
du
dx

dT
dx

= −ω2ρSv , T − dM
dx

= 0 , M = −EI d2u

dx2

and the compression and bending wavelenght are respec-
tively

ΛN

2π
=

1
ω

√

E

ρ
;

ΛM

2π
=

1√
ω

4

√

EI

ρS

Focus now on the propagation of compressional waves in
the direction e1 coinciding with one axis of the cubic pe-
riod. The possibility to reach inner resonance lies in the

fact that the bars present a much higher stiffness in com-
pression than in bending. In that case, the ”carrying con-
stituent” are the bars oriented along e1 (index c) that
undergo compression and the ”resonnant constituent” are
the bars oriented perpendiculary (index r) that undergo
bending (note that the carrying/resonnant roles can be
inverted for compressional waves propagating along an
other axis of the period).

For this reticulated media to be in co-dynamics
regime, because the compresion/bending stiffness con-
trast, the stress is mainly carried by the C-constituent
(axial bars) and the R-constituent (perpendicular bars)
are in dynamic bending regime. Consequently, we have
the following requirements

L = O(
ΛN

2π
) = ε−1� ;

ΛM

2π
= O(�)

i.e., according to the expressions of ΛN and ΛM

O(
1
ω2

E

ρ
) = ε−2�2 ; O(

1
ω2

Ea2

12ρ
) = �4

Thus a co-dynamics regime may be reached when the in-
verse slender parameter of the beam is of the same order
as the scale ratio :

O(
a

�
) = ε

√
12 � 1

Note that with this geometry the transverse force Tr in
the bended beams is actually one order smaller that the
axial force Nc in the compressed beam. Indeed :

Nc = ES
du
dxc

= O(Ea2 u

L
) ; Tr =

dM
dxr

= O(E
a4

12
u

�3
)

i.e.
Tr

Nc
= O(

a2L

12�3
) = ε

Such a system can be analyzed by the homogenization
of periodic discrete media [17], [18] not reported here, and
the reader can refer to [19], [21], [20], [12] for a detailled
description. The derived 1D equation govering the com-
pressional wave reads

d
dx

(ES
du
dx

) = −ω2ρS(1 + ψ(ω))u (12)

The frequency dependent function ψ(ω) (its analytical
form is not given here) presents the same features as the
tensor α(ω) involved in the bi-composite description. It
is not bounded and changes of sign in the vicinity of the
poles ωi, that corrrespond to the even bending modes of
the beams of the period, with clamped conditions at the
extremities. Similarly to bi-composite, the negative effec-
tive volumic mass leads to dispersive waves and band-gaps
at wavelengths much larger than the period size. The in-
terest is that this effect results from the morphology in-
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stead of the interaction between contrasted constituents.

4 AIR SATURATED RIGID POROUS MEDIA

The linear acoustics of a homogeneous rigid porous media
of porosity φ is classically described by the mass balance
equation of the gas and the dynamic Darcy’s law [22].
They reads in harmonic regime at angular frequency ω

div(v) = −iω φ
β
p ; v = −κ(ω)

μ
.∇p

where, v is the mean gas flux, p the acoustic pressure. In
adiabatic regime around the equilibrium pressure P e, the
gas bulk modulus β (compressibility β−1) reads β = γP e

(the thermal effects disregarded by simplicity, can by in-
cluded by modifying the adibatic coefficient γ).

The gas viscosity is μ and κ(ω) is the frequency de-
pendent dynamic permeability tensor [23]. At low fre-
quencies, the flow in the pores is driven by the viscosity,
then κ → K, the real-valued intrinsic permeability. At
high frequencies, the flow is driven by the inertia, then
φμκ−1 → iωρeα∞ where α∞ is the high frequency limit
of the tortuosity tensor. The two regimes are delimited by
the transition frequency ωt for which the low frequency
viscous effects equal the high frequency inertial effects :
ωt = (φμ)/(|K|ρe|α∞|). The order of the wavelength is

Λ(ω)
2π

= O(
1
ω

√

iω|κ(ω)|β
μφ

)

For ω � ωc the wave is diffusive, Λ/(2π) ≈ √|κ|β/(ωμφ);
for ω � ωc the wave is propagative and Λ/(2π) ≈
(1/ω)

√

β/(|α∞|ρe).
To highlights the formal similarity with the elastic case

(1-2), we introduce the mean gas motion u = v/(iω) and
the governing equations become :

div(u) = ω2 p

β
; u = − iωκ

μ
.∇p (13)

So the analogue variables and parameters in elas-
tic/porous problems are : vectorial solid elastic mo-
tion/scalar gas pressure, i.e u → −p ; tensorial elas-
tic stress/vectorial gas motion, σ → u ; solid volu-
mic mass /gas compressibility ρ → φβ−1 ; fourth rank
elastic tensor/second rank tensor related to permeabil-
ity a → iωκ/μ. The fact that the ”force-type” and
”displacement-type” variables play an inverse role in the
two cases, results from the different nature of the balance
equation that express the force balance (elastic media) or
the mass balance (porous media).

We investigate hereafter two types of inner resonant
rigid porous media saturated by air. In both cases the
pores scale is assumed much smaller than the characteris-
tic size � of the constituents in the period Ω. First we anal-
yse double porosity media, i.e. a periodic bi-composite

porous media with a large contrast in permeability (in-
stead of elasticity) of the consituants,[24], [13], [25]. This
case leads to a local dynamic state of parabolic type. Sec-
ond, porous media with embedded Helmotz resonators are
examined. In that case the contrast is introduced geomet-
rically by the resonator morphology. This configuration
enables to reach a local dynamic state of hyperbolic type.

4.1 Double porosity media

Following for double porosity media the analogy with
bi-composites (and keeping the same notations), a co-
dynamics regime imposes the long wave carrying C-
constituent (porosity φc) to be connected and much per-
meable than the R-constituent (porosity φr) (Fig.1). We
study the frequency range such that the wavelength Λc

in C-constituent is large with respect to �. In the com-
posite, as O(κc) � O(κr), the flux is mainly carried by
the C-constituent. Thus, the order of magnitude of the
macroscopic length L is

L = O(
Λc

2π
) =

1
ω

√

|iωκc|β
μφc

� � i.e.
ω2

β
=

|iωκc|
μφcL2

.

while, the requirement of a dynamic regime in the R-
constituant at the period scale implies that

Λr

2π
=

1
ω

√

|iωκr|β
μφr)

= O(�) i.e.
ω2

β
=

|iωκr|
μφr�2

.

Consequently a co-dynamics regime can be reached when
the contrast of permeability tensors is :

|κr|φc

|κc|φr
= O(

�2

L2
) = ε2 � 1

Since the tortuosity |α∞| is a dimensionless factor O(1),
this condition is impossible to reach if Darcy flow in both
constituents is in inertial inertial regime (i.e. ω > ωtc

and ω > ωtr). However, this condition can be fulfilled
provided that the Darcy flow in the low permeability R-
constituant is in viscous regime, i.e. ω � ωtr. Then
κr ≈ Kr, and the frequency range of interest is ω = O(ωr),
ωr = βKr/(μ�2).

As the pressure in both constituents are of same or-
der of magnitude pc = O(pr), taking L as characteristic
length, the re-scaled governing equations accounting for
the permeability contrast take the following form

(iω/μ)div(κc.∇pc) = −ω2 pc

β
in Ωc

(iω/μ)div(ε2κr.∇pr) = −ω2 pr

β
in Ωr

(iω/μ)(κc.∇pc − ε2κr.∇pr).n = 0 over Γ
pr − pc = 0 over Γ
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The homogenization process of this differential set is close
to the one developed in elasticity.
- At the dominant order, the C-constituent is governed by
a static balance equation with free boundary condition.
Therefore, consistently with a local quasi static regime of
the C-constituent, at the dominant order, the pressure is
uniform, p(0)

c = P (0)(x).
- The following order leads to a classic local problem of
conduction in the C-constituent with again free boundary
conditions :

(iω/μ)divy(κc · (∇y(p(1)
c ) + ∇xP

(0)) = 0 in Ωc

−(iω/μ)(κc.(∇y(p(1)
c ) + ∇xP

(0))) · n = 0 over Γ

Hence, at this order, the C-constituent behaves as if the
R-constituent were impervious. By linearity we have

p(1)
c = θ(y) · ∇xP

(0) + P (1)(x)

u
(0)
c = − iω

μ
[κc · κ∇y(θ) + κc].∇xP

(0)

- At the next order, the balance and boundary condition
concerning the C-constituent write

divy(u(1)
c ) + divx(u(0)

c ) = −ω2φc

β
P (0) in Ωc

u
(1)
c .n = −(iω/μ)κr.∇y(p(0)

r ) · n over Γ

Integrating over Ωc, and using the usual integral transfor-
mation yields

(iω/μ)divx(K · ∇xP
(0)) = (14)

−ω2 |Ωc|φc

|Ω|
P (0)

β
− iω

μ

1
|Ω|

∫

Γ

(κr · ∇y(p(0)
r )) · n dΓ

where the effective dynamic permeability K is indepen-
dent of the (weak) permeability of the R-constituent

K =
1
|Ω|

∫

Ωc

[κr : ∇y(θ) + κr]dΩ

-To express the boundary flux term in (14), we focus now
on the leading order problem governing the R-constituent.

1
μ

divy(κr.∇y(p(0)
r )) = iωp(0)

r

φr

β
in Ωr

p(0)
r = P

(0)(x) over Γ

that, as expected, describes a local dynamic regime with
Dirichlet condition. By linearity the pressure field takes
the form

p(0)
r = P (0) + ζ(y, ω)P (0)

However, since κr ≈ Kr the dynamic phenomena is of
parabolic type. Hence, ζ(y, ω) takes complex values and
varies continuously without poles, from ζ(y, 0) = 0 at
ω = 0 to ζ(y,∞) = −1 when ω → ∞. Consequently,

there is no peak of resonance but a diffuse effect centered
around the frequency ωr = βKr/(μ�2).
- Finally, with the same procedure as for elastic media,
we derive the macroscopic description :

divx(
iω

μ
K · ∇xP

(0)) = −ω2P
(0)

B
(15)

1
B(ω)

=
1
β

[
|Ωc|φc + |Ωr|φr

|Ω| +
φr

|Ω|
∫

Ωr

ζdΩ]

The effective bulk modulus, B(ω), as ζ, is complex and
varies continuously with the frequency. This results from
the inner ”parabolic resonance” of the R-constituent that
experiences a non uniform, frequency dependant pres-
sure. As this effect driven by viscosity is highly damped,
no band-gap occurs, yet a significant dissipation appears
around ωr. As suggested by the elastic/porous analogy,
instead of obtaining a frequency dependent volumic mass,
one obtains here a frequency dependent bulk modulus.
However the different hyperbolic or parabolic nature of
the local problems lead to different physical effects, mean-
while the similarity in the formulations (see (10) and
(15)).

Figure 3: Porous media with a periodic array of
embedded Helmholtz resonators.

4.2 Porous media with embedded resonators

Consider finally a bi-composite porous media in co-
dynamics regime, in which the R-constituent is governed
by a elasto-inertial dynamics of hyperbolic nature. This
is realized by embedding in the porous C-constituent, a
periodic array of Helmholtz resonators, [15], the morphol-
ogy of which introduces a geometrical contrast (Fig.3).

Resonator Ωr is made of a ”chamber” and a con-
stricted duct Ω′ of lenght �′ = O(�). A key condition
for having a ”co-dynamics” regime is that the duct sec-
tion Σ is much smaller than that of the period, i.e. |Σ| =
O(ε�2). With this geometrical contrast, the flux pulsed
by the resonator is of one order smaller than the flux
carried through the C-constituent O(|vr||Σ|/|vc|�2) =
O(|Σ|/�2) = ε� 1.

The resonators respond to an external perturbation of
pressure according to the classic ”Helmholtz behavior”.
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The eigen frequency f0 = ω0/2π of the resonator results
from the chamber compressibility k = β|Σ|2/|Ωr| and the
duct mass ρe|Ω′|. It reads (Ce =

√

β/ρe is the sound
velocity in air):

ω0 =

√

k
ρe|Ω′| =

Ce

δ
; δ =

√|Ωr||Ω′|
|Σ| = O(

�2
√|Σ| )

Since |Σ|/�2 � 1, then δ � �. Consequently, the reso-
nance occurs at a frequency much lower than diffraction
frequency of the media f0 � fd = Ce/(2π�) and the re-
quirement of scale separation is respected.

Disregarding the viscous dissipation on the duct, from
the classic spring/mass response of the resonator, the flux
induced by the external pressure P (0) reads

vr.n|Σ| = q(1) = −ω2P
(0)

β

|Ωr|
1 − (ω/ω0)2

= ε|vc|�2 (16)

It is worth mentioning that the ”co-dynamics” condi-
tion is naturally fulfilled when ω0 > ωtc, i.e. the flow in
the C-constituent, is driven by inertia at the pore scale
(much smaller that �). Indeed, in this case Λc(ω0)/(2π) =
O(Ce/(√αc∞ω0)) = �2/

√|Σ| � � , that insures the co-
existence of local and global dynamics. From the expres-
sions of ω0 and ωc this situation arises when :

Kmαm∞

φm
>

μ

ρeCe
δ =

μ

ρeCe
O(

�2
√|Σ| )

Conversely, when ω0 < ωtc, i.e. a C-constituent flow
driven by the viscosity, the ”co-dynamics” condition is
rather restrictive. Indeed, the scale separation condition
Λm(ω0)/(2π) � � reads in that case :

√

KmP e/(ωμφm) � �

and we have the two requirements for the permeability :

�2

δ

αm∞

γ
� Kmαm∞

φm

ρeCe

μ
< δ

and as αm∞/γ = O(1), �/δ =
√|Σ|/� = O(

√
ε)

O(
√
ε) � Kmαm∞

�φm

ρeCe

μ
< O(

1√
ε
)

then Kmαm∞

�φm

ρeCe

μ
= O(1)

Consequently, both frequency ranges show that ”co-
dynamics” situations can be reached only when:

Kmαm∞

φm
≥ μ

ρeCe
O(�) i.e., ω0/ωc ≥ O(�/δ)

which means that the Darcy flow in the porous C-
constituent may be in inertial or visco-inertial regime, but

not in almost purely viscous regime (ω0/ωc � 1).
When processing homogenization, since the flux

brought by the resonator (16) is of one order smaller than
that carried by the C- constituent, the first and second
problem in the C-constituent remains unchanged com-
pared to the double porosity case. The difference arises
on the global mass balance that takes now the form

(iω/μ)divx(K·∇xP
(0)) = −ω2 |Ωc|φc

|Ω|
P (0)

β
− 1
|Ω|

∫

Σ

vr·n dΓ

Consequently, reporting the expression (16) of the flux,
the macroscopic description write :

divx(
iω

μ
K · ∇xP

(0)) = −ω2P
(0)

̂B
(17)

1
̂B(ω)

=
1
β

[
|Ωc|φc

|Ω| +
|Ωr|
|Ω|

1
1 − (ω/ω0)2

]

Around resonance, the resonator brought a negative
contribution to the effective bulk modulus ̂B(ω). Then
̂B(ω) is negative in broad ”atypical band” [ω0, ω

∗
0 ]

̂B(ω0) = 0 ; ̂B(ω∗±
0 ) = ±∞

̂B(ω) ≤ 0 for ω0 ≤ ω ≤ ω∗
0 = ω0

√

1 +
1

( |Ω|
|Ωr| − 1)φc

̂B(ω) ≥ 0 for ω ≤ ω0 and ω ≥ ω∗
0

Hence a broad band gap along with strongly dispersed
waves occurs, and is tunable with the parameters of the
porous matrix and the resonators. As for elastic case,
the local hyperbolic problem introduces, unbounded effec-
tive parameter that takes real positive or negative values.
However, consitently with the elastic/porous analogy, in-
stead of negative effective volumic mass, we get effective
bulk modulus (that presents a single pole due to the single
eigen frequency of the resonnator).

5 CONCLUSION

The analysis of different physics show that inner reso-
nance requires a highly contrasted microstructure. This
can be reach either by considering composites with con-
tratsed constituents or by specific morphology with ”con-
trasted geometry”. Whatever the physics in considera-
tion, a co-dynamics regime imposes that at the local scale,
(i) a part (C) of the period acts as the long wavelength
conveyor and undergoes a quasi-static regime while (ii) a
other part (R) experiences a dynamic state. This implies
that R respond in forced regime imposed by C. Then,
the effective constitutive law is determined by C, while R
acts as a source term in the balance equations. The situa-
tion of ”partial” non equilibrium local state results in non
conventional behavior characterized by frequency depen-
dent constitutive parameters associated to the transient
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term. Hence, when the macroscopic governing equation
expresses the momentum balance - respectively the mass
balance - an atypical effective volumic mass - respectively
bulk modulus - appears. The investigated cases show that
when the local dynamic problem is of hyperbolic type, the
effective parameter of the transient term presents poles
and take real positive or negative values that are un-
bonded in the vincinity of the eigen frequency of the local
resonating domain. Thus band gaps and strong dispersion
exist at low frequencies (i.e. much lower that the diffrac-
tion frequency). Conversely, when the dynamic problem
is of parabolic type, the parameter varies continuously
without poles, and takes complexe values of significant
phase in the frequency range of the ”eigen frequencies”.
Thus no band gaps arise but strong dissipation and dis-
persion appear at low frequencies. This points out the
key effect of the local dissipation in the description of phe-
nomena in materials involving co-dynamics state. To con-
clude, this approach enables to identify some design rules
to create microstructured materials, whose properties are
seemingly impossible to obtain with classical materials.
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ABSTRACT: A pressing issue across many areas of science is how to upscale from a microscale to a macroscale. This has historically
been addressed using homogenization theory which is highly accurate and generates effective equations purely on the macroscale -
the microscale is typically encapsulated by averaged parameters. Unfortunately the conventional theory is limited to low frequencies
and long waves and the purpose of this contribution is to elucidate how to deal with high frequencies for which multiple scattering
and resonance phenomena can emerge.

KEYWORDS: Bloch waves

1 INTRODUCTION

Numerous engineering structures are composed from periodic
frame or truss structures made of bars, beams or strings in struc-
tural dynamics [1, 2]. The single cell from which the structure is
constructed may be small with regard to the macro-structure that
can be composed of many hundreds or thousands of cells. It is
highly desirable to generate a continuum model that represents
the effect of the microstructure. The aim of a series of articles by
the author and collaborators has been to generate such models
when the medium is not perfectly periodic and when the wave-
length and cell are of similar size.

Periodic lattice structures appear in many other areas no-
tably in solid state physics [3, 4]. For infinite periodic sys-
tems Floquet-Bloch theory allows one to reduce the analysis
to a single-cell with quasi-periodicity assumed. The phase-shift
across a cell is then related to the wave frequency by a dispersion
relation, interestingly such dispersion diagrams are characterised
by stop-bands, disallowing wave propagation for some frequen-
cies, and flat regions where standing waves occur correspond-
ing to regions of slow sound among other features. This classi-
cal theory has found many applications in for instance photonic
crystals [5] in optics and many of these ideas translate across nat-
urally to structural mechanics. The relationship between phase-
shift and frequency is key to the understanding of wave propa-
gation through periodic media and 1(b) shows the wavenumber
space that is considered; as the medium (a typical medium is
shown in figure 1(a)) is perfectly periodic one need only utilise
a portion of wavenumber space called the irreducible Brillouin
zone. Once we move to media that are no longer perfectly pe-
riodic then this Brillouin zone and dispersion relation interpre-
tation and language is formally invalid, however it is important
to note that it encodes vital information about multiple scattering
and the existence of standing waves: both are highly useful when
constructing an asymptotic theory.

It is natural to aim to average over these cells to create a

continuum model that subsumes the microstructure and this has
motivated a substantial research area: homogenization theory
[6, 7, 8, 9, 10], in which the static or quasi-static (low frequency,
long wavelength relative to the cell) theory is now widely de-
veloped [11]. This classical low frequency homogenization the-
ory follows a standard algorithm and effective material prop-
erties readily emerge, see for instance [12], for applications in
elastodynamics for composites. However, as noted in structural
mechanics by [13] much less is known about the dynamic be-
haviour when the wavelength and cell scale is of similar order.
Conventional homogenization theory is not capable of capturing
the behaviour away from the low frequency regime and currently
asymptotic methods for high frequencies that lead to continuum
models are not available.

[14], have developed a related high frequency homogeniza-
tion theory for continuous media created from periodic cells, say
an elastic or electromagnetic medium punctured by a doubly-
periodic array of holes or inclusions or for frames in [15]. A
discrete version of the theory for point mass-string models from
solid state physics is also available in [16]. In both cases progress
is made and effective continuum equations are found and their
accuracy and versatility is verified by specializing to the infinite
periodic Bloch wave cases. Furthermore localized modes created
by local defects are identified from the homogenized models and
compared to numerical solutions of the complete system in [16].
More recently the theory has been extended to elastic plates [17]
and to full in-plane elasticity [18].

The high frequency homogenization that we develop is an ex-
tension of homogenization theory, the usual multiple-scales pro-
cedure [7, 8, 9, 10, 6] as applied to multi-scale media necessar-
ily requires the wavelength to be long relative to micro-structure
thereby limiting the theory to low frequencies; unfortunately low
frequencies can be of little interest in many real applications. The
usual asymptotic procedure [9] proceeds via the introduction of
two scales: a slow scale x and a fast scale (microscopic) y= x/ε
where ε� 1. This scale separation shrinks the microstructure al-
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(a)

Γ (0,0)
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κ 2

κ
1

(b) Brillouin zone

Figure 1. Panel (a) An infinite square array with the cell shown as the dashed
line inner square. Panel (b) shows the irreducible Brillouin zone, in wavenum-
ber space, used for square arrays in perfectly periodic media based around the
elementary cell shown of length 2l.

lowing it to be isolated and averaged; the emphasis is upon the
long scale. The frequency of the waves is forced to be effec-
tively low and this limits the validity of the usual theory with the
leading order displacement field eventually independent of the
microscale. Craster et al [14] make a subtle change of empha-
sis beginning with a trivial change in the definition of the two
scales with a slow scale X= εx and a fast scale ξ = x; this scal-
ing fixes attention upon the micro-scale. The theory expounded
in [14] then follows through the logic of this, together with an
additional idea taken from physics: If one has a perfect lattice
then attention can be concentrated upon a simple cell with Bloch
conditions set upon its edges, this perfect lattice problem en-
codes the multiple scattering between cells no matter how high
the frequency is. Noting that there exist standing waves at the
wavenumbers corresponding to the edges of the Brillouin zone,
and that those standing waves have associated standing wave fre-
quencies inspires one to use this information within an asymp-
totic theory.

2 THEORY

The theory can be most easily described for a continuum with,
say, a square array of holes, but the basic idea readily carries

across to frames, discrete systems, higher-order equations etc.
Let us consider a wave equation, for, say, SH waves in anti-plane
elasticity with periodic density with time harmonic dependence
exp(−iωt) assumed understood, as

l2∇x · [a(ξ)∇xu(x)] + Ω2ρ(ξ)u(x) = 0 (1)

with non-dimensional frequency

Ω =
ωl

ĉ0
(2)

with ĉ0 =
√
â0/ρ̂0 a characteristic wave speed. Here l is the

lengthscale of the cell and a, ρ are periodic stiffness and density
variations.

A multiple scales approach is adopted treating the disparate
lengthscales L (of the macroscale) and l (of the microscale) via
X = x/L, and ξ = x/l as new independent variables to get

∇ξ · [a(ξ)∇ξu(X,ξ)] + Ω2ρ(ξ)u(X,ξ)

+ε[2a(ξ)∇ξ +∇ξa(ξ)] · ∇Xu(X,ξ)+

ε2a(ξ)∇2
Xu(X,ξ) = 0 (3)

This naturally looks worse, but it contains a small parameter ε=
l/L� 1 and therefore this inspires an asymptotic approach.

As earlier for perfectly periodic media there are Bloch waves
which have standing waves. These standing waves correspond to
waves periodic in both directions across the cell, anti-periodic
(out-of-phase) across the cell or a combination of periodic in
one direction and anti-periodic in the other. Let us focus on the
periodic-periodic case which on the microscale enforces bound-
ary conditions in ξ - then u(X,ξ) periodic in ξ, but not neces-
sarily in X.

u|ξ1=1 = u|ξ1=−1, u|ξ2=1 = u|ξ2=−1,

uξ1 |ξ1=1 = uξ1 |ξ1=−1, uξ2 |ξ2=1 = uξ2 |ξ2=−1.

The dependence on the longscale X determines the macroscale
governing equation and is what we seek.

The ansatz is adopted

u(X,ξ) = u0(X,ξ) + εu1(X,ξ) + ε2u2(X,ξ) + . . . , (4)

and for the frequency

Ω2 = Ω2
0 + εΩ2

1 + ε2Ω2
2 + . . . (5)

Each ui(X,ξ) for i = 1,2 . . ., is periodic in ξ and this is impor-
tant as it then focusses attention upon the long-scale.

Importantly, this theory is not limited to Ω2 � 1 as in classical
homogenization for which the corresponding ansatz is

u(X,ξ) = u0(X) + . . . , Ω2 = ε2Ω2
2 + . . . (6)

Now we solve order-by-order in ε: at leading order

∇ξ · [a(ξ)∇ξu0] + Ω2
0ρ(ξ)u0 = 0. (7)

A discrete spectrum of eigenvalues Ω2
0, for which there is no

phase shift across the structure and for which standing wave is
formed, can be found. The solution is (for simple eigenvalues)

u0(X,ξ) = f0(X)U0(ξ,Ω0) (8)

2
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where U0(ξ,Ω0) is a periodic function of ξ, is known as is Ω0

from the Bloch solutions. Physically this has the interpretation
that the multiple scattering of the periodic problem is captured
by this. The function f0(X) is unknown and varies only on the
macroscale. It is determined by moving up the hierarchy of equa-
tions and, after some algebra [14], at second order one obtains

∇ξ · [a(ξ)∇ξu2] + Ω2
0ρ(ξ)u2 = −Ω2

2ρ(ξ)f0U0 (9)

−a(ξ)U0∇
2
Xf0 − [2a(ξ)∇ξ +∇ξa(ξ)] · ∇Xu1 (10)

contains both f0(X) and the eigenvalue correction, Ω2
2. Invoking

an orthogonality condition, integrating over the microscale cell
yields an eigenvalue problem for f0 and Ω2

2 as the homogenized
partial differential equation

Tij
∂2f0

∂Xi∂Xj

+Ω2
2f0 = 0, (11)

which is posed entirely upon the macroscale, with the tensor Tij
encapsulating the microscale. It is given by

Tij =
tij∫ ∫

S
ρ(ξ)U2

0 dS
for i, j = 1,2. (12)

t11 = −2

∫ 1

−1

[a(ξ)U2
0 ]ξ1=1dξ2

+

∫ ∫
S

(2a(ξ)V
(1)
1ξ1

+ aξ1(ξ)V
(1)
1 )U0dS,

t12 = t21 =
1

2

∫ ∫
S

(
2a(ξ)(V

(1)
1ξ2

+ V
(2)
1ξ1

)

+aξ2(ξ)V
(1)
1 + aξ1(ξ)V

(2)
1

)
U0dS,

t22 = −2

∫ 1

−1

[a(ξ)U2
0 ]ξ2=1dξ1

+

∫ ∫
S

(2a(ξ)V
(2)
1ξ2

+ aξ2(ξ)V
(2)
1 )U0dS.

The function V is given in [14] and is a particular solution to the
first order problem. This is entirely on the macroscale with the
microstructure built in through integrated quantities. Thus the
medium is “homogenized”, but valid at high frequencies.

3 MOTIVATING EXAMPLE

This methodology has proved to be remarkably versatile and
importantly in captures quantitatively and even qualitatively the
variations in behaviour created as frequency changes. In particu-
lar periodic, or nearly periodic, media are well known to exhibit
dynamic anisotropy.

As a motivating example we consider a square array of cir-
cular holes in a medium that obeys the Helmholtz equation (the
wave equation with exp(−iΩt) assumed). The array has pitch 2
and the holes have radius 0.4 and have u = 0 applied on their
boundary. The theory follws the general approach above and a
tensor Tij emerges, from the simple symmetric nature of circular
holes there are no off-diagonal terms. The theory is fully worked
out in [19].

−1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3 3.5
0
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1.5
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Wavenumber
Γ M XX

Figure 2. The dispersion diagram for a doubly periodic array of square cells with
circular inclusions, of radius 0.4, fixed at their inner boundaries. The dispersion
curves are shown in solid lines and the asymptotic solutions from HFH are shown
in dashed lines. The cell has sidelength 2 and notably there is a zero frequency
stop-band. Taken from [19]

The asymptotic theory can be used to derive asymptotic dis-
persion curves that can then be compared to those from numer-
ical simulations and these are shown in figure 2. However, that
is not the main value of the theory: the main test is to apply
it to finite arrays (that are no longer infinite and for which no
Bloch theory exists). If one then takes a finite array as in, say,
figure 3 then full numerical simulations using finite elements are
lengthy and time consuming. The asymptotic theory no longer
required delicate and time consuming numerics and generates
accurate results that capture the anisotropy that is created by the
microstructure. A detailed comparison is in figure 3.

4 CONCLUSION

There is now a highly versatile and accurate high frequency ho-
mogenisation theory that extends the classical theory. It is im-
portant to note that this general theory can be applied to many
problems in structural mechanics, a start was made in [15] but
much remains to be done.
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the stop band. Taken from [19]
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ABSTRACT: The dynamic properties of elastic and viscoelastic periodic composites involving inner resonance have been 
studied previously by using multiple scale expansions. For the case of composites whose constituents present a large contrast of 
elasticity tensor, it was shown that inner resonance induces cut-off frequencies. Multiple scale expansions show also that the 
cut-off frequencies correspond to the eigen-frequencies of the domain of inner inclusions constrained by fixed boundary 
conditions. A recent development [10] has shown that the case of composite inclusions containing a massive inner inclusion 
surrounded by a soft material has cut-off frequencies which can be obtained by studying the static elastic response of the mass-
spring system constituted by the composite inclusion. The comparison is made between the case of uniform and composite 
inclusions. Then,  a full solution is given for the lowest cut-off frequency (or resonance frequency) in the case of inclusions 
made of composite fibers. 

KEY WORDS: Composites, Inner resonance, fibers, cut-off frequency. 

1 INTRODUCTION 

The paper presents some results about the properties of the 
dynamic behavior of composites having high contrasts, which 
allows the material to display inner resonances. This kind of 
behavior was predicted on two-phase materials by using the 
homogenization method resting on asymptotic expansion [1], 
[2]. More recently, this kind of behavior obtained new 
interest, in relation to the development of metamaterials. So, 
new mathematical results were obtained on the local elastic 
resonance mechanisms, providing results on the convergence 
of the asymptotic approach [3], [4], [5], [6]. Experiments 
providing evidence for the existence of band-gaps related to 
local resonance have finally demonstrated the physical 
importance of inner resonance[7], [8],  [9],  . Recently, new 
results in this field were provided, extending the method to 
three-component composites containing elastic or viscoelastic 
materials[10]. Applications to stratified composites were 
provided in [1],(2] and [10].  

The aim of this paper is to describe some results in the case 
of composites containing cylindrical inclusions. 

2 THE HOMOGENIZATION RESULTS 

The homogenization theory resting on the asymptotic method 
is based on assumptions related to the order of magnitude of 
the different physical parameters existing within the problem 
at the microscopic scale. The problem at the microscale is 
briefly recalled for the two-phase case. Then the scaling 
assumptions are presented and the consequences in terms of 
local problems at the microscale obtained by previous authors 
are recalled. Finally a similar presentation of the local 
problems at the microscale  on the three-phase case is also 
recalled. 

2.1 The two-phase problem 

Let us consider a periodic composite material made of two 
elastic constituents, each one being comprised within a part 

2..1, ====ssΩ  of the periodic unit cell Ω, s denoting the 

species. At the local scale, these materials comply with the  

equations for the conservation of momentum which write for 
harmonic motion at radial frequency ω: 

0u)(Div )s(
2

)s()s( ====++++ ωρσ  (1) 

with )(sσ  the stress tensor complying with the elastic 

constitutive equations: 

)()()( sklsijklsij ea====σ  (2) 

where  )(sijσ , )s(kle , )(sijkla are the components of the stress 

,strain and elasticity tensors within both  constituents, )(sρ the 

specific masses and )(su  the displacement fields inducing the 

previously defined strain tensors.  
All fields, except the displacement fields,  are assumed Ω-
periodic, i.e. periodic on the unit cell Ω. These fields comply 
with the continuity of displacements and tractions at the 
interface Γ between constituents: 

[[[[ ]]]] 0. ====Γσ N  (3) 

and 

[[[[ ]]]] 0====Γu  (4) 

where the brackets denote the jump at the interface between 
constituents: 

[[[[ ]]]] )2()1( fff −−−−====Γ  (5) 

2.2 Scaling assumptions 

The inner resonance appears when the components of the 
local elasticity tensors comply with a suitable scaling. 
This scaling is expressed for a given value of the scale ratio ε��
given by: 
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L

l====ε  (6) 

Where l is a characteristic size of the periodic cell and L is a 
characteristic size of a macroscopic domain, with ε<<1. 
The asymptotic expansion assumption is that any variable   
v can be can be considered as given by: 

...)y,x(v)y,x(v)y,x(vv )2(2)1()0( ++++++++++++==== εε  (7) 

where x can be considered as the position at the macroscopic 
scale and y= x /ε, a position variable amplified by 1/ε which 
allows the positioning within the periodic cell, i.e. a 
microscopic position variable. 
This scaling allows to consider that all terms of the expansion 
are such that v(k) are periodic functions of the microscopic 
variable y.  

2.3 Consequences in terms of localization and 
homogenization for the two-phase problem. 

With these assumptions, the inner resonance appears only 
when a suitable scaling is imposed on the components of the 

local elasticity tensors. From [1], [10], if )s(a~ is a norm of 

the elasticity tensor )s(a~ of phase s, the inner resonance 

appears for  )(0a~/a~ 2
)1()2( ε==== and )1(O/ )1()2( ====ρρ . 

Under this condition, the displacement of phase 1 at the first 
order is given by:   

)y,x(u)x(uu
)1(

)1(

)0(

)1()1( ε++++====  (8) 

where: 

)x(u)x)(u(e).y()y,x(u
)1(

)1(

)0(

)1(

)1(

)1( ++++==== ξ  (9) 

)y(ξ being the static  Ω-periodic localization tensor of the 

composite medium. All functions of x only, being not 
functions of the local variable, are therefore constant on Ω.  
Accounting for the scaling on elasticity tensors, the 
localization tensor can be obtained by considering phase 2 as 
void. 
The displacement of phase 2 is obtained by the following 

equation on  the relative displacement )1()2( uuw −−−−==== as 

unknown. This relative displacement is solution of the 
dynamic equation: 

)x(uw))w(e:a~(Div )0(
)1(

2
)2(

2
)2(y)2(y ωρωρ −−−−====++++  (10) 

with boundary condition 0w ====  on Γ. Index y on  )w(ey

and yDiv means that the differentiation is made with respect 

to  the local position y . 
The solution of (10) with such a boundary condition is given 
by: 

                          )x(u).,y(w )0(
)1(ωα====  (11) 

where ),y(w ωα==== is a second order localization tensor. 

Finally, from[1], [10] the effective behavior is governed by a 

frequency-dependent specific mass )(eff ωρ given by: 

          
)2(

)2(

eff
I)( αρρωρ ++++====  (12) 

where  . is the volume average over the periodic cell, 
)s(

. is 

the volume average over sΩ  and I  is the second order 

identity tensor. 
Then,  the effective dynamic equation is given by: 

      )1(

eff
2

)1(x
eff u)()u(:a~(Div ωρωε −−−−====  (13) 

where the effective elastic tensor is computed from the 

localization tensor )y(ξ of the medium containing solid and 

holes.  
It shows that all the dynamic effect is concentrated within the 

effective specific mass (or within tensor α ). 

2.4 Consequences in terms of localization and 
homogenization for a three-phase medium with soft 
density of the soft medium 

Let us now consider a three-phase medium made of: a 
connected matrix of properties )1()1( ,a~ ρ and a composite 

inclusion made of a stiff inner inclusion of properties 

)3()3( ,a~ ρ surrounded by a soft coating of properties )2()2( ,a~ ρ
comprised between the matrix and the stiffer part (Figure 1). 
  
      

       

Figure 1 Composite inclusion within the matrix. 
As it will seen thereafter, the solution of the localization 
problem including (10) with the related boundary condition is 
governed by the resonance frequencies of the soft inclusion. 
For the problem related to the composite inclusion, it is shown 
in [10] that two situations can occur: when the density of the 
coating (2) has the same order of magnitude as the ones of 
parts (1) and (3), the dynamic behaviour of the composite 
medium is related again to the resonance of the soft part of the 
inclusion which is now the coating. However, when the 
density of the coating is significantly lower than the the ones 
of parts (1) and (3), the behaviour of the coating is governed 
by the resonance of the inner part “coating+inclusion” 
behaving as a mass-spring system. In these conditions the 
overall  behaviour is controlled by the six resonance 
frequencies of this mass-spring system. 
In the following, we shall consider only the second case of a 
soft medium with low density. 
Following Auriault and Boutin [10], the scaling of physical 
parameters leading to such a behavior is given by: 

Matrix (1) Stiff inner inclusion (3) 

Coating (2) 
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)1()3()1(
q

)2( ).1(O;).(O ρρρερ ======== for the specific masses 

and: )1(
p2

)3()1(
2

)2( a~).(0a~;a~).(0a~ −−−−======== εε for 1p,q ≥≥≥≥ . 

Under these conditions, the inner inclusion behaves as a rigid 
solid and its motion is characterized by 3 translational 
Degrees Of Freedom (DOF) and 3 rotation DOF. Under 
convenient symmetry conditions, rotation DOFs do not appear 
in the motion and the main localization problem to be solved 
corresponds to the motion of medium (2) (coating) induced by 

a relative displacement )1()3( uudu −−−−==== of the  inner 

inclusion with respect to the matrix in the static case. 
The solution of this problem can be written as: 

                          )x(du).,y(w ωμ====  (14) 

where ),y( ωμ is again a second order localization tensor.  

Finally, the effective specific mass of the medium is then 
given by: 

            1

)3()3(
2)3()3(

eff

)I
c

k
(c −−−−−−−−++++====

ρω
ρρρ  (15) 

The tensor h being given by: 

                          dSn).(e:a~
1

k ry)2(

r

μ
Ω Γ
∫∫∫∫−−−−====  (16) 

the integral being taken on the boundary rΓ of the inner 

inclusion with normal rn  and Ω being the volume of the unit 

cell. Tensor  kΩ is the integral of traction over the inner 

inclusion induced when a relative displacement is imposed 
between inner inclusion and matrix and corresponds therefore 
to the stiffness of the “mass-spring” system created by the 
assembly of inner inclusion and coating. 

3 SPECTRAL CONSIDERATIONS 

As seen before, the  dynamic behavior of the composite is 
governed by the dynamic response of the inclusions. This 
dynamic behavior is itself characterized by resonance 
frequencies. The objective of this section is therefore to 
present the method allowing to compute these resonance 
frequencies in the 2-phase and 3-phase cases.  

3.1 Resonance frequencies in the two-phase system 

The resonance frequencies appear when solving the dynamic 
equation (10) within soft inclusions.  
Following [1],[10], let us introduce the eigenvalue problem 
associated with the elastic operator in (10) with the associated 
homogeneous boundary condition: 

                 φλφ −−−−====))(e:a~(Div y)2(  (17) 

The spectrum is discrete and positive [11], with 
...0 321 ≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤ λλλ each eigenvalue being associated to a 

vectorial eigen-function φ)i( . This series constitutes a 

complete orthogonal basis on which the solution w can be 
decomposed, allowing to obtain the localization function 

α by: 

          
2

)2(

)i(

)2(

)i()i(

1i

)2(
2

i 1

1

φ

φφ

ρω
λ

α
⊗⊗⊗⊗

−−−−
==== ∑∑∑∑

∞∞∞∞

====

         (18) 

The effective specific mass comes directly from the average 

of α introduced into (12). 
From this relation, it appears clearly the resonance frequencies 
which correspond to infinite values of the specific mass. They 
are given by: 

                           2/1

)2(

i
i )(

ρ
λ

ω ====  (19) 

As shown by (12) and (18), the specific mass changes its sign 
at the resonance frequency, leading to a negative specific 
mass. 

3.2 Resonance frequencies in the three-phase system 

For the three-phase system in the case of assumptions 
presented in section 2, the eigen-frequencies correspond to 
infinite values of the effective mass in (15). The resonance 
frequencies are obtained  when the effective specific mass 
given by (15) becomes infinite, which correspond to the null 
eigenvalues of the matrix whose inverse is computed in (15). 
This is expressed by using the eigenvalues ik  of second-

order stiffness tensor k  , the radial eigen-frequencies being 
given by: 

                           2/1

)3()3(

i
i )

c

k
(

ρ
ω ====  (20) 

4 FIRST EIGEN-FREQUENCIES FOR 2D PROBLEMS 

In the following, the problem of searching the eigen-
frequencies will be restricted to the following 2D cases: the 
one of a two-phase composite comprising parallel  long fibers 
having radius R made of materials highly softer than the 
matrix and the one of a three-phase composite made  of stiff 
fibers  with radius iR  surrounded by a coating of 

thickness ie RR −−−−   inside the matrix.  In both cases, only the 

waves related to propagation perpendicular to the fibers will 
be considered, which corresponds to a motion in the plane 
perpendicular to the fibers. In a first step, a comparison will 
be made of the orders of magnitudes of the first resonance 
frequencies in both cases. Next, the exact resonance frequency 
will be provided for the three-phase case. 

4.1 Qualitative comparison of two-phase and three-phase 
cases 

The order of magnitude of the resonance frequencies in the 
two-phase case ust be obtained from the 2D dynamic study of 
the cylinder fixed on its external surface. This case of 
boundary condition is not classical, the cylinder resonances 
being usually obtained for a free lateral surface. In this last 
case, the lowest resonance frequency corresponds to 
circumferential waves. From a physical point of view, the 
lowest resonance frequency of the fixed cylinder mst be also 
governed by circumferential waves. However, from symmetry 
considerations, nonsymmetrical circumferential waves are 
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excluded and then, the order of magnitude of the half-
wavelength is Rπ where R is the radius of the cylinder, this 
leads to the order of magnitude of the first resonance 
frequency: 

)1(0.
R

)1(O.
R

c
2

)2(

)2(s)p2(
r ρ

μ
ω ========

where sc is the shear wave velocity and )2(μ the shear 

modulus. 
In comparison, the order of magnitude of the first resonance 
frequency in the three-phase case is given by 

(((( )))) )3(

)2()p2(
r

iie)3(

)2(

)3(

i)p3(
r RRR

)1(O.
m

k

ρ
ρ

ω
ρ

μ
ω ≈≈≈≈

−−−−
========

A convenient choice of materials can lead to a small value of 
the ratio of specific masses, which corresponds to the scaling 
described in section 2. With such a choice, the first eigen-
frequency for the two-phase case is significantly higher than 
the one for the three-phase case. In addition, due to a higher 
mass in the composite inclusion, the kinetic energy induced in 
the composite inclusion is higher than the kinetic energy 
induced in the two-phase case. The resonance effect in the 
three-phase case must be significantly more effective than in 
the two-phase case. So, in the following subsection, a precise 
value of the first eigen-frequency will be computed precisely 
for the case of the three-phase case. 

4.2 First eigen-frequency in the three-phase case 

 Let us now consider the previously described three-phase 
fiber-matrix system. From section 2, the first step is to 
compute the stiffness of the mass-spring system as described 
in section 2. 
The solution to such a plane problem rests on the complex 
variable solutions described in the classical Muskhelishvili’s 
book [13]for systems with circular symmetry. The application 
of the method to the case corresponding exactly to the 
previously described boundary value problem has been 
provided in [14]. 
The stress field produced by a given rigid displacement δ of 
the inner cylinder is given by: 

[[[[ ]]]]
[[[[ ]]]]
[[[[ ]]]] θθχσ

θχσ

θθχσ

θ

θθ

sinBsinrb2ra2Ar)1(

cosrb2ra6Ar)1(

cosBcosrb2ra2Ar)3(

t
3

22
1

r

3
22

1

r
3

22
1

rr

====++++++++−−−−====

−−−−++++−−−−====

====++++++++++++====

−−−−−−−−

−−−−−−−−

−−−−−−−−

  (21) 

where r is the radial coordinate, νχ 43 −−−−==== where ν is the 

Poisson’s coefficient and the other constants are given by: 

           

2
e

2
i

2
e

2
i

2

2
e

2
i

2

2
i

2
e

i

e2
e

2
i

2

2
e

2
i)2(
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log()RR(

)RR(
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++++
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++++
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−−−−−−−−++++
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χ

χ

δχμ

    (22) 

The easy integration of the traction induced on the inner 
inclusion produces the force applied on the inner inclusion 
given by )BB(RF tri −−−−==== π . 

Due to the symmetry of the system, the stiffness of the 

composite inclusion system is given by Ikk ==== with k given 
by δπδ /)BB(R/Fk tri −−−−======== .  

Replacing the values of rB and tB by their expressions from 

(21)  leads to: 

             
)1n)(nlog(1n

)1)(1n(2
k

222

2

)2( ++++−−−−−−−−
++++++++====

χ
χπχ

μ    (23) 

which is only a function of the elastic coefficients and of the 

ratio 
e

i

R

R
n ==== . 

Finally, the first resonance radial frequency )p(3
rω  is given by: 

                 (((( )))) )n,(
R

d

2/1

2
e)3(

)2()p3(
r χω

ρ

μ
ω

⎥⎥⎥⎥
⎥⎥⎥⎥
⎦⎦⎦⎦

⎤⎤⎤⎤

⎢⎢⎢⎢
⎢⎢⎢⎢
⎣⎣⎣⎣

⎡⎡⎡⎡
====           (24) 

with 

         [[[[ ]]]]
2/1

2222

2

d
n)1n)(nlog(1n

)1)(1n(2
)n,( ⎥⎥⎥⎥
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⎣⎣⎣⎣

⎡⎡⎡⎡
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++++++++====

χ
χχχω (25) 

This eigen-frequency has the form proposed in the previous 
subsection and it displays a non-dimensional radial 
frequency dω which is a function of the geometry and of the 

Poisson’s ratio (through χ ) .  

It has been found  that the nondimensional radial frequency 
)n,(d χω has always only one minimum )((min)d χω  on n 

(varying between 0 and 1). This minimum is attained for  n= 
)(n min χ  corresponding to an “optimal” geometry. 

Figure 2 displays the variation of minn  as a function of the 

Poisson’s ratio . It shows that the radius of inner inclusion 
related to the minimal eigen-frequency  is around 0.6 times 
the radius of overall inclusion for Poisson’s ratio upto 

3.0====ν . When the Poisson’s ratio increases, the “optimal” 
ratio of radii decreases for reaching around 0.31 for 5.0====ν . 

Figure 2.Ratio n= ei R/R at the minimum  
of resonance frequency
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of resonance frequency 

Figure 3. Non-dimensional resonance frequency (min)dω  as a 

function of Poisson’s ratio 

As an example of application, let us now consider the case of 
a material for which composite fibers are made of 
polyurethane foam (E=0.5Mpa, 3.0====ν ) containing steel 

wires ( 7800====ρ kg/ 3m ). 

Figure 4 shows the variation of the first resonance frequency 
for such a material as a function of the external radius eR  of 

the composite fiber. It can be seen that the resonance 
frequency decreases as a function of the radius of the 
composite fiber from 5 MHz (for m1R e μ==== ) to 50Hz (for 

m1.0R e ==== ). 

Figure 4. Resonance frequency (first cut-off frequency)  as a 
function of the radius of the composite fiber  

5 CONCLUSION 

Having recalled the results obtained by asymptotic expansion 
on the occurrence of a frequency dependent specific mass 
inducing cut-off resonances, the paper has produced a 
comparison of the lowest resonance frequency produced in the 
case of soft inclusions and composite inclusions containing a 
massive inner inclusion surrounded by a soft coating. Then 
the exact value first resonance frequency has been provided 
for  the plane case of inclusions made of cylindrical composite 
fibers. It has been shown that an optimal configuration  exists, 
leading to the lowest value of resonance (or cut-off) 
frequency. Finally, a non-dimensional minimal resonance 
frequency is provided as a function of the Poisson’s ratio, 
which allows to consider all configurations of composite 
fibers. A practical example has been  given for the first 
resonance frequency as a function of the external diameter of 
the composite fiber.    
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ABSTRACT: In a first step,  the absorption coefficient of a rigidly backed porous layer is enhanced by periodically embedding 
3D inclusions of different shapes, therefore extending previous works from 2D to 3D configurations. The main conclusions are  
1. this enhancement only depend on the filling fraction at low frequencies and not on the shape of the inclusions 2. the required  
filling fraction for a total absorption peak to be reached below the so-called quarter-wavelength frequency of the plate is higher 
in 3D than in 2D. In a second step, we demonstrate absorption coefficient enhancement, both in the viscous and inertial regimes 
and at wavelengths much larger than the layer thickness,  by periodically embedding air filled Helmholtz resonators in a porous  
layer  deriving from a 2D configuration. This enhancement is attributed to the excitation of two specific modes: Helmholtz  
resonance  in the viscous regime and a trapped mode in the inertial  regime.  The enhancement  attributed to  the Helmholtz  
resonance can be further improved when a small amount of porous material is removed from the resonator necks. The large 
absorption frequency band is then enlarged by using Helmholtz resonators with different and correctly chosen neck lengths.

KEY WORDS: acoustic metamaterials, sound absorbing materials,  metaporous materials, Helmholtz resonators.

1 INTRODUCTION

Air  saturated  porous materials,  namely foams and wools, 
are  often  used  as  sound  absorbing  materials.  Nevertheless, 
they  suffer  from  a  lack  of  absorption  efficiency  at  low 
frequencies which is inherent to their absorption mechanisms, 
even  when  used  as  optimized  multilayer  or  graded  porous 
materials.  Actually,  these mechanisms only rely on viscous 
and thermal losses. In the inertial and adiabatic regimes, when 
the  frequencies  are  higher  than  the  Biot  frequency  fυ, 
relatively thin porous plates provide excellent tools to absorb 
sound, but they fail in the viscous and isothermal regime, i.e., 
at lower frequencies. In the inertial and adiabatic regimes, the 
acoustic pressure satisfies an Helmholtz equation, with losses, 
while  in  the  viscous  and  isothermal  regime,  it  satisfies  a 
diffusion equation.

These last decades, several solutions have been proposed to 
avoid  this  problem.  They  usually  consist  in  coupling  the 
viscous and thermal losses of porous materials with additional 
absorption  mechanisms,  mainly  associated  with  resonance 
phenomenon arising from the addition of heterogeneities. 

The absorption enhancement  of  double porosity materials 
[1]  arises  from  resonances  of  the  microporous  material 
(pressure diffusion mechanisms) excited by the macropores in 
case of a initial porous material layer. These macropores are 
usually  heterogeneities  obtained  by  drilling  holes  in  the 
porous plate thickness. The theory describing the behavior of 
these  materials  is  well  established  in  the  homogenization 
regime. For high contrast flow resistivity between the micro 
and the macro porous materials, the absorption enhancement 
is obtained at the diffusion frequency fd, which only depends 
on  the  geometry  and  organization  of  the  holes  in  infinite 
double porosity medium. At this frequency, the pressure wave 
is subjected to the viscous regime in the microporous material, 
while  subjected  to  the  inertial  regime  in  the  macropore 

material. The behavior of double porosity porogranular plates 
is different [2] from the one of usual double porosity plate. 
Large absorption has been reported at low frequency  both in 
case  of  low resistivity  contrast  when  the  pressure  wave  is 
subjected to the inertial regime in the microporous and in the 
macroporous  materials  (expanded  perlite)  and  of  large 
resistivity  contrast  (activated  carbon).  The  low  frequency 
properties of activated carbon cannot be completely explained 
by  their  double  porosity  structure,  but  also  by  sorption 
mechanisms.

Another  possibility  consists  in  plugging  dead-end  pores, 
i.e.,  quarter-wavelength  resonators,  on open pores  to  create 
dead-end porosity materials [3]. This results in anomalies in 
the absorption coefficient when the wavelength is of the order 
of  the  dead-end  pore  length.  Nevertheless,  the  absorption 
enhancement  is  still  not  completely  understood  and  is 
subjected to the inertial regime with regards to the dead-end 
pores. Moreover the manufacturing process (cooling process) 
involving salt grains and liquid metal does not yet  offer the 
possibility of the full control over the densities and the lengths 
of the dead-end pores. 

Metaporous materials, in which modes are excited trapping 
the energy between periodic rigid inclusions embedded in the 
porous  plate  and  the  rigid  backing  or  in  the  inclusions 
themselves  (split-ring resonators),  have  been  proposed.  The 
absorption  properties  of  the  porous  plate  are  enhanced  at 
lower  frequencies  than  the  quarter  wavelength  frequency 
[4,5], when the absorption of the initial plate is not unity at 
this  frequency.  When  split-ring  resonators  are  correctly 
arranged and coupled with the rigid backing, the absorption 
coefficient  can  be  higher  than  0.9  for  wavelengths  smaller 
than  10  times  the  material  thickness  and  over  a  large 
frequency band, which largely overcome the usual limit of the 
quarter wavelength [6]. Moreover, this last technique is only 
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efficient  in  the  inertial  regime,  because  the  split-ring 
resonators  are  filled  by  porous  materials  enabling  to  lower 
their  resonance frequency.  This means that  it  is  possible to 
absorb  the  energy  at  frequencies  higher  than  the  Biot 
frequency fυ with very thin structures, but that an increase of 
the thickness does not lead to enhanced absorption for lower 
frequencies.  Indeed,  the  resonators  cannot  resonate  when 
filled  by  a  porous  material  in  the  viscous  and  isothermal 
regime,  because  the  pressure  field  satisfies  a  diffusion 
equation.  Adding  periodic  air  cavities  to  the  rigid  backing 
enable to partially solve this problem, but it  requires  either 
deep cavity or large lateral periodicity [7,8]. 

Recently, membrane-type metamaterials that exhibit nearly 
total  reflection at  an anti-resonance  frequency [9]  or nearly 
total  absorption  due  to  the  flapping  motion  of  asymmetric 
rigid  platelets  added  to  the  membrane  [10]  have  been 
proposed,  but  their  absorption  properties  are  limited  in  the 
metamaterial resonance frequency range. Metamaterials have 
induced a revival of interest in Helmholtz resonators (HRs) to 
manufacture  negative  bulk  modulus  and  mass  density 
materials  [11,12].  In  Ref.  [11],  split  hollow  sphere  were 
embedded in a sponge matrix. This material exhibit negative 
bulk modulus at the HR resonance. The effective properties, 
mainly  wave  velocity  and  effective  stiffness,  of  an  infinite 
porous  material  with  embedded  resonators  were  recently 
investigated in [13] by homogenization. The scale separation 
assumption  implies  long  wavelength  condition.  Different 
behavior  depending  on  the  ratio  between  the  HR  resonant 
frequency fr and  fυ were  exhibited,  while  negative  stiffness 
was  demonstrated  around  the  resonance  frequency.  The 
absorption properties of the structure were not analyzed.

The  use  of  Helmholtz  resonators  as  sound  absorbers  or 
attenuators in ducts has already been proposed [14,15], but not 
their use together with acoustic porous materials as common 
sound absorbing materials.

In this article, the influence of the periodic embedment of 
simple  shape  3D inclusions  on  the  absorption  of  a  rigidly 
backed  porous  layer  is  investigated.  In  a  second  step,  the 
influence  on  the  small-thickness  porous  plate  absorption 
coefficient of the periodic embedment of HRs is investigated 
both in the viscous and inertial regimes of the porous material. 
The long-wavelength regime is not considered in this article.

2 DESCRIPTION OF THE CONFIGURATION

A  parallelepiped  unit  cell  of  the  3D  scattering  problem  is 
shown in Fig.  1.  Before  the addition of  the inclusions,  the 
layer is a rigid frame porous material saturated by air (e.g., a 
foam) which is modeled as a macroscopically homogeneous 
equivalent  fluid  Mp using  the  Johnson-Champoux-Allard 
model  [16,17].  The  equivalent  bulk  modulus  and  density, 

linked to the sound speed through c p=√K p/ρ p
are

K p
=

γ P0

Φ(γ−(γ−1) /(1+i
ωc

Pr ω
G (Pr ω)))

, (1)

ρ
p
=

ρ
a
α∞

Φ
(1+i

ων
ω F (ω)) , (2)

wherein ων=2π f ν=σΦ/ρ
a
α∞ is  the  angular  Biot 

frequency, ωc '=σ ' Φ/ρ
a
α∞ is  the  adiabatic/isothermal 

crossover  angular  frequency, γ the  specific  heat  ratio,
P0  the atmospheric pressure, Pr the Prandtl number, 

ρ
a

the density of the fluid in the (interconnected) pores, 
Φ the  porosity, α∞  the  tortuosity, σ the  flow 

resistivity,  and σ ' the  thermal  resistivity.  The correction 
functions  G(Pr ω)  and  F (ω)  are  given  by

G(Pr ω)=√1−i ηρ
a Pr ω(

2α∞

σ ' ΦΛ '
)

2

, (3)

F (ω)=√1−i ηρa ω(
2α∞

σΦΛ
)

2

, (4)

where η is  the  viscosity  of  the  fluid, Λ ' the  thermal 
characteristic  length,  and Λ the  viscous  characteristic 
length.  The  thermal  resistivity  is  related  to  the  thermal 
characteristic length [17] through σ '=8α∞η/ΦΛ ' .

The upper and lower flat and mutually parallel boundaries 
of the layer, whose x3 coordinates are L and 0, are designated 
by  ΓL  and  Γ0 respectively.  The upper semi-infinite material 
Ma, i.e., the ambient fluid that occupies  Ωa, and Mp are in a 
firm contact at the boundary ΓL, i.e., the pressure and normal 
velocity are continuous across ΓL. A Neumann type boundary 
condition is applied on Γ0, i.e. the normal velocity vanishes on 
Γ0.

Inclusions, with a common spatial periodicity  d=<d1,d2,0>, 
are  embedded  in  the  porous  layer  and  create  a  two-
dimensional  diffraction  grating  in  the  plan  x1-x2.  In  the 
following,  three  different  infinitely-rigid  simple-shape 
inclusions,  are  considered  :  a  cubic  inclusion  of  edge  a,  a 
cylindrical inclusion of radius r and length h, and a spherical  
inclusion of radius r. A Cartesian coordinate system, with the 
three  unit  vectors  ij,  j=1,2,3,  is  attached  to  each  inclusion 
barycenter. The position and orientation of the inclusion are 
refereed to by its barycenter xinc.

Figure 1. Example of a d-periodic fluid-like porous sheet 
backed by a rigid wall with a periodic inclusion embedded in.

The incident plane wave propagates in  Ωa. The azimuth of 
the incident wavevector is Ψi and its elevation θi. 

As the problem is periodic and the excitation is due to a 
plane wave, each field (X) satisfies the Floquet-Bloch relation

X (x+d )=X ( x)ei k perp
i .d

(5)
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where  k perp
i

= <k1
i,k2

i,0> is the in-plane component of the 
incident  wavenumber.  Consequently,  it  suffices  to  examine 
the field in the elementary cell of the material to get the fields, 
via the Floquet relation, in the other cells. The periodic wave 
equation is solved with a FE method.

A 20 mm-thick Fireflex foam sheet and a 22 mm and a 22.5 
mm-thick Melamine foam sheets are used thorough the article. 
The parameters of these two porous materials are reported in 
Table 1. 

Table 1. Acoustical parameters of the porous material 
constituting the sheet of thickness L.

Φ α∞ Λ (μm) Λ' (μm) σ (N.m.s-4)
Fireflex 0.95 1.42 180 360 8900

Melamine 0.99 1.02 120 240 11500

3 RESULTS  FOR  NON-RESONANT  SIMPLE  SHAPE 
3D INCLUSIONS

Numerical  simulations  have  been  performed  for  various 
geometric parameters, various shape inclusions and within the 
frequency  range  of  audible  sound,  particularly  at  low 
frequencies.  One  of  the  main  constraints  in  designing 
acoustically absorbing materials is the size and weight of the 
configuration.  In  this  sense,  a  low frequency  improvement 
implies  good  absorption  for  wavelength  larger  than  the 
thickness of the structure. 

3.1 Cubic inclusions

First, a a-edge cubic inclusion is considered in a cubic unit 
cell (d1,d2,L)=(2 cm, 2 cm, 2 cm). The cube is centered in the 
unit  cell,  i.e.  xinc=(d/2,d/2,L/2).  The  faces  of  the  cube  are 
parallel to those of the unit cell. Figure 2 depicts the evolution 
of the absorption coefficient at normal incidence for various 
edge lengths a from 0 mm to 17.5 mm leading to different 
filling fractions ff  from 0 to ~ 0.67.

Figure 2. Absorption coefficient (linear elements) of a cubic 
inclusion of edge length a centered in a cubic unit cell 

(d1,d2,L)=(2 cm, 2 cm, 2 cm) occupied by Fireflex when 
excited at normal incidence: from the thinest to the thickest 
curves a=0; 5 mm; 7.5 mm; 10 mm; 12.5 mm; 15 mm; 16 

mm; 17.5 mm.

Similarly to the analysis carried out in the two-dimensional 
case [4,5], a trapped mode (TM) is excited by the presence of 
the inclusion. The TM excitation frequency υt becomes lower 
when the filling fraction  increases  for  fixed position of  the 
barycenter.  This frequency is always lower than the quarter 

wavelength resonance one, when the barycenter is higher or 
equal  to  half  of  the  layer  thickness  L.  The  absorption 
coefficient possesses a maximum as a function of the edge of 
the cube.  The absorption is nearly total  for  a=16 mm edge 
cubic  inclusion  (configuration  C1),  which  corresponds  to  a 
filling  fraction  of  ff ~ 0.51.  When compared  to  the  results 
obtained  in  the  2D  case  for  a  r=7.5  mm  infinitely  long 
cylinder centered in the same matrix material with identical 
geometry [4], the required filling fraction for the absorption 
peak to be total is larger in the 3D case, i.e., ff ~ 0.51, than in 
the 2D case, ff ~ 0.44. In the same way, when the nearly total 
absorption peak is reached,  υt is higher in the 3D case (υt = 
2860 Hz) than in the 2D case (υt = 2680 Hz). 

Once the optimal edge size is determined to have a nearly 
total  absorption  peak  at  υt,  the  absorption  coefficient  is 
calculated for the total  frequency range of audible sound in 
Fig. 3. The first Bragg interference, which corresponds to the 
maximum  of  reflected  energy  leads  to  a  minimum  of 
absorption around 6000 Hz. This corresponds to constructive 
interferences  between  the  scattered  waves  by  the  inclusion 
and its image with respect to the rigid backing. This minimum 
appears when 2x3

inc is equal to half of the wavelength in the 
porous material in case of normal incidence. 

The modified mode of  the backed layer  (MMBL),  which 
traps the energy inside the porous plate and corresponds to an 
evanescent  wave  in  the  upper  half  plate  and  a propagative 
wave inside the porous plate is excited at υMMBL  ~ 17000 Hz. 
This corresponds to the intersection of the longitudinal mode 
of  the  porous  plate,  which  cannot  be  excited  by  a  plane 
incident  wave  without  heterogeneity,  with  the  first  Bloch 
wave,  as  explained  in  [4,7,8,18].  This  mode  is  excited  at 
relatively  high  frequency  because  the  periodicity  is  here 
relatively small (d1,d2)=(2 cm, 2 cm).

Figure 3. Absorption coefficient (quadratic elements) of the 
configuration C1, when the layer is occupied by Fireflex, 

excited at normal incidence.  The absorption coefficient of the 
homogeneous layer is depicted by the dashed line.

3.2 Other simple shape inclusions at normal incidence

We  focus  on  the  three  purely  convex  simple  inclusion 
shapes that possess geometric symmetry with respect to their 
barycenter.

The  absorption  coefficients  for  different  simple  shape 
inclusions  embedded  in  the  same  porous  material  with  the 
same periodicity and at identical filling fraction are calculated 
and compared. For identical material layer and dimension of 
the unit cell, the large filling fraction required,  ff ~ 0.51, to 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3425



reach  an almost total  absorption coefficient  at  υt in case of 
cube would impose a r ~ 9.9 mm radius sphere. Such a filling 
fraction is also impossible to realize in practice when spheres 
are embedded with a periodicity (d1,d2)=(2 cm, 2 cm). This 
also means that in a cubic unit cell, a cubic inclusion seems to 
be  the  best  choice  in  the  sense  that  this  inclusion  shape 
enables  large  filling  fraction  when  compared  with  other 
simple  shape  inclusions,  like  sphere  or  cylinder.  While  the 
embedment of spheres in a porous materials probably do not 
lead  to  an  optimal  absorption,  i.e.,  a  unit  amplitude 
absorption, at low frequency, this solution is used in practice 
[19].

Figure 4. Absorption coefficients (quadratic elements) of the 
configuration C2 (■), C3 vertical (▲) and horizontal (►), and 

C4 (o), when the layer is occupied by Fireflex, excited at 
normal incidence. The absorption coefficient of the 
homogeneous layer is depicted by the dashed line.

The cube edge is also decreased to a=15 mm in order for the 
filling fraction to be  ff ~  0.42. A comparison between the 
absorption  coefficients  calculated  for  centered  inclusions  in 
the unit cell of a a=15 mm cube (configuration C2), h=15 mm 
and r=8.5 m cylinder with different orientations (configuration 
C3: vertical cylinder and horizontal cylinder), and a r=9.3 mm 
sphere  (configuration  C4)  is  shown  in  figure  4.  Several 
observations  can  be  made.  First,  for  fixed  properties  of 
material  layer,  inclusion barycenter  position periodicity and 
filling fraction, the absorption coefficient is identical for the 
different  inclusion  shapes  below the  first  Bragg  frequency. 
This means that the absorption coefficient is mainly driven by 
the filling fraction below this frequency. Second, whatever the 
inclusion shape, the MMBL is excited at the same frequency 
υMMBL, because it only depends on the layer material properties 
and  periodicity.  Thirdly,  absorption  coefficients  are  almost 
identical between a vertical cylinder (configuration C3) and a 
cube (configuration C2). This means that at higher frequency 
flat  interfaces  parallel  with  the  boundaries  Γ0 and  ΓL have 
more influence on the absorption coefficient than the lateral 
shape.  Fourthly,  absorption  coefficients  for  flat  interface 
inclusions  parallel  with  Γ0 and  ΓL  are  completely  different 
from  those  for  non-flat  interface  inclusions.  Fifthly,  while 
cubic inclusion enable a larger filling fraction, spherical and 
horizontal cylindrical  inclusions lead to larger  absorption at 
higher frequency. The higher order Bragg interferences seem 
to be more excited than in case of cube and vertical cylinder.  
This is in accordance with the conclusion of [20] in which it is 
shown  in  2D  that  square  cross-section  scatterer  in  square 
lattice provides a larger bandgap, than other scatterer shapes. 

The absorption is  almost always  larger  than the one of the 
homogeneous layer between the Bragg frequency and the first 
MMBL  frequency  for  spheres  and  horizontal  cylinders.  In 
average,  the best  absorption coefficient  is  obtained with an 
horizontal cylindrical inclusion.

Calculations  were  also  perform  for  each  inclusion  shape 
when the filling fraction increases. For each inclusion shape, 
υt decreases  and  the  absorption  amplitude  increases  with 
increasing ff at fixed barycenter position. For cylinders, it was 
possible  to  find  a  possible  to  manufacture  configuration 
leading to a nearly total absorption peak, while it was not the 
case of a sphere. Once the optimum is reached, if the filling 
fraction ff is still increased, both frequency υt and amplitude of 
the associated absorption peak decrease.

3.3 Experimental validation

The  proposed  method  has  also  been  validated  by 
comparison  with  experimental  results  at  normal  incidence. 
The tested sample is  composed of a Melamine foam as the 
porous  matrix  and  four  aluminum cubes  of  15  mm length 
edges as shown Fig. 5. 

The sample also contains 4 unit cells. The initial 22 mm-
thick melamine foam was sliced and the material volumes that 
are  then  occupied  by  the  inclusions  were  removed.  The 
different  elements are then gathered together  with thin glue 
layers. The sample is placed at the end of an impedance tube, 
with  a  square  cross-section  and  a  side  length  of  42  mm, 
against a copper plug that closes the tube and acts as a rigid 
boundary.  The  tube  cut-off  frequency  is  4150  Hz.  By 
assuming that only plane waves propagate below the cut-off 
frequency, the infinitely rigid boundary conditions of the tube 
act like perfect mirrors and create a periodicity pattern in the 
x1 and x2 directions with a periodicity of 21 cm, because 4 
inclusions are embedded in the sample.  This technique was 
previously  used  in  [6,7,18]  and  allows  to  determine 
experimentally  the  absorption  coefficient  of  a  quasi-infinite 
in-plane  periodic  structure  just  with  one  or  a  correctly 
arranged small number of unit cells.

Figure 5. Absorption coefficient (linear elements) of a 15 mm 
edge cube, when the layer is occupied by melamine, excited at 
normal incidence: experimental results (solid line), numerical 

results (o), and homogneous layer (dashed line). The inset 
shows a picture of the characterized sample: a 2.2 cm thick 
Melamine foam with four 15 mm edge cube embedded in.

Figure  5  shows  a  comparison  between  the  absorption 
coefficient  of  this  sample  measured  experimentally  and 
calculated  with  the  present  FE  method.  Both  absorption 
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coefficients are in good agreement. The small differences can 
be attributed to the glue layers  and possible thin air  layers 
inside  the  sample.  The  absorption  coefficient  of  the 
corresponding homogeneous layer is also depicted in Figure 5. 
Measurement  of  the  initial  2.2  cm-thick  foam,  without 
inclusions were also performed showing a perfect agreement 
with the model. These measurements are not shown here for 
clarity of the figure. The experiments show an increase of the 
absorption coefficient (almost total) at low frequency due to 
the excitation of the trapped mode.

Other experiments, not shown, were performed in the case 
of  a  vertical  cylinder  embedded  in,  also  showing  a  good 
agreement with the calculations,  therefore validating the FE 
calculations experimentally.

4 RESULTS FOR HRS EMBEDDED

The sample is composed of a Melamine foam as the porous 
matrix and two HRs of cylindrical shapes as shown in Fig. 6. 

Figure 6. Sample tested and sketch of the cross sectional plan 
view of a resonator.

Two-dimensional  inclusions  enable  to  reach  nearly  total 
absorption at the frequency of excitation of the trapped mode 
for lower filling fraction than a 3D inclusion. That is why the 
sample  is  derived  from  a  2-dimensional  configuration. 
Moreover, this enable a larger volume of the resonators. The 
brass hollow cylindrical shells are 8 mm outer radius, 6.8 mm 
inner radius, and 40 mm long. They are closed by two 1 mm 
thick  circular  aluminum plates  glued  on  both  ends  of  each 
shell. Therefore,  the total length of the resonator is 42 mm. 
The x3 coordinate  of  both cylinder  axis  is  11.5 mm, while 
x1

1=11.5  mm and x1
2=30.5 mm. The HRs are drilled at 12 mm 

from one end with a 4 mm diameter hole. Aluminum necks of 
inner radius 1.5 mm and length lneck are inserted in. The initial 
22.5 mm-thick Melamine foam is drilled and the resonators 
are embedded in. The sample is placed at the end of the same 
impedance tube as in the subsection 3.3 having a square cross-
section with a side length 42 mm, against a copper plug that 
closes  the  tube  and  acts  as  a  rigid  boundary.  Again,  by 
assuming  that  plane  waves  propagate  below  the  cut-off 
frequency of the tube 4150 Hz, the infinitely rigid boundary 
conditions of  the tube act  like perfect  mirrors  and create  a 
periodicity  pattern  in  the  x1 and  x2 directions  with  a 
periodicity of 42 mm.

HRs are first designed with lneck=10 mm to resonate both at 

the  same  frequency  f r=ca
/ 2π√ A/V l eff =540  Hz, 

where ca is the sound speed in air, A is the cross-section area 
of  the  neck,  V  the  volume  of  the  resonators,  and 
leff=lneck+8d/3π is the effective length of the neck, with d the 
diameter of the neck [21]. This resonance is far below fυ=1512 

Hz and close to  fa=335 Hz,  which means  that  the  pressure 
wave in the porous material is subjected to the viscous regime. 
The main advantage of HRs is that they can resonate at a very 
low frequency for  small  dimensions compared  to  other  2D 
shape resonators (double or simple split-ring resonators). The 
absorption  coefficient  of  this  sample  is  depicted  in  Fig.  7, 
showing a good agreement between the FE modeling and the 
measurements. The differences are attributed to imperfections 
in the sample manufacturing and material parameters. When 
compared  to  the  initial  Melamine  plate,  the  absorption  is 
largely increased around 3000 Hz, because of the excitation of 
a trapped mode that traps the energy between the cylindrical 
inclusions and the rigid backing, and around 560 Hz because 
of the HR resonance. In particular, the absorption coefficient 
is 0.65 at fr which corresponds to an increase of nearly  250% 
of  the  initial  Melamine  plate  absorption.  The  associated 
wavelength  in  the  air  is  27  times  larger  than  the  sample 
thickness. This means that the absorption properties of porous 
materials  in  the  viscous  regime  can  be  enhanced  by 
embedding air filled HRs, but also that this type of structure 
can accurately absorb sound for wavelengths much larger than 
the sample thickness.  

Figure 7. Absorption coefficient of the Melamine foam with 
two embedded HRs. The inset a) depicts the snapshot of the 
pressure field modulus along a cross sectional plan view of 
the resonator at its resonance frequency, while the inset b) 

shows a zoom the absorption coefficient around this 
frequency. The absorption coefficient of the initial Melamine 

foam is also shown.

The  influence  of  the  neck  positions  is  investigated  both 
numerically  and  experimentally.  It  is  found  to  be  quite 
difficult  to  couple the HRs as  it  is  the  case  with split-ring 
resonators  [6,22].  The  largest  absorption  enhancement  is 
obtained  when  the  neck  is  facing  the  air  interface.  In  this 
configuration,  the  energy  advection  by  the  HR is  large.  A 
larger  velocity  gradient  in  the  neck  and  in  its  vicinity  is 
induced leading to a larger viscous dissipation. When the neck 
is facing the rigid backing, the HR and the rigid backing are 
coupled, which lowers fr, but the value of the absorption peak 
is then lower because of a poor energy advection.

Following this idea, a small amount of porous material was 
removed just  in front  of  the neck.  The input impedance  of 
HRs is also smaller allowing the advection to be larger. The 
amplitude  of  the  absorption  coefficient  at  the  resonance 
frequency  of  the  HRs  is  26%  larger  and  reaches  0.82,  as 
shown  in  Fig.  8.  Nevertheless,  this  is  associated  with  a 
narrowing of the absorption peak.  
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Figure 8. Absorption coefficient of the Melamine foam with 
two  lneck=10 mm HRs embedded in (red curves) and one 

l1
neck=11 mm and l1

neck=7 mm HRs embedded in (blue curves) 
with the porous material removed in front of the neck. The 

inset shows a zoom the absorption coefficient around the HR 
frequency.

In order to widen the high absorption frequency band, the 
lengths  of  the  HRs necks  are  modified  to  be  l1

neck=11  mm 
(fr

1=521  Hz)  and  l2
neck=7  mm  (fr

2=618  Hz).  While  the  HR 
volume is usually modified [14,15], a modification of the neck 
length is preferred (also modifying the HR volume because 
the neck is inside the HR). These two lengths were determined 
in order to shift the two modes in frequency to enlarge the 
enhanced absorption bandwidth but not sufficiently to lead to 
two  separated  peaks.  While  the  absorption  coefficient  is 
modified  around  the  resonance  frequency  of  the  HRs,  the 
absorption coefficient  is unchanged at higher frequency,  see 
Figure 8. The absorption coefficient is larger than 0.5 over a 
120 Hz range (between 500  Hz and 620 Hz) in the case of 
two  identical  resonators,  while  it  is  over  a  190  Hz  range 
(between 500 Hz and 690 Hz) in case of these two different 
resonators,  which  represents  an  widening  of  60%  of  the 
enhanced absorption bandwidth.

5 CONCLUSION

 The  absorption  of  a  small  thickness  porous  foam  is 
enhanced  both  in  the  viscous  and  inertial  regimes  by 
periodically embedding 3D simple shape inclusions and HRs. 
This  embedment  leads  to  trapped  mode  excitation  that 
enhance the absorption coefficient for frequencies lower than 
the  quarter-wavelength  frequency  and  to  HR excitation.  In 
particular, a large absorption is reached for wavelength in the 
air 27 times larger than the sample thickness in case of Hrs 
embedment. The absorption amplitude and bandwidth is then 
enlarged by removing porous material in front of the HR neck, 
enabling  a  lower  input  impedance,  and  by  adjusting  the 
resonance  frequencies  of  the  HRs.  This  paves  the  way  of 
future development of very thin broadband large absorption 
metamaterials based on optimized HRs coupled with porous 
materials. 

For more details, the reader could refer to [23,24].
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ABSTRACT: Electromagnetic and acoustic metamaterials have highlighted the need for nonlocal homogenization schemes 
allowing the prediction/definition of all macroscopic wave properties directly from microstructure. We exhibit here, one class of 
acoustic (meta)materials for which such a nonlocal homogenization, based on thermodynamics and concepts borrowed from 
electromagnetics, can be proposed, and is exactly verified within an ensemble–average conception of the macroscopic level. 
This class of materials is that of rigid–framed porous materials permeated with a viscothermal fluid; to simplify the treatment, 
macroscopic homogeneity in the ensemble–averaged sense is assumed. Through different examples we check that the proposed 
nonlocal homogenization applies exactly, irrespective of frequencies, wavelengths, and microgeometries. In particular, 
‘metamaterials’ including cavities in the form of Helmholtz resonators can be described; as a rule, any periodic structure can be 
described after averaging in the ensemble generated by all irreducible translations, meaning that the whole set of Bloch modes 
wavenumbers/impedances can be predicted/defined exactly. We describe next a simple local model based on conventional two–
scale asymptotic homogenization. It appears that the latter homogenization is an approximation applicable at low enough 
frequencies and in a restricted (though wide) class of materials. We believe that our fundamental nonlocal homogenization 
scheme, deeply rooted in the thermodynamic embedding of the specific Navier–Stokes–Fourier equations, is an archetypal 
example for even more general, and yet to be developed, nonlocal thermodynamic homogenization schemes for wave 
propagation, based on more general irreversible–thermodynamic laws. 

KEY WORDS: Spatial dispersion; Acoustic metamaterial; Homogenization; Nonlocal media; Porous media; Viscothermal fluid. 

1 INTRODUCTION 
How to describe, at the macroscopic level, the mechanical 
wave propagation and attenuation in a porous medium 
permeated with a viscothermal fluid?  This ‘homogenization’ 
question is a fundamental irreversible–thermodynamic 
question, having implications for the design of acoustic 
(meta)materials.  

So far, a number of homogenization schemes have been 
introduced, addressing various cases where different elastic 
and/or fluid materials are present. Losses are often 
disregarded, so that the developed theories are not embedded 
in a definite thermodynamic framework. We believe, 
however, that the precise notion of a ‘macroscopic 
description’ or of a ‘macroscopic wave propagation’ 
phenomenon, suitable to give a meaning to the notion of 
‘homogenization’ in wave physics, can express itself plainly, 
only when a sufficiently general thermodynamic framework is 
implemented. In what follows, a convenient irreversible–
thermodynamic framework is utilized by relying as far as 
possible on the Navier–Stokes–Fourier description of the 
permeating fluid1. As a first waypoint in the route of deriving 
exact homogenization schemes for macroscopic wave 
                                                           
1 The nonlocal theory we develop here, leaves apart the possible (academic) 
macroscopic waves that would be trigged by viscous shear motions in the 
fluid. Not precluded a priori within a macroscopic ensemble–average 
conception, these waves automatically fall outside the scope of the present 
theory, which is developed to describe those trigged by longitudinal motions 
(see [3] §2, §3 footnote 20). The description of the former would be plagued 
by mathematical degeneracies within Navier–Stokes–Fourier’s physics. 

propagation problems, we restrict our study to the case of a 
macroscopically homogeneous material having a solid frame 
both inert mechanically (motionless) and thermally 
(remaining at constant ambient temperature i.e. having the 
character of a thermostat). All of this brings us back, with 
restrictive clauses, to our opening question: How to describe, 
at the macroscopic level, the mechanical wave propagation 
and attenuation, in a  homogeneous porous medium having an 
inert solid frame, that is permeated with a viscothermal fluid 
excited by purely longitudinal waves (see footnote 1) coming 
from without2?   

Before proceeding we notice that a very similar general 
problematic arises, when asking the question: How to 
describe, at the macroscopic level, the electromagnetic wave 
propagation in a medium subject to electromagnetic waves 
coming from without? The importance of this question, long 
ago raised in Lorentz’s theory of electrons, is recently 
renewed by the advent of ‘metamaterials’ used to manipulate 
electromagnetic waves. Owing to the tremendous difficulty, 
however, of making a detailed micro–macro transition starting 
at the quantum level of atoms and molecules, and ending at 
the classical thermodynamic level of averaged fields, it may 
be important to realize that, in electromagnetics, not any 
detailed comprehensive answer can yet be constructed from 
the available physical laws. Moreover, insufficient 
                                                           
2 Notice that in a nonlocal theory, a medium can become ‘macroscopically 
homogeneous’ only sufficiently far from any macroscopic boundary; the 
waves coming from without are taken in the limit of large dimensions of the 
‘homogeneous’ medium, and their effect is examined in the bulk.   
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consideration of the meaning of the wording ‘macroscopic’ 
therein, has induced misleading terminologies and overlooked 
approximations in existing literature. For example it has been 
almost universally assumed, that, at sufficiently long 
wavelengths, any microstructured medium that appears 
homogeneous at some ‘macroscopic’ scale, will be 
characterized at this scale and in presence of losses, in terms 
of frequency–dependent electric and magnetic complex 
permittivities. In the language of electromagnetics of 
continuous media [1] this amounts to saying that the medium 
may manifest, at long wavelengths, temporal dispersion, but 
not spatial dispersion (except as a small higher–order 
correction); therefore, it has been the aim of numerous  (e.g. 
CPA) long–wavelength homogenization techniques, to derive 
the frequency–dependent electric and magnetic permittivities 
of a composite medium, inhomogeneous microscopically (but 
only slowly variable macroscopically), directly from the 
geometric arrangement and the frequency–dependent  
permittivities of the constituents. Such a way to envision 
homogenization, however, is unable to provide the complete 
physical solution of the macroscopic wave propagation 
problems in general, because it is not true that the 
permittivities of a macroscopic, possibly slowly variable, 
medium, wholly express in terms of (slowly variable) 
frequency–dependent kernels. To be so, the wave–induced 
macroscopic electric and magnetic polarizations3 P and M 
would have to be fixed by the temporal variations of the 
macroscopic fields as if the latter were pure spatial constants. 
But any physical field that is variable in time, is also, at least 
to some extent, variable in space; the polarizations, in some 
respect, reflect these spatial variations: spatial dispersion 
effects are always present. In other terms for a 
macroscopically–homogeneous medium, the permittivities are 
necessarily, at least to some very small extent, wavenumber–
dependent. It has been recently recognized that these 
dependencies, in contradistinction with the usual view,  are 
not necessarily small dependencies at long wavelengths [2]. 
They can become especially strong for some microstructured 
media, when resonances appear due to the microstructuration. 
Therefore in general, spatial dispersion should be allowed for, 
to generate the full possible range of macroscopic properties 
of metamaterials. With these remarks in mind, let us come 
back to our opening revised acoustic question.   

It can have two different answers, expressed in the above 
language of temporal and spatial dispersion. One first answer 
will account for what has been just said – the possible 
importance spatial dispersion – and will be exact4  within the 
linear Navier–Stokes–Fourier physics; it corresponds to an 
entirely new nonlocal thermodynamic homogenization 
scheme that has been recently developed [3]. One second 
answer will not account for the spatial dispersion, and will 
instead be approximate within the linear Navier–Stokes–
Fourier physics; it corresponds to the classical scheme known 
as the ‘two–scale asymptotic homogenization method’, taken 
at order zero, see the references [4] and in particular in the 
fourth, the Appendix A. In both cases, two permittivities are 
introduced, resp. the density ρ and inverse bulk modulus (or 

                                                           
3 Whatever they represent, which is not precisely known yet, see footnote 4. 
4 Though not complete, see footnote 1. 

compressibility) χ , that are operators playing the role of the 
electric and magnetic permittivity operators ε  and μ . In the 
first answer [3], an exact description is obtained with 
permittivities describing both temporal dispersion and spatial 
dispersion effects and represented by frequency–dependent 
and wavenumber–dependent kernels. In the second answer 
[4], implicit/explicit restrictions are made on the 
geometries/frequencies  (resp. not involving very different 
pore sizes, and limited to long–wavelength fields), allowing to 
discard spatial dispersion and to use purely frequency–
dependent, kernels.  

The interest of studying these nonlocal and local, exact and 
approximate solutions, is that they help clarifying the very 
notions of nonlocal and local homogenization. In macroscopic 
electromagnetics, there are indeed several adverse 
circumstances that have contributed to obscure them.  First, in 
electromagnetics of continuous media we dispose of no 
irreversible thermodynamic laws to describe at the 
macroscopic level the wave–induced charges and currents; 
and in absence of a thermodynamic embedding of what are 
the electric and magnetic polarizations P and M5, a clear–cut 
separation between ‘electric’ and ‘magnetic’ effects cannot be 
effected. The conventional point of view [1]  almost 
universally adopted in literature, avoids the difficulty. It 
assumes meaningless the definition of magnetization in 
presence of spatial dispersion6, and collects the different 
responses in a single ‘electric polarization’. This leads to the 
definition of artificial Maxwell D and H fields (the latter 
being identified with B1

0
−μ , with 0μ  the void–space magnetic 

permittivity). The artificial character of these definitions has 
been so–far overlooked because in ordinary matter the wave–
induced magnetic effects are small relativistic corrections, 
ensuring BH 1

0
−≈ μ  as a safe proviso. In our macroscopic 

acoustic wave propagation problems, no such general 
smallness of some of the different wave–induced 
‘polarization’ effects, and concomitant absence of a suitable 
thermodynamic embedding, conspire, to undermine all paths 
towards a detailed nonlocal homogenization. Precisely 
because we dispose of irreversible–thermodynamic laws 
(Navier–Stokes–Fourier’s), we shall be able to answer our 
revised opening question. In brief, the macroscopic acoustic 
problems we study here offer a unique opportunity to clarify 
physical questions of principle and arrive at a deeper 
understanding of what should be a satisfactory nonlocal 
thermodynamic homogenization scheme in macroscopic wave 
propagation problems.    

                                                           
5 The identifications made in most textbooks with the electric and magnetic 
moments per unit volume are inexact, see e.g. the third Ref. [1]. We believe 
that in absence of a sort of ‘thermodynamic embedding’ of wave–induced 
charges and currents, we shall not have access to their precise definitions. 
6 This assumption is made without valid fundamental backing. It is justified 
by Landau and Lifshitz [1] through arguments indicating that the 
magnetization, and thus the magnetic permittivity, rapidly loses its meaning 
when frequency increases; these arguments are recently shown to be invalid 
in microstructured materials [5]. Fundamentally, it is the very notion of 
magnetization M (or electric polarization P) which is in need of an 
understanding establishing a link with an extended thermodynamics of 
electromagnetic fields in matter. These are still elusive physical notions 
owing to the usual smallness of the expected magnetic effects and limitations 
inherent to using macroscopic concepts in the related problems.   
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2 STRUCTURE OF THE NONLOCAL MACROSCOPIC 
EQUATIONS 

2.1 Macroscopic level 

As a first crucial step we need to establish what is intended by 
the words ‘macroscopic level’ or ‘macroscopic medium’. 
Traditionally, such words refer to a ‘Lorentz’ notion of 
‘coarse graining’ i.e. spatial averaging; here, we insist using 
instead the different ‘Gibbs’ notion of ensemble–averaging. 
Indeed, in the same way as the thermodynamic definition of a 
macroscopic system do not refer to a single realization, but to 
an ensemble of realizations, here, our macroscopic theory is 
intended to describe the sound propagation, not in a single 
realization of the medium, but in an ensemble, in an 
ensemble–averaged sense. In fact, whereas for a given sample 
a macroscopic ‘Lorentz’ description of the propagation can 
hold only at some level of approximation (it requires a scale–
separation condition), in a ‘Gibbs’ ensemble, the description 
of the propagation of ensemble–averaged fields (the so–called 
coherent–fields in multiple–scattering theories) can hold 
without a–priori limitation of the precision. In particular and 
for periodic media, we shall see how, within the ensemble–
average conception of the macroscopic level, the exact 
macroscopic characteristics of wave propagation can be 
accommodated, as a special case. Consider for example a 
periodic lattice of rigid motionless solid inclusions embedded 
in a pervading viscothermal fluid. Except at sufficiently low 
frequencies7, the wave propagation in the periodic medium is 
not susceptible of an exact macroscopic description in terms 
of volume–averaged fields. If, however, we consider the 
propagation of ensemble–averaged fields, where the ensemble 
is generated by random translations of the original lattice, an 
exact description of the dynamics of some of the ensemble–
averaged fields becomes possible, and we call it the 
macroscopic description. The exact wavenumbers of the 
Bloch modes in the original periodic geometry, then become 
accessible to the nonlocal macroscopic theory, which provides 
also a definition of the associated macroscopic impedances, 
and in turn, a definition of the effective frequency–dependent 
densities and bulk modulii of the different modes. Periodic 
geometries are however special: multiplicities arise because of 
the arbitrary choice of a periodic cell. Thus to present the 
elements of the proposed macroscopic nonlocal wave 
propagation theory, it is preferable to assume that our 
ensemble–average is that of stationary random media; in this 
way, uniqueness of the macroscopic description is guaranteed.   
We thus imagine that we are given infinitely many samples 
ω of the stationary random medium, taken from a probability 
space Ω , the ensemble of which defines the homogeneous 
macroscopic medium, anisotropic in general. In each 
realization ω , the medium is composed of two stationary 
random regions: the void (pore) region )(f ωV  which is a 
connected region permeated by the fluid, and the 
complementary solid–phase region )(s ωV . The pore–wall 
region or solid–fluid interface is denoted )(ωV∂ . The 

ensemble–average operation at position x is denoted )(x . 

                                                           
7 ‘sufficiently low’ here, is a priori fixed by the lattice constant but may also 
be governed instead by the inclusions themselves, when these are resonant. 

It gives the ‘total volume’ expectation value of the considered 
fields, which are systematically extended to zero in the inert 
solid.   

2.2 Microtheory pore–level equations 

The linearized fluid–mechanics equations describing the fluid 
pore-level motion are taken to be the Navier–Stokes–Fourier 
linearized equations, see [3] Eqs. (57)8. Given these 
microtheory equations, we seek the macroscopic equations 
governing wave propagation of the ensemble–averaged 
quantities  vV ≡  and  bB ≡ . Notice that, as the velocity 
and condensation v and b are extended to be zero in the solid 

)(s ωV , these ‘total volume’ mean values are representative of 
fluid phase values, multiplied by a constant porosity factor φ .  

2.3 Macroscopic equations 

In [3], macroscopic isotropy, or propagation along a 
privileged axis, is assumed; here we restate the same 
treatment in the general anisotropic case. The nature of the 
above fields is unchanged but the ‘Maxwell’ density field H  
representing a nonlocal effective pressure, now becomes a 
nonlocal symmetric opposite–effective–stress tensor ijH . 
Eqs. (60) (61) and (63a,b) thus become 

   0=⋅∇+
∂
∂ V

t

B
,        ijj

i H
t

D
−∇=

∂
∂

             (1a,b) 

∫ ∫∞−
−−=

t

jiji tVttddttD )','()','(''),( xxxxx ρ      (2a) 

        ∫ ∫∞−
− −−=

t

ijij tBttddttH )','()','(''),( 1 xxxxx χ    (2b) 

where two constitutive nonlocal kernel functions ijρ  and ijχ , 
respectively playing the role of electric and magnetic 
permittivities, are to be determined. In Eq. (2), the so–called 
temporal and spatial dispersion effects are respectively 
described by the temporal and spatial integrations. 

2.4 Identification of the field ijH  via the thermodynamic  

notion of ‘acoustic part of energy current density’ 

For the anisotropic medium the fundamental identification 
(65) of the macroscopic ‘acoustic part of energy current 
density’ generalizes as 

ijij pvvH ≡                             (3) 

Eq. (3) is to be viewed as a thermodynamic definition of the 
field ijH . This is a fundamental definition which removes the 
indeterminacy that otherwise exists in the repartition of 
temporal and spatial dispersion effects in the two kernel 
functions ijρ  and 1−

ijχ . We have argued in [3] §2.4, §3.4, that 
the definition (3) is fundamental in that these functions now 
belong to the general class of susceptibility thermodynamic 
functions. As such, we expect that they can be found through 
the solution of simple action–response problems. 

                                                           
8 In what follows without notice, the referred equations are again those in [3]. 
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3 THERMODYNAMIC RELATIONSHIPS BETWEEN 
THE MICROGEOMETRY AND THE PERMITTIVITY 
FUNCTIONS  

The determination of the permittivity kernel functions of the 
macroscopically homogeneous medium, ),( xtijρ  

and ),(1 xtij
−χ , will be done through their complex Fourier 

coefficients ),( kωρij  and ),(1 kωχ −
ij . To determine the 

Fourier kernel ),( kωρij , the thermodynamic procedure 
proposed in  [3] is, first, to determine the permeating fluid 
response to a harmonic source term xk⋅+−= itie ω

0PP  added to 
the pressure in the Navier–Stokes equation (57a), with 0P , 
taken to be the same time and space constant for any 
realization ω  of the random medium. The response fields 

 xkωxkvωxv ⋅+−= itiet ωω );,,();,( 0 , etc.          (4) 
are fixed in terms of their amplitudes 0v , etc., which are 
bounded functions of x, uniquely determined by the 
microgeometry (the realizationω ), and the imposed temporal 
and spatial frequency values ω and k . These response fields 
once determined in the whole set of realizations, we can, as 
inspired by the fundamental thermodynamic definition (3), 
extract of the fluid–pressure amplitude );,,(0 ωxkωp , a 
‘macroscopic response’ part which is now a symmetric stress 
part ),( kωij0P :  

ωxkωxk

ωxkk

;,,();,,(

);,,(),(

00

0

ωω

ωω

i

jij

vp

v

=

0P
          (5) 

It is next guessed, that this thermodynamic macroscopic 
response contribution is to be added to the source term 
contribution ijδ0P  in order to mimics the effective total ijH  
field amplitude, which appears in the source–free Eq. (1b). 
Then using the relations expressing (1b) and (2a): 

( )ijijjjij ikvi δωωωρ 00 PP +−=− ),(),( 0 kk       (6) 

the symmetric tensor ),( kωρij  is uniquely determined. 

To determine the kernel ),(1 kωχ −
ij , the thermodynamic 

procedure is, first, to determine the permeating fluid response 
to a harmonic source term xk⋅+−= itie ω

0PP  added to the 
pressure in the Fourier equation (57d), with 0P , as before, a 
same constant for any realization. The response fields take the 
form seen before (4). We again extract through applying (5), a 
‘macroscopic response’ symmetric stress part ),( kωij0P . As 
before, it is guessed that this thermodynamic macroscopic 
response contribution is to be added to the source term 
contribution ijδ0P  in order to mimics the effective total ijH  
field which appears in the source–free Eq. (2b). At the same 
time it is guessed that, for the field mimicking the total B 
field, we need to add a complementary isothermal 
macroscopic condensation contribution, to the ensemble–
averaged response condensation ),,(0 xkωb′  appearing in 

the new action–response problem9. As the complementary 
isothermal part writes 0P0φγχ , with 0γχ  ( /P Vc cγ = ) the 
isothermal fluid bulk modulus, we are lead to the following 
thermodynamic equalization (see §2.2 for the factor of φ ): 

( )1
0 0

( , )

( , ) ( , ,

ij ij

ij b

ω δ

χ ω ω φγχ−

+

′= +

k

k k x

0 0

0

P P

P
     (7) 

which uniquely determines the symmetric tensor ),(1 kωχ −
ij .  

4  VALIDATION OF THE PROPOSED NONLOCAL 
THERMODYNAMIC HOMOGENIZATION 

There are several ways in which the exactness of the above 
nonlocal homogenization identities can be established.  First, 
in absence of porous material, (6) and (7) lead to  scalar 
functions, ( , ) ( , )kρ ω ρ ω=k and ),(),( 11 kωχωχ −− =k  given 
by the Eqs. (44–45). Through the dispersion equation  

221 ),(),( ωωρωχ kkk =−                       (8) 
these equations consistently predict the propagation of two 
types of longitudinal waves, acoustic and entropic10,  which 
have the known Kirchhoff–Langevin’s wavenumbers and 
impedances. Second, in the simple case of a material made of 
cylindrical circular identical pores,  the procedures (6) and (7) 
again give through ensemble–averaging in the randomly 
translated medium,  two scalar functions, ),( kωρ and 

),(1 kωχ −  (there is only one macroscopic propagation 
direction),  and  lead, through the solutions to (8), to a discrete 
set of  wavenumbers )(ωlqk =  ( ,...2,1=l , sorted in 
ascending order of the attenuations). Characteristic 

impedances )],(/[),()(/ 2
lll qqZVH ωχωωρω ==  are 

also defined. These wavenumbers and impedances are those 
of the axisymmetric modes that can be independently derived 
using Kirchhoff’s exact theory.  The two calculations coincide 
irrespective of frequencies and pore radii (see details in [6]), 
giving conclusive evidence of the exactness of the proposed 
nonlocal thermodynamic homogenization.   
Here, additional validation checks are reported for two types 
of nontrivial periodic geometries in 2D.  The first 
‘metamaterial’ type geometry is that of unbounded daisy–
chained Helmholtz resonators (see Figure 1). 

                                              
                                      

                         
Figure 1. 2D daisy–chained Helmholtz cavities 

permeated by a viscothermal fluid. 

                                                           
9 Here, the response ),,(0 xkωb′  is by construction a lossy, purely 

nonisothermal contribution. It must be complemented by the isothermal one. 
10 The absence of the vortical shear wave reminds that the developed 
nonlocal theory is still incomplete (see footnote 1).  
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Whereas for the preceding case of cylindrical circular ducts, 
it was easy to make an exact evaluation of the relevant 
(axisymmetric) normal modes wavenumbers )(ωlqk =  and 
impedances )(/ ωlZVH =  ( ,...2,1=l ) through the methods 
of the nonlocal theory and the direct (Kirchhoff’s) 
calculations, here, the exact calculations are no longer easy to 
perform. We make instead a simplified plane–wave modeling 
in each portion of the geometry, using simple matching 
conditions on the pressures and volume flow rates. Because 
the nature of the used plane–wave and matching 
approximations is the same in the nonlocal procedures (6) (7), 
and Bloch–mode–type calculations, the same wavenumbers 
and impedances )(1 ωqk =  and )(/ 1 ωZVH =  should be 
obtained11. Details on the calculations can be found in [7] 
chapter 4. We illustrate below in Figure 2 the results obtained 
for )(1 ωqk =  (fluid = ambient air at 20°, L=1cm, see [7] for 
the other length parameters). A precise matching between  
nonlocal homogenization computations and Bloch mode 
direct computations is observed. Similar agreement (not 
shown) is observed for the impedance. 
 

          
Figure 2. Least attenuated wavenumber. 

The resonant pattern is the expression of an Helmholtz 

resonance around 17.0=
π
ω
c

L
; the attenuation bump on  

{ })(Im)Im( 1 ωqk =  comes from the important viscous 
dissipation in the neck. In this example, it is seen through 
calculations, how the negative phase velocities and negative 
real parts of the bulk modulus 1

1( , ( ))qχ ω ω−  observed in [8] 
in a frequency range, are explained by the appropriate 
combination of temporal and spatial dispersion effects. Here, 
we have conclusive evidence that the proposed theory allows 
an exact prediction of the macroscopic metamaterial 
behaviors, directly from microgeometry.  

The second ‘ordinary’ type geometry is that of an 
unbounded square lattice of rigid cylinders permeated by a 
viscothermal fluid (see Figure 3, with macroscopic 
propagation along x axis). This geometry allows a direct 
quasi–analytical calculation of the medium properties by a 
multiple–scattering approach taking into account the three 
                                                           
11 Higher order modes 2, 3...l =  are not to be investigated within the 
mentioned approximations. 

kinds of waves (acoustic, entropic, vorticity). A matching 
must be observed between the multiple scattering predictions 
and the new theory predictions, independently of the 
frequency range.  

 

                            
Figure 3. 2D square array of identical rigid cylinders permeated by a 

viscothermal fluid. 
 

To verify this, we plot in Figures 4 and 5 for two values of 
the porosity ( 99.0=φ and 9.0=φ ) the complex phase 
velocities 1/ ( )c qω ω=  of the least attenuated mode, that 
have been obtained either through a Bloch mode calculation 
with exact multiple–scattering resolution [9] (blue line), or 
through a numerical implementation of the nonlocal 
thermodynamic homogenization procedures (6–7) using the 
FreeFem++ package [10], and a subsequent Newton 
numerical solution of the resulting dispersion equation (8) 
(black circles). The results obtained with the local theory 
introduced in the next section, are also indicated (dashed red 
line).  

 
 
Figure 4. Phase velocity of the least attenuated mode, for porosity 

0.99φ = . 
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The validity of the proposed new nonlocal thermodynamic 
homogenization is confirmed by the agreement between 
nonlocal and multiple–scattering calculations, which persists 
well beyond the region of Rayleigh scattering. The very high 
frequencies discrepancies in Fig. 5 must be due to some 
computational inaccuracies. The accidents are due to cell 
resonances. On these Figures 4,5, it is also illustrated that, 
because the considered ‘ordinary’ geometries do not involve 
very different pore sizes12, the least attenuated waves can be 
very well described by the local approach  at sufficiently low 
frequencies. We proceed now to derive this simplified very 
useful local theory, which will hold in many geometries to 
characterize the properties of the least attenuated wave at low 
enough frequencies.  
 

  
 

Figure 5. Phase velocity of the least attenuated mode, for porosity 
0.9φ = . 

5 THE SIMPLER LOCAL THEORY 
By definition within this simpler local theory, no spatial 
dispersion phenomena are present at all. As explained before, 
since any field variable in time is also variable in space, this 
simplification clashes with the actual nature of the wave 
propagation problem; it means that contrary to the full 
thermodynamic nonlocal one, the local theory is an 
approximation which does not rely to the true solutions of the 
pore–level Navier–Stokes–Fourier fluid–mechanics equations.  
In the same manner as Zwikker and Kosten’s local theory of 

                                                           
12 This is not the case in the previous ‘metamaterial’ example (large cavities 
and small necks exhibit widely different dimensions). 

sound propagation in cylindrical circular fluid–filled tubes is 
obtained by juggling with diverse simplifications of these 
fluid–mechanics equations, here,  a similar juggling is to be 
done. Adapting the considerations we made when comparing 
in [6], Appendix, the complete Kirchhoff’s treatment of sound 
propagation in fluid–filled cylindrical circular tubes, with 
Zwikker–Kosten’s, the reader should have no difficulty to see 
that, what we are seeking now, are the kernels ijρ , 1χ− , in 
the approximate macroscopic equations:  

0=⋅∇+
∂
∂ V

t

B
,        H

t

D
i

i −∇=
∂
∂

             (9a,b) 

∫ ∞−
−=

t

jiji tVttdttD ),'()'('),( xx ρ           (10a) 

∫ ∞−
− −=

t
tBttdttH ),'()'('),( 1 xx χ ,    PH ≡    (10b) 

The interpretation of the equivalence φ/pPH =≡  is 
that the pressure p , locally in the pores, nearly coincides13  
because of the absence of very different pore sizes, with its 
slowly variable expectation value P  in the fluid phase. Hence 
the factorization vP  of the mean vp , and the 
simplification PH ≡ . This characteristics of the pressure 
field pattern p  generalizes with immaterial amendment14  the 
pure constancy of the Zwikker and Kosten pressure profile 
across a cylindrical tube section. The assumptions are: long 
wavelengths and geometries not characterized by very 
different pore sizes. Let us determine the corresponding 
effective density kernel in Fourier space )(ωρij . Since we 
entirely neglect spatial dispersion, we introduce a spatially 
constant pressure gradient source term in the Navier–Stokes 
equation;  simultaneously, the fluid velocity pattern can be 
taken divergence–free. This requires solving the simplified 
problem: 0

2
0 /// ρνρπ fvv +∇+−∇=∂∂ t  and 0=⋅∇ v  

in  )(f ωV , with 0v =  at )(ωV∂ , and driving force 
tie ω−=−∇= 0ff P , 0f  a spatial constant independent of 

realization ω .  Once this microscopic problem is solved (a 
unique solution v  exists with bounded deviatoric pressure 
field π ), the wanted local density )(ωρij  is the unique 

symmetric tensor which verifies jiji fvi 0
1 )(ωρω −=− . This 

recipe to compute )(ωρij  is exactly the one obtained by 
applying the so–called two–scale asymptotic homogenization 
theory at order 0. We could pursue the reasoning and derive 
with similar arguments a recipe to compute )(1 ωχ − . Again, 
this recipe is that obtained by applying the two–scale 
asymptotic homogenization theory at order 0 (see Appendix A 
in the fourth Ref. [4]). Clearly, this traditional homogenization 
is approximate, devoid of fundamental character, and not 
applicable whatever geometries and frequencies; nevertheless, 
when applicable, i.e. in many geometries not characterized by 
                                                           
13 Up to terms of order /Pl Pλ <<  with l and λ  measuring the typical 
microscopic (pore) and macroscopic (wavelength) sizes. 
14 The presence of pore–level pressure deviations p p Pδ = −  of order 

/Pl Pλ << . 
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too–different pore sizes, and up to frequencies not too high, it 
will be very accurate and most advantageous to use.  

6 MODELING OF THE LOCAL PERMITTIVITIES 
Based on the above local theory, a simple modeling of the 
density and compressibility functions  )(ωρij  and )(1 ωχ −  is 
now proposed. For simplicity we assume isotropy or restrict to 
a principal axe, so that the density is a scalar. Let us introduce 
several useful functions:  
(i) dynamic tortuosities )(ωα  and )(ωα′ , such that 

)()( 0 ωαρωρ =  and [ ])(/)1()( 0 ωαγγχωχ ′−−= ,  
(ii) dynamic permeabilities )(ωk  and )(ωk ′  such that 

))(/()( ωωανφω ik −=  and ))(/()( ωαωφνω ′−′=′ ik ,  
(iii) relaxation functions )(ωΧ  and )(' ωΧ such that 

         )(1
)(

ω
ωα

α
Χ−=∞  and  )(1

)(
1 ω
ωα

Χ′−=
′

.  

These last relaxation functions can be written in the 
following classical DRT (distribution of relaxation times) 
form15: 

   ∫
∞

−
=Χ

0
1

)()(
σ

ν
ω
σσω

i
dg

 and  ∫
∞

′
−

′
=Χ′

0
1

)()(
σ

ν
ω
σσω

i
dg

 . 

The microgeometry is wholly expressed in the viscous and 
thermal distribution functions )(σg  and )(σg′  (σ has 
dimension of surface and determines viscous and thermal 
relaxation times νσ /  and νσ ′/ ). The generic form of the 
distributions g  and g′ , in stationary random geometries not 
characterized by very different pore sizes, is expected to be:  

             
Figure 6. Generic form of the viscous and thermal distributions 

 
The localized peak at finite σ  expresses the assumed 

absence of a broad distribution of pore sizes. The divergence 
2/1−∝σ  at the origin is related to a Curie–von–Schweidler 

power–law divergent decrease 2/1−∝ t of the functions Χ  and 
Χ′ in temporal domain. The exponent ½  reflects the 
presence, at high frequencies or very short times after an 
impulse, of  thin viscous and thermal boundary layers over an 
assumed locally plane pore–surface interface )(ωV∂ . The 

explicit divergences are 2/12 −

Λ
σ

π
and 2/12 −

Λ′
σ

π
 [11], where 

                                                           
15 These DRT expressions derive from the simplifications made in section 5), 
which imply that the functions )(ωρij  and )(1 ωχ −  have purely imaginary 

singularities (see [12] Appendix A, fourth Ref. [4] Appendix B, and [11]). 

Λ  and Λ′  are the so–called  viscous and thermal, or Johnson 
and Allard, characteristic lengths, involved in the high–
frequency expansions ∞→ω : 
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whithΣ  and Σ′ , some higher order viscous and thermal 
characteristic surfaces [12,13]. In the low frequency 
limit 0→ω : 
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where the geometrical parameters are the d.c. permeabilities 
0k  and 0k ′  (surfaces) the d.c. tortuosities 0α  and 0α′  

(dimensionless) [13] and still higher order dimensionless 
parameters 1α  and 1α′ . Expanding at low frequencies the 
above DRT expressions of the relaxation functions, and 
comparing with the above 0→ω  expansions it is easy to 
derive the following expressions of successive moments:  

     
0

( ) 1d gσ σ
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The corresponding thermal relations write similarly with 
1=′→ ∞∞ αα . Now, let us observe that, as the simplest 

conceivable model, we may approximate the generic form of 
functions )(σg  and )(σg′ by assuming that their small σ  
behavior is given by the Curie–von–Schweidler  divergences 

2/12 −

Λ
σ

π
and 2/12 −

Λ′
σ

π
, up to some viscous and thermal 

cutoff values cσσ =  and cσσ ′=  respectively. Beyond these 
cutoff values, the distributions can be taken to be zero, except 
for a series of discrete Dirac–delta contributions. Limiting 
ourselves to two  contributions )()( 2

2
21

2
1 σσδσσδ −+− bb  

(similarly with the prime), suitably placed through the choice 
of the two surfaces iσ  and weighted through the choice of the 

dimensionless 2
ib  to mimics the contributions of the large σ  

values (especially those in the localized peak), we then arrive 
at a very realistic five–parameters cσ , 1σ , 2σ , 2

1b , 2
2b ,  

model of function )(σg  (similarly with the prime). 
Elementary calculations show that, for this model to be 
consistent with the above expansions ∞→ω , we need only 
to have the following first condition on the model parameters:  

                     2
2/1

2

2
2

1

2
1 434

Λ
−

Σ
=

Λ
−+ −

c

bb σ
πσσ

, 

(similarly with the prime). Joining this condition to the above 
first four moments equations which express the opposite limit 
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0→ω , we conclude that there is a one–to–one 
correspondence between the set of five parameters which 
determine the frequency–dispersion in this model, and the set 
of  five low– and high–frequency parameters Λ , Σ , 

φα /0 ∞k , ∞αα /0 ,  ∞αα /1 , (similarly with the prime, with  
1=′→ ∞∞ αα ). The model five parameters can be uniquely 

fixed in terms of the above five low– and high–frequency 
parameters16, and vice–versa. The remarkable precision 
thereby obtained is evidenced  on Figure 7 by a Cole–Cole 
plot of the relaxation function )(ωΧ  in 2D slits, either 
calculated in exact manner (with known hyperbolic tangent 
formulae) or in approximate manner with the model (by 
exactly matching the low– and  high–frequency limits). 
 
     { }( )Im ωΧ  

                 
                                                                     { }( )Re ωΧ   

Figure7.   2D slits: Exact relaxation function o o ,  and  modeled 
relaxation function  + + , at various same frequencies 

No differences are left perceptible between exact and modeled 
relaxation functions. This was not the case with models used 
so far, such as Johnson–Allard or even Pride–Lafarge [13].  

7 CONCLUSION 
We have analyzed the macroscopic–level description of sound 
propagation in rigid–framed fluid–filled porous structures.  
We found that the irreversible–thermodynamic embedding of 
the microtheory pore–level equations, and the assumption that 
the macroscopic medium is defined in an ensemble–averaged 
sense, are essential to arrive at a well–defined nonlocal theory. 
While the nonlocal description applies whatever frequencies 
and wavelengths, it describes only the ‘coherent’ i.e. 
ensemble–averaged waves. It can deal with periodic 
geometries: averaging through random translations it yields 
the exact properties of Bloch modes. This nonlocal description 
is suitable to predict, directly from microstructure, the so–
called macroscopic ‘metamaterial’ properties. Yet the theory 
has not been generalized to the case of fluid–saturated 
poroelastic media. There are in this respect difficulties in 
using the Navier–Stokes–Fourier equations which are to some 
extent unphysical (parabolic, and leading to complete 
disconnection between compressional and shear motions). 
Leaving apart this  question, a next meaningful step in the 
development of the present thermodynamic nonlocal theory, 

                                                           
16 The 5–equations system is non–linear but it can be solved numerically 
without difficulty. 

will be its generalization to the case of macroscopically 
inhomogeneous fluid–saturated, rigid–framed materials, and 
the concomitant complete definition and resolution of the 
macroscopic reflection–transmission problems. Reducing the 
nonlocal treatment to a local one, when it happens possible, is 
advantageous.  We have shown how to develop a local model 
of frequency–dispersion, intended to be valid in a wide range 
of geometries and frequencies. Experimental and numerical 
studies will have to be conducted to ascertain its interest, both 
for the inverse characterization  of materials and the direct 
description of the propagation and attenuation of transients. 
Finally, we hope that the study of the present explicit 
macroscopic nonlocal thermodynamic homogenization, which 
reveals the importance of a suitable microtheory 
thermodynamic embedding, will help highlighting the present 
unsatisfactory state of nonlocal macroscopic electromagnetics. 
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ABSTRACT: We investigate acoustic waves and transient heat transfers in Fourier thermoelastic materials and Fourier
thermoelastic composites. We show that acoustic waves generate temperature changes which verify hyperbolic heat equations,
whereas transient heat transfers are elastostatic, both at the first order of approximation. This is obtained by a dimensional
analysis of the Fourier thermoelastic system and by using the double scale homogenization technique. The domain of validity of
these models is quite large. The domain of validity of the acoustic wave model does not overlay the generally admitted domain
of validity of the Cattaneo-Vernotte equation.

KEY WORDS: Thermoelasticity; Hyperbolic heat equation; Homogenization.

1 INTRODUCTION
Transient Fourier heat transfers are described by the classical
equation

�

�Xi
(�ij

�T

�Xj

) = �C
�T

�t
, (1)

where T is the temperature, �� is the heat conductivity tensor,
� is the density and C is the specific heat capacity.

Model (1) is currently used with satisfaction in most
applications. However it shows an infinite speed of
propagation of thermal disturbances. To overcome this
paradoxical behaviour, several attempts has been done, among
which the most popular by Cattaneo [5] and Vernotte [10], by
introducing a relaxation time �

�

�Xi
(�ij

�T

�Xj

) = �C(
�T

�t
+ �

� 2T

�t 2
) . (2)

Different approaches can be found in the reviews by Joseph
and Preziosi [8], Özisik and Tzou [9] and Cimelli [6].
Relation (2) is well supported by experiments in
homogeneous materials, whereas it remains controversial for
non-homogeneous materials with inner structures.

However, most materials are thermoelastic, which means
that heat transfers cannot be investigated without considering
their coupled elastic behaviour. Fourier thermoelastic
materials verify the following two coupled equations

�

�Xj

(aijkh (eXkh (u) �� khT )) = �
� 2ui
�t2

, (3)

�

�Xi
(�ij

�T

�Xj

) �T0� ijaijkh
�eXkh (u)
�t

= �C
�T

�t
. (4)

Here, a is the stiffness tensor, e is the strain tensor, u is the
displacement, �� is the strain-temperature tensor and T0 is the
absolute reference temperature. In the paper, we investigate
wave propagations in such Fourier thermoelastic media.

The paper is organized as follows. Equations (1) and (2)
and system (3-4) are equivalent macroscopic models which
are valid at a macroscopic scale which is large with respect to

the heterogeneous scale (here the atomic scale). In the next
section 2, we recall this condition of separation of scales and
we shortly review the multiscale method of homogenization
which enables the passage from a heterogeneity scale to a
much larger macroscopic scale where an equivalent model is
looked for. In section 3, we investigate acoustic waves and
transient heat transfers in homogeneous thermoelastic
materials described by (3-4). We show that acoustic waves are
adiabatic at the first order of approximation: heat transfers are
absent at that order. However, the varying deformation
induces a varying temperature which verifies a hyperbolic
heat equation. Transient heat transfers are elastostatic at the
first order of approximation, that yields an apparent parabolic
momentum balance. Finally acoustic waves and transient heat
transfers in thermoelastic composite materials are studied in
section 4. They show two separation of scales. We first
investigate equal separations of scales. By using the
multiscale homogenization method, we obtain an equivalent
macroscopic model which show an inner thermal resonance
under an acoustic excitation: temperature is rapidly varying at
the heterogeneity scale (the component scale). However a
macroscopic effective temperature can be defined which
satisfies again a hyperbolic heat equation. These results
remain valid for different separation of scales ratios.

2 SEPARATION OF SCALES: A REMAINDER
A more detailed information about separation of scales and
the multiscale homogenization technique in use here can be
found in [2].

2.1 Equivalent macroscopic description
Equivalent macroscopic descriptions such as (1), (2) or (3-4)
are valid at some scale L which is large with respect to the
heterogeneity scale l, here the length which characterizes
elastic deformations and heat transfer at the atomic scale. We
have
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� =
l

L
<<1 . (5)

It is generally admitted that � �10�2 or even � �10�1 yields
acceptable results. When considering homogeneous media, a
good candidate for l is the mean free path lfp of phonons [7]

l = l fp =
3�c

Cc �cac
, (6)

where index c shows a characteristic value. The separation of
scales parameter � is then in such a case a Knudsen number

Kn =
l

L
= � .

When investigating non-homogeneous media such as
composite materials, l stands for the characteristic length of
the components. In the paper L is related to the wavelength �.
For convenience, we consider

L =
�

2�
.

2.2 Multiscale homogenization technique
We consider heterogeneous media which are periodic or
which show a Representative Elementary Volume (REV).
Since periodic media and non-periodic media with a REV
show similar equivalent macroscopic description, we assume
periodicity without lake of generality [1]. The characteristic
length of the heterogeneity scale is denoted l. We assume the
medium is submitted to an excitation of characteristic length
L. A separation of scales is present: l/L=�<<1. The
characteristic lengths l and L introduce two dimensionless
space variables y = X/l and x = X/L, where X is the physical
space variable. We have x = �y. Due to the separation of
scales, each physical quantity � appears as a function of both
x and y, plus eventually the time.

The behaviour at the heterogeneity scale is assumed to be
given. The method of multiscale homogenization technique is
as follows:

a. Make dimensionless the heterogeneity scale
description. That can be done by using l (microscopic
point of view) or L (macroscopic point of view) as the
characteristic length. Both points of view yield similar
results.

b. From the value of l and the estimation of L, obtain �.
c. From the value of �, estimate the dimensionless

numbers in terms of �. A dimensionless number A is
said O(�p) if

� p+1 << A <<� p�1

d. Look for the dimensionless physical unknowns in the
form of a series of successive increasing powers of �
� =� ( 0)(x,y) +�� (1)(x,y) +� 2� ( 2)(x,y) + ... (7)

The �(i)’s are O(�0) and, due to the periodicity, they are
periodic with respect to variable y.

e. Introduce ansatz’s as (7) into the dimensionless local
description.

f. Identify like powers of �. We obtain successive
boundary value problems to be investigated over the
period. The Fredholm alternative yields the
macroscopic model, if it exists.

3 WAVES IN HOMOGENEOUS THERMOELASTIC
MATERIALS

We consider homogeneous Fourier thermoelastic materials.
Typical properties of such media are shown in Table 1.

Table 1. Typical thermomechanical properties of some
materials.

materials Rubber Iron Epoxy Glass
ac [Gpa] 0.004 200 3 7
�c [Kg m-3] 103 7.8 103 1.4 103 2.5 103

�c [Wm-1K-1] 0.1 80 0.05 1
�c [K-1] 10-3 10-5 10-4 5 10-5

Cc [J Kg-1K-1] 480 450 103 800

3.1 Dimensional analysis
The details of the analysis can be found in (4). Consider an
acoustic excitation of angular frequency �. The thermoelastic
system (3-4) can be written in the form

�

�Xj

(aijkh (eXkh (u) �� khT )) = ��
2�ui , (5)

�

�Xi
(�ij

�T

�Xj

) � i�T0� ijaijkheXkh (u) = i��CT . (6)

Let us use Lc as the characteristic length. The dimensionless
form of system (3-4) writes

U
�

�x j
(aijkh

* (exkh (u
* ) �V� kh

* T * )) = ��°2�*ui
* , (7)

W
�

�xi
(�ij

* �T
*

�x j
) � i�*ZT0

*� ij
*akhij

* exkh (u
* ) = i�*�*C*T * , (8)

where dimensionless quantities are shown by subscript “*”,
e.g. �* =� /�c , �* =O(1) . Recall that x = X /Lc . The
dimensionless numbers U, V, W and Z are defined by

U =

�

�Xi
(aijkheXkh (u))

� 2�ui
=

ac
�cLc

2�c
2

, (9)

W =

�

�Xi
(�ij

�T

�Xj

)

��CT
=

�c
�cCcLc

2�c

, (10)

V =
� khT

eXkh (u)
=
� cTcLc
uc

, (11)

Z =
i�T0� ijaijkheXkh (u)

i��CT
=
ac� cucT0
�cCcTcLc

. (12)

Two combinations of the above dimensionless numbers are of
interest

P =VZ =
ac� c

2T0
�cCc

, (13)
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Q =
W 2

U
=

�c
2

ac�cCc
2Lc

2
. (14)

Number P depends on the material properties, only. Values of
P are shown in Table 2. Note that they are relatively small.
For the sake of simplicity, we will assume 1>> P >>� . On
an other hand, number Q introduces a material length lm which
is related to the sole material properties

Q =
lm
2

Lc
2

, lm =
�c

Cc ac�c
. (15)

It is notable that from (6) we have
lm =O(l fp ) . (16)

The macroscopic model (3-4) shows a material length, the
mean free path of phonons, which describes the physics at
stake at the microscopic level. As a consequence it comes

Q =
W 2

U
=
lm
2

Lc
2
=O(� 2) <<1 . (17)

Table 2. Values of P, lm and �c
lim

materials Rubber Iron Epoxy Glass
P [] 2.4 10-3 1.5 10-3 6 10-3 3 10-2

lm [m] 3 10-9 10-9 10-8 10-11

�c
lim [s-1] 108 5 1012 109 1012

It results from the above estimations that two behaviours are
of interest

a. Under an acoustic excitation, U =O(� 0) , then
W =O(�) <<1. Heat transfer is negligible: the
process is adiabatic at the first order of
approximation.

b. Under a transient heat excitation W =O(� 0) ,
then U =O(��2) >>1. The process is elastostatic
at the first order of approximation.

3.2 Acoustic excitation, model Ia

Under an acoustic excitation, U =O(� 0) , and
W =O(�) <<1. The process is adiabatic. Equation (6)
reduces to the Thomson-Kelvin formula

T0� ijaijkheXkh (u) = ��CT . (18)

We have Z =O(� 0) and then V =O(P) <<1. At the first
order of approximation the thermoelastic system reduces to

�

�Xj

(aijkheXkh (u)) = �
� 2ui
�t2

, (19)

T0� ijaijkheXkh (u) = ��CT . (20)
By elimination of the displacement between the two above
relations we obtain the following hyperbolic heat equation

� 2

�Xi�Xj

(� ij
�1T ) = �almkk

_1 � lm
�1 �

2T

�t2
. (21)

The upper frequency �c
lim of validity of the model is obtain

from U =O(� 0) and the separation of scales condition. If we
adopt, as suggested above, the condition � �10�2 for this
condition, it comes

�c ��c
lim =

10�2

lm

ac
�c

. (22)

The values of �c
lim are shown in Table 2. The domain of

validity of the hyperbolic heat equation (21) is quite large.
Note that heat diffusion would be obtained at the next order of
approximation O(�) . Thermal damping is O(�) .

3.3 Transient heat excitation, Model Ib

Under a transient heat excitation, W =O(� 0) , then
U =O(��2) >>1. Equation (3) simplifies to

�

�Xj

(aijkh (eXkh (u) �� khT )) = 0 . (23)

The process is elastostic at the first order of approximation.
We have V =O(� 0) and then Z =O(P) <<1. At the first
order of approximation the heat equation reduces to

�

�Xi
(�ij

�T

�Xj

) = �C
�T

�t
. (25)

Equation (23) describes the elastostatic behaviour of a
material which is submitted to a body force of components

Ai = �
�

�Xi
(aijkh� khT ) .

Thus, the displacement u shows a parabolic behaviour, just as
T does. By following the same route as above, the domain of
validity of the present model writes

�c �10
�2�c

lim .

4 WAVES IN THERMOELASTIC COMPOSITES
We consider now a periodic thermoelastic composite of
period �. Let l� be the characteristic length of the period
where we assume the thermoelastic model (3-4) to be valid.
We look for an equivalent macroscopic model at a scale L (the
wavelength) large with respect to l� . The medium shows
three characteristic lengths, lfp, l� and L which are assumed as
separated

l fp << l� << L ,
l fp
l�
=� <<1 ,

l�
L
=� <<1 , �� = � . (26)

The homogenization process is a priori dependent on the
relative size of the two separations of scales. Three cases are
of interest: � =� , � =� p with p >1 and � =�1/q with
q >1.

4.1 Equal separations of scales � =�

As above, we successively address the macroscopic behaviour
of the composite under an acoustic and a transient heat
excitations, respectively. Since � =� , we have Q =O(� 4 ) .

� =� : acoustic excitation, model IIa
Under an acoustic excitation with a wavelength O(L) ,
U =O(� 0) , and W =O(� 2) <<1. At constant angular
frequency, we recover the dimensionless thermoelastic system
which is investigated in [3] with V =O(� 0) and Z =O(� 0)
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�

�x j
(aijkh

* (exkh (u
* ) �� kh

* T * )) = ��*2�*ui
* , (27)

�

�xi
(�ij

* �T
*

�x j
) �� �2i�*T0

*� ij
*akhij

* exkh (u
* ) =� �2i�*�*C*T *

(28)
Introducing ansatz’s as (7), with � in place of � , for the
displacement and the temperature, extracting like powers of
� yield successive boundary value problems to be
investigated. The upscaling process is detailed in [3] (model
II). We obtain

u( 0) = u( 0)(x,�) , (29)
whereas u(1) and T ( 0) are the solution of the following system

�

�y j
(aijkh

* (exkh (u
( 0)) +eykh (u

(1)) �� kh
* T ( 0))) = 0 , (30)

�

�yi
(�ij

* �T
( 0)

�y j
) � i�*T0

*� ij
*akhij

* (exkh (u
( 0)) +eykh (u

(1))) =

i�*�*C*T ( 0) , (31)
with ad hoc boundary conditions. That gives
ui
(1)(x,y,�) =� ijk

II (x,y,�)exjk (u
( 0)) + ui

(1)(x,�) (32)

T ( 0)(x,y,�) = � ij
II (x,y,�)exij (u

( 0)) (33)
Finally, the equivalent macroscopic model IIa reads [3]

�

�Xj

(aijkh
IIaeff eXkh (u)) = ��

2� IIaeff ui , (34)

bij
IIaeff eXij (u) =< �CT > . (35)

The effective coefficients a IIaeff and bIIaeff are complex
valued and � -dependent. We have

a IIaeff = a eff +O(P) , (36)
where a eff is the classical effective elastic stiffness. Tensor
a eff is � -independent. Symbol < .> stands for the volume
average over the period �

<� >=
1

�
�

�
� d�,

and � IIaeff =< � >. The acoustic wave involves an inner
thermal resonance O(P) : the temperature is rapidly
oscillating in the period. That causes a small thermal damping
O(P) of the acoustic wave, see (36). Therefore the process is
not adiabatic at the period scale. However, it is possible to
define an effective (macroscopic) temperature T eff through

< �CT >=< �C > T eff . (37)
Therefore, (35) becomes

bij
IIaeff eXij (u) =< �C > T

eff . (38)
Relation (38) stands for a Thomson-Kelvin formula with
memory effects. Eliminating now the displacement u
between equations (34) and (38) yields a hyperbolic heat
equation (at constant frequency)

� 2

�Xi�Xj

(aijkh
IIeff bkh

IIeff �1T eff ) = �� 2� IIeff bii
IIeff �1T eff . (39)

The temperature T eff is carried on by the acoustic wave. The
domain of validity of the obtain model is, however, more
restricted that in Section 3. This is due to the existence of two
successive separations of scales. If we admit as above that

these ones should verify both � �10�2 and � �10�2, we
obtain

�c �
10�4

lm

ac
�c

=10�2�c
lim .

� =� : Transient heat excitation, model IIb
Under a transient heat excitation with a pseudo-wavelength
O(L) , W =O(� 0) , and U =O(� �4 ) >>1. We have also
V =O(� 0) and Z =O(� 0) . The thermoelastic system writes

�

�x j
(aijkh

* (exkh (u
* ) �� kh

* T * )) = �� 4�*2�*ui
* , (40)

�

�xi
(�ij

* �T
*

�x j
) � i�*T0

*� ij
*akhij

* exkh (u
* ) = i�*�*C*T * . (41)

The upscaling process is as in [3]. At the first order of
approximation, the equivalent macroscopic model IIb takes
the form

�

�x j
(aijkh

IIbeff (exkh (u ) �� kh
IIbeff T )) = 0 , (42)

�

�xi
(�ij

IIbeff �T

�x j
) � i�T0

*� ij
IIbeff akhij

IIbeff exkh (u) = i� < �C > T (43)

Model IIb is elastostatic. The effective coefficients are real
valued and � -independent. We have a IIbeff = a eff and
� IIbeff =< � >. As in Subsection 3.3, the displacement u
shows a parabolic behaviour.

4.2 � <<�

Let us consider � =� p with p >1. Then we obtain
Q =O(� 2+2p ) .

� <<� : acoustic excitation, Model IIIa
Under an acoustic excitation U =O(� 0) , and W =O(�1+p ) .
We have V =O(� 0) and Z =O(� 0) . The dimensionless
thermoelastic system becomes

�

�x j
(aijkh

* (exkh (u
* ) �� kh

* T * )) = ��*2�*ui
* , (44)

�

�xi
(�ij

* �T
*

�x j
) �� �1� pi�*T0

*� ij
*akhij

* exkh (u
* ) =� �1� pi�*�*C*T *

(45)
We now obtain as for model IIa

u( 0) = u( 0)(x,�) , (47)
whereas u(1) and T ( 0) are the solution of the following system

�

�y j
(aijkh

* (exkh (u
( 0)) +eykh (u

(1)) �� kh
* T ( 0))) = 0 , (48)

T0
*� ij

*akhij
* (exkh (u

( 0)) +eykh (u
(1))) = ��*C*T ( 0) , (49)

with ad hoc boundary conditions. That gives
ui
(1)(x,y) =� ijk

IIIa (x,y)exjk (u
( 0)) + ui

(1)(x,�) , (50)

T ( 0)(x,y) = � ij
IIIa (x,y)exij (u

( 0)) . (51)
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As in model IIa, temperature T ( 0) is varying at the period
scale. However now, u(1) and T ( 0) are � -independent. That
yields the following equivalent macroscopic model IIIa

�

�Xj

(aijkh
IIIaeff eXkh (u)) = ��

2� IIIaeff ui , (52)

bij
IIIaeff eXij (u) =< �CT > , (53)

where � IIIaeff =< � >. Model IIIa is as model IIa, but with
a IIIaeff and bIIIaeff � -independent. Introducing T eff as in (37)
yields again a hyperbolic heat equation

� 2

�Xi�Xj

(aijkh
IIIaeff bkh

IIIaeff �1T eff ) = �� 2� IIIaeff bii
IIIaeff �1T eff .(54)

� <<� : transient heat excitation, model IIIb
Under an acoustic excitation W =O(� 0) , and
U =O(� �2�2p ) . We have V =O(� 0) and Z =O(� 0) . The
dimensionless thermoelastic system becomes

�

�x j
(aijkh

* (exkh (u
* ) �� kh

* T * )) = �� 2+2p�*2�*ui
* , (55)

�

�xi
(�ij

* �T
*

�x j
) � i�*T0

*� ij
*akhij

* exkh (u
* ) = i�*�*C*T * . (56)

It is easy to check that model IIIb is similar to model IIb.

4.3 � <<�

Let us now consider � q
=� with q >1. Then we obtain

Q =O(� 2+2/ p ) . The case of interest is for large values of p.
Then Q =O(� 2) .

� <<� : acoustic excitation, Model IVa
Under an acoustic excitation U =O(� 0) , and W =O(� ) .
We have V =O(� 0) and Z =O(� 0) . The dimensionless
thermoelastic system becomes

�

�x j
(aijkh

* (exkh (u
* ) �� kh

* T * )) = ��*2�*ui
* , (57)

�

�xi
(�ij

* �T
*

�x j
) �� �1i�*T0

*� ij
*akhij

* exkh (u
* ) =� �1i�*�*C*T *

(58)
At the first orders of approximation, equation (57) gives

u( 0) = u( 0)(x,�) , (59)
and then (58) yields

T ( 0) = T ( 0)(x,�) . (60)
Equation (57) at the � �1order now gives u(1)

ui
(1)(x,y) =� ijk

IVa (x,y)exjk (u
( 0)) +� i

IVaT ( 0) + ui
(1)(x,�) . (61)

Then, at the � �1order, (58) writes
�

�yi
(�ij

* (
�T ( 0)

�x j
+
�T (1)

�y j
)) =

T0
*� ij

*akhij
* (exkh (u

( 0)) +eykh (u
(1))) + �*C*T ( 0). (62)

The existence of T (1) imposes (Fredholm alternative)
<T0

*� ij
*akhij

* (exkh (u
( 0)) +eykh (u

(1))) + �*C*T ( 0)> =0,
or in physical variables, at the first order of approximation

bij
IVaeff eXij (u) =< �CT >=< �C > T . (63)

Model IVa is given by (63) and the wave equation
�

�Xj

(aijkh
IVaeff eXkh (u)) = ��

2� IVaeff ui , (64)

with � IVaeff =< � > .
It is easy to check that, again, the temperature verifies a
hyperbolic heat equation at the first order of approximation.

� <<� : transient heat excitation, Model IVb
We have W =O(� 0) , and U =O(� �2) , V =O(� 0) and
Z =O(� 0) . The dimensionless thermoelastic system becomes

�

�x j
(aijkh

* (exkh (u
* ) �� kh

* T * )) = �� 2�*2�*ui
* , (65)

�

�xi
(�ij

* �T
*

�x j
) � i�*T0

*� ij
*akhij

* exkh (u
* ) = i�*�*C*T * . (66)

It is easy to check that model IVb is similar to model IIb.

5 CONCLUSION
The main result of the paper is to show that Fourier
thermoelastic materials exhibit hyperbolic apparent heat
equations when submitted to an acoustic excitation. This
result is quite general: it is valid for homogeneous materials as
well as for composite materials, whatever the separations of
scales. The frequency domain of validity of the hyperbolic
heat equation is considerably large. It does not overlay the
generally admitted domain of validity of the Cattaneo-
Vernotte equation for which L is of the order of a few tens of
l fp for homogeneous materials [7], i.e � >10�1 in section 3

and � >10�1 in section 4.
On an other hand, heat excitations result in apparent

parabolic momentum balances.
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ABSTRACT: The effect of the local thermo-mechanical properties of a laminated composite on waves’ propagation is the topic 
of this paper. When compared to results obtained with either a reference temperature throughout the composite or at least a 
uniform one, predictive simulations emphasize some discrepancies. Yet, when monitoring structural components by means of 
vibrations and waves’ propagation techniques, the dynamics can be significantly modified when the temperature changes. 
Erroneous conclusions regarding the health-state of the structure can hence be rendered if the thermal effect is not properly 
described in the interactions of the composite’s layer. Based on the physical interactions between the composites’ layers, the 
description of the local variations in the vibrational pattern due to thermal gradients is firstly addressed. The effect is then 
demonstrated on the experimental identification of the wavenumbers in a honeycomb-core composite panel. The aim of this 
work is to establish a reliable model that would serve as a baseline for the structural health-monitoring of composite structural 
components like pipes and stiffened panels. The targeted techniques are based on the propagation of waves. Depending on the 
relative dimension of the structure to the vibrations wavelength, some delays between wave fronts could be observed depending 
on the initially properties of each layer and their sensitivity to the temperature’s gradient. For that purpose, the results obtained 
for a pipe under thermal conditions are finally presented. 

KEY WORDS: Composite materials, wave propagation, structural health monitoring 

1 INTRODUCTION 
An aerospace structure operates within a broad temperature 
range, typically varying between -100 oC to 200 oC for launch 
vehicles. With regard to aircrafts, their mission usually 
involves narrower temperature ranges (typically -60 oC to +50 
oC) as is the case for automotive structures. 

A very little amount of research has been conducted on 
predicting the effect of temperature on the vibroacoustic 
behavior of layered structures. Hereby, an attempt is made in 
order to first exhibit the sensitivity of the vibroacoustic 
behavior of a composite structure to the ambient flight 
temperature. The numerical simulations are initially 
implemented by using measured thermo-mechanical 
properties of the bulk material. The other step is the 
development of predictive results on wave propagation issues 
along waveguide structures for the structural health 
monitoring purpose. This modeling is based on the wave-
finite element technique which in briefly recalled in the next 
section. 

2 WAVE FINITE ELEMENT TECHNIQUE FOR ONE 
DIMENSIONAL WAVEGUIDE 

For the one-dimensional structural waveguide, as is shown 
reference [1], the finite element formulation of a repetitive 
segment may be written as 
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where rlS , llS  and rrS  are block dynamic complex stiffness 
matrices, and subscripts l or r denote the left or right 
components respectively. 

Provided that the FE grids at two cross-sections are 
identical and DOF numbering in the same order, the 
displacement and force vectors between the cross-sections 

have the relationships ll qq λ='

  and ll FF λ='
, where the 

propagation constant )exp(ikd=λ  with d denoting the 
general dimension of repetitive segment in the wave 
propagation axis. With these two repetitive conditions and 
taking to account the displacement continuity and force 
equilibrium condition, eliminating the force component in 
Equation 1 leads to a special case of quadratic eigenvalue 
problem, which can be expressed simply as 

 0)( 1
2

21 =ϕλ+λ+ TSSS  (2) 

where lq=ϕ , rlSS =1 , rrll
T SSSS +== 22 . The 

eigenequation may be solved using the standard linearization 
method to obtain the dispersion relationship and eigenmodes: 
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The eigensolution of Equation (3) yields the displacement 
vectors 

j
lq  for wave modes.  

Another linearization that may be used to directly calculate 
both the displacement and force vectors can be of the form 
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where κ=ψ /lF , and 1S=κ which is introduced to balance 
the system matrices. 

The structural parameters sensitivity to the temperature is 
taken into account through thermo-dependent law for the 
elastic modulus and for the mass density. The temperature 
distribution is the result of a preliminary thermostatic 
calculation of the thermal diffusion. The finite-element mass 
and stiffness matrices are hence built up, based on the local 
variations of material properties with temperature. 

The wave-finite element model uses these latters as input 
for the wave propagation thermal analysis. 

3 THERMAL EFFECT ON PROPAGATION IN 
WAVEGUIDES 

3.1 Methodology: Wave Finite Element approaches 

Among the various phenomenological principles in use for 
structural health monitoring, guided waves are the ones 
considered by the results of the following investigation [2-4]. 
These essentially involve exciting the structure and processing 
the difference in structural response using a tested algorithm. 
Guided waves can be defined as stress waves forced to follow 
a path defined by the material boundaries of the tube.  

In the present study, the discrete representation is develop to 
model the steel tube by using the SOLID45. The parameters 
of the tube are shown in table 1. 
 
 
  
 

 
 
 
 
 
 
 
 
 

 

Figure 1. Tube modeling. 
 

Table 1. Hollow cylinder charateristics. 

Outside 
diameter 

Inner 
diameter 

Thickness 

70mm 66mm 2mm 
   

 
 

3.2 Discussion on WFE results 

Figure 2 includes the bending curves by varying the 
temperature from 25°C to 800°C.  
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Fig. 2 Bending curves 

            
The bending mode through the structure is the mode which 
carries energy and retains its characteristics. 

Figure 5 includes the traction-compression curves by 
varying the temperature from 25°C to 800°C. 
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Fig. 3 Traction-compression curve 

The wave number increases with temperature. It should be 
noted that the variation in the number of low-frequency wave 
is relatively less important in high frequency because 
the wave number increases with frequency. 
. 
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Figure 4 includes the section curves by varying the 

temperature from 25°C to 800°C. As the temperature 
increases the evanescent modes which have an important role 
in energy dissipation appear. 

This first numerical study aimed at evaluating the behavior 
of steel pipes under thermal condition variations. 

4 EVALUATION OF THE TEMPERATURE 
DEPENDENT WAVE PROPAGATION 
CHARACTERISTICS 

An orthotropic sandwich panel is hereby used for 
experimentation purposes. Its facesheets are made of a 1mm 
thick carbon epoxy composite comprising four layers of 1-1 
twilled weaves. 

Its core is made of an orthotropic 12.7mm thick Nomex 
honeycomb material. During the fabrication process the 
carbon fabric is impregnated in the resin and draped over the 
mold. The honeycomb material is then added and the system 
is put in vacuum. The polymerization takes place and the 
honeycomb absorbs some of the resin included in the tissues 
and thus adheres thereto. The same kind of resin therefore 
serves as the facesheets matrix and as an adhesion agent. The 
measured thermo-mechanical properties for the facesheets and 
the core of the panel are exhibited in figures 5 and 6. 

 

 
Fig. 5 The experimentally obtained Young modulus 

 
Fig. 6 The experimentally obtained shear modulus 
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5 PREDICTING THE TEMPERATURE DEPENDENT 
STL OF A LAYERED STRUCTURE 

The Leppington’s set of asymptotic formulas is initially used 
in order to calculate the radiation efficiency of the sandwich 
panel for each considered temperature. The resulting radiation 
efficiencies are presented in fig.7. 

It is observed that temperature has a significant impact on 
the radiation efficiency of the structure. The coincidence 
frequency utterly depends on the flexural wave phase velocity 
inside the acoustic medium and the structure. When 
temperature increases, phase velocity in the acoustic medium 
increases, while the one of the waves propagating inside the 
layered panel decreases, which results in a higher coincidence 
frequency. Thus, at lower frequencies a ’cold’ panel behaves 
as more damped compared to a ’hot’ one. The temperature 
dependent TL is shown in fig.8. 
 

 
Fig. 7 Temperature dependent acoustic radiation efficiency of 

the sandwich panel : 100°C (*) , 25°C (-) , 90°C (delta) , 
110°C (- -), 160°C(…) 

 

 
Fig. 8 Temperature dependent TL of the sandwich panel: 

100°C (*) , 25°C (-) , 90°C (delta) , 110°C (- -), 160°C(…) 

 
As a conclusion, operation within or above the Tg of the 

panel can result in improved acoustic insulation performance. 
The proper evaluation of such vibroacoustic parameters has a 
straight influence on the accuracy of high-frequency 
predictive methods, like SEA-based ones [5]. 

6 CONCLUSION 
This presented results exhibited the impact on the 
thermomechanical characteristics of, not only layered 
structures, but also waveguide components like pipes. 

They have shown a large divergence of the modula and of 
the damping loss factor especially near and above the glass 
transition temperature of resin based materials. 

A great impact of the temperature dependent parameters 
was observed on the radiation efficiency, the coincidence 
frequency and the sound transfer loss of the studied layered 
panel. 

Hence, based on the initial simulations of such phenomena, 
transposed to waveguides, some influence are also visible on 
propagative properties. In structural health monitoring 
approaches, even a slight temperature variation can affect the 
time-of-flight of travelling waves. This is even more sensitive 
when layered constitutive materials are employed. This is the 
topic of current on-going reseaches. 
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ABSTRACT: This work investigates the dynamic behaviour of structures obtained by repeating a unit cell made up of 
interconnected beams or plates forming an unbraced frame. Such structures can represent an idealization of numerous reticulated 
systems, for example the microstructure of foams, plants, bones, the sandwich panels, stiffened plates and truss beams used in 
aerospace and marine structures, buildings. As beams are much stiffer in tension-compression than in bending, the propagation 
of compressional waves with wavelengths much greater than the cell size and the bending modes of the elements can occur in 
the same frequency range. Thus frame structures can behave as metamaterials and exhibit unusual dynamic properties. 

Since the condition of scale separation is respected for the compressional waves, the homogenization method of periodic 
discrete media is used to rigorously derive the macroscopic behaviour at the leading order. The main advantages of the method 
are the analytical formulation and the possibility to study the behaviour of the elements at the local scale. This provides a clear 
understanding of the mechanisms governing the dynamics of the material.  

In the presence of the local resonance, the form of the equations is unchanged but some macroscopic parameters depend on 
the frequency. In particular, this applies to the mass leading to a generalization of the Newtonian mechanics. As a result, the 
longitudinal modes of periodic frame beams and the transfer function have unusual properties. The same macroscopic modal 
shape is associated with several resonant frequencies (but the deformation of the elements at the local scale is different). These 
atypical behaviours are first established theoretically and then, they are confirmed by numerical simulations. 

KEY WORDS: Local resonance; Reticulated material; Meta-material; Homogenization. 

1 INTRODUCTION 

Locally resonant metamaterials are a class of composite 
materials with a high rigidity contrast between the 
constituents. The propagation of waves in the stiff component 
with a wavelength much greater than the heterogeneity size 
can then induce the resonance of the soft component. This 
phenomenon which differs from diffraction leads to unusual 
effective properties investigated in the pioneering work [1] 
(see also [2]) and observed experimentally in [3] and [4]. In 
particular, the effective density is different from the real 
density and depends on the frequency. The description of such 
composites at the macroscopic scale is a generalization of the 
Newtonian mechanics [5]. In [6] it was shown that reticulated 
materials with only one constituent can also behave as locally 
resonant metamaterials. Reticulated materials are made up of 
interconnected beams or plates. Examples include the 
microstructure of foams, plants, bones, the sandwich panels, 
stiffened plates and truss beams used in aerospace and marine 
structures. Since beams and plates are much stiffer in tension-
compression than in bending, the propagation of 
compressional waves and the bending modes of the elements 
can occur in the same frequency range. 

In this paper, we investigate the consequences of the local 
resonance in bending on the dynamic behaviour of periodic 
frame structures which can represent idealised buildings. 
Instead of considering wave propagation as in [6], emphasis is 
put on the modification of the features of the longitudinal 
modes. For the first modes of a structure with a sufficiently 
large number of frames, deformations occur on a lengthscale 

much greater than the size of a frame. Therefore we can use 
the homogenization method of periodic discrete media 
(HPDM method) to obtain a macroscopic description. This 
method, elaborated by Caillerie [7] has been extended to 
situations with local resonance [6]. Its main advantage is that 
the macroscopic behaviour is derived rigorously from the 
properties of the basic frame. Moreover the analytic 
formulation enables to understand the role of each parameter. 
This method has already given interesting results on the 
transverse dynamics of frame structures [8]. 

The principles of the HPDM method and the studied 
structures are described in Section 2. Section 3 presents the 
two possible macroscopic behaviours: without and with local 
resonance. In Section 4, the consequences of the local 
resonance on the modal properties and the transfer function of 
the structure are analysed. The results are confirmed by finite 
element simulations. 

2 STUDIED STRUCTURES AND OVERVIEW OF THE 
HPDM METHOD 

The studied structures are constituted by a pile of a large 
number N of identical unbraced frames called cells and made 
of a floor supported by two walls (see Figure 1). The walls 
and the floors are beams or plates which behave as Euler-
Bernoulli beams in out-of-plane motion. The parameters of 
floors (i = f) and walls (i = w) are: length ℓi, thickness ai, 
cross-section area Ai, second moment of area Ii = ai

3 h/12 in 
direction e3, density ρi, elastic modulus Ei, Poisson ratio νi. As 
the connections are assumed perfectly rigid, the motions of 
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each endpoint connected to the same node are identical and 
define the discrete nodal kinematic variables of the system. 

 

      

Figure 1. Left: class of studied structures,  
right: longitudinal kinematics. 

 
The analysis of such a periodic lattice of interconnected 

beams with the homogenization method of periodic discrete 
media (HPDM) is performed in two steps [9]: first, the 
discretization of the balance of the structure under harmonic 
vibrations; second, the homogenization, leading to a 
continuous model elaborated from the discrete description. As 
the studied structures are symmetric, a change of variables is 
added to uncouple the transverse and longitudinal kinematics. 
An outline of this method and its adaptation to situations with 
local resonance is given hereafter. 

The discretization consists in integrating the dynamic 
balance (in harmonic regime) of the beams, the unknown 
displacements and rotations at their extremities being taken as 
boundary conditions. The forces applied by an element on its 
extremities are then expressed as functions of the nodal 
kinematic variables. The balance of each element being 
satisfied, it remains to express the balance of the forces 
applied to the nodes. Thus, the balance of the whole structure 
is rigorously reduced to the balance of the nodes. 

The kinematics is characterized at any level n by the 
motions of the two nodes in the plane (e1, e2), i.e.,  the 
displacements in the two directions and the rotation (u1, u2, θ). 
These six variables can be replaced by (see Figure 1): 
 Three variables associated to the rigid body motion of the 

level n: the mean displacements, U(n) along e1 and V(n) 
along e2, and the global rotation α(n) (differential vertical 
nodal motion divided by ℓf), 

 Three variables corresponding to its deformation: the 
mean and differential rotations of the nodes, θ(n) and 
Φ(n), and  the transverse dilatation Δ(n). 

As mentioned before, the transverse and longitudinal 
kinematics, respectively governed  by (U, α, θ) and (V, Φ, Δ), 
are uncoupled. This paper focuses on the longitudinal 
vibrations. The study of the transverse vibrations can be found 
in [10,8]. 

Then the principles of homogenization are used to derive 
the differential equation describing the behaviour of the 
equivalent beam. The key assumption is that the cell size in 
the direction of periodicity ℓw is small compared to the 
characteristic size L of the vibrations of the structure. Thus, 
the scale ratio is small: ε = ℓw/L << 1. The condition of scale 

separation implies that the method is limited to the first modes 
of vibration which have wavelengths that are much larger than 
the cell size. The existence of a macroscopic scale is 
expressed by means of macroscopic space variable x. The 
unknowns are continuous functions of x coinciding with the 
discrete variables at any level, e.g. Vε(x = xn) = V(level n). 
These quantities, assumed to converge when ε approaches 
zero, are expanded in powers of ε: Vε(x) = V0(x) + ε V1(x)  
+ ε2 V2(x) + .... Similarly, all other unknowns, including the 
modal frequency, are expanded in powers of ε. As ℓw = ε.L is 
a small increment with respect to x, the variations of the 
variables between neighbouring nodes are expressed using 
Taylor's series; this in turn introduces the macroscopic 
derivatives. 

To account properly for the local physics, the geometrical 
and mechanical characteristics of the elements are scaled 
according to the powers of ε. As for the modal frequency, 
scaling is imposed by the balance of elastic and inertia forces 
at the macroscopic level. This scaling ensures that each 
mechanical effect appears at the same order whatever the ε 
value is. Therefore, the same physics is kept when ε 
approaches zero, i.e. for the homogenized model. Finally, the 
expansions in ε powers are introduced in the nodal balances. 
Those relations, valid for any small ε, lead for each ε-order to 
balance equations which describe the macroscopic behaviour. 

In general the scale separation requires wavelengths of the 
compression and bending vibrations generated in each local 
element to be much longer than the element length at the 
modal frequency of the global system. In that case the nodal 
forces can be expanded in Taylor's series with respect to ε. 
This situation corresponds to a quasi-static state at the local 
scale. Nevertheless, at higher frequencies, it may occur that 
only the compression wavelength is much longer than the 
length of the elements while local resonance in bending 
appears. The expansion of the shear force and the bending 
moment is no longer possible. However, the homogenization 
remains possible through the expansion of the compression 
forces and leads to atypical descriptions with inner dynamics. 
Above this frequency range, the local resonance in both 
compression and bending makes impossible the 
homogenization process. 

3 LONGITUDINAL VIBRATIONS 

3.1 Quasi-static state at the local scale 

We first illustrate the classical homogenization by considering 
a structure as in Figure 1 with thick enough elements to have a 
quasi-static state at the local scale. The walls and the floors 
are made of the same material. Their geometrical 
characteristics and the order of magnitude of the circular 
frequency ω corresponding to the longitudinal vibrations are 
given below. 
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In that case, the leading order equations obtained by 
homogenization are: 
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Equation (2a) expresses the balance of vertical forces while 
Equation (2b) and (2c) come from the balance of differential 
moments and of differential horizontal forces. The 
macroscopic behaviour is given by Equation (2a) which 
corresponds to the classical description of a beam in tension-
compression with the compression modulus of the two walls 
2 EwAw and the linear density Λ. Once the mean vertical 
displacement V is known, the "hidden" variables Φ and Δ are 
determined thanks to Equations (2b) and (2c) which describe 
the inner equilibrium of the cell. Note that Φ and Δ depend on 
the rigidity of the elements in bending Kw and Kf, . 

A systematic study in which the properties of the elements 
vary shows that the longitudinal vibrations with a quasi-static 
state at the local scale are always described by Equation (2a) 
[10]. 

3.2 Local resonance 

To investigate the effects of the bending resonance of the 
floors, we now consider a structure with floors thinner than 
walls. 
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As the order of magnitude of aw/af is not a whole power of ε, 
the unknowns should now be expanded in powers of ε1/2. 
Moreover, because of the local resonance, the shear force and 
the bending moment in the floors cannot be expanded in 
Taylor's series. Then the homogenization provides the 
following equations for the first two significant orders of the 
balance of vertical forces. The main difference with 
Section 3.1 is the multiplication of Λf by a function f 
depending on the frequency. 
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Because of the thickness contrast between the walls and the 
floors, Λf is negligible compared to Λw. This is the reason why 
we obtain a degenerate equation at the leading order. At most 
of the frequencies f(ω0) = O(1) and Equation (4a) is sufficient 

for the description of the macroscopic behaviour. However, 
we will see that f(ω0) can become infinite. In that case, the 
inertial term related to the floors is no longer negligible. To 
build a macroscopic description valid for the whole frequency 
range of the longitudinal vibrations we take V(x) = V0(x) + 
ε1/2 V1/2(x), ω = ω0 + ε1/2 ω1/2 and we sum the Equations (4). 

   oxVAExV ww  )(2)()( //2
 (5a) 

with 






































111 4

3
cot

4

3
coth3

8
)(

)()(

fff

fw

f

f














             (5b) 

Equation (5a) looks like Equation (2a) but differs 
fundamentally by the effective mass Λ(ω) which depends on 
the frequency. The HPDM method provides an analytical 
expression of the function f. Its variations according to the 
frequency are plotted in Figure 2. It shows that f(ω) → 1 when 
ω → 0 as expected and that │f(ω)│→ + ∞ when ω → ωf(2k − 1) 
where ωf(2k − 1) are the circular frequencies of the odd normal 
modes of the floors with two fixed ends in bending. At most 
of the circular frequencies higher than ωf1, we have f(ω) < 1, 
which means that the structure seems lighter thanks to the 
local resonance. Note also that f(ω) can be negative. 

 

 

Figure 2. Variations of the function f according to the 
nondimensional frequency ω/ωf1. As the resonance 
frequencies of the Euler-Bernoulli beams are proportional to 
the sequence of the squares of the odd integers, the modes of 
the floors correspond to the following abscissas: 
ωf1/ωf1= 32/32=1, ωf2/ωf1= 52/32 ≈ 2.78, ωf3/ωf1= 72/32 ≈ 5.44, 
etc. 

 
The effective mass differs so much from the real mass 

because the points of the cell are in relative motion. 
According to the definition of the macroscopic variables, V(x) 
describes the mean vertical displacement of the nodes. At low 
frequencies, the whole cell undergoes the same translational 
motion. Consequently, the sum of inertia forces acting on the 
whole frame equals the real mass of the frame multiplied by 
the acceleration of the nodes. When bending resonance 
occurs, the motion of the points of the floors can strongly 
differ from the one of the nodes and some points can even be 
in antiphase. In these conditions, the sum of inertia forces 
acting on the basic frame is modified.  
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This analysis of the physical origin of the effective mass is 
confirmed by the consistency between the deformation of the 
floors and the variations of the function f. As ω approaches 
ωf1, the deflection is getting larger and larger because of the 
resonance. It is in-phase with the nodes when ω is below ωf1 
and in antiphase when ω is above ωf1. At the frequency of the 
second bending mode ωf2, the in-phase motion of the two 
walls does not cause the resonance of the floors. Nevertheless, 
the motion is not uniform, which induces an effective mass 
smaller than the real mass.  

The previous study focuses on the macroscopic description 
but the inner equilibrium of the cell is also affected by the 
local resonance. These equations contain inertial terms and 
they depend on the rigidity in bending of the elements. For the 
floors, the effective mass and the effective rigidity become 
infinite for the frequencies of the odd bending modes. If the 
walls are in resonance, their effective mass becomes infinite 
for the frequencies of the odd bending modes but the rigidity 
becomes infinite for the frequencies of the even bending 
modes. The modes of the whole cell can also be excited. In 
the neighbourhood of all these frequencies, the structure is 
likely to behave atypically. 

4 SOME CONSEQUENCES OF THE LOCAL 
RESONANCE 

This section presents the consequences of the local resonance 
and the variations of the effective mass on the dynamic 
behaviour of a given structure by considering two problems: 
the modal analysis and the response to an imposed harmonic 
motion at the bottom. In the latter case, damping is 
introduced. The studied structure has been specially designed 
to highlight the effects of the local resonance. It is a frame 
structure as in Figure 1 with N = 15 levels. The walls and the 
floors have the same length ℓw = ℓf = 3 m and the thickness to 
length ratios correspond to the orders of magnitude of 
Section 3.2. In [10], it was shown that, for the first 
macroscopic mode of a structure, the scale ratio can be 
estimated by ε ≈ π/(2N) . The walls are made of concrete but 
the density of the floors is increased in order to have Λf  ≈ Λw 
and to increase the influence of their resonance. The chosen 
characteristics are summarized in Equation (6). 
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The resonance frequencies of the floors are ff1 = 52.08 Hz, 
ff2 = 143.56 Hz, ff3 = 281.44 Hz. 

4.1 Modal analysis 

For a structure fixed at the bottom and free at the top, the 
solution of Equation (5a) is written below. 
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Thus the resonance frequencies are given by Equation (8). 

 2
22

)12(
2

2

)(

2

)12(













 k

H

AE

k
H

ww
k 

 (8) 

In the absence of local resonance, the effective mass is 
constant and there is only one solution ωk for each value of k. 
For the considered structure, this approach leads to the 
frequencies given in the second column of Table 1. As these 
frequencies are in the same range as the resonance frequencies 
of the floors, we cannot neglect the variations of the effective 
mass. Then Figure 3 shows that it has two important 
consequences. First, the values of the resonance frequencies 
of the structure are modified. Second, there are several 
solutions ω for each value of k. This means that the structure 
has the same macroscopic modal shape for several 
frequencies. However, at the local scale, the deformation of 
the floors is different. Note also that, because of the great 
variations of the effective mass in the neighbourhood of the 
odd natural frequencies of the floors, there is a solution close 
to these frequencies for each value of k. Consequently there is 
a large number of modes in a small frequency range. Just after 
the resonance of the floors, the effective mass is negative and 
there is a frequency range with no longitudinal modes. 
Usually the condition of scale separation limits 
homogenization to low frequencies. Since several modes of 
the studied structure can have the same wavelength, some 
high frequency modes can be correctly described by 
homogenization. Here, the scale ratio ε does not 
monotonically increase with the frequency and there is an 
alternation of frequencies at which homogenization applies 
and frequencies at which homogenization does not apply.  

 

 

Figure 3. The thin red line is obtained by replacing the 
effective mass by the real mass. The thick blue line takes into 
account the resonance of the floors. The horizontal dashed 
lines indicate the first values of (2k - 1)2. The resonance 
frequencies of the structure are the abscissas of the 
intersections of the continuous curves with the dashed lines. 

 
All these results are confirmed numerically with the finite 

element code CESAR-LCPC. The modes are determined for 
two structures.  For the first one, the elements behave as 
Euler-Bernoulli beams as in the HPDM method. For the 
second one, the elements behave as Timoshenko beams which 
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is more realistic for the chosen thickness. The resonance 
frequencies calculated with the finite element method and 
Equation (8) are given in Table 1. There is an excellent 
agreement between the two approaches. The use of 
Timoshenko beams slightly modifies the frequencies but the 

modal shapes are identical. The modal shapes are presented in 
Figure 4. and they are compared with Equation (7) in 
Figure 5. 
 

Table 1. Comparison of the resonance frequencies (Hz) of the structure estimated thanks to the homogenized models and with 
the finite element code CESAR-LCPC.  

k 
Resonance of the 
floors neglected 
(Equation (2a)) 

Resonance of the floors 
taken into account 

(Equation (8)) 

CESAR-LCPC with 
Euler-Bernoulli beams 

CESAR-LCPC with 
Timoshenko beams 

1 14.19 14.00 - 65.14 - 297.0 13.76 - 64.83 13.73 - 61.35 
2 42.56 36.73 - 74.35 - 297.5 35.99 - 74.22 35.12 - 71.71 
3 70.94 46.42 - 97.68 - 298.5 45.46 - 97.37 43.32 - 96.04 
4 99.31 49.36 - 127.8 - 300.4 48.28 - 127.0 45.66 - 125.5 
5 127.69 50.49 - 158.9 - 303.4 49.76 - 157.5 46.93 - 154.2 

 
 

k = 1 k = 2 k = 3 k = 4 k = 5 
13.76 64.83 35.99 74.22 45.46 97.37 48.28 127.0 49.76 157.5 

          

Figure 4. Modal shapes and resonance frequencies (Hz) calculated with the finite element code CESAR-LCPC. 
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Figure 5. Comparison of the vertical displacements estimated with the homogenized model (Equation (7))  
and the finite element code CESAR-LCPC. 
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4.2 Harmonic motion at the bottom 

A harmonic vertical motion of amplitude V0 is now imposed 
at the bottom of the structure. We are interested in the 
evolution with the frequency of the amplitude of the 
displacement at the top. The solution of the homogenized 
model (Equation (5a)) depends on the sign of the effective 
mass as indicated in Equations (9). 
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The variations of the transfer function H(ω) according to the 
frequency are plotted in Figure 6. As expected, there are peaks 
at the natural frequencies of the structure determined in 
Section 4.1. Just before the first resonance of the floors at 
52 Hz, the peaks are very numerous because of the great 
variations of the effective mass. However, a lot of them does 
not correspond to real modes of the structure. The 
homogenization process replaces the structure by an 
equivalent beam which has an infinite number of degrees of 
freedom and therefore a infinite number of longitudinal 
modes. On the contrary, the studied structure has only 15 
possible macroscopic modal shapes. Just after the resonance 
of the floors, the effective mass is negative and we observe a 
bandgap, that is to say a frequency range with no motion at 
the top of the structure. 

All these results are confirmed numerically. The transfer 
function computed with the finite element method is almost 
identical (Figure 6). As explained above, there are less peaks 
before the resonance of the floors and the bandgap begins at 
slightly lower frequencies. An example of the deformation of 
the structure inside the bandgap is also presented in Figure 6. 
The first floors experience large deformations because of the 
resonance but the energy is not transferred to the upper 
storeys. From the fourth floor, there is no more vibration. 

The introduction of damping does not modify 
fundamentally the results. We use a complex elastic modulus 
Ef = Ew = E eiη in the homogenized model (Equations (9)). The 
modulus of the transfer function is plotted in Figure 7 for 
η = 2.10-2. The main difference with Figure 6 is that the 
frequency bandgap is larger. As a result, the peaks of the 
transfer function before the resonance no longer exist. Finite 
element simulations are still in good agreement with the 
transfer function of the homogenized model (Figure 7). 
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Figure 6. Left: transfer function of the studied structure. The 
continuous curve corresponds to the homogenized model 
(Equations 9) and the points to the finite element simulations. 
Right: deformation at 52 Hz.  
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Figure 7. Modulus of the transfer function of the studied 
structure with damping. The continuous curves correspond to 
the homogenized model (Equations 9) and the points to the 
finite element simulations. 
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5 CONCLUSION 

Because of the rigidity contrast between tension-compression 
and bending in beams and plates, the longitudinal modes of a 
reticulated structure can appear in the same frequency range 
as the bending modes of the elements. The extension of the 
HPDM method to these situations with local resonance shows 
that the real mass should be replaced by an effective mass 
which depends on the frequency. When the frequency 
approaches the odd natural frequencies of the resonating 
elements in bending, the effective mass becomes infinite and 
it changes its sign. This phenomenon has two main 
consequences. First, several normal modes of the structure 
associated to different natural frequencies can have the same 
macroscopic modal shapes. Second, when the effective mass 
is negative, the vibrations do not propagate inside the 
structure and we have frequency bandgaps. 

These theoretical results are confirmed by finite element 
simulations. The studied structure has been specially designed 
to highlight the effects of the local resonance. In particular, 
mass has been added to the floors. The increase of the length 
of the floors would have been another possibility. If the 
proportion of the mass affected by the resonance is smaller, 
the variations of the effective mass far from the resonance 
frequencies can be negligible. However, at the resonance, the 
effective mass is still considerable and the vibrations are 
attenuated. 
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ABSTRACT: Effective-medium approaches are widely used to model initially heterogeneous systems: it saves computational 
time. In poroelasticity (two-phase media), it is advantageous to use one-phase effective medium if possible: it simplifies 
computations even more. In this paper we discuss situations where phase reduction introduces significant inaccuracy based on 
the example with homogenization of periodically layered porous media. The layers represent mesoscopic inhomogeneities 
(larger than the pore and grain sizes but smaller than the wavelength).  Each layer is homogeneous and behaves according to 
Biot’s equations of poroelasticity. The effective model is characterized by the frequency-dependent P-wave modulus, and is 
validated with the exact analytical solution (Floquet’s theory). The reduced-phase model is in agreement with the exact solution 
for stiff-frame materials (such as rocks) but introduces inaccuracy for weaker sandy sediments. The cause of the inaccuracy 
might be the no-flow boundary conditions at the edges of the representative element that do not allow flow at the macroscopic 
scale. Results show that the discrepancy mainly depends on the values of permeability, frame bulk  and shear moduli, as well as 
saturation for patchy-saturated sands. The Analysis is based on comparison of phase velocity, attenuation, transient point-source 
response and reflection from a fluid half-space for the effective and exact solutions. The results of the study are envisaged to be 
of importance for application of the effective models to highly permeable sandstones and sandy sediments. 

KEY WORDS: Seismic attenuation; Wave propagation; Effective medium; Mesoscopic heterogeneitites; Poroelasticity; 
Periodic layering; Permeability; Sandy sediments.  

1 INTRODUCTION 
In this study we deal with porous media with mesoscopic 
inhomogeneities (larger than the pore and grain sizes but 
smaller than the wavelength). The microstructure of such 
media is represented by domains with different fluid and 
frame properties. Each domain is homogeneous and behaves 
according to Biot’s equations of poroelasticity.  The direct 
method to account for the presence of such inhomogeneities 
and its effect on attenuation at the macroscale is to solve the 
equations with spatially varying coefficients. However, this 
can be computationally cumbersome and time consuming, and 
therefore motivates the development of effective-medium 
approaches where frequency-dependent coefficients are 
derived and used as input for equations of a homogeneous 
effective medium. It is even more efficient from a 
computational point of view to reduce the initially 
heterogeneous two-phase medium (fluid and solid particle 
displacements) to a homogeneous one-phase effective 
medium, where only one particle displacement is present in 
the equations of motion. In this case, Biot’s slow wave is not 
explicitly present in the effective medium.  

The simplest example of this is White’s model for 
periodically layered porous media with alternating fluid and 
gas saturations, where a frequency-dependent complex-valued 
bulk modulus of an effective elastic medium is derived [1]. 
This model received a lot of attention in the literature because 
it demonstrated the significance of seismic attenuation due to 
the presence of inhomogeneities, especially in fluid content. A 
similar approach (derivation of only the fast P-wave modulus, 
thus reducing the effective medium) was used in other 

analytical derivations [2]-[5] and in numerical studies where 
the P-wave modulus is derived by employing no-flow 
boundary conditions at the edges of representative volume 
element (where the fluid is not allowed to flow into or out of 
the sample) [6]-[7]. This kind of modelling is quite popular, 
because in many practical situations it gives accurate results 
with the reduction of computational costs.   
   In this paper we discuss situations where modeling of 
heterogeneous media with a fully poroelastic effective 
medium containing both phases is desirable. Our study is also 
based on media with a periodic configuration for which the 
exact analytical solution with Floquet’s theory is readily 
obtainable and proves helpful for validation of the effective 
models. It is shown that the reduced-phase model is not 
capable to describe dispersion and attenuation properly for 
saturated porous media with relatively high permeability and a  
weak frame even at very low frequencies. Such media have 
significantly lower Biot’s critical frequency than most stiff 
rocks; it can even be in the seismic range. Biot’s macroscopic-
scale attenuation mechanism is therefore not negligible at 
seismic frequencies, whereas for most stiff rocks it is. The 
reduced-phase effective model often underestimates 
attenuation in such media and, as a result, significantly 
overestimates the magnitude of the point-source response.  

Analysis of the behaviour of the model for materials with 
different parameters is carried out in the next section. Based 
on that, some conclusions are provided suggesting to use two-
phase poroelastic models in specific situations when dealing 
with sandy sediments.  

Upscaling in porous media: consequences of reducing the phase 
on the dynamic behavior of a homogenized medium 
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2 REDUCED-ORDER MODEL VS. EXACT SOLUTION 

2.1 Description of the models 
We consider wave propagation in a periodically layered 
porous half-space normal to the layering. Biot’s equations [8] 
govern the behavior of the layers.  The periodic cell consists 
of two layers with different frame and fluid properties. We 
compare the exact solution of this problem obtained with 
Floquet’s theory ([9], App. C) and the effective medium 
described in [10]. For derivation of the effective medium, an 
oscillatory compressibility test was applied to a half of the 
periodic cell assuming no fluid can flow in or out of the cell. 
This approach allows to derive a frequency-dependent 
complex effective P-wave modulus. The main difference 
between the exact solution and the effective medium is that, in 
the latter, Biot’s slow wave is not explicitly present; the 
medium is described with a single wavenumber and has only 
one phase (particle displacement). In the exact solution, two 
wavenumbers are derived, and there are two phases: fluid and 
solid particle displacements (or solid particle displacement 
and fluid pressure). The exact solution is valid for all 
frequencies, while the homogenized one is valid when the 
length of propagating wave is larger than the period of the 
system. 

2.1.1 Exact solution 
Biot’s equations governing the behavior of the layers can be 
written in the frequency domain in the form 
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where the hat denotes frequency domain; f̂ is the vector of 
field variables ˆˆ ˆ ˆ ˆ[ , , , ]v pζ σ=f  (solid particle velocity, relative 
fluid-to-solid velocity, intergranular stress and fluid pressure). 
Submatrices aN and bN̂ read: 
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In equation (2) ω is angular frequency, ϕ is porosity, d=PR-Q2 
and parameters P, Q, R are related to material properties Kf 
(bulk modulus of fluid), Kb (bulk modulus of frame), Ks (bulk 
modulus of solid grains) and µ (shear modulus) as follows:  
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Densities 11 12 22
ˆ ˆ ˆ, andρ ρ ρ are expressed via parameters ρs 

(density of solid grains), ρf  (density of fluid), α∞ (tortuosity) 
as follows: 

12 11 12
ˆˆ ˆ ˆ( 1) i / (1 ), ,

f s
bρ α φρ ω ρ φ ρ ρ

∞
= − − + = − −  

22 12
ˆ ˆ .

f
ρ φρ ρ−=  The viscous damping factor 

0

2ˆ / 1 0.5i /
B

b kηφ ω ω= + , where η is viscosity of the fluid, k0 
is permeability and ωB=ϕη/(k0α∞ρf) is Biot’s critical frequency 
(here correction of Johnson [11] is adopted). 

For periodically layered media, matrix N̂  is periodic in 
space. According to Floquet’s theory, the solution of (1) can 
be found in the form ˆ ˆˆ ˆ( ) ( ) exp(i )x x x=f F A c , where ĉ  is a 
vector of coefficients that depends on the boundary 
conditions, Â  is a matrix that does not depend on x and F̂  is 
a periodic matrix ˆ ˆ( ) ( )x x L= +F F , where L  is a period of the 
system. We omit further technical details on the derivation of 
matrices F̂  and Â ; they can be found in [9, App. C]. As we 
will compare velocities and attenuation, we will focus on 
obtaining the characteristic equation. Eigenvalues of the 
matrix Â  are the Floquet wavenumbers kF that govern wave 
propagation in periodic media. They are related to the 
eigenvalues κ of the matrix ˆexp(i )xA : κ=exp(ikFL). And the 
characteristic equation for κ can be written in the form  
κ2+ κ-2+a1(κ + κ-1)+ a2=0, where a1 and a2 are coefficients 

expressed via the elements of the matrix ˆexp(i )xA . With the 
use of transcendental relations this equation can be rewritten 
in terms of kF: 4cos2(kFL)+2a1cos(kFL)+a2 − 2=0. The 
solution of this equation results in two pairs of Floquet 
wavenumbers corresponding to up-going waves (fast and slow 
ones) and down-going waves. 

2.1.2 Effective medium solution 
As has been mentioned above, the effective medium discussed 
in this paper is characterized by the single fast P-wave 
modulus Ĥ , which is complex-valued and frequency-
dependent. This model is referred to as viscoelastic, or 
reduced-order model throughout the paper.  

To describe wave propagation in such media, the P-wave 
modulus Ĥ  is substituted to the wave equation 

2

,
ˆˆ 0xxu Huρω− − = , where the comma denotes the spatial 

derivative, and ( )
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density (s1,2 are ratios of the thicknesses of the layers to the 
period). Thus, the wave propagation in this medium is 
characterized by the wavenumber ˆ/effk Hω ρ= .   

2.2 Material parameters 
The physical properties chosen for different examples are 
given in Table 1. They represent a porous rock (R) and 
different sandy sediments (S1-S6).  

Table 1. Physical properties. 

 
The properties of porous rock (R) and coarse sand (S3) have 

been taken from [12]; sand of Mol (S1) from [13]; SAX99 
(S2) from [14]; S4 and S5 are Miho and Silica sands from 
[15]; S6 is Ottawa sand taken from [16].  

 R  S1 S2 S3 S4 S5 S6 
ρs, g/cm3 2.65 2.65 2.69 2.65 2.72 2.67 2.65 
Kb, MPa 2170 298 43.6 217 42.7 38.2 199 
Ks, GPa 36 36.5 32 36 36 36 40 
ϕ, - 0.3 0.39 0.38 0.35 0.39 0.42 0.38 

k0, D 0.5 10.2 25 100 153 16.1 6.49 
µ, MPa 103 112 29.2 100 6.76 6.29 119 
α∞, - 1 1.7 1.35 1.25 1.25 1.25 1.25 
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The sample water and gas properties are: density of water is 
1000 kg/m3, of gas – 140 kg/cm3; bulk modulus of water is 
2.25 GPa, of gas – 56 MPa; viscosity of water is 10-3 Pa·s, of 
gas – 10-5 Pa·s. 

In the examples that follow the period of the system, if not 
specified, is L=0.1m. Saturation refers to the relative volume 
of the gas phase: s = l/L, where l is the thickness of the gas-
saturated layer.  

2.3 Velocity and attenuation 
All figures in this subsection depict phase velocity c=ω/Re(k), 
and attenuation versus dimensionless frequency ω/ω0. ω is a 
frequency of the propagating signal and k is a wavenumber 
(corresponding to the fast P-wave in the exact solution), ω0 is 
a frequency at which the wavelength is approximately equal to 
the period of the system. In the plots, the maximum value of 
the dimensionless frequency ω/ω0 corresponds to the 
wavelength approximately 5 times larger than the period of 
the system. Attenuation is characterized by the inverse quality 
factor Q-1 =2|Im(k)/Re(k)|. Black lines correspond to the exact 
solution and red lines – to the effective one.  

First, we will study the effect of permeability and frame 
properties on the behavior of the reduced-order effective 
model based on the examples with different sets of properties 
from Table 1. Each layer is fully saturated, one with water and 
the one with gas.  The thickness of the gas-saturated layer is 
0.1L: 10% saturation. Frame and grain properties are the same 
in both layers. In the plots below the maximum value of the  
dimensionless frequency corresponds to the frequencies 
between 3 and 4 MHz, depending on the material properties.  

Figure 1 shows results for partially saturated Rock (R, Table 
1). Both solutions are in a good correspondence with each 
other up to relatively high frequencies. 

 

 
Figure 1. Velocity (left panel) and attenuation (right panel) for 
partially saturated Rock. Black line corresponds to the exact 

solution, red – to the reduced-order effective medium solution 
(the same for all other plots in this paper). 

For most rocks with low permeability and stiff frames the 
reduced-order effective solution gives a very good 
approximation at seismic frequencies. However the situation 
changes for high permeable sandstones and sands with weak 
frame. Biot’s critical frequency is much lower for these 
materials than for typical rocks (several orders of magnitudes 
lower) and can even be in the seismic range.  

Figure 2 depicts velocity and attenuation for S1 (Table 1), 
consolidated sand of Mol. It has higher permeability than rock 
and a weaker frame. There is a good correspondence between 
the exact solution and the effective model at low frequencies. 

Significant discrepancy takes place at higher frequencies, 
where the assumptions of the effective medium might become 
violated. 

 

 
Figure 2. Velocity (left panel) and attenuation (right panel) for 

partially saturated sand of Mol (S1). 

Results for partially saturated sand SAX99 (S2 from Table 
1) are depicted in Figure 3. It is a weakly consolidated sand. 
The permeability is even higher than in sand S1 and the frame 
is weaker. As one can see from the plots, attenuation is not 
accurately approximated by the effective model even at low 
frequencies for 10% gas saturation. For 90% gas saturation 
the discrepancy is huge. Based on our results for different 
saturations (not shown here) we can conclude that the higher 
gas saturation in partially saturated sediments, the larger the  
discrepancy between the reduced-order effective model and 
the exact solution. 

 
Figure 3. Velocity (left panel) and attenuation (right panel) for 

SAX99 (S2). Solid lines: 10% saturation, dotted lines: 90% 
saturation. 

 
Figure 4. Velocity (left panel) and attenuation (right panel) for 

partially saturated coarse sand (S3). 

Results for coarse sand (S3) are depicted in Figure 4. This 
sand has stiffer frame than S2, but permeability is higher. 
Both velocity and attenuation predictions by the effective 
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model are not accurate at low frequencies where the effective 
medium concept is valid and the inaccuracy increases with 
increasing frequency. 

 
Figure 5. Velocity (left panel) and attenuation (right panel) for 

partially saturated Miho sand (S4). 

Figure 5 depicts results for unconsolidated Miho sand (S4). 
In this case the discrepancy between the solutions is even 
more significant, starting from the very low frequencies.   

From this analysis we can conclude that inaccuracy of 
predictions by the effective model increases with increasing 
permeability and decreasing bulk and shear moduli of the 
frame; it also increases with frequency and gas saturation.  

Next, we will look at different frame properties with single 
fluid saturation (100% water-saturated samples).  

Significant attenuation occurs for alternating layering of 
Miho sand and less permeable Silica sand (S5). The effective 
model does not capture attenuation and dispersion in this case 
(Figure 6). 

 
Figure 6. Velocity (left panel) and attenuation (right panel) for 

double porosity sand: 50% S4 and 50% S5. 

 
Figure 7. Velocity (left panel) and attenuation (right panel) for 

double porosity sand: 50% S1 and 50% S6. 

As once can see in Figure 7, the same situation occurs with 
alternating layers of  consolidated sands with much lower 
permeability: sand of Mol (S1) and Ottawa sand (S6). 

The discrepancies in attenuation and phase velocity 
predictions by the exact solution  and the effective medium 
shown in this subsection might affect the accuracy of the 
results of simulations with the effective model. In the next 
subsection a transient point-source response and reflection 
from an interface with fluid is analyzed.  

2.4 Reflection coefficient and response 
Most of the properties from Table 1 refer to marine sediments. 
Therefore, it is interesting to compare the reflection 
coefficients from the fluid-solid interface predicted by the two 
solutions (i.e., the exact and effective one).  

We calculate the reflection coefficient at the interface 
between two half-spaces: fluid and the periodically layered 
medium. The fluid is viscous, with the properties as described 
in subsection 2.2. The incident wave propagates in fluid 
towards the interface:  

 exp(i ) exp( i ).I RA kx A kxϕ = + −  (4)  

φ is the displacement potential (displacement in fluid u = 
∂φ/∂x), R = |AR/AI| is the reflection coefficient, k is the fluid 
wavenumber  

 / ( i ).f fk Kω ρ ωη= +  (5) 

Here, ρf, Kf and η are fluid density, bulk modulus and 
viscosity, respectively. According to the well-known acoustic 
equations, fluid pressure p= ρfω2φ. 

In a periodically layered half-space there are two 
transmitted waves in the exact solution (the slow and the fast 
P-waves 1,2

hsk ) and one transmitted wave in the effective 

solution hs

effk : 

 
1 2

1 2exp(i ) exp(i ),

exp(i ).

hs T hs T hs
exact
hs T hs
eff eff

u A k x A k x

u A k x

= +

=
 (6) 

For the exact solution, the boundary conditions at the interface 
between the half-spaces are: the continuity of the particle 
displacement, total stress and fluid pressure:  

 
(1 ) ,

, .

hs hs
exact exact

hs hs
exact exact

u w u

p p p

φ φ

τ

− + =

= − =
 (7) 

hs

exactu  is the solid particle displacement, hs

exactw  is the fluid 
particle displacement. For the effective solution, there are two 
boundary conditions: the continuity of the particle 
displacement and stress. The solution of the system of 
equations obtained from the boundary conditions defines the 
reflection coefficient R. 

Next, the responses of the periodically-layered half-space to 
a point-source at the top are obtained for the effective medium 
and the exact solution. An external force ( )f t  is chosen as a 
source and the values of particle displacements in the time 
domain are compared at the distance 103L below the source 
(100 m for L=0.1 m). The boundary conditions at the top 
interface for the exact solution are: ( ), and 0.hs hs

exact exact
f t pτ = =  
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For the effective medium solution, continuity of stress is 
applied: ( ).hs

eff f tτ =  
In both cases, the radiation condition is applied: the 
amplitudes of the up-going waves should be equal to zero as 
there are no sources at infinity (and the medium is lossy).  

 
 

 
Figure 8. Reflection from the interface with fluid (left panel) 
and point-source response (right panel) for Miho sand with 

1% gas saturation. 

The Ricker wavelet is defined as: 
 ( ) ( )2 2 2 2 2 2

0 0 0( ) 1 2 ( ) exp ( ) ,R Rf t f f t t f t tπ π= − − − −  (8) 
where f0 is scaling coefficient, fR is the central frequency and 
t0 is an arbitrary time shift chosen such that the non-zero part 
of the wavelet lies within the positive domain t > 0. 

The reflection coefficient and point-source response for a 
force-source with a Ricker shape with a central frequency 50 
Hz are depicted in Figure 8. While the reflection coefficient is 
approximated relatively well, the reduced-order model 
overestimates attenuation, even for small gas saturation (1%). 
The overestimation can be noticed in the amplitude of the 
response (right panel; again, red line is for effective model, 
black line – exact solution).  

In the next example (Figure 9) the wavelet has been chosen 
with a central frequency 100 Hz and gas saturation 50% (to 
strengthen the attenuation effects). A larger period is chosen: 
L=1m. As one can see from the plots, the discrepancy between 
the predictions of two solutions is very significant, both in 
reflection coefficient and the response. 

Another example with more consolidated sand (S3) is 
depicted in Figure 10. The central frequency of the wavelet is 
100 Hz, the period L=0.1m. The effective solution still 
overestimates attenuation rather significantly, and the 
reflection coefficient is approximated inaccurately.  

 

 
Figure 9. Reflection from the interface with fluid (left panel) 
and point-source response (right panel) for Miho sand with 

50% gas saturation. 

We conclude this section with the example of periodic 
layering with different properties in both fluid and frame: one 
layer is Miho sand (S4) fully saturated with water and the 
other layer is Silica sand (S5) fully saturated with gas (Figure 
11). Overestimation of the amplitude of the response in the 
effective solution is remarkably huge. 

 

 
Figure 10. Reflection from the interface with fluid (left panel) 
and point-source response (right panel) for coarse sand, 10% 

gas saturation. 

 
Figure 11. Reflection coefficient (left panel) and point-source 
response (right panel) for double porosity sand: 50% S4 and 

50% S5.  

3 DISCUSSIONS AND CONCLUSIONS 
This paper contributes to the study of wave propagation in 
partially saturated (or patchy saturated, inhomogeneities in 
fluid) and double porosity (frame inhomogeneities) porous 
materials. It has been reported in the literature that such 
materials exhibit high level of attenuation and therefore the 
equations used to describe them should account for this fact. 
Since it is often much easier to work with homogenized 
models, different effective media have been proposed to 
account for various spatial inhomogeneities. We analyzed the 
behavior of the reduced-order (in comparison to the full 
poroelastic solution: only one particle displacement is present) 
viscoelastic (governed by equations of motion for an elastic 
continuum with a frequency-dependent bulk modulus) 
effective model for a periodic system of layers where wave 
propagation is governed by Biot’s theory. For this 
configuration, the exact analytical solution exists. In the 
effective medium, the equivalent fast P-wave modulus is used, 
while the exact solution explicitly contains both fast and slow 
P-wave modes.  

Comparison of the phase velocities, attenuations, reflection 
coefficients and transient point-source responses predicted by 
the effective model and the exact solution shows that such an 
effective medium can be successfully used at seismic 
frequencies for stiff rocks with low permeability. However, 
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for high permeable sandstones, unconsolidated and weakly 
consolidated sands and sandy sediments, results of the 
modeling can be inaccurate even at low frequencies when the 
wavelength is much larger than the size of  heterogeneities. 
This can be due to the fact that the effective model does not 
incorporate Biot’s wavelength-scale (macroscopic, or global 
flow) attenuation mechanism. The reason for this is the no-
flow boundary conditions that are employed at the outer edges 
of the representative element for the derivation of the effective 
modulus. They also result in reducing the phase of the 
effective medium. This modeling approach is widely spread 
and it is explained by the fact that explicit presence of the 
slow wave complicates numerical computations since it is 
highly diffusive and requires a smaller grid choice. Another 
issue is that Biot’s global flow attenuation is not the dominant 
attenuation mechanism for seismic waves in many cases and 
its effect is negligible at low frequencies. However, for the 
sands discussed above, this mechanism gives significant input 
already at very low frequencies.   

Furthermore, the results show that for high permeable 
materials with a weak frame it depends on a number of 
parameters whether the viscoelastic effective model can be 
applied. It is better to use the fully poroelastic solution for 
unconsolidated sands, in case of high gas saturations, large 
values of the quality factor and propagation distance, and at 
relatively high frequencies. For weakly consolidated sands 
and sandstones, inaccuracy of the viscoelastic model can be 
not visible on the response when attenuation and propagating 
distance is small and at low frequencies. However, in other 
situations it can be extremely large and result in 
overestimation of the amplitude of the propagating wave by a 
factor 2 to 5.   

In real situations, there might be uncertainty about the exact 
parameters of the sandy sediments under investigation. 
Therefore, fully poroelastic solutions are desirable for these 
kind of materials in order to increase accuracy. An example of 
this is the modeling of seismic wave propagation for an 
offshore CO2 storage site where marine sediments are present 
at the sea bottom. An alternative to the viscoelastic effective 
model for periodically layered system has been proposed by 
the authors in [9] and [17]. The proposed models keep two 
phases in the effective medium and agree with the exact 
solution even for the considered special case of high 
permeable and weak frame materials. 
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Abstract

The paper deals with a low-frequency analysis of inhomogeneous viscoelastic structures subject to edge loads. Asymp-
totic corrections to the equations of rigid body dynamics incorporating the effect of an internal microstructure on the
overall response are studied. The developed approach is illustrated by longitudinal vibrations of a viscoelastic rod subject
to prescribed end forces. Characteristic time scale is assumed to be much greater than the period of free vibrations of
the rod. The variation of Young’s modules, density and the creep kernel are taken into consideration. A straightforward
perturbation procedure leads to an explicit correction to the 2nd Newton Law expressed in an integral form. Comparison
with the exact solution for the Voigt material demonstrates the advantage of the refined formulation. Prospects for ex-
tending the established procedure to viscoelastic structures of more general shapes are addressed. The research is inspired
by modeling of railcar dynamics.

KEY WORDS: Viscoelastic, microstructure, perturbation, rigid body, low-frequency.

1 Introduction

The perspective of incorporating the effect of an internal
microstructure into the classical equations of rigid body dy-
namics is of obvious interests for many industrial applica-
tions. In particular, computational schemes for predicting
longitudinal forces in railway dynamics (e.g. see [1]) may
benefit from taking into account the absorption of vibration
energy by transported loads including raw materials.

Among the publication on the subject, we mention [2]
which develops a general philosophy within the framework
of linear elasticity leading to a sort of ’macroscale’ 2nd New-
ton law with a frequency dependent mass. We also cite here
[3] dealing with homogenisation of viscoelastic periodic me-
dia.

This paper is concerned with a low-frequency asymp-
totic analysis of a viscoelastic microstructure. The adapted
asymptotic methodology was earlier exploited both for pe-
riodic and thin functionally graded structures, see [4] and
references therein. The proposed perturbation scheme is il-
lustrated by the example of an inhomogeneous viscoelastic
rod starting from the conventional constitutive relation in
linear viscoelasticity written using a convolution integral.
An explicit low-frequency correction to the equation of rigid
body motion is constructed. Comparison with the exact
time-harmonic solution of the original one-dimensional prob-
lem for a Voigt rod demonstrates the advantage of such an
approach. The latter can be easily extended to more sophis-
ticated configurations beginning with bending of an Euler-

Bernoulli beam and antiplane shear of a strip.

2 Statement of the problem

Figure 1. Longitudinal vibrations of a rod

We illustrate the general concept by using the simplest
setup of longitudinal vibrations of an inhomogeneous vis-
coelastic rod under prescribed end stresses, see Fig.1. The
rod motion is governed by

σx = ρ(x)utt (1)

subject to the boundary conditions

σ(0, t) = F2 and σ(l, t) = F1 (2)

In this paper we model the linear viscoelastic material
behavior by the integral relation

ε(x, t) =
1

E(x)

(

σ(x, t)−
ˆ t

0

K(γ(x)(t− t1))
∂σ(x, t1)

∂t1
dt1

)

(3)

where ε = ux.
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In the formulae above x is coordinate, t is time, u
is displacement, σ is stress, ε is strain, E is Young’s
modulus, ρ is density, K is creep kernel, Fi, i = 1, 2
are end stresses.

For the Voigt material

K(γ(x)t) = eγ(x)t with γ(x) = −E(x)

μ(x)
(4)

where μ denotes viscosity. In this case the equation (3) can
be rewritten in a differential form as

σ = Eε+ μεt (5)

Let us introduce dimensionless variables

ξ = x/l and τ = γ0t (6)

and dimensionless problem parameters

ρ∗(ξ) =
ρ(ξ)

ρ0
, E∗(ξ) =

E(ξ)

E0
and γ∗(ξ) =

γ(ξ)

γ0
(7)

where E0, ρ0 and γ0 are typical values of Young’s modu-
lus, density and the quantity characterising creep function,
respectively. In addition, we denote c0 =

√

E0/ρ0.
We restrict ourselves to the low frequency range, where

ε =
lγ0
c0

� 1 (8)

is a small parameter. It means that the characteristic time
scale of viscous behavior γ0 is assumed to be much greater
than the time l/c0, which the elastic wave takes to prop-
agate the distance between the ends of the rod.

We also suppose that K(γ(x)t) = K(γ∗(ξ)τ) ∼ 1,
i.e. viscous phenomena can not be neglected at leading or-
der.

3 Asymptotic analysis

Let us

σ = ε2E0s, u = lv and Fi = ε2E0fi, i = 1, 2 (9)

Then, the governing equations in the previous section be-
come

sξ = ρ∗(ξ)vττ (10)

and

vξ =
ε2

E∗(ξ)

(

s−
ˆ τ

0

K(γ∗(ξ)(τ − τ1))
∂s(ξ, τ1)

∂τ1
dτ1

)

(11)

with
s(0, τ) = f2 and s(1, τ) = f1 (12)

We are looking for the solution of (10) - (12) in the form

v = v0 + ε2v1 + ... and s = s0 + ε2s1 + ... (13)

At leading order

s0ξ = ρ∗(ξ)v0ττ and v0ξ = 0 (14)

subject to s0(0, τ) = f2 and s0(1, τ) = f1.
Immediately we get from the second equation (14)

v0(ξ, τ) = w(τ) (15)

i.e. at leading order we observe only rigid body motion of
the rod. We also have from the first equation (14) taking
into account imposed boundary conditions

w0ττ

ˆ 1

0

ρ∗(ξ)dξ = f2 − f1 (16)

At the same time

s0 = w0ττ

ˆ ξ

0

ρ∗(ξ1)dξ1 + f2 (17)

or

s0 =
(f1 − f2)

´ ξ
0
ρ∗(ξ1)dξ1´ 1

0
ρ∗(ξ)dξ

+ f2 (18)

Thus, the leading order approximation corresponds to
the 2nd Newton Law associated with rigid body motion of
the rod (see (16)).

Next, we obtain a first order approximation

s1ξ = ρ∗(ξ)v1ττ

and

v1ξ =
1

E∗(ξ)

(

s0−
ˆ τ

0

K(γ∗(ξ)(τ − τ1))
∂s(ξ, τ1)

∂τ1
dτ1

)

(19)

with the homogenous boundary conditions s0(0, τ) =
s0(l, τ) = 0, where s0 is given by (18) as above.

On integrating the second equation (19) we have

v1 =

ˆ ξ

0

1

E∗(ξ1)

(

s0(ξ1, τ)−
ˆ τ

0

K(γ∗(ξ1)(τ − τ1))
∂s0(ξ1, τ1)

∂τ1
dτ1

)

dξ1 + w1(τ)

(20)

leading to

v1ττ =

ˆ ξ

0

1

E∗(ξ1)

(

s0ττ (ξ1, τ)(1−K(0))−s0τ (ξ1, τ)Kτ (0)−
ˆ τ

0

Kττ (γ∗(ξ1)(τ − τ1))
∂s0(ξ1, τ1)

∂τ1
dτ1

)

dξ1+w1ττ

(21)
Then, we get from the 1st equation (19) and the homoge-

nous boundary conditions above

ω1ττ = − 1´ 1
0
ρ∗(ξ)dξ

ˆ 1

0

ρ∗(ξ)

[ˆ ξ

0

1

E∗(ξ1)

(

s0ττ (ξ1, τ)×

(1−K(0))− s0τ (ξ1, τ)Kτ (0)−ˆ τ

0

Kττ (γ∗(ξ1)(τ − τ1))
∂s0(ξ1, τ1)

∂τ1
dτ1

)

dξ1

]

dξ

(22)
Finally, we obtain for the refined acceleration wττ =

w0ττ + ε2w1ττ + . . . at the left end of the rod (ξ = 0)

2
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wττ =
f1 − f2´ 1
0
ρ∗(ξ)dξ

− ε2
1´ 1

0
ρ∗(ξ)dξ

ˆ 1

0

ρ∗(ξ)×
[ˆ ξ

0

1

E∗(ξ1)

(

s0ττ (ξ1, τ)(1−K(0))− s0τ (ξ1, τ)Kτ (0)−

ˆ τ

0

Kττ (γ∗(ξ1)(τ − τ1))
∂s0(ξ1, τ1)

∂τ1
dτ1

)

dξ1

]

dξ

(23)
or in the original variables (5)

ma = F1 − F2 − (1−K(0))

ˆ l

0

ρ(x)

ˆ x

0

σ0tt(x1, t)

E(x1)
dx1dx

+Kt(0)

ˆ l

0

ρ(x)

ˆ x

0

σ0t(x1, t)

E(x1)
dx1dx+

ˆ l

0

ρ(x)×
ˆ x

0

1

E(x1)

ˆ t

0

Ktt(γ(x1)(t− t1))
∂σ0t1(x1, t1)

∂t1
dt1dx1dx

(24)

where a(t) = lw(0, t), m =
´ l
0
ρ(x)dx and

σ0 =
F1 − F2

m

ˆ x

0

ρ(x1)dx1 + F2 (25)

The derived formula (24) contains in the right hand side
a low-frequency corrector to the related equation of rigid
body motion. It extends the range of validity of the classi-
cal framework. In particular, it is applicable for analysing
the dynamic effect of self-equilibrated loads (F1 = F2).

4 Particular Cases

The formula (24) takes a simpler form in several important
particular cases. For example, perturbed rigid body mo-
tion of a homogeneous viscoelastic rod (ρ(x) = ρ,E(x) =
E and γ(x) = γ) is governed by

ma = F1 − F2 +
ml

E

[

−
(

1

6
F1tt +

1

3
F2tt

)

(1−K(0))+

(

1

6
F1t +

1

3
F2t

)

Kt(0) +

ˆ t

0

Ktt(γ(t− t1))

(

1

6
F1t1+

1

3
F2t1

)

dt1

]

(26)
On the other hand, we have for an inhomogeneous Voigt

rod (see (4))

ma = F1 − F2 −
1

μ(x)

[

(F1t − F2t)

ˆ l

0

ρ2(x)dx+

F2t

ˆ l

0

ρ1(x)dx

]

+

ˆ l

0

E(x)

μ2(x)

ˆ t

0

e−
E(x)
μ(x)

(t−t1) [(F1t1 − F2t1)×

ρ2(x) + F2t1ρ1(x)] dt1dx
(27)

where
ρ1(x) = xρ(x)

and

ρ2(x) =
1

m
ρ(x)

ˆ x

0

ˆ x1

0

ρ(x2)dx2dx1 (28)

Finally, we write down an easy to use formula for a ho-
mogeneous Voigt rod. It is

ma = F1 − F2 −
ml

μ

[(

1

6
F1t +

1

3
F2t

)

−

E

μ

ˆ t

0

e−
E
μ (t−t1)

(

1

6
F1t1 +

1

3
F2t1

)

dt1

] (29)

5 Model example

As an example we consider a homogeneous Voigt rod with
μ(x) = μ, E(x) = E and ρ(x) = ρ. Let us also for
simplicity assume F1 = 0 and F2 = F in the boundary
conditions (2). Then, using the equations (1) and (5) we
obtain

uxx +
μ

E
uxxt −

1

c2
utt = 0 (30)

with c =
√

E/ρ denoting the elastic wave speed.
We study time-harmonic motion separating the factor

e−iωt ( ω is circular frequency) in what follows. In this
case the exact solution of (30) and (2) is

ma =
Fq

sinh q
(31)

with

a = −ω2u(0) and q =
iλ
√
1 + iλβ

√

1 + λ2β2
(32)

where

λ =
ωl

c
, andβ =

μc

El
(33)

At the low frequency limit λ � 1 the expression (31) can
be expanded as

ma = F

(

1 +
λ2

6(1− iλβ)
+ ...

)

(34)

This formula is a consistent two-term asymptotic expan-
sion in λ2 under the condition λβ ∼ 1 underlying the
original assumption in Sect.2. It appears however that (34)
is valid over a wider parameter range.

It can be easily verified that the perturbed rigid body
dynamics equation (29) predicts the same asymptotic be-
havior (34) in case of time-harmonic vibrations excited at
the right end of the rod.

It is worth mentioning that according to a more univer-
sal treatment in [2] the obtained exact solution (31) can be
presented in the form of a generalised 2nd Newton Law with
a frequency dependent complex mass given by

M(λ) =
m sinh q

q
(35)

Numerical results are given in Figs (2) and (3), where
the normalised acceleration a∗ = ma/F is plotted versus
the dimensionless frequency λ. The solid and dashed lines
correspond to the exact solution (31) and the asymptotic
formulae (34), respectively. The curves related to the values
β = 0.1, 1.0, 5.0 are marked with the numbers 1, 2 and
3. Numerical comparison presented in these figures demon-
strates the advantage of the developed methodology.
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6 Concluding remarks

The designed perturbation scheme consists of the following
steps. First, we determine a rigid body acceleration from
the 2nd Newton Law (10). Then, we calculate the leading
order variation of the stress along the rod (see (17) or (18)).
At next order, we evaluate the sought for correction (see
(21) and (22)) to the rigid body acceleration given by the

formulae (16). It is worth noting that the representation
of the chosen constitutive relation in the form (3) with the
strain in the left hand side is crucial for perturbing rigid
body motion.

The developed approach enables various extentions. In
particular, a similar analysis can be initiated for a viscoelas-
tic Euler-Bernoulli beam under end normal forces and mo-
ments. In this case the associated low frequency correction
is expected to affect both normal and rotational rigid body
motions. A more sophisticated correction can be apparently
deduced in the context of the 2D antiplane problem for a vis-
coelastic strip loaded by stresses prescribed along its sides.
We remark here that any other boundary conditions do not
support low-frequency motion, e.g. see [5]. It is also clear
that calculation of similar corrections for more general ge-
ometries assumes using numerical routines. At the same
time the perturbation scheme presented in the paper should
not be subject to major changes.

The consideration above is not restricted to the adapted
linear viscoelastic model. More elaborated theories taking
into account non-linearity and time inhomogeneity of vis-
coelastic behavior can be considered at least for a rod.
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ABSTRACT: Modern building design code provisions for robustness are often linked to the hazard scenario of a sudden single 
column removal. A sufficient, homogeneous and measurable level of structural integrity can be achieved in most buildings by 
specific design for this scenario. Buildings subjected to this hazard exhibit a complex behaviour and require cumbersome 
analysis procedures to calculate their structural response. Alternatively, a simpler procedure, based on energy balance, has been 
introduced recently. This approach leads to the approximate maximum dynamic response of the structural system. The current 
paper presents a comprehensive study of this method. The theoretical background and the physical interpretation are illustrated, 
together with the assumed approximations. In addition, a numerical parameter study for simplified systems is performed in order 
to isolate the effect of these assumptions. This investigation shows that, although the energy balance method is sensitive to 
certain parameters, it yields accurate results and exhibits a high potential for analysing sudden column removal scenarios. 

KEY WORDS: Robustness; Progressive collapse; Energy balance method; Sudden column failure; Nonlinear dynamic response. 

1 INTRODUCTION 
Structural robustness is broadly defined as the ability of a 
system to withstand local failure without suffering damage 
disproportionate to the event that caused it and being able to 
carry most of its original functions. Robustness of buildings 
has been one of the key research fields of structural engineers 
and scientist since 1968 after the Ronan Point case in London 
[1]. Over these four decades, many other progressive collapse 
cases have underlined the necessity of assessing and 
increasing structural robustness of buildings to unforeseen 
actions and unexpected events. However, preventing damage 
in buildings for any possible hazard is practically and 
economically unfeasible. Therefore, most efforts are currently 
focused in the creation of standardized methods for providing 
building structures an adequate, homogenous and measurable 
level of robustness. 

Different approaches have been suggested [2] [3] for 
increasing building robustness by design, providing specific 
local resistance for exceptional loads for stability-critical 
members or increasing continuity and structural redundancy in 
the structure to allow redistribution of loads and limit the 
damage in the structure. 

Design codes [4] [5] [6] [7] gather all the knowledge and 
experience acquired during the past years, abstracting these 
robustness enhancing approaches into few provisions for most 
common buildings. These recommendations for robustness are 
often related to the scenario of a notional vertical load-bearing 
element removal. The level of structural integrity is based on 
the building’s performance for this failure mode. The extent 
of damage in robust structures must not exceed prescribed 
limits, which vary between different standards. However, they 
do not establish an approach for accounting the impact of 
falling debris from such accepted damage, neither do they 
consider the fact that this damage in buildings with regular 
layouts will spread to all floors above the lost element.  

Moreover, design codes lack in defining at which structural 
level a building must be analysed for a column failure. Since 
all important effects are concentrated in the directly affected 
bay, the structural behaviour of a whole building (Figure 1 
(a)) can effectively be represented by one simple bay with 
appropriate boundary conditions (Figure 1(b)). Besides, all 
connected floors above the lost column will undergo identical 
vertical displacements. For a building with regular layout 
where all floors are of identical strength and assuming equal 
gravity loads, then they will all stand or they will all collapse. 
Hence, no failure of the direct affected bay involves no further 
progressive collapse of the building and therefore the 
robustness of the whole structure can be linked to the 
robustness of an isolated single floor bay (Figure 1(c)).  

 
Figure 1. Structural idealization for robustness assessment 

a)

b) c)

Simplified approach for analysing building structures 
subjected to sudden column removal scenarios 
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A further considerable shortcoming is that most of these 
standards do not give specific guidance about how the 
structural analysis for this hazard scenario should be 
performed. In this direction, different investigations and 
guidelines [5] [6] [8] have underlined the feasibility of an 
instantaneous column failure, which is a more appropriate 
design scenario. Hence, an upper bound of the dynamic 
component of the phenomenon is determined.  

With that being said, sudden column removal presents 
relevant advantages in order to be the leading standard 
scenario when designing a building structure for robustness. It 
is hazard-independent, as the column is notionally removed; 
designing for this event provides the building a sufficient and 
homogeneous level of structural robustness; by assuming an 
instantaneous failure mode the dynamic effects are 
standardized; and the behaviour depends on the individual 
performance of the directly affected area and therefore it is 
independent of the overall scheme of the building. 

2 SUDDEN COLUMN REMOVAL SCENARIOS 
When a column is instantaneously removed, compressive 
forces in all columns above the target column will vanish 
within few milliseconds and will be redistributed to the 
neighbouring supports. The redistribution of the dynamic 
gravity loads of each floor is carried out by the horizontal 
structural members, bridging over the lost column and 
deflecting until a new equilibrium position is reached. 
Collapse will take place if this equilibrium is not possible or if 
the vertical load bearing elements fail due to the 
supplementary compression forces. However, columns 
generally are capable to accommodate this increase and 
consequently only the behaviour of the horizontal structural 
components and their connexion with the supports are 
relevant for the collapse resistance of buildings. 

On the other hand, the structural response of a building 
subjected to a sudden loss of a vertical load bearing element is 
highly complex, involving structural dynamics as well as 
material and geometrical nonlinearities due to the expected 
large strains and displacements [9].  

Analysing and modelling this event through nonlinear time 
history approaches is not simple and requires expertise by 
qualified specialists with experience in nonlinear dynamic 
structural response and higher-order structural theory. It is 
therefore unsurprising that structural engineers prefer static 
approaches with simplified dynamic effects  for ordinary 
building design and evaluation. However, linear analysis 
approaches with dynamic increase factors do not represent the 
structural behaviour in the inelastic range accurately.  

Alternatively, a simplified method for the analysis of this 
hazard is available. This method was originally introduced for 
blast resistant design by Newmark [10] and further developed 
for sudden column failure scenarios by several authors [11] 
[12] [13]. The approach consists in a nonlinear static pushover 
and simplified dynamic response procedure based on energy 
balance, which is a compromise between accuracy and 
complexity. Approaches based  on energy balance provide in 
general more precise structural robustness assessments than 
linear elastic approaches because they include energy 
absorption capacity, ductility supply and redundancy in the 
analysis [13]. 

3 ENERGY BALANCE METHOD 

3.1 Description of the method and physical interpretation 
The energy balance method provides the approximate 
maximum dynamic deflection of a reference point from the 
considered substructure for a specific loading level. This 
parameter is enough to assess the robustness of the structure, 
as the main concern is to avoid its collapse and therefore just 
the overall maximum response is required.  

This simplified approach assumes that a structure subjected 
to a column removal only experiments vertical deflection and 
no horizontal translation, which is quite realistic. Furthermore, 
the method is based upon the principle that sudden column 
removal is similar in effect to apply a step load of the gravity 
forces on the affected assembly. Immediately after the sudden 
application of these gravity forces, equilibrium is not satisfied 
and the deflections become larger in order to increase the 
strain energy of the system. The excess of external work done 
is transformed into kinetic energy, increasing the velocity of 
the structural system. As the structure deflects, the kinetic 
energy decreases, and the structure absorbs the potential 
energy of the gravity loads in form of elastic and inelastic 
energy. The maximum dynamic response is reached when the 
work done by the gravity loads is equal to the stored strain 
energy of the structure, and hence the kinetic energy is zero. 

This method implies the graphical representation of the 
strain energy and the external work done as a function of the 
system’s deflection. This is illustrated in Figure 2.  

 
Figure 2. Energy balance and capacity curve 

The maximum deflection is reached when the area under the 
static load-deflection curve of the structure is equal to the 
rectangular area below the horizontal of the suddenly applied 
gravity load. A capacity curve of the approximate dynamic 
response can be obtained by dividing the stored strain energy 
by its corresponding deflection. Mathematically, this curve 
can be expressed as: 

 
0

1
( ) ( )du
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u Q u du
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where Qd and QLD correspond to the capacity curve and the 
nonlinear static load-deflection curve, respectively. Hence, the 
maximum dynamic response of the system for different 
loading levels is obtained calculating the pushover static 
response, without performing a dynamic analysis. 
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 Nevertheless, the energy balance method only yields exact 
results for structural models that have a single degree of 
freedom (SDOF) for the whole dynamic response. For real 
structures with infinite degrees of freedom, the simplified 
method yields approximate results and is based on the static 
pushover analysis. Furthermore, the method does not consider 
the energy dissipated by viscous damping and neither does 
directly take in account the effects that the strain rate can have 
in the structural response. All these points are further analysed 
in the following paragraphs. 

3.2 Step gravity load as a sudden column removal 
The energy balance method assumes that the event of a 
sudden column failure is similar in effect to an instantaneous 
application of the gravity loads. The implicit error of this 
hypothesis arises from the fact that all the work done by the 
loads is considered to have a dynamic nature, when in reality 
a portion of this external work is static due to the primary 
deformations before the column is removed. This leads to 
overestimations in the maximum dynamic deflections. 
Besides, for structures subjected to an uniform step load these 
maximum deflections occur at their mid-point while for real 
column failure scenarios they do not always take place at that 
point. These approximations are, however, valid whenever the 
dynamic deflections originated by the step load are much 
larger than the static deflections caused by the gravity loads 
with the original configuration. In that case, the difference of 
the total external work and the dynamic deflection between 
the exact and the approximate solutions is negligible. 

The larger errors occur when the structure remains in the 
elastic region under the step load. An inelastic behaviour leads 
to larger dynamic deflections and thus smaller relative errors. 

For the purpose of analysing the relevance of this 
assumption in the accuracy of the results, a parameter study 
has been performed for simplified linear elastic systems.  

Throughout this paper, the relative error between two 
deflections expressed in percentage terms is defined as: 

  100 a e

e

u u
e

u
−

= ⋅
⎛ ⎞
⎜ ⎟
⎝ ⎠

 (2) 

being ua the approximate maximum deflection of the system 
given by the energy balance method and ue the maximum 
deflection given by a more rigorous analysis.  

First, a linear elastic simply supported beam is analysed for 
a variable position of the removed column along the span as 
shown in Figure 3. 

 
Figure 3. Outline of the beam configuration 

In the following diagram (Figure 4), for a given specific 
gravity loading, the relative error between the maximum 
deflection along the beam for the rigorous solution as sudden 
column removal and the approximate solution as sudden 
application of the loads for different values of ψ is plotted. In 
addition, the ratio of the maximum deflection of the step load 

to the maximum static deflection of the original configuration 
with the support, known as dynamic factor, is displayed. 

 
Figure 4. Relative error of the deflection and dynamic factor 

The relative error is substantially zero when the support is 
in the centre of the beam, and increases while decreasing the 
value of ψ, i.e. when approaching the removed column to the 
end supports and making the structural configuration less 
symmetric. However, for values of ψ around 0.3 and ratio of 
the long span to the short span around 2, the error remains 
around 5%, which is a typical uncertainty to assume in 
structural engineering. This shows that, for the most usual 
layouts of building’s beam frames, assuming a step load as a 
sudden column removal does not lead to large relative errors. 
Furthermore, there is a very good correlation between the 
dynamic factor and the relative error, highlighting the fact that 
a large value of this factor assures the accuracy of the method.  

In a second stage, a linear elastic simply supported slab is 
investigated for different aspect ratios γ and for a variable 
position of the removed column along the reference span b 
with a fixed distance a/2 as presented in Figure 5: 

 
Figure 5. Outline of the slab configuration  

Again, for a given specific gravity load, the relative error of 
the maximum deflection along the slab between both 
approaches for different values of γ and ψ is calculated. The 
results of this analysis are plotted in Figure 6: 
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Figure 6. Relative error of the deflection  

The relative error is the smallest when the removed column 
is in the centre of the slab. However, it can only be neglected 
for almost square slabs. The method is more sensitive to 
asymmetry in slabs. Errors above 5% are obtained for values 
of ψ lower than 0.4 in square slabs, though. The aspect ratio is 
also an important factor to estimate the validity of the 
assumption. Larger values produce larger errors for centred 
columns and are less sensitive to the column position.  

In order to better assess the energy balance method for 
rectangular slabs, the relative error of the maximum 
deflections between both approaches for different aspect ratios 
and centred supports (ψ = 0.5) is calculated (Figure 7). 

 
Figure 7. Relative error of the deflection for ψ = 0.5 

Even for values of γ close to unity, the error rapidly 
increases and remains between 5-10%. For values around 1.5-
1.7 the error decreases again and for values above 2 the error 
lies above the 10%. This decrease is due to the change of the 
structural behaviour of the slab before the column is removed. 
For nearly square slabs, the response is like a two-way slab, 
but for increasing γ, the structure behaves similar to a one-
dimensional slab strip (Figure 8). The transition between these 
two stages leads to smaller relative errors. 

 
Figure 8. Original deformations before the column removal 

for ψ = 0.5: a) γ = 1, b) γ = 2 

Typical aspect ratio values for building construction carry 
an implicit error which in much common cases can be too 
large to be accepted. The application of the energy balance 
method to slabs requires more cautions than beams. As a 
general rule, the more symmetric the structural configuration 
is, the smaller the error of the energy balance method will be.  

Finally, it must be remarked that these errors for elastic 
analysis are the largest possible errors. Whenever the structure 
behaves inelastically, the method will be more accurate. 

3.3 Validity for continuous systems 
Likewise the static pushover analysis for seismic engineering, 
the presented energy balance method for real structures does 
not have a rigorous theoretical background. This approach is 
based on the assumption that the response of the structure is 
controlled by a single deformation mode, and that the shape of 
this mode remains constant all along the dynamic response. In 
other words, the method assumes that the structure behaves 
like a SDOF system. Furthermore, horizontal vibration modes 
associated with seismic action that originate horizontal floor 
translations are neglected as the method assumes just vertical 
deflections. Hence, only the vertical vibration modes of the 
substructure without the lost column are relevant for the 
response as they dominate the upright motion of the structure.  

 Real structures are a compound of distributed masses with 
infinite degrees of freedom. Thus, they have an infinite 
number of natural periods and vertical deformation modes. 
Each of these modes is differently excited by the dynamic 
loads, reaching usually their peak response at different time 
moments. Therefore the requirement that the velocity of all 
masses and kinetic energy of the whole system is zero at some 
specific time is generally not fulfilled for multi degree of 
freedom systems. The energy balance method yields 
approximate results for real continuous systems and always 
leads to overestimations of the maximum displacements and 
therefore to an underestimation of the structural capacity. 

In order to improve the accuracy of the method and 
assuming the substructure is uniformly loaded, it is always 
appropriate to choose a reference point that lies on the 
symmetry lines, like the midpoint of a beam or a slab for 
interior column removal scenarios, as the effect of all 
asymmetric mode shapes will be negligible and the response 
is more likely to be dominated by a single deformation mode. 
It should also be noted that the method is based on vertical 
displacements which are very sensitive to lower modes. The 
higher the modes are, the less effect on deflections they have. 

Furthermore, structures subjected to a gravity step load 
exhibit special features in their dynamic response which 
enhance the accuracy of the method. The equation governing 
the dynamic vertical response u  of a continuous multi degree 
of freedom system subjected to a sudden gravity load is: 

 ( ) ( ) ( ( ), ( )) ( )+ + =&& & &mu t cu t k u t u t u t mg   (3) 

with , , , ( ), ( ), ( )m k c u t u t u t&& &  following a distribution function 
in the three dimensions for the most general case. 

If it is assumed that the structure remains linear elastic, the 
displacement ( )u t can be expressed as: 

 ( ) ( )= +stu t u u t   (4) 
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Being u the displacement measured from the static position 
and ust the static deflection of the structure subjected to the 
gravity step load. Hence, the equation can be rewritten as the 
free vibration problem: 

 ( ) ( ) ( ) 0+ + =&& &mu t cu t ku t   (5) 

with the initial conditions:  

 (0)     (0) 0= − =&stu u u   (6)  

Neglecting damping, the displacement u is given by: 

 ( ) ( )( )
1

( ) cos sinω ω φ
∞

=

= +∑ n n n n n
n

u t A t B t  (7) 

Substituting initial displacements and velocities for equation 
(7) yields: 

 
1 1

(0)        (0) 0φ φ
∞ ∞

= =

= − = = =∑ ∑&st n n n n
n n

u u A u B  (8) 

Assuming that the fundamental vibration mode is the static 
deflection shape under the uniform gravity step load and 
taking in consideration that, in linear elastic systems, the 
contribution of vibration modes to others is zero due to the 
orthogonality property lead to: 

 1 2... 1...1,  0        0= − = =n nA A B  (9) 

and therefore: 

 ( )1( ) cos ω= − stu t t u  (10) 

Substituting equation (10) in equation (4) yields: 

 ( )( )1( ) 1 cos ω= −stu t u t  (11) 

Hence, these structures exhibit a single deformation mode 
for uniform suddenly applied loads and the analysis leads to 
the commonly known result that the maximum displacement 
of a system under a step load is twice the static deflection. The 
same outcome is obtained by using force-dependent Ritz 
vectors as mode shapes [14]. The first Ritz vector is the static 
deflection corresponding to the step load. Further Ritz vectors 
do not excite any mass degree of freedom and are neglected. 
Thus, the structure has just one mode shape. This implies that, 
for linear elastic systems, the energy balance method is exact. 
However, for nonlinear dynamic responses these assumptions 
do not hold and the method leads to approximate results. 

On the other hand, the response of inelastic systems is not 
totally different from the behaviour of elastic systems. Hence, 
it is reasonable to expect that the modes are weakly coupled 
[14] and that the first load-dependent Ritz vector, for each 
independent nonlinear deformation, dominates the response.  

Assessing the implicit error of the energy balance method 
applied to a nonlinear dynamic response of a structure is not a 
straightforward task. This error depends on a broad number of 
variables like structural configuration, geometry, position and 
dimension of the plastic hinges or yield lines, nonlinear 
behaviour of the material, assumed level of loading, available 
ductility in the plastic regions, etc. Therefore, there is no 

global algorithm which evaluates in a measurable way the 
error introduced in the displacement calculations when 
employing the energy balance method for inelastic systems.  

In order to better illustrate the aforementioned problems, a 
simple example is proposed. The dynamic analysis of a fully 
clamped beam subjected to a step load for different loading 
levels is accomplished. The beam is considered to be massless 
(the dynamic mass is associated to the loads, as it would be in 
a real case), with a constant cross section and isotropic 
material. No damping or strain-rate effects are considered in 
this analysis. The material is assumed to be perfect linear 
elastic-plastic with formation of plastic hinges where all the 
plastic deformation is concentrated. The different stages and 
configurations of the structural system during the loading 
process are represented in Figure 9. 

 
Figure 9.  Different phases of the structural system during the 

loading process: a) Fully clamped beam; b) Elastic-plastic 
beam; c) Collapse mechanism 

The maximum displacements of the beam’s midpoint for 
different loading levels are obtained for the static and the time 
history dynamic response. Furthermore, the capacity curve is 
calculated. Only material nonlinearities are considered in the 
analyses, geometrical nonlinearities were neglected. 

Both, static and time history dynamic analyses are 
calculated through the finite element software SAP 2000 [15]. 
This program allows modelling the formation of user-defined 
plastic hinges in specific regions of the structure. During the 
hinge unloading, the program was defined to apply local load 
redistribution for both analyses. When the hinge reaches its 
bearing capacity, a temporary, localized, self-equilibrating, 
internal load is applied on the hinge, unloading it. Once this 
process is done, the temporary load is reversed, redistributing 
the removed load to the neighbouring elements imitating the 
effect of local inertia forces balancing a rapidly unloading 
element. The static response has been calculated through a 
downwards pushover static analysis of the beam’s midpoint. 
For the analysis of the time history dynamic response, an 
implicit direct integration method has been chosen. 

Once the nonlinear static response has been obtained, the 
dynamic capacity curve is calculated by applying equation (1). 

The outcome of the above described analysis, together with 
the absolute and relative errors of the maximum deflections 
(as defined in equation (2)) for specific loading levels between 
the rigorous time history dynamic response and the 
approximate dynamic capacity curve, are displayed for the 
correspondent ductility values in Figure 10. 
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Figure 10. Evaluation of a fully clamped beam subjected to an 

increasing step load by different analysis approaches 

It can be noticed in the figure that, during the linear phase 
of the response, the error is zero. In this phase, all along the 
dynamic response of the structure the deformation shape is the 
same, as described in the previous paragraphs, and the system 
presents a configuration in which the energy is purely 
potential. Therefore, this example confirms that the energy 
balance method offers the exact solution for linear elastic 
systems. During this stage, the dynamic capacity curve is 
equal to the nonlinear dynamic response curve. 

Once the plastic moment is reached in the supports of the 
beam, a relatively large error appears due to the formation of 
the plastic hinges which produces an instantaneous change of 
the structural configuration and increases the apparent 
stiffness of the system. This increase is due to the transition 
from fully clamped to elastic-plastic beam, as the load 
redistribution is localized in the hinge regions and the 
deflection in the centre scarcely augments. In real structures, 
hinges drop the load gradually and this error is smaller. A 
further source of error at this point is the fact that the dynamic 
response cannot be captured any longer by a unique mode 
shape, but for loads close to the yielding load this error is not 
relevant as most of the response of the beam is still elastic. 

With further increasing of the loads, the error stabilizes as 
the local load redistribution of the hinges is accomplished. 

However, the error due to the consideration of just one 
deformation mode starts increasing once the structure has a 
larger inelastic response. This fact is clear in the example 
when a ductility of 2 is reached. From this point on, the error 
rapidly increases until it reaches a maximum for a value of the 
ductility around 2.5, right before the collapse mechanism is 
formed. At this point, the response is approximately half 
elastic as a fully clamped beam and half elastic-plastic and 
therefore there is not a clear dominant deformation mode that 
accurately represents the whole dynamic response. 

At some loading level, the plastic moment is reached in the 
centre of the beam, changing the structural configuration to a 
collapse mechanism and reducing the apparent stiffness of the 
system. Here, the force redistribution due to hinge unloading 
is localized in the mid-point of the beam and therefore the 
deflection in the centre significantly increases. This effect 
causes a monotonic decay of the error, reaching a minimum 
for ductility values around 6, where the local redistribution is 
completed and the error stabilizes. Considering the whole 
dynamic response, there will be a fully clamped, an elastic-
plastic and a collapse mechanism phase. For relative large 
ductility values, however, the mechanism phase have a greater 
relevance in the dynamic behaviour of the system than the two 
others and a mode shape mostly associated with this last 
configuration is able to precisely capture the response, leading 
to acceptable errors.   

At the end, the dynamic curves are almost horizontal and 
small increases of the total load lead to large increases of the 
displacement, which makes the response more sensible to 
errors. Both absolute and relative error will indefinitely grow, 
but this is not significant as ductility values over 12 are very 
seldom in real structures and therefore the error remains in an 
acceptable range. 

By a quick comparison of the nonlinear dynamic response 
and the dynamic capacity curve of the beam, it can be easily 
appreciated how accurate results the energy balance method 
can produce. Although several simplifications have been 
considered for this analysis, not much larger deviations in the 
accuracy of this approach are expected for real structures 
subjected to a gravity step load with no damping and strain 
rate effects, and therefore, in this case, most structures can be 
modelled as a SDOF system. 

3.4 Damping  
The energy dissipated by damping during the dynamic 
response of the substructure is not considered by the presented 
method. It is therefore necessary to evaluate the impact of this 
factor on the maximum dynamic displacements. This 
maximum is normally reached barely after a quarter of the 
first oscillation of the system once the step load is applied. 
Considering an equivalent viscous damping for the system, 
which is related to its velocities, it is reasonable to assume 
that the energy dissipated during this short period is little in 
comparison with the absorbed strain energy. However, it 
should also be noted that, once the structure plasticises, the 
frequencies decrease and that first oscillation becomes larger. 
Hence, the energy dissipated by damping before the maximum 
response is reached, is larger for inelastic responses. 

In order to better estimate the implicit error of the energy 
balance method due to viscous damping, a parameter study 
has been performed. In the previous section, it has been 
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demonstrated that the dynamic response of a continuous 
system subjected to a suddenly applied gravity load can be 
effectively represented by an equivalent SDOF system. Thus, 
the effect of viscous damping has been assessed through the 
analysis of a simplified system with the configuration and 
characteristics described in Figure 11. 

 
Figure 11. a) Equivalent SDOF system; b) Resistance function 

of the structure; c) Applied infinite step load 

As it has been demonstrated, the energy balance method 
yields exact results for SDOF systems, and therefore the 
capacity curve and the dynamic response are equal when 
damping is neglected. In the following figure, the results of 
the static and dynamic analysis of the described system are 
displayed for different viscous damping ratios ξ. Furthermore, 
the relative error in the maximum displacements between the 
capacity curve and the rigorous dynamic responses for 
different damping ratios is also plotted. 

 
Figure 12. Assessment of the influence of the damping ratio in 

the maximum dynamic response of a SDOF system 

It can be observed in the figure that, during the elastic 
response, the effect of viscous damping is fairly small for 
most common damping ratios. However, once the structure 

enters into the inelastic range, the relative error increases 
approximately linearly proportional to the ductility of the 
system. Furthermore, the error is very sensitive to the 
variation of ξ for nonlinear responses. While for a damping 
ratio of 1% the relative error for ductility values between 4 
and 6 lies around 10%, assuming a damping ratio of 2% leads 
to unacceptable errors above 20%. This tendency continues 
for increasing damping ratios. 

The results of this analysis suggest that, for high ductile 
structures with even low viscous damping, the presented 
method produces large overestimations of the displacements. 
However, it should also be noted that the simple, pure elastic-
plastic considered system leads to the maximum possible 
errors during the inelastic range. Real structures exhibit some 
post-yielding resistance and therefore the frequencies of the 
system do not suddenly drop. Hence, the error of the 
maximum displacements calculated by the energy balance 
method due to viscous damping are always lower than the 
ones presented here. 

3.5 Strain rate effects 
The structural properties of the conformant materials of a 
system vary by the rate they are deformed. Structures 
subjected to high loading rates are expected to have a different 
response than when loaded statically. The energy balance 
method assumes that the strain energy absorbed by the system 
for a giving displacement is the same for both dynamic and 
static responses. Therefore, it does not directly account for 
these aforementioned effects.  

Strain rates will have a different impact and influence 
different properties depending on the material. Besides, strain 
rates are not constant along the deformation response, neither 
in time nor in space and are influenced by a large number of 
parameters. Thus, it is not simple to evaluate whether they are 
relevant for the overall dynamic response or how large the 
implicit error of neglecting their effect is. 

A relative advantage of strain rates in comparison to the 
previous investigated assumptions is that the implementation 
of their effects in the energy balance method is relatively 
straightforward once the quantities are known. Different 
empirical formulas based on large experimental campaigns 
that link the strain rates with the variation of the material 
properties are available. Thus, their effect can be directly 
incorporated in the static pushover response of the system 
through the material laws. The strain rates, however, must still 
be calculated for every different case. 

In order to qualitatively investigate the key parameters of 
the strain rate during a dynamic response, a simplified 
derivation for a linear elastic massless beam with constant 
cross section subjected to a gravity step load is proposed. The 
dynamic mass is associated to the gravity loads. Only bending 
strains are considered, which can be expressed as: 
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Substituting equation (11) in equation (13) yields: 

 ( )
3

2

2

1 12
sinstd u

z
dx dt

d u
z t

dx
ε ω ω−= = −&  (14) 

Furthermore, the beam is reduced to a SDOF system and the 
strain rate in a specific point is analysed leading to the 
following simplifications: 
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with φ a constant relating the static curvatures and static 
displacements of a given point. Hence, equation (14) can be 
expressed as: 
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ε ω ω
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From this derivation it can be observed that, for structures 
subjected to a sudden application of the standing gravity 
loads, the strain rates are inversely proportional to the 
frequency of the system. Considering a specific point of the 
structure, φ, z and g are all constant values and therefore this 
derivation suggests that, the greater or smaller the frequencies 
are, the smaller or larger the strain rates will be, respectively. 
Hence, for inelastic systems the strain rates are more 
significant than for elastic systems and therefore the error of 
the energy balance method is greater. Moreover, this error is 
also larger for nonlinear responses due to the fact that the 
accumulated strain energy, where the error lies, is larger for 
increasing ductility values. 

Even though this derivation is not valid for generalized 
structures where further parameters influence the strain rates, 
it is reasonable to expect that this relationship holds for real 
structures and that, nonetheless, there is a link between strain 
rates and frequencies for sudden column removal scenarios.  

Quantitatively, the influence of strain rates in the response 
of structures subjected to an instantaneous column failure has 
been estimated in different investigations for various materials 
and structural configurations. For reinforced concrete frame 
structures, a comprehensive study of the problem has been 
recently published [16]. The results of this investigation 
support the hypothesis that strain rates are larger for inelastic 
responses and underline the fact that their effects play a major 
role in the structural response by significantly enhancing the 
dynamic capacity and robustness of the building. 

4 CONCLUSION 
Sudden column removal scenarios are currently the most 
widely and accepted procedure to assess the robustness of 
buildings. Most standards and design code provisions for 
robustness are linked to this hazard even though the 
information provided for the structural analysis of this failure 
is very limited due to its complexity. The energy balance 
method provides approximate but still fair accurate results and 
does not require cumbersome procedures. 

The implicit error of the energy balance method arises 
mainly from assuming that sudden column failure is similar in 
effect to a step load, considering that the structural system has 

a single deformation mode, which is maintained during all the 
deformation process and neglecting the energy dissipated by 
viscous damping and the effects of strain rate for the material 
properties. The errors due to these assumptions are very 
difficult to implement in the energy balance method as, in 
order to effectively compute them, the exact dynamic 
response for every particular case have to be calculated.  

The results for the generic simplified systems presented in 
this paper can be employed to estimate the order of magnitude 
of the maximum displacements’ error when applying the 
energy balance method and, using the engineer’s judgement, 
assess whether or not this approach leads to acceptable results 
for a specific structural configuration. 

A common property of all the described assumptions is that 
considering their effect the dynamic structural capacity is 
enhanced. Hence, the energy balance method always 
underestimates the strength of the system and therefore leads 
to conservative results. Furthermore, this approach contains 
fewer uncertainties when performing the calculation due to 
the reduced number of parameters necessary for the analysis.  
In this direction, the energy balance method is a promising 
approach with a high potential which, together with sudden 
column removal scenarios, can be proposed as the standard 
procedure to assess and design buildings for robustness.  
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ABSTRACT: The impact response of an elastoplastic half-space is investigated using a recently-developed contact model that 
accounts for post-yield effects in the loading and restitution phases. First, a static analysis is performed to show the validity of 
the contact model. The impact histories for the indentation depth, velocity of the impactor, and the contact force are then 
obtained by numerical integration of the governing nonlinear differential equation using the NDSolve integrator available in 
Mathematica™. The impact responses of both metallic target and a composite sheet are investigated using different restitution 
models. The simple contact model is shown to allow the impact histories during elastoplastic impact to be computed using just 
the material and geometric properties of the impact system, without need for any experimentally determined constants. 

KEY WORDS: elastoplastic; contact model; half-space; impact; numerical integration. 

1 INTRODUCTION 
Materials subject to impact loads undergo significant local 
deformation and/or damage at the point of application of the 
load. This is the case during, for example, forging operations, 
shot-peening, stamping or accidental impact of a non-
deformable object on a compliant material. Knowledge of the 
impact response of structures is necessary for shaping 
materials and designing materials that can passively or 
actively mitigate impact loads. The success of determining the 
impact response of a target analytically is largely dependent 
on the contact model used.  Contact models for elastoplastic 
impact response are mostly complicated and are generally 
more difficult to solve for dynamic impact loading problem. 
Hence, there is need to develop simple elastoplastic contact 
models that are computationally tractable and easier to use in 
determining the impact response of structures.  

Contact models based on half-space indentation are useful 
for validating experimental results and determining the impact 
response of structures that undergo local deformation/damage 
during impact. Half-space impact is an idealisation of the 
impact on a very thick slab. The impact response of an elastic 
half-space impacted by a rigid spherical projectile has been 
heavily investigated both analytically and experimentally. The 
analytical approach combines an appropriate contact model 
with a single-degree of freedom dynamic model for 
unconstrained motion (equation (1)) to determine the impact 
histories, maximum and end conditions. During elastic impact 
of a spherical projectile on a half-space target, the Hertz 
contact model is applicable. However, it has been shown that 
when a rigid steel ball impacts on a medium hard steel slab 
yielding occurs at an impact velocity as low as 0.14m/s [1]. 
Hence, for practical impact velocities, the impact response of 
a metallic target is normally influenced by plastic deformation 
[2], which is the main mechanism of dissipation of the initial 
kinetic energy of the projectile. Analytical solutions have been 
derived for the fraction of impact energy dissipated as a non-
recoverable elastic wave during elastic impact [3] and elastic-

plastic impact [4] on a half-space, but the fraction of the 
impact energy is negligible in both cases [3, 4]. In general, the 
impact energy of the projectile is dissipated as the work of 
plastic deformation [1]. 

Plastic deformation has to be accounted for through the 
contact model in order to obtain accurate results for post-yield 
impact response. Contact models that account for plastic 
deformation are either based on elastic-perfectly plastic [2] or 
elastic-elastoplastic-perfectly plastic material behaviour [1, 5 
– 7], the latter being more physically realistic. In developing 
contact models based on elastic-elastoplastic-perfectly plastic 
material behaviour, four distinct modelling stages are 
involved namely: elastic, elastoplastic, and perfectly-plastic 
loading, followed by elastic unloading or restitution [8]. The 
elastic loading starts at the beginning of the loading and ends 
when the mean contact pressure is 1.1Sy (Sy is the static yield 
stress). This behaviour can be modelled by the well-known 
Hertz contact law. The elastoplastic loading usually covers a 
mean pressure range from 1.1Sy to 2.8Sy, and has been 
modelled previously using different load-indentation 
relationships [1, 5 – 7]. Due to the co-existence of dual 
material deformation behaviours in this stage, i.e. elastic and 
plastic deformation, contact models for this stage are more 
complicated than the Hertz contact law, and can give rise to 
computational problems when applied to the solution of the 
impact response. Based on plasticity theory, the perfectly 
plastic loading stage is normally modelled as a linear force-
indentation relationship with a constant mean pressure equal 
to 2.8Sy. Finally, the elastic unloading stage starts at the end of 
the loading, which could be in any of the loading stages, and 
ends when the contact force is zero leaving a permanent 
indentation in the case of unloading from a post-yield loading 
stage. Various models have been used to model the restitution 
stage in previous studies [5 – 7, 9], and some of these are 
examined for dynamic unloading response later in this paper. 

This paper investigates the dynamic impact response of an 
elastoplastic half-space using a new contact model that is 
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based on elastic-elastoplastic-perfectly plastic material 
behaviour. The contact model is based on both existing 
indentation theory and experimentally validated load-
indentation features of the elastoplastic loading regime. The 
elastoplastic component of the present contact model is simple 
and it is expressed in the form of Meyer’s contact law, which 
makes it computationally easier for dynamic analysis 
compared to other models [1, 5 – 7]. 

The remainder of this paper is structured as follows. In 
section 2, the new contact model is presented. In section 3, the 
latter is used to derive the differential equations for 
determining the impact response of an elastoplastic half-
space. Section 4 presents results of static and dynamic 
analyses for selected case studies and discusses these results. 
The static analysis shows the validity of the new contact 
model while the dynamic analysis compares the impact 
histories obtained based on the new contact model with other 
contact models. Also, the impact response of both isotropic 
and transversely isotropic targets was examined.  Finally, the 
conclusions are presented in section 5. 

2 STATIC INDENTATION 
Static indention models are useful for validating experimental 
results and determining the impact response of materials. It is 
therefore important to develop static contact models that 
capture the main variables influencing the indentation process 
and can give accurate indentation results. Additionally, the 
static contact model must be simple enough to allow for easy 
application to dynamic impact problems that can be modelled 
using quasi-static assumptions. The aim of this study is to 
present a simple elastoplastic contact model that can be used 
for elastoplastic impact analysis, and to test its success in 
predicting the impact response of metals and composite 
laminates. 

The impact response of a half-space impacted by a spherical 
projectile with an initial velocity of  is given as: 
                                             0                                         1  
where  is the mass of the impactor;  is the indentation 
distance, and  is the impact force which is always greater 
than or equal to zero.  is related to the indentation and can be 
determined using an appropriate contact model. 

During elastoplastic loading, plastic deformation occurs 
below the contact surface and is completely enclosed within 
the surrounding elastically-deforming material [1]. As the 
elastoplastic loading progresses, the plastic deformation 
increases and the amount of elastic material surrounding the 
plastically deforming material decreases. Eventually, fully 
plastic conditions are met when the plastically deforming 
material reaches the surface. This marks the end of the 
elastoplastic loading stage and the onset of fully plastic 
loading. Based on results of finite element analysis and 
indentation experiments, Majeed et al [9] identified two 
distinct load-indentation regions of the elastoplastic loading 
stage namely: (i) an initial nonlinear elastoplastic loading 
region which starts at yield and ends somewhere in the 
elastoplastic loading stage, and (ii) a linear elastoplastic 
loading region which starts at the terminus of the nonlinear 
elastoplastic loading and ends at the onset of the fully plastic 
loading. Following the observations of Majeed et al [9] the 
present contact model attempts to model these two distinct 

load-indentation characteristics by using two different load-
indentation relationships. This approach is a departure from 
the traditional use of a single load-indentation relationship to 
model the entire elastoplastic loading stage [1, 5 – 7]. A more 
rigorous formulation of the present contact model can be 
found in [10]; an abridge version has been presented here for 
clarity. 

The following contact model is proposed to model the 
various stages of indentation of a compliant half-space by a 
rigid spherical indenter. 
Elastic loading stage 
As usual, this stage is modelled using the Hertz contact model 
[2]. 

           ⁄                               0                        2  

where  is the elastic loading force, and  is the Hertzian 
contact stiffness given by: 

                                           
4
3

⁄                                        3  

 and  are the effective modulus and radius respectively, and 
they are given by: 1 ⁄ 1 ⁄  and 

1⁄ 1⁄ . The subscripts  and  stand for 
indenter and target respectively, and  is the Poisson’s ratio. 
Elastoplastic loading stage 
• Region I: Nonlinear elastoplastic loading 
The nonlinear elastoplastic loading region is modelled here 
using a modified form of the Hertz contact law by 
incorporating a yield effect. This region is modelled in this 
way because it shares similar features with the elastic loading 
stage i.e. it is nonlinear, and its deformation is effectively 
elastic-like since the plastic deformation is fully contained 
within the surrounding elastically deforming material and the 
indenter is only in contact with the elastically deforming 
material. Therefore, 

      
⁄ ⁄                   4   

where  is the nonlinear elastoplastic loading force, and  
is the indentation at yield. The expression for calculating  
can be obtained by equating the elastic force at  to the 
product of the mean pressure and contact area at  [9].  
Hence, 

                                         ⁄                                5  

from which the expression for  can be obtained after 
substituting 1.1 . 

                                         
1.1

                                 6  

• Region II: Linear elastoplastic loading 
The linear elastoplastic loading region is modelled using a 
linear force indentation relationship that accounts for the 
appropriate post-yield effect, which in this case is the 
indentation at the transition between the two regions. 

    
⁄ ⁄                 

                                                                                  7  
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where  is the linear elastoplastic loading force,  is the 
linear stiffness in Region II,  is the indentation at the 
transition between Regions I and II, and  is the indentation 
at the onset of fully plastic loading. Stronge [5] gave an 
approximate analytical relationship between the contact force 
and mean pressure in the elastoplastic loading stage as: 

                                    
2

1                                8  

Based on observations of finite element results, Majeed et al 
[9] assumed that the transition in the elastoplastic region 
occurs when the mean contact pressure is 1.95Sy. Using this 
assumption and solving equations (4) and (8) simultaneously 
at  the indentation at the transition in the elastoplastic 
loading can be obtained as 13.95 .  is considered 
to be equal to the slope of the nonlinear elastoplastic loading 
at . Therefore, 

                                             5.40 ⁄                                 9  

Fully plastic loading stage 

                                 10  

where  is the fully plastic loading force,  is the linear 
stiffness during the fully plastic loading stage, and  is a 
constant representing the value of the contact force at . 
Considering that this loading stage has a constant mean 
pressure of 2.8Sy and a linear relationship between force and 
indentation  was derived as [10]: 

                                          4.6                                       11  

The indentation at the onset of fully plastic loading was 
estimated by Stronge [5] as 84  and this estimate is 
used in the present contact model.  can be determined by 
substituting  in equation (7). Therefore, 

                         70.05 47.6 ⁄                   12  

Restitution (unloading) stage 
The load-indentation relationship for this stage is analogous to 
the Hertz contact model since the unloading is generally 
agreed to be purely elastic [1]. 

       
⁄
               0                         13  

where  is the elastic unloading force,  is the nonlinear 
stiffness during unloading, and  is the non-recoverable 
indentation at the end of the unloading. In order to determine 
the expressions for  and , two additional constants are 
defined namely: the maximum indentation  and the 
maximum force . For metallic targets, the constants can be 
determined as follows: 

                                          
4
3

⁄                                       14  

                              
3

4 ⁄

⁄

                            15  

where  is the deformed effective radius, and . While 
the Hertz stiffness is related to the effective radius, the 
unloading stiffness is related to a deformed effective radius 
due to the presence of post-yield effects [5, 7]. Equation (13) 
is the same models used in [5] and [7]. The essential 
difference between these models and the present restitution 
model is the way  is determined. Brake [7] provided a 
detailed theoretical formulation of the expression for  when 
unloading from a post-yield loading stage. Brake’s 
expressions for  require some computational effort, but 
simplified expressions have been adopted for the present 
model. Here,  when unloading from the elastoplastic 
stage [1] and /2 when the maximum penetration 
is well into the fully plastic stage [7] e.g. / 2. When 
unloading from the elastic loading stage, 0; .  

Johnson [1] has shown that the elastoplastic impact 
response of a metallic half-space can be accurately determined 
based on quasi-static analysis for impact velocities up to 
500m/s. The implication is that rate effects and other 
mechanisms of impact energy absorption such as elastic 
waves, and frictional heat are negligible. The kinetic energy of 
the projectile is essentially used up in the local indentation of 
the target so that the relative velocity of the impact system is 
zero at maximum indentation. This condition can be used to 
determine the maximum indentation and contact force of a 
half-space impact based on energy balance principles [11]. In 
the cases simulated here, the maximum indentation is given 
for the static analysis and determined from the energy balance 
for the dynamic analysis.  

3 DYNAMIC INDENTATION 
Equipped with an appropriate contact model, the impact 
response of a half-space can be determined by solving 
Equation (1). Numerical solutions of Equation (1) can be 
readily obtained when the contact force is in the form of 
Meyer’s contact law [2]. A key advantage of the present 
contact model is that it can be used to obtain the impact 
response of a half-space target easily because all the stages 
involved, especially the elastoplastic loading stage, are 
modelled in terms of Meyer’s contact law. It is worth 
mentioning that the present dynamic analysis is applicable to 
low and medium velocity impacts where rate effects can be 
neglected and the influence of other types of impact energy 
dissipation such as friction and non-recoverable elastic waves 
are negligible. In what follows, the dynamic equations 
representing each impact stage and the initial conditions for 
solving these equations are formulated using the contact 
model presented in Section 2. 
Elastic loading stage 

                                     ⁄ 0                                    16  

Initial conditions: 0 0; 0 . 

 is the initial velocity of the spherical projectile. 

Elastoplastic loading stage 
• Region I: Nonlinear elastoplastic loading 

                       
⁄ ⁄ 0                17   

Initial conditions: ; .  
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 is the velocity at yield. Since  is known from the contact 
model, then  can be obtained by solving the first initial 
condition numerically using the solution obtained from 
Equation (16). The value of  is then substituted into the 
solution of the velocity obtained from Equation (16) to get the 
value of , which gives the second initial condition. 
Alternatively, the equation for determining the velocity profile 
of the projectile during elastic half-space impact [2] can be 
used to calculate  as: 

                                  
4
5

⁄
/

                        18  

• Region II: Linear elastoplastic loading 

 
⁄ ⁄ 0     19  

Initial conditions: ; .  

 is the velocity at the transition point in the elastoplastic 
loading stage. Given that  is known from the contact 
model,  can be obtained by solving the first initial 
condition numerically using the solution obtained from 
Equation (17). Thereafter  is substituted into the solution 
of the velocity obtained from Equation (17) to get . 

Fully plastic loading stage 

                       0                          20  

Initial conditions: ; .  

 is the velocity at the onset of the fully plastic loading stage. 
Again  is known from the contact model, so that  can be 
obtained by solving the first initial condition numerically 
using the solution obtained from Equation (19). Thereafter  
is substituted into the solution of the velocity obtained from 
Equation (19) to get . 

Restitution (unloading) stage 

                             
⁄

0                             21  

Initial conditions: ; 0.  
As noted earlier, the maximum indentation of a low to 
medium velocity half-space impact can be obtained by 
equating the initial kinetic energy of the projectile to the total 
deformation work of the impact loading. This means that the 
velocity of the projectile is zero at the final penetration i.e. 

0. The time taken to reach maximum 
conditions can be determined by solving either of the initial 
conditions numerically using the solutions of the final loading 
stage. 

4 RESULTS AND DISCUSSIONS 
In this section, static and dynamic analyses are carried out. 
Static analysis is a quick and simple means of validating 
analytical contact models. Hence, the contact model presented 
in Section 2 has been validated using static analysis. This was 
achieved by simulating the force-indentation (compliance) 
curve for a selected case study and comparing this curve with 
experimental data and the results of Brake’s contact model 

[7]. After demonstrating the validity of the contact model, a 
dynamic analysis was carried out to determine the time-
dependent response of the target material to impact. The 
dynamic analysis provides information about the impact 
duration, maximum and end conditions. This information is 
important for designing materials that can passively and 
actively control impact response, and also mitigate impact 
damage. 

4.1 Static analysis of isotropic material subject to 
indentation to two different depths 

To demonstrate the validity of the present contact model, the 
compliance curve for the indentation of AISI 1035 steel target 
by a spherical tungsten carbide indenter having a diameter of 
2.5 mm was simulated and compared with both experimental 
data and the results of Brake’s contact model [7]. The material 
properties of the indenter are: density = 14500 kg/m3, Young 
modulus = 600 GPa, and Poisson’s ratio = 0.28. The material 
properties of AISI 1035 steel are: density = 7850 kg/m3, 
Young modulus = 210 GPa, Poisson’s ratio = 0.30, and yield 
strength = 300 MPa. This example was studied experimentally 
by Bartier et al [12] and analytically by Brake [7]. Brake 
compared his contact model and nine other published contact 
models with the experimental data in [12], and the results of 
the study [7] showed that Brake’s contact model performed 
better than the others in predicting the experimental data. 

 

Figure 1. Comparison of compliance curve of present contact 
model with that of Brake [7], and experimental data of Bartier 
et al [12] for fully plastic indentation of AISI 1035 steel. 

Case 1: ( / ) 
Figure 1 shows a comparison of the load-indentation or 
compliance curve of the present contact model with the 
experimental data [12] and the compliance curve of Brake’s 
contact model. The latter was reproduced by taking data 
points from [7] and the experimental data were also 
reproduced from the same study. The maximum indention for 
this case is well into the fully plastic loading stage ( /
700). The curves (see Figure 1) show that the present contact 
model gives a reasonably good estimate of the experimental 
data and compares well with Brake’s contact model. 
However, the present contact model has the advantage of 
being simpler and computationally easier for the solution of 
the dynamic loading problem. This is because the elastoplastic 
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loading of the present contact model is expressed in terms of 
Meyer’s law, whereas the model of Brake is expressed using a 
cubic Hermitian interpolation polynomial, which can be 
difficult to solve for dynamic elastoplastic loading conditions. 
 
Case 2: ( / ) 
In Figure 1, the final penetration is well into the fully plastic 
loading stage and it is difficult to see how the present model 
performs in the elastoplastic loading stage. In order to 
investigate the performance of the present contact model in 
the elastoplastic loading stage, the indentation of AISI 1035 
steel by tungsten carbide indenter considered earlier was 
simulated for a case where the final penetration is 
approximately equal to 8 . Brake’s contact model was 
implemented in this study for this comparison and the results 
shown in Figure 2 reveal good agreement between both 
models. Comparison with the Hertz contact model for elastic 
loading demonstrates the influence of post-yield plastic 
deformation included in the present contact model and also 
the model of Brake [7], i.e. plasticity is shown to decrease the 
size of the impact force. 
 

 

Figure 2. Comparison of compliance curve of present contact 
model with that of Brake [7] for elastoplastic indentation of 
AISI 1035 steel, and also with the purely elastic Hertz contact 
model. 

4.2 Dynamic analysis of isotropic and transversely 
isotropic materials subject to inertial indentation 

4.2.1 Isotropic Material Response 

In conducting the dynamic analysis, the impact responses of 
two different materials were examined. The first material is an 
isotropic metal (mild steel) and the second is a transversely 
isotropic composite (woven E-glass/polyester laminate). The 
impact response of the metallic target was determined by 
solving Equations (16), (17), and (19) for the loading, and 
then, Equation (21) for the unloading. In addition to the 
unloading response predicted by the present restitution model,  
the unloading response of two other simple restitution models 
[7, 9], which are also expressed in terms of Meyer’s law, were 
simulated and compared for this isotropic material. 

Investigations of the impact response of an elastoplastic 
half-space subject to dynamic loading by a spherical ball were 
conducted using the present contact model. The first case 

involved the impact of a mild steel surface by a spherical 
tungsten carbide ball. The properties of the steel material are: 
density = 7825 kg/m3, Young modulus = 210 GPa, Poisson’s 
ratio = 0.30, and yield strength = 1000 MPa; and the 
properties of the tungsten carbide projectile are the same as in 
Section 4.1. The diameter of the projectile is 20 mm and the 
mass of the projectile was calculated to be 0.06074 kg.  

Two impact velocities were considered, case 1: 0.5 m/s and 
case 2: 5 m/s. The former resulted in a maximum penetration 
with / 7 which reaches the nonlinear elastoplastic 
loading stage, while the latter resulted in a maximum 
penetration with / 44 which reaches the linear 
elastoplastic loading stage. The impact force, indentation 
distance and velocity of the nonlinear and linear elastoplastic 
impact events are all shown as a function of time in Figure 3 
(case 1) and Figure 4 (case 2) respectively. The legend for 
these Figures is given in Table 1. The impact response was 
obtained through numerical integration of Equations (16) to 
(21) using the NDSolve integrator in Mathematica™. 

Table 1. Legend for Figures 5 and 6. 

Description Plot line-type 
Indentation  
Velocity  
Force  
Restitution model of Majeed et al [9]  
Restitution model of Stronge [5]  
Present restitution model  

 

 

Figure 3. Impact response of a steel surface dynamically 
loaded by a tungsten carbide ball into the nonlinear 
elastoplastic stage (see Table 1 for legend). 

In simulating the impact response of the steel half-space, the 
present contact model was used to obtain the results for the 
loading period. Note that during loading comparison with the 
predictions of the other elastoplastic contact models [5, 7] was 
not conducted, as efforts to use the NDSolve numerical 
integrator to solve the impact response of the elastoplastic 
component of the other contact models failed in this 
investigation, due to lack of convergence of results. This 
difficulty can perhaps be attributed to the more complicated 
nonlinear form in which the elastoplastic components of the 
other contact models are expressed. For the unloading stage, 
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the restitution models of Majeed et al [9] and Stronge [5], 
which are also expressed in terms of Meyer’s law, were 
compared with the present restitution model. The restitution 
model of Majeed et al [9] predicts the shortest unloading 
period and the largest permanent indentation depth, while the 
present restitution model predicts the longest unloading period 
and the smallest permanent indentation depth. Figure 3 shows 
close agreement between the unloading response predicted by 
the restitution models of Majeed et al [9] and Stronge [5] and 
a significant difference from the response predicted using the 
present restitution model. This difference can be traced back 
to the deformed effective radius ( ) used in the various 
models. 
 

 

Figure 4. Impact response of a steel surface dynamically 
loaded by a tungsten carbide ball into the linear elastoplastic 
stage (see Table 1 for legend). 

For a final penetration depth that is well into the fully 
plastic loading stage, Brake [7] derived an approximation for 
the deformed effective radius as /2. Since the 
maximum penetrations for the impact velocities of 0.5 m/s 
and 5 m/s are 0.0161 mm and 0.10 mm respectively, then 
using Brake’s approximation in the elastoplastic loading stage 
gives  as 10.008 mm and 10.05 mm respectively. These 
values are approximately equal to the effective radius, and are 
in accord with the observation of Johnson [1] that   
during unloading from the elastoplastic stage. However, the 
values of  calculated based on the restitution model of 
Stronge [5] are 35.94 mm and 98.18 mm for impact velocities 
of 0.5 m/s and 5 m/s respectively; these values are far from 
what is actually observed [1]. Further, although the restitution 
model of Majeed et al [9] is not expressed in terms of the 
deformed effective radius, its formulation is conceptually 
similar to that of Stronge [5] because of the expression it uses 
to calculate the permanent indentation depth, . 
Consequently, it predicts similar impact response results as 
the restitution model of Stronge [5]. Nevertheless, as the 
plastic deformation increases during elastoplastic loading, the 
impact response based on the restitution models of Majeed et 
al [9] and Stronge [5] diverge with the response of the former 
predicting a larger permanent indentation depth and shorter 
unloading period (see Figure 4). 
 

 

Figure 5. Energy evolution during impact of spherical 
tungsten carbide ball on a mild steel half-space – initial 
velocity is 0.5 m/s. 

 

Figure 6. Energy evolution during impact of spherical 
tungsten carbide ball on a mild steel half-space – initial 
velocity is 5 m/s. 

Two important results in impact analysis are the coefficient 
of restitution and the evolution of the different energy 
components of the impact system. These results are useful for 
determining the impact energy absorption capacity of the 
target material.  The coefficient of restitution is defined as the 
negative of the ratio of the final velocity at the end of impact 
to the initial velocity at the beginning of impact. For an elastic 
impact, the coefficient of restitution has a value of unity. For 
an inelastic impact, the coefficient of restitution is normally 
less than unity since a fraction of the initial KE of the 
projectile is dissipated as non-recoverable plastic deformation. 
This results in a permanent indentation on the target. Using 
the present contact model, the values of the coefficient of 
restitution for the impact events simulated in Figures 5 and 6 
are 0.97 and 0.85 respectively. The time evolution of the KE 
of the tungsten carbide projectile and the deformation work 
done on the mild steel half-space during impact are shown 
(see Figures 5 and 6) for initial impact velocities of 0.5 m/s 
and 5 m/s. In Figure 5, 5.6% of the initial KE of the projectile 
was dissipated as plastic work whereas 28.1% was dissipated 
in Figure 6. The implication is that increasing the initial 
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impact speed results in the dissipation of more of the 
projectile’s initial KE as non-recoverable plastic work. 

4.2.2 Transversely Isotropic Material Response 

For the transversely isotropic composite, the impact response 
of the loading stage was simulated using both the present 
contact model and the contact model of Majeed et al [9]. 
However, the results presented for the unloading response are 
based on the present restitution model and those of both 
Stronge [5] and Majeed et al [9]. 

The second case of dynamic loading investigated was the 
impact of a spherical steel ball on a woven E-glass/polyester 
composite half-space laminate. This example has been 
investigated experimentally under static conditions [13], and 
analytically under static and dynamic conditions [9]. The 
material properties and other relevant input data of the 
projectile and target can be obtained from [9]. With composite 
laminates, material yielding is quite complex and involves 
both plastic deformation and damage mechanisms such as 
fibre breaking/kinking/micro-buckling and layer delamination 
[9]. Also, the laminate lay-up, composite weave-style, and the 
orthotropic behaviour of the composite can influence the 
impact response significantly. Accounting for all these factors 
will result in very complex models and therefore, simplifying 
assumptions are often used. When the impact is normal to the 
plane of an orthotropic composite laminate, the effect the in-
plane properties on the transverse impact response may be 
neglected, and therefore, the transverse impact response of an 
orthotropic composite laminate can be modelled using 
transversely isotropic assumptions [14]. In this case, the 
effective modulus of the impact system is given by [14]: 

                                    
1 1

                              22  

where the variables with subscript  represent the impactor 
properties as defined above,  is the direction normal to the 
plane of the composite laminate, and  is the transverse 
modulus of the composite laminate, which it is normally taken 
to be equal to the ply modulus. 

To test the applicability of the present contact model for use 
with composite laminates, the model was used to simulate the 
half-space impact response of the woven E-glass/polyester 
composite laminate discussed above. The results are also 
compared with predictions obtained using the contact model 
of Majeed et al. [9].This comparison is made because the 
latter gives good predictions of the static experiment results of 
Sutherland and Soares [13]. Figure 7 compares the impact 
response of the present contact model with that of Majeed et 
al [9] for both loading and unloading conditions.  The 
indentation and velocity histories of the loading period of both 
models are in good agreement, but the force histories diverge 
near the end of the loading period, thereby, leading to the 
prediction of a higher maximum force by the present model. 
On the other hand, the unloading histories of both models 
differ significantly. The restitution model of Majeed et al [9] 
gives a good prediction of the permanent indentation (1.5 
mm) measured from experiments [13]. The present restitution 
model predicts a much lower permanent indentation i.e. 0.23 
mm. Therefore, it can be concluded that the present restitution 
model does not perform well in predicting the unloading 
response of the woven E-glass/polyester composite laminate. 

 

Figure 7. Impact response of a woven E-glass/polyester 
composite laminate (see Table 1 for complete legend). 

 

Figure 8. Impact response of a woven E-glass/polyester 
composite laminate; the same restitution model was used for 
both unloading responses (see Table 1 for complete legend). 

A further examination of the present contact model, in 
predicting the impact response of the composite laminate, was 
carried out. This was done by combining the restitution 
models in [9] and [5] with equations (16) and (17) to simulate 
the complete impact response of the composite laminate, as 
shown in Figures 8 and 9 respectively. In doing this, the 
accuracy of the combination is tested in comparison with the 
results of the complete model of Majeed et al [9]. In Figure 8, 
the permanent indentation results are in agreement, but the 
impact duration obtained using the present contact model is 
shorter and the maximum penetration is higher. In Figure 9, 
the permanent indentation obtained from the present contact 
model is lower but the contact duration is the same. For most 
practical applications, obtaining an accurate permanent 
indentation is more important than obtaining accurate impact 
durations. Therefore, it appears that a combination of the 
loading components of the present contact model with the 
restitution model of Majeed et al [9] (Figure 8) can provide a 
reasonable estimate of the half-space impact response of the 
woven E-glass/polyester composite laminate. 

The difference in the impact responses of the present 
contact model and that of Majeed et al [9] is due to the fact 
that the present model was developed based on the 
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deformation behaviour of metals in which the post-yield 
indention is characterised mainly by plastic deformation. In 
the case of the composite material considered, the post-yield 
indentation is characterised by plastic deformation and 
damage [9]; this accounts for the divergence of the post-yield 
predictions of the two models. However, the response for the 
loading period obtained using the present contact model gives 
an overall fair estimate of what is expected. This implies that 
the present contact model could also be used for impact 
analysis of composite materials. 
 

 

Figure 9. Impact response of a woven E-glass/polyester 
composite laminate; different restitution models were used for 
both unloading response (see Table 1 for complete legend). 

5 CONCLUSIONS 
The elastoplastic impact response of a half-space target has 
been investigated using a novel contact model. The current 
contact model was developed for static conditions using 
indentation theory and continuity conditions. A clear 
departure from previously published contact models is that the 
elastoplastic loading stage is divided into two regions, and 
each region is modelled with a different force-indention 
relationship. This modelling approach introduced a transition 
point between the two regions of the elastoplastic loading 
stage, and this point was determined analytically.  

Static analyses were carried out to validate the present 
contact model by comparing the compliance curve of the 
present contact model with that of Brake’s contact model and 
experimental data. Predictions of the new contact model 
compared well with experimental data. 

An advantage of the present contact model is that all the 
constants in the model can be calculated from the material and 
geometric properties of the contact system and no 
experimental constants are required. This advantage is shared 
with a few other elastoplastic contact models [1, 5, 7, 9]. 
However, its distinguishing feature is that, due to its 
simplicity (each component of the model in all stages of the 
indentation event are expressed in the canonical form of 
Meyer’s contact law), the present contact model has the 
advantage of being more computationally tractable than many 
other elastoplastic contact models when used for simulating 
dynamic impact response. Hence, the computation of the 
impact histories of a complex modelling event such as the 

elastoplastic impact is made possible using the present contact 
model. 

Finally, the present contact model was used to investigate 
the half-space impact response of two materials namely: steel 
and woven E-glass/polyester composite laminate. Different 
restitution models were examined for the two materials and 
the results reveal that the restitution model for the present 
contact model produced a realistic response for the steel 
metal, while the restitution model of Majeed et al [9] 
produced a more accurate response for the E-glass/polyester 
composite laminate. Although the present contact model was 
shown to work well for metallic targets, further validation 
with results of published analytical/finite element models and 
experimental data is required in the case of composite 
laminate targets. Thermoplastic composite laminates will be 
of particular interest given that the present model accounts for 
substantial plastic deformation as found in metals. 
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ABSTRACT: This article deals with concentrically braced frames that are prone to exhibit weak storey behavior in the case of a 
seismic event. After the introduction of the key features of seismic design of braced frames according to Eurocode 8 the causes 
of the weak storey behaviour are presented. This is followed by the description of new design criteria that aim to prevent the 
occurrence of weak stories. The suitability of the new method is proved by numerical examples. 

KEY WORDS: concentrically braced frame; seismic design; weak storey; wavelet transform; plastic analysis 

1 INTRODUCTION 
Concentrically braced frames (hereinafter referred to as CBF-
s) are among the most common structural systems for resisting 
lateral forces. They represent an economical structural form 
for providing lateral resistance for various types of actions. 
For wind effects, low return period seismic actions or for 
seismic actions in buildings of a high importance class the 
design behaviour is elastic. Due to their geometry the CBF-s 
counteract the horizontal forces by truss action that entails 
primarily axial forces in the members. The large resistance 
and stiffness limits the drifts and vibrations in the braced 
buildings, therefore provides occupancy comfort and impedes 
damages in the non-structural parts. Therefore CBF-s may be 
favoured over moment resisting frames [1][2] as MRF-s 
exhibit larger deformations that implies second order effect 
problems and excess damages. 

On the other hand CBF-s are generally considered to have a 
worse performance than MRF-s [1][3] in case of a more 
destructive seismic event, where the return period of the 
earthquake is significantly larger than the expected life cycle 
of the building. In CBF-s the large majority of the connections 
and splices are pinned as the structure is stiff and stable 
without moment resisting connections. Consequently the level 
of statical indeterminacy is low, thus only a limited number of 
members, mostly the braces, can be dissipative members in a 
CBF. Furthermore it has to be ensured that the braces undergo 
plastic deformations on each floor in order to utilize the 
maximum available capacity of dissipation. Because of these 
adversities the allowed behaviour factor used to be small. The 
current seismic design practice and codes penalize the non-
dissipative members with high overstrength demand, in 
compliance with the principles of capacity design, to 
safeguard the occurrence of plasticity in the braces only. 

In the following the structure specific requirements of 
Eurocode 8 and several multi-storey CBF structures designed 
respecting these provisions are presented. This is followed by 
the analysis of the dynamic behaviour of CBF-s when 
subjected to earthquakes. Upon the description of the 
behaviour a redesign method is elaborated, the results of 
which are presented at the end of the article. 

2 SEISMIC DESIGN OF CBF-S BY EUROCODE 8 

2.1 Eurocode 8 design criteria for CBF-s 
In the design of building structures Eurocode 8 [4]. provides 
two basic concepts for the seismic analysis. Earthquake 
resistant buildings can either have a low-dissipative or a 
dissipative behaviour. In a dissipative structure controlled 
inelastic deformations are expected to dissipate considerable 
energy and damp the response of the structure. The behaviour 
factor that accounts for this effect is 4 for CBF-s, which is the 
lower boundary of high dissipation class (DCH) structures. 

In Eurocode 8 the criteria for the verification of dissipative 
structures follow the capacity design philosophy. Plastic 
deformations are strictly required to occur in dissipative 
members that are to be designed with sufficient ductility, 
whereas the yield or collapse of non-dissipative zones is to be 
evaded. To ensure the elastic behaviour of non-dissipative 
zones their seismic requisitions are amplified in the design 
with a sufficient overstrength. In CBF-s the braces are meant 
to be the dissipative members. Therefore CBF-s are designed 
so that the yield of the diagonals takes place before the failure 
of the connections or the columns or beams. 

For the sake of homogeneous dissipative behaviour a 
simultaneous yield of the braces on every floor has to be 
ensured. Eurocode 8 aims to promote this by a condition given 
for the overstrength factors, Ωi, realized on the different 
floors, making them closely uniform. It needs to be verified 
that the maximum overstrength does not differ from the 
minimum by more than 25%. 

 , ,

, ,

pl Rd i
i

br Ed i

N
N

Ω =  (1) 

 max

min

1.25Ω
Ω

≤  (2) 

For the design of columns and beams Eurocode 8 requires 
the fulfilment of the following condition: 

 ( )pl ,Rd Ed Ed ,G ov Ed ,EN M N 1.1 Nγ Ω≥ + ⋅ ⋅ ⋅  (3) 
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where Npl,Rd(MEd) is the design buckling resistance taking into 
consideration the simultaneous bending, NEd,G and NEd,E are 
the axial actions from the non seismic and the seismic actions 
respectively. The global overstrength factor is defined as: 

 iminΩ Ω=  (4) 

The overstrength factor, Ω, accounts for the reserve in the 
dissipative members. It ensures that the resistance of the non-
dissipative members is adequate until the first plastic 
deformations occur. The γov factor accounts for the random 
variability of the material properties. Its recommended value 
is 1.25. The factor 1.1 represents the increase of the yield 
stress of the dissipative members due to strain-hardening. In 
addition Eurocode 8 defines limitations to the non-
dimensional slenderness: 

 .2 0λ ≤  (5) 

and for X-braced configurations also: 

 .1 3 λ≤  (6) 

where the non-dimensional slenderness is a ratio between the 
slenderness and the elastic limit slenderness: 

 
1

λλ
λ

=  with 1
y

E
f

λ π=  (7) 

The upper bound defined in Eq. (5) is imposed to reduce the 
plastic out of plane deformation of gusset plates which are 
prone to low-cycle fatigue failure. Furthermore this limitation 
evades sudden impact-like loading at the end of the 
straightening phase of the buckled diagonals. The lower 
bound assures the buckling of the diagonals. 

2.2 Design of CBF-s of various heights 
With the aim of better understanding the behaviour of CBF-s 
subjected to seismic action, a series of concentrically braced 
steel frame structures were designed. The buildings are 
identical in plan, see Figure 1. The spacing of two adjacent 
columns is 6 metres in both directions. There are four bays in 
both directions giving 24 m × 24 m plan layout. Out of the 
four bays the inner two are braced concentrically on the four 
facades. The elevation of the buildings differs in terms of 
storey number. The number of floors is four, six and eight in 
the buildings denoted by CBF4, CBF6 and CBF8 respectively. 
The storey height is 3 metres on every floor in each building. 
The columns in the braced bays are pinned at the base, but 
otherwise continuous throughout the whole height and they 
are positioned in a way that their strong axis participates in the 
lateral resistance. Consequently the lateral load resisting 
system is the same in both directions. All the other columns 
are pinned at both ends. The beams are simply supported I 
section beams. The rectangular hollow section braces are 
placed diagonally and they are hinged at both ends. The 
loading is distributed between the steel members via concrete 
floor slabs, but composite action is not taken into 
consideration. The dead load is a uniform loading of 6.77 
kN/m2. The buildings are considered to have an office 
occupation where the imposed loading of the B category in 
EC1 gives 3 kN/m2 evenly distributed loading on the slabs. 
The ψ2 combination factor was taken to be 0.3 therefore 30% 

of the live loading is concurrent with the seismic action. The 
earthquake acceleration response spectrum is considered to be 
the type one in EC8 assuming B type soil conditions. The 
design ground acceleration is taken to be 0.25g, where g is the 
acceleration of gravity. The behaviour factor, q, is 4 in 
agreement with the structure-specific regulations of the 
standard. To obtain a more realistic and accurate design, wind 
loading is also taken into consideration in the calculation and 
the structural members are verified not only in seismic design 
situation, but in the ultimate and serviceability limit states 
also.  

In the following table the applied cross-sections are 
presented. The interior and the exterior columns are listed 
separately. Furthermore the relative slenderness λ  and the 
overstrength factor, Ω, are also indicated. 

Table 1. Sections of the members, slenderness and 
overstrength results of the designed CBF-s. 

Storey Int. 
Col. 

Ext. 
Col. Beam Brace λ  Ω 

4 HEA 
160 

HEA 
140 

IPE 
300 

SHS 
100×4 1.83 1.05 

3 HEB 
180 

HEA 
200 

IPE 
300 

SHS 
100×6.3 1.87 1.01 

2 HEB 
220 

HEB 
200 

IPE 
360 

SHS 
100×8 1.91 0.98 

1 HEB 
260 

HEB 
240 

IPE 
360 

SHS 
100×10 1.95 1.00 

Storey Int. 
Col. 

Ext. 
Col. Beam Brace λ  Ω 

6 HEA 
160 

HEA 
160 

IPE 
300 

SHS 
90×5 2.07 1.00 

5 HEB 
180 

HEA 
180 

IPE 
300 

SHS 
100×6 1.88 0.97 

4 HEB 
220 

HEB 
200 

IPE 
300 

SHS 
100×8 1.95 1.04 

3 HEB 
240 

HEB 
220 

IPE 
300 

SHS 
100×10 2.01 1.04 

2 HEB 
280 

HEB 
240 

IPE 
360 

SHS 
100×10 1.95 1.01 

1 HEB 
300 

HEB 
280 

IPE 
360 

SHS 
120×10 1.63 1.00 

Storey Int. 
Col. 

Ext. 
Col. Beam Brace λ  Ω 

8 HEA 
160 

HEA 
160 

IPE 
300 

SHS 
90×5 2.07 0.99 

7 HEB 
180 

HEA 
180 

IPE 
300 

SHS 
100×6.3 1.87 1.00 

6 HEB 
220 

HEB 
200 

IPE 
300 

SHS 
100×8 1.95 0.98 

5 HEB 
240 

HEB 
220 

IPE 
300 

SHS 
100×10 2.01 1.02 

4 HEB 
280 

HEB 
240 

IPE 
360 

SHS 
120×10 1.63 1.10 

3 HEB 
300 

HEB 
280 

IPE 
360 

SHS 
120×10 1.63 1.01 

2 HEM 
240 

HEB 
320 

IPE 
360 

SHS 
140×10 1.37 1.05 

1 HEM 
240 

HEM 
240 

IPE 
360 

SHS 
140×10 1.37 0.99 
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Figure 1. Plan layout and side view of 4-storey CBF. 

3 BEHAVIOUR OF ANALYSED BUILDINGS 

3.1 Dynamic behaviour of CBF-s under seismic effect 
For the verification of the CBF designs a Nonlinear Time 

History analysis (henceforth NTHA) program has been carried 
out. For the analysis seven artificial accelerograms were 
selected. The length of each excitation is 20 seconds and the 
spectra of the ground motions were fitted to the design 
spectrum. The used accelerograms are benchmarks in the 
RFCS OPUS research program conducted with the 
cooperation of several European universities [5]. This 
selection of artificial records complies with the corresponding 
parts of Eurocode 8. The acceleration records were scaled by 
multiplying the peak ground acceleration by a scale factor 
ranging from 0.1 up to 2.0. The analysis was conducted on 
planar beam models with FinelG nonlinear finite element 
software. The members were divided into multiple beam 
elements and the applied material model was the Giuffré – 
Menegotto – Pinto cyclic law [6]. The masses and 
simultaneous loads were applied in the intersections of the 
beams and columns. The initial imperfection of the braces was 
provided by distributed loading along the diagonals. 

The dynamic behaviour can be well investigated by the 
lateral displacement history and the deformations of the 
buildings. By simply looking at the deformed shape of the 4-
storey CBF model in Figure 2 that we get as a result of an 

NTHA at the end, we can see that all the braces have a 
triangular buckled shape. At the mid section of the bracing 
bars plastic hinges form due to the local buckling of the 
plates. In repeated cycles the cumulating plastic deformations 
gradually facilitate the buckling by rotation of the plastic 
hinge. Eventually this leads to the angular buckled shape. In 
the meantime plastic elongations increase the network length 
of the bars. Consequently the diagonals have to be in 
compression after the seismic action when the building is 
laterally unloaded. Plastic elongations therefore further 
amplify the triangularity of the braces. Also we can notice that 
the magnitude of the triangular imperfection introduced to the 
system by the plastic strains may vary on the different floors.  

 
Figure 2. Residual deformations after seismic action. 

The larger triangular-like imperfection implies larger 
relative lateral drifts on the particular storey which indicates 
the formation of a weak storey. The weak storey yield 
mechanism is related to large relative displacement of the 
adjacent floors, significant plastic elongation and rotation of 
the plastic hinge. Therefore to identify the occurrence of a 
weak storey the lateral displacements of the slabs and the 
interstorey drift results have to be examined. The lateral 
displacements of the floor slabs as a result of one of the 20 
second excitations are depicted in Figure 3. It can be seen that 
the top floor exhibits disproportionally large displacements 
compared to the other three storeys. The maximum interstorey 
drift ratio results presented in Figure 4 are even more 
convincing that on the top a weak storey developed. The 
interstorey drift ratio is the interstorey drift divided by the 
storey height: 

 1i i
i

i

X XIDR
H

−−
=  (8) 

where the lateral displacement of the floor slabs is denoted by 
X, H is the storey height and i is the storey index. 

 
Figure 3. Horizontal displacements of floor slabs. 
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Figure 4. Maximum interstorey drift ratios. 

In the presented time series the weak storey phenomenon 
can be identified on the top floor, therefore we further analyse 
its displacements. The main objective of the wavelet 
transformation is to decompose an arbitrary function into 
elementary contributions [7]. The wavelet transform measures 
the similarity of the analysed signal function and a series of 
wavelets with different translation in time and resolution in 
the frequency domain. The wavelet transform of the signal 
x(t) by definition is the inner product in the Hilbert space of 
the function and a family of wavelets: 

 ( ) ( )*1 t bW a,b g x t dt
aa
−⎛ ⎞= ⋅⎜ ⎟

⎝ ⎠∫  (9) 

where g*(t) is the mother wavelet function which generates 
the family of the wavelets. The mother wavelet is dilated by 
parameter a and translated by b which vary continuously so 
that a series of son wavelets are created. One possible choice 
as the mother wavelet is the Morlet function which is a 
modified version of the Gabor wavelet. 

 ( ) ( ) ( )22

2

t b t b
g t exp cos

a a
β π⎡ ⎤− − −

= ⋅⎢ ⎥
⎢ ⎥⎣ ⎦

 (10) 

This expression defines a harmonic function that decays 
exponentially on both sides over a time interval around t=b. 
The parameter β defines the length of the envelope wave. By 
evaluating Eq. (9) on a series of son wavelets in a fixed time 
and frequency domain we can map the instantaneous 
frequency components of the analysed signal. The diagram 
depicting the results is called a scalogram which is analogue 
with the spectrogram created by Fourier transformation but 
the time and frequency axes are both variables, therefore the 
results are represented by a colormap. In our case the signal is 
the horizontal displacement of a selected floor slab coming 
from an earthquake excitation. 

The wavelet transform of the displacements does not show 
sharp margins in Figure 5, the shape is more cloud-like. This 
is due to the fact that the excitation and the displacement both 
miss any kind of harmonic regularity. Furthermore the 
displacement diagram only has a few waves over the 20 
second time series and this leads to a bad resolution. 
Nonetheless the local maxima are denoted by a white line on 
the wavelet transform diagram and this line shows that after 
the first second of featureless noise the characteristic 
frequency decreases from about 0,77-0,80 Hz to 0,45-0,50Hz 
throughout the series. 

 
Figure 5. Wavelet transform of the top floor slab. 

3.2 Causes of the observed behaviour 
So far it has been shown that under a seismic excitation the 

diagonals of a CBF are prone to gradual deterioration that 
leads to a triangular imperfect shape. In the meantime the 
displacements of the floor slabs become disproportional, even 
unsynchronized when the CBF exhibits weak storey 
behaviour. It can be assumed that the irreversible deterioration 
of the braces that are the main horizontal load bearing 
elements results in a significant alteration of the dynamic 
behaviour of the structure. To verify this assumption a series 
of natural frequency analyses were conducted on the elastic 
model of the four-storey braced frame [8]. The perfect model 
with two straight bracing bars was altered. At the midpoint of 
two braces on the same floor different magnitudes of 
imperfection were introduced. The midpoints of the diagonals 
were pulled perpendicularly to the bar by 10 centimetres at 
each step up to 50 centimetres. This resulted triangular shape 
braces. The triangular alteration of the diagonals was done at 
every floor separately to analyse the effect of developed weak 
storeys. Also the same imperfections were applied on every 
floor simultaneously which corresponds to the development of 
the global yield mechanism. Furthermore the natural 
frequency analysis was run on the perfect model with one 
diagonal on every floor, neglecting the buckled bar in 
compression, in accordance with Eurocode 8. In Table 2 the 
natural frequency results for the more relevant first and 
second modes are listed. The rows of the table correspond to 
the different levels of the introduced imperfection while the 
columns differ in the storey of the imperfection. For the sake 
of comparison it is noted that the frequencies of the perfect 
model with only one bar yielded 0.84 Hz and 2.26 Hz 
respectively. 

Table 2. Natural frequencies of imperfect models. 

1st mode 1 2 3 4 all 
10 cm 0.95 0.99 1.03 1.11 0.69 
20 cm 0.67 0.87 0.78 0.85 0.41 
30 cm 0.54 0.76 0.65 0.67 0.29 
40 cm 0.47 0.59 0.58 0.56 0.22 
50 cm 0.43 0.57 0.54 0.50 0.18 

2nd mode 1 2 3 4 all 
10 cm 2.75 3.12 2.95 2.36 1.90 
20 cm 2.52 3.07 2.71 1.90 1.13 
30 cm 2.46 3.03 2.62 1.79 0.82 
40 cm 2.43 2.99 2.58 1.75 0.65 
50 cm 2.42 2.98 2.56 1.73 0.56 
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One can see in the results of the table that with the 
concurrent deformation of all the braces the decrease of the 
frequencies in the two modes is roughly proportional. 
However this is not the case when the triangular modification 
is done to the braces of one floor only. Consequently it is not 
only the frequency of the modes that changes. The introduced 
imperfection of the braces modifies the stiffness matrix of the 
structure. It decreases the stiffness values corresponding to the 
end nodes of the altered braces only. Hence the new stiffness 
matrix of the structure is not proportional to the original, 
while the mass matrix remains the same. Therefore the mode 
shapes have to change also. Figure 6 depicts the first two 
modes of vibration corresponding to the 4-storey CBF with 40 
cm brace imperfection on the third floor. 

 
Figure 6. Modes of vibration of imperfect model. 

The first mode exhibits a quasi rigid bodily movement 
above the weak storey and negligible displacements below. 
This fundamental mode also has a large mass participation, 
almost 60 %, therefore it governs the response of the building. 
Consequently the plastic deformation caused imperfection of 
the braces results an adverse rearrangement of the horizontal 
inertia forces in a way that this inflicts an increase in the 
storey shear on the floor already subjected to plastic strains. 
This increase of the storey shear causes a recurring cycle as it 
will lead to the occurrence of further and cumulating plastic 
deformation on the floor under consideration, which is 
concatenated with the growth of brace imperfection and the 
change of the dynamic response. Hence the development of 
the weak storey mechanism can be regarded as a gradual, auto 
exciting and amplifying phenomenon in case of cyclic seismic 
action. 

In the presented numerical example the weak storey 
occurred on the fourth floor. The wavelet transformation 
indicated that in the beginning the motion of this storey can 
mostly be described by a 0,77-0,80 Hz vibration  and after 
gradual decrease this frequency becomes about 0,45-0,5 Hz. 
These result are in good agreement with the modal analysis 
results of the 4-storey model, as the frequency of the 
fundamental mode of the perfect model is 0.84 Hz and the 
imperfect model with 50 cm brace imperfection on the top 
floor yielded 0.50 Hz for the first mode. 

3.3 Contradiction of the behaviour and EC8 hypotheses 
The Eurocode procedure somehpw reduces the MDOF 
structure to an equivalent SDOF problem and assumes that the 

extrapolation of the elastic behaviour of this SDOF system 
gives an upper bound approximation of the actual nonlinear 
behaviour. This approach is visualized in Figure 7, where the 
displacement, δ, is plotted against the seismic effect, agr 
denoting peak ground acceleration. According to Ballio and 
Setti [9][10] the q factor is the ratio of the seismic effect 
corresponding to first yield in the structure i.e. the end of the 
elastic stage at point B, and the intersection of the curves 
representing the linear and the nonlinear post-yield behaviour, 
point C. A design in accordance with Eurocode 8 is elastic 
therefore it corresponds to a seismic effect at point A, lower 
than the elastic limit, ael,u. Consequently the actual design 
effect, which is q-times larger than the elastic effect, is 
smaller than the intersection at q times ael,u, beyond which 
dynamic instability can be expected. In this case the linear 
extrapolation of the displacements obtained by linear analysis 
certainly gives a safe estimation, point D, of the real values, 
point E. This approach can safeguard the adequacy of the 
design. Conversely the verification of a displacement obtained 
by the analysis of an equivalent SDOF system may not mean 
that the displacements are under a required limit on every 
floor. If the behaviour of the building is global with equal 
drifts on all the floors the curve number one on Figure 7 
corresponds to the behaviour of all the storey drifts.  

 
Figure 7. Generalized displacement – acceleration curve. 

If this perfect behaviour is altered however by effects not 
taken into consideration in design and the curves of different 
floors deviate, it is possible that certain floors follow the curve 
number two for example that causes early failure. 
Unfortunately reality is the second scenario, see the numerical 
example above, where the interstorey drifts of different floors 
are not equal, not even closely related. In the authors opinion 
the uniformity condition given by Eq. (2) is not able to evade 
local mechanisms. However the design shall only be modified 
by the introduction of new criteria that prevent the occurrence 
of excess storey drift differences and with this condition the 
original idea of the design with the q behaviour factor can be 
successfully applied. 

The uniformity condition imposed to the overstrength 
factors of every floor by Eq. (2) is an attempt in Eurocode to 
evade the occurrence of localized dissipation on a weak storey 
by promoting the simultaneous yielding of the braces on 
multiple, or if possible, on every floor. Both a simplified 
design and the modal response analysis of a CBF eventuates 
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As the structural model is in the non-elastic range we shall 
conduct plastic analysis of the structure to calculate the 
magnitudes of the loading [11], defined by the load parameter 
λ, that correspond to different plastic collapse mechanisms. 
Our aim is to provide a condition that can ensure that the 
structure is ultimately driven towards a distributed dissipation 
on every floor if possible instead of a weak storey collapse, 
even in the presence of a developed weak storey. The basic 
idea of the new criterion is that if the load parameter 
corresponding to a local storey collapse mechanism is larger 
than the load parameter of the global collapse mechanism, the 
weak storey collapse on the analysed floor may not occur as 
the plastic yield of multiple diagonals precedes it. For the 
complete analysis of the whole building we need to verify this 
condition in an n-storey CBF n times, which gives n load 
parameter pairs. On these pairs the following inequality has to 
be met to prevent the development of weak storeys: 

 , ,loc i glob iλ λ≥  (11) 

This condition does not necessarily ensure the hard-to-
realize simultaneous plasticity of every diagonal. Conversely 
it defines a barrier within which plastic deformations can be 
realized in the diagonals of multiple storeys. It assures that the 
CBF tends to exhibit distributed dissipation regardless of the 
loading history and any instantaneous plasticity scheme. 
Furthermore the comparison of the load parameters defines an 
internal condition in the structure that can be evaluated 
without the ground acceleration or any other parameter that 
describes the magnitude of the design seismic effect. 
Therefore the introduced criterion is loading independent, it 
shows whether the structure is prone to weak storey behaviour 
or not. The structure that fulfils the condition is deemed to be 
robust in terms of being able to exhibit a controlled dissipative 
behaviour under any seismic effect within its strength range of 
design. For this reason the authors have chosen to call the 
redesign procedure as the Robust Seismic Brace Design 
(henceforth RSBD) method. 

As the method is independent of the loading, a CBF has to 
be designed first according to the provisions of Eurocode 8. 
Then the design can be verified or modified by evaluating Eq. 
(11) and not respecting the uniformity yield condition or the 
requirement for columns i.e. Eq. (2) and (3) any longer. 

The introduced criterion is necessary to evade weak storey 
collapse but not sufficient to keep the differences of 
interstorey drifts on all the floors within an acceptable limit. 
The reason is the following. The inequality condition defined 
in Eq. (11) can be satisfied by enlarging either the brace or the 
column sections as they are both involved in the plastic 
resistance of a certain storey. If in an extreme case the 
resistance is only given by the brace and the columns are 
negligible, the load of the first yield on the storey is equal to 
the ultimate plastic resistance. As the RSBD method aims to 
prevent the attainment of the ultimate resistance, the first yield 
will not be reached either and the storey remains elastic 
throughout the seismic effect. Conversely, if all the resistance 
comes from the plastic hinges on the top and on the bottom of 
the columns and the braces are neglected, the lateral 
displacement on this certain floor will be a lot larger than of 
all the other floors as the bent floor is a lot more flexible than 
the ones stiffened by the braces. Briefly, the local load 

parameter can be modified by both the braces and the 
columns. As these two exhibit different behaviour in terms of 
displacement an additional condition has to be introduced for 
the sake of a good selection of brace and column sections. 

To resolve this problem the Brace Participation Ratio 
(henceforth BPR) is introduced. The BPR is shortly the 
product of the plastic overstrength i.e. the ratio of the local 
and the global load parameters, and an expression describing 
the involvement of the brace in limiting the lateral 
displacements by the use of the plastic work of the braces and 
the columns. 

 ,,

, , ,

pl brloc i
i

glob i pl br pl col

W
BPR

W W
λ
λ τ

= ⋅
+ ⋅

 (12) 

where Wpl,br is the plastic work of the braces and Wpl,col is the 
work in the column cross sections in local plastic mechanism. 
To take into consideration that columns with two continuous 
ends or with one or two pinned ends do not limit lateral 
displacement the same way, the plastic work of columns is 
multiplied by τ parameter. This parameter is 1.0 for 
continuous columns, 0.6 for one-pinned-end columns. The 
BPR has to be determined for every floor independently. To 
obtain a distributed dissipative behaviour in which every floor 
participates, a uniformity condition is imposed to the BPR 
similarly to the Eurocode requirement for storey overstrength 
factors. The maximum and the minimum BPR has to be in a 
10 % range. 

4.2 Performance of redesigned structures 
In Table 3 the modifications to the previously introduced 

designs are presented. The changed brace or column cross 
sections are highlighted and also the storey overstrength 
factor, the plastic load parameters of the RSBD method and 
the BPR results are listed. 

In Figure 11 the maximum interstorey drift ratio diagram of 
the redesigned 6-storey CBF is presented. Figure 12 depicts 
the same bar chart as Figure 9, but for the redesigned 
buildings. 

Comparing Table 1 and 3 we can see that as a result of the 
RSBD redesign method the columns that are connected to the 
braces had to be significantly reinforced. This need is not 
realized in the Eurocode design as the analysis of the perfect 
structure does not yield significant bending of the columns, 
therefore by Eq. (3) the required resistance is underestimated. 
In Table 3 we can also see that due to the reinforcement of 
certain braces Eq. (2) is not respected anymore. Nevertheless 
Figure 11 depicts a favourable narrow manifold for CBF-6 
and Figure 12 shows that the behaviour is similar for all the 
redesigned buildings. Comparing Figure 12 to Figure 9 we 
can see that the minimum drift grows while the maximum 
significantly decreases in the redesigned buildings. 
Consequently the RSBD redesign method provides CBF-s that 
exhibit a lot more distributed dissipative behaviour in a 
seismic design situation than the ones designed respecting 
Eurocode 8 provisions. Moreover by decreasing the maximum 
drift the RSBD method decreases the damages also and 
provides a more resistant structure that may lead to a larger 
allowable q factor. 
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ABSTRACT: In addition to the well-planned loads during life-cycle in usual structures, buildings such as shelters, puplic 
buildings and nuclear power plants must withstand also accidental loading. For the design of structures considering safety and 
economical aspects at the same time, it is necessary to consider the positive characteristics of the influence of high strain rates 
for the component behavior.  
For reinforced concrete structures, the bond between steel and concrete takes on a key role. In the case of dynamic loading, it 
isn´t suffice to assess the materials and their interaction on the basis of their static behavior. While it is well known, that 
materials can show an increasement of strength under high strain rates, the dynamic behavior can lead as much to wanted as to 
unfavorable effects for a reinforced concrete structure. For the design of concrete structures subjected to blast and impact, the 
bond behavior is particular important for the anchorage and overlapping joint of the reinforcement, where rigid bond is required 
to obtain short bond length. On the other hand, for the activation of load reserves with the formation of plastic hinges a ductile 
bond behavior is preferable.  
To understand the complex phenomena in this area, there is still considerable need for research. At the University of the 
Bundeswehr Munich a research project on bond behavior under high loading rates is currently performed. Preliminary tests have 
been performed on a Split-Hopkinson-Bar in collaboration with the Ernst-Mach-Institute in Efringen-Kirchen. 

KEY WORDS: Bond Model; Dynamic Increase Faktor (DIF) 

1 BOND BEHAVIOR IN REINFORCED CONCRETE 

1.1 Bond behavior under static conditions 

In [11] the assumptions for bond in structural design have 
been presented and the main mechanisms for the bond 
between steel and concrete under static conditions have been 
identified. 

To describe the bond behavior, the relative displacement 
(slip) between steel and concrete due to the transfer of forces 
is set into relation to the bond stress. Thereby the transferred 
force is assumed to be constant on the circumference of the 
bar. The different bond and failure mechanisms is shown in 
the bond-slip-diagramm (Figure 1). 

 

 
Figure 1. Idealized bond-slip-relationship. 

 

1.2 Bond behavior under high loading rates 

In contrary to static bond behavior only limited research has 
been done about bond behavior under high loading rates. Even 
though the methods used by researchers  are different, a 
tendency of increasing bond strength and stiffness with 
increasing loading rate for deformed bars has been realized. 
Results obtained from literature have been evaluated. Partially 
the used specimens showed a wide scatter of concrete 
strength. To determine the dynamic increase for bond 
strength, similar bond conditions have been assumed within a 
test series and a static reference bond strength for each 
specimen has been calculated with the formulas given in MC 
2010: 

Pull-out: 5.0)( cmu fA ⋅=τ    (1) 

Splitting: 25.0)25( cmu fA ⋅=τ   (2) 

     A:  coefficient for bond condition 
 
Figure 6 shows the DIF for the ultimate bond strength 

obtained from tests conducted by different researchers. Under 
static conditions a coefficient of variation about 20 % for 
bond strength can be assumed [21]. With increasing loading 
rate also the variation of test-results increases. 

First Tests on bond under high loading rates have been 
performed by Hansen/Liepins, 1962 [4] and Shah/Hansen, 
1963 [13] with a large capacity dynamic loading machine. 
The dynamic ultimate bond strength for bond stress rates 

Bond of steel and concrete under high loading rates 

M. Michal1, M. Keuser1 

1University of the Bundeswehr Munich, Institute of Structural Engineering D-85577 Neubiberg, Germany  
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within the range of 1.5 to 4.6 N/mm²⋅s-1 has been about 1.1 to 
1.7 times the static ultimate bond strength. The increase of 
bond strength for the lower strength concrete was higher 
compared to the higher strength concrete. Furthermore 
Shah/Hansen assumed an influence of bar diameter on 
increase of ultimate bond strength. In tests with hooked bars 
and longer embedment lengths steel fracture occurred. Under 
this circumstances the increase of steel strength was the 
decisive parameter for the loading capacity. 

 
Figure 2. Test Results Shah/Hansen [13] 

 
The tests conducted by Paschen/Steinert/Horth in 1974 [12] 

with an electrohydraulic loading system with load control also 
showed an increase of bond strength for deformed bars with 
increasing loading rate. Results for deformed bars with 
different bond lengths, confined and unconfined specimens 
are shown in Figure 3. The bond-behavior of plain steel was 
not influenced by loading rate. For deformed bars the main 
mechanism of bond is based on the ribs of the steel bracing 
concrete consoles in the concrete surrounding the steel. Thus 
according to Paschen/Steinert/Horth  the increasement of bond 
strength can be attributed directly to the increasement of 
concrete strength. For a load duration longer than tD = 60 s the 
bond strength is decreasing. For static as well as for dynamic 
loading the measured transfer length of the bar was limited to 
lb = 15⋅ds. The ultimate bond strength for specimens built with 
confining reinforcement to prevent splitting was higher 
compared to the unconfined specimens, however the dynamic 
increase has been lower. 

 

  
Figure 3. Test Results Paschen/Steiner/Hjorth [12] 

Vos/Reinhardt [16] used a specimen, glued between the 
input and output bar of a vertical split-hopkinson-bar for their 
tests in 1980. Different concrete strengths (fc,cube = 23, 45, 55 
N/mm²), plain bars, deformed bars and strands of one 
diameter and with an embedment length of 3⋅ds = 30 mm have 
been used. Vos/Reinhardt confirmed the increasement of bond 
strength for deformed bars and the negligible influence on 
plain bars for high loading rates. The increase of bond 
resistance was higher for low concrete strength than for high 
concrete strength. In Figure 4 test results for the dynamic 
increase of bond stress is given for different values of the slip. 
With increasing slip the dependence of loading rate is 
decreasing. 

 

 
Figure 4. Test Results Vos/Reinhardt [16] 

 
Takeda carried out pull-out tests with three kinds loading 

rates on reinforcement in concrete prisms [15]. A more 
concentrated bond stress distribution has been observed for 
deformed bars under high loading rates (Figure 5). 

 

 
Figure 5. Bond stress distribution for deformed and plain 

reinforcement bars [15] 

 
Small-scale models of reinforced concrete anchorage-bond 

specimens were subjected to large cyclic displacements at two 
rates by Chung/Shah [2] in 1987. The reinforcing bars have 
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been provided with strain gages. For higher rate of loading 
they observed an increasing ultimate load capacity but greater 
damage and fewer and more localized cracks compared to 
slower rate of loading. While in tests of anchorage-bond 
specimens flexural cracks were widely distributed for slow 
rate, damage was due to a single wide crack for higher rate 
loading. 

In the experiments by Yan/Mindess [20] in 1991 pull-out 
and push-in specimens with two different compressive 
strengths of concrete, two different fibres (polypropylene and 
steel), different fibre contents (0.1%, 0.5 %, 1.0%) and three 
different types of loading (static, dynamic and impact loading) 
have been tested. An increase of bond strength and bond 
fracture energy for increasing loading rates, concrete strengths 
and fiber contents has been noted. The mentioned factors also 
influenced the bond stress distribution and crack development 
in concrete. 

Weathersby [17] conducted pull-out tests with quasi-static, 
dynamic and impact loading in 2003. He investigated the 
influence of confinement, bar deformation and bar diameter 
on the bond slip. He used plain and deformed bars for his 
tests. For impact loading he obtained a dynamic increase of 
ultimate bond strength about 2.0 times the static strength. 

Confined and unconfined specimens with a diameter of 100 
mm and bars with ds = 20 mm have been tested on a split 
hopkinson bar by Solomos/Berra [14] 2010. They varied 
concrete strength (C25/30, C50/60) and embedment length (lb 
= 100 mm, 200 mm). While bond strength increased for 
C50/60 under high rate loading, the increase has been higher 
for the C25/30 specimens. The increase of ultimate bond 
strength for doubling the embedment length under dynamic 
loading was lower compared to the increase under static 
loading. 

1.3 Parameter of bond behavior under high loading 
conditions 

The same parameter, influencing the static bond conditions, 
are valid for bond behavior under high loading rates: 

• Concrete compressive and tensile strength 
• Position of the reinforcement in relation to the placing 

of concrete 
• Concrete cover and confinement 
• Transverse reinforcement 
• Diameter of the bar and geometry of the ribs 
• Stress condition in the surrounding of the bar 
• Stress condition in the bar 
• Cracks longitudinal to the bar 
• Steel fibres 
The parameter influencing the increase of dynamic bond 

strength as compared to static behavior are: 
• Concrete compressive strength 

With increasing concrete compressive strength a 
decreasing rate dependence of bond strength has been 
observed [13][14][16]. 

• Diameter of the bar and geometry of the ribs 
While Weathersby [17] obtained an increase of 
dynamic bond strength for plain bars, in the majority of 
the reviewed research there seems to be no significant 
influence of loading rate for plain bars 
[12][14][16][19], the bond resistance of deformed bars  

increases with higher loading rates. In Shah/Hansen 
[13] an inverse relation of the increase in the ultimate 
bond strength under dynamic loads with the diameter of 
the bar is reported. 

• Bond length 
In tests with long bond length steel fracture has been 
the main failure mechanism [4]. The stress distribution 
under dynamic loading is more concentrated 
[2][14][15][17][19]. With increasing bond length, the 
rate dependence decreases [14]. Structures failing in a 
ductile manner under static loading can fail in a brittle 
way by localized cracks due to concentrated transfer of 
bond stress for faster rate loading [2]. 

• Failure Type (Splitting, Pull-out) 
No increase in bond strength has been observed by 
Hansen/Liepins [4] when splitting was involved. In 
contrast other tests showed increased ultimate loads 
under dynamic loading for confined specimens failing 
by pull-out but a higher dynamic increase for 
unconfined specimens failing by splitting [12][14]. 

• Load Duration 
Only for a short loading duration the increase of bond 
strength results in higher load bearing capacity. With 
increasing load duration the bond strength decreases 
[12]. 

2 BOND MODEL 

2.1 Discretisation methods 

The required discretization of bond behavior depends on the 
purpose of a numerical simulation. Keuser [3496] defines four 
levels of discretization for modeling the bond behavior: 

Level 1: Modeling the bars with 2D- or 3D-elements and 
accurate or idealized rib geometry. For contact between steel 
and concrete, adhesion, friction and a loss of contact should 
be considered. 

Level 2: Modeling the bars with 2D- or 3D-elements and a 
flat surface. In addition to the mechanisms in level 1 also the 
mechanical interlock has to be described in a nonlinear bond-
slip-relationship. 

Level 3: Modeling the reinforcement with one-dimensional 
elements. Because only longitudinal and no transverse 
extension can be calculated, effects of lateral pressure to the 
bond behavior have to be included in the bond model.  

Level 4: Modeling the reinforcement with a smeared or 
distributed model. In this level steel and bond are not modeled 
directly and have to be considered in a constitutive relation for 
a composite steel/concrete material. 

It can be seen, that with increasing level more influences on 
bond behavior have to be included in the used bond model. 
On the other hand one has to assess the influence of bond for 
the structural behavior to choose a convenient model with an 
adequate accurateness for the numerical simulation. In 
phenomenological modeling bond elements with zero 
thickness or with a defined thickness for the effective bond-
area are applied [6], [7], [8]. With the bond stress-slip 
relationship implemented in these elements pull-out of the 
bars can be described. For splitting failure a realistic 
constitutive model for the concrete surrounding the bar is 
required. 
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2.2 Influence of loading rates 

Dynamic material properties often are formulated as a strain-
rate ε̇ dependent function. Because bond stress transfer is 
always connected to a relative displacement the dynamic bond 
behavior can´t be expressed in a direct relationship to the 
strain rate. Different ways to describe the influence of loading 
rates on bond behavior exists. 

Vos/Reinhardt [16] formulated a bond-stress-rate τ ̇ 
dependent mathematical description for a range of the slip 
from 0 < s < 0.2 mm and relative rib area 0.065 < fR < 0.1 of 
the bar. 
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Greulich [3] developed the bond model GReCon for 
reinforced concrete under high dynamic loads. He assumes a 
direct relationship between the increasement of bond strength 
and concrete strength for high strain rates. He proposes a 
hyperbolic function to describe the dynamic bond behavior. 
The dimensionless strain rate  ε̇* refers to a reference strain 

rate  ε̇0 = 1.0 s-1. 

 ( ) ( )( )[ ] 29,211
29,2
58,34,00,2log(tanh ** ⋅

⎭
⎬
⎫

⎩
⎨
⎧

+⎥⎦

⎤
⎢⎣

⎡ −⋅⋅−= εε &&DIF    (5) 

Wensauer [17] gives the increase for the ultimate bond 
strength based on a formula developed by Hartmann [5] for 
the increase of concrete compressive strength. 
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Figure 6. DIF for ultimate bond strength 

Figure 6 shows the different approaches with the 
experimental results found in Literature.  

3 DIFFERENTIAL EQUATION 

3.1 Differential Equation 

In [9] Martin shows the differential equation for bond between 
steel and concrete under the assumption of elastic behavior. 

 
Figure 7. Differential element 

A change of relative displacement between steel and 
concrete is equivalent to the difference of their respective 
strains. 
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With n = Es/Ec and μ = As/Act the following equation can be 
developed:  
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A change of tensile force in a circular bar equals:  
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b

s
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σ 4

=    (9) 

With equation  (9) and by differentiating equation (8) one 
gets the differential equation for bond-slip: 
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3.2 Numerical approach 

The solution of the differential equation has been 
approximated with Runge-Kutta method. In this paper the 
bond stress-slip relationship given in MC2010 with equation 
(3) to consider the influence of loading rate has been applied. 

In 1.2 and 1.3 an overview of research about bond under 
high loading rates and the assumed parameter of rate influence 
on bond behavior are given. From Experiments a more 
concentrated force transfer length and brittle failure in  
anchorages or plastic hinges is reported. The numerical model 
shows due to the increased bond strength also the reduced 
length for dynamic loading (Figure 8). This effect is also 
known for high strength concrete where not only the bond 
behavior but also the failure mechanisms are different. 
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Figure 8. Transfer length for static and impact loading 

Figure 9 shows the influence of the diameter and the 
embedment length of the reinforcement bar. The increase of 
each of these two parameters leads to an decrease of the DIF. 
This effect is due to the slip dependence of the used formula 
by Vos/Reinhardt.  

 
Figure 9. Decrease of DIF with increasing bar diameter and 

embedment length 

By using the differential equation for elastic behavior 
shown in 3.1 combined with the DIF-formula valid for a range 
of slip up to 0.2 mm developed by Vos/Reinhard it is possible 
to show some of the in experiments observed effects. To 
simulate also anchorage and plastic hinges in an ultimate limit 
state it is important to include also the non-elastic range with 
post-yield behavior of steel. 

3.3 Diskussion 

According to Bigaj [1] the stress-slip relationship in MC90 
underestimates the bond stiffness in the range of increasing 
bond stress with increasing slip, but overestimates the bond 
stress in the post-yield range compared to results obtained in 
her experiments. Different confinement and bond conditions 
can explain this differences. She also notes, that the change in 
the bond stress-slip relation due to the yielding of steel have to 
be considered and an extrapolation of empirical relations 
based on NSC to HSC may lead to incorrect results. 

With the approach shown in 3.2 it is possible to apply a 
bond-slip relation for high loading rates on longer embedment 
lengths. The observed influence of bond length in experiments 
also occurred in the numerical approach. The relationship 
given by Vos/Reinhardt [16] is suitable for application with 

small deformations. Structures exposed to explosive or impact 
loading can fail in a brittle manner due to increased bond 
strength and localizing cracks. To describe this effect it is 
important to consider the influence due to yielding of steel as 
well as loading rate on ultimate bond stress and the post yield 
range. 

4 EXPERIMENTS 
To validate the bond-model tests will be performed in 
collaboration of the University of the Bundeswehr and the 
Fraunhofer Ernst-Mach-Institute. The concept of the 
preliminary tests has already been described in [11]. A 
configuration based on the principle of an indirect tensile 
loading induced by a Split-Hopkinson-Bar device has been 
used (Figure 10). 

 
Figure 10. Schematic Test Configuration SHB 

The configuration is basically suitable for very short bond 
length, but its limited by the possible dimensions of the test 
specimen and the tensile strength of the concrete. 

5 CONCLUSIONS 
The incteraction of steel and concrete is essential for the 
design of concrete structures. The increase of bond strength 
can lead to different behavior of reinforced concrete structures 
compared to static behavior. 

The requirement on a bond model depends on the choosen 
discretization level. To simulate dynamic behavior of 
structures including bond behavior in the ultimate limit state 
the influence of concrete strength and slip with a range up to 
the post-yield of steel is necessary. 
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ABSTRACT: Civil buildings are not specifically designed to support blast loads, but it is important to take into account these 
potential scenarios because of their catastrophic effects, on persons and structures. A practical way to consider explosions on 
reinforced concrete structures is necessary. With this objective we propose a methodology to evaluate blast loads on large 
concrete buildings, using LS-DYNA code for calculation, with Lagrangian finite elements and explicit time integration. The 
methodology has three steps. First, individual structural elements of the building like columns and slabs are studied, using 
continuum 3D elements models subjected to blast loads. In these models reinforced concrete is represented with high precision, 
using advanced material models such as CSCM_CONCRETE model, and segregated rebars constrained within the continuum 
mesh. Regrettably this approach cannot be used for large structures because of its excessive computational cost. Second, models 
based on structural elements are developed, using shells and beam elements. In these models concrete is represented using 
CONCRETE_EC2 model and segregated rebars with offset formulation, being calibrated with continuum elements models from 
step one to obtain the same structural response: displacement, velocity, acceleration, damage and erosion. Third, models based 
on structural elements are used to develop large models of complete buildings. They are used to study the global response of 
buildings subjected to blast loads and progressive collapse. 
This article carries out different techniques needed to calibrate properly the models based on structural elements, using shells 
and beam elements, in order to provide results of sufficient accuracy that can be used with moderate computational cost. 

KEY WORDS: Blast; Reinforced Concrete; Waffle Slab; Shells; Beams; Frame-type Building, Progressive Collapse. 

1 INTRODUCTION 
In recent years a number of civil buildings have been subject 
to explosive loads, caused by accidental events or terrorist 
attacks. In the design of these buildings, usually made of 
reinforced concrete (RC), these actions had not been taken 
into account. This underlines the importance of analyzing the 
vulnerabilities of such buildings, enabling also to check 
possible design improvements. Such evaluations may be 
carried out with the help of advanced computational 
procedures of the nonlinear dynamic phenomena involved. 

Some examples of catastrophic explosive events on 
buildings are mentioned following. The terrorist attack in 
Oklahoma City USA [1] on the Alfred P. Murrah Federal 
Building in April 19 1995 claimed 168 lives and injured more 
than 680 people. Some 2300 kilograms of ANFO explosive 
were used, destroying or damaging 324 buildings within a 
sixteen-block radius. The building suffered enormous damage 
although it didn’t collapse. 

The AMIA (Argentine Israelite Mutual Association) 
building in Buenos Aires was attacked in July 18, 1994 [2], 85 
people were killed and hundreds were injured. 275 kilograms 
of ammonium nitrate fertilizer and fuel oil explosive mixture 
were used in this attack. The blast totally destroyed the 
exposed load-bearing walls and led to progressive failure of 
the floor slabs and collapse of the building. 

One of the parking buildings of Terminal 4 in Madrid 
Airport in Spain was attacked in December 30, killing two and 
injuring 52 people; 500 to 800 kilograms of an unknown kind 
of explosive, probably a mix of ammonium nitrate and 

hexogen caused the explosion that produced collapse of 
almost all five floors [3]. 

One explosion causing collapse of the structure happened in 
Astrakhan, Russia, in February 2012. An accidental gas 
explosion occurred inside an apartment in the fourth floor of a 
ten floors building. The ten floors collapsed causing ten dead 
and twelve injured. 

In the last years the interest to analyze blast loads in civil 
buildings has increased. Luccioni et al [2] [4] (2003, 2004) 
studied the terrorist attack against the AMIA in 1994. They 
used explicit dynamic analysis with fluid-structure interaction 
in AUTODYN [5], through a homogenized material model, 
and estimated structural damages and progressive collapse. 
Another example is the work of Krauthammer [6] (2007) that 
studied the progressive collapse in a complete building using  
ABAQUS/Explicit [7] code.  

In this work, we develop a strategy and models for 
numerical simulation of buildings subject to blast loads. These 
scenarios are of very short duration, produce highly nonlinear 
actions often with local failure of elements, and require the 
consideration of wave propagation effects. The computational 
techniques best suited are the explicit dynamic codes, such as 
LS-DYNA [8] used in this work. LS-DYNA uses a 
Lagrangian finite element mesh with explicit time integration, 
which can be used to model complete RC buildings and their 
progressive collapse [9]. 

It is possible to perform detailed local analyses of selected 
elements or parts of a building. These models typically use a 
Lagrangian mesh with non-linear continuum elements for the 
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concrete and non-linear beam elements for segregated 
representation of steel reinforcement constrained within the 
concrete. Such detailed models are not feasible for a full 
building analysis and its progressive collapse due to 
computational cost and other practical considerations. For 
simulation of the progressive collapse of a full building a 
different approach is required. In this work we propose to use 
structural elements (shells and beams) for concrete and 
segregated reinforcement, adequately calibrated with detailed 
local continuum models of selected structural elements, 
ensuring equivalent structural behavior. 

In the remaining of this paper first in section 2 the main 
characteristics of the continuum 3D elements models are 
described. In section 3 structural models, using shells and 
beams, are developed and calibrated with the previous 
continuum 3D models. In section 4 a model for a full building 
with structural elements is shown, analyzed for the action of 
blast load and progressive collapse. Finally, some final 
remarks are summarized in section 5. 

2 FINITE ELEMENT METHODS FOR BLAST LOADS 
IN RC STRUCTURES 

These models represent highly nonlinear dynamic scenarios 
and require key features in order to provide realistic 
simulations. It is necessary represent properly the non-linear 
behavior of reinforced concrete, the blast wave in the air, the 
wave transmission through columns and slabs, the stress 
redistribution when any element fails and the process of 
progressive collapse of the complete building. 

2.1 Finite elements 

A Lagrangian finite element mesh with explicit time 
integration is used for the RC structure, within LS-DYNA 
code. The explosion acts in a range of time between 0.01 and 
0.1 ms with high values of applied pressure. A large number 
of elements in 3D are needed to simulate a complete building. 
For short times and large 3D applications explicit methods are 
efficient due to the uncoupled algorithms in which it is not 
necessary to assemble global matrices for simultaneous 
equation systems [10]. The Courant condition for stability of 
explicit integration limits the time step, but this is not a 
problem in rapid dynamic blast action [11]. However our 
application considers also the progressive collapse, which 
takes seconds to develop. The only way to bring down the 
computational cost is to reduce the detail and the number of 
elements in the model. 

2.2 Concrete models 

The CSCM concrete material model [12] for 3D continuum 
elements can capture the nonlinear behavior of concrete: 
inelastic response with different behavior in tension and 
compression, plastic deformation with softening in 
compression, damage due to smeared cracking in tension and 
strain rate effects. The LS-DYNA CSCM concrete model has 
the following properties: 
• Used only for continuum 3D type elements. 
• Different behavior in tension and compression.  
• Three failure or yield surfaces (TXE Tensile, TOR Shear, 

TXC Compressive). 

• Softening in compression with regularisation to achieve 
mesh objectivity. 

• Damage in tension. 
• Strain rate effects. 
• Erosion. 
   The minimum definition of the model can be achieved by 4 
parameters: mass density, unconfined compression strength, 
maximum aggregate size and erosion coefficient (elements 
erode when damage exceeds 0.99 and the maximum principal 
strain exceeds a given value). The rest of parameters are 
automatically calculated by the model for ordinary concrete. 

Figure 1 shows the response of CSCM material model in 
uniaxial deformation. 
 

 
Figure 1. CSCM material for 30 MPa concrete, subject to 

unconfined uniaxial extension, with and without strain rate 
effect. 

An alternative RC model within LS-DYNA is the EC2 
concrete material model, which is applicable for shells and 
beam elements and also can represent concrete with different 
behavior in tension and compression, plastic deformation with 
softening in compression and damage due to cracking in 
tension. 

The EC2 concrete model [13] has the following properties: 
• Used only in shells and beam type elements. 
• Softening in compression. 
• Damage in tension. 
• Different behavior in tension and compression.  
• Erosion with MAT_ADD_EROSION formulation. 
• No strain rate effects. 
• Distributed steel reinforcement can be included in 

material homogeneously. 
Figure 2 shows the response of EC2 material model in 

uniaxial tension and compression. 
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Figure 2. EC2 material for 30 MPa concrete, subject to 

uniaxial extension, without reinforcement  and with 1% of 
homogeneous reinforcement.  

2.3 Steel model and steel-concrete bond 

The rebars for RC are modeled with a linear piecewise 
plasticity model. Its behavior is shown in figure 3. 

 
Figure 3. Stress-strain diagram for linear piecewise plasticity 

model for 500 MPa steel rebar. 

Two options are available to model the steel-concrete bond. 
The first one is merge common nodes between steel and 
concrete elements. The second option is to embed the rebars 
within the continuum with full kinematic compatibility using 
the CONSTRAINED_LAGRANGE_IN_SOLID [14] option 
implemented in LS-DYNA. 

This option has an important advantage, as no coincident 
nodes of concrete and steel are needed. This implies that the 
size of concrete continuum elements are not limited by the 
rebar geometry and position, which leads to reduced 
computational cost. 

Figure 4 shows the mesh of a validation example in order to 
check the constrained Lagrange in solid formulation. The 
rebar is modeled with beam elements and concrete is modeled 
with continuum elements. The model is tensioned and the 
forces applied in each material are calculated. Both materials 
deform together until the concrete fails and the full load is 
transferred to the steel. With this method the adherence 
between concrete and rebars is not taken into account, which 
is a limitation of the model. 

 
Figure 4. Constrained Lagrange in solid validation.  

2.4 Blast 

The last major ingredient needed in the model is the blast 
action. Its load is defined with a pressure law that depends on 
time and position for each quantity of explosive.  

Several approaches may be used to apply the pressures 
generated by the explosion to the structure. The first method is 
to use an empirical analytical formulation such as the 
CONWEP formulation of TM-855-1 [15]. A second 
procedure is to use fluid-structure coupled methods with 
simulation in of the blast wave in the air by CFD models [16]. 
Finally, a third method is to use a mixed methodology 
CONWEP-CFD [17]. 

The second and the third methods defined above require 
very large computational cost for realistic models of 
buildings. For practical reasons in this work we use the load 
blast enhanced LS-DYNA formulation [13] which 
implements the CONWEP models [18]. 

 

 
Figure 5. Pressure vs time curve for blast wave in air. 

2.5 Continuum 3D elements models 

The material models described above may be used within 3D 
finite element continuum models. Unfortunately, due to 
excessive computational cost, it is not feasible to simulate 
complete buildings with these detailed models. However, 
local models for parts such as columns, slabs or beams may be 
analyzed in detail. 

A representative model for a column is chosen first. The 
material is 40 MPa concrete, with twelve longitudinal steel 
bars of 20 mm diameter and transverse reinforcement of 
8 mm, steel B500S in all cases. The column is 3.15 m length 
and 45 45 cm section. Figure 6 shows the mesh for concrete 
(CSCM model) and reinforcement. The constrained Lagrange 
in solid formulation is used for the bond. The effects of blast 
load on this column are presented in the next section. 
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Figure 9. Waffle slab comparison between models with 
continuum elements and structural elements. Deformed 

models, displacement and velocity time-histories. 

Table 1 shows the computational time employed for the 
dynamic analysis of the waffle-slab model in both cases. As 
expected, the computational cost is reduced drastically. 

Table 1. Comparison of computer time for slab models using a  
12CPU Xeon-X565 computer. 

 Number of 
elements 

Calculation 
time 

 

Continuum 
element model 

180000 bricks and 
29000 beams 

2 h 50 min  

Structural 
element model 

728 shells and 
916 beams 

55 s  

4 BULDINGS UNDER BLAST AND PROGRESSIVE 
COLLAPSE 

The structural models using beams and shells as described in 
the previous section have been used to develop a model of a 
5-story frame-type car-park building. The floor area is 
32 32 m with a height of 3.15 m per story. An explosive 
charge of 800 kg TNT is located in the first block from front 
and left, 2 m in both horizontal directions from the inside 
column and 1 m above the first floor. 

The simulation of the progressive collapse requires two 
important additional features: the gravity load and the impact 
between floors in the falling process. Gravity is taken into 
account by the self-weight of each element. It is important to 
remark that the physical time for simulation is several orders 
of magnitude greater than the time taken by the blast load and 
damage process itself. Contact is considered using the 
automatic general contact formulation [13] in LS_DYNA. The 
increased simulation time as well as the computation of 
contacts needs likewise larger computational resources. 
However, these costs are feasible for a structural element 
model such as proposed here. 

Figure 10 shows a sequence of collapse for the complete 
building model. First the blast load produces deformations, 
failures and erosion in elements near the explosive charge; 
following the gravity causes the elements which are no longer 
supported to fall; then several elements are dragged by the 
falling parts and impact with other parts below, causing 
approximately a quarter of the building to collapse. 

 
Figure 10. Building collapse. Time of blast initiation: 0.02 s. 

Deformed model at 0 s, 0.5 s, 1. 5 s, 3.5 s and 4.5 s. 
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Some limitations must be acknowledged for the above 
models. These do not consider properly the blast pressure in a 
subsequent floor when a previous floor is damaged and the 
blast wave passes through it. The blast energy loss in the 
process of slab rupture is not simple to evaluate. This could be 
computed with a Lagrangian-Eulerian (ALE) mesh for blast 
propagation in the air. In this example the blast load has been 
applied in the third floor ignoring the second floor, but an 
ALE model could evaluate more precisely this pressure load, 
at the expense of a huge computational cost. Another problem 
is that some parts of the concrete slabs become projectiles and 
impact on the structure. The erosion in the shells elements 
needed to simulate the damage in the structure produces fewer 
projectiles than in reality. 

5 CONCLUSIONS 
We present a strategy for modeling blast scenarios based on 

structural elements, using available material models for 
structural elements and techniques to include the 
reinforcement in a realistic way. These models are calibrated 
against full three-dimensional models and shown to be 
accurate enough. At the same time they provide the basis for 
realistic simulation of explosion and progressive collapse in 
full-scale buildings. The following concluding remarks may 
be summarized: 
• Structural elements are needed for practical simulation 

models for complete RC buildings, with reasonable 
computational costs. 

• Structural elements models must be calibrated against full 
3D models to accurate enough models. 

• The structural elements models provide an approximate 
global solution; for detailed local analyses of structural 
parts 3D continuum elements models may be used. 

• This strategy can be used to evaluate damage in structures 
caused by blast loads and to test design improvements on 
future buildings. 

• The effects of progressive collapse can be estimated in 
order to obtain safe designs. 
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ABSTRACT: The purpose of our study consists in the research of new ways of designing reinforced concrete structures 
submitted to commercial aircraft impact. We will particularly focus on the shaking resulting from such load case. The cutoff 
frequency for this type of loading is typically within the 40 to 100   range, which would be refered to as the medium 
frequency range [1]. 
The determination of the shaking induced by an aircraft impact on an industrial structure requires dynamic simulation. The 
response, especially during the transient stage, cannot be completely described using classical finite element method associated 
with explicit numerical schemes. Indeed, the medium frequency range is often ignored unless the calculation is carried out with 
a very refined mesh and consequently, a refined time discretization. This could lead to prohibitive computation times. 
The linear behaviour is not questioned outside the impact area, however, the non-linearity of the portion of the impacted 
structure can have a significant influence. The method consists in an initial FFT (Fast Fourier Transform) of the signal loading. 
The VTCR then ensures an efficient calculation of the response of the structure. The obtained signals are then processed by 
inverse FFT (IFFT) to reconstruct a time signal and a response spectrum. A new multiscale computational strategy, the 
Variational Theory of Complex Rays [2], is developed for the analysis of the vibration of structures in the medium frequency 
regime. Using two-scale shape functions which satisfy the dynamic equation and the constituve relation within each 
substructure, the VTCR can be viewed as a mean of expressing the power balance at the different interfaces between 
substructures in a variational form. The solution is searched as a combination of propagative and evanescent waves. Only the 
amplitude of these waves, which are slowly varying quantities of the solution, is discretized. This leads to a numerical model 
with few degrees of freedom in comparison with a Finite Element model. 
The aim is to develop a robust method to get mid-frequency spectra generated by an aircraft impact on a simplified structure. 

KEY WORDS: shaking, medium frequency, industrial structure, Variational Theory of Complex Rays (VTCR). 

1 INTRODUCTION 
The purpose of our study is to develop new ways for 
calculating the induced vibrations in reinforced concrete 
structures submitted to a commercial aircraft impact (see 
Figure 1). The cutoff frequency for this type of loading is 
typically within the 40 to 100 Hz range, which would be 
referred to as the medium frequency range [1]. 

Taking into account this type of problem and assuming that 
the structure is appropriately sized to withstand an aircraft 
impact, the vibrations induced by the shock bring about 
shaking of the structure. Then the generated waves travel 
along the containment building, as directly linked with the 
impact zone, but also in the inner part of the structure due to 
the connection with the containment building by the raft. The 
vibrations can therefore induce significant displacements and 
stresses at the level of equipment and thus the damage caused 
by bad dimensioning. Our strategy is inscribed in the context 
of the verification of inner equipment under this kind of 
shaking. In this type of load case, the impact is a bending 
problem. This phenomenon induces a non-linear localized 
area around the impact zone. This area is previously 
determined through a sensitivity analysis associated with a 
Taguchi experimental design. 

The calculation of the shaking induced by an aircraft impact 
on an industrial structure requires dynamic studies. The 

determination of the response by using classical finite element 
method associated with explicit numerical schemes requires 
significant calculation time, especially during the transient 
stage. This kind of calculation requires several load cases to 
be analyzed in order to consider a wide range of scenarios. 
Moreover, the medium frequency range has to be 
appropriately considered and therefore the mesh has to be 
very fine, resulting in a refined time discretization. 

 
Figure 1 : Nuclear power plant. 
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3.1 The reference problem for an assembly of n 
substructures. 

We consider the case of homogeneous Kirchhoff-Love’s thin 
shells which vibrate at a pulsation . The thickness is  and 
the density . Under the assumptions of Kirchhoff-Love, the 
out-of-plane displacement takes the following form: it is 
linear in  (thickness variable) and a perpendicular to the 
mean surface stay perpendicular to during the displacement. 
The displacement  of the average surface becomes: 

 
, ,    , ,

, , ,  (2) 

where  is the displacement of the average surface,  is the 
out of plane displacement and  the curvature tensor. The 
average surface of the shell is defined by two independent 
parameters  and . The position of a point on the medium 
surface is defined by the position vector ,  (see Figure 
5). 

 
Figure 5 : Geometry of a shell Ω . 

The vector  is defined by . The curves 

,  and ,  are the bending lines, 
and form a network of orthogonal lines [7]. The base 

, ,  is then orthogonal. The curvature tensor writes: 

 
0 0

0 0

0 0 0 , ,

 (3) 

And where  and  are the radii of curvature of the 
bending lines. 

Let  shells Ω , with a common border Γ. The actions of the 
environment are modeled on Ω  by imposing displacement on 

 and , rotations on , , line stresses on  and 
, and line momentum on . Figure 6 shows the 

actions of the environment between the field Ω  and Ω . 

 
Figure 6 : The reference problem. 

The reference problem to be solved is: 
find , , , ,  such that: 
• Kinematic equations 

 

on∂ Ω

on∂ Ω

, , on ∂ , Ω

   1 on Γ
      1 on Γ

on Γ
,    , on Γ

 (4) 

Where .  and .  
The stiffness and damping of the boundary associated with 

the subdomain Ω  and between the subdomains Ω  and Ω  ([8]) 
are chosen rigid to simplify our assumptions. 
• Equilibrium equations on Ω   

 

   on Ω

   on Ω
on∂ Ω

.   
,

on ∂ Ω

on∂ Ω

S       Ω
0

 (5) 

• Equilibrium equations on Γ   

 

1 on Γ
   1 on Γ

on Γ
on Γ

∑   0
∑   0

 (6) 

• Constitutive relations  

 

: on Ω

: on Ω
 (7) 

where 1  Hooke’s operator under plane 

stress assumption,  denote densities,  denote the structural 
damping coefficients and operators  and  are defined as: 
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Coupled underground blast simulation using a 2D axisymmetric Lagrangian
Finite Difference Time Domain solver with a Perfectly Matched Layer
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ABSTRACT: Blast induced soil vibrations can cause structural damage even at large distances from the source, causing the need
for accurate prediction methods. The occurrence of shock waves and the high strain rates and deformations call for the use of
hydrocodes in the proximity of an explosion. At larger distance, the use of a more cost effective linear elastic calculation tool is
preferred. A coupled numerical model is proposed, which combines a 2D axisymmetric Finite Difference Time Domain modelin
Autodyn with a frequency domain linear elastic method. The Autodyn model uses a coupled Eulerian-ALE-Lagrangian solver and is
truncated in the linear elastic hydrocode domain. Spuriousreflections are avoided by adding an unsplit field Perfectly Matched Layer
to the truncated hydrocode domain. The results at an interface in the linear elastic hydrocode domain are used to computeresults in
the far field, based on the dynamic reciprocity theorem and the Green’s functions of a layered elastic halfspace. The methodology
is validated against a linear elastic reference solution and applied to a small subsurface explosion in a non elastic soil. The blast
induced vibrations are determined at distances up to 200 m from the source and are compared to empirical reference results.

KEY WORDS: Soil wave propagation; underground blast; FDTD hydrocode; Perfectly Matched Layer; Dynamic reciprocity.

1 INTRODUCTION

Subsurface explosions cause vibrations that can have detrimen-
tal effects on structures, even at large distances. Accurate
prediction of the soil vibrations is needed to control these
effects.

Empirical models [1, 2] are frequently used for this purpose,
but only give rough approximations based on a limited number
of input parameters. Their accuracy depends on the statistical
analysis of large experimental data sets.

Analytical models deliver closed form solutions to the dif-
ferential equations of wave propagation, applying considerable
simplifications to the geometry of the problem, the material
model and the blast loading [3].

In view of these limitations, numerical modeling can provide
results with more detail for realistic configurations. A
hydrocode enables the simulation of highly non-linear events
in the immediate surroundings of an explosion. Hydrocodes
were originally developed for fluid dynamics applications,
but have since been adapted to handle material strength
and solid material models, enabling elasto-plastic and linear
analysis. Adapted computational methodologies, combining
different solver types, are used to calculate the shock wave
propagation and extremely high material deformations [4].
These methods are computationally expensive and material
models that cover the entire deformation range - from linear
elastic to hydrodynamic - can be very complicated.

Hydrocodes have been used extensively for determining near
field effects of soil blast loading. Fiserova [5] determines
the effects of buried mines on protective plating with Eulerian
Autodyn models, using a compaction model. Luccioni et al. [6]
use a similar approach to investigate cratering by buried charges.
Gu et al. [7] investigate crater formation in a layered soil using
an elasto-plastic soil model in a coupled Eulerian-Aleatory
Lagrangian Eulerian (ALE) setup. These models avoid the

shortcomings of the hydrocode, by limiting the extent of the
modeled domain. Spurious reflections caused by this truncation
do not affect the solution, since only short term and short range
effects are investigated.

Hydrocode modeling of far field effects of underground
blast mainly focuses on rocks, in the context of mining or
underground ammunition storage. Oversized models with
viscous absorbing boundary conditions (ABC) are used to
reduce the effects of spurious reflections. Wu and Hao [8]
study the ground motion characteristics due to a large rock
chamber blast and the effects on surface structures with 2D
and 3D coupled Eulerian-Lagrangian models in Autodyn. The
hydrocode models extend to over 100 m from the source.

Coupled methodologies are usually limited to an Eulerian-
Lagrangian coupling, where the explosive source is Eulerian
and the soil is Lagrangian. Large deformations near the blast
source lead to heavily distorted meshes and early termination of
computations. Lu et al. [9] use a three-phase soil model [10]
to determine blast induced far field effects on buried structures,
using a coupled Eulerian-Smoothed Particle Hydrodynamic-
Lagrangian model. The Smoothed Particle Hydrodynamics part
accounts for the largest deformations surrounding the Eulerian
blast source, ensuring the continued integrity of the Lagrangian
part. Similarly, Jayasinghe et al. [11] use a coupled Euler-ALE
model to determine the response of a foundation pile to blast
induced vibration. The ALE remapping compensates for the
large mesh deformations.

In this paper, a coupled numerical methodology is proposed
to obtain a prediction of far field blast induced vibrations in
a halfspace. Results in a bounded subdomain, surrounding
the explosive source, are obtained with the Autodyn 2D
axisymmetric hydrocode, using a coupled Eulerian-ALE-
Lagrangian model. This subdomain is obtained by truncating
the halfspace at sufficient distance from the blast source, where
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the response is linear elastic. To avoid truncation errors,an 2D
axisymmetric unsplit field PML for elastic media, as proposed
by Kucukcoban and Kallivokas [12], is integrated in Autodyn’s
Lagrangian FDTD code. The tractions and displacements on an
interface near the truncated edge are used to compute the elastic
far field response based on the dynamic reciprocity theorem and
the Green’s functions of an elastic halfspace [13]. The coupled
methodology is validated considering the case of a surface load
on a linear elastic halfspace in section 5 and is applied on an
underground explosion in a homogeneous non-linear soil. Using
this methodology, blast induced vibrations in the far field can
be calculated in a cost efficient manner, taking into accountthe
non-linear behavior of the soil near the explosive source.

2 COUPLED METHODOLOGY

In the surroundings of an underground explosion, the behavior
of the soil changes with growing distance from the explosive
source. The 3D semi-infinite problem domainΩ is bounded
by a free surfaceΓt and is divided into three subdomains
Ω1, Ω2 and Ω3 (figure 1). In the hydrodynamic subdomain
Ω1, immediately surrounding the explosive source S, extreme
soil deformations occur at high speeds and the soil strength
is exceeded: the soil behaves hydrodynamically. At a larger
distance from the source, pressure waves are attenuated, but
are still in the non-linear range: in the subdomainΩ2 the
soil behavior is elasto-plastic. With further attenuationof
the pressure waves, the elastic limit of the soil is no longer
exceeded: in the semi-infinite subdomainΩ3, the soil has a
linear elastic behavior. SubdomainsΩ1 andΩ2 are separated
by the interfaceΣ12, while interfaceΣ23 separates subdomains
Ω2 andΩ3.

The size and shape of subdomainsΩ1 and Ω2 depends on
the soil properties and the amplitude and depth of the blast
source. For an underground explosion, the released energy is
generally high enough to cause elasto-plastic soil deformations
in the vicinity of the source. The stress levels are not necessarily
high enough to cause hydrodynamic soil behavior. If the ratio of
the depth to the amplitude of the source is sufficiently small,
the subdomain interfacesΣ12 and Σ23 can intersect the free
surfaceΓt. The soil at the free surface is significantly deformed,
resulting in visible surface effects such as dome formation, soil
ejection or cratering.

The high deformations and strain rates of the soil in the
hydrodynamic domainΩ1 require the use of computational
methods and material models that can handle this non-linear
behavior. The wave propagation in domainΩ2 can be studied
using non-linear, elasto-plastic methods, while inΩ3, a linear
elastic solver is used.

The complex constitutive behavior inΩ requires a computa-
tionally expensive hydrocode, applied to a bounded subdomain
Ω. To avoid spurious reflections, an ABC is applied toΩ
in the linear elastic domainΩ3. Ω is then bounded by the

truncated free surfaceΓt and equalsΩ1 ∪Ω2 ∪Ω3
, whereΩ3

is the truncated part ofΩ3. In this work, a PML is used:ΩPML

is coupled toΩ at the interfaceΣPML and is bounded by the free
surfaceΓPML

t and the fixed boundaryΓPML
u (figure 2).

Results in the far field, for which a hydrocode computation
is not possible or cost-efficient, are obtained using a linear
elastic method. The halfspaceΩe is a linear elastic copy of

r

z

S
Ω1

Ω2

Ω3

Ω

Γt

Σ12

Σ23

Figure 1. The problem domainΩ = Ω1 ∪Ω2∪Ω3, bounded
by the free surfaceΓt, containing the source S and the
interfacesΣ12 andΣ23.

r

z

ΣPML

ΩPML

Γt ΓPML
t

ΓPML
u

Σie

S

Ω1

Ω2

Ω3

Ω

Figure 2. The truncated computational domain

Ω = Ω1∪Ω2∪Ω3
, bounded by the truncated free

surfaceΓt, containing the source S and the interfaceΣie,
coupled toΩPML in ΣPML.

r

z

Ωe

Γt

Σie

Figure 3. The linear elastic computational domainΩe, bounded
by the free surfaceΓt, containing the interfaceΣie.

Ω (figure 3). The tractions and displacements onΣie, obtained
from the calculation inΩ, are used to compute the response in
Ωe, based on the dynamic reciprocity theorem and the Green’s
functions of an elastic halfspace [13]. InΩ, Σie is situated within

Ω3
(figure 2). The linear elastic material model inΩe matches

the hydrocode material behavior inΩ3.

3 INTERIOR SUBDOMAIN SIMULATION

The explosion source and the wave propagation inΩ are
simulated with ANSYS Autodyn, which offers a set of solvers,
material models and functionalities that enable non-linear
dynamic calculations [14]. The structure of the hydrocode
model and the associated PML are explained.
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3.1 The hydrocode model

Ω is modeled in Autodyn, using a 2D axisymmetric Eulerian-
ALE-Lagrangian multi-solver model in the time domain. This
model is subdivided in coupled subgrids, each using one of these
solvers. Autodyn only uses quadrilateral meshing, imposing
important restrictions on the geometry and the coupling strategy
of the subgrids.

The explosive source S and its gaseous explosion products
are modeled using a multi-material first order Eulerian Finite
Volume solver. In this part, a fine mesh is needed to obtain
correct generation of the detonation wave. For small charges,
this has a big impact on the time step used in the entire
model. While the shape of the Euler part normally matches the
explosive’s shape, a spherical approximation can be adopted for
compactly shaped charges. This enables a simplification of the
structure of the model and has little effect on the far field results.

Ω is modeled using a combination of Finite Difference Time
Domain (FDTD) solvers: the soil near the explosive is modeled
using an ALE FDTD solver. The applied motion constraints
depend on the shape of the charge and the post-blast explosion
cavity. The ALE part should be as small as possible, to limit
the computational cost. Other ALE subgrids can be included
wherever large deformations are expected. The remaining
volume of the model is calculated with a Lagrangian FDTD
model.

The hydrocode methodology is illustrated in detail using the
application in section 6.

3.2 The Perfectly Matched Layer

Autodyn uses a 1D viscous ABC, which is supposed to absorb
linear elastic waves propagating perpendicularly towardsthe
boundary. Due to a bug in the software, only positive pressures
are absorbed. To meet the truncation requirements expressed in
section 2, the unsplit field 2D axisymmetric PML methodology
developed by Kucukcoban and Kallivokas [12] is integrated
in the Lagrangian computational cycle of Autodyn, using
customizable user-subroutines.

ΩPML

Ω

ΣPML ΓPML
u

LPMLs so st

Figure 4. ΩPML, coupled toΩ in ΣPML. A wave passes through
ΣPML, decays with distance and reflects onΓPML

u .

Consider the PML domainΩPML, coupled toΩ at ΣPML,
as shown in figure 2. Ifs is the coordinate in the direction
normal toΣPML, ΩPML extends froms= so to s= st (figure 4).
An outgoing wave passes throughΣPML without reflections and
decays with distance withinΩPML. The coordinates is replaced

by a stretched coordinate ˜s, defined as [15]:

s̃=
∫ s

0
λs(s)ds= so+

∫ st

so

λs(s)ds (1)

where λs(s) is a frequency dependent, continuous, non-zero
complex valued stretching function [15, 16]:

λs(s) = 1+ f e
s (s)− i

f p
s (s)
ω

, (2)

whereω is the circular frequency, and the functionsf e
s (s) and

f p
s (s) cause attenuation of evanescent and propagating waves.

Within Ω and onΣPML, the attenuation functions are zero. This
guarantees the continuity of the stretch functions across the
interface and the perfectly matching properties of the PML.
To obtain sufficient yet gradual attenuation within the PML,a
quadratic formulation is used forf p

s (s) [12]:

f p
s (s) =


3Cp

2LPML log

[
1
R

][
(s− s0)

LPML

]2

if s0 ≤ s< st

0 if 0 ≤ s< s0

(3)

whereCp is the dilatational wave propagation velocity andR is a
reflection coefficient, indicating the needed attenuation at ΓPML

u .
A similar formulation is used forf e

s (s), whereCp is replaced by
a characteristic lengthb of the domainΩPML (e.g. the cell size
or LPML).

In the 2D axisymmetric geometry proposed in section 3.1,
the stretch is applied to ther and z coordinate. The stretch
functions are introduced in the governing wave equations inthe
frequency domain of an axisymmetric linear elastic medium,as
shown in [12]. The constitutive equation of the linear elastic
medium is unaffected by the coordinate stretch. The stretched
wave equations are then transformed to the time domain by an
inverse Fourier transform and solved using a Lagrangian FDTD
scheme, based on the Autodyn code.

A known instability issue with this type of PML is expected
to cause some spurious reflections [17]. This instability can
be delayed by applying a gradual, real stretch toΩPML in
the direction of the stretched coordinates, without additional
computational cost and with equally perfectly matching
behavior of the PML. It can also be reduced by lowering
the reflection coefficientR. To compensate for the reduced
attenuation,ΓPML

u can be replaced by a viscous ABC [18], which
absorbs a large part of the remaining outgoing waves.

4 EXTERIOR SUBDOMAIN SIMULATION

The tractions̄tn and displacements̄u at Σie that result from the
calculation inΩ are imposed onΩe. The displacements inΩe

can then be related to the imposed tractions and displacements
by applying the dynamic reciprocity theorem [19, 20]. If body
forces are neglected andΩe is initially at rest, the introduction of
the Green’s functions of an elastic halfspace [13] in the dynamic
reciprocity equation yields the following integral representation:

ui(x′, t) =∫
Σie

[
uG

i j (x
′,x, t)tn

j (x, t)− tGn
i j (x′,x, t)u j(x, t)

]
dS (4)
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whereui(x′, t) is thei-th displacement component in any pointx′

in Ωe, uG
i j (x

′,x, t) andtGn
i j (x′,x, t) are the Green’s displacements

and tractions ofΩe and u j(x, t) and tn
j (x, t) are the j-th

component of the displacements and tractions in any pointx
on Σie, with outward normal vectorn. A Boundary Element
(BE) discretization of the integral equation atΣie, followed by
a forward Fourier transformation, allows the calculation of the
wave propagation inΩe:

û(ω) = Û(ω)t̂(ω)− T̂(ω)û(ω) (5)

where an underlined variable collects vectors at multiple
receivers or nodes.̂u(ω) contains the displacement components
at the receiver locations inΩe, û and t̂ contain the components
of the displacement and traction vectors applied on the
interpolation nodes ofΣie. Û(ω) andT̂(ω) are the displacement
and traction BE system matrices.

5 VALIDATION

The coupled methodology is validated using the case of a
concentrated surface load on a homogeneous linear elastic
halfspace. In that case,Ω = Ω3.

The material has a densityρ = 1800 kg/m3, a dilatational
wave velocity Cp = 300 m/s and a shear wave velocity
Cs = 150 m/s. The linear elastic material model in the FDTD
computation inΩ∪ΩPML has no hysteretic material damping.
In order to validate the functioning of the coupled methodology,
the material behavior inΩ beΩe should correspond as much as
possible. Therefore, the hysteretic material damping ratios in
Ωe, necessary for the computation of the Green’s functions, are
set to a very small value:Dp = Ds = 10−4.

A vertical transient point loadF(t) is applied onΓt at
r = 0, corresponding to a second order Ricker wavelet, with a
characteristic frequencyfc = 300 Hz and an offsetts = 0.01 s:

F(t) =
[
2[π(t − ts) fc]

2−1
]

e−[π(t−ts) fc]
2

(6)

The geometry of the model corresponds to figures 2 and 3,
whereΣie, ΣPML andΓPML

u have a square shape, with sides of 2
m, 2.25 m and 3.5 m side lengths.

The displacements and tractions onΣie are determined using
the methodology presented in section 3. A Lagrangian solver
is used throughout the FDTD domain.Ω is discretized by 270
x 270 equal elements.ΩPML is discretized with 30 elements
in the direction normal toΣPML. This corresponds to a real
stretch of 500%. The PML stretch functionsf p

r (r) and f p
z (z)

are quadratic andf p
r (2) = f p

z (2) = 720 Hz, which results in
a reflection coefficientR = 10−2 [12]. f e

r (r) and f e
z (z) are

equal to 0: no additional real stretch is applied. The time
history atΣie is padded with zeros to a period of 1 s, to obtain
an acceptable frequency resolution. A time domain window
based on a sigmoid function is imposed to avoid a discontinuity
between the calculated and the padded part of the time history.

The displacements inΩe are determined using the methodol-
ogy presented in section 4.Σie is discretized with 240 equally
sized, nodally collocated BEs, that coincide with the hydrocode
element faces atΣie. The Green’s functions of an elastic
halfspace are used to obtain reference solutions inΩe and on
Σie, using EDT [13].

(a)
0 0.04 0.08 0.12

−1.4

−0.7

0

0.7

1.4
x 10

−2

D
is

pl
ac

em
en

t [
m

m
]

Time [s]

0 200 400 600 800 1000
0

0.5

1
x 10

−5

D
is

pl
ac

em
en

t [
m

m
/H

z]

Frequency [Hz]

(b)
0.04 0.08 0.12 0.16

−6

−4

−2

0

2

4

6
x 10

−3

Time [s]

D
is

pl
ac

em
en

t [
m

m
]

0 200 400 600 800 1000
0

1

2

3

4
x 10

−6

D
is

pl
ac

em
en

t [
m

m
/H

z]

Frequency [Hz]

(c)
0.11 0.15 0.19 0.23

−6

−4

−2

0

2

4

6
x 10

−3

Time [s]

D
is

pl
ac

em
en

t [
m

m
]

0 200 400 600 800 1000
0

1

2

3

4
x 10

−6

D
is

pl
ac

em
en

t [
m

m
/H

z]

Frequency [Hz]

Figure 5. Time history (left) and frequency content (right)of
the vertical displacement at (a)(r,z) = (2,0) m, onΣie, (b)
(r,z) = (10,0) m and (c)(r,z) = (20,0) m. The reference
solution (black) is compared to the coupled solution (gray).

Figure 5(a) compares the vertical displacement onΣie at
(r,z) = (2,0) m of the FDTD simulation to the reference
solution. The small amplitude difference is the result of the
absence of hysteretic material damping in the FDTD material
model. Small spurious vibrations due to the onset of the PML
instability appear between 0.04 and 0.05 s. They appear more
clearly in the frequency domain, where the low frequency range
of the FDTD solution deviates from the reference solution.

Figures 5(b) and 5(c) compare the results of the coupled
calculation to the reference solution inΩe at (r,z) = (10,0) m
and(r,z) = (20,0) m. The small amplitude difference between
both solutions, as observed in figure 5(a), does not change at
larger distances from the source, since the material damping
in Ωe of the coupled solution and in the reference solution
is identical. Apart from this amplitude offset, the resultsare
satisfactory and prove the validity of the coupled methodology.

Since the PML induced instability is situated in the low
frequency range, it is attenuated less than the high frequency
content of the outgoing wave; its influence is therefore expected
to become more prominent at larger distance fromΣie. In
this validation, this is prevented by the very low attenuation
coefficient. When considering materials with a higher material
damping ratio, the PML induced error can dominate the solution
at large distances from the source. A more stable PML
formulation for Autodyn or the application of an improved time
domain window or high-pass frequency filter on the results at
Σie can solve this problem.
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6 APPLICATION

The coupled methodology is applied to the underground
explosion of a 1 kg sphere of C4 explosive at a depth of 2 m
in a homogeneous halfspace.

A single soil model is used throughoutΩ, based on the model
of Luccioni et al. [6]. The bulk compressibility of the soil
is modeled using a Mie-Grüneisen equation of state, based on
the shock Hugoniot of the material [14]. The hydrodynamic
pressurep(t) equals

p(t) = pH(t)+ γρ0

[
e(t)−

pH(t)µ(t)
2ρ0(1+ µ(t))

]
(7)

where the Hugoniot pressurepH(t) is

pH(t) =
ρ0 µ(t)(1+ µ(t))

√
Cp

2− 4
3Cs

2

[1− (sH−1)µ(t)]2
(8)

with γ = 0.11 the Grüneisen coefficient,sH = 1.5 the
linear shock Hugoniot slope coefficient,ρ0 = 1920 kg/m3

the soil density,Cp = 600 m/s the dilatational wave velocity,
Cs = 300 m/s the shear wave velocity,ρ(t) the density,e(t)
the specific internal energy andµ(t) = [ρ(t)/ρ0] − 1 the
compression rate.ρ0, Cp andCs are considered atp = 0. A
hydrodynamic bulk failure limit pressurepmin is set at -1 MPa.
In terms of Von Mises stress, the yield strengthσy is determined
by a piecewise linear Drucker-Prager criterion:

σy =

{
α p+β [MPa] if pmin ≤ p ≤ 6.88 MPa

6.2 MPa if p > 6.88 MPa
(9)

whereα = 0.74 andβ =1.11 MPa depend on the soil’s cohesion
and internal friction angle. At low pressures, this material
model approaches a linear elastic model, with wave velocities
Cp andCs and densityρ0. This model is used inΩPML. In
Ωe, this material is used in combination with hysteretic material
damping ratiosDp = Ds = 0.02. The explosive material model
is the Jones-Wilkins-Lee equation of state for C4, as used in
Autodyn [6, 14].

In this case, it is possible to perform the hydrocode simulation
in two steps. The first 2.55 milliseconds after the detonation are
modeled with an Eulerian 1D spherical symmetric starter model.
It has a length of 2 m from the center of the explosive to the free
surface and is discretized by 2000 equally sized elements. The
explosive, which has a radius of 0.055 m, is situated at the center
of this model and is surrounded by soil. The wave propagation
is modeled from the detonation up to the moment the shock
wave reaches the free surface. The 1D results are subsequently
remapped onto the full model, which has been dimensioned to
correspond to the deformed state at the end of the 1D simulation.
The radius of the explosive productsR1 at t = 2.55 ms equals
0.268 m.

The starter model contains explosive and soil material in a
single multi-material Eulerian mesh. The interface between both
materials risks blurring due to diffusion [21]. If soil material is
remapped into the Euler part of the full model, this leads to local
errors in the Eulerian part and in the fluid-structure interface and
can stop or delay the computation.

The use of a two step hydrocode methodology has several
advantages. Autodyn uses explicit time integration with a
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ΣPML
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D

D

Figure 6. Hydrocode domainΩ and ΩPML, indicating the
Eulerian (dark) and ALE (double hatched) calculation
domains.

leapfrog second order time integrator. The time step, which
is identical for all subgrids in the model, is determined at
each time step, based on the Courant-Friedrichs-Lewy stability
condition. It depends on the cell size and the local dilatational
wave propagation velocity. The very high velocities and dense
mesh needed for the high quality simulation of the initial shock
wave generation near the explosive source result in extremely
small time steps. In the two step methodology, this is limited
to the 1D starter model. By the end of the its computation, the
velocities in the soil have dropped and a dense mesh near the
source is no longer needed. This allows for larger time steps
and coarser meshes for the full model computation.

In the second step, the results of the starter model are
propagated in the full model, which contains the hydrocode
calculation domainΩ and the PML (figure 6). The size ofΩ
is R2 = 6 m byZ2 = 5 m and it is modeled using a combination
of Finite Difference Time Domain (FDTD) solvers on different
coupled subgrids. The preferred size of these subgrids is
determined by running preliminary simulations with a coarse
mesh.

The Eulerian calculation domain is limited to the spherical
volume of the explosive source att = 2.55 ms, with a radiusR1

and is meshed with equally sized, 10 mm by 10mm cells.

The Eulerian domain is surrounded by an ALE domain with
radiusR3 = 0.5 m and a radial expansion ALE constraint on a
radial mesh. This configuration is most practical for matching
the expanding explosion cavity and preserving the shape of
the outgoing wave near a compact charge [21]. A second,
rectangular ALE domain is situated at the free surface to handle
the large deformations caused by the reflected pressure wave.
The size of this domain isR4 = 2 m by Z4 = 0.6 m. A
bilinear ALE constraint is applied, according to the axes ofthe
nodal coordinate system of the model. Since the time steps
are small, the cell deformation per time step is limited and
satisfactory results can be obtained when performing the ALE
remapping every 5 to 10 time steps, reducing the cost of the

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3515



ALE remapping. Nodes at subgrid interfaces are not subjected
to the ALE motion constraints, to ensure correct coupling.

The remaining parts ofΩ use the Lagrangian FDTD solver
and are meshed with equally sized, 10 mm by 10 mm cells.
At large distances from the blast source, spherical meshing
needs to be avoided, since acceptable cell size ratios can only
be obtained by introducing multiple transition parts, which
needlessly complicate the structure of the model. In this
configuration, only one transitional discretization subgrid is
needed to couple the rectangular Lagrangian subgrid to the
radial ALE subgrid.

ΩPML uses the adapted Lagrangian FDTD solver discussed
in section 3.2. The domain has a widthLPML = 1 m and
is discretized with 50 rectangular elements in the direction
normal to ΣPML, with a linearly increasing real stretch.
The PML stretch functionsf p

r (r) and f p
z (z) are quadratic

and f p
r (7) = f p

z (6) = 1800 Hz, which results in a reflection
coefficientR= 10−2 in accordance with the stretch formulations
in [12]. f e

r (r) and f e
z (z) are constant and equal to 1: no

additional real stretch is applied.
Σie is parallel to theΣPML interface, at a distance of

D = 0.15 m. This interface is discretized with 1070 equally
sized and nodally collocated BEs that coincide with the
hydrocode element faces atΣie.

The average time step of the hydrocode simulation is
5 x10−3 ms, for a duration of 50 ms. Figure 7 shows the norm
of the velocity field inΩ at different time steps. At 2.55 ms,
immediately after the exportation of the starter model datato
the full model (figure 7(a)), the spherically symmetric pressure
wave approaches the free surface. High velocities surrounding
the explosion cavity indicate its ongoing expansion.

At 4 ms (figure 7(b)), the dilatational blast wave has hit and
reflected from the free surface surrounding the epicenter. High
particle velocities occur where the soil has failed: the tensile
stresses from the reflected dilatational wave have reachedpmin.
In reality, this would result in a projection of soil particles.
In this model, this large deformation is handled by the ALE
solver. For extended simulations, it can lead to excessive mesh
deformation. Extended time histories can be computed by
applying an erosion rule or by the local use of a particle method.

At 8 ms (figure 7(c)), this expansion has nearly stopped. The
dilatational wave is transmitted without reflection intoΩPML. A
reflected dilatational and shear wave follow the main dilatational
wave. The noise behind the leading dilatational wave results
from the slow expansion and pulsation of the explosion cavity
and the interaction of reflected waves with this cavity.

At 11 and 20 ms (figures 7(d) and 7(e)), the explosion cavity
has stabilized completely. The leading dilatational wave and the
reflected waves as well as the trailing vibrations are correctly
transmitted. A distinct surface wave has not developed within Ω.

At 50 ms (figure 7(f)),Ω is silent, except for the spalling
action at the free surface near the epicenter. There is some
indication of the instability of the PML affectingΩ near the right
edge of the domain.

Figure 8 shows the non-elastic domainΩ1∪Ω2 within Ω
that has undergone plastic deformation and/or tensile failure.
The extension of this domain along the free surface is caused
by the reflection of the dilatational blast wave. This reflected
wave induces tensile stress and therefore lower yield strength in

(a) (b)

(c) (d)

(e) (f)

Figure 7. Norm of the velocity field inΩ at (a) 2.55 ms,
(b) 4 ms, (c) 8 ms, (d) 11 ms, (e) 20 ms and (f) 50 ms.

Ω1∪Ω2

Σie

Ω

Figure 8. The non-elastic domainΩ1∪Ω2 (gray) inΩ andΣie.

the top layer of the soil. The shape of the plastic deformation
domain justifies the use of a rectangularly shapedΩ andΣie.

Figure 9 shows the components of the velocities and tractions,
normal and tangential to the interfaceΣie at the free surface. The
high frequency content of the waveforms is explained by the
lack of material damping and the time history of the explosive
source, which approximates an impulse. This justifies the
use of a dense mesh throughoutΩ. The outgoing waves are
transmitted properly intoΩPML but the velocities and tractions
do not attenuate entirely before the onset of the PML instability.
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Figure 9. Time history (left) and frequency content (right)of the
(a) normal and (b) and tangential component of the velocity
and (c) the normal component of the tractions onΣie at
z= 0.

The time histories of the velocities and tractions onΣie

are padded with zeros to a period of 2 s. A time domain
window based on a sigmoid equation is applied to smoothen
the transition between the the original time histories and the
padded extensions. The application of this window enhances
the quality of future frequency domain transformations and,
in addition, reduces the effect of the instability of the PML.
The displacements atΣie are obtained from the padded time
histories of the velocities. To avoid discontinuities, a similar
time domain window is applied to attenuate the final 5 ms of the
padded displacement time histories. The velocities and tractions
are then transformed to the frequency domain, using a forward
Fourier transform.

The displacements inΩe are obtained in the frequency
domain according to the procedure presented in section 4 and
are derived to obtain the velocities. These are transformedto the
time domain using an inverse fast Fourier transform. Figures 10
and 11 show the velocities at the free surface, at 10 and 50 m
from the epicenter of the explosion. The leading dilatational
wave dominates the wave form for tens of meters from the
epicenter. A surface wave has developed, but its amplitude is
of the same order of magnitude as the dilatational wave. Due to
the high frequency content of the input, the frequency content of
the waves is high, even at large distances from the source.

The effects of the instability of the PML, as seen in section 5,
are not observed in this application. This can be attributedto the
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Figure 10. Time history (left) and frequency content (right) of
the radial (a) and vertical component (b) of the velocity at
10 m from the epicenter.
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Figure 11. Time history (left) and frequency content (right) of
the radial (a) and vertical component (b) of the velocity at
50 m from the epicenter.

high frequency content of the input, which reduces the relative
importance of the low frequency instabilities.

The peak particle velocity (PPV) is determined for the radial
and vertical velocity component at a series of points at the
free surface inΩ andΩe, from 3 to 200 m from the epicenter
of the explosion. This distance is scaled by the cube root
of the TNT equivalent weight of the C4 explosive, which
is 1.32 kg. The computed PPVs are compared to empirical
reference relationships. The empirical formulation for the PPV
developed by Drake and Little [2] is valid up to a scaled
distance of 5 m/3

√
kg. This formulation only depends on the

soil properties through an attenuation coefficientm. It is used
as a reference inΩ with attenuation coefficientsm = 2.25
and m = 1.5. The first value is estimated based onρ0 [2],
while the second value corresponds to a soil with low material
damping [22]. Westine’s relationships for the radial PPV [1] is
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Figure 12. PPV in function of scaled distance. Radial (black)
and vertical (gray) components are compared to empirical
reference results with regular (dashed) and with very low
material damping (dotted).

valid up to 245 m/3
√

kg and is used inΩe. This relationship is a
function of the densityρ0 and the dilatational wave velocityCp

of the soil.
The computed PPVs are consistently higher than the

empirical relationships of Westine [1] and Drake and Little[2]
with m = 2.25 (figure 12). The attenuation of the computed
radial PPVs in the linear elastic domain, which corresponds
to the angle of inclination of the curves, corresponds well
to Westine’s reference result, but depends strongly on the
choice of Dp and Ds. The formulation of Drake and Little
with m = 1.5 (dotted line in figure 12(a)) has a very good
correspondence with the computed FDTD results inΩ. This
improved correspondence can be attributed to the absence of
material damping in the hydrocode soil model. This results
in a strong similarity with the parameters for a soil with low
damping, as used in the empirical approach wherem = 1.5.

Only limited conclusions can be drawn from this comparison,
since only one computed result is compared to empirical
methods for which the statistical parameters are unknown. It
does however indicate the large impact of the material damping
in the relatively small hydrocode domain on the results of the
coupled method at large distances.

7 CONCLUSIONS

In this paper, a coupled methodology is presented to calculate
the wave propagation due to an underground explosion, to
overcome the limitations imposed by analytical and empirical
modeling. The method successfully combines an Autodyn
hydrocode computation for the soil near the blast source with
a cost efficient linear elastic model, based on the dynamic
reciprocity theorem and the Green’s functions of an elastic
halfspace. Within the bounded hydrocode domain, different
solvers - Eulerian, ALE and Lagrangian - are combined to
obtain a coherent solution to the non-linear blast induced wave
propagation. A PML is integrated in the Autodyn code to avoid
spurious reflections on the truncated edges of the hydrocode
domain.

The accuracy of the methodology is demonstrated in a linear
elastic validation example. The low frequency PML induced
instability errors, which seem negligible at first, are shown
to gain importance with increased attenuation of the outgoing
wave. Increased accuracy can be obtained by improving the

stability of the PML implementation or by reducing the impact
of the PML induced instability.

The method is successfully applied to an underground
explosion in a halfspace, using a non-linear soil model in
the hydrocode calculation domain. The application indicates
the possibility to determine blast induced vibrations at large
distances from the source. A comparison to empirical reference
methods shows that the velocities obtained by this specific
application of the coupled methodology are considerably higher
and that the absence of material damping in the hydrocode
soil model has a large impact on the results of the coupled
methodology.
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ABSTRACT: The paper deals with the presentation of structure assessment, loaded by explosion of terrorist charge. Evaluations 
of structures loaded by an explosion based on dynamic displacement and rotation round the central line of plate, wall or beam 
systems during the action of a dynamic load of this type have been of very topical interest in recent times, as regards the process 
of evaluating the effects of an explosion on a structure. For structure response calculation the empirical formulas of the 
explosion load parameters were used. These formulas were derived by the authors for small charges. For determination of 
explosion effects and structure response were used 3-D analysis, based on detail modelling of the structure. This procedure 
entails two important uncertainties in the case of bent structures, i.e. a suitable choice of the ductility factor and the material 
strengthening factor. During very rapid reshaping of the structure, both factors are very important for structure analysis. The 
damage of these structure parts were therefore weighted accordance with the angle of rotation of middle axis/surface and limit 
stress state/internal forces of selected structure. The own limit values of angles of failure determined experimentally upon 
explosion load of brick-layered, reinforced concrete and window glass are compared with results of other authors. The internal 
forces in the structure are considered as a part of the evaluation of the limit bearing capacity conditions, based on load 
combinations and reduction by the ductility factor q. The resulting internal forces are then evaluated on the basis of design 
standards for the appropriate structure material type, or as a variant, also according to its increased strength using factor k1. An 
example of a specific building was used to discuss the explosion and the building safety hazard for a terrorist charge. 

KEY WORDS: Explosion; Blast load; Dynamic analysis; Response; Failure assessment. 

1 INTRODUCTION 
When a blasting charge explodes in an open area, the action of 
the pressure of the shock wave on an obstruction depends on 
how the structure is situated with respect to the focus of the 
explosion, on the path from the explosion to the structure, on 
the characteristics of the loaded structure, and on the shock 
wave parameters on contact with the building [1, 2]. During 
an actual event, the specific course of action of the load 
depends on the whirl bypass of the surface of the structure, on 
the atmospheric pressure, on the temperature conditions and 
other factors which are usually neglected for a simplified 
analysis. The parameters of the explosive are also determined 
on the basis of mean values; the formulas that are used are 
empiric and operate with mean (probable) factor values. Thus 
the calculations of structures for shock wave effects are 
significantly influenced by these inaccuracies in the input 
quantities of the whole phenomenon. 

In our specific case, the effects of an explosion are applied 
to an administrative building where an ordinary vehicle can be 
used to bring a terrorist charge on a road close to the building, 
and the charge can be initiated near the building. 

2 DESIGN PRINCIPLES 
As a rule, failure of a limited part of the structure may be 
admitted in the structure design process providing that no 
crucial elements are included in such a part on which the 
stability of the entire structure depends. When calculating 
building or technological structures, two procedures can be 
applied in principle. Either maximum possible simplifications 

are used in the structure analysis in terms of explosion effects, 
both as regards the load itself and the analyzed structure, or 
the structure is analyzed in a way so that this analysis 
describes with the highest accuracy possible the actual state of 
the structure and its explosion load.  

Requirement to exclude an accident: 
- The structure must tolerate design-based explosion load 

without collapsing, as a whole or in part, so that it maintains 
its structural integrity and residual bearing capacity after the 
explosion. 

- The design-based explosion load, corresponding to the 
simplified course of load in time, is normally given by 
intensity of maximum overpressure and underpressure values 
of the impact wave and by the duration of both phases, and/or 
dynamic pressure and its duration [5, 7, 8]. The load 
parameters should be considered based on the probability of 
explosion occurrence in the given locality, based on the 
structure, operation, etc. 

Requirement of limited damage: 
- The structure should resist any (higher) explosion load of 

higher occurrence probability than the design-based explosion 
load, with no damage and without any associated restrictions 
of operation, such that their price would be disproportionately 
high compared to the price of the construction. 

- The resulting reliability against collapse and against 
limited damage is normally determined by national authorities 
for various types of buildings and engineering constructions 
according to the consequences of damage, or they are 
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determined based on risk analyses for the appropriate 
operation, structure, etc. 

3 EXPLOSION LOAD 
The explosion load is very often substituted as follows to 
achieve simplification [1, 2]: 

a) Triangle-shaped development of the load in time with the 
maximum intensity corresponding to the sum of the pressures 
of the impacting and reflected wave and the duration of the 
action, usually corresponding only to the duration of the 
action of the overpressure phase of the shock wave; 

b) The shock wave can be considered as having a flat front, 
meaning that the rise time to maximum intensity is neglected, 
and additionally that the load starts to act on the entire 
structure at one moment; the phase shift of the start of the 
action of the load at individual structure points is thus 
neglected; 

c) It is usually assumed that the load acts on the building 
structure (walls, ceiling, windows, etc.) in a continuous and 
uniform manner (any local effect of the focused load is 
neglected); 

d) The response of the structure is usually considered on the 
basis of the superimposition of two triangular loads, which 
correspond to the overpressure phase and subsequently the 
underpressure phase of the shock wave. 

The authors used empirical formulas [2, 3, 10, 11] 
applicable to an explosive charge in an open area to calculate 
the dynamic load; the formulas were derived from tests using 
small explosive charges; then the overpressure value p+ at the 
front of the aerial shock wave and its duration τ+ are as 
follows: 

 1,007.1
3 −=+

R
p  [MPa] for 1≤R  m/kg1/3 (1a) 

 32
275.1383.00932.0

RRR
p ++=+  [MPa] 

 for 151 ≤< R  m/kg1/3 (1b) 

 
R

p 035,0
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+

6
w

3106.1τ  [s] (3) 

 3
w

2106.1 C⋅⋅= −
−τ  [s] (4) 

For reduced distance 

 
3

wC
RR = [m/kg1/3] (5) 

where R  is the reduced distance from the epicentre of the 
explosion, R  is the distance from the explosion epicentre [m], 
and wC  is the equivalent mass of the explosive charge 
[kg TNT]. 

The wave motion from the explosion focus propagates in 
spherical wave fronts. In the event of a surface explosion (at 
the contact point with the ground), the explosion energy value 
is about double, given that when there is complete reflection 

from the ground surface the shock wave propagates in semi-
spherical wave fronts [2, 10, 11]. For a surface explosion, this 
effect can as a rule be taken into account by substituting twice 
the magnitude of the actually used mass of charge C for the 
equivalent mass of charge Cw in formula (5). For an above-
ground explosion at a height of more than 20 m above ground, 
the mass of the charge C is substituted directly (without any 
increase in its value) for the equivalent mass of the charge. 
For a charge placed between the ground level (zero height) 
and 20 m above the ground, linear interpolation can be used to 
determine the equivalent mass of the charge; in this case, the 
equivalent mass of the charge substituted to the formulas 
above will range between 

 wC = (1 to 2) C (6) 

When there is a normal (perpendicular) impact of the 
explosion wave against a solid barrier, a reflected wave is 
formed with the reflection overpressure pref+, which loads the 
building structure from the front side. The overpressure value 
in the reflected wave corresponds to approximately twice the 
overpressure for low overpressure values p+ approximately up 
to 5 MPa (up to eight times the value for high overpressures 
of several tens of MPa) in the impact wave for the given 
distance R. The duration of the action of the overpressure tD is 
about the same as the duration of shock wave τ+  

 pref+ ≈ 2 p+ (7) 

 tD ≈ τ (8) 

4 PRINCIPLES OF RESPONSE ANALYSIS 
The structure response is generally calculated and assessed in 
accordance with design standards for the given type of 
structure material. In our case, Eurocodes [4] are used. The 
dynamic response to the effects of the load due to an 
explosion must be superimposed on the effects due to static 
loads. These are usual procedures, but it should be noted that 
when the structure is loaded due to an explosion, inelastic 
deformations occur at a number of sections, causing damage 
to the structure by crack formation. In this case, the stability 
of the structure with the cracks should be assessed in order to 
prevent any collapse of the structure due to the formation of 
plastic joints and cracks. 

When a structure is loaded by an explosion, the formation 
of cracks not leading to a collapse is as a rule permitted. Thus 
ductility factor q may be used to reduce the magnitude of the 
explosion load. This is a highly efficient way of taking 
inelastic manifestations of the dynamic load into account. 

 q = xm / xel (9) 

where xm is the maximum elastic plastic displacement of the 
structure, and xel is the elastic part of the displacement. 

The applicable ductility factor is usually q < 3 for reinforced 
concrete structures. On the basis of a more detailed analysis of 
the structure, higher ductility factor values may be used, for 
example, on the basis of seismic standard EN 1998-1 [4]. 

Table 1. Estimate of factor k1 in dependence on duration tD. 

tD [s] ≥1.0 10-1 10-2 10-3 

k1 1.0 1.05 1.10 1.20 
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The strength characteristics of the structure material may 
also be increased in the calculation of the structure response. 
An estimate of this increase (material strengthening factor k1) 
is shown in Table 1, in dependence on the duration of the 
explosion load effect tD. 

The magnitudes of the internal forces in the analysed 
structure are considered as a part of the evaluation of the limit 
bearing capacity conditions, based on load combinations when 
they are reduced using ductility factor q [4, 5, 6, 12]. The 
resulting internal forces are then evaluated on the basis of 
design standards for the appropriate structure material type, or 
as a variant, also according to its increased strength using 
factor k1.  

However, this procedure entails two important uncertainties 
in the case of bent structures, i.e. a suitable choice of the 
ductility factor, on the one hand, and the material 
strengthening factor, on the other. During very rapid 
reshaping of the structure, which is typical for explosion 
loads, both factors may achieve numeric values of the order of 
tens, and not only of units, as mentioned above. Thus they 
may lead to considerable overdesigning of the structure. 

Evaluations of structures loaded by an explosion based on 
dynamic displacements and rotations round the central line of 
plate, wall or beam systems during the action of a dynamic 
load of this type have been of very topical interest in recent 
times, as regards the process of evaluating the effects of an 
explosion on a structure. 

The dynamic rotation round the central line of an 
appropriate structure element is therefore the criterion used to 
evaluate the response occurring at the following angle 

 ψ = arctg (xm / (0.5 hspan)) (10) 

where xm is the maximum achieved dynamic displacement 
caused by the explosion load and hspan is the span of the plate 
ceiling structure or the height of the wall structure within one 
storey, or the span of any beam, the height of a column, etc. 

In earlier publications, the authors applied this procedure to 
various types of materials and structure systems, and on the 
basis of an experimental comparison they determined the 
failure angle ψmax, i.e. the angle where damage is caused to the 
structure by breaking. 

 

Table 2. Limit failure angle ψmax [°] upon breaking of the 
material [2, 3, 11]. 

Type Structure material ψmax [°]

1 Concrete C16/20 to C40/50 6.5 

2 Masonry, full bricks 10, mortar 4  
or mortar 10 5.0 

3 Masonry, cement bricks, mortar 4 4.5 

4 Masonry, cellular concrete 
or perforated precise blocks, mortar 4 4.0 

5 Steel S235  10.5 

6 Wood, hard and soft 12 

7 Window glass, thickness 3 mm 6 
 

The approximate failure angle value on reaching the rupture 

limit value is shown in Table 2. More conservative limit 
values of angle ψ were derived according to [7, 8], which 
correspond to the chosen structure rupture risk. These values 
have been adapted and are shown in Table 3. 

 

Table 3. Angle ψ [°] of the expected damage to bent structural 
elements [2, 7]. 

Structure Expected damage to elements 
Mean High Hazardous 

Reinforced concrete 
structures, plates and 
beams with one-sided 

reinforcement 

2 5 10 

Reinforced concrete 
structures, plates and 
beams with two-sided 

reinforcement and with 
web reinforcement 

4 6 10 

Prestressed concrete, 
beams and plates 1 1.5 2 

Masonry, common,  
non-reinforced 1.5 4 8 

Masonry, reinforced 2 8 15 
Steel bars 3 10 20 

 
The mean occurrence of damage corresponds to the damage 

to reinforced concrete or masonry elements, e.g. spalling, or 
the occurrence of tiny cracks in the structure elements, which 
pose no threat to their stability and can be repaired, e.g. by 
grouting. 

However, hazardous occurrence of damage approaches 
emergency level damage, and its failure angle is found at the 
lower limit, below the maximum failure angle value ψmax, see 
Table 2. 

5 EXAMPLE OF ANALYSED STRUCTURE 
The reinforced concrete wall structure of the building was 
made of concrete C25/30, base plate in thickness 300 mm, 
ceiling and floor slabs in thickness 250 mm, walls in 
thicknesses 200 to 250 mm, and it was sufficiently reinforced 
using classic reinforcement in both directions (crosswise) 
along both surfaces. Rectangle columns 500×500 mm, circular 
columns 500 mm and rectangle beams under floor plates 
500×300 mm. Window and door openings of such a building 
are usually fitted with special windows and doors resistant 
against explosion given that regular window glasses do not 
transfer the effects. The subsoil of the building is of gravel-
sand nature and was modelled using the Winkler-Pasternak 
two-parametric subsoil model. The computational model of 
the building is illustrated in Figure 1. The dimensions and 
distribution of individual structure parts were designed while 
respecting the structure geometry and its dimensions, in order 
to obtain the most precise model of the building’s mass and 
rigidity. Besides its dead load, the equivalent 50% of 
permanent component of the variable load were included in 
the structure mass [11, 12]. 

The reinforced concrete wall/plate/beam structure of the 
building was designed to sustain the effects of a terrorist 
charge explosion characterized by the load pref+ = 320 kPa and 
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triangular pulse of the load 2200 kPa·ms, i.e. with 
overpressure in the shock wave of p+ = 160 kPa and duration 
t+ = 14 ms. 

 

 

 
 

Figure 1. Calculation model, north-west and top views. 

 

Table 4 Natural frequencies and modes 

i f(i) 
[Hz] Description of the natural mode 

1 2.94 Whole structure - rotation on the subsoil 
around the longitudinal axis y 

2 4.31 Whole structure - rotation on the subsoil 
around the transversal axis x 

3 6.01 Whole structure - rotation on the subsoil 
around the vertical axis z 

4 6.10 Vibration of corridor roof 

5 6.62 Translation of the structure in direction z and 
vibration of floor plates 

6 8.35 Bending of the 2nd floor plates and south wall 

7 8.54 Rotation of the structure round transversal 
axis x and vibration of floor plates 

8 9.64 Bending of all the floor plates and south wall 

9 9.92 Rotation of the structure round longitudinal 
axis y and vibration of floor plates 

10 10.43 Bending of all the floor plates 

 

The first 100 natural frequencies up to 39 Hz have been 
considered. The natural modes descriptions of the first ten 
natural frequencies are in the Table 4.  

The decomposition of dynamic load history to the natural 
modes of vibration is used for the forced vibration analysis by 
means of Scia Engineer program. 

The damping of the structure of the building has been set as 
a logarithmic decrement 0.314. For higher natural frequencies 
the damping is usually higher, but the computer program does 
not allow setting a different damping for higher frequencies. 
The calculation of forced vibration has been made with time 
steps of 0.001 s. 

 

 
 

Figure 2. Calculation model, selected nodes in the periphery 
northern wall for time history graphs. 

 

Table 5. Characteristics of the explosion load areas of the 
front wall (see Figure 2). 

Characteristics Zone 1 Zone 2 Zone 3 Zone 4 

Radius of the circle or 
annulus round the 

normal line of the shock 
wave impact [m] 

5 5 to 9 9 to 13 more than 
13 

Impacting wave 
pressure [kPa] 160  140  111  84 

Duration of 
overpressure [ms] 14 14 15 16 

Impact angle [°] 90 
to 70 

70 
to 57 

57 
to 47 

  47 and 
less 

Start of action of the 
load from the time of 

the wave impact on the 
wall t* [ms] 

0 +2 +8 +16 

Reflection overpressure 
[kPa] 320 280 222 168 

 
To simplify the considerations, the explosion is deemed to 

load the front wall of the structure stepwise in parts [11, 12], 
continuous, in four zones (Figure 2) corresponding to the 
duration of action of the impacting aerial shock wave, with the 
reflection factor equal to approximately 2, according to 
equation (7). 
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Figure 3. Northern wall, rotation round the z axis, isolines; a) 
max rotations, b) min rotations 

 
Figure 4. Northern wall, rotation round the y axis; a) max 

rotation, b) min rotation. 

The dissipative characteristics of the structure were taken 
into account by applying the ductility factor, set as equal to 
2.5 for plate structures and horizontal beams, and equal to 1.5 
for columns.  

To provide an example of the nature of the rotation of 
median fibres of the face wall, Figure 3 and Figure 4 show 
isolines of the rotations in the front wall of the building (from 
the side of the explosion) around the z and y axes in the plus 
and minus directions. 

The maximum rotation values of the front wall round the 
vertical z axis were from +0.40° to –0.43°, and round the 
horizontal longitudinal y axis the values ware from +0.29° to 
–0.36°.  

Calculated rotations 0.43° about z and 0.36° about y with 
shows clearly that the structure of the front wall is sufficiently 
safe against major damage. Its rotation values are lower than 
the limit failure angle ψmax = 2°, which corresponds to the 
mean damage to the structure. The formation of only tiny, 
predominantly capillary cracks can thus be expected in this 
external wall at the points where the partition walls connect to 
the external wall, in the staircase part. 
 

 
 

Figure 5. Northern wall, maximum displacement ux, 
isolines. 

 

 
 

Figure 6. Time history ux in selected points (see Figure 2) of 
the northern wall of the ground floor level. 
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Figure 7. Extreme bending moments, isolines; a) mx in 
direction of wall horizontal axis, b) my in direction of wall 

vertical axis. 
 
The Figure 5 shows the isolines of normal displacements. 

The time history in displacements is presented on the Figure 6 
for selected points (by Figure 2) of the frontal northern wall 
oriented toward the epicentre of the explosion. 

The maximum displacements perpendicular to the middle 
surface of the front wall in direction x is to 21.8 mm. 

The Figure 7 shows the isolines of extreme bending 
moments in the Nord wall. The extreme values of these 
moments are in the opposite direction to the direction of blast 
wave propagation, so out the building.  

The maximal moment in the vertical direction in the 
northern wall is 464.8 kNm/m.  

6 CONCLUSION 
A specific building was used as an example to illustrate the 
problem of an explosion and the threat to the safety of the 
structure due to the explosion of a rather large terrorist charge 
installed in a car and initiated on a road adjacent to the 
building. 

The explosion load due to an outside emergency or a 
terrorist explosion is usually burdened with a number of 
uncertainties, related to determining the amount of explosive 
medium, its location in relation to the loaded structure, and 
the conditions in the surroundings. These load effects were 
derived by the authors based on the experimental results of 
small charge explosions. They may be used for an engineering 
estimation of the probable blast loads. This methodology 

enables us to determine with sufficient accuracy the time 
course of the impacting shock wave and its interaction with 
the structure itself.  

The authors have used limit rotation values (angle of 
failure) determined experimentally on the basis of the 
explosion load of masonry, reinforced concrete and window 
glass plates and comparing their own results [2, 3, 9] with 
results published by other authors [1, 5, 6, 7, 8]. 

The analysed structure response was assessed on the basis 
of the results of a 3D dynamic calculation using the 
magnitudes of the internal forces and deflections and rotation 
of the central line of beam or plate sections of the structure. 
Evaluating a structure on the basis of the limit rotation is a 
methodology under development at present, and is in 
accordance with recent research trends for structure loaded by 
blast wave of explosion.  

A reinforced concrete administrative building has been used 
as an example for determining and documenting the load due 
to a terrorist explosion. The results for the response of the 
building to this load are presented in parts, together with the 
principles for evaluating the structure according to the internal 
forces in this structure and according to the angle of failure 
corresponding to the given explosion load. 
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ABSTRACT: This paper focuses on outcomes of a collaborative work between the Swiss Federal Nuclear Safety Inspectorate 
ENSI and its consultant Stangenberg & Partner. ENSI participates in the IMPACT III project organized by the VTT Technical 
Research Center of Finland and funded by several institutions including ENSI. As part of the IMPACT III project, reduced scale 
impact tests of reinforced concrete slabs and structures are being carried out in Espoo (Finland). The series of vibration 
propagation and damping tests pursues the objective of investigating the influence of non-linear structural behaviour on the 
induced vibrations of reinforced concrete structures and their damping. The planning and simulation of the vibration propagation 
and damping test V1 is presented; in the oral presentation of the paper, the results will be compared with those obtained in the 
test which will be carried out in spring, 2014. The general object of the exercise is to improve the safety of nuclear facilities and, 
more specifically, to demonstrate the capabilities of current finite element techniques to simulate the vibration propagation 
through a reinforced concrete structure, which is subjected to non-linear deformations by the impact of a soft missile. 

KEY WORDS: Impact; Aircraft impact; Reinforced concrete; Tests; Non-linear computations; Induced vibrations; Damping. 

1 INTRODUCTION 
In the frame of the program IMPACT, impact tests with 
reduced scale targets are carried out at the Technical Research 
Center VTT in Espoo (Finland), cf. Vepsä et al. [4]. The 
tested reinforced concrete walls up to now are approx. 2.1 m 
square slabs, which are simply supported at each side with the 
span width of 2.0 m. The slabs are fixed by a steel frame, 
which is supported by four steel backpipes, see Figure 1. 
 

 
 

Figure 1. Test wall with steel frame. 
 

Within the first two phases of this program, the objective of 
the tests with deformable (soft) missiles was to study the 
global, bending behaviour of 0.15 m thick walls. Walls with 
0.25 m thickness have been used for studying the local, 
punching behaviour caused by impacts of hard missiles. In a 
third phase of the program (IMPACT III), since 2012 also 
combined bending and punching tests are included. The 

objective of these tests is to investigate the influence of 
combinations of longitudinal and transverse reinforcement on 
the structural behaviour while almost reaching the ultimate 
load capacity of the slab in bending and shear. A new test 
series is now introduced referring to the propagation of 
vibrations and to damping in r/c structures; their design and 
blind pre-computations are described in this paper. 

2 EXISTING TEST EQUIPMENT AND PARAMETERS 
The tests are carried out in the VTT Technical Research 
Centre of Finland in Espoo. Figure 2 shows a photo of the test 
facility with a 13.5 m long pressure vessel in the rear part (in 
the foreground of the photo) and a 12 m long tube, in which 
the projectile can be accelerated up to 200 m/s. The maximum 
projectile mass is 100 kg; when using a 50 kg projectile, the 
maximum impact velocity is limited to approx. 165 m/s. 
 

 
 

Figure 2. Test equipment at VTT in Espoo (Finland). 
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The deformable missiles consist of a stainless steel pipe 
with a convex end cap in front and a flat carbon steel plate at 
the end. As an example, the crumpled shape of the projectile 
of force plate test FP5 is shown in Figure 3. It has been 
shortened by the impact with 155 m/s from originally 1.5 m to 
0.65 m residual length. 
 

 
 

Figure 3. Soft projectile after test 

3 NEW VIBRATION PROPAGATION TESTS 
The objective of the vibration propagation and damping tests 
is to investigate the influence of non-linear structural 
behaviour on the induced vibrations of reinforced concrete 
structures subjected to impact and their damping. The 
structural design of the test specimen underlies the principal 
idea to simulate the path of vibrations travelling from the 
impact location on the building through the baseplate up to the 
position of the accelerated component to be verified (i. e. due 
to aircraft crash on a reactor building, see Figure 4).  
 

 
Figure 4. Principal idea for an induced vibration test. 

 
This concept is fulfilled on principle by the test 

configuration shown in Figure 5. The test structure with the 
external dimensions of a cube with 2.0 m side length consists 
of a vertical impact wall, a connecting floor and a rear wall. 
The structural parts are designed to experience non-linear 
steel and concrete strains only in the immediate impact zone 
of the front wall. The deformation behaviour of the other 
structural parts is expected to be linear. 

 
Figure 5. General vibration test configuration. 

 
The test structure has to be equipped with an 

instrumentation consisting of load cells for measurement of 
the support forces, strain gauges for the purpose of checking 
the material behaviour, displacement sensors and 
accelerometers for recording the vibration behaviour. 
 

4 DESIGN AND NUMERICAL RESULTS 

4.1 Specimen of vibration test V1 

The structure for the first vibration propagation and damping 
test according to the principal idea illustrated in Figure 5 was 
configured with a vertical impact wall, a connecting floor and 
a rear wall, see Figure 6 and Figure 7. Additionally, two 
triangular side walls are arranged for strengthening the impact 
wall and the floor slab. The structure is simply supported in 
horizontal direction at the rear end of the floor to prevent 
sliding and in vertical direction at the top of the front wall to 
prevent lift off. The structure rests on 0.15 m and 0.25 m wide 
strips of rubber at the front and rear edges of the floor 
respectively. The overall size of the structure is 2.0 m in all 
orthogonal directions with wall thicknesses 0.15 m for front 
and side walls as well as floor slab, and 0.25 m for the rear 
wall. The design of the structure and the missile parameters 
are chosen in order to limit non-linear behaviour on the 
impact zone of the front wall. 

 

 

Figure 6. Side view of specimen for test V1. 
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Figure 7. Top view of specimen for test V1. 

The concrete quality of the specimen is C40/50. The 
reinforcement is made of steel with yield strength 500 MPa. 
The basic longitudinal reinforcement is ∅ 6 mm c/c 50 mm. 
Larger amounts of reinforcement are arranged in the corners 
of the floor slab and the connected walls in order to prevent 
plastic deformations. Transverse reinforcement made by 
closed stirrups Ø 6 mm c/c 100/100 mm is arranged in a 
central area of the front wall 0.8 m wide and 0.8 m high. 

4.2 Numerical Model 

The verification analyses have been performed with a Finite 
Element (FE) model of the specimen by use of the computer 
program SOFiSTiK; cf. SOFiSTiK AG [3]. The model is 
depicted in Figure 8 and Figure 9, respectively. The concrete 
floor slab and the walls are modelled by shell elements. Each 
elastomer strip bearing is represented by one row of spring 
elements transferring compression forces exclusively. The 
vertical supports of the front wall are represented by spring 
elements, which only are able to transfer compression forces, 
too. The horizontal supports are capable to transfer tension as 
well as compression forces. 
 

 
Figure 8. View 1 of the FE model of the specimen for test V1. 

 
Figure 9. View 2 of the FE model of the specimen for test V1. 

4.3 Impact Characteristics 

The 2261 mm long missile is constituted by a stainless steel 
tube with diameter 254 mm and shell thickness 2 mm with a 
front cap with shell thickness 3 mm and a 25 mm thick carbon 
steel end plate. The total missile mass is 50 kg. 

Based on these data, a load-duration of 18 ms was predicted 
in blind FE pre-computations of a missile impacting on a rigid 
target with an impact velocity of 110 m/s, see Figure 10. In a 
complementary analysis, the impact velocity 160 m/s is 
investigated as upper limit. The smoothed load functions 
derived by the Riera method for 110 m/s and 160 m/s are 
shown in Figure 10, too. The missile is of same type as used 
in the bending test described in [5]; as demonstrated there, the 
results derived from Riera method and FEM loads are both 
close to the measured results for impact velocity 110 m/s. 
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Figure 10. Load-time functions. 

4.4 Numerical Analyses 

The program used for the non-linear dynamic FE analyses is 
SOFiSTiK; cf. SOFiSTiK AG [3]. The analysis of non-linear 
effects in SOFiSTiK is done by iterations using a modified 
Newton method; i.e. an implicit integration scheme is used. 
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The calculation code SOFiSTiK is well-suited for the analysis 
of r/c targets subjected to extreme impact loads, cf. Chauvel 
et al. [1], Zinn et al. [2], and Borgerhoff et al. ([5] and [6]). In 
the SOFiSTiK code, the reinforced concrete target is modelled 
with non-linear, layered shell elements; non-linear shear 
deformations of shell/plate elements are approximately 
included. The non-linear material behaviour of reinforced 
concrete in the shell elements is regarded by use of a layer 
model with arrangement of the crosswise arranged layers of 
bending reinforcement in their correct positions near the 
surfaces. The non-linear behaviour of the components of 
reinforced concrete is defined by 
• non-linear uniaxial stress-strain laws of concrete 

including hysteretic behaviour as shown for concrete in 
compression in Figure 11 (including increase in strength 
due to biaxial compressive behaviour), 

• consideration of tension softening of concrete after 
cracking dependent on fracture energy with hysteretic 
behaviour as shown in Figure 12, 

• approximate inclusion of transverse shear deformations 
by an elastic/ideally plastic shear stress/shear strain law 
after exceeding the specified ultimate shear strength as 
shown in Figure 13, and 

• tri-linear stress-strain laws of reinforcing steel with 
hysteretic behaviour as shown in Figure 14. 

 
Figure 11. Hysteretic envelopes of concrete in compression 

(SOFiSTiK approach). 

 
Figure 12. Hysteretic envelopes of concrete in tension 

(SOFiSTiK approach). 

 
Figure 13. Shear stress/shear strain law (SOFiSTiK approach). 

 
Figure 14. Hysteretic envelopes of steel in tension and 

compression (SOFiSTiK approach). 

By use of the layer model implemented in SOFiSTiK, the 
shell element is divided into a specified number of layers. A 
partition into 12 layers is sufficient according to our 
experience and is used in the performed analyses. At each 
layer surface, the principle stresses are calculated. Dependent 
on the ratio of the two principle stresses in each principle 
stress direction, a fictitious uniaxial stress-strain law regarding 
the biaxial behaviour is derived. The non-linear stresses 
gained by that procedure are integrated over all layers into 
resulting forces and moments. Subsequently, the 
reinforcement forces including the tension stiffening effect are 
added. 

A specific type of unreinforced elastomeric bearing has 
been chosen to define the spring stiffness of the elastomer 
strip bearings. The effect that the dynamic spring stiffness of 
the elastomeric bearing is larger than the static spring stiffness 
has been neglected. 

Damping is introduced by means of Rayleigh damping 
parameters α and β which are defining the damping matrix. 
The Rayleigh damping parameters for the r/c elements are 
introduced in a way that the damping ratios at 8 Hz and 50 Hz 
are 1 % of critical damping. Hence follow the Rayleigh 
parameters α = 0.866645 and β = 0.000055. The low damping 
of 1 % is supposed since non-linear computations already 
comprise damping effects. This is a conservative assumption 
for the rear wall, because its behaviour remains linear. 

The degree of damping of the chosen bearing is D = 8 %. 
The corresponding Rayleigh parameter in the step-by-step 
integration computations is β = D / (π · f), which results in β = 
0.001135 for the decisive frequency f = 22.44 Hz. 

From the linear-elastic eigenmodes, the 6th mode is shown 
in Figure 15 as first bending mode of the front wall. 
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Figure 15. 6th eigenmode of linear-elastic system, 
frequency 74.7 Hz. 

The analyses of the FE model shown in Figure 8 and in 
Figure 9 have been performed for impact velocities 
v = 110 m/s and v = 160 m/s by use of the load functions 
according to Figure 10. Subsequently, selected analysis results 
are documented on the basis of plots of the maximum steel 
strains and concrete compression strains during the 
investigated time period. 

In Figure 16 and Figure 17, the maximum steel and concrete 
strains of the front wall are depicted for v = 110 m/s. Non-
linear steel and concrete strains are limited to the impact zone 
in this case. 
 

 
Figure 16. Maximum steel strains of the front wall in ‰ for 

v = 110 m/s. 

 
Figure 17. Minimum concrete strains of the front wall in ‰ 

for v = 110 m/s. 

In Figure 18 and Figure 19, the results for v = 160 m/s are 
depicted for comparison. Non-linear steel and concrete strains 
do not remain limited to the proximate impact zone. The 
maximum steel strains at the upper edge of the front wall at a 
later time reach the ultimate elongation of the reinforcing 
steel. The minimum concrete strains in the impact zone 
indicate that no residual concrete strength has remained and 
distinct scabbing occurs. In the other structural parts moderate 
non-linear behaviour is limited to small areas. 
 

 
Figure 18. Maximum steel strains of the front wall in ‰ for 

v = 160 m/s. 
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Figure 19. Minimum concrete strains of the front wall in ‰ 
for v = 160 m/s. 

 
In case of impact velocity 160 m/s, the large non-linear 

strains near structural failure and the calculated large lift-off at 
the rear wall are considered as disadvantageous for the 
objectives of test V1. Therefore, the execution with 
v = 110 m/s was recommended preferably. 

As further results of the computations performed for this 
impact velocity, 

• selected displacements, 
• the horizontal support forces at the rear end of the 

floor slab, 
• the support forces acting on the vertical bearings at 

the upper side of the front wall, and 
• the accelerations of the rear wall 

are presented in terms of time history diagrams. Based on the 
acceleration time histories, the corresponding response spectra 
have been derived. 

The diagrams in Figure 20 and Figure 21 show a 
comparison of the displacements computed for the load-time 
functions derived by Riera method as well as calculated by FE 
analysis. More pronounced than observed in calculations for 
the flat slabs of the former program phases, the oscillating 
FEM load function leads to larger displacements than the 
Riera load function. But this behaviour especially becomes 
effective when the rear wall is swinging back. 

 

 
Figure 20. Horizontal displacements for v = 110 m/s (load-

time functions as shown in Figure 10). 

 

 
Figure 21. Vertical displacements for v = 110 m/s s (load-time 

functions as shown in Figure 10). 

 
Figure 22 and Figure 23 show the time histories of the 

horizontal and vertical support forces (supports as shown 
schematically in Figure 6 and Figure 7; forces refer to one of 
the two supports each). 

 

 
Figure 22. Horizontal support forces for v = 110 m/s (Riera 

load function). 
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Figure 23. Vertical support forces of the front wall for 

v = 110 m/s (Riera load function). 

Figure 24 through Figure 26 show the expected horizontal 
acceleration time histories at mid of top and bottom of the rear 
wall computed for the load-time functions as represented in 
Figure 10. 
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Figure 24. Horizontal acceleration time histories for 

v = 110 m/s (Riera load function). 
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Figure 25. Horizontal acceleration time histories for 

v = 110 m/s (FEM load function). 
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Figure 26. Horizontal acceleration time histories for 
v = 160 m/s (Riera load function). 

 
The corresponding response spectra for 5 % damping have 

been determined for both locations as well as the three load 
functions and are depicted in Figure 27 and Figure 28. 
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Figure 27. Horizontal response spectra (D = 5 %) for top of 

rear wall. 
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Figure 28. Horizontal response spectra (D = 5 %) for bottom 

of rear wall. 
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The response spectra for the load functions derived by Riera 
method and FEM method are similar until approximately 
300 Hz and only differ significantly above this frequency. It 
can also by observed, that there is a frequency drop of the 
linear frequency 74.7 Hz to ~64 Hz in case of 160 m/s impact 
velocity. 

5 CONCLUSIONS 
The objective of the vibration propagation and damping tests 
in the frame of the program IMPACT III is to investigate the 
influence of non-linear structural behaviour on the induced 
vibrations of reinforced concrete structures subjected to 
impact and their damping. The test structure with the external 
dimensions of a cube with 2.0 m side length consists of a 
vertical impact wall, a connecting floor and a rear wall. The 
structural parts are designed to experience non-linear steel and 
concrete strains only in the immediate impact zone of the 
front wall. 

The description of the pre-calculations in this paper has 
been concentrated on the impact velocity v = 110 m/s, which 
is recommended for the first vibration test V1. The non-linear 
FE computations of the test structure have been performed by 
use of two different load-time functions, one of them 
calculated by FE computations of a missile impacting on a 
rigid target and another smoothed one derived by the Riera 
method. 

More pronounced than observed in calculations for the flat 
slabs of the former program phases, the oscillating FEM load 
function leads to larger displacements than the Riera load 
function. The response spectra for the load functions derived 
by Riera method and FEM method are similar until 
approximately 300 Hz and only differ significantly above this 
frequency. The results of the pre-calculations will be 
compared with those obtained in the test, which is planned to 
be carried out in spring 2014, in the oral presentation of the 
paper. 
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ABSTRACT: The paper reports on a collaborative effort between the Swiss Federal Nuclear Safety Inspectorate (ENSI) and 
their consultants Principia and Stangenberg. As part of the IMPACT III project, reduced scale impact tests of reinforced 
concrete structures were carried out. The simulation of test X3 is presented here and the numerical results are compared with 
those obtained in the test, carried out in August 2013. The general object is to improve the safety of nuclear facilities and, more 
specifically, to demonstrate the capabilities of current simulation techniques to reproduce the behaviour of a reinforced concrete 
structure impacted by a soft missile. 
The missile is a steel tube with a mass of 50 kg and travelling at 140 m/s. The target is a 250 mm thick, 2,1 m by 2,1 m 
reinforced concrete wall, held in a stiff supporting frame. The reinforcement includes both longitudinal and transverse rebars. 
Calculations were carried out before and after the test with Abaqus (Principia) and SOFiSTiK (Stangenberg). In the Abaqus 
simulation the concrete is modelled using solid elements and a damaged plasticity formulation, the rebars with embedded beam 
elements, and the missile with shell elements. In SOFiSTiK the target is modelled with non-linear, layered shell elements for the 
reinforcement on both sides; non-linear shear deformations of shell/plate elements are approximately included. The results 
generally indicate a good agreement between calculations and measurements. 

KEY WORDS: Impact; Soft missile; Reinforced concrete; Bending; Punching; Simulation. 

1 INTRODUCTION 
This paper focuses on outcomes of a collaborative effort 
between the Swiss Federal Nuclear Safety Inspectorate 
(ENSI) and their consultants Principia and Stangenberg. ENSI 
participates in the IMPACT III project organized by the 
Technical Research Center VTT (Finland) and funded by 
several institutions including ENSI. 

As part of the IMPACT III project, reduced scale impact 
tests of reinforced concrete structures are being carried out in 
Espoo (Finland). The series of combined bending and 
punching tests pursues the objective of investigating the 
influence of different combinations of longitudinal and 
transverse reinforcement on the structural behaviour, while 
the ultimate load capacity of the slab in bending and shear is 
not exceeded but is almost reached.  

This paper concerns the simulation of test X3. The results 
produced in the various calculations are presented and 
compared with those obtained in the test, which was carried 
out in August 2013. 

The general object of the exercise is to improve the safety 
of nuclear facilities and, more specifically, to demonstrate the 
capabilities of current finite element techniques to reproduce 
the details of the behaviour of a reinforced concrete structure 
impacted by a soft missile. 

2 DESCRIPTION OF THE TEST 
The target is a square, reinforced concrete slab with 250 mm 
thickness and 2100 mm sides, as shown in Figure 1 and 
Figure 2. It is held in place by a stiff supporting frame and 
four steel back pipes. The reinforcement includes longitudinal 
rebars with quantities 8.7 cm2/m in each direction and face, 

and transverse reinforcement with quantity 17.45 cm²/m² 
consisting of closed stirrups. The concrete quality is C40/50 
and the reinforcing steel is A500HW steel. The bending 
reinforcement is made of 10 mm bars, with a yield strength of 
559.0 MPa, tensile strength of 644.3 MPa and ultimate 
elongation of 19.43%; the shear reinforcement is made of 
6 mm bars, and the corresponding values of the material 
properties are 629.0 MPa, 702.0 MPa and 12.37%. The slab 
was instrumented with displacement sensors, as well as with 
strain gauges on the front surface and in the reinforcing bars. 

 

 
 

Figure 1. Test facility with slab X3 
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As shown in Figure 3, the missile is a capped steel tube with a 
length of 1304 mm, a representative diameter of 219.1 mm 
and a shell thickness 6.35 mm. It constitutes a fairly soft 
missile, with a mass of 50 kg and an impact velocity of 140 
m/s. It is made of EN 1.4432 steel with a Young’s modulus of 
200 GPa, 0.2 proof strength of 352.0 MPa, tensile strength of 
619.3 MPa, and ultimate elongation of 4.52%. 

 

 
 

Figure 2. View of the slab and rebar quantities 
 

 
Figure 3. Drawing of the missile X3 

3 ABAQUS SIMULATION 

3.1 Idealisation 

With Abaqus [1] the problem was solved by explicit 
integration. The concrete was modelled with solid elements 
and the reinforcement with embedded beam elements; the 
missile was represented using elastoplastic shell elements. 

The constitutive description adopted for the concrete is the 
damaged plasticity model in Abaqus, which provides a 
general capability for analysis of concrete under various types 
of loading. It includes a scalar damage model with tensile 

cracking and compressive crushing modes. The model 
accounts for the stiffness degradation associated with the 
irreversible damage that occurs in the fracturing process. 

When unloading from a post-peak situation, the load path 
does not necessarily return to the origin, giving rise to some 
permanent strains; but the cyclic response is of only lesser 
importance in cases like the present one, which essentially 
consists of a single monotonic loading followed by the 
corresponding unloading.  

The basic mechanical properties used are a density of 
2237.4 kg/m3, Young’s modulus of 26.1 GPa, Poisson’s ratio 
of 0.223, and a tensile strength of 3.01 MPa. In previous 
activities related to the IRIS_2012 impact benchmarks, 
Principia [2] had already introduced a modification in the 
damaged plasticity model, which consisted in making the 
compressive cohesion stress to depend also on the maximum 
principal stress. This modified model proved to be successful 
then, and it was kept in the present exercise. 

It should be mentioned that the present calculations do not 
attempt to provide a conservative upper or lower bound, but 
are intended as a best estimate prediction. As a consequence, 
the parameters used for modelling the concrete represent best 
estimates of their average values. 

For modelling the impact, advantage was taken of two of 
the symmetries displayed by the problem, which allowed 
reducing the model to one quarter of the actual configuration. 
The finite element model represented the concrete, the 
reinforcing bars, and the missile. The total number of 
elements employed is around 150,000. 
In order to avoid excessive and unrealistic distortions, the 
elements are removed from the mesh when the equivalent 
plastic strain reaches 0.3; the removal is done with an Abaqus 
user’s subroutine. Although the stiffness contribution of the 
concrete is already negligible when plastic strains exceed 
about 0.2, a premature deletion of elements may produce 
inadequate results.  

For the reinforcing steel, an elastoplastic model was used, 
based on the properties given earlier, In the course of the 
impact a number of contacts take place between the various 
materials involved. The coefficient of friction was taken to be 
0.3 at all such interfaces. The value of this parameter does not 
have a significant influence on the results. 

3.2 Load function 

The object of this first exercise is to determine the history of 
the contact reaction (load function) generated by the soft 
missile X3 while impacting a rigid wall. This information will 
be used later in the SOFiSTiK calculations.  

The missile was meshed with some 5700 shell elements and 
the analysis was conducted by explicit integration. The history 
of the reaction force is presented in Figure 4, with a peak of 
about 3.7 MN and a total duration of 5.2 ms. As can be seen in 
the figure, the averaged values correlate reasonably well with 
the estimates provided by the simplified method proposed by 
Riera [3], for highly deformable (“soft”) missiles against a 
target reacting by relatively negligible deformations. 
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Figure 4. Load function for rigid wall 

 
The deformed configuration of the missile after the impact 

is presented in Figure 5; the crushed length of the missile is 
around 430 mm, generating four folds in the shell of the 
missile. 

 

 
 

 
Figure 5. Deformed missile after the impact 

3.3 Analysis of the impact 

As already mentioned the slab concrete is C40/50 with the 
basic properties given earlier. Since it is essentially identical 
to the concrete modelled for IRIS_2012 in [2], the constitutive 
description adopted here is the same one already employed in 
those analyses. In [2] a modification had been introduced in 
the damaged plasticity model, which consisted in making the 
compressive cohesion stress to depend also on the maximum 
signed principal stress. In that project the parameters of the 
modified model could be determined using information from 

triaxial tests provided. Since that type of information was not 
available in IMPACT III, the previous compressive cohesion 
stress curves were adapted based on uniaxial test data. This 
was done by scaling the stresses by a factor of 0.72 and the 
strains by a factor of 1.5. Besides the tensile fracture energy is 
taken a 150 J/m2. The resulting curves, given in Figure 6 are 
again used in the present work. 
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Figure 6. Compressive cohesive stress 

When the impact was analysed with Abaqus using explicit 
integration, the calculations indicate that the missile does not 
perforate the slab. The resulting situation, as determined by 
the simulations 20 ms after the onset of impact, is presented in 
Figure 7. 

Following the test, some minor modifications were 
incorporated in order to improve the simulation. The 
modifications consisted in increasing the fracture energy from 
150 to 200 J/m2, increasing the tensile strength from 3 to 4 
MPa, and excluding the curve for unconfined compression in 
Figure 6. The new results are presented in Figure 8 and show 
that activating the erosion mechanism has little influence in 
the results; in either case the initially predicted cratering at the 
impact point disappears, as was the case in the test. 

 

 
Figure 7. Deformation after the impact (initial model) 
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Figure 8. Deformation after the impact (modified model) 

An outer view of the distribution of the crushing strains at 
20 ms appears in Figure 9. For that same instant the 
distribution of equivalent tensile strains is presented in Figure 
10, where the brown areas indicate values above 0.001. It can 
be seen that the missile was relatively close to perforating the 
slab. 

 

 
Figure 9. Crushing strains (-) 

 

  
Front 

  
Back 

Figure 10. Eq. tensile strains and comparison of cracked areas  

Another way of evaluating the effects of the missile impact 
on the slab is provided by the yielding and failure of the 
reinforcing bars. Figure 11 shows that information for both 
the bending and the shear reinforcement. The measured rebar 
strains matched very well the calculated values and, 
consistently with the test results, failure takes place in some of 
the stirrups. 

 

  

  
Figure 11. Equivalent plastic strains in rebars 

The evolution of the kinetic energy of the missile is 
presented in Figure 12. This evolution indicates that 
practically all the relevant events caused by the impact take 
place in the first 5 ms. A similar conclusion arises from 
observing the evolution of a representative velocity of the 
missile, which has been plotted in Figure 13 together with the 
evolution that would be expected when applying Riera’s 
approach. 

 

Erosion 

w/o erosion 
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Figure 12. Kinetic energy of the missile 
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Figure 13. Representative missile velocities 

 
It was already mentioned that the slab displacements were 

being monitored in the course of the test at a number of 
locations. Figure 14 provides the locations of the displacement 
sensors placed in the slab. 

The computed displacement histories are compared with 
those obtained in the test in Figure 15. The comparison can be 
considered quite reasonable, though no comparisons are 
possible at locations P1 because the corresponding sensor 
failed during the test. Also, the parallel evolution of the 
displacements at locations P2, P3, P4 and P5 suggest that the 
complete slab may be oscillating on its supports, while that 
boundary condition had been assumed to be infinitely rigid in 
the calculations. 

It is also worth comparing the lengths of the missile that 
collapse in the course of the impact. When the impact occurs 
against a rigid plane, the calculations indicate that the 
collapsed length would be 430 mm. When the impact takes 
place against the actual concrete slab, that collapsed length 
reduces to 330 mm; this figure is perfectly consistent with the 
test observations, which recorded a collapsed length of 328 
mm, with the same four concertina folds predicted by the 
calculations, see Figure 5. 

 
Figure 14. Displacement sensors 
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Figure 15. Computed vs measured slab displacements 

 (Solid lines are computed, dashed lines are 
measured values) 

 
Finally, it should be stressed that the parameters of the 

present impact test were selected such that the energy and 
other characteristics of the missile are very near those strictly 
required to perforate the slab. As a consequence, relatively 
minor differences in approach or modelling strategy may alter 
the conclusions of the analysis, i.e.: perforation vs non 
perforation, which makes the simulation particularly 
challenging. 

4 SOFISTIK SIMULATION 
The program used for the non-linear dynamic Finite Element 
(FE) analyses is SOFiSTiK [4]. The calculation code 
SOFiSTiK is well-suited for the analysis of r/c targets 
subjected to extreme impact loads, see Borgerhoff et al. [5]. 

The reinforced concrete target is modelled with non-linear, 
layered shell elements regarding the reinforcement at both 
sides. Shear deformations of shell/plate elements are 
approximately included in SOFiSTiK. The elements shear 
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forces are limited by the ultimate shear resistance specified 
with respect to the punching resistance of the concerning r/c 
structure. The damping was introduced by Rayleigh 
parameters adjusted to 1 % of critical damping for the relevant 
frequency range (30 - 80 Hz). Strain-rate effects have not been 
taken into account. 

The FE model of the combined bending and punching tests 
is shown in Figure 16. The total system of r/c plate, 
supporting steel frame and back pipes has been considered in 
a coupled model. The used mesh size for the FE model of the 
slab is 50 x 50 mm.  

 
 

Figure 16. FE model of test facility 

 
All computations documented hereafter are blind pre-

computations. The concrete and reinforcing steel material 
properties of test X3 used in the computations and measured 
prior to the test are compiled in Table 1.  

 
Table 1: Material properties and reinforcement. 
 

 Blind Pre-
Computation 

Test X3 

Concrete 

Compressive strength fc 
[MPa] 

44.1 46.6 

Splitting tensile strength fct 
[MPa] 

2.98 3.09 

Young’s modulus Ec [MPa] 26,341 27,989 

Reinforcing steel (longitudinal / transverse reinforcement) 

Yield strength ReH [MPa] 536.7 559/629 

Tensile strength Rm [MPa] 629 644.3/702 

Total elongation under 
maximum load Agt [%] 11.2 11.2/5.83 

Longitudinal reinforcement 
(∅ 10, s = 90 mm e.w.e.f.), 
[cm²/m] 

 
8.73 

 
8.73 

Transverse reinforcement 
(closed stirrups ∅ 6 mm) 
[cm²/m²] 

17.45 17.45 

The two load functions as shown in Figure 4 have been 
used leading to very similar results, see displacements at the 
slab centre in Figure 17. This is due to the fact that the higher 
oscillations in the FEM load function only affect frequencies 
> 300 Hz, see Figure 18 (the fundamental plate frequency is 
approximately 50 Hz). Another studied parameter was the 
effect of the punching cone angle, which was expected in the 
range 32° - 45°. A pronounced formation of a punching cone 
becomes apparent from the displacement distribution over the 
mid-section of the test slab at the time of maximum 
displacements, see Figure 19. Figure 20 shows the total 
reaction force time histories from the four backpipes. The 
reduced load transmission by formation of steeper punching 
cone angles can be identified from the force amplitudes in 
Figure 20. A photo of the cut surface of a quarter of the test 
slab X3 sawn-up after the test is shown in Figure 21 
demonstrating that the assumption concerning the punching 
cone angle was satisfactory. 

The further documented results are related to the Riera load 
function and the punching cone angle 45°. Computed and 
measured displacements are presented in Figure 22. The 
numerical results show a good correlation with the measured 
results of test X3. 
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Figure 17. Displacements of slab centre 
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Figure 18. Comparison of response spectra of load functions 
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Figure 19. Effect of punching cone angle on displacements 

 

0 0.02 0.04 0.06 0.08 0.1
Time [s]

-4000

-2000

0

2000

Fo
rc

e 
[k

N
]

Measured
Computed 32°
Computed 45°

 
 

Figure 20. Measured vs computed sum of support forces 

 

 
 

Figure 21. Vertical section of sawn slab 
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Figure 22. Measured vs computed slab displacements 

The measured concrete strains at the front surface (location 
of gauges see Figure 23) indicate that the recorded values are 
not highly precise, see Figure 24. In this respect, the 
correlation with the calculated results is acceptable. 

The steel strains measured at the back reinforcement 
(location of gauges see Figure 25) are compared to the 
computed values in Figure 26. While the correlation at the 
locations of gauges B3 and B5 is acceptable with respect to 
the measurement uncertainties, there is a large deviation for 
gauge B4. Besides the possibility of an error, the reason for 
this difference can be the observed formation of a discrete 
crack in the distance of 270 mm from the slab centre (location 
of gauge B4) visible in Figure 21. 

 

 
 

Figure 23. Strain gauges on the front surface 
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Figure 24. Measured vs computed concrete strains 

 

 
 

Figure 25. Strain gauges on the reinforcement 
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Figure 26. Measured vs computed steel strains 

 
 
 

The non-linear dynamic analyses of extreme impact tests of 
reinforced concrete slabs with combined bending and 
punching deformation behaviour carried out within the 
IMPACT III project demonstrate that scenarios like aircraft 
impact on r/c structures can realistically be solved by 
numerical simulation. Also in the combined bending and 
punching tests performed so far, the layered shell element of 
the program SOFiSTiK has demonstrated that it is suitable for 
a reliable numerical simulation of this problem, provided that 
the slabs have a minimum of transverse reinforcement, which 
is sufficient to assure that the ultimate limit state with respect 
to punching is not exceeded. 

5 CONCLUSIONS 
Analyses have been carried out of the effects of the impact at 
140 m/s of a soft missile against a reinforced concrete slab. 
The calculations have been performed in the context of the 
IMPACT III project. Based on the work performed, several 
conclusions can be extracted. 

First of all, the calculations indicated that the missile would 
not perforate the slab, a conclusion confirmed by the test; the 
conditions however are relatively close to achieving 
perforation. 

The collapsed length of the missile is predicted to be 430 
mm in the case of impact against a rigid plane and 330 mm in 
the case of impact against the concrete slab. The length 
reduction measured in the test was 328 mm with the same four 
concertina folds predicted by the calculations. 

For the locations where the sensors survived, the 
comparison of calculated and measured slab displacements is 
reasonable, though there seems to be a global motion of the 
slab on its supports that was not incorporated in the model. 
Rebar strains also compare well. 

Overall therefore it must be concluded that the capabilities 
exist for making realistic predictions of impact events such the 
one analysed here, but the simulation must be carefully 
performed and special attention must be paid to the 
constitutive description used to represent the concrete 
behaviour. 
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ABSTRACT: In the 2004 Mid Niigata Prefecture Earthquake, the damage of a bridge pier was found mitigated by the collision 
between the abutment and the girder. In the seismic response analysis of a bridge, it is thus important to include the influence of 
collision. A simple and practical method of simulating the collision in finite element analysis is the introduction of a spring 
where the collision occurs. However, the constant of such a collision spring is yet to be formulated well. In this study, an 
appropriate collision-spring constant is investigated for simulating the collisions between adjacent girders and between an 
abutment and a girder. A small collision-spring constant tends to cause the large overlap of colliding bodies while a large 
collision-spring constant tends to cause many repetitive short collisions during the real collision. Various girder-girder collision 
models and abutment-girder collision models are constructed and analyzed, based on the results of which the formulas for the 
collision-spring constants are proposed. The validity of the formulas is confirmed by applying them to a cantilever girder bridge. 

KEY WORDS: Seismic response; Girder-girder collision; Abutment-girder collision; Collision spring; Collision-spring 
constant; Cantilever girder bridge. 

1 INTRODUCTION 
Earthquakes have caused serious damages to bridges even in 
recent years, resulting in life and economic losses. The bridge 
damage has also delayed rescue and recovery operations in the 
aftermath of the earthquake. Therefore, the bridge 
performance during earthquake has been and is still being 
studied actively from various viewpoints.  

The collision between adjacent girders and/or between an 
abutment and a girder may take place in a bridge during 
earthquake. In the 2004 Mid Niigata Prefecture Earthquake, it 
was found that the collision occurred in several bridges 
(Figure 1). The occurrence of the collision in the 1999 Chi-
Chi Earthquake [1] and the 2010 Chile Earthquake [2] is also 
documented. One of the bridges that underwent collisions in 
the 2004 Mid Niigata Prefecture Earthquake, a PC girder 
bridge, has been studied carefully, which led to a conclusion 
that the damage of the pier could have been much worse if not 
for the collision [3]. The collision can thus play an important 
role in the behavior of a bridge during earthquake: without 
including the influence of the collision, the seismic response 
analysis of a bridge can be quite misleading. The influence of 
the collision attracted some researchers also in the past; the 
first response analysis that included the collision was 
conducted by Tseng and Penzien [4].  

The finite element method has been exclusively utilized for 
the seismic response analysis of a bridge in recent years. A 
simple and practical method of simulating the collision in the 
finite element analysis is the introduction of a spring where 
the collision occurs. Kawashima has contributed much to this 
area of research and proposed a formula for the collision-
spring constant [5]. The application of the formula is however 
limited to the case in which the colliding bodies are identical 
and they are modeled by the beam elements of equal length.  

The colliding girders of a bridge are not always identical; an 
abutment and a girder are very different structures; and the 
lengths of beam elements used for modeling a girder can vary 
along the girder axis in general. Therefore, the formula 
proposed by Kawashima [5] is often inapplicable in practice. 
Namely, although many studies on the bridge performance 
during earthquake have been conducted and the importance of 
the collision is recognized, efforts to help include the 
influence of the collision in the seismic design of a bridge in 
practice don't seem to have been made adequately so far. In 
short, an appropriate collision-spring constant is yet to be 
known at the current stage of development.  

Against the background of the above information, an 
appropriate value of the collision-spring constant between 
colliding bodies that have different stiffnesses is investigated 
in the present study. To be specific, the collisions between 
adjacent girders and between an abutment and a girder are 
considered. By the numerical study with simple models, the 
formulas for the collision-spring constants are proposed. Their 
validity is then tested by applying them to a cantilever girder 
bridge. In all the analyses, the finite element software Y-
FIBER3D [6] is used.  

2 COLLISION SPRING 
The behavior of the collision spring in terms of relative 
displacement and force is illustrated in Figure 2. The relative 
displacement is the distance between adjacent structural 
bodies with the origin corresponding to the initial state. The 
relative displacement is positive when the distance becomes 
longer than that in the initial state while it is negative when 
the distance shortens. To avoid the contact due to temperature 
rise, vibration by traffic loads etc., adjacent girders have some 
gap in-between in the initial state of a bridge. So do an 

Collision-spring constant for seismic response analysis of cantilever girder bridge 

Eiki Yamaguchi1, Keita Yamada1 
1Department of Civil Eng., Faculty of Engineering, Kyushu Institute of Technology, Tobata, Kitakyushu 804-8550, Japan 

email: yamaguch@civil.kyutech.ac.jp 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014
Porto, Portugal, 30 June - 2 July 2014

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.)
ISSN: 2311-9020; ISBN: 978-972-752-165-4

3541



 
Figure 1. Collision in the 2004 Mid Niigata Prefecture 

Earthquake. 
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Figure 2. Collision spring. 

 
abutment and a girder. Until this initial gap is closed, the two 
bodies are not in actual contact even when the relative 
displacement is negative, and unless the two bodies are in 
actual contact, the collision spring should not play any role; 
once in contact, however, the collision spring should work to 
resist the overlap between the two bodies. Figure 2 shows that 
the collision spring is modeled to conform to this 
characteristic behavior of the collision in a bridge. 

The slope k in Figure 2 is the collision-spring constant to be 
studied in the present study. Kawashima has studied 
appropriate value of k for the case where the colliding bars are 
identical and all the beam elements employed in the analysis 
are also identical to each other in terms of length and axial 
stiffness [5]. Then he has proposed the following formula:  

 
L

nEA
k   (1) 

where n is the number of elements, E is Young's modulus, A 
is the cross-sectional area and L is the girder length. The 
formula indicates that the collision-spring constant should be 
set equal to the axial stiffness of the beam element. Referring 
to his research consequence, the present study is to utilize the 
axial stiffness of the beam element for constructing the 
formulas for the collision-spring constants. 

The simulation of the collision by the spring is practical, yet 
it is quite an approximation of the collision behavior so that 
the overlap of the two bodies and the repetitive short 
collisions during the real collision period of time are 
unavoidable. The overlap becomes larger as the collision-
spring constant is smaller, while more short collisions occur 
as the collision-spring constant is larger. The collision-spring 
constant that does not evoke those fictitious phenomena 
excessively is considered appropriate [5].  
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(a) Girder-girder collision model. 
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(b) Abutment-girder collision model.  

Figure 3. Analysis model. 
 

3 ANALYSIS MODELS 
Earthquake can cause the collisions between adjacent girders 
and between an abutment and a girder in a bridge. Since an 
abutment and a girder are very different structures, two groups  
of analysis models are constructed: one is for the girder-girder 
collision and the other is for the abutment-girder collision. 

3.1 Girder-girder collision 

Figure 3 (a) shows the schematic of the analysis model to 
study the collision between two girders. The girders are 
modeled by two-node beam elements, and a collision spring is 
placed between the girders. The spring with a very small 
spring constant at the end of the right girder (Girder 2) is 
placed to prevent the free movement of Girder 2 in the 
dynamic analysis. The initial gap between the two girders is 
0.15 m and the Rayleigh damping constant is 0.02 in both 
girders. 

The axial stiffness of a bridge girder EA/L usually falls in 
the range of 0.5 to 5.0 GN/m. Based on this observation, three 
values of 0.5, 1.0 and 5.0 GN/m are employed for EA/L in the 
present parametric study. Besides, five element lengths of 0.1 
m, 0.125 m, 0.25 m, 0.5 m and 0.75 m are employed in the 
vicinity of the possible collision point. Herein the region 
within 10% of the girder length, L/10, of the colliding point is 
assumed the vicinity and the length of the beam element in the 
vicinity is denoted by Lev. In the remaining regions, one-
meter-long beam elements are used. Thus, not all the beam 
elements have the same length so that Equation (1) is not 
applicable to the present collision models.  

Various combinations of EA/L and EA/Lev are taken into 
account and 15 girder-girder collision models shown in Table 
1 (a) are set up in the present study. As is realized from Table 
1 (a), in Models GG1-GG5, the two girders have the same 
EA/L and EA/Lev; in Models GG6-GG8, the two girders have 
the same EA/L but different EA/Lev; in Models GG9-GG10, 
the two girders have the different EA/L but the same EA/Lev; 
and neither EA/L nor EA/Lev is the same in Models GG11-
GG15.  

3.2 Abutment-girder collision 

Figure 3 (b) is the abutment-girder collision model. The initial 
gap between the abutment and the girder is 0.15 m and the 
Rayleigh damping constant is 0.02. The spring with a very 
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Table 1. Analysis model.  

(a) Girder-girder collision model.  

 Girder 1   Girder 2  
Model EA/L  

(GN/m) 
EA/Lev 

(GN/m) 
Lev  
(m) 

EA/L  (GN/m) EA/Lev  
(GN/m) 

Lev  
(m) 

GG1 0.5 50.0 0.5 0.5 50.0 0.5 
GG2 1.0 100.0 0.5 1.0 100.0 0.5 
GG3 5.0 500.0 0.5 5.0 500.0 0.5 
GG4 5.0 2500.0 0.1 5.0 2500.0 0.1 
GG5 5.0 2000.0 0.125 5.0 2000.0 0.125 
GG6 1.0 100.0 0.5 1.0 200.0 0.25 
GG7 1.0 100.0 0.5 1.0 66.7 0.75 
GG8 1.0 200.0 0.25 1.0 66.7 0.75 
GG9 0.5 100.0 0.25 1.0 100.0 0.5 

GG10 1.0 500.0 0.1 5.0 500.0 0.5 
GG11 0.5 50.0 0.5 5.0 500.0 0.5 
GG12 1.0 100.0 0.5 5.0 1000.0 0.25 
GG13 0.5 100.0 0.25 5.0 1000.0 0.25 
GG14 1.0 500.0 0.1 5.0 2500.0 0.1 
GG15 1.0 100.0 0.125 5.0 2000.0 0.125 

 
(b) Abutment–girder collision model.  

Abutment Girder 
Model kA 

 (GN/m) 
EA/L 

(GN/m)) 
EA/Lev 

(GN/m) 
AG1 0.1 0.5 50.0 
AG2 0.30 0.5 50.0 
AG3 1.0 0.5 50.0 
AG4 3.0 0.5 50.0 
AG5 10.0 0.5 50.0 
AG6 30.0 0.5 50.0 
AG7 100.0 0.5 50.0 
AG8 300.0 0.5 50.0 
AG9 0.1 1.0 100.0 
AG10 0.30 1.0 100.0 
AG11 1.0 1.0 100.0 
AG12 3.0 1.0 100.0 
AG13 10.0 1.0 100.0 
AG14 30.0 1.0 100.0 
AG15 100.0 1.0 100.0 
AG16 300.0 1.0 100.0 
AG17 0.1 5.0 500.0 
AG18 0.30 5.0 500.0 
AG19 1.0 5.0 500.0 
AG20 3.0 5.0 500.0 
AG21 10.0 5.0 500.0 
AG22 30.0 5.0 500.0 
AG23 100.0 5.0 500.0 
AG24 300.0 5.0 500.0 

 
small spring constant at the right end of the girder is also used 
in the abutment-girder collision model. 

For EA/L, the same values as those of the girder-girder 
collision model are utilized. The abutment is modeled by a 
spring, as is often the case with the models in existing studies. 
Eight values of the spring constant kA are assumed for the 

abutment: 0.1, 0.3, 1.0, 3.0, 10.0, 30.0, 100.0 and 300.0 GN/m 
to cover the range of kA in the existing literature.  

The combination gives 24 abutment-girder collision 
analysis models shown in Table 1 (b). In all these models, Lev 
is set equal to 0.5 m and the element length of 1 m is 
employed throughout the remaining region.  
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 (a) Single triangular wave. (b) Double triangular wave. 

Figure 4. Seismic acceleration. 
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Figure 5. Relationship between maximum relative  

displacement and spring constant  
(girder-girder collision model). 

 

4 NUMERICAL RESULTS AND PROPOSED 
FORMULAS 

The seismic acceleration in the form of a single triangular 
wave (Figure 4 (a)) is applied in the girder-axial direction to 
the response analysis here. The time-increment of 1/50000 sec 
is employed for the time integration of the dynamic analysis. 
This time-increment is used also for the other analyses in the 
present study. All the models in Table 1 are analyzed, in each 
of which various computations are conducted with different 
values of the spring constant k so as to find out appropriate 
spring constants. 

4.1 Girder-girder collision 

The maximum absolute value of the negative relative 
displacement, which is the maximum overlap between the two 
girders, is obtained for each girder-girder collision model by 
employing numerous collision-spring constants and is plotted 
in Figure 5. It is clearly observed that the overlap decreases 
rather rapidly and tends to converge as the collision-spring 
constant increases. For the sake of clarity, the results of only 

five models are given in Figure 5, but the other models yield 
the same tendency. 

To determine the allowable relative displacement, the 
girder-girder collision models to which Equation (1) is 
applicable are constructed additionally. These models are the 
same as GG2 and GG3 except that the beam element of the 
same length, 0.5 m, is used over the whole regions of the two 
girders.  

The maximum overlap between the two girders in the 
seismic response analysis of the additional analysis models is 
found 0.157 m. Therefore, the overlap up to 0.157 m is 
considered acceptable and the collision-spring constant that 
gives the maximum overlap equal to or less than 0.157 m is to 
be judged appropriate in the present study. As Figure 5 
indicates, this threshold gives the lower bound of the 
appropriate collision-spring constant.  

To investigate the phenomenon of the repetitive short 
collisions during the real collision period of time, the extrema 
in the variation of the relative velocity with time during the 
collision is counted. The relative velocity is the difference 
between the velocities between the two girders.  

Figure 6 shows the relationships between the number of the 
extrema thus obtained and the collision-spring constant. A 
tendency for the number of the extrema to increase with the 
collision-spring constant is recognized clearly. For the sake of 
clarity, the results of only five models are given in Figure 6, 
but the other models yield the same tendency.  
The analysis of the models constructed additionally in the 
above yields three extrema in the relative velocity during the 
collision, so that the number of the extrema up to three is 
considered acceptable. As Figure 6 indicates, the threshold 
gives the upper bound of the appropriate collision-spring 
constant.  

Based on the results of the seismic response analysis 
conducted herein, the upper and lower bounds of the 
appropriate collision-spring constant is evaluated for each of 
the 15 models in Table 1 (a). Then the formula that gives the 
collision-spring constant k falling within the bounds for all the 
models is constructed. The formula thus obtained is as 
follows:  
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Figure 6. Relationship between number of extrema and spring 

constant (girder-girder collision model). 
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The subscripts "1" and "2" indicate the associations of the 
variables with Girders 1 and 2, respectively: k1 and k2 are the 
axial stiffnesses of the beam elements in the vicinity of the 
collision point in Girders 1 and 2, respectively. Note that all of 
k, k1 and k2 in Equation (2) have the unit of GN/m. 

4.2 Abutment-girder collision 

The abutment-girder collision is studied similarly, using 
numerous collision-spring constants. The results are presented 
in Figures 7 and 8. The same tendencies as those in the girder-
girder collision are recognized: as the spring constant 
becomes larger, the maximum overlap between the abutment 
and the girder decreases while the number of the extrema in 
the variation of the relative velocity increases during the 
collision. The thresholds employed to derive Equation (2) are 
used also herein, and taking the same procedure as that for 
deriving Equation (2), the following formula for the 
acceptable collision-spring constant k is obtained: 
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where kG is the axial stiffness of the beam element in the 
vicinity of the collision point and is given by 
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All of k, kA and kG have the unit of GN/m. 
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Figure 7. Relationship between maximum relative 

                       displacement and spring constant  
                           (abutment –girder collision model). 
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Figure 8. Relationship between number of extrema and spring 

constant (abutment-girder collision model). 

5 VERIFICATION OF PROPOSED FORMULAS 

5.1 Bridge model 

A bridge model is constructed referring to a typical existing 
bridge in Japan and is analyzed to verify the proposed 
formulas, Equations (2) and (4). The bridge is located in the 
Niigata Prefecture and was severely damaged in the 2004 Mid 
Niigata Prefecture Earthquake. 

Figure 9 shows the schematic of the bridge: it is a 7-span 
cantilever girder bridge and the length is 189.45 m. M, F, m 
and f in Figure 9 (a) stand for a movable bearing support, a 
fixed bearing support, a movable hinge and a fixed hinge, 
respectively. The abutments, A1 and A2, are located at the 
ends of the bridge. The collision can occur at the points 
denoted by m (between the adjacent girders) and at each end 
of the superstructure (between the abutment and the girder). 
These possible collision points are named C1, C2, C3, C4 and 
C5, as shown in Figure 10. The collision springs are placed at 
the possible collision points. The collision-spring constants 
are determined by the formulas proposed in the present study. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3545



12
53

0 

y 

z 

x P1 
P2 P3 

P4 P5 P6

A1 M M M F F F F M

m m m f f f 
12

92
0 

13
03

0 

13
04

0 

14
93

0 

13
14

0 

A2

189450

24700 6000 16000 6000 16000 6000 16000 6000 16560 6000 15490 6000 24700

 
G1 G2 G3 G4 x

z

y

1000 1000 3@2600=7800 

9800 

18
00

 2
20

 

 
 (a) Side view. (b) Cross section.  

Figure 9. Cantilever girder bridge model (Unit: mm). 
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Figure 10. Possible collision point. 

 
Table 2. Spring constant for foundation.  

Spring P1 P2 P3 P4 P5 P6 
Transition 
 (GN/m) 3.51 1.79 2.08 5.04 4.26 3.74 

Rotation 
(GN·m/rad) 38.2 36.4 36.9 38.5 68.2 3.9.6 

 
Table 3. Response of cantilever girder bridge under double triangular seismic wave (Fig. 3 (b)).  

Collision point Maximum relative
displacement  (m)

Number of 
extrema 

C1 0.156 2 
C2 0.051 2 
C3 0.050 3 
C4 0.051 2 
C5 0.151 2 

 
The initial gaps are 0.15 m between the abutment and the 
girder (at C1 and C5) and 0.05 m between the adjacent 
girders (at C2-C4). 

The superstructure consists of four steel I-shaped girders 
and a concrete deck. The web plate is of a constant cross 
section while the upper-flange width varies from 290 mm to 
490 mm and its thickness from 12 mm to 25 mm; the lower-
flange width varies from 200 mm to 540 mm and its 
thickness from 12 mm to 25 mm. The bridge piers are made 
of concrete, having the rectangular cross section of 2.2 m × 
10.6 m at the top and 3.6 m × 13.6 m at the bottom. As for 
the material properties, Young's modulus of the steel is 200 
kN/mm2, while Young's modulus of the concrete is 20 
kN/mm2. The foundation is modeled by springs whose 
constants are determined by the in-situ data and the design 
formulas given in the Design Specifications of Highway 
Bridges [7], which is the standard design practice in Japan. 
The spring constants for the foundation thus obtained are 
presented in Table 2. The Rayleight damping coefficient is 
0.02.  

Since the application of the single triangular seismic wave 
in Figure 4 (a) does not cause collision at some possible 

collision points, the seismic acceleration in the form of the 
double triangular wave shown in Figure 4 (b) is used in this 
analysis instead. 

5.2 Numerical results 

The summary of the analysis in terms of the maximum 
absolute value of the relative displacement and the number of 
the extrema in the relative velocity is given in Table 3. The 
results in this table are all acceptable values discussed 
previously, which confirms the validity of the proposed 
formulas.  

6 CONCLUDING REMARKS 
The collision is observed in a bridge during earthquake. The 
collision changes the bridge behavior considerably and it is 
therefore important to simulate the collision in the seismic 
response analysis of a bridge. Otherwise, the seismic 
response analysis can be quite misleading. 

A practical method of simulating collision in the finite 
element analysis is to introduce the collision springs to 
possible collision points. The present study has proposed the 
formulas for the collision-spring constants that are applicable 
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to the girder-girder collision and the abutment-girder 
collision. The approach by the collision spring may not be so 
sophisticated and is so simple that it induces fictitious 
structural behavior. But it has been shown that with the 
collision-spring constants given by the proposed formulas 
such behavior is kept to the acceptable degree despite the 
versatility of the formulas.  
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ABSTRACT: Accidental loadings due to blast or impact may easily cause failure of the elements that are exposed or located in 
the vicinity of the hazard; therefore, assessment of the structural over strength is critical for structural engineers to ensure a 
certain level of security and validate alternative unloading paths. The importance of the ductility of connections has been 
highlighted for the robustness evaluation of structures in FEMA’s report “Connection performance under impact loads... needs to 
be analytically understood and quantified for improved design capabilities and performance as critical components in structural 
frames”. The design of moment-resisting steel joints under monotonic loading is based on the “component method” (Eurocode 3, 
Part 1.8). This method requires the accurate characterization of each active component; T-stub model is used to describe the 
main components providing ductility to the joint due to its high deformation capacity. However, connection ductility capacity 
characterization remains problematic, usually requiring the development of challenging finite-element models.  
In this paper, the T-stub evaluation is supplemented with dynamic increase factors to predict the plastic resistance of T-stubs 
subject to rapidly applied dynamic loads. Firstly, based on the methodology established in the Eurocode, Part 1.8, a “dynamic” 
plastic resistance is calculated; secondly by exploring and improving an analytical procedure available in the literature, to 
describe its whole behaviour. The analytical results are compared with three-dimensional FE predictions and experimental 
results. This “modified analytical model” demonstrated to be able to describe the force-displacement response of the T-stub model 
for both static and dynamic situations with relevant accuracy. 

 

KEY WORDS: Steel connections; T-stub model; Strain rate; Dynamic behaviour. 

1 INTRODUCTION 
Structural connection capacity when subject to impact loads 
remains a somewhat unclear theme in the robustness 
assessment of steel structures. Relevant literature in building 
robustness improvement ([1], [2], [3], [4]) provides little 
guidance on this matter, forwarding load assessment to 
Eurocode 1, Part 1.7 [5] and connection design to Eurocode 3, 
Part 1.8 [6]. However, both standards fail to provide accurate 
guidance of how to deal with connection design to impact 
loading regimes. 

Currently, the design of moment-resisting steel joints under 
monotonic loading is based on the “component method” 
established in the Eurocode 3, Part 1.8 [6]. This method 
requires the accurate characterization (stiffness, resistance and 
ductility) of each active component, which represents a 
specific part of a joint; then, each deformable joint component 
is simplified as non-linear spring which, once assembled into 
a connection model, is able to predict the joint behaviour. 

The T-stub model is used to describe the tension zone 
components of connections, namely the end-plate in bending, 
column flange in bending (Figure 1) and the flange cleat in 
bending. The formulation to calculate its plastic resistance and 
initial stiffness are presented in chapters 6.2.4 and 6.3.2 of the 
Eurocode 3, Part 1.8 [6] (see Section §2.1 in this paper). 
Concerning the rotational capacity, in chapter 6.4 of the same 
standard is referred that the previous components, additionally 
to the column’s web in shear, are the components able to 
provide the rotation capacity to a beam-column connection 

subject to bending. Nonetheless, guidance to predict its post-
limit stiffness and displacement capacity is still absent as well 
as resistance when considering rapidly applied dynamic loads.  

 
Figure 1. T-stub section [7] 

This paper concerns the evaluation of analytical procedures 
to describe the dynamic behaviour of the T-stub model. Firstly 
the effects of elevated strain rates on the strength of steel are 
evaluated and employed through dynamic increase factors to 
the method established in Eurocode 3, Part 1.8 [6], and the 
plastic resistance of T-stubs subject to rapidly applied 
dynamic loads is calculated. Later, the analytical procedure 
based on yield-lines developed by Yu and co-authors [8], is 
implemented and compared against experimental and 
numerical results from monotonic loading cases. This 
analytical model is then improved to account for high strain 
rate effects through the introduction of a variable to account 
for the time in which the loading (or displacement) is applied; 
this way, a dynamic increase factor (DIF) independently 
affecting the behaviour of each plastic hinge and the bolt is 
calculated for each analysis increment. The results are 
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compared to those obtained from numerical non-linear 
dynamic analyses solved with the software ABAQUS [9]. 

Current work is part the framework of “IMPACTFIRE” 
project from which the experimental and numerical results are 
gathered. This project aims at the better understanding of the 
behaviour of bolted steel connections subject to accidental 
load cases with special focus on fire hazard and rapidly 
applied loads. 

2 ANALYTICAL PROCEDURES TO EVALUATE THE 
T-STUB RESPONSE 

2.1 Eurocode evaluation  

The formulation to calculate the plastic resistance of a T-stub 
according to Eurocode 3, Part 1.8 [6] is presented in 
Equations (1) to (5). The first three equations describe each of 
the plastic failure modes illustrated in Figure 2; for Mode 
Type 1, two plastic hinges per flange leg are developed with 
the complete yielding of the flange (or plate): one at the bolt 
axis due to the bending moment induced by the prying forces 
and another next to the weld toe; for Mode Type 2, one plastic 
hinge per flange leg is developed before the failure of the 
bolts; while for plastic Mode Type 3, no plastic hinges are 
developed, being the plastic resistance limited by the bolt’s 
strength. A T-stub’s plastic resistance is, therefore, the 
minimum value obtained from them. 

Equation (4) provides calculation for the resistance of the 
formed plastic hinges; it requires the consideration of the 
smallest yield line pattern ( , commonly referred to as the 
effective width. Equation (5) provides the design tension 
resistance of a bolt. According to the Eurocode 3, Part 1.8, 
the yield line pattern may be described by means of circular, 
non-circular or even beam patterns; indeed, the minimum 
yield line pattern will enforce the smallest resistance and 
therefore should be considered for the calculation. 

Concerning the stiffness, Eurocode 3, Part 1.8 [6] provides 
estimation of the elastic stiffness for T-stubs based on the 
same principle (definition of an effective width); once the 
elastic stiffnesses for each of the acting components are 
assembled into the spring model, a description of the 
connections’ elastic stiffness can be obtained. A joints’ typical 
moment-rotation response and Eurocode’s prediction are 
described in Figure 3. 

Mode Type 1: ,1,
4. ,

 (1) 

Mode Type 2: 
,2,

2. , ∑ ,
 (2) 

Mode Type 3: ,3, ,  (3) 

In which: 

 ,   1 4 . . ⁄  (4) 
and 

 ,    (5) 

 

 

 
Figure 2. T-stub plastic modes 

2.2 Previous analytical studies on T-Stub response 

2.2.1 General 
The evaluation of the real behaviour of steel joints (Figure 3) 
is complex and requires the proper consideration of multi-
phenomena namely the material’s non-linearity (plasticity and 
strain hardening), geometrical non-linearity (local instability), 
non-linear contact behaviour between elements and residual 
stress conditions [10]. The first studies to establish the T-stub’s 
response were performed by Zoetemeijer [11] during the 
1970’s decade. After that, several studies were developed on 
this topic; some of them contributed to solve the initial 
stiffness and the plastic resistance included in the above-
mentioned “component method” [6] (see Section §2.1), namely 
Zoetemeijer, 1990; Yee & Melchers, 1986; Jaspart, 1991; 
Faella et al., 2000; Gutierrez et al., 2010, Bijlaard, 2004; 
Latour & Rizzano, 2013; Elghazouli, 1998; Latour et al., 
2011. One particular case of such analytical models is the 
model developed by Yu and co-authors [8] which is based on 
the virtual work principle. This model is studied in the current 
paper and is presented in Section §2.2.2. 

Most of the above mentioned analytical procedures are 
developed based on the static equilibrium and application of 
the beam theory to the flange of the T-stub. Material non-
linearity is usually taken into account based on bilinear 
description of material models and may include thermal 
softening and hysteretic behaviour if elevated temperature or 
cyclic loading case are studied, respectively. 3D effects are 
normally taken into account based on the effective width. 

In recent years, researchers have focused on methods to 
describe the post-limit stiffness and displacement capacity 
(failure) of the T-stub model ([12] to [20]), in order to provide 
a definite rotation capacity to a connection and avoid 
somewhat expensive finite element analyses. Moreover, cyclic 
loading conditions ([21] to [23]) have been focused by taking 
into consideration the strength and stiffness degradation and 
the pinching of the hysteresis loops [21]. 

Nowadays, researchers incorporate the previous T-stub 
responses into dynamic finite element analysis for the 
evaluation of structural capacity. Meanwhile efforts to 
account for joints’ rotation capacity and post-limit strength 
when subject to accidental loading cases ([24] to [26]), 
particularly rapidly applied loads, are being undertaken. 

  Type 1                        Type 2                       Type 3 
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Figure 3. Moment-rotation response of joint [13] 

Recently, models incorporating strain rate effects to predict 
connection resistance when subject to rapidly applied loads 
are being studied by Stoddart and co-authors [27]. They 
developed a series of springs, holding the rate dependant 
behaviour of each acting component in a fin-plate connection 
typology, namely the bolt in shear and the fin-plate in bearing, 
and incorporate them in sub-frame models to perform non-
linear dynamic analysis. This technique allowed capturing the 
catenary action and the progressive fracture of the joint with 
reduced computational effort, and enhanced accuracy 
compared with the conventional method where axial and 
rotation springs are considered. 

2.2.2 Review of Yu’s model 
The model described by Yu and co-authors [8] has been 
developed to capture the behaviour of end-plate connection 
under large deformations. One of the main motivations to 
develop such model was the study of joints subject to elevated 
temperatures; in this situation, semi-rigid connections’ ductility 
capacity and the failure mode are required to establish the 
structural behaviour, as opposed to the requirements of initial 
stiffness and plastic resistance at ambient temperature. The 
model consists in deriving the behaviour of simple yield-lines 
which take material hardening into account and use them as 
basic units to describe the response of end-plate connections. 

Considering the T-stub model as a simplification of the 
behaviour of end-plate connection, the authors assessed the 
capabilities of the analytical procedure for a collection of  
T-stub responses available in the literature. The model allows 
the description of the  response of T-stub by 
establishing yield-lines where plastic hinges ( ) are usually 
developed (Figure 4):  – next to the weld toe and  – in 
the bolt line. The model is solved following the virtual work’s 
principle of keeping the strain energy a minimum. The 
equilibrium condition must, therefore, satisfy equation (6). 

 .    (6) 

The work for each plastic hinge is obtained by integrating 
the bending moment over the rotation, considering a three-
phases elasto-plastic material model and a cross-section 
curvature as a function of the maximum strain in the cross-
section. The size of each plastic hinge is dependent on the 
parameter  describing the relative dimension of the plastic 
hinge length to the plate thickness; 2 has been 
conservatively adopted by Yu [8]. 

The bolt is represented by a spring with a similar strain 
hardening condition up to the bolt’s peak force. A post-peak 
behaviour simulating the gradual necking and progressive 
degradation was also incorporated.  

Figure 4 presents the yield line model scheme of half the  
T-stub. Once again, 3D effects are taken into account based 
on the effective width. The model was found to be most 
appropriate for T-stubs with smaller effective width in which 
the bolt is able to effectively hold down the plate both in the 
edges and in the middle [8]. The model was validated against 
experimental and numerical data available from Bursi and 
Jaspart’s [14], Girão Coelho’s [15] and Spyrou’s [16], and it was 
used to predict the behaviour of flush end-plate connections 
by adding the effects of the several appearing yield lines. 

 
Figure 4. Yield line model [8] 

3 STRAIN RATE EVALUATION 
Strain rate is the deformation, i.e. strain variation, that a 
material is subject per time unit, ε/ . Most ductile materials 
have strength properties which are dependent on the loading 
speed and mild steel is known to have its flow stress affected. 
The effects of increasing strain rates on the stress-strain 
relationship of steel are illustrated in Figure 5. The presented 
true stress-logarithmic strain curves have been obtained from 
an experimental program carried out at the University of 
Coimbra [28]. A Universal Tensile Machine has been used for 
the quasi-static tests, based on a displacement control loading 
at low speed of 0.03 mm/s ( 0.001  ) to emulate the 
static response of the steel; for the dynamic properties 
assessment, Compressive Split Hopkinson Pressure Bar 
(SHPB) tests were conducted at an average strain rate around 
 = 600/s. It was observed that: 

i. the yield and ultimate strengths ,  increase 
beyond the results obtained under monotonic loading;  

ii. the total strain on rupture  decreases;  
iii. the elastic modulus  remains indifferent to the 

loading rate. 
Usually the effects of elevated strain rates are incorporated 

on the models by a “dynamic increase factor” (DIF), which will 
promote the increase of the elastic and ultimate strengths 
based on the ratio of the strength observed dynamically and 
statically, eq. (7). 

    (7) 
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Figure 5. Effects of strain rate on the behaviour of mild steel  

Based on the static ( 0.001 ) and dynamic (
600 ) stress-strain relationships, the Johnson-Cook model 
[29] - eq. (8) - has been used to describe the DIF for 
intermediate strain rate values (Figure 6). Calibration of 
parameter  yielded    0.039 for steel S355. Because no 
experimental evaluations were performed for the bolt material 
M20, grade 8,8, a maximum DIF of 1.1 is considered 
according the literature [3], thus    0.0072 is found.  

   1  (8) 

 
Figure 6. Dynamic increase factor (DIF) of the yield strength 

as function of the strain rate. 

4 STUDIED REFERENCE CASE: T-STUB UNDER 
MONOTONIC LOADING 

The analytical procedure developed by Yu and co-authors [8] 
is implemented in this work, and verified against our own 
experimental and numerical results obtained in the project 
“IMPACTFIRE” ([30] and [31]).  

The experimental programme included two different 
flange thicknesses of 10 mm (T-10) and 15 mm (T-15) under 
monotonic loading. The steel is classified as S355 and the bolt 
is a fully threaded M20 of class 8.8. Their geometry is 
presented in Figure 7. The material properties (Table 1) were 
established based on the quasi-static tests coupon mentioned 
in Section §3. 

Figure 8 presents the comparison of the response obtained 
experimentally [30] (solid green line), numerically [31] and 
[32] (dotted blue line), and from application of the analytical 
methodology proposed by Yu (dashed red line). Plastic 

resistance predictions following the Eurocode 3, part 1.8 [6], 
are represented by the horizontal lines, while the numerical 
peak load from Yu model is identified by the red triangular 
markers.  

 
Figure 7. Tested T-stub’s geometry 

Comparing the global  response from both T-stubs, it 
can be observed that T-15 exhibits stiffer behaviour, higher 
ultimate strength but reduced displacement capacity. Although 
both specimens were bolted with the same M20 (8.8) bolt and 
both failed through the bolt’s rupture, the ultimate strength of 
T-10 is 84% from T-15’s, due to the higher shear stress level 
developed in T-10’s bolt. 

From the analytical model predictions, it is observed that it 
is able to provide approximate results for estimation of the 

 response. For T-10, the analytical model provides 
rather conservative prediction of the peak load. Whereas for 
T-15, the prediction of the peak load is accurate; the negative 
stiffness after the peak load is a result of the necking and 
progressive degradation routine implemented on the bolt 
element. 

The progressive degradation of the bolt aims at the 
description of the weakening of the bolt after its ultimate 
strength has been reached. This bolt’s post peak behaviour is 
derived after test observations that at elevated temperatures a 
gradual necking of bolt’s shank is developed, reducing the 
effectiveness of the bolt to hold down the plate thus hindering 
the development of prying forces at the free edge of the plate 
[8]. However, at ambient temperatures, the bolt usually 
fractures abruptly soon after the peak strength has been 
reached and no weakening of the bolt is detected; therefore 
the bolt’s displacement should be monitored and a failure 
criterion should be established and added to this analytical 
procedure. 

 
Figure 8. T-stub monotonic  response for the T-stub 

specimens T-10 and T-15 
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Table 1. Material properties included in the analytical 
procedure. 

       
[GPa] [GPa] [MPa] [MPa] [10-3] [10-3] 

Steel S355 205.5 112.0 385 588 1.87 20 
Bolt (8.8) 202.5 156.3 518.4 712.8 2.56 15 

5 STRAIN RATE EFFECTS IN THE T-STUB MODEL 
FROM EUROCODE 3, PART 1.8 

Based on the Eurocode 3, Part 1.8 evaluation, this chapter 
concerns the implementation of elevated strain rate effects 
through enhancement of steel ( ) and bolt’s strength ( ) with 
dynamic increase factors for the calculation of the T-stub 
resistance when subject to rapidly applied dynamic loads. The 
study is based on the T-stub geometry previously presented – 
Figure 7 – and extended to other flange thicknesses. From eq. 
(1)-(3) in Section §2.1, it can be observed that the plastic 
resistance from Mode Type 1 is merely affected by the elastic 
strength of the steel flange, whereas Mode Type 3 is directly 
affected by the bolt strength; therefore any DIF applied to the 
flange steel or the bolt, respectively, within these modes will 
result in a direct increment of the plastic resistance. Mode 
Type 2, on the other hand, is not directly affected by an 
increase in the elastic strength of the steel flange or the bolt 
strength, but it depends on both simultaneously. So, in order 
to consider the strain rate effects in eq. (1) to (3),  and  in 
the eq. (4) and (5) should be replaced by ,  and , , 
respectively: 
 ,   .  (9) 
and 
 ,   .  (10) 

Assuming DIFbolt constant (=1.1), the influence of the 
increasing DIF applied to the elastic strength of flange steel in 
the increase of the plastic resistance of the T-stub, for 
different flange thicknesses, is shown in Table 2 and Figure 9, 
covering the plastic failure modes #1, #2 and #3. The shaded 
area in Table 2 denotes the T-stubs with a plastic failure Mode 
Type 2. It can be observed that: 
• With increasing DIFsteel, less ductile plastic modes are 

activated; 
• Stiffer T-stubs exhibit higher increment for the same DIF 

(as signalled in bold for DIFsteel = 1.5). 
• Increasing DIF in the steel flange doesn’t affect T-stubs 

following Mode Type #3. 

Table 2. Increase of the plastic resistance for different T-stub 
thicknesses and different steel flange DIFsteel , considering 

constant DIFbolt = 1.1 (M20 – class 8.8) 

Flange thickness [mm] 10 15 18 20 25 30 
Plastic failure mode #1 #2 #2 #2 #2 #3 
Plastic resistance [kN]       

(DIFbolt = 1.1) 96 207 235 256 319 345 

D
IF

St
ee

l 

1 1.00 1.00 1.00 1.00 1.00 1.00 
1.1 1.10 1.03 1.04 1.04 1.06 1.00 
1.2 1.20 1.06 1.08 1.09 1.08 1.00 
1.3 1.30 1.09 1.11 1.13 1.08 1.00 
1.4 1.40 1.12 1.15 1.18 1.08 1.00 
1.5 1.50 1.15 1.19 1.22 1.08 1.00 

 
Figure 9. Increase of the plastic resistance of different T-stub 

thicknesses for different DIFsteel 

6 STRAIN RATE EFFECTS IN THE ANALYTICAL 
PROCEDURE 

6.1 Strain rate effects in the analytical procedure 

In order to accommodate different strain rate effects into the 
analytical model presented in Section §2.2.2, a time 
dependency ought to be introduced. The basic assumption is 
that the total displacement for calculation occurs in a given 
amount of time. For the results previously presented 
(monotonic loading), a total displacement of 20 mm is 
considered. Assuming that this displacement occurs in 20 ms 
(consistent to an impact loading regime), a strain rate of 
20/0.020   1000   is reached for the whole T-stub 
system  response. Therefore, based on eq. (8) and Figure 
6, a DIFsteel of 1.5 might be assumed. 

In the same way, the stepwise development of the 
analytical model allows the computation of the induced strain 
rate on each step, by calculating the additional rotation 
required to meet equilibrium, eq. (6), and the respective 
maximum strain. The strain added for a current step is 
assumed to be developed in an amount of time, calculated by 
linearly discretizing the total time in the number of computed 
increments. A different DIFsteel for each increment is applied 
in accordance with eq. (8). The dynamic results presented in 
the next section, are obtained considering a maximum T-stub 
displacement of 20 mm divided in 80 increments with 0.25 
mm each one. The total time increment used is of 20 ms, 
therefore the time interval to compute the strain rate  

, , ∆⁄  is ∆ 20/80   0.25  . The 
procedure is summarized in the flowchart below (Figure 10). 

       

↓ 
 

 

Figure 10. Application of strain rate effects - Flowchart 
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6.2 Results 

The response obtained following the implemented analytical 
model is compared with i) results for the increase of plastic 
resistance of T-stub from EC3 - Part 1.8 [6] (see Section §5) 
and ii) non-linear dynamic finite element predictions 
calculated with ABAQUS software [9] and described in [32]. 
Figure 11 and Figure 12 compare the static (solid blue lines) 
and dynamic (solid red lines)  analytical response with 
the corresponding numerical analyses (dashed lines); 
predictions of the plastic resistance following Eurocode 3, 
Part 1.8, with DIFsteel = 1.5 and DIFbolt = 1.1, are represented 
by the horizontal lines (dash-point).  

As mentioned in the previous chapter, calculation with the 
analytical methodology is based on the application of 20 mm 
displacement in 20 ms. The numerical results are obtained 
from the finite element model described in [32], but with a 
displacement based loading of the same 20 mm within 20 ms 
to allow for comparison in the same loading conditions. 

 
Figure 11. T-10 dynamic  response 

 
Figure 12. T-15 dynamic  response 

The plastic failure Mode Type 1 followed by T-10, produces 
a dynamic plastic resistance predicted by Eurocode to increase 
50 % compared to the monotonic results, whereas in the 
analytical procedure only an increase of 28% is reached. It 
should be noted that the proposed modifications to procedure 
in Eurocode, Part 1.8 are based on the assumption that 
maximum constant DIFs for steel (DIFsteel = 1.5) and bolts 
(DIFbolt = 1.1) are used. Similar conclusions are observed for 
T-15. Both monotonic and dynamic predicted by the Eurocode 
provide safe but rather conservative results, especially in what 
structural over strength capacity assessment for progressive 

collapse analysis is concerned, since structures may be 
required to perform in a post-limit regime. 

Comparing the peak force values obtained in the 
implemented analytical procedure, an increase of 28% and 7% 
is observed for T-10 and T-15 respectively. This difference is 
due to plastic failure modes of these T-stubs: T-15 presents a 
plastic failure mode type 2 and its behaviour is rather 
dependent on the bolts’ behaviour, inhibiting the development 
of elevated strain rates in the steel flange. 

The average and maximum DIFs computed within the 
analytical procedure for plastic hinge 1 (PH1) next to the weld 
toe, for plastic hinge 2 (PH2) next to the bolt line, and in the 
bolt, are presented in Table 3. It can be observed that the 
average lowest DIFs are PH2 of T-15 and the bolt on T-10, 
showing that the analytical procedure is able to compute the 
formed plastic hinges accordingly to the Eurocode’s, Part 1.8 
plastic failure mode predictions. 

Table 3 – Average and maximum analytical computed DIF. 

T-10 PH1 PH2 Bolt 
Ave. 1.38 1.35 1.01
Max 1.38 1.36 1.08

T-15 PH1 PH2 Bolt
Ave. 1.36 1.02 1.09 
Max 1.38 1.35 1.09 

The advantage of the analytical procedure compared to the 
Eurocode 3, Part 1.8 procedure is the ability to describe the 
post-limit behaviour of the  response, while enhancing 
its resistance when subject to a rapidly applied load similarly 
to what was observed in the numerical models. 

7 CONCLUSIONS 
An assessment of the T-stub model behaviour subject to 
rapidly applied loads is performed based on the yield and 
ultimate strength enhancement through dynamic increase 
factors; firstly by acknowledging their effects on the 
methodology established in the Eurocode, Part 1.8 for the 
prediction of the plastic resistance; secondly by exploring and 
improving an analytical procedure available in the literature to 
describe its whole behaviour. 

Using constant Dynamic Increase Factors of 1.5 for mild 
steel and 1.1 for the bolt, the analytical model prescribed in 
EC3 - Part 1.8 is used to predict of the plastic resistance of T-
stubs for rapidly dynamic loading regimes. Conservative 
values were obtained compared with non-linear dynamic 
finite-element analyses responses; however, it should be noted 
that the constant Dynamic Increase Factors used in this 
procedure corresponds to high values of strain rates (600/s), 
which may not correspond to the real situation in the entire T-
stub, or even during the entire time in which the loading is 
applied. 

Finally, using the analytical procedure, the T-stub  
response is evaluated for monotonic load cases and compared 
against numerical and experimental data. Later, the model is 
modified to take into account the effects of high strain rates on 
the material’s stress-strain relationship, by means of dynamic 
increase factors. The stepwise model allows the computation 
of the strain rate at each displacement increment by the linear 
decomposition of a pre-defined total time frame. Application 
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of 20 mm displacement in 20 ms, a time frame consistent with 
an impact loading regime, are studied for T-stub flange 
thicknesses 10 and 15 mm; conservative results are obtained 
when compared with non-linear dynamic finite-element 
analyses responses. 
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ABSTRACT: The dynamic response of structures under impulsive loading is a complex process where both geometric and 

material nonlinearities play a very important role. The use of Finite Element calculations is advisable for the design of structures 

that must withstand impulsive action (blast or impact), but designers lack very often the resources to perform these calculations, 

thus simplified design methods are often used, mainly based on the reduction of the original system to dynamically equivalent 

SDOF system. Most of the existing approaches suffer from shortcomings when having to deal with arbitrary support conditions, 

to consider catenary effects or to consider interaction effects with surrounding parts of the structure. 

In order to overcome these limitations, the Institute of Steel Construction has proposed a new reduction methodology for beam 

elements to a 2-DOF dynamically equivalent system. This methodology allows for the explicit consideration of catenary action, 

including connector failure, by the use of two geometrically nonlinear springs with elastic-perfectly plastic material behavior. 

The nonlinear bending response is treated very similarly to existing approaches with geometrically linear springs with vertical 

elastic-perfectly plastic material behavior. 

This approach overcomes many shortcomings of present approaches and opens new possibilities for integration with more 

complex Finite Element models. Since the lateral connectors are treated distinctly, a separate assessment of its failure is 

possible. First results have been validated with FE calculations with geometrically exact beam elements with a very good 

agreement even for system with strongly developed membrane action.  

KEY WORDS: Equivalent System, SDOF, System Reduction, Geometrical Nonlinearities, Dynamically Equivalent System, 

Beam Reduction, FEM. 

1 INTRODUCTION 

Accidental actions such as explosions can load structures up 

to their ultimate resistance levels. Especially the members 

directly affected by the action undergo large plastic 

deformations, which lead locally to member failure and may 

affect the overall stability of the structure. An accurate 

prediction of the dynamic response is decisive for a safe and 

robust design of the structure. 

Due to the large amount of physical and geometrical 

nonlinearities, as well as the highly time dependent behaviour 

present in explosive events, the modelling and calculation of 

this processes is subjected to high computational 

requirements. The most exact and reliable method of 

predicting the structural response consists of the use of Finite 

Element Methods (FEM) with explicit solvers. Hereby the 

calculation of a structure undergoing a given explosive load 

requires considerable modelling expertise as well as very 

large computational power, with calculations taking several 

days to compute. Normally common software packages used 

for the design of steel structures do not allow for this type of 

modelling and solving strategies, since they involve a solution 

in the time domain under consideration of geometrical, 

material and contact nonlinearities.  

On the other hand, simplified design methods offer an 

affordable, much less time-consuming alternative for 

predicting the effects of blast action, which can be used by a 

wide spectrum of structural engineers, without advanced 

knowledge of the FEM.  

The analytical and numerical background for the modelling 

and calculation of structures under the effect of explosive 

loads by means of simplified methods was established at the 

end of the 50’s. Motivated by strategic military questions, the 

US Army performed a very extensive program of 

experimental, numerical and analytical investigations on this 

topic. A series of Technical and Engineering Manuals under 

the title “Design of Structures to Resist the Effects of Atomic 

Weapons“ [1] were published between 1957 and 1961 under 

the lead of scientists from Massachusets Institute of 

Technology (MIT) (e.g. Norris et al. [2]). Especially the 

working group of Prof. John M. Biggs [3] settled the 

fundamentals for dynamic system reduction, that are still used 

in present design recommendations ([4], [5], [6], [7], [11]).  

In this paper, a brief overview of these two design 

methodologies, specially focusing on their basic assumptions 

and limitations, will be given in Chapter 2. In the scope of this 

work, the focus lies on the development of a new design 

methodology for steel structures where one-way components 

(beam columns) must withstand the explosion. Therefore, the 

fundamentals of dynamic system reduction focusing on beam 

elements is presented in Chapter 3. In order to overcome some 

known limitations dealing with the effects of geometrical 

nonlinearities, a new reduction methodology is proposed for 

including the effects of axial forces and/or boundary 

conditions in an explicit manner. In Chapter 4 a validation 

example of the new methodology is given. 
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2 DESIGN METHODOLOGIES 

The solution of structures under impact loading can be 

obtained by two different methodologies. These differ very 

strongly in the amount of modelling detail, calculation time 

and solution type, so that it is very important to analyse the 

strenghts and weaknesses of each method in order to use them 

properly. 

2.1 Finite Element Calculations 

The Finite Element Method offers the most exact and realistic 

description of the problem. By means of beams, shells or 

volume elements using appropriate material models and 

contact definition, any type of problem can be addressed. 

With increasing level of detail, the amount of system degrees 

of freedom n increases strongly.  

Due to the short duration of the load application, the system 

is excited in very high frequencies. Thus, the use of explicit 

solvers is strongly recommended for this type of calculations.  

The direct simulation of impulsive loaded structures is very 

demanding in terms of computing time, numeric stability and 

modelling accuracy. The required small time stepping (due to 

the very short impulse duration) for the dynamic calculation 

leads often to numerical convergence problems as well as to 

very large computing times even for the simulation of few 

milliseconds of the structural response. 

The advantages of the use of the FEM are: (a) the 

possibility to include details of interest (i.e. bolts) and obtain a 

direct output of the magnitudes of interest; (b) the solution is 

in the time domain, hence it is possible to follow the 

development of the failure mechanism; (c) advanced material 

models and exact geometrical theories can be considered; (d) 

interaction effects between different members are considered. 

On the other hand, the use of FEM has some disadvantages: 

(a) the problem setup is quite time consuming and requires 

advanced expertise; (b) very high time requirements for 

calculation; and (c) parametric studies are generally not 

possible.  

Especially on early design stages, the use of FEM is not 

advisable, since the structural design and detailing is still to be 

determined by iterative calculations.   

2.2 Simplified Models 

From a designer point of view, the knowledge of the structural 

response of a certain given system is of small interest 

compared to the ability of predicting the behaviour of the 

same system under variation of different parameters (i.e. 

connector stiffness, mass distribution, chosen cross-section 

…). This knowledge can only be achieved through parametric 

studies. 

The performance of parametric studies for this type of 

phenomena is, even with today’s computer power, not feasible 

for detailed Finite Element Systems (this means including 

connectors, beam and shell elements), so that simplifications 

of the system behaviour are assumed in order to allow for this 

type of studies. 

Through the definition of energetic equivalent systems (also 

called dynamic equivalent systems), the problem complexity 

can be dramatically reduced, and thus the solution time.  

An energetic equivalent system reduces the investigated 

structure to a single degree of freedom (SDOF) system, which 

shows the same deformational and energetic behaviour than 

the original system (see Figure 1). The effects of structural 

damping are neglected here. 

Once the reduced model is defined, the motion differential 

equation of an undamped nonlinear SDOF 

                    (1) 

with    equivalent mass of the system, 

      displacement and acceleration of the 

equivalent mass, 

       equivalent force-displacement relation, 

       equivalent explosive load, 

can be solved by simple numerical implementation (see [3], 

[6], [9]).  

  

 
Figure 1. Member Reduction to a SDOF with 

nonlinear force-displacement relation. 

 

In this model, all structural nonlinearities are considered by 

a nonlinear definition of the force-displacement relation 

      of the equivalent spring. While the first approaches 

from Norris et al [2] and Biggs [3], considered an elastic-

perfectly plastic model, it was very soon observed, that this 

approach was too conservative, because it neglected the 

stiffening effect of membrane force activation. Different 

additions to the       curve have been proposed in modern 

codes ([4], [5], [7]), being the approach from the Fire and 

Blast Information Group [6] the most detailed one, proposing 

a 6-piece curve for      . 
 

3 NEW DYNAMIC EQUIVALENT SYSTEM 

Here a new dynamic equivalent system for a generally 

supported beam element will be presented. Differing from 

classical approaches mentioned in Ch. 2.2, the new reduced 

system consists of a mass with 2 DOF (in vertical and 

horizontal direction) supported by a set of 4 springs as 

represented in Figure 2: 

 

Figure 2. Member Reduction to a mass supported by four 

springs with nonlinear force-displacement relations. 

This system decomposition separates the effects of the beam 

nonlinearities in two components, i.e. material and 

geometrical. In this manner, the resistance behaviour due to 

the flexure of the member (including material nonlinearities 

caused by the yielding of the member or any of the rotational 
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springs KR1 and KR2) is considered by the two vertical springs 

KE1 and KE2.  

On the other hand, the geometrical (membrane) nonlinear 

behaviour is modelled by the two horizontal geometrical 

nonlinear springs KH1 and KH2. By the use of a nonlinear 

material definition, they account as well for connector failure 

(or axial yielding of the beam). 

According to [1], in the energetic analysis of a dynamically 

excited structure, there are three quantities to be considered: 

1) work done or external work, 2) strain energy or internal 

energy and 3) kinetic energy. The definition of a dynamically 

equivalent system involves the principle of dynamic 

similarity, which is merely the requirement that the three 

mentioned energy components remain equal with those of the 

given structure.  

Assuming a beam element undergoing an arbitrary 

deformation        (as in Figure 3), the new equivalent 

system must be defined by requiring that 1) the deformation 

behavior, 2) the kinetic energy stored in the lumped mass ME, 

3) the strain energy stored in the springs and 4) the external 

work done by the force FE remain equal for both the original 

and the equivalent system.∙ 

 

Figure 3. Arbitrary Deformation. 

3.1 Equivalent Mass 

The equivalent mass of a beam undergoing a deformation 

Φ(s,t)= w(t)·ψ(s) (as in Figure 3) is defined as the mass needed 

in order to absorb the same amount of kinetic energy, 

assuming that the equivalent mass deforms with the same 

peak deformation over time     . 

           (2) 

with        
 

 
     

     

  
 
 

 

       
 

 
                          

     
     

  
 
 
 

 with μ    cross-sectional mass (per unit length) 

  Mi  concentrated masses at points si 

From Eqn. (2), it can be concluded that: 

                           
  (3) 

3.2 Equivalent Load 

The equivalent load acting on a beam undergoing the same 

deformation Φ(s,t) is defined as the concentrated load acting 

on the equivalent mass that is needed to input the same 

amount of external work in the system, assuming that the 

equivalent mass deforms with the same peak deformation over 

time     . 

         (4) 

with       
 

 
            

      
 

 
                                      

 with q(s,t) distributed load (per unit length) 

  Pi concentrated loads at points si 

From Eqn. (4), it can be concluded that: 

                                     (5) 

3.3 Equivalent Stiffness for Vertical Springs KE1 and KE2 

The equivalent stiffness for the vertical springs must absorb 

the same amount of bending strain energy as the original 

beam undergoing a deformation Φ(s,t). This definition is the 

same as in the classical Biggs‘ approach [3]. The bending 

strain energy equilibrium can be formulated as: 

            (6) 

with        
 

 
      

 

           
      

   
 
 

       
     

  
 
 

 

                                      
     

  
 
 
   

 
 

with EI bending stiffness of the beam 

kR1, kR2 rotational stiffness of springs  

KR1 and KR2 

From Eqn. (6), it can be concluded that: 

        
      

    
 

        
     

  
 
 

     
     

  
 
 

 (7) 

The stiffness kE of the vertical springs in the equivalent model 

must be distributed between the two vertical springs KE1 and 

KE2. This can be done proportionally to the expected reaction 

forces at the left and right supports of the beam. In case of a 

uniformly distributed load the following weighting function 

can be used: 

        
                  

                  
 (8) 

        
                  

                  
  (9) 

This expression is strictly valid during the purely elastic beam 

behaviour for a beam with rotational stiffness kR1 = k1·EI/L 

and kR2 = k2·EI/L. With increasing deformation, the values kE1 

and kE2 tend to kE1 = kE2, which is the case in a perfectly 

plastic developed state. 

3.4 Equivalent Stiffness for Horizontal Springs KH1 and 

KH2 

The horizontal springs KH1 and KH2 must absorb the same 

amount of membrane strain energy as the original beam 

undergoing a deformation Φ(s,t). In order to correctly 

evaluate the cumulated membrane (axial) strain energy, an 

additional deformation hypothesis u(x) as in Figure 4 needs to 

be defined. 

 

Figure 4. Deformation hypothesis in axial direction and 

equivalent model for the absortion of membrane strain energy. 
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In order to calculate the equivalent spring stiffnesses kH1 and 

kH2 of the springs KH1 and KH2, the use of a nonlinear strain 

definition is needed. Assuming: 

      
     

  
 

 

 
  

     

  
 
 

 (10) 

the membrane strain energy accumulated in the original 

system from Figure 4 can be calculated with eqn. (11). 
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The values of the horizontal displacements at the supports 

u1 and u2 can be found at the points where eqn. (11) is 

minimised: 

    
 

 
        

     

  
 
 

   
 

 
     (12) 

with         
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with         
      

                     
 

where  kL1, kL2    are the longitudinal stiffnesses of KL1 and  

                  KL2 and 

 kS = EA/L is the axial beam stiffness. 

From a further analytic decomposition of eqn. (11) and 

considering the results in eqns. (12) and (13), the strain energy 

absorbed by the left portion of the beam (s = 0→smax) can be 

expressed as: 
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From an energetical point of view, the left side of the beam 

behaves like a geometrical nonlinear spring, whose energy 

behaviour depends solely on w4 as in   
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with 

     

    
        

     

  
 
 

  
    

 
              

    

 
        

     
           

 

 
 
 

 

                                   
 

 
        

    

 
   (16) 

After substituting the left side of the beam by a virtual 

spring KGNL with the same energy dissipating properties, the 

last step consists of defining the equivalent spring KH1 , which 

groups both the connector and the beam spring in one element 

(see Figure 5). 

 

Figure 5. Reduction procedure in order to determine KH1; a) 

original system; b) Connector + Equivalent Beam Model; c) 

Final Model. 

Without further demonstration, it can be shown that the 

spring KH1 is equivalent from an energetical point of view to 

the serial connection of both springs KL1 and KGNL. Therefore 

the stiffness of the equivalent lateral spring KH1 can be 

calculated with the expression: 

     
 

 

    
 

 

    

 (17) 

with  kL1 lateral connector stiffness of spring KL1  

kNGL  equivalent beam stiffness from eqn. (16) 

In a very similar manner, the equivalent spring stiffness of 

KH2 can be derived to: 
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where  

     

        
 
       

     

  
 
 

  
 

    
 

        

 
        

     
           

 

 
 
 

 

                             
 

 
        

 

    
   (19) 

3.5 Equivalent Yielding Criteria 

Dynamic system reduction concepts consider nonlinear 

system behaviour by the definition of a nonlinear force-

deformation relation. With increasing accuracy demands and 

the desire for including arbitrary support conditions, this curve 

has become increasingly complicated, thus making its 

determination or computer implementation considerably 

complicated.  

In the presented concept, the force-deformation relations of 

all four springs have been defined elastic-perfectly plastic, 

thus making its analysis and implementation very simple. 

In vertical direction the yield criteria is defined according to 

a plastic analysis of the beam resistance under the given load 

distribution. A good estimation of the final yield load can be 

calculated by the principle of virtual work. In case of a 

uniform linear load (most common assumption), the yield load 

fpl is calculated with eqn. (20). 

       
                                 

             
 (20) 

In a similar manner to the exposed in Chapter 3.4, the yield 

load can be distributed between the springs KE1 and KE2 

according to the same weighting functions as in eqn. (8) and 

(9). 

In membrane direction, the yield criteria for the springs KH1 

and KH2 should be chosen as the minimum between the 

connector capacity and the beam axial resistance Npl. 
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4 VALIDATION 

The behaviour of this new concept for an equivalent model 

reduction has been analysed with different examples. Here the 

energy development of a strongly geometrical nonlinear 

system with high slenderness has been investigated under two 

different static load cases (LC 1 and LC 2 in Figure 6) 

corresponding to 80% of the plastic capacity of the beam. The 

results have been compared to an own implementation of the 

FEM with geometrically exact beam elements as described by 

Wriggers [10] as well as the results using the classical 

(geometrically) linear beam theory.  

 

 

Figure 6. Validation example for a simply supported beam 

with variable axial restrain conditions. Applied load cases. 

With these boundary conditions, parametric studies have 

been conducted under variation of the axial stiffness in order 

to evaluate the goodness of the proposed model reduction. 

4.1 Results for Load Case 1 

The vertical displacements at the point of maximum 

deflections, the restraining forces in axial direction and the 

cumulated strain energies have been evaluated in order to 

assess the quality of the proposed approach for defining a 

dynamically equivalent system. 

 

Figure 7. Maximum vertical deformation under Load Case 1. 

 

Figure 8. Lateral Connector Force under Load Case 1. 

 

 

Figure 9. Energy Absortion under Load Case 1, Eε=membrane 

strain energy, Eκ = bending strain energy. 

In Figure 9 an analysis of the energy absorption behavior 

depending on the amount of axial restrain is shown. Here 

three different models have been compared: (a) system 

modelled with linear beam elements, (b) system modelled 

with geometrically exact beam elements and (c) the equivalent 

system defined according to chapter 3.  

Overall there is a very good agreement between the results 

of both the exact and the simplified model. The activated 

membrane forces are slightly overestimated for the domain 

where kL1 is slightly larger than the axial beam stiffness. This 

deviation remains on the safe side for the estimation of 

connector forces by the simplified model. 

4.2 Results for Load Case 2 

The vertical displacements at the point of maximum 

deflection (here at mid-span), the restraining forces in axial 

direction and the cumulated strain energies have been 

evaluated in order to assess the quality of the proposed 

approach for defining a dynamically equivalent system. 
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Figure 10. Maximum vertical deformation under Load Case 2. 

Similarly to load case 1, a very good agreement can be 

observed for the vertical displacements, connector forces and 

energy absorption mechanisms between the exact and the 

simplified model. Connector forces are slightly overestimated 

for connector stiffness larger than the axial beam stiffness. 

 

Figure 11. Lateral Connector Force under Load Case 2. 

 

Figure 12. Energy Absortion under Load Case 2, 

Eε=membrane strain energy, Eκ = bending strain energy. 

5 CONCLUSIONS 

In this paper a new simplified design method has been 

proposed based on a new concept for dynamic system 

reduction. The proposed methodology reduces an axially and 

rotationally arbitrary supported beam to a 2DOF system 

consisting of a mass and 4 springs as presented in Figure 2.  

The new reduction concept exposed in chapter 3 is designed 

to explicitly address geometrical nonlinearities by means of 

two lateral springs with a nonlinear strain definition. Chapter 

4 shows the very similar energetic behavior of the reduced 

and the original system, even in the elastic domain, where 

most classical approaches do not consider any membrane 

action. The possibility to explicitly model and calculate the 

connector forces in the system is a major advance in order to 

predict the dynamic response of structures by simplified 

models. 

Another great advantage offered by the presented 

methodology is the possibility to address arbitrary loading 

conditions in an arbitrary supported beam. Present 

simplification approaches could only deal with symmetrical 

uniformly distributed loading conditions.  

This approach opens new possibilities for the dynamic 

analysis of structures. As exposed in chapter 2, there is a large 

separation between complex FE calculations and the use of 

simplified models. The main disadvantage of classical 

reduction techniques is the fact that they cannot be integrated 

to more complex FE systems, so that the analysis remains for 

one isolated member. This limitation is mainly due to the fact 

that they would only offer one connection node to the rest of 

the FE system, thus not being able to separate membrane 

effects from bending effects or asymmetrical support action. 

The new approach overcomes this limitation by offering 4 

connection nodes that separately consider the effects of 

bending and membrane action for both for the left and right 

support.  

An implementation of an “equivalent beam” element in a 

FE system is possible and opens the possibility for parametric 

studies on larger structural models. 
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ABSTRACT: The structural components of a monopile foundation consist of the monopile (MP), the transition piece (TP), the 
grouted TP/MP connection and the seabed subsoil. The stiffness of the foundation structure has a high impact on the 
fundamental structural resonance and on the inclination (tilt) of the complete structure. A potential degradation of any such 
stiffness might move the fundamental resonance frequencies closer to the first harmonic of the rotor rotation frequency resulting 
in increased dynamic loads. Continuous identification of the foundation stiffness and the inclination together with the 
fundamental resonance frequencies were therefore considered the primary monitoring goals.  
The foundation stiffness is defined by the ratio of the bending moments and shear forces with respect to the inclination at TP- 
airtight platform level. The bending moments and shear forces were calculated from the strains measured in three directions at 
five locations along the TP- circumference. The inclinations were measured by a 2-axial inclination sensor located at the same 
TP level. The bending moments and shear forces were correlated with the inclinations and also with the environmental and 
operational (EO) data (wind velocity, rotor frequency, nacelle orientation and generated power). The state indicators are based 
on two different data sets: (a) the long- term distribution of the 10- minute averages and (b) the time histories of the strain and 
inclination data which are measured with a sampling rate of 50 Hz. The time histories were used for extracting the fundamental 
bending frequencies continuously over the monitoring period via time- frequency analysis based on 5- minute time intervals. 
Operational modal analysis (OMA) techniques were applied to the data of each interval.   
The measurement system (MPC- system) designed by the University of Kassel was installed on the TP airtight platform and 
connected via internet to the university lab-PC. The raw test data are stored locally by the MPC- system and can be downloaded 
to the lab-PC on demand for data evaluation. 
Results from continuous monitoring over a period of 20 months show the evolution (trend) of the derived state indicators. No 
significant variations of the indicators were observed. The indicators are considered to represent a valuable decision tool for 
condition based maintenance.  

KEY WORDS: Structural health monitoring; foundation stiffness; inclinations; fundamental resonance frequencies, operational 
modal analysis. 

1 INTRODUCTION 
Germany’s first commercial wind farm Baltic 1 (Figure 1) 
was erected in the Baltic Sea 16 km north of the Darß 
peninsula by EnBW, Erneuerbare und Konventionelle 
Erzeugung AG, Stuttgart, Germany. The wind farm includes 
21 Siemens 2.3 MW turbines and an offshore substation. The 
power transmission started in 2011. The structure is of 
monopile (MP) type. The MP is connected to the tower via a 
transition piece (TP). The complete foundation structure 
consists of TP, MP, the grouted joint which connects TP and 
MP and the seabed subsoil. The stiffness of the foundation 
structure has a high impact on the fundamental structural 
resonance and on the inclination (tilt) of the complete 
structure. A potential degradation of any such stiffness might 
move the fundamental resonance frequencies closer to the first 
harmonic of the rotation frequency resulting in increased 
dynamic loads.  
Continuous identification of foundation stiffness and 
inclination together with the fundamental resonance 
frequencies were therefore considered the primary monitoring 
goals. In this paper the approach for data evaluation and some 

results from continuous monitoring over a period of 20 
months will be presented and discussed. 

 

                         
                              source: http://www.enbw.com 
           Figure 1. View on Baltic 1 wind park 

Structural health monitoring of the monopile foundation structure 
of an offshore wind turbine 

Michael Link, Matthias Weiland  
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2 MONITORING OBJECTIVES 
Monitoring was directed towards a continuous identification 
of the foundation stiffness and the inclination together with 
the fundamental resonance frequencies. The foundation 
stiffness was defined by the ratio of the bending moments and 
shear forces with respect to the inclinations at TP- airtight 
platform level as shown in the measurement configuration in 
Fig.2.  

 
Figure 2. Measurement configuration. 

3 MEASUREMENT SYSTEM  
The measurement system (called MPC system in the 
following) was installed on the airtight platform as shown in 
Fig.3. It includes the data acquisition system HBM MGCplus 
and the measurement PC which is connected via internet to 
the PC at the university lab. Five strain gauge rosettes with 
channels in -45°, 90° (axial) and 45° directions are located 
about the TP- circumference (locations shown in Figs.2 and  
Fig. 3(a) ). The location of the 2-axes inclination sensor on the 
airtight platform is shown in Fig. 3(b). The raw time histories 
of each measurement channel were recorded with a sampling 
frequency of 50 Hz and stored hour- wise to data files which 
can be downloaded on demand from the offshore MPC- 
System to the lab- PC at the University of Kassel. 

 

 
Figure 3(a). Measurement cabinet including data acquisition 

system and PC. Strain gauge locations Z4 and Z5. 
 

The environmental and operational (EO) data (power, wind 
speed, generator rotation frequency, nacelle orientation) are 
measured via a SCADA system with a sampling rate of 1 Hz. 
All data include a time stamp which allows for correlating the 
MPC data with the EO- data. The EO- data as well as the 
MPC- data can be retrieved via internet at any time from the 
university lab- PC where the data are subsequently evaluated 
offline.      

                 
Figure 3(b). Inclination sensor on airtight platform. 

4 EVALUATION METHODS 
Data evaluation was based on two different approaches: 
(a) the long- term distribution of the 10- minute averages and 
(b) the time histories of the strain and inclination data which 
are measured with a sampling rate of 50 Hz. 
Method (a) includes the following steps: 

- Calculation of the mean values over 10 minutes recording 
time for  strains and inclinations 

- calibration of 10-min data with respect to quasi zero load 
(ZL) conditions.  

ZL- conditions are assumed to be satisfied if the three EO- 
quantities (rotation frequency, power, wind velocity) fulfil the 
following conditions simultaneously: 

(1) the rotation frequency of the generator is less than 15 
rpm (the maximum value as delivered by the SCADA system 
was about 1500 rpm), 

(2) the power is less than 0.025 MW (max about 2.3 MW) 
and  

(3) the wind velocity is less than 0,2 m/s. 
An example is shown in Fig. 5-1(a) for the calibrated strains 

which are derived by subtracting the monthly mean values of 
the ZL- strains from the original strains as measured by the 
strain gauge rosettes in -45°, 90° (axial) and 45° directions. 
Fig. 5-1(b) shows the strains after their transformation to the 
circumferential direction and to the shear strains. The shear 
strains permit to calculate the shear forces und the torsional 
moments. 

  The time series of the 15 measurement channels at airtight 
platform level Z (3 channels times 5 sensors in circumferential 
TP direction) are used to calculate the 10-min averages of the 
stress resultants (axial forces, bending moments, shear forces 
and torsional moments) as well as their time histories.  

The example in Fig.5-2(a)-(b) shows the original 
inclinations without calibration (green). Dots show 
inclinations at quasi zero load (ZL) conditions, i.e. if the EO- 
quantities are below their threshold values. 

The general formula for calculating the stress resultants  is 
based on simple Euler- Bernoulli beam theory, which can 

MPC- 
Measurement 
cabinet

inclination 
sensor 

Z5 
 

Z4 
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assumed to be valid since the deformation of the TP- cross 
section (ovalization) is prevented by the in-plane stiffness of 
the airtight platform (a proof for the validity of this 
assumption is shown later). The axial strains

i
ε at any point of 

a beam with circular cross section are calculated from the 
axial force N and the bending moments Mx and My by 

 
 

x i y i
N/ EA+ (M y - M x ) / EI=

ι
ε  (1a) 

  (i = 1,...5 = No. of strain sensor channels in vertical 
  direction (channels Z1 – Z5)  ). 

 
 In matrix notation: 
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 (1b) 

with 
A = cross section 

m
R and t  = middle radius and thickness of TP at Z- level  
I  = area moment of inertia,  
E = Young’s modulus (steel), 
N = axial force ,  
Mx = bending moment about x- axis (west-east)  
My = bending moment about y- axis (south-north) 

,
i i

x y = coordinates of strain rosettes. 
With the strains known from measurement the unknown 

vector M can be calculated by regression analysis from eq.(1). 
The shear strains 

i
γ at any point of a beam with circular 

cross section are calculated from the torsional moment Mz and 
the shear forces Qx and Qy  by 

     
2.6
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in matrix notation: 
 

{

1 1

5 5
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With the shear strains known from measurement the unknown 
vector Q can be calculated by regression analysis from eq.(2). 

Another important data evaluation quantity is given by the 
ratios of the bending moments M  and shear forces Q with 
respect to the measured inclinations α since these ratios define 
the bending stiffness (see Fig. 2) of the structure below 
airtight platform level (transition piece, grout connection, 
monopile, subsoil). These ratios are given by 

 /
M

K M α=  (3) 

 /
Q

K Q α=  (4) 

The symbols M, Q and α stand for the bending moments Mx 
and  My , the shear forces Qx and Qy and the inclinations Nxx 
and Nyy in different coordinate systems (x/y, nacelle axis, 
direction of principal bending moment and others). The 
bending stiffness as defined above have only been evaluated 
for the 10min- averages. M, Q and α in the above eqs.(3) and 
(4) are not calculated for each 10min time point but via the 
slopes of the linear regression line through the 10min data 
points as shown, for example, in Fig. 5-8(c). 

The second part of the data evaluations deals with the 
spectral analysis of the time series (dynamic analysis as 
opposed to the 10min data analysis which represent a quasi- 
static analysis).  Cross Power Spectral Densities (CPSD) as 
provided within the MATLAB® signal processing toolbox 
applied to the time histories of a pair of variables V1 and V2  
(e.g. V1/V2 = bending moments Mx/My or inclinations Nxx 
and Nyy)  form the backbone of the analysis (a theoretical 
background of this technique can be found in ref./1/) .    

 
The CPSD matrix transforms the time histories of V1(t) and 

V2(t) into the frequency domain ω via the auto power and the 
cross power densities as follows:  

 1 1 2

1 2 2

ω =
⎡ ⎤
⎢ ⎥⎣ ⎦i

AutoPSD V CrossPSD V V
CPSD

CrossPSD V V AutoPSD V

( ) ( , )
( )

( , ) ( )
 (5) 

                              ( i = 1,… no. of frequency points) 
 
An important parameter for calculating the CPSD is the 

time interval to be used. In the present analysis we partitioned 
the monitoring period for each month (at present 20 months) 
into 5min- intervals which led to 12 CPSDs per hour and to 
about 24hrs x 30days = 8640 time intervals. The 3D- plot of 
the CPSDs over frequency  ω and the time interval number is 
called a time- frequency analysis and gives a valuable 
information about the auto power peaks over time.  

However, based on the CPSDs, a more sophisticated 
analysis was applied for extracting the peak locations. The 
(2x2)- CPSD matrix for each frequency point was 
decomposed by a singular value decomposition (SVD, see 
ref./1/ ) according to 

 CPSD = U S V  (6) 
 

where S = diag(S1 S2) represents a diagonal matrix where S1 
and S2 are the singular values. Under ideal white noise 
excitation (excitation power is constant over the frequency 
range) the location of the peaks of S1 and S2 on the frequency 
axis reflect the resonance frequencies of the structure and the 
vectors U1 and U2 the corresponding mode shapes.  Under 
operational conditions these peaks do not only reflect the 
resonance frequencies of the structure but also the excitation 
frequencies in particular the harmonic rotor rotation 
frequencies. With the rotor frequencies known from the 
operation management it is possible to distinguish the 
different sources.  It will be shown later that in the actual 
Baltic1 application it was possible to detect the fundamental 
system frequency together with the two first rotor harmonics. 
The resonance frequencies of the structure represent a 
valuable variable for long term monitoring. However it must 
be noted that the resonance frequencies, in particular the 
structure’s fundamental frequencies, are quite insensitive with 
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respect to local structural degradations like those which might 
occur within the grout zone. Changes of the Monopile 
clamping conditions might have a more significant influence 
on these frequencies. Monopile structures are nearly but not 
perfectly axisymmetric which results in a pair of mode shape 
with very close resonance frequencies. 

In the present Baltic1 application we used the singular 
values S1 for time – frequency analysis. An example for a 
time- frequency analysis for the bending moment pair Mx/My 
is shown in Fig.4 for an analysis period of 5 hours consisting 
of 5x12=60 time intervals. Fig.4-1(a) shows a 3D- plot al all 
60 singular values curves versus the frequency. Their peak 
locations are automatically extracted within user defined band 
widths. Peaks directly located on the band limits are 
considered as outliers. A typical plot of the peak locations 
over the time intervals within three frequency band limits 
0.22-0.3 Hz,  0.31-0.4 Hz and  0.75-0.85 Hz is shown in Fig. 
4-1(b)  together with the peak location mean values and the 
coefficients of variation. Peaks 1 and 3 reflect the rotor 
rotation frequency ( mean = 0.2655 Hz x 60 min = 15.93 rpm 
and 0.7946 Hz for the 1st and 3rd peak) whereas the 2nd peak 
covers the fundamental resonance frequencies of the structure 
(mean = 0.387 Hz). As mentioned before it must be expected 
that the second fundamental structure frequency is also 
contained within the defined bandwidth. This frequency can 
be extracted from the peak locations of the 2nd singular values 
which are very close to the first fundamental structure 
frequency as expected for nearly axisymmetric structures (not 
shown here).  

The frequency plots in Figs.4(a)-(b) serve as indicator 
functions reflecting the evolution of the fundamental 
resonance frequencies over the monitoring period. Any 
significant decrease of this frequency over the monitoring 
time must be considered as a global stiffness reduction of the 
whole system.  

 
 

Figure 4(a). Time- frequency plot of CPSD first singular 
values. 

 

 
Figure 4(b). First singular value peak frequencies  vs. 5 hours 

analysis time. 

5 EXEMPLARY RESULTS  

5.1 Results based on 10-min data 

In the following some exemplary results are presented for the 
first monitoring month April 2012 using the 10min averages 
(quasi static analysis) followed by a presentation of the overall 
results over a 20 months monitoring period.  

The strains calibrated with respect to zero load (ZL)- 
conditions are shown in Figs. 5-1(a)-(b). Original measured 
inclinations are shown in Figs.5-2(a)-(b) together with the 
inclinations under ZL- conditions (blue, red and black dots in 
the figures). Under ideal ZL- conditions (power, wind speed 
and rotation frequency below threshold values) the strains and 
inclinations would have to be constant. In particular would the 
ZL- inclinations show the permanent tilt of the structure 
which is considered an important monitoring indicator. Of 
course, under non- ideal real world conditions these values 
will not be constant and scatter about a mean value. The mean 
values of the ZL- strains and inclinations taken over one 
month were used for calibration purposes. Subtracting the ZL- 
values from the raw data for calibration purposes means that 
the calibrated strains and inclinations reflect the structural 
state only under operational and environmental conditions and 
not under permanent static loads.  

Examples in Figures 5-3 and 5-5 show the stress resultants 
(bending moments, axial forces, shear forces and torsional 
moments) calculated according to eqs.(1)-(2) using the 
calibrated strains. The stress resultants introduced at airtight 
platform level represent the sum of external operational and 
environmental loads acting at the airtight platform level. 
These stress resultants can directly be compared with the 
structural analysis results which is important for design 
verification.   

The identified stress resultants can be used to calculate the 
strains at arbitrary locations along the circumferential 
direction. If calculated at the measured locations using eqs.(1) 
and (2) a comparison with the measured strains allows to 
estimate the accuracy of the identified stress resultants, which 
represents a proof for the validity of the beam theory for 
estimating the stress resultants.  

Figures 5-4 and 5-6 show such a comparison for the strains 
at locations Z1 and Z2. The discrepancies between the 
original and synthesized strains are nearly invisible for the 
axial  strains in Fig. 5-4 and a bit larger for the shear strains in 
Fig. 5-6.  

In order to determine the most effective state indicators it 
was necessary to perform statistical correlation analyses 
between operational data, stress resultants, inclination data 

band width 
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with respect to various reference axes (principal moment axes, 
east-north axes, nacelle angle, inclination axes). 

Plotting the bending moments and the shear forces versus 
the corresponding inclinations shows that the structure 
exhibits a nice linear behaviour. The slope of the linear 
regression line   ( KM= moment/ inclination and KQ = shear 
force /inclination) indicates the overall stiffness of the 
structure at airtight platform level, i.e. it includes not only the 
stiffness of the steel structure but also the effective clamping 
stiffness of the monopile  in the seabed subsoil and the 
stiffness of the grout connection. The evaluation of these 
stiffnesses over time thus can be considered a valuable 
indicator for structural health monitoring.  

In case of an axisymmetric structure and  axisymmetric 
subsoil conditions the slopes of the regression lines (i.e. the 
stiffnesses) should be the same for the two sensor axes.  
However, the analysis showed that the stiffnesses exhibit 
some differences (not more than 10%) since such ideal 
axisymmetric conditions do not exist for the real structure. 
This means that for any reference coordinate system one 
would identify a pair of stiffnesses representing the stiffness 
variation in circumferential direction. 

For monitoring purposes it was found to be more efficient to 
calculate just one stiffness parameter if the stress resultants 
and the inclination angles are transformed to the axes of the 
principal bending moment. Since the angle of the principal 
bending moment covers the whole range between 0° and 360° 
over a monitoring period of say one month as shown in Fig.5-
3(d)  the identified stiffness represents an average value over 
the whole circumference of the structure.  
The most efficient correlation was found to be between the 

principal bending moment 2 2
max x yM M M= +  and the 

inclinations transformed to the  direction of Mmax given by 
atan( / )Mmax x yM Mϕ = . Mmaxϕ  as defined in Fig.5-7 is 

plotted in Fig.5-3(d).  
The slopes of the principal bending moments and shear 

forces with respect to the corresponding inclinations were 
finally selected as the stiffness indicator function. 

Figs.5-8(a)-(b) show that the inclinations )(xx MmaxN ϕ  

transformed to Mmaxϕ  according to Fig.5-7 yield the 
maximum inclinations which correlate with the principal 
moment. The inclinations )(yy MmaxN ϕ  perpendicular to 

)(xx MmaxN ϕ  are very small as shown in Fig.5-8(b). The slopes 
of the linear regression lines 
 

)(/M max MmaxxxK M N= ϕ  and )(/Q Mmax MmaxxxK Q N= ϕ    
                                                                                               (7) 
 
shown for KM in Fig. 5-8(c) represent the bending stiffness of 
the structure below airtight platform level (transition piece, 
grout connection, monopile, subsoil). Not shown here are the 
equivalent relations for the slopes of the linear regression line 
for the max. shear forces vs. the corresponding inclinations 
which yields the  KQ stiffness indicator. The bending 
stiffnesses according to these definitions were considered as 

signature functions reflecting the structural state.  A 
systematic decrease of these stiffness values would indicate a 
global structural degradation of the structure below Z-level.   

 

 
                       (a)                                           (b) 

Figure 5-1.   Calibrated strains (µm/m)  at location Z1 at 
airtight platform. (a) directions:  -45°(blue), 0°(green), 

45°(red),  (b) transformed to circumferential strain (blue) and 
shear strain (red). 

           

 
                                       (a)        
Figure  5-2(a).     Original  measured inclination Nxx  without 
calibration (green). Dots show inclinations at quasi zero load 
(ZL) conditions: generator rotation frequency (blue), power 

(red), wind velocity (black). 
 

 
                                      (b) 

Figure 5-2(b).   Measured inclinations calibrated with 
inclinations at ZL conditions, Nxx(green), Nyy(black). 
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                   (a)                                            (b) 

Figure 5-3. Stress resultants at  airtight platform. (a) bending 
moments Mx, My,  (b) Normal force. 

 
(c)                                           (d) 

Figure 5-3. (c): principal bending moments and 
(d): corresponding angle. 

 

       
Figure 5-4.  Comparison of measured  axial strains and strains 
synthesized from identfied bending moments and axial force. 

 
 

 
Figure 5-5.  Stress resultants at  airtight platform: shear forces 

Qx, Qy and torsional moment. 
 
 

     
Figure 5-6.  Comparison of measured  shear strains and shear 
strains synthesized from identified shear forces and torsional 

moment. 

 
 

Figure 5-7.  Inclinations Nxx  and  Nyy and transformed to 
angle of principal moment axMm

ϕ . 
 

             
                                      (a) 

            
                                     (b)       

Figure  5-8.  Inclinations Nxx (a) and  Nyy (b) transformed to 
angle of principal moment ϕMmax. 
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                                     (c) 

Figure  5-8(c).  Max. bending  moment versus inclination. The 
slope of the linear  regression line (blue)  indicates the overall 

stiffness of structure at  airtight platform level. 
             

The overall results over the 20 months monitoring period in 
Fig. 5-9 shows the evolution of the stiffnesses (bending 
moments and shear forces over inclinations) over the 
complete monitoring period. The coefficients of variation 
(5.75 % and 6,24%) can be interpreted as a natural variation 
caused by environmental effects and not by structural damage. 
In particular, scatter has to be expected because the ZL- 
values of the strains and inclinations are not constant but 
represent mean values over the actual evaluation month. 
 

              
                                       (a) 

              
                                      (b) 

Figure 5-9.   Evolution of the overall stiffnesses KM (a) and 
KQ (b) at  airtight platform level over 20 months. 

 
Finally Fig.5-10 shows the evolution of the residual 

inclinations measured under quasi zero load (ZL)  conditions. 
These residual inclinations should ideally  keep constant over 
the life time of the structure or converge to a constant value 
over the time. The values lie well below the allowable tilt of 
the foundation according to the  design specifications. 
              

           
Figure 5-10.   Inclinations under ZL- conditions over  

20  months. 
 

5.2 Results based on time histories 

The analysis was carried out for 5 months from  within  the 
monitoring period of 20 months (months 1,6,12,19 and 20 
were selected). In the following the results are presented 
exemplary for one month. The time histories of the bending 
moments Mx and My calculated from the strains according to 
eq.(1) were used for the spectral analysis in eqs.(5) and (6). A 
typical example for the Mx and My time histories over one 
hour measuring time is shown in Fig.5-11. For the spectral 
analysis each measuring time hour was partitioned into 5min- 
intervals which resulted in 12 intervals/hour and leads for a 30 
days month to  8640 time intervals. The analysis software 
permits to calculate and visualize the power spectral densities 
and the singular values for each interval. It was found 
sufficient to analyse only one hour per day which led to an 
overall analysis time of 31 hrs /month which was used in the 
presentation of Fig. 5-12. The figures reveal 3 clear frequency 
lines, the first and the third represent the rotor frequency 
whereas the second covers the structure’s fundamental 
resonance frequencies. The comparison of the identified rotor 
frequencies (peak 1 in Fig.5-13) with the values of the directly 
measured rotor frequencies (SCADA data)  showed that the 
rotor frequency could be identified very accurately  by 
spectral analysis of the bending moments.   

The resonance frequencies represent a valuable variable for 
long term monitoring. However, it must be noted that the 
resonance frequencies, in particular the structure’s 
fundamental frequencies, are quite insensitive with respect to 
local  structural degradations like those which might occur 
within the grout zone. Changes of the monopile subsoil 
clamping conditions might have a more significant influence 
on these frequencies. 

Fig. 5-13 shows that the frequency mean values are very 
stable over the 5 month. In particular no trend to a reduction 
was observed. 

 
 
 

 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3572 

                  
Figure 5-11. Time histories of bending moments over one 

hour measuring time. 
 

 
 
Figure 5-12(a). Evolution of singular value over time and 

frequency. 
 

Figure 5-12(b).    Peaks of singular value vs. time. 

 
Figure 5-13.  Mean values and standard deviations of peaks  

over 5  months (peaks 1 and 3 rotor, peak 2 structure). 

6 SUMMARY  
The aim of the continuous monitoring project was 

(1) Monitoring of the bending stiffness of the foundation 
structure below airtight platform level (transition piece, grout 
connection, monopile, subsoil). The bending moments and 
shear forces were determined from the measured strains and 
were used subsequently to calculate the bending stiffnesses 
defined by the ratios of the bending moments and shear forces 
with respect to the inclinations.  

(2) Monitoring of the permanent (residual) inclinations 
under “quasi zero load” (ZL) conditions. Such conditions are  
assumed if the power, the generator frequency and the wind 
velocity fall below small threshold values.  

(3) Monitoring of the fundamental resonance frequencies of 
the overall structure. 

Aims (1) – (2) were achieved by analysing 10min- averages 
over the whole 20 months monitoring period. Detailed 
statistical correlation analyses have been made between 
operational data (wind velocity, nacelle orientation), stress 
resultants, and inclination data with respect to various 
reference axes (principal moment axes, east-north axes, 
nacelle angle, inclination axes). The results of these analyses 
were important for deciding about the type of the final 
indicator functions to be used for permanent monitoring.  

The variability of both indicators over the monitoring period 
in Figs.5-9 and 5-10 did not indicate significant permanent 
structural degradations.  

Monitoring aim (3) was achieved by spectral analysis of the 
strain based bending moments and the inclination time 
histories. This analysis yields (besides the rotor rotation 
frequencies) the fundamental resonance frequencies of the 
whole structure. The summary of the results in Fig. 5-13 
shows that the frequency mean values were very stable over 
the whole monitoring period. In particular no trend to a 
reduction of the structural resonance frequency was observed. 

However, it must be noted that the resonance frequencies, in 
particular the structure’s fundamental frequencies, are quite 
insensitive with respect to local structural degradations like 
those which might occur within the grout zone. Changes of 
the monopile subsoil clamping conditions might have a more 
significant influence on these frequencies.  
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ABSTRACT: This work is directed towards two essential aspects of structural health monitoring. The first one concerns the 
efficiency improvement by use of the response surface instead of direct structural simulation in the framework of parameter 
identification. The second one concerns the evaluation of the virgin structural state as a reference state for monitoring. These 
aspects are examined on problems related to the rotor blades of wind turbines and illustrated by two laboratory tests.  

KEY WORDS: Parameter Identification, Wind Turbines, Rotor Blade, Structural Health Monitoring, Response Surface 

1 MOTIVATION AND INTRODUCTION 
Wind turbines are usually exposed to intensive dynamic 
loading for 20 to 30 years of the designed lifetime. A rapid 
development of new machines, carrying structures and 
foundation types in the offshore area causes diverse scientific 
and technological challenges with respect to structural health 
monitoring. There exist almost no commercially available and 
reliable solutions for offshore structures although the so-called 
condition monitoring systems (CMS) are requested by 
permission authorities. Structural health monitoring shall 
increase the availability and efficiency of wind turbines and 
minimize the operation breakdowns. The aim of monitoring is 
the early diagnosis and prevention of severe damages or 
failures. Various CMS solutions for rotor blades, tower or 
foundation are currently under development and testing.  

A typical challenge for all monitoring systems is not only 
the measurement technique or the measurement process itself, 
but mainly the structural assessment and damage or lifetime 
prediction. In our opinion, this step is almost impossible 
without a validated structural model that correctly describes 
structural response and provides a link between measured data 
and real physical parameters of interest. Usually, such a model 
takes into account interaction mechanisms and allows for the 
best utilization of structural bearing capacity.  

Model validation as well as damage assessment usually 
requires identification of essential parameters by use of the 
measured data in static or dynamic response. Such parameter 
identification is a typical issue in structural health monitoring. 
From the mathematical viewpoint, it leads to an optimization 
problem, which could be computationally very expensive. The 
efficiency of a costly optimization process can be enhanced in 
advance by reducing the number of relevant parameters within 
a sensitivity analysis. Even so, numerous structural 
simulations have usually to be performed at each step of the 
optimization process. Reduction of the computational efforts 
is still a challenge. 

The present study is directed towards two essential aspects 
of structural health monitoring. The first one concerns the 
efficiency improvement by use of the response surface instead 
of structural simulation during optimization. The second one 

is dedicated to the evaluation of the virgin structural state as a 
reference state for monitoring. The uncertainties of the initial 
state can strongly handicap damage assessment, thus, shall be 
reduced. These aspects are examined in the present study on 
problems related to the rotor blades of wind turbines. They 
represent space thin-walled carrying structures that are 
typically subjected to extreme aerodynamic loads, experience 
severe dynamic deformations (Figure 1) and are damage-
sensitive. 

 

 
Figure 1: Deformation of rotor blade under operation 

 

The present contribution is prepared within the Joint Research 
Project “BladeTester” financed by the German Federal 
Ministry for the Environment, Nature Conservation and 
Nuclear Safety . This project develops an automated approach 
for cost-effective, serial integrity tests of rotor blades 
appropriate for production facilities. At that, manufacturing 
faults shall be automatically detected, localized and assessed 
with respect to their impact on the integrity of rotor blades in 
operation. An individual test certificate for each rotor blade 
after manufacturing shall document the virgin state and serve 
as initial information for further monitoring and inspection 
measures. A continuous test data collection and statistical 
analysis of the faults shall open new possibilities for 
description of initial imperfections and pre-damages and to 
introduce modern quality management systems. 
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2 INITIAL STATE FOR SHM 
As stated above, an SHM system demands a reference state to 
which properties measured during service can be compared to. 
This raises the question, which point in time of a structures 
‘life’ could serve as a suitable reference state: Shall it be one 
during an early phase or at the very beginning of service time 
or does it have to be even earlier? Obviously, it is desirable to 
gather necessary information at the earliest. Up to now, this 
means the start of operation of the wind turbine. Which 
imperfections already exist at that moment is unknown, so 
initial defects coming from production cannot be recognized. 
This is a considerable aspect as rotor blades manufacturing is 
dominated by manual labor which makes them prone to 
imperfections. The approach followed in the project is 
therefore to check the rotor blades already during production. 
Information which comes out of this check is natural 
frequencies, dead weight deflection shape, contour accuracy 
and quality of bonding and layer composition. As rotor blades 
are produced in series production, trends in manufacturing 
quality can be observed at the earliest stage. All work within 
the project is done on a testing facility with a series of rotor 
blade specimen of 13.4m length (Figure 2), coming from an 
industrial small-size blade design. 

 

 
Figure 2: Testing facility with rotor blade 

2.1 Geometry Measurement and Imperfections 

Obviously, contour accuracy directly affects the degree of 
efficiency, hence the profit of the wind energy plant. 
Furthermore, internal defects can also lead to faults visible on 
the outside shape.  

Therefore, Blade Tester aims at finding correlations 
between defects in manufacturing visible internally (i.e. 
detectable with non destructive testing, see section 2.3) and 
externally. For the geometry measurement of such large 
volumes, a unique combination of a laser tracker and a 3D 
white light scanner has been developed. While the scanner 
takes shots of patches of a size of approx. 0.5m², the tracker is 
able to match these patches in a global coordinate system 
(Figure 3). In this way, a scan of the surface of the rotor blade, 
partly or completely, can be captured. The so achieved 3D 
information can be used to find local imperfections as dents or 
bulges. If it is sufficient just to check the contour accuracy in 
representative sections, these can be captured by the laser 
tracker in stand-alone mode (Figure 6). 

 
Figure 3: Geometry scanning with a 3D white light scanner 

(foreground) and a laser tracker (background) 
 

 
Figure 4: Contour sections measured with laser tracker 

2.2 Finite-Element-Model and Validation 

However, the surface captured as described in the previous 
section belongs to a deformed state of the part, thus depending 
on boundary conditions, loads and structural properties. 
Therefore it will be impossible to adjust to fit a reference 
surface coming from a CAD-model to it. Thus, the approach 
followed here is to compare the measured surface to a 
reference computed in a finite element model or, in other 
words, to validate a computational model with the measured 
data. It is evident, that this computational model will not 
initially fit to the measured one as many structural and 
material parameters cannot be exactly determined in advance. 
Additionally, each part presumably contains manufacturing 
faults (which are to be found). Getting the model coming from 
simulation in line with the measured one by means of the 
global deflection and dynamic behavior can only be achieved 
by a model update process, which basically is a certain 
application of optimization algorithms. 

Though, the finite element model of this small size rotor 
blade (Figure 5) already consists of more than half a million 
DOF, not to mention what a model of a current large size 
blade would have. Obviously this causes problems in terms of 
computability when multiple simulation runs are necessary 
each time the fitting process should be done and this is usually 
the case for an optimization process. So it requires a general 
approach, in which the ‘structural response’ to a certain set of 
boundary conditions, loads and structural parameters is stored 
and which offers interpolation of intermediate values. A 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3575 

methodology which features these requirements is the 
Response Surface Methodology (RSM) which will be outlined 
in section 4.3. 
 

 
Figure 5: Finite element model of rotor blade 

Beyond external sensing such as vibration sensors and the 
geometry measurement system, each rotor blade specimen is 
equipped with a fiber-optic sensing system which allows for 
the capture of distributed strain sensing along the fiber length. 
It is therefore possible, to validate the computational model in 
terms of strain data in 4 lines along the blade length. 

2.3 Non-Destructive Testing and Fault Detection 

Rotor blades can currently get various manufacturing faults 
due to handwork in the production cycle. Some of 
manufacturing defects are less critical and relates to the 
surface quality and repairs. Some of them can cause even 
structural failure and thus are very critical. In both cases, they 
cause operational breakdown and reduce the cost efficiency of 
the wind turbine. Non-destructive testing (NDT) should help 
to detect relevant manufacturing defects and to identify the 
virgin state of the rotor blade.   

The main goals of the NDT application are detection, 
localization and identification of manufacturing defects as 
well as assessment of their effects on the safety and integrity 
of rotor blades. For that purpose, various techniques are 
applied in BladeTester. The main problem in detection of 
local defects or damages is that each of them does not 
significantly influence the global behavior of the rotor blade 
and, thus, can hardly be measured in the global structural 
response, both static and dynamic. We apply various 
techniques based on wave propagation, since wave of small 
length interact well with the local damages or defects. The 
effects of defects can become well measurable.  

The applied NDT techniques can generally be subdivided 
into two groups: those based on electro-magnetic and elastic 
waves. Without going into details, we prefer elastic or 
mechanical waves, since they interact with the mechanical 
properties of the structure that are in focus of the study. 

Figure 6 shows a cross-section of a rotor blade with a 
typical structure consisting of two half-shells, two shear walls 
and several bond joints. Figure 7 shows a special ultrasonic 
scan of this blade component with reduced color resolution for 
better identification of defects. One can recognize numerous 
air voids in the bond layers or some surface damages due to 
poor workmanship.  

 

 
Figure 6: Cross-section of a rotor blade with manufacturing 

faults 

 
Figure 7: Ultrasonic scan of a rotor blade segment with 

manufacturing defects 

A typical problem arises with respect to manufacturing 
defects after their detection. In order to evaluate the effects of 
defects, such defects have to be introduced into the structural 
model. At that, it is important to determine the order of the 
model sophistication and the size of defects, which are 
relevant and shall be taken into account in the structural 
model. For example, it is practically impossible to account for 
individual voids of the bond layers in Figure 7. They can be 
homogenized over a certain section of the bonding and cause 
some reduction of stiffness or strength of the joint. Other 
alternative solutions are also possible. Currently, suitable 
strategies and approaches are under development.  

3 FINITE ELEMENT SIMULATION 
For the purpose stated in the precedent sections, a finite 
element model was developed that offers options to simulate 
manufacturing faults (i.e. inclusions in bonding) and 
delaminations. It consists of approx. 120,000 shell elements 
which are modeled with the layered laminate composition of 
the rotor blade design and exceeds by far the complexity of 
the models commonly used in structural design. 

Simulations include computation of static deflections in 
each test position (Figure 8) and corresponding modal 
parameters (Figure 9), in both figures shown for 2-point 
support on suction side. 

Bond layers 
with voids

Surface 
damage 
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Figure 8: Deflection due to deadweight 

 

 

 

 

 
Figure 9: First 4 mode shapes of the rotor blade 

4 PARAMETER IDENTIFICATION 
Basically, the process of parameter identification is an 
optimization process with the aim of reducing a previously 
defined objective function to a minimum. Although simple at 
a first glance, the procedure can become very costly in terms 
of computational time when the set of variables increases, 
which is likely to be the case in real-world applications. 

Obviously, a first step is to reduce the set of input and output 
parameters by checking them for interaction, e.g. to eliminate 
dependent variables. This reduction of the problem’s 
dimension is done with a sensitivity analysis. The efficiency 
of the main procedure can be increased by capturing the 
results for a given set of input values from a response surface 
instead of performing a simulation run in each step. A 
properly defined response surface hereby allows for 
interpolation of intermediate values instead of a full 
simulation. 

4.1 Sensitivity analysis 

Two groups of variables are generally defined for sensitivity 
analysis: a set of input variables , , … , , which 
represent material, geometry and stiffness properties, and a set 
of state variables , , … , , which are physical 
values of structural response, for example, displacements, 
strains, stresses or vibration properties.  

First, sensitivity analysis should help to discover and 
eliminate dependent variables within each set  and . The 
second goal of sensitivity analysis is to determine, what input 
variables in  exhibit the largest influence on the response 
variables of interest  .  

A usual procedure for sensitivity analysis involves a total 
vector of parameters  , . By variation of individual 
input parameters ∆   and by means of structural 
simulation, it is possible to calculate several new state 
variables resulting in , . The dependence of all 
parameters, both input and state ones, can be estimated by 
various correlation measures ranging between -1 and 1. At 
that, the correlation coefficient of -1 or 1 means full 
correlation, negative and positive, respectively. The value 0 
indicates no correlation.  

Such a sensitivity analysis is carried out in the present study 
within the OptiSlang software [6], which is coupled with 
ANSYS [7] for structural simulations. The results of 
sensitivity analysis are visualized by the so-called sensitivity 
matrix, which contains the correlation coefficients, like the 
one shown in Figure 15.  

Since a sensitivity matrix of dimension  is based on 
 individual contributions, its calculation can be very 

expensive for increasing number of variables. It seems to be 
rational using the response surface methodology in 
combination of some efficient approaches for statistical 
simulation, like the Latin Hypercube Sampling [4]. In the 
present study, we apply a traditional way, since the number of 
variables is quite limited. 
 

4.2 Optimization approaches 

Various optimization approaches can be generally applied 
within the procedure of parameter identification. The goal is 
to minimize the difference between the measured and 
simulated response variables  by variation of the input . 
The efficiency of parameter identification can be significantly 
increased by preliminary sensitivity analysis, as described 
above. 

The optimization problem under consideration can generally 
be described through the goal function  

min     (1) 
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with several problem-specific restrictions, which are not 
discussed here. In the framework of the least squares 
approach, we define a residual vector as a difference of the 
simulated and measured response variables  

  (2) 

and the goal function as a scalar residual product:  

.    (3) 

A typical problem arises from the fact that the properties of 
the goal function are generally unknown in advance. They can 
be quite complicated and possess several local minima, as 
exemplarily shown in Figure 10 for two parameters p1 and p2. 
Thus, a suitable selection of start points and appropriate 
optimization approaches is required. 

 

 
Figure 10: Objective functions 

 
In the present study, we apply several approaches for 

optimization, among others, the trust region approach, the 
pattern search approach, the evolutionary algorithms and the 
simulated cooling approach. Details of these approaches can 
be found, for example, in [Schumacher]. 
Due to numerous local minima of the goal function, it is 
important to find parameter ranges, where minima exist, at 
least approximately. This preliminary analysis can be 
efficiently done by use of the response surface as a meta-
model instead of the structural simulation at each step of the 
optimization process. 

4.3 Response Surface Methodology 

Response surface is a relationship between input variables  
and state variables  represented explicitly in a (n+m)-
dimensional space: 

.    (4) 

In this sense, it can be considered as a meta-model or 
alternative to the structural model.  

Relations between X and Y are usually implicit, but can be 
calculated using a suitable structural model, at least for some 
discrete values of input variables X. Using a certain number of 
such response states , the so-called response surface 
points, it is generally possible to approximate this surface by 
an analytical function. Due to diverse reasons, it is usual to 
apply second-order polynomials of the form: 

∑ ∑ ∑ , 1, … , , 
(5) 

where n denotes the number of input variables and m the 
number of state variables. The coefficients of the polynomial 
(5) can be calculated by regression analysis, if a sufficient 
number of real structural states are at disposal as a result of 
structural simulation or measurements.  

A special issue concerns a suitable selection of parameter 
combinations X that equally cover the full range of input 
parameters.  
 

 
Figure 11: Response surface with two inputs and one output  

4.4 Software framework and test environment 

The procedure stated above is implemented in a Matlab based 
software (program flow see Figure 12). Given an input file, an 
initial parameter set and size and type of sampling (Design Of  
Experiments, abbr. DOE), it starts a solver (e.g. analytical 
solver or FEM) for all support points. 

 

 
Figure 12: Program flow 

  When finished this task, a sensitivity analysis is performed 
and the sensitivity matrix is evaluated with the aim of 
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reducing the set of input and output parameters. Eventually, 
inside the optimization module, a metamodel is built (which is 
the response surface) and the core optimization in terms of 
minimizing the objective function is done by use of the 
metamodel. Finally, the appropriate set of input parameter 
leading to the measured structural response is stored. 

5 EXAMPLES 
The framework introduced above was tested up to the current 
stage of work with a variety of smaller (lab-size) structures: 
Amongst others dynamically with a laboratory beam structure 
and statically with a sandwich panel consisting of the same 
material composition as current technology rotor blades. The 
latter was equipped with fiber optic sensors which allow for 
the static and dynamic measurement of strain data 
continuously along the length of the fiber. As stated above, 
the rotor blade specimens are equipped with this system as 
well. 

5.1 Laboratory beam structure 

A simple beam is loaded with a shaker (m1) and two 
additional masses (m2 and m3). The general setup is shown in 
Figure 13, the measurement setup in Figure 14 where A1 to 
A8 are the locations of the sensors. The structure is excited 
initially by impact with a hammer to get the natural 
frequencies which are in a subsequent step excited with a 
shaker to capture the corresponding mode shapes. The values 
at start of the parameter update are shown in Table 1.  
 

 
Figure 13: Lab structure – general setup 

 
Figure 14: Lab structure – measurement setup 

Table 1: Initial parameter set 

Parameter Initial 
Value 

Lower 
Bound   

Upper 
Bound 

 Young’s Modulus [GPa] 190  180  220  
 Shaker Mass (m1) [kg] 2.5  2  4 

Distance m3 to Origin [m] 2.2 2.18 2.22 
 
 
 

 
Figure 15: Sensitivity matrix 

The sensitivity matrix (Figure 15) shows linear correlation 
between the output parameters (the natural frequencies eig1 to 
eig4) with the global stiffness (represented by the young’s 
modulus) as well as the mass of the shaker, although the latter 
affects the results less. An offset of the mass m3 within the 
given bounds does not show any significant influence on the 
natural frequencies and can therefore be eliminated from the 
core optimization process. After 3 iteration steps the values as 
shown in Table 2 were computed. 

 

Table 2: Updated parameter set 

Parameter Measured 
Value   

Updated 
Value 

 Young’s Modulus [GPa] -  198  
 Shaker Mass (m1) [kg] 3.2 3.15 

First Mode [Hz] 5.4 5.47 
 

5.2 Sandwich plate 

A sandwich plate consisting of a laminate shell on each side 
of the cross section and a foam core is tested in a four-point 
bending test. This causes a curve of the bending moment 
which is linear between the supports and the load application 
and constant between the load applications. The panel is 
equipped with fiber optic strain sensors on the bottom side 
which leads to positive strain values generally proportional to 
the bending moment. 

 

 
Figure 16: General test setup – top view and side view 

The panel was tested under compression load in a test stand at 
MFPA (Institute for Materials Research and Testing) Weimar. 
Several test iterations at lower loads showed a linear behavior 
of the structure. The computational model was able to 
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simulate frictional behavior at the supports as well as at the 
load punches. 

 

 
Figure 17: Testing the sandwich plate 

Although dominated by local effects at the supports and the 
load punches, the optimization procedure was able to fit the 
set of parameters quite well to the measured strain data 
(Figure 18). Input parameters were mesh density, distance of 
supports, young’s modulus of the foam core and laminate 
shells, thickness of the foam core and frictional coefficients at 
supports and load punches. 

 

 
Figure 18: Comparison of computational and experimental 

results 

Dynamic and static parameter identification using response 
surface as shown in both examples above will be combined 
and applied to the work on the rotor blade specimen 
introduced in section 2. 

6 CONCLUSION AND OUTLOOK 
The present study shows that response surface can help to 
increase efficiency of the sensitivity analysis and parameter 
identification, especially in the phase of preliminary analysis. 
Response surface reflects the main relationships between the 
input and state variables and, thus, helps to eliminate 
superfluous parameters. The accuracy of the response surface 
as alternative for structural simulation depends on the 
approximation quality of the second order polynomials for the 
actual parameter relationship.  

The present study also shows typical challenges in the 
assessment of the virgin structural state on example of rotor 
blades. This task usually includes geometry measurement and 
identification of imperfections as well as nondestructive 
material testing with damage detection and identification. All 

this information is necessary as reference for the initial state 
within structural health monitoring procedures. However, 
even if such information is available, it is still a challenge, 
how it can be introduced into the structural model in a rational 
way. It is evident that only a validated model can serve as a 
basis for structural monitoring. 

ACKNOWLEDGMENTS 
The authors gratefully acknowledge financial support of the 
Federal Ministry for the Environment, Nature Conservation 
and Nuclear Safety within the Project Bladetester, Pr. No. 
0325298A. A special thank goes to Matthias Kannenberg for 
his careful study with NDT techniques.  

REFERENCES 
[1] Los Alamos Research Center for Multidisciplinary Analyses and 

Applied System Optimization: 25 Years of Research in Structural/ 
System Optimization 1975 – 2000 

[2] Schumacher, A. Optimierung mechanischer Strukturen – Grundlagen 
und industrielle Anwendungen, Springer Verlag, 2005 

[3] Link, M., Weiland M., Structural Damage Identification – Model Based 
or Not, International Conference on Structural Engineering Dynamics, 
Tavira, Portugal, 2011 

[4] Florian, A. (1992). An efficient sampling scheme: Updated latin 
hypercube sampling, Probabilistic Engineering Mechanics 2(7), 123-130 

[5] www.bladetester.de  
[6] optiSlang Software, dynardo GmbH, Weimar, Germany 
[7] Ansys,  Finite-Element Code, Ansys Inc. Canonsburg USA 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 



Reducing Blade Fatigue and Damping Platform Motions of
Floating Wind Turbines Using Model Predictive Control

Rannam Chaaban1,a and Claus-Peter Fritzen1,b

1University of Siegen, Center for Sensor Systems (ZESS),
Institute of Mechanics and Control Engineering-Mechatronics,

Paul-Bonatz-Strasse 9-11, 57076 Siegen, Germany
aemail: rannam.chaaban@uni-siegen.de, bemail: claus-peter.fritzen@uni-siegen.de

ABSTRACT: With the recent trend in wind industry to invade deep water, floating platforms are becoming an active area
of research and development. The floating platform adds extra degrees of freedom (DOFs) to the turbine structure, these
added DOFs, if not taken into account actively or passively, can negatively affect the power production and turbine structural
loading. The load comparison between the land-based and floating turbines shows an increase of up to seven times in floating
turbines structural loading. Therefore, the development of new control systems for floating turbines become a necessity. One
of the potential control approaches rely on the use of traditional control methods used by land-based turbines that employ
the collective or individual blade pitch control. This paper presents a new method to control floating wind turbines in the
above-rated region for reducing platform motion in addition to mitigating blade loads. The new method uses the model-based
predictive control framework. The reduction of platform pitch motion, which is a significant problem for floating structures,
is achieved by making the rated generator speed a function of the platform pitch velocity. The individual blade pitching is
employed to accommodate the asymmetric aerodynamic loading over the rotor disk in order to reduce platform yaw motion
and to mitigate blade loading. The conflict between the set objectives is solved by combining them into a single cost function
that is minimized online at each time step to obtain the optimal individual blade pitching commands. Simulation results show
a substantial reduction in platform motions at the cost of a minor increase in generator power error. Moreover, the blade
flap-wise in addition to tower base fore-aft and side-side damage equivalent loads are also reduced.

KEY WORDS: Model predictive control; Individual blade pitching; Floating wind turbine.

1. INTRODUCTION

With the steady increase in wind power worldwide, offshore
wind farms are most likely to be a sizable contributor of
electricity production in some countries due to the high quality
of offshore wind resources and their proximity to the big
shore cities. To date, offshore wind turbines are limited to
shallow water supported by the conventional fixed-bottom
mono-pile structures [1]. For deeper water more than 60m
these support structures are no longer economically feasible,
and new types of turbine support are needed. Floating support
platforms are one of the potential solutions. Several floating
structures are studied, including barge, spar-buoy, and tension
leg platforms [2], [3] (Figure 1). Recently, in June of 2009,
the world’s first spar-bouy supported floating wind turbine was
installed off the coast of Norway in 220m deep water [4].

The floating platform introduces six degrees of freedom
(DOFs) to the system; These added DOFs, if not taken into
account actively or passively, can negatively affect the power
production and turbine structural loading. The load compari-
son between land-based and floating turbines shows dramatic
increase in the loading of the floating structure, basically, in
tower base fore-aft and side-side bending moments, blade flap-
wise and edge-wise bending moments and drive-train torsional
loading [5]. This overall increase in structural loading is related
to the motion of the platform in the fore-aft direction (platform
pitch motion) that induces the oscillatory wind inflow relative

to the rotor, and excites the gyroscopic yaw moment in
combination with the spinning inertia of the rotor. Therefore,
the development of new wind turbine control systems that can
reduce platform motions, while regulating power output and
reducing structural loading become a necessity.
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Figure 1: Floating platforms concepts

The control of floating wind turbines is relatively a new area
of research. One of the first attempts in this direction was done
by Nielsen et al., where they developed and tested an active
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Figure 2: Wind turbine operating regions

control strategy that takes into account the negative damping of
the platform pitch motion introduced by the reduction of thrust
force as the wind speed increases in the above-rated region
(known also as region III, Figure 2). The study considered a
spar-buoy platform (Figure 3). Simulations and experimental
results on a scaled model provided satisfactory results in
damping platform motion in the above-rated region [6].

Another study using the spar-buoy concept was done by
Larsen and Hansen, where the baseline gain-scheduled pro-
portional integral blade pitch (GSPI) controller in addition to
proportional integral (PI) torque controller were designed to
stabilize the floating system by limiting the blade pitching
action such that it became slow compared to the tower mo-
tion, This approach showed improvements in blade and tower
fatigue life, however, the output power was affected [2].

Several control strategies have been investigated by Jonkman
in his attempts to increase the damping of the barge platform
pitch motion [7]. For this purpose, he implemented the GSPI
blade pitch controller along with a torque control with constant
power algorithm to control a 5MW wind turbine mounted on
a barge platform. Jonkman was successful in reducing barge
platform pitch motion by detuning the GSPI gains. Moreover,
he has found out that neither using a tower top feedback
nor changing the control strategy to pitch to stall (instead
of feather) were capable of reducing the pitch motion of the
barge platform. However, one of Jonkmans recommendations
is to use the potentials of the multi-input multi-output (MIMO)
state-space-based control systems, which are not yet extended
to floating wind turbines.

Following Jonkman’s recommendation, Namik et al. de-
signed a time-invariant linear quadratic regulator (LQR) that
utilize the collective blade pitch angle [8]. The set objectives
are regulating rotor speed and minimizing platform pitch
motion. Testing results of this controller using the same 5MW
wind turbine mounted on barge platform clearly presented an
improved speed as well as platform pitch regulation when com-
pared to the detuned baseline GSPI controller [7]. However,
this controller had some limitations due the conflicting blade
pitch commands issued to the collective blade pitching (CBP).

To overcome the limitations of the CBP, Namik and Stol

implemented an individual blade pitching (IBP) periodic con-
troller [9]. However, simulation results demonstrated that the
periodic IBP controller destabilized some of the turbine de-
grees of freedom (DOFs). These DOFs (platform roll, drive-
train, and first tower side-side bending mode) had to be
included in the controller design in addition to the main con-
troller objectives. Furthermore, Namik and Stol implemented a
disturbance accommodating controller (DAC) to minimize the
effects of wind disturbance over the turbine [9]. Although the
DAC was found to be stable in the linear model around the
linearization point, platform yaw is severely affected. Including
this DOF into the controller design significantly improved
performance by lowering the DAC gains and reducing platform
yaw motion; Moreover, they found that the performance was
heavily influenced by actuator saturation and turbine nonlin-
earities.

In more detailed studies, Namik and Stol have shown that
the IBP controllers, applied on a 5MW floating barge wind tur-
bine system can achieve significant reduction in platform pitch
motion as the IBP creates asymmetric aerodynamic loads to
restore platform pitch motion [10], [8], [11]. Their simulation
results demonstrated a reduction in platform pitching motion
by 30%, in tower fore-aft fatigue damage equivalent loads
(DEL) by 20%, tower side-to-side fatigue DEL by 40% and the
power variability be approximately 25%. The only drawback
of this improved performance is the 10% increase in the blade
root flap-wise bending moment fatigue load, however, this
increase in blade root moment is - to some limit - expected
given the physical mechanism used to control the platform
motion by creating non-uniform thrust loads on the blades to
generate a rotor tilt moment.

Meanwhile, Lackner tried to achieve the same objectives as
Namik while reducing the blade loads [13]. For this purpose,
he used two control loops, the variable power collective pitch
control (VPPC) which uses the platform pitch velocity as a
set point for generator speed, and the individual blade pitch
control designed to reduce blade fatigue loading. Both control
loops were implemented simultaneously in order to achieve
the overall target objectives. Simulation results on a barge-
mounted floating 5MW wind turbine compared to the detuned
baseline GSPI controller showed that the suggested approach
was able to reduce the tower fore-aft DEL by 11.7%, the root
mean square (RMS) of the platform pitch angle by 15.4%
and the RMS platform pitch rate by 15.7% on average, while
this good performance was accompanied by an increase in
RMS power error by 9.4% and generator speed error RMS by
4.5% on average. Moreover, the IBP control loop introduced a
moderate reduction in the blade flap-wise DEL by only 1.2%
on average. The main drawback of this approach is the tower
side-to-side DEL that was originally reduced by 9.2% when
the VPPC is used alone, this reduction is negated with the
usage of the IBP controller. Based on that, Lackner came
to the conclusion that the individual blade pitching is not
that effective in reducing blade fatigue loading due to the
overall blade loading which is approximately 60% larger in
the floating platform compared to the land-based turbines [5].

On the other hand, the model predictive control (MPC) is an
active research area for wind turbine control, as it provides a
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Figure 3: Platform DOFs [12]

systematic way to include future predictions or measurements
(e.g. wind), constraints handling (e.g. blade pitch actuator
limits) and achieving multi-objective tasks. One of the early
implementations of MPC in wind turbine control is done
by Kumar and Stol where different MPCs are designed and
compared to the baseline GSPI controller tested on a land-
based wind turbine [14]. The MPC has shown the ability of
better regulation of rotor speed, and reduction of tower fore-
aft and side-to-side fatigue loading, however, the improved
performance came with an increased blade flap-wise DEL.
Laks used the MPC to compensate wind disturbances measured
in-front of the turbine using LIDAR system [15]. Kumar used
the MPC in order to compensate for the nonlinearities of the
wind turbine model [16]. Other implementations of the MPC
control could also be found in [17], [18], [19], where the
different MPCs are tested on land-based turbines. One of the
early attempts to employ the MPC to control floating wind
turbines is presented by Chaaban and Fritzen [20], where the
MPC for a floating 5MW wind turbine is implemented with the
objective to stabilize platform pitching motion. The simulation
results based on a two DOFs model has shown the possibility
to reduce the pitching motion of the platform while keeping the
generator speed at its rated value and respecting blade pitching
actuators limits. This good performance came at the cost of
increased tower base bending loads.

The focus of this work is to employ the model predictive
framework for further investigation of the potentials and lim-

itations of the usage of IBP in floating wind turbine control.
The target objectives to achieve are: reducing the platform
pitching motion while regulating rotor speed and reducing
blade fatigue loading. The motivations to employ the MPC
are on the first hand, to avoid conflict commands between
two control loops that negates the good performance for each
loop alone by combining all the targets in one cost function,
and on the other hand, to employ better schema in handling
pitching actuators limitation, which is expected to overcome
the performance degradation due to actuators saturation.

The paper is organized as following: section 2 presents the
linear turbine model, the model predictive controller structure
in addition to the used simulation environment, while section 3
analysis the obtained simulation results and compare them to
the reference baseline GSPI controller, finally section 4 states
the final conclusion of this study.

2. MODELING, CONTROL AND SIMULATION

2.1. Turbine Model

The NREL offshore 5MW baseline wind turbine [21] is
used for model development and simulation. This turbine is
a fictitious 5MW machine with its properties based on a
collection of existing wind turbines of similar rating since
not all turbine properties are published by manufacturers. The
turbine is mounted on the barge platform as shown in Figure 1.
The barge is a rectangular platform designed to be a cost
effective and easy to install platform and suitable for shallow
water. It utilizes the buoyancy due to its large water-plane area
to maintain stability. Since most of the platform is above the
water, it’s very sensitive to incident waves. The main properties
of this turbine and the barge platform are listed in Table 1. The
used barge platform model is as implemented by Jonkman [5]
and the full nonlinear wind turbine model is implemented
in the aero-hydro-servo-elastic simulation code FAST [22].
However, the control and simulation are implemented in Mat-
lab/Simulink.

A simple model of seven DOFs is used for controller design
(referenced later as ’7DOFs model’), this model includes:
generator inertia, drive-train torsional mode, tower fore-aft and
side-to-side first bending mode, and the platform rotational
DOFs, namely: roll, pitch and yaw (Figure 3). This simple
model is compared to the full DOFs model (21DOFs model)
that is possible to obtain using FAST (all DOFs in FAST
model are enabled except nacelle yaw, and rotor teeter DOFs).
The frequency response of the generator speed and platform
rotations to the collective blade pitch input for both models
(see Figure 4) clearly shows that the 7DOFs linear model
captures almost all the system dynamics in the lower frequency
range (upto 1Hz) for the generator speed and the platform
pitching motion, and to less accuracy for the roll and yaw
motions. As the main task for the controller is to keep the
generator speed at its rated value and to reduce platform
pitching motion, and as blade pitching actuators are to operate
in the lower frequency range, the 7DOFs model is found to be
good enough for the controller design.

The above-rated region is the operating region considered
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Table 1: Floating turbine properties [5]

Turbine

Rated power 5MW
Rotor type, blades Upwind / 3 blades

Control
Variable Speed &
Variable Pitch

Rotor, hub diameter 126m/3m
Hub height 90m
Cut-in/rated/cut-out wind speed 3 m

s , 11.5 m
s , 25 m

s

Rated rotor speed 12.1rpm
Rated generator speed 1173.7rpm
Blade pitch rage −1deg, ...,+90deg
Max. blade pitch rate ±8 deg

s

Barge platform

Length 40m
Width 40m
Height 10m
Draft 4m
Water depth 150m
Platform mass 5, 452, 330kg

due to the fact that platform pitch motion is excited in this
region because of the negative damping introduced by the
reduction of thrust force as the wind speed increases. As
the control objective of the region II is to optimize power
extraction by changing rotor speed at maximum aerodynamic
performance of the rotor, this region is considered out of
the scope of this study. Based on that, the 7DOFs linear
model is obtained by FAST in the above rated region at
operating wind speed wOP

wind = 18 m
s , and at the rated rotor speed

ΩOP
r = 12.1rpm. FAST numerically linearizes the aeroelastic

equations of motion by perturbing (represented by a Δ) each
of the system variables about their respective operating point
(∗OP) values. The linear model obtained from FAST has three
inputs (the individual blade pitching commands), one distur-
bance input which is the hub height horizontal wind speed,
and seven measured outputs which are: the generator speed,
the platform roll, pitch and yaw angles, the flap-wise blades
root moments. As the inputs to the linear model are given in
the rotating from of the rotor, they are transformed to the non-
rotating frame of the tower using the multi-blade coordinate
(MBC3) transformation [23]. The MBC3 transformation is
also applied to the measured blade root moments in order
to get these measurements into the non-rotating frame. The
MBC3 transformation does not affect the states and disturbance
vectors as they are already in the tower non-rotating frame. The
final state space model is given as

∆ẋ = A∆x + B∆uNR + Bd∆w (1)
∆y = C∆x + D∆u (2)

where ∆x is the perturbed state vector, ∆uNR =[
∆β0 ∆βc ∆βs

]T
is the perturbed input vector in the

non-rotating frame (indicated by index ∗NR) with collective
∆β0, cosine ∆βc and sine ∆βs perturbed components, ∆w is
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Figure 4: Generator speed and barge platform roll, pitch and
yaw frequency response to collective blade pitch

the perturbed wind disturbance input, the measured perturbed
output vector is given as

∆y =
[

∆Ωg ∆ξr ∆ξp ∆ξy ∆M0 ∆Mc ∆Ms

]T
(3)

with ∆Ωg is the perturbed generator speed, ∆ξr, ∆ξp, ∆ξy are
the perturbed platform roll, pitch and yaw angles respectively,
∆M0 is the perturbed collective component that is useful
for power generation, and ∆Mc, ∆Ms are the perturbed tilt
and yaw moments that the blades exert on the hub of the
rotor respectively. The system matrices A, B, Bd, C, D are of
appropriate dimensions. The MBC3 transformation between
the rotating coordinates q and the non-rotating coordinates q

NR
is given as

q = Tq
NR

(4)

and

T =

 1 cosψ1 sinψ1
1 cosψ2 sinψ2
1 cosψ3 sinψ3

 (5)

where ψ1 is the azimuth angle of the first blade, ψ2 = ψ1 + 2π
3

and ψ3 = ψ1+ 4π
3 are the azimuth angles of the second and third

blades. The system model given in Equations (1, 2) should be
transformed into discrete time domain before being used in
the controller design, the used sampling time is set to Ts =

0.0125sec.
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2.2. Turbine Control

2.2.1. MPC formulation

The model predictive control (MPC) is a framework in
which the controller calculates the optimal control input tra-
jectory to a system by minimizing a particular cost function J
over a finite period of time into the future (horizon) to calculate
the optimum control moves. The optimization process might
by subject to inputs and/or outputs constraints. The first control
move is then applied to the system and the optimization
problem is repeated at the next time step. The cost function
can take several forms, one of the most used functions takes
the quadratic form given in Equation (6). The optimization
problem to be solved online is read as following

min
∆U(k)

J(k) =

P−1∑
i=0

[∥∥∥∥ŷ(k + i|k) − yre f (k + i)
∥∥∥∥2

Q
+

∥∥∥∆û(k + i|k)
∥∥∥2

R

]
+

∥∥∥∥ŷ(k + P|k) − yre f (k + P)
∥∥∥∥2

Q f
(6)

subject to

x(k + 1) = Ax(k) + Bu(k) + Bdw(k) (7)
y

min
≤ y(k) ≤ y

max
(8)

umin ≤ u(k) ≤ umax (9)

where

∆U(k) =


∆û(k|k)

...
∆û(k + M − 1|k)

 (10)

is the decision variable vector, P is the prediction horizon, M
is the control horizon, Q, and R are the weighting matrices
on the outputs and inputs, Q f is the terminal weight and the
associated terminal cost used to ensure closed loop stability,
y

min
, y

max
are the minimum and maximum output values,

umin, umax are the minimum and maximum input values. The
used norm in Equation (6) of a vector z and a weighting matrix
W is given as ∥∥∥z

∥∥∥2
W = zT WT Wz (11)

and zT is the transpose of vector z. Equation (7) is the
discrete time form of the system state Equation (1), and the
matrices A, B, Bd are the discrete form of the corresponding
matrices in Equation (1). The last two lines in the optimization
problem, Equations (8, 9), represent the constraints on outputs
and inputs; another set of constraints might be also included.
ŷ(k+i|k) and û(k|k) are the estimated values of output and input
vectors respectively for time step k+ i estimated at time step k.
The estimation of the outputs, and consequently the states is
done using Kalman filter [24].

2.2.2. Constraints

The pitching actuators pose two constraints on the controller,
the first one is the pitching angle that should stay between
lower and upper limits, and the second one is the rate of change
of the pitching angle that should respect certain values, these
constraints are given in continuous time in the rotating frame

of the rotor as following

umin ≤ u ≤ umax (12)
u̇min ≤ u̇ ≤ u̇max (13)

As the model uses perturbed inputs given in Equation (14)
that have been transformed into the non-rotating coordinates
of the tower, the given input constraints should be updated.

u = ∆u + uOP (14)

Starting with the pitch angle constraints given in Equation (12),
and using the transformation given in Equation (4), then com-
bining the two inequalities into one, the new input constraint
takes the following form

E1∆uNR ≤ G1 (15)

where

E1 =

[
T
−T

]
(16)

G1 =

[
umax − uOP

−umin + uOP

]
(17)

On the other hand, the constraints on the blade pitch rate
are more difficult to handle as the transformation matrix T is
azimuth dependent, deriving Equation (4) will give

u̇ = Ṫ uNR + Tu̇NR (18)
Ṫ = ψ̇1T1 (19)

T1 =

 0 − sinψ1 cosψ1
0 − sinψ2 cosψ2
0 − sinψ3 cosψ3

 (20)

where ψ̇1 is the derivative of the azimuth angle of the first
blade with respect to time, in case of constant rotor speed,
this derivative is equal to the rotor speed ψ̇1 = Ωr. Substituting
Equations (19, 20) into Equation (18) and combining the two
inequalities, the new constraint is given as

E2∆uNR + E1∆u̇NR ≤ G2 (21)

where

E2 =

[
ψ̇T1
−ψ̇T1

]
(22)

G2 =

[
u̇max − ψ̇1T1uOP

NR
−u̇min + ψ̇1T1uOP

NR

]
(23)

The constraints given in Equations (15, 21) should be trans-
formed into discrete time before using them in the optimization
problem. The implementation of the constraints assumes a
constant rotor speed

(
ψ̇1 = Ωr

)
which, as the simulation will

demonstrate later, is not the case. However, this assumption
did not affect the results as the constraints are not triggered
during simulation.

2.2.3. Reference signals

The linear model obtained from FAST is a perturbed model
at the considered operating point. This means that the input to
the MPC should be the perturbed measurements given by

∆y = y − yOP (24)
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where yOP is the value of the measured outputs at the chosen
operating point. As the main objective of the controller is
to minimize platform motions and blade loading, using zero
reference values for the perturbed platform motions and blade
root moments would be appropriate. However, two methods
could be considered for the reference value of the generator
speed: The first method is to use zero reference, which means
to force the controller to extensively use the individual blade
pitching in order to build the asymmetric aerodynamic loading
that can - to some limit - counteract the platform pitch and
yaw moments. This will lead to a similar behavior to what
is presented by Namik [8]. The second method is to use
the scaled platform pitch rate as a reference by forcing the
generator speed perturbation to be a function of the platform
pitch rate; This means trading the reduction of platform pitch
motion with the variation of generator speed so it increases
when the turbine is pitching against the wind and decrease
when the turbine is pitching with the wind. This change of
control concept from constant generator speed at its rated value
to a variable speed could be justified as the floating turbines
are going to operate in floating farms where the overall power
variability is more likely to be dependent on the condition of
each turbine due to the spatial and temporal variations, rather
than the variability of each turbine’s output. This method will
give similar behavior to what is implemented by Lackner [13],
with the advantage here of using one cost function instead of
using two (or more) different control loops to achieve the set
objectives. The second method is used in this study, leaving the
first one for future work. The reference value for the perturbed
generator speed is set as

∆Ωg = −bξ̇P (25)

where the scaling value b is chosen to obtain about 10% error
of the rated generator speed, that means about 10% error in the
generator power as the generator torque is set to its rated value.
This choice of b will enable an easy comparison between the
obtained results here and the results presented by Lackner [13].

Figure 5: MPC block diagram

Finally, the constrained optimization problem defined by the
cost function given by Equation (6) is solved online subject to
the constraints defined by Equation (1), and the discrete form
of Equations (21, 21). The block diagram of the used MPC is
shown in Figure 5.

2.2.4. Baseline Controller
The detuned baseline gain scheduled proportional integral

(GSPI) controller as described by Jonkman [7] is used without
the generator torque control loop and the generator torque
is assumed to be constant at its rated value of T rated

gen =

43093.55kNm. This means that the objective of the controller
is to keep the generator speed at its rated value in order to
minimize power variation. The short name “GSPI” is used to
reference the detuned baseline controller shown in Figure 6.

Non-linear wind 
turbine model

GSPI
-

Lowpass filter

BldPitch
Commands

Figure 6: GSPI block diagram

2.3. Simulation Environment
The full non-linear model of the NREL 5MW wind tur-

bine [21] mounted on a barge platform NREL model [5] is
simulated using FAST while the controllers are implemented in
Matlab/Simulink. All controllers are simulated using turbulent
wind with mean wind speed of 18 m

s , vertical wind shear com-
ponent of 0.14 and turbulence intensity of 15%. All degrees of
freedom of the non-linear model in FAST are enabled (except
for the nacelle yaw and rotor teeter DOFs), in addition to the
6DOFs of the platform, namely: roll, pitch, yaw, surge, sway,
and heave. The water depth at the assumed installation site is
150m, the waves height is 3.673m and the peak spectral period
of incident waves is set to 13.376s. These values correspond to
the same location analyzed by Jonkman [5] and located in the
North sea near Scotland. All simulations are for 10 minutes
and use the same wind and wave profiles.

The model predictive controller is implemented using the
MPC toolbox from Matlab [25]. As the toolbox does not enable
time dependent custom constraints to be implemented, some
functions of the toolbox are updated to be able to consider
the constraints of the pitching actuators. The control and
prediction horizons are chosen to achieve better performance
while keeping them as small as possible.

The target objectives are prioritized within the cost function
using different weight for each objective. Reducing platform
pitch motion has the highest priority, regulating rotor speed
to follow the set reference takes the second priority, while
the reduction of the roll and yaw motions of the platform are
given less priority and finally the lowest priority is given to
the reduction of blades loading.

3. RESULTS AND ANALYSIS
Two performance indices (PMs) are defined for better

comparison between the controllers, these performance in-
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Figure 7: Normalized performance indices

dices include the root mean square (RMS) and the damage
equivalent load (DEL) [26], [27]. The RMS is calculated for
the following measurements: generator power error, platform
roll, pitch and yaw angles and platform pitching rate, while
the DEL is calculated for the tower base fore-aft and side-
side bending moments, tower base torsional moment, and
average blade flap-wise and edge-wise bending moment for
all blades. The PMs calculated for the MPC are normalized to
their corresponding values obtained from the GSPI controller
simulation results, which means that for PM less than unity
the MPC is doing better performance than the GSPI for the
corresponding index.

The normalized performance indices are shown in Figure 7,
where it is clear that the MPC shows a reduction in platform
pitch RMS of 20% and its rate RMS of 16% at the cost of an
increase of the generator power error of 11%. The reduction of
platform pitch is combined by reduction of platform roll of 9%,
yaw of 22%. This good performance in stabilizing platform
motion is extended to reducing blade flap-wise DEL by 4%
and tower base side-side, fore-aft, and torsional moments by
13%, 17% and 7% respectively. The only exception is a minor
increase in blade edge-wise moment of 2%. Moreover, the
blade pitch actuator usage is increased by 41% which is used
to force the generator speed to follow the set reference, and
to less degree to reduce platform yaw angle and blade root
moment loading.

A comparison between the obtained simulation results to
what is presented by Lackner [13] is shown in Figure 8.
A close performance in terms of increased power error and
actuator usage, reduced platform pitch motion and its rate is
clear to notice. The MPC has better performance in reducing
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Figure 8: Results comparison, normalized RMS and DEL
indices are compared between the MPC and the variable

power pitch control (VPPC) methods [13].

platform yaw angle due to the use of the IBP that creates
asymmetric aerodynamic loading between the left and the right
halves of the rotor disk, this in turn builds a restoring yaw
moment. On the other side, the variable power pitch control
(VPPC) method shows better performance in damping the
platform roll angle, this is due to the usage of the constant
power approach by the VPPC while the MPC consider a
constant torque approach for the above-rated region, this gives
the MPC a window to improve its performance by considering
the constant power algorithm.

Moreover, the MPC performance in reducing tower base
loading is slightly better than the VPPC. A remarkable per-
formance of the MPC is clear in reducing blade flap-wise
DEL by 4% while the VPPC cause an increase by 1.4% (due
to the usage of the IBP). Though, it is not fair to compare
a simple control approach such as the VPPC (a single-input
single-output (SISO) controller) to the advanced MPC that is
a MIMO optimal controller, the obtained results reflects the
benefits of using the MPC, as it can overcomes the conflicts
between the set objectives and improve the performance.

Time series results are shown in Figure 9, these plots
illustrate the used wind and wave conditions, the performance
of the pitching angle of the first blade, the reduction in
generator power variation (generator torque is constant), the
platform pitch response, and loading moments of the tower
base fore-aft and side-side in addition to first blade flap-wise
direction.

4. CONCLUSION

The performance of the floating wind turbines is highly
affected by the platform motions, making the task of stabilizing
platform motions a keystone to improve their performance.
Addressing this problem within the model predictive control
framework shows promising results. An improved performance
is possible to obtain using an MPC with the objectives to
reduce platform motion, tower base loading and blades loading
while forcing the generator speed to follow the scaled platform
pitch rate. Simulation results show a decrease in platform
motion RMS, tower base DEL at the cost of minor increase in
generator power error RMS. Moreover, employing the MPC
enabled the IBP to achieve more reduction in blade flap-wise
DEL and avoid the conflict between the different objectives.
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ABSTRACT: In this contribution, in situ seismic measurements are used to derive the small-strain shear modulus of soil as input 
for two soil-structure interaction (SSI) models to assess the initial soil stiffness for offshore wind turbine foundations. This 
stiffness has a defining influence on the first natural frequency of offshore wind turbines (OWTs), which is one of the most 
important design parameters of these structures. The fundamental natural frequency as measured on installed OWTs is 
significantly higher than its designed value, and it is expected that the explanation for this can be found in the currently adopted 
modeling of soil-structure interaction. In this paper a method is suggested to improve the accuracy of estimating the small-strain 
soil stiffness. 
The field data used in this study is measured with a seismic cone penetration test. A method is suggested to identify the shear 
moduli, which together with the measured in situ mass densities and estimated Poisson’s ratios are input for two static 3D SSI 
models. 
The first model is a linear elastic finite element model of a half-space of solids attached to a pile (shell). This is a straightforward 
and fast approach in which a static horizontal force and a bending moment are applied at the top of the pile. The second model 
extends the first one by introducing contact elements at the interface between pile and soil, where a contraction of the soil 
towards the pile is not allowed and maximum friction forces on the interface can be prescribed. Finally a method is suggested to 
translate the global response of a 3D model into an engineering model of a 1D beam laterally supported by uncoupled 
distributed springs. 
When comparing the deflections, those derived with the global 3D models, are smaller than deflections derived with the p-y 
curve design code. The deflections of the global models behave more rigidly, and especially the upper 10m deflections are 
smaller. The presented work is a small part of the research that still needs to be done before any conclusion can be drawn.  
 
KEY WORDS: Small-strain, initial soil stiffness; Offshore wind turbine monopile foundations; Natural frequency; Seismic 
measurements; FEM.  

 

1 INTRODUCTION 
In order to become an economically competitive energy 
source, offshore generated wind power needs to lower its 
levelized cost of energy. Less conservatism in design of the 
support structure (SStr) of offshore wind turbines (OWT) can 
contribute to this by decreasing the capex and/or increasing 
the energy yield. The latter is achieved by a longer certified 
lifetime of SStrs. Both can be attained by increased 
knowledge of soil-structure interaction (SSI): in depth 
understanding of both the stiffness and damping occurring in 
the interaction of the monopile and the soil. A secondary but 
possibly large economic effect is the increased bankability of 
a wind farm, because of more certainty in this defining SSI 
domain. SStrs and Financials (loans) are the main cost drivers 
in an offshore wind farm project.  

Over the recent years, measured natural frequencies of 
installed OWTs have been found to be higher than designed 
for. Apart from being a waste of expensive steel – often larger 
diameter foundation piles are employed for reaching the 
desired fundamental natural frequency – also more fatigue 
damage is accumulated than anticipated, because of the higher 
amount of cycles during its lifetime. The industry is turning 
towards SSI for finding the cause of this discrepancy in 

frequency between design and real life. A higher measured 
frequency may suggest an under-estimation of the stiffness of 
the soil against the pile motion.  

The currently available engineering approach which is 
prescribed in the standards [1] is called the “p-y curve” method. 
In this approach, the monopile is laterally supported by 
uncoupled distributed non-linear springs. The displacement 
(‘y’)-dependent magnitude of these springs is based on 
empirical relations found for slender, small-diameter piles in 
both clay [2] and sand [3]. However, most probably the small 
ratio of embedded length L over diameter D that is currently 
employed in the industry, invokes a fundamentally different 
soil reaction than for which the p-y curves were originally 
calibrated. The typical monopile bending can be characterized 
by being more rigid than the flexible piles for which the p-y 
curves are to be used. The bending behavior of monopiles 
conjures different soil-reaction mechanisms than slender 
flexible piles. Especially the fact that the initial stiffness of 
these curves is dictated to increase linearly with depth, and its 
magnitude to be independent of the diameter of the pile, is 
erroneous [4]. 

The initial stiffness has a large effect on the natural 
frequency of the OWT: the soil responds linearly for most of 
the endured vibrational amplitudes of the foundation, and it is 
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this small-strain stiffness that defines the modal properties of 
the SStr. Therefore, this initial part of the reaction, often 
called initial subgrade modulus kS,0 or E*py [N/m2], has been 
subject of  attention of several researchers [5], [6], [7]. The 
dimension of ks,0 can be understood as a discretized spring 
stiffness over a unit vertical length of the pile, so it is rather 
[N/m/m]. In the p-y curve formulation ks,0 is calculated by 
multiplying k, the modulus of subgrade reaction [N/m3] with 
depth (z). k is determined with the angle of internal friction of 
sand φ.  

However, seemingly contradictory to what is mentioned 
above, these referred studies find that the p-y curve method 
actually over-predicts the initial stiffness of the soil for larger 
depths. If this were generally the case, it would not explain the 
higher natural frequencies that are measured. The researchers 
suggest that a more realistic – taking 3D, global effects into 
account - variation of the stiffness with depth might rather 
follow a power law form with a power exponent smaller than 
1 [4].  

Most often geotechnical tests like the cone penetration tests 
(CPT) are being performed and borehole samples for 
laboratory testing are taken. A balanced approach with 
geophysical (seismic) measurements, with a focus on the low 
frequency response, would be beneficial. Whereas the CPT 
measures local resistance and friction along the shaft, a 
recorded soil wave carries information of the soil 
characteristics along its entire path, yielding more global 
parameters of a certain location. This global parameterization 
of the soil can best be used to predict the response of the 
foundation. By assessing the wave velocities in the profile, the 
in situ stiffness is determined, which incorporates for instance 
oedometric stiffening and saturation effects. This can be 
considered an advantage over most laboratory tests in which 
these in situ characters are partially lost.  

This paper is aimed at assessing this initial stiffness aspect. 
An alternative approach is suggested, in which a 3D model is 
used to calibrate the initial part of the p-y curves which are fit 
for fast simulation design purposes. The 3D model 
incorporates global effects and interface friction. The novelty 
of the approach lies in using in situ seismic measurements to 
extract the small-strain stiffness of the design location. The 
material properties identified with the seismic measurements 
are input to the 3D model. Finally, a translation method is 
suggested for finding the 1D equivalent stiffness of the 3D 
response. 

2 SEISMIC IN SITU DATA  
An in situ soil measurement campaign was carried out at a 
near shore wind farm. This campaign comprised a 
geotechnical part including a CPT at each OWT location and 
10 boreholes for lab test sampling, followed by a geophysical 
campaign. At 6 locations around the farm, seismic 
measurements including SCPTs and a newly developed test 
designed to capture the low-frequent dynamic response of the 
soil: the Low Frequency Cone Penetration Tests (LFCPT) 
were performed. This paper will discuss a frequency 
independent analysis of the SCPT data.    

Here we focus on the seismic data of a location closest to 
one of the design locations (deepest & softest soil). At this 
location a depth of 25m was reached, measuring each meter 

with a dual-phone cone with an interval distance of 0.5m. A 
hydraulic shear wave hammer was used as excitation device at 
mudline. Stacking responses of multiple hits for each depth 
rendered clear shear-wave patterns. To enable automatic 
picking, the wave arrival time was defined as the maximum 
peak. An example of the response measured at the cone can be 
seen in Figure 1.  

 

 
Figure 1: Cone response at 4m depth. The wave form is 

interpreted as a shear wave. The maximum peak (red dot) was 
defined as the arrival time. 

 
The difference in arrival time between two adjacent 

receivers – the interval time - is obtained by simply subtracting 
the arrival time of the upper geophone from the lower 
geophone. For example, Δt = t32 – t31 for the third layer in 
Figure 2. An inverse problem was set up to find the shear 
wave velocities. Assuming a stratification with 1m layer 
thickness, the successive layer shear wave velocities can be 
computed by minimizing an objective function for the 
observed arrival time. The objective function incorporates the 
effect of wave refraction through Snell’s law.  

Confidence about finding the global minimum can be 
reached by visual inspection of the objective function for the 
first layers, and is aided by a realistic initial guess of the 
solution.  

A schematic view of the solution method is shown in Figure 
2, in which an example is given for the third layer. Geometric 
relations with their unknowns form the constraining equations 
of the optimization problem. The amount of equations and 
unknowns equals 4n+1, where ‘n’ denotes the layer number.  
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Figure 2: Assumed wave ray scheme to find wave velocities. 
An example is given for layer number 3. φinc is the incoming 

wave angle, φrefr is the angle of the refrected wave at the 
assumed layer interface. 

 
The determined shear wave velocities are displayed in 

Figure 3. Next to the velocity profile, the laboratory soil 
classification is given, which is based on liners retrieved from 
a borehole at the same location. It can be seen that the velocity 
increases with depth, which is expected. There are some 
outliers, and the weaker soils between approximately 15m and 
23m depth are reflected in the measured velocities.   

 

 
Figure 3: Shear wave velocity profile and Laboratory soil 

classification from borehole 

 
The in situ soil densities, ρ, were also measured. According 

to the type of soil, a Poisson’s ratio, ν, was estimated: 0.3 for 
sand and 0.45 for cohesive material. The Young’s modulus, E, 
was calculated according to  

 

 
ρρν
GEVs =

+
=

)1(2
      (2-1) 

in which Vs is the shear wave velocity, and G the shear 
modulus.  

3 MODELLING APPROACH 
Two FE models were developed using ANSYS, to try and 
capture the global (non-local) stiffness effects of the 
interaction between pile and soil. The models are similar in 
terms of the soil and the pile, but differ in the way the 
interface between these two media is modeled. For both 
models, the pile was modeled with Shell elements, and the 
soil was modeled using Solid elements. The models are 
described in the next 2 paragraphs. In paragraph 4.2 a method 
is proposed to find a 1D equivalent lateral stiffness to the one 
found with a 3D model. 

3.1 Linear elastic FE model 
The first model is linear elastic. The soil elements in and 
outside the pile, are attached to the pile elements, creating the 
possibility of high shear forces on the interface, and tensile 
forces between the soil and the pile. However, as the focus is 
laid upon small-amplitude vibrations, such kinematic –
physically incorrect - constraints might not contaminate the 
results too much. A unit horizontal force of 1 MN and 
bending moment of 1 MNm was applied to the top of the pile 
at 5m above mudline. The soil stratification was given a 1m 
discretization and each layer was assigned the material 
properties derived from the seismic data with the method 
described in paragraph 2. Because of the limited depth of the 
seismic data, the deepest 7m along the pile (from -25 to -32m) 
was assumed to be one layer, with the same properties as the 
layer above (-24 to -25m). Geotechnical data indicates that 
indeed a quite uniform sand layer is present at this depth, 
however the assumption of constant Young’s modulus is 
clearly conservative, as it is most probably higher due to a 
larger effective overburden pressure.  
 

 
Figure 4: Impression of the FE halfspace model: a pile in 

stratified soil 

Table 1. Model Dimensions 

 Radius [m] (Embedded) 
Length [m] 

Thickness 
[mm] 

Pile 2.5 32 60 
Halfspace 100 50 - 
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3.2 Elastic FE model including contact condition 
The second model is almost identical to the linear elastic 
model, but includes the use of Contact Elements (CE) at the 
interface of pile and soil. Gaps between the soil and the pile 
can now occur, and a maximum friction coefficient, μ can be 
defined. If the maximum friction force is exceeded, sliding 
will occur.    

The interface friction angle δ was taken to be 2/3 of the 
internal angle of friction of the soil. Then μ was calculated as 
tan(δ). Averaging this over the depth results in μ=0.5. Three 
cases were analyzed: firstly a homogeneous soil was assumed 
with average soil properties and a friction coefficient of 0.5. 
Then the same friction coefficient was taken, but with the ‘real’ 
stratified soil. Thirdly a stratified case with friction coefficient 
μ=0.4 was calculated for comparison purposes.  

Summing up the three cases presented are: 
• A homogeneous case in which an average density, 

Young’s modulus and Poisson’s ratio was used, and 
μ=0.5 

• A stratified (‘realistic’) case with μ=0.5 
• A stratified case with μ=0.4 

With the limited forcing that is applied, the soil ‘sticks’ to the 
pile nearly everywhere, except for some sliding in and outside 
the pile near mudline. This is generally so for the three cases. 

4 RESULTS 
The deflection shapes and lateral soil reactions from the 3D 
models are presented in the next paragraph. A method is 
suggested for finding a local, uncoupled equivalent spring 
stiffness distribution in paragraph 4.2. 

4.1 Deflections and horizontal reactions derived from 3D 
model 

Figure 5 displays the deflection shapes and zoom of the pile-
tip displacements for the linear elastic model, the design (PY) 
code model and the 3 CE cases. The purple line reflects the 
shape derived when applying the design code [1], and 
applying double the load which was used for the halfspace 
models (a horizontal force of 2MN and moment of 2MNm), as 
this 1D model does not consider half of the symmetric 
problem. The blue line, ‘FE model’, is the shape of the linear 
elastic model described in paragraph 3.1. The other 3 shapes 
are the cases described in paragraph 3.2 including interface 
friction (variation) and an average homogeneous soil case. 

It can be seen that the p-y curve approach seems to be 
conservative in estimating the displacements at mudline. The 
pile modeled in this way behaves more flexibly, and 
especially the upper 10m (30% of the depth) deflections are 
significantly larger than the global models predict, resulting in 
up to 50% larger deflections at mudline. From the stiffness 
distribution displayed in Figure 7, we can see that the purple 
line from the p-y curve approach would indeed follow a 
linearly increasing initial stiffness with depth, despite the soft 
soil layer between -14m and -23m. This creates high stiffness 
at greater depth, explaining the rather small ‘toe-kick’ for this 
design approach.  

The deflection shape of the linear FE model has a larger 
mudline displacement than the design code, and its toe-kick is 
the greatest of all models. As previously mentioned, because 
of the attachment of the soil Solid elements to the Shells of 

the pile, this model allows higher interface friction forces than 
the models including a slip possibility.  

Further, we see that the shapes of the two cases of contact 
element FE models with friction coefficients μ of 0.4 and 0.5 
are quite similar. In the zoom of the pile-tip displacements 
(right panel of Figure 5) it can be seen that the green line with 
higher allowed interface friction force has a slightly higher 
toe-kick. Taking into account the shape of the linear model, 
we observe a trend of higher tip-displacements with higher 
interface friction. The point where these curves cross zero-
displacement is shifted upwards with respect to the blue shape 
of the linear model. Because of smaller soil pressures near 
mudline, the models with contact element allow for some slip 
in the upper region, which might explain the larger mudline 
deflections.  

Finally, the red line reflects the deflection shape when 
assuming a homogeneous soil with the averaged properties of 
the true stratified soils, and a friction coefficient of μ=0.5. The 
shape is quite different which indicates that stratification has a 
large influence on the response. This can be expected: an 
averaged stiffness gives significantly smaller displacements at 
both mudline as at the pile-tip. The presence of a stiffer soil 
layer (because of averaging) at a shallow depth, and possibly 
also around the point of rotation, has a large influence on the 
displacements at mudline and consequently also at the pile-tip. 
The zero- displacement crossing is identical to the stratified 
contact models. 

 

 
Figure 5: Comparison of embedded pile horizontal 

deflections, y 

 
When summing the horizontal nodal forces along the shells 

of the piles (per 1 m vertical length), the lateral force of the 
soil, p [N/m], on the pile are derived as displayed in Figure 6. 
When subsequently dividing these forces p, over the 
displacements y of Figure 5, we get a type of local initial 
stiffnesses, ks,0 [N/m2] as shown in Figure 7.  
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Figure 6: Comparison of lateral soil resistance, p  

From Figure 7 it can be concluded that the initial stiffness 
from the global 3D models is not the equivalent initial 
stiffness that is to be used for the 1D engineering models. Due 
to the singularity effects when dividing the force over (near-) 
zero displacements, none-physical high stiffnesses are found, 
and also negative stiffness can occur above the zero-crossing. 
The latter might be caused by a global effect: soil laterally 
displaced below the zero-crossing, can increase the lateral 
stress in the soil above this point due to the Poisson’s effect. A 
similar high stiffness due to the zero-crossing was also found 
by Sørensen et al [7]. In the next paragraph, a method is 
suggested to translate the results found with these – possibly 
more realistic – 3D global models in a 1D engineering model.  

 

 
Figure 7: Local lateral stiffness effect p / y  

4.2 Translation of 3D response to 1D engineering model 
In order to use the results of (more advanced) global models 
for simpler engineering models, one is faced with the 
challenge of wanting to capture the global effects of a 3D 
model into a 1D model. A simple division of the lateral force, 
p [N/m] over y [m] will not give useable 1D uncoupled spring 
stiffnesses.  

To find the equivalent p-y curve initial stiffness, we propose 
to optimize the stiffness distribution in the engineering model 
to match the deflection shape obtained from a more advanced 
model. To this end, a 1D FE model was used to model a 
Timoshenko beam, laterally supported by uncoupled springs. 
Naturally the same pile properties and pile-head forcing were 
applied.  

The following objective function was defined: 

))(min( 2
,

1
, nt

N

n
nb uu −∑

=

                  (4-1) 

in which n is the node number of the beam, and N the 
amount of nodes. ub is the horizontal displacement of the 
Timoshenko beam model, and ut the target displacement from 
one of the 3D models. As fitting a deflection shape with a 
certain stiffness distribution does not have a unique solution, 
this optimization is performed in a stepwise approach in order 
to steer the solution to be physically acceptable and within the 
bounds of the classic engineering beam-on-Winkler 
foundation model, which does not allow negative stiffness. To 
this end, the first step is to assume a constant stiffness 
distribution with depth, and finding the initial stiffness which 
gives the best fit to the target deflection. 
  

110, )( Kzks =                    (4-2) 

zKKzks ⋅+= 22210, )(                  (4-3) 
2

3332310, )( zKzKKzks ⋅+⋅+=               (4-4) 
 

Since it is a one dimensional minimization problem (only 
K11 in eq. 4-2 is varied), the solution space can be plotted and 
it can be visually verified that the global minimum has been 
found. The resulting deflection and stiffness distribution can 
be seen in Figure 9, in which also the deflection and initial 
stiffness distribution is given which is obtained by following 
the design code. It is clear that a good fit cannot be obtained 
when assuming constant stiffness with depth.  

The second step is assuming a linearly increasing initial 
stiffness with depth, see eq. 4-3 (partly similar as is done in 
the DNV p-y curve design code). The (selected) solution 
space of this 2 dimensional optimization problem is shown in 
Figure 8. Note that K11≠K21≠K31 nor K22≠K32. The resulting 
deflection fit and stiffness distribution are displayed in Figure 
10. The quality of the fit clearly increases with the order of the 
polynomial.  

In this contribution we aim to only show the principle, by 
going up to the 2nd polynomial order (eq. 4-4). The second 
order deflection fit and stiffness distribution can be seen in 
Figure 11. Again, the quality of the fit is improved. 
  

 
Figure 8: Minimization of deflection deviation -   

 linear stiffness assumption  
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Figure 9: Result of constant optimized stiffness assumption  

 
Figure 10: Result of linear optimized stiffness assumption  

 
Figure 11: Result of quadratic optimized stiffness assumption  

 
 
 
 
 

5 CONCLUSIONS AND DISCUSSION  
When using the in situ measured small-strain shear modulus 
in a global 3D model, a first run of analyses indicated smaller 
mudline displacements than the ‘p-y curve’ approach dictated 
by the industry design code [1]. This result may be interpreted 
as being according to expectation. Although researchers’ 
opinions on this subject deviate [8], the presented method of 
using in situ determined small-strain properties in a 3D global 
model was expected to generate higher stiffness. This would 
explain the higher measured natural frequencies than designed 
for.  

A method is suggested for finding a 1D equivalent stiffness 
distribution of the obtained global responses. Distributions of 
higher polynomial order will be approximated, and natural 
frequency analyses of these cases will be compared with those 
derived with the design code. Some researchers [4] find lower 
initial stiffness than the p-y curve approach for greater depths, 
and higher stiffness for shallow depths. The location of the 
stiff layers in the depth profile is expected to have a high 
influence on the natural frequency. This is confirmed by the 
different deflection shape when considering a homogeneous 
soil as is done in Figure 6. Obviously, many other causes are 
not yet examined here. Phenomena like soil stiffening due to 
pile driving, cyclic stiffening, and possible un-drained soil 
effects might also cause the higher stiffness. 

The presented work is a small part of the investigations that 
need to be performed. Further research is needed to be able to 
draw any conclusions. 
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ABSTRACT: Alternatively to common modal analysis as tool for detecting changes between a reference and an actual 

(possibly damaged) structural state, the subspace-based damage detection method has been developed in recent years and 

successfully adopted to test application data sets. Characteristic for that method is that instead of analyzing modal parameters, a 

statistical test with respect to changes of a dynamic signature of structural response is introduced. Therefor, a Gaussian residual 

vector is extracted from the subspace of an output only vibration data covariance matrix within the reference state. 

The paper describes the application of this damage detection method within a laboratory fatigue test on a steel frame structure. 

Aim of the investigation was to analyze the usability and efficiency of the detection method for realistic damage on carrying 

structures of wind energy turbines. In a second step, a numerical model of the lab test structure is developed and validated. Thus, 

a comparable numerical simulation of the fatigue damage detection was feasible and the accuracy of the simulation procedure 

could be verified. The present study describes the first step in a two-step approach for quantifying and optimizing fundamental 

characteristics of SHM systems for offshore wind turbine structures concerning a required number of sensors and their optimal 

location. 

KEY WORDS: Damage Detection; Offshore Wind Energy; Subspace-based Detection. 

1 INTRODUCTION 

Offshore wind turbines are generally larger than the 

corresponding onshore plants. They are usually placed far 

from shore and exposed to strong loading as well as to harsh 

weather conditions. Reliable monitoring and assessment of the 

structural condition is therefore of strong interest by the wind 

park investors and operators as well as the insuring 

companies. Besides the recording of loading and stress states 

for verification of design assumption it is primarily the early 

indication of structural damage which effects the benefits of 

online monitoring methodology. For their higher vulnerability 

to mechanical damage but also for their spatial compactness 

and the affiliated ease of sensor application, there are 

commercial solutions on the market for monitoring the 

integrity of machinery components of the turbines but also for 

rotor blades. The part of wind turbines not being monitored 

for early damage identification is by now the load carrying 

structure, consisting of the tower, the support structure and the 

foundation piles including connecting elements between those 

sections. Because of the high failure consequences for 

structural components as well as because of the partial rough 

assumptions of the design process, the interest in permanent 

and online monitoring and assessing of also the load carrying 

structure of wind turbines is immense. 

For that reason, several research activities have been 

performed at BAM Federal Institute for Materials Research 

and Testing to enhance the Stochastic Subspace-based 

Damage Detection method (SSDD) and to optimize 

parameters for an effective and robust SHM application on 

offshore wind turbine structures. Unlike common vibration 

utilizing methods the SSDD methodology does not explicitly 

identify and assess modal properties. Instead a statistical  

χ
2
-type test is used to analyze changes in the dynamic 

response of the system for their significance [1; 2]. Utilizing 

state space models in general, the here used algorithm builds 

matrices of output covariance estimates to achieve the systems 

characteristic. Starting with analyzing a reference state of the 

undamaged structure a residuum is created. For all then 

following check-ups for changes of the structural state the 

residuum is recalculated on the base of the new recorded data 

set and finally tested for significant changes by a statistical 

hypothesis testing. The method has been successfully applied 

to several laboratory and real application from different 

mechanical systems utilizing disciplines [3-5]. 

In the run-up to an application of the SSDD-methodology 

for monitoring wind turbine structures offshore its general 

usability and precision needs to be known. Also information 

about the methods reliability in dependency to sensor and 

signal characteristics but also to boundary conditions and 

other requirements are essential for evaluating the benefit of a 

monitoring systems installation.  

For testing on real offshore wind turbine structures being 

impossible, to fulfill the described task a 2-step strategy 

including numerical simulations is adopted. In the first step a 

steel frame laboratory structure was used to test and verify the 

method in small scale as well as to validate a numerical model 

of the lab structure. With the so obtained modeling parameters 

in a second step a numerical model of real size structures are 

assembled and using transient analysis a monitoring system 

based on the SSDD method can be tested and optimized 

numerically. Within the context of this paper a part of the first 

step, the testing on a lab structure, is covered. 

The mentioned laboratory model structure features the 

possibility to artificially and reversely induce mechanical 
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damage on different locations. Further, different kinds of 

excitation and loading can be applied. In the recent past, 

intensive tests were performed on the lab structure to analyze 

the sensitivity of signal characteristics and procedure inherent 

parameters. After competition of those test series, inducing 

damage by loosening bolts at flanged connections it was in 

question, how the SSDD-based damage indication will 

perform under occurrence of real fatigue damage. For 

displaying a realistic damage scenario, an experimental test 

was planned and conducted to damage the lab structure 

selective by inserting fatigue relevant cyclic loading. The test 

was supposed to clarify to which extend the SSDD-based 

indicator is able to detect real fatigue damage in an early stage 

and also to quantify the relation of the proposed damage 

indicator (χ
2
-test statistics) to the size of the fatigue crack in 

its course of development and enhancement. 

In a second stage of work, a numerical simulation strategy 

is employed to finally transfer the obtained results from the 

lab structure to real-size foundation structures. For that reason 

the lab structure was modeled and analyzed using transient 

FEM calculations. The so generated response data set was 

then processed with the SSDD algorithm. Both, the 

experimentally and numerically generated course of the 

damage indicator have finally been compared.  

This paper is organized as follows: in section 2 the 

theoretical basics of the stochastic subspace based damage 

detection method are introduced. Section 3 describes the 

fatigue test on the laboratory structure and in section 4 the 

numerical analysis of the fatigue test is summarized. The 

paper closes with the conclusions and an outlook for further 

research activities.  

2 SUBSPACE-BASED DAMAGE DETECTION 

The stochastic subspace-based damage detection algorithm as 

used in the here presented studies is generally based on the 

theory of system realization as described in [6]. But instead of 

extracting modal system parameters the investigated approach 

exploits a residual, which uses the left null space of a Hankel 

matrix, describing the system. The theory has been widely 

used in the last years and some different approaches have 

been developed. The introduced work uses covariance-driven 

Hankel matrix estimates and a parametric χ ²-type test for 

damage detection [7].  

2.1 Parameter description 

The dynamic characteristic of a discrete linear time-invariant 

system with n  degrees of freedom (DOF) is defined by the 

matrix-differential equation: 

 ( ) ( ) ( ) ( )M q C q K q vt t t t+ + =ɺɺ ɺ , (1) 

where t denotes the continuous time, , , n nM C K ×∈ ℝ are the 

mass, damping and stiffness matrices and nq ∈ ℝ  comprises 

the displacements at the n  DOF. The external force ( )v t is 

modeled as unmeasured non-stationary white noise. 

By converting and sampling the model of eq. (1) the time-

discrete state space based description in the form of 

 
1k k k

k k k

x Ax v

y C x w

+ = +

= +
 (2) 

is achieved, where n
kx ∈ ℝ  represents the state vector of 

dimension 2n n= and r
ky ∈ ℝ  the measured output vector 

of dimension r , both at time step k . n nA ×∈ ℝ  is the state 

transition matrix and r nC ×∈ ℝ  the observation matrix. The 

vectors kv  and kw  denote the state noise and measurement 

noise processes, which are assumed to be unmeasured 

Gaussian white-noise sequences with zero mean.  

The eigenstructure of the system in eq. (2) is obtained by  

 ( ), det 0, ,A I A I C
λ λ λ λ
φ λ φ λ ϕ φ= − = =  (3) 

where λ  and λφ are the eigenvalues and eigenvectors of the 

state transition matrix A  and λϕ  are the systems mode 

shapes. The eigenstructure ( , )λλ ϕ  is a canonical 

parameterization of the system and therefore considered as the 

system parameter ( 1)r nθ +∈ ℂ with 

 
def

vec( )

Λ
θ

Φ

  =    
, (4) 

where Λ  is the vector containing all n  eigenvalues λ and Φ  

is a matrix containing the corresponding mode shape vectors 

λϕ , which are stacked by the vec -operator.  

2.2 Stochastic subspace-based damage detection  

For determining the system parameter θ  from measured 

output ky  the covariance-driven subspace-based identification 

algorithm [8] is applied. A theoretic block Hankel matrix 

1,p q+
H , filled with output covariances 1( )T

i k kR y y −= E  is 

defined as 

 

1 2

def
2 3 1

1,

1 2

q

q

p q

p p p q

R R R

R R R

R R R

+

+

+ + +

 
 
 
 =  
 
 
  

H

⋯

⋯

⋮ ⋮ ⋱ ⋮

⋯

. (5) 

The indices p +1 and q  define the number of considered time 

shifts and should be chosen in dependence on the assumed 

system order n , i.e. pr n≥ .  

The Hankel matrix features the factorization property  

 1, 1p q p q+ +=H O C . (6) 

where the observability matrix 1p+O  and the controllability 

matrix qC  are defined as 

 
1

1 , q
p q

p

C

CA
G AG A G

CA

−
+

 
 
 
   = =     
 
  

O C ⋯
⋮

. (7) 

For simplification, in the further text the subscripts of 

1, 1, ,p q p q+ +H O C  are skip.  

O  can be obtained by singular value decomposition (SVD) 

and truncation at the desired model order:  
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 ( ) 1

1 0
0

0

0
TU U V

 ∆  =   ∆  
H  and  (8) 

 
1/2

1 1U= ∆O . (9) 

The system matrices C  and A  could then be recovered from 

the observability matrix O  to finally obtain the eigenstructure 

of the system and the system parameter θ  in eq. (4).  

Though, instead of identifying the systems eigenstructure a 

residual function is introduced, which is based on O  and 

respectively to the in eq. (6) described factorization property 

also onH . 

Denote the system parameter, as defined in (4), for the 

reference state as 0θ . The residual function for a damage 

detection test compares then the system parameter 0θ  to 

measurement data from the current, possibly damaged system 

θ . That requires the identification of 0θ  once from data of the 

structural reference state, though it is not required to identify 

θ  from the currently tested state. From 0θ , the observability 

matrix 0( )θO  is obtained in the modal basis and its left null 

space 0( )θS  is computed, e.g. by a singular value 

decomposition of 0( )θO , such that 

 0 0 0( ) ( )Tθ θ =S O . (10) 

Because of the factorization property in eq. (6) 0( )θO  and H  

in the reference state have the same left null space 0( )θS  

which leads to  

 (0)
0 0( )Tθ =S H . (11) 

For the damage detection algorithm the kernel is computed 

only once from the initial system and is stated as reference 

matrix. In the current, possibly damaged state empirical 

output covariances are then built from measurements ky  

 -

1

1ˆ
-

N

T
i k k i

k i

R y y
N i = +

= ∑  (12) 

to fill a consistent estimate Ĥ of the block Hankel matrix.  

The residual vector Nζ  is defined as function of the 

reference matrix 0( )S θ  and the Hankel matrix Ĥ  of the 

actual system 

 ( )0
ˆvec ( )TN N Sζ θ= H . (13) 

It can be deduced from (4) that Nζ  has zero mean if changes 

of the system do not occur, and non-zero mean in the case of 

changes. Therefore, for the undamaged state the left null space 

of the Hankel matrix can be used as reference for future 

residual analysis.  

Under convenient assumptions, the residual function is 

asymptotically Gaussian. Then, it manifests itself to damage 

by a change in its mean value, also corresponding to an 

increase of the mean of the 2χ -test statistics 

 2 1−= ΣTN Nχ ζ ζ , (14) 

where Σ  is the residual covariance  

  Σ =   
T

N NE ζ ζ . (15) 

The monitoring of the system consists in calculating the  
2χ -test value on the Hankel matrices estimated from newly 

recorded output data and comparing it to a threshold. A 

significant increase in the 2χ value indicates that the system is 

no more in the reference state. 

3 FATIGUE TEST ON LABORATORY STRUCTURE 

3.1 The laboratory test setup and preliminary tests 

Due to the relatively deep sea waters in the German exclusive 

economic zone of the North Sea of approximately 30m first 

choice for support structures are principally framework 

structures such as tripods or jackets [9]. Compared to 

monopiles for shallow water as well as to other structural 

parts like the tower, support structures generally include a 

significant larger number of highly stressed joints and 

therefore possess a higher vulnerability to fatigue damage. In 

addition, those structural components are situated within the 

seawater what makes them very costly to investigate for 

damage. For those reasons, framework-like support structures 

possess a reasonable probability of fatigue damage and a 

jacket structure design is therefore chosen as a model basis for 

studies on the SSDD method.  

The developed model structure out of steel pipe components 

represents a scaled two-dimensional section of a jacket-type 

support structure of an offshore wind turbine as they are 

common for wind park installation within the German North 

Sea. The scale of the general dimensions is approximately 

1:10 of the original values, at which due to the lack of detailed 

information the original design size of a jacket-like support 

structure was estimated. 

The lab model is designed with one and a half diagonal 

bracings between two legs. The upper completion is formed 

by an I-sectional girder. At the lower end the legs end in steel 

foot plates. With exception of the damage sections all 

structural parts of the model are welded. The foot plates are 

screwed via a transition piece to the lab floor. In the third 

direction the structure is held on the head girder by an 

auxiliary construction, whose two fork-like support bars allow 

a horizontal movement of the head girder. Figure 1 shows the 

laboratory test structure in the proof testing facilities at BAM.  

According to the characteristic cyclic stressing which can 

even escalate by resonance effects as well as due to the 

notches in the material from the welding process, the damage 

to be modeled is supposed to represent fatigue cracks. The 

requisition was therefore to model a defined local loss of 

stiffness, which complies with the requirements of realistic 

projection of individual fatigue damage. Further, the 

descriptiveness of the damage in location and quantification 

for comparison of different test series within the study as well 

as reversibility of the inserted damage for the ability to repeat 

test series had to be considered of.  

For the difficulty to design a reversible damage right in the 

joint area of a gusset, the damage areas of the laboratory 

structure were constructed with a shift into the steel tube 

domain. At one K-type gusset of the model structure crack 

like damage can be induced artificially by the loosening of 

bolted flange connection. Four of such flange connections are  
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Figure 1. Laboratory test stand at BAM

 

designed, each at the four ends of the K-type gusset. So there 

were two damage locations at the leg and two at the bracing 

diagonal. In Figure 1 the four flanges at the end of the red 

drawn component on the left side of the model

each end of the red K-type gusset. 

During the test series dynamic excitations 

loading of the laboratory structure had to be 

different excitations the dependency of the detection of 

simulated damage to the frequency and energy input of the 

excitation source was examined.  

The excitation for the tests was provided by an 

electrodynamic shaker. A broadband random acc

signal with a frequency content between 10 Hz and 1000 Hz 

was produced by a shaker control unit and was induced 

amplification via the shaker at the top of the structure. The 

shaker was equipped with a 5 kg excitation mass and the 

excitation direction was horizontal and approximately 30° 

rotated out of the in-plane-direction.  

For testing the sensitivity of the SSDD

indicator in relation to the energy content of the excitation, 

also tests with ambient excitation were conducted. 

3.2 Fatigue Test 

In preparation of the test structural analysis was carried out to 

determine the hot spots, i.e. structural areas with excessive 

stress peaks while loaded cyclically. Typicall

in geometric discontinuity points. The structural a

resulted in the fact, that for horizontal loading all connections 

between the legs and the diagonal braces as well as the 

diagonal cross are stressed with approximately

amplitude. To control the location of occurrence 

expected fatigue crack, an auxiliary K-gusset was constructed 

and assembled on which the welding was done poorly to 

purposely insert a fatigue relevant notch.  

 

Laboratory test stand at BAM. 

type gusset. So there 

two damage locations at the leg and two at the bracing 

the four flanges at the end of the red 

drawn component on the left side of the model can be seen at 

During the test series dynamic excitations as well as cyclic 

had to be deployed. With 

different excitations the dependency of the detection of 

simulated damage to the frequency and energy input of the 

The excitation for the tests was provided by an 

electrodynamic shaker. A broadband random acceleration 

content between 10 Hz and 1000 Hz 

was produced by a shaker control unit and was induced after 

via the shaker at the top of the structure. The 

shaker was equipped with a 5 kg excitation mass and the 

direction was horizontal and approximately 30° 

For testing the sensitivity of the SSDD-based damage 

the energy content of the excitation, 

ent excitation were conducted.  

the test structural analysis was carried out to 

determine the hot spots, i.e. structural areas with excessive 

. Typically, hotspots exist 

points. The structural analysis 

resulted in the fact, that for horizontal loading all connections 

braces as well as the 

approximately similar 

. To control the location of occurrence for the 

gusset was constructed 

the welding was done poorly to 

For detecting the expected fatigue crack in an early stage, a 

stress monitoring system with eight strain gage 

expected neuralgic points was implemented. 

also the structural integrity of the lab structure in 

then the intended area of fatigue damage

Principally, the test procedure consisted out of two g

and alternating tasks, the inserting of the fatigue relevant load 

cycles and the measurement of dynamic response series of the 

structure for determination of the 

detecting structural damage. For its strong influence to the

dynamic behavior of the structure the 

stopped during the periods of data acquisition. 

The cyclic loading consisted out of a 

with a constant alternating horizontal load

was applied to the head girder of the structure

frequency of 3 Hz. Each of the 10 

number of cycles, all in all approximately 1

were applied within the test. In Table 1 the 10 load series are 

listed together with the number of 

which they were conducted. Table 1 is 

section for being near the χ² value test result diagram. 

For the damage detection measurements, 

accelerations of eight sensors with a sampling rate of

fa = 2500 Hz. and a signal length of 

(equates to 1048 sec) were recorded 

Before the start of the cyclic loading, 

measurements were conducted 

record of data of the reference state for 

residual covariance matrix of the SSDD algorithm

Then, in between the loading series

loading, damage detection measurement series 

to monitor the actual structural state.

detection measurement series were conducted for each of the 

two excitation types.  

 

Figure 2. First fatigue crack at jacket foot after 140,000 load 

cycles

 

After approximately 140,000 load cycles with ±50 kN a 

fatigue damage was detected visually in the welding of one of 

the legs to the footplate. At that time the crack had a length of 

approximately 10 cm (Figure 

damage the test series were continued with caution for another 

12,000 load cycles and finally stopped because a second 

fatigue crack occurred, that time in the second leg/footplate 

connection. Obviously, after the first fatigue damage a load 

redistribution occurred, which increased the stressing in the 

second leg considerably. 

For detecting the expected fatigue crack in an early stage, a 

stress monitoring system with eight strain gage sensors on all 

neuralgic points was implemented. According to this 

the structural integrity of the lab structure in most other 

then the intended area of fatigue damage could be monitored. 

ncipally, the test procedure consisted out of two general 

and alternating tasks, the inserting of the fatigue relevant load 

cycles and the measurement of dynamic response series of the 

structure for determination of the χ²-value and therefore for 

detecting structural damage. For its strong influence to the 

dynamic behavior of the structure the cyclic loading was 

periods of data acquisition.  

The cyclic loading consisted out of a number of load series 

alternating horizontal load of ±50 kN, which 

girder of the structure with a 

of the 10 load series varied in their 

number of cycles, all in all approximately 150,000 load cycles 

In Table 1 the 10 load series are 

listed together with the number of the according χ² test, after 

which they were conducted. Table 1 is placed in the result 

² value test result diagram.  

For the damage detection measurements, for each data set 

sensors with a sampling rate of 

and a signal length of s = 2,621,440 data points 

were recorded for each excitation type.  

Before the start of the cyclic loading, damage detection 

were conducted to have a comprehensive 

e reference state for application in the 

residual covariance matrix of the SSDD algorithm (eq. 15). 

series as well as after the final 

loading, damage detection measurement series were executed 

to monitor the actual structural state. All in all 30 damage 

detection measurement series were conducted for each of the 

 

First fatigue crack at jacket foot after 140,000 load 

cycles. 

oximately 140,000 load cycles with ±50 kN a 

fatigue damage was detected visually in the welding of one of 

the legs to the footplate. At that time the crack had a length of 

Figure 2). After investigation of the 

damage the test series were continued with caution for another 

,000 load cycles and finally stopped because a second 

fatigue crack occurred, that time in the second leg/footplate 

Obviously, after the first fatigue damage a load 

redistribution occurred, which increased the stressing in the 
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3.3 Data analysis  

To account for the stochastic characteristic of the χ² value, 

each recorded measurement series was cut into 40 data sets 

each of size of 2
16

 data points (equates to app. 26 sec). Pretest 

investigations have led to the cognition that this is a sufficient 

size of data to determine the dynamic response in an adequate 

resolution. Thus, all in all 440 data sets were existent for the 

reference phase and 720 data sets for the damage test phase.  

Principally, the data of all channels was first normalized. 

The reference state of the undamaged structure was then 

determined by computing and averaging the reference 

matrices from 5 non consecutive datasets. With that approach, 

a possible disturbance by single excitation events is 

minimized. The size of the Hankel matrix depends on the 

number of output channels as well as on the number of time 

lags, to be accounted for computing the output covariance 

matrices. Since the Hankel matrix contains all information 

about the systems behavior it needs to be large enough to 

account for the assumed system order n (see eq. (5)). 

Investigations with reduced numbers of p and q showed, that 

the dynamic system is described sufficiently using only 5 

output covariance matrices in the block Hankel matrix. The 

size of the analyzed null space depends on the order of the 

system and can generally be determined by the rank of the 

matrix. Although, because of noise the singular values won’t 

drop to exactly zero and the system order must be estimated.  

For calculation of the residual covariance matrix as shown 

in eq. (15) it is important to use as much data sets as are 

required for the covariance matrix to have full rank. To 

provide a necessary amount of data sets, it is convenient to 

divide available datasets in a respective number, whereas the 

number of data points within one residual vector should not be 

too small to not lose significance.  

The residual must also be normalized with respect to the 

number of samples used for computing the according Hankel 

matrix as shown in eq. (13) and centralized with the mean 

over all residual vectors. 

Finally, for the χ² - tests, eq. (14) is solved for every data 

set, which leads to an indicator of damage for all analyzed 

datasets. 

3.4 Results and discussion  

The course of the damage indicator for the stochastic signal 

shaker excitation is shown in the Figure 3, where each marker 

is representing one test result.  

The abscissa of the graph displays the consecutive number 

sequence of the test series and the ordinate the calculated  

χ²-test values. The damage indicator course is displayed in 

logarithmic form. The dotted blue line indicates the chosen 

damage threshold value. To assess the calculated χ²-test 

values, a threshold with regard to damage indication is 

introduced. Starting from the assumption, that the χ²-test 

values are Gaussian distributed, the threshold was determined 

on the base of statistical type I error. It is defined as the 98% 

fractile of the χ²-test value sample in the reference state 

multiplied by a factor of 1.5. This corresponds with the 

assertion, that a 1.5 time exceedance of the 98% fractile of χ²-

test value implies the approval of a significant change in the 

dynamic system. The factor was chosen empirically. 

Generally, it needs to be adapted to the specifications of the 

structure as well as to the characteristic of the excitation. 

 

 

Figure 3. Course of χ²-test values as damage  

detection result for shaker excitation. 

 

For associating the timely relation between loading and 

damaging, the 10 load series, their point in time based on the 

χ²-test number, their load cycle number and the accumulated 

load cycle number are shown in Table 1.  

Table 1. Applied load Series. 

Loading 

Series 
χ²-test 

(cp. Fig. 3)  

Additional 

load cycles 

[-] 

Total of load 

cycles 

[-] 

LS I   5000 

LS II 40 1000 6000 

LS III 120 24,063 30063 

LS IV 200 14,819 44882 

LS V 280 9,514 54396 

LS VI 320 26,083 80479 

LS VII 400 39,521 120000 

LS VIII 440 20,008 140,008 

LS IX 560 6000 146,008 

LS X 600 6000 152,008 

 

The structural state in terms of fatigue has changed after each 

load series and therefore, each time a new damage state has 

been obtained. Figure 4 shows the result of the same χ²-test as 

in Figure 3, but here the mean value and the standard 

deviation for each of the 10 damage states are represented. In 

difference to Figure 3 the χ²-value course is here displayed in 

a linear form. 

Despite the indication of changes in the dynamic response 

by the χ²-test values the author was initially neglecting a 

relation to structural damage, since the increase of the test 

value occurred relatively early in the loading scheme and, 

because the strain gages didn't show a sudden increase or 

decrease in any of the strain signals and especially, because 

damage could not be detected visually. It occurred more 

reasonable to presume changes in outside influences like 

temperature, solar irradiation or other, unknown influences 

during the measurements. 
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Figure 4. Mean and standard deviation of χ²- values  

for the 10 damage states. 

 

The course of the χ²-test values in Figure 3 and Figure 4 

admits the following listed assumptions for the damage 

evolution, where three different structural states are 

distinguished: the undamaged state, the damaged state with 

one fatigue crack propagation on the base of the right leg in 

Figure 1 and finally the damaged state with fatigue cracks on 

the bases of both legs. The structural states and their 

association to the χ²-tests and the loading cycles are listed in 

Table 2. 

Table 2. Structural states during damage detection test . 

State No. χ²-test numbers 

(cp. Figure 3) 

Total of load cycles 

 

State I 0 - 120 6000 

State II 121 – 600 146,008 

State III 601 – 720 152,008 

 

State I - Undamaged: The first several loading sequences 

and the related χ²-test series are not shown in Figure 3 for the 

resulting χ²-value commuting around its start value. The 

system is most probably in the undamaged state. The first 

slight increase at test number 81 can be explained by changes 

in the peripheral and ambient conditions, since no loading was 

inserted between the two measurement series. Numerous 

causes are conceivable. For example, the oil temperature in 

the loading unit which is not uncoupled in the load pauses 

could have had an influence. Here the test series before the 

increase was executed immediately after the loading and the 

test series which results in the increase, 12 hours later.  

State II - Fatigue crack propagation in leg 1: After the entry 

of a total of 30,036 load cycles an increase of the indicator is 

apparent. The threshold is exceeded; it is assumed that a 

fatigue crack has formed in the right leg-foot weld connection. 

After further 14,819 load cycles, only a slight increase in the 

χ²-value was ascertained. After a total of N = 54.396 cycles 

another significant increase in the χ²-value is visible. After the 

following load series (corresponding to total N = 140,008) the 

damage indicator at Shaker excitation increased moderate. At 

140,008 load cycles the fatigue crack was detected visually, as 

described above. At this time the crack length has been 

already of lcrack = 102 mm. After notation of the damage the 

test was continued with moderate load cycle increases to 

determine the ratio between the damage development and the 

indicator value. After additional 6000 load cycles 

(Ntotal = 146.008) the current crack length in the right leg 

increased by 20 mm. At the same time the damage indicator 

rose significantly. 

State III - Additional fatigue crack in the left leg: After 

another series of load 6,000 load cycles (N = 152,008), a 

significant decrease of the chi-value was registered. An 

examination of the model structure showed that at the known 

fatigue crack did not propagate, but obviously a second 

fatigue crack, originated at the base of the left leg of the 

structure, occurred. This is most probably a result of stress 

rearrangement. At the time of detecting the length of the crack 

was lcrack_2 = 65 mm. The experiment was then stopped, since 

a complete failure of the model structure could not be 

excluded with sufficient certainty. The significant drop in the 

damage indicator despite a verifiable expansion of the damage 

can be interpreted as follows: the initiation and the growth of 

the first fatigue crack and the associated loss of restraint at the 

fixed support of the leg changed individual modes and thus 

the entire dynamic system response significantly. This relates 

in particular to the modes that include the vibration of the legs 

in the "out-of-plane"-direction of the structure. After the 

formation of the second fatigue crack a reduction of the 

differences of the modal deformations in the supposed 

direction took place. The changes in the dynamic system 

response were thus not that definite anymore. Though, relative 

to the reference state they are still concise.  

Figure 5 shows the result of the same fatigue damage 

experiment with the difference of using the dynamic answer 

of ambient excitations. As described for Figure 3, the dotted 

blue line indicates the threshold value, which is defined as 

described above. 

 

 

Figure 5. Course of χ²-test values as damage  

detection result for ambient excitation. 

 

As principle difference to the test result for shaker excitation a 

much stronger scattering in the χ²-test values is noticeable. 

The obvious reason for that is the clearly higher influence of 

noise and disturbances to the test for the much lower energy 

input of the chosen excitation. 

It is also to notice, that the first significant increase of the 

χ²-test value occurs at test number after load series LS V 

(total N = 54,396), which is clearly later than that for the 

shaker excitation. It is assumed, that before LS V the fatigue 
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damage was already existing but not large enough to be 

activated by the ambient excitation forces. After LS V, due to 

the successive increase of crack length the eigenstructure of 

the system has changed in an extend, that the modified modes 

are excited also with the low energies of the ambient 

excitation, which as result significantly affects the dynamic 

system response. 

Also, the distinctive increase and decrease of the χ²-test 

value before and after the development of the second fatigue 

crack, as seen in the shaker excitation tests cannot be verified 

by the ambient excitation result plot. Here too, the reason is 

seen in the low energy input of ambient excitation and 

therefore in a limited activation of the relevant modes of the 

damaged structure. 

Despite the unexpected location of the damage one was able 

to determine the structural damage and its progression reliable 

with the SSDD method under both types of excitation. 

4 NUMERICAL SIMULATION OF DAMAGE 

DETECTION 

Intention of the numerical studies is to analyze, to which 

extend this methodology is able to reproduce the effects of 

real structural damage to the dynamic response behavior of 

the system and therefore, to which extend the numerical 

simulation is able to test the reliability and the sensitivity of 

the SSDD as well as to configure an optimal measurement 

setup on models of real offshore wind turbine structures.  

The idea within this task is to verify and validate the 

numerical model of the lab structure on the results of the 

laboratory tests to use the gained modeling information for 

modeling a real offshore wind turbine structure.  

4.1 Modeling 

The numerical analysis was carried out using the commercial 

FEM program system ANSYS in version 14.5 [10]. 

Accordingly, the modeling was conducted using the element 

types and meshing algorithms, available within ANSYS.  

Based on preliminary studies for comparison of models with 

beam and shell elements hybrid modeling has been chosen 

utilizing beam as well as shell elements. The use of shell 

elements arose from the necessity for a high resolution 

modeling of the fatigue crack. Due to the high computational 

cost associated with shell elements, the structural parts being 

modeled with this element type needed to be minimized. The 

computational expense has a high influence in particular 

because of the planned transient calculations with several tens 

of thousands load steps within each calculation job. All other 

parts and components of the laboratory structure as well as the 

entire support structure were modeled with beam elements. 

This approach ensures a corresponding limited number of 

degrees of freedom for a sufficiently accurate image of the 

global dynamic behavior of the entire structure as well as of 

individual structural components. The loading unit was not 

modeled explicitly, since it was flanged to the structure in a 

way allowing movement in all directions during loading 

pauses. Concentrated masses (flanges, shaker) were modeled 

as point masses.  

The fatigue crack is modeled by successive erasing of 

neighboring nodal bonds between leg and the footplate. For 

reasons of computational efforts the non-linear crack 

opening/closing behavior could not included in the modeling. 

The added impreciseness related with that simplification is 

well-known to the author, but appraised as not significant for 

the structural dynamic response. Figure 6 shows the region of 

modeled damage with the coupling of the beam and shell 

elements of the leg (magenta) as well the coupling of the leg 

and footplate shell elements (green) which are successively 

eliminated for damage simulation. 

The validation of the numerical model was done by modal 

data. For this the modal data of the numerical model was 

compared with those of an experimental modal analysis 

conducted on the laboratory structure. As comparative 

parameter the Modal Assurance Criteria (MAC) was used. 

First tests showed a general consistency in the modal values. 

A small necessary modification of the numerical structure was 

conducted by the change in the support stiffness at the feet of 

the structure.  

 

 

Figure 6. Model detail of damage simulation area. 

 

4.2 Transient analysis 

For obtaining the structural dynamic response of the system 

time series of accelerations were generated by a transient 

analysis using the described model as well as a time series of 

load values. In each performed analysis 98,304 calculation 

steps were executed. Since the used load step frequency was 

2500 Hz, each response data set consisted out of 39.32 s 

simulated output acceleration data. As input time sequences 

were generated on the base of Gaussian white noise and 

applied within the analysis as external force over time.  

Each transient analysis resulted in a file of output 

acceleration time series at the sensor locations of the fatigue 

damage test. Within the post processing the acceleration 

directions were transformed into the axes of the real sensors 

and finally were used as input in the SSDD algorithm.  

For the high computational effort of the transient analysis 

only a limited number of χ²-test values were calculated for 

each damage state, with the exception of the reference state 

where a considerable number of 30 tests were used to build 

the residual covariance matrix as described in eq. (15).  

4.3 Results 

The resulting sequence of χ²-test values for the simulated 

fatigue damage propagation is shown in Figure 7. The 

modeled length of the two cracks for each simulated damage 

state is listed in Table 3. It corresponds with the columns in 

Figure 7. In a qualitative manner they follow the damage 
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course of the experimental fatigue test. For the damage states 

after visual detection of the fatigue crack this also accounts 

for the measured crack lengths. 

 

 

Figure 7. Simulated course of χ²-test value for 10 damage 

states, partly comparable with those of the fatigue test.  

 

Table 3. Set of simulated damage states. 

Damage 

state 

Crack length 

right leg 

Crack length 

left leg 

1 undamaged 

2 undamaged 

3 45 mm undamaged 

4 60 mm undamaged 

5 75 mm undamaged 

6 90 mm undamaged 

7 104 mm undamaged 

8 119 mm undamaged 

9 134 mm undamaged 

10 134 mm 104 mm 

 

Compared with the results of the real fatigue test as displayed 

in Figure 4 it can be shown, that the χ² values follow the same 

pattern. That applies also to the decrease of the damage 

indicator after ignition of the second fatigue crack, even 

though the decrease is not that distinctive than for the 

experimental fatigue test. 

So all in all it can be stated, that the numerical simulation is 

able to produce structural dynamic responses, comparable to 

those of the real fatigue test.  

5 CONCLUSIONS 

With the overall objective to test the applicability and 

functionality of the stochastic subspace-based damage 

detection method on offshore wind turbine structures a fatigue 

test on a laboratory steel structure was performed.  

Despite the fact that the fatigue crack did not occur at the 

expected location the subspace-based detection of the damage 

in general was feasible. Though, for that reason the time of 

initial crack occurrence could not be determined. For reasons 

of the late discovering of the fatigue crack the relation of the 

course of the damage indicator to the damage processing 

could be analyzed and assessed only for the end stage of the 

experimental test.  

The test illustrated, that it is not an ordinary task to decide 

whether a significant step in the course of the χ²-values is 

originated by damage in an early stage or by changes in 

outside influences like changes in temperature or ambient 

excitation. To avoid that difficulty it is explicitly necessary to 

generate a sufficient amount of data sets in the reference state, 

which imply all potential changes in the outside conditions. 

Associated with that problem is the definition of a threshold 

value which again needs an adequate amount of data sets from 

the reference state as basis. In the here presented test the 

threshold value was adjusted subsequently. 

In a second step the fatigue test was simulated numerically. 

Despite some necessary simplifications within the modeling a 

set of structural dynamic response files could be generated by 

transient analysis, which after processing with the SSDD 

algorithm shows a comparable result in the course of the 

damage indicator.  

Future research activity will focus on questions arising with 

the task of an application of SSDD on offshore wind turbines. 

Since tests on real turbine structures are very costly, the main 

focus will be on numerical simulations and subtasks like the 

consideration of wave and wind induced excitation or the 

specific aerodynamic behavior of such structures.  
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Coupled dynamic simulations of offshore wind turbines using linear, weakly and fully
nonlinear wave models: the limitations of the second-order wave theory
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ABSTRACT: The present work investigates the dynamic response of a fixed–bottom offshore wind turbine subjected to the combined
wind-waves action employing different nonlinear wave kinematic models. Linear, 2nd-order and fully nonlinear models are imple-
mented in the hydrodynamic module of a global hydro-aero-servo-elastic solver. All the wave models are based on the potential flow
assumption. A first study of the structural response is performed in regular waves with increasing steepness considering the turbine
both in parked condition and in power production. A more realistic simulation is then carried out with irregular waves and turbulent
wind. Hydrodynamic loads associated to the three wave models are coupled with aerodynamic loads acting on the rotor of a 5-MW
wind turbine. Hydro-aero-elastic calculations are performed using the NREL software FAST. The paper shows that from wave steep-
ness ka = 0.1 on the 2nd-order model becomes inaccurate. It underestimates the structural loads as well as the resonant oscillations
of the tower caused by the higher-order components.

KEYWORDS: Offshore Wind Turbines; Nonlinear waves; Structural dynamics; Springing.

1 INTRODUCTION

The development of more accurate simulation tools capable of
capturing the effects of complex environmental conditions on
large multi-megawatt wind turbines are strongly required within
reliability–based design framework. A novel numerical package
capable of predicting the nonlinear loads acting on offshore wind
turbines (OWTs) exposed to nonlinear sea states has been re-
cently proposed in [1, 2, 3]. The model reproduces the structural
response by coupling a fully nonlinear wave kinematic solver,
[4], [5], [6], [7], [8], [9] and [10], with a hydro-aero-elastic simu-
lator of the entire system [11]. The numerical approach proposed
in [1, 2, 3] proved to be computationally very efficient due to a
domain decomposition strategy. The fully nonlinear numerical
wave solver is invoked only on special sub-domains where non-
linear waves are expected, wheres on the remaining parts of the
space-time domain the linear wave theory is assumed. Recently,
in [12] it has been shown that 2nd-order wave contributions have
significant effects on the loads assessment of OWT. However,
in [13] we observed that, even for moderate sea-states, the 2nd-
order wave theory may miss important effects on the structural
response.

In the present paper, we integrate the linear, 2nd-order and
fully nonlinear (without domain decomposition) wave models in
a fully coupled hydro-aero-elastic solver and compare the struc-
tural response in order to have a clearer picture of the effects that
higher-order contributions have as the wave steepness increases.
It is performed first a study in regular waves with the turbine both
in parked and operating conditions, then an extreme sea state is
reproduced with irregular waves.

The paper is structured as follows: in Section 2 and Sec-
tion 3 the Fully Nonlinear (FNL) and 2nd-order wave models
are briefly recalled. Section 4 summarizes the global dynamic
model and the main features of the baseline wind turbine used
in this study are listed. In Section 5 the effects of the three wave
models on the system response are presented and discussed. Fi-
nally, in Section 6 the main conclusions are drawn.

2 FULLY NONLINEAR IRREGULAR WAVES MODEL

2.1 Mathematical and numerical formulation

The 2D problem governing the nonlinear propagation of gravity
waves is formulated within the potential-flow assumption. For an

inviscid fluid in irrotational flow, the potential function Φ(t, p)
describes the velocity field at time t in each point p ∈ Ω(t). For
an incompressible fluid, Laplace’s equation is valid in the whole
domain

∇2Φ = 0 ∀p ∈ Ω(t) (1)

The 2D domain Ω(t) is bounded by four boundaries: inflow
Γi1(t), rigid bottom Γb, outflow Γi2(t), and free-surface Γf (t)
(see Figure 1). On each of them, suitable boundary conditions
have to be enforced. In particular, the impermeability condition
∇Φ · n̄ = 0 is imposed on the bottom Γb, while the continuity
with the linear wave kinematics has to be ensured on Γi1(t) and
Γi2(t); finally, nonlinear kinematic and dynamic boundary con-
ditions must be imposed on Γf (t)

Dr̄

Dt
= ∇Φ , ∀p ∈ Γf (2)

DΦ

Dlt
= − pa

ρw
− gη− 1

2
∇Φ · ∇Φ , ∀p ∈ Γf (3)

where r̄ is the position vector of the water particle p and η the
free surface elevation. pa and ρw denote the atmospheric pres-
sure and the water density, respectively.

Figure 1: Two–dimensional domain of the time-depending
Laplace equation.

2.2 Numerical formulation

The solution of the fully nonlinear time-depending free-surface
problem is based on a two-step Mixed Eulerian-Lagrangian
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(MEL) approach, which splits the problem into a kinetic and
time evolution sub-parts.

In the Eulerian step, at a given time instant, the solution of the
Boundary Value Problem (BVP) for the Laplace equation with
mixed Dirichlet and Neumann boundary conditions is reformu-
lated in an integral representation of the velocity potential (using
Green’s second identity). The boundary integral equation is dis-
cretized in space by means of quadratic isoparametric boundary
elements [14]. We refer to [1, 15] for additional details.

The Lagrangian step (time evolution) consists in the time in-
tegration of Eq.s (2) and (3) where the potential and the free-
surface profile at the new time step t + dt are provided. The
fourth–order Runge-Kutta (RK4) algorithm is used for the time
integration scheme.

3 SECOND ORDER NONLINEAR IRREGULAR WAVES

The 2nd-order wave theory is implemented starting from the
second order velocity potential. To solve Laplace’s equation
with nonlinear boundary conditions a perturbation approach is
used [16]. The free surface elevation η(t) is described as a sum
of a first–order term η1(t) and a second–order term η2(t). The
first–order contribution comes from the sum of all the wave com-
ponents used to discretize the wave spectrum

η1(t) =
N∑

m=1

Am cos(ωmt− φm) (4)

The 2nd-order term is obtained as sum of differences and sums
of frequencies as follows

η2(t) = η−2 (t) + η+2 (t) (5)

η±2 (t) =

N∑
m=1

N∑
n=1

[AmAn{B±
mn cos((Ψm ±Ψn)}] (6)

where Ψm = ωmt− φm and Ψn = ωnt− φn. Am, An, ωm and
ωn are, respectively, the amplitude and the circular frequency
of the m–th and n–th wave components. B−

mn and B+
mn are the

second order transfer functions [16]. Similarly, the second–order
velocity potential is obtained as a sum of a first order and a sec-
ond order term Φ(t) = Φ1(t) + Φ2(t). Φ2(t) is defined by dif-
ferences and sums of frequencies: Φ2 = Φ−

2 +Φ+
2 , where

Φ±
2 =

1

4

N∑
m=1

N∑
n=1

[AmAng
2

ωmωn

cosh(k±mn(h+ z))

cosh(k±mnh)
·

D±
mn

(ωm ± ωn)
sin(ψm ±ψn)

] (7)

In the above equation k±mn = |km ± kn| and D±
mn are transfer

functions (not reported here, see [12]). The horizontal particle
velocity and the horizontal particle acceleration may be obtained
with the second order velocity potential by taking the gradient of
Φ.

3.1 Numerical implementation

The numerical implementation of the 2nd–order theory (as well
as the first order theory) may be efficiently performed using the
Inverse Fast Fourier Transform (IFFT). First–order terms, that
involve single summations, require the definition of the first–
order coefficients, see [12].

Using the IFFT, in order to get a result compatible with the
period of the simulation desired, a correct discretization of the
wave spectrum is needed. Let Tsim and N be the simulation
time and the number of samples, respectively. The time incre-
ment is Δt = Tsim/(N − 1), while the time vector is defined
as tp = pΔt with p = 0,1,2...,N − 1. The increment of the

wave circular frequency used to discretize the wave spectrum
is Δω = 2π/(ΔtN) and the frequency vector is defined as
ωm = mΔω with m = 0,1,2, . . . ,N − 1. In this way the IFFT
returns a correct result compatible with the simulation time Tsim

and with the number of samples N .
Note that before using the IFFT to compute the 2nd–order

terms, Eq. (5) is rewritten as

η±2 (tp)=R

[
N∑

m=1

N∑
n=1

[X±
mnexp(−i(ωm±ωn)tp)]

]
(8)

with

X±
mn = AmAnB

±
mn exp(−i(φm ± φn)) (9)

The second order wave kinematics components may be eval-
uated using the same procedure and changing only the expres-
sion of the Fourier coefficients. For a complete description of
the model and for the details of the numerical implementation
we refer to [12].

4 GLOBAL SOLVER

Aero-hydro-servo-elastic computations are carried with
FAST [11]. FAST is based on a combined modal and multibody
dynamics formulation and can be used to model the rigid and
flexible bodies of a wind turbine. Aerodynamic loads acting
on the blades are calculated by means of the Blade-Element
Momentum theory using the software AeroDyn [17], [18].
Hydrodynamic loads are computed within the FAST by means
of the Morison equation [19]. These loads are made of two
contributions: the viscous and the inertial terms. In addition to
the nonlinear kinematics, we point out that the square of the
water velocity in the viscous term also introduces higher-order
components; wheres, the inertial term is purely affected by the
nonlinear wave kinematics. Turbulent wind is generated with
TurbSim [20].

The turbine model used in this study is the 5-MW Reference
Wind Turbine for Offshore System Development [21], whose
main characteristics are listed in Table 1. The diameter and the
wall thickness vary linearly with the tower height. The base di-
ameter of 6 m is equal to the diameter of the monopile. A water
depth of 20 m is considered in all the simulations presented in
the next section.

Table 1: Key properties of the NREL 5–MW Baseline Wind Tur-
bine.

Rating Power 5 MW
Rotor Orientation, Configuration Upwind, 3 Blades
Rotor, Hub Diameter 126 m, 3 m
Hub Height 90 m
Cut-In, Rated, Cut-Out Wind Speed 3 m/s, 11.4 m/s, 25 m/s
Cut-In, Rated Rotor Speed 6.9 rpm, 12.1 rpm
Rated Tip Speed 80 m/s
Rotor Mass 110 t
Nacelle Mass 240 t
Tower Mass 347 460 t
Pile length, diameter 30 m, 6 m
Tower top diameter, wall thickness 3.87 m, 0.019 m
Pile wall thickness, total weight 0.060 m, 187.90 t

5 EFFECTS OF WAVES MODELS ON THE TURBINE
RESPONSE

5.1 Regular waves

We first address the case of regular waves. Regular waves are
generated with circular frequency ω = 0.6283 rad/s (T = 10 s)
and increasing steepness ka from 0.05 to 0.3 with increment of
0.05. Simulations have been performed considering two config-
urations: i) parked condition, that is the rotor idles with blades
pitched to feather (at a pitch angle of 90◦) and no wind is
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blowing; ii) power production, that is rotor speed of 12.1 rpm
with blades pitched to 17.5◦ and a hub-height constant wind of
20 m/s is generated. The second configuration is meant to repro-
duce, at least in terms of global damping, a realistic case when
the turbine is operating [1]. A total simulation time of 30T is
considered for each condition.

Figures 2 shows the time series of the wave elevation
(WaveElev), tower-base fore-aft bending moment (TwrBsMyt)
and tower-top fore-aft deflection (TTDspFA) corresponding to
the linear, 2nd-order and FNL wave kinematics when the tur-
bine is parked and in power production. The wave steepness is
ka = 0.20.

The maximum wave elevations obtained with the linear, 2nd-
order and FNL models are 3.86 m, 4.80 m and 5.7 m, respec-
tively. In the parked case, linear and 2nd-order wave kinematics
provide similar results for the tower-base shear force (not shown
in figure) and bending moment. In contrast, the FNL produces an
increase of about 20% on TwrBsFxt and 50% on TwrBsMyt. The
maximum tower motion increases dramatically from approxima-
tively 2 cm (linear and 2nd–order) to 10 cm (FNL). A clear low-
frequency component of 0.02 Hz is observed. This contribution
is much more relevant in the FNL case because it is associated
with the difference frequency 3f − fn, where f = 0.1 Hz is the
wave frequency and fn = 0.28 Hz is the first natural bending
frequency of the tower. Conversely, linear and 2nd-order mod-
els give a very small contribution at the frequency 3f , which is
mainly related to the viscous drag contribution in the Morison
equation.

When the blades rotate under a constant wind speed, TwrB-
sFxt (not reported here) and TwrBsMyt maximum values in-
crease both of about 15%. Due to the rotor thrust caused by
the wind action, the tower top oscillates around a mean value
of 22.7 cm. The FNL minimum peak is 15.5 cm while the lin-
ear and 2nd-order minimum peaks are 19 cm. We observe that
the low-frequency oscillation, characterizing the tower motion
in parked condition, almost disappears in the present case.

5.1.1 Power Spectral Densities
The power spectral densities (PSDs) of the wave elevation,
tower-base fore-aft bending moment and tower-top fore-aft de-
flection corresponding to the linear, 2nd-order and FNL wave
kinematics when the turbine is parked (upper group) and in
power production (lower group) are shown in Figure 3. The wave
steepness increases from 0.05 to 0.30. For ka = 0.05 no differ-
ences exist in the PSDs of the structural loads by using the three
different models for the wave kinematic as well as by changing
the operating conditions.

In the PSD of the sea surface elevation process, the domi-
nant peak occurs at 0.1 Hz (since T = 10 s). As the steepness
increases, peaks gradually appear at 2f and 3f , that is at 0.2 Hz
and 0.3 Hz.

The system response has a main peak at 0.1 Hz. At ka = 0.05
(Figure 3(a)), the nonlinear load contributions are negligible as
a consequence of the almost linear forcing. Increasing the ka,
the nonlinearities in the structural loads become relevant. An
evident peak at the natural frequency of the structure, i.e. at
fn = 0.28 Hz, appears in the parked case, while it vanishes in
the power production. This behavior, studied in [1], is related to
the aeroelastic damping induced by the rotation of the blades.
However, we anticipate that the peak in the TTDspFA PSD at fn
(see Figure 3(a) parked case) is order of magnitudes smaller than
the one that would be caused by the nonlinear wave kinematics
(see Section 5.2).

Still in parked case, as the steepness increases, more and more
energy is provided at 3f , therefore, as confirmed in Figures 3(b)-
3(d) (see PSDs of TTDspFA) the peak moves gradually from fn
to 3f , that is from 0.28 Hz to 0.3 Hz.

When the turbine is in power production (see Figure 3 lower
panels) the transient behavior dissipates quite soon and the sys-
tem responds at the loading frequencies. We only observe an
augmentation of the energy at the frequencies 2f and 3f as

the steepness increases. Note that to facilitate the comparisons
among the figures, the minimum frequency is 0.05 Hz, so that
the PSD at 0.02 Hz is not shown in these plots.

5.1.2 Amplitudes vs. wave steepness
The response amplitudes at given frequencies are plotted against
the increasing steepnesses in Figure 4. The figure shows how
the amplitudes of TwrBsFxt, TwrBsMyt and TTDspFA at 0.1,
0.2 and 0.3 Hz are influenced by the steepness of the incident
wave system. No substantial differences between the parked (not
shown here) and the power production configurations are ob-
served.

At 0.1 Hz the amplitudes are overestimated by the linear and
weakly nonlinear wave models (see Figure 4(a)). At 0.2 Hz the
linear and 2nd-order models give the same results, while the FNL
model captures a significant increase of the amplitudes for all the
three response channels (Figure 4(b)).

The estimated amplitudes of TwrBsFxt, TwrBsMyt and TTD-
spFA at 0.2 Hz are the same when the linear or 2nd-order models
are used. This happens because at 2f wave kinematics nonlin-
earities are negligible with respect to the 2nd-order components
introduced by the square of the velocity in the viscous term of
Morison’s equation. Thus, both linear and nonlinear wave mod-
els undergo the same growth as the steepness increases. On the
contrary, the FNL model shows a remarkable increase due to
the interaction of the 3rd-order components (3f − f ), see Fig-
ure 4(b).

At 0.3 Hz, see Figure 4(c), the 2nd-order model differs from
the linear one due to the interaction 2f + f , however it under-
estimates the actual increase of the amplitudes due to the wave
steepening. We point out that after ka = 0.2 the growth rate of
the FNL curve becomes smaller. This may be justified by the
frequent use of smoothing and regridding in the FNL numerical
solver to avoid wave breakings. Above ka = 0.2, the solution
may result not as much accurate as below 0.2.

5.2 Irregular waves

We consider an extreme sea state characterized by Hs = 9 m,
Tp = 11.8 s and a mean hub-height wind speed U = 33 m/s [22].
Given the wind speed above the cut-out level, the turbine is set in
parked condition. A total simulation time of 300 s is reproduced.

Figure 5 shows time series of the hub-height longitudinal wind
velocity (WindVxi) (top panel), the wave elevations (WaveElev)
(second panel from the top) and the system response: tower-base
shear (TwrBsFxt) and bending moment (TwrBsMyt) and, in the
bottom panel, the tower-top fore-aft displacement (TTDspFA).

Figure 6 shows the estimated power spectral density functions
of WaveElev, TwrBsFxt, TwrBsMyt, and TTDspFA. In the sur-
face elevation PSD the dominant peak occurs at 0.085 Hz (since
Tp = 11.8 s). At this frequency, the PSD of the tower-base fore-
aft shear force (TwrBsFxt) is overestimated by the linear and
2nd-order wave models. Since the turbine is parked, the domi-
nant loads are hydrodynamic; thus, the tower-base shear force
mainly reflects the effect of these hydrodynamic forces.

Moreover, due to the large lumped mass at the top of the tower
(with an associated large moment arm), the tower-base bend-
ing moment PSD follows the tower-top motion, with a smaller
amount of energy associated with hydrodynamic loading at fre-
quencies around 0.85 and 0.17 Hz. Peaks in the PSDs of the
tower-base bending mode (TwrBsMyt) and tower-top fore-aft
deflection (TTDspFA) exhibits significant amplifications at the
tower fundamental frequency when the FNL model is used.
These amplifications are justified by the springing-like vibra-
tions clearly visible also in the time series of Figure [?]. In this
case the structure is excited by a spectrum of wave components
causing the excitation of its natural frequency. In the previous
case of regular waves, we observed a peak at 0.3 Hz (see for in-
stance Figure 3(d)) that here is not present. Higher-order wave
components (captured by the FNL model) cause a very strong
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amplification of the response at 0.28 Hz. The structure experi-
ences resonant vibrations such that the PSD at 0.28 Hz is one
order of magnitude larger than in the case of regular waves. For
this reason the peaks at the sea fundamental frequencies are very
much attenuated in the PSD of TwrBsMyt and no longer visible
in the TTDspFA PSD, see Figure 6.

6 CONCLUSIONS

A comparison of the effects of linear, weakly and fully nonlin-
ear regular and irregular wave models on the dynamic response
of a fixed-bottom offshore wind turbine has been presented. In
regular waves, for very small wave steepnesses, the structure re-
sponds with the same amplitudes at the main wave frequency
regardless of the wave theory used. As the steepness increases,
the structure responds also at the higher-order loading frequen-
cies. In this case, differences between linear, 2nd-order and FNL
models become dramatically relevant. From ka = 0.01 on, the
linear and 2nd-order theories become inaccurate. The structure
responds more and more at the loading frequencies of f , 2f and
3f so that the PSDs between the parked and operating condition
assume the same shape.

The structural response under a severe sea state with irreg-
ular nonlinear waves shows that when the turbine is parked, it
becomes extremely sensitive to resonant vibrations. The nonlin-
ear kinematics excites the first natural frequency of the tower
causing a very high peak in the tower motion PSD. This peak,
associated with springing-like phenomena, is remarkably under-
estimated (more that 50% less) by both the linear and 2nd-order
wave models.

A more comprehensive study aimed at establishing the effects
on the long-term design loads as well as at assessing the accumu-
lated fatigue damage (considering other sea states) when linear,
2nd-order and FNL models are employed will follow. The large
differences between the FNL and 2nd-order models is expected
to have great importance on these structural aspects.
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Figure 2: Time series of the wave elevation (first panel from top), tower-base fore-aft bending moment (TwrBsMyt) and tower-top
fore-aft deflection (TTDspFA) for the parked (second and third panels from top) and operation (forth and fifth panels from top),
corresponding to the linear (blu dotted line), 2nd-order (green dashed line), FNL with (red solid line) wave kinematic models with ka
0.20.
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Figure 3: Spectra of the wave elevation (first row), tower base fore-aft bending moment and tower-top fore-aft deflection for the parked
(second and third rows) and operation (forth and fifth rows) conditions corresponding to the linear (blu dashed dotted), second–order
(green dashed), FNL with (red solid) wave kinematic models with increasing ka.
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Figure 4: Amplitudes vs. wave steepness of tower-base shear force and bending moment (TwrBsFxt, TwrBsMyt) and tower-top fore-
aft deflection (TTDspFA) corresponding to the linear (blu with stars), 2nd-order (green with circles) and FNL with (red with crosses)
wave kinematic models at different frequencies with the blades rotating under a steady hub-height wind speed (constant pitch).
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Figure 5: Time series of the hub-height longitudinal wind velocity (WindVxi), wave elevation (WaveElev), tower base fore-aft shear
force (TwrBsFxt), tower base fore-aft bending moment (TwrBsMyt) and tower-top fore-aft deflection (TTDspFA), corresponding to
the linear (blu dotted), 2nd-order (green dashed), FNL (red solid) wave kinematic models.
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ABSTRACT: One of the important design drivers for offshore wind turbine (OWT) structures is the fatigue life. In order for 
such structures to make worthwhile investments, they need to be in operation for 20-30 years after installation. The wind turbine 
and the foundation are subject to fatigue damage from environmental loading (wind, waves) as well as from cyclic loading 
imposed through the rotational frequency (1P) through mass and aerodynamic imbalances and from the blade passing frequency 
(3P) of the wind turbine. Through dynamic amplification and resonance, the fatigue damage suffered by the structure can 
severely increase if the natural frequency of the wind turbine gets close to the frequency of excitation, thereby reducing the 
service lifetime of the OWT. Therefore, predicting the first natural frequency is of paramount importance. In this paper a 
mechanical and mathematical model is presented, which provides a good initial estimate of the natural frequency of OWTs for 
conceptual design. The soil-structure interaction (SSI) is modelled through a set of springs, which also includes the cross-
coupling between the lateral and rotational stiffness of the foundation. Approximate analytical formulae are given to 
approximate the natural frequency. The results are compared to measured data as well as results from similar software. The 
sensitivity of the natural frequency of the structure to the stiffness parameters of the foundation are analysed and discussed. 

KEY WORDS: Offshore wind turbine; Euler-Bernoulli beam theory; Soil-structure interaction; Natural frequency; Cross 
stiffness; Sensitivity analysis. 

1 INTRODUCTION 
Offshore wind farms (OWF) are expected to become 
significant contributors to electricity production in the future 
in Europe and worldwide. To make them a cost-effective 
alternative to fossil fuel power plants, offshore wind turbines 
(OWTs) are usually designed to be operational for at least 20-
30 years. OWTs are subjected to intensive dynamic loading in 
a wide frequency band during their lifetime. The main 
dynamic loads are the environmental loading from wind 
turbulence and wave loading, and mechanical loading from 
aerodynamic- and mass imbalance of the rotating rotor (1P 
frequency band) and blade passage (3P frequency band) in 
front of the tower. The structures need to survive a large 
number of load cycles and therefore fatigue damage is an 
important design driver in OWT technology. 

Offshore wind turbines are slender columns with a heavy 
mass on top: they are dynamically sensitive structures [1]–[3]. 
Therefore, it is essential that the structure is designed such 
that its natural frequency is reasonably far from the frequency 
bands of the excitations in order to minimise fatigue damage 
and achieve a long service lifetime. Further details on the 
loading and the frequency bands associated with the loadings 
can be found in [1]. Designing the support structure and 
foundation to fit these criteria is a challenging task. It requires 
the estimation of the stiffness of the foundation, which 
involves soil-structure interaction (SSI), a source of 
uncertainty. Furthermore, there are also dynamic issues 
related to the soil stiffness properties, which may change over 
time due to cyclic/dynamic excitation, as was demonstrated in 
[4]–[6] 

Change in the natural frequency of an OWT over time was 
reported in [7]. Measured natural frequencies at the Walney 
site were reported to be 6-7% higher than the design value [8]. 
Depending on the natural frequency of the wind turbine 
structure, three forms of design are adopted: soft-soft, soft-
stiff and stiff-stiff. Among these, soft-stiff is the current 
preferred design option whereby the natural frequency is 
designed to be within 1P (rotational frequency) and 3P (blade 
passing frequency). It is to be noted here that neither 
underestimation nor overestimation of the natural frequency 
of the OWT is conservative, as the fatigue damage may 
increase due to dynamic amplification with frequency change 
in any direction. Some cases of fatigue type failure of OWTs 
(specifically failure of the grouted connection between the 
tower and the transition piece) have also been reported [9]. A 
posteriori changes in an offshore environment are very 
expensive, however, and are to be avoided. 

In this paper an attempt is made to provide a simple and 
quick method to estimate the first natural frequency of an 
OWT for the conceptual design phase in order to provide a 
means for incorporating fatigue in the early stages of design. 
In this formulation only basic information about the particular 
wind turbine and site is required. Furthermore, analytical 
formulae are provided to analyse sensitivity of the natural 
frequency to changing soil parameters. 

2 MODEL OF THE OWT CONSIDERING SSI 
INCLUDING CROSS-COUPLING TERM 

A typical offshore wind turbine supported on a monopile 
foundation is shown in Figure 1. The main structural elements 
of an OWT are the rotor, nacelle, tower, substructure and 
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foundation. The slender columns are typically connected to 
the substructure via a transition piece (TP). The most common 
foundations are monopiles, gravity base and jacket 
structures [10], although floating turbines are also being 
tested. In this paper a simplified mechanical model is used, 
whereby the rotor-nacelle assembly is modelled as a top head 
mass with rotational inertia, the tower is modelled as an Euler-
Bernoulli beam, and the foundation stiffness is modelled by 
three springs (lateral-, rotational- and cross springs). 

 
Figure 1. Model of the offshore wind turbine. 

For simplicity, several parameters are introduced in Table 1 
(for derivation see see [1]). The three springs model of the 
foundation stiffness is described by Equation 1. 

  (1) 

where ,  and  are the lateral, rotational and cross 
stiffness, respectively,  and  are the displacement and slope 
at the foundation, respectively, and  and  are the 
reactions (see Figure 1 for coordinates). In absence of more 
detailed information and formulae, we used Eurocode 8 Part 5 
[11] Some methods for obtaining the soil stiffness parameters 
are given in [1]. 

The tower of length  is modelled as an Euler-Bernoulli 
beam, using the mass per length , equivalent bending 
stiffness . Equivalent bending stiffness needs to be 
calculated because the tower is tapered. The calculations are 

omitted here and only the final results are given; details can be 
found in detail in [1], [2], [12]. The equivalent bending 
stiffness for the calculation of the non-dimensional axial force 
is given in Equation 2-4. 
 ·  (2) 
  (3) 

1 1  (4) 

where  and  are the bottom and top diameters of 
the tower, respectively,  is the area moment of inertia 
of the tower cross section at the bottom. 

The equivalent stiffness for the non-dimensional stiffness 
parameters is given in Equation 5-6. 

 ·  (5) 

  (6) 

where  is the bending stiffness at the top. 
The rotor-nacelle assembly is modelled as a lumped mass on 

the top of the tower , with mass moment of inertia (or 
rotational inertia) . Due to gravity, this mass also exerts an 
axial force along the tower .  

Table 1. Parameters of natural frequency calculation. 

Dimensionless group Formula 

Non-dimensional lateral stiffness  

Non-dimensional rotational 
stiffness  

Non-dimensional cross stiffness  

Non-dimensional axial force  

Mass ratio  
(top head mass / tower mass)  

Non-dimensional rotary inertia  

Frequency scaling parameter  

Non-dimensional rotational 
frequency  
(  is the rotational frequency) 

Ω  

 
The Euler-Bernoulli beam equation with compressive axial 

force and without excitation is written in Equation 7. 

, ,
 

 , 0 (7) 

where  is the displacement in the  direction,  is time,  is 
the equivalent bending stiffness of the tower,  is the 
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mass per length of the tower,  is the axial force (see 
Figure 1). 

Assuming constant ,  and , using the parameters 
introduced in Table 1, separating variables with ,

  and using the non-dimensional coordinate 
/ , the Euler-Bernoulli beam equation can be simplified 

to the form given in Equation 8 

 Ω 0 (8) 

Looking for a solution in the form  the following 
characteristic equation can be written: 

 Ω 0 (9) 

Replacing  with ̃ we get the following: 

 ̃ ̃ Ω 0 (10) 

 ̃ ,
Ω  

     Ω ,    Ω  (11) 

The solution can be written in the following form: 

cos sin cosh  

 sinh  (12) 

with 

 | ̃ | and | ̃ | (13) 

Using vector notation: 
cos 
sin 
cosh 
sinh 

 P
P

  

The boundary conditions are also formulated with the non-
dimensional parameters introduced in Table 1. The 
derivations are given in [1] in detail. 

I. The sum of shear forces at the bottom is zero: 
 0 0 0 0 (14) 

II. The sum of bending moments at the bottom is zero: 
 0, 0, 0, 0 (15) 

III. The sum of shear forces at the top is zero: 
 1 1 Ω 1 0 (16) 

IV. The sum of bending moments at the top is zero: 
 1 Ω 1 0 (17) 

Substituting the solution for  given in Equation 12 into 
the boundary conditions and looking for non-trivial solutions, 
one obtains the matrix shown in Equation 18.  

 

sinh αΩ cosh cosh αΩ sinh
cosh Ω sinh sinh Ω cosh

 

(18) 

The determinant of this matrix is set to zero to find the natural 
frequency. 

 det 0 (19) 

This determinant produces a non-linear transcendental 
equation, which has to be solved numerically. 

3 APPROXIMATE FORMULAE 
In order to study the dependency of the natural frequency on 
the foundation stiffness parameters, analytical approximations 
are formulated to fit the solutions calculated by numerically 
solving the transcendental equation given in Equation 19. The 
natural frequency is expressed in terms of the six main 
parameters , , , , ,  as defined in Table 1 (see 
Equation 20.) 

 , , , , ,  (20) 

First the fixed base value of the natural frequency  is 
calculated, which is the natural frequency on a perfectly stiff 
foundation with ∞, ∞, 0. For this 
calculation some initial values of the axial force, mass ratio 
and rotational inertia parameters are selected: , , . Using 
these values the fixed base natural frequency is expressed as: 

 ∞, ∞, 0, , ,  (21) 

This fixed base frequency is practically calculated for a 
vertical cantilever beam carrying an end mass. This frequency 
can be calculated by standard formulae for uniform beams 
[13]: 

  and  (22) 

where  is the mass of the rotor-nacelle assembly,  is 
the mass of the tower,  is the stiffness of the 1 degree of 
freedom system,  is the length of the tower and  is the 
equivalent bending stiffness of the tower. More accurate 
estimate of the natural frequency may be obtained by using 
the equivalent stiffness and equivalent mass formulae given in 
[3]. 

The dependency of the natural frequency on the parameters 
are determined by separation of variables. The flexible 
foundation is taken into account by the coefficients  and  
as given in Equation 23.  

 ·  (23) 

Once the fixed base natural frequency is available, these 
coefficients are calculated to incorporate the effects of a 
flexible foundation, using the three springs model shown in 
Equation 1. The two coefficients  and  represent the 
rotational and lateral stiffness dependency, respectively. Both 
coefficients are, however, dependent on all three variables, as 
shown in Equation 24. 

 , , , , . (24) 

The expressions given in Equation 25 and 26 were found to 
approximate the numerically calculated curves well. 
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increases by 0.00257Hz. Similarly, the row corresponding to 
for example the mass ratio  contains the negative value of -
0.285, which corresponds to decreasing natural frequency 
with increasing mass ratio. Clearly, the slopes are meaningful 
only for small variations in the parameters, for significant 
changes the graphs in Figures 2-6 are to be used. According to 
Kühn [7], the soil stiffness parameters had an uncertainty of -
20% to +40% in the case of the Lely A2 wind farm. 

Table 4. Sensitivity of the natural frequency for parameters. 

 Sensitivity of OWT 

Parameter A B C D 

 8.32E-06 5.08E-06 6.79E-08 3.49E-06 

 2.57E-03 2.97E-03 2.37E-03 1.14E-03 

 1.23E-04 1.03E-04 1.01E-05 5.21E-05 

 -1.59E-01 -9.88E-02 -7.52E-02 -7.17E-02 

 -2.85E-01 -1.60E-01 -1.70E-01 -1.45E-01 

 -7.95E-01 -4.91E-01 -3.79E-01 -3.66E-01 

 
It is important to note it is more meaningful to incorporate 

the orders of magnitude of the parameters in order to compare 
the sensitivity. For example, one can look at the change in the 
natural frequency if the parameters change by 1%. Table 5 
shows the result of this analysis for the soil stiffness 
parameters. 
 

Table 5. Frequency change with 1% parameter change. 

 Sensitivity of OWT 

Parameter A B C D 

 0.00022 0.00030 0.00001 0.00027 

 0.00100 0.00118 0.00066 0.00089 

 -0.00021 -0.00029 -0.00001 -0.00027 
 

It is clear from Table 5 that the natural frequency is most 
sensitive to the rotational stiffness, and therefore overturning 
moment resistance is the most important task. The lateral and 
cross stiffness parameters show equal sensitivity, but both are 
generally an order of magnitude smaller than the rotational 
stiffness. 

7 CONCLUSION 
In this paper a methodology was presented for calculating the 
natural frequency of an offshore wind turbine structure on 
flexible foundation using the Euler-Bernoulli beam theory and 
a three spring model to take into account the flexible 
foundation and soil-structure interaction. The analysis yielded 
a non-linear transcendental equation that needs to be solved 
numerically. 

For preliminary design it is useful to formulate a simplified 
expression for the natural frequency, therefore analytical 

formulae were derived to approximate the numerically 
calculated natural frequencies. The approximation curves 
incorporate the dependence of the natural frequency on the 
lateral, rotational and cross stiffness parameters, as well as the 
axial force in the column, the mass ratio of the rotor-nacelle 
assembly and the tower, and the rotational inertia of the rotor-
nacelle assembly. The analytical formulae were found to 
approximate the numerically obtained results reasonably well. 

The approximate formulae were also useful to analyse the 
sensitivity of the natural frequency to each parameter. It was 
shown that the parameters with likely changes and high 
uncertainty are the foundation stiffness parameters. Among 
these soil stiffness parameters the rotational stiffness ranks as 
the most important variable with the highest sensitivity. 
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ABSTRACT:  
A prototype of wind turbines in 5 megawatt class was built and tested at the first German offshore wind energy test field in the 
North Sea. In order to investigate dynamic behaviors under a complex state of loads, a continuous dynamic monitoring system 
was implemented by Federal Institute for Material Research and Testing (BAM). It recorded structural responses and 
environmental/operational variables from November 2007 to October 2009.  
This paper presents significant resonance phenomenon due to the interaction in the tower-nacelle system under operational 
conditions. Modal parameters are automatically estimated by the poly reference Least Square Complex Frequency domain (p-
LSCF) method. Campbell plot demonstrates that a three-blade passage frequency and its multiples f3n match with the natural 
frequencies of the wind turbine system in several modal orders. The damping estimates decrease and the vibration amplitude 
increase significantly. A control system is necessary to minimize the excessive vibrations.   
 
KEY WORDS: Wind Turbine; Tower-Nacelle system; Resonance; Continuous dynamic monitoring; Automated operational 
modal analysis. 

 

1 INTRODUCTION 
Structural Health Monitoring (SHM) technology is receiving 
considerable interest in the field of wind power generation. 
Implementation of an SHM system not only provides an 
efficient health indicator for early damage detection but also 
assists to understand the dynamic behaviors of the wind 
turbine system under normal operational conditions. With the 
increasing size of the wind turbine for harvesting more 
energy, the dynamic interaction between the different 
structural components is still not sufficient, though such an 
issue has attracted considerable research attentions. 
Theoretically, Gasch and Twele suggest that the significant 
resonance phenomenon of the wind turbine system will be 
observed when the structural frequencies agree with the 
frequency resulted from mass unbalance of blades and the 
harmonic frequencies due to blade passage of tower [1].  In 
[2], Brasil et al simplify a wind turbine system as an 
unbalanced rotor on a supporting tower and so-called 
Sommerfeld Effect is addressed. Murtagh et al perform a 
time-domain forced vibration analysis of the wind tower 
considering the dynamic interaction between the tower and 
the blades [3]. Recently, Liu performs the numerical vibration 
analysis by further considering the wind turbine system as a 
blade-carbin-tower coupling system [4]. Staino and Basu 
proposed a muti-modal mathematical model describing the 
dynamics of flexible rotor blades and their interaction with the 
turbine tower, taking the variable rotor speed into account [5]. 
Nevertheless, nearly no prior works focus on experimental 
investigations of the dynamic interaction in the tower-nacelle 

system under normal environmental/operational conditions 
using real measurements within several years, though they are 
critical important for design verification, optimization and 
structural operation maintenance. 

This paper mainly describes the experimental investigation 
on the dynamic behaviors of a wind turbine system with 
purpose of revealing the significant resonance phenomenon in 
the tower-nacelle system. It is divided into four main parts: 
The first part generally introduces the wind turbine system in 
5 megawatt class. The second part presents a continuous 
dynamic monitoring system integrated with automatic 
operational modal analysis algorithm on the basis of the poly 
reference Least Squares Complex Frequency domain (p-
LSCF) method. Subsequently, correlation analysis is 
performed between the estimated modal parameters as well as 
the environmental/operational variables during two years. It is 
observed that the three-blade passage frequency and its 
harmonic frequencies f3n cross the several structural natural 
frequencies. Meanwhile, the damping estimates decrease and 
vibration amplitude increases.  Finally, discussions of the 
experimental results and conclusions are presented.  

2 A PROTOTYPE OF AREVA MULTIBRID M5000 
A prototype of wind turbines in 5 megawatt, Areva Multibrid 
M5000 (Figure 1(a) and (b)), was built and tested from 2007 
in the first German offshore wind energy test field in the 
North Sea, preparing for the production of the commercial 
offshore wind power system. Table 1 lists the main 
characteristics of the wind turbine [6]. In design phase, it is 
assumed that the generation of electrical power increases 
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gradually when the wind speed varying from 4m/s to 12m/s 
and be stable around 5 megawatt as the wind velocities are 
larger than 12m/s. When the wind velocity is above 25m/s, the 
rotor blades will stop working in order to avoid potential 
damages caused by excessive wind loads. Under normal 
operational conditions, the direction of nacelle changes 
automatically with the wind direction in order to produce the 
maximum rotation speed of rotor blades. According to 
statistical analysis in design phase, the main wind direction 
(MWD) is along the Southwest and the secondary wind 
direction (SWD) mainly distributes perpendicular to the 
MWD, as shown in Figure 1 (c). 

Table 1. Technical specifications of the prototype of Areva 
Multibrid M5000 

General  
 Rated power 5000kW 
 Design life time 20 years 
 Cut-in wind speed 4m/s 
 Rated wind speed 12.5m/s 
 Cut-out wind speed 25m/s 
Tower 
 Type Tubular tower 
 Height 67m 
Rotor 
 Rotor diameter 116m 
 Number of blades 3 
 Lowest rotation speed 4.5rpm 
 Rated rotation speed 14.8rpm 
 Highest rotation speed 14.8rpm±10% 

 

 
   (a) General overview       (b) Scheme of wind turbine and 
                                                   positions of 8 accelerometers  

 
 
 
 
 
 
 
 
 
 
 

 
(c) Plane view of the wind turbine and wind direction 

  Figure 1 The prototype of wind turbine M-5000 

3 CONTINUOUS DYNAMIC MONITORING SYSTEM 

3.1 Integrated system for monitoring and assessment 

In the context of national research project IMO-WIND, an 
integrated monitoring system for supervision of all 
components of wind turbines is developed. It is composed of 
two individual data measurement, acquisition and transfer 
systems, installed on both the rotor blade and the support 
structure with purpose of experimental verification of design 
assumption [7-9], implementation of a risk-based structural 
assessment procedure [10,11] as well as development of a 
structural health monitoring system [12-14]. 

The dynamic responses of the tubular steel tower are 
recorded by 8 accelerometers mounted on its internal surface 
as shown in Figure 1 (b). According to the wind direction, 8 
accelerometers are classified in two groups: One consists of 
y1, y3, y5 and y7 along the MWD and another one is 
composed by y2, y4, y6 and y8 along the SWD. The structural 
responses were measured synchronously by signal acquisition 
equipments HBM MGCplus and were recorded continuously 
with a sample rate of 50Hz from 1st November 2007 to 31st 
October 2009. Only the first 8192 sampling points acquired 
by each accelerometer at beginning of each hour are saved in 
the centre computer and transferred to BAM. The typical 
acceleration signals recorded by two groups of accelerometers 
are plotted in Figure 2.  

In order to evaluate the vibration amplitude of the tubular 
tower, the corresponding Root Mean Square (RMS) values on 
the basis of 8192 sampling points recorded at the beginning of 
each hour from every accelerometer are calculated as follows: 

∑=
=

8192

1

2)(
8192

1
i

ixRMS                         (1) 

where xi is the amplitude of each acceleration sampling point. 
If the maximum RMS value calculated from 8 accelerometers 
is defined as Rmax, the ratios between the RMS values 
computed by accelerations recorded by 8 sensors and the 
Rmax are shown in Figure 3. 

 

 
(a) Acceleration signals along the MWD 

 
 (b) Acceleration signals along the SWD 

Figure 2 Typical acceleration signals acquired with 8192 
sampling points 
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Figure 3 Variation of RMS/Rmax of accelerations recorded by 

8 sensors from November 2007 to October 2009 

An environmental/operational measurement station was 
installed on the hub of wind turbine by the owner AREVA 
Wind GmBH [9]. From November 2007 to October 2009, the 
variables such as temperature, wind speed, rotation speed of 
blades, pitch angle of blades and orientation of nacelle are 
also recorded simultaneously at the beginning of each hour for 
8192 points with sampling frequency 1Hz. In order to 
investigate the environmental/operational influences on the 
dynamic properties of the wind turbine, the mean values of 
every 8192 samples of different environmental/operational 
factors are considered.  The variation and statistical analysis 
of each environmental/operational factor are presented in 
[13].In particular, it is observed from Figure 4 that 23.9% of 
the measured rotation speeds fall in the range from 7.5-8 rpm 
during two years. 

 

 
(a) Rotation speed of blades 

  
(b) Histogram of rotation speed 

Figure 4 Variations of blade rotation speed and statistical 
analysis from November 2007 to October 2009 

3.2 Automated operational modal analysis 

In order to interpret the massive vibration signals 
automatically and manage the analysis results robustly, a 
signal processing and management software system is 
developed. It consists of four main functions: automated 
OMA on the basis of the poly-reference Least Squares 
Complex Frequency domain (p-LSCF) method and data 
driven Stochastic Subspace Identification (DATA-SSI) 
approach, investigation of environmental/operational 
influences on dynamic properties, feature extractions and 
management as well as visualization of processing results. 

Comparison of structural properties estimated by both p-LSCF 
and DATA-SSI methods demonstrate that the former can 
provide better modal estimates [12]. Current section 
introduces the automated p-LSCF algorithm implemented for 
continuous dynamic monitoring. 
Assuming the wind turbine is a linear and time-invariant 
physical system within the data window considered (8192 
points in the present application), positive output spectra  

)( ωjS +  estimated by measured output responses can be 
modelled in Right Matrix Fraction Description (RMFD) form 
as:  

1))()(()( −+ = frfrf jAjBjS ωωω                    (2) 
where frequency points fNf ...2,1,0= , )( fr jB ω  is the 
numerator matrix polynomial and )( fr jA ω  is the 
denominator matrix polynomial. Both of them are defined as  
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in which p is the user defined polynomial order and )( fr ωΩ  
are the polynomial basis function defined as  

trj
fr e Δ−=Ω ωω )(                              (4) 

where tΔ  is the sampling period. The polynomial coefficients 
rβ  and rα  are the parameters to be estimated and are 

assembled in following matrices: 
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where l is number of  measured outputs. 
By fitting the measured output spectra )( fjS ω+  with this 

model by coefficient θ  at each frequency point fω , structural 
modal parameters will be estimated by p-LSCF algorithm [15, 
16].  In current research, the half positive spectra matrix 

)( fjS ω+  is estimated by weighted correlogram method, with 
maximum frequency points 1024=fN . The polynomial 
orders are considered as 100...2,1,0=p . The number of output 
responses l is 4 because the signals recorded from 8 
accelerometers are classified as two groups according to the 
wind direction. 

In practice, modal parameters are identified by picking 
stable poles from a stabilization diagram. The automatic 
operational modal analysis procedure consisting of the 
construction of a stabilization diagram and of the selection of 
stable poles is well described in [17]. 

Table 2 and Table 3 list the mean value and the standard 
deviation value of the estimated modal parameters as well as 
the corresponding frequency values calculated by finite 
element model. From November 2007 to October 2009, the 
modal parameters of modes around 0.41Hz, 3.26Hz, 4.02Hz, 
6.47Hz, 7.50Hz, 8.15Hz, 12.16Hz and 21.81Hz are 
successfully identified using automatic p-LSCF method on the 
basis of the structural responses recorded by accelerometers 

Nov/2007 Feb/08 May/08 Aug/08 Nov/08 Feb/09 May/09 Nov/2009 Aug/09

Time 
Nov/07 Feb May/08 Aug Nov/08 Feb May/09 Aug Nov/09
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y1, y3, y5 and y7. On the contrary, only dynamic properties of 
modes around 0.42Hz, 3.26Hz, 4.02Hz and 6.48Hz are 
estimated by accelerometers y2, y4, y6 and y8. The possible 
reason is that the direction of y1, y3, y5 and y7 is identical 
with the MWD while the orientation of y2, y4, y6 and y8 is 
perpendicular to the MWD. Low excitations along the SWD 
may cause the difficulties for identification of the modal 
parameters in higher modes.  

Table 2 Statistical analysis of the modal parameters estimated  
by accelerometers y1, y3, y5 and y7 

 

4 RESONANCE PHENOMENON 
A particular environmental/operational influence for a wind 
turbine system is the resonance phenomenon caused by the 
passage of each blade over the tower. In order to 
experimentally reveal such phenomenon, the Campbell 
diagram is presented by plotting all identified frequency 
estimates against the measured rotation speed of blades [1]. 
Afterwards, the variation of the damping estimates around the 
fundamental mode is also investigated. The vibration 
amplitudes evaluated by the RMS/Rmax values from 8 
accelerators are presented. Besides, the resonance 
phenomenon in higher modes is also discussed. 

4.1 Campbell diagram 

In a tower-nacelle system, a loading impulse is resulted from 
each blade passing the tower. For a three-bladed wind turbine, 
the tower vibrations are excited by 3f and its multiples: 

       nff n 33 =     (n=1,2,3....)                         (6) 
where f is frequency of the rotation speed of blades. If these 
frequencies nf3  are close to structural frequencies, especially 

the fundamental frequency of the tower, the resonance will be 
activated. 

Campbell diagram is used to illustrate the influence of the 
rotational speed on the eigen frequencies of the wind turbine 
system. Both analytical and experimental Campbell diagrams 
are shown in Figure 5. The analytical Campbell diagram is 
calculated by Equation 6 and the experimental one is 
produced by plotting the measured rotation speeds of blades 
against the frequencies estimated by the dynamic responses 
acquired by two groups of accelerators along MWD and SWD 
from November 2007 to October 2009. Except for the 
structural frequencies, blades passage frequency 3f and its 
harmonics 6f…18f are also observed in both Figure 5 (a) and 
(b).  It is clearly notified that the blade passage frequency 3f 
increases with the rotation speed rising from 5rpm to 14.9rpm 
and crosses the indentified fundamental frequency of the wind 
turbine system (0.41Hz) as the rotation speed approaching 8.0 
rpm (3*8.0rpm=3*8.0/60=0.40Hz). The blades passage 
frequency 3f matching with fundamental frequency 0.41Hz 
unavoidably leads to the resonance of the tower, which can be 
further illustrated by the variation of the damping values and 
the RMS/Rmax values of different accelerometers. 

 
(a)  Eigen frequencies estimated by dynamic responses along 

the MWD against rotation speed 
 

 
 

 
 
 
 

 

 

 
 
 

(b)  Eigen frequencies estimated by dynamic responses along 
the SWD against rotation speed 

Figure 5 Analytical and experimental Campbell diagram   

4.2 Damping estimates 

For the wind turbine system under operational conditions, the 
total damping totalξ  estimated by OMA can be divided into the 
structural damping structξ  and the aerodynamic damping aeroξ  
as: 

fFE 
(Hz) 

Eigen 
frequency 

Damping  
ratio 

MAC  
value 

Mean 
value 
(Hz) 

Std 
Mean 
value 
(%) 

Std 
Mean 
value 
(%) 

Std 

0.41 0.41 0.007 0.96 0.925 99.91 0.021 0.42 
3.31 3.26 0.056 1.73 0.719 99.21 0.061 3.55 
4.09 4.02 0.078 1.51 0.604 96.29 0.108 
6.62 6.47 0.086 1.12 0.516 91.77 0.195 
7.49 7.50 0.043 0.36 0.218 78.59 0.332 
8.28 8.15 0.051 0.39 0.319 85.77 0.199 
12.72 12.16 0.042 0.35 0.125 92.75 0.155 
20.75 21.81 0.032 0.11 0.052 52.54 0.390 

Table 3 Statistical analysis of the modal parameters 
estimated by accelerometers y2, y4, y6 and y8 

fFE 
(Hz) 

Eigen 
frequency Damping ratio MAC value 

Mean 
value 
(Hz) 

Std 
Mean 
value 
(%) 

Std 
Mean 
value 
(%) 

Std 

0.41 0.41 0.008 1.19 1.021 99.98 0.008 0.42 
3.31 3.27 0.057 1.91 0.759 98.91 0.066 3.55 
4.09 4.02 0.076 1.50 0.621 51.58 0.424 
6.62 6.48 0.082 1.12 0.431 57.26 0.414 
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totalξ = structξ + aeroξ                          (7) 
Structural damping structξ  is a measurement of energy 

dissipation in the wind turbine system. Aerodynamic damping 
aeroξ  develops from the interaction between the wind and 

oscillating rotor blades along the direction of the wind. The 
relative speed between wind and rotor blades determines the 
aerodynamic load that further affects the structure: the rotor 
blades that are moving along the wind direction experience an 
increased wind load that will counteract the tower motion. 
While the rotor blades move backyard, the aerodynamic force 
reduces with the tower motion. Such effect is associated with 
the velocity term in equation of motion and thus is termed as 
aerodynamic damping. It is dependent on wind velocity, 
rotation speed of blades and other factors such as eigen 
frequency, geometrical conditions and the kind of the flow 
around the blades etc. Under operational conditions, 
aerodynamic damping aeroξ  may become negative and 
structural vibrations are amplified when resonance occurs [18, 
19].  

Variation of the experimental estimated damping values 
totalξ  of the fundamental mode, taking in account of the 

influences of harmonic mode, can also illustrate the resonance 
phenomenon of the wind tower. Figure 6 (a) shows the 
frequency estimates corresponding to the fundamental mode 
and the harmonic mode excited by 3f. In order to characterize 
the variation of the estimated damping values totalξ  at 
different operational conditions, the frequency samples shown 
in Figure 6 (a) are artificially divided into four clusters in 
different colors, according to different rotation speeds and 
frequency ranges: The first two of them are decomposed of 
the samples (in blue and in red) that reflect the structural 
frequencies under both the low (0-1.0 rpm) and the high 
(14.0-14.9rpm) rotation speeds, without any influences from 
the harmonic frequencies due to passage of rotor blades. The 
third cluster consists of the frequency estimates (in black) 
within 0.4Hz to 0.45Hz as well as the rotation speed varying 
from 1.0 rpm to14.0 rpm. They are excited by both normal 
operational loads and blades passing by the tower. The fourth 
cluster is defined with the frequency samples (in gray) that are 
smaller than 0.4Hz or larger than 0.45Hz as the rotation 
speeds fall in the range from 1 rpm to 8 rpm. Approximately, 
most of them are associated with the excited harmonic mode 
3f. 

The corresponding identified damping values totalξ  of these 
frequency estimates in the range from 0.4Hz to 0.45Hz are 
plotted against the rotation speeds in Figure 6 (b). To better 
characterize the variation of damping ratios with the rotation 
speed, the mean values of the damping estimates totalξ  in 
different clusters within the interval of 0.5 rpm are calculated 
and are plotted in Figure 6 (c). As the rotation speed changes 
from 1 rpm to 5 rpm, the mean values are not included 
because only a few samples scatter in this range. In Figure 6 
(b), a clear gap of the variation of the damping ratios totalξ  is 
observed in the vicinity of 8 rpm where the blades passage 
frequency 3f crosses the fundamental frequency of the wind 
turbine system. It can be explained by the variation of the 
mean damping values with an interval of 0.5 rpm shown in 
Figure 6 (c). When the rotation speed varies from 0 to 0.5 

rpm, then mean value of the damping estimates is 0.76% that 
may approximately represent the structural damping structξ  
and the aerodynamic damping aeroξ may be ignored because 
the rotation speed is quite low. With the blades begin to rotate 
from 5 rpm, the mean value of damping estimates totalξ   (5-
5.5rpm) jumps to 2.28 due to the activation of the 
aerodynamic damping aeroξ . As the rotation speed approach to 
8 rpm, the estimated damping values decrease rapidly because 
of the variation of the aerodynamic damping. When the 
rotation speed changing from 7.5 rpm to 8 rpm, the mean 
value of the damping estimates is only 0.53% and even 
smaller than the corresponding mean damping value 0.76% as 
the blade operates under low speed from 0 rpm to 0.5 rpm. It 
may result from the negative aerodynamic damping when the 
resonance occurs, which further reduces the estimated 
damping totalξ . Afterwards, the damping estimates totalξ  
increase gradually with the increasing rotation speed over 8 
rpm due to the increasing aerodynamic damping aeroξ .  

 
(a) Four clusters of the frequency estimates 

 
       (b) Damping ratios corresponding to  
     the frequency estimates in cluster 1-3                   

               
(c) Averaged values of the damping ratios  
within a interval of 0.5 rpm for cluster1-3        

Figure 6 Variation of damping estimates corresponding to the 
frequencies in the vicinity of fundamental mode 
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4.3 Vibration amplitude of the wind tower 

Figure 7 shows the ratios RMS/Rmax computed on the basis of 
structural responses recorded by 8 accelerometers installed at 
the different positions.  

  
     (a) y1                                    (b) y2 

 
 (c) y3                                    (b) y4 

 
(e) y5                                    (f) y6 

 
(g) y7                                    (h) y8 

Figure 7 The ratio RMS/Rmax calculated by different 
accelerometers against the rotation speed of blades 

 
         (a) Dominate mode shapes (b) Calculated mode shape 
                                                 along both MWD and SWD 

Figure 8 Fundamental mode shapes estimated by automated 
OMA and finite element analysis 

It is interesting to note from Figure 7 (a)-(d) that the ratios 
RMS/Rmax measured by y1-y4 jump dramatically as the 
rotation speeds are close to 8 rpm, reflecting the resonance 
resulted from the blades passage frequency 3f agreeing with 
the structural fundamental frequency. In the meanwhile, ratios 

RMS/Rmax evaluated by y5-y8 (Figure 7 (e)-(h)) are subject 
to less pronounced resonance effect. It is easily understood 
because the fundamental mode reflects the bending mode of 
the wind tower. Figure 8 (a) shows the dominated 
fundamental mode shapes [14] estimated by the measurements 
during 2 years along the MWD and the SWD, agreeing with 
the calculated bending mode in Figure 8 (b). The excited 
bending mode leads to the relative significant vibration on the 
top of the tower. 

4.4 Resoance phenomenon in wind blades 

Figure 9 shows the first flapwise mode of the wind blades 
calculated by a numerical model [9]. It is found in Figure 10 
that the harmonic frequency 6f meets with the frequency 
estimates of such mode around 13.5rpm. It may be concluded 
that the potential resonance phenomenon also occurs in the 
wind blades under operational conditions. 

 

                          
                 (a) Side view                 (b) Top view 

Figure 9 The 1st flapwise mode fFE=1.44Hz   
 

 
Figure 10 Zoomed part of Figure 5 (a) with frequency  

   varying from 0.5Hz to 3.0Hz 

4.5 Resoance phenomenon in higher modes 

Figure 11 describes the long term trend of the frequency 
estimates around 7.50Hz during two years. In Figure 11 (a), 
the identified frequencies mainly scatter in two parts. One of 
them reflects the annual fluctuation under low and middle 
rotation speed (0-1 rpm in blue and 1-14 rpm in black), and 
another one focus in the range from around 7.45Hz to 7.50Hz 
as the wind blade spins with higher speed (14-14.9 rpm in 
red). Such variation may be explained by Figures 11 (b)-(d).  

6f 

9f 

12f

3f 
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mode 
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On one side, as the measured wind speed changes from 0 m/s 
to about 10 m/s, the rotation speed of blades varies from 0 
rpm to about 14 rpm. Under these operational conditions, the 
frequency estimates are only subjected to the temperature 
influence as illustrated in Figures 11 (b). On the other side, 
with the wind speed rising above about 10m/s, the rotation 
speed of blade increases gradually from 14rpm to the 
maximum rotation speed 14.9 rpm (Figures 11 (c) and (d)). 
Under such conditions, the identified frequencies drop 
dramatically due to the resonance frequency 30f (30*14.9 
rpm/60=7.45Hz) induced by the blades passing by the tower.  
From Figure 11 (b), it is observed that the resonance 
frequencies are not subjected with the influences of 
temperature.   
 

 
  (a) Variations of frequency        (b) Frequency estimates vs          

   estimates around 7.50Hz                    temperature       

 
 (c) Frequency estimates vs       (d) Frequency estimates vs  
              rotation speed                          wind velocity 

Figure 11 Environmental/operational influences on 
the variation of frequency estimates around 7.50Hz 

 

   (a) Variations of frequency         (b) Frequency estimates vs          
     estimates around 8.15 Hz                       temperature 

  
      (c) Frequency estimates vs      (d) Frequency estimates vs 
                  rotation speed                      wind velocity 

Figure 12 Environmental/operational influences on 
  the variation of frequency estimates around 8.15Hz 

Similar resonance impacts are also observed for the 
identified frequencies around 8.15Hz plotted in Figure 12. 
When the rotation speeds are higher than 14 rpm, the 
frequency estimates are excited by the blades passage 
frequency 33f (33*14.9rpm/60= 8.20Hz). While the rotation 
speed is smaller than 14rpm, the indentified frequencies are 

mainly affected by the temperature variations as illustrated in 
Figure 12 (b).  

Figure 13 shows the relations between damping estimates 
and rotation speed for these modes. Table 4 lists the averaged 
values of damping estimated under low (0-1.0 rpm) and high 
(14.0-14.9 rpm) rotation speed on the basis of accelerometers 
along the MWD. For the modes are subjected to the resonance 
effects due to the blade passing frequencies 30f and 33f 
(Figure 11-12), the decreasing damping values with rotation 
speed varying from 14 rpm to 14.9 rpm indicates that the 
negative aerodynamic damping caused by the resonance. 
 

 
   (a) Damping estimates with     (b) Damping estimates with 
   frequencies around 7.50Hz      frequencies around 8.15Hz 

Figure 13 Damping estimates versus rotation speed 

Table 4 Comparison of the averaged damping values, 
identified on the basis of the accelerometers y1, y3, y5 and y7, 

in different rotation speed ranges. 

 

5 DISCUSSIONS  
Figure 4 in section 2 remind that the rotation speed of rotor 
varying from 7.5 rpm to 8 rpm account for the 23.9% of all 
measurements during two years. Under such range, the 
resonance occurs and results in the excessive vibration of the 
wind tower as shown in Figure 7. It indicates that the wind 
tower is easily to be stuck in the resonance. Such phenomenon 
can be explained by the Sommerfeld Effect [2,13].   

 
Figure 14 Frequency spectrum based on strain measurement 

Moreover, it is suggested in [1] that the resonance, caused 
by the period excitation (1f) due to both the mass unbalance of 
blades and the harmonic frequencies (3f,6f,9f…) resulted from 
blades passage of tower, play a big role during operation of 
wind turbines, and the former may lead to more significant 
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lateral vibration. Using the acceleration measurements in 
current paper, the period excitation (1f) due to the mass 
unbalance is not observed. However, it is shown in Figure 14 
that both 1f and 3f are clearly observed in the frequency 
spectrum based on the strain measurement [7-9]. In the future, 
the automated p-LSCF method will be applied to the strain 
measurement in order to detect the 1f effect. 

Finally, according to the numerical results shown in section 
4.4, the resonance phenomenon of the blades due to the 1st 
flapwise frequency meets with 6f excitation is observed. In the 
future, accelerometers will be installed on the wind blades in 
order to experimental determine the resonance phenomenon of 
the blades under operational conditions. 

6 CONCLUSIONS 
This paper mainly presents the resonance phenomenon of a 
wind turbine system under operational conditions, due to the 
structural frequencies in different orders meet with the blade 
passage frequency and its multiples f3n. Significant increase of 
the vibration amplitude of the wind tower is observed. It is 
caused by the fundamental frequency matching with 3f 
excitation as the rotation speed approaching 8rpm. Even 
worse, 23.9% of the measured blade rotation speeds fall in the 
range from 7.5-8rpm, which further aggravates the resonance 
of the wind tower. An active or passive control system is 
necessary for such a wind turbine system. Meanwhile, the 1st 
flapwise mode of the blades agreeing with the 6f excitation 
may also indicate the potential resonance of the blades. 
Finally, the observed resonance phenomenon in the higher 
modes due to the 30f and 33f excitation is useful for the 
explanation of the variation of the modal parameters under 
operational conditions. 
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ABSTRACT: A study of the structural dynamic response of wind turbines is presented. Two different wind turbines were 
utilized: a 65-kW wind turbine, which has previously been subject to shake table testing at University of California, San Diego 
(UCSD) and a 5-MW reference wind turbine produced by National Renewable Energy Laboratory. The 65-kW wind turbine was 
utilized in order to compare its earthquake response in SAP2000 to the results obtained from full-scale shake table tests at 
UCSD, and served as a validation for numerical modelling of the 5-MW wind turbine. For the 5-MW model, surrounding soil 
was included in the model in order to account for the soil-structure interaction, and it was excited by the horizontal and vertical 
components of the 1985 Nahanni, Canada earthquake. These records are modified and scaled in order to match the response 
spectra from Eurocode 8. Wind-induced load was applied in a simplified manner in order to gain insight into the significance of 
earthquake loading on a design based on wind loads. It is shown that the vertical excitation from an earthquake can produce 
severe vertical accelerations in upper parts of a wind turbine. This motivates more research on buckling in the steel tower (when 
combined with wind), disturbance to the fine-tuned machinery in the nacelle, and design of the connection between nacelle and 
turbine tower. Secondly, a comparison between statically applied wind and horizontal earthquake excitation concluded that soil-
structure interaction can be of the uppermost importance in regards to the displacement along the wind turbine. Results showed 
that earthquake is not expected to govern the design for small to moderate earthquakes in stiff soils. However, for softer soils, 
the displacement and base moment demand from earthquake could very well match the response from wind-induced forces. 

KEY WORDS: Wind turbines; Earthquake; Dynamic response; Soil-structure interaction; Time series; Wind energy; FEM 

1 INTRODUCTION 

Focus on renewable and clean energy over the past decade has 
increased the motivation for wind energy using wind turbines. 
Some of the countries at the forefront of wind power 
developments, such as China, India and the U.S. are 
considered highly seismic active.  

Some research has been conducted in the field of wind 
turbines and seismic response, and a number of guidelines 
have already been developed, such as Risø [1], GL [2] and 
IEC [3]. In addition, with the growth of offshore wind 
industry, there exist some specific standards for these [4–6]. 

Recognizing the fact that a wind farm is a collection of 
large, expensive, and homogeneous structures important to the 
infrastructure, it becomes imperative that the probability of 
total shut-down should be minimized. Some guidelines 
recommend designing the wind turbines (or at least some of 
its components) as high safety class [1, 4, 7]. 

Wind turbines are more-or-less considered confidential, and 
their design information is not revealed by the manufacturers. 
As a consequence, National Renewable Energy Laboratory 
(herein NREL) developed a numerical 5-MW reference wind 
turbine [8]. This turbine was developed by using any publicly 
available information on the structural, operational and other 
aspects of wind turbines that existed at the time. 

1.1 Previous Research 

University of California, San Diego (herein UCSD) has 
conducted extensive work on several wind turbines with focus 
on seismic response and other dynamic properties: 

A study was made on the seismic response of a 65-kW wind 
turbine at the Large High Performance Outdoor Shake Table 
(LHPOST) at UCSD from 2004 [9, 10]. In addition, a more 
extensive study of the same 65-kW turbine was conducted at 
the same location that included parked and operating states, 
and different levels of shaking and denser instrumentation in 
2010 [11, 12]. 

Prowell et al. [13] modified the code FAST (an open-source 
software capable of modelling turbine dynamics [14]) to 
enable base shaking in addition to other loads. 

 A number of research from various institutions has been 
conducted based on NREL. Some of the work from UCSD on 
this matter includes estimating the seismic load demand for a 
wind turbine in time domain, using FAST [15], and checking 
the soil-structure interaction (SSI) effects using OpenSees 
[16]. 

Based on numerical simulations, Prowell [17] concluded 
that soil-structure interaction was an important issue, 
especially for large machines. Prowell et al. [16] stated that it 
was important to conduct further SSI research as an integral 
component of seismic response studies.  

Zhao and Maißer [18] conducted numerical simulations on 
the SSI effects on the dynamic characteristics of wind turbine 
towers using linear springs. They concluded that SSI effects is 
particularly important in the response of wind turbine 
structures on relatively flexible soil.  

A study on the role of damping of an offshore wind turbine 
[19] concluded that, in general, significant research is needed 
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for the determination of dynamic properties of offshore wind 
turbine structures. 

While a limited research has been conducted on the 
horizontal seismic response of wind turbines, it appears that 
very little attention has been given to the vertical response of 
wind turbines due to seismic loads. Ritschel et al. [20] briefly 
reported a high response in vertical direction due to 
earthquake excitation. 

2 MODEL VALIDATION 

The 65-kW and 5-MW wind turbines analysed here are 
HAWTs (Horizontal Axis Wind Turbine) and use active yaw. 
The 65-kW wind turbine is a Danish wind turbine, produced 
by Nordtank [17]. The 5-MW turbine is developed as a 
reference turbine, and exists only on paper. 

The software SAP2000 was used for the numerical analyses 
in this study. For this purpose, a validation of the results was 
carried out. A model of the 65-kW wind turbine was created 
based on its geometry, mass and materials, and its natural 
frequencies were compared to the existing results. Some data 
for the wind turbine is presented in Table 1. 

Table 1. 65-kW wind turbine data [10]. 

Property Values 
Rated power 65-kW 
Rated wind speed 11.9 m/s 
Operational RPM 45-55 RPM 
Rotor diameter 16 m 
Tower height 21.9 m 
Tower wall thickness 5.314 mm 
Rotor hub height 22.6 m 
Tower mass 6400 kg 
Nacelle mass 2400 kg 
Rotor mass (with hub) 1900 kg 

The tower was modelled as a cylindrical steel shell 
(discretized angularly into 16 shells); the nacelle was 
modelled using solid elements of a user-defined material with 
the correct mass and size. The blades were modelled as 
cylindrical sections of fibreglass reinforced polyester material 
defined through a user-defined material. In order to match the 
given data and natural periods of the turbine, the mass density 
and stiffness parameters had to be slightly modified. The 
turbine was assumed fixed to its base. A summary of the 
different components are given in Table 2. 

Table 2. Components of 65-kW model. 

Component Material Mass density Youngs' Mod.
  [kg/m3] [MPa]
Tower Steel, S275 9 891 200 000
Nacelle User-defined 1 529 210 000
Rotor Steel, S275 1 101 210 000
Blades Polyester 1 101 10 000

2.1 Natural Frequencies 

The natural frequencies computed by SAP2000 are presented 
and compared with existing results [9, 11] in Table 3. The 
model exhibits a good match with previous work. 

2.2 Static Wind-Induced Load 

Because SAP2000 is not a software for aerodynamic analysis, 
the wind was applied as an equivalent thrust-force working on 
the rotor with a load value depending on the wind speed. 
There is no available information for the 65-kW wind turbine 

thrust-force as a function of wind speed; therefore scaling has 
been applied from the documentation of the NREL 5-MW 
wind turbine. According to Manwell et al. [21], the relation in 
Equation (1) can be applied to scale the thrust force: 

    (1) 

where Tn is the thrust-force for wind turbine n and Rn is its 
rotor radius. The meteorological data from the extended shake 
table test [12] reports different wind speeds. For this 
validation analysis, the averaged wind speed of 3.5 m/s was 
used. Thus, a static horizontal thrust force of 2.8 kN was 
applied at the nacelle in the fore-aft direction. 

Table 3. Natural frequencies of 65-kW wind turbine, 
compared to previous work. (S-S: side-side, F-A: fore-aft) 

 2004 [9] 2010 [11] This study [28] 
fn ShakeTable Model ShakeTable Model 
# Type f[Hz] Type f[Hz] Type f[Hz] Type f[Hz] 

1 S-S 1.70 S-S 1.68 F-A 1.70 F-A 1.66 

2 Comb 11.7-12.3 F-A 1.68 S-S 1.71 S-S 1.68 

3 … … Tors. 9.20 …  Tors. 9.16 

4   S-S  10.8 F-A 11.9 F-A 11.9 

5   F-A 10.9 S-S 12.4 S-S 11.9 

 

2.3 Earthquake Record & Analysis Procedure 

The acceleration time series selected for the test program was 
the East-West component of the Landers earthquake with 
Moment Magnitude 7.3 [22]. The time history has PGA = 
0.154g. 

Modal damping ratios were taken as the modal damping 
ratios for the parked 65-kW wind turbine, obtained from 
LHPOST at UCSD [17], and are listed in Table 4. 

Table 4. Modal damping ratios. 

Mode # Type ξ 
1st 1st Fore-aft 1.0 % 
2nd 1st Side-side 1.1 % 
3rd 1st Torsional 3.5 % 
4th 2nd Fore-aft 1.5 % 
5th 2nd Side-side 2.2 % 

… … …

nth … 3.5 % 

2.4 Seismic Response of 65-kW Wind Turbine 

In order to compare the numerical model implemented in 
SAP2000 to the shake table test in Prowell et al. [9], response 
along the height of the 65-kW wind turbine was collected in 
terms of acceleration. 

Figure 1 presents the results from SAP2000, while Figure 2 
exhibits the results reported in [9]. The decay of motion at the 
free-vibration phase in Figure 1 indicates damping as assigned 
in the modelling, and damping as documented in [9], and the 
model implemented in SAP2000 exhibits very satisfactory 
results.  

The responses obtained in this study matched the results 
from previous research very well. Thus, the confidence and 
experience from this section was necessary in the rest of the 
research. 

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3628



 

Figure 1. Time series response from SAP2000, this study [28]. 

 

Figure 2. Results from shake table testing of 65-kW wind 
turbine [9]. 

3 NREL 5-MW WIND TURBINE 

Following the verification of the software, the idea to develop 
a model of a larger and more modern wind turbine was 
pursued.   

NREL created a 5-MW reference wind turbine [8]. This 
model serves as a baseline for research and development in 
the field of wind turbines. Some of the data for the turbine is 
presented in Table 5. The tower diameter decreases linearly 
towards the top, along with the tower wall thickness. The 
same modelling techniques used for the 65-kW turbine 
presented in Section 2 were utilized. 

Table 5. 5-MW wind turbine data [8]. 

Property Values 
Rated power 5-MW 
Rated wind speed 11.4 m/s 
Operational RPM 12.1 RPM 
Rotor diameter 126 m 
Tower height 87 m 
Lower section diameter 6 m 
Top section diameter 3.87 m 
Hub diameter 3 m 
Tower wall thickness 27 - 19 mm 
Rotor hub height 90 m 
Tower mass 347 460 kg 
Nacelle mass 240 000 kg 
Rotor mass (with hub) 110 000 kg 
Total wind turbine mass 697 460 kg 

Even though it is not described in [8], stiffening rings were 
added within the turbine tower, at approximately every 3 m 
along the tower height in order to prevent buckling of the 
tower. This agrees with previous work [23, 24]. The stiffener 
rings are made of the same material as the tower. Material 
parameters are summarized in Table 6. Overall, the mass of 
the different components and the mass of the entire turbine is 
correct. 

Figure 3 shows the numerical model of the 5-MW wind 
turbine developed in SAP2000, and displays the points of 
interest and the coordinate system. 

Table 6. Component data of 5-MW model. 

Component Material Mass density Young's Mod.
  [kg/m3] [MPa]
Tower Steel, S275 10 500 210 000
Nacelle User-defined 1 578 210 000
Rotor Steel, S275 152 9051 210 000
Blades Polyester 158 10 000
1The high mass density is due to rotor modelled as a finite number of beams. 

 

Figure 3. Model of the 5-MW wind turbine. 

3.1 Modelling Soil 

Previous research has shown that tall and slender structures 
can be prone to significant soil-structure interaction effects, 
especially for soil with Vs ≤ 750 m/s [25]. 

In order to include the effect of SSI in this study, a body of 
the soil was included in the model down to 30 m depth and a 
width of 80 m in the direction of uni-axial horizontal shaking. 
In total, the modelled soil consists of 5328 solid eight-noded 
solid elements with lengths of 2.5 m [26]. 

The direct solution method was applied meaning that the 
entire soil-foundation-structure system was modelled and 
analysed in a single step [27]. 

3.2 Validating Soil Response 

In order to verify the modelling of the soil, a comparison to 
analytical response of a uniform soil layer with hysteretic 
damping on rigid rock was performed. The amplification from 
bedrock motion to free surface motion is given by [27]: 

 | |
⁄ ⁄

  (2) 
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where H is the thickness of soil layer, V is the shear wave 
velocity of the soil  and ξ is the hysteretic damping ratio. The 
amplification function for the modelled soil was obtained 
through a steady-state analysis at a number of frequencies, 
and was shown to give good agreement with Equation (2). 
The validation process is documented in Kjørlaug [28]. 

Special boundary conditions were imposed in order to 
represent the boundaries realistically. For horizontal shaking, 
the vertical sides normal to the direction of shaking were 
restrained against displacements in the Z-dir. Furthermore, the 
nodes with the same Y&Z coordinates were constrained to 
move together in the direction of shaking; that is: 

 # , , # , ,  (3) 

This will ensure that the horizontal layers of the soil will 
move as shear-beams [27]. For the vertical shaking, all the 
vertical boundaries were restrained against horizontal 
displacement. 

3.3 Monopile Foundation 

As foundation for the wind turbine a hollow monopile was 
assumed and modelled to a depth of 25 m, with the same 
material, diameter and wall thickness as the lower part of the 
turbine tower. This type of monopile foundation (shown in 
Figure 4) is one of the normal foundation types [29, 30]. 

 

Figure 4. Model of monopile foundation in SAP2000. 

3.4 Dynamic Properties and Responses & SSI 

The natural frequencies obtained from the model shown in 
Figure 3, are presented and compared with the data from [8] 
in Table 7. Some difference was observed for the 2nd order 
fore-aft and side-side natural frequencies. 

Table 7. Natural frequencies of 5-MW wind turbine, 
compared to guideline work (S-S: side-side, F-A: fore-aft). 

 NREL [8]  This study [28] 

fn 
# 

Type FAST ADAMS fn 
# 

Type SAP2000 Mass PF 

 [Hz] [Hz]  [Hz]  [%] 

1 F-A 0.324 0.320 1 S-S 0.294 Us-s 68% 

2 S-S 0.312 0.316 2 F-A 0.295 Uf-a 69% 

3 Tors. 0.621 0.609 3 Tors. 0.647 Rz 91% …

(Blades) 

…
 

…
 

... (Blades) 

…
  

…
 

12 F-A 2.900 2.859 10 F-A 2.434 Uf-a 13% 

13 S-S 2.936 2.941 11 S-S 2.534 Us-s 12% 

    

…

 

…
  

…
 

    21 Vert. 9.646 Uz 77% 

The mode shapes for natural frequencies 1, 2, 10 and 11 are 
shown in Figure 5, and the first mode shape in the vertical 
direction (frequency number 21 in Table 7) is shown in Figure 
5e. The blades have been removed for clearly illustrating the 
mode shapes of the tower in Figure 5c-e. 

In order to examine the sensitivity of the results to the soil 
stiffness, the shear wave velocity was varied from 100 m/s to 
1000 m/s. Figure 6 presents results for the first fore-aft mode 
shape as a function of Vs. The dotted line represents the 
corresponding natural frequency from a fixed-base condition.  

 

Figure 5. First global mode shapes. 

 

Figure 6. 1st fore-aft natural frequency as function of Vs. 

A more extensive investigation of the SSI-effects is 
presented in Kjørlaug [28].  

Note on Radiation Damping: With the type of model 
utilized in this research, it is not possible to capture the 
radiation damping correctly [31, 32]. Therefore, an alternative 
approach was investigated in order to investigate the level of 
radiation damping expected in reality. 

To develop an insight into the effect of radiation damping in 
the vertical direction, the expression for a foundation using a 
rigid circular plate (e.g. [31]) was used as follows: 

  1.79  (4) 

where Kv is the vertical stiffness of the soil, ρ is the mass 
density of the soil and r is the radius of the rigid circular plate 
which is taken as the radius of the pile. 

Table 8 presents the resulting total damping coefficient in 
the vertical direction which was computed through a unit 
ramp load applied in the vertical direction, and logarithmic 
decrement for three different soils (Vs = 800-600 m/s) in the 
free-vibration phase. The applied modal damping ratio, 
without radiation damping, is presented later in Table 9. 
Comparing Table 8 to Table 9 shows that between 0.5-1.1% 
damping is lost by excluding radiation damping. This 
investigation is further elaborated in Kjørlaug [28].   

Table 8. Investigation of total vertical damping; applied modal 
damping and approximated radiation damping. 

Soil Spring-stiffness Damping-coefficient Calc. damping 
Vs [m/s] Kv [kN/m] Crad [kN/(m/s)] ξtot [%]
800 5.13·107 9.42·104 2.35 
700 4.04·107 8.36·104 2.49 
600 3.09·107 7.31·104 2.72 
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4 ANALYSIS PROCEDURE 

Structural softwares like SAP2000 are not able to handle the 
significant aero-elastic damping in both directions for an 
operating turbine [33]. This justifies analysing the model uni-
axial, i.e. only one direction in each analysis, and using modal 
analysis to approach damping more correctly. The modal 
analysis was performed using Load Dependent Ritz vectors 
(LDR) [26, 31] with modal participation factors up to 99%. 

4.1 Earthquake Record 

Time series from the 1985 Nahanni earthquake, with a 
moment magnitude of 6.76 [22] was selected. The time series 
was modified and scaled in order to match the response 
spectrum for ground type A in Eurocode 8 [7] with a PGA = 
0.05g in the horizontal direction and 0.03g in the vertical 
direction. The modified time series for the horizontal and 
vertical components of the Nahanni earthquake are plotted in 
Figure 7, while Figure 8 presents Pseudo-acceleration 
response spectra together with the corresponding EC8 
Spectra. 

 

 

Figure 7. Time series in horizontal & vertical directions for 
Nahanni earthquake. 

 

Figure 8. Response spectra in horizontal & vertical directions 
for Nahanni earthquake. 

4.2 Static Wind-Induced Load 

The wind-induced force was applied as a horizontal force at 
the rotor. Numerical data for the equivalent thrust force to 
apply for given wind conditions are provided in [8]. The wind 
induced thrust force was applied as a static load of 800 kN at 
the nacelle in the fore-aft direction. 

4.3 Modal Damping Ratios 

Not much direct recommendations for damping are provided 
in the current guidelines. Only IEC [3] suggest a damping 
value of 1% in the first natural mode. The modal damping 
ratios given in Table 9 were used to simulate an operating 
turbine based on previous research on wind turbines in the 
megawatt-scale: 

For a 900-kW wind turbine, Prowell [17] reported a mean 
damping of 4.7-5.9% from in-situ observations operating at 22 
RPM. The shear wave velocity at the site was estimated to 
increase from 300 m/s at the surface, to 650 m/s at 10 m 
depth. 

Damgaard et al. [19] studied an offshore wind turbine. The 
rated power is not provided in [19]; however, based on tower 
height, it seems to be around 2-3 MW. This turbine has a 
monopile foundation, and an oscillation damper installed just 
below the nacelle. The study concluded a damping of 2.25% 
in the first mode. The soil conditions vary from loose sand to 
very stiff clay in the top 10 m below seabed. 

Bazeos et al. [24] used a viscous damping of 0.5% in the 
finite element models of a 450-kW wind turbine. Ishihara and 
Sarwar [34] also utilized the same level of damping for 
turbines of size 400-kW and 2-MW, and showed 
underestimations in seismic response from response spectrum 
methods from codes, due to the assumptions of high damping 
in the codes (1-5%). 

Table 9. Assigned modal damping ratios. 

Mode # Type ξ 
1st Fore-aft 4.0 % 
1st Side-side 3.0 % 
2nd Fore-aft 2.0 % 
2nd Side-side 1.3 % 
1st Vertical 1.7 % … … …

nth … 2.0 % 

The overall modal damping ratio of 2.0% assigned to all 
other modes is equal to the overall damping applied in [16] for 
the 5-MW wind turbine including SSI. The vertical natural 
frequency is based on results from Damgaard et al. [19] and 
Damgaard et al. [35]. Referring to the investigation of total 
damping (including radiation damping) presented in Table 8, 
the applied modal damping ratio in the first vertical mode 
shape (1.7%) lacks approx 0.5-1.1% damping due to radiation.  

5 ANALYSIS RESULTS 

Vertical Acceleration in Turbine Tower: Even though the 
time series of the vertical component from the Nahanni 
earthquake has a rather low PGA, the amplification of the 
responses was of interest. 

Table 10 presents the computed peak vertical accelerations 
along the turbine height, together with the amplification factor 
at the nacelle for different soil conditions. All the models 
displayed severe amplification of the input acceleration. 

Table 10. Summary of acceleration in vertical direction. 

Vs PGA (EQ) Base Jnt. Lower Jnt. Upper Jnt. Nacelle Ampl. 

[m/s] [g] [g] [g] [g] [g] [-] 

1000 

0.028 

0.066 0.083 0.126 0.220 8 

800 0.063 0.128 0.246 0.383 14 

700 0.092 0.277 0.508 0.790 28 

600 0.142 0.298 0.461 0.644 23 

500 0.130 0.204 0.284 0.373 13 

300 0.093 0.101 0.114 0.126 5 

Figure 9 plots the time histories of the computed vertical 
accelerations along the tower height for the model with Vs = 
700 m/s which displays the most severe response. Figure 10 
shows the transfer functions for the same model.  
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Figure 9. Vertical time serie response, Vs = 700 m/s. 

 

Figure 10. Vertical transform function, Vs = 700 m/s 

The nacelle clearly experiences very high amplifications of 
the input motion. A closer look on Figure 10 shows large 
amplifications at the natural frequencies of the wind turbine 
(Nacelle vs. Bedrock), and it seems that there are two natural 
frequencies coinciding around 9-10 Hz. The two frequencies 
correspond to the soil layer and the tower. 

Figure 11 shows responses for Vs = 1000 and 300 m/s, 
plotted together in order to show the difference of the 
response for a range of different soils. The amplification of 
input acceleration is clearly exhibited in both the plots: 

 

Figure 11. Vertical acceleration for Vs = 1000 & 300 m/s. 

The analysis was purely linear elastic. Therefore, one could 
simple scale the results for higher accelerations. For example, 
for the original Nahanni earthquake with PGA = 0.122g one 
would expect a peak vertical acceleration of 0.56g for a soil 
with Vs = 300 m/s. This is a very large acceleration that could 

cause damage or disorder in the nacelle. Table 11 further 
present the scaled response models with varying soil 
conditions: 

Table 11. Scaled vertical accelerations for nacelle from actual 
vertical acceleration of earthquake. 

Vs PGA Nacelle Acc. 
[m/s] [g] [g] 
1000 

0.122 

0.967 
800 1.680 
700 3.471 
600 2.828 
500 1.639 
300 0.555 

 
Vertical Forces in Turbine Tower: The corresponding 

vertical forces in connections between nacelle-to-tower, and 
tower-to-base were investigated. For these purpose, the 
original vertical component of the Nahanni earthquake with 
PGA = 0.122g is used.  

Figure 12 displays the vertical forces in the shell with the 
most extreme response in the tower at the nacelle and at the 
base, for Vs = 700 m/s and 300 m/s. The trend is very similar 
to Figure 9 and Figure 11. These high vertical forces may be 
governing the design, especially when combined with other 
loads acting on the turbine tower. 

 

Figure 12. Vertical forces for Vs = 700 & 300 m/s, PGA = 
0.122g. 

Response due to Wind vs. Earthquake: A simple 
comparison of the effect of horizontal earthquake excitation 
and statically applied wind is presented in the following. Both 
the displacement along the turbine (relative to its base) and 
the base moment demand were studied. The objective has 
been to determine if the response from the earthquake would 
become equal, or greater than the response from the wind as 
the PGA varies in the range 0.05g to 0.85g. 

Displacement: The largest displacement in the tower under 
static wind occurs at the nacelle. Due to the large period of 
wind turbine towers, the nacelle does not experience any large 
displacement under horizontal earthquake excitation. This is 
confirmed by the results in Figure 13: 

 

Figure 13. Nacelle displacement by earthquake & wind. 
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On the contrary, displacement caused by earthquake in both 
the upper and lower joints, proved to be more dominant. The 
displacement from static wind is much less in these locations 
as indicated in Figures 14 and 15. It is evident that earthquake 
excitation can reach the same level of response as the static 
wind. This observation leads to the conclusion that earthquake 
will mainly excite response in the higher modes (see Kjørlaug 
[28] for more details). 

 

Figure 14. Effect of earthquake & wind in upper joint disp. 

 

Figure 15. Effect of earthquake & wind in lower joint disp. 

Base Moment Demand: The base moment demand is a key 
component in the design of wind turbine structure and its 
foundation. The comparison of the base moments are 
presented in Figure 16. The earthquake can match the 
response from the static wind, and exceeds the wind response 
for the softer soils. 

 

Figure 16. Effect of earthquake & wind in base moment. 

6 CONCLUSION 

Vertical Acceleration and Forces in Turbine Tower: 
Severe accelerations and forces in the upper part of the turbine 
tower were presented. The importance of vertical acceleration 
near the nacelle also becomes evident when remembering the 
fine-tuned equipment in the nacelle, and the large mass from 
the nacelle, rotor and blades combined.  

The extreme importance of SSI effects was observed, as 
some soils produced much higher responses than other soils. 
Careful considerations must be taken when the natural 
frequencies of the structure itself and the soil coincide. 
However, the reader must take note of the precarious 
weakness within the combined model of soil and wind turbine 
as it does not correctly take into account radiation damping. 

Static Wind vs. Earthquake: In contrast to the conclusions 
drawn above, soil-structure interaction did not seem to have as 

much effect on the wind-induced loads alone. However, it 
proved important when assessing the level of effect an 
earthquake can have on a wind turbine, compared to a 
statically applied wind. For the bottom joint (base), the 
earthquake may be design driving factors when considering 
base moment demand, connection to foundation, and buckling 
of the lower parts of the tower, especially for weaker soils. 

In addition to the results presented above, the utilization of 
software like SAP2000 was thoroughly validated in modelling 
wind turbines, with comparison to research involving an 
actual wind turbine at University of California, San Diego. 
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ABSTRACT: In determining wind forces on wind turbine blades, and subsequently on the tower and the foundation, the blade 
response velocity cannot be neglected. This velocity alters the wind force, which depends on the wind velocity relative to that of 
the blades This blade response velocity component of the wind force is commonly referred to as added damping. The relation 
between the relative wind velocity and the actual wind forcing is nonlinear. Moreover, the wind excitation couples the flap and 
edge wise blade motion. This work analyzes both the nonlinear excitation and the coupling of the lateral blade motions. To this 
end, a single blade is modelled as a cantilever beam, which is exposed to the nonlinear wind excitation. Flap and edge wise 
blade motions are coupled via the wind forcing. Thereupon, the continuous model, described by a system of partial differential 
equations, is reduced to a two-degree-of-freedom system, accounting for the principal flap and edge wise modes only. The 
dynamic response is determined in the frequency domain for a blade of the academic NREL5 turbine. The response to the 
quadratic terms in the force formulation is determined with the help of the Volterra series expansion, in combination with the 
harmonic balance technique. Results are presented for a blade of both a non-operating and an operating turbine, where a band-
limited white noise input signal was applied. The quadratic terms in the forcing equations do not contribute much to the total 
responses. For some second order responses, however, negative added damping due to the structural motion is observed. 

KEY WORDS: Aerofoils, quadratic excitation, added damping, modal decomposition, Volterra series expansion. 

1 INTRODUCTION 
The rotor of a wind turbine acts as a damper for the dynamic 
response of its tower and foundation structure. Not only does 
this apply directly for the response to aerodynamic forcing, 
the response to the hydrodynamic forcing of offshore wind 
turbines is damped by the rotor too. The damping effect 
results from the motion of the rotor blades relative to the 
ambient wind velocity. This damping is commonly referred to 
as aerodynamic damping. 

In order to improve understanding of the damping effect of 
a rotor as a whole, the wind-structure interaction of a single 
blade needs to be fully understood. First of all, wind 
excitation couples flap and edge wise blade motion. Second, 
the actual forcing depends nonlinearly on the relative wind 
velocity. For wind turbine blades an additional nonlinearity is 
introduced by the aeroelastic coefficients, which represent the 
shape of the blade and the nature of the response as a function 
of the wind angle of attack.  

Previous research has predominantly been devoted to the 
effect of the nonlinear aeroelastic coefficients. The work done 
by Hansen et al. [1] can be mentioned as representative 
example, in which a nonlinear aeroelastic model is described, 
explicitly accounting for a time-varying angle of attack and 
separation of airflow. An alternative approach was presented 
by Riziotis et al. [2], where linear inviscid and nonlinear 
viscous force contributions are distinguished. A similar 
aeroelastic model was adopted before by Chaviaropoulos [3], 
who addressed the combined flap and edge wise response of 
turbine blades. 

The existing studies have in common that the wind velocity 
dependence of the wind forcing has been linearized. This 
simplification neglects both second order forcing and 
associated added damping components. Analysis of the 
contribution of these nonlinear terms is a specific purpose of 
this work. A single blade is modelled as a cantilever beam, 
which is exposed to the nonlinear wind excitation. Flap and 
edge wise blade motion are coupled via a force formulation. 
Thereupon, the continuous model, described by a system of 
partial differential equations, is reduced to a two-degree-of-
freedom (2DOF) model, accounting for the principal flap and 
edge wise modes only. 

Systems containing nonlinearities of the polynomial type 
can be analyzed in the frequency domain with the application 
of the Volterra series expansion [4]. With this technique, 
higher order system characteristics are expressed by higher 
order Volterra kernels. For fairly simple systems, these 
kernels can be identified with the help of the harmonic 
balance technique [5]. Worden et al. [6] described the kernel 
identification for multi-input multi-output systems. The 
application of the Volterra series expansion to nonlinear fluid-
structure interaction problems cannot be called novel. Wind-
excited structures have been addressed by a number of 
researchers [7-10]. Systems sensitive for added damping have 
been studied by Kareem et al. [11], and more recently by 
Carassale and Kareem [12]. Balajewicz [13] applied the 
Volterra expansion to a two degree of freedom airfoil 
undergoing simultaneously forced pitch and heave. 

To determine the dynamic response of an actual turbine, the 
blade characteristics of the NREL5 turbine are adopted [14]. 

 Added damping of a wind turbine rotor: 
Two-dimensional discretization expressing the nonlinear wind-force dependency  
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Responses for a non-operating feathered blade and a rotating 
blade are determined, on which basis both the contribution of 
the second order forcing and the total added damping are 
identified. In achieving the latter, a comparison with a system 
without added damping has been made. 

2 MODEL DESCRIPTION 

2.1 Blade model 
A turbine blade is modelled as a cantilever beam of length R, 
rigidly fixed to the hub (see Figure 1). The beam is described 
within a rotating frame of reference. The r axis represents the 
longitudinal axis of the undeformed blade, where the origin 
coincides with the point of rotation. 

 
Figure 1. Blade model. 

Figure 2 presents a cross section of the blade, in which the x 
and y axes coincide with its principal axes; the x axis 
represents the weak and the y axis the strong axis. The XY 
coordinate system is adopted to describe flap and edge wise 
blade motion; the X axis coincides with the plane of rotation 
and the Y axis is directed normal to this plane. The angle β 
describes the angle between the local x and the global X axis, 
and is composed of both fixed blade twist and varying blade 
pitch. The blade twist generally varies along the longitudinal 
axis. Here, the blade twist is taken constant. 

 
Figure 2. Blade cross-section. 

In accordance with Burton et al. [15], the blade is described 
as a geometrically linear Euler-Bernoulli beam. The initially 
uncoupled equations of motion for deformation in x and y 
direction – combined in the vector u – read: 

 

 
2 2 2

2 2 2t r rt r r
⎛ ⎞⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞+ + − =⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂∂ ∂ ∂ ⎝ ⎠⎝ ⎠⎝ ⎠

u um c EI T u F . (1) 

 
Both the displacement vector u and the force vector F 

comprise an x and a y component. The coefficient matrices are 

all diagonal; m describes the distributed mass, c represents the 
structural damping, which is assumed to be proportional to 
mass and stiffness, EI consists of the bending stiffness 
components with respect to the principal axes, which vary 
with r, and T describes the tension, resulting from rotation of 
the blade. 

2.2 Force definition: drag and lift 
Figure 3(a) depicts a cross section of the blade model, 
subjected to an air flow field W. The local width of the 
aerofoil is given by c and α represents the angle between the 
flow vector and the local x axis, the so-called angle of attack. 
 

 
(a) 

 
(b) 

Figure 3. (a) Blade cross-section exposed to a wind velocity 
vector W with an angle of attack α. (b) Lift and drag force 

definitions, resulting from the vector W. 

An aerofoil situated in an air flow experiences a force 
parallel to the direction of the flow and a force perpendicular 
to the flow direction – drag and lift respectively – as presented 
in Figure 3(b). In this paper, drag is restricted to viscous drag, 
and can be expressed as: 

 

 1
2 dcCρ=D W W , (2) 

 
where ρ the air density and Cd is the Reynolds number 
dependent drag coefficient, accounting for the frictional 
stresses that can develop as a result of the air flow. The lift 
force for attached flow can be determined from [15]: 

 
 ( )ρ= ×L Γ W  (3) 

 
where Γ is the air circulation strength, defined as: 
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 1
2 l rC c=Γ W e . (4) 

 
er is the unit vector along the local r axis. The lift coefficient 
Cl can for relatively small angles α be expressed as: 

 
 2 sinlC π α= . (5) 

 
The force vector F is a function of r and time t. Of its 

constituents, the air flow vector W is both r and t dependent, 
as is automatically the angle of attack α. The chord width c 
and the drag coefficient Cd vary in space only, if the Reynolds 
number dependency of the latter is neglected 

2.3 Constituents of the air flow vector 
Both drag and lift are defined in relation to the air flow vector 
W, which is positioned with an angle α to the local x axis of 
the aerofoil. Figure 4 presents the vector W, which is active 
under the angle α with respect to the symmetry axis of the 
aerofoil and the angle φ with respect to the plane of rotation. 
The vector W can be thought of as a summation of vectors: 
   

 
t

∂
= + −

∂
uW W w , (6) 

 
where W  represents the mean air flow velocity and w the 
velocity fluctuations around the mean. The time derivative of 
u represents the structural response velocity, which is 
responsible for the added damping. 

 
Figure 4. Pitched blade cross-section exposed to a wind 

velocity vector W with an angle of attack α. 

Physical understanding of these components can be 
obtained when considering these vector terms within the 
global frame of reference. The Y component of W  represents 
the mean wind velocity perpendicular to the rotational plane. 
Within the plane of rotation, the mean air flow velocity equals 
the tangential velocity of the aerofoil, calculated from the 
rotational speed of the rotor Ω and the r coordinate of the 
aerofoil cross section under consideration. 

The air flow fluctuations of the w vector are related to 
ambient aerodynamics, such as the turbulence intensity and 
the turbulence length scale. Both out-of-plane and in-plane 
wind fluctuations wX and wY, respectively, can be determined 
on the basis of existing wind turbulence spectra. In both cases, 
the wind fluctuation needs to be corrected for the rotation of 
the aerofoil. In addition to this, the aerofoil experiences the 

mean in-plane wind velocity XW  as a sinusoidal varying air 
flow. 

In order to incorporate these vectors in the equations of 
motion, the vector components need to be transformed to the 
local reference system by rotation over the angle β. After 
transformation to the local reference system, the vector 
components are referred to as Wx and Wy, and follow from: 

 

 
( )
( )

cos sin

cos sin
Yx

y Y

r WW
W W r

β β

β β

⎡ ⎤Ω +⎡ ⎤
⎢ ⎥= =⎢ ⎥
⎢ ⎥−Ω⎢ ⎥⎣ ⎦ ⎣ ⎦

W , and (7) 
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X X Yx

y Y X X

w W t ww
w w w W t

β β

β β

⎡ ⎤+ Ω +⎡ ⎤ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥− + Ω⎣ ⎦ ⎣ ⎦

w  (8) 

2.4 Modal decomposition 
The motion of the turbine blade is described by a system of 
coupled nonlinear partial differential equations, allowing for 
motions in both x and y direction, see Equation (1). Coupling 
takes place via the forcing term, due to the structural response 
velocity. Likewise, the nonlinearity is pronounced in the 
forcing term, since eventually in both drag and lift forcing 
terms the multiplication W|W| appears. 

Due to the presence of the damping and the centrifugal 
stiffening term, the system of differential equations contains 
operators that are not self-adjoint, implying that no classical, 
i.e., real, dynamic modes with fixed nodes exist. In order to 
identify structural modes of vibration, a phase shift within 
each mode should be accounted for. 

Despite the nonlinear components and the presence of non-
classical damping, the system of partial differential equations 
is reduced to a system of ordinary differential equations by 
means of modal decomposition. Both x and y are expressed as 
an infinite series of generalized coordinates q and shape 
functions ψ: 

 

 ( ) ( )

1

n n
x x x

n

u q ψ
∞

=

= ∑ , and (9) 

 ( ) ( )

1

n n
y y y

n

u q ψ
∞

=

= ∑  (10) 

 
The adopted shapes functions, or modes, correspond to 

those of an undamped and untensioned blade. Since these 
modes do not fulfil the orthogonality conditions with respect 
to all differential operators, the initial partial differential 
equations cannot be decomposed into a system of uncoupled 
ordinary differential equations. By restricting the 
decomposition to the first modes for both x and y directions, a 
system of two ordinary differential equations can be obtained, 
only coupled via the structural response velocity. After 
multiplication of both differential equations by (1)

xψ  and (1)
yψ , 

respectively, and integration over r, the following ordinary 
differential equations remain: 

 

 
2 (1) (1)

(1) (1) (1)
2

0

d d
d

dd

R
x x

x x x x x x
q q

M C K q F r
tt

ψ+ + = ∫ , and (11) 
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2 (1) (1)

(1) (1) (1)
2

0

d d
d

dd

R
y y

y y y y y y

q q
M C K q F r

tt
ψ+ + = ∫  (12) 

 
The corresponding 2DOF system is illustrated by Figure 5. 

2.5 Force decomposition 
In order to take a closer look at the right hand sides of the sets 
of differential equations, first the scalar equations of the 
forcing vector F are presented: 

 

 1 1
2 2x x d x l yxF D L cC W cC Wρ ρ= + = −W W  (13) 

 1 1
2 2y y y d y l xF D L cC W cC Wρ ρ= + = +W W  (14) 

 
It can immediately be recognized that the decomposition 
concerns the multiplications xWW  and yWW . 

Furthermore, the aeroelastic coefficients Cd and Cl are α 
dependent. Equation (5) introduced a simple relation between 
Cl and α, which is valid for attached flows. With reference to 
Figure 4, the following expression can be derived: 
 

 sin yW
α =

W
 (15) 

 
This expression reveals the time dependency of the angle of 
attack and introduces an additional coupling between the 
motions in x and y direction. It should be noted that blade 
torsion, mainly resulting from the twisted shape of the blade, 
brings an important contribution to the time variation of the 
angle of attack α. Since the twist angle is neglected in the 
current analysis, no α variation due to torsion takes place. 

 
Figure 5. 2DOF representation of the turbine blade. 

The drag coefficient Cd is assumed to be α independent. 
This assumption is valid for relatively small values of α. This 
condition was already adopted for the lift coefficient Cl. 
Applying now the modal decomposition gives the following 
expressions for Fx and Fy: 
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In accordance with Equation (11) and (12) both expressions 

need to be multiplied with 1
xψ  and 1

yψ , respectively, and 
integrated with respect to r over the interval 0 ≤ r ≤ R. It 
should be noted that in general the chord width c and the drag 
coefficient Cd are r dependent. The same applies for the 
tangential velocity of the aerofoil XW , which is calculated 
from the rotational speed of the rotor Ω and r. 

3 VOLTERRA SERIES EXPANSION 
Nonlinearities of the polynomial type can be dealt with in the 
frequency domain by means of the Volterra series expansion. 
With the application of this method, the frequency dependent 
structural responses (1)

xQ  and (1)
yQ  can be written as an infinite 

series: 
 

 (1) (1; )

1

i
j j

i

Q Q
∞

=

= ∑ , for j = x, y. (18) 

 
The superscript (1) refers to the modal shape, which was 

adopted to derive the generalized coordinates. From here on, 
this superscript will be omitted. Each component ( )i

jQ  can be 

expressed in terms of the input functions xW%  and yW% – where 
the tilde indicates the frequency domain representation of wx 
and wy – and the Volterra kernels ( )i

jH . From the first order 
Volterra kernels, linear transfer functions can be recognized 
instantly. In the specific case of the system under 
consideration, the first order term of the Volterra series yields 
 

 ( ) ( ) ( ) ( ) ( )(1) (1) (1)
; ;j j x x j y yQ H W H Wω ω ω ω ω= +% % . (19) 

 
The explicit reference to the frequency dependency is adopted 
for convenience sake. For the second order term it follows: 
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(20) 

 
, where both the Volterra kernels and the input signals are a 
function of ω and ω1. 

An elegant method to derive the Volterra kernels is the 
harmonic probing technique, which is based on the idea that a 
harmonic input results in a harmonic output. For instance, by 
stating that 

 
 i 0,t

x yw e wω= = , and (21) 

 ( ) ( )(1) (1) i (1) (1) i
; ;,t t

x x x y y xq H e q H eω ωω ω= = , (22) 
 
the first order Volterra kernels can be obtained by solving the 
algebraic equations for the coefficients of i te ω  only. The same 
procedure applies for the second order kernels, where the 
input and output take the form 

 
 1 2i i 0,t t

x yw e e wω ω= + = , and (23) 
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The second order kernels can be derived from the terms 

containing ( )1 2i te ω ω+ . For the input frequencies it should apply 
that 1 2ω ω ω+ = . The procedure must be repeated for zero wx 
and double harmonic wy input, to derive the ( )(2)

; 1 2,x yyH ω ω  

and ( )(2)
; 1 2,y yyH ω ω  kernels. The cross-kernels follow from 

 
 1 2i i,t t
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The response to finite order polynomials can be determined 

exactly with the application of the Volterra series expansion in 
combination with the harmonic probing technique. 
polynomials of infinite order, however, require truncation in 
order to suit Volterra analysis. The same applies for finite 
order polynomials that consist of too many terms, since for 
higher order kernels the method becomes computationally 
expensive. 

To facilitate the harmonic balance technique, a Taylor series 
expansion is applied to the right hand sides of the equations of 

motion, Equation (16) and (17). The input and output 
variables wx, wy, qx and qy are taken as expansion variables. 
Expansion is carried out to the third order, implying that linear 
and quadratic components are accounted for. 

4 CASE STUDY 

4.1 NREL5 turbine 
To analyze the structural response of a wind turbine blade, the 
blade characteristics of the academic NREL5 turbine are 
adopted [14]. A typical aspect of these blades is the relatively 
high Lock number, which expresses the aerodynamic lift 
capability of a blade in comparison to its weight. As a result 
of this, other researchers – among which Bir and Jonkman 
(2007) [16] – have found high aerodynamic damping values, 
which may be not in the same range as for other turbine types. 
The first flap wise natural frequency, for bending around the 
local x axis, is approximately 4.21 rad/s; whereas the first 
edge wise natural frequency is approximately 6.79 rad/s.  

4.2 Excitation 
The dynamic responses are determined on the basis of a 
relatively simple input signal, which can be described as: 

  
 x yW W W= =% % % , and (29) 

 iW W e θ=% % . (30) 
 
This signal is applied simultaneously in x and y direction. The 
amplitude is given a value larger than zero, only within the 
frequency intervals from -5.0 rad/s to -0.5 rad/s and from +0.5 
rad/s to +5.0 rad/s. θ represents a random phase angle as a 
function of the excitation frequency ω, with values in the 
range from –π to +π. In the time domain, the excitation 
function represents a noisy signal, consisting of frequencies 
from +0.5 rad/s to +5.0 rad/s. The input content at negative 
frequencies is taken into account to correctly carry out the 
convolution of Equation (20). The signal is defined with 
frequency steps of 0.1 rad/s. 

4.3 Non-operating turbine 
First, the response of a standstill blade is analyzed. The blade 
is assumed to be pointing upwards and feathered into the 
direction of the mean wind velocity. A feathered blade is 
pitched over an angle ½π, implying that both drag and lift are 
as small as possible. The mean wind velocity is 10 m/s. The 
amplitude of the excitation signal is chosen such that the 
maximum amplitude in the time domain is approximately 1.0 
m/s. This corresponds to an uniform amplitude W%  of the 
band-limited white noise signal of 0.4 m. The aeroelastic drag 
coefficient is set at 0.1, irrespective of the angle of attack. The 
lift coefficient follows from Eq. (5). 

Figure 6 presents the linear frequency-domain responses. 
Only the results for positive frequencies are presented. As 
could have been expected, the motion only takes place within 
the frequency interval of the excitation signal. In absence of a 
mean wind component normal to the feathered blade, only a 
cross-flow response in y direction takes place.  
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Figure 6. First order frequency responses non-operating 

turbine blade. 

The second order responses, which are presented in Figure 
7, mainly show content for the 2

;x xxQ  response. The peak 
response is observed at the first natural frequency for motion 
in x direction. The input signal does not contain energy at this 
frequency. Hence, it is shown that frequencies outside the 
input signal can be excited via the quadratic terms. In addition 
to this, it should be noted that an extra excitation at ω = 0 can 
be observed too. 

The erratic shape of the second order response graph results 
from the random phase that was adopted in the formulation of 
the input signal, see Equation (30). From this it follows that 
the amplitude of the second order response is input phase 
dependent. 
 

 
Figure 7. Second order frequency responses non-operating 

turbine blade. 

 
Figure 8. Combined frequency responses non-operating 

turbine blade. 

Figure 8 depicts the combined first and second order 
responses. The total response is dominated by the response in 
y direction. The quadratic terms do not contribute much to this 
outcome. The peak response in x direction, that was observed 
in Figure 7 cannot completely be neglected. For a feathered 
blade it shows to be the main contribution in x direction. 

 

 
Figure 9. First order frequency responses operating turbine 

blade. 

4.4 Operating turbine 
In contrast to the non-operating turbine, the blade is now 
given a rotational speed of 12.1 rpm. This coincides with the 
rated rotor speed of the adopted turbine. The corresponding 
mean wind velocity is 11.4 m/s. Blade pitch is set at 0.1. All 
other parameters are the same as in the previous non-operating 
case. In addition it should be mentioned that the effect of 
rotation is not processed in excitation signal. 

The first order response is dominated by the vibrations in y 
direction resulting from excitation in y direction (see Figure 
9), which – due to the small pitch angle – can be referred to as 
flap wise motion. The shape of the response graph reveals the 
overdamped character of the motion, which was already 
referred to in section 4.1. The responses in edge wise direction 
are shown to be much smaller. 

 

 
Figure 10. Second order frequency responses operating 

turbine blade. 

The second order responses, see Figure 10, show content in 
x direction. The main response takes place at frequencies that 
are not present in the excitation signal. Nevertheless, the peak 
response, at the edge wise natural frequency, is still an order 
of magnitude smaller than the corresponding linear response. 
This can more clearly be seen in Figure 11, which shows the 
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combined responses. The second order results do not alter the 
first order response much. 

 

 
Figure 11. Combined frequency responses operating turbine 

blade. 

4.5 Response without added damping 
The combined linear and quadratic dynamic responses for a 
turbine blade of both a non-operating and an operating turbine 
have been determined. These total responses are now 
compared to the frequency responses while neglecting the 
added damping, see Figure 12 and Figure 13. 

 

 
Figure 12. Combined frequency responses non-operating 

turbine blade without added damping. 

 
Figure 13. Combined frequency responses operating turbine 

blade without added damping. 

When comparing Figure 12 to Figure 8, the strong damping 
of the response in y direction can immediately be recognized. 
The structural motion reduces the peak an order of magnitude. 
This effect is even stronger for the operating blade, where the 

added damping decreases the flap wise response by two orders 
of magnitude. These results are related to the first order 
responses and confirm previous research results (for instance 
[16]).  

Figure 14 and Figure 15 provide a more detailed view on 
the second order responses without added damping. When 
comparing these graphs to their damped equivalents, Figure 7 
and Figure 10, a remarkable aspect can be distinguished. 
While the y contributions reduce due to the structural 
response, the added damping for the motion in x direction is 
negative, i.e., the peak values increase when added damping is 
accounted for. An explanation for this effect can be found in 
Equation (16). Acknowledging the dominance of the lift term, 
the second term of the equation, it follows that the 
contribution of the structural motion, which is negative for the 
linear case, gives a positive quadratic contribution to the 
forcing. This effect is observed for both the non-operating and 
the operating turbine. 

 

 
Figure 14. Second order frequency responses non-operating 

turbine blade without added damping. 

 
Figure 15. Second order frequency responses non-operating 

turbine blade without added damping. 

5 CONCLUSIONS 
This paper describes the derivation of a reduced 2DOF model 
for a wind turbine blade. The coupled nonlinear wind 
excitation, including structural motion was elaborated and the 
structural response was analyzed in the frequency domain. To 
this end, use was made of the Volterra series expansion. The 
estimation of the contribution of the quadratic forcing 
components was the main purpose of this work. 

Dynamic responses were determined for both a non-
operating blade and an operating blade. Use was made of the 
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blade characteristics of the NREL5 turbine. As excitation, 
additionally to the mean wind speed, a band-limited white 
noise signal was adopted, which acted simultaneously on both 
degrees of freedom. 

The quadratic terms in the forcing equations did not show to 
contribute much to the total responses. Some second order 
responses were shown to be negatively damped due to the 
structural motion. As the higher order response is strongly 
input dependent, implying that no linear relation between 
input and output exists, the response to different input signals 
should still be investigated.  

Unavoidably, the presented approach carries some 
limitations. First, the geometrically linear blade formulation 
does not allow for blade twist along the longitudinal axis. Its 
validity for larger deformations is limited too. Second, the 
modal reduction is restricted to the first modes only. Since the 
adopted modes are not adjusted for secondary effects as 
centrifugal stiffening and added damping, their validity may 
be poor. Torsional motion is not incorporated, implying that 
variations in angle of attack are not fully accounted for. 
Furthermore, the aeroelastic relations, which are functions of 
this angle of attack are assumed to be linear. These relations 
are only valid for attached flows, implying that the angle of 
attack should be relatively small. Last of all, due to the 
coupled flap and edge wise excitation, also cubic and even 
higher nonlinearities appear in the forcing formulation. These 
terms have been neglected. 

ACKNOWLEDGMENTS 
This work is supported by the Far and Large Offshore Wind 
(FLOW) innovation program. 

REFERENCES 
[1] M.H. Hansen, M. Gaunaa, and H.A. Madsen. A Beddoes-Leishman type 

dynamic stall model in state-space and indicial formulations. Risø-R-
1354(EN). Risø National Laboratory, Roskilde, Denmark, June 2004. 

[2] V.A. Riziotis, S.G. Voutsinas, E.S. Politis, and P.K. Chaviaropoulos. 
Aeroelastic stability of wind turbines: the problem, the methods and the 
issues. Wind Energy, 7: 373-392, 2004. 

[3] P.K. Chaviaropoulos. Flap/lead-lag aeroelastic stability of wind turbine 
blades. Wind Energy, 4:183-200, 2001. 

[4] W.J. Rugh. Nonlinear system theory. The John Hopkins University 
Press, Baltimore, Maryland, 1981. 

[5] C. Hayashi. Nonlinear oscillations in physical systems. McGraw-Hill, 
New York, NY, 1964. 

[6] K. Worden, G. Manson, and G.R. Tomlinson. A harmonic probing 
algorithm for the multi-input Volterra series. Journal of Sound and 
Vibration, 201(1): 67-84, 1997. 

[7] A. Kareem. Nonlinear wind velocity term and response of compliant off-
shore structures. Journal of Engineering Mechanics, 110: 1573-1578, 
1984. 

[8] S. Benfratello, G. Falsone, and G. Muscolino. Influence of the quadratic 
term in the alongwind stochastic response of SDOF structures. 
Engineering Structures, 18(9): 685-695, 1996. 

[9] A. Kareem, M.A. Tognarelli, and K.R. Gurley. Modeling and analysis 
of quadratic term in the wind effects on structures. Journal of Wind 
Engineering and Industrial Aerodynamics, 74-76: 1101-1110, 1998. 

[10] S. Benfratello, M. Di Paola, and P.D. Spanos. Stochastic response of 
MDOF wind-excited structures by means of Volterra series approach. 
Journal of Wind Engineering and Industrial Aerodynamics, 74:1135-
1145, 1998. 

[11] A. Kareem, J. Shao, and Tognarelli. Surge response statistics of tension 
leg platforms under wind and wave loads: a statistical quadratization 
approach. Probabilistic Engineering Mechanics, 10: 225-240, 1995. 

[12] L. Carassale and A. Kareem. Modeling nonlinear systems by Volterra 
series. Journal of Engineering Mechanics, 136: 801-818, 2010. 

[13] M. Balajewicz, F. Nitzsche, and D. Feszty. Application of multi-input 
Volterra theory to nonlinear multi-degree-of-freedom aerodynamic 
systems. AIAA Journal, 48(1): 56-62, 2010. 

[14] J. Jonkman, S. Butterfield, W. Musial, and Scott G. Definition of a 5-
MW reference wind turbine for offshore system development. Technical 
Report NREL/TP-500-38060, National Renewable Energy Laboratory, 
Golden, Colorado, February 2009. 

[15] T. Burton, N. Jenkins, D. Sharpe, and E. Bossanyi. Wind energy 
handbook. Wiley, West Sussex, UK, second edition, 2011. 

[16] G. Bir and J. Jonkman. Aeroelastic instabilities of large offshore and 
onshore wind turbines. In Journal of Physics: Conference Series, 
volume 75. IOP Publishing, 2007. 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 
Porto, Portugal, 30 June - 2 July 2014 

A. Cunha, E. Caetano, P. Ribeiro, G. Müller (eds.) 
ISSN: 2311-9020; ISBN: 978-972-752-165-4 

3643 

ABSTRACT: The present work tests two different techniques for monitoring of carrying structure of wind turbines. A 
traditional one is based on strain measurements in critical cross-sections. The second one is based on use of the GPS sensors for 
displacement measurements of the tower. In combination with a validated finite element model, it is able to provide information 
on arbitrary displacements and strains in the carrying structure. A comparison of these two techniques is performed on a real 
structure under operational conditions and shows a good agreement. The cost problem for the GPS technique is still a challenge. 
 

KEY WORDS: Wind turbine, GPS technique; finite element simulation; structural monitoring 

1 PREFACE 

1.1 Motivation 
Wind turbines are exposed to extreme dynamic loads over a 
scheduled lifetime of usually 20 years. To increase the 
availability and efficiency of the plants and to minimize the 
operation breakdowns, both machines and supporting 
structures are generally to be monitored. The aim of 
monitoring is the early diagnosis and prevention of severe 
damages or failures. There are several condition monitoring 
systems (CMS) for the machinery, which are commercially 
available on the market. For other parts of the wind turbine, 
such as rotor blades, tower or foundation, different techniques 
are currently under testing. Especially CMS for the offshore 
carrying structures is a challenge.   

 

 
Figure 1. Illustration of the main idea  

1.2 Main purpose 
The aim of the present work is to test the suitability of several 
techniques for monitoring of the carrying structure of wind 
turbines. The main physical values to be measured are strains 
and displacements at various locations on the tower. A new 
aspect in the present study appears due to the possibility to 
measure tower displacements directly by use of the Global 
Positioning System, or briefly GPS technique. It is also of 
interest to check the accuracy of such a technique in 
comparison with the other available techniques.  

The main idea of the present study is illustrated in Figure 1. 
A GPS sensor is placed on the nacelle of the wind turbine. It 
delivers data on the top tower displacements. The main 
interest is focused on the horizontal ones. The measured 
displacements are then applied to the finite element model of 
the tower in order to calculate the resulting displacements and 
strains at any location of the tower. They can finally be 
compared with the actually measured ones, for example, the 
strains in the bottom cross-section of the tower (Figure 1). 
Some conclusions on the accuracy, efficiency and costs of the 
applied techniques shall be made afterwards. 

2 WIND TURBINE 
The wind turbine under consideration is a typical 2 MW 
onshore wind turbine with a 102.5 m high tower (Figure 1) 
that is fixed in a quadratic reinforced concrete slab of 15.6m 
side length. The steel tower is made of 5 conical factory-made 
sections of different length, connected with each other and 
with the basement by the flanges and pre-stressed bolted 
joints. The wind turbine has a total weight of 335 t without 
foundation. The turbine house weighs 68 t, the rotor 36 t and 
the tower itself 231 t. 

According to the construction data, the soil stiffness under 
the slab shall provide the rotating stiffness of the tower equal 
to Cϕ,dyn ≥ 11.0·1010 Nm/rad.  

The rotor of a 90 m diameter runs at a nominal speed of 8.8 
to 14.9 rounds per minute that corresponds to the operational 
frequency of 0.147 and 0.248 Hz respectively. Due to three 
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rotor blades on the rotor, there appear also the triple 
operational frequencies between 0.441 and 0.744 Hz.   

The current study is focused on structural vibration 
monitoring of the carrying structure. 
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DMS 1

DMS 35

DMS 70
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ACC 2

Nacelle

ACC: accelerometer
DMS: strain gauges

 

Figure 2. Type and position of sensors on the tower. 

 

3 MEASUREMENT TECHNIQUES 
Wind turbines are usually equipped with their own operational 
monitoring systems, which are able to measure many 
functional parameters such as wind speed, rotational 
frequency of the rotor and some other special parameters such 
as pitch angle, temperature, power output and so on. There are 
also several condition monitoring systems installed on the 
engine and drive train. However, they are not in the focus of 
the present study. We are interested in the health monitoring 
of the carrying structure, which mainly consists of the tower 
and the foundation. 

We use in the present work typical vibration monitoring 
techniques such as strain gauges and accelerometers as well as 
a new technique based on the GPS sensors. The type, position 
and number of sensors installed on the tower are given in 
Figure 2. The accelerometers (indicated in Figure 2 as ACC) 
are used for measurement of structural behavior during 
operation and for the identification of modal properties. They 
are placed in 3 cross-sections along the towers height in order 
to be able to catch spatial displacements of the tower. The 
arrows of ACC in Figure 2 indicate the measured direction. 
Since horizontal displacements of the tower are dominant, 
longitudinal accelerations, i.e. vertical ones, have not been 
measured.  

6 strain gauges (indicated in Figure 2 as DMS) are installed 
along the bottom cross-section of the tower to measure 
vertical strains at the tower clamping. Only three of them are 
necessary to identify the strain state in the cross-section. And 
only three of them are also depicted in Figure 2. Other ones 
serve for redundancy of the measurements. 

Finally, we use a global positioning system (GPS) to 
measure actual displacements of the towers top. A GPS sensor 
is installed on the top of the nacelle (Figure 2) and is able to 
catch all three spatial directions. 

3.1 Global Positioning System 
The global positioning system (GPS) used in this project is of 
the differential type. The differential GPS (DGPS) can 
considerably increase the accuracy of the position 
determination compared to usual GPS systems. They exploit 
the fact that the position signals are generally received by two 
devices simultaneously: a user device on the structure and a 
receiver on a reference station near to the structure. The 
position of the reference station should be determined 
precisely in advance. [1]. The operational scheme of DGPS is 
depicted in Figure 3. 

It is essential for DGPS that direct communication between 
the user device and the reference station should be possible. 
Usually, it is the case if a visual contact between them exists. 
The advantage of the operation with two devices is that 
possible deviations of the both received signals can be 
reduced or eliminated afterwards by special algorithms [1].  

The GPS device for this study has been provided by 
Alberding GmbH. It is a brand Trimble two-frequency device 
of the type BD982, which operates with a sampling frequency 
of 1 Hz. The precision of the horizontal positioning is 
declared to be up to 8 mm + 1 ppm. This equipment was 
installed in a plastic box on the nacelle’s roof. 

3.2 Accelerometers 
In this study, we use industrial accelerometers of the type 
PCB 393A03 manufactured by PCB Piezotronis, Inc. This 
equipment has a sensitivity of 102 mV/(m/s2). According to 
the datasheet, the specified measuring range is equal to 
±49 m/s2 (±5 g). The sampling frequency was 1 kHz. The 
accelerometers have been fixed to the flanges of the tower 
shell inside the tower by magnets. 

3.3 Strain Gauges 
The strain gauges used are of the type PL-60-11 produced by 
Tokyo Sokki Kenkyujo Co., Ltd. Their feature is a k-factor of 
2.12 and a resistance of 120±0.3 Ω. They have been applied 
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on the inner surface of the tower shell in vertical direction, 
approximately 0.1 m above the top edge of the flange. Due to 
a short measurement time of only about twenty minutes at 
once, the temperature-dependence of the strain gauges has 
been ignored in the present study. Since the temperature is 
permanently measured, it makes no difficulties to take it into 
account. 

The measured signals of the accelerometers and strain 
gauges have been processed by an analogue-digital transducer 
and recorded by the same portable computer. In this way it is 
ensured, that the signals have been recorded simultaneously. 
The recording of the GPS data has been carried out separately. 
Several trigger signals have been used for synchronization of 
the recorded GPS data with the signals of accelerometers and 
strain gauges.  

 

 
Figure 3. Operation scheme of the differential global 

positioning system (DGPS). 

 

4 TEST PROGRAMM  
The present study is directed first of all towards testing of 
monitoring techniques. The long-term monitoring of the wind 
turbine itself is not discussed here. A typical operation regime 
of the wind turbine includes a short start phase, a long 
operation phase with permanent control of the whole facility 
and a short switch-off phase, in the case of unexpected events 
or scheduled operational breaks. Besides, the facility can 
rashly be shutdown in the case of critical or safety-relevant 
events. However, such an operation breakdown can cause 
severe electrical or mechanical problems and is, therefore, 
rather exceptional. 

For testing purposes in this study, we utilize a usual 
operational sequence containing the start phase, the operation 
phase and a switch-off phase, which follow after each other 
four times. Each operation phase and out-of-operation phase 
lasts approximately two minutes. The whole reference 
sequence took about twenty minutes. This reference sequence 
has been recorded by the installed equipment.  

Besides, several test measurements have been performed in 
advance to check the equipment and to identify the modal 
parameters of the structure.  

 

Figure 4. Partition of the acceleration measurement in 
components of operation and out-of-operation. 

 
Figure 4 depicts the measurement signal of an acceleration 

sensor. The signal is partitioned in eight intercepts according 
to operation and out-of-operation phases. The operation 
phases are characterized by high amplitudes between 0.4 and 
0.8 m/s². In Figure 4, the uneven numbers were assigned to 
these interceptions and they are marked by red hatched boxes.  

The out-of-operation phases are distinguished by small 
random acceleration amplitudes of about 0.05 m/s². In Figure 
4 the even numbers were assigned to these partitions, 
moreover they are marked by green filled boxes. 

 

 
Figure 5. Measured horizontal nacelle displacements. 

 
Figure 5 depicts a horizontal displacement of the nacelle 

during the whole measurement cycle. One can clearly 
recognize four different types of behavior.  

The out-of-operation response is characterized by small 
random vibrations around a zero position. They are caused by 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3646 

random wind perturbations of the resting facility. This type is 
indicated in Figure 5 by red hatched boxes.  

The tower vibration during operation is characterized by 
strongly irregular random vibrations around some static 
displacement state depending on the wind speed. In our case, 
the mean tower displacement under operation varies between 
0.3 and 0.8 m. The corresponding displacement intervals are 
indicated in Figure 5 by green filled boxes. 

In between the operation and the out-of-operation phases, 
one can recognize the start and stop phases of the generator. 
They are characterized by a rapid increase or decrease of the 
displacement, respectively, which are indicated by green and 
red arrows in Figure 5. During these phases, we can observe 
some typical natural vibration cycles of the tower superposed 
with the operation vibrations due to the triple rotation 
frequency of the rotor. During the switch-off phases, the tower 
vibrates in both directions, so that we can observe even 
negative displacements up to 0.4 m. However, they rapidly 
diminish and disappear after usually two cycles. 

In summary, we can observe quite different response 
vibrations during the reference measurement sequence, both 
qualitatively and quantitatively. They contain large mean 
static deflections (of ca. 0.3 to 1.0 m) due to wind pressure, 
natural vibrations of the tower due to the first eigenfrequency 
and random operational vibrations (of ca. ±0.1 m). 

 

5 EXPERIMENTAL AND NUMERICAL MODAL 
ANALYSIS 

5.1 Finite element model 
The carrying structure of the wind turbine consists of the 
tower and the foundation slab. In order to correctly calculate 
dynamic properties, the mass of the rotor and the rotor blades 
is assigned to the nacelle. The latter is modeled as a rigid body 
with real dimensions and an appropriate mass distribution. 
The soil is taken into account as elastic foundation. 

The finite element (FE) model has been developed and 
applied within the Abaqus® software (Figure 6). The main 
requirements on the FE model concern the modal analysis and 
static deformation states. Thus, the discretization should be 
sufficient to calculate natural frequencies and mode shapes, 
displacements and strains with a required accuracy. 

The tower is modeled by shell elements to allow for the 
calculation of strains at arbitrary points over the height and 
the circumference. The real tower structure is composed of 36 
segments with different cross-sections. In the finite element 
model, the thickness change is taken into account by a linear 
function over the height, from which a mean shell thickness in 
totally 12 segments is determined and assigned to the 
corresponding finite elements. The flanges are modeled as 
beams associated to the shell structure. Figure 6 shows the FE 
model in a deformed state according to the first mode shape.   

Besides, the bottom section of the shell possesses exactly 
the real thickness value and allows for a direct comparison of 
the measured and calculated strains.  

In the present study, linear shell elements of type S4R with 
reduced integration are applied. The same discretization with 
12 elements in the circumferential direction is applied 
throughout the tower to ensure the mesh consistency. The 
element size in vertical direction is chosen in such a way that 

almost square grid occurs. Only the area of special interest in 
the bottom segment is modeled finely in order to be able to 
extract strain information at numerous positions according to 
the measurement program. 

The foundation slab is modeled by volume element of the 
type C3D8R. The material properties corresponds to the 
concrete actually applied, the reinforcement is not taken into 
account. Since a linear response of the structure is of interest, 
such a simplification is feasible. The FE mesh of the slab is 
generated so that the shell nodes are directly merged with the 
slab nodes. The mesh outside this connection is generated 
automatically. The bond of the slab to the ground is modeled 
as elastic foundation with the option provided by Abaqus. 

The individual sections of the towers shell as well as the 
flanges were connected with the program instruction ‘tie’. The 
nacelle was fixed to the top flange in the same way. Again 
only the part closest to the bottom was an exception: This 
section was joined up to the nearest part with the program 
instruction ‘merge to part’ to avoid non-natural changes of 
strains in the model at the joint in the area where the strains 
should be explicitly extracted. At other positions of the model 
such small discrepancies could be tolerated. 

The connection of the tower and the fundament was realized 
as rigid joint with the program instruction ‘tie’. This 
assumption was considered to be acceptable because the tower 
is actually embedded in the basement slab. 

The nacelle is modeled as a distortion-free shell object with 
extra high stiffness in order to attach the mass of the rotor and 
rotor blades at proper locations and exclude undesired 
deformation. The rotor mass is attached to the nacelle’s edge 
at a reference point. The vibrations of the rotor blades are 
neglected. 

 

 
Figure 6. Exemplary visualization of the FE-Model in a state 

of nacelle displacement. 
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5.2 Comparison of modal characteristics  
The carrying structure of the wind turbine is quite simple. 
Hence, no complex parameter identification was necessary in 
this work. The results of the first numerical simulation already 
provide a satisfactory agreement with the measured natural 
frequencies. Due to a low scatter of the steel properties as well 
as a high manufacturing quality of the shell, there were very 
few model parameters to be adapted. Some improvement of 
the model, especially for the higher natural frequencies, could 
be achieved. However, the main dynamic properties should 
not change significantly due to some parameter variations. 
Nevertheless, such an improvement has been carried out by 
variations of the masses and Young’s modulus. 

The first natural frequency of the tower f0 was examined for 
two ratios of magnitude for the joint restraint. It was 
determined in a range of 0.211 ≤ f0 ≤ 0.247 Hz. The first 
value, the smaller one, corresponds to the minimum allowable 
stiffness of the soil, i.e. the minimum value of elastic bedding. 
The second value corresponds to the rigid foundation or an 
ideally clamped tower. 

The real eigenfrequencies of the structure have been 
measured on site under various temperature and weather 
conditions. Each time, the wind turbine has been switched off 
in order to exclude operational vibrations.  

Figure 7 depicts the frequency spectrum of the tower in an 
out-of-operation phase. It was calculated by the FFT of the 
measured acceleration signals. The peaks corresponding to the 
first and the second eigenfrequency of the tower are indicated 
by arrows. Along with the natural frequencies, there are some 
other frequencies, for instance, one at about 1.1 Hz. It might 
correspond to vibrations of other structural parts, for example, 
rotor blades.  

Figure 8 shows the frequency spectrum recorded during the 
operation phase by the same sensor as used in Figure 7. 
Besides of the increased response amplitudes, a significant 
gain of noise can be recognized. The first two tower 
eigenfrequencies can still be distinguished. There are also 
several pure operational frequencies, the most significant one 
lies at about 0.6 Hz (Figure 8).  

 

 
Figure 7. Measured frequency response spectrum in the 

switch-off phase (intercept VI shown in Fig. 4). 

 

 
Figure 8. Measured frequency response spectrum during 

operation (intercept VII shown in Fig.4). 

 
The measured and calculated natural frequencies of the 

structure are given in Table 1 for comparison. Since the tower 
is rotationally symmetric, there exist two almost equal 
eigenfrequencies measured in two rectangular directions. The 
difference between them is caused by the non-symmetrical 
distribution of the top mass due to rotor and rotor blades. 
Vibration frequencies of the other structural components 
appear without pendant, like the 4th frequency in Table 1. 

 

Table 1. Comparison of the measured and calculated natural 
frequencies (all values in Hz) 

Natural  
frequencies 

Measured,July 2012 Calculated, FEM 

Direction f – 1  f – 2 f – 1 f – 2 
1 0.218 0.218 0.215 0.215 
2 1.474 1.511 1.438 1.477 
3 4.198 4.837 3.771 4.179 
4 6.149 - 6.638 - 
5 8.390 8.118 8.161 8.428 
6 12.080 12.100 11.050 12.613 

 

6 DATA PROCESSING AND RESULTS 
The complete measurement records in Figures 4 and 5 include 
quite different behavior of the structure. A large part of these 
records have been used for data processing and displacement 
or strain identification. At that, several subsets have been 
selected and processed to evaluate various response types 
separately, for example, vibrations with small and large 
amplitudes as well as a few operation cycles with switch-offs.  

In the present study, we select two data sets for comparison, 
denoted as FEGPS and SGMAX, respectively. They are 
generated by different measurement techniques, but for the 
same time intervals. A description of the applied approaches 
and data generation are given below. 

2nd Mode, Tower

1st Mode, Tower

2nd Mode, Tower

1st Mode, Tower
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6.1 Data Set: FEGPS 

The first data set is based on the GPS displacement 
measurements in combination with the finite element model. 
The values of the top tower displacement recorded by the GPS 
device at discrete time points have been applied to the FE 
model as static boundary conditions. A stress-strain state of 
the structure due to a unit top deflection can be calculated in 
advance and, thus, builds a basis for the application of 
arbitrary top deflections. The only condition to be satisfied for 
a desired accuracy is that the actual structural state is well 
described by such a simulation. It is usually the case, if the 
material response is linear elastic and the second-order effects 
are negligible. In order to determine any structural 
displacement or strain, one needs only to multiply the pre-
solution by the value of the actual top displacement.  

For the purpose of comparison, a special attention is paid to 
strain locations on the tower that correspond to the installed 
strain gauges. The measured strains could be compared to the 
calculated ones, if the direction of the wind coincides with the 
direction of the calculated tower deflection. Since the wind 
direction varies, it is not always the case. A rational way is to 
compare the maximum strains in any cross-section including 
that one with the strain gauges. The FE model delivers the 
maximum strains directly. The measured strain values, at least 
three ones in number, could also be utilized to determine the 
maximum strain in the cross-section, if a linear strain 
distribution over the cross-section is assumed.  

Under assumption of geometrically and physically linear 
behavior of the structure, we calculate the strain state due to 
the measured top tower displacement. The maximum strain in 
the cross-section, where strain gauges are installed, forms then 
the first data set.  

At that, a linear relationship between the tower 
displacement uGPS(ti) and the local strain of interest εFE(ti) can 
be described by a proportionality factor Kε: 

 )()( tiuKti GPSFE ⋅= εε . (1) 

Factor Kε depends on the local position and can be identified 
by FE calculations of the available measurement data.  

The first data-set FEGPS is visualized in Figure 10 by a red 
thick line. 

6.2 Data Set: SGMAX 

The second data set SGMAX contains maximum measured 
strains in the reference cross-section of about 0.1 m above the 
tower bottom. These strains are not measured directly but 
calculated from three data sets of strain gauges in the same 
cross-section. As mentioned above, a linear strain distribution 
over the cross-section of the tower (due to the Bernoulli 
hypothesis) allows defining a strain plain by use of at least 
three discrete strains and elementary rules of linear algebra. 
Then, the slope of the strain plane and the maximum or 
minimum strain value in the cross-section can also be 
determined. Figure 9 illustrates this idea in the vector space.  

As a result, we obtain a data set of the maximum measured 
reference strains at the tower bottom. This data set is drawn in 
Figure 10 by a thin black line.  

 
Figure 9. Calculation of the strain plane by means of linear 

algebra. 

 

6.3 Comparison and analysis 
Figure 10 shows a comparison of two data sets for maximum 
strains in a reference cross-section, which are described 
above. One set is based on the displacement measurement on 
the top and a calculation of the resulting strains by the finite 
element method. The second one is directly based on the 
measured strains in a reference cross-section and their 
processing with respect to the maximum strain. As can be 
seen from Figure 10, both sets agree very well.  

The data sets cover a time interval with two operation and 
out-of-operation phases with quite different response types 
and vibration magnitudes. Nevertheless, the agreement is in 
all phases very well. It can be seen that the measured strains 
exhibits numerous small fluctuations (black thin line) whereas 
the displacement-based set shows a smoothed behavior (red 
thick line). The difference is caused by a limited accuracy of 
the displacement measurement by the GPS technique, which 
is unable to catch very small vibrations. It could be a 
drawback for the GPS technique, if fatigue loading is of 
interest. 
 

 
Figure 10. Comparison of two different measurement 

techniques for strain monitoring: red thick line corresponds to 
the data set FEGPS; black thin line to the data set SGMAX. 
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7 CONCLUSION AND OUTLOOK 
The obtained results show that the GPS measurement 
techniques in combination with validated finite element 
models are able to provide sufficiently accurate information 
on the arbitrary displacements and strains of the structure. 
This presumes, however, that the structural model describes 
the global and local behavior of the real structure sufficiently 
well. Under such conditions, GPS techniques could generally 
be applied in SHM systems. Their success in practical 
applications depends, however, on the following problems. 

To achieve the required precision of the tower top 
displacements in a range less than 0.01 m, a differential 
technique using a fix reference station close to the wind 
turbine was applied. Such an approach is generally possible 
for onshore wind turbines and impossible for the offshore 
wind parks. 

The price of the GPS technique is currently too high for 
wide-spread applications on wind turbines. In contrast, strain 
gauges represent a low-cost solution for the same problem. As 
can be seen from the obtained results, strain measurements in 
combination with a validated FE model are able to provide the 
same results as the GPS technique. Thus, the price is an 
economic challenge for the GPS.  

However, direct displacement measurements on the tower 
could be still of interest for some applications. The next 
drawback of the GPS technique concerns the online data 
processing. Currently, measured GPS data have to be 
processed afterwards in order to get real displacement values. 
The corresponding algorithms and software are currently 
under development. 
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ABSTRACT: Vessel impact is one of the load cases which should be accounted for in the design of an offshore wind turbine 
(OWT) according to design codes, but little guidance or information is given on the employed methodology. This study focuses 
on the evaluation of the distress induced in a wind turbine after a ship collision, thus providing an insight on the consequences of 
a collision event and on the main aspects to be considered when designing for this load case. In particular, the role of the 
foundation soil properties (site conditions) on the response of the structural system is investigated. Dynamic finite element 
analyses have been performed taking into account the geometric and material nonlinearity of the tower, and the effects of soil 
structure interaction (SSI) have been studied in two representative collision scenarios of a service vessel with the turbine: a 
moderate energy impact collision, characterized by a vessel drift velocity of 2 m/s; and a high energy impact collision, 
characterized by a velocity of 5 m/s. The results of the investigation show that SSI modifies the behaviour of the OWT mainly 
by introducing additional deformations at the OWT base and by absorbing a portion of ship impact energy in these 
deformations. Since moderate and high energy impacts both result in rather similar energy absorption by the foundation, 
disregarding the effects of SSI leads to substantial overestimation of permanent deformations in the case of a moderate energy 
impact. 

KEYWORDS: Offshore Wind Turbine; Impact load; Structural integrity; Local buckling; Global failure; Collapse; Soil 
Structure Interaction; Nonlinear dynamic response; Numerical analysis.. 

1 INTRODUCTION 
Renewable energy sources are an attractive alternative when it 
comes to decreasing the undesirable environmental 
consequences of the more traditional fossil fuel energy 
sources. The raising demand on renewable energy production 
has increased the target offshore wind energy capacity. Hence 
the optimal design of offshore wind farms is considered of 
outmost importance. 

Environmental factors, site and geotechnical conditions, 
water depth and design rate power of the offshore wind 
turbine (OWT) are the dominant factors which determine the 
size and type of turbine. The superstructure of all wind turbine 
types is relatively similar (usually tapered tower with hollow 
circular section), while the main variability lays on the 
selected foundation type. The wide variability of the site 
conditions that are met offshore prohibits the application and 
design of a generic support structure. In addition, costs of the 
foundation system constitute 25% of the capital expenditure 
[1], so an appropriate foundation is essential towards the 
selection of a cost effective solution. 

At relatively shallow depths (up to 25 m) the commonly 
employed foundation systems of offshore wind-turbines are: 
(a) gravity based, (b) suction caisson monopod, (c) monopile; 
while in deeper water (between 25 and 50 m) other foundation 
systems are preferred, such as tripod or multi-piles, and jacket 
support systems founded on suction caissons or piles [2]. 

The design of an OWT is driven by several safety and 
service requirements. In this respect, the DNV guidelines [3] 
indicate four different limit states to be considered: 1) 
serviceability limit states (SLS), aimed at avoiding excessive 

vibration or deflection that could alter the effects of acting 
forces, cause failure of non-structural components, or hinder 
the correct functioning of the turbine systems; 2) ultimate 
limit state (ULS), aimed at ensuring the stability of the 
structure and avoid failure of structural components reaching 
their the ultimate resistance or the ultimate deformation; 3) 
fatigue limit state, aimed at ensuring safety with respect to the 
cumulative damage caused by repeated loads; 4) accidental 
limit states (ALS), aimed at hindering excessive structural 
damages caused by accidental actions, such as a ship impact.  

Even though ship impacts are explicitly considered either as 
variable functional loads or as accidental actions in the DNV 
[3], and also mentioned in the Germanischer Lloyd guidelines 
[4] as additional requirement (beyond the project 
certification), no information on the impact load to be 
assumed is given. Furthermore, the OWT behavior at extreme 
accidental loading conditions has received relatively little 
attention so far [5] - [8] and thus little guidance can be found 
on the design procedure of OWT against collisions with 
marine vessels. 

Ship collisions have been considered so far of minor 
importance in the OWT design, due to the low probability of 
occurrence reported for such events. However, data on major 
accidents are hardly made public, due to confidentiality 
issues. It was only recently that news articles were collected in 
the Caithness Wind farm Information Forum (CWIF) 
database, where two relevant incidents of vessel collisions to 
wind turbines are reported [9]. The most recent one took place 
at Sheringham Shoal offshore wind farm (UK) in 2012, where 
5 seamen, who were apparently working at the site, were 
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injured as their vessel collided with a transition piece [10]. 
Since the amount of operating offshore wind farms is 
continuously growing, the rate of the reported accidents is 
also expected to increase according to the abovementioned 
accident data collection. Furthermore, the risk associated with 
a potential collision event is a product of both the frequency 
of the events and their consequences, the latter being 
categorized to: (a) loss of energy production, (b) loss of 
investment, (c) injuries and fatalities, and (d) environmental 
damage [8].Therefore, even if the frequency of a collision is 
low, the risk associated with the event may be high, due to the 
severity of the consequences. 

A consequence analysis of the collision scenarios should 
therefore be performed in order to estimate the damage to the 
OWT and to the vessel. According to DNV code provisions 
[3], the effects of ship collisions can be assessed in a quasi-
static analysis by using the load corresponding to the 
maximum authorized service vessel with a speed of 0.5m/s or 
2m/s at the ULS and ALS respectively [11]. However, as also 
delineated in Eurocode 1, in order to properly estimate the 
damage after a ship collision event a dynamic analysis seems 
necessary, as well as appropriate nonlinear models capable of 
accounting for the interaction between the load and the 
structure [12]. Previous studies on the consequence analysis of 
ship- OWT collisions focused on the effect of the ship type, 
the ship velocity, the angle of incidence of the impact, and the 
different foundation solutions [5-8]. 

Accounting for soil-structure interaction (SSI) in a dynamic 
analysis requires the appropriate representation of the 
dynamic response of the soil- foundation system. In the case 
of linear elastic response of the soil, the SSI effects can be 
accounted for by elastic springs and dashpots at the base of 
the structure [13]. The stiffness and damping properties of 
these elements are described after frequency-dependent 
impedance functions of the soil-foundation system. In 
particular, extensive research work can be found in the 
literature on the problem of the dynamic soil-pile interaction. 
The employed methods can be categorised in: (a) analytical 
methods, which consider the wave propagation in the soil 
along with the induced pile response [14]; (b) lumped models, 
which are based on the well-known Beam on Winkler 
Foundation model [15]; and (c) continuum finite element 
models [16]. 

The aim of this study is to investigate the behaviour of a 
monopile OWT subjected to an accidental collision with a 
service vessel, and to highlight the role of soil-structure 
interaction (SSI) with respect to the induced permanent 
deformation and the collapse of the structure for different 
properties of the soil. The problem under investigation is 
illustrated in Figure 1. The two performance criteria of 
permanent deformation and collapse resistance have been 
verified against two impact scenarios with a lower and higher 
probability of occurrence, respectively. In each one of the two 
scenarios various soil types [17] have been considered, in 
order to highlight the effect of the SSI for different severity of 
the impact. 

The numerical study has been performed with the avail of 
commercial finite element (FE) software [18] with a nonlinear 
dynamics explicit solver. A three dimensional model has been 
implemented for the wind turbine and the ship, which 

accounts for mechanical and geometrical nonlinearity of the 
wind turbine response and for the elastic response of the soil. 
Special attention is being paid to the description of the 
methodology for the calibration and validation of the model, 
as well as to the interpretation and discussion of the results 
and of the effects of the soil properties. 

 
Figure 1. Illustration of the investigated problem 

2 CASE STUDY 
The main issues raised in the investigation of ship-OWT 
collision are the description of the mechanical behavior of the 
OWT in the dynamics process of the collision as well as the 
evaluation of SSI effects on OWT dynamic response. 
Collision is a complex, strongly nonlinear process. Material 
plasticity, possible buckling and post-buckling behavior, and 
dynamic loading should be taken into account efficiently in 
order to describe the structural response to a collision. In 
addition, the potential collision scenarios can vary depending 
on the ship and OWT type, the soil conditions, and the 
assumed collision properties (such as the magnitude of the 
impact force, the incidence angle, the impact duration and the 
area exposed to the impact force). 

Thus, the problem under investigation implies the 
consideration of several different parameters and assumptions. 
Hereafter the overall objectives of the study are defined and 
correlated with the various parameters. 

2.1 Structural properties 

The wind turbine considered for this study is a NREL 5.0 MW 
monopile, whose characteristics are provided by National 
Renewable Energy Laboratory of the USA [19]. The OWT 
has been developed for research purposes and does not 
represent an installed OWT. The reader is referred to the study 
conducted by Wybren de Vries [20] for a more detailed 
description of the OWT. The most frequent foundation type so 
far has been the monopile, mainly because the majority of the 
existing wind farms are located at shallow depths (less than 
25m) [21]. Furthermore, the results of several previous 
comparative analyses of wind turbine support structures [8, 
22] indicated the monopile as preferable foundation for most 
cases. Thus, an OWT supported by a monopile foundation has 
been considered in the current study. 
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The general layout of the OWT is presented in Figure 2. The 
tower has a steel hollow circular cross-section, which is 
tapered long the height of the tower, having a diameter of 6.2 
m at the bottom and 4 m and top end. The thickness of the 
cross-section also varies between 20 mm and 80 mm from the 
bottom to top end of the tower. The pile has circular cross-
section with diameter of 6m and wall thickness of 60mm. 
Both the tower and the pile are made of structural steel S355, 
whose properties are defined in Eurocode 3 [23]. 

 
Figure 2. Geometry and outline of NREL 5.0 MW offshore 

wind turbine (dimensions are in meters) 

2.2 Geotechnical conditions 

The soil types considered in the investigation consist in a very 
stiff, a stiff, a medium and a loose soil, according to the 
categorization scheme reported in Eurocode 8 [4]. One of the 
most dominant parameters for soil characterization in dynamic 
soil response is the shear wave velocity . The values of 
shear wave velocity selected for the parametric study are 
listed in Table 1. 

Table 1. Properties and characterization of the soil types  

Soil type Shear wave velocity 
V , [m/s] 

Shear modulus 
G, [MPa] 

Very stiff 400 272 
Stiff 300 153 

Medium 200 68 
Loose 100 17 

2.3 Impact scenarios 

The choice of the appropriate collision scenario should be 
based on sound knowledge of the marine traffic density in the 
area of OWT farms. Several types of ships navigate in the 
vicinity of the OWT farms, including cargo ships, fishing 
boats, OWT service vessels, and recreation and military 
vessels. General information on probabilistic modeling of 
collision scenarios is not available, since there are specific 
marine transport traffic conditions for different wind farms. 

However, among the abovementioned vessel types, the service 
vessels are deemed to be the most likely vessel to collide with 
an OWT, as they have a direct purpose to be near OWT at 
least five times per year, when service visit take place. Based 
on a literature review, the most probable collision scenario 
can be identified as the breakdown of vessel control system 
(engine failure) and subsequent drifting of a vessel towards 
the OWT [8]. In order to analyze the collision scenario with a 
conservative approach, one of the largest service vessels has 
been chosen in this study, specifically the 16000 ton service 
ship FLEX106-CV represented in Figure 3 [24]. In Table 2, 
the main characteristics of the vessel are reported. 

 
Figure 3. Service vessel FLEX106-CV, reproduced from [24] 

Table 2. General properties of service vessel FLEX106-CV 

Parameter Value 
Length overall, [m] 0.65 

Length between PP [m] 0.15 
Breadth molded, [m] 0.13 

Depth molded (DM), [m] 0.13 
Design draught (DD), [m] 7.2 

Scantling draught (SD), [m] 11.0 
Deadweight on scantling, [t] 16000 

 

The assumed collision scenario is as follows: a service 
vessel experiences a failure of control system, which causes 
the vessel to drift along with the water stream and collide with 
the tower in a frontal impact. The choice of a frontal collision 
is justified by the fact that in such case the pressure load is 
distributed over a smaller area of vessel bow, providing thus a 
conservative estimate. Following a similar conservative 
approach, the ship is assumed to be at scantling draught 
during the collision, as this corresponds to the largest mass of 
the ship. 

Two different scenarios have been considered: in the first 
scenario a moderate drift velocity of 2 m/s is assumed for the 
ship, while in the second case a higher velocity of 5 m/s is 
considered. The first velocity corresponds to the impact 
energy of approximately 45 MJ, while the second one 
corresponds to the impact energy of 280 MJ. The two 
scenarios are representative of moderate and high impact 
energy respectively, considering the upper bound limit of 
moderate impact energy to be 90 MJ, as suggested by Biehl 
[3]. Moderate and high energy collision scenarios are 
examined, because in each case different performance 
objectives for OWT behavior can be demanded. For example 
in Malhotra [25] it is suggested that the tower should  remain 
operational with deformations below the SLS limits in the 
case of moderate impact energy, while in case of high energy 
impact damages or even collapse of the OWT is deemed 
acceptable, provided that this does not endanger life safety. 
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The definition of a time history for the dynamic load is given 
by the duration, the peak value, and the shape of the function. 
However, even by assuming a simple step function, the 
derivation of the peak value and of the time duration would 
require the estimation of the contact area and of the 
transmitted energy. An accurate assessment of both 
parameters is hardly feasible, as they depend on many factors, 
such as the velocity and the mass of the ship, the incidence 
angle and location, the deformation behavior, the relative 
rigidity of the ship and the tower, the damping properties and 
the geometric characteristics both of the ship and OWT 
Therefore, in this study, the ship has been explicitly modeled 
as 3D rigid body colliding with the OWT (see Figure 1). 

3 METHODOLOGY – NUMERICAL MODELLING 
The investigation of the collision is performed numerically by 
means of the finite element method employing the explicit 
dynamic algorithm. Numerical modelling is performed on the 
basis of a sub-structuring methodology [26]. First, in order to 
ensure reliability of simulation results, the numerical model 
parameters and the adopted processes are discretely validated 
and calibrated. Subsequently, a FE model of ship-OWT 
collision is developed, where the effect of SSI are disregarded, 
in order to gain insight into the mechanics of the collision 
process. Finally, the soil-foundation system is introduced in 
the model of ship-OWT collision and a parametric study is 
performed for various soil types. 

3.1 Finite element model – main attributes 

The numerical model for the collision simulation consists of 
two main parts, which are initially uncoupled (Figure 4): a) 
the colliding ship; b) the offshore wind turbine. 

In the study a so called “soft” impact is modeled, in which 
all energy is dissipated by the OWT deformation, as the 
impacting ship is modeled as rigid body. This simplification 
affects the amplitude of the impact load time history and gives 
an approximation on the amount of kinetic energy dissipation. 
However, the kinetic energy transmitted to the OWT is the 
highest when the ship is modeled as rigid body. Hence, this 
assumption represents the most critical situation for the OWT 
and is therefore a reasonable simplification for this study, 
which is focused on the response and design of the OWT. 

In the dynamic analysis, the impact load is applied in a 
separated load step after the gravity loads of the tower and 
nacelle. The time increment of the integration algorithm in the 
first load step has been properly selected, so that the vertical 
vibration of the OWT is avoided (quasi-static load 
application). The environmental loads as well as 
hydrodynamic loads from the water surrounding the ship and 
the offshore wind turbine are not included in the model. 
However the hydrodynamic effects are accounted by means of 
a multiplication factor 1.4 on the ship mass, as suggested by 
previous studies [6, 27]. The finite element model was 
developed in Abaqus [18] and an overview of its main 
components is presented in Figure 4. Shell elements have 
been used for the discretization of the tower in order to 
capture the development of possible local buckling of the steel 
plate. In Table 2 the element properties of the all the modeled 
structural components are listed. The mechanical nonlinearity 
of the steel was modeled by means of an elastic-plastic stress-

strain relationship, while the geometrical nonlinearity was 
accounted by means of large displacement formulation. The 
contact definition was such to simulate that there is no energy 
dissipation taking place during impact at the contact area. 
Hence hard and frictionless contact defined the normal and 
shear interface properties respectively. 

 
Figure 4. Main components of the FE model 

Table 3. Description of the FE model components 

Model component Finite element type 

OWT tower Shell element – 4 node reduced 
integration shell element 

Ship Solid element – 8 node reduced 
integration brick element 

Nacelle and rotor Point mass element (without rotary 
inertia of nacelle and three blades) 

Contact Surface contact elements with hard 
contact rule definition 

3.2 Modelling of SSI 

The SSI is modeled by springs and dashpots at the OWT base 
(see Figure 5b). The dynamic response of the springs and 
dashpots is determined according to the theory of Novak and 
Nogami [14]. The solution is derived for the case when the 
pile vibrates harmonically due to external excitations at the 
pile head, meeting resistance of the surrounding soil, as it is 
shown in Figure 5a. In the numerical model, the impedances 
(stiffness and damping) at pile head are introduced by means 
of a single connector element, which is placed at the base of 
the OWT and connects it to a fixed point (Figure 5c). The 
elasticity and viscous properties of the connector element are 
defined after the abovementioned impedance functions. 

In order to simulate the dynamic nature of the soil, the 
dynamic impedances should be assigned at the frequency of 
the excitation forces at the base of the OWT. Since the 
frequency of motion of the wind turbine under impact load 
excitation is not known in advance because of the induced 
nonlinearity, the impedance values are found iteratively. The 
iterative process comprises of two steps, which are shown in 
Figure 6: 

1. Run the calculation with impedances assigned for static 
condition, i.e., at frequency equal to zero; 
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2. Extract the frequency from the displacement-time 
histories obtained, and run a second analysis with 
impedances specified for frequency extracted. 

 
Figure 5. Scheme of soil-pile system: a) external forces and 
soil resistance to motion of pile; b) schematic view of the 

impedances at the pile head; c) FE modeling of the soil-pile 
system by connector element at the OWT base 

 
Figure 6. Variation of the dynamic stiffness with the angular 
frequency and determination of the soil-pile system sliding 

component of the stiffness 

3.3 Validation process 

The mechanical response of a structure in a collision is highly 
nonlinear and dynamic and requires therefore a careful 
validation of the model used for simulating it. In particular, 
epistemic and aleatory uncertainties are present in a number of 
different parameters, which need to be properly calibrated 
through a sensitivity analysis, such as the FEs type, and the 
mesh size. In order to tackle the complexity of the problem, a 
simplified model of a tower clamped at the ground and with 
elastic linear response has been first considered as benchmark 
and validated against analytical results. Then the complexity 
of the model has been gradually increased, by introducing first 
the plastic constitutive relation of the material, and then the 
large displacement formulation.  

Such a stepwise analysis allows examining the role of 
plasticity and geometrical effects in the ship-OWT collision 
and gain clearer understanding of these factors affect the 
OWT response. As a final step, the SSI has been introduced in 
the model, as explained in paragraph 3.2, and the response of 

full fixed base model and of the model with SSI effects has 
been compared. The effect of different soil properties has then 
been investigated on the final model with SSI. 

4 RESULTS OF IMPACT ANALYSIS 

4.1 Fixed base model 

The simulations with moderate energy impact indicated that 
impact force is not large enough to cause serious plastic 
strains and lead to large global deformations. In the collision 
the OWT behaves predominantly in an elastic manner and 
does not collapse. Only at the initial stage, when the ship 
comes into contact with the OWT, the tower experiences 
plastic strains in the contact zone and at the base. After the 
collision, the OWT restores its original position with some 
residual plastic deformations. 

The initial kinetic energy of the ship is 44.8 MJ, as 
indicated in Figure 7, where the impact force (obtained after 
integration of the contact pressure over the contact area) is 
also shown. Around 39.5 MJ of the impact energy are 
absorbed by plastic structural deformations of the OWT, as 
can be seen from the internal energy time history at the free 
vibration stage (Figure 7). Around 0.4 MJ of the impact 
energy are transformed in elastic deformations causing cyclic 
free vibrations of the OWT. The rest 4.9 MJ is the kinetic 
energy of the ship expressed in the form of rebound and 
backward movement. Artificial energy presented in the 
analysis is caused by hourglassing, i.e. an inconsistent 
deformation mode of the finite elements, –which gives 
nonphysical stiffness to finite elements leading to zero strains 
and no stresses. Since artificial strain energy is a small portion 
of the overall internal energy, hourglassing effects are 
considered to be insignificant. 

 
Figure 7. Collision force and energy transformation time 

history (ship velocity 2 m/s) 

In case of high energy impact, the collapse of the OWT is 
associated to an abrupt increment of the kinetic energy, as 
visible in Figure 8. The initial kinetic energy of the ship is 280 
MJ. Almost the entire impact energy, about 278.4 MJ, is 
dissipated by structural deformations of the OWT (internal 
energy). The remaining energy of 1.6 MJ is left in the ship in 
its backward movement. The fact that the OWT is capable to 
absorb almost the entire kinetic energy of the ship is indicated 
by the wide plateau in the kinetic energy distribution of the 
energy transformation graph of Figure 8. 
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Figure 8. Collision force and energy transformation time 

history (ship velocity 5 m/s) 

 
Figure 9. Three-stage failure mechanism of the fixed model 

(ship velocity 5 m/s) 

The chronology of the OWT structural response before the 
collapse consists of 3 key stages, marked in Figure 9 and 
listed below: 

Zone 1: The dynamic impact force at the collision interface 
causes extensive steel yielding (grey color at Zone 1 in Figure 
9 shows yielded zone) and large local lateral deformations in 
the OWT section wall. However, residual bearing capacity of 
the cross-section is enough to prevent collapse of the distorted 
section. 

Zone 2: As the impact force reaches value around 36 MN, 
the cross-section just above the base becomes plastic almost 
entirely (grey color at Zone 2 in Figure 9 shows yielded zone) 
and behaves as a plastic hinge, experiencing large bending 
deformations. However, as the ship detaches, the impact force 
diminishes and the stresses in the cross-section drop to elastic 
region. At this point, unrecoverable rotations at the base stop 
developing further. 

Zone 3: Inertia forces in the OWT, produced by the ship 
impact, result into a very high bending moment in the OWT 

tower. In addition, this bending moment is accompanied by 
second order moment from gravity forces. High bending 
moment leads to formation of critical compression stresses in 
the part of the cross-section, which cause local buckling of the 
section wall (blue color at Zone 3 in Figure 9 shows sudden 
out of plane strains). Due to local buckling, the critical cross-
section loses the flexural stiffness required to resist the actions 
applied to the OWT, and the OWT collapses. 

4.2 Effect of SSI 

The consideration of the soil-pile interaction in the analysis 
does not change the trend of kinetic energy dissipation by 
internal energy (Figure 10). The overall structural response of 
the OWT with soil-pile system is similar to the one of the 
OWT with fixed support. The OWT with soil-pile system in a 
collision with moderate impact energy (ship velocity 2 m/s) 
experiences elastic-plastic deformations without collapse. 

 
Figure 10. Internal energy of the OWT in the fixed base 

model and in the model with SSI for different soil properties 
(ship velocity 2 m/s). 

However, the flexibility of the support reduces a portion of 
a kinetic energy, which is transformed into inelastic 
deformations of the OWT. This is explained by the fact, that 
springs and dashpots act as an elastic energy dissipation 
mechanism. As the ship collides with the OWT, the springs 
and dashpots at the foundation activate and resist part of the 
impact force. Thereby, the OWT receives less impact energy 
when soil-pile compliance is taken into consideration, in 
comparison with the fixed support in simulations.  

 
Figure 11. Contact pressure in case of fixed support and 

different soil properties (ship velocity 2 m/s). 
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Moreover the contact pressure-time history graph (Figure 
11) indicates that the decrement of soil stiffness reduces the 
peak value of the impact force, while the duration of the 
impact is elongated. In order to estimate the effects of soil-pile 
system on the OWT deformations in a collision with moderate 
impact energy, the rotation-time history at the base of the 
OWT is plotted in Figure 12. Introduction of the soil-pile 
system results to softer overall response of the OWT, 
increasing its peak deformations and decreasing the frequency 
of vibrations. 

 
Figure 12. Rotations at the OWT base for different soil 

properties (ship velocity 2 m/s). 

However, while the peak deformations become larger, the 
permanent residual deformations decrease. This is because the 
OWT tower is subjected to lower impact energy, as the 
stiffness of the support gets smaller. In Figure 13 shows that 
the allowable limit value of permanent displacement is not 
exceeded in the model with SSI for any of the soil properties 
considered, meaning that deformations of the OWT meet the 
serviceability requirement. On the contrary, the permanent 
displacements in case of fixed support are larger than the 
allowable ones. As expected, the difference between the 
results of the model with fixed support and the model with 
SSI increases, as the stiffness of the soil-pile system 
decreases. 

 
Figure 13. Permanent horizontal deformations of the top end 

of the OWT (ship velocity 2 m/s). 

The analysis of the OWT model with SSI to high energy 
impact (ship velocity 5 m/s) gives structural response almost 
identical to the one of the model with fixed support obtained 
for the corresponding high energy impact case. The trend of 
the energy transformation throughout the collision process is 
not influenced by the SSI and the chronology of the OWT 
failure is always the same. It is observed that the soil-pile 
system reduces a portion of a kinetic energy transformed into 
inelastic deformations of the OWT, but this reduction is very 
small (Figure 14). 

 
Figure 14. Internal energy of the OWT in the fixed base 

model and in the model with SSI for different soil properties 
(ship velocity 5 m/s) 

The comparison of contact pressure-time histories for high 
energy impact is shown in Figure 15. It is evident that the 
variation of the stiffness of the soil-pile system does not 
influence the contact pressure. The effect of SSI on the 
contact pressure is expressed only in the reduction of the peak 
value. The duration of the impact in the case of fixed support 
and in the cases with varying stiffness of the soil-pile system 
remains unchanged. The deformations at the OWT base have 
both positive and negative effects. On the one hand, the 
deformations of the foundation absorb part of the kinetic 
energy; on the other hand, the higher rotations at the bottom 
increase the second order moment in the OWT. In the 
outcomes of this analysis the negative effect is greater than 
then positive one, since local buckling occurs earlier with 
softening of the soil-pile system (Table 4). 

 
Figure 15. Contact pressure in the analyses with SSI (ship 

velocity 5 m/s) 
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The onset of local buckling occurrence can be seen in 
contact pressure-time histories (Figure 15). This is defined as 
the time instant when the contact pressure distribution 
changes from reduction to stabilization. After local buckling 
occurs, the forces from the upper part of the OWT almost do 
not transfer to the lower part. As forces from the upper part 
decrease, the lower part tends to push harder against the ship, 
and the contact pressure distribution shows a short plateau. 

Table 4. Time instance of local buckling occurrence 

Fixed Very stiff Stiff Medium Loose 
3.52 s 3.46 s 3.46 s 3.45 s 3.43 s 

5 CONCLUSIONS 
In the paper, the effects of a ship collision with an OWT have 
been examined. The main results of the investigation indicate 
that: 

1. In case of collision with moderate impact energy (2 m/s) 
the OWT does not collapse and after the impact its 
response is primarily elastic, although during the impact 
phase some plastic deformations are produced in the 
contact area and at the base of the OWT. These 
deformations lead to a permanent horizontal translation 
of the OWT top end, which exceeds the serviceability 
limit value. 

2. In the collision with high impact energy (5 m/s) the 
contact forces from the ship cause the collapse of the 
OWT. Decisive factors are local buckling and plastic 
deformations. The initiator of the collapse is a local 
buckling of the OWT section wall. However, material 
plasticity influences the modality of the collapse, 
changing the location where local buckling of the 
section occurs. 

3. The effects of SSI do not change the overall behaviour 
(collapse/no collapse) of the OWT, but modifies the 
OWT response by introducing additional deformations 
at the OWT base and by absorbing a portion of ship 
impact energy in these deformations. The moderate and 
high energy impacts result in rather similar energy 
which is absorbed by the foundation. This is ascribed to 
the fact that the impact duration both in case of 
moderate and high impact energy is quite close. Since 
the portion of impact energy absorbed by the OWT 
foundation in both cases is similar, the importance of 
SSI effects varies for different impact energy magnitude. 
For this reason the effect of SSI appears stronger in a 
collision with moderate impact, where it leads to 
significant reduction of permanent plastic deformation 
in the OWT, whereas the SSI effects are barely 
noticeable in high impact energy. 
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ABSTRACT: Since offshore wind turbine supporting structures are subjected to dynamic environments with time-varying 

loading conditions, it is important to model their dynamic behavior and validate these models by means of vibrational 

experiments. In this paper assessment of dynamical state of the structure is investigated by means of both: numerical modeling, 

and experimental modal analysis. In experimental modal analysis, capturing the real dynamic behavior of tested structure 

requires a proper sensors and exciters localization. It is often useful to know probable dynamical behavior of the structure before 

experimental campaign planning. Therefore, the initial FE model results are exploited in order to predict the best configuration 

for a measuring equipment placement. Acquired test results are compared with FE solutions subsequently. Such a routine allows 

to asses quality of the preliminary numerical model on the global level, and along with a sensitivity analysis assemble a good 

starting point for fine-tuning of FE model. 

KEY WORDS: offshore wind, support structure, experimental modal analysis, correlation analysis, numerical model updating. 

1 INTRODUCTION 

The offshore wind technology is rapidly developing area. In 

many scenarios it is foreseen as a future of European 

renewable energy source. This persistently evolving 

technology require constant updates of knowledge database in 

very wide scope of disciplines. In this paper issues related to 

structural dynamics of the support structure are addressed. 

2 SCOPE OF THE RESEARCH 

Presented combined numerical and experimental 

investigations are outcomes of the first stage of the research 

project entitled: 

Development of the selection method of the offshore wind 

turbine support structure for Polish maritime areas with 

acronym AQUILO. Project AQUILO is supported by a Polish 

National Research and Development Center under the grant 

PBS1/A6/8/2012. The aim of the project is to create a 

knowledge base, from which the investor will be able to 

decide on the best type of support structure for offshore wind 

farm specific location in Polish maritime areas. Focal point of 

the research is the support structure of the offshore wind 

turbine of the tripod type [8].  

2.1 Global structure overview 

Design of the structure under investigation in fully assembled 

configuration and integration with the auxiliary measurement 

setup is presented on Figure 1. Model scale offshore wind 

turbine with support is attached to the rotary support. Rotary 

support is equipped with moment of force sensors for wave 

hydrodynamic loads on the tripod model. Rotation is required 

to expose investigated system at different angles against 

incoming waves in the rectangular, unidirectional wave basin.  

 

 

Figure 1 Geometry of the laboratory scale model of the 

offshore wind turbine attached to the test rig. 

2.2 Object of the investigation 

Object of investigation was a laboratory scale model of the 

tripod type support structure for the offshore wind turbine. It 

was made of aluminum cylindrical beams. Height of the 

model is 2 meters and weights 30 [kg]. It comprises of three 

pile guides fixed to the central column with upper and lower 

braces (Figure 2). 
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Figure 2 Tripod model in experimental setup for structural 

dynamics identification 

3 NUMERICAL MODEL DEVELOPMENT 

As a tool of numeric analysis, Finite Element (FE) modeling 

technique was chosen. The simulation had to mimic two 

measurement campaign scenarios, one with use of 

acceleration sensors, and the second one with use of strain 

sensors. Initially only the one FE model was planned. The 

strain measurement campaign dictated very fine mesh 

composition because in this case strain field should be 

accurately represented. This condition was not needed in case 

of measurement with use of accelerometers. Considering the 

iteration-wise procedure employed during model updating it 

was decided that two mesh topologies should be prepared.  

3.1 Computer Aided Design geometry of the modeled 

structure 

The original delivered geometry was prepared as a solid 

model. Due to the fact that assumed thickness of the structure 

was 3 [mm] (Figure 3), and as consequence stress along the 

thickness would be negligible small, the plain stress approach 

was applied. The solid geometry was converted to a surface 

model,  i.e. instead  of  the  solid  geometry,  the  mid-surface  

 
Figure 4 Dimensions of the supporting structure 

model was created. Taking advantage on circular symmetry, 

and to reduce time of model preparation, only the cut piece 

spanned on an angle of 30 degrees was utilized. Furthermore,  

geometry was partitioned in the aim to sustain mesh regularity 

(Figure 4). 

 
Figure 4 The mid-surface model used during FE mesh 

generation 

3.2 Finite Element Model Development 

Mesh topologies developed for both measuring campaigns 

approaches are presented in (Figure 5). 

 
Figure 5 A sample of mesh topologies exploited in 

accelerometers measurements (a), and strain gauges 

measurements (b) 

 

The first topology (Figure 5a) consists of 7027 nodes, and 

7104 elements (including 48 triangular elements - T3 in 

Nastran nomenclature). The second one (Figure 5b) consists 

of 20353 nodes, 20616 elements (48 of triangular shape -T3). 

Both meshes are meth to be involved during the stage of 

comparison strain to acceleration measurements, but further 

on in text only the relaxed mesh is referred to. The target of 

numerical modal analysis was set up to 10 first mode shapes. 

Preliminary FE model was developed with the assumption of 

the same parameters for each of the pile guides, upper and 

lower braces. The computation results are presented in Table 

1. It can be observed that double modes occur (i.e. having the 

same natural frequencies but different mode shapes) It is due 

to the symmetry and identical values of the moments of 

inertia. Components of the tripod were manufactured from the 

aluminum sheet produced accordingly to the Polish Standard 

PN-87/H-92741.02. It defines the bidirectional thickness 

deviation and the chemical composition ([%] of Si, Fe, Cu, 

Mn, Mg, Zn, and Al). Small differencies around nominal 

identical design values were introduced into the FE model 

material properties individually for each particular braces and 

pile guides. The modified FE model yielded differences in 

natural frequency values although the modal density of the 

structure remain high and the modes are closely spaced (Table 

5). The FE model with modified parameters was used in the 

pretest analysis. 
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3.3 Pretest analysis for sensor number and location 

definition 

From developed FE-model of a tripod the components 

structural modes were derived with their corresponding 

frequencies by solving the FE-model with NASTRAN solver. 

In order to become a FE-model that, when used in simulation, 

behaves in the same way as the real structure in real life (and 

this is the goal), some changes may have to be made to the 

FE-model [6]. 

Table 1. Mode shapes and frequencies acquired during 

numerical modal analysis before parameters separation. 

1 = 62.9Hz          

 

2 = 62.9Hz          

 

3 = 104.1Hz          

 

4 = 104.1Hz          

 
5 = 221.2Hz          

 

6 = 252.6Hz          

 

7 = 252.6Hz          

 

8 = 262.1Hz          

 

9 = 284.2Hz          

 

10 = 284.2Hz          

 
 

The (modal) differences between the FE-model and the real 

structure, will be analyzed in section 5 by using correlation 

tools. The FE-model’s modes calculated were used to define 

the most optimal measurement/test set-up. In the test-setup the 

set of measuring points and a set of excitation points was 

defined. Pre-Test analysis defines the optimal locations of 

these measurement and excitation points based on the FE-

modes. The objective is to use the FE-model’s modal data to 

define the test-setup providing high quality test-data: excite 

the structure at the right DOF’s and measure the vibrations at 

the right DOF’s to capture as many real-structure modes as 

possible. Afterwards the test-data will be analyzed and the 

modes derived from measurements will be compared to the 

modes derives from FE Analysis in section 5 describing the 

correlation analysis.  

Investigated structure within other project activity was 

instrumented with 45 optical strain sensors. It limited a 

potential location of acceleration sensors. Therefore in the 

pretest analysis the arbitrary selected locations of 55 

acceleration measurement points were verified with the 

evaluation of the proposed excitation points (Figure 6).  

 
Figure 6 test wireframe with measurement points 

To verify if there is no spatial aliasing in mode shapes 

captured with selected measurement points an AutoMAC 

analysis was carried out. An auto-MAC is in fact a MAC 

(Modal Assurance Criterion) with two times the same 

processing. More information about the MAC can be found in  

[4,5 6]. 

 
Figure7 AutoMAC matrix of the modes for selected 

measurement points 
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AutoMAC matrix from (Figure 7) shows which modes are 

correlated, only taking into account the displacement values of 

the wireframe nodes. In general, the MAC value is 1 if two 

mode shapes (modal vectors) are perfectly correlated, i.e. if 

they are identical up to a (complex) scaling factor. By 

definition, the diagonal elements of an AutoMAC matrix are 1 

(a mode shape is perfectly correlated with itself). In the 

(Figure 7) it can be observed that values for the off the main 

diagonal of some modes are around 0,3. The low off-diagonal 

AutoMAC values indicate that the selected sensors are 

capable to distinguish the mode shapes from each other. In the 

next step the selection of excitation points were verified by 

means of Driving Point Residues analysis (Figure 8). Driving 

Point Residues (DRP) provide a means of analyzing which 

DOF is the most efficient in exciting the different modes. For 

each node of the candidate group, the driving point residue are 

calculated for all selected modes. For each node, the minimum 

and maximum values are presented as well as the average, and 

the weighted average values. The weighted average DPR is 

the product of the average DPR and the minimum DPR. The 

value provides global information on how well the modes of 

interest are excited by the different nodes from the group.  

 

 
Figure 8 Driving Point Residues matrix 

 

If an excitation in one DOF results in a very high response 

but for one mode only it isn’t a very good candidate excitation 

point. So it is better to look at the average DPR (averaged 

over all the modes), or at average weighted DPR. Based on 

the Driving Point Residues analysis two excitation points 

selection (169 and 171) were confirmed to excite high 

response. 

4 EXPERIMENTAL MODAL ANALYSIS 

Following the numerical modelling and pre-test analysis the 

experimental campaign was planned and implemented. It was 

done by means of experimental modal analysis with Multiple 

Input Multiple Output approach. 

4.1 Experimental setup  

Tripod aluminum model was underslung by means of elastic 

cord fixed to the top of the model to provide a free-free 

boundary condition. 

Lateral stiffness of the cord is considerably lower than 

longitudinal. It is expected then not to constrain the bending 

mode shape displacements of the central column. Structure 

was excited with two electrodynamic shakers attached to the 

pile guides through the mechanical impedance sensors for 

driving point Frequency Response Function measurement 

(Figure 9). 

 

 

Figure 9 Electrodynamic shakers attached to the hanging 

tripod model. 

Burst random excitation signal was used within the 

bandwidth of 0-1024 [Hz]. Shear piezoelectric tri-axial 

accelerometers were user to acquire the response signals. 

Dense grid of measurement points was developed with five 

measurement points defined on each of the subcomponents for 

adequate capturing the mode shapes. To avoid sensors’ mass 

loading effect [1], [2], [3] only five sensors were used in a 

single test run. Global model was developed by merging 

partial models developed on particular sets of measurements. 

4.2 Measurement results 

Measurement campaign comprised of 17 measurement runs, 

with 5 sensors per run covering in total 55 measurement 

points (Figure 6). It was verified that structure satisfies the 

modal analysis method assumptions as linearity and 

Maxwell's reciprocity theorem.  

Reciprocity of Frequency Response Functions h means that 

measuring the response at Degree Of Freedom (DOF) i while 

exciting at DOF j is the same as measuring the response at 

DOF j while exciting at DOF i [4]. This is expressed 

mathematically in equation (1): 

 

    
 (1) 

 

Response for excitation from shaker one measured at shaker 

two overlaps with response measured at shaker one from 

excitation from shaker two (Figure 10). 
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Figure 10  Verification of Maxwell’s reciprocity theorem 

Structure is characterized by a high modal density with 

numerous modes closely spaced within investigated 

bandwidth up to 400 [Hz] as presented on Figure 11. 
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Figure 11 Example of the stabilization diagram showing 

potential natural frequencies of the object 

4.3 Estimation of the modal model parameters 

Estimation of the modal model parameters yielded 15 natural 

frequencies with corresponding damping coefficients. As 

presented in Table 2. 

 

Table 2. Natural frequencies and damping ratios for 

identified experimental modes. 

 
Mode No Frequency [Hz] Damping [%]

1 66,12 0,19

2 69,26 0,13

3 91,22 0,24

4 93,39 0,15

5 94,85 0,32

6 210,20 0,02

7 247,99 0,00

8 258,03 0,13

9 267,11 0,03

10 283,03 0,09

11 287,43 0,07

12 306,11 0,09

13 342,93 0,15

14 347,80 0,13

15 390,35 0,17  
 

Data in Table 2 confirms the adequate identification of the 

natural frequencies on the stabilization diagram and presence 

of closely spaced modes. Structure is lightly damped and thus 

sensitive to the additional measurement equipment influence 

onto measured quantities. To verify the correctness of the 

modes estimation a mode shapes were compared by means of 

Auto Modal Assurance Criterion (Figure 12) [5]. 

 

 

Figure 12Auto Modal Assurance Criterion of the estimated 

mode shapes 

MAC values for corresponding modes should be near 100 % 

meaning the linear relationship exists between the two 

vectors. MAC off main diagonal terms are small (near zero) as 

the particular modes modal vectors turn out to be linearly 

independent. Estimated mode shapes for natural frequencies 

are presented in (Table 3) 

Table 3. Estimated mode shapes for natural frequencies 

  
1 = 66.1Hz           2 = 69.26Hz           

  
3 = 91.22Hz           4 = 93.39Hz           

  
5 = 94.85Hz           6 = 210.20Hz           

  
7 = 247.99Hz           8 = 258.03Hz           

  
9 = 267.11Hz           10 = 283.03Hz           
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5 CORRELATION AND VALIDATION ANALYSIS 

Finite Element Method model and Experimental Modal 

Analysis models can be compared for the assessment of the 

consistency of the results produces from both methods. 

Natural frequencies and mode shapes are subject of 

assessment. Both models need to be correlated to implement a 

validation analysis. 

 

Figure 13 Measurement grid and the Finite Element mesh 

nodes correlation. Yellow bulbs denote measurement points 

assigned to nodes of the mesh for mode shape comparison. 

Correlated geometries (Figure 13) of the experimental and 

numerical models allow to transfer modal vectors both 

measured and computed to the correlated coordinate systems. 

Transferred vectors were compared by means of MAC 

criterion as presented in (Table 4). Test model is the reference 

model and the FE model is the verification model. 

Table 4. Comparison of the differences between natural 

frequencies of the Verification numerical model and 

Reference experimental model. 

VER mode Id1 FEM FreqREF mode Id2 Freq2 MAC Value Freq2-Freq1 (Hz) Freq2-Freq1 (% of Freq1)

1 61,5 1 66,1 0,822 4,64 7,6

2 61,7 2 69,3 0,864 7,6 12,3

4 104,4 3 91,2 0,225 -13,14 -12,6

4 104,4 4 93,4 0,248 -10,97 -10,5

4 104,4 5 94,9 0,276 -9,5 -9,1

5 215 6 210,2 0,6 -4,83 -2,2

6 245,7 7 248 0,378 2,31 0,9

7 252,2 8 258 0,49 5,85 2,3

8 260,7 9 267,1 0,138 6,45 2,5

9 281,4 10 283 0,508 1,58 0,6

10 283,7 11 287,4 0,602 3,77 1,3  
 

 

Figure 14  Modal Assurance Criterion evaluating 

discrepancies between numerical (verification) and 

experimental (reference) models. 

MAC matrix (Figure 14) reveals two modes which are 

coinciding in terms of frequency but have weaker consistency 

of the mode shapes. These are namely central column (tower) 

bending mode around 100 Hz and the twist modes of pile 

guides at around 260 Hz. 

In the vibration test the suspension of the structure was an 

elastic cord attached to the top flange of the central column of 

the tripod. Lateral stiffness which is the direction of the 

bending mode displacement is significantly smaller than a 

stiffness in the longitudinal direction of the cord. It is planned 

configuration with the objective not to constrain the lateral 

Degree of Freedom. As it was confirmed both in simulation 

and measurement the compression modes of the tripod (along 

the longitudinal direction of the central column) are not 

present within the investigated frequency bandwidth. It could 

be explained by higher stiffness of the cylindrical beam in 

longitudinal direction. The implemented test setup has a 

drawback as entire weight of the structure is effectively 

carried by the central column. This causes a pretension of the 

structure under the gravity load and constrains to certain 

extent the bending mode degree of freedom. Moreover the 

shakers attached to the pile guides were standing on the 

ground which implements further constrain to the investigated 

mode. Small difference in the observed values of the natural 

frequencies obtained from test and simulation clearly indicate 

the existence of the mode. Solution of this problem could be a 

repeating of the test with different supporting method 

releasing the introduced pretension. In particular, an attractive 

option would be supporting entire tripod on the large rubber 

bloc under the bottom of the central column. 

In the second case of satisfactory correspondence of mode 

frequencies is the torsional mode of the pile guides at around 

260 Hz. Top view of the mode both in test and FE display the 

rotary degree of freedom as the main component of the 

displacement. Accelerometers used in the measurement are 

capable of capturing translational degree of freedom 

displacements, no rotational ones (Figure 15). 

 

  

9 = 267.1 Hz           8 = 260.7Hz           

Figure 15 Experimental (left) and numerical (right) torsional 

mode shape - top view. 

 

Improvement of the results could be achieved by 

measurement of more than one line on the pile guide 

cylindrical beam. Measuring the additional lines on the 

circumference of the cylinder would yield information on the 

rotation as the combination of the translational displacements. 

6 PRELIMINARY NUMERICAL MODEL UPDATING 

Estimated experimental modal model was applied in two 

ways: to identify structural dynamics properties described by 

means of the modal model parameters and as a reference data 

for the numerical model updating.  
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6.1 Sensitivity analysis 

Sensitivity analysis allow to identify the numerical model 

parameters most influential on the natural frequencies values 

and mode shapes. The model parameters were being defined 

as design variables to analyze the frequency (1) and mode (2) 

sensitivities. To establish such relation Taylor’s series 

expansion is used. In case of FE model rate of change in the 

resonance frequencies and mode shapes can be quantified as 

follows [7]: 

             (1)  

 

                                      
(2)  

where: 

[M] – mass matrix, 

[K] – stiffness matrix, 

[] – mode shape vector (subscript r – undamped), 

m – modal mass, 

 - resonance frequency (subscript r – damped), 

q – tested parameter. 

 Geometry of the tripod components (thickness of the cylinder 

walls (T) and Young modulus of the material were selected. 

Outcomes of the frequency sensitivity analysis are presented 

on the (Figure 16). 

 

Figure 16 Normalized mode frequency sensitivities matrix 

plot representing most influential design variables (Young 

modulus, Poisson’s ratio, thickness and mass density) onto the 

particular mode frequency values 

As it can be seen, change of modes 8 to 10 depends on the 

same parameter. Additionally, the analysis shows that Young 

modulus, Poisson’s ratio, and mass density play negligible 

role on influencing natural frequencies. The dependence in 

case of modes 8-10 is caused by assigning the same 

parameters to group for: mud-mats (1 property), pile sleeves 

(1 property), lower diagonal braces (1 property), upper 

diagonal braces (1 property), central column (1 property).  A 

solution for this problem is separation of the structural 

members properties. Each of tripled structural members now 

gained their distinctive property, except mud-mats which were  

never considered as the influencing structural members. 

Instead of initial 7 parameters the model now consists of 10 

parameters. This change allows to alter not only the inertial 

property but also shifting the positioning of the principal axes 

of inertia. A new sensitivity matrix shows (Figure 17) 

evidently that now the FE model could be updated with 

assumption of non-homogeneity of the material. 

  

Figure 17 New sensitivity matrix 

Parameters of mud-mats, Young modules, Poisson’s ratios, 

and the density of material were excluded from sensitivity 

analysis as not relevant. Nonsymmetrical properties of the test 

structure  can be caused for example by structural changes in 

rolled aluminum after welding, i.e. due to change in  structure 

of the material, or an inaccuracy during manufacturing stage. 

The effect of parameters separation is presented in (Table 5). 

It is now evident that previously paired modes -due to the 

equal inertial properties of initial FE model - (Table 1), after 

change are now separated (Table 5). 
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Table 5. Mode shapes and frequencies acquired during 

numerical modal analysis after parameters separation. 

1 = 61.5Hz          

 

2 = 61.7Hz          

 
3 = 104.1Hz          

 

4 = 104.7Hz          

 

5 = 215Hz          

 

6 = 245.7Hz          

 
7 = 252.2Hz          

 

8 = 260.7Hz          

 
9 = 281.4Hz          

 

10 = 283.7Hz          
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ABSTRACT: The structural behaviour of thin and ultra-high shells - like Solar Updraft Towers - can be optimized by stiffening 
rings applied along the height, which guarantee a predominant beam-like behaviour. However, too dense or too big stiffening 
rings may become a double-edged sword, because they modify the aerodynamic of the flow past the circular cylinder and may 
induce an even more severe load condition. 
The paper reveals an experimental and numerical evidenced stochastic property of wind-induced pressures, which has been 
detected by analyzing slender circular cylinders with a free-end in turbulent atmospheric boundary layer flow. Cross-checked 
wind tunnel tests were performed at WiSt wind tunnel at Ruhr-University Bochum and at CRIACIV wind tunnel at University 
of Florence. Experimental results are also confirmed by numerical simulations, performed at the Industrial Energy Department, 
University of Florence. The investigation revealed the existence of a bi-stable and not symmetric flow condition, which is 
induced by the presence of rings along the height of the tower and does not disappear even at moderately high Reynolds 
numbers. The effect on the structural response is quantified and mitigation strategies are proposed in the paper. 

 

KEY WORDS: Ultra-high cylindrical Towers; Solar Updraft Towers; Wind Tunnel Test; Bistable Flow. 

1 INTRODUCTION 
The paper addresses an experimental and numerical 
investigation of wind-induced effects on ultra-high cylindrical 
towers in turbulent atmospheric boundary layer flow. The 
study was developed within a wider research on Solar Updraft 
Towers, which represent the main field of application.  

Solar Updraft Towers are ultra-high towers (up to 1-1.5 km 
in height) which produce renewable energy by using the 
natural updraft created by sun radiation. At their feet there is a 
huge collector area, whose roof is e.g. made of glass, acting as 
greenhouse. Thanks to solar radiation, the temperature rise 
within the collector is about 30 degrees. This produces a 
strong updraft in the Solar Tower, whose kinetic energy is 
extracted by turbines at the tower foot and transformed into 
electric power. As strong solar radiation is required as input, 
suitable locations for Solar Updraft Power Plants are the great 
deserts. 

Ultra-high Solar Towers of 1 km or even more have not 
come to realization, yet. However, a small power plant was 
recently built in China (Figure 1) and currently connected to 
the electric grid [18]. In fact, due to the small dimensions of 
this power plant (the tower is only 50 m in height), the 
production of energy is rather low. 

For an up-to-date state of the art on the Solar Updraft Power 
Plant Technology, the reader is referred to [15]. 

The main natural hazard for very thin and ultra-high towers 
is the wind action. The structural vulnerability of the tower 
can be reduced by applying stiffening rings along the tower. 
With regard to the wind action, the main effect of stiffening 
rings is to guarantee a predominant beam-like behaviour to the 
tower. It reduces the peaks of tension at the windward side. 

The aim of this research is to investigate, by means of wind 
tunnel test, the aerodynamic effects induced in the flow past 
circular cylinders by the presence of spanwise rings and the 
wind-induced effects. 

Therefore, a cross-checked wind tunnel investigation was 
performed at WiSt wind tunnel at the Ruhr-University 
Bochum and at CRIACIV wind tunnel at the University of 
Florence. Interesting effects, like bistable flows, were detected 
in the tests in both wind tunnels. They do not disappear even 
at moderately high Reynolds numbers. These effects were 
further confirmed by numerical simulations, performed on the 
basis of CRIACIV wind tunnel tests, by the TEE Group at the 
Industrial Energy Engineering at the University of Florence. 

The paper summarizes the main results of the experimental 
and numerical investigations, together with the interpretation 
of the aerodynamic phenomenon induced by the presence of 
rings along the height. This also suggests strategies for 
mitigation. 

 

 
Figure 1. Solar Updraft Power Plant in Wuhai (China). 
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Figure 3: Wind tunnel model 

4 EXPERIMENTAL RESULTS AND PHYSICAL 
INTERPRETATION 

The effect of surface roughness and turbulence of the 
incoming flow on the Reynolds number was studied with 
regard to the concept of the effective Reynolds number [2]. 

Several configurations of surface roughness (differing for 
rib thickness and spacing) were tested at different wind tunnel 
velocities (Re up to 2.5*105), as reported in [13], [14]. In the 
end, by comparing wind tunnel results on the rough cylinder 
in turbulent flow (with regard to the mean drag coefficient and 
the pressure recovery) with literature data on smooth cylinders 
at transcritical Re (e.g. [4]), a proper configuration of surface 
roughness was selected. It is: ks / d = 0.25mm/150mm = 
1.67*10-3 (being ks the rib thickness) at an angular spacing of 
20°. 

The rough cylinder without rings and immersed in the 
atmospheric boundary layer flow was tested at first. Due to 
the free-end, complicated flow structures develop along its 
height and in the tip region.  

Most of the wind tunnel tests available in literature on 
circular cylinders are at subcritical Reynolds numbers, 
therefore a direct comparison should not be done. However, 
one issue deserves particular attention. In [7], [8], [9] the 
existence of the so-called tip-associated-vortices was detected 
close to the free-end of a very slender circular cylinder. Tip-
associated-vortices are bigger Karman vortices in the tip 
region of the cylinder, which are associated to the reduction of 
the Strouhal number to about one-third of its middle height 
value in the tip region of the cylinder. In a frequency domain 
analysis of wind pressures or forces, tip-associated-vortices 
reveal themselves as a lower frequency peak. 

Solar Updraft Towers are not extremely slender structures 
(h/d = 6.67 in our wind tunnel tests), nevertheless the tip 
effects extend over a large portion of the height (one or two 
diameters). With regard to the mean load, the tip effect 
induces higher drag force in the upper region of the tower [4]. 
As regards the fluctuating load, the presence of the free-end 
on structures of such a slenderness creates a complex 
interaction between typical Karman vortices (St ≈ 0.20-0.21 at 
middle height) and tip-associated-vortices (St ≈ 0.065 in the 
tip region). This interaction is clearly shown in Figure 4, 
which plots the spectra of the lift force at different levels in 
the tip region of the cylinder. This result is confirmed in the 
two wind tunnels. The variation of the Strouhal number along 
the height of the cylinder is motivated in [3] through the 

blockage effect created in the wake by the downwash flow 
from over the tip. This blockage, similar to a splitter plate, 
elongates the vortex formation region and thus reduces the 
frequency of vortex shedding. 

 

 

 

 
Figure 4: Variation of the Strouhal number along the height 
(case without rings, Re = 2.5*105, ks/d = 1.67*10-3): z/h = 

0.95; 0.85; 0.75 

The peculiarity of the wind tunnel tests in case of 10 rings 
placed along the height of the cylinder is the occurrence of a 
bistable flow condition. The bistable nature of the flow and its 
conditions of occurrence are described in [14]. The jumps in 
the time histories of wind pressures are especially evident in 
the vicinity of the separation point (Figure 5), as separation 
does not occur simmetrically on the two sides of the cylinder. 
Consequently, the lift force jumps between two mean non-
zero values (CL ≈ ±0.20), identifying two asymmetric 
(mirrored) load conditions. 

 
Figure 5: Bistable flow in wind pressures in the case of 10 
spanwise rings: Cp at z/h = 0.95, φ = 100°, Re = 2.5*105, 

rough cylinder ks/d = 1.67*10-3 
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The jumps in the time histories of wind pressures identify 
the switch between two asymmetric situations. The jumps also 
correspond to a jump in the position of the separation point. 
Figure 5 shows that the mean pressure coefficient at 100° 
from stagnation ranges from about -1.0 in the state n.1 until 
about -1.6 in the state n.2. On the opposite side of the cylinder 
(-100° from stagnation) the opposite occurs: Cp = -1.6 in the 
state n.1 and Cp = -1.0 in the state n.2 (not shown). In other 
words, higher suction occurs in the mean pressure distribution 
on one side of the cylinder (steady asymmetry). Higher 
suction on one side only is responsible for the onset of a mean 
steady lift force. It should also be observed that the 
asymmetry is not constant all along the height of the cylinder. 
In fact, there is an inversion of the asymmetry along the 
height between different compartments. This implies an 
inversion of the lift force along the height of the cylinder. The 
structural effect on the bending moment at the base in the 
cross-wind direction is thus limited by the spanwise inversion. 

The higher suction on one side only of the cylinder is 
attributed to the formation of a recirculation bubble on that 
side. There is some analogy between this case of separation 
and what occurs on smooth cylinders in the critical range of 
Re. However, in that case the phenomenon deals with a 
laminar separation, which is basically a Reynolds effect, due 
to the onset of turbulent transition on the separated boundary 
layer. In the present case of study, instead, it is not a laminar 
separation bubble (because separation is turbulent). The 
formation of a separation bubble on one side only of the 
cylinder is also confirmed by the numerical simulations (see 
section n.5) 

The frequency domain analysis of wind pressures in the tip 
region of the cylinder highlights an important feature for the 
understanding of the aerodynamic phenomenon induced by 
the rings: the presence of rings interferes with the shedding of 
tip-associated-vortices and the low frequency peak disappears 
in the lift spectra in case of 10 rings. This is clearly evident in 
Figure 6. 

 

 
Figure 6: Suppression of tip-associated vortices in case of 10 
rings (Spectra of lift force, Re = 2.5*105, ks/d = 1.67*10-3, z/h 

= 0.85) 

The asymmetric condition between the two sides of the 
cylinder is not only in the mean flow, but also in the 
fluctuations. In the spectra of wind pressures in the vicinity of 
separation, the energy contribution in the frequency range of 
the tip-associated-vortices is especially abated on one side of 
the cylinder only. This is shown by Figure 7, which plots the 
co-spectra at ϕ = 100° and ϕ = 260° (= -100°) between two 

levels within the same compartment (in the figure: z1/h = 0.89, 
z2/h = 0.85). As the cross-correlations are the integration over 
frequency of the cross-spectra, the asymmetry between the 
two side is confirmed, too. In particular, the tip-associated-
vortices are especially disturbed on the so-called normal side 
of the cylinder, i.e. the one without formation of separation 
bubble. 

 

 

 
Figure 7: Co-spectra of the lift force between two levels 

within the same compartment ϕ = 100° (upper figure), ϕ = 
260° (lower figure), Re = 2.5*105, ks/d = 1.67*10-3, z1/h = 

0.89, z2/h = 0.85. 

The previous figures refer to results at WiSt wind tunnel. In 
any case, the aerodynamic phenomenon and its main features 
are also confirmed at CRIACIV wind tunnel (see [13] for 
further details). 

It is also important to observe that it is not the presence of 
the top ring alone which suppresses the tip-associated-
vortices, rather the distribution of rings in the tip region of the 
cylinder. Figure 8 shows that if rings are properly separated 
(e.g. at a distance of 20 cm on the model with 5 rings) the low 
frequency peak in the spectrum of the lift force is still present. 
In the case of Figure 8, it is noted that rings are placed at a 
distance 2/3d in case of 10 rings and at a distance of 4/3d in 
case of 5 rings. This suggests that the tower diameter is the 
key parameter which should govern, in the tower design, the 
distance between rings in the tip region. In order to avoid the 
bistable flow condition, the rings in the tip region should be 
placed at a distance bigger than the diameter. In other words, 
the uppest ring can be placed on top and below it a distance at 
least equal to the diameter should be left free of rings. Then, 
the rings can be placed as required by the designer. This is 
true independently of the width of the rings, even if smaller 
rings are less effective in creating the bistable effect and 
produce a weak asymmetry. 
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Figure 8: Spectra of the lift force  (Re = 2.5*105, ks/d = 

1.67*10-3, z/h = 0.85) 

5 NUMERICAL EVIDENCE 
CFD simulations are performed by the TEE Group at the 
Industrial Energy Department (University of Florence) on the 
basis of CRIACIV experiments. They provide numerical 
evidence of the asymmetric bistable flow condition around the 
circular cylinder with ten rings.  

The simulation uses the software Ansys Fluent and the 
incompressible fluid is solved by applying Navier-Stokes 
equations. The time step is 0.001 s, so that at a velocity of 28 
m/s about thirty time steps describe a period of vortex 
shedding. The turbulence model is the Shear Stress Transport 
(SST) k-ω. This is suitable to describe separated flows on 
smooth surfaces and adverse pressure gradients. 

The boundary conditions at the inlet are the velocity profile, 
the turbulence intensity and the turbulent length scale. The 
boundary conditions at the outlet are the pressure, the 
turbulence intensity and the turbulent length scale. No slip 
conditions are set to all the other surfaces. 

The velocity profile at the inlet has a given shape, 
resembling the one in the boundary layer wind tunnel. The 
maximum velocity is 28 m/s. The turbulence intensity and the 
integral length scale Lux are constant along the height, equal 
to 1% and 0.0075 m, respectively.  

A peculiar feature of the simulations is the high Re number 
(Re = 2.8*107), obtained by reducing the air viscosity of two 
order of magnitudes (ν = 1.5*10-7 m2/s). In these transcritical 
conditions of Re, surface roughness on the cylinder is not 
necessary. 

The simulation confirm the main features already observed 
in the experiment, i.e.: 

1) Despite the symmetry of the structure (a circular 
cylinder of finite length with 10 rings) and of the boundary 
conditions, the resulting flow condition shows a stable 
asymmetry which does not disappear with time. The 
asymmetry is due to higher velocities on one side only of the 
cylinder, which create a separation bubble on one side only of 
the cylinder (Figure 9). This is in accordance with the 
experimental results. 

2) The asymmetry is alternated along the height, 
between different compartments. 

3) The flow over the tip of the cylinder plays a key role. 
In fact, the downwash is not in the symmetry plane of the 
cylinder, but it is shifted on either side of the cylinder. In 
particular, it was interesting to catch in the simulation an 

"attempt" of jump between the two stable asymmetric 
conditions. Expectedly, due to the key role of the tip region, 
the change of state starts from the tip, as shown by Figure 10. 

 

 
Figure 9: Horizontal cross-section, instantaneous flow 

velocity (magnitude, m/s) at z/h = 0.75 [17]. 

 

 
 

 
Figure 10: a) b) Transversal cross section in the wake at X = R 
from the tower (upstream view). a) Before the jump; b) After 

an attempt of jump in the tip region [17]. 

6 STRUCTURAL RESPONSE 
The onset of the bistable flow is not a prohibitive condition 
for the design of Solar Updraft Towers. Mitigation strategies 
such as increase the distance between rings in the tip region 
allow to avoid it and are thus recommended. 
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In the case of 10 rings, the wind tunnel tests showed, beside 
the bistable load, higher mean drag force. They are mainly 
attributed to the higher suction in the wake of the cylinder on 
the bubble side. The increase in the drag force implies and 
increase of about 10% of the base bending moment. The 
bending moment in the cross-wind direction due to the steady 
lift is not of concern. Furthermore, the presence of rings 
reduces the correlations of pressures. This reduces the load. In 
particular, the reduction of correlations in the wake of the 
cylinder in the case of 10 rings reduces the along wind load on 
the tower. However, the presence of rings increases the rms 
values, and this increases the response. The global effect on 
the circumferential (n11) and meridional (n22) internal forces 
is shown in Figure 11 and Figure 12. The internal forces are 
peak values (mean + peak factor * standard deviations). The 
structural finite element model of the tower always has 10 
rings. The differences in the response are only due to the load 
modification in presence of rings. Resonance is not included. 

 

 
Figure 11: Internal forces in the circumferential direction n11. 

 
Figure 12: Internal forces in the meridional direction n22. 

7 CONCLUSIONS 
The paper gave experimental and numerical proof of an 
aerodynamic phenomenon induced on a circular cylinder by 
the presence of spanwise rings at a distance which is smaller 
than the diameter. The effect is a bistable and asymmetric 
load, associated to the formation of a separation bubble on one 
side of the cylinder. It shows some similarities with the 
bistable flow past circular cylinders (without rings) in the 
critical range of Re. However, in the present case of study, the 
phenomenon does not disappear at moderately high Re. 
Consequently, this new type of bistable flow is of interest in 
the design of cylindrical structures with stiffening rings. An 
example are Solar Updraft Towers. 

It resulted from the investigation that the phenomenon is 
governed by the tip flow and the rings interfere with the tip-
associated vortices. Mitigation strategies suggest to increase 
the distance between rings in the tip region. In any case, the 
onset of a bistable load condition is not prohibitive for the 
design. The effect is quantified in the structural response 
(about +10% in case of 10 rings). 
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ABSTRACT: Strain-based Modal Analysis (SMA) is a relatively new topic in the structural dynamics world that gained 
particular interest in recent years, in particular for structural monitoring application. While classical modal analysis aims at 
deriving a modal model in terms of modal displacements, the strain modal analysis final result is a description of the system in 
terms of modal deformation. The advantage of using strain gauges is that they are more reliable, less invasive and can monitor 
also the structural deformation. The objective of this paper is to propose a formulation to perform modal analysis using strains 
and compare the obtained results with those from techniques based on acceleration signals. The possibility to combine strain and 
acceleration signals to derive a common modal model will be discussed. The method will be firstly validated on a small wind 
turbine clamped at the root and tested in laboratory conditions. Finally, the method will be applied on the data acquired by 
Sandia National Laboratories during the Sensored Rotor 2 field test campaign on a modified MICON wind turbine. In this 
experiment, both strain gauges and accelerometers were installed on the blade in similar locations and the signals synchronously 
acquired. 

KEY WORDS: Modal Analysis, Operational, Strain, Blade, Wind Turbine. 

1 INTRODUCTION 
Historically, modal structural dynamics has almost 
exclusively concentrated on the use of accelerometers and 
other motion sensors for the identification of modal 
frequencies, modal damping and motion mode shape. These 
parameters, despite being very important to understand the 
structural response and validate numerical models, are only 
intermediate results for the analysts. Stresses and strains still 
remain the prime parameters of interest for almost all 
structural systems which must survive severe dynamic loads 
[1][2]. 

The use of strain sensors for modal testing, however, has 
been less accentuated, with the difficulties associated to the 
use of strain gauges slowing down the advent of strain modal 
analysis. However, the interest in dynamic strain analysis is 
growing both in academia and industries, leading to the 
development of improved identification and measurement 
techniques, as well as to improved sensor technology [3]. 

Reference publications on the topic of strain-based modal 
analysis, its theoretical foundations and the limitations still 
date back to the 1980’s, even though recently the number of 
proposed application is growing. This renewed interest comes 
from academia as well as from industries, where the objective 
is to assess and evaluate structural integrity already in the 
design prototype stages. Another very promising industrial 
application is the monitoring in real time of the structural 
response using Condition and Structural Health Monitoring 
Systems. This has obviously pushed the development of 
improved identification and measurement techniques, as well 
as improved sensor technologies [4][5]. 

In this paper, strain based modal analysis results will be 
compared to modal analysis using accelerometers, by using 
two examples were both quantities were measured. Moreover, 

in one case standard Experimental Modal Analysis is applied, 
while in the other Operational Modal Analysis is used, which 
is particularly appealing for condition monitoring 
applications. 

2 STRAIN MODAL ANALYSIS THEORY 
The theoretical formulation behind strain modal analysis and 
the advantages and disadvantages of the method compared to 
standard modal analysis using accelerometers are now 
presented. 

To obtain the strain modal formulation, one can start with 
the fundamental theory of modal analysis. Modal theory [6] 
states that the displacement on a given coordinate can be 
approximated by the summation of a N number of modes as: 

 ∑
=

=
N

i
iiqu

1

φ  (1) 

where u is the displacement response in x  direction, ϕi is the 
ith (displacement) vibration mode and qi the generalized modal 
coordinate. For small displacements, given the theory of 
elasticity, the strain/displacement relation is: 

 u
xx ∂
∂

=ε  (2) 

The same relationship can be derived also between the 
strain and displacement vibration mode, leading to: 

 ii x
φψ

∂
∂

=  (3) 

Starting from Eq. (2) and (3), Eq.(1) can be rewritten as: 
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 ∑
=

=
N

i
iiq

1

ψε  (4) 

Moreover, the relationship between the generalized modal 
coordinate q and an input force F is: 

 Fq iii ψ1−Λ=  (5) 

where 

 ( )iiii kcjm ++−=Λ ωω2  (6) 

where mi, ci,  and ki are the ith modal mass, modal damping 
and modal stiffness, while ω is the excitation frequency. 
Substituting Eq. (5) into (4), the relation between a force input 
and a strain output, in terms of displacement and strain modes 
is represented as: 

 ∑
=

−Λ=
N

i
iii F

1

1ψε  (7) 

Finally, the strain frequency response function (SFRF) can 
be obtained, in matrix form, as: 

 [ ] [ ][ ] [ ] { }{ }∑
=

−− Λ=Λ=
N

i
iii

TeH
1

11 φψφψ  (8) 

The expansion in matrix form of (8) is: 
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 (9) 

where m  represents the number of strain gauge measurement 
stations and n represents the number of excitation points. 

Now, the columns of the matrix in Eq. (9) correspond to the 
strain responses due to the excitation points along the rows of 
the matrix. Some important characteristics can be inferred 
from Eq. (9). First of all, differently from displacement FRFs, 
the SFRFs matrix is clearly not symmetric, that is, for 
instance, εε

2112 HH ≠ . This means that reciprocity is not 
guaranteed for strain modal analysis, so that exciting point a 
and measuring point b will not yield the same FRF as exciting 
point b and measuring point a. Moreover, any column of the 
SFRF matrix contains all the information regarding the strain 
modes (ψ), while any row of the SFRF matrix contains 
information about the displacement modes (ϕ). This particular 
property leads to practical applications: to obtain the strain 
mode shapes, one must use a fixed excitation point and 
measure the strain response. On the other hand, by using a 
strain gauge as a fixed reference sensor and moving the 
excitation point (as with impact testing), the displacement 
mode shapes can be obtained. Because of these properties, the 
strain modes that are identified are usually unnormalized, 
meaning that modal masses and stiffness cannot be retrieved 
form the measured SFRF. This can be avoided by measuring 
one full column and one full line of the modal matrix in Eq. 
(9). 

Despite these limitations, strain modal analysis also has 
some strong advantages over standard displacement modal 

analysis [7]. First of all, for model correlation and updating, 
the information that can be used is more accurate and 
complete: standard modal parameters do not necessarily 
ensure correct strain prediction. Moreover, the availability of 
numerical models that accurately predict the strain field can 
be used for fatigue life predictions. In addition, the measured 
response curves can be used directly, thus limiting the error 
introduced by modeling assumptions or data processing. 
Another strong advantage is that, in force estimation problems 
(e.g. Transfer Path Analysis), using SFRFs will results in a 
better matrix conditioning and consequently better results. 
From a dynamic point of view, strain gauges have the 
advantage of being able to accurately measure lower 
frequencies, without feeling the influence of rigid body modes 
(that don’t generate any structural deformation). The 
amplitude at resonance gives direct information on the most 
dangerous frequency components for life prediction and can 
also be used as a structural health index in condition 
monitoring applications. Last but not least, strain gauges are 
usually more reliable in rough situations, can be installed in 
locations which might be more difficult to access and do not 
introduce mass loading issues. 

3 SMALL WIND TURBINE BLADE 
The first application case that is presented is the identification 
of the modal parameters of a small wind turbine blade using 
accelerometers and strain gauges in a standard input/output 
modal analysis. The global aim of the project is to perform 
different kind of modal testing to correlate and update a 
numerical model of the blade. Free-free modal tests using 
accelerometers were already performed in the past and the 
numerical model updated to match extracted information. In 
this case the attention will focus on the comparison between 
extracted information from accelerometers and strain gauges.  

3.1 Test Setup 
The small composite blade was clamped to a steel block using 
2 of the 4 bolts which are generally used to connect the blade 
to the rotor hub (Figure 1).  

 
Figure 1: Blade clamped at the root (right) on a steel block. 

 
To compare the results using the same information, 

accelerometers were placed on the suction side while the 
strain gauges on the pressure side and the leading edge of the 
blade. In total, 15 tri-axial accelerometers and 20strain gauges 
were placed. The test geometry for the accelerometers is 
shown in Figure 2 
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Figure 2: accelerometer locations. 

In Figure 3, the geometry for the strain gauges is displayed. 
The main difference with the accelerometer setup is that each 
strain gauge is measuring the deformation in the axial 
direction (horizontal axis in the figure). The only sensor 
which is measuring the 2 planar and the shear strain 
component is the one placed in the center of the blade. This 
was specifically placed on the elastic axis to try to capture the 
torsional mode. Finally, the points on the upper line in Figure 
3 are the strain gauges placed on the leading edge. The normal 
to the blade surface is here rotated by 90° compared to the one 
on the sensors in the pressure surface and the measured strain 
should be more representative for the in-plane bending of the 
blade. 

 

 
Figure 3: Strain gauges locations. 

The excitation was applied on the structure by means of a 
modal hammer. To have the driving point FRFs, impacts were 
applied on the suction side of the blade close to the 
accelerometers. To average the results and increase the 
coherence, 10 impacts were applied on each excitation point. 

 
Figure 4: Comparison between driving point acceleration FRF 
and coherence and the measured SFRF on the corresponding 

point on the pressure side of the blade. 

The analyzed data are those collected impacting the blade 
close to the blade tip. In Figure 4, on top, the averaged driving 

point acceleration FRF and coherence are shown. The 
measured FRF is of very high quality up to almost 400 Hz, 
where the coherence starts to drop a little and the FRFs 
become noisy. The SFRF reported below in the one measured 
on the corresponding point on the other surface of the blade. 
The quality of the FRF is comparable up to 200 Hz, while at 
higher frequency the coherence drop significantly and the 
curves are very noisy. However, some peaks are still visible in 
this region. 

3.2 Acceleration Data Processing 
First of all, the acceleration FRFs are processed. To derive a 
modal model, the PolyMAX estimation technique is used [8].  

 

 
Figure 5: PolyMAX FRF stabilization diagram. 

The resulting stabilization diagram is shown in Figure 5. 
The selected poles are those corresponding to the more stable 
lines and to the lower deeps in the Mode Indicator Function 
line (in green). The other poles were also analyzed and found 
to correspond to movement of the support structure, coupled 
modes or mode of the connection between the structure and 
the blade. The modal parameters are summarized in Table 1. 

Table 1: modal parameters extracted from acceleration 
measurements. 

Mode Frequency 
[Hz] 

Damping 
[%] 

1st flap bending 17.38 1.84 
1st in-plane bending 46.74 2.84 

2nd flap bending 63.97 3.39 
3rd flap bending 148.91 4.17 

1st torsion 178.58 2.97 
2nd in-plane bending 200.134 1.62 

4th flap bending 276.60 2.46 
 

3.3 Strain Data Processing 
Similarly to what was shown in Section 3.2, the strain data 
were initially processed using also in this case the PolyMAX 
method. The stabilization diagram is shown in Figure 6: 
PolyMAX SFRF stabilization diagram.Figure 6. Few 
comments can be made by comparing this diagram with the 
one shown in Figure 5. From a modal identification point of 
view, using FRFs instead of SFRFs with PolyMAX allowed 
identifying also the 4th flapwise bending mode at 276.6 Hz. 
Even though this peak can be seen in the stabilization diagram 
of the SFRFs, it is so much affected by noise that the method 
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cannot fit any pole. On the other hand, even by increasing the 
model order, all the spurious and numerical modes in Figure 5 
are not visible here. This is one of the clear advantages of 
using strain gauges instead of accelerometers that was listed in 
Section 2. Since for model updating only the properties of the 
blade are of interest, the measured strains will show only 
mode that involve actual deformation of the blade, and not 
displacement due to other components of the structure or not 
correct boundary condition implementation. This confirms the 
previous hypothesis that the other poles were associated to the 
support structure rather than the blade itself. 

 

 
Figure 6: PolyMAX SFRF stabilization diagram. 

By analyzing the results in Figure 6 and the selected modal 
parameters, two main observations can be derived. Firstly, the 
mode at 276 Hz cannot be identified even by doubling the 
model order. Secondly, the identified damping of the mode at 
200 Hz is 0.3%, against the 1.6% identified by the PolyMAX 
on the acceleration FRFs. FRFs strongly affected by noise are 
known to introduce these problems in the identification 
process with standard deterministic estimators. To tackle these 
specific situations, the PolyMAX Plus method was recently 
introduced [9]. While other standard estimators might still be 
able to pick up the poles in the noisy areas, the PolyMAX Plus 
will also give uncertainty bounds caused by the noisy data on 
each of the estimated parameters.  
 

 
Figure 7: PolyMAX Plus stabilization diagram. 

 
 

Table 2: PolyMAX Plus modal parameters on SFRFs with 
uncertainty bounds. 

Mode Frequency 
[Hz] 

Damping 
[%] 

1st flap bending 17.4 (±0.006) 1.86(±0.036) 
1st in-plane bending 46.59(±0.012) 2.68(±0.024) 

2nd flap bending 63.92(±0.009) 3.42(±0.013) 
3rd flap bending 148.91(±0.025) 4.26(±0.018) 

1st torsion 178.58(±0.029) 3.01(±0.017) 
2nd in-plane bending 199.32(±0.133) 1.43(±0.068) 

4th flap bending 275.33(±0.317) 2.90(±0.12) 
 

The stabilization diagram, for a comparison to the standard 
PolyMAX,, is shown in Figure 7, while the estimated 
parameters together with their uncertainty bound are shown in 
Table 2. The effect of noise can clearly be seen on the higher 
modes estimates, where the bounds are significantly bigger. 
While for the natural frequency estimates the effect of noise 
remains negligible, the influence on damping is much 
stronger. 

3.4 Results Analysis 
The results obtained on the small wind turbine blade with 
accelerometers and strain FRFs will now be compared. By 
looking at Table 1 and Table 2., both frequency and damping 
are very consistent in both cases, allowing to conclude that 
strains are very valuable in identifying the dynamic properties 
of a structure as well as accelerometers (given some 
constraints such as the frequency band of interest). For the 
strain modal analysis, the differences in the identified modal 
model obtained with the PolyMAX or PolyMAX Plus method 
are shown in Figure 8. The quality of the model obtained with 
PolyMAX is significantly higher, in particular when the noise 
becomes significant. 

 
Figure 8: SFRF synthesis with PolyMAX and PolyMAX Plus. 

A final comment can be done on the identified shapes. In 
Figure 9, the identified shapes for the 3rd flap bending are 
shown. In general, displacement shapes have higher amplitude 
where the displacement is higher (which is in general at the 
blade tip, while for strain shapes the maxima are on the points 
of higher deformation and curvature. In both cases, the two 
lobes of 3rd order bending modes can be observed, but in 
general the strains give more local results. 
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factors, that replace the modal participation factors in case of 
output only. By assuming this model for the system, standard 
identification method such as PolyMAX can be applied. 
However, one of the limitations of OMA compared to EMA is 
that the force is not measured, thus only relative values of the 
displacement mode shapes are obtained. If this is in most 
cases seen as a limitation, it actually justifies the use of strain 
gauges for monitoring of structure in operating conditions. 
One of the limitations of strain modal analysis, as discussed in 
Section 2, is the fact that, if not combined with a standard 
acceleration measurement, will provide only unscaled mode 
shapes. This is actually something that brings the two 
techniques at the same level in case of operational 
measurement, since scaled modes are generally not available 
anyhow. Moreover, the use of strain gauges in these 
conditions allows directly monitoring the loads acting on the 
structure, which is not usually directly available from standard 
acceleration measurements.  

4.2 Field Test Campaign 
Before showing the results obtained by processing the strain 
gauges signals, the modal parameters obtained by SNL during 
a field test campaign (standard Experimental Modal Analysis 
with hammer excitation) [11] and applying OMA on the 
turbine in parked conditions on a 10 minutes section [15] will 
be summarized in Table 3. 

 

Table 3: Reference displacement modal parameters. T: Tower; 
B: Blade; R: Rotor; FA: Fore-Aft; SS: Side-to-Side; F: 

Flapwise; E: Edgewise; S: Symmetric; A: Antisymmetric; V: 
Vertical; H: Horizontal; IP: In-Phase; OP: Out-of-Phase. 

Mode EMA 
Frequency 

OMA 
Frequency 

OMA 
Damping 

1st T-FA 1.30 1.30 0.58 
1st T-SS 1.34 1.35 0.64 
1st R-T 3.19 3.12 3.89 

1st B-F-A-V 3.26 3.23 1.48 
1st B-F-A-H 3.45 3.42 2.81 

1st B-F-S 4.51 4.46 1.90 
1st E-S-IP 5.35 5.35 1.72 
1st E-S-OP 5.51 5.50 0.48 

2nd B-F-A-V 6.57 6.43 2.16 
2nd  B-F-A-H 7.17 7.12 1.11 

2nd B-F-A-V(2) 10.01 10.10 1.69 
2nd B-F-A-V(2) 10.34 10.38 1.32 

2nd B-F-S 11.49 11.42 0.9 
2nd R-T 15.41 15.26 0.92 

 
In total, 14 modes between 0 and 16 Hz were found in the 

field test campaign. The same modes were found also 
applying OMA and the PolyMAX modal identification 
method on the operational data in parked condition using the 
accelerometer signals. Damping information on the EMA 
modes were not published in [11] so couldn’t be used to 
compare the results. 

4.3 Strain Operational Modal Analysis 
The strain acquired on the wind turbine in parked condition 
will now be analyzed and processed using operational modal 

analysis. In total, 7 strain signals per blade are available: 4 at 
the blade root and then one per station at 2.25m, 4.5m and 
6.75 m. All strains measure the strains in the blade spanwise 
direction caused, as in Section 3, by displacement both in the 
flapwise and edgewise directions. In addition, two strain 
gauges were also installed at 2 meters from the tower bottom, 
measuring respectively strain in fore-aft and side-to-side 
directions. Since the measured degrees of freedom are 
different for the acceleration and strain data analysis, no 
correlation between the mode shapes can be computed. The 
comparison between the results will then be done 
quantitatively on the frequency and damping rations and only 
qualitatively on the mode shapes. 

Out of the total acquired data, the first 20 minutes were 
isolated and analyzed. The first step was the analysis of the 
data to verify that all signals were correctly acquired. Due to 
calibration, all raw signals have strong DC components that 
were removed by detrending the signals with a 2nd order 
polynomial. Moreover, it was found that due to some error in 
the measurement chain, one of the strain gauges was not 
measuring any signals. This signal, as well as the others 
corresponding on the other blades, were neglected.  

 

 
Figure 12: Time histories and corresponding Power Spectral 

Density for the strain at the hub for the 3 blades. 

The measured signals for the 3 blades at a location close to 
the blade hub are shown in Figure 12. Even though the data 
were acquired with a low bit-rate and the resolution of the 
time histories in the top figure is limited, when transformed in 
the frequency domain the data are of good quality. The signals 
between the three blades are consistent and the main peaks 
can be recognized and correspond to the natural frequencies in 
Table 3. Among the listed mode, the two torsional modes of 
the rotor are not expected to be found here, since there are no 
sensors measuring the deformation of the shaft.  

The acquired time data were then preprocessed to compute 
the half-spectra matrix as discussed in Section 4.1. Correlation 
functions were computed using 1024 time lags and an 
exponential window of 10%. 4 references were selected to try 
to estimate correctly all modes: the two strain gauges on the 
tower, one on the blade but on the trailing edge to capture the 
rotor in-plane modes and one on the blade tip for the flapwise 
modes. The 4 resulting Autopower spectra for the reference 
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channels are shown in Figure 13. Another advantage of OMA 
on such a structure using the strain gauges as signals is that 
the analysis focus only on low frequencies, below 20 Hz, so 
that the limits at higher frequencies of these sensors are not 
influencing the analysis as was the case for the small wind 
turbine blade in Section 3.3. 

 

 
Figure 13: Reference Autopowers for OMA analysis. 

 
Figure 14: PolyMAX Plus stabilization diagram. 

The stabilization diagram built using the PolyMAX Plus 
method is shown in Figure 14: PolyMAX Plus stabilization 
diagram.Figure 14. The model order for the fitting algorithm 
needed to be set quite high to capture all the poles of interest. 
However, no numerical poles are appearing and the 
stabilization is very clear, with only the stable poles shown. 
The results are summarized in Table 4. 

 

Table 4: Comparison of accelerometer vs. strain OMA results. 
Mode Acc. 

Frequency 
Acc. 

Damping 
Strain 

Frequency 
Strain 

Damping 
1st T-FA 1.30 0.58 1.30 0.60 
1st T-SS 1.35 0.64 1.34 0.61 
1st R-T 3.12 3.89 - - 

1st B-F-A-V 3.23 1.48 3.21 2.78 
1st B-F-A-H 3.42 2.81 3.43 0.41 

1st B-F-S 4.46 1.90 4.48 1.49 
1st E-S-IP 5.35 1.72 5.41 0.64 
1st E-S-OP 5.50 0.48 5.56 0.45 

2nd B-F-A-V 6.43 2.16 6.57 0.89 
2nd  B-F-A-H 7.12 1.11 7.16 0.95 
2nd B-F-A-

V(2) 
10.10 1.69 10.14 0.45 

2nd B-F-A-
V(2) 

10.38 1.32 - - 

2nd B-F-S 11.42 0.9 11.39 1.38 
2nd R-T 15.26 0.92 - - 

In general, there is very good correspondence between the 2 
analysis. Some difference in the damping values can be 
related to the fact that the data processed in [16] were from a 
different section of the 8 hours data. Differences in the mean 
wind speed between the 2 data set could be the main reason 
for the differences in damping values. Interpreting the mode 
shapes is a bit more difficult, due to the limited number of 
sensors installed. However, both the modal synthesis (Figure 
15) and the autoMAC (Figure 16) to assess the quality of the 
modal model and the linear independency of the selected 
mode shapes, give very good results to have confidence in the 
obtained results. 

 

 
Figure 15: example of synthesized vs. measured strain 

crosspowers. 

 
Figure 16: autoMAC matrix for the identified mode shapes. 

5 CONCLUSION 
In this paper, the possibility to use Strain Modal Analysis to 
identify a modal model of the structure was investigated. First, 
the theoretical background, together with the advantages and 
limitation of this technique were presented. Then, the method 
was applied to identify a modal model of a clamped small 
wind turbine blade instrumented with both strain gauges and 
accelerometers. The test was conducted in laboratory 
conditions and the structure excited with a hammer so that the 
excitation force was available. The modal results obtained 
from the FRFs acquired with the two sensors are comparable, 
showing the validity of the strain modal analysis as an 
alternative to standard modal analysis for specific 
applications. Moreover, the use of an advanced modal 
identification method such as the PolyMAX Plus, which 
allows improving the results in case of noise-contaminated 
signals, seems the perfect solution for this situation. 
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The method was then also applied on operational data 
acquired on a parked wind turbine. This is an ideal application 
for strain modal analysis, since they are more reliable than 
accelerometers and can be used for continuous structural 
health monitoring solutions. Also in this case, the results were 
compared with some previous analysis on the same structure 
but based only on accelerometers. The results agree very well, 
thus confirming again the validity of the method and the 
possibility to use it as an alternative to standard acceleration-
based modal analysis for these applications. 
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ABSTRACT: Wind is one of the most important and reliable renewable energy sources in the world. Currently, the 
implementation of new wind turbines is supported by large multi-MW systems, with flexible support structures at onshore and 
offshore locations. Although high technological maturity and availability is already presented by modern wind turbines, the 
continuous increase in dimension and flexibility of the turbines support structures leads to some concern about their structural 
integrity throughout their period of operation. 

Thus, in the present paper, the first steps of the implementation of a dynamic monitoring system for damage detection on a 
wind turbine, developed by the Laboratory of Vibrations and Structural Monitoring (ViBest), are introduced. The preparation, 
implementation and initial results of the monitoring system installed on a 2.0 MW onshore wind turbine tower are presented. 

KEY WORDS: wind turbine; monitoring; ambient vibration test; operational modal analyses. 

1 INTRODUCTION 
Wind energy is considered one of most reliable and feasible 
options for renewable and clean energy. Year after year, wind 
energy market has presented a consistent growth both for 
onshore [1, 2] and, more recently, offshore locations [3]. 
However, as a financial investment, wind turbines need to 
present high availability rates and, consequently, low 
downtime failures. 

This fact justifies the development and implementation of 
monitoring systems based on the continuous tracking of the 
modal parameters of the structure as indicators of early 
damage. For this purpose, tools for extraction of these 
parameters based only on the dynamic response of the 
structure must be implemented and used. 

This experimental modal analysis approach, also named as 
Operational Modal Analysis (OMA), is a well-studied field of 
investigation and several successfully works on civil 
engineering structures have already been published. For 
example, Magalhães et al. [4] and Hu et al. [5] developed 
dynamic monitoring systems for a roadway arch bridge and 
for a footbridge, respectively. Considering the wind energy 
field, some previous works presented interesting results 
concerning modal identification of wind turbine structures. 
Pelayo et al. [6] were able to identify two onshore wind 
turbines with foundation damages through the comparison of 
their natural frequencies against the ones from a healthy 
turbine. Hu et al. [7] presented the variation of the modal 
parameters from a 5.0 MW wind turbine during a period of 
two years. Lastly, Devriendt et al. [8] presented the evolution 
of the natural frequencies and modal damping ratios of 5 
modes of an offshore wind turbine. 

This paper describes the first steps of the implementation of 
a dynamic monitoring system by the Laboratory of Vibrations 
and Structural Monitoring (ViBest, www.fe.up.pt/vibest). This 
system aims to detect early damage on the support structure of 
wind turbines. The paper is divided into two main parts. 

Initially, the ambient vibration test performed prior to the 
installation of the monitoring system is presented. The main 
results obtained with the application of two state of the art 
output-only algorithms are shown. These results are then 
correlated with the results provided by a finite-element (FE) 
model. In the second part, the implemented continuous 
dynamic monitoring system is introduced and the first results 
are described. 

2 DESCRIPTION OF THE STRUCTURE 
The wind turbine under analysis is a 2.0 MW system with a 
variable-speed generator located at the north of Portugal. It 
has a height of 80 m and a blade length of roughly 40 m. Its 
support structure is composed by a concrete slab foundation 
and a steel tower. As usual, the tower is constituted by 
individual cylindrical segments which are connected to each 
other by flanged bolted connections. 

3 AMBIENT VIBRATION TEST 

3.1 Test procedure 

The ambient vibration test was conducted during a 
maintenance period (wind turbine parked with sporadic 
rotation of the nacelle and with blades pitched out of the 
wind), with low wind speed conditions. A more detailed 
description of this test and the results obtained can be found in 
[9]. 

In order to measure the vibrations of the tower, 4 tri-axial 
24-bit strong motion accelerometers (S1 to S4) were used. 
These devices were located at three different levels along the 
tower (see Figure 1). These positions were kept during the 
entire test and 7 setups of 960 seconds were recorded. 
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Figure 1. Instrumented sections and accelerometers positions. 

 

3.2 Identified modal parameters 

The identification of modal properties of the structure from 
the data collected was processed with two different output-
only algorithms, previously implement in Matlab [10]: SSI-
COV, in the time domain; and the p-LSCF, in the frequency 
domain. A more detailed description of these methods is 
presented in [11, 12, 13]. 

Usually, the results obtained with these algorithms are 
presented in the form of stabilization diagrams. These 
diagrams show poles for different orders at the frequencies of 
possible resonance peaks. Thus, if the properties of a pole 
(modal parameters) are kept constant, at a specific frequency 
value and for consecutive orders, it is considered a stable pole 
and it is very likely to indicate the existence of a vibration 
mode at this frequency. 

Representative stabilization diagrams obtained from both 
algorithms are presented in Figure 2 and 3. As can be seen, 
several alignments of stable poles can be identified. In both 
figures, the vibration modes related to the support structure 
are highlighted by red boxes. Two groups of two closely-
spaced fore-aft (FA) and side-side (SS) modes – around 0.35 
Hz and 2.78 Hz – were identified. These are associated to the 
first and second bending modes. Also, the third pair of 
bending modes was identified at around 8.2 Hz and 9.3 Hz. 
As for the other stable alignments, it is believed that they are 
related to rotor vibration modes. The instrumentation of the 
blades would permit to validate this hypothesis. 
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Figure 2. Stabilization diagram obtained with the SSI-COV 

algorithm. 
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Figure 3. Stabilization diagram obtained with the p-LSCF 

algorithm. 
 
The main results obtained with this test, namely frequency 
values (f) and damping ratios () for the first three pairs of the 
support structure vibration modes are summarized in Table 1. 
 

Table 1. Main results obtained with the ambient vibration test. 

SSI-COV p-LSCF Description 
f [Hz]  [%] f [Hz]  [%] 
0.353 0.353 0.353 0.356 1st FA 
0.355 1.648 0.354 1.841 1st SS 
2.768 0.339 2.769 0.312 2nd FA 
2.792 0.329 2.792 0.341 2nd SS 
8.234 2.526 8.295 1.093 3th SS 
9.294 1.390 9.291 0.401 3th FA 

 
As can be observed, the results obtained for the frequency 
values with both algorithms are almost coincident. Also, the 
values of damping ratios for the first two pairs of vibration 
modes extracted by the two methods are very similar. 
However, the damping results for the third pair are not so 
coherent. This might be due to the less clear alignment of 
stable poles for these modes. 

3.3 Numerical model 

With the purpose of a better understanding of the 
experimental results, a numerical model of the wind turbine 
structure was performed with ANSYS software [14]. In that 
sense, four-node shell elements with six degrees of freedom at 
each node were implemented to model the steel shell 
components of the tower. For the nacelle and rotor 
components, a point element with the representative mass was 
employed on their center of gravity. The door opening was 
also modelled according to technical drawings. The 
connection between the tower bottom and the foundation was 
defined as fixed. 

With this model, in which a more detailed representation of 
the nacelle and rotor elements is despised, only the tower 
related vibration modes are obtained, which is the main 
concern of the present work. For the purpose of illustration, an 
overview of the FE model mesh is presented in Figure 4. In 
the meanwhile a new complete model, which also includes the 
blades, is being developed in the HAWC 2 software [15]. 
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Figure 4. Global overview of the FE model mesh 

 

3.4 Correlation between experimental and numerical 
results 

For the aim of correlating experimental and numerical results, 
a modal analysis of the numerical model was performed. The 
main results obtained, as well as the respective deviation of 
each experimentally identified natural frequency are presented 
in Table 2. 
 

Table 2. Comparison between experimental and numerical 
results. 

FE model SSI-COV p-LSCF Description 
f [Hz] f [%] f [%] 
0.378 6.61 6.61 1st FA 
0.378 6.08 6.35 1st SS 
2.963 6.58 6.55 2nd FA 
2.967 5.90 5.90 2nd SS 
8.417 2.17 1.45 3rd SS 
8.458 9.88 9.85 3rd FA 

 
The numerical results present a good correlation with the 
numerical ones. As expected, the numerical model presents 
slightly higher natural frequencies mainly due to the 
considered fixed boundary conditions. The frequency 
deviation observed is low, with ratios of around 6 %. Once 
again, the worst result is obtained for the last identified 
vibration mode (the 3th FA bending mode). This fact may be 
related to the less clear alignment of stable poles for this 
mode, too. 

Concerning the configuration of the vibration modes, a very 
good agreement was also obtained between numerical and 
experimental results. In order to compare these two results, 
the Modal Assurance Criterion (MAC) was used. This 
parameter is defined, for two i and j mode shapes, by: 

 
 

  j
T
ji

T
i

j
T
iMAC




...
. 2

  (1) 

where  represents the mode shape of the vibration mode and 
T indicates the transpose operation. 

The experimental and numerical mode shapes, alongside 
with the respective MAC values, are presented in Figure 5 to 
7. 
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Figure 5. Mode shapes and respective MAC values from the 

1st pair of vibration modes 
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Figure 6. Mode shapes and respective MAC values from the 

2nd pair of vibration modes 
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Figure 7. Mode shapes and respective MAC values from the 

3rd pair of vibration modes 
 

4 MONITORING SYSTEM 

4.1 Description of the system 

The implemented monitoring system strategy is based on the 
continuous tracking of the modal properties of the wind 
turbine support structure. Considering that damage is usually 
associated with stiffness reductions, the natural frequencies 
were used as the features of study. These features, extracted 
from periodically sampled dynamic responses of the structure, 
are used to statistically analyze their time evolution. Thus, if 
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an abnormal deviation of these features is detected from their 
“healthy” behavior, damage is likely to be present. 

The dynamic monitoring system installed is composed by 9 
uni-axial force-balanced accelerometers (Figure 8) which are 
linked by a common 24 bit digitizer and acquisition system. 
These sensors are distributed along the tower height according 
to Figure 9, measuring accelerations in the horizontal and 
vertical directions. 

 
Figure 8. Sensor installed on a tower flange 
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Figure 9. Position of the accelerometers at the different 
levels: a) front view; b) top view at different sections 

 
The acquisition system is configured to record acceleration 
time series with a length of 10 min sampled at a rate of 50 Hz. 
The data obtained with this system is then processed with the 
same output-only identification algorithms presented in 
Section 3. 

Alongside with the monitoring system, the ambient and 
operational conditions of the wind turbine are also recorded 
with the help of the installed SCADA system (independent 
from the dynamic system). As referred in [4], the ambient 
conditions, mainly temperature, can introduce noticeable 
variations in the modal properties of a structure under normal 
operation, which can even mask variations due to the presence 
of damage. Thus, the study of the correlations of these effects 
with the modal properties is necessary to remove the 
variability introduced by them and permit to accurately detect 
small shifts in the natural frequencies. Since the parameters 
recorded by the SCADA system are 10 min averaged values, 
for each time segment recorded by the dynamic monitoring 

system, a representative value of each SCADA parameter is 
assigned. In this work, the ambient and operational conditions 
obtained from the SCADA system are: 
 temperature 
 wind speed and direction 
 nacelle position 
 pitch angle 
 rotor rotational speed 
 power production. 

4.2 Initial results 

The monitoring period considered in this paper is referred to 
the data collected during 3 months (from 22/07/2013 to 
18/10/2013). Since the results presented in this section only 
represent the initial approach to the data collected, they cannot 
be understood as final. Due to this reason, only the first two 
pairs of tower bending modes were studied (the first 4 modes 
presented in Table 1). 

Over this period, the wind turbine operated under various 
environmental conditions. To attest the suitability of the 
modal identification algorithms to study the behavior of wind 
turbine systems, 3 acceleration samples of 10 min were 
individually analyzed corresponding to 3 adopted setups of 10 
min, corresponding to 3 different scenarios of operation, were 
individually analyzed: 
 wind turbine parked under low wind speed conditions 
 wind turbine operating below the rated output speed, 

maximizing the energy production 
 wind turbine operating at rated speed, limiting the power 

production to its rated power. 
These 3 different operating scenarios are represented in the 
power curve of the wind turbine (Figure 10). For the analysis 
of the 3 setups, only the sensors measuring the horizontal 
acceleration were considered, since the amplitude of the 
signals from sensors S1 and S2 are considerably lower than 
the others. 
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Figure 10. Turbine power curve and representation of the 

setups manually analyzed 
 
Setup 1 represents a scenario where the wind speed is 
insufficient for the generator to operate. Thus, the blades are 
feathered and, consequently, the rotor is idling. The 
acceleration time history of setup 1 is presented in Figure 11. 
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Figure 11. Measured acceleration signals during setup 1 

 
The main results obtained for the setup 1 are shown in Figure 
12. These estimations of natural frequencies and modal 
damping ratios represent the poles obtained in a stabilization 
diagram of the p-LSCF method (similar to Figure 2 and 3) 
which met all the stabilization criteria. These criteria, already 
introduced in [9], were applied to the 3 setups and were: 
 maximum frequency variation: 1 % 
 maximum damping variation: 5 % 
 maximum damping value: 10 % 
 minimum MAC value: 97 % 
As can be seen, the 4 vibration modes were identified, even in 
low wind speed conditions. The results are consistent with the 
ones obtained with the ambient vibration test, although some 
deviation was found regarding the damping values. This 
situation may be explained by the lower wind speed present 
during the setup 1 which led to a reduction of the aerodynamic 
damping component. Another situation in line with the results 
obtained with the ambient vibration test was the higher 
damping value of the 1st SS mode when compared to the 1st 
FA mode. This situation is due to the deviation of the rotor 
from the wind direction and to the high pitch value of the 
blades. Under these conditions, the air has a larger opposition 
in the SS direction, which justifies the higher value of 
damping of the 1st SS mode. 
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Figure 12. Natural frequencies and damping ratios for the 

setup 1 
 
Setup 2 is referred to a scenario where the turbine is already in 
operation but the wind speed is still below its rated value. 
Under these circumstances, the turbine is oriented to the main 
wind incidence direction, the pitch angle of the blades is set to 
its minimum value and, consequently, the turbine is 
maximizing the power production. The acceleration time 

histories of setup 2 are presented in Figure 13. The 
acceleration amplitudes registered are considerably higher 
than those of the setup 1. 
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Figure 13. Measured acceleration signals during setup 2 

 
The results obtained for the setup 2 are presented in Figure 14. 
It is observed that the frequency values of the 4 bending 
modes slightly increased. Also, the damping values of the 
modes (with exception of the 1st SS mode) present a 
considerably increase. This increase is justified by the 
aerodynamic component of the damping, which increases with 
the increase of the wind speed. This effect is more noticeable 
for modes with large modal amplitude where the wind force is 
higher and with modes whose deflection coincides with the 
wind direction. For these reasons, the 1st FA mode presents 
the higher value of damping and a considerable increase 
compared to setup 1. Also, a large difference between the 
damping values of the 1st pair of modes is noticed, proving the 
effect of the mode shape orientation to the wind flow. On the 
other hand, due to their small modal amplitude at the top (see 
Figure 6), the 3rd and 4th modes present a lower damping 
increase and a smaller difference between them. In addition, 
the inversion in the order of the first pair of vibration modes is 
noticed. Although there is not a justification for this 
phenomenon at this moment, the inversion of the order of the 
first pair of modes was noticeable during the considered 
period 
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Figure 14. Natural frequencies and damping ratios for the 

setup 2 
 

Setup 3 represents the optimal situation for the turbine 
operation. The wind speed is higher than the rated speed 
which means that the generator is at its maximum production 
level. In order to keep the power production as stable as 
possible, the pitch angle of the blades increases with the wind 
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speed in order to reduce the blades lift coefficient and, thus, 
reduce the rotor torque generated by the wind. The 
acceleration time histories of setup 3 are presented in Figure 
15. As can be observed, this setup presents the higher levels of 
acceleration. 
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Figure 15. Measured acceleration signals during setup 3 

 
The main results from this setup are shown in Figure 16. They 
are similar to the ones obtained for setup 2. However, as 
expected, the damping values of the 1st pair of vibration 
modes increased compared to setup 2. This situation is due to 
the higher drag effect created by the higher wind speed 
occurred in setup 3. This increase in the damping values did 
not affect the 2nd pair of modes, which demonstrate the lower 
influence of the aerodynamic component on the damping of 
these modes. 
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Figure 16. Natural frequencies and damping ratios for the 

setup 3 
 

After proofing the suitability of the output-only modal 
identification algorithms for different scenarios of turbine 
operation, an initial approach to the automated analysis of the 
continuously collected data during 3 months was performed. 

Initially, the first singular value spectrum for the 0 – 3 Hz 
range for both FA and SS directions was computed. The color 
map of these singular value spectra are presented in Figure 17 
and 18, where the hotter colors represent the higher 
amplitudes and the cooler colors represent the smaller 
amplitudes of the spectra. Thus, it is expected to detect red 
lines at the resonance frequencies of the structure. 

 
Figure 17. Color map of the first singular value spectrum 

from the FA direction 
 

 
Figure 18. Color map of the first singular value spectrum 

from the SS direction 
 

From the analysis of Figure 17 and 18, it is clear that the 2 
pairs of bending modes are well identified across the entire 
period. In both figures, a red alignment is identified around 
the corresponding frequencies, meaning that, for the analyzed 
spectrum range, the support structure of the wind turbine 
vibrates mainly with these frequencies. It is also noted that the 
energy of the 1st pair of bending modes is well confined to a 
reduced frequency range. On the other hand, the energy of the 
2nd pair of bending modes seems to be spread in a larger 
range, which may indicate a larger variability of the frequency 
values of these modes when compared to the 1st pair. 

The entire monitored period was then automatically 
processed with the help of the p-LSCF identification routine. 
For this purpose, the methodology presented in [16] was 
followed. This methodology for the automated identification 
of modal parameters is based on a hierarchical clustering 
algorithm. It consists on the analysis of the similarities of the 
poles computed on stabilization diagrams (as the ones present 
in Figure 2 and 3). Since different vibration modes can present 
similar values of damping values, only the frequency values 
and the mode shapes were used to compute the similarity 
between poles. The similarity criterion used to compute the 
distance between the pole i and j was: 
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Thus, if the distance between 2 poles, computed according to 
equation (2), is short, they probably represent the same 
physical vibration mode. Consequently, they will be included 
in the same cluster. In the present analysis, a distance of 0.025 
was used. 

After the first clusters are formed, there will be aggregations 
between different clusters with similar poles. The criterion 
defined for this operation was the single linkage. 

In the application of this methodology to the monitoring 
system presented in this paper, only the poles which meet all 
the stabilization criteria were used for the clustering 
algorithm. Also, since that, at this stage, this initial analysis 
only intended to track the 2 first pairs of bending modes, the 
tuning of the automatic identification of clusters is not yet 
optimized. 

Figure 19 presents the evolution of the natural frequencies 
from the 1st and 2nd bending modes during the analyzed 
period. As can be seen, these vibration modes were clearly 
identified during this period, which included several operating 
conditions. 
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Figure 19. Evolution of the natural frequencies of the 2 first 

bending modes identified during the period from 22/07/2014 
to 18/10/2014 

 
From the observation of Figure 19, the large variation of the 
frequency value of the 2nd pair of bending modes is also 
evident. This remark is in line with the results from Figure 17 
and 18. A zoom in this frequency range for a period of 3 days, 
evidencing this observation, is present in Figure 20. It is clear, 
from these two figures, that some additional work is needed to 
understand the factors behind these variations. 
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Figure 20. Zoom around the natural frequencies of the 2nd pair 

of bending modes for a period of 3 days 
 
In order to understand these variations it is important to 
confront the extracted modal properties with the operational 
data acquired with the SCADA system. This task is still under 
development. Nevertheless, with the aim of illustrating the 
various operating conditions of the wind turbine during the 
period under analysis, some data is presented in Figure 21, 22 
and 23. 
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Figure 21. Relationship between rotor speed and wind speed 
during the period under analysis (10 min averaged values) 
 

Figure 21 presents the evolution of the rotor rotational speed 
with the wind speed during the analyzed period. As can be 
seen, the wind turbine operated in a wide range of wind 
speeds and, consequently, of rotor speeds. 

Figure 22 presents a polar plot of the speed and direction of 
the wind during the same period. Although it shows a broad 
range of directions of wind incidence, there is a clear 
dominant direction around West and Southwest. 
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Figure 22. Wind direction and speed during the period 

under analysis 
 
Figure 23 confronts the nacelle orientation of the wind 

turbine with the wind speed. As in Figure 22, the wind turbine 
is mainly oriented to the same direction of the wind, which 
confirms (the expected) good agreement between wind 
direction and nacelle orientation. 
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Figure 23. Nacelle orientation and wind speed during the 

period under analysis 
 

5 CONCLUSIONS 
This paper presents the work developed up to now under the 

scope of the development of a dynamic monitoring system for 
a 2.0 MW wind turbine. Initially, an ambient vibration test 
performed prior to the installation of the monitoring system is 
described and the main results discussed. Alongside, a FE 
model of the wind turbine is developed and the results from a 
modal analysis are compared with the ones obtained with the 
experimental test. Furthermore, the suitability of the output-
only modal identification algorithms is shown with the study 
of 3 different setups corresponding to the dynamic response of 
the structure under 3 different operation scenarios. Lastly, the 
initial results from the automated identification of the wind 
turbine modal parameters are presented. 

The next steps for the implementation of the dynamic 
monitoring system will comprise: the identification of the 
source of the identified stable alignments in the ambient 
vibration test which do not correspond to support structure 
modes; a better understanding of the variability of the 
frequency values from the two pairs of bending modes along 

the monitored period; and the study of the influence of the 
ambient and operational effects on the modal properties of the 
wind turbine. 
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ABSTRACT: Modern multi-megawatt wind turbines are designed with longer and slender blades using new composite materials 
and advanced fabrication methods. The trend towards lighter and more flexible blades may lead to aeroelastic instability of wind 
turbines under certain circumstances, thus resulting in rapid destructive failure or limit-cycle oscillations of the wind turbine 
components. Turbulence, which is ignored in the existing stability analysis tools, actually plays an important role in the 
aeroelastic instability since the angles of attack along the blade are highly dependent on the turbulence. This paper investigates 
the influence of turbulence on the aeroelastic instability of wind turbines based on simulated time histories. Focus is on the high-
performance wind turbines operating close to stall, where the increased turbulence intensity may trigger off aeroelastic 
instability due to negative aerodynamic damping. A 13-degree-of-freedom (13-DOF) wind turbine model is developed using 
Euler-Lagrange equations, which includes the couplings of the tower-blade-drivetrain vibration, the quasi-static aeroelasticity 
and a collective pitch controller. Numerical simulations are carried out using data calibrated to the NREL 5 MW baseline wind 
turbine. Aeroelastic stability of the wind turbine system has been evaluated for various values of the rated generator torque, the 
rated rotational speed of the rotor, the mean wind speed and the turbulence intensity. Critical turbulence intensity, at which the 
wind turbine shifts from a stable state into an instable state, is determined in different cases. Results show that turbulence 
intensity has significant influence on the aeroelastic stability of high-performance wind turbines operating close to stall, and the 
stability of the wind turbine might be changed due to the increase of the turbulence intensity. 

KEY WORDS: Wind turbines; Aeroelastic instability; Turbulence; Stall induced vibration;  

1 INTRODUCTION 
As wind turbine components increase in magnitude without a 
proportional increase in stiffness, the risk of aeroelastic 
instability is believed to increase [1, 2]. The aeroelastic 
instability expected to occur in modern mega-watt wind 
turbines can be divided into two categories: stall induced 
vibrations during seperated flow and classical flutter during 
attached flow. Pitch-regulated variable speed wind turbines 
normally do not operate in stall and the risk of stall-induced 
vibration is not as serious as for stall-regulated wind turbines. 
However, there is obvious interest in operating the wind 
turbine closer to the stall point to maximize the power output. 
Stall-induced vibration may become a problem for this kind of 
high-performance wind turbines, especially when they are 
opercating around the rated wind speeds [1, 3]. Stall-induced 
vibration at standstill is also a potential problem, since the 
blades in parked condition can experience high angle of attack 
depending on the direction of the incoming wind [4]. 

Although classical flutter has not been observed on modern 
horizontal wind turbines, it is believed to become a more 
important design consideration as wind turbine blades become 
more flexible [1, 5]. Innovative blade designs involving the 
use of aeroelastic tailoring, wherein the blade twists as it 
bends under aerodynamic loads, increases the blade’s 
proclivity for flutter [5]. Previous studies on MW-sized wind 
turbines show that critical flutter speed of the rotor is about 
twice the nominal rotor speed [1, 5], and it will be closer to 
the nominal speed if the torsional blade stiffness is further 
reduced. 

Normally, aeroelastic stability analysis of wind turbines are 
performed based on a linearization of the structural equations 
of motion, the aerodynamic loads, the pitch and generator 

control laws about a steady-state equilibrium [1, 6]. The 
rotational speed of the rotor is assumed to be constant at the 
nominal value. This results in linear equations of motion with 
periodical varying terms in the system matrixes. Then, the 
periodicity can be eliminated by the Coleman transformation 
[6, 7]. Next, aeroelastic instability is checked from an 
eigenvalue analysis of the system matrix related to the state 
vector formulation of the transformed system. Instability is 
indicated if the real part of any eigenvalue is positive.  

Turbulence is totally ignored in the above mentioned 
method. In reality, the time varying wind velocity and blade 
vibrations due to the turbulence have significant effect on the 
effective angle of attack, which influence the stability of the 
system. This effect may become more significant when wind 
turbines are operating close to the stall point as for the high 
performance wind turbines. Due to the random nature of the 
turbulent wind or large flap-wise vibrations, the blade may 
occasionally render into stall with the consequence of loss of 
aerodynamic damping. Further, the stochastic turbulence 
influences the rotational speed in such a manner that it varies 
around the nominal value, introducing a broad-banded 
stochastic auto-parametric excitation that may trigger off 
instability. Therefore, the external stochastic excitation from 
turbulence should be included in the stability analysis.  

This paper deals with the nonlinear aeroelastic stability 
problem of wind turbines. The influence of turbulence 
intensity on the stability of wind turbines is investigated. 
Critical turbulence intensity, at which instability is triggered 
off in the wind turbine system, is determined for different 
combinations of the rated generator torque, the rotational 
speed and the mean wind speed. Numerical simulations are 
carried out on a 13-degree-of-freedom (13-DOF) aeroelastic 

The influence of turbulence on the aeroelastic instability of wind turbines 
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wind turbine model, which has been calibrated to the NREL 5 
MW baseline wind turbine [8].  

2 AEROELASTIC WIND TURBINE MODEL 

2.1 Mechanical model 
Figure 1 shows a schematic representation of the 13-DOF 
aeroelastic wind turbine model with definitions of the 
coordinate system and the degrees of freedom. Motions of the 
structural components are described either in a fixed, global 
(X1, X2, X3)- frame of reference, or in moving (x1, x2, x3)- 
frames of reference attached to each blade with origin at the 
center of the hub. The X1- and x1-axis are unidirectional to the 
mean wind velocity. The X3-axis is vertical, and the x3- axis is 
placed along the undeformed blade axis oriented from the hub 
towards the blade tip. The position of the moving coordinated 
system attached to blade j is specified by the azimuthal angle 
Ψj(t), which is considered positive when rotating clockwise 
seen from an upwind position. 

 
Figure 1. Definition of degrees of freedom of the blade and 

tower motion. 
 
The blades and the tower are modeled as Bernoulli-Euler 

beams. The flap-wise and edgewise motion of the blades 
relative to the hub are modeled by the degrees of freedom qj(t) 
and qj+3(t), j=1,2,3, indicating the tip displacement in the 
positive x1- and negative x2- direction, respectively. The tower 
motion is defined by the translational degrees of freedom q7(t) 
and q8(t) in the global X1- and X2- directions, and the 
rotational degrees of freedom q9(t), q10(t), q11(t) in the global 
X1-, X2- and X3- directions, respectively. 

The drivetrain is modeled by the degrees of freedom q12(t) 
and q13(t) with signs defined in Figure 2. This drivetrain 
model allows for torsional flexibility in the low speed and 
high speed shafts. q12(t) and q13(t) indicate the deviations of 
the rotational angle of the rotor and the generator from the 
nominal value Ω0t and NΩt, respectively, where N denotes the 
gear ratio and Ω0 is the nominal rotational speed of the rotor. 
Correspondingly, 12 ( )q t& and 13 ( )q t& are the deviations of the 
rotational speeds at the hub and at the generator from the 
nominal values. Hence, the rotational speed of the rotor 
is 0 12 ( )q tΩ + & . 

 
Figure 2. Definition of degrees of freedom of the drivetrain 

 
Further, a full-span collective pitch controller is included in 

the model, with time delay of the actuator modelled by a 1st 
order filter as: 

      0 12 12
1( ) ( ( , , ) ( ))t q q t tβ β β
τ

= −& &                   (1) 

where ( )tβ is the collective pitch angle of the whole blade by 
the pitch controller. τ is the response time; 0β is the pitch 
demand modeled by a PI controller [9] with feedback from 

12 ( )q t and 12 ( )q t& . 

2.2 Aerodynamic loads 

 
Figure 3. Local velocities in the aerodynamic model 

 
In this study, quasi-static aerodynamics is assumed without 
considering time delay of the obtained lift force on the airfoil, 
i.e. any changes of the instantaneous angle of attack 3( , )x tα is 
felt immediately in the aerodynamic loads.  

As shown in Figure 3, V1 (x3, t) and V2 (x3, t) denote the 
wind velocities seen by an observer fixed to the moving (x1, x2, 
x3)- coordinate system, which are given as: 

      1 0 1 1

2 0 3 2 2

(1 )
(1 ')

V a V v u
V a x v u

= − + − ⎫
⎬= + Ω + − ⎭

&

&
               (2) 

where V0 is the mean wind velocity far up-stream of the 
turbine, v1 and v2 are the rotational sampled turbulence 
components in x1- and x2- directions, respectively. 1u& and 

2u& are the velocity components of the blade in x1- and x2- 
directions, due to elastic deformations of the blade, tower and 
drivetrain. a and a’ are axial and tangential induction factors 
determined by modified BEM method [9]. The instantaneous 
flow angle 3( , )x tφ  with the sign defined in Figure 3 and the 
effective wind velocity Ve(x3, t) are given as: 

               1 2 2
1 2 1 2tan ( / ), eV V V V Vφ −= = +                (3) 

Hence the instantaneous angle of attack 3( , )x tα is written as: 

3 3 3( , ) ( , ) ( ) ( )x t x t t xα φ β θ= − −                (4) 
where 3( )xθ is the pre-twist of the blade section. It can be seen 
from Equations (1), (2), (3) that the turbulent wind velocities 
and the deformation velocities of the blade influence the 
instantaneous angle of attack, and thus the stability of the 
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system. Based on the quasi-steady assumption, the lift and 
drag forces are given by: 

                    
2

3 3 3
2

3 3 3

( , ) 0.5 ( , ) ( ) ( )
( , ) 0.5 ( , ) ( ) ( )

L e L

D e D

p x t V x t c x c
p x t V x t c x c

ρ α
ρ α

⎫= ⎪
⎬

= ⎪⎭
  (5) 

where ρ denotes the mass density of air, c(x3) is the chord 
length, cL(x3) and cD(x3) are the static lift and drag coefficients 
of the airfoil obtained from wind tunnel experiment. 
Correspondingly, the aerodynamic loads in x1- and x2-
directions become: 

      1 3 3 3

2 3 3 3

( , ) ( , ) cos ( , ) sin
( , ) ( , ) sin ( , ) cos

L D

L D

p x t p x t p x t
p x t p x t p x t

φ φ
φ φ

= + ⎫
⎬= − + ⎭

     (6)            

2.3 Equations of motion 
The equations of motion of the wind turbine system follow 
from the Euler-Lagrange stationary conditions: 

( ) ( ( )) ( ( ), ( ))d a
d T T U t t t
dt

β∂ ∂ ∂
− + = +

∂ ∂ ∂
f q f q

q q q
& &

&
    (7)    

where 1 13=[ ( ) ( )]q t q t Τq L , T and U signify the kinetic energy 
and potential energy of the system. df and af denote the force 
vectors conjugated to q due to structural damping and 
aerodynamic forces. af  includes contributions from the mean 
wind, turbulence, quasi-steady aeroelasticity and pitch control.  
    Assuming linear structural dynamics, equations of motion 
of the wind turbine system can be obtained from Equation (6): 

( ) ( ) ( ) ( ) ( ) ( ) ( ( ), ( ))at t t t t t t tβ+ + =M q C q K q f q&& & &       (8)  

where ( ) ( )s gt t= +C C C , ( ) ( )s gt t= +K K K . sC is the 
structural damping matrix, and sK is the elastic stiffness 
matrix including the geometric stiffness from the centrifugal 
force. ( )g tC  and ( )g tK  are the gyroscopic damping and 
stiffness matrices introduced by the rotation of the rotor. The 
time dependence of the system matrices is due to the coupling 
between the fixed global and moving local coordinate 
systems.  

Further, the equations of motion (7) and the pitch control 
equation may be assembled in the state vector formulation: 

0( ) ( ( ), ), (0)d t t t
dt

= =Z F Z Z z                  (9) 

where ( ) [ ( ), ( ), ( )]t t t tβΤ Τ Τ=Z q q& is the state vector of the wind 
turbine system, and 0z denotes a given deterministic initial 
value of the state vector. ( ( ), )t tF Z is a nonlinear function of 
the state vector due to the nonlinear quasi-static aerodynamic 
loads as well as the auto-parametric excitation 12 ( )q t& entering 
the system matrices. The nonlinear state vector equations will 
be solved using the fourth-order Runge-Kutta method to 
obtain the system responses. 
 

3 AEROELASTIC INSTABILITY MECHANISM 

3.1 Parameters influencing the angle of attack 
Firstly, the angles of attack (AOAs) are influenced by the 
rated generator torque. When specifying a larger rated 
generator torque, the aerodynamic torque on the rotor needs to 
be increased as well to balance the generator torque, resulting 
in increased values of the AOAs along the whole blade. With 
the mean wind speed and the rotational speed of the rotor 
unchanged, the changes of the AOAs are realized by the pitch 
controller (pitch angle ranging from 0° to 90°). It should be 
noted that for given mean wind speed and rotational speed of 
the rotor, the maximum power output of a wind turbine is 
limited to a certain value. Hence the rated generator torque 
could not increase without limitation for a given wind turbine. 

Secondly, the AOAs are affected by the rotational speed of 
the rotor. It can be seen from equations (2) and (3) that the 
flow angle is increased when reducing the rotational speed of 
the rotor with other parameters unchanged, which accordingly 
results in the increase of the AOA. Since the rotational speed 
of the rotor is limited by the noise consideration, it is of 
interest to see how the decrease of the rotational speed 
influences the AOAs as well as the aeroelastic stability of the 
wind turbine. For wind turbines with specified rated power 
output, the rotational speed of the rotor should be no less than 
a certain value in order to produce the power. 

Moreover, the mean wind speed also influences the AOAs 
according to equations (2), (3) and (4). Without the 
functioning of the pitch controller, the AOAs increase when 
the mean wind is increased. On the other hand, with the pitch 
controller tuned on, the AOAs are reduced as the mean wind 
speed increases, so that the wind turbine could produce the 
same specified power output. This is also verified in [8] that 
above rated, the pitch angle increases as the mean wind speed 
increases, while the AOAs and the system responses decrease 
until it reaches the cut-out wind speed.  

3.2 Quasi-static aeroelastic instability 
The 13-DOF model does not include the torsional degree of 
freedom in the blade. Since flutter is triggered off by the 
interaction between the flap-wise vibration and the torsional 
vibration of the blade, this type of aeroelastic instability is 
ignored in the present study.  Moreover, as stated in the 
previous section, quasi-static aerodynamics is assumed. 
Therefore, only static stall induced vibration is considered in 
this study. The black curve in Figure 4 illustrates a typical 
static lift curve. When the angle of attack α is smaller than a 
limiting value αs, the flow is attached to the airfoil and the lift 
coefficient cL is approximately a linear function of α. When α 
reaches αs, the flow begins to separate from the airfoil. The lift 
coefficient passes through a maximum and the slope of this 
curve begins to become negative, introducing negative 
aerodynamic damping into the blades [1]. This will lead to 
aeroelastic instability of the wind turbine system. An 
important characteristic in the quasi-static analysis is that the 
same lift curve is valid for both increasing α and decreasing α. 
On the other hand, under nonstationary conditions the lift 
curve behaves in a hysteretic manner due to the time delay of 
the flow pattern and the dynamic interaction between the 
leading and trailing edge vortices during dynamic stall.  
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Figure 4. Static stall and dynamic stall 

 
It is of economic value to operate the wind turbine close to 

the stall point, since more power output can be obtained from 
the wind turbine without an increase of the magnitude of its 
mechanical components. This can be achieved by specifying 
the rated generator torque when designing a wind turbine. 
However, as mentioned in the introduction, a wind turbine 
operating close to stall point (as illustrated by the red point on 
the black curve in Figure 4) may occasionally render into stall 
region, resulting in the loss of aerodynamic damping and 
stability. Therefore, it is important to determine the critical 
turbulence intensity when the wind turbine renders into 
aeroelastic instability. 

The considered quasi-static aeroelasticity is merely used for 
illustrating the influence of turbulence on the stability of wind 
turbines. Both the flutter and dynamic stall model will be 
included in the further research.  

4 NUMERICAL SIMULATIONS 
The NREL 5 MW baseline wind turbine [8] is used to 
calibrate the proposed 13-DOF aeroelastic model. Each blade 
has 8 different airfoil profiles from hub to tip, the static lift 
and drag coefficients of which are given in [8]. The related 
data of modal shapes, the mass per unit length and the varying 
bending stiffness of the blade and the tower can also be found 
in [8]. Table 1 shows the comparison of some results obtained 
from the present 13-DOF model and the FAST program [8]. 
The agreement is quite good, which validates the present 
model. 

Table 1. Results obtained from the present model and FAST. 

Item Present FAST 
1st flap-wise frequency (Hz) 0.6685 0.6675 
1st edgewise frequency (Hz) 1.0616 1.0793 
1st tower fore-aft frequency (Hz) 0.3231 0.3240 
1st lateral tower frequency (Hz) 0.3119 0.3120 
V0=15m/s, no turbulence, Ω=1.27 rad/s 
Collective pitch angle  10.17° 10.20°

flap-wise tip displacement (m) 2.77 2.75 
tower fore-aft displacement (m) 0.21 0.20 
 

Based on Taylor’s hypothesis of frozen turbulence [11] 
together with the 1st order AR model [12], a 3-dimensional 
rotational sampled turbulence has been generated with given 
mean wind speed and turbulence intensity. The BEM method 
with Prandtl’s tip loss factor and Glauert correction is adopted 
to calculate the aerodynamic force along the blade [9].  

In the following, the influence of the turbulence intensity on 
the stability of the wind turbine is evaluated, taking various 
values of the rated power output, the rotational speed of the 
rotor as well as the mean wind speed into consideration.  
Critical turbulence intensities are determined for different 
combinations of these parameters. 

4.1 Various rated power outputs 
The rated rotational speed of the NREL 5 MW wind turbine is 
Ω0=1.27 rad/s [8].  With the rated power output specified as 
P0=5 MW, the rated generator torque can be calculated as 
f13,0= P0/Ω0. The power output of this NREL wind turbine can 
be increased by specifying a larger value of the rated 
generator torque, i.e. using a larger generator. The rotational 
speed of the rotor keeps at 1.27 rad/s rather than increasing 
due to the noise consideration. It is of value to see the 
performance of the same wind turbine with different sized 
generators (different rated powers), and how the turbulence 
intensity influence the stability of the wind turbine producing 
various values of power outputs. 

By setting the rated generator torque to be 1.8f13,0, the rated 
power is specified as 9 MW. Figure 5 shows the system 
responses for the 9 MW wind turbine with a mean wind speed 
V0=15 m/s and a turbulence intensity I=0.05. Typical features 
of the aerodynamic damping of wind turbines are presented, 
i.e. the flap-wise vibration and the fore-aft tower vibration are 
highly damped, and the edgewise vibration and the lateral 
tower vibration are lightly damped.  Clearly the system is 
stable in this case when the turbulence intensity is relatively 
small, and the wind turbine produces 9 MW power with all 
the structural components vibrate in a stable manner. 
 

 
Figure 5. Stable case, P=9 MW, V0=15 m/s, I=0.05. (a) Flap-

wise vibration, (b) Edgewise vibration, (c) Fore-aft tower 
vibration, (d) Lateral tower vibration. 

 
Figure 6 shows the responses of the same 9 MW wind 

turbine with a same mean wind speed but a higher turbulence 
intensity I=0.3. It can be seen that after several seconds the 
magnitude of the blade edgewise vibration begins to increase 
exponentially for about one minute and eventually settles 
down to limit-cycle high-amplitude oscillations (reaches to 10 
m). Similarly, the lateral tower motion grows exponentially 
from t=40 s and eventually settles down to a limit-cycle 
oscillation. Hence the lightly damped edgewise and lateral 
tower motions become instable in this case. Comparing with 
the results in Figure 5 and Figure6, it is interesting to see that 
the increase of the turbulence intensity from 0.05 to 0.3 has 
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triggered off instability of the wind turbine system. This 
implies that the wind turbine is operating close to the stall 
point for producing 9 MW power under the mean wind speed 
of 15 m/s. When the turbulence intensity is small, the 
variation of AOA is limited in a certain range, preventing it 
goes into stall region. On the other hand, the increased 
turbulence intensity leads to a larger variation of the 
instantaneous AOA, which inevitably enforces the wind 
turbine into the stall region, and aeroelastic instability takes 
place.  Figure 5 and Figure 6 clearly illustrate how the 
turbulence intensity may alter the wind turbine from a stable 
state to an instable state when other parameters are unchanged. 

 
Figure 6. Instable case, P=9 MW, V0=15 m/s, I=0.3. (a) Flap-

wise vibration, (b) Edgewise vibration, (c) Fore-aft tower 
vibration, (d) Lateral tower vibration. 

 
Further, Figure 7 illustrates the distribution of mean values 

of the AOAs along the blade for the above-mentioned two 
cases. The mean values are calculated based on the simulated 
data in 600 seconds.  Each blade of this NREL baseline wind 
turbine is 63 m long, and the innermost 8 m of the blade is 
made up of cylinder with no lift and thus no aerodynamic 
properties. It is seen that with the turbulence intensity I=0.05, 
only some inner part of the blade (8 m-20 m) renders into stall 
while the AOAs of the remaining part keep far below the stall 
angle (the 0 m-8 m part will not go into stall region since it is 
made up of cylinder). Since the positive work done by the 
aerodynamic loads in the stalled part is smaller than the total 
energy dissipated by the structure, the system still keeps stable. 
On the other hand, in the case of I=0.3, more parts of the 
blade (8 m-30 m) render into stall, and the AOAs within this 
part of the blade increase significantly comparing with the 
case of I=0.05. The expanded stalled part and the increased 
AOAs result in the aeroelastic instability of the wind turbine 
system.  

 

 
Figure 7. Distribution of the mean values of AOA along the 

blade, P=9 MW, V0=15 m/s. Blue line: I=0.05. Red line: I=0.3. 
Table 2. Critical turbulence intensities for different rated powers. 

V0=15 m/s V0=18 m/s V0=20 m/s 
P (MW) Icr P (MW) Icr P (MW) Icr 
≤6.5 - ≤6.5 - ≤6.5 - 

7 0.44  8 0.28 9 0.22 
7.5 0.38 8.5 0.24 9.5 0.18 
8 0.28 9 0.19 10 0.14 

8.5 0.19 9.5 0.14 10.5 0.10 
9 0.115 10 0.10 11 0.07 

>9.2 -- >10.8 -- >11.4 -- 
 

Critical turbulence intensities (Icr) are illustrated in Table 2 
for different combinations of the rated power output P and the 
mean wind speed V0. For given P and V0, a number of 
simulations have been carried out using different values of I, 
and Icr is determined by checking the value of I at which the 
instability is triggered off. For V0=15 m/s, this turbine can 
produce a maximum power of 9.2 MW. It is seen that Icr is 
0.115 in the case of P=9 MW and V0=15 m/s, which explains 
the results in Figures 5 and 6. As the rated power decreases, 
the AOAs along the blade decrease accordingly and shift 
further away from the stall region. As a result, Icr increases as 
P decreases, which means the wind turbine system becomes 
less prone to aeroelastic instability. When P≤6.5 MW, the 
values of Icr need to be very large (>0.5) to enforce the system 
into instability, which are unrealistic for turbulent wind. Thus 
it is concluded that the system is always stable when P≤6.5 
MW with a mean wind speed V0=15 m/s. Results for the cases 
of V0=18 m/s and V0=20 m/s are also illustrated in Table 2. 
As the mean wind speed increases, the maximum power 
output from this turbine is also increased to 10.8 MW (for 
V0=18 m/s) and 11.4 MW (for V0=20 m/s). Similarly, Icr 
increases as P decreases. Moreover, the value of Icr for higher 
mean wind speed is increased comparing with that for lower 
mean wind speed when same rated power is specified. This is 
due to the decreased AOAs along the blade when the mean 
wind speed increases. When P≤6.5 MW, the system is again 
always stable for V0=18 m/s and V0=20 m/s.  

From the above results, it is seen that the wind turbine is 
more prone to aeroelastic instability when it is producing 
larger power output with the AOAs in some parts of the blade 
close to the stall. Very small values of turbulence intensity are 
needed to trigger off instability when the wind turbine is 
operating close to stall for producing large powers. When the 
mean wind speed increases from 15 m/s to higher values, the 
wind turbine producing the same power output becomes less 
prone to instability since the AOAs have been decreased by 
the pitch controller. On the other hand, at small value of mean 
wind speed such as the rated mean wind speed 11.3 m/s for 
the NREL 5 MW wind turbine (with V0=11.3 m/s the turbine 
can produce a maximum power of 5 MW), the system is 
always stable because it is operating far away from the stall 
region. It is also clear from Table 2 that by specifying the 
rated power as 5 MW, the system will always be stable for all 
values of mean wind speed. However, for high performance 
wind turbines producing large rated powers, the turbulence 
intensity does play an important role in the aeroelastic 
instability of the system.  

4.2 Various rotational speeds of the rotor 
Next, the stability of the NREL wind turbine with various 
values of rotational speed is investigated. Since the rotational 
speed is restricted from being increased by the noise 
consideration, only the rotational speeds smaller than the rated 
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value of the NREL wind turbine (Ω0=1.27 rad/s) are 
considered in this study. For comparison, the rated power 
output is kept at P0=5 MW, which means the rated generator 
torque should be changed according to the rotational speed Ω, 
i.e. f13,0= P0/Ω.  
 

 
Figure 8. Stable case, P=5 MW, Ω/Ω0=0.8, V0=15 m/s, I=0.05. 

(a) Flap-wise vibration, (b) Edgewise vibration, (c) Fore-aft 
tower vibration, (d) Lateral tower vibration. 

 

 
Figure 9. Instable case, P=5 MW, Ω/Ω0=0.8, V0=15 m/s, I=0.3. 

(a) Flap-wise vibration, (b) Edgewise vibration, (c) Fore-aft 
tower vibration, (d) Lateral tower vibration. 

 
Figure 8 shows the system responses of the wind turbine 

with the rotational speed Ω=0.8Ω0, the mean wind speed 
V0=15 m/s and the turbulence intensity I=0.05. Similar with 
the results in Figure 5, all the modes are vibrating in a stable 
manner with typical features of the aerodynamic damping, i.e. 
strong aerodynamic damping is presented in the flap-wise 
blade mode and fore-aft tower mode, while weak aerodynamic 
damping is presented in the edgewise blade mode and lateral 
tower mode. As the turbulence intensity increases from 0.05 
to 0.3 with other parameters unchanged, the stability of the 
wind turbine system is changed. As shown in Figure 9, the 
magnitude of the edgewise blade vibration increases 
exponentially after several seconds, and eventually settles 
down to limit-cycle high-amplitude oscillations. Similar 
behavior can also be observed in the lightly damped lateral 
tower vibration. The wind turbine shifts from a stable state 
into an instable state when I is increased from 0.05 to 0.3, 
which implies that the wind turbine is operating close to stall 
for producing 5 MW power with a rotational speed of 
Ω=0.8Ω0. Due to the increased turbulence intensity, the wind 
turbine occasionally renders into stall with a larger variation 
of the AOAs, resulting in the loss of aerodynamic damping 

and stability. Again the results in Figures 8 and 9 verify the 
important role of turbulence intensity in the aeroelastic 
instability of wind turbines.  

Figure 10 shows that the increase of the turbulence intensity 
has changed the radial distribution of the mean values of the 
AOA. The values of AOAs within the radius 10 m to 30m are 
significantly increased, and more sections of the blade render 
into stall, which inevitably enforces the wind turbine into 
instability. 

 

 
Figure 10. Distribution of the mean values of AOA along the 

blade, P=5 MW, Ω/Ω0=0.8, V0=15 m/s. Blue line: I=0.05. Red 
line: I=0.3. 

 
Table 3. Critical turbulence intensities for different rotational speeds. 

V0=13 m/s V0=15 m/s V0=18 m/s 
Ω/Ω0 Icr Ω/Ω0 Icr Ω/Ω0 Icr 

- - 0.9-1 - 0.9-1 - 
- - 0.875 0.37 0.875 0.44 

0.875-1 - 0.85 0.30 0.85 0.35 
0.85 0.29 0.825 0.22 0.825 0.27 
0.825 0.21 0.8 0.16 0.8 0.22 
0.8 0.09 0.775 0.10 0.775 0.16 

<0.775 -- <0.75 -- <0.75 -- 
 

Further, critical turbulence intensities are illustrated in 
Table 3 for different combinations of the rotational speed and 
the mean wind speed (the rated power is kept 5 MW). For all 
values of the mean wind speed, the decrease of the rotational 
speed would increase the AOAs along the blade, which in turn 
leads to the decrease of Icr. For the cases of V0=15 m/s and 
V0=18 m/s, the minimum rotational speed for maintaining the 
production of 5 MW power is Ω=0.75Ω0. The system is 
always stable when the rotational speed is in the range of 
0.9Ω0-1.0Ω0. With same rotational speed, the critical 
turbulence intensity is increased when the mean wind speed 
increases from 15 m/s to 18 m/s, since the AOAs are reduced 
due to the functioning of the pitch controller. For the case of 
V0=13 m/s, the minimum rotational speed for producing 5 
MW power is Ω=0.775Ω0, and the system always remains 
stable when the rotational speed is in the range of 0.875Ω0-
1.0Ω0. Generally speaking, the turbulence intensity has 
significant impact on the aeroelasitc stability when the wind 
turbine is operating with a small rotational speed and close to 
the stall region, but negligible influence when Ω is close to Ω0. 

CONCLUSIONS 
The influence of the turbulence on the aeroelastic instability 
of wind turbines is evaluated in this paper. The stability is 
checked based on a 13-DOF nonlinear aeroelastic wind 
turbine model, which has been calibrated to the NREL 
baseline wind turbine. Quasi-static aeroelasticity is used in the 
present study without considering the dynamic stall and the 
flutter model.  
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It is shown from simulation results that the increased 
turbulence intensity may alter the wind turbine system from a 
stable state to an instable state when the wind turbine is 
operating close to stall. Various values of the rated generator 
torque, the rotational speed of the rotor and the mean wind 
speed are considered in order to evaluate the influence of the 
turbulence intensity on the aeroelastic instability. It was found 
that wind turbines producing larger power output are more 
prone to aeroelastic instability when the turbulence intensity 
increases. Furthermore, the turbulence intensity has more 
significant impact when the wind turbine operates at lower 
rotational speeds. This is due to the high values of AOAs 
when the rotational speed of the rotor is low. In most of the 
considered cases, turbulence intensity plays an important role 
in the aeroelasitc instability of wind turbines. Therefore, it is 
important to take turbulence into consideration when carrying 
out stability analysis of wind turbines. 
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ABSTRACT: The safety control of large structures under dynamic loads, involving observation data and numerical modeling, is 
now one of the challenges being faced by structural engineering. Structures as large concrete dams involving water-structure 
dynamic interaction may present non-stationary vibration modes, which cannot be simulated by simple models based on the 
hypothesis of classical damping of Rayleigh type (proportional to the global mass and/or stiffness matrices).  

In order to take into account the existence of non-stationary vibration modes, a 3D finite-element model was developed in 
MATLAB for modeling the dynamic behavior of dam-reservoir-foundation systems, using a state formulation that enables the 
consideration of the generalized damping hypothesis (non-proportional to mass and stiffness global matrices). This model also 
allows to separate the dam vibration modes from the reservoir vibration modes, through the computation of the kinetic energy of 
each mode related with the dam body. 

In this paper is presented the case of Cabril dam, the highest Portuguese arch dam (60 years old; 132 m high; horizontal 
cracking near the crest). The data from a long-term dynamic monitoring system that was installed in this dam by LNEC in 2008, 
is analyzed using modal identification techniques and a comparison with the numerical model results is performed in order to 
study the evolution of natural frequencies, modal damping, and mode shapes. Finally the developed 3DFE state space model is 
used to estimate the time response of Cabril dam to a seismic accelerogram with a peak ground acceleration of about 0.2g. 

KEY WORDS: Long-term dam dynamic monitoring; modal identification; deterioration; seismic monitoring. 

1 INTRODUCTION 

The complexity of the dam-reservoir-foundation geometry, 
the presence of different types of discontinuities, the water-
structure-foundation interaction ( [1], [2]) the influence of 
thermal and water level variations, the development of 
deterioration and damage processes over time and the 
occurrence of exceptional events such as major floods or 
earthquakes ([3], [4]), makes the structural safety control of 
large dams an activity that requires a continuous updating, 
both in terms of equipment for measuring, transmission, and 
storage of the data, and in terms of computer applications to 
support the automation process of collecting, processing, 
analysis and management of all information required to the 
safety control. 

Regarding the safety control of large dams, the continuous 
monitoring vibration systems have been referenced as being 
systems of great interest to the measurement of the dam 
dynamic response under both ambient excitation and seismic 
actions.  

As such, with these systems it’s possible to: 
i) Measure the dam dynamic response under ambient 

excitation with the purpose of obtaining experimental values 
of natural frequencies (for different reservoir water levels) and 
of the corresponding mode shapes (using few, accurately 
placed sensors; between 10 and 30 sensors might be enough) 
as well as modal damping; 

ii) Measure the dam dynamic response under seismic 
actions in order to obtain experimental values about the 
amplitude of the seismic vibrations at various points of the 
dam foundation and about the amplitude of the dam body 

vibrations (for several earthquakes and for different reservoir 
water levels); 

All the agents involved in the design, construction, 
management and safety control of large dams have come to 
recognize the interest and the potential to dam safety control 
of the aforementioned dynamic monitoring systems (Figure 1) 

This recognition is closely related to the technological 
advancements on the equipments for measuring vibrations 
(sensors, cables, digitalizes, computers, …) and on the 
software for data processing.   

However, and despite the relatively low cost, the investment 
in such dam vibration monitoring systems has not yet 
generalized. 

One of the main reasons for the delay in this investment is 
connected to the fact that the companies that provide the 
equipments for vibration measurement, aren’t presenting full 
solutions that include all the software needed for automatic 
analysis of the gathered data and for automatically sending 
synthesized results (to the technicians in charge of the dam 
safety control). 

In this paper, the main guidelines for the innovation effort 
that still needs to be done will be presented. 

The goal is contributing to the installation of these 
monitoring vibration systems in the vast majority of large 
dams, especially those located on seismic regions. 

On this innovation effort, it stands out the need of 
developing software for: 
i) Automatic modal analysis adapted to the case of dam-
reservoir-foundation systems (complex modes are currently 
identified); 

Modeling the dynamic behavior of dam-reservoir-foundation systems considering 
generalized damping. Development of a 3DFEM state formulation 
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ii) Automatic analysis of the measured seismic response; 
iii) The automatic comparison between experimental modal 
analysis results and Finite Element Models of Dam-Reservoir-
Foundation systems (state formulations should be used in 
order to simulate generalized damping); 
iv) Modeling the dynamic dam behavior under seismic actions 
taking into account the measured experimental results. 

In what concerns the dynamic behavior of concrete dams it 
should be mentioned that it has been observed using forced 
and ambient vibration. The main objective of these tests is the 
health and seismic monitoring, but they have also been used in 
order to obtain experimental information to calibrate and 
update existing numerical models. 

 

 
 

 

 

Figure 1.Integrated use of dynamic monitoring data, modal 
identification methodologies and FE models. 

 
The Automatic Data Acquisition System (ADAS) installed 

in Cabril dam, for vibration continuous monitoring (Figure 2), 
allows dynamic data storage in the form of binary files with a 
sample rate of 1000 Hz, that are automatic analyzed using 
modal identification techniques (based on frequency domain 
decomposition methods). The results are presented graphically 
and recorded in .dxf file format for easy visualization. The 
time evolution of the identified modal parameters (natural 
frequencies, mode shapes and modal damping) can be 
compared with numerical results from finite element models 
[1]and/or discrete element models [2]. 

 

 

Figure 2. ModalId1.1 interface. 

 
Based on recent experience of Cabril dam dynamic analysis 

it was concluded that the consideration of finite water 
elements in the reservoir and joint FE (finite elements) to 
simulate the water-structure interface is an adequate solution 
for the numerical analysis of the seismic behavior of dam-
reservoir-foundation systems. 

2 DYNAMIC BEHAVIOUR OF DAM-RESERVOIR-FOUNDA-

TION SYSTEMS. MODELING AND MONITORING 

The interest of ADAS for continuous monitoring of dam 
dynamic behavior depends not only on the hardware but also 
depends greatly on the potentialities of the software used for 
the automatic data analysis.  

So it is fundamental to develop software for data analysis 
automation that allows generating and/or updating, every 
hour, synthetic information under graphical form to be used 
by the engineers and other technicians of the staff in charge of 
the dam safety control. With that graphical information it 
should be easy to analyze the temporal evolution of the main 
parameters and variables that characterize the dam dynamic 
response: modal parameters, water level, maximum 
accelerations, acceleration spectra, etc. 

This software should include computational modules that 
allow the detection of special events (earthquakes, civil works 
nearby the dam site, hydraulic discharges, etc.) and the 
detection of abnormal structural changes throughout the 
comparison of the dynamic monitored response (analyzed by 
modal identification) and the dam response predicted by 
numerical modeling and by means of statistical models for 
effects separation ( [5]) 

In the numerical modeling, it should be considered the dam-
reservoir interaction and the hypothesis of generalized 
damping (not proportional to the mass and stiffness global 
matrices). So, it was developed a 3DFE program, using 
MATLAB, named Dynamic State Space Analysis 
(DySSA1.1) based on a state space formulation (Figure 3). 
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Figure 3. DySSA1.1 interface. 

 
In DySSA1.1 it was adopted distinct damping coefficients 

between the reservoir, dam and the foundation. The 
eigenvalues λn of the state matrix and the eigenvectors φjn are 
complex values . Physically, these complex values correspond 
to the existence of non-stationary modes. Through this values 
we can extract the four most important modal parameters: i) 
natural frequency ωn=| λn|; ii) modal damping, ξn=-Re(λn)/ωn; 
iii) amplitude |φjn|; and iv) phase angle atan(Im(φjn)/Re(φjn)) 
[6]. 

From the modal decomposition of the state matrix, the main 
complex vibration modes are identified. The modes associated 
to the reservoir are separated from the ones associated to the 
dam [7] using the concept of kinetic energy of each vibration 
mode using the DOF (degrees of freedom) of the solid 
structure  

3 CABRIL DAM 

3.1 Structural description 

Cabril dam (Zêzere river, Portugal) is a sixty year-old 
double curvature arch dam (see Figure 4), that is the highest 
Portuguese dam (132 m).  
 

 

Figure 4. Cabril Dam. 

 
In this dam significant horizontal cracking occurred near the 

crest (Figure 5) since the first filling of the reservoir, and a 
concrete swelling process was recently detected; the water 
level presents important variations along the year. 

 

Figure 5. Cabril dam cracking distribution at downstream 
face. Evolution from 1973 to 1981 [7]. 

 

3.2 Dynamic Monitoring of Cabril dam 

In what concerns the monitoring system, although it is quite 
complete, it should be noticed that only the dynamic 
monitoring component is automated, since 2008, with the 
financial support of the Foundation of Science and 
Technology (FCT-PNRC National Plan for Scientific Re-
equipment) and EDP. This system is composed by 3 triaxial, 
accelerometers and sixteen uniaxial accelerometers (radial 
direction) as it can be seen in Figure 6, allowing for 
continuous measurement of accelerations with a sample rate 
of 1000 Hz. 

 

 

Figure 6. Main components of the continuous dynamic 
monitoring system [8]. 

 
The Figure 7 shows the spectrum corresponding to the 

measured accelerogram on 6 November 2011, between 11h00 
and 12h00, with the water level at 264.3 m (power groups 
off). These spectrums were computed for each hour (over 
acceleration records of 3600s, originally with a sample rate of 
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1000Hz; the analysis was performed after decimate to 50 Hz 
(taking average values on decimation intervals), by averaging 
using time windows of 200s and Tukey windows superposed 
at 2/3. From these spectrum we can see that high amplitude 
vibrations occur near the center of the crest gallery (point 5 ).  

At the frequency range of 1.0-2.5 Hz, it can be clearly 
identified two peaks at the frequencies: 1.115 and 2.345Hz, 
both associated to the intake tower dynamic behavior[9]. At 
the frequency range of 2.5 - 3.0 Hz, it can be clearly identified 
two important peaks at the frequencies 2.635 and 2.735Hz. In 
this case, due to the vibration conditions imposed, it was 
identified that both peeks are anti-symmetric modes. 
 

 

 

Figure 7. Spectrum of the accelerations at point 5. 

 
For automatic peaks identification it was used a singular 

value decomposition (SVD) of the SPD (Spectral power 
density) matrix computed after the application of the random 
decrement (RD) technique to filter the acceleration time 
histories measured at the 16 points (Figure 8). 

 

 
 

Figure 8. Spectrum of the 1st singular value of SPD matrix. 

In Figure 9. Mode shapes automatically identified.Figure 9 
the mode shapes automatically identified are presented using a 
time representation for five the central points at the crest 
gallery. 

 

 

Figure 9. Mode shapes automatically identified. 

 

3.3 Numerical modeling of Cabril Dam. Comparison with 

experimental results 

As was said before, it was developed a program in 
MATLAB of finite elements, named DySSA1.1, to study the 
dynamic analysis of the tridimensional system Reservoir-
Dam-Foundation using the state of space formulation. 

The finite element mesh, as it is represented in the Figure 
10, is composed by 278 isoparametric elements of 20 points 
(94 for representation of the dam and foundation and 184 for 
the reservoir), and 76 joint elements (46 to simulate the 
interface dam-reservoir and 30 to simulate the horizontal 
cracking on the dam’s body).  

 

 

Figure 10. Cabril dam. Finite element mesh of the system 
dam-reservoir-foundation. 

 
In the interface between water-concrete it was admitted a 

normal stiffness equal to the Kv of the water and a shear 
modulus null. In this model it was considered one Young’s 
modulus for the concrete at 32.5GPa, a Poisson's ratio of 0.2 
and one specific weight of 24KN/m3 (Figure 11). 
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Figure 11. Dam-Reservoir-Foundation system. 

 
In what concerns the damping coefficients used in the Ray-

leigh hypothesis, it was considered cαααα=0.1 and cββββ=7.5x10-5 for 
the water, cαααα=0.15; cββββ=1x10-4 for the foundation and cαααα=0.05; 
cββββ=5x10-5 for the dam body. For the interface elements used to 
simulate the cracking it was used cββββ=3x10-2. 

In Figure 12 are represented the Rayleigh curves for each 
material (water, concrete and rock foundation). 

 

 

Figure 12. Rayleigh curves for cαααα and cββββ values used in FE 
model (different values are used for dam, foundation and 

reservoir) [7]. 

 
In Figure 13 are presented the spectra of the computed 

displacements at five central points located in the upper zone 
of the dam and the three first modal configurations 
(corresponding to the three first peaks). As it can be seen 
these peaks are in the range 2.5Hz - 3Hz, as expected. The 
first mode is anti-symmetric at the frequency of 2.64Hz while 
the second and third modes are symmetric at frequencies of 
2.80 and 2.84Hz. 

 

 

 

Figure 13. Spectra and main mode shapes of Cabril dam 
computed with DySSA1.1 (water level at 265 m) [7]. 

 
In Figure 14 it can be seen the evolution of the frequencies 

from 3 to 17/Nov/2011. The modal frequencies obtained from 
DySSA1.1 fit well the frequencies of the main spectral peaks 
obtained from the acceleration measurements. The modal 
frequencies for different water levels computed with 
DySSA1.1 are represented by colored lines passing through 
the bands of points representing the frequencies of the peaks 
experimentally identified for different water levels. 

It is also interesting to see that in the frequency range 2.75-
3Hz there are two distinct point green bands, which show a 
good agreement with the results obtained from DySSA1.1. 

Since the intake tower is not considered in the FE model the 
peaks corresponding to the main vibration modes of the tower 
could not be detected with the numerical model [6] 
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Figure 14. Peak frequencies automatically identified 
between 3 and 17Nov2011. Comparison with the results of 

DySSA1.1. 

 

4 SEISMIC RESPONSE SIMULATION 

The measured dam dynamic response under ambient/opera-
tional excitation was used to evaluate the main modal 
characteristics which were used to calibrate a FE model.  

This model, considering full reservoir, was then used to 
perform a seismic computation considering a seismic 
accelerogram (Figure 15), measured in Alcobaça (Portugal) in 
1999. The amplitude of this accelerogram was adjusted for a 
maximum peak acceleration of 1 m/s2 (0.1g) which agrees 
with the amplitude of the OBE (Operating Basis earthquake) 
prescribed for the dam location. 

It was performed a time domain analysis considering a state 
space formulation in modal coordinates (complex values) [5]. 
The accelerogram was applied in the downstream – upstream 
direction and in vertical direction affected by a factor of 2/3. 

 

Figure 15. Accelerogram (downstream-> upstream). 

 
Figure 16 shows the radial displacement response over time 

at the top of the central cantilever. The maximum peak 
displacement is 10.976 mm to upstream and 10.788 mm in the 
opposite direction (downstream). 

 

 

Figure 16. Seismic displacement response at the top of the 
central cantilever. 

 
Figure 17 shows the acceleration response at the same point. 

The maximum peak acceleration occurs at 4.41s in the 
upstream direction with an amplitude of 2.21 m/s2 (0.22g), 
meaning that the amplification ratio is about 2.2 (for Pacoima 
dam a value of about 2.5 was computed for half full reservoir 
[10]). 

 

Figure 17. Seismic acceleration response at the top center of 
the dam. 
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Figure 18 presents the deformation of the dam for the 
upstream  maximum displacement. It occurs at 6.12s (as can 
be seen in Figure 16) with a maximum amplitude of about 
11mm in the top central cantilever. 

For the same instant the principal stresses are shown in 
Figure 19. The tensions are the red lines with a maximum of 
about 1.65 MPa. The compressions (blue) presents the 
maximum value of about 0.7 MPa (center near the crest).  

 

 

Figure 18. Maximum deformation of the dam (upstream 
direction). 

 

 

Figure 19. Principal stresses in the dam body (upstream 
maximum displacement). 

Figure 20 presents the deformation of the dam for the 
downstream maximum displacement. 

 

 

Figure 20. Maximum deformation of the dam (downstream 
direction). 

At this instant the principal stresses are shown Figure 21. 
The maximum compressions are of about 1.6 MPa and 
maximum tensions of about 0.5 MPa. 

 
 

 

Figure 21. Principal stresses in the dam body (downstream 
maximum displacement). 

 

5 CONCLUSION  

For the vibration monitoring system installed at Cabril dam, 
the equipments and the software were described.  

Modal identification software as well as the Finite Element 
software for 3D dynamic computations were developed using 
MATLAB (the graphical interface was written using GUIDE). 
It was used a 3D FE model of the system dam-reservoir-
foundation taking into account the water-structure interaction 
using a state formulation. This model was adjusted using data 
from modal identification and afterwards, it was used to 
simulate the seismic behavior of the dam (the reservoir was 
discretized with water FE using a displacement formulation as 
well as the dam body and the foundation; the water-structure 
interface was simulated using joint FE as well as the 
horizontal cracking below the crest). 

From the safety control point of view, the developed 
software has the advantage of allowing the integrated use of 
modal identification techniques and FE models in an 
automatic manner. 

In Cabril dam the installed system hardware (accelerome-
ters, digitizers, data concentrators and computer) and software 
for acquisition (CabrilAquis), management and analysis 
(ModalId1.1) allows the automatic detection of small 
variations on peak frequencies, and the identification of the 
natural frequencies, modal damping coefficients and mode 
shapes. 

The presented Cabril dam results showed that the use of 
Automatic Data Acquisition Systems (in this case the 
ModalId1.1) for Continuous Dynamic Monitoring of Large 
Arch Dams allows to gather very relevant information to the 
characterization of the dynamic behavior of dam-reservoir-
foundation systems. 

Namely, with this kind of systems it is possible to identify 
with great accuracy the time variation of the spectral peak 
frequencies corresponding to the main vibration modes of the 
dam-reservoir-foundation system as well as the mode shapes. 
The presented results, regarding a 14 day period (3 to 17 
Nov2011), show that the aforementioned spectral peaks have 
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relative amplitudes which can vary significantly with the 
excitation conditions and water level. 
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ABSTRACT: In structural analysis, it is widely accepted that simplified methods, that require fewer resources, should produce 

more conservative results, while more sophisticated methods, which require greater resources, allow the calculation of more 
realistic results. For gravity dams, (i) pseudo-static methods, (ii) pseudo-dynamic methods, (iii) linear time history analysis, and 

(iv) non-linear time history analysis are common techniques. The aim of this paper is to investigate the effectiveness of a 

progressive analysis methodology, using the four mentioned methods (i-iv) for seismic analysis, and define the scope of its 

applicability. The study of 52 gravity dam models, representing dams with different heights and properties, was performed by 

this progressive methodology, regarding the stress distribution along the base of the dam, the sliding safety factor (SSF) and the 

permanent sliding of the dam. The results show that the pseudo-static method gives a good approximation of the SSF, but the 

stresses are generally lower, when compared with the values obtained by more sophisticated methods. The pseudo-dynamic 

method gives a good approximation of the SSF and the stresses on the base of the dam, while the linear time history analysis did 

not give additional information for the dams analysed with SSF > 1when compared with the pseudo-dynamic method. The non-
linear time history analysis confirms the dam behavior against a sliding failure scenario, even after the stress redistribution, 

giving an actual time-history of the SSF and stress during an earthquake. The results show that the proposed progressive 

methodology, is a beneficial procedure to conduct gravity dam safety assessment. 

 

 

KEY WORDS: Gravity dams; seismic analysis, progressive methodology. 

1 INTRODUCTION 

Generally the seismic analysis of dams begins with simplified 

methods and, if necessary, progresses through more 

sophisticated methods. For gravity dams, (i) pseudo-static 

methods, (ii) pseudo-dynamic methods, (iii) linear time 

history analysis, and (iv) non-linear time history analysis are 

common techniques [1]. Numerous aspects influence the 
selection and application of the analysis method, most of them 

related to the dam-reservoir-sediment-foundation interactions. 

For example, the representation of the hydrodynamic effect of 

the reservoir, the application methodologies of the seismic 

input ground motions, the type and amount of equivalent 

viscous and radiation damping, the consideration of internal 

uplift pressures, and the possibility of cracking. Many 

regulations suggest the assessment of the dam against an 

earthquake with moderate intensity, for which the dam must 

present an elastic behavior, and also an earthquake with high 

intensity for which the dam can suffer some damage, but 

keeping the ability to retain the reservoir. The criteria for 

assessing the behavior of the dam are both local, such as the 

stress response of the structure in relation to the strength of 

the material, and also global, such as the possibility of 

permanent sliding of the dam or through sections of the dam.  

It is widely accepted that simplified methods, that require 
fewer resources, should produce more conservative results, 

while more sophisticated methods, which require greater 

resources, allow the calculation of more realistic results. The 

aim of this paper is to investigate the effectiveness of this 

progressive analysis methodology and define the scope of its 

applicability. The study of 52 gravity dam models, 

representing dams with different heights and properties, was 

performed, using the four mentioned methods (i-iv) for 

seismic analysis, regarding the stress distribution along the 
base of the dam, sliding safety factor and the permanent 

sliding of the dam. In terms of geometry, the considered 

gravity profiles ranged between small dams (15 m high) and 

very large dams (100 m high). The properties of the materials 

were adopted considering the case of aged or damaged dams, 

dams in good condition, good quality rock mass foundations 

and weak rock mass foundations. 

2 DESCRIPTION OF THE MODELS 

 Dams geometry and materials properties 2.1

Four different dams size were considered (Figure 1), 

representing a small dam, 15 m high, a medium dam, 30 m 

high, a large dam, 50 m high, and a very large dam, 100 m 

high. The base of the dams was defined from a downstream 
slope of 0.8:1 (H:V), and the upstream face is assumed 

vertical for simplicity. The crest width is adjusted according 

to the dam height. The main dimensions are presented in 

Table 1. The material properties of the dams were selected to 

represent two scenarios. The first scenario represents the case 

of a dam in a good condition, characterized by a Young’s 

modulus of 30 GPa. The second case is intended to represent 

an aged dam or a damaged dam, characterized by a Young’s 

modulus of 15 GPa.  
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For the material properties of the rock mass, a similar 

approach was adopted, considering the case of a rock mass 

with good quality, moderately fractured, characterized by a 

Young’s modulus of 20 GPa and a rock mass highly fractured, 

characterized by a Young’s modulus of 10 GPa. For all 

scenarios, the material density is 2400 kg/m
3
 for the concrete 

and 2500 kg/m
3
 for the rock mass. All properties are listed in 

Table 2. 
 

H=100m

H=50m

H=30m

H=15m

1

0.8

 

Figure 1. Geometry of the dams. 

Table 1. Main dimensions of the models. 

Description Height 
Base 

width 

Crest 

width 

Small dam 15 m 12 m 3 m 

Medium dam 30 m 24 m 5 m 

Large dam 50 m 40 m 7 m 

Very large dam 100 m 80 m 10 m 

Table 2. Materials properties. 

Description 

Young’s 

modulus 

[GPa] 

Density 

[kg/m
3
] 

Poisson’s 

ratio 

Dam – Good 
condition 

30 2400 0.2 

Dam – Old or 

damaged 
15 2400 0.2 

Rock mass – 

Moderately fractured 
20 2500 0.2 

Rock mass – Highly 

fractured 
10 2500 0.2 

 Static and dynamic loads 2.2

In addition to the dead weight, the hydrostatic pressure was 

applied using the elevation of the crest, in each case, as the 

reservoir level (Figure 2). For the uplift, a triangular diagram 

was adopted, with null pressure at the downstream toe and 

30% of the hydrostatic pressure at the upstream heel (Figure 

2). This reduction of 70% was assumed to take in account the 

effect of the grout curtain and the drainage system, reducing 

the flow rate and the uplift on the dam-foundation interface. It 

is assumed that the uplift load keeps unchanged during the 

earthquake. Table 3 summarized the total hydrostatic pressure 

and uplift loads, dead weight and the ratio between uplift and 

self-height. For all cases, the uplift is about 12.5% of the dead 

weight. 

Table 3. Hydrostatic pressure (    ), uplift ( ), dead weight 

( ) and the ratio between uplift and self-height (  ⁄ ). 

Height      [kN]   [kN]   [kN]   ⁄  

15 m 1125 270 2160 0.125 

30 m 4500 1080 8640 0.125 

50 m 12500 3000 24000 0.125 

100 m 50000 12000 96000 0.125 

 
For the hydrodynamic effect of the reservoir, the 

Westergaard’s solution [1] was adopted (Figure 2), using the 

following equation: 

      
 

 
  √       (1) 

where      is the added mass in the horizontal direction for 

point  ;    is the water density;   is the reservoir elevation; 

   is the vertical height measured from the reservoir elevation 

at point  ; and    is the influence area of point  . 
 

  𝑤  

0.30  𝑤  

 ℎ𝑑 ,ℎ   ℎ,ℎ  

  

  

 ℎ𝑑 ,ℎ  

 ℎ,ℎ  

  
  

- Dead weight

- Uplift

- Hydrostatic pressure

- Hydrodynamic pressure

 

Figure 2. Static and dynamic loads. 

The mass of the dam and the added mass for each case are 

listed in Table 4 that also shows the ratio between the added 

mass and the mass of the dam. For all cases, the added mass 

represents approximately 61% of the dam mass. 

Table 4. Dam mass (  ), added mass (  ), and the ratio 

between the added mass and the dam mass (    ⁄ ). 

Height 
Dam mass 

(  ) [10
3 

kg] 

Added mass 

(  ) [10
3 

kg] 
    ⁄  

15 m 216 132 0.61 

30 m 864 562 0.61 

50 m 2400 1462 0.61 

100 m 9600 5848 0.61 

 

From the geometry of the model, the material properties, 

and the added mass, the fundamental period of vibration was 
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calculated, using a simplified method described in reference 

[1]. Figure 3, representing a dam 100 m high, with a 

foundation 280 m wide and 150 m high, shows the 

fundamental mode of vibration. Four models for each dam 

height were considered: model 15/10, Ec=15 GPa and Er=10 

GPa, model 15/20, Ec=15 GPa and Er=20 GPa, model 30/10, 

Ec=30 GPa and Er=10 GPa, and model 30/20, Ec=30 GPa and 

Er=20 GPa, where Ec is the Young’s modulus of the concrete 
and Er is the Young’s modulus of the rock mass. The results 

are summarized in Table 5. 

 

Figure 3. Fundamental mode of vibration, representing a dam 

100 m high. 

Table 5. Fundamental period of vibration. 

Height 
Period 

15/10 15/20 30/10 30/20 

15 m 0.075 s 0.068 s 0.064 s 0.056 s 

30 m 0.150 s 0.136 s 0.129 s 0.112 s 

50 m 0.410 s 0.227 s 0.214 s 0.186 s 

100 m 0.500 s 0.454 s 0.429 s 0.372 s 

 

The seismic load was defined considering the case of a dam 

located in Évora, Portugal, and laid out on a rock mass 

foundation. For a long distance earthquake scenario and for a 

1000 years return period, according to the Portuguese 

National Annex of Eurocode 8 (EC8) [2], the peak ground 

acceleration (PGA) is approximately 1.6 m/s
2
. Two artificial 

accelerograms were generated (Figure 4), 42 seconds long, to 

match the elastic response spectrum proposed in EC8 (Figure 

5). A 5% viscous damping ratio, proportional to the mass and 

centered on the fundamental frequency of vibration, was 
adopted.  

As mentioned before, the seismic analysis was carried out 

using four different methods: a pseudo-static method (PS), a 

pseudo-dynamic method (PD), a linear time history analysis 

(L) and a non-linear time history analysis (NL). The first two 

methods, pseudo-static and pseudo-dynamic, were solved 

using the numerical tool CADAM [3]. For the last two 

methods, linear time history analysis and the non-linear time 

history analysis, the studies were developed using a numerical 

application developed by means of the discrete element 

method (DEM), to carry out structural and hydraulic analysis 

of gravity dams [4]. CADAM uses the gravity method and the 

stresses are calculated using the beam theory. The L analysis 

is a finite element analysis, whose model is composed by two 

continuous meshes representing the dam and the foundation. 

Between the dam and the foundation, an elastic interface was 

assumed, with a normal stiffness of 20 GPa/m and a shear 

stiffness of 7 GPa/m. The NL models are similar to the L 

models, except the constitutive model of the joint on the 

foundation plane, between the dam and the rock mass, 

assuming a non-linear behavior, with a friction angle of 45º, 

null cohesion and no tensile strength.  
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Figure 4. Accelerograms with a PGA of 1.6 m/s
2
. 
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Figure 5. Shape of the elastic response spectrum. 

 Static loading 2.3

In the first stage only the static loads, dead weight, hydrostatic 

pressure and uplift, were considered. For all model cases, the 

sliding safety factors (SSF) are 1.80 for the dam 15 m high, 

1.76 for the dam 30 m high, 1.74 for the dam 50 m high and 

1.71 for the dam 100 m high. The stresses are plotted in 

Figure 6.  
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Figure 6. Vertical stress considering only the static loads (u - 

upstream; d – downstream). 
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3 EVALUATION OF THE RESULTS ACCORDING TO 

THE SEISMIC ANALYSIS METHODS 

 General considerations 3.1

For the seismic analysis, the main results include the vertical 
stresses and the safety factor as described for the static 

loading. For the linear time history analysis and the non-linear 

time history analysis, the stresses and the sliding safety factor 

were registered as time-histories. For this reason, the stresses 

are characterized by the minimum and maximum values 

recorded during the earthquake. In the case of the sliding 

safety factor, only the minimum value is relevant to assess the 

stability of the dam.  

 Seismic analysis using a pseudo-static method 3.2

In the pseudo-static analysis, the inertia forces result from the 

product of the mass times the acceleration. The dynamic 

amplification of the inertia loads along the height of the dam 

and the oscillatory nature are neglected. For the horizontal 

direction, an acceleration of 1.6 m/s
2
, the PGA, was applied in 

the stress analysis, while an acceleration of 1.1 m/s
2
, sustained 

acceleration taken as 2/3 of the peak acceleration value, was 

used in the stability analysis. For the vertical direction, the 

acceleration was reduced by a factor of 2/3, being, in the 

stress analysis and in the stability analysis, respectively, 0.5 

and 0.4 m/s
2
. The values obtained for the SSF are presented in 

Table 6, and the vertical stresses at the upstream heel and at 

the downstream toe are plotted in Figure 7. Comparing to the 

results from the static loading, the SSF is reduced 

approximately 35%, the vertical stresses at the upstream heel 

are tensile stresses, while the compressive stresses at the 

downstream toe were magnified around 65%. 

Table 6. Sliding safety factors obtained from the pseudo-static 
seismic linear analyses. 

Model 15 m 30 m 50 m 100 m 

PS 1.19 1.17 1.15 1.13 

 

D
a

m
 h

e
ig

h
t 
[m

]

Vertical stress [MPa]

15

30

50

100

0.0-1.0-2.0-3.0-4.0 +1.0 +2.0

a b c d

a: d

b: d-s

c: u-s

d: u

· Pseudo-

static

 

Figure 7. Vertical stresses of the pseudo-static seismic 

analysis (u - upstream; d - downstream; s - static loading). 

 Seismic analysis using a pseudo-dynamic method 3.3

The pseudo-dynamic seismic analysis is similar to the pseudo-

static seismic analysis except that it recognizes the dynamic 

amplification of the inertia forces along the height of the dam, 

by the simplified response spectra method as described by 

Chopra [5]. The dynamic amplification is considered only in 

the horizontal direction. The dynamic flexibility of the dam-

foundation is modeled with the Young’s modulus of the 

concrete and the rock mass. The oscillatory nature of the 

inertia forces is not considered, the horizontal and vertical 

loads are continuously applied. For this reason, the stress 

analysis is performed using the peak spectral acceleration 
while the stability analysis is performed using the sustained 

spectral acceleration. Those values are, respectively, 4.1 m/s
2
 

and 2.7 m/s
2
, keeping the same horizontal and vertical ratio 

for the peak and sustained ground acceleration described 

before for the pseudo-static seismic analysis. Table 7 shows 

the SSF. The reduction from the SSF obtained in the static 

loading is around 33%. The stresses are plotted in Figure 8. In 

the upstream heel, the stresses are tensions. In the downstream 

toe the compressive stresses are magnified by a factor around 

2.1. The materials properties have a slight impact on the 

results. 

Table 7. Sliding safety factors obtained from the pseudo-
dynamic linear seismic analyses. 

Model 15 m 30 m 50 m 100 m 

PD-15/10 1.25 1.17 1.14 1.11 

PD-15/20 1.26 1.17 1.14 1.11 

PD-30/10 1.28 1.18 1.15 1.12 

PD-30/20 1.29 1.18 1.15 1.12 
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Figure 8. Vertical stress of the pseudo-dynamic seismic 

analysis (u - upstream; d - downstream; s - static loading). 

 Seismic analysis using a linear time history method 3.4

A finite element model was employed in the linear time 

history analysis. The two accelerograms presented in the 

section 2.2 were used. The accelerogram n. 1 was applied to 

the horizontal direction, while the accelerogram n. 2 was 

applied to the vertical direction, with a reduction of 2/3. The 

seismic analysis was developed by applying an equivalent 

time-history of shear and vertical stress at the lower 

foundation elements. Through the integration of the time-

history of the horizontal unbalanced forces, the permanent 

displacement can be estimated, when the safety factor is 

below the unity. 
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The SSF are presented in Table 8. The vertical stresses are 

presented in four different figures, according the materials 

properties, from Figure 9 to Figure 12. The compressive stress 

at the upstream heel and at downstream toe are similar, with a 

maximum of -3.5 MPa, in the case of the model 30/10 (Ec=30 

GPa and Er=10 GPa), representing a dam 100 m high. The 

maximum tensile stress at the upstream heel is +1.6 MPa, for 

the model 15/10 (Ec=15 GPa and Er=10 GPa), representing a 
dam 100 m high. 

Table 8. Sliding safety factors obtained from the seismic 

linear time history analyses. 

Model 15 m 30 m 50 m 100 m 

L-15/10 1.07 1.12 1.11 1.15 

L-15/20 1.04 1.23 1.12 1.20 

L-30/10 1.05 1.17 1.12 1.16 

L-30/20 1.06 1.19 1.16 1.22 
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Figure 9. Vertical stress of the linear time history analysis for 

the case Ec=15 GPa and Er=10 GPa (u - upstream; d - 

downstream; s - static loading). 
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Figure 10. Vertical stress of the linear time history analysis for 

the case Ec=15 GPa and Er=20 GPa (u - upstream; d - 

downstream; s - static loading). 
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Figure 11. Vertical stress of the linear time history analysis for 
the case Ec=30 GPa and Er=10 GPa (u - upstream; d - 

downstream; s - static loading). 
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Figure 12. Vertical stress of the linear time history analysis for 

the case Ec=30 GPa and Er=20 GPa (u - upstream; d - 

downstream; s - static loading). 

 Seismic analysis using a non-linear time history 3.5

method 

The model used for the non-linear time history analysis is 

very similar to the one considered to the linear time history 

analysis. The main difference is concerned with the properties 

of the joint between the dam and the foundation. A non-linear 

model was assumed, with a friction angle of 45º, null cohesion 

and no tensile strength. The SSF are presented in Table 9. The 

vertical stresses are plotted according to the materials 

properties, from Figure 13 to Figure 16. 

Table 9. Sliding safety factors obtained from the seismic non-
linear time history analyses. 

Model 15 m 30 m 50 m 100 m 

L-15/10 1.08 1.13 1.16 1.10 

L-15/20 1.11 1.23 1.12 1.22 

L-30/10 1.05 1.17 1.11 1.16 

L-30/20 1.06 1.19 1.17 1.24 
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Figure 13. Vertical stress of the non-linear time history 
analysis for the case Ec=15 GPa and Er=10 GPa (u - upstream; 

d - downstream; s - static loading). 

 

D
a

m
 h

e
ig

h
t 

[m
]

Vertical stress [MPa]

15

30

50

100

0.0-1.0-2.0-3.0-4.0 +1.0 +2.0

a b c d e f

a: u-min

b: d-min

c: d-s

d: d-max

e: u-s

f: u-max

· Non-linear

· Ec=15 GPa

· Er=20 GPa

 

Figure 14. Vertical stress of the non-linear time history 

analysis for the case Ec=15 GPa and Er=20 GPa (u - upstream; 

d - downstream; s - static loading). 
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Figure 15. Vertical stress of the non-linear time history 
analysis for the case Ec=30 GPa and Er=10 GPa (u - upstream; 

d - downstream; s - static loading). 
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Figure 16. Vertical stress of the non-linear time history 
analysis for the case Ec=30GPa and Er=20GPa (u - upstream; 

d - downstream; s - static loading). 

The maximum compressive stress at the upstream heel is 

found in the case of the model 15/10, with a value of -3.9 

MPa, representing a dam 100 m high. The maximum tensile 

stress on the base of the dam is null, because the nonlinear 
constitutive model of the joint, between the dam and the 

foundation, does not admit tensile stresses.  

4 EVALUATION OF THE RESULTS ACCORDING TO 

THE DAM HEIGHT 

 Results for the dam 15 m high 4.1

The results obtained for the static and seismic analyses are 

presented, respectively, in Table 10 and in Table 11. 

Considering the seismic analyses, the SSF obtained from NL 

models, are smaller than those from the others methods. The 

dam-foundation interface opening acts as a base isolation 

system reducing the inertia forces transmitted to the dam. 

Great variations on the stress, both at the upstream heel and at 

the downstream toe, can also be found. The local permanent 
displacements, observed after the earthquake, were measured 

at the downstream toe. The SSF are above the unity in all 

instants, probably the sliding did not occur simultaneously in 

all points of the dam base. 

Table 10. SSF, vertical stress and permanent sliding for the 

static loading, for the dam 15 m high. 

Model 
Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] 
SSF 

Perm. 

displ. 

[mm] 

PS -0.11 -0.22 1.80 0.0 

PD -0.11 -0.22 1.80 0.0 

L-15/10 -0.15 -0.28 1.80 0.0 

L-15/20 -0.08 -0.23 1.80 0.0 

L-30/10 -0.21 -0.34 1.80 0.0 

L-30/20 -0.14 -0.27 1.80 0.0 

NL-15/10 -0.15 -0.28 1.80 0.0 

NL-15/20 -0.09 -0.23 1.80 0.0 

NL-30/10 -0.21 -0.34 1.80 0.0 

NL-30/20 -0.14 -0.27 1.80 0.0 
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Table 11. SSF, vertical stress and permanent sliding for the 

seismic analyses, for the dam 15 m high. 

Model 

Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] SSF 

Perm. 

displ. 

[mm] Min. Max. Min. Max. 

PS 0.10 -0.39 1.19 0.0 

PD-15/10 0.11 -0.44 1.25 0.0 

PD-15/20 0.10 -0.42 1.26 0.0 

PD-30/10 0.09 -0.41 1.28 0.0 

PD-30/20 0.08 -0.40 1.29 0.0 

L-15/10 0.20 -0.49 -0.11 -0.47 1.07 0.0 

L-15/20 0.31 -0.44 -0.04 -0.48 1.04 0.0 

L-30/10 0.14 -0.57 -0.12 -0.57 1.05 0.0 

L-30/20 0.29 -0.55 -0.04 -0.59 1.06 0.0 

NL-15/10 0.0 -0.55 -0.16 -0.53 1.08 < 0.1 

NL-15/20 0.0 -0.52 -0.08 -0.50 1.11 0.6 

NL-30/10 0.0 -0.59 -0.15 -0.63 1.05 0.1 

NL-30/20 0.0 -0.59 -0.05 -0.59 1.06 1.2 

 

 Results for the dam 30 m high 4.2

Table 12 shows the results for the static loading and Table 13 

shows the results for the seismic analyses. For the seismic 

analyses, the results seem to be relatively consistent between 

all the models. The SSF are quite similar and the stresses, 
excepted for the model PS, are equivalents. The permanent 

displacements are small and not of engineering significance. 

The pseudo-dynamic model is a reasonable approximation of 

the actual seismic behavior of the dam 30 m high.  

 

Table 12. SSF, vertical stress and permanent sliding for the 

static loading, for the dam 30 m high. 

Model 
Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] 
SSF 

Perm. 

displ. 

[mm] 

PS -0.21 -0.45 1.76 0.0 

PD -0.21 -0.45 1.76 0.0 

L-15/10 -0.27 -0.58 1.76 0.0 

L-15/20 -0.13 -0.47 1.76 0.0 

L-30/10 -0.41 -0.70 1.76 0.0 

L-30/20 -0.26 -0.57 1.76 0.0 

NL-15/10 -0.27 -0.58 1.76 0.0 

NL-15/20 -0.15 -0.47 1.76 0.0 

NL-30/10 -0.41 -0.70 1.76 0.0 

NL-30/20 -0.26 -0.57 1.76 0.0 

Table 13. SSF, vertical stress and permanent sliding for the 

seismic analyses, for the dam 30 m high. 

Model 

Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] SSF 

Perm. 

displ. 

[mm] Min. Max. Min. Max. 

PS 0.22 -0.78 1.17 0.0 

PD-15/10 0.32 -0.94 1.17 0.0 

PD-15/20 0.32 -0.94 1.17 0.0 

PD-30/10 0.30 -0.93 1.18 0.0 

PD-30/20 0.30 -0.93 1.18 0.0 

L-15/10 0.39 -0.99 -0.26 -0.90 1.12 0.0 

L-15/20 0.44 -0.79 -0.20 -0.82 1.23 0.0 

L-30/10 0.15 -1.04 -0.33 -1.02 1.17 0.0 

L-30/20 0.32 -0.91 -0.22 -0.96 1.19 0.0 

NL-15/10 0.0 -1.08 -0.30 -0.98 1.13 < 0.1 

NL-15/20 0.0 -0.94 -0.26 -0.90 1.23 < 0.1 

NL-30/10 0.0 -1.08 -0.37 -1.07 1.17 0.1 

NL-30/20 0.0 -1.00 -030 -0.99 1.19 0.2 

 

 Results for the dam 50 m high 4.3

The results obtained for the static and seismic analyses are 

presented, respectively, in Table 14 and in Table 15. The 

comments to the results are similar to the ones expressed for 

the dam with 30 m. The SSF are equivalents and stresses are 
similar, excepted for the model PS, which values are lower 

than those achieved by the others methods. A global 

displacement of the dam through the foundation plane is 

unlikely.  

 

Table 14. SSF, vertical stress and permanent sliding for the 

static loading, for the dam 50 m high. 

Model 
Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] 
SSF 

Perm. 

displ. 

[mm] 

PS -0.33 -0.76 1.74 0.0 

PD -0.33 -0.76 1.74 0.0 

L-15/10 -0.42 -0.99 1.74 0.0 

L-15/20 -0.18 -0.79 1.74 0.0 

L-30/10 -0.66 -1.19 1.74 0.0 

L-30/20 -0.41 -0.97 1.74 0.0 

NL-15/10 -0.42 -0.99 1.74 0.0 

NL-15/20 -0.22 -0.79 1.74 0.0 

NL-30/10 -0.66 -1.19 1.74 0.0 

NL-30/20 -0.41 -0.97 1.74 0.0 
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Table 15. SSF, vertical stress and permanent sliding for the 

seismic analyses, for the dam 50 m high. 

Model 

Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] SSF 

Perm. 

displ. 

[mm] Min. Max. Min. Max. 

PS 0.38 -1.29 1.15 0.0 

PD-15/10 0.57 -1.60 1.14 0.0 

PD-15/20 0.57 -1.60 1.14 0.0 

PD-30/10 0.54 -1.57 1.15 0.0 

PD-30/20 0.54 -1.57 1.15 0.0 

L-15/10 0.80 -1.46 -0.50 -1.58 1.11 0.0 

L-15/20 0.88 -1.23 -0.35 -1.25 1.12 0.0 

L-30/10 0.42 -1.75 -0.62 -1.81 1.12 0.0 

L-30/20 0.52 -1.45 -0.46 -1.60 1.16 0.0 

NL-15/10 0.0 -1.73 -0.64 -1.72 1.16 0.2 

NL-15/20 0.0 -1.53 -0.52 -1.44 1.12 0.3 

NL-30/10 0.0 -1.82 -0.69 -1.91 1.11 0.3 

NL-30/20 0.0 -1.62 -0.56 -1.66 1.17 0.2 

 

 Results for the dam 100 m high 4.4

Table 16 shows the results for the static loading and Table 17 

shows the results for the seismic analyses. For the seismic 

analyses, the pseudo-static and the pseudo-dynamic methods 

seem to be conservative relative to the SSF, because the 
results for the SSF are smaller than the results obtained by the 

linear time history and by the non-linear time history analyses. 

The stresses are similar, excepted for the PS analysis, whose 

stresses, both in upstream and downstream faces, are lower. 

The permanent displacement is also small. 

 

Table 16. SSF, vertical stress and permanent sliding for the 

static loading, for the dam 100 m high. 

Model 
Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] 
SSF 

Perm. 

displ. 

[mm] 

PS -0.60 -1.57 1.71 0.0 

PD -0.60 -1.57 1.71 0.0 

L-15/10 -0.74 -2.00 1.71 0.0 

L-15/20 -0.27 -1.59 1.75 0.0 

L-30/10 -1.24 -2.42 1.71 0.0 

L-30/20 -0.74 -1.99 1.75 0.0 

NL-15/10 -0.76 -2.01 1.71 0.0 

NL-15/20 -0.38 -1.61 1.71 0.0 

NL-30/10 -1.24 -2.42 1.71 0.0 

NL-30/20 -0.76 -1.99 1.71 0.0 

Table 17. SSF, vertical stress and permanent sliding for the 

seismic analyses, for the dam 100 m high. 

Model 

Vert. stress 

upstream [MPa] 

Vert. stress 

downstr. [MPa] SSF 

Perm. 

displ. 

[mm] Min. Max. Min. Max. 

PS 0.78 -2.58 1.13 0.0 

PD-15/10 1.27 -3.28 1.11 0.0 

PD-15/20 1.27 -3.28 1.11 0.0 

PD-30/10 1.22 -3.23 1.12 0.0 

PD-30/20 1.22 -3.23 1.12 0.0 

L-15/10 1.56 -2.99 -0.95 -2.95 1.15 0.0 

L-15/20 1.46 -2.41 -0.91 -2.34 1.20 0.0 

L-30/10 0.74 -3.52 -1.20 -3.40 1.16 0.0 

L-30/20 0.88 -2.63 -1.22 -2.87 1.22 0.0 

NL-15/10 0.0 -3.87 -1.13 -3.23 1.10 0.3 

NL-15/20 0.0 -3.26 -1.11 -2.58 1.22 0.2 

NL-30/10 0.0 -3.70 -1.33 -3.56 1.16 0.4 

NL-30/20 0.0 -2.95 -1.35 -2.97 1.24 0.3 

 

5 CONCLUSIONS 

A set of 52 seismic analyses of gravity dam models, using 

four different methods, were carried out. It was found that (i) 

the pseudo-static method model gives a good approximation 

of the sliding safety factor (SSF), but the stresses are generally 

lower, when compared with the values obtained by more 

sophisticated methods; (ii) the pseudo-dynamic analysis gives 

a good approximation of the SSF and stresses on the base of 

the dam, the materials properties have small influence on 

those results; (iii) for the dam analysed with SSF > 1 the linear 
time history analysis did not give additional relevant 

information when compared with the pseudo-dynamic 

method; and (iv) the non-linear time history analysis 

confirmed the dam response against a sliding failure scenario, 

even when stress redistribution is taking place, giving an 

actual time-history of the stress during an earthquake and 

permanent displacements. 
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ABSTRACT: A challenging design of a transmission line (TL) is presently being carried out in Brazil: a double circuit 500kV 
TL in the Amazonian region. In addition to the significant length, over 1400 km in the rain forest, the design has to cope with 
large river crossings and severe environmental constrains. Some of these crossings demand single spans more than 2000 meters 
long. The crossing of the Trombetas River is one of the most important, having a total length of 5100 meters. The proposed 
design has located a tower on an island. Each of the two main spans is approximately 1600m long and demands two latticed 
steel suspension towers 190m high and a third 120m high. Moreover, these towers must be erected on concrete foundations that 
reach 10m above terrain level, to maintain the base of the towers above maximum river flood level. The present work describes 
the structural analysis of the special TL towers for this crossing. The focus is on numerical predictions of the dynamic response 
of the 190m high latticed steel structure subjected to cable rupture (conductors and shield wires). The entire crossing section is 
modeled including the two highest towers and all other elements: foundations, conductor cables, shield wires and insulator 
strings. To perform the analysis, direct explicit numerical integration of the equations of motion in the time domain is adopted, 
using the central finite differences scheme. The responses obtained by such approach are then compared to responses determined 
by standard practice. An additional feature of this study was the consideration of the dynamic structural interaction between the 
structure and the foundation (soil-structure interaction), which attained particular importance in view of the soft soil foundation 
at the site. 

KEY WORDS: Dynamic analysis; Latticed steel towers; Crossing towers; Transmission line structures; Cable rupture; Finite 
central differences; Soil-structure interaction. 

1 INTRODUCTION 
The 500kV Transmission Line (TL) from the Tucuruí 
hydroelectric power plant to Macapá and Manaus, within the 
brazilian amazonic region, presents great engineering 
challenges, such as large river crossings and very severe 
environmental constrains. In addition, during the design stage 
the available information on the foundation soil and local 
geology presented large uncertainties. In this context it was 
decided to resort to towers about 190m high in order to attain 
spans as long as 2000m. Obviously these structures demanded 
a detailed assessment, mainly about the structural response of 
the towers due to dynamic loads. 

The present paper aims at describing the evaluation of the 
dynamic response of the main steel tower for the Trombetas 
River crossing for cable rupture, which is one of the loading 
cases considered in design. The studies were carried out 
through the analysis of an entire section of the transmission 
line (towers, cables and insulator strings), representing cables 
and structures by means of truss elements and solving the 
resulting equations of motion by direct explicit numerical 
integration. This methodology was programmed through 
software developed by the authors. 

In summary, the paper describes in detail the determination 
of the dynamic response of tower GTS 01 subjected to cable 
rupture, i.e., the evolution with time of displacements at the 
top of the tower and axial forces in structural elements. Peak 
values are compared with the response obtained through 
conventional TL design methods. 

2 DESCRIPTION OF THE CROSSING AND THE 
STRUCTURAL SYSTEM 

2.1 Crossing over the Trombetas River 
The crossing TL over the Trombetas River is of the 
A-S-S-S-A type, in other words, it is composed of anchor 
towers at both ends (GTA 00 and GTA 01) and a central 
section with three suspension towers (GTS 00, GTS 01 and 
GTS 02), as shown in Figure 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. View of the crossing over the Trombetas River. 
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The main spans of the Trombetas River crossing design are 
1598m and 1590m long, while the suspension towers should 
have useful heights equal to 190m and 119m. Two crossing 
towers (GTS 00 and GTS 01) should have their foundations 
lifted up about 10m, due to the elevation of the river level 
during the flooding season. 

2.2 General considerations 

Differently from static analysis, the mass distribution of a 
structure plays a fundamental role in its dynamic analysis. 
Therefore, especial attention was devoted to the correct 
determination of the masses in the computational model of 
tower GTS 01. For instance, the masses of main bars are 
automatically calculated and assigned by the program to the 
nodes of the model. The mass of secondary bars, which are 
often introduced just for bracing main bars but do not carry 
loads in a linear analysis and hence need not be included in 
the model, were calculated and distributed manually. 
Additional masses, for example applied loads due to bolts, 
steel plates, galvanization and equipment, were carefully 
calculated and lumped at the corresponding nodal points of 
the model. 

Regarding structural damping, it is known that energy 
dissipation in steel lattice towers increases with the vibration 
amplitude. Limited experimental evidence suggests critical 
damping ratios around 10% for large response amplitudes [1]. 
In this paper, the suggested 10% value was adopted. 

2.3 Considerations on the foundations 

During the first design stage the available information on local 
geology presented large uncertainties, indicating soils with 
low support capacity. Additionally, due to the elevation of the 
river level during the flooding season, the crossing towers 
(GTS 00 and GTS 01) should have their foundations lifted up 
about 10m. For these reasons, the traditional consideration of 
structures erected over a rigid base becomes unviable. 

Within this context, the study was conducted through 
different stages. Initially, aiming to assess the influence of 
dynamic modeling on displacements at the top of the tower, 
axial forces in structural elements and support reactions, the 
obtained results were compared to those provided by a 
conventional static analysis, with a rigid foundation, i.e., with 
undisplaceable supports. After, the simulations were carried 
out considering a foundation with an expected flexibility for 
the analyzed structure and, finally, considering the possibility 
of a floating foundation. The stiffness coefficients were 
determined from similar TL structure solutions already 
executed, as it is explained. 

The expected flexibility was determined considering that 
each tower leg is supported by 10m-high tubular concrete 
columns with an outside diameter of 2.50m and thickness of 
0.10m. Assuming a Young Modulus of Ec = 25×109N/m2, the 
stiffness coefficients would be: 

Horizontal in the direction normal to the LT: 
kx = 4.08×107N/m; 
Horizontal in the direction of the LT: 
kz = 4.08×107N/m; 
Vertical direction: 
ky = 4.08×108N/m. 

 

Observing that the stiffness coefficient in vertical direction 
is equal to ky = 1.88×109N/m. Therefore, the adopted 
coefficient above represents an estimated lower limit, 
considering the connections with base and tower. 

Assuming that the flexibility of the foundations would 
present the same stiffness as the tubular concrete columns, the 
total coefficients would be: 

Horizontal in the direction normal to the LT: 
kx = 2.04×107N/m; 
Horizontal in the direction of the LT: 
kz = 2.04×107N/m; 
Vertical direction: 
ky = 2.04×108N/m. 

 
With regard to the floating foundation, if a floating base 

area of 100m2 was admitted, this would result in a lower limit 
vertical stiffness equal to ky = 1.0×106N/m, which is 
considered extremely low. Consequently, stiffness coefficients 
to the floating foundation were taken: 

Horizontal in the direction normal to the LT: 
kx = 2.04×106N/m; 
Horizontal in the direction of the LT: 
kz = 2.04×106N/m; 
Vertical direction: 
ky = 2.04×107N/m. 

 
Starting from these coefficients, the support reactions were 

evaluated, through a full dynamic simulation. After the 
comparison to the static analysis, maximum values were used 
and the real foundations could be designed, providing real 
stiffness coefficients. 

The design of the foundations determinates the use of a 
concrete block with 7.0 x 7.0 x 2.60m in each tower leg, 
which is supported by nine inclined tubular metallic piles with 
outside diameter of 1.0m and thickness of 12.5mm. Through 
force vs. displacements tables, showed in Table 1, the real 
stiffness coefficients were able to be evaluated. 

Table 1. Force vs. displacements for real foundations. 

 Compression Tension 

 Force 
(kN) 

Displacement 
(m) 

Force 
(kN) 

Displacement 
(m) 

X 2119.76 0.06260 -1191.21 -0.04732 

Y 15788.32 0.01117 -4978.54 -0.00125 

Z -2124.98 -0.05132 1229.73 0.03266 

 
The stiffness coefficients to the real foundations are: 
Horizontal in the direction normal to the LT: 
kx = 3.452×107N/m; 
Horizontal in the direction of the LT: 
kz = 3.452×107N/m; 
Vertical direction, for tension: 
ky = 3.983×109N/m; 
Vertical direction, for compression: 
ky = 1.413×109N/m. 
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Note that the horizontal coefficients kx and kz were taken as 
the average between the values presented in Table 1, for 
tension and compression in both directions. 

3 DESIGN PROCEDURES FOR CABLE RUPTURE 
Usual design procedures of TL structures consider all acting 
dynamic loads, such as wind or cable rupture, by means of 
equivalent static loads. Specifically in connection to cable 
rupture, in usual design practice the load is applied directly on 
the tower, in the longitudinal direction of the TL, with a 
magnitude equal to the residual static load subsequent to the 
cable failure. For conductor cables, this magnitude is around 
80% to 85% of the EDS condition (Every Day Stress). 

In the case of the crossing section on the Trombetas River, 
the conductor cables were designed for a tension equal to 22% 
of its capacity (UTS - Ultimate Tension Stress). Therefore, the 
magnitude of the load that should be applied on the GTS 01 
tower, in the longitudinal direction, must be around 18% of its 
UTS, jointly with other relevant loads in the vertical direction 
due to dead weight of the tower, equipment, conductor cables 
that did not break and shield wires. 

4 SOLUTION METHOD 
To perform the dynamic analysis, direct explicit numerical 
integration of the equations of motion in the time domain was 
adopted, using the central finite differences scheme, because it 
does not require assembling or updating the system global 
stiffness matrix. Integration is accomplished at element level, 
which constitutes an advantage in non-linear problems. When 
the system mass and damping matrices M and C are both 
diagonal, the method becomes explicit and the expression in 
central finite differences for the displacement at any node in 
either the x, y or z direction, at time t + Δt, may be written as: 
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in which  q  denotes the nodal coordinate in either the x, y or z 
direction,  f(t)  the resultant nodal force component in the 
corresponding direction at time t,  cm = c/m  is a constant,  m  
the nodal mass and  c  the nodal damping coefficient, assumed 
proportional to mass  m. The resultant nodal force  f(t)  
consists of gravitational forces (dead weight and external 
nodal forces), and axial forces in the truss elements. It is 
important to quote that geometrical non-linearity is always 
considered, since the nodal coordinates are updated after each 
integration step  Δt. 

Convergence and accuracy of the solution depend basically 
on the integration time interval  Δt. Since the method is only 
conditionally stable [2], it is necessary that Δt ≤ Δtcrit. For 
latticed structures, the critical time interval Δtcrit can be 
estimated by [3]: 

 
  ρE  

 L 
  t Δt (0)min  

crit =Δ≤  (2) 

in which  Lmin(0)  is the initial length (in t = 0) of the smallest 
truss element,  E  is the elastic modulus and   ρ  is the material 
mass density. Additional details about the integration method 
applied to dynamic analysis of TL towers and cables can be 
found in [4], [5], [6] and [7]. 

5 MECHANICAL MODEL FOR THE DYNAMIC 
ANALYSIS 

5.1 Crossing over the Trombetas River 
To evaluate the dynamic response of the GTS 01 tower  
subjected to cable rupture, a mechanical model with the entire 
crossing section over the Trombetas River was modeled, 
including the two highest towers (GTS 01 and GTS 02), 
conductor cables, shield wires, insulator strings as well as the 
foundations. Such model with all elements is presented in 
Figure 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Mechanical model of the crossing section on the 
Trombetas River. 

 
The insulator strings for each conductor cables bundle in the 

GTS towers are double, as showed in Figure 3. The length of 
all insulator strings in the GTS towers is 7.15m. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Detail of GTS 01 tower in the mechanical model. 
 

The crossing section on the Trombetas River has a total 
length exceeding 5100m. The model presents the following 
spans: 1037.71m between the anchor GTA 00 towers and the 
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suspension tower and the GTS 01 suspension tower, 1590.0m 
between the GTS 01 suspension tower and the GTS 02 
suspension tower  and finally 961.61m between the GTS 00 
suspension tower  and the GTA 01 anchor towers . The 
conductor cables used in the crossing section are bundles with 
four AACSR 535/240 cables (AACSR - Aluminum Alloy 
Conductor Steel Reinforced). Each cable has 775.06mm2 total 
cross sectional area (aluminum alloy + steel). The shield wires 
are OPGW type (OPGW - Optical Fiber Composite Overhead 
Ground Wire) with 349.14mm2 cross sectional area. Other 
properties of the conductor cable AACSR 535/240 and of the 
shield wire OPGW are presented in Table 2 and Table 3, 
respectively. 

In the mechanical model, the bundles were replaced by a 
single cable element, with outside diameter, cross section 
area, tension capacity and unit weight equal to four times the 
values presented in Table 2. 

Table 2. Properties of the AACSR 535/240 conductor cable. 

External diameter of 
the conductor cable 36.21 mm 0.03621 m 

Cross sectional area 
(aluminum alloy) 535.70 mm2 535.70 × 10-6 m2 

Cross sectional area 
(steel) 239.36 mm2 239.36 × 10-6 m2 

Total cross sectional 
area (aluminum 
alloy + steel) 

775.06 mm2 775.06 × 10-6 m2 

Tension capacity of 
the conductor cable 49950.0 daN 499500 N 

Unit weight of the 
conductor cable 3.464 daN/m 34.64 N/m 

Elastic modulus in 
tension 94.50 daN/mm2/100 9.45 × 1010 N/m2 

 

Table 3. Properties of the OPGW shield wire. 

External diameter 
of the shield wire 24.30 mm 0.0243 m 

Cross sectional area 349.14 mm2 349.14 × 10-6 m2 

Tension capacity of 
the shield wire 39768.76 daN 397687.6 N 

Unit weight 2.2563 daN/m 22.563 N/m 

Elastic modulus in 
tension 129.85 daN/mm2/100 12.98 × 1010 N/m2

 

5.2 Constitutive law of conductor cables and shield wires 
Cables are formed by the association of threads, able to carry 
only tensile forces. In this paper, a linear model is used to 
calculate cables sags, elongations and tensions, i.e., the cable 
stress-strain diagram, at constant temperature, is a straight 
line. The following constitutive law was adopted for 
conductor cables and shield wires in tension: 

 OCCCCC L / L A E  F Δ=  (3) 

in which AC denotes the cross sectional area of the cable 
element (m2), equal for conductor cables to the total area 
(aluminum alloy + steel) and for shield wires to the steel area;  
EC  the elastic modulus in tension (N/m2);  FC  the tension 
force in the cable element (N);  ΔLC  the elongation of the 
element (m) and  LOC  the unstressed length of the cable 
element (m).The values used in Equation (3) to calculate the 
tension forces in the cable elements are presented in Tables 1 
and 2. Suspended cables in TL present the form of a catenary. 
In the condition EDS, the conductor cables AACSR 535/240 
used in the crossing section were designed for a tension of 
22% of its capacity (UTS - Ultimate Tension Stress). The 
shield wires were designed for maximum sag equal to 90% of 
the conductor cables maximum sag, resulting in a tension 
around 20% of the shield wires UTS. 

When the suspension points of the cable have the same 
height, the catenary is symmetrical in relation to the center of 
the span (central axis), where the vertex is located, i.e. the 
point where the maximum sag occurs. In the case of supports 
with different heights, the catenary is not symmetrical and the 
maximum sag  fe  does not occur at the center of the span, as 
shown in Figure 4. The sag depends on the span length, on the 
temperature and on the tension in the cable when it is fixed at 
the supports. 
 
 
 
 
 
 
 
 
 
 

Figure 4. Suspended cable between supports “1” and “2” with 
different heights (B ≠ 0). 

 
At the beginning of the analysis (initial condition, t = 0s) the 

cable should be in a position such that, after the application of 
dead loads, it is subjected to the design tension force, 
equivalent to a percentile of the tensile strength of the cable, 
with the theoretical catenary (ftheoretical) and the maximum sag 
(fe). The formulation used to determine the theoretical 
catenary, the maximum sag, the position of the maximum sag 
(x0) and the theoretical length of the cables is described by 
[6]. Additional details are given by [8]. 

5.3 Constitutive law of insulator strings 
The insulator strings were modeled with elements able to 
carry only tensile forces. In this paper, a linear model is used 
to describe the force-displacement behavior of these elements. 
As mentioned before, all the insulator strings in the GTS 
towers are double with 7.15m length. The following 
constitutive law was adopted for insulator strings in tension: 

 OIIIII L / L A E  F Δ=  (4) 

in which  AI  denotes the cross section area of the insulator 
string element (m2);  EI  the elastic modulus in tension of the 
steel that joins the insulators (N/m2);  FI  the tension force in 
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the insulator string element (N);  ΔLI  the elongation of the 
element (m) and  LIC  the unstressed length of the element 
(m). The values used in the Equation (4) to calculate the 
tensile forces in the insulator strings are presented in Table 4. 

Table 4. Properties of insulator strings. 

Cross sectional area of two insulators strings 5.00 × 10-4 m2 
Weight for meter of two insulators strings 466.5 N/m 
Elastic modulus in tension 2.00 × 1011 N/m2 

 

5.4 Constitutive law of bars of the towers 
Towers GTS 01 and GTS 02 were designed for ASTM A572 
steel, with elastic modulus  E = 200GPa.  The following linear 
model, both in tension as well as in compression, was adopted 
to describe the force-displacement behavior of the truss 
elements: 

 OBBBBB L / L A E  F Δ=  (5) 

in which  AB  denotes the cross sectional area of the truss 
element (m2);  EB  the elastic modulus of ASTM A572 
steel (N/m2);  FB  the tension or compression force in the 
element (N);  ΔLB  the elongation or shortening of the 
element (m) and  LOB  the unstressed length of the truss (m). 

5.5 Load application 
The total duration of the dynamic analysis was limited to 40 s. 
The dead weight of cables, towers, insulators and additional 
masses was gradually applied during 5 s, allowing 15 s to 
damp out induced vibrations. Rupture of the cable occurs 20 s 
after beginning the integration process. The ensuing 20 s were 
used for the analysis after rupture. In this period, the evolution 
with time of axial forces in each truss element and of the 
displacements at the top of tower GTS 01 were determined, 
and the maximum values identified. The results are presented 
in Section 6. It should be underlined that it is assumed that 
rupture of a conductor cable bundle takes place, which 
implies that the fours cables of the bundle break at the same 
time. Four analysis of cable rupture were performed, one for 
rupture of a shield wire and one for each conductor cable 
bundle of one side of tower GTS 01. The cable elements 
(conductor cable bundle and shield wire) assumed to break are 
illustrated in Figure 5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5. Cable elements assumed to break. 

6 RESULTS AND DISCUSSIONS 
The dynamic response of tower GTS 01, was obtained using 
explicit numerical integration. To determine the response 
envelope, rupture of shield wire and all bundles was evaluated 
in sequence, for three support conditions: rigid foundation 
(undisplaceable supports), real foundation and floating 
foundation (very flexible supports). The tower peak response 
due to cable rupture, by means of equivalent static loads, with 
rigid foundation, was also determined using a FEM program. 
The results are presented below. 

6.1 Dynamic response due to rupture of a conductor cable 
bundle 

The variation with time of displacements of four nodes at the 
top of tower GTS 01, shown in Figure 10, in the longitudinal 
direction to TL (axis z), due to rupture of the conductor cable 
bundle 01, is shown in Figure 6. Figure 7 presents the 
evolution with time of axial forces in some selected diagonal 
elements of tower GTS 01, identified in Figures 9 and 10, due 
to the rupture of conductor cable bundle 01. Similarly, 
Figure 8 shows the axial forces in selected main members of 
tower GTS 01, also identified in Figures 9 and 10, due to 
rupture of the conductor cable bundle 01. All these results are 
from the model with floating foundation. 
 
 
 
 
 
 
 
 
 
 
Figure 6. Nodal displacements at top of tower GTS 01, in the 

longitudinal direction to TL (axis z), due to the rupture of 
conductor cable bundle 01, from the model with 

floating foundation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7. Axial forces in diagonal elements of tower GTS 01, 

due to rupture of the conductor cable bundle 01, 
from the model with floating foundation. 

Element 3488 
Conductor cable 

(Bundle 01) 

Element 4008 
Condutor cable 

(Bundle 02) 

Element 4528 
Condutor cable 

(Bundle 03) 

Element 2448 
Shield wire 

Tower GTS 01 

0 5 10 15 20 25 30 35 40

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

Time (s)

D
is

pl
ac

em
en

t 
(m

)

 

 

Node 23
Node 25
Node 34
Node 40

20 22 24 26 28 30 32 34 36 38 40
-4

-2

0

2

4
x 10

5

Time (s)

A
xi

al
 f

or
ce

 (
N

)

 

 

Element 569
Element 570
Element 571
Element 572
Element 581
Element 582
Element 583
Element 584

20 22 24 26 28 30 32 34 36 38 40
-4

-2

0

2

4
x 10

5

Time (s)

A
xi

al
 f

or
ce

 (
N

)

 

 

Element 665
Element 666
Element 667
Element 668
Element 669
Element 670
Element 671
Element 672



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3720 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. Axial forces in main members of tower GTS 01 due 

to the rupture of a conductor cable bundle 01, 
from the model with floating foundation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. Selected diagonal and main members of the lower 
part of tower GTS 01. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10. Selected nodes, diagonals and main members of the 

upper part of tower GTS 01. 

Similar results, presenting however smaller amplitudes, 
were obtained when the rupture of the conductor cable 
bundles 02, 03 and shield wire were simulated. 

The evolution over time of axial forces in some selected 
elements of tower GTS 01 (diagonal and main member), 
identified in Figure 10, due to the rupture of conductor cable 
bundle 01, for the three support conditions, are presented in 
Figure 11. Similarly, Figure 12 shows the support reactions of 
node 148 due to rupture of the conductor cable bundle 01. 
 
 
 
 
 
 
 
 
 
 

Figure 11. Axial forces in main member 556 (left) and 
diagonal member 581 (right) of the tower GTS 01 due to the 

rupture of a conductor cable bundle 01, for three support 
conditions. 

 
 
 
 
 
 
 
 
 
 
 

Figure 12. Transversal (left) and vertical (right) support 
reactions in node 148 of the tower GTS 01 due to the rupture 
of a conductor cable bundle 01, for three support conditions. 

 
The variation over time of displacements of nodes 25 and 

148, which are located at the top and at the bottom of tower 
GTS 01 (shown in Figures 9 and 10), respectively, in the 
longitudinal direction to TL (axis z), due to rupture of the 
conductor cable bundle 01, for the three support conditions, 
are shown in Figure 13. 
 
 
 
 
 
 
 
 
 
 
 
Figure 13. Displacements at the top (Node 25 – left) and at the 

bottom (Node 148 – right) of the tower GTS 01, in the 
longitudinal direction to TL (axis z), due to the rupture of a 

conductor cable bundle 01, for three support conditions. 
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Similar results, presenting smaller amplitudes, were 
obtained when the rupture of the conductor cable bundles 02, 
03 and shield wire was simulated. 

6.2 Static response due to rupture of a conductor cable 
bundle 

The nodal displacements at the top of tower GTS 01, 
identified in Figure 10, in the longitudinal direction to TL 
(axis z), for the standard static analysis of rupture of the 
conductor cable bundle 01, are indicated in Table 5. 

Table 5. Displacements (z direction) at the top of tower 
GTS 01 due to rupture of the conductor cable bundle 01 

with rigid foundation. 

Node Displacement in the longitudinal 
direction to TL - axis z (m) 

23 - 0.933 
25 - 0.660 
34 - 0.350 
40 - 0.605 

 
Tables 6 and 7 present the axial forces in some diagonal and 

main members of the tower, also identified in Figures 9 and 
10, according to a static analysis of loads due to rupture of the 
conductor cable bundle 01, with rigid foundation, along with 
the peak and final state values of the dynamic analysis, for 
three support conditions. 

Table 6. Axial forces in some main members of the tower 
GTS 01 determined through static and dynamic analysis due 
to rupture of the conductor cable bundle 01, for three support 

conditions. 

Main 
member 

Static 
analysis 

 
 

Axial 
force 
(kN) 

Dynamic analysis 

Rigid 
foundation 

Real 
foundation 

Floating 
foundation 

Peak 
axial 
force 
(kN) 

Final 
state  
axial 
force 
(kN) 

Peak 
axial 
force 
(kN) 

Final 
state  
axial 
force 
(kN) 

Peak 
axial 
force 
(kN) 

Final 
state  
axial 
force 
(kN) 

553 288 660 299 633 298 492 279 

554 40 518 53 489 52 322 32 

555 - 1288 - 1670 - 1318 - 1644 - 1317 - 1511 - 1297

556 - 1121 - 1665 - 1160 - 1635 - 1159 - 1505 - 1138

685 127 720 142 656 140 339 93 

686 50 747 68 681 65 324 18 

687 - 1599 - 2222 - 1633 - 2160 - 1631 - 1845 - 1582

688 - 1532 - 2274 - 1568 - 2194 - 1566 - 1829 - 1518

 
 
 
 
 
 

Table 7. Axial forces in some diagonal members of the tower 
GTS 01 determined through static and dynamic analysis due 
to rupture of the conductor cable bundle 01, for three support 

conditions. 

Diagonal
member 

Static 
analysis 

 
 

Axial 
force 
(kN) 

Dynamic analysis 

Rigid 
foundation 

Real 
foundation 

Floating 
foundation 

Peak 
axial 
force 
(kN) 

Final 
state  
axial 
force 
(kN) 

Peak 
axial 
force 
(kN) 

Final 
state  
axial 
force 
(kN) 

Peak 
axial 
force 
(kN) 

Final 
state  
axial 
force 
(kN) 

569 217 371 215 373 215 372 216 

570 - 204 - 372 - 204 - 374 - 204 - 369 - 204 

571 192 382 185 359 185 355 186 

572 - 184 - 375 - 189 - 377 - 189 - 370 - 189 

581 - 210 - 383 - 209 - 378 - 209 - 358 - 205 

582 184 352 183 358 183 369 189 

583 - 156 - 321 - 154 - 330 - 154 - 338 - 159 

584 229 409 229 403 228 380 224 

 
Observing Tables 6 and 7, it may be noticed that the peak 

values of axial forces provided by dynamic analysis (for three 
support conditions) due to rupture of the conductor cable 
bundle 01 were, in average, two times higher than those 
obtained in the standard static analysis. However, after the 
responses became stable (final state), i.e., without the dynamic 
amplification effects, the results were quite similar. 

This can lead to important conclusions. Firstly, it may be 
pointed out that rigid and real supports models, in the dynamic 
analysis, presented almost coincident peak and final state 
values for axial forces on the selected elements, while the 
responses for the floating foundation tended to be slightly 
lower. 

Additionally, it can be observed that the close correlation 
between the final state in the dynamic analysis and the 
standard static predictions constitutes strong evidence of the 
robustness of the latter, which is normally adopted for 
engineering design. Within this context, an interesting 
conclusion is that the presence of the remaining cables after 
the rupture of conductor cable bundled 01 presented a 
marginal influence on the distribution of the internal forces 
and did not affect the results. 

On the other hand, dynamic amplification may approach 
1.50 for main members and significantly exceed that value in 
case of diagonal members. It is thus concluded that dynamic 
amplification effects are not negligible in TL crossings and 
may cause failure of the towers if not properly taken into 
account for design purposes. 

The support reactions of static and dynamic analysis, due to 
the rupture of conductor cable bundle 01, can be analyzed 
from Table 8. In the same as for axial forces, the peak values 
provided by the dynamic analysis were higher than those 
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obtained in the static analysis. Again, after the responses 
became stable (final state) the results were quite similar.  

Table 8. Support reactions in node 151 of the tower GTS 01 
determined through static and dynamic analysis due to rupture 
of the conductor cable bundle 01, for three support conditions. 

Reaction (kN) 
Static 

analysis 
(kN) 

Dynamic analysis (kN) 

Rigid 
Foundation 

Real 
Foundation 

Floating 
Foundation

Transversal (x) - 383 - 497 - 553 - 477 

Vertical (y) 2530 3301 3224 2548 

Longitudinal (z) 395 552 591 483 

 
Concerning support flexibility, the highest vertical reaction 

was obtained due to the rigid foundation while the highest 
horizontal reaction was determined from real foundations, 
considering that both conditions were quite similar. The 
results for the floating foundation were around 20% lower. 
This illustrates the importance of considering the flexibility of 
foundations in simulations. 

Regarding the displacements in the longitudinal direction to 
TL (axis z) at the top and at the bottom of tower GTS 01, due 
to rupture of the conductor cable bundle 01, the values for 
rigid and real foundations were, again, quite similar. As it 
could be expected, the displacements for floating foundations 
were much higher, around three times more. 

In fact, cable rupture tends to be more relevant in TL which 
adopting single cables, since the probability of failure of all 
cables of a bundle at the same instant is considerably low. 
Anyhow, the cable rupture hypothesis provides additional 
longitudinal strength for preventing cascading failures at a 
relatively low cost [9]. 

7 CONCLUSIONS 
This paper describes the dynamic analysis of a four spans 
section of a TL crossing over the Trombetas River, which 
includes two 190m-high TL steel towers, subjected to cable 
rupture. The entire TL segment was modeled, including the 
two highest towers and all other elements: foundations, 
conductors, shield cables and insulator strings. The computed 
dynamic response of the tower GTS 01 was then compared 
with the static response obtained by standard procedures. 

Since the latter aim at determining axial forces, reactions 
and displacements after rupture has occurrred, the close 
correlation of the final state in the dynamic analysis with the 
standard static predictions constitutes strong evidence of the 
robustness of both models. In addition, an interesting 
conclusion is that the presence of remaining cables, after 
rupture of another conductor cable, presented a marginal 
influence on the distribution of the internal forces and did not 
affect the results. 

On the other hand, dynamic amplification may 
approach 1.50 for main members and significantly exceed that 
value in case of diagonal members. It is thus concluded that 
dynamic amplification effects are not negligible in TL 
crossings and may cause failure of the towers if not properly 
taken into account for design purposes. Furthermore, the 

influence of support flexibility was important on the 
determination of reaction support values, since the highest 
vertical reaction was obtained with the rigid foundation model 
while the highest horizontal reaction was determined from 
real foundations. 
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ABSTRACT: The article approaches the numerical structural response of a Transmission Line (TL) section due to an occurrence 
of a broken cable. TLs are subjected to various types of dynamic loads. One of these loads is due to the rare event of a broken 
conductor or a bundle of sub-conductors. This load case assumes an important role in designing suspension towers, which are 
the most frequent structures in TL and, consequently, also play an important role in evaluating structural system reliability. An 
incorrect evaluation of such load case may result in a TL weakness causing a cascade failure event. The standard design practice 
is to obtain the structural response to a load case which is not more than an equivalent static load, in other words, the residual 
load after the cable rupture. Therefore, the actual response of the tower is not taken into account since the dynamic nature of the 
load is not modeled nor the restriction of the remaining cables. In this paper, an entire section of the TL is modeled, including 
towers, cables and insulator strings. The methodology for the development of the numerical models applied to simulate this 
dynamic analysis is presented, considering the discretization of the structural model using the finite element method (FEM) and 
the solution of the dynamic problem by direct integration of the motion equations using the Newmark method. Special attention 
is devoted to guyed towers, which are very often used in TL due to their relative low installation costs. The dynamic loading due 
to cable rupture is simulated by a deactivation of a conductor’s finite element. Dynamic structural responses are shown in terms 
of forces acting on tower members, conductors and guys. Finally, they are compared to the responses obtained by static analysis, 
which is usually the standard practice.  

KEY WORDS: Dynamic analysis; Guyed tower; Broken conductor; Numerical simulations; Newmark’s implicit integration.  

1 INTRODUCTION 
Amidst the main causes of electric energy transmission 
failure, the collapse of transmission towers is a current 
research topic in the last decades, due mainly to a huge 
number of accidents occurring in transmission lines (TL) 
worldwide. The failure of a tower can be associated, for 
example, to wind loadings, or because of special loadings, 
which usually cause significantly greater responses than those 
estimated in the design phase, leading to TL accidents with 
catastrophic dimensions. One action to be considered in the 
design phase of these towers results from broken cables, 
which, when occurs in TL, are able to trigger a phenomenon 
known as cascade effect. Despite cable rupture being 
characterized as a dynamic loading, in tower design this is still 
considered as an equivalent static load. This simplification is 
justified due to the difficulty of representing this kind of 
loading in TL and the lack of well-defined normative criteria 
for their consideration. 

It is common to locate several studies concerning dynamic 
loadings for broken cables. However, most of these studies 
concern TL systems consisting of self-supporting towers. 
Clark et al [1] instrumented a part of TL consisting of self-
supporting towers submitted to a broken cable loading. The 
authors show the typical results of the development of a tower 
leg loading, the peak loading in the tower bars and the 
residual loading reached at the end of the experimental 
analysis. Menezes et al [2] numerically analyzed a TL 
segment that underwent a conductor cable rupture considering 
the physical and geometric non-linearity of the self-supporting 

tower, cables and bars. These authors investigated the 
influence of result amplification according to the variation of 
the structural damping present in the towers and highlighted 
the importance of experimental studies to quantify the 
damping of these structures. Vincent et al [3] performed a 
series of tests on a TL segment, consisting of self-supporting 
towers, both in real structures and numerical models. The 
dynamic responses of the tests on the actual structures, 
measured using load cells, showed excellent agreement with 
the results obtained from the finite element models. 

The present study aims to contribute to the understanding 
of the behavior of guyed lattice TL towers, when subjected to 
dynamic loading from broken cables. The response of these 
towers to this kind of load was obtained from the development 
of numerical models representative of a complete structural 
system of a segment of TL, as well as through static and 
dynamic analyses applied with these models due to the 
loading from the rupture of a conductor cable. 

2 TRANSMISSION LINE MODELING 
Representative numerical models of a segment of TL were 
developed using the finite elements of the ANSYS software, 
which can simulate cable ruptures in a dynamic analysis. 
These models were subjected to static and modal analyses 
before any dynamic analysis. The static analysis consisted in 
checking the models when the towers were subjected only to 
gravity (their own weight), and to the cable rupture 
concerning the static load equivalent recommended by 
Brazilian standard (NBR5422/1985). 

Dynamic response of guyed towers in transmission lines 
submitted to broken conductors 
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These coefficients are defined in terms of Newmark’s α 
and δ parameters, receiving values of 1/4 and 1/2, 
respectively, according to Bathe [4].  

The choice of the time increment should be made 
adequately for the convergence of the solution. An advantage 
of the Newmark method is that, even with arbitrarily large 
values adopted for ∆t, a solution with limited values can be 
obtained. However, the adopted ∆t must be sufficiently small, 
and also smaller than a maximum time increment chosen from 
the fundamental period of the structure T0 according to 
equation (4). 

 and   (4) 

3 ANALYSIS RESULTS 
In the dynamic analysis of the numerical TL model with four 
towers and five spans, axial forces were taken from the main 
members monitored in Tower 1 and the guy wires. 
Subsequently, the most loaded members in Tower 1 were 
compared to the members of the same location in the others 
three towers. The same procedure was performed for the guy 
wires. The monitored members are illustrated in Figure 6 and 
the identification of guy wires of the tower is shown in 
Figure 5. 

 
Figure 5. Identification of the guy wires on the guyed tower.  

Figure 7 and Figure 8 illustrate axial force in members, 
positioned below the guy wire-fixing point in Tower 1. At 
t = 0s, the bars present an initial compression (approx. 
100 kN) due to the application of an initial tension on the guy 
wires. With the application of gravity, early on in the analysis, 
member compression gradually increases until t = 5s and then 
remains constant until the moment when the rupture occurs 
(t = 15s). 

After the rupture, the largest peak occurs next to the guy 
wire-fixing point (Member 337) at the front members (see 
Figure 7), and the compression at the end of the analysis is 
higher at the members closer to the guy wire-fixing point. 

At the main members of the lateral of tower (Figure 8), the 
first dynamic peak reaches a strength load (90 kN), unlike the 
main members of front that are predominantly compressed. 
However the final compression on the main bars of front of 
tower is higher. 

 
Figure 6. Identification of the members on the guyed tower.  

 

 
Figure 7. Axial force in the main members of front of 

Tower 1. 

 
Figure 8. Axial force in the main members of lateral of 

Tower 1. 
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Figure 9 illustrates the loading on the diagonal members, 
positioned below the guy wire-fixing point in Tower 1. The 
usual loading of these bars is low, even after the rupture, with 
no significant dynamic peaks. These bars do not show 
significant loads from the conductor rupture because the load 
is directly transmitted and resisted by the guy wires. 

 
Figure 9. Axial force in the diagonal members of Tower 1. 

Figure 10 shows the traction force of the guy wires 
elements in Tower 1. The initial stress on the guy wires was 
105 kN, the equivalent to 16% of the rupture load of the wire, 
which was maintained until the time of the conductor rupture. 
At guy wire A, the first dynamic peak was of 450 kN, lower 
than the value of the guy wire rupture load, of 647 kN. It is 
noteworthy that, even though this dynamic peak was higher 
than the rated tensile strength (which occurs when the 
damping is small), there is no guarantee that there would be a 
rupture of the guy wire, as the rated tensile strength is 
determined by static tests. At guy wire B, the axial force drops 
to zero due to the twisting motion of the tower causing this 
relaxation. The other two guy wires, C and D, were loaded by 
traction values higher than the initial value, throughout the 
entire analysis.  

The traction efforts of guy wire A from the four towers are 
illustrated in Figure 11. After the cable rupture, only guy 
wire A from Tower 1 was significantly loaded. The peaks of 
the guy wire loads did not exceed the load value from the 
static analysis. These peaks were, in fact, lower. In guy wire A 
from Tower 2, 3 and 4, the loads were significantly smaller 
and reached the final values of 164 kN, 130 kN and 116 kN, 
respectively. 

 
Figure 10. Axial force in the guy wires of Tower 1. 

 
Figure 11. Axial force in the Guy Wire A of four towers. 

As mentioned previously, the members with the most 
loads were the members closest to the guy wire-fixing point. 
Thus, Figure 12 illustrates the axial force of member 337 of 
the four adjacent towers, as well as the axial force obtained 
from  the static analysis. 

 
Figure 12. Axial force in the main member 337 of four towers. 

Figure 13 illustrates the axial force of member 126 located 
at the base of the four towers, along with the value of the axial 
force obtained from the static analysis. The values of the 
dynamic axial force of the final compression in members 337 
and 126 at Tower 1 are virtually identical to the values 
obtained in the static analysis. These same members 
positioned on the other three towers presented axial forces 
below the values of the static response. 

 
Figure 13. Axial force in the main member 126 of four towers. 

 

-4
-2
0
2
4
6
8

10

0 10 20 30 40

A
xi

al
 F

or
ce

 (k
N

)

Time (s)

Member 292
Member 248
Member 208
Member 136
Member 60

-100

0

100

200

300

400

500

0 10 20 30 40

A
xi

al
 F

or
ce

 (k
N

)

Time (s)

Guy Wire A
Guy Wire B
Guy Wire C
Guy Wire D

0

100

200

300

400

500

600

0 10 20 30 40

A
xi

al
 F

or
ce

 (k
N

)

Time (s)

T1 - Guy Wire A
T2 - Guy Wire A
T3 - Guy Wire A
T4 - Guy Wire A
Static

-350

-300

-250

-200

-150

-100

-50

0

0 10 20 30 40

A
xi

al
 F

or
ce

 (k
N

)

Time (s)

T1 - Member 337
T2 - Member 337
T3 - Member 337
T4 - Member 337
Static

-250

-200

-150

-100

-50

0

0 10 20 30 40

A
xi

al
 F

or
ce

 (k
N

)

Time (s)

T1 - Member 126
T2 - Member 126
T3 - Member 126
T4 - Member 126
Static



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3728 

In this analysis with the guyed towers, the only diagonal 
members that presented significant normal loads were the 
members positioned above the guy wire-fixing point. Figure 
14 and Figure 15 illustrate the normal loads for members 43 
and 39, respectively, positioned at the four towers, alongside 
the load values obtained from the static analysis. The highest 
loads of these members were those in Tower 1, which is 
adjacent to the rupture point of the conductor cable. The 
intensity of the load diminished with the increasing distance 
of the member from the point of failure. After load ceasing, in 
this member at Tower 1, the value of the load in the dynamic 
analysis was almost the same as the value obtained from the 
static analysis. 

 
Figure 14. Axial force in the diagonal member 43 of four 

adjacent towers. 

 
Figure 15. Axial force in the diagonal member 39 of four 

adjacent towers. 

In the members located below the guy wire-fixing point, 
there was the predominance of a compression load. However, 
the traction load also occurred in Tower 1 and Tower 2 in 
member 118 located above this point. Figure 16 and Figure 17 
illustrate the loads on members 116 and 118. The most 
tensile-loaded member above the point was member 118 in 
Tower 1. 

After the oscillation of the dynamic load in this member 
stopped, the value of the dynamic analysis was almost the 
same as the value obtained from the static analysis. However, 
the most loaded bars of the tower were positioned on the 
fixing corbel supporting the broken conductor and the guy 
wire-fixing point. Figure 18 and Figure 19 illustrate the axial 
force on the members located on the top of the tower.  

 
Figure 16. Axial force in the main member 116 of four 

adjacent towers. 

 
Figure 17. Axial force in the main member 118 of four towers. 

 
Figure 18. Axial force in the main member 13 of four towers. 

 
Figure 19. Axial force in the main member 16 of four adjacent 

towers. 
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towers. The solution to the dynamic problem was achieved 
with the use of a finite element library, applying the Newmark 
method and the Rayleigh damping available in the software. 

The numerical solutions obtained for the guyed towers 
were not compared to other experimental results or other 
numerical studies due to the unavailability of experimental 
work reported in the literature using this type of tower. 

The ratio of structural damping considered in the models 
interfered mainly with the intensity of the dynamic peak, and 
is of fundamental importance to investigate variations in this 
parameter. 

When analyzing the figures that illustrate the dynamic load 
demands of a particular member, along with the response 
obtained from the static analysis, it can be observed that the 
value of the dynamic load after the oscillation ceased showed 
very close values  and, in some members, coincident values as 
the values obtained from the static analysis. This response 
indicates that applying a longitudinal load on the tower with 
the equivalent of 70% of the EDS tension of the conductor is a 
good design practice for the design of these towers.  

In these towers, the members fixed below the guy wire-
fixing point were not as loaded when compared to the guy 
wire loads, since these are the structural elements that most 
absorb the loads transmitted by cable conductor ruptures. 
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ABSTRACT: This research is an attempt to propose an integrated accreted ice failure model for iced overhead line conductors 
that will lead to more realistic nonlinear dynamic analysis of the ice-shedding phenomenon of transmission lines, by taking into 
account the adhesive / cohesive strength of ice deposits.  

Ice shedding induced by sudden mechanical forces is understood to be a two-stage process. First, the continuous ice 
deposits along the conductor span are broken into smaller separate ice chunks and fragments (ice fracture failure), and then these 
fragments detach from the cables and fall off due to insufficient cohesive strength within the ice or adhesive strength at the ice-
cable interface (ice detachment failure). Two recent successive studies have developed computational models using ice deposit 
failure criteria based on the maximum effective plastic strain and the maximum bending stress. These models have yielded 
reasonably accurate results in predicting cable tensions and mid-span displacements, by comparing their numerical results with 
experimental data from tests carried out on a 4m reduced-scale model span with varying cable diameters and ice thickness, 
following sudden mechanical shock loads. However, there is still about 20% disparity in ice fracture rates between the 
computational results and experimental data, and it is deemed necessary to refine the ice failure model to introduce the effects of 
adhesive / cohesive forces.  

Therefore, as the first step towards the development of an integrated two-tier ice shedding criterion, the authors have 
improved the previous FE models, in terms of mesh size, load types and locations, material models and so on, to provide a better 
description of the experiment results. Then, the refined FE models of the reduced-scale span tests are used to check the newly 
proposed ice adhesive /cohesive failure criterion. The idea of this criterion is to simply compare the inertia forces acting on the 
fractured ice segments, and the ice adhesive strength or cohesive strength. The process is done automatically by a subroutine 
interacting with the nonlinear dynamic analysis commercial software ADINA. Although there is no satisfactory model to 
calculate the adhesive and cohesive strengths of glaze ice - especially for atmospheric ice, only several representative pairs of 
values are selected. Validation is underway to ascertain that the proposed two-tier glaze ice shedding criterion provides a more 
realistic description of the ice-shedding phenomenon of transmission lines than in the previous studies. 

KEY WORDS: Nonlinear dynamics; Shock loads; Computational models; Ice failure. 

1 INTRODUCTION 
Atmospheric icing is one of the major threats to the security of 
overhead electric transmission lines in cold regions. These 
threats can be classified into two categories: electric ones, 
(such as flashovers, outages), and mechanical ones (such as 
galloping, overload icing, uneven icing, ice shedding, etc.). 
During the Great Ice Storm of January 1998 in North America, 
the losses on the Hydro Québec transmission grid alone 
included: 600 steel tower collapses and 100 damaged towers, 
and 16 000 line components failure (poles, cross-arms, 
hardware, cables) in the distribution network [1]. An even 
more destructive ice storm hit South China in 2008, which 
resulted in more than 140 000 collapsed towers on 10~110 kV 
lines and 1 500 towers on the transmission grid (above 220 kV) 
operated by the State Grid company [2].  

After these events, a large number of anti-icing (referring to 
methods which are used before or during the early stage of 
icing to prevent the accumulation of ice on cables) and de-
icing techniques (referring to methods which are employed 
during or after icing to remove accreted ice from cables) have 
been proposed and tested by researchers and engineers from 

all over the world. A technical brochure edited by CIGRE 
Working Group B2.29 [3] gives a comprehensive review on 
the operational and potential anti-icing and de-icing methods, 
which can be divided into four categories: passive methods, 
active coating methods, mechanical methods and thermal 
methods. Among these methods, mechanical methods shows 
clear advantages in de-icing ground wires and short sections 
of strategic lines as timely and fast intervention, because they 
are easy to apply and cost effective. A portable mechanical 
de-icing device, DAC (De-icer Actuated by Cartridge), 
proposed by Hydro Quebec, is the focus of this research.  

DAC takes advantage of the brittle characteristics of glaze 
ice at high stain rates (>10-3/s). So, when the shock wave 
travels along the span, it can break the ice accreted on cables 
into small fragments by releasing the energy of shock waves. 
Details of this device can be found in [4]. A reduced-scale 
single span physical model was tested in the CIGELE 
laboratory at UQAC, Chicoutimi, Canada, to test the effect of 
this device and to evaluate its impact on supports and the 
jump heights of midpoint, which may give useful information 
on the design and optimization of DAC[5]. 
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Two recent successive studies have developed 
computational models using ice deposit failure based on the 
maximum effective plastic strain and the maximum bending 
stress, to model the “unzipping” process when shock loads 
were applied to iced cables [5-8]. These models have yielded 
reasonably accurate results in predicting cable tensions and 
mid-span displacements, by comparing their numerical results 
with experimental data from tests carried out on the 4m 
reduced-scale model span with varying cable diameters and 
ice thickness. However, there is still about 20% disparity in 
ice fracture rates between the computational results and 
experimental data, and it is necessary to refine the ice failure 
model to introduce the effects of adhesive/ cohesive forces.  

This research is an attempt to propose an integrated accreted 
ice failure model that will lead to more realistic nonlinear 
dynamic analysis of the ice shedding phenomenon of 
transmission lines, by taking into account the adhesive / 
cohesive strength of the ice deposits. 

2 SENSITIVITY STUDY  
Ice shedding induced by sudden mechanical forces is 
understood to be a two-stage process. First, the continuous ice 
deposits along the conductor span are broken into smaller 
separate ice chunks and fragments (ice fracture failure), and 
then these fragments detach from the cables and fall off due to 
insufficient cohesive strength within the ice or adhesive 
strength at the ice-cable interface (ice detachment failure). So, 
as the first step, a series of sensitivity study will be done on 
the basis of previous studies. 

2.1 General modeling assumptions 
Since previous research using the nonlinear dynamic 

analysis commercial software ADINA [6, 8-11] has yielded 
good simulation results compared with experiments, , it is also 
used in this study using similar modeling assumptions and 
computational methods. The iced cables were modeled by 
paralleling ice elements and cable elements which share the 
same end nodes, as shown in Fig. 1. [5, 6]. The conductor is 
modeled as a mesh of 3-D two-node iso-parametric truss 
elements with tension-only material properties, and the ice 
accretion is modeled with a parallel mesh of general 3-D iso-
beam elements, with bilinear plastic material model. The total 
Lagrangian formulation is used for this large displacement but 
small strains problem in ADINA [12, 13].  

Aerodynamic damping is neglected, and an equivalent 
viscous damping of 2% critical is used to model the structural 
damping of the iced conductor, by using a nonlinear axial 
dashpot element in parallel to each cable element. More 
details about the selection of damping constant are discussed 
by Roshan Fekr et al.[9] and McClure and Lapointe[11]. 

  

                                            

 
Figure 1 a) shows the whole FE model , and b) shows the 

diagram of the iced cable FE model at the element level.  

 Four scenarios are studied in the tests, though only the 
scenario with 1 mm of equivalent radial ice thickness on a 
cable with the diameter of 4.1 mm will be presented in this 
study. Since the round cross section cannot be used for the 
iso-beam element, the accreted ice is modeled using an 
equivalent iso-beam with rectangular section with the same 
area and second moment of area as the idealized round cross 
section: The resulting dimensions are a width of 6.36 mm and 
height of 2.52 mm.  

 
The impact force used for this scenario is shown in Figure 2.  
 

 

 
 
Two cable material models (Figure 3) are used: one is the 
theoretical tension-only model (MAT1) with a constant 
Young’s modulus of 172.4 GPa, and the other one (MAT2) is 
a multi-linear tension-only model whose values are got from 
static tensile test of the cable specimen. 

 

                        

 
The ice material model has a Young’s modulus of 10 GPa, 

Poisson’s ratio 0.33, initial yield stress 2 MPa, and maximum 
allowable effective plastic strain 10-10 (for the maximum 
normal stress failure criterion) or maximum allowable 
effective plastic strain 9.756×10-5 (for the maximum normal 
strain failure criterion). 

 

2.2 Mesh size analysis 
The motivation for a mesh size analysis stems from the 
following: 1) It is essential to achieve convergence and 
stability when the number of elements are large to achieve 
convergence and stability. This was not examined in previous 
studies as the meshes were relatively coarse  with only 20 to 
30+ cable elements per span;  2) the experiments showed that 
the ice accretion remaining on the cable was broken into small 
fragments with an average length of around 5 mm, which 
means that fracture did occur within every ice element and 
between its integration points, thus leading to a rate of ice 
shedding (RIS) of 100% for the mesh size of 25 (element 
length of 160 mm); 3) the impact pulse was applied at the 

Figure 2.  Characteristics of the impact force [5] 

b)  

Figure 3.  Material models of the cable [5] 

b) MAT2 a) MAT1 

Figure 1.  FE model of the 4 m single span tests [5] 

a)  
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midpoint of the span in these tests, and the measured 
displacement values are also for the midpoint, but there was a 
80 mm drift from the mid span when the shock loads were 
applied at node 13 in the 25-element model. The mesh size 
sensitivity analysis is conducted from 25 to 4000 cable 
elements per span. The ice element number changes to 
accommodate the fact that there is a 30 cm length of cable 
with no ice, at the far ends of the spans owing to the limitation 
of the spraying system[5]. 

 

 

 
As is shown in Figure 4, the computational results of 

tension of the left end cable element begin to converge until 
no less than 400 elements were used. The comparison of mid 
span displacements showed the same trend, although not 
shown here due to space limitations. Clearly, 25 cable 
elements (21 ice elements) are not sufficient for this research, 
and the mesh with 1000 cable elements (850 ice elements) 
will be used throughout this study. It is also seen in Figure 4 
that the finer mesh models  better predict the trend after the 
first peak, and that the finer the mesh model is, the first peak 
occurs earlier in time. 

Besides, the time step is set to 0.05ms for the first 2000 
steps (100 ms) and then to 0.25 ms for the remainder. The 
reasons are: 1) the maximum peak of the shock load arrives at 
approximately 0.20-0.25ms,   so if the time step is set to be 
0.25ms as in previous studies, the shock load will be applied 
to the system from 0 to maximum in a single step, which may 
cause computational instability of the nonlinear model; 2) 
after the duration of shock load, a larger time step can help to 
accelerate the computation and save time.  

2.3 Material characteristics 
In previous studies, different cable material models were used 
to get results of cable tension and mid span displacement 
separately in the same scenario, that is the MAT1 cable 
material model with greater tensional rigidity (EA=  
2,275,680 N) was used to generate the time history of mid-
span displacement, and the MAT2 material model with less 
tensional rigidity (EA= 346,500 N) was used in its initial 
linear section (0-105MPa) to obtain the time history of cable 
tension [5, 7, 8]. The flexible cable model can result in a 
decrease of 52% of the maximum cable tension compared 
with the rigid one [5]. By doing this, the simulation results can 
better agree with the experimental data. This was also 

observed when the 1000 elements FE model was used, as 
shown in Figure 5. 

 

 
a) 

 
b) 

 
However, the numerical models still overestimate the 

maximum value of both the cable tension and mid-span 
displacement. This discrepancy may be explained as follows:  

1) The amount of ice detached from the cable as predicted 
by the FE simulation (rate of ice shedding R.I.S =100%) and 
that observed in the test (R.I.S =8%) are very different. This is 
partially validated by assuming a portion of 8% ice elements 
near the midpoint to “undergo element death” in ADINA 
when the shock load peak arrives (t=1.05025s),  and setting 
the maximum allowable strain of ice to be an unrealistic large 
value (e.g. 1.0 ). Therefore, only these ice elements are 
removed at the early stage of the simulation, while the others 
will remain on the cable throughout the analysis. As a result, 
the computational maximum cable tension decreases to the 
level of values measured in the test, and the overall 
displacement tendency seems in accordance with test data, as 
shown in Figure 5. Also, the ice shapes in the tests are 
irregular, which is not considered in the present study. 

2) The real tensile rigidity (EA) of a stranded cable is not 
constant but varies with time and cable deformation, which 
cannot be considered in the present FE model.  

3) The bending rigidity (EI) of the cable is totally neglected 
in the FE model by using truss elements. However, the 
bending rigidity of the cable is about 4.42 （with MAT1 
model, EI=2.3913 m2·N）or 0.67 （with MAT2 model, 
EI=0.3641 m2 · N ） times the bending rigidity of ice 
(EI=0.5409 m2·N). This simplification may be useful and 
reasonable in simulating the global motion of cables (e.g. 
galloping and Aeolian vibration), but not for localized shock 

Figure 5.  Comparisons of different FE models  
     a) cable tension at left support  b) Displacement 

at mid point 

Figure 4.  Comparisons of cable tensions 
with different mesh densities 
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loading which involves dramatic local cable bending motion 
and initiates wave propagation after the shock load. This 
model refinement is still ongoing.  

4) The flexibility of supports (assumed perfectly fixed in the 
FE model) may also play an important role in the disparity of 
computational and experimental results. 

Besides, in the attempt to get more accurate numerical 
simulation of the tests, another way of applying the shock load 
is also simulated in the FE model. It divides the original force 
into three equal lumped forces distributed  on a length of 
about 1 cm (i.e. on nodes 500, 501 and 502 of the model), 
which is equal to the diameter of the piston end. As shown in 
Figure 5 (with the legend ‘1000E_MAT2_1/3 load’), the 
results are similar to those obtained in previous model and the 
refinement is not deemed necessary. 

3 PRELIMINARY STUDY OF ADHESIVE/COHESIVE ICE 
FAILURE CRITERIA  

Since the experiments showed that large amounts of ice were 
sticking on the cable after the shock loads, it becomes 
necessary to consider the de-icing process as a two-stage 
process. First, the continuous ice deposits along the conductor 
span are broken into smaller separate ice chunks and 
fragments (ice fracture failure), and then these fragments 
detach from the cables and fall off due to insufficient cohesive 
strength within the ice or insufficient adhesive strength at the 
ice-cable interface (ice detachment failure). 

3.1 General concept of adhesive/cohesive ice failure 
criterion 

The main and simple concept of this criterion is to compare 
the inertia forces acting on the fractured ice segments, and the 
ice adhesive or cohesive stress resultants.  

 

 
As shown in Figure 6, if the inertia force of an ice segment 

is larger than its adhesive and cohesive stress resultants, the 
ice segment will detach from the cable. This can be described 
by Equations (1)-(4). 

    inertia adhesive cohesiveF F F≥ +                                (1)  

( )2 22
8inertia cable ice cable

la
F D t D

πρ  = + −      (2) 

adhesive cable adhesiveF D l τ=                           (3) 

2cohesive ice cohesiveF t l τ=                               (4) 

where inertiaF , adhesiveF and cohesiveF are inertia ,adhesive and 

cohesive force separately. ρ is the density of glaze ice, l is 

the length of the ice fragment, a is the acceleration, cableD is 

the diameter of cable, icet is the ice thickness, adhesiveτ  and 

cohesiveτ  are the adhesive and cohesive strengths of glaze ice. 
The first difficulty for the implementation of this failure 

criterion is to select realistic adhesive and cohesive strength 
values for atmospheric glaze ice. Although the physical and 
mechanical properties of ice have been studied for decades, a 
theoretical model to calculate the adhesive and cohesive 
strengths is still lacking, and experimental values reported in 
literature are both scarce and with large variability as ice is a 
highly complex natural material. The measured values vary 
considerably with many factors, such as ice deposit types, 
temperature,  nature and texture of substrate, wind speed, test 
methods, and so on [14, 15].   

In spite of these difficulties, one can get some general 
conclusions: 1)  the adhesive strength values obtained in 
tensile tests are at least 15 times larger than that in shear tests 
[16, 17]; 2) the adhesive strength of ice-metal interface is 
larger than the cohesive strength of ice, contrary to polymeric 
materials [14, 18]; 3) the adhesive strength tested with high 
strain rates or with dynamic test methods is significantly less 
than that with low strain rates achieved in static or quasi-static 
tests; and 4) brittle fracture happens when ice is subjected to  
high tensile stress, and the adhesive strength is temperature 
independent in this instance, while ductile failure occurs when 
tensile stresses remain below a critical value, and the adhesive 
strength increases linearly when temperature decreases below 
0℃ [14].  

Several tests results are summarized in a recent study 
published in 2012, which shows the adhesive shear strength of 
ice-Aluminum and ice-Stainless steel interfaces varying 
between 0.002 to 1.96 MPa [19]. On the basis of these 
published test results, four pairs of adhesive and cohesive 
strength values were chosen for this research (with dcable = 4.1 
mm, tice = 1mm), and the critical vertical accelerations are 
calculated as shown in Table 1. The calculated accelerations 
are very large because the mass of ice per unit cable length is 
very small; heavier deposits are easier to shed. 

Table 1. Examples of Adhesion/Cohesion Strengths and 
Critical Ice-shedding Accelerations 

No. 
Adhesion 
Strength 
(MPa) 

Cohesion 
Strength 
( MPa ) 

Critical 
Acceleration 

(  103m/s2 ) 

1 0.005 0.004 4.0 
2 0.01 0.008 7.9 
3 0.05 0.04 40 
4 0.25 0.20 198 

3.2 Acceleration distribution along the span 
Before applying the adhesive/cohesive ice failure criterion 
into the FE model, the maximum acceleration values of the 
whole model calculated in each time step of analysis are 
checked. The results show that the absolute maximum 
acceleration occurs first at the mid-span where the shock load 
is applied, and then moves to the two ends, as time increases. 
After reaching the ends, the absolute maximum values go 

Figure 6.  Schematic diagram of ice detachment 
failure criteria 
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from the ends to the midpoint. Besides, the absolute maximum 
values decrease from the midpoint to each end before arrive 
the ends as time increases, as shown in Figure 7.  

It is worth noting that according to the ice fracture criterion, 
all the ice elements “have died” at 1.05125s, when the 
acceleration was 4,000 m/s2, and the absolute maximum 
acceleration occurs near node 480 and 520.  

 
a) 

 
b) 

 
So considering 8% ice shedding (i.e. 68 ice elements dead) 

actuated by the proposed ice detachment failure criterion, the 
critical acceleration should occur around nodes 467 and 535, 
which is predicted to be approximately 3,000 m/s2.With this 
critical value, the ice adhesive strength of this test can be 
estimated with Equations (1)-(4) and is  approximately 0.004 
MPa, which falls into the reasonable range shown in Table 1 
(assuming that adhesiveτ  =1.25 cohesiveτ ). This validates the 
feasibility of the proposed ice detachment failure criterion for 
the case under study. 

This process is to be programmed in a subroutine (written 
by the second author) which will interact with the nonlinear 
dynamic analysis commercial software ADINA. This 
implementation is still ongoing.  

4 CONCLUSION  
This research is an attempt to better understand and simulate 
the conductor ice shedding phenomenon induced by shock 
waves. The 1000 cable elements FE model is proved to be 
adequate and able to simulate the nonlinear dynamic response 
of the physical reduced-scale tests. The discrepancies between 
the numerical results and experimental data are believed to be 
“reasonable” before considering ice detachment failure, and 
are analyzed in terms of the different amounts of ice shedding 

in the test and simulation, the changing cable tensile rigidity, 
and the neglecting of cable bending stiffness. 

The general idea of the newly proposed ice detachment 
failure criterion is presented, and several representative pairs 
of adhesive and cohesive values are selected to calculate the 
critical acceleration needed to shed off the broken ice 
fragments induced by the shock wave.  The analysis of 
maximum acceleration values at each time step and each node, 
and the effective shedding ice (8%) make it possible to 
estimate the critical acceleration and the adhesive and 
cohesive strengths of ice in the test, which in turn validates 
the ice detachment failure criterion. The effort of integrating 
the user-supplied subroutine containing the proposed ice 
detachment failure criterion into ADINA is underway. 
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ABSTRACT: Train–induced aerodynamic loads on noise protection walls have been a field of research for some time. During
the passage of a high–speed train along noise protection walls, they are exposed to high aerodynamic pressure loads that reduce
the endurance limit. In this work measurements of the excerted pressure are shown and the results of a statistical analysis. The
measurement data are the foundation of a numerical simulation based on computational fluid dynamics (CFD) to simulate the
pressure flow around the passing train. Based on the NAVIER–STOKES–equation which are formed to the REYNOLDS averaged
NAVIER–STOKES–equation (RANS–equation) the flow is resolved. The results of the simulation are compared to the measurement
data.

KEY WORDS: SEGES, noise protection walls, high–speed trains, computational fluid dynamics (CFD)

1 INTRODUCTION

Noise protection walls along railroads of high-speed trains are
exposed to an fluctuating aerodynamic pressure field when trains
are passing by. During this passage the flow compression at
the bow of the train induces an overpressure at the barrier
which is immediately followed by an aerodynamic suction
due to a significantly accelerated parallel flow field. These
quickly changing pressure amplitudes represent a dynamic load
impact which lead to dynamic structural movements. The same
pressure fluctuations in opposite arrangement are excited at the
rear of the train. The response of the structure is dependent
on the Eigenfrequencies and the damping behavior of the noise
protection wall. Due to the non-uniform distribution of loads
on the elements of the noise protection walls which is a present
field of research it is the aim to investigate the formation of the
pressure field and its effects on the structure.

2 MEASUREMENTS ON SITE

2.1 Measurement set-up

Numerical simulations which aim to determine aerodynamic
pressures on complex surfaces should be validated in order
to ensure the model quality. In case of bluff bodies under
natural wind flow, mainly wind tunnel results are used for this
aim. However, the simulation of the aerodynamic pressure
field induced on a noise barrier by a high speed train is not
easy to investigate on a scaled model. For the validation of
numerical results shown in this paper, pressure data obtained
by means of on-site measurements are used. The corresponding
measurement campaign is described in the following.

During the research project SEGES measurements on noise
barriers made of glass have been performed in the summer of
2012. During a time period of six weeks, train induced pressure
fields and associated structural reactions have been measured. In
total, about 2,700 train events (different train types) have been

Figure 1. Schematic set-up of measurement equipment

recorded, each with a sample duration of T=30 s. In Figure 2
the principal setup of the used sensors is illustrated for a section
of L=5.0 m. The total length of the noise barrier with glass
elements was LT =50.0 m

Figure 3. Velocity Histogram of all recorded Trains

For the analyzes in the scope of this paper, four differential
pressure transducers have been considered. All sensors were
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installed at a height of h=0.0 m above the top of the tracks. The
sensors were located in a maximum longitudinal dimension of
LS=42.2 m between the first and the last sensor.

2.2 Analysis of Pressure Values

Based on the time difference between the pressure signals at the
beginning and the end of the test wall, the individual speed of
each train passage has been analyzed:

vTrain =
∆s(Sensor1,Sensor2)

∆t(p̂)
=

42.2m
t(p̂Sensor1)− t(p̂Sensor2)

(1)

The pressure amplitudes have been normalized by the
velocity pressure of the passing train in order to determine the
pressure coefficients:

cp(t) =
p(t)

1/2 ·ρ · v2
Train

(2)

As the time scale of the measured amplitudes depends
on the train velocity, all time series have been converted to
displacement related series:

xTrain(t) = t · vTrain (3)

For a better comparability, the first pressure maximum has
been set to a xTrain=100 m. Some typical time series of the
pressure coefficient due to the passage of an ICE 3 train is
plotted in figure 4. In the plot, the significance of the fore
wave and the rear wave can be seen. The inner variation
of pressure is provoked by the wheel sets of each car and
by the gaps between the cars. Whereat the fore wave let
to comparable low fluctuations of the determined pressure
coefficients, the train parallel flow and the flow separation at
the rear part are accompanied by significant variations of the
pressure coefficients.

3 STATISTICAL ENSURED RESULTS

3.1 Statistical ensured results

In order to allow a statistical ensured result for the design
of noise barriers, it is important to take into account a larger
number of data records. As the track is used by different train
types with the analyzes have been focused on velocities above
vTrain = 150 km

h .
Altogether, a number of n=72 independent pressure time

series have been analyzed with respect to their statistical
distribution. In order to allow a more profound analysis, all
pressure series have been normalized and equally discretized.
Therewith, the mean value and the standard deviation could be
analyzed for each train position xTrain.

In figure 5 the results are plotted as mean values. Additionally
the 34% - 68% and the 5% - 95% quantile intervals have been
plotted in this figure. The associated statistic constants for
the double sided delimitation are u0.84 = 0.99 and u0.975 =
1.96. Hence, the pressure quantile intervals of the pressure
coefficients are determined as follows:

cp−0.99 ·σ ≤cp ≤ cp +0.99 ·σ
cp−1.96 ·σ ≤cp ≤ cp +1.96 ·σ .

The results plotted in figure 5 can directly be used to validate
the numerical simulations which are further described in the
following sections.

4 NUMERICAL SIMULATION

4.1 Theory

In this chapter the theoretical basis of the numerical simulation
is explained. Futher details can be found in e.g. FERZIGER et
al. [1], LECHELER [2] and SCHICHTLING [3]. The foundation
of the numerical simulation are the equations

∂

∂ t
~U +∇ ·~F = ~Q (4)

with

~U =

 ρ

ρ ·~u
ρ ·
(
e+ 1

2 ·~u
2
)
 ,

~F =

 ρ ·~u
ρ ·~u⊗~u+ p · I− τ

ρ ·~u ·
(
h+ 1

2 ·~u
2
)
− τ ·~u−λ ·∇T

 ,

~Q =

 0
ρ ·~g
ρ ·~g ·~u+ρ · q̇S

 .

Equations (4) are called the NAVIER–STOKES–equations.
The mentioned equations are written in differential form and
include the conservation of mass, momentum and energy. In
order to approximate turbulence flow the NAVIER–STOKES–
equations are formed to the REYNOLDS-averaged NAVIER–
STOKES–equations (RANS–equations).
The spacial discretization is based on the finite–volume–method
so that the conservation equations can be solved numerically.
Furthermore the RANS–equations have to be discretisized
in time as time–dependent factors play a role. The time
discretization is conducted with a 2nd–order implicit EULER–
method.
The NAVIER–STOKES–equations are simplified as we assume
that the fluid is incompressible. Due to the fact that the
simulated train velocity does not exceed 300 km

h and the MACH–
number Ma

Ma =
vtrain

vsound
=

1
340
· 300

3,6
≈ 0,245≤ 0,3

is below 0.3 the fluid can be modelled as incompressible
(YOUNG et al. [4]) .

4.2 Geometry

A 3D–based numerical simulation is implemented, the geomet-
rical information of an INTERCITY EXPRESS 3 (ICE 3) is taken
from DIN–EN 14067-6 [5] in the first step. In figure 6 the head
of the train is shown.

For the numerical simulation the geometry is simplified. The
wheels and the connections for electricity are neglected so that
the number of elements is reduced. As the surrounding air
field is of interest the fluid space around the train is modelled.
The fluid space is subdivided into 4 parts. The first part is
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Figure 2. Differential Pressure Sensor (left), Accelerometer (middle) and approaching ICE 3 Train (right)

Figure 4. Normalized series of differential pressure, 18 passages of ICE-3 trains

Figure 5. Mean Values of the Pressure Coefficient cp and Quantile-Intervals
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Figure 6. Geometry of ICE 3 [5]

the static fluid region Ωs that includes the noise protection
wall. The second region contains the train surface and is called
dynamic fluid space Ωbm. Two additional dynamic fluid regions
are modeled in order to implement the movement of the train
geometry. All parts of the fluid region are shown in figure 7

Figure 7. Geometry of fluid space

Due to the symmetric properties of the train geometry and
the low influence of the assymetric positioning of the noise
protection walls to the passing train, only half the size of the
flow field is implemented in order to reduce the amount of grid
elements.

4.3 Moving Mesh

The translational movement of the train can be modeled as
movement of the mesh grid. When conducting a moving
mesh the mesh deforms and therefore the quality of the mesh
deteriorates. In order to keep the quality of the mesh the same
during the whole simulation a structured mesh is necessarily
implemented in all parts of the fluid regions. The fluid region
Ωbm which contains the geometry of the train moves translatory

with a constant velocity. The mesh is therefore not deformed
during the whole simulation. The two other dynamic fluid
regions Ωbh and Ωbv are located behind and in front of the region
Ωbm. These movable regions contain hexahedral elements in
a structured way so that the movement of the train can be
compensated by stretching and squeezing of the two mentioned
fluid regions. During this process the angles of the mesh grid,
however, are not changed and keep the perpendicular manner
of the implemented, structured grid. The static fluid region Ωs
which surrounds the noise protection wall is not deformable.

4.4 Boundary conditions

The outer boundaries of the fluid regions are modeled as no–slip
walls. The size of the fluid space perpendicular to the moving
direction of the train is 20 times the size of the train to ensure
that the far–field boundaries do not have an influence on the
resulting pressure field. The surfaces of the noise protection wall
and the train are modeled as no–slip walls and the behaviour of
all no–slip walls are smooth. The surface in front of the head of
the train is defined as outlet whereas the suface behind the tail
of the train is modeled as inlet.
The movement at the boundaries is set to zero and the moving
velocity of the region Ωbm is set to a constant velocity. The mesh
velocity of the regions between the constantly moving mesh and
the static boundaries move are linearized from zero to the train
velocity.

4.5 Solution and comparison

All simulation runs are conducted with an amount of
approximately 1.7 million elements. In order to ensure a
dimensionless wall distance y+ of

y+ ≈ 100

the smallest spatial discretization is4x= 0.001m. Due to the
movement of the train body the simulation is transient, the time
discretization 4t does not exceed 0.001s. The approximation
of the turbulence layer was realized by implementing the SST
k–ω–modell by MENTER [6].
When the train passes the noise protection wall at a certain
point the bow of the train induces an overpressure that is
immediately followed by an aerodynamic suction. In figure 8
the pressure–time–curve of a passing train is shown at rail level
for a train velocity of vtrain = 160 km

h . The measured pressure
and the numerical results are both shown. By comparing the
two curves a good matching between the two data samples can
be seen especially at the bow of the train. As the rear part
of the train passes the monitoring point at the wall a higher
pressure is calculated than measured. Although the pressure
difference is more than 100 % there is a qualitative similarity
the pressure curve. The difference can be explained by the
significant variations of the pressure measured at the rear part
as documented in section 2.2.
The fluctuating pressure can be simulated and are similar to the
measurements. The difference of the highest values of pressure
between measurement and numerical results is underneath 5 %
for the pressure when the bow of the trains passes by.

In figure 9 the pressure at cross–section and the pressure in
longitudinal direction are presented. The left picture shows a
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Figure 8. Comparison between measurement and numerical
results [7]

nonlinear distribution at the cross–section, the picture on the
right-hand side presents a drag area in front of the bow which
is followed by a suction area.

Figure 9. pressure at cross-section (left), pressure in
longitudinal direction (right)

5 SUMMARY

This work shows the results of measurements when high-
speed trains go past noise protection barriers. These
measurements were made during the research project SEGES.
The measurement data were analyzed and the results were
described. The fluctuating pressure which can be described as
time–dependent and a quick change of drag and suction when
the bow of the train passes with high velocity were measured
and a numerical simulation based on CFD was implemented to
reproduce the pressure field which act on the noise protection
walls. The theoretical background and the setting of the
numerical simulation was explained. A comparison between the
measurements and the results of the numerical simulation was
made. It was shown that there is a good matching between the
measured data sample and the numerical results. The difference
between the pressure measured and the calculated numerical
results are underneath 5 % when the bow of the train passes the
noise protection wall. The pressure field can be well reproduced.
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ABSTRACT: A two level overhead contact line system and a train pantograph are used to supply the power to the electric 
railway vehicles in Norway. For this power supply to be reliable and uninterrupted, also for higher speed rail, there must be 
strict static and dynamic requirements for the contact line characteristics. Due to the Norwegian topography the national railway 
network is particularly characterized by numerous and sharp curves, often with a radius well below 1000 m. The dynamic 
behaviour in the overhead contact line section which includes sharp curves is expected to be different from similar, but straight 
sections. This study looks primary at dynamic implications in evaluation of the catenary system. Usually, it is assumed that for 
high speed railway overhead contact lines no significant dynamic response is present below 200 km/h due to the system design. 
However, these effects will for some existing systems designed for lower speed appear at much lower speeds. An existing partly 
curved section is investigated for train speeds of 90, 130 and 160 km/h. The section chosen has a curve with a radius as low as 
350 m. This is compared with a 1250 m radius curve on the same section and with a straight segment section. The pantograph-
contact line interaction is simulated by a 3D finite element model including the Norwegian catenary system Tabell 54 and a 
commonly used pantograph, WBL 88. The present investigation shows how optimizations for some segments of the section at 
hand will introduce non-optimal response in others. This may lead to an increased wear of the contact line and increased motion 
of the pantograph and possible loss of contact.  

KEY WORDS: Catenary system; FE-modelling; System identification; Transient dynamic response; Catenary-pantograph 
interaction; Contact wire; Numerical simulations. 

1 INTRODUCTION 
A challenging topology is a common feature for most relevant 
routes where high speed rail may be considered introduced in 
Norway. This may introduce high costs to actualize the goal 
of high speed rail, i.e. train velocities above 250 km/h. 
Nevertheless, there is an ever growing interest to explore an 
increase in speed on the already existing railway 
infrastructure. It is then very important to investigate possible 
limiting factors. This paper will focus on the dynamic 
behaviour of an existing Norwegian overhead contact line 
system, named Tabell 54, in sharp curves. The train power 
collector interacting with the contact line system is a 
commonly used pantograph, WBL 88 by Schunk Nordiska 
AB, used on the Signatur train (NSB Class 73, NSB - 
Norwegian State Railways). 

This paper explores the dynamic implications by sampling 
displacements from different points on a numeric model of the 
overhead contact wire system. All structural systems that may 
experience excessive vibrations due to changes in loading 
should be evaluated for their dynamic properties and 
corresponding response under new operational situations. For 
the electric railways and its current supply system it is 
necessary to include two separate dynamic systems; the train 
pantograph system and catenary contact wire system. Both 
systems have their own specific characteristic dynamic 
properties that must work well separately as well as together. 
Since this interactive system includes one dynamic system in 
motion and one stationary in space, data sampling or 
monitoring must be done separately. Of course it would be 

ideal and also possible to have an integrated system which 
simultaneously samples from the two. However, this is 
seldom practical due to the complexity of the control system 
and the diversity of operators within the railway industry.  

There are several publications that focus on the 
development of optimized pantograph, where analyses are 
performed on the pantograph’s design variables. These may 
cover the head mass, head stiffness etc. [1, 2, 3]. Other 
publications focus on the sampling of several different 
parameters measurable on a pantograph. For instance the 
contact forces on the carbon strips of the pan head may be 
evaluated at several connector points. Non-linear properties 
such as connector friction, aerodynamic forces, non-linear 
damping and stiffness, or the static and dynamic uplift force 
are others [4, 5, 6]. At the same time it seems that there are a 
lot less work published on the measurements made 
exclusively on the catenary system, see [7, 8, 9].  

Usually, it is assumed that for high speed railway overhead 
contact lines no significant dynamic response is present below 
200 km/h due to the system design. However, for some 
existing systems designed for lower speed these effects will 
appear at much lower speeds. Systems with several and sharp 
curves that originally were designed for train speeds around 
90 km/h is today operated at speeds already exceeding this, 
and the demand for higher speed is increasing. Dynamic 
simulations of such systems show significant dynamic 
response already at levels around 130 km/h. Forces in the 
overhead contact system in such tight curves will be different 
from those expected on similar, but straight segments. It is 

Dynamic implications for higher speed in sharp curves of an existing Norwegian 
overhead contact line system for electric railways 

Anders Rønnquist1, Petter Nåvik1 

1Department of Structural Engineering, Norwegian University of Science and Technology, Richard Birkelandsvei 1a 7491 
Trondheim, Norway  

Email: anders.ronnquist@ntnu.no, petter.r.navik@ntnu.no 



Proc

3746

part
can 

2 
The
mes
can 
con
thro
con
the 
carr
the 
fast
righ
 

F
p

Fig

T
train
the 
are 
tran
be 
con
the 
the 
intr

T
ther
mes
a te
deta
also

ceedings of the 9t

6 

tly due to this
handle veloci

RAILWAY 
e railway cate
ssenger wire, 
be seen in Fi

nductive part 
ough the pan
ntact wire via 

desired geom
ry the messen
line. The mai

tened to the c
ht horizontal g

Figure 1. A dis
poles. SH is th

gure 2.  The br
exis

To transfer the
n there is mou
train. Two bo
the actual com

nsfer is crucial
uninterrupted

ntact wire. Sim
most critical 
trains of to

oducing an up
To obtain the 
re is introduc
ssenger wire. 
nsioning devi
ails of contac
o [12]  

th International C

s that only 35
ities above 10

CATENARY 
enary system
droppers, reg

igure 1 and F
which transf

ntograph. Th
the droppers, 

metry, stiffne
nger wire and 
in function of 
contact wire a
geometry of th

scretization of
he system heig

span, h

racket, the reg
sting railway s

e electrical pow
unted a devic
ow strips of c
mponents whi
l for the runni

d contact bet
meon and Arno

part in the tr
oday. The c
pwards pressu

desirable ge
ced tension in
The wanted t

ice like the on
ct lines system

Conference on Stru

5% of the exi
00 km/h [10]. 

SYSTEMS 
m consists of 

gistration arm
Figure 2. The 
fers the elect
e messenger 
and makes it

ss and elastic
are fastened 

f the registratio
at the support
he contact wir

f the catenary 
ght, and L is th
her 60m. 

gistration arm 
section in Nor

wer from the 
ce called a pan
coal at the top
ich transfers t
ing of the trai
tween the pa
old [11] descr
ransmission o
contact is m
ure in the pant
ometry of th

n both the con
tension is obta
ne shown in Fi
m for the ele

uctural Dynamics

isting railway 

a contact wi
ms and bracke

contact wire 
tricity to the 

wire carries
t possible to o
city. The bra
to the poles a

on arms, whic
ts, is to obtai
e.  

system betwe
he length of o

and the pole 
rway. 

contact wire t
ntograph on t

p of the pantog
the electricity.
in thus there h
antograph and
ribes this conta
of the electric

mainly ensure
ograph. 
e catenary sy
ntact wire an
ained by the u
igure 3. For fu
ectric railway

s, EURODYN 20

lines 

ire, a 
ets as 
is the 
train 

s the 
obtain 
ackets 
along 
ch are 
in the 

 
een 
one 

 
at an 

to the 
top of 
graph 
. This 
has to 
d the 
act as 
ity to 
d by 

ystem 
nd the 
use of 
urther 
ys see 

Fi

Th
such
appr
on th
conta

To
wire
the t
the 
conf
later

  T
impo
syste
mid-
refer
conta
estim
sharp
Figu
verti

 

Figu

Co
the p
moti

014 

igure 3. The te

he droppers, v
h that proper 
ropriate level. 
he length of t
act and messe

o ensure a uni
 is aligned in
track longitud
registration a

figuration such
ally at the pol

Figure 4. Zig

The vertical 
ortant propert
em is stiffer 
-span. This i
rred to as the
act wire per 

mated elasticit
p curve alon

ure 5. Typica
ical droppers. 

ure 5. The elas

onsidering the
pantograph the
ion in the pan

ensioning equ
sect

vertical wire e
sag between 
Thus, the nu

the span and t
enger wire. 
iform wear of
n zig-zag arra
dinal axis as s
arm is arrang
h as to either
le, in Figure 2

g-zag configur

stiffness of 
ty and is var
close to the p
is a railroad 
e elasticity an
applied force 
ty over a 40m

ng the Sokne
ally, the elast
 

sticity along a

e interaction 
e change in st
tograph. The 

uipment in use
tion. 

elements in a 
the droppers

umber of drop
the chosen ten

f the collector 
angement by 
shown in Figu
ged in a pul
r pull or push
2  a pull-off su
 

ration along th

the catenar
rying between
pole support 
technology p

nd defined as
as indicated 

m long pole 
edal section i
ticity is sligh

a pole span of 

between the 
tiffness will in
varying stiffn

e at the existin

span, are ch
s is limited to
ppers will dep
nsile forces in

strips the con
altering angle
ure 4. Comm
ll-off or push
h the contact 
upport is show

he track axis.

ry system is
n the poles. 
and softer at
property   o
 the uplift of
in Figure 6.
section, i.e. 

is also shown
htly lower at

40m at Sokne

contact wire
ntroduce a ver
ness will make

 
ng 

osen 
o an 
pend 
n the 

ntact 
es to 

monly 
h-off 
wire 

wn. 

 

s an 
The 

t the 
often 
f the 
The 
in a 
n in 
t the 

 
edal.  

and 
rtical 
e the 



pan
the 
pos
pole
hold

 

Fig

T
sinc
i.e. 
How
whe
Any
resp
whi
trail
gen
loss

2.1 

The
Tab
only
cho
is t
crite
velo
also

T
wid
train
syst
orig
wire
high
resp

T
they
Nor
spee
are 
kN 
syst
km/
has 
spee

S
C2,
20 A
km/
met
160
then

ntograph lift th
pole. It is p

sible. This can
e span. Thus, 
d a constant ab

ure 6. The upl
which also is

The uplift is us
ce that is most

pantograph 
wever, the up
en considerin
y excessive 
ponses such as
ich may lead
ling pantogra

nerally large v
s of power and

Norwegia

e main existi
bell 54, Syste
y the three la

oice of system
thoroughly sp
eria that decid
ocity, type of
o the type of tr

The first syste
dely in use on 
n speed allow
tem, but it wa
ginal tension 
e and the me
her speed th
pectively. 

The main diffe
y are designed
rwegian syste
ed of 250 km
800 meters. T
in both the co
tem is System
/h, and has 10

7.1 kN tens
ed of 130 km/
ystem 20 is s
 where the tw
A is develope
/h where the r
ters. System 2
0 km/h still wi
n be used also

he contact wir
referable to r
n be achieved
demanding a 
bsolute positio

lift force by a 
s the basis for 

sually in desig
t critical cons

may hook 
plift motion at
ng the dynam

vibrations m
s: large initial

d to larger up
aphs if the t
vibrations ren
d also increase

an railway cate

ing catenary 
m 35, System

atter can be ch
m for the conta

pecified in t
de which syst

f pantographs 
racks used [14
em, Tabell 5
the existing r

wed is at the 
as originally d
forces were t
essenger wire
hey were ch

erence betwee
d for differen
em designed 

m/h and the m
The tension fo
ontact wire an

m 20 which al
0 kN in both w
sion in both 
/h [15]. 
split into four 
wo latter are tu
ed for one pan
radii of the cu
20 B is desig
ith one pantog

o with curvatur

re more at the
reduce this m
d by introducin
higher uplift 
on of the pant

pantograph o
the elasticity 

gn controlled 
idering the po
the cantilev

t mid-span is 
mic effects of 
may cause se

 vibrations at 
plift, large in
train set have
ndering loss o
ed wear of con

enary systems

systems use
m 20 and Sys
hosen for new
act wire of ne
the technical
tem to be use
allowed, den

4]. 
54, is an old
railway sectio
present time

designed for o
then 7.6 kN i
e, but to cope
hanged to 10

en system 35,
nt train speeds

for the high
minimum radii
orces used in 
nd the messen
llows a maxim
wires. Finally
wires, and al

different gro
unnel catenar
ntograph with
urves should 

gned for train 
graph. Howev
re radii below

Pr

e mid-point th
motion as muc
ng a pre-sag o
at the mid-po
tograph head. 

  
on the contact 

consideration

at the pole su
ossibility of ar
ver pole sup

equally impo
f the contact 
everal unfort
the upcoming

nitial vibratio
e more than 

of contact and
ntact wire. 

s 

ed in Norway
stem 25. How
w design [13]
w railway sec
 regulations. 
e are: desired 
nsity of trains

d catenary sy
ons. The maxi
e 130km/h for
only 90 km/h
n both the co
e with the de
0 kN and 5

, 20 and 25 is
s. System 25 i
hest train spe
i of the curva
this system a

nger wire. The
mum speed o

y, System 35 w
llows a maxi

ups; A, B, C
ry systems. Sy
h speeds up to
be larger than
speeds only 

ver, the system
w 800 meters [

roceedings of the

han at 
ch as 
of the 

oint to 
 

wire, 
n. 

upport 
rcing, 
pport. 
ortant 
wire. 

tunate 
g pole 
n for 
one, 

d thus 

y are 
wever, 

. The 
ctions 

The 
train 

s, and 

ystem 
imum 
r this 

h. The 
ontact 
esired 
 kN, 

s that 
is the 
ed, a 
atures 
are 15 
e next 
f 200 

which 
imum 

1 and 
ystem 
o 200 
n 800 
up to 

m can 
13].   

3

3.1

Ideal
to m
Corr
of th
redu
cons
tensi
size 
with
not b
when
800m
appr
pole 
long
decid
redu
optim
curv
regis
cross
show

 

F

In 
the l
act u
will 
inter
angle
is fro
rend
unwa
by a 
whic
secti
drop
to lo
moti
later
as th
and 
show
patte

 

Figu

Th
goes

9th International

CONTACT L

 Influence o

lly it is possib
minimize th
respondingly, 
he contact lin
ced wear. T

sidering the s
ion force in b
of the pre-sag
curves and o

be optimal fo
n the radius i
m. As mention
ropriate sag be

span. For a 
pole spans w

des the pole 
ction in span
mal paramete
ature design
stration arm 
sing the curv

wed in Figure 

Figure 7. The z

curves a cam
ateral tilting o
upon the train
tilt the pantog

raction betwee
e will introdu
om the pantog
ering the upw
anted motion 
pre-sag of th

ch is set to c
ion this is no
ppers situated 
ose all tension
ion can be d
al positions o

he wire goes th
7. In Figure 8

wn on the pan
ern.   

ure 8. The oute
by the 

he effect of the
s through the z

l Conference on S

LINE SECTIO

of sharp curve

ble to design t
he vertical 

this will also
e rendering a
This optimiz
system height
both wires and
g of the mid po
other varying g
or all pole sp
is low, which
ned earlier th
etween each d
straight secti

while in a shar
distance. This
n length and

ers. Furthermo
ned by pul
and it is the
ed track axis 
7.      

zig-zag config

mber, canted tra
of the train fro
n as it runs th
graph correspo
en it and the
ce a vertical m
graph position
ward motion 
which ideally

he contact wir
correspond to 
ot possible. 
closest to the 
n leaving slac
demonstrated 
f the contact w
hrough the zig
8 are the later

ntograph head 

er positions of
zig-zag patter

e contact poin
zig-zag pattern

Structural Dynam

ON ANALYS

es on the cate

the contact lin
motion of 

o reduce the d
a continuous p
zation can b
t of the cate
d the pole sp
ole span. How
geometry the 
ans. This is s

h in Norway t
he droppers ar
dropper as we
ion it is adva
rp curve it is 
s can introdu
d thus chang
ore, the zig-z
ll-off config
e straight con

which create

guration in a c

ack, is introdu
om the centrif
hrough the cu
ondingly and 

e contact wire
motion of the 
n seen as an u
of the pantog

y would have b
re. However, d

longer pole 
In fact, it is
pole support 

ck vertical dro
by two figu

wire along the
g-zag pattern s
ral motion out
for the straig

f the contact w
rn shown in Fi

nt height on th
n in sharp cur

mics, EURODYN 

IS 

nary system 

ne section suc
the pantogr

dynamic resp
power supply 
be achieved 

enary system,
an length and

wever, for sect
tension force 
specially the 
typically is be
re used to ach
ll as for the en

antageous to h
the curvature 
ce a consider
ging the syst
zag pattern i

guration of 
ntact line sys
es the push-of

curved section

uced to counte
fugal forces w
urves. The cam

will influence
e. This chang
pantograph. I
uplift of the c
graph. This i
been countera
due to the ten
spans within

s for the ver
an immediate
opper wires.
ures showing 
e pantograph h
shown in Figu
ter points 1 an

ght section zig

 
wire as introdu
igure 4 

he pantograph 
rvature is inclu

 2014 

3747 

ch as 
raph. 
onse 
and 
by 

 the 
d the 
tions 
will 
case 
elow 
hieve 
ntire 
have 
that 

rable 
tems 
is in 

the 
stem 
ff as 

 
n. 

eract 
which 
mber 
e the 
ge in 
I.e. it 
cable 
is an 
acted 
nsion 
n the 
rtical 
e risk 
This 

the 
head 
ure 4 
nd 2 

g-zag 

uced 

as it 
uded 



Proc

374

in t
pole
in th

Fig
b

4 

To 
it is
syst
pres
with
chan
Sok
km/
130

T
syst
desi
of 6
shar
syst
not 

T
whi
leng
Sok
and
resp
will
by t
as w
alon
extr
by s

4.1 

The
of 
sou
runs
cate
sect
of th
sect
and
the 
sect
are 
allo

T
corr
of t

ceedings of the 9t

8 

the Figure 9. 
e supports, as 
he curved pol

gure 9. The out
by the zig-zag 

NUMERIC
CATENARY

investigate th
s of interest t
tem at differe
sent study is t
h sharp curv
nging train v

knedal, Norwa
/h while the su

0 km/h, an alre
The investigati
tem at hand, T
igned for 130
60 m. As the 
rp curve and
tem is forced 
specifically in

The data samp
ich is modell
gth of 60 m a
knedal, includi
d messenger w
pectively 10 k
l be on the ch
time series ev
well as the up
ng a pole sp
racting the fre
spectral densit

Case study

e railway secti
Soknedal stat
th of Trondhe
s from Oslo t
enary system 
tion is divided
he spans varie
tion there is a

d a part with v
sharp curvatu
tion and the la

irregularitie
owed running 
The geometry 
rect global ge
the track were

th International C

For both situ
point 1 is in t
e span is situa

ter positions o
pattern in the

AL INVESTI
RY SYSTEM 
he passage of 
to investigate
ent structural 
to see how the
ves will cre
elocities. The
ay. The system
urrounding se
eady allowed u
ion will conc
Tabell 54, as 

0 km/h on stra
section of So

d a pass unde
down due to l
nvestigated in
ling is done o
led as a strai
and the other 
ing upgraded 
wire now ha
kN and 5 kN. 
hange in dyna
valuating the 
plift of the pas
pan. The eff

equency conte
ty plots.  

dy; railway sec

ion selected in
tion which is
eim. The secti
to Trondheim.
Tabell 54, an

d into twenty-
es between 40
an initial curv
very sharp cur
ure have a leng
arger radius bo
s which tod
speed on the s
of the system

eometry of th
e used to estab

Conference on Stru

uations point 2
the straight se
ated at the mid

 

of the contact 
e curvature sho

IGATION OF 

a pantograph 
e the behaviou

sections. Th
e changing ge
eate dynamic
e modelled se
m here has be
ections have a
upgraded velo
entrate on the
described. Th

aight sections 
oknedal progre
er a bridge w
low passage h

n the current p
on two models
ght section w
which is mod
tension forces

ave upgraded 
 The focus in

amic response
pre- and post
ssage at repre
fects are also
nt of sampled

ction at Sokne

n this study is
s approximat
ion is part of D
. The section 
nd it is 1301
-six pole span
0 and 60m. In 
ve with a rad
rvature, R = 3
gth of 40 m w
oth have a len
day significa
section to 90 k
m has been fo
he track. The 
blish global c

uctural Dynamics

2 is situated a
ction while po

d-span.  

 
wire as introd
own in Figure

THE 

on a given se
ur of the cat

he intention in
eometry of sec
 implications

ection is locat
en designed f

a design veloc
ocity.  
e overhead co
his system is t
with a span le
esses, it inclu

where the cat
height. The lat
aper.  
s of Tabell 54
with constant 
delled “as bui
s. The contact
tension forc

n the present p
e. This is pred
t-passage vibr
esentative posi
o investigate

d time series sh

edal station 

s located just 
tely 70 kilom
Dovrebanen w
was built wit
 meters long

ns where the le
the chosen rai

dius of R = 12
50m. The spa

whereas the str
ngth of 60m. T
antly reduces
km/h.  
ound by mak
global coordi

coordinates of 

s, EURODYN 20

at the 
oint 1 

duced 
e 7. 

ection 
enary 
n the 
ctions 
s for 
ted at 
for 90 
ity of 

ontact 
today 
ength 

udes a 
enary 
tter is 

4, one 
span 

ilt” at 
t wire 
es of 
paper 
dicted 
ration 
itions 

ed by 
hown 

north 
metres 
which 
th the 
. The 
ength 
ilway 
250m 
ans in 
raight 
These 
s the 

king a 
inates 
f mast 

posit
num
 

Figu

4.2

The 
secti
100 m
by: I
numb
weig
E, is

Th
circu
secti
the Y

Fin
secti
the d
spec
100·

4.3

The 
syste
Toda
finite
lump
[17, 
inve
conf
due t

Ev
strin
whic
impo
All w
and 
As s
shea
wave
curre
prop
Bern
mod
Abaq
and t

014 

tions and to
merical model i

ure 10. Final g

Material pr

contact wire 
ional shape a
mm2, see also
Iy=986.5 mm4

mber (torsion 
ght of this con

124·109 Pa [
he messenger 
ular cross sec
ional area of 6
Young’s modu
nally, the dro
ion is Bz II 10
diameter of 4
ific weight is 
109 Pa [16]. 

Finite elem

possibility f
em has incre
ay, most stud
e element mo
ped masses fo

18, 19]. Sp
stigated for su

figuration of t
to slackening 
ven though be
g models they

ch the catenar
ortant as train
wire compon
droppers, are

shown by Poe
r deformatio
elength in the
ent system is t

posed. Thus, 
noulli beam el
els [25]. Ho
qus analyses 
thus used in a

 the corresp
is shown in Fi

geometry of th
numerica

roperties of th

used in Tabl
and area regu
o [13, 16]. Th
4 and Iz=839.2
constant) is 

ntact wire is 8
17] 
wire used for 

ction with a d
60 mm2, its sp
ulus, E, is 113
oppers used fo
0/49, which h
.5 mm, cross 
0.89 N/m [13

ment model; ca

for numerica
eased as com

dies of catena
odel includin

for the pantog
pecial system
uch systems, e
the catenary [
of droppers [2

eam models a
y include seve
ry system is d
n velocities ar
nents such as 
e modelled by
tsch et al [24

on or rotary
e contact wir
the wavelengt
it is in the

lements, as re
owever, due 
Timoshenko e

all the wire com

ponding caten
igure 10. 

he Soknedal se
al model. 

he catenary sy

le 54 is Ri 10
ulated for thi
he moments of
2 mm4. Where
J=1511.5 m

8.9 N/m, the Y

this section is
diameter of 9 
pecific weight 
3·109 Pa [16] 
for the catenar
has a circular c

sectional are
3], the Young

atenary system

al modelling 
mputational 
ary systems u
ng point sprin
graph model, 
m properties 
e.g. the mode
[20, 21] and a
22]. 
are more com
eral important

dependent on. 
re increased a

contact wire
y Timoshenko
], it is not nec
y inertia ef
re is larger th
th found to be
eory sufficien
eported used in

to numerical
elements were
mponents. 

naries. The 

ection used in

ystem Tabell 5

00 Cu. The c
s contact wir
f inertia are g
eas the St. Ve
m4. The spe

Young’s modu

s Cu 50/7. It h
mm, i.e. a c
is 4.46 N/m [

ry system on 
cross section 

ea of 15 mm2

g’s modulus, E

m and pantogr

of the dyna
power increa

uses a continu
ngs, dampers 

see for exam
have also b

elling of the in
also nonlinear

mplex compare
t characteristic
This is espec

as shown by [
, messenger 
o beam eleme
cessary to inc
ffects when 
han 5 cm. In

e well over wh
nt to use Eu
n similar cate
l stability in 
e more prefer

final 

n the 

54 

cross 
re is 

given 
enant 
cific 
ulus, 

has a 
cross 
[13], 

this 
with 
, its 

E, is 

raph 

amic 
ases. 
uous 
and 

mple 
been 
nitial 
rities 

ed to 
cs of 
ially 
[23]. 
wire 
ents. 

clude 
the 

n the 
hat is 
uler-
nary 

the 
rable 



T
ligh
the 
to 5
intr
ove

In
that
prop
stiff
wire
mas
desc
freq
dyn
tend
sub
esti
tran
low

T
sim
mod
pan
AB
The
exp
aero
Nor

Fi

 

T
desc
of 
mod
desc
the 
Nor
fram
upw

4.4 

T
flex
sma
the 
of m

The damping 
htly damped [2
system can b

500km/h. Thu
oduced as Ray

er a frequency 
n Abaqus [28]
t the stiffn
portional to th
fness. This re
e system depe
ss proportion
cription for l
quency dampi
namic respon
dencies of la
sequently lon
mated displa

nsient and w
wer natural freq
The pantograph
mplified way a

delled as a m
ntograph calle
, which is us

e velocity d
pressed by 
odynamic com
rway. 
 

igure 11. Num

The pantograp
cribes the two
the pantogra

delled as rig
cribe measure

respective 
rdiska AB, th
me is include
ward motion. 

Natural fr

The numerical 
xible system 
all variations. 
eigenvalue an

modes around

of the caten
24]. Furtherm

be assumed lig
us, damping in
yleigh dampin
span of 1-15 
] the Rayleigh
ess proporti

he strain stiffn
enders a dam
endent on geom
nal. This wil
low frequenc
ing contributio
nse will ther
arger respons

nger decays. T
acements. Thi

with major co
quencies.  
h used in this
as shown in 

mass-spring-da
ed WBL 88, 
sed in traffic 
dependent ae
Equation 1

mponents as d

merical model 
Schunk No

55contactF =

ph model in 
o pan heads a
aph arm. Bo

gid parts. The
ed values of 
components. 
he damping b
ed c2, for do

requency estim

model of the 
with many 

This will give
nalysis, and ca
d given freque

nary systems 
more Wu Brenn

ghtly damped 
n the present 
ng [27] with t
Hz.   
h damping is 
ional contrib
ness, not inclu

mping of the c
metric stiffnes
ll lead to a 
cy motions w
ons will be un
refore be ex
se for higher
The model wil
is, since the 
ontribution co

s study is mod
Figure 11. T

amper system,
produced by 
at the selecte
erodynamic 
, and cont

described spec

of the pantog
ordiska AB. 

25 0.068 v+ ⋅   

Figure 11 in
and a second m
oth of these
e springs, k,
stiffness and 
In the mod

between the a
ownward mot

mations 

catenary syste
similar com

e many simila
an be seen by
encies. One w

Pr

can be assu
nan [26] stated
for train spee
catenary mod

target value of

implemented
butions are 
uding the geom
catenary syste
ss, which is m

correct dam
whereas the h
nderestimated
xpected to 
r frequencies
ll still render 
motion is h

omponents du

delled in a sli
The pantogra
, and describe

Schunk Nor
ed railway sec
contact forc

tains static-
cially for the u

 
graph WBL 88

 

ncludes m1, w
mass, m2, the 
e components
 and damper
damping bet

del from Sc
arm and the 
tion and zero

em is a slende
mponents inclu
ar eigenvalues 
y the accumula
way to interpre

roceedings of the

umed 
d that 
ed up 
del is 
f 0.02 

d such 
only 

metric 
em, a 

mostly 
mping 
higher 
d. The 

show 
s and 
good 

highly 
ue to 

ightly 
aph is 
es the 
rdiska 
ction. 
ce is 

and 
use in 

8 by 

(1) 

which 
mass 

s are 
rs, c, 
tween 
chunk 
main 
o for 

er and 
uding 
from 

ations 
et the 

estim
corre
repre
good

Th
resul
struc
clear
is fur
inclu
sligh

Th
seco
arou
foun
frequ
also 
are a

A 
struc
prese
with
frequ
refer
just 
frequ
4.2 H

Fig

4.5

To
caten
poin
from
with
struc
failu
of 
chara
large
thus 

9th International

mated natura
esponding mo
esent activate
d candidates fo
he model sha
lts from the 
ctures the ter
rly defined as
rther enhance

udes curvature
htly different. 
he first accumu
nd around 1.3
nd 3.2 Hz. F

nd to excite 
uency for the 
Figure 12. T

around 6.6 Hz
steady state

ctural frequen
ence of the p
in a span and
uency band. 
rred to as cate
steady state fr
uencies of the
Hz respectivel

gure 12. Eigen

System ana
Tabell 54

o evaluate an
nary system m
ts on the stru

m; it is importa
different dyn

cture is at the
ures often occu

importance. 
acteristics of 
est increase in
this point is a

l Conference on S

al frequencie
odal mass. M
d mass motio
or the fundam
ll be used as

eigenvalue 
rm fundamen
s for civil eng
ed for the Sokn
e, which mak
 

mulation of freq
3 Hz, the third
Frequencies in
the spans w
40 m spans a

The first natur
 

e analysis is 
ncies imposed 
pantograph. T
d the contact
The system a

enary-pantogra
frequencies fo
e steady state 
ly.  

n modes corre
and to 0.98 

alysis of the 

nd extract the
model, it is 
ucture. There
ant to cover di
namic properti
e support pole
ur; especially 

As describ
the catenary 

n dynamic res
also included i

Structural Dynam

es are by 
Modes with la
on in the syst

mental frequen
s an interpret
analysis of 

ntal frequency
gineering struc
nedal section 

kes the geome

quencies is ar
d around 1.7 H
n the area ar

with a length 
are represente
ral frequencie

done to eva
on the catena

The pantograp
t wire is exci
analysis rend
aph steady sta
r short. The r
analysis are:

esponding to 0
Hz (lower).  

catenary mo

e information
chosen to sa

e are several 
ifferent section
ies. One point
e. This is a p
the uplift val

bed, due t
system, it is 

sponse will be
in the analysis

mics, EURODYN 

calculating 
arge modal m
tem, and are 
cies.  
ation tool. In
strongly flex

y will not be
ctures. This e
as this model 

etry of every 

ound 0.87 Hz
Hz and the fo
round 0.87 H

of 60 m w
d by 0.98 Hz

es of the drop

aluate chang
ary system by
ph is then pl
ited over a b

ders what wil
ate frequencie
resulting first 
 1.3, 2.7, 3.8 

 
0.87 Hz (uppe

odel – Norweg

n available in
ample at diffe

points to cho
ns of the struc
t of interest on
point where m
lue at this poi
o the stiff
expected that

e at the midp
s.  

 2014 

3749 

the 
mass 
then 

n the 
xible 
e as 
ffect 
also 
span 

z, the 
ourth 
Hz is 
while 
, see 

ppers 

e in 
y the 
aced 
road 
ll be 
es, or 

four 
 and 

er), 

egian 

n the 
erent 
oose 
cture 
n the 
many 
int is 
fness 
t the 
oint, 



Proc

3750

T
vary
con
train
the 
whe
syst
max

T
sect
13-
60 m
2) 
incl
The
sam
incl
sho

F

 

F

Fig

4.6 

The
is a
sign
cate
mor
two
info
vibr
mot
be u
vari
in E

ceedings of the 9t

0 

The intention 
ying curvature

ntact line secti
n velocities t
dynamic resp
en considering
tems. This co
ximum train v

The two syste
tion are divid
14. The straig
m long, where
as shown in
ludes two par
e initially stra

mpling points, 
ludes seven 4
wn in Figure 
 

Figure 13. Spa

Figure 14. Spa

gure 15. Samp
m spa

Dynamic r

e time series s
a complex his
nal will inclu
enary interacti
re or less be 

o of the funda
ormation rega
ration before 
tion is sought
used. The adv
ious informati

EUROPAC [2

th International C

is to invest
e from else sa
on. Thus, the 
o evaluate th

ponse. General
g upgrades or
ould be a perm
velocity or num
ems, straight 
ded into samp
ght section inc
e each span in

n Figure 15. 
rts with diffe
aight part inc
(1-2) Figure 

40 m spans w
15.    

ans used for sa
Tabe

ans used for sa
section T

pling points on
an (upper), an

response of th

sampled from
story of diffe
ude more in
ion system. O
controlled by
amental mode
arding the str
the current p
, then selected
vantage of di
ion contents i
9].  

Conference on Stru

tigate the sy
ame tension c
response is sa

he influence o
lly, this is imp
r operational c
manent increa
mber of panto

section and
pling spans a
cludes six con
ncludes two sa

The Sokned
erent span len
cludes three 
15, and the 

with sampling

ampling data,
ell 54. 

ampling data, 
Tabell 54. 

     

n the two num
nd 40 m span (

he catenary sy

m a point on th
erent events. 
nformation of

Other parts of t
y resonant resp
es at the poin
ructural behav
point, or contr
d parts of the 
ividing the si
s also support

uctural Dynamics

ystem respond
onfiguration o
ampled at diff
of higher spee
portant inform
changes of exi
ase in the all
graphs allowe

d Soknedal st
as given in F
nsecutive span
ampling point
dal station se
ngth for samp
60 m spans 
curved part w
 points, (3-4)

 straight secti

Soknedal stati

merical models
(lower) 

ystem Tabell 5

he catenary sy
Some parts o
f the pantog
the time serie
ponse from o
nt of excitatio
viour from fo
rol of fundam
time series sh

gnal with pos
ted by the fin

s, EURODYN 20

ds at 
of the 
ferent 
ed on 

mation 
isting 
owed 
ed.  
tation 

Figure 
ns, all 
ts, (1-
ection 
pling. 

with 
which 
) also 

 
on 

 
ion 

 

  
s, 60 

54 

ystem 
of the 
graph- 
s will 

one or 
on. If 
forced 
mental 
hould 
ssible 

ndings 

He
mutu
it is 
there
and o

Fi
th

 
Th

for 
impl
radiu
resul
there
contr
analy
weig
high

Th
depe
inclu
span
This
wire
tensi

Th
desig
this 
illust
displ
R=3

 

014 

ere the entire 
ual frequency 

from the ch
e are two diffe
one after the p

gure 16. Spec
he Soknedal st
frequency sh

he intension h
higher speed

lications due 
us. Thus, it is
lts from the v
efore have a
rolled by the s
ysis of the a
ght on inertia
er frequencies

he contact lin
endent on the 
uded. Among
ns depend on t

loss will be d
to the track 

ion force loss 
he parameters
gned for the s
creates a too 
trated in Figu
lacement spec
50m for 90 km

sample is of
time represen

haracteristics 
ferent dynamic
passage 

ctral density ov
tation section 
ifts during pas

freque

her is to overv
d in curvatu
to system c

s for further 
vertical uplift 
a weight on 
system stiffne

acceleration r
a controlled 
s. 
e section will
possible num

g other param
the loss of ten
dependent on 
axis at each p
will be higher

s for the con
traight section
stiff system 

ure 17 where
ctrum are sho
m/h at point 1 

f a single pas
ntation, Figure
of the displa
c processes pr

ver passage ti
at 130 km/h, 
ssage for high
encies. 

view the dyna
ure, i.e. vie
changes from
results chosen
displacements
the lower fr

ess. This can b
esults which 
response, wi

l in design ha
mber of pole 
meters is the 
sion force at e
the lateral an

pole. Thus, in
r. 
ntact line sys
n with spans o
for the sharp

e the uplift an
wn for the str
and 3 (the mi

ssage shown 
e 16. Furtherm
acement seen 
resent, one be

 
me at point J1
predominatin

her and lower 

amic implicat
ew the dyna

m changing c
n to only pre
s. The results 

frequency con
be compared t

will introduc
ith correspon

ave a total le
spans that can
number of 

each pole supp
ngel of the con
n sharp curves

stem are init
of 60m. Howe
est curve. Th
nd correspon
raight section
id-point). 

in a 
more, 

that 
efore 

1 for 
ng 

tions 
amic 
urve 

esent 
will 

ntent 
to an 
ce a 

nding 

ngth 
n be 
pole 
port. 
ntact 
s the 

tially 
ever, 
his is 
nding 
n and 



Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014 

3751 

   

 

 
Figure 17. Uplift at mid-point for straight section (upper) and 

radius of 350m with corresponding spectral density, for 90 
km/h. 

This response can be compared to the excessive vibrations 
of the straight section as the train speed is increased to 
130 km/h, Figure 18. The pre-passage vibration is here 
already significant and the post-passage is close to a standing 
resonant response. 

 
Figure 18. Uplift at mid-point for straight section with 

corresponding spectral density for 130 km/h. 

It is interesting to observe that the Soknedal section model 
with the initial radius of 1250m has a large response at 90 
km/h compared to both the straight section as well as the 
sharper curved segment of the same model; compare Figure 
17 with Figure 19. This is partially due to the influence of the 
sharp curved segment as well as the transition segment 
included in the model. These will influence the section 
configuration and thus the sections natural frequencies. In the 
spectral plot in Figure 19 it can be seen that already at 90 
km/h this response has a considerable resonant contribution 
while the two previous shown in the spectral plots of Figure 
17 are dominated by a broad banded frequency response. 

 
Figure 19. Uplift at mid-point for R=1250m segment with 

corresponding spectral density for 90 km/h. 

An important property is the uplift at the pole support. This 
uplift must be under a certain design value, which for this 

section should be below 50mm. In Figure 20 the three uplift 
plots for straight, R=1250m and R=350m, all at 160 km/h, are 
compared. It is seen that all three is under the limit value and 
thus initially ok. However, considering the post-passage it can 
also be seen a substantial resonant response which may be 
troublesome.   

 
Figure 20. Uplift at pole support for the three segments; from 
left to right straight, R=1250m and R=350m, all for 160 km/h. 

Finally, it is of interest to analyse the dynamic response of 
the segment which dynamically shows the best behaviour, 
R=350m. This segment can allow a train speed of 130 km/h as 
neighbouring contact line sections. Also the uplift for a train 
speed of 160 km/h is below acceptable limits whereas the 
dynamic response at mid-point is clearly resonant and also 
shows sign of beating in the post-passage response. Thus, it 
seems as the train speed of 160 km/h is close or over the limit 
for this section when considering the dynamic response at 
mid-span. At least if the train has more than one pantograph.   

 

 
Figure 21. The uplift at the mid-point for R=350m; train speed 

of 130km/h (upper) and train speed of 160km/h (lower). 

  

5 CONCLUSION 
The dynamic behaviour of the Norwegian catenary–
pantograph system, Tabell 54, has been examined 
numerically. The focus of the present investigation has been 
on the dynamic implication of higher speed on contact line 
sections with sharp curves. This is accomplished by three 
model segments with a radius of 1250m and 350m as well as a 
straight section.  

It is seen that the different radius will influence the optimal 
configuration differently. Therefore sections with varying 
geometry will not have optimal designed behaviour. This is 
shown by the dynamic response especially at the mid-point of 
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different pole spans. The uplift is for the allowed speed of 
today, 90 km/h, within acceptable levels for all three 
segments. For the velocity of the neighbouring segments, 130 
km/h, the straight section will show significant post-passage 
dynamic response, though within acceptable levels. However, 
the dynamic response of the contact line system is most likely 
above acceptable levels at mid-span for 160 km/h, especially 
for straight and the 1250m radius. The sharp curve has a 
dynamic response which is estimated to be close to the limit. 
All three segments have acceptable uplift response at the pole 
support; though the response of all three is resonant dominate 
as shown in the spectral density plots.  

The implications of the investigations is however difficult to 
conclude solely on the dynamic response of the contact line. 
As demonstrated in the present investigation the exaggerate 
tension forces will in the sharp curve initiate excessive 
vertical motion in the pantograph due to the complete section 
design. This is partly the reason for the initiated vibration of 
the short and stiff pole span in the sharp radius. Thus, the 
sharp curves will initiate vibrations even for a short span. 
Since the span is shorter and stiffer than desirable the 
complete section will become too short and the wear will be 
higher than for the straight section and the vertical motion 
may also render loss of contact. This will diminish the 
possible increase of the allowed train velocity.  
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ABSTRACT: An ever increasing demand for reduced travel time makes it important to exploit the full capacity of existing 
overhead railway catenary systems. This has become a pressing issue in Norway due to the fact that the maximum speed in 
many existing railway sections are only 70 or 90 km/h. In many places there is no plan to reconstruct the railway line. It is 
therefore important to investigate the static and dynamic behaviour of the pantograph-catenary interaction as the train speed is 
increased to ensure electrical and mechanical contact for higher speeds. Along the railway line there is several places where the 
contact wire height has to be decreased to pass under obstacles, such as bridges. This paper investigates the dynamic behaviour 
of an existing railway catenary system, named Tabell 54, for extreme low passage at exceeding design velocities. This has been 
done by running dynamic analyses on finite element models made of existing railway catenary systems with different gradients 
in the decrease of the contact wire height. It has been found that the dynamic response of the examined catenary system due to 
change in contact wire height starts to increase somewhere between 130 and 200 km/h. The dynamic response is also found to 
increase with increasing gradient between the same velocities. 

KEY WORDS: Catenary systems; Contact wire; Dynamic response; Norwegian railways; Pantograph-catenary interaction; 
Existing railway catenary; Spectral analysis; Numerical simulations. 

1 INTRODUCTION 
The improvement of the structural understanding during the 
life span of essential infrastructures is an important problem to 
address. This is partly due to the situation of an ever 
increasing number of infrastructures reaching their final stage 
of design life, and partly due to changing loads and non-
fulfilment of maintenance, rendering physical signs of wear 
and tear. 

In this study a part of the Norwegian Railway called “The 
Dovre line” is investigated. This is the main railway line 
between Oslo and Trondheim. The part investigated was 
electrified in 1970, and was built on piecework. At the 
investigated section the contact wire height is lowered to pass 
under an existing bridge. The contact wire height is thus 
reduced from 5.6 m to 5.15 m. The design speed is between 
70 and 90 km/h, depending on the topology. Due to these low 
speeds improvements are sought to be able to increase the 
speed. 

The essential property of the interaction between the 
catenary system and the pantograph for the electric railways is 
to ensure supply of electricity to the train. This interaction is a 
coupling of two non-linear dynamic systems[1]. The induced 
wave motion from this interaction in the catenary system is 
extremely complex, and is influenced by many parameters 
such as the span length, the mass of the wires, the tension in 
the wires, the dropper spacing and the design of the 
supporting structures. The understanding of this interaction is 
mandatory to develop existing catenary systems dynamic 
behavior where performance improvements are sought [2]. As 
the velocity of the train is increased, the importance of the 
dynamic behaviour of the railway catenary system is also 
increased[3]. Usually, it is assumed that for high speed 

railway overhead contact lines no significant dynamic 
response is present below 200 km/h due to the system design. 
The catenary system investigated is design for much lower 
speeds. At design speed the behaviour of the catenary system 
is for practical purposes quasi-static as the train passes. 
However, numerical simulations show that as the velocity is 
increased above the design speed the dynamic behaviour also 
increases until excessive vibration response is observed.  

A change in the gradient of the contact wire height will at 
higher speeds give a significantly larger dynamic behaviour 
than if the gradient was null. This is because of differences in 
the geometry of the catenary system due to gravity, elasticity 
properties of the catenary system and the rapid decent of the 
pantograph. 

A result of a too extensive dynamic response of the catenary 
system is increased wear and extensive challenges regarding 
an introduction of multiple pantographs on the trains[3].  

In this study the increase of dynamic behaviour due to rapid 
extreme lowering of contact wire height is investigated as the 
speed is increased above design speed. The present study 
evaluates the dynamic coupled system between the catenary 
system and the pantograph. This includes 3D finite element 
modelling of a full length section of the existing catenary 
system. The model is used to investigate the vertical 
displacements of the contact wire along the whole section. 

2 RAILWAY CATENARY SYSTEMS 
The railway catenary system consists of a contact wire, a 
messenger wire, droppers, registration arms and brackets as 
can be seen in Figure 1 and Figure 2. The contact wire is the 
conductive part which transfers the electricity to the train 
through the pantograph. The messenger wire carries the 

Dynamic behaviour of an existing railway catenary system 
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vibrations will be apparent at lower train velocities, and 
dynamic effects due to a change in gradient may be seen more 
clearly. The dynamic response have been investigated by 
regarding the vertical displacement as a train approaches, 
passes and have passed the midpoint of a span. The maximum 
uplift has been extracted from the analyses for train speeds of 
90, 130 and 200 km/h for span A to F. The mean maximum 
value and the standard deviation of the uplift for the six spans, 
A to F, is found to be increasing when the speed goes from 90 
to 130 km/h. But from 130 to 200 km/h the standard deviation 
is the only one increasing. The mean maximum values of the 
uplift and the standard deviation of the maximum uplift in 
span A to F are shown in Figure 12 for Model 1, 2, 3 and 4. 
The gradient of the decrease of the contact wire height 
increases with increasing model numbering.  Thus, it can be 
seen that the maximum vertical displacement in mid span 
increases for an increasing gradient. 

 
Figure 12. The maximum uplift in the middle of the spans A 

to F displayed with the mean value and standard deviation for 
Model 1, 2, 3 and 4. Values have only been found for train 

speeds of 90, 130 and 200 km/h. 

The mean contact force and the standard deviation of the 
contact force have been extracted for all these analyses. The 
values were found to be of the correct magnitude compared 
with given measurements at 90 and 130 km/h. This indicates 
that the contact force is of the correct magnitude for 200 km/h 
as well. 

By looking at the vertical displacement and the 
corresponding spectral density in point C1 the dynamic 
response at mid span has been more thoroughly investigated. 
The only difference in the response between the four models 
for train speeds of 90 and 130 km/h is a difference of the 
maximum displacement. It was found to increase 
approximately linearly from Model 1 to 4 with 10%. At these 
velocities there is not found any particular difference in the 
dynamic response. When the speed was increased to 200 km/h 
there was found both static and dynamic differences between 
the models. For the three different train speeds there have 
been in general found that the maximal vertical displacement 
in C1 increases as the speed is increased, mostly between 90 
and 130 km/h, but also some between 130 and 200 km/h. This 
can be seen when comparing responses given in Figure 13, 
Figure 14 and Figure 15. For all the four models the response 

at 90 km/h is found to be quasi-static, but already with a train 
speed of 130 km/h the dynamic response is found to be 
significant. This can be seen directly from the plots of the 
displacements where at 90 km/h the response is only a peak 
when the train passes underneath the regarded position, which 
clearly shows that the response is not dynamic. At 130 km/h 
the system oscillates about its equilibrium position with 
significant amplitude, which decreases with time due to 
damping in the system. The spectral density of the vertical 
displacement for a train speed of 90 km/h shows also that the 
response is mostly influenced by static contributions, and thus 
confirms that the response is quasi-static, Figure 16. From the 
spectral density of the displacement for a train speed of 130 
km/h the dynamic response is confirmed by the total increased 
response compared with at 90 km/h, and especially the high 
response close to the first natural frequency, see Figure 17. 
The peak of the response is found at a frequency slightly 
below what was found as the natural frequency in the 
frequency analyses performed. But after investigating the 
response of the catenary around this slightly lower frequency 
there is found that this response looks like a stationary half 
sine wave in one span after the train has passed, and thus the 
first natural frequency. It is possible that the natural frequency 
is lowered due to a change in the effective stiffness/mass ratio 
as the train passes the section. And because it is so close to the 
estimated natural frequency, it continues to oscillate with this 
frequency. 

In the analyses with a train speed of 200 km/h there is 
oscillations after the train has passed. The shape of the 
oscillations shows sign of beating due to a combined response 
of two very close frequencies. The corresponding spectral 
analysis shows that the response is most influenced by the 
dynamic response in a narrow area around the first natural 
frequencies. The damping ratio for this frequency is found 
with the half-power bandwidth method to be approximately 
2% for the analyses of all the models with train speed of 200 
km/h. This is the same damping value which was introduced 
for the first natural frequency in the numerical model. 

 
 

 
Figure 13. The vertical displacement of point C1 in Model 1 

as a train with a speed of 90 km/h passes the modelled section. 
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Figure 14. The vertical displacement of point C1 in Model 1 

as a train with a speed of 130 km/h passes the modelled 
section. 

 

 
Figure 15. The vertical displacement of point C1 in Model 1 

as a train with a speed of 200 km/h passes the modelled 
section. 

 
Figure 16. The corresponding spectral density of the vertical 

displacement of point C1 in Model 1 as a train with a speed of 
90 km/h passes the modelled section. 

 

 
Figure 17. The corresponding spectral density of the vertical 

displacement of point C1 in Model 1 as a train with a speed of 
130 km/h passes the modelled section. 

 

 
Figure 18. The corresponding spectral density of the vertical 

displacement of point C1 in Model 1 as a train with a speed of 
200 km/h passes the modelled section. 

For a more comprehensive investigation of the dynamic 
response as the train speed is increased the results from the 
analyses with a train speed of 200 km/h for the four models 
have been compared. The maximum vertical displacement in 
these analyses can clearly be seen to increase with steeper 
gradient. This increase is presented in Table 2 both by the 
actual maximum vertical displacement, and the increase 
compared with the displacement from Model 1 in per cent. 
These results can also be seen by comparing the plots in 
Figure 15, Figure 19, Figure 20 and Figure 21. From the 
corresponding spectral analyses there is found that the 
dynamic response also increases as the gradient steepens by 
comparing the magnitudes of the spectral density. This can be 
seen by comparing values of the spectral density from Model 
1 to 4, shown in Figure 18, Figure 22, Figure 23 and Figure 
24. 
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Table 2. The increase of the maximum vertical 
displacement as the gradient is increased for train speed of 

200 km/h. 

Model 1 2 3 4 
Gradient in decrease[m/m] 0.000 0.001 0.0015 0.0029 

Max. vertical 
displacement with train 
speed of 200km/h[mm] 

80 84 87 93 

Increase of max vertical 
displacement compared 

with Model 1[%] 
0 5 8.75 16.25 

Max. spectral density 4481 5651 6004 6991 
Increase of spectral 

density compared with 
Model 1[%] 

0 26 34 56 

 
 

 
Figure 19. The vertical displacement of point C1 in Model 2 

as a train with a speed of 200 km/h passes the modelled 
section. 

 
Figure 20. The vertical displacement of point C1 in Model 3 

as a train with a speed of 200 km/h passes the modelled 
section. 

 
Figure 21. The vertical displacement of point C1 in Model 1 

as a train with a speed of 200 km/h passes the modelled 
section. 

 
Figure 22. The corresponding spectral density of the vertical 

displacement of point C1 in Model 2 as a train with a speed of 
200 km/h passes the modelled section. 

 
Figure 23. The corresponding spectral density of the vertical 

displacement of point C1 in Model 1 as a train with a speed of 
200 km/h passes the modelled section. 
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Figure 24. The corresponding spectral density of the vertical 

displacement of point C1 in Model 1 as a train with a speed of 
200 km/h passes the modelled section. 

5 CONCLUSION 
The dynamic behaviour of the existing Norwegian catenary 
system, Tabell 54, has been investigated, to determine at what 
train speeds dynamic response can be expected, and what 
dynamic effects a decrease of the contact wire height induces 
for different speeds. Dynamic analysis with three different 
train speeds, 90, 130 and 200 km/h have found that dynamic 
response of significance is found already at 130 km/h both for 
sections with and without a decrease of the height. The 
specific dynamic effects of a contact wire height decrease is 
found by performing dynamic analyses on four numerical 
models with different gradients of this decrease. It has been 
found that additional dynamic effects from this decrease are 
not present at 130 km/h, but are significant at 200 km/h. The 
dynamic response for the model with the steepest contact wire 
height decrease is around 50% larger than the model with no 
decrease. This indicates that at some speed between 130 and 
200 km/h the additional dynamic effects due to this decrease 
are of great importance. To better control the dynamic effects 
due to this decrease a more thoroughly study should be done 
with speeds between 130 and 200 km/h. 
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ABSTRACT: The tall noise barrier recently installed on Shinkansen structures has a low natural frequency; therefore, it may 
resonate with dynamic loads such as the train draft which has not been a crucial condition for design. The aim of this study is to 
evaluate the dynamic response characteristics of the noise barrier and to propose a dynamic design method of the noise barrier 
on the basis of measurement and numerical analyses. As a result of the study, it has been found out that the dynamic response of 
the noise barrier excited by the train draft is dominated by the resonance effect between pulse excitation of the train draft and the 
natural frequency of the noise barrier and the overlapping effect of the tail pulse of passing train. Methods to generalize the 
resonance effect by a multi-body system and the overlapping effect by the free vibration theory of the SDOF system have been 
proposed. In addition, two design methods have been proposed: a precision method based on simulation and a simplified method. 
The range of application of 1.0kN/m2 previously used as the design load has been verified on the basis of the natural frequency 
of noise barrier. 

KEY WORDS: Noise barrier, railway viaduct, dynamic design method, train draft pressure, resonance, natural frequency 

1 INTRODUCTION 
Noise barriers are installed on high-speed railway structures 
for the noise reduction depending on the land use along 
railway lines in Japan. Those which consist of H-shaped steel 
struts and precast PC plates have come to be used frequently 
with a view of construction cost reduction and labor-saving 
construction. In the design of H-shaped steel struts which 
determine the structural performance of the noise barrier, 
various effects have to be taken into account such as the train 
draft，the fatigue，the propulsive force on the bridge railing, 
the flying snow due to the passage of trains, the effect of the 
earthquake and the wind load which often becomes a crucial 
action for design [1-3]. In general, the H-shaped steel struts of 
noise barriers have been designed so that they may have 
adequate yield strength for a design wind load of 3.0kN/m2, 
assuming a wind velocity of about 50 m/s. On the other hand, 
the design load for the train draft pressure which is the main 
topic in this paper is 1.0kN/m2. Since the value of the train 
draft pressure is adequately lower than that of the wind load, 
in practical designs of noise barriers, the train draft pressure is 
considered only in the evaluation of the fatigue failure without 
used in that of failure. 

In recent years, needs of developing tall noise barriers has 
been increased with the progress of new Shinkansen line 
construction from an environmental viewpoint along railway 
lines in Japan. In terms of the practical application, the 
dynamic response amplification of such tall noise barriers due 
to resonance with train draft pressure during the passage of a 
high-speed train should be clarified, because their natural 
frequency becomes lower than that of conventional noise 
barriers. 

A European standard UIC code, for the design of the 
structure such as the station buildings or noise barriers, 
specifies the way to decide the length distribution and the 

peak value of the train draft pressure during the passage of 
trains [4-6]. However, it doesn’t consider the resonance 
phenomenon between the noise barrier and the train draft 
pressure on the basis of static design calculations. 

From these backgrounds, the authors have developed tall 
noise barriers of a height equal to the rail level (hereinafter 
referred to as "R.L.") + approximately 4.0 m. In this paper, the 
following items were studied in order to propose a new design 
method of tall noise barriers against the train draft pressure 
during the passage of high-speed trains. 
(1) To clarify the essential mechanism of the response of the 

noise barrier during the passage of a train on the basis of 
measurement and analysis. 

(2) To clarify quantitatively the effect of the various 
specifications on the response of the noise barrier during 
the passage of a train  

(3) To propose a practical design method for evaluating the 
response of the noise barrier during the passage of a train 

2 ANALYSIS AND MEASUREMENT METHODS 

2.1 Target noise barrier 
Picture 1 shows the semi-cover snow storing type noise 
barrier to be discussed in this paper, which has been installed 
on viaducts of Shinkansen lines. 

Figure 1 shows the cross-section of the noise barrier. This 
type of noise barriers should be effective in reducing the 
amount of snow falling onto the bridge surface as a 
consequence of its bending shape of the H-shaped steel struts. 
The targets are the noise barriers whose height H is R.L. 
+3.953m (hereafter rounded off and expressed as “R.L. 
+4.0m”) along the down-line side and R.L.+2.0m along the 
up-line side. The noise barriers on the up-line side have 
almost the same height as that of conventional noise barriers. 
They have H-shaped steel struts which are installed at 3m 

Dynamic response characteristics of the tall noise barrier 
on railway structures during passage of trains and its design method 
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intervals and hollow prestressed concrete panels (hereafter 
called “PC panels”). The base of the H-section steel strut is 
fixed to RC bridge railing. The PC panels are fixed to H-
section steel flange using wedge shaped rubber. 

2.2 Measurement methods 
The wind pressure, strain and acceleration of the noise 
barriers were measured on an actual structure. The sampling 
frequency used for wind pressure and strain measurement was 
1000 Hz, and that used for acceleration measurement was 
2000 Hz. 

Figure 2 shows the installed condition of the measurement 
equipment. Accelerometers, strain gauges and air pressure 
gauges were installed on the noise barriers and the 
overhanging slabs. 

The accelerometers and strain gauges were installed on the 
inside of the railway track. The air pressure gauges were 
installed at a distance of about 3.8 m from the center of the 
track, and 2.15 m (R. L. + 1.0 m) and 3.65 m (R. L. + 2.5 m) 
from the slab surface, above the inner side and outer side of 
the H-section steel flange. The value of the wind pressure 
acting on the H-section steel was calculated from the 
difference between both the pressure gauges. 

2.3 Measurement cases 
Impact vibration tests for grasping the vibration characteristics 
of the noise barriers and train running tests for obtaining the 
wind pressure and the dynamic response were carried out. In 
the impact vibration test, an impact hammer was used to 
produce artificial excitation in the vicinity of the 
accelerometers, and the acceleration was measured. In the 
train running tests where trains ran at a speed between 238 
and 258 km/h, the wind pressure, strain and acceleration were 
measured in 5 cases for the up-line and 5 cases for the down-
line, that is, in a total of 10 cases. 
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Figure 3. Dynamic model of structures (for Detailed analysis) 
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2.4 Analysis methods 
In the numerical analysis, DIASTARS III, which can simulate 
the dynamic interaction between railway vehicles and railway 
structures, was used [7]. Figure 3 shows the detailed dynamic 
models of the structures. A wall type pier, an RC girder, and a 
rigid frame viaduct were modeled using the finite element 
method. The wall type pier and columns of the rigid frame 
viaduct were defined as beam elements, and overhanging 
slabs, intermediate slabs, vertical beams, horizontal beams of 
the superstructure of the rigid frame and RC girder were 
defined as shell elements. Any movement other than the 
rotation around the y-axis was constrained at the bearing part 
of the RC girder. The noise barriers along the down-line with 
a height of R.L. +4.0m were modeled, while regarding the 
noise barrier, along the up-line with a height of R.L.+2.0m, 
only the mass of the noise barriers was taken into account. 
The H-section steel struts were modeled by beam elements 
and the PC panels were defined as the lattice model using 
beam elements. The RC wall which exists at the foundation of 
the OCS poles, as shown in the photograph in Figure 3, was 
also defined as the lattice model. At the connection between 
the PC panel and the H-section steel strut, any movement 
other than the rotation around the H-section steel strut axis 
was constrained. The connection between PC panels and the 
bridge railings were not taken into account so that the model 
may well express the conditions actual structures. Regarding 
the 38 m PC beam and the 10 m RC beam which exist next to 
the modeled structure in the longitudinal direction, only half 
of the mass which is borne by the support was taken into 
consideration. The value of the Young’s modulus Ec of the 
concrete material was set at 26.5 or 31.0kN/mm2. The H-
section steel struts were assumed to be elastic materials with a 
Young’s modulus of 210kN/mm2. The damping of the 
structures was taken into account as the modal damping. The 
modal damping ratio for each mode of the noise barriers was 
set at 1%, based on impact vibration test results to be 
mentioned later in this paper, and that of structures was set at 
1% or 2%. 

Figure 4 shows the dynamic model of the interaction 
between wheels and rails. Dynamic interaction force between 
wheels and rails was calculated on the basis of vertical and 
horizontal relative displacement between them. The dynamic 
interaction force in the vertical direction was modeled as the 
Hertz contact force and that in the horizontal direction was 
modeled as the creep force and the flange pressure. 

Figure 5 shows the dynamic model of railway vehicles. The 
railway vehicle model was created in the form of a rigid body, 
the elements of which were a carbody, two truck frames and 
four wheelsets with springs and dampers. Then, the vehicle 
has 31degrees of freedom. 

Figure 6 shows the dynamic model of the train draft 
pressure. When the front section of a train is passing, pressure 
variations are observed due to positive-to-negative pulses 
(hereafter called “front pulses”), and when the tail section of 
the train is passing, pressure variations are observed due to 
negative-to-positive pulses (hereafter called “tail pulses”). The 
shape of the train draft pressure waveform in the direction of 
the bridge axis was modeled using triangular pulses which 
reproduced pressure variations, as shown in Fig. 6 (a). The 
peak value of each pulse was set based on measured pressure 
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coefficients which were normalized by dynamic pressure 
respectively. The pressure gradients Kin and Kout due to the 
pressure variation at the front and tail of the passing train were 
set based on the distances lin and lout between the positive-to-
negative peaks obtained from measurement results. The 
gradients before and after the peak were set at 1/3 of Kin and 
Kout, based on the measurement results. As shown in Fig. 6 
(b), the shape of the train draft pressure waveform in the 
vertical direction was assumed to be a straight line that varies 
in the vertical direction. The straight line was set by linearly 
interpolating the wind pressure at the locations (R.L.+1.0m, 
R.L.+2.5m) of the air pressure gauges in the vertical direction. 
In addition, the area of the noise barrier was divided into three 
parts, the area of the bridge railings was divided into two 
parts, and area integration of the wind pressure P was 
performed over the predominant area, in order to define the 
moving line load Fi (i = 1 – 5). 

2.5 Analysis cases 
Reproduction analysis aimed at reproducing the measurement 
results, as well as parameter analysis aimed at grasping the 
dynamic response characteristics of the noise barrier were 
carried out. To ensure that the conditions used in the 
reproduction analysis are close to the conditions used in actual 
measurement, the Young’s modulus of concrete Ec was set at 
31.0 kN/mm2, the peak value of the train draft pressure was 
set equivalent to the mean value of the measurement results, 
the train speed was assumed to be 252 km/h, and the mode 
damping ratio of structure vibration modes was set at 2%. To 
ensure that the results of the parameter analysis can be on the 
safe side, Ec was set at the design value of 26.5 kN/mm2, the 
peak value of the train draft pressure was set equivalent to the 
maximum value of the measurement results, fifty cases of 
train speeds, namely 10, 20, …, 500 km/h were used, and the 
mode damping ratio of structure vibration modes was set at 
2%.. 

Table 1 shows the analysis cases of the parameter analysis. 
Four actions cases shown in the table were set. 

3 ANALYSIS AND MEASUREMENT RESEULTS 

3.1 Natural vibration modes of noise barrier 
Table 2 shows the natural frequencies and the modal damping 
ratio, as the result of identification of the natural vibration 
modes of the noise barrier based on impact vibration tests. 
The identification method which combines a free vibration 
waveform with Eigen Realization Algorism was used [8]. The 
natural frequencies of the noise barrier with a height of 
R.L.+2.0m are 8.8 Hz, and that of the noise barrier with a 
height of R.L.+4.0m are 3.3Hz or 4.6Hz on the basis of 
impact vibration tests. Moreover, even for noise barriers 
which have the same height of R.L.+4.0m, the natural 
frequencies are different between those on RC girder and 
Ramen viaduct. This is because the noise barrier on the RC 
girder has shorter constrained distance between RC walls of 
the OCS pole foundation in the direction of the bridge axis 
than that on Ramen viaduct. The modal damping ratios of the 
noise barrier on the RC girder are roughly 0.5-1.5%, and 
roughly 1.0-2.0% on Ramen viaduct, for each mode, 
indicating that it is somewhat higher in the case of the noise 
barrier on Ramen viaduct. 

Table 2 shows the above results together with the results of 
Eigen analysis performed using a finite elements model. As 
shown in the table, it can be confirmed that an increase of 
about 17% in Ec causes the natural frequency of the noise 
barrier to increase by about 5%. It can be also confirmed that 
when Ec is 31kN/mm2, there is good agreement between 
measurement and analysis of the natural frequency of the 
noise barrier in each vibration mode. 

Figure 7 shows the modal vibration shape of the noise 
barrier obtained from the results of eigenvalue analysis in the 
case where Ec is 31kN/mm2, and the results of the impact 
vibration test. The size of the circles ○ in the measurement 
results indicates the modal amplitude. Although there are few 
measurement points, it can be confirmed that there is good 
agreement between the results of measurement and analysis of 
the modal vibration shapes of the noise barriers. 

Table 1. Analysis cases of numerical analysis 

Train wind
Train
load

Dynamic
or Static Purpose

Case1 Head and tale pulse ○ Dynamic
Basic case based on Reproducible
analysis

Case2 Head and tale pulse ☓ Dynamic To evaluate dynamic response
components included in Case1

Case3 Tale pulse ☓ Dynamic To evaluate response components
due to tale pulse included in Case2

Case4 Tale pulse ☓ Static
To evaluate static response
components e included in Case3  

 
Table 2. Identification results of natural vibration mode  

of noise barriers 

E c=26.5 E c=31.0 ave. c.v. ave. c.v. m
On Rc girder
along up line
(R.L.+2.0m)

1st - - 8.76 0.2% 0.012 15.5% 3

1st 4.20 4.35 4.63 0.4% 0.008 77.0% 23
2nd 5.58 5.83 6.45 0.8% 0.008 83.4% 17
3rd 6.36 6.77 6.90 0.6% 0.015 64.0% 11
4th 7.39 8.13 8.07 0.4% 0.004 67.8% 35
5th 9.18 9.46 - - - - -
1st 3.26 3.39 3.27 1.1% 0.013 90.1% 17
2nd 3.53 3.63 3.80 1.5% 0.014 68.4% 12
3rd 3.99 4.13 4.18 1.4% 0.021 69.7% 5
4th 4.31 4.77 4.63 0.4% 0.007 125.4% 6
5th 4.63 4.81 - - - - -

　ave.=average, c.v.=coefficient of veriation, m=number of identification

On Ramen
viaduct

along down line
(R.L.+4.0m)

Target noise barrier
Natural frequency (Hz) Modal damping ratio
Analysis Measurement

On Rc girder
along down line

(R.L.+4.0m)
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Figure 7. Vibration shape of first natural vibration mode  

of noise barrier 
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3.2 Train draft 
Figure 8 shows the relationship between the train draft 
pressure peak values Pin (+), Pin (-), Pout (+) and Pout (-) and 
the speed of the train on the basis of the train running tests. In 
addition to these values, the figure also indicates a value of Cp 
is equivalent to the mean value of the measurement results. 
From the figure, it can be confirmed that the peak value of the 
train draft pressure tends to increase with train speed. 
Moreover the peak value of the train draft pressure when the 
train moves away is about 40–80% of that generated when the 
train is coming. 

3.3 Dynamic response of noise barrier during passage of 
trains 

3.3.1 Time history 
Figure 9 shows comparisons of time history waveforms of 
measurement results with analysis results of the strain 
response, the acceleration response and the displacement 
response. The acceleration response and the displacement 
response are the results obtained at the top of the H-section 
steel strut of T-2 indicated in the figure, and the strain 
response is calculated from the bending moment response and 
the section modulus at the basis of the H-section steel strut. 
The displacement response was calculated by performing 
integration of the acceleration two times after passing 
measured acceleration data through a 1–100 Hz band-pass 
filter. As shown in the figure, it can be confirmed that the 
measurement results agree closely with the analysis results, 
and that the analysis method used in this study can be 
validated. It can be also confirmed that the strain response and 
the displacement response vary depending on the train 
movement, especially when the front or the tail of the train is 
passing. The acceleration response has high frequency 
components that have certain amplitude, even when the 
intermediate section of the train between the front and the tail 
are passing. In this analysis, the damping ratio of each 
vibration mode of the noise barrier is set at 1%, and the value 
is fairly appropriate considering the degree of matching of the 
residual waveform after the train has passed. 

3.3.2 Effect of train speed 
Figure 10 (a) shows the relationship between the maximum 
strain response at the basis of the H-section steel struts and the 
train speed, which is obtained from Case-1, the basic case for 
parameter analysis. The figure also indicates the maximum 
strain response of T-1 and T-2 obtained from the train running 
tests. From the figure, it can be confirmed that, although the 
test was performed within a limited speed range, the 
maximum strain response values obtained from the 
measurement and the analyses agree well with each other. The 
maximum strain response is about 200μ at the noise barrier on 
the RC girder and about 300 μ at the noise barrier on the rigid 
frame, even in the case where train speed is 300 km/h. It can 
therefore be confirmed that these values are sufficiently low 
compared to the H-section steel yield strain of 1500 μ. 

3.3.3 Component analysis of noise barrier response  
Case-2 in Fig. 10 (b) is the case where two pulse waves 
corresponding to the front and tail of the train are dynamically 
applied without the train load being applied. From the figure, 

Case-2 agrees almost completely with Case-1 in the high-
speed areas. On the other hand, it can be seen that when the 
maximum strain response of the H-section steel struts is 
smaller than about 50μ in the low-speed areas, the response is 
smaller than Case-1. 

Case-3 in Fig. 10 (c) is the case where only 1 pulse wave at 
the front of the train is dynamically applied. From the figure, 
it can be seen that in the areas where the train speed is no 
more than about 400 km/h, this case coincides with Case-2. 
On the other hand, in the areas where the train speed is more 
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than 400 km/h, the sharp peak characteristically seen in Case-
1 or Case-2 cannot be confirmed in Case-3. From this fact, 
this result provides that these sharp peaks results from the tail 
pulse. Case-2 is about 40% higher than Case-3 when the train 
speed is 430km/h, and is about 10% smaller than it when the 
train speed is 470km/h. 

Figure 11 shows the time history waveform of the strain 
response at the basis of T-1 in the case where the train speed 
is 430 km/h and 470 km/h as well, in which cases the 
overlapping effect of the pulses from the tail of the train can 
be clearly observed. From the figure, it can be confirmed that 
the waveforms of Case-3 and Case-2 coincide with each other 
until the back of the train has passed, however, at the time 
when the pulses are input after the tail of the train has passed, 
differences can be observed. In other words, it can be seen 
that the tail pulses act in the same direction as the vibration of 
the noise barrier in the case where the train speed is 430 km/h, 
causing the response strain to be amplified, on the other hand, 
the tail pulse act in the opposite direction in the case where 
the train speed is 470 km/h, causing the response strain to be 
reduced. 

Case-4 in Fig. 10 (d) is the case where only 1 pulse from 
the front of the train is applied statically. The impact factor 
which indicates the dynamic resonance amplification can be 
evaluated, because the absolute value of the input train draft 
pressure is the same. 

Figure 12 shows the impact factor of the maximum 
response which was calculated as the values of Case-3/Case-4 
-1. From the figure, this result provides in the zone where the 
train speed is less than 150 km/h, the impact factor is roughly 
0, but after the train speed exceeds about 200 km/h, the impact 
factor abruptly increases, and when the train speed becomes 
300-400km/h, the impact factor reaches the maximum value. 
This is because once the train speed exceeds 200 km/h, the 
component at frequency range of 3–4 Hz, which is the natural 
frequency of the noise barrier, increases, as shown regarding 
the frequency characteristics of the pulse input of the train 
draft pressure. In addition, although each H-section steel strut 
has the same cross-section specifications, amplifications of 
impact factor differ from one place to another. This is because 
the modal contribution ratio of the dynamic response differs 
depending upon the location of the H-section steel strut. 

Therefore, it was made clear that the response of the noise 
barriers due to the train draft pressure depends upon the 
resonance phenomenon between the excitation frequency of 
the train draft pressure and the natural frequency of the noise 
barrier and the overlapping phenomenon due to the tail pulse. 

4 GENERALIZATION OF DYNAMIC RESPONSE OF 
NOISE BARRIER DURING PASSAGE OF TRAINS 

4.1 Resonance effect of natural vibration mode 
Figure 13 shows a dynamic model of the noise barriers on the 
basis of the multi body system (hereafter called “generalized 
analysis”). This paper describes a method of generalizing the 
response of the noise barriers in the transverse direction to the 
bridge axis with this generalized analysis.  

In this model, the H-section steel strut is expressed as a 
single degree of freedom system which has the mass of mr, 
rigidity of kr as bending stiffness of the H-section steel strut, 
rigidity of kr0 as bending stiffness of the strut at both ends and 

rigidity of kc as connection between each strut. The rigidity kr0 
of the H-section steel strut is calculated based on the natural 
frequency fr (hereafter called “fundamental natural 
frequency”) which does not take into account the coupling 
with the adjacent H-section steel struts via the PC panel. The 
rigidity kr0 of the H-section steel strut at both ends is 
calculated based on the rigidity which includes that of the RC 
wall. Consequently, kr0 was found to be equal to 6kr when the 
rigidity was calculated from the beam theory. kc is calculated 
based on the PC panel and the bridge railing which connect 
each H-section steel strut. As the result of calculations of kc of 
the target noise barrier based on the lattice model of the PC 
panel and the bridge railing using beam elements, kc was 
found to be equal to 2kr. The damping of the structural system 
was taken into consideration as modal damping, and the 
modal damping ratio of each mode was set at 1% so that the 
ratio is the same as that used for detailed analysis. 

In Fig. 14 (a), as general conditions it is assumed that the 
number of H-section steel struts nn is between 6 and 15 and 
the train speed V is the commercial operating speed of 260 
km/h. This figure shows the impact factor inbr,r which 
constitutes the resonance effect due to the natural vibration 
mode calculated by generalized analysis using the multi-body 
of Figure 13. From the figure, it can be seen that inbr,r is 
roughly between 0.5 and 5.0 under general conditions. 

 
Figure 11. Strain response waveform examples with significant 
overlapping effect of tail pulse 
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4.2 Overlapping effect of tail pulse 
Assuming the free vibration in a single degree of freedom 
system, the response displacement of the single degree of 
freedom system decays exponentially depending upon fte πξ2− . 
Where ξ is the modal damping ratio, f is the natural frequency, 
and t is time. When the length of the train is defined as lv (m) 
and its speed as v (m/s), the response when the tail of the train 
is passing, in a single degree of freedom system excited by the 
front pulses of the train, decays to ( )vlf ve /2πξ−  times the 
maximum response generated by the front pulse of the train. If 
it is assumed that the input magnitude of the tail pulse is β 
times of the front pulses, the response when the tail of the 
train is passing will be (β+ ( )vlf ve /2πξ− ) times the response 
generated by the front pulse. In addition, if the fact that the 
response from the noise barrier due to the resonance effect 
varies depending upon lin and lout is taken into consideration, 
the impact factor inbr,s of the overlapping effect due to the tail 
pulse can be defined as Eq. (1). 

In Fig. 14 (b), as general conditions, it is assumed that the 
factor β of the tail pulses is 0.8, lin equals lout, the length of the 
train lv is between 200 and 400 m, and the speed of the train v 
is the commercial operating speed of 72.2 m/s. This figure 
shows the impact factor inbr,s of the overlapping effect due to 
the tail pulses calculated by Eq. (1). From the figure, it can be 
seen that inbr,s is roughly between 0 and 0.8 under general 
conditions. It is confirmed that these proposed models can 
provide almost same results as the detailed analysis results 
shown in Section 3. 

5 DESIGN METHOD OF NOISE BARRIER DURING 
PASSAGE OF TRAINS 

In response to the fact that the design method has shifted to 
the performance based design stipulation, two methods will be 
proposed in this paper, a method based on simulation and a 
simplified method so that practical designers can select a 
suitable method for the particular needs. 

5.1 The method based on simulation 
The method based on simulation is complicated, but provides 
higher accuracy than the simplified method. It enables 
designers to calculate the response value of any desired 
structure or member accurately by dynamic analysis, 
regardless of the structural type of the noise barrier. To be 
concrete, the train draft pressure is set, and a solution is 
obtained using the finite element method. 

Figure 15 shows the design train draft pressure distribution 
proposed in this research. As shown in the figure, the 
distribution of the train draft pressure is assumed to be 
constant in the vertical direction, while in the bridge axis 
direction a model of the front pulses and the tail pulses is 
made as a triangular distribution. The design value Pin (N/m2) 
of the peak value of the front pulses is calculated using Eq. 
(2). Here, ρ is the density of air (1.25 kg/m3), v is the train 
speed (m/s), and Cp’ is the pressure coefficient which depends 
upon the distance ag (m) away from the center of the track 
shown in Eq. (3). k’ is set at 1.4 in order to envelop the 
measurement results conducted in this research and past 
measurement as well, using a coefficient for taking into 
account the maximum value of the train draft pressure acting 

on local parts and the effect of the front shape of the car-body. 
It was known from measurement that the peak value of the tail 
pulse of the train is slightly smaller than that of the tail pulse 
of the train, so it is set at 0.8 times the peak value of the front 
pulse. On the basis of lots of measurement results, these 
values are set taking into account convenience of design and 
evaluation on the safe side, therefore, it is recommended that 
rational values is in the cases where they are already obtained 
by reasonable measurement or analyses. 

5.2 Simple method 
In the simplified method, a uniform design train draft pressure 
Pd0 is applied statically, without the above dynamic analysis 
being performed. In the case where the structural type is 
limited to the type of H-section steel struts and PC panels, it is 
possible to carry out a rational design to a certain degree of 
accuracy. The design train draft pressure Pd0 was set as a 
value that envelops the reference train draft pressure Pd that is 
calculated taking into account the impact factor calculated 
using Fig. 14 under general conditions. The separation ag is 
assumed to be 3.8 m, and Pin is assumed to be approximately 
equal to 0.5kN/m2. 
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Figure 16 shows the reference train draft pressure Pd, the 
current design train draft pressure, and the design train draft 
pressure Pd0 proposed in this paper, which is indicated in Eq. 
(5). From the figure, it can be seen that if the fundamental 
natural frequency of the noise barrier is set at 5 Hz at least, it 
is possible to avoid response amplification due to resonance 
with the train draft pressure. In addition, if the natural 
frequency of the noise barrier is less than 5Hz, Pd0 exceeds 1.0 
kN/m2, which is the current design train draft pressure, and if 
the natural frequency of the noise barrier is less than 3Hz, Pd0 
exceeds 3.0kN/m2, which is the wind load that has been 
conventionally used for failure verification. These results 
confirm the fact that that train draft pressure can be a 
predominant design condition. 

6 CONCLUSION 
This paper describes a study aiming to propose dynamic 
design methods for tall noise barriers against passing trains. 
The following conclusions are obtained. 
(1) The response of the noise barrier due to the train draft 

pressure is dominated by the resonance effect between 
pulse excitation of the train draft and the natural 
frequency of the noise barrier and the overlapping 
phenomenon due to the tail pulse of passing train. 

(2) A dynamic model using a multi body system was proposed 
as a method whereby the resonance of the noise barrier 
due to the train draft pressure is generalized. This study 
indicates that under general conditions, the impact factor 
of the resonance effect is between about 0.5 and 5.0. 

(3) The study indicates that the overlapping effect of the tail 
pulse of the running train could be generalized by free 
vibration theory in a single degree of freedom system. It 
also indicates that under general conditions the impact 
factor of the overlapping effect is between 0 and 0.8. 

(4) A method based on simulation and also a simplified 
method were proposed as practical design methods of tall 
noise barriers. As for a method based on the simulation, a 
design train draft pressure distribution was proposed on 
the basis of measurement results. As for a simplified 
method, a design train draft pressure that applies a value of 
at least 1.0kN/m2, in the case where the natural frequency 
of the noise barrier is less than 5 Hz, was proposed. 
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ABSTRACT: A load moving on a center-fixed ring and the reciprocal problem, namely a rotating ring subjected to a moving 

load have been used in several works to study the tire dynamics. In contrast, very few papers exist in which the ring model has 

been used in order to study the dynamics of a train wheel. In this paper, a thin ring model is introduced to model a flexible train 

wheel with distributed springs acting in the radial, circumferential and rotational directions to study the wheel dynamic 

response. A so-called “method of images” is applied to solve the governing equations. The idea of this method is that the 

response of the rotating ring to a stationary load is equivalent to the response of an axially moving, infinitely long beam 

subjected to a set of loads located equidistantly on the beam. Taking advantage of linearity of the problem, the response is 

obtained as a superposition of the responses to the individual loads. The method of images combined with the contour 

integration technique, allows to obtain an exact analytical solution to the problem that includes neither infinite series nor 

integrals. The exact maximum bending moment in the ring obtained using the method of images is compared to that resulting 

from a series representation of the solution based on the modal expansion. The results show that many terms in the modal 

expansion are necessary in order to accurately approximate the exact solution. This means that the method of images is 

significantly more efficient than the modal expansion method.  

KEY WORDS: Flexible train wheel; Rotating ring; Method of the images. 

1 INTRODUCTION 

The vibrations of rotating rings were studied by many authors. 

The influence of different factors, such as shear deformation, 

rotatory inertia, non-linear behavior etc., was considered in 

the literature. The main engineering application of those 

studies was in the field of dynamics  of the pneumatic tires. 

Based on thin shell/ring theory, Soedel [1] studied the 

dynamic response of rolling tires by formulating the three-

dimensional Green’s function based on the natural modes and 

frequencies derived from the non-rotating tire. The contact 

force was assumed to travel around the tire. Padovan [2] 

investigated the effect of internal damping on the 

development of standing waves with the help of the classical 

ring on elastic foundation model. Endo [3] derived the 

equations of motion from the Hamilton’s principle and 

included the initial tension due to rotation. Experiments were 

conducted by Endo to verify the model and comparisons were 

made between the model he used and some models in the 

literature. Huang and Soedel analyzed the free and forced 

vibrations of rotating thin rings and shells on elastic 

foundation in Ref. [4]. A modal expansion was implemented 

based on so-called “rotating modes”. The resonant conditions 

of a rotating cylindrical shell were obtained for four cases by 

Huang and Hsu in [5]. Kim and Bolton [7] illustrated the 

effect of rotation by assuming a wave-like solution. They 

concluded that the dispersion curves in the rotating and fixed 

coordinate systems can be correlated kinematically. 

In this paper, a thin ring model with distributed springs 

resisting in the radial, circumferential and rotational directions 

is introduced to describe the dynamics of a flexible train 

wheel. This springs represent the reaction of spokes that 

would connect the hub and the rim of the wheel. A so-called 

“method of the images” [6] is applied to solve the problem. 

The idea of this method is that the response of a finite length 

system to a load is equivalent to the response of a part of an 

infinity long system described by the same equations and 

subjected to an infinite set of equally-spaced loads. The 

maximum change of curvature which represents the maximum 

bending moment of the ring using the modal analysis 

technique is compared with the exact result obtained by the 

method of the images. The comparison shows that the latter 

method is superior to the commonly used modal analysis. 

2 MODEL AND EQUATIONS OF MOTION  

2.1 Model 

The model of a flexible train wheel is shown in Figure 1 along 

with the coordinate system. The hub and the rim are 

connected by visco-elastic spokes which are modeled as 

distributed springs.  

 

Figure 1. Rotating ring under a stationary load. 

A rotating ring in contact with a stationary load as a model for a flexible train wheel 
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 It is assumed that the mean radius of the wheel is R and 

w and u are the small displacements in the radial and 

circumferential directions,  respectively. The stiffnesses of the  

radial, circumferential and rotational springs per unit length 

are designated as rk , ck and rotk  respectively. It is also 

assumed that all springs possess viscosity per unit length 

equal to  . Furthermore,   is the mass density of the 

rim, E is the Young’s modulus, F is the cross-sectional area 

and I is the cross sectional moment of inertia. 

0( ) exp(i )fP t P t   is the magnitude of the  radial point load 

which represents the contact force between the rail and the 

wheel.  is the angular frequency of the wheel rotation. 

The stiffness of the rotational spring can be related to that of 

the circumferential one by considering the spoke as an Euler-

Bernoulli beam clamped at the hub. Under this assumption,  

the rotational stiffness can be expressed in terms of the 

circumferential stiffness ck  as  

 

 
2

3
rot c

R
k k . (1)                          

2.2 Equations of motion 

The derivation of the equations of motion can be done 

similarly to Ref. [4] with the help of the Hamilton’s principle. 

Since the rotational springs are introduced, the potential 

energy stored by the rotational springs should also be included. 

So the total potential energy stored by all the springs is
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where   /w u R      is the rotation angle. 

Then, following the procedure outlined in Ref. [4], the 

equations of motion for the ring in the rotating with the ring 

reference system can be obtained in the following form:  
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In equations (3),   designates the partial derivative with 

respect to   while t  represents the partial derivative with 

respect to time. The displacements should also satisfy the 

periodicity condition: 

 
( 2 ) ( ),

( 2 ) ( ).

u u

w w
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Equations (3) can be analyzed by means of the commonly 

used modal analysis, see Ref. [4], for example. In this paper, 

however, a more efficient method of the images will be 

employed as described in the next Section. 

3 SOLUTIONS ACCORDING TO THE METHOD OF 

THE IMAGES 

3.1 Description of “ method of images” 

The method of the images has been first applied to study the 

steady-state response of an elastic ring subjected to a moving 

load in [6]. The idea of this method is that the response of a 

bounded (in our case ring-like) system to a single load is 

equivalent to the response of a part of an infinity long system 

(described by the same equations) subjected to an infinite set 

of loads. In other words, the method utilizes the fact that by 

introducing additional loads one can satisfy the boundary 

conditions. These loads are called images since their locations 

are normally mirrored to the real load with respect to the 

boundaries. In the considered case, to satisfy the periodicity of 

the displacements, one should introduce infinitely many 

equivalent loads at fixed distance 2 R from each other, see 

Figure 2. 

Since the problem is linear, the ring response is a sum of the 

response of the “extended ring” to all the individual loads.  

 

Figure 2. Illustration of the “method of images”. 

 

The ring is extended to an infinitely long straight “beam”, it 

is more convenient to use the translational coordinate x R . 

Substituting /v R   and re-arranging all the terms, the 

equations of motion (3) can be re-written as 
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(5) 

It is customary to study the response in a reference system 

moving together with the loads. Introducing the new reference 

system according to  ,x vt t t    , the equations of 

motion can be transformed to 
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Since the exact solution is the summation of the responses 

to all the individual loads and all the loads generate equivalent 

but shifted with respect to each other displacement fields, it is 

actually sufficient to obtain the response of the axially moving 

“extended ring” to a single load and then sum up this response 

infinitely many times accounting for the spatial shift 2 R . 

One of the main advantages of the method of the images is 

that the aforementioned infinite summation can be computed 

analytically, using the formulae for an infinite geometric 

progression. 

To proceed, the following dimensionless variables and 

parameters are introduced: 
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Employing the above dimensionless variables and 

parameters and considering a single load 0n  , Equations (6) 

can be written as 
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The governing equations (8) can be solved  by means of 

application of the integral Fourier transform. Defining this 

transform as  
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and applying it to Eq.(8), one obtains 
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Solving equation (10) for the Fourier displacements 

,kw and ,ku one obtains 
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where 

 1 2 2 1( , ) .w u w uk       (13) 

 

The next step is to invert the obtained solutions to the time 

domain by using the inverse Fourier transform. This can be 

done by following the  procedure introduced in Ref. [6]. After 

obtaining the solutions in the time domain for the single load 

case, the exact solution can be found by summarizing it 

infinitely many times with the space shift 2n R . After some 

manipulations, the analytical expressions of the displacements 

of the ring can be derived as 

for 2 / 0R h     : 
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for 0 2 /R h    : 
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2

7a B  and 
nk and 

mk  are the complex roots of the equation 

( , ) 0f k    located in the lower and upper half-planes of 

the complex k -plane, respectively. The real part of the above-

given solution should be taken if the time signature of the load 

is given as 0( ) cos( )fP t P t  , whereas the imaginary part 

corresponds to 
0( ) sin( )fP t P t  . 

  To visualize the obtained solution the shape of the ring is 

shown in Figure 3 for the following parameters of the model, 

which are the same as in Ref. [6]: 
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Figure 3. The ring shape for 100 /v m s . 

Figure 3 clearly shows that the solution obtained by the 

method of the images satisfies the periodicity condition, Eq. 

(4) for the constant load( 0f  ). For harmonically time 

varying load, the same conclusion holds.  

In the next Section the obtained solution is applied for the 

assessment of the bending moment in the contact point and, 

based on this assessment, the efficiency of the presented 

herein method is elucidates relative to the commonly adopted 

modal analysis.  

3.2 Comparison of the efficiency of the method of the 

images and modal analysis 

The moment in the contact area between the spokes and the 

wheel rim is of importance because is a “hot spot” that 

governs the wheel fatigue. In this section, the maximum value 

of this moment is computed using both the modal analysis and 

the method of the images. The latter method allows to obtain 

an exact expression for the moment, this expression 

containing a summation of six terms only. On the contrary, 

the modal analysis results in a solution in the form of an 

infinite series which, as shown below, converges quite poorly 

to the exact value of the moment. 

The maximum change of curvature can equivalently 

represent the maximum bending moment because M EIK . 

The expression of the change of curvature K reads  
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Expression for u  and w  can be obtained directly by 

differentiating equations (14)  and (15)  

for 2 / 0R h     : 
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for 0 2 /R h    : 
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Using the above-given equations, the maximum change of 

curvature can be calculated. In order to get the maximum 

change of curvature by modal analysis, the modal expansion 

method proposed in Ref. [4] is implemented. 

The results are shown in Figure 4, which is plotted using the 

parameters values given by Eq. (17) and 
f  0 (constant 

load). 

 

Figure 4. The convergence of modal analysis. 

The horizontal dotted line in Figure 4 represents the exact 

solution for the maximum change of curvature obtained using 

the method of the images. For the modal analysis, the number 

of modes considered here is 20. The plot clearly shows that in 

order to predict the maximum change of curvature accurately, 

by means of the modal analysis a large number of modes 

should be accounted for and rather erroneous results could be 

obtained with a usually adopted 10-20 modes approximation. 

4 CONCLUSIONS 

A model of a rotating ring under a stationary radial load has 

been introduced in this paper with the aim to predict the 

dynamics of a flexible train wheel as would be observed in a 

laboratory testing with a fixed axis. The wheel is assumed to 

consist of a flexible rim attached to the hub by spokes, whose 

visco-elastic reactions in the radial, circumferential and 

rotational directions are accounted for in the model.  

Along with the introduction of the new model of a flexible 

train wheel, the original result of this paper consists in the 

application of the method of the images for the analysis of the 

ring deflections and curvature. It has been shown that this 

method allows to obtain an exact analytical expression for the 

ring response. It has also been suggested that the method of 

the images is superior to the commonly adopted modal 

analysis as the latter would predict non-conservative values 

for the bending moment in the ring unless a large number of 

the modes would be accounted for.    
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ABSTRACT: The level-ice forces exerted on a scale model of a compliant bottom founded structure are identified from non-
collocated strain and acceleration measurements by means of a joint input-state estimation algorithm. The identification is 
performed based on two different finite element models: one entirely based on the blueprints of the structure, and an updated 
one which predicts the first natural frequency more accurately. Results are presented for two different excitation scenarios 
characterized by the ice failure process and ice velocity, and known as the intermittent crushing and the continuous brittle 
crushing regimes. The accuracy of the identified forces is assessed by comparing them with those obtained by a frequency 
domain deconvolution on the basis of experimentally obtained frequency response functions. Results show a successful 
identification of the level-ice forces for both the intermittent and continuous brittle crushing regimes, even when significant 
modeling errors are present. The ice-induced displacements of the structure identified in conjunction with the forces are also 
compared to those measured during the experiment. These are found to be sensitive to the modelling errors in the blueprint 
model. By a simple tuning of the model, however, the estimated response is seen to match the measured one with high accuracy. 

KEY WORDS: Dynamic ice-structure interaction; inverse problems; Kalman filtering; force identification. 

1 INTRODUCTION 
Level-ice forces have been measured on bottom-founded 
structures since the very first oilplatforms in the Cook Inlet, 
Alaska [1]. The action of the level-ice on the platforms 
induced severe vibrations, on some occasions threatening the 
structural integrity. The Molikpaq platform was deployed at 
different sites in the Canadian Beufort Sea in the 1980’s. The 
platform was equipped with data acquisition systems for 
measuring ice forces and deformations of the structure. The 
measured ice forces from the so-called MEDOF panels have 
been widely used since then, but also questioned for their 
operational accuracy and reliability, reviewed by e.g. 
Frederking et al., Jefferies et al. and Spencer [2-4]. 

Force identification by means of frequency domain 
deconvolution was performed by Montgomery and Lipsett [5] 
to study the river-ice forces on the bridge crossing the 
Athabaska river in Alberta, Canada. They identified the forces 
using a frequency response function (FRF) from a single-
degree-of-freedom model and measured structural response. 
Määttänen [6] applied the same method to identify the ice 
forces on a lighthouse in the Gulf of Bothnia. An ice-breaker 
vessel connected by a wire to the lighthouse was used to 
perform a step relaxation test ([7]) in order to obtain the FRF 
from the measured excitation and response. Unfortunately, a 
poor coherence function was found, such that the ice forces 
had to be identified using a FRF from modal decomposition 
instead. Määttänen [8] identified the ice forces using the 
experimentally obtained FRF in a later publication. The 
accuracy of the frequency domain deconvolution approach has 
been questioned by Timco et al. [9] and Singh et al. [10] 
where attention was drawn to the fact that the identified ice 
forces were overestimated compared to the directly measured 
forces in regimes where the response was close to the natural 

frequency of the structure. In order to reduce the difference 
between the identified and measured forces they suggested to 
increase the damping in the dynamic model. Fabumni [11] 
studied the number of forces that can be identified at a 
specific frequency dependending on the number of 
participating modes at that frequency. In the special case 
when only one mode is contributing in the response signal 
around the natural frequency, Fabumni demonstrated that only 
one force can be reconstructed with acceptable accuracy.  

The harsh environment affects the ability to deploy sensors 
on arctic offshore structures. Unless the inner surface of the 
structure can be accessed, the ice-action point may be a 
challenging location to install a sensor since the ice is 
crushing on the outer surface of the structure. This implies 
that non-collocated sensors may be the only realistic option. 
Hollandsworth [12] demonstrated the significance of sensor 
collocation, and found that if the sensors were deployed far 
from the excitation point, the forces were likely to be 
underestimated. Water level fluctuations or rafting of the ice 
cause variations in the location of the ice-action point on 
bottom-founded structures. This implies that perfect 
collocation of the sensors is in practice difficult to achieve. 

Identification accuracy does not only depend on the sensor 
locations or modeling errors, since the structural design of the 
experiment, calibration procedures and noise levels may 
prevail. When using direct ice-force measurements, the 
internal damping and natural frequencies of the load panels or 
load cells must be treated carefully, as they may interfere with 
the ice-failure. Whenever the directly measured force signals 
include inertia from the measurement setup itself, subtraction 
of the undesired inertia is required to attain the ice force 
(Barker et al.[13]). 

Model-based force identification in experimental ice-structure interaction 
by means of Kalman filtering 
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Another instrument that can be used to obtain the ice forces 
is the tactile sensors (e.g. [14]-[15]). These sensors have the 
advantage that they can measure pressure with a high spatial 
resolution and that they can be tailored to fit any indenter and 
enable extraction of both contact area and pressure. However, 
the sensors can only measure stresses normal to the surface of 
the indenter, so that any shear stresses have to be derived 
through assumed static and dynamic friction coefficients. So 
far the application of the tactile sensor has been limited to 
small and medium scale experiments. 

Ice forces have traditionally been obtained by either direct 
force measurements or deterministic force identification in the 
frequency domain. A disadvantage of the latter method is that 
it is often problematic to accurately determine the FRFs of 
large structures. Since the offshore structures deployed in the 
arctic are not an exception, in situ ice forces are difficult to 
obtain from frequency domain deconvolution and output only 
measurements. Direct measurement, on the other hand, 
implies heavy costs related to the load panels, installation and 
maintenance. Response measurements are therefore still 
favorable as a means to obtain the forces. Additionally, they 
provide important information about the structural motion. 

In this contribution, we demonstrate a methodology to 
overcome the aforementioned difficulties. A recently 
developed combined deterministic-stochastic approach is used 
to jointly identify the ice forces and the states. The original 
algorithm was proposed by Gillijns and De Moor [16], and 
was intended for use in the field of optimal control. Lourens et 
al. [17] extended the algorithm for use with reduced-order 
systems, as often encountered in structural dynamics. Niu et 
al. [18] used the original algorithm to identify forces on a 
laboratory scale structure. The deterministic-stochastic nature 
of the algorithm allows for improved results when the model 
equations are inexact. Since the algorithm requires no 
regularization, it can be applied online.  

In what follows, the ice forces are identified in conjunction 
with the states using the original algorithm [16] and a limited 
number of response measurements on a laboratory test setup 
designed for ice-induced vibrations. The results are assessed 
by comparison with the forces obtained with frequency 
domain deconvolution, and the estimated displacements are 
compared with the ones measured.  

2 FUNDAMENTALS 

2.1 System equations 

The governing equations of motion for a linear system 
discretized in space and excited by an external force, can be 
written as follows:  

 ( ) ( ) ( ) ( ) ( )pMu t Cu t Ku t f t S p t+ + = =&& &  (1) 

where DOFnu∈R  is the displacement vector, and the matrices 
, , DOF DOFn nM C K ×∈R  denote the structural mass, damping and 

stiffness matrix, respectively. The excitation vector 
( ) pnp t ∈R is acting on the desired locations through the force 

influence matrix DOF pn n

pS ×∈R , where pn  is the number of 
force time histories. 

2.2 State-space description 

The continuous time state vector ( ) snx t ∈R , 2   s DOFn n= is 
defined as:  

 
( )

( )
( )

u t
x t

u t

⎛ ⎞
= ⎜ ⎟
⎝ ⎠&

 (2) 

and the equation of motion of second order, Eq.(1), can be re-
written as a first-order continuous-time state equation  

 ( ) ( ) ( )c cx t A x t B p t= +&  (3) 

where the system matrices s sn n
cA ×∈R  and s pn n

cB ×∈R are 
defined as  

 11 1

00
,c c

p

I
A B

M SM K M C −− −

⎡ ⎤⎡ ⎤
= = ⎢ ⎥⎢ ⎥− −⎣ ⎦ ⎣ ⎦

 (4) 

The measurements are arranged in a data vector ( ) dnd t ∈R , in 
which the observations can be a linear combination of 
displacement, velocity and acceleration, with dn  the number 
of data measurements. The data vector is constructed as 
follows: 

 ( ) ( ) ( ) ( )a v dd t S u t S u t S u t= + +&& &  (5) 

where the selection matrices ,  a vS S  and d DOFn n
dS ×∈R  are 

populated according to the spatial location where acceleration, 
velocity and/or displacement are measured. By premultiplying 
Eq. (1) with 1M − , inserting the resulting expression into Eq. 
(5), and further utilizing the definition of the state vector, 
Eq.(5) can be transformed to the state-space formulation: 

 ( ) ( ) ( )c cd t G x t J p t= +  (6) 

where the matrices d sn n
cG ×∈R  and d pn n

cJ ×∈R  represent the 
output influence matrix and direct transmission matrix, 
respectively, defined as:  

 
1 1 1[ ], [ ]c d a v a c a pG S S M K S S M C J S M S− − −= − − =  

In discrete time under a zero-order hold assumption and given 
a sampling rate of 1 / tΔ , Eqs. (3) and (6) can be defined as 
follows: 

 1k k kx Ax Bp+ = +  (7) 

 k k kd Gx Jp= +  (8) 

where  

 ( ),  ( ),  ( ),  1,...,k k kx x k t d d k t p p k t k N= Δ = Δ = Δ =  

and 
1,  [ ]cA t

c cA e B A I A BΔ −= = −  
, c cG G J J= =   

2.3 Joint input-state estimation algorithm 

Assuming the system matrices known, the algorithm 
developed by Gilljins and De Moor [16] is used to jointly 
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estimate the forces and states. By introducing random 
variables kw  and kv  representing the stochastic system and 
measurement noise, respectively, the discrete-time state-space 
equations become 

 1k k k kx Ax Bp w+ = + +  (9) 

 k k k kd Gx Jp v= + +  (10) 

where it is assumed that the vectors kw  and kv are mutually 
uncorrelated, zero-mean, white noise signals with known 
covariance matrices { } 0k lQ E w w= ≥  and { } 0k lR E v v= > . 
The algorithm predicts the force and state in three steps: the 
unbiased minimum-variance input estimation (MVU), the 
measurement update and the time update. 
  
Input estimation:  

 | 1
T

k k kR GP G R−= +%  (11) 

 1 1 1( )T T
k k kJ R J J R− − −=M % %  (12) 

 | | 1ˆ ˆ( )k k k k k kp d Gx −= −M  (13) 

 1 1
[ | ] ( )T

p k k kP J R J− −= %  (14) 

Measurement update:  

 1
| 1

T
k k k kL P G R−

−= %  (15) 

 | | 1 | 1 |ˆ ˆ ˆ( )k k k k k k k k k kx x L d Gx Jp− −= + − −  (16) 

 | | 1 [ | ]( )T T
k k k k k k p k k kP P L R J P J L−= − −%  (17) 

 [ | ] [ | ] [ | ]
T

xp k k px k k k p k kP P L J P= = −  (18) 

Time update:  

 1| | |ˆ ˆk k k k k kx Ax Bp+ = +  (19) 

 [ ] | [ | ]
1|

[ | ] [ | ]

T
k k xp k k

k k T
px k k p k k

P P A
P A B Q

P P B
+

⎡ ⎤ ⎡ ⎤
= +⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦
 (20) 

For more details on the algorithm and the assumptions it is 
based upon, the reader is referred to [16]. 

3 EXPERIMENTAL  
The force identification algorithm outlined above is applied to 
data from the Deciphering Ice-Induced Vibration test 
campaign at the Hamburg Ice Basin HSVA, carried out in 
2011. See Määttänen et al. [19], Hendrikse et al. [20] and 
Nord and Määttänen [21] for further details. One test from 
that campaign, referred to as test 4300, is used in this study. 
The main components of the experimental setup are shown in 
figure 1. The ice sheet was floating on water and the 
compliant test structure was fixed to a carriage. During testing 
the carriage forced the structure through the ice sheet causing 
continuous ice failure at the indenter. The carriage velocity 
(ice velocity) was changed in order to investigate the different 
crushing regimes governing the interaction. 

3.1 Test structure 

The structure was designed to have a nominal scale ratio of 
1:8-1:10 to a generic bottom-founded offshore structure. The 
structure was scaled to achieve modal similitude, meaning that 
the natural modes of the laboratory structure resemble the full-
scale natural modes. More about the dynamic scaling can be 
found in Määttänen et al. [19]. The first two natural modes 
have large amplitudes at the ice-action level. The frequency of 
vibration was expected to change from the first to the second 
natural frequency with increasing ice velocity.  

To make the structure flexible the main beam was supported 
by two leaf springs attached to the two vertical support beams 
displayed in yellow in figure 1. The flexibility of the system 
could then be adjusted by changing the spacing between the 
vertical supports. To be able to further tune the system 
towards the desired natural frequencies the disc weights 
displayed in green in figure 1 could be added to the bottom 
and top of the structure. The bracings and joints were 
designed to retain low internal friction in order to avoid 
nonlinearities and to maintain a low structural damping. At 
the location of the ice action, a cylindrical indenter with a 
220mm diameter was attached to the main shaft. 

 
Figure 1: Overview of the test setup. The compliant structure 
was mounted to the carriage that forced the structure through 

the ice sheet. 

3.2 Sensoring and data acquisition 

All sensors were located on the lower part of the structure 
(figure 2). The accelerometer was installed close to the 
indenter, while the strain gauge was attached to the main 
beam approximately 750mm above the ice-action point. Two 
laser displacement sensors were installed on a separate frame 
to monitor the structural displacements at the lower part of the 
beam. The load cell installed at the ice-action point was only 
used to access the dynamic properties of the structure before it 
was subjected to ice forces. The data was sampled at 100Hz. 

 
3.3 Dynamic calibrations  
A step relaxation test in open water prior to each ice test 
provided the static and dynamic properties of the structure [7]. 
A steel rod connected to the structure at the ice-action level 
was gradually loaded using a jack. Between the rod and the 
ice-action point a weak link was installed, which failed at a 
selected load level, causing transient vibrations. From the 
measured excitation and response, the FRF was calculated. 
Note that an active load cell was installed only during the 
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dynamic calibrations, and not during ice action. Direct ice-
force measurements would require a more complex structure 
design with a comprehensive installation and calibration. 
Therefore the frequency domain deconvolution method based 
on the experimentally obtained FRFs was used to reconstruct 
the ice forces (see section 5.2). At least one calibration test 
was performed for each structural configuration. In test 4300, 
the first and second natural frequencies were identified to be 
12.2 and 16.2 Hz. 
 

 
Figure 2. Test-setup overview, photo from ice-testing. 

3.3 Ice-sheet properties 

The ice properties are important for the repeated ice failure, 
hence influencing the characteristics of the dynamic response. 
The tests were carried out in the 78 m long and 10 m wide 
HSVA Large Ice Tank. The water depth is 2.5 m with a deep 
section of 5 m at the end of the basin (10 × 12 m). The ice 
sheets were columnar-grained, produced in NaCl-doped water 
with a salinity of 6.8‰ by seeding. The crystal size was 
controlled by scraping the ice from underneath. Gas bubbles 
were embedded in the growing ice sheet to ensure the brittle 
behavior of the ice as described by Määttänen et al. [19] and 
Evers and Jochmann [22]. Subsequent to the ice growth 
process at -22°C, the temperature was raised to hit the target 
ice properties. Test 4300 had relatively warm ice, hence the 
uniaxial compressive and flexural strength values were low. 
The governing ice parameters can be found in Nord et al.[23]. 

4 FE MODEL AND STRAIN OBSERVATIONS 

4.1 FE Model  

To obtain the system matrices ,  ,  A B G  and J  the structural 
properties in terms of the global M , C  and K matrices must 
be known. These matrices can be obtained by discretization 
using the finite element method. The FE model of the 
structure used in this work is displayed in Figure 3. The 
structure is modeled as a beam supported by two linear 
springs. 43 Beam elements with 6 DOFs in each node are used 

for the hollow-section (RHS120x80x6) profile main beam, 
while the additional mass of the structure at discrete locations 
is modelled using lumped masses.  
 

 
Figure 3. FE-model showing the spring locations, side view of 
beam profile and vibration modes. The first and second modes 

are displayed in the left and right figure, respectively. 

First, a model based only on structural blueprints is used in 
the identification to assess how well the force can be 
reconstructed without any prior knowledge of the true 
(measured) dynamical properties. Secondly, a tuned model is 
assembled based on the knowledge obtained from the 
dynamic calibrations. The FE software was used to derive the 
M and K  matrices while Rayleigh damping is used to 
construct the damping matrix.  
 
Model based on structural blueprints 
The stiffness of the linear springs is the combined stiffness of 
the vertical support beams and the leaf springs, where the 
combined stiffness relies on the accuracy of the simplistic 
beam formulas used for the structural design. The added 
masses from the weight discs were 120kg in top and bottom, 
while the indenter and foundation masses were 32kg and 
15kg, respectively. The design was intended to provide low 
internal damping, so that Rayleigh damping coefficients are 
calculated based on an assumed damping ratio of 2% in the 
first and second modes. 
 
Model tuned using dynamic calibration data 
The modeling errors are assumed to originate mainly in the 
foundation. The boundary conditions used in the design 
calculation of the combined stiffness rendered a smaller 
stiffness than observed. As a consequence, the tuning solely 
affects the model springs. The stiffness is tuned until the first 
natural frequency is close to the one found in the receptance 
plot from the dynamic calibrations. This limited amount of 
tuning parameters is considered to be favorable for the 
comparative results presented in section 5. The structural 
properties for both the blueprint and the tuned model are 
given in Table 1. 
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Table 1. FE model properties 

 

4.2 Strain observations  

In order to use the measured strain data to identify the forces 
and states, the strains must be described through the linear 
relationship between the output influence matrix, G, and the 
states. When the shape functions used to establish the finite 
element are known, they can be readily used to establish the 
complete transformation from (predicted) states to strain. A 
two-node beam element has been used in this work. The 
element has six degrees of freedom (directions illustrated in 
Figure 4) in each node and shear deformations have been 
taken into account - see [24] and [25] for further details.  

 
Figure 4. Beam element directions. 

The general relation between the transverse displacement field 
and the generalized degrees of freedom can be written as 
follows:  

 ( ) qw x N q=  (21) 

where 2 3[1 ]qN x x x=  and 1
elq A v−=  are the generalized 

displacement patterns and the generalized DOFs, while v  
symbolizes the physical element DOFs. The elA  matrix must 
be given for deformations in both xz and xy planes. For lateral 
motion in the y direction and rotation about the z axis (xy 
plane), the matrix elA is the following: 
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(22) 

whereα  is the dimensionless shear coefficient given in [24]. 
Inserting the expression for the generalized DOFs into Eq. 
(22), the element shape functions are obtained as follows:  

 1( ) el
y q q elw x N q N A v N v−= = =  (23) 

When the shape-functions elN  are given through the relation 
in Eq. (24), the bending strain can be found as: 
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 (24)  

where y  is the distance from the center of inertia to the point 
on the cross-section where the strain is measured. Since the 
strains are not continuous between the elements, the bending 
strain at the node of interest can be taken as the average over 
two neighboring elements. The data influence matrix for strain 
(see equation (5)), denoted dS , has to be populated according 
to the global DOF vector u . 

5 RESULTS AND DISCUSSION 

5.1 Observations 

The ice velocity (recorded carriage velocity) was increased in 
steps, ranging from 10 to 300 mm/s. At low velocities the ice 
followed the deflection of the structure with a ductile load 
build up and a subsequent spring-back deflection due to brittle 
failure. These response characteristics were only observed for 
a few seconds; thereafter the failure process alternated 
between intermittent and continuous brittle crushing. 
Underwater cameras revealed that the extrusion of crushed ice 
primarily consisted of small particles with some larger pieces 
spalling off. Radial cracks were occasionally observed, but 
they did not expand to the walls of the ice tank.  

5.2 Reference force 

The FRF was obtained experimentally from the step-
relaxation test as described in section 3. The ice force used for 
validation was subsequently found by inverting the FRF as 
follows: 

 † ˆˆp̂( ) H ( ) d( )ω ω ω=  (25) 

where p̂ pn∈R is the force, d̂ dn∈R is the measured response 

and †Ĥ d pn n×∈R is the pseudo-inverse of the FRF matrix. A 
more detailed description of this procedure can be found in 
Nord et al. [23]. In what follows, the forces obtained using the 
measured FRF will be referred to as the reference force. 

5.3 Force identification 

The ice force and the states are identified on the basis of one 
strain gauge and one accelerometer, both non-collocated as 
shown in Figure 2. The values assigned to the diagonals of the 
covariance matrices 0| 1, ,Q R P −  required by the joint input-
state estimator (section 2.3), namely 10e-8, 10e-6, and 10e-8, 
are chosen based on the peaks in the measured response and 
the identified states, see [17] for details. The initial state 

0| 1x̂ − is assigned the value of 0, effectively treating it as an 
unknown. 
 
Blueprint model  
The identified force appears almost identical to the reference 
force (figure 5), with the only discrepancy observed at the 
very end of the test. In order to investigate whether the 
algorithm and an approximate model are able to reconstruct 

Property Lower 
Spring 
stiffness 

Upper 
Spring 
stiffness 

Natural 
Frequencies 

Damping 
Ratios 

Rayleigh 
coefficients 

symbol kL 
[kN/m] 

kU 
[kN/m] 

f1 

[Hz] 

f2 

[Hz] 
ζ1 
[%] 

ζ2 
[%] 

α β

Blueprint 
model 

7.10 4.62 11.17 16.84 2.0 2.0 1.68 2.27e-
4 

Tuned 
model 

8.84 5.61 12.12 17.34 2.0 2.0 1.79 2.16e-
4 
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the forces in the two fundamental ice-crushing regimes, two 
short sequences representing each of these regimes are 
selected. The results for the intermittent crushing regime are 
shown in figure 6. The identified force exhibits the classical 
saw-tooth behavior of intermittent crushing, as each cycle 
appears almost identical to the reference force. The 
corresponding Fourier spectrum is shown in figure 7. In the 
more dynamic, continuous crushing regime (Figure 8), the 
force is also identified accurately. Only at higher frequencies 
(see figure 9), the difference becomes slightly more 
pronounced. In general, the convincing agreement between 
the reference force and the force identified based on an 
approximate blueprint model, provides a strong motivation for 
using the joint-input state algorithm for in-situ full-scale ice-
force identification.  

 

 
Figure 5. Identified force (light grey) and reference force 

(black) for the blueprint model. 

 

 
Figure 6. Identified (light grey) and reference force (black) for 

the blueprint model in intermittent crushing. 

 

 
Figure 7. Frequency spectra of the identified (light grey) and 
reference force (black) for the blueprint model in intermittent 

crushing. 

 
Figure 8. Identified (light grey) and reference force (black) for 

the blueprint model in continuous crushing. 

 

 
Figure 9. Frequency spectra of identified (light grey) and 

reference force (black) for the blueprint model in continuous 
crushing. 

Tuned model 

Figure 10 shows an overall excellent reconstruction of the 
forces based on the tuned model. The improvements can be 
spotted in the peaks and valleys in figure 11 (cf. figure 8), 
Where a small discrepancy is observed at the end of the time 
series for the blueprint model (figure 5), it is now almost 
absent in the tuned model (figure 10). 

 

 
Figure 10. Identified force (light grey) and reference force 

(black) for the tuned model. 

 
Figure 11. Short sequence of brittle crushing, identified (light 

grey) and reference force (black) for the tuned model. 

5.4 Response estimation 

While the foregoing application of the algorithm focused on 
the identification of the forces, here the aim is to show the 
accuracy of the (jointly) estimated displacement at 
unmeasured locations. Recall that, in what follows, only the 
non-collocated acceleration and strain gauge are used to 
estimate the displacement at the location of the lowermost 
laser. 

 
Blueprint model  
The measured and estimated displacements are displayed in 
figure 12. The displacements are overestimated throughout the 
test. In the intermittent crushing regime (figure 13) the peak 
offsets remain constant, while for the continous crushing 
regime (figure 15), some peaks differ less than others. The 
shape of each cycle is well captured for the intermittent 
regime, while for the brittle crushing regime the load build up 
phase differs prior to the terminal ice failure. Still, the 
frequency plots in figure 14 and figure 16 show that the 
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dominant frequency components are in good agreement with 
the measurements. Since the significant modeling errors for 
this test setup pertain to the foundation stiffness, their effect 
influences mostly  the state prediction, while acceptable force 
identification accuracy was preserved. 
 

 
Figure 12. Estimated displacement (light grey) and the 

measured (black). 

 
Figure 13. Estimated displacement (light grey) and the 

measured (black) in intermittent crushing. 

 
Figure 14. Estimated displacement (light grey) and the 

measured (black) in intermittent crushing, frequency domain. 

 
Figure 15. Estimated displacement (light grey) and the 

measured (black) in continuous brittle crushing. 

 
Figure 16. Estimated displacement (light grey) and the 

measured (black) in continuous brittle crushing. 

 
 

Tuned Model 
The overall agreement between measured and estimated 
response (figure 17) improves significantly when tuning the 
foundation stiffness. The constant peak offset in the 
intermittent regime (figure 18) reduces to 1mm, while in 
continuous crushing (figure 20) the difference ranges from 0 
to 2mm. Reducing the peak offset for intermittent crushing 
has limited effect on the higher frequencies displayed in figure 
19. The improved accuracy is as expected more visible in the 
frequency domain during continuous crushing (figure 21). The 
light grey and dark lines follow each other well and the major 
frequency components are well captured. 
 
 

 
Figure 17. Estimated displacement (light grey) and the 

measured (black). 

 
Figure 18. Estimated displacement (light grey) and the 

measured (black) in intermittent crushing. 

 
Figure 19. Estimated displacement (light grey) and the 

measured (black) in intermittent crushing, frequency domain. 

 
Figure 20. Estimated displacement (light grey) and the 

measured (black) in continuous brittle crushing. 
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Figure 21. Estimated displacement (light grey) and the 

measured (black) in continuous brittle crushing, frequency 
domain. 

6 CONCLUSIONS 
The ice forces acting a generic bottom-founded offshore 
structure have successfully been identified in conjunction with 
the states using a joint input-state algorithm and a limited 
number of response measurements. The ice forces are well 
reconstructed in two important regimes governing the 
dynamic ice-structure interaction. The estimated response is 
found to be prone to modelling errors, while excellent force 
identification results are obtained even with an approximate 
model. Simple tuning of the model foundation stiffness 
greatly improved the estimated response at the ice-action 
level. The results shown in this contribution provide a strong 
motivation for monitoring of full-scale structures in the Arctic 
region.  
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ABSTRACT: The identification of system parameters using forward approaches is not always practical due to the rising 
complexity of modern structures, leaving no chance for direct parameter measurements. In contrast to forward methods, inverse 
techniques have been gaining popularity, since the advent of high performing computers. This approach consists of the 
computation of input parameters of a system, with known “output data” and the “system model”. When the number of equations 
(sensors) becomes lower than the amount of unknowns (input parameters), the problem becomes underdetermined and most of 
the time highly sensitive to input perturbations, leading to infinity of existing solutions. The discrete force identification problem 
in mechanics consists of estimating a set of two unknown parameters based on measured structural responses: the impact force 
locations and their corresponding time history. In this article we propose a new approach to identify forces on structures, by 
making use of an iterative optimization technique. This algorithm creates a new mathematical setting for the inverse problem, 
and then solves it using a mixed cost function of group-penalized least squares. We also briefly mention some of the most 
famous existing methods for inverse problems in frequency domain, such as classical pseudo-inverse, Iterative weighted pseudo-
inverse, regularization and penalized techniques. This study shows that the location and time history of discrete forces applied 
on a beam structure can be better estimated using this new iterative and penalization technique (G-FISTA).  

KEYWORDS: Modal analysis, inverse problem, load identification, mixed lp-norm, optimization, sparse solution.  

 

1 INTRODUCTION  
Force identification using structural vibration data has 
attracted a lot of interest in the industry. The inverse load 
identification using response data is especially of interest in 
civil engineering and structural mechanics. Buildings, wind 
turbines and stadiums are some of the examples where the 
dynamics of the structure should be taken into consideration 
for reliable construction. In the fatigue life assessment of the 
structure, both material properties and load characteristics are 
essential parameters. Therefore, the time history of external 
forces is an important quantity in the forecasting of the 
remaining lifetime. In many practical applications the 
measurement of the external loads is either limited or not 
possible due to sensors limitations and the unknown nature of 
the external forces; Many attempts were made by engineers to 
solve this problem by using indirect measurement techniques 
[1]. As part of the “Inverse Problem” family, this approach 
consists of the computation of input parameters of a system, 
with known output data and the system model. 

The “inverse” problem is defined in contrast to the well-
defined “forward” problem, where the system outputs are 
computed directly using the inputs and the system model. For 
most modern and complex structures, the inverse method 
gives a broad solution possibilities to correctly estimate the 
applied dynamic loads, because the forward approach is not 
able to deal with complex structures or load configurations, 
due to the fact that no measuring points can be available to 
directly measure the structure’s (reaction) loads. In an inverse 
approach, some other parameters are measured instead of the 

force itself, because of their accessibility to the user, such as 
acceleration or strain data. (See Figure 1.) 

Due to its mathematical characteristics, solving an inverse 
problem is in general not straightforward and most often leads 
to a situation with an infinite amount of solutions. Inverse 
problems are in most cases not “well-posed”. In 1902, J. 
Hadamard formulated the concept of the well-posedness 
(properness) of problems for differential equations. A problem 
is called well-posed in the sense of Hadamard if there exists a 
unique solution to this problem that continuously depends on 
its data. As soon as the number of equations (observations) 
becomes smaller than the amount of unknowns, the problem 
becomes underdetermined, and infinity of solutions will exist. 
For example, in the specific case of mechanical loads, the 
forces acting on the structure make it vibrate on a (usually) 
wide frequency band range depending on the force intensity. 
The behavior of the structure with respect to the tat specific 
excitation force (e.g. impact) would be reproduced using 
another force configuration. In other words, a wide range of 
solutions will exist, since they result the same output data 
(vibration) on the structure.  

Ill-posed problems suffer from two main problems: either 
the amount of information gathered at system’s output is not 
enough to reproduce the inputs (less equations than 
unknowns, underdetermined), or, the system is highly 
sensitive to the input perturbations which makes the problem 
ill-conditioned, even if the problem is not (at first sight) ill-
posed. It is important to keep in mind that there is no universal 
method for solving ill-posed problems. In every specific case, 
the main trouble (instability) has to be tackled in its own way.  
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Recently, with the advent of powerful computers, inverse 
and ill-posed problems started to gain popularity very rapidly. 
In mechanics, the load identification aims to estimate forces 
on the basis of measured structural response, and the dynamic 
model of the structure’s behavior. The gathered response data 
needs to be processed in order to compute a good estimation 
of the real loads applied on the structure. The inverse 
calculation cannot be solved unless the behavior of the 
structure is known. For an inverse problem in general, the 
knowledge of a reliable, accurate and well-predicting 
“structural model” is crucial. A more robust structural model 
will yield to a better force identification. Finding a suited 
structural model of the structure is one of the most important 
steps in load identification. As all the (inversely) estimated 
solutions satisfy the requirements of the problem and the 
structural model (input-output relation), the new challenge 
will be to select the most realistic one among all the 
possibilities. 

In this article we are going to use the penalized least squares 
approach to solve our inverse problem. Penalized least squares 
are an effective method proposed to solve ill-posed systems of 
linear equations. In this approach one solves the usual LS 
problem, but by restricting its solution.  

Consider a general system of linear equations: , 
where the matrices ,  and  represent respectively the 
model, the inputs and the measured outputs of a system. The 
classical way to find the inputs  is the least squares approach, 
which solves the following problem: 

 (1) 

where the -norm is defined as: 

| |  

The least squares method works fine for situations where the 
problem is either equally-determined or over-determined. But 
as we have said with ill-posedness this optimization problem 
cannot be solved. To overcome this problem, one can restrict 
the solution of previous optimization problem by adding an 
extra constraint, i.e. to solve the following problem instead: 

     ,      (2) 

In accordance with the duality property, one can show for 
every  there exists a  for which, the solution of the above 
problem and the following problem is the same: 

 (3) 

This problem is called a penalized least squares problem, 
and the function  is the penalty function.  

Different choices of penalty functions lead to different 
solutions. Therefore, the choice of  should be done is a wise 
way. Tikhonov [2] has considered  as the penalty while 
Tibshirani [3] considered  as the penalty function. The 
latter penalty function would provide a so-called sparse 
solution, i.e., many of the components of the solution are zero. 
Following authors like Turlach et al. [4] and Yuan and Lin [5] 
one can use a mixture of these penalties for special situations 

where there exists a sort of structure among the components 
of the solution . The use of physical properties of the applied 
loads on the structure leads to the selection of a “mixed” 
penalty function that compromise for the accuracy of the 
solution versus its sparsity. 

In this article we consider the impact source identification 
problem and we propose a new technique to solve this kind of 
problems. We briefly mention some of the most famous 
existing methods for inverse problems in general, such as 
classical pseudo-inverse, Iterative weighted pseudo-inverse, 
regularization and penalized techniques. In section 2 this 
problem will be reformulated for penalized least squares. 
Then, an appropriate penalty function will be chosen with 
respect to the problem structure. An iterative algorithm to 
solve he derived least squares problem will be modified in this 
section. Section 4 discusses the implementation of the 
algorithm and in section 5 some examples will be studied. 
Some discussions are presented in section 6, and finally, the 
article will be concluded in section 7. 

2 PROBLEM STATEMENT  
Loads acting on a structure can be of different nature. Most 
generally, structures are exposed to a combination of locally 
concentrated, together with distributed forces along the 
structure. (Ex: Wind loads together with impacts) In the scope 
of this paper, we focus our main interest on discrete forces, 
acting at several point locations. A very special case of this 
kind of load is the “impact force”, which is studied in details 
in this contribution. 

 
Figure 1. Forward and inverse problem, as defined in frequency domain.

 

The general force identification problem deals with the 
reconstruction of unknown dynamic forces acting on a 
structure from its response in a limited number of sensors and 
a system model. The (impact) force identification problem 
consists of estimating a set of two unknown parameters: the 
impact force locations and their time history. Depending on 
the problem configuration and the algorithm used, the process 
of force localization and finding their amplitudes might be 
simultaneous or not. This choice is directly depending on how 
the problem is considered and may wary a lot from a study to 
another. The method used in this paper for load identification 
has the capability to localize and estimate impact force 
amplitudes in a single algorithm.  
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2.1 Working domain 

In the literature, the load identification problems were treated 
differently, depending on the choice of working domain. In 
most cases, “time” domain techniques are used to solve the 
problem. Recently, there have been great advances in the 
development of new time domain techniques, especially in the 
joint input and state identification [7]. The problem is therefor 
described as a set of linear state equations. These methods 
make use of an adaptive Kalman filter (on a fusion of 
measured acceleration and displacement data), together with 
system’s FEM model to estimate the state of the system, as 
well as its input parameters. Those methods are fast and can 
used in on-line situations. In the other hand, the assumption of 
the known force locations is a major drawback of those 
methods. The methods proposed by [8] and [1] use another 
approaches to localize forces by algorithms based on travel-
time calculation or wavelet transform functions. 

The use of frequency domain for the calculations in this 
paper can be justified by several reasons: working with 
spectrum data is less time-consuming, since the number of 
frequency parameters is smaller than the number of time 
domain data (smart frequency selection, see 3.1).  
Furthermore, by working with the spectra of measured 
signals, one can easily overview the energy distribution of 
signals over different frequencies. This approach seems to be 
efficient in dynamic force identification [9][15]. 

2.2 Hypotheses and model description 

The estimation of the forces, which act on a structure during 
realistic conditions, involves the identification of a model that 
gives a representative description of the dynamic behavior of 
the structure during its normal operating conditions. The 
model should describe the behavior of the structure as 
accurate as possible.  

As discussed in the previous sections, the defined ill-posed 
problem of impact load identification will be investigated in 
the frequency domain. In the literature, the use of a linear 
model describing the input-output relations of the mechanical 
system is of common practice. The structural model can be 
obtained in different ways: some papers extract the system 
model using the well-known analytical formulations, such as 
Euler-Bernoulli or Timoshenko equations, assuming that the 
studied structure is simplified enough to behave like a pure 
beam. This approach will be limited to extremely simple 
structures where the analytical formulation exists [12][14]. In 
order to eliminate the restrictions of this method, some other 
papers extract the model using Finite Element simulation, 
such as in [7]. Like in any other simulation, the numerical 
models will not be accurate as long as the boundary 
conditions are not correctly defined in the calculations; 
because any slight error in the boundary conditions of the 
domain would result in non-coherent behavior of the structure 
compared to the real case.  

Another approach is to obtain the structural model 
experimentally, by means of input-output measurements. 
Although this approach uses the real physical characteristics 
of the structure into account and solves the previously 
mentioned limitations, but in the other hand, it cannot be used 
in an in-operational situation where working loads are already 
exciting the structure. A lot of effort has been done in order to 

deal with in-operational configurations, such as the study of 
Parloo [15] considering Operational Modal Analysis. In our 
contribution though, the structural model is obtained using 
Experimental Modal Analysis in lab conditions.  

In accordance with authors like [8] and [15], in order to 
obtain the Frequency Response Function (FRF), the 
experiment consists of transferring the measured time domain 
data into the frequency domain, using a fast Fourier transform 
(FFT).  

It is assumed that the system is time-invariant and its 
behavior can be formulated as a linear model that takes forces 
as input and accelerations as output data. In this case, the 
model is defined as a receptance matrix. For each frequency 

, the model is summarized as follows: 

, , … ,  (4) 

where  is the 1 acceleration vector with  the 
number of accelerations,  is the 1 force vector with  
the number of possible applied force locations, and   is 
the  frequency response function (FRF) model matrix. 

The  matrix, which describes the behavior of the 
system to external excitations, is obtained by the so-called 
roving hammer test and the 1 method (see [11]). This 
method assumes the presence of noise only on the output data 

 and considers no noise on the applied forces  . The 
extended version of the equation (4) is as the following:  

…
…

…

,    , … ,  

(5) 

where  is defined as the response of the system 
(acceleration) measured at point  caused by the system input 
(force) applied at point . The FRF is a 3D          array 
containing  in all frequencies, with    the total number 
of frequencies. The response of a structure to an external load 
is mostly pronounced at its natural vibration frequencies, 
called resonance frequency. This information is well 
preserved in the FRF. Due to harmonic nature of the measured 
data, the FRF contains complex values. A complex value 
presents some useful information: the amplitude and the phase 
angle. These two quantities can completely describe the 
behavior of the structure over all frequencies. Due to the 
presence of two variables (amplitude and phase angle), a 
complex variable is used to represent them together.  

3 FORCE IDENTIFICATION APPROACH 
After computing  and measuring  , the next step is to 
estimate  in the model of equation (4). There is a system 
of equations for each value of .  In a well-posed problem the 
solution for the frequency  would be simply: 

 (6) 
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Although this problem is almost always ill-posed, there are 
some situations where the direct inversion of the transfer 
function can produce results, such as in [12]. Because of the 
instability of the problem, the direct inversion method gave 
place to the Moore-Penrose pseudo-inverse, introduced and 
developed by Penrose [10]. Despite the uniqueness property 
of the found solution, the obtained results are not fully 
satisfying, because the estimated forces are smeared out over 
all candidate force locations. (Poor localization) This is not an 
unusual result, because the pseudo-inverse does not produce 
sparsity in the solution. This method is extremely fast and has 
always a unique solution, but it lacks the ability to localize 
discrete forces. Nevertheless, this technique works moderately 
fine in some especially simple cases. 

The force localization process can sometimes be treated 
separately, as explained in [13], where the force is located by 
minimizing the solution’s entropy. In another paper, [14] the 
force identification problem is solved by mean of 
minimization process based on Genetic Algorithms (GA).  

Among the non-penalized methods, Parloo [15] has 
suggested a technique called Iterative Weighed Pseudo-
Inverse algorithm (IWPI), which is based on an lp-norm loss 
functions. The value of  tends to zero in an iterative manner 
until convergence achieved. Convergence is usually achieved 
for a  very close to zero; therefore the problem is not convex 
anymore. Although this technique is relatively fast, we have 
observed in our experiences that - probably due to non-
convexity of the problem with 1 - the solution given by 
this method is sometimes unstable. But in general, it produces 
satisfying results where the a few number of forces are acting 
on the structure.  

Rather than the methods based on pseudo-inverse and 
singular value decomposition (SVD), some authors have also 
considered a penalized model in order to solve this problem. 
Authors like Jacquelin et al. [16] and Jang et al. [17] have 
considered an optimization-based technique, where a least 
squares loss function is penalized with an l2-norm squared 
penalty (Tikhonov Regularization). In another article, 
Romppanen [18] has considered a total variation penalty 
function together with the least squares. It seems the least 
squares loss function gives appropriate results for this 
problem, but the ill-posedness of the inverse problem 
highlights the role of an appropriate choice of the penalty 
function. Therefore, we need to choose a new appropriate 
penalty function, which suits the nature of this problem. The 
choice of this penalty function is described in details in the 
following sections. 

3.1 New setting for the problem 

Considering the system of linear equations in equation (5) and 
 frequencies, one actually has  systems of linear 

equations to solve. From the total  frequencies available in 
the system, only  of them are selected for the first step, 
which is the localization of forces. Even though the complete 
system has a limited number of frequency lines, it still has a 
third dimension that makes the computation more complex.  

While the complete range of frequencies is needed to 
correctly describe the system using FRFs, a “smart” frequency 
selection can improve the calculation speed, by reducing the 
number of unknown parameters. In this way, the working 

frequency band will be constructed from several segments 
around the FRF amplitude peaks, where usually most of the 
information is concentrated. The obtained FRF model will be 
smaller in size, but still capable of describing the system well. 
This technique will reduce the number of parameters and 
reduces the calculation time. It is worth mentioning that the 
frequency-reduced system is used only for the force 
localization and as a second step, the force time history will 
be calculated with the complete amount of frequencies.  

In our new setting, we create new 2D matrices ( ,  and ) 
based on the existing ones, in order to be able to apply the 
algorithm of load identification. The F and X matrices are 
created by concatenating respectively the matrices  and  of 
each frequency , in form of a column. The new  matrix is 
obtained by placing all the matrices  in the diagonal. 
( ) 

…
…

…
 (7) 

As we have mentioned, using a penalized LS, the choice of 
the penalty function is very important. In order to make a wise 
and appropriate choice, consider the following physical facts 
about the problem we are dealing with: 
• Since the forces are applied just at a few discrete points 

on the beam, the actual forces on most of other locations 
are assumed to be zero. In this case, one expects the 
estimated forces also resemble such a pattern. In other 
words, for each frequency, a sparse solution is desirable. 
Therefore, using an l1-penalized model seems to be 
suitable. 

• Because the structure is excited with a hammer, the force 
will appear in almost every frequency, due to the 
broadband characteristic of the impact. This means that a 
zero force will be zero in all frequencies and a non-zero 
force will be mostly non-zero in all frequencies as well. 
Therefore, in the frequency domain, such a pattern is 
expected on the solutions. 
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 (8) 

Therefore, one can consider a group structure among the 
components of : each candidate force point represents a 
group, whose components are the forces corresponding to that 
point along all frequencies. Thus, the number of defined 
groups is equal to the number of candidate force points, and 
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he number of members of each group is equal to the number 
of frequencies. Now one may apply a sparsity-inducing 
penalty between the groups, and non-sparse penalty within the 
groups. Considering the size of the problem, we propose to 
use a  penalty between the groups and a  
penalty within the group. Therefore, the appropriate penalty 
function is the mixed ,  penalty function. We will 
discuss this matter more lately. 

 
Figure 2. The 3D representation of the input-output model in frequency 

domain. 

Considering the abovementioned settings, the groups are 
defined as following: 

…  , 1…  
(9) 

 

4 SOLUTION METHOD 
After defining , , and  together with groups on  and 
their corresponding components in  and  the problem that 
should be solved can be formulated as follows: 

1
2 λ ,  (10) 

with,    ,  

where   with  1…  are the components of  in 
group . In order to solve problem in (10), we modify an 
efficient iterative algorithm so-called FISTA (Fast Iterative 
Soft-Threshold Algorithm) in Beck et al. [6] for our case. 
Making these modifications consist of two main aspects:  
• The inputs here are complex values while in paper of 

Beck et al [6] they considered to be real. 
• The FISTA algorithm needs to be adapted for this 

group’s case. We call this new algorithm groups FISTA, 
or shortly G-FISTA. 

The iterative algorithm G-FISTA consists of the following 
steps and will converge to  the minimizer of 
λ , , with a convergence rate of  (see [6]). The 
algorithm is represented in the Figure 3.  

The projection function  used in the algorithm, is defined 
as: 

, 0

, 0 (11) 

 
Figure 3. The G-FISTA algorithm steps. 

 

The G-FISTA consists of some matrix multiplication and 
also computing the largest eigenvalue of a sparse matrix. 
Implementing of such algorithm in e.g. Matlab is 
straightforward. The implemented algorithm is available upon 
a request. 

Since displaying the results for all used frequencies is not 
practical, we use the so-called force index (introduced in [15]) 
as a representative index of actual and estimated forces, 
normalized over all groups and frequencies: 

∑

∑ ∑
   , 1…   (12) 

The advantage of using this parameter is that it creates a 
non-dimensional representation for the localize forces, and 
makes the comparison more practical. 

As a second step to the force identification process, after 
localizing the points where forces are present, a reduced 
system of equations is created, by taking into account only the 
estimated force locations. Then, this new system is solved 
using classical methods such as pseudo-inverse for the 
complete frequency range. As a next step, the time history of 
the estimated force can be produced by an inverse Fourier 
transform.  

5 SIMULATION EXAMPLE 
The following simulation example illustrates the new G-
FISTA technique, applied on a cantilever beam. In this 
section, different load/sensor configurations have been tested 
in order to validate the algorithm. The simulation consists of 
two distinct parts:  
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• Experimental modal analysis to find the beam’s FRF. 
The structure model (full  matrix) is obtained 
experimentally, by making use of a roving impact 
hammer test. A total amount of 7 impact force 
candidates have been considered 7 , but only a 
limited number of acceleration sensors are installed on 
the beam.  ( 1…3  The experiment has been 
conducted using a LMS1 devices and software. 

• Localize and estimate the time histories of all possible 
impact forces acting on the beam, only by using  
number of accelerometers. (under-determined and ill-
conditioned inverse problem)  

The accelerations matrix  is computed by applying virtual 
impact forces . In order to reduce the computational cost, we 
considered the smart frequency selection on the data. For the 
localization process, only those corresponding to the 
resonance peaks are taken into account, including a set of 
extra 20 frequency bins as a margin around each resonance 
peak. 2048  We also transform the problem into 
a suitable form, as discussed in section 3.1. Thus, the  
      are placed in one column vector , and 
the 7  known  are placed in one column vector . 
The matrix  is a block diagonal matrix consisting of all the 

 - corresponding to  and  - as its diagonal 
elements. As each point on the beam from 1 to 7 corresponds 
to a separate group, we obtain: 

G1    1, 8, 15, 22, 29, 36, . . .  

2    2, 9, 16, 23, 30, 37, . . .  

3    3, 10, 17, 24, 31, 38, . . .  

4    4, 11, 18, 25, 32, 39, . . .  

5    5, 12, 19, 26, 33, 40, . . .  

6    6, 13, 20, 27, 34, 41, . . .  

7    7, 14, 21, 28, 35, 42, . . .  
When the ,  and  matrices are created (as mentioned in 

section 3.1), the mathematical problem will be solved by the 
G-FISTA algorithm. In order to compare the results of G-
FISTA with some other methods we have considered the 
classical Moore-Penrose pseudo-inverse and the Iterative 
weighed pseudo-inverse (IWPI) method of Parloo [15]. The 
G-FISTA iterative method makes use of the Bayesian 
information criterion (BIC) and Mallows's Cp criteria to select 
the best value of . When the forces are localized on the 
structure, their time history is calculated by classical pseudo-
inverse techniques, considering at this step all the frequencies 
in the study range. Some results are presented in the following 
figures. The red boxes on top of the beam represent an impact 
force and the green ones correspond to the accelerometer 
locations. The next section is dedicated to the result 
evaluation and possible discussions. 

                                                           
1 SCADAS System, Leuven Measurement Systems (LMS), Belgium. 

6 DISCUSSION 
The comparison of the simulation results presented in figures 
4 till 7 lead to the conclusion that among the applied force 
identification methods, the G-FISTA is more accurate in terms 
of force localization. The classical pseudo-inverse does not 
produce satisfying force estimations, since the estimated 
forces are more distributed than localized. The IWPI is 
successful most of the time to predict the locations where the 
impacts are present, but in other hand it is less effective while 
finding the points without forces. The G-FISTA is particularly 
strong in localizing forces on the beam, even in multiple 
impact force configurations (see Figure 6). The effectiveness 
of G-FISTA’s characteristic in localizing forces is more 
pronounced in the figure 7-(b), where it reproduces almost   
the same force configuration than the imposed one.  

Although its effective force localization capability, the G-
FISTA method does not appear to be without weaknesses. It 
turns out that in situations where there is an impact in all the 
points of the beam, it fails to correctly estimate force 
locations. This is mostly due to the fact that this method is 
especially made for situations where the solution has a sparse 
characteristic. The cost function that is minimized in this 
approach privileges solution sets that contain more sparsity 
patterns. In fact none of G-FISTA and IWPI give an 
acceptable result in those situations. 

While comparing the identification methods, it is also 
important to take into account the calculation costs. Our 
simulation shows that the pseudo-inverse method is the fastest 
but less reliable method among them. The calculation time of 
G-FISTA method reaches several minutes sometimes 
depending on the computation power. The IWPI is relatively 
fast and it might be implemented for on-line force estimations, 
but its estimated results are not as accurate as the G-FISTA. 
Penalized cost functions are generally heavier to compute, 
because the solution is dependent to the lambda parameter, 
responsible for balancing the solution precision against the 
sparsity patterns. In this case, the problem is solved for a large 
amount of lambda values and the best solution is selected 
based on the BIC or Cp criteria.  

It is also clear that the result quality improves considerably 
in a direct relation to the number of accelerometers installed 
on the beam. The simulations also show that G-FISTA 
method is performing much better comparing to other 
techniques, especially in situations where a small amount of 
sensors are installed. (see Figure 7) 

7 CONCLUSION 
In this contribution a novel technique is introduced for force 
identification by adapting a penalized iterative method called 
G-FISTA. In order to solve the defined ill-posed problem, first 
a new mathematical configuration is set, and then the 
candidate force locations are grouped in the frequency 
domain. The solution procedure is based on a particular cost 
function minimization, with an iterative approach. The cost 
function privileges solutions with a sparsity pattern. Finally 
the best solution is finally selected by calculating the Bayesian 
Information Criterion (BIC) and Mallow’s Cp criteria.  

Several force/sensor location configurations have been 
investigated in this research. These simulations prove the 
efficiency of G-FISTA approach in localizing impact forces 
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on a beam structure, in contrast with other existing methods 
such as the classic pseudo-inverse or IWPI. In all the 
simulations, G-FISTA is more accurate and it estimates 
correct force locations, even in situations where the number of 
sensors is very low.  

Although the calculation cost of G-FISTA algorithm is 
higher than other force identification techniques compared in 
this paper, this method has the advantage of producing 
reliable and accurate force estimations, resulting from the 
mixed loss function which takes into account the sparse 
pattern of excitation forces in frequency domain.  
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ABSTRACT: Previous studies have shown that footing uplift can activate a rigid body rotation, and thus reduce the plastic 

hinge development in structures. Development of a plastic hinge will limit the inertial force which may lead to uplift. Therefore, 

determination of the bending moment when a plastic hinge develops and the structure uplifts is a challenge. Because of this 

intrinsic difficulty the inter-relationship between plastic hinge development and structural uplift is seldom investigated. In this 

paper results of shake table tests on a single-degree-of-freedom model with concurrent plastic hinge development and footing 

uplift will be presented and discussed. An artificial plastic hinge with rotational slippage is introduced to simulate the plastic 

deformation of the structure. The model, founded on a rigid base, is subjected to a simulated ground motion based on NZS 

1170.5 design spectra. Different ratios of the moment to initiate uplift to that to initiate slippage moment are adjusted. The 

results show that the moment to initiate plastic hinge development will be similar to that to initiate uplift if the two effects occur 

concurrently. After discussion on the effect of plastic hinge development and uplift on footing response, structural damage and 

induced vibrations, recommendations on design with consideration of the slippage-uplift interaction is also provided.  

KEY WORDS: Uplift; Plastic hinge development; Shake table tests; Slippage-uplift interaction; Load-displacement 

characteristic; Induced vibration. 

1 INTRODUCTION 

During a strong earthquake separation of the foundation mat 

and the supporting ground interface may occasionally occur. 

Several examples of towers and oil tanks uplifting were 

observed during the 1952 Arvin Tehachapi, 1964 Alaska, and 

1979 Imperial Valley earthquakes [1]. Previous research 

shows that smaller seismic force will be transmitted to the 

structure when foundation uplift occurs. However, uplift is not 

recommended in conventional design.  

The beneficial effect of structural uplift was probably first 

recognized by Housner [2], who reported on the positive 

performance of several elevated water tanks in the 1960 Chile 

earthquake. He also initiated the study of structural uplift 

using a rectangular rigid free standing block. The studies of a 

rigid rocking block were enhanced by several researchers 

using different numerical models [3, 4]. These investigations 

suggested that rocking behavior is related to the geometry of 

the structure. The flexibility of the rocking structure was 

included by Psycharis [5]. He performed a parametric analysis 

of a single-degree-of-freedom (SDOF) model subjected to 

harmonic base motions. This analytical model was improved 

by Oliveto et al. [6] who focused on the simulation of the 

transition conditions between uplift and  re-contact and vice 

versa. The authors also developed a set of formulas to 

simulate large rotations. The results revealed that as expected 

more flexible structures on a rigid base are more prone to 

uplift and overturn than rigid structures. 

Before the 21
st
 century physical studies on a structure with 

uplift were hindered due to the limitations of experimental 

technique. Huckelbridge and Clough [7] were among the 

pioneers who tested a nine-storey steel frame model with 

uplift using a shake table. They found that significant uplift 

will occur when the structure is subjected to strong 

earthquakes. It also confirmed that a structure with a designed 

uplift capability is likely to have a higher probability of 

surviving a strong earthquake. At approximately the same 

time Priestly et al. [8] carried out shake table tests on a SDOF 

model. Based on these results they suggested the first design 

approach for a rocking structure. This design approach has 

been adopted by the FEMA 356 Guidelines [9]. 

In the design approach suggested by FEMA 356, the 

effective damping and rocking period of a rigid rocking block 

are determined based on its geometry. The maximum 

displacement of the rocking block can be estimated from the 

elastic spectrum. However, Makris and Konstantinidis [10] 

revised the research of Priestley et al. [8] and pointed out that 

the FEMA 356 design approach was oversimplified and 

experimental verification was limited to a single earthquake 

record. To overcome this issue, they proposed an improved 

formula for the effective damping of a rigid rocking block. 

Based on the FEMA 356 guidelines and New Zealand 

loadings code NZS1170.5 [11], a design procedure to estimate 

the maximum displacement of rocking shear walls was 

developed by Kelly [12]. In this approach the soil flexibility is 

considered using a Winkler Spring Model and the structural 

period is based on a rigid wall assumption. Kodama and 

Chouw [13] investigated structural uplift in near-source 

earthquakes including soil-structure interaction. 

However, the studies on structures with uplift discussed 

above have not taken the effect of concurrent plastic hinge 

development into account. Hung et al. [14] performed a set of 

pseudo-dynamic and cyclic load tests on bridge piers with and 

without a plastic hinge. In this study rocking of the spread 

footing of the pier did not always occur. Qin et al. [15] also 
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carried out a series of shake table tests on a SDOF structure, 

with both a rigid base and sand, with the occurrence of uplift 

and a plastic hinge. The effects of both plastic hinge 

development and uplift on induced vibration were discussed. 

All of the above experimental studies indicate that uplift 

reduces the ductility demand of structural members.  

The beneficial effect of uplift is also shown in the seismic 

performance of other types of structures, e.g. a timber wall 

[16], a liquid storage tank [17] and an interlocking block 

structure where each block has the potential for uplift [18].  

Foundation uplift on a rigid base takes place once the base 

moment mobilized by activated inertial force exceeds the 

resistance due to self-weight. In previous studies [15, 19] it 

was found that plastic hinge development would reduce the 

induced acceleration of a structure. Thus, the probability of 

uplift occurrence is reduced if plastic hinge develops. 

However, the interaction of uplift and plastic hinge 

development is seldom investigated. In this work shake table 

tests on a SDOF model with concurrent plastic hinge 

development and footing uplift were conducted to study the 

interrelation of these two nonlinearities. An artificial plastic 

hinge with rotational slippage capability was introduced to 

simulate the possible plastic deformation of the structure. The 

model was free standing on a rigid platform to enable the 

occurrence of uplift. Different ratios of uplift to slippage 

moment were employed. Ground motions simulated based on 

the NZS 1170.5 design spectrum were applied. The 

concurrent effects on structural performance, i.e. induced 

vibrations, footing response and residual displacement are 

shown in this paper.  

 

2 EXPERIMENTAL INVESTIGATION 

2.1 Experimental model 

The prototype is a two-storey steel building, as shown in 

Figure 1(a). The building has a height of 3 m and floor areas 

of 32.5 m
2
 at each level. 250UB25.7 and 360UB50.7 are 

selected for the beams of the roof and floor, respectively, and 

250UC72.9 is used for the columns. According to NZS 1170.5 

[11], the prototype has a seismic mass of 20 tonnes for the 

roof and 42 tonnes for the first floor.  

The prototype is transformed into a SDOF system, by using 

the base shear and moment of the MDOF system as the 

criteria. An effective mass of 60 tonnes and a height of 4.1 m 

are obtained. The fixed-base fundamental period of the 

prototype is 0.43 s.  

The experimental model is scaled to fit the load and 

geometry capabilities of the shake table. The scaling is based 

on the model and the prototype obeying the law of similitude. 

To achieve this similarity, dimensional analysis based on the 

Buckingham π theorem [20] is performed. Scale factors of the 

selected physical parameters are derived based on the two 

dimensionless groups in the Equation 1 [15, 19]. The scale 

factors are listed in Table 1.  

  1

a
t

l
   and 2

ma

kl
   (1) 

where t, a, l, m and k are defined in Table 1. 

The experimental model is shown in Figure 1(b). The model 

has a lumped mass of 2 kg at a height of 410 mm. The footing 

is a 280 x 280 mm stiff plastic board. The total mass of the 

model is 3.5 kg. The moment to initiate uplift, uM , of 4.8 Nm 

may be  determined according to Equation 2. 

 
2

t
u

m gb
M    (2) 

where tm is the total mass of structure, g is gravitation 

acceleration and b is the width of foundation. 

 

(a)  

 

(b)  

Figure 1. (a) The prototype and (b) Experimental model 

 

Table 1. Scale factors for the physical parameters  

Parameters Symbols Scale factors 

Time t 2 

Length l 10 

Acceleration a 2.5 

Mass m 19844 

Stiffness k 7641 

Period T 2 

 

Artificial 

plastic hinge 
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2.2 Instrumentation 

To study the nonlinear load-deformation characteristics of the 

SDOF, the base moment and lateral displacement on the top 

of the model are measured. The footing response is also 

quantified by measuring the vertical displacement on both 

sides of the foundation. The acceleration of the mass is 

recorded to study the induced vibration. As shown in Figure 2, 

portal gauges, a strain gauge and a tri-axial accelerometer are 

used to measure the displacements, bending moment and 

acceleration, respectively.  

 

 

Figure 2. Instrumentation for shake table tests  

 

2.3 Artificial plastic hinge 

An artificial plastic hinge is constructed and placed at the base 

of structure, as highlighted in Figure 1(b). The moment 

capacity of the plastic hinge is controlled by applying 

calibrated bolt pressure. A “thru-hole” load cell is used to 

determine the bolt pressure required to achieve a given 

slippage moment. Once the moment at the support exceeds the 

capacity of the hinge, rotational slippage will occur. Thus, it is 

possible to simulate structural damage. Teflon washers are 

placed to ensure the repeatability of the artificial hinge 

performance. The calibration of the moment capacity is 

carried out through a series of harmonic loadings. A history of 

load-displacement in a calibration test is shown in Figure 3. 

The moment to initiate slippage, sM , in this example is 4.3 

Nm. The bolt pressure for a specific slippage moment and the 

corresponding ratio of slippage to uplift are listed in Table 2. 

 

 
Figure 3. Moment-displacement relation of a calibration test 

 

Table 2. Moment ratios of slippage to uplift  

Bolt pressure (kN) sM (Nm) sM / uM  

1.6 3.1 0.64 

1.9 3.6 0.75 

2 3.9 0.79 

2.2 4.2 0.87 

2.5 4.8 0.99 

2.9 5.5 1.14 

3.5 6.7 1.39 

 

2.4 Shake table motion 

The shake table motion applied is stochastically generated to 

fit the target spectrum defined by NZS 1170.5 for earthquake 

ground motion. This simulated ground motion was adopted in 

the study of Li et al. on bridge pounding [21]. The target 

spectrum is designed to match a subsoil class D site with a 

hazard factor (for Wellington City) of 0.4 and a return period 

of 2500 years. The ground motion time history and spectrum, 

with a 5% damping ratio, are shown in Figure 4. The upper 

plateau of spectral acceleration ranges from 0.1 to 0.58 s. The 

fundamental period of the structure, 0.43 s, falls within this 

range.  

 

(a)  
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(b)  

Figure 4. (a) Acceleration and (b) 5% damping spectrum of 

the ground motion applied  

 

3 RESULTS AND DISCUSSION 

3.1 Load-displacement characteristics 

In order to reveal the effect of sM / uM  on plastic hinge 

development, the relationship between moment at the column 

base and lateral displacement at the top of model is 

considered. Figure 5(a) shows the case of the model with 

sM / uM  less than 1, in which the activated inertial force 

from the earthquake motion initiates slippage of the artificial 

plastic hinge before uplift occurs. Four episodes of slippage 

take place and result in a residual displacement of 2.2 mm. 

The seismic energy transferred to the mass dissipates through 

plastic hinge development.  

Figure 5(b) is the moment-displacement relationship in the 

case of sM / uM  larger than 1, in which uplift takes place 

before slippage. Uplift can be observed, as highlighted by the 

circle in the figure. Two significant nonuniform loops, shown 

at a substantial positive moment, indicate that two episodes of 

strong uplift occur. As a result of footing uplift, no residual 

displacement is recorded. The seismic energy transferred to 

the mass dissipates through uplift.  

Figure 5(c) illustrates the moment-displacement 

characteristic when s uM M . Both uplift and plastic hinge 

development have occurred. A smaller residual displacement 

of 0.7 mm is induced compared to the case where sM < uM , 

due to the occurrence of uplift. The number of slippage 

episodes is also reduced from four to three. The seismic 

energy transferred to the mass dissipates through both uplift 

and slippage.  

In this case uplift takes place once the base moment 

exceeds uM . The line of action of the gravity force of the 

mass is no longer aligned with the centre line of the structure 

while foundation rotation takes place. The development of 

bending moment at the base of column continues and 

exceeds sM .  Therefore, the first uplift and slippage occurs 

simultaneously shown by the first traverse in the circled part 

in Figure 5(c). 

The results shown in Figure 5 also indicates that when 

designing a structure with uplift permitted, the moment to 

initiate plastic hinge development should be similar to or 

larger than the moment to initiate uplift. If sM / uM  is less 

than one it is likely that only plastic hinge development will 

occur. The occurrence of plastic action reduces the inertial 

force, thus uplift is less likely to occur. 

 

 (a)  

Top displacement (mm) 

(b)  

Top displacement (mm) 

(c)  

Top displacement (mm) 

Figure 5. Moment-displacement relationships in the case of 

sM / uM equal to (a) 0.9, (b) 1.1 and (c) 1 
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3.2 Footing response and residual displacement 

Large vertical footing displacement indicates a strong rigid 

body rotation. A strong rigid body rotation usually causes a 

large lateral top displacement of the structure, which may 

induce pounding with a closely adjacent building. When the 

eccentricity of the line of action of the gravitational force 

exceeds the eccentricity of the point of rotation from strong 

uplift, the structure will overturn. Substantial footing uplift is 

also likely to cause a strong footing-ground re-contact force 

and axial load on structural members. Therefore, several 

systems to limit the magnitude of footing uplift [16, 22] have 

been developed.  

Significant residual displacement implies the structure 

sustains severe damage. Substantial residual displacement can 

also cause extensive p-∆ effects, which may lead to collapse. 

 The effect of sM / uM  on the maximum vertical footing 

displacement and residual displacement of the structure is 

shown in Figure 6. As expected, an increase of sM / uM  

increases the maximum footing uplift and decreases the 

residual displacement. In the range of sM / uM from 0.8 to 1, 

moderate footing uplift and residual displacement can be 

observed. A compromise between strong uplift and large 

residual displacement may be achieved by controlling the 

plastic hinge capacity to a similar magnitude to the footing 

uplift capacity. 

 

 

 

Figure 6. Maximum vertical footing displacement and top 

residual displacement for different sM / uM  

 

3.3 Induced vibration 

Figure 7 shows the maximum top acceleration of the structure 

with different sM / uM  . As seen in the figure, the maximum 

acceleration at the top of the structure increases with 

increasing moment ratio. For a low sM / uM  ratio, the 

maximum top acceleration is relatively low due to most of the 

seismic energy being dissipated through significant plastic 

hinge excursions. For a high sM / uM  ratio, the maximum 

top acceleration is relatively high due to the significant 

foundation rotation. However, the rate of change in the 

maximum top acceleration due to an increase in moment ratio 

is gradual in the interval between 0.85 to 1 due to the 

concurrent effect of uplift and plastic hinge development.  

 

 

Figure 7. Maximum acceleration recorded for different 

sM / uM  

To reveal the effect of 
sM / uM on the frequency content of 

the induce vibrations, spectra of the lateral acceleration at the 

top of the model are plotted in Figure 8. It can be seen that 

sM / uM has an insignificant effect on the spectral shape but 

the peak spectral amplitude at 0.43 seconds. The greater the 

sM / uM value, the lower the spectral amplitude at this 

particular period, i.e.  plastic hinge development  reduces the 

maximum spectral amplitude. Since less plastic hinge 

development will be induced when the moment ratio is 

increased, greater spectral amplitude can be expected.  

 

 
                     Period (s) 

Figure 8. Response spectra of lateral acceleration at the top of 

model with 5% damping ratio 

4 CONCLUSSIONS 

This paper reports shake table tests on a SDOF model with 

concurrent plastic hinge development and footing uplift. The 

interrelation of these two nonlinearities is discussed. An 

artificial plastic hinge with rotational slippage was introduced 

to simulate possible plastic deformation of the structure. The 

capacity of the plastic hinge was altered by adjusting the bolt 

pressure. The model was free standing on a rigid platform so 

uplift could occur. Different ratios of moment to initiate 

sM / uM  

 

sM / uM  
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slippage to uplift, 
sM / uM , were applied. The ground motion 

applied is simulated based on a NZS 1170.5 design spectrum. 

The results reveal that: 

 To design a structure permitted to uplift, the moment 

to initiate plastic hinge development should be similar to or 

larger than that to initiate uplift. 

 When the moment to initiate plastic hinge 

development is close to the moment to initiate uplift, 

interaction of these two mechanisms will occur. The 

occurrence of concurrent uplift and plastic action limits the 

residual displacement. This helps to avoid extensive damage 

of the structure. It also may reduce the footing response to 

avoid overturning. 

 Plastic hinge development may reduce the peak 

spectral amplitude of induced vibration at the fixed-base 

fundamental period of the structure. In the case with a large 

sM / uM ratio, insignificant plastic hinge development occurs, 

thus large peak spectral amplitude may be observed. 

 

5 RECOMMENDATIONS 

As found in previous research, the response with uplift may be 

significantly affected by the geometry of a structure [3, 4]. 

Since a tall and slender structure is prone to uplift and 

overturn, the 
sM / uM ratio can be close to unity. Thus, plastic 

hinge development can take place during substantial 

foundation rotation. The inertial force may be reduced and 

overturning may be avoided. On the other hand, a short and 

square building is unlikely to uplift and overturn. A 

sM / uM ratio greater than one lowers the probability of 

damage to structural members.   
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ABSTRACT: Prevention of a progressive collapse event of a structure is a key design consideration. Commonly a sudden 
column loss scenario is analyzed to ensure the structure has suitable robustness; however, there is still a lack of experimental 
information regarding the influence of the dynamic effects involved. 

In this investigation 3 series of tests were conducted to investigate the dynamic response of a reinforced concrete flat slab 
structure after a column loss and to compare the damage caused by the inertial effects with a static push down test. In each test a 
substructure of a reinforced concrete flat slab at 1/3 scale was constructed and a UDL applied. For the static test a column was 
removed and the load increased.  This was compared to a slab in which the full load was applied and the support suddenly 
removed and the system allowed to deform until it reached equilibrium or complete failure. Displacements were recorded during 
the tests and a high speed camera used to capture the dynamic motion.  

The experiments demonstrated that flat slab structures are able to redistribute their loading effectively after a column loss. 
Whilst large levels of damage were observed, collapse due to flexural failure did not occur. However, punching shear was 
shown to be an issue due to the disproportionate role the immediate columns play in transferring loads. The response of a 
structure to the loss of a column is a dynamic event with the level of loading and extent of damage influencing the response. 
Increases in deflections of 1.3 – 1.5 were observed due to inertial effects, however this is far less than the Dynamic 
Amplification Factor of 2.0 commonly applied to the loading indicating this may be over conservative. 

KEY WORDS: Progressive collapse; Column loss; Flat slabs; Shear failure. 

1 INTRODUCTION 
The response of a structure after an initial damaging event is a 
critical consideration.  This is reflected in the Eurocodes basic 
requirements that: 

‘A structure shall be designed and executed in such a way 
that it will not be damaged by events such as explosion, 
impact, and the consequences of human errors, to an extent 
disproportionate to the original cause.’ [1] 

One option for fulfilling this is to ensure the design can 
survive the accidental removal of an individual member; this 
has led to the use of the sudden column loss scenario in which 
a key vertical element is removed and the structure analyzed 
to predict if further failure is likely. 

This situation has been investigated by a number of authors 
to determine the failure mechanisms and ultimate capacity of 
a damaged structure. These have included experimental tests 
on frame structures, both steel [2] and Reinforced Concrete 
(RC) [3-6]. This work has demonstrated the significance of 
nonlinear effects, both material and geometric, in providing 
additional capacity and preventing progressive failures. 
However sufficient ductility is required to allow yielding and 
the formation of catenaries else brittle failures may occur. 
These effects have also been considered numerically [7-11]. 

Further considerations have been given to the presence of 
slab elements which have been shown to increase the capacity 
of a structure after a column loss [12, 13]. RC slabs have 
complicated behavior at high loading due to their two 
dimensional nature allowing formation of tensile and 
compressive membranes [14-17]. Furthermore, their 

susceptibility to brittle mechanisms such as punching shear 
[18-22] may potentially lead to progressive collapse.  

Progressive collapse is also a dynamic issue and suitable 
account needs to be taken of the inertial effects involved after 
a sudden damaging event. This can be done by conducting a 
full dynamic analysis of the structure; however this is time 
consuming, expensive and requires experience in order to 
achieve accurate results. Alternatively, an equivalent static 
case can be considered with a Dynamic Amplification Factor 
(DAF) applied to the loading. Current design 
recommendations suggest a DAF of 2.0 [23].  The suitability 
of this value has been studied for some structural types but 
further investigation is need for flat slab construction [10, 24-
28]. 

This study provides much needed experimental evidence for 
the behavior of a flat slab structure after a sudden column 
loss. Three scaled slab models were investigated to simulate 
different column loss location scenarios and different levels of 
loading considered to observe the changes in the dynamic 
response.  Dynamic results were compared to static tests to 
assess the additional damage sustained due to inertial effects. 
Details regarding the redistribution of forces and the damage 
patterns after an extreme event provide an indication into the 
potential for collapse of the structure. 

2 EXPERIMENTAL PROCEDURE  

2.1 Method 

To investigate the behavior of an in-situ reinforced concrete 
flat slab structure, 3 series of 1/3 scale slabs were constructed. 

Influence of dynamic effects on a concrete flat slab after a sudden column loss 
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These allowed simulation of the removal of a corner, 
penultimate edge or an internal edge column. 

Two types of tests were conducted, an increase in static 
loading and a sudden dynamic column removal. Under the 
static case, the slab was placed on the supports and the 
column position under investigation was removed. A uniform 
force was then imposed across the entire sample by means of 
sand bags and the slab allowed to deform under the load 
during which force readings, deflections and cracking patterns 
were recorded. 

Before each test, whilst the slab still had all supports, the 
vertical reaction forces were recorded at each location. This 
allowed the change in force distribution to be determined.  

Under the dynamic removal, a similarly designed slab cast 
at the same time as the static, was loaded with sand bags 
whilst fully supported. Once the required UDL was achieved 
the chosen support was removed and the response recorded, 
primarily with a high speed camera. 

2.2 Test setup 

For the first series of tests a 2x1 bay subsection of a flat slab 
structure was constructed. The specimens were 4100mm x 
2100mm in plan with a depth of 80mm. Each sample included 
A142 mesh providing 6mm bars at 200mm spacing for both 
top and bottom reinforcement. Additional 6mm bars were 
added over internal supports. This set up was used to replicate 
a corner or penultimate column loss as shown in Figure 1. 

The middle column removal case used a 4x1 bay system, 
constructed in the same manner, with a total length of 
8100mm (Figure 2).  

Columns were simulated by 135mm square steel plates on 
bearings to allow rotations, each support also included a load 
cell to measure reaction forces. An example of the test set up 
is given in Figure 3 showing a fully loaded sample prior to the 
sudden removal of the front middle support. 

The details of each test type, including concrete data taken 
from samples, are given in Table 1. 

Linear Variable Displacement Transducers (LVDTs) 
sampled at 250Hz were used to measure vertical 
displacements at areas away from the column loss location. 
For the critical areas a Phantom V12.1 high speed camera 
capturing images at 2500fps allowed dynamic deformations to 
be recorded. Based on the camera resolution, target distance 
and imaging software, displacement readings were determined 
to be within ±0.1mm.  Additional video imaging was used to 
monitor the static deformations at the key areas. 

 

 
Figure 1. Details for corner and penultimate column tests 

 

 
Figure 2. Details for middle column test 

 

 
Figure 3. Photograph of slab P-D before dynamic testing 

Table 1. Test Details. 

Test ID Removal 
Position 

Test 
Type 

Concrete Cube 
Strength 
(MPa) 

C-S Corner Static 24.4 
C-D Corner Dynamic 26.7 
P-S Penultimate Static 33.8 
P-D 
M-D 

 

Penultimate 
Middle 

Dynamic 
Dynamic 

35.2 
30.6 

 
Figure 4. Mean change in distribution of forces to each 
support after corner column loss – Tests C-S and C-D 
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Figure 5. Annotated flexural cracks on the top surface of the 

slab after a corner column loss 

3 RESULTS 

3.1 Corner column removal 

Figure 4 shows the change in distribution of reaction forces 
for tests C-S and C-D. The change in distribution of force is 
calculated from the ratio of load each support takes between 
the damaged condition and its original fully supported value. 
The results at each load step were averaged to give the mean 
changes. 

The distribution of force to each support did not change 
significantly as the total load was increased, indicating that 
the sand bags were placed uniformly across the surface. This 
also suggests there are only two structural systems 
experienced, the fully supported and the damaged case, and 
that even high levels of damage do not result in a change in 
load paths. There is also a good agreement between the 
specimens tested, indicating that sudden changes in support 
conditions do not lead to a 3rd structural system. 

It is clear there is an increase in demand placed on the two 
adjacent columns, with an increase of between 41-57% whilst 
all other supports have decreased. 

 
Figure 6. Static displacements against load for corner column 

loss – Test C-S 

 
Figure 7. Displacements against time for different loadings at 

removal location after a corner column loss – Test C-D 

At high loading significant cracks formed due to the large 
increase in hogging moments in both tests, primarily on the 
top surface (Figure 5). Solid boxes indicate permanent support 
locations while the outline box is the location of the removed 
support.  Sagging cracks also formed on the underside as the 
slab now spanned diagonally.  

Displacements from the static increase in load for the corner 
loss condition are shown in Figure 6. 

In this condition all displacements show a linear response at 
low load, however after 4.55kN/m2 cracks start to form 
resulting in a decrease in stiffness to around 57% of the initial. 
At 6.04kN/m2 there is a discontinuity due to significant 
cracking over the adjacent support along with yielding of the 
reinforcement. This leads to an increase of displacements 
across the entire sample, with the maximum exceeding half 
the slab depth. After this, there is a brief stiffening period 
before a final softening with a relative stiffness of 6% of the 
elastic range. The slab continues to carry additional load until 
the test was aborted at 8.2kN/m2.  

 
Figure 8. Frequency spectrums for displacement following 

corner column loss at different loadings – Test C-D 
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Table 2. Results from dynamic removal – Test C-D 

Loading (kN/m2) 3.02  6.81  7.65  
 

Normalized Peak 0.07 0.59 1.16 
Amplitude / Peak (%) 60.7 7.36 11.91 

Peak / Final Displacement 1.42 1.02 1.07 

Damped Natural Frequency (Hz) 11.0 5.41 3.54/4.21 

Damping Ratio 0.01 0.24 0.123 
 

 
In comparison, Figure 7 shows the response of the same 

slab set up, but with a sudden removal of the support. Three 
different levels of loading are presented and the deflections at 
the column location are given, normalized against  the slab 
depth.  The frequency spectrum from a Fourier transform is 
also given for each of the load cases (Figure 8). 

Dynamic response values, i.e. the ratio of peak 
displacement to final, significance of the amplitude and the 
dominant frequency, are given in Table 2. 

As the total load increased there is a noticeable change in 
the response of the system. With a UDL of 2.47kN/m2 there is 
no damage and therefore little dissipation of the energy 
leading to a very low damping ratio, whilst the low total mass 
results in a high frequency. Whilst at 6.81kN/m2, when cracks 
are just forming, the damping ratio is 10 times higher.  In 
Figure 8, as loading increases there is a lower dominant 
frequency due to the larger mass in the system combined with 
the damage the structure as sustained. For the first two cases 
there is a strong peak frequency, however, at 7.65kN/m2 the 
large deflections and damage creates a two frequency 
response. 
There is also a change in relative size of the oscillations as a 
result of damage. Within the elastic range the amplitude 
between the first peak and first dip is 60.7% of the maximum 
displacement, indicating the structure returns relatively close 
to its starting value. Additionally, the peak displacement is 
1.42 times the final. Once permanent damage occurs both 
these ratios drop considerably as seen in Table 2. 

 

 
Figure 9. Collapse of slab after a corner column loss 

Finally the sample was loaded to failure, which occurred 
due to punching shear at the two adjacent supports as shown 
in Figure 9. 

3.2 Penultimate column removal 

For the loss of a penultimate column, Figure 10 shows the 
load-displacement plots at 4 locations across the sample for 
the static case. As seen in the corner condition above there is a 
linear response at low loads at all points, however once the 
slab experiences cracking and yielding at 3.93kN/m2 there is a 
significant reduction in its stiffness, 3.8% of the initial value, 
and extensive further damage is observed. In this case, as the 
slab edges were not restrained, there was no formation of 
plastic hinges over supports, nor could significant membrane 
effects develop, there was a linear relationship (R2=0.995) up 
to 6.45kN/m2, when the test was ended. 

The slab finally failed due to sudden shear failures at the 
two adjacent corner supports, as shown in Figure 11. 

Under the dynamic condition the deflections against time at 
3 locations for a UDL of 5.57kN/m2 are shown in Figure 12. 
At the removal location there is a strong peak in deflection 
followed by a low frequency oscillation until it quickly finds 
an equilibrium state. Also under this condition the back corner 
support experienced uplift, emphasizing further the change in 
distribution of loading to each support as a result of the 
column loss. This uplift however did allow the slab to rotate 
inwards and experience higher deflections than would have 
been possible had the supports been restrained. 

After the support has been lost, the removal location and the 
back support have damped natural frequencies of 3.36 and 
3.5Hz respectively. However, as the back support position 
becomes free it also vibrates at twice the primary frequency, 
as visible in Figure 13. 

Due to the damage experienced, mainly due to sagging 
cracking on the underside, there are large deflections, with a 
peak value of 1.49 times the slab depth.  

 

 
Figure 10. Static displacements against load for penultimate 

column loss – Test P-S 
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Figure 11. Shear failure of corner support – Test P-S 

 
 

 
Figure 12. Displacements against time after penultimate 

column loss at 5.57kN/m2 – Test P-D 

 
Figure 13. Frequency spectrums for displacements following 

penultimate column loss at 5.57kN/m2 – Test P-D 

 

Table 3. Results from dynamic removal – Test P-D 

Loading (kN/m2) 2.48 5.57 

Normalized Peak 0.14 1.49 
Amplitude / Peak (%) 44.3 6.82 

Peak / Final Displacement 1.48 1.09 

Damped Natural Frequency (Hz) 6.1 3.41 

Damping Ratio 0.277 0.198 
 
The different loading cases, shown in Table 3, indicate that 

although 2.48kN/m2 was within the elastic range for the static 
condition, there is evidence that the slab has now experienced 
damage.  The values of damped natural frequency and 
amplitude to peak ratio are noticeably lower than were 
observed in the other tests (Tables 1 and 3). Additionally the 
damping ratio and normalized peak are higher than would 
have otherwise been expected if damage had not occurred due 
to the inertial effects taking the material past its elastic limit. 
However, the dynamic factors are still much less significant 
with higher loading (5.57kN/m2). 

3.3 Middle column removal 

For the final test, M-D, support reactions were recorded and 
the change from the fully supported condition to the damaged 
are shown in Figure 14. The results for both left and right 
sides of the line of symmetry are given and show similar 
values indicating that the slab was loaded and deformed 
evenly. As seen before there is a high demand placed on the 
immediately adjacent supports whilst areas further away have 
a reduction. 

Dynamic removal tests were conducted at different loadings 
and the deflections at the column location captured from the 
high speed camera are plotted in Figure 15.  

 
Figure 14. Change in distribution of forces to each support 

after a middle column loss – Test M-D 
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Figure 15. Displacements against time for different loadings at 

removal location after a middle column loss – Test M-D 

 
While this condition shows the same behavior as the 

previous, there is a significant reduction in displacements. 
This is due to less rotation at the continuous supports, and the 
counterbalancing effect of the adjacent bays which also 
prevented uplift at the supports providing a more realistic 
condition.  At the lower levels of loading the bays adjacent to 
the damaged area experience a slight uplift, as shown by the 
negative displacements in Figure 16. This is due to the slab 
rotating inwards towards the removed support. However, at 
higher loadings, there is a brief uplifting effect, label (A) in 
Figure 16, but the damage sustained across the slab results in 
a final downward trend.  

In the later tests there was considerable cracking of both the 
top and bottom surfaces of the concrete. This led to large 
plastic deformations and the drift observed in Figures 15 and 
16. However, collapse due to total flexural failure did not 
seem likely and shear cracks did not form within the levels of 
loads tested.  

 

 
Figure 16. Displacements against time for the center of the 

adjacent bay after a middle column loss – Test M-D 

 
 
 

Table 4. Results from dynamic removal – Test M-D 

Loading (kN/m2) 3.10  6.86 8.51 
Normalized Peak 0.05 0.09 0.24 

Amplitude / Peak (%) 67.31 15.98 5.82 

Peak / Final Displacement 1.54 <0.92 <0.90 

Damped Natural Frequency (Hz) 13.4 8.55 6.00 

Damping Ratio 0.017 0.219 0.204 
 
Table 4 gives the values of dynamic effect for three loading 

levels. As observed for the earlier tests, in the elastic range 
(3.10kN/m2) there is a high frequency response due to the low 
levels of mass, combined with a small damping ratio due to 
the little dissipation of energy via plastic deformation or 
concrete fracture. This case also shows the influence of 
inertial effects on a lightly loaded slab, with a high peak to 
final displacement ratio, 1.54. 

As the loading increases there is a decrease in frequency 
response as would be expected, from 13.4Hz at 3.10kN/m2 to 
8.55 and 6.00Hz for 6.86kN/m2 and 8.51kN/m2 respectively, 
combined with similar increases in damping ratios due to the 
damage sustained. 

Finally, the response of the adjacent bay (Figure 16) shows 
a similar frequency of oscillation for the elastic test, 13.3Hz. 
However at the highest load there is still a damped frequency 
of 10.4Hz despite a damping ratio of 0.17 compared to 0.02 in 
the earlier test.  

Figure 17 shows a photograph of the underside of the slab 
after the test was completed with the cracks annotated. The 
primary cracking pattern is shown in black; here the two-way 
spanning nature of a slab structure after a column loss is clear 
by the diagonal cracks. The red lines are secondary flexural 
cracks that follow the reinforcement lines; these were more 
extensive than would be expected due to the slab not being 
continuous in both directions. The top cracking due to the 
increased hogging moments over the adjacent supports was 
almost identical to corner removal case shown previously in 
Figure 5. 

 

 
Figure 17. Annotated underside cracking pattern for continous 

slab – Test M-D 
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4 DISCUSSION 
These tests sought to replicate the effect of a column loss on a 
flat slab system. Analysis of the high speed footage shows that 
the support was completely removed within 50ms. Since, for 
the tests at loads high enough to cause damage, the slab took 
at least 200ms to reach a maximum the removal method can 
be considered instantaneous or sudden. 

The reaction force distribution and the cracking patterns 
shown in Figures 4, 5, 14 and 17 give a good indication into 
the change in load paths that a damaged slab experiences. The 
bending profile becomes truly two-dimensional, with new 
spans primarily acting diagonally between supports. 
Therefore, additional or continuous bottom reinforcement may 
not be the most effective means of increasing capacity. 
Furthermore, the distribution of forces remained similar 
between the two test types and at all loading levels, indicating 
that a static approach can be used in place of a dynamic 
analysis. 

There is also a disproportionate extra demand placed the 
supports closest to the removal location. Not only do they 
transfer the loads that were previously taken from the lost 
support, the change in spanning arrangement means they take 
a higher proportion of the load on the alternate bay, as shown 
by the decrease in forces at the further locations in Figures 4 
and 14. This increase of potentially more than 50% may 
therefore exceed the shear capacity of the slab. 

The results from the static tests show that even after 
cracking has occurred in the concrete, along with yielding of 
the reinforcement, the structure can maintain integrity and 
show a very ductile behavior.  However, the tests did 
emphasize that brittle mechanisms need to be avoided. 
Increasing punching shear capacity and ensuring surrounding 
supports have sufficient ductility can therefore prevent 
progressive collapse.    

It is also clear that the dynamic effects involved in suddenly 
removing a support can play a significant role. At low levels 
of loading, within the elastic limits, there typically is a strong 
peak in deflections followed by high frequency oscillations 
until it returns to equilibrium after 3 or 4 seconds. At larger 
levels of loading the behavior changes, the additional mass 
increases the inertial effect leading to a higher peak and more 
damage than from a static equivalent. However, the damage 
also dissipates energy from the system via crack formations 
and plastic deformations of the steel. This results in a lower 
frequency response which is damped out within a second or 
two. In some cases though, the damage the peak caused 
resulted in additional drift occurring which lasted much 
longer. 

The results also highlight the influence of the surrounding 
bays in preventing progressive failures. Firstly, the adjacent 
bays acted to counterbalance the damaged area leading to 
lower deflections. Additionally, the continuous slab condition 
in tests C-S, C-D and M-D allowed formation of plastic 
hinges which dissipated energy from the system, however, the 
plastic deformations did continue for a while after the test in 
some cases, as shown by peak to final displacement ratios 
which were less than 1. This effect could potentially lead to a 
later collapse. 

Considering the two test types show that at low levels the 
final dynamic deflections are comparable to the equivalent 

static type. This is due to the system remaining in the elastic 
range even after the inertial effects increasing the peak 
deflection by between 30-50%. However at higher loads 
larger permanent deflections and additional damage can be 
ascribed due to the dynamic influence. For the corner location 
there was a peak displacement of 1.35 times the value 
measured for a static test. This then lead to a final 
displacement of 1.26 times the static. 

Typically a factor of 2.0 is applied to the loading around a 
the damaged area during a static analysis to account for 
dynamic effects [23], however, after cracking occurs in the 
structure there is a reduction in its stiffness creating a 
nonlinear response. Therefore, at common levels of loading, 
there is not a direct relationship between the load applied and 
the level of displacement or damage. This is significant as an 
increase of deflections far less than 2.0 was observed, which 
corresponds to an even lower force factor. 

These tests alone cannot provide detailed information into 
the exact amplification factor that the dynamic case creates, 
however the results indicate that whilst inertial forces do 
increase the damage the structure will sustain and could 
potentially lead to progressive failures, this effect is far less 
than the commonly used factor of 2.0. Further numerical 
investigations will be conducted to consider this effect and 
determine suitable values for the DAF for flat slab structures. 

5 CONCLUSIONS 
Considering the results and discussion the follow key 
conclusions can be drawn. 

1.  A scaled substructure can be used to investigate the 
behavior of a flat slab after a damaging event, such as a 
column loss. However, the surrounding bays play a 
significant role in both the response and the ultimate 
capacity and therefore should be suitable included. Use 
of high speed monitoring methods also allows the 
response from a sudden removal to be studied 
accurately. 

2. Flat slabs have a complex behavior after a loss of a 
support which includes its two directional spanning 
nature as well as material and geometric nonlinearities. 
These effects can provide alternative load paths and 
capacity which prevent further failures from occurring. 

3. As a result of the alternative load paths, flat slabs can 
show a ductile behavior when a support is removed as 
long as the flexural reinforcement provides adequate 
integrity. However, brittle failure such as punching 
shear is a concern and designs should focus on 
preventing these mechanisms to protect against 
progressive failure. 

4. The column loss event is inherently dynamic and these 
effects need to be considered. The response changes 
from oscillation with a sharp peak and high frequency 
in the elastic range to a more gradual response that is 
quickly damped out once damage occurs. This is partly 
due to the increase in mass of changing the natural 
frequency along with this dissipation of energy via 
concrete cracking and plastic yielding. 

5. The increase in deflections as a result of the dynamic 
removal plays an important role in determining the 
potential for progressive failure. A peak increase of 
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50% more than the static case was observed during 
elastic responses, this may therefore cause damage to a 
structure near its limit. This effect though is less 
pronounced as the structure enters the nonlinear range 
and experiences damage. However, design 
recommendations of a load increase of 2.0 are very 
conservative, especially considering the nonlinear 
relationship between force and displacements after 
cracking.  
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ABSTRACT: Nowadays, virtual prototyping is often incorporated in the design process to accelerate the development of 

complex mechatronic systems. This implies that the use of experimental campaigns has to be reduced and the manufacturer has 

to rely more on simulation tools.  This paper presents the on-going activities on the integrated simulation approach for the 

design and analysis of complex mechatronic system. This includes the development of a flexible multi-body model, a lumped 

parameter driveline model and a control system. In order to demonstrate the potential of the virtual design and analysis process 

for modern mechatronic systems, an industrial machine tool is used as a case study. It is observed that the dynamic 

characteristics of the machine are dependent on the spatial position of the head. However, it is found that these configuration 

dependent dynamics have negligible influence on the planar motion of the machine. In order to predict the dynamic behavior of 

the machine, forecast the influence of specific design changes, and assess the impact of different control architectures with full 

confidence, the model needs to be validated. To this end, the simulations of the model are compared with the results obtained on 

a physical prototype.  

 

KEY WORDS: Mechatronic system modeling; Virtual prototyping. 

 

1 INTRODUCTION 

The rising demands of high speed and high precision 

mechatronic systems, while reducing the time to market, 

motivates to include virtual prototyping in the design and 

development process, see [1], [2], [3] and [4]. Examples of 

such mechatronic systems include pick-and-place machines 

[5], milling machines [4], water jet cutting machines [3], 

weaving looms [6], 3D rapid prototyping machines, cartesian 

mechanisms etc. Such systems consist of several sub-systems 

or modules from different engineering disciplines varying 

from hydraulic components over controller hard- and software 

till electro-mechanical drivelines and storage elements. 

In this paper, an integrated approach is presented for the 

modeling of mechatronic system. In this approach, each 

module is described separately in their most suitable 

formalism. The formalism in which these different laws are 

described depends on the complexity of the system and the 

desired accuracy; for the machines having elastic components 

and subjected to significant excitations, flexible multi-body 

models are required [7]. In contrast, an electric motor or a 

gear-box can, in most cases, be described by ideal lumped 

components. These modules or sub-systems are combined 

with each other via a bondgraph approach. A more detailed 

description is given in [6] and [8]. After building the plant 

model, a controller can be concatenated with the model of the 

physical system. 

The coupling of such sub-systems allows us to test different 

control strategies [5], to evaluate the performance and 

robustness of the closed loop system [9], to analyze the impact 

of specific design changes and to assess the performance of 

reduced order models as well as reduced order controllers. 

Moreover, if a prototype of the system is available, this 

methodology allows to use simulation results to prepare 

experiments. The obtained experimental results can then be 

used to update the model. A 3-axes machine tool is used to 

demonstrate the approach in this paper. 

1.1 System description 

The industrial case study is a 3-axes machine tool, shown in 

Figure 1. The gantry of the machine tool moves in the X-

direction, whereas the head is capable of moving along the Y 

and Z directions. As the variation in the Z-axis is expected to 

be small during machine operation and has a negligible 

influence on the machine performance, it is not taken into 

account for the analysis. The total mass of the gantry is 330 kg 

including the head mass of 50kg. The machine is equipped 

with two rotary motors, along the sides of the gantry, which 

drive the machine in X-direction via rack and pinion 

mechanisms. In addition, a linear motor is used to actuate the 

machine head in Y-direction. The displacement of the rotary 

motors are measured via built-in encoders, whereas, the 

position of the linear motor is measured by an optical encoder 

attached along the length of the gantry. Moreover, Bernecker 

and Rainer (B&R) Automation studio platform is used to 

implement controllers for the physical prototype. The purpose 

of this machine is to move the tool center point (TCP), fixed 

on the machine head, along a given trajectory in the 

workspace as fast and precisely as possible. An experimental 

prototype of the machine tool is shown in Figure 2. 
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Figure 1. CAD model of an industrial machine tool 

 

Figure 2. Prototype of an industrial machine tool 

1.2  Paper Outline 

This paper presents an integrated approach for the 

mechatronic modeling of an industrial machine tool. To this 

end, Section 2 describes the mechatronic system modeling in 

detail. Section 3 describes the machine tool prototype used to 

validate the obtained model, discusses the performed 

experiments and measurement setup. Section 4 discusses the 

influence of configuration dependent dynamics with respect to 

the spatial position of the machine head. Section 5 compares 

simulation results and experimental data, and Section 6 

concludes this paper. 

2 MECHATRONIC SYSTEM MODELLING 

The complete mechatronic model combines a 3D model 

flexible multi-body (FMB) model of the structure, a 1D 

lumped parameter model of the driveline and a controller. 

This Section describes these different sub-systems and 

discusses how to combine them in an integrated architecture.  

2.1 3D Flexible Multi-body model 

The FMB model requires models of flexible and rigid bodies, 

and mechanisms for the interconnecting rigid and flexible 

bodies. In addition, a connection with the rest of the system 

(i.e. 1D model and controller) needs to be established. 

Moreover, a reduced order model is required for efficient 

simulation purposes. In the sequel, these elements are 

described. 

 

 Rigid and flexible bodies: 

For the current case study, it is assumed that the head of the 

machine tool is a rigid body. The gantry and the tool 

attachment bracket, shown in Figure 1, will undergo elastic 

deformation during machine operation in addition to the rigid 

body motion. 

Thus, the FMB model of the machine tool consists of a rigid 

head, a flexible tool attachment bracket fixture and a flexible 

gantry. Building a flexible body/assembly starts with creating 

the finite element (FE) meshes of the individual parts of the 

assembly. As a FE mesh is based on the actual geometry, a 

computer aided design (CAD) model is used as a starting 

point for creating the mesh. In order to develop the physical 

prototype, shown in Figure 2, the designers usually develop a 

detailed CAD model of the machine tool with all the 

components and auxiliary systems. In practice, not every 

detail of the geometry is required or taken into account. Small 

auxiliary systems are neglected or assumed rigid to decrease 

the complexity and the degrees of freedom (DOF) in the FE 

mesh. Other details like fillets, chamfers, small holes, grooves 

etc. are removed if they have a negligible effect on the mode 

shapes and eigenfrequencies of the individual body[10]. The 

next step is to combine the different FE meshes of the 

components together to form an assembly. 

The flexible model of the tool attachment bracket consists 

of an aluminum bracket together with the lumped mass of the 

tool. The FE model of this attachment bracket has 

approximately 32000 DOF. The complete gantry has 5 

components that are connected to each other via bolted 

connections. Three of these are made up of aluminum and the 

other two are made up of steel. Each bolted connection is 

represented by a multiple point constraint (RBE2 element). 

The auxiliary systems (i.e. motors, cables, bellows, valves 

etc.) are added to the FE model as an equivalent point mass 

with the same inertial properties. Similar multiple point 

constraints (RBE3 element) are used to attach them to the FE 

mesh. The connection between the gantry and the guides are 

defined by a 6-DOF stiffness relation (CELAS element), 

where the stiffness is set to zero in the translational direction. 

The complete gantry model has approximately 0.7 million 

DOF. The FE models, shown in Figure 3, have been meshed 

sufficiently dense to ensure convergence. 

 

 

 

Figure 3. FE models of the flexible bodies [Models are scaled] 

 

The model parameters are not always known beforehand, 

are uncertain or vary over time. This makes it very difficult to 

correlate the model with reality as the number of uncertain 

parameters is substantial and thus creating a vast space of 

possible parameter combinations. The connection between the 

gantry and the guides are defined by the stiffness values in 5 

directions (1 translational direction is left free). A limited set 

of sensitivity analyses have been performed for different 

values of stiffness in the guides, and from that it can be 

conclude that the dynamic behavior is highly dependent on 

these flexibilities. For the current simulation model, the 
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stiffness values recommended by the machine tool 

manufacturer are used. These values correspond to one-fourth 

of the stiffness values given in the datasheet of the guides. 

The actual values for the stiffness are still uncertain and 

depend on preload, manufacturing tolerances, lubrication, 

assembly alignments, etc.  

In order to understand the dynamic characteristics of the 

flexible components, the numerical modal analyses have been 

performed for: (i) the tool attachment bracket with clamped 

boundary condition and (ii) the gantry with the head in the 

middle and the left extreme positions. In the latter case, the 

head is added as a point mass. Figure 4 and Figure 5 illustrate 

the first bending mode of the tool attachment bracket and the 

gantry machine, respectively. It can be seen that the mode 

shape and the eigen-frequency of the gantry machine are 

dependent on the spatial position of the head. Based on the 

visual analysis of this bending mode, it is expected that the 

planar motion performance of the machine (X-Y 

displacement) will be influenced negligibly by this mode. In 

contrast, it is expected that the first bending mode of the tool 

attachment bracket will influence the planar motion of the 

machine significantly. 

 

Figure 4. Mode shape for the first bending mode of tool 

attachment bracket (182 Hz)   

 

 
Head at the left position 

 (116 Hz)  

Head at the middle position 

(102 Hz) 

 

Figure 5. Mode shape for the first bending mode of gantry 

It is clear from the FE analysis that the dynamic behavior of 

the gantry machine is configuration dependent. In order to 

determine to which extend this dependency influences the 

machine planar performance, we need to identify the system 

behavior with respect to system inputs. Therefore, we will 

continue with developing the FMB model.  

 

 Mechanism: 

Next, a mechanism can be built by defining joints and 

constraints between the different bodies at the interface points. 

All joints are assumed to be ideal and have no flexibilities nor 

friction. Translational joints are used between guides and 

rails, and a flex-point curve joint (i.e. joint between flexible 

and rigid bodies) is used to attach the rigid head with the 

flexible gantry. The flexibilities in the guides for the X-axis 

are already incorporated in the FE model, whereas the guides 

for the Y-axis are assumed to be rigid. Moreover, it is 

assumed that the rails for the X-axis guides are rigid and 

attached rigidly with the ground. 

 

 Interface: 

When the flexible multi-body model is created, an interface 

with the rest of the system (i.e. 1D model) is established via 

control nodes. These control nodes can be used to apply forces 

and measure displacement, velocity and acceleration. The 

flexible multi-body model is developed in LMS Virtual.Lab 

Motion Environment [11], and is shown in Figure 6. 

 

 Model reduction: 

The developed FE models for the gantry and the tool 

attachment bracket have approximately 0.7 million and 32000 

DOF, respectively. These models are not directly suitable for 

efficient computer simulation purposes. Therefore, there is a 

need to obtain reduced order models. The reduced order 

models are computed by using the component mode synthesis 

(CMS) technique [12] - a well-known method in linear 

structural dynamics. Craig-Brampton modes are computed for 

the gantry (without head) and the tool attachment bracket in a 

solver package i.e. MSC/MD NASTRAN. With this method, 

each mode of the flexible body adds one generalized 

coordinate to the system [11].  

The interface or connecting DOFs are preserved [13]. The 

total number of modes used for the simulation of the gantry 

and tool attachment bracket are equal to 60 and 38, 

respectively. The obtained reduced order models via CMS are 

suitable for simulation purposes. Finally, it is necessary to 

mention that 2.5% modal damping is added. This estimate is 

based on the experimental modal analysis performed earlier 

on the physical prototype.  

 
 

Figure 6. Flexible multi-body model (LMS Virtual.Lab 

Motion Environment) 

 

2.2 1D Multi-physics model 

The other relevant parts of the system, that do not require a 

detailed description of the geometry, are modeled by a lumped 

parameter approach using the bondgraph method. Although 

only mechanical components are described for this particular 

exercise, this is not a constraint for the methodology. The 

bondgraph method couples components together by means of 

energy relations which are independent of their physical 

domain. This means that every interface point consist of effort 

and flow variables that uniquely define the power at that 

particular interface point [6]and [8]. This approach of energy 

relations can be exploited to integrate sub-systems with 

different formalism together i.e. lumped parameter models can 
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be combined with flexible multi-body models as long as an 

appropriate energy relationship is defined at the interface 

points. LMS Imagine.Lab AMESim provides a platform for 

modeling and analysis of physical multi-domain systems, 

governed by ordinary differential equation ODE or differential 

algebraic equations DAE [14]. 

This platform is used to model the lumped parameter 

driveline model. The modeled driveline for the X-axis consists 

of a motor inertia, a gear-box (modeled as an ideal reducer), a 

rack and pinion mechanism (modeled as an ideal transformer), 

and the lumped stiffness and damping in the driveline. The 

modeled drive-line for the Y-axis consists of a linear force 

input. The stiffness and damping values of the X-driveline is 

provided by the machine manufacturer. All the other 

parameters are taken from the datasheets of the components. 

The models developed in AMESim for both the axes are 

shown in Figure 7.  

 

 

Figure 7. One-dimensional lumped parameter driveline 

models for the X and Y axes (LMS Imagine.Lab 

Environment) 

 

2.3 Controller 

The accuracy of the machine operation is significantly 

dependent on the performance of the servo drive's controller. 

The purpose of the machine is to follow desired geometric 

trajectories as quickly and precisely as possible. This implies 

that the machine should follow geometric trajectories time 

optimally with limits on the deviation of TCP from the given 

trajectories. In machine industry, this deviation is referred to 

as contouring error i.e. the component of error perpendicular 

to the given trajectory [15]. A cascaded scheme with the P 

(proportional) and PI (proportional-integral) controllers for 

the position and velocity loops, respectively, together with 

velocity and acceleration feedforward has been chosen, as 

shown in Figure 8. More on servo drive control for machine 

tools can be found in [15]. There are two main reasons for 

choosing this type of control scheme: (i) this cascaded control 

is very common in machine industry, (ii) at present, this 

scheme is implemented on the B&R Automation studio 

platform for the physical prototype. In order to compare the 

closed-loop performance of the real machine and virtual 

model, the controller parameters tuned on the physical 

prototype are used for the virtual model. The controllers for 

the X and Y axes drives are attached to the corresponding 1D 

drive-line models in AMESim.  

 

 

Figure 8. Schematic of cascaded controller 

 

2.4 Model Integration 

The 1D lumped parameter model and the 3D FMB model are 

built separately on different platforms. In order to analyze the 

overall dynamic behavior of the system, these models have to 

be simulated in an integrated fashion. To accomplish this, the 

following two approaches are supported by Imagine.Lab 

AMESim and Virtual.Lab Motion platforms: 

 Co-simulation: With co-simulation, the state 

equations of the different sub-systems (1D/3D) are 

solved independently and their data is exchanged at 

discrete time steps. 

 Coupled simulation: In this case, the complete set of 

state equations of all the sub-systems is processed 

with a master solver. 

In each case, the different sub-systems have to be treated as 

an equivalent bondgraph component in order to interface them 

with each other. In this particular case, the most 

straightforward option is to combine both sub-systems via co-

simulation. This approach is justified as long the 

communication interval between the two platforms is small 

enough in order to ensure that fast dynamics are not missed by 

the solver. A communication interval of 100 µs has been 

chosen for the simulation; however, the data is sampled every 

400 µs to remain consistent with the experimental 

measurement setup. 

3 EXPERIMENTAL AND VIRTUAL IDENTIFICATION 

Now, the developed mechatronic model is ready for the 

analysis via co-simulation. This implies that the dynamic 

behavior of the system can be identified and validated. Since, 

a physical prototype of the machine tool is available, the same 

experiments can be performed on the physical and virtual 

prototype. The obtained results can be compared to check the 

accuracy of the model. In this Section, first, the experimental 

measurement setup is discussed. Next, the technique used to 

identify the dynamic behavior of the physical and virtual 

machine is described. Finally, the obtained results are 

presented and compared.  
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3.1 Experimental Setup 

The motors displacements are recorded by synchronously 

logging the motor encoder signals. A Heidenhain KGM grid 

encoder [16] is used to measure the response at the TCP. The 

KGM sensor system comprises a scanning head and a grid 

plate embedded on a base plate. The advantage of this 

measurement system is that it allows us to perform contactless 

displacement measurement of the TCP. In order to perform 

these measurements, the base plate is mounted on the table of 

the machine tool and aligned by using a dial indicator. Then, 

the scanning head is attached to the machine head by using a 

sheet metal bracket fixture.  

3.2 System Identification 

Since it is not safe to perform open loop identification 

experiments on the actual physical prototype, closed loop 

frequency domain identification performed to identify the 

machine tool, see [17]. The same technique is used to identify 

the model of the virtual machine tool with virtual sensors. 

Periodic multi-sine (with frequency components between 10 

and 500 Hz) excitation experiments are performed in order to 

estimate frequency response functions (FRFs). These 

excitation signals are injected as an input current to the 

motors. The current signals are converted to force and torque 

(correspond to the linear and rotary motors, respectively), for 

the virtual prototype. During these experiments, the position 

controller is not used, whereas the velocity controller is 

detuned. The reference velocity is set to zero. The FRFs from 

X-axis motor torque to the displacements of the rotary motor 

and TCP in X-direction are shown in Figure 9 and Figure 10, 

respectively. In addition, the FRFs from Y-axis force to the 

displacements of the linear motor and TCP in Y direction are 

shown in Figure 11 and Figure 12, respectively. 

3.3 Results 

The following observations are made: 

 X-axis: The small differences in phase at low 

frequencies observed both in the motor encoder and 

TCP FRF's indicate the existence of friction in the X-

axis driveline. The magnitude and phase of the 

encoder FRF correspond very well up to a certain 

level of accuracy. However, the TCP FRF shows 

significant discrepancies at the frequencies higher 

than 125 Hz. The flexible mode near 185 Hz also 

correlates with the simulation. The mismatches for 

the frequencies higher than 125 Hz are due to the un-

modeled dynamics or uncertain parameters. This is 

currently under investigation.  

 Y-axis: Similar to the X-axis, the small differences in 

phase at low frequencies observed both in the motor 

encoder and TCP FRF's indicate the existence of 

friction in the Y-axis driveline. The mass line 

behavior for these FRFs matches very well with the 

simulation model for the frequencies up to 100 Hz. 

For the encoder FRF, the small discrepancies at 

higher frequencies (such as at 150 Hz) are due to the 

joint stiffnesses between different components inside 

the head. For the TCP FRF, the discrepancies at 

higher frequencies, both in magnitude and phase, are 

due to the un-modeled dynamics. 

 

 
Figure 9. FRF from X motor torque to X motor encoder 

 

 
Figure 10. FRF from X motor torque to TCP displacement 

in X direction 

 

 
Figure 11. FRF from Y motor force to Y motor encoder 

 

 
Figure 12. FRF from Y motor force to TCP displacement in 

Y direction 
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3.4 Discussion 

The comparison of the FRF's identified on the experimental 

and virtual prototypes reveals a good correspondence between 

model and real system and a number of discrepancies. There 

are a number of possible reasons for these discrepancies: (i) 

uncertain parameters (such as stiffness in the guides, damping 

in the system, material properties), (ii) modeling assumptions 

and simplifications (for instance, neglected friction and 

flexibilities in the joints), (iii) manufacturing tolerances, (iv) 

un-modeled dynamics(for instance, rigid head assumption), 

(v) environmental and other boundary conditions. 

However, more experimental investigation is required to 

further improve the model. Consequently, this will facilitate to 

tune and update the model further. 

 

4 INFLUENCE OF CONFIGURATION DEPENDENT 

DYNAMICS 

In section 2.1, the FE analyses have shown that the dynamic 

characteristics (bending mode) of the machine are dependent 

on the spatial position of the head. However, both in the 

virtually and experimentally identified system, the bending 

mode is not observable at TCP in X and Y direction, see 

Figure 10 and Figure 12. In the sequel, the influence of 

configuration dependent dynamics is investigated.  

The periodic multi-sine excitation experiments are repeated 

on the prototype for two different spatial positions of the head 

i.e. middle and left extreme. The Heidenhain KGM grid 

encoder is capable to log planar motion data i.e. X and Y 

displacement in our case. In order to measure the TCP 

displacement in Z-direction, additional PCB ICP 

accelerometers are used. For the data acquisition of these 

additional accelerometers, LMS SCADAIII hardware in 

combination with LMS Test.Lab software are used.    

The FRF from X-axis motor torque to the TCP 

displacement  in X-direction is shown in Figure 13.  It can be 

seen that the configuration dependent bending mode is not 

observable for both spatial positions of the head. The flexible 

mode near 185 Hz correlates well with the mechatronic 

model. This mode corresponds to the bending mode of the 

tool attachment bracket, see Figure 4. 

 

 
 

Figure 13. FRF from X motor torque to TCP displacement 

in X direction for different spatial position of the head 

 

The FRF from Y-axis force to TCP the displacement in Y 

direction is shown in Figure 14. It can be seen that the 

configuration dependent bending mode is not observable.   

 

 

 
 

Figure 14. FRF from Y motor force to TCP displacement in 

Y direction 

 

In order to observe the configuration dependent bending 

mode, the FRF from X-axis motor torque to the TCP 

displacement in Z-direction is shown in Figure 15. This figure 

clearly shows that the resonance peak around 100 Hz depends 

on spatial position of the head (i.e. 98 Hz and 112 Hz for 

middle and left head positions, respectively). This mode 

corresponds to the bending mode of the gantry machine, see 

Figure 5. However, the influence on the TCP displacement in 

Z direction doesn’tdegrademachineplanarperformance. 

 

 

 
 

Figure 15. FRF from X motor torque to TCP displacement 

in Z direction 

 

Based on the above analyses, it is concluded that the 

configuration dependent dynamics have negligible influence 

on the planar motion (X-Y displacement) of the machine TCP.  

This may be due to the fact that either this mode is not excited 

well with the motor inputs or the mode shape doesn’t

influence the TCP displacement in X and Y directions. 

5 CLOSED-LOOP SYSTEM PERFORMANCE 

EVALUATION 

Figure 16 shows the geometric tool path used to evaluate the 

system performance in closed-loop, both for the physical and 

virtual prototype. This trajectory is a 50 mm x 50 mm square 

with 5 mm filleted corners. Based on this geometric tool path, 

time-optimal motion trajectories for both axes are generated 

using the approach developed by Van Loock et al. [18] 

allowing a geometric error of 1 µm and constraints on axes 

velocity, acceleration and jerk equal to 0.5 m/s, 20 m/s
2
 and 

800 m/s
3
, respectively. The computed positions, velocities and 

accelerations are used as inputs to the controller shown in 

Figure 8. The controller parameters for the physical and 

virtual prototype are identical.  

Figure 17 compares the measured and simulated TCP 

displacements. It can be observed that the maximum absolute 

contouring error at the TCP is 48 µm and 30 µm for the 

physical and virtual prototype, respectively. The difference 

between the experimental and simulation results is due to the 
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mismatches between the experimentally identified and virtual 

models. However, for the manufacturers of machine tools, 

such a qualitative match between the actual and virtual 

machine at early design stages is very useful to assess design 

changes.  

 
Figure 16. 50 mm x 50 mm square with 5 mm filleted corners 

 

 
Figure 17. Comparison of measured and simulated TCP 

contouring error 

6 CONCLUSION 

This work presented the on-going research activities in 

development, simulation and validation of mechatronic 

models for complex mechatronic systems such as the 

considered machine tool. A flexible multi-body model and a 

1D lumped parameter model together with the controller are 

developed. A co-simulation is set up between these models.  

It is shown that unlike 1D lumped modeling approach, the 

flexible multi-body approach allows us to model the elastic 

deformation behavior of the system (i.e. gantry and tool 

attachment bracket). In addition, it is observed that the 

dynamic characteristics of the machine are dependent on the 

spatial position of the machine head. However, it is found that 

these configuration dependent dynamics have negligible 

influence on the planar motion of the machine. In order to 

correlate the virtual model with reality, the modeler has to use 

engineering intuition, assumptions and experience, 

experimental data and analysis to decide on various factors; 

for instance, which parts of the machine can be assumed rigid. 

Once the mechatronic model correlates well with the 

experiments, it is a very useful tool to predict the dynamic 

behavior of the machine at early design stages. The model can 

also be used to forecast the influence of specific design 

changes, and to assess the impact of different control 

architectures. This helps to reduce the time consuming and 

costly procedure of making physical prototypes after every 

design change. Consequently, the manufacturers of 

mechatronic system can reduce time to market while meeting 

with market demands. 
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ABSTRACT: In this study a bi-cable circulating gondola ropeway system is considered. Authors base on the comprehensive 
theoretical model of a multi-span carrying cable formulated by using an analytical continuous approach. Equations of motion 
describing in-plane carrying cable vibrations due to moving in-service load are derived using Ritz approximate method 
combined with Lagrange equations. Traveling passenger cars are modeled as physical pendulums moving at constant speed 
along cable track. Two sets of equations of motion of two sub-systems: carrying cable and traveling cars are nonlinear and 
coupled, and they contain coefficients which are dependent on time. In formulated equations we identified two different reasons 
of geometrical nonlinear influences. One of them is nonlinearity typical for cable structures, caused by: (i) changes in cable 
route configuration due to moving load, (ii) large displacements leading to Green-Lagrange deformation formula. Such 
nonlinear effects are represented in matrix equation of motion of the system by nonlinear elastic cable forces. The main 
objective of this paper is to evaluate how these nonlinear forces affect the static and dynamic behavior of the cable subjected to 
moving cars. Numerical analysis is performed for an example of 3-span inclined cableway tensed by counterweight.  
So-called “nonlinear amplification factor” is estimated by comparing nonlinear and linear cable displacements and 
counterweight displacements. Then the permissible level of nonlinear effects is assumed and related to it, permissible level of 
linear transverse cable displacements is determined in static solution. Presented results show that the proposed nonlinear 
analysis can be useful for determining some practical guidelines for cable displacements’ limitation in considered cableway 
structures.  

KEY WORDS: bi-cable ropeway, multi-span cable, geometrical nonlinearity, statics, dynamics, moving load

1 INTRODUCTION 

Aerial cableways are familiar transport system which 
performs well especially in difficult terrain conditions in 
mountain regions (ski resorts, sightseeing areas), however 
they become increasingly popular in cities as an alternative 
means of public urban transport. For passenger transportation 
different types of ropeways are used since various technical 
systems and their combinations have evolved over many 
years. They can be grouped by two main criteria: the number 
of ropes with different functions (mono-, bi- and multi-cable 
ropeways) and the type of motion (continuous (circulating), 
reversible and pulsed operation). For further classification, 
e.g. type and size of cable cars, possibility of their detach at 
stations (grip types), etc., are taking into account. To cover 
longer distances and higher elevations using less number of 
intermediate supports, bi-cable ropeways constitute a feasible 
technical solution, optionally with circulating or reversible 
operation system (see Figure 1).  
As we can observe the great variety of considered systems, it 

is difficult to formulate a universal model and common 
computational procedure to investigate static and dynamic 
behavior of such structures. Then scientific publications often 
handle cases of certain type of load acting on individual type 
of ropeway (already built and being in use), especially when 
authors undertakes the research of dynamic load [1–5] which 
usually concern selected problems, e.g. dynamic behavior of 
carrying and hauling rope [1], [4] or carrying-hauling rope [5], 
rope and carriers reaction to lateral wind [3], etc.  

 
Figure 1. Bi-cable circulating detachable gondola ropeway. 
 
A literature review on the analysis of cable structures 

reveals that modeling of an individual cable or cable system is 
challenging, because they are highly nonlinear. Moreover the 
complexity of the system, in which geometry and load 
conditions are continuously changeable during exploitation, 
causes that comprehensive dynamic nonlinear analysis is 
quite complicated. From theoretical point of view, mostly we 
can find papers which deal with certain basic problems of 
suspended cable dynamics, but there are not many 
publications which bring up the subject of nonlinear statics 
and dynamics of ropeway cable under moving in-service load. 
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In all above-mentioned studies [1–5] the cable was regarded 
as a single-span structure modeled by using  FEM. The 
authors of this paper created mathematical model of  the 
carrying (track) rope idealized as multi-span continuous cable 
tensed by counterweight subjected to traveling passenger 
carriers modeled by pendulums, which is described in detail in 
References [6–8]. The formulated model is fully nonlinear and 
allows to analyze in-plane cable displacements. The main 
topic of this paper is to investigate an influence of cable 
geometrical nonlinearity on static and dynamic displacements 
of carrying rope and tensioning device (counterweight) in 
three-span bi-cable circulating gondola ropeway under 
moving load. On the basis of nonlinear analysis it would be 
possible to determine maximal permissible displacement in 
considered ropeway subjected to in-service load, in 
accordance to assumed acceptable level of nonlinear effects. 

2 MODEL OF A CARRYING CABLE SUBJECTED TO 
MOVING PASSENGER CARRIERS 

Because the proposed model of a carrying cable of bi-cable 
circulating ropeway loaded by moving in-service load is fully 
formulated and extensively described in previous authors’ 
publications [6], [8], and as in this paper the studies are 
mainly aimed at the analysis of calculation results, we briefly 
summarize the most important assumptions.  

We consider a carrying rope as a multi-span continuous 
cable, anchored at one end of the track (in a top terminal) and 
pre-tensed by a sliding counterweight with mass T at the other 
end (in a bottom terminal). Cable route runs in one vertical 
plane as it is shown in Figure 2. The suspended cable slides 
without friction on intermediate and inflexible supports. Mass 
of the cable per unit length, denoted by m, and longitudinal 
stiffness EA of the cable are constant lengthwise all spans. As 
the small strains and large cable displacements are expected, 
Green-Lagrange deformation of the carrying cable is valid. 
Cable material follows Hook’s law. In-service load acting on 
the carrying cable of an aerial ropeway is caused by moving 
passenger carriers represented by physical pendulums (see 
Figure 3). It is assumed that gondolas move along cable with 
constant line speed v which is related to the direction of 
spatial coordinate x measured along the average track slope 
defined by ϕ  angle. This simplification seems to be justified 
as cable sags in a dead-load static configuration are small due 
to high initial cable tension. Along x axis downhill motion of 
the jth carrier is described by the function: xj = vt ‒ (j‒1)d, 
where d denotes constant interval between carriers.  

 
Figure 2. Model of an inclined carrying cable subjected to 

moving in-service load. 

Distributed mass of the carrier is lumped into concentrated 
masses of individual units: carriage (Mc), hanger with cabin 
(Mch) and passengers (Mlj), with rotational mass moments of 
inertia Jch and Jlj. Thus, the cable car is represented by  
a single-degree-of-freedom pendulum which swaying 
movement in the cable sag plane is defined by rotational angle 
θj, as it is shown in Figure 3. 

 

 

Figure 3. Model of a passenger carrier as swaying pendulum. 

 
Cable displacements in the ith span due to the action of 

distributed loads are described by two components: 
longitudinal displacement ui (xi, t) and transverse 
displacement wi (xi, t), measured in x and z directions, 
respectively, in reference to initial static configuration (under 
dead load). The initial tensions for all cable spans can be 
obtained in the general form H0i (xi) = H0 + mgsinϕ[(li + 
…+ lk) – xi], where H0 = Tg + mglk+1 describes constant initial 
tension of the cable with horizontal chord (ϕ  = 0).  

 Vibrations of a cableway system are described by two sets 
of equations of motion of two sub-systems: carrying cable (1) 
and passenger cars modelled as pendulums (2). Equations are 
derived on the basis of Ritz approximate method combined 
with Lagrange equations. Governing equations are nonlinear 
and coupled, and they contain coefficients which are 
dependent on time and angular displacements of pendulums: 
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tF  is time-dependent excitation vector, 

RN(q) is vector of nonlinear elastic forces and {J}, { c}, { S} 
are diagonal matrices of pendulums’ parameters (see 
References [6–8]). We identified two different reasons of 
geometrical nonlinear influences: i) nonlinearity related to 
cable-car interaction, which was examined in previous 
research [6–8], ii) nonlinearity typical for cable structures, 
caused by changes in cable route configuration due to moving 
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load, and large displacements leading to Green-Lagrange 
deformation formula. In further considerations, nonlinear 
components of the interaction between a cable and moving 
carriers will be neglected for brevity of numerical analysis 
intended mainly to investigate nonlinear elastic cable forces 
assembled in vector RN(q). Then, the final matrix equation of 
motion of the cable-car system modelling a multi-span 
ropeway subjected to moving in-service load has the 
following form: 
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System of equations of motion (3) remains nonlinear and 
coupled, however coefficients of equations are only time-
dependent (do not depend on pendulums’ displacements). All 
components of the Equation (3) are derived and defined in 
detail in References [6], [8]. 

3 NUMERICAL  ANALYSIS OF GEOMETRICAL 
NONLINEAR EFFECTS 

3.1 Definitions of introduced concepts and measures 

For clear and easy interpretation of results obtained in 
numerical analysis, the authors introduced some concepts and 
measures defined below: 

• nonlinear amplification factor ψ – measure of nonlinear 
effects in static or dynamic analysis, which is defined as 
the relation of maximal nonlinear response (N) to 
maximal linear response (L) of the structure, given by 
formula 

 
L

N

max

max

X

X

t

t=ψ , (4) 

where X = X(xi, t) is any considered response of the 
system in analyzed cross-section xi of a cable in ith span, 
or displacement of a counterweight; the concept of this 
factor is analogical to dynamic amplification factor – used 
as a measure of dynamic effects, 

• level of nonlinear effects ε – percentage measure of 
nonlinear effects, defined by relation 

 )%1( −= ψε , (5) 

• relative displacement λ – relation of maximal transverse 
displacement of a cable in specified span to length of this 
span (measured along x axis direction), defined by general 
formula 

 
l

wtmax=λ . (6) 

 
In static and dynamic analysis we use respectively: ψs – static 
nonlinear amplification factor, λs – static relative displace-
ment and ψd – dynamic nonlinear amplification factor, λd – 
dynamic relative displacement. The time t in static solutions 

acts as the parameter which identifies passenger carriers’ 
location on a cable. 
Two permissible levels of nonlinear effects are considered. 

They are defined on the basis of static nonlinear amplification 
factors ψs related to transverse cable displacements: 

• %10p =ε , when 1,1
max

max
L
s

N
s

s ≤=
w

w

t

tψ  for every ws, 

• %5p =ε  , when 05,1
max

max
L
s

N
s

s ≤=
w

w

t

tψ  for every ws. 

Analysis of static and dynamic relative cable displacements 
and a counterweight displacement due to given in-service 
load, together with analysis of corresponding levels of 
nonlinear effects, enables to estimate:  

• permissible level of displacements λp – maximal relative 
linear displacement of cable, obtained in a static problem, 
which fulfills the requirement of the assumed permissible 
level of nonlinear effects (εp = 10% or εp = 5%). 

3.2 Example of a cableway, used in numerical analysis 

Three-span suspended carrying cable with diameter dc = 54 
mm, unit mass m = 16.36 kg/m and stiffness EA = 310880 kN, 
tensed by a counterweight with mass T has been considered. 
Minimal breaking force for the rope is Fmin = 3252 kN and 
minimal mass of a counterweight taken to calculations is  
T = 104000 kg. Horizontal lengths of spans are: L1 = 275 m, 
L2 = 400 m, L3 = 250 m, and average inclination angle of track 
is ϕ ≈ 23° (see Figure 4). In-service load is due to a semi-
infinite flow of the same carriers (gondolas) with masses: 
Mch = 610 kg, Mc = 252 kg, Ml = 480 kg, travelling with speed 
v = 10 m/s at the distance d = 65 m. Other carrier’s parameters 
are the following: Jch = 290 kgm2, Jl = 197 kgm2. 

 

 

Figure 4. Scheme of three-span carrying cable with location of 
investigated cross-sections. 

3.3 Results of numerical analysis  

Numerical analysis presented in this paper is limited to cable 
transverse displacements at selected cross-sections located in 
mid-spans and specified in Figure 4. Counterweight 
movement is also analyzed, it can be treated as a maximal  
longitudinal cable displacement which appears at the last 
cable support: u3(x3=l3). Calculations are carried for semi-
infinite flow of gondolas which are fully loaded to simulate 
the largest possible load acting on 3-span carrying cable. On 
the basis of obtained results, the permissible level of cable 
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displacements, corresponding with the assumed permissible 
level of nonlinear effects, will be determined.  

3.3.1 Cable transverse displacements 

Graphs presented in Figures 5–7 illustrate maximal static 
transverse displacements of the carrying cable at the mid-span 
of each cable section, in relation to a counterweight mass T 
which provides cable pre-tension. The considered displace-
ments are calculated in a wide range of counterweight mass 
values (T  = 104000÷230000 kg) to show a convergence of 
nonlinear and linear solutions, which can be observed when 
displacements are small due to very high initial cable tension 
(H0 = 2256.78 kN = 70%Fmin). However, such a high initial 
tension of a rope should not be applied in real structures. In all 
figures, red and black lines are applied to nonlinear and linear 
solutions, respectively. Vertical dashed grey lines indicate 
such values of a counterweight mass for which we notice 
permissible levels of nonlinear effects εp = 10% and εp = 5%.  
Vertical continuous grey line denotes the counterweight mass 
T = 132000 kg corresponding to the maximal initial tension of 
analyzed cable, recommended by technical requirements and 
from practical point of view (H0 = 1295.40 kN = 40%Fmin). 
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Figure 5. Comparison of maximal linear and nonlinear static 
transverse displacements of cable at the 1st mid-span. 
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Figure 6. Comparison of maximal linear and nonlinear static 
transverse displacements of cable at the 2nd mid-span. 
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Figure 7. Comparison of maximal linear and nonlinear static 
transverse displacements of cable at the 3rd mid-span. 

 
Presented results show that in the first range of counter-

weight mass values (T = 104000÷132000 kg) an influence of 
nonlinear effects is significant. Maximal cable displacements 
decrease monotonically when the mass T increases. 
Simultaneously, nonlinear effects become smaller, so linear 
and nonlinear solutions fit together finally. The convergence 
of solutions is clearly visible in the second range of counter-
weight mass values (T = 132000÷230000 kg), when initial 
cable tension is much more higher than allowable 40%Fmin.  

The greatest differences between nonlinear and linear 
solutions are observed in the 2nd span (for the cable 
displacement w2 (x2 = 0.5l2) – see Figure 6). This is consistent 
with expectations as the 2nd span is the longest one, 
therefore, its displacements are largest and in consequence – 
nonlinear effects are higher than in other cable spans. Taking 
this under consideration,  the dynamic analysis has been 
limited only to cross-section x2 = 0.5l2. Figure 8 illustrates 
maximal values selected from time histories of linear and 
nonlinear dynamic responses w2 (x2 = 0.5l2). A range of 
counterweight mass is assumed as: T = 132000÷146000 kg. 
As a background, the maximal static solutions are presented. 
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Figure 8. Comparison of maximal linear and nonlinear 
dynamic displacements of cable at the 2nd mid-span. 

 
The nonlinear effects on dynamic displacements obtained 

for lower initial cable tensions are much more significant 
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when compared with static solutions. Moreover, maximal 
dynamic displacements do not decrease monotonically in 
contrary to static solutions. 
The results of quantitative analysis of nonlinear effects on 

maximal static and dynamic cable transverse displacements 
w2 (x2 = 0.5l2) are synthetically summarized in Table 1. Four 
characteristic values of counterweight mass (T = 104000 kg, 
108000 kg, 127500 kg, 132000 kg) and corresponding values 
of static and dynamic nonlinear amplification factors ψs and 
ψd (defined in subsection 3.1 by formula (4)) are set together. 
Table 1 also contains values of relative displacements, λs and 
λd, expressed by general formula (6). They are calculated for 
maximal, static and dynamic, linear (L) and nonlinear (N) 
displacements, in relation to a length of the 2nd span.  

Additionally, a static nonlinear amplification factor depen-
dence on counterweight mass is presented graphically in 
Figure 9 for three analyzed displacements: w1 (x1 = 0.5l1), 
w2 (x2 = 0.5l2) and w3 (x3 = 0.5l3).  

Table 1. Comparison of linear and nonlinear maximal cable 
displacement in the 2nd mid-span: w2(x2= 0.5l2). 

 Static solution Dynamic solution 

Mass T 
 [kg] ψs λs

L  1) λs
N   1) ψd λd

L  1) λd
N   1) 

104000 1.14 1/128 1/113 1.23 1/125 1/102 

108000* 1.10 1/133 1/120 1.27 1/131 1/103 

127500**  1.05 1/156 1/150 1.07 1/155 1/145 

132000 1.04 1/160 1/155 1.06 1/159 1/150 
 1) λ = w2max/l2,   L – linear solution, N – nonlinear solution 
 ∗εdop = 10% (H0 = 1059.96 kN),** εdop = 5% (H0 = 1251.26 kN) 
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Figure 9. Comparison of nonlinear amplification factors ψs  

calculated for three considered cable cross-sections. 
 

Judging from presented results we can come to conclusion 
that maximal transverse displacements and maximal nonlinear 
effects in the considered 3-span cableway appear at a mid-
span of the longest cable section: x2 = 0.5l2. Hence, maximal 
displacement w2 (x2 = 0.5l2) has been selected to determine the 
permissible level of displacements λp, for which  the  assumed 
level of permissible nonlinear effects is not exceeded. 
According to subsection 3.1, two levels of permissible 
nonlinear effects are considered: εp = 10% and εp = 5%. They 
are related to maximal static cable displacements. As we can 

see in Figure 9, the requirements for the first level εp = 10% 
(ψs ≤ 1,1) are achieved when counterweight mass amounts 
T = 108000 kg, which provides initial cable tension 
H0 = 1059.96 kN (see also Table 1). When counterweight 
mass is given as T = 127500 kg, that assures the tension 
H0 = 1251,26 kN, the requirements for more restrictive level 
εp = 5% (ψs ≤ 1,05) are fulfilled (see Figure 9 and Table 1). It 
is important to notice that in the case: εp = 10%, the dynamic 
nonlinear amplification factor of displacement w2 (x2 = 0.5l2) 
is ψd = 1.27 (see Table 1). It means that in this case a quite 
high level of nonlinear influences on the dynamic cable 
response is permitted – nearly 30%. In authors’ opinion, such 
high nonlinear influences should not be allowed because they 
lead to significant increasing the amplitude of cable vibrations 
(see Figure 10) that is undesirable in view of the passengers 
ride comfort as well as the bearing capacity of cable which 
decreases due to material fatigue. Therefore, more restrictive 
limitation should be recommended: εp = 5%. Then, all static 
nonlinear amplification factors meet the requirement 
ψs ≤ 1.05, and maximal value of dynamic nonlinear 
amplification factor is: ψd = 1.07.  
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Figure 11. Time-history of nonlinear static and dynamic cable 

displacements at the 2nd mid-span for two initial tension 
values (when εp = 5% and εp = 10%). 
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Summing up the results obtained for the analyzed cableway 
we can state that: 

• the permissible level of displacements, corresponding to 
recommended permissible level of nonlinear effects 
εp = 5%, is λp = 1/156, 

• the recommended initial cable tension which assures 
satisfying the permissible level of displacements for the 
considered load is H0 = 1251.26 kN and it is realized by 
counterweight mass T = 127500 kg. 

Time-histories of nonlinear static and dynamic cable 
displacement w2 (x2 = 0.5l2) obtained for recommended initial 
cable tension are presented in Figure 11. For comparison the 
same responses for tension H0 = 1059.96 kN (T = 108000 kg) 
are presented as well. It is clearly noticeable that in the case of 
lower initial cable tension, when nonlinear effects level is 
εp = 10%, dynamic cable response is too great to be accepted. 

3.3.2 Counterweight  displacements 

Let’s consider now the influence of nonlinear effects on 
tensioning counterweight displacements. In Figure 12 and 13 
we compared maximal linear and nonlinear displacements of 
the counterweight.  
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Figure 12. Comparison of maximal linear and nonlinear static 
displacements of the counterweight. 
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Figure 13. Comparison of maximal linear and nonlinear 

dynamic displacements of the counterweight. 
 
Static solutions are calculated for the wide range of 
counterweight mass T = 104000÷230000 kg (Figure 12) to 
examine the convergence of linear and nonlinear solutions. 

Dynamic solutions are obtained for the shorter range 
T = 104000÷146000 kg (Figure 13) in order to reduce 
computational effort. 

Maximal values of counterweight displacements are much 
smaller than maximal transverse cable displacements 
w2 (x2 = 0.5l2), however, nonlinear effects are much greater. 
Particularly, for the lowest initial cable tension provided by 
counterweight mass T = 104000 kg we observe a large 
counterweight nonlinear displacement (app. 0.38 m) which is 
almost doubled in comparison to linear displacement. Linear 
and nonlinear solutions presented in Figures 12 and 13 are 
convergent, nevertheless, even when cable tension is high (it 
means that counterweight mass is more than T = 132000 kg) 
nonlinear effects are still clearly noticeable. An influence of 
nonlinear effects on dynamic responses is more significant 
than in a static case but only when counterweight mass is in 
a low range: T = 104000÷114000 kg.  

Table 2. Comparison of linear and nonlinear solutions of 
maximal counterweight displacements. 

 Static solution Dynamic solution 

Mass  
T [kg] ψs                    

 
L

L

w

u 1) N

N

w

u 1) ψd L

L

w

u 1) N

N

w

u 1) 

104000 1.80 0.064 0.102 2.04 0.066 0.109 

108000* 1.73 0.062 0.097 2.12 0.063 0.105 

127500**  1.62 0.053 0.081 1.65 0.054 0.083 

132000 1.61 0.051 0.079 1.61 0.052 0.080 
 1) u = umax = max. counterweight displacement,  

w = wmax = maxt w2(x2 = 0.5l2),  
L – linear solution, N – nonlinear solution 

 ∗ εdop = 10% (H0 = 1059.96 kN),** εdop = 5% (H0 = 1251.26 kN) 
 
In Table 2 we compared values of static and dynamic 

nonlinear amplification factors, ψs  and ψd, calculated for four 
characteristic values of counterweight mass – the same as in 
Table 1. These factors are considerably greater  in comparison 
with analogical factors of transverse cable displacements 
w2 (x2 = 0,5l2) – see Table 1. Nonlinear effects on counter-
weight displacements occurred to be extremely high 
(ψs = 1.80÷1.61 i ψd = 2.04÷1.61). Even for the recommended 
initial cable tension H0 = 1251.26 kN that corresponds with 
permissible level of nonlinear effects εp = 5%, the influence of 
nonlinearity on counterweight displacements remains high 
and exceeds ε = 60%. Such a high level we found as specific 
and unavoidable for an analyzed scheme of carrying cable 
tensed by a counterweight. It can be accepted regarding all 
advantages provided by a tensioning counterweight (i.e. 
compensation of thermal effects, negligible small axial force 
increments due to in-service load).  
Table 2 lists also ratios of maximal counterweight 

displacement to maximal transverse cable displacements (wmax 
= maxt w2(x2 = 0.5l2)), selected from static and dynamic, linear 
(L) and nonlinear (N) solutions, respectively. These ratios are 
introduced to identify the percentage relation between 
maximal cable and counterweight displacements. In case of 
the recommended level of nonlinearity εp = 5%, maximal 
static and dynamic linear counterweight displacements 
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constitute app. 5% of maximal linear transverse cable 
displacements, respectively, and nonlinear counterweight 
displacements app. 8% of cable ones. It means that 
counterweight displacements are relatively small. Moreover, 
they are technically acceptable because they do not exceed 
25 cm in a nonlinear case (see Figure 13).  
It is necessary to underline that calculated counterweight 

displacements can be also treated as maximal longitudinal 
cable displacements. It results from the fact that if we neglect 
elongation of vertical, tensioning cable section, the 
displacement of a counterweight is roughly the same as 
longitudinal cable displacement measured on the last sliding 
support: u3 (x3 = l3) – see Figure 4. This cable displacement is 
greater than displacements measured in any other cross-
section of a cable. 

4 GENERAL CONCLUSIONS 

Basing on an analysis of 3-span cable scheme, the possible 
methodology for evaluation of permissible displacements in a 
multi-span carrying cable of bi-cable ropeway with counter-
weight has been presented in the paper. Analogical analysis 
can be performed for any other similar scheme of a cable with 
different geometrical and material parameters, and different 
in-service load.  
On the basis of nonlinear and linear, static and dynamic 

displacement analysis, the permissible level of geometrical 
nonlinearity effects has been recommended, that can be used 
for any similar structures. The imposed permissible level  
εp = 5% assures limitation of nonlinear influences on the 
dynamic cable response that follows significant decreasing of 
the vibrations amplitude. It is a very important advantage 
considering problem of safety and passengers ride comfort, as 
well as cable material fatigue. A displacement limitation 
suggested in the paper assures that nonlinear effects do not 
exceed the permissible level.  
We proposed to impose a displacement limitation on the 

maximal relative static transverse displacement of a cable, 
calculated in static analysis. It is a representative value for all 
transverse and longitudinal cable displacements and 
counterweight movement because they are coupled in the 
analysed scheme of cableway. It is also a representative value 
for both static and dynamic responses since they are due to the 
same moving load. Imposing a displacement limitation on 
linear static displacements is also justified. Generally, in the 
first stage of structure design, a simplified static analysis is 
performed with a linear approach. Only after determination of 
essential parameters, in a conceptual project, more advanced 
and sophisticated analysis is held with taking into conside-
ration dynamic effects or nonlinear effects. Computational 
algorithm applied in this paper and elaborated on the basis of 
theory formulated by authors in References [6–8] can be used 
for both types of structural analysis. 
Permissible level of cable displacements, defined in this 

paper, can be recognized as one of the important parameters 
that allow to assess whether analyzed cableway structure can 
be exploited in changed load conditions. When the structure is 
subjected to different load it is necessary to calculate a new 
initial cable tension. It has been demonstrated that the 
suggested algorithm is an effective tool for determining the 
initial cable tension recommended for a given load. It allows 

to evaluate (easily and quickly) such value of counterweight 
mass which guarantees that maximal linear cable 
displacement (transverse) will not exceed the permissible 
level  λp.  
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ABSTRACT: Due to the progress in the construction technology, the height of buildings has risen and the weight of them has 

declined; therefore, affected structures increase against the wind load as fundamental periods of structures increase. Responses 

of tall buildings are important in crosswind under the turbulent component of wind loads, which will be more important when 

the side ratio is larger than one. Three tall buildings have been simulated for effects of the wind load in the time and frequency 

domain. Wind field in time domain has been simulated with the probabilistic approach. Regarding, the frequency domain, wind 

forces obtained from the wind tunnel at the university of Notre Dame have been used. Story displacement and story shear are 

critical parameters to evaluate the structural behavior; thus, the results of wind characteristics were compared in the form of 

them. Moreover, the base moment coefficient is another parameter for comparing wind loads obtained from the wind tunnel and 

the probabilistic approach. The results reveal that transverse displacements of models under the wind load are larger than 

longitudinal and the result of the story shear is reversed. Crosswind displacements under the wind load are compared for loading 

in two domains of time and frequency. There is a good agreement for these two methods for the gust load in transverse 

direction. 

 

KEY WORDS: Tall buildings; Side ratio; Wind loads; Wind tunnel, Crosswind. 

1 INTRODUCTION 

Wind load is the important design load for structures like long 

span bridges, tall buildings, high towers or mast structures. 

Under the wind load, tall buildings fluctuate in the alongwind, 

crosswind and torsional directions; although, codes pay more 

attention to the alongwind responses, high side ratio of tall 

buildings may worsen the transverse and torsional responses. 

Most codes and standards provide procedures for loading in 

the alongwind direction and there is little guidance for 

crosswind and torsional loadings. To this end, the wind tunnel 

is one of the experimental methods that investigates the 

behavior of tall buildings under the wind load in the 

alongwind, crosswind, and torsional directions. High-

Frequency Base Balance (HFBB) model appears more 

economical and time-efficient method to investigate the 

response of the model under the wind load [1]. Zhou, 

Kijewski and Kareem have investigated aerodynamic loads on 

tall buildings. They have measured base moments of rigid 

models tested in the wind tunnel [2]. Wind loads and base 

moment coefficient of tall building models that have been 

tested in wind tunnel with HFBB method are available on 

http://www.nd.edu/~nathaz, this work is in frequency domain 

[3]. Wind is composed of mean and turbulent components; 

forasmuch as, the property of fluctuating load in the time 

domain is because of turbulent component; in addition to 

empirical methods, there are theoretical methods for the 

simulation of turbulent component of wind in time domain. 

Shinozyka and Deodatis have simulated wind load in one-

dimensional with stationary Gaussian stochastic processes [4]. 

Solari and Piccardo have modeled three dimension turbulent 

components of wind with the probabilistic approach [5]. 

Carassale and Solari have simulated wind velocity field with 

Monte Carlo method [6]. Bakhshi and Nikbakht have 

investigated the loading pattern and spatial distribution of 

dynamic wind load along the height of tall building in 

alongwind direction [7]. 

According to the discussion, this study aims to investigate 

the dynamic and static effects of wind loads on tall buildings 

in longitudinal and transverse directions while ignoring the 

torsional response. To this end, three models with equal 

heights and different side ratios have been simulated with 

OpenSees software, lateral system of models is the braced-

tube system. For wind loading, two base speeds from ASCE7-

10 have been selected in open terrain [8]. For loading in the 

time domain, the wind field has been simulated in 3-D with 

the probabilistic approach. Concerning the frequency domain, 

the wind tunnel data from modeling tested in university of 

Notre Dame has been used [9], the maximum response of 

models under this loading is significant. To investigate the 

building behavior under the loads, displacement and story 

shear are suitable; thus, this study is concerned with two 

prominent structural demands such as the story displacement 

and story shear to describe the results. Moreover, to compare 

the response under the wind load in time and frequency 

domains, base moment coefficient results from wind tunnel 

and simulated record have been compared and crosswind 

displacements have been presented for two of the models. 

2 WIND LOAD IN THE TIME DOMAIN 

In this study, the wind load effects have been examined in the 

time and frequency domains. For the time domain, 3-D 

turbulence model of wind field has been simulated with the 

Crosswind response of tall building under wind load in time and frequency domains 
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probabilistic approach; under these loads in time domain, the 

nonlinear time history analysis has been conducted. The 

results of this analysis are provided in the 7th part of this 

study.  

The simulated wind speed is formed from mean and 

turbulent components. The time history of wind speed in 3-D 

coordinates with horizontal axis, x and y, and vertical axis z 

can be written as: 

  (1) 

Where  and  denote the mean and 

turbulent component of wind speed respectively. The mean 

component of wind speed is the function of height; whereas, 

the turbulent component in addition to the height depends on 

the coordinates of the points in the wind field.  

The accurate mathematical expression is used by the 

logarithmic law to simulate the mean wind speed profile; 

hence, the mean component of wind field has been simulated 

by the logarithmic law [5], [10]. 

  (2) 

Where  is known as the friction velocity,  is the 

roughness length and k is known as von Karman's constant. 

To determining the friction velocity, equation (3) and (4) have 

been applied, where K is the surface drag coefficient. 

  (3) 

Where  is known as the basic wind speed, the relation 

between von Karman's constant and surface drag coefficient 

can be obtained from equations (2) and (3) for z=10 m.  

  (4) 

By using equations (2), (3) and (4), the mean wind speed is 

simulated [10]. 

Turbulent components in both alongwind and crosswind 

directions have been produced and the torsion are regardless. 

The turbulent component of the wind field is simulated by a 

stationary Gaussian multi-dimensional and multivariate 

random process with the average value of zero. The cross-

spectral density functions of the wind turbulence components 

are defined by Solari and Piccardo [5]: 

  (5) 

Where i and j denote the points of coordinates and l is the 

frequency;  is the power spectral density function of 

the components of wind velocity turbulent,  is the 

coherence function between the wind velocity turbulent 

components. Solari and Piccardo have defined the power 

spectral density matrix: 

   (6) 

Where  and ;  is known as the 

integral length scale of  turbulent component,  is the 

frequency and  is the variance of : 

  (7) 

Where  is a non-dimensional coefficient that is known as 

the turbulence intensity factor and 

 and 

  [10]. 

Turbulent components of wind are simulated by the Proper 

Orthogonal Decomposition method and fast Fourier 

transform. For alongwind, turbulent component was gathered 

by mean component but for crosswind, mean component of 

wind speed is zero. 

3 WIND LOAD IN THE FREQUENCY DOMAIN 

To investigate the response of tall building in the frequency 

domain, determining the wind load in wind tunnel on the 

models is required. With respect to the frequency domain, the 

static forces obtained from the wind tunnel have been used. 

Modal analysis of tall building is used to determine the 

response of the simulated buildings in OpenSees software 

under the wind tunnel loads. Therefore, two required debates 

are briefly reviewed.  

3.1 Modal analysis of tall building 

Dynamic equilibrium equation for tall buildings in the classic 

modal analysis can be written as follows: 

  (8) 

For the shear building with 3 degrees of freedom in each 

story, ,  and  are mass, damping and stiffness 

matrix respectively.  is known as the displacement vector 

in Lagrangian coordinates that is obtained from equation (9) 

and  is known as the applied force vector at the mass 

center of each story. 

 (9) 

In the modal domain  is determined by equation (10): 

  (10) 

Where  is known as the modal matrix, dynamic balance 

equation is written by equation (11): 

  (11) 

Where ,  and  denote modal mass, modal 

damping and modal stiffness matrices respectively and  is 

known as the jth generalized force that obtained from equation 

(12): 

 (12) 

Where  is known as jth mode shape vector [11]. 
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3.2 High Frequency Base Balance method  

In wind engineering for estimating the generalized force 

acting on tall buildings, the HFBB technique is most popular. 

This method is based on rigid model on the wind tunnel. In 

this technique, base moments are measured with springs under 

it [1].  If it is assumed that the translation components of the 

first three modes vary linearly along the z-axis and torsional 

component constant, such as: 

  (13) 

Where  and  are the values of the mode shapes at the 

top of buildings and  is a constant value. The j is equal 1, 2 

and 3 for the first three modes. The relationship between the 

story forces and base moments is shown in equation (14): 

  (14) 

With equation (12), (13) and (14) following equation is 

simply obtained [11]: 

  (15) 

Wind static forces obtain for each story by measuring the 

base moments in wind tunnel. 

4 SIMULATION OF STRUCTURAL MODELS IN THIS 

STUDY 

In this study three models of tall buildings have been 

simulated with OpenSees software. To investigate the effect 

of side ratio in alongwind and crosswind, height of models are 

equal but the side ratio of first and second models are 

difference; also side ratio and aspect ratio of second and third 

models are equal but the fundamental periods of them are 

different for comparing wind tunnel results with probabilistic 

approach. The results of analysis for wind loads have been 

compared under loading in both the frequency and the time 

domains, for loading in time domain, time histories of wind 

loads have been simulated with probabilistic approach and for 

loading in frequency domain, have been used static wind 

loads that obtained from wind tunnel in the university of 

Notre Dame. For a batter comparison of the results of both 

static and time history analysis side ratio and aspect ratio of 

simulated models and wind tunnel models considered to have 

the same. The side ratios (D/B) of first, second and third 

models are 2, 3 and 3 respectively and the aspect ratios  

of them are 4.71, 5.77 and 5.77. Dimension of the structural 

plan for first model is 21m×42m and for second and third one 

is 14m×42m, height of three models is 140 meters. Lateral 

resistance system is the braced-tube system. The plans and 3-

D views of models are shown in figures Figure 1 and Figure 2 

respectively. 

In summary the first ten modes of three models are tabled in 

Table 1. 

The Hardening material has been used in the tube frame 

members in OpenSees software to model the nonlinear 

analysis. Hence, the values of Tangent Stiffness ( , Yield 

Stress ( , Isotropic Hardening Modulus and Kinematic 

Hardening Modulus have been assumed , 

,  and  respectively. Figure Figure3 depicts the 

Hardening material in OpenSees software [12]. 

 

 

 

Figure 1. Structural plans for model1, model2, and model3 

 
 

Figure 2. 3-D views of model1, model2, and model3 

Table 1. Modal analysis results 

 

Mode 
Periods of 

Model1 

Periods of 

Model2 

Periods of 

Model3 

1 3.7213 4.3854 5.01647 

2 2.704 2.3898 2.56042 

3 1.7091 1.8385 1.86745 

4 1.0816 1.1613 1.34135 

5 0.8617 0.7432 0.83241 

6 0.5594 0.5771 0.65928 

7 0.5568 0.5611 0.61633 

8 0.4893 0.4169 0.46156 

9 0.3852 0.3688 0.413052 

10 0.3674 0.3240 0.38172 
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Figure 3. Hardening material of OpenSees command language 

manual [13] 

5 ASSUMPTIONS FOR SIMULATION OF THE WIND 

FIELD IN THE TIME AND FREQUENCY DOMAINS 

Two basic wind speeds selected from ASCE7-10 to simulate 

the wind field correspond to a 3-second gust speed at 10 

meters above the ground. The exposure type in the wind field 

was assumed to be open terrain. The time step of data is 0.1. 

The cut off frequency of the fluctuating wind component is 

taken as 31.41 rad/s and the sampling interval of the spectrum 

is 0.05. The roughness length is taken as 0.01 m and Von 

Karman constant is 0.4. In the simulation of wind power, the 

drag force coefficient and air density are taken as 1.3 and 1.25 

 respectively. The angle between wind directions on the 

positive direction of the x-axis is assumed to be zero. The 

input information is presented in table Table2. In the 

probabilistic approach, the simulation of the mean wind speed 

is conducted by logarithmic law that is a deterministic 

process; whereas, the turbulent component of wind field is 

simulated by a stationary Gaussian multi-dimensional and 

multivariate random process with the average value of zero 

[8]. 

Table 2. Time history wind design parameters 

Wind Parameters value 

Basic wind speed (m/s) 47, 76 

Exposure type open terrain 

Time step of data 0.1 

Cut off frequency ( ) 31.41 

Sampling interval of the spectrum 0.05 

Roughness length ( ) 0.01 

Von Karman constant (k) 0.4 

Drag force coefficient ( ) 1.3 

Air density ( ) 1.25 

 

Figures Figure4 and Figure5 show a sample of wind load, 

simulated with MATLAB, at 140 meters up to ground in 

crosswind on alongwind direction in open terrain with speed 

76 m/s respectively. 

 

Figure 4. Alongwind time history in open terrain with speed 

76 m/s 

 

Figure 5. Crosswind time history in open terrain with speed 

76 m/s 

 

Figure 6. Wind Tunnel static load on model1 in open terrain 

with speed 76 m/s [9] 
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In time domain, the responses of models obtain by 

nonlinear analysis under the time history wind loads. 

To investigate the response in frequency domain, static load 

of wind calculated in NatHaz modeling laboratory. Figure 

Figure6 shows a sample of wind load from ground to 140 

meters height for the first model in the open terrain with 

76m/s speed in the wind tunnel that is available in NatHaz 

modeling laboratory. In figure Figure6 A is mean component, 

B is alongwind background component, C is alongwind 

resonant component, D is crosswind background component, 

and E is crosswind resonant component [9]. 

6 BASE MOMENT COEFFICIENT 

Base moment coefficient is appropriate parameter for 

comparing obtained wind load with probabilistic approach and 

wind tunnel test. Figures Figure7 and Figure8 present base 

moment coefficient of wind load for two models in alongwind 

and crosswind directions for basic wind speed 76 m/s for first 

and second models respectively that calculated with 

probabilistic approach. Longitudinal axis is frequency and 

vertical axis is non dimensional moment coefficient obtain as 

follow [2], [3]: 

  (16) 

Where  is power spectral density of the external 

aerodynamic base moment, f is frequency in Hertz and here  

 is known as root mean square of the fluctuating base 

moment which can be computed by:  

  (17) 

Where  is power spectral density of the fluctuating 

base moment response, the  is computed by following 

equation, 

  (18) 

Where  is structural first mode transfer function 

which can be computed by equation (19). 

  (19) 

Where  is natural frequency,  is damping ratio in the 

first mode [7]. 

Due to the limitation of the models tested in the wind 

tunnel, two models are selected whose side and aspect ratios 

are 3 and 5.77, respectively [2]. Non-dimensional moment 

coefficients obtained from Notre Dame wind tunnel is plotted 

in figures Figure9 and Figure10 for base wind speed 76 m/s in 

open terrain for Model2 and Model3 respectively[9]. The base 

moment coefficient obtained from the probabilistic approach 

for the second and third models are plotted too for comparing 

these coefficients with measurements performed in the wind 

tunnel. 

 

 

Figure7. BMC of model1 with basic wind speed 76 m/s 

  

Figure8. BMC of model2 with basic wind speed 76 m/s 

 

Figure 9. Base moment coefficient from wind tunnel and 

probabilistic approach in crosswind direction with basic wind 

speed 76 m/s – Model2 
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Figure 10. Base moment coefficient from wind tunnel and 

probabilistic approach in crosswind direction with basic wind 

speed 76 m/s – Model3  

7 ANALYSIS RESULTS 

This study addresses three prominent structural demands such 

as the story displacement, story drift, and story shear that were 

evaluated and also the results of the wind load. Maximum 

values of structural response under the wind are plotted. In the 

figures legend, M1, M2 and M3 mean model1, model2 and 

model3, L and T are longitudinal and transverse 

displacements of models under the wind load with speed 47 

and 76 m/s that speed word have shown with S. 

Figure Figure11 demonstrates that the displacement of the 

two models (M1 and M2) under the time history wind load. 

The transverse displacements for both models are larger than 

longitudinal displacement; the difference between longitudinal 

and transverse for the second model with the side ratio of 3 is 

larger than the first model with the side ratio of 2 (comparing 

M1.T with M1.L and M2.T with M2.L in figure Figure11). It 

indicates that tall buildings with a large side ratio are more 

sensitive to wind load in crosswind direction; this is true for 

both speeds. 

Comparison of M1.T with M2.T and M1.L with M2.L in 

figure Figure11 reveals that the responses in alongwind for 

both speeds for the first model are larger than the second 

model. However, in crosswind the reverse is true; on the other 

hand, there is a big difference between the responses in 

transverse displacement. In comparison, the difference among 

the alongwind responses is relatively slight; thus, it can be 

concluded that for wind loading, changes in the side ratio of 

tall building are not very effective in the responses of the 

alongwind; special effects will be in the transverse 

displacement. 

To investigate the behavior of structures under the wind 

load in time domain, figure Figure12 shows maximum drifts 

of model1 and model2. This figure shows how the brace of 

structure affects the story displacement. 

Figure Figure13 shows maximum story shear of first and 

second models under the wind load simulated with 

probabilistic approach. According to Figure Figure13, wind 

loading on two models renders the longitudinal story shear 

larger than transverse. Due to the geometry of the structure, 

story shear force has reduced as the side ratio rises.  

Values of story shear in longitudinal and transverse are 

close to each other for base wind speed 47 m/s, with 

increasing the wind speed (speed 76 m/s), they have 

increased. Thus, the difference between the values for both 

directions for each model has considerably increased 

(comparing M2.L with M2.T and M1.L with M1.T for speed 

76 m/s in figure Figure13). 

Comparing M1.T with M2.T and M1.L with M2.L with the 

same speed in figure Figure13, one notices that in the first 

model this response of structure is more than the second one. 

Hence, story shear on the two models are decreased by 

enhancing the side ratio. 

 

Figure 11. Maximum displacements of model1 and model2 

under the wind load 

 

Figure 12. Maximum drifts of model1 and model2 under the 

wind load 
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Figure 13. Maximum story shear of model1 and model2 under 

the wind load 

The base moment coefficient in crosswind direction with 

base wind speed 76 m/s obtained from wind tunnel and the 

probabilistic approach have shown in figures Figure9 and 

Figure10 for the second and third models. These loads were 

applied to these models, the crosswind displacement was 

obtained from the static and dynamic analysis for the wind 

tunnel and probabilistic approach loads respectively. Figures 

Figure14 and Figure15 demonstrate that there is a satisfactory 

agreement for estimating drift and displacement responses 

between these two methods for the gust load in transverse 

direction. 

 

Figure 14. Crosswind displacements of model2 and model3 

under wind tunnel and probabilistic approach loads with basic 

wind speed 76 m/s 

 

Figure 15. Crosswind drifts of model2 and model3 under wind 

tunnel and probabilistic approach loads with basic wind speed 

76 m/s 

8 CONCLUSION 

Increasing the basic wind speed results in increase of the 

difference between responses in orthogonal directions and 

also the increase in the side ratio will intensify this problem.  

The sensitivity of this type of buildings in the transverse 

direction is high and differences in both longitudinal and 

transverse displacement response for these models are 

impressive; whereas, the transverse displacement is dominant 

with respect to longitudinal. 

The buildings have a different approach in displacement 

and story shear responses; thus, transverse displacements 

always dominate longitudinal one on each model. However, 

the opposite applies to story shear where longitudinal shears 

are larger than transverse; since the increase of side ratio 

enhances displacement and reduces story shear it can be 

concluded that tall buildings tend to release the energy from 

the wind with displacement in high side ratio. 

The reduction of building surface in alongwind direction 

leads to a decrease in the displacement response in this 

direction. Nonetheless, the excitability of tall buildings under 

the turbulent component of wind strongly increases in 

crosswind. In this study, only the turbulent component of 

wind load in crosswind direction was considered for 

comparing the wind tunnel results with the probabilistic 

approaches regardless of the answer in longitudinal direction. 

The crosswind displacement for the gust load in open terrain 

reveals that there is a good congruity between these two 

experimental and analytical methods; as a result, the 

displacements results from the two methods are very close to 

each other. 
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ABBREVIATIONS 

The abbreviation curtails figures description ac follow: 

Sigma Y: yield stress 

E: tangent stiffness 

H_iso: isotropic hardening modulus 

H_kin: kinematic hardening modulus 

M1: model 1 

M2: model 2 

M3: model 3 

L: longitudinal displacement or story shear 

T: transverse displacement or story shear 

S.47: base wind speed 47 m/s 

S.76: base wind speed 76 m/s 

FD: frequency domain 

TD: time domain 
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The effect of warping on the dynamics of thin-walled beams
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ABSTRACT: this contribution presents the effect of a coarse warping descriptor on the first natural angular frequencies
of a clamped-clamped thin-walled beam with non-symmetric cross-sections. By means of a direct one-dimensional
model, leading to ordinary differential field equations, the linear dynamics of such a pattern scheme is investigated.
The effect of warping and warping constraints is taken into account, and the results are compared with those of a
numerical commercial code and of a recent set of laboratory experiments. The agreement is satisfactory; we describe
the investigations completing this contribution, which are in due course.
KEY WORDS: thin-walled beams; warping; warping constraint; linear dynamics.

1 INTRODUCTION

Thin-walled beams, of widespread application, present
high bending stiffness about at least one principal plane of
inertia, but negligible torsion stiffness; their modest tor-
sion stiffness make them very sensitive to lateral buckling
[1]. Saint-Venant theory is not sufficient to describe their
behaviour, because it cannot provide a satisfactory pic-
ture of their possible states of non-uniform warping. Thus,
suitable and ad-hoc models are needed.

To ease computation, one-dimensional continua are in-
teresting, and can be derived by richer models: in [2] the
field equations derive from inner constraints on shells, like
in [3], where nonlinear constitutive relations are provided.
1-D direct models explicitly lead to ordinary differential
equations, easier to integrate, both analytically and nu-
merically. In [4] there are as many directors attached to
the beam axis as stripes in the cross-section; in [5] the or-
dinary kinematics of a cylindrical beam-like body is aug-
mented by describing warping via the Saint-Venant warp-
ing function. In [6] the standard 1-D beam model with
rigid cross-sections is enriched by a coarse descriptor of
warping and nonlinear constitutive relations. This model
is refined in [7] in order to highlight the mechanical contri-
butions of the centroid and shear centre; some results on
the flexural-torsional buckling of thin-walled beams and
frames are given in [8]. A mechanically justifiable form of
both the inner shearing constraint and warping inertia is
investigated in [9]. Thus, the model introduced in [6, 7, 8]
catches the buckling of beams and frames in 3-D space; in-

vestigations on post-buckling paths are presented in [10].
In addition, an investigation of stability for thin-walled
beams in a general dynamic setting (Lyapounov stability)
is performed in [11], on the basis of an in-house numerical
code inspired by [12] and first implemented in [13].

Another interesting field to investigate in order to catch
the behaviour of these structural elements is linear dynam-
ics. Thus, here we use the above quoted model to investi-
gate the effect of warping and warping constraints on the
first natural angular frequencies of open thin-walled beams
for a well-established pattern scheme, i.e., the clamped-
clamped beam. We have chosen such a pattern scheme in
order to have a benchmark comparison with the labora-
tory results presented in [14]. The results are obtained via
a version of the finite differences technique, implemented
in [13, 11]. A campaign of experimental investigations is
under project, in order to have further comparisons.

2 A DIRECT MODEL FOR THIN-WALLED BEAMS

In the Euclidean space E consider two straight parallel
segments of length l (beam axes) and a plane region S .
This is the product of an arc L of a regular enough curve
(middle line) and of straight segments attached normally
to it, with ‘small’, regularly varying, length respect to
that of L . Copies of S attached to each point of the
axes (cross-sections) build the beam reference configura-
tion C0 = S × [0, l]. The cross-sections are orthogonally
met by the two axes at their centroids and shear centres
[7, 8], irrespective of the definition of the latter [15]. The
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Figure 1. Beam kinematics, minus warping.

x1-axis of a Cartesian coordinate system coincides with
one of the beam axes, the x2, x3-axes are central principal
inertia axes of the cross-section; the origin is at the cen-
troid o of S ×{0}. The uniform vector c = c− o provides
the position of the shear centre c with respect to o in the
plane of each cross-section S × {x1} in C0, see fig. 1.

Another configuration C is given by: a) the vector field
po (pc) placing one of the beam axis; b) the proper orthog-
onal tensor field R of the cross-sections rotation from C0

to C ; c) the scalar field α, coarsely describing the cross-
sections warping. The vector field qo (qc), placing the
beam axes in C0, and the displacement uo (uc) do as well.
A motion is a family of configurations parametrized by the
scalar t. Remark that α is merely a descriptor of state, and
coarsely depicts a characteristic of C �= C0. For brevity
we omit the independent variables x1, t in the notation,
and suppose the necessary analytical regularity to hold.

A rigid transformation C �→ C0 preserves Euclidean
metric and brings no warping: the cross-sections rotate
uniformly along x1, and any vector out of their plane
rotates accordingly. Generalized strain is the difference
between the actual transformation and a rigid one, and
takes into account the change of warping. Suitable strains,
observer-invariant and pulled back to C0, are:

E = R
�
R

′ ∈ Skw (E ⊗ E) ,
eh = R

�
p
′
h − q

′
h (h = o, c) ∈ E, α ∈ R

(1)

where E is the vector space attached to E and (·)′ :=
d(·)/dx1. The skew tensor field E yields the change of
curvature of one of the beam axes; the vector fields eo,

ec are the differences between the tangent to the axes in
C pulled back to C0 and the tangent to the axes in C0,
depending on each other via the curvature:

ec = eo + Ec (2)

Given an orthonormal basis {a1,a2,a3} for E consistent
with the chosen coordinates, it is a1 = q

′
o = q

′
c, and

E = κ1a2 ∧ a3 + κ2a3 ∧ a1 + κ3a1 ∧ a2

ec = ε1ca1 + ε2ca2 + ε3ca3

eo = ε1a1 + ε2a2 + ε3a3

(3)

with ε1 (ε1c) the elongation of the axis of the centroids
(shear centres); ε2, ε3 (ε2c, ε3c) the shearings of the axis
of centroids (shear centres) and the cross-sections; κ1 the
twist; κ2, κ3 the bending curvatures. By eqs. (2), (3)

ε1c =ε1+c3κ2−c2κ3, ε2c =ε2−c3κ1, ε3c =ε3+c2κ1, (4)

and the difference of the elongations of the beam axes is
linear with bending, that of their shearings is linear with
twist. The places o, c are constitutively important [2, 1]
and the most suitable one to introduce the possible inner
constraint of shearing indeformability is investigated in [9].

To express strains by kinematic descriptors, we pose

R = R3R2R1 (5)

where R1 is a rotation of amplitude ϕ1 about a1, R2 is a
rotation of amplitude ϕ2 about R1a2, and R3 is a rotation
of amplitude ϕ3 about R2R1a3, see fig. 2. Eqs. (1)1, (3)1

Figure 2. Sequence of rotations.

provide the components of E in {a1,a2,a3}
κ1 = ϕ′

1 cosϕ2 cosϕ3 + ϕ′
2 sinϕ3,

κ2 = −ϕ′
1 cosϕ2 sinϕ3 + ϕ′

2 cosϕ3,

κ3 = ϕ′
1 sinϕ2 + ϕ′

3 .

(6)

The displacements of the axes are decomposed as

uo = po − qo = u1a1 + u2a2 + u3a3

uc = pc − qc = u1ca1 + u2ca2 + u3ca3
(7)

2
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and, by eqs. (1)2,3, (3)2,3, (5), (7), strains are

ε1 =(1 + u′1) cosϕ2 cosϕ3

+u′2(cosϕ1 sinϕ3 + sinϕ1 sinϕ2 cosϕ3)
+u′3(sinϕ1 sinϕ3 − cosϕ1 sinϕ2 cosϕ3) − 1

ε2 =−(1 + u′1) cosϕ2 sinϕ3

+u′2(cosϕ1 cosϕ3 − sinϕ1 sinϕ2 sinϕ3)
+u′3(sinϕ1 cosϕ3 + cosϕ1 sinϕ2 sinϕ3)

ε3 =(1 + u′1) sinϕ2u
′
2 sinϕ1 cosϕ2

+u′3 cosϕ1 cosϕ2

(8)

The formal equivalence of (1)2 and (1)3 yields expressions
similar to (8) for ec, by replacing ui with uic, i = 1, 2, 3; a
geometrical interpretation of strains is in fig. 3.

Figure 3. Geometrical interpretation of strains.

Generalized velocities are the spatial (‘Eulerian’) first-
order t-derivatives of the shape descriptors:

W = ṘR
� ∈ Skw (E ⊗ E)

wo = ṗo, wc = ṗc ∈ E, ω = α̇ ∈ R
(9)

where (̇·) := ∂(·)/∂t|t=t̄, t̄ being the present value of time.
In (9) the skew-symmetric tensor field W is the cross-
section spin, wo (wc) is the velocity of the centroids (shear
centres), and ω is the warping velocity.

We quantify the interaction of environment and beam in
its present configuration C by a linear functional of admis-
sible velocities, the external power P e. By standard rep-
resentation theorems of linear forms in finite-dimensional
vector spaces equipped with a scalar product, we have

P e=
∫ l

0

(b · wc+B · W+βω) dx1

+|t·wc+T·W+θω|0− +|t·wc+T·W+θω|l+
(10)

where the integral and the boundary terms express the
power spent by bulk and surface actions, respectively. The
vector fields b, t and the skew tensor fields B,T are exter-
nal force and couple densities (bulk and surface, respec-
tively); the scalar fields β, θ are the bulk and surface action
densities, respectively, spending power on warping.

We could express P e also by the velocity of the cen-
troids, with constitutive consequences: since P e must
be observer-invariant, it shall vanish under rigid velocity
fields. Then, localization procedures yield global balance
of force and torque, and writing P e in terms of wo or wc

yields balance with resultant actions reduced to o and c,
respectively. Thus, in a dynamic setting, inertia and con-
tact actions shall be constitutively suitably prescribed.

We quantify the interaction among beam parts by the
internal power P i, containing a basic constitutive assump-
tion about the range of inner action. If any substantial
point is influenced only by those in its first-order neigh-
bourhood, P i is a linear functional of the velocities and of
their first x1-derivatives. Moreover, P i ≡ 0 for any trans-
formation leaving the beam mechanical state unaltered,
i.e., under a rigid velocity field, thus, it is

P i=
∫ l

0

(c1 ·w′
c−(p′

c∧c1)·W+C1 ·W′+γ0ω+γ1ω
′)dx1 (11)

The vector field c1 and the skew tensor field C1 are the
internal force and couple densities; the scalar fields γ0, γ1

are the self- and the internal action densities spending
power on warping and its spatial rate. We admit P i to
derive from an elastic potential, involving material and
geometric properties. In P i we highlight the shear centre,
playing a key role in the kinematics of thin-walled beams.

For any admissible velocity field, the interactions of the
beam with the environment and among its parts at any t
let the balance of power P i =P e hold. Localization pro-
cedures yield the ‘law of action and reaction’, allowing to
compact the boundary terms in (10) with respect to the
positive side of the cross-sections. Then, the fundamen-
tal theorem of integral calculus, and the generality of the
velocity fields and of their derivatives yield

c1 =t C1 =T γ1 =θ
t
′ + b=0 T

′ + p
′
c ∧ t + B=0 β + θ′ − γ0 =0

(12)

Eqs. (12)1−3 identify internal and contact actions; eqs.
(12)4,5 express local balance of force and torque reduced
to the shear centre; (12)6 is an extra equation for the dual
actions of warping. We set μ = θ, τ = γ0 and interpret
μ, τ as bimoment and bishear [2, 1, 5], respectively. Eqs.

3

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3831



(12) derive by the balance of power in the present config-
uration; we pull eqs. (12)4,5 back to C0:

s = R
�
t, S = R

�
TR

s
′ + Es + R

�
b = 0

S
′ + ES − SE + (ec + q

′
c) ∧ s + R

�
BR = 0

(13)

and introduce the decompositions

s = Q1a1 +Q2a2 +Q3a3

S = S1a2 ∧ a3 + S2a3 ∧ a1 + S3a1 ∧ a2
(14)

Eqs. (11), (13)1,2 help expressing P i in terms of internal
actions and generalized strains pulled back to C0, following
literature on thin-walled beams:

P i =
∫ l

0

(
s · ėc + S · Ė + τω + μω′

)
dx1 =

=
∫ l

0

[
Q1ε̇1+Q2ε̇2c+Q3ε̇3c+S1κ̇1

+(S2+c3Q1)κ̇2+(S3−c2Q1)κ̇3+τω+μω′
]
dx1

(15)

Thus, the normal force Q1 and the shearing forces Q2, Q3

are applied at the centroid and at the shear centre, respec-
tively. The twisting couple is S1, while the quantities

M2 = S2 + c3Q1, M3 = S3 − c2Q1, (16)

sum of a couple and the moment of a force, are bending
torques reduced to the centroid. Eqs. (14), (16) yield the
scalar form of the local balance of force and torque (13)3,4

Q′
1+κ2Q3−κ3Q2 =0

Q′
2+κ3Q1−κ1Q3 =0

Q′
3+κ1Q2−κ2Q1 =0

S′
1+κ2M3−κ3M2+(c2κ2+c3κ3)Q1+ε2cQ3−ε3cQ2 =0
M ′

2+κ3S1−κ1M3−c3Q′
1+(ε3c−c2κ1)Q1−(1+ε1c)Q3 =0

M ′
3+κ1M2−κ2S1+c2Q′

1+(1+ε1c)Q2−(ε2c+c3κ1)Q1 =0
(17)

where the couples S2, S3 are replaced by the torques
M2,M3 for constitutive reasons.

3 CONSTRAINTS, CONSTITUTIVE RELATIONS

For homogeneous and elastic bodies, standard constitutive
axioms yield the material response function

S = Ŝ(e,E, α, α′) (18)

where e refers either to the centroidal or shear centres
axis, depending on the constitutive assumptions, and tak-
ing into account possible inner constraints.

We admit warping to depend on twist [1, 2, 3, 5]

α = ξκ1, ξ ∈ R, α′ = ξκ′1 (19)

ξ being a costant identified by refined models. We proved
in [9] that the vanishing of shearings (usually accepted for
slender beams) is mechanically sound if referred to the
shear centres axis, but here we assume only (19). This
inner constraint is kept by reactive actions spending no
power on any compatible motion. Then, one proves ([7,
8, 9]) that contact forces, bending torques and bi-moment
are purely active. If bi-shear is assumed purely reactive,
natural because of eq. (12)6, it is proved to coincide with
the reactive part of the twisting couple [2, 7].

From the hyperelastic potential, we obtain non-
linear constitutive relations [7] accounting for the known
couplings extension/bending, extension/torsion/warping,
shearing/torsion, bending/torsion. By eq. (19),

Q1 = EAε1 + (1/2)EIcκ2
1,

Q2 =G[A2(ε2−κ1xc3)+A23(ε3+κ1xc2)],
Q3 =G[A3(ε3+κ1xc2)+A32(ε2−κ1xc3)],

M1−Q2xc3+Q3xc2 =(GJ+EIcε1
+EIf2κ2−EIf3κ3)κ1+ξτ,

M2 =EI2κ2+(1/2)EIf2κ
2
1,

M3 =EI3κ3−(1/2)EIf3κ
2
1,

μ=(EΓξ)κ′1

(20)

E,G being elasticity moduli in extension and shear;
A,Aj , Aij the cross-section area and the shear modified
areas; J the Saint-Venant torsion factor; Ic the polar mo-
ment of inertia with respect to c; Ij the central principal
moments of inertia; xcj the shear centre coordinates; Ifj

the third-order moments of inertia; Γ the warping inertia
factor [1, 2, 5, 7, 8, 9, 11]. Taking into account (20), (12)6,

S1 = (c+ dε1 + f2κ2 + f3κ3)κ1 − hξ2κ′′1 (21)

By replacing eqs. (20), (21) into eqs. (17), and express-
ing strains in terms of displacement components, eqs. (6),
(8), we obtain field equations for thin-walled beams. By
their suitable linearization around the straight initial con-
figuration, we obtain first-order field equations.

Since the aim of this contribution is to investigate the
effect of warping on the linear dynamics of a pattern beam
scheme, we need suitable linearized constitutive relations
for inertia actions. In particular, standard inertia terms,
which are usually reduced to the centroid, shall be shifted
to the shear centre by adding suitable terms. An example
of these terms is found in [9], where free vibration of an
eccentrically compressed beam are investigated.
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Inertial terms for warping are not much discussed in
literature, and in a direct 1-D model any reasonable hy-
pothesis fits. Wishing to match known results leads us to
a kinematical identification with more refined continua,
under the constraint (19). We rely on the 3-D model by
Simo and Vu-Quoc [5], and we introduce the linearized
warping inertia contribution, ρ being the density per unit
length of the beam in the reference configuration:

β =
ρΓ

ξ
ϕ̈1

′ (22)

4 NUMERICAL EXAMPLES

In order to evaluate the effect of the inertial term con-
nected to warping, we choose an aluminum beam with
non-symmetric cross-section, experimentally and numer-
ically investigated in [14]. We present numerical results
obtained by means of the technique described and imple-
mented in [11]. The physical characteristics of the beam,

o
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m
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Figure 4. Cross-section of type I.

the cross-section of which is shown in fig. 4, are in tab. 1.

The beam is either simply or doubly clamped, and in
each case we investigate the effect of warping inertia and
warping stiffness �Γ ¨̄ϕ,EΓ on the first five natural angular
frequencies. Results are shown in Tab. 2.

It is apparent that warping stiffness cannot be ne-
glected, since it leads to remarkably underestimate nat-
ural frequencies. On the other hand, natural frequencies
seem to be unaffected by the chosen form of inertial action
of warping, eq. (22). Thus, either this supposed form is

Table 1: Physical characteristics, cross-section I.

L, m E, N m−2 ν ρ, kg m−3 A, cm2 A2, cm2

2.00 4.5 · 1010 0.25 2650 3.12 1.79

A3, cm2 J , cm4 I2, cm4 I3, cm4 Γ , cm6 xc2, cm

0.59 0.04 2.76 42.82 23.85 2.53

xc3, cm A23 = A32, cm2 Ic, cm4 If2, cm5 If3, cm5

1.53 0.15 72.89 −29.98 −239.06

Table 2: Influence of warping inertia and stiffness on nat-
ural frequencies, cross-section of type I.

Mode

Simply clamped

Model
�Γ ¨̄ϕ′ → 0 Γ → 0

ω, s−1 ω, s−1 Diff. (%) ω, s−1 Diff. (%)

1 32.2 32.2 - 30.9 -4.0

2 61.1 61.1 - 50.8 -16.8

3 140.9 140.9 - 121.0 -14.1

4 164.2 164.2 - 143.0 -12.9

5 266.6 266.6 - 200.2 -24.9

Mode

Doubly clamped

Model
�Γ ¨̄ϕ′ → 0 Γ → 0

ω, s−1 ω, s−1 Diff. (%) ω, s−1 Diff. (%)

1 137.0 137.0 - 82.5 -39.8

2 256.5 256.5 - 166.6 -35.1

3 343.3 343.4 - 238.1 -30.6

4 641.8 642.0 - 258.8 -59.7

5 693.5 693.5 - 336.4 -51.5

meaningless, or, as usually done in the literature, warping
inertial actions, whatever may be, are negligible. In the
following of this contribution we will admit that the sec-
ond of these statements is true, and will thus henceforth
neglect the contribution of warping inertial actions, i.e.,
we will pose β ≡ 0.

In tab. 3 we compare the values of the first five natural
angular frequencies as obtained by the direct model in-
troduced here and those provided by the experimental re-
search by Ambrosini [14] in the case of the doubly clamped
beam. In addition, we make a comparison with the nat-
ural angular frequencies provided by the finite elements
commercial code Abaqus. In the latter case, we decided
to model the beam as a 2-D continuum, discretizing it by
shell elements. We remark that in both cases the direct

5
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Table 3: Comparison of natural frequencies, cross-section
of type I.

Mode

Simply clamped

Model
Test, cfr. [14] Abaqus

ω, s−1 ω, s−1 Diff. (%) ω, s−1 Diff. (%)

1 32.2 32.7 -1.4 33.3 -0.3

2 61.1 79.2 -22.8 72.8 -16.1

3 140.9 162.1 -13.1 146.4 -3.7

4 164.2 178.4 -7.9 174.6 -5.9

5 266.6 - - 302.4 -11.8

Mode

Doubly clamped

Model
Test, cfr. [14] Abaqus

ω, s−1 ω, s−1 Diff. (%) ω, s−1 Diff. (%)

1 137.0 153.9 -11.0 150.3 -8.9

2 256.5 308.5 -16.8 282.3 -9.1

3 343.3 399.0 -13.9 378.0 -9.2

4 641.8 769.7 -16.6 696.3 -7.8

5 693.5 - - 749.3 -7.4

model is somehow “softer” than its experimental and nu-
merical counterparts, since it provides smaller values of
the natural angular frequencies. This shall not be surpris-
ing, once thought about the imposed external constraint.
Indeed, in the direct model the clamp acts on global kine-
matical descriptors, hence as some averaged mean. On the
other hand, both in the numerical and experimental set-
ting, clamps are effective on many points of the terminal
cross-sections, even at all points in the experimental case.
Thus, the 1-D clamp is less “rigid” than the actual numer-
ical and experimental realizations of the same constraint.
The obtained results are thus physically sound and seem
to yield results in favour of safety (they underestimate the
actual global stiffness). Remark also that in some cases
experimental data are missing in [14], because of instru-
mental difficulties and unreliability of the measures.

Since the results provided by the 1-D direct model seem
reliable enough, it looks advisable to provide further com-
parisons. With this aim, a set of four beams is considered,
one with the cross-section shown in fig. 4 and the other
with the cross-section shown in fig. 5, both beams having
two possible lengths, i.e., 1.5 and 2.0 metres. The set of
beams is sketched in tab. 4, where, for the sake of sim-
plicity, the four elements of the set are labelled by 1 to 4.

o
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m
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10
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m

Figure 5. Cross-section of type II.

Table 4: Beam characteristics, 1-4 ([14]).

Cross-section type L, m E, N m−2

beam 1 I 2.0 4.5 · 1010

beam 2 II 2.0 4.2 · 1010

beam 3 I 1.5 4.5 · 1010

beam 4 II 1.5 4.2 · 1010

The geometrical and mechanical characteristics of
beams 1 and 3, having both cross-sections of type I, have
been listed in tab. 1; the only remark is that beam 1 dif-
fers from beam 3 in length (2.0 metres for beam 1, 1.5
metres for beam 3). On the other hand, the geometrical
and mechanical characteristics of beams 2 and 4, having
both cross-sections of type II, are listed in tab. 5, putting
into evidence the two considered different lengths.

Table 5: Physical characteristics, cross-section of type II
(beams 2 and 4), fig. 5.

L, m E, N m−2 ν ρ, kg m−3 A, cm2 A2, cm2

2.0 − 1.5 4.2 · 1010 0.25 2650 1.86 1.09

A3, cm2 J , cm4 I2, cm4 I3, cm4 Γ , cm6 xc2, cm

0.30 0.016 0.85 13.63 1.92 2.70

xc3, cm A23 = A32, cm2 Ic, cm4 If2, cm5 If3, cm5

1.09 0.15 30.27 −6.18 −83.16

The results of the comparisons are reported for the first
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five natural angular frequencies, and are presented in the
following three tables, arranged according the comparisons
among: a) the results obtained by means of the model
presented here and those provided by the experiments in
[14]; b) the results provided by the experiments in [14] and
those given by the commercial code Abaqus; and c) the
results obtained by means of the model presented here
and those given by the commercial code Abaqus. It is
apparent that some results for the cross-section of type I
were already presented in tab. 3, but we repeated them
just for the sake of a thorough comparison.

Table 6: Natural frequancies comparison, model vs. tests.

ω1−Δ% ω2-Δ% ω3-Δ% ω4-Δ% ω5-Δ%

Beam 1 -11.0 -16.8 -13.9 -16.6 None

Beam 2 -14.7 -5.2 -21.0 -24.9 -28.3

Beam 3 -8.5 -8.6 -11.8 None None

Beam 4 -14.3 -19.2 None -32.4 None

In tab. 6 we see, as already mentioned, that, irrespec-
tive of the considered mode, and even if the model pro-
vides a good estimate of the natural angular frequencies,
these are always lower than the experimental ones, when
at ease (some data, as evidenced by a “none”, are not
given in [14]). A reasonable physical explanation of this
phenomenon has already been provided above.

Table 7: Natural frequancies comparison, Abaqus vs.
tests.

ω1−Δ% ω2-Δ% ω3-Δ% ω4-Δ% ω5-Δ%

Beam 1 -2.4 -8.5 -5.3 -9.5 None

Beam 2 -3.2 12.1 -6.1 -11.9 -16.5

Beam 3 1.2 -0.6 -3.5 None None

Beam 4 -0.3 -4.9 None -20.4 None

In tab. 7 we may see that, in contrast with the model
presented here, the comparison among the results of the
commercial code Abaqus and those of the experimental
tests, when at ease, agree but one cannot tell if the ap-
proximation is form above or from below, i.e., one cannot
foresee which is the “stiffer” model.

In tab. 8 we may see that the already remarked “softer”
behaviour of the considered model also with respect to the
mesh of shell elements of the commercial code taken into
consideration.

In all cases, we may see that the model behaves consis-
tently, and provides reliable results. It will be interesting

Table 8: Natural frequancies comparison, model vs.
Abaqus.

ω1−Δ% ω2-Δ% ω3-Δ% ω4-Δ% ω5-Δ%

Beam 1 -8.9 -9.1 -9.2 -7.8 -7.4

Beam 2 -11.9 -15.4 -15.9 -14.8 -14.1

Beam 3 -9.6 -8.1 -8.6 -4.2 -6.3

Beam 1 -14.0 -15.1 -15.3 -15.0 -13.9

to check if these underestimates tend to diminish, and even
disappear, when considering globally “softer” schemes, so
that the model better approaches the actual 3-D physical
behaviour of the system.

5 CONCLUSIVE REMARKS

In this contribution we have investigated the effects of
warping, contributing to both inertial actions and beam
global stiffness, on the first natural angular frequecies of
thin-walled beams with open cross-sections. Our results
have been obtained by an in house numerical code that op-
erates to integrate the linearized field equations, in terms
of displacement components, provided by a direct 1-D
beam model coarsely describing warping.

We have considered two different cross-section types,
in order to compare the results obtained here with those
present in a recent article and with those provided by com-
mercial numerical codes. In addition, and with the same
scope, we considered two beam lenghts to broaden the set
of results to make comparisons with.

As a first result, we have found that the simplest and
most reasonable expression for the inertial action due to
warping seem to bring no contribution to the natural an-
gular frequencies. Thus, we have confirmed what is usu-
ally and implicitly admitted in the literature, that is, that
warping inertial actions may be neglected. In addition, we
have found that the natural angular frequencies provided
by our in house code are in good agreement with both the
experimental ones and those provided by a commercial
numerical code. Our results underestimate, in favour of
safety, both the experimental and the more refined numer-
ical ones, because of the average meaning of the imposed
external clamping conditions in a direct 1-D model.

Further investigations are in due course and follow two
paths. From the numerical point of view, the cases of
globally less stiff beam systems will be considered, such
as the simply supported one, so to confirm the reasonable
hypothesis that the results provided here are influenced
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by the average meaning of the clamping conditions. From
the experimental point of view, a laboratory campaign is
under project, also in collaboration with other universities,
in order to have additional comparisons.
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ABSTRACT: Literature often studies stability of trivial equilibrium paths, relying on suitable constraints; however,
here we study stability of non-trivial, non-linear solutions of the equilibrium field equations for thin-walled cantilevers
under end shearing forces, either dead or follower, using a direct one-dimensional model coarsely describing warping.
We find non-trivial equilibrium paths by a version of finite differences, and investigate stability of superimposed small
perturbation. Thin-walled cantilevers under follower shearing forces may lose stability by either buckling or flutter;
we present and discuss a comparison between theoretical values of literature and numerical predictions obtained by
the proposed technique, emphasizing the effect of warping.

KEY WORDS: thin-walled beam; shear force; non-trivial equilibrium; flutter.

1 INTRODUCTION

When a beam is bent in the plane of greatest flexu-
ral rigidity, it may reach a deflected and twisted shape,
which is an unstable configuration, in the sense that a
small perturbation of the load may lead to a configura-
tion quite “far” from the starting one. This phenomenon,
a.k.a. lateral-torsional instability, is very significant for
thin-walled beams, which are endowed by a low torsional
stiffness [17]. Thus, it is meaningful to investigate the
conditions and the physical quantities characterizing the
stability of these elements, of very common use in the ap-
plications, as stated by the interest of researchers also in
very recent works on lightweight structures, e.g. [12], and
on thin-walled composite structures [9].

In stability analysis, closed-form solutions are rarely
available; therefore, numerical algorithms should be im-
plemented, and physical-mathematical models should pro-
vide field equations as easy as possible to be tackled. To
ease computation, in the case of slender beams 1-D con-
tinua are interesting, and can be derived by richer models:
in [18] the field equations derive from inner constraints on
shells, like in [11], where nonlinear constitutive relations
are provided. 1-D direct models explicitly lead to ordinary
differential equations, easier to integrate. In [4] there are
as many directors attached to the beam axis as stripes in
the cross-section; in [16] kinematics is enriched by describ-
ing warping via the Saint-Venant torsion function; another

model obtained via projection from a 3-D cylindrical body
is in [2]. In [14] the standard beam model is enriched by
a coarse descriptor of warping and nonlinear constitutive
relations. Here we adopt a refined version of this model
to distinguish centroids and shear centres [1, 15].
A version of the finite differences technique was recently

applied for the stability analysis of equilibrium configura-
tions for beams with rigid cross-sections [6]. It lets find the
solutions of the non-linear field equations for the beam by
standard libraries of numerical codes. Then, by superpos-
ing a small perturbation to these non-trivial equilibrium
paths we study their stability, examining the solutions
of an eigenvalue problem providing instability conditions
both for buckling and flutter. Excepting some patholog-
ical cases, such discrete results converge to the contin-
uum solution, as proved in [19]. This technique was ap-
plied recently for the stability analysis of some non-trivial,
non-linear solutions of the field equations for thin-walled
beams obtained by the improved direct one-dimensional
model presented in [13, 15, 1]. In particular, the studies
of simply supported elements under conservative couples
and forces have led to encouraging results [8].
In this contribution, we analyze the stability of thin-

walled cantilevers subjected to dead or follower shearing
force at the free end. In the literature this problem is usu-
ally treated neglecting the pre-critical path, that is, the
stability analysis is carried out around the trivial equilib-
rium path represented by the straight initial configuration
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[17]. Moreover, as far as our knowledge goes, literature
solutions refer to the action of purely conservative (dead)
forces. It is then of interest perform a stability analysis
able taking into account the effect of non-trivial equilib-
rium paths and non-conservative shearing end forces.

2 A DIRECT 1-D MODEL WITH WARPING

We summarize the model, which is direct and one-
dimensional; details can be found in [13, 15, 1]. The beam
reference shape is made of plane cross-sections attached
normally to the axes of either the centroids or the shear
centres [15]. Both axes are straight segments, parallel to
the x1-axis of a Cartesian system consistent with a right-
handed ortho-normal basis (a1, a2, a3), with a2,a3 paral-
lel to the principal axes of inertia of the cross-sections.
Another configuration is provided by: a) the vector field
u=p−q of the displacement of one of the beam axes, if p
(q) is the position vector field of their points in the present
(reference) configuration; b) the proper orthogonal tensor
field R of the rotation of the cross-section between the
two configurations, so that a basis in the present shape
is bi = Rai; c) the scalar field w coarsely describing the
cross-sections warping. All fields depend on the abscissa
and time; for simplicity of notation, the independent vari-
ables will be dropped from notation.
A rigid transformation, preserving the metric of the ref-

erence shape, is given by: a uniform rotation R0; a ro-
tation of any difference of places in the reference shape
according to R0; an identically vanishing warping. The
difference between the generic transformation and a rigid
one is a natural definition of strain, and its measures are:
i) the variation of the rotation along one beam axis; ii) the
difference of the tangents to one of the beam axes in the
present and reference shapes; iii) the warping descriptor

e = p′ −Rq′ = p′ − b1 = εibi,
E = R′R� = εijhκibj ∧ bh, w

(1)

where the apex stands for the x1-derivative and εijh is the
permutation operator. The stretch is ε1, while ε2, ε3 are
the shears between one beam axis and the principal axes
of inertia. The twist is κ1, and κ2, κ3 are the bending cur-
vatures; all measures are observer-invariant. Henceforth,
the x1-axis will be that of the centroids.

External power, a scalar functional of the spatial veloc-
ity field ṗ, ṘR�, ẇ, measures the beam interactions with
the rest of the universe. Internal power measures the in-
teractions among the beam parts, and in a theory of grade
one it is a scalar functional of the spatial velocity field and

its first spatial approximation. By the balance of power we
postulate that at each time for any spatial velocity field
external and internal power shall equate. By retaining
only inertia among bulk actions, and reducing the spa-
tial velocity field to the centroid o, standard localization
procedures and suitable regularity hypotheses yield the
mechanical balance of force and torque, and the auxiliary
equation for the bishear and bimoment

t′=ρAp̈, T′+(e+b1)∧ t=ρI[(ṘR
�
)̇ ], μ′+τ=β (2)

Here ρ is the mass per unit volume, and I is an inertia
tensor with respect to o. The vectors ρAp̈, t=Qibi are
inertia and inner forces; the skew tensors ρI[(ṘR�)̇ ],T=
εijhMibj ∧ bh are inertia and inner couples. The scalars
β, μ, τ are the warping inertia action, bimoment, and bis-
hear [18, 16]. Forces, normal Q1 and shearing Q2, Q3, are
thought applied at the centroid. Couples are twisting, M1,
and bending, M2,M3. We pose β = 0 and, ξ being a real
constant, let warping be linear with twist [18, 16]

w = ξκ1 ⇒ w′ = ξκ′
1 (3)

The constraint (3) is kept by inner reactions spending no
power on compatible spatial velocities. Then, inner forces,
bending couples, and bimoment are only active; admitting
bishear purely reactive, we prove it equal to the active part
of the twisting couple [18, 15].
If internal power comes from a hyperelastic potential,

we obtain non-linear constitutive relations [15], accounting
for (3) and the experimental couplings stretch/bending,
stretch/torsion/warping, shear/torsion, bending/torsion

Q1 = EAε1 + (1/2)EIcκ
2
1,

Q2=G[A2(ε2−κ1xc3)+A23(ε3+κ1xc2)],

Q3=G[A3(ε3+κ1xc2)+A32(ε2−κ1xc3)],

M1 −Q2xc3 +Q3xc2 = (GJ + EIcε1+

EIf2κ2 − EIf3κ3)κ1 + ξτ,

M2=EI2κ2+(1/2)EIf2κ
2
1,

M3=EI3κ3−(1/2)EIf3κ
2
1,

μ=(EΓξ)κ′
1

(4)

E,G being elasticity moduli in extension and shear;
A,Aj , Aij the cross-section area and the shear modified
areas; J the Saint-Venant torsion factor; Ic the polar mo-
ment of inertia with respect to the shear centre c, with
coordinates xcj ; Ij the central principal moments of iner-
tia; Ifj the third-order moments of inertia; Γ the warping
inertia factor [18, 17, 16, 5, 15]. Eqs. (4) are much simpler
when cross-sections exhibit at least a symmetry axis [8],
otherwise all constitutive constants are not zero.

2

Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014

3838



Eqs. (1)–(4) show that ξ influences only warping, bis-
hear and bimoment, and not field equations and results.
Thus, it is not important to determine its exact value;
in addition, by re-defining bimoment as B = ξμ [11], we
obtain field equations without reactive terms by ordinary
techniques, and bishear and warping may be evaluated in
a post-processing phase, after looking for non-trivial equi-
librium solutions and investigating their stability.

2.1 About non-conservative loadings

In the the stability of mechanical systems, it is common
to distinguish between conservative and non-conservative
loadings. When studying beams, one usually labels or-
dinary conservative loads as ‘dead’, while many non-
conservative loads are called ‘follower’, in that they rigidly
follow the beam axis. A debate in the scientific community
arose on the very existence of statically applied follower
forces; a series of experiments on rocket motors applied on
beam ends have showed evidence of the flutter induced by
purely follower forces; for a review, see [3].
Intermediate loadings are defined ‘sub-tangential’: in

2-D, we scale forces by a parameter, the limits of which
provide either fully conservative or fully non-conservative
loads. When the mechanical problem is embedded in a 3-
D setting, within the limits of our knowledge, there is no
unique definition for a sub-tangential load in the literature.
Indeed, in 3-D there is not a unique angle between a fixed
(‘dead’) direction, the beam axis in the reference shape,
and the tangent to the beam axis in a different configura-
tion. Thus, in principle there are two parameters describ-
ing sub-tangential loads; it is possible, however, to reduce
them to one, imagining the load vector moving from the
fixed direction to the tangent following proportional paths
in the cross-section principal planes of inertia. Because of
this uncertainty, and since we are interested in some ba-
sics on the behaviour of this pattern scheme, we consider
only dead and follower forces here, leaving studies on sub-
tangential loadings to further investigations.

3 NUMERICAL TECHNIQUE

Eqs. (1)–(4) are non-linear in space and time, but have
in general no closed form solutions: thus, we discretize
the domain and numerically integrate them by spatial fi-
nite differences. They provide equilibrium solutions, are
robust, do not require forward/backward grids, and, bar
rare pathological cases, discrete results converge to con-
tinuum ones [19]. By the technique proposed in [6] and
implemented in [7, 8], the axis length L is divided into

intervals between sampling points (nodes); any function f
and its derivative f ′ are approximated

fe
i =

fi+1 + fi
2

, (f ′)ei =
fi+1 − fi

ΔL
, i = 1, . . . , N (5)

fi being the value attained by f at node i, ΔL the inter-
val length, N the number of intervals in the domain, and
e is the element between the nodes i, i + 1. We choose
an equally spaced mesh, and, to operate on a fixed do-
main, all quantities are pulled back to the reference con-
figuration: vectors are pre-multiplied by R�, tensors are
pre-multiplied by R� and post-multiplied by R.
Discretized strain measures (1) have matrix form

{ε}ei =([R]
e
i )

�
({b1}+{u′}ei )−{b1}, [E]

e
i =([R]

e
i )

�
[R′]

e
i (6)

where {b1}={1 0 0}�, and {u}, [R] list the components of
u,R in the basis ai attached to the cross-section in the
reference shape. The skew matrix [E] is given in terms of
three rotations φi around ai.
Discretized balance eqs. (2) with zero inertia are

{Q′}ei+[E]
e
i {Q}ei ={0} ,

{M ′}ei+[E]
e
i {M}ei+[H]

e
i {Q}ei ={0} (7)

[H]
e
i being the skew matrix providing the wedge product.
Discretized constitutive eqs. (4), by (3), are

{Q}ei = [Cs] {ε}ei + {fs}ei ,
{M}ei = [Cb] {κ}ei + {fb}ei Be

i = EΓ (κ′
1)

e
i

(8)

with [Cs] , [Cb] the linear diagonal part, and {fs}ei , {fb}
e
i

the coupling terms in (4)1−6.
Eqs. (6)–(8) plus boundary conditions are a square alge-

braic non-linear system of dimension 19(N +1). Standard
numerical libraries let us find their solutions, describing
non-trivial, non-linear equilibrium paths in discrete form.
Their stability is studied by superposing a small pertur-
bation in terms of velocities, numerically convenient [6]:

{v}ei = ([R]ei )
�{u̇}ei , [W ]ei = ([R]ei )

�[Ṙ]ei (9)

Thus, if the suffix 0 indicates a quantity evaluated at equi-
librium, discretized perturbed strains, see (1), are

˙{δε}ei ={δv′}ei+[E0]
e
i{δv}ei−[δW ]ei ({ε0}ei+{b1}) ,

˙{δκ}ei ={δW ′}ei+[E0]
e
i{δW}ei

(10)
Discretized balance for perturbation, see (2), are

{δQ′}ei + [E0]
e
i{δQ}ei + [δE]ei{Q0}ei = ρA ˙{δv}ei ,

{δM ′}ei + [E0]
e
i{δM}ei + [δE]ei{M0}ei

+[H0]
e
i{δQ}ei + [δH]ei{Q0}ei = ρ[I] ˙{δW}ei

(11)
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and account for inertia, since we search dynamic stability.

Discretized constitutive eqs. (4) for perturbation are

{δQ}ei =[Cs
s ]{δε}ei+[Cb

s 0]
e
i{δκ}ei ,

{δM}ei =[Cs
b 0]

e
i{δε}ei+[Cb

b 0]
e
i{δκ}ei−(δB′)ei{b1} ,

δBe
i =EΓ (δκ′

1)
e
i ,

(12)

[Cs
s ], [C

b
s 0]

e
i =([Cs

b 0]
e
i )

�, [Cb
b 0]

e
i describing couplings in (8).

The list of difference fields between the perturbed and
the equilibrium states, or first-order deviation vector, is

{δs}i={{δQ}i,{δM}i, δBi,{δε}i,{δκ}i,{δv}i,{δW}i} (13)

Standard operations transform eqs. (10)–(12) into an op-
eratorial variational equation

Cδs=Dδ̇s, δs=δs0 exp(λt) ⇒ Cδs0=λDδs0 (14)

C, D characterizing the beam geometrical and physical
properties at equilibrium [7, 8]. Eq. (14) is a non-standard
problem for the eigenvalues λ=α+ iω, i=

√
−1, α, ω∈�,

the natural angular frequencies of the small oscillations
around the equilibrium shapes. We reach the instability
threshold when a real eigenvalue, or the real part of a
complex one, vanish from negative values; we face buckling
in the first case, flutter in the second. This technique was
implemented in an in house code, and successfully applied
for the stability analysis of beams with rigid cross-sections
and sub-tangential load [7]. On the other hand, for thin-
walled beams only conservative loads were analyzed [8].

�

�

Figure 1. Lateral-torsional instability.

�

��

��

�

��
��

Figure 2. Clamped beam under a dead shearing force.

�

��

��

�

��
��

Figure 3. Clamped beam under a follower shearing force.

4 NUMERICAL RESULTS

By the described technique, we perform the stability anal-
ysis of cantilever beams under shearing forces at their free
end. As it is well know, in these conditions the beam
may reach an unstable deflected and twisted shape, Fig. 1.
Two different problems are studied: a dead (fully conser-
vative), and a follower (fully non-conservative), shearing
force, Fig. 2 and Fig. 3, respectively.
Four different steel standard profiles are considered:

• IPE200, European, doubly symmetric;

• UPE200, European, ‘strong’ axis-symmetric;

• WT9x17.5, American, ‘weak’ axis-symmetric;

• L200x100x10, European, non-symmetric.

Profiles are chosen so to investigate as many symmetry
conditions as possible. The geometrical and physical prop-
erties of the beams are listed in Table 1 and in Table 2,
while Fig. 4 shows their cross-sections. After a conver-
gency analysis, the beam was divided into 20 elements.

4.1 Free circular frequencies

Numerical results are checked in terms of circular fre-
quencies. Theoretical solutions [10] for free vibration of
a doubly-symmetric cantilever are, in bending,

ωn = k2n

√
EI2
ρAL4

ωn = k2n

√
EI3
ρAL4

n ∈ N

k1 = 1.875 k2 = 4.694 k3 = 7.855 . . .

(15)
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Figure 4. Dimensions of cross-section.

Sec. L, m E, N m−2 ν ρ, kg m−3 A, cm2 A2, cm
2 A3, cm

2 J , cm4 I2, cm
4 I3, cm

4 Γ , cm6

I 2.50 210 · 109 0.30 7850 28.48 14.00 16.12 6.98 142.40 1943.00 12990.00
U 2.50 210 · 109 0.30 7850 29.00 10.52 8.54 8.89 187.00 1910.00 11000.00
T 2.50 210 · 109 0.30 7850 33.23 13.84 13.73 10.49 319.25 1669.09 160.71
L 2.50 210 · 109 0.30 7850 29.20 16.58 7.29 9.67 135.00 1290.00 229.78

Table 1. Beam data and main characteristics of the cross-section.

Sec. xc2, cm xc3, cm A23 = A32, cm
2 Ic, cm

4 If2, cm
5 If3, cm

5

I - - - - - -
U - 5.41 - 2945.77 -4012.78 -
T 5.53 - - 3004.12 - -24764.23
L -5.83 3.10 -2.26 2704.92 -2631.76 18352.00

Table 2. Properties due to the non-symmetry of the cross-sections.

5
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along the x3- and x2-axis, respectively, and, in torsion,

ωn =
2n− 1

2
π

√
GJ

ρIcL2
n ∈ N (16)

The natural circular frequencies for lateral vibration in
(15) neglect shear deformation and rotatory inertia, the
values for torsion vibration (16) neglect warping rigidity.
For lateral vibration, field equations lead to a transcen-
dental problem without closed form solutions, so the coef-
ficient kn in eq. (15) derives from a numerical approach.

In Table 3 the first six natural angular frequencies of
the considered beams are shown: the first two columns
indicate the cross-section type and the mode considered;
the third column shows the nature of motion; the fourth
and the fifth show the values obtained by our numerical
technique, once by assuming Γ �= 0, ω̃Γ , and Γ = 0, ω̃;
for purely lateral or torsion motion the sixth column shows
the values ω obtained by the theoretical formulae (15) and
(16); the last two columns show the percentage differences

Δ1 =
ω̃Γ − ω̃

ω̃
, Δ2 =

ω̃ − ω

ω
(17)

The values assumed by the percentage differences Δ1

show that for the I and U cross-sections warping plays
a key role, while for the other two cross-sections, T and
L, the differences are much less; this is in accord with
the smaller value of the warping stiffness of such sections.
The percentage differences Δ2 show that, when the per-
turbed motion is uncoupled, the numerical values obtained
neglecting warping are in good agreement with those pro-
vided by the theoretical formulae (15), (16) (the resid-
ual error is more likely due to the approximation in their
derivation rather than in numerical approximations).

4.2 Stability analysis

We assume the force acting along the ‘weak’ axis x2 in
the reference configurations, and warping prevented at the
clamped end. The analytical solution for a dead load, with
Γ = 0 (compact cross-section) is [17]:

Pbn =
2αn

L2

√
EI2GJ n ∈ N (18)

where αn is a numerical coefficient arising from the zeros
of Bessel’s function of first kind of order −1/4, equal to
2.0063 for n = 1, whence the critical load

Pc =
4.013

L2

√
EI2GJ (19)

If Γ �= 0 (thin-walled beams), we have the approximation

PΓ
c =

1(
1−

√
EΓ

GJL2

)2

4.013

L2

√
EI2GJ (20)

reducing to (19) if Γ = 0. Both (19), (20) neglect pre-
critical equilibrium paths, as well as shearing deformation
and possible non-symmetries of cross-sections. In the non-
conservative case, however, theoretical solutions to com-
pare with are not at ease, as far as our knowledge goes.
In Table 4 the first critical load of the considered beams

is shown: the first column shows the cross-section type;
the second and the third column show the values obtained
by the adopted numerical technique, by assuming Γ �=
0, P̃Γ

c , and Γ = 0, P̃c; the fourth and the fifth column
show the values PΓ

c e Pc given by the theoretical formulae
(20) and (19); the last four columns show the percentage
differences

Δ3 =
P̃Γ
c − P̃c

P̃c

, Δ4 =
PΓ
c − Pc

Pc
,

Δ5 =
P̃Γ
c − PΓ

c

PΓ
c

, Δ6 =
P̃c − Pc

Pc
.

(21)

The obtained results (buckling for conservative loads,
flutter for non-conservative loads) can be commented in
this way: the values attained by the percentage differences
Δ3,Δ4 show that warping plays also in these cases a fun-
damental role, since we see a maximum increase of the
critical load of about 145.0 %. The percentage differences
Δ5,Δ6 show that the solutions at ease in the literature
for the conservative case provide reasonably reliable val-
ues only for the doubly symmetric I cross-section. This is
consistent with the hypotheses by which they have been
derived, and the residual error is due to the effects of the
pre-buckling equilibrium path and to the shear deforma-
bility. In the other cases the buckling loads are either
highly overestimated (U and L cross-sections) or underes-
timated (L cross-section). Another key point to remark
is that the flutter loads in the non-conservative case are
always lower than the buckling ones relative to the conser-
vative case, contrarily to what happens for a compressed
cantilever beam (Euler’s and Beck’s solutions), where the
non-conservative load has a stabilizing effect.

5 CONCLUSIVE REMARKS

We investigated here the 3-D dynamic stability of non-
trivial equilibrium paths for open thin-walled cantilever

6
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Sec. n Motion Numerical Theoretical Δ1 Δ2

ω̃Γ , s−1 ω̃, s−1 ω, s−1

I 1 x3-deflection 65.05 65.05 65.06 0.0% 0.0%
2 x1-torsion 161.75 116.66 116.60 38.7% 0.1%
3 x2-deflection 236.78 236.78 240.31 0.0% -1.5%
4 x3-deflection 408.67 408.67 407.72 0.0% 0.2%
5 x1-torsion 620.70 351.43 349.80 76.6% 0.5%
6 x3-deflection 1151.34 1151.34 1141.75 0.0% 0.8%

U 1 x3-deflection 73.77 73.77 73.88 0.0% -0.1%
2 coupled 122.68 95.60 - 28.3% -
3 coupled 272.89 256.90 - 6.2% -
4 x3-deflection 459.90 459.90 463.02 0.0% -0.7%
5 coupled 461.61 305.50 - 51.1% -
6 coupled 1037.29 492.35 - 110.7% -

T 1 coupled 79.02 78.34 - 0.9% -
2 coupled 137.39 134.70 - 2.0% -
3 x2-deflection 203.64 203.64 206.19 0.0% -1.2%
4 coupled 311.55 303.55 - 2.6% -
5 coupled 522.25 499.49 - 4.6% -
6 coupled 692.63 688.18 - 0.6% -

L 1 coupled 59.14 58.90 - 0.4% -
2 coupled 120.48 117.10 - 2.9% -
3 coupled 204.62 203.60 - 0.5% -
4 coupled 288.34 281.60 - 2.4% -
5 coupled 459.08 438.97 - 4.6% -
6 coupled 559.44 545.21 - 2.6% -

Table 3. Quantitative comparison among free circular frequencies.

η=0
Sec. Numerical Theoretical Δ3 Δ4 Δ5 Δ6

P̃Γ
c P̃c PΓ

c Pc

I 49.65 27.45 50.61 26.36 80.9% 92.0% -1.9% 4.1%
U 28.05 16.70 57.04 34.10 68.0% 67.3% -50.8% -51.0%
T 25.85 22.45 50.93 48.39 15.1% 5.2% -49.2% -53.6%
L 41.15 38.85 32.21 30.21 5.9% 6.6% 27.8% 28.6%

η=1
Sec. Numerical Theoretical Δ3 Δ4 Δ5 Δ6

P̃Γ
c P̃c PΓ

c Pc

I 40.05 16.35 - - 145.0% - - -
U 17.65 8.25 - - 113.9% - - -
T 22.85 20.05 - - 14.0% - - -
L 22.95 22.25 - - 3.1% - - -

Table 4. Quantitative comparison among first critical loads.
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beams under shearing end force. This is considered ei-
ther fully conservative (‘dead’) or non-conservative (‘fol-
lower’), to detect possible states of bifurcation via buckling
or flutter (i.e., static or dynamic). The adopted model is
direct, 1-D, and coarsely describes warping; constitutive
equations are non-linear and account for known couplings
among modes of deformation. The field equations are nu-
merically integrated via an in-house code based on the
finite differences technique, robust and reliable. The sta-
bility of the numerically obtained non-trivial equilibrium
paths is investigated by superposing a small perturbation
and examining the solutions of an eigenvalue problem.
The results show the strong influence of warping and of

coupling constitutive coefficients on the critical loads, thus
asking for deeper investigations in the field, with the aim
of providing a general and more reliable design tool with
respect to the theoretical exact and approximate solutions.
Indeed, we have found a whole set of results not available
in the literature for mono-symmetric or non-symmetric
cross-sections, and we have shown that warping stiffness
has a strong stabilizing effect for symmetric cross-sections.
As well as further studies in this direction, a campaign of

experimental tests is under design; in addition, studies on
stability of clamped thin-walled beams subjected to par-
tially non-conservative forces (sub-tangential) are in due
course.
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ABSTRACT: The phenomenon of buckling of bar under tensile load is revealed in many cases of loading and found 
consideration in some structures and mechanisms. The tensile buckling load depends on dimensions and material of the bar as 
well as on flexibility of connections at its ends.  

This paper describes the dynamic method for determining the tensile buckling load of bar on example of bar subjected to 
tensile load by a force directed towards the pole. Connection at the lateral non-movable end may vary from the hinge to the 
restrained including semi-rigid. The theoretical basis of the method is the dependence of the bar lateral stiffness on tensile load. 
The lateral stiffness is determined for various values of the tensile load based on free vibrations frequencies of the bar with mass 
at its tip as well as its own generalized mass. The tension critical load is obtained by extrapolation of the dependency between 
the stiffness and tensile load up to its zero value. The accuracy of the method is verified by comparing the experimental results 
and corresponding analytical values. Experimental measurement of critical tensile load of the stretched bar loaded by force 
directed to a pole is performed for the first time. 

KEY WORDS: Dynamic method; Tensile buckling; End-fixity factor; Force directed towards a pole. 

 

1 INTRODUCTION 
Structures in which the loss of stability occurs due to tensile 
loads have consideration in scientific literature [1][2][3][4]. 
The buckling mode shapes have been investigated and 
calculation methods for determining the critical loads as well 
as optimization methods have been proposed. Scientific and 
technical significance of such structures requires further 
research in the direction of experimental verification of 
theoretical statements and particularly determining of critical 
tensile load. The methodological interest is also represented 
by statement and an experiment technique for non-destructive 
determining the critical load value, since in the literature such 
results are no presented. 

The aim of the present research is non-destructive 
experimental determining of tensile critical load of bar with 
semi-rigid connection on the one end and with hinge slider 
moving along a circle trajectory on the other. Necessity of  
generalization of the fixed connection scheme on the one end 
by inclusion rotation spring is stipulated by the fact that due to 
compliance of connection elements an perfectly rigid 
clamping can not be produced. Since the radial reaction on the 
slider corresponds to the applied load, resistance to its 
movement by friction significantly affect the process and 
results of the experiment.  

For decreasing of the friction influence, the original design 
solution is proposed by us and the dynamic method is adopted 
for determining the critical tensile load [5][6][7], as sliding 
friction has a character of Coulomb damping and doesn't 
influence the frequency of free vibrations [8]. The critical load 
is determined by linear extrapolation of dependence of a 
square of the natural frequency on axial load to its zero value 

[5][9]. The possibility of such linear approximation for beams 
under tensile load presented in [10], however it not include 
unconventional boundary conditions, such an end mass. Since 
the tested system has a slider with mass that significantly 
higher than mass of the tested bar, for justification and an 
assessment of linear approximation error the dynamic model 
with one degree of freedom is accepted. The model consists of 
tested bar as elastic element and generalized mass [11] on its 
laterally movable end that includes the masses of the bar and 
the slider. 

2 THE LATERAL STIFFNESS OF BAR SUBJECTED 
TO TENSILE LOAD  

The straight homogeneous bar subjected to tension by tensile 
load P with semi-rigid fixity condition at the one end and 
possibility of free rotation and lateral moving in sway mode at 
the other is considered in this paper (Figure 1). The end 
conditions that supplied the sway mode is considered in two 
possible configurations: (a) - with constant direction of tensile 
force and (b) - with changeable direction of force directed 
towards the pole.  

For quantity definition of semi-rigid end condition we use 
the end-fixity factor [12][13] 

 
1

3
1

−

⎟
⎠
⎞

⎜
⎝
⎛ +=

EI
CHr   (1) 

where C- the rotational stiffness at the support; EI- the 
bending stiffness of the bar cross-section;  H- the bar length. 
The fixity condition at the end varies in the diapason from 0 in 
case of perfectly rigid to 1 in case of pinned support.  

Dynamic test for buckling of bar subjected to tensile load  
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Figure 1. Elastic bar subjected to tensile load with semi-rigid 
connection at the lower end and with hinge at the upper end 

with two cases of sliding: (a) – along a straight line normal to 
initial bar's axis; (b) – along a circular guiding line. 

 
For the case presented in figure Figure 1a, as result of 

integration of the bar elastic deformations equation taking into 
account the end fixity factor [14], the following expression for 
lateral stiffness is received: 

  ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−−−−
+−

=
ururur
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H
PKt tanh])1(3[)1(3

tanh)1(3
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where  

  EI
PHu =   (3) 

The value of Kt is minimal for r=1 (pinned-pinned rod) and 
equal to P/H. The lateral stiffness Kt,0 of the bar at P=0 is 
determined as  

  300, )1(3lim
H
EIrKK tPt −==

→
  (4) 

The inclination of the dependence Kt(P) at P=0  

  [ ]2

0
)1(2.011 r

HdP
dK

P

t −+==
→

α   (5) 

For convenience of the analysis a dimensionless parameters of 
the bar's lateral stiffness are introduced as follow: 

 
EI
HKK tt

3
=′   (6) 

Then, based on (2) and (4) 
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and 

  )1(30, rKt −=′   (8) 

Figure 2 presents graphs of the bar's lateral stiffness 
dependency on dimensionless load parameter u and end-fixity 
factor r. The domain of dependency Kt'(u) is ∞>u≥0 and Kt' is 
monotonically increasing with u in all domain.  

 

Figure 2. Dependence of lateral stiffness ratio K't on load 
parameter u2 for different values of end-fixity factor r.  

By integration of the bar elastic deformation equation 
according to the loading scheme presented in figure Figure 1b, 
when the traction force directed towards the pole we get  

 
R
PKK tr −=   (9) 

where R is the radius of sliding curvature that leads to a 
variation in direction of the tensile reaction force. At P=0 
Kr0=Kt0 and inclination of the dependency Kr(P) derived as  

  ⎥⎦
⎤

⎢⎣
⎡ −−+==

→ R
Hr

HdP
dK

P

r 2

0
)1(2.011β   (10) 

Using (3) and (9) and (7) we have dimensionless parameters 
for stiffness 

 
R
HKK tr −′=′   (11)  

and for stiffness variation tendency 

 
R
Hr −−+=′ 2)1(2.01β   (12) 

The graphs of dependency K'r(u2) for various values of H/R 
ratio and end-fixity factor r are presented in figure Figure 
3a,b. The graphs show existence of critical load corresponding 
to stability losing under tension [2]. 

The equation for determining the critical value of load 
parameter u is obtained from (11) and (7) satisfying condition 
of null stiffness [14]  Kr'=0 as follows: 

  0
tanh])1(3[)1(3
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The values of roots of Eq. (13) are presented in table 
Table 1. 
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Figure 3. The graphs of dependency Kr on dimensionless load 
parameter u2 for various values of end-fixity factor r: 

(a) - H/R=1.05; (b) - H/R=1.5. 

 

Table 1. The values of roots ucr of Eq. (13) for several values 
of end-fixity factor r and dimensionless curvature H/R.  

  r 
  0.00 0.25 0.50 0.75 

H/R 

1.05 21.00 9.97 6.58 4.10 
1.1 11.00 6.42 4.44 2.86 
1.3 4.33 3.68 2.39 1.61 
1.5 2.99 2.35 1.81 1.24 
2.0 1.92 1.58 1.25 0.87 
4.0 1.03 0.88 0.71 0.50 

 
By substitution the end fixity value r=0 into (13) we obtain 

the characteristic equation for case of bar with perfectly rigid 
connection on one of its ends as follows: 

  ⎟
⎠
⎞

⎜
⎝
⎛ −=

H
Ruu crcr 1tanh   (14) 

This case is similar to considered by Timoshenko [15] case of 
console rod subjected to force directed towards the pole 
placed above the rod's tip and characteristic equation for it can 
be obtained from (14) by changing the load's sign and sign of 
curvature radius.  

From the expressions (2) and (11) follows that the bar can 
lose stability only when H>R. The critical load value depends 
on H/R ratio, end-fixity factors, dimensions and material of 
the bar. In case of pinned conditions at both ends the bar is 

stable for H<R and non-stable for H>R without dependency 
on tensile load value. 

The graphs presented in figure Figure 3 illustrates a 
character of the dependency Kr' on parameter u2 and 
consequently dependence of square of bar's natural frequency 
on tensile load. For ratios H/R closer to 1 and end-fixity 
factors 0–0.25 the dependency Kr'(u2) has a strong non-
linearity. For H/R=1.5 for all values of end-fixity factor the 
dependency Kr'(u2) is close to linear. Thus, methodology of 
critical load determining based on experimental results should 
take into account the Kr' variation character depending on 
H/R. 

3 THE METHODOLOGY FOR CRITICAL LOAD 
DETERMINATION BASED ON NON-
DESTRUCTIVE TESTING RESULTS  

The experiment consists in determining the natural frequency 
of the bar's vibrations under tensile load variable in allowable 
range of its values and constant generalized mass. The upper 
bound of allowable range of tensile loads defined by ability of 
sufficiently accurate measuring of low frequencies in vicinity 
of critical load value due to influence of friction and the 
system imperfection. Experimentally determined that, 
depending on the imperfection and friction, the tensile force 
up to (0.8–0.85)Pcr can be achieved. The problem of critical 
load determination based on results of non-destructive testing 
consist in extrapolation of the results up to value corresponds 
to Kr=0 (or ω=0). 

A linear model in form  

  bPKK rr −= 0,   (15) 

is adopted for approximation of Kr(u2) dependency in the 
loads range Pϵ[0, Pcr]. This model is determined by the least 
squares method [16] based on results of experimental 
measurements. This simple model is less sensitive to 
measurement errors due to fewer unknown parameters. When 
the Kr(u2) dependency has a strong non-linear character, the 
extrapolation results depend on selection of experimental 
values used for it. Independence from the selection can be 
achieved by definition of H/R ratios' range for which the 
dependence Kr(u2) is close to linear. Since for larger ratio H/R 
the dependence Kr(u2) became more close to linear, as it was 
shown in figure Figure 3, such definition of the range bounds 
is possible. 

To assess the proximity of Kr(u2) dependence character to 
linear, we have calculate a maximal deviation Dr,max% of 
theoretical values Kr' calculated according to (11) in the loads 
range [0, ucr] from linear line passing through the points [0, 
Kr,0] and [ucr

2, 0] and described by following expression: 

  ⎟⎟
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⎞
⎜⎜
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⎛
−′=′ 2

2
0, 1

cr
rr u

uKK   (16) 

The maximal deviations for various values of sliding 
curvature and end-fixity parameters are presented in table 
Table 2. Based on the results shown in the table, the minimal 
allowable ratio H/R, for which the linear approximation can 
be used, depends on accepted accuracy. For example, for 
accepted accuracy in 1.7% and for rigid end-fixity condition 
the linear model can be used for ratios H/R≥2. 
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Table 2. The maximal deviations Dr,max% of linear 
approximation line from theoretical values Kr' in the loads 
range [0, ucr] for several values of end-fixity factor r and 

dimensionless curvature H/R. 

  r 
  0.00 0.25 0.50 0.75 

H/R 

1.3 12.6 8.8 1.9 1.2 
1.4 9.5 4.8 1.9 0.7 
1.5 6.8 3.8 1.5 0.1 
2.0 1.7 1.3 0.5 0.1 
2.5 0.4 0.3 0.2 0.1 

 
Since  

  2ωmKr =   (17) 

where m-generalized mass at the laterally movable bar's end, 
the linear model (15) can be presented in the following form: 

  Pbωωω =− 22
0   (18) 

when ω0 denotes the free vibration frequency at P=0. If the 
frequency ω0 cannot be measured experimentally due to 
experimental conditions, then it defined as unknown 
parameter of the linear model and determined together with 
inclination bω. Based on determined parameters of linear 
model the critical force is calculated as follows: 

  Pcr=ω0
2/bω  (19) 

The advantage of using this model is its independence from 
generalized mass, i.e. during experiment performing its 
determination isn't required. 

4 EXPERIMENTAL 
The objectives of experimental investigation are: 
- quality analysis of lateral stiffness' dependency on tensile 
load and curvature parameter H/R; 
- the critical load determination by methodology described in 
Chapter 3 and comparison with calculated values. 

The experimental setup presented in Figure 4. To reduce the 
influence of friction, the curvilinear slider is constructed as 
rigid wheel with pinned connector holding the upper end of 
the tested bar. The wheel is statically equilibrated and its 
rotation axis is rigidly connected to guiding rail on which a 
carriage moves along the wheel radius. A clamp is mounted 
on the carriage to produce rigid or semi-rigid connection of 
lower end of the tested bar. The tensile force applied on the 
bar is produced by weights mounted on the carriage. The 
carriage's own weight is equilibrated by counterbalancing 
weight.  The radius of curvilinear translation is R=327 mm. 
The tested bar made of spring steel strip with 20 mm width. 

The graphs of dependency of lateral stiffness Kr on tensile 
load for two bars with lengths 360 and 460 mm and thickness 
0.97 mm are presented on figure Figure 5. The graphs 
illustrates the significant dependency Kr on H/R ratio and 
approach to linearity at its increase. It confirms the thesis 
about possibility of using of linear approximation of stiffness 
Kr function subject to the limitation of its application region 
depending on H/R ratio. 

  

Figure 4. The experimental set-up for investigation of 
buckling of bar under tensile load.  

 
Figure 5. Dependency of lateral stiffness Kr on tensile load: 

for two bars with cross-section thickness 0.97 mm and 
different lengths: (a) - H=360mm, (b) - H=460 mm 
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To determine the critical load based on non-destructive 
experimental measurements, the end-fixity factor at the 
bottom end has been found out experimentally. Necessity of 
appropriate accounting of end-fixity factors follows from the 
analysis of roots given in table Table 1. As it follows from (3) 
and (13) a critical load is defined as  

  2
2

H
EIuP crcr =   (20) 

and has a significant dependency on end-fixity conditions. For 
example, for H=450 mm R=327 mm the ucr values from (13) 
are 3.166 for r=0.16 and 3.810 for r=0 (perfectly clamped 
end) and according to (20) it corresponds to critical loads ratio 
0.69. 

At conducting the experiment, rotation of bottom clamped 
end is caused by elastic deformation of its connection with 
movable carriage. Hence the theoretical values of critical 
loads were obtained accounting the end fixity factors. The 
natural frequency f0 of unloaded bar (P=0) and end-fixity 
factor r were obtained using additional masses according to 
setup scheme presented in figure Figure 6. 

 
 

 

 

Figure 6. The experimental setup for determining the 
generalized mass of the system and end-fixity factor of the 

bar's lower end connection.  

 
 
The elastic bar of the tested system is made of steel strip 

with length 435 mm and thickness 1.48 mm and without any 
axial forces. Two equal weights with general mass Mb hang on 
a flexible belt at the distance Rb=315 mm. From the 
expression for natural frequency fn of the system [17] follows 

  ( ) ( )20,0,
22 )2(/ orrbb ffKKfπRRM −=   (21) 

For improving the measurements accuracy by statistical 
processing of results, the measurements are performed at three 

values of additional mass Mb. As a result of linear 
approximation of the dependency by least squares [16]  

  dxcy +=   (22) 

where 

  ( ) 22 )2(/ fπRRMy bb=   (23) 

  2fx =   (24) 

the parameters Kr,0= Kt,0=c and  f0
2 = –c/d can be obtained. 

With known material elasticity module of and cross-section 
dimensions, end factor is obtained from (4) as follows: 

 
EI
HK

r t
3

0,

3
1−=     (25) 

For elasticity steel E=210 GPa [17] and cross-section 
19.9x1.48 mm the initial stiffness obtained based on 
experimental results presented in figure Figure 7 is Kr,0= 
Kt,0=34.4 N/m, and therefore end-fixity factor r=0.165. 
 

   

Figure 7. Experimental determination of initial stiffness Kr,0 
and initial natural frequency of the tested system using three 

values of additional mass. 

 
Experiment on determination of critical tensile load has 

been performed for constant sliding radius and five different 
bar's lengths as presented in table Table 3.  The minimal bar's 
length used in the experiment is limited by accuracy 
requirement (H/R>1.4), whereas the maximal length is limited 
by range of tensile forces due to increasing of friction. The 
measurements results for bar's length L=450mm and L=650 
mm are presented in figure Figure 8.  

 

Table 3. Comparison of experimental and theoretical values of 
tensile critical load Pcr for different values of H/R ratio.  

Length H, mm 650 450 
End-fixity factor r 0.12 0.16 

H/R ratio 1.99 1.38 
Experimentally obtained Pcr, N 8.1 53.6 
Theoretical critical load Pcr*, N 8.4 51.9 

Discrepancy, % 3.7 3.2 
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Figure 8. The graphs of dependency of lateral stiffness Kr on 
tensile load for two bars with cross-section thickness 1.48 mm 

and different lengths: (a) - H=450mm; (b) - H=650 mm 

 
At L=450 mm the maximal tensile loading can achieve 0.8Pcr 
at non-destructive testing, whereas at L=650 mm the 
measurements can be performed only for tensile load not 
exceeding 0.5Pcr. Further increasing of the applied load leads 
to an aperiodic motion of the system due to friction influence. 
However, the linear extrapolation allows determine the critical 
tensile force value with sufficient accuracy. 

 

5 CONCLUSIONS 
The behavior of stretched bar with rotational spring on the one 
end and with a hinge sliding along a circle on the other is 
considered in the paper. Dependency of its lateral stiffness on 
bar's dimensions, dimensionless fixity parameter on the one of 
its end and dimensionless curvature H/R has been determined 
in the present work. For non-destructive experimental 
determination of critical tensile force by dynamic method the 
linear approximation of lateral stiffness dependency on tensile 
load in the loads range from zero up to critical value has been 
proposed. Maximal deviations between approximating line 
and theoretical values depending on end-fixity factor and 
dimensionless curvature are presented in tabulated form.  

Experimental measurement of critical tensile load of the 
stretched bar loaded by force directed to a pole has been 
performed for the first time. The developed configuration of 
the experimental set-up allows significantly reducing the 
friction translation resistance of slider. Consequently, it allows 
increasing the maximal tensile force at non-destructive 

testing. As results of experimental investigation, performed 
for constant slider curvature and variation of bar's length: 

– the character of bar's lateral stiffness dependency on 
tensile load and H/R ratio has been verified; 

– the value of the critical tensile load has been validated 
with sufficient accuracy in the diapason of sliding curvatures 
R=(1.4–2.5)H. 
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ABSTRACT: The critical sway buckling load is the upper limit of the allowed vertical frame loading. This load is defined by 
the frame configuration, cross-sections of the columns and horizontal beams as well as configuration and stiffness of the 
connections between them. In known non-destructive methods of determining the side-sway frames critical load an 
implementation of vertical loading is technically difficult that is especially essential at full-size tests. The value of the applied 
load is limited also by significant deformation of the frame approaches the critical load value. 

The paper deals with a new non-destructive method for experimental determining the critical sway buckling load of frames. 
For ensuring mobility of the frame in the sway mode the vertical loading is carried out by the flexible traction element mounted 
between the frame beam and fixed base through the loading device. The critical vertical load of the "frame–traction element" 
combined system is higher than of single frame. This fact allows to load the system with loading that corresponds to critical load 
of a frame without loss of system stability. Procedure of the experiment includes: determining of free vibration natural 
frequency of the combined system "frame–traction element" for different tensions of traction element, determining the lateral 
stiffness of  the system, calculation the corresponding stiffness of the frame and its critical load. The accuracy of the method is 
verified by comparison the experimental and theoretical results. 

KEY WORDS: Dynamic test; Critical load; Sway mode; Buckling. 

1 INTRODUCTION 

Testing of portal frames in sway mode is performed in order 
to determine the maximal allowable load limited by plastic 
deformations of frames elements or their connections [1,2] 
and a critical load limited by frames stability [3,4]. Motivation 
to determine accurate value of critical force is caused by its 
using as follow :  
- critical load is maximal allowable load for given 
configuration of frame and can be used as criterion of 
perfection or efficiency of the structure; 
- it is used in calculation prescribed by standards for design of 
structural elements under combined action of compression and 
bending [5]; 
- it is used for verification of theoretical analysis of stability at 
various end conditions of frames columns [6]. 

In the dynamic method of non-destructive testing of frames 
for critical load [7,8,9]  the relation of instability to structural 
stiffness is used. Many theoretical and experimental 
investigations confirm decreasing of free vibration frequency 
with increasing of compression forces [10]. The critical load 
determined based on frequency measurement results for 
various loads by extrapolation up to null frequency according 
to linear dependence of frequency squared on compression 
load.  At frames testing in sway mode the vertical loading is 
performed by using of additional weights [9,11], directly via a 
lever system [12] or using special mechanism (gravity load 
simulator) [13].    

In the present work a new non-destructive method for 
determination of frames critical buckling load in side-sway 
mode is proposed. The method allows performing 
measurements during the tests under loads that exceeds the 

frame critical loads without losing its stability. Technological 
advantage of this method is the ability to create loading 
correspond to critical loads of real full-size frames. 

The aim of the present work is developing of more exact 
non-destructive experimental method for determination of 
critical load of frame in sway mode. Increasing in accuracy is 
achieved by conducting experiments in diapason of vertical 
loads includes the critical load as well as by using of loading 
system without friction. 
 

2 THE IDEA AND DESCRIPTION OF THE METHOD 

Figure 1 presents the setup scheme for testing of sway frames 
with columns (A) fully restrained at the base and with hinged 
or fixed attachment to girder (B). The traction element (C) 
(cable or rod) has a pinned connections to the base and the 
frame's beam and includes the device (D) for producing of 
tension force. Since the lateral vibrations  of the frame cause 
vertical displacements of the girder, maintaining a stable 
tension is achieved by using hydraulic or pneumatic loading 
device or by including additional spring element in case of 
mechanical loading device (D). 

The experiment consists in determining the natural 
frequency of the system vibrations at different values of 
tension force in traction element and accordingly compression 
forces in the frame columns. Adopting the lateral movement 
of the frame girder as degree of freedom, the generalized mass 
M' of the system can be presented in the following form: 

 aecf MMMMM ′+′+′+= 2'  (1)  

where Mf - the mass of the frame girder;  
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Figure 1. Setup scheme for testing of sway frames with 
columns fully restrained at the base and fixed or pinned 

attachment to the girder. 

 
M'c- the generalized column mass;  
M'e - the generalized mass of traction element including 
tension device and flexible rod or cable; 
M'a- the additional mass attached for increasing the 
generalization accuracy. 

The main inaccuracy of mass generalization consists in 
determination of generalized column mass that depends on 
shape of vibration mode [14]. For columns with constant 
cross-section Mc' = 0.240Mc for rigid pinned end conditions, 
and Mc' = 0.365Mc for rigid connection at both ends. These 
values are obtained based on form of static deformation under 
uniformly distributed load. The influence of the error in 
calculated generalized column's mass can be reduced by 
increasing translational moving mass by adding of mass Ma to 
a girder (Figure 1).  

The stiffness of the system "frame–traction element" is 
calculated based on measured natural frequency as follows: 

 ( ) MfK ns ′= 22π    (2) 

The stiffness of the frame only K is calculated based on 
correlation with systems stiffness. The frames critical load 
determined based on frame's stiffness values. 

3 DEPENDENCE OF THE FRAME STIFFNESS AND 
SYSTEM STIFFNESS ON VERTICAL LOAD 

In figure Figure 2 the calculation scheme for stiffness and 
critical loads of the system "frame–traction element" is 
presented for case of frame with rigid girder and rigid 
connection of column with the base and pinned or rigid 
connection with the girder. The general load of the system 
includes a weight load Q of system elements that causes initial 
axial compression in the columns, and a tensile force T in the 
traction element . The axial load on each column is  

  2/2/2/1 QTPP +==  (3) 

where P is general load on the frame. 
The lateral stiffness of system "frame–traction element" is 
determined by lateral displacement due to unit lateral force 
taking into account changing of direction of traction force T 
caused by lateral displacement of frame's girder. The lateral 

stiffness of the frame as the part of the loaded system is 
determined by lateral displacement of the girder due to unit 
lateral force with constant vertical direction of traction force. 
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Figure 2. Calculation scheme for stiffness and critical loads of 
the system "frame–traction element" 

The problem of lateral displacement determination is solved 
by integration of elastic deformation equation of column in 
sway mode [15], but taking into account the varying the 
traction force direction.  

For convenience of the analysis a dimensionless parameters 
of frame and system stiffness as well as non-dimensional load 
parameters are introduced as follow: 
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where H - column height, E - the elasticity modulus, I - 
moment of inertia of columns cross-section. For rigid-rigid 
boundary conditions at columns ends the solution of elastic 
deformation equation is 
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The lateral stiffness of frame with rigid connection at both 
columns ends can be obtained from solution (7), when the 
condition of constant vertical direction of traction force 
assigned by L→∞: 
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Figure 3 presents graphs of dependencies non-dimensional 
stiffness characteristics Ks' of the system "frame–traction 
element" and K' of the frame alone (when H/L=0) on non-
dimensional parameter u2 and H/L ratio for rigid-rigid end 
conditions. 
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Figure 3. Graphs of dependencies non-dimensional stiffness 
characteristics Ks' of the system on non-dimensional 

parameter u2 for different ratios H/L. 

The values of Ks'= K' = 24 at u=0 are correspond to lateral 
stiffness of frames without axial forces in columns (case of Q 
= 0 and T = 0).  

The values of Ks' and K' at u=u0 are correspond to lateral 
stiffness of frame under structural weight load only. The 
intersections of the graphs with u2 axis determine the values 
us,cr and ucr that correspond to the critical loads of system and 
frame respectively.  

The critical force Ps,cr in the columns and the tension force 
Ts,cr in traction element that correspond to the critical state of 
the system in sway mode are calculated from (5) and (3)  
when u=us,cr. The critical force Pcr of frame only is 
determined by (5) when u=ucr. 

An equation for determination us,cr for rigid-rigid end 
conditions followed from (7) satisfying conditions K’ s=0 [16] 
and has the following form: 

 0
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u
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 (9) 

Solution of (8), that corresponds to null stiffness of frame, 
gives the critical value ucr = π for frame with rigid-rigid 
connections (for frame with rigid-pinned connections ucr=π/2).  
The roots of equation (9) depend on two parameters: u0 - non-
dimensional parameter of initial weight load Q, and H/L ratio 
- non-dimensional parameter of the system "frame–traction 
element". Taking the initial load on column as a part of its 
critical load as 

 crPqQ ⋅=  (10) 

we have for rigid-rigid end conditions 

 π⋅= qu0  (11) 

The values of us,cr for q=0, 0.5 are presented in table Table 1.  
According to determined  values of parameters us,cr and ucr 

and given value of weight load non-dimensional parameter u0, 
the domain of dependency (8) for K' is u≥0 and domain for K's 
from (7) is us,cr >u≥ u0.   

The case of H/L=0 corresponds to permanent vertical 
direction of the tensile force T, so there is no dependence of 
the roots values π and π/2 on initial weight load q and they 
equal to the critical load parameters of the frame alone. 

Table 1. The values of non-dimensional parameter us,cr of 
system "frame–traction element" for different values of H/L 

ratio and two states of initial weight load. 

H/L Column ends  
conditions 

 
0 1.0 2.0 3.0 

q=0 π 2 π 8.55 8.77 
rigid-rigid 

q=0.5 π 5.24 8.48 8.74 
q=0 π/2 π 4.28 4.38 

rigid-pinned 
q=0.5 π/2 2.62 4.24 4.37 

 
When ucr<u< us,cr the load acting on the system larger then 

frame's critical load. During the vibrations the forces acting on 
girder from columns coincide with direction of girder's 
displacement [16], the frame stiffness is negative [15]. The 
system's stability is provided by lateral component of inclined 
force in traction element that larger than columns' reaction. At 
u=us,cr the columns' reactions are equal and opposite to the 
lateral component of the tensile force and this state is limit of 
system stability. For example, for rigid-pinned or rigid-rigid 
columns connections according to roots values presented in 
table Table 1 for H/L=1 and q=0.5 Ps,cr/Pcr=2.78 and for 
H/L=2 and q=0.5 Ps,cr/Pcr=7.29. 

Stability of the system at loads which exceed frame's critical 
value allows testing the frames under load that closer or 
exceeds its critical buckling load. Limitations of this 
possibility are absence of plastic deformations in frame 
elements or in connections between them and buckling of 
columns in non-sway mode. 

 

4 DETERMINATION OF CRITICAL LOAD BASED ON 
TESTING RESULTS  

As testing results the values of lateral stiffness of the system 
"frame–traction element" are determined for different values 
of tensile force in traction element and as a consequence 
vertical load on the columns. Based on these values 
determining of the frame critical load is required. If the testing 
results include measurements at loads exceeding the frame's 
critical load, the last one is determined by interpolation of the 
results. Otherwise – by extrapolation. In both cases this value 
is defined as load value corresponding to null stiffness [15] 
[16]. For developing the mathematical model the expression 
for K's from (7) taking into account (3) with (8) can be 
presented as follow: 

 
L

T
KKs +=   (12) 

The physical meaning of (12) is that lateral stiffness of the 
system is the sum of stiffness of the frame and the flexible 
traction element. According to (12) for each experiment based 
on measured values of Ks and P the frame lateral stiffness is 
obtained as 

 
L

T
KK s −=  (13) 

Figure 4 presents the dependence graph of lateral stiffness 
ratio K/K0=K'/K'0 on non-dimension load parameter 
P/Pcr=(u/ucr)

2 . 
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Figure 4. Dependence of lateral stiffness ratio K/K0= K'/K'0 on 
non-dimension load parameter P/Pcr=(u/ucr)

2 

 
The graph illustrates the possibility of approximation by 

straight line that cross over the point (0,1) on stiffness axis 
and point (1,0) on load axis that is described by following 
equation: 

 1
0

=+
crP

P

K

K
  (14) 

The relative deviation of linearly approximated values K/K0 
from the exact theoretical values for all values K/K0 in loads 
range (0,1)Pcr not exceed 1.4%, and for loads range (0, 1.2)Pcr 
(for case  of testing under loads that exceed in 20% the 
critical) the deviations are lower than 1.8%. 

5 TESTING OF THE "FRAME – TRACTION 
ELEMENT" SYSTEM 

The objectives of this investigation: 
- verification of frames lateral stiffness dependency on load 
with constant vertical direction 0<P<Pcr; 
- verification of lateral stiffness dependency of frame and 
system under loading by flexible traction element; 
- precision assessment of determining frame critical load; 
The experimental setup (Figure 5) consist of two column 
made of aluminium sheet with thickness 20 mm, thickness 2 
mm and height 550 mm,  rigidly connected at the base. At the 
upper ends the columns are rigidly connected to the girder 
with mass 152 gr, the bending stiffness of which significantly 
greater than columns stiffness. The flexible traction element 
pin-jointed to the girder and consists of dynamometer and 
screw tension device. The traction device has elastic element 
for stabilization of tensile force during frame vibrations. The 
system's mass, including masses of all movable system 
elements, generalized to the degree of freedom of the girder's 
lateral movement is 235 gr. The generalized mass of the frame 
alone is 195 gr. 

Investigation of stiffness dependence on variable load with 
constant vertical direction is conducted by loading the girder 
by variable weight [9]. Linear extrapolation based on results 
of measured stiffness using least squares method up to value 
of K=0 give 51.9N. The deviation of results from regression 
line not exceeds 3%.  

 

 

Figure 5. The experimental setup for testing of "frame- 
traction element" system  

The investigation of system stiffness dependence on load 
produced by traction device is conducted with variation of 
traction element length (H/L=1.96 and 0.75). The first 
measurement of frequency and calculation of the system and 
the frame stiffness is performed under the girder's weight load 
without tensile load in traction device. The following 
measurements are conducted under influence of tensile force 
in traction element up to load Pmax=1.5Pcr. The measurements 
and calculations results are presented in figure Figure 6. 

In case of H/L=0.75 (L=940 mm) with increasing of loading 
the system natural frequency and stiffness are decrease.  The 
system is stable under maximal load that exceed the critical 
load of frame alone. The dependence K(P) coincide linear 
with aforementioned accuracy of linear approximation 
including the range of negative stiffness. In case of H/L=1.96 
(L=280 mm) with increasing of loading the system's natural 
frequency and stiffness are increase. 

Assessment of accuracy and reliability of critical load 
determination is conducted by comparison of experimental 
values obtained as results of three types of loadings and 
calculated theoretical values. The elasticity module that 
determined by measuring of stiffness of console rod is 65 
GPa. The comparison of results  is presented in table Table 2. 

From the comparison of experimental values follows that 
estimation of critical load value Pcr = 52.25 N is reliable and 
sufficiently accurate. Satisfactory value of critical load at 
constantly vertical loading has been achieved through careful 
alignment of columns before loading, that allowed loading the 
frame with load up to 0.8Pcr. Considerable deviation of 
theoretical values towards increase is explained by non-
conformity of columns end conditions to theoretical perfectly 

girder 
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velocity 
 sensor 

 dynamometer 
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force stabilization 
spring 
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rigid-rigid due to elasticity of column's connections with the 
base and the girder. 
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Figure 6. The results of the calculations of frame stiffness K 
based on system stiffness Ks: (a) – loading by force directed 

towards the pole produced by traction element with ratio 
H/L=1.96; (b) – loading by force directed towards the pole 

produced by traction element with ratio H/L=0.75; 

Table 2. Comparison of experimental and theoretical values of 
frame's critical force 

 Critical 
load 

Pcr, N 

*D, % 

Vertical loading  51.9 -0.7 
H/L=1.96 52.2 -0.1 
H/L=0.75 52.3 0.1 

Loading by force 
directed  towards 

the pole Average value 52.25 - 
Theoretical value  56.6 8.3 

* D- Deviation from average experimental value 

 

6 CONCLUSIONS 

The method for loading frames in sway mode and measuring 
their critical load value is proposed. According to the method 
the first natural frequency of the frame loaded by varying 
vertical force using tensile traction element is measured. The 
lateral stiffness of the system "frame–traction element" is 
determined and based on it the lateral stiffness of frame only 
is calculated. The critical load of the frame is determined by 

linear interpolation of the stiffness-vertical load dependency 
for null value of frame stiffness.  

The constant vertical load produced by the weight of the 
frame elements and variable load produced by traction 
element are considered. Analysis of physical states of  the 
system "frame–traction element" depend on the frame loading 
and ratio of columns heights to traction element length is 
performed. It is established that depend on this ratio the lateral 
stiffness of the system can increase or decrease, but it always 
higher that the frames lateral stiffness.  

The system is stable under the loads that exceed the critical 
one for the frame only. The testing load is limited by buckling 
of the system, buckling the columns in non-sway mode, 
plastic deformations of frame elements and their connections.  

Assessment of accuracy of the linear approximation model 
of frame stiffness dependence on vertical load has been 
performed by comparison with its exact solution. Inaccuracy 
of the linear model of frame stiffness dependence on vertical 
load not exceed 1.4% in the load range (0-1.0)Pcr and 1.8% in 
the range (0-1.2)Pcr.  

The proposed method allows improving reliability and 
increase the determining accuracy of sway frame critical load. 
Frame loading method using flexible traction element allows 
produce loads corresponds to critical loads of real full-size 
frames without special devices for decreasing of friction 
influence. 
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ABSTRACT: Through the use of 3-D weaving, copper and NiCr metallic woven materials were manufactured in two different 
weaving patterns. This work investigated their damping properties.  Through the use of dynamic mechanical analyzer DMA 
testing, it was found that the weaving process imparts damping properties to the woven material that are not inherent in the bulk 
material.  Furthermore, the measured damping properties were orders of magnitude greater than their bulk counterparts and were 
comparable to many polymers.  The origin of the damping phenomenon was also investigated through the development of a 
computational model.. 

KEY WORDS: damping, metallic woven material, temperature cycles, friction damping, lattice structures. 

1 INTRODUCTION 
Woven materials show a promise for cost-effective porous 
metallic materials. Research on metal foams demonstrated the 
potential of porous metals to enhance mechanical 
characteristics, such as energy dissipation [1–4], buckling 
mitigation [5–7], and bending rigidity (especially for 
sandwich panels [8]). Multi-physical features [9] of porous 
metals show even greater promise. In comparison to random 
porosity of metallic foams (resulting from the foaming 
technology), metallic woven materials enable a more regular 
topology [10] that can be optimized by the modification of the 
weaving pattern, wire diameters and the selection of the wire 
materials. Thus, these topology parameters can be adapted to 
maximize desired mechanical properties such as stiffness, 
internal fluid flow or energy dissipation. 

Vibrations that occur within high speed rotary devices, such 
as turbines, can lead to excess wear and fatigue [11]. 
Measures to reduce vibrations within these components are 
therefore of significant interest. Diminishing the kinetic 
energy eliminates motions under dynamic loads [12–14]. 
Thus, dissipation of mechanical energy is essential for 
attenuation of unwanted vibrations and oscillations. Many 
common polymeric options are not feasible due to the high 
temperatures that are experienced by these components.  As a 
result, there is a need for damping materials that can dampen 
vibrations at high operating temperatures without the need for 
a damping fluid. 

This research investigated a novel metallic woven material 
(Figure 1). A 3-D weaving technique was used to manufacture 
woven lattice materials from both oxygen free high 
conductivity (OFHC) copper and Chromel-A (an alloy of 
Nickel (80%) and Chromium (20%)). The wires were woven 
in two different patterns: a) fully packed, and b) with lower 
density with ‘missing’ wires. The damping properties of these 
materials were examined over a range of frequencies from 
1Hz to 200 Hz. 

 

 
Figure 1. Metallic woven material. 

2 METHODS 

2.1 Damping loss factor, η  

A Dynamic Mechanical Analyzer (DMA) was used to 
measure the damping properties of the metallic woven 
materials. In addition, computer simulations provided insights 
into the energy dissipation mechanism and interactions 

between the wires. Ratio of the loss modulus ″
sk to the storage 

modulus ′
sk was employed for damping quantification. This 

ratio corresponds to the phase lag, φ  between the force and 
displacement oscillations in the idealized spring and dashpot 
system (see p.60 in [15]), and it is termed as the loss 
coefficient: 
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Loss and storage modulus are based on the theory in [15]: 
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aX = displacement amplitude (maximum displacement), 
′

aP = force at the peak displacement (in-phase reaction), and  
″

aP = force at the zero displacement (out-of-phase reaction) 
[15]. Approximate relationships of the loss coefficient with 
other damping measures can be derived for single degree of 
freedom system [15–18]:  

 212
max2

ζζ
π

η −=
⋅
Δ

=
U

U
  (4) 

UΔ = dissipated energy per cycle, maxU = elastic energy at 
peak force, and ζ = critical damping ratio. 

2.2 Experiments 

Samples used in these dynamic tests were prepared by wire 
EDM cutting from the bulk material.  Samples were cut to a 
width of both 10 and 15mm and a minimum length of 25 mm.  
Samples were then mounted in a single cantilever grip in a TA 
Instruments Q800 Dynamic Mechanical Analyzer. The grips 
were tightened with one bolt per grip by applying 0.3 N-m 
torque.  Samples were subjected to a sinusoidal oscillation 
with 20 μm amplitude. The amplitude was chosen to keep the 
internal loads below the yield stress. The applied frequency 
varied from 1 to 200Hz. 

2.3 Simulations 

Dynamic tests of Chromel-A (NiCr alloy) were simulated 
using LS-DYNA software [19] in order to shed light on the 
energy dissipation mechanism. The model included all wires 
explicitly.  Perl programming language [20] was employed to 
generate a metallic woven sheet with the dimensions of 
15x25mm (matching the size of the DMA experimental 
samples). Measurements of the manufactured samples 
revealed in-plane gaps between the wires, with the mean of 52 
microns. The 52 micron uniform separation between the wires 
in the horizontal plane was included in the model. The far end 
nodes in Figure 2 were fully clamped in order to achieve a 
fixed boundary. The oscillatory force load was imposed on the 
near end nodes via practically massless vertical elastic shell. 
The mass of the loading plate was less than 0.1% of the 
specimen’s mass in order to ensure that the loading plate’s 
inertia is not affecting the simulation outcomes. A sinusoidal 
load at 20Hz was applied to top the loading plate, such that 
oscillatory displacements of 20 microns were achieved. 

3 RESULTS 
The material samples were tested in a cantilever beam 
orientation and exhibited loss factors in the range of 0.20-0.30 
(see Table 1 and Figure 3). No systematic frequency 
dependency of measured experimental loss factors was 
observed.  The variation between the tests likely resulted from 
the natural variability in the manufacturing of the woven 
patterns. It should be noted that the damping of the woven 
materials is an order of magnitude greater than that of a solid 
copper plate. 

 

 
Figure 2. Frictional damping simulation was achieved through 

modeling the wires explicitly and introduction of frictional 
contact between the wires. 
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Figure 3. Damping loss factor measured experimentally as a 
function of the loading frequency varying from 1 to 100 Hz. 

Table 1. Damping loss factor. 

 Cu-sparse Cu-dense Cu-solid 
plate 

loss factor 0.27 ± 0.03 0.21 ± 0.02 0.03 ± 0.02 
 
Simulations identified two deformation mechanisms that are 

coupled through the frictional contact: a) bending of warp 
wires, and b) shear deformation of Z-wires. Whereas warp 
wires displace only vertically, Z-wires exhibit also cyclic 
lateral motion that results in frictional sliding against the warp 
wires in the vertical planes. It also produces sliding of infill 
wires against the warp wires in-plane of the material as Z-
loops enclose the infill wires and displace them against the 
warp wires.  

4 DISCUSSION 
NiCr metallic woven material exhibits a potential for damping 
at higher temperatures, even exceeding 1000C. In addition, 
NiCr wires exhibit high temperature corrosion resistance due 
to the Cr2O3 layer that passivates the surface [21–23]. 
Guilemany et al. [24] reported the outstanding  improvement 
of the sliding wear properties of Cr3C2–NiCr coatings. 

Multi-physical applications of metallic woven materials 
seem promising as they can be simultaneously employed for 
flow regularization and for the dissipation of mechanical 
vibrations. 
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5 CONCLUSIONS 
This research demonstrated that using 3-D weaving leads to a 
dramatic increase in the damping properties as compared to 
the bulk metallic materials. This implies that the weaving 
process itself increases the number of sites for frictional 
damping to take place within the material in order to dissipate 
energy irreversibly. Specifically, dynamic testing showed the 
loss factor from 0.2 to 0.3, which was significantly greater 
than 0.03 for a solid copper plate. The loss coefficient 
exhibited consistently high values for a broad range of 
frequencies from 1 to 100 Hz.    This approach is especially 
promising with regard to high temperature damping as NiCr 
woven materials are durable due to their hardness and wear 
resistance, even at high temperatures and in corrosive 
environments. 

The simulations showed that the damping depends on the 
coefficient of friction of the wire surfaces. Measurements of 
the spacing between the wires also indicated that the woven 
materials exhibit variation of the gaps in the material that 
corresponds to the manufacturing approach and quality.  
Larger gaps and variation in spacing appeared to affect the 
damping adversely; however, further study is needed to 
confirm this observation. 

Finally, improved understanding of the damping 
mechanisms creates the opportunity to further enhance 
damping.  Topology optimization offers a promising approach 
to improved material design [25–27], and has recently been 
extended by the authors to woven materials. 
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ABSTRACT: In the paper combined approximations hybrid method (CA) is proposed as an effective reanalysis approach for 
computation of natural frequencies of actual reinforced 12 storey prefabricated buildings located in the most seismically active 
mining region in Poland – Legnica-Glogow Copperfield (LGC). The reanalysis method is intended to analyse modified 
structures using some information about the structures before modification and without solving the complete set of equations in 
case of the new (modified) object. This idea leads to the computational effort reduction. Changes of building stiffness and mass 
resulted from the inner or exterior structural reinforcements were taken into account. Buildings were modelled using finite 
element method and the special code of CA algorithm was drawn up in Matlab software. CA procedure was applied in case of 
the same number as well as in case of increasing number of degrees of freedom (DOF) in structure after modification. Computed 
values of natural frequencies of building vibrations were compared with experimental ones obtained for actual structures. The 
results show that in case of the small as well as the large modifications of building structure, the eigenvalue analysis using CA 
method is much faster with no significant decrease of the accuracy. 

KEY WORDS: Eigenvalue reanalysis; Combined approximations method; Paraseismic excitations; Prefabricated buildings. 

1 INTRODUCTION  
Precast reinforced concrete apartment and public utility 
buildings constructed in 20th century represent a significant 
part of all buildings, especially in Central and Easter Europe. 
Using precast reinforced concrete panels technology made the 
building production process much easier, faster and cheaper. 

However some disadvantages of this technology solution 
are observed nowadays. The limited building design 
flexibility as well as the age of the structures seem to be the 
biggest problem for current users. Taking into account for 
instance new environmental regulations, safety requirement  
and expectations of today’s lodgers, the modernization of 
precast concrete buildings become necessary. Mainly, 
modernization deals with heat insulation, additional storey, 
new door openings or widening the existing ones. For public 
utility buildings main works deal with adaptation  to the needs 
of the disabled.  

A lot of prefabricated buildings are located in mining areas 
and they are subjected to paraseismic excitations induced by 
mining tremors. Although these tremors are strictly connected 
with the human activity and can usually be observed only in 
the mining regions, they differ considerably from other 
paraseismic vibrations. They are not subject to human control 
and they are random events with respect to the time, place and 
magnitude likewise earthquakes. Most of the structures have 
not been designed to carry this kind of load. So modernization 
and reinforcement of the buildings becomes necessary to 
assure safety in use of them [6, 17]. Such modernization 
increases the stiffness of building.  

For instance, various changes in structures of prefabricated 
buildings are carried out in the most seismically active mining 
region in Poland – Legnica-Glogow Copperfield (LGC) where 
mine-induced rockbursts excite tremors comparable to low 

intensity earthquakes, characterized by energies run up to 1E10 
J, surface horizontal vibrations reaching even 0.2 acceleration 
of gravity (g) and vertical components reaching 0.3g. 

Every significant change in structure causes the changes in 
its dynamic properties, among them – in natural frequencies 
of vibrations which are used in response spectrum method [8] 
in case of kinematic excitations. Therefore new computations 
are necessary in every case of significant modifications of 
building structure, especially for buildings subjected to 
paraseismic or seismic excitations. 

Computation of natural frequencies of vibrations can be 
carried out using various methods. In case of simple models of 
structures it is possible to use analytic formulas. The 
eigenproblem for more complicated ones needs to be solved 
using numerical methods. Nowadays finite element method 
(FEM) [23, 24] is one of the most popular. In spite of fast 
progress in hardware and software, computation of the natural 
vibration frequencies of the modified actual buildings using 
finite element method usually needs a very long 
computational time because of a huge number of degrees of 
freedom of the models, the large scale problem and various 
modification variants discussed. 

That is why application of reanalysis techniques 
[4, 9, 10, 12] for computation of natural frequencies of 
modified structures is proposed in this paper. Reanalysis 
methods are intended to analyse modified structures using 
some information about the structure before modification and 
without solving the complete set of equations in case of the 
new (modified) object. This idea leads to the computational 
effort reduction. 

In the paper combined approximations (CA) hybrid method 
was applied and verified as an eigenvalue reanalysis approach 
in case of modifications of actual typical apartment high (12 
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storey) buildings located in LGC mining region in Poland. 
Changes of building stiffness and mass resulted from the inner 
or exterior structural reinforcements were taken into account. 
Buildings were modelled using finite element method and the 
special code of CA algorithm was drawn up in Matlab [25] 
software. CA procedure was applied in case of the same 
number as well as in case of increasing number of degrees of 
freedom (DOF) in structure after modification. Computed 
values of natural frequencies of building vibrations were 
compared with experimental ones obtained for actual 
structures. 

2 COMBINED APPROXIMATIONS HYBRID METHOD 
The main aim of combined approximations (CA) method 
[10, 13] application is to quicken computing by reduction of 
the number of eigenproblem equations. 

In the CA algorithm, basis vectors (global approximations), 
containing information about the initial structure and 
modifications, are computed by the terms of the binomial 
series (local approximation). 

Equations (1) and (2) describe the eigenproblems for 
structure before and after modification, respectively, 

 ,,,1, piiii K== MΦKΦ λ  (1) 

 ,,,1,MMMMM piiii K== ΦMΦK λ  (2) 

where: K, KM - stiffness matrices; M, MM - mass matrices; 
Φi, ΦMi - mode shapes; λi, λMi - eigenvalues before and after 
structure modification, respectively. 

Substitution matrices KM and MM in equation (2) for the 
relations (3)  

 
MMM

KKK
Δ+=

+=

M

M Δ
, (3) 

(where ΔK, ΔM - changes in stiffness and mass matrices 
corresponding to the geometrical changes of the structure) 
allows to write the eigenproblem for the modified structure 
using equation (4) with information about the initial model 
parameters and changes caused by modifications.   

 .)()( MMM iii ΦMMΦKK Δ+=Δ+ λ  (4) 

Computation of the basis vectors matrix rB according to 
equation (5) is the next step of CA approach [14]. 

       ],,,,[ 21B srrrr K=            (5) 

where: r1,…,rs – the basis vectors, s – the number of basis 
vectors; s is much smaller than the number of degrees of 
freedom. 

The first basis vector r1 is given by formula (6) [14]: 

 .M
 1

1 iΦMKr −=  (6) 

Each next vector is calculated using the previous one and 
matrix B: 

 ,,,3,2,1 skk-k K=−= Brr  (7) 

  .1 KKB Δ= −  (8) 

The following step is the evaluation of reduced stiffness KR 
and mass MR matrices: 

 
BM

T
BR

BM
T
BR

rMrM

rKrK

=

=
. (9)  

The first (lowest) eigenvalue λR1 of reduced eigenproblem 
described by Equation (10), represents the value of natural 
vibration frequency corresponding to the adequate value 
which is obtained from full modified eigenproblem using 
Equation (2) (y1 - vector of coefficients): 

 .1RR11R yMyK λ=  (10)  

In case of modification where the number of DOF is 
increased [2, 18, 19, 22], the modification of CA algorithm is 
necessary because of changing of the number of equations. 
Sizes of the stiffness matrix and mass matrix are increased 
accordingly in such case of structure modification. Having      
a different number of DOF of the models of the initial and 
modified structure, it is impossible to define ΔK, ΔM 
matrices which represent real changes between initial and 
modified structure and are necessary for basis vectors 
computing, cf. Equations (3)-(8). 

The new pseudo initial model with added degrees of 
freedom needs to be created, because the sizes of  
eigenproblem before and after structure modification have to 
be equal.  

Pseudo initial model consists of Kf  (Eq. 11) and Mf (Eq. 12) 
matrices that are created using stiffness and mass matrices of 
initial model (K, M) and new sub-matrices: KMn, KMp, KMnp, 
MMn, MMp, MMnp that represent the parts of KM, MM 
corresponding to the new DOF. 

 ,
MM

M
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In case of the modification where the number of DOF is 
increased it is necessary to choose the proper value of α 
parameter that is a scalar multiplier to be selected from the 
range (0, 1] [11, 15].  

Now, equations (3) can be written as follow: 

  
ff

ff

ΔMMM

ΔKKK

+=

+=

M

M
, (13)  

where ΔKf, ΔMf  represent the changes between pseudo initial 
and modified model.  

Additionally it is important to define new pseudo initial 
eigenvector Φfi for  pseudo initial model [3], which is applied 
for calculation of the first basis vector according to Equation 
(5). Vector Φfi consists of two parts: the elements of initial 
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model eigenvector Φi and the vector ΔΦi containing elements 
related to new degrees of freedom. 

Further part of CA algorithm remains unchanged. 

3 ANALYSED BUILDINGS 
In the paper three actual 12 storey precast concrete apartment 
buildings constructed according to one of Polish prefabricated 
systems – system WWP [6, 7] were analysed. 

The first one (building “A”) is typical for WWP system. 
The second one (building “B”) was reinforced because of 
mine-induced kinematic excitations with the inner and 
exterior structural reinforcements [5, 28]. In the building “C” 
(the third one) only the inner structural reinforcements were 
introduced as the modifications. All the analysed buildings are 
located in the seismically active mining region in Poland – 
Legnica-Glogow Copperfield (LGC). 

Transverse-longitudinal load-bearing concrete wall system 
has been applied in WWP prefabricated system. The thickness 
of the reinforced concrete walls is 14cm and the storey height 
is 2.7m [6, 7]. Precast gable and curtain walls consist of three 
layers: the thermal insulation layer and the inner and outer 
reinforced concrete layers. 

The buildings are founded directly on the ground using 
concrete strip foundations and there are solid reinforced 
concrete basements (wall thickness - 30cm) in the analysed 
buildings [5, 28]. 

   
a) 

 
 

 
b) 

Figure 1. Analysed structures: a) building “A” - typical for 
system WWP; b) building “B” with inner and exterior 

structural reinforcements. 

 

 
Figure 2. Floor plan of typical segment of WWP system [6]. 

   
a) 

b) 

c) 

 Figure 3. Reinforcement of building “B”: a) Floor plan with 
reinforcements marked with bold line, where: (1) and (7) – 

new monolithic concrete spans; (3) and (5) – new monolithic 
load-bearing longitudinal walls; (2), (4), (6) – reinforcements 
of load-bearing transverse walls; b) Detail “1”; c) Detail “2”. 

Detail “1” Detail “2”
x

y 
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Each of the three buildings is divided into single and double 
stairway segments by expansion gaps. The segments are 
connected to each other using the lightweight “wood 
concrete” called arbolit [26] in each floor plan. 

Examples of the analysed  buildings are presented in Figure 
1. Figure 2 shows the floor plan of typical segment of such 
buildings.  

The range of strengthening in case of the building "B" is 
presented in Figure 3. New monolithic concrete spans, built at 
both gable walls are labelled as (1) and (7) in Figure 3a. The 
height of extra spans is 7 and 10 storeys  respectively [5, 28]. 
New monolithic load-bearing longitudinal walls described as 
(3) and (5) in Figure 3a (thickness of 20cm) were also 
constructed. Additionally, some of the existing transverse 
load-bearing walls (described as 2, 4, 6 in Figure 3a) as well 
as the basement walls  were reinforced by wall thickening [5, 
28]. FEM models of the building “B” parts with  
reinforcements are shown  in Figure 3b and Figure 3c. 

4 NUMERICAL MODELS OF BUILDINGS 
Numerical computations of natural frequencies of vibrations 
of analysed buildings were carried out in known FEM system 
– Ansys [27]. Building elements such as continuous concrete 
strip foundations, monolithic walls of basement, precast 
concrete load-bearing walls, curtain walls, stairways, lift 
shafts, air-shafts, flat roof were taking into account and 
modelled using 4-node elastic shell elements with 6 degrees of 
freedom. 

 
a) 

 
 

b) 

 

Figure 4. Finite element models of analysed structures:           
a) building “A”;  b) building “B”. 

 
Figure 5. Model of foundation and basement of reinforced 

building “B”. 

The connections of load-bearing prefabricated walls with 
the floors were modelled as fixed and 40% of changing load 
was attached at each floor level.   

The number of degrees of freedom of models of buildings 
before modification (model “A”) and after strengthening of 
the load-bearing walls and reinforcing by the extra building 
spans (model “B”) is 612732 and 672138 respectively. Finite 
element models of analysed structures are presented in Figure 
4. 

In case of elements of structural monolithic concrete 
members (foundation, basement, new walls and wall 
strengthening) one value of Young modulus E equal 23.1GPa 
was used. Figure 5 shows the model of foundation and 
basement of reinforced building “B”. 

The influence of panel joints on the wall stiffness was taken 
into consideration in the models. Young modulus (E) 
reduction of structural elements was proposed for this 
purpose. Several attempts to select the proper value of the 
reduced Young modulus were carried out and E = 20 GPa was 
applied in the computations. 

In the analysed models non-structural elements such as for 
instance division walls, stairways, lift shafts and air-shafts 
were also taken into consideration. From the results of 
investigations presented in [16] it is visible that the influence 
of non-structural elements on dynamic characteristics of 
buildings can be significant.  

The division walls in the analysed buildings are made of 
cavity brick, thickness – 6.5cm. They were modelled as shells 
fixed connected with load-bearing panels. Shell models of the 
division walls (dark color) in one-stairway segment of 
building  are presented in Figure 6. 

The applied material parameters of structural elements are 
shown in Table 1. 

Soil flexibility was taken into consideration using 
translation and rotation spring elements according to Savinov 
soil model [20]. 

  

  
Figure 6. Shell models of division walls (dark color) in one-

stairway segment of building. 
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Table 1. Material parameters for FEM elements.  

FEM element E [GPa] ν ρ [kg/m3]
Foundation 23.1 0.2 2500
Basement 23.1 0.2 2500

Prefabricated 
elements 

20 0.2 2500

Reinforced elements 23.1 0.2 2500
Cavity brick wall 0.72 0.25 1400

Arbolit [26] 0.9 0.25 700
 
To verify finite element models material and structure 

assumptions, the computed results were compared with 
experimental ones obtained in [21] for actual structures. 

Values of natural frequencies of horizontal vibrations of 
analysed buildings are presented in Table 2. It is visible that 
the computational accuracy is sufficient in engineering 
practice. 

 

 Table 2. Comparison of computed and experimental values of 
natural frequencies of building horizontal vibrations before 

and after modification. 

Building 
Natural frequencies of horizontal building 

vibrations [Hz] 
 computed experimental [21]

“A”  
f1x 1.59 1.60 – 1.63
f1y 1.73 1.71 – 1.76

“B” 
f1x 1.79 1.64 – 1.71
f1y 2.47 2.17 – 2.28

 
The another type of modifications (introduced to typical 

WWP building – building “A”) does not change the number 
of DOF of the FEM model. As was said, in the building “C” 
only the inner structural reinforcements were introduced. The 
modifications relate to strengthening by thickening of the 
existed monolithic basement and precast load-bearing 
concrete walls (thickening of shell elements in the model of 
the building “C”). Thus the number of DOF of the model of 
building “A” and the number of DOF of the model of building 
“C” are the same and equal 612732.  

Floor plan of the model “C” with reinforcements marked 
with bold line is shown in Figure 7. Thickened gable walls are 
labelled as (1) and (3) and the thickened transverse load-
bearing wall is described as (2). 

 
 

 
Figure 7. Floor plan of the model “C” with reinforcements 
marked with bold line; where: (1) and (3) – the thickened 

gable walls, (2) – the thickened transverse load-bearing wall. 

Table 3. Comparison of computed values of the natural 
vibration frequencies of the model of typical building “A”  

and the model of modified building “C”. 

Natural frequencies of horizontal building vibrations [Hz]
Building “A” Building “C”

f1x 1.59 1.62
f1y 1.73 1.74

 
Comparison of computed values of the natural horizontal 

vibration frequencies of the model of typical building “A” and 
the model of modified building “C” is presented in Table 3. 

It is visible that the inner reinforcements (small 
modifications of the structure) applied in building “C” 
increase the values of natural frequencies of horizontal 
building vibrations, especially in transverse (“x”) direction.  

5 REANALYSIS RESULTS 
The accuracy of combined approximations hybrid method 
algorithm (CA) as the reanalysis approach was verified in 
evaluation of the first natural frequency of horizontal 
vibrations of modified buildings subjected to mine-induced 
tremors. 

Two cases of eigenvalue reanalysis corresponding to two 
types of building modifications were analysed. The first one 
concerns strengthening of existing walls without changing the 
number of DOF of FEM model (building ”C”) in relation to 
the number of DOF of model of the initial structure (building 
“A”). In the second one the inner and exterior structural 
reinforcements (building “B”) are taken into account – 
increasing the number of DOF of FEM model in relation to 
the number of DOF of model of the initial structure.     

To illustrate accuracy of the results obtained using CA 
method fractions r1 and relative errors Errf1 were computed: 

  FEM1CA 11 ffr = , (14) 

 %100Err
 FEM1

CA 1 FEM1
1 ⋅

−
=

f
ff

f , (15) 

where: f1CA, f1FEM – the first natural frequency of building 
vibrations computed using CA method and FEM, respectively.  

As the example, relative errors Errf1 of the first natural 
frequency of horizontal vibrations in transverse direction of 
building “B” obtained using CA method, in dependence of  
the various number of basis vectors are presented in Table 4. 

As one can see, using CA method with only 10 basis vectors 
ensures relative errors not greater than 8% by the reduction of 
number of eigenproblem equations from almost 700000 to 10. 

Comparison of computed and experimental values of the 
first natural vibration frequency of the modified building “B” 
is presented in Table 5. 

 

Table 4. Relative errors Errf1 of the first natural frequency of 
transverse vibrations of the modified building “B” obtained 

using CA method. 

No. of basis vectors 2 5 10 20 
Errf1 [%] 55 27 7.8 6.7 

x 

y 
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Table 5. Comparison of computed and experimental values of 
the first natural vibration frequency of the building “B”.  

 
Experimental 

[21] 
FEM
model 

CA
(20 basis vectors) 

 α =10-6

f1 [Hz] 1.64-1.71 1.79 1.91
 
It is visible that a little worse accuracy of the computed 

frequency was achieved using CA method instead of FEM. 
But the result (Errf1 less than 7%) is acceptable in engineering 
practice.  

In Table 6 fraction r1 and Errf1  for model “C” is presented. 
As one can see, using CA method with only ten basis vectors 
ensures relative errors not greater than 3% (reduction of 
number of equations from almost 613000 to 10). 

 

Table 6. Fraction r1 and Errf1 of the first natural vibration 
frequency computed in case of the model “C”. 

No. of basis vectors 2 5 10 20 
r1 1.13 1.04 1.03 1.01 

Errf1 [%] 12.5 3.9 2.5 0.8 
 

Additionally, the number of numerical operations which are 
necessary to obtain natural frequencies of building vibrations 
using CA was estimated and compared with the number of 
numerical operations in very popular subspace iteration 
method [1].  

Values of fraction NSIM / NCA [13] (NSIM, NCA – number of 
numerical operations for subspace iteration method and 
combined approximations method in case of single eigenvalue 
computation) depending on number of basis vectors in case of 
the model of building “B” are presented in Table 7.  

It is visible that using CA method with 20 basis vectors 
reduces the number of necessary numerical operations more 
then 20 times in proportion to application of subspace 
iteration method. 

In case of modification that increase the number of degrees 
of freedom, it is very important to choose proper value of α 
parameter that assure convergence of CA method.  

In case of models of actual buildings with significant 
number of DOF and large modifications, choosing α = 0.001 
that is suggested in some papers [4, 12] does not guarantee to 
obtain satisfying results. Therefore the tests to find                  
a relationship between the value of α parameter and “size” of 
model and its modifications were carried out. 

In Table 8 values of fraction r1 obtained in case of building 
“B” in the function of number of basis vectors and value of α 
parameter are presented. It is visible that the choice of α equal 
or smaller than 10-6 provides the results accurate enough. 

 

Table 7. Values of fraction NSIM / NCA in the function  
of  number of basis vectors in case of the model of modified 

building “B”. 

No. of basis vectors 2 3 4 5 10 20 
NSIM / NCA 216 144 108 86 43 21 

 

Table 8. Values of fraction r1 in case of model of modified 
building “B” in the function of  number of basis vectors  

and value of α parameter. 

α 
r1 = f1CA / f1FEM 

No. of basis vectors 
1 3 5 10 20

10-3 185 180 174 116 82
10-6 7.02 1.49 1.27 1.08 1.07
10-8 7.02 1.41 1.31 1.09 1.07

6 CONCLUSIONS  
In the paper combined approximations hybrid method (CA) 
was proposed as a tool for reduction of computational effort in 
case of reanalysis of natural frequencies of reinforced wall-
bearing prefabricated buildings subjected to mine-induced 
tremors. Large and small modifications of high apartment 
buildings were analysed.  

It is clear from the obtained results that application of CA 
method leads to significant decreasing of number of necessary 
algebraic operations what makes the numerical analysis much 
faster. 

CA method is efficient reanalysis procedure for computing 
of natural vibration frequencies of structures with an accuracy 
sufficient in engineering practice.   
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ABSTRACT: The development of the dynamic stiffness matrix for rectangular plate element undergoing in-plane vibration is 
presented in this paper. Gorman’s superposition method is exploited to obtain the solution of the governing equations of motion. 
The dynamic stiffness matrix of completely free rectangular plate element is derived using the Projection method. Free vibration 
analysis of plate assemblies with arbitrary boundary conditions is carried out. The results obtained using the proposed method, 
are in very good agreement with the results obtained using exact solutions and finite element method. Modeling of plate 
assemblies using the spectral element method demonstrate high precision, accuracy and low memory cost in comparison with 
the finite element method.   

KEY WORDS: In-plane vibration; Dynamic stiffness matrix; Spectral element method. 

1 INTRODUCTION 

Unlike the free transverse vibration, only few studies have 
been dedicated to in-plane free vibration of rectangular plates, 
since it is more likely to excite the transverse vibration of 
plates by the external excitations. Bardell et.al. [1] exploited 
the Rayleigh-Ritz method to obtain free vibration 
characteristics of rectangular plates with simply supported, 
clamped and free boundaries. Xing and Liu [2] used the direct 
separation of variables to derive all possible exact solutions 
for free in-plane vibration of rectangular plates for two 
opposite edges simply supported.  
Instead of the widely used Finite element method (FEM) [3] 
the Spectral element method (SEM) (or the dynamic stiffness 
method) can be used in order to solve various types of 
dynamic problems. The SEM is based on the spectral 
representation of the displacement field and on the exact 
solution of the governing equations of motion defined in the 
frequency domain. Consequently, the SEM is especially 
efficient for structures consisting of one-dimensional elements 
(beams and bars). For two-dimensional elements - plates exact 
solutions of the governing equations of motion for both 
transverse and in-plane vibration exist only for rectangular 
plates with special boundary conditions: two opposite edges 
simply supported [4-6] and two-edge infinite plates [7-9]. 
Gorman [10] developed an analytical-type solution using the 
superposition method to obtain free in-plane natural 
frequencies of completely free rectangular plate. This method 
cannot be easily applied in the free vibration analysis of 
complex structures like plate assemblies consisting of plates 
of different geometrical and material properties. Therefore, 
the method is efficient for calculation the free in-plane 
vibrations of an individual rectangular plate. 

A general method for free in-plane vibration analysis of 
rectangular plates having arbitrary boundary conditions, 
geometrical properties and non-uniform distribution of 
structural materials is presented in this paper. The 
development of the dynamic stiffness matrix of completely 

free rectangular plate is grounded on Gorman’s superposition 
method [10] and the Projection method [11].  The global 
dynamic stiffness matrix of plate assemblies with arbitrarily 
assigned boundary conditions has been constructed using the 
same assemblage procedure as in the FEM. Verification of the 
developed dynamic stiffness matrix has been conducted 
through several numerical simulations of free in-plane 
vibrations of plates with different types of boundary 
conditions. The results have been compared with the results 
computed using exact solutions from the literature [2], [10], 
the results based on the Rayleigh-Ritz method [1], and also 
the results obtained using the finite element software 
SAP2000 [12].  

2 DYNAMIC STIFFNESS FORMULATION FOR IN-
PLANE VIBRATION OF RECTANGULAR PLATE 
ELEMENT 

2.1 General solution 

Equations of motion of rectangular plate element presented in 
Figure 1 can be written as: 

 

2 2 2 2

1 22 2 2

2 2 2 2

1 22 2 2

0

0

u u v h u
a a

x y Dx y t

v v u h v
a a

x y Dy x t

    
   

   

    
   

   

 (1) 

where  

1 2 2

1 1
, ,

2 2 1

Eh
a a D

  
  

 , 
 

h is plate thickness, ρ is mass density, E is the Young’s 
modulus,  is the Poisson’s ratio of the plate material. If in-
plane displacements u and v are given in the spectral 
representation: 
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Figure 1. Rectangular plate element and boundary conditions 

where ω is angular frequency, ˆ( , , )u x y   and ˆ( , , )v x y   are 

the amplitudes of displacements in the frequency domain, the 
Fourier transform of Eq. (1) can be expressed as: 

 

2 2 2 2

1 22 2 2

2 2 2 2

1 22 2 2

ˆ ˆ ˆ
ˆ 0
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ˆ 0

p

p

u u v
a a u

x yx y c

v v u
a a v

x yy x c

   
   

  

   
   

  

 (3) 

where 
 21

p

E
c 

 
  represents the longitudinal wave 

speed. Introducing Gorman’s superposition method [10], the 
in-plane displacements of a rectangular plate can be split up 
into four contributions: symmetric-symmetric (SS), anti-
symmetric-anti-symmetric (AA), symmetric-anti-symmetric 
(SA) and anti-symmetric-symmetric (AS): 

 
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )

ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
SS AA SA AS

SS AA SA AS

u x y u x y u x y u x y u x y

v x y v x y v x y v x y v x y

   

   
 (4) 

The free vibration mode is symmetric about an axis if 
displacement normal to this axis has a symmetric distribution 
about it, while the vibration mode is anti-symmetric about an 
axis if displacement normal to this axis has an anti-symmetric 
distribution about it. In order to find the solution of equations 
(3), the in-plane displacements are presented in infinite series 
form, which are truncated to a point M for practical purposes.  
Each symmetry contribution can be written in the following 
form: 

 
        

        

1 1 2 1

1 2 2 2

ˆ ( , )
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M
m m

ij ij m ij m
m

M
m m

ij ij m ij m
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u x y U y h x U x h y

v x y V y h x V x h y

 

 




 (5) 

where i, j = S, A,  1
mh x ,  2

mh x ,  1
mh y and  2

mh y are 

trigonometric functions, which depend on the type of 

symmetry contribution. Functions  1 m
ijU y ,  2 m

ijU x , 

 1 m
ijV y and  2 m

ijV x , given in Eq.(5) for each contribution, 

represent the solutions of the system of equations (3). They 
correspond to the Levy-type solutions for plate with the 
following boundary conditions assigned to parallel edges: 

 

Figure 2. One quarter of rectangular plate element 

 
   
   

ˆˆ , 0 , 0 for

ˆˆ , 0 , 0 for

xy

xy

u a y N a y x a

v x b N x b y b

   

   
 (6) 

These functions are defined in the Appendix. 

2.2 Projection method for the double symmetry 
contribution 

Gorman’s superposition method presented in the previous 
section enables the analysis of one quarter of the rectangular 
plate element for each symmetry contribution, Figure 2. The 
development of the dynamic stiffness matrix for the double 
symmetry contribution will be presented in the following. The 
dynamic stiffness matrices of the other three contributions can 
be obtained likewise. 
The in-plane displacement vector SSq  and the corresponding 

force vector SSQ  for the SS contribution for each frequency 

ω, along the boundary x = a and y = b of the quarter segment 
of rectangular plate element are defined as: 
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q
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where 
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y x

  
     

  
     

  
    

 (8) 

The displacement and force vectors SSq  and SSQ are 

continuous functions of spatial variables s (s=x, y). 
Consequently, it is not possible to define the relation between 
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the displacement and force vector on the boundary as in the 
case of one-dimensional elements. In order to solve the 
problem, Kevorkian and Pascal [11] defined the Projection 
method for free transverse vibration of rectangular plate. It is 
based on the projection of the displacement and force vector 
onto a set of projection functions h(s): 
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 (9) 

where the projection of displacement and force functions 
along the plate boundary s is defined as: 
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2
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 (10) 

Projection functions for in-plane vibration and each symmetry 
contribution are given in the Appendix. Substituting Eq.(5) 

into Eq.(9) and using Eq.(10), the projections SSq   and SSQ  

of the vectors SSq  and SSQ   are obtained in the following 

form: 

 SS SS

SS SS





q D C

Q F C





 

 (11) 

where SSD  and SSF  are frequency dependent matrices that 

relate the projections of the displacement and force vectors 
and the vector of integration constants C , respectively. 
Elimination of the vector C  from equations (11) leads to the 
dynamic stiffness matrix of rectangular plate element for the 
double symmetry contribution: 

 
 

  1

SS

SS

SS SS

SS SS


 

 

D

D

Q K q

K F D

 



  

 (12) 

Equations (11) and (12) have the same form as the 
corresponding expressions for one-dimensional spectral 
elements, [13]. However, the displacement and force vectors 

SSq  and SSQ  in this case comprise the projections of the 

displacements and forces along the plate boundary. In 
addition, the size of these vectors is influenced by the number 
of terms M in the general solution. Consequently, the size of 

the dynamic stiffness matrix 
SSDK  is 4M. Sizes of the 

dynamic stiffness matrices
SADK  ( 

ASDK  ) and 
AADK  are 

4M+1 and 4M+2, respectively. 

2.3 Development of the dynamic stiffness matrix of 
completely free plate element 

The dynamic stiffness matrix of completely free plate element 
can be derived from the dynamic stiffness matrices of each 
symmetry contribution using the transformation matrix T. The 

transformation matrix relates the projections of the 
displacement vector oq  defined for one quarter of plate 

element and the projection of the displacement vector q  of 

the whole completely free plate element, in the following 
way: 

 
1

2
oq Tq   (13) 

where  

(16 4) (16 4)
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q T
q T

q T
q T
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A detailed development of the transformation matrix T can be 
found in reference [14]. Similarly, the reverse procedure is 
carried out for the corresponding force vectors and the 
following relation is obtained: 

 T oQ T Q   (14) 

where Q  is the projection of the force vector of the whole 

completely free plate element and oQ  comprises the 

projections of forces defined for one quarter of plate element: 
T

SS SA AS AA   oQ Q Q Q Q      

Since 
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 (15) 

the dynamic stiffness matrix of completely free rectangular 
plate element is obtained from equations (13) – (15) in the 
form: 

 
1

2
TD oK T K Tq 

  (16) 

3 NUMERICAL ANALYSIS AND RESULTS 

The presented approach has been used for the free vibration 
analysis of plates with different boundary conditions. For this 
reason, a computer program for in-plane free vibration 
analysis of plate assemblies with arbitrary boundary 
conditions was developed using Matlab [15]. The global 
dynamic stiffness matrix of plate assemblies was obtained 
applying the same assemblage procedure as in the FEM. 

In order to verify the accuracy and convergence of the 
proposed method two plates with aspect ratios b/a = 1 and b/a 
= 1.2 were analyzed. Obtained results were compared with the 
results available in the literature [1], [10], [2] and [6], as well 
with the results obtained using SAP2000 [12]. Four different 
Dimensionless natural frequencies pa c    have been 

calculated for different number of terms in the general 
solution - M and for the following boundary conditions: 
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 simply supported edge (S1): u ≠0, v = 0 for x =±a  
and u = 0, v ≠0 for y =±b, 

 simply supported edge (S2): u = 0 , v ≠0 for x =±a  
and u ≠0 , v = 0 for y =±b, 

 clamped edge (C): u = 0, v = 0, 

 free edge (F): u ≠0, v ≠0. 

The natural frequencies are determined as maxima of the 
following expression, [16]: 

 
 

1
log

det

 
 
  nnDK

 (17) 

where 
nnDK  is the dynamic stiffness sub-matrix of plate 

assemblies related to the unknown generalized displacement 
projections. Dimensionless natural frequencies for square and 
rectangular plate are presented in Table 1 and Table 2, 
respectively. The convergence of the proposed method has 
been achieved for only 3 – 5 terms in the general solution.  In 
addition, the obtained results are in very good agreement with 
the results obtained using the exact solutions [6] and [10], as 
well as the results obtained by Bardell [1] and SAP2000 [12]. 
The efficiency and accuracy of the proposed method is shown 
on the example of plate assembly with non-uniform 
geometrical properties and different types of boundary 
conditions, Figure 3. The natural frequencies, summarized in 
Table 3 are compared only with the FEM results, since there 
are no other available results in the literature. As the number 
of finite elements increases, the natural frequencies computed 
using the FEM converge to the present solutions. In the 
present method the discretization is influenced only by the 
plate geometry. Therefore, the assembly is discretized only by 
using two spectral elements. It significantly increased the 
accuracy and decreased the computational time in comparison 
with the FEM. 

 
Table 1. Dimensionless frequencies of square plate (b/a = 1). 

BC 
Freq. 
num. 

Present solution Ref. 
[10] 

Ref. 
[1] M=3 M=5 M=7 M=11 

F
 –

 F
 –

 F
 -

 F
 

1 
2 
3 
4 
5 
6 
7 
8 

1.160 
1.241 
1.317 
1.501 
1.726 
1.868 
2.177 
2.499 

1.160 
1.237 
1.315 
1.497 
1.726 
1.864 
2.161 
2.490 

1.160 
1.237 
1.315 
1.495 
1.726 
1.863 
2.157 
2.487 

1.160 
1.236 
1.314 
1.494 
1.726 
1.862 
2.153 
2.486 

1.160 
1.236 
1.314 
1.494 
1.726 
1.862 
2.153 
2.485 

1.160 
1.236 
1.314 
1.493 
1.726 
1.868 
2.177 
2.499 

S
1 

- 
S

1 
- 

S
1 

- 
S

1 1 
2 
3 
4 
5 
6 
7 

0.923 
1.317 
1.865 
2.074 
2.210 
2.636 
2.764 

0.927 
1.315 
1.858 
2.076 
2.217 
2.631 
2.780 

0.928 
1.315 
1.860 
2.077 
2.219 
2.630 
2.784 

0.929 
1.315 
1.857 
2.078 
2.221 
2.629 
2.786 

 
 
 
- 

0.929 
1.314 
1.858 
2.078 
2.222 
2.628 
2.788 

C
 –

 C
 –

 C
– 

C
 1 

2 
3 
4 
5 
 

1.778 
2.122 
2.593 
2.929 
2.947 

1.778 
2.120 
2.593 
2.930 
2.948 

1.778 
2.118 
2.592 
2.930 
2.948 

1.778 
2.118 
2.592 
2.930 
2.948 

 
 
- 

1.778 
2.118 
2.593 
2.930 
2.948 

 

Table 2. Dimensionless frequencies of rectangular plate (b/a = 
1.2). 

BC Freq. 
num. 

Present 
solution 

Ref. 
[6] 

Ref. 
[2] 

FEM (SAP2000) 

M=11 
50x60 

elements 
100x120 
elements 

S
1 

- 
S

1 
- 

S
1 

- 
S

1 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10

0.774 
0.929 
1.210 
1.548 
1.806 
1.857 
2.012 
2.044 
2.322 
2.420 

0.774 
0.929 
1.210 
1.549 
1.806 
1.859 
2.013 
2.044 
2.323 
2.419 

0.774 
0.929 
1.210 
1.549 
1.806 
1.859 
2.013 
2.044 
2.323 
2.419 

0.774 
0.929 
1.209 
1.548 
1.805 
1.857 
2.012 
2.044 
2.321 

  2.416

0.774 
0.929 
1.209 
1.548 
1.806 
1.858 
2.013 
2.044 
2.322 

  2.418 

S2
 -

 F
 -

 S
1 

- 
C

 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

0.685 
0.838 
1.301 
1.420 
1.818 
1.895 
2.132 
2.240 
2.381 
2.442

 
 
 
 
 
- 

0.684 
0.839 
1.298 
1.417 
1.821 
1.896 
2.130 
2.242 
2.384 
2.445 

0.684 
0.839 
1.298 
1.417 
1.820 
1.894 
2.128 
2.240 
2.382 
2.443 

0.684 
0.839 
1.298 
1.417 
1.820 
1.895 
2.129 
2.241 
2.383 
2.444 

 

Figure 3. Geometry of plate assembly 

4 CONCLUSIONS 

The general method for the development of the dynamic 
stiffness matrix of rectangular plate element undergoing in-
plane vibration has been presented in this paper, using 
Gorman’s superposition method and the Projection method. It 
allows free vibration analysis of any rectangular plate 
assemblies with arbitrary boundary conditions and different 
geometrical and material properties that cannot be solved 
using the available solutions in the literature. The present 
solution has been validated against the exact results available 
in the literature and the results obtained from the SAP2000 
finite element code. The results indicated high precision of the 
proposed solution in comparison with the FEM. The proposed 
method has used the same assemblage procedure as in the 
FEM to obtain the global dynamic stiffness matrix of plate 
assemblies. However, the discretization has been minimized, 
which significantly increases the accuracy and decreases the 
computational time.  
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Table 3. Natural frequencies (in Hz) of plate assembly 

BC 
Freq. 
num. 

Present 
solution 

FEM (SAP2000) 

M=7 M=9 
24x20 

elements 
48x40 

elements 
96x80 

elements 

C
 –

 F
 –

 F
– 

F
 

1 
2 
3 
4 
5 
6 
7 
8 
9 

   10 

305.6 
835.1 
1007 
2142 
2228 
2494 
2747 
3167 
3542 
3569 

305.4 
835.2 
1007 
2141 
2228 
2493 
2746 
3166 
3542 
3569 

305.3 
835.3 

1005.2 
2126.5 
2228.4 
2487.7 
2737.7 
3145.2 
3532.9 
3550.5 

305.2 
835.2 

1006.2 
2136.5 
2228.2 
2491.3 
2743.1 
3160.0 
3539.8 
3564.5 

305.1 
835.1 

1006.4 
2139 

2227.9 
2492.2 
2744.3 
3163.5 
3541.4 
3567.8 

C
 –

 C
 –

 F
– 

F 

1 
2 
3 
4 
5 
6 
7 
8 
9 

   10 

976.4 
1381 
1671 
2648 
2956 
3313 
3460 
3853 
4017 
4127 

976.4 
1381 
1670 
2648 
2955 
3312 
3460 
3852 
4017 
4126 

977.4 
1379.5 
1663.7 
2637.6 
2933.9 
3292.8 
3446.4 
3849.4 
3989.5 
4098.8 

977.8 
1379.8 
1666.8 
2641.3 
2943.3 
3301.5 
3456.6 
3874.5 
4004.8 
4118.3 

977.9 
1379.8 
1667.5 
2642.1 
2945.5 
3303.6 
3459.1 
3880.5 
4008.5 
4123.2 
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APPENDIX 

In-plane displacements and projection functions for the SS 
contribution 
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In-plane displacements and projection functions for the AA 
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In-plane displacements and projection functions for the SA 
contribution 
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ABSTRACT: A graphic dynamic method of modal analysis of elastic torsionally coupled systems is presented, which 
complements the graphic recursive approach referred to as Ellipse of Elasticity Modal Analysis (EEMA) (Faggella 2013) with 
the introduction of a single-step Mohr Circle Modal Analysis (MCMA). The approach allows a fully graphic computational 
visualization of all the parameters of interest for dynamic analysis, such as the modal frequencies, the effective modal stiffness 
and masses, the intensity and line of actions of the elastic and inertial forces. It provides insight into the behavior of torsionally 
coupled systems and represents a basis for the definition of a graphic dynamic response analysis of irregular structures subjected 
to horizontal forces such as earthquake and wind. 

KEY WORDS: torsionally coupled structures; graphic dynamics; graphic modal analysis; Ellipse of Elasticity; Mohr Circle. 

1 INTRODUCTION 
In-plan irregularity and torsional coupling of structural 
systems are aspects of primary importance in seismic 
structural design and assessment. Torsional effects can often 
result in unbalanced demand on structural components leading 
to collapse or poor earthquake performance. 

This paper illustrates two graphic computation approaches 
that can be referred to as graphic dynamic, [1], which retain 
the accuracy of numerical analyses, [2], and the elegance of 
traditional graphic static methods. The methods are based on 
the assumption of rigid floor diaphragm behavior, and on the 
rotational kinematic representation of the displacements and 
accelerations through the modal centers of rotation, i.e. the 
modal ‘nodes’, [3]. They provide useful insight into the 
dynamic behavior of torsionally coupled systems and can be 
further explored to develop graphic methods of earthquake 
response analysis, [4], [5]. 

Two graphic dynamic methods of modal analysis of one-
way asymmetric single-story structures are illustrated in this 
paper: 1) the Ellipse of Elasticity Modal Analysis (EEMA), a 
recursive graphic modal analysis approach based on the 
antipolarity with respect to the Ellipse of Elasticity and to the 
mass circle of gyration; and 2) the Mohr Circle Modal 
Analysis (MCMA), a single-step graphic modal analysis 
based on the properties of the Mohr Circle of the stiffness 
matrix.  

2 ELLIPSE OF ELASTICITY MODAL ANALYSIS 
(EEMA) 

Consider the general one-way eccentric single-story elastic 
structure of Figure 1. Both the center of mass G and the center 
of stiffness K of the lateral load-resisting elements are lo-
cated on a principal axis at a distance equal to the eccentricity 
ex. The ellipse of elasticity is centered in K, and is defined by 
the two principal semi-diameters given by in terms of the 
ratios of the rotational stiffness kθ about the center of stiffness 

K, and of kx and ky, which are the stiffness in the x and in the 
y-direction respectively. 
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Figure 1. Torsionally coupled system with a one-way 

eccentricity between the center of mass G and the center of 
stiffness K of the lateral load-resisting elements. 

The mass circle of gyration is centered in the center of mass 
G, and is defined through the gyration radius ρ defined as the 
ratio of the polar moment of inertia Ip and the floor mass m. 

 ρx =
kθ
kx

, ρy =
kθ
ky

, ρ =
I p

m
 (1) 

The degrees of freedom are the displacement of the center 
of mass in the y-direction uy and the floor rotation angle θ, and 
can be expressed in the nodal form as a function of the 
rotation θ and of the position of the center of rotation xc 

 u=
uy

θ

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
=

−xc

1

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
θ =

−xc,n

1

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
θn(t)

n=1

2

∑  (2) 
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Figure 2. Plan schematic of the structure floor and lateral 

load-resisting elements with the Ellipse of Elasticity and the 
Mass circle of gyration. 

The system’s free vibrations are governed by the 
equilibrium between the elastic and inertial forces Fe and Fm 

 Fm + Fe = m&&u+ ku= 0 (3) 

where k and m are the stiffness and mass matrices  

 m= m
1 0
0 ρ2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
, k = ky

1 ex

ex dx
2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 (4) 

dx is a ‘coupled stiffness gyrator’, and corresponds to the 
distance of the center of mass G from the end point of the 
semi-diameter ρx rotated along the vertical line through K, as 
it is shown in Figure 2. The ratio of the coupled stiffness 
gyrator to the mass gyrator qx=dx/ρ describes the 
‘translationality’ of the system 

 dx = ex
2 + ρy

22 , qx = dx ρ  (5) 

The expressions of the vector of DOFs u in terms of the 
modal centers of rotation can be used to determine the lines of 
action of the elastic and inertial forces, which are also 
identified by the position xc,i of the modal centers of rotation. 
In fact these distances correspond also to the distances of the 
line of action of the corresponding forces from the center of 
mass. The EEMA is based on the graphic determination of C1 
and C2 through the two antipolarities expressed by the 
equations 

 (xc,i − ex ) =
−ρy

2

(xc, j − ex )
, xc,i =

−ρ2

xc, j

 (6) 

The EEMA procedure can be seen as a graphic realization 
of the Ritz method for torsionally coupled 2DOF systems. 
Starting from a trial node, it consists of recursive generations 
of directions of elastic forces of the trial node, and of 

subsequent determination/update of the node by applying the 
antipolarity with respect to the masses. 
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Figure 3. a) Recursive EEMA determination of the modal 

centers of rotation Ci, b) corresponding lines of action of the 
vertical modal forces. 

The converged positions xc,i of the modal centers of rotation 
correspond also to the directions of the modal elastic and 
inertial forces Fe,j and Fm,j. The remaining parameters of 
interest for dynamic free vibration analysis are then expressed 
as a function of xc,i as 

 keff ,i

ky

=
xc,i − ex

xc,i − xc, j

,
meff ,i

m
=

xc,i

xc,i − xc, j

, ω i
2

ω y
2 =

xc,i − ex

xc,i

 (7) 

3 MOHR CIRCLE MODAL ANALYSIS (MCMA) 
Although the EEMA is effective for deriving graphic dynamic 
parameters, the reliance on iterations and the determination of 
the modes and frequencies based on ratios between distances 
represents a disadvantage. This aspect can be overcome 
through the Mohr Circle Modal Analysis (MCMA) graphic 
procedure, which provides a single step graphic solution, and 
a more straightforward visualization of the frequencies and of 
the modal nodes based on a single measure of lengths. The 
systems of differential equations (3) can be put in the form 

 &&uρ +
1
m

kρuρ = 0 (8) 

expressing the DOFs in terms of a new vector of the degrees 
of freedom uρ made of two translational components 

 uρ =
uy

ρθ

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
=

−xc,n

ρ
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⎪
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⎫
⎬
⎪

⎭⎪
θn

n=1

N

∑ (t)  (9) 

these entries are respectively the displacement of the center of 
mass uy and the translational displacement uρ=ρθ(t) at a 
distance from the center of mass equal to the gyration radius. 
These new equations correspond to a classical eigenproblem 
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governed by a geometric-dynamic stiffness matrix with some 
entries normalized by the radius of gyration 

 
kρ

ky

=
1 ε x

ε x qx
2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

where ε x = ex ρ  (10) 

This eigenproblem can be solved through a Mohr Circle, 
through the MCMA procedure, which is illustrated in Figure 
4. It consists of superimposing the non-dimensional schematic 
of the plan view of the structure per unit-radius of gyration 
onto the Mohr plane so that the intersection of the mass circle 
of gyration with the vertical axis through G coincides with the 
pole P of the circle. 
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Figure 4. MCMA graphic construction (upper part), and its 

correspondence with the EEMA results (lower part). 

Then the modal centers of rotation C1 and C2 are found as 
the intersection of the structure’s x-axis with the straight lines 
passing through the circle’s pole P and the normalized 
eigenvalues. The corresponding theoretical derivation of the 
positions of the nodes C1 and C2 is given by the relations 
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 (11) 

the theoretical expressions of the modal frequencies are 

  (12) 

where O and R are the position of the circle’s center and 
radius. 

Therefore, the MCMA performs a fully graphic and single-
step determination of the position of the modal nodes and of 
the modal frequencies. Compared to EEMA, the MCMA has 
the advantage of providing the modal nodes’ coordinates and 
the natural frequencies of vibration of the system with a 
single-step graphic construction.  

4 CONCLUSIONS AND DEVELOPMENTS 
We proposed an ensemble of two graphic methods of dynamic 
modal analysis for one-way asymmetric single-story 
structures: the Ellipse of Elasticity Modal Analysis (EEMA) 
and the Mohr Circle Modal Analysis (MCMA).  

The EEMA performs a recursive graphic solution of the 
dynamic equilibrium. The Ellipse of elasticity and the Mass 
circle of gyration and their respective antipolarities are used in 
a graphical realization of the Ritz method to graphically 
determine the mode shapes’ nodes and lines of action of 
forces. The effective modal masses and stiffness, and the lines 
of action of the modal elastic and inertial forces are then 
determined based on the positions of the modal centers of 
rotation. 

The MCMA performs a single-step determination of the 
modal nodes and of the modal frequencies, and allows a more 
straightforward determination of the eigenvalues in terms of 
geometric distances. The remaining parameters of interest, i.e. 
the lines of action of the modal elastic and inertial forces, and 
the effective modal mass and stiffness ratios are derived in 
terms of the graphic static and dynamic parameters of the 
Mohr circle construction.  

The two procedures represent overall an effective graphic 
method of modal analysis of one-way torsionally coupled 
systems, and yield visual insight on the structural behavior. 

The results of GMA procedures can be further explored and 
incorporated into graphic earthquake response analysis 
procedures.  
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ABSTRACT: A finite element formulation based on the first-order shear deformable beam theory for dynamic analysis of multi-
span beams made of functionally graded material (FGM) subjected to a variable speed moving load is presented. The beam 
material is assumed to be graded in the thickness direction by a power-law distribution. Exact solution of static part of the 
governing differential equations of a FGM beam segment is employed to interpolate the displacements and rotation. The shift in 
the neutral axis position arose from the material inhomogeneity is taken into consideration in the formulation. The dynamic 
response of the beam is computed with the aid of the direct integration Newmark method. The numerical results show that the 
proposed formulation is capable to give accurate dynamic characteristics of the beam by using a small number of elements. A 
parametric study is carried out to highlight the effect of the material inhomogeneity and loading parameters on the dynamic 
behaviour of the beams. The influence of the aspect ratio on the dynamic response is also examined and highlighted. 

KEY WORDS: Functionally graded material; Multi-span beam; Moving load; Dynamic analysis; Finite element method. 

1 INTRODUCTION 
Functionally graded materials (FGMs) have received much 
attention from engineers and researchers since they were first 
initiated by Japanese scientists in 1984. FGMs are formed by 
gradually varying the volume fraction of constituent materials, 
usually ceramics and metals, in a desired spatial direction. As 
a result, the effective properties of FGMs exhibit continuous 
change, thus eliminating interface problems and mitigating 
thermal stress concentrations. FGMs are now widely used as a 
structural material, and analysis of structures made of FGMs 
has become an important topic in the field of structural 
mechanics. Many investigations on analysis of FGM 
structures subjected to different loadings can be found in the 
literature, only contributions that are most relevant to the 
present work are briefly discussed below.         

Praveen and Reddy [1] derived a plate element for 
evaluating the static and dynamic response of FGM plates. 
Chakraborty et al. [2] formulated a shear deformable beam 
element for analyzing the thermo-elastic behaviour of FGM 
beams. Based on the higher-order shear deformable beam 
theory, Kadoli et al. [3] developed a beam element for 
studying the static behaviour of FGM beams under ambient 
temperature. In [4], Li presented a unified approach for 
studying static and dynamic behaviour of FGM beams. Based 
on a new beam theory, Sina et al. [5] proposed an analytical 
method for evaluating the free vibration of FGM beams. 
Zhang and Zhou [6] studied the buckling and nonlinear 
bending of thin FGM plates by adopting the neutral surface as 
the reference plane. Taking the shift in the neutral axis 
position into account, Kang and Li [7, 8] derived solutions for 
FGM cantilever beams subjected to a concentrated load or 
moment at the free end. In [9], Alshorbagy et al. studied the 
free vibration of FGM Bernoulli beams by using the finite 
element method. Shahba et al. [10] employed the exact 
solution of a homogeneous beam element to derive a finite 

element formulation for computing the critical loads and 
natural frequencies of tapered Timoshenko beams made of 
axially FGM.  Şimşek and his co-worker [11, 12] used the 
polynomial series as approximation functions for 
displacements and rotation to study the vibration of FGM 
beams subjected to a moving load. Eltaher et al. [13] 
determined the neutral axis position and then derived a beam 
element for computing the natural frequencies of FGM 
macro/nanobeams. Based on the physical neutral surface and 
the third-order shear deformation beam theory, Zhang [14] 
studied the nonlinear bending of FGM beams under thermal 
and mechanical loadings.  Nguyen et al. [15] studied the 
vibration of non-uniform FGM beams under a moving point 
load by using the finite element method. Recently, Nguyen 
and his co-worker [16, 17] used the exact solution of a 
homogeneous Timoshenko beam element to formulate finite 
element formulations for large displacement analysis of 
tapered FGM beams subjected to end forces. 

Moving load problem, in which the position of the external 
loads continuously varies with time, is a topic of investigation 
for a long time. Many investigations on the topic have been 
reported in the literature, among which the monograph by 
Frýba [18] is an excellent reference. In addition to the 
traditional analytical methods, the finite element method with 
its versatility in spatial discretization has also been widely 
employed in the moving load problem.  In this line of work, 
Filho [19], Hino et al. [20] are pioneers in development of 
finite element formulations for analyzing structures subjected 
to moving loads. Lin and Trethewey [21] derived the finite 
element formulation for a Bernoulli beam excited by different 
types of moving load. Olsson [22] presented an analytical 
solution for the fundamental moving load problem, and then 
discussed the accuracy of the finite element solution.  Rieker 
et al. [23] investigated the effect of discretization on the 
accuracy of beams subjected to a moving load. Thambiranam 
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and Zhuge [24] took the effect of the elastic foundation into 
their finite element formulation in studying the dynamic 
response of a Bernoulli beam subjected to moving loads. 
Based on the first-order shear deformable beam theory, 
Nguyen [25] formulated a beam element for computing the 
dynamic response of prestressed beams resting on a two-
parameter foundation traversed by a moving harmonic load. 

In this paper, the dynamic analysis of multi-span FGM 
beams subjected to a variable speed moving load is carried out 
by using the finite element method. To this end, a finite 
element formulation based on the first-order shear deformable 
beam theory is derived by  using the exact solution of a static 
part of governing differential equations of a FGM  beam 
segment as interpolation functions. The formulation, as in 
Refs. [7, 8, 13, 14], takes the shift in the neutral axis position 
into account, and thus there is no axial-bending coupling term 
in the stiffness matrix. Using the derived formulation, the 
dynamic characteristics of the beams are computed with the 
aid of the direct integration Newmark method. The influence 
of the material inhomogeneity, loading parameters as well as 
the aspect ratio on the dynamic response of the beam is 
investigated and highlighted.                 

2 FGM BEAM 
Consider a multi-span FGM beam with rectangular cross-
section (total length LT, height h and width b), subjected to a  
load P(t), moving from left to right,  as depicted in Figure 1.  
In the figure, the Cartesian coordinate systems (x, z) is chosen 
with the x– and z-axes parallel to the longitudinal direction 
along the mid-plane of the beam and normal to this plane, 
respectively. The FGM is assumed to be composed of ceramic 
and metal with the effective material properties (like Young’s 
modulus, shear modulus and mass density), P(z), vary along 
the beam thickness according to a power-law distribution as 

 1( ) ( )
2

n

c m m
zP z P P P
h

⎛ ⎞= − + +⎜ ⎟
⎝ ⎠

 (1) 

where Pc and Pm denote the material properties of ceramic and 
metal, respectively; n is the non-negative power-law index, 
dictating the material variation profile. As seen from Eq. (1), 
the bottom surface contains only metal and the top surface is 
pure ceramic. Clearly, due to the variation of the Young’s 
modulus, the neutral axis, where the normal stress and strain 
are zeros for a beam segment in pure bending, is no longer at 
the mid-plane. The distance from the neutral axis to the mid-
plane of the beam, h0, can be explicitly expressed in term of 
the Young’s moduli of the constituent materials and the index 
n as  follows [13, 14] 

 

/2

/ 2
0 / 2

/2

( )
( )

2( 2)( )
( )

h

h c m
h

c m

h

E z zdz
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n E nE
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−
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= =
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∫

∫
 (2) 

where Ec and Em are respectively the Young’s moduli of the 
ceramic and metal, and E(z) denotes the effective Young’s 
modulus of the beam as defined by Eq. (1). 

Having the neutral axis position to be determined, a new 
coordinate system (x1,z1) with x=x1 and z=z1+h0 is introduced.   

Based on the first-order shear deformable beam theory, the 
axial displacement, u(x,z,t), and the transverse displacement, 
w(x,z,t), at any point distanced z1 from the neutral axis are 
given by  

 0 1 0 0

0

( , , ) ( , ) ( , ) ( , ) ( ) ( , )
( , , ) ( , )

u x z t u x t z x t u x t z h x t
w x z t w x t

θ θ= − = − −

=
 (3) 

where u0 and w0 are respectively the axial and transverse 
displacements of the corresponding point on the neutral axis, 
and θ is the cross-section rotation. The axial strain, εx, and the 
shear strains, γxz, resulted from Eq. (3) are as follows 

 0, 0 , ,( ) ,x x x xz xu z h wε θ γ θ= − − = −  (4) 

where a comma denotes the differentiation with respect to the 
spatial variable x.  

 
Figure 1. A multi-span beam with generic beam element. 

 
 Assuming elastic behavior, the stresses associated with the 
strains in Eq. (4) are as follows 

 ( ) , ( )x x xz xzE z G zσ ε τ γ= =  (5) 

where G(z) is the effective shear modulus, defined by Eq. (1) 
in the same manner as E(z). From Eqs. (4) and (5) the strain 
energy for the beam is given by 
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(6) 

where V denotes the beam volume; ψ is the shear correction 
factor;  A11, A12, A22, A33 are respectively the axial, axial-
bending coupling, bending and shear rigidities, defined as 
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 (7) 

It should be noted that due to Eq. (2), the axial-bending 
rigidity, A12, defined by Eq. (7) is always equals to zero, and 
the second term under the integral in Eq. (6) is vanished. The 
kinetic energy of the beam is given by  
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In Eq. (8), a over dot denotes the derivative with respect to 
time; ρ(z) is the effective mass density; I11, I12, I22 are the mass 
moments, defined as 

 2
11 12 22 0 0( , , ) ( )[1, ( ), ( ) ]

A

I I I z z h z h dAρ= − −∫  (9) 

 It should be noted that, different from the coupling rigidity,  
the axial-bending coupling moment I12 is not equal to zero. 
The potential of the moving load P(t) is simply given by 

 0 0 ( ( ))V P w x s tδ= − −  (10) 

where P0 denotes the amplitude of the load; the abscissa x is 
measured from the left end of the beam; δ(.) is the Dirac delta 
function; s(t) is the function describing motion of the force 
P(t) at time t, which given by 

 2
0

1( )
2

s t v t at= +  (11) 

with v0 denotes the initial speed of the moving load, and a is 
its acceleration, which assumed to be constant in the present 
work. When a=0, a uniform motion with constant speed is 
resumed. 
     Applying Hamilton’s principle, one can obtain the 
following equations of motion for the beam 
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I I u A A w
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ψ θ δ

θ θ ψ θ

⎧ − − =
⎪⎪ − − = −⎨
⎪

− − − − =⎪⎩

&&&&

&&

&& &&

 (12) 

In Eq. (12), as above mentioned, the term related with the 
coupling axial-bending rigidity A12 is vanished. The associated 
non-essential boundary conditions for the beam are as follows 

 11 0, 33 0, 22 ,, ( ) ,x x xA u N A w Q A Mψ θ θ= − = =  (13) 

where , ,N Q M are the prescribed axial, shear forces and 
moment at the beam ends, respectively. The essential 
boundary conditions require the axial displacement at left end 
and transverse displacements at all the support equal to zeros. 

3 FINITE ELEMENT FORMULATION 
Assuming the beam is divided into a number of two-node 
beam elements with length of l. A generic element is depicted 
in the upper right corner of Figure 1. The vector of nodal 
displacements for the element, d, contains six components as 

 { }1 1 1 2 2 2
Tu w u wθ θ=d  (14) 

where u1, w1, θ1 are respectively the axial, transverse 
displacements and rotation at node 1; u2, w2, θ2  are the 
corresponding quantities at node 2. In Eq. (14) and hereafter, a 
superscript ‘T’ is used to indicate the transpose of a vector or 
a matrix.      

An interpolation scheme is now necessary to introduce to 
the displacements and rotation. The present work used the 
exact solution of static part of the homogeneous equations of 
motion, Eq. (12), to interpolate the displacements and 
rotation. The exact solution of the equilibrium equations for a 
beam element can easily be obtained with the aid of a 

symbolic software, for example by using the ‘dsolve’ 
command in Maple [26], one gets  the solution in the forms   

 3 2
0 1 2 3 4

222
1

0 5 6

2 3
33

C +C
1 1
6 2

1
2

w C x C x C x C

A
C x C x

A

u x

Cθ
ψ

= + + +

⎛ ⎞
= + + +⎜ ⎟

⎝ ⎠

=

 (15) 

In the above equation, C1, C2,… C6 are the constants which 
can be determined from the following element end conditions   

 0 1 0 1 1

0 2 0 2 2

, , when 0
, , when

u u w w x
u u w w x l

θ θ
θ θ

= = = =⎧
⎨ = = = =⎩

 (16) 

Eqs. (15) and (16) lead to the interpolation functions for u0, w0 
and  θ  in the forms 

 0 0, ,T T T
u wu w θθ= = =N d N d N d    (17) 

 where 1 2{ 0 0 0 0}u u uN N=N , 1 2 3 4{0 0 }w w w w wN N N N=N , 

1 2 3 4{0 0 }N N N Nθ θ θ θ θ=N  are respectively the matrices of 
interpolation functions for u0, w0, θ, with the following 
components 

 1 2,u u
l x xN N

l l
−

= =  (18) 
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 (19) 

and 
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 (20) 

In Eqs. (18)-(20), the abscissa x is measured from the node 1, 
and the shear deformation parameter λ is defined as   

 22
2

33

12 A
l A

λ
ψ

=  (21) 
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   It should be noted that the interpolation functions for the 
transverse displacement and the rotation given in Eq. (19) and 
(20), respectively have the same forms as that derived by 
Kosmatka [27] for a homogeneous Timoshenko beam 
element. This due to the fact that the coupling rigidity is 
vanished, and thus the static part of the equations of motion 
for the FGM beam element has the same form as that of the 
homogeneous beam. Therefore, the interpolation functions for 
the FGM beam in the present work differ from that of the 
homogeneous beam in Ref. [27] only in the way of definition 
of the shear deformation parameter λ, Eq. (21). 

Using Eqs. (18)-(20), one can rewrite the expressions for 
the strain energy, Eq. (6), in the form 

 
1 1

1 1 ( )
2 2

nELE nELE
T T

uu
i i

U θθ γγ
= =

= = + +∑ ∑d kd d k k k d  (22) 

In (22), the symbol ∑ denotes the assembly over the total 
number of elements, nELE; k is the element stiffness matrix, 
which composed of the following axial stiffness matrix, uuk , 
bending stiffness, θθk , and shear stiffness, γγk   
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∫ ∫

∫

k N N k N N

k N N N N
 (23) 

 Similarly, the kinetic energy for the beam can be written as 

1 1

1 1 ( )
2 2

nELE nELE
T T

uu ww u
i i

T θ θθ
= =

= = + + +∑ ∑d md d m m m m d& & & &       (24) 

with m is the mass matrix for the element, and it composes of 
the axial mass matrix, uum , the transverse mass matrix, wwm , 
the axial-bending mass matrix, uθm , and the bending mass 
matrix, θθm with the following forms 
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m N N m N N

m N N m N N
 (25) 

The potential of the moving load is now given by 

 0 ( ( ))T
wV P x s tδ= − −N d  (26) 

From Eqs. (22)-(26), the system of equations of motion for the 
beam can be written in the context of the finite element 
analysis as 

 =&&MD + KD F  (27) 

where and &&D D  denote the structural vectors of nodal 
displacements and nodal accelerations, respectively; M and K 
are the structural mass and stiffness matrices, formed by 
assembly of the above formulated element mass and stiffness 
matrices, respectively; F is the structural vector of external 
nodal forces with the following form 

 0 1 2 3 4 5 6{0 0 0... ...0 0 0}T
w w w w w wP N N N N N N=F  (28) 

The load vector F in Eq. (28) consists of all zero coefficients, 
except for those relating the element under loading. 
   The system of equations of motion (27) can be solved by the 
direct integration Newmark method [28, 29]. The average 
constant acceleration method which ensures numerically 
unconditional stability is used in the present work. For free 
vibration analysis, the right hand side of Eq. (27) is set to 
zero, and in this case Eq. (27) leads to an eigenvalue problem 
which can be solve by a standard method described in [29].     

4 NUMERICAL RESULTS AND DISCUSSION 
A multi-span FGM beam composed of steel and alumina with 
the bottom surface is pure steel and the top surface contains 
only alumina is considered. Otherwise stated, the beam is 
assumed to be formed from four equal-length spans with L=20 
m, and b=0.5 m, h=1 m.  The material properties adopted 
from Refs. [11, 12] are as follows: Es=210 GPa, Ea=380 GPa, 
ρs=7800 kg/m3, ρa=3960 kg/m3, νs=0.3177,  νa=0.3, where the 
subscripts ‘s’ and ‘a’ stand for steel and alumina, respectively. 
The amplitude of the moving load is P0=100 kN. A shear 
correction factor ψ=5/6, as used in Ref. [12], is adopted 
herewith. Three types of motions, namely uniform (constant 
speed), acceleration and deceleration are considered. In the 
acceleration, the speed of the load at the left end of the beam 
is assumed to be zero, and it gradually increases to a speed v 
at the time the load exits the beam. On the contrary, in the 
deceleration motion, the speed of the load at the left end of the 
beam is assumed to be zero, and it then gradually increases to 
v at the time of exiting the beam. With this assumption, Eq. 
(11) gives a total time Δt, necessary for the load P(t) to 
traverse across the beam is LT/v for the uniform motion, and 
2LT/v for the case of acceleration and deceleration motions. A 
total 800 time steps are used in the Newmark method in all the 
computations reported below.      

4.1 Formulation verification 
The fundamental frequency of a single span FGM beam 
composed of aluminum (Al) and alumina (Al2O3), previously 
studied by an analytical method in Ref. [5], and by a 
numerical method in Ref. [12] is computed to verify the 
accuracy of the formulated element. The material properties of 
the constituent materials are given in  Refs. [5, 12].    

Table 1. Frequency parameter μ of one span beam. 

Index n Source L/h=10 L/h=30 L/h=100 
0.0   Present 

  Ref. [5] 
  Ref. [12] 

 2.8042 
 2.797 
 2.804 

 2.8439 
 2.843 
 2.843 

 2.8486 
 2.848 
 2.848 

0.3   Present 
  Ref. [5] 
  Ref. [12] 

   2.7019 
 2.695 
 2.701 

   2.7381 
 2.737 
 2.738 

 2.7423 
 2.742 
 2.742 

 
   Table 1 lists the fundamental frequency parameter, μ, for the 
beam, where the parameter obtained by an analytical method 
in Ref. [5] and by a numerical method in Ref. [12] is also 
given. The Table shows a good agreement between the result 
of the present work with that of Refs. [5, 12]. The result listed 
in Table has been obtained by using twelve elements, the 
minimum number of elements for convergence. In this regard, 
twelve elements are used to discrete a span in the 
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computations reported below. It should be noted that the 
frequency parameter in Table 1 is normalized according to 
Ref. [5] as follows 

 

/2

2 2/2 11
/2 2

2 11

/2

( )

( )

h

h
h

h

z dz
I

L L
h A

h E z dz

ρ
μ ω ω−

−

= =
∫

∫
 (29) 

where L is the length of span, and ω is the fundamental 
frequency of the beam. 

Table 2. Maximum deflection and corresponding speed of 
single span FGM beam under a constant speed moving load. 

 
Index n 

Present work Ref. [11] 
fD v (m/s) fD v (m/s) 

0.2 
0.5 
1 
2 

Pure alumina 
Pure steel 

1.0345 
1.4445 
1.2504 
1.3776 
0.9328 
1.7324 

  222 
  197 
  178 
  164 
  252 
  132 

1.0344 
1.4444 
1.2503 
1.3776 
0.9328 
1.7324 

 222 
 198 
 179 
 164 
 252 
132 

 
   Next, the maximum deflection at the mid-span, fD, called the 
deflection factor below, and the corresponding speed of a 
single span FGM beam composed of steel and alumina 
subjected to a constant speed moving load are computed. The 
problem has been studied by Şimşek and Kocatürk in Ref. 
[11] for a beam with L=20 m, b=0.4 m, h=0.9 m and a moving 
load with amplitude P0=100 kN. Table 2 lists the computed 
values of the deflection factor fD and the corresponding speed 
of the moving load, where the corresponding data of Ref. [11] 
are also given. In the Table, the deflection factor is defined as 
fD=max(w(L/2,t)/ws), with ws=PL3/48EsI is the static deflection 
of the homogeneous steel beam under a static load P0 acting at 
the mid-span of the beam. The excellent agreement between 
the numerical result of the present with that of Ref. [11] is 
noted from the Table. 
   Since no data on multi-span FGM beams are available in the 
literature, a multi-span homogeneous beam with the material 
and geometric data of Ref. [30] has been used to validate the 
derived formulation. Both the natural frequency and dynamic 
response of the beam under a constant moving  load computed 
by using twelve formulated elements for each span are in 
good agreement with that of Ref. [30]. In order to keep the 
paper in the required length, the comparison on the multi-span 
homogeneous beam, mentioned above, is not shown herewith.  

4.2 Dynamic deflection 
The normalized deflections at the midpoints of the first and 
second spans for the beam under uniform motion are depicted 
in Fig. 2 for various values of the index n and for v=30 m/s. 
The figure clearly shows the effect of the index n on the 
deflections, where the maximum deflection is large for a beam 
associated with a higher index n. This due to the fact that, as 
seen from Eq. (1), the beam with higher index  n contains 
more steel and thus it is softer. The deflection for the third and 
fourth spans of the beam is the same as that of the second and 
first spans, respectively due to the symmetry  when the beam 
under uniform motion.  In Figs. 3 and 4, the deflections at  the  
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Figure 2. Normalized deflection at midpoint of the first two 

spans of beam under uniform motion (v=30m/s). 
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Figure 3. Normalized deflection at midpoint of the first two 

spans of beam under different motions (n=3, v=30m/s). 
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Figure 4. Normalized deflection at midpoint of the last two 

spans of beam under different motions (n=5, v=30m/s). 
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Figure 5. Moving load speed versus deflection parameter of 

beam under uniform motion. 
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Figure 6. Moving load speed versus deflection parameter of 

beam under different motions (n=0.5). 
 
midpoints of the spans are shown for the beam under different 
motions and for n=5, v=30 m/s. As seen from the figures, 
while the time at which the maximum deflection occurred is 
considerably altered by the motion type, the maximum 
deflection is hardly changed by the type of motions. In 
addition, the beam vibrates much more under the decelerated 
motion than when it is subjected to the uniform and 
accelerated motions.       

4.3 Dynamic deflection factor 
In Fig. 5 the dynamic deflection factor fD of the beam under 
uniform motion is plotted again the moving speed for various 
values of the index n. The corresponding curves  for the beam 
subjected to different motion types are shown in Fig. 6. As 
seen from the figures, dependence of the deflection factor on 
the moving speed is very different between the spans and the 
motion type. While the dependence of the deflection factor on 
the moving speed of the first span is similar to that of the 
single span beam for the case of uniform and decelerated 
motions, that is quite different for the remaining spans, and 

for the beam under accelerated motion. The effect of the index 
n on the deflection factor is clearly seen from Fig. 5, where 
the higher index n is the larger deflection  factor is, regardless 
of the moving speed.     
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Figure 7. Normalized axial stress distribution at the mid spans 

for the beam under accelerated motion (v=30m/s). 
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Figure 8. Normalized axial stress distribution at the mid spans 

for the beam under decelerated motion (v=30m/s). 
 
4.4 Axial stresses  
In Fig. 7 and 8 the distribution of the normalized stress at the 
midpoints of the spans through the beam thickness is shown 
for the beam under accelerated and decelerated motions. In 
the figures, σs is the static axial stress of a single simply 
supported beam with length of L, acted by a load P0 at the 
mid-span, that is  σs=P0hL/8I.  The axial stresses shown in the 
figures have been computed at the time when the load  just 
arrives to the midpoints of the spans. 
  The stress distribution, as seen from the figures, is strongly 
affected by the motion type, regardless of the index n. When 
the beam subjected to the accelerated motion, the difference in 
the stress distribution between the spans, as seen from Fig. 7, 
is hardly recognized, and the amplitude of the maximum and 
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minimum stress are almost the same for all the spans. The 
situation is different when the beam subjected to the 
decelerated motion, where the amplitude of stress at the 
midpoint of the first span is slightly greater than that of  the 
second and third spans. It should be noted that, different from  
homogeneous beams, the axial stress of the FGM beam is not 
zero at the mid-plane, but at the neutral surface. Thus, the 
position where the axial stress vanished is slightly shifted 
upwards from the mid-plane. The effect of the material 
distribution, as defined through the index n, on the  axial 
stress can be seen from the figures, where the maximum of 
both the compressive and tensile stresses is slightly  increased 
for the beam associated with a higher index n. In Fig. 9, the 
distribution of the axial stress at the midpoints of the first two 
spans through the thickness  of the beam under uniform speed 
motion is shown for various values of the moving speed, and 
for n=0.5. The axial stress, as seen from the figure, is clearly 
affected by the moving speed, and the maximum stress is 
increased when raising the moving speed. Comparing to the 
second span, the change in the axial stress caused by 
increasing the speed of the moving load of the first span is 
much more pronounced. Due to the symmetry, the stress 
distribution through the beam thickness of the third and fourth 
spans is not shown herewith.         
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Figure 9. Normalized axial stress distribution at the midpoints 
of two first spans for the beam under uniform motion (n=0.5). 
 

4.5 Effect of aspect ratio 
The normalized deflections at the midpoints of the first two 
spans of the beam subjected to the accelerated and decelerated 
motions are respectively depicted in Figs. 10 and 11 for 
various values of the aspect ratio, L/h, and for n=0.5, v=30 
m/s. The effect of the aspect ratio, that is the shear 
deformation, on the dynamic deflections of the beam is 
noticeably seen from the figures, regardless of the motion 
type.  At the given values of the moving speed and the 
material parameter, the maximum deflection slightly increases 
for the beam having a lower aspect ratio. The figures show the 
importance of the shear deformation on the dynamic response 
of the beam, and the effect of the shear deformation must be 
taken into account when study the dynamic behaviour of 
multi-span beams formed from spans having low aspect ratio. 
The numerical result obtained in this Sub-section shows the 

ability of the formulated element in modeling the shear 
deformation effect of the FGM beams. 
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Figure 10. Normalized deflection at midpoint of the first two 

spans of beam with various values of aspect ratio under 
accelerated motions (n=0.5, v=30m/s). 
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Figure 11. Normalized deflection at midpoint of the first two 

spans of beam with various values of aspect ratio under 
decelerated motions (n=0.5, v=30m/s). 

 

5 CONCLUSIONS 
A finite element formulation based on the first-order shear 
deformable beam theory for dynamic analysis of multi-span 
FGM beams subjected to a variable speed moving load has 
been presented. The element formulation was derived by 
employing the exact solution of static part of the governing 
differential equations a FGM Timoshenko beam segment to 
interpolate the displacements and rotation. The effect of the 
shift in the neutral axis position has also been taken into  
account in the derivation of the finite element formulation. 
Using the derive formulation, the dynamic response of the 
beams has been computed with the aid of the implicit 
Newmark method. A parametric study has been carried out for 
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a four-span beam formed from steel and alumina subjected to 
uniform speed, accelerated and decelerated motions. The 
effect of the material inhomogeneity, the moving speed, the 
motion type as well as the aspect ratio on the dynamic 
characteristics, including the dynamic deflection, deflection 
factor and the axial stress distribution, has been examined and 
highlighted in detail.  The numerical results obtained  in the 
present paper have shown that the proposed formulation is 
capable to give accurate dynamic characteristics of the FGM 
beams by using a small number of the formulated elements. It 
has been demonstrated numerically that, as in case of 
homogeneous beams, the shear deformation plays an 
important role in the dynamic characteristics of the FGM 
beam. It has also been shown the good ability in modeling the 
shear deformation effect of the formulation derived in the 
present work.  
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ABSTRACT: This paper investigates the diagnostic potential of guided Rayleigh-Lamb waves in a homogeneous, elastic, 
isotropic prestressed plate in the light of the finite strain theory. This theory accounts for the fact that strains are not infinitesimal 
and involves the use of the Green Lagrange strain tensor. Since the strains are not infinitesimal, an appropriate expression of the 
strain energy must be adopted. Three different states of prestress are considered: uniaxial stress in the direction of the wave 
propagation, uniaxial stress orthogonal to the direction of wave propagation, and quasi-isotropic stress state. Two different 
approximations of the model are considered, that is first and second-order. The first-order approximation provides linearized 
equations of motion enabling to investigate the variation of group velocity as a function of the initial state of prestress. The 
second-order approximation is used to develop an analysis of the secondary wave field based on the perturbation approach and 
accounting for synchronicity requirements. This enables to define quantitative relations between the amplitude of the 
nonlinearity-driven second-harmonic plate wave and the state of prestress. These relations can be used to evaluate, 
nondestructively, the level of prestress in plate-like structures. 

KEY WORDS: acoustoelasticiy, nonlinear elastic waves, nondestructive tests, plate waveguides 

1 INTRODUCTION 

The study of wave propagation in prestressed media, 
commonly known as acoustoelasticity, has involved a number 
of authors since the first decade of the XX century. Among 
them, Murnaghan provided a landmark contribution [1], 
where the propagation of waves in a homogeneous, elastic, 
isotropic prestressed material is investigated in the light of the 
finite strain theory. This theory accounts for the fact that 
strains are not infinitesimal and involves the use of the Green 
Lagrange strain tensor. Since the strains are not infinitesimal, 
an appropriate expression of the strain energy is adopted, 
accounting for third order powers of the components of the 
strain tensor and assuming that the material remains elastic 
throughout the deformation process. Moreover, the balance of 
linear momentum is written in the reference configuration 
making use of the first Piola Kirchoff tensor, that is, always 
accounting for the fact that initial and deformed 
configurations do not coincide. 

Two different approximations of this model can be 
developed, that is first and second-order. The first-order 
approximation provides linearized equations of motion [2-3] 
describing the acoustoelastic effect. Early measurements of 
this effect [2] enabled to investigate the variation of wave 
velocity as a function of the initial state of prestress, also 
showing how high-order elastic constants involved in the 
expression of the strain energy can be determined from these 
data. 

The second-order approximation is used to develop an 
analysis of the secondary wave field based on the perturbation 
approach in which the secondary wave field results from the 
forced response of a linearized equation [4-5] and accounting 
for synchronicity requirements [6-7]. Doing so, quantitative 
relations between the amplitude of the nonlinearity-driven 

second-harmonic plate wave and the state of prestress can be 
determined. These relations can be used to evaluate, 
nondestructively, the level of prestress in plate-like structures 
[8]. 

Three different states of prestress are considered: uniaxial 
stress in the direction of the wave propagation, uniaxial stress 
orthogonal to the direction of wave propagation, and quasi-
isotropic stress state. 

2 ANALYTICAL MODEL 

A longitudinally unbounded strip with two free surfaces 
reaching its initial state by stretching the solid in its plane is 
considered. Three different configurations are considered 
(Figure 1). In the natural configuration, free of stress and 
strain, the material point P is retrieved by the vector a. The 
initial configuration is stressed and strained, and the vector X 
defines the position of Pi as follows: 

 ,iuaX +=  (1) 

where ui is the displacement vector from the natural to the 
initial state. It is assumed that this initial state is attained by a 
static displacement ui =αa, where α is a diagonal tensor 
related to the initially applied stress. The final configuration is 
due to a dynamic disturbance u(t) superimposed on the initial 
state. The vector x defines the position Pf in the final 
configuration as follows: 

 ).()()( tt uaαIx ++=  (2) 

Using the definition of the Green-Lagrange tensor and 
considering that uαIx ∇++=∇ , we obtain 
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Let us consider a hyperelastic and isotropic material 
admitting a strain energy Φ, which can be written as a power 
series of the invariants I1, I2 and I3 of the strain tensor E: 
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where λ and μ are the Lamé constants and l, m, n are the 
Murnaghan constants. The constitutive relation expressing the 
first Piola-Kirchhoff stress tensor S as a derivative of the 
strain energy (4) is: 

 ,
E

xS
∂
Φ∂

∇=  (6) 

and the referential equations of motion, in the absence of body 
forces, are: 

 ,uSa &&ρ=Div  (7) 

as ui is a static displacement and where ρ is the initial material 
density. 
 

 

Figure 1. Natural (0), initial (i) and final (f) configurations. 

Consistently with [2], the first-order approximation 
complies with the following rule: in terms not involving 
components of u∇ , the first and second power of a will be 
retained; in the coefficients of u∇  components, only the first 
power of a will be retained; no term involving u∇  to a power 
higher than one will be retained. The second-order 
approximation is obtained according to the following rule: in 
terms not involving components of u∇ , the first, second and 
third power of a will be retained; in the coefficients of u∇  
components, the first and second power of a will be retained; 
no term involving u∇  to a power higher than two will be 
retained. 

The linearized problem of the prestressed plate is solved 
making use of the so-called partial wave technique [9]. This 
technique was developed for wave propagation in anisotropic 
plates and is also applicable to prestressed plates as prestress 
can give rise to an anisotropy-like behavior. Making the 
hypothesis that the solution is wave-like and propagates along 
a1 and enforcing free stress boundary conditions at the 
boundary, an eigenvalue problem is obtained. Its  

characteristic equation Ω(k1)=0, where k1 is the wavenumber, 
is written in colosed form. When solved for a given range of 
wave speeds c=ω/k1, where ω is the wave frequency, the 
characteristic equation provides the dispersion relation and the 
eigenvalue problem gives the related wave modes. As the 
characteristic equation is known in closed form, the 
expression of the group velocity can be obtained based on the 
derivative cg= -(∑Ω/∑k1)/(∑ Ω/∑ω). 

The nonlinear problem is solved via simple perturbations, 
by writing the solution u=u1+u2 as the sum of two terms, 
where u1 is the primary solution and u2 is the secondary 
solution, which is a perturbation due to nonlinearity |u2|<<|u1|. 
Then, the nonlinear problem can be separated into two linear 
problems, that is a free-vibration problem which coincides 
with the first-order approximation, and a forced problem 
providing the second-order approximation [5]. This can be 
solved using an approach based on the principle of reciprocity 
in elastodynamics [4]. 

3 DISCUSSION OF RESULTS 

In the numerical examples, an Aluminum plate is considered, 
whose second and third-order elastic constants are taken from 
experimental results reported in literature [10]. Three different 
states of prestress are investigated, specifically: uniaxial stress 
in the direction of the wave propagation a1 (A), uniaxial stress 
along a3 (orthogonal to the plane of Figure 1) orthogonal to 
the direction of wave propagation a1 (B), and a plane state of 
stress in the plane with equal principal stresses along the two 
directions a1, a3 which is called plane-isotropic state (C). The 
first principal initial prestrain is assumed to be α= 0.004, that 
is about 50% of the yield strain for 7075-T651 Aluminum. 

3.1 Group velocity in a prestressed plate 

Figure 2 reports the relative change of group velocity as a 
function of the initial strain for two selected modes for 
frequency*(plate thickness) products ω*h=1 MHz*mm and 
6.8 MHz*mm propagating parallel (A), orthogonal (B) to the 
initial stress or parallel to one of the principal stresses of a 
plane isotropic state (C). The group velocity has a monotonic 
trend as a function of the strain, with a negative slope for 
waves propagating parallel to the direction of strain (A, C), 
and a positive slope for waves propagating orthogonal to the 
direction of the stress (B). This means that, in cases A and C, 
the group velocity presents a negative variation under tensile 
stress (positive α) and a positive variation under 
compressional stress (negative α). On the contrary, in case B, 
the group velocity has a positive variation under tensile stress 
and a negative variation under compressional stress. The 
sensitivity to stress cases is larger for A and C than in case B. 
This result is consistent with the findings of Egle and Bray 
[11], who showed that the acoustoelastic bulk velocity 
changes are linear functions of the strain, with the largest 
velocity change occurring when longitudinal waves propagate 
parallel to the applied load, and with a recent work on 
prestressed plates [9]. 

3.2 Second harmonic resonant in a prestressed plate 

In this section, the nonlinearity driven second-hamonic 
generation behavior in the prestressed plate is studied. Let us 
assume that the primary wave at frequency*thickness product 
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ω*h = 3.55 MHz*mm, and wavenumber k1 = 722.8 m-1 is 
excited. The related mode shape is as a symmetric mode with 
dominant longitudinal displacements. At the double harmonic 
frequency 2 ω*h = 7.1 MHz*mm many modes exist, but only 
one of them has a wavenumber which is exactly the double of 
the primary wave 2k1 = 1445.6 m-1 and is therefore 
synchronous with the primary excitation. 

Figure 3 reports the coefficient f, which is a quantity related 
to the amplitude of the second harmonic as a function of the 
prestress for the three cases A, B and C under investigation. It 
must be observed that when α = 0 (i.e. stress-free plate), f is 
not zero because this coefficient depends both on α and on the 
third-order Murnaghan constants which give a contribution 
also in the absence of prestress. The largest values of f are 
found for the plane-isotropic state of prestress C, followed by 
the uniaxial stress case along the wave propagation direction 
(case A). The smallest values of f are obtained, instead, for 
uniaxial stress perpendicular to the wave propagation 
direction (case B), showing a pattern similar to that observed 
for group velocity. 

CONCLUDING REMARKS 

In this paper, a model for the description of wave propagation 
in prestressed plates taking into account different aspects that 
can influence the phenomenon is used in its linear and 
nonlinear second-order approximation. The aspects 
considered are: finite strains, an expression of the strain 
energy involving third-order elastic constants and a setup up 
of equilibrium equations in the reference configuration, using 
an appropriate stress measure that considers the fact that 
equilibrium takes place in the deformed configuration. 

 

 
Figure 2. Relative change of group velocity of Lamb waves as 
a function of the inital strain for the cases A, B, and C. 

 
Three different prestress states are considered, including: 
prestress in the direction of the wave propagation, prestress 
orthogonal to the direction of wave propagation, and plane 
isotropic stress in the plane of the plate. Using the linearized 
model to investigate the variation of group velocity as a 
function of the state of prestress in the plate it is found that 
that the largest relative change of velocity in modulus is 
obtained in the plane isotropic state of prestress. The second-
order nonlinear model is solved with a perturbation approach 
and used to investigate the amplitude of the second-harmonic 
component under conditions of resonance between the 

primary and secondary wave, as a function of the state of 
prestress. It is shown that the amplitude of the second-
harmonic presents a pattern of variation similar to the relative 
change of velocity, with its absolute values monotonically 
varying with the state of prestress and its largest values 
observed for the plane isotropic state of prestress. 
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